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Résumé

La dépendance faible est un outil trés performant pour obtenir des résultats asymptotiques en sta-
tistique des séries chronologiques. Son atout majeur est de résumer les propriétés de dépendance
de trés nombreux modéles via le comportement d’une suite de coefficients. Dans un probléme ou le
modéle n’est pas clairement identifiable, des hypothéses sur les coefficients de dépendance faible sont
parfois moins contraignantes que le choix d’'un modéle. De plus, pour certains modéles causaux, la
dépendance faible permet d’étudier les propriétés de dépendance 1a o toutes les autres notions (de
meélange par exemple) échouent. Les coefficients permettent d’élargir aux séries chronomogiques des

résultats asymptotiques classiques du cas de référence, celui d’observations indépendantes.

Le chapitre [l est une synthese des travaux qui reprend les principaux résultats des chapitres suivants
qui peuvent étre lus séparément. Aprés avoir défini les notions de faible dépendance utilisées dans
ce travail, nous donnons des exemples de modeéles faiblement dépendants dans la partie [ tels que
les chaines & mémoire infinie dans le chapitre Bl et les schémas de Bernoulli dans le chapitre Bl De
nouvelles propriétés de moments et de dépendance sont données pour ces modeéles. La dépendance
faible permet d’atteindre des résultats asymptotiques optimaux, identiques au cas indépendant, sur
une classe restreinte de modéles. Puis plus on étend le domaine d’étude et moins les résultats sont
bons. Dans le cas de modeéles causaux, les résultats obtenus sont meilleurs que pour des modéles non

causaux, plus généraux.

Grace a ses outils, nous généralisons des résultats asymptotiques classiques. Nous donnons des ver-
sions faiblement dépendantes du principe d’invariance faible dans le chapitres Bl et de convergence de
Pestimateur de la densité (adaptatif ou non) dans la partie [ Des pertes dans les vitesses de conver-
gence sont constatées dans le chapitre . Elles sont en partie dues a la dépendance des modéles, qui
ajoute des termes perturbateurs, et en partie aux inégalités obtenues dans le cadre de la dépendance
faible qui ne sont pas aussi fines que celles du cas indépendant. Nous discutons de 'origine de ces

pertes en vitesse a partir de simulations fournies dans le chapitre Bl

Enfin, la normalité asymptotique de l'estimateur du Quasi Maximum de Vraisemblance dans le cas
multivarié est donné pour la premiére fois dans la partie [Tl Ce probléme restreint la classe des
modéles & considérer & celle de modeles décorrélés. D’autres outils plus spécifiques et plus efficaces

que la dépendance faible existent pour ces modeéles trés particuliers présentés dans le chapitre [l






Abstract

Times series are main topics in modern statistical mathematics. They are essential for applications
where randomness plays an important role. Indeed, physical constraints entail that serious modelling
cannot be done using independent sequences. This represents a real problem because properties are
not always known in that case. In order to generalize the main statistics of the independent case, one

needs to use weakly dependent notions.

The present work, summarized in chapter [Il, is devoted to provide a frame for the commonly used
time series in part [ These notions are mainly divided in two different classes. The first one is the
class of causal dependence. In this case the weak dependence fit the dependence structure of time
series where other notions, as mixing, fail. We study in chapter Bl moment and weakly dependent
properties of chains with infinite memory that are not Markovian but causally weakly dependent
models. The second one is the class of non causal processes. Weak dependence in that context are
very general and conditions of weak dependence are merely used than modelization. We introduce
the Bernoulli shifts with dependent inputs in the chapter Bl Working with these notions, we balance
the optimality of the result with the size of the class of models involve. In the more restrictive causal

case, the results are better than in the non causal one.

With these tools, we establish different asymptotical results. We give a Donsker principle in chapter
and the convergence of the density estimates (adaptive or not) in part [l Losses in the rates of
convergence are observed in chapter @l. They are due to the weak dependence that puts additional
terms and then perturbs the statistics. They are also due to techniques that are not as efficient as in

the independent case. We discuss on simulations the origin of these losses in chapter B

Finally, the asymptotic normality of the Quasi Maximum Likelihood Estimator for multidimensional
processes is given for the first time in part [Tl We use moment properties of chains with infinite
memories but not their weak dependence properties. The parametric context reduces the class of
models to be considered to the one of decorreleted processes. Specific tools are more efficient than

weak dependence in the setting of chapter Bl
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Chapitre 1
Synthése des travaux

Ce chapitre reprend les principaux résultats obtenus dans les travaux [Wintll], [Wint2), [Wint3],
[Wintd] et [Wintd] et détaillés dans les chapitres B, Bl Bl Bl et Bl Apres avoir défini les notions de
faible dépendance utilisées dans ce travail, nous dressons une liste des principaux modéles faible-
ment dépendants. Nous introduisons en particulier les chaines & mémoire infinie et les schémas de
Bernoulli, avec leurs propriétés de moments et de dépendance faible. Nous généralisons grace a ces
notions des résultats asymptotiques classiques du cas de référence ou les données sont indépendante.
Nous donnons des versions faiblement dépendantes du principe d’invariance faible et de convergence
de l'estimateur de la densité (adaptatif ou non). Des pertes dans les vitesses de convergence sont
parfois constatées. Enfin, dans le cadre de I’estimation paramétrique, la normalité asymptotique est
pour la premiére fois donnée dans le cas multivariée. Ce résultat utilise les propriétés de moments

obtenues sur les chaines & mémoire infinie.

Voici quelques notations trés utiles pour la suite de cette synthése :

— (2, A,P) est un espace probabiliseé,

— (E,|| - ||) est un espace de Banach,

— A®) et I'espace des fonctions Lipschitziennes f de E¥ — R telles que pour tout (x1,...,xp) et

(yl, s 7yk) de Eka

k
[f(@r,. o) = fys-ue)| STip £l — yill, avec Lip f < oo
i=1
- Agk) est ensemble des fonctions de A®) telles que Lip f < p,
— BV est 'espace des fonctions de [0, 1] dans [0, 1] telles que ||h|| gy < oo ou

n

1Al v = [R(0)[ + sup sup > Ih(ai) = h(ai-1)],

neN ap=0<a1<--<an=17 "7



2 SYNTHESE DES TRAVAUX

BV est 'ensemble des fonctions de BV telles que ||h||py < 1,

— L™(FE) est l'espace des variables aléatoires a valeurs dans F telles que || X|,, < oo avec, par
définition || X||,, = (B[ X|™)Y™,

— L°°(FE) est I'espace des variables aléatoires a valeurs dans F telles que || X||o < oo o1, par définition
X oo = infano{B( X]| < 4) = 1}.

— Le passé au temps ¢t d’un processus (X;)iez est la tribu P, = o(Xs; s < t), le futur la tribu

Fi=0(Xs; s>1t).

1.1 Notions de dépendance faible [Wint1l, Wint2, Wint3), Wint4]

Nous étudions les propriétés de dépendance de processus a temps discret (X;)¢ez supposés strictement

stationnaires.

Définition 1.1 Une suite (Xy)iez est stationnaire au sens strict si (Xq,...,X,) et (Xp, ..., Xpan)

ont la méme loi pour tout n >0 et h € Z.

De plus, les séries temporelles sont supposées & "mémoire courte", c’est a dire telles que la série
des auto-covariances (Cov(Xy, Xx))rez soit sommable. Avec cette hypothése, il est raisonnable d’es-
compter obtenir des résultats asymptotiques similaires & ceux du cas de référence des processus
indépendants et identiquement distribués (i.i.d.). Dans ce but, nous introduisons des coefficients qui
quantifie la. dépendance de ces processus.

De nombreuses notions ont été introduites pour faciliter I’étude des processus dépendants. Chrono-
logiquement, les notions de mélange sont les premiéres & étre apparues. Les trois principales sont le
mélange fort (a-mélange), le S-mélange et le mélange uniforme (ou ¢-mélange) introduits respecti-
vement par Rosenblatt [I03], Rozanov & Volkonskii [I04] et Ibragimov [0]. Ces notions présentent
un inconvénient majeur. En pratique, le calcul de ces coefficients est délicat (voir Doukhan, [BS]. De

plus, certains processus ne sont pas mélangeants. Le plus célébre est celui d’Andrews [ :

Exemple 1.1 Soit (&)icz une suite de variable i.i.d. telle que P(§; = 1) =P(&; = 0) = 1/2 alors la

solution stationnaire (Xy)iez de 'équation
1
X = i(thl +&), VteZ, (1.1)

n’est pas mélangeante au sens de Rosenblatt.

De la est venue I'idée d’introduire des notions de dépendance moins restrictives, couvrant plus de
modeéles, pour lesquelles nous pouvons calculer des bornes sur les coefficients et développer une théorie
asymptotique intéressante. Nous présentons ci-dessous les principales notions qui seront utilisées dans

la suite.
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1.1.1 Cas causal

Nous appellons causaux les coefficients de dépendances faibles pour qui le passé P; et le futur F;
ne jouent pas un role symétrique. Un modéle est dit causal lorqu’on controle au moins un de ses

coefficients causaux.

Définition 1.2 (La p-dépendance, Dedecker & Prieur [29]) Soit M une sous tribu de A. Pour
tout X € L>®°(E') avec | > 1 on définit

(M, X) = sup { [E(9(X)|M) — E(g(X)) |, g € AT} .

La suite pp(r) est définie pour tout k > 1 par

1
ok(r) = max - sup o(Pi, (Xj,,...,X5)) -
AN +r<g1<je<--<j

Le processus est @-dépendant si ¢(r) = supyso k(1) tend vers 0 lorsque r — oo.

Un coefficient moins restrictif que le ¢ valable pour des processus non bornés est le coefficient de

couplage 7.

Définition 1.3 (La 7-dépendance, Dedecker & Prieur [28]) Soit M une sous tribu de A. Soit
X € LY(E") avec 1 > 1 on définit

(M, X) = [sup {[EGX) | M) =BG £ eal}]|
La suite () est définie pour tout k > 1 par

1
Tk (r) = max 7 sup T(Pi, (X155 X5,)) -
ISk U j4r<jr<jo<<gy

Le processus est T-dépendant si 7(r) = supyo 7 (r) tend vers 0 lorsque r — 0.

Dans toute la suite, nous supposons que l'espace (E,.A) est suffisamment riche tel qu’il existe une
version X* distribuée comme X et indépendante de M telle que 7(M, X) = || X — X*[|;. Ce résultat
de couplage définit le coefficient 7 comme le minimum 7(M, X) = min || X — X'||; pour toute version
X' distribuée comme X et indépendante de M (voir Dedecker & Prieur [28] pour plus de détails).

1.1.2 Cas non causal

Le cas non causal renvoie aux coefficients pour lesquels passé et futur jouent un role symétrique. Les

modéles correspondants, appelés modéles non causaux, sont trés généraux.
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Définition 1.4 (La n-dépendance, Doukhan & Louhichi [AT]) Le processus (Xi)icz est dit étre
(e,)-faiblement dépendant si il existe une suite £(r) | O (lorque r 1T o0) et une fonction v :
N2 x (R*)2 — R telle que

|COU(f(X31, R aXSu)ag(th" . aXtv))| < ¢(U,U, Llp fa Llpg)&(r),

pour tout v > 0 et tout (u+wv)-uplets tels que s1 < -+ < 8y < Su+r <ty <~ <ty et f,g€ AW x A)
avec sup,, |f(x)| < 1 et sup, |g(x)| < 1. La n-faible dépendance correspond a (u,v,a,b) = ua + vb,

dans ce cas on écrit e(r) = n(r).

L’étude des propriétés de stabilité des suites faiblement dépendantes par transformation non linéaire

nous a amené 3 introduire le coefficient \.

Définition 1.5 (La A-dépendance, [Wint2l|) La \-faible dépendance correspond a ¥ (u,v,a,b) =
wvab + ua + vb. On écrit alors (r) = A(r).

Remarque 1.1 D’autres coefficients (k, ', 0,...) découlent de choiz de ) différents, voir chapitre

@3 pour plus de détails.

