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Philosophie du modèle - Nouveaux résultats : second scénario

2.6 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

2.7 Publication . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76

3 Le puzzle des états P 95

3.1 Philosophie de la construction de Bakamjian-Thomas . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95
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Introduction

a physique de la beauté est d’une importance cruciale en physique des particules

pour plusieurs raisons. Tout d’abord, elle intervient dans un grand nombre de

modèles théoriques rencontrés : modèle standard électrofaible (détermination de

ses paramètres et prédictions), chromodynamique quantique, étude de la violation de CP ,

nombreux modèles phénoménologiques, etc. Ensuite, du point de vue expérimental, il existe

un grand nombre d’usines à B qui génèrent une source colossale de données pour tester

ces modèles, ce qui justifie l’importance des études expérimentales des désintégrations des

mésons beaux. Enfin, la physique du B peut potentiellement constituer une source de ce

que l’on appelle (( nouvelle physique )) que ce soit par exemple au travers des théories super-

symétriques, ou bien encore des modèles à dimensions supplémentaires en ce qui concerne la

théorie, mais aussi au travers de découvertes expérimentales inattendues comme les récentes

mises en évidence (voir par exemple [1] et [2]) de nouvelles résonances (( bizarres )) X(3872)

et X(4260) par Belle, Babar, D0 et CDF.

L’objet de ce mémoire est d’adresser un (petit) nombre d’aspects théoriques relatifs à l’en-

semble de cette physique. Il est le fruit d’une collaboration avec le Laboratoire de Physique

Théorique d’Orsay et pour une bonne partie prolonge naturellement les recherches effectuées

lors de ma thèse [3]. Il se présente comme suit : dans un premier chapitre, nous discuterons

de l’hypothèse de dualité quark-hadron, pierre angulaire de nombreuses études des désinté-

grations des B. Puis, dans un deuxième chapitre, nous présenterons un travail relatif à une

autre hypothèse fondamentale utilisée lors des études des processus non leptoniques : l’hypo-

thèse de factorisation. Au cours d’un troisième chapitre, nous reprendrons un problème lié

à la confrontation théorie ↔ expérience qui apparâıt lorsque l’on étudie les désintégrations

des mésons B en mésons D présentant une excitation orbitale L = 1 et déja mentionné

dans [3]. Enfin, pour essayer de lever ce problème, un dernier chapitre décrira une étude

de faisabilité réalisée par calcul de QCD sur réseaux. Ce dernier chapitre contiendra aussi

une description du projet européen apeNEXT, projet visant à la création/fabrication de A

à Z d’un ordinateur à architecture parallèle optimisé pour les calculs de chromodynamique

quantique.
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Chapitre 1

Dualité quark-hadron

Où nous allons présenter la notion de dualité quark-hadron et voir que sa réalisation
est liée à l’existence de règles de sommes connues ou bien nouvelles.

u point de vue théorique, l’étude des désintégrations des mésons B est facilitée

par la présence du quark lourd b dont l’inverse de la masse peut servir de para-

mètre de développement perturbatif (HQET) ; par ailleurs, lorsquemb → ∞, des

symétries supplémentaires apparaissent qui contraignent les éléments de matrice de transi-

tion. Ces outils ont permis une étude poussée des désintégrations exclusives, principalement

semileptoniques, des B dans cette limite de masse infinie ainsi que des premières corrections

en puissance de
Λ

mb

; le point commun dans cette approche est que l’objet considéré est le

hadron.

D’un autre côté, une approche différente consiste à étudier de façon inclusive les processus

en ne se plaçant non plus à l’échelle du hadron mais à l’échelle du quark (b → cX par

exemple). On réalise alors un développement en produits d’opérateurs (OPE) qui, avec la

théorie effective de quark lourd, conduit également à un développement limité en puissances

de
Λ

mb

. La dualité quark-hadron est alors invoquée pour faire le lien entre les calculs réalisés

au niveau des quarks et des gluons et le monde (( réel )) des hadrons : le taux de désintégration

inclusive (c’est-à-dire celui obtenu par OPE) doit cöıncider avec la somme des taux de

désintégration exclusive ((( ce qui se passe au niveau des quarks est l’image de ce qui se

passe au niveau des hadrons ))).

L’existence de la dualité est indiscutable dans les désintégrations semileptoniques B →
Xc `ν ; en effet, le quark c, dans la limite mb → ∞, possède une énergie très grande devant

ΛQCD. De fait, il se comporte à l’ordre zéro comme un quark libre et il doit donc s’hadroniser

en méson D. La question est alors plutôt de savoir avec quelle précision cette hypothèse de

dualité (( tient la route )) et quelles sont les conditions derrière sa réalisation.

5



6 Chapitre 1 - Dualité quark-hadron

1.1 Quelques rappels

Avant de développer le sujet de ce chapitre, il serait bon de rappeler quelques généralités

et de fixer les notations.

1.1.1 Spectroscopie

Tous les mésons lourds M considérés ici sont des états liés Qq̄ (Q quark lourd et q quark

léger associé). Le moment cinétique total est ~J = ~sQ + ~ avec, dans le cadre du modèle

de quarks, ~ = ~̀+ ~sq (~̀ désigne le moment cinétique orbital relatif du quark léger et ~s

le spin). Pour des raisons d’invariance par rotation, ce ~J est une quantité conservée. Par

ailleurs, grâce aux symétries de quark lourd (SQL), le moment cinétique de spin ~sQ est aussi

une quantité conservée, donc ~ l’est également (on l’appelle (( composante légère )) dans la

littérature). On range alors les diverses possibilités de la façon suivante :

ICas ` = 0 (états S) :

multiplet valeurs JP notation générique exemple

0− M B, D
jP =

1

2

−

1− M∗ D∗

ICas ` = 1 (états P ) :

multiplet valeurs JP notation générique exemple

0+ D∗
0

jP =
1

2

+

1+ M∗∗
D∗

1

1+ D1
jP =

3

2

+

2+ M∗∗
D∗

2

Il est important de noter que les D∗∗ appartenant à un même multiplet sont reliés par les

symétries de quark lourd.

1.1.2 Notations diverses

Lors de l’étude des désintégrations semileptoniques de quarks lourds, il est coutume d’intro-

duire les facteurs de forme suivants pour décrire les amplitudes de transition dans la limite

mb → ∞ :

ICanaux élastiques 1/2− : il s’agit des transitions du type 〈D|J |B〉 et 〈D∗|J |B〉 qui

s’expriment en terme d’un seul facteur de forme (au lieu de 6 pour une masse mb finie)

noté ξ(w) et souvent appelé (( fonction d’Isgur-Wise )) [4, 5, 6].
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ICanaux inélastiques 1/2+ et 3/2+ : dans ce cas, les éléments de matrice du type

〈D∗∗|J |B〉 s’expriment en terme de 2 facteurs de forme uniquement [7], τ
1/2

(w) pour

le multiplet
1

2

+

et τ
3/2

(w) pour le multiplet
3

2

+

(au lieu des 14 facteurs de forme

habituels).

Le paramètre w qui apparâıt ici est égal v · v ′ où v et v′ sont les quadrivitesses des mésons

initial et final.

La pente de ξ(w) au point w = 1, c’est-à-dire lorsque ~v = ~0 = ~v ′ (autrement dit lorsque il

n’y a pas de recul), est utilisée pour définir le nombre ρ2 ≡ −
(

dξ

dw

)
w=1

.

1.1.3 Règles de somme de Bjorken

Les facteurs de forme précédemment introduits ne sont pas complètement indépendants ;

on montre que [8, 7] :

1 =
w + 1

2
|ξ(w)|2 + (w − 1)

[
∞∑

n=1

w2 − 1

2
|ξ(n)(w)|2 + 2

∞∑
n=1

|τ (n)
1/2(w)|2

+ (w + 1)2

∞∑
n=1

|τ (n)
3/2(w)|2

]
+ · · · · · ·

(1.1)

où les exposants (n) représentent les excitations radiales des états P .

On obtient une forme plus connue de la règle de somme de Bjorken en faisant dans (1.1)

un développement limité au premier ordre autour de w = v · v ′ = 1 (point de recul nul) qui

donne : ∑
n

(
|τ (n)

1/2
(1)|2 + 2 |τ (n)

3/2
(1)|2

)
= ρ2 − 1

4

1.1.4 Règle de somme de Voloshin

Une autre règle de somme se rencontre, qui relie certaines des fonctions précédentes au point

de recul nul :

Λ̄ =
∑

n

(
2 ∆(n)

1/2
|τ (n)

1/2
(1)|2 + 4 ∆(n)

3/2
|τ (n)

3/2
(1)|2

)
où ∆

(n)
j = M

(n)
j −Mo est la différence d’énergie de l’état j, n avec l’état fondamental.

1.2 Sources possibles de violation de dualité

Nathan Isgur [9] a proposé une analyse générale des causes potentielles pouvant induire des

violations de dualité d’ordre
1

mQ

. Nous avons déjà dit que la théorie effective de quark lourd
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permet de développer, en faisant un OPE, les taux de désintégration inclusifs en une somme

de termes en puissance de
1

mQ

où le terme d’ordre zéro correspond au cas où le quark lourd

est libre et où le terme d’ordre un est absent (théorème de Luke [10]) :

Γinclusif(B → Xc ` ν) = Γlibre(b→ c ` ν) + O

((
Λ

mQ

)2
)

L’argument de N. Isgur procède comme suit : dans la limite exacte de masse infinie (mb →
∞ à r =

mb

mc

fixé), nous avons (E` désigne l’énergie du lepton) :

d2Γ
inclusif

hadron

dw dE`

=
d2Γ

inclusif

quark

dw dE`

·

[
w + 1

2
|ξ(w)|2

+ 2 (w − 1)

[∑
n

(
|τ (n)

1/2
(1)|2 + 2 |τ (n)

3/2
(1)|2

)]
+ O

(
(w − 1)2

)]

Alors la règle de Bjorken (1.1) assure que la dualité est bien vérifiée car la diminution

du canal élastique
1

2

−
lorsque w − 1 augmente est exactement compensée par l’apparition

et l’augmentation des canaux inélastiques
1

2

+

et
3

2

+

(sachant que le seuil de création des

hadrons se situe en w = 1).

Cependant, dans le cas où mb est grande mais finie, cette compensation se trouve retardée

car il existe un domaine de valeurs de w autour de 1 pour lequel l’apparition des états
1

2

+

et
3

2

+

est cinématiquement interdite. En effet, en introduisant les transferts t = (qo)2 − ~q2,

alors les transferts maximaux t∗∗max = (mB − mD∗∗)2 et tmax = (mB − mD)2 ne cöıncident

plus puisque :
tmax − t∗∗max

2mbmc

'
(

1 − mc

mb

)
mD∗∗ − mD

mc

Il est visible sur cette dernière relation que l’effet est d’ailleurs d’ordre
Λ

mQ

, ce qui semble

être en contradiction avec les résultats obtenus par développement en produits d’opérateurs ;

en fait, il se trouve que des effets d’ordre
Λ

mQ

peuvent apparâıtre lorsque l’énergie dégagée

dans les transitions b→ c est de l’ordre de ΛQCD (l’OPE (( rate )) la dépendance en fonction

du tranfert d’impulsion de l’ouverture de certains canaux au voisinage de w = 1, et donc

peut prendre en compte certaines résonances dans des zones où elles sont cinématiquement

interdites – lien avec le rayon de convergence de l’OPE) alors que lorsque l’énergie dégagée

est grande (� ΛQCD), le résultat obtenu par la méthode OPE, c’est-à-dire l’absence de

termes d’ordre 1 en
Λ

mQ

, reste valide car des règles de somme (( conspirent )) pour assurer

la dualité.



Section 1.3 - Une première étude 9

Remarque. D’un point de vue plus technique [11], les calculs fondés comme ici sur les

OPE sont réalisés dans l’espace euclidien : cette procédure est légitime pour des contours

d’intégration éloignés de la région physique et l’idée est de relier une intégration dans un

domaine non physique à une intégration dans le domaine physique (voir par exemple [12]) ;

la difficulté est que bien souvent, le contour se rapproche toujours de la région physique (celle

qui contient les pôles ou les coupures) et donc les résultats obtenus par le développement en

produits d’opérateurs peuvent ne pas être fiables. Enfin, une fois ces calculs effectués dans

l’euclidien, on réalise un prolongement analytique dans l’espace minkowskien pour aboutir

aux résultats physiques (grandeurs mesurables, règles de somme, etc...) et c’est grâce à ce

prolongement que la dualité entre le calcul hadronique et le calcul au niveau des quarks

apparâıt 1.

Pour résumer, une violation de la dualité peut physiquement provenir :

- des seuils de production hadronique (pôles du contour)

- des coupures du contour

- de la validité ou non du développement en puissance de
1

mQ

1.3 Une première étude

Nous nous sommes demandés [13] en utilisant un modèle non relativiste de quark comment

la dualité se manifeste lorsque l’on considère la description hadronique et la description

(( partonique )) des désintégrations semileptoniques. Pour cela, nous avons calculé d’une

part le taux de désintégration total par sommation des canaux exclusifs et, d’autre part,

le taux de désintégration à partir des quarks considérés comme libres. Enfin, nous avons

étudié le comportement de Γhadron − Γquark pour une masse mb finie.

1.3.1 Cadre de l’étude

Les hadrons sont décrits par un modèle de quark non relativiste dans lequel les états liés

sont des oscillateurs harmoniques ; l’intérêt d’un tel modèle est que les différents niveaux

sont complètement connus et surtout que les niveaux n ≥ 2 interviennent avec une contri-

bution minimale d’ordre
1

m3
b

donc négligeable pour notre étude : il suffira donc de conserver

uniquement les niveaux n = 0 et n = 1.

Par ailleurs, nous avons pris un hamiltonien dont le terme d’énergie potentielle ne dépend

pas de la saveur. Ensuite, le couplage quark-lepton est décrit par un courant vectoriel (nous

1. De ce point de vue, parler d’hypothèse de dualité est incorrect car il n’y a aucune hypothèse supplé-
mentaire introduite.
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travaillons avec des quarks sans spin) et enfin, nous nous sommes placés dans la limite de

Shifman-Voloshin.

1.3.2 Limite de Shifman-Voloshin

La limite de Shifman-Voloshin [14], notée SV désormais, est la situation dans laquelle :

Λ � δm = mb − mc � mb,mcmQ où Λ : échelle hadronique

L’intérêt de cette limite est que les désintégrations ont lieu presque à recul nul (w ∼ 1) et

donc que peu de canaux contribuent à l’ordre dominant en
1

mQ

1.3.3 Méthode

Considérons le terme : ε =
Γhadron − Γquark

Γquark

En principe, les premières corrections de masse à ε doivent être, conformément aux résultats

fournis par OPE, en
1

m2
b

(en tout cas lorsque mb → ∞ avec r =
mb

mc

fixé : c’est ce que

j’appellerai dans la suite (( développement en 1/mQ ))). Par ailleurs, le fait de travailler

dans la limite SV rajoute un développement en (1 − r), c’est-à-dire en
δm

mb

si bien que,

globalement, nous obtiendrons un développement dont les termes seront de la forme :

(δm)p

(mb)q
×

termes associés

aux quarks lé-

gers d et/ou u


︸ ︷︷ ︸

md, mu, ∆

où ∆ représente l’énergie du premier niveau excité. De fait, il va nous falloir non seulement

prouver l’absence de termes en
1

mb

dans ε, mais aussi faire attention aux termes en
(δm)p

(mb)q

qui pourraient correspondre à un terme d’ordre
1

mQ

dans la dénomination précédente. En

effet, les facteurs du type
(δm)p

m2
b

, avec p > 0, peuvent contribuer à l’ordre 1 en
1

mQ

puisque

δm est grand, voire d’ordre mQ, dans la limite mb → ∞.

En pratique, nous avons retenu les termes en
δm2

m2
b

et
δm

m2
b

(ils correspondent respectivement

à

(
1

mQ

)0

et
1

mQ

dans la limite de masse infinie) et montré qu’ils disparaissent dans la
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largeur totale 2, en ne laissant que des termes au minimum d’ordre
1

m2
Q

. Quant aux termes

p > 2 et ceux en (δm)p et
(δm)p

mb

, ils n’apparaissent pas dans la façon dont ε est calculé.

1.3.4 Importance des règles de somme dans la dualité

Le lecteur intéressé trouvera le détail des calculs dans [13] ; pour que les premières correc-

tions à ε soient d’ordre
1

m2
Q

afin que la dualité soit satisfaite, il est indispensable d’avoir les

règles de somme de Bjorken et de Voloshin. Ce sont elles qui permettent la compensation

des termes gênants d’ordre
δm

m2
b

qui apparaissent dans les expressions des largeurs de dés-

intégration totales du fait que les seuils de production des états excités et fondamental ne

cöıncident pas comme noté précédemment.

1.4 Une nouvelle règle de somme

L’étude précédente nous a permis d’appréhender le fonctionnement de la dualité par un

modèle simple ; néanmoins, l’idéal serait de se placer dans un cadre plus réaliste comme la

QCD.

Glenn Boyd et al. [15] avaient déjà de façon très approfondie étudié la dualité dans les

désintégrations semileptoniques des B (ils se sont placés dans le cadre de la QCD et dans

la limite de Shifman-Voloshin) ; cependant, pour le calcul de la largeur totale en tant que

somme sur les canaux exclusifs, ils n’ont considéré que les mésons fondamentaux D et D∗.

Nous avons repris ce travail et complété le calcul de la partie hadronique en rajoutant

les premières excitations orbitales D∗∗. Cependant, nous n’avons pris aucune correction

radiative en compte. Nous avons alors comparé la largeur totale Γ obtenue à partir d’un

développement en produits d’opérateurs à celle obtenue par sommation des largeurs des

canaux B → D, B → D∗, B → D∗∗ ; si la dualité est vérifiée, alors on s’attend à ce que

les termes d’ordre de type
δm2

m2
b

et
Λ δm

m2
b

(voir le paragraphe 1.3) se compensent, mais avec

quelle précision?

Après calculs [16], nous avons établi que la règle de somme de Bjorken permet effectivement

la compensation du terme en
δm2

m2
b

, et, en utilisant la règle de Voloshin, nous avons réalisé

2. La disparition des termes
δm

m2
b

assure l’absence de violation de dualité à l’ordre
1

mQ
tandis que la

compensation des termes en
δm2

m2
b

est à l’origine du fait qu’à l’ordre zéro en
1

mQ
, on obtient le taux de

désintégration correspondant au calcul avec les quarks libres.
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que la compensation des termes en
Λ δm

m2
b

impose qu’une nouvelle règle de somme soit vérifiée

(avec des notations déjà explicitées) :

a+ = 4
∑

n

[
∆(n)

1/2
|τ (n)

1/2
(1)|2 − ∆(n)

3/2
|τ (n)

3/2
(1)|2

]
(1.2)

a+ est un des six facteurs de forme évoqués au paragraphe 1.1 qui s’expriment en fonction

de ξ dans la limite de masse infinie (il intervient dans l’écriture des amplitudes de transition

B → D∗ par courant axial).

Notons que cette nouvelle règle de somme, associée à des estimations théoriques extérieures

des facteurs de forme [17, 18], génère des valeurs numériques permettant une discussion

phénoménologique des processus. En particulier, la règle (1.2) produit la hiérarchie suivante :∑
n

|τ (n)
1/2

(1)|2 <
∑

n

|τ (n)
3/2

(1)|2

Nous avions déjà remarqué cette propriété dans le cadre des modèles covariants de facteurs

de forme à la Bakamjian-Thomas [19, 3] : les processus B → D∗∗
3/2+

semblent favorisés

par rapport au canal B → D∗∗
1/2+

. D’un autre côté, les études expérimentales apportent

la conclusion radicalement opposée... il y a donc là un mystère à résoudre... (corrections

radiatives conséquentes par exemple?)

Enfin, nous nous sommes aperçus en cours d’étude qu’il était possible d’établir en plus

de (1.2) toute une classe de règles de somme supplémentaires et nous en avons donné la

méthode.

1.5 Tentative de généralisation

Au vu de l’apparition de ces règles de somme qui (( conspirent )) pour compenser les termes

d’ordre problématique dans les largeurs totales de désintégration, nous avons entrepris une

étude plus générale [20] de la dualité dans les désintégrations semileptoniques des mésons

B, toujours dans le cadre des modèles de quark non relativistes mais sans particulariser ces

modèles comme ce fut le cas au paragraphe 1.3.

1.5.1 Principe de l’étude

Comme précédemment, l’idée est de calculer les largeurs de désintégration totales de deux

façons différentes (OPE et somme des canaux exclusifs) puis de vérifier dans quelle mesure

elles sont compatibles et à quels ordres.
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Description du modèle

Nous avons choisi de considérer les processus semileptoniques B → Xc ` ν dans la limite

SV (pour des raisons déjà évoquées) en identifiant les mésons à des états liés de quarks non

relativistes sans spin (courant scalaire) soumis à un potentiel confinant a priori quelconque

dans un premier temps. La partie leptonique du processus est, elle, traitée de façon relati-

viste. Enfin, pour des raisons de simplification, nous nous sommes placés dans le référentiel

propre du méson B.

L’intérêt d’un tel modèle est qu’il nous permet d’avoir accès au spectre des états liés (ils sont

calculables) de façon assez simple et que les facteurs de forme des transitions hadroniques en

terme des fonctions d’onde des mésons sont également connus : de fait, la somme exclusive

des largeurs peut être obtenue sans problème.

Calcul de Γ par développement en produits d’opérateurs

Pour résumer (le détail de la procédure est explicité dans [20]), le taux de désintégration

semileptonique intégré s’obtient à partir de :

Γ(B → Xc ` ν) =
1

2π i

∫
d~q 2 ‖~q‖

∫
C (~q 2)

dqo θ
(
qo > ‖~q‖

)
L(q2)T (qo, ~q 2)

sachant que
∣∣∣∣∣∣∣∣∣
L(q2) représente le tenseur leptonique relativiste

T (qo, ~q 2) représente la partie hadronique non relativiste dont l’expres-

sion exacte dépend du potentiel de quark considéré

C (~q 2) est un contour d’intégration dans le plan qo complexe

Remarque. Le contour C (~q 2) possède les caractéristiques suivantes :Section 1.5 - Tentative de généralisation 9

plan complexe qo

A

B

axe réel

C(!q 2)

Les cercles correspondent aux pôles de T (résonances charmées

cq̄) ; la ligne Re(qo) = ‖!q‖ sépare la région cinématiquement

interdite de la région autorisée (cf le terme en θ
(

qo > ‖!q‖
)

)

et, pour chaque valeur de ‖!q‖, le point A est fixé sur l’axe réel tandis que le contour

peut être déformé à volonté (point B) là où T est analytique. Notons qu’une partie de

C (!q 2) se trouve au voisinage de la région physique (pôles et coupure) ce qui peut induire

des incertitudes quant à la fiabilité du calcul par OPE (cf. paragraphe 1.2). Enfin, un tel

contour sélectionne, pour chaque valeur de !q 2, les résonances physiques produites lors de la

désintégration B → Xc # ν.

Ensuite, l’amplitude T est développée en produit d’opérateurs :

T (qo, !q 2) =
∑

n

Cn(q
o, !q 2) 〈B|On|B〉

avec On : opérateurs locaux de dimension croissante

L’introduction explicite du hamiltonien nous donne alors cette décomposition et fait ap-

parâıtre un développement de ΓOPE en
Λ

mc
et

Λ

δm
. Enfin, nous utilisons les formes non

relativistes des règles de somme (Bjorken, Voloshin et les autres) pour traduire, dans l’ex-

pression obtenue pour ΓOPE, les termes contenant les éléments de matrice des opérateurs

On en fonction des facteurs de forme utilisés dans la description exclusive des processus

(de cette façon, nous pourrons comparer directement ΓOPE à
∑

Γexclusif) et l’on obtient

finalement une expression de la forme suivante :

ΓOPE(B → Xc # ν) =

∫

d[qqchse]
∞∑

n=0

F (qo, !q 2, δm, mc, . . .) (1.3)

où d[qqchse] représente la mesure de l’intégration et F est une fonction dont l’expression

exacte est donnée dans [18].

Calcul de Γ par sommation sur les canaux exclusifs

Cette largeur de désintégration s’obtient en sommant les différents canaux exclusifs et le

résultat s’exprime comme suit :

Γ(B → Xc # ν) =

∫

d[qqchse]
nmax(q2)

∑

n=0

F (qo, !q 2, δm, mc, . . .) (1.4)

où F est exactement la même fonction que dans la formule (1.3) (ainsi que la mesure

d[qqchse]).

Les cercles correspondent aux pôles de T (résonances charmées

cq̄) ; la ligne Re(qo) = ‖~q‖ sépare la région cinématiquement

interdite de la région autorisée (cf le terme en θ
(
qo > ‖~q‖

)
)

et, pour chaque valeur de ‖~q‖, le point A est fixé sur l’axe réel tandis que le contour

peut être déformé à volonté (point B) là où T est analytique. Notons qu’une partie de

C (~q 2) se trouve au voisinage de la région physique (pôles et coupure) ce qui peut induire

des incertitudes quant à la fiabilité du calcul par OPE (cf. paragraphe 1.2). Enfin, un tel

contour sélectionne, pour chaque valeur de ~q 2, les résonances physiques produites lors de la

désintégration B → Xc ` ν.

Ensuite, l’amplitude T est développée en produit d’opérateurs :

T (qo, ~q 2) =
∑

n

Cn(qo, ~q 2) 〈B|On|B〉

avec On : opérateurs locaux de dimension croissante
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L’introduction du hamiltonien nous donne alors explicitement cette décomposition pour

obtenir un développement de ΓOPE en
Λ

mc

et
Λ

δm
. Enfin, nous utilisons les formes non

relativistes des règles de somme (Bjorken, Voloshin et les autres) pour traduire, dans l’ex-

pression obtenue pour ΓOPE, les termes contenant les éléments de matrice des opérateurs

On en fonction des facteurs de forme utilisés dans la description exclusive des processus

(de cette façon, nous pourrons comparer directement ΓOPE à
∑

Γexclusif) et l’on obtient

finalement une expression de la forme suivante :

ΓOPE(B → Xc ` ν) =

∫
d[qqchse]

∞∑
n=0

F (qo, ~q 2, δm,mc, . . .) (1.3)

où d[qqchse] représente la mesure de l’intégration et F est une fonction dont l’expression

exacte est donnée dans [20].

Calcul de Γ par sommation sur les canaux exclusifs

Cette largeur de désintégration s’obtient en sommant les différents canaux exclusifs et le

résultat s’exprime comme suit :

Γ(B → Xc ` ν) =

∫
d[qqchse]

nmax(q2)∑
n=0

F (qo, ~q 2, δm,mc, . . .) (1.4)

où F est exactement la même fonction que dans la formule (1.3) (ainsi que la mesure

d[qqchse]).

Résultats et commentaires

Nous voyons apparâıtre ici une violation possible de dualité, dans la mesure où, bien que les

expressions (1.3) et (1.4) soient similaires, elles diffèrent dans les bornes de la sommation

discrète : ΓOPE, borne ∞, et Γ, borne nmax(q
2). Autrement dit, le développement en produit

d’opérateurs, à cause de l’introduction des règles de somme, prend en compte pour chaque

q2 toutes les résonances, y-compris celles qui sont cinématiquement interdites pour ce q2,

alors que le calcul exclusif exclut ces états excités comme il se doit : il faudrait tronquer les

règles de somme pour avoir la correspondance. Le problème de la violation de la dualité se

transfère donc au problème de la convergence de ces séries infinies dans ΓOPE, qui lui-même

est lié à la forme du potentiel de quark choisi (comportement à grande et petite distances).

De façon plus générale, nous avons établi que l’erreur due à la troncation dans ΓOPE est

d’ordre
Λ2

m2
c

(
Λ

δm

)b

où b est un nombre réel positif qui dépend des propriétés du potentiel.
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Là encore, le rôle joué par les règles de somme est fondamental pour la compensation des

termes, du moins jusqu’à l’ordre où apparâıssent ces termes de violation de dualité :

- Bjorken et Voloshin permettent la compensation des termes en
δm2

m2
c

et Λ
δm2

m2
c

- Les autres règles de somme permettent la compensation des termes en
Λ2

m2
c

,

(
Λ

mc

)2
1

δmc

,

etc...

Enfin, il est possible avec le même formalisme d’étudier ce qui se passe au niveau des largeurs

différentielles, et non plus totales, afin d’appréhender comment la dualité se manifeste du

point de vue local. Raisonnons en terme de la variable q2, variant de façon générale entre 0

et q2
max ; à mesure que l’on se rapproche de la valeur maximale de q2, les canaux produisant

les états excités se ferment les uns après les autres pour ne laisser que l’état fondamental

en q2 = q2
max. Cet effet génère une violation de dualité au voisinage de q2

max d’ordre Λ
δm

m2
c

.

Il est intéressant de noter que, dans la largeur totale, cet ordre dangereux est compensé

par d’autres termes de même contribution provenant de la règle de somme de Voloshin ; il

pourrait donc y avoir quelques problèmes si, expérimentalement, on ne réalise les mesures

que dans une zone limitée de l’espace des phases au voisinage de q2
max.

Nature du potentiel de quark

Au cours du paragraphe précédent, la nature du potentiel de quark utilisé a été présentée

comme directement reliée au problème de la violation de la dualité car influant sur la

convergence des séries rencontrées.

Afin de clarifier ce point, nous avons étudié [21] les effets du potentiel non relativiste choisi

pour décrire les mésons ; nous avons pris les deux situations où le potentiel présente une

singularité à l’origine et celle où il n’en présente pas. Nous avons montré dans ce cadre

d’hypothèse que :

- cas régulier : lorsque le potentiel ne présente pas de singularité à l’origine, il existe une

violation de dualité qui peut être mise en évidence 3.

- cas singulier : lorsque le potentiel est singulier à l’origine, l’étude de la convergence de

l’OPE est problématique car, au-dessus d’un certain ordre dans le développement, les

coefficients deviennent infinis. Si l’on tronque la série au dernier terme fini, alors nous

n’avons obtenu aucune indication de violation de dualité à cet ordre.

Ce cas mériterait d’être approfondi car le potentiel effectif de QCD est singulier. Mais

nous nous sommes placés dans un modèle non-relativiste ; une vraie théorie relativiste

3. Le terme correspondant est néanmoins exponentiellement petit, d’ordre
δm2

m2
c

exp(−δm

Λ
)
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conduirait peut-être alors à un développement correct, c’est-à-dire ne présentant pas

de divergences, qui permettrait de fournir une conclusion plus précise.

1.6 Conclusion

Dans ce chapitre, nous avons étudié certains mécanismes pouvant être à l’origine de la

violation de la dualité quark-hadron.

Nous avons établi que, en ce qui concerne les largeurs totales de désintégration, des règles

de sommes 4 sont nécessaires qui conspirent pour compenser les termes problématiques.

De plus, nous avons montré l’absence de termes de violation d’ordre
1

mQ

en utilisant des

modèles de quark, contrairement à l’analyse de N. Isgur [9].

Enfin, la situation est différente si l’on considère les largeurs différentielles pour lesquelles

les compensations entre termes sont moins évidentes puisque certains canaux ne sont pas

obligatoirement ouverts dans la zone de l’espace de phase considérée.

4. Certaines sont connues telles les règles de Bjorken ou de Voloshin et d’autres sont nouvelles : une
méthode a par ailleurs été présentée pour en établir toute une classe.
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Abstract

Ž . 2We explicitly check quark-hadron duality to order m ym Lrm for b™cln decays in the limit m ym <mb c b b c b

including ground state and orbitally excited hadrons. Duality occurs thanks to a new sum rule which expresses the
subleading HQET form factor j or, in other notations, aŽ1. in terms of the infinite mass limit form factors and some level3 q
splittings. We also demonstrate the sum rule, which is not restricted to the condition m ym <m , applying OPE to theb c b

longitudinal axial component of the hadronic tensor without neglecting the 1rm subleading contributions to the formb

factors. We argue that this method should produce a new class of sum rules, depending on the current, beyond Bjorken,
Voloshin and the known tower of higher moments. Applying OPE to the vector currents we find another derivation of the
Voloshin sum rule. From independent results on j we derive a sum rule which involves only the t Žn. and t Žn. form3 1r2 3r2

factors and the corresponding level splittings. The latter strongly supports a theoretical evidence that the B semileptonic
decay into narrow orbitally-excited resonances dominates over the decay into the broad ones, in apparent contradiction with
some recent experiments. We discuss this issue. q 2000 Elsevier Science B.V. All rights reserved.

1. Introduction

w xIt is well known 1 that quark-hadron duality is
valid to a good accuracy in b-quark decay and
particularly in semileptonic decay. A systematic study

w xof the corrections to duality 2–6 using the powerful
Ž . w xtools of Operator Product Expansion OPE 7 and

Ž .Heavy Quark Effective Theory HQET , in particular
w xLuke’s theorem 8 , has demonstrated that the first

1 Alexander-von-Humboldt fellow.
2 Laboratoire associe au Centre National de la Recherche Scien-´

tifique - URA D00063.

corrections to duality only appear at second order,
Ž 2 2 .namely O L rm where L is for the QCD scaleQ

Žand m is one of the heavy quark masses m orQ b
.m . For simplicity we leave aside in this letter thec
Ž .O a radiative corrections notwithstanding theirs

manifest practical relevance.
The OPE based proof is very elegant and circum-

vents the detailed calculation of the relevant chan-
nels. Precisely this feature has generated some doubts
or at least some worries. First of all there is the
experimental problem of the L life time which hasb

not yet been understood within OPE framework.
Second it has been asked if OPE could not miss
some subtle kinematical effects related with the de-

0370-2693r00r$ - see front matter q 2000 Elsevier Science B.V. All rights reserved.
Ž .PII: S0370-2693 00 00383-X
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w xlay in the opening of different decay channels 9 .
w xWe have shown 10 in a non-relativistic model that

the latter effect does not affect the validity of duality.
A numerical calculation of the sum over exclusive

channels in the ’t Hooft two dimensional QCD model
w x11 reported a presence of a duality-violating 1rmQ

w xcorrection in the total width 12 . Later the summa-
tion was performed analytically in the case of the

w xmassless light quark 13 . Agreement between the
OPE and the exact result was found in this case
through 1rm4 order.Q

The ‘‘miraculous’’ conspiracy of exclusive decay
channels to add up to the partonic result and its OPE
corrections may be expressed in terms of sum rules
which the hadronic matrix elements must satisfy in

w xQCD 14–17 . OPE was first explicitly used to de-
w xrive Bjorken sum rule in 15 .

To leading order in Lrm Bjorken sum ruleb

straightforwardly implies quark hadron duality for
Žthe semileptonic widths the differential and the total

. Ž .widths . The suppression of the O Lrm correc-b
w xtions is not so direct. The authors of 18 have done a

thorough study of the exclusive contributions of the
ground state D and D) mesons up to order
Ž 2 2 .O L rm . They have chosen the Shifman Voloshinb

Ž . w xSV 19 limit, L<m ym <m , which drasti-b c b

cally simplifies the calculation, but did not consider
the orbitally excited states, and therefore could not
check the matching between the sum of exclusive
channels and the OPE prediction to the order
Ž Ž . 2 .O L m ym rm .b c b

Our first motivation was precisely to complete
this part and add the Ls1 excited states in the sum
of exclusive channels. We will discuss in Section 3
why we neglect other excitations.

While performing this task we had a surprise. We
Ž .found that a new sum rule, Eq. 12 , was needed

beyond Bjorken, Voloshin, and the known tower of
w xhigher moment sum rules 14–17 and we found that

this new sum rule could be demonstrated from OPE.
We believe that other new sum rules can be

derived along the same line. When the form factors
are taken at leading order in 1rm , OPE applied tob

different components of the hadronic tensor, or to
different operators, always provides the unique se-
ries: Bjorken sum rule, Voloshin sum rule and higher
moments. But when the next to leading contribution
to the form factors is considered, no such unicity

holds anymore. Changing the current operators in the
OPE might lead to several other sum rules at order
1rm .b

In the following we will simplify our task as
much as possible. We will neglect radiative correc-
tions. We will also leave aside terms of order
Ž 2 2 .O L rm , which implies that operators with higherb

dimension than identity may be neglected in the OPE
and consequently that the inclusive results may be
computed only via the partonic contribution.

In the next section we will show how the equality
of partonic and inclusive widths to the desired order
demands for a new sum rule. In Section 3 we will
derive the latter sum rule from OPE applied to the
T-product of currents. Finally in Section 4 we show
interesting phenomenological consequences of the
sum rule. We then conclude.

2. Inclusive semileptonic widths

w xWe work in the SV limit 19 , i.e. we assume the
following hierarchy

L<d m<m 1Ž .b

where d m'm ym and L is any energy scaleb c

stemming from QCD, for example the hadron-quark
mass difference L ' m y m s m y m qB b D c
Ž .O 1rm or the excitation energy.b

w xFrom OPE 3 one expects quark-hadron duality
Ž 2 2 .to be valid up to O L rm corrections, i.e. in termsb

of the double expansion in d mrm and Lrm , itb b
Ž .nshould be valid to all orders d mrm andb

Ž .nd mrm Lrm . In fact we will restrict ourselves tob b
Ž .2 2check duality up to order d mrm and d mLrm .b b

The terms of order d mLrm2 will turn out to be theb

trickiest. Of course, in the preceding sentences we
mean orders as compared to the leading contribution.
For example the inclusive semileptonic width is of

Ž .5order d m , which implies that we will compute it
6 2Ž .up to order L d m rm . In this letter the symbol ,b

will always refer to neglecting higher orders than
those just mentioned. From OPE the partonic
semileptonic decay width should equate the explicit
sum of the corresponding exclusive decay widths up

Ž 2 2 . w xto O L rm terms, i.e. 18 :b

2 2G B™X ln sG b™cln qO L rm 2Ž . Ž .Ž .Ž .c b
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with the semileptonic partonic width
5

G b™cln s32 K d mŽ . Ž .

=

22 3 d m 9 d mŽ .
y q 3Ž .25 5 m 35 mb b

where

G2
F 2< <Ks V 4Ž .cb3192p

Using M ,m qL and dM'M yM ,d m weB b B D

get

G B™X lnŽ .c

5,32 K dMŽ .

=

22 3 dM 9 dM 21 LdMŽ .
y q y2 25 5 M 35 35M MB B B

5Ž .
w xThe ground state contribution is 18

)G B™ DqD lnŽ .Ž .
2 3 dM5,32 K dM yŽ .
5 5 MB

2 Ž .2 111y8r dM 1 a dMŽ . q
q y 6Ž .2 235 10M MB B

Strictly speaking nothing compels aŽ1. to be real andq
w Ž1.xwe must read R a everywhere in this letter in-q

Ž1. w xstead of a and R j instead of j . The contribu-q 3 3

tion of the first orbitally excited states may be
w xcomputed using results in 20 . We get

)G B™ D qD lnŽ .Ž .1 2

< < 2,32 K t 1Ž .3r2

=

216 dM 56 D dMŽ . 3r2
y 7Ž .2 235 35M MB B

for the states with total angular momentum of the
Ž .light quanta js3r2 and t w are the infinite massj

) ) w xlimit form factors B™D as defined in 15 . In all
this letter we use for any state n the notation

D sM yM , 8Ž .n n 0

where 0 refers to the ground state.

) )G B™ D qD lnŽ .Ž .1 0

< < 2,32 K t 1Ž .1r2

=

28 dM 49 D dMŽ . 1r2
y 9Ž .2 235 35M MB B

for the lowest js1r2 states. It is often overlooked
Ž 2 .that O d mLrm corrections are also provided byQ

Ls1 excited states but depending only on asymp-
totic form factors and level splittings.

To the order considered, quark-hadron duality of
the semileptonic decay widths implies the equality of

Ž .the r.h.s. of Eq. 5 with the sum of the r.h.s’s of
Ž . Ž . Ž .Eqs. 6 , 7 and 9 to which we need to add the

Ls1 radially excited states. Their contributions are
Ž . Ž .identical to Eqs. 7 and 9 with the replacement

t ™t Žn. and D™DŽn.. The terms proportional toj j j j
Ž .2dMrM match thanks to Bjorken sum ruleB
w x14,15 :

1
2 2Ž .2 n Žn.< < < <r y s t q2 t 10Ž .Ý 1r2 3r24 n

From now on, unless specified, it is understood that
the form factors are taken at ws1. Taking into

w xaccount Voloshin sum rule 16

2 2Ž .n Žn. Žn. Žn.< < < <Ls 2 D t q4 D t , 11Ž .Ý 1r2 1r2 3r2 3r2
n

the matching of the terms of order LdMrM 2 leadsB

to the requirement

2 2Ž .Ž1. n Žn. Žn. Žn.< < < <a s4 D t yD t 12Ž .Ýq 1r2 1r2 3r2 3r2
n

Ž .The sum rule 12 is the main result of this paper.
The preceding lines can be taken as a derivation of
the sum rule, since we simply have made explicit the

Ž .result from OPE, Eq. 5 . However, one might feel
uncomfortable in view of the peculiarity of the SV
kinematics, one might fear that some exception to
OPE could happen there. Furthermore, as recalled in
the introduction, OPE has been repeatedly submitted
to various interrogations. Therefore, we will rederive

Ž .in the next section the sum rule 12 in a less
questionable manner.

Let us note that in the Õector current case, we do
not need the a form factor. In that case, matchingq
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Ž .2 2of the dMrM and LdMrM terms occursB B

thanks to Bjorken and Voloshin sum rule only - or
conversely we can invoke duality to demonstrate
these sum rules. In particular, it gives a demonstra-
tion of Voloshin sum rule just from the same duality
requirement invoked by Isgur and Wise to derive
Bjorken sum rule: the Voloshin sum rule comes from
the matching of LdMrM 2 terms.B

ŽIt is in the axial case or in the VyA case which
corresponds to the sum of vector and axial contribu-

.tion that we need the new sum rule. More precisely,
we can separate also the contributions with definite
helicity of the lepton pair. In the transverse helicity
case, there is still matching from just Bjorken and
Voloshin sum rule. In fact the need for a new sum
rule occurs in the axial current and for longitudinal
helicity. We obtain indeed for the ls0 helicity of
the axial current:

G b™clnŽ . A ,ls0

5,4 K dMŽ .

=

24 dM 4 dM LdMŽ .
y2 q y22 23 M 5 M MB B B

13Ž .

)G B™D lnŽ . A ,ls0

4 dM5,4 K dM y2Ž .
3 MB

2 Ž .14 dM 4 a dMŽ . q2q 1y r y 14Ž .2 2ž /5 5M MB B

) )G B™D lnŽ . A ,ls0

24 dMŽ .5 2 2Ž .n Žn.< < < <,4 K dM t q2 tŽ . Ý 1r2 3r2 25 MBn

28 dM
2 2Ž .n Žn. Žn. Žn.< < < <y D t q2 D tÝ 1r2 1r2 3r2 3r2 25 MBn

24 dM
2Ž .n Žn.< <q D t 15Ž .Ý 1r2 1r2 25 MBn

Ž .whence we get the Eq. 12 from the matching of
dMrM 2 terms.B

3. Derivation of the sum rule from OPE

w xThe authors of 21 have derived corrections to
Bjorken and Voloshin sum rules and to the resulting
inequalities on r 2. We will follow the same philoso-
phy but including the orbitally excited states in order

Ž .to derive O Lrm corrections, within our approxi-b

mations, to the equalities resulting from the sum
rules. We will use the differential semileptonic distri-

w xbutions 22 .
Defining two currents which at present we take

arbitrary:

X XJ x ' bG c x , J y ' cG b y . 16Ž . Ž . Ž . Ž . Ž . Ž . Ž .
Their T product is

X4 yi q x² < < :T q ' i d xe B T J x J 0 B 17Ž . Ž . Ž . Ž .Ž .H
² < X:where the states are normalised according to p p

Ž .3 Ž X .s 2p d p yp .3

Neglecting heavy quarks in the ‘‘sea’’, it is clear
that x-0 receives contributions from intermediate
states with one c quark and light quanta, usually
referred to as the direct channel, while x)0 re-
ceives contributions from intermediate states with
bcb quarks plus light quanta. This will be referred to
as the crossed channel, or Z diagrams. Expanding

Ž .the r.h.s of 17 on intermediate states X in the B
rest frame,

3Ts 2p d p qqŽ . Ž .Ý 3 X
X

=

X² < < :² < < :B J 0 X X J 0 BŽ . Ž .
M yq yEB 0 X

y d p X yqŽ .Ý 3 X
XX

=

X X X² < < :² < < :BX J 0 0 0 J 0 X BŽ . Ž .
18Ž .

XM qq y E q2 MŽ .B 0 X B

where X, X X are charmed states. Let us call VV the
typical virtuality of the direct channels, M yq yB 0
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E ,VV , we will take q such that L<VV<M .X 0 B
Ž .While the direct channels X contribute like 1rVV

Ž . Ž X.to 18 , the crossed channels X contribute like
Ž .1r m qVV . In both cases the denominator is 4L,D

which allows to use the leading contribution to OPE:

X4 yi q x² < < :Ts i d xe B b x G S x ,0 G b 0 BŽ . Ž . Ž .H c

qO 1rm2 19Ž .Ž .c

Ž .where S x,0 is the free charmed quark propagatorc
Ž .as long as O a corrections are neglected. Assum-s

ing as usual that the b quark has a momentum
Ž .p sm Õqk with k sO L , the charmed quarkb b m

Ž .propagator in 19 has two terms, the positive energy
pole with a denominator m Õ qk yq yE ,VVb 0 0 0 c

and the negative energy one with a denominator
m Õ qk yq qE ,m qVV . Varying VV inde-b 0 0 0 c c

pendently of m ,m one can check that the directb c

channels sum up to the contribution of the positive
energy pole of the charmed quark propagator.

As a result, considering now only resonances
among the states X and fixing q in the following,
one gets equating the residues

X² < < :² < < :B J 0 n n J 0 BŽ . Ž .Ý
n

ÕuX q1q X² < < :s B bG G b B 20Ž .X2Õ0

where all the three-momenta are equal to yq in the
B rest frame and

1
X 2 2(Õ s yq , q qm 21Ž .ž /q cmc

w xIt is well known 15 that to leading order this
leads to Bjorken sum rule. Considering successive

Ž . Ž .nmoments, i.e. multiplying T in 17 by q yE0 0
Ž .E being the ground state energy leads to a tower0

w xof sum rules 17 , Voloshin sum rule when ns1,
etc.

In the following we will stick to the ns0 mo-
ment, but include the 1rm correction to the residues.b

Let us insist on this point. One may discover a tower
of sum rules by keeping the form factors to leading

w xorder but considering successive moments 17 . One
may also discover new sum rules by sticking to the

lowest moment but considering the higher orders in
the form factors. This is not equivalent and leads to
different sum rules, the first moment yields Voloshin

Ž .sum rule Eq. 11 , the second adds at least one new
Ž .sum rule, 12 , as we shall demonstrate now. The

distinction is important since in practice both sum
rules apply to the same order in 1rm . A significantb

difference between the two types of subleading sum
rules is the following: All the currents provide via
OPE the same Voloshin sum rule because the form
factors are all related by the heavy quark symmetry.
On the contrary, when the form factors are taken at
subleading order in 1rm , different currents haveb

different corrective terms depending on several inde-
pendent form factors, and OPE should yield different
subleading sum rules. In this letter we only consider

Ž .Eq. 12 for its physical relevance, leaving other sum
rules for a forthcoming study.

Ž . XWe now apply Eq. 20 with J, J substituted by
the vector current V m and the axial one A m. One

Ž .may check that Eq. 20 applied to currents projected
perpendicularly to the Õ,ÕX plane is trivially satisfied,

Ž .including the O Lrm order, by Bjorken sum rule.b

Let us now consider the vector current projected on
the B meson four velocity: VPÕ. Among the or-
bitally excited states only the Js1 states contribute

Ž .to the wanted order. Dividing both sides of Eq. 20
Ž . Ž X . w xby 1qw r 2Õ Õ one gets using the results of 200 0

w xand 23

Ž .n1qw D1r22 2Ž .n< < < <j w q wy1 2 t 1qŽ . Ž .Ý 1r2½2 mbn

Ž .nD3r22 2Žn.< <q wq1 t 1qŽ . 3r2 5mb

L
,1q wy1 22Ž . Ž .

mb

Ž .where we have neglected higher powers of wy1
and of Lrm than the first 3. The l.h.s is found by ab

w xstraightforward application of 23 for the ground
w xstate and of 20 for the excited ones. The r.h.s yields

3 Remember that we take L; D ; Lj
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Ž . Ž .1qw r 1qw which has been transformed ac-q

cording to

1 1
X 2w 'Õ.Õ ,wqq yq q 2 22m 2 Mc D

2w y1 LŽ .
,wq 23Ž .

mb

Ž .The leading terms in Eq. 22 simply reproduce
w xBjorken sum rule as expected 15 , while the

Ž .O Lrm terms provide Voloshin sum rule. This isb

another deriÕation of Voloshin sum rule which does
not use higher momenta.

