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CHAPTER 1

PRESENTATION DES THEMES DE LA THESE

I Estimation de la densité spectrale

On se donne un processus stochastique, stationnaire,(X,),r € 7 (appelé aussi
champ). On a :
E(X,)=0cet E(X X, )=r(s)pour touts;

Soit M une partie finie de Z¢, la matrice de covariance associée a une partie M est
donnée par

T, =(E(X, X, )=r(s ))SeM
(M est définie aussi comme une fenétre).
Les matrices de covariance T, jouent un role capital en ce sens qu’elles contiennent

toutes les informations concernant le processus (X ,) (M variant dans Z‘ ).

La densité spectrale du processus est définie par
Fy (%) =Fy (...
‘ 1.1
— z r(s)e—l<0,s> ( )

sezZ?
ol 0=(6,....0,), s=(s,...,s,)et Z ‘r(s)‘<oo.
sez!

Un probléme fondamental pour les applications : I’estimation spectrale

Supposons que le processus X ,s’est réalis€¢ au travers d’un échantillonnage des
données réelles (X, ),k e Ac Z , ou Aest un ensemble que 1’on suppose de grand

cardinal : par exemple la donnée d’une image.
I s’agi alors d’estimer au mieux la densité spectrale théorique F définie en (1.1). Ce

qui est équivaut a ’estimation des coefficients (r (s)) o qui ont les coefficients de

Fourier de F, . Deux écueils se présentent :



a. Comment estimer au mieux la covariance théorique 7 (s )& partir des

données qui sont limitées par nature. Soit 7',, la matrice de covariance :

T, = (r (s ))SeM . On sait que la matrice de covariance théorique est

définie positive. Une méthode d’estimation devra conduire a des
matrices 7, ayant la méme propriété. D’autres questions de nature
stochastique, peuvent étre considérées portant sur la qualité de

I’estimateur en fonction des données (comportement asymptotique des
estimateurs, etc...).

b. Un deuxiéme aspect important consiste a reconstruire au mieux la
densité spectrale F, a partir d’un ensemble fini de coefficients de
Fourier. C’est ainsi que ’insuffisance de données peut conduire a une
perte de résolution : les hautes fréquences correspondant aux entiers
¢loignés de 1’origine ne vont plus intervenir dans la finesse des détails de
I’image. Aussi pour compenser ce manque de données fréquentielles on
procede a ce qu’on appelle I’extension de covariances. Cette extension
doit satisfaire trois contraintes :

b.1- Le caractere défini positif (toutes les valeurs propres de la matrice
de covariance sont positives).

b.2- La structure ND-Toeplitz, qui traduira la stationarité du processus
indexé par Z‘.

b.3- Enfin, le choix de I’image apres 1’extension selon un critére
d’entropie.

C’est un probléme qui a son équivalent en analyse harmonique. Il est
connu sous le nom d’extension de fonctions de type positif (voir A.
Calderon et W. Rudin [74], [75]). C’est un probléme tres difficile en
plusieurs dimensions.

Un certain nombre de résultats partiels ont été obtenus. (voir A.
Seghier[73]).

Revenons a la notion d’entropie. Les extensions vérifiant (b.1) et (b.2) peuvent
exister en grand nombre, le choix qui sera retenu devra satisfaire a un principe de
maximum d’entropie ou une notion proche. Soyons plus précis, soit 7,, une

covariance candidate, alors celle qui sera retenue devra vérifier
detT), = =max det(TMX ),TMK €e

£: ensemble de covariances vérifiant (b.1) et (b.2).
On prouve que si T, est construite a I’aide de coefficients de Fourier de F,

limdet7,, = exp[— Ilog F.(0) dQJ , Pensemble M tend vers Z“ .
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Ce critére a une signification trés satisfaisante, dans le cadre de I’estimation spectrale,
en effet : étendre la covariance selon le principe du maximum d’entropie, consiste a
augmenter la résolution de I’image a partir uniquement des informations contenues
dans les basses fréquences, (coefficients de Fourier indexés par des entiers, non
¢loignés de ’origine). Ainsi, aucune information supplémentaire n’est introduite, dans
le cadre de I’image on dit que 1’on introduit aucun artéfact.

Le moment est venu de définir I’outil principal de nos investigations.

. Les coefficients de réflexion de type ND.

Nous montrerons en effet que cet outil nous permet de répondre aux trois contraintes
imposées pour atteindre 1’extension de la corrélation d’un signal et éventuellement le
débruitage de son spectre (qui dépend d’une construction pertinente de la matrice de
covariance)

A. Coefficients de réflexion généralisés.

Nous nous plagons ici dans un cadre plus général : les covariances R sont définies
positives et symétriques sans structure particuliere (introduite par exemple par
I’hypothése de stationnarit¢).

Notons, avant d’entrer dans les details, que ces coefficients de réflexion généralisés
jouent un réle presque identique aux valeurs propres. Ils ne différent que par leur
nombre.

En effet pour une matrice de covariance R , de taille N , N valeurs propres lui sont
associées, alors que N (N —1) coefficients de réflexion généralisés lui sont associés.

Voici les propriétés de ces coefficients :
e (aractérisation de la propriété définie positive pourR .
e Calcule des déterminants.
e [Is traduisent la structure stationnaire de la matrice R , si elle en a une
(structure ND-Toeplitz, Bloc Toeplitz, Toeplitz Bloc Toeplitz ).

Une matrice de covariance ND-Toeplitz s’obtient comme la matrice de covariance
d’un processus stationnaire relativement a I’ensemble d’indexation Z¢ .

Dans le cas de structure ND-Toeplitz un sous-ensemble de coefficients de réflexion
2N ,,(N,>N), permet de retrouver les N (N —1)—2N  restants.

Voici les étapes qui correspondent a la mise au point de ces coefficients.
Rappelons le cas classique pour les matrices de Toeplitz

T

N = (Ck*l )ogl,kszv -1

Soit (ey.e,,...,ey_, ) une base d’une espace vectorielle muni d’un produit scalaire
Uwy) =U'TV

On définit le systeme récursif suivant

11



{ei =9, :pi»i}i:O,...N—l
{pk =Pt — PTG

9 =T~ PrPiy
ol 7 est définie pour U = (ug,u,,...,uy_ ) = TU =(0,u4,u,,... .1y, ).
<pk—1’ek >TV
Pr = ‘
(7q,0ei )y,

Nous en déduisons un certain nombre de propriétés de composition de Cholesky.
Deux propriétés fondamentales sont a précise :

|pk|S1

o detT, H( |pk|)

Nous allons étendre cette récurrence aux cas de matrices R symétriques définies
positives.

La récurrence par diagonale :
Pour p,;, =e,, q,, =e, et 0<k,l <N -1,ona
Pis = Pri1 — Pri9ksy
’
Qi1 =910 — PriPria

<pkll’ >
<‘]k+11a >R

<Qk+ll’ek >R

P =
<p ki-12€ > R
On démontre que
* R est définie non-négative = 0< p, , p; , <1.

® R estdéfinie positive = 0< p, , p; , <.

Nous pouvons déduire un certain nombre de propriétés algébriques (voir A.Seghier ,
G. Castro [34]).

det R = H (I—Pk,z/?;ﬁ,z)-

0<k <I<N -1

B. Coefficients de réflexion ND-Toeplitz.
Dans le cadre des coefficients de réflexion ND-Toeplitz, les coefficients de réflexion
généralisés prennent une structure spéciale qui refléte cette structure.

D’ou la définition d’une notion fondamentale des coefficients de réflexion ND. On
découvre que les coefficients de réflexion ND ont un support minimal de méme taille
que celui qui permet de définir la matrice ND-Toeplitz, et participent d’'une maniére
essentielle dans la reconstruction spectrale du signal.

Soit R une matrice de covariance ND-Toeplitz de taille N, alors les coefficients de

réflexion ND-Toeplitz expriment totalement son inverse et leur extension est
synonyme d’une estimation spectrale de maximum d’entropie.

12



Le théoréme suivant est le point d’appui principal pour I’extension des matrices
définies positives, et représente le résultat fondamental de notre travail.

Nous avons le résultat suivant que nous préciserons par la suite

Chaque groupe des coefficients de réflexion { Dy 15 Ps 1}o<k rent correspondant a une
? ? SK<[Sn—

matrice ND-Toeplitz hermitienne, contient un groupe de coefficients de réflexion
minimal permettant de déterminer pour la totalité des coefficients de réflexion. Le
groupe minimal est composé des coefficients de réflexion localisés dans la position
minimale dans la matrice R .

¢ Conclusion

Notre contribution s’inscrit dans la démarche engagée par un grand nombre d’auteurs
consistant a étendre au cas multidimensionnel, les propriétés remarquables des
algorithmes de Levinson et de Burg. Nous pensons que la récursion par diagonale
parait étre 1’approche la plus naturelle pour réaliser une telle généralisation.

En effet dans un premier temps la récursion par diagonale concerne les matrices
symétriques générales. Les algorithmes de Levinson et de Burg apparaissent alors
comme spécifiques a la structure Toeplitz (unidimensionnelle).

Cette récursion par diagonale se simplifie dés que les matrices (de covariances)
générales présentent des structures Toeplitz généralisées (ND Toeplitz, Bloc Toeplitz,
Toeplitz Bloc Toeplitz) . Nos résultats indiquent précisément la prise en compte de
telles structures particuliéres. C’est en ce sens que notre démarche est optimale
relativement aux approches classiques que nous rappelons bri¢vement.

Les méthodes basées sur le concept QP AR : il y a effectivement une grande famille
des méthodes qui expriment le spectre d’un signal 2D x (¢,,¢, ) sous la forme

. . 2 . .
|X (]W1s]W2)| = Fopap (JWpJWz)

Vo

PQP2D (jijwz):: 7 (1.2)

N, -IN,-1
ak1’k2€
ky=0 k,=0

*jwlkle —jwak,

ou les coefficients de filtre —connu aussi sous le nom du filtre autoregressif- sont
exactement une normalisation de la premiere colonne de I’inverse de la matrice de
corrélation 7}, selon

14Y2

T
Ty, 20V = €5 8y = [1 Qo o Ay oy c Ayon,a aNl—l,szl] (1.3)
Ceci est toujours dans I’esprit de généralisation du cas 1D ou le filtre a,, est défini de
la méme maniere selon
Ty, =ey, a,, = [1 a ... A4y, aN—l]

avec B, (jw) =0

N-1 2
— jwk

P

k=0

13



Voici quelques points fondamentaux qui différencient le cas 1D de la maniere selon
laquelle le filtre F,,,, est défini:

 Entropie : Contrairement au cas 1D ou le filtre B,,,{a,] maximise I’entropie
d’une maniére optimale selon le critére
max Ilog(P(jw)).dw, le filtre B, , {akl ,kz} donné par (1.3) , ne correspond

w

pas a un maximum d’entropie.

N
e Stabilité : Contrairement au cas 1D ou le filtre A(z):=)_a,z™" a toujours les
k=0

. "
racines dans le cercle |z|<1, le filtred (z,,z,):= D> a, , z; "z},

kl’k2
{akl JQ} donné par (1.3), n’a pas nécessairement ces racines dans le cercle de
’unité.
e Relation Spectrale : Contrairement au cas 1D ou le filtre reproduit les mémes
coefficients de corrélation de départ -ce qui est connu comme la propriété

«matching »- le filtre £, , , {akl JQ} donné par (1.3) ne les reproduit pas.

Alors, il reste seulement un point en commun entre le modele AR 1D et le modele AR
2D et c’est celui de la minimisation de 1’erreur de prédiction dans I’espace temps au
sens quadratique. Si on veut résumer le travail dans cette thése, en ce qui concerne
I’estimation spectrale avec une seule phrase elle sera la suivante

« ce qui minimise [’erreur de la prédiction au sens quadratique dans le temps ne

définit pas nécessairement une relation spectrale correcte »

Pour répondre aux contraintes précédentes des méthodes basées sur le modele (1.2)
ont ét¢ proposées. Ces méthodes aident a avoir un meilleur controle sur la contrainte
de stabilité [71] , ou a remédier la relation spectrale [59]. Avec la méthode [71] des
conditions pour la stabilit¢ du filtre autoregressive 2D ont été présentées, mais ces
conditions permettent seulement de savoir si le filtre produit selon (1.3) est stable, et
ne proposent pas une maniere uniforme selon laquelle le filtre est toujours stable.
Avec la méthode [59], des améliorations sont apportées a la stabilité mais la question
de la relation spectrale n’est pas toujours définie (voir chapitre 8).
Par rapport a ces points, nous avons dirigé notre contribution dans une direction qui
leur donnera une réponse appropriée. Nous avons ainsi pu proposer deux méthodes
pour I’estimation spectrale:

o La méthode ASMSE, L’estimation spectrale multidimensionnelle
(approximation séquentielle) : avec cette méthode le point concernant la
stabilité est résolu; dans le cadre multidimensionnel, avec une relation
spectrale de « matching » approximatif, et un support spectral de taille infinie,
pour toute matrice de corrélation définie positive.

o Ja méthode SMCE, [’estimation spectrale par [’extension séquentielle de la
matrice de corrélation multidimensionnelle : Avec cette méthode, et en
utilisant la structure ND-Toeplitz des coefficients de réflexion généralisés, on
remplis les trois points qu’on vient de relever. Par contre, cette méthode qui
dépend sur une extension directe de la matrice de corrélation ND-Toeplitz
n’offre pas un support spectral infini, ce qui représente une contrainte qu’on
espere contourner dans un travail a venir, en utilisant la méme technique.

Un axe général a été suivi pour arriver a notre fin, et ¢’est celui d’aller examiner la
structure algébrique définissant les fondations de la théorie spectrale, et expliquant la

14



relation spectrale entre une matrice de corrélation de taille limitée et les matrices de
taille infinie.

Les méthodes de type MUSIC ou ESPRIT : dans ce genre de méthodes d’estimation
spectrale, on sépare 1’espace linéaire défini par la matrice de corrélation en deux
parties : la premiere est celui produit par le signal et le deuxiéme est celui produit par
le bruit. En acceptant cette séparation, on arrive a capturer des fréquences quasi-
instantanées. Cette approche est d’une grande utilit¢ quand le signal a une
configuration spectrale présentant des pics accentués— un nombre limité des pics
spectraux. Par contre pour les applications réelles le signal est rarement de telle
configuration. D’autre part, la séparation en «signal + bruit» demande la
factorisation en SVD -ou en valeurs propres- qui est trés couteuse en temps de calculs.
En plus, cette séparation dépend sur un seuil arbitraire qui peut conduire a une perte
d’information. Aussi, une autre contrainte se présente avec cette approche, cette
contrainte se présente par le fait que le nombre de points du support spectral est limité
par la taille du signal, ce qui n’est pas appropri¢ aux situations ou 1’on veut avoir un
support plus étendu.

Les méthodes analytiques : dans ce cadre, on produit une estimation spectrale de
Maximum d’entropie, selon le mod¢le (1.2) sans le passage par I’inverse de la matrice
de corrélation, mais en se basant sur la propriété « matching » seulement. A notre
connaissance il y a eu deux tentatives, la premiere [55] utilise une itération
convergente, qui est trés couteuse dans le temps de calculs car il n’y a pas de prise en
compte de la structure spéciale ND-Toeplitz. La deuxieme méthode [54] est un peu
hybride et artisanale, dans le sens ou elle utilise la récursivit¢ WWR [8]-[9] et modifie
a chaque étape les coefficients du filtre multichannel bloc par rapport a 1’entropie
produite par (1.3). La manic¢re dans laquelle les coefficients blocs sont modifiés
contrarie clairement I’intégrit¢ de la structure initiale de I’algorithme WWR. Plus
précisément cette méthode multiplie le coefficient de réflexion bloc a chaque étape
par un coefficient qui est extérieur a la structure originale de I’algorithme WWR, ce
qui peut conduire a rendre le systéme récursif singulier, a chaque instant.

Par ailleurs, signalons un travail récent de Clarisse RAMANANJARASOA [72] ou
ces approches ont été utilisées pour une étude approfondies des champs stochastiques
et les différentes estimations des filtres prédicteurs. L’une des applications concerne
la texture dans les images.

Bien que le cadre semble identique, notre objectif concerne 1’estimation spectrale :

La construction pertinente de la matrice de corrélation (a partir du spectre de I’image
que I’on veut reconstituer) est a la base du débruitage et I’extension de la corrélation
permet d’améliorer la résolution (super-résolution).

On indiquera brievement que I’extension de la corrélation se fait par des procédés
séquentiels grace aux coefficients de réflexion (généralisés), ce qui permet a tout
instant de controler la positivité et la structure Toeplitz généralisées, le procédé n’est
cependant maitrisé que de maniére approximative.

Cette approche nous permet d’éviter ’emploi du filtre prédicteur conduisant a une
estimation spectrale a 1’aide de I’inverse d’un polyndme positif de plusieurs variables,
lequel, (dans le cas de plusieurs dimensions) pose un redoutable probléme de stabilité
du aux zéros éventuels de ce polyndome, qui en limite 1’intérét, (voir cependant les
récents progres réalisés par 1’équipe du Professeur Mohamed Najim [71]).
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. Application au traitement du signal Radar (SAR)

L’estimation spectrale multidimensionnelle est une partie importante de chaque
systtme de Radar SAR. Plus précisément, la transformée de Fourier du signal recu
doit étre réalis¢ de telle maniére qu’on enléve le bruit et ’on préserve les
informations.

Les systemes SAR sont répartis dans plusieurs domaines de télédétection spatiale et
aérienne. Apres le développement du Radar SLR (Side looking Radar), le systéme
SAR a été développé pour fournir de multiples avantages.

Dans notre étude de 1’estimation spectrale pour ’application SAR nous avons testé
plusieurs méthodes que nous avons ensuite comparées avec les méthodes de
Maximum d’entropie (que nous avons développées).

On voit dans la Figure 1.1, Figure 1.2, Figure 1.3, et la Figure 1.4 les résultats de
I’application des méthodes de Corrélograme, SMCE (Chapitre 7), ASMSE (Chapitre
6), et la meéthode Capon, respectivement.

Figure 1.1

Figure 1.2

16



Figure 1.3

Figure 1.4

IT  L’organisation de cette thése

Cette these est organisée selon ce qui suit

Chapitre 2, Introduction.

Chapitre 3, un nouvel Algorithme de Burg équivalent a [’algorithme de Levinson,
dans les résultats: on étudie la relation entre 1’algorithme de Burg et I’algorithme de

Levinson, et on montre que cette relation qu’on lui donne la preuve théorique ne
devra que produire les mémes résultats numériques.

17



Chapitre 4, Les Coefficients de réflexion généralisés dans le cas de matrices Bloc
Toeplitz: nous étudierons la structure spéciale des coefficients de réflexion généralisés
dans le cas de matrices Bloc Toeplitz ‘Strongly Regular’.

Chapitre 5, Les Coefficients de réflexion généralisés dans le cas de matrices Toeplitz-
Bloc-Toeplitz: nous étudierons la structure spéciale des coefficients de réflexion
généralisés dans le cas de matrices Toeplitz-Bloc-Toeplitz ‘Strongly Regular’.

Chapitre 6, la méthode ASMSE, L’estimation spectrale multidimensionnelle
(approximation séquentielle): on présente une nouvelle méthode pour I’estimation
spectrale multidimensionnelle qui a la propriét¢ de ‘matching’ approximative, et
correspond a une estimation de quasi-Maximum d’Entropie, - La propriété de
‘matching’ (adéquation) signifie que pour une matrice de corrélation, 1’estimation
spectrale reproduit les mémes coefficients de corrélation du départ.

Chapitre 7, la méthode SMCE, [’estimation spectrale par [’extension séquentielle de
la matrice de corrélation multidimensionnelle: on présente une nouvelle méthode
pour D’estimation spectrale multidimensionnelle qui a la propriét¢ de ‘matching’
exact, avec un spectre de maximum d’entropie, et correspond a une estimation de
Maximum d’Entropie.

Chapitre 8, une étude comparative de plusieurs méthodes d’estimation spectrale: on
effectue une étude comparative de plusieurs méthodes de I’estimation spectrale. De
plus, on présente I’application des ces méthodes dans le cadre de I’estimation
spectrale pour le SAR (Synthetic Aperture Radar).

18



CHAPTER 2

INTRODUCTION

The area of this dissertation falls within the science of signal processing. It is

concentrated around the subject of Spectral Power Estimation, and with it, the
corresponding different mathematical theories concerning Toeplitz Systems and the
Generalized Reflection Coefficients.

