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Avant-Propos

Cette thése se compose de trois parties, dont la premiére est indépendante des deux
suivantes.

La premiére partie traite de la minoration de la densité des diffusions a sauts en
utilisant un calcul de Malliavin conditionnel par rapport aux sauts, ce qui permet
de se ramener au calcul de Malliavin standard basé sur le mouvement Brownien
uniquement.

La deuxiéme partie a pour but d’établir des formules d’intégration par parties du
type Malliavin pour les processus de sauts purs.

Pour cela, dans le premier chapitre, nous développons un calcul abstrait basé sur
des variables aléatoires de densité localement réguliére.

Puis, dans le deuxiéme chapitre, nous appliquons ce calcul aux amplitudes et temps
de sauts de processus a sauts purs.

La troisieme partie donne des applications en Mathématiques Financiéres des in-
tégrations par parties établies dans la deuxiéme partie : elles sont utilisées dans des
algorithmes de Monte-Carlo pour calculer les prix et les Delta d’options européennes,
asiatiques et américaines.
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Résumé de la these

. Introduction

Le calcul sur les variations stochastiques, ou encore calcul de Malliavin, a été intro-
duit dans les années soixante-dix par Paul Malliavin. Depuis, beaucoup de travaux
ont été menés dans ce domaine, dont on distingue deux applications majeures.
La premiére concerne I'étude de 'existence et de la régularité de la densité d'une
variable aléatoire par rapport a la mesure de Lebesgue. Quand elle existe, il s’agit
de minorer et majorer cette densité et ses dérivées.
Dans son papier fondateur [Mal78|, P. Malliavin a utilisé un critére d’absolue conti-
nuité pour prouver que, sous la condition de Hérmander, la loi d’un processus de
diffusion a une densité réguliére. Il a également obtenu des bornes exponentielles
pour cette densité et ses dérivées. Ce procédé le mena & une preuve probabiliste du
Théoréme de Hormander (voir [Nua95| et [Wat84|). Puis, ce calcul a été utilisé pour
d’autres types de processus. En effet, sous certaines hypothéses appropriées, une
large classe de fonctionnelles sur I'espace de Wiener (comme les solutions d’équations
aux dérivées partielles stochastiques par exemple) ont une loi absolument continue,
de densité réguliere (voir [Nua95]).
Ces derniéres années, depuis les articles fondateurs [FLLT99] et [FLLLO1], de nou-
velles applications du calcul de Malliavin sont apparues concernant les méthodes
probabilistes numériques, plus particuliérement dans le domaine des mathématiques
financiéres. Citons par exemple le calcul des sensibilités d’options (les Grecques)
et le calcul d’espérances conditionnelles, qui interviennent dans la programmation
dynamique pour calculer le prix d’options américaines.
L’outil principal du calcul de Malliavin est une formule d’intégration par parties du
type :

E[¢/(F)G] = E[6(F) H(F,G)] (B8Y

ol

— F est une variable aléatoire supposée réguliére et non dégénérée ‘au sens de Mal-
liavin’,

— H(F,G) est une variable aléatoire, parfois appelée poids de Malliavin, qui dépend
des ‘opérateurs de Malliavin’ de F' et G, mais qui ne dépend pas de la fonction ¢.
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Voyons comment cette intégration par parties (l.1.1) est utilisée dans I’étude de
I'existence et de la régularité de densités, et dans les méthodes numériques en Ma-
thématiques Financiéres.

. Existence et régularité de densité

La formule d’intégration par parties (I.1.1) et ses itérations permettent d’obtenir,
sous des hypotheéses appropriées sur la variable aléatoire F', une expression explicite
de sa densité et de ses dérivées :

pr(z) =E[1ps, H(F,1)], (1.2.1)
P (2) = (1) B [Lpze Hin(F 1]
ot Hy,1(F,1) est défini par la relation de récurrence :
Ho(F,1)=1et Hy1(F,1) = H(F, H(F,1)).

Remarquons que la représentation intégrale (1.2.1) permet d’obtenir des majorants
pour la densité pp. En effet, si F' a des moments d’ordre n et H(F,G) est de carré
intégrable, l'inégalité de Bienaimé-Chebychev entraine

pr(2) < VP2 2) | H(EG) |bS .

Ainsi, lim pp(x) = 0, et la vitesse de convergence est controlée par les queues de F.
Alors (;Ig%rouver des majorants pour la densité pr parait plutot simple, minorer pp
s’avére étre beaucoup plus complexe.

En effet, dans certains cas, il est possible de montrer que la densité est strictement
positive (voir par example les travaux [BAL91|, [MS97] ou [Nua95|), mais les tech-
niques utilisées ne donnent que des résultats qualitatifs et non des minorants expli-
cites. Sous une hypothése d’uniforme ellipticité, Arturo Kohatsu-Higa dans [KHO3|
a développé une méthode permettant de calculer des minorants pour la densité
de fonctionnelles définies sur ’espace de Wiener. Il applique alors ses résultats a
I'équation stochastique de la chaleur. Puis, R. Dalang et E. Nualart, dans [DN04|,
appliquent cette méthode a la théorie du potentiel pour les équations aux dérivées
partielles stochastiques hyperboliques.

Vlad Bally, dans [Bal06|, a affaibli cette hypothése d’uniforme ellipticité en la rem-
placant par une hypothese d’ellipticité locale autour d’une courbe déterministe, ce
qui permet de traiter d’autres processus que les diffusions uniformément elliptiques,
comme les intégrales stochastiques ou les solutions d’équations stochastiques non
Markoviennes.



3. MATHEMATIQUES FINANCIERES

Dans la premiére partie de cette thése, nous reprenons la méthode développée par V.
Bally afin d’étendre ses résultats aux processus de sauts unidimensionnels contenant
une partie continue dirigée par un mouvement Brownien.

. Mathématiques Financiéres

3.1. Rappels

Depuis les travaux de F. Black, M. Scholes et R.C. Merton en 1973, les marchés fi-
nanciers ont connu une expansion considérable et les produits échangés sont de plus
en plus nombreux et sophistiqués. Les plus répandus sont les options. Les options
de base sont les options d’achat ou de vente, appelées respectivement call et put. Ce
sont des contrats passés entre le vendeur et I’acheteur de I’option qui donnent le droit
a Pacheteur d’acquérir (pour un call) ou de vendre (pour un put) un bien financier
a un prix (prix d’exercice ou strike) et a une date (maturité) convenus au préalable.
Si I'option peut étre exercée avant sa maturité, on parle d’option américaine, sinon
d’option européenne. Puisque I'acheteur n’est pas obligé d’exercer son droit (si cela
ne correspond pas a ses intéréts), il gagnera une fonction positive du prix des biens
sous-jacents a l'option. Cette fonction est appelée fonction pay-off. Par exemple,
pour un call de prix d’exercice K, la fonction pay-off est ¢(x) = (z — K) .
Bien-stir, pour obtenir le droit de faire un gain str, ’acheteur doit payer une prime
au vendeur. Dans la théorie moderne du calcul du prix d’options, on suppose qu’il
n’y a pas d’opportunité d’arbitrage, c’est-a-dire de possibilité de faire des bénéfices
sans prendre de risques. On considére également que le marché est complet ; autre-
ment dit, on suppose que tout produit échangé sur le marché est réplicable par un
portefeuille (dit de couverture) composé uniquement des actifs de base. En reliant
ces deux hypothéses a la théorie des martingales, on a observé que 1’absence d’op-
portunité d’arbitrage est équivalente a l’existence d’'une probabilité équivalente a la
probabilité historique, sous laquelle les processus des prix actualisés des actifs de
base sont des martingales (voir par example [HP81], [DMW90| et [DS94]). Dans un
marché complet, une telle probabilité est unique, on 'appelle la probabilité risque
neutre.

Dans ce cadre, le prix d’une option européenne de sous-jacent (S;);>0, de maturité
T et de fonction pay-off ¢ est donné par

P(0,S) = E[6(S7)] (1.3.1)

ou E est 'espérance relative a la probabilité risque neutre.

Concernant le prix a la date ¢t d’'une option américaine de sous-jacent (St)i>o, de
maturité T' et de fonction pay-off ¢, A. Bensoussan dans [Ben84| et 1. Karatzas dans
[Kar88] ont montré qu’il était reli¢ & un probléme de temps d’arrét optimal de la

3
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facon suivante :

P(t,8) = sup E[6(S,) | S, (132)

rely 1

ou I'y 7 est 'ensemble des temps d’arrét a valeurs dans [t, 7.
Bien-stir, pour calculer les prix donnés par les équations (1.3.1) et (1.3.2), nous devons
avoir une modélisation des prix des actifs sous-jacents (typiquement, une action ou
un indice boursier) a ces options.
F. Black et M. Scholes ont proposé dans [BS73] de modéliser la dynamique du cours
du sous-jacent S; par I’équation différentielle stochastique :

dSt:/LStdt—FO'Stth, S():x, (|33)

ou W est un mouvement Brownien standard et p est une constante appelée ‘drift’.
Dans ce modéle, o est une constante strictement positive indépendante du temps
et du hasard qu’on appelle ‘volatilité’. Elle mesure l'intensité du bruit auquel est
soumis le sous-jacent.

Ce modeéle présente deux avantages.

Il est simple car le processus S est alors un mouvement Brownien géométrique
d’expression explicite :

o2
S; = xexp (JWH— (u—;) t) .
2

Le logarithme de S; suit donc une loi gaussienne de moyenne p — % et de variance
o’t.

Ce modele a aussi 'avantage d’étre maniable au sens ot il donne lieu a des formules
fermées pour le prix des calls et des puts européens. En effet, par example, le prix
d’un call Européen de maturité T et de strike K (et donc de fonction pay-off ¢(x) =
(x — K)4) est donné au temps t par P(t,S;), ol

Pt,y) =yN(dy) — Ke " T N(d),

r étant le taux d’intérét de 'actif sans risque du marché,

d

1

N(d) = / Wor e~ du désignant la fonction de répartition de la loi gaussienne
oo T

centrée réduite, et

ln er(T_t)l 1
d+: ( T f)—l—ia T—t,
O' —_—
d :ln eT(T_t)%)—la T—t
N oI —1t 2
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De plus, ce modéle a I’ avantage de donner aussi des formules fermées pour les Delta
de calls et de puts européens, c’est-a-dire pour les quantités d’actifs risqués que doit
contenir le portefeuille de couverture. En effet, pour gérer sa position globale en
temps réel, le teneur du marché utilise généralement cinqg indicateurs :

— Sensibilité par rapport a la condition initiale (i. e. Delta et Gamma),
— Sensibilité par rapport a la maturité (i. e. Theta),

— Sensibilité par rapport a la volatilité (i.e. Vega),

— Sensibilité par rapport au drift (i. e. Rho).

En particulier, le Delta d’'une position indique la variation de la valeur de la position
par rapport a de faibles fluctuations du cours du sous-jacent. En d’autres termes,
le Delta d’une option européenne de prix P(0,S;) donné par I’équation (1.3.1) est
défini par :

A0, S0) := 05,P(0, %) = 95, E [¢(S7)] = E[¢'(S1) D5, 1] - (1.3.4)

Si (S¢)eepo,m est modélisé par le modéle de Black-Scholes (1.3.3), alors le Delta vaut
A(t, S;) au temps t, ol

Cependant, les formules fermées citées précédemment dépendent de la volatilité o
qui n’est pas directement observable. Dans la pratique, il est trés difficile de dé-
terminer la valeur & donner & cette volatilité constante. En effet, I'idée consiste a
utiliser les prix d’options observées sur le marché pour évaluer la constante o, ap-
pelée ‘volatilité implicite’. 1l s’agit de choisir la constante o pour laquelle les prix
théoriques correspondent aux prix observés sur le marché. Malheureusement, on se
heurte vite aux imperfections du modéle de Black-Scholes : les constats empiriques
faits a partir des données du marché montrent que contrairement & ce qui est prévu
par ce modeéle, la volatilité implicite n’est pas constante. Elle semble dépendre du
prix d’exercice et de la maturité des options, et sa courbe présente méme dans plu-
sieurs cas une convexité par rapport aux prix d’exercice, un phénomeéne connu sous
le nom de smile. Pour tenir compte de ces phénomeénes empiriques, le modéle de
Black-Scholes a dii étre étendu.

Une approche largement répandue considére des modéles dits a volatilité locale, mo-
déles ot la volatilité o est une fonction déterministe de la valeur de I'actif sous-jacent
et du temps (o0 = o(t,x)), la seule source de bruit restant le mouvement Brownien
W. C’est ce que proposa Bruno Dupire dans [Dup95|.

Une autre maniére d’étendre le modéle de Black-Scholes est d’autoriser la volatilité
a étre un processus stochastique gouverné par un deuxiéme bruit, généralement mo-
délisé par un deuxiéme mouvement Brownien. On parle alors de modéles a volatilité
stochastique.

Mais les processus de sauts sont de plus en plus utilisés sur les marchés (voir a ce
sujet [CT03]). Par example, M. C. Merton proposa un modéle en 1976 dans [Mer76]

5
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et plus tard S. G. Kou en 2002 dans [Kou02] dont I'idée est simple : rajouter une
composante de sauts, plus précisément un processus de Poisson composé, au mou-
vement Brownien qui est fondamentalement un processus continu. Dans le modéle
de Merton, la loi des sauts est normale, et dans celui de Kou, les sauts suivent une
loi exponentielle double asymétrique. C’est-a-dire, notant (A;);en les sauts :

A= d T avec probabilité p,
' —12, avec probabilité ¢,

oup,q > 0,p+q = 1etn, n sont des variables aléatoires exponentielles de moyenne
1/M\; et 1/Ay respectivement, avec A; > 0 et Ay > 0.

Enfin, plus généralement, les processus de Lévy ont été utilisés dans le cadre de
modeles dits de Lévy exponentiels (voir par exemple [MCC98).

Cependant, méme dans le cas d’options européennes, il est en général impossible
d’avoir une formule fermée d’évaluation du prix et du Delta dés que le sous-jacent
ne suit plus un mouvement Brownien géométrique. Il faut donc se tourner vers des
solutions numériques.

Une méthode consiste a utiliser le calcul de Malliavin pour calculer numériquement
le prix et le Delta d’options. Lorsque les diffusions employées pour modéliser le cours
du sous-jacent (S;)icpo,r) sont log-normales, on peut utiliser le calcul de Malliavin
standard, c’est-a-dire basé sur le mouvement Brownien contenu dans la diffusion. Ou
encore, lorsque les modéles considérés (comme le modéle de Merton par exemple)
ont une composante continue gouvernée par un mouvement Brownien et une partie
a sauts dirigée par un processus de Poisson composé, on peut utiliser le calcul de
Malliavin standard (c’est-a-dire basé sur le mouvement Brownien seulement), aprés
avoir conditionné d’une fagon appropriée par rapport a la composante a sauts. Ce
procédé a été traité dans [DJ06], [FLTO05] et [PDO04].

Mais lorsque le cours du sous-jacent (S;)cjo,r) est un processus de sauts purs, il faut
utiliser un calcul basé sur les processus ponctuels de Poisson, puisqu’il n’y a plus
de mouvement Brownien dans le modéle. [BGJ87| et a développé un tel calcul par
rapport aux amplitudes de sauts, [CtP90], [Pri94] et [Den00] par rapport aux temps
de sauts, et [Pic96b], [Pic96a] et [NVI0| par rapport aux amplitudes et temps de
sauts. Récemment, N. Bouleau dans [Bou03] a établi un calcul d’erreur basé sur
le langage des formes de Dirichlet, ce qui lui a permis d’unifier les approches de
[BGJ87] et [CtP90]. Un autre point de vue basé sur la décomposition en cahos a
été traité dans [NkP04| et [VLUSO02]. Puis, plusieurs papiers ont utilisé ces calculs
dans des applications en finance et assurance : citons par exemple [KP04|, [PWO05]
et [PWO04].
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3.2. Calcul de Malliavin et méthodes numériques
Delta d'options européennes

Rappelons que le Delta d’une option européenne de prix P(0,Sy) (donné par I’équa-
tion (1.3.1)) est défini par I’équation (1.3.4), soit

A(0,Sp) = 05, (0, So) = 9s,E [¢(ST)] = E[¢'(Sr) Os,57] -

Si la fonction pay-off ¢ est discontinue (¢’ est alors une distribution de Dirac par
exemple), des problémes se posent dans les simulations numériques d’un algorithme
de Monte-Carlo pour calculer le Delta. Une intégration par parties du type Malliavin
(1.1.1) appliquée a F' = Sy et G = 0g, St fait alors disparaitre la dérivée de la fonction
pay-off ¢, et la remplace par un poids H(St, ds,S7) indépendant de ¢ :

A(0,80) = E[¢(Sr) H(Sr,0s,57)] - (1.3.5)

Mais le poids H(St, 0s,S7) contient des opérateurs de Malliavin de St et ds,St, ce
qui peut lui donner une grande variance. Une méthode de localisation développée
dans [FLL199] et [FLLLO1] permet de la réduire.

Options américaines

Numériquement, le prix d’options américaines se calcule par une programmation
dynamique (voir [Nev72]) : soit 0 =ty < t; < ... < ty = T une subdivision de
du prix du sous-jacent (S¢)sejo,17, ¢'est-a-dire Sy, = Sy, Alors P(0,Sp) =~ Py ot Py
est calculé par ’algorithme rétrograde

FtN - ¢(§tN) )
?t = max {(b(gtk)? E|P

k tht1

(Ste) 1S4} k=N—1,...,0. (1.3.6)

Le Delta d’une option américaine de prix P(0,Sy) sera alors approximé par A
calculé par I'algorithme :

— (b/(gtl) , s ﬁtl < (b(gtl) )
A(Stl> B { 0o E [ﬁtz(gtz) | gtl = O‘} ‘Ot:itl , Sl ﬁtl > ¢(_t1) . (|.3.7>

Et
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Ainsi, le calcul du prix et du Delta d’options américaines passe par 1’évaluation
d’espérances conditionnelles du type

E[f(S) [ Ss = a] et GE[f(S) [ Ss = a] . (13.8)

En utilisant I'intégration par parties (1.1.1) et en Iitérant, dans le cas ou le prix du
sous-jacent (S¢)¢co,r) est modélisé par une diffusion log-normale, [LR00] et [BCZ03]
établissent, sous des hypothéses appropriées, des formules de représentations pour
les espérances conditionnelles (1.3.8) du type :

E [f(St) Hoz(557 St)]

BUS) 8. =al==5 [Ha(Ss, S)] (1.3.9)
et
0. [£(5) | 5. =a] = = o th EZ 7(?];)[{5“(5& 5t)]
_ EIJ(S1) HalSs, 9] E[Ha(S,, S)] 1310

E [Ha(Ssa St)]2

ou H, et H, sont des poids provenant de la formule (I.1.1) et qui dépendent du
parameétre «. Ils mettent ensuite en oeuvre un algorithme de Monte-Carlo pour cal-
culer les représentations (1.3.9) et (1.3.10).

Dans les parties 2 et 3 de cette thése, nous considérerons des modéles unidimen-
sionnels a sauts purs. Imitant les méthodes numériques décrites précédemment dans
le cas des diffusions continues, nous allons établir un calcul du type Malliavin basé
sur le bruit disponible, c¢’est-a-dire les amplitudes et les temps de sauts (puisqu’il
n’y a plus de partie Brownienne dans le modeéle), ce qui nous permettra d’obtenir
une formule d’intégration par parties du type (l.1.1) et de l'itérer.

Nous pourrons alors calculer les sensibilités d’options européennes et asiatiques (ot

1 /7T
le sous-jacent (St):cjo,r] est remplacé par sa moyenne T / Sy dt) en utilisant une
0

formule du type (1.3.5), et nous pourrons calculer le prix et les sensibilités d’options
américaines en utilisant des représentations d’espérances conditionnelles du type
(1.3.9) et (1.3.10) via la programmation dynamique.

Les résultats exposés référent en grande partie & [BM06a], [BBM07]| et [BMO6b].
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4. Plan de |la thése et résultats nouveaux

4.1. Partie 1 : Minoration de densité des diffusions a sauts

Dans cette partie, nous allons minorer la densité d’une diffusion a sauts unidimen-
sionnelle d’équation :

¢ ¢ _
X;=Xo+ / o(X)dBs + / / c(s,a,Xs-) N(ds,da), (1.4.1)
0 0 Jr

ol B est un mouvement Brownien unidimensionnel, N (dt, da) est la mesure associée
a un processus ponctuel de Poisson, dsv(da) son compensateur, et

N(ds,da) = N(ds, da) — ds v(da) est la martingale de Poisson compensée correspon-
dante (voir Chapitre IT pour plus de précisions).

Les coefficients o et ¢ vérifient les hypothéses :

Hypothése I.1. On suppose que les coefficients o et (x — c(s,a,x)) € C>(R), et
que
i) Il existe une constante Cy > 0 telle que

lo(x)| < Cp et max_ o™ ()] < Cy,
ii) Il existe une fonction ¢(a) telle que |c(u, a,z)| < é(a) et
max 0y c(u,a,z)| <e(a),

=1,...,

/E(a)p v(da) < oo pour tout p > 2.
R

Dans le premier chapitre, nous développons un calcul de Malliavin conditionnel par
rapport aux sauts, permettant de nous ramener au calcul de Malliavin standard,
c’est-a-dire basé sur le mouvement Brownien uniquement.

Dans le deuxiéme chapitre, nous minorons la densité de X; en temps petit, c’est-a-
dire : nous considérons la filtration

Fy=0(By,s<t, N(s,A),s <t Ae BR))

et pour 0 < ¢}, < t4; fixés, nous minorons la densité conditionnelle de X, par
rapport a F, .

C’est dans ce chapitre que la spécificité des sauts apparait. En effet, I'inégalité de
Burkholder donne des résultats insatisfaisants pour les processus de sauts (voir par
exemple [BGJ87], [DM80] ou encore [Pro90]). En effet

t+5 B P
E / /C(S,a,w) N(ds,da)| <C9,
¢t JR

9
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alors que dans le cas d'une intégrale stochastique relative & un mouvement Brownien,

t+4
/ u(s,w) dBs
t

On conclut que dans le cas des sauts, on ne peut monter en puissance quand p est

on obtient : »

E < O,

grand. Ceci entraine des difficultés notables et nous oblige alors & des localisations
bien plus complexes que celles employées dans [Bal06|.
En utilisant les arguments précédents, on obtient une minoration en temps petit.

Une fois cette minoration obtenue entre t; et t,,1, le troisiéme chapitre consiste
a ‘transmettre’ ce résultat par ‘chaine’ de tp = 0 & ty = T le long d’une courbe
déterministe (z4)scpp,r). C'est ce qu'on appelle les suites d’évolutions.

Enfin, dans le quatriéme chapitre, nous appliquons les résultats précédemment ob-
tenus dans un cadre abstrait a la diffusion (1.4.1), ce qui nous donne une minoration
de la densité de X7 en un point fixé y € R.

Plus précisément, nous établissons le résultat suivant :

e On suppose qu’il existe une courbe contintiment différentiable ()¢, telle que
z(0) = Xo, z(T) = y, et dont la dérivée vérifie :

il existe M > 1 et h > 0 tels que

M |02, |> > |Oszs|* si |t — 5| < h.

On suppose de plus qu'’il existe deux constantes A et \ telles que pour tout t € 0,77,
2 _
0<2)<c%(xy) < g/\.
A

e On introduit une constante 0 < r < ou C est la constante de lipschitz de o

—20%
introduite dans les hypothéses I.1.

e Pour ¢ € (0,1/2), on note

1 1/(1/2—=¢)
0, = - AS(A ),
(4 f|a‘>€* ¢(a) I/(da))

A —
ou ¢, vérifie / (a) v(da) < B et (A, A) est une constante qui dépend de \ et
la|<ex

. On note alors
M(r,h) =6, A1 Ah.

Alors, si X7 a une densité continue en y € R, notée pr(xg,y), elle est minorée par

674/A

T T
pr(zo,y 2—_><exp{—9 (——i—/ 16 M~ |0yx 2dt>],
)= e WGy O

10
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4 In(2 .
oﬂ0:X+ln32—l—w+lnM.

Remarque 4.1. Pour avoir I'existence et la continuité de la densité de X, il suffit
d’ajouter I’hypothése suivante a notre cadre de travail :
il existe n > 0 tel que

V(t,a,z) € [0,T] x Rx R, |1+ d.c(t,a,x)| >n>0. (1.4.2)

En effet, d’aprés les propriétés de la courbe elliptique (x4)¢cjo,r], nous avons pour tout
y € R, |o(xo)|y|* > € |y|?, avece > 0. Alors, sous I'hypothése supplémentaire (1.4.2),
[BGJ87| (Théoréme p. 14) affirme que la densité pr(zo,y) existe et est continue.

4.2. Partie 2 : Intégration par parties pour processus de sauts purs

Dans le premier chapitre, nous développons un calcul abstrait du type Malliavin,
ce qui nous permet, dans le chapitre suivant, de le baser indifféremment sur les
amplitudes de sauts ou les temps de sauts d’'un processus de Poisson.

Nous n’établissons pas un calcul infini-dimensionnel, au sens ol nous ne considérons
que des fonctionnelles simples F' = f(Vi,...,V},), c’est-a-dire d’'un nombre fini de
variables aléatoires Vi,...,V,. Les algorithmes considérés en finance n’employant
que ce genre de fonctions, ceci ne représente pas une restriction génante dans les
applications numériques.

Le point important de ce chapitre est que nous établissons une formule d’intégration
par parties du type (I.1.1), a la différence prés qu’elle est ‘localisée’ sur un certain
événement A :

E[¢/(F) G14] = E[$(F) H(F.G) 1] . (1.4.3)

En effet, pour obtenir une formule d’intégration par parties, on a besoin de bruit
qui, dans notre contexte, provient des amplitudes et des temps de sauts. Il faut donc
avoir au moins un saut, c’est la signification de A.

De plus, a la différence des accroissements du mouvement Brownien, qui eux sont
indépendants et identiquement distribués de loi absolument continue (avec une den-
sité réguliére), les temps de sauts n’ont pas de densité réguliére par rapport a la
mesure de Lebesgue, mais uniforme. Nous traitons donc dans cette thése un cas plus
général : nous ne supposons pas que les variables aléatoires (V;);en sont indépen-
dantes, mais nous travaillons avec la loi conditionnelle de V; par rapport aux autres
variables aléatoires V;, j # 4. De plus, nous supposons que la loi conditionnelle est
absolument continue par rapport a la mesure de Lebesgue sur R, et qu’elle a une
densité p; = p;(w,y) différentiable par morceaux en y.

Des termes de bord, correspondant aux points de discontinuités des densités p;, vont
alors apparaitre dans l'intégration par parties, et seront génants pour les simulations
numériques. En effet, si par exemple, la loi conditionnelle de V; a une densité sur

11
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I'intervalle (0, 1), une intégration par parties entraine des termes de bord en 0 et 1 :

| o dn = (7)) = ()0
_ /0 fw,y) ¢+ 90, Inp] (w,y) pi(w,y) dy.

Afin de les éliminer, nous allons introduire dans les opérateurs de Malliavin des fonc-
tions poids, notées (7;);en, qui sont nulles aux points de discontinuités des densités
conditionnelles p;. Et, en utilisant ces poids, l'intégration par parties précédente
devient

| oyt o) dy
= —/0 f(w,y) [mi (9" + g0, Inp;) + 7 g] (w,y) pi(w,y) dy . (1.4.4)

Par exemple, si la loi conditionnelle de V; a une densité uniforme sur (0, 1), c’est-a-
dire p;(w,y) = 1jp11(y), on peut prendre

mi(y) = y*(1 —y)*, avec a € (0,1). (1.4.5)

On obtient alors une relation de dualité entre les dérivées de Malliavin et I'intégrale
de Skorohod, qui, au vu de la formule (1.4.4), dépend des poids (7;);cn et de leurs
dérivées premieéres. Ce qui nous permet d’établir, sous des hypothéses appropriées et
a la maniére du calcul de Malliavin standard, une intégration par parties du type :

E[¢/(F) G1.4] = E[¢(F) Hx(F,G) 14], (1.4.6)

ou H,(F,G) est une variable aléatoire qui dépend des opérateurs de Malliavin et
des poids (m;)ien, et qui est définie par H,(F,G) = 0,(G vz r DF), avec

— D, la dérivée de Malliavin de F',
— 7r.r, l'inverse de la matrice de covariance de F,
— 0r, 'intégrale de Skorohod de F.

Mais cette intégration par parties (1.4.6) est valide si H,(F,G) est intégrable sur A,
ce qui fait apparaitre une difficulté liée aux poids (m;);en. En effet, 'expression de
H,(F,G) contient l'inverse des poids m;(V;)~! (dans 7, r) ainsi que leurs dérivées
premiéres 7, (V;) (dans 0, ). Reprenant 'exemple d'une densité uniforme sur (0, 1) ou
les poids sont définis par I’équation (1.4.5), nous avons

o mi(w,y) = aly* 1(1—y)*—y*(1—y)* ). Ainsi, pour que H,(F,G) soit intégrable
sur A, il ne faut pas que « soit trop petit.

e Par ailleurs, nous avons 7; '(V;) = —

ye (1 —y)e’

12
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trop grand.
Il nous faut ainsi réaliser un équilibre entre les poids (;);en et leurs dérivées pre-
miéres, ce qui donnera lieu a une condition dite de ‘non-dégénérescence’ du type :
pour tout 7 > 1,

E [1,4 (det v r)* (1 + ]77{(‘/;)])] < 00. (1.4.7)

Nous nous intéressons ensuite a 'itération de I'intégration par parties (1.4.6) ainsi
obtenue, ce qui signifie que nous établissons une formule d’intégration par parties
du type :

B [¢/(F) Hy(F.G) 14] = E[6(F) Ha(F.G) 1] (1.48)

ou H,(F,G) = H,(F, H.(F,G)).

De la méme fagon, 'intégration par parties itérée (1.4.8) est valable si la variable
aléatoire H,(F, @) est intégrable sur A. Or l'expression de H,(F,G) contient les
termes ;(V;) 7w/
ou les poids (m;);en sont définis par 'équation (1.4.5), les dérivées secondes 7! (w, y)

(V;). Reprenant I’exemple de la loi conditionnelle uniforme sur (0, 1)

mettent en jeu les termes y*~2 (1 —y)*, o € (0,1), qui ne sont jamais intégrables.
Pour résoudre cette difficulté, nous partitionnons en deux intervalles disjoints le
support de la densité conditionnelle p;(w,y) des variables V;. En effet, reprenant
I'exemple otl p; = 1j9,1), on pose [0,1] = [0,1/2] U [1/2,1] et on considére deux types
de poids (7} )ien et (73)ien tels que Supp m} C [0,1/2) et Supp 72 C (1/2,1] pour
tout « € N. Ce qui revient & prendre :

R =(3-v) wearw-a-u" (y-3) aco.

En faisant la premiére intégration par parties (1.4.6) avec les poids (7} );en et en
l'itérant (voir (1.4.8)) avec les poids (7?);en, la variable aléatoire H, (F,G) devient
H.(F,G) = H(F,Ha(F,G)),
et contient les termes 72(V;) (w})”(V;). Puisque les poids (7} )ien et (72)ien sont a
supports disjoints, ces quantités sont nulles, ce qui éliminent les dérivées secondes
des poids (7} )sen. Mais le prix a payer est que l'on a besoin de plus de bruit, au
sens ol ’on ne peut traiter que les fonctionnelles simples qui ont aux moins quatre

variables aléatoires : F' = f(V1,...,V,), pour n > 4.

La fin de ce chapitre est consacrée aux applications de la formule d’intégration par
parties (1.4.6) et de son itération (1.4.8). Concernant le calcul de densité, la différence
avec le cas Wiener vient de la localisation sur A dans la formule d’intégration par
parties. On ne regardera donc pas la loi de F' (soit PoF~!), mais celle de (14 P) F~,
I'image par F' de la restriction de la probabilité P a A. Sous certaines conditions de
non dégénérescence du type (1.4.7), on établiera des résultats d’existence et de régu-
larité de la densité de (14 P) F~!, et particuliérement des représentations intégrales

13
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de cette densité et de ses dérivées quand elles existent.
Par ailleurs, on montrera comment la formule d’intégration par parties (1.4.6) per-
met de représenter, sous des hypothéses appropriées, les espérances conditionnelles

du type E(G14 | F) :

E (1(0700)(F — Z) HW(F, G) 1A)
E (1(0,00)(F — 2) Hr(F, 1) 14)

E(G14|F=2z)= 14, (1.4.9)

avec la convention que cette quantité est nulle quand
E (1(0,00)(F = 2) H(F, 1) 14) = 0.

Une fois les intégrations par parties (1.4.6) et (1.4.8) obtenues dans un cadre abstrait,
I'objet du deuxiéme chapitre est de les appliquer aux processus de sauts purs.
L’aléa disponible étant les amplitudes de sauts (notées (A;);en) et les temps de sauts
(notés (T;);en), trois cas sont alors possibles pour appliquer la formule (1.4.6) : on
peut utiliser les amplitudes de sauts seulement (soit V; = A;), les temps de sauts
seulement (soit V; = 7T;), ou bien les deux a la fois. Une différence majeure, liée
a la vérification de la condition de non dégénérescence (1.4.7), apparait : 1’hypo-
thése (1.4.7) sera satisfaite pour les temps de sauts s’il y a au moins quatre sauts.
Mais pour les amplitudes de sauts, cette hypothése sera vraie a partir d’un saut. Ce
qui signifie que l'on peut appliquer I'intégration par parties (1.4.6) avec les temps de
sauts en localisant sur A = "au moins quatre sauts”, et on peut I'appliquer avec
les amplitudes de sauts sur A = "au moins un saut”.

Nous itérons ensuite I'intégration par parties (1.4.6) en utilisant 1’aléa provenant des
amplitudes de sauts seulement. Les résultats du chapitre précédent nous disent alors
que quatre sauts sont nécessaires, c’est-a-dire la formule itérée (1.4.8) est vraie en
localisant sur ’événement A = "au moins quatre sauts”.

Pour finir, nous appliquons ces résultats au calcul de densité de processus de sauts
purs, quand la probabilité P est restreinte a ’événement A = ”au moins un saut”
ou A = "au moins quatre sauts” (puisque les intégrations par parties (1.4.6) et
(1.4.8) sont vraies sur ces événements).

Il s’avere que quand la loi des amplitudes de sauts est réguliére, nous obtenons des
résultats d’existence et de régularité similaires au cas Wiener. Par contre, quand la
loi présente des discontinuités, nous montrons que la densité existe et est de classe
C'(R), sans aller au-dela (les itérations d’intégration par parties é¢tant de plus en
plus complexes). Nous obtenons également des représentations intégrales de la den-
sité et sa dérivée.

Enfin, lorsqu’on utilise une intégration par parties basée sur les temps de sauts, nous
établissons une représentation intégrale de la densité, et nous montrons qu’elle est
continue.

14
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4.3. Partie 3 : Applications au calcul d'options financiéres

Dans cette partie, nous appliquons les résultats précédemment établis a la Finance.
Les modeles considérés pour le cours du sous-jacent (St ):cjo,r seront du type Vasicek
et géométrique, le mouvement Brownien étant remplacé par un processus de Poisson
composé. Plus précisément, notant (7;);en et (A;)ien les temps et amplitudes de
sauts du processus de Poisson composé, et J; := Card{T; < t}, le processus de
comptage associé, nous considérons les modéles suivants :

Ji

¢
St::c—/r(Su—oz)du—t—ZaAi, (1.4.10)
0

i=1
et
t Jt
St:l‘+/ rS,du+ o ZST-_ A, . (1.4.11)
0 1

i=1
Dans les deux chapitres de cette partie, nous traitons deux types d’options : options
d’achat (call), dont la fonction pay-off est ¢.(z) = (z — K)4, et option digitale, dont
la fonction pay-off est ¢q(x) = 1,>k.

Dans le premier chapitre, nous calculons le Delta d’options européennes et asia-
tiques. Nous appliquons l'intégration par parties (1.4.6) & F' = Sr et G = 0,57,
en utilisant les temps de sauts seulement et amplitudes de sauts seulement, pour
finalement obtenir une formule du type :

8$E [¢(ST) 1AT] - E [¢(ST) HTI’(ST’ axST> 1AT] , pour gb = QSC ou qb = de,

et Ar = {Jr > 1} dans le cas des amplitudes de sauts et Ay = {Jp > 4} dans le
cas des temps de sauts.

Aprés avoir calculé les estimateurs de Malliavin H,(Sr,0,S7) pour les modéles
(1.4.10) et (1.4.11) considérés, nous mettons en oeuvre un algorithme de Monte-
Carlo.

Il s’avére que 'approche par le calcul de Malliavin sera plus ‘justifiée’ que la mé-
thode des différences finies dans le cas des options digitales. En effet, les différences
finies et les estimateurs de Malliavin donnent des résultats numériques trés proches
pour le calcul du Delta d’options d’achat (call). Mais concernant les options digi-
tales, les estimateurs de Malliavin ont beaucoup moins de variance que ceux obtenus
par différences finies, ce qui s’explique par le fait que ¢4 est plus discontinue que
¢.. Plus les pay-offs sont discontinus, plus ’approche par le calcul de Malliavin est
performante.

Par ailleurs, on constate que les résultats numériques obtenus en utilisant les ampli-
tudes de sauts seulement sont légérement plus performants qu’en utilisant les temps
de sauts seulement.

15
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Parallélement, nous regardons le modéle de Merton, au sens ot nous ajoutons une
composante continue au modeéle géométrique (1.4.11), soit

Jt

t t
St::r+/ r S, du ~|—/ oSy dW, + i ZSTf JAVS (1.4.12)
0 1

0 i=1

ou W est un mouvement Brownien indépendant du processus de Poisson composé.
Nous comparons les estimateurs de Malliavin obtenus en utilisant le mouvement
Brownien seulement d’une part, et les amplitudes de sauts et le mouvement Brow-
nien d’autre part. En comparant nos résultats a ceux de [PD04] (qui n’utilisait que
le mouvement Brownien), il s’avére que plus on utilise de bruit disponible dans le
modele (c’est-a-dire le mouvement Brownien et les sauts via leurs amplitudes), plus
les résultats numériques sont performants.

Dans le deuxiéme chapitre, nous traitons le calcul du prix et du Delta d’options
américaines.