Analogously the axial current projected on the D
X X Ž .meson velocity Õ , APÕ gives, inserted in Eq. 20

Ž . Ž X .and after dividing both sides by wy1 r 2Õ Õ ,0 0

1qw 4
2< <j w y j w j wŽ . Ž . Ž .32 mb

Ž .n6 wq1 DŽ . 1r2 2Žn.< <q 2 wy1 y tŽ .Ý 1r2½ mbn

2 2Žn.< <q wy1 wq1 tŽ . Ž . 3r2 5
L

,1y wq1 24Ž . Ž .
mb

w x Ž1.where j in the notations of 23 is equal to ya r23 q
w xused in 18 . The matching of the 1rm terms in Eq.b

Ž .24 leads to the sum rule
2Ž1. Žn. Žn.< <Lqa sL 1 sq6 D t 25Ž . Ž .Ýq 4 1r2 1r2

n

w xL being defined according to 23 . In words, this4

contribution comes from the ‘‘small components’’ of
Ž .the Dirac spinors. Eliminating L from Eqs. 25 and

Ž . Ž .11 we are left with Eq. 12 .
We can check this result by using the method for

sum rules developed earlier by Bigi and the Min-
w xnesota group 24 , which relies on a systematic 1rmQ

expansion of the moments of the Lorentz invariants
of the imaginary part of the hadronic tensor, w .i

Ž .From their Eq. 131 , we read
mb0 A A 0 2dq w q ,q , 26Ž .Ž .H 2 Ec

the terms left over being the power corrections due
w xto higher dimension operators. Computing from 18

w xand 20 the hadronic contribution to the same inte-
Žgral at qs0 i.e. ws1, we get the equation with

) .
) )r sM rM , r sM rM0 D B 1r2,3r2 D B1r2,3r2

dq0 w A A q0 ,q2 s0Ž .H 2

1 f 2 1yr faŽ .0 q
s q2 2½ 5r r4M r0 0B 0

2 2 2k1yr fŽ . A3r2 A1q y2 ž /½ 24 4r3r2

1 2
q 1qr g y 1yr gŽ . Ž .1r2 q 1r2 yž24r1r2

yg 2 27Ž .A / 5
with all form factors taken at ws1, and with nota-
tions for the Ls1 form factors g , g , g , f ,k toq y A A A1

w xbe found in 20 . A sum over the Ls1 excitations is
understood. If we now work in the SV limit, we see
that we need g , f , g ,k only in the HQET limit,y A A A1

i.e. t , except for some algebraic factors; as for1r2,3r2

g , it is subleading, but at ws1, it is expressible inq
terms of t and we do not need to know any of the1r2

new subleading form factors. In the Ls1 contribu-
tions, only the g g term remains. We finally endq y
with the equation:

M dM dM mB b2Ž1. Žn. Žn.< <y a q6 D t , 28Ž .Ýq 1r2 1r22 2M mM MD cB B n

Ž .which leads directly to Eq. 25 .
In the preceding calculations we have systemati-

cally neglected the contributions from higher orbital
excitations or Ls0 radial excitations. This can be
justified as follows. The leading B transition to
radially excited Ls0 final states or to Ls2 final
states are suppressed by a factor q2rm2 due to threeb

facts: first, the current operator is proportional at
leading order to the identity operator or to s 4,b

second, the orthogonality of the wave functions im-
plies vanishing at qs0 in the B rest frame and,
third, parity implies an even power in q. This sup-

4 The heavy quark spin may be factorised out thanks to HQS.
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pression leads to the well known fact that these
terms appear in the Bjorken sum rule or in the

Ž .2differential widths with a wy1 factor as com-
pared to the ground state contribution. On the con-

Ž .trary the O Lrm contributions to the axial formb

factors for the same type of transitions are not
suppressed as compared to the ground state because
the current operator is no more proportional to iden-
tity neither to s . For example the transition tob

radially or orbitally excited J P s1y states other
than the D) are in principle of the same order of
magnitude than the AaŽ1. terms mentioned above.q
However, in this letter we have only considered the
terms AaŽ1. via crossed terms, i.e. via cross prod-q

Ž .ucts of the leading order terms with the O Lrmb
Ž 2 2 .ones, because we have neglected all O L rmb

contributions. Hence we are left with a suppression
of a factor q2rm2 in the hadronic tensors or theb

Ž .differential widths, i.e. a factor wy1 as compared
to the corresponding ground state contribution and
we can consequently neglect the Ls0 radial excita-
tions and the Ls2 orbital ones. Ls3 contributions
are negligible simply because the total angular mo-

Ž .mentum JG2 again leads to wy1 factors result-
Ž .ing from angular momentum conservation D-waves .

All other operators which are already negligible for
the ground state and the Ls1 states are even more
so for higher excitations.

Turning now to a comparison of our different
demonstrations, we should note that it is not really
unexpected that we find consistent results according
to three approaches: imposing duality to the widths
Ž .Section 2 , imposing duality to the tensors as in

Ž . Ž .Eqs. 22 and 24 and finally to the invariant tensors
Ž . Ž . 0Eqs. 26 and 27 . Indeed, at fixed q and q there is

a linear relation between the tensor components and
the invariant tensors. It is as well true that the
formula for the decay widths before integrating on
the q0 variable is, for fixed q0 and q, linear in the
tensor components.

We might worry about what happens when we
apply duality to the sum of the residues. Integration
over q0 leads to a sum of residues multiplied by d

functions and the position of the poles is different for
each term in the sum and still different for the quark
contribution. As a consequence the projector which
projects out w from the tensor residues is different2

for each term since it depends on q0. Still this

difference does not lead to a collapse of the sum rule
thanks to Voloshin sum rule and the tower of higher
momenta sum rules: one can expand the difference
between the intervening projectors in powers of q0

and the resulting alteration to the sum rule vanishes.
Exactly the same happens when one computes the
decay widths with the real kinematics on each term.

4. Phenomenological consequences

Ž .Eq. 25 is phenomenologically relevant as it ex-
presses the dominant correction to the zero recoil
differential B™Dln decay width as a function of
leading form factors and level spacings. Indeed

dG B™DlnŽ . 3r22A w y1Ž .
dw

=
1 1 M yMB D

1y2 q L 1 29Ž . Ž .4ž /2m 2m M qMb c B D

On the other hand, we may combine our result
with an independent estimate of the form factor j 3
w x 525 from QCD sum rules :

j 1 1Ž .3
s qO a s0.6"0.2,Ž .s3L

aŽ1. 2q
sy yO a sy1.2"0.4 30Ž . Ž .s3L

The dispersion formulation of the constituent quark
w x Ž .model 26 finds that j 1 is 1r3 the average3

kinetic energy of the light quark. For a light con-
stituent mass of m s0.25 GeV it givesu

j 1 s0.17 GeV, Ls0.5 GeV 31Ž . Ž .3

Ž .in perfect agreement with Eq. 30 for a s0.s
Ž . Ž . Ž .Combining 11 , 12 and 30 , assuming a s0s

since we have neglected radiative corrections all
along this letter, we get

Žn. < Žn. < 2D tÝ 1r2 1r2
n 1s , for a s0 32Ž .s42Žn. Žn.< <D tÝ 3r2 3r2
n

5 w x w xThe definitions of j differ by a factor L in 23 and 25 .3
w xWe use the notations of 23 .

24 Chapitre 1 - Dualité quark-hadron
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and

1
2Žn. Žn.< <D t s L,Ý 1r2 1r2 18n

2
2Žn. Žn.< <D t s L 33Ž .Ý 3r2 3r2 9n

Notice that if we had, somehow inconsistently, taken
Ž .j 1 rLs0.6 the result would not be qualitatively3

different.
Since in all spectroscopic models the mass differ-

ences between the js1r2 and js3r2 states turn
< (n) < 2out to be not so large, we conclude that the Ý tn 1r 2

< (n) < 2are significantly smaller than the Ý t .n 3r 2
< Ž0. < 2Interestingly enough, this hierarchy t -1r2

< Ž0. < 2t was a clear outcome of a class of covariant3r2
w x w xquark models 27 . In 27 four different potentials

had been used within the Bakamjian-Thomas covari-
ant quark model framework. The potentials labeled

w xISGW, VD, CCCN, and GI potentials in 27 give
< Ž0. < 2 < Ž0. < 2respectively for the ratio t r t the values1r2 3r2

0.33, 0.09, 0.01 and 0.17. As a result these models
predict a dominance of the B™D ln semilep-js3r2

tonic decay widths by one order of magnitude over
the B™D ln . We will comment this predictionjs1r2

w xlater. The same models 27 give for the l.h.s. of Eq.
Ž .32 0.39, 0.166, 0.151 and 0.247 respectively for
the ISGW, VD, CCCN, and GI potentials, in reason-
able agreement with 1r4. It might not be mere luck
if the GI model, which fits the spectrum in the most
elaborate way, yields an almost too good agreement

Ž . 6 Ž .with the expectation 32 . From Eq. 30 we expect
Ž . Ž .the r.h.s. of Eq. 12 divided by that of Eq. 11 to be

close to y2r3. We have tested this with the numeri-
w xcal calculations of 27 . In all cases we find that the

Ž . Ž .sums in the r.h.s of Eqs. 11 and 12 saturate very
fast to their symptotic values. At ns3 they are at
less than 3% in all cases. For the ratios aŽ1.rLq

Ž . Ž .computed from the r.h.s of Eqs. 11 and 12 one
finds y0.51, y0.77, y0.79, y0.67 respectively for
the ISGW, VD, CCCN, and GI models. This agree-

6 We should nevertheless remember that the potentials used in
w x27 contain a Coulombic part which implies that some part of the
Ž .O a corrections might be implicit in these models.s

Ž .ment with 30 is quite striking, and again GI is
embarrassingly good.

w xIn more general terms, the prediction 27 that the
B meson decays dominantly into the narrow reso-
nances js3r2 was comforted by a study within a

w xconstituent quark-meson model 28 as well as by a
w xsemi-relativistic study 29 . A QCD sum rule analy-

w xsis 30 predicted rather a rough equality between
w xthese form factors contrarily to another one 31

which concluded to an overwhelming dominance of
the js3r2 semileptonic decay over the js1r2.

It is fair to say that the general trend of theoretical
models is to predict 3r2 dominance and a total
semileptonic branching ratio into the orbitally ex-
cited states exceeding hardly 1 %. It is well known
that the js3r2 are expected to be relatively narrow
and are identified with the observed narrow reso-

Ž . ) Ž .nances D 2422 and D 2459 . As far as the decay1 2

widths into the latter narrow resonances is consid-
w xered, experimental results 32 are in rough agree-

w x Ž .ment with 27 for the B™D 2422 ln and rather1
w x ) Ž .below 27 for B™D 2422 ln . In brief, experi-2

ment is rather below the theoretical models for B™
D ln . The js1r2 states are not easy to isolate,3r2

being very broad. But thorough studies have been
done of the channels B™DŽ) .p ln and the resulting
branching fraction is very large: 3.4"0.52"0.32%

w xby DELPHI 33 and 2.26 " 0.29 " 0.33% by
ALEPH.

These experimental results are both welcome and
puzzling. Welcome because these B™DŽ) .p ln fill
the gap between the inclusive semileptonic decay
branching fraction of 10 - 11 % and the sum B™
Ž ) .DqD ln,7%. They are puzzling when one
tries to understand which channels contribute to them.
As we have just said, the js3r2 channels provide
no more than 1 %. The remaining 2 % can come
from the js1r2, from higher excitations or from a
non-resonant continuum. Higher excitations are un-
likely to contribute very much, being suppressed

w xboth by dynamics and phase space. In 33 the
quoted b™D) ) ln branching fractions are very
large, exceeding by far what is expected for example

w xin 27 .
The results presented in this letter are doubly

Ž .relevant in the above discussion. First Eq. 32 seems
to confirm the models which find a dominance of the
3r2 channels. Of course it is mathematically possi-
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Ž . < Ž0. < < Ž0. <ble that that Eq. 32 is satisfied while t ) t ,1r2 3r2

the higher excitations compensating for the sum rule.
Admittedly such a situation would look rather queer,

w xand as mentioned above, the models 27 , which
Ž .agree rather well with the new sum rule Eq. 12 ,

< Ž0. < 2 < Ž0. < 2also yield t -0.35 t .1r2 3r2

It is then hard to understand how the b™D) ) ln
w xbranching fractions can be as large as quoted in 33

in view of the smallness of the experimental B™
D ln branching fractions. However, the second3r2

lesson from our study is that 1rm corrections mayc

play an important role, and a further study of their
effect is wanted.

The most serious caveat to our present derivation
of a narrow resonance dominance comes from the
fact that we have neglected radiative corrections. A
priori we expect radiative corrections to provide only
corrections and our present estimate to yield the
general trend. This is unhappily not always true. As
a counterexample see the discussion which follows

Ž . w xEq. 7.8 in 18 . It is argued that some radiative
corrections to the parameter K are parametrically
larger than the a s0 estimate. A careful study ofs

radiative corrections to our present sum rule and its
consequences would be welcome.

It is not excluded that an important fraction of the
B™DŽ) .p ln decays observed at LEP are non-reso-
nant. Unluckily theoretical works addressing non-

w xresonant decays are rare, 34 find in the soft-pion
w xdomain a resonance dominance while Isgur 35 pre-

dicts that no more than 5 % of the semileptonic
decay is non-resonant. Furthermore, if such a contin-
uum contributes significantly, it should also be in-

w xcluded in the sum rules 35 and we might fear that
at the end of the day the paradox would still be there.

w xFinally another experimental result 36 seems to
contradict our theoretical expectation: the branching

Ž . yratio for B™D js1r2 p is found to be ,1.51
Ž . ytimes larger than that of B™D 2420 p . Of course1

the experimental error is still large, and the relation
between nonleptonic decays and the semileptonic
ones assumes factorisation.

But still there is a puzzle: on one side an increas-
ing amount of theoretical evidence in favor of the
narrow resonances dominance, and on the other side
an increasing amount of experimental evidence in
the opposite direction!

5. Conclusion and outlook

We have explicitly checked quark-hadron duality
in the SV limit to order d mLrm2 including groundb

state final hadrons and Ls1 orbitally excited states.
We have shown that this duality implied a new sum

Ž .rule Eq. 12 which we have also demonstrated from
OPE applied to T-product of axial currents.

We have shown that this sum rule combined with
some theoretical estimates of j lead to the conclu-3

sion that very probably the B decay into narrow
Ls1 resonances was dominant over the one into
broad resonances. This remark seems to contradict
recent experimental claims that the broad resonances
dominate. We have discussed this situation which
needs urgently further theoretical and experimental
work.

Beyond understanding this experimental puzzle,
further theoretical work is needed. For example we
might wonder if some proof of the new sum rule

w xalong the line of 14 is possible. Some progress has
been done in this direction. The effect of radiative
corrections should also be studied.

Last but not least, other new sum rules derived
along the same line with other currents or other
components of the currents should be considered.
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Abstract

The detailed way in which duality between sum of exclusive states and the free quark model description operates in
semileptonic total decay widths, is analysed. It is made very explicit by the use of the non relativistic harmonic oscillator
quark model in the SV limit, and a simple interaction current with the lepton pair. In particular, the Voloshin sum rule is
found to eliminate the mismatches of order d mrm2. q 2000 Elsevier Science B.V. All rights reserved.b

1. Introduction

Discussions have recently arisen about the possi-
bility that expectations from OPE for some types of
semi-leptonic rates may be violated by terms of

w xorder 1rm . The argument of Nathan Isgur 1 isQ

founded on general considerations; namely the dual-
ity is obtained in the infinite mass limit through
cancellation between the falloff of the ground state

Žcontribution and the rise of the excitations the
Bjorken sum rule indeed relates the derivatives of

.these contributions with respect to w, near ws1 ,
but at finite mass there is some mismatch near zero

Ž .E-mail address: leyaouan@th.u-psud.fr A. Le Yaouanc .
1 Alexander-von-Humboldt fellow. On leave from Nuclear

Physics Institute, Moscow State University, Moscow, Russia.
2 Unite Mixte de Recherche - CNRS - UMR 8627.´

recoil, which could be of order 1rm . Indeed, inQ

terms of t, the quadri-dimensional transfer3:
20 2ts q yq , 1Ž .Ž .

the respective t do not coincide anymore. Themax

argument is then given by the author further likeli-
ness by some calculations within a very simple ‘toy’

Ž .model: the non relativistic harmonic oscillator HO
potential model.

In the present letter, we will not discuss directly
Ž w x.the issue about QCD see our article 3 . We simply

w xstick to the very model used in 1 , and show that
within this model, calculating the total integrated
rate G by summation on the relevant finalinclusive
Ž .bound states, duality with free quark decay rate is

3 t is we use the old standard notation t, to avoid confusion
< < 2with the tridimensional q , which will be used extensively in this

Ž .non relativistic NR context.

0370-2693r00r$ - see front matter q 2000 Elsevier Science B.V. All rights reserved.
Ž .PII: S0370-2693 00 00863-7
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Ž w x.in fact satisfied, in the SV Shifman–Voloshin 2
limit4; this means that the difference G yinclusive

G comes out as expected, which implies infree quark
Ž .particular as discussed below cancellation of terms

Ž .2 2 2 Žof relative order d m rm and d mrm by rela-b b

tive, we mean with respect to the free quark decay
Ž .0rate; note that such terms correspond to 1rm ,Q

Ž .1 .1rm in the usual 1rm expansion . Our argu-Q Q

ment is for integrated decay rates, so we do not
claim anything on possible effects in differential or
partially integrated rates. Also, of course, we cannot
exclude by such argument that something odd may
happen in QCD.

One very interesting point raised in the discussion
w xof 1 is about the very specific cancellations which

are necessary for duality to hold, and about the
contributions of the various regions of phase space.
We try to analyze through our demonstration how
such cancellations occur in subleading order for total
widths. An interesting consequence of the analysis is
that to find the required cancellations, one needs not
to consider only the sum rule of Bjorken; one has to
take into account in addition the Voloshin sum rule
Žthe fact that one needs the sum rules has been
suggested by the Minnesota group in their discussion

w xwith N. Isgur 1 , but is made here quite explicit; for
related discussions in QCD by the same group, see
w x.4 . In fact, the Voloshin sum rule is exactly what is
needed for cancellation of terms of relative order
d mrm2 in the difference G yG . Theb inclusive free quark

sum rules are trivially satisfied in the HO model, but
it is not so trivial in general. Our conclusion is not in
contradiction with the mismatch occuring near zero

w xrecoil, considered in 1 , because the latter is very
small parametrically with respect to the terms we
consider in the total width.

Note that the use of SV limit is not essential to
demonstrate duality in this way, and neither is the
use of an HO potential. Their choice is pedagogical.
Indeed we have also done the demonstration for an

4 By SV limit, we do not mean simply that the recoil velocity is
d mw xsmall, but also, as in the original paper 2 , that is small; inm

addition, d m is taken large with respect to light quark parameters;
1in non relativistic quantum mechanics, we assume: Ds <

2m Rd

d m andm ,d m< m ,m , D being the level spacing.d b c

Žw x.arbitrary potential 5 and also for fixed m rmc b

ratio. Nevertheless, the particular case considered
here is of pedagogical interest, because on the one
hand the discussion in the SV limit is much simpler,
and the similar discussion in QCD can hardly be
made beyond the SV limit, and because on the other
hand, within HO model, we can give explicit expres-
sions. Moreover, we are able to give a complete
proof that in the HO model 1rm terms are absentQ

in the ratio G rG beyond the SV limitinclusive free quark
Ž w x.article to appear 6 . Note also that the demonstra-
tion is independent of the leptonic tensor, as we have
also shown elsewhere, but we choose here one spe-
cific for illustration. On the other hand, the coeffi-

1cient of the terms of order , which we also
2 2R mb

Ževaluate, is model-dependent in particular it de-
pends on the choice of the leptonic tensor; we choose

.here one for illustration .

2. Model

v The model for hadrons is the non relativistic
Žharmonic oscillator quark model the motion of

quarks both internal and due to overall hadron are
.both treated non relativistically , describing the ini-

Ž . Ž .tial quarks b and d and final c and d hadrons.
The potential is assumed to be flaÕor independent,
which is crucial for the demonstration. The great
advantage of the harmonic oscillator, which appears
in the summation on final states, is that very few
states contributes to the transition rates in the limited

1 Ž .expansion in which we perform see next section .mb

Ž .Energy levels, for a state labelled by n ,n ,n ,x y z

nsn qn qn , write:x y z

1
3E sm qm q qn , 2Ž .Ž .n b ,c d 2 2m Rb ,c b ,c

m mb ,c dwhere m are the reduced masses and theb,c
m qmb ,c d

radii R2 can be written as:b,c

md2 2R s R . 3Ž .b ,c `(mb ,c
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R being the radius in the infinite mass limit. We`

will often denote the first level excitation energy in
the infinite mass limit as:

1
Ds . 4Ž .2m Rd `

For simplicity, from now on, we denote:

R sR . 5Ž .`

v Quarks are then coupled to lepton pairs: b™
c lln , through a quark vector current j0 s1, js05

Ž .or equivalently we can speak of spinless quarks ,
and a leptonic tensor, which will be described by
functions denoted generically through letter L and
some arguments and indices. P and PX are the initial
and final hadron momenta; the total energies of

0 2 Ž . X 0 Xhadrons are P sEqP r2 m qm , P sE qb d
X 2 Ž . XP r2 m qm , with E, E the energies at rest; but,c d

in practice, we will always work in the initial hadron
rest frame: Ps0; P and PX are the initial and final
quark momenta. We denote qsPyPX syPX. The
basic equation is then, in the initial state rest frame:

< <q ma x ,n 2< < < < < <G sK d q q L qŽ .ÝHinclusive n
0n

= < < 2j . 6Ž .Ý 0™ Žn ,n ,n .x y z
nsn qn qnx y z

The constant K depends only on the decay interac-
tion strength. The constant K will be omitted in the

< < 2rest of the letter. Ý j onlynsn qn qn 0™ Žn ,n ,n .x y z x y z

< <depends on q . The angular integration has been
Ž < <. < <performed. The notations L q and q arem a x ,nn

explained now. A priori, after angular integration,
the leptonic tensor appears through a function of

0 2 Ž 0 < < 2 .energy loss q and q , L q , q . However, for the
decay from the ground state to a h.o. state labelled

5 Note that we do not claim to make a systematic non relativis-
tic expansion of a relativistic theory, but only to consider a non
relativistic Hamiltonian for the bound states; we can choose freely
the weak interaction current. The essential point is then to treat
consistently the matrix elements according to the chosen interac-
tions, in the specified SV expansion.

Ž . 0 0by n ,n ,n , by energy conservation, q sP yx y z
X 0 < < Ž .P is just a function of q and n ,n ,n . More-x y z

over, the energy loss q0 will depend only on nsnx
Ž < <.qn qn . and we then denote as L q the resulty z n

Ž 0 < < 2 . 0of L q , q , when the energy loss q is assumed
to be calculated for the corresponding n, as a func-

< <tion of q . Indeed, for a state with degree of excita-
tion n:

3 1 1
0 < <q n , q sm ym q yŽ . b c 2 2ž /2 m R m Rb b c c

< < 21 q
yn y . 7Ž .2 2 m qmm R Ž .c dc c

Ž 0.2Now q is determined by the equation ts q ymax
< < 2 0Ž < <. < <q s0, q q s q :

< <q m a x ,n

Ž .Ž .2 m q m dE nc d
s 8Ž .

2(Ž . Ž . Ž .Ž .2 m q m q m q m q2 m q m dE nc d c d c d

where

dE sq0 n ,qs0 sm ymŽ . Ž .n b c

3 1 1 1
q y yn . 9Ž .2 2 2ž /2 m R m R m Rb b c c c c

< < Ž 0 < < 2 .q just depends on n. L q , q can be taken asmax

an arbitrary function without spoiling any of the
general statements made below, but for definiteness
we will henceforth choose:

2 20 2 0 < <L q ,q s3 q y q , 10Ž .Ž . Ž .
inspired by a static quark approximation of the V-A
current. The corresponding free quark decay rate is:

< <q max ,free 2 20< < < < < <G sK d q q L q , q , 11Ž .Ž .Hfree
0

with:

< < 2q
0 < <q free, q sm ym y , 12Ž .Ž . b c 2mc

2m d mc
< <q s , 13Ž .max ,free

2(m q m q2m d mž /c c c

with d msm ym .b c
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3. SV expansion and demonstration of duality

v We have then to consider the expansion of

G yGinclusive free
es , 14Ž .

Gfree

1in powers of , and the aim is in principle to showmb
1that it begins with order only, as expected from a

2mb

Žformal OPE the NR version of OPE will be ex-
.plained in the more developed article . More pre-

mccisely this holds in the limit m ™` with rsb
mb

fixed, for which we reserve for clarity the term
‘usual 1rm expansion’. However, we will work inQ

Ž .the SV Shifman–Voloshin limit, which corre-
sponds to making in addition an expansion in 1yr.
Namely, with:

d msm ym , 15Ž .b c

we write m sm yd m and we expand in powersc b
1of , keeping d m fixed, as well as the light quarkmb

parameters, m , 1rR; then, we make a second lim-d
1ited expansion, taking Ds small with respect

2m Rd
Ž .kmbto d m. The terms have the form times light

XkŽ .d m
quark factors. But then the aim must be more than

6 1just showing the absence of powers , k-2
kŽ .m b

in e .
Indeed, if it is true, this would not in principle

Ž .kX
Xx d m Ž .preclude terms of the type k )0 in e . Such

2mb

terms would be large in practice, since d m is not so
small. And in fact, they would correspond, in terms
of the usual 1rm expansion, to terms of orderQ
Ž .0 Ž .1rm , 1rm , since d m would be then Am .Q Q Q

Such terms are not expected from OPE. We must
therefore show that such terms do not exist in the
final result, and we show it in fact. More precisely,
we show that potentially large terms of the type

6 Note that, in the present letter, we term generically as power
1 1all the terms which contain the factor , whatever the

k kŽ . Ž .m mb b

powers of d m and light quantities.

2 m d mŽ .d m d, , which appear in particular contribu-
2 2m mb b

tions, do finally cancel out, leaving us with terms of
1 XŽthe type terms with k )2 simply do not

2 2R mb

appear in the way we calculate e , neither do terms
1 1with power or - in fact, the delicate part

0 mŽ .m bb
m d md .consists in showing the cancellation of terms .

2mb

This is all that is required by duality with free
1 kŽ .quarks, as concerns the terms with power ,mb
1kF2. We will calculate the terms of type ,

2 2R mb

which do not vanish in general. Note that such terms
Dm d mdare small with respect to by a factor . In the

d m
2mb

usual 1rm expansion they correspond to orderQ

1rm2 . On the other hand, we will not calculate inQ

the expansion of e smaller terms having also the
1power , but which contain still additional powers

2mb
D 1of with respect to , corresponding in

d m
2 2R mb

Ž .4 Ž .3 2d m =D d m =DG yG to terms like , ,inclusive free
2 2m mb b

etc.. and retain only the terms proportional to G Afree
Ž .5d m . The neglected terms correspond to terms of
relative order 1rm3 or beyond in the 1rm expan-Q Q

sion. For sake of simplicity, we will neither examine
Ž .kX

d mfurther checks of duality in terms of the type ,
kŽ .m b

with k)2.
In any case, we see that we do have to calculate

11terms with a power and not only, since themb2mb
1terms with a power may correspond to terms of

2mb

Ž .0 Ž .1the order 1rm , 1rm in the usual expansion.Q Q

The method precisely consists in writing the differ-
ence G yG as a sum of terms which con-inclusive free

1tain already a power , and then to demonstrate
2mb

the above additional cancellations.
Ž .v The advantage of harmonic oscillator HO

Žmodel is that the level ns1 which corresponds to
1.Ls1 states appears only with a power , and that

2mb
1higher levels come only with a power at least.

3mb
1Since we keep terms with a power , iF2, we

imb

only need consider ns0,1 states. For sake of sim-
plicity, we denote their respective contributions G .0,1
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We have at this order, by expanding the matrix
elements:

< < 2q< <q max ,0 2 2< < < < < <G , d q q L q 1yr ,Ž .H0 ns0 2ž /m0 b

16Ž .

12 2 2where r s m R is the standard slope of thed2
1Žground state form factor with respect to w wy1, 2

< <2q .; note that effect of non complete overlapping
2mb

between hadrons with b and c quarks is completely
negligible here, since it contributes at order

Ž .22 d m1rR . For Ls1 states:
4mb

< < 2q< <q max ,1 2 2< < < < < <G , d q q L q t , 17Ž .Ž .H1 ns1 2m0 b

m Rd Ž .with ts corresponding to the t ws11r2,3r2'2

'= 3 . The other excitations do not contribute at this
< <order, because the matrix element -n r 0) is non

zero only if ns1. From the explicit expressions, we
have the relations:

r 2 yt 2 s0, 18Ž .
md2Dt s , 19Ž .
2

Ž Ž ..D being the level spacing, Eq. 4 as non relativis-
tic analogues of the Bjorken and Voloshin sum rules.
These sum rules could then be used to generalise the
present analysis. In fact, we will try as much as
possible not to specify separately D,r,t , but to use
only the above sum rules and expressions for G .0,1

v The strategy is to note that the difference
between G qG and G can be reexpressed by0 1 free

successive steps:
.1 Decomposition into the same difference with
Ž < <. Ž < <.L q substituted by their free counterpart L q0,1 free

1Ž Ž .. Ž Ž ..contribution I plus a term contribution II .
2mb

. Ž .2 Then the first contribution I is rewritten trivially
as a difference between two contributions having a

1power relative to the free quark decay integrand,
2mb

1further shown to be of relative order or smaller.
2 2R mb

. Ž .3 It is also shown that in contribution II , which
1contains manifestly a power , there are only terms

2mb
1of the type or smaller.

2 2R mb

v In a first step, using the respective expressions
0Ž < <.given above for the q q ’s, and expanding it to the

required order, we find:

< < 2q
0 < <q free, q ,d my , 20Ž .Ž .

2mc

3
0 < <q ns0, q ,d m 1yŽ . 2 2ž /4m Rb

< < 2q
y , 21Ž .

2 m qmŽ .c d

0 < <q ns1, q ,d myD. 22Ž .Ž .

Note that in our expansion, the main term in the
three quantities is d m. The main term of q ismax

Ž 0 .then also d m q sq at ts0 . We use thesemax

expansions to make, in the integrals for G :0,1

< < 23d m m qd
< < < <L q ,L q q6d m y q ,Ž . Ž .0 free 2 2 2ž /4R m 2mb b

23Ž .

< < < < 2L q ,L q q6d m yD q3 D . 24Ž . Ž .Ž . Ž .1 free

The second terms in the r.h.s. come from the differ-
0 < <ence between the respective q , as a function of q .
Ž < <.Note that in the expansion of L q , one can neglect1

1 1terms in because G has already a power .1
2 2m mb b

We get G yG ,dG qdG with:inclusive free I II

< < 2q< <q max ,0 2 2< < < < < <dG s d q q L q 1yrŽ .HI free 2ž /m0 b

< < 2q< <q max ,1 2 2< < < < < <q d q q L q tŽ .H free 2m0 b

< <q max ,free 2< < < < < <y d q q L q , 25Ž .Ž .H free
0
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and

< < 23d m m q< <q dmax ,0 2< < < <dG s d q q 6d m y qHII 2 2 2ž /4R m 2m0 b b

< <q max ,1 2 2< < < <q d q q 6d m yD q3 DŽ .Ž .H
0

=
< < 2q

2t . 26Ž .2ž /mb

v Contribution I. One can write it as the differ-
ence of two integrals which haÕe already manifestly

1 1 1a factor , i.e. the terms with power or
2 0 mŽ .m m bb b

Ž 2 2are already cancelled this amounts to using r yt

s0, which is the particular form of the Bjorken sum
.rule in the model :

< <q max ,0 2< < < < < <dG s d q q L qŽ .HI free
< <q max ,free

< < 2q< <q max ,0 2 2< < < < < <y d q q L q t . 27Ž .Ž .H free 2mq bmax ,1

We first expand each integral. - One has:

1 m d m 3 1d
< < < <q y q ,d m y ,max ,0 max ,free 2 2 2ž /2 4m R mb b

28Ž .

whence

< <q max ,0 2< < < < < <d q q L qŽ .H free
< <q max ,free

1 m d m 3 1d
,d m y2 2 2ž /2 4m R mb b

=
2 < <d m L q sd m . 29Ž . Ž .Ž .maxfree

< <One can make q ,d m in the integrand, because the
integration interval contains already a power 1rm2 ,b

< <and the difference between q and d m contains a
further 1rm factor.b

- The second integral is more delicate, because
the integration interval has not a factor 1rm2 ; it isb

< <just ,D; the variation of q is not negligible. One
must do a limited expansion of the integrand in

Dpowers of , so as to retain at least terms of the type
d

1 . It is there that the second expansion,in powers
2 2R mb

Dof , enters the game :
d

< < 2q< <q max ,0 2 2< < < < < <d q q L q tŽ .H free 2m< <q max ,1 b

< < 2qd m 2 2< < < < < <, d q q L q tŽ .H free 2md myD b

2
d mŽ .2 2< <,D d m L q sd m tŽ . Ž .free 2mb

D2 t 2 d
4< < < < < <y q L q q sd m .Ž . Ž .Ž .free2 < <2 d qmb

30Ž .

Let us note that to estimate the relative order of the
different terms, one has to divide by a reference rate,
which will be taken to be the free quark decay rate;

d 43Ž . Ž < < . Ž < <now d m L q sd m , as well as q -< <free d q
Ž < <..Ž < < .L q q sd m , are of the order of the freefree

Ž Ž < < .quark decay rate with our choice L q sd m Afree
Ž .2 .d m .

Then, one can first observe that in fact not only
Ž . Ž .all the terms written in Eq. 29 , 30 have a relative

power 1rm2 , but that they are more precisely ofQ

relative order m d mrm2 at most; terms of relatived b
Ž .2 2order d m rm are already cancelled. This will beb

obtained more generally thanks to Bjorken sum rule.
Now, the term of relative order m d mrm2 encoun-d b

Ž .tered in the r.h.s. of the first integral 29 is can-
celled by the first term in the r.h.s. of the second

Ž . Ž .integral 30 , just using Voloshin sum rule 19 , i.e.
Dt 2 sm r2. All the remaining contributions are ofd

5 1Ž .the type d m . We can evaluate them readily
2 2R mb

and find them to cancel too for the particular choice
Ž 0 < <.made for L q , q . Finally:

< <q max ,0 2< < < < < <dG s d q q L qŽ .HI free
< <q max ,free

< < 2q< <q max ,0 2 2< < < < < <y d q q L q rŽ .H free 2m< <q max ,1 b

,0 31Ž .
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( )A. Le Yaouanc et al.rPhysics Letters B 488 2000 153–161 159

It must be emphasized that the cancellation can
< <occur because the difference between q andmax ,n

< <q is changing sign between the ground statemax ,free

and the excitations. With our assumption D<d m,
< < < < < <one has q - q - qmax ,1 max ,free max ,0

v Contribution II. It is also obvious that it con-
1 5Ž .tains already a power . On factorising d m , one

2mb
m d mdsees that terms are present in the first integral

2mb

Ž .second term of the bracket in the integrand :
m q2

< q < 2 dmax ,0 Ž .. ŽH dq q 6d m and in the second one first0
22m b

. < q < max ,0term of the bracket in the integrand : H dq-0
< <2q2 2Ž Ž .Ž ...q 6d m yD t , the rest being smaller. It is

2mb
m d mdeasily seen that these terms cancel at this

2mb

order, just using Voloshin sum rule Dt 2 sm r2, tod

leave a smaller contribution, which is only of order
1 ; the latter is found by performing a limited

2 2R mb

Ž . Žexpansion of the integrand as above Eq. 29 the
DŽ ..interval is once more OO D , in powers of :

d m

m d m 1< <qd max ,0 54< < < <3 d q q ,3 d m . 32Ž . Ž .H2 2 2m R m< <q max ,1b b

The other terms in the integrals are already mani-
festly of this order, and one ends with:

159
dG s d m . 33Ž . Ž .II 5 2 2R mb

This result has been checked by a systematic expan-
sion using Mathematica.

4 5Ž .Finally, with G , d m :free 5

159
d mŽ .5 2 2G qG yG 9 1R m0 1 free b

es , s .5 2 24G 4 R md mŽ .free b5

34Ž .
Let us reinsist that it is of the order expected from

2 m d mŽ .d m dOPE, unlike terms of the type or , which
2 2m mb b

duely cancel, as has been shown.

4. Relative magnitude of Isgur contribution

v Let us now return briefly to the very discus-
w xsion raised by Ref. 1 . One could be worried why it

is found there some duality violating effect, while we
do not. The contradiction is only apparent. The
answer seems to be that in totally integrated widths,

w xthe effect considered in 1 is finally relatively small
parametrically with respect to the ones we have
considered. Let us show that. The mismatch near

w xzero recoil considered in 1 is the integral of the
m2 qm2 ytB DŽ .ground state contribution over w t s be-0

2m mB D

Ž Ž .2 .tween w ts m ym s1 and the threshold for0 B D
Ž Ž .2 .

) )the excited state production w ts m ym0 B D
Žthe variable w for the ground state contribution is

Ž ..considered as a function of t, w t . Let us pass0

through the variable q, which is more adapted to the
< < Ž . < <NR problem, and denote as q t the value of qn

which corresponds to some t for a state n; the total
ground state contribution can be decomposed into
two parts:

< < Ž .q ts00 2< < < <G , d q qH0
2< < Ž Ž . .q ts m ym0 B D

=
< < 2q

2< <L q 1yrŽ .ns0 2ž /mb

< < Ž .q ts00 2< < < < < <s d q q L qŽ .H ns0
2< < Ž Ž . .q ts m ym0 B D

< < Ž Ž .q ts 00 2< < < < < <y d q q L qŽ .H ns0
2< < Ž Ž . .q ts m ym0 B D

=
< < 2q

2r . 35Ž .2ž /mb

In the infinite mass limit, m ym ) ) ,m ym ,B D B D
< < Ž . < < Ž .m ym and the functions q t and q t , as0 1b c

< < Ž .well as q t , become identical, and the functionsfree

Ž 0 2 .L q ,q become also identical for all states. Then,
the first contribution equates the free quark decay
rate, while the second one:

< < Ž .q ts00 2< < < < < <dG , d q q L qŽ .H0 ns0
2< < Ž Ž . .q ts m ym0 B D

=
< < 2q

2yr , 36Ž .2ž /mb
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is exactly cancelled by the excited state contribution:

< < 2q< < Ž .q ts01 2 2< < < < < <G , d q q L q t ,Ž .H1 ns1 22 m< < Ž Ž . .))q ts m ym1 bB D

37Ž .
due to Bjorken sum rule. Whence duality. However,
when quark masses are finite, there is a small part of

Ž .the integral 36 which is uncancelled, in spite of the
Bjorken sum rule, by the corresponding excited state

Ž .2
) )contribution, in particular because ts m ymB D

Ž .2now differs from ts m ym . We estimate theB D

mismatch as:

< < Ž Ž .2.))q ts m ym 20 B D < < < < < <dG, d q q L qŽ .H ns0
2< < Ž Ž . .q ts m ym0 B D

=
< < 2q

2yr . 38Ž .2ž /mb

w xIn this calculation, following 1 , we disregard all
other sources of difference, in particular the fact that
the leptonic tensor functions are no more equal, and

< < Ž .neither are the functions q t for ns0 and ns1n

respectively, and that also the first contribution in 35
no longer equates the free quark decay rate. Then,
our point is that this mismatch of total widths is very
small with respect to the terms we have retained.
Indeed, the integral runs over a small part of the
phase space, but in addition the integrand is much
smaller near zero recoil, where the mismatch takes

Ž 0 2 .place, first because of the leptonic factor L q ,q s
Ž 0 .2 < < 23 q y q , second because of the factor

< <2 2q2 0 2 0 2Ž . Ž . Ž . < <yr . Since L q ,q s3 q y q , using
2mb

2 D2< < Ž Ž . . < <
) )q ts m ym , q :(0 0,maxB D d m

5
2 D 2

2 ž /r d m2 5< <dG, 3 d m q , 39Ž . Ž .0,max2 5mb

Žand, relative to the free quark decay rate i.e. contri-
.bution to e :

52dG r 3 2 D2 2, d m , 40Ž . Ž .2 ž /G 4 d mmfree b

which is parametrically small, because of the factor
52 D 2Ž . Ž .since D<d m in the SV limit . In fact, in

d m

our calculation we have not retained such terms.

Numerically too, we find it very small, with real
w xphysical masses. It is true, as noticed in Ref. 1 , that

numerically the region of Dalitz plot which is con-
cerned is physically not very small, because one is
far from the SV limit; with our approximative for-
mula, we find around 20% of the free decay rate in
this region of phase space, not far from the 30%

w xestimated in Ref. 1 ; but the factors considered
above nevertheless combine to yield a very small

dG y3 2effect for , around 10 r . This is due to the fact
G free

< <2q2Ž .that the factor yr is very small in this region
2mb

of phase space.

5. Conclusion

Stimulated by the worries raised by N. Isgur, we
have noticed mismatches between the sum of exclu-
sive decays and the free quark total decay rate,
which, considered separately, could convey the im-
pression that quark hadron duality between total
widths is violated at order d mrm2 , because all theseb

mismatches are of this order. Let us recapitulate
them:

. < < Ž1 The upper limit in terms of q corresponding
.to ts0 of the integrals for the ground state and the

excited states contributions do not coincide. There-
fore, the contributions from the falloff of ground
state and rise of excited states do not cancel near
< < Ž .q ts0 .max

. < <2 The upper limit in q of the integrals for the
ground state contribution and the free quark decay
do not coincide for similar reasons.

.3 The leptonic tensors of the various contribu-
0Ž < <.tions are different, because the function q q de-

pends on the transition considered.
d mŽ . . .At order OO , 1 and 2 cancel between each

2mb

.other, while 3 has a zero net effect, by internal
cancellation of the differences of leptonic tensors,

Žwhen integrated taking into account the difference
< <in upper limits of integration in q , near maximum

.recoil, is once more necessary .
It must be emphasized that even in this simple

model and in the SV limit, it is by no means trivial
to check duality, because the check requires to take
into account detailed effects, such as the dependence
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of ground state binding energy on the heavy quark
masses through their different radii, which itself
reflects the flavor independence of the quark poten-
tial, etc..

In both cases, the cancellation occurs because of
Voloshin sum rule. The consideration of it is abso-
lutely necessary, in addition to Bjorken one, to
demonstrate duality of total widths through summa-
tion of exclusive states at subleading order. Of course,
in the simple model considered, the two sum rules
are trivially satisfied. Note that, if we have an inde-
pendent mean to demonstrate duality, for example by
a rigorous demonstration of OPE to the required
order, we can use the result on the sum of exclusive
states, on the reverse, to demonstrate these sum rules
in more general potentials.

Finally a short comment should be made on the
practical relevance of the model used here, having
however in mind that our aim is not phenomenologi-
cal, but pedagogical. It is of course an oversimplifi-
cation in many respects, first of all because it is not a
field theory, and not even a relativistic model, but
also for more concrete reasons concerning the poten-
tial. The harmonic oscillator model is indeed not
devised to give an accurate description of the spec-
trum, because there is no spin force, but also because
the spin-independent potential is known to be

Ž .smoother something like log r . Another set of sim-
plifications concerns the current operator; it is taken
to be static, which is crude for transitions to spatial
Ž .orbital or radial excitations; yet we have tried to
account somewhat for the VyA structure by our
choice of the leptonic tensor, which leads to an
overall reasonable total decay rate. In summary, even
with an optimised choice of the two parameters, the
light mass and R2, it is certainly a crude model as
regards phenomenological predictions.

This being said, one must emphasize that this
‘toy’ model is doing relatively well in that it com-
bines two aspects of the model approach which are
not often simultaneously present: it is both a not too
unrealistic modelling of QCD states and transitions,
and one which allows for exact statements on dual-
ity, not bound to further approximations or adjust-
ments. Indeed, the two parameters of the H.O. poten-
tial being given, and chosen arbitrarily – therefore
we could even choose a true non relativistic situation
– hadronic widths are calculated without any approx-
imation, and the duality derives straightforwardly.
Such exact statements can also be checked numeri-
cally, as we have done, with very high accuracy due
the simplicity of the eigenfunctions.
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Publication no 3



27 September 2001

Physics Letters B 517 (2001) 135–141
www.elsevier.com/locate/npe

Duality in semileptonic inclusiveB-decays in potential models:
regular versus singular potentials

A. Le Yaouanca, D. Melikhovb, V. Morénasc, L. Oliver a, O. Pènea, J.-C. Raynaa

a Laboratoire de Physique Théorique, Université de Paris XI, Bâtiment 210, 91405 Orsay Cedex, France
b Institut für Theoretische Physik, Universität Heidelberg, Philosophenweg 16, D-69120, Heidelberg, Germany

c Laboratoire de Physique Corpusculaire, Université Blaise Pascal – CNRS/IN2P3, 63000 Aubière Cedex, France

Received 4 April 2001; received in revised form 3 July 2001; accepted 30 July 2001
Editor: P.V. Landshoff

Abstract

Making use of the nonrelativistic potential model for the description of mesons, and working in the Shifman–Voloshin limit,
we compare the integrated rateΓ (B → Xclν) calculated as a sum of the individual decay rates to the quantum-mechanical
analog of the OPE. In the case of a potential regular at the origin, we find a well-defined duality violation, which is, however,
exponentially small. It corresponds to the charm resonances kinematically forbidden in the decay process, but apparently picked
up by the OPE. For singular potentials, we do not obtain a full OPE series, but only a limited Taylor expansion, since the
coefficients become infinite beyond some order. In this case, we do not find an indication of duality violation: the difference is
smaller than the last term of the limited expansion. This emphasizes that the case of singular potentials, which may be relevant
for QCD, deserves further study. 2001 Published by Elsevier Science B.V.

PACS: 13.20.He; 12.39.Jh; 12.39.Pn

The theoretical framework based on the Operator
Product Expansion (OPE) determines in QCD the
heavy meson inclusive decay rate as series in inverse
powers of the heavy quark mass, with the coefficients
proportional to the meson matrix elements of the
local operators of increasing dimensions [1,2]. The
calculation is based on representing the decay rate as
the contour integral in the complexq0-plane. The OPE
makes the contour integrals easily calculable term by
term and provides the decay rate as a 1/mQ series.

There are, however, potentially dangerous points in
this calculation:

E-mail address: melikhov@thphys.uni-heidelberg.de
(D. Melikhov).

(i) the OPE series is at best asymptotically conver-
gent even for large absolute values of the complexq0;

(ii) the integration contour for the decay rate con-
tains a segment near the physical region, where the
OPE cannot be justified [1].

This might lead to the violation of duality for the
decay rate, i.e., to the difference between the OPE-
calculated decay rate and the result of summing the
individual decay rates of the opened channels. This
issue was also discussed by N. Isgur [3].

In this Letter we discuss the semileptonic decay rate
in the small velocity limit and use the nonrelativistic
potential model for the description of mesons. We per-
form a short-time expansion in operators of increas-
ing dimensions which we call OPE and which has in-
deed some common features (but also important dif-

0370-2693/01/$ – see front matter 2001 Published by Elsevier Science B.V.
PII: S0370-2693(01)00963-7
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ferences) with the OPE expansion in the field theory.
We consider the two cases: regular confining poten-
tials1 and singular potentials. Note that, in the past, the
nonrelativistic potential model has been widely used
in the discussion of QCD sum rules [4,5]. The ques-
tion of the distinction between regular (harmonic) and
singular (Coulomb) potentials has been emphasised by
Novikov et al. [4] (in the context of heavy quark QCD
sum rules).

We work in the Shifman–Voloshin (SV) limitΛ�
δm = mb − mc � mc,mb. In this limit both the
amplitude and the decay rate can be formally obtained
as adouble expansion in 1/mc and 1/δm. We consider
lowest orders in 1/mc, up to 1/m2

c , andall orders in
1/δm. Note that this involves terms of much higher
order than usually done when one expands in 1/mQ
with mb/mc, or as wellδm/mQ, fixed. Our double
expansion allows on the contrary to go much further
in 1/δm, and this might allow to display subtle duality
violations.

For the regular potential we obtain the full 1/δm
expansion, which is only asymptotic to the physical
width expanded to the same order in 1/mc. The
difference2 is of order δm/m2

c exp(−δm/Λ), which
means exponentially small duality violation.

For the singular potential we do not obtain the full
1/δm expansion: following the same procedure as
for the regular potential leads to infinite coefficients
beyond some order in 1/δm. In this case, we find
that the truncated expansion satisfies duality up to this
order.

We consider the inclusive semileptonic decayB →
Xclν in the SV limit and treat mesons as nonrela-
tivistic bound states of spinless quarks in a confin-
ing potential (a detailed calculation is given in [6]).
This model maximally simplifies both constructing the
OPE series and calculating the sum of the exclusive
channels. For the sake of argument we consider the
case of leptons coupled to hadrons through the scalar
current. In this case the leptonic tensor is reduced to
a scalar functionL(q2). The amplitudeT depends on
the two variables, and we choose them asq0 and�q 2 in

1 A regular potential is a potential which is an analytic function
of �r at r = 0. For example, the potentialV (r)� |�r| falls out of this
class.

2 As we shall see this expansion contains only a finite number of
nonzero terms.

Fig. 1. Singularities of the amplitudeT (q0, �q2) in the complex
q0-plane. Circles are poles, corresponding to low-lying charm
states, and the cross marks the location of the pole in the freeb→ c

quark transition.

theB-rest frame:

T
(
q0, �q2)= 1

i

∫
dx e−iqx〈B|T (J (x), J+(0)

)|B〉

(1)=
∑
X

|〈B|J |X(−�q)〉|2
MB −EX(−�q)− q0

.

The sum in (1) runs over all hadron states with
the appropriate quantum numbers. The states are
normalized as follows〈 �p| �p′〉 = (2π)3δ( �p − �p′), and
EX(−�q) is the energy of the stateX with the total
3-momentum−�q.

At fixed �q 2, T (q0, �q 2) has a cut in the complex
q0-plane along the real axis forq0 < MB − MD −
�q 2/2(mc +md), see Fig. 1.