I Multidimensional Spectral Power Estimation

Spectral Power Estimation is a principal component in many practical systems.
Whenever there is indecision in spectral power localization and (or) amplitude,
Spectral Power Estimation theory helps to counter this indecision, and produces a
reasonable estimation or an image of better quality. This indecision has its sources at
the following situations:

a) Discrete signal problem: in contemporary times, discrete
representation of the signal is a common practice. Of course, by the
Shannon theory, there is a theoretical connection between the
discrete form and the continuous form of the signal, but in many
situations we have to decide the spectral power starting from a finite
number of signal samples. This can be interpreted as an incomplete
information situation. Spectral Power Estimation aims to compensate
this lack of information by finding a “best guess” of the actual
Spectral Power, for the entire signal and not only a finite part of it.

b) Low SNR: for different reasons, the signal after acquisition may
contain a high degree of additive noise. In situations where we are
looking to correctly estimate the Spectral Power of the signal,
Spectral Power Estimation is an ideal solution to the problem.

c) Practical constraints: in many practical systems, as in SAR
(Synthetic Aperture Radar) Radar Systems and MRI Systems, due to
practical constraints we have to limit the number of signal sensors,
which results in a 2D signal with a very limited number of signal
samples in the direction of the sensors. For this, Multidimensional
Spectral Power Estimation is also necessary.
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For the above reasons, the domain(s) in which Spectral Power Estimation is in use
include many practical applications. Among these applications we may mention:
Radar Systems, Magnetic Resonance Systems (MRI), Astrophysics and Geophysics.

* Spectral Power Estimation, Moments point of view

The investigation of Spectral Power Estimation through signal moments-or
correlation, was first established by Kolmogoroff [26]. By his famous relation the

Spectral Power of the signal x [n], expressed as ‘X (jw) * is equivalent to R (w),

where 7, is the auto-correlation signal defined as r[n] ::le [k +n]x"[k], and
C

¢ , a constant. In other words, the Spectral Power of the signal is equal to the Fourier
transformation of the correlation signal. For an example, in Figure 2.1, the time
representation of a sampled audio signal is displayed.

x[n] T T T T ‘
0.8
0.6 |

0.4

|
02} ‘
-02f
-04f ‘

l ‘
06} |

-0.8f

. \ . \ . .
0 05 1 15 2 25 3 35
n x1o

Figure 2.1

For the same signal, we present in Figure 2.2, the corresponding auto-correlation
signal. Note that the correlation signal is almost descendent in its values. In other
words, correlation values can be considered as a base for the signal, where the most
important values for signal definition are near the zero region. Of course, the
transformation between the signal and its auto-correlation is not reversible but it is
sufficient so that a few correlation measures help to establish a starting point toward a
more accurate picture of the spectral power of the signal.
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Figure 2.2

Almost all the algorithms of Spectral Power Estimation are based on the concept of
providing Spectral Power Estimation that matches the presented time signal in its
auto-correlation values. This is known as the “matching property”. In [6], the
matching property was subject to a maximum of entropy ionoptimisat problem,
whereas in [30], another property is used, which is the minimum of variance.

. Spectral Power Estimation, numerical considerations

Numerical stability of any algorithm for Spectral Power Estimation is important. This
is because, mathematically, there is a great degree of ambiguity in the spectral power
determination problem. While many presented algorithms follow a given optimization
criteria, few have a solid implementation resistant to some parameter change.
Instability does usually manifest itself in a broken inversion in the recursive linear
systems. Moreover it usually produces a distorted Spectral Power Estimation, which
can be sometimes worse than a direct Fast Fourier Transformation (FFT). In general,
the parameters of the algorithm are selected as a compromise between stability and
precision- or output quality. For example, for a given signal, augmenting the system
order- correlations measure number should provide a better resolution in the Spectral
Power Estimation. Unfortunately however, if the algorithm is not stable, it can cause
the inverse. The above discussion suggests the following criteria for the appreciation
of any Spectral Power Estimation method:

a) Stability: as noted above, stability is considered as a counter weight
to precision. This is known to be true in the general case, but we
argue that this is true only in a very few cases. In this thesis we have
the opportunity to shed light on this key point. What we have
concluded from analyzing previous work, and from practical
experience is that the contradictory relation between stability and
precision is due to improper construction of the algorithm(s), which
leaves the door open for singularity. On the other hand, when care is
taken the contradictory relation happens only in the rare case of near
zero signals, and thus it should not be considered as a general
constraint. To explain this claim, we will give two examples, for
algorithms for Spectral Power Estimation. In each, inconsistency in
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L

For applications concerning multidimensional signal, i.e. SAR Radar and 3D
Magnetic Resonance Imaging MRI, multidimensional Spectral Power Estimation is
necessary. The multidimensional Spectral Power Estimation problem is different than
the 1D case and different difficulties arise due to its non-linear nature. In the
generalization efforts, many of the 1D Spectral Power Estimation techniques were
easily extended to the ND case for example, the Periodogram, the Correlogram, and
the Capon Filter. On the other hand the Maximum of Entropy method, which is
known for its optimal performance, remains an active domain of research. In Figure
2.3, we present a general diagram representing the state of the art in multidimensional

the recursive linear system is the cause of great instability at
application:

In the normal Burg’s Algorithm, the square root minimum of
forward and backward prediction error signals is calculated. And
a recursive relation for updating the error signals at each step of
the algorithm is used. The latter relation, however, is generated
from Levinson’s Algorithm, and is applied in a manner that is
inconsistent with the original Levinsons’s Algorithm. For that, as
we will explain in Chapter 3, a modification in the Burg’s
Algorithm that keeps this linear system invertible gives the
Burg’s Algorithm the missing stability.

In the case of 2D Spectral Power Estimation using quarter plan
and (or) half plan filters; filter coefficients are defined to
minimize prediction error. Unlike the 1D case, where the
prediction polynomial is known to have its roots inside the unit
circle, the produced filter could be unstable. Hence, quarter plan,
and half plan filters are well known to suffer from great
instability, and erroneous results.

b) Precision: for a given system order, and a measured input signal’s
SNR, two algorithms for Spectral Power Estimation can be
compared for their precision in a controlled experiment. In general,
output quality is lesser for low input SNR values. At the same time,
if one algorithm produces a better quality for a given SNR value, it is
more probable that it will continue to do so for higher values.

Calculations volume and time: the number of calculations,
required by a Spectral Power Estimation method is an important
factor. Also, the ability of the algorithm to be performed through
Parallel Processing is of a great value in minimizing execution time.
The volume of calculations is also of great importance in particular
when we are dealing with multidimensional signals, since the size of
the correlation matrix grows exponentially for each dimension.

Spectral Power Estimation, the multidimensional case

Spectral Power Estimation.
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The efforts in this area were especially concentrated over the generalization of the
maximum of entropy Spectral Power Estimation (MEM), for its well-known
estimation precision. In [54] and [55], analytical methods were proposed for the
multidimensional problem. Usually analytical methods are used, as contrary to the 1D
case, there is no known direct algebraic solution to the MEM problem. Analytical
methods suffer sometimes from initialization and convergence stability problems, and
have the disadvantage of indeterminate execution time, and arbitrary parameters
values. In this thesis, we are proposing two new Algebraic methods for
multidimensional Spectral Power Estimation with a deterministic nature. In both
methods, a new class of operator, which we have called the ‘Walking Operator’,
permits the production of the estimation in a sequential manner. The first method,
presented in Chapter 6, has an approximative matching property, and the second,
presented in Chapter 7, gives an exact correlation matching and does not require
polynomial approximation of the inverse of the Spectral Power Estimation.

11 Overview of this thesis

This dissertation is organized in two parts. The first part is on the subject of Spectral
Estimation, and the second part is on the subjects of Vector Quantization of Colored
Images and the Combinatorial Approach to Object Analysis.

Spectral Power Estimation

Chapter 3 to Chapter 8 treat the main mathematical theory for the Multidimensional
Spectral Power Estimation.

. Chapter 3

This Chapter proposes a new Burg Algorithm equivalent in results to the Levinson
Algorithm for the 1D case and the 2D case. From the presented numerical simulations
we see the advantage of applying the Burg Algorithm in the way that we are
proposing. Also, in the 2D case, the original WWR Algorithm [8]-[9] is optimized in
the calculations cost aspect, through a proposition that proves a skew symmetry in the
cross-correlation matrix between the forward and backward error vectors.
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. Chapter 4

This Chapter studies the structure of the Generalized Reflection Coefficients in the
case of Hermitian Block Toeplitz matrix. An optimized adapted algorithm is
proposed.

* Chapter 5

This Chapter studies the structure of the generalized reflection coefficients in the case
of Hermitian Toeplitz Block Toeplitz matrix. An optimized adapted algorithm is
proposed.

. Chapter 6

This Chapter presents an approximative approach for the Multidimensional Spectral
Power Estimation problem. The presented algorithm performs in a sequential manner,
across each dimension. Numerical simulations are also presented for a three-
dimensional test signal.

. Chapter 7

Building on the results of Chapter 4 and Chapter 5, Chapter 7 presents a novel
maximum of entropy method for Multidimensional Spectral Power Estimation. The
presented estimation has an exact matching property, and asymptotically is a
Maximum of Entropy Estimation.

* Chapter 8

To be able to construct an equitable idea about the capabilities and the performance of
each of the presented Spectral Power Estimation methods, we run a numerical
comparative study over different methods for spectral estimation.

. Chapter 9

This Chapter presents the main conclusions of our work, and proposes new directions
for future development.
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CHAPTER 3

A MODIFIED BURG ALGORITHM EQUIVALENT IN RESULTS TO
LEVINSON ALGORITHM

Abstract-We present a new modified Burg-Like algorithm for spectral estimation and adaptive signal
processing that yields the same prediction coefficients as given by the Levinson algorithm for the solution of
the normal equations. An equivalency proof is given for both the 1D signal and the 2D signal cases.
Numerical simulations illustrate the improved accuracy and stability in spectral power amplitude and
localization; especially in the cases of low signal to noise ratio, and (or) augmenting the used prediction
coefficients number for relatively short data records. Our simulations also illustrate that for relatively short
data records the unmodified version of the Burg Algorithm fails to minimize the mean square residual error
beyond a certain order, while the new algorithm continues the minimization with higher orders.

Résumé- On présente un nouvel algorithme proche de celui de Burg pour D’estimation spectrale et le
traitement adaptatif du signal. L’algorithme présenté produit les mémes coefficients que ceux donnés par
I’algorithme de Levinson, pour la solution des équations normales. La preuve d’équivalence est présentée
pour les signaux 1D et 2D. La modification apportée permet de garantir la stabilité de 1'algorithme de Burg
.Cette modification est justifiée théoriquement. Par ailleurs les simulations numériques confirment une
amélioration de cette stabilité, (ainsi que la précision), dans la détermination de ’amplitude et la localisation
de la puissance spectrale. L’amélioration apparait davantage dans le cas d’un faible rapport signal/bruit, et
(ou) dans celui d’une taille minimale des données. Aussi, les simulations numériques montrent que pour
certaines conditions de taille minimale des données et d’un ordre de systéme élevé, la version non-modifiée
de I’algorithme de Burg ne minimise pas I’erreur résiduelle. En I’occurrence, ’algorithme de Levinson
continue la minimisation avec I’augmentation de I’ordre.

1 Introduction

Linear Autoregressive Modeling has many contemporary fields of application [1]-[3].
At the same time, much work has been devoted to studying this model and its
applications in the one-dimensional signal case, and more recently, for the two-
dimensional signal. A common factor in most of the previous work is the solution of
the normal equations —known also as the Yule-Walker equations. This is by using
different techniques to find an estimation of the prediction coefficients, which are
scalars in 1D case, and matrices in the Multichannel (multivariate) case. Starting from
a given 1D signal, two main methods of estimating the prediction coefficients are the
Levinson Algorithm [7] and the Burg Algorithm [6]. The counterparts of these two
algorithms in the 2D case are, respectively, a modified version of the Whittle-
Wiggins-Robinson Algorithm (WWR)[8][9], and a group of slightly in-between
different algorithms given in [10], [11], [15], which will be referred-to in this chapter—
excluding [10], as 2D Burg Algorithms. Historically, the 2D approach depended on
the Multichannel Levinson (WWR) and the Multichannel Burg approach [12]. First,
the Coefficients matrices are obtained, and next, an extra step is applied, to recover
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the 2D quarter-plan causal Filter scalar coefficients from the calculated coefficients
Matrices. The connection between the Coefficients Matrices and the prediction 2D
Filter was first established by [14]. This was further invested by [11], through the
application of the Multichannel Burg Algorithm [12] directly on the two dimensional
data, which represented the first 2D-Burg algorithm. The same type of algorithm was
presented in [15], but with an additional simplification that takes advantage of the 2D
Correlation Matrix being Toeplitz-Block-Toeplitz, while it is just Block Toeplitz in
the Multichannel case. In the alternate case, in [10], another Burg-like algorithm was
presented, that calculates the 2D Prediction Filter directly without passing by the
calculus of the corresponding Multichannel Coefficients Matrices.

In this chapter, we present a new 1D and 2D Burg Algorithm, that yields the same
prediction coefficients as the Levinson Algorithm in the 1D case, and the WWR in the
2D case. Also we enhance WWR computational efficiency in the 2D case, through

Proposition 3.3. In practice, the motivation of using the Burg Algorithm is its

computational efficiency over the Levinson Algorithm, since the latter demands the
calculation of the correlation matrix in advance, which is a very time consuming task.
For the same reason, the 2D Burg Algorithms are preferred over WWR. Still, for the
reasons that we will explain in this chapter, the 1D and 2D Burg Algorithms suffer
from a major numerical deficiency, and this was the motive behind our development
of the new Burg Algorithm. While the computational efficiency of The New Modified
Burg Algorithm needs to be further investigated, it gives a stable Levinson and WWR
solution. We also believe that the new presented Burg Algorithm, in 1D and 2D cases,
represent the natural Burg Algorithms, since it is now consistent, in theory and in
application, to the original Levinson approach.

In [4]-[5], fast, and practical formulas are presented, that calculate the inverse of the
Correlation Matrix in function of the prediction coefficients.

This chapter is organized as follows. In Section II, we establish the proof of
asymptotic equivalency, for the 1D case, between, Levinson Algorithm’s output, and
that of the Burg Algorithm’s. In Section III, we also establish the proof of asymptotic
equivalency, between the output of the WWR, and that of the 2D Burg Algorithm. In
Section IV, we present the practical modifications necessary for the current Burg
Algorithms, in both 1D and 2D cases, to realize the equivalency in giving the same
results. Finally, Section V contains the numerical examples that illustrate the gain in
numerical stability of the new Burg Algorithm, in comparison with the original Burg
Algorithm.

11 1D Case

3 The model

The autoregressive model

x(k)+ial”x(k—l): (k) G

where w represents the prediction error of the signal x, yields the Normal Equations
Rnan = _rn (32)

where R, is a Toeplitz Hermitian matrix of size (nxn), defined as

*

Ro=[ry ] g =ri=r (3-3)
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=By (x (kt)x (k) ) =0 Ltn B, (1 (k) :@;f (k) 34)

T T
— n n n —
a = [al N/ SN/ } , I, .—[rl,rz,...,rn] (3.5)

n

. The 1D Levinson Algorithm

The Levinson Algorithm [7] proceeds to the solution of (3.2) in a recursive manner,
forn > 1

AT
v +r _.a
n o__ n n—-1n-1
a! = -l (3.6)

T
ntr,_a,,

a =" |14 4, (3.7)
n 0 n 1

starting from

a, =——. (3.83)

where the notation X defines a vector with the same elements of x taken in the
reverse order.

. 1D Burg Algorithm

The Burg Algorithm [6] defines an estimate of the prediction errors

: k):=ia,"x(k—l)+x(k)
Za, (k +1-n)+x (k—n)

The prediction coefficient is also calculated in a recursive manner, according to the
relation

-E, ( - (k)ebi (k -1))

3B (el et ol

Using the Levinson relation (3.7), a recursive relation between the errors signals is
obtained and used in the calculus, to update the error signals to the next order

el (k)=el(k)+a" e’ (k—1) (3.11)

n+l

et (k)= e (k—1)+(art) ef (k). (3.12)

3.9)

(3.10)

. Equivalency proof

To proceed in our construction, we need the following proposition, which is easy to
verify.

Proposition 3.1. Asymptotically, the forward and backward prediction errors

square means are asymptotically equal

g

k 1) ‘ . (3.13)

I‘I

n ‘ = Jm rer Hk }‘ 2.

k —>+—<>o ‘
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Theorem 3.1. Asymptotically, the prediction coefficients calculated using Levinson

Algorithm and Burg Algorithm are Equals.
Proor. Using the relation (3.13) we can now write the Burg relation (3.10) in
the form

a' = —E, (e£—1 (k )e:il (k _1))

(3.14)

2
E, ( e:—l(k)| )
Replacing (3.9) into (3.14), we proceed according to the following
x (k)x (k—-n-1)+
Zx k—1-n+1)a, +
a::ll :Ek * /
Za,"x (k=1)x"(k-n-1)+
=1
ial”ix (k=1)x"(k-1-n+1")a;
=1 =
x (k—n)x(k —n)+i:x (k—n)x"(k-n+l)a
=1
E, +Zal (k—n+1)x"(k—-n) (3.15)

+Za;’*2x (k=n+0)x"(k-n+1")a
/=1 1'=1

n
n
n+1 +z n+1 l rO +zr—lal

a"l = / = (3.16)

n+l n n n
+Z +Z Z A Xl
a'ra ay 2 V-9 a n aq, r_rdy

=1 = =

I'=

Using the equahty
Za,rd_, =-r, d=12,.n (3.17)
=1

which is just another form for the relation (3.2), the second and fourth terms,
in both the numerator and denominator of (3.16) are eliminated

n+l n *
ay = ( L +z Fo1- zazj/[ro +zaz’7j~ (3.18)
/=1

This completes the proof.

IIT 2D Case

3 The Model

The multichannel signal linear autoregressive model is defined as [16]
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n

X(k)==> A" X (k-1)+W(k) (3.19)

where X, W are vectors of size n, +1, changing according to the time k, A"1is the /

prediction coefficient matrix of degree n, of size ((n, +1)x (n, +1)).

This model yields also the Multichannel Normal Equations, known as Multichannel
Yule-Walker Equations

woy Loy =L (3.20)
o =AM AL A ] (321)
R, R, R,
R, R,
e R, (3.22)
R, R, R, |
R, =E, (X (n+k)X " (n)), k =0,%1,..%n, (3.23)
r,, = [RI,RZ,---,RHI] (3.24)

The correlation matrix R

ny,n

,1s Hermitian and Block Toeplitz. In the Case of 2D signal

the same multichannel model can be used, by redefining the multichannel vector,
using the 2D signal [14][15]

x (k,t;+n,)  x(k,t;+n,+1) x (k,t7)
X (k)= x(k,tz':+n2—1) x(k,t:;+n2) x(k,:t;'—l)
x (k.,t3) x (k.15 +1) x (k,t7—n,)

x (t,,t,)e C,t,eN,t,e Nty e Nty <t, <t]. (3.25)

In this case, the definitions and relations (3.19)-(3.23) still hold for the expression of
the Normal Equations and the correlation matrix in the case of the 2D signal, with the
Hermitian correlation matrix having a Toeplitz Block Toeplitz (TBT) structure.