Pour cela, nous commencons par établir des formules de représentation d’espérances
conditionnelles et de leur gradient du type (1.3.9) et (1.3.10), en appliquant le résul-
tat (1.4.9) a FF = Ss et G =5;, pour 0 < s < t <T. La spécificité des sauts apparait
via la localisation de la formule (1.4.9) sur I’événement A. En effet, cette localisation
entraine des représentations localisées du type :

E (¢<St) Lio<s<ay | Ss = Oé)
E (¢(St) 1(0,00)(Ss - Oé) Hﬂ'(SS7 St) 1{0<J5<Jt})
E (1(0,00)(55 — ) Hx(S;, St) 1{0<J5<Jt})

1{0<J3<Jt}a (|413)
et notant As := {3 < J;;3 < J; — Jg},

0.E (6(S1) 14, | S = )
E (6(St) Liao0)(Ss) Ha (S5, S) Lay) E (L(ay00)(Ss) Hr (S5, Sp) 1a,)

= As

E (1(a,oo)(Ss) HTI'(SS’ St) 1A3>2

 E((51) L(a,00)(Ss) Hr(Ss, S) Lag) E (L(a,00) (Ss) Ha (s, St) Lay) 1a,. (1.4.14)

E (1(04700)(5’3) HW(SS? St) 1A3)2

Ainsi, pour le calcul du prix d’options américaines par exemple, nous allons approxi-
mer ’équation de la programmation dynamique (1.3.6) par une version localisée,
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4. PLAN DE LA THESE ET RESULTATS NOUVEAUX

c’est-a-dire :

atN = ¢(§t1\/) )

ﬂtk = max{<b(§tk),E |:ﬂtk+1(§tk+1) 1{0<th<th+1} ‘ gtk:|} s k=N — 1, R ,0.
(1.4.15)

Nous pourrons alors utiliser les représentations (1.4.13) et (1.4.14) dans un algorithme
de Monte-Carlo.

Finalement, nous appliquons ’algorithme localisé (1.4.15) précédemment obtenu
dans un cadre abstrait au modeéle géométrique (1.4.11). Nous calculons pour cela
les variables aléatoires H,(Ss, S;) et H.(Ss, S;) qui apparaissent dans les formules
de représentation (1.4.13) et (1.4.14), puis les résultats numériques nous permettent
de calculer le prix et le Delta d’un call américain dont le prix du sous-jacent suit un
modele géométrique.
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Premiére partie

Minoration de densité des diffusions
a sauts
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Cadre de travail — Notations ||

Introduisons le modéle de diffusion a sauts unidimensionnel (X;);>o avec lequel nous
allons travailler dans cette partie. Les notations utilisées référent a [[W89.

Soit un espace de probabilités (92, F, P) muni d’une filtration (]—"t)t>0 Sur cet es-
pace, on considére un mouvement Brownien (B;);>¢ unidimensionnel et un pro-
cessus ponctuel de Poisson (N(t, A))i>0,4epm)- Pour tous ¢ > 0, A € B(R), on note
N(t,A) = E[N(t, A)] = t v(A) le compensateur tel que N(t, A) := N(t, A)— N(t, A)

est une (F;)-martingale. On considére ’équation différentielle stochastique suivante :

X, = X0+/ ,) dB, +// c(s,a, X,-) N(ds, da), (11.0.1)

ou les coefficients o et ¢ sont mesurables et vérifient : il existe K > 0 tel que

lo(z)|? + sup /| c(s,a,7)|?v(da) < K (1+z]*), v € R. (11.0.2)

s€[0,T7]

Si, de plus, les fonctions o et ¢ vérifient la condition de Lipschitz :

lo(z)—a(y)|>+ sup / lc(s,a,7)—c(s,a,y)|*v(da) < K |z—y|*, z,y € R, (11.0.3)
s€[0,T] JR

alors, [[W89] (voir Théoréme p. 231) affirme qu’il existe un unique processus (X;)¢>o

solution de I'équation (11.0.1), (F;)-adapté, continu a droite et ayant des limites a

gauche, tel que Xy = x.

Dans notre cadre, nous supposerons que :

Hypotheése 1l.1. Les coefficients o et ¢ vérifient la condition (11.0.2) et les fonctions
(x — c(s,a,1)), 0 € C>(R). De plus :
i) Il existe une constante Cy > 0 telle que

lo(2)] < Co et max |0 (2)] < o,

.....

telle que pour tous (u,z) € [0,T] x R,

ii) Il existe une fonction mesurable ¢(a)
le(u, a, )| <¢(a) et _max |8” (u,a, )| <¢(a), /E(a) v(da) < oo, Vp > 2.
R

.....
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CHAPITRE II. CADRE DE TRAVAIL — NOTATIONS

Le but est de donner un minorant de la densité de Xr en un point fixé y € R.
Présentons le cadre dans lequel nous travaillons.
On se donne la tribu

Fr=0(B,,s<t, N(s,A),s <t,AeBR)), (1.0.4)

et une subdivision 0 =ty < t; < ... <ty =17 de [0,7].

Le point principal de notre démarche est d’obtenir une minoration en temps petit
de X, c’est-a-dire un minorant de la densité conditionnelle de X3, ., par rapport a
Fi,.- On note pg(w, 2) cette densité conditionnelle. Cette minoration sera valable sur
une boule, c’est-a-dire sur un événement F;, -mesurable A vérifiant

A € {w/1X (@) — 2| < V&),

ol 0y, := txy1 — t est le pas de temps de la subdivision.

Fixons t;, un point z € R et ’événement Aj correspondant.

Notons oy, := o(Xy, ). On suppose qu'il existe deux réels strictement positifs ) et A
tels que

Hypotheése 11.2.

(Hy, Ay, 2) A <ol <)\, pourtout w € Ay .

Cette hypothése est une condition d’ellipticité. Donnons maintenant une deuxiéme
hypothése qui exprime essentiellement la ‘régularité’. Introduisons pour cela quelques
notations.

On choisit €, > 0 vérifiant

/ (a) v(da) < % (11.0.5)
la|<ex

On écrit X;, ., = Gy + Ri, ou Gy et Ry sont respectivement appelés la partie
principale et le reste, et sont définis par

tit1 tet1
G, = th+/ U(th)d35+/ o(s,a, X,,) N(ds,da),  (1.0.6)
ty

tg la|<e-

et

tk+1 tk+1
Ry, = / [0(Xs) — o(Xy,)] dBs +/ / c(s,a, X~ ) N(ds,da)
tr la|>ex

tg

+/tk /|< [c(s,a, Xs-) — c(s,a, Xy,)] N(ds,da). (11.0.7)
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On introduit I’hypothése qui suit afin que le reste Ry soit petit en un sens approprié.
Plus précisément, pour ¢,d > 0 fixés, notant D’ la dérivée de Malliavin d’ordre 7, on
introduit les normes de Sobolev :

A 1/2
|Glisi = (/ |D;17_._7SiG|2 dsy ... dsi) ,
[t,t+6)*

et on suppose que Ry est cinq fois différentiable au sens de Malliavin.

_ <

4(1+¢)

On note Eg, lespérance conditionnelle par rapport & F,, et on suppose que pour
tout w € Ay,

Hypotheése 11.3. Soit ¢ € (0,1/2). Notons € :=

1/(14¢)

5 14¢
(Ha, Ak, 2) | Ez, (Z ’Rkﬁk,ék,i) (W) 15, (W) < O,
i=0
ot I'événement By, . est défini par :
Byc = {Ry, < 6%}, (11.0.8)

avec

. tkt+1
Ry = / / &(a) N(ds, da) . (11.0.9)
12 la|>ex
Revenons a I’évaluation de la densité conditionnelle pg(w, z). On écrit formellement,
pk(w, Z) = E]:tk (50(Gk —+ Rk — Z)) s (”010)

ou dp est la fonction Dirac. La condition (Hs, Ag,z) de 'Hypothése I1.3 nous dit
que le reste Ry, (localisé sur By ) est négligeable par rapport a la partie principale
G (Ry est essentiellement de l'ordre de dj, alors que Gy, est de 'ordre de 1/d;). Un
développement de Taylor autour de Gy dans I’équation (11.0.10) entraine alors que
la minoration de py(w, 2) est ‘similaire” a celle de pg, (w, 2) = Ex, (0.(G%)). Cette
derniére est bien contrélée puisque (G, est une variable aléatoire Gaussienne condi-
tionnellement aux sauts. De plus, ¢, est choisi suffisamment petit dans (11.0.5) pour
que la partie a sauts (correspondant a I'intégrale relative a la mesure martingale N )
soit petite par rapport a la partie gaussienne.

Une fois cette minoration en temps petit obtenue (c’est-a-dire entre ¢ et tgi1),
elle est ‘transmise’ par ‘chaine’ de ¢ty a ty = T le long d’une courbe déterministe
(ﬁt)te[o,T}-

Puis, appliquant les résultats précédents (obtenus dans un cadre abstrait) a la dif-
fusion (11.0.1), on obtient la minoration suivante :
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CHAPITRE II. CADRE DE TRAVAIL — NOTATIONS

e On suppose qu’il existe une courbe contintiment différentiable (z¢).c(0,77 telle que
z(0) = Xy, z(T) =y, et dont la dérivée vérifie :
il existe M > 1 et h > 0 tels que

M |02, |* > |Oszs|?, si |t —s| < h.

On suppose de plus qu'il existe deux constantes \ et A telles que pour tout ¢ € [0, 77,
2 _
0<2)A<o?(ry) < 3N

A
e On introduit une constante 0 < r < 2;02, ou Cj est la constante de lipschitz de o
0

introduite dans les hypotheéses Il.1.
e On note

1 1/(1/2—C)
6* = — /\ 5 A’ )\ ,
(4 Jiajse., €(a) V(da)> (A, )

ol g, vérifie 'équation (11.0.5) et 6(\, \) est une constante qui dépend de A et . On

note alors
M(r,h) =6, A1 Ah.

On obtient

Théoreme 11.1:
Soit pr(xg,y) une densité continue de Xp en y € R. Alors,

(o) > 2 [ 9( I 6T P d
pr(To,Y) 2> —F—= X €Xp |— —+/ x t>],
e SV2rN M(r,h) ), o

4 In(2mw\
+ln32+w

Z + IHM.

ot =
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Calcul de Malliavin conditionnel |11

Dans ce chapitre, nous utilisons un calcul de Malliavin basé sur le mouvement Brow-
nien B, ce qui est essentiellement le calcul standard développé dans [Nua95]|, a la
différence prés que nous utilisons une version conditionnelle par rapport au processus
de sauts V.

. Opérateurs différentiels

Avant d’introduire les opérateurs différentiels, commencons par des notations :

Notations: F? (respectivement FN) est la filtration engendrée par le mouvement
Brownien (respectivement le processus de sauts N ), soit

FP = o(By,s <t)VN,
FN = o0(N(s,A),s<t,Ac BR)) VN,
ot N est 'ensemble des événements de mesure nulle dans J%OO.

On note
Fo=FVF) et G =F v FL.

e Pour tout n € N, on note 17 = k27" et A*(B) := B(t?) — B(t?_,).
Une fonctionnelle simple est une variable aléatoire F' qui s’écrit :

F = f(w,AL(B),...,A2"(B)), (1.1.1)
avec f : Q x R — R FY¥ x B(R) mesurable et telle que pour tout w € €,
(r — f(w,)) est de classe C°(R™%" R).

On note S € L2(Q, F,P) I'ensemble des fonctionnelles simples.
e Un processus U : [0,00) x 2 — R est dit simple s’il existe n € N* tel que

U(tw) =Y Ly g () Fr(w) |
k=0

ou F}, sont des fonctionnelles simples.
On note P € L2 (2 : L2([0,00))) 'ensemble des processus simples.
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CHAPITRE Ill. CALCUL DE MALLIAVIN CONDITIONNEL

Définition I11.1. On définit les dérivées de Malliavin d’ordre m > 1,
D™: 8§ — 12 (Q: L*(]0,00))™) par :

. 00 m é?nlj) ) .
Dsl, 8 mF: Z Hl[tnl,tk +1 m(w’An(‘B)77An (B))

ki, km=0i=1

p/2 1/p
E(/ D F2d31...dsn) ] .
0.00)"

D™P est 'adhérence de S pour cette norme.

e On définit les normes

m

1
IF|l,, = E[FP)? 4+

n=1

Jusqu’ici, il n’y a pas de différences avec les définitions standard du calcul de Mal-
liavin. Le processus de sauts N étant indépendant du mouvement Brownien B, il est
représenté par 'argument ‘w’ dans la définition (I11.1.1) des fonctionnelles simples.
Mais dans la suite, nous allons utiliser un calcul de Malliavin conditionnel, au sens
ou pour t > 0 et § > 0 fixés, on veut utiliser une intégration par parties par rapport
au mouvement Brownien By, s € [t,t+ ).

La classe des fonctionnelles dérivables reste inchangée, c’est-a-dire D> := ﬂ D"™P.
p=>1
La localisation apparait dans le produit scalaire défini sur ’espace des processus

simples P, soit
+5
(U V)5 = / Us x Veds et |U[75 = (U, U), 4 . (11.1.2)
t

On définit alors les normes de Sobolev pour F' € D*? par

1/2
Fluss = (/ D F\zdsl...dsi) | (111.1.3)
[t,t+6)? r

On note Eg, (respectivement Eg,) l'espérance conditionnelle sachant F; (respecti-
vement G;), c’est-a-dire Ez, (®) = E(® | F;). Eg, signifie que 'on n’intégre que par
rapport au mouvement Brownien B;, pour s > t.

. Intégration par parties conditionnelle

Rappelons que dans le cas du calcul de Malliavin standard, une formule d’intégration
par parties s’obtient a partir d'une formule de dualité et d’'un opérateur de dériva-
tion. Dans la version conditionnelle que nous voulons mettre en place, ces mémes
conditions demandent d’étre remplies.

La définition (I11.1.1) des dérivées de Malliavin entrainent que ces opérateurs véri-
fient bien les formules de dérivation en chaine.
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2. INTEGRATION PAR PARTIES CONDITIONNELLE

Soient t > 0 et § > 0 fixés. Afin d’obtenir une formule de dualité en utilisant le mou-
vement Brownien sur [t,t + §) uniquement, nous allons conditionner par rapport &
la tribu Gy, ce qui ‘enléve’ le processus de sauts et le mouvement Brownien By pour
s < t, et nous allons utiliser le produit scalaire localisé défini par 1'équation (I11.1.2),
ce qui ‘enléve’ le mouvement Brownien B, pour s > t+9. Il ne ‘reste’ donc plus que
le mouvement Brownien B, pour s € [t,t + 0).

On définit U'intégrale de Skorohod, d;, sur [, 4+ J) comme étant 'adjoint de la
dérivée de Malliavin D pour le produit scalaire (., .); s, soit

Eg,((DF,U), 5) = Eg,(F 6,5(U)) -

Et on définit ensuite 'opérateur d’Ornstein-Uhlenbeck L; s par rapport au mouve-
ment Brownien sur [t,t 4 0) par L; s(F) := 0, 5(DF), soit encore

t+9
Lys(F) = / D,F dB,.
t

On a ainsi la formule de dualité conditionnelle suivante :
Egt(<DF> DG>t,6) = Eg, (F Lt,5(G)) = Egt(G Lt,é(F)) :

Notons que si F' € D>P, alors ' € Dom(L), ou L est I'opérateur d’Ornstein-
Uhlenbeck standard, et on a L(F) € D*P. On peut donc appliquer les inégalités
de Meyer (voir [Nua95|) : il existe une constante C, > 0 telle que

3 p/2 1/p 5 p/2 1/p
Eg, (Z [ Lo (F )!?,a,i> <G |Eg (Z 3 \?75,2-) :
=0

i=0
En particulier, puisque F; C Gy,

3 p/27 /P 5
Er, (Z !Lt,a(F)!?,a,i> <C, |Es (Z \F\i&i) .21
=0 =0

Avant de donner la formule d’intégration par parties conditionnelle, introduisons une
derniére définition.

Définition I11.2. Soit un événement F;-mesurable A fixé.

On note DY la classe des variables aléatoires G € (] D*P telle que G(w) = 0 et
peN

D'Gw)=0,i=1,...,k siw¢ A.

Puisque nous travaillerons par la suite dans un cadre uni-dimensionnel, nous intro-
duisons la matrice de covariance uni-dimensionnelle :
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CHAPITRE Ill. CALCUL DE MALLIAVIN CONDITIONNEL

Soit F € D"2. On définit la matrice de covariance conditionnelle (c’est-a-dire cor-
respondant au mouvement Brownien By, s € [t,t + 0)) par

t+48
Gror = (DF,DF);5 = / |D,F|?ds.
t

Si ¢ p est inversible, on note v, 5 p son inverse.
Nous obtenons la formule d’intégration par parties conditionnelle suivante :

Théoreme I111.1:
Soit F' € D**. Soient A € F; fixé et G € D}.
On suppose que ¢, 5 est inversible sur A, et que

[Eg, (V5.5 lA)}l/p < oo pour tout p € N. (111.2.2)
Alors pour toute fonction 1 € C°(R),
Eg,(/(F) G) = Eq,(¥(F) H(F, G)), (I1.2.3)
ou
H(F,G) =0,5(GYsr DF) = Gyisr Lis(F) + (D(Gvisr), DF)s.  (111.2.4)
En supposant de plus que F € D> et G € D%, on obtient
Eg, (" (F) G) = Eg,(¥(F) Hao(F, G)) , (I1.2.5)
ou Hy(F,G) = H(F,H(F,G)) et H(F,G) est défini par I’équation (111.2.4).

Afin d’évaluer les poids de Malliavin H(F,G) et Hy(F,G), commengons par un
lemme technique.

Lemme Il1.1:
Pour i = 1,2, il existe une constante universelle C' > 0 telle que

(1) |[FGlsi <C (Z ’G’t,ts,j) <Z|F\t,6,j> :
=0

=0
i+1 i+1

(12) [(DF,DG)slis: < C (Z’Gh,é,j) <Z|F|t,6,j> :
j=1 =1

Preuve. (i) Puisque Ds(F G) = F D;G + G DsF, en intégrant ensuite en
s € [t,t+0), il vient

|F Glisa1 < |F||Glis1 + |G| |Fles- (111.2.6)

28



2. INTEGRATION PAR PARTIES CONDITIONNELLE

Et de méme, D? (F G) = F D?.G+ G D*,F + D,F D,G + D,F D,G entraine
|F Glisa < 2|F||Glis2 + 2G| | Flitrs2 + 2 |Glist | Fles -

Ce qui prouve (7).
(77) Par I'inégalité de Cauchy-Schwarz, on a

t+4
D,(DF, DG)tﬁ:/ waFDTGdH/ D2 G D,Fdr
t

t+5 1/2
< |Glisa (/ waFdr> | Fluss (/ D2 Gdr) |
t

En intégrant par rapport a u € [t,t + ), on obtient

1/2

{DF,DG)tslts1 < |Gltoa |Flisz + [ Flesi|Gless - (11.2.7)

Et de méme, puisque

D2 (DF,DG);5 = / D? F D,Gdr —1—/ D? G D,.Fdr
+2 / D2 F D2 Gdr,
I'inégalité de Cauchy-Schwarz entraine
(DF,DG)islis2 < 2|Glis | Fless + 2| Flisn [Gless + 2| Flisz [Glese -
Ce qui achéve la preuve. |

Proposition I11.1:
Il existe une constante universelle C' > 0 telle que

(i) |H(F,G)|
< CIG| sr! [LesF| + Clys el 1Glist [Flisy + C Gl uspl” [Flrs1 | Fles -

(ii)

|H(F,H(F,G))| < C AV |vsrl’) (IGl+ |Glist + |Glisz)
x (1+ |LesF| + |Lt,5F|t,5,1)2 (L4 |Flesq + |Fleoz + |F|t,6,3)6-

Preuve. Etape 1. Déduisons du Lemme Ill.1 des estimations sur 'inverse de la

matrice de covariance 7y s p.
Nous avons D,V s,r = —2s p Dy 5.5, avec Dydrsp = Dy((DF, DF);s). On a donc
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CHAPITRE Ill. CALCUL DE MALLIAVIN CONDITIONNEL

d’apres 1'équation (111.2.7)
Ves.rlest < [Vesr)> [{DF, DF)isli61 < 2|5 |® | F st | Flise - (111.2.8)

A 2 2 2 . . oz
De méme, D3, Vis.r = —2Vs.r DsVis.r Dudr — Vib.F D:, ¢r, et '’équation précédente
entraine donc

Vesrlise < CVesr| Nesrliot |[(DF, DF)slis1 + [Ves.r|? [(DF, DF)i 559
< CesrP | Flis1 |Flisz {DF, DF);5li51 + |vesr|? [{DEF, DF), 559 -

Et le Lemme I1l.1 donne
Veorlise < C AV ysrl?) 1+ |Flisa + |Flise + | Fliss)* - (111.2.9)

Etape 2. Evaluons le poids de Malliavin H(F, G).
Rappelons que H(F,G) = Gy 5r LisF + (D(GYsr), DF): 5. L'équation (111.2.6)
entraine donc

|H(F,G)| < |G| |sr| |LesF| + |vsr Glisa | Flisa
< |G| |vsr| |LesF| + vesr| 1Glesa | Flesa + [Verlesr |Gl Fes -

Et d’aprés 'équation (111.2.8), on obtient

|H(F,G)|
<C|G||sr| |LesF| + Clysrl |Glist |Flist + C |G esr)? ’F‘?,(S,l |12
<C AV |srl) (1G] +1Glis1) (1 + LesF)) (L+ [Flest + [Fles2)®

Etape 3. Evaluons le poids itéré H(F, H(F,Q)).
Notons que H(F,H(F,G)) = H(F,G) H(F,1) + (DH(F,G),vesr DF ).
D’apreés 'étape 2, on a

[H(F,.G)H(F,1)| < C(1V Jysrl') (IGI +Glesn)
X (L4 [LesF)* (14 [Flesy + [ Flis2)

Regardons maintenant le terme (DH(F,G),visr DEF ).
On a

|<DH<F7 G)a Yt.6,F DF>t75| < h/t,é,F‘ |<DH(F7 G)> DF>t,5|
<|Vesr |1H(F,G) i1 |Fes1-
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2. INTEGRATION PAR PARTIES CONDITIONNELLE

Il reste donc a évaluer |H(F,G)|:51. On a

|H(F,G)|ts1 < |G (Vsr LisF)|ts1 + |{D(Gysr), DF)is

6,1 -

D’aprés le Lemme 1.1 (i) et I'équation (111.2.8), on a

|G (V5,6 Lt s F)161
<C (|G +1Glis1) (Iesrl Lo Fl + |ves.rle61 LesEe61)
<C (|Gl + |Glis1) (es.r| Les F| + [LesFl esr|* | Fles [ Flis2)
<C(|G] + [Gles1) ( ) (Lt F| + [LosFlisa) ([ Flosa + [Flese)®

LV [ysr

D’aprés le Lemme 1l1.1 (iz), on obtient

|<D(G %,J,F), DF>t,6

6.1

<C (|Flts1 + | Flis2) (IGsrltsr + |G vesrls2)

<C(|Flis1 + | Flis2) (G| s rl + |Glest Vs rlest + 1Glesz s rless2)
<C(|Fles1 + | Fleo2) (|Gl +1Glesa + |Gles2) (esr] + [vesrlesr + [ Vesrlese) -

Les équations (111.2.8) et (I11.2.9) entrainent

Yok + [ Vesrltor + | Vesr
<vesr| + sk | Flest | Flese + 1V yesr)®) (14 |F| + |Flest + | Flise + | Fliss)*
<SC IV | nsr) L+ |F|+|Flusy + |Flese + |F

16,2

163)" -

Conclusion : on obtient une majoration du type

’<DH(F> G)77t,5,F DF)t,é‘ < C(l \% |’Yt,5,F’5) (‘G’ + ’G|t,6,1 + ’G|t,6,2)
X (1+ |LesF| 4+ |LisFlisi)? (L4 |Flesa + | Flise + |F|t,6,3)6-

Ce qui achéve la preuve. |

Terminons ce chapitre par une derniére évaluation qui nous sera utile dans le Cha-
pitre IV, paragraphe 3.1 :

Lemme I111.2:
Soit F' € D¥* pouri > 1. On a

(Z) HFlfk,(;k,iltk,ék:l <2 |F‘tk76k7i ’F|tk75k7i+1 )

et
(/Ll) ||F|?k,5k,i|tk,5ka2 S 2 (|F|?k,6k,l+1 —I— |F|tk16k7i |F|tk75kaz+2) :
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CHAPITRE Ill. CALCUL DE MALLIAVIN CONDITIONNEL

Preuve. (i) On a D,, |F[% , , =2 /
[s1,tk+0k)°
L’inégalité de Cauchy-Schwarz entraine alors

D |F2 5 .| <2 /

1D

[t te+0k)°

<2/Flss ([ 1D
[thsti+0k)

En intégrant par rapport a sy € [tg, tx + 0k ), on obtient

“F‘I%k,(sk,i‘tk#sk,l <2 |F‘tk75kﬂ' ’F’tk75k7i+1'

(77) De méme, nous obtenons

| D3, 6| Pl 6,1

S9 81

<2 [ DL I Fldndr
[th otk +0k)°

s27T1

w2 [ D FIDER,,
[tk st +0k)"

< ( / D Fldr ...
[thst+0k)?

+2|F

142
ti,0k 0 (/ ) |D52 s17T1
[trote+0k)®

T‘zF| d?”l e d?"i

1/2
[thstr+0k)?

1/2
T,ZF’ drl Ce drl) .

r1...75

1/2
F|2d7”1...d7’i> .

DL FPdry .

§2T1...T

Donc ||F|?k,5k,i|tk76k72 <2 (|F|?k,6k,7;+1 + |F|tk16k7i |F|tk75k,i+2).
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Minoration de la densité en temps petit |V

. Le résultat principal

Considérons la diffusion a sauts (X;)¢>o définie par I’équation (11.0.1).

Soit F; la o-algebre définie par I’équation (11.0.4) et une subdivision de l'intervalle
0, 7],0=1ty < ... <ty =T.On note o := tx11 — t le pas de cette subdivision.
Soit un point fixé z € R. Pour £k =1,..., N fixé, on note

A CH{w/|X (W) = 2l < Vo)

Le but de ce chapitre est de minorer la densité conditionnelle de X;, , sachant Fy,
sur Ag. Pour cela, on considére la régularisation suivante :

pn,k(2> = E]:tk (%(th“ — Z)) , (IV.1.1)

ou la fonction ¢, est construite comme suit. Soit une fonction ¢ € C°(R) telle que
0<¢<1, /R¢ =1et ¢(y) = 0si |y| > 1. On définit alors ¢, par ¢,(y) = %gb(%)
Ainsi, ¢, EJ) -

Rappelons le cadre décrit dans l'introduction et dans lequel nous allons travailler.

e On suppose que la condition (Hy, Ay, z) de 'Hypothése 11.2 est satisfaite.
e On prend ¢, vérifiant I’équation (11.0.5), et on écrit

th+1 = Gk + Rk )

ou Gy est la partie principale définie par I’équation (11.0.6) et Ry est le reste défini
par l'equation (11.0.7).

e Soit ¢ € (0,1/2). On considére 'événement By := {|Ry| < 5,1/2%}, otl Ry, est
défini par I’équation (11.0.9).

e Soit € = ﬁ On suppose que la condition (Hs, Ay, z) de 'Hypothése 1.3 est

satisfaite.
Le résultat principal de cette partie est le suivant.
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CHAPITRE IV. MINORATION DE LA DENSITE EN TEMPS PETIT

On note

1 1/(1/2=¢) B
5, = (4 . E(@)y(da)> AS(AN) | (IV.1.2)

ol 0(A, X) est une constante qui dépend de \ et ), et qui sera précisée au court de
la preuve du Théoréme qui suit par les restrictions (1V.3.10), (IV.3.13) et (1V.3.16).

_ WY
Essentiellement, (A, \) = e~¢/2 <X> ,ou C et p sont des constantes.

Théoréeme 1V.1:
Supposons que 6, < 6,. Alors, pour tout 0 < n < /0, pour tout w € A, nous

avons
1

p’<z):Eik Q5(Xk1—z) (W)Z—_e_él/A.
e 7y (00X, ) 8V 2o A

Introduisons les normes suivantes : pour n > 2, et F' € D2,

n n—2 1/2
=0 =0

Remarque 1.1. La condition (Hy, Ay, z) de 'Hypothése /1.3 entraine

(B, (INes(Be) P09 15, )75 < €5/
En effet, I'inégalité de Meyer (111.2.1) nous donne

1/(14¢)

3 1+¢
E]:tk (Z |Ltk,6k (Rk)|?k76k,l 1Bk,C>

i=0
1/(14¢)

5 (1+¢)
< C | Eg, (Z | Rilty b 1Bk,<) ’
=0

et donc

5 (1+o)\ V(A+0)
1/(1+¢)
(E]-"tk (Nk,S(Rk>2(1+O 1Bk,§>) <C E]:tk (Z |Rk|?k:5kai 1Bkv<)
=0

S C5;§E+1 )

Introduisons maintenant une fonction de localisation.
Soit une fonction 6 € C;°(R;) telle que 1j1/9 < 0 < 1 ). On considére la fonction
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2. MINORATION DE LA PARTIE PRINCIPALE

de localisation suivante :
Qi = O(N24(Ry) 8, ®7), (IV.1.4)

ol g = _S a été introduit dans ’hypotheése (Ha, Ay, 2).

4(1+¢) :
On note 7y, := \/Lé_ € (0,1). Puisque ¢, (v/0x ) = N b, (), il vient

k

1 B Xipor — 7 S 1 B Xijy — 2 1
pots) = 75z (o (Z55°) ) 2 7 o (P57 @020)-

En utilisant un développement de Taylor autour de GGj, on obtient alors pour tout
w e Ak,

1 G —
Pi(2) > 75 Ex, (%k (kT> Qk 1BM)
L G —:
- o (S5 @ 1}
1 —_—
\/_15_kE]:tk [/0 ¢;7k( . Z+p ) deplBk(}

1 ! ’ Gk—z
+ ﬁEﬂk l/o oy ( +p ) Qrdp 1Bk<:|

= E]:tk [¢n(Gk - 2) L, C] *

ol ’on note

Gk—Z
Vok

J(w) = Eg, [/lgb’ (Gf/iz \]ji) \f_demBN}. (IV.1.6)

Nous allons minorer la premiére espérance (qui correspond a la partie principale

1) = Br, [on (D) @ a] (IV.15)

Gk ), puis nous allons montrer que les deux autres sont négligeables par rapport a la
premiére au sens ol J(w) et J'(w) sont de l'ordre de 6.

. Minoration de la partie principale

Commencons par un lemme technique.
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CHAPITRE IV. MINORATION DE LA DENSITE EN TEMPS PETIT

Lemme IV.1:
Pour tous x,9, 3,t > 0, nous avons

[exp( )] >1-p80 . & (a) v(da).

Preuve. On note F(z) = e 7% et I,( / / o(s,a, ) N(ds,da) pour tout
la|<ex

r > t.
En appliquant le Lemme d’Ito a F', on obtient

t+4

c(s,a,z) N(ds, da)

al<ex

t+6 ~
F(ILiys) = F(L) + / /|< F(Iy- +c(s,a,x)) — F(I,-)] N(ds,da)
t+5
/ / I+ c(s,a,x)) — F(I,) — c(s,a,z) F'(1,)] dsv(da) .
la|<ex

Et passant a I'espérance,

t+0
E(F(Ii4s)) =1 —i—/t /|< dsv(da)
E[F(I + c¢(s,a,1)) — F(I,) — c(s,a,z) F'(I,)] .

Utilisons un développement de Taylor d’ordre un :
F(I, + c(s,a,2)) — F(I,) — (s, a,2) F'(I,)
1
— [ P+ pelsa0) (s.a.) (1= p)dp
0

=2ﬂ8@awp4gwﬂu+pdammf)u—pMm

ot F"(y) =28 g(By?), avec g(y) = e7¥ (2y — 1). Remarquons pour tout y > 0 on a
g(y) > —1, il vient donc

F(I, +c(s,a,z)) — F(I,) — c(s,a,z) F'(I,) > —3c*(s,a,z).

Et puisque |c(s,a, x)| < ¢(a) d’aprés 'hypothése 1.1, on obtient

E[F(I,.5(x))]>1—-E {6 /tm/las* c*(s,a,z)ds v(da)

>1-p84 & (a) v(da).

lal<e

Ce qui achéve la preuve. [ |
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2. MINORATION DE LA PARTIE PRINCIPALE

On a alors la minoration suivante :

Lemme IV.2:
Supposons que 6, < 6. Alors, pour tout 0 < n < /0, pour tout w € A, nous

avons
1

Er, (¢y(Gr — 2) 15, ) (w) > ——=e"*2.
Fup IR Prc A27 6 N

Avant de commencer la preuve de ce Lemme, rappelons que nous avons introduit
dans le chapitre précédent la o-algébre

Gy = FEVFN = 0(B,,s <ty) Vo(N(s,A),s >0,A € BR)). (IV.2.1)

Et nous avons noté Eg, lespérance conditionnelle sachant Gy, , ce qui signifie que
I'on n’intégre que par rapport au mouvement Brownien By, s € [tg, tri1)-

Preuve. Premiére étape. Regardons le terme Eg, (¢,(Gx — 2) 15, ).
Soit

tet1 -
N, = / / c(s,a, X, ) N(ds,da).
2 lal<ex

On remarque que conditionnellement a G, , G, est une variable aléatoire Gaussienne
d’espérance X;, + N}, et de variance dy, 02. On obtient donc

1 ly — (Xy, + N — 2)?
E Gy — = _— — k dy .
G, (an( k Z)) /Rgbn(y) \/mo_k exp( 26 0_’% Y
Onaly— X, — Np+ 2| < |yl + ]z = Xy | + [N < ’Z/\+\/5k+|Nk’-
Si ¢, (y) # 0 alors |y| < n < /6y, et donc
ly = Xoy — Nig+ 27 < 2(46, + [Nif*) <86, + 2| Ni*.

Et puisque / ¢n =1, il vient
R

1 C4)e? | V3|2
E — > 4o — .
o 0nfGr= ) = (et ) exp (-

I1 suffit de remarquer que I’événement By, ¢ est G;, -mesurable pour finalement obtenir

1 B Ni|?
E-T'tk (¢n(Gr — 2) 13,“)((.0) > ——— ¢ *2 E]:tk (exp (_%) 1Bk,<) :

\/QW(SkX

N, 2
Il nous faut donc maintenant minorer le terme Ex, [exp (—‘ d ) 1p, c} .

Deuxiéme étape. En utilisant le Lemme V.1, montrons que

| Ni|? 1
E]:tk {exp (— 5k& ]'Bk,C Z Z .
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CHAPITRE IV. MINORATION DE LA DENSITE EN TEMPS PETIT

Et la preuve sera alors compléte.
Remarquons que

| Ny |? | Ny |?
e [o (<53 ) o] =B o (-5
| Ny |?
— E}—tk |:6Xp (— 5kA (1 - 1Bk,§) .

1
Soient [ = S et Fj(z) = exp(—SB 2?). Reprenant les notations du Lemme IV.1,
k

on a Ny = Fi(I;,15,(Xt,)). Le choix de e, dans 'équation (11.0.5) entraine

Ez, (Fi(Nk) = E(F(ly15,(2))]o—x,

>1— G0 Z(a)v(da

>1-4 /| (a) v(da)
1 _2

:1—X/al§€*c(a)u(da)

1
> —.
2
D’autre part, nous avons
| N |2 = C+1/2
Er, |exp Y (1 =15, )| <Py (Br>0,""7)

1 Tt B
< —6,§+1/2 Ez, (/tk /|al>€* c(a) N(ds,da))

L [ eaasvian
= — ¢(a) dsv(da
82 S Japse
= (5k_c+1/2 / ¢(a) v(da).
laf>e.

1/(1/2=¢)
Prenant 6, < 6. < (/ ¢(a) U(d@)) , on obtient
la|>ex«

N 2
E]:% |:eXp (_|5kk)|\ ) (1 — ]‘Bk,g)} S

La preuve est ainsi achevée. [ |

=~ =
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3. EVALUATION DU RESTE

3. Evaluation du reste

Avant d’évaluer les termes restants J(w) et J'(w) respectivement définis par les
équations (IV.1.5) et (IV.1.6), commencons par quelques évaluations sur la fonction
localisante ().

3.1. Evaluations préliminaires sur la fonction localisante

Rappelons tout d’abord la définition de ) donnée par I'équation (IV.1.4) :
Qi = O(N; 5(Ry) &, ¥y, Soit encore

Qu = O(NZ5(R}) 6,%°) , avec R}, =6, > Ry..

Lemme IV.3:
Il existe une constante universelle C' > 0 telle que

(i) |Qkltpont < C 0" Nia(Ry) et |Qpls02 < C6,°° Nis(Ry) -

(i1) En particulier, pour ¢ € (0,1/2),

1/(1+¢) _
1 5
<E~7:tk (‘Qk|t,j:§k,1 1Bk’(:)> S 05k

1/(14¢) _
et <E]:tk (‘Qkﬁ,j:gkg 1Bk,§)> < C(SI%E'

Preuve. Montrons tout d’abord le résultat (7).

Etape 1. Pour tous s1, sy € [ty, tx11), nous avons
Dy, Qi = 6, 0'(Ni5(Ry) 6, 7%) Ds, (N 5( 1)), et dome

D3, o, Qi = 0, 0P (NE 5 (Ry) 6,°%) Dy (Niea(RL)?) Dy (N5 (Ry))
+ 0,50 (N5 (Ry) 0,°%) D3, o, (Ni5(R2)) -

Afin de simplifier les notations, on écrit pour j = 1,2,
09 = 09)(NZy () ).
On obtient alors | Dy, Q| < 6,7 |0/| | Dy, (N7 5(Ry))] et

D2, ¢, Qul < 6,510 | Dy (Nis(Ri)?)| | Dy (N5 (RR)))
+ 0% D, (Nia (L))

S9 S1
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CHAPITRE IV. MINORATION DE LA DENSITE EN TEMPS PETIT

Conclusion : pour j = 1,2, on a

|Q
|Q

tr,0k,1 < 51;25 |9/‘ ’ng,B(R;c) tr,0k,1 (|V31)
e < O TIOPINE S (RO 500 + C 017 INE5 (B |uyen - (IV.3.2)

Il nous faut donc majorer |N{ 5(R})|s,.5,.2 €t 109D x IN: 5(Ry) fmk’l pour j = 1,2.
Etape 2. Evaluons [N 5(R})l1,.s,.2-
Notons que

3 1
|Nk2:,3(R;€)|tk=5k72 < Z ||R;€ %k,zik,i th,0k,2 + Z ||Ltk,5k(R;c)lfk,ék,iltkﬁkﬁ : (|V33)

i=0 =0

Appliquant le Lemme 1.2 (i7) & F' = R;, on obtient
‘|R;€|§k76k,i|tk}76k72 S 2 (‘R;C ?k,ék,i—&—l _I_ |R;€|tk75k7i ‘R;C

3
> IRy
=0

De la méme fagon, en prenant F' = Ly, 5, (R}.) dans le Lemme 1.2 (i7), on obtient

tk,5k7i+2)7 et donc

2
173 7§k7i

5
2 : /12

L 0,2 S C |Rk‘tk,5k,i .
=0

1 3
Z ||Ltk75k(R;€> ?k,zik,i t1,0%,2 <C Z |Ltk76k (R;c)ﬁk,ék,z .

i=0 =0

En additionnant ces deux inégalités, I’équation (IV.3.3) nous donne
N s (B lesi2 < C Nigs(Ry) -

Etape 3. Evaluons [§Y)] x INZ3(Ry) {kﬁk,l pour j = 1,2.
Nous avons

3
091 5 INE s (Rilisea < 1091 D (IR, s, il

=0

1
1091 Y s (R, g, ilowsi - (1V.3.4)
i=0

Appliquant le Lemme II1.2 (i) & F = R}, et F' =Ly, 5,(R},), on obtient

?k,ék,i th,0k,1 <2 |0(j)| |R;€|tk75k7i |R;€|tk75k7i+1 )

?k,ék,i’tk,tsk,l <2 |0(j)| |Ltk,5k (R;f)|tk7§k’i |Ltk:5k<R;€)|tk,5k7i+1 .

