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«ß°´	 ]`_e(µ] ¬ õ3õ ³ _ ± à ¬ õCY\_T5 ¬^± õMà ¬oüþ°5«ôü X «�³ô± .>_µ]3Y °´ö`³pý X ¬ õnì9�° õ ³ YGX «ß°´ö`³ _ ±T± X�Y»[n] ³ôý X ¬ à ¬ õF[ ü _µX «p¬ Y ¬^±1ö õ ³p± õ ö*°,ö�³ _ ±�±�°5³ ] ¬ õ�] ¬ õ ö`¬N± [ °´± Y\_ ³p± õ ¬ A ö ] � Y ¬ Y ¬n±1ö
ü _)Ø ö�¬ X�õ ¬�¬^±Õüþ°´«pü X «�	 _µX�]
à ¬�± _µY / ] ¬ XBA üþ° õ ³p± à�X�õ ö ] ³ô¬n« õ^ò ¬^ö�«p¬ XZ]
_ 	lö�³ Y ³ õ °´ö�³ _ ±Û«�� ¬ õ öN¬^±�ü _µ] ¬�	�« X�õnì� ±\¬ F ¬&ö ò1õ ³�«ß°�ö`î [n_µ] ³p¬ à ¬C«=� _ 	lö�³ Y ³ õ °´ö�³ _ ± õ`_µX�õ ü _ ±1ö ] °´³p±1ö�¬-	v¬ X ö��&ö ] ¬H¬ A 	�« _ ³/ö [ ¬-	 _µXZ] «p¬-	 ]3_ /�«�� Y ¬
õ ö�°´ö�³ _ ±�±�°´³ ] ¬ à ¬�«�� _ 	Zö`³ Y ³ õ °´ö�³ _ ± à ¬ .>_µ]`Y ¬ H ² _ ³ ]Hû ° Y ¬ õ`_ ± $&4
.5+³ÙbÚ   ®�Û _µXJëJ_ î�° Y\Y ° à ³v¬^ö æ ³ ]`_ ±lÿ±�¬n° X Ú �)  ÛXJ ò ¬^«p«ô¬�±�¬o«�� ¬ õ ö õ3_µX ²µ¬^±1ö"	�« X�õ ¬n±%	 ] °´ö`³pý X ¬ à °´± õ «ô¬�üþ° àZ] ¬T³p± õ ö*°´ö`³ _ ±�±�°5³ ] ¬ à�X ü _ ±1ö ] ¸µ«ô¬ a«ß° à ³ Y ¬n± õ ³ _ ± à ¬ õ 	 ]`_ /�«#� Y ¬ õ�à � _ 	Zö�³ Y ³ õ °´ö`³ _ ± à ³ õ ü ] ¬^ö õ °5« _µ]3õG_ /lö�¬n± X�õ 	�° ] «p¬ õmY»[ ö�î _là ¬ õ ün«p° õ ÿ
õ ³ôý X ¬ õ'H>à ³ F<[n] ¬n±�ü^¬ õnò�[ « [^Y ¬^±ïö õH_µX ² _ « X�Y ¬ õ2� ±�³ õ J�¬ õ öHö ]`_ 	½³ Y 	 _µ] ö*°5±1ö�¬�° X½] ¬ ( ° ]3à½à ¬ õ üþ°4	�°5ün³/ö [^õ
à ¬�ün°5«pü X «<°5ü^ö X ¬n«ô«p¬ õ^ìP$ ¬�± _µX ²5¬n«ô«p¬ õ ö�¬^ü*î�±�³pý X ¬ õH_ ±1ö à�_ ±Zü�² X «p¬A¯ _µX�]nò ü _5Y\Y ¬�«ô¬ õ °)	�	 ]3_ ü*î�¬ õHõ`X /sÿ
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( °´«p¬ Y ¬n±1ö2	 _µõ3õ ³#/�«p¬ à ¬�ü _ ± õ ö ]3X ³ ] ¬ X ± õ>5sõ öW� Y ¬
à � ��$���õ ¬^± X ö`³p«ô³ õ °´±ïö X ±�¬T°)	�	 ]3_ ü*îZ¬T± _ ±E²´° ] ³ß°´ö`³ _ ±Z±�¬n«ô«p¬ ò °)	P	<¬^« [ ¬ y&kZ0&y�jZ.s'*$Njv2�)�àþ$*'&4�67),% ��$&4>Ü�)nr ò_µX ¬^±�ü _µ] ¬�¬n± ¬ A 	�« _ ³ôö�°5±1öÕ«p°(ö�î [^_µ] ³ô¬ à ¬�g _ «/ö�¬ ]`] ° a ü _ ± õ`X «/ö�¬ ] Ú ø Û ò Ú �Z÷5ò ¶ � Û�¬^ö Ú � ® ò ¶)¯4Û�	 _µXZ]
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«�� °)	�	Z«p³pün°´ö�³ _ ± à ¬8ün¬ õ ö`¬nü*î�±�³ôý X ¬ õ * «ß° Y»_làZ[ «p³ õ °´ö`³ _ ± à � [ ü _5X «p¬ Y ¬^±ïö õ O X ³ à ¬ õnìNW�_ ö _ ± õ ý X ¬8«p¬ õ
Y»_là ¬ õ»æa��$ 	v¬ ]3Y ¬&ö`ö`¬n±1ö [0( °5«ô¬ Y ¬n±1ö à ¬Jü _ ± õ ö ]`X ³ ] ¬ à ¬ õ�Y»_là �^«p¬ õÛ]`[nàZX ³ôö õ\à ³ õ ü ] ¬^ö õ ¬^±Sö�¬ Y 	 õ(µ]Wê ün¬C° XRA ö�î [n_µ] ³p¬ õAõ ö*°´ö`³ õ ö�³pý X ¬ õAà � ³ à ¬^±ïö`³ � ün°´ö�³ _ ± à ¬ õ65lõ öÜ� Y ¬ õ ¬&ö à ¬ õ�]`[^õ ¬n° XBA�à ¬H±Z¬ X�]3_ ±�¬ õ�H ² _ ³ ]
Ú � ®4Û�¬&ö Ú ¯ � Ûp	 _µX�]�à ¬ õ ³ô«p« XZõ ö ] °´ö�³ _ ± õ ¬n±Ñ° [^]`_sàP5 ±�° Y ³pý X ¬�¬&ö õ`X�] «�� [ ü _5X «p¬ Y ¬^±ïöN³p±�ü _µY 	 ] ¬ õ3õ ³#/�«p¬� $à ¬'E _ « Y»_e(µ_µ]3_ ²PJ ì$ ¬ XRA °´«ôö�¬ ] ±�°,ö�³ô²5¬ õ * «ß° æ���$ 	v¬ X ²5¬n±1ö .>_5X�] ±�³ ]½à ¬ õÍ.>_ ±�ü&ö�³ _ ± õÑõ 	�°,ö�³ß°´«p¬ õ½] ¬
	 ]3[nõ ¬n±1ö*°´ö`³ô²5¬ õ
à�X(õ>5sõ öW� Y ¬ [ ö X�à ³ [ ¬&ö:�&ö ] ¬»ü _5Y /�³p± [ ¬ õ °þ²µ¬^üÕ«p¬ õTY»[ ö`î _sà ¬ õ 	 ]`[ ü [^à ¬n±1ö�¬ õ½a�à ¬ õ /�° õ ¬ õG_ /Zö�¬^± X ¬ õ	�° ]�_ ± à ¬n«ô¬^ö`ö`¬ õ�H ² _ ³ ] Ú  Á� Û�	 _µX�] «p¬Ñüþ° õ\à ¬ õ\[ ü _µX «p¬ Y ¬n±1ö õ ³ô±�ü _µY 	 ] ¬ õ`õ ³�/�«ô¬ õ JG¬^ö à ¬ õ»õ ö ]`X ü&ö X�] ¬ õõ 	�°´ö�³p°5«p¬ õ °)	�	v¬n« [ ¬ õ jv2Ò6-%}'&6{jZ.5+�6-%�4�$&23.s'&4�67),%(jZ.54�4�$&2&%Zy H ² _ ³ ] Ú ¶5®8Û�	 _µXZ] «ô¬ õÛà�[ ö*°5³ô« õ ö`î [n_µ] ³pý X ¬ õ ¬&öX ±�¬M°)	P	�«p³ôüþ°´ö`³ _ ±Û° XBAÛ[ ý X °´ö�³ _ ± õ�à ¬ @ ³p±�V0/ X�]W( ÿ�9�°5± à ° X ý X ³ ]`[
( ³ õ`õ ¬n±1öK«�� [ ² _ « X ö`³ _ ± à ¬M«=�{° Y 	�«ô³ôö X�à ¬
à ¬ õ�Y»_là ¬ õ ± _ ±Ñ«ô³p± [ °5³ ] ¬ Y ¬n±1ö õ ö�°)/�«ô¬ õCà ¬o± _µY / ] ¬ XRAÑ[ ü _µX «p¬ Y ¬^±1ö õ J ì� ± � ± ò�à �{° X ö ] ¬ õ °)	�	 ]`_ ü*î�¬ õ 	v¬ ]3Y ¬&ö`ö�¬^±1ö [
( °5«p¬ Y ¬^±ïö à ¬�ü _ ± õ ö ]`X ³ ] ¬ à ¬ õNY»_là �n«p¬ õ�]3[nà�X ³/ö õ^ò 	�° ]
¬ A ¬ Y 	�«ô¬�ü^¬n«p«ô¬ õ ý X ³ ] ¬
	 _µõ ¬^±ïö õ`X�] «p° Y»[ ö`î _là ¬ à � ��] ± _ « à ³ H ² _ ³ ] 	�° ] ¬ A ¬ Y 	Z«p¬ Ú ¶ ø ÛXJ _5Xmõ`X�] «ß°M«p³p± [ °,ÿ] ³ õ °´ö`³ _ ± à ¬�«=� [ ý X °´ö�³ _ ± à � [ ² _ « X ö`³ _ ±�ü _ ± õ ³ à�[^]`[ ¬o° X ö _5X�]Nà � X ± [ ö�°´öHü _ ±�± X�ò «p° õ`_ « X ö�³ _ ±c	v¬ ] ö X�] / [ ¬
[ ö�°5±1ö à�[ ü _µY 	 _5õ`[ ¬ à °5± õFX ±�¬`/�° õ ¬ à ¬ Y»_sà ¬ õ 	 ]`_ 	 ] ¬ õVà ¬�«=� _ 	 [n] °´ö�¬ X�]Và ³ F<[n] ¬^±1ö�³p¬^«lü _µ]`] ¬ õ 	 _ ± à °5±1öH ² _ ³ ] Ú    ÛXJ _µXEX ±�¬+/�° õ ¬ à ¬ Y\_sà ¬ õCæ���$ëH ² _ ³ ] Ú ¶ � ÛXJ ì

9�° Y»[ ö`î _là ¬ æ���$ ÿ @ °5«ô¬ ] ís³ô±�¬o¬ õ ö à ¬'	�« X�õ ¬n±�	Z« X�õCX ö`³p«p³ õ`[ ¬�¬n± Y»[ ün°5±�³ôý X ¬ à ¬ õ O X ³ à ¬ õ 	 _µXZ]
«�� °5±�°´« 5sõ ¬-	�î 5sõ ³ôý X ¬�¬&öK«p¬Hü _ ±ïö ] ¸µ«ô¬C°þ²µ¬nü à ¬ õK]3[nõ3X «ôö�°´ö õ ¬n±Zü _µX�] ° ( ¬n°5±1ö õnìR� ± _µX ö ] ¬ ò «p° æa��$ ] ¬0	 _µõ ¬
õ`XZ]Aà ¬ õ /�° õ ¬ õAY °´ö`î [nY °´ö�³ôý X ¬ õ�õ`_ «ô³ à ¬ õ ¬^ö à ¬ õA]3[nõ`X «ôö*°,ö õ ö�î [n_µ] ³pý X ¬ õV_ ±1ö Y\_ ±ïö ]`[ «p°�	v¬ ] ö`³p±�¬^±�ün¬ à ¬
«ß° Y»[ ö�î _là ¬ æ���$ ÿ @ °5«p¬ ] íï³p±Z¬�	 _µX�] «p° Y»_làZ[ «p³ õ °´ö`³ _ ±Û¬&ö�«ô¬�ü _ ±1ö ] ¸µ«p¬ à ¬ õ 	 ]3_ /�«�� Y ¬ õ 	�° ] °)/ _ «ô³pý X ¬ õ
«p³ô± [ °´³ ] ¬ õ7H ² _ ³ ] E X ±�³ õ î $&4�.5+³Ù�Ú  Á� Û ò �M¬n± ] ³ $&4�.5+³Ù^Ú ø) Zò�øµøZò}ø ¶8ÛXJ ì�Þ ¬
	v¬n± à °´±ïö ò «ß° Y»[ ö`î _là ¬ æ��+$ ÿ@ °5«p¬ ] íï³p±�¬�	 ]`[^õ ¬n±1ö`¬Gün¬ ] ö�°5³p±�¬ õCà ³ � ü X «ôö [^õnò ö�°5±1ö�° X ±�³ô²5¬þ° XÍ.>_µ]`Y ¬n«}ý X ¬T± X�Y»[n] ³pý X ¬ ì� ±�¬ F ¬^ö ò «p¬Hö ] °5³ôö`¬ Y ¬n±1ö à ¬M«ß°�	 ] ¬ õ`õ ³ _ ±Ã	 _µXZ]KX ± [ ü _µX «ô¬ Y ¬n±1öK³p±�ü _µY 	 ] ¬ õ3õ ³#/�«p¬-	 _µõ ¬�	 ]3_ /�«�� Y ¬
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Y»[ ö�î _là ¬ õoà °5± õoX ±8ü _ ±ïö`¬ A ö�¬»³p± à�X�õ ö ] ³ô¬n«F±p� ¬ õ öG± [ °5± Y»_ ³ô± õ 	�° õ ¬^±�ü _µ] ¬ à �{°5ü&ö X °´«p³ôö [Õa «ô¬ X�]�X ö`³p«ô³/ÿ
¦
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õ °,ö�³ _ ±¢	 ] °´ö`³pý X ¬o¬^öM«p¬ X�] ¬ � ün°5ün³/ö [o] ¬ õ ö�¬^±1ö Y °5«�ü _ ±�± X ¬ õ^ò «p°m«p³/ö`ö [^] °´ö X�] ¬ à °5± õ ün¬ à�_µY °5³ô±�¬ [ ö�°5±1ö
¬n±Zü _µ] ¬ ] ¬n«p°´ö�³/²µ¬ Y ¬n±1ö ] ¬ õ ö ] ¬^³p±1ö�¬ ìb$ ¬ õ °5ü&ö�³ô²s³/ö [nõ�à ¬ ] ¬nü*îZ¬ ] ü*îZ¬Ã	 _µX�]�X ±Z¬»¬ A 	�« _ ³/ö*°´ö`³ _ ± _ 	Zö�³ Y °´«p¬
à ¬ õNY\[ ö�î _sà ¬ õ ³ôö [n] °´ö�³/²µ¬ õ
à ¬�ü _ ±1ö ] ¸5«p¬�/�° õ`[ ¬ õNõ3X�] «ß° Y\_sà�[ «p³ õ °´ö�³ _ ± ]`[^à�X ³ôö`¬�¬&öN«p¬ à�[ ²5¬n« _ 	�	v¬ Y ¬n±1ö
à ¬ õ ö ] °´ö [
( ³ô¬ õCà � ¬n± ] ³pü*î�³ õ`õ ¬ Y ¬n±1ö à ¬ õ /�° õ ¬ õMæ��+$ °)	�	�° ] °5³ õ`õ ¬^±1ö à�_ ±�ü X ö`³p«p¬ õnò�õ ³p± _ ±E± [ ün¬ õ`õ °5³ ] ¬ õnì9^� _ /ï¯3¬nü^ö`³ . ý X ³ õ3_µX�õ ÿ ö�¬^± à ü^¬Mö ] °þ²´°5³p« à ¬Mö`î�� õ ¬�¬ õ ö
«p¬ à�[ ²µ¬n« _ 	�	v¬ Y ¬n±1öa	 ] °´ö`³pý X ¬ à � °5« (5_µ] ³/ö�î Y ¬ õ
]`_ / X�õ ö`¬ õ ¬^öÕ¬ � üþ°5ü^¬ õEà ¬ ü _ ±1ö ] ¸5«p¬ ³ô± õ ö�°´ö�³ _ ±�±�°5³ ] ¬%/�° õ`[^õ½õ`X�] «p° Y»_là�[ «p³ õ °´ö`³ _ ± ]`[^à�X ³ôö`¬ æ��+$ ÿ@ °5«p¬ ] íï³p±�¬ ì£æ�_5X�] «=�{°,ö`ö�¬^³p± àZ] ¬ ò}à ¬ XBA ü _ ± à ³/ö�³ _ ± õ�à�_ ³/²µ¬^±ïö1�^ö ] ¬M	 ]3[ °5«p°)/�«p¬ Y ¬^±1ö�² [n] ³ ��[ ¬ õ\a ³p« . ° X ö
à ³ õ 	 _µõ ¬ ]�à ¬ Y»[ ö`î _sà ¬ õ ± X�Y»[n] ³pý X ¬ õ ¬ � üþ°´ün¬ õ�à ¬mü _ ± õ ö ]3X ü^ö`³ _ ± à ¬ Y»_là �^«p¬ õ�æ���$ ÿ @ °5«ô¬ ] íï³ô±�¬G¬&ö
Y °4Öpö ] ³ õ ¬ ] «=� ¬ A 	�« _ ³/ö*°´ö`³ _ ± à ¬Mün¬ õKY»_là �^«p¬ õ 	 _µXZ] «p¬Cüþ°5«ôü X « à � X ±�¬�ü _µY»Y °5± à ¬ à ¬Cü _ ±1ö ] ¸µ«ô¬ ìsÞ�_µY»Y ¬
± _µXZõ «�� °z² _ ± õ ² X 	�« XZõ î�° X ö ò ³p«K¬ õ ö\°)	�	�° ]3X ý X �{° X ü X ±Z¬ à ¬½ün¬ õ ü _ ± à ³/ö�³ _ ± õ ±p� [ ö�°5³ôö´	�«p¬^³p±�¬ Y ¬^±ïö
] ¬ Y 	Z«p³p¬ ìª? «<± _5X�õ ° à�_ ±�ü õ ¬ Y /�« [ ± [ ün¬ õ3õ °5³ ] ¬ à � 5 ö ] °z²´°5³ô«p«ô¬ ]nò ¬&öH± _µXZõ ± _µXZõNõ`_µY»Y ¬ õ ö _µX ö à �{°4/ _µ]3à
ü _ ±�ün¬^±ïö ]`[^õ�õ3X�] «p¬ õ 	 ]3_ /�«#� Y ¬ õ ý X ³ õ ¬M	 _µõ ¬^±1ö�« _µ]`õ�à ¬»«=�{°4	�	�«p³ôüþ°´ö`³ _ ± à ¬�«ß° Y»_làZ[ «p³ õ °´ö`³ _ ± æ��+$ ÿ@ °5«p¬ ] íï³p±�¬ ì
W�_ ö ] ¬1	 ] ¬ Y ³ô¬ ]M_ /s¯3¬nü&ö�³ .�[ ö*°´³ôö à �{°´±�°5« 5sõ ¬ ] ¬&ö à ¬�«p¬&²µ¬ ] «p¬ õ�à ³ � ü X «ôö [nõ ³p±�î [^] ¬^±ïö`¬ õ *\«ß° Y\_sà�[ ÿ

«p³ õ °´ö`³ _ ± æ���$ ÿ @ °5«ô¬ ] íï³ô±�¬ ìb? «�ü _ ± õ ö�³ôö X ¬�«=�{° A ¬ Y °z¯3¬ X�]�à ¬ õm] ¬nü*î�¬ ] ü*î�¬ õ ý X ³K² _ ±1ö7�^ö ] ¬Õ¬ A 	 _µõ3[ ¬ õ^ì
æ�_5X�] ün¬^«ß° ò ± _5X�õ ± _µXZõ�õ`_5Y\Y ¬ õ ¬ õ`õ ¬n±1ö�³ô¬n«ô«p¬ Y ¬n±1ö�³p±1ö [^] ¬ õ3õ`[^õ ° X üþ° õ�à ¬ õN[ ü _µX «p¬ Y ¬^±1ö õ ³ô±�ü _µY 	 ] ¬ õ ÿ
õ ³#/�«p¬ õnì�� ± ¬ F ¬^ö ò «ô¬\ü _ ±1ö ] ¸µ«p¬»³p± õ ö*°´ö`³ _ ±Z±�°5³ ] ¬Û¬ õ öm«p¬D	�« X�õ�õ3_µX ²5¬n±1ö�°)	�	Z«p³pý X�[ *Jü^¬ õ�[ ü _5X «p¬ Y ¬^±ïö õH ü4� ¬ õ ö Y � Y ¬�¬ A ün« X�õ ³/²µ¬ Y ¬n±1öM«p¬�ün° õCà °5± õ «ô¬�üþ° àZ] ¬ à ¬o«ß° Y»_làZ[ «p³ õ °´ö`³ _ ± æ��+$ ÿ @ °5«p¬ ] íï³p±�¬"*�± _ ö ] ¬
ü _ ±�±�°5³ õ`õ °´±�ün¬KJ a ³p« õ�õ`_ ±1ö Y\_ ³p± õ ü _µY 	Z«p¬ A ¬ õ ¬&ö Y»_ ³p± õ ü _eØ ö`¬ XBA * õ ³ YmX «p¬ ]nò�àZ_ ±�üD	�« X�õ+. °5ü^³p«p¬ õ *
ü _ ±ïö ] ¸µ«ô¬ ]^ò ý X ¬½«p¬ õm[ ü _µX «ô¬ Y ¬n±1ö õ ü _µY 	 ] ¬ õ`õ ³#/�«p¬ õ ý X ³ _ ±1ö X ±�¬Õ²´° ] ³p°)/�«p¬ õ ün°5«ß°´³ ] ¬ à � [ ö*°,ö õ`X 	P	�« [ ÿ
Y ¬n±1ö*°5³ ] ¬C¬^ö Y\_sà�[ «p³ õ ¬n±1ö X ±�¬�	�î 5lõ ³pý X ¬"	Z« X�õ ü _µY 	�«ô¬ A ¬ H ³p« õ 	v¬ X ²µ¬n±1ö-	�° ] ¬ A ¬ Y 	�«p¬�	 ]`[^õ ¬n±1ö`¬ ]Nà ¬ õ
ü*î _ ü õ J ì�� ± _5X ö ] ¬ ò ± _µXZõMà ³ õ 	 _µõ ³ _ ± õHà � X ±Z¬'/�° õ ¬ à ¬ à�_ ±Z± [ ¬ õ ³ õ`õ`X ¬ à ¬T«p° õ ³ YmX «ß°,ö�³ _ ±Õ± X�Y\[^] ³ôý X ¬
à � X ± [ ü _5X «p¬ Y ¬^±ïö�ö ] ³ à ³ Y ¬n± õ ³ _ ±�±Z¬n« ò ö XZ] / X «ô¬n±1ö ò ³ô±�î _µY»_e( �^±�¬½¬^ö»³ô±�ü _µY 	 ] ¬ õ`õ ³�/�«ô¬ òFàZ_ ±1ö\«=� [ ö X�à ¬
à ¬�«ß° Y»_sà�[ «ô³ õ °,ö�³ _ ± æ���$ ÿ @ °5«ô¬ ] ís³ô±�¬�	�° ] °´³ õ`õ °5³ôö�	�° ] ö�³ôü X «ô³�� ] ¬ Y ¬n±1öK³p±1ö [n] ¬ õ`õ °5±1ö�¬ H ² _ ³ ] 	�« X�õ /�° õ J ì
W�_5X�õ ± _µXZõHõ`_µY»Y ¬ õ�à�_ ±�ü�ö _5X�] ± [^õ ²µ¬ ]`õ «p¬�üþ° õ�à ¬ õH[ ü _µX «ô¬ Y ¬n±1ö õ ³p±�ü _µY 	 ] ¬ õ3õ ³#/�«p¬ õ�à °5± õ «p¬�üþ° à�] ¬
à ¬oün¬�ö ] °þ²´°5³p« ì��_5X ö à �{°)/ _µ]3à�ò ³p« . °5«ô«ß°5³/ö à�[©� ±�³ ]�X ± Y\_sà �^«p¬ ]`[^à�X ³/ö�ü _ î [^] ¬n±1öGý X ³ õ3_ ³ôöT¬ A 	Z«p³pü^³ôö`¬ Y ¬n±1ö .>_ ±�üÒÿ
ö�³ _ ± à ¬ õÑY � Y ¬ õ ¬ F ¬&ö õ ¬n±1²s³ ]`_ ±�±�¬ Y ¬n±1ö�° XBA ý X ¬8«�� [ ü _µX «p¬ Y ¬^±1ö ò 	�« X�õ 	 ]`[ ün³ õ`[nY ¬n±1ö à ¬ õÍ.>_5] ün¬ õ
¬ A ö [n] ³ô¬ X�] ¬ õ ¬^ö à ¬ õ ü _ ± à ³ôö�³ _ ± õ ° XBA «ô³ Y ³ôö`¬ õnì;��]^ò£õ ³K«p¬Ûö ] °5³ôö`¬ Y ¬n±1öT¬ A 	�«ô³pün³/ö�¬ à ¬ õ ü _ ± à ³ôö`³ _ ± õ�à ¬$ ³ ] ³pü*îZ«p¬^ö õ`X�] «ß°\²s³ôö`¬ õ3õ ¬Û¬^ö à ¬mün¬ ] ö�°5³p±�¬ õ ü _ ± à ³ôö`³ _ ± õ�à ¬´O XRA ¬ õ öoü _ ±�± X�ò ün¬^« X ³ à � X ±�¬mü _ ± à ³/ö�³ _ ±
à ¬´O XRA ý X ³ . °5³/ö�³p±1ö`¬ ] ²5¬n±�³ ] «p¬Gö`¬n± õ ¬ X�]oà ¬ õ ü _ ±1ö ] °5³ô±ïö`¬ õ O X ³ à ¬ õ ±p� ¬ õ ö (µ[ ± [n] °5«p¬ Y ¬^±ïö"	�° õ�]`[^õ`_ « X
õ`XZ] «p¬'	�«ß°´± .>_µ]`Y ¬n« ò�Y °´³ õ ¬n±�± [0( «p³ ( ¬þ°5±1ö�ün¬ ] ö*°´³p± õ ö�¬ ]3Y ¬ õ�à ¬´/ _µ]3àYH ² _ ³ ] Ú �)� ÛC	�° ] ¬ A ¬ Y 	Z«p¬TJ ò ¬&ö«p¬�ö ] °5³/ö�¬ Y ¬n±1ö .>_µ]3Y ¬^« à�X ö`¬ ]`Y ¬ à ¬:	 ] ¬ õ3õ ³ _ ±�	 _µõ ¬'	�° ]6.>_ ³ õ 	 ]3_ /�«�� Y ¬ ì_? ün³ ò ± _µX�õ °z² _ ± õ�õ`_µX î�°5³ôö [
à�[©� ±�³ ]CX ±Z¬ Y»_làZ[ «p³ õ °´ö`³ _ ±�ý X ³�ö`³p¬^±�±�¬oü _µY 	Zö`¬ à ¬ õ ü _ ± à ³ôö�³ _ ± õCà ¬ $ ³ ] ³pü*îZ«p¬^öC¬&ö à ¬'O XRAEX�õ`X ¬^«p«ô¬ õnò
Y °5³ õ ° X�õ3õ ³ à�[ ö`¬ ]3Y ³ô±�¬ ] «�� _µ] ³ ( ³p±Z¬ à�X 	 ]`_ /�«#� Y ¬ àZX ö�¬ ]`Y ¬ à ¬2	 ] ¬ õ`õ ³ _ ± ò ² _ ³ ] ¬�«ô¬ ]3[nõ3_µX�à�] ¬ à�X 	 _ ³ô±ïö
à ¬�² X ¬ .>_µ]`Y ¬n« ì�Þ ¬^ün³�± [ ü^¬ õ3õ ³ôö�°5³ôö�	 ] ³p±�ü^³�	�°´«p¬ Y ¬n±1ö X ±Eö ] °þ²´°5³p« à ¬ õ>5 ±1ö�î�� õ ¬:/Z³�/�«ô³ _e(µ] °)	�î�³ôý X ¬ ì� ± õ`X ³/ö�¬ ò «�� _ /s¯3¬^ü^ö`³ .�[ ö*°5³/ö à � [ ö X�à ³p¬ ] «p° Y»_là�[ «p³ õ °´ö`³ _ ± æ���$ ÿ @ °5«p¬ ] íï³p±Z¬ à � X ± [ ü _µX «ô¬ Y ¬n±1öVö ] ³ à ³/ÿ
Y ¬n± õ ³ _ ±�±Z¬n«�¬^ö à ¬C± _µY / ] ¬ à ¬ � ¬ 5 ± _ « àZõ
[ «p¬^² [5ò *�ö ] °þ²5¬ ]`õ «�� _ / õ ¬ ] ²´°´ö`³ _ ± à ¬ õ ö ] °5± õ>. ¬ ] ö õKà � [ ±�¬ ]W( ³ô¬
¬^ö à ¬ õ ³p±1ö�¬ ] °5ü&ö�³ _ ± õ ¬n±1ö ] ¬C«p¬ õAY»_sà ¬ õ�æ���$Gò ° � ±»± _ ö�° Y»Y ¬^±ïö à �{°´±�°5« 5sõ ¬ ] «p¬ õAà ³ � ü X «ôö [^õ «p³ [ ¬ õ *�«p°
]`[^à�X ü&ö�³ _ ± à�X ± _µY / ] ¬ à ¬ Y\_sà ¬ õFæa��$ ý X ³ õ3_ ±1öAü _ ± õ ¬ ] ² [^õ 	 _µX�] ü _ ± õ ö ]3X ³ ] ¬N«p¬ Y\_sà �^«p¬ ì4� ±Û¬ F ¬^ö ò	 _µX�] ü^¬Nö 5 	v¬ à � [ ü _µX «p¬ Y ¬^±1ö ò «p°�ü _ ± õ ö ]3X ü^ö`³ _ ± à ¬ Y\_sà �n«ô¬ õ�]`[nàZX ³ôö õC� °)/�«ô¬ õ ¬ õ ö�	 ]3_ /�« [nY °´ö�³ôý X ¬�üþ° ]

®
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«p¬ õ�Y»_là ¬ õoæ��+$ ý X ³ õ3_ ±1ö ] ¬&ö�¬n± X�õ ±�¬ õ3_ ±1ö+	�° õ ¬^± Y ¬ õ3X�] ¬ à ¬ Y\_sà�[ «ô³ õ ¬ ] «�� ¬ F ¬^ö à ³ õ`õ ³#	�°´ö`³ .Aà ¬ õ	v¬^ö�³/ö�¬ õTõ ö ]3X ü^ö X�] ¬ õ�õ 	�°´ö�³p°5«p¬ õ�à ¬�«�� [ ü _µX «p¬ Y ¬^±1ö ì�Þ � ¬ õ ö:	 _µX�] ý XZ_ ³ ò�õ3X ³ô²´°5±1öo«=� ³ à�[ ¬ à � ��X / ]>5 $&4�.5+³ÙÚ � Û ò5à ¬H± _µY / ] ¬ XRA ° X ö`¬ X�]3õ ° X�(µY ¬n±1ö�¬^±1öK° ] ö`³ � ü^³p¬n«ô«p¬ Y ¬^±ïö�«ß°M²l³ õ ü _µõ ³/ö [Hà�X�Y»_là �^«p¬a	 _µXZ]A] ¬nü _µX ² ] ¬ ]«�� ¬ F ¬^ö à ¬ õ 	v¬^ö`³ôö�¬ õ�õ ö ]3X ü^ö X�] ¬ õMH 	�° ] ¬ A ¬ Y 	�«p¬ æ�_sà ²s³p± Ú · ®8ÛNJ ì &s³�ü^¬^ö3ö�¬ àZ[nY ° ] ü*î�¬T¬ õ ö"/�³ô¬n± .>_ ± à�[ ¬à °5± õ «p¬\üþ° à�] ¬ à ¬�ün¬ õÛ[ ö X�à ¬ õÍH 	�° ] «=� X ö�³p«ô³ õ °´ö�³ _ ± à � X ±�¬ à�[ ü _µY 	 _5õ ³ôö`³ _ ± î 5 / ] ³ à ¬ æ���$�î)U�_µX�] ³p¬ ]
¬^ö à ¬´	�° ] «ß°»±�°´ö XZ] ¬ à ¬ õ�[ ü _µX «p¬ Y ¬^±1ö õ�[ ö X�à ³ [nõ J ò}õ °�²´°5«p³ à ³ôö [Tà °5± õ�X ±�ün° à�] ¬´	�« XZõ�(µ[ ± [n] °5« ] ¬ õ ö`¬
ün¬0	<¬^± à °5±1ö"*D�&ö ] ¬Tü _5]`]`_ / _µ]3[ ¬'	�° ]Cà ¬ õ °5±�°´« 5sõ ¬ õ 	�î 5sõ ³ôý X ¬ õ�õ ³ Y ³p«p°5³ ] ¬ õ *�ün¬^«p«ô¬ õ ý X ³ _ ±ïö [ ö [T]`[ °ùÿ
«p³ õ`[ ¬ õ 	�° ]�ï ¬0/�/<¬ ] Ú �e� Û _µXð� ¬ Y 	 . ¬ ] $&4�.5+³Ù�Ú · ¯�Û ì�Þ � ¬ õ öTün¬Ûý X ¬�± _µX�õ °þ² _ ± õ ü*î�¬ ] ü*î [ * . °5³ ] ¬�¬n±¬ A 	�« _ ³ôö�°5±1öK«p¬ õ
à�_ ±�± [ ¬ õ ± X�Y\[^] ³ôý X ¬ õ ³ õ`õ`X ¬ õ�à ¬�«ß° õ ³ YmX «p°´ö�³ _ ± à � X ± [ ü _µX «ô¬ Y ¬n±1ö�ö ] ³ à ³ Y ¬n± õ ³ _ ±�±Z¬n«
ö XZ] / X «ô¬n±1öMý X ³ .>] °5±Zü*î�³ôö X ±Z¬ Y ° ] ü*î�¬ à ¬ õ ün¬n± à °5±1ö�¬ ì
æ ° ] «p° õ`X ³/ö�¬ ò ³p« . °5«p«p°5³ôö à�[ ²µ¬^« _ 	�	v¬ ]Hà ¬ õCY\[ ö�î _sà ¬ õN]`_ / X�õ ö`¬ õ ý X ³p	v¬ ]`Y ¬^ö3ö�¬^±ïö à ¬�üþ°5«ôü X «ô¬ ]Nà ¬ õ

Y»_là �^«p¬ õ�]`[^à�X ³ôö õ�� °)/Z«p¬ õ ¬^ö+	 _µX�]�X ±8ü _eØ öo³p± .>_µ]`Y °´ö�³ôý X ¬ ] °5³ õ3_ ±�±�°4/�«p¬ ò ¬^± ¬ õ`õ ° 5 °5±1ö à � ¬ A 	Z« _ ³/ö�¬ ]
«p¬ õ ³p± .>_5]`Y °´ö�³ _ ± õV_ /Zö�¬^± X ¬ õ « _µ]`õVà ¬C«�� [ ö XZà ¬�	�î 5lõ ³pý X ¬�	 ]`[ ü [^à ¬n±1ö�¬ ìB��� ± à �{°´ö3ö�¬^³p± à�] ¬Hün¬&ö _ /s¯3¬nü&ö�³ .¡ò
± _µXZõ °þ² _ ± õG_ 	lö [ 	 _µXZ]�X ±Z¬�°)	P	 ]`_ ü*î�¬ õ ³ Y ³p«p°5³ ] ¬´*Ñün¬n«ô«p¬ X ö`³p«p³ õ`[ ¬D	�° ] @ °5«ô«p¬&ö`ö�³ Ú µ¶TÛ _µX\$ ¬^«ô²s³p«ô«p¬Ú ÷�· Û ò ý X ³�ü _ ± õ ³ õ ö�¬7*»üþ°5«ô³�/ ] ¬ ]MX ± Y»_là �n«p¬ ]3[nà�X ³/ö�¬^± ö�³ ] °5±1ö�	 ]`_)� ö à ¬ õ�à�_ ±�± [ ¬ õ ö�¬ Y 	 _µ] ¬^«p«p¬ õ ý X ³õ`_ ±ïö .>_µXZ] ±�³ô¬ õ 	�° ] «p° æa��$Gò�Y °5³ õ ý X ³£±�¬ õ`_ ±1ö�	�° õCX ö`³p«p³ õ`[ ¬ õNà °´± õ «p° Y\[ ö�î _sà ¬ à ¬ @ °5«p¬ ] íï³p±Z¬ ì� ± � ± ò °)	 ] � õ ün¬&ö`ö�¬ [ ö X�à ¬ à ¬8«ß° Y»_làZ[ «p³ õ °´ö`³ _ ± æ��+$ ÿ @ °5«p¬ ] íï³p±�¬ ò ± _µXZõ ± _µX�õEõ`_µY»Y ¬ õ ³p±lÿ
ö [^] ¬ õ`õ`[^õ ° XBA ö�¬^ü*î�±�³ôý X ¬ õ ³ôö [n] °´ö�³/²µ¬ õ»à � X ö�³ô«p³ õ °´ö`³ _ ± à ¬ õÕY\_sà �^«p¬ õ»]`[^à�X ³/ö õ 	 _µX�] «p¬Jü _ ±1ö ] ¸µ«ô¬ à ¬ õ
[ ü _µX «ô¬ Y ¬n±1ö õ ³p± õ ö*°´ö`³ _ ±Z±�°5³ ] ¬ õ ° � ± à ¬ à�[ ²5¬n« _ 	�	v¬ ]Tà ¬ õ °5« (µ_5] ³ôö`î Y ¬ õ ¬ � ün°5ün¬ õ ¬^ö ]`_ / X�õ ö`¬ õ^ìC$ ¬ õ
¬ õ3õ °5³ õ ± XZY\[^] ³pý X ¬ õCõ`_ ±1ö�	 ]`[^õ ¬n±1ö [nõ *Û«p° � ± à ¬Tü^¬ à�_ ü X�Y ¬n±1ö ì
Þ ¬ Y»[nY»_ ³ ] ¬�¬ õ ö _µ]>( °5±�³ õ`[ ¬n±Eün³ô±�ýÕü*î�°4	�³ôö ] ¬ õoa

º ���P�C�N~T���\� 9£¬�	 ] ¬ Y ³ô¬ ] ü*î�°)	�³/ö ] ¬�	 ]`[^õ ¬^±ïö`¬�¬n± à�[ ö�°5³p««ß° à�[ ü _µY 	 _µõ ³ôö`³ _ ± _µ] ö`î _e(µ_ ±�°5«p¬M° XRA ²´°,ÿ
«ô¬ X�]3õ 	 ]`_ 	 ] ¬ õhH�æ���$ J õ3X�] «p¬ õ 	�«p°5± õ ö�î [^_µ] ³ôý X ¬�¬^ö1	 ] °´ö`³pý X ¬ ì 9£¬ õ 	 ]3_ 	 ] ³ [ ö [nõ ¬ õ3õ ¬n±1ö`³p¬n«ô«p¬ õ
à ¬�ün¬&ö`ö�¬ à�[ ü _µY 	 _µõ ³ôö`³ _ ± H�_ 	lö�³ Y °5«ô³ôö [´ò /�³ _µ] ö`î _e(µ_ ±�°5«p³/ö [ ¬&ö�ö ] °5± õ3Y ³ õ`õ ³ _ ± à ¬�ü^¬ ] ö*°5³ô±�¬ õ 	 ]`_ ÿ	 ] ³ [ ö [nõ J 5½õ`_ ±1ö ] °4	�	<¬^« [ ¬ õ 	 X ³ õ «p¬�üþ°´«pü X «�± X�Y\[^] ³ôý X ¬T¬ õ ö�°)/ _µ]`àZ[5ì

º ���P�C�N~T��� ¦ 9�° Y»_làZ[ «p³ õ °´ö`³ _ ± æ���$ ÿ @ °5«ô¬ ] ís³ô±�¬ à °5± õ «ô¬�ün° à�] ¬ à ¬�«p° Y»[ üþ°´±�³pý X ¬ à ¬ õ O X ³ à ¬ õ ¬ õ ö
«ô¬ õ3X ¯3¬^ö à�X�õ ¬nü _ ± à ü*î�°)	�³/ö ] ¬ ìª� 	 ] � õNX ±�¬�	 ]3[nõ ¬n±1ö*°´ö`³ _ ± (µ[ ± [^] °5«ô¬ à ¬�ün¬&ö`ö`¬ Y»_là�[ «p³ õ °´ö`³ _ ±Û¬&ö
«ô¬ ] °)	P	<¬^« à ¬ õ�[ ý X °,ö�³ _ ± õ£à ¬ W °þ²s³p¬ ] ÿ�&sö _ í´¬ õ^ò ± _µX�õ 	 ]3_ 	 _5õ`_ ± õ «p°Nü _ ± õ ö ]3X ü^ö`³ _ ± .>_µ]3Y ¬^«p«p¬ à � X ±
Y»_là �n«p¬ ]3[nà�X ³ôö�	 _µXZ]�X ± [ ü _µX «p¬ Y ¬^±1öV³ô±�ü _µY 	 ] ¬ õ`õ ³�/�«ô¬�ý X ³ïö`³p¬^±ïö�ü _5Y 	Zö`¬ à ¬ õ ü _ ± à ³/ö�³ _ ± õ ° XBA
«ô³ Y ³ôö�¬ õ�X�õ`X ¬^«p«ô¬ õnò ¬^öH¬^±Í	�° ] ö`³pü X «p³ô¬ ]Kà � X ±�¬�ü _ ± à ³ôö`³ _ ± à ¬�O XBAc. °5³ õ °5±1öN³ô±ïö`¬ ] ²µ¬n±Z³ ] «ô¬�ö�¬^± õ ¬ X�]
à ¬ õ ü _ ±ïö ] °5³ô±1ö�¬ õ O X ³ à ¬ õ^ì 9£¬�ün° õVà ¬ õF[ ü _µX «ô¬ Y ¬n±1ö õ ü _µY 	 ] ¬ õ`õ ³�/�«ô¬ õ^ò 	�« X�õ�à�[ «ô³püþ°,ö ò ¬ õ ö [ ² _ ý X�[´ì� ± � ± òKX ±�¬ à ¬ ] ±Z³�� ] ¬ õ ¬nü&ö�³ _ ±"³p«ô« X�õ ö ] ¬Õ«ß° Y\_sà�[ «p³ õ °´ö�³ _ ± æ���$ ÿ @ °5«ô¬ ] íï³ô±�¬ ]`[^à�X ³ôö`¬ õ3X�]»X ±
¬ A ¬ Y 	Z«p¬ à � [ ü _µX «p¬ Y ¬^±1ö�³ô±�ü _5Y 	 ] ¬ õ3õ ³�/Z«p¬�/�³ à ³ Y ¬n± õ ³ _ ±Z±�¬n«<«ß° Y ³p±�°´³ ] ¬ ì

º ���P�C�N~T���ñ® $ °´± õ «p¬»ö ]`_ ³ õ ³#� Y ¬�ü*î�°)	�³/ö ] ¬ òVX ± [ ü _µX «p¬ Y ¬n±1öG³p±�ü _µY 	 ] ¬ õ3õ ³#/�«p¬ ò ö ] ³ à ³ Y ¬n± õ ³ _ ±�±Z¬n«
¬&öEö X�] / X «p¬^±ïöEý X ³ .>] °´±�ü*î�³ôö X ±�¬ Y ° ] ü*î�¬ à ¬ õ ün¬n± à °5±1ö�¬(± _µX�õEõ ¬ ] ö à ¬ üþ° õÑà � [ ö X�à ¬ ìMó ±�¬
°5±�°5« 5sõ ¬Hý X °´«p³ôö�°´ö�³/²µ¬
¬^öKý X °5±1ö�³/ö*°´ö`³ô²µ¬ à ¬ õ ³p±1ö`¬ ] °´ü^ö�³ _ ± õ ¬^±ïö ] ¬C«p¬ õAY\_sà ¬ õ�æa��$ ° X�õ ¬^³p± à � X ±
Y»_là �n«p¬ æ���$ ÿ @ °5«ô¬ ] íï³ô±�¬o¬ õ ö�	 ]`_ 	 _µõ3[ ¬G° � ± à ¬Gün¬ ] ±�¬ ] «ô¬ õ ü _ ± õ3[ ý X ¬^±�ün¬ õ�à ¬G«p° ]3[nà�X ü&ö�³ _ ±
à�X ± _µY / ] ¬ à ¬ Y»_là ¬ õMæ��+$dà�XEY\_sà �^«p¬ ì�Þ ¬�ö ] °þ²´°5³ô«£° [ ö [ 	 X /�«p³ [�à °5± õ Ú ÷T� Û ìº ���P�C�N~T��� ¹ WM_µX�õ °þ² _ ± õ ¬^± õ`X ³/ö�¬�ü*î�¬ ] ü*î [ * à�[©� ±�³ ]Kà ¬�± _µX ²µ¬^«p«ô¬ õ�Y»[ ö`î _sà ¬ õ 	<¬ ]>.>_µ]3Y °5±1ö`¬ õKà ¬
ün°5«p³#/ ] °´ö`³ _ ±Ñ± X�Y»[n] ³pý X ¬ à ¬ õ�Y»_là �^«p¬ õ�]`[^à�X ³/ö õnò ¬n±�¬ õ`õ ° 5 °5±1ö à ¬Gö�¬^±�³ ] ü _µY 	Zö`¬ à ¬ õ ü _ ±�ü^« X ÿ

¹
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õ ³ _ ± õ�à�X ü*î�°)	�³/ö ] ¬�	 ]`[ ü [nà ¬^±1ö ì 9�°oüþ°5«ô³�/ ] °´ö�³ _ ±´	v¬ ]3Y ¬&ö X ±�¬ Y ¬n³ô«p«ô¬ X�] ¬N¬ A 	�« _ ³ôö�°´ö�³ _ ± à ¬M«�� ³p±lÿ.>_µ]3Y °,ö�³ _ ± .>_µXZ] ±�³ô¬2	�° ] «ß° æa��$ ¬&ö^	<¬ X ö õ ¬ ] ²s³ ]Fà ¬ XRAm_ /ï¯3¬nü^ö`³ .>õNa´à ³ Y ³p± X ¬ ] «ô¬ õ ü _eØ ö õFà ¬Nün°5«/ÿ
ü X « õNà ¬ õHY»_là �^«p¬ õ�]`[^à�X ³/ö õ ¬&öM° Y»[ «p³ _µ] ¬ ] «p¬ XZ] ü _5Y 	 _µ] ö`¬ Y ¬n±1öN± X�Y»[n] ³pý X ¬ ìP��]`_ ³ õNY\[ ö�î _sà ¬ õ
_µ] ³ ( ³ô±�°5«ô¬ õnò /�° õ3[ ¬ õ�õ3X�] «ß° ]`[^õ`_ « X ö�³ _ ± à � X ±ð	 ]`_ /Z«�� Y ¬ à � _ 	Zö`³ Y ³ õ °,ö�³ _ ± òõ`_ ±1ö'	 ]`_ 	 _µõ3[ ¬ õ ¬&ö
ö`¬ õ ö [ ¬ õnì

º ���P�C�N~T��� Â � ± � ± ò «�� _ 	Zö`³ Y ³ õ °,ö�³ _ ± à � X ± [ ü _µX «p¬ Y ¬n±1öT³p± õ ö*°,ö�³ _ ±�±�°5³ ] ¬G²s³ß°Ñ«ß° à�[©� ±�³/ö�³ _ ± à ¬\«p°
ü _µY\Y °5± à ¬ à � X ± °´ü^ö�³ _ ±�±�¬ X�] ¬ õ öm°)/ _5]`à�[ ¬ à °5± õ «p¬\ün³ô±�ý X ³�� Y ¬»ü*î�°)	�³/ö ] ¬ ì 9�� ° õ 	<¬^ü^öGö`î [n_ ÿ
] ³pý X ¬ à�X ü _ ±1ö ] ¸µ«p¬ à � X ± [ ü _5X «p¬ Y ¬^±ïö»³ô±�ü _µY 	 ] ¬ õ`õ ³�/�«ô¬¡	�° ]�X ±"°5ü^ö`³ _ ±�±Z¬ X�]�Y»_là�[ «p³ õ`[ 	�° ]
X ±Z¬�ü _ ± à ³/ö�³ _ ± à ¬ $ ³ ] ³ôü*î�«p¬&ö õ`X�] «ß°Û²s³ôö�¬ õ`õ ¬�¬ õ ö õ`X ³/²l³ à � X ±�¬�³p«ô« X�õ ö ] °,ö�³ _ ±Õ± X�Y\[^] ³ôý X ¬ ]3[ °5«ô³/ÿ
õ3[ ¬ à °5± õ «p¬�ün° õCà � X ± [ ü _µX «p¬ Y ¬n±1öC«p° Y ³ô±�°5³ ] ¬ ò /�³ à ³ Y ¬n± õ ³ _ ±Z±�¬n«<¬^ö à�[ ü _ «ô« [5ì
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798i¡ I�æ < èÈå4H F å9MGé ãGéÌåKâcåKäGã�Uªå4Z�åKâ�I!J K I
çp±�°4I!J K çÁäWM F ä�å F ä K ML· OPEQ;@¸
9�° à�[ ü _µY 	 _5õ ³ôö`³ _ ±E° XRA ²5°´«p¬ XZ]`õ 	 ]`_ 	 ] ¬ õ^ò ý X ¬G«�� _ ± à�[nõ ³ ( ±Z¬ ] °D	�° ] «ß° õ`X ³/ö�¬'	�° ]Mæ���$ÒH °5ü ]`_ ÿ

± 5sY ¬ à ¬ Ý 2�)*j�$&2´ÞN2Ò4-Ü�)`qs),%v.5+ x $*'*),��j�)zy&6-4�67),% J ò ¬ õ ö X ± _µX ö�³p«�ö`î [n_5] ³pý X ¬M¬^ö2	 ] °,ö�³pý X ¬ X ö`³p«p³ õ`[Hà °´± õà ¬�± _µY / ] ¬ XBAJà�_5Y °5³ô±�¬ õCà ¬ ] ¬^ü*î�¬ ] ü*î�¬Û¬^ö�ü _ ±�± X õ3_µX�õ 	�« X�õ ³p¬ X�]`õ °)	�	v¬n«p«p°´ö�³ _ ± õ�avà�[ ü _µY 	 _5õ ³ôö`³ _ ±
à ¬:ET° ] î X ±�¬^±lÿ�9 _ �^²µ¬ ò�.>_ ±�ü^ö`³ _ ± õ 	 ]3_ 	 ] ¬ õ�à ¬´& _ / _ «p¬&² ò °5±�°5« 5lõ ¬G¬^± ü _µY 	 _µõ °5±1ö`¬ õ 	 ] ³ô±�ün³#	�°5«p¬ õC_µX
¬n±Zü _µ] ¬ à�[ ü _µY 	 _µõ ³ôö�³ _ ±O¬^± .>_ ±�ü^ö`³ _ ± õ ¬ Y 	�³ ] ³pý X ¬ õ 	 ]`_ 	 ] ¬ õ^ì-� «p«ô¬�	v¬ ]`Y ¬^ö à ¬ à�[0� ±Z³ ]nò *\	�° ] ö�³ ]
à � X ±�¬ à�_ ±�± [ ¬

u(t)
ü _ ±�± X ¬7	 _µX�]

t
	�° ] ü _µXZ] °5±1ö X ±8¬^± õ ¬ Y /�«p¬ T à ³ õ ü ] ¬&ö _µX ü _ ±1ö�³p± X�ò}X ±�¬´/�° õ ¬_µ] ö�î _e(5_ ±�°5«ô¬E¬&ö _5]`à�_ ±Z± [ ¬ _ 	Zö�³ Y °´«p¬¡	 _µX�]�¹¡] ¬0	 ]`[^õ ¬^±ïö`¬ ]Wº

u
ì
Þ ¬^ö3ö�¬%/�° õ ¬ õ ¬ ] °@¬^± õ`X ³/ö�¬ X ö�³ô«p³ õ`[ ¬	 _µX�] ³ à ¬^±ïö`³ � ¬ ] «p¬ õKà ¬ (µ]`[^õ�à ¬M«p³#/<¬ ] ö [ «ô¬ õ 	�« XZõ
] ¬
	 ]3[nõ ¬^±1ö*°´ö`³ .>õ�à � X ± [ ü _5X «p¬ Y ¬^±ïöK¬&öNü _ ± õ ö ]`X ³ ] ¬ X ±

Y»_là �^«p¬ à ¬'	v¬^ö`³ôö`¬ à ³ Y ¬n± õ ³ _ ± (5]Üê ü^¬1*Û«p° Y»[ ö`î _sà ¬ à ¬ @ °´«p¬ ] íï³p± H ² _ ³ ] ü*î�°)	�³ôö ] ¬TeJ ì
æ « X�õM.>_µ]`Y ¬n«ô«p¬ Y ¬^±ïö ò «p¬Í	 ] ³p±�ü^³�	v¬ à ¬J«p° æa��$ ¬ õ ö\«p¬ õ`X ³ô²´°5±1ö a 	 _µX�]

u(t)
²s³ô²´°5±1ö à °5± õ\X ±

¬ õ 	�°5ü^¬ à ¬���³ô«�/v¬ ] ö
X
YGX ±�³ à�X 	 ]`_sà�X ³/ö õ ün°5«ß°5³ ] ¬

( . , . )X

¬&ö à ¬ õ °T± _µ]`Y ¬ ‖.‖X

³ô± à�X ³/ö�¬ ò ¬^ö [ ö�°5±1ö
à�_ ±Z± [oX ± _ 	 [^] °´ö`¬ X�]Cà ¬ Y»_�5 ¬n±�±Z¬ 〈.〉 õ3X�] T ò�_ ±½²5°Ûü _ ± õ ³ à�[n] ¬ ] «p¬ õHõ`_ « X ö�³ _ ± õNà�X 	 ]3_ /�«�� Y ¬

max
ϕ∈X∗

〈∥∥∥∥( u(t),
ϕ

‖ϕ‖X

)X

ϕ

‖ϕ‖X

∥∥∥∥
X

2
〉
,

_ed
X∗ = X \ {0} ìB��X ö ] ¬ Y ¬n±1ö à ³/ö òï_ ± Y ° A ³ Y ³ õ ¬C«ß°�± _µ]`Y ¬ à ¬�«ß°'	 ]`_ ¯3¬^ü^ö`³ _ ± à ¬ u õ`X�] «ß° àZ]`_ ³/ö�¬²µ¬^ü^ö _µ] ³ô¬n«p«ô¬ à ¬ à ³ ] ¬nü&ö�³ _ ±

ϕ
¬n± Y»_T5 ¬n±Z±�¬ õ3X�] T ìlW�_ ö`¬
V�ý X � ¬^± (µ[ ± [^] °5« _ ±Ã	 ]`[©. � ] ¬�«ß° .>_µ]`YmX «ß°´ö`³ _ ±[ ý X ³/²´°5«p¬^±ïö`¬ õ`X ³/²5°´±ïö`¬ a

max
ϕ∈X∗

〈
( u(t), ϕ )X

2〉

( ϕ, ϕ )X

.
H ÷5ìô÷ J

Þ�_µY»Y ¬½± _µX�õ °5«p« _ ± õ «ô¬Õ² _ ³ ]nò ³ô«N¬ õ öÃ	 _µõ3õ ³�/Z«p¬ ò 	�° ] ö�°5±1ö à ¬Ñün¬¢	 ]`_ /Z«�� Y ¬ òVà ¬ à�[0� ±Z³ ]�X ±�¬Í/�° õ ¬
_ 	Zö`³ Y °5«p¬�	 _5X�]H] ¬0	 ]`[^õ ¬n±1ö`¬ ]

u
ì 9�° à�[ ü _µY 	 _5õ ³ôö`³ _ ± à ¬

u
à °5± õ ü^¬^ö`ö`¬+/�° õ ¬T¬ õ ö õ ° æa��$Gì

9�°ð/�° õ ¬ _ /Zö�¬^± X ¬ òKà ³ôö`¬ 0*.,yz$ Ý Þ x×_5X 0*.,yz$Ñ��)nr1.5+p$ ò ± _µX�õM.>_µX�] ±�³ôö à °´± õ\X ±"ün¬ ] ö�°5³p± õ ¬^± õX ±�¬�°´±�°5« 5sõ ¬ YmX «ôö`³ ]3[nõ`_ « X ö`³ _ ± _ 	Zö`³ Y °5«p¬ à�X�õ`_5X�õ ÿ ¬ õ 	�°5ün¬D	�° ] ü _µX�]3X 	�° ]
u(t)

	 _5X�]
t ∈ T ò}Y °5³ õ¬n«ô«p¬�±p� ¬ õ ö .Tjv2Ò67),2Ò6 	�° õ /�³p¬^± ° à °)	Zö [ ¬'* X ± [ « [nY ¬n±1öMý X ¬n«ôü _ ±�ý X ¬ à ¬ X ò ü _5Y\Y ¬�	 _5X�]`] °5³ôöH«=�!�&ö ] ¬X ±�¬�/�° õ ¬ à � _ ± à ¬n«ô¬^ö3ö�¬ õ 	�° ] ¬ A ¬ Y 	�«p¬ ìa? « 5 ° à�_ ±�ü X ±�¬ à ³ õ ö�³ô±�ü^ö`³ _ ± [ 	Z³ õ ö [nY»_ « _)( ³pý X ¬E³ Y 	 _5] ÿ

ö*°´±ïö`¬Û¬n±1ö ] ¬ ò£à � X ±�¬7	�° ] ö ò ün¬ ] ö*°´³p±�¬ õ /�° õ ¬ õ ün«p° õ`õ ³pý X ¬ õoX ö`³p«ô³ õ`[ ¬ õ ¬n± Y °,ö�î [^Y °´ö`³pý X ¬ õ °)	�	�«ô³pý X�[ ¬ õnò
ü _5Y\Y ¬C«p¬ õ /�° õ ¬ õ 	 _ « 5 ±�¸ Y ³ß°5«ô¬ õnò5à � [ « [^Y ¬^±ïö õ�� ±�³ õ^òsà ¬ U�_µX�] ³p¬ ]�_µX\à � _ ± à ¬^«p¬^ö3ö�¬ õnò ý X ³3	v¬ ]3Y ¬&ö`ö�¬^±1ö
à ¬ à�[©� ±�³ ] .Ûjv2Ò67),2Ò6 X ±8¬ õ 	�°5ün¬�¯ XZà ³pü^³p¬ XRA à ¬mö ] °þ²´°5³p« à ¬ à ³ Y ¬n± õ ³ _ ± � ±�³ à °5± õ «p¬^ý X ¬n« _ ± ²´°h	�° ]¬ A ¬ Y 	�«ô¬2	 _µX ² _ ³ ]�]`[nõ3_µX�à�] ¬ X ±7	 ]3_ /�«#� Y ¬�° XRA7��$�æ�ò ¬^ö ò´à �{° X ö ] ¬2	�° ] ö ò´X ±�¬`/�° õ ¬ æ���$ ü _ ± õ ö ]3X ³ôö`¬
.Hj�)zy&4�$&2Ò67),2Ò6 *�	�° ] ö`³ ]�à � X ±�¬ ]`[©.>[n] ¬^±�ün¬ u ò,à�_ ±1ö�«�� ³p±1ö [n] �&öF¬&öA«�� X ö�³ô«p³ õ °´ö`³ _ ±�	 ] °´ö�³ôý X ¬ õ`_ ±ïö à ³ F<[n] ¬n±1ö õ^ì
Þ ¬Õü*î�°)	Z³ôö ] ¬�¬ õ öÛü _ ± õ °´ü ]`[ *J«ß° à ¬ õ ü ] ³#	Zö�³ _ ± à ¬�«ß° àZ[ ü _5Y 	 _µõ ³/ö�³ _ ±@° XBA ²´°5«ô¬ X�]3õ 	 ]3_ 	 ] ¬ õ ¬&ö

ü _ ± õ ö`³ôö X ¬ X ±�¬ ] ¬^² X ¬ à ¬N«�� [ ö�°´ö à ¬�«=�{° ] ö à ¬N«ß° æ��+$�ì ß «=� ¬ A ün¬
	lö�³ _ ± à�X 	�° ] ° (µ] °)	�î�¬ ÷µì< �ì!  ý X ³l± _5X�õ
õ ¬ Y /�«ô¬ _µ] ³ ( ³ô±�°5« ò «p¬ õ�]3[nõ`X «ôö*°,ö õ 	 ]`[^õ ¬n±1ö [nõ ³pü^³ õ`_ ±1ö àZ[ ¯W*\ü _ ±�± X�õ ¬&ö�	 ]`_ ²s³p¬n±Z±�¬n±1ö�	 ] ³p±�ü^³�	�°´«p¬ Y ¬n±1ö
à ¬ Ú ø) Zò�øµø ÛH¬^ö Ú  Á� Û�	 _µX�] «ô¬ õÛ]3[nõ`X «ôö*°,ö õ ö�î [n_µ] ³pý X ¬ õ ¬&ö Ú ÷T� Û-	 _5X�] «ß°�	�° ] ö�³ô¬Õö ] °5³ôö�°5±1ö à�X üþ°5«ôü X «	 ] °´ö�³ôý X ¬ ì9�° æa��$�à ³ õ ü ] �^ö`¬ H ¬n± õ ¬ Y /�«p¬ T à ³ õ ü ] ¬^öÈJ õ � °þ²e� ] ¬��&ö ] ¬ X ±Û³p±1ö�¬ ]`Y»[nà ³p°5³ ] ¬
¬^±1ö ] ¬C«p° æ��+$ ü _ ±1ö�³/ÿ± X ¬ H ¬^± õ ¬ Y /�«ô¬ T ü _ ±1ö�³ô± X J ò ý X ³�ü _µ]`] ¬ õ 	 _ ± à ° X ün° à�] ¬�ö�î [^_µ] ³ôý X ¬�«p¬"	�« X�õ «p° ]W( ¬�¬^öH«ô¬"	�« XZõHõ °´ö`³ õ ÿ. °5³ õ °5±1öAÿ Y °5³ õ ° X�õ`õ ³<«ô¬�	�« X�õ «ß°4/ _µ] ³p¬ XBA ÿ ò ¬^öN«ô¬Cüþ°5«ôü X «�± X�Y»[n] ³pý X ¬�	 ] °´ö`³pý X ¬ ìïæ ° ]Kõ`_µX ü^³ à ¬�ün«p° ] ö [5ò
É
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± _µXZõ °þ² _ ± õ °5³p± õ ³Hü*î _ ³ õ ³ à ¬Í	 ]3[nõ ¬^±1ö�¬ ]\à ¬ Y °´±�³�� ] ¬ ] ³ (µ_µX�] ¬ X�õ ¬Ñ¬^ö à�[ ö�°5³p«ô« [ ¬Õ«ß° æ���$Éà ³ õ ü ] �^ö`¬	 _µX�] ü _µY»Y ¬^±�ün¬ ]+H�õ ¬nü^ö`³ _ ± ÷µìô÷ J ì &s¬ õ 	 ] ³p±�ü^³�	�°´«p¬ õ 	 ]`_ 	 ] ³ [ ö [^õ�õ3_ ±1ö à�_ ±�± [ ¬ õ'H>õ ¬nü&ö�³ _ ± ÷µì/÷µì eJ
°5³ô± õ ³
ý X � X ±�¬ Y\[ ö�î _sà ¬ à ¬Ûü _ ± õ ö ]`X ü^ö�³ _ ± à � X ±�¬M/�° õ ¬ æa��$Gò «p° Y»[ ö�î _là ¬ à ¬ õ ün«ô³pü*î [^õDH�õ ¬^ü^ö`³ _ ± ÷µì/÷µì ø J ò
ý X ³ õ ¬ ] ° X ö�³p«ô³ õ3[ ¬ à °5± õ «ô¬ õ ü*î�°)	�³/ö ] ¬ õ\ø *(¶ ì 9�° æ���$Ëõ ¬ ] °(¬n± õ`X ³/ö�¬ [ ö�¬^± à�X ¬ ° X üþ° õ ü _ ±1ö`³p± X
à °5± õ «ô¬¢	�° ] ° (5] °)	�îZ¬ ÷5ì  ò ¬&ö X ±"«ô³p¬n± õ ¬ ] ° [ ö�°)/�«p³C°þ²5¬nüE«ß° æa��$Éà ³ õ ü ] �&ö�¬ ì 9£¬Í	�° ] ° (µ] °)	�î�¬ ÷µì ø	 ]3[nõ ¬^±1ö�¬ à � ° X ö ] ¬ õ 	 ]`_ 	 ] ³ [ ö [^õNà ¬�«p° æ���$ à ³ õ ü ] �^ö�¬ òZX ö`³p«ô³ õ`[ ¬ õ ± _ ö�° Y\Y ¬n±1öa	 _5X�] «p° Y»_là�[ «p³ õ °´ö`³ _ ±
æ���$ ÿ @ °5«p¬ ] íï³p±Z¬ H ü*î�°)	�³/ö ] ¬meJ ì 9£¬´	�° ] ° (µ] °)	�î�¬ ÷µì<  ¬ õ ö�ü _ ± õ °5ü ]`[ *»«ß° ] ¬n«p°´ö�³ _ ±E¬n±1ö ] ¬ æ��+$�à ³ õ ÿ
ü ] �^ö`¬m¬^ö ¤ 6-%sq5kl+/.52�¥�.5+|k$ x $*'*),��j�)zy&6-4�67),% H &ªg $ J ì 9^� [ ý X ³ô²´°5«ô¬n±�ü^¬G¬n±1ö ] ¬mü^¬ õ�à ¬ XBA Y\[ ö�î _sà ¬ õ ¬ õ öY»_ ±1ö ]`[ ¬ ò ün¬�ý X ³�	v¬ ]`Y ¬^ö à � °)/ _5]`à ¬ ] «p¬Müþ°´«pü X «<± X�Y»[n] ³pý X ¬ à ¬�«ß° æ��+$ 	 _µX�] «p¬^ý X ¬n«v«p¬ õ
Y\[ ö�î _sà ¬ õ(µ[ ± [n] °5«p¬ Y ¬^±ïö X ö�³p«ô³ õ3[ ¬ õHõ3_ ±1ö�	 ]`[^õ ¬n±1ö [ ¬ õ�à °5± õ «p° õ ¬nü&ö�³ _ ± ÷5ì ¶ ì
»1¼!» ÄÆÅ�Ç º½¿nÀ�Ö
ÍP½NÂ�Ì×ÌNÂ Ú ¼NÂ®¾½¹»ºÑÌÏº½ÌCÀ Ö�¾&¿^Ö�¾Ñ¼CÀ

� ± õ3X 	�	 _µõ ¬�³ôün³<ý X ¬�«�� _ ±½ü _ ±Z±�°4Öpö
u
	 _µX�]

N ∈ ? W ∗ ³p± õ ö*°´±ïö õ ti a T = (ti)i=1..N ¿ _ ±Õ²´°Û°5³ô± õ ³à�[©� ±�³ ]�X ±�¬ æ���$ *c	�° ] ö�³ ]�à ¬
N '&+|67'*Ü��*y ui = u(ti)

à ¬
X
ìp� ± õ3X 	�	 _µõ ¬ à ¬7	Z« X�õ ý X � X ±8ü^«p³pü*î [

° XÑY»_ ³p± õ ±¶� ¬ õ ö�	�° õ ± X « ì
ÀyÁÂÀyÁxÀ ÃÅÄ�Æ5Ç � �l� � Ç

9�° Y»_T5 ¬n±Z±�¬»ö`¬ Y 	 _5] ¬n«ô«p¬�ü _ ± õ ³ à�[^]`[ ¬\¬ õ ö�«ß° Y»_�5 ¬n±�±Z¬�° ] ³ôö`î Y\[ ö�³ôý X ¬ õ`X�] «p¬ õ
N
³p± õ ö*°5±1ö õ

ti
ì9£¬+	 ]`_ /Z«�� Y ¬ H¡÷µìô÷ J õ � [ ü ] ³ôö à�_ ±Zü

max
ϕ∈X∗

1

N

N∑

i=1

( ui, ϕ )X
2

( ϕ, ϕ )X

.
H ÷5ì eJ

X
¬ õ ö X ±Û¬ õ 	�°5ü^¬ ]3[ ¬^« à ¬���³ô«�/v¬ ] ö õ3[ 	�° ] °)/�«ô¬ ò ¬^±7	�° ] ö`³pü X «p³ô¬ ]

X =
9 2(Ω)

n H
Ω ⊂ ? � d J _µX X =

? � nü _ ±ï²s³ô¬n±�±�¬^±1ö ì
�'�8�S�^���K�N~����3} �ÉÈ $Hjv2�)50n+pÝ&��$~ÊWËÁÙ�Ì!Í\.1r5��$&4
.5kJ��),6-%Zy�kl%}$�yz),+|ks4�67),%�Ù
9�° à�[^Y\_ ± õ ö ] °´ö�³ _ ± à ¬Õün¬ ]3[nõ3X «ôö�°´ö H>à�_ ±�± [ ¬ à °5± õ Ú ø4  Û2	�° ] ¬ A ¬ Y 	�«ô¬TJo¬ õ öm³ Y 	 _µ] ö*°5±1ö`¬\ün° ] ¬^«p«p¬± _µXZõ�à�_ ±�±�¬ X ±%	 ] ¬ Y ³p¬ ]CY\_T5 ¬^± à ¬ à�[ ö�¬ ]`Y ³p±�¬ ] «ô¬ õCõ`_ « X ö`³ _ ± õ ¬&öM²´°�± _µX�õ 	v¬ ]`Y ¬^ö3ö ] ¬ à ¬ à�[©� ±�³ ]
«ß° æ���$Gò ü)� ¬ õ ö�	 _µXZ] ý X�_ ³ _ ±E¬n± à�_ ±Z±�¬o«p¬ õ-(5] °5± à ¬ õ «p³ ( ±�¬ õ^ì
�'�8�R�;����Êf� ± à�[0� ±Z³ôöC«�� _ 	 [n] °´ö�¬ X�]

K
a
X −→ X

ϕ 7−→ Kϕ =
1

N

N∑

i=1

( ui, ϕ )X ui.

K
¬ õ ö»«ô³p± [ °5³ ] ¬\ü _ ±1ö�³p± X Y °5³ õ ° X�õ`õ ³Hü _µY 	�°5ü&ö ò ° X ö _ ÿ�° à ¯ _ ³ô±1öm¬^öM	 _µõ ³ôö�³ .¡ì & _ ± ³ Y ° ( ¬ ?�Y

(K) =g�¬nü&ö
(ui)i=1..N = Y

¬ õ ö à ¬ à ³ Y ¬n± õ ³ _ ± � ±Z³p¬
dY ≥ 1

H ° X Y\_ ³ô± õCX ± ü^«p³pü*î [ ¬ õ ö�± _ ± ± X «NJ ò ¬^ö õ3_ ±
¾
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çp±�°4I!J K çÁäWM F ä�å F ä K ML· OPEQ;@¸
± _T5 ° X ¬ õ ö-Eo¬ ]

(K) = Y ⊥ ì K ° à�Y ¬^ö à�_ ±�ü dY ≥ 1
²´°5«ô¬ X�]KH�õ J�	 ]`_ 	 ] ¬ H�õ J õ ö ] ³pü&ö�¬ Y ¬^±ïö2	 _5õ ³ôö`³ô²5¬ H�õ J

ý X ¬T«�� _ ±¡	<¬ X ö ] °5± ( ¬ ] 	�° ]M_5]`à�] ¬ à�[ ü ]`_ ³ õ`õ °´±ïö a
λ1 ≥ · · · ≥ λdY

> 0.

K
± _µX�õ 	<¬ ]`Y ¬^ö à ¬ ] ¬ à�[©� ±�³ ] «ô¬�	 ]`_ /Z«�� Y ¬ H¡÷µì )J�ü _µY»Y ¬ õ3X ³ôö a

��]`_µX ²µ¬ ]
φ∗ ∈ X∗ ö`¬n«£ý X ¬ ( Kφ∗, φ∗ )X

( φ∗, ϕ )X

= max
ϕ∈X∗

( Kϕ,ϕ )X

( ϕ, ϕ )X

.
H ÷5ì{ø J

& _ ³ô¬n±1ö
φ∗ X ±�¬ õ3_ « X ö`³ _ ± à ¬ H¡÷µì ø J�¬^ö ϕ ∈ X∗ ý X ¬n«ôü _ ±�ý X ¬ ì3� ± à�[©� ±�³ôö Fϕ :

? � −→ ? � 	�° ]
Fϕ(ε) =

( K(φ∗ + εϕ), φ∗ + εϕ )X

( φ∗ + εϕ, φ∗ + εϕ )X

.

æ ° ]MàZ[0� ±�³/ö�³ _ ± ò
Fϕ(ε) ≤ Fϕ(0)

à�_ ±Zü
F ′

ϕ(0) = 0
ò ün¬oý X ³£± _5X�õ�àZ_ ±�±�¬o«ß° ] ¬n«p°´ö�³ _ ± õ`X ³/²´°5±1ö�¬

( φ∗, ϕ )X =
( Kφ∗, φ∗ )X

( φ∗, φ∗ )X

( φ∗, ϕ )X

ý X ³£¬ õ ö�²´°5«p°)/�«ô¬�	 _µX�] ö _µX ö
ϕ ∈ X∗ ò�Y °5³ õ ° X�õ`õ ³�ö ] ³/²l³p°5«p¬ Y ¬^±1ö`	 _µX�] ϕ = 0

ìS� ± _ /Zö`³p¬n±1ö à�_ ±�ü
Kφ∗ = λφ∗ ¬^±%	 _µõ °5±1ö λ =

( Kφ∗, φ∗ )X

( φ∗, φ∗ )X

.

�C[ ün³#	 ]`_ ý X ¬ Y ¬n±1ö ò ö _µX ö�²5¬nü&ö�¬ XZ] 	 ]`_ 	 ] ¬
ϕ∗ ü _µ]3] ¬ õ 	 _ ± à °5±1ö+*�«p°Ã	�« X�õ�(5] °5± à ¬�²´°5«p¬ X�] 	 ]`_ 	 ] ¬ λ1à ¬

K
õ °´ö�³ õ>. °5³/ö H ÷5ì{ø J ì

2

� ³ô± õ ³ òA_ ± õ °5³ôö à�[©� ±�³ ] «�� ¬n± õ ¬ Y /�«p¬ à ¬ õ»õ`_ « X ö`³ _ ± õ�à ¬ H ÷µì eJ´	�° ]»X ±[	 ]`_ /Z«�� Y ¬E° XBA ²´°5«ô¬ X�]3õ	 ]3_ 	 ] ¬ õnì
Î �b�ª�S�8»R�����ÉÈtÏ $&%Zyz$&�»0n+p$�rs$*yÛyz),+|kl4�67),%ZyÕrs$ÐÊWËÁÙ�Ì!Í8$*y&4o'*),%Zy&4�6-4�k�Õrs$*y\95$*'&4�$&kl2�yojv2�)*jv2*$*yÕrs$ K.,y*yz)z'&67�*y ì +/.Tjv+|k1y�q523.5%vrs$o9,.5+p$&ks2Njv2*)*jv2�$ λ1

Ù
Þ ¬ ]`[nõ3X «ôö�°´öC± _µXZõ 	 _µX�õ3õ ¬1*�ü _ ± õ ³ à�[^] ¬ ] «�� ¬n± õ ¬ Y /�«p¬ à ¬ õ�õ3_µX�õ ÿ�¬ õ 	�°5ü^¬ õ 	 ]`_ 	 ] ¬ õMà ¬

K
¬&ö õ ¬ õ 	 ]`_ ÿ	 ] ³ [ ö [nõaH�_5X ¬^±�ü _µ] ¬�* ]3[ ³ôö [n] ¬ ] «p¬^	 ]`_ ün¬ õ3õ`X�õ *�	�° ] ö`³ ]�à ¬

u
° X ý X ¬n« _ ±�° X�] °5³ôö£° X 	 ]`[ °´«ß°)/�«ô¬ õ`_5X�õ ö ] °5³/ö

õ °Í	 ]3_ ¯3¬nü&ö�³ _ ± õ3X�] «�� ¬ õ 	�°5ün¬M	 ]3_ 	 ] ¬Ûý X ¬\«=� _ ± ²s³ô¬n±1ö à � _ /Zö�¬^±�³ ]^ìôì/ì J ì;$ � ° X ö�°5±1ö1	Z« X�õ ý X ¬ ò
K
[ ö�°5±1ö

ü _5Y 	�°´ü^ö
¬^öH° X ö _ ° à ¯ _ ³p±1ö ò «p¬ 4>Ü��*),2�Ý&��$Cy�j�$*'&4�23.5+ H Ú ÷ ® ò 	 ì �Á· ÛNJA± _µX�õ ° õ`õ3X�] ¬�«�� ¬ A ³ õ ö�¬n±Zün¬ à � X ±Z¬�/�° õ ¬î�³ô«�/v¬ ] ö`³p¬^±�±�¬ à ¬Ñ²µ¬^ü^ö`¬ X�]3õ 	 ]3_ 	 ] ¬ õ�à ¬ ?�Y
(K) =

g�¬nü&ö
(ui)i=1..N = Y

à °5± õ «ß°5ý X ¬^«p«ô¬ _ ±I	<¬ X ö
à�[ ü _µY 	 _5õ ¬ ] «ô¬ õ ün«ô³pü*î [^õnì
�¡�iÑC}��N~����3}L�×�>µ��_�
���7�D� ���]�K�e��»Á~T����¤ ),6-4 λ1 ≥ · · · ≥ λdY

> 0 +p$*yÛ9,.5+p$&kl2�y�jv2�)*jv2�$*yGy&4�2Ò67'*Ò4�$&��$&%�4Mj�)zy&6-4�6-95$*yfÊ +p$*y .5ks4�2�$*yÑyz),%�4T%�kl+-+p$*y�Í@rs$ K 23.5%sqs�*$*yÛjZ.52 ),2`r52�$ rs�*'&2�),6py*yn.5%�4�Ù Ý ),ks2Ñ4¡),ks4
M ∈ [[1, dY ]] Ó ),%E.&j1j�$&+-+p$M0*.,yz$ Ý Þ x Ê¡r56pyz'&2�Ý&4¡$�ÍTr Ï ),2`r52�$ M 4�),ks4¡$®Ô^.5�Û6-+-+p$ (ϕi)i=1..M

rs$C95$*'&4�$&ks2*y
jv2�)*jv2�$*ym),2Ò4-Ü�),%}),2&�».5k´ú½.,y*yz)z'&67�*y
ÙQÕ
$*y�95$*'&4¡$&ks2�yHjv2*)*jv2�$*ym),23rs),%�%}�*y�yz),%�4N.&j1j�$&+p�*yo��)nrs$*y Ý Þ x Ù
�ª½
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¹ 9�° º /�° õ ¬ æ���$ ¬ õ ö à�_ ±�ü X ±Z³pý X ¬�° XBAÑõ3_µX�õ ÿ ¬ õ 	�°5ün¬ õ 	 ]3_ 	 ] ¬ õCà ¬

K
	 ] � õnì�� ±�	�° ] ö�³ôü X «ô³p¬ ]nòZõ ³£«p¬ õ

²´°5«p¬ X�]`õ 	 ]`_ 	 ] ¬ õ
λi
õ3_ ±1öNö _µX ö�¬ õHà ³ F<[n] ¬^±1ö�¬ õ^ò�à ¬ XBA /�° õ ¬ õCæ���$

(ϕk)
¬&ö

(ϕ̃k)
õ`_ ±ïöC³ à ¬n±1ö`³pý X ¬ õ ° X

õ ³ ( ±�¬�	 ] � õTa
ϕk = ±ϕ̃k

ì� ±h	<¬ X öa/�³p¬^±h	�° ] «p¬ ]�à ¬ ¹¡à�[ ü _µY 	 _µõ ³/ö�³ _ ± º 	 X ³ õ ý X ¬�	 _5X�] ö _µX ö`¬�/�° õ ¬ æ���$ à � _µ]`àZ] ¬
M = dY

u(ti) =

dY∑

k=1

( u(ti), ϕk )X ϕk

H ÷5ì!  J
	 _µX�] ö _5X ö

i ∈ [[1, N ]]
ìvÞ � ¬ õ ö�ün¬&ö`ö`¬ [ ý X °´ö�³ _ ±Ñý X ³�¬ õ öM«ô³ôö`ö [n] °5«p¬ Y ¬^±ïö ¹ «p° º�æa��$ à ³ õ ü ] �&ö�¬ à ¬

u
ì

ÀyÁÂÀyÁ×Ö ØÚÙ �l� � �yÛ � � Ä  }�ÝÜ Ù  �Þ���� àß ØáÃ
9^� ³ô±ïö [n] �^ö à � X ±�¬�/�° õ ¬ æ���$ ¬ õ öHý X � ¬^«p«ô¬"	<¬ ]`Y ¬^ö à ¬ ] ¬0	 ]`[^õ ¬^±ïö`¬ ] «p¬ õ ün«ô³pü*î [^õNà ¬ Y °5±�³#� ] ¬ _ 	Zö`³/ÿ

Y °5«p¬ a
�'���S�^�3�
��~�����} ¦ �>�1���S���4���Á~T�ÍÄ ��}��b�_���R}3~K�_�]�������]�Q�7�D� ���=�
�e�8»Á~T���f¤ ),6-4 M ∈ [[1, dY ]] $&4
(ϕk)

kl%}$T0*.,yz$ Ý Þ x r Ï ),23r52*$ M Ù�â�+p),2�yHj�),kl2o4�),kl4�$yÔ^.5�Û6-+-+p$m),2Ò4-Ü�),%}),2&�».5+p$ (ψk)k=1..M Ó ),%8.
1

N

N∑

i=1

∥∥∥∥∥ui −
M∑

k=1

( ui, ϕk )X ϕk

∥∥∥∥∥
X

2

≤ 1

N

N∑

i=1

∥∥∥∥∥ui −
M∑

k=1

( ui, ψk )X ψk

∥∥∥∥∥
X

2

.
H¡÷µì ¶eJ

Õ
$&4�4�$@jv2�)*jv2Ò67�&4¡�w$*y&4�Ôþ),%vr1.5��$&%�4 .5+p$8jvks6pyn�nk$ Ó 2��*'&6{jv2*)n�nk�$&��$&%�4 Ó 4�),kl4�$ãÔ^.5�Û6-+-+p$ ),2Ò4>Ü�),%}),2Ò�».5+p$
(ϕk)k=1..M

+/.�95�&2&6 í
.5%�4N$*y&4Kkl%}$G0*.,yz$ Ý Þ x r56pyz'&2�Ý&4¡$Gr Ï ),23r52�$ M Ù
æ�_5X�] «ß° à�[^Y\_ ± õ ö ] °´ö�³ _ ± à ¬oün¬ ]`[^õ`X «/ö*°´ö ò «p¬�«ô¬nü&ö�¬ XZ] 	 _µX�]3] °Ûü _ ± õ`X «/ö�¬ ] Ú ø)  Û�¬^ö Ú  Á� Û ìW�_ ö _ ± õ ý X � X ±Z¬�° X ö ] ¬ .>_µ]`YGX «ß°´ö`³ _ ± [ ý X ³ô²´°5«ô¬n±1ö�¬ òsàZ_ ±�± [ ¬ à °5± õ Ú ÷T� Û ò ¬ õ ö à ¬ àZ[0� ±�³ ]
X ±�¬ æ���$à ³ õ ü ] �^ö`¬ à � _µ]3à�] ¬

M
ü _µY»Y ¬ X ±�¬ õ`_ « X ö�³ _ ± à ¬

max
ϕ1···ϕM

M∑

k=1

1

N

N∑

i=1

( ui, ϕk )X

õ`_5X�õ «ß°Ûü _ ±1ö ] °5³ô±ïö`¬�ý X ¬�«ô¬ õ
ϕk

õ3_ ³p¬^±1ö _5] ö�î _ ± _µ]3Y ° XRA}ì? «�¬ õ ö�³ Y 	 _5] ö*°´±ïö à ¬ õ3_µX «ô³ ( ±�¬ ] ý X ¬�«ô¬ õ ²5°´«p¬ XZ]`õ 	 ]`_ 	 ] ¬ õ
λk

	v¬ ]3Y ¬&ö`ö`¬n±1ö à ¬�ý X °5±1ö`³ � ¬ ] «=� ¬ � ÿ
üþ°´ün³ôö [�à ¬�ö _µX ö�¬ æ��+$Da
�'���S�^�3�
��~�����}t®[��äp�^�R�)~T���%�M�D��� ÞN%8.&j1j�$&+-+p$�y�j�$*'&4�2�$ Ý Þ x +/.LÔ^.5�Û6-+-+p$�),2`rs),%�%}�*$ (λk)k=1..dYrs$*yT9,.5+p$&ks2�yNjv2�)*jv2�$*yo%}),% %�ks+-+p$*yGrs$ K Ó $&4C),% .»%}),4 .5�Û��$&%�4

1

N

N∑

i=1

‖( ui, ϕk )X ϕk‖X
2 = λk

H¡÷µì!� J

$&4 1

N

N∑

i=1

∥∥∥∥∥ui −
M∑

k=1

( ui, ϕk )X ϕk

∥∥∥∥∥
X

2

=

dY∑

k=M+1

λk.
H¡÷µì · J

�S�
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9£¬ õ 	<¬^ü^ö ] ¬ æ���$ ü _µ]`] ¬ õ 	 _ ± à *»«p° ]3[ 	�° ] ö�³/ö�³ _ ± à ¬G«�� [ ±Z¬ ]W( ³p¬ à ¬

u
H ° XJõ ¬n± õ�à ¬ ‖.‖X

2 JHüþ°)	Zö X�]`[ ¬¬n± Y»_�5 ¬n±�±Z¬ õ3X�] T 	�° ] ö _µX ö`¬+/�° õ ¬ æ���$Gì
ÀyÁÂÀyÁ�å � Ä �Z� ��æ   æ  �ÜáÞ/Û¡�WÞ�� Ä Ü
W�_µXZõKàZ_ ±�± _ ± õ
Y °5³p±1ö`¬n±�°5±1ö X ±Z¬Cö`¬nü*î�±Z³pý X ¬�	 ] °´ö`³pý X ¬ à ¬Mü _ ± õ ö ]`X ü&ö�³ _ ± à � X ±Z¬�/�° õ ¬ æ��+$�ò ²s³p°

X ±Ñ± _µX ²µ¬þ° X 	 ]`_ /�«#� Y ¬�° XRA ²´°5«p¬ X�]`õ 	 ]`_ 	 ] ¬ õ^ìÞ ¬n«ô«p¬Òÿ�ün³v¬ õ öC³ Y 	 _5] ö*°´±ïö`¬�	 X ³ õ ý X � ¬n«ô«p¬�²´°Û°)/ _µX ö`³ ] *
X ±�¬ Y»[ ö`î _sà ¬ à ¬�ün°5«pü X « à � X ±�¬ æ���$hà ³ õ ü ] �^ö�¬�	 ] °´ö`³pý X ¬�¬^ö à ¬�ü _eØ öC³p±1ö [^] ¬ õ3õ °5±1ö ò ý X ³�¬ õ ö X ö�³ô«p³ õ`[ ¬	�° ] «p° Y °ù¯ _5] ³ôö [�à ¬ õ ° X ö�¬ X�]`õ1H ² _ ³ ] «p° õ ¬nü&ö�³ _ ± ÷µì ¶´	 _µX�] 	�« X�õHà ¬ à�[ ö�°5³p« õ J ì
�¡�iÑ�}���~T�]��} ¦ �W���P~K�4�]�e�%���R�M�e�S�8���R���P~����3}��:~T�R���^�S���R�=���R�8�

K̃ =

(
1

N
( ui, uj )X

)
∈ ? � N×N

$*y&4�.&j1j�$&+p�*$o�».54�2Ò67'*$�rs$*yG'*),2&2��&+/.54�67),%Zyo4�$&��j�),2*$&+-+p$*yTrs$*ym'&+|67'*Ü��*y
Ù
K̃
¬ õ ö X ±�¬ Y °,ö ] ³ôün¬ õ65sY\[ ö ] ³ôý X ¬ ]3[ ¬^«p«p¬¡	 _µõ ³ôö�³/²µ¬ a ¬n«ô«p¬Õ¬ õ ö à ³ß° (µ_ ±�°5«ô³ õ °)/�«p¬\¬n±I/�° õ ¬ _µ] ö�î _ ± _µ] ÿ

Y °5«p¬»¬^ö õ ¬ õ ²´°5«ô¬ X�]3õ 	 ]3_ 	 ] ¬ õmõ`_ ±ïö´	 _µõ ³ôö`³ô²µ¬ õnì & _ ± ] °5± ( ¬ õ ö
dY

¬^ö õ ¬ õ ²´°5«ô¬ X�]3õ 	 ]3_ 	 ] ¬ õÛõ`_ ±1ö a
λ̃1 ≥ · · · ≥ λ̃dY

≥ λ̃dy+1 = · · · = λ̃N = 0
ì & _ ³p¬^±1ö

vk = (v1,k · · ·vN,k)
T ∈ ? � N à ¬ õ ²5¬nü&ö�¬ XZ]`õ	 ]3_ 	 ] ¬ õC_µ] ö`î _ ± _µ]3Y ° XBA ü _µ]`] ¬ õ 	 _ ± à °5±1ö õnì

�'���S�^�3�
��~�����} ¹ �W���Á~��b�;�������R�D�Á�=�]�8���R�8� ÞN%8. λ̃k = λk
j�),ks2�4¡),ks4 k ∈ [[1, dY ]] Ù x $�jv+|k1y Ó +/.Ô^.5�Û6-+-+p$ (ϕk)k=1..dY

rs��í�%�67$NjZ.52

ϕk =
1√
N λk

N∑

i=1

vi,k ui
H¡÷µì ¯ÁJ

$*y&4�kl%}$�0*.,yz$ Ý Þ x rs$*yo'&+|67'*Ü��*y&Ê¡r Ï ),23r52*$M�».þúµ6-�».5+ M = dY
Í)Ù,çC�*'&6{jv2*)n�nk�$&��$&%�4 Ó j�),kl2M4¡),ks4�$o0*.,yz$Ý Þ x (ϕk)

r Ï ),23r52�$ M Ó (vk)
rs��í�%�67$NjZ.52

vi,k =
1√
N λk

( u(ti), ϕk )X

H¡÷µì!� J
$*y&4Vkl%}$PÔ^.5�Û6-+-+p$�),2Ò4>Ü�),%}),2Ò�».5+p$�rs$�95$*'&4�$&ks2*y�jv2�)*jv2�$*y�rs$ K̃ .,y*yz)z'&67�*yM2�$*y�j�$*'&4�6-95$&��$&%�4F.5k5ú�9,.5+p$&kl2�y
jv2�)*jv2�$*y λ1, · · · , λM

Ù
�'�8�R�;����Ê æ ° ] ö�°5±1ö à ¬�«ß° à�[©� ±�³/ö�³ _ ± H ÷µì ¯ÁJ à ¬

(ϕk)
ò�_ ± Y»_ ±1ö ] ¬ . °5ün³ô«p¬ Y ¬n±1ö�ý X ¬

Kϕk = λ̃kϕk

ò
ý X ¬

ϕk 6= 0
ò ¬^ö�ý X ¬

( ϕi, ϕj )X = δi,j
	 _µX�] ö _µX ö

i
¬^ö
j
à ¬

[[1, dY ]]
ì��C[ ü^³�	 ]3_ ý X ¬ Y ¬^±ïö ò 	�° ] ö�°5±1ö

à ¬ H ÷5ì � J ò «p¬ õ üþ°5«ôü X « õNY\_ ±ïö ] ¬^±ïöMý X ¬
K̃ vk = λk vk

ò ý X ¬
vk 6= 0

ò ¬&ö�ý X ¬
(vi)

T vj = δi,j
ì
2

9^� [ ý X °´ö�³ _ ± H¡÷µì ¯ÁJ�± _µX�õoà�_ ±�±�¬ X ±�¬�ö�¬^ü*î�±�³pý X ¬ à ¬�ü _ ± õ ö ]`X ü&ö�³ _ ± à � X ±�¬M/�° õ ¬ æa��$Gò °4	�	<¬^« [ ¬
���&4-Ü�)nrs$ rs$*y�'&+|67'*Ü��*y à ¬0	 X ³ õ «p¬ õ ö ] °þ²´° XBASà ¬�&l³ ]3_ ²s³ôü*î Ú ¯e¯8Û ì2� «ô«p¬ õ ¬ ] ° X ö`³p«ô³ õ`[ ¬ à °5± õ ö _µX�õ «p¬ õ¬ A ¬ Y 	�«ô¬ õ ± X�Y»[n] ³ôý X ¬ õCà�XEY\[^Y\_ ³ ] ¬ H ² _ ³ ] ° X�õ3õ ³£«ô¬ õCõ ¬^ü^ö�³ _ ± õo÷µì<  ¬^ö ÷µì ¶7	 _µX�] 	Z« X�õHà ¬ à�[ ö*°5³ô« õ J ì
� ¦
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ó ±�¬1	 ]`_ 	 ] ³ [ ö [Tà ¬�«ß° æa��$ ö ] � õ ³ Y 	 _µ] ö�°5±1ö�¬o¬n±�	 ] °´ö`³pý X ¬Tü _ ±�ü^¬ ] ±�°5±1ö�«p° ¹ ö ] °5± õ`Y ³ õ`õ ³ _ ± à ¬ õ

ü _ ± à ³ôö`³ _ ± õ î _µY»_e( �n±Z¬ õxº 	<¬ X ö��^ö ] ¬ à�[nàZX ³ôö`¬ à ¬oün¬^ö3ö�¬'	 ]`_ 	 _µõ ³ôö`³ _ ± H ö�î [^_µ] � Y ¬ øZòZõ ¬nü&ö�³ _ ± ÷5ì{øZì/÷ J ì
ÀyÁÂÀyÁêé ÃÅÄ Þ �	� Ù � Üs���l� � Ç�ë � � �l�l� �yìy� Ç �yÛ¡ 

� ²5¬nüC«p¬ õ ± _ ö�°´ö�³ _ ± õ�à ¬H«ß°�	 ]`_ 	 _µõ ³/ö�³ _ ±  �ò´_ ±7	v¬ X ö [ ü ] ³ ] ¬�«ß° æ���$�à ³ õ ü ] �&ö�¬ H¡÷µì!  J�ü _5Y\Y ¬ õ3X ³ôö a

u(ti) =
√
N

dY∑

k=1

√
λk vi,k ϕk

_µX ¬n±Zü _µ] ¬ ò ¬n±¢	 _5õ °5±1ö
ak(ti) =

1√
λk

( u(ti), ϕk )X =
√
N vi,k

a

u(ti) =

dY∑

k=1

√
λk ak(ti)ϕk

H¡÷µìô÷ ®ÁJ
_)d «ô¬ õ '*)z$êí�'&67$&%�4>y�4¡$&��j�),2�$&+{y ak(ti)

rs$o+/. Ý Þ x�õ °´ö`³ õ>.>_ ±ïöC«p°Ûü _ ± à ³ôö�³ _ ± à � _µ] ö`î _e(µ_ ±�°5«p³/ö [
1

N

N∑

k=1

ai(tk) aj(tk) = (vi)
T vj = δi,j.