1.1.3 Comparaison entre les coefficients

Remarquons la relation suivante entre les coefficients : A\(r) < n(r) < 7(r) < ¢(r). Un processus
p-faiblement dépendant est aussi 7—,n—, A—faiblement dépendant car ¢(r) | 0 avec r T oo entraine
que 7(r),n(r),A\(r) | 0. Un arbitrage est possible entre I'optimalité des résultats asymptotiques et
le choix d’un coefficient plus restrictif. Ainsi dans le cas causal, plus restrictif que le non causal,
les résultats obtenus sont meilleurs car plus proches de ceux du cadre de référence, I'indépendance.
Dans la suite, pour un modéle fixé, nous ne parlerons que de la notion de dépendance faible la plus
restrictive, c’est a dire celle correspondant & la plus grande suite de coefficients tendant vers 0. Cette

démarche assure d’obtenir les meilleurs résultats asymptotiques pour un modeéle donné.

1.2 Les modéles causaux [Wint1l, Wint3, Winf4]

1.2.1 Systémes dynamiques

Nous avons déja vu un exemple [T de processus non mélangeant. Nous généralisons ici ce contre
exemple en suivant la démarche de Dedecker & Prieur [29]. La solution stationnaire de 1’équation

([CT) s’écrit sous la forme

On en déduit que :
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— X est un réel compris entre [0; 1] dont le développement dyadique est 0,&&—1 -+,

— la loi marginale de X; est la loi uniforme sur [0; 1],

- X1 =T(Xy) avec T'(z) =2z [1].

(Xt)tez n’est pas mélangeant car X; 1 est fonction de X; dans la derniére relation. La notion de

meélange fort introduite par Rosenblatt [I03] est définie par :

ar = sup |[P(PNF)—P(P)P(F)|.
PePy,FeF,
Choisissons P = {Xy € [0;1/2]} € Py, un événement du passé de probabilité 1/2. Alors on a
P ={T"(X,) € [0;1/2]} = {X, € T""!([0;1/2])}, un événement du futur F,. Choisissant F = P
dans la définition de «, on obtient o, > |1/2—1/4| = 1/2. La suite «, ne converge pas vers 0, (X;)iez

n’est pas mélangeant au sens de Rosenblatt.

De méme, les systémes dynamiques X; = T'(X;—1) pour t > 0 (7" : [0;1] — [0;1]) et X une variable
sur [0; 1] ne sont pas mélangeants. Les transformations 7" doivent avoir un comportement chaotique
pour entretenir ’aléa du processus dii & Xg. Ainsi, si T est contractante, nous avons 'existence d’un
point fixe a est le comportement asymptotique de (X;):>o est déterministe. Les transformations T
étudiées sont de type Lasota & Yorke [82].

Définition 1.6 (Transformations de type Lasota-Yorke) T est une transformation de type

Lasota-Yorke si

— (Régularité) Il existe une partition 0 = ag < a1--- < ap, = 1 telle que T € Cy et |T'(x)| > 0 sur
lai—1,a;[ pour tout 1 =1,... n.

~ (Ezpansivité) Soit I, un intervalle tel que (T™) y soit défini. Il existe A > 0 et s > 1 tels que
infer, |(T™)] > As™.

— (Mélange topologique) Pour tout ensemble non vide U, V, il existe ng > 1 tel que T~ (U)NV £ ()

pour tout n = ng.

Cette classe de transformations a de nombreuses propriétés remarquables :

— il existe une unique mesure 7T-invariante u,

— p admet une densité f € BV (voir Viana [II0] pour plus de détails).

Le systéme dynamique (stationnaire) de type Lasota-Yorke associé a une transformation 7" correspond
a Xy =T(X;—1) et Xg ~ p, sa mesure T-invariante. Alors

— pour toute fonction f € A®),
E(f(X1,.... X)) | Xi) = g(Xa), (1.2)

avec g € BV vérifiant ||g||py < C'lLip f (Collet et al. [20]).
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— il existe 0 < p < 1 et une constante C' > 0 tels que (Dedecker & Prieur [29])

sup |E(g(Xo) | Xpy Xpt1,...) —Eg(Xo)| < Cp".
geEBV,
— (Xt)i=0 est p-faiblement dépendant avec p(r) < Cp”", 0 < p < 1 et C > 0, voir Dedecker & Prieur
[29] pour plus de détails.

Remarque 1.2 En fait il exviste deuzr autres constantes C et C' telles que, pour toutes fonctions
fis--., f1 € BVy on ait

E((Xi) h(Xa)|o (Kot 2 7+ i) = B (X3 - (X)) < O (14 C 44 O

Cette propriété de faible dépendance est plus fine que celle induite par le contréle de p, voir Dedecker

et al. [Z7].

1.2.2 Chaines de Markov

Une série stationnaire (Xy)ez vérifie la propriété de Markov (forte) a 1’ordre p lorsque
L(Xy | Xeo1,...) =L(X4 | Xim1, ., Xyp).

De maniére équivalente, il existe un couple (F,(&)icz) tel que Xy = F(Xi—q,..., X p;&) ou
F : EP x E' — FE et (&)tez est un processus i.i.d. a valeur dans E’. On peut se restreindre au
cas ol & suit la loi uniforme sur E’ = [0, 1]. Remarquons qu’'une chaine de Markov a l'ordre p a

valeur dans E est en fait aussi une chaine de Markov d’ordre 1 a valeur dans EP.

Les premiers exemples de chaines de Markov non mélangeants viennent naturellement dans le cas
E =0, 1]. Tout comme pour ’exemple ([LT]) qui est une chaine de Markov, il est toujours possible de
faire correspondre a un systéme dynamique une chaine de Markov associée. Barbour et al. [6] ont mis
en évidence l'existence d'une chaine de Markov d’ordre 1 (Xj) ez telle que (Xo,..., X, ) ait méme
loi que (Yy,,...,Yp) ou (Y;)¢>0 est un systéme dynamique de type Lasota Yorke. Remarquons qu'il y

a alors une inversion des indices qui s’opére, c’est & dire une inversion passé et futur.

Exemple 1.2 (Chaine de Markov associée a un systéme dynamique) Soit (X;);ez une chaine
de Markov associée & un systéme dynamique de type Lasota Yorke. Alors cette chaine n’est pas mé-

langeante mais bien faiblement dépendante : il existe 0 < p < 1 et C > 0 tels que p(r) < Cp".

Dans la suite nous ne distinguerons pas toujours ces chaines de Markov et leurs systémes dynamiques

associés.
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Pour les modeles plus généraux suivants (E # [0,1]), des controles sur les coefficients de mélange
existent sous des conditions d’absolue continuité sur la distribution de &, (voir Doukhan [3§]). La

dépendance faible permet de lever ces hypotheéses (voir le chapitre Bl pour plus de détails).
Exemple 1.3 (Chaines de Markov d’ordre p, [Wintd]) Soit l’équation
Xt :F(Xt—l,---,Xt—p;gt), Vit EZ, (].3)

avec F vérifiant, pour un indice m > 1,

HF(xtfly"'a'It*p;gO)Hm < 00,
P
1P (1, pi&0) = F@ets e pi€)llm < Y agllwes — yisll,
i=1
P
Za]- <a < 1.
i=1

L’existence d’une solution stationnaire (Xi)icz de Uéquation (L3) dans L™ est démontrée dans le

chapitre @A De plus, cette solution est T-faiblement dépendante avec T(r) < Ca'/P avec C > 0.

Remarque 1.3 Bougerol [I7] prouve l’existence presque sir de tels modéles sous des conditions plus

faibles. Mais existence du moment d’ordre 1 n’est pas assurée par ses résultats.

Remarque 1.4 Duflo [51] et Dedecker & Prieur [Z8] ont montré ’existence de 0 < p <1 et C >0
tels que T(r) < Cp". Nous affinons ce résultat dans en établissant que p < a < 1.

Naturellement plusieurs formes pour F' sont possibles. Nous en rappelons quelques unes classiques :
— Modéles AutoRégressifs d’ordre p (AR(p))

Ici B/ = F et
p
F(zy,...,zp;8) = ZAixi + s.
i=1
Dans le cas £ = R? les A; sont des matrices de taille d x d et on a Y -, ||4;|| = a avec || - || une

norme matricielle.
— Modéles autorégressifs non linéaires
Ici B/ = FE et
F(xy,...,xp;8) = R(x1,...,2p) + 5.

Si R vérifie |R(z1,...,2zp) — R(y1, ..., yp)|| < Y¢_ Lip R;||z; — vi|| alors >F | Lip R; = a.
— Modéles AR(1) a coefficients aléatoires

Ici on considére 'équation X; = Ay X1 + ¢, o (Ay)ez est une série i.i.d. de matrice aléatoire
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d x d et ((t)tez un processus ii.d. a valeur dans E. L’équation peut se mettre sous la forme ([C3))
avec F(x1;(a,()) = axy; + ¢ ou linnovation & = (A, ;) est double. Le modeéle satisfait alors
|| Ao |lm = a. Des extensions non linéaires de ce modeéle sont appelées les processus aléatoires itérés

et ont de nombreuses propriétés remarquables, voir Diaconis et Friedman [31].

1.2.3 Chaines 4 mémoire infinie

Cette fois-ci nous supposons que la série (X;)ez satisfait une équation non markovienne du type

X =F(Xy-1,...;&), Vt€Z, presque partout (p.p.), (1.4)
avec, pour un m > 1,
IO, ;&) < oo (15)
[o.¢]
IF(z1,..:60) = F(yn-- 160 lm <Y ajllzi — ], (1.6)
j=1
Zaj <a < 1.
j=1

Demander la condition ([CH) pour n’importe quelles suites (z;)ien et (y¢)ien est inadapté car on peut
toujours prendre ||z; — ;| = aj_l et le terme de droite n’est alors pas défini. Nous nous restreignons
donc a I’ensemble R des suites (z;);en de E pour lesquelles il existe N € N tel que V¢ > N on ait

,It:O.

La difficulté du probléme réside dans le fait que tout le passé (X;—1,...) apparait dans (L)), alors
que F' n’est définie que sur les suites nulles & partir d'un certain rang. L’idée est d’abord de prouver
Pexistence du processus (X;)icz comme étant la limite en p dans L™(E) des chaines de Markov
d’ordre p (Xt(p))tez vérifiant

xP = px?, .. xP

t—p>

0,...;515), thZ

D’apres 'exemple [3], (Xt(p ))teZ est une suite stationnaire de processus de L™(FE). On en déduit
Pexistence dans L™ de la limite en p (X;)icz et sa stationnarité. Puis, en utilisant ([C3) et (CH)
on obtient l'existence de la quantité F(X;_1,...;&) comme limite dans L™ (E) lorsque p — oo de
F(Xéf)l,...,Xff)p,O,...;ft) pour tout ¢ € Z. On a donc E||F(X;_1,...;&)]| < oo et la quantité
F(X¢_1,...;&) est bien définie presque partout. Finalement 1’équation (L)) est vérifiée presque par-
tout par (X)iez.

Nous pouvons donc énoncer le théoréme suivant, qui donne & la fois 'existence de telles chaines &

mémoires infinies et leurs propriétés de dépendance faible :
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Théoréme 1.1 ([Wintdl]) Si les hypotheses (LA) et (L) sont vérifiées pour m > 1 alors il existe
un processus stationnaire T-faiblement dépendant (Xy)iez solution de l’équation tel que :
B E”Xt”m < o0 et’

o0
-7(r)<C- <ar/” + > ak) pour tout p € N* o0 C ne dépend pas de p.
k=p
Cette solution est la seule telle que (X;)j<¢ et & soient indépendants pour tout t.

La preuve de ce théoréme est donnée dans le chapitre Bl

Remarque 1.5 Dans des cas particuliers de décroissance des coefficients (a;)j>1, nous obtenons
~ st a; < ce =PI quec 0 < ¢ alors il existe o, C > 0 tel que 7(r) < CeVorr,
~sia; <cj P avec 3> 1 et 0 < c alors 7(r) < C (logr/r)?L.

Remarque 1.6 On montre que (Xy)iez est T-faiblement dépendante car limite en p des chaines de

Markov d’ordre p (Xt(p))tez elles-mémes T-faiblement dépendantes (voir exemple [L3).

Nous donnons maintenant des exemples de fonctions F' vérifiant les conditions ([CH) et (LCH). Les
modeéles ainsi obtenus sont classiques et utiles pour les applications en économétrie. .. Le premier

modeéle correspond au cas réel £ = E' = R.

Exemple 1.4 (Modéles affines réels, [Wintd]) Le modéle affine (Xy)iez est Uéquation ([I) ou
F(zy,...;u) =ug(zy,...)+ f(z1,...). (1.7)
Les conditions (L) et (LA) sont vérifiées dés que g et f sont Lipschitziennes.