091 1|,
0] || L 0, (R2)

40



3. EVALUATION DU RESTE

Or pour j = 1,2, 09(NZ4(R},) 6,°%) # 0 = Nis(R},) < 4, soit encore
|R;€|tk75k»i S (Si, ’L - O, 1, 2, 3 et |Ltk75k<R;€)|tk,5k:i S 5?7 Z == 0, 1 .

Ainsi, si 09 #£ 0, on a

4 2
thdpsl Céi Z |R;€|tk75k7i + Céi Z |Ltk75k (R;f)|tk75k,i

=0 =0

< Co; Nia(Ry)

[NEs(1)

La fonction Y étant bornée, il vient alors
09 N2 (R 5.0 < COLENL(Ry), 5 =1,2.
Finalement, I’équation (IV.3.1) devient
Qkltp500 < C 0,7 Nea(Ry),
et 'équation (IV.3.2) devient

|Qrlendn2 < C 075 Ny (Ry) + C 0% [NEs (R oo,z

Puisque d’apres Iétape 2 on a [NZ5(Ry)y,.6.2 < C Ni 5(R}), il vient
|Qrles2 < C 0" Nis(Ry)
Ce qui achéve le point (i).
Remarque 3.1. Pour des raisons techniques liées a l'inégalité de Burkholder pour

des processus de sauts, il faut éviter de travailler avec des puissances p > 3. En effet,
une telle inégalité (voir [BGJ87|) donne une évaluation du type :

t+6 _ p\ /P
(E / /c(s,a,w) N(ds,da) > < CoYP.
t  JR

Ainsi, si p est grand, 6'/P donne une mauvaise estimation. C’est pourquoi, dans

cette preuve (plus particuliérement dans I’étape 3), nous avons évité une majoration
du type |NI§,3(R;€)|tk75kal < N]z,ﬁl(R;{))? qui aurait donné |N]3,3(R;{?)|?k,5k,1 < Nli4(R;c)7 et
donc des puissances p = 4. Cette astuce que nous permet la localisation s’avére étre
cruciale.

Montrons maintenant le résultat (i7).
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CHAPITRE IV. MINORATION DE LA DENSITE EN TEMPS PETIT

D’aprés la condition (Hs, Ay, z) de I'Hypotheése 11.3 et la Remarque 1.1, on a

2(1 1/(1+6) 1 2(1 1/(1+0)
(E]'—tk <Nk,§> +O(R;q) 1Bk,g>> = a <E7'—tk (Nk,f"’) +C)(Rk) 1Bk,g)>

< 0pF.

14¢ o 1/(14€) 2% . R
Donc (E;tk (Nk,4 (Ry) 13,“()) < 6;°. Ce qui achéve la preuve. [

3.2. Evaluation de J

Rappelons que J(w) est définie pour tout w € Ay par I’équation (IV.1.5), soit

Gk—Z
Vok

Voici le résultat de ce paragraphe :

J(w) =Eg, [Cbnk ( ) (Qr—1) 1Bk7¢:| , avec Ny = /i

VO

Lemme IV.4:
Supposons que 9, < d,. Alors, pour tout w € Ay, nous avons

1
J(w)] € —— x 2

16 V27w A

Preuve. Posons G, =V, + J;, avec

tkt1
Jy = / ok dBg, ot 0, = 0(Xy,) , (IV.3.5)
tg
et .- N
Vi =Xy, —|—/ / c(s,a, Xy, ) N(ds,da). (IV.3.6)
123 la|<ex
J
On note J, = — &

T

Rappelons que nous avons introduit la o-algébre G, par I'équation (IV.2.1). En
remarquant que Vj, est G, -mesurable, on obtient

Vi—2z+ Ji

Vok
Vk—Z

= B (on (57 0 ) @) .

On définit la fonction suivante :

o, (z) = /_Oo bn, <% +y) dy. (IV.3.7)

I L = B, o ) @ - 115,14]
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3. EVALUATION DU RESTE

On a donc @, () = ¢y, (b - x), et

Eo, (on (“L5 1) (Qu= 1)1, = Bo, (0, (10 (Qu— D14,

Nous allons faire une intégration par parties.
Puisque la condition (Hj, A, z) de I'Hypothése 11.2 est satisfaite, la matrice de co-
variance de J;, vérifie

i 112 1 2 2
Pty 64,7, ::/ | Dy J| d325x5k0k:ak23>0.

tg

La variabe aléatoire J; est donc bien non dégénérée sur A, au sens de Malliavin,
c’est-a-dire elle vérifie la condition (l11.2.2), et on peut appliquer l'intégration par
parties (111.2.3) du Théoréme Il.1. On obtient

Bo, (0n (5 1) (Qu= 1Ly ) = Bo, (0 () UL Q= 1)1,).

Puisque 0 < ®,, <1,0na
|Bg, (P, (Ix) H(Ji, Qr — 1) 14,)| < Eg, |H(J}, Qx — 1) 14,], et donc, pour tout
wE A

D’aprés la Proposition Ill.1 (i), on a

’H(‘]I/ga Qr — 1)| <C |Qk - 1‘ ‘(ﬁtkﬁk,z}fclil ’Ltk75k(‘]ll€)’
+ C1Qk — 501 Pt 60, | [Tkl trsin
+CQk = 1 bt 5,01 7 1il2 501 [Tl tgt2 - (1V.3.9)

Rappelons que sur Ay nous avons ¢y, 5, 77 > A.

1 O
De plus, D,J;, = —— D,J,, = —=, et donc D?_J;, = 0.
Ve Vi g
Conclusion :
trt1 1/2 —
s = ([ DR ds) =1l < VR et 1l g0 =0.
ty

D’autre part, nous avons

v
Loy ()] = | / D,J,dB,| =
tg

\/_5_k |Btk+1

Btk’ < _Btk|'

\/— |Btk+1
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CHAPITRE IV. MINORATION DE LA DENSITE EN TEMPS PETIT

En insérant ces évaluations dans 'équation (1V.3.9), on obtient

vx 1 VA
|H(JI;>Qk - 1)| < CT |Qk - 1| \/_5_19 |Btk+1 - Btk| + CT |Qk - 1|tk75k,1 :

L’équation (IV.3.8) devient donc

Vi1 VA
|J(w)| <C T ﬁ E]-—tk(‘Qk - 1| ’Bthrl - Btk’ 1Bk,§) +C T E]:tk(‘Qkhk’&k’l 1Bk’<)
oy v
<C T (E]:tk (’Qk - 1’2 1Bk,C))1/2 +C T E]:fk <|Qk’t’“’5’“1 13’“’4) ’

D’aprés le Lemme 1V.3 (ii), on a

Ez, (1Qklu 601 18,.) < C 6.

25+1
Deplus, Qr # 1 = N,ig(Rk) > k2 . Il vient donc en utilisant la condition (Hs, Ay, 2)
de 'Hypothese 11.3 et la Remarque 1.1,

5254—1
Er, (|Qr — 115, ) <Ps, (Bk,ca |NZ3(R)| > kQ )

525-‘1-1
2
:P]:tk (lNk,3(Rk)| 1Bk,< > k2 )

<2 51225_1 Eftk |Nl§,3(Rk’) 1Bk,§|

<C&F.

Conclusion : pour tout w € Ay,

VX

Tw) <225,

A

En prenant
- A e1A \E
CvVx \16 V27

la preuve est achevée.
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3. EVALUATION DU RESTE

3.3. Evaluation de J'

Rappelons que nous avons défini J'(w) pour tout w € Ay par 'équation (IV.1.6),
soit encore

s = [ B [ CE 0 T B o, ] ap

Voici le résultat de ce paragraphe :

Lemme IV.5:
Supposons que 6, < d,. Alors, pour tout w € Ay, nous avons

@) € —s e,
16V2m A
R
Preuve. Soient 7, = "/ et R, := —* On définit les variables aléatoires Vi et Jj,

Vo Vo

respectivement par les équations (IV.3.6) et (IV.3.5), de telle sorte que Gy = Vi + J.

Ik .
Posons J;, = —=. Avec ces notations, on a

Vo
Jl(w) ]‘Ak

! / Vi — 2 / / /
0 k

Reprenant la fonction ®,, définie par I’équation (IV.3.7), on a

B, [oh, (L + Ui+ 0B ) B Quta] = o, [0+ ) B Qua]
Nous allons faire deux intégrations par parties successives. Il nous faut pour cela re-
garder la condition de non dégénérescence (I11.2.2) nécessaire a ces deux intégrations
par parties.

Dans le poids Hy(J), + p R}, R}, Qr) qui provient de ces deux intégrations par par-
ties (voir Théoréme Il1l.1), apparaissent des termes qui dépendent de la fonction
de localisation @) et de ses deux premiéres dérivées de Malliavin. Plus précisément,
Hy(J.+p Ry, R}, Q) est une somme dont chaque terme est multiplié par Q, DQy et
D?Qy. Ces termes étant nuls si H(j)(N,ig(Rk) 675 =0, j =0, 1,2, nous travaillons
donc sur ’ensemble

2
O 1= (J {0V (NE(Bi) 6371) # 0} € {NZg(Ry) < 6351}

=0
et on a Hy(J|, + p Ry, R, Qi) = Ho(Jf + p Ry, R, Qk) 1o, -
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CHAPITRE IV. MINORATION DE LA DENSITE EN TEMPS PETIT

Ainsi, dans les calculs qui suivent, on utilise la propriété
Nys(Ry) < 6.712 (IV.3.12)

La condition (Hi, Ay, z) de I'Hypothése 1.2 étant satisfaite, et puisque 0 < p < 1,
nous avons sur Ak,

gbtk Ok Jk-‘rpR’ ¢tk S, — P gbtk o, Ry, = 2 ¢tk Sk, R,
1
Par ailleurs, Cbtk,z?k,R; = — |Rk‘|tk,6k 1S5 N 5(Ry,). Donc, d’aprés la propriété (1V.3.12),
o A
il vient ¢y, 5, 7+ pR, > = 5 62
En prenant
o\ Ved
ssszaans(3) (V313)
il vient

A
Dty b, +o RY (W) > Z pour tout w € A, N Oy, .

La variable aléatoire J; + p R}, est donc non dégénérée au sens de Malliavin sur
Ak NOy, c’est-a-dire elle vérifie la condition (I11.2.2). Il est donc possible de faire deux
intégrations par parties successives sur A;NOy. Le résultat (111.2.5) du Théoréme I11.1
nous donne alors :

/ Vi — 2 / / /
Eg,, {ﬁbnk <k—\/5—k + (Ji + ka)) Ry Qy 1Ak:|

=g, [O) (i +p Ry) By Qi 1a,]
= Egtk, [(I)mc(Jl,c + pR;c) HQ(JIQ +p R;w R;c Qk) 1Akﬂ@k] :

Puisque 0 < ®,, <1, I'équation (IV.3.11) devient pour tout w € Ay,
1
@I [ B (Ha(+ 0 B B Qo Lnn) () dp. (V314)
0
D’aprés la Proposition Ill.1 (i7), on a

|Hay(J, + p Ry, R, Qr)| < CF(J, + pRy)
X (|Ry Qx| + | Ry, Qrlty.s01 + | By Qrltysn2), (IV.3.15)
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3. EVALUATION DU RESTE

avec

3
F(‘]I,c + pR;c) = (1 \ |¢tk75ka1;+PR;€|_5) (1 + Z |‘]I/c + pR;ﬁ‘tk75k7i)6

1=0
X (1 + ‘Ltk75k<‘]]:) + pR;c)| + |Ltk,5k(‘]1,c + pR;C)|tk76k71>2
< (Voo 4pr | 7°) (14 Nia(Jy + p Ry))S.

Regardons le terme F'(J;, + p R},).

. . A
On vient de voir que sur A; N Oy, Pty 8,0 40 R], = Z Donc

_ 1
AV gy ipr] ™) <C E

Puisque 0 < p <1,0n a
Nia(Jp + p Ry) < Nia(Jp) + Niga(Ry) -

Nous avons vu dans la preuve du Lemme IV.4 que D'J;, = 0 pour i = 2,3, et
[T |sa = ok < VX De plus, Ly, s, (J}) = J}.
Conclusion :

Nea(i) < € (1] + V) .

D’autre part, en utilisant la propriété (1V.3.12), nous avons sur Oy,

/ 1 €
Ni3(Ry) = 75 Nia(Ri) <6 <1,

Donc, finalement,
~4

/ CA /
F(J,+pR,) < 7(14' PN

Par ailleurs, la propriété (1V.3.12) entraine | R} | < 0} et | R} |, 6,0 < 05, 2 = 1,2.
Puisque |Qx| < 1, le Lemme IlI.1 (i) nous donne alors

|R, Qiltpor2 < COf (1 +|Qiligoe1 + |Qkltgo0,2) -

Conclusion : en insérant ces résultat dans I’équation (1V.3.15), il vient

~4

N
|Ha(Jy + p By, By Qi) < C G O (1+ D)% (14 |Qklep o1 + 1Qklrys0.2) -
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CHAPITRE IV. MINORATION DE LA DENSITE EN TEMPS PETIT

En utilisant I'inégalité de Holder, on obtient (pour ¢ = 8 (1 + ¢)/(),

Er, (|H2(J), + p Ry, R, Q)| 15, e, )

~4 ~4

A A
< 055 0iEn, (14 BA) RENer A

¥ s Er, (14 D)% 1Qklty000 1, )

—4
A
+ O Y
X4 4
¢/(14¢
<055 +c 07 (B, (L LIDD) ) (B |Qul) 0 1500)

—4
A ¢/(1+¢)
+C 550 (B, (L DY (B 1@l 50 15)

E]:tk ((1 + "]l/c|)8 ’letk,5k72 1Bk,4)

1/(14+¢)
>1/(1+C)

)\4

—4
X 1/(1+0)
<O 50+ O350 (B, QUL 1 10,0)

by 1/(14¢)
+O 50 (Bl 1n0)

Le Lemme IV.3 (i7) nous donne alors

~4
P
Er, ([H2(Jy + p Ry, R Qi)| 15, ne,) < C F‘S’i‘

Finalement, en insérant ce résultat dans I’équation (1V.3.11), il vient pour tout
w e Ak,

T
En prenant
B A\ —4/X 1/z
5 < 6. <O T) < 2 ( _> | (1V.3.16)
16vV2mA
la preuve est achevée. [ |
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Suites d'évolution \V}

Dans ce chapitre, on se donne une grille de temps 0 = t) < t; < ... <ty =T, et
on note 0y = ty41 — tx le pas de temps. Soit une suite de réels (xy)r=1,. n telle que :
xo = Xg et xp,q satisfait les deux propriétés suivantes,

VO

- |$k:+1 —$k| < T,

— On définit I'événement F;, -mesurable Ay par

dic1 .

A = {w/|Xt” —al < Y=kt 1} c {|th(w) — | < \/5k} .
On suppose que les conditions (Hy, Ak, Tg11) et (Ha, Ag, Tpy1) introduites dans les
Hypothéses 1.2 et 11.3 sont vérifiées.

Le chapitre précédent nous donne le résultat suivant :

Proposition V.1:
Supposons que 0y, < d,, ou 0, est défini par I'équation (IV.1.2).

o

Supposons que |z — z| < 5

Alors, pour tout 0 < n < +/0g, pour tout w € A, on a

1
— ><e_4/é.

Pp(w, 2) 2 ——=
! 8\/271’(%)\

Preuve. Pour tout w € A, on a

\/5_k\/£\/5_k‘

| Xt — 2| <N Xey — T | + 700 — 2| < N + S
Et donc Ay C {w/]th (W) — 2z < \/5k}. On peut ainsi appliquer le Théoréme V.1,
ce qui nous donne le résultat. |

En appliquant la Proposition V.1 au point z = xy, la suite (z%)k—1,. n nous donne
donc une minoration de p, x(w,xy), c’est-a-dire de la régularisation de la densité
condionnelle de X3, | sachant F;, au point z. Par un argument de récurrence, cette
suite va nous permettre de transmette cette minoration pas a pas (c’est-a-dire de
ty & tge1, k=0,...,N —1), et donc de minorer la densité¢ de X;, au point xy. Le
résultat principal de ce chapitre est le suivant :
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CHAPITRE V. SUITES D'’EVOLUTION

Théoréme V.1:

Supposons que la loi de X;,, a une densité continue py par rapport a la mesure de
Lebesgue sur R.

Supposons que pour k =10,..., N, §, < 0, et qu’il existe H,, > 1 tel que

Sp_1 < HE 6y .

On obtient alors
674/A
—(N-1)0

pN(l’N) > ——c¢ s
8V2m A\
. 4 In(27m\) R,
ouH—X+ln32+ 5 +N—1 kgllnHk.

Preuve. Soit 0 <n < \/dy_1 et |x — xn| < /0n_1/2. La Proposition V.1 entraine

[ i@ (e = aw)de =B [Bs,,, (04(X, — )]

> E [pyn-1(zn) Lay ]
6_4/A

814/27On_1 A

11 suffit donc de montrer que P(Ax_1) > e~ W19 hour obtenir le résultat. En effet,

> P(An_1).

un passage a la limite n — 0 et la continuité de py permettent ensuite de conclure.

V0k-1

4 Hy,

Etape 1. Montrons que pour tout 0 < n < ,on a

P(A@ZE[lAH I pn,m(y)dy].

Y=k <Vt —n
Puisque / On(Xe, —y) dy = / ¢y(y) dy =1, on obtient
. R
P(A;) =E(14,)
—E (1Ak_1 1{|thxk+1|<@})
=E {1A,€_1 Er, (1{th—mk+1|<\/§}>]

-F [1A’” B (/R O Xoe =)Ly 1<) dyﬂ '

: Vo
Or |th —y| <nsi Cbn(th —y) # 0. De plus, |z}, — 2p41| < I

50



Si ¢,(Xy, —y) # 0, on obtient donc

Vo

| Xt — e | <Xy, —yl + |y — @] + |2p — 2o | <+

Puisque par la définition de Hy, on a /0p_1 < Hj\/0y, il vient

Ok J
{Iy—xk|< k l_n}g{|th—xk+1|<§}.Ainsi,

4 Hy,

E X, —y)1 dy | =
Fep_y (/R¢77( th y) {|th—xk+1\<@} y) -

/R L e Ay (0n( X, — ) dy .

1THy,

Ce qui termine cette premiére étape.

Etape 2. Déduisons maintenant une relation de récurrence.
V0k-1
8 Hy,
position V.1 sont satisfaites.

\/Op_ \/ Op—
Puisque H, > 1, onan < /01, et ol —n= i < v/d,_1. Donc, sur I'en-

4 Hy, 8 Hy,

Prenant n = dans I’étape précédente, vérifions que les hypothéses de la Pro-

semble{|y—xk\< v —np,ona |z, —y| < \/Ik_1.

Conclusion : on peut appliquer la Proposition V.1 pour obtenir :

P(Ay) > E |14, / Pri-1(y) dy
[ <y

8 H

e~4/2 vV Ok—1
> = ({Iy—xk| < d }> P(Ag-1).
8\/271’(5k_1)\

V

Ok Ok
Puisque m <{|y — x| < 8;{;}) = 4;{;, il vient
|

W) = s e

Etape 3. Une récurrence nous donne donc

e—4/a \NTL N1
Pldva) = <32 x/2ﬂ) (g E) Pldo).

P(Ay).
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CHAPITRE V. SUITES D'’EVOLUTION

Vo

)
Or P(Ay) =P (]Xto -1 < \/T_O> =1, car | Xy, — 21| = |xg — 21| < i

Finalement
6_4/A

N—-1 N-1 1
Py z (J=) Ty ze™™
32V2m A ,E H,

Ce qui achéve la preuve.
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Minoration de |la densité VI

Il nous faut tout d’abord vérifier que nous sommes dans le contexte du chapitre
précédent, en particulier que le reste Ry défini par I’équation (11.0.7) satisfait la
condition (Hs, Ay, z) de 'Hypotheése I1.3.

Nous appliquons pour cela 'inégalité de Burkholder pour les processus de sauts (voir
par exemple [BGJ87|). Rappelons la définition de [IW89] :

Une fonction u : [0,00) X R X R — R est Fy-prévisible si (¢, a,w) — u(t,a,w) est
S-mesurable, ou S désigne la plus petite o-algeébre sur [0,00) X R x R contenant les
fonctions mesurables ¢ telles que :

— pour tout £ > 0, (a,w) — ¢(t,a,w) est B(R) x Fi-mesurable

— pour tous (a,w), t — ¢(t,a,w) est continue a gauche.

Théoreme VI.1:
Soit u : [0,T] x R x R — R une fonction F;-prévisible telle que pour tout t > 0,

ﬁKAMMMWWM®<w.

On suppose qu'il existe une processus prévisible (L)cor) et une fonction
ue ) LP(R,v) tels que

h ’U(t, a, w)‘ < Lt(w> ﬂ(a) .

Alors, pour tout p > 2, il existe une constante C, > 0 telle que
t ~
/ / u(s,a,w) N(ds,da)
0o Jr

. Estimation du reste de la diffusion

p t
E g@/Em@W@. (V1.0.1)
0

L’objet de ce paragraphe est de montrer que le reste Ry satisfait la condition
(Hsy, Ay, z) de 'Hypotheése 11.3, soit le Théoréme suivant :

Théoréme VI.2:

) <
Soit ¢ € (0,1/2). Notons € = 1050
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CHAPITRE VI. MINORATION DE LA DENSITE

Alors, il existe une constante universelle C' > 0 telle que

5 1/(1+0)
(E]:tk (Z|R |tk Okt 1Bk<)> < 0511+46‘

i=0
Notons
tet1
R? = / o(X,) —o(Xy,)dBs, (VI.1.1)
let1 ~
RY = / / c(s,a, X, ) —c(s,a,X;,)] N(ds,da),  (VI.1.2)
(73 la|<e.
_N tr+1 .
R, = / / c(s,a,Xs-) N(ds,da) . (VI.1.3)
t la|>e«
Puisque Ry = RP + RY + R,iv, nous allons regarder chacun de ces termes. Les

calculs de la preuve du Théoréme VI.2 emploieront toujours les mémes arguments :
inégalités de Burkholder pour le mouvement Brownien et pour les processus de
sauts (voir Théoréme VI.1), inégalités de Holder et hypothéses 1.1 portant sur les
coefficients de la diffusion. Ces calculs étant trés répétitifs, nous allons les présenter
jusqu’au dérivées secondes afin de montrer comment ils se mettent en place. Mais
commengons par quelques évaluations sur la diffusion (X;)s>o et ses dérivées D' Xy,
i > 1 (dont l'existence est prouvée dans [BGJ87]).

1.1. Evaluations préliminaires de la diffusion

Lemme VI.1:
Pour tout n > 2, il existe une constante universelle C' > 0 telle que,

(7) Ez, (\Xs - th\Q(HO) < C0y pour tout ty < 8 < tgyq.

(i) Eg, <|DT1 . Xs}n(lJrC)) < C pour tout i > 1.

Preuve. (i) Pour tous t;, < s < tx1, nous avons

XS:th—i—/ dB+// (r,a,X,-) N(dr,da) .
ti

Donc

n (14¢)

S

o(X,)dB,

n (14¢)
/ / ¢(r,a, X,-) N(dr, da) .
tg

Er, (IXs— X, |"0%9)) < CEf,

+CEgp,
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1. ESTIMATION DU RESTE DE LA DIFFUSION

e Les inégalités de Burkholder et les Hypothéses I1.1 nous donnent

n (14¢)

E]: < CaZ(lJFQ/Q'

2%

)n(1+C)/2

/ o(X,)dB,
ty

< CEg, </ lo(X,)|? dr
ty

e D’autre part, les inégalités de Burkhdlder pour les processus de sauts, c’est-a-dire
le Théoréme VI.1 appliqué a L;(w) = 1y, 4(t) et T(a) = ¢(a), donnent

E _ n (1+¢)
Ez, </t /Rc(r,a,Xr_)N(dr, da)) < Coy.
k

Le résultat (i) est donc démontré.
(77) Regardons pour commencer la dérivée premiére. Nous avons

DX, = o(X,) + / o'(X,) D, X, dB, + / / dye(r, a, X,-) Dy X,~ N(dr,da) .
th tr JR
Donc, puisque d’aprés (i), Ex, (|0(Xu)|”(1+<)) <C,

s n (14¢)
E]:tk (‘Dqu’n(l-l-C)) <C+ CE]:% / O_I(XT) D, X, dB,

ti

//8zc(r,a,Xr)DuXT]v(dr, da)
)

t

n (14¢)
+ (JEftk

e D’apres les inégalités de Burkholder,

n (14¢)
Er

ik

/ o'(X,) DuX, dB,
t

k
n(1+¢)/2
< CEg,

| 1R DX ar
ty

< ¢ gpttort / Er, (|DuXT\”(1+O) dr .

i

e D’autre part, I'inégalité de Burkhdlder pour les processus de sauts, c’est-a-dire le
Théoréme VI.1 appliqué & Ly(w) = D, X;- 1, 4(t) et TW(a) = ¢(a) (on rappelle que
|0x¢(r, a, X;)| <¢(a)), nous donne

n (14+¢)
B,

/ / duc(r, a, X,—) Dy X,- N(dr,da)
rJR

t

< c/ Ex, <]DUXT|"(1+O> dr.
tg

Conclusion : notant f,(s) := Ez, (\DUXS|”(1+O), nous obtenons

fuls) <C+C /t ful(r)dr.
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CHAPITRE VI. MINORATION DE LA DENSITE

Le lemme de Gronwall entraine alors f,(s) < C. Ce qui donne (i7) pour les dérivées
premieéres.
Regardons maintenant les dérivées secondes. Nous avons

D2 X,=H?, (s)+ /t o'(X,)DZ,,, X, dB,
k
+/ /&Ec(r,a,XT—)Dfler—]v(dr, da) ,
tr JR
avec

H? (8) - 0-/(X7’1> DT2X7‘1 + U/(XT2> DTlXTz

T1,72

+ / c?(X,)D,, X, D,, X, dB,
tr

+ / / &2c(r,a, X,-) Dy, X,- Dy, X,~ N(dr,da) .
tr JR

En utilisant les techniques précédentes, c’est-a-dire les inégalités de Burkholder et
de Holder, et les Hypothéses I1.1, nous obtenons :

s n (14+¢) s
n(1+¢)/2—1 n (1+¢)

E}—tk /t OJ(XT) D31 7"2X7" dB’“ S Cdk( o/ /t E}—tk ‘Dg1 7“2Xr‘ d’f’,

k k

et

s " n (1+¢)
Ez, / /@cc(r,a,X,.) D? .. X,-N(dr,da)

tp JR

=¢ / E}—tk |D31 7”2X7" i dr.

tk

11 vient donc

B, D X4 < B |12 ()09 4. C [ B DM ar

2 172
i

Evaluons H? . (s). Remarquons que (i) entraine

/ E}—tk (’Drer|n(1+O ’Drng’n(H_o) dr

123
U1 1/2 tht1 1/2
tr tr

<C.
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1. ESTIMATION DU RESTE DE LA DIFFUSION

Il vient alors par les inégalités de Burkhdlder,

n (1+¢)

/ c?(X,)D,, X, D,, X, dB,

173

Ef,

< 052(1%)/2—1 / E]'—tk (|DT1X7~|"(1+O |D7~2Xr|"(1+<) dr < 05 (1+¢)/ :
173

et (prendre Ly(w) = D, Xy Dy, Xy~ 1, 4(t) et u(a) = ¢(a) dans le Théoréme VI.1),

n (1+¢)

E]:tk </ / agc(r’ % XT_> DTIXT_ Derr— N(d'f‘; da))
tr R

<C [ B, (DX DX ) dr < O

ti

Finalement, puisque d’aprés (i), on a Eg, | Dy, X,.,["+9) < O, on obtient
Eftk| r1 7“2( )|TL(1+O < C.

Conclusion : notant f,, ,(s) = Ex,_(|D7,,X,[""*9), on obtient

]
frim(s) <C+C / frir (1) dr, et le lemme de Gronwall entraine f, ,,(s) < C. Ce

qui prouve (i7) pour les dérivées d’ordre deux.

Pour les dérivées d’ordre supérieur, on note qu’'une récurrence se met en place de la
facon suivante :

Supposons avoir montré que pour [ <i—1,on a Eg, D! X, |00 < .

On a

T1...7]

T1..ry<rS T ey, i r1...15
ty

Di . X,—H T(s)—i—/ (X,) D X,dB,

—l—/ /&Cc(r,a,XT Dy X, N(dr,da)
tr JR

n (1+4¢)
” X }ﬂ(l—i—{) d

1.

S
< a0/t / | D!

ty

/ o'(X,) Di, , X, dB,
173
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et

n (14¢)
B,

/ / Ozc(r,a, X,-) Dful_”an]v(dr, da)
tp JR

gc/sEﬂk D XM ar

T1...75
tr

Concernant I'évaluation du terme H;, . (s), les inégalités de Cauchy-Schwarz nous