H¡÷µìô÷5÷ J

��_µX ö�¬+/�° õ ¬ æ��+$ H�à � _µ]3à�] ¬
M = dY

JN°)/ _5X ö�³/ö�* X ±�¬ æa��$dõ`_µXZõ ü^¬^ö3ö�¬ .>_µ]`Y ¬ ¹ /Z³ _µ] ö�î _e(5_ ±�°5«ô¬ º*ì
»1¼Vî iðï Â�ÌCÃEÀ£¿&¹GÃ ÁTÐ ÖNÁTÀ�Ö�¹�Ã�Â�¿^Ã\Ð ÌNÂÔ¾^¿&ÌCÃ ÁAñmÌCÖ ¾^Á ÄÆÅ�Ç º½¿^À}È

ÖKÍ¦½NÂ�Ì
9^� ¬ A ö`¬n± õ ³ _ ± ° X üþ° õ ü _ ±ïö`³p± XÑõ � °þ²e� ] ¬ X ö`³p«ô¬"	 _5X�] «�� °5±�°5« 5lõ ¬�ö�î [^_µ] ³ôý X ¬ ìS� «p«ô¬�ü _ ± õ ³ õ ö�¬'*�ü _ ± õ ³/ÿ

à�[^] ¬ ]�X ±Z¬ àZ_ ±�± [ ¬
u
à ¬C«�� ¬ õ 	�°5ün¬�9 2(0, T,X)

	 _µXZ]
0 < T < +∞ a T ¬ õ ö
³ôün³�«=� ¬^± õ ¬ Y /�«ô¬Hü _ ±1ö�³ô± X

[0, T ]
ìS� ± _µX ö ] ¬ ò ³ô«£¬ A ³ õ ö�¬ X ± «ô³p¬n±E³p±1ö [n] ¬ õ`õ °5±1ö�¬^±ïö ] ¬ æa��$ à ³ õ ü ] �&ö�¬�¬^ö�ü _ ±1ö�³ô± X ¬�ý X ³�± _5X�õ 	v¬ ] ÿ

Y ¬^ö à ¬ . °5³ ] ¬o«p¬'	 _ ±ïö�¬n±1ö ] ¬ X ± ün° à�] ¬�ö�î [n_µ] ³pý X ¬ ò ý X ³Vü _ ± õ ³ à � ] ¬ X ±�¬ à�_ ±Z± [ ¬
u
àZ[0� ±�³ô¬G¬^± ö _µX ö¹ ö`¬ Y 	 õxº

t
à ¬ T = [0, T ]

ò ¬^ö�«ô¬Nüþ°5«ôü X «Z± XZY\[^] ³pý X ¬2	 ] °´ö`³pý X ¬ H ý X ³ X ö�³ô«p³ õ ¬�«p° Y»[ ö�î _là ¬ à ¬ õ ün«ô³pü*î [^õ J ì��_µX�õ «p¬ õM]3[nõ3X «ôö�°´ö õHà ¬oü^¬^ö`ö`¬ õ ¬nü&ö�³ _ ± õ ¬Tö ]`_µX ²µ¬n±1ö à °5± õ Ú ø)  Û ì9^� _ 	 [n] °´ö�¬ X�]Cà ¬ Y\_T5 ¬n±�±�¬Tü _ ± õ ³ à�[n]3[ ¬ õ ö 〈.(t)〉 =
∫ T

0
.(t) dt

a «p¬�	 ]3_ /�«�� Y ¬ H ÷µì/÷ J à ¬&²l³ô¬n±1ö

max
ϕ∈X∗

1

T

∫

[0,T ]

( u(t), ϕ )X
2

( ϕ, ϕ )X

dt.
H ÷5ìô÷ )J

? «�¬ õ öm°5« _5]`õ 	 _µõ`õ ³�/�«ô¬ à � _ /lö�¬n±Z³ ]Tà ¬ õT]`[^õ`X «/ö*°´ö õ�õ ³ Y ³p«ß°´³ ] ¬ õ *Ñün¬ XRA@à ¬\«p° æ���$Ùà ³ õ ü ] �^ö`¬�°þ²5¬nü
«�� _ 	 [n] °´ö�¬ X�]

K
a
X −→ X

ϕ 7−→ Kϕ =
1

T

∫

[0,T ]

( u(t), ϕ )X u(t) dt,

�R®
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¬^öM«=� _ 	 [n] °´ö�¬ X�]Hà ¬ õ ü _µ]`]3[ «p°´ö�³ _ ± õ ö`¬ Y 	 _µ] ¬n«ô«p¬ õ

K̃
a 9 2([0, T ]) −→ 9 2([0, T ])

f 7−→ K̃f

à�[©� ±�³;	�° ]
(K̃f)(t) =

1

T

∫

[0,T ]

( u(t), u(s) )X f(s) ds.

òh�R�����8¬p�b�SÊb$ °5± õ «p¬oün° õ
X =

9 2(Ω)
d YGX ±�³ à ¬ õ`_ ±%	 ]`_sà�X ³/ö õ üþ°5«p°5³ ] ¬oün«ß° õ`õ ³ôý X ¬ òX ±�¬ [ ü ] ³/ö X�] ¬

Y °´ö ] ³pün³ô¬n«ô«p¬M± _µX�õCà�_ ±Z±�¬

Kϕ =
1

T

∫

[0,T ]

u(x′, t)

∫

Ω

u(x, t)Tϕ(x) dx dt

=

∫

Ω

k(x, x′)ϕ(x) dx
°þ²µ¬^ü

k(x, x′) =
1

T

∫

[0,T ]

u(x′, t) u(x, t)T dt

õ ³
u
¬ õ ö õ3XP�»õ ° Y»Y ¬^±1ö ]`[0(µX «ô³p¬ ] 	 _µX�] 	 _5X ² _ ³ ] ³p±1ö�¬ ] ²µ¬ ] ö`³ ] «p¬ õ
õ>5sY / _ «p¬ õ ∫ T

0
. dt
¬&ö ∫

Ω
. dx
ì
K
¬ õ ö

°5« _µ]`õ °)	P	<¬^« [ )*j��&23.54¡$&ks2Trs$*yG.5ks4¡)z'*),2Ò2��&+/.54�67),%Zy _5X ¬^±�ü _5] ¬ )*j��&2`.54�$&ks2Trs$*yÛ'*),2&2��&+/.54�67),%Zy�y�jZ.54�6�.5+p$*y ì
K̃
¬ õ ömü _µY 	�°5ü^ö�° X ö _ ° à ¯ _ ³p±1ö H ü)� ¬ õ ö X ± _ 	 [n] °,ö�¬ XZ]�à ¬c��³ô«�/v¬ ] ö ÿ6&lü*î Y ³ à ö ò ² _ ³ ] Ú ÷ ® ò 	 ì!�e� ÛK¬&öÚ ø)  ÛXJH¬&ö�	 _µõ ³ôö�³ .Ka ³ô«�° à�Y ¬^ö X ±�¬ . ° Y ³p«ô«p¬ àZ[ ± _µY / ] °)/Z«p¬ à ¬o²5°´«p¬ XZ]`õ 	 ]`_ 	 ] ¬ õ 	 _µõ ³/ö�³/²µ¬ õM_µ]3à�_ ±�± [ ¬ õ^ò

λ̃1 ≥ λ̃2 ≥ · · · λ̃k ≥ · · · ≥ 0
ò °5³p± õ ³Fý X � X ±�¬M/�° õ ¬ _5] ö�î _ ± _µ]3Y °5«ô¬ à ¬�²5¬nü&ö�¬ XZ]`õ 	 ]`_ 	 ] ¬ õ ° õ3õ`_ ün³ [nõ

(vk)
à ¬19 2([0, T ])

òZà � °)	 ] � õ «p¬�ö�î [n_µ] � Y ¬ õ 	<¬^ü^ö ] °5« ì$ °5± õ «p¬�ö`î [n_µ] � Y ¬ õ3X ³ô²´°5±1ö ò�_ ± ± _ ö�¬1&B	 ∗(K)
«ß° . ° Y ³p«p«ô¬ à ¬ õ ²´°5«ô¬ X�]3õ 	 ]`_ 	 ] ¬ õ ± _ ±E± X «p«ô¬ õCà ¬

K
ü _µY 	Zö [ ¬ õ °þ²µ¬nüT«p¬ X�]HYmX «/ö�³#	�«p³ôün³ôö [1H�õ 	v¬nü&ö ] ¬ à ¬

K
õ °5± õ

0
J ì

Î �b�ª�S�8»R��� ¦ ¤ 6 u 6= 0 Ó +/.Jjv+|kïyÕq523.5%vrs$E9,.5+p$&ks2�jv2�)*jv2�$ λ̃1
rs$ K̃ $3úµ6py&4�$8$&4»$*y&4m%}),%�%�ks+-+p$
Ù

x $�jv+|k1y Ó ¤ j ∗(K) =
¤ j ∗(K̃) $&4 (

∫

[0,T ]

u(t) vk(t) dt)
$*y&4Mkl%}$@Ô^.5�Û6-+-+p$�),2&4-Ü�)`qs),%v.5+p$\rs$�95$*'&4�$&ks2*y

jv2�)*jv2�$*y�rs$ K .,y*yz)z'&67�*yo.5k5úÕ9,.5+p$&ks2�yNjv2�)*jv2*$*y�2*$*y�j�$*'&4�6-95$*yTrs$*y (vk)
Ù å %Kí�% Ó + Ï $&%Zyz$&�»0n+p$ors$*y�yz),+|k�Ò4�67),%ZyGrs$~ÊWËÁÙóËaÌ!ÍÕ$*y&4«Ôþ),2&���Trs$*yo95$*'&4¡$&ks2�yHjv2�)*jv2*$*yTrs$ K .,y*yz)z'&67�*y ì λ̃1

Ù
� ±�	<¬ X ö+*»± _µX ²5¬þ° X�à�[©� ±�³ ]�X ±�¬:/�° õ ¬ æa��$ ¬&ö [ ö`¬n± àZ] ¬m«ô¬1	 ] ³p±�ü^³�	v¬ à ¬mü _ ± õ ö ]3X ü^ö`³ _ ± à ¬G«p°

Y»[ ö�î _là ¬ à ¬ õ ün«p³ôü*î [nõ�a
�'���S�^�3�
��~�����} Â �>µ����
���7�D� �e��}3~��]}p�b��� ÞN%J%}),4¡$��».56-%�4¡$&%v.5%�4 (λk)

+/.@Ô^.5�Û6-+-+p$ors�*'&2*),6py*yn.5%�4�$
rs$*yM9,.5+p$&ks2�yAjv2�)*jv2*$*yMrs$ K̃ Ù=ô�%}$�Ô^.5�Û6-+-+p$�),2Ò4-Ü�),%}),2Ò�».5+p$ (ϕk)

r1.5%Zy X rs$M95$*'&4¡$&ks2�yAjv2*)*jv2�$*y�rs$ K.,y*yz)z'&67�*y�.5k´ú\9,.5+p$&ks2*yKjv2�)*jv2�$*y�%}),%J%�kl+-+p$*y�rs$ (λk)
$*y&4K.&j1j�$&+p�*$o0*.,yz$ Ý Þ x rs$ u Ù å %»jZ.52Ò4�67'&kl+|67$&2 Ó+/.LÔ^.5�Û6-+-+p$ors��í�%�67$NjZ.52

ϕk =
1√
Tλk

∫

[0,T ]

u(t) vk(t) dt

$*y&4Kks%}$G0*.,yz$ Ý Þ x rs$ u Ù

� ¹



798DCp8~è ±)ã K âhM�éÌåKâ$I
çMè�I4M�èÈåKâ4ãGé â8ç K ã	J é K â~I²° K è@J]I O¦EQ; æeéqM�èÜäWzÜã K
9£¬ õ 	 ]`_ 	 _µõ ³ôö�³ _ ± õ  H>_ 	Zö�³ Y °´«p³ôö [ JA¬^ö ø%H�õ 	<¬^ü^ö ] ¬ æa��$ J õ ¬ (µ[ ± [n] °5«p³ õ ¬^±ïö [0( °5«ô¬ Y ¬n±1ö a

�'���S�^�3�
��~�����} ò Ý ),ks2�4�),ks4 M ≥ 1 $&4
4¡),ks4¡$yÔ^.5�Û6-+-+p$G),2&4-Ü�),%}),2Ò�».5+p$ (ψk)
rs$ X Ó ),% .

1

T

∫

[0,T ]

∥∥∥∥∥u(t) −
M∑

k=1

( u(t), ϕk )X ϕk

∥∥∥∥∥
X

2

dt ≤ 1

T

∫

[0,T ]

∥∥∥∥∥u(t) −
M∑

k=1

( u(t), ψk )X ψk

∥∥∥∥∥
X

2

dt.

x $Njv+|kïy Ó
1

T

∫

[0,T ]

∥∥∥∥∥u(t) −
M∑

k=1

( u(t), ϕk )X ϕk

∥∥∥∥∥
X

2

dt =
+∞∑

k=M+1

λk −−−−−→
M→+∞

0.
H¡÷µì/÷zø J

ó ±Z¬-/�° õ ¬ æ���$ ¬ õ ö à�_ ±�ü _ 	Zö�³ Y °5«ô¬�	 _µXZ]F] ¬0	 ]`[^õ ¬n±1ö`¬ ]
u
ò ¬^öF«ß°�ü _ ±1²µ¬ ]>( ¬n±Zün¬M± _µ]`Y °5«ô¬ H¡÷µìô÷þø J�± _5X�õ

° X ö _µ] ³ õ ¬+* [ ü ] ³ ] ¬o«ß° æ���$ à ¬
u
a

u(t) =
+∞∑

k=1

( u(t), ϕk )X ϕk

	 _µX�] ö _µX ö�¬�/�° õ ¬ æa��$
(ϕk)

ìR� «�� ³p± õ ö*° ]
à ¬ H ÷µì/÷ ®ÁJ
¬&ö H ÷5ìô÷µ÷ J _ /Zö`¬n± X ¬ õMà °5± õ «ô¬�üþ° à�] ¬ à ³ õ ü ] ¬^ö ò «p°
æ���$ à ¬

u
	<¬ X ö õ ¬ Y ¬&ö`ö ] ¬ õ`_µXZõ «p° .>_µ]`Y ¬

u(t) =

+∞∑

k=1

√
λk ak(t)ϕk

H¡÷µìô÷
  J
°þ²5¬nü à ¬ õ ü _ ¬ � ün³ô¬n±1ö õMæ���$ ö`¬ Y 	 _µ] ¬n« õ

ak(t) =
1√
λk

( u(t), ϕk )X

ý X ³�² [n] ³ � ¬^±1ö
1

T

∫

[0,T ]

ai(t) aj(t) dt = δi,j.
H¡÷µìô÷ ¶eJ

9�° à�[ ü _µY 	 _5õ ³ôö`³ _ ± H ÷µì/÷K  J£ý X ³�° [ ö [N_ /Zö�¬^± X ¬-	 _µXZ]Và ¬ õC. ° Y ³p«p«ô¬ õ
(ϕk)

¬&ö
(ak)

_µ] ö�î _e(5_ ±�°5«ô¬ õ ³p±�ü^³ôö�¬
ün¬ ] ö�°5³p± õ ° X ö`¬ X�]3õ *�	�° ] «p¬ ]Và ¬ rs�*'*),��j�)zy&6-4�67),%�0n67),2Ò4>Ü�)`qs),%v.5+p$ 	�« X öÜ¸5ö�ý X ¬ à ¬ æa��$Gò ü _µY»Y ¬ ��X / ]>5
$&4�.5+³Ù�Ú ¶�Û
ý X ³ à�[©� ±�³ õ`õ ¬^±1öm«ß° à�[ ü _µY 	 _5õ ³ôö`³ _ ± à � X ± õ ³ ( ±�°5« õ 	�°´ö�³ _ ÿ ö`¬ Y 	 _µ] ¬n« u ∈ 9 2([0, T ] × Ω)H
Ω ⊂ ? � d JKÿ _ ±E°79 2([0, T ]× Ω) ⊂ 9 2(0, T,

9 2(Ω))
ÿ à � X ±Í	 _ ³ô±1ö à ¬�² X ¬ õ>5sY»[ ö ] ³pý X ¬o¬n±½ö`¬ Y 	 õ

¬^öM¬^±J¬ õ 	�°5ü^¬ ò «p¬ õHY\_sà ¬ õ
ak

¬&ö
ϕk
[ ö*°´±ïö�°5« _µ]`õ 	�«ß°5ü [nõCõ`XZ]MX ±%	�³ô¬ àÑà � [
( °´«p³ôö [5ì

� ± � ± ò ü^³ôö _ ± õ ü^¬ ]`[nõ3X «ôö�°´ö Ú ø)  ÛVý X ³F³p±1ö`¬ ] 	 ] �^ö`¬m«ß° æa��$Æà ³ õ ü ] �^ö`¬mü _µY»Y ¬ X ±8üþ° õ 	�° ] ö�³pü X «p³ô¬ ]à ¬ æ���$ ü _ ±1ö�³p± X ¬ a
�'�8�S�^���K�N~����3}t� ¤ ),6-4 u ks%}$®Ôþ),%}'&4�67),% '*),%Zy&47.5%�4¡$AjZ.52M��),2�'*$`.5k5ú�y&ks2Mkl%}$Cy&kZ0*r56-9z6py&67),%�Ü�),��)`qsÝ&%}$rs$ [0, T ] rs$TjZ.,y τ > 0 Ó 4¡$&+-+p$Õ�nk�$ u(t) = ui = u(ti)

j�),kl2\4¡),ks4 t ∈]ti−1, ti]
.595$*' ti = iτ $&4

tN = iτ = T Ù�â�+p),2�yTkl%}$ Ý Þ x '*),%�4�6-%�k�$Grs$ u $*y&4Kkl%}$ Ý Þ x r56pyz'&2�Ý&4�$�rs$*y N '&+|67'*Ü��*y ui
Ù

� ³ô± õ ³�«ß° æ���$ à ³ õ ü ] �^ö�¬T¬ õ ö [ ý X ³ô²´°5«p¬^±1ö�¬1* X ±�¬ æ��+$ ü _ ±1ö`³p± X ¬ Y ¬n± [ ¬ õ3X�]MX ±�¬m°4	�	 ]`_KA ³ Y °,ÿ
ö�³ _ ± ¹�à � _µ]`à�] ¬1V [n]3_uº ¬n± ö`¬ Y 	 õ�à ¬

u
à�[0� ±Z³p¬ õ3X�]�X ±�¬ õ3X / à ³ô²s³ õ ³ _ ±Eö�¬ Y 	 _µ] ¬^«p«p¬oî _5Y\_e( �n±�¬ ì�? «�¬ õ ö

� Â
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çp±�°4I!J K çÁäWM F ä�å F ä K ML· OPEQ;@¸
à � °5³p«ô«p¬ X�]`õ ö`¬n±1ö*°´±ïö à � ¬ õ3õ ° 5 ¬ ]Nà ¬ à�[©� ±�³ ]�X ±Z¬ æ���$ à ³ õ ü ] �&ö�¬ ¹¡à � _µ]3à�] ¬ õ3X 	 [^] ³ô¬ X�]Wº ¬n± X ö�³ô«p³ õ °5±1ö^	�° ]
¬ A ¬ Y 	�«ô¬ à ¬ õ´.>_ ±�ü^ö`³ _ ± õ 	 _ « 5 ±�¸ Y ³ß°´«p¬ õ 	�° ]mY\_5] ün¬n° XBA H ¬^± ö�¬ Y 	 õ J à ¬ à ¬ (µ]`[½õ3X 	 [n] ³ô¬ X�] *�V [n]3_	 _µX�] °)	�	 ]3_ ü*îZ¬ ]

u
H ² _ ³ ] «ß° õ ¬^ü^ö`³ _ ± ÷µì< �ì!  J ìS� ±�	 ] °´ö�³ôý X ¬ ò ³p«£¬ õ ö à�_ ±�üTü _ î [n] ¬n±1ö à ¬Tüþ°´«pü X «p¬ ]HX ±�¬/�° õ ¬ æa��$ *D	�° ] ö`³ ]Nà ¬oü^«p³pü*î [nõ ¬ õ 	�°5ü [^õ�à ¬ Y °5±�³#� ] ¬ ]`[
(5X «p³#� ] ¬ à °5± õ «p¬�ö`¬ Y 	 õnì� ± � ± ò ± _ ö _ ± õ ý X ¬N«p° æ���$ ü _ ±1ö`³p± X ¬N¬&ö õ ° ] ¬n«p°´ö�³ _ ±�°z²5¬nüH«p° æ���$"à ³ õ ü ] �^ö�¬ õ � °z²)� ] ¬n±1ö��^ö ] ¬ à ¬ õ

_µX ö`³p« õ£X ö�³ô«p¬ õ 	 _µX�] «�� °5±�°´« 5sõ ¬Aö�î [n_µ] ³pý X ¬ ò 	�° ] ¬ A ¬ Y 	Z«p¬ à °5± õ «p¬�üþ° à�] ¬ à ¬K«�� [ ö XZà ¬ à ¬
«p°Cü _ ±1²µ¬ ]W( ¬^±�ün¬
à ¬o«ß° Y»[ ö`î _sà ¬ æa��$ ÿ @ °´«p¬ ] íï³p±�¬ H ² _ ³ ] Ú ø5ø ÛNJ ì
»1¼Âõ ö ÐÕÂ£ÍVÌCÀ�Ó½ÍV¹TÓ½ÍV¿&¼NÂ�¼CÀuº½ÌÏ¾^Á ÄÆÅÙÇ
ÀyÁ÷å@ÁxÀ ø ��� Ç Ü � �WÜjÜs� � Ç æ  �ÜáÞ � Ç æ � �l� � Ç ÜS� �	�ù�	ìyú Ç  �Ü
Þ ³ôö _ ± õNX ± ]3[nõ`X «ôö*°,öHü _ ±Z± X ý X ³�¬ õ ö X ö`³p«ô³ õ`[ 	 _5X�] ü _ ± õ ö ]`X ³ ] ¬ à ¬ õCY\_sà �n«ô¬ õ
]`[nàZX ³ôö õ O X ³ à ¬ õ 	�° ]

«ß° Y»[ ö`î _sà ¬ à ¬ @ °5«ô¬ ] ís³ô±�¬ H ² _ ³ ] «p¬�ü*î�°)	Z³ôö ] ¬ õ`X ³/²´°5±1ö J a
Î ���ª�S��»R���ñ®l¤ ),67$&%�4 (ϕk)k=1..M

ks%}$�0*.,yz$ Ý Þ x r Ï ),23r52�$ M rs$ N '&+|67'*Ü��*y U = (u(t))t∈T
rs$

X Ó Y kl% yz),k1y*Ò`$*y�jZ.s'*$\rs$ X Ó Z ks%O$*y�jZ.s'*$�95$*'&4¡),2Ò67$&+A%}),2Ò���½$&4 l ∈ L(Y, Z) Ù ¤ 6 u(t) ∈ Ỹ =
{v ∈ Y / l(v) = 0} j�),ks2T4�),ks4 t ∈ T .5+p),2�y ϕk ∈ Ỹ j�),kl2o4�),kl4 k ∈ [[1,M ]] Ù
�'�8�R�;����Ê�$ �{°4	 ] � õ «ß°´	 ]3_ 	 _5õ ³ôö`³ _ ±  �ò ö _µX ö Y»_sà ¬ æ���$

ϕk

¬ õ öCü _µY /Z³p±�°5³ õ`_ ±�«p³p± [ °5³ ] ¬ à ¬�ün«ô³pü*î [^õ
u(t)
ì
2

Þ ¬�ö�î [^_µ] � Y ¬�¬ õ öHö ] � õ ³ Y 	 _µ] ö*°5±1ö
¬n±Í	 ] °,ö�³pý X ¬�	 _µXZ] «ß° Y»_sà�[ «ô³ õ °,ö�³ _ ± æ���$ ÿ @ °5«ô¬ ] íï³ô±�¬ H ² _ ³ ]
«p¬Hü*î�°)	�³ôö ] ¬ õ3X ³ô²´°5±1ö ò1õ ¬nü&ö�³ _ ±Õ ì øZì/÷ J ìµæ ° ] ¬ A ¬ Y 	Z«p¬�	 _5X�]

X =
9 2(Ω)

ò ³p«Z± _µX�õ�à�_ ±�±Z¬M«ô¬ õ�]`[^õ`X «/ö*°´ö õ
õ`X ³ô²´°5±1ö õoa

• õ ³ Y =
� 1(Ω)

¬^ö õ ³
l : Y −→ Z =

� 1/2(Γ)
¬ õ ö�«�� _ 	 [n] °,ö�¬ XZ] ö ] °5ün¬ õ3X�]AX ±M/ _µ]`à

Γ ⊂ ∂Ω
à ¬

Y ¬ õ`XZ] ¬T± _ ± ± X «ô«p¬ ò ³p« 5 ° ~K�8��}��K���=�K�
�]��}t�b�R�h�e��}�����~T�]��}��D�b�Q�Í�]�8�]�4�����ª~D�b�����S�S»B}b�R�
° XBA½Y\_sà ¬ õCæ���$ ¿

• à ¬ Y � Y ¬ ò ³p« 5 ° ~T���_}��K�\�]�K�K����} �b�R�I�e��}����N~�����}��\�b�L�¢���8�=�8���]�Á~f�^�R�8���;���=¬p�b�R� ° XBA
Y»_là ¬ õCæ��+$ ¿

• õ ³ Y =
� à ³/²

(Ω)
¬&ö
l = ∇. ¬ õ öÑ«=� _ 	 [n] °´ö�¬ X�]�à ¬ à ³ô²5¬ ]>( ¬n±�ü^¬ ò ³ô«�° ~K�8��}��K���=�K�
�]��} ����e�����_�)~T»ª�����0�3���R}��NûÈ���_� ° XBAÑY»_là ¬ õCæ���$Gìòh�R�����8¬p�b�SÊ � _ « Y ¬ õ $&4V.5+³Ù�Ú øe� ÛS	 ]`_ 	 _µõ ¬^±1ö
«ô¬ Y � Y ¬ ]3[nõ3X «ôö�°´ö�	 _5X�]AX ±�¬ æ���$ ü _µY 	Z«p¬ A ¬ Y ¬n± [ ¬õ`XZ] «=� ¬ õ 	�°´ün¬ð9 2(Ω)

J½¬&öÍ	 _5X�]ÑX ± _ 	 [^] °´ö`¬ X�] «ô³p± [ °5³ ] ¬ 〈.〉 àZ[0� ±�³ õ3X�]EX ±w¬^± õ ¬ Y /�«ô¬ T = (ti)à�[ ± _µY / ] °)/�«ô¬ ì 9£¬�ö�î [^_µ] � Y ¬ à ¬&² ] °5³/ö�	 _µX ² _ ³ ] �^ö ] ¬ [ ö�¬^± à�X ° X üþ° õ ü _ ±ïö`³p± X�ì
ÀyÁ÷å@Á×Ö ü �	Ü æ�ý ¢ Ç   æ ���� �Þ�Z� � Ç � �G�ù�yìyú Ç  
Þ ¬^ö3ö�¬ õ ¬nü&ö�³ _ ±o¬ A 	 _5õ ¬K«ß° ] ¬^«ß°´ö`³ _ ±�¬^±1ö ] ¬ æ���$ ¬&ö àZ[ ü _5Y 	 _µõ ³/ö�³ _ ± à ¬ U�_µX�] ³ô¬ ]�à °5± õ «p¬Aün° õ�à � X ±�¬

à�_ ±Z± [ ¬�ý X ³<¬ õ ö-	 [^] ³ _là ³ôý X ¬�¬&öHî _µY»_e( �^±�¬ à °5± õNX ±Z¬ à ³ ] ¬nü&ö�³ _ ± à ¬�«�� ¬ õ 	�°5ün¬ ì�Þ ¬^ö3ö�¬ ] ¬n«ß°,ö�³ _ ±\±p� ¬ õ ö	�° õ ¬ õ`õ ¬n±1ö�³ô¬n«p«ô¬ à °5± õ «p° Y ¬ õ`XZ] ¬ _ed ¬n«ô«p¬�¬ õ ö [ ö*°)/�«ô³p¬ à °5± õCX ±Ñüþ° õ ö ] � õ 	�° ] ö�³pü X «p³ô¬ ]^ì�Þ ¬0	<¬^± à °5±1öM³p«
¬ õ ö X ö�³ô«p¬ à ¬M«p° Y ¬n±1ö�³ _ ±�±�¬ ] 	 X ³ õ ý X � ¬^«p«ô¬N¬ õ ö [ ² _ ý X�[ ¬ à °5± õ ü^¬ ] ö*°5³ô± õ ö ] °z²´° XRAÛà�_ ±1ö _ ±M	�° ] «p¬ ] °"	�° ]
� ò
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«ß° õ3X ³ôö`¬ ò ¬n±f	�° ] ö`³pü X «p³ô¬ ] 	 _µX�] ¯ X�õ ö`³ � ¬ ]�X ±�¬ àZ[ ü _5Y 	 _µõ ³/ö�³ _ ±8î 5 / ] ³ à ¬ æ���$�î)U�_µX�] ³p¬ ]oà�X ü*î�° Y 	
à ¬ õ ²s³ôö`¬ õ`õ ¬ õ�à � X ± [ ü _µX «p¬ Y ¬^±1ö�ö X�] / X «p¬n±1ö�ü _µY 	 _µ] ö�°5±1ö X ±�¬ à ³ ] ¬^ü^ö�³ _ ±ð	 [^] ³ _sà ³ôý X ¬ H ¬^ö õ`X 	P	 _µõ3[
î _µY»_e( �^±�¬ õ`XZ]MX ±J³ô±ïö`¬ ] ²5°´«p«p¬ à ¬�ö�¬ Y 	 õ

[0, T ]
õ3XP�»õ ° Y»Y ¬n±1öM« _ ± ( J ì��� ± à ¬�±Z¬1	�° õ�à�[ / _5]`à ¬ ]�à�X üþ° à�] ¬Tö`î [n_5] ³pý X ¬Tý X ³�° [ ö [1�BAZ[ ³pü^³ ò * õ °þ² _ ³ ]CX ± ¬ õ 	�°5ü^¬

X
à ¬��³ô«�/v¬ ] ö ]`[ ¬n« ò ün¬ ]3[nõ`X «ôö*°,ö�¬ õ ö�	 ]3[nõ ¬n±1ö [ 	 _µX�]AX ±�¬ æ���$�Y ¬^± [ ¬ à °5± õ «�� ¬ õ 	�°5ün¬

X
à ¬ õ�.>_ ±�ü^ö`³ _ ± õVà ¬

üþ° ]`]`[ ³p±1ö [0(µ] °4/�«p¬'*»²´°5«ô¬ X�]3õ�]3[ ¬n«ô«p¬ õnò °5« _5]`õ ý X � ³ô«�¬ õ ö�¬n± (µ[ ± [n] °5«�°)/ _5]`à�[Tà °5± õ «p¬Tüþ° õ�à � X ±�¬ æ���$
à�[©� ±�³p¬ à °5± õ «�� ¬ õ 	�°5ün¬ à ¬ õ'.>_ ±�ü&ö�³ _ ± õ�à ¬�üþ° ]`]`[ ³p±1ö [
(µ] °)/�«p¬D*J²´°5«ô¬ X�]3õ ü _µY 	�«p¬ A ¬ õhH ² _ ³ ] Ú øe� Û�	�° ]¬ A ¬ Y 	�«ô¬TJ ¿ ¬n±8¬ F ¬^ö ò «ß° æ���$ 	 _µX�]3] °5³/ö õ ¬ (5[ ± [^] °5«ô³ õ ¬ ] ° XBA ¬ õ 	�°5ün¬ õ�à ¬M��³p«#/<¬ ] ö�ü _µY 	�«p¬ A ¬ õnìp$ ¬	�« X�õnò «p° æa��$ ¬ õ ö (5[ ± [^] °5«ô¬ Y ¬n±1öM¬ F ¬nü^ö X�[ ¬ õ`XZ]Mà ¬ õCà�_ ±�± [ ¬ õM]`[ ¬n«ô«p¬ õ^ì
Þ�_ ± õ ³ à�[^]`_ ± õ�X ±Z¬ æa��$ ü _ ±1ö`³p± X ¬ à � X ±�¬ ]`[©.>[n] ¬n±�ü^¬

u
à ¬�9 2(0, T,X)

_ed
X =

9 2ÿ�� ��� ��� ([0, D])∩
F(
? �
,
? �

)
°þ²µ¬^ü

0 < D < +∞ ò F(
? �
,
? �

)
«=� ¬^± õ ¬ Y /�«ô¬ à ¬ õ °4	�	�«p³ôüþ°´ö`³ _ ± õÕà ¬ ? � à °5± õ¢? � ¬^ö9 2ÿ�� ��� ��� ([0, D])

«=� ¬ õ 	�°´ün¬ à ¬'��³ô«�/v¬ ] ö
9 2ÿ�� ��� ��� ([0, D]) = {f :

? � −→ C / f(x) = f(x +D)
	 ì 	 ì ¬^ö ∫ D

0

|f(x)|2 dx < +∞}
YmX ±Z³ à�X 	 ]`_sà�X ³/ö õ üþ°´«ß°5³ ] ¬

( f, g )X =
1

D

∫ D

0

f(x)g(x) dx.

9 2ÿ�� ��� ��� ([0, D])
¬ õ ö õ3[ 	�° ] °)/�«ô¬�¬&ö�° à�Y ¬&ö�ü _µY»Y ¬+/�° õ ¬Gî�³ô«�/v¬ ] ö�³p¬^±�±�¬o«ß° . ° Y ³p«ô«p¬

(x 7−→ ¬ i 2π
D

k x)k∈Zà ¬ õ�Y\_sà ¬ õ�à ¬ U�_µX�] ³p¬ ]^ì 9^� ¬ õ 	�°5ün¬
X
ò ý X ³F¬ õ ö�«ô¬ õ`_µXZõ ÿ�¬ õ 	�°´ün¬ à ¬M9 2ÿ�� �	� ��� ([0, D])

à ¬ õ".>_ ±�ü^ö`³ _ ± õ *
²´°5«p¬ X�]`õ�]`[ ¬^«p«ô¬ õnò ¬ õ ö X ±½¬ õ 	�°5ün¬ à ¬+�M³p«#/<¬ ] ö ]`[ ¬^« õ`[ 	�° ] °)/�«p¬�ý X ³�° à�Y ¬^öNü _µY»Y ¬�/�° õ ¬�îZ³p«�/v¬ ] ö�³ô¬n±�±�¬
x 7−→ 1

ò
x 7−→ cos( 2π

D
k x)

¬&ö
x 7−→ sin(2π

D
k x)
ò 	 _µX�]

1 ≤ k < +∞ òVà ¬ õÛY\_sà ¬ õG]`[ ¬^« õmà ¬U�_µX�] ³p¬ ]�H 	 _µX�] «p¬ Y � Y ¬�	 ]3_là�X ³ôö õ ün°5«ß°´³ ] ¬KJ ì� ± õ`X 	�	 _µõ ¬ à ¬"	�« X�õ ý X ¬
u
¬ õ ö Ü�),��)`qsÝ&%}$ ò ü)� ¬ õ ö3ÿ�*ùÿ à ³ ] ¬ ò °þ²µ¬^ü�«p¬ õ ± _ ö�°´ö�³ _ ± õKà ¬�«ß° ] ¬ Y ° ] ý X ¬à ¬o«ß°´	�° ( ¬ ÷K �ò ý X ¬

∃k̃ ∈ X k(x, x′) = k̃(x− x′)
	 ì 	 ì�õ3X�]�? �

H
k̃
¬ õ öN± [ ün¬ õ3õ °5³ ] ¬ Y ¬^±ïö

D
ÿG	 [n] ³ _là ³pý X ¬�	 X ³ õ ý X ¬

u
«=� ¬ õ ö J a «ô¬ õ ü _µ]3]`[ «ß°´ö`³ _ ± õKõ 	�°´ö�³p°5«p¬ õ
õ3X�]

[0, T ]
±�¬

à�[ 	<¬^± à ¬n±1öMý X ¬ à ¬�«ß° à ³ õ ö�°5±�ün¬�¬n±1ö ] ¬�«p¬ õNà ¬ XRA 	 _ ³p±1ö õ ü _ ± õ ³ àZ[n]`[^õ'H ³ô±ï²´° ] ³ß°5±Zün¬�	�° ] ö ] °5± õ «ß°´ö`³ _ ±_J ì
� ±%	v¬ X ö à�[ ü _µY 	 _µõ ¬ ]

k̃ ∈ 9 2ÿ�� ��� ��� ([0, D])
¬n± õ`[^] ³p¬ à ¬ U�_µX�] ³p¬ ] ü _µY 	�«ô¬ A ¬ a

k̃(y) =

+∞∑

p=−∞
cp
¬ i 2π

D
p y °z²5¬nü

cp =
1

D

∫ D

0

k̃(y)
¬ −i 2π

D
p y.

� ±�°
cp = c−p

	 X ³ õ ý X ¬
k̃(y)

¬ õ ö ]`[ ¬n« ¿ ¬n± . °5³ôö ò k [ ö�°5±1ö õ>5sY»[ ö ] ³pý X ¬ ò k̃ ¬ õ ö X ±�¬ .>_ ±Zü^ö�³ _ ±�	�°5³ ] ¬¬^ö
cp =

� ¬
(cp) = c−p =

1

D

∫ D

0

k̃(y) cos(
2π

D
p y) dy

ì
9£¬Tün°5«pü X « Y»_ ±1ö ] ¬Tý X ¬

∫ D

0

k(x, x′)
¬ i 2π

D
l x′

dx′ =

∫ D

0

+∞∑

p=−∞
cp
¬ i 2π

D
p x ¬ i 2π

D
(l−p) x′

dx′ = cl
¬ i 2π

D
l x.

�P�
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� ³ô± õ ³ ò 	�° ] «ô³p± [ ° ] ³/ö [ ¬^ö à � °)	 ] � õ «p¬ õ-.>_µ]3YmX «ô¬ õHà ¬ ëJ_ ³/² ] ¬ òZ_ ± _ /Zö�³ô¬n±1ö ò ¬^±J± _ ö*°5±1ö

z = cl
¬ i 2π

D
l x ò

∫ D

0

k(x, x′) cos(
2π

D
l x′) dx′ =

1

2
(z + z) =

� ¬
(z) = cl cos(

2π

D
l x)

	 X ³ õ ý X ¬
cl
¬ õ ö ]3[ ¬^« ò ¬&ö à ¬ Y � Y ¬
∫ D

0

k(x, x′) sin(
2π

D
l x′) dx′ =

1

2 i
(z − z) =

?�Y
(z) = cl sin(

2π

D
l x).

$�_ ±Zü�«ô¬ õCY\_sà ¬ õ
x 7−→ 1

ò
x 7−→

√
2 cos(2π

D
k x)

¬&ö
x 7−→

√
2 sin(2π

D
k x)
ò 	 _µX�]

1 ≤ k < +∞ ò.>_µ]3Y ¬^±ïö X ±�¬ . ° Y ³p«p«ô¬ _µ] ö`î _ ± _µ]3Y °´«p¬ à ¬�²5¬nü&ö�¬ XZ]`õ 	 ]`_ 	 ] ¬ õ�à ¬
K
° õ3õ`_ ün³ [ ¬�° XBA ²5°´«p¬ XZ]`õ 	 ]3_ 	 ] ¬ õ

c0
ò
ck
¬&ö
ck
] ¬ õ 	v¬nü&ö�³/²µ¬ Y ¬n±1ö ì�Þ ¬^ö3ö�¬ . ° Y ³p«ô«p¬�¬^± ( ¬^± à�] ¬G«�� ¬ õ 	�°5ün¬

X
ò<à�_ ±�ü�ö _µX�õ «ô¬ õ�õ3_µX�õ ÿ�¬ õ 	�°5ü^¬ õ	 ]3_ 	 ] ¬ õCà ¬

K
ì

�'�8�S�^���K�N~����3}[É È $*y ��)nrs$*y rs$�
�),ks2Ò67$&2(2��*$&+{y x 7−→ 1 Ó x 7−→
√

2 cos(2π
D
k x) $&4 x 7−→√

2 sin(2π
D
k x) Ó j�),kl2 1 ≤ k < +∞ Ó Ôþ),2Ò��$&%�4mkl%}$80*.,yz$ Ý Þ x j�),ks2 X =

È 2������	��� ([0, D]) ∩
F(
? �
,
? �

) j�),kl2�4¡),ks4¡$�rs),%�%}�*$ u ∈ È 2(0, T,X) Ü�),��)`qsÝ&%}$�$&% $*y�jZ.s'*$ Ó ì '*),%vr56-4�67),%Jrs$�+p$*yo),23rs),%-Ò%}$&2m$&%�Ôþ),%}'&4�67),%8rs$*yo9,.5+p$&ks2*yHjv2�)*jv2�$*yo2�$*y�j�$*'&4�6-95$*y c0 Ó ck $&4 ck .,y*yz)z'&67�*$*y
Ù
� ± ] ¬^ö ]`_µX ²5¬ «p¬ ]3[nõ`X «ôö*°,ö�ý X ³Û¬ õ öQ	 ]`_ 	 _µõ3[ î�°)/�³/ö X ¬^«p«p¬ Y ¬^±1ö à °5± õ «p¬ ün° õ ü _µY 	�«p¬ A ¬ H 	�° ]

¬ A ¬ Y 	�«ô¬ à °5± õ Ú øe� ÛXJ ò * õ °z² _ ³ ] ý X ¬»«p¬ õ�Y\_sà ¬ õ (x 7−→ ¬ i 2π
D

k x)k∈Z

.>_µ]3Y ¬^±ïö X ±�¬7/�° õ ¬ æ���$Gìb� ±
¬ F ¬^ö ò «p¬ õ`_µX�õ ÿ�¬ õ 	�°5ü^¬Ñ¬n± ( ¬^± à�]3[ 	�° ]

x 7−→ ¬ i 2π
D

k x ¬&ö x 7−→ ¬ −i 2π
D

k x ¬ õ ö»° X�õ3õ ³N¬^± ( ¬^± à�]`[ 	�° ]ü _5Y /�³p±�°5³ õ3_ ±Ñ«p³p± [ °5³ ] ¬�ü _5Y 	�«ô¬ A ¬ à ¬
x 7−→ cos(2π

D
k x)

¬&ö
x 7−→ sin(2π

D
k x)

¬&ö�ü^¬ õ�à ¬ XBAJY»_là ¬ õ
õ`_ ±ïö�° õ3õ`_ ün³ [nõ ° XEY � Y ¬ õ3_µX�õ ÿ�¬ õ 	�°5ü^¬:	 ]3_ 	 ] ¬ à ¬o²´°5«ô¬ X�] 	 ]`_ 	 ] ¬

ck = c−k
ì

òh�R�����8¬p�b�SÊ 9�°Õü _ ± à ³ôö`³ _ ± à ¬7	 [^] ³ _sà ³ôün³ôö [Gõ3X�]
u
±¶� ¬ õ ö'	�° õ�] ¬ õ ö ] ³ôü^ö�³/²µ¬ ò üþ° ] ö _µX ö`¬ à�_ ±�± [ ¬�ý X ³

° à�Y ¬^ö X ±�¬�/�° õ ¬ æ��+$ ü _µY 	 _5õ`[ ¬ à ¬ Y»_sà ¬ õ
à ¬ U�_µX�] ³p¬ ] ¬ õ öH± [ ün¬ õ`õ °5³ ] ¬ Y ¬n±1ö`	 [n] ³ _sà ³pý X ¬ a ö _µX ö`¬.>_ ±�ü&ö�³ _ ±½± _ ±lÿ 	 [^] ³ _là ³ôý X ¬�±�¬�	v¬ X öC°þ² _ ³ ]HX ±�¬�/�° õ ¬ æ��+$ ü _µY 	 _µõ3[ ¬ à ¬ Y»_là ¬ à ¬ U�_µX�] ³p¬ ]
Y � Y ¬
õ ³£¬^«p«ô¬�¬ õ ö�î _5Y\_e( �n±�¬ õ3X�]

Ω =
? �Tì? « . ° X ö [
( °´«p¬ Y ¬n±1öH± _ ö�¬ ] ý X ¬�«ß°'	 [^] ³ _sà ³ôün³ôö [ ±Z¬ õ`XP� ö-	�° õnì_� ±½¬ F ¬^ö ò

u(x, t) = f(x) g(t) 6= 0°þ²µ¬^ü
f ∈ X =

9 2ÿ�� ��� ��� ([0, D])
¬&ö
g ∈ 9 2([0, T ])

° à�Y ¬^ö»¬ A °5ü&ö�¬ Y ¬^±ïö à ¬ XBA /�° õ ¬ õÕæ���$Gò ý X ³
õ`_ ±ïö

(f/‖f‖X)
¬^ö

(−f/‖f‖X)
aVõ ³

f
±p� ¬ õ ö7	�° õmX ± Y»_là ¬ à ¬ U�_µXZ] ³p¬ ]nò «p¬ õ /�° õ ¬ õ�æ���$ à ¬Õ«p°

à�_ ±Z± [ ¬
D
ÿ 	 [^] ³ _là ³ôý X ¬

u
±p� ° à�Y ¬^ö`ö`¬n±1öE° X ü X ± Y\_sà ¬ à ¬ U_5X�] ³ô¬ ]ñH 	�° ] ¬ A ¬ Y 	�«p¬ òNà °5± õ «ô¬ ün° õ

f(x) = x (x−D)
	 ì 	 õ3X�]

[0, D]
J ì

� ³ô± õ ³ ò�à °5± õ «p¬Tüþ° õM_ed
X =

9 2(Ω)
n °þ²5¬nü

Ω ⊂ ? � d ³p± � ±�³ à °5± õ «ß° à ³ ] ¬nü&ö�³ _ ± xi

H
1 ≤ i ≤ d

J ò
¬^ö _ed

u ∈ 9 2(0, T,X)
¬ õ öHî _µY\_)( �n±�¬�¬^ö

D
ÿG	 [n] ³ _sà ³pý X ¬ à °5± õ «ß° à ³ ] ¬nü^ö`³ _ ±

xi

òZX ±Z¬ æ���$ ] ¬^²s³ô¬n±1ö
Y»_µ] °5«ô¬ Y ¬n±1ö2* X ±�¬ à�[ ü _µY 	 _µõ ³/ö�³ _ ± à ¬ U�_µXZ] ³p¬ ]�à °´± õ ün¬&ö`ö`¬ à ³ ] ¬nü^ö`³ _ ± ì�Þ ¬&ö`ö�¬�	 ]`_ 	 ] ³ [ ö [ ¬ A 	�«p³ôý X ¬	 _µX�] ý X�_ ³ à ¬�± _5Y / ] ¬ XBA ° X ö�¬ X�]`õ'H Ú � Û�¬^ö Ú · ®�Ûp	�° ] ¬ A ¬ Y 	�«ô¬TJ
ü*î _ ³ õ ³ õ`õ ¬n±1ö X ±�¬ à�[ ü _µY 	 _µõ ³/ö�³ _ ±�î 5 ÿ/ ] ³ à ¬ U_5X�] ³ô¬ ]Èî´æa��$ 	 _µX�]�à ¬ õV[ ü _5X «p¬ Y ¬^±ïö õ ö XZ] / X «ô¬n±1ö õ ü _µY 	 _5] ö*°´±ïö à ¬ õVà ³ ] ¬nü^ö`³ _ ± õ 	 [n] ³ _là ³pý X ¬ õ
õ`X 	�	 _5õ`[ ¬ õ ý X ° õ ³/ÿ î _µY»_e( �n±Z¬ õnì
�RÉ
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9�°"± _ ö`³ _ ± à � î _5Y\_e(5[ ± [ ³ôö [ ±p� ¬ õ ö ¬ Y 	�« _T5µ[ ¬ ý X ¬\	 _µX�]Jà ¬ õ�à ³ ] ¬^ü^ö�³ _ ± õJõ`X ³/²5°´±ïö «p¬ õ ý X ¬n«ô«p¬ õ

«�� [ ü _µX «ô¬ Y ¬n±1ö õ ¬�	 ]`_ « _ ± ( ¬�³ô± à�[©� ±�³ Y ¬n±1ö ò ¬n± . °5³/ö`	 _µX�]Nà ¬ õCà ³ ] ¬nü&ö�³ _ ± õ 	 [n] ³ _là ³pý X ¬ õ�à °5± õ «p°´	 ] °,ÿ
ö�³ôý X ¬ a ý X °5«p³ � ¬ ]�X ±�¬ à ³ ] ¬nü&ö�³ _ ± à � î _µY»_e( �^±�¬ õ3_µX�õ ÿ ¬n±1ö�¬^± à ý X ¬N«�� [ ü _µX «ô¬ Y ¬n±1öV¬ õ ö^	 [n] ³ _sà ³pý X ¬ à °´± õ
ün¬&ö`ö`¬ à ³ ] ¬^ü^ö`³ _ ± ì$ °5± õ «p°�«p³/ö`ö [n] °,ö X�] ¬ ò «p¬�ö`¬ ]3Y ¬ à ¬ ���&4>Ü�)nrs$Ty�j�$*'&4�23.5+p$ ¬ õ ö ]3[
(µX «p³�� ] ¬ Y ¬^±ïö�¬ Y 	�« _T55[ 	 _5X�]�à�[ ÿ� ±�³ ] «ß° æa��$ ¬^ö ò /�³ô¬n±�ý X ¬Ûü^¬nün³A±Z¬ õ ¬ Y /�«p¬7	�° õ�] ³ (µ_µX�] ¬ X�õ ¬ Y ¬n±1ö�¬ A °´ü^ö ò£à ¬m± _µY / ] ¬ XRA ° X ö`¬ X�]3õ
à�[ ü ] ³/²µ¬^±ïö�«ß° æ���$ ü _µY»Y ¬ X ±�¬�¬ A ö�¬^± õ ³ _ ± à ¬»«p° à�[ ü _µY 	 _µõ ³ôö�³ _ ± à ¬ U�_µX�] ³p¬ ]�à °5± õ «ô¬Ûüþ° õ ± _ ±sÿ	 [n] ³ _là ³pý X ¬ ì

»1¼�8 ÄÆÅ�Ç ºÑ¿^À�Ö
ÍP½NÂ�Ì Ó�¹�ÐÕÍ ÐÑÃ ÌCÀ£ÓJÁTÖ�Ì º½Ì�º½¿^Ú ÌCÃEÀ£¿&¹GÃ 9JÃ½¿^Ì ÌNÂ
g;: Ç <>=@?BA�C;D�E#FHG IJFKELD@M N MPOPQHR STQVUP?XWX?YQVA[Z

$ °5± õ ün¬^ö3ö�¬ õ ¬nü&ö�³ _ ± ò ± _µX�õ ± _5X�õ 	�«p° \ _ ± õ�à °´± õ «p¬Müþ° à�] ¬ à � X ±Z¬ æ���$ à ³ õ ü ] �&ö�¬�¬&ö à � X ±½¬ õ 	�°5ü^¬
à ¬¡�M³p«#/<¬ ] ö ]`[ ¬n«

X
à ¬ à ³ Y ¬^± õ ³ _ ± � ±�³p¬

P
a ü)� ¬ õ ö�«p¬»üþ° õ 	 ] °´ö`³pý X ¬ _ed «�� _ ±(ü*î�¬ ] ü*î�¬Í* üþ°´«pü X «p¬ ]

X ±�¬ æ��+$ *Ã	�° ] ö�³ ]�à � X ±�¬1/�° õ ¬ à ¬ à�_ ±�± [ ¬ õ ± X�Y»[n] ³pý X ¬ õnì<W�_µX�õ ²µ¬ ]`]`_ ± õ ý X ¬G«p° æ���$ ¬ õ ö�°5« _µ]`õ
[ ý X ³/²´°5«p¬^±ïö`¬c* X ±�¬ à�[ ü _µY 	 _5õ ³ôö`³ _ ± Y °´ö ] ³pü^³p¬n«ô«p¬�ün«ß° õ`õ ³ôý X ¬\± _µY\Y»[ ¬D&ªg $ÔHG¤ 6-%sq5kl+/.52f¥�.5+|k�$ x $*Ò
'*),��j�)zy&6-4�67),% J ìZÞ ¬^ün³�± _µX�õ °5³ à ¬ ] °:*Û°)/ _µ]3à ¬ ] «p¬�ün°5«pü X «�	 ] °´ö`³pý X ¬ à ¬�«ß° æ��+$ *m«p° õ ¬nü^ö`³ _ ± ÷µì ¶ ìP� ±
¬ F ¬^ö ò «p¬ àZ[ ²µ¬^« _ 	P	<¬ Y ¬^±ïö à �{°5« (µ_µ] ³ôö�î Y ¬ õ ¬ � ün°5ün¬ õ
à ¬Hün°5«pü X «S&Rg $ ¬ õ ö à�[ ¯W*o°5±�ün³ô¬n± ò ¬n±M	�° ] ö�³pü X «p³ô¬ ]
ö _5X ö�¬ õ «p¬ õ /�³�/�«ô³ _ ö`î��ný X ¬ õ ± X�Y»[n] ³ôý X ¬ õ ü^«ß° õ3õ ³pý X ¬ õHà � °5« ( �0/ ] ¬�«p³p± [ °5³ ] ¬�	 ]`_ 	 _µõ ¬^±1ö à ¬ õH]3_µX ö�³ô±�¬ õ�à ¬&Rg $ 	v¬ ]6.>_µ]`Y °5±1ö�¬ õnì

ÀyÁ�éAÁxÀ ] � �l�A�l� � Ç
& _ ³/ö

S ∈ ? � n×n X ±Z¬ Y °´ö ] ³pü^¬ õ>5sY\[ ö ] ³pý X ¬ à�[0� ±Z³p¬¢	 _µõ ³ôö`³ô²µ¬ ìKæ ° ] °)/ X�õ»à ¬E± _ ö�°´ö�³ _ ± ò ± _5X�õ± _ ö`¬ ]3_ ± õ
S1/2 ö _µX ö�¬ Y °´ö ] ³pü^¬ à ¬ ? � n×n ö�¬^«p«ô¬�ý X ¬

S1/2 (S1/2)
T

= S.

? «v¬ A ³ õ ö�¬�° X�Y\_ ³ô± õKX ±�¬ Y °´ö ] ³pü^¬
S1/2 õ °´ö�³ õ>. °5³ õ °5±1ö
ün¬^ö3ö�¬"	 ]`_ 	 ] ³ [ ö [5ò ý X ³3	<¬ X ö`�&ö ] ¬ à�[0� ±Z³p¬�	�° ] «p°] °´ün³p±Z¬�üþ° ]3]`[ ¬ _5X «ô¬ . °5ü^ö`¬ X�]Hà ¬ Þ î _ «p¬ õ í 5ðH «p° ] °5ü^³p±�¬�ün° ]`]3[ ¬�	v¬ X ö��&ö ] ¬ X ± . °5ü&ö�¬ X�]Hà ¬ Þ î _ «ô¬ õ í 55ò	�° ] ¬ A ¬ Y 	Z«p¬ õ ³

S
¬ õ ö à ³ß° (5_ ±�°5«ô¬TJ ì
� ±G¬ F ¬^ö ò

S
	<¬ X ö õ ¬ à ³ß° (5_ ±�°5«ô³ õ ¬ ]}à °´± õ�X ±�¬a/�° õ ¬ _µ] ö`î _ ± _5]`Y °5«p¬

à � °)	 ] � õ «ô¬Eö`î [n_µ] � Y ¬ õ 	<¬^ü^ö ] °5« a ¬^±�± _ ö*°´±ïö
αk
õ ¬ õ ²´°5«p¬ X�]`õ 	 ]`_ 	 ] ¬ õñH�õ ö ] ³pü^ö`¬ Y ¬n±1öh	 _µõ ³ôö�³/²µ¬ õ J ò

³p«C¬ A ³ õ ö`¬ X ±�¬ Y °´ö ] ³ôün¬ _µ] ö`î _ ± _5]`Y °5«p¬
Q
ö�¬^«p«ô¬Jý X ¬

S = QT à ³ß° ( (α1, · · · , αn)Q
¬^ö\ö�¬n«ô«p¬Ñý X ¬

S1/2 = QT à ³ß° ( (√α1, · · · ,
√
αn)Q

õ`_ ³/öV«p° ] °5ün³ô±�¬�ün° ]`]3[ ¬ à ¬
S
H
(S1/2)

2
= S

¬&ö
(S1/2)

T
= S1/2

J ì$ ¬�	�« X�õnòzà � °)	 ] � õ «p¬Fö`î [n_5] � Y ¬ à ¬ . °5ü&ö _µ] ³ õ °,ö�³ _ ± à ¬ Þ î _ «p¬ õ í 5DH ² _ ³ ] Ú ÷  ò 	 ì ¯ · ÛXJ ò ³p«´¬ A ³ õ ö�¬ L ∈ ? � n×nö ] ³ß°5± (µX «ß°´³ ] ¬�³p± .>[^] ³ô¬ X�] ¬�ö�¬^«p«p¬�ý X ¬
LLT = S

a
S1/2 = L

ü _ ±1²s³p¬n±1ö ì� ±h	 ] °,ö�³pý X ¬ ò ³ô«�¬ õ ö`	 _µõ`õ ³�/�«ô¬ ò ¬n± X ö�³p«ô³ õ °5±1ö�«p¬ õ
]`_µX ö�³p±Z¬ õKà � X ±�¬�/�³#/�«p³ _ ö�îP�ný X ¬M± XZY\[^] ³pý X ¬ à � °5«/ÿ( �0/ ] ¬o«p³ô± [ °´³ ] ¬ òlà ¬Tün°5«pü X «p¬ ]NX ±�¬ à ³p° (µ_ ±�°5«p³ õ °´ö`³ _ ± à ¬
S
H>à�_ ±�ü X ±Z¬ ] °5ün³ô±�¬�üþ° ]`]`[ ¬TJ _µXÑX ±�¬ . °5ü&ö _ ÿ

] ³ õ °´ö`³ _ ± à ¬ Þ î _ «p¬ õ í 5µìvÞ ¬&ö`ö�¬ à ¬ ] ±�³#� ] ¬ õ3_ « X ö`³ _ ±½¬ õ öM¬n± (µ[ ± [n] °5«£«ß° Y»_ ³p± õ ü _eØ ö`¬ X�õ ¬�¬^±Jün°5«pü X « õ^ì
�R¾
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� ³ô± õ ³ ò a ± à ³ õ 	 aµõ ¬ à �cb�±�¬-/�° õ ¬ à ¬ àXa ±�±Xdn¬ õ U = (u(tj))j=1..N ∈ XN à ¬ N ün«p³ôü*îXd õ u(tj) = ujü a ±�±)b õ ±)bXeHdgf`³ôý�bZ¬4e»¬n±1ö^	�° f�«p¬gbXf õ ü a ¬ � ün³p¬^±1ö õ fhdn¬n« õFà °5± õ b�±�¬`/�° õ ¬ à ¬
X
± a ö5dn¬ X = (Xi)i=1..P

ò	�° fH¬ A ¬4eD	�«p¬ib�±�¬+/�° õ ¬ à �cdn«�dge\¬^±1ö õ-� ±�³ õnìvÞ ¬ õ ü a ¬ � ü^³p¬n±1ö õMõ ¬4f a ±1ö�± a öjd õ
yi,j k

∀j ∈ [[1, N ]] u(tj) = uj =

P∑

i=1

yi,j Xi.

& a ³/ö
yj

«ß°lf`¬0	Xf5d õ ¬^±ïö�°´ö�³ a ±J²5¬nü&ö a f3³p¬n«ô«p¬ à ¬
uj k yj = (y1,j · · · yP,j)

T ∈ ? � P ì
�¡�iÑ�}���~T�]��}t®[�W���P~K�4�]�e�%���R�M�Á�=�]�8���R�8�

U =




y1,1 · · · y1,NÙÙÙ ÙÙÙ
yP,1 · · · yP,N


 ∈ ? � P×N

m*yLn`oLp&pYmLqp�rmiqso\�%o n�tLuwvrmyx�mrz{vLq|uwv*Ü��rz}x�m U x&o ~�ziqso��ro�z#m X Ù
$ ¬¢	�«�b õnò�a ± ± a ö�¬

SP

«ß°�e�°,öjf`³ôün¬ õ65 e%d^ö5f`³ôý�bZ¬ à d � ±�³ô¬%	 aµõ ³/ö�³/²µ¬E° õ`õha ü^³�d^¬J°�b{	Xf alà bZ³ôö õ ün°5«ß°´³�f`¬
( ., . )X

à ¬
X
¬&ö�*�«p°7/�° õ ¬

(Xj) k
SP =

(
( Xi,Xj )X

)
∈ ? � P×P .

� ±Jü a ± õ dný)b�¬n±Zün¬ ò
∀(i, j) ( ui, uj )X = ( yi, yj )SP°þ²µ¬^ü

∀(y, z) ∈ (
? � P )

2
( y, z )SP

= yTSP z
¬&ö ‖y‖SP

=
√

( y, y )SP
=
∥∥∥(S1/2

P )
T
y
∥∥∥

2
.

æ�a b�fNö a bZö`¬�e�°,öjf`³ôün¬
A
ò�a ±Ñ± a ö�¬

A:,i

õ °
i
�ge\¬�ü a « a ±Z±�¬ ì�� ° æ���$hà ³ õ ü4fW�&ö�¬ H¡÷µìô÷ ®ÁJa	v¬4bZöM°5« a f õ

õ �cdnügf`³�f`¬ õ5a b õ «p° .�a f5e»¬�e\°´öjf3³pün³ô¬n«ô«p¬ õ b�³/²5°´±ïö`¬ k
U = Φ Σ AT H ÷µì/÷T� J

aed
• dY =

� °5± (
(U)
ò

• σk =
√
λk

	 a bXfHö a bZö
k
ò ¬&ö

Σ =
à ³p° (

(σ1, · · · , σdY
)
ò

• Φ ∈ ? � P×dY
¬ õ öN«ß°;� o n�tLuwvrm�x�mrz �V� x�mrz Ý Þ1� à�a ±1ö�«ô¬ õ ü a « a ±�±�¬ õ Φ:,j

õha ±1öN«p¬ õ ²5¬nü&ö�¬4b�f õNà ¬ õ
ü a ¬ � ü^³p¬n±1ö õ�à ¬ õ e asà ¬ õCæ���$

ϕj
à °5± õ «p°7/�° õ ¬ X ò

• A ∈ ? � N×dY
¬ õ öÛ«ß°�� o n�t�uwvrmKx�mrz�v � mêí�vLuwmL~Yn�z Ý Þ1��n�m � p � tjmLq	z à d � ±�³ô¬c	�° f A:,k = ak =

(ak(t1) · · ·ak(tN))T ò
¦ ½
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• ¬&ö SN =
1

N

?
N

ì
$ � °)	Xf>� õ «ß°´	Xf a 	Xf`³�d^ö5d à ¬+/�³ a f ö�î a)(2a ±�°5«ô³ôö5d à ¬o«ß° æ���$Gò ü^¬ õ e�°´ö5f`³ôün¬ õ ² d4f3³ � ¬^±ïö à ¬+	�«�b õ

ΦT SP Φ =
?
dY

¬^ö
AT SN A =

?
dY
.

H ÷µì/÷�· J
� ¬ õ d^ý)b�°´ö�³ a ± õ"H ÷µì/÷T� JA¬^ö H¡÷µì/÷�· JA± a b õ e a ±1öjf3¬n±1ö à�a ±�ü�ü^«ß°5³�f`¬ge\¬^±ïö
ý)b�¬�«p° æ���$ àXa ±�±�¬�b�±�¬+&ªg $( d^±Xd4f`°5«p³ õ dn¬�¬&öCöjf a ±�ý)bXdn¬ à ¬o«ß°le\°´öjf3³pü^¬

U k
�'���S�^�3�
��~�����}t¾[��ä>�¢� �S�B�b�ª���_�=�]�
�ª���ð¤ � uwmL~Yn U ∈ ? � P×N ~ � ~J~Y��q�q�m��4�YmLq�v � ~��4��m�x�m�tho ~�� d�
1 ≤ d ≤ max(P,N) Í Ó SP ∈ ? � P×P mLn SN ∈ ? � N×N x�mL�5ú � o n�t�uwvrmrz�z&ê �V� n�t�u��4��mrz�x � í�~Yuwmrzp � zLu�n�u�� mrz
Ù�â,q � tjz Ó p � �Bt (M,L) = (P,N)

� � (M,L) = (d, d) Ó u�q�m3ú2u�zLn�m Φ ∈ ? � P×M Ó A ∈ ? � N×LmLn σ1 ≥ · · · ≥ σd > 0 n�mLq	z �4�Ym
ΦT SP Φ = ¡ M , AT SN A = ¡ L H¡÷µìô÷ ¯ÁJ

mLn
U = Φ Σ AT H¡÷µìô÷K� J

��¢
Σ =

àX£�¤)(
M×L(σ1, · · · , σd)

ÙTÕ1mLn�n�m@x � v ��� p � zLu�n�u � ~¥mrzLnHoLp&pYmLq � m ¤ ¥>� x�m U Ó q�mrz¦v � q � ~Y~>mrzx�m Φ mLn A tjmrz�pYmrvLn�u�� m � mL~Yni� mrvLn�mL�BtjzKzLu�~�� ��q|uwmLtjzH�&o �Yv*ÜYmrzTmLn x t � u�n�z
Ù¨§©mrz σk Ó oLp&pYmLq � mrzK��o q�mL�BtjzzLu�~�� ��q|u7ÝLtjmrz Ó z � ~YnP��~Yu��4��mrz
Ùª§«o�x � v ��� p � zLu�n�u � ~�mrzLn+�4�Xo q|u í � m x�m}n�t � ~��4� � m¨p � �Bt (M,L) = (d, d) ÓmLn`x�m,� � ~ � tho q|u�z � m � tjmLqso n�u�� m � mL~Yn ì SP
mLn SN

Í{z4o ��Ô�zLu SP = ¡ P mLn SN = ¡ N Ù¬�a b õ 	�f a 	 aµõ5a �õ e ¤�£� öj® Y¤  ö«b  ® à d4e a2�õ ö5f ¤ ö £�a2�à ®�ü4®^ö3öj®^	Xf a 	 aµõ5£ ö £�a  	 ¤ f ¤�Y¤ ¯#5sõ ®&ÿ õ65� ö`î�� õ ® kü4® ¯7¤H°�¤V�a b õ 	�®4fheH®&ö`öjfh® Xa ö ¤ e%eH®  ö à ®le a2 öjfh®4f�ý�b�®Gö a blöj®M&Rg $ ( d  d4f ¤�¯�£põ d4®�ü a fhf5® õ 	 a �à f5dÒÿ
ü £ 	Xf a ý)bX®4e%®  ö´*Tb  ® æ���$Gò e ¤ £ôõ ¤ b õ`õh£�à � ¤ 	�	XfhdnîX® �à ®gf ¯ ®»ü ¤ ¯ ü4b ¯± bXeHdgf £ ý�b�® à �cb  ®Í&Rg $nH ®&ö
àXa2 ü à �'b  ® æ���$ J ì
�'�8�R�;����Ê;� ®¨f5d õ b ¯ ö ¤ ö °�¤ �^ö5f5® à dge a2 ö5f5d-	 a bXf

M = L = d k £�¯Zõ b � ö à ®Hü a eÃ	 ¯ d^ö5®4f ¯ ® õ ü a ¯�a2X ® õà ®
Φ
ò fh® õ 	²®^ü^ö £s° ®geH®  ö à ®

A
òª¤4�Y(à � a /Zöj® X£ fib  ®Ã/ ¤5õ ® à ® ? � P a f ö�î a2�a f5e ¤ ¯ ® ¤ b õ ® �õmà ®

SP

òf5® õ 	�®nü&ö £�° ®4e%®  ö}b  ®M/ ¤5õ ® à ® ? � N a f3ö`î a2Xa fhe ¤�¯ ® ¤ b õ ® �õTà ®
SN

ò ®^ö à ®�ü a eÃ	 ¯ d^ö5®4f
Σ
	 ¤ f à ® õV4dgf aµõ^ò 	 a bXf�	 ¤5õ`õ ®4f à �cb  ®:&Rg $ öjf a2 ý)bXdg® H

M = L = d
J`*;b  ®1&Rg $ H

M = P
®^ö
L = N

J ì
ó� ® ¤ X¤ ¯#5sõ ®ie a2 öjfh®�ý�b�® H¡÷µìô÷ ¯ÁJ`®^ö H¡÷µìô÷K� J £ eD	 ¯�£ ý)bX®  ö

K̃ A = AΣ2 ¤�° ®nü
K̃ = UT SP U SN

®^ö
Φ = U SN AΣ−1,

H ÷µì	³ ´ J
K Φ = Φ Σ2 ¤�° ®nü

K = U SN U
T SP

®^ö
A = UT SP Φ Σ−1.

H ÷µì	³l÷ J
� d^ü £ 	Xf a ý)bX®4e%®  ö H>õ>5� ö�î�� õ ®Í*¢	 ¤ f3ö £ f à ® H ÷µì	³ ´ J>J ò©¯7¤ e ¤ öjf £ ü4®

B1 = (S
1/2
N )

T
K̃ (S

1/2
N )

−T
=

(U S
1/2
N )

T
SP U S

1/2
N

d&ö ¤  ö õ>5 eHd&öjf £ ý)bX® ò fhd4® ¯�¯ ® ò 	 aµõh£ ö £�° ®+®&ö �a2H b ¯�¯ ® ò ® ¯�¯ ® ¤5à e%®^ö
d > 0

° ¤�¯ ®4b�f õ	Xf a 	Xf5® õ
λ1 ≥ · · · ≥ λd > 0

®&ö
N − d

° ¤�¯ ®4b�f õ 	Xf a 	Xf5® õ¨ b ¯�¯ ® õnì�?�¯ ® õ öµd (2¤ ¯ ®geH®  ö`	 aµõ3õ5£ / ¯ ® à ® ¯ b £¤5õ3õ5a ü £ ®gf+b  ®ye ¤ öjf £ ü4®
Ã ∈ ? � N×d à ® ° ®^ü^ö5®4bXf õ 	Xf a 	Xf5® õ�a f3ö�î a2Xa fhe ¤ b A k

B1 Ã = ÃΣ2 ®^ö
ÃT Ã =

?
d

¤�° ®nü
Σ =

àX£7¤)(
(
√
λ1, · · · ,

√
λN).

¦ �
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A = (S
1/2
N )

−T
Ã
ò
Φ = U SN AΣ−1 ®^ö

σk =
√
λk
òXa �a /lö £ ®  ö�/ £ ®  b  ®:&ªg $

à ®
U
ì�� 	²®gbZö .�¤�£ f5® ¯ ®}eD�4e%®Tö 5 	�® à ® õ>5� ö�î�� õ ®{®  	 ¤ f3ö ¤  ö à ® H ÷µì	³l÷ J k õ5a2£ ö Φ̃

b  ® õ5a ¯ bZö £�a2�a f ÿ
ö�î a2Xa fhe ¤ ¯ ® à bc	�f a / ¯ �4e%® ¤ b A;°�¤ ¯ ®gbXf õ 	Xf a 	Xfh® õ

B2 Φ̃ = Φ̃ Σ2 ¤�° ®^ü
B2 = (S

1/2
P )

T
K (S

1/2
P )

−T
=

(S
1/2
P )

T
U SN U

T S
1/2
P

ì²� ® õ e ¤ öjf £ ü4® õ
Φ = (S

1/2
P )

−T
Φ̃
ò
A = UT SP Φ Σ−1

®^ö
Σ

Xa b õ�àXa2X ®  öb  ®1&Rg $ à ®
U
ì
2

Þ ®^ö3öj® à d4e a2�õ ö5f ¤ ö £�a2�Xa b õ�àXa X ® à ®1	 ¯ b õµ¯ �cdný)b £�°�¤ ¯ ®  üg®i®  öjfh® æ���$ ®^ö"&Rg $ 	 a b�fµb  ® õ ÿ	 ¤ üg®
X
à ® àX£ eH® �õ5£�a2+�YX£ ® k ¯ ®�	Xf a / ¯ �geH® H ÷µì	³ ´ J à d �YX£ 	 ¤ f ¯7¤ e ¤ ö5f £ ü4®

K
dný)b £s°�¤ bZö ¤ b:	Xf a / ¯ �geH®

à ® õ °�¤ ¯ ®gbXf õ 	Xf a 	�f5® õGà ® ¯ � a 	�d4f ¤ öj®gbXf
K
à ® ¯7¤Ñõ ®^ü^ö £�a2�÷µì/÷ ®&ö

Φ
ü a fhf5® õ 	 a2�à àXa2 üh/ £ ®  *�b  ®/ ¤5õ ® æ���$ÔH öj® ¯�¯ ®Ûý)bX® à d �Y�£ ®D	 ¤ f ¯7¤Ñà d �XX£ ö £�a2 ÷ J ì��©¤ ü a2Zõ öjfhb�ü^ö £�a2(à �cb  ®c&Rg $ à�a2X dg®Ã	 ¤ fH ÷5ì�³ ´ JMü a f5f5® õ 	 a2�à * ¯7¤ e%d^ö`î asà ® à ® õ ü ¯�£ ü*îXd õ7H 	Xf a 	 a5õ5£ ö £�a2�  J ò 	Xb £põ ý)bX®

K̃ = UT SP U SN

® õ ö/ £ ® ·¯7¤ e ¤ öjf £ ü4® à ® õ ü a f5f5d ¯7¤ ö £�a2Zõ öj®geÃ	 a f5® ¯�¯ ® õ+H>à d �Y�£ ö £�a2�³ J ì
Î ���ª�S��»R��� ¹ ��¸�¬p�����P�_�]�����e�Í�M�D�T¹«ä²º¢���f¤ � uwmL~Yn U �B~»mL~�z#m � �4q�m;x�mVvLq|uwvr¼ � z;x Ï ��~Jmrz�p�o�vrmt � mLq X x�mi½�u�qs�LmLt�n1z � p�o tho&�4q�mlx�mlx u � mL~�zLu � ~´í�~Yuwm Ó mLn X = (Xi)

�B~>ml�ro�z#mlx�m X Ù®â,q � tjz ì n � ��n�mÝ Þ1�¾x u�z#vLtr¿Ln�mµx�m U v � t�tjmrz�p � ~�xi��~>m ¤ ¥>�À� � ~ � tho q|u�z � m+n�t � ~��4� � mµx�m¨qso � o n�t�uwvrm U x�mrz�vLq|uwvr¼ � zµx�m
U x&o ~�z X mLn�t � vLu	p�t � �4�Ym � mL~Yn Ù Ý q|�&zÁp�t � vLu�z �L� mL~Yn Ó p � �Bt�n � �Bn�mP�ro�z#m Ý Þ1�ÀxªÂ � thx tjm M ≤ çPo ~�� (U) Óq�mrz �V� x�mrz Ý Þ1� ϕk Ó q�mL��tjz�v � mêí�vLuwmL~Yn�zVn�m � p � tjmLq	z ak

mLn�q�mrzH��o q�mL�Btjzyp�t � p�tjmrzKo�zrz � vLu � mrz λk
x �z�pYmrvLn�tjm Ý Þ1�Ãv � t�tjmrz�p � ~�x�mL~YnÁtjmrz�pYmrvLn�u�� m � mL~Ynªo ��Ä M p�tjm � uwmLtjz¨� mrvLn�mL�BtjzPzLu�~�� ��q|uwmLtjz±�&o �Yvr¼Ymrz Φ:,kmLn+x t � u�n�z A:,k Ó mLn¨o ��Ä�v5o tLt � z σk

2 x�mrz M p�tjm � uw¿Ltjmrz}��o q�mL�BtjzyzLu�~�� �Bq|uw¿LtjmrzlxªÂ ��~>m ¤ ¥>� (Φ,Σ, A)� � ~ � tho q|u�z � m}x�m U p � ��t SP = (( Xi,Xj )X) mLn SN = 1
N
¡ N Ù

Å ®�Æ ¯ b�Ç4È ¤�° ®gÉ ¯ ®4Ç Xa Êr¤�Êj£�a  Ç«ËX® ¯�¤ ËXd4e a2 Ç Ê f ¤�Êj£�a  ÆXf5dgÉ4dgËX® &Ê ®�È a2y¤
Φ̃ Σ ÃT = (S

1/2
P )

T
U S

1/2
N k

(Φ̃,Σ, Ã)
®gÇ Ê b  ®}Ì�Í Å ËX®

(S
1/2
P )

T
U S

1/2
N Î�Ï ·Ð�¤ £�Ê È a2�¤;¯ ®gÇ+f5d4Çhb ¯�Êj¤�Ê Ç¨Çhb £�°�¤ &Ê Ç k�'��ÑS�ÒÑ��K�N~���Ñ²� �ª½ ôª~>m ¤ ¥>� (Φ,Σ, A) � � ~ � tho q|u�z � m � n�t � ~��4� � m � �K~ � ~aÍ x�m U ∈ ÓÕÔ P×N Ó x�mµtho ~��

d ≥ 1 Ó pYmL��n¨ÖLn�tjm � �4n�mL~Y�Ym+p�o t��B~>m ¤ ¥>�×� � t�u í1o ~Yn
(S

1/2
P )

T
U S

1/2
N = Φ̃ Σ ÃT o � mrv Φ̃T Φ̃ = ÃT Ã = ¡ d Ø�Ù Î ³2³2ÚmL~Hp � z4o ~Yn

Φ = (S
1/2
P )

−T
Φ̃ mLn A = (S

1/2
N )

−T
Ã. Ø�Ù Î ³ Û&ÚÜ ~ � ��n�trm Ó zLu S1/2

N = 1√
N
¡ N Ó o q � tjz (Φ,Σ, A) pYmL��n`ÖLn�tjm � �4n�mL~Y� p�o t��B~>m ¤ ¥>�Ýx�m Ũ = (S

1/2
P )

T
U� � t�u í1o ~Yn

(S
1/2
P )

T
U = Φ̃ Σ̂ ÂT o � mrv Φ̃T Φ̃ = ÂT Â = ¡ d Ø�Ù Î ³4 )ÚmL~Hp � z4o ~Yn

Φ = (S
1/2
P )

−T
Φ̃, Σ =

1√
N

Σ̂, mLn A =
1√
N
Â. Ø�Ù Î ³2Þ2Ú�yß8��à;����Ê�� ®4Çµd4á)b ¤�Ê5£�a2 Ç Ø�Ù Î	â2â Ú ® Ê Ø�Ù Î�â�ã Ú`£ e%Æ ¯�£ á)bX® &Ê

Φ ΣAT = U
® Ê

ΦT SP Φ = AT SN A =Ó d Î Å ®yeHägeH®�È Ø�Ù Î�â  )Ú ® Ê Ø�Ù Î�â Þ Ú Ë a2X ® &Ê Ég®if5d4Çhb ¯�Êj¤�Ê Æ a bXf
SN = 1

N
Ó N Î 2

�©¤ ËX®gbBå £�æ eH®�Æ ¤ f Êj£ ®�ËX®iÉ4® Ê5Ê ®iÆXf a Æ a Ç £sÊj£�a  Ç5®4f ¤ ®�åBÆ ¯�a2£sÊ dg®�Ë ¤  Ç ¯7¤ Çh®4É Ê5£�a2 Ù Î Þ Î Ù Î
¦S¦
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ÀyÁ�éAÁ�å ØÚÙ�ìBí �ïî Û íðìjÄ æ�ñ Û î��P_ Ã

ò,¤ ó�£�Ê b�® ¯�¯ ®4e%® &Ê È ¯7¤ fh® ¯�¤�Êj£�a2 ® &Ê f5®�ô±õ Å ® Ê Ì�Í Å ®4Ç Ê�¤ ó²a f5ËXdg®ÒË £�ö d4fh®4e%eH® )Ê È °�£7¤P¯�¤ ÆXf a ÆXf £ d Ê dÐ�a2 Ë ¤ eH® &Êr¤ ¯ ®lËX® ¯7¤ ô±õ Å Ë £ Ç5Égf ægÊ ® Ø ÆXf a Æ a Ç £�Ê5£�a2 â Ú Î©÷ ® Ê5Ê ®%e ¤ X£�æ f5®lË>ø ¤ Æ�ÆXf5dgùX®  Ë�®4f ¯ øcd4á)b £�°�¤�ú¯ ®  É4® ô±õ Å�û Ì�Í Å È«á)b £ ®gÇ Ê Æ ¤ f,®�å�®geHÆ ¯ ® ®�åBÆ ¯�£ É £�Ê d4®yË ¤  Çlü Ù#ýÿþ È Xa b�Ç�Ë a2X ® b  ® £�&Ê ®gf5ÆXfhd Êr¤�Êj£�a e ¤�Ê f £ É £ ® ¯�¯ ®µËX® ¯7¤ ÆXf a ÆXf £ d Ê d Ð�a2 Ë ¤ e%® &Êj¤ ¯ ®�ËX® ¯�¤ ô1õ Å ÎÏ  ® ö ® Ê È1®  Xa Êj¤ &Ê
ΦM

¯7¤ e ¤�Ê f £ É4®·ËX®4Ç
M

ÆXfh®4e £ ®gf5Ç%e a ËX®4ÇHô±õ Å Ë«øcb  ® óX¤ Ç5®�Ë«ø a f5ËXfh®Ç5b�Æ²dgf £ ®gbXf �
M

® Ê
Φ:,k

Ç ¤
k
æ e%®�É a2¯�a2X ®�È ¯7¤ ÆXf a ÆXf £ d Ê d Ø�Ù Î Þ2Ú Æ�®4b Ê Çgø'dgÉ4f £ f5® k
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∥∥∥Ũ − Φ̃M Φ̃T
M Ũ
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ŨM = Φ̃M Σ̂M ÂT
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T ((vj + ṽj)) = δi,j
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Ũ = (S
1/2
P )

T
U Ø Ð51 ÆXÆ�.�, Ï *XÇiá?Ô-.KË31�*�Ç(,:.HÉ�1 Ë�Ð5.HË-.!,61�ô1õ Å ËB)�Ç5É�Ð æLÊ . È

SN = 1
N
Ó N Ú Î�Ï ,:,+.4ÇÐ5.gÆ Ï Ç5.�* Ê ÇÒÔ�ÐJ,61�Ë-)+1 �iÏ *31@,+)�Ç51 Ê ) Ï * Ø Æ31FÐ Ê )+./,+,+. Ú Ë«øÖÔ-*-.¦Ó$1 Ê Ð5)�É�.{Ç7w0Ó�Ñ Ê Ð5)�á?Ô-.�ÐÒÑ/.�,:,+.;Ë31�*XÇ°Ô-*-. ó 1 Ç4.

Ï Ð Ê ù Ï * Ï ÐÒÓ01�,+. Î
O�;1/ , � * Ñ&P- KP ���� RQ�SUT�VWVWXZYC[A\
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j , � * ÑkP  3;-e��= )ßWl-;�����"� 
Ù Î�÷ 1�,�ÉgÔ-,:.gÐ

B̃3 =
√
N B3 =

(
0 Ũ

ŨT 0

)
.

7 Î�÷ 1�,�ÉgÔ-,:.gÐ M >F.gÉ Ê .�Ô�Ð5Ç
V:,k = 1√

2

(
Φ̃:,k Â:,k

) Ï Ð Ê ù Ï * Ï ÐÒÓ01FÔBå`1 ÇhÇ Ï É�)%Ñ4Ç�1FÔ�å
M

Æ�Ð5.gÓ!) æ Ð5.gÇ
>@1�,:.gÔ�ÐhÇ+Æ�Ð Ï Æ�Ð5.4Ç √

N σk

ËB.
B3 Î

ã�Î Φ = (S
1/2
P )

−T
Φ̃
. Ê
A =

1√
N
Â
* Ï ÔXÇÒË Ï *B*-.�* Ê ,+1 ó 1 Ç4.¨ô1õ Å

(ϕk)
Ë«ø Ï Ð5Ë�Ð4.

M
Ç^1 Ê )�Ç Ð 1�)�Ç51�* Ê

Ø�Ù Î	ã�] Ú Î
m * Ñ�onpP  qe�;rP �è/1 �l ����ÑNl

M
P- Ke�;rsr;ª�� 	It!u

Ï * � Ñ/*�ÑgÐ51�,wÈ M .4Ç Ê Ë�Ñy�3*-))É Ï Ó¦Ó!.v,+.ÒÆ-,%ÔXÇ©ÆN. Ê ) Ê .�* Ê ):.gÐ
k
Ç^1 Ê )�Ç Ð 1@)�Ç^1@* Ê ÔB* ÉgÐ4) Ê5æ Ð5. C(k)

Ð�Ï *XÉ Ê ) Ï *Ë-.gÇ
λi

Æ Ï Ô�Ð
i ≤ k

. Ê Ë-. ∑dY

i=1 λi Ø dY

.4Ç Ê ,+.UÐ51�* � Ë-.�,61kÓ01 Ê Ð5)�É/.
U

Ë-.gÇµÉ/,+)�Érù�Ñ4Ç Ú ÈYÆ31FÐH.�åh.gÓ%Æ-,+.

C(k) ≡
[

k∑

i=1

λi > c1

dY∑

i=1

λi

. Ê
λk < c2

dY∑

i=1

λi

]

1D>F.gÉ
c1 = 0.95

. Ê
c2 = 0.01 Ø > Ï )�ÐPÌh)�Ð Ï >h)�Érù�ü ¬i¬ þ Ú Î�Ï *�.�fw. Ê Èh,+.,ÇhÆN.gÉ Ê Ð5.�ô±õ Å Ó0.gÇÒÔ�Ð4._,wøc.�Ø%É�1 É�) Ê ÑË-. Ê²Ï Ô Ê . ó 1 Ç4.yô1õ Å Ø > Ï )�ÐH,+1;Ç4.4É Ê ) Ï * Ù Î Ù Î 7 Ú ÎÅ 1�*XÇiÉ/.{ÉD1 ÇgÈ&)+,A*>ø2.gÇ Ê Æ31 Ç�*�Ñ4É�.gÇ5Ç51�)�Ð4.%ËB.%É Ï *-*31 (�Ê Ð4.�,+.gÇ

λi

Æ Ï Ô�Ð
i > k

Æ Ï Ô�Ð�Ç^1D> Ï )�Ð�Ç4) C(k).4Ç Ê ><Ð51�)wÈ�Æ�Ô-)�Çhá?Ô-. ∑dY

i=1 λi

Æ�.gÔ Ê ä Ê Ð5. Ï2ó�Ê .�*?ÔTÆ-1FÐH,61kÐ4.�,61 Ê ) Ï *
dY∑

i=1

λi =
1

N

N∑

i=1

‖u(ti)‖X
2 =

1

N

N∑

i=1

‖yi‖SP

2 =
∥∥∥Ũ
∥∥∥

F

2

,

Ï Ô�.�*�É Ï Ð4. È�Ë31�*XÇg,:.�ÉD1 Ë�Ð4.iË-.�,61kÓ�Ñ Ê ù Ï Ë-.iÉ/,61 ÇhÇ5)�á?Ô-.�. Ê Ë-.�,61ßÓ¦Ñ Ê ù Ï Ë-.�Ë-.gÇ¨É�,+)�Érù�Ñ4ÇgÈYÆ31FÐ
dY∑

i=1

λi =
1

N Õ Ð51 É�. (B̃2) =
1

N Õ Ð51 É�. (B̃1).