Dans les chapitres sur I'estimation de la densité Bl et B, les densités marginales et jointes des couples
(X0, Xk )k>0 doivent étre bornée. Ces conditions sont satisfaites pour ce modeéle d’apres la proposition

suivante

Proposition 1.1 ([Wintd]) Si il existe € > 0 tel que g > € et si les innovations (& )iez admettent
une densité marginale bornée fe alors les densités marginales fx, . x, de (Xi,...,X,) existent pour

tout n > 0 et satisfont pour une constante ¢ > 0

/x4, xnlloo < el fellS-

Deux généralisations multivariées des modeéles affines réels sont possibles. Le produit ug dans ()
est soit remplacé par u - g ou u est une matrice et g un vecteur fonction du passé, soit par M - u ou
M est une matrice fonction du passé et u un vecteur. Les propriétés de ces deux généralisations sont

différentes.
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Exemple 1.5 (Modéles affines, [Wintd]) Le modéle affine (Xi)iez est léquation (I4)) ou
F(z1,...;u) =u-g(z1,...) + f(x1,...). (1.8)

It E=RY, ue B = Ma,m Uensemble des matrices de taille dxm, g est une fonction de R _, g
et f est une fonction de Ri® _, R,

Ce cas englobe de nombreux modéles classiques.
1. Modéles AR(00), correspond au cas d =m, g = Idg et f(z1,...) =ap+ > 0y ait;.
2. Modéles bilinéaires vectoriels avec g(x1,...) = bo+ 21 bizj et f(z1,...) = ag+) 0y a;;.

3. Modéles bilinéaires robustes avec g(x1,...) = bo+Y .o bi(x;) et f(x1,...) = ap+_ioq ai(xi)

ot les a; et b; sont des fonctions Lipschitziennes a valeurs dans R? et R™ respectivement.
4. Modeéles ARCH(cc) dans le cas réel d =m =1 avec f =0et g = /ap + a12? + -+ .

5. Modéle LARCH(o0) vectoriels avec f =0 et g = ap+ajx; + - --. Ce modeéle est largement
développé dans Giraitis et al. [5S].

6. Modéle NLARCH(o0) vectoriels avec f = 0 et g = ag + ai1(x1) + -+ ou les a; sont des

fonctions Lipschitziennes & valeurs dans R™.

Toutefois, 'application en statistique paramétrique (voir le chapitre ) est délicate dans ce contexte :
Les conditions d’identifiabilité n’y sont pas vérifiées. Dans le contexte paramétrique, nous préférerons

I’extension suivante :

Exemple 1.6 (Processus autorégressif avec des erreurs hétéroscédastiques, [Wint5])

Ce processus (Xi)iez est la solution stationnaire de l'équation ([I7) avec
F(xy,...;u) = M(xq1,...) - u+ f(x1,...).
Ici E=R% E' =R™ et g est une fonction de RIY _, Mg m et fest une fonction de RI® _ R,

Les modeéles GARCH multidimensionnels en sont des cas particuliers, voir le chapitre B pour plus de
détails.

1.3 Les modéles non causaux [Wint1l, Wint2, Wint3]|

Nous étudions les propriétés de n et A-faible dépendance de modeéles non causaux. Nous nous placons

dans le cas réel £ = E' = R par commodité. Ce cas se généralise aux espaces de Banach.
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1.3.1 Les modéles associés et gaussiens

Un processus (Xy)iez est associé lorsque Cov (f(X1,...,Xp),9(X1,...,X,)) = 0 pour toutes fonc-
tions croissantes f,g : R™ — R telles que la covariance existe. Un processus (X;)icz est gaussien
lorsque (X%,,..., X3, ) suit une loi normale vectorielle pour tout ensemble d’indices (1,...,t,). La

A-dépendance faible est adapté & ces deux cas puisque 1’on a alors

A(r) < sup |Cov(Xo, Xj)|.
>

1.3.2 Les schémas de Bernoulli avec entrées indépendantes.

Doukhan & Louhichi [AT] ont donné les propriétés de dépendance faible des schémas de Bernoulli &
entrées (ou innovations) indépendantes. Une entrée est un processus stationnaire (&)icz que nous

supposons dans cette partie i.i.d. Si H : RZ — R est telle que
ilelg |H (&-5,5 € Z) — H (&1 1< € Z)]|, < 6, (1.9)
alors le schéma de Bernoulli (X;);ez défini par I’équation
Xe=H(§—j,j €Z) teZ (1.10)

est un processus stationnaire tel que || Xo|l; < oo dés que la suite {0, },en converge vers 0 lorsque

r — oo. De plus, ce processus est n-faiblement dépendant avec
n(r) < 20} /9-

Exemple 1.7 (Les moyennes mobiles infinies)

Le cas le plus simple de schéma de Bernoulli est

Xi = Zazft—i- (1.11)

1EL

Si E||&o||? < 1 alors ces moyennes sont n-faiblement dépendantes avec

nr) < | Y llagl®.
l>1r/2

Exemple 1.8 (LARCH(c0) Non Causaux)

On consideére ici ['équation

Xt = é.t a+zant_j
70
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Doukhan et al. [{77] ont montré Dexistence d’une solution stationnaire & cette équation de la forme

o0
Xe=6& [a+ Z Z ajy §e—jy - GGy Si—jiy

k=1 j1,....,jk#0

Etant donné les produits infinies d’innovations dans cette expression, les (&)iez doivent étre bornés
pour que Xo admette un moment. Sous une hypothése de contraction ||€olloo 22,20 llajll = a <1,
existe un processus stationnaire solution de l’équation et vérifiant | Xollco < 00. Il est n-faiblement

dépendant avec

n(r)<C a’l? 4 Z aj | pour tout p € N*et o C ne dépend pas de p.

|7]=p

Remarque 1.7 On voit distinctement ici que le coefficient non causal de faible dépendance n se
comporte comme T dans le cas causal de chaine o mémoire infinie. De maniére générale Doukhan et

Truquet [48] montrent existence et la n faible dépendance de solutions d’équations du type
X = F(Xt—j7 Jj# O§ft)-

1.3.3 Les schémas de Bernoulli Lipschitziens avec entrées faiblement dépen-
dantes.

Soit désormais (Y});ez le processus des entrées du schéma ([LI0) supposé 7 ou A-faiblement dépendant.
Alors le processus (Xy)iez est lui méme n ou A-faiblement dépendant dés que H : R” — R est une
fonction telle que pour toutes suites (z¢)tez, (¥t )tez € R? coincidant sur tous les indices sauf un, noté
s €7,

[H(z) — H(y)| < bsles — ysl- (1.12)

On a alors le lemme suivant

Lemme 1.1 ([Wint2]) Si (Yi)iez est un processus stationnaire avec un moment m > 1 et la suite

(bs)sez est telle que L =3, b; < oo, alors

— le processus Xy = H(Y;—j,j € Z) = limj_. H(Y},j Lii<ry,J € Z) est un processus stationnaire tel
que || Xol|m < o0.

— Si le processus d’entrée (Yi)iez est A-faiblement dépendant (avec des coefficients Ay (r)), alors

(Xt)tez est A-faiblement dépendant avec

< i . 2712 _
Ar) < jnf zéblu%llw(%u) Ly (r — 2k)
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— Si le processus d’entrée (Yi)icz est n-faiblement dépendant (avec des coefficients ny(r)) alors
(Xt)iez est n-faiblement dépendant et

< i ; —
10 < ot |2 32 biGhs + (64 (e =20

Remarque 1.8 Les notions de dépendance faible n et \ satisfont des propriétés d’hérédité par rapport
a la classe des transformations H Lipschitziennes vérifiant (LIA). Une telle propriété permet de
décliner une infinité d’exemples de processus n ou A-faiblement dépendants en prenant des schémas
de Bernoulli d’innovations dépendantes qui peuvent elles-mémes étre des schémas de Bernoulli... Le
cas d’innovations gaussiennes ou associées est particulierement intéressant : il donne des exemples

de modeéles que seul la A\-dépendance faible permet de traiter.

Nous allons présenter quelques modéles pour montrer la généralité des notions non causales de dé-

pendance faible.

Exemple 1.9 (Les moyennes mobiles infinies a entrée dépendantes) Dans ce cas (X;)icz est
de la forme linéaire (LI) et les entrées soit n-dépendantes, comme par exemple & = H((—j;7 € 72)

avec (Q)iez i-i.d., soit A\-dépendante, comme par exemple (&)icz gaussien ou associé.

La structure spécifique des processus linéaires permet d’obtenir des résultats propres a ce cas (voir
par exemple Peligrad et Utev [92]). Nous donnons ci dessous des modéles non linéaires vérifiant aussi

I’hypothese (CI2) mais pour lesquels les résultats de [92]) ne s’appliquent pas.

Exemple 1.10 (Moyenne mobile absolue) Un exemple simple de schéma non-linéaire a entrées

dépendantes est

Xt: Zajft,j .

JEL

Dans ce cas bs < |as|.

Exemple 1.11 (Processus multiples) Un autre exemple est le processus solution de ['équation

Xi =& G‘i‘zajft—j ;
J#0

ot les entrées (& )iez, sont faiblement dépendantes et bornées. Dans ce cas bs < 2||€o]|oo|as]-
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1.3.4 Les schémas de Bernoulli avec entrées faiblement dépendantes.

Dans cette section I’hypothése de Lipschitziannité est affaiblie pour 'hypothése
[H(z) = H(y)| < bs(lzll5e V Dlzs —ysl, €20, (1.13)
oil z € RZ est défini par 2z = 0 et z; = z; = y; lorsque i # s. Ici ||7]|0o = sSup;ez |7il.

Théoréme 1.2 (Schémas de Bernoulli & entrées dépendantes, [Winf2]) Soit (Y;)icz un pro-
cessus stationnaire et H : RZ — R wvérifiant (LI3) pour £ > 0 et pour une suite de (b;);ez telle
que > |jlb; < oo. Supposons qu’il existe un couple de réels (m,m’) avec ||Yo|lm < 0o, m > 1,
m' = {U+1)metm' >L0+1 sim=1. Alors,

~ le processus Xy = H(Yi—j,j € Z) est bien défini dans L™ et est stationnaire;

— Si le processus d’entrée (Yi)iez est A\-faiblement dépendant (avec des coefficients Ay (r)), alors

(Xt)tez est A-faiblement dépendant et il existe une constante ¢ > 0 telle que

Ar)=c inf |37 |l + (2k + 1)2Ay (r — 2k) % e
r)=c in r— mT1Te
sty | o, v

— Si le processus d’entrée (Yy)icz est m-faiblement dépendant (avec des coefficients ny(r)) alors

(Xt)tez est n-faiblement dépendant et il existe une constante ¢ > 0 telle que

—12

o Lt
n(r) = e, inf |Z>:k|1|b + 2k + 1)y (r — 2k)

Remarque 1.9 Dans le tableau swivant, le calcul explicite des coefficients est donné d’apres les

bornes obtenues dans le théoréme 3 :

Coefficients de H | Dépendance des innovations | Dépendance du schéma de Bernoulli
C(ljl + ) Ay (r) < Dr Mr) < er D)0
bj <Ol + 1 ny(r) < D7 a(r) < e TN
b <C(jl+1)~" AY(?") < De™ Ar) <er?”?
by <C(jl +1)7° Ny (r) < De™™ (k) <er®™
b; < Cellb Ay (r) < Dr=> Ar) <er i log T
b; < Celilb ny(r) < Dr=7 n(r) <er " mﬂlf log e r
b; < Celilb Ay (r) < De™™ A(r) < er2e Moo= om0
b; < Cellb Ny (r) < De™™ n(r) < crmm711[e o7 bl(;i/?nl(ml;) 1-9)

Cette condition de dépendance faible est satisfaite pour de nombreux modéles.
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Exemple 1.12 (Chaos de Volterra avec entrées dépendantes) Les schémas H de la forme

K
_ (k)
H@)—Z Z gy gn i Lk
k=0J1,..,Jk

sont faiblement dépendants. Ces modéles sont solutions d’équations du type Xy = F(X¢—j,7 # 0;&).

Si, par exemple, ]ayf) | <C (V- Vig) @ ou<Cexp(—aji V- Vi) alors on a respective-

7"'7jk =
ment by < C's¥ 17 oy by < C'e™* pour tout C' > 0.