A part of this cut for |�q| < q0 < MB − MD −
�q 2/2(mc+md) corresponds to the decay process. The
decay rate can be represented as the contour integral in
the complexq0-plane over the contourC(�q 2) (Fig. 1)

(2)

Γ (B →Xclν)=
∫
d �q 2|�q|

∫
C(�q 2)

dq0

2πi
L
(
q2)T (q0, �q 2).

The contourC(�q 2) selects at any given�q 2 only states
kinematically allowed in the decayB → Xclν. It is
tightly attached to the pointsP± with the coordinates
(|�q|,±i0), otherwise it can be freely deformed in the
region where the functionT0(q0, �q 2) is analytic.

The amplitude can be expanded in a series

(3)T
(
q0, �q 2)=

∑
i

ci
(
q0, �q 2)〈B|Ôi |B〉,

whereÔi are operators of increasing dimensions and
ci(q0, �q 2) are thec-number coefficients. Introducing
the expansion (3) into (2) gives the integrated rate as
an OPE series.3

3 The OPE series in the potential model has an important
distinctions from the Wilsonian scheme in the field theory where
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1. The model

Let us proceed along the lines of Ref. [6]. We
treat the leptonic part relativistically, but for the
description of mesons as bound states of spinless
quarks use the nonrelativistic potential model with
a confining potential. We consider the decay in the
B-rest frame. The Hamiltonian of thebq̄ system at rest
has the form

Ĥbd =mb +md + ĥbd ,

ĥbd = �k 2/2mb + �k 2/2md + Vbd(r),

such that

(ĥbd − εB)|B〉 = 0,

(Ĥbd −MB)|B〉 = 0,

MB =mb +md + εB.

The Hamiltonian of thecq̄ system produced in the
semileptonicb→ clν decay reads

Ĥcd(�q)=mc +md + (�k + �q)2/2mc
+ �k 2/2md + Vcd(r).

The eigenstates of this Hamiltonian are|Dn(�q)〉 such
that(
Ĥcd (�q)−EDn(�q)

)∣∣Dn(�q)〉= 0,

where

EDn(�q)=MDn + �q 2/2(mc +md),

MDn =mc +md + εDn .

TheQq̄ potential can be expanded as follows:

VQq = V0 + V1/2mQ + V2/2m2
Q + · · · .

contributions of distances below the scale 1/µ are referred to the
Wilson coefficients, while contributions of distances above this scale
are referred to the matrix elements. As a result, both the Wilson
coefficients and the matrix elements acquire theµ-dependence.
In the potential model, theT -product of the two currents is also
expanded in a series of operators of increasing dimensions, but the
resultingc-number coefficients and the matrix elements in Eq. (3)
are scale independent.

2. Sum rules

The relationship between the sum over the individ-
ual channels and the meson matrix elements of the op-
erators is established by the sum rules. Let us intro-
duceδn(�q) through the relation (δn(�q) = εDn − εB −
�q 2md/2mc(mc +md))

(4)

MB − q0 −EDn(�q)= δm− q0 − �q 2/2mc − δn(�q).

Theδn(�q) is the eigenvalue of the operatorδH(�q)
(5)MB − Ĥcd(�q)= δm− �q 2/2mc − δH(�q)

with |Dn(�q)〉 the corresponding eigenstates. The sum
rules are obtained by inserting the full system of the
eigenstates|Dn(�q)〉 into 〈B| (δH(�q))i |B〉:

(6)〈B|(δH(�q))i |B〉 =
∞∑
n=0

∣∣Fn(�q)∣∣2(δn(�q))i ,
whereFn(�q) = 〈B|Dn(�q)〉 is theB → Dn transition
form factor. This relation represents the sum over all
cd̄ resonances in terms of theB-meson matrix element
of the operators(δH(�q))i . For the potential regular at
the originr = 0 the sum overn is convergent for anyi,
whereas for the singular potential both sides of Eq. (6)
are convergent for smalli and diverge for largei.
At the moment we proceed formally and discuss this
problem in more detail in Section 5.

3. Duality relation for the amplitude

Making use of the sum rules (6), we represent the
amplitude as a sum of the operators:

T (q0, �q)

(7)=
∞∑
n=0

|Fn(�q)|2
MB − q0 −En(�q)

(8)= 1

δm− �q 2

2mc
− q0

∑
n=0

∑
i=0

|Fn(�q)|2(δn(�q))i(
δm− �q 2

2mc
− q0

)i
(9)= 1

δm− �q 2

2mc
− q0

∑
i=0

〈B|(δH(�q))i |〉B(
δm− �q 2

2mc
− q0

)i .
This expression is the duality relation for the ampli-
tude: the sum (7) runs over the infinite number of the

Section 1.9 - Publication no 3 41



138 A. Le Yaouanc et al. / Physics Letters B 517 (2001) 135–141

charm resonances, and the sum (8) runs over the infi-
nite number of the operators of the increasing dimen-
sions (the OPE series). In fact, the location of singu-
larities in the complexq0-plane in the series (7) and
(9) is quite different: in (7) it is an infinite set of single
poles at the different locations corresponding to differ-
ent charm resonances, and in (8) it is an infinite set of
poles of the increasing order at the same point.

However, this set of equations is only a formal one;
in fact, (7) is a summable series leading to a finite
result in all cases; on the other hand, the situation
of Eq. (9) is more subtle. In the singular case, the
coefficients are infinite beyond some order, and one
must accordingly truncate the series. In the regular
case, the Eq. (9) is only an asymptotic series: notice
that the geometric sum overi in Eq. (8) has a domain
of convergence which is repelled to infinity withn.

Let us illustrate it with a simple example: assume
that F 2

n � e−n andEn � n. Then the analog of the
above equations takes the form

(10)
∞∑
n=0

e−n

z− n
=
∑
n=0

e−n

z

∑
i=0

(
n

z

)i
� 1

z

∑
i=0

i!
zi
.

The last step is obtained by changing the order of
summation and using the relation

∑∞
n=0 e

−nni � i!
The series (10) ini is only asymptotic and not even
Borel summable.

Such a factorial divergence appears in the example
of M.A. Shifman [7]. In this example, the residues
are constant with the excitation number. This would
imply that the direct method of our Letter will give
formally infinite coefficients for the expansion, which
means that it fails completely. In our example, on the
contrary, the residues are rapidly decreasing, and all
the coefficients are finite. The interest of our example
is to show that nevertheless a factorial divergence is
also appearing.

From the amplitudeT under the form Eq. (7) or
Eq. (9), respectively, by integration over the same
contourC, we can obtain either the width as a sum
over the exclusive final states, or as the OPE series.
The expression (9) is an accurate approximation to
(7) only when q0 is far from the singularities of
T (q0, �q). The contourC can be deformed away from
the singularities except near its fixed end points.
When integrating overq0 this is a possible source of
discrepancy, i.e., of duality violation. Consequently,

we are now going to estimate the integral of expression
(7), i.e. the sum over the exclusive channels, and the
integral of expression (9), i.e., the OPE prediction, and
compare both results.

4. The OPE calculation of the decay rate

Let us first proceed with the amplitude in the
form (9) and obtain the OPE expression for the decay
rate. We consider the leptonic tensor of the general
form L(q2) = (q2)N . For technical reasons, it is
convenient to isolatehbd in the expression forδH(�q)
as follows

(11)

δH(�q)= hbd − εB + �k�q
mc

+
(

1

mc
− 1

mb

) �k2 + V1

2
.

Substituting (11) in (9) and performing the necessary
integrations gives a series in 1/mc [6]

Γ OPE(B →Xclν)

Γ (b→ clν)

= 1+ 〈B|�k 2|B〉
2m2

c

− (2N + 3)
〈B|V1|B〉

2m2
c

(12)

+
2N+3∑
i=1

(−1)i
Ci+2

2N+5

2N + 5

〈B|Ôi |B〉
m2
cδm

i
+O

(
Λ2δm

m3
c

)
,

with Cin = n!
i!(n−i)! and Ôi = �k(hbd − εB)

i �k. An
important feature of the OPE series (12) is that the
leading-order term reproduces the free-quark decay
rate, and the first correction emerges only in the 1/m2

c

order (cf. [1,2]).

5. Summation of the exclusive channels

Now let us sum the rates of the exclusive channels.
TheB →Dn transition form factors have the form [6]

F 2
0 (�q)= 1− ρ2

0 �q 2/m2
c +O

(�q4/m4
c

)
+O

(
δm2β2/m4

c

)
,

F 2
n (�q)= ρ2

n �q 2/m2
c +O

(�q4/m4
c

)+O
(
δm2β2/m4

c

)
.

Since |�q| � δm in the decay region, these expres-
sions allow calculating the decay rate to the accuracy
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δm2/m2
c . Explicitly, we obtain [6]:

Γ (B →D0lν)

Γ (b→ clν)

= 1− 3ρ2
0

2N + 5

δm2

m2
c

+ 3

2

md

1+md/mc

δm

m2
c

− (2N + 3)
〈B|�k2 + V1|B〉

2m2
c

,

Γ (B →Dnlν)

Γ (b→ clν)

= 3ρ2
n

2N + 5

δm2

m2
c

− 3
(
ρ2
n∆n

)δm
m2
c

(13)+ 1

m2
c

2N+5∑
i=2

(−1)iCi2N+5

2N + 5

(3ρ2
n∆

i
n)

δmi−2 ,

where∆n = εDn − εD0.
The main contribution is given by theB → D0

transition. Excited states contribute only starting from
the (δm)2/m2

c order in the SV limit. Notice thateach
of the exclusive rates contains terms of the order
δm2/m2

c and Λδm/m2
c which are absent in the OPE

series.
Summing over all opened exclusive channels gives

Γ (B →Xclν)

Γ (b→ clν)

= 1− δm2

m2
c

3

2N + 5

(
ρ2

0 −
nmax∑
n=1

ρ2
n

)

+ 3
δm

m2
c

(
md/2

1+md/mc
−
nmax∑
n=1

ρ2
n∆n

)
− (2N + 3)

× 〈B|�k2 + V1|B〉
2m2

c

(14)+
2N+5∑
i=2

(−1)iCi2N+5

2N + 5

3
(∑nmax

n=1 ρ
2
n∆

i
n

)
m2
cδm

i−2
.

The sum over the charm resonances is truncated at
nmax, which is the total number of the resonance levels
opened atq2 = 0. For the confining potential and in
the SV limit nmax is found from the relation∆nmax �
δm.

6. Check of duality for regular potentials

The transition radii in the expression (14) are not
independent and related to each other through the
sum rules. These sum rules can be obtained from (6).
Expanding both sides of (6) in powers of 1/mQ and
taking the linear�q2 term gives the set of the sum rules
[6]: for i = 0 one finds the Bjorken sum rule [8], for
i = 1 — the Voloshin sum rule [9], fori � 2 — higher
moment sum rules:

i = 0:
∞∑
n=1

ρ2
n = ρ2

0,

i = 1:
∞∑
n=1

ρ2
n∆n = md/2

1+md/mc
,

(15)i � 2:
∞∑
n=1

ρ2
n∆

i
n = 1

3
〈B|�k(hbd − εB)

i−2�k|B〉.

Using these relations to rewrite the OPE result (12)
as the sum over hadronic resonances, the difference
between the OPE and the exclusive sum (the duality-
violating contribution) explicitly reads

δΓ ≡ Γ OPE(B →Xclν)− Γ (B →Xclν)

Γ (b→ clν)

= 3
δm2

m2
c

2N+5∑
i=0

(−1)iCi2N+5

(2N + 5)δmi
∑

n>nmax

ρ2
n(∆n)

i

+O

(
Λ2δm

m3
c

)
= δm2

m2
c

3

2N + 5

∑
n>nmax

ρ2
n

(
1− ∆n

δm

)2N+5

(16)+O

(
Λ2δm

m3
c

)
.

Quite remarkably,δΓ happens to be equal to the sum
of the extrapolated widths for charm states beyond
the kinematical limit. A similar expression is found
in QCD2 [12]. Clearly, the duality-violating effect is
connected with the charm states forbidden kinemat-
ically in the decay process. Notice thatΓ OPE(B →
Xclν) − Γ (B → Xclν) < 0, because∆n > δm for
n > nmax, and 2N + 5 is odd.

To estimate the size of the duality-violation effects,
the behavior of thetransition radii and the relation
between∆n and nmax, which will be given by the
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behaviour of theexcitation energies also at largen,
are needed. For quite a general form of the confin-
ing potential we can write the following relations for
∆n at largen ∆n �ΛCna for n > nmax and∆nmax =
ΛC(nmax)

a � δm, with C anda some positive num-
bers. In particular, this estimate is valid for the confin-
ing potentials with a power behavior at larger. This
estimate for∆n is only depending on the behaviour of
the potential at large distances.

The behavior of the radiiρ2
n at largen are then

connected with the finiteness of the r.h.s. of the sum
rules (15): for a potential regular atr = 0, the matrix
elements in the r.h.s. of the sum rules are finite for any
i, which means that the radiiρ2

n are decreasing with
n faster than any power. Essentially this means that
ρ2
n � exp(−n), and, therefore, the duality-violating

effect in the decay rate in (16) is of orderδΓ �
δm2/m2

c exp(−δm/Λ). One of such examples, the
harmonic oscillator potential, is discussed in [10].

7. Singular potentials

However, if the potential is singular atr = 0, the
situation changes dramatically. First, only a few first
number of the matrix elements〈B|Ôi |B〉 are finite.4

We can try to proceed along the same lines but then
have to truncate the series in 1/δm at the last finite
term. We want to estimate the difference between this
truncated series and the exclusive sum.

Let us illustrate this considering a potential with
a Coulomb behavior at smallr, V � −α/r, and
confining at larger. Then 〈B|�k(hbd − εB)

i �k|B〉 are
finite for i � 1, but diverge starting fromi = 2. We
then find that

4 The appearance of infinite coefficients in the OPE series is
probably due to a breakdown of the power series expansion, for
instance by fractional powers or logarithms ofmQ as seems to be
the case in the pure Coulomb case [11]. For similar phenomena in a
perturbation expansion, see [13].

In particular, it has been noted by Novikov et al. [4] that, in the
case of the Coulomb potential, half integral powers of the expansion
parameter occur in the calculation of the moments of the ratioR.
However, in our case, preliminary work shows that there are not only
half integer powers ofΛ/δm, but also logarithms of this quantity.
In fact, we note in this respect that the full Schwinger formula
for the ratioR contains also logarithms in addition to half integer
powers [14].

(17)ρ2
n � 1

n1+ε

(
1

na

)3

.

Suchρ2
n lead to the estimate

(18)δΓ � Λ2

m2
c

(
Λ

δm

)(1+ε/a)
.

More generally, if the above matrix element begins
to diverge for some valuei =K + 1, the formulas are
to be replaced by:

(19)ρ2
n � 1

n1+ε

(
1

na

)K+2

,

(20)δΓ � Λ2

m2
c

(
Λ

δm

)(K+ε/a)
.

Notice that thisδΓ is smaller than the last retained
term in the OPE series which is of orderΛ

2

m2
c

(
Λ
δm

)K
.

Therefore, the ‘duality violation’ is just smaller than
the last retained term as for the asymptotic series. This
means in fact that there isno indication of duality
violation at this computable order. This is independent
of a, therefore of thelarge distance behavior of the
potential.

8. Conclusion

Summarizing our results, the amplitudeT (q0, �q2)

(the T -product, Eq. (1)) can be expanded in inverse
powers of δm − �q2/2mc − q0, the so-called OPE
expansion. Exact duality would mean that the OPE
series was convergent and equal toT . Actually, this
is not exactly the case. Even in the favourable case of
theregular potentials (at �r = 0), the OPE series is not
convergent, it is only asymptotic to the actualT . For
singular potentials, the coefficients are simply infinite
beyond a certain order.

Besides these problems concerning the amplitude,
additional problems appear for the expansion of the
width, which is given by a contour integral ofT in
theq0 complex plane: the OPE expansion is accurate
far from the singularities inq0, while the contour has
fixed end points in the complex plane close to the
singularities (Fig. 1). In view of this situation, we have
computed explicitly the difference between the OPE
and the actual width. For singular potentials, the series
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must be truncated, and the difference is found smaller
than the last retained term.

As to the perspectives opened by this work, we must
first emphasize that singular potentials seem more in-
teresting than regular ones. Indeed, in QCD the effec-
tive quark potential is singular, a smoothed Coulomb
singularity. Moreover, in QCD2, one can suspect some
similarity with a linear potential|�r|, which is also sin-
gular at the origin in the sense of this Letter. For a
singular potential, we have seen that the entire series
must be truncated at some order, because the coeffi-
cients become eventually infinite. We think that such
infinite coefficients in an entire series expansion cor-
respond to the fact that the correct expansion is not
entire but must include fractional powers and/or loga-
rithms in the expansion parameter, i.e.,δm. In QCD,
one can argue that the operator matrix elements are
finite due to renormalisation, but nevertheless the co-
efficients still contain logarithms of heavy masses. In
the nonrelativistic case, the object of the present Let-
ter, the method which has been followed does not lead
to definite conclusions as regards duality for singular
potentials: namely, to the order we are able to calculate
in this Letter, we find that there is no duality violation,
but this leaves open the question of duality violation
at some higher order.5 To proceed further, one would

5 In the context of QCD2, one has demonstrated duality up
to the order 1/m4

Q
and it may be believed that duality has been

fully demonstrated in higher orders [12]. However, a comment is
in order here. In [12], it was shown that the matrix element of
the leading operator〈B|�QQ|B〉 is dual to the sum of the widths
of the full tower of resonances. Therefore, one can suspect that
there is a difference between the actual width and the OPE, that
is of higher order 1/m5

Q, corresponding to the extrapolated width
of the kinematically forbidden states. This difference, however,
has the same order 1/m5

Q as the matrix elements of the higher
dimension operators [12]. It was thenassumed that both quantities
are dual to each other, but the corresponding OPE coefficients were
not calculated and we have not found where this assumption was
demonstrated.

have to devise new methods to obtain the above con-
jectured generalized expansions.
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The quark-hadron duality in the inclusive semileptonic decayB→Xcln in the Shifman-Voloshin limitL
!dm5mb2mc!mb ,mc is studied within a nonrelativistic potential model. The integrated semileptonic decay
rate is calculated in two ways: first, by constructing the operator product expansion, and second by a direct
summation of the exclusive channels. Sum rules~Bjorken, Voloshin, etc.! for the potential model are derived,
providing a possibility to compare the two representations forG(B→Xcln). An explicit difference between
them referred to as the duality-violation effect is found. The origin of this effect is related to higher charm
resonances which are kinematically forbidden in the decay process but are nevertheless picked up by the OPE.
Within the considered 1/mc

2 order the OPE and the sum over exclusive channels match each other, up to the
contributions of higher resonances, by virtue of the sum rules. In particular this is true for the terms of order
dm2/mc

2 andLdm/mc
2 which are present in each of the decay channels and cancel in the sum of these channels

due to the Bjorken and Voloshin sum rules, respectively. The size of the duality violation effects is estimated
to be of the orderO(L21b/mc

2dmb) with b.0 depending on the details of the potential. Constraints for a
better accuracy are discussed.

PACS number~s!: 13.20.He, 12.39.Jh, 12.39.Pn

I. INTRODUCTION

The interest in inclusive decays of heavy mesons is two-
fold: experimental study of such decays can provide impor-
tant information on the weak mixing angles of heavy me-
sons, and a theoretical treatment of such processes which
includes also nonperturbative effects is possible. The theo-
retical framework based on combining the operator product
expansion~OPE! and heavy quark~HQ! expansion provides
decay rates and differential distributions as series in inverse
powers of the heavy quark mass with the coefficients propor-
tional to the matrix elements of the operators of a proper
dimension@1–4#. A remarkable property of this expansion is
that in the leading-order this is just the free-quark decay, and
the first correction appears only at order 1/mQ

2 .
On the other hand, it is understood that the quark-hadron

duality technically implemented through the OPE is an ap-
proximate framework@5#. For example, the calculation based
on OPE does not take into account all the details of the
hadron spectrum which lead to the dependence of the set of
open decay channels on the momentum transfer. The OPE
ignores this fact and this inevitably yields some errors in the
OPE results@6#.

The theoretical description based on the OPE represents
the decay rate as a contour integral in the complexq0-plane
~for details see the next section!. The OPE can be justified
only in regions of the complexq0-plane away from the
physical region, whereas in the case of the calculation of the

decay rate~both differential and integrated! the contour al-
ways involves a segment which is close to the physical re-
gion @1#. This can lead to duality-violating effects, i.e., the
difference between the exact and the OPE based results.

However, it is not easy to estimate the errors arising in the
OPE, since the exact hadron spectrum in QCD is compli-
cated and not exactly known. So, testing directly the accu-
racy of the quark-hadron duality is only possible in few ex-
ceptional cases. Examples discussed in the literature are
QCD in the Shifman-Voloshin~SV! limit @7#, and the
’t Hooft model @8#.

In the ’t Hooft model ~2-dimensional QCD withNc

→`) the spectrum is reduced to an infinite number of single
bound states and known precisely so that the direct summa-
tion of exclusive channels is possible. First numerical analy-
sis of the sum over exclusive channels reported the presence
of the duality-violating 1/mQ correction for the total width
@9#. Later the summation was performed analytically for the
case of a massless light quark@10#. The result of the OPE
calculation agreed with the exact result in this case through
1/mQ

4 order.
Duality in QCD in the SV limit @7# has been studied in

@11,12#. This limit requiresLQCD!dm5mb2mc!mQ . A
peculiar feature of the SV limit is that a summation over
exclusive channels becomes possible due to kinematical rea-
sons: the process occurs near the zero recoil and thus only
few decay channels contribute in the leading 1/mQ order.
The expansion of the relevant transition form factors in this
kinematical region is known and the sum over exclusive
channels can be evaluated. The absence ofLQCD/mQ correc-
tions to the free-quark result in the semileptonic~SL! decay
rate has been demonstrated in@11#. However, to check the

*On leave from Nuclear Physics Institute, Moscow State Univer-
sity, Moscow, Russia.
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absence ofLQCD/mQ anddm/mQ corrections within the SV
kinematics is not enough to ensure duality in the 1/mQ order
in the general case, beyond the SV limit. Namely, one should
also check that potentially large terms of order
O(LQCDdmn/mQ

n11) which are present in individual decay
rates cancel in the sum over exclusive channels. The analysis
of the LQCDdm/mQ

2 terms in the exclusive sum was per-
formed in@12# for QCD in theV2A case. It was found that
the duality within this accuracy requires a new sum rule. The
full comparison to higher orders has not yet been performed.

We study the quark-hadron duality in the SV limit within
a nonrelativistic potential model. The model has several fea-
tures which make it especially suitable for this purpose: the
model is self-consistent in the SV limit; the spectrum of
bound states is relatively simple and can be calculated; the
exact representations of the transition form factors in terms
of the hadron wave functions are known. These features pro-
vide a possibility to calculate the exclusive sum. We adopt a
technical simplification of a Lorentz scalar current instead of
the V2A current, like it is done in Ref.@6#.

The main purpose of our analysis is to check whether or
not the OPE result calculated to some order is equal to the
sum over exclusive channels expanded to the same order.
Both series are double expansions in powers ofL/mc and
L/dm. They are asymptotic series@10#, and the question of
their convergence is left for a later publication@13#.

Our main results are as follows.
We construct the expansion of theT-product of the two

currents in a series of local operators~the OPE! in the po-
tential model for a general form of the quark potential. Tech-
nically this is done by the expansion of the Lippmann-
Schwinger equation. We consider the expansion to all orders
in L/dm but neglect terms;Ln/mc

n with n>3. This OPE
series provides the expansion of the differential and inte-
grated semileptonic decay rates in powers ofL/mc and
L/dm.

Let us point out that the OPE series in the potential model
has an important distinction from the Wilsonian scheme in
the field theory: Namely, in QCD~perturbative! contribu-
tions of small distances below the scale 1/m is referred to the
Wilson coefficients while contributions of large distances
above this scale is referred to the matrix elements of the local
operators. As a result both thec-number Wilson coefficients
and the matrix elements of the local operators acquire the
m-dependence. In the potential model we also expand the
average of theT-product of the two current operators over
the B meson in a series of local operators, but the resulting
c-number coefficents as well as the average values of the
local operators@see Eq.~8!# do not have a scale dependence.

The OPE and the sum over exclusive channels are related
to each other by sum rules, similar to the Bjorken@14#, the
Voloshin @15#, and the whole tower of higher moments@16#.
We derive these sum rules. They involve an infinite sum of
terms corresponding to all hadronic excitations, with each
term having a well-defined heavy mass expansion. The ques-
tion of the heavy mass expansion of the sum~in other words,
of the uniform convergence of the series! has not been tack-
led in this paper. If the contribution of higher excitations

vanishes rapidly enough the uniform convergence is ex-
pected.

The OPE provides a heavy mass expansion for the inclu-
sive semileptonic decay rate. To compare it with the result of
summation over exclusive semileptonic decay channels we
make use of the sum rules. An explicit difference between
the two expressions is found, both for the integrated and the
differential rates. This difference corresponds to the contri-
bution of the resonances kinematically forbidden in the de-
cay process which are picked up by the OPE. This ‘‘unphysi-
cal’’ contribution is related to the poles in the complex
q0-plane outside the physical region which however contrib-
ute to the OPE result. The size of this duality-violation can-
not be estimated in all generality since it depends on the
potential and on the convergence properties of the sums over
resonances.

For the integrated decay rate the OPE prediction and the
sum over exclusive channels match,up to the duality-
violating contributions of higher resonances, within the 1/mc

2

order: Terms of orderdm2/mQ
2 , dmL/mQ

2 , which are
present in any individual decay rate cancel in the sum over
all channels thanks to the Bjorken@14# and Voloshin@15#
sum rules, respectively. For terms of orderL2/mQ

2 ,
L3/mQ

2 dm, etc., the agreement~again up to contributions of
higher resonances! is provided by the higher moment sum
rules. The duality-violation induced by the kinematical trun-
cation of these higher resonances in general has the order
O(L21b/mc

2dmb) whereb depends on the details of the po-
tential V(r ) both at large and smallr.

For the smeared differential distributions near maximalq2

the violation of the local duality is found at the order
Ldm/mc

2 .
We make an explicit proof of the present results for the

special case of the harmonic oscillator potential in Ref.@17#.
This is important since some demonstrations given below are
rather formal.

In the next section we present some details of the kine-
matics and discuss the analytical properties of the decay am-
plitude. In Sec. III the 1/mQ expansion of the quark propa-
gator is performed and the OPE series for the SL decay rate
in nonrelativistic quantum mechanics is constructed. In Sec.
IV we consider the HQ expansion of the exclusive form fac-
tors in the potential model, and derive the inclusive sum
rules~Bjorken, Voloshin, etc.! which are crucial for compar-
ing the exclusive sum and the OPE result. In Sec. V we
provide an analytic expression for the duality-violation con-
tribution and identify its origin. We estimate the accuracy of
the OPE both for the integrated rate and the smeared distri-
bution near zero recoil. A special emphasis is laid on dis-
cussing the role of different inclusive sum rules in establish-
ing the relationship between the OPE and the sum over the
exclusive channels. A conclusion summarizes our results.

II. KINEMATICS AND THE ANALYTICAL PROPERTIES
OF THE DECAY AMPLITUDE

We consider the inclusive SL decayB→Xcln. The rate of
this process reads
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G~B→Xcln!5
1

2MB
E d4q

2p
u~q0.uqW u!L~q!W~q!, ~1!

whereL is the leptonic tensor, and the hadronic tensorW is
defined as follows:

W5(
X

E d4pXu~pX
0 !d~pX

22MX
2 !^BuJuX~pW !&

3^X~pW !uJ1uB&d4~pB2pX2q!. ~2!

Here the relativistic normalization of states is implied:

^pup8&52p0~2p!3d~pW 2pW 8!. ~3!

For the sake of clarity we assume the technical simplifi-
cation that the leptons are coupled to hadrons through the
scalar current.1 In this case the leptonic tensor is a scalar
function of only one variable,q2, and the hadronic tensorW
depends on the two invariant variablesn5PB•q/MB andq2.
In the rest frame of theB-meson these areq0 and q2. At
q0.0 and fixedq2 the sum in Eq.~2! runs over the hadronic

states with massesMX,MB2Aq2. The decay rate can be
written as follows:

G~B→Xcln!5
1

2MB
E dq2dq0uqW uu

3~q0.uqW u!L~q2!W~q0,q2!, ~4!

with q25(q0)22qW 2.
Equivalently, we can useq0 and qW 2. Let us consider the

W(q0,qW 2) as an analytical function ofq0 at fixed qW 2. One
can write the following relation:

1

2MB
W~q0,qW 2!5

1

2p i
discq0T~q0,qW 2!, ~5!

where

T~q0,qW 2!5
1

2MB
E dx exp2 iqx^BuT@J~x!,J1~0!#uB&

5
1

2MB
(
X

^BuJuX~2qW !&u2

MX2EX~2qW !2q0
, ~6!

EX(2qW )5AqW 21MX
2 is the energy of the state with the mass

MX and the total 3-momentum2qW . The sum overX in Eq.
~6! for T runs overall hadron states with the appropriate
quantum numbers. The selection of the states kinematically
allowed in the decay process is made by the proper choice of
the integration contour in the complexq0 plane. Namely, the

decay rateG(B→Xcln) can be represented as the contour
integral in the complexq0 plane over the contourC(qW 2)
which depends on the value ofqW 2 ~Fig. 1! as follows:

G~B→Xcln!5
1

2p i E dqW 2uqW u E
C(qW 2)

dq0u~q0.uqW u!

3L„~q0!22qW 2
…T~q0,qW 2!. ~7!

It is important that the left crossing of the contourC(qW 2)
with the real axis in the complexq0 plane occurs at the point
q05uqW u, otherwise the contour can be freely deformed in the
region where the functionT0(q0 ,qW 2) is analytic. We sym-
bolically mark this constraint with au-function in the inte-
grand. The integration over such contour selects at any given
qW 2 only physical states which can be produced in the decay
B→Xcln, i.e. states with the invariant masses such that
AMX

21qW 2,MB2uqW u. Notice that whereas the left crossing
of the contour with the real axis is tightly fixed at the point
Re (q0)5uqW u, Im (q0)50, the right crossing of the contour
with the real axis can be safely moved to the right. In the
general relativistic case there are cuts which correspond to
other physical processes. In the SV limit these cuts are sepa-
rated from the physical decay cut by windows of the width
O(mQ). In the potential quark model such cuts are absent.

The amplitudeT(q0,qW 2) is given by theT-product of the
two local current operators, which is the classical case for
performing the OPE. Namely, one has

T~q0,qW 2!5
1

2MBi E dx exp~2 iqx!^BuT„J~x!,J1~0!…uB&

5(
n

Cn~q0,qW 2!^BuÔnuB&, ~8!

where Ôn are local operators andCn(q0,qW 2) are the
c-number coefficients. Introducing the expansion~8! into Eq.
~7! gives the integrated rate as a sum over various local op-
erators.

We shall obtain the integrated SL decay rate within our
model by two means: first, we construct the OPE series for
T(q0,q2), and second, we calculate directly the sum over
exclusive channels.

1Recall that for the case of theV2A current and massless leptons,
the leptonic tensor has the formLmn;gmnq22qmqn , and for the
scalar currentL;q2. We consider throughout the paper the leptonic
tensor of the generalized formL5(q2)N.

FIG. 1. Singularities of the amplitudeT(q0,qW 2) in the complex

q0 plane. Circles are hadronic (c̄q) poles which are only singulari-
ties in the confined potential model, and the cross stands for the free

b→c quark process. The vertical line Re (q0)5uqW u separates the
kinematically allowed region of the real axis from the kinematically

forbidden region. The contourC(qW 2) embraces all states in the
allowed region. Poles at the left of the boundary correspond to
kinematically forbidden bound states.
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III. THE MODEL

We consider this decay in the SV limit,

L!dm5mb2mc!mc ,mb . ~9!

Notice that in a non-relativistic model,L refers to a fixed
energy scale proportional to the light quark massmd , to the
average quark momentum in the hadron rest frame
(^BukW2uB&)1/2, to the parameterb defined in Eq.~24! andhbd
or eB to be defined in Eq.~11!. These parameters may be
strongly hierarchized, for example a genuine nonrelativistic
situation implies (̂BukW2uB&)1/2!md , but all these quantities
remain constant asmc ,mb→`, they remain proportional to
some fixed hadronic scale which we callL by analogy with
QCD. This is to be distinguished fromdm which is taken as
an independent parameter. Thus we consider the double limit
dm/mc→0, andL/dm→0. Notice finally thatuqW u is of order
dm.

To avoid confusion, it is important to stress that the stan-
dard OPE expansion assumesdm/mQ constant, even if
small. So the order of a termO(Ln1m/mc

n(dm)m) in this
paper corresponds to the orderO(Ln1m/mQ

n1m) of the stan-
dard OPE expansion.

We treat the leptonic part relativistically, but for the cal-
culation of the hadronic tensor we use the nonrelativistic
potential model. The nonrelativistic treatment of the had-
ronic tensor is consistent within the SV kinematics and can
be used as a tool for studying some of the aspects of quark-
hadron duality. We shall make use the fact that in the non-
relativistic potential model we know the structure of the had-
ron spectrum and have an exact representation for the
hadronic matrix elements of the quark currents.

It is convenient to use the nonrelativistic normalization of
states~which is used hereafter!

^pup8&5~2p!3d~pW 2pW 8!, ~10!

and consider the process in the rest frame of the decaying
B-meson. TheB meson is the ground eigenstate of the
HamiltonianĤbd ,

ĤbduB&5MBuB&5~mb1md1eB!uB&. ~11!

In the B-rest frame this Hamiltonian has the form

Ĥbd5mb1md1
kW2

2mb
1

kW2

2md
1Vbd~r ![mb1md1hbd .

~12!

For the B→Xc transition we need thecd̄ bound states
with the total 3-momentum2qW , which we denoteDn(2qW ).
These are eigenstates of the Hamiltonian

Ĥcd~qW !5mc1md1
~kW1qW !2

2mc
1

kW2

2md
1Vcd~r !, ~13!

such that

Ĥcd~qW !uDn~2qW !&5EDn
~qW !uDn~2qW !&. ~14!

In this equationEDn
(qW ) is the nonrelativistic energy of the

bound stateDn with the 3-momentum2qW

EDn
~qW !5MDn

1
qW 2

2~mc1md!
, MDn

5mc1md1eDn
.

~15!

The expression~6! for the decay amplitudeT now takes the
form

T~q0,qW !5(
n

`

uFn~qW !u2
1

MB2EDn
~qW !2q0

, ~16!

whereFn(qW ) is theB→Dn transition form factor,

Fn~qW !5^BuJuDn~2qW !&, MB5mb1md1eB ,

and the sum runs over allcd̄ resonances. The expression~16!
can be also written as

T~q0,qW !5^BuJ
1

MB2q02Ĥcd~qW !
J1uB&, ~17!

where @Ĥcd(qW )2E#215Gcd(qW ,E) is the full off-energy-
shell Green function~propagator! of the cd̄ system. TheB
decay amplitude is thus given by an average of the Green
function Ĝcd(qW ,E) at the pointE5MB2q0 over theB me-
son.

Let us specify the transition current operatorĴb→c . For
the sake of argument we neglect the quark spin effect and
consider spinless nonrelativistic quarks and choose the quark
current in the form

Ĵb→c5E dkWdkW8b̂~kW8!ĉ1~kW !, ~18!

whereĉ(b̂) is the annihilation operator of thec(b) quark.2

For the quark current~18! theB→Dn transition form fac-
tor in the rest frame of theB-meson reads

Fn~qW !5E dkWqcB~kWq!cDnS kWq1
md

mc1md
qW D , ~19!

wherekWq is the momentum of the light spectator.

2Notice that the standard scalar current readsĴb→c5*(dkW /

2k0)(dkW8/2k80)b̂(kW8) ĉ1(kW ) and in the nonrelativistic limit takes

the form .*dkW ĉ1(kW )dkW8b̂(kW8)(12kW2/4mc
2)(12kW82/4mb

2). Ne-

glecting the factor (12kW2/4mc
2)(12kW82/4mb

2) as done in Eq.~18!
leads to technical simplifications both in the OPE and in the exclu-
sive sum. It can be easily realized that a particular choice of the
current however does not touch any arguments related to duality.
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Similarly, for the current~18! the expression~17! takes
the form

T~q0,qW !5^Bu
1

MB2q02Ĥcd~qW !
uB&. ~20!

IV. THE OPE OF THE DECAY RATE

The main idea in constructing the OPE series forT, Eq.
~8!, is to single outĤbd from Ĥcd(qW ) in the denominator in
Eq. ~20! and to use the eigenvalue equation~11!. First, let us
introduce the operatordH(qW ) which measures the difference
of the denominator of Eq.~20! from the inverse Green func-
tion of the free-quark transition

MB2q02Ĥcd~qW !5S dm2
qW 2

2mc
2q0D 2dH~qW !. ~21!

Explicitly, one finds

dH~qW !5Ĥcd~qW !2mc2md2
qW 2

2mc
2eB . ~22!

Next, isolatinghbd in dH(qW ) we obtain

dH~qW !5~hbd2eB!1
1

2 S 1

mc
2

1

mb
D ~kW21V1!

1
kW•qW

mc
1OS b3dm

mc
3 D , ~23!

where the scaleb is provided by the hadronic matrix ele-
ments

b2.^BukW2uB&.^BuV̂1uB&. ~24!

As already mentioned,b is of the order ofL. The quantity
V1 here is a part of the expansion of the potentialVQq in
powers of 1/mQ

VQq5V01
1

2mQ
V11

1

2mQ
2

V21OS L4

mQ
3 D . ~25!

Equations~20! and ~21! allow us to construct the expan-
sion of T(q0,qW 2) in inverse powers ofdm2qW 2/2mc2q0 as
follows:

T~q0 ,qW 2!5
1

dm2
qW 2

2mc
2q0

(
i 50

`
^Bu„dH~qW !…i uB&

S dm2
qW 2

2mc
2q0D i .

~26!

Making use of Eq.~23! we obtain

T~q0 ,qW 2!5^BuB&
1

dm2
qW 2

2mc
2q0

1^Bu~hbd2eB!uB&
1

S dm2
qW 2

2mc
2q0D 2 1^BuF dm

2mc
2 ~kW21V1!2

kW•qW

mc
G uB&

3
1

S dm2
qW 2

2mc
2q0D 2 1 (

i , j 51

3

(
n50

`

qiqj^BuF ki~hbd2eB!nkj

mc
2 G uB&

1

S dm2
qW 2

2mc
2q0D 31n 1O~L2/mc

3!. ~27!

The remainder has the orderO(L2/mc
3) if we keepqW 2.dm2 andq0 fixed.

Finally, using Eq.~11! and the relationŝBuki uB&50 and^Bukikj uB&5 1
3 d i j ^BukW2uB& we find the following OPE series:

T~q0,qW 2!5
1

dm2
qW 2

2mc
2q0

1
dm

2mc
2 ^BukW21V1uB&

1

S dm2
qW 2

2mc
2q0D 2

1 (
n52

`
^BuÔn22uB&

3mc
2

qW 2
1

S dm2
qW 2

2mc
2q0D n11 1O~L2/mc

3!, ~28!

whereÔn5( j 51
3 kj (hbd2eB)nkj . Hereafter the( symbol is omitted. We denotêBukW21V1uB&5b0

2, b0.L.
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The series~28! is a double expansion ofT(q0,q2) in L/mc andL/(dm2qW 2/2mc2q0), limited to second order inL/mc and
expanded to all orders inL/(dm2qW 2/2mc2q0). The poles are at

qc
0~qW 2!5dm2

qW 2

2mc
. ~29!

Thefirst termin Eq. ~28! givesthe free quark decay amplitude. A remarkable feature of this series is that theL/dm andL/mc
corrections to the free-quark decay are absent thanks to Eq.~11! and the relation̂Buki uB&50. The expansion~28! substitutes
the whole set of hadron poles by a complicated quark singularity at the pointq05qc

0(qW 2).
Let us treat the series~28! formally and calculate the integrated rate which is obtained as a double expansion inL/mc and

L/dm.
Let us rewrite the expression~28! as follows:

T~q0,qW 2!5S 12
^BukW21V1uB&

2mc
2

dm
]

]dm
1qW 2(

n52

`
^BuÔn22uB&

3mc
2

1

n! S 2
]

]dmD nD 1

S dm2
qW 2

2mc
2q0D . ~30!

This representation is very convenient for the calculation of the decay rate Eq.~7!: the integration overq0 is now easily
performed since

E
C(qW 2)

dq0L„~q0!22qW 2
…u~q0.uqW u!

1

S dm2
qW 2

2mc
2q0D 5L~qc

0~qW 2!,qW 2!u~ uqW u,2mc1Amc
212mcdm!, ~31!

where theu-function u(uqW u,2mc1Amc
212mcdm) reflects the fact that the left crossing of the contour with the real axis in

the complexq0 plane should always happen at the point Re(q0)5uqW u. The integrated rate is then given by the expression3

GOPE~B→Xcln!5S 12
^BukW21V1uB&

2mc
2

dm
]

]dmD I 1~dm,mc!1 (
n52

`
^BuÔn22uB&

3mc
2

1

n! S 2
]

]dmD n

I 3~dm,mc!, ~32!

where

I n~dm,mc!5E
0

2mc1Amc
2
12mcdm

dqW 2uqW unL„@qc
0~qW 2!#22qW 2

…. ~33!

For the free quark decay one finds

G~b→cln!5I 1~dm,mc!. ~34!

Let us consider the leptonic tensor of the general formL(q2)5(q2)N. For semileptonic decays to massless spin 1/2 leptons
N51. The caseN50 corresponds to scalar leptons. Since the leptonic tensor is proportional toq2, it is now convenient to
introduce a new integration variableq2 as follows:

q25@qc
0~qW 2!#22qW 2. ~35!

Then the integrated rate takes the form

3A remark is in order here. When computing the decay rate in Eq.~32! we have interchanged the derivation with respect todm and the
integration overdq0. We can also directly integrate the expression Eq.~28! over dq0. In this case we should take into account that the

contourC(qW 2) in the complexq0-plane always lies on the right-hand side~RHS! of the line Re(q0)5uqW u. If we erroneously do not take this
condition into account then multiple poles in Eq.~28! do not contribute at all since the complex integral vanishes when the multiple poles
are inside the contour as well as when they are outside~see also discussion in@2#!. To proceed correctly, one should replace a multiple pole,
say a double pole, by an equivalent set of two neighboring poles. Then the crossing of the boarder gives a nonvanishing result when one of
the two poles is inside the contour and the other one is outside. Integrating before taking the derivative with respect todm as in Eq.~32!
corresponds to treating in a specific way the crossing of the boarder by the multiple poles. We show elsewhere@13# that both treatments lead
to the same result.
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GOPE~B→Xcln!5G~b→cln!2
^BukW21V1uB&

2mc
2

dm
]

]dm
I 1~dm,mc!1 (

n52

`
^BuÔn22uB&

3mc
2

1

n! S 2
]

]dmD n

I 3~dm,mc!, ~36!

where we have taken into account thatI 1(dm,mc) gives the exact free-quark decay rate. A simple algebraic exercise gives to
the 1/mc

2 accuracy

I 1~dm,mc!5~dm!2N13FA1/2
N S 12

3

2

dm

mc
1

15

8

dm2

mc
2 D 1

5

8
A3/2

N dm2

mc
2

1OS dm3

mc
3 D G ,

~37!

I 3~dm,mc!5~dm!2N15FA3/2
N 1OS dm

mc
D G ,

where

Am
N5E

0

1

dxxm~12x!N5B~N11,m11!, A3/2
N 5

3

2N15
A1/2

N , ~38!

B(p,q) being the Euler function. Finally, we come to the relation

G~B→Xcln!

G~b→cln!
511

^BukW2uB&

2mc
2

2~2N13!
^BuV1uB&

2mc
2

1 (
n53

2N15
~21!nC2N15

n

2N15

^BuÔn22uB&

mc
2dmn22

1OS L2dm

mc
3 D , ~39!

with Cn
k5n!/k!(n2k)!. Notice that the coefficient of the

term ^BukW2uB& does not depend onN, i.e. it does not depend
on the form of the leptonic tensor.

Summing up, the OPE predicts the following features of
the inclusive SL decay rate.

The LO term reproduces the rate of the free-quark decay
processb→c.

The 1/mc and 1/dm corrections are absent. This is due to
the fact that the average over theB-state of the operator of
the relevant dimension vanishes.

Lowest-order corrections to the free-quark process
emerge in the 1/mc

2 order. A main part of these corrections is
due to the average values of the dimension-2 operators

^BukW2uB& and ^BukW21V1uB&. Also the operators Ôn

5kj (hbd2eB)nkj contribute in the 1/mc
2 order. Their contri-

bution is however suppressed with the additional powers of
dm.

In the next section we shall analyze the accuracy of the
OPE predictions.

V. HEAVY QUARK EXPANSION AND THE HADRONIC
SUM RULES

Before proceeding with the direct summation of the ex-
clusive channels one by one we derive hadronic sum rules
which are important for the comparison of the exact result
with the OPE analysis.

A. Heavy quark expansion of the form factors
in the potential model

The wave function of theQq̄ bound state has the form

CpW~kWQ ,kWq!5d~pW 2kWQ2kWq!cX mQmq

mQ1mq
S kWq

mq
2

kWQ

mQ
D C

5d~pW 2kWQ2kWq!cS kWq2
mq

mQ1mq
pW D , ~40!

wherepW is the momentum of the bound state.
The B→Dn transition form factor is the average over the

meson states of the operatorVbc(qW ) given by the following
kernel:

^kWbuVbc~qW !ukW c&5d~kWb2kW c2qW !. ~41!

So the transition form factor is defined by the following ex-
pression:

^B~pW B!uVbc~qW !uDn~pW n!&5d~pW B2pW n2qW !Fn„~vW B2vW n!2
…,

~42!

with vW B5pW B /(mb1mq) andvW n5pW n /(mc1mq) and

Fn~vW B2vW n!5E dkWqcBS kWq2
mq

mb1mq
pW BD

3cDnS kWq2
mq

mc1mq
pW nD . ~43!

A simple change of variableskWq→kWq1mq /(mb1mq)pW B
makes it obvious that the decay form factor depends on the
square of the relative 3-velocities of the initial and final me-
sons, and not on the relative 3-momentum squared as the
elastic form factor. Nevertheless in theB rest frame we write
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Fn~qW !5E dkWqcB~kWq!cDnS kWq1
mq

mc1mq
qW D . ~44!

The wave functioncQq̄ is an eigenstate of the Hamil-
tonian

hQq̄5
kW2

2 S 1

mQ
1

1

mq
D1VQq~r !, ~45!

wherekW is the conjugate variable torW. The transition form
factors Fn has some general properties independent of the
details of the potentialVQq̄ . Such properties of the transition
form factors are derived by performing the HQ expansion of
the Hamiltonian. To this end we apply the usual quantum
mechanical perturbation theory.

For our purposes it is convenient to considerhbd as the
full Hamiltonian, hcd as a nonperturbed Hamiltonian, and
Û5hbd2hcd as the perturbation. The perturbation has the
form

Û5
1

2 S 1

mb
2

1

mc
D ~kW21V1!1OS b3

dm

mc
3 D

52
dm

2mc
2 ~kW21V1!1OS b2

dm2

mc
3 D , ~46!

where we assume the following expansion of theQq̄ poten-
tial

VQq̄5V01
1

2mQ
V11

1

2mQ
2

V21••• . ~47!

The perturbation has the orderdm/mc
2 such that we can con-

struct the HQ expansion of the wave functions and the bind-
ing energies. Let us remind the standard formulas: Let$cDn

%
be the full system of eigenstates of thehcd , and the$eDn

% the

corresponding eigenvalues. Then, the mass of thenth exci-
tation in the cd̄ system readsMDn

5mc1md1eDn
. Let

$cBn
% be the full system of eigenstates of thehbd , and the

$eBn
% the corresponding eigenvalues.

The standard formulas give

cBn
5cDn

1 (
mÞn

Umn

eDn
2eDm

cDm
1O~dm2b2/mc

4! ~48!

and

eBn
5eDn

1Unn1 (
mÞn

uUmnu2

eDn
2eDm

1•••, ~49!

where4

Umn52
dm

2mc
2 ^cDn

ukW21V1ucDm
&1OS b2

dm2

mc
3 D . ~50!

The excitation energies satisfy the relation

eDn
2eDm

.~n2m!lnm , lmn.b. ~51!

In terms of the wave functions, the transition form factor
~44! takes a simple form:

Fn~qW !5^cB0
ucDn

~2qW !&. ~52!

The expansion of the wave functioncB0
[cB reads

cB0
5cD0

1 (
mÞ0

1

2 S 1

mb
2

1

mc
D ^cD0

ukW21V1ucDm
&

eDn
2eDm

cDm

1O~dm2b2/mc
4!, ~53!

such that

Fn~qW !5^cD0
1 (

mÞ0

1

2 S 1

mb
2

1

mc
D ^cD0

ukW21V1ucDm
&*

eD0
2eDm

3cDm
ucDn

~qW !&1O~dm2b2/mc
4!

5 f 0n~qW !1 (
mÞ0

S 2
dm

2mc
2D ^cD0

ukW21V1ucDm
&*

eD0
2eDm

f mn~qW !