permettent de nous ramener a ’hypothése de récurrence et donc de montrer que

Eftk ‘H;I

~~~~~~

7

n (14¢) N . N
. o ), on se rameénera toujours a

Conclusion : notant f,, ,.(s) := Ez, (\D
une majoration du type

......

Et le Lemme de Gronwall de conclure que f,, ,.(s) < C. [ |

1.2. Estimation du reste correspondant au mouvement brownien

tet+1
Rappelons que nous avons noté Ry := / o(Xs) — o(Xy,) dBs.
t
Nous avons : ’
tha1 2(1+¢)
B, [REP0HO =B, | [ o(X,) - o(X,) dB,

tg

- ) (14+0)
< CEpg, ( / [o(Xs) = o(Xy,)| d$>
ty

tet+1 1+¢
<CEg, </ X, — Xy, | ds)

12

k

< C 6 tk+lE X, — X, [P+ ¢

= k «Ftk| s tk| S
tg

<Cate,

la derniére inégalité venant du Lemme VI.1 (7).

¢ 1
(1+¢) ~4(1+¢)

Conclusion : puisque ¢ € (0,1/2), € = 1 , et on a

(B, (REPH9)) 0 < 051070 < 0 gpree
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1. ESTIMATION DU RESTE DE LA DIFFUSION

Nous avons

trt1
DIRP = D} { / o(X,) —o(Xy,) dBS]

ty

Tt
_ / o'(X,) DLX, dB, + 0(X,) — o(Xy,).

Donc

B 2(1+§) (%) (1+<)
2
Er, (IRE05) < Can, ([ 10060 = o6 P

12

tr4+1
conn ([
ti

D’aprés le Lemme VI.1 (ii), il vient

tra (1+¢)
B ([ o060 — ot )
tg

tkt1
< 05,5/ B, | Xy — X [P0 du < C o7

tr4+1
/ o'(X,) D: X, dB,

2 (1+¢)
du) )

173
De méme,
tkt+1 tkt+1 2 (140
E;tk / / a’(Xs) Dllth dB,| du
tr u
tea1 tea1 2 (1+¢)
< o8 / Er, < / o'(X,) D X, st) du
tk u
tkt1 tkt1
<Cac / Er, (/ |DLX, >0+ ds) du
tr tr
Conclusion :
1/(14¢) _
(E]:tk <|RkB|fk(;:‘§)>) < 0(5]1-&-1/(1-&-() < 05;4-45‘
Nous avons

D; RkB - OJ<XT1> DTQXH + U/(XT2) DTlXT'Z

271

T2T1

tet1 trt1
[ o) DX DX B+ [ o) D X,
ty tk
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Le Lemme VI.1 (i7) entraine

tra tey1 (1+¢)
E]'—tk (/ / |0/<X7”1> DT2X7”1 ’2 dry d?"g)
tr tr

<O " tHlE Dy, X PO dry dry < C62F2€
> k ftk’ T2 T1| riarz > k :
tr ti

De méme,

thr1 flrtl (14+¢)
Ej:tk (/ / ‘O'/(XTQ) Dang ’2 d?"l d?“g) < Céz+2< .
tr Tk

the1  plest 2 14+¢
E]:tk / / d?"l dTQ
tr ti
) tho1  Plegl 2 (14¢)
S(Skn / / E]:tk
tr tr

d’/’l d?“g
SC 5277 / E]:tk (|DT2XT|2(1+O |D7"1Xr|2(1+<)) dTl d?“g dr
[tk te+1)

tit+1
/ c?(X,) D,,X, D, X, dB,

tet1
/ c?(X,)D,,X, D, X, dB,
12

<05
Enfin,
th+1  fle+1 tet1 2 1+¢
E]:tk / / / ) Dé r Xr dBr drl dT’Q
) tk+1 fle+1 tit+1 ) 2(14¢)
<427 / / ol / o/(X,) D2, X, dB, dry dry
ti tr t
<C ¢ / Eg, [D2,, X, >0 dry dry dr
[t sthg1)3
3+3
<C 6T,
Conclusion :

1/(14¢) _
<E-7'-tk (|RB ?k(;:‘g))) < C5li+1/(1+<) < 05;+45.

Finalement, en menant les mémes calculs pour les dérivées d’ordre supérieur, on
obtient le résultat suivant :

5 1/(1+¢)
(E (z RB 2059 )) < g,

1=0
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1. ESTIMATION DU RESTE DE LA DIFFUSION

1.3. Estimation du reste correspondant aux petits sauts

Rappelons que nous avons noté

trt1 .
RY ::/ / [c(s,a, Xo-) — c(s,a,Xy,)] N(ds,da).
tr |a|<z—:*
Dans les calculs qui suivent nous utiliserons constamment le Lemme VI.1.
D’apreés les Hypotheéses 11.1, nous avons |c(s, a, Xs) — c(s, a, Xy, )| < €(a) | Xs — Xy, |.
Appliquant donc le Théoréme VI.1 & Ly(w) = | X — Xy, | 1ty 1,41 (2) et U(a) = ¢(a),
on obtient

tkt1
Eg, |[RY[PH9 <C / Bz, | X, — X, [2H9ds < C6;.
ty

¢ . 1-¢
4(1+¢) —4(1+¢)

(Ex, (’Rgp(uo))l/(“o < Céf/(”o < O i,

Conclusion : pour ¢ € (0,1/2), on a € = et donc

te+1 -
Nous avons DRy = / / Oxc(r,a, X,—) D X~ N(dr,da).
a|<€*

Le Théoréme VI.1 appliqué & Liy(w) = |Ds Xy~ |1, 1,,,(t) et T(a) = T(a) entraine

donc
2(1
Er, (|Rév|tk(,5:,<1)>
tht1 tht1 _ 2 1+¢
=Ez, (/ / / Opc(r,a, X,-) Dy X,—- N(dr,da) ds)
th ¢ la]<ex
ter1  fle+l
<C'o; / / Ez, | DX, >+ dr ds
tr tr
<C e,
Conclusion :
1/(1+¢) _
(Br, (RYEGD)) T oo < ogpee,
Nous avons

tk41 .
D2 RY = / / O2c(r,a, X,-) DyX,- D,X,- N(dr,da)
\a|<€*
tet+1 .
+ / / Oyc(r,a, X,-) D2, X~ N(dr,da) .
t |(1|<E*
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CHAPITRE VI. MINORATION DE LA DENSITE

En appliquant & nouveau les inégalités de Burkhdlder du Théoréme VI.1, on obtient

thr1 et 2 14+¢
Er, / / duds
tr tr

<C8t / Bz, [ID.X, [P0 D X, PO duds dr
[thtrr1)?

tri1 ~
/ / d2c(r,a, X,-) D X,- DyX,- N(dr,da)
tr |a\§€*

<O

De méme,

th+1  fle+1
tr tr

<Cac / Ez, |D2. X, |29 du ds dr
[ttet1)?

2 1+¢
du ds]

lg+1 ~
/ / Oyc(r,a, X,—) D2, X~ N(dr,da)
tr \a|§€*

<O
Conclusion :

1/(14¢) _
(Br, (IRNESS)) T ooV <ogte,

Finalement, en continuant les mémes calculs aux dérivées d’ordre supérieur, on ob-
tient le résultat suivant

5 1/(14¢)
(E (zmzy 3;;:,?)) < cgir,
1=0

1.4. Estimation du reste correspondant aux grands sauts

tr41
=N >
Rappelons que nous avons noté R, := / c(s,a, X,~) N(ds,da).
tk la|>ex«
Remarquons que la localisation sur I’événement Bj . ne nous a pas été utile pour

évaluer les restes RP et RY. C’est pour ce terme Eiv que cette localisation joue un
role important.

En effet, si on applique l'inégalité de Burkholder pour les processus de sauts sans
tenir compte de la localisation, on obtient (prendre L;(w) = 1y, 4, .,1(f) et U(a) = ¢(a)

dans le Théoreme VI.1) : Ex, (‘le\f‘g(ug)) < C 4. Et dans ce cas,

_ 1/(1+¢)
(Eﬂk <| R}iV|2(1+<)>> <C 5;/<1+<) '
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2. COURBES DETERMINISTES ELLIPTIQUES

Ce qui ne donne pas une puissance assez grande, et donc la condition (Hz, Ay, z) de
I’'Hypothese 1.3 ne peut étre vérifiée. Il nous faut donc nous y prendre autrement.
Puisque R, ne prend en compte que les grands sauts, on peut écrire

—N let1
Y| = / / o(r.a, X,-) (N(dr, da) — dr v(da))
tr |a‘>8*
l41 tet+1
< / / c(rya, X,-) N(dr,da)| + c(r,a, X,) drv(da)
t la|>ex« la|>ex«

tra lkt1
/ / a)drv(da) + / / N(dr,da)
|‘1|>5* \a|>€*

=0 / E(a) l/(da) + |Rk| ,
la|>ex«

oil on rappelle que Ry, est défini par I’équation (11.0.9).

+1/2

Donc sur I'événement By = {|Rx| < (5,5 }, on obtient

Ry |1, < C o+ 052

¢ ¢ 1

Puisque pour ¢ € (0,1/2), € = ———— < = < —, on obtient donc

W

_ 1/(1+0) _
(B, (P91, )) 7 <0G+ < Capre.

La condition (Hs, Ag, z) sera alors vérifiée pour Fiv.

En ce qui concerne les dérivées de E]kv, on reprend les mémes calculs que ceux menés
dans le paragraphe précédent pour RY. En effet, la seule différence est que nous
travaillons désormais avec la mesure 14>, N(ds,da) au lieu de 1<, N(ds,da).
On obtient finalement le résultat suivant :

1/(1+¢)
N z
(E (zm f,j;jf)) < oo

. Courbes déterministes elliptiques

Dans ce paragraphe, nous allons réunir les résultats précédents (obtenus dans les
Théorémes V.1 et VI.2) pour minorer la densité de X en un point y € R fixé. Nous
travaillons dans le cadre suivant :

e On suppose que la loi de X7 a une densité continue en y € R fixé, notée pr(zg,y).
e On suppose qu’il existe une courbe contintiment différentiable (¢):c0.7 telle que
z(0) = Xy, z(T) = y. Et on fait ’hypothése suivante sur la dérivée :
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CHAPITRE VI. MINORATION DE LA DENSITE

Hypothése VI.1. 1l existe M > 1 et h > 0 tels que
M |0,x,* > |Oszs|?, s |s —t| < h.

On suppose de plus qu’il existe deux constantes X et \ telles que pour tout ¢ € 0,77,
2 _
0<2)<o*(xy) < g)\.
A
e On introduit une constante 0 < r < —, ou () est la constante de lipschitz de o

202
introduite dans les Hypotheéses Il.1.

e Rappelons que nous avons noté d, par (I1V.1.2), soit

1 1/(1/2—¢)
0y = — AS(A ),
(4 fla\>e* c(a) V(da)) ( )

ou &, vérifie 'équation (11.0.5), soit

On note alors
M(r,h) =6, A1 Ah.

La minoration que nous obtenons est la suivante :

Théoréme VI.3:

(t0.y) > {e (3610w - — L)
px,yz—_xexp—/( Te|” + ) t],
= sV 0 ST M(rh)
In(27\)

4 _
oﬁ9:X+1n32+ +1In M.

1
M(r,h) — S, AT AR

tenue dans le Théoréme VI.3 est essentiellement du type :

Remarque 2.1. Remarquons que puisque la minoration ob-

6_4/A
pr(zo,y) > ——=
V2T A

Etudions alors I'impact de €, sur cette minoration.

% o~ CUjal>e, Ea) v(da))” , € (0,1/2).

ex—0

On a / ¢(a)v(da) — oo. Donc, plus e, est petit, plus la minoration devient
la|>ex

mauvaise.
Or rappelons que ¢, est choisi assez petit pour que I’équation (11.0.5) soit vérifiée,

i) A
/|ags* c“(a)v(da) < 5"

c’est-a-dire
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2. COURBES DETERMINISTES ELLIPTIQUES

Ainsi, plus \ est petit, plus €, 'est aussi, et plus la minoration est mauvaise. Nous
obtenons donc une description de Deffet de la mesure de Lévy v(da) des sauts via le
rapport entre €, et A sur la qualité de la minoration du Théoréme VI.3.

Preuve. Etape 1. Soit I'y une subdivision de [0,7] ou les instants de la grille #
sont construits de la facon suivante :

tr+u 1
7, = inf {u > O// | Oy | dt > _2} :
t 16 M

Définissons

On prend ty = 0, et t; étant donné, on pose
pour k=0,...,N =1, tp1 =tpg + 7 ANM(r,h),

avec

N = min{k/t, > T}.
On note le pas de temps
(Sk :tk+1 —tk :Tk/\M(T,h).

Evaluons N. Pour cela, notons I} = {k < N/oy, = 1} et Iy = {k < N/6 = M(r,h)}.
Remarquons alors que

T
1 =2 9
> E

kel

te+Tk — 9
/ 16 M |8txt|2dt

tg
ti+M(r,h) 1
5y it

kels bk M(T, h)

L +Tk .
Nous avons par la définition de 74, pour tout k € Iy, / 16 M |0y, |2 dt > 1, et
123

1

dt = 1.
M(r, h)

tk+M(T7h)
clairement, pour tout k € I, /

tg
Conclusion : nous obtenons

T
1 —2
N < 16 M 2 .

Pour finir cette étape, montrons que le pas de la grille ainsi définie vérifie
—2
Op—1 < M 6.

Supposons que 7, > M (r,h). Alors 6, = M(r,h) > M(r,h) A 1x_1 = 0)_1. Puisque
M > 1,1l vient §p_; < e 0.
Supposons maintenant que 7, < M (r, h). Alors §;, = 7%, et il suffit donc de montrer
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CHAPITRE VI. MINORATION DE LA DENSITE

Ok—1
que —5 < Tk, soit
M

tk+ 72 1
/ M |(9txt|2 dt S p—
12 16 M

oy
Puisque 0;_; < h et M > 1, pour tout ¢ € [ty t + ) on a |t — t;| < h, et pour
M

tout t € [ty_1,tx), on a [t —tx_1| < h. En appliquant alors deux fois I'hypothése VI.1,
il vient

tot =) 9 Ok— i 9 1
/ |at$t| dt < M |3tkmtk| / |8tmt| dt < p—
23 M le—1 16 M

Ce qui achéve cette premiére étape.

Etape 2. Suites d’évolution. On définit la suite des réels z, = z(t), k=1,..., N
et on va montrer que (xy)g=1,. n est une suite d’évolution.

)
e Vérifions tout d’abord que |x(tx41) — 2 (tr)| < \/T_k D’aprés la définition du pas

de temps d; dans I’étape précédente, nous obtenons

Définissons les événements F;, -mesurables suivants

0i—
Ak = {w/‘Xtil(w) —.’/‘Jz‘ < Tl,lz 1,,]{}+1}

Vo
c /) - aal 5
e D’aprés le Théoréme V1.2, la condition (Hs, Ay, 2x41) de 'Hypothése 11.3 est satis-
faite.
e Montrons que la condition (Hy, Ay, xx11) de 'Hypotheése 11.2 est vérifiée.

Considérons I'événement A; := {w/| X (w) — 4| < 7}

“|5
o

Remarquons que A, C A;,. En effet, pour tout w € Ay, on a | Xy, (w) — zp41| <
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2. COURBES DETERMINISTES ELLIPTIQUES

Donc la définition de d, dans la premiére étape entraine

)
X ) =l < L o — ] < VA< M) <,

et donc w € A;,.
Il suffit donc de montrer que la condition (Hy, Ay, xx4+1) est vraie. Montrons tout
d’abord que pour tout w € A,,, on a

0%(X,,) — 02(1)| < A
D’apres les Hypotheéses II.1, on a

|0%(X4,) — o ()| < Colo(Xi)| [ X, — x| + Co lo ()] [ Xe, — w1l

On obtient donc
0*(Xy,) > 0% (p) — (0°(Xy,) — 02 (k) 22X — A= A, et

0*(Xy,) < 0%(w) + (0(Xy,) — 0*(21)) < 0% () + A < 0 (2p) +

Conclusion :
Pour tout w € A, , A < o?(X;,) < \.

Ce qui signifie que la propriété (Hy, A, xx41) est satisfaite et donc I'hypotheése
(Hy, Ak, x41) aussi puisque A, C Ay, .

(2 )k=1,. ~ est donc bien une suite d’évolution.

Etape 3. Appliquons le Théoréme V.1. D’aprés sa définition dans la premiére étape,
on vérifie bien que 0 < J,. Puisque nous avons montré que d,_1 < M 0, on prend
H,, := M. On obtient donc

6_4/A
— X e

pr(To,y) > ———
o V2T A

In(27 \)
2

étape nous donne le résultat. [ ]

—(N-1)0

4 —
ou 6 = X +1n32 + +In M. L’évaluation de N établie dans la premiére
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Deuxiéme partie

Integration by parts for pure jump
processes
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Malliavin calculus for simple functionals VI

Introduction

The standard Malliavin calculus on the Wiener space leads to an integration by
parts formula. The aim of this chapter is to settle such a formula, but for locally
smooth laws. Let us be more precise.

We will consider functionals of finite number of random variables V;,7 = 1,...,n. In
the Wiener space, the random variables V; would be the increments of the Brow-
nian motion B(t;) — B(t;—1). In this case, (V;);>1 are independant and identically
Gaussian distributed, so their laws are absolutely continuous with respect to the
Lebesgue measure on R and have smooth densities. In this chapter, we consider a
more general framework. First, we no more assume independancy, but we look at
the conditional law of V; with respect to V}, 7 # i. Then, we assume that this condi-
tional law is absolutely continuous with respect to the Lebesgue measure and has a
density p; = p;(w,y) which is piecewise differentiable with respect to y.

Using integration by parts, one may settle the duality relation which represents the
starting point of the Malliavin calculus. But some border terms will appear corres-
ponding to the points in which p; is not continuous : for example, if V; has a uniform
conditional law on [0, 1], the density is p;(w,y) = 1jo1j(y) and integration by parts
produces border terms in 0 and in 1.

A simple idea allows us to cancel the border terms : we introduce weights m; which
are null at the points of singularity of p; - in the previous example, we may take
mi(y) = y*(1 — y)*, for some o € (0,1). We then obtain a standard duality relation
between the Malliavin derivative and the Skorohod integral, and the machinery set-
tled in the Malliavin calculus produces an integration by parts formula.

But there is a difficulty hidden in this procedure : the differential operators involve
the weights 7m; and their derivatives. In the previous example, we have

m(w,y) = a(y* (1 —y)* — y*(1 — y)*!). These derivatives blow up in the neigh-
borhood of the singularity points and this produces some non trivial integrability
problems. So one has to realize an equilibrium between the speed of convergence to
zero and the speed with which the derivatives of the weights blow up in the singu-
larity points. This leads to a non degeneracy condition which involves the weights
and their derivatives.
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Once an integration by parts formula is settled, we deal with its iteration. When ite-
rating the integration by parts formula, some terms such as m;(V;) 7/ (V;) appear. But
the second order derivatives 7/(V;) are never integrable -in the previous example,
7/ (w,y) involves terms as y* 2 (1 — y)*, a € (0,1).

To overcome this difficulty, the idea is to split the support of the conditional density
of V; into two disjoint sets. For example, if V; has a uniform conditional law on [0, 1],
we put [0,1] = [0,1/2] U [1/2,1] and we consider two kind of weights (7} );en and
(7?)ien, such that 7} (respectively 72) is null on [1/2,1] (respectively [0 1/2]). W
thus obtain 72(V;) (7})”(V;) = 0, and the second order derivatives of 7} dlsappear

This means that we perform the first integration by parts formula using the weights
ml, and the second one using 72

. The framework

We consider a probability space (2, F,P), a sub o—algebra G C F and a sequence
of random variables V;,i € N. We denote

Gi=GVo(Vyj#i).

Our aim is to settle an integration by parts formula for functionals of V;, ¢ € N,
which is analogous to the one in the standard Malliavin calculus. The o-algebra
G appears to describe all the randomness which is not involved in the differential
calculus.

We work on some fixed set A € G .

We denote by Lw)(A) the space of random variables F' such that E (|F” 14) < oo
for all p € N, and by L,)(A) the space of random variables F' for which there exists

some 0 > 0 such that E <|F\p+‘S 1,4) < 00. We assume that

Hypothesis VII.1. Vi € Lisoy(A), i € N.

For each i € N we consider some k; € N and some G;,-measurable random variables

a;(w) = t2(w) < th(w) < ... < th(w) <t (W) = bi(w).

ks
We denote B;(w U tJJrl )) Note that we may take a; = —oc and b; =

00.
We will work with functions defined on (a;(w), b;(w)) which are smooth except for
the points t],7 =1,..., k;.

Definition VII.1. We define Ci(B;) as the set of the measurable functions
f Q2 xR — R be such that, for every w, (y — f(w,y)) is k times differentiable on
Bi(w) and for each j = 1,..., k;, the left hand side and the right hand side limits
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flw,t](w)=), f(w, t)(w)+) exist and are finite (for j = 0 and j = k; + 1 we assume
that the right hand side, respectively the left hand side limit exists and is finite).

Let us denote

7

= flw, t(w f(w,tg(w)—i—)) + f(w, bi(w)—) — f(w,a;(w)+) . (VIL.1.1)

J:1

For f,g € C1(B;), the integration by parts formula gives

/ fgw.y)dy=Ti(fg) - / F glw,y)dy. (VIl.12)
(ai,b;) (as,bs)

So I'; represents the contribution of the border terms - or, put it otherwise, of the
singularities of f or g.

Notation: Let n,k € N. We denote by C, . the class of the G x B(R™) measurable
functions f : Q2 x R" — R such that I,(f) € Cx(B;), i =1,...,n, where

]Z(f)(w7y) = f(w7‘/17 .. -a‘/i—laya V;—&—la .. 7Vn)

oF f
DTy - .. OTg,
We then denote by C,(A) the space of functions f € C,; such that for every
0<p<kandevery a = (ay,...,0) €{1,...,0n}?, O f(V1,..., V) € Lise)(A).

For a multi-index o = (ovy, ..., ax) € {1,...,n}*, we put 0" f =

The points tg, j = 1,...,k; represent singularity points for the functions at hand
(note that f may be discontinuous in #) and our main propose is to settle a calculus
adapted to such functions.

Our basic hypothesis is the following.

Hypothesis VII.2. For every i € N the conditional law of V; with respect to G; is
absolutely continuous on (a;, b;) with respect to the Lebesgue measure. This means
that there exists a G; x B(R)-measurable function p;(w, z) which satisfies

E (0 ¢(V;) 1(a,0( ( /w ) pi(w, ) L(az ) (2 )dx> ,

for every positive, G;-measurable random variable © and every positive, measurable
function ¢ : R — R.
We assume that p; € Ci(B;) and 0y Inp;(w,y) € L) (A).

In the applications, we consider random variables V; with conditional densities p;
and then we take t{ , 0 =0,...,k;11 as the points of singularities of p;. This means
that we choose B; in such a way that p; satisfies hypothesis VII.2 on B;. This is the
significance of B; (in the case where p; is smooth on the whole R, we may choose
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For each i € N we consider a G; x B(R)-measurable and positive function
mi Q@ x R — Ry such that m;(w,y) = 0 for y ¢ (a;,b;) and m; € C1(B;).
We assume

Hypothesis VII.3.
7i(w, Vi) 1p,w) (Vi) € Loy (4) and 7i(w, Vi) 15,0 (Vi) € L+ (4).

These will be the weights used in our calculus. In the standard Malliavin calculus,
they appear as re-normalization constants. On the other hand, p; may have disconti-
nuities in t{ .7 =1,..., k; and this will produce some border terms in the integration
by parts formula - see (VI1.1.2). We may choose the weights (7;);en in order to cancel
these border terms (as well as the border terms in a; and b;).

. The differential operators

We introduce in this section the differential operators which represent the analogous
of the Malliavin derivative and the Skorohod integral.
We suppose that there exists a partition of Q2 : Q = |J A,, where A,, € G for all

n>1
n€Nand A, N A, =9 if n #m.
e Simple functionals.
A random variable F' is called a simple functional if there exists Np € N* and a

finite sequence of G x B(R™)-measurable functions (f,)i1<n<n, which satisfies :
fo: Q@xR" = Rand Flyu, := fo(w,V1,...,V,) 14, foralln=1,..., Np, that is

F= an Vi, V)1 n,whereV (Vi)i>1 -

Notation: We denote Sy the space of simple functionals F' such that the correspon-
ding sequence f, € C,, n < Np.

Sk(A) is defined as the space of simple functionals such that f, € C, (AN A,) for
allm =1,..., Np, which means that f, € C, and f,, and its derivative up to order
k have finite moments of any order on AN A,.

Remark 2.1. For F € Sy, we may write

F= an Vi, V) 1, with f, =0 forn > Np.
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2. THE DIFFERENTIAL OPERATORS

We will use the notation Oy, F :=

e Simple processes.

A simple process is a finite sequence of simple functionals U = (U;);=1..._n,, that is
there exists G x B(R™)-measurable functions u; : Q2 x R”™ — R be such that for all
i=1,....Ny

U = u; (w,\7) =3 U@, Vi Vi) La,, with w, = 00 > .
n=1

We denote by Py (respectively Pr(A)) the space of simple processes such that
Uin € Cpg, i,n € N (respectively u;, € C,x(ANA,), i,n € N).

Example Let us consider the following simple functional
an Wi Vo) 14, with f, € Cpy and f, =0 if n > Np.

We then deﬁne the simple process 0f = (Oy, f)i>1 by
v f(w Zafn Vi Va) 1a, —Zafn Vi Vo) 1,

e On the space of simple processes we consider the following inner product associated
to the weights (7;)en :

=>_uilw, V)uiw, V) mi(w, V7). (VI1.2.1)

Note that since the simple processes U and V are finite sequences of the simple
functionals U;, ¢ < Ny and V;, ¢ < Ny, the sum defined in equation (VII.2.1) is
finite.

Moreover, we have w;,, = v;,, = 0 if ¢ > n, and in view of Remark 2.1, there exits
N € N such that u;,, = v;,, = 0 if n > N. Then, we can write

[e.9] n

(U V), =D mi(w, Vi) (tin vin) (@, Vi, -, Vi) La,

n=1 =1
N n

= ZZ Tri(wa Vt) (ui,n 'Ui,n)(wa Vl, RN Vn) 1An .

n=1i=1

We define now the differential operators which appear in Malliavin calculus.
B The Malliavin derivative D : §; — Py :
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CHAPITRE VII. MALLIAVIN CALCULUS FOR SIMPLE FUNCTIONALS

if F=f(w Z fa(w, Vi,..., V) 14, , we then define DF = (D;F);en € Py by
DiF =0y, f(w, V) 15, (V) = Zaf” .V V)1
Vi Bi(w) &L’l 1Iy---5 Vn) 1A, -

B The Malliavin covariance matrix associated to the inner product (., V-
Given F' = (F',... FY), with F' = fi(w, ) € S, the Malliavin covariance matrix
of F'is defined by

Oﬂ,F : <Z)F’Z DF] Z’/Tk Vk 8kf )8kfj(w,‘7)

—ZZWk Vk 8ka aka( ,‘/17---;Vn>]-An-

n=1k=1

This is a symmetric positive definite matrix.
B The Skorohod integral associated to the inner product (.,.),
0p : P1 — Sp : if U = (U;)ien, we then define

5W(U)::—i(8( U 4 m U 01npy) (w, ZZ&M Y1, (VI2.2)

n=1 =1

where on A, §;-(U) == (0;(m; win) + ity Olnp;) (w, Vi, ..., Vp).
B The border term operator. For I' = f(w,V) € S and U = (U;),5, € Py, let
us define

ZZF (F U)X m X p;) 1a, . (VI1.2.3)

n=1 =1

Put it otherwise, for all n € N*, on A,,, we have

ZF i(fo X Uin) X i X D;)

= ZZ ((fn X um)(w, ‘/1, ey ij_htz—, V}—I—l; e Vn)(mpz)(w,tf—)

i=1 j=1

_(fn X ui,n)(wa ‘/17 BRI ‘/}—17 tg—i_a ‘/j-‘rl) ey v’rz)(ﬂ-zpl)(wu tz—i_))

+ Z(fn X ui,n)(wa ‘/17 ey ‘/}—17 bi_7 ‘/}-i-lu ey Vn)(72p1)<w7 bz_)

- Z(fn X Uin) (W, Vi, Ve airk, Vi, - Vo) (mips) (w, ait).
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2. THE DIFFERENTIAL OPERATORS

Remark 2.2. If we choose the weights (;);en such that

{ Tilw, tl4+) =m(w,t!=)=0,i>1,7=1,... k
uy

VII.2.4
(w,a;+) =m(w,bi—)=0,i>1, ( )

then [F,U], =0 for every F € §; and U € P;. Hence, there will be no border terms
in the duality formula and in the integration by parts formula. This is - one possible
- reason of being of the weights. The other one concerns re-normalization.

B The Ornstein Uhlenbeck operator associated to the inner product (., .),.
We introduce L, : So — Sy defined by : for all F' € Sy, L, (F) := 0,(DF). We thus
have by (VI1.2.2)

i 0;(m; 0if) + m 0, f Dl p;) (w, ZZLM . (VIL.2.5)

=1 n=11=1

where on A, L; .(F) = (((m)’ +m0lnp) 0 fn +m affn) (W, Vi,..., V).
Note that m;(w,y) = 0 for y & (a;,b;) and y — Inp;(w,y) is differentiable on (a;, b;)
so that m; 0; In p; makes sense.

Remark 2.3. Note that in view of Remark 2.1, the sums with respect to n in equa-
tions (VI1.2.2), (VI1.2.3) and (VI1.2.5) are finite.

In our framework the duality between the Skorohod integral §, and the Malliavin
derivative D is given by the following Proposition.

Proposition VII.1:
Let FF € 8§ and U € P;. Suppose that for every i > 1, we have

E(|F6,(U)|14) + E(mi(w, V;) |DiF x U;| 14) < 0. (VI1.2.6)
Then E(|[F,U].|14) < 0o and

E((DF,U)_14) = E(F6,(U) 14) + E([F, U] 14). (VI1.2.7)
If hypothesis (VI1.2.4) holds true, then

E(DF,U)_ 14) = B(F 6,(U)14).
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Proof. Since m; = 0 on (a;, b;)¢ and hypothesis VII.2 holds true, we have

E((DF,U). 1,)
ZE(ZE mi(w, V;) Ov, fr X Ui | Gi) 1AmA>

<1AQA Z/ quznafn ‘/17"'7 17y7‘/i+17"‘7Vn)pi(w7y>dy> .

||M8

Let us fix n € N*. Using integration by parts (see equation (VII.1.2)), we obtain on
ANA,, for all i <n,

b;
/ Oifn X (T Ui ) X D;
= Z/  Oifn X (Tiuin) X pi
— 1947
( (fn X uzn szz Z/ 7T'L uzn) X Di + (ﬂ-i ui,n) X apz))
4t

( (fnxuln,n-lpl / fn» TrZuZn)—i_ﬂZu'Lnalan)po'
By hypothesis (VII.2.6) we have for almost every w € AN A,,

/<|U17n &fn] mpi)(w,Vl, .. .,‘/i,l,y, ‘/Z'Jrl, .. .,Vn) dy < o0,
R
/(|fn( (T i) + w0 lnpy)| X pi)(w, Vay ooy Vie, y, Vi, oo, Vi )dy < oo,

So the above integrals make sense.

Since I';(L;(F x U;) m; p;) is the sum of these two integrals on AN A, we also ob-
tain E (|T(L(F x U;) mpi)| Lana, ) < 0o, so that E (|[F,Ulz| Lana,) < co. In view
of Remark 2.3, we get

E(HFv U]W’ 1A) = ZE(HFv U]W‘ 1AﬂAn) = ZE(HFv U]Wl 1AﬂAn) < 00

Using the definition of the conditional density p; in hypothesis VII.2, we come back
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to expectations and we obtain

b;
/(Wiui,naifn)(wa‘/la'“av;17y7‘/i+17'--7Vn)pi(w7y)dy1AﬂAn
—E(F6;-(U) | Gi) Lana, + Li(Li(F x U;) i p;i) Lana, -
One sums over i and we get

E((DF,U)._ 14)

:—ZZE (F6;,-(U)|Gi)lana,] +E

n=11i=1

ZZF (F x U;) 7 pi) Lana,

n=1i=1

N n
=-F (F ZZ 0ix(U) 1A0An> +E([F,U],14) (by Remark 2.3)
n=11=1

=E (F(sw(U) 1A) + E([F7 U]Tr lA) :

The result is thus proved. [ |

Corollary VII.1:
Let Q € S1(A), that is (Q and its firts order derivatives have finite moments of any
order on A. Suppose moreover that there exists some n > 0 such that

E(1a (|m Q|+ |0v(mQ))'™™) <00, i>1. (VI1.2.8)
For every F € §1(A), U € P1(A), one then has
E(Q(DF.U)14) =B(F6.(QU)1) +E(F.QU), 1) . (VIl29)

Proof. In order to use the previous Proposition, we just have to check that F' and
U = QU satisfy hypothesis (VI1.2.6).
We have

[0 (QU)| < |0vi(m Q)] [Ui] + [m: Q (19w Uil + [Us] |91 py]) -

Since U € Py(A), one has U;, Oy,U; € L(oo)(A), and by hypothesis VII.2,

Olnp; € Lix)(A). Hence, using hypothesis (VI1.2.8), we get §;-(QU) € Luy(A).
Moreover, F' € L()(A), and we thus obtain E (F 6; -(Q U)|) < oo

We have D;F, U; € Liso)(A) and 7; Q € L14)(A). Hence, E (7; |[D; F' x (Q U;)|) < oc.
The proof is thus complete. [ |

As an immediate consequence of the duality relation (VII.2.7) we obtain :
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Lemma VII.1:
Let F,G € S;. Suppose that for every i > 1, we have

Then E (|[F, DG],| 14) < 00, E(|[G, DF],| 14) < o0 and

E(F LG 1) + B([F, DG, 14) = E(< DF, DG >, 1)
= E(GL:F14) 4+ E([G, DF]; 14).

We denote by C(R?) the space of the functions ¢ : R? — R which are k times
differentiable and such that ¢ and its derivatives of order less or equal to k have
polynomial growth. The standard differential calculus gives the following chain rules.

Lemma VII.2:
i) Let ¢ € CL(RY) and F = (F',..., F?), F' € §;(A). Then ¢(F) € S§1(A) and

D¢(F) = i d(F) DF*. (VI1.2.10)

ii) If ¢ € C2(R?) and F' € Sy(A) then ¢(F) € Sy(A) and

d d
L:g(F) =Y 0ud(F)L.F* = > &} ,6(F) (DF*, DF?) .
k=1

k,p=1

iii) Let F € Si(A) and U € P1(A). Then FU € Py(A) and
5.(FU) = Fé,(U) — (DF,U)_ .
Particulary, if F' € §1(A) and G € S3(A) then F DG € Py(A) and
5.(F DG) = FL.G — (DF,DG). . (VI1.2.11)

Remark 2.4. Let us define L2(A) as the closure of Py with respect to the norm
associated to the scalar product (U,V) . If [F, U], is not null, then the operator
D:8 C L*(Q2) — Py C L2(A) is not closable.

Indeed, suppose for example that Vi is exponentially distributed and V;, i > 2 are
arbitrary chosen independent of V. We take m; = 1 and m; = 0, ¢ > 2. We thus
perform our calculus with respect to Vi only. In this case, a1 = 0,b; = oo and there
are no points t{ .

Take now F,, = f,,(V4), that is F,, 14, = fn(V1) for all n > 1. We put
fm(x)=1—mazx for 0 < x < 1/m and f,(x) =0 for x > 1/m.

Take also Uy = uy(V4), that is Uy 14, = uy,, = uy for all n > 1. We put
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u(r)=1—xzfor0 <z <1andu(z)=0 forx > 1.
Let us write the duality formula for all m € N,

E((DF,,,U)_) = E(Fy, 6(U)) + E([Fyn, Ul,) .

Since [F,,, U], = 1 and F,, — 0 in L?(Q), we obtain Wlll_rgo E((DF,,,U),) = 1. And
so DF,, - 0 in L2(A). This proves that D is not closable.

But if [F,U], = 0 for every F,U (this happens for example if we choose m; so
that they satisfy hypothesis (VI1.2.4)), then the duality formula (VII.2.7) guarantees
that the operators D and ¢, are closable. But we stay here in the level of the
simple functionals and we do not discuss the extension to the infinite dimensional
framework. Hence, the fact that the operators D and ¢, are not closable is not

relevant in our framework.

Remark 2.5. The above differential operators and the duality formula (VI1.2.7) re-
present an abstract version of the operators introduced in Malliavin calculus and of
the duality formula used there.

In order to see it, we consider the simple example of the Euler scheme for a diffusion
process, corresponding to the time grid 0 = sg < 1 < ... < s, = s. This is a
simple functional depending on the increments of the Brownian motion B, that is
Vi = B(s;) — B(s;—1), it = 1,...,n. The variables on which the calculus is based are
independent Gaussian variables. It follows that

pi(w,y) = (27 (si — 32‘—1))_1/2 exXp (—92/2 (8i — 81‘-1)) .

Since p; is smooth on the whole R and has null limit at infinity, there will be no
border terms coming on, so we take a; = —oo,b; = oo and k; = 0.

IfF = f(w,V), then D;F = 8;f(w,V) = D,F (s, 1.5 (s) where DF is the standard
Malliavin derivative. We take m; = s; — s;_1 so that

(DF,DG), =Y D;F DG = / D,FD,Gdu.
i=1 0

Note that here the weights are used in order to obtain the Lebesgue measure. Mo-
reover, we have 0, Inp;(y) = —y/(s; — s;—1) and so

5. (U) = — ij: (a%Ui(w, V) (85 — 8i-1) — wi(w, V) w) .

We thus find out the standard Malliavin calculus.

Remark 2.6. If [F,G], = 0, the calculus presented here fits the framework intro-
duced by Bouleau in [Bou03] : in the notation there, the bilinear form
(F,G) — (DF,DG)_ leads to an error structure.
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. Integration by parts formulas

3.1. For locally smooth laws

Let = (F',...,F%) € S{(A), that is F' and their derivatives have finite moments
of any order on A. We then define

Op(A):={G =0, x Q: Q € S§{(A),Q; satisfies hypothesis (VI1.2.8)} .

We think to G € Op(A) as a random direction in which F' is non degenerated (in
Malliavin’s sense).
The basic integration by parts formula is the following.

Theorem VII.1:
Let F = (F',...,F%) € 8§(A) and G € Or(A), that we write G = o, r X Q.

d d
Then 6, (Z Q" DF’), [QS(F),ZQZ DF", € Lu4)(A) and for every ¢ € Cp(RY)
i=1 i=1

one has
d
E((VO(F),G) 14) = E <¢<F> 5, (Z Q DFi) 1A>

+E ([¢(F>,i@i DF], 1A> . (VI3.0)

Proof. Using the chain rule (VI1.2.10), we get
d d N
(D$(F),DF") =" 0;¢(F) (DF?,DF") =" 0;¢(F) o2 .
j=1 j=1

Since G' = 0, p X (), we obtain
(VO(F),G) =D 0;0(F) &' =Y 0;0(F) D Q' olp =) Q" D 0;0(F) oy
j=1 j=1 i=1 =1 j=1

= ZQ (D¢(F),DF") .

We have ¢(F) € Si(A) and DF? € Py(A). Moreover G € Op(A), and then Q;
satisfies hypothesis (VI1.2.8). We thus may use the duality formula (VI11.2.9) to obtain
the result (VI1.3.1). |

We give now a non degeneracy condition on o, p which guarantees that all the
directions are non degenerated for F.
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We assume that det o, p # 0 on A and we denote v, p = 0';};. We also assume that
i (det va )%, 7, det Yoy T 7] (det vr #)? € Ly (A), for every [ > 1. This may be
summarized by :

Hypothesis VII.4. There exists n > 0 such that
E [14 (det v r)> 0 (1 + |7])7] < 00 (VI11.3.2)

In the following, this hypothesis will be called ‘The non degeneracy condition’.

Lemma VII.3:
Let F € SY(A). Assume that the non degeneracy condition ( VI1.3.2) holds true.
We then have S{(A) C Op(A).

Proof. Let G € S{(A). We can then write G = o, r x Q, with Q = 7, r X G. We
have v/ . = 07 o x det v r, where 0.} is the algebraic complement. It follows that

Q' = det v, p x S, with §' = ZGJ Cas

Let us check that hypothesis (VII 2.8) holds true for QL,i=1,...,d.
Since m; € Loy (A) and Dy F" € Ls)(A) one has & U7r,F and det 0 € Loy (A). Since
GJ e L(OO) (A), we then have S € L(OO)(A).
Moreover, by the non degeneracy condition (VII.3.2), we have det v, p € L14)(A).
Since m; € Loo)(A), we have m; det v p € L4 (A).
Finally,

m Q" = (m detyrr) S' € Lap(4).

We now check that D;(m Q") € L1 (A).
We write on AN A,

Dyoy = m Do f}, Dofi + Z 7 Di(Dy fr, Di.f3) -
k=1
Since F' € S§(A), we have D, f: Dy fi, Di(Dyfi Dyf?) € Liooy(AN Ay), and conse-