1.3.5 Conclusion sur les modéles

Au travers ces exemples de modéles, nous avons pu constater que la dépendance faible est plus per-
formante que les notions de mélange dans le cas causal. Dans le cas non causal, la dépendance faible

est un outil moins contraignant que le choix d’'un modéle.

Dans le cas causal, la dépendance faible est un outil performant pour étudier les caractéristiques de
dépendance des modéles. Notamment elle permet d’étudier les systémes dynamiques et les chaines a

mémoire infinie alors que les notions classiques de mélange n’en sont pas capables.

Les exemples de modeéles faiblement dépendants dans le cas non causal sont infinis. Grace aux pro-
priétés d’hérédité, des modéles trés complexes sont faiblement dépendants. Partant de ce constat, il
est moins restrictif de travailler & partir d’hypothéses sur les notions de dépendance faible que sur des
modeéles, ce qui correspond en fait & une hypothése plus forte. L’utilisation de la dépendance faible

est moins contraignante que la modélisation.

1.4 Le principe d’invariance faible [Wint2]

Nous présentons une premiére extension d’un résultat asymptotique classique dans le cas indépendant,

mais nouveau dans le cas faiblement dépendant. Dans toute cette section E = R.

1.4.1 Le principe d’invariance faible

Le principe d’invariance faible est un résultat de convergence en loi. Une suite de variables aléatoires
(X7)n>0 converge en loi vers la variable X dés que, pour toute fonction g continue bornée de R
dans R, on a E(g(X,,)) — E(g(X)) lorsque n — co. Nous noterons dans la suite X,, = X. Pour un

processus stationnaire réel centré (X)iez, le processus des sommes partielles associés est défini par

[nt]
1
WnZtE[O,l]H— X;.
e
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Ici [nt] est la partie entiére de nt. Pour ¢ = 1, on retrouve la somme des (X;)i<j<n, renormalisée
par 1/y/n. Pour des processus & mémoire courte, la limite lim, .. Var (3_1" ; X;) /n existe et on
la note o2. Dans le cas indépendant 0> = Var (Xj) alors que dans le cas de la dépendance faible,
o? = > k>0 Cov(Xo, Xi) = 0 (car c’est la limite d'une suite de variances positives). On se placera

dans le cas non dégénéré a savoir o2 # 0 sans le vérifier ; ce sera une hypothése supplémentaire.

Soit W (t) le mouvement brownien standard. Par définition, pour tout w € § les trajectoires ¢ €
[0,1] +— W,(t) sont des fonctions continues. De plus, W(0) = 0 presque stirement et pour tous
0<t<t <1, W(t') — W(t) suit une loi normale N(0,¢ — ¢) indépendante de la variable aléatoire
W (t).

Pour tout n > 1, la variable aléatoire W), (t) est a valeur dans l'espace des fonctions cadlag, continue
a droite et ayant une limite & gauche. Cet espace fonctionnel est noté D(0,1), il est métrisable par
la distance de Skorohod notée d (voir par exemple Billingsley [I2] pour plus de détails). Le principe
d’invariance faible est la convergence en loi du processus W, vers le mouvement brownien W dans

Pespace de Skorohod D(0,1). Quelque soit la fonction g continue bornée,
d(E(g(Wy)),E(g(eW))) —n—oo 0.

Par composition, on veérifie que t — E(g(W,(t))) et t — E(g(W(t))) sont bien des fonctions de
[0,1] dans R cadlag. Le principe d’invariance faible, appelé aussi théoréme de Donsker, s’écrit plus

simplement

W, (t) = o?W(t) dans D(0, 1).

Sous une condition de décroissance du coefficient de dépendance faible A, le principe d’invariance

faible est assuré (la preuve est présentée dans le chapitre BJ) :

Théoréme 1.3 (\-dépendance) Si (X;)icz admet un moment d’ordre m > 2 et si \(r) = O(r—)
(quand r T c0) avec X > 4 + % alors o2 est fini et

Wy(t) = oW (t), dans l’espace de Skorohod D(0,1).

Remarque 1.10 Dans le cas de n-faible dépendance le principe d’invariance faible a lieu dés que
n(r) = O(r=") avec n > 3+ —25. Dans le cas de T-faible dépendance (cas causal) le principe
d’invariance faible a liew avec T(r) = O(r~") avec T > 1+ —L5. Plus la dépendance faible est

restrictive et plus les conditions sur les coefficients sont faibles.
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1.4.2 Vitesses de convergence dans le TLC

Le théoréeme central limite (TLC) est le résultat de convergence en loi classique

1 n

W,(1) = — ZXi = oW(1) ~ oN(0,1) lorsque n — oco.
Vi i=1

Il est équivalent a la convergence des fonctions caractéristiques ¢y, (1) (t) — gbw(l)(t) pour tout t € R

avec ¢x(t) = Eexp(itX). On obtient dans le chapitre Blune borne sur la vitesse de convergence

‘gbwn(l)(t) — gbw(l)(t)‘ =0 (n_c) , pour tout ¢t € R et pour 0 < ¢ < ¢*.

% et plus exactement ¢* <

La taux ¢* ne dépend que des parameétres m et A. Il vérifie ¢ <
(m —2)/(2m — 2) lorsque m < 3. Une perte est observée car dans le cas i.i.d. la vitesse ¢* = 1/2 est

atteinte.

Une autre vitesse de convergence dans le TLC est calculée. Elle correspond au choix de la norme
uniforme sur les fonctions de répartitions de W,,(1) et W (1). Elle s’appelle I'inégalité de Berry Essen

dans le cas indépendant. On montre que :

sup [P (W, (1) <z) —P(W(1) <z)| =0 (n"°), pour ¢ < .
z€eR

Dans le cas indépendant, cette inégalité est valable pour ¢ = %, dans le cas du mélange fort ¢ = %

(voir [I0T]). Dans notre cas, elle n’est valable que pour ¢ plus petit que %

1.5 L’estimation de la densité non adaptative [WintT]

Nous nous placons ici dans le cas E = R? pour d > 1. Les séries étant stationnaires, elles admettent la
méme distribution marginale, i.e. les X; ont méme loi de probabilité P pour tout ¢ € Z. On suppose
dans la suite que cette loi est absolument continue par rapport & la mesure de Lebesgue et admet
donc une densité f. Nous souhaitons estimer f grace & un estimateur fn a partir des observations

Xq,...,X,. Ce probléme est trés classique dans le cas i.i.d., voir par exemple le livre de Tsybakov

[T08].

Nous présentons ici une large classe d’estimateurs fn convergeants tous vers f. Nous donnons aussi
des vitesses de convergences communes a tous ces estimateurs. Dans le cas de vitesses associées a la
convergence uniforme, une perte apparait par rapport au cas de référence de dépendance. De plus,
cette perte dépend des propriétés de dépendance faible du modéle. Dans toute la suite [z] est le plus

petit entier majorant x.
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1.5.1 L’estimateur fn

La régularité de f, notée s, est supposée connue. Nous étudions des estimateurs f,

n

Fulz) = %ZKmn(x,Xi), (1.14)

i=1

avec (K, )n>1 qui est une suite de fonctions numériques appelées noyaux généralisés. Les estimateurs
fn sont appelés linéaires et regroupent les estimateurs a noyau, par projection et par ondelettes. Nous

travaillons sous des conditions (a), (b), (c) et (d) tres générales sur la suite (Kpp, )n>1
(a) Le support de K,,, est un ensemble compact de diameétre O(1/ my/ d) lorsque m,, T oo

(b) Les fonctions =z — K, (z,y) et x — K, (y,x) sont Lipschitziennes avec un coefficient de
Lipschitz en O (m,lfl/d) lorsque m,, T o0}

(c) Pour tout z dans le support de K,,,, [ Ky, (z,y)dP(y) = 1;

(d) Le biais de 'estimateur f,, définit par ([CI4) est de 'ordre m,” /d lorsque m,, 1 oo, uniformément

sur toute boule de rayon M > 0 :

sup_ [Elfu(@)] = f(@)] = O(my*/) . (1.15)
[zl <M

Ici my, est un parameétre tel que m,, — oo et m,/n — 0 lorsque n T oo (pour plus de détail voir le
chapitre @l). Les conditions (a), (b), (c) et (d) sont vérifiées dans les trois grandes classes d’estimateurs

(a noyau, par projection et par ondelettes) sous des hypotheéses adéquates.

Estimateurs a noyau

Dans ce cas la, m,, est appelé paramétre de fenétre et

Koo (,9) = —— K (mlf 4z —)) .

n
Les conditions (a), (b) et (c) sont vérifiées pour K, (z,y) = mK (ml/d(m —y)) dés qu’il existe s > 0
tel que K satisfasse pour tout j = j; + - -- + jq avec (j1,...,jq) € N :
1 sij =0,
/lei ---xgdK(xl,...,xd)f(xl)---f(xd)dxl---dmd =40 pour j € {l,...,[s—1] =1},
£0 sij=[s—1].
L’hypotheése (d) est vérifiée dés que f € Cs, c’est a dire que f est telle que pour s = [s — 1] 4 ¢ avec

0<c<1, fest [s— 1]-fois continiment différentiable et il existe A > 0 tel que ¥(z,y) € R? x R?,
£ () — 1D ()] < A~y



1.5. L’ESTIMATION DE LA DENSITE NON ADAPTATIVE 19

Estimateurs par projection

On se restreint ici au cas d = 1. Supposons que la famille des monoémes {1, x,z2,...} appartienne bien
a L%(I, u), ot I est un intervalle borné de R et ; une mesure sur I. On construit une base orthonormale
de L?(I,u) de polynomes {Py, Pi, Py,...} par le procédé de Gram-Schmidt. On suppose que f est
nulle en dehors de I etqu’elle appartient a la classe C,. Alors il existe une fonction 7s,,, € Vi, =
Vect{Fy, ..., Py, } telle que sup,c; |f(z) — 7¢m, (x)| = O(m,,®). Cette fonction m¢,,, correspond a
la projection de f :

T fm, (T / f) K, (x,y)dy,

ou K2 (z,y) peut toujours s’écrire sous la forme d’un "noyau pondéré"

m J

K (x,y) = am; > Pe()Pi(y) -

§=0 k=0
Ici {am;; m € N, 0 < j < m} est une séquence de poids telle que Z;’TL:O am,j = 1 et pour tout j
limy,—o0 @m,; = 0. Selon les paramétres s, et I, on peut trouver un tableau triangulaire {a,, j; m €

N, 0 < j < m} tel que les conditions (a), (b), (c) et (d) soient satisfaites. L’exemple le plus connu

est celui du noyau de Fejer lorsque I =0, 27[, i est la mesure de Lebesgue renormalisée et s = 1.

Estimateurs par ondelettes

[’estimation par ondelettes est un cas particulier de I'estimation par projection. On se restreint aussi

au cas d = 1.

Definition 1.1 (fonction d’échelle) Une fonction ¢ € L2(R) est une fonction d’échelle si la fa-
mille {¢(- — k) ; k € Z} est orthonormale.

On choisit le paramétre de fenétre dyadique m, = 2/ on j est fonction de n, et on note Vi =
Vect{¢; i, k € Z}, avec ¢jj = 21/2¢(27 (x — k)). Lorsque ¢ est a support compact, on définit :

fu(@) Z Z% ) (X)) () -
(L S———
Cet estimateur s’écrit aussi sous la forme de ([CId) avec K(z,y) = Y po . &y — k)p(z — k) et
K, (x,y) = mpK(myz,myy). Remarquons que les estimateurs par ondelettes sont aussi des es-
timateurs a noyaux. De la méme maniére, si ¢ est Lipschitzienne telle que [ ¢(z)zidz = 0 avec
0<j<[s—1]et [¢(x)xl* dz # 0, alors le noyau K,,, satisfait (a), (b) and (c). Si f € Cj, alors
I’hypothése (d) est vérifiée.



20 SYNTHESE DES TRAVAUX

1.5.2 La dépendance faible des modéles

Les cas de la dépendance causale ¢ et de la dépendance non causale 7 sont traités. Les résultats
dépendent de la vitesse de décroissance des coefficients. Le cas géométrique correspond aux cas ou les

hypothéses de dépendance sont les plus fortes, la décroissance des coefficients étant la plus rapide :
[H1] : p(r) =0 (e““"b) avec a > 0 et b > 0,
[H1'] : n(r) =0 (e““"b) avec a > 0 et b > 0.