¡�x
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m * Ñ�onpP  qe�; / , � * Ñ&P- 3 ��¦;-e�A�Ñ�ß!��� * /1 0��P- qO�;3lr8Fy&Ñ�

ã 1�Æ�Ð7Ñ4É/)�Ç5) Ï *L. Ê ,+.;É ÏiêBÊ ):* Ð�Ï ÐÒÓ01 Ê )�á?Ô-.lË�Ô�ÉD1�,�ÉgÔ-,ÒË>ø×Ô-*B.Vô±õ Å Ð4.4Æ Ï Ç5./* Ê 1�)+*�Ç5)ÒÇÒÔ�Ð(,:.%Érù Ï )såË«øÖÔ-* Ë-.gÇ Ê Ð Ï )�Ç%Æ�Ð Ï2ó , æ Ó!.4Ç01FÔBåz>@1�,:.gÔ�ÐhÇ0. Ê >�.4É Ê .gÔ�ÐhÇ�Æ�Ð Ï Æ�Ð5.gÇVá?Ô-)g>h):.�*-*B.�* Ê Ë«øcä Ê Ð5.�Ë Ï *-*�ÑgÇ$. ÊÇÒÔ�Ð�,61 Ê .gÉrù-*-)�á0ÔB. Ô Ê )+,:)�Ç7Ñ�.VÆ Ï Ô�Ð�,+. Ð7Ñ4Ç Ï ÔXË�Ð5.�*?Ô�Ó�ÑgÐ4)�á?Ô-.gÓ!.�* Ê Î�÷ . ÊhÊ .�Ç5.gÉ Ê ) Ï *»Ë Ï *B*-.�á?Ô-.�,�á0ÔB.4Ç)+*�Ë-)�É�1 Ê ) Ï *XÇPÉ Ï *XÉ�.�Ð5*31@* Ê ,:.�Érù Ï )så�Ë�Ô�Æ�Ð Ï2ó , æ Ó!.�Æ Ï Ô�Ðg,+.�É�1�,�É�Ô-,«Ë-.�,61{ô±õ Å Î
Õ Ï Ô Ê Ë«ø21 óÏ Ð5Ë«È�* Ï ÊÒÏ *XÇ�á?Ô-.�,+.4Ç�1�, �FÏ Ð5) Ê ù�Ó!.4Ç¨Ë-. ã 1�*�Ég� Ï Ç Ø > Ï )�Ð üM7 � þ Ú Ç Ï * Ê Æ31)Ð Ê )�ÉgÔ-,:) æ Ð5.gÓ!.�* Ê)+* Ê ÑgÐ5.gÇ5Ç51�* Ê Ç�./* Ê .gÐÒÓ!.4ÇiË-.%É ÏFê�Ê È©Æ�Ô-)�Ç5á?Ô«øc)+,�Ç�ÆN.�ÐÒÓ!. Ê5Ê .�* Ê Ë-.HÉ�1�,�É�Ô-,+.�Ð�Æ�ÐÒÑgÉ�)�ÇÒÑgÓ!.�* Ê ,+.gÇ

M
Æ-,�Ô�Ç

� Ð51�*XË-.gÇG>@1�,:.gÔ�ÐhÇ�Æ�Ð Ï Æ�Ð4.4Ç,Ë>ø×Ô-*B.+Ó01 Ê Ð4)�É�.�Çxw0Ó¦Ñ Ê Ð5)�á?Ô-.ÙÐ7Ñ�./,+,+.iË-.}Ë-)�Ó!.�*�Ç5) Ï *
L
. Ê Ô-*B. Ð 1FÓ!)+,:,+.�Ë-.>F.gÉ Ê .gÔ�ÐhÇ�Æ�Ð Ï Æ�Ð5.4Ç Ï Ð Ê ù Ï * Ï ÐÒÓ01FÔBå`1 ÇhÇ Ï É�)�ÑgÇ4È�Ç^1�*�Ç�1D> Ï )%Ða*�ÑgÉ�.gÇ5Ç^1@)�Ð5.�Ó0./* Ê � Ë-)+1 �iÏ *-1�,+)�Ç5.gÐH./* Ê ) æ Ð5. úÓ!.�* Ê ,61 Ó01 Ê Ð4)�É�. Î§ã .�É ÏFê�Ê Ë«ø×ÔB* É�1�,�É�Ô-,+ô±õ Å � ,wø21�)�Ë-.KË-.·É�.gÇ$1@, �iÏ Ð4) Ê ù�Ó0.gÇ�. Ê Ë-.4Ç�Ó¦Ñ Ê ù Ï Ë-.gÇÆ�Ð7Ñ4ÉgÑgË-.�* Ê .4ÇJ.4Ç Ê ,:.lÆ-,%ÔXÇ�Ç Ï Ôh>F.�* Ê *-. Ê5Ê .�Ó0./* Ê Ó Ï ):*XË�Ð4. á?Ô-.;É�./,�Ô-){)+*XË�ÔB) Ê Æ-1FÐ9Ô-*-.ßÐ Ï Ô Ê )+*-.;Ì)Í ÅÉ�,+1 Ç5Ç4)�á?Ô-. Ø á?Ô-)©É�1�,�É�Ô-,+.UÔ-*B.lÌ�Í Å * Ï * Ê Ð Ï *Xá?Ô�Ñ/. Ë-.�,+1>Ó01 Ê Ð5)�É/. Ú ÎYÏ *|./fN. Ê È3,61%Ì�Í Å�û ô±õ Å Ñ Ê 1�* Ê

Ï Æ Ê )�Ó01�,+.�È)ÔB*HÆ�. Ê ) Ê * Ï Ó ó Ð5.
M � L

Ë-.H>F.gÉ Ê .�Ô�Ð5Ç1Æ�Ð Ï Æ�Ð5.gÇ±Ç7Ô�Ø%Ç5./* Ê .�* � Ñ�*�ÑgÐ^1@, � ó )+.�*>Ð4.4Æ�Ð7Ñ4Ç5./* úÊ .�Ð�,61°Ó$1 Ê Ð5)�É�.�Ë-.4Ç+Ë Ï *-*�Ñ�.gÇ Î Ó , Ð 1FÔ Ê * Ï Ê .�ÐPá?Ô«øc)+,w.gÇ Ê Æ Ï ÇhÇ5) ó ,+.,ËB.�Ë�Ñ��3*B)�Ð�ÔB*�ÉgÐ5) Êjæ Ð5.�Ë«ø21FÐ7Ð5ä Ê C(k)á?Ô-)�Æ�.gÐ7Ó0. Ê5Ê . Ë-.}Ë�Ñ4É/)�Ë-.�Ð,Ç5){,+.gÇ
k
Æ�Ð5.gÓ!)+.�Ð5Ç�Ó Ï Ë-.gÇ�ô±õ Å ÉD1�,�ÉgÔ-,%Ñ4Ç�Ë Ï *-*-./* Ê Ô-*-.lÇ7Ô�Ø%Ç^1FÓ�Ó!.�* ÊóÏ *-*-.�1�ÆXÆ�Ð Ï åh)�Ó01 Ê ) Ï *·Ë-.gÇ�Ë Ï *-*�Ñ/.4Ç�1)Ô�É Ï Ô�ÐhÇ,Ë«øÖÔ-*�É�1�,�É�Ô-,�ËB. Ê w�ÆN. ã 1�*�Ég� Ï Ç4È>É�ø2.gÇ Ê�ú � ú Ë-)�Ð4. Ç^1@*XÇ1D> Ï )%Ð�ÉD1�,�ÉgÔ-,%Ñ ÊÒÏ Ô Ê .4Ç ,:.4Çv>@1�,+.�Ô�Ð5Ç±Æ�Ð Ï Æ�Ð5.gÇ Ø > Ï )%Ð�,:.¨Æ31FÐ^1 � Ð^1 Æ�ù-.�Æ�ÐÒÑ4É�Ñ4Ë-./* Ê�Ú Î ô Ï Ô�Ð1Æ-,%ÔXÇ±Ë-.�Ë�Ñ Ê 1@)+,�ÇÇÒÔ�Ð0,:.4Ç�Ó¦Ñ Ê ù Ï Ë-.4Ç%Ë-. ã 1�*XÉg� Ï ÇVË-1�*XÇ!,+.·ÉD1 Ë�Ð5.TËB.`,+1�ô±õ Å È�,+.�,+.gÉ Ê .gÔ�Ð%Æ Ï Ô�ÐÒÐ51�É Ï *XÇÒÔB, Ê .�ÐTü Ù#ý ÈÉrù31 ÆB) Ê Ð4.¶| þ Î

ã 1µô±õ Å .4Ç Ê Ô Ê )+,:)�Ç7Ñ�. Æ Ï Ô�Ðk.�å Ê Ð^1@)�Ð5.�ÔB*-.})+* Ð�Ï Ð7Ó$1 Ê ) Ï *�Æ�.gÐ Ê )+*B.�* Ê .�Ë«øÖÔ-*iÆXù�Ñ/* Ï Ó æ *-.�É Ï ÓHÆ-,:.Låh. ÈË Ï * Ê Ô-*B.lÑ�> Ï ,%Ô Ê ) Ï * Ø ËB)�Ç5É�Ð æLÊ . Ú Æ31)Ð#Ð^1 ÆXÆ Ï Ð Ê � Ô-* � Ð^1�*XË�* Ï Ó ó Ð5.ÒËB.ÒË-. � Ð7Ñ4Ç©Ë-.},+) ó .�Ð Ê Ñ?.4Ç Ê É Ï *-*?Ô-.�ÈÉ�.�á?Ô-)²Ç4. Ê Ð^1 Ë�ÔB) Ê .�*KÆ�Ð^1 Ê )�á?Ô-.µÆ31FÐlÔ-*'.4ÇhÆ31 É/.
X

ËB. � Ð51�*XË-.µË-)�Ó!.�*�Ç5) Ï *HÆ31)ÐHÐ51 ÆXÆ Ï Ð Ê 1FÔ$* Ï Ó ó Ð4.Ë-.�É/,+)�Érù�Ñ4ÇPÉ Ï *-*?ÔXÇ å
P � N ÎY÷ øc.4Ç Ê .�* � Ñ/*�ÑgÐ51�,w,:.�ÉD1 Ç`Æ Ï Ô�Ð`Ë-.gÇ+Ë Ï *-*�Ñ/.4Ç+á?Ô-)«Æ�Ð Ï >�)+.�*B*-.�* Ê Ë-._,+1ÐÒÑgÇ Ï ,%Ô Ê ) Ï *|*?Ô�Ó�ÑgÐ4)�á?Ô-.lË>ø×Ô-*B. Ï Å ô É Ï Ó¦Ó!.yÉ�.�,:,+.}Ë-. 8 1~>�):.gÐ ú Ì Ê²Ï æ�.4Ç ÎÁÏ *�Æ�Ð^1 Ê )�á?Ô-.�ÈN,+1¦Ó�Ñ Ê ù Ï ËB.É�,+1 Ç5Ç4)�á?Ô-.�.gÇ Ê 1@, Ï ÐhÇ�Æ-,%ÔXÇ�É Ïiê�Ê .�ÔXÇ5.{á?Ô-.�,61¦Ó�Ñ Ê ù Ï Ë-.lË-.gÇ�É�,:)�Érù�ÑgÇ å ,+1¦Ó01 Ê Ð4)�É/.

B̃1

ËB.lË-)�Ó!.�*�Ç5) Ï *
N

Ç5.yÉD1�,�ÉgÔ-,:.�. Ê Ç5.yË-)61 �iÏ *31�,:)�Ç4.�Æ-,�Ô�Ç�Ð51 Æ-)�Ë-.gÓ!.�* Ê .�* � Ñ�*�Ñ�Ð^1�,Áá?Ô-.(,61ßÓ01 Ê Ð4)�É�.
B̃2

Ë-.iË-)�Ó!.�*�Ç5) Ï *
P � N Î

Ï *�.�fw. Ê È«Ç7ÔXÆXÆ Ï Ç Ï *�Ç Ø É Ï Ó�Ó!.lË31�*XÇ%ü ý | þ Ú á?Ô-.
SP

Ç Ï ) Ê Ô-*-.ßÓ01 Ê Ð4)�É/.lË-)61 �iÏ *31�,:.�. Ê á0ÔB.!,�ø Ï *Ë-)�Ç5Æ Ï Ç5.·Ë«øÖÔ-*-.½Ð Ï Ô Ê ):*-.�Ë-.·É Ï Ó%Æ-,:.Låh) Ê Ñ
L3 Ë-.·Ë-)+1 �iÏ *-1�,+)�Ç^1 Ê ) Ï *�Ë«øÖÔ-*-. Ó$1 Ê Ð5)�É�.KÇxw<Ó�Ñ Ê Ð5)�á0ÔB.�Ë-.Ë-)%Ó0./*XÇ5) Ï *

L Î ' , Ï ÐhÇ�,61·É Ï Ó%Æ-,+.�åh) Ê Ñ{ËB.4ÇyË-.gÔBå�Æ�Ð5.gÓ!) æ Ð5.gÇÙÑ Ê 1 Æ�.4ÇyË-.!,61ºÓ¦Ñ Ê ù Ï Ë-.;É�,+1 Ç5Ç4)�á?Ô-.I.4Ç ÊË-.�,wø Ï ÐhË�Ð5.�Ë-.
P 2 × max(N,P )

ÈXÉ Ï * Ê Ð5.
N 2 × max(N,P )

Æ Ï Ô�ÐH,61ßÓ¦Ñ Ê ù Ï Ë-.�Ë-.gÇ¨É�,+)�Érù�Ñ4Ç Î� ägÓ!.,Æ Ï Ô�ÐlÔ-*-.nÓ$1 Ê Ð5)�É�.
SP

* Ï *VË-)+1 �iÏ *31@,+. È�,61ÙÓ�Ñ Ê ù Ï Ë-.�ËB.4Ç`É/,+)�Érù�Ñ4ÇHÐ5.4Ç Ê .nÓ Ï ):*XÇ Ï *�Ñ�Ð5.gÔ�Ç5.Ë31�*�ÇG,+1lÆ�Ð^1 Ê )�á?Ô-.�ÈYÉ øc.4Ç Ê Æ Ï Ô�Ðhá0Ô Ï )k,61ßÓ01 &7Ï Ð4) Ê Ñ,Ë-.4ÇG1FÔ Ê .gÔ�ÐhÇòwºÐ5.gÉ Ï Ô�Ð4.�* Ê Î
ã 1 Ó�Ñ Ê ù Ï Ë-.L1�, Ê .�Ð5*31 Ê ):>�.L.gÇ Ê È�á?Ô31�* Ê � ./,+,+.�ÈH)+* Ê Ñ�Ð5.gÇ5Ç^1@* Ê .¦Ë31�*�Ç`,+1 Ó!.4Ç7Ô�Ð5. Ïi« ./,+,:.�Æ�.gÔ ÊÉ Ï *XË�Ô-)%Ð5. � Ô-*�ÉD1�,�ÉgÔ-,ªÌ)Í Å Ó Ï ):*XÇ¨Æ Ï ,:,�Ô�Ñ,Æ31FÐG,+.4Çg.�ÐÒÐ5.�Ô�Ð5Ça*?Ô�Ó¦Ñ�Ð5)�á0ÔB.4Ç Ø > Ï )�Ðyü Ù�ý�þ Ú Î ôA1FÐµÉ Ï * Ê Ð5.�È.�,:,+.J*-. Æ�ÐÒÑ4Ç4.�* Ê .;Æ31�Ç,Ë«øc)+* Ê Ñ�Ð5ä Ê Æ�Ð51 Ê )�á0ÔB.�.�* Ê .gÐ7Ó0.gÇ,Ë-.lÉ Ï Ó%Æ-,+.�åB) Ê Ñ?��./,+,+.J.4Ç Ê Ó%ägÓ!.(./* � Ñ�*�Ñ�Ð^1�,Æ-,%ÔXÇ�É Ïiê�Ê .gÔXÇ4.,á?Ô-.G,61¶Ó¦Ñ Ê ù Ï Ë-.¨Ë-.gÇ1É/,+)�Érù�Ñ4Ç Ø > Ï )�Ð},+.gÇ�ÐÒÑ4Ç7Ô-, Ê 1 Ê Ç�*?Ô�Ó�ÑgÐ5)�á?Ô-.4Ç±Ë-.}ü Ù#ý È)Érù31 Æ-) Ê Ð5.u| þ Ú Î
Å 1�*XÇH,:.4Ç�.�åh.gÓ%Æ-,+.gÇPË�ÔºÓ�ÑgÓ Ï )�Ð4. ÈC,61+Ó�Ñ Ê ù Ï Ë-.�Ë-.gÇPÉ�,:)�Érù�ÑgÇ4ÈXË Ï * Ê ,+.,É Ïiê�Ê ËB.�ÉD1�,�ÉgÔ-,�.4Ç Ê Ç^1 Ê )�Ç úÐ 1�)�Ç^1�* Ê ÈN1 Ñ Ê ÑßÔ Ê ):,+)�ÇÒÑ�.yÇ^1@*XÇ�á?Ô-.�,+.gÇ_.gÐ7Ð5.gÔ�Ð5Ç�*?Ô�Ó�ÑgÐ5)�á?Ô-.4Ç�1�):.�* Ê Æ Ï Ç7Ñ{Æ�Ð Ï2ó , æ Ó!. å ,61 ó 1 Ç5.{ô±õ Å

¡��
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(ϕk)
Ï2ó�Ê ./*?Ô-._.4Ç Ê .�Ø%É�1 É�.�1)ÔKÇ5./*XÇPË-._,�ø2.�ÐÒÐ4.gÔ�Ð 1

N

∑N
i=1

∥∥∥u(ti) −
∑M

k=1 ( u(ti), ϕk )X ϕk

∥∥∥
X

2 È0Ð5. ú
ÉD1@,�ÉgÔB,�Ñ�. ú �ªô=ÿyö øyù õìô ù õ È�. Ê É�. ÊhÊ .(.gÐÒÐ4.gÔ�Ða.4Ç Ê�ó ):.�*�Ñ � 1�,:. � ∑dY

k=M+1 λk
� ,�ø2.gÆXÇ5):, Ï * Ó01 Érù-)+*B.}Æ�Ð æ Ç ÎÏ *aÐ4./>@1�*XÉrù-.�ÈB,+1°Ó�Ñ Ê ù Ï ËB.G*>øM1yÆ31 Ç�Ñ Ê ÑG)�Ó%Æ-,�Ñ�Ó0./* Ê Ñ�.¨Ë-.�Ó01�*-) æ Ð5. Ï Æ Ê )�Ó01�,+.�È Æ�ÔB)�Ç5á?Ô«øÖÔ-*-.�Ð Ï Ô Ê )+*-.Ç Ê 1�*XË31)Ð5ËKË-.�Ë-)61 �iÏ *31�,:)�Ç51 Ê ) Ï *�1ÙÑ Ê ÑnÔ Ê ):,+)�Ç7Ñ�.¨Æ-,%Ô Ê^b Ê á?Ô«øÖÔ-*�1�, �iÏ Ð5) Ê ù�Ó!.PÆ-,%ÔXÇ`Æ�.gÐ Ð�Ï ÐÒÓ01�* Ê Ë-. Ê w�Æ�.

ã 1�*XÉ�� Ï Ç å É/.�,61!*«ø21HÆ31 ÇnÑ Ê Ñ � ä/*31�* Ê Æ�ÔB)�Ç5á?Ô«øÖÔ-*�Ç4.gÔ-,ªÉD1�,�ÉgÔ-,�ô±õ Å Ø > Ï )�ÐµÉrù31 Æ-) Ê Ð4. ã Ú 1¦Ñ Ê Ñ+Ó!.�*�ÑÇÒÔ�Ð�ÔB*-. ó 1 Ç5.yË-.iË Ï *B*�Ñ�.gÇ Ê Ð æ ÇH> Ï ,�Ô�Ó!)+*B.gÔXÇ4. Î
�  0/1;XßW�«à- 0�F$ 8 Ï ÊÒÏ *XÇ�á?Ô«øc)+,h.4Ç Ê .�*XÉ Ï Ð5.`Æ Ï ÇhÇ5) ó ,+.1Ë«øM1)Ó¦Ñ/,+) Ï Ð5.gÐ�,:.4ÇÁÓ�Ñ Ê ù Ï Ë-.4Ç Æ�Ð Ï Æ Ï ÇÒÑ/.4Ç Î2Ï *�./fN. Ê È)+,w.4Ç Ê Æ Ï Ç5Ç4) ó ,:.�Ë-.iË�Ñ��-*-)�Ð+Ë-.gÇ�1@, �iÏ Ð4) Ê ù�Ó0.gÇ`Ë-. Ê w�Æ�. ã 1�*�Ég� Ï Ç�Æ�.gÐ7Ó0. Ê5Ê 1@* Ê * Ï Ê 1FÓ�Ó!.�* Ê

• Ë-.`Æ Ï Ôh> Ï )%Ð§ÐÒÑgÇ Ï ÔXË�Ð5.H,+.1Æ�Ð Ï ó , æ Ó0. 1FÔBå(>�1@,+.gÔ�Ð5Ç?. Ê >F.gÉ Ê .�Ô�Ð5Ç�Æ�Ð Ï Æ�Ð4.4Ç}1 ÇhÇ Ï É�)�Ñ � Ô-*-.¹Ó01 Ê Ð4)�É/.
BTB

Ç^1�*�Ça1D> Ï )�Ð � ÉD1�,�ÉgÔ-,:.gÐPÉ/.iÆ�Ð Ï Ë�Ô-) Ê È
• Ë-.+Æ Ï ÔB> Ï )�Ðv.�fw.gÉ Ê Ô-.gÐ},61�Ë-.gÔBåh) æ Ó!.òÑ Ê 1�ÆN.¨Ë-.H,+19Ó¦Ñ Ê ù Ï Ë-.H1�, Ê .�Ð5*31 Ê ):>�.PÇ^1�*�Ç & 1)Ó$1�)�Ç�É�1�,�É�Ô-,+.�Ð
,+.�Æ�Ð Ï Ë�Ô-) Ê

Ũ = (S
1/2
P )

T
U Îô Ï Ô�Ð�É�.gÇ Ð7Ñ4Ç7Ô-, Ê 1 Ê Ç�. Ê Æ Ï Ô�ÐºÔ-*-.�Ë-)�Ç5É�ÔXÇ5Ç4) Ï * Æ-,%ÔXÇ�1 ÆXÆ�Ð Ï Ð�Ï *�Ë-)+.�Ë�ÔÀÉ�1�,�É�Ô-,�Ì)Í Å�û ô±õ Å ÈH* Ï ÔXÇÉ Ï *XÇ5./)+,+, Ï *XÇ ÊÒÏ Ô Ê Æ31FÐ Ê )�ÉgÔ-,:) æ Ð4.gÓ!.�* Ê ,+1�,+.4É Ê Ô�Ð4.�Ë-.%ü Ù�ý ÈYÉrù31 Æ-) Ê Ð4.U| þ Î

���ÛÚ¹��� Ü î � �k����à ñ î î � ñ � ñ ����à�àn� ñ � ñ ðò�Ù�C�Xíxï ñ à1ì î�Ý�ñ ��� ��îµì ñ à�� ñ � î �
��à ñ �,í��0�����>ìBí�� î ìBí���à î �uð �,í��Ù�C� ñ àn� ñ �K�9à�í ñ � �l� î ��ð Þ � Ý �9ï ñ �q�9à�íx�

ã . Ð�Ï ÐÒÓ01�,:)�ÇÒÓ!.+Ë-.a,61}Ç4.4É Ê ) Ï * Ù Î |�*«øc.4Ç Ê Æ31 Ç >@1�,+1 ó ,+.G1FÔVÇ5.�*�ÇPÇ Ê Ð5)�É Ê Æ Ï Ô�Ð1Ë-.4ÇPË Ï *-*�Ñ/.4Ç+á?Ô-)�*-.Ç Ï * Ê Æ-1 Çv.LåBÆ�Ð4)�Ó�Ñ�.4Ç�Ë31�*XÇ�Ô-*B. ó 1 Ç5. X Î2÷ ø2.gÇ Ê ,+.1ÉD1 ÇÒË-.gÇÒË Ï *-*�Ñ�.4Ç}*?Ô�Ó�ÑgÐ4)�á?Ô-.4Çv)�Ç5Ç7Ô-.4ÇÒË-.òÓ!.4Ç7Ô�Ð5.gÇ.LåBÆÑgÐ4)�Ó!.�* Ê 1�,:.4ÇgÈ Ï Ô`./*XÉ Ï Ð4. Ë-.yÇ5)%ÓkÔ-,+1 Ê ) Ï *XÇPÆ31)Ð�Ë-.gÇ,ÇhÉrù�ÑgÓ01 Ç_1)ÔBå Å � Ø Å ):f�ÑgÐ4.�*XÉ/.4Ç��A)+*-):.4Ç Ú�Ï Ô1FÔBå¦ÍU� Ø Í Ï ,%Ô�Ó!.4Çß�A):*-)�Ç Ú Î õUÐgÈv.�* Ó¦ÑgÉD1�*B)�á?Ô-.�Ë-.gÇI��Ô-)�Ë-.gÇ4Èv,+1 Ó01 &7Ï Ð4) Ê ÑVË-.gÇHÇ4)�ÓkÔ-,+1 Ê ) Ï *XÇ Ï * ÊÐ5.gÉ Ï Ô�Ð5Ç � ,�ø×ÔB*%ËB.µÉ/.4Ç±Ë-.gÔ�å Ê wBÆ�.4Ç±Ë-.¨Ë-)�Ç5ÉgÐ7Ñ Ê )�Ç^1 Ê ) Ï * Î&Ï *0.�fw. Ê È=):,-.4Ç Ê 1�)�ÇÒÑ+Ë«ø Ï2ó�Ê .�*-)%ÐÒË-.4Ç±Ç5Érù�ÑgÓ01 ÇË«ø Ï Ð5Ë�Ð5.òÑ�,:./>FÑ+Æ31FÐ Å �1È2É�.+á?Ô-)XÆ�.gÔ Ê ä Ê Ð4.H)+* Ê Ñ�Ð5.gÇ5Ç^1@* Ê Æ Ï Ô�Ð ó )+.�*{Æ�Ð5.�*�Ë�Ð5.H./*%É Ï Ó%Æ Ê .�,�øM1�É Ï ÔXÇ Ê )�á0ÔB.Ë«øÖÔ-*TÆ�Ð Ï2ó , æ Ó!. Î Å .yÆ-,%ÔXÇa,:.4ÇuÓ�Ñ Ê ù Ï Ë-.gÇµÍ9�JÉ Ï *XË�ÔB)�Ç5./* Ê � Ë-.4Ç�Ç5)�Ó+Ô-,61 Ê ) Ï *�ÇPË-.yá0Ô-1�,+) Ê Ñ�Ë Ï * Ê ,+.gÇÉ ÏFê�Ê Ç+Ë-.,ÉD1�,�ÉgÔ-,²Ç Ï * Ê Ð51�)�Ç Ï *-*31 ó ,+.4Ç Î ô Ï Ô�Ð+É/. Ê w�ÆN.�Ë-.�Ë Ï *-*�Ñ/.4Ç4È�É�.4Æ�.�*�Ë31�* Ê È3):,N.gÇ Êò� Ñ/*�ÑgÐ51�,+.�Ó0./* ÊÆ Ï Ç5Ç4) ó ,:.�Ë-.iÉD1�,�ÉgÔ-,:.gÐ¹Ô-*B. ô±õ Å
• ./*�Æ�Ð Ï É�Ñ4Ë31@* Ê � Ô-*-.;ÆXù31�Ç5. � Ë«øc)+* Ê .�Ð5Æ Ï ,61 Ê ) Ï *   Ø Ï Ô�Ë-.>Ó Ï )+*XË�Ð5.4Ç�É�1FÐÒÐ7Ñ4Ç Ú ÈÁË Ï * Ê ,wø Ï2ó0& .gÉ Ê ) Ð.4Ç Ê Ë-. Ð7Ñ�.�å�Æ�Ð5)�Ó!.gÐ}É�.gÇlË Ï *-*�Ñ�.4Ç{Ë-1�*XÇkÔ-*B. ó 1 Ç4.KË«øÖÔ-*�.4ÇhÆ31 É�.VË-.��a):, ó .gÐ Ê Ë-.HË-)�Ó!.�*�Ç5) Ï *�3*-):. È
• Ï Ô{ËB)�Ð5.gÉ Ê .gÓ!.�* Ê .�*{Æ�Ð Ï Æ Ï Ç^1@* Ê Ô-*-.òÓ01 Ê Ð4)�É�.±Ë-.gÇÒÉ�,+)�Érù�Ñ4Ç

U ∈ Ó Ô P×N . Ê ÔB*{Æ�Ð Ï Ë�Ô-) Ê Ç5É�1�,61@)�Ð5.
( . , . )SP

Ë-. ÓÕÔ P É Ï ù�ÑgÐ5./* Ê Ç Î
Ï *�.�fw. Ê Èk,:.4Ç�Ë Ï *B*�Ñ�.gÇyËB. Ê w�Æ�. Å �`È>Í9� Ï Ôr.LåBÆ�Ñ�Ð5)%Ó0./* Ê 1�,+.gÇ�Ç Ï * Ê þ ô 	ÒúFþ õ�ÿ #Xø ÿ Î ôA1FÐ�.�åB.�ÓHÆB,+. ÈË31�*�Ç(,:.HÉ�1 Ç}ËB.VË Ï *B*�Ñ�.gÇ Ç5É�1�,61@)�Ð5.gÇ4È&./,+,+.gÇiÆN.�ÔB>F./* Ê ä Ê Ð4.VÇ Ê²Ï ÉXæFÑ�.gÇlÇ Ï ÔXÇ�,+1 Ð�Ï ÐÒÓ!.%Ë>ø×Ô-*B.aÓ01 Ê Ð4)�É�.Ë-.gÇ�É/,+)�Érù�Ñ4Ç

U =
(
u(xi, tj)

)
∈ Ó Ô P×N

Ïi« ,+.4Ç
P

Æ Ï )+* Ê Ç
xi ∈ ÓÕÔ d Ø d = 1, 2

Ï Ô
3
Ú Ç Ï * Ê 1 ÇhÇ Ï É�)%Ñ4Ç � Ô-* � > Ï ,%Ô�Ó!.   Ñ/,�ÑgÓ!.�* Ê 1�)�Ð4.

δVi

Ë-.
Ó!.4ÇÒÔ�Ð5.�Ë-. ã . ó .gÇ � Ô-.¶Ó!.4Ç (δVi)

Ë31�*XÇ ÓÕÔ d * Ï *�*0ÔB,+,+.�ÈB. ÊPÊ ./,�ÇPá?Ô-. xi ∈ δVi

È P⋃

i=1

δVi = Ω ⊂ Ó Ô d . Ê

ó3�
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Ó!.4Ç

(δVi

⋂
δVj) = 0

Æ Ï Ô�Ð
i 6= j Ø ./* Ð 1�) Ê ,+.gÇ

δVi

Ç Ï * Ê Ë-.4ÇG, Ï * � Ô-.�Ô�Ð5ÇµÆ Ï Ô�Ð
d = 1

ÈYË-.gÇ,Ç7Ô�Ð Ð 1 É/.4ÇÆ Ï Ô�Ð
d = 2

. Ê Ë-.gÇG> Ï ,�Ô�Ó!.4Ç+Æ Ï Ô�Ð
d = 3

Ú Î�÷ .4É/)&.4Ç Ê )+,:,�ÔXÇ Ê Ð7Ñ,Æ31FÐg,�ø2.�åB.�ÓHÆB,+.�7 Å Ë-.�,61k� � Ô�Ð5. Ù Î Ù Î

(0, 0)

(l, h)

(l, 0)

(0, h) xi

δVi

�E�o�H� Ù Î Ù�� Ï åh.�ÓHÆ-,:.HËB. � Ð4)+,:,+. É�1FÐ Ê Ñ4Ç4)+.�*B*-.$):*Xù Ï Ó Ïi�2æ *-.!7 Å Ø Ω = [0, l] × [0, h]
Ú ÇÒÔ�ÐJ,61�á0ÔB.�,+,:.Ë-.gÇ�Ë Ï *-*�Ñ�.gÇ Å � Ï Ô�Í9�»Æ�.gÔh>F.�* Ê ä Ê Ð5.�, Ï ÉD1�,:)�Ç7Ñ�.4Ç Î

Ï *%Æ Ï Ç51�* Ê
SP =

Ë-)61 �
(
Ó!.4Ç

(δV1), · · · ,
Ó!.4Ç

(δVP ))
È�,61�Ì�Í Å � Ñ�*�ÑgÐ^1@,+)�Ç7Ñ�.PËB.

U
Ð5./,61 Ê ):>�.gÓ!.�* Ê �

SP

. Ê
SN = 1

N
Ó N Ç4øc)+* Ê .gÐ5Æ�Ð ægÊ .�1�, Ï Ð5Ç±É Ï Ó�Ó!.nÔ-*B.�ô±õ Å Ë-)�ÇhÉgÐ æLÊ . � Ë-. Ê w�Æ�. ã 2(Ω)

  Î<ã .4ÇPË Ï *-*�Ñ/.4Ç*?Ô�Ó�ÑgÐ5)�á?Ô-.4ÇE.LåBÆ-, Ï ) Ê Ñ/.4Ç±Ë31�*XÇ�,61iÇ5.gÉ Ê ) Ï *'7 Î Þ Ø Ð4.4ÇhÆN.gÉ Ê )�>F.�Ó0./* Ê ã Ú Æ�Ð Ï >�)+./* Ê Ë«øÖÔ-*-.�Ç5)�Ó+Ô-,61 Ê ) Ï *lÍ9�
Ø Ð4.4ÇhÆ Î Å � Ú ÇÒÔ�ÐnÔ-*B. � Ð5)+,:,+.�ÉD1FÐ Ê Ñ4Ç4)+./*-*-.J)+*Xù Ï Ó Ïi� æ *-.�7 Å Ø Ð5.4ÇhÆ Î�ã Å�Ú9å Ô-*-.yô±õ Å ËB. Ê w�Æ�. ã 2(Ω)1{Æ�Ô�ä Ê Ð4.iÉD1�,�ÉgÔ-,%Ñ�.�.�* Ô Ê )+,+)�Ç^1�* Ê É/. ÊhÊ . Ê .gÉrù-*-)�á?Ô-. ÎÓ , .gÇ Ê Ñ � 1�,+.�Ó0./* Ê Æ Ï Ç5Ç4) ó ,:.VË-.HË�Ñ��-*-)�ÐkÔB*-.�ô±õ Å Ë-. Ê w�Æ�.�� 1(Ω)

>�)61 Ô-*¦Ç5Érù�ÑgÓ01�Ë-.KË-)�fäÑ úÐ5./* Ê )61 Ê ) Ï *�Ç5Æ31 Ê )61@,+. È Ï Ôr.�*XÉ Ï Ð5.;Ë-.{Ë�Ñ��3*-)%ÐUÔ-*-.ßÓ01 Ê Ð4)�É/.
U

Ë-.gÇiÉ�,+)�Érù�Ñ4Ç�. Ê Ô-*-.ßÓ01 Ê Ð4)�É�.
SP

á0ÔB)Æ�.gÐÒÓ!. ÊhÊ ./* Ê Ë-.iÉ�1�,�É�Ô-,+.�ÐòÔ-*-.yô±õ Å Ë-. Ê w�ÆN. ã 2(Ω)
n Æ Ï Ô�Ð+Ë-.4Ç¨Ë Ï *-*�Ñ�.gÇG>�.4É Ê²Ï Ð4)+.�,:,+.gÇ Î

�  0/1;XßW�«à- �$ Ï *TÆ�Ð^1 Ê )�á?Ô-.�È Ï *`*-.lÉ Ï *XÇ Ê ÐÒÔ-) Ê�& 1)Ó$1�)�Çg,61¦Ó01 Ê Ð5)�É/.
SP

Ó01�)�Ç�Ô-*-.ÙÐ Ï Ô Ê )+*-.yÉD1�Æ31 ó ,:.Ë-.�É�1�,�É�Ô-,+.�Ð�,+.KÆ�Ð Ï Ë�Ô-) Ê Ç5ÉD1@,61�)%Ð5.�1 ÇhÇ Ï É�)%Ñ
( . , . )SP Î Ï *R./fN. Ê È?,613Ó�Ñ Ê ù Ï Ë-.KË-.gÇ%É/,+)�Érù�Ñ4Ç{Æ�.gÔ Ê Ç4.É Ï * Ê .�* Ê .�ÐlË-.%É�. Ê5Ê .aÐ Ï Ô Ê )+*-.�ÈÁá?Ô-)1Æ�.gÔ Ê Ë«ø21�)+,:,+.�Ô�Ð5Ç�ä Ê Ð5.0.�*XÇ7Ô-) Ê .aÐ7ÑgÔ Ê )+,+)�ÇÒÑ/.%Ë-1�*XÇJ,61 Ó�Ñ Ê ù Ï Ë-.;Ë-.� 1�,+.�ÐÒæC)+*-.�Ç5)k./,+,:.�É Ï Ð7Ð5.gÇ5Æ Ï *XË � Ô-*·Æ�Ð Ï Ë�Ô-) Ê ÇhÉD1�,+1�)�Ð4.�Ë-. Ê w�ÆN. ã 2(Ω) Ø > Ï )�Ð ,61lÇ5.gÉ Ê ) Ï *�7 Î Ù Î Ù Ú Î Å .Æ-,%ÔXÇ4Èh)+,�Ç5.�Ð^1�) Ê Æ-,%ÔXÇPÉ ÏFê�Ê .�ÔBåKËB.�ÉD1�,�ÉgÔ-,:.gÐ
B̃1

.�*�.�fw.gÉ Ê Ô-1�* Ê Ë-.gÔBåVÆ�Ð Ï Ë�ÔB) Ê ÇHÓ$1 Ê Ð5)�É�):.�,�Ç�Ç51�*XÇ Ê ./*-)�ÐÉ Ï ÓHÆ Ê .�Ë-.�,61 Ð�Ï Ð7Ó0.�Æ-1FÐ Ê )�ÉgÔB,+) æ Ð5.�ËB.
SP

È � Ñ�*�ÑgÐ^1@,+.gÓ!.�* Ê ÉgÐ4.gÔXÇ4. Ø Ó$1 Ê Ð5)�É�. ú�ó 1�*�Ë-.4Ç Ú Î
®°¯4� � ´ »��¶Æ-À/�Ù» ÇºÃ Ê ÌÎÍ

� ägÓ!.%Ç5)wÈ>Ë31�*XÇJ,61�ÇÒÔB) Ê .;Ë-.%É�.�Ó�ÑgÓ Ï )�Ð4. Èw,+1·ô1õ Å É Ï Ð7Ð5.gÇ5Æ Ï *XË�Ð51 Ê²Ï Ô &7Ï Ô�ÐhÇ(1)ÔBå�Ë�Ñ��-*-) Ê ) Ï *XÇË-.gÇµÇ4.4É Ê ) Ï *XÇ¨Æ�ÐÒÑgÉgÑ4ËB.�* Ê .gÇ4È�)+, Ð 1)Ô Ê * Ï Ê .gÐ+á?Ô-.�,61�* Ï�Ê ) Ï *�Ë-.iô±õ Å Æ�.gÔ Ê ä Ê Ð5.¶Ñ Ê .�*�Ë�Ô-. � Ô-*·ÉD1 Ë�Ð4.Ê ù�Ñ Ï Ð4)�á?Ô-.yÆ-,�ÔXÇG,61)Ð � . Î ' )+*XÇ4)wÈ3,+1Hô±õ Å Æ Ï Ô�Ð7Ð^1�) Ê ä Ê Ð4. Ë�Ñy�3*-)+.°Ð5./,61 Ê ):>�.gÓ!.�* Ê � Ô-*K.gÇ5Æ31�É�.lË-.(�a):, úó .gÐ Ê
X

É Ï Ó%Æ-,+.�åB. Ø > Ï )�Ð{ü ã � þ Æ Ï Ô�Ð�Ô-*-.{Ë�Ñy�3*-) Ê ) Ï * ÏF«
X
.4Ç Ê Ô-*r.gÇ5Æ31 É/.;Ë-. Ð�Ï *XÉ Ê ) Ï *XÇ�Ë-.{É�1FÐÒÐ7Ñ)+* Ê Ñ � Ð51 ó ,+. � >@1�,:.gÔ�ÐhÇ+É Ï Ó%Æ-,+.�åh.4Ç Ú Î

ó#}
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Å .,ÆB,�ÔXÇgÈ=)+,3.4Ç Ê Æ Ï Ç5Ç4) ó ,:.¨Ë«ø×Ñ Ê ./*XË�Ð5.a,61�Ë�Ñy�3*-) Ê ) Ï *%Ë-.G,61yô±õ Å Ë-)�ÇhÉgÐ ægÊ .G.�*¦Ð5.gË�Ñ��3*B)�Ç5Ç51�* Ê ,�ø Ï ÆÑ úÐ^1 Ê .gÔ�Ð 〈.(t)〉 = 1

N

∑N
i=1 .(ti)

Ë-.òÓ Ï w�.�*-*B. Ê .gÓ%Æ Ï Ð5.�,:,+.±Æ31FÐ 〈.(t)〉 =
∑N

i=1 pi .(ti)
Ïi« Ô-*{Æ Ï )�Ë�Ç§Ð5. ú,61 Ê ) Ð

pi

.gÇ Ê 1 ÊhÊ Ð5) ó Ô�Ñ � Érù31 á?Ô-.¨É�,:)�Érù�Ñ Î2÷ . Ê5Ê .H* Ï ÔB>�.�,+,:.PË�Ñy�3*-) Ê ) Ï *}Ç5.�Ð^1�) Ê Ë«ø21�)+,:,+.gÔ�Ð5ÇªÆ-,�ÔXÇ�É Ï ù�ÑgÐ5./* Ê .Ë31�*�Çv,+.PÉ�1 Ç�Ë«ø×ÔB*-.+Ë-)�Ç Ê Ð4) ó Ô Ê ) Ï * Ê .gÓ%Æ Ï Ð5./,+,+.E)+*Xù Ï Ó ÏF�2æ *-.`Ë-.4ÇÒÉ/,+)�Érù�Ñ4Ç Ø > Ï )�ÐA,61�Æ�Ð Ï Æ Ï Ç5) Ê ) Ï * � Ú Î Å .,61ßÓ%ägÓ!.¶Ó$1�*B) æ Ð4. È Ï *�Æ Ï Ô�Ð7Ð^1�) Ê Ð5.4Ë�Ñ��3*-)%Ðg,61%ô1õ Å É Ï * Ê ):*?Ô-.¶Ð5.�,+1 Ê )�>F.�Ó0./* Ê � Ô-*-.(1FÔ Ê Ð5.¶Ó0.gÇÒÔ�Ð4.ÇÒÔ�Ð
[0, T ]

á?Ô-.�,61ÙÓ0.gÇÒÔ�Ð4.�Ë-. ã . ó .4Ç � Ô-. ÎYÏ * Ð 1�) Ê È�)+,>Ç4.gÐ51�) Ê *-1 Ê Ô�Ð4.�,²Ë«ø×Ñ Ê ./*XË�Ð5.�,+1�* Ï Ê ) Ï *KËB.iô1õ ÅÆ Ï Ô�Ð Ê²Ï Ô Ê ./*XÇ5.�Ó ó ,+. T Ó!.4ÇÒÔ�Ð^1 ó ,:.;ÇÒÔ�Ð(,+.4á?Ô-./,})+,v.4Ç Ê Æ Ï Ç5Ç4) ó ,:.;Ë-.VË�Ñy�3*-)%ÐÙÔ-* Ï ÆÑgÐ^1 Ê .gÔ�Ð 〈.〉 Ë-.
Ó Ï w�.�*-*B. Ø > Ï )%ÐH,wøc)+* Ê Ð Ï Ë�Ô�É Ê ) Ï *KË-.iÉ/.yÉrù-1 Æ-) Ê Ð5. Ú ÎÏ * Ï Ô Ê Ð5.�È#Ð5.gÓ01FÐhá0Ô Ï *XÇiá?Ô-.0,�ø×Ñgá?Ô-):>@1�,:.�*XÉ/.!./* Ê Ð5.VÌ�Í Å . Ê ô±õ Å Ë-)�Ç5É�Ð ægÊ . È�1 óÏ ÐhË�Ñ�.%Ë31�*XÇ�,+1Ç5.gÉ Ê ) Ï * Ù Î |XÈ9*«ø21|*31 Ê Ô�Ð5./,+,+.�Ó0./* Ê Ñ Ê ÑºÑ Ê 1 ó ,:)+.%á0ÔB.KÆ Ï Ô�Ð

SN = 1
N
Ó N Î õ9Ð(,61�Ì)Í Å Ç5. � Ñ�*�Ñ�Ð^1�,:)�Ç5.Æ Ï Ô�Ð§Ô-*B.¹Ó$1 Ê Ð5)�É�.
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Çxw<Ó�Ñ Ê Ð5)�á0ÔB.+Ë�Ñ��3*B)+.PÆ Ï Ç5) Ê )�>F.`á?Ô-./,�É Ï *Xá?Ô-.H. Ê É Ï *XÇ4.gÐZ>F.G1�, Ï Ð5ÇÁÔB*-.PÆ�Ð Ï Æ�Ð5)%Ñ Ê ÑË«ø Ï Æ Ê )�Ó01�,+) Ê Ñ Ø > Ï )%Ð�ü ãF] þ Ú Î õ_*HÆN.�Ô Ê Ë Ï *XÉµÇ5.,ËB.gÓ01�*XË-.�Ð1Çgø2):,�.gÇ Ê Æ Ï Ç5Ç5) ó ,+.¨Ë-. � Ñ/*�ÑgÐ51�,+)�Ç5.gÐ},+1J* Ï�Ê ) Ï *Ë-.�ô±õ Å Ë-)�ÇhÉgÐ æLÊ .�Ë-. Ð 1�� Ï * � ./* � , Ï2ó .�Ð·É Ï Ó%Æ-, æLÊ .�Ó0./* Ê ,+1z* Ï Ê ) Ï * ËB.¦Ì�Í Å Î Å øM1)Ô Ê 1�* Ê Æ-,�Ô�Çá?Ô«øÖÔ-*-.Kô±õ Å É Ï * Ê ):*0ÔB. � Ë-)�ÇhÉgÐ7Ñ Ê )�ÇÒÑ/.   Æ�.gÔ Ê 1FÓ!.�*-.�Ð � .�fw.gÉ Ê ÔB.gÐ ËB.4ÇyÉD1�,�ÉgÔ-,�ÇyÌ�Í ÅÎÏi«
SN

*«øc.4Ç ÊÆ31 Ç¨Ë-)+1 �iÏ *-1�,+. Ø > Ï )�ÐH,61{Ç4.4É Ê ) Ï * Ù Î | Î | Ú ÎÏ *��3*«È&* Ï�Ê²Ï *XÇiá?Ô«ø2�a./*�Ð5) ø ö úFþ � È � ,61HÇÒÔ-) Ê .{Ë-.gÇ Ê Ð^1D>@1FÔBå ËB.I�¶ÔB*-)�ÇhÉrù ø ö úFþ � üÖ| ý�þ È>Æ�Ð Ï Æ Ï Ç4.�* ÊË«øÖÑ Ê .�*XË�Ð4.�,61%Ë�Ñ��3*B) Ê ) Ï *�Ë-.�,61Vô±õ Å � ,+1VË�ÑgÐ4):>FÑ�. Ê .gÓ%Æ Ï Ð4.�,:,+.iË�Ô�Érù31FÓ%Æ
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.>�5.�Ð Ï *-(gH0Ô-1�,+)ZTªÑ+��,-. � ô ÷0ø ÿ ûw# ý þ õ ý # ÿnÏ Ô � ô ÷0ø ÿ�ö ù ô û����3# ÿ ,31@*!�},61L�ÒÔ-)Z(^.'R ã .0�?&�Ð4.gÓ!)+.�ÐQ��Ó Ï ,-.0�
��µ
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14365 Ð5.+&�ÐÒÑ+�4.�*-(^./*-(i,-. Ó01�*-)<F�Ð5. Ï &�(5)�Ó01�,+.�,+1J, Ï *B*�Ñ�.
u

" Ï Ó�Ó0.!* Ï Ô!��,`�21~> Ï *!�J><Ôz1)Ô¹"%$31'&-)Z(²Ð4.
&�Ð7Ñ+"gÑ0,-.�*-(+R!5_1�*�� ,+.A"�1'�g,V�ÖÔ-*¦Ñ+" Ï Ô-,+.�Ó0./*>(E)+*�" Ï Óa&�Ð5.0�Q�4)<C-,:. �LÏ ÐQNF1�*-)<�7Ñ   .F)+,)��&N.�ÐÒÓ!.0(Q(5.�*-(S,B.k,�ÑMT3*-)%Ð
"�.aH?ÔV� Ï *�* Ï Ó¦Ó!.�,+.0� ÿyö ùï�3	 ö �0ù²ø ÿ 	 ô�º #yù²øyû ö ø ÿ .V"'�c.+�;(=:�P
:�,-)%Ð5.>Ô-*L.�*!�4.gÓcCB,+.iT3*-)�,-.a�=(ÒÐÒÔ!"M(²Ô�Ð4.+�WH0ÔB)
ÐÒÑ0NF)<�=�5./*>(@&�Ð4)+*!"/)<&31@,+.gÓ!.�*-(H,+1c,�~�*31FÓ!)<H?Ô-.L,-.�,`�ÖÑ+" Ï Ô-,:.gÓ!.�*-(mbU> Ï )�Ðg� Ï ,�Ó!.+� ø ö úFþZ� ��q]�
�»eYR

ã 1f,B.gÔX8h)<F�Ó0.>ÑM(�1'&�.v,-.I,61 Ó Ï ,�Ñ�,+))�^1D(5) Ï *�143L5A: � 1�,+.�ÐÒæC)+*-.+ÐÒÑ+,�Ô-))(5.a" Ï *!�4)<�=(5.aP�.Y8X&-, Ï )Z(^.�Ð_,+.0�
M

&�Ð5.�Ó0):.gÐ=��Ó Ï ,-.0�S,-._,+12C31'�4.614365¼& Ï Ô�Ð?" Ï *��=(²Ð7Ô-)�Ð4.9Ô-*ºÓ Ï ,�F�,+.k,�~�*31FÓ!)<H?Ô-.9Ð7Ñ+,�ÔB))(/R � .+"/)k.+�;(
ÐÒÑ�1�,+))�ÒÑa.�*�1'&!&B,+)<H?Ô31@*>( ,61+Ó�Ñ0(Q$ Ï ,-.n,-. � 1�,:.gÐÒæC):*-.nPc&-1FÐ=(5)�Ð4,V�×ÔB*-.GB Ï ÐÒÓ+Ô-,61D(5) Ï *I>@1FÐ5)+1D(^) Ï *-*-./,+,:.�,-.,`��xE5G1½b ¾�H?Ô31D(^) Ï *�1FÔ98f5�Ñ�Ð5):>FÑ�.0�A1A1FÐ;(^)+./,+,:.+�%e�H?Ô-)CÓ Ï ,�Ñ�,+))�5.G,612,X~h*-1FÓ0))H?Ô-.n,�Ôh�;~9�=(KF�Ó0.6&�$>~9�4)<H?Ô-.
Ñ0(ÒÔ!,-)%Ñ'.
&31FÐA.Y8h.gÓa&-,+.E,+.+� Ñ+H?Ô31
(^) Ï *!�I,-. 8 1D>�)+.gÐz:;y9( Ï æ�.0�U& Ï Ô�Ð Ô-*ßÑ+" Ï Ô-,+.�Ó0./*-({�ªÔB)<,-.DR � Ï Ó�Ó!.E* Ï Ô!�1�,:, Ï *!�A,+.�> Ï )�Ð+.�,619Ó�Ñ0(K$ Ï ,-.�,B. � 1�,:.gÐÒæC):*-.S&�.gÐÒÓ!.0(4,V�c.M89(ÒÐ^1�)%Ð5.òÔ-*a�=~9�=(QFgÓ!.k,£�rxE563G�E,-.A,-)�Ó!.�*��5) Ï *
M

"�.�*��ÒÑ(1'&!&�Ð Ï "%$-.�Ða,+1c,�~�*31FÓ!)<H?Ô-.6,�Ô��=~9�;(KFgÓ!.W&!$-~X�4)<H?Ô-.W" Ï *��5)<,�ÑgÐÒÑDR
ëS¿=ÀE¿ìë Á3�-Ç�à��NÇ��(È ��È Ý Æzï �£¦�¬n�ò��È ��ÈÂ©±Æ Ý ÈC�XªHÇ�à�È

8 Ï Ô���1�,+, Ï *!��Ð51'&!&�.�,:.gÐ_,:.2&�Ð4)+*!"/)<&�.cC-)+./*Ã" Ï *B*0Ôw,-.�,+1aÓ�Ñ0(K$ Ï ,-.2,-. � 1@,+.gÐ7æC)+*-.DR � Ï *��5)<,�ÑgÐ Ï *!�
Ô-*a�=~9�=(QFgÓ!.A,�~�*31FÓ!)<H?Ô-. � ,-.�,B)�Ó!.�*!�4) Ï *�):*�T3*-):.   Ñ/> Ï ,�Ô31�*-(4,31�*���Ô-*0.0�Q&31D"�.@,-.G�a)+,)CN.�Ð=(

X
.],V�ÖÑ0(�1
(

u(t) ∈ X
.«�^1D(5)<�;B�1�)<�51�*-(H,61v" Ï *!,-))(5) Ï *�):*-))(5)61�,:.

u(0) = u0 ∈ X,

.0(�Ð7Ñ+NF)V&-1FÐg,61 � ô ùï���<þ ú ö�õìô ûK�!úFù õ ú ö�õìô ûªûäøyþ�þ�ø �ÒÔ-)�>@1�*-(^.

∀(ϕ, t) ∈ X×[0, T ]
d

dt
( u(t), ϕ )H0

+

Q∑

k=1

( Dk(u(t)), D̃k(ϕ) )Hk
= ( h(t), ϕ )HQ+1

,
bæ79R)ste

1D>F.0"
X ⊂ H0 ∩HQ+1

.3.0( Ïi«
• ,:.+�

Hk

� Ï *-(@,-.+�G.+�=&31'"/.+�@,-.J�a)+,)CN.�Ð=(òÓ+Ô-*-)<��,B.+�@&�Ð Ï ,�Ô-)Z(K���Q"�1�,61@)�Ð5.0�
( . , . )Hk

.
• h ∈ HQ+1

Ó Ï ,�Ñ/,+)<�4.9Ô-*�.0±N.0(G.�*=>�)�Ð Ï *-*-.�Ó0./*-(�1�,&):*!,�Ñ+&�.�*�,31�*-(@,-.�,`�ÖÑ0(�1
(
u

,�Ôf�=~9�;(KFgÓ!.'.
• Dk : X −→ Hk

.0(
D̃k : X −→ Hk

� Ï *-(6,-.0� Ï &ÑgÐ^1
(^.gÔ�ÐQ�n,B.c,-))±�ÑgÐ4.�*-(^)+1D(^) Ï *f�Q&31
(^)61@,+. Ï Ô
,-.6(²Ð51'"�.DR

ã .W&�Ð5)+*�"�)<&�.G,-.�,+1kÓ¦ÑM(K$ Ï ,-.6,-. � 1�,+.�ÐÒæC)+*-.�.+�=(a1�, Ï ÐQ�0.�&31)Ð=(�1@*>(A,£�×Ô-*�� Ï Ô!�;: .+�Q&-1'"�.
Y

,-.
X

,-.
,-)%Ó0./*!�5) Ï *2T3*-):.

M
.',V�M1D&!&�Ð Ï "%$-.�Ðv,`�ÖÑ+H?Ô31D(5) Ï *fb 7XRZste�&31FÐÁÔ-*v�=~9�=(QFgÓ!.A,-.S,-)%Ó0./*!�5) Ï *2T3*-):.¹Ñ/> Ï ,�Ô-1�*-(

,31�*��
Y

R!1v,%Ô!�g&�Ð7Ñ+"/)<�ÒÑ�Ó0./*-(/.!� Ï ))(
(ϕk)k=1..M

Ô-*-.6C31'�4.G,-.
Y
Ï Ð=(K$ Ï * Ï Ð7Ó$1�,:.G1FÔh�5./*!��,-.

( . , . )H0b�"/.�H?Ô-) .0�=(v( Ï Ô
^ Ï Ô�Ð=�2& Ï �Q�4)<C-,:.p&�ÔB)<�QH?Ô-.
Y ⊂ X ⊂ H0

eMR[o�, Ï ÐQ�0.{./*Ä�ÒÔ!C��=(^)Z(²Ô31@*>(
Y

P
X

,31@*!�
bæ79R)steY.-.0(G./*`* Ï (�1�*-(

u(t) =
M∑

j=1

aj(t) ϕj

,61c,�Ñ+" Ï Ó*& Ï �5)Z(^) Ï *�,-.�, �×ÑM(�1D(
u(t) ∈ Y

,�Ôf�=~9�=(QFgÓ!.�1D&!&�Ð Ï "%$�Ñ6,31@*!�A"�.0(=(^.LC31'�4.��a):,<C�.gÐ=(5)+./*-*-.'. Ï *
Ï C�(5)+./*>(+.!& Ï Ô�Ð�( Ï ÔX(

i ∈ [[1,M ]]
.0(@& Ï Ô�Ðg,612B Ï *!"0(5) Ï *�(5.+�=(

ϕ = ϕi

.

ȧi(t) = −
Q∑

k=1

( Dk(
M∑

j=1

aj(t)ϕj), D̃k(ϕi) )Hk
+ ( h(t), ϕi )HQ+1

.

��;
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3_* Ï C�(^):.�*-(G1�)+*��5)CÔ-*��=~9�;(KFgÓ!.W,V�rxE563G�A,-.W,-)�Ó!.�*��5) Ï *
M

,-.�,+12B Ï ÐÒÓ!.
a(t) = f(a(t), t)

1D>F.0"
a(t) = (a1(t) · · ·aM(t))T .

bæ79R 7]e
¯�,�B�1)Ô�(6, Ï *B*-.gÐUÔ-*B.c" Ï *�,-))(5) Ï *K):*-))(5)61�,:.WP�"�.�* Ï ÔB>F.�1FÔw�=~9�=(QFgÓ!.a,X~h*-1FÓ0))H?Ô-.'R�¯�,A.+�;(L" Ï $�ÑgÐ5./*-(L,-.
"%$ Ï ))�5)%Ð�,+1W&�Ð Ï ^4.0"0(^) Ï * Ï Ð=(K$ Ï N Ï *31@,+. ∑M

j=1 ( u0, ϕj )H0
ϕj

,-.
u0

�ÒÔ�Ð
Y

.>"/.nH?Ô-)Ð5./>�):.�*-(SPJ)�Óa& Ï �5.gÐ
ai(0) = ( u0, ϕi )H0

,

& Ï Ô�ÐS( Ï Ô�(
i ∈ [[1,M ]]

R

��Å9Æ#Ç!ÈW�VÉ®Å�Ê 1A1FÐ;B Ï )<�G,61�Ó¦ÑM(K$ Ï ,-.W,-. � 1�,:.gÐÒæC):*-.�.+�=(_1'&!&-,:)<H?Ô�Ñ/.m& Ï Ô�ÐnÔ-*-.2C-1'�5.m,-.
Y

H0ÔB){*V�c.+�;(
&31FÐ Ï Ð=(K$ Ï * Ï Ð7Ó$1�,:.q1FÔË�5./*!��,-.

H0

R ã .Ì�;~9�=(KF�Ó0.Ì,�~�*31FÓ!)<H?Ô-.r1@, Ï Ð=� Ï C�(5.�*?Ô .0�=(�,-.r,61#B Ï Ð7Ó0.
B ȧ(t) = f(a(t), t)

Ïi«
B ∈ ¯ � n×n .+�;(�,+1½Ó01D(ÒÐ5)<"/.v$-.gÐ7Ó0)Z(^):.�*-*-.

B =
(
( ϕi, ϕj )HO

) �k> Ï )�Ð6&31)Ð.M8h.�Ó*&-,:._,+.�Ó Ï ,!F�,:.k( Ï Ô�ÐQCB)+,+, Ï *-*31@)�Ð5.A&�Ð Ï & Ï �ÒÑG&-1FÐ � .gÓa&�BU.gÐ�.M(�,�Ñ0"gÐ5)Z(H.�*f&31DNF.Ld'q�R�xv*�&�Ð^1D(5)<H?Ô-.'.
Ï *Ã&�.gÔ�( Ï Ð=(Q$ Ï * Ï Ð7Ó$1@,+)<�4.gÐG,61pC-1'�5.v&31)Ð_,`�21�,<N Ï Ð5)Z(K$�Ó!.6,-. � Ð^1FÓ�Ói:zyX"%$�Ó!)<,�( Ï Ôq):*=>F.gÐ=�5.�Ð

B
& Ï Ô�Ð

Ï C�(5.�*-)%ÐòÔ-*��=~9�=(QFgÓ!.m,�~�*31)Ó0))H0ÔB.UÑ+H?Ô-):>@1�,:.�*-(A,-.�,61cB Ï Ð7Ó0.vbæ7XRM7]eMR

m Çª�!P4ÍZÉ[Î[ÅÃÏ]ÐuÎ9P�Ñ»ÒtÑ_ÐuÎ»P®ÅqufÑ�È
Ñ�ÏDÓ[Ô�Å-ÒcÎ[ÐuÎÕÓ®Ð�Æ|ÐuÖ�×9Î®Å
5_1�*!�{,+.E"D1D�I,V�ÖÔ-*2�;~9�=(KF�Ó0.g,V�rxE5G1��A1~>�.+"¹ÔB*-.?" Ï *!,-)Z(^) Ï *�1)Ô2C Ï ÐQ,W,-.S5a)�Ð5))"%$-,+.M(�* Ï *m$ Ï Ó Ï N]F�*B.

b�) R2.DR�* Ï *i*?Ô-,:,+./eM.�)+,v*V�c.+�;(c&31D�2& Ï �Q�4)<C-,:.a,£�2)%Ó*& Ï �5.�Ð()%Ó*&B,+)<"/))(5.gÓ!.�*-(G"/.0(Q(5.p" Ï *!,-)Z(^) Ï *i1FÔ98i,:)�Ó!))(5.+�>�)61�,612B Ï ÐÒÓkÔ-,+1D(^) Ï *$>@1FÐ4)61D(5) Ï *-*B.�,+,:.'RX3_*J&�.gÔX(g*�ÑD1�*�Ó Ï ):*!�H,`�c)�Óa& Ï �5.�Ð�.�*�&�Ð5./*31�*-(

u(t) = ū(t) + ũ(t)

1D>F.0"
ū(t)

"%$ Ï ))�5)V,B.LB�1@� Ï *fPv�^1
(^)<�;B�1�)�Ð4.�,:.+�S" Ï *!,-)Z(^) Ï *!�S,-.L5�)%Ð5))"%$-,+.M(/R!xv*f" Ï *!�ÒÑ0H0ÔB.�*!"/.'.
ũ(t) ∈ XÏi«

X
.+�=( Ô-* .+�=&31'"�.Ì,-.��a):,<C�.gÐ=(�, Ï *-(�,+.+�½Ñ/,�ÑgÓ!.�*-(Q���51D(^))�=B Ï *-(f,-.0�J" Ï *!,-)Z(^) Ï *!�h,-.Ì5�)%Ð5)<"%$B,+.0(

$ Ï Ó Ï N]F/*-.+�0R®o�)+*��5)
u(t)

Ñ�> Ï ,%Ô-.*,-1�*!�°Ô-*i.0�Q&31'"/.'1)Ø!*-.a,-.a,-)�Ð4.+"M(^) Ï *
X
.0(
ũ
.0�=(m,�Ñ0T3*B)?&31)ÐJ,+1

B Ï Ð7ÓkÔ-,61
(^) Ï *$>@1FÐ5)+1D(^) Ï *-*-./,+,+. å
∀(ϕ, t) ∈ X×[0, T ]

d

dt
( ū(t) + ũ(t), ϕ )H0

+

Q∑

k=1

( Dk(ū(t) + ũ(t)), D̃k(ϕ) )Hk
= ( h(t), ϕ )HQ+1

.

bæ79Rrq-e

� Ï *!�4)<,�Ñ�Ð^1�*-(�Ô-*�� Ï Ô!�;: .+�Q&-1'"�.
Y

,-.
X

.9,B.n,-)%Ó0./*!�5) Ï *
M < +∞ .0(?,-.nC31D�5.

(ϕj)
Ï Ð=(Q$ Ï * Ï ÐÒÓ01�,+.1FÔf�5./*!�@,-.

( . , . )H0

.B,61ßÓ¦ÑM(K$ Ï ,-.6,-. � 1�,+.�ÐÒæC)+*B._.M89(²Ð51�))(A,B.pb 7XR�q-e ,+.6�;~X�;(KF�Ó0.W,V��x45G36�

ȧi(t) = − d

dt
( ū(t), ϕi )H0

−
Q∑

k=1

( Dk(ū(t) +

M∑

j=1

aj(t)ϕj), D̃k(ϕi) )Hk
+ ( h(t), ϕi )HQ+1

H?Ô-)&�.gÐÒÓ!.0(A,B.m,�ÑMT3*-)%ÐH,`�ÖÑ0(�1
(A,�Ôf�=~9�=(QFgÓ!.�1'&�&�Ð Ï "%$�ÑL&31FÐ

u(t) = ū(t) +
M∑

j=1

aj(t) ϕj.

�Nd



ã]�-�u�G�L�'�-�^< ��¶ �+� � � � ���g� äæå ��<��K� çD��� �A·��/¸-�}<Z�n�L� é � �-�_¨ ¸>�@�-� ¶�� ¸ � �-� ¶

Ø Ï]È
Ñ»ÒtÉ[ÈtÅ>
�ÐuÔ_ÙÎ[ÚuÆ¹Ñ_Ç«Ô_Å0P[ÉE�0Ù#�0Ò�×9Æ#Åa
�ÐuÉ®È�P®Å0�LÐ�
�Û>ÈtÇ�Ò�Å9É®È)�WÔ�Ñ Î®Û>Ç«Ñ�ÈtÅ0�nÅ-ÒJ�VÉ®Ç3P®È
ÇXÒtÑ �£É[Å0�
xv*c&�Ð^1
(^)<H?Ô-.D.Ñ,+.+� Ï &ÑgÐ51D(^.�Ô�ÐQ�

Dk

� Ï *-(U� Ï ÔB>F./*-(v,+):*�ÑD1�)%Ð5.0� Ï Ô2H?Ô31',�Ð^1D(5)<H?Ô-.+�0R]y�)
Dk

.+�;(?,:)+*�Ñ�1�)�Ð4.'.
Ï *�1

− ( Dk(ū(t) +
M∑

j=1

aj(t)ϕj), D̃k(ϕi) )Hk
=

M∑

k=1

Cj
i aj(t) − ( Dk(ū(t)), D̃k(ϕi) )Hk

Ïi« ,+.0�
Cj

i = − ( Dk(ϕj), D̃k(ϕi) )Hk

� Ï *-(f,-.+�f" Ï *!�=(^1�*-(^.+��):*!,�Ñ+&�.�*�,31�*-(^.0��,B.
t
R�yh)

Dk

.+�;(
H?Ô31',�Ð51D(^))H?Ô-.'.k):,A.0�=(W& Ï �Q�5))C-,+.2,-.v,�Ñ0T-*-)�ÐUÔ-* Ï &ÑgÐ51D(^.�Ô�Ð

Qk : X×X −→ Hk

C-):,+):*�ÑD1�)%Ð5.L(^./,UH?Ô-.
Dk(u) = Qk(u, u)

.M( Ï * Ï C�(^):.�*-(

− ( Dk(ū(t) +
M∑

j=1

aj(t)ϕj), D̃k(ϕi) )Hk
=

M∑

j=1

M∑

l=1

Cj,l
i aj(t) al(t)

−
M∑

j=1

( Qk(ϕj, ū(t)) +Qk(ū(t), ϕj), D̃k(ϕi) )Hk
aj(t)

− ( Qk(ū(t), ū(t)), D̃k(ϕi) )Hk

Ïi« ,+.0�
Cj,l

i = − ( Qk(ϕj, ϕl), D̃k(ϕi) )Hk

� Ï *>(@,-.0�k" Ï *!�;(�1�*-(^.0�a):*!,�Ñ0&N./*!,31�*-(^.0�k,B.
t
R

o�):*!�5) .F.�*a� Ï Ó�Ó01�*-(},+.+�E" Ï *!�=(^1�*-(^.0�
C×

×
):*!,�Ñ0&N./*!,31�*-(^.0�?,B.

t
. Ï *!1'C Ï Ô�(5))(E,31@*!�E,-.g* Ï ÓcC�Ð4.gÔX8

"D1D�nP>Ô-*��;~9�=(KF�Ó0.m,�~�*31FÓ!)<H?Ô-.W,-.W,-)�Ó!.�*!�4) Ï *
M

,-.WB Ï ÐÒÓ!.W& Ï ,Z~h* b Ó0)+1�,+.k,-.W,-.+NiÐ7Ñ�):*�B�ÑgÐ4)+.gÔ�Ð Ï ÔÑ+NF1�,Pi,-.gÔX8 å

∀i ∈ [[1,M ]] ȧi(t) =

M∑

j=1

Cj
i aj(t) +

M∑

j=1

M∑

l=1

Cj,l
i aj(t) al(t) + C ū,h

i (t),
b 7XR��-e

Ïi«
C ū,h

i

Ó Ï ,�Ñ�,:)<�4._,`�c)+*B��Ô-.�*!"/.m,�Ô�(5.gÐÒÓ!.W� Ï Ô�Ð="�.
h
.0(k,-.0�k" Ï *!,-)Z(^) Ï *!�G1FÔX8�,:)�Ó!))(^.0�S,-.L(�~9&N.m5�)�Ð4)Z:

"%$-,:.0(nPa(²Ð51D>F.gÐ=�
ū
R�yh)

ū
.M(
h
*-.W,�Ñ+&�.�*�,-.�*-(6&31D�k,�ÔJ(^.gÓa&!�0.�,:.L�=~9�=(QFgÓ!.c,�~�*31FÓ!)<H?Ô-. Ï C�(5.�*?ÔK.0�=(1FÔ�( Ï * Ï Ó!.'R

��Å9Æ#Ç!ÈW�VÉ®Å�Ê � .UÐ7Ñ+�ÒÔB,)(�1
(��5.LNiÑ/*�ÑgÐ51�,+))�5.nB�1'"/)+,:.gÓ!.�*-( å �4)k)+,N.M8h)<�;(^.UÔ-* Ï &ÑgÐ51D(^.�Ô�ÐòÓkÔ-,Z(^):,+)+*�ÑD1�)%Ð5.
R,V� Ï ÐQ,�Ð5.

q
(^.�,®H?Ô-.

Dk(u) = R(u, · · · , u) .31@, Ï Ð=�G,:.6(^.gÐ7Ó0.
( Dk(u), D̃k(ϕi) )Hk

�4.m,�Ñ�>F./, Ï &!&�.J.�*
Ô-*W& Ï ,)~�* b Ó!.�,-.E,-.+NFÐÒÑ

q
, Ï *-(9,+.0�[" Ï .yØa"�)+./*-(K�[� Ï *-([� Ï )Z(®" Ï *��=(�1@*>(Q�+.
� Ï )Z(B Ï *!"M(^) Ï *!�,-.
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.
�5)
u
.0�=(a,+.6"%$311�*&�.+ýB,+.+ÿ4)+./*�,B.+�g>h)Z(^.0�Q�5.0�+R

yXþF):.�*-(
u(x, t) ∈ ¯ � d ,+.f"%$31��a& ,B.+�I>h)Z(^.0�Q�5.0�*,�ýp�«ý-)),-.'.

ρ(x, t) ∈ ¯ � �51Ì,B.�*!�4))(Kü#b	�01'�=�5.>]þ�,<ý2�!)<H>ý-./eM.v.0(
p(x, t) ∈ ¯ � �=þF*}"%$311�*&¨,B.J&!ÿ4.+�=�5)<þ�*VRg1[þ]ý!ÿ0)+*-(Kÿ=þX,!ýB)<ÿ5.�,+1L*�þ'(^))þF* ,B.`�«ý-)),-.*-.3�(KþF*-):.�*V.�"+þF*��5)<,�ü+ÿQþ�*!�_,`� ü+H>ý31
(^)<þ�*{,-. 8 .#3�(Kþ�*�b�H>ý-)A.Y8X&!ÿ5)"�0.�,+1*"0þF*!�5.0ÿ4>@1D(5)<þF*{,B.�,61pH>ý31@*>(5))(Qü

,-.4�aþ]ýB>F.#�0./*-(YeSÿ5./,61D(5):>F.LPvý-*�ü�,)ü!�!.�*-(A,-.�>]þ�,<ý2�!.
O

H>ý-.�,)"+þF*�H9ýB.m,!ý��«ý-)),-. '
∫

O

ρDtu dx =

∫

0

h dx−
∫

∂O

(pn− σv n) ds
b 7XR��-e

1D>F.0"
n
,+.|>�.+"M(^.+ý�ÿ�*�þ]ÿ(�01�,nýB*-))(^1�)<ÿ4.��Qþ'ÿ=(�1@*>(f,�ý Cuþ]ÿ=,

∂O
,-.

O
.E.0(fþ ç ,:.{�5.0"+þF*�,5�!.!�cC�ÿ5.

ÿ5.0&!ÿQü0�5./*>(5.g,+.+��B_þ]ÿQ"/.+�?.Y8B.0ÿQ"0ü�.+�E�=ý!ÿ
O ' ∫

0
h dx

,:.+�IB_þ'ÿQ"�.0�?.M89(Qü+ÿ5):.+ý!ÿ4.+�?>'þF,<ý2�!)<H>ý-.0�Ab	�01'NF*�ü0(^))�(�!.'.
B_þ]ÿ="�.4,-. � þ]ÿ4)<þF,:)<�0./N]ÿ^1D>�))(Qü'RZR)RreM. − ∫

∂O
pn ds

,:.+�®B_þ]ÿQ"/.+�[,-.g&!ÿ4.+�=�5)<þ�*V.@.M( ∫
∂O
σv n ds

,+.0�®"+þF*-(Kÿ51�)+*-(5.+�
,-.�>�)<�Q"0þ]�5)Z(KüW,!ý-.0�nP!,61v,!ü0B_þ'ÿ(�01D(^))þF*f,!ý`�«ýB)<,-.*b

σv

.0�=(ný-*�(5.�*!�4.+ý!ÿk,V� þ]ÿQ,!ÿ4.m,B.+ýX8JH>ý-)[&N.0ý�(@�0(Kÿ4.)+*-(5.+ÿQ&�ÿQü0(Qü2"0þ �6�!.Lý-*-.7�$1
(Kÿ5))"�.L,-.m¯ � d×d eMR % 1*ÿ4.�,+1D(^))þF*|bæ7XR��-e�ü0(�1@*>(a>9ÿ^1�):.W&uþ]ý!ÿA(Kþ'ý�(
O ⊂ Ω(t)ÿQü0N]ý-,:)+.+ÿ0.B.M(k"0þ �a&�(^.G(5.�*>ý�,-.�,+12B_þ]ÿ(�cýB,+.G,-.my9(Qþ 8�.0�+.uþF*�1I1�)+*!�4)

ρ (∂tu+ (u.∇)u) + ∇p− ∇.σv = h.
b 7XR��'e

� �c.+�=(K1�,<þ'ÿQ�hH>ýV�c)+*-(^.0ÿ4>�)+./*>(|,`� $-~X&uþ'(Q$!F+�4.|,-.0�`�«ýB)<,-.0�`*-.3�(KþF*B)+.�*��+Rkx},:,+.Ã&�.+ÿ��0.M(J,£�2.Y8�&�ÿ5)��!.+ÿ�,+.
(^./*!�5.0ý!ÿn,B.+�n"0þF*-(Kÿ51�)+*-(^.0�G>�))�QH>ý-.+ý��5.+�

σv

.�*JB_þ�*!"0(5)<þF*�,-.
u
./*�&!ÿ=þ]&�þ'�^1�*-(ký-*-.J,<þF)k,:)+*!ü�1�)<ÿ4.�.�*-(Kÿ4.

σv

.M( ∇u ∈ ¯ � d×d ,!üMT3*-)&31Dÿ
(∇u)i,j = ∂xj

uxi
'

σv = 2µS(u) + λ (∇.u)
¯
d

1~>�.+"
S(u) =

1

2

(
∇u+ ∇uT

)

.0(
µ
.0(
λ
,:.+�m&!ÿ5.#�0))F+ÿ5.!.0(2,-.+ý98B))F!�!.0>�)<�="+þ]�4))(Qü+�c,!ý��«ý-)<,B.'RI3�*#ÿQü+ü0"+ÿ4))(

σv

./*�)+*-(Kÿ=þX,�ý-)<�51�*-(�,+1
9 ����,�����:��#;��
;���:�-����������� � ξ = λ+ 2

3
µ
.0(G.�*�"+þ�*!�5.0ÿ4>@1�*-(G,61 9 ����,�����:� #7��< � ��=>�	?!��
 µ '

σv = 2µS(u) + (ξ − 2

3
µ) (∇.u)

¯
d

bæ79RA@-e
5CBnb�DXRr�]eEBM(�b�DXRA@]eM.�þ FW,!ü+,�ý2G)(IH`�:J ?!�+������� � ��
.,�� � ��
 � 9 ���	��� � ��
K�-�4?!�+� � ���:� J ��
L=M�0� 9 
=M
 � � �=ý2G"N1O�F-((B
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Dtw − (w.∇)u− 1� B ∆w = ∇×h b�DXRAD D]e
O|N�B+"

w = ∇×u.

c��



ã]�-�u�G�L�'�-�Q� ��¶ �+� � � � ���g� äæå �!���K� çD��� �A·��/¸-�t�Z�n�L� é � �-� áD¸>�@�-� ¶�� ¸ � �-� ¶

�ié�µ ¶ ·aô&¸.¹0ò0ë®ðLñ®ò·2ó º¼»¾½  V¢ ð7¹MêSú�¤*ò0óhê ú�¸AôfïhòYñ®ê ôfêAë¾¸Aî*ïfð6ñ®ò#·mófë
ôhê÷öøð@ù*ò0êSú® �ûañb·W¤2êAë

% O¿�aü0(Q$!þ9,2BÌ1?365@:/À7O1H�B+ÿ�8¨G�F2B�N1Oj�6O�G�F-(QB#F�O�F-(f�0(Qÿ(B�O'&!&+H�G<H>ý!ü#BÃ,2B��MO1F2G<F0ÿ(B�B_þ]ÿ��6B#H�H"B�O'ýX8
ü+H>ý�O
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ü+"0þ]ý2H"B!�RB!F-(S"0þ �*&�ÿ(B+�=�(G)C2H�BD.Xÿ(O'ÿ(B#�6B#F>(g&!ÿQü0�(B#F>((B6,�O�F!�LHVO7H�G)(=(Kü0ÿQOD(Qý!ÿ(BD.-�(B+ÿ(Ocü#N'þXH>ý!ü#B6,�O�F!�LH�Bn&2O'ÿQO
:
N]ÿ(O'&!$2B;DXR�q�RADXR

dS¿�ÁA¿;À ÂÃs.iCÄru Èrg�Ç/mCqEshvyxnz-Èrg�ghÇ�{�u Èrg
1�O'ÿ;(�O�F-(?,V� ý2F�"%$�O��a&a,2B+�hN�GZ(QB0�Q�(B0�
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,V� ý2F*ü+"+þ'ý2H�B#�6B#F>(LG�F�"+þ �a&!ÿ(B0�Q��G<C2H"B�"+þ F2F>ýV.�HVO��aü0(Q$!þX,+B

14365@:�À4O�H�B0ÿ(8¨G�F+B�&`B0ÿ(�RB0(4,2BA"+þ F��=(Kÿ=ý2G<ÿ�BAý2F6�aþ9,!F!H"B�,�~�F�O��RG<H>ý2BAÿQü0,!ý2G)(E�=þ]ý!�EB_þ]ÿ(�RB�&uþ H)~�F2Å �RGVO1H�B
B0(@&!$-~9�(G)H>ý2B!�RB!F-(k"+þ]$!ü0ÿ(B#F>(+R

� B0(=(QB��aþX,!ü#H�G)�QOD((G<þ F*143L5A:�À4O�H�B0ÿ(8¨G�F2Bk,2B+�Aü0H9ý2OD(QG)þ F!�S,2B4�nO|N�G"B+ÿz:;y9(Qþ 8�B0�.G�F!"0þ �*&�ÿ(B+�=�(G)C2H�B0�KB+�;(
"+þ'ý!ÿQO��R�RB!F-(pýX(QG�H"G<�=ü!B'R � þ]ý�((B0B_þ G)�+.tB!H"H�B]B+�;(�N]ü#F!ü+ÿ(O�H�B#�6B#F-(&O'&!&+H�G<H>ý!ü#BJ�(O�F!�a(KÿQO1G)(QB0ÿi,2B��6O�F2G)F+ÿ(B
BM8X&2H"G<"#G)(QB�H"B+�f"+þ�F!,2G)((G<þ F��]O'ýX8ÆH�G"�6GZ(QB0��,2B��«ýX8�.A"!BÌH>ý2GL&�þ]��B}H"Bw&!ÿQþ]C+H<F!�RBÃ,!ýË(Kÿ(O�G)((B!�RB!F-(�,!ý
N]ÿ(O',2G�B#F-(2,2Bp&!ÿ(B0�Q�(G)þ FËb:N]þ G)ÿ^HVO��(B0"0(QG)þ F¹�=ý!ÿ^H�OJ&!ÿ�G<�(B6B!F¹"0þ �a&�(QB6G��a&2H�G)"!G)((Bv,2B+�2"+þ F!,+G)(QG)þ F!�;O'ýX8
H�G"�6GZ(QB0�LBM(W�r�'�
�»eY.!þ]ý]O�H)þ]ÿQ�S&uþ]ý!ÿ�ý+F2B6"+þ F�,2G)((G<þ F�G"F!�=(QOD(QG)þ F2F�O1G<ÿ(Bk&�O'ÿ;(QG<"0ý2H�G)F+ÿ�B'.9,2G)((B ����
�2��� � �� � 
���� �
��� 
�
>,�� � ���:����� � .�H9ý+GVB	O�G)(TG"F>((B+ÿ�N B!F+G<ÿ�ý2FJ&!�(B0ý!,!þD:`(QB!F��(B+ý�ÿk,2B0�k"0þ F-(Kÿ(O�G�F-(QB0�

σ̃
,+G)±�ü+ÿ(B#F-(k,�ýJ(QB#F!�(B0ý!ÿ

σ
,2B+�A"+þ�F>(QÿQO�G"F-(QB+�.�«ý+G<,2B0�2b:N]þ G)ÿ�&�O'ÿ.BY8+B#�*&+H�Ba�r�'d
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B!Fj"0þ �*&X(QB&BM8X&2H"G<"#G)(QB#�6B#F-(>H�B0�v"+þ F!,+G)(QG)þ F!�^O'ýX8¿H"G��RG)(QB0�m,+Bf5CG<ÿ�G<"%$2H"B0(>G"F!�=(QOD(QG)þ F2F�O�G)ÿ(B0�+R�1�þ]ý!ÿv"#B
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5CG)ÿ(G<"%$+H�B0(L$�þ �*þ'N]F!F2B0� ' N]þ G)ÿ7B#F|&2O'ÿ=((G<"+ý+H�G�B0ÿ�HVO&�aü0(Q$!þX,+Ba,+B+�LB_þ F!"0((G<þ F��W,+Ba"0þ �R�MO�F�,2Bvý�(QG"H�G)�Qü!B
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�kþ]ý��LF!þ'ý!�E&!ÿQþ]&uþ]�=þ F!�hG<"!G�,2BA�=~�F-(K$!üM(QG<��B+ÿLB0(4,V� ü0(QB#F!,!ÿ�BCH�B0�U(Kÿ(O�N1O'ý98a&!ÿQü0"+ü+,+B!F-(K� ' F!þ]ý!�LO�H�H)þ F!�
,!üM(�O�G"H�H�B0ÿL"+þ �R�6B#F-(^G"HhB0�=(v&uþ]�=�(G<C+H�Ba,!ý¹&uþ G�F-(m,2BMN9ý2B*B_þ'ÿ(�RB!HE,2B�"0þ F!�=(QÿQý2G)ÿ(B*ý2F¬�aþX,!F#H�B*143L5A:
À4O�H�B0ÿ(8¨G�F2BLG�F!"0þ �a&!ÿ(B0�Q�(G)C2H�B?H>ý2G�&!ÿ�B!F2F+B�B#Fv"+þ �a&�((BUBM8X&2H"G<"!GZ(QB#�6B#F>(�H�B0�U"+þ F�,2G)((G<þ F!�ªG�F!�;(�OD((G<þ F+F�O�G<ÿ�B+�
O'ýX8MH�G"�6GZ(QB0�hF2OD(Ký!ÿ�B!H"H�B+�?,!ýh&!ÿ=þ]C2H<F#�6B@,2B4�nO�N�G"B+ÿ;:zy9(Kþ�8�B+�KG�F!"0þ �*&�ÿ(B+�=�(G)C2H�BD.XH>ý2BG"#BG�Qþ�G)(S,+B+��"+þ�F!,2GZ:
(QG)þ F!�i,2BJ5CG<ÿ�G<"%$2H"B0(i�=ý!ÿ6H"Bf"%$�O��a&},2B0�RN�G)((B+�=�(B+�0.?þ'ý},2B0�*"0þ F!,2GZ(QG<þ�F!�v,2B]�«ýX8 ,!ü0T2F2G�B0�*&�ODÿaý+F2B
"+þ��cC2G�F2O�G<�=þ F&H�G"F!ü|O�G)ÿ(Bk,2B+�A(QB#F!�(B0ý!ÿQ�

σ
BM(
σ̃

R
oCG"F!�(G .�F!þ'ý!�LN�B+ÿQÿ=þ F!��H>ý2B�H"BAå�&!ÿQþ]C+H<F!�RB@,!ýp(QB0ÿ(�RBG,2Bk&!ÿ(B0�Q�(G)þ FXæCFV�aB+�=(S&�O'�gB_þ]ÿ��6B#H��MO�G)�?&�ý!ÿ(BY:

�RB!F-(n&�ÿQOD((G<H>ý2B'.�BM(GH>ýV�aG�HbF2BW�Qý!ÿ�N�G"B!F-(GH>ý2B^H<þ]ÿ=�QH>ý2BW,2B+�k"+þ F!,+G)(QG)þ F!�A,2B25CG<ÿ�G<"%$2H"B0(�G�F!�;(�OD((G<þ F+F�O�G<ÿ�B+�
"+þ��*&2H"BM8�B+��F+Ba&SB+ý�N B!F-(m&�O'�6�M(Kÿ(BXBY8�&+H�G<"#G)((B!�RB!F-(6&!ÿ�G<�(B0��B!FÌ"+þ �a&�((B>H<þ]ÿ=�G,2BXHVOp"0þ F!�;(KÿQý�"0(QG)þ FÌ,!ý
�aþX,!F#H�Bh14365@:/À7O�H"B+ÿ�8�G"F2B'R % B0�6�aü0(Q$!þ9,2B+�i&!ÿ=þ]&�þ'�Qü!B0�*&2O'ÿ � B#�*&XBWB+ÿ��r�D�
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&�O�H"H�G"B+ÿSPv"#BW&�ÿQþ]C2H)F!�RB6,2B4�*þ9,!ü#H�G<�(OD(QG)þ FMH"G<ü6PXHVOc&�ÿ(B+�=�(G)þ FJ�=þ F-(@&!ÿQü0�(B!F-(Qü!B+�0R

x�F�T�FV.�H�Op&!ÿ�G<�(B^B!FÃ"+þ��*&�((B2B	O'"0ý2H)(QOD(QG-N BW,V��ý+F2Bvü+H>ý�OD((G<þ FÃÿ=ü+N G)�Q�(O�F-(�HVOi(QB!�a&uü+ÿQO
(Ký!ÿ�B~B+�;(Lü#N]þ
:
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% B��*þ9,!F#H�B@,�~�F�O��RG<H>ý2BCB0�=(�"0þ F!�;(KÿQý+G)(AP2&2O'ÿ=((G<ÿ4,2B+�Sü0H>ý�OD(QG)þ F!�S,+B��CO|N�G�B0ÿ;:;y>(Kþ 81B+�UG"F!"+þ �a&!ÿ�B+�;:
�(G)C2H�B0�*b�DXRZs�$-e\:Mb�D9R®D�_]eM.V"0þ F!�(G),!ü+ÿ=ü!B0�2&uþ]ý!ÿ

(x, t) ∈ Ω× [0, T ]
.þ ç

Ω ⊂ ¯ � d b
d = 2

þ]ý
3
e�B+�;(cý2F

,!þ �6O�G"F2BLþ]ý+N B0ÿ=(�BM(GCuþ]ÿ(F�ü2,!þ F-(CHVOaB_ÿ=þ F-(QG)F+ÿ(B
Γ = ∂Ω

B+�;(G�Qý�§*�(O��R�6B#F>(GÿQü+N'ý2H�G)F+ÿ(BD.�B0(Gþ ç
[0, T ]B+�;(4H`�aG�F-(QB0ÿ�N1O�H"H�B6T�F2GU,+B2(QB#�*&!�n"+þ F!��G<,!ü0ÿQü�b

0 < T < +∞ eMR£5CBv&2H<ý��+.EH ��ü0"+þ]ý+H�B!�RB!F-(CB+�=(L�=ý!&!&uþ]�Qü
�QO
(QG<�;B	O�G<ÿ�B�HVOv"0þ F!,2GZ(QG<þ�F&G�F2GZ(QGVO1H�B

∀x ∈ Ω u(x, 0) = u0(x),
b�D9R®D'q]e

B0(+.«&�þ'ý!ÿS(Kþ]ýX(�(QB!�a&!�
t ∈ [0, T ]

.2H�Ov"+þ F!,+G)(QG)þ F]O'ýX8�H�G"�6GZ(QB+�?,2BW5CG<ÿ�G<"%$2H"B0(

u(x, t) = g(x, t)
�=ý!ÿ

ΓD

b�DXRADD�>e
B0(�H�Oc"+þ F!,+G)(QG)þ F]O'ýX8&H�G��RG)((B+�?,2B��«ýX8

[(1 − ω) σ̃(x, t) + ω σ(x, t)] n(x) = P n(x) − β(x, t)
�=ý!ÿ

ΓF ,
b�DXRAD]d]e

O|N B0";H"B+�S(QB#F!�(B0ý!ÿQ�CO',2G"�6B#F!�(G)þ F2F!ü0�

σ = σv − p
¯
d =

1� B [∇u+ ∇uT
]
− p

¯
d

B0(
σ̃ = σ − 1� B ∇uT =

1� B ∇u− p
¯
d,

ω ∈ ¯ � ý2F�&�O'ÿ(O��aF0(Kÿ�Bh�QO�F��*,2G"�6B#F!�(G)þ FV.
P ∈ ¯ � ý2F2Bf&!ÿ(B0�Q��G<þ F�"+þ F��=(�O1F>((BJH>ý2B#H<"0þ F!H>ý2B'.

n
H�O

F!þ]ÿ��MO1H�BWý2F2G)(QO�G<ÿ�Bm�=þ]ÿ=(QO�F-(QBv,2B
Ω

.
Γ = ΓD ∪ ΓM

.`�6B0�
(ΓD) > 0

B0(��RB+�
(ΓD ∩ ΓM) = 0

b_&�þ'ý!ÿ
HVO��RB+�=ý!ÿ(Bf,2B % B+CSB+�QN'ý2BJ,+BJ¯ � d−1 eMR � B��Qþ�F>(*,2B0�*"0þ F!,2GZ(QG<þ�F!�XO'ýX8¿H"G��RG)((B+�^F2OD(Ký!ÿ�B!H"H�B+�i&uþ]ý!ÿXH�B
&!ÿ=þ]C2H<F#�6B6&2O'ÿQO'Cuþ H"G<H>ý2BG,2B7�nO�N�G"B+ÿ;:zy9(Kþ�8�B+�TG"F!"+þ �a&!ÿ�B+�Q��G<C2H"B'R

% ��ü0H9ý2OD(QG)þ FJb�DXRAD]d]e*O6ý2F2BA&uþ]ÿ=(Qü!BS(QÿQF+�EN]ü#F!ü+ÿ(O�H�B�� B!FRB0±`B0(+.ZB!H�H"BUB+�;(hF!ü+"#B+�Q�(O�G<ÿ�B!�RB!F-(tN9ÿQO�G"B�&�þ]ý�ÿ
H�B0��"+þ F�,2G)((G<þ F!�tODýX8XH�G"�6GZ(QB0��"0þ]ý!ÿQO1�6�RB!F-(Eý�((G�H�G)�Qü#B+��&uþ]ý!ÿ��(G"�cý2H"B+ÿUý2Faü+"0þ]ý2H"B!�RB!F-(tG�F!"0þ �a&!ÿ(B0�Q�(G)C2H�B
þ]ý+N�B+ÿ;(/.!"D�PB0�=(=:�P
:�,+G<ÿ(BkH>ý2GV"+þ'ÿQÿ(B0�Q&uþ F!,�P2ý2F+B6"+þ F�T!N]ý!ÿQO
(QG<þ�F�&!$-~9�(G<H>ý2BLþ ç H�BC�«ý+G<,2BG&SB+ýX(.B!F-(Kÿ�B+ÿ.BM(
�Qþ'ÿ=(QG)ÿ�,!ýf,!þ �6O�G�F+B

Ω
"+þ�F!�(G),!ü+ÿ=ü'R�x�FJ&2O'ÿ=((G<"+ý+H�G�B0ÿ+.�HVOv"+þ�F!,2G)((G<þ F

[∇u]n = 0
B0(

pn = β

B+�;(@&�O'ÿ=B_þ�G<��ý�((G�H�G)�Qü#BG&�þ'ý!ÿ��(G"�cý2H�B0ÿSý2F�ü+"0þ]ý2H�B#�6B#F-(nBY89(QB+ÿ�F2B7B0(�HVOc"0þ F!,2GZ(QG<þ�F

σ̃n = −β ⇐⇒ pn− 1� B [∇u]n = β
b�D9R®D'�]e

B+�;(L�Qþ]ý�N B!F-(Wý�((G�H�G)�Qü#B2&uþ]ý!ÿ
β = 0

"0þ �6�RBc"0þ F!,2GZ(QG<þ�F�,2Bv�=þ]ÿ=((G�Bc&uþ]ý!ÿ�H"B+�6ü0"+þ]ý2H"B!�RB!F-(K�6"0þ F�T�F�ü+�
,�O�F��@ý+FJ"!O�F�O�Hþ]ýfý2F+BW"0þ F!,!ý+G)(QB*b ����
�2��� � �� � 
���� �®��� 
�
;,�� � ���:����� � .�N]þ G)ÿW�P@-d��®þ]ýÌ�r�'d
�»eYR«5CBW&2H<ý��+.2H�O
"+þ�F!,2G)((G<þ F

σn = −β
B+�;(G&!$-~9�(G)H>ý2B!�RB!F-(L&2H)ý!�k&SB+ÿ;(QG"F2B!F-(QBm&!ý2G)�QH>ý2B

σ
B0�=(CH�BL(QB!F��(B+ý�ÿG,2B+�n"+þ F-(Kÿ(O�G�F-((B+�n�!ý2G<,2B0�n&uþ]ý!ÿký2F

ü+"0þ]ý2H"B!�RB!F-(IG�F!"0þ �*&�ÿ(B+�=�(G)C2H�BDR � B0(=(QB4,2B+ÿ�F2G<F0ÿ(BE"+þ F�,2G)((G<þ F�B0�=(�&�O'ÿbBM8�B!�a&2H"B4ýX(QG�H"G<�=ü!BU,�O1F!�®ý2F2B4ü0(Ký�,2B
,2B7HVOX�*þ9,!ü#H�G<�(OD(QG)þ Fh14365@:�À4O�H"B+ÿ(8¨G"F2B6ÿQü!O�H�G)�Qü!BL&�ODÿC�@þZO'"�8 
�.���Z� .®� �]�D� .��MO1G<�.B!H"H�B�FV�aB+�;(G&�OD�k&!ÿ�G<��B
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�(B#�cC2H"BiPf"#Bv(QG)(Qÿ(Bvþ]ÿ�G<N G"F�O�H"B'R % Bc(QÿQO�GZ(QB#�6B#F>(4G"�*&+H�G<"#G)((BW,+B+�W"+þ F!,+G)(QG)þ F!��ODýX8�H�G"�6GZ(QB0�nB0�=(W,2G<�="+ý�(Qü
ý2F�&`B0ýJ&+H<ý!�.H)þ G�FVR

% OWåz&!ÿ�B+�Q��G<þ F9æ
p
F£�AOc&�OD�S,2B6�(B#F!��&!$-~9�(G)H9ý+BW"0þ F-(Kÿ(O�G<ÿ�B!�RB!F-(�P

∇p
.�B0(.G"H`B0�=(A&uþ]�Q��G<C2H"Bn,2B6ÿ�B!�v:

&2H�O'"!B0ÿ
p

&�O'ÿ
p + P

,2B]�6O�F2G<F0ÿ(B�ü0H>ý2G"N1O�H"B!F-(QBf,�O�F��RH ��ü0H>ý�OD(QG)þ F b�D9R®D�_]em,2Bf"+þ F��(B+ÿ�N1OD(QG)þ Fj,2B]HVO
H>ý�O�F-(QGZ(KüL,2B7�*þ'ý+N B#�6B#F>(+.«&�þ'ý!ÿAý2F2BW&!ÿ(B0�Q�(G)þ F�"+þ F!�;(�O�F-((B

P
H>ý2B#H<"+þ�F!H>ý2B'R�¯�H&SB+ý�(k,!þ F!"L&�ODÿQO1Í)(Kÿ(B

O�F!þ'ÿ(�6O�HIH>ý2BXHVO�"0þ F!,2GZ(QG)þ Fjb�D9R®D]d'ekB	O'�Q��B>G�F-(QB0ÿ�N B#F2G<ÿ4H�Op&!ÿ(B0�Q��G<þ F}b_((B+ÿ(�RB
pn

eMR£okT�FÌ,2B>�aþ F-(Kÿ(B0ÿ
H>ý2B�b�D9R®D]d'enB+�;(LC2G�B#FÌý+F2Bv"+þ F�,2G)((G<þ F�F2OD(Ký!ÿ�B!H"H�B2H>ý2G�F2Bv&�þ'�(BXO'ý!"0ý2FÌ&!ÿQþ]C+H<F!�RB2H>ý�O1F>(WP&H ��ý2F+G<"!GZ(Kü
,2B

p
H9ý+GLF2Ba,2BNXÿ(O�G)(W�M(Kÿ(BaNZO'ÿ(O�F-(QG"BvH9ý£�rP�ý2F2Bp"0þ F!�;(�O�F-(QBa&!ÿ=F+�+.IF!þ]ý��^O|N]þ�F!�^G"F>(QÿQþ9,!ý2GZ(�H�Bv(QB0ÿ(�RB

P n
,�O�F!�nb�D9R®D]d'e ' "0þ �R�6B.F!þ'ý!�KO1H�H<þ�F!��H�B.N]þ�G<ÿ+.D(Kþ]ý�((Bk&�ÿ(B+�=�(G)þ F

P
"0þ F!�;(�O�F-(QBk"+þ F�,!ý2G)(?P4HVO��a�!�RB

B_þ]ÿ��cý2HVO
(QG<þ�FMN1O'ÿ(G�OD(QG)þ F2F2B#H�H�BD.¨B0(@&�O'ÿ�"0þ F!�Qü0H>ý2B!F-(�ODýY�a�!�RB��aþX,!F#H�B614365@:/À7O�H"B+ÿ�8�G"F2B'R

1�þ]ý�ÿGý2F2BWB_þ F!"0((G<þ F�(QB0�=(
ϕ

,+Bc,2G"N�B+ÿ=N B!F!"#B~B0(n,2B2(QÿQO'"#B2�=ý!ÿ
ΓD

F>ý2H�H"B+�0.`BM(�B!F�F�þ'(�O�F-(
φ|Γ×

∈Î 1/2(Γ×)
HVOw(Kÿ(O'"!B{�=ý!ÿ�H"B�Cuþ]ÿQ,

Γ×
,V� ý2F2BJB_þ F!"0((G<þ F

φ
H>ý2B!H)"+þ F�H9ý+BÃ,2B Î 1(Ω)

.KH�B0��ü+H>ý�O
(QG<þ�F!�
,2B��nO|N�G"B+ÿz:;y9(Qþ 8�B0�.G�F!"0þ �*&�ÿ(B+�=�(G)C2H�B0�6b�D9R)s�$]e�:Mb�DXRAD�_-etO'�Q�=þX"#G<ü!B0�.O'ýX8p"+þ�F!,2G)((G<þ F��UO'ýX8MH�G"�6GZ(QB0�nb�DXRADD�>e�:
b�D9R®D]d'eg"+þ F!,�ý2G)(@P>HVOcB_þ]ÿ��cý2H�OD(QG)þ Fp�=ý2G"N1O�F-(QB '
ÏhÛZÐIÎ�Ñ»ÒtÑ_Ð�Î c ³ ¯KÑÒ�[Å0�vÛ � Ê��®Å��JÇZ�®Ñ_Å>È|�# �Ò�Ð�à�Å<�iÑ�Î�Ï]ÐuÆ1
[ÈtÅ0���/ÑW¡IÔ_Å ³ ¯KÑY�� EÓ�´!´

d

dt
( u(t),ϕ ) Ô 2(Ω)

d + C(u,u,ϕ) +
1
£T
 [A(u,ϕ) + ω B(u,ϕ)]

+ ( β,ϕ|ΓF
) Ô 2(ΓF )

d = ( h,ϕ ) Ô 2(Ω)
d

b�DXR®D'�]e

���0� � �/�0����
 � � � ,�	��� � ��
��� ϕ ��


V = {ϕ ∈ Õ 1(Ω)
d
/∇.ϕ = 0 
� ϕ|ΓD

= 0 }
� 9 
�,���
�� � � � =M
���=>���Ö�	�:�Ö� � J ��� � 
��

C(u,ψ,ϕ) = ( (u.∇)ψ,ϕ ) Ô 2(Ω)
d ,

A(u,ϕ) =

d∑

i,j=1

( ∂xj
uxi

, ∂xj
ϕxi

) Ô 2(Ω) =

d∑

i=1

( ∇uxi
,∇ϕxi

) Ô 2(Ω)
d


� B(u,ϕ) =
d∑

i,j=1

( ∂xi
uxj

, ∂xj
ϕxi

) Ô 2(Ω) .