X (k+1)

K

t i

T >t
2

Figure 3.1, the columns of X (k ) are generated by a sliding vector of size 71, +1 in the signal line k.
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. The 2D Levinson Algorithm (WWR)

The coefficients matrices are calculated in a recursive manner, starting from n >0,

according to [8][9][16]:
4, =-A, (P -1 )71

n

n-1

A, =R, +2A,”‘1Rn_,
=1

n—l1

P, =R,+> JA"JR,
[=1

with,

A =[A

n,n,

0]+

n=l,n,
A/,; [ JAnn:II*J’ JA::;*J’ T JAI’FI*J?l]
where J is the Exchange Matrix defined as:

0 --- 0 1
: 1 0

J = oo
0o .- .-
1 0 - 0

starting From

F =R,

* The 2D Burg Algorithm

As in the 1D case, two Prediction Error signals are defined as [11][12][15]

ZA”X )+X (k)

’ k)::ZJ(A;’) JX (k-=n+1)+X (k—n)

n=0
with the following recursive relation
e, (k)=e] (k)+ 4 le; (k1)

n+l

e’ (k):eZ(k—1)+J( ”“)Je (k)

n+l n+l

The Prediction Coefficient Matrix of order 7, is calculated according to [15]

A = [Pﬂ’+JPﬂ’ ][Pb+JPf J}

n+l

where

PP =B, (¢ () (€ (k1)
B/ =E, (& (k)(¢, (k)"

Pl =E, (€ (k) (€ () ).
The relation (36) results from minimizing the value
wlpr +0(P?) ).
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. Equivalency proof
Proposition 3.2.
P =y (3.41)

n

Proposition 3.3.

pr=yprys (3.42)
Proor. Using the notation 4; =1, and replacing (3.34), (3.35) into (3.37) we
get
P’ =
n_ 7 3.43
E, (ZZA,”X (k=1)(x (k—l—n+l’))HJ(A,”,)TJ] G4
1=01'=0
By taking the Expectation inside, and by definition (3.23) we get
PP=3Y 4R, (4] G.44)
1=0 I'=0

This can be written in the form

P =R, + iiA,”RMHf,J (4; )T J+ iRHHJ (4; )T J+ iA,”RHH (3.45)
=1 =1

I=11'=1
By applying the equality
Y AR, =-R, d=12.n (3.46)
=1

the second term of (3.45), can be written as

Zn: [i ARy j‘] (Az’Z )T J= _i R,/ (A;f )T J (3.47)
I'=1

=1\ I=1

which yields

I)nfb = Rn+1 + Z AlanH—l (348)
I=1
Again by rewriting the second term of (3.45) as
H
n o n T n n *
ZZAI R,/ (Al') J =ZA1 Z(J (Al') JRrﬁ—l—l—l')
=1 I'=1 =1 I'=1 (3 49)
n n * H '
= ZA[" [ZJ (/‘ll’Z ) ‘]Rl'—(nH—l)j
I=1 I'=1
and using the equality
N4 IR, =-R,, d=1,..n (3.50)
I=1
we find

n n n

DD AR, (4] )T J==Y A4 (R,(,HH))H :—[iA;’R”H, (3.51)
=1

1=1 ['=1 /=1

which yields
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F:sz = Rn+1 + i‘,RnH—l"]( ln)TJ ' (3'52)
I'=1

By considering the fact that for any Toeplitz matrix 7" the following is always
true:

J(T)J=T, (3.53)

we apply the transformation J( )’ J to the expression (3.52), from which we
get

T
JB) T =R, 0 (Z Ryrd (1) j J. (3.54)
I'=1
And by noticing that for any matrix M we have:
JM) J=(MI) (3.55)
we get

N (3.56)

n+l-1

J (leb )T J = R’”'l + i (JR”H’IJ (A;f )T o )T - Rn+1 + Zn:Al’z‘] (R
=1 =1

By this the proof is complete.

Theorem 3.2. Asymptotically, the prediction coefficients calculated using WWR

Algorithm and 2D Burg Algorithms are Equals.
Proor. According to (3.41) and (3.42), (3.36) can be expressed as

a4 =-lpr]le]" (3.57)
Replacing according to (3.34), (3.35), we get

k)+iA,”X (k -z)j.

Pl =E,|((X (k-n-1))"+ (3.58)

n

3¢ (k=nten)) (o a7) o)
X (k)(X (k =n-1))" > x (k)(X (k=n-1+1))" (J(At" )*J)H +

PP =E =1

ZAlnx(k_z)( k—n-1))" +ZA zx D) (k=n=10)" (7 (47

(3.59)
By taking the expectation over each term and by definition (3.23) we get
Rn+1 + ZRrH-lfl (J(Aln) J)LI +
I=1
Pn]b = iAlanle + (360)
I=1
S AR b))
I=1 I'=1
Using the equality
Y AR, =-R, d=12.n (3.61)
=1

which is just another form of (3.20), we obtain
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PP =R+ AR, (3.62)
=1
Also in the same way we obtain
X (k=n)(X (k-n))" +
SX (k =n)(X (k-n+1))’ (J (4; )*J)H +
P’ =E, - * . (3.63)
' YJ(4)) JX (k=n+1)(X (k-n)) +
1:1 * n H * H
SI(A) T XX (k=n+1)(X (k-n+1")) (J(A;f) J) j
1=1 I'=1
n * H n *
Ry+> R, (J(A,") J) +>J(4]') JR, +
Pnh _ =1 =1 ., (3.64)
>(4;) JZRH,(J(A,",) J)
=1 I'=1
Also by using the equality
iJ(A," VIR ,=-R,, d=1..n (3.65)
1=1

our proof is completed.

IV The Modified Burg Algorithm

Before going into the details of the New Burg Algorithm, it is necessary to state
precisely an important fact about the calculation of the prediction error auto-
correlation. In the case of 2D signal a recursive relation exists in a way that enhances
calculation cost for both of Levinson and Burg Algorithms. More precisely, according
to [15][16]

P =P +A'A! (3.66)
By that, and according to the previous sections, numerically, we can consider the
equivalent steps in each iteration of both Levinson Algorithm and Burg Algorithm, as
the steps concerning the calculations of relations (3.26), (3.29), (3.66). The difference
between the two algorithms resides in the way in which the error cross correlation
matrix is calculated; using (3.27) in Levinson Algorithm, and (3.34), (3.35), (3.37) in
Burg Algorithm, the same type of discussion also apply to the 1D case.

After demonstrating the Asymptotic In-Results Equivalency between Levinson
Algorithms and Burg Algorithms, in both 1D and 2D case, it is now simple to see the
modifications needed in order to realize this equivalency in the case of size-limited
signal. The principal modification to the existing Burg Algorithms would be in the
way in which relations (3.11) and (3.12) in the 1D case, (3.34) and (3.35) in the 2D
case, are applied.

3 1D Case

For a size-limited signal x(k) ke [0, N —1], the current version of Burg Algorithm,
expresses the relation (3.11) and (3.12) in the form:
e/ (k)=e/(k)+atle, (k1) (3.67)

n+l en+l
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e, (k)= (k= 1)+ (a1 ey (k)

keln+1,N-1].

As a result of this, the size of the new calculated error signals diminishes with each
new order. And as result of this also, the relation (3.10) is expressed in the form [6]

- Zen . k 1)
k=n . (3.68)
zx

f;l<k—1>rj

The correction to this is to proceed with the calculation until the last non-zero value,
so instead of the error signal size being diminishing, we should produce an
augmentation in the size of both of the forward and backward error signals, according
to

nl ‘

el (-1)=0,e/ (N +n)=0 (3.69)
ela(k)=e] ( )+a,lie (k= )
ey, (k)=e¢] ( 2:11) €

kelo,N + n] (3.70)

and the corrected form of the relation (3.10) becomes
N+n-1

- Zenl k 1)

a = : (3.71)

z( <k>rj

¢ 2D Case

The same discussion for the 1D case is applied to the 2D case also. In the case of size-
limited signal

x(k,t),k=0...N,=1,t=0...N, —1, (3.72)
by the new modified algorithm, the relations (3.34) and (3.35) are applied according
to

e (-1)=0,e/ (N, +n)=0 (3.73)
e/ (k)=e/(k)+ A" e’ (k1)
=

n+l n+l
el (k)= el —1)+J(4r}) Je/ (k)
ke[O,N,+n] (3.74)
and the relation (3.36) is expressed in the form

=] S wlew-n) | Eewen) | a7

Also to achieve the equivalency in the calculus results with the 2D Levinson
Algorithm, the 2D Signal needs to be distributed into the multiple-vectors X Matrix in
a way that guarantees the Toeplitz block Toeplitz structure of the correlation matrix.
Therefore, for a size-limited 2D signal defined in (3.72), the definition (3.25) is
applied to the signal according to:
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x (k,0) x (k,N,-1)

X (k)= ; ; ,

x (k,0) x (k,N,-1)

so that each row of the signal is repeated and shifted into the next line of the matrix,
with zero filled elsewhere.

V  Numerical examples

It is important to note that numerically the modified algorithm is totally equivalent in
result to the Levinson Algorithm, in both the 1D and the 2D case. Our objective in
this section is to compare Levinson Algorithm application to the Original Burg
Algorithm toward spectral estimation, and prediction efficiency. We applied both of
algorithms on 20 samples of a noised one-sinusoid signals with a relative frequency
positioned at f = 0.25. The noise signals were generated artificially and added to the

spectrum, and the signal samples were obtained using IFFT. Also care was taken to
ensure that all generated signals had precisely a signal to noise ratio equal to 30db.
Figure 3.2 and Figure 3.3 represent the spectral estimation versus phase change,
resulting from applying Original Burg algorithm, and Levinson Algorithm
respectively. The sinusoid phase was changed over 100 equal intervals from zero to
360°. For each phase change the same signal was submitted to each of the two
algorithms, with the used prediction order equal to 10. The same results are displayed
on a logarithmic scale in Figure 3.4 for Original Burg Algorithm and in Figure 3.5 for
Levinsons Algorithm. We notice in this case the inaccuracy of the Burg Algorithm
toward phase change, and toward different noise realizations. On the other hand the
Levinson Algorithm manifested much more stable results toward noise change, and a
stable pattern toward phase change. In fact the results, displayed in Figure 3.2,
necessitated the use of the log function so that they could be compared.

Figure 3.6 and Figure 3.7 represent the spectral estimation versus order change,
resulting from applying the Original Burg Algorithm, and the Levinson Algorithm
respectively. The same signal was submitted to both algorithms with consecutive
orders, going from 1 up until 19. We notice that with the order changing the
frequency identification is stable for both algorithms applied to the same signal. On
the other hand the Burg Algorithm, in this case, suffers from inconsistency in the
frequency power value across different order values.

Finally, Figure 3.8 and Figure 3.9 display the Mean square residual error in function
of the used order, resulting from applying the Original Burg Algorithm, and the
Levinson Algorithm respectively. These results are obtained for the same simulations
corresponding to Figure 3.6 and Figure 3.7. The error signal was calculated according
to relation (3.1) using the prediction coefficients given by each algorithm, with zero
values given for samples outside the provided support. We notice that the original
Burg Algorithm fails to minimize the Mean Square Error for order values above 2,
while the Levinson Algorithm continues the minimization with order elevation. This
comes to illustrate the Original Burg Algorithm handicap when applied to short data
records, or what we can call the border effect. This effect is due to the application of
the recursive relation (3.7) without applying the needed modifications stated above.
Failing to apply the modifications (3.68), (3.69) will results in a mistaken cross
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correlation value, and it is easy to see that the effect of this will diminish by
augmenting the samples number N , relatively to a given order value 7 .
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VI Conclusion

The presented results, establish a theoretical and practical connection between the
Levinson Algorithm and the Burg Algorithm, in the 1D and 2D cases. The fact that
the Unmodified Burg Algorithm fails to minimize the residual error, for a certain
order, is of a great importance to multiple applications. Especially for Spectral Power

Estimation, precision and solution stability are required, and in Signal Compression
error minimization is a priority.
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CHAPTER 4

GENERALIZED REFLECTION COEFFICIENTS AND THE
INVERSE FACTORIZATION OF HERMITIAN BLOCK TOEPLITZ
MATRIX.

Abstract-A factorization of the inverse of a Hermitian strongly regular matrix based on a diagonal by
diagonal recursive formula permits the inversion of Block Toeplitz matrices using only matrix-vector

products, and with a complexity of O (I”ll3 I”lz2 ) , where 71, is the block size, and 71, is the block matrix

block-size.

Résumé-Une diagonalisation de ’inverse basée sur des formules de récurrence par diagonales ( basées sur
les coefficients de réflexion généralisés ) permet I’inversion des matrices Blocs Toeplitz en utilisant

seulement des produits vectoriels. La complexité de calcul est de Pordre O (l’ll3 I’lz2 ) ou 71, est la taille de

bloc et 71, est le nombre de bloc(s) de la matrice.

| Introduction

The techniques developed here are based on a generalization of the reflection

coefficients or partial autocorrelation presented in [18]. They appear when the well
known Levinson recursion for inverting Toeplitz matrix [21][22] is extended to two
families of bi-orthogonal polynomials.

These generalized coefficients turn out to be two triangular arrays of numbers, which
completely describe the structure of the related matrix. In the Toeplitz case, the
coefficients along each diagonal are identical, so they are determined by two
sequences of pairs of numbers. In the Toeplitz Hermitian case, the coefficients
collapse to the classical reflection coefficients.

In the case of Hermitian positive definite matrices, the reflection coefficients are a
triangular array of pairs of numbers whose product is a positive number less than one.
The families of related orthogonal polynomials determine two Cholesky factorizations
of the inverse of the matrix.

These generated coefficients are computed recursively diagonal by diagonal. Setting
some initial conditions on the principal diagonal, at each step of the recursion a whole
diagonal is computed from the previous results.

In the Block Toeplitz case, the related two triangular arrays of the generalized
coefficients keep the block structure. The Levinson Algorithm has been generalized to
this case.
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When applying the algorithm obtained in the general Strongly Regular matrix case to
the Block Toeplitz case, at each step of the recursion, instead of computing a whole
diagonal, only n, coefficients are computed from the previous results. From which we

obtain a factorization of the inverse with a complexity O (nl3 nzz), where n,is the

number of blocks in the matrix.

11 Notations

We consider the Hermitian Strongly Regular matrix,

R = {’?’j}i,j::&l,...nfl ’ (41)
v, € C,
ne N.
For each matrix R we consider the sub matrices family:
ko — —
R ={b, , },-,,-::0,...17,{ by =T k<l k1=0.n-1,
for each R*" matrix we define the following block diagonal matrix :
kak
ORk,l = Rk,l ,
O(n—l)x(n—l)

which contains R*"' , diagonally positioned, with zero filled elsewhere.
The transport square matrix J defined as:

0 --- 0 1
1 0

J = o
o .- . :
1 0 - 0

III  Generalized Reflection Coefficients and Hermitian Strongly Regular
matrices

For any Hermitian Strongly Regular matrix the inverse can be factorized into the form
[18]

R =(R") (D7) (R") =(R) (D°)" (R?). @2)
where both of

D" =(R"Y (R)(R") ,and D® =(R?) (R)(R?)
are diagonal, and R”, R? are lower triangular and upper triangular respectively. Both
are formed from Vectors p, ,,q,,, k,/ =0,1,...n—1, k <[ according to

R" = I:pO,nfl’pl,nfl" EPY LM ] ) 4.4)

RQ =|:q0,1a%,29""qO,n*l]'

These vectors (or polynomials) are mutually orthogonal relatively to the matrix-
defined product:

*
9

(4.3)
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T *
<V1’V2> =v, R (Vz) ’

this can be expressed in the conditions:
VO<k,0<k k<l ,k'<l,l<n-1,

<pk,19pk’,l> =0if k#k',

<pk,19pk’,l> >0if k =k’
and
VO<kk<l,k<l',I'<n-1,1<n-1,

<Qk,onk,z’> =0if [ =/,

<Qk,onk,z’> >0if 1= I.
The orthogonal polynomials p, ,,q, , are obtained for R in a recursive manner. The

matrix R, being strongly regular, permits us to establish a recursive system in which
the famous reflection coefficients are designated. The Generalized Reflection
Coefficients define the relation between a group of vectors p, ., .4, .., and the next

step group of vectorsp, , ., .1>9 s4a41> 4 =0,1...n =2, according to

Prt =Pr ™% ;1 iy » (4.5)
Qs =i —aZ RYYED (4.6)
and that is starting from the canonical basis vectors p,, =¢€,,q,, =€,
k=0,1,..n-1.

The Generalized Reflection Coefficients are complex numbers, obtained at each step
according to:

T
Re
g, =Dk 4.7
Qg R €
T
;G Ry 48)
kg — T . .
PiiaRe
The definition of v, =q; ,Re,, v,,=p,, R e, installs the following recursive
system:
’ +
Vied =V (l_ak,lak,l )E R", (4.9)
V/Z,z :"1:,1—1 (l_ak,lalz,l )E R". (4.10)

This permits us to avoid applying the product in the denominator in (4.7) and (4.8) at
each step, while for the numerators, the following holds

pi,l—lR < =(C1§+1,z R ek) . (4.11)

IV Generalized Reflection Coefficients in the Hermitian Block Toeplitz Case

In this section we will consider the more limiting case of Block Toeplitz matrix, in
which, each block is not necessarily Toeplitz. Each matrix block is of size n,xn,,

while the total block matrix is of size n,n,Xnn,. To assist our approach, we notice

that the matrix elements r, ; , in this context, admit the following property.
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Proposition 4.1.
’/;',j :l/;'modnl,j—isecn1 lf‘lS]’
ri»J:(rj»i) ifi>J.
where a sech =b int(a/b), int(x ) is the integer part of x, and amodb is equal to

the remainder of division of a by b.
Proor. From the T-B-T structure we have for £ =0,1,...n, -1,/ :=0,1...nn,—1:

Vevenggvin, = Thu > t=0,1,---n,=1=int(/ /n,),
Setting i ==k +tn,,j =1 +n,, we notice that (i, j ) e [0,n,n, —1]x[0,n,n, 1],
and:

v

ij rifml N T

By the definition of i , i —tn, =i modn, and , =i secn,.

The previous proposition is to simplify the direct mathematical representation of the
Hermitian Block Toeplitz Matrix case. The following propositions, Proposition 4.2

and Proposition 4.3 will help us to consider the main recursive system in the Block
Toeplitz case, segmented into recurrent sub matrices.

Proposition 4.2.

Ops.d Ops.d Opsd Opsd Opsd Ops.d
R R R 7R R P54\ _( R R R /R R _ IR
(pk,z iy oAy % Vg Vi ) _(pk,laqk,zaak,z sAr 15V k1Y i )

with condition that s <k <1 <d , where the entitiesp, ,,q, ,,a; ,,a; ,,V, -V, that

corresponds to a given covariance matrix M , are noted respectively as

M M M M M M
PrssQe s> 1>k asViioVia

ey . ki, _ k modn,,l —k secn
Proposition 4.3. R =R 1 1

Proor. for each of both matrices elements we apply Proposition 4.1 :

Re, _ _ .
ri,j _rk+i,k+j _’/v(k+i)modrll,(k+_/')7(k+i)secn1 XV _0’1’1 k 4
Rk mod ny,/—k secny
i,j - rk modn,+i .k modn;+; ~ r(k modn, +i ymodn, .k modn, +j —(k modn, +i )secn, °

from which our proof is completed.

Now we are ready to state the main result of this chapter.

Theorem 4.1. In the case of Hermitian Block Toeplitz Matrix we have:

A1 = A mmodny 1~k secn; ?

’ ’
A1 = A mmodny 1~k secn; ?
__grksecn
P, =U p
__grksecn
q, =U q

k modn,,l —ksecn,’
k modn,,l —ksecn,’

Vied =V kmodny, I —ksecn,
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’ ’
vk,l _vkmodnl,lfksecnl )

where U is the (n,n, xnn, )shift matrix defined as,

[0 0 - 0 O]
1 0 - 0
U=|0 . . 0 i,
Do 00
0 - 0 1 0
with U =1.

Proor. We start by noticing that
VO<k <l <nn,—13s,d:s <k <l <d ,sothat we can write

Ops.d Ops.d Opsd Opsd Opsd Ops.d
R R R 7°R R 'R _
(Pk,z ey %y %%y Vg Vi ) =

s R\d s R.\',d R.\',d ,R.\'d R.\'d ,R.\',d
(Ud—s | - Ui s Qi d=s2 Q5155 g 15V ks i=sV k=s,i=s | »

where U is a Matrix of size (n,n,)x(x +1), defined as:

0 0 0]
1 0
U = 0 1 0 Uo e L e
x 0 0 0 ’ X 0 ’
1
_() o --. ()_

coupling this with Proposition 4.2, we obtain:
s R.\'d s R.\',d R.\',d ,R.\'d R.\'d ,R.\',d _
(Ud—s | - U s Qi =525 155 Q5 155V ks 1=5 Y k=s.I-s ) =
R R R ’R R ’R
(pk,l s 19U 15k 15V kY ke ) .
By setting s =k secn,, admitting that £ —k secn, =k modn,, and using

Proposition 4.3, we obtain:

RO,d—: s RO,d—:

K
Ud - pk modn,,l —k secn; ’Ud - qk modn,,l -k secn; *

RO,d—: ,R(],d—: RO,d—: ,R(],d—:
a modn, I —k secn; a4y modn, I —k secn; Vg modn, I —k secn; Vg modn,,l -k secn,

R R R ’R R /R
(pk,loqk,laak,z sAr 15V koY i )

Finally our proof is completed by the following:

s RO s RO
Ud —s pk modn,,l—k secn; >~ d—s qk modn,,l —k secn; >
ROA-s yROAs ROA-s sROA-s =
ak modn, ,l —k secn; ’ak modn,,l -k secn; >V k modn,,l—ksecn; >" k modn,,l -k secn,
g Op0d-=s s Op0d-s
U pk modn,,l —k secn; > qk modn,,l —k secn; *
0p0d~s yOR0d s 0p0d-s SOR0ds =

ak modn, ,l —k secn; ’ak modn,,l -k secn; sV k modn,,l—ksecn; >" k modn,,l—k secn,

s R s R
U pkmodnl,lfk secnl’U qk modn,,/ —k secn; *

R /R R /R
k modn,,l —k secn, ’ak modn,;,l —k secn; sV k modn,,l—k secn, sV k modn,,l—k secn,
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We are also interested in the algorithmic aspect of Theorem 4.1; more precisely the

following theorem explains the resulting algorithmic details and calculus cost.