Le cas Riemannien a lieu lorsque 'une des deux hypothéses [H2| ou [H2’| est satisfaite :

[H2] : o(r) = O(r~*) avec a > 1,

[H2'] : n(r) = O(r~*) avec a > 1.

Remarquons que dans le cas géométrique les résultats seront plus proches de de ceux du cas i.i.d. car
les coefficients de dépendance plus proches de 0. L’hypothése suivante est classique dans ce contexte :

[H3] : La densité marginale f du processus (X¢)icz existe et est bornée.

Dans le cas de processus dépendant, on demande une hypothése supplémentaire portant sur les
densités jointes des couples (X;, Xy), j # k.

[H4| Les densités f; 1 des couples (X, X)) sont uniformément bornées par rapport a j # k.
Malheureusement 'existence de ces densités jointes n’a pas lieu dans tous les modéles présentés pré-
cédemment. Par exemple, la distribution de (X, X;11) n’est pas absolument continue dans ’exemple
d’Andrews, solution de I’équation (L)) et la densité f; ; n’existe pas. Cette remarque est valable pour
les systéemes dynamiques en général. Nous traitons donc séparément les cas ot :

[H4’] La série (X¢)iez est un systéme dynamique de type Lasota-Yorke.

Dans la suite nous nous plagons soit dans le cas ou les densité jointes f; existent et sont bornées

uniformément soit dans le cas de systémes dynamiques de type Lasota-Yorke.

1.5.3 Résultats de convergence
Résultats minimax dans le cas i.i.d.

Les résultats ci dessous sont considérés pour des estimateurs de la forme ([CI4) avec une suite de
(K, ) choisie telle que (a), (b), (c) et (d) soient vérifices. Nous rappelons les taux de convergence

classiques du cas indépendant.

Lorsque X7,...,X, est un échantillon i.i.d., pour tout point fix¢ x € R? la suite (m,) peut étre

choisie telle que pour tout 0 < g < 400

|Fal@) = F@)lly = O (/D) . (1.16)
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Ce taux de convergence est optimale : on peut trouver une fonction f telle que cette vitesse soit pré-
cisément atteinte (voir [I08]. Dans le cas uniforme, pour tout M > 0 et pour une suite de paramétres

(my)n>o bien choisie, on a

s/(d+2s)
E sup [fule) - f@)f = O(IOg”>q ,

[z <M n
R 1 s/(d+2s)
sup |fn(z) — f(z)| = O < ogn) presque stirement.
[|lz]| <M n

La encore le résultat est optimal, malgré la perte d’un terme logarithmique dans la vitesse. C’est le

prix & payer pour avoir un résultat uniforme sur une boule compacte.

Résultats dans le cas dépendant

Dans le cas de la dépendance faible, nous obtenons la convergence des estimateurs linéaires f,.

Toutefois une perte en vitesse est dans certains cas observée.

Théoréme 1.4 (Vitesses associées au risque L4, [WintT])
Cas géométrique. Si les hypothéses [H4[] ou [H]’] et [H1] ou [H1’] sont vérifiées, la suite (my)n>0
peut étre choisie telle que (LIA) soit valable pour tout 0 < q < +o0.
Cas Riemannien. Sous les hypothéses [H] ou [H'] et
- [H2] avec a > max (14+2/d+ (d+1)/s,2 4+ 1/d) (n-dépendance),
— ou [H2’] avec a > 1+ 2/d + 1/s (p-dépendance),
alors la suite (mp)n>o peut étre choisie telle que (LIA) soit valable pour tout 0 < q¢ < qp =

2[(a—1)/2].

Remarque 1.11 On obtient des résultats aussi bons que les vitesses optimales du cas indépendant.
Le cas indépendant étant un cas particulier de dépendance faible, ces vitesses de convergences sont
aussi optimales. Nos résultats généralisent ceux de Doukhan [38] obtenus dans le cas du mélange et

de Ango Nze & Doukhan [2] obtenus dans le cas de la n-dépendance.

Théoréme 1.5 (Vitesses uniformes dans le cas géométrique, [Wintdl]) Pour tout M > 0, sous
les hypothéses [H4] ou [H}’] et [H1] ou [H1’] nous avons, pour tout 0 < q < 400, et pour une suite

convenable de paramétres de fenétres (my,)n>0,

)

) 2(b+1)/b gs/(d+2s)
E sup [ful@)— f@) = O (u>

ll=ll<M n
s/(d+2s)
. log2+1)/b (0
sup [fal) ~ f@)] =ps. O (gT()

ll=ll<M
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Théoréme 1.6 (Vitesses uniformes dans le cas Riemannien, [Wintil]) Pour tout M > 0, sous
[Hi] ou [H]’], [H2] ou [H2'] avec a > 4 et s > 2d, pour qo = 2[(a —1)/2] et q¢ < qo, la suite (My)n>0
peut étre choisie telle que

E sup |fn(x) - f($)|q =0 (n_WS/(qo-kd)) ’
[l <M

ou telle que

sup ’fn(x) — f(@)] =as. O

ll=ll<M

S
( logQO +d(n) ) d(q0+2)+s(qp+d)

nQO—2

Remarque 1.12 Une perte dans les vitesses de convergence apparait pour la convergence uniforme.
Dans le cas géométrique, cette perte est logarithmique. Dans le cas Riemannien, une perte d’un ordre
plus élevée, en puissance de n, apparait. Plus les coefficients de dépendance faible sont élevés, plus on

s’€loigne du cas de lindépendance et plus la perte en vitesse uniforme est grande.

Remarque 1.13 Dans le cas de décroissance géométrique en n les résultats sont similaires que dans
Doukhan € Louhichi [{1] pour le cas b = 1. Dans le cas Riemanien, ces résultats peuvent étre
affinés. Nous appliquons la méthode de chainage de Liebscher [83]. Dans le cas d’estimateurs a noyau,
Liebscher réussit a diminuer cette vitesse de convergence en demandant plus de régularité sur le noyau.
Le taux dépend alors a la fois de la dépendance faible et de la régularité du noyau. Nous privilégions
1ct un résultat général qui ne dépend pas du noyau et donc de l'estimateur fn. Nous traitons ainsi

d’un coup les trois méthodes d’estimation.

1.6 L’estimation de la densité adaptative [Wint3]|

Nous donnons dans cette section des résultats théoriques sur l'estimation adaptative de la densité
dans le cas faiblement dépendant (ici la régularité s de la fonction & estimer f est inconnue). Nous
nous plagons dans le cas particulier de E = [0;1]. Nous présentons d’abord l’estimateur & seuillage
dur par ondelette, particuliérement bien adapté au cas adaptatif : les résultats classiques du cas i.i.d.
le prouvent. Nous appliquons cet estimateur dans le cas faiblement dépendant et nous obtenons des

résultats quasi optimaux.

1.6.1 Estimateur par seuillage dur

Nous présentons ici les résultats de Donoho et al. [35]. Nous considérons les ondelettes sur [0, 1]

proposées par Daubechies [24].

Définition 1.7 Une analyse multirésolution de L? est une suite croissante (V;)jez de sous ensembles

fermés de 1.2 tels que
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( ) n]EZ - {0} el U_]GZ - }LZ’
(ii) V feL?, Vj €N, f €V si et seulement si x — f(277x) appartient a Vji1,

(iii) 11 existe une fonction ¢, appelée ondelette pére, telle que {x +— ¢(x — k)}rez soit une base

orthonormale V.

Soit W; tel que V41 = V; @ W;. 1l existe une fonction 1) —appelée ondelette meére— telle que pour tout
niveau de résolution j > 0 les familles {¢; 1. : @ — 27/2¢(2x—Fk)}rez et {¥jx : @ 207222 —k) }rez
sont des bases orthonormales de V; et W;. On choisit ¢ et 1 a support [0,1] et qui vérifient les

conditions de moments d’ordre N € N* :

Vk=0...N, /qﬁ(m)wkdx = 80,k / ‘gb(w)xNH‘ dr < oo,

et xr—>2|¢(az—kz)| elL?
k

(ici 0gr, = 1 si k =0 et dp = 0 sinon). On se restreint a N > 4 afin d’assurer que les fonctions ¢ et

1) soient Lipschitziennes.

Pour tout entier jy on décompose une fonction f € L2

2701 0o 20-1
f - Z a]07k¢.707k + Z Z 6]0,]61/}]0,]?7
J=jo k=0
avec ajj = fol (@) k(x)dz, B = fo z)j (x)dz. Lestimateur par projection est alors
200 -1 Ji(n) 29 —1
Z a]o,k¢]0,k + Z Z 6] k% ks
J=Jjo k=0

avec = S iy ¢j(X;)/n et B = S0y ¥ k(Xi)/n.

Soit (s, 7, 7) un triplet tel que s > 0, 1 < 7, r < oo. L'expression

1/r
271 r/m

1f lls.mr = ool + | D 2E+/21/mr Z 18" :

JeN

deéfinit une semi-norme (voir Hérdle et al. (1998) 67| pour plus de détails). Les espaces de Besov et

les boules de Besov sont alors définis par, respectivement,

B, = {fG]L2 telles que || f|[s . < +00}, By, —{fGBWT, HfH5,7T7r<M}.
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Remarquons que ces espaces fonctionnels ne dépendent pas de ¢ et ¢ et incluent les ensembles
fonctionnels classiques (par exemple Cs C B3 ,). On munit L? de sa norme ||f||{, = [ |f(x)[Pdz puis

on définit le risque moyen de I'estimateur f, par E| f, — f||7, et sa vitesse minimax associée par

inf sup El|fu — fIfs = O (n7%),
feBTSr,T(M) fn un estimateur de f

s/(1+ 2s) €=
(s—1/m+1/p)/(1+2s—2/m) e<

)
o =

0
oue=st—(p—m)/2.

0,

L’estimateur par projection n’atteint la vitesse minimax pour f € B; (M) & une puissance de n

prés dés que m < p (voir Donoho et al. [B3]). Ce résultat de sous optimalité a motivé I'introduction

d’un seuillage sur l'estimateur par projection. Plus précisément, soit Th((5) = B1g>x la fonction de

seuillage dur de niveau A > 0; on définit un nouvel estimateur fn

270 —1 j1 29—1
Fo="Y" Giorbion+ D D To(Bik) k-
k=0 i=Jo k=0

On obtient ainsi I'estimateur seuillé fn.

1.6.2 Quasi optimalité dans le cas i.i.d.

Un estimateur quasi-optimal est un estimateur dont la vitesse est optimale & un facteur logn prés.
Le seuillage dur atteint cet objectif dans le cas i.i.d. avec les paramétres jo, ji, et A pris de la maniére

suivante :
Théoréme 1.7 (Donoho et al., [35]) Pour
200~ pl/(HN)
271~ n/logn,
A= K\/j/—n, pour K > 0 suffisamment grand.
alors fn est un estimateur quasi-optimal dés que f appartient a B;‘;W(M) avec
1/m<s<N/2, 1<7m<p, 1<r<oo.

Plus précisément il existe une constante Co(N,p, s, m, M) telle que

I po
R < oen , sie#0
Ellfn— fIE<Coq p1" < pa
I
< 0g"> (log n) @27/ gie = .
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1.6.3 Seuillage dur dans le cas dépendant

Nous obtenons une extension de ces résultats dans le cas faiblement dépendant. Le Théoréme
assure la quasi-optimalité de 'estimateur par seuillage dur dés que les inégalité de probabilité (CI1)
et de moment ([CI8) sont satisfaites.

Théoréme 1.8 Il existe des constantes B,C > 0 et v > 1/2 telles que pour tout (j,k) € N? et

n € N* suffisamment grand

‘

pour tout § > 0 tel que 6%||¢h; x||% < K'n avec K' >0 et | > 0. Plus précisément

% Z(¢j,k(X@') — Eo; 1(X5))| = 5) < Bexp (—C51/7> , (1.17)
i=1

1. y=1+1/betl =0, sin(r) < cexp(—r) pour b,c > 0 et si pour tout j # k les densités jointes

fik de (X, Xy) existent et sont uniformément bornées en (j, k),

2. v=0.5etl =05, si (Xy)ez est un systéme dynamique de type Lasota-Yorke.

Remarque 1.14 Cette inégalité de probabilité est établie dans les cas de systémes dynamiques et de
processus n-faiblement dépendants. Les cas de dépendance faible causal et non causal sont donc traités

simultanément.