×WÈ
Å9Ér�uÅuÊ 1�þ]ý�ÿhý2FÕü+"0þ]ý2H�B#�6B#F-(&G�F!"0þ �a&!ÿ(B0�Q�(G)C2H�BD.LH"B�(QB#F!�(B0ý!ÿ]O',2G"�6B#F!�(G)þ F2F!üJ,2B+�h"0þ F-(Kÿ(O�G�F-(QB0�
�«ý2G),2B+�TB0�=(

σ = σv − p
¯
d =

1� B (∇u+ ∇uT
)
− p

¯
d.

1�ý2G<�=H>ý2B
∇.(∇uT ) = ∇(∇.u)

&uþ]ý!ÿ
u

�=ý+§a�QO��R�RB!F-(4ÿQü+N'ý2H�G"B+ÿ+.'þ FROL,�þ F!"@&�þ]ý�ÿ�ý2F*ü0"+þ]ý+H�B!�RB!F-(

c`Ø
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¸9�+� � � �>¶ �-�AâS�%ã � �K� ä`ä �z� ç � ¶
G�F�"+þ �a&!ÿ(B0�Q��G<C2H"Bib

∇.u = 0
e

∇.σ = ∇.σ̃ =
1� B ∆u− ∇p,

,V� þ ç H �PBY8�&�ÿ(B+�=�(G)þ Fjb�D9R®D�_]eA,2B;H`� ü+H>ý�OD((G<þ F#b�D9R��]e�,2Bc"0þ F!��B+ÿ�N1OD((G<þ FJ,2B^H�O*H>ý�O�F-((G)(KüW,2B~�aþ]ý+N�B!�RB!F-(/.
B0(@,V� þ ç HVOcÿ=ü+ü+"0ÿ(GZ(Ký!ÿ�BW�=ý2G"N1O�F-((BW,+Bpb�DXRAD�_-e '

∂tu+ (u.∇)u− ∇. [(1 − ω) σ̃ + ω σ] = h.
b�DXR®D1@-e

x�F¨þ]ý�(Qÿ(BD.?&uþ]ý!ÿ*ý2F}(QB#F!�(B0ý!ÿ
T ∈ ¯ � d×d B0(pý2F2BJB_þ�F!"0((G<þ F�(QB+�;(

ϕ
�=ý+§a�QO��R�RB!F-(�ÿ=ü+N]ý2H"G�B0ÿQ�+.tH�O

B_þ]ÿ��cý2H�Bn,2B;ÀLÿ�B!B!FYF!þ]ý��@,�þ F2F2B

( ∇.T,ϕ ) Ù 2(Ω)
d = −

d∑

i,j=1

( Ti,j, ∂xj
ϕxi

) Ù 2(Ω) + ( T n,ϕ ) Ù 2(Γ)
d .

b�DXRAD�$-e

1�þ'ý!ÿ
ϕ|ΓD

= 0
B0(
T = (1 − ω) σ̃ + ω σ

.«"'�aB+�;(=:�P
:�,2G)ÿ(B

Ti,j =
1� B [∂xj

uxi
+ ω ∂xi

uxj

]
+ p δi,j,

HVOc"0þ F!,2GZ(QG)þ F]O'ýX8]H"G��RG)((B+�6b�DXRAD]d]eKB0(�H ��ü0H9ý2OD(QG)þ FÌb�DXRAD�$-eg,�þ F2F2B#F>(

( ∇. [(1 − ω) σ̃ + ω σ] ,ϕ ) Ù 2(Ω)
d = − 1� B [A(u,ϕ) + ω B(u,ϕ)] − ( β,ϕ|ΓF

) Ù 2(ΓF )
d

+ ( p,∇.ϕ ) Ù 2(Ω) + ( P n,ϕ|Γ ) Ù 2(Γ)
d . b�DXR�q _-e

x�F�T�FV.�,V�PO'&!ÿ=F+�THVO2B_þ'ÿ(�cý2H"B6,2Bmy9(Kþ�8�B+�0.�þ FYO

( p,∇.ϕ ) Ù 2(Ω) + ( P n,ϕ|Γ ) Ù 2(Γ)
d = ( p+ P,∇.ϕ ) Ù 2(Ω) .

oCG"F!�(G .�"+þ �R�6B
∇.ϕ = 0

.uþ F{þ'C�(QG"B!F-(nC+G�B!F�HVOaB_þ'ÿ(�cý2H�OD(QG)þ F|b�DXRAD]�]e.B!F�O'&!&2H"G<H>ý�O�F-(ký2F2B2B_þ F�"0(QG)þ F
(QB0�=(

ϕ ∈ V
P�b�DXRAD�@-eMR

2 % O*"+þ�F!,2G)((G<þ F#b�D9R®D'�]eTB0�=(Gü0H>ý2G"N1O�H"B!F-(QBmP{b�DXR®D'd]eA&uþ]ý!ÿ
ω = 0 ' H�BL(QB0ÿ(�RB;F�þ FX:�"0þ�B0ÿQ"#G)B B(u,ϕ),2G)�Q&�O'ÿ(O1Í<(*O�H<þ'ÿQ�+R � B!H�O�BM8X&2H�G)H>ý2B.HVOG&uþ]&!ý2H�O'ÿ(GZ(Kü?,2B�"!BM(Q(QBA"0þ F!,2GZ(QG<þ�F>O'ýX8~H�G��RG)((B+�[H>ý2G!B	O�G)(�G�F-(QB0ÿ�N�B!F2G)ÿ

H�Bg&!�(B0ý!,!þD:`(QB!F��(B+ý�ÿ
σ̃

&+H<ý�((Å'(UH>ý2BTH�B?(QB!F��(B+ý�ÿ4&�$>~9��G<H>ý2B
σ

R]x�FXB0±`B0(+.ZHVOkB_þ'ÿ(�cý2H�OD(QG)þ F4N�ODÿ(GVO
(QG<þ�F2F2B!H"H�B
B+�;(XO�H)þ]ÿQ�L(Kÿ�G"N�GVO�H"BaP�þ]C�((B!F2G)ÿ+RI�kþ'(Qþ F!�cH>ý2Bp,�O�F!�m"!B�"!O'�~H�B6�*þ9,!F#H�Ba143L5A:�À4O�H�B0ÿ(8¨G�F2BRB+�;(>�aþ G�F!�
"+þ�Ú�(QB0ýX8ÌPh"|O�H)"+ý2H"B+ÿ�BM(WPh�(G��2ý2H�B0ÿ+.SB0(L&�O'ÿ4O1G�H�H"B+ý!ÿ=�n"#B0(Q((Bi"+þ F!,+G)(QG)þ F{,!þ�F2F2Bi,2B+�Lÿ=ü+�Qý+H)(�O
(K�6&!$-~9�(G�:
H>ý2B!�RB!F-(?�QOD((G<�;B	O�G<�(O�F-(K�+R>5CO�F!�KH�O6�Qý2GZ(QB'.¨H"B+�Eü+"0þ]ý2H�B#�6B#F-(K�hG�F!"0þ �*&�ÿ(B+�=�(G)C2H�B0�4"0þ F!��G<,!ü0ÿQü+�4�QO
(QG<�;BWB+ÿ=þ F-(
b�D9R®D'�]e@b_þ]ýpý+F2Bn"0þ F!,2GZ(QG<þ�Fi(QÿQF0�g&!ÿ=þX"%$2B@H>ý2G`O'C�þ'ý�(QGZ(4P;HVO4�a�!�RBAB_þ'ÿ(�cý2H�OD(QG)þ F~N1O'ÿ(G�OD(QG)þ F2F2B#H�H"B'.�N]þ G)ÿ
HVOc��B+"M(QG<þ�F�DXRrd]eYR

�kþ]ý��~FV�PO�H�H)þ F!�W&�O'�c"%$2B0ÿQ"%$2B0ÿ>G<"#GgP�,�ü!�aþ F-(Kÿ(B0ÿ^H�OJ&SB+ÿ=((G�F2B#F!"!BM�MOD(Q$!ü!�6OD((G<H>ý2Ba,2B�"!BM(Q((BpB_þ]ÿ;:
�cý2H�OD(QG)þ FV.�B!FÃ&2O'ÿ=((G<"+ý+H�G�B0ÿnP*ÿ(B+"%$+B+ÿQ"%$+B+ÿW&�þ]ý�ÿnH>ý2B!H)��B+�=&�O'"!B0�6B_þ F!"0((G<þ F+F2B!H)�CG�H®~�O'ý!ÿQO1G)(nBM8�G<�;(QB!F�"!B
,2B
u

b_"!BJ&!ÿQþ]C+H<F!�RB]�MO
(K$!ü#�MOD((G<H>ý2B&B0�=(�,£��ý2F+B�N]ÿ(O�F!,2B�,2G"§a"0ý2H)(Qü�eMR � B0&`B#F!,�O�F-(/.hG�HSB	ODý�(MF�þ'(QB0ÿ

c�Û
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H>ýV�aG�HrBM8�G)�=(QBL&2H)ý!�(G"B+ý!ÿ=�AÿQü+�=ý2H)(QOD(K�A,V�aBM8�G)�=(QB#F!"!B7B0(@,V� ý2F2G)"!GZ(Kü6&uþ]ý!ÿmb�É�²��GyX¯;eS,!ý��kP � B!�6O�� �a$�s+�bBM(
% G<þ F��v�rdD�D�`.�,�O�F!��H"Bc"|OD�6&�O'ÿ=((G<"0ý2H�G"B+ÿn,+Bv"+þ F!,+G)(QG)þ F!�k,2Bi5CG<ÿ�G<"%$2H"B0(6�=ý!ÿG(Kþ'ý�(�H�B2C�þ]ÿ=,V.£"D�PB0�=(;:zP
:\,2G<ÿ�B
&uþ]ý!ÿ�ý2F2B6B_þ]ÿ��cý2H�OD(QG)þ FMN1O'ÿ(G�OD(QG)þ F2F2B#H�H"Bkþ ç H�BG((B+ÿ��6B B(u,ϕ)

FV�PO'&!&�ODÿQO1Í)(�&�O'�0R
% B6&!ÿ(B#�6G"B+ÿgÿ=ü+�=ý2H)(QOD(.B+�;(�þ]C�((B!F>ýf,�O�F!�.H"BG"|OD,!ÿ(BGC+G<,2G"�6B#F!�(G)þ F2F2B#HUb

d = 2
eLB0(S&�þ]ý�ÿS,2B+��"0þ F!,2G�:

(QG)þ F!��,2BW5CG)ÿ(G)"%$2H�BM(�$!þ �aþ]N]F#F2B+�mb
g = 0

egü0(QB#F!,!ý2B0�GPc(Kþ'ý�(�H�BGCuþ]ÿQ,#b	�RB+�
(ΓF ) = 0

e '

Ü Ó®Û>Ð�È
×9Æ#Å Ø ³ Ü ÅXÆ|Ç«Æ Ý-Þ �Zß�à ÒtÓ®Û>Ð�È
×9Æ#Å � Ê � ´ � � d = 2 á =M
�� (ΓF ) = 0 á h ∈ â 2(0, T, V ′)
� 9 
�, V ′ ��
X���+������
 V á 
� u0 ∈ H � 9 
�, H = { ϕ ∈ â 2(Ω)

d
/∇.ϕ = 0 
� (ϕ.n)|ΓD=Γ

= 0 } á
����� � ���:�.
�ã �����
�� � 
�� � �	?!��
6���0�Ö������� � � ���	�!��
 u ∈ â 2(0, T, V ) ��
�äeå9��å¨æ#ç � äeå9��å�è�ç á ?!��� 9 J� � éU
���

�S�Ö�Z� u ∈ C(0, T,H) �

% G<þ F!�i�0�PB0�=(�H>ý�O1F>(pP}H)ý2GUG"F>(Qü+ÿ�B+�Q�=ü�O'ý "|O'�aþ ç
g(x, t)

B+�=(6F!þ FêF>ý2HT�MO�G)�v�=(QOD(QG)þ F2F�O�G)ÿ(BD.*B!F
�Qý�&!&�þ'�QO�F-(kH9ý£�PG"H�BM8�G<�;(�O�GZ(

ug(x)
(QB!H£H9ý+B

u|Γ(x, t) = ug(x), ∀(x, t) ∈ Γ×]0, T [

b	�RB+�
(ΓF ) = 0

eMR!onH<þ]ÿ=�.B!FYG��a&�þ'�QO�F-(
u0 ∈ H

.
ug ∈ H

BM(

u− ug ∈ % 2(0, T,H) ∩ % ∞(0, T,
% 2(Ω)

d
)

b�DXR�q�ste

þ ç �6O�G�F-(QB#F�O�F-(
H = {ϕ ∈ Î 1(Ω)

d
/∇.ϕ = 0 } .+G"HrO~�*þ�F>(QÿQü�H"BGÿQü0�Qý2HZ(�OD(A�=ý2G"N1O�F-(mbWN'þ G<ÿG�rd'�
�rB0(

� � $D�èe '

Ü Ó®Û>Ð�È
×9Æ#Å Û ³(ë Ñ_Ð�Î �]Ý µSØ+ß ´ ¤T�0� � d = 2 �0� d = 3 á ���=M
�� (ΓF ) = 0 á ��
7� � ���!� ¥ =M
�äeå9��å¨æ#ç �
äeå9��å�è�ç � äeå9�Væ¨ìç��Z��=M
�^���²=M�0� � �&� � 
&���0�Ö������� � á � � �	?!��
R���0� � d = 2 �ní;� � �]��
�,(�0� d = 3 á ��
�-�]��
=>� � � � � =M
 |u0|1 = ‖∇u0‖ Ô 2 =

√
A(u0,u0)


���n�0����
(î���
�	�:�/
��0���� u 
���U���ï¿�!��=>=M
 � �
�QJ�ð ���Ö��
 � (u ∈ â ∞(0, T, â 4(Ω)

3
)) á ����� � �7�-�>���0�Ö���	��� � 
���L� � �	?!��
+�

� B#�MODÿQH>ý!þ F!�?H>ý2Bvb	É�²��nyX¯;e4&uþ]�(Bk&!ÿQþ'C2H<F#�6BA,�O�F��KH�B@"|OD,!ÿ(Bk,2BCH�OW��G��cý2H�OD(QG)þ F>F>ý2�aü+ÿ(G)H>ý2Bn&�ODÿ
ý2F2B4�aü0(Q$!þX,+BCN1O'ÿ(G�OD(QG)þ F2F2B#H�H�BDR91�O'ÿTBM8�B#�*&2H"B'.!,2O�F!�.H�B6"!O'��,V� ý2F2B4�aü0(K$�þX,2B4ODýX8fü!H)ü!�RB!F-(K�ST2F2G<�0.2G�H
B	O'ý!,�ÿQO�GZ(S�0(Qÿ(B�B#F]�6B0�Qý!ÿ�BG,2B6,!üMT�F2G<ÿ?ý2F2B6C�OD�(B6,V� ü!H)ü!�RB!F-(K�gB_þ'ÿ(�6O�F-(Sý2Ff�Qþ'ý!�;:eB+�Q&2O'"!B6,2B

H
.�,!þ F�"

,2BiB_þ F!"M(QG<þ�F!�L,2Bp,2G-N B0ÿQN B#F!"!B6F9ý+H�H�BDR � B+&SB!F!,2O�F-(/.IG�H�B+�;(2&uþ]�=�(G<C+H�Bi,2Bp"0þ F!�;(KÿQý+G<ÿ(Biý2F+BpC�O'��Bp14365
"+þ��*&uþ]�Qü#BS,V� ü!H)ü!�RB!F-(K��,2B

H
R
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∇.ūe = 0 �*ôC��� � � ũe =
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C ū,j
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ūe
ÿ(BN�G"B!F-(vP�"|O�H)"+ý2H"B+ÿ

ue ' HVO]�*þ9,!ü#H�G<�(OD(QG)þ FÃÿQü0,!ý2GZ(QBp&uþ]��B
&!ÿ=þ]C2H<F#�6Bn&�þ]ý�ÿ�,2B+�@"+þ F�,2G)((G<þ F!�UO'ýX8fCuþ]ÿQ,��?åz,2B6N]ÿ(O�F!,2BL,2G"�6B#F!�(G)þ FXæKR � B0&`B#F!,�O�F-(/.�þ Ff&SB+ý�(nO�H)þ]ÿQ�
B+�=�QO/~ B0ÿA,2Bn(Kÿ(O�G)((B+ÿ4,2B��6O�F2G)F+ÿ(BnG��a&2H�G)"!GZ(QB.H�B0�g"0þ F!,2GZ(QG<þ�F!�UO'ý98�H"G��RG)(QB0�kbWN]þ�G<ÿKH�Om��B+"0((G<þ Fh�=ý2G"N1O�F-((B�eMR

� þ �R�6BYF!þ]ý!�MO|N]þ F!�*&!ý÷H"BJ"0þ F!�=(QOD(QB0ÿ+.hH�Bf(Kÿ(O�G)((B!�RB!F-(iB_þ]ÿ(�RB!HA,2B0�p"+þ�F!,2G)((G<þ F��MO'ý98²H"G��RG)((B+�
b�D9R®DD�-etBM(6b�DXR®D'd]eE,�ý�&!ÿQþ'C2H<F#�6BA,2BC�CO|N�G�B+ÿz:;y9(Qþ 8�B0�KG"F!"+þ �a&!ÿ�B+�Q��G<C2H"BTF2Bn&uþ]�(Bk&�O'�?,2Bn,2G-§a"+ý2HZ(Kü'R � BY:
&SB!F!,�O1F>(+.�G�HV&SB+ýX(nBY8�G<�=((B+ÿA,2B0�k��G)(Ký2OD(QG)þ F!��þ ç H�B0�A"+þ F!,+G)(QG)þ F!�.ODýX8]H�G"�6GZ(QB0�+.9,!ü0T�F+G�B+�@&�O'ÿ

ge
B0(
βe

.

µr�



ã]�-�u�G�L�'�-�Q� ��¶ �+� � � � ���g� äæå �!���K� çD��� �A·��/¸-�t�Z�n�L� é � �-� áD¸>�@�-� ¶�� ¸ � �-� ¶

F2B��=þ F-(E&�O'��BM8X&2H"G<"#G)(QB#�6B#F-(�"+þ F+F9ý+B+�E&�þ'ý!ÿ*HVOG,�þ F2F!ü#B
ue

ý�((G�H�G)�Qü#B ' "D�PB0�=(hH�Bg"|O'��&�ODÿ�BM8�B!�a&2H�Bg&�þ]ý�ÿ
,2B0�4,�þ F2F!ü#B+�hBM8X&�ü0ÿ(G"�6B#F>(QO�H�B0��þ]ýa,2B+�E,!þ F+F!ü!B0�?"!O�H<"0ý2H<ü#B+�E&�O'ÿ���G��cý2H�OD(QG)þ F^F>ý2�aü+ÿ�G<H>ý2BTB0(hBY8X(QÿQO�GZ(QB0�
�Qý�ÿvý2FÄ�Qþ]ý��;:�B#F!�(B#�cC2H"B�,�ýÄ,!þ �6O�G�F2B*,2Bh"|O1H<"+ý+H`R[¯�HKB+�;(RO�H<þ'ÿQ�~B#F!"+þ]ÿ�Bh&�þ'�Q�(G)C2H�B*,2Bh"+þ�F!�=(QÿQý2G)ÿ(B&H�B
�aþX,!F#H�BmÿQü+,�ý2G)(L&!ÿ=þ]&uþ]�Qüv&!ý+G<�QH>ý2B

ge
B+�;(m,�ü0T�F2G�,+B>�MO�F+G<F+ÿ�Bcý2F2G)H>ý2Bv&�O'ÿ�H"B+�6,!þ�F2F!ü!B0�+R®5CBi&2H)ý!�+.

&uþ]ý!ÿ
ω

T�8Xücb_&�O'ÿtBM8�B!�a&2H"B
ω = 1

þ'ý
0

�(G«þ�FXN�B+ý�(?"+þ�F!�=(QÿQý2G)ÿ(BAý2FR�*þ9,!F!H"B�ÿQü0N G�BM8X&2H"G<"!GZ(QB#�6B#F>(U&�O'ÿ
H�Bn�«ýX8f,2B

σ
þ]ýf,2B

σ̃
eM.!þ�Fh&`B0ý�(A,!ü0((B+ÿ��6G"F2B+ÿ�ý2F+B�N�O1H�B+ý�ÿ.O'&!&!ÿ=þX"%$�ü!BL,2B

βe
�(Gþ�F�N B+ýX(�N1O�H"G<,2B0ÿUH�B

�aþX,!F#H�B4B!F�H�BW�(G"�cý2HVO1F>(@&uþ]ý!ÿ
β = βe

.uþ]ýJ�(G®þ F�N�B+ý�(�H`�aBM8X&2H<þ�G)(QB0ÿ�&�þ'ý!ÿký+F2B^F!þ'ý+N B#H�H�BL"0þ F!,2GZ(QG<þ�F
,2BW5CG)ÿ(G<"%$+H�B0(U�MO�G)�S,�O�F��nH"B+�.�a�!�RB+��"+þ�F!,2G)((G<þ F���,2B��«ýX8�R

¦�Å9Æ#Ç!È � É®Å�Ê 5�O�F!��H"B2"|OD�G,V� ý2FÃü+"0þ]ý2H�B#�6B#F-(G&uü+ÿ(G)þX,+G<H>ý2B2&2O'ÿnÿ(O'&!&uþ]ÿ=(GPp,2B+�nC�þ]ÿ=,!��F!þD(Kü
Γ1

P

BM(
Γ2

P

.!þ F�O�.!&uþ]ý!ÿS(Qþ]ý�((BLB_þ�F!"0((G<þ F
ϕ

,2B

VP = {ϕ ∈ V /ϕ|
Γ1

P

≡ ϕ|
Γ2

P

}

B0(nO|N B0"
ΓP = Γ1

P ∪ Γ2
P

.2H�Ovÿ(B!H�OD(QG)þ F

( T n,ϕ ) Ù 2(ΓP )
d = 0

�(GbH"BG(QB!F��(B+ý�ÿ
T

B0�=(k&�ü0ÿ(G<þ9,2G)H9ý+B'.!&!ý+G<�QH>ý2B
n|

Γ1
P

≡ −n|
Γ2

P

' HVOcB_þ]ÿ(�2ý2HVOD((G<þ FÃb�É�²��GyX¯;eSÿ(B0�=((B2,!þ F�"
N1O�HVODC2H�BW,�O�F!��H"B2"!O'�6,V� ý2F2Bv,2G)ÿ(B+"M(QG)þ F{&uü+ÿ(G)þX,+G<H>ý2B'R % B~�aþX,!F#H�B21?365@:/À7O1H�B+ÿ�8¨G�F2Bm&`B0ý�(4O�H)þ]ÿQ�k�0(Kÿ�B
"+þ�F!�=(QÿQý2GZ(�,2BUH�OC�*�#�6BL�MO1F2G<F0ÿ(Bg&�ý2G<�=H9ý+B.H�BS"!O'ÿQO'"M(KF0ÿ(BS&uü+ÿ�G<þ9,2G<H>ý2BLB+�=(�(QÿQO�F��(�RG<�*ODýX8>�aþX,+B+�U14365
H>ý2GbO'&!&2O'ÿ=((G�B!F+F2B!F-(nO�G�F��(GP

VP

b:N]þ G)ÿUHVOv�(B0"0((G<þ Fws]R�q�RZsteMR

×WÈDÑ��+ÅJÅXÎÕÏ]ÐuÆ1
®Ò�Å�Ñ Æ1
�Ô�Ñ Ï-Ñ»Ò�Å&�®Å0�pÏ]ÐuÎª�[Ñ»ÒtÑ�ÐuÎ �cÇ«ÉrËÕÔ�Ñ Æ¹Ñ»Ò�Å0�mÅ-Ò¦
�ÈtÐ�¡�Ô�×9Æ#Å���É}Ò�Å>È
Æ#Å��[Å

[È
Å0���+Ñ�ÐuÎ

% B+�i"+þ F�,2G)((G<þ F!�;F�OD(Qý!ÿ(B#H�H�B0�c,2B��«ý98ÄH>ý2G.O'&�&�O'ÿQO1G<�Q��B!F-(XH<þ'ÿQ�QH>ý2B&H ��þ�FjO'&!&2H"G<H>ý2B�ý+F2B�B_þ F!"M(QG<þ�F
(QB0�=(

ϕ ∈ V
P;H ��ü0H9ý2OD(QG)þ FÃb�DXR®D1_-eE&�ý2G<�4ý2F2B�G"F-(Kü+N'ÿQOD((G<þ Fa&�O'ÿ4&�O'ÿ;(QG�B0�gþ F-(gü0(KünBM8X&2H"G<"!GZ(QB#�6B#F>(?&!ÿ�G<�(B0�

B!Fv"0þ �a&�(QBS,2O�F!�*H"BK�aþX,!F#H�B?ÿQü+,�ý2G)(U1?365@:/À7O1H�B+ÿ�8¨G�F2BDRD¯�HX&�O'ÿQO0Í<(�"+þ]$!ü0ÿ(B#F>(EH>ý2B.H"BK�aþX,�F!H�B4"+þ�F!�=(QÿQý2GZ(
,!ü0&`B#F!,2BW,2B+�T�a�!�RB+�.B0±`B0(Q�TB!FZN�G<ÿQþ�F2F2B!�RB!F-(QO'ýX8fH>ý2B4H`� ü+"0þ]ý2H"B!�RB!F-(.G�F�"+þ �a&!ÿ(B0�Q��G<C2H"BG"+þ F��(G<,�ü+ÿQüD.�P
�QO|N'þ G<ÿi,2B0�iB_þ'ÿQ"!B0�>N]þ H)ý2�6G)H>ý2B+�

h
BM(a,2B+�i"+þ�F!,2G)((G<þ F��XO'ýX8ÄCuþ]ÿ=,!�X�*þ9,!ü!H"G<�=ü!B+�v&2O'ÿ

ū
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C ū,w̄

w,i

B0(
Cj

w,i

B!F�O'&�&2H�G)H9ý2O�F-(CH�O
B_þ]ÿ��cý2H�BA,2B�ÀLÿ�B!B#F ' "!B!H�OW&SB+ÿ��6BM(g,£��üN�GZ(QB0ÿg,2Bk,2G)±�ü+ÿ�B!F-(QG"B+ÿE(KÿQþ�G<��B_þ G<�

ū
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ū

�(GhH�B0�;�aþX,+B+�m1?365
þ F-(Aü0(Qü6"|O�H)"+ý2H)ü+��Pv&�ODÿ=(QG)ÿg,V� ý2F2BL,!þ�F2F!ü!B

ũe
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(QG<þ�FÌb�DXRADXsteg"0þ F!,!ý2GZ(@PRH�O2B_þ]ÿ(�2ý2HVOD((G<þ F6N�ODÿ(GVO
(QG<þ�F2F2B!H"H�B

d

dt
( θ, ψ ) Ù 2(Ω) +

γ� B+1�ÿ Aθ(θ, ψ) = γ

[
1

2
� B Cθ(u,u, ψ) + Bθ(u, ψ)

]

O|N B0";H"B+�SB_þ]ÿ��6B0���2ý2H)((G�H�G"F!ü|O1G<ÿ(B0�
Aθ(θ, ψ) = ( ∇θ,∇ψ ) Ù 2(Ω)

d ,

Cθ(u,u, ψ) = (
� ÿ(O'"!B

(S(u)2), ψ ) Ù 2(Ω) ,B0( Bθ(u, ψ) = ( h.u, ψ ) Ù 2(Ω) .

oCG"F!�(G .bB!F¹ý�((G�H"G<�QO1F>(7H�OJ,!ü0"+þ �a&�þ'�(G)((G<þ F}b�D9RrqZD'eL,2B
u

.IHVOY�*üM(K$!þ9,2Ba,2B&À4O�H�B0ÿ(8¨G�F+BMO'Cuþ]ý�((G)(mP�,2B0�
xE563G�g"0ý!C2G<H>ý2B0�?,+BnH�OLB_þ]ÿ��6BWb�DXR �¨D]e*B!F*"+þ F!��G<,!ü0ÿQO�F-(LH`�aB+�=&�O'"!B�B!F�N B!F!,�ÿQün&2O'ÿtH�B+�E&!ÿ�B!�RG�B0ÿQ�t�*þ9,2B0�
14365l,V� ý2F2BW,!þ F+F!ü!B

θe ÿ�B!H�OD(QG-N B!�RB!F-(@P
X =

% 2(Ω)
R \ FY�aþX,!F#H�B�G"F-(Kü+N'ÿQO�F-(�HVO2((B!�a&�ü0ÿQOD(Qý!ÿ(B�B0�=(

&!ÿ=þ]&�þ'�QüL&�O'ÿ � O|N�G"F!,!ÿ(O�FÌ�r�D�D�bB0(A&�O'ÿ�É�O'$2HU�Zs�$t�`R

¦�Å9Æ#Ç!È � É®Å�Ê ¯�HCBM8�G<�;(QBÃý2FÕ�;~X�;(KF#�6Bw,V��xE5G1���&uþ]ý!ÿMH�B+�p&!ÿQþ]C+H<F!�RB+�p,2BÃ"+þ FZN�B+"0((G<þ FÕ(Q$2B+ÿ��6G)H9ý+B
,�O�F��ký2FJü+"0þ]ý2H�B#�6B#F-(CG"F!"+þ �a&!ÿ�B+�Q��G<C2H"B'.�OD&!&`B#H<ü�J ?!�+������� � ��
�£U��<1��
� ð º ��ÿ 
 � � � � .�þ ç H"B+�@ü+H>ý�OD((G<þ F��
,2BL"+þ�F!�(B0ÿ�N1OD(QG)þ Ff,2B�HVO~�6O'�=�(B4B0(A,2B4H�OcH9ý2O�F-(QG)(Qü6,2B��aþ]ý+N B#�6B#F-(k�=þ F-(@"+þ]ý!&+H<ü!B0�TO|N B+"7H`� ü+H>ý�O
(QG<þ�F
ÿQü0N G<�=�QO�F-(.H�OW((B!�a&�ü0ÿQOD(Qý!ÿ(BCN�G�O^H�B0�?B_þ]ÿ="!B+��,+BGN]ÿQO|N�G)(Qü ' h = −G z θ ,2O�F!�

(2.20)
þ ç −G z B+�;(Aý2F

N B0"0((B+ý!ÿ�G�F!,�ü+&SB!F!,�O1F>(@,2B0�kN'ÿQO�F!,+B+ý!ÿ=�A(Q$2B+ÿ��*þ9,�~�F�O��RG<H>ý2B0��,!ý]�«ý2G<,+B'R«¯�HV�=ý+§i(�O�H)þ]ÿQ�g,2BL&�þ]��B+ÿ

( h(t),ϕi ) = −
∑

k

( Gψk z,ϕi ) bk(t)

,�O�F��2b�DXR�q @-eg&uþ]ý!ÿ�þ]C�((B!F2G)ÿ�ý2FY�*þ9,!F!H"B614365@:�À4O�H�B0ÿ(8¨G�F+B6&�þ HZ~�F2Å �RGVO�H R

µ�µ
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dS¿�ÁA¿�d ÂÃs.iCÄru ÈrgjqEshvyxCzBÈrg�g�Ç�{�u Èrg
� þ �R�6B7F!þ]ý!�nH`�PO|N]þ F!�nü#N]þ9H>ý!üc&!ÿ=ü+"0ü+,2B#�6�RB!F-(/.`G�HrFV�aB+�;(6&�O'�kü#N�G<,+B!F-(6,2Bm,!ü0T�F+G<ÿný+F{�=~9�=(QF!�RB

,V��xE563G�U�(G"�*&2H"BtB0(U&�$>~9��G<H>ý2B!�RB!F-(�"0þ]$!ü0ÿ(B!F-(�,+B+�Iü0H>ý�OD(QG)þ F!��,2BU�nO�N�G"B+ÿ;:zy9(Kþ�8�B+�I"+þ �a&!ÿ(B0�Q��G<C2H"B+�+R
x�F
B0±`B0(+.`G"HbBM8�G<�;(QB2,+B^F!þ �2C!ÿ(B0ý!�(B0�G&�þ'�Q�(G)C2G�H"G)(Qü+��H>ý�O�F-(4O'ýJ"%$!þ G�8�,+B+�nN1O'ÿ�GVO'C+H�B+��(Q$2B+ÿ��*þ9,�~�F�O��RG<H>ý2B0�
�Qý�ÿ�H�B0�QH>ý2B#H�H�B0��BM±EB0"0(Ký+B+ÿ�H�On14365}þ]ýmH9ý2O�F-(EPnH�O��6O�F2G)F+ÿ(B4,2B?,!ü0T�F+G<ÿIHVOn143652R1É�O'ý�(=:eG�H-"!O�H<"0ý2H�B0ÿ[ý+F2B
14365¼&uþ]ý!ÿ�"%$2O'H>ý2B�N�ODÿ(GVODC2H�B@(K$2B0ÿ(�aþX,�~�F�O1�6G)H9ý+BGþ]ýfý2F2BL14365³N H<þ]C2O�H�B��L´Gý2B#H&!ÿQþ9,!ý2GZ(S�Q"!O�HVO1G<ÿ(B
"%$!þ G)�(G)ÿ�&�þ]ý�ÿ�"|O�H)"+ý2H"B+ÿ.HVOv14365��

� B0(=(QB2��B+"M(QG<þ�FJ&!ÿ=ü+��B!F-(QBm�Qý!"0"!G�F�"0(QB#�6B#F-(CH"B+�@�Qþ H)ý�(QG)þ F!�TO'&!&uþ]ÿ;(Kü!B0�k&2O'ÿ � þ�3TH�BM~ 
�.���Z� �a@�s].�@]qD�
B0(@²�G)N]þ 
�.���Z� �P$'�
�[�Qý!ÿ�H�B6"%$!þ�GZ8�,2B0��N1O'ÿ�GVO'C2H"B+�.BM(n,!ýJ&!ÿQþ9,!ý2GZ(A�Q"!O�HVO�G)ÿ(BD.!�QO�F��k��B2&!ÿ=ü+þ9"+"+ý�&`B0ÿk,2B0�
"+þ�F!,2G)((G<þ F��TO'ýX8&H"G��RG)((B+�+R

� þ'ý�(�,V�PO'Cuþ]ÿQ,V.9&uþ]ý!ÿKG"H�H)ý!�=(Qÿ(B+ÿtH"Bn&!ÿ=þ]C2H<F#�6B@,!ýh"%$!þ�GZ8*,2B+�LN�ODÿ(GVODC2H�B0�+.¨F!þ'(Qþ F!�SH>ý2B�H�O;�aü0(Q$!þX,+B
14365@:�À4O�H�B0ÿ(8¨G�F+BMO'&�&2H�G)H9ý�ü!B&O'ý98#ü0H>ý�OD(QG)þ F!�c,+B&�CO|N�G�B0ÿ;:;y>(Kþ 81B+�v"+þ��*&!ÿ�B+�=�(G<C+H�B+�;FV�PO'C�þ'ý�(QGZ(2&�OD�vP
ý2F��=~9�=(QF!�RBm,X~�F2O��6G)H>ý2BL,2B4HVO2B_þ]ÿ��6B

ȧ(t) = f(a(t), t)
F2G&�þ'ý!ÿTH�B?^�B+ý�,2B0��N1O'ÿ�GVO'C2H"B+�S&�ÿ(G��RG)((G"N�B+�

(ρ,u, p)
.�F2G®&uþ]ý!ÿ�H�BS^�B+ý

(ρ,u, θ)
RuxtF�B0±`B0(/.�&uþ]ý!ÿ

q = (ρ u p)T þ]ý
q = (ρ u θ)T .�H"B+�@�=~9�=(QF!�RB+�

b�D9R)s/�-e�:Mb�DXRZstd]e�:Yb�DXRZs��-e�B0(2b�DXR)s+�>e�:Yb�DXRZstd]e\:Mb�D9R)st�'eE&SB+ý+N�B!F-(G�0��ü0"+ÿ�G<ÿ(BL�=þ]ý!�THVO2B_þ]ÿ��6B

A(q) ∂tq = f1(q) + f2(q, q) + f3(q, q, q)

þ ç
f1

.
f2

BM(
f3

�Qþ F-(n�cý2HZ(QG�H"G�F!ü!O�G<ÿ�B+�tB0(@þ ç

A(q) = B + L(q)
O|N�B+"

B =
,2GVO'N

(1, 0, 0)
B0(
L(q) =

,+GVO'N
(0, ρ, ρ).

x�FJ"0þ F!�=ü+H>ý2B!F�"!B'.�"+þ F��(G<,�ü+ÿQO1F>(@ý2F+BW,�ü+"+þ��*&uþ]�(GZ(QG)þ F�,2B
q
F!þ'(Qü!B

q =

M∑

k=1

ak(t) ϕk,

HVOpåz&�ÿQþ
^�B0"0(QG)þ FXæi,+B�À4O�H�B0ÿ(8¨G�F+Ba"0þ F!,!ý+G)(WB_þ]ÿ(�RB!H"H�B!�RB!F-(+.V&�þ'ý!ÿmý+F#&!ÿ=þX,!ý+G)(W�Q"!O�HVO�G)ÿ(B
( . , . )

.�P�ý2F
�=~9�;(KF!�RBW,V�rxE563G�@,2B4HVO2B_þ]ÿ��6B

M(a(t)) ȧ(t) =

M∑

k=1




C1
kRRR

CM
k


 ak(t)+

M∑

k,l=1




C1
k,lRRR

CM
k,l


 ak(t) al(t)+

M∑

k,l,j=1




C1
k,l,jRRR

CM
k,l,j


 ak(t) al(t) aj(t)

b�DXR �-q-e
O|N B0"

Ci
k = ( f1(ϕk), ϕi )

.
Ci

k,l = ( f2(ϕk, ϕl), ϕi )
.
Ci

k,l,j = ( f3(ϕk, ϕl, ϕj), ϕi )
B0(

Mi,j(a(t)) = ( B ϕj, ϕi ) +
M∑

k=1

( L(ϕk)ϕj, ϕi ) ak(t).

� Bn�;~9�=(KF#�6Bk,V��x45G36�g,!ü0T�F+G)(KO�G�F!��G
ȧ(t)

,2BC�6O�F2G)F+ÿ�B�G"�*&+H�G<"#G)((B ' G�H�B+�;(S,!þ�F!"k,+G"§a"!G"H�B!�RB!F-(hBM8X&2H)þ GZ:
(�ODC2H�BDR

µ�Ø
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¸9�+� � � �>¶ �-�AâS�%ã � �K� ä`ä �z� ç � ¶
x�F�þ]ý�(Qÿ(BD.�H�BL"%$!þ G�8f,2B+�TN1O'ÿ(G�O'C2H"B+��"+þ�F!�(B0ÿ�N1OD(QG-N B0�k"0þ F!,!ý2GZ(kPaý2F��=~9�;(KF!�RB2,£�rxE5G1��n"0þ F-(QB#F�O�F-(

,2B0�a((B+ÿ(�RB+�aH>ý2GTF2B��Qþ F-(*&�O'�R�cý2H)((G�H"G�F!ü!O�G<ÿ�B+�7�MO�G)�v&!ÿQü0�(B#F>((B!F-(h,2B0�aB_ÿ(O'"0((G<þ F��aÿ(OD(QG)þ F2F2B#H�H"B+� ' H�B�=~9�;(KF!�RB2,£�rxE563G�GH>ý2GIB!FJ,!ü+"0þ]ý2H�B;FV�aB+�=(n&�O'�@&!ÿQO
(QG<H>ý2Bpb	G"HrFV�aB+�=(G&�O'�@�Qþ]ý!�@B_þ]ÿ(�RBL&�þ�H)~�F2Å �RGVO�H"B�e 'N]þ�G<ÿL�a$'�'�4b_þ]ý#��d�$t�®,�O�F!�TH�B6"!O'�A,2B+�@ü+H>ý�O
(QG<þ�F!��,V��xEý+H�B+ÿ0.«"'�aB+�;(=:zPt:�,2G)ÿ(B6&uþ]ý!ÿ � B
= +∞ eMR

5�O�F!�6H�B0�*,2B0ýX8 "|O'�0.hN1O'ÿ�GVO'C+H�B+�i&!ÿ�G��RG)((G"N B0�vþ]ý}"0þ F!��B+ÿ�N1OD((G"N�B+�+.LH�Bf&!ÿ=þ]C2H<F#�6Bf&!ÿ=þ�N�G"B!F-(�,+B�H�O
N1O'ÿ(G�O'C2H"B

ρ
R®1�þ'ý!ÿL&�O�H�H"G�B0ÿG"!BM(Q(QBi,2G-§a"+ý2HZ(Kü'.�²�G<N'þ�&�ÿQþ]&uþ]�(Bi,�O1F!�a�P$'�D�E,V��ýX(QG�H"G<��B+ÿ�H"B ,�� 9 �0�Ö��=M
 b_þ]ý

9 �0�Ö��=M
n��� J ,� éL?!��
 e τ = 1
ρ

&2H<ýX(QÅ'(gH9ý+B
ρ
R!x�F�BM±EBM(/.X&!ý2G<�=H>ý2B

∂vτ = −τ 2∂vρ
&�þ'ý!ÿ4(Qþ]ý�((BCN1O'ÿ(G�O'C2H�B

�Q&2OD(QG)þD:\((B!�a&�þ]ÿ�B!H"H�B
v ∈ {x1, · · · , xd, t}

.2H ��ü0H9ý2OD(QG)þ F|b�DXRZs/�>eg,!þ�F2F2B

Dtτ − τ ∇.u = 0

B0(4H"B+�Lü+H>ý�O
(QG<þ�F!�6,2BR�CO|N�G�B0ÿ;:;y>(Kþ 81B+�L"+þ �a&!ÿ�B+�Q��G<C2H"B+�6,2BXH�O�&�O'N Bv�¨D�&SB+ý+N�B!F-(m�(BiÿQü0ü+"+ÿ�G<ÿ�Bv�Qþ]ý!�4H�O
B_þ]ÿ��6B

∂tq = f1(q) + f2(q, q) + f3(q, q, q)
þ ç

f1

.
f2

B0(
f3

�=þ F-(��cý2H)((G�H"G�F!ü!O�G<ÿ�B+�f&�þ'ý!ÿ�H�B0�*^�B+ýX8 ,2BjN�ODÿ(GVODC2H�B0�
q = qp = (τ u p)T þ]ý

q = qθ = (τ u θ)T REoCG�F��(GTHVO��*üM(K$!þ9,2BJ143L5A:�À4O�H�B0ÿ(8¨G�F2Bf&SB+ÿ��6BM(p,2BJ"+þ F��=(Kÿ=ý2G<ÿ�BJý+F¨�=~9�=(QF!�RB
,V��xE563G�J,2B�HVO#B_þ'ÿ(�RB

ȧ(t) = f(a(t), t)
BM(�&�þ HZ~�F2Å �RGVO�H@,2BÌ,2B+N]ÿ=üÃ(KÿQþ�G<�+Rg¯�HW�=ý+§i(�&�þ]ý�ÿ��0�PB#F

"+þ�F¨N1O�G"F!"+ÿ�Bc,2Bv&uþ]�(B0ÿ
L(.) ≡ 0

BM(
B =

¯
3

,�O�F!�vb�DXR �-q-e ' M(a(t)) =
¯
3

&uþ]ý!ÿn,2B+�GB_þ F�"0(QG)þ F!�k,2B
C�O'��B

ϕk

þ]ÿ=(Q$!þ F!þ'ÿ(�6O�H�B0�+R

� B+&SB!F!,2O�F-(/.��a�!�RBm��G
qp

B0(
qθ

�Qþ�F>(G�(G<N�F2G)T«"!OD(QGZB_�A,V��ý+F{&�þ�G�F-(n,+B^N9ý2Bc&!$-~9�(G)H9ý+B'.EG"HªF£�PB0�=(6&�OD�
&uþ]�Q��G<C2H"BW,+B2"+þ�F!�=(QÿQý2G)ÿ(BWý2F�&!ÿ=þX,�ý2G)(@�Q"!O�HVO1G<ÿ(B6,+Bm(�~9&`B % 2 "+þ�F!�(G)�=(�O1F>(CO|N B0"~H`� ü!F2B0ÿQN G"BL,2B;H ��ü0"+þ]ý+H�BM:
�RB!F-(LO�N�B+"�H`� ý2Faþ]ý6H �AODý�(Kÿ�B�,2BA"!B+�V^�B+ý98a,2B.N�ODÿ(GVODC2H�BDR-x�F6BM±EBM(/.

e = γ θ
O'&�ÿQF+�hO',+G��RB!F!��G<þ F2F+B!�RB!F-(

B0(�H ��ü#F2B+ÿ=N G�Bn(Qþ'(�O1H�B�N]þ�H<ý2�RG<H>ý2B
E

,2B4H ��ü0"+þ]ý2H"B!�RB!F-(.N]ü0ÿ(GZT�B

τ E = γ θ +
1

2
uT u =

γ2

γ − 1
p τ +

1

2
uT u.

oCG)�(F2G .rF2G
E

.bF2GtH`� ü!F2B0ÿQN G"Ba(Qþ'(�O1H�BX�MOD�Q�(G)H>ý2B
τ E

F2B*&`B0ý+N B#F-(v�(B6�6BM(Q(Kÿ�B*�=þ]ý!�;HVOhB_þ]ÿ(�RB
qT SE qO|N B0"

SE

ý2F2Bn�MOD(Qÿ(G)"!BA�=~��aü0(Kÿ�G<H>ý2BG,�ü0T�F2G"Bn&uþ]�(GZ(QG-N B'.>H>ý2Bk"!BG�=þ G)(?&�þ'ý!ÿ
q = qp

þ]ý
q = qθ

R+�@þ'(Kþ F��
H>ýV�aG�H*BY8+G)�=((Baý+F2Biý2F2G<H>ý2B>�6OD(Qÿ(G<"#B

S
�;~��*üM(Kÿ(G)H>ý2Bv(QB!H"H�BcH>ý2B

τ E = qp
T S qp

&�þ'ý!ÿG(Kþ]ýX(
qp

.��6O�G<�
"!B#H�H"BM:�"#G�FV�aB+�;(k&2O'�A,!ü0T�F+G�BL&�þ'�(G)((G"N�B6&!ý2G<�=H>ýV�PB#H�H"B4O',2�RB0(THVO^N1O�H"B+ý!ÿ�&�ÿQþ]&!ÿ�B −γ2/(2 (γ − 1)) < 0

R
� �PB0�=([&uþ]ý!ÿQH>ý!þ�G`.+&uþ]ý!ÿý+FWü0"+þ]ý+H�B!�RB!F-(bG)�(B!F-(QÿQþ]&2G)H>ý2BAb	H"B+�ü0H9ý2OD(QG)þ F!�,2Bt�nO�N�G"B+ÿ;:zy9(Kþ�8�B+�®&SB+ý+N�B!F-(

O�H)þ]ÿQ�U��BT�6BM(Q(Kÿ�B��Qþ]ý��hH�OnB_þ]ÿ(�RB�,2B�H>ý�OD(Qÿ(BAü+H>ý�O
(QG<þ�F!�E�Q"|O1HVO�G)ÿ(B+�KeM. � þ�3TH�BM~ 
�����Z� �a@]q
��&�ÿQþ]&uþ]�(B#F-(E,2B
"+þ�F!�=(QÿQý2G)ÿ(BLý2F��;~9�=(KF#�6BW,V��xE563G�nPi&�O'ÿ;(QG<ÿ�,�ýv^�B0ý�,2B�N1O'ÿ(G�O'C2H"B

qc = (u c)T .«þ ç
c =

√
(γ − 1) θ,!ü0�(G<N�F2B4HVOv"+ü#H<ü+ÿ�G)(Qü7H)þX"!O�H�Bn,!ý��=þ F�OD,2G��RB!F!��G<þ F+F!ü!BDR % O>�aü0(Q$!þX,+Bm14365@:/À7O�H"B+ÿ�8�G"F2B6&SB+ÿ(�RB0(nO�H)þ]ÿQ�

,V� þ]C�((B!F2G)ÿUý2Fa�=~9�=(QF!�RB@,£�rxE563G�E&�þ�H)~�F2Å �RGVO�H>,2B�,+B+N]ÿ=ü@,+B+ýX8i"0þ �R�6B?,�O�F!�tH�Bg"|O'��G"F!"+þ �a&!ÿ�B+�Q��G<C2H"B'.
O|N B0"n,2Bk&2H<ý!�

qc
T SE qc = τ E

&�þ'ý!ÿ
SE =

,+GVO'N
(2/(γ (γ− 1)), 1/2)

b�þ�Fp&SB+ý�(KO'ý!�=�(Guÿ(B+,�ü0T�F2G)ÿ
SE&uþ]ý!ÿ�þ]C�((B!F2G)ÿ.H`�aB!F-(K$2O�H<&2G"BG,V�PO'ÿQÿ=�0(@�Q&uü+"#G)T«H>ý2BD.�N]þ G)ÿL�P@]q
�»eYR

% O;�aþX,!ü#H�G)�QOD((G<þ Fv,2B � þ�3TH"B0~XB+�;(S"0þ]$!ü+ÿ�B!F-(QBn,V��ý+F�&�þ�G�F-(4,2BnN9ý2Bk&!$-~X��G<H>ý2BD.+B0(KH`� ý�(QG"H�G)�QOD((G<þ Fm,2B
c
B+�=(UG�F-(Kü0ÿ(B+�=�QO�F-((B6&!ý2G<�=H>ýV�PG"H���B+ÿ(O�G)(g&�þ]�=�(G)C2H�Bk,2BG&!ÿ�B!F!,!ÿ�B�B!Fh"0þ �a&�(QBnHVO7N1O'ÿ�GVOD((G<þ Fa,2B�H�O7N�G<�="+þ]��G)(Qü

O|N B0"KHVOS((B!�a&�ü0ÿQOD(Qý!ÿ(BtB!Fm"+þ F��(B+ÿ�N1O�F-(Iý2Fm�=~9�=(QF!�RB?,X~�F2O��6G)H>ý2B?&uþ HZ~�F+Å �6G�O�H ' c B0�=(�&!ÿQþ'&�þ]ÿ;(QG)þ F2F2B#H-P

µ`Û
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√
θ

,!þ F�"gP 1� B b:N]þ G)ÿIH�O�ÿ(B!�6O'ÿ=H9ý+B?,2BhHVO�&�ODN B?�ZD]eMR��@ü|O�F2�aþ G"F!�+.�H ��ý�((G�H"G<�QO
(QG<þ�Fn,2BhHVO�"+ü#H<ü0ÿ(G)(QüE,!ý2�=þ F
&uþ]�(Bc&�ÿQþ]C2H)F!�RB2,�O1F!��H�Bm"|O',!ÿ�Bv"+þ �a&!ÿ�B+�Q��G<C2H"B2&2H)ý!�GN]ü#F!ü+ÿ(O�HI,+B+�6ü+H>ý�O
(QG<þ�F!�ib�D9R)s/�-e�:Mb�DXRZstd]e�:Yb�DXRZs��-eY.
&!ý2G)�QH>ýV�aB!H"H�B4F2BL&`B0ÿ(�RB0(@&�O'�A,V�PO'Cuþ]ý�((G<ÿAPiý2FJ�;~9�=(KF#�6Bm&�þ�H)~�F2Å �RGVO�Hu,2B7HVOcB_þ]ÿ��6B

ȧ(t) = f(a(t), t)&uþ]ý!ÿ.H�B0�T�*�#�6B0��ÿQO�G)�Qþ F!��H>ý2B7H�B6ÿ�B+"0þ]ý!ÿQ�@P>HVO~N1O'ÿ�GVO'C2H"B
ρ
R

x�F�"+þ F�"!H<ý��(G<þ�FV.ZG�H�B0�=(S&uþ]�=�(G<C+H�BA,2B@"+þ F!�;(Kÿ=ý2G<ÿ�Bký2FM�*þ9,!F!H"BA143L5A:�À4O�H�B0ÿ(8¨G�F2BA&uþ H)~�F2Å��6G�O�H�"0þ �i:
&!ÿ�B+�Q��G<C2H"BMB#F¹(KÿQO1G)(�O1F>(m,2B6�MO�F+G<F+ÿ�B6G"�*&+H�G<"#G)((B>H�B+�m"+þ F�,2G)((G<þ F!�;O'ýX8#Cuþ]ÿQ,!�0.ª�a�!�RBa�(Gg,2O�F!�~H"B*"!O'�
N]ü#F!ü+ÿ(O�H�,�ý��*þ9,!F#H�B@,2Bk²CG<N]þ;H`�aG�F-(QB0ÿQ&!ÿ=ü0(�O
(QG<þ�F*&!$-~9�(G)H>ý2BG,2B�H�Om14365 �Qþ'ý2H<FN BG,2B0�KG"F>((B+ÿ=ÿQþ]NZO
(QG<þ�F!�+R
5CB0�UB+�=�QO�G)�KF>ý2�aü+ÿ(G)H>ý2B+�?þ F-(U�aþ F-(KÿQü@H>ý2B�H"Bn�aþX,�F!H�BA,2B@²�G)N]þm&uþ]ý+N1O�GZ(4�0(Kÿ�B�B#§a"!O'"!B ' �a$'�'�SB0(G��q�@D�`R

�ié�� � ê�� ð6úIî*ïhêAëÄë®ï�úê¹0ð ëVñ[ð	�fò#¹MòMñb¸ ôfêAë
� ·aô��.¹MêAëêº¼» ½¡ £¢ ð4¹0êSú�¤aò+óhê
 ïhò0ôfêAë

% OC�*üM(K$!þ9,2B�14365@:/À7O�H"B+ÿ�8�G"F2B4&`B0ÿ(�RB0(U,+BS,!ü0T2F2G<ÿIB_þ'ÿ(�RB!H�H"B!�RB!F-([,2B+�I�=~9�=(QF!�RB+��,V��xE563G�+. �6O�G<�
ÿ(G"B!F}FV�PG"F!,2G)H9ý+Ba&uþ]ý!ÿ7H`�aG�F��=(�O1F>(WH>ýV�aB!H"H�Ba�Qþ GZ(mÿ=þ]C!ý!�;(QBDRIx�F¬BM±EBM(/.bH`�aBM8X&!ÿ�B+�Q��G<þ F#&�þ HZ~�F2Å �RGVO�H"B^F!þ F9:
H�G"F!ü|O1G<ÿ(B@,2B0�.�*þ9,!F!H"B+�?�Qþ]ý2H)F#N�B�HVO2H>ý2B0�=(QG)þ Fh,2B�H"B+ý!ÿ?�=(�ODC2G�H"G)(Kü ' H ��ý+F2G<H>ý2BG�=þ H<ýX(QG<þ�FM�6O
8�G��6O�H�BA,V� ý2F
&!ÿ=þ]C2H<F#�6B�,2B � ODý!"%$-~)O'�=�Qþ9"!G<ü�P#ý2F¨�;~9�=(KF#�6B�,�~�F�O��RG<H>ý2B�&uþ HZ~�F+Å �6G�O�H�,2BJ,2B+N]ÿ=ü{�=(Qÿ(G)"0(QB#�6B#F-(
�Qý�&�ü0ÿ(G�B0ý!ÿ*PÌý2F &`B0ý�(6BM8X&2H<þ'�(B+ÿRB!F�(QB#�*&!�iT�F2Gmb:N]þ G)ÿRH�OÃ�(B+"M(QG)þ F}�!R���RAD]eMRE5nBJ&2H)ý!�+.Eý2F �=~9�=(QF!�RB
,�~�F�O��RG<H>ý2BE&uþ H)~�F2Å��6G�O�HD&SB+ýX(I�M(Kÿ(BE&�ODÿ=(QG)"+ý2H"G<F0ÿ(B!�RB!F-(��B!F!��G<C2H"B4P@ý2F+B?&SB+ÿ;(Ký!ÿ=C�OD(QG)þ F4G�F�T2F2G)(Qü+�(G"�MO1H�B
,2B4H`� ý2Ff,2BL�(B0�k"0þ�B§a"!G�B#F-(K�@&�þ HZ~�F2Å �RGVO'ýX8�R

� B0(=(QBW�(B+"M(QG)þ FJ&�ÿQü+��B!F-(QBmý2F�ÿQü+�=ý2H)(QOD(@,2BL�=(QO'C2G�H"G)(QüG&�þ'ý!ÿTH�B��aþX,!F#H�B�G"F!"+þ �a&!ÿ�B+�Q��G<C2H"B�B!FJÿ(B0&!ÿ(BY:
F�O�F-(>H"B+�W(KÿQO|N1O'ýX8|,2B*²�G<N'þ¹�a$'�D�KB0(>ODC�þ]ÿ=,2Bp�=ý!"+"#G�F!"M(QB#�6B#F>(XH"B+�m&!ÿQþ]C+H<F!�RB+�W�=(QÿQý!"M(Ký!ÿ(O'ýX8¬G�F-(Kÿ�G�FX:
�QF0H>ý2B+�nPXH�O~�*þ9,!ü#H�G<�(OD(QG)þ Fwb�1?365@:ze(À4O�H�B0ÿ(8¨G�F+B'R

dS¿��@¿;À �÷m�Ætu��.g�È ¦X¬Cors�z-Ç��UlaÈ iaÈrg�Ç/m?¦hÈ�z-Ætqu¦hÇ/stmCg¿orm�È�z��ho£¦hÇ��UlaÈrg
�hu/s�{_Ætu Èrg¬inl
v±s.iCÄru È Ç/mCq`shvyxCz-Èrg�g�Ç/{Cu È

�kþ]ý��^O�H"H<þ F��6ÿ(B+&�ÿ(B!F�,!ÿ(B6H`�PO�F�O�HZ~X��BvH>ý2Ba²CG<N]þ�O]�6B#F!ü!Bi,�O�F��p�a$'�'�E�=ý!ÿ;H�OfB_þ'ÿ(�cý2H�OD(QG)þ F�N1O'ÿ�GVO
:
(QG)þ F2F2B#H�H"B@,+B % B+ÿ(O�~6ODT2F�,V�PO�F�O�HZ~X��B+ÿLH�B+�LG�F-(QB0ÿQO'"M(QG)þ F!�4ü!F2B0ÿQN]üM(QG<H>ý2B0�S,2BnF!þ'(Kÿ�BC�aþX,�F!H�BTG"F!"+þ �a&!ÿ�B+�;:
�(G)C2H�Bab�DXR�q-d]e?"0þ F!�=(QÿQý2GZ(@&�þ]ý�ÿ

ω = 0
R

y�Gþ FY�cý2HZ(QG<&+H�G�B2b�D9Rrq-d'e?&�O'ÿ
σi ai(t)

B0(@H>ý2B4H`� þ Ff�Qþ �R�6B6�=ý!ÿ
i
.«þ Ffþ]CX(QG�B#F-(A&�þ]ý�ÿ

ω = 0

1

2

M∑

i=1

d

dt
(λi ai(t)

2)

︸ ︷︷ ︸

=
d

dt
‖u(t)‖ Ù 2(Ω)

d

2

= ID(a(t)) + IT (a(t)) + IE(a(t), ū(t),β(t),h(t))

þ ç

µ�ò
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• ID
,!ü0�(G)N F2B4H�B0��G"F-(QB+ÿ(O'"0((G<þ F��.�*þ9,�O�H"B+�Sü#F2B+ÿ=N]ü0((G<H>ý2B+�@,2G�O',2G<H>ý2B0� '

ID(a(t)) =
M∑

i,j=1

σi C
j
i ai(t) aj(t) = − 1� B A(ũ, ũ) ;

• IT
,!ü0�(G<N�F2B4H�B+�TG"F>((B+ÿ(O'"0((G<þ F!�.�aþ9,�O�H�B0�Sü!F+B+ÿQN'ü0(QG)H>ý2B+�A(Kÿ�GVO',2G)H>ý2B+� '

IT (a(t)) =

M∑

i,j,k=1

σi C
j,k
i ai(t) aj(t) ak(t) = −C(ũ, ũ, ũ) ;

b�DXR �]�>e

• BM(
IE

,!ü+��G<N F+B�H�B0�UG�F-(QB0ÿQO'"M(QG)þ F!�gü#F2B+ÿ=N]ü0((G<H>ý2B0�.B!F-(Kÿ�B�H`� ü+"+þ'ý2H�B#�6B#F>(UB0(��=þ F&B!FZN�G<ÿ=þ F2F2B#�6B#F>( '

IE(a(t), ū(t),β(t),h(t)) =

M∑

i=1

σi C
ū,h
i (t) +

M∑

i,j=1

σi C
ū,j
i ai(t) aj(t)

= − 1� B A(ū(t), ũ(t)) − C(u(t), ū(t), ũ(t)) − C(ū(t), ũ(t), ũ(t))

+ ( h(t), ũ(t) ) Ù 2(Ω)
d − d

dt
( ū(t), ũ(t) ) Ù 2(Ω)

d − ( β(t), ũ(t) ) Ù 2(ΓF )
d

1�ý2G<�=H>ý2BXHVO*B_þ]ÿ��6B A(., .)
B+�;(L&�þ'�(G)((G"N�B'.£þ�F�O

ID(a(t)) ≤ 0 ' üÄÒ�ÐuÉ®Ò�Ñ�Îr�MÒ�Ç«Î�Ò à Ô;Í�Å��EÅ-ÒfÖuÔ�Ð�¡[Ç«Ô
�®Å<�pÑ Î�Ò/Å9ÈtÇ«Ï'Ò�Ñ�ÐuÎ �R�[Ñ_Ç���Ñ � É®Å0�*Å0�0ÒhÉ[Î®Å���Ñ����/Ñ���ÇXÒtÑ�ÐuÎ)�®ÅwÔ;Í�Û9Î®Å9ÈtÖuÑ_Å .«"#BmH>ý2GIF!þ]ÿ��MO1H&!ý2G<�=H>ý2B
"!B#H�H"B+�;:\"!GV�=þ F-(@,V��þ'ÿ(G<N�G�F2BCN�G)�QH>ý2B+ý��(B'R�1�ODÿnO1G�H�H"B+ý!ÿ=�+.9þ F�O

C(φ,φ,φ) =

d∑

i,j=1

( φxi
φxj

, ∂xj
φxi

) Ù 2(Ω)

= −
d∑

i,j=1

( ∂xj
(φxi

φxj
), φxi

) Ù 2(Ω) +

d∑

i,j=1

( φxj
nxj

, φxi
φxi

) Ù 2(Γ)

= −
d∑

i,j=1

( φxi
φxj

, ∂xj
φxi

) Ù 2(Ω) −
d∑

i,j=1

( φ2
xi
, ∂xj

φxj
) Ù 2(Ω) + ( φ.n,φ.φ ) Ù 2(Γ)

= −C(φ,φ,φ) −
d∑

i=1

( φ2
xi
,∇.φ ) Ù 2(Ω) + ( φ.n, ‖φ‖2

2 ) Ù 2(Γ) ,

,!þ F�"

C(φ,φ,φ) = −1

2

d∑

i=1

( φ2
xi
,∇.φ ) Ù 2(Ω) +

1

2
( φ.n, ‖φ‖2

2 ) Ù 2(Γ) .

x�FJ&2O'ÿ=((G<"+ý+H�G�B0ÿ+.
∀ϕ ∈ V C(ϕ,ϕ,ϕ) =

1

2
( ϕ.n, ‖ϕ‖2

2 ) Ù 2(ΓF ) .

x�Fw"+þ F!�=ü+H>ý2B#F!"!BD.[&�ý2G<�=H9ý+B
ũ ∈ V

BM(L,V�PO'&!ÿQF0�ab�DXR �]�>eY. �/ÑkÔ;Í�Û9Ï]ÐuÉ�Ô_Å9Æ#Å9Î�ÒhÑ�Î[Ï]Ð�Æ���ÈtÅ0���/ÑW¡IÔ_ÅÌÎ[Å
Ï]ÐuÆ���Ð�È�Ò�Å��[Çª�Y�[Å}Ì\ÈtÐuÎ�ÒtÑ_×9ÈtÅ|Ô ÑW¡[È
Å à Ï!Í�Å0�0Ò!�(ü����[Ñ_È
Å1�/Ñ

ΓD ≡ Γ
³ Æ#Å0�

(ΓF ) = 0
´ à Ç«Ô_Ð�È!��Ô_Å0�

µ Þ
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Ñ�Î�Ò�Å>ÈtÇ«Ï'ÒtÑ_Ð�Î �2Ò�È
Ñ_Ç���Ñ � É®Å0�cÖ�Ô_Ð�¡�Ç!Ô�Å0�>�+ÐuÎ�Ò*ÎVÉ[Ô Ô_Å0�~üÌÒ�ÐuÉÒ*Ñ Î �0Ò�Ç«ÎuÒ R

x�F�"0þ F!"#H<ý!��G<þ FV. �/ÑcÔzÍ�ÛXÏ]ÐuÉ[Ô�Å9Æ#Å9Î�ÒÃÆ#Ðr�®ÛXÔ�Ñ��+Û}Î®ÅÕÏ]ÐuÆ���Ð�È�Ò�Å��[Çª���[Å²Ì\ÈtÐ�ÎuÒtÑ�×>ÈtÅ Ô ÑW¡�ÈtÅ à
ÔzÍZÛ9Î®Å>È
ÖuÑ_ÅjÏ-Ñ Î®Û-ÒtÑ � É[ÅjÎ®Ç�ÒtÉ®ÈtÅ9Ô Ô_Å¿��ÉÂÆ#Ðr�®×9Ô�ÅjÎ®Å���Å9ÉÒÃÇ«É®ÖuÆ#Å9Î�Ò�Å>È � É[Å �[Ç!È#Ô_Å0��Å��EÅ-Ò��
Å9Î`�®Ñ_ÈtÐ�Î[Î®ÅXÆ|ÅXÎuÒ�Ç«ÉrË ' OD�Q&2G)ÿQOD((G<þ F�È
�Qþ]ý+Ç6O'N�BG,2B��«ý2G),2B'.!B_þ]ÿ="!B6ü#H�B+"M(Kÿ=þ �MODN F!ü0((G<H>ý2BDR)RZR

� B0(=(QBnO�F�O�HZ~X��BS(K$!ü0þ]ÿ(G)H>ý2BTF2BA&`B0ÿ(�RB0(E&�O'�E,2BA"0þ F!"!H)ý!ÿ(B�&uþ]ý!ÿEý2Fiü0"+þ]ý2H"B!�RB!F-(4,!ü+"0þ H�H)ü�"+þ �a&uþ]ÿ;:
(�O1F>(Eý+F2B@B_ÿ=þ F-(QG)F+ÿ(B.H"G<C!ÿ�BS�QO1F!�Eý2F2BTF!þ]ý+N�B!H"H�B�$-~9&�þ'(Q$!F+��B'RXx�F*þ]ýX(Kÿ(BD.],�O�F��hH"B�"|O'�Eþ ç �RB+�

(ΓF ) = 0
.

G�HXB	O'ý�(hF!þ'((B+ÿEH>ý2BnH"B+��G"F>((B+ÿ(O'"0((G<þ F!��(Qÿ(GVOD,2G<H>ý2B0���Qþ F-(KO�H<þ]ÿ=��F>ý2H�H"B+��&!ý2G)�QH>ý2B
∇.ũ = 0 ' ,�O�F!�hHVO6&!ÿ(O
:

(QG)H>ý2B'.�H"B+�rG�F-((B+ÿQOD"0(QG)þ F!�(Kÿ�GVO',+G<H>ý2B+�rF>ý2�aü+ÿ�G<H>ý2B0�[&SB+ý�N B!F-(�(Kþ]ý�((B0B_þ G)�"+þ F�,!ý2G<ÿ�B4PAý+F2BKODý!N �RB!F-(�OD((G<þ F
b�þ'ýÌý+F2Bi,2G��RG�F>ý�((G<þ F�eTO'ÿ;(QG)T!"!G�B#H�H"B2,2BXH`� ü!F+B+ÿQN�G�Bc,!ýÌ�=~9�;(KF!�RB'.&�ý2G<�=H9ý+BRH�Oh,2G"N�B+ÿQN�B!F!"#Ba,+B+�4�*þ9,2B0�
14365°FV�aB+�;(n&2O'�Aÿ(G<N'þ]ý!ÿ(B0ý!�(B#�6B#F-(TF9ý+H�H�Bab_þ]ý�Pa"!O'ý!��BW,£�AO'ýX(Kÿ(B0�k�=þ]ý!ÿ="!B+�@,V�aB+ÿ=ÿ(B+ý�ÿQ�TF>ý2�*ü0ÿ(G)H9ý+B+�%eYR

5�O�F!�7H�Bi"%$�OD&2G)(Qÿ(Bi�Qý2G-N1O�F-(/.®ý2F2B6O�F�O�HZ~9�(BXF>ý2�*ü0ÿ(G)H9ý+BRBM(2&�$>~9��G<H>ý2Bp,+B+�7G�F-(QB0ÿQO'"M(QG<þ�F!�Lü!F2B0ÿQN]üY:
(QG)H>ý2B+��O'ý��(B#G�F�,V��ý+F2BmC2O'�(Bm143L5óB+�;(C�RB!F�ü!BL&�þ'ý!ÿAý2FJü0"+þ]ý+H�B!�RB!F-(�G�F�"+þ �a&!ÿ(B0�Q��G<C2H"B6"+þ �a&�þ'ÿ=(�O1F>(
ý2F2BGB_ÿ=þ F-(QG)F+ÿ(BCH�G<C�ÿ(BCB#Ff�Qþ]ÿ;(QG�BDR % � þ]C9^�B+"M(QGZB�,+B6"!B0(=(QB6üM(Ký!,2B6��B+ÿ(Oi,£�AO�F2O�H)~9�(B0ÿ.H�B0�UG�F-(QB0ÿQO'"M(QG)þ F!�Sü#F2B+ÿz:
N]üM(QG<H>ý2B0��H)þX"!O�H�B0�+..O
T�F5F�þ'(�O��R�RB!F-(f,V�PO�N'þ G<ÿfý2F+B}�RB!G"H�H�B0ý!ÿ(B�"+þ F2F2O�G<�=�QO�F!"#B|,+B+�YG�F-(QB0ÿQO'"M(QG<þ�F!�fP
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(QG)þ F�G�FXT�F2G)(Qü+��G��6O�H�BW,!ý��*þ9,!F#H�B'.�,!þ F!">B#F|&�ÿQOD((G<H>ý2B>H�B0��B+ÿ=ÿ(B+ý�ÿQ�4F>ý2�*ü0ÿ(G)H9ý+B+�+.&SB+ý�N B!F-(;�*þ9,2GZT�B+ÿ
ÿQOD,2G<"!O�H�B#�6B#F>(UH�B6"+þ��*&uþ]ÿ=((B!�RB!F-(A,!ýY�*þ9,!F#H�BGþ]CX(QB!F>ýVR

1�þ]ý�ÿ6G"H�H<ý��=(Kÿ�B+ÿv"#BJ&!$�ü!F!þ �aF!F+B'.hF!þ]ý!�6O�H�H)þ F!�>F!þ'ý!�MOD&!&!ý�~�B+ÿp�=ý!ÿpý+FêBY8+B#�*&+H�B�&!ÿQþ]&uþ]�=üJ&�ODÿ
�kþ O'"�8 
�����Z� ,2O�F!�E� �]�D� R � þ F!��G<,!ü0ÿQþ F!�rH"BU�=~9�;(KF!�RBE,�~�F�O��RG<H>ý2B�H>ý�O',�ÿQOD((G<H>ý2B�,V� ü0(QOD(

u = (u1 u2 u3)
T

H>ý2G�Qý+G)( ' 



u̇1 = µu1 − u2 − u1 u3

u̇2 = µu2 + u1 − u2 u3

u̇3 = −u3 + u2
1 + u2

2� BG�;~X�;(KF#�6B�OD,2�6BM(g,2O�F!�UH"Bk&2H�O�F
u3 = µ

ý+F2Bn�=þ H<ý�((G<þ F*&�ü0ÿ(G)þX,2G)H>ý2BkH>ý2Gu,!üMT�F2G)(gý2Fh"0~9"#H�BCH"G��RG)((B '
u1(t) =

√
µ cos(t)

.
u2(t) =

√
µ sin(t)

BM(
u3(t) = µ

R % B+�~N B0"0((B+ý!ÿ=�
ϕ1 = (1 0 0)T B0(

ϕ2 =

(0 1 0)T B_þ'ÿ(�RB!F-(Uý2F+B�C�O'�(BA14365Õ,�O�F!�
X =

¯ � 3 ,+B.H`� ü0(�O
(��«ý!"M(Ký�O1F>(
ũ = u− ū ,2B�"!BM(Q((B��Qþ H)ý�(QG)þ F

þ]C!��B+ÿ�N]ü!BJ�Qý!ÿiý2F+B�&uü+ÿ�G<þ9,2B'.�þ ç
ū

B+�;(MH ��üM(�OD(X�aþ�~ B#F
(0 0 µ)T R � þ F!��G<,!ü0ÿQO�F-(RHVOÃ,!ü0"+þ �a&�þ'�(G)((G<þ F

u = ū + a1 ϕ1 + a2 ϕ2

B0(6H�B�&!ÿQþ9,!ý2GZ(p�="|O�H�O�G<ÿ�B]B+ý!"#H�G<,+G�B!F�,2BJ¯ � 3 .hH�O��aü0(Q$!þ9,2BJ,+B�À4O�H�B0ÿ(8¨G�F2B
O'&!&+H�G<H>ý!ü#B4O'ý��=~9�=(QF!�RBW&�ÿQü+"0ü+,2B#F-(G"+þ�F!,!ý2GZ(�O'ýJ�;~9�=(KF#�6BL�=ý2G"N1O�F-( '

ȧ1 = −a2, ȧ2 = a1.

\ F+Bh&`BM(QG)((Bh&`B0ÿ=(Qý!ÿQC�O
(QG<þ�FÄ,2Bh"!Bh�;~X�;(KF#�6BYO'ý�(Qþ F!þ �RB'.�&�O'ÿ>BY8+B#�*&+H�B
ȧ1 = ε1 a1 − a2

B0(
ȧ2 =

ε2 a2 + a1

.A&`B0ý�(J"+þ F!,�ý2G<ÿ�B#Pj,2B+�J�Qþ H)ý�(QG)þ F!�fH>ý2GL,2G"N�B+ÿ=N B!F-(�(QÿQF0�Jÿ(O'&2G<,+B!�RB!F-(�,+B}H�O��=þ H<ý�((G<þ F
,2BÃÿ=ü0B_ü+ÿ�B!F!"#B*�.HVOÌ(KÿQO�^�B+"0(Qþ G<ÿ�B{&uü+ÿ(G)þX,+G<H>ý2B�&�ÿQü+"0ü+,2B#F-(QB�FV�PB0�=(�&2H)ý!���=(QO'C2H"Bjb�,�O1F!�&H�BJ&2HVO�F

u3 =

Ø�ú
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&�O'ÿg¯eN�O1F  O'ÿ=~p,!ý�5nü+&�ODÿ=(QB#�6B#F-(k,+BWy�G��cý+HVOD((G<þ FM�ký2�aü+ÿ�G<H>ý2B�BM(Ao�ü+ÿQþ O'"+þ]ý��=(QG)H>ý2B6,2B4H`�r3��nx � o
bWN'þ G<ÿJ� �]qD�k&�þ]ý�ÿMH�B0�p,!üM(�O�G"H<�KeMR4x�H�H�B0�*þ�F>(pü0(Qü{"|O�H)"+ý2H)ü!B0�p&uþ]ý!ÿpý+F÷F!þ �cC�ÿ(B�,+B  O'"%$Õ,2B

10−3 'H`� ü+"0þ]ý2H"B!�RB!F-(n&SB+ýX(6,!þ F!"m�0(Qÿ(Bc"0þ F!�(G),!ü+ÿ=ü2"0þ �6�RBpb�H>ý�O'��GZ:;e/G�F!"0þ �a&!ÿ(B0�Q�(G)C2H�BDR % OaC�O'��Bc,2Bc,!þ�F2F!ü!B0�
F>ý2�aü+ÿ(G)H>ý2BXB+�=(L"0þ F!�;(QG)(Qý!ü!Bi,2B

N = 480
"!H"G<"%$!ü0�

ue(ti)
,!ý|"%$2O��*&w,2B0��N�GZ(QB0�Q�(B0�mÿ=ü+N]ý+H�G<F0ÿ(B#�6B#F>(

ÿQü0&�O'ÿ;(QG<��,2O�F!�TH�BG((B!�a&!�A�Qý!ÿAý2F2BL&uü+ÿ�G<þ9,2B
[0, T ]

,2B4H`� ü+"%$2O'&!&SB!�RB!F-(A(Kþ]ý!ÿ=C2G�H"H<þ F+F�O�G<ÿ�B'R

% B+�h"+þ�F!,2G)((G<þ F���O'ýX8}Cuþ]ÿQ,!�pü0(�O1F>(��=(�O
(QG<þ�F2F�O�G)ÿ(B+�0.LH"B�"%$�O1�*&
ūe

"%$!þ G)�(GCB0�=(h��G��a&2H�B#�6B#F-(�H�B
"%$�O��a&Y�*þ�~ B#FJþ'C�(QB#F9ý�&�O'ÿ�ý+F2B;�aþ�~ B#F2F2B6(QB#�*&uþ]ÿ(B#H�H"B�O'ÿ(GZ(K$2�aü0((G<H>ý2BG,+B+�A"!H"G<"%$!ü0� '

ūe =
1

N

N∑

i=1

ue(ti).
b�DXR �>d]e

yXþ F�ÿQþD(�OD((G<þ F2F+B!H
w̄e = ∂x1 ū

e
x2

− ∂x2 ū
e
x1

BM(aH9ý+B!H<H>ý2B0�6H"G<N F+B+�c,2Bf"0þ]ý!ÿQO1F>(6O'&�&�O'ÿQO1G<�Q��B!F-(a�Qý!ÿXH�O
T«N]ý�ÿ(BYDXRADXR % OÃ14365 % 2 b

X =
% 2(Ω)

e2,�ý�"%$2O��*&¬�!ý!"0(Qý�O�F-(
ũe = ue − ūe

O{üM(Kü&BM±EB0"0(Ký�ü!B
&�O'ÿCHVO��aü0(K$�þX,2B2,2B+�L"!H"G<"%$!ü0�ibWN'þ G<ÿCH�B+�6��B+"M(QG<þ�F!�vs]RrdMB0(is]RrdXR�q-eMR£5CB+�4G<�=þX"0þ F-(Kþ]ý�ÿQ�G,!ýwÿ=þ'(�OD((G<þ F+F2B!H
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x1

x 2

CEDGFIH DXR®D<J � O'ÿ=((Bf,!ý ÿ=þ'(�O
(QG<þ�F2F2B!H
w̄e BM(RH�G<N�F2B+�v,2Bf"0þ]ý!ÿQO1F>(a,!ý�"%$�O��a&w�*þ�~ B#F �=ý!ÿaý2F �=þ]ý!�z:

,!þ �6O�G"F2B'R

w̃e = ∂x1ũ
e
x2
− ∂x2 ũ

e
x1

,!ýp"%$�O��a&M�«ý!"M(Ký�O�F-(�,+B+�KN�G)((B+�=�(B+�SP^H`�aG�F!�;(�O�F-(
t = T/2

�Qþ F-(?(KÿQOD"+ü+�g�Qý!ÿLHVO
T«N]ý�ÿ(B;DXR�q�R

x1

x 2
1.22

-0.34

-1.91

CEDGFIH DXR�q�Jw¯��Qþ9"+þ F-(Kþ'ý!ÿQ�m,!ýÄÿQþ'(QOD(QG)þ F2F2B#H
w̃e ,!ý¹"%$2O��*&}�«ý!"0(Qý�O�F-(iP�H �PG"F!�=(QO�F-(

t = T/2
�Qý!ÿ;HVO

�aþ G)((G<ü�O1�*þ F-(A,!ý�,!þ �6O�G"F2BG,2BL"|O1H<"+ý+H`R

% B+�S��GZ8p&!ÿ(B#�6G"B+ÿQ�h�aþX,2B0��143652.
ϕk

&�þ'ý!ÿ
1 ≤ k ≤ 6

.9"|O'&X(Ký!ÿ�B!F-(�&2H)ý!�g,2B
99.9 K ,2B�HML�ü#F2B+ÿ=N G�B

N G"F!ü0((G<H>ý2B��«ý N (Ký2O�F-(QB
KN =

∑N
i=1 λi '

i 1 2 3 4 5 6
λi/KN 0.486 0.482 1.214 × 10−2 1.209 × 10−2 3.756 × 10−3 3.744 × 10−3

% BPO
16 Q ÿ�B!�RG<F0ÿ(BPO7N1O�H�B0ý!ÿ'Om,!ýRO Q B NTS ÿ�B6UEVXWYO=þ F S ÿ(B Q þ'ÿ S ü#BPO~B#FÄü N[Z B#H�H"BMH<þ'NZO'ÿ(G S-Z �RG<H>ý2B\O=ý!ÿ^H�O

T«N]ý�ÿ(B;DXR �!R
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100

i

λi

KN

CEDGFIH DXR��aJ % BPO
16 Q ÿ(B#�6Gcb+ÿ�BPOrN1O�H�B0ý!ÿ'O�d!ý5O Q B NTS ÿ(B0UeV	Wfd2BhHgL ü N þ]ý2H�B#�6B#F S O'ý S þ'ý!ÿhd!ý N O'ÿQÿ=üji�ü N[Z B!H�H"B

H<þlkZO'ÿ(G S-Z �RGnm>ý2BpoTq

% BPOErsk]ý!ÿ(B8O.Dtqvu7B S Dwqr�Wÿ(B Q ÿQüPO�B!F S B#F S d2BPOLH�Gnk�F2BPOxd2BnF2G"N�B|O'ýyd!ý�ÿQþ S O S G<þ F2F+B!H ϕw
k = ∂x1(ϕk)x2

−
∂x2(ϕk)x1

d+BPO�O(G{z Q ÿ�B!�RG�B+ÿ|OU�aþtd2B8O�UeV	W³þ~} S B!F>ýsO8�SO�G�FsO�G�m>ý2B N B0ÿ S O�G�F2B8O.H�Gck F2BPO0d2B N þ]ý!ÿ(O�F S d!ü8rt�
F2G"BPO Q O'ÿ N BPO��aþtd+BPOPq % B>O Q B NTS ÿ�B\UeV	W N þ �R�6B7H�B8OnN�GnO=ý�O�H�GcOQO S G<þ F�O�d+BPO��aþtd+BPO+UeVXW±�aþ F S ÿ(B#F SN H�O�G<ÿ�B!�RB!F S m>ý2BUH�B8O Q ÿ�B!�RG�B0ÿ'OI�*þwd2BPO Q B+ý+N�B!F S � S ÿ(Bgÿ�BPk]ÿ=þ]ý Q üPO Q O'ÿ Q O�G<ÿ�BPOPql�KB N G+B8O S�N þ Z ü0ÿ(B!F S O|N�B NHVO7F�O S ý!ÿ(B+d+B�HgLPO�H�H)ü!B S þ'ý!ÿ'}2G"H�H)þ F2F�O�G)ÿ(B.B S O|N B N H�BPOgÿQüPO=ý2H S O S OEd2B�F!þ���}!ÿ(B0ýsO(B8O�ü S ýsd2BPO8� Q O'ÿLBTz�B!� Q H"BN B#H�H"BPO.�RB!F!ü#BPO Q O'ÿT�kþ O N 8 
�U���Z� � �]���«�-�t�gq�x�F�þ]ý S ÿ�Bl��H�O S þ Q þ H<þlk G�Bjd2BPO��*þwd2B8O�UEVXW N þ]ÿ=ÿ(B8O Q þ Fsd� N B#H�H"B�m>ý2G�Ohü S üvþ~}sO(B0ÿ�N'ü!B�d�O�FsO N BPO S ÿ(O|N�ODýtz Q þ]ý!ÿ6ý2Fwþ~}�O S O N H�B N G<ÿ N ý2H�O�G<ÿ�Blq`�kþ S þ FsOXm>ý2B>H"Bcÿ(B��k]ÿ=þ]ý Q B!�RB!F S F�O S ý!ÿ(B#H�d2B8O.�*þwd2B8O Q O'ÿ Q O�G<ÿ�B Q B+ý S O=ý!ÿ�N�B!F2G)ÿ Q þ'ý!ÿad�LPO'ý S ÿ(BPO S ~ Q BPOId�L ü N þ]ý2H"B!�RB!F S O8�
Q O'ÿ.B�z�B!� Q H�B Q þ]ý!ÿ�ý2F2B N þ]ý N[Z B5d2B4�*ü#HVO�F�k BX}2Gnd+G��RB!FsO�G<þ F2F+B!H�H"B�i:N]þ G)ÿL�r�DqD�Go�q
dS¿@?S¿�d �6���tu/l��U¦t��stm iClpv±s.iCÄru�� Á�B
!¨§]©��tu���z�ªI�/m�� z+oriClj��¦

% BPO�d!þ F2F�ü!BPOTF2BXO(O S GcO|�_þ F S Q OlOAÿ(Gnk'þ]ý!ÿ(B0ýsO(B#�6B#F S ý2F2B N þ�Fsd2G S G<þ F�d2B�HVO>�_þ]ÿ��6B�i�DtqAD~u~ohB!F6OQþ]ÿ S G"B
�6O�GnO®ý2F2B N þ F�d2G S G<þ F7�6G{z S Bem9ý+G��aü!H�O�Fsk B���B!F�m>ý2B#Hnm>ý2BaO=þ]ÿ S Bl�0H�BPO N þ�Fsd2G S G<þ F�Oai�Dtq®D
��o�B S i�DtqAD~u~oTq�U�H<ý�O
Q ÿ=ü N GcOQü#�6B#F S �ZHVO�N�G S BPO'O�B S ÿQO�F�O�N B0ÿ'O�B ux2

�ZH�O+d!ü+ÿ�G"N'ü!B�H<þ Fsk�G S ý�d2G�F�O1H�B�i N LaBPO S � � ��d2G)ÿ(B.F!þ'ÿ(�6O�H�Bpo
∂x1ux1d2B~H�O N þ � Q þ~O(O�F S B^H)þ Fsk G S ýsd+G�F�O�H"BXd2B^H�ORN�G S BPO|O(B~B S HVO Q ÿ(B8O'O(G)þ F�d�~�F�O1�6Gcm9ý+B2þ F S ü S ü^G"� Q þ~O=ü!BPO �[+ü0ÿQþRB!F<OQþ]ÿ S G"BXd!ý!ÿQO1F S�S þ]ý S B4H�O�O(G��2ý2HVO S G<þ F�qsV�FYOXO�G�FsO�G

ux2 = 0
B S pn− 1� B [∇u] n = −Ps x1 −

1� B ∂x1ux2 x2

OQý�ÿCHVO��_þ F S Gcb+ÿ(B5d2B7OQþ]ÿ S G�Bmþ ç
Ps

B8O S ý2F2B Q ÿ�BPO|O(G<þ�F�O S O S Gcm9ý+B N þ�FsO S O�F S B�iWHVO Q ÿ(B8O'O(G)þ F�d�~�F�O1�6Gcm9ý+B
BPO S p − Ps

o�B S þ ç
x1

B S x2
N þ]ÿQÿ�BPO Q þ F�d2B!F S ÿ�BPO Q B N8S G-N B#�6B#F S O'ýtz�d2G)ÿ(B NTS G)þ FsO7H<þ Fsk�G S ý�d2G�F�O1H�B~B SS ÿ(O�FsO�N B+ÿ|O(Byi n = x1

þ]ý&B!F N þ]ÿ�B
nx1 = 1

B S nx2 = 0
O=ý!ÿ.HVO	�_ÿQþ F S Gnb+ÿ�B+d2B+O=þ]ÿ S G�BpoTqt�KG�B#F�m9ý�LPB#H�H�BnF2BOQþ�G S Q OlO+O S ÿ(G N8S B#�6B#F S üPm>ý2G-N1O�H�B#F S B � H�O N þ F�d2G S G<þ FRi�DtqAD~u~o��`H�O��_þ]ÿ��cý2HVO S G<þ�FYN1O'ÿ�GVO S G<þ F2F+B!H�H"B�i�DtqAD]�~o