V  Generalized reflection coefficients in the block Toaplitz case algorithm
(GRCBT)

. Algorithm’s details

In the Hermitian Block Toeplitz case, the application of the recursive relations (4.5)-
(4.10) resumes in the following:

First we rewrite Equations (4.5)-(4.10) as the subroutine,

Subroutine 1:

T
p,.,-Re , q"
Qg = — l Gy = 1 ;R < (t2.1)
v Vi,
Pii =Pro;-—, q i s :q_a;,z Po - (t2.2)
Vg =V (l_ak,la;,l) Vi :V;OJ— (1—%,102,;) (t2.3)
Next we proceed as the following,
Initialization:
For k =0to n,—1:{
Pix =9k =€k> Vix :V;,k =To0
}
Main routine:
Ford,=0to n,—1do :(loop 1)
{
If d, not equal to zero:
{
Ford, =n,—1to Odo : (Lower triangle loop)
{
Foru=0ton —d —ldo:
{
k=u+d, |=d,n+u
(k°,07)=(k,l-1)
ifu equal to n,—d, —1:{
(k*,1%)=((k +1)mod n,,I —(k +1)sec n,)
G=U"q,. 0,V =V, (t2.4)
}
else {

(k1% =(k+11)
q:qk*',lo 2 v :vk+,l°

}
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Apply Subroutine 1
b
}
b
For d, =1to n,—1do : (Upper triangle loop)
{
Foru=0ton —d —ldo:
{
k=u [=d,n+u+d,
(k°,017)=(k,l-1)
(k1% =(k +11)
q = qk+’10 > v :vk+’10
Apply Subroutine 1
}
}
b
* Algorithm’s developement

For any element (i, )e T, ,

T, ={(k.l):k <I,(k,l)e[0,nd =1]x[0,nd —1]} ,d =1,2,...n,;

(i modd, j —isecd )eP,,

P, ={(k.l):k <i,(k,l)e[0,n,—1]x[0,nd —1]}

From Theorem 4.1, by obtaining p, ,,q, ;.4 .4, ,,v, v, for all subscripts

(k,l)e P, we obtain directly these values for (k,/)e T, .

The algorithm proceeds in calculating values for all subscripts contained in the
following groups, with respective order:

ALA,,...,A, ,where A, =P,\P, ,and P, :=0.

In Lower triangle loop we obtain values for

V(k,l)e A, ,where A, ={(k,l)e A, :k =/ modn,].

To demonstrate this, first we notice that for any group defined as

Ayt ={(k.1):(k.l)e A;,k = modn, =d,},

ny?

n -1
A=A,
dy=0
we have, for d, € [0,n, —1]:
Ay ={(k,l):I modn, €[0,n,—1-d ],k =I modn, +d,,} .

By defining u :=/ mod n, we conclude that we did consider all (k,/)e A, .

Using the same logic we conclude that in the Upper triangle loop we obtain
values for
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V(k.,l)e A;,where Aj :={(k,l)e A, :k </ modn,].Itis clear that

A, =A, UA;

In the upper triangle loop it is easy to verify that:

V(k,l)e Ay {(k,1=1),(k+1L1)}cA,,

while in the Lower triangle loop this is not always true, more precisely for
k =n,—1,or/and ! modn, =0. So we can write:

V(k.l)e Ak #n —1={(k,1-1),(k +1,1)} cP,.
Finally for the case of £ =n,—1, we apply Theorem 4.1 to obtain the needed
values, since: V (k.7 )e A {(k.l-1),((k +1)modn,, secn, )| P, .

. Algorithm’s complexity
For computing the complexity, we proceed as the following;:
Each Entry in the routine will require operations of O (/ —k ), by noting ¢, as

the step constant, opc as the total number of operation, the calculus cost take
the form of:

ny—=1 n—1n—d -1 ny,—1 n—1 n—d;-1
opc=zzz (nd,+d,) +zzz (nd,—d,)
d,=0 d\=1 u=0 d,=1d,=0 u=0
-1 ny—=1 n— ny—1 n—1
=Y (m—d -1 (d)+). z )¢, (nd,+d,) +zz )¢, (nd,—d,),
d =1 dy=1 d\=1 dy=1d,=0

This can be further simplified into
1 1
=(n-1)¢ E(n1 ~1)n, —clg(n1 —-1)(n)(2n,-1)+

1 1 1
2¢,n, 5(’12 —1)n, (n, —1)2 —2¢,n, E(n2 ~1)n, E(n1 -Dn,+ (12)

1
(nl _1)C1n1 5(”2 _1)”2-

From which we conclude the complexity order of ».’n;

VI A Bezoutian Inversion Formula

One can directly develop a bezoutian factorization of the inverse, depending on (4.2).
Instead of that, and for the benefit of the reader, we will express our new formula
depending on the already existing work of [4].

In [4], the inverse of a Hermitian Block Toeplitz matrix can be expressed in the form
of:

R'=(L,) D(B)L, ~(L,) D(B)L,. @.12)

where both of L, , and L, are Block Toeplitz having the form :
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14, .4, (0B, - B,

, 017 . , 0 0 .

i Lp=. : (4.13)
oo A, . B,
0.0 [ | 0 - 0 0 |

While the entities {4,},{B,},P,,P,, are defined as the unique solution to the
equations [8],[9]:
(74,4, [R=[P 0-0], (4.1)

(B, B I]R=[0-0R], (4.15)

D (M) is a block diagonal matrix containing M on its main block diagonal with zeros

elsewhere.
The next theorem will help establishing the correspondence between the WWR
algorithm, and the Generalized Reflection Coefficients algorithm.

Theorem 4.3. In the case of strongly regular Hermitian Block Toeplitz matrix, the
inverse is equal to

— H ,— H —
R'=(L,) D("")L,-(L,) DV )L,. (4.16)
where
POT PlT "‘PnTz—l OQnTz—l QlT
0P 00 "~
L= P L=l o7 | (4.17)
0 0 P | 0 0 0 |
While the entities {P,},{0,1,V "V are defined as:
i PO ] _an—l_
Pl .
. = I:pO,nlnz—l pl,nlnzfl pnlfl,nlnz—l:| ’ = |:q0,nlnz—n1 qO,nlnz—Z qO,nlnz—li|’
0,
_Pnzfl_ L QO i
_v(;,nlnz—l 0 O ] _VO,nlnz—nl 0 0 ]
0 vl’,nlnz—l O
and V= ) . ) Vo= .
: w0 : “Voum—o 0
0 o O vi:l—l,nlnz—l O e O v 0,mn,~1

Proor. It is clear that both of P, and Q,, are lower and upper triangular,
respectively. From (4.2), and (4.3) we can write that:
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I PO T _I_ _an—l_* _O_
1 ,—1 T 0 -1 T
R| |V (PO) = |, R. V (QO) = .
: : 0, 0
_P"Z—l_ _O_ L QO n _]_

From which, and since R is Hermitian, we can write:
(R) v [POT P "'Pni—l]R =[70--0], Q) V B [QnTz—l =00 0 ]R =[0---017].
This leads us to the equalities of

*

(R)V"'P =(P)". (4.18)
(@) 770 =(R)". (4.19)
and eventually to

4,=(PI)' P, (4.20)
B, =(0; )AQ,,T , 4.21)

-1

*

since that P, = (P, )AV (P, )71, and P, =(Q; )AV (©5)
By replacing (4.18)-(4.21) into (4.12), (4.13) the proof is completed.

VII Conclusion

The previously presented results, explain clearly the structure of the Generalized
Reflection Coefficients, and their relevant orthogonal polynomials in the Hermitian
Block Toeplitz Case. While the reflection coefficients admit the same Block Toeplitz

status, the polynomials p, , q, ,, show a block Toeplitz recurrence with an added shift
between Blocks polynomials counterparts.
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CHAPTER 5

GENERALIZED REFLECTION COEFFICIENTS IN TOEPLITZ-
BLOCK-TOEPLITZ MATRIX CASE AND FAST INVERSE 2D
LEVINSON ALGORITHM

Abstract-A factorization of the inverse of a Hermitian strongly regular matrix, based on a diagonal by
diagonal recurrent formulae, permits the inversion of Toeplitz Block Toeplitz matrices using minimized

. . . 32 . . .
matrix-vector products, with a complexity of O (nl n, ) , where 71, is the block size, and 77, is the block

matrix size. A 2D Levinson Algorithm is introduced that outperforms the Wittle-Wiggins-Robinson
Algorithm in calculation cost.

Résumé- La diagonalisation de I’inverse d’une matrice hermitienne « strongly regular », basée sur des
formules de récurrence par diagonales permet ’inverse des matrices Toeplitz Bloc Toeplitz, en utilisant

seulement des produits vectoriels optimisés, avec une complexité de ’ordre O (l’ll3 I’lz2 ) ou 71, est la taille de

bloc, et 72, est le nombre de bloc(s) de la matrice. L’Algorithme de Levinson présenté nécessite un nombre

d’opérations inférieur a celui de I’algorithme de Whittle, Wiggins, and Robinson.

1 Introduction

Fast inversion algorithms for Toeplitz forms play an important role in modern

applications; they represent also the mathematical solutions to many different
problems arising in signal processing theory. In this work, we treat the case of linear
systems with a Hermitian Toeplitz Block Toeplitz Matrix, which is directly connected
to the 2D Autoregressive model. In the case of the Hermitian Toeplitz matrix the
famous Levinson Algorithm [22] introduced the concept of reflection coefficients.
This was further generalized in [18] into the generalized reflection coefficients, which
are applied to any Strongly Regular Hermitian matrix. In [23] the special case of a
Hermitian Block Toeplitz matrix was treated and an algorithm was established. In this
chapter we treat the case of a strongly regular Hermitian TBT matrix. The algorithm
that is introduced in [23] and the one that will be introduced in this chapter, provide a
better counterparts in terms of calculation cost than the ones presented by Wittle,
Wiggins and Robinson [8][9], and their 2D version, respectively. For a better
overview of the latter algorithms with connection to 2D signal processing the reader is
invited to examine [24]. Even if the inverse is factorized, the use of Gohberg-
Semencul Formula [4][5] would be most appropriate to fully calculate the inverse,
and take advantage of the current work.
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11 Notations

We consider the Hermitian Strongly Regular matrix,

R ::{ri’f }1,,‘::0,1,...;171 G-
r,,€C
ne N
For each matrix R we consider the sub matrices family:
k<l
kg . — ?
R '_{bi’f}i,J::0,~..l—k bi ko k,0=0..n-1
For each R*"' matrix we define the following block diagonal matrix:
kak
OR kel = R kI

O(n - )><(n —l)

which contains R*"' diagonally positioned, with zero filled elsewhere.
The transport square matrix J will be defined as:

() () 1

1 0

J = .o
0 . . :

1 0 - 0

III  Generalized Reflection Coefficients and Hermitian Strongly Regular
Matrices

For any Hermitian Strongly Regular matrix the inverse can be factorized into the form
[18]

R'=(R") (D) (R"Y (5.2)
where
D" =(R") (R)(R") (5.3)

is diagonal, and R”is a lower triangular matrix formed from vectors p,,,
k,l =0,1,...n—1, k <[ according to
R” :I:pO,nfl’pl,nfl""’pnfl,nflj (54

These vectors (or polynomials) are mutually orthogonal relatively to the matrix
defined cross product:

<vl,v2> ::vlTsz

VO<k,0<k' )k <l ,k'<l,l <n-1

<pk,l’pk',l>:O if k#k’

<pk,l’pk’,l>> 0if k=k’

This also do apply for a second family of polynomials ¢, ,, which also realize the
following orthogonality:
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VO<k,k<l,k<l'l<n-11"<n-1
(e ) =0if 121

(i) >0if 1=1
The two families p, ;,q,, are produced from R in a recursive manner. The matrix

R, being strongly regular, permits us to establish a recursive system in which the
famous reflection coefficients are used. The Generalized Reflection Coefficients

define the relation between a group of vectors p, .., d; ;.. and the next step group of

vectors P, ; .u.1> As 44441 » according to

Pi; =Pk % s Dics1y (5.5)
Qs = Ggns — gy Py (5.6)
and that is, starting from the canonical basis vectors p,, =¢,,q,, =€,
k=0,1,...n-1.

The Generalized Reflection Coefficients are complex numbers, obtained at each step
according to:

T
PiiaR e

@, =T (5.7)
Qeay R o€

T
;g Ry

a,, =—F——— (5.8)
PR e

The definition of v, , = q,, Re,, Vi = p,, R e, installs the following recursive

system:

Vid Vi (l_ak,zalz,z )E R” (5.9

Vl;,l :V;,H (l_ak,lal:,l)e R’ (5.10)

This permits us to avoid applying at each step the product in the denominator of (5.7)
and (5.8). While for numerators, the following holds:

*

PR e :(qiﬂ,l R ek) (5.11)

IV Generalized Reflection Coefficients in the Hermitian Toeplitz Block
Toeplitz case

In the Toeplitz Block Toeplitz Case each Matrix Block is a Toeplitz matrix of size n,,
while the number of Block Matrices is of size n,. We can formalize this structure
through the following proposition.

Proposition 5.1.
Forany i <j
r

ij ri mod n; —j mod n,,j secn;—i secn,

if jmodn, <i mod n,

r

iy =l U jmodn 2i modn,

where a secb =b int(a/b), int(x ) is the integer part of x.
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Proor. From [23], property 1 -Proposition 4.1, according to the Block-Toeplitz
property we can write,

fOI" i< j’ ri,j = rimodnl,j—isecnl

in the case of the Blocks being Toeplitz matrices, for each element inside the
block we differentiate between two cases:

i) (j —i sec n;)mod n, <i mod n,: Element exclusively in the lower triangular
part of the block.

ii) (j —i sec n,)mod n, 2i mod n,: Element in the upper triangular part of the

block.
From this, one can project back on the first line and first column elements of

each block in the first block line:

Fori<j
ri,j =t mod n; —(j—i secn;)mod ny,j—i secn —(j—i secn;)mod n, lf‘ (-] —18¢C nl)mOd n <i mod n
Ty =To(oiseen)imoan U (J =i secn )modn, 2i modn,

*

While for i > j ,7, :(rj’[) .
From which the proof is completed.

Theorem 5.1. In the case of Toeplitz block Toeplitz Matrix the generalized
reflection coefficients admit the following:
A = alz*’,z’

7’ _ *
Ay =
ke (s
P, =U (qk',l’)
rrk—k (T :
9, =U (pk’,l')
—_— r*
Via =Ver
7’ _ *
Via =Ver
where , (k’,1"):=(k secn, +n,—1—1 modn,,l secn, +n,—1—k modn,), and for any
~ B X, =x,,., if k<i<l
vkal = [xi]i::O...w ? k’l sw » Vil = [xi]i::O...w [ - ; H H
: : X, =x,if i <k,ori>I

U is the (n,n,)x(n,n,) up-down shift matrix defined as

[0 0 - 00 0 1 0 - 0]

1 0 - 0 0 0 . .o
U=|0 . . 0 |, U =|0 "-. . 1 0| and U"=1is the identity

0 0 : 0 0 1

O - 0 1 0 0 0 0 O

matri)_c. ) ) _
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. . . . ’ ’
Before going into the proof details we will note p,,.q, .4 . .V,

0<k </ <n-1, corresponding to a Hermitian matrix M of size (nXxn),

. M M M M M M
respectively as p; Qi@ 5V e Vi -

Lemma 5.1.

Vh<s,s :smodr =0

i)(s —h)modr =r—1-(h—1)modr

i) (s —h)secr =s —r —(h—1)secr

Proor. For any (s —/)modr =k , it is clear that we can write h in the form:
h=tr+r—k, teN .Alsoitis clear that

Vx,r,w :x modr =w

w >n=(x —n)modr+n=w

Since for k£ =1,2,...r —1:

hmodr =r —k , this also realize (A —1)modr +1=r —k , which can be

reorganized to yield k =r —(h —1)modr —1. The equality also holds for the

case of k =0. Finally relation (ii) is a direct replacement of (i) result in the
definition of sec according to x secr =x —x modr .

Proposition 5.2. In the case of Hermitian Toeplitz-block-Toeplitz matrix the sub
matrices admit the following

R, =J (R, ) J, where (k ®1):=(k",l")

Proor. We start by noting the elements of each sub matrix M as " , from

. Re,
which we have 7t =7, ...,

where i, =0,1,...,/ —k . (p.1)
This can be put into the formr";* =7, , . . ., where f (k1) =k +¢ .

Next we notice that for any two matrices M ,,M , of size n:
M, =M, <" =r"

n=l-i,j

M, MJ(:)er =

in—l1-j
from which we get :
M, =M;J ' =r

Jon—1-i

M
= 1—r

and M, JMJ@rM‘—r <:>er—r et i

n—1-i,n-1-j
and eventually M, =JM1J (:)er =r

Or r[{j_Rk@’) T =1 ) » from the definition of £ ®/, and (p.1),

1=k )=j |
Rier — 3 i
r; N r(k secn; +n—1-I modn, )+i ,(k secn;+n,—1- modn, )+ WhICh gives
’,.J(Rk®1 )TJ ——
i,j " (k secny+n —1-1 mod n, )+(1 —k )—j ,(k secn;+n,—1—I mod n, )+(I —k )—i
and simplified into
e where f, (k,1,t)=1secn, —k modn, +n, -1t
i.j Fa(kd ) (ki) ? AUTLE 1 T .
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According to Lemma 5.1, by replacing with » =n,,s =/ secn, +n,, and
h=kmodn, +1+¢,
(f, (k¢ ))modn, =n, =1~ (f, (k,l,t))modn,

(f, (Kt ))secn, =1 secn, —(f, (k,1,t))secn, .
This will oblige the following

(f, (k,i))modn, > (f, (k,j))modn, & (f,(k,I,i))modn, <(f,(k.l,j))modn,
(f, (k,i))modn, —(f, (k,;j))modn, =(f,(k,I,j))modn, —(f,(k,l,i))modn,
(f, (k. j))secn, = (f, (k.i))secn, =(f, (k,1,i))secn, —(f, (k.l,j))secn,

Since f, (k,l,i)—f,(k.,l,j)=f,(k,j)—f (k,i), wedid cover both conditions
of Proposition 5.1, in the case of f, (k,i ) <f, (k,/ ), while for the case

f,(k,i)>f, (k,j) the equality of matrices R, ,,J (R,s,) J follows from each
being Hermitian, with which the proof is completed.

Proposition 5.3. For any Hermitian matrix M of size(nxn),

Mty omTy Mty Mty Mty Mty
(pk,l iy Gy 50y Vi Viy

* * * ¥ * ¥
~M ~M M M M M
((qn—l—l n=l-k ) H (pn—l—l n=1-k ) H (an—l—l n=1-k ) H (an—l—l n—l-k ) s (V n—=1-1,n-1-k ) s (V n—=1-1,n-1-k ) )

Proor. To prove this we will apply the main algorithm (5.5)-(5.10), on the

matrix JM " J .
We notice that by eliminating J at each step we would have:

s\ T AT T
Ty (pk,l—l ) M e, it (qk+1,l ) M e, ,
ey = o\ ki =
(qk+1,l ) M e, (
Taking the conjugate on both sides of each relation, since M” =M ", we get
r *T N r T*
s\ (pisz) Me, o\ (qflilrllj) Me,  ,
(ak,l ) T (ak,l ) N
(qk+1,l ) Me, (pk,l—l ) Me,  ,
By defining s :=n—1-k h:=n—-1-1, we can write the above relations in the
form:

T
~JMTJ T
| ) M e,

~MTJ ~MT
M7y * (pn—l—s,n—l—(h+1)) M e, Ty * (qn—l—(s—l),n—l—h ) M e,
(anflf.v,n—lfh ) = MTJ *T ( n—l-s,n—1-h ) = My T*
(qn—l—(s—l)yn—l—h ) M e, (pn—l—s ,n—l—(h+l)) M e,
Next, we will take advantage of the definitions:
o [ =aMmTy : o [~aMmTy :
pk N (pn—l—l n—=1-k ) qk N (qn—l—l n—=1-k )
* *

P R VA wr o mTy
a,, = (an—l—l -1k ) a,, = (an—l—l -1k )

Our definitions hold for all values £ </, &,/ =0,...n—1. For that, we can
write into the form:
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(f’hﬂs)TM €, . (cih S_I)TM e,
VY I a,, =———F—— (p3.1)
(Elh,s—l) M eh ’ (f)thl,S) M es

Also by taking the conjugate on both sides of (5-6), and multiplying by J we

h,s

*
r Mty

. . - _ - M J - - _ - -
Obtaln’ ph,s - ph+1,s - (an—l—s,n—l—h ) qh s—1 qh,s - qh,s—l - (anflfs,nflfh ) ph+1,s ’
which yield
P P P P P P ) -
ph,s = ph+1,s _ah,s qh,s—l qh,s = qh,s—l_ah,s ph+1,s (p3'2)

By comparing the new relations (p3.1,p3.2) with the basic algorithm we
conclude that
M

b, =9;,.4,, =p,, and 4, , =qa;";, d,, =a,",, from which our proof is
completed.