Remarque 1.15 L’inégalité (LIA) est un outil pour obtenir des vitesses de convergence des esti-
mateurs sewillés car elle controle le comportement des quantités 1, (X;) qui apparaissent dans le
seuillage. Une inégalité de moment sur ces quantités est aussi nécessaire. Supposons que pour tout
n € N* il existe C > 0 telle que pour tout (j, k) € N?, et ¢ > 0

q

E % izl(%’,k(Xi) —Ey; 1(X5))| <C. (1.18)

Remarque 1.16 L’inégalité de moment est atteinte dans Dedecker €& Prieur [ZY] sous des conditions
plus faibles que l’inégalité exponentielle du théoremell 8 L’inégalité de probabilité différe selon le cadre

de dépendance. En particulier, le parameétre v est d’autant plus grand que la dépendance est forte.

Nous avons désormais tous les outils pour énoncer la quasi-optimalité de l'estimateur par seuillage

dur dans les cas faiblement dépendant.
Théoréme 1.9 Supposons que f appartienne a une boule de Besov B;. (M) telle que

1/mr<s<N/2, 1< <p, 1<r<oo,
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avec N > 4 et que les propriétés de dépendance faible du processus (Xi)iez assurent que les inégalités
(CI8) et (LTA) sont satisfaites pour un couple (,1). Alors il existe une constante Co(N,p,s,m, M)
telle que

1 2y po
X < o 1 sie#0
E(llfn = FIB) < Coq pyop2v 4P
log2"
( o8 n> (log )™M+ sie =0
n
avec les parametres fixés a
200~ pl/(+N)
2t~ n/log?'n,
\j = Kj/\V/n, pour une constante K > 0 bien choisie.

Remarque 1.17 Dans tous les cas de dépendance étudiés (n-faible dépendance et systémes dyna-
miques de type Lasota Yorke), l'estimateur est quasi-optimal. Une perte logarithmique apparait, d’au-
tant plus grande que le paramétre v est grand. Or ce paramétre est d’autant plus grand que la dépen-

dance est forte.

1.7 L’estimateur de la densité adaptif vis & vis de la dépendance
[Wint3]

A ce jour, les procédures d’estimation de la densité existantes varient selon le contexte de dépendance
faible. L’estimateur proposé par Tribouley & Viennet [I07] ne s’applique que dans le cadre (restrictif)
du B-mélange. Nous dirons que les estimateurs, adaptatifs vis & vis de la régularité de f, ne le sont

pas vis a vis de la dépendance.

Dans le Théoréeme [Ld, v apparait dans I'estimateur fn via le seuillage dur, mais aussi dans le controle
du risque. De plus, v dépend du contexte de dépendance faible d’apres le Théoréme [LH Plutét que de
fixer ce paramétre 7y selon le contexte de dépendance, nous choisissons le v qui minimise ’estimation
du risque de I'estimateur fn C’est ce qu’on appelle une méthode de validation croisée. Le v n’étant
pas fixé & priori selon la dépendance de nos observations, nous obtenons un estimateur adaptatif a la
régularité de f et a la dépendance. Il n’est pas nécessaire de connaitre a priori la dépendance de nos

observations.

Dans un premier temps nous présentons cette procédure par validation croisée puis nous testons les

résultats de I'estimateur par validation croisée sur des simulations.
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1.7.1 Procédure de validation croisée

Soit f,'l 'estimateur correspondant au seuil \; = Kj7/+/n. Il est quasi minimax dés qu’une inégalité
de probabilité [CTT pour un couple (v,1) est vérifice pour (Xy)ez. Cet estimateur f, dépend de jo,
j1, K et 7. On fixe 2/* = n/logn, 290 = n?/(+N) et K = /2 comme dans Donoho & Johnstone [36].
Puis on choisit 4, qui minimise un estimateur de notre risque, c’est a dire un critére de validation

croisée.

Le Mean Integrated Square Error (risque moyen dans IL?) est estimé par sous échantillonnage par
bloc comme dans Hart & Vieu [68] ce qui permet d’éviter les phénoménes liés a la dépendance du

processus. Soit b, la taille d’un bloc (ici 2 * b, ~ n'/3, voir [68]) et
X_;= {X]" 1 <J <n, |’L _]| > bn}

On minimise
n

e = [ (£(2)) do =27ty 77,(50),

i=1
ot f, est Pestimateur f:{_bn construit a partir du sous échantillon X_;. On choisit alors 4, =

arg min, C'V4(7y) et notre estimateur adaptatif correspond a f?{"

1.7.2 Simulations

Nous simulons quatre cas de dépendance distincts sur lesquels notre procédure par validation sera

testée.

1. Un processus i.i.d. dont la fonction de répartition est F'(z) = 2/m arcsin(y/z) pour z € [0,1].

2. Un systéme dynamique associé a la transformation 7'(z) = 4z(1 — x) dont la mesure invariante
est I, la méme que dans le cas i.i.d.(voir Prieur, [97] pour plus de propriétés sur ce systéme
dynamique).

3. Un systéme dynamique non stationnaire, c’est a dire tel que X; = T(X;—1) (avec le méme
T(xz) = 4z(1 — z)) mais ou X ne suit plus la loi marginale F' mais une loi uniforme. Ce cadre
dépasse celui de la dépendance faible car alors la stationnarité n’est pas vérifiée (Xy ne suit
pas la méme loi que X; pour ¢t > 0). Des propriétes d’ergodicité géométrique sur les systéme
dynamique assurent toutefois que la loi de ce processus est proche de celle de la simulation 2.

(voir Viana [I10]).

4. Un analogue non causal de I’exemple d’Andrews ([CT])

Xy = 2(Xy—1 + X¢41)/5 + 5& /21 avec (&;)ez un processus i.i.d. tel que

1

Pl =0)=P&=1)= 3.
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Une solution stationnaire de cette équation est le processus non-causal (X¢)iez

X = Z a;&i—j,

JET

avec a; = 1/3 % (1/2)l9]. Les constantes sont choisies pour que (X;)icz prenne ses valeurs
dans [0;1] pour tout t. Un tel processus est n-faiblement dépendant avec a,C > 0 tel que
nr < Cexp(—ar). Il n’est pas causal car dépend a la fois de son passé et de son futur. On le

simule en utilisant 1’algorithme de Gibbs.

1.7.3 Comportement de ’estimateur par validation croisée

La figure [l illustre I’évolution du critére de validation croisée en fonction de v et dans les différents
cas de dépendance. Le risque optimal est obtenu pour un 4, = 0,5 dans les trois premiers cas et
An > 0,6 dans le dernier. Conformément aux théorémes et [CA 4, est identique dans le cas i.i.d.
et des systémes dynamiques. On constate aussi que pour un processus dont la dépendance est plus
forte, 4, optimal est plus grand. D’autre part, pour des valeurs ~ plus petites que 7,, le risque est
plus élevé car 'inégalité de probabilité correspondant & ces valeurs + n’est pas vérifie. Pour des

valeurs plus grandes, le risque est plus grand car + apparait aussi dans le risque de l'estimateur.

Dans le cas n-faiblement dépendant le risque augmente plus lentement pour les valeurs plus grandes
que Ap. Il est donc plus risqué de choisir v = 0,5 < 4, que v = 0,75 > 4,. Dans la figure [L2
le vrai MISE est approché par somme de Riemann et méthode de Monte-Carlo selon un nombre
d’observations croissant et pour différents choix de . Pour le choix v = 0,5 le risque est toujours
plus fort que pour v = 0,75, ce qui confirme qu’il vaut mieux se tromper en choisissant des valeurs =y
plus grandes que 4,,. Toutefois le choix v = 2 = 1+ 1/b donné par le théoréme n’est pas non plus
optimal, la valeur de ~ étant clairement trop élevé. Le meilleur choix possible est proche de 4, et le
meilleur estimateur est fﬁ” L’inégalité du théoréme [CRsemble donc étre vérifiee pour un couple (7, 1)

avec v < 14+ 1/b. Nos outils théoriques ne nous permettent pas d’obtenir cette amélioration de ([LIT).

Dans la figure [L3 nous avons représenté les BoxPlots de 4,, pour différents n dans les quatre cas de
dépendance. Remarquons que 4, dépend de n. Dans les trois premiers cas, pour un petit nombre
d’observation (n = 27), un paramétre plus grand est préférable, méme dans le cas i.i.d.. Puis dés
n = 28, les distributions des 4, sont bien centrées sur 0,5. Dans le cas 7-faiblement dépendant, la
valeur moyenne de 4, est plus élevée que pour les autres cas. Toutefois, cette valeur tend & diminuer

avec le nombre d’observations.
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(a) iid case (b) Stationary dynamical system case

o 02 04 06 08 1 12 14 16 18 2 0 02 04 06 08 1 12 14 16 18 2
Y Y

c) Non stationary dynamical system case
© ionary dy! ' 4 (d) n-weak dependence case

-1.33F

-1.341

-1.351

Fia. 1.1 — Cette figure présente I’évolution du critére de validation croisée en fonction de + pour
n = 210 observations. Le critére moyen sur 100 simulations est tracé en fonction de v = 0,0.05...1.95,2.
Pour (a) les observations sont i.i.d., pour (b) un systéme dynamique stationnaire est simulé, pour (c) c’est le

cas d’un systéme dynamique non-stationnaire et (d) correspond au cas n-faiblement dépendant.
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n-weak dependent case

MISE

Number of observations

FIG. 1.2 — Evolution du MISE en fonction de la taille de 1’échantillon dans le cas 7-faiblement
dépendant. La figure représente I’évolution du MISE sur 100 simulations en fonction de n = 26,27, ..., 214 215
dans une échelle log-log. Pour la courbe en tiré v = 0.5, en plein v = 0.75 et v = 2 pour la courbe en pointillée.

1.7.4 L’estimateur f)»

Pratiquement, pour un échantillon (X7y,..., X)) quelconque, nous proposons d’appliquer notre procé-
dure de validation croisée. Si la courbe du MISE estimé par validation croisée a une forme permettant
clairement de distinguer un minimum, on choisit 4,, réalisant ce minimum. L’estimateur de la densité
f7" a alors des chances d’étre quasi-optimal.

Cette procédure ne dépend ni de la faible dépendance du modéle ni de la régularité de la fonction. Elle
est adaptative a la fois a la régularité de la fonction et a la dépendance faible du modéle. Inversement,
pour un modéle fixé, elle permet d’avoir une information sur 'optimalité des inégalités de probabilité
obtenues théoriquement via le paramétre . Dans notre cas de n-faible dépendance, I'inégalité obtenue

théoriquement est ameéliorable.

1.8 L’estimation paramétrique [Wint5]

Nous nous intéressons ici aux résultats de convergence d’un estimateur 6, vers le vrai paramétre
6. Nous restreignons les valeurs possibles de #y & un sous ensemble compact de RF, le cadre est
dit paramétrique. La méthode d’estimation considérée est le Quasi Maximum de Vraisemblance.
Son champs d’application est restreint : les modéles pour lesquels s’applique cette méthode sont des
cas particuliers de chaines infinies. Ils sont bien faiblement dépendants, mais ils ont aussi beaucoup

d’autres particularités qui leurs sont propres. L’utilisation de ces caractéristiques spécifiques nous
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(la croix figure la moyenne) pour la distribution empirique de 4, obtenues pour

100 simulations pour n = 27, 28, 29 219 Pour chaque valeur de n, (a) correspond au cas i.i.d., (b)

au systéme dynamique stationnaire, (c) au systéme dynamique non-stationnaire et (d) au cas n-faiblement

dépendant.
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permet de présenter pour la premiére fois un résultat de normalité asymptotique dans le cas multivarié.

1.8.1 L’estimateur du QMLE

Ici E = R? E' = R™. Nous supposons connaitre le vrai modéle & un paramétre prés 6y € R¥ que
nous souhaitons estimer afin d’ajuster le modeéle a nos observations X1, ..., X,. Avoir un modeéle c’est
avoir une équation dirigeant la dynamique du processus. En toute généralité X, = Fy (Xi—j57 # ;&)
ou (&t)tez est une innovation. La forme de F sachant € est connue et nous souhaitons estimer 6y qui

suffit & déterminer complétement le modeéle.