quently DlajT{F = 61+ 6,1, with 61, 6 € Loo)(A). Then Dy(det o, p) = p+v ) and
DyS" = p; + v m, With u, v, g, v € L(oo)(A>'
Thus, we obtain

Di(m Q") = 7] det v g S* — m (det v p)? Di(det o 1) S + 7 det v, p DS
_ nf dety g 5 — m (det s p)? (1 + w70) S+ 71 Aoty (s + i),

Since 71, € Lso)(A), the non degeneracy condition (VII.3.2) gives

m (det e p + det 77 1) € Lg)(A).

Moreover, by hypothesis VII.3, we have m; € L(14)(A), and by the non degeneracy
condition (VI1.3.2), we have 7] (det v, r)?* € L14)(A). So, since
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7 det v p = /m x (/7] detvx r), using the Cauchy-Schwarz inequality, we get
7TZ det Y, € L(H—) (A) And then,

Dy(m Q" ) € Lap(4).

And the proof is complete. [ |

As a consequence we obtain

Theorem VII.2:

Let F = (F',...,F%) € 8§(A) and G € 8 (A), that is F* and G and their derivatives
have moments of any order on A.

Suppose that the non degeneracy condition (VI1.3.2) holds true.

d d
Then §, (G S DFJ') ,|9(F).G Y Al DFY
j=1 = 0

and for every ¢ € C)(R?), one has for every i =1,...,d,

€ Lup(A),

E(ai¢<F) G 1A) =

d
F) 6, <G > A DF ) 14
j=1

14

T

d
+E | |0(F),G Y . DF

L J=1

Suppose that m,1 > 1 satisfy the hypothesis (VII.2.4) which cancels the border
terms. We then obtain

E(0:0(F) G14) = E(o(F) Hix(F,G) 14) , (VI1.3.3)

with

H,(F,G) =6, <szy DFJ’)

d
=3 (G LeF? = (D(GAL), DFY) ) € LI1(A).

Jj=1

Proof. We take G = (0,...,0,G,0,...,0) with G on the place i, so that
0;0(F)G <Vq§( ) > In view of Lemma VII.3, G € Op(A) and G = o, p x Q,

with @ = G+2';.. One then employes Theorem VII.1 to conclude.
In order to obtain the second equality in the expression of H; .(F,G), one employes
the chain rule (VI1.2.11). [
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There is one particular situation in which the non degeneracy condition (VI1.3.2)
does not involve the weights : if F' is one dimensional and if the integration by
parts formula is based on a single random variable V;. Then we have the following
Proposition.

Proposition VII.2:

Let F = f(w,V) € S3(A) and G € S§1(A).
Suppose that there exists some | > 1 be such that

E |14 (DlF)76(1+")] < 00, for some n > 0. (VI1.3.4)

Let us consider the weights m; = 0 for i # | and m an arbitrary function which
verifies m € Lio)(A) and m € L4y (A).

Then: 57T<G%T,F DF)7 [¢(F)7G77r,F DF]ﬂ' € L(1+)<A)

And for every ¢ € C)(R), one has

E(¢'(F)G14) = E(¢(F) 6x(G Y, p DF) 14) +E ([¢(F), G Yrp DF]7 14) . (VIL3.5)

Proof. Note that On,F = Wl(%) |D1F‘2
We then come back to the proof of Theorem VII.1 and we write G = Q) 0 p, with

_ G : 2
Q = swiper w0V [DEF]£0,

Hence, m(V}))Q = G/|D,F|* and, as a consequence of hypothesis (VII.3.4), one
gets m(V;) Q, Ov,(r(Vi) Q) € Lugy(A), © > 1. We may thus use the duality rela-
tion (VI1.2.7) to conclude. [

On the contrary, there is another particular case where the non degeneracy condi-

tion (VI1.3.2) does involve nothing but the weights m; : if ' = f(w, V) is one dimen-
sional with 0f elliptic, we have the following Lemma :

Lemma VII.4:

Let F = f(w,V) € §;1(A), that is F' and its derivatives have finite moments of any
order on A. We assume that there exists a positive constant ¢ such that for all i € N,

10:f(w, V)| >¢>0. (VI1.3.6)

/

We suppose that the weights (m;(w, V;))ien and their derivatives (!

z(w7 ‘/i))iEN are

independant.
We also suppose that there exists 1 > 0 such that for all+ € N

B Km)mm] < 0. (VI1.3.7)
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Then the non-degeneracy condition (VI1.3.2) is satisfied.

Proof. Note that, since we deal with the one dimensional case, the non-degeneracy
condition (VI1.3.2) reads

E |:1A ((%,F)2 (1+ |7Tl’|))1+77} < o0, for some n > 0.
We thus have to verify for [ > 1,
E (1 yi“*”’) < oo and E (1A (I(m)' (V) vﬁ,F)”") <. (VI1.3.8)

Let us fix n € N*. On AN A,,, we have

Zn] ) (0;fn)*

|onr| = 14, > [m (V)]

So hypothesis (VI1.3.7) gives

1
1 _
E(]_ "}/ﬂ,( +77)) SmXE(lA |7T1<‘/1)‘ 2(1+77)) < 0.

Let us prove that E <1A (’(71)/(W)| %QTF) 1+n) < .

We fix [ € N. If n > 2, we can take jy € {1,...,n} such that [ # jo, and we get

. <1A (|(m)’(Vz)|v§,F)H") < 02(}% < E (1,4 (\(m)’(y)!(u‘; ‘f))un> |

(Wjo) (wv Jo

Since 7j(w, V}) and 7j,(w, V},) are independant, we obtain

2 (lA <(7Tj0)2(w,vjo)) ) <E (1A [(m)' (V) ) x E <—(7Tj0)2(1+77))

< 0.

If n = 1, we then have to verify that the condition (VII.3.4) of Proposition VII.2 holds
true, that is E (14 |f’(V)|_6(1+")) < 00, and this is the case under the ellipticity
assumption (VI1.3.6). Hence we have

E (s (J(m)[42)""") < o

And then, the non degeneracy condition (VI1.3.2) holds true. |
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3.2. The case of smooth laws

The aim of this paragraph is to show what the non-degeneracy condition (VII1.3.2)
and the integration by parts formula (VI1.3.3) become when the conditional density
of the random variable V; given G; has no discontinuities.

Fitting the notation of the framework given in Section 1, this means that B; = R,
that is a; = —o00, b; = 400 and k; = 0.

As it may remain some border terms in a; and b;, we will suppose that the conditional
density p;(w, y) vanishes at infinity. Moreover, we have seen in the proof of the duality
formula in Proposition VII.1 that we use integration by parts based on 9, In p;(w, y).
That’s why the derivatives 0,Inp;(w,V;) appear in the Malliavin operators (the
Skorohod integral and then the Ornstein Uhlenbeck operator). We thus need to
keep suitable hypothesis on 0, Inp;(w,y) in order to have appropriate integrability
properties for these operators. This leads to the following assumption.

Hypothesis VII.5. For every i € N*, the conditional law of V; given G; is absolutely
continuous with respect to the Lebesgue measure. We denote p;(w, y) its density.
We suppose that p; is continuously differentiable on R and that for all £ € N,

lim |y|kpz(y) = 0.
y—=+o0

We also assume that d, In(p;(y)) = 3yp(i(j)y) € Cg(R).
bi\y

In this framework, since p; produces no border terms, we do not need any weights

(7:)ien, so that we take m;(w,V;) = 1 for all i« > 1. Hence, we come back to the
classical inner product on the space of the simple processes, say

= ZUi(w,f})Vi(w,v).

The Malliavin operators become
e The Skorohod integral : for all U € Py,

Za% V) + 0lnp;(w, V;) Us(w, V) . (V11.3.9)
e The Ornstein Uhlenbeck operator : for all F' € Sy,
LF = §(DF) Zav V) +0lnpi(w,V;) 8y, f(w, V).

e The border terms operator [F, U], disappears.
Concerning the integration by parts formula, let us go back to the integrability
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problem of the Malliavin weight obtained in equation (VI1.3.3) :
d ..
Hi»(F,G) =6, (G > DFj> .
j=1

This expression involves the derivatives of the weights 7 (by means of 0,) as well
as their inverse (by means of 7, p). Hence, we need the non-degeneracy condi-
tion (VI1.3.2) to realize an equilibrium between these two quantities, which allows
us to derive suitable integrability property for the weight H; .(F,G). But in this pa-
ragraph, since we have no weights (7;);en, things are much simple. The expression
of H; .(F,G) actually becomes

d
H(F,G) =4 (G > DFj>

j=1

d
=Y GA'LF —~}! < DF',DG > -G < DF’, Dy} > . (VI.3.10)
7=1

Moreover, the Skorohod integral does not contain the term (7;)" € L14)(A), so we
can set the following Lemma :

Lemma VIL.5:

For all U € Py(A), that is U and its first order derivatives have moments of any
order on A, we have 6(U) € L) (A).

Hence, for all F' € S;(A), we have L(F) € Lio)(A).

Proof. By hypotesis VII.5, dInp; has polynomial growth. Since V; € L) (A), we
then have 0lnp;(w, V;) € L) (A). Equation (VII.3.9) gives the result. ]

This Lemma allows us to use Cauchy-Schwarz inequalities in equation (VI1.3.10),
which was not possible with the weights (7;);en : since (m;)" € Li4y(A), we could
not have L (F) € L) (A) even if F' and OF € L(«)(A).

For example, since Dyl = —2 (vi)? D(0}), we obtain

E[|G < DFI, Dyl > [P1,4] < 2B [|y]? 14] "
1/2

x E[|G < DF/, Doy > [PP1,4] " .

Hence, if F' € S3(A) and G € S1(A) (so that F, G and their derivatives have finite
moments of any order on A), we have Do) € Lo)(A), and then

E[|H,(F,G)[P14] < 0o if E [(7})*? 14] < <.

Thus, the non-degeneracy condition in the case of smooth conditional laws is the
following :
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Hypothesis VII.6.
(H,) E [(det yr)*?14] < oo, for some ¢ € N*.

Let us summarize all these results in the following Theorem :

Theorem VII.3:

Let F = (F' ... F%) € S5(A)¢, G € Si(A), that is G, F and their derivatives have
finite moments of any order on A.

We assume that the matrix op is invertible on A, and that its inverse yp := a;l
satisfies hypothesis VII.6.

Then for every function ¢ : R — R € C,(R), for every i =1,...,d, we have

E(0,¢(F)G14) = E(¢(F) Hi(F,G) 1), (VI1.3.11)

where H;(F,G) € L1(A) is given by equation (VI1.3.10).

. Iteration of the integration by parts formula

In this section, we suppose that the weights (7;);en are chosen so that they cancel
the border terms, that is they satisfy hypothesis (VI1.2.4) :

i (w, tg#—) = 7w, tf—) and m;(w, a;+) = m(w,b;—) =0.

We want to iterate the previous integration by parts formula (VI1.3.3), so that we
will have to solve two problems.

The first one comes from the hypothesis of Theorem VII.2. Once equation (VI1.3.3)
is settled, we actually want to apply again Theorem VII.2 where this time, G is
replaced by H; »(F, G). The hypothesis then require H; ~(F, G) to be L(s)(A), which
is impossible since we just know that H; .(F,G) € L'*7(A) for small > 0 only. So
we have to relax the assumption ‘G € L(«)(A)" by replacing it by ‘G' € L4)(A).
This gives the following corollary in the one dimensional case :

Corollary VII.2:

Let F = f(w,V) € S3(A). We denote

-1
1 (o) n
Onp = WUW,F = 0OnF (ZZ (Vi) 1An> and set Yp g = (6, r) "
m n=1i=1
Let G € §;. We suppose that G (1 + ’?,lr/;) € L+ (A) and that
G x Hﬂ.(F, 1) € L(1+)(A) and <DG, Y, F DF>W € L(1+)<A). (V||.4.1)

Theorem VII.2 then still holds true for every ¢ € C)(R).
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Proof. We have G = Zgn(w, Vi,..., Vo) 14, with g, € C, 1 and g, = 0 for n > N.
n>1

For all R > 0, let us define

n

GR .= Z 14, gn(wa Vi, Vn) HQSR(V;) )

n>1 i=1

where ¢r € C;°(R), and 1_gr) < ¢r < L(_(Rt1),R4+1)-
Then G € L) (A) for all R > 0.

n

We denote ¢ = gn(w, Vi,...,V,) H or(Vi). We thus have

i=1
@GR - Z 8195((“‘}’ Vvla teey Vn) 1An = L(OO) (A)
1

Hence, GF ¢ Sy and GF,9,G" € Loy (A). We can then apply Theorem VII.2 to G :
for all R > 0, for all ¢ € C}(R), we have

E(¢/(F)G"14) =E (V(F) H(F,G") 1,4)
=E (V(F)G"Hy(F,1)14) — E (¢(F) (DG", v p DF)z 14) .
(VI1.4.2)

We take the limit in equation (VII.4.2) as R — oo by using Lebesgues’ theorem in
each term. We have lim G = G a.s and |G®| < |G| for all R > 0.

R—o0
e ¢/ has polynomial growth and F € L) (A), so ¢'(F) € L) (A). And since
G € Lay)(A), we have ¢'(F) G € L14)(A). We then obtain

E(/(F)G"1a) — B(/(F)G1a) .

e We have G H,(F,1) € Luq)(A) and ¢(F) € Loy (A),s0Y(F) G Ho(F,1) € L4y(A),
and we obtain

E(¢(F)G"H,(F,1)14) — E(WY(F) G Hy(F,1)14) .

R—o0
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e For all R > 0, we haveon ANA,, n>1

’<DGR77WFDF> |

’YﬂFafn i9n H¢R

n

Zﬂ-z 'YWFafngnqu( ) HQSR(V;)
j=1
J#i

Zm ) O fn

=1

Z|7Tz ||afn|

=1

> m(vi

i=1

%F8fn idn + |gn| |’77rF‘

1/2 1/2

<KDG,vxp DF)z| + [gnl [yr.F|

1/2
:|<DGa7ﬂ,F DF) |+ |gnl h’rr,F|1/2

~[{DG, Yrr DF )| + GI 13,71
Hence, by hypothesis (VI1.4.1), we obtain [(DG®, v, p DF),| € L14)(A), and then

E (Y(F) (DG®, vpp DF);14) — E((F) (DG, Ypp DF)14) .

R—o00

The proof is complete. [ |

The second problem concerns the second order derivatives of the weights (7;);en. Let
us be more precise. We consider the one dimensional case for more simple notation.
Theorem VII.2 allows us to perform an integration by parts formula in the following
way :

E(¢/(F)G14) = E(6(F) Hy(F,G) 1) |, (VIL.4.3)

with H;(F,G) = G Yz p Lz (F) — (D(G Vr r), DF),. Formula (VI1.4.3) holds true un-
der the non-degeneracy condition (VI1.3.2), which sets that Gy, r L. (F) € L'*7(A)
and (D(G 7z r), DF), € L'(A) for some n > 0.

Suppose that we iterate the integration by parts formula (VI1.4.3) using the same
weights (7;);en. We then obtain the following formula :

E (¢ (F) H:(F,G)14) = E(¢(F) Ho(F,G) 14) , (VIl.4.4)
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with

H.(F,G) = H.(F,H.(F,Q))
— Ho(F,G) Y. Lu(F) — (D(Hq(F, G) 7). DF).

But formula (VI1.4.4) holds true if H,(F,G) € L'(A), which may be a real problem.
The expression of (D(H.(F,G)vrr), DF), contains some terms such as

mi(w, Vi) Dy, (L, (F)) which involves the second order derivatives 7/ (w, V;) X m;(w, V;)
of the weights.

Typically, when B; = («, 5;), the weights m; are chosen as m;(y) := (6; — y)* (y — a;)
if y € (a4, i), and m;(y) := 0 if y & (v, 3;), with a € (0,1/2). So their second order
derivatives are not integrable.

To overcome this difficulty, we split the interval («a;, 5;) into two disjoint sets (v, ;)
and (v;, 5;) (take 7; as the middle of («y, 8;) for example). We define two kinds of
weights (7} );eny and (72);eny such that for all 4 € N, 7} (resp. 7?) satisfies hypo-
thesis VII.3 on (ay, ;) (resp. (v, 3:)), and m} = 0 (resp. 72 = 0) for y & (a,y:)
(resp. y & (i, 3:)). Consequently, since 72 is null on the support of 7}, we have

72 (V;) 0%m} (Vi) = 0 for all i € N. This removes the above difficulty.

(AN

a

Hence, the method for iterating the Malliavin integration by parts formula is the fol-
lowing : we perform the first integration by parts formula using the weights (7} );en
and we perform the second one with the weights (72);cny. Then (DL (F), DF) 2

does not contain any terms with the second order derivatives of 7.

Theorem VIl.4:
Let F = f(w,V) € S3(A) and G € S3(A), that is F,G and their derivatives have
finite moments of any order on A. We assume that F statisfies the ellipticity as-

sumption (VI1.3.6), that is there exists a positive constant ¢ such that for all i € N,
10, f(w, V)| >¢>0.

We suppose that for k,l = 1,2, 7 (w, V), 71‘;((4}, V;) and their first order derivatives

are independant for i # j.
We also suppose that the weights 7F satisfies condition (VI1.3.7) for k = 1,2, that is
there exists n > 0 such that for all i € N

1 3(14n)
E _— < k=1.2.
<7rf<w,v;>> T

Then the non-degeneracy condition (VI1.3.2) is satisfied for the weights ' and 72
and the integration by parts formula (VI.4.3) holds true for all ¢ € C}(R), that is

E[¢/(F)G14] = E[¢(F) Hyi(F,G) 1.4] , with H.i(F,G) € L'*7(A).
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4. ITERATION OF THE INTEGRATION BY PARTS FORMULA

Moreover, we suppose that A = |J A, N A, that is the functionals F' and G depend
n>4
on four random variables at least :

F=fwV)=> fawVi,....,Vi)1a,.

n>4

Then, for all ¢ € C,(R), we can iterate the formula (VI1.4.3), that is
E(¢'(F) Hri (F,G) 1) = E(¢(F) Hx(F, G) 14)
with Hy(F,G) = Hy (F, Hy (F,G)) € L*7(A).

Proof. By Lemma VII.4, we know that if the weights 7% (w, V;) and their derivatives
(7F)(w, V;) are independant, then conditions (VI1.3.6) and (VI1.3.7) imply that the
weights 7F satisfy the non degeneracy condition (VI1.3.2).

Let us prove that we can iterate the integration by parts formula (VII.4.3). In order
to use Corollary VII.2, we have to verify that

H’R'l(F7 G) :)/jré?p € L(1+)(A)a
(DH, (F,G), vz DF) 2 € Ly (A) and Hys (F,G) x Hyz(F, 1) € Lo (A).

By the ellipticity assumption (VI1.3.6), we have on AN A,,

W?n(vm)
1

T (Vin)

1

1
— <
2 =

- 1
~ 2
Yr2, F S Vr2 F Z ﬂ-m(vm) S X C_2 .

m=1

ANSEIANGE

~1/2

Since H1(F,G) € L4)(A), we obtain Hyi(F,G) vﬁé,F € Luy(A).
Let us continue with a Lemma.

Lemma VII.6:
Let us define for i # j, n € N,

e S LHE OO )] 0 )
e (Saom) (o)

and
1+ (7)) (V)]

(5 ma)

m=1

We then have 0}, e} € Lay) (AN A,) for all n > 4.
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Proof. Since n > 4, we can choose i # j # mqg # Iy so that (7})'(w, V}), (77)(w, V),
o (W, Viny) and mj, (w, V) are independant. For p,q = 1,2, we thus get

mo

e |
(3 mm) (£ )

E [14na,

m=1

< E[1a](m) (V)I'*"] B [La |(x3) (V)]

p (1+n) q(1+n)
1 1 E|1l 1
ANAn W}n()(vmo) ANA, WlQO (Vzo) .

Using hypothesis (VI1.3.7) and the fact that (7F)" € L4)(A) for k = 1,2, we then
obtain

x B

1+n
() (V)| [(73)' (V7)) -

Using exaclty the same computations for each term of 7;; and €7, we get the result.ll

We now return to the proof of Theorem VII.4.
e Let us prove that H.1(F,G) Hp2(F, 1) € L4y (A).
For alln € N, k =1,2, we have on AN A,

H,..(F,G)
= 6ﬂ.k (G Vrk F DF)

= (7 0:np;) (W, Vi) gn Yok 1 Oi + Y 05 (7E (V) G Yook Oifin) -

i=1

Let us denote 87 := 9;Inp;(w, Vi) gn 0; [ 75 (V;) € Ls)(A N A,). By the ellipticity
assumption (VI1.3.6), we get on AN A,

n

> (7 0 pi)(w, Vi) gn Yok r O

1=1

1 n
S_
02

Py f;ﬁ V)

For all « € N, we have

00 pk JF = (Z T <5’mfm(w, ‘7)>2> = 95,1 + 952 (Wf)/, (V”-4-5)

m>1
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where 6} = Z 7 (Vi) 0; (( =2 Z o (Vin) 2.f € Loy (A) and

m>1 m>1
0Fy = (0,f)* € Liso)(A). So
Ot p = —an p (08 + 075 (w) ) (V7). with 6F,, 605, € Lisc)(A) . (VI1.4.6)

Using again the ellipticity assumption (VI1.3.6), we thus obtain on AN A4,
Z 8 gn Vrk F 0 fn)

Szmk,Fl (17 (V) [10s(gn 0s )| + |(7) (Vi) 19 Diful) + |0ivar p| |7 (Vi) G Oi
i=1
(VI1.4.7)

n

<3 > | gy LN

+
=D 7@’%( m) > T (Vin)
m=1 m=1
where £ is a polynom of g, 8¢y, 0 fn, 0 f, and 7k (V,,), so that " € L) (AN A,).

Hence, we have on AN A,,

1 n n , 1 _|_ k\/ ‘/’L
P2y )+
R > T (Vin) > T (Vin)
m=1 m=1
Finally, since 7} (V;) x w2(V;) = 0, we obtain
Ho(F,G) Hp2(F,1) < — Z i +CZA77
m AL W) S w2 (Y, ij i
m>1 m>1 7
< CZ 5?5?“‘/\%)77@;

i

where A7 is a polynom of £, £ and ', so that A}; € L) (ANA,). By Lemma VII.6,
we have nf; € L) (AN A,), so Hu(F,G) 7T2(F 1) e L(H)(A)
e Let us prove that (DH 1 (F,G), Y2, p DF) 2 € L14)(A). We have

(DH1 (F,G), yp2p DF) 2 = ZZ&) Hoi(F,G) ywop 8 frn m2(Vi) 14,

n>11=1
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where for all n € N, on AN A,

0;H (Zw ) Gn Vo170 fnf)lnpg>

Za ) gn Vet 05 fa) | - (VILA.8)

Since 0; f,, € Liso)(A), it is enough to prove that

8HW1(F G)/YNQF’R— (V) €L (1+) (AﬂA )
Let us look at vz j 77 (Z 7 (V;) Gn Yo7 O fn O lnpj> . Using equation (VI1.4.6),
we have

(Zw ) Gn Vet O f alnpj) (V)

= Z U P)/7T1 F (W%) (‘/l) + le(‘/}) Val,F + ai'%rHF 7rjl' (‘/J))
= ZW (Y, (1) (Vi) + 75 (V) Yt + 7 (Vi) v p + 15 (Vi) (1) (Vi )

where (% is a polynom of g,,, 995, 0fn, 0*f, and ', 9 In p;, so that 5 € Liso)(ANA,).
Since 7} and 77 have disjoint supports, we have 72(V;) x «}(V;) = 0, and then

(ZW gn%wf)fn@lnp]> (Vi) =Y m (Vi) G} (Vi) Ymrp (14 Y ) -

J#i

By the ellipticity assumption (VII.3.6), we thus have on AN A,

(Zﬂ— gn7w1F8 fnalnp]> z(v)7W2F

i# 3 T (Vi) 22 ™ (Vi) > T (Vin)
m=1 m=1 m=1
<CZ7T 575 (Vi) i -

J#i
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By Lemma VII.6, we have nf; € L1)(AN A,), which gives

(Zﬂ' ) Gn Yt 7 O, fnalnpj> 72 (Vi) Yazr € Ly (AN Ay) .

Let us look at the second term of equation (VI1.4.8), that is

Yz, T ( Z(‘? ) Gn Vet 05 fn) | - By equation (VI1.4.7), we have

0; (] g Vet ,r 0 fn) = & [vmr,r (w5 (Vi) + (m3)' (Vi) + 75 (V) 057 ]

Where £} is a polynomial of g,, dgy, fn, 0 f, and 02 f,,. Hence, £ € Loy (AN A,) and
65 € Loy (AN Ay,).
Slnce 7t and 72 have disjoint supports, we then obtain on AN A,

Vi) 0; Z 9; (W]l 9n VrtF 8jfn)]

ZAU wp (THV) + (@) (V) + 7H(V) Oy ] (VI1.4.9)
Zf Oiver p (1) (V) + (7)) (V3)) + 7 (V) Oym ] - (VI1.4.10)

Let us look at the term (VI1.4.9). Note that 77(V;) v,z < 1. Using the ellipticity
assumption (VI1.3.6) and equation (VII.4.6), we find a polynom of A7 6},,6}, and

157 75,10 77,
(V) denoted by A\ which satisfies

’L]’

|(VI1.4.9) X 2 p|

<N (el (L 1) (VD) + byl (14 1(73) (V))])]

J=1

7>t
1+ |(7H)(V,
<O i ey )+ e
Ly, ( m) > T (Vin)
]>Z m=1 m=1
<C Z)‘w ey
]>z

97



CHAPITRE VII. MALLIAVIN CALCULUS FOR SIMPLE FUNCTIONALS

Since :\fj € Loo)(A) and €} € L1 4)(A) by Lemma VIL6, we get

(Vi) veee Y N [ (m (V) + (1) (Vi) + 7 (V) Dyt ] € Ly (AN Ay).

j=1
§>i

Let us look at the term (VI11.4.10). Since 7} (V;) x 72(V;) = 0, we obtain from equa-
tion (VI1.4.6),

i (Vi) 0y p = = (Vi) v e (031 + 03y (m7) (V1)) = = (Vi) 97 e 03

m>1

Hence, for i # j, we find a polynom 7} € L()(A) such that

i (Vi) Oy p = (Vi) (1 () (V1) Y+ (1) (Vi) v ) -

Using the ellipticity assumption (VI1.3.6) and the fact that 72(V;) veer < 1, we
finally get

|(VI1.4.10) X 7,2 ]

<C Zéz (L + () (V) (Vv p +Yar )

<CZ sy ¢ Lm0
i~ (z ml (vm>> 2 (V)
<C Z@J &5

where f" € L(oo)(A). And since €7 € L14)(A) by Lemma VII.6, we obtain

ORTEN ZS Oy, (5 (Vi) + () (V) + 75 (V) 057w p] € Ly (A) -

]>z

The proof is thus complete. |
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5. Applications

In this section, we present two kinds of application of the integration by parts
formulas (VI1.3.3) and (VI1.3.11) : the study of the density of a random variable and
the computation of conditional expectations.

We use the following notation in order to unify formulas (VII.3.3) and (VII.3.11) :

Notation: Let us fix A € G. Let F,G € Loy (A).
We say that the I P4(F,G) (integration by parts) property holds true if there exists
a random variable H(F,G) € L(14)(A) such that for all ¢ € C;(R),

E(¢'(F)G14) = E(o(F) H(F,G) 14) .

5.1. Density computation

Let A € G be fixed. Since we have settled integration by parts formulas localized
on A, we look at the law (1,4 P) F~!(dx), the image by a random variable F' of
the restriction of the Probability P on A, that is : for all measurable and bounded
functions ¢,

E($(F)14) = / o) (L4 P) F1(dr)

Notation: If (1, P) F~! is absolutely continuous with respect to the Lebesgue mea-
sure on R, we denote pr 4 its density. This means that, for all measurable and
bounded functions ¢,

B ($(F)14) = / o(2) pra(e) da

Let us study the existence of such a density :

Lemma VII.7:

Suppose that the I P4(F, 1) property holds true.

Then, (14 P) F~! is absolutely continuous with respect to the Lebesgue measure on
R, with the following continuous density pg 4 :

pF,A(ZL’) =FE (l(O,oo)(F — :L‘) H(F, 1) ]-A) .

Proof. (i). Let us introduce a regularization function.
Let ¢ be a smooth, symmetric and non-negative function with support in [—1, 1],

1
and such that /(b(t) dt = 1. Then, we consider for all 6 > 0, ¢s(z) = 3¢ (%)

R
T

and ®s(z) = / ¢s(t) dt. For all continuous and bounded functions v, we define

—00

99



CHAPITRE VII. MALLIAVIN CALCULUS FOR SIMPLE FUNCTIONALS

Vs = 1 % ¢ps. We then have

m E (¢5(F)1a) = E ($(F) 1a) .

6—0

For all § > 0, we write

B (s(F (/ 65(F — ) ¥ dylA) :/qu}(z)E(@(F_z) 1) de .

Noticing that ®5 = ¢s, the I P4(F, 1) property gives
E(¢s(F — 2)14) = E(Q5(F — 2) 14) = E(Qs(F — 2) H(F, 1) 14) .

Moreover, (l$in% D5(2) = 10,00) (%) = Lg,00) () + do(x)/2. So, using the Lebesgue theo-

rem we obtain
hmE (Ys(F)14) = /w E (1peo)(F — 2) H(F,1)14) dz.

Hence, the law (14 P) F~!(dz) is absolutely continuous with respect to the Lebesgue
measure on R, and its density has the following representation :

pra(z) = E (Lge0)(F —2) H(F,1)14) = E (L(,00)(F — ) H(F, 1) 14) .

Moreover, since H(F,1) € L14)(A), the Lebesgue theorem proves that the density
DF,A 1s continuous. -

Let us apply this abstract result to the framework of section 3. For that, we will

consider two different cases :

— Case 1 : The conditional law of the random variables V; given G; = GV o (V}, j # 1)
has no discontinuities, which means that it satisfies hypothesis VII.5. In this case,
the non-degeneracy condition for a simple functional F' = f(w, 17) is given by
hypothesis VII.6, say

(H,) E ((det vr)te 1A) < 00, for some g > 1.

— Case 2 : The conditional law of the random variables V; given G; has some singula-
rities, this means that it satisfies hypothesis VII.2. Since we have introduced some
weights (7;);en to cancel the border terms coming from these singularities, the
non-degeneracy condition corresponding this case is given by equation (VI1.3.2) |
say

E [IA ((det yrp)® (1+ \W{\)Hn} < 00, for some n > 0.
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Corollary VII.3:

Let F = f(w,V) € 8:(A), that is I and its first and second order derivatives have
finite moments of any order on A.

Case 1 : suppose that the non-degeneracy condition VI1.6 holds true.

Case 2 : suppose that the non-degeneracy condition (VI1.3.2) holds true.

Then, (1, P) F~! is absolutely continuous with respect to the Lebesgue measure on
R, with a continuous density pr 4 given by

pF,A(«T) = E (1(0700)(F — x) H(F, 1) ]-A) ,

where H(F,1) € L9(A) in Case 1 and H,(F,1) € Ly4)(A) in Case 2.

Proof. Under hypothesis VII.6 and VII.4, Theorems VII.3 and VII.2 affirm that the
IP4(F,1) property holds true. We can then apply Lemma VII.7 to conclude. [ |

Let us study the regularity of this density. We fist give the following abstract result :

Lemma VIIL.8:

Suppose that we can iterate the I P5(F, 1) property, which means that the

IPs(F, H(F,1)) property holds true.

Then, the density pr a € C'(R), and we have an explicit expression of its derivative :

Pra(®) = —E (Lo00)(F — ) Hy(F, 1) 1,) , (VI1.5.1)
where Hy(F,1) := H(F, H(F,1)).

Proof. Let us come back to the notation and the proof of Lemma VII.7.
We define Us(x) := / O5(y) dy, so that U] = ¢5.
Using the I P4(F, H(Z*:, 1)) property, we get

E (¢5(F — 2)14) = E(05(F — 2) H(F,1)14) = E(U5(F — 2) Hy(F, 1) 14) .

Since (lsirn Us(F — 2) = (F — z); := max(F — 2,0), we obtain

—0

BW(F)La) = [ W) E((F - 2) Ha(F.1) L) d.
R
And then ppa(z) = E((F — 2)+ Ho(F, 1) 14).
We thus derive a new representation of the density pr 4, but here, the function

(2 = (F — z)4) is differentiable. And since Hy(F,1) € L14)(A), we can differentiate
inside the expectation, so that we get

Pral@) = = (Lo (F = 2) Ha( F.1) 1)
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Let us apply Lemma VII.8 to our framework.

Case 1. If we suppose that the non-degeneracy condition (H,) holds true for all
g € N, then the random variable H(F, 1) coming from the [ P4(F, 1) property has
finite moments of any order on A. Hence, we can iterate the I P4(F,1) property :
Lemma VII.8 says that pr4 € C'(R) and its first order derivative follows the expres-
sion (VII.5.1).

The main point is that Hy(F,1) := H(F,H(F,1)) € L) (A). Hence, we can in
fact iterate the I P4(F,1) property as many times as we want, and straightforward
computations (the same as in the standard Malliavin framework, see [Bal03|) give
that pra € C*(R), and

Pica(@) = (=" B (o0 (F = 2) Hypn(F 1) 1) |
where Hy.1(F, 1) is defined by the recurrence relation :
Ho(F,1) =1 and Hyy1(F,1) = H(F, Hi(F,1)) € Ls)(A) .

Case 2. The fundamental difference with the previous case comes from the weights
(7;)ien that we have introduced to cancel the border terms. Indeed, the random va-
riable H(F, 1) involves the derivatives of these weights, but we have 7} € L14)(A4).
Hence, we can not reach finite moments of any order on A for H,(F,1). Moreover, as
explained in section 4, we have to avoid the second order derivatives of the weights
mi(w, V;). Thus, iterating the I P4(F, 1) property is more complex than in Case 1 :
we have to consider two kinds of weights 7! and 72 with disjoint supports, and we
have to verify that condition (VII.4.1) is satisfied.
Theorem VII.4 allows us to settle an iteration formula but under additional hypo-
thesis on the number of random variables (V;);eny (A = U ANA,), on the simple
n>4
functional F = f(w, V) (ellipticity of 8f) and on the weights ; (independancy and
hypothesis (VI1.3.7)). Under these assumptions, Lemma VII.8 says that pra € C'(R)
and its first order derivative follows expression (VII.5.1).
But in this case, Hy(F, 1) := Hp2(F, Hr1(F,G)) € L14)(A). Hence, for higher order
derivatives, the iteration problem is more and more complex : if we want to iterate
k times the IP4(F,1) property, we have to consider k£ + 1 kinds of weights with
disjoint supports, and we have to verify that condition (VI1.4.1) is satisfied for each
Hy(F1),i=1,....k+ 1.
Let us summarize these results in the following corollary :

Corollary VII.4:

Case 1 : Let F' € S,,(A) for all n € N, that is F' is infinitly differentiable, and F' and
its derivatives have finite moments of any order on A.

Suppose that yr has finite moments of any order on A.
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Then, prpa € C*(R), and
Pia(@) = (=DM E (Lo,00) (F = 2) Hyg (F,1) 14)
where Hy.1(F, 1) is defined by the recurrence relation :
Hy(F,1) = 1 and Hypy(F,1) = H(F, Hy(F,1)) € Lioo)(A) .

Case 2 : Suppose that A = U ANA,.

n>4
Let F = f(w,V) € S3(A) such that f satisfies the ellipticity assumption (VI1.3.6).
Suppose that the weights ' and 72 satisfy hypothesis (VI1.3.7), and that 7'(V;) and
72(V;) and their first order derivatives are independent for i # j.
Then, pra € C'(R), and

plF,A(x) =—-E (1(0,00)(F - ZE) HW<F7 1) ]-A) )

where Hy(F,1) = Hy(F, Hy (F, 1)) € L) (A).

5.2. Conditional expectations computation

We show in this section how the Malliavin integration by parts formulas (VI1.3.3) and
(VI1.3.11) can be used to derive a representation formula for conditional expectations

(see [BCZ03], |[LROO]) :

Lemma VII.9:
Let us fix A € G. Let us denote by ©¢ a(F) := E(G14 | F) the random variable
which satisfies : for all measurable and bounded functions ¢

E(¢(F)G1a) = E(6(F) Og,a(F)) -
Suppose that the I P5(F,1) and I P4(F,G) properties hold true. Then we have

E (1(0,00)(17 — Z) H(F, G) ]-A)

@G,A(z) = E (1(0700)(17 — z) H(F7 1) 1A)

A

with the convention that the above quantity equals 0 whenever
E (L(0,00)(F — 2) H(F,1)14) = 0.

Proof. We have to check that for all bounded and measurable functions 1), we have

E@(F)G1a) = E(Y(F)Oga(F)).
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Using the regularization function defined in the proof of Lemma VII.7, we obtain
E(W(F)G1a) = Im B (5(F) G 1a)

:lim/w G¢5 —Z)lA) dz

6—0

:lim/w E(GP5(F —2)14) dz

6—0

_ lim/ V() B(GO5(F — 2) H(F.G)1,) dz

6—0

the last equality coming from the I P4(F, G) property. Since the I P4(F, 1) property
holds true, we know form Lemma VII.7 that the density pp 4 exists. We thus obtain

BW(F)GLY) = [ 0B (Low)(F = 2) HIF.G) L) dz
= /Rw(z) Oca(2) E (Lio,00)(F — 2) H(F,1) 14) dz

_ /[R ¥(2) Og.a(2) pra(z) dz
=EW(F)O¢a(F)1,) . "
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Application to pure jump processes VIII

Introduction

In this chapter, we apply the integration by parts formula (VI1.3.3) derived in Theo-
rem VII.2 to a pure jump diffusion process (S;)icpo,r)-

We use the notation from [IW89]. We consider a Poisson point measure N(dt,da)
on R, with positive and finite intensity measure p(da) x dt, that is

E(N([0,t] x A)) = pu(A)t. We denote J; the counting process, that is

Jy == N([0,t] x R), and we denote T}, i € N, the jump times of J,. We represent
the above Poisson point measure by means of a sequence A;, i € N, of independent
random variables of law v(da) = pu(R)™ x u(da). This means that

N([0,t] x A) = card{T; <t: A, € A}.

We look at S; solution of the following equation
t
St—x+z (T, Ay, Sy / g(r,S,)dr (VII1.0.1)

—:E—i—// (s,a,Ss-)dN(s,a) + /(T,S,,)dr, 0<t<T.

We work under the following hypothesis :

Hypothesis VIII.1. The functions (a,z) — c¢(t,a,z) and x — g(t,z) are twice
differentiable and have bounded derivatives of first and second order. The function
t — c(t,a,x) is differentiable with bounded derivative.

Moreover, we assume that there exists a positive constant K be such that

i) et a,x) = c(u,a,y)| < K ([t —ul + |z —yl)
i) |g(t,x) — glu,y)| < K (|t —u| + |z —yl|)
i) |c(t,a,x)| + |g(t,x)| < K (1 + |z|).

In the first section, we present the deterministic calculus which allows us to express
S; as a simple functional and to compute its Malliavin derivatives. In the following
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sections, we settle integration by parts formula with respect to jump amplitudes and
to jump times separately, and to both of them. In the case of jump amplitudes, we
iterate the integration by parts formula. Finally, in the last section, we apply these
formulas to the study of the existence and the regularity of a density for S;.

. Deterministic equation

Let us fix an increasing sequence u = (U, )nen such that ug = 0. We also fix
a = (ay)nen, where a,, € R. To these fixed numbers we associate the deterministic
equation

t
sy =x+ E c(ui,ai,su,)—l—/ glrys,)dr, 0<t<T (VII.1.1)
- ¢ 0

where Ji(u) = k if up < t < ugy1. We denote by s;(u,a) or simply by s; the
solution of this equation. This is the deterministic counterpart of the stochastic
equation (VI11.0.1).

For all ¢t € [0,T], on the set {J; > 1}, the solution S; of equation (VII.0.1) is
represented as

Se=s(T,0) = se(Th,.. ., Toy Ary o, A) Ly (VII.1.2)