1O~dm2b2/mc
4!, ~54!

where f mn(qW )5^cDm
ucDn

(qW )&. By virtue of Eq. ~44! one
obtains

f nn
2 ~qW !512r nn

2 qW 2

mc
2

1O~qW 4/mc
4!,

f nm
2 ~qW !5r nm

2 qW 2

mc
2

1O~qW 4/mc
4!, mÞn, ~55!

with r mn being numbers of order unity plus higher order
1/mc corrections. We shall use the notationr n5r n0. Notice
that the radiir n describe the form factors of the transitions
between different levels in thecd̄ system (D0→Dn) and so
know nothing aboutdm.

We now rewrite Eq.~54! as follows:

F0~qW !512r 0
2 qW 2

2mc
2

1 (
mÞ0

S 2
dm

2mc
2D ^cD0

ukW21V1ucDm
&*

eD0
2eDm

3 f m0~qW !1OS dm2b2

mc
4 D . ~56!

At qW 250 we thus come to the relation

4eB0
is justeB defined in Eq.~11!. We also usually writeB instead

of B0.
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F0~0!511O~dm2b2/mc
4!. ~57!

One can see that theO(dmb/mc
2) term in Fn(0) is absent.

This is a nonrelativistic analog of the Luke theorem@18#.
For the squares of the form factors we obtain the follow-

ing important relations:5

F0
2~qW !512r0

2 qW 2

mc
2

1OS dm2b2

mc
4 D , r0

25r 0
21OS bdm

mc
2 D ,

Fn
2~qW !5rn

2 qW 2

mc
2

1OS dm2b2

mc
4 D , rn

25r n
21OS bdm

mc
2 D .

~58!

As we shall see later the radiirn ~as well asr n) are not
independent and satisfy certain sum rules. The relations~58!
are the main result of this section. They are necessary for the
calculation of the decay rates.

B. Inclusive hadronic sum rules

To obtain a nonrelativistic equivalent of the whole tower
of sum rules@16#, i.e., the Bjorken sum rule, the Voloshin
and the higher moments, we consider the following set of
quantities (i 50,1, . . . ):

Si~qW !5^Bu„dH~qW !…i uB&, ~59!

wheredH(qW ) is defined in Eq.~21!. Notice thatSi(qW ) appear
in the expansion forT(q0,qW 2), Eq. ~26!. We shall derive two
different representations forSi(qW ) and obtain sum rules
equating these representations.

The first representation is obtained by inserting the full
system of the eigenstatesuDn(2qW )& of the Hamiltonian
Hcd(qW ) in Eq. ~59!. The uDn(2qW )& are also eigenstates of
the operatordH(qW ) that is made obvious usingdHcd(qW ) in
the form Eq.~22!:

dH~qW !uDn~2qW !&5dn~qW !uDn~2qW !&,

dn~qW !5eDn
2eB1

qW 2

2~mc1md!
2

qW 2

2mc
. ~60!

As a result of inserting the full system we find

Si~qW !5 (
n51

`

uFn~qW !u2„dn~qW !…i . ~61!

Equation~49! gives the following expansion fordn(qW ):

dn~qW !5Dn1
1

2 S 1

mc
2

1

mb
D ^D0ukW21V1uD0&

2
mdqW 2

2mc~mc1md!
1OS dm2b3

mc
4 D , ~62!

where

Dn[eDn
2eD0

. ~63!

Notice that within the leading-order accuracy we can replace

^D0ukW21V1uD0& with ^BukW21V1uB&.
Another representation forSi(qW ) is obtained by using

dH(qW ) in the form ~23!:

Si~qW !5^Bu„dH~qW !…i uB&

5^BuXĥbd2eB1
kW21V1

2 S 1

mc2
1

mbD
1

kW•qW

mc
1OS b3dm

mc
3 D Ci

uB&. ~64!

This formula givesSi(qW ) in terms of the matrix elements of
various operators over theB-meson.

The representations~61! and ~64! for Si(qW ) provide the
LHS and the RHS of the sum rules, respectively. Let us
notice that terms denoted byO(b3dm/mc

3) in Eqs.~62! and

~64! do not depend onqW . All qW -dependent terms are shown
explicitly.

Using Eq. ~11! and the relations^Buki uB&50 and

^Bukikj uB&5 1
3 d i j ^BukW2uB& we come to the set of sum rules.

In fact each of these sum rules is equivalent to an infinite
number of relations at different powers ofqW 2 and 1/mc .

i50:

S05(
n

`

uFn~qW !u251. ~65!

Obviously the RHS does not depend onqW . At qW 250 this is
an identity. Using the definition~58! and comparing the term
linear in qW 2 we find theNR Bjorken sum rule@14#

r0
25 (

n51

`

rn
2 . ~66!

i51: The RHS of this sum rule reads

S15
1

2 S 1

mc
2

1

mb
D ^BukW21V1uB&1OS b3dm

mc
3 D , ~67!

where we have used Eqs.~11! and~12!. The RHS of this sum
rule is also independent ofqW . From the definition~59! and
using Eq.~62! as well as the SR~65!, we rewrite Eq.~67! as
follows:

5At any n states with angular momentaL50, . . . ,n exist. The

form factors f n(qW 2) and Fn(qW 2) are thus understood as properly

normalized sums(L50
n f nL(qW ) and(L50

n FnL(qW ), respectively.
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(
n50

`

Fn
2~qW !Dn5

qW 2md

2mc~mc1md!
1OS b3dm

mc
3 D . ~68!

Notice that the termsO(b2dm/mc
2) cancel between RHS

amd LHS. Comparing the linear inqW 2 term yields theNR
Voloshin sum rule@15#

(
n51

`

rn
2Dn5

md

2

1

11
md

mc

. ~69!

Let us notice that the RHS of the Eq.~69! does not contain
higher-order 1/mc corrections.

Combining the Bjorken and the Voloshin sum rules pro-
vides a simple constraint on the parameterr0

2 which is in fact
the slope of the Isgur-Wise function. Namely,

r0
25 (

n51

`

rn
25

1

D1
(
n51

`

rn
2D1,

1

D1
(
n51

`

rn
2Dn

5
md

2D1

1

11md /mc
,

md

2D1
, ~70!

whereDn are defined in Eq.~63!
i52: The RHS of this sum rule reads

S25
qW 2^BukW2uB&

3mc
2

1OS b4dm2

mc
4 D . ~71!

Using Eqs.~65! and ~67! yields for the LHS

(
n50

`

Fn
2~qW !Dn

25
qW 2^BukW2uB&

3mc
2 X11OS b2dm

mc
3 D C

1
qW 4md

2

4mc
2~mc1md!2

1OS b4dm2

mc
4 D . ~72!

The linearqW 2 term yields

(
n51

`

rn
2Dn

25
1

3
^BukW2uB&X11OS b2dm

mc
3 D C. ~73!

i>3:
For i53 we find for the RHS

S35
1

3

qW 2^Bukj~hbd2eB!kj uB&

mc
2 X11OS bdm

mc
2 D C

1OS b6dm3

mc
6 D . ~74!

Using Eqs.~65!–~71! yields for the LHS

(
n50

`

Fn
2~qW !Dn

35
qW 2^Bukj~hbd2eB!kj uB&

3mc
2 X11OS bdm

mc
2 D C

1
qW 4

mc
4

OS md
2b2dm

mc
2 D 1

qW 6

mc
6

O~md
3!

1OS b5dm2

mc
4 D . ~75!

The linearqW 2 term yields

(
n51

`

rn
2Dn

35
^Bukj~hbd2eB!kj uB&

3
X11OS bdm

mc
2 D C

5
1

3
^BuÔ1uB&X11OS bdm

mc
2 D C. ~76!

Similarly at higheri>3 one obtains at thebdm/mc
2 ac-

curacy

(
n51

`

rn
2Dn

i 5
1

3
^Bukj~hbd2eB! i 22kj uB&5

1

3
^BuÔi 22uB&.

~77!

These sum rules are used in the next section for comparison
of the exact decay rate with the OPE result and for analyzing
the duality-violation effects.

VI. SUMMATION OVER THE EXCLUSIVE CHANNELS

We now proceed to the summation of the exclusive chan-
nels. As the first step, let us show that there is an explicit
difference between the exclusive sum and the OPE series.

A. The origin of duality violation

Proceeding with the sum over the exclusive channels we
write
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G~B→Xcln!5
1

2p i (
n

` E dq2L~q2!E
C(q2)

dq0uqW u
uFn~qW !u2

Mb2q02En~qW !

5
1

2p i (
n

` E dq2L~q2!E
C(q2)

dq0uqW u
uFn~qW !u2

dm2
qW 2

2mc
2q01dn~qW !

5
1

2p i (
n

` E dq2L~q2!E
C(q2)

dq0uqW u
uFn~qW !u2

dm2
qW 2

2mc
2q0F 12

dn~qW !

dm2
qW 2

2mc
2q0

1•••G
5

1

2p i E dq2L~q2! (
n

n(q2) E
C(q2)

dq0uqW u
uFn~qW !u2

dm2
qW 2

2mc
2q0F 12

dn~qW !

dm2
qW 2

2mc
2q0

1•••G , ~78!

where in the RHSuqW u5A(q0)22q2. Notice that the sum is truncated at the propern(q2) which is the maximal number of
hadron resonances kinematically allowed at a given value ofq2, i.e., resonances satisfying the relationMn,MB2Aq2. The
contourC(q2) is responsible for this selection, since only the resonances enclosed by the contour contribute into the sum. All
states which are beyond this contour do not contribute.

Finally, the series~78! can be written in the form

G~B→Xcln!5E dq2L~q2!u~q2!E dq0dqW 2uqW ud„~q0!22q22qW 2
… (

n

n(q2)

uFn~qW !u2

3S 11dn~qW 2!
]

]dm
1

1

2
dn

2~qW 2!
]2

]dm2
1••• D dS q02

qW 2

2mc
2dmD . ~79!

On the other hand, the sum rules~67!–~74! allow us to rewrite the decay rate~32! in the form

GOPE~B→Xcln!5E dq2L~q2!u~q2!E dq0dqW 2uqW ud„~q0!22q22qW 2
…(

n

`

uFn~qW !u2

3S 11dn~qW 2!
]

]dm
1

1

2
dn

2~qW 2!
]2

]dm2
1••• D dS q02

qW 2

2mc
2dmD . ~80!

It is easy to see that the exact result and the result of the OPE
are different due to contributions of highly excited states:at
any q2 the OPE picks up also the contribution of the reso-
nances forbidden kinematically at this q2. Thus the accuracy
of duality is determined by the accuracy of violating the sum
rules connected with the truncation of the exclusive sum, and
is therefore connected with the convergence of these sums.

B. Sum of the exclusive channels and the accuracy of the OPE

We now calculate the individual decay rates keeping
terms of order (L2/mc

2)(dm/L)n in the decay rates but ne-
glecting higher orders (L3/mc

3)(dm/L)n. The necessary ex-
pressions with the relevant accuracy are given below.

uqW u in the free-quark decayb→cln at q2 has the form

uqW u5Adm22q2S 12
dm

2mc
1

3

8

dm2

mc
2

1
dm22q2

8mc
2 D .

~81!

The general expression foruqW u in the B→Dnln transition
at q2 reads

uqW un5AdMn
22q2S 12

dMn

2~mc1md!
1

3

8

dMn
2

~mc1md!2

1
dMn

22q2

8~mc1md!2D , ~82!

wheredMn5MB2Mn.dm2Dn2dmb0 /(2mc) from Eqs.
~50! and ~63!.
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The necessary accuracy for the transition into the ground
state is

uqW un505Adm2S 12
b0

2

2mc
2D 2

2q2S 12
dm

2~mc1md!

1
3

8

dm2

mc
2

1
dm22q2

8mc
2 D . ~83!

Recall thatb0
25^BukW21V1uB&.

For uqW unÞ0 less accuracy is enough since the contribution
of the Dn ,nÞ0 into the SL decay rate is suppressed by the
additional factorqW 2/mc

2 :

uqW unÞ05A~dm2Dn!22q2. ~84!

With these formulas foruqW u the decay rates of the exclu-
sive channels take the following form.

Free quark decayb→cln:

1

L~q2!

dG~b→cln!

dq2

5uqW uS 12
dm

mc
1

3

2

dm2

mc
2 2

q2

2mc
2D

5Adm22q2S 12
3

2

dm

mc
1

15

8

Dm2

mc
2 1

5

8

dm22q2

mc
2 D .

~85!

The B→D0ln channel

1

L~q2!

dG~B→D0ln!

dq2 5uqW un50S 12
dm

mc1md
1

3

2

dm2

mc
2

2
q2

2mc
2D 2

r0
2

mc
2 uqW un50

3 , ~86!

using the definition~56!.
The B→Dnln (nÞ0) channel:

1

L~q2!

dG~B→Dnln!

dq2 5
rn

2

mc
2 „~dm2Dn!22q2

…

3/2. ~87!

Now everything is ready for the calculation of the integrated
SL decay rate. We again considerL5(q2)N.

1. The integrated rate and the global duality

It is convenient to represent the results for the partial de-
cay rates in terms of their ratios to the free quark decay rate.
The latter has the form

G~b→cln!5~dm!2N13FA1/2
N S 12

3

2

dm

mc
1

15

8

dm2

mc
2 D

1
5

8
A3/2

N dm2

mc
2

1OS dm3

mc
3 D G . ~88!

Making use of the relation~38! we find

G~B→D0ln!

G~b→cln!
512

3r0
2

2N15

dm2

mc
2

1
3

2

md

11md /mc

dm

mc
2

2~2N13!
b0

2

2mc
2

, ~89!

G~B→Dnln!

G~b→cln!
5

dm2

mc
2

3rn
2

2N15 S 12
Dn

dmD N

5
3rn

2

2N15

dm2

mc
2

23~rn
2Dn!

dm

mc
2

1
1

mc
2

3 (
k52

2N15

~21!k
1

2N15
C2N15

k
~3rn

2Dn
k!

dmk22
.

~90!

Some remarks are in order.
~1! The main part of the OPE~i.e., the free quark decay!

is reproduced by theG(B→D0ln), within the leading and
the subleading 1/mc orders. The excited states contribute
only within the (dm)2/mc

2 and Ldm/mc
2 orders in the SV

limit.
~2! Nevertheless, each of the individual exclusive chan-

nels contains potentially large terms of the orderdm2/mc
2

andLdm/mc
2 which are absent in the OPE series.

Now summing over all exclusive channels we find

G~B→Xcln!

G~b→cln!
512

dm2

mc
2 S r0

22 (
n51

nmax

rn
2D 3

2N15
13

dm

mc
2 S 1

2

md

11md /mc
2 (

n51

nmax

rn
2DnD

2~2N13!
^BukW21V1uB&

2mc
2

1~2N14!

S (
n51

nmax

rn
2Dn

2D
2mc

2
1

1

mc
2dm

(
k53

2N15
~21!kC2N15

k

2N15

S 3 (
n51

nmax

rn
2Dn

kD
dmk23

. ~91!
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The sum over the charm resonance levels is truncated at
nmax, which is the number of the resonance levels opened at
q250. For the confining potential and in the SV limitnmax is
found from the relationDnmax

.dm.
Using the sum rules~66!–~77! to rewrite the OPE result

~39! as the sum over hadronic resonances, the difference be-
tween the OPE and the exclusive sum~the duality-violating
contribution! explicitly reads

GOPE~B→Xcln!2G~B→Xcln!

G~b→cln!

5
dm2

mc
2 (

k50

2N15
~21!kC2N15

k

2N15

d (k)

dmk
1O~L2dm/mc

3!,

~92!

where

d (k)[ (
n5nmax11

`

rn
2~Dn!k

5 (
n5nmax11

`

@r n
21O~Ldm/mc

2!#~Dn!k. ~93!

As expected, this duality-violating contribution is connected
with the charm resonance states forbidden kinematically in
the decay process. This kinematical truncation of the higher
resonances induces a violation of duality equal to
@(dm)22k/mc

2#d (k) for everyk,2N15.
To estimate the error induced by the truncation and thus

the size of the duality-violation effects, we need to know the
behavior of the excitation energies and the transition radii at
largen.

~1! For quite a general form of the confining potential we
can write the following relations forDn for large n ~recall
that in the SV limitDnmax

.dm):

Dnmax
5LC~nmax!

a5dm,

~94!
Dn>LCna, n.nmax,

with C anda some positive numbers. In particular, this esti-
mate is valid for the confining potentials with a power be-
havior at larger.

This estimate forDn is only depending on the behavior of
the potential at large distances (the infrared region).

~2! The transition radiir n
2 satisfy sum rules similar to sum

rules forrn
2 in Sec. V, namely6

(
n51

`

r n
25r 0

2 ,

(
n51

`

r n
2Dn5

md

2~11md /mc!
,

~95!

(
n51

`

r n
2~Dn!(k12)5

1

3
^D0ukj~hcd2eD0

!kkj uD0&,

k50,1,2, . . . .

Hence, the behavior of the radiir n
2 at largen are connected

with the finiteness of the RHS of the sum rules. We can
guarantee this for the Bjorken and Voloshin sum rules,
where finite values stand in the RHS~the ground state radius
r 0 is finite for the confining potential!. In general, the finite-
ness of the matrix elements of the operatorskj (hcd2e0)kkj
~such as, e.g., the kinetic energy of quarks in the ground
state! depend on the properties of the potential at smallr ~the
ultraviolat behavior! and probably also at larger ~the infra-
red behavior!.7 We have assumed throughout the paper that
the average kinetic energy of the light spectator quark in the
ground state is finite, i.e.,^D0ukW2uD0&.L2. This already re-
stricts some properties of the potential at smallr and pro-
vides convergency of one more sum rule in Eq.~95!. If, in
addition to this, we assume that the average values of the
operatorskj (hcd2eD0

)kkj for k51, . . . ,K over the ground
state are finite, then combining with the behavior of the en-
ergies at largen we come to the following estimate:

r n
2&

1

n11« S 1

naD 21K

, «.0. ~96!

This allows us to obtain the duality-violation originating
from the truncation of the various sum rules:

Bjorken:
dm2

mc
2

d (0)5
dm2

mc
2 (

nmax

r n
2&

dm2

mc
2 S 1

nmax
a D K12

.
L2

mc
2 S L

dmD K

,

Voloshin:
dm

mc
2

d (1)5
dm

mc
2 (

nmax

r n
2Dn&

dm

mc
2

LS 1

nmax
a D K11

.
L2

mc
2 S L

dmD K

. ~97!

Similar estimates can be done for higher moment sum rules.
One can see that the truncation error in any of the sum rules
leads to the duality-violation of the same order
O(L21K/mc

2dmK). An interesting feature about these esti-

6Notice that these relations are exact and do not have any 1/mc

corrections.

7We do not have a classical Wilsonian scheme where the ultravio-
let region is referred to the Wilson coefficients and the infrared
region is referred to the matrix elements of the operators, so we can
have these regions mixed.
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mates is that the dependence ona has disappeared from the
final result. Hence,the estimates are independent of the de-
tails of the potential at large r, provided the potential guar-
antees the confinement, i.e.,a is positive.

These are however rather crude estimates which do not
take into account further possible suppressions~due, e.g., to
the orthogonality of the wave functions of the groundn50
and the excited statesn.0). In such a case the real accuracy
is better, and might depend on the details of the potential
also at larger. In general, we can state that the truncation
~duality-violaiton! error occurs at the order

L2

mc
2 S L

dmD b

, ~98!

where the exponentb.0 depends on the properties of the
potential ~in general, both at short and long distances!. A
more detailed analysis of which potentials satisfy the above
requirements is beyond the scope of this paper and is left for
another publication@13#.

If we would like to have the truncation error of a higher
order in 1/mc , e.g. in O(L3/mc

3), this is not so straight.
Namely, in this case we need

d (k)

dmk
.OS L3

dm2mc
D . ~99!

As we have noticed, the series ford (k) in the main part does
not depend onmc , so the only possibility to have the relation
~99! fulfilled in the SV limit, is to haver n

250 starting from
some numbern. ~Exactly this situation takes place for the
HO potential where allD0→Dn transition radii forn.1 are
equal zero@17#!. In this case for large enough values ofdm,
the term proportional tor n

2 in Eq. ~93! disappears and the
second term provides the truncation error of the order
O(dm2L2/mc

4).
As we are going to show elsewhere, the accuracy of du-

ality of orderL3/mc
3 can be achieved if we keep a fixed ratio

dm/mc when mc→`. One can proceed exactly along the
same lines, but technically a bit different treatment is neces-
sary: namely, at several places throughout the paper terms of
the orderdm3/mc

3 have been omitted, and they should be
kept if the limit dm/mc5const is considered. This analysis
will be presented in@13#.

Finally, it is interesting to notice that all resonance levels
opened atq250 are contributing on equal footing to the sum
rules and therefore to the decay rate. So, a considerable delay
in opening channels with largen compared to the channels
with smalln with the increasing recoil does not matter at all.
This is a very important feature which basically determines a
high accuracy of the OPE calculation of the integrated decay
rate ~cf. @6,12#!.

2. The smeared q2 distribution and the local duality

The situation however differs considerably if we consider
the differential decay widths. We find it more physical to use
here the four vectorq2 variable. The region nearqmax

2 ~zero

recoil! is special: as we move to higherq2, the excited chan-
nels close one after another leaving ultimately only theD0
ground state opened.

Let us consider a partially integrated decay rate in theq2-
region above the threshold of theDn51 channel. In this case
the relation between the OPE and the exact result~which is
reduced in this case to the exclusiveB→D0ln decay! reads

E
(dm2D1)2

dm2

dq2
dG~B→Xcln!

dq2

5E
(dm2D1)2

dm2

dq2
dG~b→cln!

dq2 F11OS D1dm

mc
2 D G .

~100!

In this formula we have neglected a difference between the
upper boundaries of the quark and hadron channels of the
order L2/mc

2 . Equation~100! means that local duality near
maximalq2 is violated at orderO(L1dm/mc

2). As we have
seen, the dangerous terms of this order are cancelled in the
integrated rate against similar contributions of other channels
due to the Voloshin sum rule. However, theO(Ldm/mc

2)
violation of the local duality might have negative conse-
quences for the application of the method to the analysis of
the experimental results. For example this happens if one
observes only a small part of the phase space near maximal
q2 @6#.

VII. CONCLUSION

We have studied quark-hadron duality in decays of heavy
mesons in the SV limit using the nonrelativistic potential
model for the description of mesons asqq̄ bound states. Our
main results are as follows:

~1! The OPE is constructed and the followingL/mc and
L/dm double series is found for the integrated decay rate:

GOPE~B→Xcln!

G~b→cln!
511C0

^BukW21V1uB&

2mc
2

1~12C0!
^BukW2uB&

2mc
2

1 (
k51

k0

Ck

^BukW~hbd2eB!kkW uB&

2mc
2~dm!k

1OS L2dm

mc
3 D ,

where Ck are calculable constants andk0 depends on the
leptonic tensor.

~2! The HQ expansion of the transition form factors in the
nonrelativistic potential model is performed. A nonrelativis-
tic analog of the Luke theorem for the exclusive transition
form factor between the ground states is obtained.
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It is shown that the sum of the squares of theB→Dnln
transition form factors are expressed through the expectation
values of the operators emerging in the OPE series. These
nonrelativistic analogs of the Bjorken, Voloshin, and higher
order sum rules provide a bridge between the sum over ex-
clusive channels and the OPE series.

~3! The integrated decay rate is calculated by direct sum-
mation of exclusive channels. For the comparison of this
directly calculated G(B→Xcln) and the corresponding
GOPE(B→Xcln) the sum rules are necessary. A difference
~duality-violation! between the two expressions is observed.
As shown explicitly by the use of the sum rules, this differ-
ence is connected with the highercd̄ resonances which are
forbidden kinematically in the decay process but are implic-
itly taken into account in the OPE approach. Therefore the
accuracy of the OPE is directly related to the error induced
by the kinematical truncation in the sum rules~Bjorken, Vo-
loshin, etc!. The actual error depends on the convergence of
the series, i.e., on the nature of the potential. We have dis-
cussed the constraints on the latter convergence which lead
to the duality violation of orderO(L21b/mc

2dmb) with b
depending on the behavior of the potential both at the short
and long distances.

Up to the mentioned duality-violation, the agreement be-
tween the OPE and the exclusive sum is achieved within
different 1/mc orders due to different reasons:

The leading order and the subleadingdm/mc and L/mc
orders the free quark integrated decay rateG(b→cln) is
equal to the rate of the transition into the ground stateD0.
This is due to the specific behavior of the transition form
factor between the ground states near the zero recoil~Luke
theorem!. Also part of theL2/mQ

2 correction in the OPE

result proportional to thêBukW21V1uB& matches the contri-

bution of the ground stateD0 in the exclusive sum.
For higher order terms the agreement between the OPE

and the exclusive sum is a collective effect due to subtle
cancellations in the sum over exclusive channels:

Namely, each of the individual decay ratesG(B→Dnln)
contain potentially large terms of the orderdm2/mc

2 and
Ldm/mc

2 . These terms cancel in the exclusive sum due to the
Bjorken and Voloshin sum rules, respectively. The higher
order sum rules allow us to represent the contribution of
exclusive channels in terms of the average values of the op-
eratorsOi over theB-meson state.

~4! If the differential semileptonic decay widths are con-
sidered near maximumq2, the violation of the local duality
occurs at orderO(Ldm/mc

2).
Clearly, in QCD the situation is more complicated be-

cause of the multiparticleXc states, pion emission, hybrid
and multiquark exoticD mesons, radiative corrections. Nev-
ertheless the duality violation due to the kinematical trunca-
tion of the series should be quite similar to the case of non-
relativistic quantum mechanics. Also similar is the role of
the inclusive sum rules in obtaining the duality relations.
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Chapitre 2

Hypothèses de factorisation

Ce chapitre est dédié aux désintégrations non leptoniques des mésonsB : nous présen-
terons l’hypothèse de factorisation, le modèle QCDF qui est une amélioration apportée
à cette hypothèse et nous finirons par une confrontation d’un ensemble de données
expérimentales aux prédictions de ce modèle.

u cours du chapitre précédent, nous nous sommes uniquement intéressés aux

désintégrations semileptoniques des mésons B. Une autre classe de réactions est

formée par l’ensemble des désintégrations non leptoniques pour laquelle il est

tout aussi important d’avoir des outils capables de la décrire car les réactions de désintégra-

tion des B sont extrêmement bien étudiées et analysées du point de vue expérimental (un

thème d’étude important concerne bien sûr la violation de CP et la mesure des éléments

de matrice CKM du modèle standard). La difficulté théorique derrière la modélisation de

ces désintégrations non leptoniques est le calcul des éléments de matrice de transition des

opérateurs à quatre fermions : historiquement, une méthode énormément utilisée fut l’hypo-

thèse de factorisation, appelée (( factorisation näıve )) dans la suite (cf. paragraphe 2.2) puis,

plus récemment, une amélioration a été apportée ([22, 23, 24]) qui a conduit au modèle de

(( factorisation QCD )) (paragraphe 2.3).

Ce modéle de (( factorisation QCD )) (ou QCDF) a été appliqué aux procesus B → PP

(où P désigne un méson pseudoscalaire) et nous avons réalisé une étude similaire pour

les désintégrations B → PV (V désigne un méson vectoriel), dans le but de confronter les

prédictions théoriques de ce modèle amélioré à un ensemble exhaustif de données accessibles

fournies par la communauté expérimentale (paragraphe 2.4 et suivants).
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2.1 Dynamique de la désintégration

Pour décrire les désintégrations B → PV , il nous faut calculer les éléments de matrice

〈PV |Heff |B〉 sachant que Heff est le hamiltonien effectif habituel :

Heff =
GF√

2

∑
p=u,c

λp

(
C1Q

p
1 + C2Q

p
2 +

∑
i=3,...,10

CiQi + C7γ Q7γ + C8g Q8g

)
+ h.c.

où Ci sont les coefficients de Wilson qui contiennent les contributions à courte distance, λp

s’expriment en terme des éléments de matrice CKM selon λp = VpbV
∗
ps ou VpbV

∗
pd et Qi

désignent les opérateurs locaux :

Õ arbre

Qp
1 = (p̄b)V−A(s̄p)V−A Qp

2 = (p̄ibj)V−A(s̄jpi)V−A

Õ pingouins

Q3 = (s̄b)V−A

∑
q (q̄q)V−A Q4 = (s̄ibj)V−A

∑
q (q̄jqi)V−A

Q5 = (s̄b)V−A

∑
q (q̄q)V +A Q6 = (s̄ibj)V−A

∑
q (q̄jqi)V +A

Q7 = (s̄b)V−A

∑
q

3
2
eq(q̄q)V +A Q8 = (s̄ibj)V−A

∑
q

3
2
eq(q̄jqi)V +A

Q9 = (s̄b)V−A

∑
q

3
2
eq(q̄q)V−A Q10 = (s̄ibj)V−A

∑
q

3
2
eq(q̄jqi)V−A

Õ dipôle

Q7γ =
−e
8π2

mb s̄σµν(1 + γ5)F
µνb Q8g =

−gs

8π2
mb s̄σµν(1 + γ5)G

µνb

2.2 La factorisation “näıve”

Considérons la désintégration générique B → M1M2 (M1 et M2 désignent les mésons de

l’état final). Alors, dans cette hypothèse, les éléments de transition des opérateurs à quatre

fermions sont écrits comme le produit de deux éléments de transition à deux fermions

(B → M1) × (vide → M2) ; autrement dit, les éléments de l’état final (( ne parlent pas ))

(décorrélation de couleur), par échange de gluons, entre eux et avec le reste. Par exemple :
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désignent les opérateurs locaux :

! arbre

Qp
1 = (p̄b)V −A(s̄p)V −A Qp

2 = (p̄ibj)V −A(s̄jpi)V −A

! pingouins

Q3 = (s̄b)V −A

∑

q (q̄q)V −A Q4 = (s̄ibj)V −A

∑

q (q̄jqi)V −A

Q5 = (s̄b)V −A

∑

q (q̄q)V +A Q6 = (s̄ibj)V −A

∑

q (q̄jqi)V +A

Q7 = (s̄b)V −A

∑

q
3
2eq(q̄q)V +A Q8 = (s̄ibj)V −A

∑

q
3
2eq(q̄jqi)V +A

Q9 = (s̄b)V −A

∑

q
3
2eq(q̄q)V −A Q10 = (s̄ibj)V −A

∑

q
3
2eq(q̄jqi)V −A

! dipôle

Q7γ =
−e

8π2
mb s̄σµν(1 + γ5)F

µνb Q8g =
−gs

8π2
mb s̄σµν(1 + γ5)G

µνb
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Considérons la désintégration générique B → M1M2 (M1 et M2 désignent les mésons

de l’état final). Alors, dans cette hypothèse, les éléments de transition des opérateurs à

quatre fermion sont écrits comme le produit de deux éléments de transition à deux fermions

(B → M1) × (vide → M2) ; autrement dit, les éléments de l’état final !! ne parlent pas "",

par échange de gluon, entre eux et avec le reste. Par exemple :

b

c

u

d

W

〈π D|(ū γµ d)(c̄ γµ b)|B̄o〉 = 〈D|c̄γµ b|B̄o〉 × 〈π|ū γµ d|0〉

Cette hypothèse produit en général des prédictions convenables mais il est connu qu’elle

présente plusieurs défauts comme une mauvaise dépendance en échelle de renormalisation

des résultats (due aux dimensions anomales des éléments de matrice qui sont incorrectes).

〈πD|(ū γµ d)(c̄ γ
µ b)|B̄o〉 = 〈D|c̄ γµ b|B̄o〉 × 〈π|ū γµ d|0〉

Cette hypothèse produit en général des prédictions convenables mais il est connu qu’elle

présente plusieurs défauts comme une mauvaise dépendance en échelle de renormalisation

des résultats (due aux dimensions anomales des éléments de matrice qui sont incorrectes).
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2.3 La factorisation QCD (QCDF)

QCDF repose sur la considération suivante : lors de la désintégration B → M1M2, où l’un

des deux mésons finaux est un méson léger, la masse du quark b est grande devant l’échelle

d’énergie de l’interaction forte si bien que les contributions dues aux échanges de gluons

mous dans l’état final deviennent négligeables. En conséquence, les transitions B → M1M2

s’écrivent à l’aide d’éléments de matrice factorisés et de coefficients (( non-factorisables )),

c’est-à-dire des termes correctifs en fait, qui peuvent être calculés de façon perturbative.

Autrement dit, QCDF correspond à un double développement perturbatif en :


αs : corrections QCD (gluons durs) calculables perturbativement
ΛQCD

mb

: corrections de masse lourde (peu connues)

(Le terme d’ordre zéro redonne la factorisation (( näıve )))

Plus précisément, QCDF permet d’écrire l’élément de matrice d’un opérateur local Qi

comme une somme de deux termes :
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Autrement dit, QCDF correspond à un double développement perturbatif en :







αS : corrections QCD (gluons durs) calculables perturbativement
ΛQCD

mb
: corrections de masse lourde (peu connues en fait)

(Le terme d’ordre zéro redonne la factorisation !! näıve "")

Plus précisément, QCDF permet d’écrire l’élément de matrice d’un opérateur local Qi

comme une somme de deux termes :

〈M1 M2|Qi|B〉 = F B→P
1 T I

V,i " fV ΦV + AB→V
0 T I

P,i " fP ΦP + T II
i " fBΦB " fV ΦV " fP ΦP

avec les notations suivantes :

! F B→P , AB→V : facteurs de forms des transitions B → P et B → V

! Φi : amplitude de distribution sur le cône de lumière des mésons B, V et P

! " : désigne une intégration sur les fractions de quantité de mouvement des quarks consi-

tuants des mésons (en variables cône de lumière)

! fi : constantes de désintégration des mésons B, V et P

! T (I) et T (II) : noyaux de diffusion calculés perturbativement en αs ; T (I) correspond aux

diagrammes de corrections de vertex et de pingoin et T (II) correspond à l’interaction

par gluon dur avec le quark spectateur du méson B

〈M1M2|Qi|B〉 = FB→P
1 T I

V,i ? fV ΦV + AB→V
0 T I

P,i ? fP ΦP + T II
i ? fBΦB ? fV ΦV ?fP ΦP

avec les notations suivantes :

I FB→P , AB→V : facteurs de forme des transitions B → P et B → V

I Φi : amplitude de distribution sur le cône de lumière des mésons B, V et P

I ? : désigne une intégration sur les fractions de quantité de mouvement des quarks consti-

tuants des mésons (en variables cône de lumière)

I fi : constantes de désintégration des mésons B, V et P

I T (I) et T (II) : noyaux de diffusion calculés perturbativement en αs ; T (I) correspond aux

diagrammes de corrections de vertex et de pingouin et T (II) correspond à l’interaction

par gluon dur avec le quark spectateur du méson B
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Une représentation graphique de ces noyaux est donnée dans la figure suivante :
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













noyau T (I)

}

noyau T (II)

Finalement, en revenant aux désintégrations B → PV , les éléments de matrice dans la

limite de masse infinie s’écrivent :

A (B→PV ) =
GF√

2

∑

p=u,c

10
∑

i=1

λp ap
i 〈P V |Oi|B〉nf (2.1)

où ai contient les effets !! non factorisables "" (développement en αs) et 〈P V |Oi|B〉nf est

l’élément de matrice factorisé au sens de la !! factorisation näıve ""

Remarque. À cette expression, il faut aussi rajouter la contribution suivante (terme d’an-

nihilation) qui, bien que d’ordre
ΛQCD

mb
, peut néanmoins contribuer de façon non négligeable

à cause des corrections de QCD :

A
ann(B→PV ) ∝ fB fP fV

∑

λp bi

où bi sont des paramètres caractéristiques de l’annihilation.

Il existe encore d’autres termes qui sont formellement d’ordre
ΛQCD

mb
mais qui doivent être

pris en compte : il se trouve en effet que, dans (2.1), certains ai multiplient des éléments de

matrice qui sont supprimés par des puissances de rapports de la forme (par exemple pour

le canal B → K π) :

rK
χ =

2 m2
K

mb (mq + ms)
q = u, d

Or, bien que rK
χ soit littéralement d’ordre O

(
ΛQCD

mb

)

, il est numériquement plus proche

de l’ordre O(1) car le facteur
1

mb
est compensé par le terme en

m2
K

mq + ms
.

Autre remarque. Les noyaux T II présentent des singularités de bord qui proviennent

d’intégrales de la forme

1∫

0

dy

1 − y
(y est relié à l’impulsion de l’antiquark du méson formé


noyau T (I)

14 Chapitre 2 - Hypothèses de factorisation
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nihilation) qui, bien que d’ordre
ΛQCD

mb

, peut néanmoins recevoir une contribution non

négligeable des corrections de QCD :
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Une représentation graphique de ces noyaux est donnée dans la figure suivante :
















noyau T (I)

}

noyau T (II)

Finalement, en revenant aux désintégrations B → PV , les éléments de matrice dans la

limite de masse infinie s’écrivent :

A (B→PV ) =
GF√

2

∑

p=u,c

10
∑

i=1

λp ap
i 〈P V |Oi|B〉nf (2.1)

où ai contient les effets !! non factorisables "" (développement en αs) et 〈P V |Oi|B〉nf est

l’élément de matrice factorisé au sens de la !! factorisation näıve ""

Remarque. À cette expression, il faut aussi rajouter la contribution suivante (terme d’an-

nihilation) qui, bien que d’ordre
ΛQCD

mb
, peut néanmoins contribuer de façon non négligeable

à cause des corrections de QCD :

A
ann(B→PV ) ∝ fB fP fV

∑

λp bi

où bi sont des paramètres caractéristiques de l’annihilation.

Il existe encore d’autres termes qui sont formellement d’ordre
ΛQCD

mb
mais qui doivent être

pris en compte : il se trouve en effet que, dans (2.1), certains ai multiplient des éléments de

matrice qui sont supprimés par des puissances de rapports de la forme (par exemple pour

le canal B → K π) :

rK
χ =

2 m2
K

mb (mq + ms)
q = u, d

Or, bien que rK
χ soit littéralement d’ordre O

(
ΛQCD

mb

)

, il est numériquement plus proche

de l’ordre O(1) car le facteur
1

mb
est compensé par le terme en

m2
K

mq + ms
.

Autre remarque. Les noyaux T II présentent des singularités de bord qui proviennent

d’intégrales de la forme

1∫

0

dy

1 − y
(y est relié à l’impulsion de l’antiquark du méson formé

A ann(B→PV ) ∝ fB fP fV

∑
λp bi

où bi sont des paramètres caractéristiques de l’annihilation.

Il existe encore d’autres termes qui sont formellement d’ordre
ΛQCD

mb

mais qui doivent être

pris en compte : il se trouve en effet que, dans (2.1), certains ai multiplient des éléments de

matrice qui sont supprimés par des puissances de rapports de la forme (par exemple pour

le canal B → K π) :

rK
χ =

2m2
K

mb (mq +ms)
q = u, d

Or, bien que rK
χ soit littéralement d’ordre O

(
ΛQCD

mb

)
, il est numériquement plus proche

de l’ordre O(1) car le facteur
1

mb

est compensé par le terme en
m2

K

mq +ms

.

Autre remarque. Les noyaux T II présentent des singularités de bord qui proviennent

d’intégrales de la forme

1∫
0

dy

1− y
(y est relié à l’impulsion de l’antiquark du méson formé
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à partir du quark spectateur du méson B initial) qui divergent logarithmiquement. On

s’attend à ce que des effets non-perturbatifs adoucissent ces singularités mais... on ne sait

pas les calculer. Aussi, nous paramétrons pour chaque méson ces intégrales par XH =

(1 + ρH e
i ϕH ) ln

mB

Λh

ce qui introduit deux nouveaux paramètres dans le modèle (ρH ≤ 1 et

la phase arbitraire ϕH).

Notons enfin qu’un phénomène similaire se produit pour les termes d’annihilation A ann et

que l’on introduit également XA = (1 + ρA e
i ϕA) ln

mB

Λh

.

2.4 Analyse et premiers résultats

2.4.1 Principe de l’analyse

Afin de confronter QCDF aux données, nous avons commencé par compiler un ensemble

exhaustif de résultats expérimentaux fournis par les collaborations Babar, Belle et CLEO ; en

les combinant, nous en avons déduit une valeur centrale ainsi que les erreurs correspondantes

pour chaque canal possible.

Dans le même temps, nous avons entré dans Mathematica toutes les relations du modèle

présenté dans la section précédente permettant de calculer tous les rapports d’embranche-

ment possibles (les formules utilisées sont recensées dans [25]). Les paramètres importants

du modèle sont :

Õ les facteurs de forme AB→ρ, AB→ω, AB→K∗
, FB→π et FB→K

Õ la constante de désintégration fB

Õ les facteurs CKM Ru, Rc et γ

Õ la masse ms, l’échelle d’énergie µ

Õ ρA and ϕA (nous avons pris XH = XA pour tous les mésons, ce qui constitue une

hypothèse simplificatrice grossière et pas vraiment justifiable physiquement)

Õ λB (amplitudes de distribution)

Enfin, nous avons réalisé l’analyse proprement dite :

1o Tout d’abord, nous avons utilisé les valeurs expérimentales pour ajuster les para-

mètres du modèle (par minimisation de χ2) en contraignant les valeurs possibles de

ces paramètres théoriques dans des intervalles bien définis (le choix de ces intervalles

provient de la littérature, cf. références dans [25]). Puis, à partir de ces paramètres

qui donnent le meilleur ajustement, nous avons calculé nos prédictions théoriques

(taux d’embranchement, asymétries CP).
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2o Enfin, nous avons réalisé un (( test de qualité )), relatif à l’accord entre les mesures et

nos prédictions, fondé sur un test de type (( goodness-of-fit )) à base de Monte-Carlo :

- les erreurs expérimentales de chaque mesure sont utilisées pour générer de nou-

velles valeurs distribuées autour des rapports d’embranchement et des asymé-

tries CP obtenus dans l’ajustement précédent (avec une probabilité gaussienne)

- un nouvel ajustement, du même type que celui exécuté sur les données expéri-

mentales réelles, est réalisé en utilisant ces nouvelles données simulées : le χ2

obtenu est enregistré dans un histogramme H(χ2)

- finalement, on compare le χ2
data obtenu à partir des mesures expérimentales avec

le χ2 que l’on obtiendrait si nos prédictions étaient correctes et un niveau de

confiance CL est calculé suivant :

CL =

∫
χ2>χ2

data

H(χ2) dχ2

∫
χ2>0

H(χ2) dχ2

3o Nous n’avons pas pris en compte les canaux faisant intervenir des processus à deux

gluons (donc rejeté les canaux contenant des mésons η′).

2.4.2 Présentation des résultats : premier scénario

Dans ce premier scénario, tous les paramètres du modèle sont laissés libres ; alors, l’ajuste-

ment avec les valeurs expérimentales produit le résultat suivant :

Paramètre Domaine Scénario no 1

γ (deg) libre 99.955

ms (GeV) [0.085,0.135] 0.085

µ (GeV) [2.1,8.4] 3.355

ρA [−1,1] 1.000

φA(deg) [−180,180] −22.928

λB (GeV) [0.2,0.5] 0.500

fB (GeV) [0.14,0.22] 0.220

Ru [0.35,0.49] 0.350

Rc [0.018,0.025] 0.018

AB→ρ
0 [0.3162,0.4278] 0.373

FB→π
1 [0.23,0.33] 0.330

AB→ω
0 [0.25,0.35] 0.350

AB→K∗
0 [0.3995,0.5405] 0.400

FB→K
1 [0.28,0.4] 0.333
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Notons que beaucoup de paramètres prennent l’une de leurs deux valeurs extrêmes. À

partir de ces paramètres, les prédictions théoriques calculées sont regroupées dans le tableau

suivant :

Canaux Expérience Scénario no 1

Prédiction χ2

BR(B
0 → ρ0 π0) 2.07± 1.88 0.132 1.1

BR(B
0 → ρ+ π−) 11.023

BR(B
0 → ρ− π+) 18.374

BR(B
0 → ρ± π∓) 25.53± 4.32 29.397 0.8

BR(B− → ρ0 π−) 9.49± 2.57 9.889 0.0

BR(B− → ω π−) 6.22± 1.7 6.002 0.0

BR(B− → Φ π−) 0.004

BR(B− → ρ− π0) 9.646

BR(B− → K∗−K0) 0.457

BR(B− → K∗0K−) 0.490

BR(B
0 → ρ0K

0
) 5.865

BR(B
0 → ωK

0
) 6.34± 1.82 2.318 4.9

BR(B
0 → ρ+K−) 15.88± 4.65 6.531 4.0

BR(B
0 → K∗− π+) 19.3± 5.2 9.760 3.4

BR(B− → K∗− π0) 7.1± 11.4 7.303 0.0

BR(B
0 → ΦK

0
) 8.72± 1.37 8.360 0.1

BR(B− → K
∗0
π−) 12.12± 3.13 7.889 1.8

BR(B− → ρ0K−) 8.92± 3.6 1.882 3.8

BR(B− → ρ−K
0
) 7.140

BR(B− → ωK−) 2.92± 1.94 2.398 0.1

BR(B− → ΦK−) 8.88± 1.24 8.941 0.0

BR(B
0 → K

∗0
η) 16.41± 3.21 22.807 4.0

BR(B− → K∗− η) 25.4± 5.6 17.855 1.8

Nous observons que le modèle fonctionne bien pour les canaux non-étranges et qu’il y a des

problèmes pour les canaux étranges (à part B → ΦK).

Si nous retirons de l’étude les canaux contenant un K∗, alors il y a accord global entre

QCDF et les valeurs expérimentales (cette conclusion est en accord avec [26].).
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Pour ce qui est des asymétries CP, nous obtenons les résultats regroupés dans le tableau

ci-après :

Expérience Scénario no 1

Prédiction χ2

∆ Cρπ 0.38± 0.23 0.250
 8.1/4

Cρπ 0.45± 0.21 0.019

Aρ π
CP −0.22± 0.11 -0.015

Aρ K
CP 0.19± 0.18 0.060

Aω π−
CP −0.21± 0.19 -0.072 0.5

Aω K−
CP −0.21± 0.28 0.029 0.7

Aη K∗−

CP −0.05± 0.3 -0.138 0.1

Aη K
∗0

CP 0.17± 0.28 -0.186 1.6

Aφ K−

CP −0.05± 0.2 0.006 0.1

36.9

Expérience Scénario no 1

Aρ+ π−

CP −0.82± 0.31± 0.16 -0.04

Aρ− π+

CP −0.11± 0.16± 0.09 -0.0002

Il apparâıt que les asymétries CP directes sont sous-estimées (surtout le canal B → ρ+ π−

dont l’expérience prédit une contribution plutôt importante).

Enfin, le test (( goodness of fit )) nous donne :
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et le niveau de confidence du modèle calculé est inférieur à 0.1%.
et le niveau de confiance du modèle calculé est inférieur à 0.1% ce qui semble dire que les

données expérimentale excluent le modèle...
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2.4.3 Résumé

Il y a des problèmes avec les canaux faisant intervenir un quark étrange : ils sont sous-estimés

par le modèle QCDF. De même, les asymétries CP directes sont aussi sous-estimées dans

les canaux non-étranges. Et enfin, il y a accord avec les données expérimentales lorsque les

canaux K∗ ne sont pas pris en compte.

2.5 Les “pingouins charmés”

Pour tenter de faire mieux coller les prédictions de QCDF aux données expérimentales,

il faudrait trouver un mécanisme non-perturbatif qui augmente les contributions des dia-

grammes pingouins |P | dans les canaux étranges (cela permettrait d’augmenter les rapports

d’embranchement) ainsi que le rapport |P |/|T | dans les canaux non étranges (ce qui aug-

menterait également les asymétries CP). Aussi avons-nous utilisé un modèle d’interaction à

longue distance : le modèle des pingouins charmés.

2.5.1 Philosophie du modèle

L’idée de ce modèle est que le quark c n’est pas si lourd que cela et donc qu’il peut se

propager.... d’où un opérateur correspondant non local :
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canaux K∗ ne sont pas pris en compte.

2.5 Les “pingouins charmés”

Pour tenter de faire mieux coller les prédictions de QCDF aux données expérimentales,

il faudrait trouver un mécanisme non-perturbatif qui augmente les contributions des dia-

grammes pingouins |P | dans les canaux étranges (cela permettrait d’augmenter les rapports

d’embranchement) ainsi que le rapport |P |/|T | dans les canaux non étranges (ce qui aug-

menterait également les asymétries CP). Aussi avons-nous utilisé un modèle d’interaction à

longue distance : le modèle des pingouins charmés.

2.5.1 Philosophie du modèle

L’idée de ce modèle est que le quark c n’est pas si lourd que cela et donc qu’il peut se

propager.... d’où un opérateur correspondant non local :

b

B

W

s

d̄, ū

c

c̄

q

q̄

D̄s + D
P + V

Il y a création d’un état hadronique intermédiaire (le système D̄s + D) qui peut se propager

à longue distance puis, finalement, la paire cc̄ s’annihile par interaction forte en une paire

de quarks légers pour donner à la fin deux mésons légers.

En pratique, cela revient à ajouter à l’élément de matrice de transition B → PV une

amplitude constante, qui devra être ajustée ; typiquement, cette amplitude est de la forme :

A
LD(B → PV ) =

GF√
2
m2

Bλc(CGP AP + CGV AV )

(CG : coefficients de Clebsch-Gordan de SU(3) de saveur)

Il y a création d’un état hadronique intermédiaire (le système D̄s + D) qui peut se propager

à longue distance puis, finalement, la paire cc̄ s’annihile par interaction forte en une paire

de quarks légers pour donner à la fin deux mésons légers.