Ø��
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x1

x 2

0.22

-0.29

-0.80

x1

x 2

0.22

-0.29

-0.80

x1

x 2

0.97

-0.28

-1.54

x1

x 2

0.97

-0.28

-1.54

x1

x 2

1.16

-0.29

-1.74

x1

x 2

1.16

-0.29

-1.74

ϕw
1 ϕw

2

ϕw
3 ϕw

4

ϕw
5 ϕw

6

CEDGFIH Dtq«u7J�¯�OQþ N þ F S þ'ý!ÿ'Ojd2BPO@ÿQþ S O S G)þ F2F2B#HnO ϕw
1

�
ϕw

2

�
ϕw

3

�
ϕw

4

�
ϕw

5

B S ϕw
6

d2B8OjO�G£z Q ÿ�B!�RG�B0ÿ'OT�*þwd2B8OUeVXW¬O=ý!ÿTHVO>�*þ�G S G)ü�O��aþ F S d!ý<d!þ �6O�G"F2B+d2B N O1H N ý+Hgq
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x1

x 2

x1

x 2

x1

x 2

x1

x 2

x1

x 2

x1

x 2

ϕ1 ϕ2

ϕ3 ϕ4

ϕ5 ϕ6

CEDGFIH Dtq±°5J % Gck F2BPOId+B N þ]ý!ÿ(O�F S d2BPOT�aþtd2B8O
ϕ1

�
ϕ2

�
ϕ3

�
ϕ4

�
ϕ5

B S ϕ6

O=ý!ÿ.HVO~�aþ G S G<üCO��*þ�F S d!ýd!þ �6O�G"F2B+d2B N O1H N ý+Hgq
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þ~} S B!F>ý2B]B!F Q þ~OQO1F S ω = 0

�
β = 0

B S P = Ps

ÿ�BPO S B&N�O1HVOl}2H"B Q þ]ý!ÿcý+F2B¶�_þ F NTS G<þ�F S BPO S ϕ d2Bd2G-N B+ÿ|k B!F N B�F>ý2H"H�BXB S m9ý+G0OQO S GnO·�	O�G S H"BPO;�y¸#�6B8O N þ Fsd2G S G<þ�FsO7O'ýtz}H�G"�6G S BPOXd+B¶WCG)ÿ(G N[Z H�B S m>ý2B
u
�bB!F

Q O'ÿ S G N ý2H"G�B+ÿ ϕx2 = 0
B!F�O=þ]ÿ S G�B�q % B��aþtdsb#H�B�UeVXW���À4O�H"B+ÿ(8¨G"F2BAþ~} S B#F>ý N þ'ÿQÿ(B8O Q þ Fsd¶d�þ F N B!F N þ]ÿ(BnO'ý

�aþtdsb#H�B�i�Dtq±¹�u~o Q ÿ=üPO(B#F S ü7B!F Q Olk B5u�_\d�O�F�O�H"B N OlO ω = 0
q

% BPO N þ�B§ N G�B#F S O Q þ H£º�F+Å �6G�O'ýtz>d2B N BC�aþwdsb!H"B�UEVXW��/À7O1H�B+ÿ�8¨G�F2BAÿQü8d!ý2G S þ�F S ü S ü N O�H N ý2H<ü8Oek'ÿ-» N B� H�OvÿQþ]ý S G�F2B	d�LaG�F S üPk]ÿ(O S G)þ F:O Q O S GVO�H"BXd!ü#N�B!H<þ QsQ ü#B Q þ]ý!ÿ�H�B N O1H N ý+H�UEVXW¼i:N]þ G)ÿ�O(B NTS G)þ F�½~qvutq±¹�oUB S �
ý2F�O N[Z ü!�6O5d2BId+Gc¾�ü+ÿ(B#F S GVO S G<þ�F�O Q O S GVO1H�BUODýtz�d2G£¾£ü0ÿ(B!F N BPOªr�F+G�BPOªd�L�þ]ÿ|d!ÿ(BId+B+ýtz¿q \ F+B�O�G��cý+HVO S G<þ F7d!ý
�aþtdsb#H�BKOGü S ü N þ Fsd�ý2G S Bad�O�FsO�H"BPO*��¸!�RBPO N þ Fsd+G S G)þ FsO�m9ý+B.H�BPOÀd!þ F2F!ü#BPO�ý S G�H"GnOQü#BPO8� N LaBPO S � � ��d2G)ÿ(B Q þ]ý�ÿ
β = 0

�
h = 0

B S ū = ūe ' H"B+O|ºwO S b!�RB	d�º�F�O��RGnm>ý2B�BPO S O'ý S þ F!þ �RB�B SIS þ]ýsOIO�BPO N þ�B#§ N G"B!F S OIO=þ F SN þ�FsO S O�F S OPq % B Q þ H£º�F2Å �RB N þ'ÿQÿ(B8O Q þ Fsd�O1F S � N B+O·ºtO S b#�6B�B8O S F!þ S ü f g = (f g
1 · · · f g

6 )
T q \ F�O N[Z ü!�6O

N H�OlO'O�Gnm>ý2B	d2B5ÁAý2Fsk B�� û ý S'S O � m>ý�O S ÿ(B Q O�OnOvü S üLý S G"H�GcOQü�O|N B N ý+F Q O�O�d+B S B!� Q O ∆t = 10−4 T
q

% BPO^N1O�H"B+ý!ÿ|O7d2B
f g

1 (ae(t))
B S f g

2 (ae(t))
O=þ F S\N þ�� Q ODÿQü!B8O � ȧe

1(t)
B S ȧe

2(t)
OQý!ÿ;HVO�r)k]ý!ÿ�B&DtqvÂi	H"BPO N þ�B#§ N G"B!F S O ae

k

O=þ F S H�B8O N þ�B§ N G�B#F S O S B!� Q þ'ÿ(B!HcO4GnO'O=ýsO>d+BMHVO<UeVXW>�bH�B+ý�ÿ'O>d�ü+ÿ(G-N]ü#BPO2þ�F S ü S ü
O QsQ ÿQþ N[Z ü!B8O Q O'ÿXd2Gc¾�ü+ÿ�B!F N BPO+r�F+G�BPO-oTq��KB S'S B�rsk]ý!ÿ(Bvÿ�B Q ÿ=üPO�B!F S B�d2B Q H)ýsO�H�B8O Z GnO S þ G)ÿ(B8O+d2B ag

1(t)
B S

0 0.25 0.5 0.75 1
-1.5

-1

-0.5

0

0.5

1

1.5

2

0 0.25 0.5 0.75 1
-1.5

-1

-0.5

0

0.5

1

1.5

t/Tt/T

ȧe
1/σ1

ȧe
2/σ2

fg
1
(ae)/σ1

fg
2
(ae)/σ2

ae
1/σ1

ae
2/σ2

ag
1
/σ1

ag
2
/σ2

CEDGFIH DtqvÂyJ��gþ�� Q ODÿQO�GcOQþ F�� Q þ'ý!ÿ�H�B8OXd2B+ýtz Q ÿ(B#�6G"B+ÿ'OC�*þwd2BPO	UeVXW>�hd2B>H�O¶d�º�F�O��RGnm>ý2B<i�kZO'ý N[Z Bpo
B S d2B4HML Z GcO S þ G<ÿ�B\i�d�ÿQþ G S BÃo0d+BPO�d!þ F2F�ü!BPO�B S d!ýY�aþtdsb#H�B � O(G{z&�aþtd+BPOPq

ag
2(t)

þ~} S B!F>ý2B8O Q O'ÿ�O(G��2ý2HVO S G<þ Fyd!ýY�*þwdsb!H"B Q þ]ý!ÿ
t ∈ [0, T ]

O|N B N5N B#H�H"BPO�d2B ae
1(t)

B S ae
2(t)
q

% L�üN�O1H<ý�O S G<þ Fyd!ý Q þ Hcº�F2Å �RB
f g �*þ�F S ÿ(Bjm9ý+B�H�BC�aþwdsb!H"B � O�G£zM�*þwd2B8O N O1H N ý+H<ünO QsQ ÿ=þ N[Z B4O�O'O(B#[

Q ÿ=ü N GcOQü#�6B#F S H�O�d�º�F�O��RGnm>ý2B>d2B>HgL ü N þ]ý2H�B#�6B#F S qh�KB Q B#Fsd�O�F S H�O�O(G"�cý2HVO S G<þ�FÄd!ý��aþtd�b!H�B;F�LaBPO S Q O�OQ H"B!G�F+B!�RB!F S OQO S GnO|�	O1GnOQO1F S B Q ý2GnO|m>ý�LPG"H�BTz�GnO S B@ý2Fpü N O'ÿ S Q B+ÿ N B Q S Gc}2H�BTB!F S ÿ(BCH"BT�*þwdsb!H"B.B S H�B8OEd!þ�F2F!ü!B8O
� HgLaG�FsO S O�F S r�F2O�H t = T

�2B!F Q O'ÿ S G N ý2H�G"B+ÿUB#F S ÿ(B ae
2

B S ag
2

qÅ G*H"B>�*þwdsb!H"B^B8O S O(G"�cý2H<ü>OQý!ÿ6ý2F�G"F S B+ÿ�N�O1H�H�B7d2B S B#� Q O Q H<ýsO�H)þ Fsks��þ Fwþ~}sO�B+ÿ�N�Bym>ý2B>H�O¶d2G"N�B+ÿ��k B#F N BnB!F S ÿ�BCH�B8OEd�þ F2F!ü#BPOUB S H�BT�aþtd�b!H�BTB8O S ÿ�B!H�O S G-N B!�RB!F S ÿQO Q Gnd2B�q % O	r)k]ý!ÿ�B�DtqP@7m>ý2GSF!þ]ý�O Q B+ÿ��6B Sd2B N þ � Q O'ÿ(B0ÿ�H�B N þ � Q þ]ÿ S B#�6B#F S F9ý+�*ü0ÿ(Gnm>ý2B>d!ý��*þwdsb!H"B>O=ý!ÿ N G"Fsm Q ü+ÿ�G<þwd2BPO�O|N�B N HVO S ÿQOÇÆ�B N8S þ G<ÿ�B
Q ü+ÿ(G)þtd+Gnm>ý2BXd2B4HgL ü N þ]ý2H"B!�RB!F S �RB S B!F�ü#N�Gcd2B!F N B N B S|S B N þ F N H<ýsO�G<þ F�q

% O�d2G£¾£ü0ÿ(B#F N B4B!F S ÿ(B	d!þ F2F�ü!BPO�B S �aþtd�b!H�B�O S ÿQþ GcO N O'ý�O(BPO '
Ø�Ø
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2

-2 -1 0 1 2
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-1.5

-1

-0.5

0

0.5

1

1.5

2

-3 -2 -1 0 1 2 3

-3

-2

-1

0

1

2

3

a4a2

a6

a1 a3

a5

�*þwdsb#H�Bd!þ F2F�ü!BPO

�aþwdsb!H"Bd�þ F2F!ü#BPO �*þwdsb!H"Bd!þ F2F!ü#BPO

CEDGFIH DwqA@ÄJ � ÿQOÃÆ�B N8S þ G<ÿ�BPO�d�O�FsORH�B8OyO=þ]ýsO���BPO Q O N BPO�d+BPO Q Z OlO(B8O (a1, a2)
�
(a3, a4)

B S (a5, a6)
d2B8Od!þ F+F!ü!B8OnB S d�ý��aþtd�b!H�B � O�G£z]�aþwd2BPOIO�G��cý2H)ü+OQý�ÿ N G�Fsm Q ü0ÿ(G<þwd2B8O5i t ∈ [0, 5T ]

o�q
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• H�O4F2O S ý!ÿ�Bjd+BPO0d�þ F2F!ü#BPO0m>ý2G�F�L þ F S Q OlO4ü S ü N O1H N ý+H<ü!B8O � Q O'ÿ S G)ÿed+BnH�OX�_þ'ÿ(�cý2H�O S G)þ F~N1O'ÿ(G�O S G)þ Ft�
F2B#H�H�B\i�DtqAD~Â~o0d2B8Okü8m>ý�O S G)þ FsOId2B7�nO�N�G"B+ÿ·� Å S þ�8�BPO@ý S G�H�GcOQü#B Q þ'ý!ÿ N þ F�O S ÿ=ý2G<ÿ�B4H�B��aþtdsb#H�B��

• H�O2ÿQü8d!ý N8S G<þ F�d�ýY�aþwdsb!H"B � O(G{z��aþwd2BPOIUeVXWËOQý!ÿ.H"BPO
N = 480

m>ý2G Q B0ÿ(�RB S'S B!F S d2BGÿ�B N þ FsO·�S ÿ=ý2G<ÿ�B+r)dsb#H�B!�RB!F S H"BPO�d!þ F2F�ü!BPO8�
• B S H"BPO.B0ÿQÿ(B0ý!ÿ'O�F>ý2�aü+ÿ(Gcm>ý2BPO8q

�gþ �R�6B�þ�F;HML�þ~}�O(B+ÿ�N BeOQý!ÿIHVO0rsk]ý!ÿ(BKDtqP@���H�B��aþwdsb!H"B�ÿQüPd�ý2G S N'þ G S d!þ F N O=þ F2ü#F2B+ÿ|k G�B N G�F!ü S Gnm>ý2B N ÿQþ�Í S ÿ(B
O�F!þ'ÿ(�6O�H�B#�6B#F S ' G�HtO(B#��}2H�B0ÿQO�G S m>ý�L ý2F6OÇÆ=þ]ý S ODÿ S G£r N G"B!Htd2BUN�GnO N þ~O(G S ü Q þ]ý!ÿ=ÿQO�G S O��aü!H"G<þ]ÿ�B+ÿIH�BU�aþtd�b!H�B
B!Fyd2GnO|O(G Q O�F SxN B�OQý Q�Q H<ü#�6B#F S d�L ü!F+B+ÿ'k�G�BlqwÌ�F Q ÿQO S Gnm>ý2BId�O�F�OLH�O4H"G S|S ü+ÿ(O S ý�ÿ(Bl��H�BPOhO'ý S B+ý�ÿ'O N[Z B+ÿ N[Z B!F SOQþ'ý+N B#F S � O��aü!H"G<þ]ÿ�B+ÿ~H"B+ý!ÿR�*þwdsb#H�B Q O'ÿ�d2B S B!H"H�B8OXN�GcO N þlO(G S üPO6O'ÿ S Gcr N G�B#H�H�B8OP�*B#F Q ODÿ S G N ý2H"G�B0ÿ Q þ]ý�ÿ
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H~,�E¦w¢MLJslÉ �I¨�� L£¢�¤	  ¨ ¥TL`§{É·¢P®�§{ p¦�´�µ0¯E�g�I¢ML � ¡��l§`¦ � ¡�¥ ¨ Ê�§`® ��¨ N Ê�¦�¥[^[ pÊ,L � ¤ � ¦�®E®�¡�§ ¨ §`¤ � ¦�É�§{ p¦ � L³®�Ê�¡ _ Ê,L � ¦�®
����� Z������:�l� �C�Tz ���a� ���:� ���X�l� d�� � m �����a 9�¡�X�l��¢ �  �� � ���l���¡�� £� � �6� �%� ¢ �  ,�¡�%  � �6¢���� � �l�l� }��%�¤U� �6¢�� �%��z��5¥�¦ �l�l� d �%¢ �  ��§�%�6 �  �M�M�~d �6 ,� d�� � z�d �%� �M� �T�%�a ��¨�§�6 ,�� ��6  �	© �6¢�� k~b   � � � � © �a���� ��6¢ } � ��d��Áª�8º  �� �cd � �³d � � � �%� �a ,�(�a�� ��:« � �a� d�¬ ��  � ¢���� �e©��7d�� � �M�   d �a ,� �� �*�X�l� d �%� d �a ��*�l�6  �  �� � ¢ }��%�¶i}� �

¢��X� © � d���®�¯(°\±U² � �:� �§³i�:  �   ¬´� �Q�����a�ª� � �Q�T� � �% ,� �0µ �� C� � �T�.���l�6��� ±	¶ �6¢����%  �(¶���� � �%� � �¸·5¹
º � ��� � �6� �:� ¢ �  ,�(�§�6�§�����% ��§� ¶ � � � ¶ � �g» ��� � �Q� © �a¼��.�T� �X�%�:� ¢ �  ,� �e© �6�%�§�]�'�6���*¢ �   � � ¶�� � �M�:�%� �

�X�l� ¶�� � ¹�Ì   �T¾�� �#½ �M�X�%�:� � » ���¨�'�6�§� �  ,�¾�§��� ¶�� �c� � �6� �%� ¢ �  ,�l� �  D�T�l�a ��l�.�T�:�6 ¿�a�_� �:� �%  � ¢ �  ,���T��� ±
¼�� �:�  ,�T�(� �g� �a ,�l�6 �  �  9� �:� � � ���)�l�a��« �  9� µÀ�Á¬´�1Â �a¢ �   ¶?¬ ��  ¤ � � �T�.� ¥0¶ �6¢¡�a�%  � �l�����T�%� � ½ � �a¢¡¢ �¾�%�
ÃgÄ¸Å�Ä¸Ã�ÆaÇ\ÈeÉ�ÆaÅ�Å�Ê1Ç¨Ë^Å�Ä �ÍÌ ÍÎ° ½ Ât½ ½ Â�Î ½�Ï,Ði½�Ï °�Ï¸·¾» ��� � �6¢¡�'�6�Q� �Í¶�� � ÂÑ¶ �%� �M� �T�%�a �� © �6¢��6Ò6ÓX  � �X½Ô�6�
��  ��� �a� �e©���� �%¢��:� �0�  ¿�l�T�a ��§�:�l�%�6 @�a� Â �a¼'�6� ¶ � ¶?¬ ��  � � � � » � � � � �a  � Ì Í±Â Ï�½ ÂaÕÇÏ¸·(µ ��  �¶ �%� �M� �T�%�a © �6¢��6Ò6ÓX  �a¹Ì  Ö�a���T� � ½ �:� �×�1�T� ¶�� � » ���¾� ¬ �% �� � �§�:« �  ,� ¶ �a �� � �£�l�X�l� � ���T�:�6  ¶?¬ �� Ø���l�a¼ � ÓX¢ �Ù¶��Ù� �6 ,�l�lÚ �:�� �a  �M� �l  �  9� �  ÛÒ6�M ��M�T� ��¶�� �)� � �6� �:� ¢ �  ,�T� � �a¢��% ��a�:� � ��¼�� ¶ �:¢ �  ��l�:�6 �  �X� � ¦ � � �a� �%� ¢ �  9�l� � �a 9�l�6��� ±
 ��a ,�0��  �Tº^� �%  ¶ � � Ì ÍÝÜ Ï^½ ½PÏ ½ Á\� = 100

· ½?ÞO�l�a  �e© �:�l�T�� 9�c��  � ¢��a� �e©���¶�� � �M�   ¶ �a ,� � Ì ÍvÂ Ð9½ Â�Ö ½ ¹ Ï Ï ½Áª�
= 200

· ½ � �6 �ß� ��X� ¶ �a ��c��  �¡� �#«i�:�l� Ì Í$Ö�Ï ½ Á\� = 200
· ½��6� �   � �a� � �����l�T�� 9�¾�a� ±�¶�� �§�l��� ¶�¬ ��  �� �#«i�:�l� Ì ÍÎ°6Õ�Ï ½ Á\� = 1 ½��6� Í´Õ,Ü�Ï ½ Á\� = 68.5

·1¹
¯  à ���� � �l��l�6��� ¶�� ¢ ¸ ¢ �(�%� ���l�T�#«��a� Â ¢ �  ��X� µg�á¬ ÒUâ Á Ò	ã ¶ �a �� �:�(� � ¶ � ��¶ �à���l� Æ§� � ÅwÒUâ*ä+Å ¹å ¬ ���§�T� �M�:�>Í´æ6Õ�Ï  ��6���ç���l�M� �  ,� �(� �c¢�� ¶ � � �:�T���l�%�6  ®�¯(°\±Q² � �%� �l³9�%  �*¶��)¶�� � Â � � �a� �%� ¢ �  9�l� � �a¢¡��� � � ±

�l�:¼ �%� � µ Ò6�l�a  ¶  ��6¢¾¼�� �¾¶���Áª�Xè  �� �%¶ �X½é�#« �M� ��  �®¨¯(°��8¾��M� �T��� � �l���)�l�6��� �%�c¶ �6¢¡�a�%  � �l�����T��� � ½
�a���l�6��� ¶?¬ �� ×���l��ß ��¶�¬ �a� �%� â�ã\º�ã Î6Î�ê8Ü�µ 20o ¶?¬ �:  � � ¶��   �M� ½ � �(�a���T�a��� ¶�¬ �� Û�a¼��§�T� �M�:�0¶�� � �M� �T�:�6 � ���l�l� � Ì Á\� = 2100 Ì � �a¢��% ��a�%� �p·é� � Á\� = 22 000 � � �l� �M� �T�.« � ¢ �  ,� ·1¹^ë � �   » � � � �X� ���l�:« � ¢ �  ,� � �6¢ ±� �:�1Â^� �X½ �X� �c� � �6� �%� ¢ �  ,�l�0�§�6 ,�c¼�� ¶ �%¢ �  ��l�%�a �  �M� �1ì � � �%� � � �6  ¶ �.�T�:�6 �� ¶?¬´�  ,�T�§� � �Q�e���l�%�6 � ��a�%� � � ¦ � �
  ¬jè ����a� ¶�� �T���l¼�� �:�   �X� �l�l� ¶ �%¢ �  ��§�%�6 �  �M�:�%�\¶ �X« �M� �a����� �a¹
® �a� � �@ ����l��� � ¶�� ��� � �6� �:� ¢ �  ,�T� �e© �6�:�l�:� � � �:� �e© �6� Âí¶�� � � �6  ¶ �:�T�:�6 ���a� Â ¼��6� ¶ � » ���\�§�6 ,�

�%¢��'�6�l� � �M½8�T�a��� �X� �]�l�T�#«��a� Â0� �6  ¶ ���%� �  ,� µ\� � � �6 ��Q�T�l� � �T�:�6  ¶�� ¢¡� ¶ Ó �%� � ¶�� �l�lÓX�]� � �T�.� ��¶ �%¢ �  ��l�%�a 
Ì �  �Ò6�X ��M�l� � � � � �%� ¢ �  ,�*��  � � � �l�:� ��¶ �:î#�a�:  �(¶�� ¢¡� ¶�� � ®�¯(° �§��ï�� �  9� · ½ �M��» ���Á½ � �6¢¡¢ �  ��6��� �%�
« � �l�§�6 ��M½{  ¬´� �Q�¾���a���l�M� � �:�§� � �'�6���� ����T� � � � �6� �:� ¢ �  ,� ¹ º �M� ��� ±�� ���C�X�T� �e© �6�:�l����ß�  ¶?¬ �M���§�6��« � � � �
�l�a¼����§� � �§� �À¶��¡� �C�l� ¶ � � �l�%�6  ¶�� ¢�� ¶ Ó �%� �����0��  � ¢��X� © � ¶��¡®�¯(°\±Q² � �%� �l³9�%  � ½�¢����%���a���§�l�����6���
¢ �   � � ¶�� ���% ,« � �§�T�:Ò,���l�%�6 ���§��� �:� ���l�a¼ � ÓX¢ �Í¶��C� � ¤ ¢¡� ¶ � � �%�l���T�:�6  ¶�� �¡� � �l�:� � �� �e©��X�%�%� � ¥ ½Ô���6���
� � ��� �   ¶ � �À� � � � �§¢¡�: �� � �6Ò6� �c� ¢�� � � è � ���   Å ²	Ì Ì Å �%¢c� � ���l�%�6  ¶�� � ² �T�a  ¶�� �cð �e©��M�%�:� �X½ � �a ��l� � � � �Í´ÕlÖlÏ �'�6������  � ���§�M� �  ,�e���l�%�6 CÒ6�X ��M�l� �%�#·1¹Ì   �8¾�� �#½ �%� �¾¢¡� ¶�� � ®�¯(° �T�l�a  » ���M� � �6�l� � �l�'�6  ¶��  ,� �  Ù���T���l� » � �Íµ�¶�� � � �T�.� � �0�§�l�l� � �T��� � �
�l�����T�%� �%� � � �ç� � � � ¢¾¼ �%� ���a�§�l� � � � �%ÓX� � ¢ �  9���: 9�l�M� � �l�l�a ,�#½^�l�% ��6 ��:  ¶ �%�§� �  ��T��¼ �%� ½ ¶�� ¢�� ¶ �.ß � � �:� ��¢¡� ±¶ Ó �%� � ®�¯(°\±Q² � �:� �l³9�:  � �l� ¶ ���:�l� ¶�� ��� � �6� �:� ¢ �  ,�T� ¶ �6 ,� �%�  ��6¢¾¼�� ��¶���Áª�Xè  �� �%¶ � � �§�¨� �M� ���T�.« � ¢ �  9�
�%¢��'�6�§�T�a ,�*��ß�  ¶�� � �  ��:� � �6¢¡�^� �c¶�� � �T¾�� �T� ¶�� �)� � �T�.� � ��� �e©��X�%�:� � » ����  ¬ �������a�l�a�%�§� �  ,�(���a� ¶ �� ���%� �g¢¡� ¶�� � ®�¯�°ñ� �a �� � �§«6�X� � � ¶?¬ ��¼��6�^�T�%� µ �� ò¢¡� ¶ Ó �:� ���§� � �:� » ����� �X� �6��«i� �C�á¬Ý� �l� �  ,�T� �M��¶��Í� �
� ©,è �l� » � �*¶��ª�Á¬ � � �6� �:� ¢ �  ,�#½9�a��¢��% ��:¢¾��¢ �Á¬´� �l� �  ,�T� �M��¶��\� �(� ©,è �l� » � �*¶�� � ¶ �6 � �� � �����T� � �%�§� � �Ô���6���� �a ��§�l�l���:� �C� �¿¼��a� ��®¨¯(°ó� � �:� ¢�� ¶ Ó �:� �§� ¶ ���:� Ì �M� �l� � ���§�6¼ � �X¢����T� » � � � �§� ¶ �%� � ���T� �×µD� �@� �M�5±
�T�:�6  æ�¹ÎÖ�¹ôÜ6·1¹
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å � � ¶ �a � �� � � » ���{�6 ,�*�1�T�¾���l� � �%�l� � � � �a ��§�l�:�T� �  ,� �á¬ �a¼'�6���l�%�§� � ¢ �  ,� ¶ ���l�T�#«��a� �é¶�� � © ÓX� � ¢ �  ��

���a��?Ô¢¡¢¡�a 9� �X�A@ �6 ,�T� � ��� ��µ¿�á¬S¯ â ?2B ã Ì�CED Ð^½¨Ð êGF�·1¹ å � ���§�����§�%  � �%��� �%� � � ���T� � �T�M�§�%�Q�T� » � � �¡�§�6 ,�¶ � � �l�.� � � ¶ �a �� � �����l� �e© �a�:  � � �M� �l�%�6  ¹ å � � � �a�T� � �T�X�l�%�Q�T� » � � � ¶��À� � ¶ � � �6¢����a�l�:�l�%�6 _�6�§� © �6Ò6�6 �� �%�
���§�6��� �¡� � �%� �0�§�l�l� � �T��� � � � � © �M� �  ,� � � » �����6 ,�¾�a�% ��§�����IHX�l� �À¶ � ¶ ���.� � �c� � �l�6 ,�g���l�M� �  ,�T� � � ¶ �� ��� �í� �M� �l�%�6  æ�¹ôÜ^¹ª° �a ��C�l�6��� �@� �ò�§���:� � ½ �:� � � �§¢ �@¶�� �§�l�l� � �T��� �_� � © �M� �  ,� � � � �T�������a�§� � �T�Ñ�a� Â
�§�l�l� � �T��� � � �:� �¡� � �����M  � �lÒa�X�T� » � � � ¶����Á¬ � � �6� �:� ¢ �  ,�#½ �a¬´� �Q� ±	µ�±	¶ �:� � �a� Â ��� � ¢�� � �§�¡¢�� ¶�� � ®�¯�°0¹å �Í� �M� �T�:�6  æ�¹ôæ ���§�M� �  ,� � ��  � �1«a� � �����l�%�6  ¶�� ��¢�� ¶ Ó �%� � ®¨¯(°\±U² � �%� �§³9�%  � �§� ¶ ���:�T� ¶ �Xß� ��:�(���a� � �
ÞO�6�§¢¾� � ���T�%�a  ¤U�X� �a�§�l� » � �1¥c� � � ��ÞO�6�l¢¾� � ���l�%�6  «i�:� � �l� �1± �l�6���§¼�� �:� �6  Ì � » �����l�%�6 �� Ì Ü^¹Ýæ Ð ·\� � Ì Üi¹KJ�êp·l·�� �
�% ,�l�l� ¶ ���:� �%� ���§�6¼ � ÓX¢ �*¶���� �g¢¡� ¶ � � �%�l���T�:�6  ¶�� �ª� � �T�.� � �ª� �e©��M�:�%� � ¹å �@� �M� �T�%�a  æ�¹ Ð �1Â �'�6� � ��  � �X�l� ¶�� ¶�� �¡�: 9� � �l� � �l�%�6 �� �  ,�T� � �:� �g¢�� ¶�� � ¶�� � �×¼��a� �C®¨¯(° µ
���a�Q�T�:� ¶��Í�á¬ �6¼�� � �Q«����T�:�6  ¶�� �¾�T�T�� ��§Þ � �§�T� ¶?¬ �M  � �lÒa� �À� �% ��1�T� » � ��¹Ô°*� � � ���M½����a�Q�e�a ,� ¶?¬ �� ò� è �§�lÓM¢ �®�¯(°\±Q² � �%� �l³9�%  � ß��a¼ �%�¶�� �e��� �%�:� M �§��ï��T�a¢�¢ �  ,�cÒa�T�a  ¶�� ½ ¶�� � � �Q�T�%¢¡���l�%�6 �� ¶�� � è � � ��� � � ¶ � ±
«i�%� � �6�§�:�T��½ » ���a ,�T�.ß&�a ,� �%� �(�: ,� � �l� � �l�%�6 �� �  ,�T� ��:� � l ��� � ¢�� � �§�(¢¡� ¶�� � » ���Ô�§�6 ,� � �6 �� � �§«a�M� � � �%� �
M − l

¶�� �l �� � �l� » ���¨�§�6 ,�c�l�l�6  » ���X�M½{�l�6 ,�c���l�X� �  ,�l� � �g�'�6��� ¶ �ML��X� �  ,� � � � �6������� � � l ¹ å � �l�T�#«��a� �¶ �1« �M� �6���'� ¶ �� �� �X� �l� � � �M� �l�%�6 �½ µ��Á¬ �6�l�:Ò6�%  �ç¶��*� �(����¼ � � � ���T�%�a  C ê D F ½9 ��6���¨� �X� �a�:� � �l��� �%� ���§�6¼ � ÓX¢ �¶���� �����l�:� �\�   � �6¢���� �\¶�� �¨� � �T�.� � ��� �e©��M�%�:� �¨���a� ¶�� �¨¢¡� ¶ Ó �:� � ¶�� � è � � «i�:� � �a�l�:�l�*���§�T�.ß � � �M�:�%�ç¶ �� ���%�(� � ¶ � ��¶�¬ ��  � ¢�� ¶ � � �:�T���l�%�6  ®�¯�°0¹

N�OGP QSRUTWVYX[Z\Z\]^RUT_Z�`\a ]cbedGf.`YRUT
â �6���*�#«6�a ��*����� � � » ���(��  � ¢¡�1� © � ¶���®�¯(°\±Q² � �%� �l³9�%  �(µ N = 1 000

�M� � �e© �X�\ 9��¢��M�§� » � � � æ6°¶?¬ ��  �e© ��¢¡� ue
¶�� ��«^�.� � �l� � �c�6¼^� �  9�Ù���a� � �hg ² ? ¶?¬ �� ji���� ¶�� � ¬ � � �6� � �a ,� ¶ �� ��c��  � �a �� ��» ���� �a¢¡�'�6�§� � ��  � ¢��a� �e©��¾¶�� � �X�   ¶ �� 9� � Ì «6�a�%� CED Ði½?Ð êGF�·1¹ å ��ß�Ò6��� �æ�¹:êc¶ � � �l�:� � � � �6 �ß�Ò6���T���l�%�6  ¶��

19 h

y 4 h

6 h

x

z

inflow
11 h

h

Γ kml Γ n�oqp

r(sut^v æ�¹:êAw ² �X�6¢��X�T�§� �)¶���� �¾¢���� �e©���¶�� � �M�   ¶ �a ,� �a¹
�Á¬ � � �6� �:� ¢ �  ,� ¹Ô° �a �� �M�Í�e© �����:�l� � ½ �:� � ¶ �:� �X� �T�:�6 ��¾�§�����l��� �:� � ¶ �Ñ� � ��ÓX� �Cæ6° (x1,x2,x3)

� � �§�6 ,�
 ��a�l� � � (x, y, z)

¦
x ½ y � � z �§�6 ,�g� � �l� �M� �T�:« � ¢ �  ,� �%� � ¶ �:� �X� �T�:�6 �� � �6 �Òa�:�T� ¶ �% �� �%� ½��T�T�� ��§« � �l� � � �« � �§�l� � � �%�(¶����Á¬ � � �6� �:� ¢ �  ,� ¹

å � � �6  ¶ �.�T�%�a  ¶��  ��6  ± Ò � �:�l� � ¢ �  ,� Ì u = 0
·ç� �Q���a��� � � » ��� � ���à ��.« � �a� ¶�� �ª���a�§�6�%� ¹ ?Ô  �  ,�l�l� � ½

��  �Í� �6  ¶ �.�T�:�6  ¶�� ° �%�l� �e©��%� �c ��6  © �6¢��6Ò6ÓX  �À� �Q��a��� � � » ��� �×¦]�:� �c«�� �:� ���§� ¶ � �e© ��¢¡� u �§��� � �
�*x
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�l���§Þ}� �X� Γ � � �§�6 ,�)�:¢¡�'�6�l� � �����a� � ���l�:¢¾� � ���T�:�6  ¶?¬ ��  � �a �� �.± � � �a  �T���§¼�� �:�  ,� ¹�°*� � � �6  ¶ �.�T�:�6 ��\��� ±�l�:� ¶ � » � � � ¶ �a �� � � ¶ �%� �M� �l�%�6 ��T�l�a ��§« � �§� � y �l�a 9���a��� � � » ��� � � ¹ ?Ô �ß� ?½ �%� � �e© �a¢���� ¶�� «i�:� � �l� � � u � �¶�� ��� � �l�§�%�6  p �T���T�%�QÞO�6 ,� � � � �a  ¶ �:�l�%�6  Ì Ü^¹ôÜ D · �a�  ��.« � ��� ¶���� �¾�l�6�Q�T� � Γ �u��� ¹
å �  ��6¢¾¼�� �\¶�� B �Xè  �� �:¶ �M½i¼��a�§�)�l��� � ��«^�.� � �l� � ¢¡� è6�  �  � U �m� �l��� Γ � � Ì � �6 ��Q�e�a ,� � �a� � �6���l� ¶ �� � ¢¡��� ·*� ���§��� � � © ����� � ��� 10 h

¶ � � �a �� �]�  ¿�a¢¡�a 9� ¶��g� �À¢¡�a� �e©�� ½ � �§� ¶�� 66 100
¹ º �M� ��� ¼��a�§�

�l��� � �c«i�:� � �l� �0�   �  9�l�l� �0�  à¢�� � � � � ¶���� �a �� � Uc

� �\�§��� � � © �a�^� � ��� h ¶���� �¾¢¡�a� �e©�� «��a��� 7 432
¹

ä   � Ò6�l� �%�:��� �a�Q�T�M�§� �  �  � ½i�T��ï¡ �� � ���À ��:« � �a� ¶��*� ��¢¡�a� �e©�� ½ ¶�� 186× 40× 93 ���a�% ,�T� ¶ �a �� �%� �¶ �:� �M� �T�:�6 ��?� � �l� �M� �T�.« � � x ½ y � � z ½8���1�T�Ô���l� � �:�l� � ���a���?¢¡�a� �:�%� � �%�]¶ �6¢¡�a�%  ��¶���� � �:� � � (25h, 4h, 11h)
¹

å � � �X� � �e© �M� ¶�� u ¶ �6 ,�¾ ��6���¾ ��6���c�l�6¢�¢ � �0� � �Q«^�:�M½ � � �:� � � �M�c�§��� �X� �l� � Ò6�§� �%�:� ½?� �M� �6��«i� �  9���  �¶ ���§� � T = 37.5h
Uc

= 50h
U �m� Ì T−1 � �Q�)�% ^ÞO�M�l� � ���\�a� Â ¼��a�l� � �*ÞO�§� » � �   �M� � ¶ �×¼����§� � ¢ �  9� ¶ �×¼�� � ¼ ��¶��

� �X� �:� � � � ���l�%�6  ¶��0� �¾¢��a� �e©��p·5¹

N�O�� ��]UT"`Y�����;��T�VYRUTW�c�����c`Y��T����W� V\` ������a   VYRUT¢¡�d��"RUT"T£RUT

¤U¥�¦c¥�§ ¨Y©�ª¬«A¯®!°±£²0©i�*³µ´q¯«A¯´�¶¸·q¹¬º»ª¬£¹A²�¯«Aª¼²*½ � ·�¾¿«¬£®À²�´q·�²Á½AÂ£®
®Ô� ���§� � ���l� � � �%� � � � ®�¯(° �6 ,���X�l�g¢ �  ��M�(�§��� �%� � ¶ �6 � �� � � ¶ � � �§�:� � � ¶ �a �� � ��� �X� �l�%�6  æ�¹.ê6¹ å � �

�l�X�l� � �e���l�¡���l�M� �  ,�T�X� ¶ �a �� �X� �l� � � �M� �l�%�6  � �6  �M� �§  �  ,� � � ®¨¯(° å 2 ¶ � �e© �a¢¡�Ài�� � �T���a ,� ũe =
ue − ūe ½]�,Ã ūe

� �Q���  �e© �a¢��Ñ¢�� è6�  Ñ�a¼�� �  i�ò�����g��  � ¢�� èa�  �  � �a�l�.� © ¢��X�l� » � ��¶�� � �M� � �e© �X�
Ì «a�6�%� Ì Ü^¹KJ Ð ·l·5¹ â �6�����#«6�a ��¡Þ}�a�.�g«��a�l� � � �%�  ��a¢¾¼�� � ¶��C�M� � �e© �X��l��� �%� � » � �M� ���@�X�l� � �6  ¶ ���:� � � �®�¯(° ½&��ß�  ¶�� «6�6�:� � �6¢�¢ �  ,�#½ �  C� � �§¢ �(¶�� �§� �X� �T� � ½ �%� �ª�l�M�§� � �T���T���1«6� � ���a� �  ,� ¹°*� � Â �l�M�§� � � ¶�� �§� �X� �T� � �\�6 ,�ª�X�l�0�6¼^� �  9� � �

• �  ÀÞ}�a�%�l�a ,�¨«��a�§� � � � ��ÞO�l� » � �   �X�(¶?¬ � �e© �a ,�T� �%� �6 � ��aÒ ��¶�� � �M� � �e© �X� Ì �6 À��� �   ¶ �l�6��� �:� � �X� � �e© �M�X½�����:���� C�l��� � �:  » ½��� C�l��� ¶ � ÂÍ� � �  �ß� C�� à�§����«i�% �Òa� ·�Ä
• �  _Ò,�a� ¶ �a ,� � �ÀÞO�l� » � �   �X�À¶?¬ � �e© �a ,�l� �%� �6 � ���Ò � ¢�� Â �:¢¾��¢C½?¢¡�a�%� �  _��� �  ��a ,� ¶�� ¢��6�: �� �  ¢��6�% �� ¶��(�M� � �e© �X�ç�l� �M�M� �l�§�:ÞO�M½ �X�(» ���?� � «i� �  ,� µ¾� �6 ��l� ¶ �M� � � �á¬ � � �6� �:� ¢ �  ,�ç�§������  �(¶ ���l� �(¶��
� � ��� �  C� � ���\� � �l�:� �a¹â �a���ç�#«6�a ��ª�a�% ��l�&�6¼�� �  9� �%� �¨ß�Ò6��� � � æ�¹Ýæc� � æ�¹SÜ �,Ã��§�6 ,�����l�X� �  9�l�M� �:� � ¶ �ÅL��M� �  ,�T�ç�§� �X� �T� � � ®�¯(°

 ��6�§¢�� � �%�§�M�Ô����� �:� �����M  � �lÒa� �ª� �: ��X�l� » � � ¢¡� è6�  �  � ½ ��¬Ý� �§� ±	µ�±	¶ �%� � ½,���a��� �e© � » � �)®�¯(° ¶?¬ �M  � �lÒa� �\� � ±
 ��1�T� » � � ¢�� èa�  �  � KN =

∑N
i=1 λi

¢ �  �� � �l��� N �M� � �e© �M�X½ �%� ��«�� �:� ���§� λi

KN

�  ¡ÞO�6  � �T�:�6  ¶��\�Á¬ �%  ¶ � �M�
i
¶�� �ª¢�� ¶�� � ¹
å � �§� �X� �l� �  ��6�§¢�� � �%�§�0«��a�l� � ¼ � �a� � �6���¿�#« �M�� � ¶ ���l� �» � � � �M� �6��«i� �  9� �%� � �M� � �e© �X� » � ���á¬ �a 

���l� � �:� ��¹ ?�  � L � �#½ �%� �]�§� �X� �T� � � ¶��ç� ��ß�Ò6��� �çæ�¹ôÜ ½ ¶ � ¶ ���:�l� �'�6���{��  � ¢.HM¢ � ÞO�l� » � �   �M��¶�¬ � �e© �a ,�T� � �6  ±
 ��aÒ � ¢¡�a�%� ¶��¨» ���a ,�l�:�T�X� ¶��¨�X� � �e© �M��«a���l����¼ �%� �M½#�§�6 ,���l�lÓM� ¶ �ML��X� �  ,�l� ¹a¯  ��6¼�� � �Q« � ��  �¨¶ � � �§�6�%�§�T�a  �X�
�T�§ÓM�ª�%¢��'�6�§�T�a ,� �)¶ �C�l� �M� �T� � �'�6������ C ��6¢c¼�� � N = 250

¶����M� � �e© �X� � �6 ��l� � ���T�.ÞO�M½ �M��» ���?�l�T� ¶ ���:�
��  � «��a�l�:�X�T�\� �X� ���l�:« � ¢ �  ,�¨Þ}���%¼ �:�\¶�� ���Q�T�§� � �l��� � � �%� ��� � ���¨�X  � �§Ò6�X�l� » � � � ¶��*�á¬ � � �6� �%� ¢ �  ,� ¹ÁÆ ����  ¶
�6 _�a��Ò6¢ �  ,� �¡�%�  ��6¢¾¼�� � N ¶��¡�M� � �e© �X� � �a ��l� � ���l�:ÞO� �5Â � � �6�.�T�X�M½ ¶ �6  �¡� � ¶ ���l� ��¶ �_� © �M ��6¢¡ÓX  �
� ©,è �l� » � �À» � �À¶ � � �l�.« �  9� �%� � �M� � �e© �X�M½ �%� �l� �M� �T� � �C� �   ¶ �a  �M�Íµ � ¬ �a� � ���T�%� ¶�� ¢��� ��%ÓX� � �l�MÒa� � �:ÓM� ��M�g» �����T�M¢��6�:Ò6  � ½'«i��� �M� �l� � ¢ � � �%�:� ��� �0¶ �%�§�l�l�:¼����T�:�6  ¶��g�á¬ �X  � �§Ò6� �0� �: ��X�l� » � � �a�Û� � �%  ¶�� �(¢¡� ¶�� �
��Ç
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λi

KN

i

r(sut^v æ�¹ôÜ;w g^� �M� �l� � � ®¨¯(° ¶ � ¶ ���:�l� ¶�� � N ��� � ¢¡� � �§� �M� � �e© �X� ¶��(� �c¼��a� � ���6��� N «��a�l�%�a ,� ¶�� 250µ
1 000

¹

®�¯(° ½ ¶��� �À� � ����Ò6�T��  ¶�� �l� �e©�� �§� ��¶�� ���Q�T�l� � �T��� � � � � © �M� �  ,� � � Ì ��¬Ý� �§� ±Uµ�±�¶ �%� �g¶�� ���§�l�l� � �T��� � � �%� �
� � ���¾�M  � �lÒa�X�T� » � � �g�6� �   � �6� �Í¶�� �g¢¡� ¶�� � ®�¯(° ���l�M�'�6  ¶ �M�T�� 9�l� ·5¹ º � �l�X�l� � �e��� � �§�c�T�6��� µ Þ}�a�:�
 ��6�§¢�� � �����%� » � �À�%� �c�l� �M� �T� � � � �a�l� � �l�'�6  ¶��  ,� µ �� Ù� © �M ��a¢¡ÓX  � � ©,è �l� » � �Í� �6¢�� �%�5Â^� �X«a� � ���a ,�
�l��� ¶�� � ¶ ���l� � � ¶�� � � ��� �  C� � �����:¢¡�'�6�Q�e�a ,� � � ¹
º � � �   ¶ �a ,�#½]¢¡� � Ò6�l� � � Ò6�l�a  ¶�� «��a�l�:�X�T� ¶�� �c�§�l�l� � �T��� � � � � © �X� �  ,� � � � � �:� ��� �  ��§� �e© �:�l� � ¢ �  ,�� �a 9�l�% 9�?½��6 C� � ��� � �:¢¡�.� � � �%��� � �%� � �é®�¯(° µ �� à ��6¢¾¼�� ��¶��0�X� � �e© �M�ª� � �§�T� � �: 9� Ì ��  ���M�  ,�T�a�%  � ������1Â^� ¢¡� �:�p·�� ���a¼�� �  ��%����  � ¼��a� �0®�¯�° ß&�a¼ �%�a¹

?Ô  � L � �M½ � � ß�Ò6��� �¡æ�¹Ýæ  ��a���c¢��6 ,�T� ��» � �¡�%� �l� �M� �T� �   ¬ �X«6� � � ��» � � �l�lÓM�0� � � � �6�l� » � ¬ �6  ¶ � ±
¢��% 9� �\� �(ÞO�l� » � �   �M�(¶�¬ � �e© �a ,�T� �%� �a � ��aÒ � ½ �a¬´� �§� ±Uµ�±�¶ �%� ��� �6�l� » � ¬ �a À�a��Òa¢ �  9� �*�á¬ �: 9� � �Q«a� �%�%��¶�� � � ¢¡���» ��� �§�M���a� �g�%� � �M� � �e© �X� ¶ �6 ,�(�6  � � �%� � �%�c� � ®�¯(° Ì F = N−1

T

� �§� � �¡ÞO�l� » � �   �X��¶��¾� ��¼��a� �g� �6¢ ±
� � ÓX� �#·1¹ ?Ô ÙÞ}�a�:�M½��6 _  ¬ �×���a�¾¼ � �l�a�%  ¶�� N = 1 000

�X� � �e© �M�¾�'�6���0�6¼�� �  ��:� ¶�� ¢¡�a ��:ÓM� � ���§� � �%� ��%� �ª���l�:  � �:��� �%� �ç�§�l�l� � �T��� � � ¶����Á¬ � � �6� �%� ¢ �  ,� ¹ º �M� �é� � «6�X�l�:ß ��¶�¬ �a� �%�:� ���§� �  C���T���T� » � ��¶�� ¢¡�a ��:ÓM� �
�a�§� � î Ò6�X ��M�l� �%��¦ � � � ¶��Í�M� � �e© �X�M½ �§�ç� � �c�§�6 ,��l�M���a�§�l�%� ¶�� ¢¡�a ��:ÓM� ��© �6¢��6Ò6ÓX  �À¶ �� �� �%� � � ¢����M½
� � �l¢ � �§� �  9� ¶?¬´�1Â �l�T�a�:� � ��  � �% ^ÞO�6�l¢¡���T�:�6 À� � �Q�T�%  �  ,� � Ì «a�6�%� C Ï J ½�� ¹ Ï æ#F¸·5¹ÐÏ	� � � �§�e���:� �M� � �   ¶ �a ,���%  ±
�T�X� � �l�T�� 9�*� � � ¶?¬ �X«�� � � � � � � ¶ �X� �   ¶ �a  �X�c¶�� ��¢�� ¶�� � ®�¯(° �#« �X�0� �gÞO�§� » � �   �M�0¶�� � �M� � �e© �X�M½&¢�HX¢ �
�l� �M�M� ���1�T�(�§�#� � �%�l� ¶�� ¢��� ��%ÓX� � �:  ¶ �%� �M� � � «i��� �:� �ç�§� �X� �T� � �\���a��� ¶�� �ª�l�a�%�§�6 �� ¶���� �,Ñ��ª�% ^ÞO�6�l¢¡� ±
�T� » � � ½^�����%� » � � ½ � �6¢�¢ � � � �¾�X�l�)�l�6� � �%Òa �� �  Í�% ,�T�§� ¶ � � �T�:�6  ¶��(�M�)�e© �����:�l� � ½ �Á¬ � � �6� �%� ¢ �  ,�ç�X�l� ¶ �:�� �Q�\�a�l� � î � �6¢¡� �%�1Â^� Ì � �%� �%  � ¢ �  ,���T���l¼�� �:�  ,� � ���X�l� ¶ �%� ¶ �a ����l�6��� �:�*¶ �a¢��a�:  �*¶��)� � �:� � � �% ��.�T�%� �¸·5¹

® ���%� » � ¬Ý�X�%�%� �0�1�T� � � �%� � � � � �'�6�����l�M� � �:� � � �X� �l� � �1�T� ¶�� �l� �M� �l�T� �:� ½9�6 Í�^½i���a� � ���§���:� � ½ �1Â � � �a�:�T�� � ®�¯(° ¶ � ¶ ���.� � ¶�� � ���l�a�e� � �:�l� ¶�� � �Û¼���� � ¶�� ¶ �6 � �� � � ¹ º � �l� �à®�¯(°ñ� �§�¡���§�M� �  ,�T� �à¶ �a �� � �
� �X� �l�%�6 C�l���.«��a ,� �a¹

�*Ò
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λi

KN

i

F Ì N = 1000
�X� � �e© �M� ·

F/5 Ì N = 200
·

F/10 Ì N = 100
·

F/20 Ì N = 50
·

r(sut^v æ�¹ôæhw ðÔ«a� � �^�T�%�a  ¶ � �§� �X� �T� �×®�¯(° �'�6��� ¶ �ML��X� �  9� � ��ÞO�l� » � �   �M� � ¶?¬ � �e© �a ,�T� �:� �6 � ��aÒ �Í¶�� ��M� � �e© �X� ¹

¤U¥�¦c¥�¦ ÓjÔÖÕ «Aª¼²*½¬³ � °¼º»ª¬²�©�ªA³µ¹(©
º � �§� � � �M� �l�%�6  ¶ �6 �  �c�%� �����l�%  � �%��� �%� � � �a�T� � �T�X�l�:�§�T� » � � � ¶��c� � ®�¯(° �%�§�l� �0¶��c�á¬Ý�  �� � ¢¾¼ �:�0¶�� ��M� � �e© �X� ¶ � �e© �a¢¡�Yi�� � �T���a ,� ũe Ì N = 1 000

·1¹
¯  �«a�M�l�.ß � �l� �á¬Ý� ï � � � �:�T� ¶���� � ¶ � � �6¢����6�§�:�l�%�6 (Ò6��× �M� ���0�§� �X� �T� � �6¼�� �  9�?½8¢��a�:�é�a���§�l� �  c ��6�§¢ �å 2 ¹ å � �)¢�� ¶�� � ®�¯(° � �6�l� � �l�'�6  ¶ �a ,�T�M½ » � �c�Á¬ �6 à� � ���(�a�§�l�:¢¡� �%� �ª��� Â �§�T�§� � �l��� � � � � © �M� �  ,� � � ¶���Á¬ � � �6� �:� ¢ �  ,�#½9�a�: ��l� » � ���%� ���¨�1«6� � ���T�:�6 �� � ¢����a� �M�:�%� � �M� ���T�:« � �a��� � �%  ¶ � �e© �a¢¡�.i�� � �T���a ,�¨�T�a�T� � ½

� � �l�6 ,� �  ��l���.� � ���l�X� �  9�l�M� ¹

ØÚÙ�Û�Ü{Ý6Þ�ÛßÛ4Ý�Û4àIÜ,áÐÜ4â¸Ý6ãåä"Ûçæ�áSä"ãzÜ,è�éêÙ�è � â¸Ý�â¸è�ë
å �cß�Ò6��� ��æ�¹KJ ���l�M� �  ,� ���%� � �M�  ,����� � ¢��%ÓX� � ��«�� �%� ���l� ¶ �Í�§� �X� �l� ��®�¯�° ½�¢����%�ç�����l�§� �%� �§� �X� �T� �� �a¢¡� �:� � �  �� �e©��X�%�%�0� �6Ò6�a�l�.� © ¢�� » � ��¹�¯  ×�6¼�� � �Q« �¾» � �0�%� �l� �M� �l� �¾¶ � � �§�{ì%���T����� ¶�� ¢ �  ,�*¢.HM¢ ���  

� �e©��M�%�:�¨� �6Ò,�a�§�:� © ¢¡� » � �a¹ º � �l� ��¶ � � �l�a�%�l�l�a  �X�ç� �Q� ���a�Q�T� � � � �%ÓM� � ¢ �  ,���%¢��'�6�§�T�a ,� � ���a��� �:� �{��� � ¢¡� � �§�
¢�� ¶�� � ®�¯(° �����:� �M�:�%��¶ �%¢��% 9� � Ì �  9« �M� �6��� �Í¶ �í�l� �M� �T� ��� �6  � �#« �p·5¹ ã ß�  ¶�� ¢¡� � � Â¿» ���a ,�l�:ß � ��Á¬´� ï � � � �.�T� ¶��Í� � ®¨¯(° ½Ô ��6��� ¶ �1ß� ��%�§�l�6 �� �á¬ �X  � �§Ò6� �À� �% ��1�T� » � � ¢¡� è6�  �  �  ��6�§¢�� � �%�§� �¡� �a���l���l� �
���a� �:� � k ��� � ¢�� � �§��¢¡� ¶�� � ®�¯(° ¦

K(k) =
1

KN

k∑

i=1

λi =

∑k
i=1 λi∑N
i=1 λi

.

å �×���a�Q�T� � Ò,�a� �e©��Í¶��Í� �àß�Ò6��� � æ^¹ ÐC«i�:�l��� � �%� � K(k)
� �g�l�Û���a�§�l� �¡¶ �l�6�.� � 1 − K(k)

�  Ñ� �e©��M�:�%�� �aÒ,�a�l�.� © ¢�� » � ��¹{Ï	� �a�������T�#ì:� �X� �a�:� � ¢ �  9� » � � Ì � �X� ���l�:« � ¢ �  ,� · � � � ¶�� ¢¡� ¶�� ���l�^ï¡� �  ,� µ�� �a���l��� � �� �¾¢¡��í � ��� � �����§�T� �(¶��(�Á¬ �M  � �lÒa� �(� �: ��X�l� » � � ¢�� è6�  �  � KN

¦�� � ®¨¯(°Ø¶ � �e© �a¢��\i�� � �l���a ,� ũe
� �Q�� ï � � �M��¹ ?Ô Ñ���a�Q�T� � � � � � �X½��'�6���g��  � �§�:�lÓM� � c ß Â � µ 99.9% ½ M = 86

� �§� �%� � � ���g� � �l�:� �  ,�l� � �
k � �X�Ô» � � K(k) > c ½ �a¬´� �§� ±Uµ�±�¶ �%� � 1 − K(k) < 10−3 ¹ º �M� �Í�§�%Ò6 ��.ß �g» � � 86 ¢¡� ¶�� �(�l��ï�� �  ,� µ¼�� �  C� � ���l�M� �  ,� � � �á¬ � � �6� �:� ¢ �  ,���a�C� �  �� ¶�� 99.9%

¶����Á¬ �M  � �lÒ6� �(� �: ��X�l� » � � i�� � �T���a ,� � ¢�� èa�  �  �a¹
�*î
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Ì � · Ì ¼ ·

r(sut^v æ�¹EJ�w g^� �M� �T� �À®¨¯(° ¦ Ì � ·��:� � ê#Î6Î ��� � ¢��%ÓM� � �c«�� �:� ���§� Ä Ì ¼ · gi� �X� �T� �Í� �6¢�� �:� � �  í� �e©��X�%�:�� �aÒ,�a�l�.� © ¢�� » � ��¹
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Ì � · Ì ¼ · ³Áï Õ D ³Áï ê6J D

r(sut^v æ�¹ Ð w Ì � · ðÔ  � �§Ò6� �*� �% ��X�T� » � � ¢�� èa�  �  �  ��6�l¢¡� � �%�l� � K(k)
� �a���l���l� ��Ä Ì ¼ · �M  � �lÒ6� � 1−K(k)Ì � �e©��M�:�%�(� �6Ò,�a�§�:� © ¢¡� » � �p·  ��6  � �a���l���l� � ���a� �%� �\³���� � ¢¡� � �l��¢�� ¶�� � ¹
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B � ¢¡�a� » ���6 �� » � � c � �a�l� � �l�'�6  ¶Cµ c1 ¶ �a �� �%�*� �l�.�TÓX� � C(k)
» � �  ��6���ª�#«i�%�6 �� ¶ �6 � �� �   ���aÒ ��Ü�Õ�¹° �a �� � ��l���:� ��¶��  ��a�l� � �T�T�#«��a� � ½� ��a����  ¬ �#«6�a �� � �a �� � �§«6� » � �c�M� � M = 86 ¢�� ¶�� � ®¨¯(° ���l� ¶ � ±¢��% ��a ,�l� ¹

â �a�l�6 �� » � �0� � ®¨¯(°Ö¶?¬ �� à� � �6� �:� ¢ �  ,���l�%¢�� � �a�%� ��� �§�����l�X� �  9�l� �0¶ �a �� C J�ê�F ���a���ª�� à ��6¢¾¼�� �¶�� B �Xè  �� �:¶ � �  ,«i�%�§�6  ¶�� � Â ÞO�6�:�ç� � ����Þ}�a�%¼ �%� Ì � � � ¬ �aÒ6�:� ¶?¬ ��  � �a �� �.è � � � ©,è �l� » � �0¶��(�Á¬ � � �a� �%� ¢ �  9�» ����� � �'�6� � �� �� » � � ¢ �  ,���§��� ¶�� ���§�M�§� � �T���T� ®�¯(° � �Ô ��6 �l��� � � � �6 ��§�T�§� � �l�%�6  ¶�¬ �� ¢�� ¶ Ó �%��®�¯�°ª±² � �%� �l³9�%  � �l� ¶ ���:� ·1¹ º �a 9�l�T�a�:� � ¢ �  9� µÀ�X�» � �g�Á¬ �6 Û�6¼��l� �  ,��� � �Á½'��  � Þ}�a�:¼ �%�0� �6  �M�  ,�l�T���l�%�6  ¶��g� �¶ �:�§�T�§�%¼��^�T�%�a  ¶?¬ �X  � �§Ò6� �(� �% ��1�T� » � � ���C� � �:  ¶���� �¾¼��a� �0®�¯(°ØèÍ� �§�\�6¼�� � �Q«6� ��¹
ð �§�6�%��Þ}�a�.�T�(� � �l¢ � �§� �  9� ¶?¬´�1Â � � � » � � � �M� �l� ��¶ �ML��X� �   �M�a¹{® � � ¢¡�:ÓM� � ¢ �  ,�#½ � �Í¼���� ��¶���¶ �a � �� � �¶�� C J�êGF �(�1�T� � � �%� � � � � ���a�µg^�:¢¾� � ���T�%�a  â ��¢¡�X�l� » � �ª° �%� �X� � � �l������ ¢¡�a� �:� �aÒ � � � ��� ß�  � � � �6 ,�T� �  ,�¶ �6  � ��  � � � ���ªÒ6�l�a  ¶�� «��a�§�%�1�T� ¶�� �§�l�l� � �T��� � ���l�����l��� �:� � » � �  ��a�l� � ¼���� ��¶���¶ �6 � �� � �Ag ² ? ¹
°*� � Â �:ÓM¢ � ¢ �  ,�#½�ñ{ò��§Ò �  �� Ê�óçÆaÇMô C J�êGF�� �6¢¾¼��:  �  ,� � � ®�¯(° �p« �M� ��  ��¶ � � �6¢����6�§�:�l�%�6  ¶���õ �6� ±

�l� � �X½ �M� » ���ç  ¬Ý� �§�����a�g�Q�T�l� � � � ¢ �  ,�� » ���.«a� �%�  ,� µ ��  � � �%� � �ç®�¯(° ����� Ì » ��� � ��� � �§���6���l�%¢¡� �¸· ½
¢.HM¢ � �l���� Í�l� �M� �T� � ���l� �e©��(¶ �Í�l� �M� �T� ��®¨¯(° � �Q��Ò6�X ��M�l� �%� ¢ �  9�����l� �   ¶ � Ì � �:� �*�:�*�e© �����:�l� �¾ê(� ��  C���a�Q�T� � � � � � � � �g� �X� �l�%�6  ê6¹Ýæ�¹ôÜ6·1¹

ð �§�6�%�§�%ÓX¢ � ¢ �  9�M½ �Á¬ �% ,� � �§«�� �:�%�ç¶�� � � ¢���� [0, T ] �§��� �%�M» � �X�&�Á¬ � � �a� �%� ¢ �  9� � �§���a �� �.è �l� � �§� ¶ �6��î �ÞO�6�:�ç� � ��� � �6 �Ò ¶ �a �� C J�êGF ½��l�?�a  � �6¢����a� �(¶�� � ¶ ���§� � �\� ¶ �%¢ �  ��§�%�6 � �� � �����a� ¶�� �\�� ��:�l�M� ¶�� � � ¢¡���¶ �1ß� �� � �����a� �%� �T�������a�§� �  ,�T� �0� �¾«^�.� � �l� ��� �a �Ò6�:�l� ¶ �: �� �%� ¢�� Â �:¢�� �%�*¶ �a ��\�� à� � �a Í�T�l�a ��Q« � �§� �0�  
�a¢��6 ,� ¶��ª� �)¢¡�a� �e©�� Ì �   �  ,�T�§� �\¶ �6  �\µ 6 h

¶���� �)¢��a� �e©�� ���a���Ô ��a�l� �ª�1Â^� ¢�� �:��� � µ 0.07 h �'�6����Á¬ � � �6� �:� ¢ �  ,� ¶�� ñ{ò��§Ò �  �� Ê�ó�ÆaÇMô ·*� � � � © �a��� � ��� h ¶��� �À¢¡�a� �e©���¹�¯ �M½ � �À¼��a� �¡®�¯(° � ¬´�  ��§� �e© �.�� �a ��l� ¶ �M�l�a¼ �%� ¢ �  ,� » ���a  ¶�M� � è � ��¶�¬ � � �6� �:� ¢ �  ,� � �Q� � �6 ��§� ¶ �X�l�ª�l���Ô��  � Þ �  *H1�T� � � � ¢��'�6� �X�%�%� � � ���� ���lÒ � ½ � �a¢¡¢ �  ��6��� �á¬ �#«6�a �� � �6 ��Q�e���l� � �6�§� ¶����Á¬ �a �� �.è � �(¶���� �cß�Òa��� ��æ�¹ôÜ^¹

â �6���*�T�#«a�6 �� » � �c� � ®�¯(°F� �Q� � ��¢ � � �%�%� ��� �(¶ � � �a¢¡�'�6�l�.�T�:�6 ������ �  �� ¶��0�Á¬ �M  � �lÒ6� �0� �% ��1�T� » � �
¢�� èa�  �  � ½��a� �   � �6� � �a�×� �  �� ¶�� 〈‖.‖ ö 2(Ω)

2
〉 ¹ ã �: ��l� � ��¼��a� � Ò6�M ��M�l� � ���a� �%� �*¢�� ¶�� � ®�¯(° � �Q�

�6���l�%¢¡� �%�0�  @¢�� èa�  �  � �§��� �Á¬ �% ,� � �§«�� �:�%��¶�� � � ¢����(����� � �a���l�D���a� �:� � ¶ �6 � �� � �M½é¢¡�a�%�)�a D  � �l�a�:�
���a� Æ[÷�ø5Ä�ù�ø1Ä �l� �M�:�%��� �Q�)�§� �M�:�%� ¢ �  9� � ï � � �X� ���a  � �l� �M�:�%� ¢ �  ,� µ �T�6�����% ��§�e�� 9� Ì �a¬´� �§� ±Uµ�±�¶ �%� � ���6����e© � » � ���M� � �e© � � �6 ��§� ¶ �X�l� ¶�� ¢��� ��%ÓX� � �%  ¶ �:«i� ¶ � �M�:�%�p·5¹
¯  ×� ¶ �6  ��� � �%� � � �a½��'�6��� �e© � » � �c�M� � �e© ��½ �Á¬´� �§� � ��� er

� �M� ���T�:« ���  � ��6�l¢ � å 2 �  ,�l� ���%���e© �a¢��
i�� � �T���� 9� ¶�� �\«i�:� � �l� � � � �)�l�¡���§��í �M� �T�%�a ��l��� �á¬Ý� �l��� �X� Ò6�X ��M�§�c����� �:� � M = 86 ��� � ¢¡� � �l�ª¢�� ¶�� �®�¯(° Ì ß�Òa��� ��æ�¹ D ·1¹ å ¬Ý� �l� � ��� � �§��� �M� ���T�.« � ¢ �  9�¡� � �T�.� � ½�¢¡�a�:��  ¬Ý� �§�Í�����¡�: ��l�:Ò6 ��:ß��a ,� �@¦¨�X�%�:� � �
�l�.�T� �Û� �í� � �����a�§� ¶ � � � ¢���� ¶ �a �� ��  «6�a�%�l�: ��aÒ �Û¶�� 3%

� �����l� � �% ,� ���a�QÞO�6�%� 9%
¹ å �í� �M� ���T�%�a 

1−K(M) < 1− c � � �l¢ � �§�e�a�.� ¶�� ���l� ¶ �%� � ��  � «�� �%� ����¢¡� è6�  �  ��¶�� e2
r
���l� �e©���¶�� 1− c = 0.1% ½�M�*» ��� � �a�l� � �l�'�6  ¶ ¼�� �   µ er ≈ 3%

¹�¯   � �6¢���� �   ¶ ¼�� �   » � � ���6���ç�#«6�6�:����  �)� �§� � ���ç� �X� ���l�:« � er¶��0�Á¬ �6� ¶ � �0¶�� 10−3 ½�� � �����T�a�.�ªÞ}� �%� � �e© �a�%�l�:� 1 − c
¶��¾�á¬ �6� ¶ � � 10−6 ½ �X�c» ���] ��6���)�����T�a�.�\�6¼ � �:Ò6� µ� �a �� � �§« � �c���D¢��% ��%¢¾��¢ 146 ¢�� ¶�� � ®�¯�° �'�6��� » � � 1 − K(M) < 1 − c � � �Q� � «i�T�a� � Ì «6�a�%� � �ß�Ò6��� ��æ�¹ Ð ·1¹

B � ¢���� » ���6 �� �  �ß�  » � �Û� �@ ��6�l¢ � ‖.‖ ö 2(Ω)
 ��6���À� � �§¢ � � ¶��à¶ �Xß� ��%����  �×� �§� � ���ÀÒ � �6¼�� �:� ½¶ �1ß� �� � ���a���T�������a�§� µ �T�a��� �:�ª¶ �6¢¡�a�%  � �§�����T�%� � Ω ½ � � � � �e©���¶?¬ �X« �  ,�T� �X� �����§�6¼ � ÓX¢ � � � � � �a� Â�¹^¯  �'�6���l�l�a�:�ç¢ �   � �ª��  � � �%� � �é¶?¬Ý� �l� � ��� �  C ��6�§¢ � �: �ß� �� � ���a���ª�a�����§�aÞO�6  ¶ �%� �X� �'�6�% ,� ¹

�*ú
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er(t)

r(sut^v æ�¹ D w ?��§� � ���ª� �M� ���T�.« � er(t) =

∥∥∥ũe(t) −∑M
k=1 ( ũe(t),ϕk ) ö 2(Ω)

d ϕk

∥∥∥ ö 2(Ω)
d

‖ũe(t)‖ ö 2(Ω)
d

Ì M = 86
·1¹

û Û � éjè£ä"Û �ýüËþ.ÿ
â �6�������§�M� �  ,�T�6 ��¨�T�6��� ¶?¬ �a¼'�6� ¶¡�%� ��«i�%�§��� � �:�T���l�%�6 �� æ6° ¶���» � �M�:» � � ��¢�� ¶�� � ®�¯�°0¹ å � �¨�§�l�l� �5±

�T��� � �(�l�l� ¶ �%¢ �  ��§�%�6 �  �M�%�:� � » � ��Á¬ �6  ¶ �%�Q�T�: �Ò6� � �§��� �%� �)ß�Ò6��� � � æ�¹��Í� � æ�¹ÝÕ �l�a 9� ¶�� ���%�l� � �a 9�l�6���§�¶ � � �§�:�TÓX� � Q ¶���� �� ,� Ê�óçÆaÇMô Ì «a�6�%� C æ���F�·ç¶ �Xß� ��é���a�

8Q =
3∑

i,j=1

(
∂uxi

∂xj

− ∂uxj

∂xi

)2

−
3∑

i,j=1

(
∂uxi

∂xj

+
∂uxj

∂xi

)2

.

å �(� �§�:�TÓX� � Q ��� �   ¶à¶�� ��«�� �%� ���l���'�6�l�.�T�.« � � �%µ �,Ã �%� �T�a� ÂÀ¶�� �l�a�T���T�:�6  � �Q�\�l���'�M�§� � ���ª�a�Í�e�a� ÂÀ¶��� �:�T�a� �%�:� ¢ �  ,� ¹�Ï	� �á½ �Á¬ � � �a� �%� ¢ �  9� � �§� � �a �ß� �� ¶ �a �����  � �� �� ��¦p�M��� �l�:�lÓM� ��� �§��� � �6�l�é�����§�T� � � � �%ÓX� � ¢ �  ,�
¼�� �   � ¶ �����T�)�'�6�����%�l� �%� � �%� ���T�6���l¼�� �%� �a �� ¶��(� �c�'� �%� ���T�:�6  ¶ � � �a� � �%�l�l�a� �:�%� ¢ �  9�¨���§ÓM� ¶�� �����a�l�6�:� ¹® �a���À� � ��� ¶��×� �%�§�%¼�� � �:�l�a½ �M� � � �6 ,�T�6���l�Í�6 ,� �  ��l���.� � �1�T� � � � �a�l�%�C���a� �%� ¢�� ¶ � �%�C¶��×� �¿«i�:� � �l� �
Ì �á¬ � �e©��M�:�%�0¶�� «�� �%� ���l� » ��� � �6�§� � �l�'�6  ¶DµÀ� ����� �%� �l� �c¶�� � � �6� �%� ���l� � �§� �e© �6�%�§� � �:  ¶ �M� �   ¶ �a¢�¢ �  9�
�'�6��� �e© � » � � ¢�� ¶��(� �\���6��� �%�(�e© �a¢��C¢¡� è6�   ·1¹

ña���§� ���  g�#«a� �i¶��¨� �\¢¡�a� �e©�� � ��� �§� �  9�]��  � «6�6�Q�T� � �:�l���l�T�a ��§« � �l� �ç� ����  � îM�6  ��¶�� � �M� �%� � � � ���T�:�6  ¹® ���%���l�a��� ¶�� ¢ �  ,�#½ �Á¬ � � �6� �%� ¢ �  ,���¾� �   ¶ �a  �X��µ �l�M�a�l� �  ,� � � �%�)�e© ��¢¡� ¶�� «a�6�§�l� � �.�T� ¶ �a �� � � ¶ �%� �M�1±
�T�:�6  � �6 �Òa�:�T� ¶ �% �� �%� x ¹ º �X� � �1Â � � � » � �¨� �ª�l�6�'� � �6Òa� � ¶ � �e© �a¢��c¢�� è6�   � � ¶�� �{�T�6������� � ¢�� � �l��¢¡� ¶�� �®�¯(° ½'�a� Â^» � �M� ���§�6 ,�)�a�§�l� � �:� � � �%� �����l�%  � �%��� �%� � ¤ �§�l�l� � �T��� � � � � © �M� �  ,� � � ¥0¶��0�á¬ � � �6� �%� ¢ �  ,� Ì «a�6�%��%���e© �a¢���¢�� è6�   � � ϕ1

���a�l¢�� �:� � �e© �a¢¡��� » �����l�6 ,�Ô«i�%�§��� � �:�l�X� � � � ·¨¦�¶�� �Ô�T�a���l¼�� �%� �6 ����T�T�� ��§« � �l� � �
�l�a 9� � �l�X�M���a�� ��:« � �a� ¶��0�Á¬ �a��H1� � ½�� � �\� � �Q� �  9� ¶ �a �� �:� «6�a�%�l�: ��aÒ ��¶��¾� � � �6� �e©��g� �%¢��:� � �#«��a ,�(�§�6 
� �X� � �:�%� ¢ �  9� Ì ��¬Ý� �§� ±Uµ�±�¶ �%� ��¶ �� �� �%� «6�a�%�l�: ��aÒ ��¶ �À¼�� � ¼ �p· �T�6��� �  Í� �)¶ �XÞO�a�l¢¡�a ,�����§�6Ò6� � �l�§�:« � ¢ �  ,�¶ �a �� � � ¶ �%� �X� �l�%�6 ×���l�%  � �%��� �%��¶��g�Á¬ � � �6� �:� ¢ �  ,�#½ � �(���l� ¶ ���%� �  ,��� � ��� � �a�%  ¶�� Ò6�l�a�l� � �(�§�l�l� � �T��� � �
�T�a���l¼�� �%� �6 � ��a�:� � �¨����� � ¢ �  ,� � �6 �Ò6�:�l� ¶ �% �� �%� � ¹

g^�ç�6  � �6 ,�T�: i� �À¶�� ���a� � �6���l�%� � ��¼��a� � ¢�� ¶ � �%�¡®�¯�° ½ �6 í�6¼�� � �Q« � » � �Í�%� �¾¢¡� ¶�� �M½ ¶?¬ �X  � � ±
Ò6� ��� �: ��X�l� » � � ���l�l� � �:� � λk

�T�a��í§�6���§�¾� � ���cÞ}�a�%¼ �%� ½ � �6�l� � �l�'�6  ¶��  ,� µ×¶�� �g�Q�T�l� � �T��� � � ¶�� � � ��� �  
���
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Ì � · Ì ¼ ·

r(sut^v æ�¹��Ìw º © �a¢¡� i�� � �l���a ,�í¢�� è6�   ¦ Ì � · �%�§�6�l���§Þ}� �X� Q = Qūe

Ä Ì ¼ ·@� �a�Q� � ¶ � �e© �a¢��
1+
�lÒa 

(Q(ūe))

2
‖∇×ūe‖2

¶ �a �� �:� � � ��  y = 2.1 h
¹

� � ���¾� � �T�.� � �M½ �M�Í» �����1�e�a�.�g���§� �   ¶ � ¹]® �§� � �%�l�a �� » � � ¢.HM¢ � �l� �%� �c«�� �%� ���l� ¶�� Q �e© �6�%�§� � �0���a���«i�%�§��� � �:� � � �%� �ç�§�l�l� � �T��� � � ¶ �ML�ÓX� �  9� �  ,�T� �(�:� �ç¢�� ¶�� ����ß�  ¶?¬ �6¼�� �  ��:� ¶�� �çß�Ò6��� � � � �:�l�%¼ �%� �X½ � �0�T�a� �:�%�¶�� �¡�Q�T�l� � �T��� � ���6¼�� �  9� � �M½ � �6 ,�l�T�a�:� � ¢ �  ,� µ@�%� ���g ��6¢¾¼�� � ½Ô�1«6� � � � �T�§ÓM�� � �£�#« �M�C�Á¬ �%�l�p«�� �:� ��� ¦
� ��� �§� ¶ �6  � � � �Q�T�:  �  ,� ¶�� � �6¢����a� � � �%� �g�e�a� �%�%� � ¶�� �¡�Q�T�§� � �l��� � � ¶�� ��¢�� ¶�� �g«i�%�§��� � �:�l� � ��l��� � �
ß�Ò6��� �¾æ^¹ôÕ�¹ º � �*�§�l�l� � �T��� � �(�§�X«6Ó �%�  9�*��  � �T�6�'� � �aÒ6� � ¢�� è6�  �  �c¶��0�Á¬ � � �6� �%� ¢ �  ,� ¶�� � � ��� �  ×� � ���� �a¢¡� �:�1Â^�a¹ ?Ô Í���a�Q�T� � � � � � �X½ �%� ��¢�� ¶�� � ϕ40

� � ϕ80
 ��6���¨¢¡�a 9�l� �  9� �Á¬´�1Â �%�Q� �   �M�)¶�� � � �T�.� � �¨�§�l�l� �5±

�T��� � �)�l�T�a ��§« � �l� � � ��µ �,Ã×«i�.« �  ,� �:� �)Ò6�§�6�l� � ���§�l�l� � �T��� � � � �a �Ò6�:�l� ¶ �: �� �%� � Ì «6�a�%� �:� ¢�� ¶�� ϕ1

· ½ » ���
���§�8«i� �  �  �  ,� ¶�� �c�% ,� � �T� � �T�%�a �� � �6¢¡� �%�1Â^� �c�% ,� � �§« �  ��� 9� �  ,�T� ���M� �cÒ6�l�6�§� � �¾�§�l�l� � �T��� � �M½]�6� ¶?¬ �� 
�l�X�l� ¶ � ¶�� �c�Q�T�l� � �T��� � �0�T�T�� ��§« � �l� � � » ��� �1Â �:�§� �  ,� �  _�a¢¡�a 9� ¹ å � ¢�� ¶�� ϕ20

�§�X«aÓ �%�¡» ���a ,� µC� ���¶�� ���Q�T�l� � �T��� � �\�% ,� � �l¢�� ¶ ���a�:� � � � �6¢�� �:�1Â^� � µ�Á¬ �6�l� �  ,�e���l�%�6 ¡�%  ¶ � � �:� ��¹

ÿ â � Ý	Þ�â��
	"Ý	â�è�ëÀä�Û ��� Þ�ã��	�Ûzë�Ü,Û � Ý	ÛzéjÙ�è0Þ�Ûzæ�æ¸Û � ä�á*ë � æ�á���á � Û üýþ.ÿ
° �a �� �%� �����a�l�aÒ6�T��� ©�� �ª���§� � � ¶��  9�l�M½' ��6���\�#«6�a ������l�M� �  ,�T� �%� �§� �X� �T� �0� � �%� �\¢�� ¶�� ���§�����T�%�a� Â¶��)� � ®�¯(°c¹ â �6����� �%� �6 ���¢��a�: ,� �  ��a ,�� ��a���ç�% ,�l�M� � �l� � � µc� � ¶�� �l ��:ÓM� � �% �ÞO�a�l¢¡���T�:�6  ¶ � ¶ ���:� ��¶��)� �¶ � � �6¢����a�l�:�l�%�6 C�6�Q� © �6Òa�6 �� �:�¡¦'�%� � � � � ï � � �  ,�l�*� � ¢¡�'�6� �X� � ae

k(t) = σ−1
k ( ũe(t),ϕk )

¶ � �e© �a¢��
i�� � �T���� 9� ¶ �� �� � �¾¼��a� ��¶�� �\¢¡� ¶�� � ¹
¯  ¾«6�6�.� �l��� � �ªß�Ò6��� ��æ�¹ Ï » � ���M� � � � � ï � � �  ,�T� �a 9� ¶�� �Ô� �%� ��� � �{�T�§ÓM� �§�MÒ6� � �%ÓX� � � ¹#Ï	� � ¶�� «i� �  �  �  ,�¶�� � � ��� �  _� � ���0�l�: i���l��� ¶ �a� Â_µ ¢ � �§��� �¡» � �À�Á¬ �6 D���a� � �6���Q� �:� ��¢¡� ¶�� � ®�¯(°ó¦ ��  � ÞO�§� » � �   �M�

� � ¢¾¼ �:�à� �a�lÒ � ¢ �  ,� ¶ �a¢¡�:  � � ¶ �a �� �e© � » � � �l�%Òa �� �Á¹2Æ ����  ¶ �6  ���l�aÒ6� � �l� ��¶ �a �� � �@¼��a� ��®�¯�° ½�M� �l� � ÞO�§� » � �   �M� ���l�X���a  ¶ �M�l�a ,� � �a��Ò6¢ �  ,� �g¶�� ¢��a ��%ÓM� � �l�XÒ6� � �:ÓM� � ½ �X�» ��� � �§� � �6Ò6� » � � �����%� » � ��%� ���§�l�l� � �T��� � �*�§�����l��� �:� ���a�§�l� � �:� � ���a� Â ¢¡� ¶�� �\�§�6 ,� ¶�� � � ��� �  à� � ���ª� � �T�.� � � ¹

ú��
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Ì � · Ì ¼ ·

Ì �#· Ì ¶�·

r(sut^v æ�¹ÝÕ.wåÆ�± �%�§�6�l���§Þ}� �X� � ¦ Ì � · ϕ1
�#« �X� Q = 3Qūe

Ä Ì ¼ · ϕ20
�p« �M� Q = 5Qūe

Ä Ì �p· ϕ40
�#« �M�

Q = 10Qūe

Ä Ì ¶&· ϕ80
�#« �X� Q = 20Qūe

¹

úé�
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°*� � � � �%� � � � ¶�� �T�l�a ��QÞO�6�l¢�� ��¶�� õ �6���§� � � �6 ,���X�T�ª�§�#� � �%�l�X�Ô�l��� � �(�l�a�e� � �:�l� ¶�� ��� �e© �a ,�l� �%� �6 �� ¶�� �� � � ï � � �  ,�l� ai
����� °»õ ð Ì ° �%� � � � � ��õ �6���l� � � ð �T�a ��QÞO�6�l¢ · ½ �X�M� �¨��ß�  ¶�� ¢�� � � Â «i�%�l��� � �:� � � �X� �l� �

�l�X���a�Q�T�:�l�%�6  �§� �X� �l�T� �:� � è ��� » � �¿¶?¬ ��  � � �X�%�:�@®¨¯(°c¹ å �íÞO�6  � �l�%�6  ¶?¬ �a�'� ¶ �%�T���T�%�a  � � � �  9� � ���6���
���§�M���a� � � �%� �ª�l�%Òa ��a� ÂÀ� �§� � �gÞ �  *HX�l� ��¶����¿�M�%�e©C¶ �1ß� �� � �����

gW (t) = 1 −
(
t− 1

2
T

1
2
T

)2 Ä

�a� � ��  � � �M�e©  �� » � �À� �6¢�� � �X¢ �  9�T�a�%� � Ì ����� �5Â�� ¢¡� �%� �� ¿ß � �T�l�aÒ �p·   ¬ �à�1�T�¡���T� � �%�§� � �'�6�����6¼�� �  ��%��%� ���l� �M� �T� � � ¹
å � ß�Òa��� �¡æ�¹.êpÎ ���l�X� �  ,� �À�%� ��¢�� ¶ � �%� � |âe

i (ω)| ¶�� � °»õ ð � ¶�� � ae
i (t)

�6¼^� �  9� � ��� ¹ º � � Â9±	� ��  �
���§�M� �  ,� �  ,� » � ¬ �� ¡� � � � ��� � ½a¼�� �  ¡¢¡�a� » ����½ µ��á¬Ý�5Â^�M� �^�T�%�a  ¶ ���l� �M� �T� ��¶�� ae

10
�,Ã ¶�� � Â ��� � ��� �ª¶�� � ±

�l�:  �  ,� ¦ ��  � ÞO�l� » � �   �X�(¶ �6¢��% ��� 9� � ���l� � î)  � �l� ��� �a�l� � �l�M�§�%� ���e© � » � �(� � � ï � � �  9� ae
i

µ��Á¬´�1Â^�M� ���T�:�6 ¶����M� �§�T�a�% �� ¶�� ���T�6���ª��� � ¢�� � �l��¢�� ¶�� ���,ÃC���a�§ÞO�a�%� ¶�� � Â ÞO�l� » � �   �X� ��� ��¶ �%�Q�T�: �Ò6� �  9� ¹
® �6���*ß� ��:�M½' ��6���)���l�M� �  ,�T�a ��(�l��� � ��ß�Ò6��� �cæ�¹.ê6ê¾�%� Ò6�T��� ©��c¶�� �*ÞO�§� » � �   �M� �(� � ¢����6� �M�:�%� � ¶ � ±

¢��% ��a ,� � � ¶���� � ®�¯(° ¦ ���a��� �e© � » � � ¢¡� ¶��(¶?¬ �%  ¶ � �X� i∈ [[1,M ]] ½��6  ¶ �1� � �l¢��%  �(� �cÞO�l� » � �   �M� ωi�a�§�l� � �%� �)µc� ��«�� �:� ����¢¡� Â �%¢¡� �%��¶ �Í¢�� ¶ � �%�ª¶���� � °»õ ð ¶�� ae
i

¹�� �6�l¢��%� �X�M�%�:� � ¶�� �¨�T�6���¨��� � ¢¡� � �§�
¢�� ¶�� � Ì ���a��� �:� � » � �M� � �%� �l� �M� �T� � ���l�X� �  9� � �l�6�^« �  ,� ¶�� � Â ��� � � · ½ �:� ��ÞO�l� » � �   �X� �ç� � ¢¡�'�6� �M�%�:� � ¶ � ±
¢��% ��a ,� � �)����Ò6¢ �  ,� �  9� � �: ��#�a�:� � ¢ �  9� » ���a  ¶ �6 Û���a� � �6���Q� � �¡¼��a� � �6� ¶ �6 � �� � � ¶�� �)¢�� ¶�� � ®�¯(°
Ì � �0� �  ,� � �a¼�� �  i� � ���a�ç�§�MÒ6� � �l�§�%�6  � �% ��M�a�%� � ���6��� �%� ��¢�� ¶�� � ¶?¬ �%  ¶ � �M� �l���'�M�§� � ��� µ 25

� �§�ç���l� �e©��¶��
0.49

·1¹
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|âe
30(ω)|

|âe
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|âe
80(ω)|

r(sut^v æ�¹.êpÎ;w @ � ¶ � �%�*¶�� � °»õ ð � ¶��)�M� �§�e���% �� � � � ï � � �  ,�T� ®�¯(° � � ¢��'�6� �X� � �  Í� �e©��M�%�:�*� �% ��M�a�%� ��� �� �aÒ,�a�l�.� © ¢�� » � ��¹
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r(sut^v æ�¹:êaê»w õ �l� » � �   �X� �\� � ¢��'�6� �X�%�%� � ¶ �6¢��% ��a ,� � �ª���l�l� � �:� � ����� Â ¢�� ¶�� � ®�¯�°0¹
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N�O�N ) �;�G�c`Y�.Rc� ]c¡»����`\�;�"d�X±Z VYRUT a X.V+*^��RUTÌ���¢�-,�. �;��Rcb
/�d�ZYR b ]",
V\`Yd���T

â �6���c� �:� �6 ��)¢����% ,� �  ��a ,�����T� � �:� � � �%� ��¢�� ¶�� � ®�¯(° �6¼�� �  9��� µÍ� �Í� �X� �T�:�6 D���l� � � ¶��  ,� � ���6���� �a ��§�l�l���:� � �� C¢¡� ¶ Ó �:�(®�¯(°\±Q² � �%� �l³9�%  � �l� ¶ ���:� ¹

¤U¥�¤U¥�§ Õ Â�0A¹A·�©�· � ¹¬®Ö«A£® �F� «21£´q£®Ù�ÁÂ£«AªA·�©�®
å � ¢¡� ¶ Ó �%�à®¨¯(°\±U² � �%� �§³9�%  � ���l�a���6�§� µ_� �¿����Ò � Ð Î ��� �   ¶ �1Â � � � � �.� � ¢ �  9� �   � �6¢���� �à�%� �� �a  ¶ �:�l�%�6 ��)�a� Â�� �:¢¡�.� � � ¶��g° �%�§� �e©��:� �*Ò6��× �X�gµ ūe Ì � � ū ·5¹ º � � �   ¶ �a ,�#½?� �   ¬Ý� �§�����a�*���6�§�l�:¼ �%� � � �¶��0� � �:� � �:� �\��  �e© �a¢�� ūe

» ���{«6�M�§�:ß � Ì Ü^¹Ýæ6æ,· �'�6���\��  � �{Ñ��)�: �ÞO�6�l¢¡���l� » � � Þ}�a�%¼ �%��µ¡� �a��� �c¶��c� �� �a  ¶ �:�l�%�6  ¶�¬Ý�  9�l�l� � �: ��§�T���T�:�6 � ����%� � �T���§¼�� �:�  ,� �ª¶��ª° �:�l� �e©��%� � ¹ â �#�a �¢¡�6�: ��M½ �%� � «^�.� � �l� � �¨��� � � � �§�:� � ��   �  ,�T�§� � �§�6 ,� » �����l� ± �§�T���T�:�6 � ��a�:� � � ¶ �a �� � �Í¢ � �l��� � �,Ã �%� ��i�� � �l�����T�:�6 ��0�a���l�6��� ¶��¡� � «�� �:� ���
¢�� èa�  �  � �§�6 ,�\�l�lÓX�ªÞ}���%¼ �:� � ¦

(ue − ūe)|Γ � � = ũe
|Γ � � ≈ 0�   ¶ �1ß� ��:�l�T�� 9� ūe

� �6¢�¢ ���%���e© �a¢��í�6¼�� �  9�Ñ���a�g¢¡� èa�  �  � ���l�:� © ¢��X�T� » � ��¶�� � �M� � �e© �X� Ì � » ��� ±
�T�:�6  Ì Ü^¹EJ Ð ·§·1¹ ?Ô  � �6 ��l� » � �   �X� ½ �%� �{¢�� ¶�� � ®¨¯(°Ñ� � �:� � � �M�M½ » ���,ÞO�6�§¢ �  9�{��  �¨� �6¢¾¼��: ��a�%�§�6  � �: ��#�a�:� �¶�� � �M� � �e© �X� ¶�� ũe ½^��� �  �  �  ,� ¶�� �¨«�� �%� ���l���T�§ÓM�¨Þ}���%¼ �:� ���l��� �%� ¼��a� ¶ Γ � � ¦ � �&� �Q� ¶ �a  �*�  9«i�:�T�aÒ � �a¼ �:�¶��\¶ �Xß� ��%���� À¢�� ¶ Ó �%�ª®�¯(°\±U² � �:� �§³i�:  � �l� ¶ ���:���a�����l� �e© � �  �� � ��� �  ��a ,� �:� ¢¡� ¶ Ó �:�ª¶��*� �����aÒ � Ð Î» �����l�������6� ��» � �¡�%� ��¢�� ¶�� � ®¨¯(° �T���l�%�§ÞO�a 9� ¶�� � � �6  ¶ �.�T�%�a �� ¶���° �%�l� �e©��%� � © �6¢��6Ò6ÓX  � ���l��� ΓD¶ �6  � �§��� Γ � � ¹å � �)� » �����T�:�6 �� ¶�� â �#«i� � � ± gi�T�6³ � �(� ¶ �%¢ �  ��§�%�6 � �� � � ¶ �a �  �  ,�M½ �  à� �  ��a ,� � �6¢���� �0¶�� � � �a  ¶ � ±
�T�:�6 ��ª�a� Â ¼��a� ¶ � � �ª�'�6���ª��  � ÞO�a  � �l�%�6 À� � �§� ϕ » ���é�T���l�%�QÞ}�a�:�

∇.ϕ = 0
� � ϕ|(ΓD\Γ � � ) = 0,

� �cÞO�a�l¢¾� � ���T�:�6 �«��a�§�����l�%�6 �  �M�%�:� �§���:«��a ,� �
d

dt
( u(t),ϕ ) ö 2(Ω)

d + C(u,u,ϕ) +
1B � A(u,ϕ) + TΓ � � (ϕ) = 0

�,Ã
TΓ � � (ϕ) = ( pn− 1B � [∇u] n,ϕ ) ö 2(Γ � � )d .