n>1

where T := (T})ien and A= (A)ien+-
In order to solve equation (VIII.1.1), we introduce the flow & = &, (¢t,2), 0 < u < t,
x € R, solution of the following ordinary integral equation

t
O, (t,x) == +/ g(r,®y(r,z))dr, t>uw.
The solution s of equation (VIII.1.1) is then given by

Sp =1, (VIII.1.3)
st = Dy, (T, s0,) for u; <t < wipq,
SUi+1 - Su;+1 + C(/U/Z-f—l? a’Z+17 u;‘rl)

= Dy, (Ui, Su;) + c(Wig1, @iv1, Pu, (Wiv1, Su,)) -

Let us compute the derivatives of s with respect to u; and a;. We first introduce
some notation.
We denote

eus(2) 1= exp ( / t Dpg(r, @u(r,z)) dr) .
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1. DETERMINISTIC EQUATION

Since @, (r, $y,) = s, for u; < r < u;yq, we have

t
€y t(Su;) = €xp (/ 0:g(7, ;) dr) , for u; <t < wiyq.
Since .
0, Pu(t,x) =1 +/ g (r, @y (r, ) 0p Py (r, ) dr,

it follows that
0, Py (t, ) = eyu(z) .

And since
t
0y (t, ) = —g(u, ) —I—/ 0pg(1, @y (1, ) Oy Py (1, ) drr

we have
0y ®@u(t,x) = —g(u, x) ().

We finally denote
q(t,a,x) == (O + g Opc)(t,a, ) + g(t,x) — g(t,x + c(t, o, x)) .
Lemma VIII.1:

Suppose that hypothesis VIII.1 holds true. Then s,(u,a) is twice differentiable with
respect tou; and a;, and we have the following explicit expressions of the derivatives.

A. Derivatives with respect to u;.
For t < wj, Oy,5,(u,a) = 0. Moreover,

aujsu]-— = g(“j? Suj—) ’

aug-suj = (O +g(1+ axc))(uj’ as, S'U«j*) .

For u; < t < Ujt1,

Ou;st = qug, aj, Su;—) €y i(Su;) (VI1.1.4)
an Suj-_H— - Q(Um a/j’ SUj—) euj-,uj_H (SUj)
aujsuj+1 = Q(Uj7 aj, Suj—) (1 + amc(“’j-H? Aj+1, Suj+1—)) Cujujia (Suj) :

Finally, for p > j + 1 and u, <t < u,y1, we have the recurrence relations

Ou; 5t = Cupt(5u,) Ou;Su, » (VI1.1.5)

auj Supp1 — (1 + Oxc(Upy1, apy1, 3up+17>> Cup upy1 <3up) an Suy -
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Let us denote T(f) := 0;f + g0, f. The second order derivatives are given by

(9)(uj, a5, 50;-)
(Ore+ g (1 + 920))(uj, a5, Su;-) -

312Lj Su;— =T
dzjsu]. =T
We denote
pj(t) - aujeujat(suj)

t
= euj,t<3uj> <_axg<uja SUj) + Q(uja Gy, Suj*) / 829(7”, Sr) euj,r(SUj) d’f’) :
Then, for u; <t < u;y1,
9 si(u, a) = T(q) (s, aj, su;— (U, ) €u, i (Su;) + q(uj, a5, 50, (u, a)) ps(t)
and

aij Sujpr = T(q) (uj? aj, Suj*) (1 + 8960) (uj+17 Aj+1, SUjJrl*) Cuju it (Suj)
+ q2 (uj? aj, Suj*) 8§C(Uj+1, Aj+1, Suj+1*) eij,’u]'+1 (Suj)

+ q(uy, aj, u,-) (1+ 0u0) (Ujs1, @41, Suyey—) pi(uy) -

For p > j 4+ 1, we denote

t
n(0) = Doy 50,) = 0,50 Dussu, | Bglr50) s, dr.
Up
Then, for p > j and u, <t < u,41, we have the recurrence relations

812Lj S¢ = €y, (Su,) 85],3% + pjp(t,u,a) Oy, sy,
(93]- Supy1 = 8§C(up+1, Ap1; Supsr—) (€upupir (Suy) Ou; Sup)2
+(1 4 9x¢) (Upt1, Qpra, Sup+1—) (Pjp(tipr1) a’U«j Sup T Cupupis (3up) aij Sup) :

B. Derivatives with respect to a;.
Fort < uj, g8, (u,a) =0, and for t > u;, Oa,5:(u, a) satisfies the following equation

Ji(u)
Oa;5¢ = Oac(uj, aj, 8y~ ) + Z OpC(Ui, Qs Suy—) Oy Su,—

i=j+1

¢
+/ 029(r, 87) Oa; spdr . (VIILL6)
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The second order derivatives are given by

Jie(u)
ijst = 02c(uj, aj, su,—) + Z O2c(ui, ai, Su;—) (Oa; Sui—)’ (VI1.1.7)

i=j+1
+ [ 02g(r,s;) (Ou,s,)dr

Ji(u)

Z Opc(u;, ag, Sy, ,)82 Suy— / 0.9(r, sr)a s, dr,

i=j+1

and fori < j

2 2
8% a; =0, c(uj,a], ur E acuk,ak, Sur —) Ou; S Su- 0%3”

k=j+1
Ji(u)
2
+ Z @c(uk,ak,su;)@%al / 0eg(r, s )8a ;S dr
k=j+1

/ grsTa Sy O, 8y dr .

For i > 3, we derive agjyaist by symmetry.

Proof. It is clear that for ¢ < u;, s, does not depend on u; and so 8uj s = 0.
We now compute

aujsu]-— = 8uj<buj_1(uj7 Su]'_1> = g (U], ®u]'_1(uj7 Su]'_l)) = g<uj7 S’LLj—) .
Then,

Ou;Su; = Ou, (Su;— + (1, a5, 54,-))
= Oyc(uj, aj, sy,—) + (14 Opc(uy, aj, Su;—)) Ou;Su,—
= atc(“’j’ as, Suj_) + (1 + 0xc(uj, as, Suj—)) g(“’jv Suj—) :

For u; <t < wjy1, we have

8ujst
=0u,; o, (t, 5u;) = €u; t(5u;) (—g(us, 5u,) 4 O, Su;)
:eu]',t(su]') (—g(Uj, S“j) + atc(“i? aj, 5“;‘*) + (1 + amc<uj7 ag, Suj*)) g(Uj, S”j*))

:6Uj,t(suj) q(ujv as;, Suj—) .
Similar computations give Oy;5u;,,— = €u;u,,, (Su;) Q(Us, @, Su;— ).
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Finally,

aUj Sujpr = (1 + amc<uj+17 aj+1, Suj+1—)) auj Sujpq—

= (1 + aic(u]”rl» Aj+1, SUjJrl*)) Cujujpa (Suj) Q(u]" Ajs Sug‘*) :
We now assume that w, <t < wu,y1, p> 7+ 1, and we write
Ou;5t = Ou; P, (T, 5u,) = €upi(Su,) Ou;Su, -

Same computations give Oy;Su,,,— = Cupupsr (Su,) Ou,Su,-
We finally have

Ou;Suy = Ou,(Sup— + (Up, Ay, Sy, —))
= (1 + 0xc(up, ap, Su,—)) Ou;Su,—

= (L4 Ouc(up, ap, Su,-)) upesuy (Supy) OuySu, -

The proof is then complete for the first order derivatives.

The relations concerning the second order derivatives are obtained by direct com-
putations.

B. Using the recurrence relations (VII1.1.3), one verifies that for every ¢ € [0, 71,
(a; — s4(u,a)) is continuously differentiable and then one may differentiate in equa-
tion (VIII.1.1), which was not possible in the case of the derivatives with respect to
u; because these derivatives are not continuous. |

As an immediate consequence of the above lemma we obtain :

Corollary VIII.1:

Suppose that hypothesis VIII.1 holds true and suppose that the starting point x
satisfies |x| < K, for some K > 0.

Then for each n € N and T > 0, there exists a constant C,(K,T) such that for
every 0 <u; < ...<u, <T,aeR"and 0 <t <T,

2 2
ax (|5t] + ‘&Ust‘ + (0 st| + ‘(96,515‘ + |05 st
j=1,...,n J g J

) (u,a) < Co(K,T).  (VIII.L8)

Finally, we give an useful corollary to control the non degeneracy.

Corollary VIII.2:
Assume that hypothesis VIII.1 holds true and there exists a constant n > 0 such that
for every (t,a,z) € [0,T] x R x R,

|1+ 0yc(t,a,z)| > n and |q(t,a,x)| > 7. (VII1.1.9)
Let n € N be fixed. Then, there exists a constant ¢, > 0 such that for every
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j=1,...,n and every (u,a) € [0,T]" x R",
jnf |0, 5¢(u, )| > &5, . (VIII.1.10)
u;

Proof. Since d,¢ is bounded, there exists a constant C' > 0 such that e, ;(x) > =7
for 0 < s <t <T. Using then equations (VII.1.4) and (VIII.1.5), we conclude. W

. Formula based on jump amplitudes only

2.1. Locally smooth laws

In this section, we apply the integration by parts formula (VII.3.3) to the pure
jump process (St)scpo,r], which will be regarded as a simple functional of the jump
amplitudes A;,7 € N. Using the notation of Chapter VII, we have V; = A,. The
randomness that we do not use is G = o{7; : i € N}, and we put

A={J,>1}and A, .={J,=n},n>1.

We assume that hypothesis VIII.1 and VII.1 (that is E (|A;P) < oo for all p € N)

hold true. N

We consider some ¢y < ¢1 < ... < g1 and we denote [ = U<Qi’ Qis1)-

i=0
Since the random variables A; are independent and identically distributed, hypo-
thesis VII.2 becomes :

Hypothesis VIII.2. The law of A; is absolutely continuous on I with respect to the
Lebesgue measure and has the density p(y) = e*®¥), that is

E(f(A) 1,(A) = / f(y) e dy

for every measurable and positive function f.
The function p is assumed to be continuously differentiable and bounded on I.

Since p is not differentiable on the whole R, we work with the following weight. We
take a € (0,1) and § > « and we define

W(y) — { (QiJrl _y)O (Z/—%) ) ior Yy € (Qi7Qi+1>7c 2207"'7k7 (V|||21>
, Ior Y € (q07qk+1> .

We make the following convention : if b = qx41 = +00 or a = gy = —00, we define
w(y) = (y —q)* ly| ™", for y > g and 7(y) = (g1 —y)* [y ", fory < g1
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Since p is bounded on I, elementary computations give that 7(A;) € Lo (A).
Moreover, since a € (0,1), we can choose n > 0 such that (1 — «)(1+17n) < 1. We
thus have

qi+1 )(1+7l)
B [Iix(20)*7 1] Z/ S

a Q+1—?J)(

k

qi+1 o a\a(l4n)
+Z/ o <Q1+1 ?/)

—Ju; (y — qi)(l—a) (1+n)

dy < 00.

That is 7'(A;) € Lay)(A). Hence, the weights 7 satisfy hypothesis VII.3.
In view of Corollary VIII.1, particulary equation (VII1.1.8), the function
(a1,...,an) — s(T1(w), ..., Th(w),aq,...,a,) is twice continuously differentiable
and has bounded derivatives, that is, using the notation of Chapter VII,
st € Cra(ANA,).
Let us fix M € N* be such that there are M jumps on [0, 7], that is Jr = M. We
denote
By :={Jr=M}.

It then follows from equation (VIII.1.2) that on {Jr = M}, for all ¢ € [0, T,

M
Se=> s(Th,.. ., T Ay, D) gy (VII1.2.2)

n=1

So S; € Se(AN Byy), that is S; is a twice differentiable simple functional, such that
S; and its first and second order derivatives have finite moments of any order on
{J; > 1;Jr = M}.

The differential operators which appear in the integration by parts formula are

D;Sy = 0, (T, A) = Z@alst T Ty Ay A pgimny

/

LS, = Zw )02 si(T,A) + (7 + 7 2)(A) Buyse(T, A

P
Or,S¢ = ZW(Ai) |DiSt‘2
=1
_ZZW ) 10u;5e(Th, -, Ty Ary o, AP gz (VI11.2.3)
n=11:=1
1 1

TS a(a)

=1

Vr,S¢ = o o~ |2
(T,A)
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All these quantities may be computed using equations (VII1.1.6) and (VIII.1.7).

As we want to apply the integration by parts formula (VI.3.3) to the process
(St)tcpo,r) following equation (VII.0.1), we have to verify that the non degeneracy
condition (VI1.3.2) holds true. Let us give suitable conditions on the coefficient ¢ of
equation (VI11.0.1), allowing us to affirm that (S;).cp,) satisfies the non-degeneracy
condition (VI1.3.2) :

Proposition VIII.1:

Suppose that hypothesis VIII.1 and VIII.2 hold true.

We assume that there exists a positive constant € such that for every
(t,a,z) € [0,T] x R x R,

|0uc(t,a,z)| > € and |1 + 0,c(t,a,x)| > €. (VI1.2.4)

Take oo € (0,1/2) and > « in the definition of the weights 7.
Then, for all t € [0,T], S; satisfies the non-degeneracy condition (VI1.3.2) if there is

at least one jump on |0,t] and a finite number of jumps on |0, T (represented here
by M >1).

Proof. Since the jump amplitudes are independent, we will use Lemma VII.4. For
that, we will prove that the deterministic process s; satisfies the ellipticity assump-
tion (VI1.3.6) and that the weights 7 satisfy condition (VI1.3.7).

[e%9) M

Recall that in view of Remark 2.1, we write Z s; 14, for Z st 14,. Then, we have

n=1 n=1

|ai5t| = Z aaist(wa ag, ... 7an> ]-{Jt:n}

- Z ‘aaist(wa ay, ... 7an)| 1s=ny -

Let us fix 1 <n < M. We compute 9,,8¢(w, ay,...,a,) on {J; =n}, for i <n.
Equation (VII1.1.6) of Lemma VIII.1 gives

t
0a, St = 04¢(Up, Ay, Sy, —) +/ 0:9(7, 8y) Oy, S dr .
So, using hypothesis (VII1.2.4) and the fact that d,¢ is bounded, we get
t
|0u,, 8t| = |0uc(tn, ap, Su, )| €xp (/ 0.9(r, sy) dr) >C>0.

113



CHAPITRE VIII. APPLICATION TO PURE JUMP PROCESSES

Similarly, we have using equation (VII1.1.6),

&lwlst

t
=0aC(Un—1,0n—1,5,~ )+ 0pC(Up, A, S~ ) O,y 8y~ + / 0:9(7, 8) O, _, Spdr
Un—1

t
=0,c(Up_1, a1, Su*_l) (14 Opc(un, an,s,-)) exp (/ 0eg(7, ;) dr) :

S0 [0,, .5t > C > 0.

An inductive procedure gives that s; satisfies the ellipticity assumption (VI1.3.6)
under hypothesis (VI11.2.4).

Since a € (0,1/2), we can choose 6 > 0 such that 2a (1 + ) < 1, and p being
bounded on I, we obtain

k qi+1
B [|r(A0) 0] < Z/ ) 4y ..
i=0"9

(g — )20 e (g — y)20F0)a

Hence, the weights 7 satisfy hypothesis (VI1.3.7).
Finally, by Lemma VIIl.4, we obtain that the non degeneracy condition (VI1.3.2) holds
true on {J; > 1; Jr = M}. The proof is thus complete. |

Remark 2.1. Note that this proof allows us to settle the following properties :
— If hypothesis (VII1.2.4) holds true, then S, satisfies the ellipticity assumption
(VI1.3.6).
— If we take a € (0,1/q), g > 1, in the definition of the weights 7, then, there exists
n > 0 such that
E [|7T(Ai)|’q(1+”)] < 00.

By Proposition VIII.1, one may apply integration by parts formula of type (VI1.3.3)
to (S)icp,r on {J; > 1; Jp = M} if hypothesis (VIII.2.4) is satisfied. Let us give a
particular example (which will be used in the Sensitivity analysis, see Chapter IX) :

Corollary VIII.3:

Suppose that hypothesis VIII.1 and VIII.2 hold true.

We assume that hypothesis (VI11.2.4) is satisfied.

Take o € (0,1/2) and 3 > « in the definition of the weights .
Then, for every function ¢ € C)(R), for all t € [0,T], we have

E(¢,(St) 025y 1{Jt21§JT=M}) = E(¢(St) HW(Stv awst) 1{Jt21;JT=M}) ) (V”|25)
where H(S;,0,5¢) € L) (AN By), A= {Jy > 1} and By = {Jr = M}, and is
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given by

HW(Sta 81‘515) = 8:z:St Yr,Sy LWSt — Vx,S: < DSt7 D(axst) >
— 8,5, < DSy, Dyss, >x . (VII.2.6)

Proof. We already know that S; € S3(A N Byy). Then, in order to apply Theo-
rem VII.2, we have to verify that 0,5; € S;(A N Byy).

We have 0,S; = 8965,5(%, &) and, using the deterministic equation (VIII.1.1), 0,s; is
computed by the recurrence relations :

Bpso =1, (VI1.2.7)

t
Opst = (1 4 Opc(ui, ag, Sy;—)) OpSu,— —|—/ 0rg(1y8,) Opspdr,  u; <t < gy

Then, it is easy to check that 0,s; and its derivatives with respect to a; are bounded
on A, and consequently, 9,.S; € S;(A N Byy). [ |

2.2. Smooth laws

In this section, the law of the jump amplitudes are supposed to have no discontinui-
ties. Using the notation of the previous section, we have V; = A;, G = o{T; : i € N},
but I = R. Hypothesis VII.2 becomes

Hypothesis VIII.3. The law of A; is absolutely continuous on R with respect to the
Lebesgue measure and has density p, that is

E(f(A) = / F(0) p(y) dy.,

for every measurable and positive function f.
/

p is assumed to be continuously differentiable, and be such that Lays Cg(R), and for

p
all k €N, lim ly|* p(y) = 0.
Yy— oo

As in the previous section, we denote A = {J; > 1} and By, = {Jr = M}. Recall
that for all t € [0,T], S; € So(A N Byy), that is S, and its first and second order
derivatives have finite of any moments on {.J; > 1; Jr = M }. Similarly, we have
0,5t € S1(AN Byy) (see equation (VII1.2.7)).

We are now in the framework of Chapter VII-section 3.2 where we do not need any
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weights 7, so that the Malliavin operators are :

D;S; = 9,,5:(T, A) Z@azst T T Ary e A ggimny

LSt = — Z agi8t<f, 3) + %(A’L> aaiSt(T, A) 9

Z|D Sy[? *ZZW STy Ty Ary e AP Ly

n=1i=1

1 1

sy = p i _ o~ |2
S Z 8a¢5t(T7 A)

=1

All these quantities may be computed using Lemma VIII.1. Since there are no
weights, Theorem VII.3 implies that the integration by parts formula (VI1.3.11) holds
true under the non-degeneracy condition VII.6.

Proposition VIII.2:
Suppose that hypothesis VIII.1 holds true.
We assume that there exists a positive constant € such that for all
(t,a,z) € [0,T] x R x R,
|0uc(t,a,x)| >€>0. (VIII.2.8)
Then, S; satisfies the non-degeneracy condition VII.6, more precisely condition (H,)

for all ¢ € N, if there is at least one jump on |0,t| and a finite number of jumps on
10, T] (represented here by M > 1).

Proof. Let us verify that the non degeneracy condition (H,) holds true for all ¢ € N,
that is
E ((det 7St)4q 1{Jt21;JT:M}) < 0.

For all 1 <n < M, on {J; = n}, we have

= [Oasi(t, ot Ary o AP 2 O (Th, - T Ay, AP
Using equation (VII1.1.6) of Lemma VIII.1, we have
t

08t = 0aC(tn, an, 5,-) + / 0.9(r, 8;) Oa,, s dr, and then

tn
t
|0, 5t| = |8ac(tn,an,str—l)} exp (/ Or9(r, sr)dr> >C>0.
tn

Hence, the non degeneracy condition (H,) holds true for all ¢ € N on
{Je > 1;Jr = M}. [ |
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Corollary VIIl.4:
Suppose that hypothesis VIII.1 and hypothesis (VII1.2.8) are satisfied.
Then, for every function ¢ € C,(R), for all t € [0,T], we have

E(¢/(5¢) 025t 1igz100-01y) = E(S(Se) H(St, 05t) Lz 1i00-013) 5
where H (S, 0:5;) € L) (AN By), A= {J, > 1} and By = {Jr = M}, is given by

H(St, &ESt) = &L«St A LSt — s, < DSt, D(@xSt) > —8wSt < DSt, D’Yst > .

Proof. Since S; satisfies hypothesis VII.6, we can apply Theorem VII.2 to F' = S,
and G = 0,5, on A = {J; > 1; Jp = M} : the integration by parts formula (VI1.3.11)
gives the result. u

. Iteration formula based on jump amplitudes only

In view of conditional expectations computation (which appear in the pricing and
hedging problems for American options, see Chapter X), the aim of this section is
to settle (and to iterate) the following formula : for ¢, ¢ € C)(R),

E[¢'(S5) 1 (St) 1a] = E[6(55) ¥(S) H(Ss, S¢) 1a] (VI.3.1)

where A and H(Ss, S;) have to be precised, and H(Ss, S;) does not depend on the
functions v and 1.

If we use the integration by parts formula (VII1.2.5) by replacing 9,.S; by ¥(S;), the
Malliavin weight obtained in equation (VIII.2.6) involves the Malliavin derivative
D(¥(S;)), and then ¢/(S;). To avoid this term, we will apply again (VII1.2.5) in a
suitable way. Let us be more precise.

We assume the framework detailed in section 2.1, that is hypothesis VIII.1, VII.1 and
VII.2 are satisfied.

To simplify notation, we work here on I = («, 3). It then sufficies to put
k

(o, B) = (¢iy qix1), 1 = 0, ..., k, to have the results of this section on I = U(qi, Gis1)-

Let us denote A; = {J; > 1} and recall that By, = {Jr = M}. Wezk(;low from
section 2.1 that for all ¢t € [0,7T], S; € Sa(A: N Byy), that is S; and its first and
second order derivatives have finite moments of any order on {J, > 1;Jr = M}.
And similarly, 0,.S; € S1(A; N Bar) (see equation (VIIL2.7)).

Let us choose the weights (m;(w, A;))ien. Let 0 < s <t < T. We suppose that there
is at least one jump on |s, t], that is J, < J;.

In order to iterate the integration by parts formula (VII11.3.1), we split the interval 1

in two disjoint sets (see Chapter VII, section 4). Let us define v := aT—i_ﬁ, then we
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have a partition of (a, 3) : (o, ) = By U Bs, where By = («, ] and By = (7, 3) are
disjoint sets.
Taking 6 € (0,1/3), we define for all i € N, k = 1,2

ﬂ?k,s,t(w’ A;) = L q(Ti(w)) x m(A), (VI11.3.2)
where m; and 7y are such that Supp m C By and Supp ms C Bs, are defined by :

_ (v =9’ (y—a) foryehB
m(y) ._{ 0 for y ¢ By,

)

and

_ [ (B=y)’(y—n)° forye B
m2(y) = { 0 for y ¢ B, .

Note that the indicative function 1, 4(7;) allows us to settle a calculus involving the
jumps occuring between s and ¢ only.

Finally, we assume that hypothesis (VIII.2.4) holds true, that is : there exists a
positive constant € such that for all u, a, x

|0uc(u,a, )] > e and |1+ Opc(u,a,x)| > ¢.

Hence, Proposition VIII.1 implies that the non degeneracy condition (VII.3.2) holds
true on {J; > 1; Jr = M}, so that we can perform an integration by parts formula on
{Jt > 1; Jp = M}, using indifferently the weights 7p, s+ or 7p, s+ In the following,
we will use the weights 7p, ¢, in the first integration by parts formula.
Moreover, Remark 2.1 says that |0,,5;] > ¢ > 0, and since § € (0,1/3),

E [|7rk(Ai)|_3(1+")] < 00, for some n > 0.

Hence, Theorem VII.4 allows us to iterate the integration by parts formula on

{J¢ > 4;; Jp = M}, using the weights 7p, s; (since we have used 7p, s+ in the first
formula).

In the following, we use the triplet (k,s,t), k = 1,2, 0 < s < t, in order to indicate

that the Malliavin operators are associated to the inner product (., .) .. Then we

WBk,s,
have the following notation :

e The inner product (., ) : forall U, V € P,

(U V) (ksty = Z L (Ti(w)) me(As) (uiv) (T, A).
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e The Ornstein Uhlenbeck operator L s : for all F' € Sy, F' = f(w, )

kst Zl]st] [ k(Az) ai2f<w7f7 z)
(M (A) + (m p') (D)) Oi f (w, T, ﬁ)

e The covariance matrix [ t(l”t)} = [Jg:’s’t)] =(DS}, DS}) (k50)-
ij ij

Let us introduce the operators which will appear in the weight H(Ss, S;) of equa-
tion (VII1.3.1).

Notation: For s <t and k = 1,2, we denote

Ut = A0S, — (DS, DY) sy (VI11.3.3)

Vi) 1= UEO) =40 (DS, DS,) 0,9 U

1 . .
+ 57880 HED(DS,, Doy 0y, (VIIL3.4)

and

Hs,t - Wl,s,t) ‘/(2,s,t) + 73(27078)

x |13 (DS,, DS a0 (DS DVissn)esn = (DSs DVitsn) 0,0
(VI1.3.5)

Let us finally denote
A ={0< Js < JyyJr=M} and Bgy :={3 < J;3 < Jy — Jg; Jp = M }.

Proposition VIII.3:
Let 0 < s <t <T. Let ¢ € C;(R).
(i) For all ¢ € C}(R), we have

E(¢'(Ss) ¥(St) Lio<s,<gisim=nty) = BE(A(Ss) ¥(Sy) Vit,s.0) L{o< sy < disr=1}) ;

where Viq 54 € L14)(As,) is defined by equation (VI11.3.4).
(ii) For all ¢ € C}(R), we have

E(¢'(Ss) ¥(St) Via,s) Vis<as<gi—dr=ny) = E(O(Ss) () Hst Lis<t,i3<gi—Jysir=M}) »

where H; € L(14)(Bs;) is defined by equation (VII1.3.5).
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Proof. (i) The first step consists in removing the derivative of ¢ in the expectation
E(¢'(Ss) ¥(St) L{o<s,<spiap=nr}). Since Sy involves the jump amplitudes falling in
10, s], we use this randomness in an integration by parts formula. This means that we
do not take into account the jumps occuring in |s, t]. We thus apply Theorem VII.2
(particulary equation (VIL.3.3)) to F' = S;, G = ¢(S;) and A = Ay, using the
weights 7, o (W, A;) = 1jo,4(Ti(w)) x 71(A;). And we obtain

E(¢'(S5) ¥(Si) 1a,,) = E(&(Ss) Hi(Ss, Si) 1a,,) (VI11.3.6)
with
Hl(SsaSt) = @b(st) ( (L.0s) L( )(S) <DSs>D7(1OS)>(1,0,s))
— 7109 4/ (S,) (DSs, DS 10,6 - (VI.3.7)

Note that by taking the weights 77, , , in equation (VII1.3.6), we also select the jump
amplitudes which belong to Bj.
We now get rid of the derivative of ¢). So we consider the following expectation

E (6(Ss) 794/ (S,) (DSs, DS 105 1a.,) -

The point is that the the derivative of ¢ should not appear in the integration by parts
formula. This means that we must not use the jumps on |0, s]. As S; involves the
jump amplitudes falling in |0, ¢], we thus take these falling in |s, ¢] (which is possible
since there is at least one jump on |s, t]). Hence, we apply again Theorem VII.2 using
the weights 7%, (w0, A;) = 15 4(Ti(w)) x 1 (A).

Since ¢(S )%1 03) does not depend on the jumps of |s, t], we obtain
E (6(S6) ¥/(S) 2§ (DSs, DS 1,0, 1a,.) = E (9(S) Hi(Ss, S) 1a,.,)

where

Hi(Ss, Sp) = ¢(Ss) M0 [<D5s> DSy a0 N Lt (Sh)

—(D <<D557 DSi) (10,9 %Fl’s’t)> ; D5t>(1,s,t)}

= ¢(Sy) 709 (DS,, DS (10,6 (7( Lo (S) = (D™ D5t><1”)>
— 150 5(8,) 310 (D (DS, DS (1.00)) » DS (1.0 -
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Since DSy do not depend on the jumps of |s, t], we have
<D ((DSsaDSt>(1,0,s)) DSt> 1,s,t)

= Z T.0.5(D) T, o1 (A)) DiSs D; S, DSy

Zjl

1
- Z ﬂ-Bl OS ﬂ-Bl St(A]) D'LSS X 5 DZ (D]SE)

7,]1

1 s
_ZWB1OS DS X_ ] (1 7t)

<l)5’s7 D(Ttl’s’t)>(170’s) .

[\DI»—t

So

H1(Ss, St)
= 0(8) 1) DSy, DS 10 (" Lt (S0) = (DA, DSie )

1 s s s
=500 6(8,) (DS, Do) nos - (VIINL3S)

We plug the results (VII1.3.7) and (VI11.3.8) in equation (VIII.3.6) to finally obtain

E(¢'(S5) ¥(Se) 1a,,) = E(&(S5) ¥(St) Vivs La.,) -

(ii) We now iterate the previous integration by parts formula. In view of Theo-
rem VII.4, recall that there will be two changes :

* We need at least four jumps on |0, s] and at least four jumps on |s,t]. So we will
localize on By; = {3 < Jg;3 < Jy — Jg; Jp = M }.

* In order to cancel the second order derivatives of 7p, o s and 7p, s, we will perform
the second integration by parts formula using the weights 75, ¢ s and 75, 5.

This gives, using Theorem VII.4 with the weights 7, ¢ s :

E (¢ (S )w(st)vlst 1Bs t) - E(gb(s )¢(St) Vv(lst)U2os Bs,t)
— B (8(S5) v () (DSs, D(Via5.))2,0,6) 15..,)
— B (4(S5) 720 4/ (Sy) (D S5, DSt 20.5) Vit sy 18, ) -
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Using again Theorem VII.4 with the weights mp, 5 in the last expectation, we obtain

E (6(5) 75" 4/(S) (DS, DS} a0 Virs 15 )
= B (6(5,) 120 0(S) (DSs, D20 Viten U 15, )

— E[6(5) 1207530 4(S,) (D (Vi (DSss DSd20.)) » DS zo0) s | -

Since
(D (Vi) (DSs, DSy)(205)) » DSt) 2.5
1 s
=3 Vias) (DSs, DUEQ’ ’t)>(2,0,s) +(DSs, DSy)(2,0,5) (DSt, D(V(1,5,6))) (2,5.1)
the proof is complete. u

. Formula based on jump times only

In this section, we will apply the integration by parts formula to the pure jump
process (St)sejo,r] solution of equation (VII1.0.1), which will be regarded as a simple
functional of the jump times T;, ¢ € N.

It is well known (see [Ber96]) that conditionally to {J; = n}, the law of the vector
(Ty,...,T,) is absolutely continuous with respect to the Lebesgue measure and has
the following density

n!
plw,ty, ... t,) = m Liocti<ctnery(trs oo tn) Lgp(w)=n} -

In particular, for a given ¢ = 1,...,n, conditionally to {J, = n} and to {1}, j # i},
T; is uniformly distributed on [T;_;(w), Tjy1(w)]. So it has the density (with the
convention Ty = 0,741 = t)

1
% 9 — 1 . w . w d , - = 1’ RN .
Pler) = g ) M) du =1

Using the notation of Chapter VII, we have V; = T}, k; = 2, with ¢ = T;_; and
t2 =T;11. We take G = 0 (A;,i € N) Vo (J;), and we put A= {J; > 1}.

Then T; € L(x)(A). Hence, hypothesis VII.1 and hypothesis VII.2 are satisfied.
Since p; is not differentiable with respect to v on the whole R, we use the following
weights :

ﬂ-i(w’ u) = (E-i-l(w) - u)a (u - Ti—l(w»a 1[Ti71(w)7Ti+1(w)} (u)a with o € (O, 1) :
(VII1.4.1)
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Let us denote ¢; = T;—T;_1, with the convention that on {J; = n}, 0,41 = T—T,. We
then have 7;(w, T;) = 654 05". Since ¢; are independent and exponentially distributed
of parameter p(R), we have

B [Jmi(w, T Lgony] < E (67, 077] = E(61) E(5") < oo,

which means that 7;(w,T;) € Ls)(A).
Moreover, since a € (0,1), we can choose n > 0 such that (1 —«)(1+17n) < 1. We

thus have E 5(0‘ D) < Ay < 00, and then
. g <%

E [|m)(w, T)|""" 1s,213]

<aoFE (5 o (1+7) 5§i;1)(1+n)> 4L aFE (5;1(11+n> D (1+n)>

— oFE (5 (1+77)> (51(%1 (1+n)> L aE (5;1+(11+77)) E <5Z§a—1)(1+77)>

< 0.

So mj(w, T;) € Li14)(A) and the weights (7;);en satisfy hypothesis VII.3.

Let us fix M > 4 such that there are M jumps on |0, 7T}, that is Jp = M. Let us
denote By = {Jr = M}. Corollary VIII.1 and equation (VII1.2.2) give that

Sy € S3(AN Byy), that is Sy is a twice differentiable simple functional, such that S;
and its derivatives have moments of any order on {J; > 1; Jr = M}. And similarly,
0:S; € S1(AN Byy) (see equation (VII.2.7)).

The differential operators are

D;Sy = 0y, 50(T, A(w Zaulst (T, T A (W) -+ A (W) 1g=ny »
L.S, = — i (w; O, St + T éﬁist) (T, &(w))
=1
rrs = 3 i, T2 Ousu( T, B[
=1
S T 0B T () i) L
n=11=1

All these quantities may be computed using Lemma VIII.1.

As we want to apply the integration by parts formula (VI1.3.3) settled in Theo-
rem VII.2 to the process (St)te[O,T]a we give suitable conditions on the coefficients of
equation (VII1.0.1) so that S; satisfies the non-degeneracy condition (VI1.3.2).

Proposition VIIl.4:
Suppose that hypothesis VIII.1 holds true. Suppose moreover that condition (VI11.1.9)
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is satisfied, that is for some € > 0, for all (t,a,z) € [0,T] x R x R,
lq(t,a,z)| > € >0 and |(1+ 0,¢)(t,a,x)] > €e>0.

Take o € (0,1/2) in the definition of the weights (7;);en.

Then, for all t € [0,T], S; satisfies the non-degeneracy condition (VI1.3.2) if there
are at least four jumps on ]0,t] and a finite number of jumps on |0,T| (represented
here by M > 4).

Proof. Since the weights m; are bounded, the non degeneracy condition (VII.3.2)
leads to

E N1 >a00=m) ’Yw(sjn)] < oo and E [1{Jt>4 Jp=M} ”Y,,(Hn |7T£(Ti)]1+"] < 00,

for some 7 > 0.

Let us prove that for 4 <n < M, we have E [1{Jt —n} %(;;H? |7r§(T,-)|1+"} < 0.

Under hypothesis (VII1.1.9), Corollary VIII.2 gives that |0y,s:| > ¢ > 0. Thus, on
{Jt = n},

Ors) = Zazﬂaa O, se(Th, o Ty A AP 282 60, 60

Since 7(T;) = a(—07" 0¢ + 62, 677 "), we have to check that, for 4 < n < M, for
every it =1,....n

2(14n)
a—1 co (a3 Ve 1+ a
B [(077102 +o7o75) (Z i+l J) Lig=ny | <00

Take ¢ = 1 and write
—2(14n)
E 6a 15a 1+n (Z o ]> [(604 15a)1+n (5a 5a) 1+17)}
—E <5§a—1)(1+n)> E (52—a(1+n)> E (53—2a<1+n)> .

Recall that ¢; is exponentially distributed of parameter p(R), so that
E(0;”) < o0 <= p < 1. And since 0 < o < 1/2, we can choose 7 small enough
such that

l-—a)(l+n)<landa(l+n) <2a(l+n) <1,
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which gives E <5§a_1)(1+n)> < oo, E <5 (Hn)) < oo and E (5 2a(1+")> < 0. So

—2(1+n)

E [ (5 tag) ™ (Z j+1]> < 0.

We write now
—2(1+n)
E 5a 5a 1 1+a7 (Z I J) [(5& 5a 1)1+n (5&5&) 1+n)}
=B (5§“‘1)(”’7)> E (5?(1”)) E (53—2(1(14-77)) B < 54_2a(1+n>> ‘

Recalling that ¢; has finite moments of any order, the choice of n then gives

—2(1+n)

E 5a50¢ 1 1+77 <Z e > < 00.

Since n > 4, the same argument works for ¢ = 2,...,n, and leads to
E l{Jt =n} T (S:_n)i| < 0. u
Remark 4.1. Suppose that n = 2. Then

—2(1+n)

6(1 1604 1+n (Z 21 ]) (504 15&)1+17 6720& 14n) ((sa +6a> 2(1+4n)

—6;" a(l+n) o <6;(a+1)(1+n _'_57204 (1+4n) 517(17(1) (1+n))

)

and this quantity is not integrable for o > 0, n > 0.

Hence, Proposition VIII.4 allows us to settle the following particular integration by
parts formula on {J; > 4; Jr = M}, which will be used for the Greeks computation
(see Chapter IX) :

Corollary VIII.5:

Suppose that hypothesis VIII.1 holds true. Suppose moreover that condition (VI11.1.9)
is satisfied.

Take o € (0,1/2) in the definition of the weights (;);en.

Then, for every function ¢ € C; (R), for all t € [0,T], we have

E(¢'(St) 005t 11, >4,0p=my) = BE(P(Sy) Hr(St, 0:5¢) 1gg>a00=11}) 5
where H(S;,0;S:) € Ly (AN By), A= {J; > 4} and By = {Jp = M}, is given
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by

Hﬂ'(St7 8:13515) = arst Vr,S: Lﬂ'St_IYﬂ',St < DSt7 D(8xSt) >r _amSt < DSt; DrYﬂ',St > -

Example. e Let us consider the geometrical model :
dS; = S (rdt + a(t,a) dN(t,a)).
In this case g(t,x) = xr and c(t,a,z) = x «a(t,a). It follows that
q(t,a,z) =x0(t,a) +xra(t,a)+xr —r(z+za(t,a) =z 0a(t,a).

In particular, if o does not depend on the time, the model is degenerated from the
point of view of the jump times. The non degeneracy condition reads

|0yt a)| > €.
On the other hand, the condition |1 + 0,c(t,a,x)| > n reads
1+ a(t,a)] >n.
e We consider now a Vasicek type model :
dS; = Sirdt+ a(t,a)dN(t,a) .
In this case g(t,x) = xr and c(t,a,x) = a(t,a). It follows that
q(t,a,z) = a(t,a) +xr —r(x + a(t,a)) = dwa(t,a) —ra(t,a).

Suppose that o does not depend on the time so that 0,oc = 0. Then the non dege-
neracy condition reads
afa)| = €.

And the condition |1 4 0,¢(t,a,x)| > n reads

11+ afa)| >n.

. Formula based on both jump times and amplitudes

In this section, we present the differential calculus with respect to both noises coming
from the jump amplitudes and from the jump times. So, for n > 1 be fixed, on
{J; = n}, the random variables will be (Vi,...,Va,) = (T1, ..., Tn, A1, ..., Ay),
thatis V; =T;,i=1,...,nand V,,; = A;;i =1,...,n. We have G = o(J).
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5. FORMULA BASED ON BOTH JUMP TIMES AND AMPLITUDES

We put together the results from sections 2 and 4 and we keep the same notation.
We assume hypothesis VIII.1 and VIII.2. The differential operators are on

{Jt = TL},

DS — O, St(uny .oy tun, A (w), ..., Ap(w)), i=1,...,n
R | se(Th, .., Doy Ay oo A, i=n+1,...,2n.

Ai—n

We use the weights defined in the previous sections, namely for o € (0,1/2),

Ti(w,u) = (Tix1(w) —w)* (u = T (W) 1y @) ma @ (w) , i=1,...,m

k-1
my) =) =D (@1 — 9)* U — )" Ligpg(¥), i=n+1...2n.
p=1
2n
We have on {J; = n}, L,S; = ZLi,,,St, with
i=1
Log_J - (7(T3) Ouy st + mi(T) O 5) yfori=1,...,n,
Pl = (m(A) Psy + (T ) (D) Duyse) L fori=n+1,...,2n.

All these quantities may be computed using the formulas of Lemma VIII.1.

Proposition VIII.5:
Suppose that hypothesis VIII.1 and VIII.2 hold true and that hypothesis (VII1.2.4) is
satisfied, that is

|0uc(t, a,x)| > e >0 and |(1+ 0.¢)(t,a,z)| >e€>0.
Then, for every function ¢ € C)(R), for all t € [0, T], we have

E(¢,<St)a$8t 1{Jt21;JT=M}) = E(¢<St) HTI’(St7 axSt) 1{Jt21;JT=M}) ’

where H(S;,0,5;) € Lauy) (AN By), A= {Jy > 1} and By = {Jp = M}, is given
by

H’R’(St7 8xSt) = axSt PyW,St LﬂSt_’yﬂ',St < D‘St7 D(axst) > _a:r:St < DSta D’Yﬂ’,St >
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CHAPITRE VIII. APPLICATION TO PURE JUMP PROCESSES

Proof. For 1 <n < M, on {J, = n}, we write

n 2n
Or,S = Zﬂ-i(w7ﬂ) ’auistF + Z 7T<Ai—n) |aa¢—nst|2
=1 i=n+1

> Z 7T<Ai) |aai3t|2
=1

A
= Ong, s

where Uﬁst is the covariance matrix corresponding to the jump amplitudes only,
that is the one defined in equation (VII1.2.3).

Hence, for 1 <n < M, and 7 = 1,...,n, since the jump times and amplitudes are
independent, we get

E|1y-m s ™ (1 + \Wi-(w,Ti)!)”"] < E [1=n) (vrs,)* 7]
X B [1pg=ny (14 |mi(w, T)) ]

We know that 7j(w, T;) € Lay4y(A), with A = {J; > 1}. Moreover, Proposition VIII.1
says that under hypothesis (VIII.2.4), the non degeneracy condition (VI1.3.2) holds
true on {J; > 1; Jr = M} for the jump amplitudes, that is

E [Lustpmnn (1252057 (1+ [7/(2))+] < oo.
Hence, for all 1 <n < M, we have
E [1{Jt:n} Y2 (1 4 |7r;(w,7;-)\)1+’7} < 0. (VII1.5.1)
Fori=n+1,...,2n, we similarly have
B[t 6™ (1+ 17/ (20))]

<E Ly (5T (147" (A))] < 0o. (VIILE.2)

Finally, equations (VII1.5.1) and (VII1.5.2) say that the non degeneracy
condition(VII.3.2) holds true on {.J; > 1; Jr = M}, and we can perform an integra-
tion by parts formula. [ |

. Application to density computation

Let us study in this section the existence of a density for the process (Si)icpo,r]