Proposition 5.4.

Opk.l Opk.l Opk,l Opk.l 0pk.,l 0pk.,l
R™" R™" R™" 7°R" R*" 7R\ _ (R R R /R R ’R
(ps,d 7qs,d ’as,d ’as,d ’vs,d ’vs,d )_(ps,d 7qs,d ’as,d ’as,d ’vs,d ’vs,d)

With the condition that k <s <d <1 .

The previous proposition is obvious and therefore we will omit its proof.

Proor OF Theorem 5.1. We start by noticing that

VO<k <l <nn,—13s,d:k <s <d <1, so that we can write

( 0pk Okt ORkl PORKA Ok PORK )

ps d qs d as d o as d ,V sd ,V s.d

k Rk,l k Rk,/ Rk,l ,Rk,l Rk,/ ,Rk,/
(Ul—k Pskai Uik Dokat s tais%siaiVstdisV sk dk

where U | is a Matrix of size (n,n,)x(x +1), defined as:

0 0 0
1 0
U - 0 1 0 U L
10 0 0| " 0
1
O 0 --- 0

Coupling this with Proposition 5.4, we obtain that

R R R ’R R /R
(ps,d 7qs,d ’as,d ’as,d ’vs,d ’vs,d )

k Rk,] k Rk.l Rk,] ,Rk.] Rk.[ ,R.\'d
(Ul—k PskaiUii Dotais %k ai »% s d—k Y sk d—k oY s—k d-k

By selecting d =1,s =k we get

(Pf,z ) ‘If,z ’alf,l ’a;cR,z VY 15,1 Y ;Ifl ) =

(Ulk—k pg,;ik aUzkfk qg,jik aa(f,zkjk >a:)1,e1kjk sV (i;jk sV (;Ijillc ) (t.1)
In the same way we obtain for (k',/") =k ®!

R R R R R /R \_
(pk®l ke Yo AoV ke ke ) =
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k' Rk@/ k/ Rk@l Rk®1 ,Rk®/ Rk@l ,Rk®1
(Ul’—k’ Pos—i U rir Qos—isQo.1—k7s QoY 00—k 0.7~

By combining the application of both Proposition 5.2 and Proposition 5.3 we
obtain

R R R /R R /R _
(pk®l’qk®l7ak®l’ak®l VeV ke ) =
. . . . .  (t1.2)
v ~RE [ ~R SRE RAA SRE R
(Ulk (qo,sz) Ui (po,sz) ’(aO,l—k) 9("0,14{) 9(" O,I—k) 9(" O,I—k) j

By comparing the first sides of each of (t1.1), and (t1.2), with the second sides,

we find that
*
A =&
’ 7%
ap, =&
’*
Vi =Vier
’ *
Vig =Vir

To complete our proof we need only notice that
pf,l :Ulk—k pgflik (t1.3)
i e :Ulk—,k (f)gz—k )
By multiplying both sides of the last relation with (U i )T , we obtain,

r \T ~ pki * .
(UF) dfer = (Pf,sz ) (t1.4), since
(U, )T (U[, )=1.To prove the later relation; we observe that by definition
k'<l'<nn,-1=1"-k’<nn,-1-k’, from which we have
k’<nn,—1-(1"-k"), also that the equality / -k =/"—k" is always realized.
From (t1.4) we can further write (U, )T (df e ) =p%’, . By replacing
p§; ', from the last relation in (t1.3) we conclude that:
py, =U/}, (U ko )T (qf@ ) . Since, for any vector v, defined as
Vg :=[xi]i::0mn_1 0<b<g<n-lx,=0if i<bori>g

T —

we have always Vk 20U, (UL, ) v, =U""v, ,

and we get p;, =U"“"*'(},, ) . In the same way we obtain that

qi, =U*" (pf@ ) . This completes the proof.

The next algorithm will help us obtaining our inverse factorization with a minimum of
calculus effort. It follows the main steps of the one presented in [23]. The main
difference is that it will be working only on the first skew symmetric part of each
Toeplitz block.
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V  Generalized reflection coefficients in the Toeplitz block Toaplitz case
algorithm (GRCTBT)

. Algorithm’s details

In the Hermitian Toeplitz Block Toeplitz case, the application of the recursive
relations (5.5)-(5.10) happens according to the following:

First we rewrite Equations (5.5)-(5.10) as the subroutine

Subroutine 1

AT AT
ap, = P IS = aiz,z =4 {?_’ % (t2.1)
\% \4
| =p —a; q . =51—a£,z p (t2.1)
Vi =\7(1—ak,la;,1) Vi, =€/'(1—ak’,a;,1) (t2.3)
Next proceed as the following
Initialization
For k =0to n,—1:{
Pk =k =€ Vs :V;,k =T
b
Main routine
Ford,=0to n,—1do :
{
If d, not equal to zero:
{
Ford, =n,—1to O0do : (Lower triangle loop)
{
Foru=0ton —d —ldo:
{
k=u+d, |=d,n+u
k’=k secn,+n,—1—1 modn,
ifk <k’{
(k°,07)y=(k,l-1)
if u equal to 0:{
k", 17)=(k"®I")
~ nlfl ~ * ~r
p=U""(4, ) Vv, (@4
}
else {
f):pk“,z‘ ’{/:V;O,z‘
}
if k equal to k’:{
q=U(p), V=V (t2.5)
}
else {
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(k*,1%)=(k +1,1)

q:qk+’10 ’V:Vk*,lo

b
Apply Subroutine 1
b
}
b
}
For d, =1to n,—1do : (Exclusively Upper triangle loop)
{
Foru=0ton —d, —ldo:
{
k=u [=d,n+u+d,
k’=ksecn +n,—1—1 modn,
ifk <k’{
(k°,07)=(k,l-1)
f) = pk‘),r > Vi=v 120,1*
if k equal to k' :{
q=U(p) ,v=V (£2.6)
}
else {
(k1% =(k +1,1)
q:qk+’10 ’{\]:kar,lO
}
Apply Subroutine 1
}
}
b
b
* Algorithm’s developement

For any element (i,/)e T,,

T, ={(k.l):k <I,(k,l)e[0,nd —1]x[0,nd —1]} ,d =1,2,...n,

(i modd,j —i secd )€ P,

P, ={(k.l):k <i,(k,l)e[0,n,—1]x[0,nd —1]}

From Theorem 5.1, by obtaining p, ;,q, .4, ,.a; ,,v, v, for all subscripts

(k,l)e P, we obtain directly these values for (k,/)e T, .

The algorithm proceeds in calculating values for subscripts contained in the
following groups, with respective order:
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n

A, A, A, ,where A, =P, \P, ,,and P, =0

In the Lower Triangle Loop we obtain values for
V(k,l)e A, ,where A, ={(k,l)e A, :k 2/ modn,]
To demonstrate this, first we notice that for

Ayt ={(k.1):(k.l)e A,k = modn, =d,}

n -1

A=A

d,=0

we have, for d, € [0,n, —1]:

Ay ={(k,1):I modn, €[0,n,—1-d,],k =] modn, +d,,}

By defining u :=/ mod n, we conclude that we did consider all (k,/)e A; .

Using the same logic we conclude that in the Exclusively Upper Triangle Loop
we obtain values for

V(k,l)e A;,where Aj ={(k,l)e A, :k </ modn,].Itis clear that

A, =A; UAS

In the EUTL it is easy to verify that:

V(k,1)e A {(k,1-1),(k +L1)}c A,

while in the Lower Triangle Loop this is not always true, more precisely for

k =n,—1,or/and / modn, =0. Each of A}, A, is divided into two skew
symmetric parts relative to the antidiagonal, this division comes from the fact
that (k,/) and (k ®/) mark two symmetric points relative to the antidiagonal
of each Block The condition k£ <k ’let us treat only the first skew symmetric
part, since by Theorem 5.1 the other parts values need not to be calculated. A
special case arise when k =k, in which needed values from the second parts
are reintroduced according to Theorem 5.1, (t2.5), (t2.6). In the case when

(k,l)e A, ,when / modn, =0, (k,l —1),is in the second skew symmetric part
of A, for which again Theorem 5.1 let us obtain its values by the means of
(k ®1-1), (t2.4).

. Algorithm’s complexity
For complexity estimation we proceed as the following:
Each Entry in the routine will require operations of O (/ —k ), by noting ¢, as

the step constant, opc as the total number of operation, the calculus cost take
the form of:

n,=1 n—ln ny—1 n—1 nj—d,-1

OPC’”’% Z z 1_Zdl:_lcl(”ldz +d1)+zz z Cl(”ldz _dl) ’

d,=0 di=1 u=0 dy=1d,=0 u=0

which can be expanded into:
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opc z% 2011115(112 ~1)n,(n,-1) —201111%(112 ~1)n, E(n1 —1)n, + (5.12)

From which we conclude the complexity order of nn; .

VI A comparison with the WWR Algorithm in the TBT Case

WWR Algorithm in the TBT case gives a solution to the linear problem:

An,,nz ‘Rnl,nz _rnl,nz (5.13)
A ::[AI”Z’I,AZ”Z*I,...,A,’,’jj] , where A4, ,k <[l is the well know k matrix

ny,n,

polynomial coefficient of order / .
And r = |:R1’R2’... R ] , Ri ::Rinl,(i+l)nl—1

ny,n, 2" ny-1

B Ro Rl an—z

Rn n = R_l I'QO .
P LR
Rz—n2 - R, R,

The Coefficients Matrix is calculated in a recursive manner, starting from »n >0, up
until n =n, —1, according to the order [8][9][16]:

n-1
An = Rn + ZAln_an—l
=1
A: = _An (Pn—l)
])n = Pn—l +A:A;]1{
With,

A=A, 0] A [ JA T AT e JA T ]

n—1

-1

Starting From
By =R,
The total calculus cost of WWR in the TBT case can be written as:

R

n,—1 n,—1

opcwwr = Z [3(711 )3}+ Z

=113 +2(n) S [(n-1)]
=(n, _1)3(”1)3 +2(”1)3 (4+(n2 _z))(nz =
opewwr = (n, —1)3(111)3 "‘(”1)3 (n,+1)(n,-2) (5.14)

To be able to draw a precise comparison we need to state more precisely the
expression in (5.12). To do this we will set the constant factor as ¢, =3, which takes
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into account the Matrix and Vector multiplication operations in (t2.1) and (t2.2). For
the divisions in (t2.1) and (t2.2), and the multiplications in (t2.3) we will add a total

5 . . . .
value of 5(111 )2 n,, from which we can write the total number of operations according

to GRCTBT as:
3 3
opc =(n, —I)Z(n1 —-1)n, _E(nl —-1)(n,)(2n,-1)+
3 2 3
o (n,—1)n,(n,-1)" —n,(n,—1)n, Z(nl —1)n, + (5.15)

3 5 2
(n,=1)n, Z(”z ~1)n, +5(”1) n,
Figure 5.1 shows the plot for both relation (5.14), and (5.15), for n, =n,; WWR
Algorithm in dashed line, and GRCTBT algorithm in solid line. Figure 5.2 plots the
opcww

IPEWY. for the same n,,n,values of Figure 5.1.
opc

ratio

I I I I I I I I I
0 100 200 300 400 500 600 700 800 900 1000
ntf.n2

Figure 5.1
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25

1.5 B

ratio

I I I I I I I I I
0 100 200 300 400 500 600 700 800 900 1000
ntf.n2

Figure 5.2

VII Conclusion

The presented results, explain clearly the structure of the Generalized Reflection
Coefficients, and their relevant orthogonal polynomials in the Hermitian Toeplitz
Block Toeplitz Case. The reflection coefficients admit the same Block Toeplitz

recurrence, and the polynomials p, , q,, show a block Toeplitz recurrence with an
added shift between Blocks polynomials counterparts. Both of reflection coefficients
and the polynomials a, ;,a ,,p, ;,q,, With indices &,/ , show an exchange structure

with values of indices £ ®/, symmetric to the antidiagonal of each block. The later
fact did establish a faster Levinson-like inversion algorithm. At this same time, the

antidiagonal symmetry is a direct expression of Proposition 3.3 in the Generalized

Reflection Coefficients context. In other words, the gain in calculations cost using the
Generalized Reflection Coefficients in the TBT case, is equivalent to the gain that we

would have by taking advantage of Proposition 3.3 while applying WWR
Algorithm.
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CHAPTER 6

SEQUENTIAL MULTIDIMENSIONAL SPECTRAL ESTIMATION

Abstract-By considering an empirical approximation, and a new class of operators that we will call
‘walking operators’, we construct, for any positive ND-Toeplitz matrix, an infinite in all dimensions matrix,
for which the inverse approximates the original matrix in its finite part. A recursive hierarchical algorithm
is presented for sequential dimension spectral representation. A positive comparison in calculus cost, and
numerical simulation, for 2D and 3D signals, is also presented.

Résumé- En considérant une approximation empirique et une nouvelle classe d’opérateurs qu’on appelle
les opérateurs « Walking », on arrive a construire, pour toute matrice positive ND-Toeplitz, une matrice
infinie dans toutes les dimensions, et pour laquelle I’inverse est une approximation de la matrice originale
dans sa partie finie. L’algorithme hiérarchique récursif que l'on présente produit une estimation
séquentielle de la puissance spectrale multidimensionnelle. On montre aussi une comparaison positive dans
le coiit de calcul par rapport a la méthode de Capon, et des simulations numériques pour des signaux 2D et
3D.

Introduction

A great deal of work has been done in the past in the domain of spectral analysis. As

a basic mathematical problem giving solutions to many physical systems, it remains
as still a not totally resolved problem in its multidimensional aspect. While the
foundations of the theory were established by [25],[26], a series of very important
advances in the field were achieved, especially the connection to information theory
[27], by the introduction of the spectral maximum of entropy principle in [6]. Also the
connection to an optimized Toeplitz linear system was made in [22] and [21]. In the
two dimensional case, and more generally in the multidimensional case, actually, and
contrary to the correlation matching, and maximum of entropy criteria achieved in the
1D case, two algebraic methods are used. Each has its advantages and disadvantages.
The first method is what we can call the quarter-plan forced autoregressive filters
[16], and the second is the Capon Minimum variance method [15],[30]. While the
Capon estimation provides a good stable estimation it has the disadvantage of high
calculus coast. On the other hand the quarter-plan method follows an unreal model?,
and hence suffers from high instability with order elevation. In this chapter we
propose a method that is less costly than the Capon method, and far more stable than
the quarter-plan autoregressive estimation.

? Polynomial roots are not forcefully inside the unit circle.
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I Multidimensional Toeplitz Characters and Spectral Block Structure

For a multidimensional signal x (t),t e Z*, we will define the yorder correlation
d
matrix, y e (Z*) as

R=E(x (0)(X (1))

where X is defined as

(X (tys t1s oo t,4)
x(to+L t, ... t,,)
x(to+7-L 1, ... t,)

X (t)=|x(t, t,+1, ... t,)

x(ty, ti+0-1 ... t,)

x (g ty oo tu+V,—1)

As far as this chapter is concerned we will be only dealing with the case where the
correlation matrix admits a toeplitz nature in all dimensions, in other words, it is
d time toeplitz, so it is also adequate to represent it as an operator of a d dimension

correlation signal ¢(¢) so that
c(t)e Cire[-y,y],7e (Z+)

c(t)= Zx(nﬂ)x*(n)

neZ

and we will write

d
s

R=R(c(y)) which is of size ¢ :ﬁy,. :
i=0

It is also well known, and according to Kolmogoroff’s relation [26] that
2
1 Jwl nt
()= q |3 alne™"
() .l
By considering €2, a redistribution of the dimensions nesting, such that
Qef{(Q,Q,...Q, )ik #] >Q, £Q,,VQ, e N,0<Q, <d -1}

we will define

-1
o0 H}/Q[ if 1#0
= i=0

q, -

eijw'(tr) dw.

1 i 1=0
Of course Qis invertible in the sense that Q, =/ = Q' (/) =k.

Definition 6.1.We will define the walking operator as
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Woar (M):[1],, (M ]

XQ—)Q’

(D):X27())
e} o) . Q Yo% . . Q
(oo 091" F++Eaaa1) = oo, o)) im0, T+ i,

where [io,il,...idfl]e (Z*)d ,0<17, S)/Q(k).

From a basic point of view, the walking operator corresponds to the convention used
in the relation defining the vector X, but, as we will see later, it represents also a very
important constraint on the degree of liberty of the correlation matrix, and eventually
its inverse.

d d—1
Definition 6.2. We call for any t € (Z*) , t-block matrix any matrix of size Hti .
i=0
A d-block matrix M can be indexed by the virtue of some dimensions nesting €2
according to

M [iygs +ig? +..i, 0% | ogs + 57+ 3005 ] 0 < 70,0, S ¥

Definition 6.3. A matrix admits (y,u,Q)-toeplitz character when it is y -block

matrix and realize the following

M iy +ig? +. i, gl ][ Jods + il +- Jaadi | =

M iy +igl + (i, = 7,) a8 - iaals [ as + gl +0.48 +.juaads | if i,=J, 20
M [iygs +ig? +(0) gl iy qs s | vas + gl + (G =i) a8+t | if 1=, <O

Definition 6.4. In the case that an y-block matrix contains more than one toeplitz
character, such that it is (y,u,,Q),(¥,u,,Q)...(y,u,_,,Q), toeplitz character, we will
call it an (y,u,Q)-s-toeplitz character matrix, with u equal in that case to

[g, 1, 11, ].

According to Definition 6.3 we can index the matrix elements using the notation

M [ioqg gy G ] I:]bqg2 A G :I (k) I:iu+1qifi—l iy g5 :H:juﬂq:fi-l *.. ’jd—quzl:l
To simplify the notations we will write it as

wo s @ [at] e (@) ab e

u+s+1

where for s >0 the matrix is s-toeplitz characters.

Proposition 6.1. YQ', any (y,u,Q) toeplitz character matrix can be transformed
into (y,u’,Q") toeplitz character using the walking transformation W,_,o, (M ), and
we have ' =Q (Q,).

Theorem 6.1. For any full rank matrix (y,u,Q)-s-toeplitz character matrix,

M* [bg(’*l](z‘uo slyseeesly ) with t, € [—eo,|, the inverse matrix iM is equal to
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-1

1 . T - 7
iMe (1,0, ..., )= ‘ Mt ot oo, e | e gy
( 0 1 s—1 ) (27[)5 j ; ( 0 1 51 )
Proor. The proof is very connected to signal processing theory, with the
difference of the signal being a matrix —or a block- instead of a point value. In
the first part the matrix M, can be seen as a block convolution operator. In
the effort to simplify the algebra representation of this operator, we will take a

continuous ordering of a half of the complex region |Z|‘Y+1 =1 as w,, and with

the same manner, we will consider for the time space, a discrete numbering, of
the half also, as £, , both &, and w, are eventually both symmetric around zero.

It is well known fact that in the case where s = d for M (tuO syseeesty ) , the

convolution operator can be represented as

dw o
(27)
where A is the eigenvalues diagonal matrix defined as
A
&4’71
A= A
A,
I A
ol U R o iele) ]
1
e—jw,m(k,l)r —jw (k) 1 e_jwl(k— )T e_jwm(k—l)
c=| 1 1 11 1
o (k) e Atk gmmila) o walh)
1
e—jwﬂ(km)r e-jw,l(kw)r 1 e—jwl(km)r e—jwm(km)r

This is can be inferred directly, as we said, from Linear Time Invariant system
theory. More precisely for a given signal vector v , the inverse transformation
can be written as
d d

x=Mv = WdCﬂCHv ov=M'y="21

(27) (27)
On the other hand we can directly conclude the exactness of the previous
representation by the fact that

cA'ctx .

d
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o i
M cer| =gt = =7
(27) g (27) . 0 if i#j

dw

From which, we have —CC" =1.