En pratique, cela revient à ajouter à l’élément de matrice de transition B → PV une

amplitude constante, qui devra être ajustée ; typiquement, cette amplitude est de la forme :

A LD(B → PV ) =
GF√

2
m2

Bλc(CG
P AP + CGV AV )

(CG : coefficients de Clebsch-Gordan de SU(3) de saveur)
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Deux paramètres supplémentaires sont donc rajoutés aux modèle initial : AP et AV

2.5.2 Nouveaux résultats : second scénario

Les nouvelles valeurs des paramètres ajustés sont alors :

Paramètre Domaine Scénario no 2

γ (deg) [34◦,82◦] 81.933

ms (GeV) [0.085,0.135] 0.085

µ (GeV) [2.1,8.4] 5.971

ρA [−1,1] 1.000

φA(deg) [−180,180] −87.907

λB (GeV) [0.2,0.5] 0.500

fB (GeV) [0.14,0.22] 0.203

Ru [0.35,0.49] 0.350

Rc [0.018,0.025] 0.018

AB→ρ
0 [0.3162,0.4278] 0.377

FB→π
1 [0.23,0.33] 0.301

AB→ω
0 [0.25,0.35] 0.326

AB→K∗
0 [0.3995,0.5405] 0.469

FB→K
1 [0.28,0.4] 0.280

Re[AP ] [−0.01,0.01] 0.00253

Im[AP ] [−0.01,0.01] −0.00181

Re[AV ] [−0.01,0.01] −0.00187

Im[AV ] [−0.01,0.01] 0.00049

Nous notons là encore que certains des paramètres prennent une de leurs valeurs extrêmes.

Par ailleurs, les valeurs des termes du modèle des pingouins charmés sont plutôt petites

(principalement à cause du canal B → ΦK qui est en bon accord avec QCDF 1 et donc qui

limite énormément l’introduction d’un terme de longue distance).

Quant aux rapports d’embranchement, ils sont rassemblés dans le tableau suivant :

Canaux Expérience Scénario no 2

Prédiction χ2

BR(B
0 → ρ0 π0) 2.07± 1.88 0.177 1.0

BR(B
0 → ρ+ π−) 10.962

BR(B
0 → ρ− π+) 17.429

BR(B
0 → ρ± π∓) 25.53± 4.32 28.391 0.4

1. Bien que les canaux étranges soient généralement sous-estimés par QCDF, les canaux ss̄s constituent
une exception.
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Canaux Expérience Scénario no 2

Prédiction χ2

BR(B− → ρ0 π−) 9.49± 2.57 7.879 0.4

BR(B− → ω π−) 6.22± 1.7 5.186 0.4

BR(B− → Φ π−) 0.003

BR(B− → ρ− π0) 11.404

BR(B− → K∗−K0) 0.788

BR(B− → K∗0K−) 0.494

BR(B
0 → ρ0K

0
) 8.893

BR(B
0 → ωK

0
) 6.34± 1.82 5.606 0.2

BR(B
0 → ρ+K−) 15.88± 4.65 14.304 0.1

BR(B
0 → K∗− π+) 19.3± 5.2 10.787 2.7

BR(B− → K∗− π0) 7.1± 11.4 8.292 0.0

BR(B
0 → ΦK

0
) 8.72± 1.37 8.898 0.0

BR(B− → K
∗0
π−) 12.12± 3.13 11.080 0.1

BR(B− → ρ0K−) 8.92± 3.6 5.655 0.8

BR(B− → ρ−K
0
) 14.006

BR(B− → ωK−) 2.92± 1.94 6.320 3.1

BR(B− → ΦK−) 8.88± 1.24 9.479 0.2

BR(B
0 → K

∗0
η) 16.41± 3.21 18.968 0.6

BR(B− → K∗− η) 25.4± 5.6 15.543 3.1

et pour les asymétries CP , nous obtenons :

Expérience Scénario no 2

Prédiction χ2

∆ Cρπ 0.38± 0.23 0.228
 3.9/4

Cρπ 0.45± 0.21 0.092

Aρ π
CP −0.22± 0.11 -0.115

Aρ K
CP 0.19± 0.18 0.197

Aω π−
CP −0.21± 0.19 -0.198 0.0

Aω K−
CP −0.21± 0.28 0.189 2.0

Aη K∗−

CP −0.05± 0.3 -0.217 0.3

Aη K
∗0

CP 0.17± 0.28 -0.158 1.4

Aφ K−

CP −0.05± 0.2 0.005 0.1

20.8
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Expérience Scénario no 2

Aρ+ π−

CP −0.82± 0.31± 0.16 -0.23

Aρ− π+

CP −0.11± 0.16± 0.09 0.04

L’accord avec l’expérience est amélioré (comme il était prévu) et nous avons bien obtenu

une augmentation des asymétries CP . Enfin, le test (( goodness of fit )) nous donne :
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correspondant à un niveau de confidence inférieur à 7.7%. Le modèle ne peut donc pas être

exclus par les données expérimentales.

2.6 Conclusions

Au vu de l’étude précédente, il apparâıt qu’il est impossible de faire un ajustement correct

des données expérimentales avec le modèle de factorisation amélioré QCDF ; la raison à

l’origine de cet échec est une estimation trop faible par QCDF des canaux étranges (excepté

le canal B → ΦK) ainsi qu’une valeur pour les asymétries CP directes non-étranges B →
ρ+π− bien plus petite que la valeur expérimentale. Par ailleurs, le test !! goodness of fit ""

rejette le modèle (0.1%) dont les valeurs ajustées ont d’ailleurs tendance à vouloir sortir de

leur domaine de variation autorisé. Un ajustement réalisé sans les canaux K∗ améliore, de

fait, les résultats de manière significante.

Afin d’augmenter les amplitudes P par rapport aux amplitudes T , dans le but de corriger le

problème précédemment mentionné, nous avons rajouté des termes d’interaction à longue

distance (les pingouins charmés) ; les modifications introduites ne permettent plus vraiment

d’exclure le modèle (niveau de confiance du test !! goodness of fit "" de l’ordre de 8%)

mais un certain nombre de paramètres prennent encore une de leurs valeurs limites et les

contributions des pingouins charmés ajustées sont relativement faibles. Même si le modèle

a été amélioré, ce n’est pas encore très convaincant.

En résumé, la situation pour QCDF vis-à-vis des données expérimentales ne semble pas très

bonne et peut-être faudra-t-il considérer l’évolution des mesures fournies par les expérimen-

tateurs pour affiner le test ; en effet, la prise en compte de données plus récentes concernant
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l’origine de cet échec est une estimation trop faible par QCDF des canaux étranges (excepté

le canal B → ΦK) ainsi qu’une valeur pour les asymétries CP directes non-étranges B →
ρ+π− bien plus petite que la valeur expérimentale. Par ailleurs, le test (( goodness of fit ))

rejette le modèle (0.1%) dont les valeurs ajustées ont d’ailleurs tendance à vouloir sortir de

leur domaine de variation autorisé. Un ajustement réalisé sans les canaux K∗ améliore, de

fait, les résultats de manière significante.

Afin d’augmenter les amplitudes P par rapport aux amplitudes T , dans le but de corriger le

problème précédemment mentionné, nous avons rajouté des termes d’interaction à longue

distance (les pingouins charmés) ; les modifications introduites ne permettent plus vraiment

d’exclure le modèle (niveau de confiance du test (( goodness of fit )) de l’ordre de 8%)

mais un certain nombre de paramètres prennent encore une de leurs valeurs limites et les

contributions des pingouins charmés ajustées sont relativement faibles. Même si le modèle

a été amélioré, ce n’est pas encore très convaincant.
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En résumé, la situation pour QCDF vis-à-vis des données expérimentales ne semble pas

très bonne et peut-être faudra-t-il considérer l’évolution des mesures fournies par les ex-

périmentateurs pour affiner le test ; en effet, la prise en compte de données plus récentes

concernant les canaux B → ρπ et B → ρK de la collaboration Babar ont augmenté le

niveau de confiance de QCDF jusqu’à 1% et diminué celui du modéle (( pingouins charmés ))

à 3%...
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Testing QCD factorization and charming penguin diagrams in charmlessB\PV
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We try a global fit of the experimental branching ratios andCP asymmetries of the charmlessB→PV
decays according to QCD factorization. We find it impossible to reach satisfactory agreement, the confidence
level ~C.L.! of the best fit being smaller than 0.1%. The main reason for this failure is the difficulty to
accommodate several large experimental branching ratios of the strange channels. Furthermore, experiment

was not able to exclude a large directCP asymmetry inB0̄→r1p2, which is predicted to be very small by
QCD factorization. Trying a fit with QCD factorization complemented by a charming-penguin-diagram-
inspired model we reach a best fit which is not excluded by experiment~C.L. of about 8%! but is not fully
convincing. These negative results must be tempered by the remark that some of the experimental data used are
recent and might still evolve significantly.

DOI: 10.1103/PhysRevD.67.094019 PACS number~s!: 13.25.Hw

I. INTRODUCTION

It is an important theoretical challenge to master the non-
leptonic decay amplitudes and particularlyB nonleptonic de-
cay. It is not only importantper se, in view of the many
experimental branching ratios which have been measured re-
cently with increasing accuracy by BaBar@1–10#, Belle @11–
15#, and CLEO@16–21#, but it is also necessary in order to
get control over the measurement ofCP violating param-
eters and particularly the so-called anglea of the unitarity
triangle. It is well known that extractinga from measured
indirect CP asymmetries needs a sufficient control of the
relative size of the so-called tree~T! and penguin~P! ampli-
tudes.

However, the theory of nonleptonic weak decays is a dif-
ficult issue. Lattice QCD gives predictions for semileptonic
or purely leptonic decays but not directly for nonleptonic
ones. For a while, one has used what is now called ‘‘naive
factorization’’ which replaces the matrix element of a four-
fermion operator in a heavy-quark decay by the product of
the matrix elements of two currents, one semileptonic matrix
element and one purely leptonic. It has been noticed for a
while that naive factorization did provide reasonable results,
although it was impossible to derive it rigorously from QCD
except in theNc→` limit. It is also well known that the
matrix elements computed via naive factorization have a
wrong anomalous dimension.

Recently an important theoretical progress has been per-
formed @22,23# which is commonly called ‘‘QCD factoriza-
tion.’’ It is based on the fact that theb quark is heavy com-

pared to the intrinsic scale of strong interactions. This allows
one to deduce that nonleptonic decay amplitudes in the
heavy-quark limit have a simple structure. It implies that
corrections termed ‘‘nonfactorizable,’’ which were thought to
be intractable, can be calculated rigorously. The anomalous
dimension of the matrix elements is now correct to the order
at which the calculation is performed. Unluckily the sublead-
ing O(L/mb) contributions cannot in general be computed
rigorously because of infrared singularities, and some of
these which are chirally enhanced are not small, of order
O„mp

2 /mb(mu1md)…, which shows that the inversemb

power is compensated bymp /(mu1md). In the seminal pa-
pers of@22,23#, these contributions are simply bounded ac-
cording to a qualitative argument which could as well justify
a significantly larger bound with the risk of seeing these
unpredictable terms become dominant. It is then of utmost
importance to check experimentally QCD factorization
~QCDF!.

Since a few years, it has been applied toB→PP ~two
charmless pseudoscalar mesons! decays. The general feature
is that the decay to nonstrange final states is predicted to be
slightly larger than experiment while the decay to strange
final states is significantly underestimated. In@23# it is
claimed that this can be cured by a value of the unitarity-
triangle angleg larger than generally expected, larger maybe
than 90 °. Taking also into account various uncertainties the
authors conclude positively as for the agreement of QCD
factorization with the data. In@24,25# it was objected that the
large branching ratios for strange channels argued in favor of
the presence of a specific nonperturbative contribution called
‘‘charming penguin diagrams’’@25–30#. We will return to
this approach later.

The B→PV ~charmless pseudoscalar1 vector mesons!
channels are more numerous and allow a more extensive
check. In Ref.@31# it was shown that naive factorization

implied a rather smalluPu/uTu ratio, for theB0̄→r6p7 de-
cay channel, to be compared to the larger one for theB
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‡Email address: morenas@clermont.in2p3.fr
§Email address: pene@th.u-psud.fr
i Email address: safir@theorie.physik.uni-muenchen.de

PHYSICAL REVIEW D 67, 094019 ~2003!

0556-2821/2003/67~9!/094019~18!/$20.00 ©2003 The American Physical Society67 094019-1

Section 2.7 - Publication 77



→p1p2. This prediction is still valid in QCD factorization

where theuPu/uTu ratio is of about 3%~8%! for the B0̄

→r1p2 (B0̄→r2p1) channel against about 20% for the

B0̄→p1p2 one. If this prediction were reliable, it would put

the B0̄→r1p2 channel in a good position to measure the
Cabibbo-Kobayashi-Maskawa~CKM! angle a via indirect
CP violation. This remark triggered the present work: we
wanted to check QCD factorization in theB→PV sector to
estimate the chances for a relatively easy determination of
the anglea.

The noncharmedB→PV amplitudes have been computed
in naive factorization@32#, in some extension of naive fac-
torization including strong phases@33#, in QCD factorization
@34–36#, and some of them in so-called perturbative QCD
@37,38#. In @39#, a global fit toB→PP,PV,VV was investi-
gated using QCDF in the heavy-quark limit and a plausible
set of soft QCD parameters has been found that, apart from
three pseudoscalar vector channels, fit well the experimental
branching ratios. Recently@36# it was claimed from a global
fit to B→PP,PV that the predictions of QCD factorization
are in good agreement with experiment when one excludes
some channels from the global fit. When this paper appeared
we had been for some time considering this question and our
feeling was significantly less optimistic. This difference
shows that the matter is far from trivial mainly because ex-
perimental uncertainties can still be open to some discussion.
We would like in this paper to understand better the origin of
the difference between our unpublished conclusion and the
one presented in@36# and try to settle the present status of the
comparison of QCD factorization with experiment.

One general remark about QCD factorization is that it
yields predictions which do not differ so much from naive
factorization ones. This is expected since QCD factorization
makes a perturbative expansion the zeroth order of which
being naive factorization. As a consequence, QCD factoriza-
tion predicts very small directCP violation in the nonstrange
channels. Naive factorization predicts vanishing directCP
violation. Indeed, directCP violation needs the occurrence
of two distinct strong contributions with a strong phase be-
tween them. It vanishes when the subdominant strong con-
tribution vanishes and also when the relative strong phase
does as is the case in naive factorization. In the case of
nonstrange decays, the penguin~P! and tree~T! contributions
being at the same order in the Cabibbo angle, the penguin
diagram is strongly suppressed because the Wilson coeffi-
cients are suppressed by at least one power of the strong
coupling constantas and the strong phase in QCD factoriza-
tion is generated by aO(as) correction. Having bothP/T
and the strong phase small, the directCP asymmetries are
doubly suppressed. Therefore a sizable experimental direct

CP asymmetry inB0̄→r1p2 which is not excluded by ex-
periment@9# would be at odds with QCD factorization. We
will discuss this later on. Notice that this argument is inde-
pendent of the value of the unitarity angleg, contrarily to
arguments based on the value of some branching ratios
which depend ong @23#.

The perturbative QCD~PQCD! predicts larger directCP

asymmetries than QCDF due to the fact that penguin contri-
butions to annihilation diagrams, claimed to be calculable in
PQCD, contribute to a larger amount to the amplitude and
have a large strong phase. In fact, in PQCD, this penguin
annihilation diagram is claimed to be of the same order,
O(as), than the dominant naive factorization diagram while
in QCDF it is alsoO(as) but smaller than the dominant
naive factorization which isO(1). Hence, in PQCD, this
large penguin contribution with a large strong phase yields a
largeCP asymmetry@40–42#.

If QCD factorization is concluded to be unable to describe
the present data satisfactorily, while there is to our knowl-
edge no theoretical argument against it, we have to incrimi-
nate nonperturbative contributions which are larger than ex-
pected. One could simply enlarge the allowed bound for
those contributions which are formally subleading but might
be large. However, a simple factor of 2 on these bounds
makes these unpredictable contributions comparable in size
with the predictable ones, if not larger. This spoils the pre-
dictivity of the whole program.

A second line is to make some model about the nonper-
turbative contribution. The ‘‘charming penguin diagram’’ ap-
proach @27,30# starts from noticing the underestimate of
strange-channel branching ratios by the factorization ap-
proaches. This will be shown to apply to thePV channels as
well as to thePP ones. This has triggered us to try a
charming-penguin-diagram-inspired approach. It is assumed
that some hadronic contribution to the penguin loop is non-
perturbative, in other words that weak interactions create a
charm-anticharm intermediate state which turns into non-
charmed final states by strong rescattering. In order to make
the model as predictive as possible we will use not more than
two unkown complex numbers and use flavor symmetry in
strong rescattering.

In Sec. II we will recall the weak-interaction effective
Hamiltonian. In Sec. III we will recall QCD factorization. In
Sec. IV we will compare QCD factorization with experimen-
tal branching ratios and directCP asymmetries. In Sec. V we
will propose a model for nonperturbative contribution and
compare it to experiment. We will then conclude.

II. EFFECTIVE HAMILTONIAN

The effective weak Hamiltonian for charmless hadronicB
decays consists of a sum of local operatorsQi multiplied by
short-distance coefficientsCi given in Table I and products
of elements of the quark mixing matrix,lp5VpbVps* or lp8
5VpbVpd* . Below we will focus onB→PV decays, whereP
andV hold for pseudoscalar and vector mesons, respectively.
Using the unitarity relation2l t5lu1lc , we write

Heff5
GF

A2
(

p5u,c
lpS C1Q1

p1C2Q2
p1 (

i 53, . . . ,10
CiQi

1C7gQ7g1C8gQ8gD 1H.c., ~1!

where Q1,2
p are the left-handed current–current operators

arising from W-boson exchange,Q3, . . . ,6 and Q7, . . . ,10 are
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QCD and electroweak penguin operators, andQ7g andQ8g
are the electromagnetic and chromomagnetic dipole opera-
tors. They are given by

Q1
p5~ p̄b!V2A~ s̄p!V2A , Q2

p5~ p̄ibj !V2A~ s̄j pi !V2A ,

Q35~ s̄b!V2A(
q

~ q̄q!V2A ,

Q45~ s̄ibj !V2A(
q

~ q̄ jqi !V2A ,

Q55~ s̄b!V2A(
q

~ q̄q!V1A ,

Q65~ s̄ibj !V2A(
q

~ q̄ jqi !V1A ,

Q75~ s̄b!V2A(
q

3
2 eq~ q̄q!V1A ,

Q85~ s̄ibj !V2A(
q

3
2 eq~ q̄ jqi !V1A ,

Q95~ s̄b!V2A(
q

3
2 eq~ q̄q!V2A ,

Q105~ s̄ibj !V2A(
q

3
2 eq~ q̄ jqi !V2A ,

Q7g5
2e

8p2
mbs̄smn~11g5!Fmnb,

Q8g5
2gs

8p2
mbs̄smn~11g5!Gmnb, ~2!

where (q̄1q2)V6A5q̄1gm(16g5)q2 , i , j are color indices,eq
are the electric charges of the quarks in units ofueu, and a
summation overq5u,d,s,c,b is implied. The definition of
the dipole operatorsQ7g and Q8g corresponds to the sign
conventioniD m5 i ]m1gsAa

mta for the gauge-covariant de-
rivative. The Wilson coefficients are calculated at a high
scalem;MW and evolved down to a characteristic scalem
;mb using next-to-leading order renormalization-group
equations. The essential problem obstructing the calculation
of nonleptonic decay amplitudes resides in the evaluation of
the hadronic matrix elements of the local operators contained
in the effective Hamiltonian.

III. QCD FACTORIZATION IN B\PV DECAYS

When the QCDF method is applied to the decaysB
→PV, the hadronic matrix elements of the local effective
operators can be written as

^PVuOi uB&5F1
B→P~0!TV,i

I ! f VFV1A0
B→V~0!TP,i

I ! f PFP

1Ti
II! f BFB! f VFV! f PFP , ~3!

where FM are leading-twist light-cone distribution ampli-
tudes, and the!-products imply an integration over the light-
cone momentum fractions of the constituent quarks inside
the mesons. A graphical representation of this result is shown
in Fig. 1.

Here F1
B→P and A0

B→V denote the form factors forB
→P andB→V transitions, respectively.FB(j), FV(x), and
FP(y) are the light-cone distribution amplitudes~LCDAs! of

TABLE I. Wilson coefficientsCi in the NDR scheme. Input
parameters areLMS

(5)
50.225 GeV, mt(mt)5167 GeV, mb(mb)

54.2 GeV, MW580.4 GeV,a51/129, and sin2uW50.23 @23#.

NLO C1 C2 C3 C4 C5 C6

m5mb/2 1.137 20.295 0.021 20.051 0.010 20.065
m5mb 1.081 20.190 0.014 20.036 0.009 20.042
m52mb 1.045 20.113 0.009 20.025 0.007 20.027

C7 /a C8 /a C9 /a C10/a C7g
eff C8g

eff

m5mb/2 20.024 0.096 21.325 0.331 — —
m5mb 20.011 0.060 21.254 0.223 — —
m52mb 0.011 0.039 21.195 0.144 — —

LO C1 C2 C3 C4 C5 C6

m5mb/2 1.185 20.387 0.018 20.038 0.010 20.053
m5mb 1.117 20.268 0.012 20.027 0.008 20.034
m52mb 1.074 20.181 0.008 20.019 0.006 20.022

C7 /a C8 /a C9 /a C10/a C7g
eff C8g

eff

m5mb/2 20.012 0.045 21.358 0.418 20.364 20.169
m5mb 20.001 0.029 21.276 0.288 20.318 20.151
m52mb 0.018 0.019 21.212 0.193 20.281 20.136

FIG. 1. Graphical representation of the factor-
ization formula. Only one of the two form-factor
terms in Eq.~3! is shown for simplicity.
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valence quark Fock states forB, vector, and pseudoscalar
mesons, respectively.Ti

I ,II denote the hard-scattering kernels,
which are dominated by hard gluon exchange when the
power suppressedO(LQCD /mb) terms are neglected. So
they are calculable order by order in perturbation theory. The
leading terms ofTI come from the tree level and correspond
to the naive factorization~NF! approximation. The order of
as terms ofTI can be depicted by vertex-correction diagrams
Figs. 2~a!–2~d! and penguin-correction diagrams Figs.
2~e!,~f!. TII describes the hard interactions between the spec-
tator quark and the emitted mesonM2 when the gluon virtu-
ality is large. Its lowest order terms areO(as) and can be
depicted by hard-spectator-scattering diagrams, Figs. 2~g!–
2~h!. One of the most interesting results of the QCDF ap-
proach is that, in the heavy-quark limit, the strong phases
arise naturally from the hard-scattering kernels at the order
of as . As for the nonperturbative part, they are, as already
mentioned, taken into account by the form factors and the
LCDAs of mesons up to corrections which are power sup-
pressed in 1/mb .

With the above discussions on the effective Hamiltonian
of B decays Eq.~1! and the QCDF expressions of hadronic
matrix elements, Eq.~3!, the decay amplitudes forB→PV in
the heavy-quark limit can be written as

A~B→PV!5
GF

A2
(

p5u,c
(
i 51

10

lpai
p^PVuOi uB&n f . ~4!

The abovê PVuOi uB&n f are the factorized hadronic matrix
elements, which have the same definitions as those in the NF
approach. The ‘‘nonfactorizable’’ effects are included in the
coefficientsai which are process dependent. The coefficients
ai are collected in Sec. III A, and the explicit expressions for
the decay amplitudes ofB→PV can be found in Appen-
dix A.

According to the arguments in@22#, the contributions of
weak annihilation to the decay amplitudes are power sup-
pressed, and they do not appear in the QCDF formula, Eq.

~3!. But as emphasized in@40–42#, the contributions from
weak annihilation could give large strong phases with QCD
corrections, and hence largeCP violation could be expected,
so their effects cannot simply be neglected. However, in the
QCDF method, the annihilation topologies~see Fig. 3! vio-
late factorization because of the end-point divergence. There
is similar end-point divergence when considering the chirally
enhanced hard-spectator scattering. One possible way is to
treat the endpoint divergence from different sources as dif-
ferent phenomenological parameters@23#. The corresponding
price is the introduction of model dependence and extra nu-
merical uncertainties in the decay amplitudes. In this work,
we will follow the treatment of Ref.@23# and express the
weak annihilation topological decay amplitudes as

A a~B→PV!} f Bf Pf V( lpbi , ~5!

where the parametersbi are collected in Sec. III B, and the
expressions for the weak annihilation decay amplitudes of
B→P V are listed in Appendix B.

A. QCD coefficientsai

We express the QCD coefficientsai @see Eq.~4!# in two
parts: i.e.,ai5ai ,I1ai ,II . The first termai ,I contains the
naive factorization and the vertex corrections which are de-
scribed by Figs. 2~a!–2~f!, while the second partai ,II corre-
sponds to the hard-spectator-scattering diagrams Figs.
2~g!,~h!.

There are two different cases according to the final states.
Case I is that the recoiled mesonM1 is a vector meson, and
the emitted mesonM2 corresponds to a pseudoscalar meson,
and vice versa for case II. For case I, we sum up the results
for ai as follows:

FIG. 2. Orderas corrections to
the hard-scattering kernels. The
upward quark lines represent the
emitted mesons from b quark
weak decays. These diagrams are
commonly called vertex correc-
tions, penguin corrections, and
hard-spectator-scattering diagrams
for ~a!–~d!, ~e!,~f!, and~g!,~h!, re-
spectively.

FIG. 3. Orderas corrections to
the weak annihilations of charm-
less decaysB→PV.
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a1,I5C11
C2

Nc
F11

CFas

4p
VM G ,

a1,II 5
pCFas

Nc
2

C2H~BM1 ,M2!,

a2,I5C21
C1

Nc
F11

CFas

4p
VM G ,

a2,II 5
pCFas

Nc
2

C1H~BM1 ,M2!,

a3,I5C31
C4

Nc
F11

CFas

4p
VM G ,

a3,II 5
pCFas

Nc
2

C4H~BM1 ,M2!,

a4,I
p 5C41

C3

Nc
F11

CFas

4p
VM G1

CFas

4p

PM ,2
p

Nc
,

a4,II 5
pCFas

Nc
2

C3H~BM1 ,M2!,

a5,I5C51
C6

Nc
F12

CFas

4p
VM8 G ,

a5,II 52
pCFas

Nc
2

C6H8~BM1 ,M2!,

a6,I
p 5C61

C5

Nc
F126

CFas

4p G1
CFas

4p

PM ,3
p

Nc
,

a6,II 50, a7,I5C71
C8

Nc
F12

CFas

4p
VM8 G ,

a7,II 52
pCFas

Nc
2

C8H8~BM1 ,M2!,

a8,I
p 5C81

C7

Nc
F126

CFas

4p G1
a

9p

PM ,3
p,ew

Nc
,

a8,II 50, a9,I5C91
C10

Nc
F11

CFas

4p
VM G ,

a9,II 5
pCFas

Nc
2

C10H~BM1 ,M2!,

a10,I
p 5C101

C9

Nc
F11

CFas

4p
VM G1

a

9p

PM ,2
p,ew

Nc
,

a10,II 5
pCFas

Nc
2

C9H~BM1 ,M2!, ~6!

where CF5(Nc
221)/2Nc , and Nc53. The vertex param-

etersVM andVM8 result from Figs. 2~a!–2~d!; the QCD pen-
guin parametersPM ,i

p and the electroweak penguin param-
etersPM ,i

p,ew result from Figs. 2~e!–2~f!.
The vertex corrections are given by

VM512 ln
mb

m
2181E

0

1

dxg~x!FM~x!,

VM8 512 ln
mb

m
261E

0

1

dxg~12x!FM~x!,

g~x!53S 122x

12x
ln x2 ip D1F2 Li2~x!2 ln2x1

2 lnx

12x

2~312ip!ln x2~x↔12x!G , ~7!

where Li2(x) is the dilogarithm function, whereas the con-
stants 18 and 6 are specific to the naive dimensional reduc-
tion ~NDR! scheme.

The penguin contributions are

PM ,2
p 5C1F4

3
ln

mb

m
1

2

3
2GM~sp!G1S C32

1

2
C9D

3F8

3
ln

mb

m
1

4

3
2GM~0!2GM~1!G

1 (
q5q8

S C41C61
3

2
eqC81

3

2
eqC10D

3F4

3
ln

mb

m
2GM~sq!G22C8g

effE
0

1

dx
FM~x!

12x
,

PM ,3
p 5C1F4

3
ln

mb

m
1

2

3
2ĜM~sp!G1S C32

1

2
C9D

3F8

3
ln

mb

m
1

4

3
2ĜM~0!2ĜM~1!G

1 (
q5q8

S C41C61
3

2
eqC81

3

2
eqC10D

3F4

3
ln

mb

m
2ĜM~sq!G22C8g

eff , ~8!

and the electroweak penguin parametersPM ,i
p,ew ,
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PM ,2
p,ew5~C11NcC2!F4

3
ln

mb

m
1

2

3
2GM~sp!G2~C31NcC4!

3F4

3
ln

mb

m
1

2

3
2

1

2
GM~0!2

1

2
GM~1!G

1 (
q5q8

~NcC31C41NcC51C6!

3
3

2
eqF4

3
ln

mb

m
2GM~sq!G2NcC7g

effE
0

1

dx
FM~x!

12x
,

PM ,3
p,ew5~C11NcC2!F4

3
ln

mb

m
1

2

3
2ĜM~sp!G2~C31NcC4!

3F4

3
ln

mb

m
1

2

3
2

1

2
ĜM~0!2

1

2
ĜM~1!G

1 (
q5q8

~NcC31C41NcC51C6!

3
3

2
eqF4

3
ln

mb

m
2ĜM~sq!G2NcC7g

eff , ~9!

wheresq5mq
2/mb

2 , and whereq8 in the expressions forPM ,i
p

and PM ,i
p,ew runs over all the active quarks at the scalem

5O(mb), i.e., q85u,d,s,c,b. The functionsGM(s) and
ĜM(s) are given, respectively, by

GM~s!5E
0

1

dxG~s2 i e,12x!FM~x!, ~10!

ĜM~s!5E
0

1

dxG~s2 i e,12x!FM
p ~x!, ~11!

G~s,x!524E
0

1

duu~12u!ln@s2u~12u!x#

5
2~12s15x23x ln s!

9x

2
4A4s2x~2s1x!

3x3/2
arctanA x

4s2x
. ~12!

The parametersH(BM1 ,M2) andH8(BM1 ,M2) in ai ,II ,
which originate from hard gluon exchanges between the
spectator quark and the emitted mesonM2, are written as

H~BV,P!5
f Bf V

mB
2A0

B→V~0!
E

0

1

djE
0

1

dx

3E
0

1

dy
FB~j!

j

FP~x!

x̄

FV~y!

ȳ
,

H8~BV,P!5
f Bf V

mB
2A0

B→V~0!
E

0

1

djE
0

1

dx

3E
0

1

dy
FB~j!

j

FP~x!

x

FV~y!

ȳ
. ~13!

For case II~vector meson emitted! except for the param-
eters ofH(BM1 ,M2) and H8(BM1 ,M2), the expressions
for ai are similar to those in case I. However, we would like
to point out that, becausêVu(q̄q)S6Pu0&50, the contribu-
tions of the effective operatorsO6,8 to the hadronic matrix
elements vanish; i.e., the terms that are related toa6,8 disap-
pear from the decay amplitudes for case II. As to the param-
etersH(BM1 ,M2) andH8(BM1 ,M2) in ai ,II , they are de-
fined as

H~BP,V!5
f Bf P

mB
2F1

B→P~0!
E

0

1

djE
0

1

dxE
0

1

dy
FB~j!

j

3
FV~x!

x̄
FFP~y!

ȳ
1

2mP

mb

x̄

x

FP
p~y!

ȳ
G ,

H8~BP,V!52
f Bf P

mB
2F1

B→P~0!
E

0

1

djE
0

1

dxE
0

1

dy
FB~j!

j

3
FV~x!

x FFP~y!

ȳ
1

2mP

mb

x

x̄

FP
p~y!

ȳ
G . ~14!

The parametermP5mP
2 /(m11m2), wherem1,2 are the cur-

rent quark masses of the meson constituents, is proportional
to the chiral quark condensate.

B. Annihilation parameters bi

The parameters ofbi in Eq. ~5! correspond to weak-
annihilation contributions. Now we give their expressions,
which are analogous to those in@23#:

b1~M1 ,M2!5
CF

Nc
2

C1A1
i ~M1 ,M2!,

b2~M1 ,M2!5
CF

Nc
2

C2A1
i ~M1 ,M2!,

b3~M1 ,M2!5
CF

Nc
2 $C3A1

i ~M1 ,M2!1C5A3
i ~M1 ,M2!

1@C51NcC6#A3
f ~M1 ,M2!%,

b4~M1 ,M2!5
CF

Nc
2 $C4A1

i ~M1 ,M2!1C6A2
i ~M1 ,M2!%,
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b3
ew~M1 ,M2!5

CF

Nc
2 $C9A1

i ~M1 ,M2!1C7A3
i ~M1 ,M2!

1@C71NcC8#A3
f ~M1 ,M2!%,

b4
ew~M1 ,M2!5

CF

Nc
2 $C10A1

i ~M1 ,M2!1C8A2
i ~M1 ,M2!%.

~15!

Here the current-current annihilation parameters
b1,2(M1 ,M2) arise from the hadronic matrix elements of the
effective operatorsO1,2, the QCD penguin annihilation pa-
rametersb3,4(M1 ,M2) from O326, and the electroweak pen-
guin annihilation parametersb3,4

ew(M1 ,M2) from O7210. The
parameters ofbi are closely related to the final states; they
can also be divided into two different cases according to the
final states. Case I is thatM1 is a vector meson andM2 is a
pseudoscalar meson~hereM1 andM2 are tagged in Fig. 3!.
Case II is thatM1 corresponds to a pseudoscalar meson and
M2 corresponds to a vector meson. For case I, the definitions
of Ak

i , f(M1 ,M2) in Eq. ~15! are

A1,2
f ~V,P!50,

A3
f ~V,P!5pasE

0

1

dxE
0

1

dyFV~x!FP
p~y!

2mP

mb

2~11 x̄!

x̄2y
,

A1
i ~V,P!5pasE

0

1

dxE
0

1

dyFV~x!FP~y!

3F 1

y~12xȳ!
1

1

x̄2y
G ,

A2
i ~V,P!52pasE

0

1

dxE
0

1

dyFV~x!FP~y!

3F 1

x̄~12xȳ!
1

1

x̄y2G ,

A3
i ~V,P!5pasE

0

1

dxE
0

1

dyFV~x!FP
p~y!

3
2mP

mb

2ȳ

x̄y~12xȳ!
. ~16!

For case II,

A1,2
f ~P,V!50,

A3
f ~P,V!52pasE

0

1

dxE
0

1

dyFP
p~x!FV~y!

3
2mP

mb

2~11y!

x̄y2
,

A1
i ~P,V!5pasE

0

1

dxE
0

1

dyFP~x!FV~y!

3F 1

y~12xȳ!
1

1

x̄2y
G ,

A2
i ~P,V!52pasE

0

1

dxE
0

1

dyFP~x!FV~y!

3F 1

x̄~12xȳ!
1

1

x̄y2G ,

TABLE II. Experimentally known data ofCP-averaged branching ratios for the charmlessB→PV decay
modes, used as input for the global fit. The channels containing theh8 meson have been excluded.

BR (3106) BaBar @1–10# Belle @11–15# CLEO @16–21# Average

B0→p6r7 28.965.464.3 20.826.3
16.0

23.1
12.8 27.627.4

18.464.2 25.5364.32
B1→p1r0 246863(,39) 8.022.0

12.360.7 10.423.4
13.362.1 9.4962.57

B0→p0r0 3.663.561.7(,10.6) ,5.3 1.621.4
12.060.8(,5.5) 2.0761.88

B1→p1v 6.621.8
12.160.7 4.221.8

12.060.5 11.322.9
13.361.4 6.2261.70

B0→K1r2 – 15.824.6
15.1

23.0
11.7 16.026.4

17.662.8(,32) 15.8864.65
B1→K1r0 106662(,29) – 8.423.4

14.061.8(,17) 8.9263.60
B1→K1v 1.421.0

11.360.3(,4) 9.222.3
12.661.0 3.221.9

12.460.8(,7.9) 2.9261.94
B0→K0v 5.921.5

11.760.9 – 10.024.2
15.461.4(,21) 6.3461.82

B0→K* 1p2 – 26.068.363.5 1625
1662 19.365.2

B1→K* 0p2 15.563.461.8 19.423.9
14.262.126.8

13.5 7.623.0
13.561.6(,16) 12.1263.13

B1→K* 2p0 – – 7.127.1
111.461.0(,31) 7.1611.4

B1→K* 1h 22.129.2
111.163.3 26.527.0

17.863.0 26.428.2
19.663.3 25.465.6

B0→K* 0h 19.825.6
16.561.7 16.524.2

14.661.2 13.824.6
15.561.6 16.4163.21

B1→K1f 9.261.060.8 10.761.021.6
10.9 5.521.8

12.160.6 8.5861.24
B0→K0f 8.721.5

11.760.9 10.021.7
11.9

21.3
10.9 5.422.7

13.760.7(,12.3) 8.7261.37
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A3
i ~P,V!5pasE

0

1

dxE
0

1

dyFP
p~x!FV~y!

3
2mP

mb

2x

x̄y~12xȳ!
. ~17!

Here our notation and convention are the same as those in
@23#. The superscriptsi and f on Ai , f correspond to the con-
tributions from Figs. 3~a!,~b! and 3~c!,~d!, respectively. The
subscriptsk51, 2, and 3 onAk

i , f refer to the Dirac structures
(V2A) ^ (V2A), (V2A) ^ (V1A), and
(22)(S2P) ^ (S1P), respectively. FV(x) denotes the
leading-twist LCDAs of a vector meson, andFP(x) and
FP

p(x) denote twist-2 and twist-3 LCDAs of a pseudoscalar
meson, respectively.

Note that assuming SU~3! flavor symmetry implies sym-
metric LCDAs of light mesons~underx↔ x̄), whenceA1

i 5

2A2
i . In this approximation the weak-annihilation contribu-

tions ~for case I! can be parametrized as

A1
i ~V,P!.18pasS XA241

p2

3 D ,

A3
i ~V,P!.pasr x@2p226~XA

212XA!#,

A3
f ~V,P!.6pasr x~2XA

22XA!, ~18!

whereXA5*0
1dx/x parametrizes the divergent end-point in-

tegrals andr x52mP /mb is the so-calledchirally enhanced
factor. We can get similar forms to Eq.~18! for case II, but
with A3

f (P,V)52A3
f (V,P). In our calculation, we will treat

XA as a phenomenological parameter and take the same
value for all annihilation terms, although this approximation

is crude and there is no known physical argument justifying
this assumption. We shall see below thatXA gives large un-
certainties in the theoretical prediction.

IV. QCD FACTORIZATION VERSUS EXPERIMENT

In order to propose a test of QCD factorization with re-
spect to experiment, a compilation of various charmless
branching fractions and directCP asymmetries was per-
formed and is given in Tables II, III, and IV. This compila-
tion includes the latest results from BaBar, Belle, and CLEO.
The measurements were combined into a single central value
and error, which may be compared with the theoretical pre-
diction. First, the total error from each experiment was com-
puted by summing quadratically the statistic and systematic
error: this approach is valid in the limit that the systematic
error is not so large with respect to the statistic error. Second,
when the experiment provides an asymmetric error

2s2

1s1, a

conservative symmetric error was assumed in the calculation
by using6Max(s1 ,s2). In case of a disagreement between
several experiments for a given measurement, the total error
was increased by a ‘‘scale factor’’ computed from ax2 com-
bining the various experiments, using the standard procedure
given by the Particle Data Group~PDG! @43#.

In order to compare the theoretical predictions$y% with
the experimental measurements$x6sx%, the following x2

was defined:

x25( S x2y

sx
D 2

.

In the case when a correlation matrix between several mea-
surements is given by the experiment, as in the case of the
r1p2/r1K2 measurements, thex2 was corrected to ac-
count for it. The abovex2 was then minimized usingMINUIT

@44#, letting free all theoretical parameters in their allowed
range. The quality of the minimum yielded byMINUIT was
assessed by replacing it with anad hocminimizer scanning
the entire parameter space. The theoretical predictions, with
the theoretical parameters yielding the best fits, are compared
to experiment in Table V for two scenarios to be explained
below. The asymmetries of ther6p7 channels can be ex-
pressed@9# in terms of the quantities reported in Table IV.
The comparison between their theoretical predictions and ex-
periment is reported in Table VI.

Scenario 1 refers to a fit according to QCD factorization,
varying all theoretical parameters in the range presented in

TABLE III. Experimental measured data of directCP asymmetries for the charmlessB→PV decay
modes, used as input for the global fit.

ACP BaBar @1–10# Belle @11–15# CLEO @16–21# Average

B2→p2v 20.0120.31
10.2960.03 – 20.3460.2560.02 20.2160.19

B2→K2v – 20.2160.2860.03 – 20.2160.28
B2→K* 2h – 20.0520.30

10.2560.01 – 20.0560.30

B̄0→K̄* 0h – 0.1720.25
10.2860.01 – 0.1760.28

B2→K2f 20.0560.2060.03 – – 20.0560.20

TABLE IV. Experimental results and correlation matrix for the
various asymmetries measured in the channelsr6p7/r6K7. The
notation is explained in@9#.

Correlation coefficient~%!

B0→r6p7 Measurement A CP
rp A CP

rK Crp DCrp

A CP
rp 20.2260.0860.07 – 3.4 211.8 210.4

A CP
rK 0.1960.1460.11 3.4 – 21.3 21.1

Crp 0.4520.19
10.1860.09 211.8 21.3 – 23.9

DCrp 0.3820.20
10.1960.11 210.4 21.1 23.9 –
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Table VII. Even the unitarity triangle angleg is varied freely
and ends up not far from 90 °. We have takenXA5XH in the
range proposed in Ref.@23#:

XA,H5E
0

1dx

x
5 ln

mB

Lh
~11rA,HeifA,H!. ~19!

These parameters label our ignorance of the nonperturba-
tively calculable subdominant contribution to the annihila-
tion and hard scattering, defined in Eqs.~16!,~17! and Eqs.
~13!,~14!, respectively. They do not need to have the same
value for allPV channels but we have nevertheless assumed
one common value since a fit would become impossible with
too many unknown parameters.

Scenario 2 in Table V refers to a fit adding a charming-
penguin-diagram-inspired long-distance contribution which

TABLE V. Best-fit values using the global analysis ofB→PV decays in QCDF with freeg ~scenario 1!
and QCDF1charming penguin diagrams~scenario 2! with constrainedg. TheCP-averaged branching ratios
are in units of 1026.

Experiment Scenario 1 Scenario 2
Prediction x2 Prediction x2

BR(B̄0→r0p0) 2.0761.88 0.132 1.1 0.177 1.0

BR(B̄0→r1p2) 11.023 10.962

BR(B̄0→r2p1) 18.374 17.429

BR(B̄0→r6p7) 25.5364.32 29.397 0.8 28.391 0.4

BR(B2→r0p2) 9.4962.57 9.889 0.0 7.879 0.4
BR(B2→vp2) 6.2261.7 6.002 0.0 5.186 0.4
BR(B2→K* 2K0) 0.457 0.788
BR(B2→K* 0K2) 0.490 0.494
BR(B2→Fp2) 0.004 0.003
BR(B2→r2p0) 9.646 11.404

BR(B̄0→r0K̄0) 5.865 8.893

BR(B̄0→vK̄0) 6.3461.82 2.318 4.9 5.606 0.2

BR(B̄0→r1K2) 15.8864.65 6.531 4.0 14.304 0.1

BR(B̄0→K* 2p1) 19.365.2 9.760 3.4 10.787 2.7

BR(B2→K* 2p0) 7.1611.4 7.303 0.0 8.292 0.0

BR(B̄0→FK̄0) 8.7261.37 8.360 0.1 8.898 0.0

BR(B2→K̄* 0p2) 12.1263.13 7.889 1.8 11.080 0.1

BR(B2→r0K2) 8.9263.6 1.882 3.8 5.655 0.8

BR(B2→r2K̄0) 7.140 14.006

BR(B2→vK2) 2.9261.94 2.398 0.1 6.320 3.1
BR(B2→FK2) 8.8861.24 8.941 0.0 9.479 0.2

BR(B̄0→K̄* 0h) 16.4163.21 22.807 4.0 18.968 0.6

BR(B2→K* 2h) 25.465.6 17.855 1.8 15.543 3.1
DCrp 0.3860.23 0.250 J8.1/4

0.228 J3.9/4Crp 0.4560.21 0.019 0.092
A CP

rp 20.2260.11 20.015 20.115
A CP

rK 0.1960.18 0.060 0.197

A CP
vp2

20.2160.19 20.072 0.5 20.198 0.0

A CP
vK2

20.2160.28 0.029 0.7 0.189 2.0

A CP
hK* 2

20.0560.3 20.138 0.1 20.217 0.3

A CP
hK̄* 0 0.1760.28 20.186 1.6 20.158 1.4

A CP
fK2

20.0560.2 0.006 0.1 0.005 0.1

36.9 20.8

TABLE VI. Values of theCP asymmetries forB→pr decays
in QCDF ~scenario 1! and QCDF1charming penguin diagrams
~scenario 2!. The notation is explained in@9#.

Experiment Scenario 1 Scenario 2

A CP
r1p2

20.8260.3160.16 20.04 20.23

A CP
r2p1

20.1160.1660.09 20.0002 0.04
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will be presented and discussed in Sec. V. In this fitg is
constrained within the range@34°,82°#.

The values of the theoretical parameters found for the two
best fits is given in Table VII: many parameters are found to
be at the edge of their allowed range.1 In order to estimate
the quality of the agreement between measurements and pre-
dictions, the standard Monte Carlo based ‘‘goodness of fit’’
test was performed.

~i! The best-fit values of the theoretical parameters were
used to make predictions for the branching ratios andCP
asymmetries.

~ii ! The total experimental error from each measurement
was used to generate new experimental values distributed
around the predictions with a Gaussian probability.

~iii ! The full fit previously performed on real measure-
ments is now run on this simulated data, and thex2 of this fit
is saved in a histogramH.

It is then possible to compare thexdata
2 obtained from the

measurement with thex2 one would obtain if the predictions
were true. Additionally, one may compute the confidence
level of the tested model by using

C.L.<

E
x2.xdata

2
H~x2!dx2

E
x2.0

H~x2!dx2

.

The results of the ‘‘goodness of fit’’ tests are given in Fig.
4. From these tests, one may quote an upper limit for the
confidence level in scenario 1, C.L.<0.1% and, in the case
of scenario 2, C.L.<7.7%.

In Tables II ~III ! we give the experimentalCP-averaged
branching ratios~direct CP asymmetries! which we have
used in our fits. We have also used the quantities reported in
Table IV which are related to the branching ratios andCP
asymmetries of theB→r6p7 channels.

For the sake of definiteness let us recall that the branching
ratios for any charmlessB decays,B→PV channel, in the
rest frame of theB meson, is given by

BR~B→PV!5
tB

8p

upu

mB
2

uA~B→PV!1A a~B→PV!

1A LD~B→PV!u2, ~20!

where tB represents theB-meson lifetime~charged or un-
charged according to the case!. The amplitudesA,A a and
A LD are defined in Appendixes A, B and in Eqs.~24! and
~25!, respectively. In the case of pure QCD factorization
~scenario 1! we take of courseA LD50. The kinematical
factor upu is written as

upu5
A@mB

22~mP1mV!2#@mB
22~mP2mV!2#

2mB
. ~21!

Comparison with Du et al.

Our negative conclusion about the QCD factorization fit
of theB→PV channels is at odds with the conclusion of the
authors of Ref.@36#, who have performed a successful fit of
both B→PP andB→PV channels using the same theoreti-
cal starting point. These authors have excluded from their fits
the channels containing aK* in the final state, arguing that
these channels seemed questionable to them. We have thus
made a fit without the channels containing theK* , and in-
deed we find as the authors of Ref.@36# that the global agree-
ment between QCD factorization and experiment was satis-
factory. Notice that this fit was done without discarding the
channelsB1→vp1(K1) as done by Duet al.

Notice also that the parametersCrp and theACP
rp have

been kept in this fit. The disagreement between QCDF and
experiment for these quantities was not enough to spoil the
satisfactory agreement of the global fit because the experi-
mental errors are still large on these quantities.

The conclusion of this subsection is that the difference
between the ‘‘optimistic’’ conclusion about QCDF of Du
et al. and our rather pessimistic one comes from their choice
of discarding the channels containing theK* ’s. In other
words the conclusion about the status of QCDF in theB
→PV channels depends on the confidence we give to the

1Table VII shows that the fit value ofrA appears at the edge of the
input range,rA51. However enlarging the range ofrA , such as
urAu<10, brings a large annihilation contribution (rA ,fA)5(2.3,
241°) for scenario 1 and (4.4,2108°) for scenario 2. With so
large values ofurAu the unpredictable contributions would dominate
the total result making the whole exercise void of signification.

TABLE VII. Various theoretical inputs used in our global analy-
sis of B→PV decays in QCDF. The parameter ranges have been
taken from literature@23,34,35,45#. The two last columns give the
best fits of both scenarios.