following equation (VI1.0.1).
In this section, we suppose that there is a finite number of jumps on ]0, T, that is
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6. APPLICATION TO DENSITY COMPUTATION

there exists M € N* such that Jr = M.

Since S; has a point mass if there is no jump on |0, t], we look at (1{;,50,7,=1} P) S
the image by S; of the restriction of the probability P on {.J; > 0; Jp = M }.

We will derive two kinds of representation of the density of (1¢j,0.7,=m3 P)S; 1,
one corresponding to the integration by parts formula based on jump amplitudes
(with discontinuous law), and an other one corresponding to the integration by parts
formula based on jump times.

Let us start with the jump amplitudes case. We take the weights 7 5 ;) as introduced
in equation (VII1.3.2), so that they satisfy hypothesis (VI1.3.7) of Lemma VII.4.

Proposition VIII.6:
Suppose that the coefficients of equation (VII1.0.1) satisfy hypothesis VIII.1 and that
for all (u,a,z) € [0,7] x R x R,

|0uc(u, a,z)| > e >0 and |1+ 0c(u,a,x)] >e>0.

Then, (1¢,>1.50=m) P) St_l is absolutely continuous on R with respect to the Le-
besgue measure, with a continuous density p; following the integral representation

pi(z) =E 1(0,00)(St - ) Ut(LO’t) Lgzi=my|
where Ut(l’o’t) is defined by equation (VI11.3.3).

Proof. By Proposition VIII.1, we know that the weights 7(; ) satisfy the non de-
generacy condition (VI1.3.2) on {J; > 1; Jr = M }. Hence, Corollary VII.3 (Case 2)
gives the result. [ |

We have seen in Proposition VIII.3 (ii), that we can iterate the integration by parts
formula if there are at least four jumps on |0, ¢]. So, in view of Corollary VII.4 (Case
2), we cannot prove that the previous density is differentiable, unless we replace

{Jy > 1} by {J; > 4} :

Proposition VIII.7:
Suppose that the coefficients of equation (VI11.0.1) satisfy hypothesis VIII.1 and that
for all (u,a,z) € [0,T] x R x R,

|0uc(u,a,x)| > e >0 and |1+ Oyc(u,a,z)] >¢e>0.

Then, (1;j,>4,5,=m} P) S; ! is absolutely continuous on R with respect to the Le-
besgue measure, with a density q; € C*(R) such that

() = E 1000 (S = 2) U Lgizsrmnn]
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CHAPITRE VIII. APPLICATION TO PURE JUMP PROCESSES

where Ut(l’o’t) is defined by equation (VI11.3.3). And
q;(f’?) =—E [1(0,00)(5t - 93) H, 1{Jt>4;JT:M}] )

where H, = Ut(l,O,t) Ut(z,o,t) B %(2,0,1&) <DSt, DUt(l’O’t)>(2,o,t).

Proof. In the proof of Proposition VIII.1, we have seen that hypothesis (VII1.2.4) im-
plies that 0, s; satisfies the ellipticity assumption (VI1.3.6) of Lemma VII.4. Moreover,
since the jump amplitudes are independent, m;,(A;) and 7(A;) are independent for
i # jand k,l = 1,2. Hence, we can apply Corollary VII.4 (Case 2) to get the result.ll

Remark 6.1. Ifthe law of the jump amplitudes has no discontinuities, let us suppose
that hypothesis (VI11.2.8) holds true, say for all (t,a,z) € [0,T7] x R x R,

|0uc(t, a,x)| >n>0.

Then, Proposition VIII.2 says that for all t € [0,T], S; satisfies the non-degeneracy
condition (H,) for all ¢ € N (see hypothesis VI1.6), that is s, has finite moments of
any order on {J; > 1; Jr = M }. Hence, Corollary VIl.4 (Case 1) gives : p, € C*°(R),
and

27 (@) = (1" E (1(0,00)(St = ) Hi41 (S, 1) L1201y

where Hy.1(S;, 1) is defined by the inductive relation :
Ho(Sy,1) =1 and Hyy1(S;, 1) = H(F, Hi(S, 1)) .
This case is similar to diffusion processes on the Wiener space.

Let us now give an expression of the density using integration by parts formulas
based on jump times.

We take the weights introduced in equation (VII1.4.1). Let us recall that we have
denoted

q(t,a,x) == (Owc + g 0zc)(t,a, ) + g(t, x) — g(t, x + c(t, o, x)) .

Proposition VIII.8:
Suppose that the coefficients of equation (VI11.0.1) satisfy hypothesis VIII.1 and hy-
pothesis (VII1.1.9), that is for all (t,a,z) € [0,T] x R x R,

lg(t,a, )| > e >0 and |1 + Oyc(t,a,x)| > > 0.

Then, (1¢,>4.5,=m P) St_l is absolutely continuous on R with respect to the Le-
besgue measure, with a continuous density q; following the integral representation

@(2) = B [L(0,00) (St — ) H(S;, 1) 1y >a00=013]
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6. APPLICATION TO DENSITY COMPUTATION

where H(S;,1) involves the Malliavin operators of S; derived by differentiating with
respect to the jump times (see Corollary VIII.5).

Proof. Proposition VIII.4 says that under hypothesis (VII1.1.9), the non-degeneracy
condition (VII.3.2) is satisfied on {J; > 4; Jr = M }. Hence, Corollary VII.3 gives the
result. |

Remark 6.2. In this framework, under suitable assumptions on the coefficient of
the diffusion (St).cjo,r1, we have derived an explicit representation of the density of
(1(s,54.5r=11y P) S; ' We can moreover state that this density is continuous.

Let us compare the result of Proposition VIII.8 to the framework developped by
Carlen and Pardoux in [CtP90].

Under suitable assumptions on the coefficients of the diffusion equation of (S;)sc(017,
they prove that (1y;,>13 P) S; 1 is absolutely continuous on R with respect to te Le-
besgue measure. But they can not derive neither explicit expression nor regularity
results for the density. This can be explained by the fact that their approach is not
based on an integration by parts formula : the functional S; is one time, but not
twice, differentiable with respect to the jump times (in Malliavin sense), whereas
the integration by parts formula involves the Ornstein-Uhlenbeck operator and then
the second order derivatives of S (see Corollary VIII.5).

By restricting ourselves on a smaller event (that is {J; > 4; Jr = M }), we get a stron-
ger result : we derive an integral representation for the density of (1{j,>4,7,=m3y P) Sy !
as well as an information about its regularity (continuous).
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Sensitivity analysis for European and Asian
options X

Introduction

In this chapter, we will apply the integration by parts formulas settled in Corolla-
ries VII1.3 and VIII.4 (based on the jump amplitudes), in Corollary VIIL.5 (based on
the jump times) and in Proposition VIII.5 (based on both jump times and ampli-
tudes), to compute the Delta of two European and Asian options : call option with
payoff ¢(z) = (z — K), and digitial option with payoff ¢(x) = 1,>x. This means
that, if we denote by (S):cjo,r7 the underlying and 7' the maturity of the option,
we want to compTute 05, E(¢(S7)) in the case of European options, and ds,E(¢(Ir)),

with I := T S; dt, in the case of Asian options.

We denote by OAi, t € N and T;, i« € N the jump amplitudes and times of a
compound Poisson process, and we define (J;)cp,r) the counting process, that is
Jp = Card(T; < t).

The asset (S;)icpo,r is a one dimensional jump diffusion process.

We first deal with two different one dimensional pure jump diffusion equations for
modelling the asset (.S;)icqo,r)-

The first one is motivated by the Vasicek model used for interest rates (but we
consider a jump process instead of a Brownian motion) :

t Ji
St:a:—/r(Su—a)du+ZaAi. (1X.0.1)
0

=1

And the second one is of Black-Scholes type :
t Ji
St:x+/ rSydu+o ZST_ A (1X.0.2)
0 =1
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Next, we add a continuous part to the geometrical model (1X.0.2), that is we consider
the following Merton model :

t t Jt
St—:c+/ 7S, du +/ 0 Sy dWy + 1Y S A, (1X.0.3)
0 T

0 i=1

where W is a one dimensional Brownian motion independent on the compound Pois-
son process V.
In these models, we take A; ~ N(0,1), ¢ > 1. That is, A; has the density

2

1
p(z) = mep(x), with p(x) = —%. And we put T; — T;_1 ~ exp(A), where A is

called the jump intensity.

The first two pure jump models allow us to compare the Malliavin approach (based
on an integration by parts formula used in a Monte Carlo algorithm) to the finite
difference method. Moreover, since we use integration by parts formulas using the
jump times only or the jump amplitudes only, we can compare the Malliavin estima-
tors corresponding to these two different cases. Adding a continuous part in model
(1X.0.3) allows us to compare the Malliavin estimator based on Brownian motion
only (obtained in [PD04|) to the one based on Brownian motion and jump ampli-
tudes (obtained in our framework). In other words, using all the noise available in
the model does improve the numerical results.

Let us come back to the Delta computation. We write (the following computations
hold with I7)

0:E(¢(Sr)) =E (¢/(S1) 0:57)
=E (¢/(S1) 8257 1{sp=0y) + E (¢'(S7) 057 11sp21y) -

On {Jr > 1}, we use an integration by parts formula such as the one of Corol-
lary VIII.4 for the jump amplitudes (with smooth laws), or of Corollary VIII.5 for the
jump times, or of Proposition VIII.5 for both of them. We thus obtain

E (¢/(S7) 0:51 1s;>1y) = E (6(Sr) H(S7, 8257) 1sp>1})

where H (S, 0,S7) is a weight involving Malliavin derivatives of St and 0,S7. Hence,
we have

.E(¢(S7)) = E (¢'(Sr) 057 Lisp=0y) + E (¢(St) H(S7,0:57) Lisp>1y) -

In order to compute the two terms in the right hand side of the above equality, we
proceed as follows.

On {Jr = 0}, there is no jump on |0, T|, thus Sy and 9,5t solve some deterministic
integral equation. In the examples that we considered in this chapter, the solution
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of these equations are explicit, so that these terms are explicitly known. Hence, we
may use the finite difference method to compute E (gb'(ST) 0,57 14 JTZO}).

For the computation of the term E (¢(Sr) H(St,8,57) 1{;>13), we use a Monte-
Carlo algorithm. We simulate a sample ((T,’f)neN, (Aﬁ)neN)) kE=1,...,M of the
times and the amplitudes of the jumps, and we compute the corresponding J¥, S%.
and H*(Sk 0,S%). Then we write

M
E (¢(S7) H(Sr, 0:57) 1p51y) = Z o(SK) H"(S%, 0,55 ) Ligk>1y -
k=1

Let us compute now the Malliavin weights H* (S5, 0,.5%) for the models (1X.0.1) and
(1X.0.2).

. Malliavin estimators

We may use integration by parts formula with respect to jump amplitudes, times or
to both of them.

In the case of jump amplitudes, since their density p has no discontinuities on R,
we are in the framework described in Chapter VIII, section 2.2 : the density p satis-
fies hypothesis VIII.3. As there are no border terms to cancel, we put for all ¢ > 1,
m(w,A;) = 1. We thus use the integration by parts formula derived in Corollary
VIIl.4, and we get the following Malliavin weight (corresponding to the jump ampli-
tudes only)

HA(ST, &cST) = c%ST YSr LSt — Vs < DST, D(axST) >
— 0,87 < DSr,D~vs, > . (IX.1.1)

In the case of jump times, we are in the framework described in Chapter VIII, section
4. Recall that we have taken the weights

mi(w, ;) = (Ti41 — T) (T; — T;-1)®, with a € (0,1/2).

Denoting by 6; = T; — T;_1 (with the convention 6,1 = T — T,, on {Jr = n}), we
then have
m = a8ty 07T (041 — 0i) -

We thus use the integration by parts formula derived in Corollary VIII.5, and we get
the following Malliavin weight (corresponding to the jump times only)

HTm(ST, 8,,;ST) = 8305'1“ VY, St LWST — Yr,57 < DST, D(@xST) >
— 0,57 < DST,D’}/ﬂ-’ST >a . (|X12>
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Note that this formula holds true if there is at least four jumps on |0, 7. In view of
Remark 4.1, we are not able to handle the non degeneracy problem corresponding
to the jump times if J;r < 3. Hence, we will use the noise coming from the first jump
amplitude A, if there is at most three jumps on |0, 7.

In the case of both jump times and amplitudes, we choose the weights on {Jr = n} :
fori=,...,n,weput m(w, T;) = (Tix1 — T;)* (T; — T;_1)%, with « € (0,1/2), and for
i=n+1,...,2n, 7(4;) =1

We then use the integration by parts formula derived in Proposition VIII.5, and we
get the following Malliavin weight corresponding to the jump times and amplitudes

H(Sr,0,S7) = H*(St,0,S7) + H'™(St,0,57) .

Let us compute the Malliavin operators involved in the weights H A(ST, 0,St) and
H™™(Sp,0,Sr). One may use Lemma VIII.1, but in the particular cases that we
discuss here, we have explicit solutions, so that direct computations are much easier.

1.1. European options

e We first study the Vasicek model (IX.0.1). Let us fix n > 1. We have an explicit
expression of Sp on {Jr =n} :

Sr=ze T +a(l—e")+o Z Aje @1 (IX.1.3)
j=1

x Jump amplitudes : Differentiating with respect to the jump amplitudes in equa-
tion (IX.1.3), we get for all 1 <i < n,

DiST = Ueir(TiTi)
D2Sy = 0
aST —rT
Yr = —=¢"
T ox ¢
D;Yr = 0,

and the covariance matrix is given by :
n n
Z 2 o (T—T;
or = |DJST’ = 0'2 E e 2r (T-15) .

j=1 =1
Olnp(A)
0A

1
Then v = — = D;yr =0, for all 1 < i < n. Since = —A, one has
or

LSy = — ZDjST 8I18p—A(]) = Zae_r(T_Tj) Aj .
=1 !

j=1
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Finally, putting these results in equation (IX.1.1), we obtain on {Jr = n} for n > 1,

i eTTj A]
HA(Sp,0,87) =2 — (IX.1.4)

o Z 627‘Tj
j=1

x Jump times : suppose that n > 4. Differentiating with respect to the jump times
in equation (1X.1.3), we have

DiST = O'Ai re " (T-T0) s

and then on {Jr = n},

n
2 N2 —2r (T=T;
On Sy = E mi (or)2 A2 2r(T-10)
i=1

On {Jr = n}, we have L (Sr) = — Z L; »(Sr), with

i=1
LixSr = —0r Nie " T (ra + o (641 0:)* " (6541 — 65)) -
Let us denote

Aj = a6y AT,

B; = A7V [2rmi+a(0510;)" 7 (0501 — 5)] -
We then obtain
Djorsy = (07)* e (Ajo10jm1 — Ajia dj42 + By)

Moreover 9,57 = e "1, so that D;0,Sy =0 foralli=1,..., n.
We have now the expression of all the terms involved in HI™(Sr,d,S7) in equa-
tion (IX.1.2). For n > 4, on {Jr = n}, we obtain

Z Al €TTi (7’ T+« (5i+1 51')&_1 (6i+1 — 51))
H,"™(Sr,0,8r) = =

~

oro

Z e (AiZ1 01 — Aip1 6140 + By)
— = . (IX.1.5)

oro?
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n
where ¢ = E m A2 2T

i=1

For n =1, 2, 3, we use integration by parts with respect to the first jump amplitude
A; only. Then, similar computations give on {Jr =n}, for 1 <n < 3:

e*TTl

Tm —
H,™(Sr,0.57) = TA

e We now study the geometrical model (1X.0.2). Let us fix n > 1. On {Jr = n}, we

have .
H (1+0A))

We may not use integration by parts with respect to the jump times because St
depends on Ti,...,7T, by means of J; only. So we perform integration by parts
formula using the jump amplitudes only. Differentiating with respect to the jump
amplitudes, we have for all 1 <17 < n,

O'ST -
D,Sp = —— = 1 AR
T 11 oA, Uj:g#( +o0 J)

0
Note that if (1 + 0 A;) = 0, then Sy = 0. So we use the convention 0= 0. Let us
define

Zcr = gm (IX.1.6)
B, = JZ(HL;A]-) (IX.1.7)
C, = ;m (1X.1.8)
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We then get, forall 1 <i<n

DSy =0
St
Yr = —
T SO
CTST
DYy =——"T
T Sl +oay)
n 1 B
O'T:UZS%Zm:O'2S%AU (|X19>
=1 !
20352 ~ 1
Diogr=(—="Ty (A — — —
or (1+O'AZ) ( 7 <1+O'AZ)2>
DiO'
DiPyT:_ QT'
or

Hence, on {Jr = n}, n > 1, the Malliavin weight (IX.1.1) for European options is
given by N N
B 1 2C

H2(Sp,0,57) = —% 4+ — — =22 1X.1.10

(51 2 orA, T xA2 ( )

1.2. Asian options

In this section, we deal with the geometrical model (1X.0.2). Let us fix n > 1. On
{Jr = n}, we have

I "1 [Tin
Ip = — Sy du = — Sy du ,
T iTA B Z;T[; B

with the convention 7o = 0 and 7},,, =T
On {Jr = n},n > 1, we compute the differential operators involved in the expression
of H>(Ir,d.I7) (take I instead of Sy in equation (IX.1.1)).

In order to differentiate I, let us first express it as a simple functional.
t

On {Jp = n}, n > 1, we have for all t € [T}, Tj;1[, S; = St +/ r S, du, so that

J

Sy = ST]. ¢" =Ti) We thus obtain

Since we know from Chapter VIII (see equation (VII1.1.2)) that on {Jr = n},
Sr = sp(Th,...,Tn, A1, ..., A,) (with sp a twice differentiable function), we can
write I as a twice differentiable simple functional :
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Ip =Y ip (Ty,..., T, Ar, . Ay) 1(gy—ny, Where

n

, 1 o
Ge(Ury ey Upy A1y ey Q) = - Zst(ul,...,uj,al,...,aj) (e’"(uﬂ+1 u5) —1) .
=0

So, differentiating with respect to the jump amplitudes, we obtain

DIy = 2 here K. ! /TSd
dr = — K; 7, where K; 7 := ——— W du .
et T 140A; Jp

And we get
1 n
Dilr = — Y DSy (@070 —1) =0
rT =
ol 1 [" Ir
Zr = — =— Y, du=—
T Ox T/O -
o
DiZr = Ty T
n 2 n
o
o, = Y _|DiIr[’ = - > Kip (IX.1.11)
j=1 j=1
Divi, = =291, Y DIy D}Ir,
j=1
with
0 if =
0.2 . . .
D%IT = T(TUA]') KLT if 7> ]
Djz»i]T if i< j (by symmetry).

Hence, on {Jr = n}, n > 1, the Malliavin weight for Asian options is given by

KOT Z Zn s Kir
([T,E) [T) A KJT+ — Zj_lijTm , (|X112)
i#j
1 T
here K = E dKjr=—Fr w du.
where Tan 5T 1+0Aj/Tdeu
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2. Numerical experiments for pure jump processes

In this section, we present several numerical experiments in order to compare the
Malliavin approach to the finite difference method.

In arbitrage theory, an expression for the price u(, ) of an option, with underlying
S, maturity T and payoff ¢, is given by

u(0, So) = E [#(S7)[So] -

To compute the Delta (that is ds,u(0,S))), the finite difference method makes a
differentiation using the Taylor expansion of the price with respect to Sy. Indeed,
we shift Sy with € and compute the new price u(0, Sy + ¢€), then the first term of the
Taylor expansion of the price around Sy is given by :

u(0,S0) _ u(0,80 +€) —u(0,S — ¢
650 o 2¢

We choose the symmetric estimator and we use the same simulated paths in the two
"shifted expectation" in order to reduce the variance.

On the other hand, we look at two kinds of Malliavin Monte-Carlo estimators :
these obtained using a localization method or not. Let us be more precise about the
localization method.

For European and Asian call options, we use the same variance reduction method
as the one introduced in [FLLT99]. We have seen that sensitivity analysis using

Malliavin calculus leads to terms such as ¢(Sr), H(St, %) (take I for St in the
0

case of Asian options), which may have a large variance. It is possible to avoid this
problem by using a localization function which vanishes out of an interval

[K — 6, K+ 6], for some 6 > 0. In order to develop this idea, let us introduce some
notation.

For 6 > 0, we consider the following function,

Bs(s) == 0 ifs<K-—-¢
= D it s e [K 3, K+
= 1 ifs>K+9.
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15

-0.5 L

FiG. IX.1 - Represe%tation ‘of B for K = 100,48 = 20

Let the function G be a primitive of By :

Gs(t) = ['_ Bs(s)ds
= 0 ft<K-—-9¢
= R e [K -6, K + 0]
t— K ift>K+9.
sl /,

40

35 -

30

25 -

20

15 |

10 |

51

Fia. IX.2 - RepresgiltationKof G for K = 100,55 =20

We then define the localization function

Fs(t) = (t—K), —Gs(t)
=0 ft<K-—-9¢
= (=) ifte[K -6, K]
= - K- CEDT Gy e (KK 4 ]
0 ift>K+4.
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K-8 K K+8
T T

FIG. IX.3 Representation of F' for K = 100,6 = 20

Since F5(St) + Gs(Sr) = (S — K)4, we have on {Jr > 1},

Is,E[(Sr — K)1] = 0s,E[Gs(S7)] + 0s,E [F5(S7)]
— B [By(Sy) ds,S1] + F [Fy(Sy) H(Sr, 95,57)] -

Since Fj vanishes out of [K — 0, K + 0], the value of the second expectation does not
blow up as H(St,0s,St) increases.

Remark 2.1. Since the law p of the jump amplitudes has no discontinuities, Pro-
position VIII.2 says that we may perform an integration by parts formula using the
jump amplitudes under the condition (VII1.2.8), that is

|0uc(t,a,x)| > n >0, for some 7.

Concerning the geometrical model, we have 0,c(t,a,x) = o x. Hence,

condition (VII1.2.8) is not satisfied. Let us show how the localization method allows
us to overcome this difficulty.

Let us come back to the relevance of hypothesis (VI1.2.8). In the proof of Proposi-
tion VIII.2, it allows us to verify that hypothesis VII.6 is satisfied, that is

E (’yéT 1{JT21}) < X0.

The localization method allows us to settle the non degeneracy condition VII.6 even
if condition (VII1.2.8) is not satisfied. Equations (1X.1.9) and (IX.1.11) actually give

1 1
A>g888 — — > (0(K-0) —,
e L A R O W
1 1 1
T SS8KS, —>8%18 — — > K—6§))® ——
7 20 B s 2 o i o 2 WS ON

Since A has moments of any order, we get E(v7) < oo and E(7}) < oc.
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2.1. Comparison of the Malliavin calculus and the finite difference methods

In this section, we compare the results given by Malliavin calculus and finite diffe-
rence method. We also compare the localized and non localized Malliavin estimators.

Remark 2.2. We choose the parameter o in the diffusion models (1X.0.1) and (1X.0.2)
in the following way :

— For the Geometrical model, the variance of S; is
Variance(S;) = 2® e*"" ((302“ - 1) :

Taking A\=1,r =0.1, T =5 and = 100, if o € [0.1,0.6], we have
1393.69 < Variance(Sr) < 137264. We choose here small values for o in order to
fit the usual values of the volatility taken in the Black-Scholes model.
— For the Vasicek type model, we have
- —2rt Ao? —2rt

Variance(S;) = 2ae (x —a) + o (1—e2"").
Taking A = 1, r = 0.1, T = 5, a« = 10 and x = 100, if 0 € [16,50], we have
1471.3 < Variance(Sr) < 8563.69. Note that choosing large values for o seems
to be "sensible" in order to fit the usual values taken by the practiciens in the
Vasicek model.

Let us first present the figures obtained for European options using the Vasicek
model.

Delta of a Digital European Option, K=S0=100,T=1,r=0.1,0=20,A=10
0.016

0.014
0.012
0.01
0.008
0.006 r
0.004

0.002

lMthavin delta without Loc — ‘
T

I S — 1 1 1
10000 20000 30000 40000 50000 60000 70000 80000
Monte-Carlo Iteration

F1G. IX.4 — Delta of an European digital option using Malliavin calculus and finite
Difference Method. Vasicek model.
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Delta of a Call European Option, K=S0=100,T=1,r=0.1,a=20,0=20,a=20,A=10
0.4 T T T T T T T

0.395
0.39
0.385
0.38
0.375

0.37

0.365

Malliavin delta without Loc —
Finite difference,e=0.01  --------
036 1 1 1 1 T T
10000 20000 30000 40000 50000 60000 70000 80000
Monte-Carlo Iteration

F1G. IX.5 — Delta of an European call option using Malliavin calculus and finite
Difference Method. Vasicek model.

We now present the results obtained for European and Asian options using the
geometrical model.

Delta of a Digital European Option, K=S0=100,T=2,r=0.1,0=0.2
0.011 T T T T T T T

001 | . g
0.009
0.008

0.007

0.006
0.005 | B

0.004 g

0003 A Malliavin delta [—
: Finite difference,e=0.1  --------
0.002 L L L I 7 T

10000 20000 30000 40000 50000 60000 70000 80000
Monte-Carlo Iteration

F1G. IX.6 — Delta of an European digital option using Malliavin calculus and finite

Difference Method. Geometrical model.
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Delta of a Call European Option,Derivation wrt Amplitude, K=S0=100,T=1,r=0.1,0=0.2

0.78 T T T T T T S—
Localised Malliavin delta
+ Malliavin delta -
Finite difference,e=0.001 --
0.76 |- A
i
"
0.74 | A
5
i + + T ¥ +
072+ & oot b

I
+ %

PREN o LA Y e
Ty Ny Y =

+ +

3§
v +

0.68 o

0.66 1 1 1 1 1 1 1
10000 20000 30000 40000 50000 60000 70000 80000

Monte-Carlo Iteration

F1G. IX.7 — Delta of an European call option using Malliavin calculus and finite
Difference Method. Geometrical model.

Delta of a Call Asian Option, K=S0=100,T=5,r=0.1,A=1,0=0.2

0.7
X
0.698 “ B
\
\
0.696 |- | g
\
\
0694 - | 1
Ix A
‘\\ g‘X\T A X T X X
o692 | |[\ [ |/l X i | X y i i
WG Nellsert AU A x| Pl «
N a nml / Aol
UL A S At LA A
o ol LAY |y / A |/ f |
ssop kPP T H A TN Y
S :
\ I\l
\ | i
0.688 - \ | 1} 1
X Malliavin using All Jump Amplitude —x—
Einite Difference -~
0686 Il Il Il Il T T T
0 10000 20000 30000 40000 50000 60000 70000 80000

Nb MC
F1G. IX.8 — Delta of an Asian call option using localized Malliavin calculus and finite
Difference Method. Geometrical model.
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Delta of a Digital Asian Option, K=S0=100,T=5,r=0.1,A=1,0=0.2
0.011 T T T T T

0.01 B
0.009 B
0.008 i
0.007 B
0.006 B
0.004 B

0.003 B

0.002 5
Malliavin using All Jump Amplitude —%—
Finite Diﬁergnce ; .

! h
0 10000 20000 30000 40000 50000 60000 70000 80000
Nb MC

F1G. IX.9 — Delta of an Asian digital option using localized Malliavin calculus and

0.001

finite Difference Method. Geometrical model.

We can numerically compute the Greeks for European and Asian options with a
pure jump underlying process. We obtain numerical results similar to those in the
Wiener case ([FLL199| and [FLLLO1]).

For European and Asian call options, the Malliavin estimator has larger variance
than the finite difference one (see figures IX.5, IX.7 and IX.8) : the finite difference
method approximates the first derivative of the payoff, whereas the Malliavin estima-
tor contains a weight (independent on the payoff), which may increase the variance.
The localization method detailed above allows us to reduce the variance of the Mal-
liavin estimator.

On the opposite, the Malliavin estimator of digital options has lower variance than
the finite difference one (see figures I1X.4 and 1X.6) and so does not need to be locali-
zed : in this case, the first derivative of the payoff is a Dirac function and, contrary
to the finite difference method, the Malliavin calculus allows us to avoid this strong
discontinuity.

Finally, note that for both call and digital options, the finite difference method re-
quires to simulate twice more samples of the asset than the Malliavin method does :
the finite difference method uses the samples starting from Sy and those starting
from Sy 4 €. The Malliavin method is thus less time consuming.

2.2. Comparison jump Amplitudes-jump Times

Since we just noticed that, for call options, the Malliavin estimator is more efficient
with localization than without, in all the simulations, we use a variance reduction
method based on localization ( as the one detailed in the beginning of this section).
We compute Malliavin estimators using jump amplitudes or jump times.
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In tables IX.1 and IX.2, we give the empirical variance of these estimators : we denote
by ‘Var Mall JT’ (respectively ‘Var Mall AJ’) the variance of the Malliavin estimator
based on jump times (respectively jump amplitudes). Moreover, we compare them
to the finite difference estimator, that we denote by ‘Var Diff’.

We also mention in tables IX.1 and IX.2 the value of the volatility ¢ that we use and
the corresponding variance of the underlying, denoted by Variance(S;).

We use the following abreviations :

— AJ : Jump Amplitudes

— AJ1 : one jump amplitude only
— JT : Jump times

— FD : Finite difference

— G : Geometrical model

— V : Vasicek model

— Call : Call option

— Dig : digital option.

Then (V/Dig/AJ) means that we deal with the Vasicek model (V), with a digital
option (Dig) and we use an algorithm based on the amplitudes of the jumps (AJ).
(V/Dig/AJ) versus (V/Dig/JT) means that we compare these two estimators.

Let us compare the variance of the Malliavin estimators based on jump times or
amplitudes for the Vasicek model.
e (V/Call/AJ) versus (V/Call/JT) versus (V/Call/FD)

Delta of a Call European Option Estimator , Vasicek model, K=S0=100,T=5,r=0.1,A=1,06=50
0.127 T T T T T T T

0.126
0.125
0.124
0.123
0.122
0.121

0.12 I

0.119

0.118

0.117 | ‘ ['ing Times of Jump — |

inite Difference
sing' All Jump Anpplitude X

0.116

0 10000 20000 30000 40000 50000 60000 70000 80000

Nb MC
F1G. IX.10 — Vasicek model. Delta of an European Call option using Malliavin cal-
culus based on jump times, on jump amplitudes, and finite difference method.
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o Variance(St) | VarMallJT | VarMallAJ | VarDif f
15.8114 796.241 0.0285123 0.0106426 | 0.0300379
16.6667 897.577 0.0417219 0.0115955 | 0.0298567
17.6777 991.453 0.0400695 0.013123 | 0.0298904
18.8982 1134.11 0.0410136 0.0144516 | 0.0299574
20.4124 1313.42 0.0433065 0.0162378 | 0.029862
22.3607 1584.9 0.0400481 0.0178726 | 0.0298987

25 1967.53 0.0407136 0.0202055 | 0.0299007
28.8675 2604.22 0.0362728 0.0224265 | 0.0299651
35.3553 3961.31 0.0343158 0.0253757 | 0.0297775

50 7890.4 0.0333298 0.0287716 | 0.0299749

TAB. IX.1 — variance of the Malliavin JT estimator, AJ estimator and of the FD for

Call option in the Vasicek model.

e (V/Dig/AJ) versus (V/Dig/JT) versus (V/Dig/FD)

0.0045

Delta of a Digital European Option Estimator , Vasicek model, K=S0=100,T=5,r=0.1,A=1,0=50

0.004 |
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X
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e
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0.0005 [ lusing All Jump Amplitude
Finite Difference
o ) ) ) ) lusing Times of Jump
0 10000 20000 30000 40000 50000 60000
Nb MC

FiG. IX.11 — Vasicek model. Delta of an European Digital option using Malliavin

E—

70000 80000

calculus based on the jump amplitudes, on the jump times, and finite difference
method.
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o Variance(St) | VarMallJT | VarMallAJ | VarDif f
15.8114 796.241 0.00144622 | 7.18878e — 5 | 0.00514743
16.6667 897.577 0.00254652 | 7.3629e — 5 | 0.00459619
17.6777 991.453 0.0018011 | 7.85552e — 5 | 0.00496369
18.8982 1134.11 0.0109864 | 8.14005e — 5 | 0.00477995
20.4124 1313.42 0.00177648 | 8.1627¢ — 5 | 0.00386111
22.3607 1584.9 0.00152777 | 8.06193e — 5 | 0.00496369

25 1967.53 0.0013786 | 7.94341e — 5| 0.0062497
28.8675 2604.22 0.00100181 | 7.5835e — 5 | 0.00551488
35.3553 3961.31 0.000617271 | 6.95225e — 5 | 0.00459619

50 7890.4 0.000373802 | 5.64325e — 5 | 0.00533116

TAB. IX.2 — Vasicek model. Variance of the Malliavin JT estimator, AJ estimator
and of the FD for Digital option.

As we can see on figure IX.10 and I1X.11, the comparison between the finite difference
method and the Malliavin estimator using jump times leads to similar conclusions
as the comparison of the Malliavin estimator using jump amplitudes with the finite
difference method : for call options, these estimators are close, but for digital op-
tions, the Malliavin one is the most efficient.

On the other hand, if we look at tables IX.1 and IX.2, we note that

VarMallJT > VarMallAJ. This means that the use of Malliavin calculus with res-
pect to jump amplitudes leads to estimators with lower variance than those based
on jump times.

Besides, another question arises : do we improve the numerical results by using
as much noise as possible ? In other words, are there significantly differences bet-
ween the variance of Malliavin estimators using all the jump amplitudes available
and those based on one jump amplitude only ?
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e (V/Dig/AJ) versus (V/Dig/AJ1).

Variance of the Delta of a digital European Option Estimator, K=S0=100,T=10,r=0.1

variance
0.00016 0.00016
0.00014 0.00014
0.00012 - 0.00012
0.0001 | o [ 0.0001
8e-005 AR S
TR T 8e-005
6e-005 A T
pageotl ISP S A X 6-005
oot IV e DT 46-005
- H +
2e-005 + % e, 2e-005
0 r +
0
1
N 0
1 o
using 1Jump +

using all Jum|

F1G. IX.12 — Variance of the Delta based on all jumps or one jump. Vasicek model.

Figure IX.12 shows that for the Vasicek model, when the jump intensity A (which
represents the quantity of noise available in the system) and the parameter o (which
represents the variance of the jump amplitudes for this model) increase, the Malliavin
estimator using all jump amplitudes has a lower variance than the one using one
jump only.

e (G/Call/AJ) versus (G/Call/AJ1).

Variance of the Delta of a Call European Option Estimator, K=S0=100,T=1,r=0.1,A=1

0.7
"
06 | // 4
05 | // g
0.4 / m
03 / |
0.2 | B
using 1Jump —t

v, ) ) ) ) using all Jump
0.1

0 1000 2000 3000 4000 5000 6000 7000

Variance of the spot

Fi1G. IX.13 — Variance of the Delta based on all jumps or one jump. Geometrical
model.
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For the geometrical model, we can observe on figure 1X.13 that the variance of
the Malliavin estimators increases when Variance(S;) increases as well. But the
estimator using all jump amplitudes has always a lower variance than the other one
based on one jump amplitude only.

. The Merton process

In this section, we add a continuous part to the model (VIII.0.1) that we considered
in Chapter VIII, that is we deal with the Merton model :

Jt t t
Sy =x+ Z c(Ti, Ay, Sp-) + / g(u, Sy) du + / o(u,S,)dW,, (1X.3.1)
i=1 ' 0 0

where the coefficients g and ¢ satisfy hypothesis VIII.1. We assume moreover (for the
existence and uniqueness of equation (I1X.3.1)) that

Hypothesis 1X.1. The function 2 — o(u, ) is twice continuously differentiable and
there exists a constant C' > 0 such that :

o(u,x)| < C(1+ |z]) and [0,0(u, z)| + |20 (u, )| < C.

Concerning the law of the jump amplitudes, we assume that it has a discontinuous
density on R, denoted by p, which satisfies hypothesis VIII.2.

We present two alternative calculus for this model. The first one is based on the
Brownian motion only, which actually corresponds to the standard Malliavin cal-
culus, and the second one is based on both the Brownian motion and the jump