(27)
In the case that s <d, then we will note % :=¢* as the non-toeplitz part

matrix size. As a counter part to the multidimensional Fourier transform
vector in the previous definition we will define the block multidimensional
Fourier transform vector as

T
h—t-1 ‘ h—t-1
f_/% f_/% . 7 f_zj%
e_Jwi(kw) 0 0
5

s 5 \ i (k )T
F'"' =0 ... 0 e/~ O ... 0 ... 0 ..0
0<t<h-1. By considering the Block diagonal matrix A, which is by
definition do contain the matrix value | > M® (¢, ,t,.-.t, . )e’jw”(’” y } , at the
k,

diagonal index w, , it is simple to prove that
dw

(27)

where C, = [F R Jh s AT S Tl ”’] . Next, by observing

that C,is full rank, we prove that A is full rank also, and that proves the
theorem.

A = c"(mM?)cC

s

I Multidimensional Extension Approximation

Our approximation that we are proposing in this chapter depends strongly on the
previous work done in the treatment of the generalized reflection coefficients [18],
and [28]. To better explain this extension we start with the 1 dimensional case. For a

positive definite toeplitz matrix M"(l), I:=-N+1,...,N-1, we define the
polynomial p"™',¢"", as the solution for the linear system M"(I)p"" =¢,,

M" (I)¢"" =e,_,. These solutions in fact can be obtained recursively according to

wo | P 0
p’N = . +0, e

Where V'is v normalized by the first value for p", and the last for ¢", ois the
famous reflection coefficient. Putting the reflection coefficient to zero is equivalent to
the existence of a positive definite matrix M"*' (), which coincides with M " (7), so

that M (I)=M" (I),l =—N +1,...N —1. By repeating the procedure until infinity,
we obtain that
(M~ ()] =p"'P.P" 6.1)
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/N-1

With P=

And M"Y (1) p™™" = pe,.

In the multidimensional case, the correlation matrix M®(l,,1,...,0, ),
ly==Yq, *1l,..., %,  —1 can be always considered as a block toeplitz matrix and
eventually admit the same extension as the 1 dimensional case, with the difference of
p"™" being a matrix-vector with size g5 X ¢, the main constraint in this case is that

Q ‘= —o0 [ —

the new generated blocks M*[ ][ ](Z,,).,_, ==ee,...c2, for |I,,|> ¥, -1, are not
([70, v ¥y ] , [QO, . Qdfz], [QO, . .Q‘H]) -toeplitz character matrices. The

approximation that we are proposing is to neglect this constraint and to proceed in a
sequential manner across each dimension. The foundation for this approximation —as
we will introduce in future work- is that the block polynomial that preserve the
internal toeplitz structure of the new extended matrix, do in fact coincide with the

finite size polynomial in its first g5 line values, while for lines going from ¢ to
infinity, we observe far more less magnitude values.

Theorem 6.2. The multidimensional extension of the correlation matrix can be

approximated in a sequential way according to the following
R ([0 Voo Vs Yoo Vi Vi ) = R[B T (sl aoeeosba)

ZM [bgﬁ%:'(ula...,ux )eng:lx (uiH)T :|

. 1y o e (6.2)
:(271[)x (j ;M I:bg_x_l](ul,...,uxfl,O)e'm"‘l (47) :l p /M (1) dw?

i H

3 [ (e, o }
where - -
M B Yty o) = R (B8 (s, ) (4,,0) ] 63)
R [bg—xfl ] (Lolyyeedy ) [bj_*;] _

(6.4)

W(O,l,...,x,d—l,d—2,...,d—x+1)—>(0,1...,x—l,d—l,d—2,...d—x+1,d—x) (R;1 I:b(;l—x] (lam , ldfz - ld—x+1 ))
TSI A il B e il DO B i
u' e [_7;—1 N ]X[_}/j—z 3 Via ] X.. '[_7;—x+1 Vi } X[O, Vax— 1]
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prooF. Starting from x=1, R, = [R (c ([7/0 , 7/2,...7/“}))}_1 , relation (6.3)

forwards the block-vector p with columns of size g ~*"¢""=*4=) ‘ywhich

is next applied according to the form (6.1). By accepting the proposed
approximation, we assume that form (6.1) represents the inverse of ND-

Toeplitz matrix R (c([;/o VareYacxa VaasVaarVaox ])) , with infinite dimension
according to the dimension d —x, and - by construction- coincide with the
original matrix in its finite part. From that, and by Theorem 6.1, the inverse
can be written according to the form (6.2). By Advancing x, and by
Proposition 6.1, relation (6.4) permits us to continue the extension on the next
dimension. Hence our proof is completed.

III  Sequential Multidimensional Spectral Estimation Algorithm

Theorem 6.2 presents an analytic representation of the spectral estimation and that is

by taking advantage of both the Theorem 6.1 and the proposed approximation. From

numerical point of view, we need more finite simple Algorithm. On the contrary to
the 1 dimensional case, in the general case, there is no known finite time
representation for the proposed estimation. On the other hand even in the 1
dimensional case the numerical representation of the estimation is obtained always as

P
y-1

vy jwk
Zpke
k=0

And w is taken to a large finite number of points on the spectral circle, that is in an
effort to approximate the continuous field of values.
By examining relation (6.2), and replacing by (6.3) starting from x=d, and

a Fourier series of the prediction polynomial i.e. C (jw )= S

descending in the reverse order of Theorem 6.2, we find that the spectral inverse of

correlation signal c([j/jﬁl,)/;z,...yg’ ])can be obtained by a finite series of block

exponential sum, with a diminishing Block size at each step. According to the
previous discussion, the algorithm takes the following form:

1. Calculate the inverse of the correlation matrix,

R =[RS (1, )]

set x=1
set

G (k)=R,"[ig§ +ig +. iy s +kafy [ Jogd +ial +dusass+045, |

vl
2. Apply relation (1) M (w,_,..w,_. )= D G (k)(Wyser W,y ) €
=0

3. Set G (Wyopsee e, )= M (W, )[G(O)] M7 (s,
4. if(x=d){
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stop

/
else {

set
G (k)W) ::G,[ioqu +"'k‘ngfx71]|:j0q(? +'"O'qa?—x—l](wd—lﬁ"’wd—x )

set x=x+1
goto?2

/

IV Numerical calculation cost

In this part we will try to shed light on the numerical efficiency of the algorithm. For
that, we will measure the number of operations needed to obtain the spectral

C,, ] , where C, is
the number of points in the i dimension. In the following discussion we will omit the
Step 1 from our Calculus Cost. This is due to the fact that R;', and more precisely

Wa1? W 2"

estimation over an ND spectral grid with size C, = [C

G (k) ,x =1, could be obtained in different manners, like in [4], or [5], all irrelevant to

the estimation method.
From the algorithm’s Step 2 and Step 3 we can write the number of operations needed

ateach t =d —x +1as
d—t

B (g..) +(q,.4, )} [1¢c.,. -

1=0
The total sum is equal to the sum from ¢ =d, and down until =1 , which can be
expressed as

d 3 3 d—t
r=3 300+ 0., |
Figure 6.1 graphs the above relation in function of C, =C, =...=C, , with values
taken as y,=y...=y,,=10, and d=5. Also for the same values Figure 6.2

represents the number of operations needed by Capon Estimation, which is equal to
d-1

T, = (q J )ZHCW/ . We see clearly a very good advantage to using the proposed
/=0

algorithm, from a calculus cost point of view.

x10° ‘Sequential Mulidimensional Spectral Estimation

TA

L L L L L L L L
0 10 20 30 40 50 60 70 80 90 100

Figure 6.1
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x10° Capon Estimation
T T T

0 10 20 30 40 50 60 70 80 90 100

Figure 6.2

\Y Numerical simulations and discussion

In an effort to evaluate the proposed estimation we will present a three-dimensional
test signal ¢ (f,.f}.f, ), defined in its spectral composition as zero everywhere except

for ¢(0.1,0.3,0.7)=1, ¢(0.1,0.6,0.2)=1, ¢(0.6,%*)=1. Next, the signal was

plunged in a white noise of variance 0.1. In our simulation we took our estimation on
a grid of equal size in all dimensions, C, =10, and the same for the correlation

matrix order, having a uniform value of ¥, =3. Figure 6.3-Figure 6.22 show a series

cuts in the cube for the simulated signal, with the noised spectrum on the left and the
calculated estimation on the right.
In Figure 6.23, the graph representing the correlation matching accuracy of the
proposed estimation for a two dimensional signal was also presented. The value
present in the graph is the relative difference between the original correlation values

. ~ . "71(1 -7 k,l‘
1., » and the estimated ones 7, ,, thatis ———.

Ve

From the presented Figures, and from other observed numerical simulations we found
that the proposed algorithm provide a good estimation of the simulated signal, and
contrary to the quarter-hyper plan filters proposed for the 2D case by [14][11], it
enjoys a high degree of stability when the Correlation matrix order ¥, is increased.

Figure 6.3 3D Test spectrum, f, =0 . Figure 6.4 3D spectral estimation, f, = 0.
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Figure 6.11 3D Test spectrum, f; = 0.4 . Figure 6.12 3D spectral estimation, f = 0.4 .
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Figure 6.13 3D Test spectrum, f, = 0.5.

Figure 6.17 3D Test spectrum, f, = 0.7 .

Figure 6.19 3D Test spectrum, f,=0.8 .
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Figure 6.16 3D spectral estimation, f = 0.6 .
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Figure 6.18 3D spectral estimation, f = 0.7 .
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Figure 6.20 3D spectral estimation, f, = 0.8 .
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Figure 6.21 3D Test spectrum, f; = 0.9 . Figure 6.22 3D spectral estimation, f, = 0.9 .

Figure 6.23 Correlation matching ratio.
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CHAPTER 7

MULTIDIMENSIONAL CORRELATION EXTENSION USING
GENERALIZED REFLECTION COEFFICIENTS WITH
APPLICATION TO SPECTRAL POWER ESTIMATION

Abstract-We put forward an algorithm for Multidimensional Extension that generalizes the 1D case in the
aspect of zero reflection coefficient replacement. The presented algorithm achieves the extension of any
Hermitian, positive definite, ND-Toeplitz matrix, in a way realizing always a positive spectral measure. The
Spectral Power Estimation application is invested. Numerical simulations, and comparison with Capon
estimation confirm the 1D case situation, where the maximum of entropy extension realizes better SNR than
minimum variance spectral power estimation.

Résumé- Nous présentons un algorithme d’extension multidimensionnelle généralisant le cas 1D dans
I’aspect du replacement des coefficients de réflexion par zéro. L’algorithme présenté réalise une extension
de toute matrice hermitienne définie positive, ND-Toeplitz, en donnant toujours une mesure spectrale
positive. L’application de ’estimation de la puissance spectrale est investie. Les simulations numériques et
la comparaison avec ’estimation de Capon, confirment la situation d’un signal 1D ou DP’extension de
maximum d’entropie réalise un rapport de SNR meilleur que celui de Capon.

| Introduction

Power Spectrum Estimation, as a mathematical problem unfolding from many

physical systems, remains an unresolved problem in its multidimensional aspect. In
the 1D case, the foundation of the theory were established by [25], [26], and later, a
very series of important advances in the field were achieved, especially the
connection to information theory [27], and the introduction of the spectral maximum
of entropy principle in [6]. Also the connection to an optimized Toeplitz linear system
solution was made in [22]. For the multidimensional case, and especially in the 2D
case, different algorithms were put forward, as in [11] and [15]. As is shown in [33],
the maximum of entropy spectral estimation is a special solution to the more general
problem of correlation extension. In this chapter we will build upon this fact, to
propose a stable, positive definite, multidimensional correlation extension, and
eventually, a solution, to the multidimensional spectral estimation problem. While in
[29] and [34], we did propose an approximate correlation extension solution(s), the
solution that will be proposed here has a perfect correlation matching property. The
solution provided is almost a maximum of entropy solution, in the sense of
maximizing the resulting correlation matrix determinant. For the numerical
simulations, we selected the Capon method [16] [30] as a basic comparative method.
This selection is supported by two reasons. Firstly, the Capon method is well defined
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in its multidimensional form. Secondly, there is a well-known mathematical
relationship between the maximum of entropy spectral estimation and the Capon
method. More precisely, the inverse of Capon spectral estimation of order ¥, in the

1D case, is equal, to the sum of ME inverses for all orders from 1, up to y[31][32]. In

other words, the Capon method, in its 1D form has a reduced spectral resolution
compared to the ME method.

This chapter is organized as follows. In section I, we present a brief introduction to
the generalized reflection coefficient theory, and a new condition for the general
positive definite matrix is put forward. In section II, we lay down the mathematical
formulation for the multidimensional correlation matrices, and a new class of
operators, for which they are invariants. In section III, we present a generalized
extension theorem for any p.d. matrix, and present the minimum position reflection
coefficients concept. In section IV, we present the sequential multidimensional
extension algorithm. In Section V, we present the numerical simulations applied to the
2D case, and compared to the Capon method. Finally, in section VI, we try,
numerically, to shed light on the temporal characteristics of the new produced linear
prediction filters.

II  Generalized Reflection Coefficients, and Positiveness Condition for
Hermitian Strongly Regular matrices

For any Hermitian, strongly regular matrix; the inverse can be factorized, into the
form [18][34]

R'=(R")(D")'(R"Y, .1)
where
D" =(R") (R)(R") (7.2)

is diagonal, and R” is a lower triangular matrix, formed from Vectors Pe.>
k,l=0,1,...n—1, k <[ according to
RP = I:pO,n—l’pl,n—l""’pn—l,n—l:| . (73)

These vectors (or polynomials) are mutually orthogonal, relatively to the matrix
defined cross product

<vl,vz>:=v1TRv2 (7.4)
VO<k,0<k' k<l ,k’'<l,l<n-1

(PessPiry ) =0if k £k’

(PessPiy)>0if k =k’

This also do apply for a second family of polynomials g, ,, which are orthogonal,

according to
VO<k,k<l.,k<l'l<n-11"<n-1

(e )=0if 121 (1.5)
<qk,l"qk,l’> >0if =1

The two families, p, ,,q, ,, are produced from R , in a recursive manner. The matrix

R, being strongly regular, allows us to establish a recursive system in which the
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famous reflection coefficients are used. The Generalized Reflection Coefficients
define the relation between a group of vectors p, ,.,,q ;.. and the next step’s

group of vectors; p, , .;.1> s s 1041 » according to
Pig =Pr ™% Dy (7.6)

Qit = D10 =% 1 Pre s>
And that is starting from the canonical basis vectors p,, =€,,q,, =¢
k=0,1..n-1.

The Generalized Reflection Coefficients are complex numbers, obtained at each step
according to

T
PR e
A =77 , (7.7)
Qg R €
T
;G Ry
kil = T : (7.8)
PriaR e,
The definition of v, =q; ,Re,, v,,=p,, R e, installs the following recursive
system
’
Vid = Visiy (1 — 4,9, )’ (7.9)
4 4 ’
Vid = Vi (1 - ak,lak,l) : (7.10)

This allows us to avoid applying the product in the denominator in (7.7) and (7.8) at
each step, while for numerators; the following holds

pi,l—lR ¢ :(qiﬂ,l R ek) : (7.11)

Theorem 7.1. For any group of reflection coefficients {ak,,, a,’{,l}

0k<i<n-1’
corresponding to a strongly regular Hermitian matrix R, each of the following is, a
necessary, and a sufficient condition for R to be positive definite:

i) 0<ay,.a), <1 for 0</<n-1,

i)0<a,, .a.,,<1 for 0<k<n-l.

To prove Theorem 7.1 we will need the next Lemma.

Definition 7.1. A Step matrix is any matrix of the form

I hO hl h2 hn—l_
hl hl h2 hn—l
o h b, . k|
o
P B B B by

Lemma 7.1. A necessary and a sufficient condition, for a step matrix H, to be
positive is that hy=h 2h,...2h_, 20.

n-1 —
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Proor. We start by considering, for any given vector C :=|c,] ,» the form

i:=0...n—

u=C"HC ,which is equal to z(f‘huc‘ . Since, for the Matrix H, we have the
i

i
property of

{h if i
i P

h,, if i<j

n—1

. 2 i—1 . i—1 .
then, we can find that u = Z h., ‘ci,i‘ + ZCi c;+ z cc;
i=0 =0 =0

_— . 2 & <
By considering the definition u, =|c, | +.c/c,+> c,c;, we observe that
=0 =0

2
|co+cl...+cn_l =uy+u +...u,_, 20.

U, 2
By multiplying the previous relation, by #,_, , we write
(up+u, +..cu, )

n—1

+u, h,_, 20. Since the term (u, +u, +...u,_, ), is always

n-1 —
positive, then (u, +u, +...u, ,)h, , +u, h,_, 20,is always trueif z, , 2h, _, 20.
By repeating the same judgment we prove the sufficiency part.

To prove the necessity of the condition, we will consider, a positive matrix H,
for which there is a value % <0, then for the vector, of the form

C"=[0 ... 0 ¢ 0 .. 0],wehave C"HC=hlc[ <0,andby
contradiction; the necessity of the condition 4 >0, is realized. For the

necessity of the condition 4 > #,,, we will consider, the case of a positive
h,

i+1

matrix H, where u =uh, +uh +...4+uh +u +...,and

i+l
hy=h >...h_, 2 h <h,,,then for the given vector
c'=[0 ... 0 -1 ¢, 0 ..0],Vh<h,=20,3c, eR,sothat

u="h+hn, (|Ci+1|2 -2,

i+1 i+1

) <0, more precisely, the “discriminant” of the equation

2
Cin— 2c

+——=0 is positive only in the case when 4 <#_, .

i+l

i+l

Proor of Theorem 7.1. By taking the family of polynomial; {p,,},_, ,,intoa

matrix P, defined as P = [ Poo Doy - DPonsa  Pon } , we observe that the
multiplication P'RP"; is a step matrix, equal to
B 4 ’ ’ 7
Voo Vo o Vo
v/ vl vl
- 0,1 0,1 0,n-1
P'RP" = R
Vo.n-1
4 ’ 4 ’
Vo1 Vour Yot Vot |

from which, a necessary, and, a sufficient condition, for the strongly regular
matrix R to be positive definite, is the realization of the condition
V<,>,o > V(’),1 >...2 v(')’H >0.
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By relation (7.10) the previous condition is equivalent to (i). The proof of (ii)
can be forwarded, by the same manner.

III  Multidimensional Toeplitz Matrices

For a multidimensional signal, x(t)e C,teZ", we will define the yorder

correlation matrix as R :=F (X (t )(X (t ))H ) , with ye (Z+ )d ,and X (¢) defined as

x (g ty oor ty)
x(to+L t, ... t,,)
x(to+7—-L t, ... t,)

X (t)=|x(t, t,+1, ... t,)

x(ty, ti+0-1 ... t,)

x (t0> Ly ooe Lyt Y0 _1)
In the case where the correlation matrix admits a toeplitz nature in all dimensions- in
other words, it is d time toeplitz- then it is adequate to represent it, as an operator of a
d dimension(s) correlation signal ¢(7), so that

c(t)eCrel-y.y).7e (Z+)d’

c(t)= Zx(nﬂ)x*(n),

nez!
and we will write
d—1
R:=R(c(y)) , which is a matrix of size ¢ =] ] 7, -
i=0
It is also well known, and according to [16]’s relation, that

c(t)= (2:[)d 3 z x[n]ef‘v.(nr) e

neZ?
By considering €2 ; a redistribution of the dimensions nesting

Qef(Q,,Q,...Q, )ik 21 > Q, £Q,,VQ, e N,0<Q, <d -1,

we can define

-1
o H;/Qi if 120
=147=0 .

q, -

—jw.(tr) dw ‘

1 if [=0
Of course, Q, is invertible, in the sense that Q, =1 = Q"' (Z) =k.