Input Range Scenario 1 Scenario 2

g (deg) 99.955 81.933
ms (GeV) @0.085,0.135# 0.085 0.085
m (GeV) @2.1,8.4# 3.355 5.971
rA @21,1# 1.000 1.000
fA (deg) @2180,180# 222.928 287.907
lB (GeV) @0.2,0.5# 0.500 0.500
f B (GeV) @0.14,0.22# 0.220 0.203
Ru @0.35,0.49# 0.350 0.350
Rc @0.018,0.025# 0.018 0.018
A0

B→r @0.3162,0.4278# 0.373 0.377
F1

B→p @0.23,0.33# 0.330 0.301
A0

B→v @0.25,0.35# 0.350 0.326

A0
B→K* @0.3995,0.5405# 0.400 0.469

F1
B→K @0.28,0.4# 0.333 0.280

Re@A P# @20.01,0.01# 0.00253
Im@A P# @20.01,0.01# 20.00181
Re@A V# @20.01,0.01# 20.00187
Im@A V# @20.01,0.01# 0.00049
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published results on these channels.

V. SIMPLE MODEL FOR LONG-DISTANCE
INTERACTIONS

As seen in Table V the failure of our overall fit with
QCDF can be traced to two main facts. First the strange
branching ratios are underestimated by QCDF. Second the
direct CP asymmetries in the nonstrange channels might
also be underestimated.A priori this could be cured if some
nonperturbative mechanism were contributing touPu. In-
deed, first, in the strange channels,uPu is Cabibbo enhanced
and such a nonperturbative contribution could increase the
branching ratios, and second, increasinguPu/uTu in the non-
strange channels with nonsmall strong phases could increase
significantly the directCP asymmetries as already discussed.
We have therefore tried a charming-penguin-diagram-
inspired model. We wanted nevertheless to avoid to add too
many new parameters which would make the fit void of sig-
nification. We have therefore tried a model for long-distance
penguin contributions which depends only on two fitted
complex numbers.

Let us start by describing our charming-penguin-diagram-
inspired model for strange final states. In the ‘‘charming pen-
guin diagram’’ picture the weak decay of aB̄0 (B2) meson
through the action of the operatorQ1

c @see notation in Eqs.
~1! and~2!# creates an hadronic system containing the quarks
s,d̄(ū),c,c̄, for exampleD̄s

(* ) 1 D (* ) systems. This system

goes to long distances, thec,c̄ eventually annihilate, a pair of
light quarks are created by a nonperturbative strong interac-
tion and one is left with two light mesons. Let us here restrict
ourselves to the case of aPV pair of mesons; i.e., one of the
final mesons is a light pseudoscalar (p,K,h) and the other a
light vector meson (r,v,f,K* ). In this paper we leave aside
the h8 which is presumably quite special.

We will picture now this hadronic system as a coherent
state which decays into the two final mesons with total
strangeness21. This state has a total angular momentum
J50. Its flavorsd̄ is that of a member of an octet of flavor-

SU~3! symmetry. We will assume flavor-SU~3! symmetry in
the decay amplitude of this hadronic state. This still leaves
four SU~3!-invariant amplitudes since bothP andV can have
an octet and a singlet component and that there exist two
octets in the decomposition of 838. We make a further sim-
plifying assumption based on the Okubo-Zweig-Iizuka~OZI!
rule. Let us give an example: we assume thatV5(sq̄) where
q is any of the light quarksu,d,s, and thatP5(qd̄). Then
we compute the contractions between

^~sq̄!~qd̄!us~ ūu1d̄d1 s̄s!d̄&51. ~22!

The meaning of this rule is simple. We add to thesd̄

quarks in our hadronic state an SU~3! singlet ūu1d̄d1 s̄s
and compute an ‘‘overlap’’ making contractions so that the
quarks in the singlet go into two different mesons. This latter
constraint is the OZI rule. This is why the overlap in Eq.~22!
is 1 even ifq5d since it is forbidden to have bothd quarks
from the singlet in the same final meson. As an example, the
decayB→K̄0r0 gives the following overlap coefficient:

K ~sd̄!
~uū2dd̄!

A2
Us~ ūu1d̄d1 s̄s!d̄L 52

1

A2
. ~23!

For theh meson we will use the decomposition in@32#.
The overlap coefficients thus computed play the role of
SU~3! Clebsch-Gordan~CG! coefficients computed in a
simple way. These coefficients are assumed to be multiplied
by an universal complex amplitude to be fitted from experi-
ment. Up to now we have assumed that the active quark
~here, s) ended up in the vector meson. We need another
universal amplitude for the case where the active quark ends
up in the pseudoscalar meson.

We are thus left with two theoretically independent and
unknown amplitudes: one withV5(sq̄), P5(qd̄), one
with P5(sq̄), V5(qd̄). We shall write them respectively
asA P (A V) when the active quark ends up in the pseudo-
scalar~vector! meson.

FIG. 4. Goodness-of-fit test of the two proposed theoretical models: the arrow points at the valuexdata
2 found from the measurements, and

the histogram shows the values allowed forx2 in the case that the models predictions are correct.
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Concerning theB̄ decay into a pseudoscalar1 vector
meson of vanishing total strangeness, we apply the same
recipe with the same amplitudesA P andA V, replacing thes
quark by ad quark and, of course, the corresponding replace-
ment of the CKM factorVcbVcs* by VcbVcd* .

To summarize, the long-distance term is given by two
universal complex amplitudes multiplied by a CG coefficient
computed simply by the overlap factor in Eq.~23!; see Table
VIII.

In practice, to the amplitudes described in the Appendixes
we add the long-distance amplitudes, given by

A LD~B→PV!5
GF

A2
mB

2lc8~ClPA P1ClVA V! ~24!

for the nonstrange channels and

A LD~B→PV!5
GF

A2
mB

2lc~ClPA P1ClVA V! ~25!

for the strange channels. In Eqs.~24! and ~25!, A P andA V

are two complex numbers which are fitted in the global fit of
scenario 2 andClP and ClV are the flavor-SU~3! Clebsch-
Gordan coefficients which are given in Table VIII. For both
channels containing theh we have used the formulas

ClV5
cosu8

A6
2

sinu0

A3
, ClP522

cosu8

A6
2

sinu0

A3
,

~26!

with u0529.1° andu85222.2°.
The fit with long-distance penguin contributions is pre-

sented in Table V under the label ‘‘Scenario 2.’’ The agree-
ment with experiment is improved, and it should be so, but
not in such a fully convincing manner. The goodness of the
fit is about 8% which implies that this model is not excluded
by experiment. However, a look at Table VII shows that
several fitted parameters are still stuck at the end of the al-
lowed range of variation. In particularrA51 means that the
uncalculable subleading contribution to QCDF is again
stretched to its extreme.

Finally the fitted complex numbers which fix the size of
the long-distance penguin contribution~last four lines in
Table VII! are small. To make this statement quantitative,
assuming the long-distance amplitude were alone, the values
for A P and A V in Table V correspond to branching ratios
which reach at their maximum 631026 but are more gener-
ally in the vicinity of 231026. In part, this is due to the fact
that, if some strange channels want a large nonperturbative
contribution to increase their branching ratios, some other
strange channels and particularly theB→Kf channels
which are in good agreement with QCDF cannot accept the
addition of a too large nonperturbative penguin contribution.
This last point should be stressed: if the strange channels
show a general tendency to be underestimated by QCDF,
there is the striking exception of thes̄ss channels which
agree very well with QCDF and make the case for charming
penguins diagrams rather difficult.

VI. CONCLUSION

We have made a global fit according to QCD factorization
of published experimental data concerning charmlessB
→PV decays includingCP asymmetries. We have only ex-
cluded from the fit the channels containing theh8 meson.
Our conclusion is that it is impossible to reach a good fit. As
can be seen in scenario 1 of Table V, the reason for this
failure is that the branching ratios for the strange channels
are predicted to be significantly smaller than experiment ex-
cept for theB→fK channels, and in Table VI it can be seen
that the directCP asymmetry ofB̄→r1p2 is predicted very
small while experiment gives it very large but only two sig-
mas from zero. Not only is the ‘‘goodness of the fit’’ smaller
than 0.1%, but the fitted parameters show a tendency to
evade the allowed domain of QCD factorization. One might
wonder if we were not too strict in imposing the same scale
m in all terms since the value ofm, representing the effect of
unknown higher order corrections, could be different in dif-
ferent classes of channels.2 We have performed several tests
relaxing this unicity ofm and concluded that it affected very
little the outcome of our fit.

2We thank Gerhard Buchalla for raising this question.

TABLE VIII. Flavor-SU~3! Clebsch-Gordan coefficient for
long-distance penguin-diagram-like contributions. Notice that the
channelB2→Fp2 vanishes due to the OZI rule.

ClP ClV

BR(B̄0→r0p0) 0.5 0.5

BR(B̄0→r1p2) 1.0 0.

BR(B̄0→r2p1) 0. 1.0

BR(B2→r0p2) 1/A2 21/A2
BR(B2→vp2) 1/A2 1/A2
BR(B2→K* 2K0) 1.0 0.
BR(B2→K* 0K2) 0. 1.0
BR(B2→Fp2) 0. 0.
BR(B2→r2p0) 21/A2 1/A2

BR(B̄0→r0K̄0) 21/A2 0.

BR(B̄0→vK̄0) 1/A2 0.

BR(B̄0→r1K2) 1.0 0.

BR(B̄0→K* 2p1) 0. 1.0

BR(B2→K* 2p0) 0. 1/A2

BR(B̄0→FK̄0) 0. 1.0

BR(B2→K̄* 0p2) 0. 1.0

BR(B2→r0K2) 1/A2 0.

BR(B2→r2K̄0) 1.0 0.

BR(B2→vK2) 1/A2 0.
BR(B2→FK2) 0. 1.0

BR(B̄0→K̄* 0h) 20.665 0.469

BR(B2→K* 2h) 20.665 0.469
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For the sake of comparison with the authors of Ref.@36#
we have tried a fit without the channels containing aK* . The
result improves significantly. The only lesson we can receive
from this is that one must look carefully at the evolution of
the experimental results, many of them being recent, before
drawing a final conclusion.

Both the small predicted branching ratios of the strange
channels and the small predicted directCP asymmetries in
the nonstrange channels could be blamed on too smallP
amplitudes with too small ‘‘strong phases’’ relatively to theT
amplitudes. We have therefore tried the addition of two
‘‘charming-penguin’’-diagram-inspired long-distance com-
plex amplitudes combined, in order to make the model pre-
dictive enough, with exact flavor-SU~3! symmetry and the
OZI rule. This fit is better than the pure QCDF one: with a
goodness of fit of about 8% the model is not excluded by
experiment. But the parameters show again a tendency to
reach the limits of the allowed domain and the best fit gives
rather small value to the long-distance contribution. The lat-
ter fact is presumably due to theB→fK which are well
predicted by QCDF and thus deliver a message which con-
tradicts the other strange channels. This seems to be the rea-
son of the moderate success of our ‘‘charming-penguin’’-
diagram-inspired model.

Altogether, the present situation is unpleasant. QCDF
seems to be unable to comply to experiment. QCDF imple-
mented by anad hoc long-distance model is not fully con-
vincing. No clear hint at the origin of this problem is pro-
vided by the total set of experimental data. PQCD, also
calledkT factorization, would predict larger directCP asym-
metries, but we do not know if their sign would fit experi-
ment either if an overall agreement of the branching ratios
with data can be achieved.

Maybe, however, the coming experimental data will move
enough to resolve, at least partly, this discrepancy. We would
like to insist on the crucial importance of directCP asym-
metries in nonstrange channels. If they confirm the tendency
to be large, this would make the case for QCDF really diffi-
cult.

Finally we do not know yet the answer to our initial ques-
tion: are we in a good position to study the unitarity-triangle
anglea from indirectCP asymmetries thanks to small pen-
guin diagrams. If experimental data evolve so as to provide a
better support to QCDF, one could become bold enough to
use it in estimatinga and this would reduce the errors. Else,
only model-independent bounds@46# could be used but they
are not very constraining in part because of discrete ambigu-
ities.

Note added in proof.Since this paper was submitted, one
of us ~P.-F.G.! has finalized a new experimental estimate of
the →rp andB→rK channels for the Babar Collaboration
and redone the fits presented in this paper@47#. As a result,
the confidence level raises to 1% for the QCDF and drops to
3% for the charming penquins.
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APPENDIX A: THE DECAY AMPLITUDES FOR B\PV

Following Ref.@32#, we give the decay amplitudes for the followingB→PV decay processes.

1. b\d processes

A~B̄0→r2p1!5
GF

A2
mB

2 f rF1
B→p~mr

2!$lu8a11~lu81lc8!@a41a10#%, ~A1!

A~B̄0→r1p2!5
GF

A2
mB

2 f pA0
B→r~mp

2 !$lu8a11~lu81lc8!@a41a102r x
p~a61a8!#%, ~A2!

A~B̄0→p0r0!52
GF

2A2
mB

2 S f pA0
B→r~mp

2 !H lu8a22~lu81lc8!Fa42
1

2
a102r x

pS a62
1

2
a8D1

3

2
~a72a9!G J

1 f rF1
B→p~mr

2!H lu8a22~lu81lc8!Xa42
1

2
a102

3

2
~a71a9! CJ D , ~A3!
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A~B2→p2r0!5
GF

2
mB

2F f pA0
B→r~mp

2 !$lu8a11~lu81lc8!@a41a102r x
p~a61a8!#%

1 f rF1
B→p~mr

2!H lu8a21~lu81lc8!X2a41
1

2
a101

3

2
~a71a9! CJ G , ~A4!

A~B2→r2p0!5
GF

2
mB

2 X f pA0
B→r~mp

2 !H lu8a21~lu81lc8!F2a41
1

2
a102r x

pS 2a61
1

2
a8D1

3

2
~a92a7!G J

1 f rF1
B→p~mr

2!$lu8a11~lu81lc8!@a41a10#% C, ~A5!

A~B2→p2v!5
GF

2
mB

2 S f pA0
B→v~mp

2 !$lu8a11~lu81lc8!@a41a102r x
p~a61a8!#%

1 f vF1
B→p~mv

2 !H lu8a21~lu81lc8!Fa412~a31a5!1
1

2
~a71a92a10!G J D , ~A6!

2. b\s processes

A~B̄0→K* 2p1!5
GF

A2
mB

2 f K* F1
B→p~mK*

2
!$lua11~lu1lc!@a41a10#%, ~A7!

A~B̄0→K2r1!5
GF

A2
mB

2 f KA0
B→r~mK

2 !$lua11~lu1lc!@a41a102r x
K~a61a8!#%, ~A8!

A~B̄0→K̄0r0!5
GF

2
mB

2 H f KA0
B→r~mK0

2
!~2lu2lc!Fa42

1

2
a102r x

KS a62
1

2
a8D G

1 f rF1
B→K~mr

2!Flua21~lu1lc!3
3

2
~a91a7!G J , ~A9!

A~B2→K* 2p0!5
GF

2
mB

2F f pA0
B→K* ~mp

2 !H lua21~lu1lc!3
3

2
~a92a7!J

1 f K* F1
B→p~mK*

2 !$lua11~lu1lc!~a41a10!%G , ~A10!

A~B2→K2r0!5
GF

2
mB

2F f KA0
B→r~mK

2 !$lua11~lu1lc!@a41a102r x
K~a61a8!#%

1 f rF1
B→K~mr

2!H lua21~lu1lc!3
3

2
~a91a7!J G , ~A11!

A~B̄0→K̄0v!5
GF

2
mB

2 X f KA0
B→v~mK0

2
!~lu1lc!Fa42

1

2
a102r x

KS a62
1

2
a8D G

1 f vF1
B→K~mv

2 !H lua21~lu1lc!F2~a31a5!1
1

2
~a91a7!G J C, ~A12!

A~B2→K2v!5
GF

2
mB

2F f KA0
B→v~mK

2 !$lua11~lu1lc!@a41a102r x
K~a61a8!#%

1 f vF1
B→K~mv

2 !H lua21~lu1lc!X2~a31a5!1
1

2
~a91a7! CJ G , ~A13!
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A~B2→K* 2h (8)!5
GF

A2
mB

2Ff K~8!F1
B→h(8)

~mK
2 !$lua11~lu1lc!~a41a10!%1 f

h(8)
u

A0
B→K* ~m

h(8)
2

!

3Xlua21lca2

f
h(8)
c

f
h(8)
u 1~lu1lc!H 2~a32a5!1

1

2
~a92a7!1r x

h(8)S a62
1

2
a8D

1~a32a51a92a7!
f

h(8)
c

f
h(8)
u 1Fa32a52

1

2
~a92a7!1a42

1

2
a102r x

h(8)S a62
1

2
a8D G f

h(8)
s

f
h(8)
u J CG,

~A14!

A~B̄0→K̄* 0h (8)!5
GF

A2
mB

2Ff K* F1
B→h(8)

~mK
2 !~lu1lc!Fa42

1

2
a10G1 f h(8)

u A0
B→K* ~mh(8)

2
!

3Xlua21lca2

f h(8)
c

f h(8)
u 1~lu1lc!H 2~a32a5!1

1

2
~a92a7!1r x

h(8)S a62
1

2
a8D

1~a32a51a92a7!
f h(8)

c

f h(8)
u 1Fa32a52

1

2
~a92a7!1a42

1

2
a102r x

h(8)S a62
1

2
a8D G f h(8)

s

f h(8)
u J CG, ~A15!

with r x
h(8)52mh(8)

2 /(mb1ms)(ms1ms).

3. Pure penguin processes

A~B2→p2K̄* 0!5
GF

A2
mB

2 f K* F1
B→p~mK*

2 !~lu1lc!Fa42
1

2
a10G , ~A16!

A~B2→r2K̄0!5
GF

A2
mB

2 f KA0
B→r~mK0

2
!~lu1lc!Fa42

1

2
a102r x

KS a62
1

2
a8D G , ~A17!

A~B2→K2K* 0!5
GF

A2
mB

2 f K* F1
B→K~mK*

2 !~lu81lc8!Fa42
1

2
a10G , ~A18!

A~B2→K* 2K0!5
GF

A2
mB

2 f KA0
B→K* ~mK0

2
!~lu81lc8!Fa42

1

2
a102r x

KS a62
1

2
a8D G , ~A19!

A~B2→p2f!52
GF

2
mB

2 f fF1
B→p~mf

2 !~lu81lc8!Fa31a52
1

2
~a71a9!G , ~A20!

A~B2→K2f!5A~B̄0→K̄0f!

5
GF

A2
mB

2 f fF1
B→K~mf

2 !~lu1lc!Fa31a41a52
1

2
~a71a91a10!G . ~A21!

APPENDIX B: THE ANNIHILATION AMPLITUDES FOR B\PV

We give in this section the following annihilation amplitudes forB→PV already given in Ref.@35# but with different
notations.
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1. b\d processes

A a~B̄0→p2r1!5
GF

A2
f Bf p f rH lu8b1~r1,p2!1~lu81lc8!Fb3~p2,r1!1b4~r1,p2!1b4~p2,r1!

2
1

2
b3

ew~p2,r1!1b4
ew~r1,p2!2

1

2
b4

ew~p2,r1!G J , ~B1!

A a~B̄0→p1r2!5
GF

A2
f Bf p f rH lu8b1~p1,r2!1~lu81lc8!Fb3~r2,p1!1b4~p1,r2!1b4~r2,p1!

2
1

2
b3

ew~r2,p1!1b4
ew~p1,r2!2

1

2
b4

ew~r2,p1!G J , ~B2!

A a~B̄0→p0r0!5
GF

2A2
f Bf p f rHlu8@b1~r0,p0!1b1~p0,r0!#1~lu81lc8!H b3~r0,p0!1b3~p0,r0!12b4~p0,r0!

12b4~r0,p0!1
1

2
@2b3

ew~r0,p0!2b3
ew~p0,r0!1b4

ew~p0,r0!1b4
ew~r0,p0!#J J, ~B3!

A a~B2→p2r0!5
GF

2
f Bf p f r$lu8@b2~p2,r0!2b2~r0,p2!#1~lu81lc8!@b3~p2,r0!2b3~r0,p2!

1b3
ew~p2,r0!2b3

ew~r0,p2!#%, ~B4!

A a~B2→p0r2!5
GF

2
f Bf p f r$lu8@b2~r2,p0!2b2~p0,r2!#1~lu81lc8!@b3~r2,p0!2b3~p0,r2!

1b3
ew~r2,p0!2b3

ew~p0,r2!#%, ~B5!

A a~B2→p2v!5
GF

2
f Bf p f v$lu8@b2~p2,v!1b2~v,p2!#1~lu81lc8!@b3~p2,v!1b3~v,p2!

1b3
ew~p2,v!1b3

ew~v,p2!#%, ~B6!

2. b\s processes

A a~B̄0→p1K* 2!5
GF

A2
f Bf p f K* H ~lu1lc!Fb3~K* 2,p1!2

1

2
b3

ew~K* 2,p1!G J , ~B7!

A a~B̄0→K2r1!5
GF

A2
f Bf K f rH ~lu1lc!Fb3~K2,r1!2

1

2
b3

ew~K2,r1!G J , ~B8!

A a~B̄0→K̄0r0!52
GF

2
f Bf K f rH ~lu1lc!Fb3~K̄0,r0!2

1

2
b3

ew~K̄0,r0!G J , ~B9!

A a~B̄0→K̄0v!5
GF

2
f Bf K f vH ~lu1lc!Fb3~K̄0,v!2

1

2
b3

ew~K̄0,v!G J , ~B10!

A a~B2→K2v!5
GF

2
f Bf K f v$lub2~K2,v!1~lu1lc!@b3~K2,v!1b3

ew~K2,v!#%. ~B11!

A a~B2→p0K* 2!5
GF

2
f Bf p f K* $lub2~K* 2,p0!1~lu1lc!@b3~K* 2,p0!1b3

ew~K* 2,p0!#%, ~B12!
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A a~B2→K2r0!5
GF

2
f Bf K f r$lub2~K2,r0!1~lu1lc!@b3~K2,r0!1b3

ew~K2,r0!#%, ~B13!

A a~B̄0→h (8)K̄* 0!5
GF

A2
f Bf h(8)

u f K* H ~lu1lc!Fb3~K̄* 0,h (8)!2
1

2
b3

ew~K̄* 0,h (8)!

1
f h(8)

s

f h(8)
u S b3~h (8),K̄* 0!2

1

2
b3

ew~h (8),K̄* 0! D G J , ~B14!

A a~B2→h (8)K* 2!5
GF

A2
f Bf h(8)

u f K* H luFb2~K* 2,h (8)!1
f h(8)

s

f h(8)
u b2~h (8),K* 2!G

1~lu1lc!Fb3~K* 2,h (8)!1b3
ew~K* 2,h (8)!1

f h(8)
s

f h(8)
u ~b3~h (8),K* 2!1b3

ew~h (8),K* 2!!G J .

~B15!

3. Pure penguin diagram processes

A a~B2→p2K̄* 0!5
GF

A2
f Bf p f K* $lub2~K̄* 0,p2!1~lu1lc!@b3~K̄* 0,p2!1b3

ew~K̄* 0,p2!#%. ~B16!

A a~B2→K̄0r2!5
GF

A2
f Bf K f r$lub2~K̄0,r2!1~lu1lc!@b3~K̄0,r2!1b3

ew~K̄0,r2!#%, ~B17!

A a~B2→K2K* 0!5
GF

A2
f Bf K f K* $lu8b2~K* 0,K2!1~lu81lc8!@b3~K* 0,K2!1b3

ew~K* 0,K2!#%, ~B18!

A a~B2→K0K* 2!5
GF

A2
f Bf K f K* $lu8b2~K0,K* 2!1~lu81lc8!@b3~K0,K* 2!1b3

ew~K0,K* 2!#%, ~B19!

A a~B2→p2f!5A a~B̄0→p0f!50. ~B20!

A a~B2→K2f!5
GF

A2
f Bf K f f$lub2~f,K2!1~lu1lc!@b3~f,K2!1b3

ew~f,K2!#%, ~B21!

A a~B̄0→K̄0f!5
GF

A2
f Bf K f fH ~lu1lc!Fb3~f,K̄0!2

1

2
b3

ew~f,K̄0!G J . ~B22!
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Chapitre 3

Le puzzle des états P

Où nous discuterons de l’incohérence entre les prédictions théoriques et les mesures
expérimentales relatives aux canaux B → D∗∗

omme il l’a déjà été annoncé dans le cours du chapitre 1, un problème se pose

entre les prédictions théoriques et les mesures expérimentales relatives aux dés-

intégrations des mésons B en mesons D orbitalement excités L = 1 (états P

notés D∗∗). Dans la suite de ce chapitre, nous allons présenter deux éléments de recherche

supplémentaires spécifiques à ce problème après avoir rappelé quelques généralités sur la

construction d’amplitudes de transition covariantes à la façon de Bakamjian-Thomas.

3.1 Philosophie de la construction de Bakamjian-Thomas

L’objectif de cette construction [27, 28, 29] est d’écrire, dans le cadre des modèles de quarks,

l’amplitude de transition de n’importe quel processus hadronique de façon covariante, et cela

quelle que soit la dynamique décrivant les états liés de quarks.

3.1.1 Hypothèses

Comme l’on veut étudier un processus du type B → D(∗),(∗∗), il nous faut calculer des

amplitudes du style 〈Ψ′|J |Ψ〉 qui, puisque nous nous plaçons dans le cadre des modèles de

quarks constituants pour les mésons, peut s’écrire selon :

〈Ψ′|J |Ψ〉 =

∫
d~p ′1

(2π)3

d~p1

(2π)3

d~p2

(2π)3

∑
s′1,s1,s2

Ψs′1,s2
(~p ′1,~p2)

∗J(~p ′1,~p1)s′1,s1
Ψs1,s2(~p1,~p2) (3.1)

où l’indice 1 repère le quark actif, l’indice 2 le quark spectateur du méson et si désigne le

spin du quark i. Le courant J n’agit que sur le quark actif 1 et décrit l’interaction subie
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96 Chapitre 3 - Le puzzle des états P

lors de la désintégration. Notons que les variables ~pi et si sont définies dans le référentiel du

laboratoire (qui peut être quelconque en fait).

3.1.2 Construction à la Bakamjian-Thomas

La construction de Bakamjian-Thomas permet d’imposer une description covariante pour

un système formé d’un nombre fini et fixe de constituants en interaction. Pour cela, l’idée

est d’imposer les bonnes propriétés de groupe (le groupe de Poincaré en fait) dans l’écriture

des fonctions d’onde Ψs1,s2(~p1,~p2) ; plus précisément, on utilise les générateurs du groupe

de Poincaré pour relier les fonctions d’onde qui apparaissent dans (3.1) écrites en termes

de variables ~pi et si à des fonctions d’onde qui ne dépendent que de variables internes [3]

(grâce aux rotations de Wigner qui permettent de passer du référentiel du laboratoire au

référentiel interne). À la fin, nous obtenons une écriture covariante des amplitudes 〈Ψ′|J |Ψ〉
reposant uniquement sur des arguments cinématiques et de théorie des groupes.

3.1.3 Comportement dans la limite de masse infinie

Ce formalisme a été utilisé pour étudier les désintégrations semileptoniques B → D(∗),(∗∗)`ν

ainsi que les constantes de désintégration des états S et P dans la limite de masse infinie.

Nous avons montré [19, 3] que :

- le comportement d’échelle est correctement et naturellement reproduit : nous avons obtenu

des expressions pour les différents facteurs de forme ξ, τ
1/2

et τ
3/2

- la règle de somme de Bjorken est également naturellement satisfaite dans le cadre de ce

formalisme, ainsi qu’une règle de somme (( maison )) (appelée LOPR dans [3]) qui fait

intervenir les constantes de désintégration (voir la section 3.3 ci-après).

Enfin, un choix de modèle dynamique (nous en avons utilisé quatre) pour décrire les états

liés mésoniques nous a permis de réaliser plusieurs prédictions théoriques relatives à la

phénoménologie de ce type de réactions.

3.1.4 Apparition du puzzle des états P

Parmi les prédictions théoriques mentionnées ci-dessus, nous avons établi que les désinté-

grations B → D∗∗
3/2
`ν étaient favorisées par rapport aux canaux B → D∗∗

1/2
`ν, et ce pour les

quatre modèles considérés. D’un autre côté, les mesures expérimentales disponibles semblent

plutôt aller vers la conclusion opposée : c’est le (( puzzle des états P )). Dans [3], il nous est

apparu par calcul direct des τ
1/2

et τ
3/2

à partir des quatre modèles dynamiques , puis comme

conséquence de la règle de Bjorken.
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3.2 Règle de somme d’Uraltsev

Une nouvelle règle de somme a été établie par Uraltsev [30] de façon complètement générale

en QCD dans la limite de masse infinie :∑
n

|τ (n)
3/2

(1)|2 −
∑

n

|τ (n)
1/2

(1)|2 =
1

4
(3.2)

Cette régle de somme fait intervenir des facteurs de forme pour lesquels nous possédons des

expressions exactes dans le cadre de notre modèle à la Bakamjian-Thomas [19, 3] ; en substi-

tuant dans le membre de gauche de (3.2) les fonctions τ
1/2

et τ
3/2

par nos expressions, nous

avons vérifié [31] que notre formulation covariante des facteurs de forme satisfait également

naturellement et sans hypothèse supplémentaire cette nouvelle relation.

Par ailleurs, là-encore, apparâıt le puzzle des états P : la règle de somme suggère fortement

en effet que
∑

n |τ (n)
3/2

(1)|2 >
∑

n |τ (n)
1/2

(1)|2.

Notons enfin que cette conclusion n’est donc pas uniquement une conséquence des modèles

uitlisant la construction de Bakamjian-Thomas puisque (3.2) a été établie à partir de la

limite de masse infinie de QCD.

3.3 Une complication supplémentaire

L’étude des désintégrations non leptoniques de mésons lourds demande de connâıtre un

certain nombre de constantes de désintégration et, dans la limite de masse infinie, il suffit

de connâıtre les constantes 1 f (n), f (n)
1/2

et f (n)
3/2

où n désigne l’excitation radiale considérée.

En imposant la dualité, deux nouvelles règles de somme peuvent être démontrées qui relient

les constantes f et les facteurs de formes dans la limite de masse infinie [32] :

∑
n

f (n)

f (0)
ξ(n)(w) = 1

∑
n

f (n)
1/2

f (0)
τ (n)

1/2
(w) =

1

2
(3.3)

Ces relations sont valables en toute généralité dans la limite mQ → ∞ et pour n’importe

quelle valeur de w ce qui constitue une contrainte importante. De plus, toujours dans cette

limite, les constantes f (n)
3/2

doivent s’annuler.

Dans une première étude il y a quelques temps [33, 3], nous avons utilisé la construction des

amplitudes de transition façon Bakamjian-Thomas pour obtenir les expressions exactes des

constantes ce qui nous a permis de vérifier que les règles de somme (3.3) étaient correctement

satisfaites par cette construction.

1. Ce sont respectivement les constantes de désintégrations des états S, des états P avec j = 1/2 et des
états P avec j = 3/2.
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À partir de ces constantes et en utilisant l’hypothèse de factorisation (( näıve )) mentionée

dans le chapitre précédent, il est également possible de faire des prédictions relatives à

certains canaux non leptoniques dans la limite de masse infinie. Dans [34], nous avons donc

poursuivi notre étude des constantes de désintégration pour aboutir aux résultats suivants :

- comme les f (n)
3/2

s’annulent dans la limite mQ →∞, il faut s’attendre à ce que les canaux

non semi-leptoniques faisant intervenir l’émission 2 d’une résonance P excitée j = 3/2

soient défavorisés par rapport à ceux émettant une résonance j = 1/2 ; par exemple :

Γ(B̄d → D̄s, 3/2D) � Γ(B̄d → D̄s, 1/2D)

en utilisant l’hypothèse – grossière – de factorisation näıve. Nous tombons ici sur une

hiérarchie inverse de celle générée par les facteurs de forme d’Isgur-Wise τ
1/2

et τ
3/2

.

- en appliquant l’inégalité de Schwartz aux relations (3.3), les sommes suivantes divergent :

∑
n

(
f (n)

f (0)

)2 ∑
n

(
f (n)

1/2

f (0)

)2

Cette propriété de divergence de ces sommes semblent être vérifiée par les prédictions

numériques de notre modélisation à la Bakamjian-Thomas.

3.4 Bilan

Nous avons montré qu’il existe un problème relatif à l’étude des canaux faisant intervenir la

production d’états excités P dans la limite de masse infinie : les prédictions théoriques, que

ce soient des règles de somme sur les facteurs de forme ou des prédictions numériques dans

les modèles à la Bakamjian-Thomas, vont dans le sens d’une hiérarchie Γ(B̄d → D∗∗
1/2 `ν) �

Γ(B̄d → D∗∗
3/2 `ν). D’un autre côté, les mesures expérimentales correspondantes suggèrent

plutôt la hiérarchie inverse. Par ailleurs, si l’on considère les canaux d’émission d’états

excités P , on observe du point de vue théorique la hiérarchie également inverse de celle

obtenue pour les canaux de production.

Afin de lever ce paradoxe, il serait utile d’avoir accès aux paramètres théoriques d’une façon

plus fondamentale avec le minimum d’approximation : une piste évidente serait de pouvoir

réaliser les calculs des facteurs de forme d’Isgur-Wise τ
1/2

et τ
3/2

directement à partir des

théories fondamentales, d’où l’étude présentée dans le chapitre suivant portant sur les calculs

de QCD sur réseau.

2. Car la résonance en question est couplée au vide. Cette notion d’émission s’oppose à celle de production
pour laquelle la résonance est couplée à l’état initial comme dans les désintégrations semi-leptoniques par
exemple.
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Abstract

We show that the sum rule recently proved by Uraltsev in the heavy quark limit of QCD holds in relativistic quark models
à la Bakamjian and Thomas, that were already shown to satisfy Isgur–Wise scaling and Bjorken sum rule. This new sum rule
provides arationale for the lower bound of the slope of the elastic IW functionρ2 � 3/4 obtained within the BT formalism some
years ago. Uraltsev sum rule suggests an inequality|τ3/2(1)|> |τ1/2(1)|. This difference is interpreted in the BT formalism as
due to the Wigner rotation of the light quark spin, independently of a possible LS force. In BT models, the sum rule convergence
is very fast, then= 0 state giving the essential contribution in most of the phenomenological potential models. We underline that
there is a serious problem, in the heavy quark limit of QCD, between theory and experiment for the decaysB →D∗

0,1(broad)�ν,
independently of any model calculation. 2001 Published by Elsevier Science B.V.

1. Introduction

Recently, Uraltsev [1] has established, in the heavy
quark limit of QCD, a new sum rule. The demonstra-
tion of the sum rule (SR) follows from the OPE ap-
plied to the scattering amplitudeT (ε,v,v − v′) in the
Shifman–Voloshin limit. The functionT (ε,v,v − v′),
whereε is the energy variable (ε = 0 for elastic tran-
sitions of a free quark), is the Fourier transform of the
expectation value

(1)
〈
B∗(v − v′)

∣∣T (J+(0)J (x)
)∣∣B∗(0)

〉
,

where the initial state is at rest and the final state has a
momentummQ(v − v′), −mQv being the momentum
transfer carried by the intermediate states. The novelty
in Uraltsev procedure is to allow a momentum for the
final state in (1). Then, the functionT (ε,v,v − v′)

E-mail address: leyaouan@th.u-psud.fr (A. Le Yaouanc).
1 Unité Mixte de Recherche UMR 8627—CNRS.

can be decomposed into symmetric and antisymmetric
partsh±(ε) in v, v′. The zero order moment ofh+(ε)
leads to Bjorken SR [2] involvingρ2, the slope of the
elastic IW functionξ(w):

(2)ρ2 = 1

4
+
∑
n

∣∣τ (n)1/2(1)
∣∣2 + 2

∑
n

∣∣τ (n)3/2(1)
∣∣2

while the zero order moment ofh−(ε) leads to the new
SR [1]:

(3)
∑
n

∣∣τ (n)3/2(1)
∣∣2 −

∑
n

∣∣τ (n)1/2(1)
∣∣2 = 1

4
.

From (2) and (3) one gets the lower bound

(4)ρ2 � 3

4
.

The simple relations that come out immediately
from (2) and (3),

(5)
∑
n

∣∣τ (n)3/2(1)
∣∣2 = ρ2

3
,

0370-2693/01/$ – see front matter 2001 Published by Elsevier Science B.V.
PII: S0370-2693(01)00943-1
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(6)
∑
n

∣∣τ (n)1/2(1)
∣∣2 = 1

3

(
ρ2 − 3

4

)
deserve a comment. One can see that

∑
n |τ (n)3/2(1)|2 is

proportional toρ2 and that
∑

n |τ (n)1/2(1)|2 is propor-

tional to thedeviation of ρ2 from the lower bound 3/4.
Then, there is little room left for

∑
n |τ (n)1/2(1)|2, as it

has been pointed out recently from a SR obtained for
the subleading functionξ3(1) [3]:

ξ3(1)= 2

[∑
n

�E
(n)
3/2

∣∣τ (n)3/2(1)
∣∣2

(7)−
∑
n

�E
(n)
1/2

∣∣τ (n)1/2(1)
∣∣2].

This sum rule, combined with Voloshin sum rule [4]

(8)

Λ̄= 2
∑
n

�E
(n)
1/2

∣∣τ (n)1/2(1)
∣∣2 + 4

∑
n

�E
(n)
3/2

∣∣τ (n)3/2(1)
∣∣2

yields

(9)
∑
n

�E
(n)
3/2

∣∣τ (n)3/2(1)
∣∣2 = 1

6
[Λ̄+ ξ3(1)],

(10)
∑
n

�E
(n)
1/2

∣∣τ (n)1/2(1)
∣∣2 = 1

6
[Λ̄− 2ξ3(1)].

Ignoring short distance QCD corrections, QCD sum
rules predict, independently of all sum rule parame-
ters [5]

(11)ξ3(1)= Λ̄

3

giving

(12)

∑
n �E

(n)
1/2|τ (n)1/2(1)|2∑

n �E
(n)
3/2|τ (n)3/2(1)|2

= 1

4
.

Since the LS coupling is small, we see that we have the
same trend of inequality between

∑
n |τ (n)3/2(1)|2 and∑

n |τ (n)1/2(1)|2 as in Eqs. (5) and (6).

2. Uraltsev sum rule in Bakamjian–Thomas
quark models

One of the aims of this note is to show that the
SR (3) follows within quark models à la Bakamjian

and Thomas. Quark models of hadrons with a fixed
number of constituents, based on the Bakamjian–
Thomas (BT) formalism [6,7], yield form factors that
are covariant and satisfy Isgur–Wise (IW) scaling [8]
in the heavy mass limit. In this class of models, the
lower bound (4) was predicted some years ago [6].
Moreover, this approach satisfies the Bjorken SR that
relates the slope of the IW function to theP -wave IW
functionsτ1/2(w), τ3/2(w) at zero recoil [9]. In this
approach were also computed theP -wave meson wave
functions and the corresponding inelastic IW func-
tions [10], and a numerical study ofρ2 in a wide class
of models of the meson spectrum was performed (each
of them characterized by an ansatz for the mass oper-
atorM, i.e., the dynamics of the system at rest) [11],
together with a phenomenological study of the elastic
and inelastic IW functions and the corresponding rates
for B → D,D∗,D∗∗�ν. Moreover, the calculation of
decay constants of heavy mesons within the same ap-
proach was also performed [12].

The first demonstration of Uraltsev SR within the
BT quark models is rather short, relying on formulas
established in Ref. [10]. Two other demonstrations
will follow that will exhibit the underlying physics.
The starting point is [10]:

(13)τ
(n)
j (1)=

∫
p2 dp

(2π)2
ϕ
(n)∗
j (p)Fj (p),

where

F1/2(p)= − 1

3
√

3

{
ϕ(p)

p2

m+ p0

(
3+ m

p0

)
+ 2pp0

dϕ

dp

}
,

(14)

F3/2(p)= − 1

3
√

3

{
ϕ(p)

p2

m+ p0

m

p0
+ 2pp0

dϕ

dp

}

with the radial part of theL = 1 wave functions
normalized according to

(15)
1

6π2

∫
p2 dp

[
pϕ

(n)
j (p)

]2 = 1

andm, p = |p| and p0 = √
p2 +m2 are the mass,

momentum and energy of the spectator quark.

Section 3.5 - Publication no 1 101



A. Le Yaouanc et al. / Physics Letters B 520 (2001) 25–32 27

From (13), using closure in the sectors of definite
j = 1/2, 3/2 one finds (page 325 of Ref. [10]):

(16)
∑
n

∣∣τ (n)j (1)
∣∣2 = 3

8π2

∫
dp |Fj (p)|2.

From (14)–(16), the expression for the difference in
the left-hand side of (3) can be integrated by parts,
yielding, after some algebra:∑
n

∣∣τ (n)3/2(1)
∣∣2 −

∑
n

∣∣τ (n)1/2(1)
∣∣2

(17)= 1

8π2

∫
p2 dp [ϕ(p)]2 = 1

4
,

where the last equality follows from the ground state
wave function normalization [6].

Therefore, the SR (17) within the BT quark models
provides arationale for the lower boundρ2 � 3/4 that
was found within this class of models [6]. The sum
rule also establishes that the sum over thej = 3/2
states dominates over the one over thej = 1/2.

The second demonstration, that follows more
closely Uraltsev proof, will illustrate quark–hadron
duality. Let us first remind the proof of Bjorken SR
that was given in [9]. It was shown that thespin av-
eraged hadronic tensor in the BT formalism is,in the
heavy quark limit for the active quark, identical to the
free quark hadronic tensor:

(18)h̄µν(v,v′)= h̄
free quark
µν (v,v′).

From this relation, Bjorken SR follows. In Eq. (18),
the free quark tensor is

h̄
free quark
µν (v,v′)= 1

2

∑
s1,s

′
1

[
ūs ′1(v

′)γµus1(v)
]

(19)× [
ūs ′1(v

′)γνus1(v)
]∗

and the hadronic tensor writes

h̄µν(v,v′)= 1

2J + 1

∑
λ

∑
n

〈P, λ|Jν |n,P′〉

(20)× 〈n,P′|Jµ|P, λ〉,
where J , λ are the spin and spin projection of the
hadron of momentumP.

In BT models, the hadronic tensor can be written
[9]:

h̄µν(v,v′)= 1

2J + 1

∑
λ

∑
s1f ,s

′
1,s1i

[
ūs ′1(v

′)γµus1i (v)
]

(21)× [
ūs ′1(v

′)γνus1f (v)
]∗
f λλ
s1f s1i

,

wheref λλ
s1f s1i

is the hadronic overlap:

f λλ
s1f s1i

=
∑
s2

∫
d3p2ψ

λ∗
s1f s2

(P − p2,p2)

(22)×ψλ
s1i s2

(P − p2,p2)

and (18) follows from (21) and (22). The wave
function ψλ

s1,s2
(P − p2,p2) is the internal moving

ground state wave function, with the active quark
labelled 1 andλ being the spin projection along
some axis. It is defined by deleting the momentum
conservingδ-function from the total wave function.
In the BT model, it is obtained from aP -depending
transformation on therest internal wave function.

To proceed like Uraltsev, one must generalize the
hadronic tensor, allowing for different velocities and
angular momentum projections. Let us consider the
polarized hadronic tensor:

h
λiλf
µν (vi ,vf ,v′)=

∑
n

〈Pf , λf |Jν |n,P′〉

(23)× 〈n,P′|Jµ|Pi , λi〉.
In the BT formalism, this tensor writes, using closure
and heavy mass limit [9]:2

h
λiλf
µν (vi ,vf ,v′)

=
∑

s1f ,s
′
1,s1i

[
ūs ′1(v

′)γµus1i (vi )
]

(24)× [
ūs ′1(v

′)γνus1f (vf )
]∗
f
λf λi
s1f s1i (Pi ,Pf )

with the hadronic overlap

f
λf λi
s1f s1i (Pi ,Pf )=

∑
s2

∫
d3p2 ψ

λf ∗
s1f s2(Pf − p2,p2)

(25)×ψλi
s1i s2

(Pi − p2,p2).

In this expressionψλi
s1i s2(Pi −p2,p2) (i → f likewise)

is the internal moving ground state meson wave
function, and the active quark is labelled 1.

Let us choose, like Uraltsev, the vector mesonB∗ as
initial and final state, withPi = 0, λi = 0, λf = +1,
and the vector current withµ = ν = 0. We are thus

2 The states|n,P′〉 form a complete set of eigenfunctions at fixed
P′ :

∑
n |n,P′〉〈n,P′| = 1.
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considering the object

h
0,+1
00 (vi,vf ,v′)=

∑
s1f ,s

′
1,s1i

[
ūs ′1(v

′)γ0us1i (0)
]

× [
ūs ′1(v

′)γ0us1f (vf )
]∗

(26)× f+1,0
s1f s1i

(0,Pf )

to first order inv′, vf . There are, in principle, two
kinds of terms contributing to this quantity:

(1) Spin-flip term coming from the active quark,
i.e., from the quark current matrix element at the
desired orderūs ′1(v

′)γ0us1f (vf ) ∼ v′ × vf while
ūs ′1(v

′)γ0us1i (0) cannot give a spin flip becausevi = 0.
At the desired order, one can also take the hadronic
overlap atPi = Pf = 0:

h
0,+1
00 (0,vf ,v′)= [ū−1/2(v′)γ0u−1/2(0)]

× [ū−1/2(v′)γ0u+1/2(vf )]∗
(27)× f+1,0

s1f s1i
(0,0).

One obtains

(28)

h
0,+1
00 (0,vf ,v′)= 1

4
√

2

(〈↓|iσ1 · (v′ × vf )|↑〉)∗,
where the factor 1/

√
2 comes from the hadronic

overlap, and 1 labels the active quark.
(2) Terms without spin-flip of the active quark.

Then, to have a contribution to (26), one needs to
appeal to a Wigner rotation of the spectator quark 2,
giving a contribution∼ p2 × Pf . But, by integration,
this term is zero, because there is no other hadron
momentum thanPf —in the hadronic overlap there is
no dependence onP′.

We are then left with expression (28), that means
that we have exact duality, just like in the unpolarized,
Pi = Pf case:

(29)h
0,+1
00 (0,vf ,v′)= [

h
0,+1
00 (0,vf ,v′)

]
free quark.

We need now to compute the same hadronic ten-
sor (23) in terms of the phenomenological Isgur–Wise
functionsτj (w), within the same approximations. Af-
ter a good deal of algebra, we find, using the defini-
tions of [14], and taking into account that the states are
not normalized according to the usual normalization

〈v′|v〉 = √
4v0v′0 δ(v − v′) but by〈v′|v〉 = δ(v − v′),

h
0,+1
00 (vf ,v′,vi )

∼= vzf
1√
2

(
v′x − iv′y)

(30)

× [
C
(
0+, j = 1

2

)+C
(
1+, j = 1

2

)
+C

(
1+, j = 3

2

)+C
(
2+, j = 3

2

)]
,

where the different contributions are (a sum over a
radial quantum number is implicit)

C
(
0+, j = 1

2

)= 0,

C
(
1+, j = 1

2

)= −|τ1/2(1)|2,
C
(
1+, j = 3

2

)= −1

2
|τ3/2(1)|2,

(31)C
(
1+, j = 3

2

)= 3

2
|τ3/2(1)|2

and the ground state does not contribute. One obtains,

h
0,+1
00 (vf ,v′,vi )

∼= vzf
1√
2

(
v′x − iv′y)

(32)×
[∑

n

∣∣τ (n)3/2(1)
∣∣2 −

∑
n

∣∣τ (n)1/2(1)
∣∣2].

Identifying the expressions (28) and (32), Uraltsev SR
follows.

Some words of caution about the general scope and
limitations of Bakamjian–Thomas quark models are
in order here. Both zero order moment sum rules, the
ones of Bjorken [9] and Uraltsev are satisfied by this
class of models. However, higher moment sum rules as
Voloshin sum rule [4] are not satisfied. These higher
moments sum rules seem to be specific to the gauge
nature of QCD. Anyhow, one limitation of BT models
is the following, as exposed in [6]. The Bakamjian–
Thomas scheme was formulated to describe relativis-
tic bound states with a fixed number of constituents,
that form representations of the Poincaré group. How-
ever, when one considers matrix elements of currents
with one active quark (the simplest ansatz), these ma-
trix elements are not covariant in general, although a
main result of the formalism is that they are covari-
ant in the heavy quark limit. In the fact, one does
not obtain a covariant expression for the Voloshin
sum 4

∑
n �E

(n)
3/2|τ (n)3/2(1)|2 + 2

∑
n �E

(n)
1/2|τ (n)1/2(1)|2,

reflecting the non-covariance outside the heavy quark
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limit, by contrast to the Bjorken and Uraltsev ones,
that are covariant.

3. The role of spectator quark Wigner rotations

Within quark models à la BT, the difference be-
tweenτ (0)3/2(1) andτ (0)1/2(1) follows from formulas (13),

(14) (with a suitable phase convention,τ
(0)
3/2, τ (0)1/2 � 0)

τ
(0)
3/2(1)− τ

(0)
1/2(1)

(33)

∼= 1

(2π)2
√

3

∫
p2 dp

[
pϕ

(0)
L=1(p)

]∗ p

p0 +m
ϕ(p),

whereϕ1/2(p)∼= ϕ3/2(p)= ϕ
(0)
L=1(p) (assuming small

LS coupling) are the internal hadron wave functions at
rest. We assume, as it is natural, that for the ground
stateϕ(0)L=1(p) is positive. One finds thatτ (0)3/2(1) is

larger thanτ (0)1/2(1) even in the limit of vanishing LS
coupling. The difference (33) has a simple physical
interpretation, outlined in Ref. [11]: it is essentially
due to the relativistic structure of the matrix elements
in terms of the wave functions. More precisely, it is
due to the light spectatorquark Wigner rotations, i.e.,
a relativistic effect due to the center-of-mass boost,
and not due to the difference coming from the spin-
orbit force between the 1/2 and 3/2 internal wave
functions at rest, which is small and has a rather
moderate effect. On the contrary, the difference (33)
is quite large, at least for the lowestL= 1 states, since
for a constituent quark massm∼= 0.3 GeV, the quantity
p/(p0 +m) is of O(1).