L’estimateur du Quasi Maximum de Vraisemblance (QMLE) est obtenu en supposant dans un pre-
mier temps que le processus (&;)icz est un processus gaussien. La loi conditionnelle de X; sachant
X, j # t est une gaussienne si I'innovation & au temps ¢ est indépendante des X, j # ¢. Afin d’assu-
rer que ce soit bien le cas, il faut qu'il y ait de la causalité dans I’équation régissant le modeéle (voir
Doukhan & Truquet [ES]), c’est a dire que X; = Fp (X¢—j;7 < t;&). Nous sommes alors dans le cas
de chaines & mémoires infinies du chapitre B et la solution (X;)iez de 'équation est telle que & soit

indépendante de son passé P;.

La loi de X; sachant son passé P; étant gaussienne, elle est complétement déterminée par sa moyenne

et sa variance. Nous écrivons donc
X = MG()(thlaXt72, .. ) . é-t + feO(thl,Xt72, .. .), pour t € Z, (]_]_9)

avec
— 6y € © est dans un compact de R¥;
. N . .
— pour toute suite z = (x;)icz € R ), 0 € © — Mpy(x) est une fonction Borélienne & valeurs dans
I’espace des matrices d x m.
~ pour toute suite z = (2;)icz € R™M, 0 € © — fy(z) est une fonction Borélienne & valeurs dans
R™,
On suppose & normalisé, i.e. c’est un vecteur centré dont la matrice de variance covariance est I,

la matrice identité de taille m x m. Alors I'espérance et la variance de X; sachant son passé P; sont

E(X: [ P) = foo(Xi-1, Xi—2,...) = fi(6o),
Var (Xt ’ Pt) = M@Q(Xt—laXt—27 .. ) X MOO(Xt—lth—Qa .. .)I = Mt(eo) X Mt(eo)l,

oit A’ est la transposée de A. Ces quantités existent bien presque strement dés que E[&|? < oo

d’apres les résultats du chapitre 21
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On dit que (X})tez est un processus autorégressif avec des erreurs conditionnellement hétéroscédas-
tiques, voir Jeantheau [74]. Le modeéle associé est adapté a I’estimation paramétrique par QMLE.
Les propriétés de dépendance de ce modéle sont toutefois trés particuliéres. Par exemple, toutes les
solutions de I’équation ([CI9) sont telles que Cov(Xyp, X;) = 0.

Le QMLE én est déterminé comme étant le parameétre § maximisant la log-vraisemblance Lx, . x, (X1,...

On procede par approximations successives. On commence par approcher Ly, x,(X1,...,Xy)
par LX17___7Xn|'PO(X1,...7Xn). La dépendance faible nous assure que le passé Py n’influence pas
sur la loi de X,, pour n suffissamment grand. Puis on réécrit Lx, . x,(Xi,...,X,) sous la forme
Z?;ol Lx,p,(X1,...,Xpy) afin de faire apparaitre les distributions conditionnelles gaussiennes.
On a alors

Lijp (X, Xp) =1 : (0%~ Fu(600))' (Mu(80) M (00)) !

- = 1o eXp 5 - 0 0 0
Xt|Pe n g \/27r dot Mt(HO)Mt(H)’ 5 t t t t

X (X¢ = fi(6o))) -
Classiquement, I'estimateur du maximum de la (log-)vraisemblance (MLE) est

1 & ; 1 1
0 = argmax—— > (Xy — f§)' (M§- (M)) ™ (Xy — f§) — 5 log <det (Mg(Mg)’)).
gco 2 P 2
Cet estimateur n’est toutefois pas constructible a partir des observations (voir Mikosch & Straumann,
[T05]) car il dépend de M) et f}, donc d’une infinité de valeurs passées du processus (X;)iez. Or
nous n’avons a disposition que les observations (X1, ..., X,,). Nous appellerons QMLE ’estimateur

n
~

0, = argrgleagc—% Z (X — ﬁ)/(]\/ig . (]\/4\5)/)_1(Xt - fg) - % log <det (]\75(]\75)')), (1.20)
t=1

ol ]?5 et ]\75 sont des estimateurs de Mé) et fg construit & partir des observations (Xi,..., Xp,).

1.8.2 Résultats
Les hypothéses

Nous supposons que le processus i.i.d. des innovations (& )¢cz est normalisé (E{y = 0 et Var&y = I,,)
et tel que E|[&||" < oco. L’hypothése de gaussiannité sur les innovations n’est plus indispensable et

les résultats valables dans ce contexte le reste quelque soit la loi de &p.

, Xn).
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— Hypothése ST(r) : Les fonctions fg et My sont telles que :

Lo [[£6(0,0,..)lle + [[Mp(0,0,...)[le < oc; (1.21)
2. Il existe deux suites (o (f))jen et (a;(M))jen telles que
Za] + (E||&))MT <Za] ) =a <1 etV(z;)jen, (yj)jen dans Rd(N), (1.22)

25z (Al =yl

{ 1o ((25)jer) — fol(yj)jen)llo
> aj(M)]lzj — yj-

<
[Mo((x5)jen) — Mp((y5)jen)llo <

Ces hypotheses permettent d’assurer 1’existence d’une solution stationnaire grace aux résultats du
chapitre Bl De plus, elle assure ’existence des moments d’ordre r de la solution (X;)icz (E||Xo||").
On en déduit Pexistence des moments des quantités f;(6) et My(0) (qui sont vus comme des li-
mites de suites convergeantes (fo(Xi—1,..., X¢—k,0,...,))k>1 et (Mp(Xe—1,.. ., Xei, 0,00, )i>1)-
Ainsi, ces quantité sont bien définies. De plus, on montre que les estimateurs "plug-in" fg =
fo(Xi—1,..., X1,0,...,) et Mt My(Xi—1,...,X1,0,...,) sont bien consistants, c’est a dire que
J/% P, fgetﬁg 7, M.
n—oo n—oo

— Hypothése Id : Pour tout § € ©, M} = Mgo et fh= fgo p-s. si et seulement si 0 = 6.

Cette hypotheése d’identifiabilité est incontournable. Elle assure que I'estimation du vrai parameétre
o a partir des observations (X7,..., X,,) est effectivement possible. Si elle n’était pas vérifiée (i.e.
il existe 01 # 0y tel que M;l = M;O ou fgl = fgo p.s.), alors le QMLE 0,, ne distingue plus le
vrai paramétre 0y de 6;. Pour vérifier cette hypothése, il est préférable de se placer dans le cas
de 'extension multidimensionnel et non Toutefois, 'identifiabilité n’est pas assuré dans
le cas général Nous nous plagons toujours dans des cas classique pour lesquels 'hypothése
d’identifiabilité est vérifiable a partir de travaux existants (voir le chapitre [).

— Hypothése F : pour toute suite (z;);en € R Jg fonction 0 — fo(x1,...) est continue.

— Hypothése M : pour toute suite (x;)jen € R4 g fonction 0 — Mgy(x1,...) est continue. De
plus, il existe M > 0 tel que pour tout (x;)en € Ra™)

Olgf det (My(z1,...)(Mp(x1,.. ))I) > M > 0. (1.23)
Ces conditions sont classiques et assurent 1'utilisation des théorémes de convergence uniforme sur
les suites de fonctions continues. La borne sur le déterminant est indispensable pour inverser la
matrice et définir proprement notre estimateur.

~ Hypothéses DO (i = 1,2) : les fonctions 0 € ©  fo((x;)jen) et 0 € © — My((x;)jen) sont
i-fois contindment différentiables pour tout (x;)jen € (RY)MN. De plus,
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3¢f9(0,0,...)H < o (1.24)

' My(0,0,...) H
20y, 00,

| D61, 00,

(€] ‘ ©

2. il existe (agi)(f))jeN* et (agi) (M))jen= vérifiant Zagi)(f) + Zagi) (M) < o0
j=1 j=1

et pour tout (xj);en, (yj)jeN dans RT™ et tout 1 <k<d, ki,kie{l,...,d}
0 fo((z))jen)) 9" fol(ys)jen) o (i
[ e H < zj_la“( Dlles =31l

- 00y, 00y, 80k189k (1.25)
HazMG((xj)jeN)) 9"Mp((y5)jen) H S0 ( Nz — yil|
80k1 aekl 69k1 89k S j=1¢ J il

Les hypothéses sur les dérivées d’ordre 1 et 2 nous permettent d’obtenir la normalité asymptotique
du QMLE. Les conditions de Lipschitz sur les dérivées et dans notre cadre d’étude indispensable.
Elles permettent de prouver ’existence de quantités aléatoires dépendantes de tout le passé telles que
' f:(0) ot ' My(6)
00,00y, 00y, 00y,

pour ¢ = 1,2.

Consistance forte

On obtient la consistance forte de notre estimateur dans un cadre trés général.

Théoréme 1.10 Siles hypothéses ST(2), F, M et Id sont satisfaites, si (X¢)iez est solution de (LI4)
alors dés que

aj(f) +a;(M) =0(;7") avec ¢>3/2
le QMLE §n est fortement consistant, i.e.

Remarque 1.18 Ce théoréme induit 'existence d’un moment d’ordre 1 sur le processus (Xi)iez. Or,
Jeantheau [TJ] a monitré la consistance forte du MLE 0,, sous une condition de moment logarithmique
Elog || Xo|| < oo plus faible. Toutefois, sa méthode nécessite de démontrer au cas par cas l’existence
d’une solution stationnaire o [’équation (LID). Dans notre méthode, [’'existence du processus est as-

SUTE.

Normalité asymptotique

Théoréme 1.11 Si les hypothéses ST(4), DY, D) | F, M sont satisfaites, si (X;)iez est une solution
de (LI3) avec Oy €O, dés que

a;”(f) + a§1)(M) = O(j_y) avec ' > 3/2,
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alors le QMLE é\n est asymptotiquement normal, i.e.

V(B —60) > Na(0, F(6)~' - G(6o) - F(6o) "),

n—oo

ou F(0y) et G(0y) sont des matrices finies (F(0y) est supposée inversible sans vérification,).
Remarque 1.19 Les expressions de F(0y) et G(0y) sont trés complexes, voir (G2d) et [0-47)-

Remarque 1.20 D’autres versions de ces théorémes sont fournis dans les corollaires L1 et [EA. Les
hypothéses ne portent plus sur les coefficients de Lipschitz de la fonction My ni sur ses dérivées mais

sur ceuz de MgMy'. Ces hypothéses sont bien mieuz adaptées dans le cas de modéles classiques comme

les ARCH et les GARCH.

Remarque 1.21 Dans le cas réel (m = p = 1) pour le modéle ARCH(cc0), notre résultat de consis-
tance forte n’est pas comparable a celui de Robinson € Zaffaroni [II4]. Notre hypothése sur les co-
efficients de Lipschitz est plus forte alors que celle sur les moments des innovations est plus faible.

Notre résultat de normalité asymptotique est quant & lui toujours meilleur que celui de Robinson &

Zaffaroni [1119].

Remarque 1.22 Dans le cas multivarié, ce résultat est unique et constitue une avancée théorique
importante en économétrie. En effet, la normalité asymptotique est indispensable pour [’élaboration
d’intervalles de confiance sur le paramétre 6y. La normalité asymptotique du QMLE 6, est souvent
présupposée sans que celle-ci ne soit prouvée nulle part (voir une discussion a ce sujet dans [§]). Seul
le résultat de Comte € Lieberman [22] existe dans le cas trés particulier du modéle multivarié BEKK
(voir le chapitre @ pour plus de détails). Notre résultat de normalité asymptotique est obtenue sous

des conditions plus faibles que le leur.

Une liste des nombreux modeéles économétriques pour lesquels ce résultat s’applique est disponible

au chapitre Bl
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Chapitre 2

Weakly dependent chains with infinite

memory

Abstract

The main objective of the chapter is to define strictly stationary
solutions of infinite memory recurrence equations such as X; =
F(X¢-1, X9, Xt-3,...;&), where (&)icz denotes an independent and
identically distributed sequence of random variables. To this end, we use
an appropriate Lipschitz condition which also entails the integrability of
(Xt)tez and weak dependence properties defined by [28]. Such models
provide both continuous state space and nonlinear extensions of various

examples of several well-known classes of time series.