Definition 7.2. We will define the walking operator as
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Woor (M) : [M]i,j - [M]Xﬂﬁﬂl(i)axﬂml(f)’

X2 (ggy +igy + iy G = ioqgr—l(gl(o)) +1'1f1§~1(91(1)) +. --id71qgf—1(gl(d,l))’

where [io,il,...idfl]e (Z*)d ,0<17, < Yau)-

From a basic point of view, the walking operator does correspond to the convention
used in the relation defining the vector X (¢). As we will see later, it also represents a

very important constraint, over the degree of liberty concerning the Correlation
matrix, and eventually, its inverse.

d—1
Definition 7.3. We call a t-block matrix, t € (Z+ )d , any matrix of size Hti .

i=0

A d-block matrix M can be indexed by the virtue of some dimensions nesting €2,
according to

M [iygs +ig? +...i, a5 | ogs + 5P+ 7105 ] 0 < 70,0/, S ¥

Definition 7.4. A matrix admits a (y,u,Q)-toeplitz character, when it is y -block
matrix and do realize

M iy +igl +.igf, [ Jogd + gl + - Jadi | =

M (i +ig? +(i, = ) as i a0 ][ Jods + hal +0.q0 +.. jaasy | if i, =, 20
Mgy +ig? +(0)qs . ip gy | dvas + gl + (o =i) g+ duads | if i, =4, <O
, we will call the indices

Livas +ig? +(i, = ,) a1, [ ogs + hal +0.92 +.- g ]

Livas +ig? +(0)q2 i, 1q5 || Jog® + i’ +(d, —1,) 42+ juads s | as minimum
position.

Definition 7.5. In the case that a y -block matrix contains more than one toeplitz
character, such that, it is (y,u,,Q),(7,u,,Q)...(¥,u,_,,Q) toeplitz character, we will
call it; an (y,u,Q)-s-toeplitz character matrix, with u equal in that case to

[g, 1,11, ].

According to Definition 7.4, we can index the matrix elements, using the notation
M [ioqg e G ] I:]bqg2 e G ] (%, )[iuﬂqz?ﬂ ey g ] I:ju+1qzi1 LD jd—quzl]
To simplify the notations, we will write it as

2
Mo )@ b e () e,

where, for s >0 ; the matrix is s-toeplitz characters.
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Proposition 7.1.YQ', any (y,u,Q) toeplitz character matrix, can be transformed
into (y,u’,Q’) toeplitz character using the walking transformation Wy,_,, (M), and
we have ' =Q"' (Q,).

IV Multidimensional Correlation Matrix Extension

Before going into the details of the new proposed algorithm, which as we will see is
designated for fully toeplitz matrices, the next theorem also provides a robust
extension for any symmetric, positive definite matrix.

Theorem 7.2. For any p.d Hermitian matrix, it exist an infinite extension.
Proor. Let us consider a symmetric p.d matrix R := [r,. ; ] o According to
) i, j:=0,...n—

the generalized reflection coefficients theory, for each of the submatrices
R, = [Um, ) ]i,j::O...n—l—k ,0<k <n-1, there is always, a value 7, ,,, ; solution to

each of the equationg, , = <ka’”71,€” >R =0, inthe case of 0<k <n-1. And for

the 2x2 sub-matrix, which is the extension starting point, we can always
define values 7, ,,r, , so that

n’'n,n

r

7/;1,1,”,1

nil,n . . . . . . .
. is positive definite. A good choice, according to Theorem 7.1,
(7/;1,1,,1 ) rn,n
wouldbetoset r,_,, =7  <r_ >0.The new generated matrix

Ry, = [ r l,j::o'“n , is, by construction, a positive, full rank, matrix. By repeating

the procedure, on each new generated matrix, we prove the existence of
infinite extensibility.

The previous theorem can be of good use in an extension effort where we need to
process correlation matrices not having any special structure. On the other hand, for
many practical systems, the extension needs to take into consideration the
preservation of the toeplitz structure.

In the 1D case, for any positive definite toeplitz matrix M" (), [:=-N+1,...,N -1,
we define the polynomials p"™',g"™", as the solution, for the linear system
MY (l)p"'=¢, M"(I)g"" =e,,. These solutions, in fact, can be obtained

recursively according to

W p/N—l O
p = 0 +O0y quv—l .

Where p™", and ¢V, are p", and ¢", normalized by there first, and last element,
respectively. o is the famous reflection coefficient. Putting the reflection coefficient
to zero is equivalent to the existence of a positive definite matrix M "*' (1), which
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coincides with M " (1), so that M"*"'(I)=M" (I),/==N+1,...N —1. By repeating
the procedure until infinity. We obtain that [M (i )]_1 = p~'P.P" [6][29], with
FLR i}
IN-1

/N-1

/N-1

N\ oo |

Also, in the 1D case, the zero reflection coefficient replacement is equivalent to the
Maximum of Entropy Spectral Power Estimation in the frequency domain [6], and to
a minimal Prediction error, in the time domain [21][22].

In the multidimensional case, the correlation matrix M*(l,,0,...,0, ),
ly==Yq, *tL....7,, —1 , can be always considered as a block toeplitz matrix, and

eventually, admits the same extension as the 1D case, with the difference of p"™';
being a matrix-vector with size ¢§ X g, . While this block vector does minimize the
signal prediction error, it has the disadvantage of generating blocks
M (12l =—o,..00, for La|>7a, 1 that  are  not
([Zos--> Va1 [ R Ry, ][ Q,, ]) toeplitz character matrices. To be able to

achieve the correlation matrix extension, in a manner that preserves the
multidimensional toeplitz structure, we will take advantage of the fact that; there is
one to one correspondence, between a group of correlation coefficients, and the
resulting reflection coefficients. This implies directly that the same degree of liberty
for a toeplitz character matrix propagates into reflection coefficients. The next
proposition is an accurate statement of these observations.

Proposition 7.2. Each group of reflection coefficients {ak,,,a,;,}

0<k<i<n-1’

corresponding to a (y,u,Q)-s toeplitz character Hermitian matrix, contains a

minimum group of reflection coefficients sufficient for the calculus of other reflections
coefficients and the (y,u,Q)-s toeplitz character matrix itself normalized by the

diagonal value. The minimum group, is equal to reflection coefficients localized in the
minimum position in the upper triangular 7y -block matrix [ak’l] or

O<k<l<n—
[ ] —
kil 0<k<I<n

Poor. The feasibility of the calculations comes from the fact that the relation
(7.7), (7.8) can serve in two direction, one to obtain 7, from «, ,, and the

other is to obtain a, ,,a; ,, from r_,. By working the (7,u,Q)- s toeplitz matrix
diagonally, and setting 7, =1, we will face only values of 7, , that are equals by
the toeplitz structure to values already calculated, or eventually localized in
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minimum position so that it can be obtained from the minimum reflection
coefficients group.

According to the previous proposition it is even possible to explicitly formulate non-
minimum reflection coefficients, as a function of minimum reflection coefficients. For

examplem in the case of 2D ([2,2],[1,2],[1,2])—2 toeplitz character matrix, and for

the corresponding upper triangular reflection coefficients matrix
oy Gy o3

, we have a,,,a,,,a,,a,,representing the minimum reflection

group, while the dependent values a, ,,q, ,, are subject to the relations
ay; =0

2

R

2 2
_‘aLz‘ o +‘ao,1‘ y +‘a0,1

Ao

a = ‘2 .

Figure 7.1 shows minimum position localization, for a ([3,3,3],[1, 2,3],[1,2,3])—3-

toeplitz character matrix.

FrrEFFERr
3

o

I
rrr

11

rrr

m

Figure 7.1

To be able to achieve adequate multidimensional correlation extension we will
proceed by setting to zero all minimum position reflection coefficients, corresponding
to the extended outer blocks. In the case of a simple one-dimensional toeplitz matrix
case, this does collapse to the standard 1D ME extension. Next, in a sequential
manner, and for each dimension, we will use a walking operator to switch
dimensional nesting and to continue the extension in other directions. To better

explain this let us consider the example of the ([2,2],[1,2],[1,2])—2-toeplitz

character matrix. We will engage the extension toward ([kl,kz],[1,2],[1,2])—2-

toeplitz character matrix. The steps are as the following:
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a) Proceed in the extension from ([2, 2] , [1,2] , [1,2]) —2 toward
(2] [12].[1.2)-2.

b) By applying a walking operator we can inverse dimensions order and
transform the matrix into ([kz, 2] ,[1, 2] , [2, 1]) -2.

c) Restart the same operation as (a) to obtain an extension form
([£,,2].[1,2).[2,1]) -2, to ([k,, & ],[1,2].,[2.1]) - 2 matrix. Again, a
walking operator, can rearrange the ([kz,k1 1.[1.2], [2,1]) —2,into a

([£.k,].[1,2],[1,2]) -2 matrix.

In the next section; a more detailed implementation of the proposed algorithm is
exposed.

V  Sequential Multidimensional Correlation Extension Algorithm

The generalized reflection coefficients algorithm can be applied directly, onto the
correlation matrix, and by taking Proposition 7.2 into consideration, we have a

totally feasible extension algorithm. On the other hand, we need to optimize
calculations cost, and memory usage. This can be achieved by applying the algorithm
put forward in [23], or [28], which take into consideration the ND Toeplitz structure
of the correlation matrix. The advantage of using the algorithm in [28], is that it takes
into consideration, the skew symmetry in the reflection coefficients, and the
calculated polynomials. The skew symmetry property; is a characteristic of toeplitz-
block-toeplitz matrices, and does hold in the ND-Toeplitz case also.

To be able to apply the Algorithm in [28]; we will consider the input

([#95--- 7,1 ]-u, Q) — s -toeplitz matrix, as a toeplitz-block-toeplitz matrix, with the
toeplitz blocks being of size ¢, x¢",, and the blocks matrix of block-size ¥, ,X¥,_,.

For that, and according to [28] terminology, we will set n, :=¢*,, and n, =7, ,.

* SMCE

Input

An R = ([70, 71,...7S_1],[O,1...,s —1],[0,1...,s —1]) — s -toeplitz character matrix. The
vector ¥ =[¥,,¥,...,7.., |, representing the new generated extents of the matrix,

v 2y,

Start

for dim=s—-11t 0 {
set R, =R

set €, =[0,1,...dim,dim+l,...,s—l]
set Q, =[0,1,...dim—1,5—1,dim+1,...,dim|
set R=W*>%(R)
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set n, = q?jl

set my =y, m=Y,,

apply Subroutine 2 to extend R from a
([#05 710+ Vi Voimers- - Yot 5[0 1,8 =1],Q, ) — s -toeplitz character matrix into a
([705 710+ Voo Vaimers- - ¥Vt 15[ 0.1, =1],Q, ) — s -toeplitz character matrix.

Set R=W®~%(R)

Subroutine 1
AT AT
_ D Re, , _qQ Re,
S a1 ==
% v
A A A ’ A
Pr, =P —a,9 ,;=9-4,P
v, =V(l-a, a v, =V(1-a, a
kg — k1K kg — k1 7k 1
Subroutine 2
Initialization:

For k =0to n,—1:{

’
Pix =%k =€ Vix =Vix =Too

}

Main Subroutine

Ford,=0ton,—1do:
{

If d, not equal to zero:

{
Ford =n,—1to Odo : (Lower triangle loop)

{
Foru=0ton —d —ldo:

{

k=u+d, |=d,n+u

if (k,1) is in minimum position and d, 2 n, {
set a,,=a;, =0

calculate 1, ,, and fill in R accordingly .

/

k’=ksecn +n,—1—1 modn,
ifk <k’{
(k°,17)=(k,l-1)
if u equal to 0:{
k", 17)=(k"®I")
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*

A n=1[~ ~r
p=U (quJJ) V=V

h

else {

A A/_ ’
p_pko,l‘ >V _vko,l‘
h

if k equal to k' :{
q=U(p), v=V
}

else {
(k1% =(k +1,1)

q:qk+’10 ’V:vk+,10

b
Apply Subroutine 1
b
}
b
}
For d, =1to n,—1do : (Exclusively Upper triangle loop)
{

Foru=0ton —d, —ldo:
{
k=u [=d,n+u+d,
if (k,1)is in minimum position and d, 2 n, {
set a,, =a,, =0
calculate 1, , and fill in R accordingly

/

k’=k secn, +n,—1—1 modn,
ik <k’{
(ko,l_)=(k,l—l)
f):pkoﬁr ’{\/:v;OJf
if k equal to k’:{
q=U(p) ,¥v=V
}

else {
(k*,1% =(k +11)
q:qk+’10 ’{\]:kar,lO

}
Apply Subroutine 1

}
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VI  Numerical simulations and application to Spectral Power Estimation

Spectral Power Estimation is the main application domain for correlation extension
methods. The new proposed Algorithm proceeds in the same way as the ME method,
in the aspect of zero reflection coefficient filling. Therefore it should be expected that
it would realize good quality in estimation precision. In the 1D case, compared to
minimum variance technique the maximum of entropy method is more accurate in
Spectral Estimation. For that, we will consider the Capon method, as the comparison
method in evaluating the performance of the newly presented method.

The application of the SMCE to Spectral Estimation follows these steps:

a) For a multidimensional signal of size [T;,T,,...T, |, we calculate the
correlation matrix ([70,7/1,...7/&1],[0,1...,s—l],[O,l...,s —1])—s ,
with 7, < T,.

b) Next, we apply SMCE algorithm to obtain a
([76,7/1',...7/_:71],[0,1...,s—l],[O,l...,s —1])—s- toeplitz character

matrix R=R(c(y)) with y/>7y,,

c(t)e Cot=[ty byt |t €[~Vineen 7]
¢) The SMCE spectral power Estimation is defined as the Fourier series
of the new generated correlation signal

= z c(t)e*"wr(”,we 27r><[0,1[s .
t€{(to oty oty =¥t Y]}
To realize the numerical simulations, we followed a uniform framework. That is, for
multiple types of signals, and different parameters, we will follow these steps:
a) For a spectral image, of size 7, X7, we added noise, in an amount

X0ow)

‘SMCE

corresponding to a given SNR value SNR..

b) Next, using /FFT, we obtain the time representation, from which
Spectral Power Estimation, on a grid of size T; XT;, is calculated.

And that is starting from a correlation signal of size (support)
2. T
[-7.,7], with 7, <3’.
Accordingly, our framework is dependant on the variables; i the sample image, 7, its

size, SNR,the spectral noise, and ¥, the correlation order in use.

For our simulations, and in a statistical validation effort, we applied the algorithm on
4 different images, each resized down to sizes; 15x15, and 21x21. The images are
displayed in Appendix 7.1. For all eight images, SNR, was varied according to the

values, -5, 0, 5 db. Also, y,, was varied to take the values, 2, 3, and 4. Finally, for
each combination of (i,7,,SNR,,7,), the test was repeated 3 times. At each run,

SMCE Estimation, and Capon Estimation were compared to the noise-free original
spectral image, and an Estimation SNR value was calculated. Figure 7.2 shows the

mean resulting Estimation SNR, for the different SNR, values. SMCE Estimation, and
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Capon Estimation, are displayed in solid line, and in dashed line, respectively. The
results confirm the enhancement provided by the new proposed method over Capon
Estimation. This enhancement, is due to the fact that the new method has a great
degree of frequency precision in localizing spectral peaks.

Estimation SNR (dB)

Correlation Order

Figure 7.2

We show, in Figure 7.3, Figure 7.4, Figure 7.5 and Figure 7.6, Original, and
corresponding Noised, SMCE Estimated, and Capon Estimated Spectral Power,

respectively. The parameters used are ¥, =4, and SNR. =5 dB. The extension was

not limited to input signal size —equal to 21x21, but instead, continued until ¥/ =20.

We observe that SMCE method has a spectral energy concentration precision more
accurate than the Capon method. Also, for the same example, Figure 7.7 shows the
absolute value of the new extended correlation signal.

pectral Power

Noise-Free §
o

Fequency 1

Figure 7.3
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In Figure 7.8, Figure 7.9 and Figure 7.10, we show Spectral Power Estimation, for a
simulated signal’, using direct FFT, Capon method and SMCE, respectively. The
input time signal is of size 64x64, for which y =20 correlation values were

calculated. Starting from the calculated correlation values; Capon Spectral Estimation
was estimated for a spectral grid of size 7, =2y’ +1, with ¥’ =40. Also, for the same

correlation values, SMCE was engaged for an extension from y =20 to . This
produced the same image size for both of Capon and SMCE, T, =81.

? File Mig25.mat downloadable at http://airborne.nrl.navy.mil/~vchen/data/
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In Figure 7.11, Figure 7.12 and Figure 7.13, we show the same results for direct FFT,
Capon and SMCE, respectively, each resampled for clarity -using bicubic resampling,

to the size of 243x243.
LTJ 5
kl.l-

Figure 7.10

Figure 7.8 Figure 7.9

Figure 7.11

Figure 7.12

Figure 7.13
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VII Time domain extension characteristic

In this section, we will try to provide an insight, concerning the fallbacks of the
extension on the time domain. In the general multidimensional case, and contrary to
the 1D Case, the linear prediction filter connected to the inverse of the correlation
matrix; takes a new value at each extension step. For the 2D Case, let us consider the

linear prediction model of a stationary process
Nl

x(1)==> A x(t—k)+e) (1), (7.12)

k=1

where x(¢)is a vector of length N,. The filter 4", that minimizes the trace of the

error  power E(ef\}l e’ {Vl) matrix, 1s the solution to the linear system

(4" 4" . AV [R=-[R R, ... R]
where R =E (x(t+i)x” (t)),and the correlation matrix R, is defined as
R, R ... R,
R:= R _RO .
Rl
R, - R, R, |

The fact that we can use SMCE to extend the involved ([NZ,Nl +1],[O,1],[O,1])—2

toeplitz character matrix, defines a new 2D Filter, with a new extended time
characteristics.
One of the time characteristics that we will examine here is the super resolution
aspect. More precisely, we will try to investigate the effect of signal resolution
augmentation, and that is, using the known autoregressive representation of the signal;
as “Filter+Error”. We will proceed according to these steps:

a) For a given Signal of size (s, Xs,), we will obtain the corresponding

filter of size (N, xN,).

b) The filter will be applied and the error signal will be isolated,
according to (7.12).
c) The error signal resolution is doubled, using bicubic resampling.

d) Each of the original filter, of size (N, XN, ), and the new extended
filter of size (2N, X2N, ) are used to obtain a double-sized signal,
using the isolated double-sized error signal.

The previous steps represent a super-resolution technique. In this context, we are
more interested in this technique usage of the new extended filter, than its actual
performance. In Figure 7.14, we see the resulting double-sized image, using the

original (2x2) filter, and Figure 7.15 shows the image built by the same manner,
using an extended filter of size (4x4). We notice that the new extended filter is

“error-synchronized” with the original image (signal). While, on the other hand, the
original filter was not compatible with the resampled error signal, and thus the image
in Figure 7.14 is distorted. The original image is shown in Figure 7.16.
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Figure 7.15

Figure 7.16

VIII Conclusion

We found that SMCE represents a stable and accurate correlation extension technique.
While we did not provide an infinite extension existence proof, all the simulation
shown, and other simulations that we applied, converged to their target extension

distances with no singularity. On the other hand Theorem 7.1 guarantees the
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positiveness of the solution. Therefore, while applying SMCE Algorithm we would
face only situations in which the target extension limits were attained successfully, or
singularity detected and extension stopped before, with always a positive solution. For
Spectral Power Estimation application, numerical simulations showed the advantage
of using SMCE over the Capon method. The presented Spectral Power Estimation is a
Maximum of Entropy Estimation because the produced extension preserves the
starting correlation matrix’s determinant value.
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APPENDIX 7.1

We show here Original Test Images, with Estimation results for 7, =4.
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CHAPTER 8

NUMERICAL COMPARATIVE STUDY OF 2D SPECTRAL POWER
ESTIMATION TECHNIQUES

Abstract-In this chapter we present a comparative study concerning a multiple of Spectral Power
Estimation techniques. The examined techniques are the Approximative Sequential Multidimensional
Spectral Estimation method, the Sequential Multidimensional Correlation Extension method, the Capon
method, the Autoregressive Quarter plan Filter method, 2-D Spectrum Estimate using Multichannel AR
Approach of 2-D Fast RLS Algorithms and the Correlogram method. The study was run over artificially
generated data and over data obtained from different sources according to the domain of the application.
The result of applying each technique is displayed with its counter parts, and for the artificially generated
data a performance measure was calculated.

Abstrait- On présente une étude comparative concernant plusieurs techniques pour ’estimation de la
Puissance Spectrale. Les techniques expérimentées sont la méthode ASMSE, la méthode SMCE, la méthode
de Capon, la méthode du filtre autoregressif de quart plan, la méthode de I’estimation spectrale 2D utilisant
une approche multichannel AR, et l1a méthode de corrélograme. L’étude a été effectuée sur des données
générées artificiellement et des autres appartenant a différents domaines d’application. Pour les données
réelles on montre les résultats de ’application de chaque méthode et pour les données artificielles on calcule
aussi une mesure de performance.