amplitudes. Since the law of the Brownian increments is continuous on the whole R,
we may perform an integration by parts formula using the Brownian motion only
under the following hypothesis :

Hypothesis 1X.2. There exists € > 0 such that
o, 2)| > €.

This assumption actually represents a ‘non-degeneracy condition’ for the Brownian
motion, and can be seen as the counterpart of condition (VI11.2.8) settled in Propo-
sition VIII.2 for jump amplitudes with smooth density.

In order to compute the Malliavin operators of S;, we first express it as a simple
functional, which requires to introduce an Euler scheme.
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3.1. Merton process and Euler scheme

Suppose that the jump times 77 < ... < T, are given (this means that we have
already simulated 77, ...,T, in a Monte-Carlo algorithm). We include them in the
discretization grid : we consider a time grid

O=ty<ti <...<tp <...<ty =171 and we assume that T; =1¢,,,, 2 =1,....,n
for some m; < ... < m,. For t > 0, we denote m(t) = m if t,, <t < t;,+1. Then the
corresponding Euler scheme is given by

Ji m(t)—1
St :.’L"i_zc(j—;?AuST + o tkhstk Wtk+l _Wtk)
=1 k=0
m(t)—1
+ g(tk, St ) (trs1 — te) -
k=0

Following the method of Chapter VIII, section 1, we introduce the following deter-
ministic equation :

m(t)—1 m(t)—1
§t:x—|—Zc(ui,ai, Au— + o (tg, St ) Agw+ Z 9(tr, 8t,) (b1 —tr) , (1X.3.2)
' k=0 k=0

where we have denoted by Ayw = wy,,, — wy,. Then equation (IX.3.2) allows us to
express S; as a twice differentiable simple functional, say

gt = Z ‘§t(T17 s aTk‘a Ala s 7Ak7 A0W7 s 7Am(t)_1W) 1{Jt=k} ;

where AW =W, — W,,. We thus have on {J; = k} :

St = 0udi(Th, o Tiy Aty oo Ay AW, Ay W),
R,aS = O s T Ay A AW Ay W)
0uSi = 0use(Thy .o Ty Ary ooy A, AgW, o Ay 1 W)
OnwS: = Ongwse(Th, - Ty Ary oo Ay AW, Ay 1 W)

We denote 0 = ti1 — t. The first derivatives of s, satisfy the following equations :

Ji
Oa, 8t = Ogc(uy, ay, §ui—) + E Opc(ug, ag, éu;) 8ai§ug
k=i+1
m(t)—1 m(t)—1

+ > Dag(tn, 80,) 080, O + Y 0u0(tr, 84,) OBy, Apw, (1X.3.3)

k=i k=i
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Ji

Opwst = o(ti, St,) + Z Opc(ug, a, Au;) IS,
k=1
m(t)—1 m(t)—1

+ > 000 (b, 80,) Onwde, AW+ Y 9ag(th, 30,) Onwde, 0, (1X.3.4)

k=i k=i

For higher order derivatives, one may derive similar equations.

We now have the choice of using integration by parts formula using the Brownian
increments A;W only, or both A; W and the jump amplitudes A;. In each case we
have different forms for the differential operators.

Let us denote Jﬁt the covariance matrix corresponding to the jump amplitudes, o}V
the one corresponding to the Brownian increments, and (7?7 ;W the one corresponding
to both of them. As the density of the jump amplitudes A; may have discontinuities
on R, o2, involves some weights m (see Chapter VIIL, section 2.1) introduced in

equation (VII1.2.1). We then have on {J; = k}, for k > 1,

k m(t)—1
o’ = > o m(A) a8+ DY [Oawdil
=1 1=0

() 1005, .

vqu>
Il
M~

1
£)—1

(2

2

o = 0a,w8:]” .

The other differential operators will change in a similar way.

Note that A;W ~ N(0,t;41 — t;) so that the corresponding Ornstein Uhlenbeck
m(t)—1

operator L' := Z LY is given by
=0
AW

Lyvgt = aiiwét + 0;4/ aAiw§ta with QJ/V = _t‘+1 —t.
7 (]

The other Ornstein-Uhlenbeck operators will have the following expressions

Jt
LAS, = — Z (D) 04,5 + (7'(A;) + 7(A:) Oln p(A;)) O, 5,
=1
LAJ/VSt — L?St + LWSt .

Note that if m = m(t), then

12 . 2
Jﬁ;W > va > ‘0Am_1W3t = |0(tm_1, stm_1)| >e2>0.
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Thus, the non degeneracy condition VII.6 (that is 1}V € L*(A), with A = {J; > 1})
is satisfied. Hence, Proposition VIII.2 affirms that we can perform an integration by
parts formula using the Brownian motion only, as well as both Brownian motion
and jump amplitudes (since 'yﬁ ;W < ~/V). Note that the first case leads to the same
calculus as in [DJO06] and [PD04].

Even if the density of the jump amplitudes is smooth (so that 7(A;) = 1), it is more
delicate to prove that the non degeneracy condition VII.6 holds true by using the
inequality 0" > 02 > |9,, 4. Indeed, in view of equation (IX.3.3), it is not easy
to prove that |0,, 8| > ¢ > 0.

3.2. Malliavin estimators

Concerning the numerical experiments, we deal with the Merton model (1X.0.3), that
is

t t Ji
St:x+/ r S, du +/ oSy dW, +p > Sp- A,
0 0 -

where W is a Brownian motion independent on the compound Poisson process NN,
whose jump times and amplitudes are denoted by (7;);en and (A;);en. We suppose
that the jump amplitudes A; are independent, identically and Gaussian distributed,
so that we take 7w(4;) = 1.

Let us compute the Malliavin weight H(Sr,d,S7) coming from an integration by
parts formula using both Brownian motion and jump amplitudes. Let us denote
D2(Sy) := 0a,S; and D}V (S;) := Oa,w S;. Recall that we define

H(Sr,9,S7) = HA(Sy, 8,S7) + H" (Sy, 0,57) , (IX.3.5)

where H®(Sr, 0,Sr) (respectively HY (St, 9,57)) is the Malliavin weight using the
jump amplitudes (respectively Brownian motion) only. We have

H*(Sr,0,57) = 90,5775, L®Sr — 75, < D*Sr, D*(8,57) >
— aQJST < DAST, DA’)/?T > .

Similarly, H" (S, 9,Sr) is derived from the previous equation by taking the opera-
tors 7?;, LY S; and DW. Let us compute all these operators.
We have the following explicit solution :

St = Sp exp <(r - %2)T + O’WT> l_T[(l + 1 A). (1X.3.6)

J=1
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On {Jr = n}, n € N*, the source of randomness is (Ay,...,A,, Wr), and then for
alli e {1,...,n},

oS 1S
Di(5r) = 8AT~ 1+uTA
as
DV (Sy) = GWTT:UST.

Then we can compute all the terms involved in the Malliavin weight H (S, 0,S57).

DiA(Dz‘AST) =0
DY(DVSy) = o*Sr

b S
x
S
DAY = . HeT

DV(Yp) = oYrp.

The covariance matrix corresponding to both jump amplitudes and Brownian motion

is
1

op = |DV (Sr)* + Z DR (S7)|? = i S7 Z (A2 +0% 5.
i=1 j=1 K2
Straightforward computations give
2382 ~ 1 20% 1 Sr2

Pron = ) s T,

DV(or) = 20252 A, +20°52

D (o)
DA — e\
i (PYT) o2
DY (o
DW(’YT) = —— ( T)7
O’T2
< . R 1
where A, is given by equation (1X.1.6), that is A, := Z m
H A

j=1
Finally, putting these terms together in equation (1X.3.5), we get the following Mal-
liavin weight :

B,+o%r —0? 1 200 C
H(Sp,8,87) =12w21 =% 2 K (1X.3.7)
P2 A, 402 T (R A+ o)
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where Eu and 5’# are defined by equations (IX.1.7) and (IX.1.8), that is

n n 1

- A, _
B = jz:: (1+pAy) and Cui= 3 (L+pdy)t

j=1

3.3. Numerical results

Recently in [DJ06] and [PDO04], the Delta of an European option is computed by
using Malliavin calculus with respect to the Brownian motion only. Note that if we
use our integration by parts formula, just taking into account the derivatives with

respect to the Brownian motion, we find H (S, 0,57) = —T, which is exactly the
xo

weight obtained in [PDO04| (as well as in Black-Scholes model). So the difference
between our algorithm and the one in [PD04] comes from the additional term (cor-
responding to the derivatives with respect to the jump amplitudes) which appears
in our Malliavin weight H(Sr, 0,S7) in equation (1X.3.7).

In figure IX.15, we compare the two algorithms, and in table [IX.3], we give the
quotient between the empirical variances of the two algorithms. It turns out that
the variance of the Brownian-jump algorithm (presented here) is smaller than the
variance of the pure Brownian algorithm (presented in [PD04]). Moreover, the diffe-
rence increases with the number of jumps up to 7" : this happens when the maturity
T is larger or when the intensity A of the Poisson measure is larger. We conclude that
the more noise one uses in the integration by parts formula, better the algorithm
works (there is no theoretical result in this sense, but only numerical evidence).

T\ 1 4 8 12
1 [215] 7,27 | 19,88 | 16,43
2 | 1,72 12,17 | 22,12 | 36,44
3 1294 7,15 | 24,30 | 35,58

TAB. IX.3 — —-Brownian variance _ f, T)jgita] delta for various maturities and jump
Brownian—Jump variance

intensities
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Delta of a Digital European Option, K=S0=100,T=3,r=0.1,0=0.2,6=0.2,A\=4
0.016 T T T T

T T T
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Fia. IX.14 — Delta of Digital option for a Merton Process

Delta of a Digital European Option, K=S0=100,T=3,r=0.1,0=0.2,u=0.2, A=4
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F1G. IX.15 — Zoom of figure IX.14
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Pricing and Hedging American Options X

Introduction

The aim of this chapter is to compute the price P(0,z) and the Delta

A(0,x) = 9, P(0, ) of an American option with payoff function ¢ and maturity 7,
on an underlying asset whose price (S¢).cjo,7] is @ pure jump diffusion process.

Let us come back to the beginning of Chapter VIII. We work with the Poisson
point measure N (dt,da) defined there, and we suppose that, under the historical
probability P, the price (S;)icp,m follows the jump diffusion equation (VIII.0.1),
that is

t
St—erZ (T, A, Sy /b(rS)d ,
0

—x—i—// (s,a,Ss-)dN(s,a) + /b(r,S,,)dr, 0<t<T.

We assume that the coefficients b and c satisfy hypothesis VIII.1.

We denote by A the jump intensity, which means that T; — T;_; are exponentially
distributed with parameter \.

Let @« < [ (we may take « = —oo and = 400). We suppose that the law
of the jump amplitudes A; is absolutely continuous on («, 3) with respect to the
Lebesgue measure. Denoting by p(y) := e”) its density, we assume that p satisfies
hypothesis VIII.2.

Under the hypothesis of absence of arbitrage opportunity, there exists a measure
Q equivalent to the historical probability P under which the discounted price of
the financial asset is a Q-martingale. In Particular, assuming that the spot rate
r is constant, the discounted underlying §t = e "' S; is a martingale under Q. In
the following, we work under the martingale measure QQ which cancels the drift of
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(§t)te[07T]. The (risk-neutral) dynamic of (S¢)scjo,r] under Q is then given by
St:a:—l—/ (u, Sy) du—i—z Tl,AZ,S
—:E—I—/TS du+// (u,a, Su-) N(du,da), (X.0.1)

where g(u, S,) =17 S, — / c(u,a,S,) v(da).

Let us consider the ﬁltratﬂfon (Fi)i>o0 defined by F; = o (N(s,A),s <t, A € B(R)).
Then the price P(t,S;) at time ¢ of the American option of payoff ¢ and maturity
T' is given by

P(t,S;) = max Eq (e """ ¢(S,) | F) , (X.0.2)

TEFi T

where I'; 7 denotes the set of all the stopping times taking values in [¢, T'.

In order to compute the price P(0,z) at time 0 and the Delta A(0, z) := 9, P(0, x),
we will first use the integration by parts formulas (based on jump amplitudes) settled
in Proposition VIII.3 to derive representation formulas for conditional expectations
and their gradients. We will then use these representations in dynamic programming
equations to perform a Monte-Carlo algorithm.

Finally, we apply the previous results obtained in an abstract framework to the
computation of the price and the Delta of American call options with payoff

¢(z) = (x — K)4 and American digital options with payoff ¢(x) = 1,>x, when the
asset (St)icpo,r) follows the geometrical model :

t t
St:x+/ rSudu—l—//aaSuN(du,da), tel0,7].
0 0o Jr

. Representation formulas for conditional expectations and their

gradients

As we will apply Proposition VIII.3, we consider the framework described in Chapter
VIII, section 3 :

e We suppose that there exists a finite number of jumps on [0, 7], that is there exists
M € N* such that Jp = M.

e We suppose that there exists € > 0 such that

10.c(u,a,z)| > € and |1+ Opc(u,a,z)| > ¢.

e Since the density is not smooth on («, 3), we work with the weights introduced in
equation (VI11.3.2) : denoting v as the middle of (a, ), and taking 6 € (0,1/3), we
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1. REPRESENTATION FORMULAS FOR CONDITIONAL EXPECTATIONS AND
THEIR GRADIENTS

put
7.‘—7(Jlf,s,15) (w’ AZ) = l]S,t] (,I'Z(w» X Wk(Ai)7
with
m) =1 0~ ¥’ (y—a) foryé€ (a,)
e 0 for y ¢ (a,7),
and
_f By’ (y—n) forye(v,0)
To(y) =
0 for y & (7,9
Hence, we can state the following representation formulas :
Theorem X.1:

(i) For all 0 < s <t < T, for all ¢ € C,(R), one has

T, «
E (6(S)) Lio<s,<tsipenry | Ss = a) = % Vo< so<disdr=n} »

where for all f,

Toi[f](@) = E (f(S:) H(Ss — @) Vs Lio<s<tigr=n}) (X.1.1)

with H(z) = 1,50, 2 € R, and V|4 54 being introduced in equation (VI11.3.4) .
(ii) For all 0 < s <t < T, for all ¢ € C,(R) and o > 0, one has

aaE (¢(St) 1{3<Js;3<Jt—Js;JT:M} | Ss = a)

_ R[o)(a) Toyf1](a) — Tst[¢](cr) Roy[1)()
T3 [1)(ev)

1{3<JS;3<Jt—JS;JT:M} , (X.1.2)

where ’ﬁ‘s,t[f](a) =E (f(St) H(Ss —a) Viasy 1{3<JS;3<Jt—J5;JT:M}); and
Roi[fl(@) = =B (f(Si) H(Ss — @) Has Li3<sps<ti—tuiir=01}) (X.1.3)

where H, is introduced in equation (VII1.3.5).

Proof. The result (i) comes from Lemma VII.9 and Proposition VIII.3 (7).
Let us prove (ii). It sufficies to prove that for all f € C}(R),

0. Ty f1(@) = Ryy[f](a).

Let us define hs a C*> probability density function as follows :
we consider ¢ € C*(R) such that Suppy € [—1, 1] and /w(t) dt = 1, and we put
R

1 ¢t
hs(t) := gw(g) for 6 > 0. Then hs is converging weakly to the Dirac mass J, as
0 — 0.
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xT

We denote Hs(x) := / hs(t)dt. Then H = hs and Hy converges to H as 6 — 0.

Let us denote

’]Nrg,t[f](a) =E (f(St) Hs(S, — o) Vit,s) 1{3<Js§3<Jt*Js§JT:M}) .

We then have

T2 [f1(@) — Toslf)(e). (X.1.4)

6—0

Using Proposition VIII.3 (ii), we have

804?]T(ss,t[f](a) =-E (f(St) h5(SS - O[) ‘/(1,3,15) 1{3<Js;3<Jt7JS;JT:M})
= -k (f(St) Hé(Ss - 04) Hs,t 1{3<Js;3<Jt—JS;JT:M}) .

Thus,

0. [)(@) = Ral](0)|

<N f lloo B [[Hsul [Hs — H|(Ss — @) Ls<s3<ti—auiir—nr}]
= || f lloo B [[Hsul |Hs — H|(Ss — @) L5, —aj<s Ls<is<ti—Jusdr=}]

1/(1+ 1/r
<2 || f lloo E (IHst "™ L3 gimtoiiment}) /0 g (115,—aj<s Lio<Jsirenr}) ",
. 147 1/(14n) B 1 1
where ) > 0 satisfies E (|Hy.|"" Liz< . :3<5,— 001} <ooandl= -+ T
r n

s

By Proposition VIIL.6, we know that for all s € [0,T], (1{s,>0.5p=n P)S; ! is ab-
solutely continuous on R with respect to the Lebesgue measure, so that we can
write

a+d
E (11s,—aj<s o<ty irerr}) = / ps(x)de <2K,0.
a—48
Hence,
ﬁaﬁ‘i’t[f] (o) P R;+[f](a), uniformly with respect to «. (X.1.5)

Equations (X.1.4) and (X.1.5) finally give 9, T, ,[f](e) = R,[f](a). The proof is thus
complete. [

. Algorithms for the price and Delta computation

Let us first construct an approximation scheme S; of S;.

Recall from Chapter VIII-section 1 (in particular equation (VIII.1.2)), that S; can
be expressed as a simple functional of the jump times and amplitudes, that is

S, = st(f, E), where T := (T})ien and A = (A)ien+, and s; is the deterministic
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2. ALGORITHMS FOR THE PRICE AND DELTA COMPUTATION

equation introduced in (VIII.1.1) :

Ji(u) t
st:I—FZc(ui,ai, u_—)—l—/g(T,&)dT, 0<t<T,
i=1 ' 0

where J;(u) = k if up, <t < ugy1. Hence, we will construct an approximation scheme
for s;.

We fix L € N* and we consider 0 =ty < t; < ... < t;, = T a discretization grid of
the interval [0, T] with step size e =t — tx_1. For k =0,...,L — 1, we put

k k
Sy, =T + Zg(th,?tl,l) €+ Z Z c(ti—1,ai, 5, ) -
=1

=1t _1<u; <ty

We then define
Sy =z,and forall k=1,... L, S, :§tk(f,£).

Let us denote 7(t) := ty, if tx <t < tgy1. Then, for all t > 0, we have

t ¢ _
Si=ux +/ 7S5 ds +/ /c(T(s), a, Sys)-) N(ds, da) . (X.2.1)
0 0 Jr

The approximation error of this scheme is of order € := max e¢y.
k L

.....

Proposition X.1:
There exists a positive constant Cr such that for all t < T

Eq {sup |SS —gsﬂ < Cre.
s<t
Proof. For all s <t we have

S, — 5, < 207 / 1Sy = S| du
’ 2
+ 2 sup

s<t

/OS /R(C(“’ a,S,-) = e(7(w), a, Sr(-)) N(du, da)

Using Doob’s inequality in the last term, we then obtain

t
Eq (S“p ks —Es1z> <2r'Eq U i = Bru|” du
0

s<t

+ C'Fq Uot/R]c(u, 0,5.) — e(r(u),a, Sriu) | duy(da)] (X22)
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By hypothesis VIII.1, we have

‘c(u, a,S,) — c(t(u),a, ?T(u))‘

‘ (u7 a, SU) - C(T(U)7 a, ST(U))‘ + ’C(T(u)’ a, ST(U)) - C(T(u)’ a, ST(U))l

Let us recall that the solution (S}),c(o 7 of equation (X.0.1) satisfies
Eq (|9 — Sul?) < Kr |t — u|. We thus obtain (since v(R) = 1)

t
o Eq [/ / ’S T(u v(da) du] :/ Eq (|Su — ST(U)’2) du
0

t

gKT/ = ()2 du
0

< (KT T)E

¢
e Eq [//ys Srw|” v(da) du} :/0 Eq (}ST(U)—ST(U)|2> du
t
< / Eq (sup ’gs — 55‘2) du.
0 s<u

Putting these results in equation (X.2.2), we finally obtain
Eq (sup S, —58‘2) <2Ke?+2(r+ KrT) xe
s<t

+2(1+r2)></0 Eq (sup\s }2) du.

s<u

Using Gronwall’s lemma, we conclude the proof. |

Remark 2.1. Note that if T and T are two stopping times with values in [0,T] such
that 7 < 7 < 7+ ¢, we have

EQ (’ST - S—f-|2 | FT) S CMﬂTE, Wlth MT,T = EQ ( Sup |Su|2 | fT) .

u€[0,7T]
Indeed, denoting Eg, := Eq(. | ), we have

/ S, du

2
ST

c(u,a, Sy-) N(du da)

HET[
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2

/ S, du ]

Similar computations as above lead to

o [ / ' /R c(u, a, S, ) N(du, da)

Note that Ea [ < M,r 2,

2] — B, {/j/ﬂ@ le(u, a, S,)|? du V(da)]
< KEg ([(1 + |Su|2)du)

SK(1+MT7T)X€.

2.1. Dynamic programming for the price computation

For all £ =0,..., L, define the approximated price as

Ftk (gtk) = sup Ey, (eir(Titk) (b(g‘r)) ) (X-2-3)

TEOL

where E, () :== Eq(. | ) and ©j, denotes the set of the stopping times with values
in {tkatk+17 s 7T}
The approximation error between the price P(ty, S;, ) (introduced in equation (X.0.2))

-----

Proposition X.2:
Suppose that ¢ is Lipschitz continuous and has at most linear growth. Then, there
exists a positive constant K such that

Eq “P(tk,Stk) - ?tk(gtk)ﬂ < Kre.

Proof. Denote
Ptk = P(tk,stk) and Ptk s Ptk(Stk),

and set

ﬁtk = sup E, (6_T (7—tk) qﬁ(ST)) )

TEOL

For all 7 € ©, we have

By, (e_r (r=te) ¢(ST)> — Ey, (G_T(T_tk) ¢(§7)) | < Ey, (‘QS(ST) - gb(gT)‘)
S CEtk <max |St1 — Eti

k<i<n

).

2 —
:| S CEQ |:maX |St1 — Sti‘2:| S KT€. (X24>

k<i<L

Using Theorem X.1, we obtain

~

Eq UE’“ _p

k
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Let 7 € I'y, 7 and set
L—1

T = E tk+l ]‘tk<7'§tk-+1'
k=0

The random variable 7 is a stopping time taking values in ©,,; such that 7 < 7.
Moreover, P,, > P, since O C I'; p. We then obtain

0< Py, — P, < sup By, |h(r,S;) — W7 S5,
TGFtk’T
where h(t, S) := e7" ) ¢(S,).

For all 7 € I';, » we have
(Be, |h(7,87) = W7, S7)|)° < Ce® By [8(S)| + K By, |S; = S5

<Ce+Ke*E; | sup |S)° —|—C’Etk|ST—S;|2.

u€e[0,7)

Remark 2.1 gives

Ea (

P, — P,

2>§EQ[&W(EAMﬂ&J—MﬁSNf]

Tertk,T
<Ce24+CMpe?2+C Mype
< Kre, (X.2.5)

w€[0,T
Equations (X.2.4) and (X.2.5) conclude the proof. |

where My := Eq ( sup |Su|2).

Let us now compute the approximated price Py, (S,).

Let 0 =ty <t < ... <ty =T be a discretization of the time interval [0, 7], with
step size e =t — ty_1.

Since (gtk)

.....

- FtL (gtL> = ¢(ST)
—Fork=L—-1,...,1,

?tk (gtk) = max {(b(gtk)? e " EQ Ftk+1<§tk+1) ‘ gtk]} ) (X-2-6)

FO(I> = nax {¢(x)7 e’ ! EQ Ftl (gtl)} } .

In view of Theorem X.1 (i), one may compute Eq [Py, (S,.,) | S, = a] if there
is at least one jump on ]0,#;] and at least one jump on |ty, tx, 1], and if there is a
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finite number of jumps on ]0, 7. So we will approximate the previous algorithm by
a localized one :
we denote

Alc,M = {th+1 —Jy, =L Jy, > 1, Jr = M}7

and we set

- utL (gtL) = ¢(§T)
—Fork=L-1,...,1,

Ugy, (gtk) = max {¢(§tk)7 e "k EQ [utk+1 (gtk-H) 1Ak,]\/[ | gtk} } ) (X27)

up(z) = max {$(z), e "' Eq [ur, (Sy,)] } -

Let us give the approximation error between the algorithm (X.2.6) and the localized
one (X.2.7) :

Lemma X.1:
Let us denote € := min e, we then have

Pola) — wo(e)| < C = (7% + QU £ M)) |

where C := 2 max || Py, ||oo-

Proof. For k=L —1,...,1, a > 0, we have

Py, (@) — uy, ()]
< ‘EQ [Ftkﬂ(gtkﬂ) | gtk = O‘} - EQ [utk+l<§tk+l) 1Ak,M | gtk = O‘”
< ‘EQ |:Ftk+l (gtk-!—l) 1A2’M | gtk = a} ‘

+ EQ UF%H(?%H) - utk+1<§tk+1)‘ lAk,M | gtk = O‘}
< P, I Ea |1, | Si =al

k,M

+ EQ UF%H(E%H) - utk+1<§tk+1)| | gtk = O‘} .

Thus, taking o = gtk and the expectation, we obtain

Eq ‘Ftk (St,) — ug, (gtk)|
< Py lloo Q (A% ) +Eq [[Pryy (Stpy) — vy (St
SH Ftk+l ||oo (Q(thﬂ - th = 0) + Q(th = 0) + Q(th 7é M))
+Eq [|Piyyy (Styrr) =ttty (Stiy)]
<[| Popyy lloo (€754 + Q(Jy, # M)) 4+ Eq [|Pryyy (Stesy) = Uty (Sty )]
=C (e +Q(Jy, # M)) +Eq [| Py (Strr) — ey (Ser)] -
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So,

EQ |ﬁtk(§tk) utk(S )‘ < C ( Q(th 7é M))
+ EQ [’Ftk+1(§tk+1) - utk+1(§tk+1>’] :

Since Py, = uy,, we finally get
|[Po(a) — uo(2)| < Eq [P, (Si) — un (Sn)|
L—1
<CY (e+Q(Jy, #M))=CL (e =+ Q(Jy,, #M)) .
L

Since T' = Zek > L X g, the result is proved. [ |
k=1

—T

+y

Remark 2.2. As we know that for all y > 0, ¢ 0 0, we can conclude that

the error between the algorithms (X.2.6) and (X.2.7) decreases when \ ¢ increases.
The parameter X\ is the jump intensity, that is E(Jy) = AT, which means that A
represents the noise available in the system : if \ is large (resp. small), there is lots
of (resp. few) jumps on |0,T]. So, for small noise, we have to take £ very large to
have Ae >> 1, so that the error coming from the localization is very small.

In numerical experiments, this means that once X is fixed (which will fix M), we
set a time grid of |0,T| where for k = 1,... L, the step size ¢y is large enough
(e >> 1/)\) and such that J,, — J,_, > 1.

The conditional expectation Eq [us,,,(S,,,) 14, | Si,] will be computed using the
representation Theorem X.1 (7), by means of suitable empirical means evaluated
over N simulated paths. Let us be more precise.

e We fix the intensity of the jumps A and for £ = 1,..., L, we choose a step size
e = lp — tr_1 with respect to A so that there is at least one jump on |ty, 1] (see
Remark 2.2).

e We simulate the jump times (7});>; (such that TP — T ; ~ exp(\)) and the jump
amplitudes (A?);>1, p=1,...,N.

e We then compute the samples (Stk, th)k 1,....p=1,...,N.

Let us compute utk(S ) given by the algorithm (X.2.7).
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Using the representation Theorem X.1 (i), we obtain

EQ [utk+1(§tk+1) 1Ak,M ‘ gtk - a]

EQ [utk+1 (gtk+l) 1§% >a V(l,tkﬂfkﬂ) 1Ak,M:|

A, M

EQ [1§tk2a V(Ltk,tkﬂ) 1Ak,M]

N
4 7749

231 Uty iy (Stkﬂ) 1§§kza V(l,tk,thrl) 1{7;1“1773]621;7& >0;J =M}

q:

~ 1Ak,M'

N
T4
qz—:l 1S§‘kza Vit bt 1{J§‘k+1fJikzl;JZgO;JqT:M}

We denote by ¥y («) the fraction :

N
< 74
qzl i (S,,) 1§?k >a V (Ltktis) 1{7?k+1 — T4 2105, >0 T =M}

Uy (o) ==

(X.2.8)

N
374

qu 1s‘§kza V(l,tk,tkH) 1{Jfk+lfJgkzl;JZk>0;JqT:M}

Thus, we have

EQ [U’thrl (gthrl) 1Ak,M ‘ gtk = Oz] = \Ilk(a) 1{jtk+1_jtk21?jtk >0;Jr=M} *

— — —p —p
EQ [utk+1 (Stk+1) 1Ak,M | Stk = Stk] = \I/k(stk) 1{7fk+1—?szl;jfkw;j’}:M} :

Hence, we can set up the dynamic programming equation :

1, (Sy,) = ¢(Sr)
—Fork=L-1,...,1,

U, (giD = max {Cb(?fk)a e " \I’k(gzc) 1{77’ —jszl;Jfka%:M}} (X.2.9)

tht1

— Finally,

1
Uo(r) = max {gb(:p), e el N Z ﬁtl(sfl)} .

2.2. Algorithm for the Delta computation

The Delta A(0, z) is approximated by the following algorithm :
~ If 4y, (Sy) < ¢(S,), then
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- If /atl (gtl) > ¢(§t1)7 then

A(gtl) =e %2 aa E |:7:Lt2 (gtg) | §t1 = (X210)

Hazs,

— Ag(z) = E(A(Sy)).

In view of Theorem X.1 (ii), one may compute J,E [’&tQ (§t2) | Sy, = a} if there is
at least four jumps on |0, ;] and at least four jumps on |t1, t5]. Hence, we will not
take the same localization as in the pricing algorithm. We will work on :

Bapi={Jy, — o, >4 0y, > d; Jr = M) .

We thus approximate the algorithm (X.2.10) by the localized one :
- If ,&’tl (gtl) < ¢(§t1), then

- If atl (gtl) > ¢(§t1)7 then

01(Sy,) = €729, E [ty (S1,) 1p,, | Sy, = (X.2.11)

} |a:§t1 :

- vo(r) = E(v () -

Remark 2.3. In view of Remark 2.2, once ) is fixed, we choose the step size €, and
eo with respect to A and large enough to have at least four jumps on |0,t;] and at
least four jumps on |ty t5].

Let us compute v;(S;,), for p = 1,..., N. Using the representation Theorem X.1
(1), we obtain

8aE [ﬁtQ (§t2) 1BM | §t1 = Oé]

_ (Rl,z[ﬁtz](a) T [1](cr) — Ty plii,] () Rl,z[l](&)) 1,
T 5[1]() "

where R and T are respectively given by (X.1.3) and (X.1.1), that is for f = 4y, or
f=1

Tio[fl(e) = E (f(gtz) 15, 50 Vg 1BM> >

and

Riolf](@) = =F (1(50) 15,20 Fao 15y, ) -

We then take the following approximations T ~ T and R ~ R, where

N
1
Tl 2lf - N E :f Sq >a (1 1,2) 1{732—721 >4;T] >4T =M} >
g=1
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N
1
Ria[f](a) = N Z t2 1sq >aH121{Jt — T4, 2474, 24T p=M} -

We then define V() as

To(0) = Frzlie)(@) Tuall)(@) = Tuafie](@) Buaft)@) X212

le[l](a)

We obtain
0o E [ah (gtz) 1p | gtl = O‘} = 1{1277,51 24;7t124;7T=M}$k(a) .

Finally, applying this result to (7@1) k=o....r and o = St , we can set up the following

algorithm :
— If 4y, (Stp) < ¢(S} ), then
a(S,) = ¢'(55,).

~ If @y, (S},) > ¢(S},), then

ﬁl(gfl) = 6_"'52 Ek(‘stl) 1{75'2_??1 24;7:;71 24;j§«=M} . (X213)
1 & 1 &
. . P /TGP
= — = — 1
o) = szl n(Sy) =5 Zp 9 (5u) (i, (S ) <032,

+ Z e, (SY) L 7 5470 sa7h=nny 1

p—l

{as, (?tzf) S6(F0)}

. Numerical results

We apply the Monte-Carlo algorithms (X.2.9) and (X.2.13) (obtained in an abstract
framework) to the geometrical model :

t t
St:a:—F/ rSudu—l-//aaSu— N(du,da), t €1[0,T7], (X.3.1)
0 0 Jr

where we represent the Poisson point measure N (dt, da) by means of the jump times
(T})ien and amplitudes (A;);en of a compound Poisson process, which means that
N(t,A) = Card{T; <t:A; € A}. We suppose that T; — T;_y ~ exp(A) for all i > 1
and that the law of the jump amplitudes A; is uniform on (0, 1). Hence, in view of
definition (VII1.3.2), we work with the following weights for 0 < s <t¢, k=1,2:

T(k,s,t) <W7 Az’) = 1]s,t} (Tz) Wk(Ai) )
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with

1 1/4 1 1/4
(D) = (5 — A,-) AV and mo(A;) = (1 — A)Y* (Ai _ 5) _

This means that Supp m C (0,1/2) and Supp 7 C (1/2,1), so that
T(1,s,0) (W, Ai) X (2,60 (w,A;) =0, for all i € N.

Our aim is to perform the Monte-Carlo algorithms (X.2.9) and (X.2.13) to approxi-
mate the price P(0, ) and the Delta A(0, z). In equations (X.2.12) and (X.2.8), the
functions ¥, and ¥, depend on the Malliavin estimators Vikse), k= 1,2, and H,,,
respectively given by equations (VII1.3.4) and (VII1.3.5). Hence, we have to compute
the Malliavin operators (with respect to the jump amplitudes) of Sy involved in their
expressions.

3.1. Malliavin estimators

Let (St)ico,r) be the solution of the geometrical model (X.3.1). For all ¢ € [0, T, we
have an explicit expression of .S; :

Ji
St:IGTtH(].+O'Ai) .

=1

So the process S can be exactly simulated at each time t;, and we do not need an
approximation Sy, of Sj, .

e Computation of the Malliavin derivatives.

For all i = 1,...,J;, differentiating with respect to the jump amplitudes A; (see
Chapter IV, section 1.1), we have

O'St

DSy = —2L
St 1+0Az

and then DS, = 0.

Since the law of the jump amplitude A; is p(y) = L(01)(y), we have

Lk,s,)(St)

— —Z 1,)(T2) [ma(A0) DS: + (mh(A) + m(As) 9 lnp(A,)) Di(Sy)]

A;
:_Ustzl]st] ( )

1+0A
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Let us define for 0 < s <t, k=1,2

A;
F(k,st = Z ]—]st] 1_|—(O'A) (X32>

We then have
L(k,s,t)(St) = —0 S F (k,s,t)

On the other hand, we have

A
kSt) Z 1]5t )|D St‘2 =0 52 Z 1]St —ﬂ-k( Z)

i—0 (]_ +o Az)2

Then, denoting by

S (i)
Ak,s,t) = Z 1)54(T3) A+oA) (X.3.3)

i=0 g

we have .

(kvst _ 251 A dth (k:st) _
i (Rt SHE TR 02 S Athys)

Let us compute now some inner products which are involved in the expression of
the Malliavin estimators Vi ).

Lemma X.2:
For all 0 < s < t, we have

(i) (DSs, Do) 0.6) = 20 54 S? Apss) Ako.s) -

Let us denote

S T (A) T (D)
By =Y Lon(Th) — A (X.3.4)
i—0 (1 + O-Ai)g
and
- me(A)?
Clrsp) = Z Ly5.4(T3) m- (X.3.5)
=0 v

We then have

(i1) (DS, Doy ) sny = 20 SP A% L + 0% S (Bosy — 20 Clisr)) -

Proof. Let us first compute D; atk’St We have

Dio* =202 8, D;S; Aoy + 02 S Di( Aoy
203 52

- Tai- A, Lo (T0) + 0% 57 Di(Agk,s)) 115.(Ti) -
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Since 1y (1) x 1)0.4(T;) = 0, we get

(DSs, Do) 0. = Y Lo (T3) h(8) DiSS, Dio ™"

- oS, 20352
D LT mlA) T T At
— . Z

=20"89,5? Atk,s.t) Ak,0,5) »
which proves (i).

For (ii), the term 1), 4(7;) does not disappear, so that we have to compute D; A s ¢).
We have

m,(Ay) T (A)
DiAgse = Lisn(T)) ——2 — — 2511, 4(T}) ———L | X.3.6
(k,s,t) ] ,t]( ) <1+0Az)2 o1 ,t]( ) (1 +0'A2‘)3 ( )
and
d DA s
Z 1y, 4(T5) m () 1+;At = Blrspt) =20 Clresp) -
1=0
We thus obtain
<DSt,D‘7§k7 7 (kst Z ]-st] A;) DS, D ks’t)
Tk Az) 20’3 82
— S Z L) 1 5 A \T g A, A Toa (i) +0° 57 Di(Aesn) s (T3)
A) - DiAges)
=20 57 Ays Doy (T) =B 0568 S (1) me(a) DAtk
0 oy Ak, ,t); ],t]( )(1+0Ai)2+0 t ; },t]( )m( ) 1+oA,
=25 Sf’ A%k,s,t) + 03 S? (B(k,s,t) — QUC(k’&t)) ,
which completes the proof. |

e Computation of the Malliavin estimator V).
Let us recall that

Vikws) 1= USS) =AM (DS, DS, 0.0 U
1 s .
+ 2 AE0D A (DS Do Y osys (X.3.7)

2
with
U = 489 Ly Se = (DS, DY) sy -
We have
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Moreover, Lemma X.2 (i7) gives

(DSy, DYF N oany = = (DS, Do) e
1 1 By —20 C(k,s,t)

gt o St A%k 5,t)
Hence,
plesn _ L 1 Biest) =20 Cspy 1 Flasy (X.3.8)
t St o St A%k,s,t) o St A (k,s,t)
We have

A& (DS, DSy 0.0 UL

1 k,s,t)
e — S S A S U( 19y
1 1 Bgst) =20Cksy 1 Flrsy
=—+ T - " ) (X.3.9)
SS o Ss (k,s,t) o Ss (k,s,t)
Moreover, Lemma X.2 (i) gives
1 S k,S, k,S,
§,ys(k,o, )%( t) (DS,, Do t)>(k7018)
1 1 1 1
== 205,82 Atksoy Akos)) = — (X.3.10
2 0252 Ao, 02 S? Ales ) (20 t k) R0, )) s ( )

Putting the results (X.3.9) and (X.3.10) together in equation (X.3.7), we obtain
finally

‘/(k,s,t) ==+
S, oS, A% o) Al o)

1 (Fw,s,t) _F<k7ovs>) (X.3.11)
08s \Ahs)y  Ako,9) ’

which may be computed using equations (X.3.3), (X.3.4), (X.3.5) and (X.3.2).
e Computation of the Malliavin estimator Hg.
Let us recall that

1 1 (B(k,o ) 20 C (k,0,5) B(k,s,t) —20 C(k,s,t) >

+

Hs,t = ‘/il,&t) ‘/(2 S t) - 7(2 0 S <DSS7 D(‘/i1157t)>>(27075)

s

4 A(20) (25D (DSs, DSi) 209 (DSt D(Vit s @sy - (X.3.12)

s

We thus have to compute D;V(j ;) X mo(A;) which appears in the inner products
<DSt7 D(‘/(l,s,t))>(2,s,t) and <D537 D(‘/(l,s,t)»(?,o,s)-
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We know from equation (X.3.6) that

7T1(Ai)

! (Az)
1 - —201]svt](Ti)m'

Didan = 1an(T) (7 A

Since m; and 7, have disjoint supports, we have m1(4;) X m(4A;) = 0 and
T (A;) x m(A;) =0, and then

DiA(l,s,t) X 7T2(Ai) =0.

Since each term involved in the expressions of D;B( 1), DiC(1.6) and D;Fy sy is
multiplied by the weights 71 (A;) and their derivatives, we similary derive that

(DiB,syy + DiClisp) + DiFis) X m2(A;) = 0.

We denote by
Basyy —20Ca sy

B = : (X.3.13)
A?l,s,t)
Hence, differentiating with respect to the jump amplitudes A; in equation (X.3.11),
we get
1
Div(l,s,t) X 7T2(Ai) = _ﬁ D;S, x 7T2(Ai)
1
) S2 D;S, (E(Lo,s) - E(l,s,t)) X Wz(Ai)
1 Fsp F(103)>
— ——D;S, ALLC. i X T Ai,
o S? <A(1,s,t) A1,0.9) 2(84)
that is
o 7T2(Ai)
DV A)=—— "
(1s,t) X T2(4) S.1+0A,
1 ma(Ay) Fsty Flaos

— — 2 Y (Eqoe — Fas — . (X3.14
Ss 1 + UAi ( (1,0,s) (1,s,t) + A(Ls’t) A(LO,S)) ( )

We then have

Fosy F(l,o,s)>
Aasy  Anos/)
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We thus obtain

7520 ? <DSsa D(Vl st))>(20 s)

ma ()

Ss) Ly s DiVia s
U2S2A(203 U Z 10,5 1+O’A Ls:t)

Fasy F(1,o,s))
Ansy  Anos

Fuasy F(1,o,s))
Ay  Anos/)

1 A2,0.9)
= - — +E s) — E st) T
o Ss A(Q,O,s) Ss 7 (1.0:4) (L)

1 1
=@, (E(l()s) B +

s

Similary,

7209 A5 (DS DS 0.6 (DS, D(Vitany)) 2.0

(025 Ss A2,0,6)) (0 St) 0 7r (A)
— - ]_ s T D V s
(0282 Az,5)) (0257 Azsty) ; Js.1)( ) 1s.0)

1 A2,5) F(lst) Fl1,9)
— N P RN - Pl €0 Rl L L
oS Apsy  Ss ? (1.0:2) (L) Ansy  Anos

Fuasy F(I,O,s))
Aasy  Anos/)

1 1
= o~  Baos — B

Hence,

7§270’8) 752’S’t) <DSS7 DSt>(2,078) <DSt7 D(‘/(l,s,t))>(2 S t)
7§2 ,0,5) (DS, D(V(1,4))) 2,0,y = 0.

Combining with equation (X.3.12), we obtain finally
Hs,t = ‘/(1,3,15) WQ,s,t) ;

which may be computed using equation (X.3.11).

3.2. Figure and comments

In this section, we compute the price of the American option of maturity 7" = 1 and
strike K = 100, when the asset (S;)icpo,r) follows the Geometrical model (X.3.1).
Figure X.1 shows several values of prices corresponding to different jump intensities
A = 1,2,4,5. We can observe that the price increases when the jump intensity
increases as well, which seems to be intuitive since the jump intensity A\ represents
the noise available in the system (see Remark 2.2).
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Call US Option Estimator , Geometric model, K=S0=100,T=1,r=0.1,0=0.2
16.5 T
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F1G. X.1 — Price of American call options for various jump intensities. Geometrical

model.
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