Expression (33), that comes from a specific rela-
tivistic effect, is to be contrasted with the equality for
any non-relativistic quark model with spin-orbit in-
dependent potential [13], also used in Ref. [14], that
analizes 1/mQ corrections:

(34)τ
(n)
3/2(1)= τ

(n)
1/2(1).

Let us see how, in terms of internal wave functions
at rest, the Wigner rotation of thespectator quark is
responsible for the difference betweenτ (n)3/2 and τ (n)1/2
and for the non-vanishing of the r.h.s. of Uraltsev
SR (17) within the BT formalism. In the previous
demonstration of Uraltsev SR, the Wigner rotations
were hidden in the moving internal wave functions,

which themselves disappeared using completeness
relations. We will now make those explicit by using
the internal wave functions at rest, that gives a feeling
of how the difference|τ (n)3/2|2 − |τ (n)1/2|2 comes out in
the l.h.s. of Uraltsev SR. Consider a meson with the
active heavy quark labelled 1 and the spectator quark
labelled 2. In terms of internal wave functions, the
current matrix element in the BT formalism writes
(formula (27) of Ref. [9]):

〈v′|Vµ(0)|v〉

=
∑
s ′1s1

ūs ′1γµus1

∫
dp2

√
(pi · v)(p′

i · v′)

p0
2

(35)×
∑
s ′2s2

ϕ′∗
s ′1s ′2

(k′
2)
[
D
(
R′−1

2 R2
)]
s ′2s2

ϕs1s2(k2).

In this expression we see the basic ingredients of the
model. There is a change of variables of the quark
momenta, e.g., for the initial state(p1,p2)→ (P,k2),
where P is the center-of mass momentum, andk2
the internal relative momentum, and likewise for the
final state(p′

1,p′
2) → (P′,k′

2). The first term under
the integral comes from the Jacobian of this change
of variables. The matrix elementus ′1γµus1 expresses
the fact that the quark 1 is the active heavy quark.
The relation between, e.g.,k2 andp2 is given by the
boostk0

2 = v0p0
2 − vzpz2, kz2 = v0pz2 − vzp0

2, kx,y2 =
p
x,y
2 , v being the four-velocity of the initial state.

The wave functionsϕ andϕ′ are the initial and final
internal wave functions at rest, dependent only on the
relative momenta and Pauli spinors. Finally, the matrix
D(R′−1

2 R2) is the Wigner rotation acting on the spin of
the spectator quark 2 due to the product of the boosts
on the initial and final states. Formula (35) leads to the
difference (33) and to the r.h.s. of Uraltsev SR (17).
Expanding the fourth component vector current matrix
element between the ground state andL= 1 states up
to the first power ofv, v′ gives, from (35) (formula
(29) of Ref. [9]):

〈n(v′)|V0(0)|0(v)〉
∼= 1

2
(v′ − v)

(36)× (n| − i
(
p0

2r2 + r2p
0
2

)+ i(σ2 × p2)

p0
2 +m

|0),
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where |0(v)〉 stands for the ground state wave func-
tion in motion and likewise|0) for the internal ground
state at rest in terms of Pauli spinors. The first opera-
tor −i(p0

2r2 + r2p
0
2), wherer2 is the operatori ∂/∂p2,

comes from the variation of the Jacobian factor and
the variation of the argumentk of the wave func-
tion, while the second operatori(σ2 × p2)/(p

0
2 +m)

is the Wigner rotation. Eq. (36) becomes, in the non-
relativistic limit, the matrix element of the electric di-
pole operator, and leads to the difference (33) through
the latter spin-dependent term. To demonstrate Uralt-
sev SR, we are interested in the hadronic tensor

h+10
00 (vf ,v′,vi)=

∑
n

〈
B∗(+1)(vf )

∣∣V0(0)
∣∣n(v′)

〉
(37)× 〈

n(v′)
∣∣V0(0)

∣∣B∗(0)(vi )
〉
.

The ground state does not contribute to the sum rule
over intermediate states in (37), in HQET and likewise
in BT quark models, that satisfy HQET. We have
indeed demonstrated in Ref. [6] (formulas (26)–(29))
that BT quark models in the heavy quark limit satisfy
HQET relations for all ground state form factors. More
specifically, in BT quark models, as follows after some
algebra from (35), the contributions of the active quark
(28) cancels with the one of the spectator quark for
the ground state. We are then left with theL = 1
intermediate states for which we apply formula (36).

Defining the frame vi = (1,0,0,0), vf =
(v0

f ,0,0, v
z
f ), the hadronic tensor can then be written,

at first order in the velocitiesvf andv′,

h+10
00 (vf ,v′,vi)

∼= 1

4

(
B∗(+1)

∣∣{−vzf

[
−i(p0

2z2 + z2p
0
2

)
+ i(σ2 × p2)z

p0
2 +m

]}+
|n)

× (n|
{
v′x
[
−i(p0

2x2 + x2p
0
2

)+ i(σ2 × p2)x

p0
2 +m

]
+ v′y

[
−i(p0

2y2 + y2p
0
2

)+ i(σ2 × p2)y

p0
2 +m

]}
(38)× ∣∣B∗(0)),

where the|n) states areL = 1. The spin flipB∗(0) →
B∗(+1) can occur because of the Wigner rotation
on the spectator light quark. Using completeness∑

n |n)(n| = 1, two kinds of terms contribute: crossed

terms between a Wigner rotation and a spin-
independent operator, and products of two Wigner ro-
tations. After some algebra, the final result reads:

(39)h+10
00 (vf ,v′,vi )∼= 1

4
vzf

1√
2

(
v′x − iv′y).

Making explicit the states|n), Eq. (38) shows that the
L= 1 states contribute to the left-hand side of Uraltsev
sum rule (Eq. (32)), since the operators in brackets are
�L= 1.

It may seem surprising that only a spectator quark
operator appears in Eq. (38), giving the same result
as the previous calculation (28), where only the ac-
tive quark appeared. This is due to the fact that the
right-hand side of Eq. (28) or (39) comes out from
a combination of three terms:S1 + S2 + P2, where
S (P ) means theS-wave (P -wave) contribution and
1 (2) the active (spectator) quark. It turns out thatS1 =
−S2 = P2, showing that one gets the same r.h.s. of the
SR within both formalisms. The first demonstration
underlines duality, since the hadronic tensor is iden-
tical to the active quark tensor. The second demonstra-
tion underlines the physical interpretation of the SR
through the Wigner rotations, since the crossed terms
�L = 1, �S = 1 in (38) provide the l.h.s. of the SR,
giving the difference betweenj = 3/2 andj = 1/2.

4. Phenomenological remarks

From the calculations of Ref. [11] in the BT
formalism for a wide class of potentials, one can see
from Table 1 that Uraltsev SR converges rapidly, as
well as Bjorken’s one, and are almost saturated by the
n= 0 states.3

The Godfrey and Isgur potential [15] is the one that
describes the meson spectrum in the most complete
way, from light meson spectroscopy to heavy quarko-
nia. The agreement of the contribution of lowestn= 0
states with the right-hand side of the SR (17) is quite
striking. Within the BT class of quark models, one gets
[11] a valueρ2 ∼= 1, not inconsistent with present ex-
perimental data on theξ(w) slope, and also, consis-
tently, with small values forτ (n)1/2(1).

3 This fast convergence of the sum rules has also been observed
in QCD2 in theNc → ∞ limit [19].

Section 3.5 - Publication no 1 105



A. Le Yaouanc et al. / Physics Letters B 520 (2001) 25–32 31

Table 1
Contribution of the lowestL = 1 states to the Bjorken and Uraltsev sum rules and the slope of elastic IW function in BT quark models for
different potentials

Quark–antiquark Godfrey, Isgur [15] Cea, Colangelo, Isgur, Scora,

potential (Q�Q, Qq̄, qq̄) Cosmai, Nardulli [16] Grinstein, Wise [17]∣∣τ (0)1/2(1)
∣∣2 0.051 0.004 0.117∣∣τ (0)3/2(1)
∣∣2 0.291 0.265 0.305

1
4 + ∣∣τ (0)1/2(1)

∣∣2 + 2
∣∣τ (0)3/2(1)

∣∣2 0.882 0.790 1.068

ρ2 1.023 0.98 1.283∣∣τ (0)3/2(1)
∣∣2 − ∣∣τ (0)1/2(1)

∣∣2 0.240 0.261 0.233

Table 2
Branching ratios in BT quark models for different potentials. The experimental BR forB → D2(3/2)�ν andB → D1(3/2)�ν come from
ALEPH (a), DELPHI (b) and CLEO (c) data [18], with the errors added in quadrature. The last entry corresponds to DELPHI data for the wide
states

Quark–antiquark potential Godfrey–Isgur Cea et al. Isgur et al. Experimental

B →D�ν 2.36% 2.45% 1.94% (2.1± 0.2)%

B →D∗�ν 6.86 % 7.02% 6.07% (5.3± 0.8)%

B →D2
( 3

2

)
�ν 7.0× 10−3 6.5× 10−3 7.7× 10−3 (a) (2.4± 1.1)× 10−3

(b) (4.4± 2.4)× 10−3

(c) (3.0± 3.4)× 10−3

B →D1
( 3

2

)
�ν 4.5× 10−3 4.2× 10−3 4.9× 10−3 (a) (7.0± 1.6)× 10−3

(b) (6.7± 2.1)× 10−3

(c) (5.6± 1.6)× 10−3

B →D1
( 1

2

)
�ν 7× 10−4 4× 10−5 1.3× 10−3 (2.3± 0.7)× 10−2

B →D0
( 1

2

)
�ν 6× 10−4 4× 10−5 1.1× 10−3 [

D0
( 1

2

)+D1
( 1

2

)]

It is interesting to remark that, among the three
potential models quoted in Table 1, only the more
complete one by Godfrey and Isgur contains a LS
coupling. There are indeed in this case LS splittings
(M(n)

3/2 different fromM
(n)
1/2), and the wave functions

are perturbed also by this piece of the interaction,
giving a different behavior for the wave functions
ϕ
(n)
3/2(p) andϕ(n)1/2(p). The other models have neglected

the LS splitting, although, due to the Wigner rota-
tions, τ (n)3/2(w) is, of course, different fromτ (n)1/2(w)

even for these latter potentials. However, even in the
case of the Godfrey–Isgur potential, the LS force is
small.

In Table 2 we compare the predictions of the BT
quark models for the different semileptonic decays.
While the BR for the modesB → D2�ν andB →
D1(3/2)�ν have the right order of magnitude, and
are consistent with experiment within 1σ , the trend
of the ratioD1(3/2)/D2(3/2) is opposite to experi-
ment. This moderate disagreement could be explained
by 1/mQ corrections [20]. However, in the case of
the j = 1/2 the disagreement is very strong. QCD
in the heavy quark limit predicts, according to Uralt-
sev SR, that thej = 3/2 states are dominant over the
j = 1/2. This general trend could be hardly reversed
by the small hard QCD corrections to Uraltsev [1] and
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Bjorken [20] sum rules. As to the 1/mQ corrections
[14], their magnitude is poorly known, since the nu-
merical estimate of Ref. [14], although the formalism
is completely general, relies on a large number of dy-
namical hypotheses.

Another strong experimental indication of large
branching ratios of a broad resonanceD1(1/2) is the
non-leptonic decayB → D0

1(1/2)π which is found
larger than theB → DJ (3/2)π [21]. Factorization is
reasonable in such a mode and, consequently, once
again, this experimental result seems to contradict that
|τ3/2(1)|> |τ1/2(1)|.

The serious problem for the decaysB →
D0,1(1/2)�ν goes beyond the specific BT quark mod-
els and appears to be, more generally, a problem be-
tween experiment and the heavy quark limit of QCD.

5. Conclusion

We have shown that the sum rule proved recently
by Uraltsev in the heavy quark limit of QCD holds in
relativistic quark models à la Bakamjian and Thomas.
Its physical interpretation is the Wigner rotation of the
spectator light quark spin, and not a possible LS per-
turbation. We have underlined that, since|τ3/2(1)| >
|τ1/2(1)| [22], there is a serious problem between the-
ory and experiment for the decaysB →D∗

0,1(broad)�ν.
This problem goes beyond the BT quark models and
appears to be a general one, within the heavy quark
limit of QCD.
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Abstract

In previous work it has been shown that, either from a sum rule for the subleading Isgur–Wise functionξ3(1) or from a
combination of Uraltsev and Bjorken SR, one infers forP -wave states|τ1/2(1)| � |τ3/2(1)|. This implies, in the heavy quark
limit of QCD, a hierarchy for theproduction rates ofP -statesΓ (�Bd → D(1/2)�ν) � Γ (�Bd → D(3/2)�ν) that seems at
present to be contradicted by experiment. It was also shown that the decay constants ofj = 3/2 P -states vanish in the heavy

quark limit of QCD,f (n)3/2 = 0. Assuming themodel of factorization in the decays�Bd → �D∗∗
s D, one expects the opposite

hierarchy for theemission ratesΓ (�Bd → �Ds(3/2)D)� Γ (�Bd → �Ds(1/2)D), sincej = 1/2 P -states are coupled to vacuum.
Moreover, using Bjorken SR and previously discovered SR involving heavy–light meson decay constants and IW functions,

one can prove that the sums
∑
n

(
f (n)/f (0)

)2,
∑
n

(
f
(n)
1/2/f

(0))2 (wheref (n) andf (n)1/2 are the decay constants ofS-states and
j = 1/2P -states) are divergent. This situation seems to be realized in the relativistic quark models à la Bakamjian and Thomas,

that satisfy HQET and predict decays constantsf (n) andf (n)1/2 that do not decrease with the radial quantum numbern.  2001
Published by Elsevier Science B.V.

In previous work [1,2] we have pointed out a prob-
lem between experiment and the heavy quark limit of
QCD for the semi-leptonic decays ofB mesons to
L = 1 excited statesD0,1(1/2), D1,2(3/2). In a few
words, the argument is as follows.

From Bjorken SR [3,4]

(1)ρ2 = 1

4
+
∑
n

∣∣τ (n)1/2(1)
∣∣2 + 2

∑
n

∣∣τ (n)3/2(1)
∣∣2

E-mail address: oliver@qcd.th.u-psud.fr (L. Oliver).
1 Unité Mixte de Recherche UMR 8627, CNRS.

and the recently demonstrated Uraltsev SR [5]

(2)
∑
n

∣∣τ (n)3/2(1)
∣∣2 −

∑
n

∣∣τ (n)1/2(1)
∣∣2 = 1

4
,

one obtains,

(3)
∑
n

∣∣τ (n)3/2(1)
∣∣2 = ρ2

3
,

(4)
∑
n

∣∣τ (n)1/2(1)
∣∣2 = 1

3

(
ρ2 − 3

4

)
.

One can see that
∑
n

∣∣τ (n)3/2(1)
∣∣2 is proportional toρ2

and that
∑
n

∣∣τ (n)1/2(1)
∣∣2 is proportional to thedeviation

of ρ2 from the lower bound 3/4. Then, there is little

0370-2693/01/$ – see front matter 2001 Published by Elsevier Science B.V.
PII: S0370-2693(01)00969-8
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room left for
∑
n

∣∣τ (n)1/2(1)
∣∣2, as it has been pointed out

recently from a SR obtained for the subleading func-
tion ξ3(1) [3]. The expected hierarchy for the form fac-
tors |τ3/2(1)| 	 τ1/2(1), that can be inferred from the
precedent equations, implies that�Bd → D∗∗�ν and
�Bd →D∗∗π (assuming factorization, a reasonable as-
sumption in view of the recent papers on nonleptonic
decays with emission of a light meson) are dominated
by the narrow resonances

(5)Γ
(�Bd →D1,2

(3
2

)
�ν
)	 Γ

(�Bd →D0,1
( 1

2

)
�ν
)
,

(6)Γ
(�Bd →D1,2

(3
2

)
π
)	 Γ

(�Bd →D0,1
( 1

2

)
π
)
.

On the other hand, it was demonstrated that the
decay constants ofj = 3/2 P -wave mesons vanish,
f
(n)
3/2 = 0, in the heavy quark limit of QCD [6,7].

This result can be summarized in the statement that
we expect the “broad”D∗∗ resonances (j = 1/2) to
have a much larger decay constant than the “narrow”
ones (j = 3/2). This to be contrasted to the opposite
expected hierarchy for form factors,|τ3/2| 	 |τ1/2|
[1], that can be inferred from Eqs. (3), (4). This
hierarchy in theproduction is expected to be opposite
to the one due to the selection rulef (n)3/2 = 0,

(7)Γ
(�Bd → �Ds 1,2

(3
2

)
D
)� Γ

(�Bd → �Ds 0,1
(1

2

)
D
)
,

where there isemission of �DsJ (j). Of course, this is
only a qualitative statement, because factorization in
the decays (7) is just a model and is not in a firm
status as in the light meson emission case (6) [8].
To summarize, “broad” resonances (j = 1/2) are
expected to be suppressed in the production, while
“narrow” resonances (j = 3/2) are expected to be
suppressed in the emission. The BaBar experiment
has started looking atBd → (�DK)D [9] where such
decays with emitted excited states might be seen, but
the statistics has to be improved.

Let us now make some further remarks on decay
constants of excited states. Imposing duality to�Γ in
theB0

s –�B 0
s system in the heavyb, c quark limit, the

following sum rules have been demonstrated, in the
heavy quark limit of QCD [6]:

(8)
∑
n

f (n)

f (0)
ξ (n)(w)= 1,

(9)
∑
n

f
(n)
1/2

f (0)
τ
(n)
1/2(w)=

1

2
.

The decay constants forS-statesf (n) and forj = 1/2
P -statesf (n)1/2 are properly defined in Ref. [6]. The sum
rules (8), (9) are strong constraints, as they hold for
any value ofw.

The w-dependence in Eqs. (8), (9) was obtained
by considering the two-body intermediate states of
the type Ds �Ds (ground state and excited states)
for the diagrams of the spectator quark type. As
explained in Ref. [6], in this kind of diagrams the
transition�Bs → Ds �Ds → Bs occurs by�Ds emission
andDs production by the�Bs (s̄ quark being spectator),
followed byDs emission and�Ds production by theBs .
In the heavy quark limit, the expression for the
contribution of one intermediate state is proportional
to a quantity of the typef 2

Ds
[ξ(wc)]2 wherefDs is

a generic ground state or excitedDs meson decay
constant andξ(wc) is a generic Isgur–Wise function
ξ(n)(w), τ (n)1/2(w) or τ (n)3/2(w) [4], taken at the fixed

value ofq2 =m2
c :

(10)wc = m2
b +m2

c − q2

2mbmc
= mb

2mc
.

Varying the ratiomb/mc, the w-dependence in the
IW functions appears. Identifying the sum over the
exclusive modes with the contribution to the quark box
diagram having the same topology [10], one obtains,
considering the vector or the axial weak current, the
sum rules (8) and (9).

In an earlier paper [11], we had demonstrated that
indeed duality for�ΓBs occurs forNc = 3 in the
heavy quark limit in the particular Shifman–Voloshin
conditionsΛQCD �mb −mc �mb,mc [12].

On the other hand, the sum rules (8), (9) were
studied [13] within the relativistic quark models of
the Bakamjian–Thomas (BT) type [14], that satisfy
HQET relations for form factors and decay constants.
The sum rules are satisfied for different values ofw,
although the numerical convergence becomes worst as
w increases.

From (8), (9), using Schwartz inequality, one can
obtain the lower bounds:[∑
n

[
ξ(n)(w)

]2][∑
n

(
f (n)

f (0)

)2
]

(11)�
(∑
n

f (n)

f (0)
ξ (n)(w)

)2

= 1,
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n

[
τ
(n)
1/2(w)

]2][∑
n

(
f
(n)
1/2

f (0)

)2
]

(12)�
(∑
n

f
(n)
1/2

f (0)
τ
(n)
1/2(w)

)2

= 1

4
.

Considering first these inequalities atw = 1, one can
see, fromξ(n)(1) = 0 for n 
= 0, that (11) does not
provide any useful constraint. However, from (12) at
w = 1 and (4) one obtains the bound for thej = 1/2
P -wave decay constants

(13)
∑
n

(
f
(n)
1/2

f (0)

)2

� 3

4ρ2 − 3

that contains the IW slopeρ2 in the right-hand side.
Although the bound (13) is very weak, it deserves
a few comments. Its r.h.s., and also its l.h.s. diverge
asρ2 → 3/4 and it reflects the fact that the excited
P -wave mesonsD0,1(j = 1/2) do indeed couple to
vacuum, respectively, through the vector and axial
currents forJ = 0,1, as was already proved from the
sum rule (9). This is to be contrasted with the selection
rule f (n)3/2 = 0 [6,7] that applies to the excited mesons
D1,2(j = 3/2). In the example of the nonrelativistic
quark model, also given as an illustration in Ref. [6],
both sides of the inequality (13) are of O(v2/c2), since
f
(n)
1/2 is of O(v/c) (formula (17) of [6]) andρ2 is

of O(c2/v2) (formula (52) of [6]). In this case, as
can be easily seen using completeness, the l.h.s. of
(13) is infinite, proportional to the divergent integral∫∞

0 p4 dp, two powers ofp coming from the current
andp2 from the measured �p.

Actually, one can demonstrate this divergence also
in field theory, in the heavy quark limit of QCD by
considering arbitrary largew. From Bjorken SR for
any value ofw [4],

w+ 1

2

∑
n

∣∣ξ(n)(w)∣∣2 + (w− 1)

[
2
∑
n

∣∣τ (n)1/2(w)
∣∣2

(14)+ (w+ 1)2
∑
n

∣∣τ (n)3/2(w)
∣∣2]+ · · · = 1

one obtains, since all terms in this sum are definite
positive∑
n

∣∣ξ(n)(w)∣∣2 � 2

w+ 1
,

(15)
∑
n

∣∣τ (n)1/2(w)
∣∣2 � 1

2(w− 1)
.

From (11) and (12) for anyw one gets

∑
n

(
f (n)

f (0)

)2

� w+ 1

2
,

(16)
∑
n

(
f
(n)
1/2

f (0)

)2

� w− 1

2
.

Since the l.h.s. of these inequalities is independent
of w, that can be made arbitrarily large, one concludes
that the sums

∑
n

(
f (n)/f (0)

)2,
∑
n

(
f
(n)
1/2/f

(0)
)2 must

diverge.
This situation seems to be realized in quark models

à la Bakamjian and Thomas. The decay constants
f (n) and f (n)1/2 were computed within the BT quark
models for different quark–antiquark potentials up to
n= 10, and the convergence of the SR (8) and (9) was
studied for different values ofw [13]. The error on
the decay constants induced by a truncation procedure
in the calculation increases strongly withn. The
decay constantsf (n) and f (n)1/2 do not decrease with
increasingn. For the most sophisticated Godfrey–
Isgur potential, that describes allqq̄, q�Q andQ�Q
quarkonia, including spin dependent effects [15], one
obtains the decay constants of Table 1 for theS-states
and thej = 1/2 P -states [13].

In view of the values of the decay constants in Ta-
ble 1, besides the qualitative hierarchy (7), one expects
for the n = 0 states, assuming factorization, neglect-
ing Penguin diagrams and also the mass differences

Table 1
Decay constantsf (n), f (n)1/2 for radial excitationsS-states andj =
1/2 P -states in the GI spectroscopic model. The estimated error is
in parentheses [13], andM is the bound state mass

Radial excitation
√
Mf (n) (GeV3/2)

√
Mf

(n)
1/2 (GeV3/2)

n= 0 0.67(2) 0.64(2)

n= 1 0.73(4) 0.66(4)

n= 2 0.76(5) 0.71(5)

n= 3 0.78(9) 0.73(8)

n= 4 0.80(10) 0.76(11)
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between theP states and the ground state:

Γ
(�Bd →D−

s0(
1
2)D

+)
Γ (�Bd →D−

s D
+)

∼= Γ
(�Bd →D−

s0(
1
2)D

∗+)
Γ (�Bd →D−

s D
∗+)

∼= 1,

(17)

Γ
(�Bd →D−

s1(
1
2)D

+)
Γ (�Bd →D∗−

s D
+)

∼= Γ
(�Bd →D−

s1(
1
2)D

∗+)
Γ (�Bd →D∗−

s D
∗+)

∼= 1.

These relations follow from the approximate numeri-
cal equalityf (0) ∼= f (0)1/2 in Table 1 and the heavy quark
relations among, respectively, the decay constants of
D, D∗ andD0(1/2),D1(1/2) mesons [6].

In conclusion, we have underlined a disymmetry
in the prediction of the rates of production and
emission ofP -wave heavy–light mesons, and we have
undertaken a theoretical discussion of decay constants
of excited heavy mesons.
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Chapitre 4

Calculs sur réseau

Où seront développés le projet apeNEXT, ordinateur à architecture parallèle dédié
aux calculs de QCD sur réseau, ainsi qu’une étude préliminaire nécessaire pour la
levée du paradoxe (( 1/2 > 3/2 )) lors des désintégrations B → D∗∗`ν

ous avons déjà évoqué dans le premier chapitre que tous les modèles théoriques

phénoménologiques (modèles de quark, formulation covariante d’amplitudes fa-

çon Bakamjian-Thomas, règles de sommes, etc...) semblent converger vers le ré-

sultat suivant : dans l’étude des désintégrations semileptoniques des mésons B en mésons

D∗∗ (premières excitations radiales des D) et dans la limite de masse infinie, les taux d’em-

branchement des canaux B → D∗∗
3/2
`ν sont plus élevés que ceux des canaux B → D∗∗

1/2
`ν ;

malheureusement, les données expérimentales ne confirment absolument pas cette propriété

mais vont plutôt dans l’autre sens : c’est le paradoxe (( 1/2 > 3/2 )).

Afin d’essayer de comprendre voire de résoudre ce paradoxe, il est nécessaire de calculer

directement à partir d’une théorie fondamentale (QCD) les facteurs de forme τ
1/2

et τ
3/2

;

une façon de faire serait de réaliser le calcul sur réseau (seule façon à l’heure actuelle de

calculer complètement de façon non perturbative des quantités physiques).

Cela m’a conduit à m’intéresser à ce domaine que sont les calculs sur réseau, d’abord au

travers du projet apeNEXT (paragraphe 4.1) et ensuite au travers de l’étude proprement

dite du puzzle des états D∗∗ (paragraphe 4.2).

4.1 Projet apeNEXT

apeNEXT est la quatrième génération d’ordinateur du projet (( Array Processor Expe-

riment )) (APE) : il s’agit d’une machine optimisée spécifiquement pour QCD et capable de

développer une puissance de calcul soutenue de plusieurs teraflops (1 flop = 1 opération par
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seconde – float operation per second).

4.1.1 Description du hardware

apeNEXT est un ordinateur 64 bit à architecture parallèle de type SPMD 1, c’est-à-dire que

chaque nœud de la machine possède sa propre mémoire, ses propres unités de calcul et de

gestion des flux de données, etc.., et exécute le même programme que les autres nœuds mais

en manipulant des données différentes 2 et cela de façon asynchrone : la synchronisation est

nécessaire uniquement lorsque des échanges de données entre nœuds doivent avoir lieu 3.

Ensuite, toujours dans un but d’optimisation, les opérations arithmétiques ainsi que la

communication entre nœuds peuvent avoir lieu simultanément au cours d’un même cycle

d’horloge. De plus, un système de queues permet le stockage de donnée (locales au nœud

ou bien distantes) et leur accès avec un temps de latence nul ce qui permet également

d’optimiser les accès mémoire avec les calculs et les communications inter-nœud.

Un module de base apeNEXT est constitue du processeur, nommé J&T , et de sa banque

mémoire privée. Rapidement, le processeur J&T se compose des éléments suivants :
CHEP03, La Jolla, California, March 24th-28th, 2003 5

Linux PCLinux PC

I2C

Ethernet

L
V

D
S

7th link

interface interface

I2C 7th link

interface

Figure 5: A possible apeNEXT configuration with 4
boards, 2 external LVDS-links for I/O, and a chained
I2C-link for slow-control.

Figure 6: The apeNEXT J&T module contains one
custom designed VLSI J&T chip and nine 8x256 MBytes
local DDR-SDRAM chips.

plete processor, that delivers more than 1.5 GFlops
of processing power in double precision with a power
consumption of approximately 7 Watt, that is about
10 times less than current generation high-end PCs.
The compactness and the low power consumption of
this basic building block are key ingredients to build
the very compact multi-node system described later
on.

The block diagram of the J&T chip is shown in
Fig. 7. It is a 64-bit architecture, optimized for float-
ing point performance.

We would like to highlight some selected details of
the processor shown in Fig. 7:

• A large register file of 256 registers each contain-
ing a pair of 64 bit words. All operands for the
arithmetic unit arrive from the register file and
all results are written back here.

• An arithmetic box which performs floating point
as well as integer operations. The basic opera-
tion executed by the floating point unit (FPU) is

TX

LU INT LUT FPU

Register File
512 x 64 bit

Program and Data Memory  (DDR−SDRAM 256 M ... 1 G)

Microcode

AGU

Disp.

Switch
Queues RX

Instr.
Buffer

Decompr.

DMA

PC MC

host
+x
−x
+y
−y

−z
+z

host
+x
−x
+y
−y

−z
+z

0 1 2

4

5

PMA

64

128

128

64

3

local

64

128

128

128128 128 128

Figure 7: Schematics of the apeNEXT J&T processor.

the “normal” floating-point operation a× b + c.
At each clock cycle one normal operation can
be started to provide a maximal throughput of
eight floating-point operations per clock cycle.
The operands are either complex values or pairs
of real values. All floating-point data is repre-
sented in the 64-bit double-precision format of
the IEEE standard. The integer unit (INT) op-
erates on pairs of 64-bit integers. The arithmetic
box also contains the logical unit (LU). Finally,
a “special function” block (LUT) provides initial
approximations for iterative or series-expansion
evaluation of inverses, square-roots, logarithmic
and exponential functions.

• An address-generation unit (AGU) which com-
putes addresses for memory access indepen-
dently and concurrently with the main arith-
metic box. This is an important feature to boost
sustained performance.

• A memory controller (MC) supporting a mem-
ory bank of 256–1024 MBytes based on standard
DDR-SDRAM. The memory is used to store
both data and program instructions. A conse-
quence of this organization is that conflicts be-
tween data and instruction load-operations are
present. Two strategies have been employed to
avoid these conflicts. First, the hardware sup-
ports compression of the microcode. The com-
pression rate depends on the level of optimiza-
tion, typically values are in the range of 40–70%.
Instruction de-compression is performed on-the-
fly by dedicated hardware. Second, an instruc-
tion buffer allows pre-fetching of (compressed)
instructions. Under complete software control,
a section of the instruction buffer can be used to
store performance critical kernels for repeated
execution.

• A flow-control unit that executes programs spec-
ified as a sequence of compiler prepared mi-

THIT005

- module arithmétique : réalise tous les calculs (FPU : traite les opérations sur les nombres

flottants – double précision, 64 bits –, INT : même chose pour les entiers, LU : réalise

les manipulations logiques et LUT : fournit des fonctions comme les racines carrées,

les exponentielles, etc...) ; les nombres sont codés sur 128 bits (2 fois 64 bits).

- module registres (register file) : fournit les opérandes pour le module arithmétique et

stocke les résultats des calculs.

- module AGU : génère les adresses pour les accès mémoire.

1. Single Program Multiple Data
2. Le programme et les données sont stockées dans les banques mémoires privées de chaque nœud.
3. À ce sujet, le temps de latence associé à ce type d’échange est deux à trois fois plus court que le temps

de latence associé à un accès à la mémoire locale si bien que ce qui limite en pratique le taux d’échange de
données entre nœuds est la bande passante.
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- module accès mémoire : la mémoire contient à la fois les données ainsi que les instruc-

tions du programme ; ces dernières sont comprimées et la décompression est réalisée en

temps réel par le hardware et un buffer dédié permet un pré-chargement du code com-

primé (dans le but d’éviter les conflits entre les données manipulées et le programme

lui-même).

- interface réseau : cette interface contient sept liens (pour la transmission – TX – et la

réception – RX –) dont six sont utilisés pour la connection avec les nœuds adjacents et

un pour les opérations d’entrée/sortie. La bande passante théorique est de 200 MByte

par seconde et par lien (≤ 180 en pratique) et le temps de latence du réseau est de

l’ordre de 0.1µs.

- gestion des queues : les queues contiennent les données en provenance de la mémoire

ou du module registres jusqu’à ce que le réseau puisse les envoyer aux autres nœuds

(TX) car les accès mémoires sont beaucoup plus rapides que les accès réseau ; elles

permettent aussi le stockage des données en provenance du réseau (RX) jusqu’à ce

que le processeur en ait besoin ; enfin elles garantissent que les paquets de données

sont envoyés dans le bon ordre.

La table suivante résume les principales caractéristiques du module J&T :

Fréquence d’horloge 200 MHz

Performance de crête 1.6 GFlops

Mémoire 256 - 1024 MByte/nœud

Bande passante mémoire 3.2 GByte/seconde

Bande passante réseau 0.2 GByte/seconde/lien

Module registres 512 registres

Buffer d’instructions 4096 mots

Une carte apeNEXT contient 16 modules J&T arrangés topologiquement selon la structure

tridimensionnelle 4× 2× 2 4. Un bloc apeNEXT de base héberge un ensemble de 16 cartes

apeNEXT (des systèmes plus gros peuvent être réalisés en assemblant plusieurs de ces blocs

avec des câbles). Enfin, un (ou plusieurs) PC joue le rôle d’interface entre l’utilisateur et

une tour apeNEXT.

L’opération aritmétique de base exécutée par cette machine est l’opération, dite normale,

a× b+ c où a, b et c sont des nombres complexes 128 bits. Une opération normale peut être

réalisée à chaque coup d’horloge ; de fait, la performance de crête 5 est de 1.6 GFlops par

nœud (voir la table ci-dessus).

4. 4 nœuds dans la direction x et 2 dans chacune des directions y et z.
5. On appelle (( performance de crête )) la situation idéale où une opération normale est réalisée à chaque

coup d’horlage.
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En pratique, la puissance de calcul attendue pour un système apeNEXT est de l’ordre de 8

à 20 TFlops.

Fig. 4.1 – La photographie de gauche représente une carte apeNEXT munie d’un module

J&T et celle de droite illustre un bloc apeNEXT de base avec ses 16 cartes dans la partie

basse.

4.1.2 Software

Deux langages de haut niveau sont disponibles : le TAO, qui est le langage historique des

ordinateurs de la série APE, et le C muni d’extensions spécifiques à la parallélisation et à

apeNEXT. La châıne de compilation depuis le langage de haut niveau jusqu’au microcode

est résumée par le graphe suivant :

rtc est le compilateur TAO et nlcc le compilateur C modifié qui génèrent à partir du pro-

gramme écrit en langage compréhensible par les humains une série d’instructions en langage

assembleur encore de haut niveau, c’est-à-dire utilisant des mnémoniques pas encore fonda-

mentales. Puis ce fichier *.sasm est traité par un préprocesseur (mpp) qui traduit le code

assembleur de haut niveau en code assembleur de bas niveau (fichier *.masm). Ensuite, ce

nouveau fichier passe dans un premier optimiseur (sofan) spécifique à l’architecture ape-

NEXT qui améliore le code machine en retirant par exemple les codes (( morts )) superflus,

ou bien en réordonnant certaines instructions relatives aux calculs arithmétiques ou à la ges-

tion des adresses. Enfin, le shaker s’occupe du fichier *.masm créé par sofan en remettant

en ordre, comme son nom l’indique, les instructions restantes comme la construction des
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boucles, la résolution des (( labels )), l’allocation des registres.... Le résultat est un fichier mi-

crocode (( digérable )) par l’apeNEXT ou bien par un simulateur fonctionnel de apeNEXT 6.

4.1.3 Contribution personnelle

Ce projet apeNEXT est une collaboration italienne, allemande et française. L’équipe fran-

çaise est associée à la partie software. Pour ma part, j’ai d’abord participé aux tests de

la modélisation VHDL du processeur apeNEXT (et en particulier ce qui concerne les ac-

cès mémoire) en écrivant des programmes en assembleur de bas niveau. J’ai également été

impliqué dans les débuts de l’optimiseur sofan développé à l’INRIA de Rennes et, depuis

l’existence physique de machines apeNEXT, aux tests de la châıne de compilation mention-

née au paragraphe précédent.

4.2 Facteurs de forme τ1/2 et τ3/2

Comme annoncé précédemment, il est indispensable d’obtenir de façon non perturbative

les facteurs de forme qui interviennent dans la description des réactions B → D∗∗`ν pour

comprendre le paradoxe des états P ; aussi, nous avons proposé une méthode [35] pour

calculer sur le réseau les facteurs de forme τ (0)
1/2

(1) et τ (0)
3/2

(1) (pas d’excitation radiale).

4.2.1 Principe de la méthode

Nous nous sommes placés dans l’hypothèse où le quark lourd des mésons B et D∗∗ a une

masse infinie ; sur le réseau, cela signifie que le quark est statique. Il nous faut donc trouver

l’élément de matrice à partir duquel nous pourrons extraire τ
1/2

et τ
3/2

. Malheureusement,

dans la limite où le quark lourd est au repos, les éléments de matrice entre B et D∗∗ d’un

courant électrofaible est nul sur le réseau ; pour s’en sortir, nous avons considéré les éléments

de matrice d’opérateurs suivants, qui font intervenir la dérivée covariante Dµ (d’après [36]):

〈D∗
0(v)|h̄(v) γiγ5Dj h(v)|B(v)〉 = i gij

(
MD∗

0
−MB

)
τ

1/2
(1)

〈D∗
2(v)|h̄(v) γiγ5Dj h(v)|B(v)〉 = −i

√
3
(
MD∗

2
−MB

)
τ

3/2
(1)ε∗ij

(ε∗ij est le tenseur de polarisation et h(v) désigne le champ de quark lourd.)

L’extraction des facteurs de forme à partir de ces relations nécessite le calcul des éléments

de matrice mais aussi des termes MD∗∗ −MB :

- dérivée covariante : nous avons pris une forme discrétisée symétrisée habituelle de la

dérivée covariante

6. Il s’agit d’une émulation sur PC de l’architecture apeNEXT, la vitesse en moins.
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- champs interpolants : pour décrire les états (notation JP ) 0−, 0+ et 2+, les champs

interpolants utilisés sont obtenus à partir des représentations irréductibles adéquates

du groupe de symétrie du réseau 7 (la base de l’espace des représentations utilisée

est celle formée par les liens reliant deux nœuds consécutifs du réseau – mais d’autres

bases peuvent être également utilisées) ; lorsque plusieurs solutions sont possibles, nous

avons pris celle qui correspond à ce que donne le modèle de quarks (combinaison de

moment cinétique de spin et moment cinétique orbital). Pour ce qui est du champ de

quark q(x) associé au quark léger, nous avons introduit une fonction de (( smearing ))

utile pour séparer le mieux possible l’état fondamental 0− des états excités L = 1 et

pour améliorer les champs interpolants.

- quarks lourds : les propagateurs des quarks lourds sont représentés par des liens (( hypés 8 ))

Les différences de masse entre les états L = 0 et L = 1 ont été obtenues à partir des fonctions

de Green à deux points pour ces états et les fonctions de Green à trois points donnent alors

accès aux facteurs de forme (voir [35] pour les aspects techniques).

4.2.2 Résultats

Les calculs ont été réalisés à Orsay sur une machine APEmille (la génération précedant

apeNEXT), dans l’approximation “quenched”, avec un volume du réseau de 163 × 40 et un

coefficient β = 6.0. Le paramètre de “hopping” pour le calcul du propagateur du quark léger

a été pris à κ = 0.1334. Les fonctions τ
1/2

et τ
3/2

au point w = 1 obtenues sont représentées

ci-après :

0 2 4 6 8 10 12
t/a

0

0.2

0.4

0.6

0.8

τ j(1
)

τ1/2

τ3/2

7. Comme nous considérons des quarks lourds statiques, le groupe de symétrie considéré n’est plus le
groupe hypercubique H(4) complet mais le produit Oh du groupe O des rotations tri-dimensionnelles avec
le groupe des réflexions spatiales (symétries du cube 3D).

8. L’action HQET utilisée pour décrire les quarks lourds fait intervenir des liens de jauge construits à
partir d’un (( blocking hypercubique )) [37]. Le principe de la méthode est le suivant : le lien (( hypé )) UHYP

µ (x)
est un mélange de liens de jauge appartenant aux hypercubes accrochés au lien initial considéré.
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Les plateaux prédisent les valeurs suivantes :

τ (0)
1/2

(1) = 0.38(4)(?) τ (0)
3/2

(1) = 0.53(8)(?) τ (0)
3/2

2
(1)− τ (0)

1/2

2
(1) = 0.13(8)(?)

où les points d’interrogation remplacent les erreurs sytématiques (volume fini, taille de la

maille, masse du quark léger,...) non calculées.

Rappelons les résultats obtenus par la construction façon Bakamjian-Thomas en utilisant

le modèle dynamique le plus complet [19, 3] :

τ (0)
1/2

(1) ∈ [0.1, 0.23] τ (0)
3/2

(1) ∈ [0.43, 0.54]

Le résultat sur le réseau pour τ
1/2

est plus grand et celui pour τ
3/2

est compatible. D’un

autre côté, la prédiction de τ
1/2

est certainement plus fiable que celle de τ
3/2

: il suffit de

regarder la taille des plateaux sur la figure précédente pour s’en convaincre : le signal pour

le méson D∗
2 est moins bon que celui du méson D∗

0. Néanmoins, il ne s’agit que d’une étude

de faisabilité et beaucoup de chose pourraient être améliorées.

Enfin, remarquons encore que la règle de somme d’Uraltsev (3.2) est partiellement saturée

par les termes fondamentaux calculés sur le réseau et que, à moins d’un comportement tout

à fait anormal des excitations radiales, le puzzle des états P tient toujours.

4.3 Renormalisation de l’opérateur de dérivation

Au cours de l’étude précédente, nous n’avons pas vraiment discuté des problèmes de re-

normalisation des quantités introduites. En particulier, dans [35], nous avons calculé les

éléments de matrice d’un opérateur de dimension 4 (h̄(v) γiγ5Dj h(v)) ; cet opérateur ne

se mélange pas avec des opérateurs de dimension 3 pour des raisons de parité 9 : il n’y a

donc pas de divergence en puissance. Il ne devrait également pas exister de divergences lo-

garithmiques car les courants vectoriels et axiaux en HQET ne présentent pas de dimension

anomale à w = 1. Mais il y a, a priori, des effets de renormalisation finie et c’est ce que nous

avons calculé dans [38]. Parallèlement, nous avons également voulu savoir si l’utilisation de

liens (( hypés )) pour le propagateur du quark lourd a une influence sur les prédictions faites.

Pour ce faire, nous devons renormaliser puis effectuer le matching de h̄B(v) γiγ5Dj h
B(v),

écrit en terme du champ nu de quark lourd sur le réseau, dans le continu a → 0 (nous

avons calculé les corrections radiatives à une boucle et nous avons choisi le schéma de

renormalisation MOM). La marche à suivre est, somme toute, classique :

1o après avoir rappelé l’action utilisée pour décrire le quark lourd sur le réseau dans la

limite HQET, nous avons établi les règles de Feynman correspondantes. Le caractère

9. Les éléments de matrice d’un opérateur de dimension 3 entre deux états de parités opposées, ce qui
est le cas ici, sont nuls.
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(( hypé )) ou non apparâıt dans les valeurs des paramètres qui interviennent dans ces

règles.

2o nous avons calculé la self-energie du quark lourd pour accéder au propagateur.

3o finalement, avec les résultats précédemment établis, nous avons renormalisé l’opé-

rateur de dérivation (notons que ce dernier met en jeu des liens non (( hypés ))).

Numériquement, nous avons montré que les corrections radiatives induisent une augmenta-

tion des quantités renormalisées lorsque les quarks lourds sont décrits par des liens (( hypés ))

alors que, en l’absence de cette hypothèse, les corrections radiatives diminuent les quantités

renormalisées. Une nouvelle estimation des facteurs de forme des états P nous donne alors :

τ (0)
1/2

(1) = 0.41(5)(?) τ (0)
3/2

(1) = 0.57(10)(?) τ (0)
3/2

2
(1)− τ (0)

1/2

2
(1) = 0.15(10)(?)

La saturation de la règle d’Uraltsev est meilleure mais l’augmentation des facteurs τ
1/2

et

τ
3/2

rend les prédictions des modèles à la Bakamjian-Thomas plus discutables.
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Abstract

We propose a method to compute the Isgur–Wise form factorsτ1/2(1) andτ3/2(1) for the decay ofB mesons into orbitally
excited (P wave)D∗∗ charmed mesons on the lattice in the static limit. We also present the result of a quenched exploratory
numerical simulation which shows that the signal/noise ratio allows for a more dedicated computation.
 2005 Elsevier B.V. All rights reserved.

PACS:12.38.Gc; 12.39.Hg; 13.20.He

1. Introduction

The scalar heavy-light mesons and more generally the first orbital excitationsD∗∗ have attracted attention
since years and they still remain somehow mysterious. The recent discovery of acs̄-scalar meson significantly
lighter than expected has renewed the interest in these states[1,2]. There have been several lattice studies of this
spectrum[3,4] and a recent rather complete one compares quenched and unquenched[5] computations. Recently
theH ∗

0 → Hπ transition (scalar–pseudoscalar–pion) have also been considered[6,7].
The transitions of the typeB → D∗∗lν raise a serious problem. In the infinite mass limit these decays are

described by the Isgur–Wise form factorsτ1/2 andτ3/2 [8]. To make a long story short, a series of sum rules[9–14]
have been derived from QCD, all indicating thatτ3/2 should be significantly larger thanτ1/2. These sum rules
relate theτj form factors, as well as form factors related to excitations, to derivatives of the ground state Isgur–
Wise functionξ and allow to bound the latter derivatives in an efficient and useful way[15–17]. Not only does

E-mail address:benoit.blossier@th.u-psud.fr(B. Blossier).

0370-2693/$ – see front matter 2005 Elsevier B.V. All rights reserved.
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the slope ofξ verify ρ2 > 3/4 but also the curvature and even higher derivatives are bound. The limit in which
τ1/2 = 0 has been baptised “BPS” by Uraltsev[18,19]and was proven to provide interesting hints.

However, the theoretical prediction thatτ
(0)
3/2 > τ

(0)
1/2 and hence that the decayB → D∗

2 should be significantly
larger than theB → D∗

0 is not verified by experiment[2,20]. This is the ‘1/2 > 3/2’ paradox[21]. One might
incriminate the corrections to the infinite mass limit. Another possibility could be that the sum rules are fulfilled
by higher excitations and that the ground state obeys an opposite hierarchy, i.e.,τ

(0)
3/2 < τ

(0)
1/2.1

To answer this question one needs to compute directlyτ
(0)
3/2 andτ

(0)
1/2. Here we propose a lattice method to do

that. We will work in the static quark limit,mb,c → ∞, with the four vectorsv′ = v = (1,0,0,0), and we will
exhibit operators whose matrix elements allow to measure these form factors.

This Letter is meant to propose this new method and to make a feasibility study. We do not intend at this stage
to provide accurate results for these form factors but merely to describe the principle of the method and to show
with preliminary simulations that there is good hope to make the precision calculation.

2. Principle of the calculation

We are concerned with the matrix element of an electroweak current between a pseudoscalar or vector heavy-
light mesonH(∗) and an orbitally excited oneH ∗∗. However, in the conditions of the infinite mass limit on the
lattice with the heavy quarks at rest, both in the initial and final state (vµ = v′

µ), this matrix element vanishes.
The way out is to use a series of relations derived in Ref.[22]. In that paper it has been shown that in the case

of a matrix element which vanishes linearly with the differencev′ − v, whenv′ → v, there are non-vanishing
forward matrix elements (forv′ = v) involving the covariant derivative operatorDµ. These matrix elements are
proportional to the infinite mass limit form factorsτ1/2(1) or τ3/2(1).

Let us summarise their proof using different notations: for simplicity we takev′ = (1,0,0,0), andv = v′ + v⊥,
wherev⊥ is spatial up to higher orders in the differencev′ − v. We assume that for some Dirac matrixΓl

(1)
〈
H ∗∗(v′)

∣∣h̄(v′)Γlh(v)
∣∣H(∗)(v)

〉= tml v⊥mτj (w) + · · · ,
wherew ≡ v ·v′, j = 1/2, 3/2, andl,m = 1,2,3 are spatial indices,t lm is a tensor which depends on the final state
(H ∗∗) and the initial state (H ∗ or H ). The dots represent higher orders inv′ − v. From translational invariance in
the time direction,

−i∂0
〈
H ∗∗(v′)

∣∣h̄(v′)Γlh(v)
∣∣H(∗)(v)

〉
(2)= −i

〈
H ∗∗(v′)

∣∣h̄(v′)
[
Γl

−→
D0 + ←−

D0Γl

]
h(v)

∣∣H(∗)(v)
〉= tml v⊥mτj (w)(MH ∗∗ − MH ) + · · · .

The authors of Ref.[22] use the field equation:(v · D)h(v) = 0, which implies that

(3)D0h(v′) = 0, D0h(v) = −(D · v⊥)h(v),

whence from(2)

(4)i
〈
H ∗∗(v′)

∣∣h̄(v′)Γl(D · v⊥)h(v)
∣∣H(∗)(v)

〉= tml v⊥mτj (w)(MH ∗∗ − MH ) + · · · ,
which has a finite limit whenv⊥ → 0, namely

(5)i
〈
H ∗∗(v)

∣∣h̄(v)ΓlD
mh(v)

∣∣H(∗)(v)
〉= tml τj (1)(MH ∗∗ − MH ).