ã �: ��l�á½a���l� � �%� � � �:� ¢¡� ¶ Ó �%��¶���� �)���aÒ � Ð Î � � «i� �  ,� µ  ��XÒ � �:Ò � � �%� � � �l¢ ��¶�� ¼'�6� ¶ TΓ � � ���a��� ϕ = ϕk
½

1 ≤ k ≤ M ½ » ���é� ¬ �a � 9� �:� �§� ϕ|Γ � � = 0
�1Â � � � � ¢ �  ,� ¹

â �6����p«a�6 �� � � �%� � � � �X� ¢¡� ¶ Ó �:� ½{�6¼�� �  9� �  ò ��MÒ � �%Ò � �a ,� TΓ � � (ϕk) �'�6���c�l�6��� k ∈ [[1,M ]] ½�'�6��� M = 86
¹ ?Ô ×�6���l� � ½ � �����l�%� �c�   � �a¢¡��� �0�5Â � � � � �:� ��¶��c� � � �6  ¶ �.�T�%�a  ¶��0° �:�l� �e©��%� � ¶?¬´�  ,�l�l� �

  ¬ �X�T�a ,�����a�(���l���T� » � � ½? ��a�����#«6�6 �� � �6 ��§�l�l���.� �%� ¢¡� ¶ Ó �:�c¶�� B � ¢���Þ � �)¼��a�§�g�l��� � ��ÞO�6�l¢¾� � ���l�%�6 
«i�:� � �l� �1± �T�6���§¼�� �:� �6  ¶�� �\� » �����l�%�6 �� ¶�� â �#«^� � � ± gi�l�6³ � � ¦ «a�6�%� �:� � è �§�lÓM¢ � Ì Ü^¹EJ�ê8·��  à����Ò � Ð æ�¹
° �a �� � �c�l���:� � ½ �%� ¢¡� ¶ Ó �%�ª¤	�M� �a�l�§� » � �1¥ � � �T� �1Â � � �6�:�l� ¶ �� �� �%� � � �6  ¶ �:�l�%�6 �� ¶�� � ¶ �6 � �� � �¬g ² ?ª½�a¬´� �Q� ±	µ�±	¶ �:� � ���a��� ū = ūe ½ ω = 0

� � β = 0
¹�Ï	��� �§�������T�6 ��6¢ ��� �*�6  �:�  ���� � ȧ(t) = f g(a(t))

¦
ú*Ç
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¶ �a �� � ���§���:� �g¶ � �e© �a���.�T� � ½ f g ¶ �X�l�:Ò6  � �l� �a�% ��§� �:� �'� �:è  �Ú6¢ �gµÀ� � � ï � � �  9�l� � �6 ��§�e�� 9�l���a�l�§� � �%� ¹å � ��� �.è  �Ú6¢ �)¶ �C¢¡� ¶ Ó �:�)¶�� B � ¢���Þ � ��� � �T� ��a�l� fw ¹
5 Ûzéjá*Þ6�	"Û&7 å � �ç¢¡� ¶ Ó �%� � ®�¯�°ª±Q² � �%� �l³9�%  � �6 ,���1�T� � �6 ��§�l�l���.�T�ç�l�a ���� �  ��:� � �6¢¡�^� �)¶��*� ��«i�:� � � ±
�l�.�T�(�§�6��� ± ¢���� �%�:�*¶���� �Ëg ² ? �   � �6 � ��a�%�§�T�a  �X��¶���� �a��� �¡¦ «a�6�%� � �¾� � ¢��a� » � ��¶���� �¾���aÒ � Ï æ�¹

¤U¥�¤U¥�¦ 8S³2´q²�ªA´Ë«A£® �F� «91£´�£®
å �¾� � �:� � �  9��¢¡�X�l� » � �¾¶�� �(¢�� ¶ Ó �:� � ®�¯(°\±U² � �:� �§³i�:  �  �� �X� �l�§�:� ��¶�� �)�6�'�M�l���T�:�6 �� ¶��g¶ �ÅL��M� �   ±

�T�%���T�:�6  � � ¶?¬ �% ,�l�MÒ6�l���T�:�6  �l�����T��� �%�a¹ º �6¢¡¢ �Û� �a�l� ¶��D� �Ù¢�� ¶ � � �:�T���l�%�6  ¶��@�Á¬ � � �a� �%� ¢ �  9� ¶��@� �
� �X� �l�%�6  Ü^¹ Ð^½ �%� �)��� � ¢¡�:ÓM� � �*�§�6 ,���l�M� � �:�l� � �*�����)�� Û� �e© �M¢¡�Í�a� Â�¶ �ÅL��M� �   �X� �)ß� �� � � ¶�¬ �6� ¶ � �c¶�� � Â
� ¶ �����T� µ�� ��Ò6�l� �%�%��� �a�§�l�M�l� �  �  � �%  © �6¢¡�aÒ6ÓM  � ���l� � �:�l� ��� � �%� �*� �M� �a  ¶�� � �  @�a��� �M� �a ,� �:� �*�§�6���l�%  � �¶ �1« �M� �6���'� � ���'�6��� �%�*� � �:� � ��®�¯(° Ì «6�6�:� � �¾� �M� �l�%�6  ê6¹ Ð ¹Ýæ,·1¹

?Ô ¿�6�^�T� � ½ � � � �a ��§�l�l� � �T�%�a  ¶ �D¢�� ¶ Ó �%�¾¶�� B � ¢���Þ � �( �� �X� �l�§�:� ��� �À�§�M�§� � ���l�%�6  ¶�¬ �� ¿� è �§�lÓM¢ �� �: ��#���%� � �a�l�§� � �%� µ� �¾¢¡���T�§� �M� B̃ = B Σ
¦ «6�a�%� �  C���aÒ � Ð æ^¹ B � ¢���� » ���6 �� » � ��� �g¢¡���T�§� �X� B � �§�� è ¢��X�l�l� » � ��� �6 ,�l�T�a�:� � ¢ �  ,� µ B̃ � � » � ���%�\� �6  ¶ �:�l�%�6 �  � ¢ �  ,� ¶��*�M� ��¢¡���T�§� �X� �����a���l�l�a�:�µH1�T� � �T�§ÓM�¶ �ML��X� �  ,� ¹ ?Ô  � L � �#½����6��� B̃ » � �M�:� �6  » � � ½ �%� ¢ � � �%�:� ��� �   � � ¶ � � ¢ �  ,� ¶ � � �6  ¶ �.�T�%�a �  � ¢ �  9� K(B)¶��

B
¶ �6 � �������� � �g� �X� ���l�%�6  B = B̃ Σ−1 � �§�

1

σ1

K(B̃) ≤ K(B) ≤ 1

σM

K(B̃).

Ï	� �'�6���§�T�a�.� ¶ �6  � H1�T� � ¼ � �a� � �a���Í� � ���ç�% ,�T�X� � �l�T�� 9� ¶�� �l�X�l�6� ¶ � �(�%� � è �§�lÓM¢ �(� �: ��#�a�:� � �a�§�l� � �%� µ B� � ���TÚa� » � � �l�M�§�6� ¶ � �*¶ �:� �X� � � ¢ �  ,� �X�M� �������l�l� � �:� µ B̃ ¹ â �M�a �¢��6�% ��X½ �M� �¨¢����T�l� �M� ���§�6 ,��� � �l�:� � � �  ���l���T� » � � Ì ¶��¾¶ �%¢ �  ��l�%�a  M ·�� �(�l���) ��a�l� �¾�5Â�� ¢¡� �%�c�:� � ¶�� � Â ¢����T�l� �M� �*�l�a 9�*�T�6��� � � ¶�� � Â ¼�� �  � �a  ¶ �:�l�%�6 � �� � � ¦ K(B̃) = 4.43
� � K(B) = 6.39

¹

¤U¥�¤U¥�¤ ¨+:e³µ´qªA³�©�· � ¹¼�; ²Ú³µ²Ú «A£®I° � ´=<^¹9> � £®À³µ®z® � ²�·qÂ£®
å ¬ ���l� � �%�T���T�%�a  ¶�� ��¢¡� ¶ Ó �%� � ®�¯(°\±U² � �:� �§³i�:  � �%¢�� � � » � � �� àÒ6�T�a  ¶  ��a¢¾¼�� ��¶?¬ �X«�� � �����T�:�6 �� ¶�� �

�'� �:è  �Ú6¢ � � � �6�l� � �§���6  ¶ �a ,�T� ¹ å �� �{Ñ�� ¶?¬ �1«�� � �����T�%�a  ¶��¡�X� ����� �:è  �Ú6¢ � ���a��Ò6¢ �  ,� � �T����� ¶�� ¢ �  ,�
�#« �X��� � ¶ �:¢ �  ��l�:�6  M ¶ �c¢�� ¶ Ó �:� �l� ¶ ���:� ¹a¯ �X½p���6������ 0� � �6� �%� ¢ �  ,� ¶ �a 9� �%�  ��a¢¾¼�� ��¶�� B �1è  �� �%¶ �� �Q�Í�%¢��'�6�§�T�a ,� � �6¢¡¢ ���:�  �Ú��T� � ½���  �×� �a�§Ò � Ò6�a¢¡¢ �C¶�� �§�l�l� � �T��� � � � � © �M� �  ,� � �±í§�6� � ��  �§Ú �%�
�%¢��'�6�§�T�a ,� � �� ��6���(�§�6¢¡¢ � �)�a¢ �  ��M� µÀ� �6 ��Q�T�l���%� � �� D¢�� ¶ Ó �:�c¶�è  ��a¢�� » � �c�M� �Q� � ���§� ¶ ���:�(¢¡�a�%�¶���¶ �:¢ �  ��l�:�6  M  ��6 à ��MÒ � �%Ò � �a¼ �%� Ì � � � M = 86

·1¹? �e© � » � � � » �����T�:�6  ¶�� �¾� è �Q�TÓM¢ � � ¶�¬ ? °(¯ � ®�¯(°\±Q² � �%� �l³9�%  � �:  � �6¢���� � �l�§�%¼ �:� � � �6�§� � �l�'�6  ¶
�� Ù�'� �.è  �Ú6¢ �¡µ M «��a�§���a¼ �:� � ¶��À¶�� Ò6�l� ¶�� � Âí� �a ��§�l�:�T��� ¶�� (M+2)(M+1)

2
¢��6 �Úa¢ � �M½��l�6�.� 3 828�l��� �á¬Ý�5Â^� ¢�� �%��¶���� �g¢¡�a� �e©���¶�� � �X�   ¶ �a ,� �a¹ å ¬ � � Ò6�6�§�:� © ¢ �  ����l��� �X�{� �6 ��§�%�§�T�a ,� µ �1«a� � � � � �e© � » � �

¢��6 �Ú6¢ � �����%� µ0�:� ���l�6¢�¢ � ��� � ��� ¶ �6  � � ¬ �p«a�M� � �ç� �M� ���T�:« � ¢ �  ,� � �,Ñ�� � � Â�¹ â �a�l�6 �� » � �*�%� ¢�� ¶ Ó �%�®�¯(°\±Q² � �%� �l³9�%  ��� �a¢¡��� � �§�l�%¼ �%�ç¶��A@ �%Ò6� � �§� ¶���¶�� Ò6�§�ç�T�l�a�%� Ì «6�6�:� � �)� �M� �T�%�a  Ü^¹ôæ^¹SÜ6·�¦ �6 ¢¡�a ��%��� �%�
� � �6�l� (M+3)(M+2)(M+1)

6
¢¡�a �Ú6¢ � �ç�'�6��� �e© � � ��  ��¶�� � M � » �����l�%�6 �� ¶ �à¢�� ¶ Ó �%��¹

å � � � � Ò6�6�l�.� © ¢ � �¼����l�M���l��� �:� ���§�%  � �%� ��¶��B� �6�§  � � Ì «6�6�:� C J Ð F�· � � �§¢ � �l� �  ,� ¶��×¶ �%¢��% 9� � �
 ��a�T�a¼ �:� ¢ �  ,� �%�  ��6¢¾¼�� � ¶�� ¢¾� � �l�%� � � � ���T�:�6 ��� �� �X� �l�l�a�%� � � µ@�Á¬ �X«�� � �����l�%�6  ¶?¬ ��  ��� �.è  �Ú6¢ �a¹ ?Ô 

ú0Ò
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� L � �M½¨�'�6���¡�X«�� � � � ����  �'� �:è  �Ú6¢ � � � � � �a�:� �C¶���¶�� Ò6�§� ¶�� � Â µ M «��a�l�%�a¼ �%� � a1, · · · , aM
� � �l�.�� áÐë � Þ�Ûzä"è�ëeä"áÐë�Ü,ÛÍ¶�� �\¢¡�a �Ú6¢ � � » ��� ¶ �T���l� » � � �

C0 +

M∑

i=1

Ci ai +

M∑

i=1

i∑

j=1

Ci,j aiaj,

�Á¬ � � Ò6�6�l�.� © ¢ �  ����T��� �M�]¶�¬ �1«a� � �����l�%�6 C �� �M� �§�l�.� �g¶ �6  � M(M+3)
2

� ¶�¶ �:�T�:�6 �� � � M(M + 2) ¢¾� � �l�%� � � ±� ���T�%�a �� ¹0@ �a�%� �X� �'� �:è  �Úa¢ � � � �^��� � �l�M� � �§�%� ��� �6¢¡¢ � �§���:� ¦

C0 + (CM + CM,MaM)aM + (CM−1 + CM−1,M−1aM−1 + CM−1,MaM)aM−1

+ · · ·+ (C1 +
∑M

i=1 C
1,iai)a1,

�M�\» ��� � �a  ¶ ���.� µ ��  � �1«a� � �����l�%�6  �   M(M+3)
2

� ¶�¶ �.�T�:�6 �� � � M(M+1)
2

¢¾� � �T�%� � � � ���T�:�6 ��X½ ¶ �6  ��µ ��  �¶ �:¢¡�: i�^�T�%�a  ¶�� 50 − 100
2(M+2) C ¶ �C ��6¢c¼�� �(¶�� ��¢c� � �l�%� � � � ���T�%�a �� Ì 49.43 C �'�6��� M = 86

·1¹
å ¬ �1«a� � �����l�%�6  ¶�� �¾¢¡� ¶ Ó �%� �� �� �M� �l�l�.� �Í�X�M�%�:�¶?¬ �� í ��6¢¾¼�� � M ¶�� � �X� ����� �:è  �Ú6¢ � � µ «�� �:� ���§�

� � � � ���%� � � ¹ g^� �%� �¡�X«�� � �����T�:�6 �� ¶��×�e© � » � � ��� �.è  �Ú6¢ � � � � � �a�%� � �§�6 ,�Í�l�M� � �:�l� � � �   ���a�l� �%� Ó �%� Ì �6�
« �X� �l�6�l� �M�%�:� ¢ �  ,� · ½6�� ¡� � Òa�6�l�.� © ¢ �¨¶�� � è � �2� �6�l  � �� �� �X� �§�l�:� ��» �����l�%¢ �  ,��¢��6�:�l�%�¨¢¡�6�: �� ¶�� � � ¢¡���¶���� � �:� � �&�  ¡¢¾� � �T�%� � � � ���T�:�6 �� » � �*�Á¬ � � Ò6�6�l�.� © ¢ �  ����T��� �M�Á¹9® �a� � �6 ,�T� � ½i�l� �M� � M �X«�� � �����l�%�6 ��Ô�§�6 ,�
�l� » � �  ,�T� �M�:�%� �X½ �á¬ � � Ò6�6�§�:� © ¢ �  ����T��� �M�{� �Q�(� � �����l�a��� ¶�� �'�6��� M > 2 �����:� » � �¾�:� �\¢¾� � �l�%� � � � ���T�:�6 ���  ,�l�T�a ,� ¶ �a �� �:�)� � �:� � ��¶�� �ª¢��6 �Ú6¢ � ��� � ��« �  ,�¬HX�T� � �l�M� � �:�l� � ����  � ÞO�6�:�ç���a���ç�T�6�^� � � � ���Q�T� � ³a� � ��  C¢��M¢��6�%� � ���a����� � �§«i�%� µg�Á¬ �X«�� � �����T�:�6 À�:  ¶ �:«i� ¶ � �M�:�%��¶����e© � » � � ��� �.è  �Ú6¢ � � � � � �a�:� ��¹Ï	� �é ��a���� ��6���ª�l�6¢�¢ � � � �a 9� �  ,�T�X� ¶�¬ �� à� � Ò6�6�l�.� © ¢ � �§� » � �  9�l� �X�Á¹

N�O=D E ����dGV\�Î�"d�X[Z VYRUT_a X.VF*^��RUTWbe]UV\`Yd���T
â �6����� �%� �a ��ç¢¡�a�% ,� �  ��a ,��� � �§� � � � �¾«�� � � ¶ �:�l� ¶�� �ª¢¡� ¶ Ó �:� ���§� ¶ ���.�T�ª�6¼�� �  9��� ¹

¤U¥�G ¥�§ H £®!©�®Ö¹cª � Â?�Á·JIcªA£®
å � �*�'� �.è  �Ú6¢ � � f g � � fw ���l�l� � �:�M���a� ÂC¶�� � Â ¢¡� ¶ Ó �%� �ª�§� ¶ ���.�T�\�6 ,�*�1�T��� � �§�T�X� ¶��0¶�� � Â ¢�� ±

 ��:ÓM� � � ¹ ð �6��� ¶?¬ ��¼��6� ¶ ½& ��6�����#«6�6 �� � �a¢¡�����l� �%� � ¶ �X�l�:«a� � � ȧe
i
�a�����§� �e© � � �����a� ¶ �ÅL��M� �   �X� ��ß� �� � �

�#« �X�À�%� ��«�� �:� ���§� ¶�� f g
i (ae)

� � ¶�� fw
i (ae)

¹ å � ß�Ò6��� �Àæ�¹.ê8Ü  ��6���c¢��6 ,�T� �¡» � ���%� ��«�� �%� ���l� ¶ �6  ±
 �� � �À����� f g �§�6 ,�À���§� �e©�� � ¶�� � ȧe

i
½��#« �X�×�M� � �   ¶ �a ,� ¶�� � ¶ �ÅL��M� �   �M� �À� � � �X� ���l�%¼ �:� �¡�a�  ��.« � �a�¶�� � �5Â �T� � ¢�� ¹ å � ��� �:è  �Ú6¢ � fw � �Q��� �  ��§�%¼ �:� ¢ �  ,��¢��6�% ��ç¼��a ?½ �  C���a�§�l� � � � � � ���'�6��� �:� � ¶ �X�l�.«6� � �¶�� � � � � ï � � �  ,�T� » ��� � �6�§� � �§���a  ¶��  ,�c�a� Â ��� � ¢�� � �l�(¢�� ¶�� � ®�¯(° Ì ���a� �1Â^� ¢¡� �:��%�g� �:  » ���%ÓX¢ �#· ½�a¬´� �Q� ±	µ�±	¶ �:� � �a� Â ¢¡� ¶�� � » ���é���l� ¶ �6¢��%  �  9� ¶ �� �� �Á¬ � � �a� �%� ¢ �  9� ¹

â �6���à�#«a�6 �� �  ��l���.� � �l�:¢¾� � � �%� �Í¢¡� ¶ Ó �:� � ¹ å ¬ �: ,�T�MÒa�T���l�%�6 £� � ¢����a� �M�:�%�C� �Q�à�§�#� � �%�§� �×�:� � � ���
�l�a��« �  9�����a�]�� c� �e© �X¢��)¢¾� � �T� ± ����� �5Â � � � � �:� �¨¶�¬ ã ¶ ��¢¡� ±Uë �a� © ÞO�6�Q� ©¾¶?¬ �6� ¶ � �ç» �����T� � Ì ã ë�J9· ½ �M��» ���� �Q�(� � ��� � ï � � �M�c�  ×� � �l¢ �0¶��¾� �,Ñ^� ¶��¾� � �%� � �{» � ¬ �� Û� �e© �M¢¡� ¶�� � è � � Bª�� �Ò �5±JK ���§�e� ¶�� ¢�HX¢ �
�6� ¶ � � Ì B KÎJ9·5¹ ?Ô  � L � �#½��� @� �e© �X¢�� ã ë�J   �  �� �X� �l�§�:� �¡µÍ�e© � » � � �.�T�X�T���l�%�6  » � ¬ ��  � �1«a� � �����l�%�6 ¶ ��� �X� �6  ¶ ¢ � ¢¾¼�� ��¶ ��� è �§�lÓM¢ � ? °(¯ � �6 ,�T� �\» �����T� � �'�6���Ô�� �� �e© �M¢¡�[B KÎJ�� � �Á¬ �X«�� � �����T�:�6  ¶�� �
ú0î
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ȧe
80

f g
80(a

e)

fw
80(a

e)

t/T t/T

t/T t/T

t/T t/T

r2sut^v æ�¹.ê8Ü�w
ȧe
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�'� �:è  �Ú6¢ � � � �§�¨� �M� ���T�.« � ¢ �  9���6 ��M� � ��� � Ì «a�6�%� � �(� �M� �l�%�6 ����§� � � ¶��  ,� �p·1¹ å � �¨�l�T��í �X� �l�6�%� � � � � �:� � � � � �
���a���% ,�T�XÒ6�T���T�%�a  ¶�� �)� è �Q�TÓM¢ � � ¶?¬ ? °(¯ �(���l�l� � �:�M� µ f g � � fw � � �l�6 ,�(� � �l� �M� �T�.« � ¢ �  ,�( ��a�T� � � ag� � aw ¹ ? �%�%� ���l�6 ,� � � �%� � � � � �\�p« �M� �� C���a� ¶�� � � ¢¡��� ∆t = 2 × 10−6 T

¹
å � ¢�� ¶ Ó �%��¶ �1ß� ��{���a� fw �5Â � � �6� � �a�§� � î0�T�a��� ¶�� ¢ �  9� Ì « � �§� t ≈ 0.3T

· ½ � � �M�X� �¢�HX¢ � �'�6���
�� Û� �e© �M¢¡�\B KÎJ ���l� � �%�T�� 9���� Û����� ¶�� � � ¢¡���*�T�§ÓM�(� � �T�.� ¦��%� � è �§�TÓX¢ � � � ¢¾¼ �:� �: 9�l�l�: ��lÓ » � � ¢ �  ,��1Â � � �6� � � �  ò�� í� � ¢¡���cß� ��ç�: �ÞO�M�§� � ��� µ T ¹ å ��ß�Ò6��� � æ�¹.êpæ ���§�M� �  ,� � aw

1

¦ �:� � è �Q�TÓM¢ � ¶�� «i� �  ,�
�T����� ¶�� ¢ �  ,�ª�% ��Q�e�a¼ �:�a¹
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r(sut^v æ�¹.êpæ[w
ae

1

� � aw
1

¹
º �M� ��� ¶ �Xß� ������a� f g � ��� �6¢��'�6�§� � ¢¡� � � Â�¹ å �g�l�:¢¾� � ���T�%�a  ¶ �C¢¡� ¶ Ó �:� �a�����a�T�#ì:���l��� � �¾ß�Ò6��� �æ�¹.ê6J �#« �M���%��� �6¢¡�'�6�Q� � ¢ �  ,���§� �M�&¶��ª�á¬ � � �6� �:� ¢ �  ,� ¹ º � ¢�� ¶ Ó �%� � � �§¢ � � ¶�� �l�%¢c� �%� �Ô� �M� ���T�.« � ¢ �  9�

¼�� �   �Á¬ � � �6� �:� ¢ �  ,�¾�§���g��  �À¶ ���l� �Í¶?¬Ý�  ,«^�:�l�6  T/4 ¹ ã � ¶��X��µ ½{� � � ¬ � � ���§� � ���l� � îÍ  � �§� � ¢ �  9� ¶�� �¶ �6 � �� � �M½&¢�HX¢ � �§� �%�(� �6¢¡�'�6�Q� � ¢ �  ,� ¶ � � è �Q�TÓX¢ � � � �§� � � �X� ���l�:« � ¢ �  ,�ª�l�M� � �:�§� ��¹
?Ô ×Þ}�a�:�M½ �:� � è �Q�TÓX¢ �g¶�è  ���¢¡� » � �c¶ �1ß� ��]���a� f g � � �§¢ � � ¶�� ���l� ¶ �%� �¾�Á¬ �X«a� � ���l�%�6  ¶��¾�á¬ � � �6� �%�1±

¢ �  ,�c�§��� ¶�� � � �T�.� � � ¶ ���§� � �M½ � � ¶�� ¢¡�a ��%ÓX� � ¼ � �a� � �6���Ù� � �������l� � �%� ��» � � fw
¹ ?Ô  � L � �#½{�l���6 

�% ,�l�MÒ6� ���%� � è �Q�TÓM¢ �À¶?¬ ? °(¯ �g�a�§�l� � �%� µ f g �a� fw ���a�0¢¡�6� �M� �a� Â �l���¾��  � �l��¼ ¶ �:«i�:�l�%�a  ¶��¡¶ � Â
�% ,� � �§«�� �:�%� �ç�MÒ,��� ÂC¶�� [0, T ] ½ �  C��� �  ��a ,� � �6¢�¢ �(� �6  ¶ �.�T�%�a Í�% ��.�T��� �%� �l��� �e© � » � � � � Ò6¢ �  ,� � �¾«a� ±�%� ��� �1Â � � � � ÞO�6���l �� � ���a� �%� � ¶ �6 � �� � �X½��6  � �a ��§�T��� ���Á¬´� ï � � � �:�l� ¶ �_¢�� ¶ Ó �%�g¶ �Xß� �������� f g

� � �%�
¢¡�a  » � ��¶�� ���l� � �:�l�%�a  ¶�� fw

¹ å �¾ß�Ò6��� ��æ�¹.ê Ð¾���l�X� �  ,� �0�:� �ª�l�X�l� � �e���l�ª�a�% ��§�?�6¼�� �  9��� ¹

¤U¥�G ¥�¦ Õ ·q®z²Úª¬®�®z· � ¹ «¬£®�°*� �NM ´J1 � £®�°*�Á³�©Á·JIcª¬£®Y«AS´q³ �F� «AÂ£´q·q®�³�©�· � ¹ ÓjÔÖÕPO
Q ³µ´q?��R^·q¹Añ�*Â£«¬ªA·�©�¿Ú© ·q¹(©i� � «AªA²0©�· � ¹ «Aª °*� �SM ´J1 � ¼«¬£® °[Ú©�·�©Á£®
Â£²*½A£´q´q£®

? � � �:�M� �T��� �à¶�� �¡�§�M�§� � �T���T�����l� � � ¶��  ,�T�X½ ¶�� � ÂÑ» � � �Q�T�%�a ���� � �'�6� �  9�¡�'�6��� �%� � » � �M�:�%� � ��a���
� �:� �6 ��¨� �  ,� � � ¶?¬ �a���'�6�§� � � ¶�� �ª� � �M¢ �  ,�l� ¶�� �§�M�'�6 �� �¡¦

• º �6¢�¢ �  ,� �1Â � � � » � � � �:� ¢���  » � ��¶�� ß&�a¼�� � �:�l� ¶�� ��¢�� ¶ Ó �:� � ®�¯(°\±Q² � �%� �l³9�%  �UT
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å � ��� �:è  �Ú6¢ � fw � �§�g¢��6�: ���ß��a¼ �%�¡» � � f g ¶?¬ �a���§ÓM� �:� ��� � �Q�T�¾ 9��¢��M�§� » � � �¾���l� � � ¶��  ,�T� ¹ º �

¢¡�a��«��a�%� � �6¢��'�6�§� � ¢ �  ,�¾ 9��¢��M�§� » � �Í¶ �í¢�� ¶ Ó �%� �%�§�l� ¶��Í� �àÞO�6�l¢c� � ���l�%�6 @«i�:� � �l� �1± �T�6���§¼�� �:� �6 _�¶ �>í µ �1�T�¢¡�:� �  D�X«i� ¶��   �X�¡¶ �� �� �:� �)�l�T�#«��a� ÂD¶�� º �6� ¶ � � � Ì�C ê6J ½é� ¹{Ü^êV��F¸·5¹ Ï	�Ô� �Q� �  ¿���a�§�l� �g¶ Ñ µ�Á¬´� �§� � ��� » ��� � �§� �  �Ò �   ¶ �l� � ���a� �%� ���6�'�M�T��� � ���l� ¶��c¶ �ÅL��M� �  ,�T�%���T�:�6 ��§�����T�%� �%� Ä'�   � L � �M½ �%�0� � �:� � �¶��
fw  �� �M� �l�§�:� �Í¶�� � ¶ �ML��X� �  9�l�����l�%�6 �� ¶���¶�� Ò6�§���§�����X�l� � ��� µà�M�M�:�%� � » �����: ,� � �Q«i� �  �  �  ,� ¶ �� �� �%�� � �%� � �?¶�� f g ¹°*� � � ���X½#� � Þ}�a���� ��a� � � » � � ½p�§� �%� � M = 86 ��� � ¢¡� � �l�é¢�� ¶�� � ®�¯(° ϕk

�l�a 9�{¼�� �  �� � ���l�X� �  9�T���T�.ÞO�¶ � �e© �a¢�� ue ½��l� �  £  ¬ �a�§�l��� ��» � ���:� ��¢¡� ¶�� � ϕw
k = ∇ × ϕk

� � �§¢ � �l� �  ,� ¶?¬ �a�����l� �e©�� ���T�lÓX�
���§� � �:�l�X¢ �  9� we = ∇ × ue

¹ ?Ô _�6�^�T� � ½ µC� �Í¼��a� � ½��l� � �Í�§�%¢¾� � ���T�:�6 Sg ² ? ÞO�6���§ ��:����  � ¼'�6 �  �
�a�����l� Â �%¢¡���T�:�6  ¶ � �e© �a¢¡� u �l� � ���T�:�6  ¶�� ��� » �����l�%�6 �� ¶�� â �#«i� � � ± g9�T�6³ � � Ì Ü^¹.ê Ï ·	± Ì Ü^¹ôÜaÎ,· ½ �:� � �e© �M¢¡����l� � �:�l�À  ¬ �Û���a��1�T� �l�'� � �:ß » � � ¢ �  9� � �a �WM�Ñ���a��� ¶ �6 �  � ���  � �a�����l� Â �%¢¡���T�:�6 _�T�§ÓM�gß�  � ¶�� w�l� � ���l�%�6  ¶�� Ì Ü^¹SÜaÜ6·*¦ ue ≈ u   ¬ �:¢¡� � � » � � ���a�ª �� �X� �l�l�a�%� � ¢ �  ,� ∇ × ue ≈ ∇ × u ¹ã �: ��l� � �¢�� ¶ � � �:�T���l�%�6 À�l�6���l¼�� �%� �6 � ����%� � ���6� �0¶�� �*���l�6¼ � ÓM¢ � � » �����'�6���§�T�a� �  ,� HX�l� � �1« �  9�l� �M�Z±�%� ¢ �  ,�¨�§�M�§� � ��� �  ¡� ¬ �a�l�§���T�a ,� » � ���%� �¨¢�� ¶�� � ϕw

k
ÞO�6���§ ��%�§� �  ,����  � ¼'�6 �  � �a�����l� Â �%¢¡���T�:�6  ¶�� w ¹?Ô à���a�§�l� � � � � � �M½^��  ��®�¯�°Ø¶�� � è � �X� 1 �'�6���l�l�a�:�cHX�T� � �^�T� � �%�§� � � � ���TÚ�� » � ¬ ��  �¾®�¯(°Ö¶�� � è � � å 2 ½¶?¬ �a���T�a ,�¨� � ��� » � �\�Á¬ �6�§� © �6Ò6�6 �� � �.�T� ¶�� ��¢¡� ¶�� � ®�¯(°   � �§�%¢�� � �.ß � ���a� �:��� � �:� � ��¶ �¡¢¡� ¶ Ó �%�ç¶ �� ���%�*� �a� ¶��(� �0ÞO�6�§¢¾� � ���T�%�a ¡�T�a���l¼�� �%� �6 � ��a�:� � Ì ¢¡�a�:� �M� �l� � ¢¡�1� © � ¶��)� �§�ª� � ��� � �,Ñ^� � ��� �p·5¹ ä   � �����T� �

� ¶ � � � � �T�a�.� ¶����e© �6�%�§�%� �:� �ª¢�� ¶�� � ®�¯�°Öµg� �6 �� � �Q« � � µ ���a�Q�T�%� ¶�� ��«�� �%� ���l�
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i ) ö 2(Ω)

d
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( ϕw
i ,ϕ

w
i ) ö 2(Ω)

d
2 dt

�  C� � ��� ¶�� � λi

¹
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¢ �  ,�)�:  � �6¢���� � �l�§�%¼ �:�   ¬Ý�  9�l�T�#ì%  � �����* �� �M� �§�T�a�:� � ¢ �  9����  � � �X� ��¢¾� � ���l�%�6  ¶?¬ �M  � �lÒ6� � �a�× ��.« � �a�¶�� � ¶�� �l �� � �l�0¢¡� ¶�� � Ì �%� ¢¡� ¶ Ó �:� �l� ¶ ���:� ¶ �%�§�l�:���a ,�0�l�6��í§�6���l� �á¬ �X  � �§Ò6� �» � ¬ �6  � �����a���'�6�§� �¡¶ �� ���%��� ��� ¶?¬ �� Ù� � �6� �:� ¢ �  ,�cÞ � �l¢�� · ½{�a  � �a¢¡��� �   ¶_» � ���M� �l� � «i�%�l��� � �:�T���l�%�6 @�#«��a�:�0� � � ¶��¡�e© �a  �X�¶?¬ �a���'�6�§� � ����  � �l�X���a �� �¡�M� ���%� ��¹ ä   � �a �� �:è � � � � ����� � �§�l�%  �  9� �¡¶�� ���T�T�� ��§Þ � �§�T� ¶?¬ �M  � �lÒ6� �¡� � ¶���%� �������a�l�a¢��X�T�§�%�l���T�:�6 À� � �T�¢ �  �� ��¶ �� �� � �¾� �X� �l�%�6  æ�¹ Ð ¹
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Ï	� Þ}�����  ���� � � » � ¬ � �^� �§�Ô�'�6�§�l�%¼ �%��¶?¬ ��¢¡� � �%�a� � � �:��� �6¢¡�'�6�Q� � ¢ �  ,� ¶?¬ �� ¾¢�� ¶ Ó �%�¨®�¯�°ª±Q² � �%� �l³9�%  ��  c�a��Ò6¢ �  ,�T�a ,� �:�  ��6¢¾¼�� � M ¶�� ¢¡� ¶�� � �5Â � � �6�.�T�X� Ì «6�6�:� C Õ��	F ���a� �1Â^� ¢�� �:�p· ½ �X� � �   ¶ �a ,� �%� � � �,Ñ��l�¶��g� � �%� � �]� �l�6�:�l� �  ,��� � �6�§� �5Â �l��HX¢ � ¢ �  9���l�a��� ¶�� ¢ �  ,�)�����%� » � ���:�  ��a¢¾¼�� �c¶��g� � � ï � � �  ,�T�(�'� �.è9±

 �Ú6¢������ Â¾¶�¬ �� �¢�� ¶ Ó �%�¨¶��ª¶�� Ò6�§� ¶�� � Â «a���l� � �a� è ¢����T�a�l� » � � ¢ �  9� ¶��\�á¬ �a� ¶ � ��¶�� O(M3/2)
¦ ���a���¶�� �( ��6¢¾¼�� � � ¶�� B �1è  �� �%¶ �*� �X� ���l�:« � ¢ �  ,�)Ò6�l�a  ¶ �X½ �:� �*¢�� ¶ Ó �:� � ®�¯(°\±U² � �:� �§³i�:  � «a�M�§�:�e��¼ �%� ¢ �  9�

�l� ¶ ���.�T�M½ ��¬Ý� �§� ±Uµ�±�¶ �%� �g¶ �6 ,� � � ¶ �%¢ �  ��l�%�a Û� � �Q� � �T�§ÓM��� � �T�.� � ���a���l�a���'�6�§���a� Â � è �§�lÓM¢ � �����T� � �:�l�M��  ¡�l�:¢¾� � ���T�%�a ¾ 9��¢¡�X�l� » � ��� � » ���&�l�a 9� �1Â � � �6�:�T�a¼ �:� �Ô�'�6������  � �,Ñ��¨�% �ÞO�a�l¢¡���T� » � � Þ}�a�%¼ �%� ½a  ¬ �a 9� �%�
� � ���ª�l�6��« �  ,�)���a�ª��  � �6¢¡�'�6�Q� � ¢ �  ,�ª� ©,è �l� » � �c� � �:� ���ª���l� � �%�T���T�%�a � �� �M� �§�l�.� �c¶ �6  ��¶�� �l�M�§�6� ¶ � ��M� ���§�6¼ � ÓM¢ �(¶�� ¢¡� ¶ � � �%�l���T�:�6  ¶�� ��¢�� ¶�� � ®�¯(°  ��MÒ � �%Ò6�X� ¹
° �a �� �%�Û� � ¶ � �¿¶�� �à� � �6� �%� ¢ �  ,�l� �l���l¼�� �%�  9�l�M½ � �Ù¢¡��í§�6�§�:�l� ¶�� �C�a��� � ���§��� è �a ,��¢ �  �� ¶�� �

�X�l� ¶�� �CÒa��× �X�@µò¶�� � ¢¡� ¶ Ó �%� � ®¨¯(° ���§�6���a� �Û¶�� ¢�� ¶ � � �:� � � �Á¬ �% Ái�� �   �X�×¶�� �C¢�� ¶�� �À�l�l�6  » ���X�
���a� ¶�� �*��í§�a���T���a�§�l�:ß � � �X� � ¶�� «^�:� � �6�l�.�T� ¹ º � ��«i�%� � �6�§�:�T�X�*���§�T�.ß � � �M�:�%� �X½ » ���{� � í§�6�%Ò6  �  ,� �Á¬´� �l���l�:� ¶�� �
¢�� ¶ Ó �%� �]���l� � �:�l�X� �  .g ² ?�½��l�6 ,� �M�  ��l� � ����� �   ¶ � ���   � �6¢¡�^� ���:� � © �M ��6¢�ÓM  ��¶�� �'�6¢¡���aÒ � �����%� ¶��¶ �:�l�l�:�����l�%�6  ¶��ª�á¬ �X  � �§Ò6� ��� �% ��1�T� » � ��¶�� ��Ò6�l�6�§� � ���Q�T�§� � �l��� � �����a� �:� �Ô� � �l�:� � � ¹ å �(� �X� �6  ¶��*» � � �Q�T�:�6 
� � ¢¾¼ �:� �a�% ��l��Þ}�a�%� ���M�e© �¿���Ù���l�a¼ � ÓX¢ �¡¶��Í� �C¢¡� ¶ � � �%�l���T�:�6  ¶�� �¾� � �l�:� � �¾� �e©��M�%�:� �¾� �   � �6 ,�T�§� �  
g ² ? ¹ B � �§� �  ,�À� � �6�l� �%� ����§�6¼ � ÓM¢ � � ¶�� � �×ÞO�6�§¢ �Í¶�� �¢¡� ¶ Ó �%� � � � ¶�� � � � � � �%¼��l���T�:�6  ¶�� �:� ���§�
���a�l�a¢�ÓX�T� � � ¹å ��� �M� �l�%�6 C�l���:«��a ,� � �a¼'�6� ¶����:� ���l�6¼ � ÓM¢ �(¶���� �g� � �§�l�%  �   �M� � ©,è �l� » � �c� � ¶��0� �gÞO�a�l¢ �(¶?¬ ��  �
¢�� ¶ � � �:�T���l�%�6  � � © �X� �  9� �0¶�� � è � � «i�:� » � � ��� ��¶�� � � L � �l� ¶�� �\¢¡� ¶�� � ®�¯(°  ��MÒ � �%Ò6�X� ¹
5 Ûzéjá*Þ6�	"ÛIâ�éjÙ�è0Þ	Ý	áÐë�Ý6Ûi7 B\�a��� �M� �a �� » � ��%� � ¶ �6 � �� � �����l�p«i� �  �  �  9� ¶?¬ ��  � �§�%¢¾� � ���T�:�6 çg ² ?» ����� ¬ ���l�e� �e©�� µ×� �C�l�M�§� � �^�T�%�a  ¶�� �c� �e©��X�%�%� �¾�l�����T�%� �%� � ¶��À�á¬ � � �6� �%� ¢ �  ,�c�l��ï��T��¢¡¢ �  ,�gÒ6�l�a  ¶�� �
�'�6����HX�l� � ���§�%� � � �   � �6¢���� � ���a� �%� ¢��a� �%� �aÒ ��� � » ����¢�� ¶ � � �:� ���:� ���a�^�T� � � Ì � �e©��M�%�:� �Ô�§�6��� ± ¢���� �%�:� � ·1¹â �M�a �¢��6�% ��M½ �:� � ¶�� � Â ¢�� ¶ Ó �%� � f g

� � fw �6 ,�ª�1�T� ¶ �Xß� ��%� �  C���a�Q�e�a ,� ¶�� �ª� » �����l�%�6 �� ¶�� â �#«^� � � ±
gi�l�6³ � � �M� �a�l�§� » � � � � �¨ ��6  ¶�� ��� » �����T�:�6 ���ß � �l�l� � � ¦9�:� ¢�� ¶ Ó �%� �§�6��� ± ¢���� �%�:� ���l� � �:�l� � �a�l� ¶��*� �±g ² ?
  ¬´� �Q�����a�����l�:� �   � �a¢¡��� �(¶ �a ��� ��a�T� � ¢¡� ¶ � � �%�l���T�:�6  ®�¯(°\±Q² � �:� �l³9�:  �a¹�Ï	��è � ¶ �6  � ��  ¶ � � � � �aÒ �
�% ,�l�l�% ��lÓ » � ���  9�l� ��� �¾ ����T��� ��¶�� � ¶ �6 � �� � � � � � �cÞO�6�l¢¾� � ���l�%�6  â �#«^� � � ± gi�l�6³ � �\�^�T� � �%�§� �a¹® � �   ¶ � �g�   � �6 ��§� ¶ �X�T���l�%�6  �%� ¢¡� ¶ Ó �:� �§�6��� ± ¢¡�a� �:�%� ���a���l�l�a�:� HX�l� � ¼'�M ��Xß » � � ½é¢��a�:� �á¬ �:Ò6 ��6� � �
�l�:¢¡� � �:ß �]� �a ��l� ¶ �M�l�a¼ �%� ¢ �  ,� � �ç¢¡� ¶ � � �%�l���T�:�6  Ì � �6 ��§� � � � � C Ï J#F �'�6���é��  �1Â^� ¢¡� �:��¶�� ¢¡� ¶ Ó �:��®�¯�°ª±² � �%� �l³9�%  �0» ��� Þ}�a�:�*�% ,� � �§« �  ��:� � �¡«i�%� � �6�§�:�l�g�l�6��� ± ¢¡�a� �:�%��¶��� � g ² ? ·5¹ Ï	� � �Q���l���Q�T�6�^���%¢����6�Q�e�a ,�¶�� Ò,��� ¶�� � µ��Á¬´� �§���l�.� » � �  ��XÒ � �:Ò � � �%� � ¶�� �§ �� � �l�(¢�� ¶�� � ®�¯(° ½ �X�g» ��� � �Q� �%� ���l�:  � �:� � ¢�HX¢ �0¶��� �Í¢�� ¶ � � �:�T���l�%�6 Û�§� ¶ ���:� � ½��à�: 9�l�l�: ��lÓ » � � ¢ �  ,�c�� _�%¢���� � ��� � �����:¢¡�'�6�Q�e�a ,���l��� � �C���§� � �%�l�:�6  ¶ �
¢�� ¶ Ó �%�)¦,�:� �Ô�Q�T�l� � �T��� � ���l�����T�%� �%� � ¶�� ��¢�� ¶�� � ®�¯�°�» �����l�a 9�� ��XÒ � �:Ò6�M�]�l�6 ,�� �� �X� �§�T�a�:� � ¢ �  ,�¨� � ���
Ò6�l�a  ¶�� � » � �À�%� �c� �e©��M�:�%� �c ��6  ± �l�M�§� � � � �¾����� � �hg ² ? » ���¨�l�6 ,�g¢�� ¶ � � �%�l� � �0���a� �:� � � �l¢ � �§�6��� ±
¢¡�a� �:�%� ½ � �^í§�6� �  9� �   � �6 ��§� » � �   �M� �� ¿�lÚ �:� � � �����%¢��'�6�§�T�a ,� ¶ �a �� � � ¶�è  ��a¢�� » � ��¶ �ji���� ¶���¹�Ï	�
�a�����a�T�#ì:�ç���% ��§� » � �*� �0���l�%� � �6�� ��6  ± ���l�:� �\�   � �a¢¡��� �*¶ ��¢¡� ¶ Ó �:� �§�6��� ± ¢¡�a� �:�%��� �Q�ç�����§�T� �M�:�%� ¢ �  ,�
«6�a�%� �c� �6¢�� � Ó1� � ¢ �  9�)�%  © �:¼�� � ���a� �%� ���§�6¼ � ÓX¢ �0¶��g� �À�§� ¶ � � �T�:�6  ¶��g� �À¼��a� �®�¯(° ½ ��¬Ý� �§� ±Uµ�±�¶ �%� �¶��� �À¢�� ¶ � � �%�T���T�%�a  ¶�� ��� � �l�:� � ��� �e©��X�%�%� � ¹ º ¬´� �Q�c�'�6��� » ���6� �Á¬ �a�����§� �e©��g» � �  ��a�����p«a�6 �� �e© �6�:�l� �� �Q� ¶?¬ �%Ò6 ��6� � � �:� ��� � �§¢ � �)�l�6��� ± ¢¡�a� �%�%�(� � ¶�� � � ÞO� � � � �%� � �\�l��� � �¡¢�� ¶ � � �%�T���T�%�a  ¶�� �)¢�� ¶�� � ®�¯(°
�T�§�6  » ���X� Ì � �X� �T�:�6  æ�¹ Ð · �6� �   � �6� �ª¶?¬ �a�����l� ©��   ¶�� � �:� ���§�6¼ � ÓX¢ ��¶���� �)¢�� ¶ � � �:�T���l�%�6  ¶�� � ¤ � �e©��M�:�%� �
 ��6  ± �l�X�l� � � � � ¥ ½¨� �e©��X�%�%� � �l�6��� ± ¢¡�a� �:�%� �6� ¶�� �Í¢¡� ¶�� � ®�¯(° �T�§�6  » ���M�X½ ¶�� ¢¡�a ��%ÓX� � Ò � �6¼�� �%�C�  
� �X� � � �%¼��l�a ,� �%� ¢�� ¶ Ó �:� Ì �e© �a���:�T� �ÎJ9·1¹
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N�O\j kSb ��Z�Tml�Rcbe��TÀVon>]UZYRcb
p[d�R ��dGZY]c�"d�f�`YR Rc�Ö ��;b �[a ]c�£bed�T��Î�"d�X±Z ¡�d�T�,
f.`YRU`\T"R

â �6���*� �:� �6 ��ç¢����% ,� �  ��a ,�ª�X�l� ¶ � � � �%� � � �a�T� � �T�X�l�%�Q�T� » � � �ª���l�:  � �:��� �:� � ¶�� �\�l�T�a ��§Þ � �Q�T� ¶?¬ �M  � �lÒ6� �� �: ��X�l� » � � �a�� � �%  ¶�� ��¢�� ¶�� � ®�¯�°0¹ ?� ����a�Q�T� � � � � � �X½a��  � �� �� �:è � �\» ���� 9�l�:�T���T�.« ��¶�� �¨�: 9� � �l� � �l�%�6 ���  ,�l� �ç�:� �{¢¡� ¶�� �X½8¼��a�l� � �l��� �%��� � �%� � �i¶�¬ ��  � ��� � � ¶ � ± «i�%� � �6�l�.�T��½ � �§� ���l�6�'�6�l� �a¹ å � ¼���� ¶����X� �l�T�#«��a� �� �Q� ¶ �6��¼ �:�a¹

ð �a��� ¶?¬ �a¼��a� ¶ ½� ��a�T�6 �� » � ���:� ���l�T�a ��§Þ � �Q�T� ¶?¬ �M  � �lÒ6� �(� �: ��X�l� » � � �6 ,� © �:�§�l�6�l� » � � ¢ �  ,�ª�X�l�(�X�T� ±¶ �:�M� �  ��^�T� � �%�l�a ,� � � ¶ � � �6¢¡�'�6�§�:�T�:�6  ¶��¬õ �a���l� � � » ���'  ¬Ý� �§�ç�a�����§�6���l�:� �ª» � � �'�6��� �%� ��� � �a� �%� ¢ �  9�l�
�'�M�l�:� ¶ � » � � � ¹ ã �: ��l�á½ ¶�� ���l�X�l� � �e���l�Ô� � �§�T�:  �  ,�l�M½6�e�� 9�Ô� © �M�a�l� » � � � Ì «6�a�%� C Jq��F�·]» � �  i��¢¡�X�l� » � � � Ì ������1Â^� ¢¡� �:� C Ï ��F�· ½^�6 ,�ç� � �l¢��%� ¶�� ¢ � �§�T� ���   � ��¢¡�:ÓM� ��� � ¶�è  ��a¢�� » � �*¶�� ��i�� � �l�����T�:�6 ����l���l¼�� �%�  9� � �X½
�X�T�a¼ � �%�l�l�a ,� �Á¬´�1Â �%�Q� �   �M��¶���� ��� � � ¶�� � ¶?¬ �M  � �lÒ6� ��¶ �%� �X� � � � � �\�% ,« � �l� � � ¹

Æ � �M�:» � � �\�a��� � ���§�\� � �l�6 ,�\�% ,�T�X� � �l�l�X�*��� � �a� ¶�� �ª� � �6� �:� ¢ �  ,�T�ç�l���l¼�� �%�  9�l�ª ��6  ±�© �6¢��6Ò6ÓM  � �M½
¢¡�a�%� �%� � � �����§�6��« �  ,�����6��� ¶�� � � �a �ß�Ò6���l���T�:�6 �� � � � � �:� � Ì «a�6�%� �Á¬ �% ,�T�§� ¶ � � �l�%�6  ¶��ç�X���e© �����:�l� � ½����aÒ ��6Ü6·5¹!Ï	� �Á½ � �0¢��X� © � ¶���®�¯(°\±Q² � �%� �l³9�%  �\� �§�ç�a��� � � » ��� �*µ �� �� � �a� �%� ¢ �  9� » ���'� �X� ��� � ��  ¶ �6¢¡�a�%  �
�l�����T�%� � �X� �   ¶ �?½ � � » ��� � �Q�\�l���l¼�� �%�  9�M½� ��6  ±�© �6¢��6Ò6ÓX  �)� � ¶ � � � �:� � ¹

?Ô à�6�^�T� � ½������:� » � ��� � ®�¯(°Ø� �§�\¢��6�T� �%� ¢ �  ,��� » ���:«�� �:�  ,� ��µ ��  �(¶ � � �a¢¡�'�6�l�.�T�:�6  ¶��;õ �6���§� � �¶ �a �� �:� � ¶ �%� �M� �T�%�a �� © �6¢��6Ò6ÓM  � � Ì «6�a�%� � �Û� �X� �l�%�6  ê6¹ôæ^¹SÜ6· ½ � �Û� � �����a�Q� ¶�� �¡�a��� � ���l�¡�a��� � � » � �  ,�
��  � ¶ � � �6¢��'�6�l�.�T�%�a  �1Â � � � � �:� � ¢ �  ,� ©,è ¼��l� ¶��D¦]¶ � � �6¢¡�'�6�§�:�T�:�6  ¶��\õ �6���l� � � ¶ �a �� �%� � ¶ �%� �X� �l�%�6 ��© �6¢��6Ò6ÓX  � �X½Ô�����:� ®�¯(° ¶ �a �� �%� � ¶ �:� �X� �T�:�6 ��� � �§�T�a ,� � � ¹ º � �l� � �a�����l� �e©��C� �§� ¶ �ML��X� �  ,� �C¶��à� �
 �Úa�l� � ½������%� » � � ½�¢.HM¢ � �l� �:� �\¢¡� ¶�� �*�6¼�� �  9���)�1�e�a� �  ,���§�T�§� � � � ¢ �  ,�*� ¶��  9�l� » � � �M½ �%� Þ}�a�:� ¶?¬ �6���X� � �
��  �\®�¯(° �l�l� ¶ �%¢ �  ��§�%�6 �  �M�%�:�  ��6�����%¢����6� �ç¶��\�M� �a�l� � � �%� ��¢�� ¶�� �Ô����� �:� ��� «�� �:� ���Ô�§�% �Òa� � �:ÓM� � Ì � ¹´�a¹�%� �����X  � �§Ò6� ��� �% ��X�T� » � � ¢�� èa�  �  �p· ½ç� � �6�§� » � ¬ � � ��� � ��« �  ,�\HX�l� � �6� ¶ �6 � ��X�À�l�X���a�§�M¢ �  ,� �l���.«��a ,��e© � » � ��¶ �:� �M� �T�:�6  © �6¢��6Ò6ÓX  � �l�é�6  ���l� � �:� � ��  ��¶ � � �6¢¡�'�6�§�:�T�:�6  ©,è ¼��l� ¶���õ �a���l� � �sr ®¨¯(°c¹
º �6¢�¢ � � � �#«��a�:� ¶ �>í µ �X�l�c���§�6���a�l�c���a�»B � ¢���Þ � � Ê�óªÆaÇMô Ì � �6 ��§� � � � � C ��Õ#F¸· ½ �:� ��� � ¢�� � ���a¼zí �M�5±

�T�.Þ � �§� ¶���¶ �MÒ6�aÒ � � �:� �ª���l�:  � �:��� �:� � � ���T� � �T�M�§�%�Q�T� » � � � ¶�� �ª�T�l�a ��§Þ � �§�l� ¶?¬ �M  � �lÒa� ��� �: ��X�l� » � � �a�C� � �: ¶?¬ ��  � ¼���� � �:�l�l� �À¶?¬ ��  � ®�¯(° �l�l� ¶ �%¢ �  ��§�%�6 �  �M�:�%� ½ � � ¶���� �6¢����a� � � �X� �g�6¼�� � �Q«����T�:�6 ��g�#« �X�Í�%� �
�l�X�l� � �e���l� ¶ �6 � ��X�ª���a� � � ¶ � � �6¢��'�6�l�.�T�%�a  ¶���õ �a���l� � � ¶ �� �� �%�(� ��� © �6¢¡�aÒ6ÓM  � �:�l�a�l�l�6� �a¹

ë � �   » � �¡¶ �� �� �%�¾� �a� ¶�� ��� � �6� �:� ¢ �  ,�T�(�T���l¼�� �:�  ,�T�X½?�T�§ÓM��� � � ¶�� ¢�� ¶�� � ®�¯(° ¶ �X�T� �  �  �  ,�� �C¢��	í � ��� � ���a�Q� ¶��¡�Á¬ �M  � �lÒ6� ��� �: ��X�l� » � � �T�a�T� �%��� �g� � �^« �  ,�� � �§«i�:� ¶�� ¼���� �Íµ�� � � �6 ��§�l�l� � �T�:�6 ¶?¬ �� C� è �§�lÓM¢ ��¶^è  ��a¢¡� » � ��¶��(¶ �%¢ �  ��l�%�a Í�l� ¶ ���:� � ���a� � �g¢��X� © � ¶��(¶���² � �%� �§³9�%  � ½ �%� ��¢¡� ¶�� � ¶��
Þ}�a�:¼ �%� �X  � �§Ò6� �\» �����§�6 ,���l�l�6  » ���X� ¶ �a�:« �  ,��H1�T� � ���l�:� �   � �6¢¡�^� � ���6���¨� � �T�§�6��« � ����  ��¶�� � � �l�:���T�:�6 
���§� � �:� ��¶���� �g� ©,è �l� » � �a¹ º �M� � � �§�\«i�T�a���l��� �Á¬´�1Â^� ¢�� �:�(¶���� �¾¢¡�a� �e©�� ½ � �6¢�¢ �  ��6��� �Á¬ �#«6�6 ��ª«i� µ� �¾� �M� �T�%�a  æ�¹EJ�¹
º � ���§�6¼ � ÓM¢ � � ¬ �a�����a� �  ,� � Æc÷�ø5Ä�ù�ø5Ä µª�M�X� ��� ¶���� �¬g ² ? ¦ � � Þ}�a�^��¢�� ¶ � � �%� � �é��  � ���a�Q�T� �  ��XÒ � �:Ò6� �¶��g�á¬ � � �6� �:� ¢ �  ,� » ��� � �6�§� � �§���a  ¶ Ì �  @���l���T� » � � �'�6��� � � ®�¯�°)·)µÀ¶�� � � �T�.� � �*� �e©��X�%�%� �(�l�����T��� �%� �¶ �6 ,� � � � �6 ,�T�l�:¼����l�%�6 @� ©,è �l� » � �¡� �l� �  ,�T� �X�%�:��� �§� ¶���¶ �%�§�l�:� � � ¶���Á¬ �M  � �lÒ6� �g� �% ��X�T� » � � �����%�§� � �a� Â

� � ����Ò6�T��  ¶�� � ¹
® �6��� �M� Þ}�a�:� � ½ � �Ù¢¡��í§�6�§�:�l� ¶�� � �a��� � ���§�M½��l���:«��a ,� �Á¬ � ¶ � ��¶�� ã ��¼�� è Ê�ó�ÆaÇMô CED F ½¨� �X� �6��� �@µ

�*Ç
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�� Ù¢�� ¶ Ó �:��¶ �ÅL����l�.Þç¼��a�§�À�l���c��  �¡�1Â � �  ��l�:�6  ¶ �_¢¡� ¶ Ó �:�¡¶�� «i�%� � �6�§�:�T���l� �M� �T�l� �%� t ���l�a���6�§���������� �%� �  9¼ � �lÒ@�'�6��� �%� �¾� � �6� �:� ¢ �  ,�T� © �a¢¡�6ÒaÓM  � � ¦ C Õ ½ �aÎ ½]Ï æ#Fá¹ º �6¢�¢ � ã ��¼�� è Ê�ó�ÆaÇMô �Á¬ �#«��a� �  9�
� � ¢���� » ���a½ �X� �l� � ¢�� ¶ � � �%�T���T�%�a ¾� � ¢¾¼ �%� �l�:¢¡� � �a�:� �¨µ��X�M�:�%�ª¶�� g^¢���Ò6�6�l�: ��l³ è ½6�T�lÓX�¨�^�T� � �%�§� ���   g ² ?ª½» ���i� � ��� H1�T� � �% ,� � �l���l�X�l� �¨� �6¢�¢ � ��  ���1Â � �  ��§�%�6  ¶ �¾¢¡� ¶ Ó �%��¶��A�\� �:� �  9¼ � �§Ò µ\�á¬Ý� �l��� �M� � ©9è �§� » � �
Ì � �\ ��6  � � ���\�§� �X� �l�T� ��· ���6��� ¶�� �\� � �6� �%� ¢ �  ,�T� ¶ � � �6¢����6�§�M� ¶ �a �� ¶�� �\¼��a� � � � � � � �%� � ¹
º �6¢�¢ �  ��a�T�c� � ��� © �a���M½���� � � » � � �l�6��� �:� �*�l�T�#«��a� Â�» ���Ô� ¶ �6�^� �  ,� �X� �§� � �a�����l� �e©�� Ì �1�T� ¶�� �¶���� �6� �e©��*� �:¢¡�.� � �l���l¼�� �%�  9� �p· ¢��a ��%��� �:�  ,����  ��¶ � � �6¢����6�§�:�l�%�6  ©,è ¼��l� ¶��c¦i�M�X�%�%�ª¶��Aõ �6���l� � � ¶ �� ��¶�� � ÂÍ¶ �:� �X� �T�:�6 ��¨�����%� � � ®�¯(°c¹ ã ���lÓX�ª�p«a�6�%���T�§�6  » ��� �%� �ç¢�� ¶�� � ¶ �a �� �M� �l� �(¶ �6��¼ �:� � � ���l�X� �  ,�T� ±

�T�:�6  õ �6���§� � �sr ®�¯(° ½ � �0«�� � � ¶ �.�T� ¶?¬ ��  � ¢�� ¶ � � �:�T���l�%�6  ¶�� � è � � «^�:� » � � ��� � �'�6����� �  ��:� � �6¢¡�^� �)¶�� �
¢�� ¶�� �ª ��MÒ � �%Ò6�X�ª� � ���\� � í§���§�T�.ß � �ª����� �á¬Ý©,è �'�a� © ÓX� �0¶��uK � � ¢��6Ò6�a�l�p«'½ � ���l���6 à� ¶ ¢ � � » � ¬Ýµ¡�X� �l� �
�T�§�6  � ���T��� �¡� �6�l� � �§���6  ¶ ½{�a�¿ ��:« � �a�D�l� �M� �l�T� � ½��� Dß � �T� � �6���X�T�a ,����  ��� �a������� �¡» ����� � � � �@���6���¶�� �0� �e©��M�:�%� ���§�����T�%� �%� �(�l��ï��l�a¢¡¢ �  ,��� � �T�.� � �M½ � �a¢¡¢ �g�a¬´� �Q� �:�g� �a� �  jg ² ? ¹ â �#�� �¢¡�a�% �� �X� �l� �
«�� � � ¶ �:�l��� � �Q� ��µ HX�T� � �X�e��¼ � � � �'�6��� ¶�� �\� � �6� �%� ¢ �  ,�l� � �6¢�� �%�5Â�� �� ��6  ±�© �6¢��6Ò6ÓX  � �X½������:� » � ���Á¬´©,è,±
�'�a� © ÓX� � �§�6��� ± íl� �M�  ,� �ª¶����Á¬´�1Â �:�§� �   �M��� � ¶���� � ¶ �6¢��% ���  �M�ç¶�¬ ��  ��� �a� � � ¶��ª¶?¬ �M  � �lÒa� �ç¶�� �Ô��� � ¢¡� � �§�
¢�� ¶�� � ®�¯�° « � �l� �%� �Ô¢�� ¶�� � ¶�� Þ}�a�:¼ �%� �X  � �§Ò6� � Ì � �a� � � ¶��ª¶ �:� �X� � �#·   ¬ �����a� �   � �6� � «a�M�§�:�e��¼ �%� ¢ �  9�
�X�l� �%� �l��í � � ¶?¬ �% ,« � �§�T�:Ò,���l�%�6 �� ¹
å � � �X� �6  ¶ �6¼!í �M� �l�:Þ ¶��  ��a�T� � �X�l� ¶��Í� �Q� ¶ �6  � ��  � �a �� �:è � ��» ���a ,�T�:�T���T�.« �¡¶�� �g�: 9� � �l� � �l�%�6 ���  ,�l� � ¢�� ¶�� � ®�¯(° ���a�\��  � ���a�l�a¢��X�T�§�%�l���T�:�6 À«i�%� » � � ��� � ½?��ß�  ¶���¶ �1� � �§¢¡�:  � � ¶�� � � �%Ò6  � � ¶ �%� �M�1±

�T�§� �X� �ª���a��� � � ¶ �1ß� ��.�T�%�a  ¶�� ¢�� ¶ Ó �:� � ¶�� ���§�%� ���   � �6¢���� �(¶�� ��¢�� ¶�� �ç�l�l�6  » ���X� ¹
¯  í ��a� � �T� » � � ½ �����:� » � ¬ � ��� �§� � �6 � 9�?½ ¶ �a �� �%� �l�:¢¡� �:�¡� � ¶ � �Í¶��À� �C�T���§¼�� �%�   �M��© �6¢��6Ò6ÓM  �

�%�§�a�T�§�6� � ½ » � �\�%� � � ���T� � �T�M�§�%�Q�T� » � � � ¶�� ��¢�� ¶ Ó �:� �Ô�l�a��� ± ¢��a� �%�:� ���T� � �:�l�M� �  Yg ² ?_«��a�l� �  ,��¼ � �a� � �6���
�#« �X�0� �cÞO�6�l¢ �)¶ � ß � �l� �(� � �%� �'�6�l�.�T�%�a �  � ¢ �  ,� ¶���� � � �6������� � ½ �%�(� �a� ¶?¬ �� C¢�� ¶ Ó �:�(®�¯�° �l� ¶ ���.�
  ¬´� �Q�*�����ç�T�l�.«i��� �á¹
â �a�l� � �1�T� ¶�� � � ¼��a� � �§��� �%� � è �§�TÓX¢ ��¶�è  ���¢¡� » � �)¶ �Xß� ��é���a� f g ½ » � �  ��6���\�#«6�a �� �1Â �T�l�a�:� ¶��� �ÀÞO�6�§¢¾� � ���T�:�6  �X� �a�§�l� » � � Ì «^�.� � �l� �5± ��� � �§�l�%�a  ·�¶�� ��� » �����l�%�6 �� ¶�� â �#«^� � � ± gi�l�6³ � � Ì � � �l�1ÞO�M� � � µÍ� �

� �X� �l�%�6  æ�¹Ýæ�¹.ê8·1¹ ?Ô  � L � �#½ �%� � è �§�TÓX¢ � �§� ¶ ���:� ¶��g¶ �%¢ �  ��§�%�6  M = 86
� �a�l� � �l�'�6  ¶ �� 9� � �§�)ß��a¼ �%� ½

 ��6 ��6¼��§�T�a ,� �%� �c¢¡� ¶�� � » ����  ¬ �6 ,��������1�T�Í���§�%� �   � �6¢���� �Í� � » ����� � �l¢ � �l�l�T�a� �  ,��a�ò¢�� ¶ Ó �%�¶?¬ �a¢�� � �:�6� � ���T�¾���§� � �:�l�:�6  ¹ º �6¢¡�^� � � �  9� ¶ � � �,Ñ^� ¶��(� � �%� � ��¶ �qí µ �T�§ÓM�ç�:¢¡�'�6�Q�e�a ,� ¶��)�M� ¢¡� ¶ Ó �:� ½� � ¶�� �T�¾� �M� ���T�:« � ¢ �  ,��¼'�6 �  � ß&�a¼�� � �:�l�a½9 ��6����  ¬ �#«a�6 ������a� � �6 ��Q�T�l���:� ¶�� ¢¡� ¶ Ó �:�*¶�� � � ���çÒa�T�a  ¶��¶ �:¢ �  ��l�:�6  ¹

v èÐÝ	á�Ý�â�è�ë �
å � � è �§�TÓX¢ �D®�¯(°\±Q² � �:� �l³9�:  � �l� ¶ ���.� �X�T� ¶ �%� � �§�à�a���l�6 ��6¢ � �����:� » � ¬ � �)� �§� � �a ��§�l�l���.� ���6���

ū = ūe Ì ¶ �6  � �%  ¶ �M� �   ¶ �� 9� ¶�� t ·� � » � ���%� i���� ¶��   ¬´� �§�À�l��í � � µ �a� � ��  � ÞO�6� �X���1Â �l�M�l� � ��� �Ì h = 0
·à¦

ȧ(t) = f g(a(t))
¹ â �6��� � �:� �6 ����l�X���T� � �:� � �����a� � �_�§���:� �×�%� �À ��a�T���T�:�6 �� Cj

i

� � Cj,k
i¶ �à� è �§�lÓM¢ � Ì Üi¹ôæ Ð · ���6���\ ��6¢¡¢ � � �:� � � � � ï � � �  ,�T�\�'� �:è  �Ú6¢������ Â Ì �%  ¶ �X� �   ¶ �a ,�l� ¶ �C� � ¢¡��� ·ç¶��

f g = (f g
1 · · · f g

M)T ¹
w �e����éüUúQø}øÁú ���MøáùÁ÷	�pý�ü	ø��Ý÷��!�x%����aú§ü	øÁù�1þ e ú�hy' �þôú��}ú����]��x!��´øÁý8úQþ!�p÷����8û ��5ù?þ��ø`�8ûQ÷Xù��ôú��púNz8÷1ý�ù��ôúQù e ����8þ���
Mý8û§ú]ú��ú�����XüUú�hq'

�0Ò
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®Ô� ���ª���§� � �:�l�X¢ �  9�M½��6 C�6¼��T� �  ,�#½ �  C�%�l� � �a ,� �:� � � � � ï � � �  ,�T� ¶?¬ �6�§�%Ò6�:  � «i�%� » � � ��� � ½

f g
i (a(t)) = C0

i +
D0

iB � +
M∑

j=1

(Cj
i +

Dj
iB � ) aj(t) +

M∑

j=1

j∑

k=1

Cj,k
i aj(t) ak(k),

Ì æ�¹:êp·

�,Ã �%� � � � � ï � � �  ,�T�ª�l� �M� � C×
×
� � D×

×
�l�6 ,�\�%  ¶ �M� �   ¶ �a ,�T� ¶�� B ��� � ¶ �Xß� ��:�ª���a� ¦

σi C
0
i = − C(ū, ū,ϕi), σi D

0
i = −A(ū,ϕi),

σi C
j
i = −σj

[
C(j, ū,ϕi) + C(ū,ϕj,ϕi)

]
, σi D

j
i = −σj A(ϕj,ϕi)

� � σi C
j,k
i = − σjσk

1 + δj,k

[
C(ϕj,ϕk,ϕi) + C(ϕk,ϕj,ϕi)

]

Ì �#« �M� ū � �§�����§�%���MÒ6� �éµ ūe
·��  à� � �§�:«��a ,� �%� �ª� � �§¢ � � » ��� ¶ �T���l� » � � �\�l�a ��ª� �X¶ �6  ¶ �a  �M��¹º � � è �§�lÓM¢ ��®�¯�°ª±Q² � �%� �l³9�%  � � � �l¢ � � ¶�� �l�MÒa�%� �:�*�e© ��¢¡� ¶�� �ç«i�:� � �l� � �\�a�����§� �e© � u = ū+ ũ�#« �X� ũ(t) =

∑M
k=1 σk ak(t)ϕk

¹
° �a �� � �Í�§���:� ��¶����X� �§� � � �M� �T�:�6 ?½ 〈.〉 ¶ �M�§�%Ò6  � �T� �Á¬ �6�'�M�l��� � ��� ¶�� ¢¡� è6�  �  � �a�l�.� © ¢��X�l� » � � �§����%� � N �M� � �e© �X� ¦

〈g(t)〉 =
1

N

N∑

j=1

g(tj).
Ì æ^¹SÜ6·

¯  �� �  à�����§�T� � � � � � � ū = ūe = 〈ue〉 ¹

¤U¥�{c¥�§ Hc�*³µ¹A®�|$?��©�®Ö« ¶¸Â£¹A?��}2·q¯²�·q¹AÂÚ©�·JIcªA £¹(©i�Á �F� «A£® ÓjÔÖÕ
å ¬ �X  � �§Ò6� ��� �: ��X�l� » � � i�� � �T���a ,� � �T�a�T� �%� �������� ��:�l� ¶�� ¢����l� ��� �§�

K(t) =
1

2
‖ũ‖ ö 2(Ω)

d
2 =

∑

i

Ki(t)
�,Ã Ki(t) =

1

2
λi ai(t)

2.

Ki

� �§� �Á¬ �M  � �lÒ6� �(� �a�^�T� � ����� �%� i ÓX¢ � ¢�� ¶��a¹ â �6�����T�:�l�6 �� ¶�� Ì æ�¹.ê8·��Á¬´�1Â ��� � �l�§�%�6 

K̇i = λi aiȧi = C̃0
i ai +

M∑

j=1

C̃j
i aj ai

︸ ︷︷ ︸�: 9� � �l� � �l�%�6 �� ¶ ��� ¶ � » � � �
+

M∑

j=1

j∑

k=1

C̃j,k
i aj ak ai

︸ ︷︷ ︸�% ,� � �T� � �T�%�a ����T�§��� ¶ � » � � �

Ì æ^¹ôæ,·

�#« �X�

C̃0
i = λi

(
C0

i +
D0

iB �
)
, C̃j

i = λi

(
Cj

i +
Dj

iB �
)
,
� � C̃j,k

i = λi C
j,k
i . Ì æ^¹KJ9·

å ¬ � » �����T�:�6  Ì æ�¹ôæ6· ¢��6 ,�T� �¡» � ���Á¬ �X«a� � �^�T�%�a  ¶����Á¬ �M  � �lÒa� �¶?¬ �� _¢�� ¶�� �§�M�§� � � �¡¶�� �T�§�6�%�(� è � � �¶?¬ �% ,� � �T� � �T�:�6 �� ¦�� �% ��#�a�:� � �*�#« �M��:�c�e© �a¢��@¢¡� èa�  ?½ ¶ ��� ¶ � » � � � » ���]���l�p«i� �  �  �  ,� ¶��g�á¬ �: ,� � �l� � �l�%�6 
�0î
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�#« �X�(�%�)�e© ��¢¡�Í¢�� è6�   � � ¶�� �ç� � �§¢ � ��«i�%� » � � � Â ½ � ���T�l�%� ¶ � » � � � ¶ �6 ,� �Á¬ �6�l�:Ò6�%  �ª� �§� �:� � � �l¢ �  ��6  ±� �: ��#���%� �\¶��)� �6 ,« �X� �T�:�6  ¹�° �a �� �:�*� � ¶ � �)¶�¬ ��  �(¶ � � �6¢¡�'�6�§�:�T�:�6  ¶��Îõ �6���l� � �X½ �:� �¨� � �§¢ � � ¶ ��� ¶ � » � � �¶ �XÒ6�M �ÓX� �  9� �  ×� � �l¢ �c� �: ��#���%� � ½ � � �%� ���% ,� � �T� � �T�:�6 ��ª�T�l�%� ¶ � » � � �*�§�6 ,�( 9� �%�:� �\�T�a�^Þ¨�'�6��� �M� �§�e���%  � �
�T�§��� ¶�� � ¹ ã �% ��§�Á½ � �6 ,�T�l�a�%� � ¢ �  ,���a� Â ¢�� ¶�� � ¶���õ �6���l� � �X½ �%� �(¢¡� ¶�� � ®�¯(° �§�6 ,� �  _�: 9� � �l� � �l�%�6 ��
«i��� �:� ��� � �l¢ � �ç«i�:� » � � � Â ½ � � µ �T�6�^�ç�T�§�%� �:� � � �6�l� � �§���6  ¶ ��  �l�T�a ��§Þ � �Q� ¹ ?�  �6�^�T� � ½��T����� �X� �6 �� » � ��Á¬´� L � �)Ò � �6¼�� ��¶�� �(�% ,� � �T� � �T�:�6 �� ¶ ��� ¶ � » � � � � �§����  �g¶ �%�§�l�:�����T�:�6  ¶�¬ �X  � �§Ò6� �gµ �l�6���(�: ��§�T�a ,�\~ Ì «a�6�%�� �À� �M� �T�%�a  Ü^¹EJ�¹.ê8·1¹ÚÏ	� Þ}�a���� ��M�a �¢��6�% ��*�l�6� � �%Ò6  � � » � ���%� �(� �e© �a �Ò � ��¢¡� èa�  �� �  ,�T� � ¢¡� ¶�� � ®�¯(°
«i��� �%� ���: ,� � �l� � �l�%�6 �� ¶ ��� ¶ � » � � ���§�6 ,�c 9� � �M½é�����:� » � � 〈ae

i a
e
j

〉
= 0 �l� i 6= j

¹�°�� � � ���M½ �á¬Ý� L � � ¶�� �
�% ,� � �T� � �T�:�6 �� ¶ ��� ¶ � » � � � � �Q�¾Þ}�a�%¼ �%� ���a�¾�l�a���'�6�§� µ��M�X� ��� ¶�� �g�: ,� � �l� � �l�%�6 ��0�T�§��� ¶ � » � � �0���a��� ¶�� �
 ��6¢c¼�� � � ¶�� B �Xè  �� �%¶ ���%¢����6�Q�e�a ,�l�M½&�����:� » � �¾�:� ��� � �§¢ � � ¶ �%� ¶ � » � � ��� �   ¶��  ,�)« � �l� 0

� �6�l� » � � B �
�a��Òa¢ �  9� � ~ ¦��X�M� � �1Â � � � » � ��» � �c�:� � � �6 ,�T�§�%¼��^�T�%�a �� ¶?¬ �a�l�%Òa�%  � «i�%� » � � ��� � �l�a 9�* ��MÒ � �%Ò � �a¼ �:� � ¶ �� ���%� � � �Q�T�%¢¡���l�%�6 �� ¶�� �\���a�l�a¢¡�1�T�§�%�T���T�%�a ��¨«i�%� » � � ��� � �����l�6�'�6�§� � � µg� �¾� �M� �l�%�6  æ�¹ Ð ¹ôÜ^¹
â �6����� �%� �a ���¢¡�a�% ,� �  ��a ,�� ��6���éÞO� � � � �%� � ���§��� �%� �é�% ,� � �T� � �T�%�a ����l�l��� ¶ � » � � � ¹ å � � � �l¢ � C̃j,k

i aj ak ai� �Q�*� � ��WM� � �6¢�¢ �(�á¬ �: Ái�� �   �M��¶ �C¢�� ¶���¶?¬ �%  ¶ � �X� max(j, k) �§��� � �¾«a���l�����T�%�a  ¶�� Ki
Ì «6�6�:� � �g� �5±

¢¡�a� » � �Í�  òß�  ¶�� � �M� �T�%�a  ·1¹�°*�Í�X� �§� � ¢��� ��%ÓX� � ½ �Á¬ �% Ái�� �   �X�Í¶ � j ÓX¢ � ¢�� ¶�� �l��� �Á¬ �M  � �lÒ6� �Í¶ �
i ÓX¢ ��� �§�

Π(i|j) =

j∑

k=1

C̃j,k
i ak aj ai.

° �a �� �l�6��� �Û� �_�§���:� � ½ Π(i|j) � � �T� � �Q�T�%¢�� µ ���a�Q�T�:� ¶�� � � � � ï � � �  ,�T�Í� � ¢¡�'�6� �X� � ¶�� �l�XÞO�X� �   �M�¶ �6 � ��M�\���a� � � ®¨¯(° ¦ ai = ae
i

¹
å � �T�T�� ��§Þ � �§��¢¡� èa�   〈Π(i|j)〉 � �§�����l�X� �  9�l��ß�Ò6��� �æ^¹:êb� ½ µ �T�l�p« � �§� � � � �a�Q� �g¶�� �§�6 @¢¡� ¶ � �:�Ì �  à� �e©��M�:�%��� �aÒ,�a�l�.� © ¢�� » � �#·�� �\� � �ª���§�aß � �\�'�6���ç�l�l�6�:��«�� �%� ���l� ¶�� i �   ÞO�6  � �T�:�6  ¶�� (i− j)

¹
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Ì � ·

i

j Ì ¼ ·
i = 30

40
50

i− j

r(sut^v æ^¹:êb��w Ì � · º �a�§� �¡¶�� log(|〈Π(i|j)〉|) ¹ Ì ¼ · 〈Π(i|j)〉 �'�6��� i ∈ {30, 40, 50} �  ¿ÞO�6  � �T�:�6  ¶��
(i− j)

¹
��� �����þôúÔü����÷ �»5ý�üUý��8ú ���XøÁúQù�1üUø��ô÷��ªú��XøÁùáú]þôú ü��#5ÿc�

ū
úUø?þÝú��?ÿç÷6�8ú��]�]� �å�! ú��}ø£�8ù����áú{ú��)üU÷Xÿc�pøáú�����#��þôú�����XøÁúQù�1üUø��ô÷���� �	����	��
Mý8ú�� e �8ý8ùÁúQÿçú��Mø�ÿç÷	��5þôú���h>'

���
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¯  ��6¼�� � �Q« �*» � ���%� ���l�T�a ��§Þ � �Q�T���a�¡� � �:  ¶�� �¨¢�� ¶�� � ®�¯�° �l�6 ,� � � � �a� ÂAÄ,�   � L � �M½ 〈Π(i|j)〉 � �§� ��XÒ � �:Ò � �a¼ �%� ���6��� ¶�� �(�:  ¶ � �M� ���T�l�a�Û� � �a�%Ò6 ��X� Ì |i− j| ≥ 25
·5¹ º � �§� � ���§�6���§�%�X�l� ¶��g� � � � � �.�T���#«a���:�¶ �>í µ �X�l�*¢��%� �\�  ��1«^� ¶��   �M� ����� �:� ���l�M�§� � �T���T� ¶�� B � ¢¡�^Þ � � Ê�ó�ÆaÇMô C �aÕ#F ½9¢��a�:�����6���¨�� ¡� � �6� �%� ¢ �  ,�

 ��6 ×�l���l¼�� �%�  9� Ì �  ×�l�T�a ��§�:�l�%�6  · ½ � ���'�6���)��  �g®�¯�°�� L �X� �T��� �¶ �a ��(�� Û� � �T�:�*�l�6��� ±	¶ �6¢����%  �0¶���Á¬´� �§��� �X� �% ��:�T�%� � ¶��¡� �C�l�%¢c� � ���l�%�6 Û 9��¢��M�§� » � ��¹ ? �%�:� � � �^� HX�l� � �% ,� � �l���§�X�T� ��� �6¢¡¢ ���Á¬´�1Â � �  ��l�:�6 ¶?¬ �� _� © �M ��a¢¡ÓX  � ¢��%� �  _�X«i� ¶��   �X��¶ �� �� �:�� � ¶ � �¡¶��¡� � �l���l¼�� �%�   �M��© �6¢��6Ò6ÓM  � �:�l�a�l�l�6� � ¦ �� 
¢�� ¶��¨¶��Uõ �6���§� � � ¶��  ��a¢¾¼�� �¨¶?¬ �6  ¶�� k � �e© �a �Ò ��� �*¢¡��í � ��� � �����§� ¶�� �l�6 g�X  � �§Ò6� � �#« �M���%� � ¢�� ¶�� �¶����Á¬ �% ,� � �§«�� �:�%� [k/2, 2k] ½ �a¬´� �Q� ±Uµ8±	¶ �:� �)» � ���%� �ç�T�T�� ��§Þ � �§�T�ª�§�6 ,� � � � �a� Â Ì «6�a�%� �Á¬ �a �� �:è � � � © �M�6�§� » � �¶��XK �T�a� �e©  ��a  C J,Õ#Fé� � �%� �ª�§�M�l� � �e���T�� 9��¢��M�l� » � � � ¶���° �6¢¡�a�l� ¶ îM³9� Ê�ó�ÆaÇMô C êpÕ#F�·1¹º � �§� � �6¼�� � �§«����l�%�6  � �§� � � © �M� �  ,� � �#« �X� �%� Þ}�a�.� » � �Í�:� �¾¢�� ¶�� � ®�¯(° � �6 ,« � �lÒ �  9�« � �l� ¶�� �
¢�� ¶�� � ¶��.õ �6���l� � � Ì ¶ �@¢¡�a�% �� � � � � �%� ¢ �  ,� ·\» ����  ¶¿�:� ���(�:  ¶ � �M� � �   ¶ « � �l� �Á¬ �% �ß� �� Ì õ �6�%�a� Ê�ó�ÆaÇMô
C Üaæ#F�· ½6�6�¡�a���l� � ¢ �  9� ¶ �.� ¶ �a �� � � � �%¢��:� ��¶�� ���l�lÓX��Òa�T�a  ¶ �� ��6¢¾¼�� � � ¶?¬ �6  ¶�� Ì � ¹Ý��¹6�%� ��� �e©��X�%�%� � ¶ �%�§�l� ±
�����l�:« � � ·5¹ â �#�a �¢��6�: ��M½ �M�:�%�   ¬´�  Í�X�T�a�:�¨���a�¨��  �)� �6 ��§� » � �   �M��¶ �%� �M� � � ½ � � � �6������� � �:¢¡� � � � �:� � ¢ �  ,�
�6¼�� �  9� �(�  Í  �)� �a �� � �§«��a ,� » � �)�%� � M ��� � ¢�� � �§��¢�� ¶�� � ®�¯(° � è �a ,� � � � � ¶ �a �� ¶�� � � ����Ò6�l�a  ¶�� �
� �e©��M�%�:� �X½ � � � � ®¨¯(° �1�e�a ,� �5Â �l�T�a�.� �¡¶���¶ �a � �� � � � � �:� � � � � �c���a� g ² ? ¹ ?Ô í�6���l� � ½ �%� �¾�a �� �:è � � �
¢ �  �� � � Ò6��× �M��µ ��  ��¶ � � �6¢¡�'�6�§�:�T�:�6  ¶��^õ �6���§� � ��  � �T�T���:� �  ,� » � �ç¶��¨� �\îM�6  � �%  � �§�T� �M�:�%�Ô¶ �g�§� �X� �T� �¶ �a �� �:�� � ¶ � �¶��¡� ���T���§¼�� �:�   �X�¡© �a¢¡�6ÒaÓM  � ½é� � �a�l� » � ��¶ �a �� �%�g� �a�����l�X� �  ,�M½ �á¬ � � �6� �:� ¢ �  ,� � �Q�
 ��6  ±	© �6¢��6Ò6ÓX  � ½8¼'�6�l �� � � ¶ � � � �:� ��½ � � » � �¨�%� ��¢�� ¶�� � ®¨¯(° �§�6 ,� Ò � �6¼��a� Â �a�c� �  ��]�,Ãc� � ���% ,�T�XÒ6� �  ,�� � ¶^è  ��a¢¡� » � � �l�����T�a��� �Á¬´� �§��� �M��¶ � ¶ �6¢¡�a�:  �)¶���� � �%� � �Á¹
å � ¶ �:� �X� �T�:�6 @���l�:  � �:��� �:�g¶�� ���T�l�a ��§Þ � �§�l� � �§�0� � �l�l�6�^«6� ���  ¿� � Ò,�a� ¶ �a ,� �:� �l�%Òa  �¶ �¿�l�T�a ��QÞ � �Q�

¢�� èa�   〈Π(i|j)〉 ¹ å �¾¢¡���T�§� �M��� �6�§� � �l�'�6  ¶ �a ,� ��� �§���l�T� � � � �§��� � �0ß�Ò6��� ��æ^¹:êpÕ^¹ å � �ç�§�MÒ6�:�6 ��ç ��6�%� � �
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Ì � ·

i

j Ì ¼ ·

i

j

r(sut^v æ�¹.êpÕ�w Ì � · g^�%Ò6  �(¶ �Í�T�T�� ��§Þ � �§���T�§��� ¶ � » � � ¢�� è6�   〈Π(i|j)〉 ¹�ë�� �a  �¾¦ ���6�§�:�l�:Þ Ä  ��6�%� ¦  ��MÒ6���T�.Þ ¹Ì ¼ ·0® �a��� �X�  ,�e�aÒ �À¶�� T � �   ¶ �a ,� �%�X» � �M�%�:� Π(i|j) � �§�c���a�l�:�l�:Þç�p« �M�Í» �����l� �  ��:« � �a� Â_¶�� Ò6�l�:� ¶ � ��6�:���a�C¼ � ��  �g¦ Ì Ü Ði½ J,Î6· ½ Ì J,Î ½ôÐ Î,· ½ Ì Ð Î ½ D Î6·¨� � Ì�D Î ½ � Ð ·1¹
�l�a 9�����l�l� � �:� � � µ ��  � «a� �%� ���)¢¡� èa�  �  �  ��XÒ,���l�:« � ½ ¶ �6  �µ ��  ¶ �T�a�: ��aÒ �c¶?¬ �X  � �§Ò6� �g� �% ��1�T� » � �g¶ �
¢�� ¶�� i ���a� �%� ¢�� ¶�� j ½ � � �%� �¡¼ � �a  �e©�� � µ ��  � «a� �%� �����'�6�§�:�T�.« � ½ �a¬´� �§� ±Uµ�±�¶ �%� �Cµ ��  Ò,�a�:    � �¶?¬ �M  � �lÒ6� � ����� �%� ¢�� ¶�� i ¹ ã �: ��l�á½ ¶�� Þ}��WX�6 ��§�%¢�� � ���%� � �a� Â � �e© �a �Ò � �ç�a¼�� � �§«6�X� �  ,�T� �)�%� ��¢�� ¶�� � ¶��
�0ú
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õ �6���§� � �X½ �:� � © �M ��6¢¡ÓX  � ���l�X���a  ¶ �M�l�a ,� � �§����  �¡� �a� � � ¶��¶ �%� �M� � �¶?¬ �M  � �lÒ6� � �a�@� � �:  ¶�� ��¢¡� ¶�� �®�¯(° ¦ �� À¢�� ¶�� i ¶ �T�a�:  �\¶��*�á¬ �X  � �§Ò6� �ª¶�� �ç¢¡� ¶�� � j < i
� ��� �M¶ �:�§�l�l�%¼�� ��¶��*�Á¬ �M  � �lÒa� � �a� Â ¢�� ¶�� �

j > i
¹¨° �a �� �:� � � ¶ � �à¶��à�á¬ �a �� �:è � � ¶��ßõ �6���§� � �X½ �M� � © �X ��6¢�ÓM  �à¶�� �l�T�a ��§Þ � �Q� ¶�¬ �X  � �§Ò6� � « � �l��%� �¾Ò6�l�a  ¶ �¾ ��6¢¾¼�� � � ¶?¬ �6  ¶�� �a�������T�#ì:�¾���a� �1Â^� ¢�� �:� �l��� � �Cß�Òa��� �Íæ^¹:ê Ï » ��� � �Q����l�6�'�6�§� � �����

r(sut^v æ�¹:ê Ï w�� Ê`�,Æ{ó}Ä(�aÊ+��ÆaÇJË�Ês�çùJ�Yó¸É�ÊF��Ä¸Å�Ê�óáÄÁÈ×Ê1Å�Ê�ø���� ó�ølÆaÅ��d�#Ê�ø\ó	Ê�ø5Ã T (k) ù6�aÊ�øCÆêø§ÆaÅ��iÊçùJ� kÈ$ù�ø�øTÊs�>÷Ðù�Åi�6�\óqù_ÆÙÅ�Ê�ógÊ1Å�Ê�ø������¨Ë�� ù�Ëzó.ùJ�\ó¸ÉÐùV�pÊCÃ�ù_�iÊs�s�0ÆaÅi��÷ÐùV�1Äuó}Ä(�aÊ+��ÆaÇJË&ÊçùJ� T (k) ù6�aÊ�øàÆ
ø§ÆaÅ��iÊËùJ� k È$ù�ø�øTÊs�>÷Ðù�Åi�6��ó>ù ÆÀÅ�Ê�ó\Ê1Å�Ê�ø����2�¨Ë��CÄ¸ÅÐó>ù�óOÉÐùV�pÊ0Ã�ù_�iÊs�Gô º �a ��l� � � � � C Õ D F ���a����� � ��� ¶��¶ �1�e�a� � � ¹
g �e© � �%� �% �Ò Ê�ó�ÆaÇMô C Õ D F¨� � » ����¢��6 ,�T� ��» � �À�:� �cÒa�T�a  ¶ �¾ ��6¢¾¼�� � � ¶?¬ �6  ¶�� k Ò,�aÒ6  �  ,� ¶����Á¬ �M  � �lÒ6� ��a� ¶ �X�l�l�%¢ �  ,� ¶�� �¡� � �T�.�T�� ��6¢¾¼�� �à¶�¬ �6  ¶�� � ¶ �a �� �%�C� � ¶ � ��¶��C� �Û�T���l¼�� �:�   �X� �:  � �6¢���� � �l�§�%¼ �:� ½
�T�§� ¶ �:¢ �  ��l�:�6 �  �X�%�:�)� �*�%�l���T�l�a� ��¹ â �a�T�a �� » � � �§��� � ��ß�Òa��� �cæ�¹:ê#Õ ½&� ���1Â �%�Q� � �XÒ,� �:� ¢ �  ,� ¶�� � � �T�.� � �
�l�XÒ6�%�a �� » ��� � �6�§� � �l�'�6  ¶��  9� µ ��  �)� �a� � � ¶�� �: ,« � �§� � ½�¢¡�a�%� �M�:�%� ���l�a 9� �%� � � ���¨�l�6�^« �  ,�\�a�§�l� � �:� � � µ¶�� �l�lÓM��� � �l�:� � ��«�� �%� ���l� ¶ ��¢�� ¶ � �%�]¶ �(�T�T�� ��§Þ � �§��¢�� èa�  ?½ � ��  �Ô¶ �a�:« �  ,� ¶ �6  � ���a�£H1�T� ��� �6 ��§� ¶ �X�l� � �� �a¢¡¢ �(� �¾��� � ��« �0¶����á¬Ý�5Â �%�§� �   �X��¶?¬ ��  �0� �a� � � ¶�� �% ,« � �l� �0�  à¢�� è6�  �  �a¹ã ß�  ¶�� ¢�� � � Âà�M� �§  � � � � ¶�è  ��a¢�� » � �¾¶�� ��¢¡� ¶�� � ®¨¯(° ½� ��6�����#«6�6 ��)�T�T� � �a½�ß�Ò6��� �æ�¹:ê#Õ ½ �%�
�'�6��� �X�  ,�e��Ò �0¶�� � � ¢����\� �   ¶ �a ,� �%�X» � �M���%� �T�l�a ��QÞ � �§�\�: ��§�T�a ,�e�a �� Π(i|j) � �§���'�6�l�.�T�:Þ ¹�Ï	� �a�������T�#ì:�» � �g�%� �)Ò,�a�: �� Ì � ��� � �Q� � � ·   � �l�(�l�6 ,�����l�l� � �:�M� µÀ¶�� �(�l�XÒ6�%�6 ��)�,Ã �%� �T�l�a ��§Þ � �§� � �§� � ��� � �����a�§� ¶ �
� � ¢¡��� ¶ �a �� � �¾¢�HX¢ ��¶ �%� �M� �T�%�a  » � �(�%� �l�T�a ��§Þ � �Q�ª¢¡� èa�  ?½�¢¡�a�:� » � ¬ � � ��� �   ¶C�:� � ¶�� � Â ¶ �%� �X� �l�%�6 ��
�l��� �T�6��� �Á¬ �% ,� � �§«�� �%�:� � � ¢����a� �M�^� �6 ��l� ¶ �M�l� ¹ º �M� ��� � �����a�����a�T��ì%�T� ��� �6¢¡¢ � ��  � Ò6�M ��X�T� � �%�l���T�:�6  ¶�� �� ��� � � ¶�� ���: 9« � �§� � � » � �*�Á¬ �6 �� � ��� ¶ �X� �M� � � � ¶ �a �����  � ¼��a� �)¶��Aõ �a���l� � �M½9�6� �   � �6� �)� �6¢�¢ �\�%� Þ}�a�:�» � �c�:� �l�%Òa  �0¶�� ���l�T�a ��§Þ � �Q�T� � � � �a� Â µ �l�T�#« � �l�)�� à ��6¢¾¼�� ��¶?¬ �a  ¶�� ß Â ��� � ��� �e© �a �Ò � � ¶�� � � ¢¡���µ �a���l� ��� � ¶?¬ ��  �   ¶ �§�6�:� µg�á¬ �a�^�T� �(¶ �a �� �Á¬´� �§��� �M� � ©,è �l� » � �a¹