1 Introduction

It is a hard task to give an equitable global point of view of all the techniques used for
Spectral Power Estimation in modern day. This is due to the fact that an enormous
amount of work has been done previously in this domain. The main motivation of this
study is the evaluation of two new methods for Spectral Power Estimation presented
in [29] and in [58]. We believe that the newly presented methods present a
considerable advancement in the field of Spectral Power Estimation. The theoretical
virtues of the newly presented methods can be summarized in the following:

e The method presented in [29] have an infinite spectral support, and an
approximative correlation matching property. The method has an infinite
spectral support because the stability of the method is proven by the
positiveness of the extended auto-correlation matrix.

e The method presented in [58] have an exact correlation matching
properties which is optimum for spectral restoration since the low
frequencies constructing the spectrum are not effected at all. Also the
produced Spectral Power Estimation is a Maximum of Entropy Solution
because the method follows a process that preserves the Determinant of
the original Auto-Correlation matrix.
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e Both of the methods depend on no presumption of the Auto-Correlation
matrix being circular.

In an effort to show the practical meaning of the discussion above, only a comparative
numerical simulation could help us to better evaluate the quality of each Spectral
Estimation method.

In this chapter we will present a comparative study between the following techniques:

a) Approximative Sequential Multidimensional Spectral Estimation
(ASMSE) [29].

b) Sequential Multidimensional Correlation Extension (SMCE) [58].

¢) Minimum Variance (Capon) [15],[30].

d) Autoregressive Quarter Plan Filter (QP) [60].

e) 2-D Spectrum Estimate using Multichannel AR Approach of 2-D
Fast RLS Algorithms (HMHV)[59].

f) Correlogram (CORR).

g) Fast Fourier Transformation. (FFT).

In all the previously mentioned methods —except for FFT- we calculate the Auto-
Correlation matrix, and at a second step, the Spectral Estimation method is applied as
a function of that matrix.

The method used for the estimation of the Auto-Correlation matrix is important in all
situations to provide a good and stable estimate. In this study, which deals with the
2D signal, we used the TBT estimate. The TBT estimate is defined for a given signal
X (tl,tz) , 1€ [0,...,N1 —1], t,e [O,...,N2 —1] as:

1 Mgkl

S x (b, Hhoty + 1) (x (101,)) i k20,020

*

r(k,l)= D> x(t kot +1)(x (1)) if k<0,020

(r(=k,=1)) i 1<0

with k € [—7/1,...0,...71],1 € [—7/2,...0,...7/2], where 7, X7y, is the correlation signal

size, which is known also as the system order. Calculating the estimate according to
this manner, produce a positive Auto-Correlation matrix, which is essential to produce
a correct Spectral Estimation.

The Correlogram method is just a Fast Fourier Transformation of the provided auto-

correlation signal r (k,/):

/wlk —jwyl
PCUIV ]WI’JWZ z z e

k==nl==7,
The FFT method in (g) is the expression of the Spectral Power of a given signal of
size N, XN, as

N1 N, -1 2

B (s ) =| 5 3 x(tpt)e e

4=0 £,=0
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In fact, the Correlogram method is totally equivalent to the FFT method in the case of
a circular Auto-Correlation signal calculus -which is not the case in here. Circular
calculus of the Auto-Correlation signal lowers significantly the condition of the Auto-
Correlation matrix, and with it the extension limits

Also, being able to compare at once the performance of the previously presented
techniques is a very good hint to the performance capabilities of other methods not
taken in consideration in this study. The reason for that is that many of the other
methods for Spectral Power Estimation are derived from the ones presented above.

11 Controlled Performance measure

In this experimentation we advance a test signal X (f,f,) having spectral support of

121x121 points. The spectral peaks of the signal are located at frequencies

a= —%, = % according to the following:
X (a,a)=1

X (a,b)=0.75¢">"7

X (b,b)=0.5¢"7*

X (b.a)=025¢/27

With zero filled elsewhere. In Figure 8.1 we see a representation of this signal.

-05 .05

Figure 8.1

The experimentation are engaged for each Spectral Estimation method as the
following:

a) Natural distribution Noise signal N (jw,, jw,) is added to the test

signal X (jw,, jw,) according to a given SNR,,  defined as

z ‘X (jwl,jwz)‘z

WiWa

noise

SNR

=10log,,

noise ‘N (le’jWZ)r :

WiWao

b) Time signal x (¢,,, ) is obtained using IFFT.
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c) From the 121x121 points present in the time signal only the first
30x30 points were considered as the input signal for Spectral Power
Estimation.

d) Each Spectral Power Estimation method is applied to reconstruct the
original spectral image with the original resolution 121x121.

e) A Performance measure is calculated between the original spectrum

‘X (jw, jw, )‘zand the estimated one P( jw,, jw, ), according to:

2

SNR,, :=10log,, e -
Z ”X(jwlajwz )‘ = P(jm, jw,)
f) For estimation methods depending on the value of the correlation
order; the operations in (d) and (e) are repeated for correlation lags
increasing from y, =y, =10, for both dimensions, to the value 20.

212

‘X(jwlajwz )‘

2

For the application of SMCE the extension was engaged always from the used input
signal’s correlation order Y, =¥, to the order value 50.

In Figure 8.2,Figure 8.3 and Figure 8.4 we show the result of the application of the
previously explained framework, and that is for SNR, ., values which are equal to
-5 dB, 0 dB and 5 dB respectively. We observe that ASMSE and SMCE got a
relatively equal performance; which over powered the other methods in the cases of
low SNR,., and low Correlation Order. The performance of other methods was
considerably enhanced when the noise level was reduced and when the correlation
order was increased. For the method HMHYV a good results were observed for low
noise level —high SNR The artificially generated signal permits us to perform a

statistical evaluation; meanwhile, real world application remains the real area for a
final and accurate evaluation of any Spectral Power Estimation method.

noise *

Estimation SNR (dB),input’s SNR=-5 dB

+ %
%
®
X
%
X
X
X

L + + il
5 10 + ¥ 4
o
o
“ 2t & .
o
o g :
A4+ - ASMSE &
2 @ — SMCE
Capon
16+ o} O Correlogram o]
% FFT
+ Quarter Plan
T8k *  HMHV |
_20 L L 1 L L 1 L L L
10 11 12 13 14 15 16 17 18 19 20
Vi
Figure 8.2
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Estimation SNR (dB),input's SNR=0 dB
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Figure 8.4

III  Application to Synthetic Aperture Radar (SAR)

Synthetic Aperture Radar (SAR) is one of the main application domains for Spectral
Power Estimation. After the development of SLAR (Side Looking Aperture Radar),
the development of SAR (Synthetic Aperture Radar) was motivated by the need of
more practical and accurate radar imaging system. Having an array of radiating
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elements, and depending on the Doppler effect SAR was capable of realizing more
range and cross range precision.

SAR is still an active domain of research, with multiple types of configurations and
increasing complexity.

The need for high precision Spectral Estimation techniques was reported by different
sources. The text in [2] is recommended for providing a good insight about this
subject.

. Naval Research Laboratory Database

We applied the examined methods on the file Mig25.mat* published by the Naval
Research Laboratory. The file is a simulated SAR signal for a combat air plan. The
signal size is 64x64 from which we produced the estimations in two resolutions; the
first is 81x81- Figure 8.5-Figure8.11, and the second is 264x264 - Figure 8.12-
Figure8.18. The used correlation order was 19x19. For the SMCE method the
extension limits were 40x40.

i ‘F'J

Figure 8.5, ASMSE Figure 8.6, SMCE Figure8.7, FFT Figure8.8, Capon
D
N :
L4F
¥
Figure8.9, Correlogram Figure8.10, QP Figure8.11, HMHV
i - (N
L
‘
5
% L]
Figure 8.12, ASMSE Figure8.13, SMCE

* File Mig25.mat downloadable at http://airborne.nrl.navy.mil/~vchen/data/
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.
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Figure8.14, FFT Figure8.15, Capon

Q‘F’J |

Figure8.16, Correlogram Figure8.17, QP

Figure8.18, HMHV
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. Application to MSTAR Database

We did apply the studied methods on the file HB03793 acquired from the MSTAR
Database [68]. The file is a synthesized SAR signal of a ground vehicle.

The file is of size 128x128 and already has suffered from a Fast Fourier
Transformation. To be able to apply Spectral Estimation we did reproduce the original
signal data using IFFT. Next we applied each method using the correlation order
30x30 to obtain a spectrum with the resolution 264x264 . The results are displayed
in Figure8.19-Figure 8.25.

Figure8.19, ASMSE Figure 8.20, SMCE

Figure 8.21, FFT Figure 8.22, Capon
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Figure 8.23, Correlogram Figure 8.24, QP

Figure 8.25, HMHV

. Sandia National Laboratory SAR Complex Data

The examples in here show the application of spectral estimation methods for the data
file MiniSAR20050519p0001image008.gff, published by the Sandia National
Laboratory [67]. The signal present in the file was produced following an actual
acquisition of a real SAR signal. Since time domain data are not provided; we
proceeded using an IFFT in both dimensions to obtain the quasi-time domain values
for the data present in this file.

In Figure 8.26 we display the image present in the file as it was processed by the
program provided by Sandia laboratory. The data contains a considerable amount of
additive and multiplicative noise, and for that, a threshold was used to produce the

spectral image displayed in Figure 8.26, (X ( Wi, jwz)‘. For all the other results
present in this section we have used the logarithmic scale to display the Spectral
Power Estimation ‘X (jwl,jwz)r.

The signal has the size 2510x1638 , which demands a considerable calculus time. To
be able to apply each Spectral Estimation method on the present example, we
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proceeded into block processing. Spectral Estimation by block is a well-known
method and was proposed by different authors as in [2] and [15]. The following steps
compose block-processing Spectral Estimation:

a) For the signal x (¢,,¢,), we calculate X (jw,, jw,) using FFT.

b) The image X (jw,, jw,) is segmented into blocks of equal size

(X, Gwyiw,))
¢) The time domain representation x, (f,,f, ) for each spectral block
X, (jw,,jw,) is obtained independently using IFFT .

d) Starting from each block’s time values we apply the Spectral Power
Estimation method to obtain the block’s Spectral Power Estimation.

In our experimentation we have used the block size 200x200, and that is for all the
tested methods. Also the correlation Order used for all the tested methods was

7, =¥, =30, which corresponds to a correlation signal of size (2, +1)x(2y, +1). In
what concerns SMCE method application the extension limits were set to
¥i=7,=50.

In Figure 8.27-Figure 8.33 we display the results of the block-processing Spectral
Power Estimation according to each of the considered methods.

To have more detailed observations we are showing also a “zoom in” image for these
results in Figure 8.34-Figure 8.40, the “zoom in” image have a block size 2x4, and

its top left block is located at the block coordinates (7,4).

In Figure 8.29 the black regions corresponds to a non-convergent SMCE situations in
which the target correlation value 50 was not attained, meaning that the correlation
matrix has fallen into a singular region before that the correlation order was attained.
By comparing these regions with the Correlogram image in Figure 8.31, we observe
that these regions correspond to the spectral locations with a high noise peaks. Also
we observe that the SMCE method was relatively successful in adding valuable
details in comparison to the non-extended Correlation image. This could be clearly
observed also by comparing Figure 8.36 and Figure 8.38.

The QP method as SMCE and ASMSE methods was successful in removing a
considerable amount of noise in the image but suffered from inconsistency across
blocks and lower image quality. This could be observed in Figure 8.32 and Figure
8.39. The fact that the QP method suffers from this inconsistency across blocks is a
revealing proof of the inherent ambiguity of the relation connecting the
Autoregressive 2D modeling in time domain to the spectral domain. This ambiguity is
due to the fact that contrary to the 1D case the 2D autoregressive model have no
theoretical connection in the spectral sense to the original signal. More precisely, in
c

Y ok
—Jjw
D a.e
k=0

do produce the same correlation coefficients as the original input signal when taken
back to the time domain (signal correlation) according to

the 1D case, the autoregressive model in its spectral expression P( jw) = 5
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5 ¢ »
7’(7’1): J.—2€J‘V"dw .
Y
Y ae

k=0

This is known as the matching property [33], in which 7 (k )=r(k ),k =0...y. On

the other hand in the 2D case (the QP method) this is not realized, more to that, there
is no known proof for the filter stability. The ASMSE, and SMCE methods was
constructed to remedy both of the disadvantages that we have come to explain by
providing the following points:

a) Stability through proven positiveness.

b) Approximative correlation matching in ASMSE and an exact

matching in SMCE.

The previous discussion explains why ASMSE and SMCE methods provide a more
accurate Spectral Power Estimation than the other methods, Figure 8.28, Figure 8.29.
It is important to mention also that increasing the extension limit could further
enhance the results of the SMCE method.
From Figure 8.30 and Figure 8.37 we observe that the result provided by Capon
method had a good consistency across blocks, with a good image quality. The details
level provided by Capon method is inferior to the one provided by the ASMSE. The
later fact is a numerical confirmation of the known relation between the 1D
autoregressive estimation (or the maximum of entropy) and the 1D Capon method,
where the Capon Spectral Power Estimation could be described roughly as a
“blurring” of the maximum of entropy Spectral Power Estimation result.

"

Figure 8.26, image as produced by the program provided by Sandia (by thresholding).
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Figure 8.27, FFT (logarithmic).

Figure 8.28, ASMSE (logarithmic).
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Figure 8.29, SMCE (logarithmic).

Figure 8.30, Capon (logarithmic).
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Figure 8.31, Correlogram (logarithmic).

Figure 8.32, QP (logarithmic).
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Figure 8.33, HMHV (logarithmic).

Figure 8.34, FFT (logarithmic).
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Figure 8.35, ASMSE (logarithmic).

Figure 8.37, Capon (logarithmic).
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Figure 8.39, QP (logarithmic).

Figure 8.40, HMHYV (logarithmic).
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IV Conclusion

In this chapter, we have seen the application of multiple methods for Spectral Power
Estimation for a multiple of examples. From the examples shown we observed the
importance of providing a good Spectral Power Estimation when the input signal is
badly defined and there is a need to have a better estimation of the spectral power.
The following could express the points according to which we can evaluate the
quality for a given Spectral Power Estimation method:

1- Noise Removal Criteria: in the application where a high degree of additive and
multiplicative noise, Spectral Estimation method should have the property of
providing a relatively noise-free image that is acceptable to the human eye.

2- Spectral Interpolation Criteria: from a given number of samples in the 2D
plan, Spectral Interpolation Criteria is the capability of the method to provide
an increased resolution in the spectral domain. More precisely, the resolution
support should goes beyond the limited size of the input signal.

3- Details Restoration Criteria: this is the ability of the methods to produce an
estimation that preserves signal information, so that noise removal would not
produce details lost.

According to the previous Criteria and from the examples shown previously, we find
that the QP method produce a better quality than the Capon method, but it is rarely
stable and statistically could not be considered as a better method. The ASMSE
methods and SMCE performed well across all the presented simulations. The ASMSE
method showed also an advanced capability according to the Spectral Interpolation
Criteria. This is most obvious in the examples shown in Figure 8.12 and Figure 8.28.
The SMCE method showed an advanced capability according to the Details
Restoration Criteria. This is due, of course, to its exact correlation matching property.
In general ASMSE and SMCE method could be considered a good advancement over
the QP and the Capon methods. The HMHV method was successful in enhancing the
results of QP method, but as the QP method suffered in some examples from
instability. For block-processing scenario the Capon method, ASMSE, and SMCE
showed an acceptable across blocks consistency.

In what concerns SAR application we have seen that for real signal a great amount of
multiplicative noise still exist even after that the Spectral Estimation method is
applied. This invites us to consider the development of Spectral Estimation methods
that take this into account, and goes beyond the simple assumption of the
independence of the noise signal from the correct signal. The development of such a
model could impose also that main components of the Radar theory are taken into
consideration.
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CHAPTER 9

CONCLUSION AND FUTURE WORK

1 Main contribution of this thesis

For Multidimensional Spectral Power Estimation, we had the opportunity to

examine, in details, the structure of the ND-Toeplitz matrices using the Generalized
reflection Coefficients. Different algorithms were presented; each is of different
estimation quality and demanding a greater or lesser number of calculations.
Concerning the Generalized Reflection Coefficients, we studied its behaviour in the
ND-Toeplitz case and found its usage for matrix inversion. The effort we invested
using the Generalized Reflection Coefficients instead of other known algorithms for
Toeplitz Systems inversion was rewarded in Chapter 7, where it permitted realization
of a Maximum of Entropy Multidimensional Correlation Extension with an exact
matching property.

Here we will mention the main points representing the theoretical and practical
contributions of this thesis:

e C(larifying the relation between Burg Algorithm and Levinson Algorithm
toward a stable 1D and 2D, Spectral Power Estimation and Linear
Prediction.

e The study of the Generalized Reflection Coefficients in the case of ND-
Toeplitz matrix.

e New Multidimensional Spectral Power Estimation method, which is
approximative in its matching property, with good quality and guaranteed
stability, and a structure adapted for implementation using Fast Fourier
Transformation.

e New Multidimensional Spectral Power Estimation and Correlation
Extension method, which is exact in its matching property, with a
maximum of entropy quality, and a guaranteed stability.

1I Theoretical horizon and future work

Behind this text, as any thesis of course, there is a lot of unfinished work, or lines of
thinking. The main ideas that motivated this work still need to be better understood.
For Spectral Power Estimation, while we presented an algorithm for a Maximum of
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Entropy solution, we still had no analytical representation of the general
multidimensional case. Also, almost all of the presented algorithms, in the
multidimensional case, still contain a strong degree of redundancy. Hence we do not
know how to exploit totally the ND-Toeplitz structure. For example, in the 1D case,

for a toeplitz matrix of size (nxn), we need nlogn operations to obtain the first

column of the inverse; meanwhile, for the 2D case we do not have the same
logarithmic reduction. The same type of controversy between the 1D case and the 2D
case exist also for the bezoutian form of the inverse. While in 1D case, the same 1D
prediction filter coefficients do construct the bezoutian form for correlation matrix’s
inverse, in the 2D case there is no known 2D plan filter coefficients capable of
constructing the correlation matrix inverse. We hope that these “missing puzzles” can
be solved in the future, which would represent a strong advancement in the domain of
Multidimensional Signal Processing.

\74,2 gna/
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Abstract

Méthodes Mathématiques En Traitement Du Signal Pour
L’Estimation Spectrale

Abstract

We study the theory and the application for a multiple of methods in the domain of
spectral power estimation. In the 1D case, the Levinson and Burg approach are
exposed into the same theoretical and numerical context. In the 2D case, and the
general ND case new methods are proposed for spectral power estimation following
the criteria of an associated positive definite ND correlation matrix extension, and the
Maximum of Entropy spectral power measure. Also, ND-Toeplitz correlation systems
are exposed in the context of the generalized reflection coefficients for the block-
Toeplitz case and the Toeplitz-block-Toeplitz case. In both cases, corresponding
algorithms are proposed for the solution of the autoregressive ND linear system. The
ND-Toeplitz correlation matrix structure is studied under two conditions. The first is
the infinite positive extension support with an approximate matching property. The
second is a positive extension with a Maximum of Entropy property. Following the
second condition, we formalize a fundamental positiveness theory establishing the
correspondence between a minimum group of reflection coefficients and the ND-
Toeplitz correlation matrix, with the same degree of liberty.

Résumé

On étudie la théorie et 1’application pour plusieurs méthodes dans le domaine de
I’estimation de la puissance spectrale. Dans le cas 1D, les deux approches de
Levinson et Burg sont exposées dans le méme contexte théorique et numérique. Dans
le cas 2D, et plus généralement le cas ND, de nouvelles méthodes sont proposées pour
I’estimation de la puissance spectrale. Ces méthodes conduisent a des extensions
répondant a un critére de positivité et d’'une maximisation d’une entropie adaptée a la
puissance spectrale : la matrice de corrélation ND doit étre définie positive et doit
vérifier un critetre de maximum d’entropie. Aussi, les systémes de corrélation ND-
Toeplitz sont exposés dans le contexte des coefficients de réflexion généralisés pour
le cas bloc-Toeplitz, et le cas Toeplitz-bloc-Toeplitz. Dans les deux cas, on propose
des nouveaux algorithmes pour la solution du systeme linéaire autorégressif. La
structure ND-Toeplitz de la matrice de corrélation est étudiée sous deux conditions.
La premiére est le support d’extension positive est infini avec une propriété de «
matching » approximative. La deuxiéme est I’extension positive avec une propriété de
maximum d’entropie. Suivant la deuxieme condition, on formalise une théorie de
positivit¢ fondamentale établissant la correspondance entre un group minimal des
coefficients de réflexion généralisés et la matrice de corrélation ND avec le méme
degré de liberté.
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