1 There is no mathematical impossibility for the sum rules to be fulfilled with a reversed hierarchy for the ground state, but it does not seem
very likely and is not seen in models.
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Applying Eq.(1) to theJ = 0H ∗
0 state we get from Ref.[8]:

(6)
〈
H ∗

0 (v′)
∣∣h̄(v′)γiγ5h(v)

∣∣H(v)
〉≡ −τ1/2(w)v⊥i ,

where our states normalisation is 1/
√

2M times the one used in Ref.[8]. From Eq.(6) it results that

(7)
〈
H ∗

0 (v)
∣∣h̄(v)γiγ5Djh(v)

∣∣H(v)
〉= igij (MH ∗

0
− MH )τ1/2(1).

Analogously for theJ = 2H ∗
2 state we have

(8)
〈
H ∗

2 (v′)
∣∣h̄(v′)γiγ5h(v)

∣∣H(v)
〉≡ √

3τ3/2(w)ε
∗j
i v⊥j + · · · ,

whereε∗
ij is the polarisation tensor, whence

(9)
〈
H ∗

2 (v)
∣∣h̄(v)γiγ5Djh(v)

∣∣H(v)
〉= −i

√
3(MH ∗

2
− MH )τ3/2(1)ε∗

ij .

3. Lattice calculations

To compute the matrix elements in Eqs.(7) and (9)on the lattice we first need a discretized expression for the
covariant derivative. We choose the symmetrised form

(10)Dih(	x, t) → 1

2a

(
Ui(	x, t)h(	x + î, t) − U

†
i (	x − î, t)h(	x − î, t)

)
,

whereUi(	x, t) is the link variable of the lattice.

3.1. Interpolating fields

The interpolating fields for orbitally excited states have been studied in Ref.[24]. Smearing is used not only
to improve the signal/noise ratio by better isolating the ground state, but also to produce convenient interpolating
fields for the 0−, 0+ and 2+ states. Inspired by Ref.[25] we replace the quark fieldsq(x) by

q(x) →
Rmax∑
r=0

(
r + 1

2

)2

φ(r)
∑

i=x,y,z

{[
r∏

k=1

UF
i

(
x + (k − 1)î

)]
q(x + rî)

(r î) δil

1

(11)+
[

r∏
k=1

UF †

i (x − kî)

]
q(x − rî)

(−rî) δil

1

}
,

where the upper (lower) expressions generate negative (positive) parity smearing functions. The vector(±rî) δil is
introduced to generate an orbital excitation in the directionl. The wave functionφ(r) is a radial function chosen
to optimise the overlap with the ground state. We takeφ(r) = e−r/Rb , whereRb is a parameter which is fixed
by requiring the smearing to be optimal. Note that it is not necessary to normalise the wave function since the
normalisation factors cancel in the computation of matrix elements. The smearing also includes the so-called
fuzzing, see Ref.[23]. For convenience, we will use the following notation for the interpolating fields:

(12)

{
h̄(x)W [x, x + 	r ]γkr

l(x)

Γ
q(x + 	r )

}
,

whereW [x, x + 	r ] represents the combination of Wilson lines expressed in Eq.(11) which links the location of
the heavy quark field,x, to the light quark’s one,x + 	r . It ensures gauge invariance.rl(x) indicates the presence
of (±rî) δil in Eq. (11), 	r is a generic vector for the distance between the light and heavy quark field andΓ = 1
(Γ = γ5) for the 0+ (0−) meson.
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Using the smeared quark fields of Eq.(11)we now define the interpolating fields. We concentrate on the 0+ (2+)
states which correspond toj = 1/2 (j = 3/2). The 0+-state can be described according to two distinct interpolating
fields:

(a) h̄(x)W [x, x + 	r ]q(x + 	r ) and

(13)(b)
1√
3
h̄(x)W [x, x + 	r ]( 	γ · 	r(x)

)
q(x + 	r ).

These two interpolating fields differ in that the Dirac matrix is diagonal (antidiagonal) for 1( 	γ · 	r ) inducing the
coupling of the heavy quark to the “small” (“large”) component of the light quark field. The latter is just the quark
model combination of quark-spin 1 with orbital momentum 1 to generateJ = 0+.

Concerning the 2+ states, the same duality of interpolating fields exists. In this Letter we only consider the
quark-model type ones. This gives the fiveJ = 2 states[24] which we may write as follows:

(a) − 1√
2
h̄(x)W [x, x + 	r ][γirj (x) + γj ri(x)

]
q(x + 	r ), i 
= j,

(b) − 1√
2
h̄(x)W [x, x + 	r ][γ1r1(x) − γ2r2(x)

]
q(x + 	r ),

(14)(c)
1√
6
h̄(x)W [x, x + 	r ][γ1r1(x) + γ2r2(x) − 2γ3r3(x)

]
q(x + 	r ).

These are, as expected, symmetric traceless tensors.

3.2. Two-point Green functions and1/2–3/2 mass splitting

The 0+ two-point Green function is written as

(15)C1
2;0 =

〈∑
	x

Tr

[
P

	0
0,tx

1+ γ0

2
S
(	r(0),0; 	x + 	r(x), tx;U

)]〉
U

,

when we use the interpolating field in Eq.(13)(a).P 0
0,tx

is a temporal Wilson line2 corresponding to the Eichten–
Hill action for the static quark[26]:

(16)P 	x
tx ,ty

= δ(	x − 	y)

ty−1∏
tz=tx

U
hyp
t (x + tzt̂ ),

using hypercubic blocking[27–29].
The two-point Green functions withγirj interpolating fields allow an interesting comparison between thej =

1/2 and thej = 3/2 cases. They will contain terms of the general form

(17)C
ijkl

2;J (0, tx) =
〈∑

	x
Tr

[
γirj (0)P

	0
0,tx

1+ γ0

2
γkrl(x)S

(	r(0),0; 	x + 	r(x), tx;U
)]〉

U

,

where(i, j) = (k, l) for the case of interpolating field(14)(a) ori = j, k = l for the case(14)(b), (c) and for the 0+
case.J stands for the total angular momentum (J = 0,2).

2 Indeed we compute the two point function using the interpolating fields in Eqs.(13) and (14)properly shifted in space so as to have the
light propagator ending at the origin.
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After some simple algebra we can write

−C
ijkl

2;J (0, tx) = δij δkl

〈∑
	x

TrP
	0
0,tx

[(
δjl + iεjlmσm

)
rj (0)

1− γ0

2
rl(x)S

(	r(0),0; 	x + 	r(x), tx;U
)]〉

U

, or

(18)−C
ijkl

2;J (0, tx) = δilδjk

〈∑
	x

TrP
	0
0,tx

[(
δjl − iεjlmσm

)
rj (0)

1− γ0

2
rl(x)S

(	r(0),0; 	x + 	r(x), tx;U
)]〉

U

.

Let us denote byC2,δ(rj (0),rj (x)) andC2,εm(rj (0),rl (x)), respectively, the two terms in Eq.(18). It is easy to see, using
the interpolating field in Eq.(13)(b) that the 0+ two-point Green function writes as

−C
	γ ·	r
2;0 = 1

3

∑
j=1,3

C2,δ(rj (0),rj (x)) + i

3

∑
i,j,k

[
C2,εk(ri (0),rj (x)) + C2,εk(rj (0),ri (x))

]
(19)= C2,δ(r1(0),r1(x)) + i

[
C2,ε3(r1(0),r2(x)) − C2,ε3(r2(0),r1(x))

]
,

wherei, j, k are in cyclic order and where we have taken advantage of the hypercubic symmetry in the r.h.s.
Taking now any of the 2+ meson interpolating fields and using again the cubic symmetry we get

(20)−C2;2 = C2,δ(r1(0),r1(x)) − i

2

[
C2,ε3(r1(0),r2(x)) − C2,ε3(r2(0),r1(x))

]
.

The difference between thej = 1/2 and thej = 3/2 state is thus related to the relative sign and coefficient of
theε-term compared to the direct one. The effective energy is obtained by taking minus the time derivative of the
logarithm of the two-point function. The energy difference betweenj = 1/2 andj = 3/2 is thus proportional to

(21)−i

〈[
r1(0)ṙ2(x) − r2(0)ṙ1(x)

]
TrP

	0
0,tx

[
σ3

1− γ0

2
S
(	r(0),0; 	x + 	r(x), tx;U

)]〉
U

.

In a non-relativistic limit	̇r = i 	p/m. This imaginary velocity comes from the derivation versus the imaginary time.
Then the expression in Eq.(21) is reminiscent of aLS-term:(	r × 	p) · 	σ except that the operators	r and 	p are not
taken at the same time.σ in Eq.(21)acts on the heavy quark but the trace will make it also act on the light quark. It
is interesting that the coefficients of the last terms in Eqs.(19) and (20)are in the ratio(1), (−1/2) which is exactly
the ratio of theLS-eigenvalues forj = 1/2,3/2, built up from the combination ofL = 1 andS = 1/2:

(22)2〈 	L · 	S〉 = j (j + 1) − 3

4
− 2= −2

1
, for j = 1/2

3/2
.

From Eqs.(19) and (20)it is obvious that if theseLS-type terms did vanish the two-point correlatorsC2;0 andC2;2
would be equal, which would then implyMH ∗

2
= MH ∗

0
. In this limit the normalisation of the interpolating fields in

Eqs.(13) and (14)has further ensured the equality of the multiplicative constantsZ2;0 andZ2;2, where theZ2;J
are defined from

(23)C2;J (tx) = (Z2;J )2e
−MH∗

J
tx
,

at large timetx .

3.3. Three-point Green functions andτ1/2–τ3/2 splitting

The three-point Green functions of the axial current using interpolating fields withγirj will contain terms of
the general form
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C
ijkl

3,JAk5(0, ty, tx)

= 1

2

〈∑
	x,	y

Tr

[
γirj (0)P

	0
0,ty

1+ γ0

2
γkγ5

{
Ul(0, ty)P

l̂
ty ,tx

S
(	r(0),0; 	x + 	r(x) + l̂, tx;U

)
(24)− U

†
l (−l̂, ty)P

−l̂
ty ,tx

S
(	r(0),0; 	x + 	r(x) − l̂, tx;U

)}
γ5

]〉
U

,

where we have used Eq.(10) in units ofa. Writing for short the term in the curly bracket asDl(y) · · ·γ5, we find

(25)−C
ijkl

3,JAk5(0, ty, tx) = 1

2

〈∑
	x,	y

Tr

[(
δjl ± iεjlmσm

)
γ5rj (0)P

	0
0,ty

1+ γ0

2
Dl(y) · · ·γ5

]〉
U

,

where either(i, j) = (k, l) for the 0− → 2+ transition, Eq.(14) (a), or i = j, k = l for the 0− → 0+ one and
0− → 2+ with Eqs.(14) (b) and (c). Let us defineC3,δ(rj (0),Dj (x)) andC3,εm(rj (0),Dl(x)), respectively the two terms
in Eq. (25). From the interpolating field in Eq.(13) (b), using the fact thati = j and k = l, and choosing for
simplicity k = 3, one can derive,

(26)−C
	γ ·	r
3;05 = 1√

3
C3,δ(r3(0),D3(x)) + i√

3

[
C3,ε1(r2(0),D3(x)) + C3,ε2(r1(0),D3(x))

]
.

The axial matrix element is then given in Euclidean metric by

(27)
〈
H ∗

0

∣∣h̄(v)γ3γ5D3h(v)|H 〉 = Z2;0Z2;5C3;05(0, ty, tx)

C2;0(0, ty) C2;5(0, tx − ty)
= (MH ∗

0
− MH )τ1/2(1),

where we have used Eq.(7). This leads, using cubic symmetry, to

(28)(MH ∗
0

− MH )
√

3τ1/2(1) =Z2;0Z2;5
C3,δ(r3(0),D3(x)) + 2iC3,ε1(r2(0),D3(x))

C2;0(0, ty)C2;5(0, tx − ty)
,

plus all terms deduced by cubic symmetry.
From Eq.(9), in Euclidean metric, we get

(29)
1

2

〈
H ∗

2

∣∣h̄(v)[γ1γ5D2 + γ2γ5D1]h(v)|H 〉 = Z2;2Z2;5C3;25(0, ty, tx)

C2;2(0, ty)C2;5(0, tx − ty)
=
√

3

2
(MH ∗

2
− MH )τ3/2(1),

where we have used the polarisation tensor

(30)ε =
 0 1√

2
0

1√
2

0 0
0 0 0

 ,

for the 2+ state in Eq.(14)(a) with (i, j) = (1,2). From the interpolating field in Eq.(14)(a) using the fact that
(i, j) = (k, l) = (1,2) one can derive,

(31)−C3;25 = − 1

2
√

2

∑
l=1,2

C3,δ(rl (0),Dl(x)) + i

2
√

2

[
C3,ε3(r1(0),D2(x)) + C3,ε3(r2(0),D1(x))

]
,

and using cubic symmetry and Eq.(29)

(32)(MH ∗
2

− MH )
√

3τ3/2(1) =Z2;2Z2;5
C3,δ(r1(0),D1(x)) − iC3,ε1(r2(0),D3(x))

C2;2(0, ty)C2;5(0, tx − ty)
.

It can be checked that all the other states in Eq.(17) lead to the same formula(32) up to a cubic rotation. The
numerators in Eqs.(28) and (32)exhibit identicalC3,δ terms andC3,ε , the latter differing only by multiplicative

Section 4.4 - Publication no 1 127
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Fig. 1. Signals for the effective binding energies for the pseudoscalar and the scalar heavy-light mesons.

Fig. 2. Signal for the effective binding energiesEeff for the 2+ heavy-light mesons.

coefficients which, once more, are proportional to theLS eigenvalues given in Eq.(22). Combining the results
of Eqs. (19), (20), (28) and (32)we may conclude that, if theC2,ε and C3,ε terms did vanish, we would get
MH ∗

2
= MH ∗

0
andτ3/2 = τ1/2.

4. Condition and results of the simulation

Results presented for Isgur–Wise functionsτ1/2(1) andτ3/2(1) are obtained from the quenched simulation on a
163 ×40 lattice atβ = 6.0. We collected 600 independentSU(3) gauge configurations using the non-perturbatively
O(a) improved Wilson fermion action withCSW = 1.769. The light-quark propagator is computed with the hop-
ping parameterκ = 0.1334, which corresponds to a pseudoscalar “light-meson” mass of 800 MeV. For the static
quark we use the “hyp” links as written previously. InFig. 1 we plot the binding energy for the scalar and the
pseudoscalar meson and inFig. 2we plot the binding energy for the 2+ heavy-light meson.

The scalar meson has been computed using the interpolating field3 in Eq.(13)(a): h̄(x)W [x, x +	r ]q(x +	r ). The
tensor meson has been computed using the properly averaged interpolating fields in Eq.(14). We get∆ ≡ mH ∗

0
−

3 This choice shows a better signal than the one using Eq.(13)(b). A comparison of these signals has been performed in[7].
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D. Bećirević et al. / Physics Letters B 609 (2005) 298–308 305

Fig. 3. Signals for the ratios defined in Eq.(33); from the fit in t/a ∈ [4,9] andt/a ∈ [3,5], respectively, we obtain the value ofτ1/2 andτ3/2.

mH = 400(12)−411(16) MeV atβ = 6.0. Only statistical errors are considered. It agrees reasonably with Ref.[5]
where∆ ∼ 400(40) MeV. Our present signal for the tensor-meson effective mass is still very poor,mH ∗

2
− mH =

0.50(8) GeV, which leads tomH ∗
2

− mH ∗
0

= 0.10(8) GeV. The large relative error reflects the poor quality of the
plateau inFig. 2. Clearly a more refined simulation is needed here. In particular, we have not yet optimised the
wave function for the smearing of the tensor meson. Our result agrees with the result of[5] where we read from
Table 2 (Q3): mH ∗

2
− mH = 0.48(2) GeV, andmH ∗

2
− mH ∗

0
= 0.08(4) GeV.

Experimentally the situation is not yet clear: whereas Belle[2] reportedmD∗
2
− mD∗

0
= 153(36) MeV,4 FOCUS

[30] findsmD∗
2
− mD∗

0
= 61(41) MeV. Anyway large 1/mc corrections are expected.

In Fig. 3, we plot the ratios

τ1/2(1) = 1

(MH ∗
0

− MH )

Z2;0Z2;5C3;05(0, ty, tx)

C2;0(0, ty)C2;5(0, tx − ty)
,

(33)τ3/2(1) =
√

2

3

1

(MH ∗
2

− MH )

Z2;2Z2;5C3;25(0, ty, tx)

C2;2(0, ty)C2;5(0, tx − ty)
,

where the source operator has been fixed attx = 13a. These equalities are valid on the plateaus.

5. Results, discussion and conclusions

In this Letter we propose a method to compute on the lattice, in the infinite mass limit, the zero recoil Isgur–
Wise form factorsτ1/2(1) andτ3/2(1) relevant to the decay of a heavy pseudoscalar meson into orbitally excited
states. The main feature of the method is contained in Eqs.(7) and (9). It uses matrix elements of the axial current
multiplied by covariant derivatives.

We have also performed an exploratory lattice study in order to estimate if this method is practically usable. We
find that the signal/noise ratio is encouraging if one considers that there is still room for improvement.

4 Note, however, that in Belle experiment the narrow and broadJP = 1+ resonances, usually interpreted asj = 3/2, j = 1/2, respectively,
are practically degenerate in mass:m

D0
1

= 2421(2) MeV andm
D′0

1
= 2427(50).
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Our results are

(34)τ1/2(1) = 0.38(4)(?) and τ3/2(1) = 0.53(8)(?),

where the question marks represent yet unknown systematic errors. We have also:

(35)τ3/2(1)2 − τ1/2(1)2 = 0.13(8)(?).

Within 1.5σ it saturates the Uraltsev sum rule[10]:
∑

n |τ (n)
3/2(1)|2−|τ (n)

1/2(1)|2 = 1/4. Note that an approximate sat-
uration of the sum rule by the ground states is seen in several models[31,33]although there is no strong theoretical
reason for that.

The result forτ1/2(1) = 0.38(4)(?) is presumably more reliable than the one onτ3/2(1) since the two-point
signal for the 0+ meson is much better than the one for the 2+ meson, seeFigs. 1 and 2. Our result forτ1/2(1)

is somewhat larger than the predictions of the covariant quark models a la Bakamjian–Thomas (BT)[31] which
predict, for the preferred potentials,5 τ1/2(1) ∈ [0.1,0.23] andτ3/2(1) ∈ [0.43,0.54]. The latter agrees well with
Eq. (34). Both numbers of Eq.(34) are compatible with a recent calculation based on a covariant light-front ap-
proach with simple harmonic oscillator wave functions which are not derived from a potential:6 τ1/2(1) = 0.31
andτ3/2(1) = 0.61 [33]. It is interesting to note that both in Ref.[31] and in[33], τ3/2(1) − τ1/2(1) � 0.3, which
might be a general feature of BT covariant quark models (see Eq. (5.1) in Ref.[31]). This is somewhat larger
than the difference between central values of(34). We also agree with an older QCD sum rule estimate[32]:
τ1/2(1) = 0.35(8).

An interesting sum rule by Uraltsev which is free from 1/mc corrections (but of course not from 1/mb ones)
leads to the following bound[34]:

(36)µ2
π − µ2

G > 9�2τ2
1/2(1),

whereµ2
π andµ2

G are scale-dependent expectation values of the kinetic and chromomagnetic dimension-five oper-
ators and� is the 0+–0− mass splitting.

With our values for� (400 MeV) andτ1/2(1) computed on the lattice, we find 0.22(6) for the r.h.s. of Eq.(36).
An estimate by BaBar[35] foundλ1 = −0.26± 0.06± 0.04± 0.04 GeV2, i.e.,µ2

π(1 GeV) = 0.43± 0.09 GeV2,
i.e. Usingµ2

G = 0.35 GeV2 from mB∗–mB hyperfine splitting it leads to 0.08 for the l.h.s. of Eq.(36). This pleads
for a lower value ofτ2

1/2(1). Even worst, a previous valueµ2
π = 0.31 GeV2 was derived from Delphi[36], leading

to a vanishingτ1/2(1). At this stage we should not worry too much, since large errors and uncertainties are still
present both for the experimental data and the theoretical predictions. Attention to this problem will be maintained.

One important question is whether some renormalisation of our result is needed. This issue is subtle and needs
more work. We have computed the matrix elements of operators of dimension 4, of the typeh̄(v)γiγ5Djh(v).
These operators do not mix with dimension 3 ones due to their parity: all dimension 3 operators have vanishing
matrix elements between positive and negative parity states whence no power divergences are to be feared. We do
not either believe that logarithmic divergences are to be feared since the vector and axial currents in HQET have
a vanishing anomalous dimension at zero recoil(w = 1): they are related to generators for theSU(2) flavor sym-
metry in the effective theory. More precisely, from[37,38], the scale dependence of the matrix element in Eq.(4),
1 + O(ln(αs(µ))|	v⊥|), vanishes when the limit|	v⊥| → 0 is taken. In general some finite renormalisation must
be present. To settle this, a perturbative calculation is under way. We wish also to understand if the hypercubic

5 It should be stressed that the BT method provides a framework in which different potentials can be used. The physics prediction depends,
of course, on the chosen potential.

6 The covariant light-front framework is equivalent, in the infinite mass limit, to the BT one. The practical predictions depend, however, on
the chosen parameters and shape of the wave function. We worry about the use of Gaussian wave functions, whose validity may be questioned
as it neglects the short distance potential.
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D. Bećirević et al. / Physics Letters B 609 (2005) 298–308 307

treatment of the Wilson line can have some effect on the discretized covariant derivative we use. Finally a com-
plete control of systematic effects is also needed: finite volume, mass of the light quark, finite lattice spacing. In
Section3.1a duality of interpolating fields has been pointed out. A systematic comparison of the their predictions
is still missing.
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Abstract

We give the analytical expressions and the numerical values of radiative corrections to the covariant derivative operator on the static quark line,
used for the lattice calculation of the Isgur–Wise form factorsτ1/2(1) andτ3/2(1). These corrections induce an enhancement of renormalized
quantities if an hypercubic blocking procedure is used for the Wilson line, while there is a reduction without such a procedure.
 2005 Elsevier B.V. All rights reserved.

PACS: 12.38.Gc; 12.39.Hg; 13.20.He

1. Introduction

In a previous paper[1] we proposed a method to compute on the lattice, in the static limit of HQET, the Isgur–Wise form factors
τ1/2(1) andτ3/2(1) which parameterize decays ofB mesons into orbitally excited (P wave)D∗∗ charmed mesons. Keep in mind that
the zero recoil is the only definite limit of HQET on the lattice, because the Euclidean effective theory with a nonvanishing spatial
momentum of the heavy quark is not lower bounded. Then it reveals impossible to calculate directly theτj ’s from the currents
because the matrix elements vanish at zero recoil. To computeτ1/2(1) andτ3/2(1), we proposed to evaluate on the lattice the matrix
elements〈H ∗

0 (v)|h̄(v)γiγ5Djh(v)|H(v)〉 and〈H ∗
2 (v)|h̄(v)γiγ5Djh(v)|H(v)〉, using the following equalities:

(1)
〈
H ∗

0 (v)
∣∣h̄(v)γiγ5Djh(v)

∣∣H(v)
〉= igij (MH ∗

0
− MH )τ 1

2
(1),

(2)
〈
H ∗

2 (v)
∣∣h̄(v)γiγ5Djh(v)

∣∣H(v)
〉= −i

√
3(MH ∗

2
− MH )τ 3

2
(1)ε∗

ij ,

whereDi is the covariant derivative (Di = ∂i + igAi ), MH , MH ∗
0

andMH ∗
2

are the mass of the 0−, 0+ and 2+ states respectively,
andε∗

ij is the polarization tensor. These relations are defined between renormalized quantities. Then we have to renormalize the
matrix element of the derivative operator computed on the lattice. We explained that power and logarithmic divergences are not to
be feared in the zero recoil limit. However finite renormalization is present and we want to establish the one-loop contributions to
the derivative operator with the hypercubic blocking[2] of the Wilson line.

We have to renormalize and to match onto the continuum the bare operatorOB
ij = h̄Bγiγ

5Djh
B , wherehB is the bare heavy

quark field. We choose the MOM scheme whose renormalization conditions are: (1) the renormalized heavy quark propagator is
equal to the free one, and (2) the renormalized vertex function taken between renormalized external legs is the tree level one.

* Corresponding author.
E-mail address: benoit.blossier@th.u-psud.fr(B. Blossier).
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The r.h.s. of Eqs.(1) and (2)are independent of the renormalization scaleµ. Indeed, on the one hand,MH ∗
0

−MH ≡ Λ̄0+ − Λ̄0−

andMH ∗
2

− MH ≡ Λ̄2+ − Λ̄0− are physical quantities. On the other hand,

〈D0|c̄γ µγ 5b|B〉√
mBmD0

≡ g+(v + v′)µ + g−(v − v′)µ ≡ −τ1/2(µ,w)
√

w − 1Fµ,

Fµ = √
w + 1C5

1(µ,w)aµ + √
w − 1

[
C5

2(µ,w)vµ + C5
3(µ,w)v′µ],

where
√

w2 − 1aµ = (v − v′)µ, and theC5
i ’s are the matching coefficients between the QCD operatorc̄γ µγ 5b and the HQET

operators̄cv′γ µγ 5bv , c̄v′vµγ 5bv andc̄v′v′µγ 5bv , respectively,

(3)
〈D0|c̄γ µγ 5b|B〉√
w − 1

√
mBmD0

= −τ1/2(µ,w)Fµ −→
w→1

−τ1/2(µ,1)
√

2C5
1(µ,1)aµ.

C5
1(µ,1) ≡ C5

1(1) [3] (C5
1(1) ≡ ηA = 0.986±0.005[4]) and the l.h.s. of(3) is also independent ofµ: thusτ1/2(µ,1) ≡ τ1/2(1). We

can use the same argument to prove the scale independence ofτ3/2(µ,1). Consequently the scaleµ will be omitted in the following.
It is well known that the heavy quark self-energy diverges linearly in 1/a [5], so we introduce a mass countertermδm to

cancel this divergence. Numerically it is canceled nonperturbatively in the ratio between the three-point function and the two-point
functions to obtain a matrix element, or in the difference between binding energies of heavy-light mesons.

The bare heavy propagator on the lattice is

(4)SB(p) = a

1− e−ip4a + aδm + aΣ(p)
= a

1− e−ip4a

∑
n

(−a[δm + Σ(p)]
1− e−ip4a

)n

≡ Z2hS
R(p).

By choosing the renormalization conditions(
SR
)−1

(p)
∣∣
ip4→0 = ip4, δm = −Σ(p4 = 0),

the constantZ2h is then

Z2h = 1− dΣ

d(ip4)

∣∣∣∣
ip4→0

.

The bare vertex functionV B
ij (p) is defined as

V B
ij (p) = (

SB
)−1

(p)
∑
x,y

eip·(x−y)
〈
hB(x)OB

ij (0)h̄B(y)
〉(

SB
)−1

(p)

(5)= ZD
Z2h

(
SR
)−1

(p)
∑
x,y

eip·(x−y)
〈
hR(x)OR

ij (0)h̄R(y)
〉(
SR
)−1

(p),

where

OB
ij (0) = ZDOR

ij (0).

We will see below thatV B
ij (p) can be written as

(6)V B
ij (p) = (1+ δV )ū(p)γiγ

5pju(p) ≡ (1+ δV )V R
ij (p).

δV is given by all the 1PI one-loop diagrams containing the vertex.

We obtain〈H ∗∗|OR
ij |H 〉 = Z−1

D 〈H ∗∗|OB
ij |H 〉 whereZD = Z2h(1+ δV ) and〈H ∗∗|OB

ij |H 〉 was computed on the lattice.
This Letter is organized as follows: in Section2 we recall the action we use for the heavy quark, we give the corresponding

Feynman rules and we clarify our notations; in Section3 we give the analytical expression for the heavy quark self-energy, in
Section4 we give the analytical expression for radiative corrections to the derivative operator in lattice HQET. We briefly conclude
in Section5.

2. Heavy quark action and Feynman rules

The lattice HQET action for the static heavy quark is

(7)SHQET = a3
∑
n

{
h†(n)

[
h(n) − U

†,HYP
4 (n − 4̂)h(n − 4̂)

]+ aδmh†(n)h(n)
}
,
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whereUHYP
4 (n) is a link built from an hypercubic blocking.

We will use in the rest of the Letter the following notations taken from[6–8]:

∫
p

≡
π/a∫

−π/a

d4p

(2π)4
,

∫
�p

≡
π/a∫

−π/a

d3p

(2π)3
, a4

∑
n

eipn = δ(p),

∫
k

≡
π∫

−π

d4k

(2π)4
,

∫
�k

≡
π∫

−π

d3k

(2π)3
,

h(n) =
∫
p

eipnh(p),

Uµ(n) = eiag0A
a
µ(n)T a = 1+ iag0A

a
µ(n)T a − a2g2

0

2! Aa
µ(n)Ab

µ(n)T aT b +O(g3
0

)
,

UHYP
µ (n) = eiag0B

a
µ(n)T a = 1+ iag0B

a
µ(n)T a − a2g2

2! Ba
µ(n)Bb

µ(n)T aT b +O(g3
0

)
,

Aa
µ(n) =

∫
p

eip(n+ a
2 )Aa

µ(p), Ba
µ(n) =

∫
p

eip(n+ a
2 )Ba

µ(p), Γλ = sinakλ,

cµ = cos

(
a(p + p′)µ

2

)
, sµ = sin

(
a(p + p′)µ

2

)
, Mµ = cos

(
kµ

2

)
, Nµ = sin

(
kµ

2

)
,

W = 2
∑
λ

sin2
(

kλ

2

)
.

In the Fourier space, the action is given at the order ofO(g2
0) by

SHQET =
∫
p

a−1h†(p)
(
1− e−ip4a

)
h(p) + δmh†(p)h(p) + ig0

∫
p

∫
p′

∫
q

δ(q + p′ − p)h†(p)Ba
4 (q)T ah(p′)e−i(p4+p′

4)
a
2

(8)+ ag2
0

2!
∫
p

∫
p′

∫
q

∫
r

δ(q + r + p′ − p)h†(p)Ba
4 (q)Bb

4(r)T aT bh(p′)e−i(p4+p′
4)

a
2 .

The block gauge fieldsBa
µ can be expressed in terms of the usual gauge fields

Bµ =
∞∑

n=1

B(n)
µ ,

whereB
(n)
µ containsn factors ofA. At NLO, it was shown that we only needB(1)

µ [9]:

B(1)
µ (k) =

∑
ν

hµν(k)Aν(k), hµν(k) = δµνDµ(k) + (1− δµν)Gµν(k),

Dµ(k) = 1− d1

∑
ρ 
=µ

N2
ρ + d2

∑
ρ<σ,ρ,σ 
=µ

N2
ρN2

σ − d3N
2
ρN2

σ N2
τ ,

Gµν(k) = NµNν

(
d1 − d2

N2
ρ + N2

σ

2
+ d3

N2
ρN2

σ

3

)
,

d1 = (2/3)α1
(
1+ α2(1+ α3)

)
, d2 = (4/3)α1α2(1+ 2α3), d3 = 8α1α2α3.

Two sets ofαi ’s have been chosen: (1)α1 = 0.75, α2 = 0.6, α3 = 0.3 (which has been chosen in our simulation and has been
motivated in[2]) and (2)α1 = 1.0, α2 = 1.0, α3 = 0.5, motivated in[10]. We will label these two sets respectively by HYP1 and
HYP2.

The Feynman rules can be easily deduced (they must be completed by the application ofhµν ):

heavy quark propagator a
(
1− e−ip4a + ε

)−1
,

vertexV a
µ,hhg(p,p′) −ig0T

aδµ4e
−i(p4+p′

4)
a
2 ,

vertexV ab
µν,hhgg(p,p′) −1

2
ag2

0δµ4
{
T a,T b

}
e−i(p4+p′

4)
a
2 ,

gluon propagator in the Feynman gaugea2δµνδ
ab
(
2W + a2λ2)−1

.
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Note thatp′ andp are the in-going and the out-going fermion momenta, respectively. We also introduce an infrared regulatorλ

for the gluon propagator. We symmetrize the vertexV ab
µν,hhgg by introducing the anticommutator of theSU(3) generators, normal-

ized by a factor12. The gluon propagator and the vertices are defined with theA field. The coefficient
∑3

i=1 h2
4i ≡ H(N4) will enter

as a global multiplicative factor in all the integrals expressed below. We have chosen the Feynman gauge: since one calculates the
renormalization of a gauge-invariant operator, the renormalization factorZD is gauge invariant.

3. Heavy quark self-energy

From(4) we haveΣ(p) = −(F1 + F2), whereF1 andF2 correspond to the diagrams shown inFig. 1(a) and (b):

F1 = − 4

3a
g2

0

∫
k

H(N4)

2W + a2λ2

e−i(k4+2ap4)

1− e−i(k4+ap4) + ε
= − 1

3a
g2

0

∫
k

H(N4)

N2
4 + E2

e−i(k4+2ap4)

1− e−i(k4+ap4) + ε

(9)= − 1

3a
g2

0

∫
k

H(N4)

(N4 + iE)(N4 − iE)

e−i(k4+2ap4)

1− e−i(k4+ap4) + ε
= − 1

3a
g2

0

∫
�k

1

E

H(−iE)√
1+ E2

e−2iap4

eE′ − e−iap4
.

Note that Latin indices are spatial and

E2 =
∑

i

N2
i + a2λ2

4
,

H(N4) =
(

1− d1

∑
i

N2
i + d2

∑
i<j

N2
i N2

j − d3N
2
1N2

2N2
3

)2

+ N2
4

∑
i

N2
i

(
d1 − d2

2

∑
j 
=i

N2
j + d3

3

∏
j 
=i

N2
j

)2

,

E′ = 2 argsh(E).

In (9) we have eliminated properly the noncovariant polek4 = −ap4+ iε by closing the integration contour in the complex plane
�(k4) < 0 where there is the single poleN4 = −iE. Furthermore the integrals along the linesk4 = ±π + ik′

4 are equal, because the
integrand is 2π -periodic.

Finally we have in the limitap4 → 0:

(10)F1 = 4

3a
g2

0

∫
�k

H(−iE)

4E
√

1+ E2

1

1− eE′ + 4

3
g2

0ip4

∫
�k

H(−iE)

2E
√

1+ E2

[
1

eE′ − 1
+ 1

2

1

(eE′ − 1)2

]
.

We find

(11)F1 ≡ − g2
0

12π2

{
f1(αi)/a + ip4

[
2 ln

(
a2λ2)+ f2(αi)

]}
.

The tadpole diagramF2 is

(12)F2 = −1

2

4g2
0

3a
e−iap4

∫
k

H(N4)

2W
=

ap4→0
−1

2

4g2
0

3
(1/a − ip4)

∫
k

H(N4)

2W
≡ − g2

0

12π2
(1/a − ip4)f3(αi).

The factor 1/2 is introduced to compensate the over-counting of the factor 2 in the Feynman rule of the 2-gluon vertex when a
closed gluonic loop is computed. We can point out that the divergent part

(13)Σ0(αi) = g2
0

12π2a
σ0(αi), σ0 = f1 + f3

of the self-energy is smaller with the sets HYP1 and HYP2 of theαi ’s than with the corresponding contribution without “hy-
percubic” links[5], as shown inTable 1: σ0(αi = 0) = 19.95, σ0(HYP1) = 5.76 andσ0(HYP2) = 4.20, in good agreement with
computations made by the ALPHA Collaboration[10], which compares the pseudoscalar heavy-light meson effective energy with

Fig. 1. Self-energy corrections: (a) sunset diagram; (b) tadpole diagram.
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Table 1
Numerical values of the parametersf1, f2, f3, f4, σ0, z2, zd defined in Eqs.(11), (12), (18), (13), (14) and (19), respectively

αi = 0 HYP1 HYP2

f1 7.72 1.64 −1.76
f2 −12.25 1.60 9.58
f3 12.23 4.12 5.96
f4 −12.68 −10.32 −8.18

σ0 19.95 5.76 4.20
z2 24.48 2.52 −3.62
zd 11.80 −7.80 −11.80

Fig. 2. Operator corrections.

different static heavy quark actions, and by Hasenfratz et al.[11]. Qualitatively, one expects that the hypercubic blocking reduces
the radiative corrections since it amounts roughly to introduce an additional cut-off in the integrals.

The wave function renormalizationZ2h is

(14)Z2h(αi) = 1+ g2
0

12π2

[−2 ln
(
a2λ2)+ z2(αi)

]
, z2 = f3 − f2.

|z2| is also reduced by the hypercubic blocking, as indicated onTable 1: z2(αi = 0) = 24.48[5], z2(HYP1) = 2.52 andz2(HYP2) =
−3.62.

4. Derivative operator in lattice HQET

We have to renormalize the operatorOB
ij = h̄Bγiγ

5Djh
B . Following[6],

a4
∑
n

OB
ij (n) = a4 1

2a

∑
n

h̄B(n)γiγ
5Uj (n)hB(n + ĵ ) − h̄B(n)γiγ

5U
†
j (n − ĵ )hB(n − ĵ )

=
∫
p

′∫
p

a−1δ(p − p′)h̄B(p)
(
iγiγ

5sj
)
hB(p′) + ig0

∫
p

∫
p′

∫
q

δ(q + p′ − p)h̄B(p)γiγ
5ciA

a
j (q)T ahB(p′)

(15)− iag2
0

2!
∫
p

∫
p′

∫
q

∫
r

δ(q + r + p′ − p)h̄B(p)T aT bγiγ
5sjA

a
j (q)Ab

j (r)h
B(p′).

Note that we have chosen to not submit the covariant derivative to the hypercubic blocking.
The vertex functionV B

ij is obtained by writingV B
ij = V 0

ij + V 1
ij + V 2

ij , corresponding to the diagrams (a), (b) and (c) inFig. 2;

V k
ij (αi) = ū(p)γiγ

5u(p)V k
j (αi), k = 0,1,2. The contributionV 0

ij is then given by computing

V 0
j (αi) = − 4i

3a
g2

0

∫
k

H(N4)

2W + a2λ2
sin(k + ap)j

e−i(k4+2ap4)

(1− e−i(k4+ap4) + ε)2

= − 4i

3a
g2

0

∫
k

H(N4)

2W + a2λ2
(Γj + apj coskj )e

−iap4

(
e−i

k4+ap4
2

1− e−i(k4+ap4) + ε

)2

(16)= − 4i

3a
g2

0

∫
k

H(N4)

2W + a2λ2
(Γj + apj coskj )(1− iap4)

1

[2i sin( k4+ap4
2 ) + ei

k4+ap4
2 ε]2

.
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We can get rid of the integrand proportional toΓj , because it is an odd term. It remains

V 0
j (αi) = −4

3
ig2

0pj

∫
k

H(N4)

2W + a2λ2

coskj

(2iN4 + εM4)2
.

The integrand has poles atN4 = ±iE, k4 = 2iargth( ε
2). Once again we close the integration contour around the single poleN4 =

−iE. Sincej is spatial, the “sail” diagram drawn onFig. 2(b) does not give any contribution, thusV 1
ij = 0. There is finally the

tadpole contributionV 2
ij which is given by computing

(17)V 2
j (αi) = − 1

2!
4

3
ig2

0pj

∫
k

1

2W
= − ig2

0

12π2
pj 12.23.

We have finally〈H ∗∗|OR
ij |H 〉 = Z−1

D (αi)〈H ∗∗|OB
ij |H 〉(αi) where

ZD(αi) = Z2h(αi)
[
1+ δV (αi)

]
,

(18)

δV (αi) = −4g2
0

3

∫
k

(
H(N4)coskj

(2W + a2λ2)(2iN4 + εM4)2
+ 1

4W

)
= −4g2

0

3

1

2

∫
�k

H(−iE)coskj

(2E)3
√

1+ E2
− g2

0

12π2
12.23

≡ g2
0

12π2

[
2 ln

(
a2λ2)+ f4(αi)

]
,

(19)ZD(αi) = 1+ g2
0

12π2
zd(αi), zd = z2 + f4.

The numerical values ofzd are indicated inTable 1.
Remark that infrared divergences appearing inZ2h and 1+ δV cancel and there is no dependence ona, a further consequence of

theµ independence of the matrix element〈H ∗
0 (v′)|h̄(v′)γiγ5Djh(v)|H(v)〉 at zero recoil. Note also that as already mentioned the

tadpole diagram of the operator vertex is not smoothed by the hypercubic blocking; therefore it is quite large. On the other hand the
tadpole contribution to the self-energy is smoothed by the blocking. The final result is a large positive correction to the renormalized
matrix element. By fixingg0 = 1 (β = 6.0), this givesZ−1

D (HYP1) = 1.07 andZ−1
D (HYP2) = 1.10, thus the discrepancy between

Z−1
D (HYP1) andZ−1

D (HYP2) is small (3%); without hypercubic blocking one would obtainZ−1
D (αi = 0) = 0.90. We can think of

applying a boosting procedure; in the pure HYP case the boosting plaquette correction is very small[8] (equation 19 and below).
On the other hand we have to take into account that the covariant derivative operator involves links without hypercubic blocking,
therefore one should employ a different prescription for the diagram drawn onFig. 2(c), possibly leading to a larger tadpole
contribution from the operator toZ−1

D (αi 
= 0), and therefore a larger positive correction. Anyhow this kind of recipe would not
lead toZ−1

D (αi 
= 0) significantly larger than 1.1.
With our exploratory lattice study and taking accountZ−1

D (HYP1), we findτ 1
2
(1) = 0.41(5)(?), τ 3

2
(1) = 0.57(10)(?) andτ2

3
2
(1)−

τ2
1
2
(1) = 0.15(10), where systematics are unknown; one is then not too far (within 1σ ) from saturating by ground states the Uraltsev

sum rule[12]
∑

n |τ (n)
3
2

(1)|2 − |τ (n)
1
2

(1)|2 = 1
4. However the relationµ2

π − µ2
G > 9∆2τ2

1
2
(1) [13], with ∆ ≡ MH ∗

0
− MH = 0.4 GeV

[1], µ2
G = 0.35 GeV2, leads toµ2

π larger than 0.6 GeV2, which is significantly above experimental determination by moments.

5. Conclusion

In this Letter we have calculated the radiative corrections to the covariant derivative operatorh̄γiγ
5Djh in lattice HQET with

an hypercubic blocking of the Wilson line defining the heavy quark propagator. This determines the renormalization of the operator
which is used to estimate the Isgur–Wise functions between the ground state and theL = 1 excitations at zero recoil. We find that
there is a global, but moderate, enhancement ofτ 1

2
(1) andτ 3

2
(1) with respect to the bare quantities computed on the lattice in the

case where one introduces fat timelike links, while there is a reduction with a simple Wilson line.
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IV. Morénas, (( Désintégrations semileptoniques B → D∗∗ ` ν dans le cadre de modèles
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Conclusion et perspectives

out au long de ce mémoire, nous avons abordé plusieurs aspects liés à la physique

de la beauté : l’hypothèse de dualité quark-hadron (pour laquelle une étude fondée

sur des modèles de quark a montré entre autres que, dans le cas des largeurs

totales de désintégration, aucun terme de violation d’ordre 1/mQ n’est présent et que,

dans le cas des largeurs différentielles de désintégration, la situation n’est pas aussi claire),

l’hypothèse de factorisation, introduite lors de l’étude des désintégrations non-leptoniques

des mésons B (dont une version (( améliorée )) a été confrontée à un ensemble de données

expérimentales avec des résultats mitigés) et finalement la production d’états orbitalement

excités D∗∗ (où nous avons établi l’existence d’une hiérarchie dans les taux de production,

hiérarchie non vérifiée expérimentalement).

Ce dernier point est particulièrement intriguant dans la mesure où il dénonce une incom-

patibilité entre les prédictions théoriques et les données expérimentales : en fait, tous les

modèles théoriques phénoménologiques semblent prédire une situation alors que les mesures

semblent annoncer son contraire. C’est pourquoi nous avons entamé une étude montrant

qu’il est possible d’obtenir les facteurs de forme, mis en jeu dans ces processus, de façon

fondamentale et non perturbative, par la QCD sur réseau. Cette étude de faisabilité a été

réalisée sur des machines dédiées APEmille du projet APE, dont la génération actuelle est

l’apeNEXT. Il serait donc très intéressant de pouvoir affiner cette étude sur cette dernière

génération d’ordinateur à architecture parallèle pour lever ce paradoxe ; malheureusement,

la situation actuelle du système scientifique français semble compromettre tous les efforts

de voir une telle étude achevée dans la mesure où les équipes (( lattice )) risquent de n’avoir

aucune puissance de calcul suffisante qui leur soit propre pour produire le moindre résul-

tat...... et ce malgré le fait que nous faisons partie de la collaboration à l’origine de la

conception/réalisation de ces machines parallèles.
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D∗∗ in Quark Models à la Bakamjian-Thomas )), Physical Review D 56 (9) : 5668–5680

().

[20] A. Le Yaouanc, D. Melikhov, V. Morénas, L. Oliver, O. Pène et J.C. Ray-

nal, (( Semileptonic inclusive heavy meson decay : duality in a nonrelativistic potential

model in the Shifman-Voloshin limit )), Physical Review D 62 : 074007 ().

[21] A. Le Yaouanc, D. Melikhov, V. Morénas, L. Oliver, O. Pène et J.C. Ray-

nal, (( Duality in semileptonic inclusive B-decays in potential models: regular versus

singular potentials )), Physics Letters B 517 (1,2) : 135–141 ().

[22] M. Beneke, G. Buchalla, M. Neubert et C. T. Sachrajda, (( QCD Facto-

rization for B → ππ Decays: Strong Phases and CP Violation in the Heavy Quark

Limit )), Physical Review Letters 83 (10) : 1914–1917 ().

[23] M. Beneke, G. Buchalla, M. Neubert et C. T. Sachrajda, (( QCD factori-

zation for exclusive non-leptonic B-meson decays: general arguments and the case of

heavylight final states )), Nuclear Physics B 591 (1,2) : 313–418 ().

[24] M. Beneke, G. Buchalla, M. Neubert et C. T. Sachrajda, (( QCD facto-

rization in B → πK, ππ decays and extraction of Wolfenstein parameters )), Nuclear

Physics B 606 (1,2) : 245–321 ().

[25] R. Aleksan, P.F. Giraud, V. Morénas, O. Pène et A.S. Safir, (( Testing

QCD factorization and charming penguin diagrams in charmless B → PV )), Physical

Review D 67 (9) : 094019 ().

[26] D. Du, J. Sun, D. Yang et G. Zhu, (( Charmless two-body B decays: A global

analysis with QCD factorization )), Physical Review D 67 (1) : 014023 ().

[27] B. Bakamjian et L.H. Thomas, (( Relativistic particle dynamics )), Physical Review

92 (5) : 1300–1310 ().



Bibliographie 149

[28] L.L. Foldy, (( Relativistic particle systems with interaction )), Physical Review

122 (1) : 275–288 ().

[29] B.D. Keister et W.N. Polyzou, (( Relativistic hamiltonian dynamics in nuclear

and particle physics )), Advances in Nuclear Physics 20 : 225–479 ().

[30] N. Uraltsev, (( New exact heavy quark sum rules )), Physics Letters B 501 (1,2) :

86–91 ().

[31] A. Le Yaouanc, L. Oliver, O. Pène, J.C. Raynal et V. Morénas, (( Uraltsev

sum rule in Bakamjian-Thomas quark models )), Physics Letters B 520 (1) : 25–32

().

[32] A. Le Yaouanc, L. Oliver, O. Pène et J.-C. Raynal, (( New heavy quark limit

sum rules involving Isgur-Wise functions and decay constants )), Physics Letters B

387 (3) : 582–592 ().

[33] V. Morénas, A. Le Yaouanc, L. Oliver, O. Pène et J.-C. Raynal, (( Decay

constants in the heavy quark limit in models à la Bakamjian and Thomas )), Physical
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Résumé 
 
 
 
 
 
 
La physique du B constitue un pan important de la physique des particules, aussi bien du point de vue 
théorique qu'expérimental. L'objectif de ce mémoire est d'adresser un certain nombre d'aspects relatifs 
à cette physique et, dans un premier temps, certaines hypothèses théoriques utilisées : - hypothèse de 
dualité : la plupart des calculs inclusifs sur les transitions entre états hadroniques repose implicitement 
sur le fait que ces processus peuvent être décrits en ne faisant intervenir que les transitions entre les 
quarks constituant ces hadrons. Nous avons testé cette hypothèse dans le cadre des désintégrations 
semileptoniques des mésons $B$ et cherché les causes d'éventuelles violations. - hypothèse de 
factorisation : cette hypothèse simplificatrice, couramment employée dans le domaine, permet par 
exemple l'étude des désintégrations non-leptoniques des mésons B en deux autres mésons. Nous avons 
réalisé une étude exhaustive comparative entre les données expérimentales disponibles et une version 
améliorée de cette hypothèse. Ensuite, nous présentons un problème lié à la production des états de 
moment cinétique orbital l=1 lors des désintégrations des mésons B : les données expérimentales vont 
à contre sens de tous les modèles théoriques phénoménologiques ; nous proposons alors une tentative 
de résolution par QCD sur réseau de ce puzzle. Enfin, nous décrivons le projet APEnext (projet 
européen d'ordinateur à architecture parallèle dédié aux calculs sur réseau). 
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