?Ô  � �6  �X� ���§�%�6 �½�� � � � ¢c¼ �%�à» � �×�%� �¡�T�l�a ��QÞ � �§�l� ¶?¬ �M  � �lÒ6� ��� �% ��1�T� » � � i�� � �T���a ,� � �a� � � �%  ¶��
¢�� ¶�� � ®�¯(° ���§�M� �  ,� �  9�¡¼ � �a� � �6��� ¶�� �§�%¢�� � �.�T� ¶�� �0�p« �M� �M� � Â �6¼�� � �Q«6�X� �  9�l� � ¶�� �g¢¡� ¶�� � ¶��õ �6���§� � � ¹ º �M� ��  ¬´� �Q�����a�¨�l���§��� �  ��a ,� µc� ��«i� ��¶�� ���§�T�§� � �l��� � � » � �)�á¬ �6 ¡�c���¡¢ � �l�l� �*�  À�X«i� ¶��   �X�
�'�6��� �%� �Í¢¡� ¶�� � Ì � �X� �l�%�6  æ�¹ôÜ^¹ôÜ6·à¦ � � ��� �Á¬ �%  ¶ � �X�×¶?¬ �� �¢¡� ¶��Û� �Q� Ò6�T��  ¶ ½ç� � ��� �%� �Í�§�l�l� � �T��� � �
�a�§�l� � �%� � �)�§�6 ,�)� � �l�:� � � ¹ º � �§� � �6¼�� � �Q«����T�:�6  � �Q� � � © �M� �  ,� �g¶ �a �� � ��¢ � �§��� � �{Ã �%� �*¢�� ¶�� � ®�¯(°
�l�a 9�À�6� ¶ �a � ��M�¡���a� �%� �����M  � �lÒa� �C� �% ��X�T� » � � ¢�� è6�  �  � ½ � �Í�,Ã �%� ��� � �T�.� � ���§�l�l� � �T��� � �Í�§�6 ,�#½ ¶��
¢¡�a ��%ÓX� � ���l� � î0Òa�M ��X�T� �:� ½�¢��6�% ����M  � �lÒ6�1�T� » � � � » � ���:� �ªÒ6�l�a�l� � � ¹

�&�
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ã �: ��l�á½ �  � �M� �6� ¶ �#« �X���Á¬´©,è �'�a� © ÓM� ��¶?¬ �:�l�a�l�l�6��� ��� � � � �:�¨¶��AK � � ¢¡�6Òa�6�l�p«'½ �%� � � �6  �M� ���l�%�a ��]���§�%  ±� �:��� �:� ���%�l�§� � � ¶?¬ ��  � �a �� �:è � � ���a� ¶ � � �6¢����6�§�:�l�%�6  ¶��»õ �6���l� � ��� � ��« �  9�ª� ¬ �1� �   ¶ � � �a� � � ¶ � ��¶��*� �®�¯(°c¹ å � � © �M ��6¢¡ÓX  � ���l�:  � �:��� �^� �§����  ��� �a� � � ¶��\¶?¬ �M  � �lÒ6� ��� �: ��X�l� » � ��¶�� ��¢�� ¶�� � ®�¯(° ¶�� � � �T�:�
�%  ¶ � �X� « � �l� �M� � ÂÛ¶�� Ò6�T�a  ¶ �%  ¶ � �M��¹ º � �§� �g� �a� � � ¶��g¶ �:� �M� � �¾� �§����  � L � �(¢¡� èa�  ?½ ¶�� �)�T�l�a ��QÞ � �§�l�
�% ,« � �l� � �\���a��«��a ,���§���§« �  ��:�ª�l��� ¶�� ¼��§ÓX« � � ¶ ���l� � �M½&�l�1«6� � �a ,�\��  ��� ��� � � ¶�� �: ,« � �§� ��¹
5 Ûzéjá*Þ6�	"Û&7 ã ����� � ¢¡� � ���a¼'�6� ¶ ½ � � ¶ �1ß� ��:�l�%�6  ¶�� Π(i|j) � � ����� � ¢c¼ �%� �¨���l¼��.�T�T���%� ��¹ º � � �   ¶ �a ,��M�:�%� � ¬ �%¢����6� �  ����T��� �M�%�:� ¢ �  ,�À�§�*�6  � � ���l�X� �X� ��� �×¶�� �À� � �l¢ � � » ��� ¶ �%�l���a�T�a�:�l� �  ,� ¶ � ¢�� ¶ Ó �%�®�¯(°\±Q² � �%� �l³9�%  �)¶ �Xß� ������a� �Á¬´�1Â ��� � �§�l�%�a  Ì æ�¹:êp·�� �6�§� » � ���Á¬ �6 Í�T�§�6  » � ��» � �M�:» � � �\¢¡� ¶�� � ®�¯(°c¹® �6���c� �:� ���Q�T� � � �M�X� �á½ � �6 ��§� ¶ �X�l�6 ��0��  �  ��6��« �M�%�:�c¤U� �a������� �1¥ l < M Ì �6 ¿�l�l�6  » � �¡�:� � M − l¶�� �l �� � �l��¢�� ¶�� � ®�¯�°)·1¹ å � ���% ,� � �T� � �T�:�6 �� �T�§��� ¶ � » � � � ¶ �� ��6�^« � ����� è �lÓM¢ � ½ ¶��\¶ �%¢ �  ��l�%�a  l ½,�§�6 ,�∑l

j=1 Π(i|j) ¹ ã ���l� � ¢ �  9� ¶ �:�M½����a���\�l�6��� j ½ Π(i|j) � � ���l�X� �  ,� �¾�%� ���: 9� � �l� � �l�%�6 ��ª�T�§��� ¶ � » � � � » ����l�a 9����í§�a���T� � � » ���a  ¶C� �¾¼��a� � ¢�� ¶ � �%�*®�¯�°Ø� �Q� � �6¢�� � �1�T� � ���a���� C ��6��« � �a�à¢¡� ¶��a¹â �a�l�6 �� ¶�� � � ��� » � �
M∑

j=1

Π(i|j) =

M∑

j=1

j∑

k=1

C̃j,k
i aj ak ai :

�%� � Π(i|j) � �6�l� � �l�'�6  ¶��  ,�ç¼�� �   µ ��  � �l�X���a�§�l�:�l�%�6  ¶�� ���% ,� � �T� � �T�%�a �� �T�§��� ¶ � » � � ���l�XÒ6�%�§�T�a ,� �%� i ÓM¢ �¢�� ¶��(¶ �a �� � �¾¼���� �0®¨¯(°c¹

¤U¥�{c¥�¦ Ó�³Ô�Á³ � ÂÚ©i�Á·�®z³�©�· � ¹�:^·q®�I�ªA£ªA®z
? �����§�T�:� ¶ �Í� è �§�lÓM¢ �(®�¯�°ª±Q² � �%� �l³9�%  �\¶���¶ �%¢ �  ��§�%�6  M ½� ��6���ç� �%� �a ��¨¢¡�a�: 9� �  ��� 9���a �� �:è � � ��%� ���: 9� � �l� � �l�%�6 �� �  ,�T� �)�%� �ç¢�� ¶�� ��Ò6��× �M�*µc¶ �ML��X� �  ,� � �ª�a�����l� Â �%¢¡���T�:�6 �� ¶�� �����T�a¢�ÓX�l� � �X½ » � �)�á¬ �a 

� � �����a�l�§�%¢�� �:� � µ�¶�� �ç��í§�6�^�T���a�§�l�:ß � � �X� � ¶�� «i�%� � �6�§�:�T��½ » ��� » ���� 9�l�:ß �  ,� � � ¶ �M� �   ¶ ��  �M��¶?¬ �� �¢�� ¶��
���a�ª�l�a���'�6�§�*�a� Â M − l ¢�� ¶�� � ¶�¬ �:  ¶ � �X� �l���'�M�§� � ��� µ �� ��:  ¶ � �M��¶���� �6������� � l ¹ ?Ô ����a�§�l� � � � � � �M½ ��6��� � � �%� � �%� �l�6 �� ¶�� � Â ���a�T�a¢��X�l�l�:�T���l�%�6 �� ¶�� �ª�T�l�a ��QÞ � �§�l� ¶?¬ �X  � �§Ò6� ��µ �T�l�#« � �§� �X� �§� ��� �6������� � l ¹å � ¼���� ¶����X� � � �Q�T�%¢¡���l�%�6 �� � �§� ¶��¶ �1� � �§¢¡�:  � � �:� �����§�%  � �%��� �:� � � �a�T� � �T�X�l�%�Q�T� » � � � ¶�� ���% ,� � � ±
� � �T�%�a �� �  ,�l� � ¢�� ¶�� �M½]��ß�  ¶�� ���§�6�'�6� � � µ � � ��� � �6 �Òà� � �§¢ ��¶�� �¢�� ¶ Ó �%� � � � © �M� �  ,�T� ¶�� ���§�%� ��   � �6¢���� ��¶�� �*¢�� ¶�� � ®�¯(° » ���{�l�a 9�* ��MÒ � �%Òa�M� � �6�§� » � �0�Á¬ �6  � �6 ��Q�T�l���:���� �¢�� ¶ Ó �%��¶�è  ���¢¡� » � �®�¯(° �§� ¶ ���.� ¹
º � �§� � ���l�a¼ � �X¢����l� » � � � � �����a�����a�T�#ì:�T� �c� �a¢¡¢ � ��  �g�1Â � �  ��l�:�6  ¶ �@���l�6¼ � ÓM¢ � � �   � �6 ,�T�§� �  

g ² ?�½ � �a�l� » � �c�Á¬ �6  �e©�� � �e©���µ ¢�� ¶ � � �:� � � �%� �)� � �T�.� � �*� �e©��M�%�:� � ¶��c�Á¬ � � �a� �%� ¢ �  9�M½'�l�l�6� � �,Ñ�� � ��� � �µÀ� � �%� � �%� � ¹�° �a �� �:�¾� �6 ,� �1Â � �g¶��c� �Yg ² ?�½ � � � �6������� �g�  ,�T� � � �e©��M�:�%� �)�l�X�l� � � � � � �( ��6 Û�§�M�§� � � � �� �a�l� � �l�'�6  ¶ µ ��  ß � �T�l�aÒ � �§�����l��� � ½ � � ¶��  ��6¢c¼�� � ��� � �Í�X�T� ¶�� � � � ���a�T�a ,� �l���À��  � �a �� �:è � ��¶��õ �6���§� � �Ô�a 9�¨� � �l¢��%� ¶�� ���§�6�'�6� � � ¶�� �¨¢�� ¶ Ó �:� � � ï � � �M� �X½^¼��a�l�X���l��� � � ¶ �Xß� ��.�T�:�6  ¶�¬ ��  � «i�%� � �6�§�:�l�
�a�Q�T�:ß � � �X�%�:� ½5���a���é�l�X�l�6� ¶ � ���M� ���§�6¼ � ÓX¢ �]¶�� Þ � �§¢ � �T��� �a¹ º � � �   ¶ �a ,�#½ ¶ �� �� �%�Ô� � ¶ � �Ô¶���� � ®�¯(° ½ �%� �� ���T� � �T�M�§�%�Q�T� » � � �Ô���l�:  � �:��� �:� � » � �ª¶ �6�.� � ¶ �#� �:� ¢ �  ,�Ô� � ���§� ¶ ���%� � �� ����a�T�a¢�ÓX�l� �ç¶�� � è � � «i�%� » � � � Â ½
�'�6���*¼�� �  Û¢�� ¶ � � �%� � � �%� �*¢¡� ¶�� � ®�¯�° �l�l�6  » ���M�M½�� � �Q� �  9� µ HX�T� � �X�l� ¶ �%� � � ¹ º �M� � ¶?¬ �a���T�a ,�(� � ���» � � ¶��  ��6¢¾¼�� � ��� � ��1�T� ¶�� � ¶ �a �� �%�À� �a� ¶?¬ ��  � �a �� �.è � �Í¶���õ �6���§� � �c�6 ,� ¶ �qí µ ¢��6 ,�T�l� » � � � �
���a�l�a¢��X�T�§�%�l���T�:�6  «i�%� » � � ��� � � ¶ �#� �%�×� �§� �T�§ÓM� ¶ �X� �   ¶ �a ,� �D¶��  ��a¢¾¼�� � � Â Þ}� � � � ���l�À� �M� � » � �@� �
�q�&�
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ÞO�6�§¢ �)¶ �C�§� �X� �l� � ½ � �0ÞO�6�l¢ �)¶ � ß � �T� � �6� �   � �6� ��¶ �  ��6¢c¼�� �(¶?¬ �6  ¶���¶��(� �6������� ��Ä ���a� �1Â^� ¢�� �:�
C êpÕ ½�Ï Õ�FÁ¹ä   � �a �� �.è � � �§�%¢�� � �a�%� �*� �Q� ¶ �a  � ���§�6�'�6�l� � � � �Á½ ¶ �a 9� �%� � � �6  �M� ���l�:�6 ��\���a���l�l�a� �  9��� � �l¢ � �§�T� �¶?¬ �a¢�� � �:�6� � ���� C� è �Q�TÓM¢ ��¶�è  ��a¢�� » � ��®�¯(°\±Q² � �%� �l³9�%  � �l� ¶ ���:� ¹

� è£ä"ã�æ�â � áÁÝ�â¸è�ë��"â � �	"Û�	 � Û
ã ���§ÓM�Ô�#«a�6�%���% ,�T�§� ¶ ���:� �Á¬ �%  ¶ � �M��¶���� �6������� � l ½� ��6���]�#«6�6 �� ¶ �ÅL��M� �   � �%� �:� ���% ,� � �T� � �T�%�a ��{Þ}���%�T�� 9��% ,� � �§« �  ��:���� ¿� � �l¢ �¶?¬ �%  ¶ � �M� �§�����X�l� � ��� µ l ½ ¶ �.� � �0 ��a ¿�§�M�l� � � � � � �0�:  ¶ � » ��� � �����a� �á¬Ý�5Â �'�6�l�a ,�

> ½ ¶�� �������T� � ���: ,� � �l� � �l�%�6 ��M½ ¶ �:� � �¨�l�M�§� � � � � � �ç�%  ¶ � » ��� � �����a� ≤ ¹�¯  À�:�l� �:� �XÒ,� �:� ¢ �  ,� �:� ��� � �§¢ � �¶?¬ �6�l�:Ò6�%  � «i� » � � ��� �(� �ç�a ��6¼��l� �  9�¨ÞO�6�l¢ �M�:�%� ¢ �  9� � � ¶ � � �6¢��'�6�l�.�T�%�a ¡�§���:«��a ,� ��¶�� ����� �.è  �Ú6¢ � � ¶ �
� è �Q�TÓM¢ ��¶�è  ��a¢�� » � ��®�¯(°\±Q² � �%� �l³9�%  � Ì � » �����T�%�a  Ì æ�¹.ê8·l·*¦

f g
i (a) = c≤i (a) + c>

i (a) +
1B � (d≤

i (a) + d>

i (a))

�#« �X�

c≤i (a) = C0
i +

l∑

j=1

Cj
i aj +

l∑

j=1

j∑

k=1

Cj,k
i ajak,

d≤

i (a) = D0
i +

l∑

j=1

Dj
i aj,

c>

i (a) =

M∑

j=l+1

Cj
i aj +

M∑

j=l+1

j∑

k=1

Cj,k
i aj ak

� �
d>

i (a) =

M∑

j=l+1

Dj
i aj.

å � ���l�6¼ � ÓM¢ ��¶�� Þ � �l¢ � �l��� ��� �6 ��§�%�Q� � � � �6�l�0� � � µ ¢¡� ¶ � � �%� � � �%� �¾� � �§¢ � �¾ ��6 í�§�M�§� � ���gÒa��× �X�
�a� Â � � �l¢ � �*�l�M�§� � ��� ¹�¯   �e©�� � �e©�� � � ����  � Þ � �§¢ � �T��� �c¶�� � è � � «i�%� » � � ��� � �l�:¢¡� �:� ½ ¶�� ���a�T��¢¡Ó1�T� �
ν(i|l) ½� ��6��� ¶ �a � ��a ,�\��  � �a�����l� Â �%¢¡���T�:�6  ¶���� �cÞO�6�§¢ �

f g
i (a) ≈ c≤i (a) +

(
1B � + ν(i|l)

)
d≤

i (a), Ì æ�¹ Ð ·

�a¬´� �Q� ±	µ�±	¶ �:� � � �M�%�:�)» � � f>

i ≈ ν(i|l) d≤

i
�#« �M� f>

i = c>

i + 1B � d>

i

¹
å ��� � � ï � � �  ,�c�T�a �� ¶ �%¢ �  ��l�%�a  ν(i|l) � � ���±HX�T� � � � ��WM� � �6¢¡¢ � �� í��í§�6�^� ¶�� «i�%� � �6�l�.�T� » ���� � �l¢ � � ¶�� ¢�� ¶ � � �:� � � �Á¬ �% �i�� �   �M�¶�� ��¢�� ¶�� � ¶?¬ �%  ¶ � �M� �§�����X�l� � ��� µ l �l��� �:� ¢¡� ¶�� i ¹ ?Ô  � L � �M½

U∞ Lν(i|l) � � ���§�M� �  ,� ���Á¬ �a��Ò6¢ �  ,�T���T�:�6 ×�a�Q�T�.ß � � �M�%�:�0¶��g� �¡«i�%� � �6�§�:�l� � �% ��M¢¡���T� » � � �'�6��� �%� i ÓM¢ �¢�� ¶�� �§� U∞
� � L �l�6 ,��� � �l� �M� �l�:« � ¢ �  ,� � ��«i�:� � �l� �C� � � � � �a �Ò6� � ��� � �a�l� � �l�M�§�%�§�l� » � � ���^�T� � �%�§� � ��'�6��� ¶ �Xß� ��:� �:�  ��a¢¾¼�� ��¶�� B �Xè  �� �%¶ � ¶�� �ç� » �����T�:�6 �� ¶�� â �#«i� � � ± gi�T�6³ � ��� ¶ �%¢ �  ��§�%�6 � �� � � ¦ B � =

(U∞ L)/ν �p« �M� ν = ρ/µ
� �à«i�%� � �6�§�:�l� � �: ��M¢¡���T� » � �À¶�� �g� » �����l�%�6 �� ¶�� â �#«i� � � ± g9�T�6³ � � � � ρ =

ρ∞ = 1 Ì � �a ��l� � � � � � �g���aÒ �ÎJ,Ü6·1¹
�����
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º �ç� � � ï � � �  ,� ¶ �M� �   ¶ Æ�÷�ø5Ä�ù�ø5Ä ¶��ç�á¬ �:  ¶ � �X� i ¶ �¾¢�� ¶���� �6 ��§� ¶ �X�l� � � ¶��¨�Á¬ �%  ¶ � �M� l ¶��¨� �6������� � ½¶�� ¢¡�a ��:ÓM� � �a �� � �6Ò6� � ���a� �1Â^� ¢�� �%�ªµ�� ��«i�%� � �6�§�:�l���a�§�l�:ß � � �X�%�%��¶���K �l�a� �e©  ��a  ± º © � �%�:� � ± å � �l� � ��� ¶ � ±
ß� �� �(¶ �a �� �á¬Ý� �l��� �X�0¶��[õ �6���l� � � Ì «a�6�%� C J,Õ�F�� � C êaê�F�·1¹
° �a �� � ��l���.� � ½ ¶�� � � �Q�T�:¢����l�%�6 ��\���a��¢�� è6�  �  �¾� �)¢��6�%  ¶ � � � � �a�l�§�M�)� � �l�a 9�*���l�a���6�§� � � ¹ ? �:�%� �

� � �l�6 ,� �1Â �l�T�a�.� � � ¶���� �cÞO�6�l¢c� � ���l�%�6  Ì æ�¹ Ð · ½�¢¡�a�%�������l�§� ¶?¬ ��  � «a���l���� 9� �)» ���é��� �   ¶C�1Â � � � � �.� � ¢ �  9��   � �a¢¡��� �(� �¾«��a�l�%���T�:�6  K̇i

¶��0�á¬ �X  � �§Ò6� �*� �% ��X�T� » � ��¶ �à¢�� ¶��a¹ ?�  � L � �M½������%� » � �
1

2λi

K̇i = f̃ g
i (a) = c̃≤i (a) + c̃>

i (a) +
1B �
(
d̃≤

i (a) + d̃>

i (a)
)

�#« �X�
ỹi(a) = ai yi(a)

�'�6���ç�T�a��� y ∈ {c≤, c>, d≤, d>} ,
�6  �e©�� � �e©�� �T�g�XÒ,� �%� ¢ �  ,� µ0� �§�l�%¢ � ���� À���a�l�a¢¡Ó1�T� � ν̃(i|l)  ��6��� ¶ �6 � ��a ,����  � �������l� Â �%¢¡���l�%�6  ¶��� �cÞO�a�l¢ �

f̃ g
i (a) ≈ c̃≤i (a) +

(
1B � + ν̃(i|l)

)
d̃≤

i (a). Ì æ�¹ D ·
ë � �   » � �C�:� �¾ÞO�6�§¢¾� � ���T�:�6 �� Ì æ�¹ Ð ·c� � Ì æ�¹ D · � � � � �l� � ¢¾¼ �:�  ,�#½ �:� � � �Q�T�:¢����l�%�6 ��¾���a�g¢�� è6�  �  �

� � ¢¡�'�6� �M�%�:��� �¡¢��6�:  ¶ � � � � ���l�l�X� ¶�� ν(i|l) � � ν̃(i|l) � � �l�6 ,� ¶ �ÅL��M� �  ,� � � �  Ñ���T���l� » � � ½ �����:� » � ¬ � �Þ}�a���ª¢c� � �l�%� � � � � Ì æ^¹ Ð · ���a�ª�� Í� � �§¢ ��» ��� ¶ �X� �   ¶�¶ �C� � ¢���� Ì µ �T�#«a�6�%� ai

· �'�6�����6¼�� �  ��:� Ì æ�¹ D ·5¹° �a �� �%� � ¶�� � Â � �M� �T�:�6 ��*�§���:«��a ,� � �M½� ��6����Ò,�a� ¶�� �§�6 ��ª�T�6��í§�a���l����  �  ��a�e���l�%�6 C�T�� ����l� �%¶�� ��ß� ¶?¬´�1Â �'�6� � � �:� � � �Q�T�%¢¡���l�%�6 �� ¶�� ν(i|l) » ���Ô�6 ,���X�T� � � �%� � � � � �M½é¢¡�a�:� �M� � � �§�T�:¢����T�%�a ��)�l�a 9���l�T�a �� ±�'�6�T�a¼ �%� ����� � �a� ¶��g� ��ÞO�6�l¢¾� � ���l�%�6  Ì æ�¹ D ·1¹�® ���%�X½? ��6�������§�M� �  ,� � �l�6 �� �%� � � �Q�T�%¢¡���l�%�6 �� � � �:� � � � � �
�'�6��� �%� � ¶�� � Â ÞO�6�l¢¾� � ���l�%�6 �� ¦^¤U¶�è  ���¢¡� » � �1¥ Ì æ�¹ Ð ·�� � ¤ �M  � �lÒ6�1�T� » � �5¥ Ì æ^¹ D ·5¹
� Ù�ÙeÞ�è��£â�éjá�Ý�â�è�ëÖÛzëÌéjè���Ûzëeë"Û
¯   ¶ �:�l�'�6� ��¶�� �{«�� �:� ���§� ¶�� � � � � ï � � �  ,�l�{� � ¢����6� �M� � ¶��¨� � ®�¯�°Ñ� � ¶����%� ���l� ¶ �X�l�.«6� � ���a¼�� �  i� � �

���a� ¶ �ÅL��M� �   �X� �(ß� �� � �(�'�6��� �:� � N �X� � �e© �M� ¦ ae
i (tj)

� � ȧe
i (tj)

���6��� 1 ≤ i ≤ M
� � 1 ≤ j ≤ N

¹
å � � è ¢¾¼'� �:� ≈ � �6�l� � �§���6  ¶ � � � µc�Á¬ �MÒ,� � �:�l� �  Í¢¡� èa�  �  ��¹&® �6���ç��  �(� �6������� � l ≤M

» � �M�:� �6  » � � ½�Á¬´� �Q�T�:¢����l�%�6  ¶�� ν(i|l) ½� ��a�T� � νi
½ ¶ �6�.�\� � �6�§�ç�T���T�%�QÞ}�a�%� �)� �g� �M� ���T�%�a 

〈f g
i (a)〉 =

〈
c≤i (a) +

(
1B � + νi

)
d≤

i (a)

〉
,

�,Ã 〈.〉 � �Q���l�6��í§�6���l� �Á¬ �6�'�M�l��� � ��� ¶�� ¢¡� èa�  �  � � � ¢����6� �M�:�%�ç¶ �1ß� ��������Ô��  � ¢¡� èa�  �  � �a�§�:� © ¢¡�1�T� » � �Ì � » �����T�:�6  Ì æ�¹ôÜ6·§·1¹&¯  à��� � �6�§�ç�T�6���ª�§�%¢�� �%� ¢ �  ,�

νi =
〈f>

i (a)〉
〈d≤

i (a)〉 .¯  à� � �^� ¶ � � �6¢¡�'�6� � � νi

�   ¦
• ��  ��� �6 ,�T�§�%¼����l�%�6  ¤ «i�%� » � � ��� �5¥ νvisq.

i =
〈d>

i (a)〉B � 〈d≤

i (a)〉
Ä

• � ����  ��� �6 ,�T�§�%¼��^�T�%�a  ¤  ��6 Í«i�%� » � � ��� �1¥ νi − νvisq.

i =
〈c>

i (a)〉
〈d≤

i (a)〉
¹

�q��)
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� Ù�ÙeÞ�è��£â�éjá�Ý�â�è�ëÖÙeáÁÞYéjè�â�ë�ä"Þ�Û � Ü,á*Þ�Þ�ã �
å � � è ¢¾¼'� �:� ≈ � �6�§� � �l�'�6  ¶ ¢¡�a�% ,� �  ��a ,� µ ��  � �a�����§� Â �:¢����l�%�6  �����*¢��6�%  ¶ � � � � ���l�l�X� ¹ å ¬´� � ±�T�:¢����T�%�a  ¶�� ν(i|l) ½� ��a�T� � νi

½ � �§��� � �a�l� � �¾�§� � �^�T�%�a  ¶ �à���l�6¼ � ÓM¢ �

min
α∈
Ï B

N∑

j=1

(
f g

i (a(tj)) − c≤i (a(tj)) −
(

1B � + α

)
d≤

i (a(tj))

)2

, Ì æ^¹��6·
�6� ¶�� ¢¡�a ��%ÓX� � � » ���:«�� �%�  ,� �

min
α∈
Ï B

〈(
f g

i (a) − c≤i (a) −
(

1B � + α

)
d≤

i (a)

)2
〉
.

? �%�%�(� �§� ¶ �6 � �� � ���a�

νi =

N∑

j=1

d≤

i (a(tj)) f
>

i (a(tj))

N∑

j=1

d≤

i (a(tj))
2

=
〈d≤

i (a) f>

i (a)〉〈
d≤

i (a)
2
〉 .

Ï	�é� �Q� �   � �6� � �'�6�l�§�%¼ �:�(¶���¶ � � �6¢¡�'�6� � � νi

�   ¦
• ��  ��� �6 ,�T�§�%¼����l�%�6  ¤ «i�%� » � � ��� �5¥ νvisq.

i =
〈d≤

i (a) d>

i (a)〉
B � 〈d≤

i (a)
2
〉 Ä

• � ����  ��� �6 ,�T�§�%¼��^�T�%�a  ¤  ��6 Í«i�%� » � � ��� �1¥ νi − νvisq.

i =
〈d≤

i (a) c>

i (a)〉〈
d≤

i (a)
2
〉 ¹

5 ã � 	�æ¸Ý6áÁÝ �
Æ �����T� � Þ}�a¢�� �:�%� � ¶?¬´� �Q�T�:¢����l�%�6 ��*�6 ,� ¶ �a  � �X�l� � � �%� � � � � � µ ���a�Q�T�:� ¶ �Û¢�� ¶ Ó �%� f g

µ
M = 86¢�� ¶�� � � � ¶�� � � � � ï � � �  9�l��� � ¢��'�6� �X� � a = ae

i

¶�� �§�XÞO�X� �   �M��¶ �6 � ��X�ª���a� � � ®�¯(° ¦
• ������¢¡� è6�  �  � «i��� � �cÞO�6�§¢¾� � ���T�:�6  ¤U¶^è  ��a¢¡� » � �1¥c¦

νi =
〈f>

i (ae)〉
〈d≤

i (ae)〉
Ä Ì æ^¹ôÕ,·

• ������¢¡� è6�  �  � «i��� � �cÞO�6�§¢¾� � ���T�:�6  ¤ �X  � �§Ò6�X�l� » � �5¥g¦

ν̃i =
〈aif

>

i (ae)〉
〈aid

≤

i (ae)〉
Ä Ì æ^¹ Ï ·

• ������¢¡�6�:  ¶ � � � � ���l�l�X��«^�%� � �¾ÞO�6�l¢c� � ���l�%�6  ¤U¶�è  ���¢¡� » � �1¥g¦

νi =
〈f>

i (ae)d≤

i (ae)〉
〈(d≤

i (ae))2〉
Ä Ì æ�¹.êpÎ,·

����x
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• ������¢¡�6�:  ¶ � � � � ���l�l�X��«^�%� � �¾ÞO�6�l¢c� � ���l�%�6  ¤ �X  � �§Ò6�X�l� » � �1¥g¦
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i (ae))2〉 . Ì æ�¹.ê6ê8·

â ���T�6 �� » � �\�%� ��¢�� ¶ Ó �:� �Ô���§� �M� � ¶�� «i�:� � �a�l�:�l�\�a�§�l�:ß � � �M�:�%� ���6��� � �;g ² ?_�l�6 ,�¨¼��a�§�M���l������  � � » ��� ±
�T�:�6  ¶�� ¼�� � ��  ¶��g�á¬ �X  � �§Ò6� �0� �% ��X�T� » � �g¶��¾� �����a�Q�T� � �l�M�§� � � �¾¶��g�Á¬ � � �6� �:� ¢ �  ,�#½ � � » � ¬ � �{è � ¶ �6  �
��  � �a �� � �6Òa� � �#« �M�c�:� �çÞ � �l¢ � �T��� � � Ì æ�¹ Ï ·�� � Ì æ�¹.ê6ê8·5¹

?Ô c���l���T� » � � ½ �%� � � �6 ,�T�§�%¼��^�T�%�a ��?«i�%� » � � ��� � �]�§�6 ,�] ��XÒ � �:Ò � ��¼ �%� � Ì �%�  ��6¢¾¼�� ��¶�� B �Xè  �� �%¶ �{�X�T�a ,�
� �X� ���l�:« � ¢ �  ,�ª�%¢����a�§�e�� 9� · ½ � �\�6 à  � ���§�M� �  ,� � �T� ¶ �a  � ���a�ª�%  ¶ �X� �   ¶ �a¢�¢ �  ,� �e© � » � �c� �6 ,�T�§�%¼�� ±
�T�:�6  ¹9°*� � � ���M½ �%� ��«�� �%� ���l� ¶�� νi

� � �§�6 ,���#«6�X�l� � ���% 9���l� � �%�T��¼ �%� � � �a�¨���a�Q�T� � � � �:ÓM� � ¢ �  ,� � �§�T���l� » � � � Ä�M�:�%� �ç  ¬ �a�����a�l�a�%�§� �  9�ª���a�ç���a�§¢¡� �%� �ç�l�X�l� � �e���l�ç���l�X� �  9�l�M� �  Íß�Ò6��� ��æ�¹ôÜaÎ�¹�® �6����� � ��� ¶��)� �:�l�%¼�� � �.�T��½
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r(sut^v æ�¹SÜ�Î.wB@ �%� � �6�l�.�T�X���a�§�l�:ß � � �M�:�%� � � � �%� � � � � �����6��� © ���:���%  ¶ � �X� � ¶��� �a������� � Ì l = 20 ½ 30 ½ 40 ½
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� � l = M = 86
·\¦ Ì � · B � ν̃i
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¹ Ì ¶&· º �6¢����a�T���%�l�a  ¶�� B � ν̃i
½

B � νi

� � B � ν̃i
���6��� l = 60

¹

 ��6�����p«a�6 �� � �6 �� � �§«a���'�6���*� � ���l�M� �  ,� � ��B � ν̃i
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® �6��� l = M ½'�T�6��� � � �%� �\«i�%� � �6�l�.�T�X�*�6¼�� �  9� � �)�l�6 ,�( 9� �:�%� � � �6¢¡¢ � � � �X�T�a�:�*���l� �   ¶ �×�����:� » � ��a� � �� _� � �l¢ �   ¬Ý� �§�0�T�l�a  » ��� ¦ f>

i = c>

i = d>

i = f̃>

i = c̃>

i = d̃>

i = 0 �§� l = M
¹ â �a�T�6 �� » � �

ν̃i
½ νi

� � ν̃i

¶ �6 �  �  ,� ¶�� �\���l�aß � �ª� � ¢¾¼ � ��¼ �%� �M½ » �������a�Q�e�aÒ �  ,��� � ���§� � ���l� � �a�l� � �l�M�l�:�§�l� » � � �\�#« �X�c� �
«i�%� � �6�§�:�T�)� © �M�a�l� » � ��¶ �a � �� � ����� �Á¬ �a �� �.è � �)¶���õ �6���§� � � ¶?¬ �� à�§� �X� �T� ��¶��XK � � ¢¡�6Òa�6�l�p«��l��� �:�M» � �X�� �Q�\�6���X�l����  ß � �l� � �'�6�§� � Ì �eÉ�Æ{ø�÷ÙÈ1Ëzó���ùJ����Ç|ó	Ê�ø ·*¦

• ���§�M� �   �X�c¶?¬ �� C��� � �a�  ��.« � �a� ¶���� � � �6������� � Ì �'�6��� �:� � ¶�� �l �� � �l�ª�:  ¶ � �X� �����§� �e©�� � ¶�� l ·�Ä
• �'�6��� �e© � » � �¾¶ �1ß� ��.�T�%�a  ¶��c� ��«i�%� � �6�§�:�l�¾�a�Q�T�:ß � � �X�%�:��� �)�'�6������ ×�%  ¶ � �X� i ß Â ��½ �:� ��«�� �:� ���§�¶ � � �l�a�%�l� �  ,� » ���a  ¶C�Á¬ �%  ¶ � �M� l ¶���� �6������� � �a��Òa¢ �  9� ��Ä
• �:� � © �a�^� � ���l� ¶�� �ª��� � �ª���a��� ¶ �ÅL��M� �  ,� � � � �6������� � �\�l�a 9� ¶ �C¢.HM¢ � �6� ¶ � ��¶�� Ò6�T��  ¶�� ��� ¹® ��� �5Â�� ¢¡� �%� ½Úg �e© � �%� �% �Ò Ê�óçÆaÇMô C Õ D F �6¼��T� �  �  �  ,� �:� �\���l��ß � � ¶�� «^�:� � �6�l�.�T�M� ¶���� �gß�Ò6��� �¾æ�¹ôÜ^ê ���6���� �c�l���l¼�� �%�   �M� �:  � �6¢���� � �l�§�%¼ �:� ½9�T�§� ¶ �:¢ �  ��l�:�6 �  �X�%�%�\� �ª�:�l�a�l�l�6� � �'�6������  ß � �T�l�aÒ � �§� �X� �l�T� � �'�6�Q� �a¹

r(sut^v æ�¹ôÜ^ê.w¡  ù�óÁÆaÇ�Ê������¢�pÄ£�pÈ$ùV�1ÄuóáÄÁÊs� ν+(k|kc)
�(Æ6�ÍÆ¤�5Ë^Å�È�ó}Ä�ù�Å ùJ� k/kc ¥ Äuó¸É kc = 128 �6ù�ø�óOÉ�Ê¦ ù�ÇJÃ�ù��zù�ø�ù6�_�m§�Ês�1ÇJÄÁÊ �x¨çË�Æ{ø5Ä¸Å�Ä{ÆaÅi��©Sª�¨ �9« �>÷�ÊeÈ�ó�ø§Æ4ô ð �:�l� ¶�� C Õ D F{¦ k � �6�§� � �§���a  ¶ �a� Â  ��a¢¾¼�� � �¶?¬ �6  ¶���� � kc

µg� � � �6������� ��¹
º � �0�6¼�� � �§«����l�%�6 ����§�6 ,� � � © �X� �  ,� � �¾�#« �M���:� ���l�:¢¡� � �a�§�:�l�M� ¶ �qí µ ¢��%� � � �  _�X«i� ¶��   �X���  9�l� � ¢¡� ¶�� �®�¯(°Ö� ��¢�� ¶�� � ¶���õ �6���§� � � ¹å � � � �§�l�%¢¡���T�:�6 �� ν̃i

���l�M� �  ,� �  ,� ¶�� �¡���§�aß � ��¢��6�: �� � �:�l� � � » � �à�:� � ¶�� � Â �a���T� � � ¶ �Xß� ��:�l�%�6 ��
�#« �X�)¶�� �¨«a���l�����T�%�a �� � � � � �:� ���a�§� � î*¢��a� » ��� � ���'�6��� �:� ���%  ¶ � �M� �¨���l� �e©�� � ¶�� l ½ » ���'� � ��« �  ,�ª¢�HX¢ ����§� � �:  ¶ � �À¶�� �¾«�� �:� ���§�¾ ��XÒ,���T�.« � � ¹ º �X� �ç� � ���¾� ¬´�1Â � � � » � � �g����� � � � �6¢�� �%�5Â �.�T� ¶�� �g�: 9� � �l� � �l�%�6 ��
¢�� ¶ � �%� � � �� ��a�T�a¢¡¢ �  ,�g���a� �Á¬´�1Â �%�Q� �   �M� �'�6  � �l� �M�:�%�Í¶�� � � �l�:� � � � �a� � � ¶�� ���% ,« � �l� � � ¶?¬ �M  � �lÒa� �a¹ð �6��� � ÞO�6�%�X½ �Á¬ � �:� ��� � Ò � �6¼�� �:�)¶�� �ª���§�aß � ��� � �Q� � � ¶��  ,�T� » � ��¹Ï	� Þ}�a���ç�l�6� � �%Ò6  � � » � �(�:� � � �6���§¼ � � ¶�� ν̃i

� � νi
�§�6 ,� » ���a�l�:¢ �  9�ª�§��� � �l�'�6�l�a¼ �%� �M½�¼�� �   » � ¬´�M�:�%� �� �a�l� � �l�'�6  ¶��  ,� µ¾¶�� � ¶ �Xß� ��.�T�:�6 ����l�lÓM� ¶ �ÅL��M� �  ,� � � ¦ ν̃i

���l�p«i� �  9� ¶?¬ ��  � �a�����l� Â �%¢¡���T�:�6 �¢�� è6�  �  �
«i��� � �0ÞO�6�§¢¾� � ���T�%�a  ¤ �M  � �lÒ6�1�T� » � �5¥ ½i�e�a  ¶ �%� » � � νi

���§�8«i� �  ,� ¶?¬ ��  � �a�����l� Â �%¢¡���T�:�6 ����a�ç¢��6�%  ¶ � � �� ���l�l�X�¨«i��� � �(ÞO�6�§¢¾� � ���T�%�a  ¤U¶�è  ��a¢�� » � �5¥e¹ º � �l� ��� �6 ��§�e���e���l�%�6  Æ»÷ÐùV��ó	Ê�ø5Ä�ù�ø5Ä � �Q���l�lÓM���% ,�l�M� � �l�l�a ,� �
�����:� » � ¬´�M�:�%� � �  �ÞO�6� �X� �§�X�l�l�6�§� �X� �T�.« � ¢ �  9� �Á¬ �% ,�T�X��H1� µ � �X� �6� ¶�� � µ0�á¬ �1�T� ¶��\¶�� �¨�l�T�a ��§Þ � �Q�T� ¶?¬ �M  � �lÒ6� �� �: ��X�l� » � � ���l� � � ¶��  ,� � ½ �  Í�1�e�a¼ � �%�§�T�a ,�¨ i��¢¡�X�l� » � � ¢ �  ,�ç��  �*� �6�§� � �§���a  ¶ �a  �X�)�  ,�l� � ½ ¶?¬ ��  � �����§�#½�%� �¼�� � �a �� ¶?¬ �M  � �lÒa� � �  ,�T� � ¢�� ¶�� ��l�X�l� � ��� Ì ¶?¬ �%  ¶ � �X� i ≤ l

·¾� �¡ ��6  �§�M�§� � ��� Ì ¶?¬ �:  ¶ � �M� i > l
·

» ��� � �6�§� � �l�'�6  ¶��  9� µ ν̃i
½ � �#½ ¶?¬ �a���l� � ���a�§�M½���  � «i�%� � �6�§�:�T� ν(i|l) ½ » ���Á½���  � ÞO�6�:���% �í �X� �l� � ½ ¶�� «i�T�a�.��a¢�� � �%�6� � � � � ¶�è  ��a¢�� » � ��¶ �� è �§�lÓM¢ ��µ M− l ¢�� ¶�� � ¶���� �*ÞO�6�l¢ � Ì æ�¹.ê8· �a�g� �  �� ¶��ª� � ¶ �Xß� ��.�T�:�6 
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¶��
νi

¹ ?Ô  � L � �M½ �á¬ �6¼!í �M� �l�:Þ µ � � ��� � �a �Ò6� � � �e© �M�a  �X�g¶��¾�M� � è � �¾¶�� �T�l�#«a��� ��� �Q� ¶�� ���l�6�'�6� � � ¶�� �
¢�� ¶ Ó �%� � � � © �X� �  ,�l� � � � ï � � �M� � ¶�� ���l�:� ���   � �6¢���� ��¶�� �*¢�� ¶�� �ª ��6 ��§�M�§� � ��� ¶ �a ����� à� è �§�lÓM¢ �¶�è  ��a¢�� » � ��®�¯(°\±U² � �:� �§³i�:  �a¹
5 Ûzéjá*Þ6�	"Û � 	"Þ æ¸Û Ü�¬"è�âd��ä�Û æ¸á¯Þ�ã � ãzÞ�Ûzë�Ü,Û® Ù�á*Þ	Ý�â¸ÞÖä�Û æ�á��	�Ûzæ�æ�Û á ã!Ý6ã Ü,á*æ�Ü�	�æ�ã!Û æ¸á
Ù�á*Þ�áÐéjã4Ý	Þ�â � áÁÝ�â¸è�ë
å � �¨«i�:� � �a�l�:�l�M�¨�a�§�l�:ß � � �X�%�%� � � � �%� � � � � �����l� � � ¶�� ¢�¢ �  9���6 ,���1�T� ¶ �Xß� �� � � �  ���� �  ��a ,�����6�����§�XÞO� ±

� �   �M�\�%� ¢�� ¶ Ó �:��®�¯�°ª±Q² � �%� �l³9�%  �çµ M = 86 ¢�� ¶�� �Ô�'�6��� ¶�� � Â �T���%�l�a �� ¦6�M�X� �&� � �l¢ � �§�e�a�.� ¶?¬ ��  ����a�Q� ¶�� «�� � � ¶�� � �%� ���l�X�l� � �e���l�¨�a¼�� �  i��� ¶ �a �� � ��¢ � �§��� � �,Ã �:� ��«i�%� � �6�l�.�T�X� � � �%� � � � � � ¶�� «��a� �  ,�(HX�T� ��1Â � � � � ¢ �  9�¨ 9� �%�:� ���'�6��� l = M
¹ ? �¨�l���Q�T�6�^�#½ �%� �Ô� � �§¢ � �¨¢�� ¶ � � �%�l�X�Ô���a� �%� ����í§�6���l� ¶�� «i�%� � �6�§�:�T�X�

�l�a 9�]���a�QÞ}�a�:� � ¢ �  ,� � �6 � 9��� ¦��M� �l�6 ,� �:� ��� � �l¢ � ���l�l�6  » ���M� � �a�l� » � �¨�Á¬ �6 ����a�l� ��µ ��  � ¢�� ¶ � � �:�T���l�%�6 ¶��
M ¢¡� ¶�� � µ l ¢�� ¶�� �M½ �a¬´� �§� ±Uµ�±�¶ �%� � f>

i
�6� f̃>

i
�'�6��� �:� i ÓX¢ � ¢�� ¶���¹

ä  g�����T� ���e© �6� Â ���a�l�l�:¼ �%� �a���l�a�:�{�1�T� ¶�� ¢�� ¶ � � �:� � �é�l�6��� �M��» � ���%� ¢¡� ¶ Ó �:��µ l ¢¡� ¶�� ��  � ��� �   ¶���a� �   � �6¢¡�^� � ½ �M�0» ���]� � «i� �   ¶ �T���:� µ � � ¢¡� � � �M� � f>

i
����� ȧe

i − f≤

i (a)
¶ �a �� �%� ��� » �����T�:�6 �� Ì æ�¹ôÕ6·� � Ì æ�¹.êpÎ,· � � f̃>

i
���a� ai (ȧ

e
i − f≤

i (a))
¶ �a �� �%� �¨� » �����T�:�6 �� Ì æ�¹ Ï · � � Ì æ�¹.ê6ê8·5¹ º � � �   ¶ �a ,�M½�� �   ¬ �a���T�a�.�

���a�ª�1�T�����a�l�l�:¼ �%�(¶�¬ �a �� �:è � � � �%� ���§�M�§� � �T���T� �   � � �l¢ � � ¶�� ¢�� ¶ � � �:�T���l�%�6  ¶�� �ª¢�� ¶�� �ç�T�§�6  » ���M� ¹
?Ô  � L � �M½ �:� ¢¡� ¶ Ó �:�\®¨¯(°\±U² � �%� �§³9�%  � ���X�T� � � �:� � � � �  � ��MÒ � �%Ò � �a ,� �:� �Ô� � �l¢ � �¨�l�6��� ± ¢¡�a� �:�%�¨¶��� ��g ² ? � � �%� � � �l¢ � TΓ � � Ì «6�a�%� � �¡� �M� �l�%�6  æ^¹ôæ�¹.ê8·(¦�� �¡���a�l�a¢��X�T�§�%�l���T�:�6 ������T�a�.�)� � �6�§�*�MÒ6� �%� ¢ �  9�� �a  �M� �l �� �M� �\� � �l¢ � �X½ �M��» �����a���l�a�:�ç���CÞ}�����l� � � �Á¬ �a �� �.è � �a¹â �a�l�6 �� �M� � �   ¶ �a ,� » � ��� �¾¢�� ¶ � � �:�T���l�%�6 ¡Ò � �6¼�� �%��¶�� �ª� �e©��M�%�:� � ¤  ��6  ± �§�M�§� � � � � ¥ Ì �l�a��� ± ¢��a� �%�:� �� � ¢¡� ¶�� �{�T�§�6  » ���M� ·�� � ¶�� �]� � �§¢ � � � �X�%� «��a ,� ¶��ç� ����� � �l�l�:�6  � �§���% ,�l�M� � �l�l�a ,� �a¹ ? �:�%� � � �T� ¶?¬ �a� �:�%� ���l�

�a¼'�6� ¶ � �g¶�� ¢¡�a ��%ÓX� � Ò � �6¼�� �%�c� ���l�%¢�� � �a�%� ��¶ �a �� � �À�§���:� �Í¦  ��6�����#«a�6 ���� � � � L �M� �T������  � � �X� � � � ±
¼��l���T�:�6  ¶�� � � � � ï � � �  9�l� ¶�¬ �6�§�%Ò6�:  � «i�:� » � � ��� � ���a� ¶�� ����í§�a���T� ¶�� «i�%� � �6�§�:�T� » ��� ¶ �M� �   ¶��  ,� ¶�� �
¢�� ¶�� �0«i���à ��a�e��¢¡¢ �  ,� � � ¶ �1ß� ��:�l�%�6  ¶?¬ �� í���l�a¼ � ÓX¢ �¡¶�� ¢��% ��:¢¡�:�T���l�%�6 @�a� Â ¢��6�%  ¶ � � � � ���l�l�X�
Ì � » �����T�:�6  Ì æ�¹��6·l· ½a�e��  ¶ �%� » � �\¶ �a �� �:�\�e© �a���:�l� �UJ  ��6���¨� �:� �6 ��] ��6�����% ,�T�X� � �l� � � µ�� �(� �M� � � �%¼��T���l�%�6 
Ò � �6¼�� �:�(¶�� � � � � ï � � �  ,�T�\��� �:è  �Ú6¢����a� Â «i��� � � ¶ �Xß� ��:�l�%�6  ¶?¬ �� ����§�6¼ � ÓM¢ ��¶�� ¢��% ��:¢¡�:�T���l�%�6 ¡� � ���
Ò6�X ��M�l� �Á¹

¤U¥�{c¥�¤ ¯ ·q£¹ £¹(©i�* 〈Π〉 ° ©i�Á³2¹¬®�|$?�z©�® Â£¹A?��}µÂÚ©Á·JIcª¬£® �F� <µ£¹¬®&±êÚ©
ν̃i ° °A³Ô�*³²O

� 1Ú©^�Á®:^·q®�IcªA£ªU¾³±
¯  ��

ai c
>

i (a) =

M∑

k=l+1

(
Ck

i akai +
Π(i|k)
λi

)
.

º �6¢�¢ � 〈aiaj〉 = δi,j
½��6 C�6¼��T� �  ,�

〈ai c
>

i (a)〉 =
1

λi

M∑

k=l+1

〈Π(i|k)〉 .

°*� � � ���M½
〈ai d

≤

i (a)〉 = D0
i 〈ai〉 +Di

i.

�q��î
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? �ªß� �� �:� ¢ �  ,�#½������%� » � � 〈ai d

>

i (a)〉 = 0 ���6��� i ≤ l ½��6  �6¼^�T� �  ,�

ν̃i =
1

D(i)

M∑

k=l+1

〈Π(i|k)〉 ,

�,Ã D(i) = λi (D
0
i 〈ai〉 +Di

i)
  �Í¶ �X� �   ¶ ���a� ¶�� l ¹ ã �% ��l�Á½ �  Ñ� ¶ ¢ � �l�e�� 9� » � � D(i) < 0 ½]�6 ¶ � ¶ ���:� » � �

• 〈Π(i|k)〉 > 0 �§� i < k =⇒ ν̃i > 0
¦ �����%� » � � �:� � © �M ��6¢¡ÓX  � ¢¡� èa�   � �§�¡��  � � �a� � � ¶��¶ �:� �M� � ��¶?¬ �M  � �lÒ6� � ½ �á¬Ý� �§�l�%¢¡���T�:�6 �«i�%� » � � ��� � �����\¢�� è6�  �  � «i��� � �¾ÞO�6�§¢¾� � ���T�%�a ��M  � �lÒa�X�T� » � �� �Q�\���6�§�:�l�:« � Ä

• 〈Π(i|k)〉 > 0 �l� i < k =⇒
[
l1 < l2 =⇒ ν̃i(i|l1) > ν̃i(i|l2)

] ¦é� � ¶ �%� �M� �l�%�6 D¢�� èa�  �  �¡¶�� �
�T�l�a ��QÞ � �§�l�\« � �§� �%� ��¢�� ¶�� � ¶?¬ �%  ¶ � �M� �§�����X�l� � ���\�%¢�� � � » � �)» � � ν̃i

¶ � � �§�{ì%���#« �X� l �'�6���ª��  iß Â � Ä
• 〈Π(i|k)〉 = 0 �l� |i− k| > p =⇒ ν̃i = 0 �§� l − i > p− 1(l ≥ i)

¦�� �g���§�6���l�:�X�l� ¶��0� � � � � �.�T�¶�� 〈Π〉 � � ¢c¼ �%��� �:� � ���C���l�aß �é¶�� ν̃i

¹
ã �: ��l�á½ �%� �����l�a���l�:�X�T�X�ª���l�:  � �:��� �%� � ¶���� �¾���a�T�a¢��X�l�l�:�T���l�%�6 �«i�:� » � � ��� � ν̃i

�l�6 ,� � � © �M� �  ,� � ���#« �X�0� �¶ �6¢��% ��a  �M�(¶�¬ ��  ��� �a� � � ¶���¶?¬ �M  � �lÒ6� ��¶ �%� �X� � � �a�à� � �:  ¶�� �\¢¡� ¶�� � ®�¯(°c¹

N�O�´ ) X[Z��(�G`\T£d�X[Z\T
° �a �� �X�×�e© �a���:�T� � ½� ��6���À�p«a�6 ��Í¢��%� �   �1«^� ¶��   �M�Û» � �×�:� �¡�l�T�a ��§Þ � �Q�T� ¶�¬ �X  � �§Ò6� �×� �% ��1�T� » � ��  ,�l� �¾�:� �\¢¡� ¶�� � ®�¯�° ¶��  ����T� � � � �6� �%� ¢ �  ,�)���a�Q�e�aÒ �  ,� ¶��  ��6¢¾¼�� � ��� � �*�l�%¢�� � �a�l�.�T�X���#« �M�g�X� � Â© �a¼��:�T� �M�%�:� ¢ �  ,���6¼�� � �Q«6�X� ¶ �� �����  ��¶ � � �6¢¡�'�6�§�:�T�:�6  ¶���õ �6���§� � � ¦
• � � �ç�§�6 ,� � � � �a� Â �a�à� �  ��ª�,Ã 〈Π(i|j)〉 ¶ �:¢¡�: 9� � �T����� ¶�� ¢ �  ,� » ���a  ¶ |i− j| �a��Òa¢ �  9� ��Ä
• ��  ��� �a� � � ¶��ª¶ �:� �X� � ��¶�¬ �X  � �§Ò6� ��¶ �a¢¡�:  � �����%� » � � ½ �  ¢�� èa�  �  � ½,�� ¢�� ¶���¶?¬ �:  ¶ � �M� i ¶ �l�a�%  �¶����Á¬ �M  � �lÒa� �(¶�� �\¢�� ¶�� � ¶?¬ �%  ¶ � �X� j < i

� � �  à� �M¶ �:�§�l�l�%¼�� ��µ��X� � ÂC¶�¬ �:  ¶ � �X� j > i
Ä

•  ��M�a �¢��6�% ��ç��  �(� �a� � � ¶�� �% ,« � �l� � �¾�1�T�(¢��%� �)�   �X«i� ¶��   �X� ½ �:� �l�:Ò6  �)¶�� Π(i|j)   ¬ �X�T�a ,�\���a�� �a ��§�T�a ,�*��� � �6���l� ¶ � � � ¢¡��� ¹
º � �(�6¼�� � �Q«����T�:�6 ��*  � �l�6 ,�������*�l���l��� �  ��a ,� � �M½é�����%� » � �g�%� ��¢¡� ¶�� �*�l�a 9� �M� ���l�l�X�(���a���M  � �lÒ6� �� �: ��X�l� » � � ¢�� è6�  �  ��¶ � � �l�6�:�l�l�a ,� � ½ � ���l�6 ,� ¶ �a  ���  ���l���T� » � � �a�l�§� � �%�M� µ)¶�� ���§�l�l� � �T��� � ���l�����T��� �%� �¶�� � � ��� �  D� � ���(� � �T�:� � �X½ µÍ�Á¬ �% ��Q�e�a� ¶�� ��¢¡� ¶�� � ¶��Ëõ �6���l� � � ¹ å � �(�% ,� � �T� � �T�:�6 �� �  9�l� ��%� �(¢¡� ¶�� �®�¯(°ñ� � �%� � � �X�¾�l��� �Á¬´�  �� � ¢¾¼ �:��¶ � ¶ �a¢��a�:  � �§�����l��� � ���l�X� �  9� �  ,� ¶�� �g���§�6���§�%�X�l�M��a �� � �6Òa� � �c�a�

¢�� ¶ Ó �%�¨¶ �6 � ��ª����� �%� �Ô¢¡� ¶�� � ¶��Uõ �6���l� � �X½a¢¡� � Ò6�§� �:�ç� �a�l� � �lÓM� �  ��6  © �6¢��6Ò6ÓX  �ç¶��ª�Á¬ � � �6� �:� ¢ �  ,� ¹
?Ô  � �6 ��§� » � �   �M� ½ � �����a�l�a¢��X�T�§�%�l���T�:�6 C«i�:� » � � ��� � ν̃i

¶�� �)�T�l�a ��QÞ � �§�l� �  ,�l� � ¢�� ¶�� �)�l�X�l� � ��� � �
 ��6 Í�§�M�§� � ���X½ � �Q�T�:¢¡� � ���a�ç¢�� è6�  �  � «i��� � �0ÞO�6�§¢¾� � ���T�%�a  ¤ �X  � �§Ò6�X�l� » � �5¥ ½����l�M� �  ,� ��¶?¬ �%¢��'�6�§�T�a ,� � �
�l�:¢¡� � �a�§�:�l�M���#« �X� �l�6  �a �� � �6Òa� ��¶ �a �� �á¬Ý� �l��� �X�)¶��Îõ �6���l� � � Ì ���a� �1Â^� ¢�� �%� ½���� �*¶�� «^�:� � �6�l�.�T�)���À �� ±
« � �a� ¶���� � � �6������� ��¶ �a �� �%�*� �a� ¶?¬ ��  ß � �l�T�aÒ � �l�����T��� �?¶�� � è � � �'�6�§� �p·5¹&¯  C� � �l�l�6��« ���M� �ª���§�aß � �
���a�Q�T� � � � � � �§� ¶�� «i�%� � �6�l�.�T�ª���a� ¶�� � Â �a���l� � �����a�l�a¢��X�T�§�%�l���T�:�6 ��M½� ��a�T�a¢¡¢ �  ,� νi

» ��� ¶ � � �6� �:�ª¶?¬ ��  �� �Q�T�:¢����l�%�6 ����a�ª¢¡�a�%  ¶ � � � � �a�l�§�M� ¶���� �cÞO�6�§¢¾� � ���T�:�6  ¤U¶^è  ��a¢¡� » � �1¥T¹
ä   � ¢¡� ¶ � � �%�l���T�:�6  ¶�� ���§�%� �0�   � �6¢���� �0¶�� � � L � �T� ¶�� �)¢�� ¶�� � ®�¯(° �T�§�6  » ���X� ¶ �6�:�¬HX�l� �0�  

¢ � �l��� �C¶�� � � ���§� ¶ ���%� �C� � � �6¢�� �%�5Â �:�T� ¶�� ���% ,� � �T� � �T�%�a ��¢¡� ¶ � �:� �g¢��%� �Í�  £�1«^� ¶��   �M� ½��6�ò�T�6�^�
�����
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¶ �Û¢��6�% ����§�6 Û� © �X ��6¢�ÓM  �¾� �l� �  ,�T� �M�ç¦�� � � �a� � � ¶��g¶ �:� �X� � �0¶?¬ �M  � �lÒ6� �a¹ â �6�)�§�M�l� � �e���T�)�§��Ò6Ò6ÓX� �  ,�M½¶ �a �� �á¬Ý©,è ����� © ÓX� �*¶�¬ ��  � ¢�� ¶ � � �:�T���l�%�6  ¶�� � � L � �T� ¶�� ��¢¡� ¶�� � ®�¯(° �T�§�6  » ���M� ¶�� � è � � «i�:� » � � ��� �
Ì ��¬Ý� �§� ±Uµ�±�¶ �%� � �% ,� � �§« �  ��a ,�Û���  ��.« � �a� ¶�� � � � �§¢ � � � �% ��#�a�:� � � ¶�¬ �6�§�%Ò6�:  � «i�%� » � � ��� �_¶ � � è �§�lÓM¢ �®�¯(°\±Q² � �%� �l³9�%  �p· ½ » � ¬Ý�X�%�:��¶ �M� �   ¶���¶����Á¬ �%  ¶ � �X� i � � ¶���� � � �6������� � l ¹

g^�?��  � ¢�� ¶ � � �%�T���T�%�a �«i�%� » � � ��� �0¶��(� �0ÞO�6�§¢ � ���l�6�'�6�§� ��µg� �c� �M� �T�%�a  æ^¹ Ð ¹ôÜ ���a�l�#ì%�ç� � �§�T�:  �  ,� �
�'�6��� �%� � © �X ��6¢�ÓM  � ���l� ¶ �6¢��% ��� 9� ¶���� �a� � � ¶��*¶ �:� �M� � �\¶?¬ �M  � �lÒ6� � ½9� � � � ¢¾¼ �:� ���T� �%�ª¶��\¶ �X« �M� �a��� � �
��  � ¢�� ¶ � � �:�T���l�%�6 �� � ��� � �6¢¡� �%�1Â^� ½ » ���i�§�6�:��� � ���éß ¶ Ó �%�¨µ�� � � �6¢�� �:�1Â �:�l� ¶�� �{�% ,� � �T� � �T�:�6 ��é¢�� ¶ � �%� �
Ì �5Â �%�§� �   �X� ¶��Í� �a� � � ¶�� �g�% ,« � �l� � � ·� � �  ò¢ � �l��� �Í¶�� � �   ¶ � �Í� �6¢���� �À¶��Í�Á¬´� L � � ¶�� �¾� � �l¢ � � ¶��
��� � �l�§�%�6  » ���é� � ��« �  ,�)�'�6� � �ª���l�6¼ � ÓM¢ �a¹® �a���a� �%�:� ���§�M½ ¶�� ����í§�6�^�T���a�Q�T�:ß � � �X� � ¶�� «^�:� � �6�l�.�T� ¶ �X� �   ¶ �a ,� ¶��ª�Á¬ �%  ¶ � �M� i ¶ �¢¡� ¶��ç� �6 ��l� ¶ �M�§�� � �l¢ � �§�e�a ,� ¶���� �6�§�l�%Ò � �ª�� ×� è �Q�TÓX¢ �c®¨¯(°\±U² � �%� �§³9�%  � �l� ¶ ���.���a 9���MÒ6� �%� ¢ �  9���X�l�0���l�6�'�6�l�X�*�����
g^�:�l�%�§��� Ê�ó�ÆaÇMô C Õ���F ��ß�  ¶�¬ �a¢�� � �%�6� � ���l�a  � �6¢����a�§� � ¢ �  ,�ç�l���ç��  �)� �6 �Ò6� �*¶ ���§� � ½ � ��«a� � � ¶ �M�����6���
��  � � �6� �%� ¢ �  ,� ¼�� ¶ �:¢ �  ��l�:�6 �  �X�*� �a¢¡�: ��a�:� �D¦ç� �í� �X� � � �%¼��l���T�:�6  ¶�� � � � � ï � � �  ,�T� �'� �:è  �Ú6¢������ Â» � ¬ � � �����§� � �a ��%� �  ,� � �Q�g� � ��� � �6¢¡� �%�1Â^� �����:� » � ¬ � � �0���l�a���6� �  ,�¾��  � «i�%� � �6�§�:�T���a�§�l�:ß � � �X�%�%�g» ��� � �Q�
� ¶ �����T� �@µÙ�e© � » � � ¢¡� ¶��×¶�¬ �:  ¶ � �X� i ≤ M ¢¡�a�%���a���§�l� µÙ�e© � » � � ¢��6 �Ú6¢ ��¶�� f g

i

¶��Û¶�� Ò6�§�
�§�l�l� � � � ¢ �  ,���: �ÞO�M�§� � ��� µ ��  ¹° �a �� �:�*�e© �����:�l� � �§���:«��a ,�M½ � � � � � �%¼��l���T�:�6  ¶�� �T�a��� �%� � � � � ï � � �  9�l����� �:è  �Ú6¢����a� Â� �Q�ª�X�T� ¶ �%� �� � �%��� �a�l� � �lÓM� ��� � � � �9¶�� � �% ,� � �T� � �T�:�6 �� �  ,�T� ���%� ��¢¡� ¶�� � ®�¯(° � � �l� �1Â � � �6�:�l� ��� �6�l� ¶��ç� � ¶ �1ß� ��.�T�%�a ¶�� ��¢��X� © � ¶�� � » ��� � �:ß�� � � ¶�� ÷�Æ{ø�óáÄ}ÆaÇµ�x¶ªÆaÇ%Ê�ø\��Ä¸Å ¹

ü 	·�eæ�â�Ü,áÁÝ�â¸è�ë
å � �\�l�M�§� � �T���T�����l�%  � �%���a� Â ¶����X���e© �a���:�l� � �6 ,�ªÞ}�a�:� �Á¬ �6¼zí � � ¶���� �g����¼ � � � ���T�%�a  C ê D F�� �\�6 ,�ª�X�l��1Â � � �6�:�l�M������� â �,� � ³ Ê�ó�ÆaÇMô CKD ��FÁ¹

�q��ú
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ȧg(t) = f g(ag(t)) + s(t)
�%&�]

ag(0) = ae(0),
`�Í�^ � l

�~� î



� +�µ	+�¶�·L¸P¹�¸Bº�»LäB¸Bº%å�¼�¹�ºC¸/¹,æ�ç!è�é1Ù#��¸/¹+ê%½�¾�¿Z¼%ºC¸/����½�¾CÀ

*P�������
ae(0)

�%���Z�����X
�&-
�/
��%$c"#	�&�]-
�/
	�&�'�f
f g 
�'P�9����"��/	%�J�c	�$¡�&�	%��
��%$~	 � ]-�#d����#� 2


�&k�/�-�X"#	��)�0	UT
&���&L��'�	 �

ag �%&�] s �/�%[%��'J�/�-�?"�	�&C�/��
�\� -��
�	�&-'O	 � �/�-�?'�	� ���"#�3���#��� h f�	 � �����Z\0	� -&�]��%�7¡k�/�#��� T∂Ω�%&�]o	 �
ūe
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ȧe
2(t)


& � d� ����kÍ�^±Í-^�ü1���
��
'��/	%��
���'�	 �

ag
1(t)

�%&�]
ag

2(t)
"�	��)�� -�/��] � ��	��ª�/�-�

6
T+�)	A]-�3'7¡A'7�/�����%���E]�
�'���$<��¡���]p	�&>�/���E'/�%�)�

� d� -���g*P
���
ae

1(t)
�%&�]

ae
2(t)

`b�:$�$�������'�
�9 �$<�U�/
�	%&�'�	 � �/�-�)�c	�$Q¡A&-	���
��%$�4,5XWOT�Y?�:$��#��[L
�&h'�¡�'7�/�#�)'
*,�#���?�c�#� � 	%���)�#]k*P
���q�g"�$<�%'�'�
�"#�%$ � 	� -���/��T+	���]��#� Ó  �&�d���T�þX -���B�g'�"B��������lR^
ü1���=áUT+�)	A]-�k'�¡�'����#� d�
�%�#'��wd�	�	�]j�%�-����	�|A
����:�/
	�&u	 � �����o]-¡�&��%�)
�"#'�	 � �/���o�+*!	 � ��'7�(465XW
�)	A]���'#f0��	�*!�R���#�Z
Q�/'�'�
��9 -$<�:��
�	�&x'��-	�*P'X�����:�������9'7¡A'7�/���´
�'J&�	%�Z�%\-$��3��	(��������	�]� �"��9������¡h�:"#"# �T
�/�U�/�#$Q¡x�/���9�-
�'���	���¡o	 �

ae '�
�&-"#�E�����#���9
�'��V&�	%��
�"#�#�%\�$�E]�
��.�����#&-"#�9\c���+*,�#��& ae
2

�%&-]
ag

2

�:�
t = T

^
ü1��
'Od��%�x���%'1�/�����#�?"��% -'��#'?I-�����3&L ��)�#��
�"#�%$��#����	���'#f������Z���0�#"���'J	 � �����X�/�� -&�"��:��
�	�&x	 � �/�-�3465XW
\��%'�
�'?�%&�]p�/�-� � �%"R�X�/���U�?�����)]��:�B�k]�	o&�	%�?�c�#� � �#"���$¡ � �3�����g�%�:��
<�U�/
�	%&��%$ � 	����9 -$<�:��
�	�&r`�Í�^±ÍCl�\L¡
&��:�� ����:^

� ì�íNì�� �pøOÎ�ñeñ��UïJð7ÏÖñeò�ó�ð7ÑNòJô6õE÷AûOÎ
�;ûJõ�ñeò,÷rö;ÑGÒ
ü1���O'��#"�	�&�])�/�#'7�!"�	�& � d% ��/�:��
�	�&g
'6�X���������RTn]�
��)�#&�'�
�	�&��%$�
�&-"#	��)������'�'�
�\�$�!�/ ���\� �$�#&C�NÌ�	�*����%'7�

�3\��%"B[C*2�%��] � �%"#
&�dZ'����#��^Aü1����]��U�B�%\��:'��P*2�%',����	���
�]-�#]V\C¡��%&�
�&�"�	����-���#'�'�
\�$�� S 
&�
���RT�WJ
��0�#����&�"#�
�~���



� +�µ	+���·L¸P¹�¸Bº�»LäB¸Bº%å�¼�¹�ºC¸/¹,æ�ç!è�é1Ù#��¸/¹+ê%½�¾�¿Z¼%ºC¸/����½�¾CÀ

ϕ1 ϕ2

ϕ3 ϕ4

ϕ5 ϕ6

�������GÍ�^° � ë+'�	:Tn$�
&��#'X	 � �/�-�����/�%&-'�������'��V"#	%���c	�&���&L��'Z	 � ϕ1

f
ϕ2

f
ϕ3

f
ϕ4

f
ϕ5

�%&�]
ϕ6

	�&w���%$ �
�/�-�?"�	��)�� -�B�U�/
�	%&��%$.]-	��V�:
�&(
&x�����Z'��������:�E*P
�'��?]-
�����"���
�	�&�^

�c���



� +���Ù#��½�ÚC¹7Ù#Û+½�¼�¾(ºC¸BÜD¿Z¼:ºC�/��¸BÜ6º��:¾�Ù#¿X½��:»L¸BÜN¹�ÝBº�»C½�Û�Ü�-¼����%¾L��¿X½QÙ#»��

0 0.25 0.5 0.75 1
-0.06

-0.04

-0.02

0

0.02

0.04

0.06

0.08

0.1

0 0.25 0.5 0.75 1

-0.06

-0.04

-0.02

0

0.02

0.04

0.06

0.08

0.1

t/T t/T

ȧe
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〈∥∥ej

(
fα,k, t

)∥∥
Λ

2
〉

〈
‖ej (f g, t)‖Λ

2〉
9�Í 7���� :

ÿNõ@ó��7ó
fα,k ðLû�ô7õ@ósø��
ô?ð�ö-÷����}ø���i�ñ@ø<ö�ðL÷��}ÿNõ
ðLòOõnû?÷Fô7ðLû�=@ó1û

(1 − α) Ek(f
α,k) + αD(fα,k) ≤ (1 − α) Ek(f) + αD(f)

9�Í 7���� :
>oø��N÷�����ú<ó1ò�ô7ø��"��ø��ji�ñ@ø3ö4ðR÷��

f
9
j = k

ðLñvô?õI÷{ô��R÷Fô9ô?ó��#ó�l��I÷Fô7ðLø3ñ :  fα,k 2@ó���ó�ñ�2@ûBø3ñ α 7ü�õ@óYú<÷����@ó�û�ø�> √E1(fα,k)
4 √E2(fα,k)

4 √E3(fα,k)
÷<ñ�2 √D(fα,k)

÷��9ó����9ó1û9ó1ñVô?ó�2[>oø��,5}ø<ô7õfò|÷;��Lð�5��?÷{ô?ðLø<ñ©ö4ó�ô?õ
ø�2@û�4�ô?õ@÷Fô:ðLû
k = 2

ø��
k = 3

4c÷�������ðLó�2�ô?ø ô?õ
ópôtÿ�øhÌIø�ÿ ò�ø3ñ
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�?÷Fô7ðLø3ñ@ûQÿNð�ô?õ�7ó�û�}ó1òUô+ô7ø
α
9oø��N÷��I÷��?÷Fö�óUô?ó��

δ
ðLñpðLñ
ò��7ó1÷<û7ð�ñ�3Y5@ð ù9ó1ò�ô7ðLø3ñvÿNð�ô?õ

α
ø3ñ

[0, 1]
4@û7ó�ó65}ó���ø�ÿ : 7#Iø��

α = 1
4dðj> ‖.‖Π

ðLû�÷zñ@ø��7öC9�ñ@ø<ô^ù��@û9ô�÷zû7ó�ö�ðM�tñ@ø��7ö : 43ô?õ
ó8�@ñ@ð�l��
ó�û7ø����
ô7ðLø3ñ4ô?øzô7õ@ó�ö4ðLñ@ð�ö�ðM��|÷{ô?ðLø<ñY���7ø�5
�Ló1ö\ðLû
fα = f g 4Fô7õ��
û D(fα) = 0

÷<ñ�2 E(fα) = 1
û9ðLñ@ò�ó E ð�û�÷/ñ@ø��9ö-÷���ð���ó�2�ò�ø3û9ô� <ô7õ@ó!�ü�ý"�Uas÷��Ló��)wðLñzðLû�ñ
ø<ôcò|÷��Lð�5
�?÷Fô7ó�2 7 #Iø���ûxôO÷Fô7ó�ø��FÌIø�ÿëò|÷���ð�5��7÷Fô?ð�ø3ñYö�óUô?õ@ø�2@û�9 k = 2

ø��
k = 3 : 4{ô?õ@óø��9ð�33ð�ñI÷���üsý�ß û�i�û9ô7ó1ö ðLû�ö4ø��9ó�÷<ñ�2hö�ø��9ó�ò|÷��Lð�5
�?÷Fô7ó�2~ðLñ ô7õ@ó�û7ó1ñ
û7ó�ô7õI÷Fô √Ek(fα,k)
2@ó�ò��9ó|÷<û9ó1û

÷<ñ�2§ö4ø��9ó-÷<ñ
2§ö�ø��9ó-ö4ø�2
ð�=Ió�2©ðLñ ô?õ@óuû9ó1ñ@û9óuô?õI÷{ô √D(fα,k)
ðLñ@ò��7ó|÷Fû7ó1û�÷<û

α
ô7ó1ñ�2
û�ô?ø[��ó��7ø� 

û7ó�ó+9�Í 7���� : 7 ë ô+ð�û�ñ@ø<ô7ðLò1ó1÷�5���ó/ô?õI÷Fô�4@ð�> √E2(fα,2)
4 √E3(fα,3)

4 √D(fα,2)
÷<ñ�2 √D(fα,3)
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ô7ðLø3ñ
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f g ÷<ñ�2�ø�>�û9ø3ö4óò|÷��Lð�5
�?÷Fô7ó�2vû�i�ûxô?ó1ö4û�4IÿNõ@ð�òOõn÷��7ósñ@ó�ò1ó1û9û?÷��Uipò1ø3öE���
ô7ó�2pô?ø�ó�úF÷����I÷Fô7ó E1
4S÷��7óB2@ð�û���L÷Xi<ó�2nðLñuô7õ@óB>oø��j��Lø�ÿNð�ñ�3p9oðLñ*�
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ðLû�ô?õ
ó
i
ô?õnò1ø3öE��ø<ñ@ó1ñVôNø�>qô?õ@ósû7ø����
ô7ðLø3ñ
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2
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i
ô?õuò�ø3ö��}ø3ñ@ó�ñVô�ø�>Ûô7õ@ó/û7ø����
ô7ðLø3ñ
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fα,k 7 #Iø��Qð�ñ@û9ô?÷<ñ@ò�ó�4 a1,2 ÷Fñ�2 a1,3 ÷��9ó+�7ó�û�}ó1ò�ô7ð�ú<ó���ihô?õ
óû7ø����
ô7ðLø3ñ@û�ô?ø:ô?õ@ósûxôO÷Fô7óD��÷<ñ�2xÌIø�ÿm�tò1÷��Lð�5��?÷{ô?ó�2vûUi�û9ô?ó�ö�ûNò�ø3ö��
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ô?ó�2nÿNð�ô?õ

α = 1
 
a1,2 = a1,3 = agð�> ‖.‖Π

ðLûh2@óD=Iñ@ð�ô?óE9
Π
ñ@ø<ñyû9ðLñ�3��
�R÷�� : 7

ª Þ^Å�ïN«s¬WÇ@È�Å3è?í<ì^ÙîÚ�ÜWàWÅwÈuí3ß}ÜÛé0�¬^È�Ç
Ý�Úoß�Ü
ü�õ@ó��9ó1û�����ô7ûNÿ�ó��9ózò�ø3ö��
�
ô?ó�2núF÷��Uidð�ñ�3E�LðLñ
ó|÷�����i

α
4%5��
ô�÷���û7ø:úF÷���i�ðLñ
3���ðLñ@ó1÷���jiu÷��I÷��7÷<ö�óUô?ó��

δû�
òOõyô?õ@÷Fô
α =

δ

ζ(1 − δ) + δ

ÿNð�ô?õ
ζ =

〈
‖e(f g, t)‖Λ

2〉
〈
‖e(0, t)‖Λ

2〉 .
9�Í 7�� Í :

α
ðLû�ð�ñvðLñ@ò��7ó1÷<û7ð�ñ�3�5@ð¢ù9ó�ò�ô?ð�ø3ñuÿNð�ô7õ

δ
ø3ñ

[0, 1] 7 ëtñp>�÷<òUôN4@ô?õ@÷FôNû7ó�ò1ø3ñ�2pÿ#÷Xivô7ø:ú<÷���i α ÷Fö�ø��
ñwô7û�ô?øö4ðLñ@ð�ö�ð��1ó
J̃ δ(f) = (1 − δ) Ẽ(f) + δD(f)

9�Í 7���� :ÿNð�ô7õ
Ẽ(f) = ζ E(f) =

〈
‖e(f, t)‖Λ

2〉
〈
‖e(0, t)‖Λ

2〉 ,
9�Í 7�� á :

û7ð�ñ@ò1ó
J̃ δ(f) =

δ

α
J α(f) = [ζ(1 − δ) + δ] J α(f).
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α
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α
úF÷��9ðLó1û<5}ó�ôtÿ�ó1ó�ñ
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1
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7 ü�õ
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ðLñ {0.05, 0.1, · · · , 1} 7 α ðLû	2
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ò�ô?ð�ø3ñ ø�> δ >oø�� e = e2

÷<ñ�2
e = e3

ø3ñ=%3��
�7óZÍ 7�\ >oø�� δ ∈ [0.05, 1] 7 ü�õ@óQö4ðLñ
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√
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√
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√
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√
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√
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√
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√
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�������cÍ 7�VX� � d ð�ñ@ðLö4ð��1÷Fô?ð�ø3ñ*�9ó1û�
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�����O�<���:Û�Ü
ë ô�ðLû�ø�5@û7ó��9ú<ó�2�ô?õI÷Fô √E1(fα,2)

4 √E3(fα,2)
÷<ñ
2 √E1(fα,3)

÷��9ó�ðLñ@ò��7ó1÷<û7ð�ñ�38>n�@ñ@òUô?ðLø<ñ@û�ø�>
α 7 ü/ñ���i√

E2(fα,3)
2
ó1ò��9ó|÷<û9ó1ûBú3ó��Uipû��ø�ÿ��ji*>oø��

δ ∈ [0.05, 0.25]
5��
ôBð�ô?ûh3���ø�5I÷���û7õI÷��}ósðLûN÷<ñnðLñ
ò��7ó1÷<û7ó 7#Iø��	5}ø<ô7õ ò|÷���ð�5��7÷Fô?ð�ø3ñ@û69

k = 2
ø��
k = 3 : 4 √E3(fα,k)

÷����}ó|÷��9û8�Lð�ô7ô���óB�7ó�2��@ò1ó�2->oø���û9ö-÷����Ûú<÷����@ó�û
ø�>
α
9√E3(fα,2)

÷<ñ�2 √E3(fα,3)
÷��7ón÷�5}ø��
ô

0.89
>oø��

α = 0.05 :  �ô7õ@ðLû:ð�û:ñ@ø��7ö�÷���û7ðLñ
ò1óvô?õ@óñ@ø3ñ��tò|÷��Lð�5
�?÷Fô7ó�2u!�ü�ý"�Uas÷��Ló��)wðLñ©û�i�û9ô7ó1ö
f g ÿ�÷<û��9ó��R÷{ô?ð�ú<ó��ji�÷<ò�ò����7÷Fô?ó|9�ô?õ@ó�2@ð��=ó��7ó1ñ
ò1ó�5�óUôtÿ#ó�ó1ñ

ȧe ÷<ñ
2 f g(ae)
ÿNõ@ð�òOõ�2@ó�=@ñ@ó1û

e3(f
g, t)

ð�ûQú<ó���i©û7ö�÷����²4'�Lø�ø�)~÷FôQô?õ@ó*=�3����7óVÍ 7 Í : ÷<ñ�2§û9ðLñ@ò�ó-ô?õ
óó��4ò�ðLó1ñ
ò�ipø�>Wô?õ@ósò1÷��Lð�5��?÷Fô7ðLø3ñ-ðLûh�Lð�ö�ð�ô?ó�2*5Jivô?õ@ósö�÷<òOõ@ð�ñ@óB���7ó�ò1ð�û7ðLø<ñ 7ü�õ@ópö�÷<ðLñ�ø�5@û7ó��9úF÷Fô?ð�ø3ñ�ðLûzô7õI÷Fô √E1(fα,k)
úF÷<ñ@ð�û7õ@ó�û�>oø��

k = 2
÷<ñ�2

k = 3
÷<û�ÿ�ó����#ÿNõ@ó�ñ
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û7ðLø<ñI÷��	l��I÷Fû7ðj�
ðLñ
ò1ø3öE���7ó�û7û9ð�5���ó:ò1ø3ñ
=�3����?÷{ô?ðLø<ñ 7od ø��9ó1ø�ú3ó���4Ûô?õ
ðLûsò|÷<ñ(5}óE2
ø3ñ@ó�>oø��/ú3ó���i~û7ö�÷����´��ó��9ô���5I÷{ô?ðLø<ñ@û�ø�>ô?õ
ónø��7ð�3<ðLñI÷��¡!�ü�ý"�Uas÷��Ló��)wðLñ§ûUi�û9ô?ó�ö û7ðLñ
ò1ó�4´>oø��:ðLñ@ûxôO÷<ñ@ò�ó�4 √D(fα,2)

÷<ñ�2 √D(fα,3)
÷��9óe��ó1û9û

ô?õ@÷<ñ
2 � ÷<ñ
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α = 0.95
 

√
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�?÷Fô7ó�2fûUi�û9ô?ó�ö ðLû,���7ó�û7ó�ñwô7ó�2hø�ú3ó��/ô7õ��7ó�ó�}ó��7ð�ø�2
û�4qô7õI÷Fô:ð�û�>oø��
t ∈ [0, 3T ]

4WÿNð�ô?õ�ô?õ
óuû7ø����
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ó : ÷<ñ�2û7ø����
ô7ðLø3ñ
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�?÷Fô7ðLø3ñ~ø�>�ôtÿ�øZ!�ü�ý"�Uas÷��Ló��)wðLñ û�i�û9ô7ó1ö4û
÷��9ó�óD?��}ó��9ðLö4ó1ñVô?ó�2- �ô7õ@ó
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[0, t]

ô?ø�5�ó�÷<ò1ò����?÷Fô7ó 7 #Sø��9ô��
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T∂Ω =

∫

∂Ω

t∂Ω ds
ÿNð�ô?õ

t∂Ω = (pn− 1ÔNó [∇u] n).ϕ
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ð�ô?ð�ø3ñ@û����7ó�û7ò��7ð�5}ó�2|>oø��zð�ñ@ò1ø3öE���9ó1û7û9ð�5���óYÕIø�ÿNû 7 ü�õ��@û�4ô?õ
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pn− 1ÔNó [∇u] n = 0
9nÓ 7���� :

9��
û7ó��
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∫
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∇(p+ P ) = ∇p : 7#Iø���ô?õ@óe5I÷<ò�)Vÿ#÷��2��.>�÷<ò�ðLñ�3hû9ô7ó��uÕIø�ÿ ò1ø3ñ�=%3����7÷Fô?ð�ø3ñc4�ô7õ@ópø��
ô���ó�ô�ò�ø3ñ�2@ð�ô?ðLø<ñ³9�Ó 7���� : ð�ûE�
û7ó�2 7á+ø�ÿ�ó�ú<ó���4�>oø���ô7õ@ó�û�l��@÷��7ó@�tò�i���ðLñ�2@ó��¡ÕIø�ÿ ò1ø<ñ
=%3����7÷Fô?ð�ø3ñc4Vô?õ
ó�ø��
ô�LóUô#ò�ø3ñ�2@ð�ô?ðLø<ñ-ðLûw�Lð�ô7ô�Ló�2@ð���ó��9ó1ñVô8 
ô?õ
óNô�?÷<ñ
û9ú3ó��7û9ó+ú3ó��Lø�ò1ð�ô�i

ux2

43ô?õ
óBñ
ø��7ö�÷��
2
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ūe(x, t) = w(x, t) =
K∑

i=1

wi(t)ψi(x)
ø<ñ

ΓD

9�Ó 7���â :
ÿNð�ô7õ

K
û9ö-÷����1 Ûð�ô�û�
�4ò�ó1ûsô?øpû7ø���ú3ó

K
×�ô?ø�)Fó1û����7ø�5��Ló�ö�û8>oø���ó1÷<òOõ~ú3ó���ødò�ð�ô�i&���7ø�=��Ló

ψi 7 á+ø�ÿ#ó@�ú3ó���4®>oø��Bò1ø3öE���Ló@?��@ñ@ûxô?ó1÷�2
ifý�ð��9ðLòOõ���ó�ô"5�ø��@ñ�2I÷��Uipò1ø3ñ
2@ð�ô7ðLø3ñy÷<ûBðLñnø����Bû9ô?ó��&ÕIø�ÿ�ò1ø<ñ
=%3����7÷Fô?ð�ø3ñc4
ò1ø<ö����dô?ðLñ
3

ūe
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B̃α Y α = Lα 9�Ó 7���\ :

ÿNõ@ó��7ó
FwÃ�Ë



G�� �´Ü�HO�OÝJ�UÜ�Þ��M�N�+�J��ßr�<���JI�HM��ßw��K���Ü��B�ML�����ß��bà����J�OÞbß�
�NHOK���PN�B�jÜ���Q

• B̃α = (1 − α)χ
E
Ã + αχ

D
Π̃ ∈ å Ô (P/M)×(P/M) ÿNð�ô7õ Π =

(
Π̃ 0

0 Π̃

) 9
χ

E

÷<ñ�2
χ

D

÷��9ó
2@óD=Iñ@ó�2yðLñn÷����}ó1ñ
2@ðj?+Ó 7���7�� : 4

• Y α =
(
Y α

:,1 Y
α
:,2

)
∈ å Ô (P/M)×M ÿNõ@ó��7óyô7õ@ó

j
ô7õÒò�ø����@ö4ñ

Y α
:,j

ø�>
Y α ò1ø3ñVôO÷FðLñ@û�ô?õ@ónò1ø��ó��4ò�ðLó1ñVô7ûvø�>sô?õ@ó�û9ò|÷��L÷��*�}ø���i�ñ@ø<ö�ðL÷��

fα
j

ðLñÒô7õ@ó�ö4ø3ñ@ø3ö4ðR÷��h5@÷<û7ð�û
(m̃k)

9
fα

j

ð�û�ô?õ
ó
j
ô7õ

ò1ø<ö��}ø3ñ@ó�ñwôNø�>
fα : 4

• Lα = (1 − α)χ
E
L + αχ

D
Π̃Y g ÿNõ@ó��7ó Y g ∈ å Ô (P/M)×M ò1ø3ñVôO÷FðLñ@ûfô7õ@ó¹�}ø���i�ñ@ø<ö�ðL÷��

ò1ø�ó��4ò�ðLó1ñVô7û4ø�>+ô7õ@óvø��7ð�33ðLñ@÷��1!�ü�ý"�baY÷���ó���)�ð�ñ�û�i�ûxô?ó1ö
f g ÷<û Y α 2
ødó�û�>oø��

fα ÷<ñ�2§ÿNõ@ó��9ó
L ∈ å Ô (P/M)×M ðLûh2@óD=Iñ@ó�2A5Ji

Li,j ==






〈∫ t

0

m̃i(a
e(τ)) dτ (ae

j(t) − ae
j(0))

〉 >oø��
e = e2

〈
m̃i(a

e(t)) ȧe
j(t)
〉 >oø��

e = e3.

9�Ó 7�â�� :
#Iø���ðLñ
û9ôO÷Fñ@ò1ó�4

L6,1 =

〈∫ t

0

ae
2(τ)

2 dτ (ae
1(t) − ae

1(0))

〉 >oø��
e = e2

9�Ó 7�â
V :
÷Fñ�2

L4,2 =
〈
ae

1(t)
2 ȧe

2(t)
〉 >oø��

e = e3.
9�Ó 7�âJ� :

å ñe>�÷Fò�ôN4@÷<ñJivû7ø����
ô?ð�ø3ñ Y α
:,j

ô7ø
B̃α Y α

:,j = Lα
:,j

ò1ø����7ó1û���ø<ñ�2@û�ô?ø4÷<ñpø��
ô7ðLö�÷��}û7ò|÷��R÷��h�}ø���i�ñ@ø<ö�ðL÷��
fα

j

 
J α

j (fα
j ) ≤ J α

j (f)
9�Ó 7�â�� :>oø��N÷����=û9ò|÷��L÷��h��ø���i�ñ@ø3ö4ðR÷��

f
ø�>02@ó�3��9ó1ó

2
ðLñ
M
ú<÷��7ðR÷�5��Ló�û#ÿNð�ô7õ

J α
j (f) = (1 − α)χ

E
Λj,j E j(f) + αχ

D
Dj(f)

9�Ó 7�â Ó :

ÿNõ@ó��9ó E j(f) =





〈[
ae

j(t) − ae
j(0) −

∫ t

0

f(ae(τ))dτ

]2
〉 >oø��

e = e2

〈[
ȧe

j(t) − f(ae(t))
]2〉 >oø��

e = e3,

9�Ó 7�âJ� :

Dj(f) =
∥∥f − f g

j

∥∥
eΠ

2
= (y − Y g

:,j)
T

Π̃ (y − Y g
:,j)

9�Ó 7�â�â :
ð�>
y ∈ å Ô P/M ð�ûNô7õ@óQú<ó1òUô?ø��+ø�>�ô7õ@ó��}ø���i�ñ@ø<ö�ðL÷��=ò�ødóD��ò�ðLó�ñwô7û�ø�> f ð�ñnô7õ@ózû9ò|÷��L÷��Nö�ø<ñ@ø3ö4ðR÷���5I÷<û7ð�û

(m̃k)1≤k≤P/M 7

FVÃ�å



G��yò�� �0�N��JHMà��<����Þbßmó8HnôyÜ���Þ��Mõ�HM�
±p½�ö ¾À¿6÷ �eøDù�÷ Ê�Ë:µWºûú øJüb�BýWµoÍ��1øDÊ
�"ë²þ�ëUÿ ] Ñ6òJï�ðn÷AðbÑ6òJò�ñoÐÖñeò,÷rñ.÷ Ð ÑNð�ò�ï"Ï�ñeó§Í0ô�Ï�Ï � ó
ý/÷<ñ@û"�Ló�ò1÷<û"2����
ñyø������7÷Fô?ó���� 〈.〉 2���=Iñ
ðÛ�@÷�� 〈.〉 = 1

N

∑N
i=1 .(ti)

4�2�� �@ñ@óYö-÷{ô��7ð�ò1ó
Λ
2
ðR÷�33ø<ñI÷��Ló

ó�ô	��ø����
e = e2

ø��
e = e3

4®��ó6���9ø�5����1ö4ó*9nÓ 7�\ : ó�û9ô	�@ñ[���9ø�5��	��ö�óY÷���?fö4ø3ð�ñ�2��7ósò1÷���
�1û�ò��R÷<û9û7ð�l��
óû7ð
α = 0 7ØcñA�I÷��9ô?ð�ò�����ðLó���4���ø����

Λ = å M 4@ð��£÷��
�I÷��?÷��Lô�ò��R÷<ð��7ó�ö�ó�ñwô1l��@ó<�Ló1û#ö-÷Fô�7ð�ò1ó1û Ã ∈ å Ô (P/M)×(P/M)ó�ô
L ∈ å Ô (P/M)×M 4
2���=Iñ
ðLó1û"2I÷<ñ
û"��j÷�����ó�ñ�2@ð�ò1óBÓ 7���7 Ó�4��}ó��
ú<ó1ñVô�û9ó62��1ò1ø<ö��}ø3û7ó��Nò1ø3ö4ö�ó�û�@ð�ô< 

Ã =
1

N
CTC

ó�ô
L =

1

N
CT L̃.

÷|ú3ó�ò
C ∈ å Ô N×(P/M) óUô L̃ ∈ å Ô N×M 7	¼ ðLñ
û7ð��
�1û7ø���2��7ó Ã Y = L

��l��@ð�ú<÷��
ô��¸ö�ð�ñ@ðLö4ðLû9ó��
∥∥∥C Y:,k − L̃:,k

∥∥∥
2

2 �}ø����
1 ≤ k ≤M 7

!r�@ðLû�l��
ó+ÔB÷<ñ�3
(C) ≤ min(N,P/M)

4Ûû7ð
N < P/M

÷���ø��7û<ÔB÷<ñ�3
(C) < P/M

 Û�L÷vö-÷Fô�7ð�ò1ó
Ã
ñ�� ó1û9ôA�I÷<ûnðLñVú<ó��7û9ð�5���ó~û7ðsø3ñ ñ@óZ2@ðLû���ø3û9ó|�@÷<û�2����
ñ ñ@ø3ö�5��7ó~û����û7÷<ñVô[2@óZ2@ø<ñ@ñ��1ó�û�4Bò�� ó1ûxô������2@ð��7ópû7ð

N < P/M 7 � ���UôO÷<ð�ô���óvò|÷<ûE�Lø��7ûY2@ó�û�ó@?
�����9ðLö4ó1ñVôO÷{ô?ðLø<ñ@û�ñ��
ö����7ð�l��@ó�û��
���1û9ó1ñVô���ó1û�2I÷<ñ@û�R÷pû7ó�ò�ô7ðLø3ñ¹Ó 7�� ö�ó�ñ��1ó�û:÷|ú3ó1ò*�Ló4ö�ø�2�����ó�� M = 86
ö�ø�2@ó�û62@ó������1ò�ø����Ló�ö�ó�ñVô6>n�7÷<ñ@òOõ@ð�û7û?÷Fñwô��@ñ@ó

ö�÷��7òOõ@ó 7 � ó�ò1ð£ó@?����Lð�l��
ó	�}ø����l��@ø<ð���ó1û#ò�ø3ñ�2@ð�ô?ð�ø3ñ@ñ@ó�ö�ó�ñwô7û#û9ø3ñVô��1ñ
ø��7ö4ó1ûm�}ø���� α = 0
2I÷<ñ@ûm��ó+ò1÷<û2@óuò�óuö4ø�2����Ló4ó�ôY�}ø�����l��@ø3ðw�Ló�ô7ó��9ö�ó����7ø�ú3ó�ñI÷<ñVô�2@ó+���ø������?÷Fô7ó���� D ó1ûxô�÷��Lø��7ûzñ��1ò1ó�û7û7÷<ð��9ó+��ø����ø�5
ô7ó1ñ@ð��h�@ñnû�i�û9ô��1ö4ó65@ð�ó1ñpò1ø<ñ�2@ð�ô7ðLø3ñ
ñ�� 7×dð��Lóvñ@ø<ö�5��7ó�2@ó�2@ø<ñ@ñ��1ó�û-ó�û9ô4û�
�4û7÷<ñVôZ9

N ≥ P/M : 4�÷���ø��7ûY�L÷ ö-÷Fô�7ð�ò1ó C �}ó��
ô��Uô��7ó�2@ó�?÷Fñ�3vö-÷;?
ð�ö-÷��
P/M 7 ý/÷<ñ
û�ò1ó:ò|÷Fû�4 Ã ó1ûxôsû�i�ö���ô��9ð�l��@óY2��D=Iñ@ð�óY��ø3û9ð�ô7ð�ú3ó�4s2@ø<ñ@ò:ðLñVú3ó��7û9ð�5���ó�4=óUôsð��ó1ûxôzò�ø3ñ@ñ��¹l��@óE�Ló����9ø�5��	��ö�ó4÷���?hö�ø3ð�ñ�2��9ó1û�ò|÷������û��}ó��
ô��Uô��7óE����û7ø����k2@ó4ö�÷<ñ@ð	���7óY�����@ûYó��4ò|÷<ò�ó

ó1ñyóD?�����ø3ð�ô?÷<ñVô,�
ñ@ó�>�÷Fò�ô?ø��7ðLû7÷Fô?ð�ø3ñnBÔ 2@ó��R÷�ö-÷Fô�7ð�ò1ó
C
9oú<ø3ð�� Ù ® ��Ú �I÷��+ó@?
ó�ö��
�Ló :  Sò1ó��R÷���ú�ð�ô7ó<2@óò|÷��Lò��
�Ló��h��ó<���7ø�2��@ð�ô

CTC
4Sû7ø����9ò1ó���øFô?ó1ñVô7ðLó����Ló�ð�ö��}ø��9ô?÷<ñVô?ó82���ó���7ó����7û,2���÷���9ø3ñ�2@ð²4@ó�ô,2@ó����1û9ø���2��9ó�Ló�ûUi�û9ô���ö�ó��Lð�ñ��|÷Fð��7ó�÷<û7û9ødò�ð	���Y�R÷�ö�÷Fô��9ðLò�ó

Ã = CTC
l��
ðÛó1û9ô+û7ø��
ú3ó�ñwô+ö�÷��£ò1ø<ñ�2@ð�ô7ðLø3ñ
ñ��1ó 7!r���@û,������ò1ðLû
�1ö4ó1ñVôN4}ð��^ó�û9ô8�}ø3û9û7ð�5
�Ló�2@ózò1÷��Lò����Ló��

Q ∈ å Ô N×N ø��xô?õ@ø�33ø3ñI÷���ósó�ô R ∈ å Ô N×(P/M)ô��7÷������1ø! .2I÷���óvû�������9ðLó����7ó|9
Ri,j = 0

�}ø����
i > j : ô?ó����Ló�ûYl��@ó C = QR 7rå ��ú�ð�ó1ñVô�÷��Lø��9û�4´�}ø����

x ∈ å Ô P/M ó�ô z ∈ å Ô N l��@ó���ò1ø3ñ�l��@ó�û�4
‖C x− z‖2

2 =
∥∥Rx−QT z

∥∥
2

2

ó�ô�4%���@ð�ûl��@ó<�Ló�û
N − (P/M)

2
ó��7ñ
ð	���9ó1û��Lð�33ñ@ó�ûm2@ó
R
û9ø3ñVô+ñ������Ló�û�4

‖C x− z‖2
2 =

∥∥∥R̃ x− Q̃T z
∥∥∥

2

2

+
N∑

k=(P/M)+1

[(QT z)k]
2 9�Ó 7�â ® :

ø#"
R̃ ∈ å Ô (P/M)×(P/M) ó1ûxôY�R÷nö-÷{ô��7ð�ò1óE2@ó1û P/M ���7ó�ö�ð����9ó1û���ð�33ñ
ó1û�2
ó

R
4
Q̃ ∈ å Ô N×(P/M) �L÷ö�÷Fô��9ðLò1ów2@ó�û

P/M
���9ó1ö4ð	���9ó1ûqò1ø���ø3ñ@ñ@ó�û02@ó

Q
óUôcø#"

(QT z)k
2��1û9ð�33ñ@ó1�Ló

k
�1ö4ó����	�1ö4ó1ñVô02��zú3ó�ò�ô7ó����

QT z 7%å �£ó1ûxôBò��R÷Fð��1l��@ó<�L÷�û7ø����
ô?ð�ø3ñ+2������9ø�5��	��ö�óY9�Ó 7�â ® : ÷���?vö4ø3ðLñ�2
�7ó1û#ò|÷������1ûNó�û9ô��R÷�û9ø����dô?ðLø<ñp2��
FwÃ£	



G�� �´Ü�HO�OÝJ�UÜ�Þ��M�N�+�J��ßr�<���JI�HM��ßw��K���Ü��B�ML�����ß��bà����J�OÞbß�
�NHOK���PN�B�jÜ���Q
û�i�ûxô��1ö4ó

R̃ x = Q̃T z
l��
ðdó�û9ô$�Lów�����@û^û9ø��
ú3ó�ñVôcö�ð�ó���?�ò1ø3ñ�2
ð�ô?ð�ø3ñ@ñ���l��@ó¡�Ló�û�i�û9ô��1ö4ó

CTC x = CT z 7
¼ ð�ñ@û7ð²4���ø������@ñ@ó�úF÷��Ló����r2@ó α l��
ó��Lò�ø3ñ�l��@óBó�ôw�@ñ4ñ@ø3ö�5
�7ó�û����û7÷<ñVôm2@ó�2@ø<ñ@ñ��1ó�û89 N > P/M : 4ð��Wó1ûxôsó1ñVú�ðLû7÷�33ó|÷�5��Ló�2
óY2���=Iñ
ð��8�@ñ
ó�ñ@ø��
ú<ó����Ló�ö���ô7õ@ø�2
ó�2@ó�ò1÷��Lð�5��?÷Fô7ðLø3ñAl��@ð�ò�ø3ñ@û7ð�û9ô7ó��+���1û9ø���2��9ó�Ló�ûUi�û9ô���ö�ó��Lð�ñ��|÷Fð��7ó+û�@ð�úF÷<ñVô6 

[
(1 − α)χ

E
R̃ + αχ

D
Π̃
]
Y α = (1 − α)χ

E
Q̃T L̃ + αχ

D
Y g

�����
ô�$<ô"l��@ó���ósû�i�û9ô��1ö4ó�9�Ó 7���\ : 2@ó6����÷����}ó1ñ�2
ðLò1ó�Ó 7���7 Ó 7 � ó�ô7ô7ózö���ô7õ@ø�2
ó62@óUú��?÷<ð�ô/÷���ø��7ûNò�ø3ñ�2��@ð��7ó%�2@ó�û�û�i�û9ô��1ö4ó1û��LðLñ��|÷<ð��7ó1ûBö4ðLó���? ò�ø3ñ�2@ð�ô?ðLø<ñ@ñ��1û�ö-÷<ð�û	l��@ð�ñ
ó:ò1ø����7ó1û���ø<ñ�2@ó1ñVô������@û&�+�@ñZ���9ø�5��	��ö�ó2@ósö4ðLñ@ð�ö�ð�û?÷Fô7ðLø3ñE2@ó<�R÷�>oø��9ö�óE9nÓ 7�\ : û7ð α 6= 0 7
�"ë²þ�ë�ì ] ô6õ�ðt�	Ï-ô�÷-ðbÑNò×ò,ÑNòN�Uõ�ð�ò � ôNð�Ï�ñvó�ÑNû�ó§ÍsÑNò,÷�Ï-ô6ð�ò,÷Añ('Oú1ò�ôwÐÖð*)2û�ñ

+Ûó�ò|÷<ûr2������9ø�5����1ö4óm2�� ø��
ô?ð�ö�ð�û?÷Fô7ðLø3ñYø�5
ô7ó1ñ�����ø����
e = e1

ñ���ó�û9ô�÷�5}ø��2��hl��
ó�ô�����ûr5��7ð���ú<ó1ö4ó1ñVô2I÷<ñ
û"��j÷��9ô?ð�ò���ó�4d÷��A2���5��
ô"2@ó<�L÷�û9ó1òUô?ðLø<ñeÓ 7���7��
7� ��ó�û9ôh�}ø�����l��@ø3ð=ñ
ø��@û#ò�ø3öE���	�Uô?ø3ñ@ûw����÷��xô?ðLò��Ló��I÷���ò1óUô7ô?ó+û7ó�ò�ô?ð�ø3ñ+l��@ð�������û7ó1ñVô7ó�ò1ó��xôO÷<ð�ñ@û�÷Fû�}ó1ò�ô7ûö�÷Fô?õ���ö-÷{ô?ð�l��@ó�û�óUôuñ��@ö����9ð�l��@ó1û*2��Å���7ø�5��	��ö�ó( �ó�����óA2���ò��9ð�ôuò�ø3ö4ö�ó�ñwô��LóA3��?÷�2@ðLó�ñwô��}ó��
ô,��ô��9ó
ò|÷��Lò��
�	�	�
�@ðLûm�
���1û9ó1ñVô?ó<2@ó�û�ó1û9û?÷<ð�ûm2@ó�ö4ðLñ@ð�ö�ð�û?÷Fô7ðLø3ñY�I÷��m2@ó1ûN÷���33ø��9ð�ô7õ@ö�ó�û�2@óB3��?÷�2@ðLó�ñwô#ò1ø3ñ�ù���3���� 7
-/.ÛäWÈ�Å�ï|ï|Úoß�Ü �0�Ü10wÈ{Ç@Ù�Åfà$¬¥SÈ�ÇIàWÚ�Å�Ü�Ý�à^Å E1ü/ñhúF÷p�7ó����7ó�ñ�2��7óE�Ló�ûsñ@ø<ôO÷{ô?ðLø<ñ@ûB2@ó��R÷uû9ó1ò�ô7ðLø3ñ(Ó 7���7jV  '�L÷-úF÷��7ðL÷�5��Ló y 2���û7ð�3<ñ@ó��Ló�ú3ó�ò�ô7ó�����2@óå Ô P 2@ó�û/ò1ø�ó��4ò1ð�ó1ñVô?ûB�}ø��jidñ�$3ö�ðL÷���?�2
�-��ø��ji�ñ�$3ö4óQú3ó�ò�ô7ø��7ð�ó��

f
ø��
ô7ðLö�÷��o�7ó1òOõ
ó��7òOõ���°'2@ó������@û�4�ø3ñ

÷����7÷ E1(y) ≡ E1(f)
ó�ô
e1(y, t) ≡ e1(f, t)

�I÷��N÷�5��@û�2@ósñ@ø<ô?÷Fô?ð�ø3ñ 7¼ ð�ñ@û7ð²4@ø3ñpòOõ@ó��9òOõ@ó2�:ó@?
�
�7ðLö4ó���4Iû7ðÛð��=óD?dð�û9ô?ó�4®�Ló83��7÷�2@ð�ó1ñVô�2@ó
E1

 O ⊂ å Ô P −→ å Ô +

y 7−→ E1(y) = χ
E

〈
‖e1(y, t)‖Λ

2〉
÷�ú<ó1ò

χ
E

=
1〈

‖e(yg, t)‖Λ
2〉

ø#"
yg ó1ûxô1��ó�ú3ó�ò�ô?ó����12
ó1û�ò1ø�ó��4ò1ð�ó1ñVô?ûw��ø���i�ñ�$3ö4ðR÷���?�2@ó f g 4 〈.〉 �@ñ�ø������?÷{ô?ó��
�w��ðLñ��1÷<ð��9ó#ò�ø3ñVô?ðLñ��E2@ófbö4øXi3ó�ñ@ñ@ó�ô7ó1öE��ø��7ó����Ló@gcû�
�0��� ðLñVô7ó��9úF÷����Ló

[0, T ]
4 ‖.‖Λ

�R÷Nñ@ø��7ö4ó�ðLñ�2��
ð�ô?ó��I÷��$�L÷Bö�÷Fô��9ðLò�ó�ûUi�ö��Uô��7ð�l��@ó2��D=Iñ@ðLó<�}ø3û7ð�ô?ð�ú3ó
Λ ∈ å Ô M×M ó�ôBø#"���� ø������7÷Fô?ó���� e1 ��úF÷���ó����9û"2@÷<ñ@û å Ô M ó1û9ô,2��D=Iñ@ð'�I÷��

e1(y, t) = ae(t) − a(t)

û7ø��@û��R÷:ò1ø3ñVô�?÷<ð�ñwô7óBl��@ó
a
û7ø3ð�ô�û7ø����
ô7ðLø3ñp2��e���9ø�5��	��ö�óB2
ó � ÷��@òOõJi (Pa(y))

2��D=Iñ@ðÛò1ø<ö�ö4ó�û�@ð�ô< 

(Pa(y))

{
ȧ(t) = F (a(t), y, t)
a(0) = ae(0)

,

÷|ú3ó�ò
F
 å Ô M× å Ô P× å Ô −→ å Ô M 7 ý�÷<ñ@ûh�Ló�ò|÷<ûm3��1ñ����?÷��£ø�" s ñ�� ó1ûxô��I÷<û�ñ���ò1ó�û7û?÷Fð��7ó�ö�ó�ñVôNñ��
��4 Fó1ûxô82��D=Iñ@ð�ó��I÷��

F (a(t), y, t) = f(a(t)) + s(t)
ø#"

f
ó�û9ô8��ó6�}ø��jidñ�$3ö�óY÷<û9û7ø�ò1ð��3�

y
9�ú3ø3ð��,�����l��I÷��

ô?ð�ø3ñ(9�Ó 7�W :�: 7
FVÃ��



G��yò�� �0�N��JHMà��<����Þbßmó8HnôyÜ���Þ��Mõ�HM�
ý/÷<ñ@û��R÷pû�@ð�ô?ó�4^ø3ñ û���
��ø3û9ó+l��@ó

F
ó�û9ô�û��
�4û?÷<ö4ö4ó1ñVô��
��3�����ðLó�� 7 +Ûó1û62����9ð�ú#��ó1û��@÷��9ô7ðLó����Ló�ûB2@ó

F
�I÷��"�?÷��
��ø��xô4�

a
óUô
y
û9ó��7ø<ñwô�ö-÷Fñ@ð����
�	�1ó�ûNû7ø��@û">oø��7ö4ósö-÷{ô��7ð�ò1ð�ó�����ó�óUô/ñ@ø<ô��1ó�û	�7ó�û�}ó1òUô?ð�ú<ó1ö4ó1ñVô

[∂aF (a, y, t)]
2@óE2@ðLö4ó1ñ@û9ðLø3ñ

M×M ó�ô
[∂yF (a, y, t)]

2@ó�2@ðLö4ó1ñ
û7ðLø<ñ
M×P 7'å ��ó1ûxôzð�ö��}ø��9ô?÷<ñVô2@ó+ñ@ø<ô?ó��¡l��@ó�ò1ó�ô9ô?ó+õ�i��}ø<ô?õ��1û7ó�4�l��@ð}ó1û9ô�ú��?÷<ð�ó,�}ø����w�@ñuûUidûxô���ö�ó82���Ø�ý�ü �}ø���i�ñ�$3ö4ðR÷��I÷��
ô7ø3ñ@ø3ö4ó�4

ñ@ø��
û+÷Fû7û�
�7ó�l��
ó
F
ó1û9ô�9���ødò1÷��Ló�ö�ó�ñVô : ��ð��@û9òOõ@ð�ô�1ð�ó1ñ@ñ@óB�@÷��h�?÷��
��ø��xô5�:û?÷����7ó�ö�ð����7ó/úF÷��9ðR÷�5
�Ló a 7+Ûó,ç7698 ��~�:<; æ>=�æ@?�¦�A9BC6ED/ñ@ø��@û�÷Fû7û�
�7ów2@ø3ñ@òw��� óD?dðLûxô?ó�ñ@ò1ó�ó�ôÛ��� �@ñ@ð�ò1ð�ô��r2�� �@ñ@ó�û7ø����
ô?ð�ø3ñsö-÷;?
ð�ö-÷��Ló

a
2@ó

(Pa(y))
2���=Iñ
ðLó�û����m�@ñ-ø��
ú3ó��9ô

]ω−(ae(0), y), ω+(ae(0), y)[ 7 +Ûó1û�ô?ó1öE�@û¡2����UúF÷<û7ð�ø3ñ-û7÷Fô?ð�û�>oø3ñVô5@ð�ó1ñÒû
F��
ω−(ae(0), y) < 0 < ω+(ae(0), y) 7 ×dð ω+(ae(0), y) ≤ T

4w�L÷hû9ø����dô?ðLø<ñëö�÷�?dðLö�÷��Ló
aóD?�����ø3û7ófó1ñ¸ô?ó�ö��
û*=Iñ@ð�÷�úF÷<ñVô*��� ðLñ@ûxôO÷<ñVô

T
 E1(y)

ñ�� ó1ûxôp�I÷<û+2���=Iñ@ðY9�ö�÷<ðLû:úF÷��
ôvö4ø��7÷��Ló�ö�ó�ñwô
+∞ : 7 ü�ñnó1ûxô+÷<ðLñ@û9ðÛ÷<ö4ó1ñ��G���7ó�û9ô�7ó1ð�ñ�2��9ó O �E�
ñyû9ø��@ûU� ó1ñ@û9ó1ö�5
�Ló<2@ó å Ô P  

O = {y ∈ å Ô P/ω+(ae(0), y) > T}.
ü/ñ ÷�2@ö4ó�ô7ô�?÷¹l��@ó(�Ló�ûuô?ó1öE�@ûp2�����úF÷<û9ðLø3ñ

ω− óUô ω+ úF÷��9ðLó�ñwôpò�ø3ñVô?ð�ñEF
ö�ó�ñwôn÷|ú<ó1ò y 9�û9ð�ø3ñ§�Ló�û�7ó�û9ô�7ó1ð�ñVôB÷���?pû9ø��@ûU� ó1ñ@û9ó1ö�5
�Ló1ûNø#"pð��Lû1�
�7ó1ñ
ñ@ó1ñVô,2@ó1û�úF÷��Ló����7û¡=Iñ@ðLó�û :  O 4Ió�ñpô?÷<ñVô�l�����ð�ö-÷�33ó8����ò1ðM����9ø�l��@ó�2@ó���� ø��
ú<ó��xô
]T,+∞[

�I÷��
ω+ 43ó�û9ôw�@ñ4ø��
ú<ó��9ô 7 Øcñ��9ó�úF÷<ñ@òOõ@ó�4 O ñ�� ó1ûxô¡�@÷<û�ñ��1ò�ó1û7û7÷<ð��9ó1ö4ó1ñVôò1ø<ñwú<óD?dó�4}ñ@ðÛö��1ö4ó�ò1ø3ñ
ñ@óD?dóYû?÷<ñ@û������@û�2@ó<���7ø����7ð���ô���û�û���

F 7
¼ =Iñe2@ó<�}ø��
ú3ø<ð���óD?����9ðLö4ó���ò��R÷<ð��7ó1ö4ó1ñVôh�L÷�2@ð������9ó1ñVô?ð�ó����Ló82@ó E1

4�2@ó���?�>oø3ñ@òUô?ðLø<ñ@û�ñ@ø<ô��1ó1û Ẽ1

óUô
Υ
û7ø3ñVô+ðLñVô��9ø�2��
ð�ô?ó�û8 

Υ : y 7−→ a
û9ø����
ô7ðLø3ñp2
ó Pa(y)�}ø����

y ∈ O ó�ô
Ẽ1(a) : a 7−→ χ

E

〈
‖ae − a‖2

Λ

〉
.

9�Ó 7�â�W :ü/ñf÷�÷���ø��7û
E1(y) = Ẽ1 ◦ Υ(y)

9nÓ 7�â�\ :
¼ ð�ñ@û7ð²4#ó�ñ ñ
ø<ôO÷<ñVôný g(x)(δx) �L÷¹2@ð������9ó1ñVô?ð�ó����Ló&2
ó g ó1ñ x ÷�������ð�l����1óH� δx 4�û9ð Ẽ1

ó�ô
Υ
û7ø3ñVô2@ð������7ó1ñVô7ðR÷�5���ó1û�4

ý E1(y)(δy) =
ý Ẽ1(Υ(y)) ◦ ý Υ(y)(δy) =

ý Ẽ1(Υ(y))(
ý

Υ(y)(δy)).
9�Ó 7 ® � :

ý3��÷�������û�9�Ó 7�â�W : 4����@ðLû�l��@ó����ø������7÷Fô?ó���� 〈.〉 ó1ûxôB�Lð�ñ��|÷<ð��7ó�óUô/ò1ø<ñwô7ðLñ��c4��R÷�2@ð������9ó1ñVô?ð�ó�����ó<2@ó Ẽ1

ó1ñ
a
ó�û9ô

ý Ẽ1(a)(δa) = 2χ
E

〈
(a− ae)T Λ δa

〉 9�Ó 7 ® V :
å �r�7ó�û9ô?ó�2@ø<ñ@ò��pó@?����7ð�ö�ó��B�R÷uúF÷��7ðL÷Fô?ð�ø3ñ δa =

ý
Υ(y)(δy)

2@ó
a
4Ûû7ø����
ô7ðLø3ñ-2@ó

(Pa(y))
4s2��@ó���@ñ@óuúF÷��9ðR÷Fô7ðLø3ñ

δy
2
óp�R÷�ftò1ø3ö4ö-÷Fñ�2@óDg

y 7 ü�ñ�÷�2@ö�óUô7ô�?÷&l��@óvò�ó�ô7ô7óuúF÷��7ðL÷Fô?ð�ø3ñk�}ó��
ô�ûI� óD?����7ð�ö�ó��3���J<ò1óY÷��HK<DLKDç :<; æ3=NMO8�PIA
¦�ç ����Q K�=�æCK } æ ~ çA ~SR ¦�ç ����Q KYû��@ð�úF÷<ñVô� 

(Pδa(δy))





δ̇a(t) = [∂yF (a(t), y, t)]δy + [∂aF (a(t), y, t)]δa(t)

δa(0) = 0

9�Ó 7 ® � :
û7ø��@ûo�R÷�ò1ø<ñwô�?÷<ð�ñVô?órl��@ó

a
û7÷Fô?ð�û�>�÷<û9û7ó

(Pa(y)) 7 !r�@ðLû�l��@ó¡��ó�û7ó�ò1ø3ñ
2zö4ó1ö�5��9ór2@ó��R÷m���9ó1ö4ð	���7óT��l��@÷Fô?ð�ø3ñ2@ó
(Pδa(δy))

ó�û9ôB��ðLñ��1÷<ð��9óB�I÷��,�?÷����}ø��xô@�
δa
4
δa(t)

ó�û9ô85
ðLó1ñ&2���=Iñ
ð$�}ø����Bô?ø��
ô
t ∈ [0, T ]

ó�ô+ô?ø��
ô
ò1ø������Ló

(a, y) 7
FwÃ��



G�� �´Ü�HO�OÝJ�UÜ�Þ��M�N�+�J��ßr�<���JI�HM��ßw��K���Ü��B�ML�����ß��bà����J�OÞbß�
�NHOK���PN�B�jÜ���Q

¼ ð�ñ@û7ð²4
�Ló�û���l��I÷{ô?ðLø<ñ@û�9�Ó 7 ® � : 4'9nÓ 7 ® V : ó�ô69nÓ 7 ® � : ñ@ø��@ûh2@ø3ñ@ñ
ó1ñVô"�@ñ@ó�óD?����9ó1û9û7ðLø<ñA2@óB�L÷�2@ð������9ó1ñ��ô?ð�ó����Ló/ý E1(y)
÷������Lð�l����1ó��

δy
 

ý E1(y)(δy) = 2χ
E

〈
(a− ae)T Λ δa

〉 û9ø��@û
(Pa(y))

ó�ô
(Pδa(δy)).

9�Ó 7 ® � :
� ó��}ó1ñ
2I÷<ñVôN4Ûò�ó�ô7ô7ó�óD?����9ó1û9û7ðLø<ñ ñ�� ó1ûxôB�I÷<ûB�
�?÷Fô7ð�l��@ó:÷���û9ó1ñ@û�ø�"�ó�����ózñ�� ó1ûxô<�I÷<û/û9ø��@ûB�L÷E>oø��9ö�ó62@óÔNðLó1û���4}ò�� ó1ûxô��*�;��2@ð��7ó�l��@ó��R÷�2
ð������7ó�ñVô?ðLó�����óYñ���ó�û9ô<�I÷<û+óD?����9ðLö��1ó2������÷<ð�2@ó�2�� �@ñ-3��7÷�2@ðLó�ñVô ∇E1(y) ∈å Ô P ô?ó��sl��
ó

∀δy ∈ å Ô P ý E1(y)(δy) = ∇E1(y)
T δy9îý E1(y)

��ô?÷<ñVôp�@ñ@ó[>oø��9ö�óe�Lð�ñ��|÷Fð��7ónò1ø<ñwô7ðLñ��@ó û���� å Ô P 4w�Ló¹ç7698 ��~�:<; æU=�æWV � æCK�X§ñ@ø��
û+3V÷��7÷<ñVô?ð�ô��� óD?dð�û9ô?ó�ñ@ò1óB2����@ñvô7ó��s3��?÷�2@ð�ó1ñVô : 7 !r�@ð�ûl��@ó δy ú�ð�ôm2I÷<ñ@ûm�
ñnó�û�I÷Fò1ó<2@óB2@ð�ö�ó�ñ@û7ð�ø3ñ�=Iñ
ð�4
ð��=ó�û9ôh>�÷<ò�ð��Ló2�� óD?����9ðLö4ó���ò1ó�3��7÷�2@ðLó�ñVô�3���J<ò�óG�e9�Ó 7 ® � : 7 ØcñyóU�=óUôN4Iø3ñy÷�ô��7ð�ú�ðR÷���ó1ö4ó1ñVôm�I÷��"��ðLñ��1÷��7ð�ô��6 

∇E1(y) =




ý E1(y)((1 0 · · ·0)T )777ý E1(y)((0 · · ·0 1)T )


 .

9�Ó 7 ®�Ó :

� ó�ô9ô?ó�ó@?
�
�7ó1û9û7ð�ø3ñY3#�1ñ����?÷��Lóm2��Y3��?÷�2@ð�ó1ñVô´�}ó��9ö�óUô´2@ó12���=Iñ
ð��´�@ñ
óm���7ø�òI��2����9óh2@ó�ò|÷��Lò��
��4{ò1ó��}ó1ñ
2I÷<ñVôð��wó@?
ð�û9ô7ó�4�2I÷<ñ@ûqò1ó��xôO÷<ð�ñ@û�ò1÷<û�4�2���÷��
ô�7ó1û�óD?����7ó�û7û9ðLø3ñ@û02���3��7÷�2@ðLó�ñVô0l��@ðdò1ø3ñ�2
�@ðLû9ó1ñVôY�	�
ñ@ó>�Uú<÷����I÷Fô7ðLø3ñ
ö4ø3ðLñ@û#ø3ñ����9ó��@û9ó 7
-/.ÛäWÈ�Å�ï|ï|Úoß�ÜWï�à$¬¥SÈ�ÇIàWÚ�Å�Ü�Ý�Z Ù\[ ÇIÚ�à^Åfà][j¬qÜ^ÅH^@Ç@È{ÚoÇ@âqÙ�ÅnÇIàE_1ß}ÚîÜ�Ý|Å
ü/ñyò�ø3ñ@û7ð�2����9ó<2��j÷�5�ø���2��Ló�ò|÷Fû"2����@ñ
óQû9ø3ö�ö4ó/ò�ø3ñVô?ðLñ��@óE 

〈.〉 =

∫ T

0

.(t) dt.
9�Ó 7 ® � :

+Ûó����7ø�5
�	�1ö4ó�ó�ñwô�7ó�÷���ø��7ûc2@÷<ñ@ûo�Lócò1÷�2��7ó�ò��R÷<û9û7ð�l��@ór2
� }�~@�7Q B ��} æ`=�A ;Y�7Q%�7; A ; =�æYa ��Q ç ~ D�¦Lb �7Q æ Ù ����Úó�ô�ð��^ó1ûxô�ò1ø<ñ@ñ��-l������@ñ
ó�>oø��7ö����R÷Fô7ðLø3ñ����7÷Fô?ð�l��@ó�2��-3��?÷�2@ð�ó1ñVô,��ó��
ô@�Uô��7ózø�5
ô?ó�ñ��@ó�ó1ñ-�9ó1ò�ø����?÷Fñwô@��@ñ@ó�úF÷��9ðR÷�5���ó�¦c=
d ���7Q ç�æ q 7Ö+ø<ô7ø3ñ@û
q
�L÷�û9ø����dô?ðLø<ñvö-÷�?dð�ö-÷���ó,2
�A���9ø�5����1ö4óB2@ó � ÷��@òOõJi

(Pq(a,y))





−q̇(t) = 2Λ(a(t) − ae(t)) + [∂aF (a(t), y)]T q(t)

q(T ) = 0

� ó*�
�7ø�5����1ö4ó�2���=Iñ
ð�ô�5
ðLó1ñ|�@ñ@óE>oø3ñ@ò�ô7ðLø3ñ q 2���=@ñ@ðLó���ø��
�Yô7ø��
ô t ∈ [0, T ]
ó�ô���ø��
�Yô7ø��
ôQò1ø����
�Ló

(a, p) 7
å �Ûó1û9ô+÷���ø��7ûh�}ø3û9û7ð�5
�LóB2�� óD?����9ðLö4ó��m>oø��9ö�ó����Ló�ö�ó�ñVôm�LóB3��?÷�2@ð�ó1ñVô�2@ó<�R÷:ö�÷<ñ@ð����7ó�û�@ð�ú<÷Fñwô7ó� 

∀y ∈ O ∇E1(y) = χ
E

∫ T

0

[∂yF (a(t), y, t)]T q(t) dt,
9nÓ 7 ® â :

û7ø��@û��R÷:ò1ø3ñ
2@ð�ô7ðLø3ñpl��@ó
a
û9ø3ð�ô��L÷�û7ø����
ô?ð�ø3ñp2@ó

(Pa(y))
óUô
q
�R÷�û9ø����dô?ðLø<ñp2@ó

(Pq(a,y)) 7
F�Ë%¨



G��yò�� �0�N��JHMà��<����Þbßmó8HnôyÜ���Þ��Mõ�HM�
ÄuÅ�S©Ç@È�«c¬^Åfe�+Y����l��I÷Fô7ðLø3ñe2�����ú3ø����
ô7ðLø3ñ�2@ó<����÷�2{ù9ø<ðLñVôm�}ó��
ô5�Uô��7ósø�5dô?ó1ñ��@óYó1ñnòOõ@ó��7òOõI÷<ñVô@�4÷Fñ@ñ����Ló���R÷�2����7ð�ú#��ó62��Ugc¦Lb ~ ¦ Q b � æ Q
L(ã, y, q) =

∫ T

0

‖ae(t) − ã(t) − ae(0)‖Λ
2 dt+

∫ T

0

q(t)T (F (ã(t) + ae(0), y, t)− d

dt
ã(t)) dt

�I÷����?÷����}ø��xôh�&�L÷núF÷��7ðL÷�5���ó
ã
l��@ð#ú�ð�ô�2I÷<ñ@û��@ñ§ó1û��I÷<ò1óp2
ó*>oø3ñ@òUô?ðLø<ñ@û��
��3�����ð	���7ó1ûQûI��÷<ñ@ñ����L÷<ñVô:ó1ñ

t = 0
9
ã(0) = 0 : 7 ØcñyóU�=óUôN4

∂ãL(ã, y, q)(δã) =

∫ T

0

[
2Λ(a− ae) + [∂aF (a, y)]T q + q̇

]T
δã dt+ q(T )δã(T )

�}ø�����ô?ø��
ô
δã
÷|ú3ó1ò

a(t) = ã(t) + ae(0)
9�óUô

δã(0) = 0 : 7
ü/ñyû������}ø3û7óYö-÷FðLñVô?ó�ñI÷<ñVôhl��@ó 〈.〉 ó�û9ô"2��D=Iñ@ðo�I÷��h�@ñ
óYû9ø3ö4ö�óB2@ð�û7ò�����ô7ó� 

〈.〉 =
1

N

N∑

i=1

.(ti) dt.
9�Ó 7 ®3® :

� ó�ô9ô?óB2��D=Iñ@ð�ô?ðLø<ñvó1û9ôNð�ñVô����9ó1û9û?÷<ñVô?ó<2I÷Fñ@ûh�Ló�û�û7ð�ô�I÷Fô7ðLø3ñ@û�ø#"pø3ñvñ@óB2@ð�û�}ø3û7óB�@÷<ûh2@óB2@ø3ñ
ñ��1ó�û ae(ti)ó1ñY2
ó1û�ð�ñ@û9ô?÷<ñVô?û
ti
û�
�4û7÷<ö�ö4ó1ñVôr�
�7ø�òOõ@ó1û´�}ø�����÷<ö4ó1ñ@ó��T�	�@ñ
ó>��úF÷����I÷Fô7ðLø3ñ�������ò1ð�û7óm2@ó1��� ø������?÷Fô7ó����

ò1ø<ñwô7ðLñ���9�Ó 7 ® � : 7 Øcñ<���?÷Fô7ð�l��@ó�4|ð��3ó�û9ô^û9ø��
ú3ó�ñVô0�}ø3û7û9ð�5���ór2@ócò|÷��Lò��
�Ló��s2@ó1û^ö4ø�2@ó�ûo!�üsýu�7ó�������û7ó�ñwô?÷Fô?ðj>oû2�� �@ñi�1ò�ø����Ló�ö�ó�ñVô�ó1ñ-�9ó1ò1ø����?÷<ñVô��*�
ñ-��óUô?ð�ô/ñ@ø3ö�5��9ó�2@ó:ò��Lð�òOõ��1û85
ðLó1ñ-�
���I÷��9ô?ð�û	2I÷Fñ@ûB��� ðLñVô?ó��9úF÷����Ló2@ó�ô7ó1öE�@û
[0, T ]

°Fû7ð��L÷B!�ü�ý�ó1ûxô�ò|÷���ò������1óm�@÷��r�R÷�ö���ô7õ@ø�2@óm2@ó�û�ò��Lð�òOõ��1û�4��Ló�û�ò1ø�ó��4ò1ð�ó1ñVô?ûcô7ó1öE��ø��9ó���û
ae

i

2@ó6�
��>j���7ó1ñ
ò1ózñ
óQû9ø3ñVô/÷���ø��7û�ò�ø3ñ@ñ��@û,l��
ó��}ø������Ló�ûBð�ñ@û9ô?÷<ñVô?ûBò1ø����7ó�û�}ø3ñ�2I÷<ñVô7û/÷���?nò��Lð�òOõ��1û� %�Ló�û
ò1ø�ó��4ò�ðLó1ñVô7û

ae
i (tj)

��ó��
ú3ó�ñwô+ñ@ó<�I÷<ûk�Uô��7ósò�ø3ñ@ñ��@ûBó1ñe2@ó1ûBðLñ@ûxôO÷<ñVô7ûNô����û"�
�7ø�òOõ@ó1û 7
¼ ð�ñ@û7ð²4 E1(y) = χ

E

1
N

∑N
i=1 E i

1(y)
÷|ú3ó�ò E i

1(y) = ‖ae(ti) − a(ti)‖Λ
2 û9ø��@û´�L÷Bò�ø3ñVô��7÷<ðLñVô?ó (Pa(y))�}ø����#ô7ø��
ô

i
 dø3ñpû7óB�?÷Fö���ñ@ó�÷<ð�ñ@û7ð��

N
>oø3ñ@òUô?ðLø<ñ@ñ@ó����Ló�û12@ó�ò�ø#F
ôhl��@ð£ñ
óB2����}ó1ñ�2
ó1ñVô	l��@óB2
óB������ôO÷{ô=IñI÷�� 7 ý�ó/ñ@ø��dú3ó|÷��c4
ð���ó�û9ôh�}ø3û7û9ð�5���ó	2�� óD?����9ðLö4ó��¡�Ló	3��?÷�2@ð�ó1ñVô¡2��vò1ø#Fdô E i

1(y)
����j÷Fð�2@ó"2�� �@ñp÷�2{ù9ø3ð�ñVô

qi
 

∀y ∈ O ∇E i
1(y) =

∫ ti

0

[∂yF (a(t), y, t)]T qi(t) dt,
9�Ó 7 ® W :

ø#"
qi
ó�û9ô,2���=Iñ
ð'�I÷��
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−q̇i(t) = [∂aF (a(t), y)]T qi(t)

qi(ti) = 2(a(ti) − ae(ti))
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E1(y) =

∫ T

0

(a(t) − a0)
2 dt

û7ø��
û
(Pa(y))

{
ȧ(t) = −y a(t)2

a(0) = a0
,
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a0 y

û9ð
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a0 T
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N = <

ΓD \ ΓA.v D :EN D{1 FVN ? 8;:EL D 4 D 8>:ENqLEF^a D < D[?+A31 F54bN = <
ΓD

N5ToÄ ? < D p;F5:�4

u(x, t) = g(x, t) =





I∑

i=1

ci(t) gi(x) C 8 = <
x ∈ ΓA

gs(x) C 8 = <
x ∈ ΓD \ ΓA.
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J α(u(x, t), c(t)) = (1 − α)

∫ T

0

‖G(u(x, t), t)‖ � 2
2 dt+ α

∫ T

0

‖c(t)‖2
2 dt

���hH � �
2 p;F ? α = : CB2 < 2 6 Å 4G<GFrL3F

[0, 1]
K
c(t) = (c1(t) · · · cI(t))T 1 F@p;F ? 4GF = <iLEFrL D 69FV:EN D 8;: I L3FVN ? 8;6XW6 2 :ELEF5N)L3F ? 8;:�4$<YÆ 1 FiFQ4 G(., t) = :~8 C Ä5< 2 4GF = < 2�� :EF�K CB2 <xF�m3F56 C31 F
G(u(x, t), t) = ∇ × u(x, t)

� ��H�� �
8 = K C 8 = < = :EF u 8;: ? 4 D 8;: ? 8��34bLEFi4&j C F! b�#"�$��Y��%+���'&�(>K

G(u(x, t), t) = u(x, t) − uR(x, t)
���hH*) �
�hè-�
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oS��÷	9[�m��öp�;úq
7�Oø��0ý��S�	1g�;úq

1BöOý��0ý���9r1,�>øM÷ùúßöOö��hÿ��#9qý�1Bö�9s�2�-
 ú-ý����	�mo�t9óHubvw1,�2�x�#yU÷�ö��
��øz���Mú��{�2��
��ý����;úüößø|�#���2�}�Mô�ýOÿ�÷ ø

á-F�6f8�L Å51 F�]�_ia)W�c 2�1 FV<Ye D :EF�<GÄVL =ED 4�FVNY4 ? 8;:ENd4$< =3D 4�NY8 = N 1 T A j C 8>4 AEÅ NGFn\ = F 1 FVN�L38;:E:EÄ5FVN
ue
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? 8>:EL D 4 D 8;:3N 2>= m 1RD 6 D 4GFVN¼L3Fta D < DR?+AE1 FQ4kN D 6 DR1�2>D <GF5N 2>=9C <Y8 ZE1[Å 6fF7LEF ? 8;:�4$<YÆ 1 F^�ùLEÄ5�E: D 4 D 8;:9� � FQ4 C 8 = <
= :EF ? 8;6f6 2 :EL3F

ce(t) = (ce1(t) · · · ceI(t))T ? 8;:3: = F>H
vt�B:XLEF C 8 = p;8 D < 2>CECE1RD \ = F5< 1�2 6f8�LEÄ 1RD N 2 4 D 8;:r]`_ia)W�c 2>1 FV<Ye D :EF7F�m C 8;NYÄVFbL 2 :3N 1�2 NYF ? 4 D 8>: � H��hHRI;K

D[1 u 2�= 4)å54$<YFrF5:g69FVN = <GF^LEFrLEÄQ�B: D <tLEF5N ?+AE2 6 C N
ūe

FQ4
ū

KüL3FrL D p;FV<Y|;FV: ? Fr: =E1R1 F�KB\ =3D p>ÄV< D �BF5:�4 1 F5N? 8>:EL D 4 D 8;:3N

ūe(x, t) =





I∑

i=1

cei (t) gi(x)
N = <

ΓA

gs(x)
N = <

ΓD \ ΓA

F54
ū(x, t) =





I∑

i=1

ci(t) gi(x)
N = <

ΓA

gs(x)
N = <

ΓD \ ΓA

C 8 = <
c(t)

\ = F 1R? 8;:3\ = F>H]�8 = < ? F u 2�D <GF�K DR1 N =Q� 4)LEF ? 8>:EN D LEÄV<YFV< 1�2 NG8 1[= 4 D 8;: (ψ,∇p)
L =�C <G8 ZE1RÅ 69FiLEF@ã�4$8>e>FVN

∇.ψ = 0

−∆ψ + ∇p = 0

} N = <
Ω

� ��H � �
C 8 = <�L3FVN ? 8;:EL D 4 D 8>:ENfL3F�a D < D[?+A31 F54fN = < 1 F Z 8><GL
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ψs(x) =
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gs(x)

N = <
ΓD \ ΓA

0
N = <

Γ \ (ΓD \ ΓA)

� ��H�� �
F54)N D K C 8 = <q4G8 = 4

i ∈ [[1, I]]
K
ψi
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gi(x)

N = <
ΓA

0
N = <

Γ \ ΓA,
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2>1 8;<GN
ūe = ψS +

I∑

i=1

cei (t)ψi

FQ4
ū = ψS +

I∑

i=1

ci(t)ψi

� ��H � �
? 8>:�p D FV:E:EF5:�4�H3v 1 8;<YNVK�F5:�F5zßF ? 4 =B2 :�4 1�2 ]`_0a LEF

ue − ūe
K = :EF ZB2 NGFyL3Ft698hL3FVN

ϕi

L3Ft4$< 2>? F)N = < 1 FZ 8;<GL
ΓD
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1 T�FVN CB2>? F V FQ4)N D ū F5NY4)LEÄ5�E: D-CB2 < 1 ToÄ5\ =E2 4 D 8;: � ��H � � K 1 Fi6f8�L ÅV1 F}]`_ia)Wdc 2>1 FV<Ge D :EF D : ? 8;6 C <GF5NGN D[ZE1 F<GÄ5L =ED 4bLEF 1�2lCB2 |;F^� ä L3F5p D F5:�4

σi ȧi(t) +
I∑

j=1

Hi,j ċj(t) = Ch
i (t) +

M∑

j=1

Cj
i aj(t) +

M∑

j,k=1

Cj,k
i aj(t) ak(t)

+

M,I∑

j,k=1

F j,k
i aj(t) ck(t) +

I∑

j=1

Gj
i cj(t) +

I∑

j,k=1

Gj,k
i cj(t) ck(t)

� ��H � �

2 p;F ?
Hi,j = ( ψj,ϕi ) � 2(ω)

d ,
� �hHJI ä �

Ch
i (t) = ( h(t),ϕi ) � 2(Ω)

d − ( β(t),ϕi|ΓF
) � 2(ΓF )

d ,
� �hHJI;I �

F j,k
i = −C(ψk,ϕj,ϕi) − C(ϕj ,ψk,ϕi),

� �hHJI � �
Gj

i = − 1�bF (A+ωB)(ψj,ϕi),
� �hHJI�� �

FQ4
Gj,k

i = −C(ψj,ψk,ϕi).
� �hHJI|) �a 2 :3N 1[2 N =ED 4$F�K s(t) FQ4

s̃(t) ? 8;<G<YFVN C 8;:EL3FV:�4 2>= m�4GFV<Y6fF5Ni\ =3D NG8;:�4 u 8;: ? 4 D 8>:�LEF
h

FQ40LEF
β

H
s(t)FVNd4)LEÄ5�B: DOCE2 <

s(t) = (Ch
1 (t) · · ·Ch

M(t))
T
.á-FsNYj�NY4 Å 69F~L{T�~wai_}N~� ��H � � :UToF5NY4 CB2 N C < 2 4 D \ = F ?V2 < D[1 u 2>D 4 2>CECB2 < 2�� 4$<GF 1 F5NPLEÄV< D p>ÄVFVN ċj LEF5N

? 8>6f6 2 :ELEF5N0LEF ? 8;:�4$<YÆ 1 F�H�� 1 j 2 4G<G8 D Ni6 2 : D[Å <GFVNiL3F 1 FX4G< 2 :3N u 8;<Y6fF5< C 8 = <^8 Z 4$F5: D < = :�NYj�NY4 Å 69FLUT*~wai_}NyLEF0L D 6fF5:EN D 8;: Q ≥ M
LEF 1�2 u 8;<G69F

ḃ(t) = f(b(t), v(t)) + s̃(t)
8J�

f
FVNd4 = :3F u 8;: ? 4 D 8;:C 8 1 j�:EÆ;6 D�2�1 F)F54

s̃(t) = :s4GFV<G69F D :EL3Ä C FV:EL 2 :�4)LEF
b

FQ4)LEF
v
�

.0� � : 2�= |;69FV:�4$F5< 1�2 4 2>D[1R1 F^L = NYj�Nd4 Å 69FXFV: ? 8;:EN D LEÄV< 2 :�4 b(t)T = (a(t)T c(t)T )
FQ4 1�2 :38 = p;F 1[1 Fp 2 < D�2>ZE1 FkLEF ? 8;:�4$<YÆ 1 F v(t) = ċ(t)

�û8;: 2y2>1 8;<GN Q = M+I � F54 C 8;NYFV<
s̃(t) = (s(t)T 0 · · ·0)

T �
.0��� :�L3Ä5�B: D < b(t) CB2 <

b(t) = a(t) + Σ−1H c(t) 2 p>F ? Σ =
L D�2 | (σ1, · · · , σM )

FQ4
H = (Hi,j)FQ4f<YFV6 CE1�2�? FV< a(t) CE2 < b(t) − Σ−1H c(t)

L 2 :EN 1 F�NGF ? 8;:EL�69FV6 Z <GF�K ? F�\ =EDtC FV<Y6fFQ4XLEF
? 8;:ENGF5<Yp>FV< 1�2 6få56fF ? 8;696 2 :3LEF}LEF ? 8>:�4G<GÆ 1 F�� v(t) = c(t)

F54
s̃(t) = s(t) ? 8>:�p D FV:E:EF5:�4 �

�hè��
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.0��� :�8><Y4 A 8;|;8;: 2�1[D NYFV< 1 FVN u 8>: ? 4 D 8;:EN

ψj

F54
ψS CB2 <�< 2>CEC 8;<d4 2�= mf6f8�LEFVN�]`_ia CB2 < 1 T 2>1 |>8;< D 4 A 69FLEF�ci< 2 696lWdã ?+A 6 D Lh4 �ûF5:�4$<GF 1 F ?V2>1[?5=E1 LEF5N�698hL3FVN�]`_ia LEF

ue − ūe
FQ4 1 F ?�2�1[?V=31 L =NdjhNd4 Å 6fF}L{T�~wai_}N0���hH � �G� � 2>1 8;<GN5K C3=ED NY\ = F 1 F5N`4G< 2>? FVNqN = <

ΓD
FQ4 1 F5N�L D p;F5<G|;F5: ? F5NxLEFVN�6f8�LEF5N]`_ia NG8>:�4r: =E1[1 FVNVK ? F 1[1 FVN^LEF

ψS

F54@LEF5N
ψj

NG8;:�4 D : ?+AB2 :3|;ÄVF5NrF54 1 F ?+AB2 6 C ū LEÄ5�B: D�CB2 <1 ToÄ5\ =E2 4 D 8;: � ��H � � FVNY4XN 2 4 D N u 2>D N 2 :�4H� ? F 1�2�D 6 CE1RD \ = F
H = 0

F54 u 2>D 4rL D N CE2 < 2�� 4$<YF 1 F5N ċj L =NdjhNd4 Å 6fF�K 2�D :EN D b(t) = a(t)
K
v(t) = c(t)

F54
s̃(t) = s(t) ? 8;:�p D FV:3:EFV:�4�H

á 2rC <YFV6 D[Å <YFt6 2 : DRÅ <YFtLEF C <G8 ? Ä5LEFV< 2 Ä54GÄ C <Y8 C 8>NGÄVF�K3L 2 :EN ? F ? 8;:�4GFQm�4$F�K CB2 <�� 2 p D :3LE< 2 :�� � ��K � )J� K
1�2 NGF ? 8;:EL3F 2 Ä54$ÄyLEÄ5�B: D F}FQ4 = 4 DR1[D NGÄVF CB2 <7� 2>AE1 �JI��#�{FQ4 1�2 4$<G8 D N DRÅ 69FtF5NY4x8>< D | D : 2>1 F>H�a 2 :EN 1 F ?�2 N7LEF
1�2 69Ä54 A 8�LEFf���N� � K 1 T�Ä54 2>C FiLUTo8><Y4 A 8;|;8;: 2�1[D N 2 4 D 8;: C F = 4tåQ4$<YF^<YÄ 2>1RD NYÄVF ? 8>6f69FiN =ED 4-�
�����q�

i �M�����M������� 1 � I
∣∣∣∣∣ ψi := ψi −

M∑

j=1

( ψi,ϕj ) � 2(Ω)
d ϕj

���¡ £¢����B�
ψS := ψS −

M∑

j=1

( ψS,ϕj ) � 2(Ω)
d ϕj

� F54Y4$F08;<d4 A 8;|>8;: 2>1RD N 2 4 D 8>:f:UT�FVNd4)LE8;: ?iCB2 N Z F 2�=E? 8 =3C~C31[= N ? 8��34$F = NGF0\ = F 1 F ?V2>1[?5=E1 L3F 1[2 6 2 4$< D[? F
H

\ =ED FVNd4y<YÄ 2>1RD NGÄyN D-1 F5Nb6fÄQ4 A 8�LEFVN^�¤��I � 8 = ��� � � NG8;:�4)FV6 CE1 8�j>ÄVFVN5H
~k: ? 8;:ENYÄV\ = FV: ? F>K 1[2g? 8>:�4G< 2>D :�4$F�L =òC <G8 ZE1RÅ 69F D : D 4 D�2>1 LEF ? 8;:�4$<YÆ 1 F�K�ægN 2 p;8 D < 1 F5NPÄV\ =B2 4 D 8;:3NLEF@â 2 p D F5<dWdã�4$8;e�FVNyFQ4 1 F = <YN ? 8;:EL D 4 D 8>:EN 2>= m 1[D 6 D 4$F5NVK3F5NY4y6 2>D :�4$FV: 2 :�4t698�LEÄ 1RD NGÄ5F CB2 < 1 F^NYj�NY4 Å 69FLUT*~wai_}N

ḃ(t) = f(b(t), v(t)) + s̃(t).
���hHRI�� �� F0NYj�NY4 Å 69F@<YÄV| D 4 = : ?+AB2 6 C L3F0p D 4$FVNYNGF u 2>CEC <Y8 ?+A Ä^L3Ä5�B: DSCB2 <

u = ψS +

I∑

i=1

ci(t)ψi +

M∑

i=1

σi ai(t)ϕi

� �hHJI�� �
8�� 1 F5N ai

FQ4 1 FVN ci NG8;:�4)LEFVN ? 8;6 ZED : 2>D NY8;:EN 1RD :EÄ 2>D <YFVN7L3FVN ? 8;6 C 8>N 2 :�4$F5N bi FQ4
vi

LEF
b

F54)LEF
v
�

• ai(t) = bi(t)
FQ4
ci(t) = bi+M (t) C 8 = < 1[2 6fÄQ4 A 8�LEF9��� I � K

• ai(t) = bi(t) − σ−1
i

I∑

j=1

Hi,j cj(t)
F54
ci = vi C 8 = < 1[2 69Ä54 A 8�LEF9��� � � K

• FQ4
ai(t) = bi(t)

FQ4
ci(t) = vi(t) C 8 = < 1[2 6fÄQ4 A 8�LEFf���}� � Há-F ?+AB2 6 C L3FVNbp D 4$F5NGNGF5N u(t)

F5NY4tLE8;: ? LEÄQ�B: D LEF06 2 : DRÅ <GF = : D \ = F CB2 < b(t) F54
v(t)

�

u = ψS +

Q∑

i=1

bi(t)φi +

I∑

i=1

vi(t)φi+Q

� �hHJI � �

2 p;F ? φi = ϕi C 8 = <
i ∈ [[1,M ]]

F54
��è;¥
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• C 8 = <^�¤��I � � φi+M = ψi C 8 = <
i ∈ [[1, I]]

F54
φi+Q = 0 C 8 = <

i ∈ [[1, I]]
�
Q = M + I � �

• C 8 = <^�¤� � � � φi+M = φi+Q = ψi −
I∑

j=1

Hi,j ϕj C 8 = <
i ∈ [[1, I]]

�
• C 8 = <^�¤�N� � � φi+M = φi+Q = ψi C 8 = <

i ∈ [[1, I]]
H

� 1 u 2�= 4}6 2>D :�4GFV: 2 :�4tLEÄ5�E: D < 1�2X? 8;:EL D 4 D 8;: D : D 4 D�2>1 F}L = Ndj�NY4 Å 6fFrLUT�~wai_}N}F5: ? 8;:3N D L3ÄV< 2 :�4y\ = F
u(0) = u0

H�ãh8 D 4 cu0 1 ToÄQ4 2 4wLEF5N 2>? 4 D 8;:E:3F = <YNk\ =3DB? 8;<Y<GFVN C 8>:EL�æ 1 ToÄQ4 2 4 D : D 4 D�2>1 u0

LEF 1 T�Ä ? 8 =E1 FV69FV:�4�K
1�2 L3Ä ? 8>6 C 8;N D 4 D 8;: � �hHJI�� � :38 = NbLE8;:E:3Fz�

ai(0) = σ−1
i ( u0 − ψS −

I∑

j=1

cu0
j ψj,ϕi ) � 2(Ω)

d = σ−1
i ( u0 −ψS,ϕi ) � 2(Ω)

d −
I∑

j=1

cu0
j Hi,j

� �hHJI � �� C 8 = < 1�2 6fÄQ4 A 8�LEFr���N� � K 1 FVN ψj

NY8;:�4�K�L 2 :EN ? F54Y4$F}LEF5<G: DRÅ <YFyÄV\ =B2 4 D 8>:UK 1 FVN u 8;: ? 4 D 8;:3N�8;<d4 A 8>|;8;: 2 W1[D NGÄ5FVN7\ =ED 8;:�4qÄ54GÄ = 4 DR1[D NGÄVF5N C 8 = < 1�2@? 8;:ENd4$< =3? 4 D 8;:sL = 698hL ÅV1 F � H�]�8 = < 1 F5Nq69Ä54 A 8hLEF5Ni�¤��I � KU��� � �F54r�¤�N� � K38;: ?+A 8 D N D < 2 L38;: ? KB<YFVN C F ? 4 D p;F56fF5:�4VK 1 FVN ? 8;:EL D 4 D 8>:EN D : D 4 D[2>1 F5N

b(0) =

(
a(0)
cu0

) K
b(0) = a(0) + Σ−1 H cu0 ,

F54
bi(0) = ai(0) = σ−1

i ( u0 − ψS,ϕi ) � 2(Ω)
d

� �hHJI�� �
8��
a(0)

FVNd4kLEÄQ�B: D F CB2 < 1 T�ÄV\ =B2 4 D 8>:s� ��HRI � � H � FVN�4$<G8 D N ? 8;:3L D 4 D 8;:EN D : D 4 D[2>1 F5NVK CB2 <Y4 D[?5=E1[DRÅ <GF5NOæ ?+AB2 \ = F69Ä54 A 8hLEF�KENG8>:�4)Ndjh:�4 A Ä54 D NGÄ5FVN ? 8;696fFiN =ED 4-�
b(0) = b0.

� �hH �>ä �
v D :EN D K 1 F C <Y8 ZE1RÅ 69F}LEF ? 8;:�4G<GÆ 1 F��ùLEÄ5�E: D 4 D 8;:~� � F5NY4b4$< 2 :EN u 8;<G69ÄiFV: 1 F C <Y8 ZE1RÅ 69FiN =ED p 2 :�4-�

ósô�õ¼ö�÷ øM÷ùúßö è�. oS�Mú����2�6
7��ý����;úüößø������2�}�Mô�ý�ÿO÷ øJ:¦<)�#=��
α > ω > β > h > gS ? $ (gi)1≤i≤I @ �#&,&BADC >$û�$�#=6E ? �PFJ�£%+�#I�I9�J& @ ? v(t) K =��§Il�'&B�'Il�LC ? J α(u(t), v(t))
�#j
u ? Cb$ @ A2kl&B�dX3�>�}\niM^'_;¨©a ? $}�ªA�(>�

X3�>�-F ? Cb«�Cb$¬bI ? @�® ¯±°f² Cz\niM^'_Miba ? $�FJ�8%+�#& @ �'$�� �#&g�'&B�'$��û�JF ? \niM^L]QcDaJ^]�8 = < 1[2 69Ä54 A 8�LEF��¤��I � K ? F 1[2 <YF5p D F5:�4tFV: u 2>D 4)æ9<GFV6 CE1[2>? F5< 1 Fi4$FV<Y6fF ∫ T

0
‖c(t)‖2

2 dt
LEF 1�2 u 8;: ? W4 D 8;: ? 8J�34~�ûÄ5\ =B2 4 D 8;: � �hH � �Y�^CB2 < ∫ T

0
‖ċ(t)‖2

2 dt
K ? Fs\ =ED :UT�FVNd4 CE2 NlÄV\ =ED p 2�1 FV:�4l6 2>D N Z F 2>=E? 8 =ECCE1R= N C < 2 4 D \ = F C 8 = < 1[2 <GÄVNY8 1[= 4 D 8>:~L =�C <Y8 ZE1RÅ 69F>H

~k: C < 2 4 D \ = F>K 1�2 u 8>: ? 4 D 8;: ? 8��34 J α FVNd4b<GF u 8;<G6 =31 ÄVFtFV: u 8;: ? 4 D 8;:�LEF
b(t)

F54
v(t)

FV: D :#³YF ? 4 2 :�4
1 T�FQm C <YFVNYN D 8>:½� ��HRI � � L 2 :EN 1 F C <YFV6 D FV<P4GFV<Y6fF ∫ T

0
‖G(u, t)‖ � 2

2 dt
L3F 1 ToÄ5\ =E2 4 D 8;: � �hH � � Hwá-F C <G8�W

ZE1RÅ 69F)L3F ? 8;:�4$<GÆ 1 Fb<GÄ5L =ED 4y�ùLEÄ5�B: D 4 D 8;:P� � FVNY4 2>1 8;<GNwÄ ? < D 4�NY8 = N 1�2 u 8;<G69FbLUT = : C <Y8 ZE1RÅ 69F ?51�2 NYN D \ = FLUT�8 C 4 D 6 D N 2 4 D 8>:�L3j�: 2 6 D \ = Ff�

min
v

M(v) =

∫ T

0

N (b(t), v(t), t) dt
NY8 = N 1�2l? 8;:�4$< 2�D :�4$F





ḃ(t) = F (b(t), v(t), t)

b(0) = b0 ���hH � I �
�hè��
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2 p;F ? F (b(t), v(t), t) = f(b(t), v(t))+ s̃(t)
H�ât8>4G8;:ENw\ = F>K�N D G FVNY4 2�� :EF�K N (b(t), v(t), t) C F = 4`NGF69F54G4G<GF)NG8 = N = :EF u 8;<G69Fb\ =B2 LE< 2 4 D \ = F u 2>?5D[1 FV69FV:�4`6 2 : D[CE=E1[2>ZE1 FqF54�\ = T DR1 FVNY47<GF 1�2 4 D p;F56fF5:�47N D 6 CE1 FLEF ?�2�1[?V=31 FV< 1[2 u 8;: ? 4 D 8>: M F54bNY8;:~|;< 2 L D FV:�4@� p;8 D < CE1[= N ZB2 N � H

a 2 :EN 1�2 N =ED 4$F>K�:E8 = N = 4 D[1RD NGF5<G8;:3N = :EFtp 2 < D�2 :�4GFtLEF 1�2 6fÄQ4 A 8�LEFr���N� � � ? F 1�2 :EÄ ? FVNGN D 4GF 1 T�8;<Y4 A 8�W|;8;: 2>1[D N 2 4 D 8;:}L3FVN u 8;: ? 4 D 8>:EN
ψS

F54
ψi

K�6 2>D N-N D 6 CE1RD �BF5< 271[2q? 8;:ENd4$< =E? 4 D 8;:^L = 6f8�L ÅV1 FkF54 C FV<G69F54Y4$< 2LUT�8 Z 4GFV: D < = :EFqF�m C <GF5NGN D 8;:XN D 6 CE1 F7LEF 1�2 u 8;: ? 4 D 8;: ? 8��34 C 8 = < = : C <G8 Z31[Å 69F7L3F´ )�#"7$��Y��%+���'&�(s�ùp>8 D <1�2 NYF ? 4 D 8>:��hHJI;H*� � H
µ¶��
1;�#·Uÿ���¸ia 2 :3N 1 F ?�2 LE<YF LEF 1�2 6f8�LEÄ 1[D N 2 4 D 8;:�]`_ia)W�c 2>1 FV<Ye D :EFnLEF5N�Ä ? 8 =E1 FV69FV:�4$N5K 1�2 LEÄ�W
? 8>6 C 8;N D 4 D 8;:�� ��HRI�� � L = ?+AB2 6 C LEF5Nip D 4$F5NGNGF5NVKS\ =EDkC FV<G69F54^LEFl4GFV: D <}FQm CE1RD[?VD 4$F56fF5:�4 ? 8;6 C 4$FlLEF5N
? 8>:EL D 4 D 8;:3N 2>= m 1RD 6 D 4$F5NyLEF9a D < DR?+AE1 FQ40LE8;: ? LEF 1 T 2>? 4 D 8;:3:EF = <5KUFVNd4 CB2 < u 8 D N 2>CEC F 1 ÄVF8IHAb$'¹B� @ ? @ ? CO��#&B%b$û� �#&QC @ ? %+�#I�I9�J& @ ? C��ª%+�#&,$��$�#FQOU=�&B%b$�� �#&I ? $2¹B� @ � F5: <GÄ u ÄV<YFV: ? F 2>= CB2�CED F5<^L3F�ci< 2�AB2 6 ? $�JFº^´� �;� ��HUayF CE1[= N5K 1 FVN u 8;: ? 4 D 8;:3N

ψi

NY8;:�4}|;Ä5:EÄV< 2>1 F56fF5:�4 2>CEC F 1 ÄVF5N�O��#&B%b$�� �#&QC @ ? %+�#I�I9�J& @ ? H � F
CB2>C3D FV< C <Y8 C 8>NGF~ÄV| 2>1 FV69FV:�4 = :EF 2�= 4$<YF�69Ä54 A 8hL3F�\ =ED)? 8;:3N D Nd4$Fgæ C ÄV: 2>1RD NYFV< = :EF ? 8;:EL D 4 D 8;:�LEFa D < D[?+A31 F54`N = <

u CB2 < 1�2 L3ÄV< D p;Ä5Fy:E8;<Y6 2�1 F [∇u]n K ? Fy\ =EDßC F5<G69F54 2>D :3N D LEF 1[2^C <GFV:3LE<GF}F5: ? 8>6 C 4GFLEF96 2 : D[Å <GF D 6 CE1RD[?VD 4$F@F54 2>CEC <Y8 ?+A Ä5FfL 2 :EN 1 FX6f8�L Å51 FX]`_ia)Wdc 2>1 F5<Ge D :3F CE2 < = :�4GFV<G69FXLEF Z 8;<YL
2>CEC <G8 C < D Ä�H
µ�ô�9Vú��ûÿSøM÷ùúüöþöUÿ�
 ôx��÷¤·{ÿ���ý�ÿ����Mú��{�2��
��ý����;úüößø������2�}�Mô�ý�ÿO÷ ø

� 8;696fF}:38 = Nqp;F5:E8;:EN)LEF 1 Fyp;8 D <VK 1�2 698hLEÄ 1[D N 2 4 D 8;:f]`_0abWdc 2>1 F5<Ge D :EF 2>Z 8 = 4 D 4bæ = : C <Y8 ZE1[Å 6fFLEF ? 8;:�4$<YÆ 1 F^<GÄ5L =ED 4y\ =ED NGF@6fFQ4yNY8 = N 1[2 u 8><G69F����hH � I � LUT = : C <G8 ZE1[Å 6fF ?V1[2 NGN D \ = F^LUTo8 C 4 D 6 D N 2 4 D 8;:L3j�: 2 6 D \ = F�HJ� 1 FVNY4wL38;: ?qC 8;NGN D[ZE1 F7LEFx6 D : D 6 D NGF5< M CB2 <�LEF5Nk6fÄQ4 A 8�LEF5N�: = 6fÄ5< D \ = FVNkFV: ?V2>1[?5=E1�2 :�4NG8>:�|;< 2 L D FV:�4)æ 1 T 2>D LEFyLUT = :EF^p 2 < D�2>Z31 F 2 L#³Y8 D :�4GF>H~k:fFQz{FQ4�K C 8 = <kLEF5N u 8>: ? 4 D 8;:EN N F54
F

N =Q� N 2 6969FV:�4`<GÄV| =E1[DRÅ <GF5NVK 1 Fq|;< 2 L D F5:�4wLEF M FV:
v

FVNd4»�
∇M(v) = ∂vN (b, v, t) − [∂vF (b, v, t)]T q,

8�� 1 T 2 L#³Y8 D :�4 q F5NY4tLEÄ5�B: D-CB2 <




−q̇ = [∂bF (b, v, t)]T q − ∂bN (b, v, t)

q(T ) = 0

� �hH �;� �
�û8>: C 8 = <G< 2�? 8;:EN =31 4$F5<H� �>ä � C 8 = < CE1[= N@LEF9LEÄQ4 2>DR1 N � HSât8>4G8;:EN@\ = F ? FQ4G4GF�FQm C <YFVNYN D 8>: LEF 1 T 2 L#³Y8 D :�4C F = 4)å54G<GF08 Z 4GFV: = F0p D�2P1 F 1[2 |;< 2 :E| D FV:

L(b, v, q) =

∫ T

0

N (b, v, t) dt+

∫ T

0

q(t)T
(
ḃ(t) − F (b, v, t)

)
dt,

FV: ?+A F5< ?+AB2 :�4}æ 2 :E: =E1 F5<xN 2 LEÄV< D p;Ä5F CE2 <x< 2>C3C 8;<d4)æ 1�2 p 2 < D[2>ZE1 F b �

∂bL(b, v, q)(δb) =

∫ t

0

[
∂bN (b, v, t) − q̇ − ∂bF (b, v, t)T q

]T
δb dt+ q(T )T δb(T )

��è�è
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�ûF5: ? 8;:EN D LEÄ5< 2 :�4 δb(0) = 0 � H
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1�2 p 2 < D[2>ZE1 FXLEF ? 8;:�4G<GÆ 1 F c̃(t) L = 698�L ÅV1 Ff]`_ia)W�c 2>1 FV<Ye D :EF ? 8;:ENd4$< =ED 4 2 p>F ?�1 FVN u 8;: ? 4 D 8>:EN

ψ̃i

FQ4
ψ̃S

K�LEÄ5�E: D 4 = :3F = : D \ = F ? 8>6f6 2 :ELEF
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∥∥ � 2
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∥∥
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−q̇(t) = 2 (b(t) − bR(t)) + [∂bf(b(t), v(t))]T q(t)
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2
)(z +
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∀vh ∈ X0h
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∆t
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h ) ∈
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(ΓD)h

F54�K C 8 = <x4G8 = 4
(vh, qh) ∈ X0h ×Mh
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∆t

∫

Ωh

u
n+1

h .vh dx+
1�)F d∑

i=1
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Ωh

∇(un+1
h )xi

.∇(vh)xi
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∫

Ωh

pn+1
h (∇.vh) dx =

∫
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hn.vh dx,

FQ4 ∫
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(∇.un+1

h )qh dx+ ε
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ph qh dx = 0.
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Γh

L3F
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H
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� 2��

� Z��

� ?��

ñ�ò'ósô;��H*)sõm� D N =B2�1[D N 2 4 D 8;:EN-LEF
u0

�E� 2�� (u0)x1

N = <
[10, 32]×[0, 11]

K�� Z�� (u0)x2

N = <
[10, 32]×[0, 11]F54r� ?�� w0 = ∂x1(u0)x2

− ∂x2(u0)x1

N = <
[14, 24] × [0.5, 10.5]

H

2>1 4$FV<Y:EÄVNbLEFm�w8;:pù-û><Y6Hû>:sNYFV6 Z31 F ZED F5:�Ä54 2�ZE1[D F>Há-F ? 8hF �9?VD F5:�4tL3F C 8;<d4 2 : ? F0FVNY4)LEÄQ�B: DSCB2 <

Cp = −
∫

ΓC

(σn).x2 ds

8��
σ = 1�)F [∇u+ ∇uT

]
− p

�
d

FVNd4 1 FP4$F5:ENGF = <0LEFVN ? 8>:�4G< 2>D :�4$FVN}ç =ED LEF5N0F54
x2 1 FPp;F ? 4$F = < = : D W4 2�D <GFX8;< D F5:�4GÄXL 2 :EN 1�2 L D <GF ? 4 D 8;:np;FV<d4 DR?�2>1 F x2

H�ãh8>: AED NY4$8 D <GF�K ?�2�1[?V=31 ÄVF9æ CB2 <d4 D <iL3F
u0 C 8 = < = :

2>? 4 D 8>:E:EF = < D : 2>? 4 D u K{FVNd4^LE8;:E:EÄ5FXN = < 1�2 �B| = <GFf�hH �hH-ákT D :�4$F5<Yp 2>1[1 FrLEFl4GFV6 C N0\ =3D NGÄ CE2 <GF 1 F5N0LEF = m6 2 m D 6 2 F54 1 FVNlLEF = m�6 D : D 6 2 FVNd49LUToF5:�p D <G8;: 5.82
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= 0.172
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t ∈ [0, 11.8]
H

t = T/8 t = T/4 t = 3T/8 t = T/2

t = 5T/8 t = 3T/4 t = 7T/8 t = T
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240 D 4$Ä5< 2 4 D 8;:ENXN = < = :3F C ÄV< D 8hL3F>K ? T�FVNd4YW&æ�W&L D <GF C 8 = <
∆t = 5.82/240

�
30 D 4$Ä5< 2 4 D 8;:3N9NYÄ CB2 <GFV:�4?+AB2 \ = F D 6 2 |;F � H7á 2 N D 6 =E1[2 4 D 8;:�NYFV6 ZE1 F ? 8;:�p;F5: 2>ZE1 F>KbLUT 2>= 4 2 :�4 C31[= Ns\ = F 1 F ?+AB2 6 C �B: 2�102>=4$F56 C N

T = 5.82
FVNd4f�û\ =B2 N D 69FV:�4 �yD LEFV:�4 D \ = F 2>= ?+AB2 6 CnD : D 4 D�2>1 � ? 8;6 CB2 <GF5< 1 F5N}<G8�4 2 4 D 8;:EF 1 NtLEFVN�B| = <GFVNt�hHæ)9F54t�hH*� � H
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T = 6
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cR(t)
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Energy transfers between modes obtained from the proper orthogonal decomposition
(POD) of a turbulent flow past a backward-facing step are analysed with the aim
of providing guidelines for modelling unresolved modes in truncated POD–Galerkin
models. It is observed that energy transfers are local in the POD basis, and that
the Fourier-decomposition-based concepts of forward and backward energy cascades
are also valid in the POD basis, the net effect being a forward energy cascade.
General features of the eddy-viscosity representation of kinetic energy transfers are
investigated through a priori tests. It is observed that the ideal eddy-viscosity model
should exhibit a cusp behaviour near the cutoff mode.

1. Introduction

The proper orthogonal decomposition (POD, also known as the Karhunen–Loève
decomposition, see Holmes, Lumley & Berkooz 1996 for a survey) is a convenient
tool for describing non-homogeneous turbulent flows. Indeed, it makes it possible to
educe global coherent structures of the flow in an uniquivocal way. This decomposition
being optimal, it became a popular way to construct dynamical systems representing
turbulent flows.

The present paper aims to describe the global features of energy transfers between
POD modes in a turbulent, wall-bounded, non-homogeneous separated flow. In
particular, a quantitative analysis of the modal interactions, based on computations of
eddy-viscosity-like parameters, is proposed. The selected configuration is the turbulent
flow past a backward-facing step, with a turbulent inlet. The purpose is twofold.

First, energy transfers have historically been studied using Fourier decomposition,
which is convenient for homogeneous flows only; thus, both theoretical (e.g. Kraichnan
1971) and numerical studies (e.g. Yeung, Brasseur & Wang 1995) have provided deep
insight into the dynamics of turbulent fluctuations, assessing the existence of forward
and backward energy cascades. A few studies based on the POD approach have
addressed non-homogeneous turbulent flows, but generally in local configurations
such as the minimal channel unit (Aubry et al. 1988; Podvin & Lumley 1998; Podvin
2001; Webber, Handler & Sirovich 1997, 2002), or a transient flat-plate boundary
layer (Rempfer & Fasel 1994). Here, the POD–Galerkin method is applied to a
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spatially extended, non-homogeneous separated flow. Moreover, as POD is equivalent
to the Fourier decomposition in homogeneous directions, most authors apply an
explicit hybrid POD/Fourier decomposition (Fourier decomposition in homogeneous
directions followed by POD in the remaining directions). Such an approach is different
from the full three-dimensional POD adopted in this study as far as mode selection
is concerned, since the way the modes will be ordered are different: in the full
POD, all modes are uniquely ordered (by their eigenvalues), while they can be
ordered separately in each homogeneous direction in hybrid Fourier/POD analysis.
As previously proposed in Rempfer & Fasel (1994), one goal here is to analyse the
energy transfers within a full POD basis, looking at their main characteristics and
comparing them with results drawn from the Fourier analysis in the isotropic case.

Secondly, when turbulent flows are considered, although very few POD modes
contain most of the total turbulent kinetic energy and can be kept to construct a
reduced-order dynamical system, the low-energetic modes, which drop out, must be
taken into account in the POD–Galerkin approach to recover an accurate description
of the flow. This problem is formally equivalent to that of large-eddy simulation (LES,
see Sagaut 2002 for a general presentation). Following the proposal of Aubry et al.
(1988), most authors use a diffusive model based on an extension of the Heisenberg
spectral viscosity model for homogeneous flows: Berkooz et al. (1990); Podvin (2001);
Ukeiley et al. (2001). As quoted by Aubry et al. (1988), such a model is very similar
to the well-known Smagorinsky one, which can be interpreted as an extension of
the same Heisenberg model in physical space for flows represented using a local
basis. However, as previously mentioned, almost all works using that approach rely
on a POD/Fourier decomposition (e.g. two-homogeneous-direction plane channel
flow). Truncating the basis in both the Fourier and POD representation, the validity
of the parameterization of unresolved modes using a viscosity-type model may be
understood by invoking the Kolmogorov hypothesis and assuming that the cutoff
occurs at small enough scales, as is done in the usual LES framework. The validity
of this model for the minimal channel flow unit was assessed by Podvin (2001).
However, when considering complex non-homogeneous flows, the question may arise
of the validity of this type of eddy-viscosity model, since the underlying assumptions
dealing with both the existence and the dominance of a forward energy cascade
remain to be investigated. The second goal of the present study is therefore to provide
an analysis of the representation of the energy transfers between modes via an eddy-
viscosity assumption, in order to provide guidelines for the definition of models for
the unresolved modes. Since it is known that even in the simple case of the Fourier
representation of isotropic turbulence the global features of subgrid models are very
dependent on the spectrum shape, the filter shape and the cutoff length, the case of
truncated POD models is non-trivial.

2. Numerical database and POD–Galerkin method

The POD modes are computed using M = 1000 three-dimensional instantaneous
snapshots obtained by performing a LES of a turbulent incompressible flow past a
backward-facing step. The Reynolds number based on the mean streamwise velocity
at the entrance and the height of the channel above the step is 66 100. That based
on the inflow velocity Γin and the height h of the step is 7432. The three velocity
components are stored over the full computational domain every 50 time steps. The
computational domain (see figure 1) contains the turbulent inlet channel and the flow
past the step. The sampling time is chosen so as to encompass at least one period of
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Figure 1. Geometry of the computational domain, corresponding to the spatial extent
of the POD modes.
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Figure 2. (a) Full POD spectrum; (b) first 100 POD modes.

the low-frequency breathing mode of the recirculation bubble. The reader is referred
to Labbé, Sagaut & Montreuil (2002) for details on the LES.

The instantaneous velocity field u is split into a mean part ū(x, y, z) = 〈u(x, y, z, t)〉
and a fluctuating part ũ = u − ū, where 〈.〉 denotes the average over the M snapshots.
The POD decomposition is applied to ũ, yielding

ũ(x, y, z, t) =
∑

k

(ũ, φk)︸ ︷︷ ︸
ãk (t)

φk(x, y, z) (2.1)

where (. , .) is the classical L2 inner product on the flow domain. (φk)k∈[[1,M]] is
the orthonormal POD basis and the ãk(t) the time-dependent coefficients of the
decomposition. They have the following orthogonality property:

〈ãk ãj 〉 = λkδj,k = σk
2δj,k ∀k, j (2.2)

and the basis is ordered so that λk � λk+1∀k.
This decomposition is optimal in the sense that, for all n, the first n POD modes

capture more kinetic energy on the average than any other set of n spatial functions.
Figure 2 displays the POD spectrum on a logarithmic scale computed from the
database. One of the main advantage of the POD basis, thanks to its optimality
property, is that it allows very large data compression factors. In the present case, the
first 87 modes contain 99.9% of the mean turbulent kinetic energy.

To analyse energy transfers among POD modes, the evolution equation for each
mode is obtained by applying the Galerkin method on the space spanned by the
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first n � M POD modes. Considering periodic boundary conditions in the spanwise
direction y, the no-slip condition at solid walls, a Dirichlet condition on velocity at
the inflow plane, Γin, where values were prescribed using a precursor simulation of
a turbulent incompressible plane channel flow, and the zero-stress outflow boundary
condition on the exit plane, the following weak formulation is obtained from the
non-dimensional-Navier–Stokes set of equations:

(
∂u

∂t
+ (u · ∇)u, φ

)
+

1

Re




∑

v∈{x,y,z}

(∇uv, ∇φv)


 +

∫

Γin

(
pn −

1

Re
∇u · n

)
· φ dσ

︸ ︷︷ ︸
inlet boundary term

= 0

(2.3)

for all solenoidal test functions φ satisfying periodic boundary conditions in spanwise
direction and the no-slip condition at solid walls. The POD–Galerkin system is
obtained by taking the first n modes as basis and test functions. Making the
assumption that the inlet boundary term can be neglected (this is realistic since
modes arising from the decomposition of ũ have very small contributions on the inlet
plane Γin), the following n-dimensional polynomial dynamical system is derived:

ȧi(t) = pi(A(t)) ∀i ∈ [[1, n]] (2.4)

where A(t) = (a1(t), · · · , an(t)) and ak = ãk/σk for all k. Each pi can be expressed as

pi(A) = C0
i +

D0
i

Re
+

n∑

k=1

(
Ck

i +
Dk

i

Re

)
ak +

n∑

k1=1

k1∑

k2=1

C
k1,k2

i ak1
ak2

(2.5)

with

C0
i = −((ū · ∇)ū, φi), D0

i = −
∑

v∈{x,y,z}

(∇ūv, ∇(φi)v), (2.6)

Ck
i = −σk((φk · ∇)ū + (ū · ∇)φk, φi), Dk

i = −σk

∑

v∈{x,y,z}

(∇(φk)v, ∇(φi)v), (2.7)

and

C
k1,k2

i = −
σk1

σk2

1 + δk1,k2

[((φk1
· ∇)φk2

, φi) + ((φk2
· ∇)φk1

, φi)]. (2.8)

3. Intermodal kinetic energy transfers

The total fluctuating kinetic energy per mass unit is K(t) = 1
2

‖ũ‖2 =
∑

i Ki(t) where
Ki(t) = 1

2
λi ai(t)

2 is the energy captured by the ith mode. From (2.5), we obtain

K̇ i = λiai ȧi = C̃0
i ai +

n∑

k=1

C̃k
i akai

︸ ︷︷ ︸
diadic interactions

+

n∑

k1=1

k1∑

k2=1

C̃
k1,k2

i ak1
ak2

ai

︸ ︷︷ ︸
triadic interactions

(3.1)

where

C̃0
i = λi

(
C0

i +
D0

i

Re

)
, C̃k

i = λi

(
Ck

i +
Dk

i

Re

)
, C̃

k1,k2

i = λiC
k1,k2

i . (3.2)
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Figure 3. (a) Map of log(|〈Π(i|j )〉|): iso-levels, ranging from white (maximum) to black
(minimum). (b) 〈Π(i|j )〉 as a function of (i − j ) for three values of i.

Equation (3.1) shows that the evolution of the energy of a mode results from three
kinds of interactions: a linear interaction with the mean flow, diadic terms arising from
the interaction with the mean flow and viscous terms, and triadic interactions which
account for the nonlinear inviscid interactions between modes. With the Fourier basis,
diadic terms degenerate into simple linear terms, while triadic interactions are non-
zero only for specific triads. Therefore differences between POD and usual Fourier
decomposition are that viscous terms yield interactions between modes and that all
groups of three modes lead to energy transfers. However it is worth noting that mean
energy exchanges between POD modes through diadic interactions are zero since
〈aiaj 〉 = δi,j .

Energetic exchanges via triadic interactions are now considered. The triadic term
C̃

k1,k2

i ak1
ak2

ai is regarded as the influence of the mode whose index is max(k1, k2) on
the variation of Ki . Thus, the influence of the j th mode on the energy of the ith
mode is

Π(i|j ) =

j∑

k=1

C̃
j,k
i akajai . (3.3)

The absolute value of the mean transfer 〈Π(i|j )〉 for the first 87 modes is presented
in figure 3; both the global energy transfer map, using a logarithmic scale for a clarity,
and profiles for three values of i are plotted. It is observed that energy transfers among
POD modes are local; indeed, the mean transfer is negligible for modes (i, j ) such that
|i − j | � 25. That property of locality was raised by the results of Rempfer & Fasel
(1994), but for a transitional flow and in a small three-dimensional window of the
whole initial computational domain. It can be seen as an extension of the well-known
result that a Fourier mode with wavenumber k will exchange most of its energy
with modes within the range [k/2, 2k], i.e. that energy transfers are local, Kraichnan
(1971, 1976). This observation is consistent with the result that POD modes converge
toward Fourier modes in the limit of very high wavenumber, i.e. for dissipative scales
(see Foias, Manley & Sirovich 1990), but it was not a priori obvious in the present
case since the cutoff occurs within larger scales. Moreover, analyses carried out on
the Fourier basis deal only with homogeneous turbulence and with the inertial range
of the spectrum, whereas in the present case, the flow is non-homogeneous, wall
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Figure 4. (a) Sign of the mean triadic transfer term 〈Π(i|j )〉. Black: negative; white: positive.
(b) Percentage of time during which Π(i|j ) is positive (minimum: 27.5%; maximum: 77.7%)
with four grey levels ranging from black to white: [27.5, 40], [40, 50], [50, 60] and [60, 77.7].

bounded and separated, and POD modes are global, i.e. they integrate the dynamics
over the whole computational domain.

The direction of transfer is recovered by looking at the sign of the mean transfer
term 〈Π(i|j )〉. The corresponding map is displayed in figure 4. Black regions
correspond to a negative mean value, i.e. to a net drain of the kinetic energy of
mode i by mode j , and white regions to a positive sign, i.e. to a net gain of kinetic
energy by mode i. In good agreement with results from Fourier decomposition, it is
observed that the main phenomenon is a forward energy cascade among the POD
modes: a mode i drains energy from modes j < i and redistributes energy toward
modes k > i. Some small regions corresponding to an inverse cascade are also detected,
but they are associated with very small absolute values of the mean transfer, and
thus should not be considered as evidence for the existence of an inverse cascade in
the mean.

To obtain a deeper insight into the dynamics of POD modes, the percentage of time
during which the instantaneous transfer term Π(i|j ) is positive is plotted in figure 4.
It is seen that net energy gains (resp. losses) are associated with regions where the
transfer is most of the time in the same direction as the mean transfer, but that the
transfer between two modes is in both directions during the full integration time.
This can be interpreted has a generalization of the classical finding of the existence of
a backward energy transfer among Fourier modes, or the fact that the sign of local
transfers across a cutoff wavenumber may change from time to time and point to
point in physical space.

It was observed that the fluctuating kinetic energy transfer among POD modes
exhibits many features already observed using a Fourier-mode decomposition. This
similarity can be explained by looking at the flow structures associated with each
POD mode. Some of them are shown in figure 5, where isosurfaces of the Q-criterion
(Hunt, Wray & Moin 1988) are displayed. It is seen that the higher the index of the
POD mode is, the smaller are the flow structures. This is consistent with the fact that
POD modes are sorted by decreasing order of kinetic energy, and that small structures
are less energetic than larger ones. So, in agreement with Kolmogorov’s local isotropy
hypothesis, the main conclusions from the Fourier analysis can be extended to the
POD decomposition framework. Consequently, the main phenomenon is a cascade
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Figure 5. Isosurfaces of the Q criterion for some POD modes: (a) φ1 with Q = Q1;
(b) φ20 with Q = 2

3
Q1; (c) φ42 with Q = 10

3
Q1; (d) φ87 with Q = 10

3
Q1.

of kinetic energy from low- toward high-index modes. This forward cascade is a net
effect, and some inverse cascade transfers occur over short durations, yielding an
inverse cascade.

4. On eddy-viscosity parameterization of kinetic energy transfers

We now analyse the POD modal interactions through the computations of pseudo-
eddy-viscosities, with emphasis on the parameterization of the energy transfers across
a cutoff index l. This, which is an extension of the usual LES closure problem, is
encountered when a truncated POD basis is used, i.e. when some POD modes are
discarded. Since the use of POD leads to optimal data compression, very-low-order
models can be obtained from the POD–Galerkin method, which will mimic either
DNS or LES. In the case of LES-like dynamical systems, the problem of taking
into account interactions with discarded modes should be solved. The global features
of eddy-viscosity type models for POD need to be determined, since many studies
carried out in the Fourier framework (e.g. Domaradzki et al. 1993, Zhou & Vahala
1993) have shown that the eddy-viscosity representation is very dependent on many
parameters (e.g. spectrum shape, filter shape, cutoff wavenumber). A similar analysis
is provided here which is expected to give useful informations to improve an LES-like
POD–Galerkin model.
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Introducing the cutoff index l in (2.5), the resolved (denoted by the � exponent)
and unresolved interactions (> exponent) terms are

pi(A) = c�

i (A) + c>

i (A) + (d�

i (A) + d>

i (A))/Re (4.1)

with

c�

i (A) = C0
i +

l∑

k=1

Ck
i ak +

l∑

k1=1

k1∑

k2=1

C
k1,k2

i ak1
ak2

, d�

i (A) = D0
i +

l∑

k=1

Dk
i ak, (4.2)

c>

i (A) =

n∑

k=l+1

Ck
i ak +

n∑

k1=l+1

k1∑

k2=1

C
k1,k2

i ak1
ak2

and d>

i (A) =

n∑

k=l+1

Dk
i ak . (4.3)

Corresponding terms arising from (3.1) are aic
�

i (A), aid
�

i (A), aic
>

i (A) and aid
>

i (A).
The closure problem consists in expressing unresolved terms in the momentum
equation and/or the kinetic energy equation as functions of the resolved modes. We
consider here eddy-viscosity-type closures, which can be expressed as

pi(A) ≈ c�

i (A) + (1/Re + ν(i|l))d�

i (A), i.e. p>

i ≈ ν(i|l) d�

i (4.4)

with p>

i = c>

i + d>

i /Re. The pseudo eddy-viscosity ν(i|l) a priori depends on the index
of the mode considered and on the cutoff index, as is the case for the Kraichnan–
Chollet–Lesieur subgrid viscosity in Fourier space (see Kraichnan 1976; Chollet
& Lesieur 1981). Two ways computing values of this closure parameter ν(i|l) are
investigated below, corresponding to the mean value over the set of snapshots or
the least-square approximation. The three following values are obtained by applying
these approximations to the momentum equation and to the kinetic energy equation
(mean value computed from the momentum equation yields irrelevant results):

νi =
〈p>

i (A)d�

i (A)〉

〈(d�

i (A))2〉
(least-square approximation from momentum equation); (4.5)

ν̃i =
〈aip

>

i (A)〉

〈aid
�

i (A)〉
(mean value from kinetic energy equation); (4.6)

ν̃i =
〈a2

i p
>

i (A)d�

i (A)〉

〈(aid
�

i (A))2〉
(least-square approximation from kinetic energy equation).

(4.7)

Usual subgrid-viscosity models for LES are based on the budget equation for
the resolved kinetic energy, and thus are similar to closures defined by (4.6) and
(4.7). Results obtained for several cutoff values are presented in figure 6. Only modes
1 � i � 87 are used to compute the eddy viscosity, the other modes being unimportant.
The locality of the transfers observed in the preceding section also indicates that most
transfers occur within this part of the POD spectrum for the cutoff values considered
here.

It is observed that the three definitions yield similar eddy-viscosity profiles which
share several properties with the theoretical eddy viscosity in Fourier space for a
Kolmogorov spectrum and a sharp-cutoff filter: (i) a cusp is observed near the cutoff
as i tends to l (zero viscosity is recovered for i = l, since modes higher than 87 are
discarded), (ii) ν(i|l) is a decreasing function of l for fixed i and (iii) the maximum
value of the cusp is a nearly constant function of the cutoff index l. These three
observations are consistent with the previous statement that the global interactions
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Figure 6. Artificial viscosities computed with different cutoff index (l = 87, 80, 70, 60, 40, 30
and 20): (a) Re ν̃i , (b) Re νi and (c) Re ν̃i . (d) Comparison of Re ν̃i , Re νi and Re ν̃i for l = 60
(the scale was chosen with respect to the maximum value of Re ν̃i).

between POD modes of increasing index number (i.e. of decreasing energy) are similar
to interactions between Fourier modes of increasing wavenumber. The recovery of
a cusp-like behaviour near the cutoff on the POD basis is very interesting, since it
implies that consistent eddy-viscosity-type models should be mode-dependent. Note
that the existence of this cusp is not a straightforward extension of classical Fourier-
space results, since the latter disappear for realistic spectrum shapes or smooth filters
(Leslie & Quarini 1979).

5. Conclusion

Energy transfers between POD modes representing a turbulent incompressible flow
over a backward-facing step have been studied. Using 1000 instantaneous three-
dimensional snapshots, the interaction terms have been reconstructed using the
Navier–Stokes equations and a Galerkin approach. Energy transfers among POD
modes are found to share several properties with their counterparts in Fourier space:
(i) they are local in the POD basis in the sense that the transfer term Π(i|j ) is a
rapidly decreasing function of |i−j |, (ii) a net forward energy cascade exists, i.e. mode
i drains kinetic energy from modes j < i and redistributes it to modes j > i and (iii)
a backward energy cascade was observed, since the sign of Π(i|j ) is not constant
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over the 1000 snapshots. These similarities could be explained by POD modes being
ranked in decreasing kinetic energy order, and thus associated with smaller and
smaller vortical structures. As a consequence, the integrated interactions over the
whole computational domain exhibit the same properties as the model interactions
within Fourier modes, despite the non-homogeneous character of the present flow.

An interesting consequence is that an eddy-viscosity parameterization of transfers
between resolved and unresolved modes in a truncated POD basis shares many
properties with its counterpart in Fourier space including the existence of a cusp
near the cutoff. Present results suggest that the pseudo-eddy-viscosity ν(i|l) should
explicitly depend on both i and l. Future works will deal with the development of
closed truncated POD–Galerkin models.
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