Keywords : stationary solutions, weak dependence, coupling, Markov process,
Bernoulli shifts

Note

The content of this part is based on a paper, written in collaboration with Paul

Doukhan, submitted at Stochastic Processes and their Applications.
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2.1 Introduction

Times series analysis is a main research field for application sake. The statistical inference deeply
relies on the underlying model and model selection is very important in statistics. The choice of a
model is often a compromise between antagonist criteria. For example, the principle of parsimony
guides the practitioner in the choice of a model : model possessing maximum simplicity and the
minimum number of parameters consonant with representational adequacy is a common objective in
practice.
Regular second order stationary times series (X;)icz are often represented as infinite autoregressive
processes
)
Xe=> ajXe j+&,  tel (2.1)
j=1

where (& )iz is the innovation process. This representation has motivated the introduction of ARMA
processes as a tool in various research fields of the human activity such as economy, marketing,
engineering, medicine and others. Many forecast methods lean on the dependence structure of the
process (X;)icz. The linear representation () induces that the innovation process is a second
order stationary white noise. Nonlinear models, e.g. Markov ones, allow the use of independent and
identically distributed (iid) inputs (&)tcz. Such representations are preferred to () in various
applications e.g. in finance, hydrodynamics, physics, electromagnetism, see [34), B0]. [9] obtained an
existence condition for discrete state spaces when the Markov property is omitted. This condition
is improved in [2I], BE5]. The underlying stationary models called Random Systems with Complete
Connections are introduced in [73]. These processes are defined through their marginal conditional
distributions in an extended Markov way. An alternative extension to non-Markovian context is called
Variable Length Markov Chains (see [I8]) : triangular arrays X ..., X, € Py, are considered for
some set P, set of p,-Markov chains (here ergodicity replaces the condition of stationarity). Relaxing
both linearity and Markov assumptions in the representation of a random phenomenon, these models
are widely used in the fields of particle systems or in DNA data analysis.
Another way to study time series is based on the conditional distributions of the process (X;)ez.
Dobrushin’s existence and uniqueness conditions given in [33] are widely used in this very general
context ; we refer the reader to [b6] for details. Dobrushin’s existence condition needs regularity of the
marginal distributions, closely related with sharp mixing conditions (see [38]). Mixing is a restrictive
notion, as stressed in [I] and the main asymptotic results still hold under weak dependence see e.g.
[28, ET]). Under particular sharp conditions in terms of the coupling coefficients 7, the Functional Law
of the Iterated Logarithm still holds (see [2§]).
Let (E,|| - ||) be a Banach space, called state space of the process (X¢)iez. Let (&)tez be a sequence
of iid random variables with values in a probability space (E’, B), called innovations or inputs of the

system. The distribution of (& )seny on the product probability space (E™N, B®N) is denoted by p. In
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this chapter, we introduce a new nonlinear model that is neither Markovian nor mixing. To use the
notion of 7-weak dependence, integrability of the process shall be satisfied. Attractive candidates are
Bernoulli shifts defined as

Xe=H(&—j,j €N), fort € Zand H € L™ (), for m > 1. (2.2)

(See |, [IT3] for details). Here L™ (u) denotes the set of E—valued random variables with finite m'h
order moments. These quite general models are 7-weakly dependent (see [29] for examples). However,

in terms of parsimony, they might not be appropriate. For example, Volterra chaotic models

0o S
H({Eo,.’ﬂl,...) =ap + E E OkijyoeirnTir " Ty
k=171,..,Jx=0

involve a very large family of parameters (ax.j,, i, )k.j1,..j.>0- Moreover, even if the functional H
exists, in many cases we cannot give it an explicit form.

We call Chains with infinite memory the stationary solutions of equations
Xi=F(Xp1, Xi-2, Xi—3,- ;&) (2.3)

where F'is an F-valued function properly defined in Section This dynamic behaviour corres-
ponds to many times series encountered in practice. Such models may be seen either as linear model
extensions as (Z]) or as Markov model extensions. Examples in Section prove that parsimony is
possible for such representations, reducing considerably the family of parameters. Existence of our
models is proved jointly with their integrability, we quote that [I7] who is interested only in a.s.
constructions in the case of finite memory obtain optimal existence criteria (but he does not obtain
the integrability of the solution).

After some notations we explicitly motivate the use of such models. Existence of moments of order
m and weak dependence properties are derived as our main theorem. Approximation by suitable

p—Markov processes is the main tool for the proof.

2.2 Main results

2.2.1 Definitions

Let us introduce some notations.
— The sequence (& )tz is iid and takes values in a probability space E’.
— (E,|| - |) is a Banach space and (X;);ez an E-valued stationary time series.

— For a random variable Z € E and a real number m > 1 we denote ||Z||,, = (EHZHm)l/m
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— For h: E — R, we let ||h||c = sup,ep |h(z)| and

o h@) b))
Lip (h) = sup = —

— Ay (E) is the set of functions i : E — R such that Lip (k) < 1.

Now recall the notion of 7-weak dependence introduced in [28].

Definition 2.1 (|28]) Let (2,C,P) be a probability space, M a o-algebra of C and X be a random
variable with values in E. Assume that || X||1 < +oo and define the coefficient T as

T(M,X) =

up {' [ r@Pxmtan) - [ f@pxian)

,feAl(E)}

1

An easy way to calculate this coefficient is based on a coupling argument (see [28] for details) :
T(M, X) < || X — Y|y where Y, distributed as X, is independent of M. Moreover if the probability
space (E,A) is rich enough, then there exists X* such that 7(M,X) = || X — X*||;. Using the
definition of 7, the dependence between the past of the sequence (X;)iez and its future k-tuples can
be assessed. More precisely, consider the norm ||z — y|| = ||#1 — y1|| + -+ + ||lzx — yx|| on EF, set
My, =0(X;,t <p)and

1 . .
Tk(r) = 1r£1lam<>§€ 7 Sup{T(Mpa (lea cee anz))ap +7r < n<---< Jl},
Too(r) = supi(r).
k>0

From now on, for simplicity sake and without confusion, 7. (r) is denoted by 7(r) . The time series
(Xt)iez is T-weakly dependent when the sequence of its coefficients 7(r) tends to 0 as 7 tends to

infinity. Asymptotic results in this setting are given in [2§].

2.2.2 The model

Bernoulli shifts given by eqn. (Z2) are not mixing in general but they are weakly dependent.

Proposition 2.1 ([28]) Let (¢_;)jen be distributed as i and independent of (€-;)jen. Assume that
H € LY(n) and that there exists a sequence 6, | 0 as v — oo such that

HH (fr—juj S N) - H (&"757"—17 s 75175(/)75/—17 e ) Hl < 57’7 (24)
then (Xi)iez = H(&—j,5 € N) is T-weakly dependent with 7(r) < 6.

Such functions H need not to be defined over all EN but they are however a.s. defined on the

support S of 11 ; this set contains SM | the set of finite sequences with elements in S where S denotes
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&o distribution’s support. The function H is usually unknown and we claim that the equation (Z3])
is physically more significant.

In order to properly define the model we introduce projective family sets of functions F. Let E
together with its Borel o—field A and E* for k > 1 together with the natural o—field A®¥. Then

F= {(F(k)> /Vk eN,F® . EF x ' — E measurable such that,
keN

Y(z1,...,21) € EF Vu e E/,F(k)(xl,...,$k;u) = F(kJrl)(xl,...,xk,O;u)}.

When it exists, the limit in L' of the random sequence F®*)(xy,... ;&) (as k — o0) is denoted
by F(z1,...,2k,...;&) for each E-valued sequence (zj)ken-

The domain of F' is not properly defined because it depends on F itself. For the AR(co) models given
by 1)), it contains

{@orer /Y lajml < oo}, i el < oo.
jz1
For example bounded sequences satisfy this relation but also some unbounded ones since we assumed

21 lajl < oo
For m > 1, consider the subsets of F denoted LZP,, of all projective families (F (k))k satisfying for
all k € N*

HF(k)(xl, ko) — F(k)(yl,---ayk§§0)Hm <Y ajllz; =il
j=1
for all (z1,22,...), (y1,¥2,...) and where (a;); is a sequence of nonnegative real numbers. In this

case, it directly follows that

o0

IF (21, 22,23, .:£0) — F(y1. 92,43, - 160) L < D sl — -
j=1

Our main results hold if (F®)) € LTP,, with
o = [[FO)| <o, (2.5)

o
a = Y a; <1 (2.6)
j=1

Note that from Holder’s inequality the previous conditions () and () also hold for m = 1. This
value of m = 1 is the only one required to prove T-weak dependence; however higher order moments
are needed to derive limit theorems (see [26, H0]). Assumption (ZH) leads to a moment assumption
on the variable F'(0,0,0,...;&) while assumption () leads to a contraction condition on F(+;&p)

when these limits exist.
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Theorem 2.1 Assume properties (Z23) and (Z14) hold for some m > 1, then there exists a T-weakly
dependent stationary solution (Xi)iez of eqn. (Z3) such that | X¢||,, < oo with T(r) < C - (a”/p +

[ee]

> ak) for each p € N* and some constant C' depending only on pg and a. This solution is the unique
k=p

one such that (X;)j<¢ and & are independent for all t.

Remarks

— For two special cases of decreasing of the sequence (a;);>1 the result of the theorem leads to
- If a; < ce P then 7(r) < Ce Vol where o = — Ina.

-If a; < ¢j =% with 8 > 1 then 7(r) < C (Inr/r)?71.

— As mentioned in the introduction, RSCC are defined through their marginal conditional distri-
butions. We quote here that using such strong conditions as well as an additional irreducibility
condition, the coefficient of ¢-mixing of an RSCC reaches the bound given in Theorem 2.1.5, page
42 of [[(2]. This bound has exactly the same form as our bound for 7(r). For this, the authors first
control the rate of convergence of such a system to its limit distribution with respect to the total
variation norm, in Theorem 2.1.3, page 40 of [72]. Here we do not assume any regularity condition
on the inputs (like absolute continuity), which justifies the point that the result of [72] cannot be
expected here. [I] provides a non-mixing stationary solution of an equation similar to eqn. ([Z3).
We recall here that (7(r)),ez ensures most of the limit theorems obtained in the ¢—mixing setting,
23]

— Let (Xi)iez be a solution of eqn. (Z3) such that (X;);< and & are independent for all ¢. Then
conditions (ZH) and {H) for m = 1 are equivalent to Dobrushin’s uniqueness conditions of the
stationary measure (if it exists) for (X;)cz as given in [33]. In the case of finite state space (as
in [55]), conditions also imply both existence and uniqueness of a solution of an auto-regressive
equation. Following this work, we could called conditions ([3) and ([0 the one-sided (or causal)

Dobrushin’s conditions.

Initialisation : Y « 0, k1.
While k< n : u ~ &, U~ (U,u).
= F® (Y, u), X « (X, ).
Y — (X3,Y), ke k+1.
End
X =(Xy1,...,X,).

Fia. 2.1 — Algorithm

The proof involves a p-Markov approximation stated below. These p-Markov processes can be ap-

proximated by simulations. These simulations are different for each order p and then the complete
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method is not a recursive one. A recursive way to approximate the stationary measure is given in

figure 211

Corollary 2.1 Assume that conditions (Z2) and (ZA) hold. Let (Xi)icz be the solution of (Z3).
Conditionally to {(&1,...,&,) = U},

. X 1 o
1Xr — Xrllo < ”1 E”;) Il}r;fi a’l? + T—a Z ag | =0 as 71— oo.
= k=p+1

The bound is similar than the one obtained for ().

2.3 Examples

This section presents some examples for £ = R? with d > 1. Many applications may be considered
with models satisfying eqn. (Z3]). They could be either seen as an extension to infinite memory of

solutions of Stochastic Recurrence Equations of [I7] or as nonlinear extension of LARCH(o0) models

of [, B].

Example 2.1 (Markov models) The first example is the standard and well known p-Markov sys-
tem :

Xy =F(Xi—1,..., Xipi &) (2.7)

[7] stresses the fact that such equations describe all the p Markov processes. As soon as Z§:1 aj =
a < 1, [28] prove the existence of a < 1 such that 7(r) < " for solutions of this system for ¢ > 0
with X following the stationary distribution. The first part of our proof is devoted to construct a
solution of eqn. (7)) on all Z and to improve the rate setting 7(r) < a’/P (see Section 4 for more
details).

— Nonlinear autoregressive models

If we let ' = E and
F(xi,...,zp;8) = R(z1,...,2p) + 5,

nonlinear autoregressive models can be written as in eqn. (7). In this case, condition ([I) follows

from ||&ol|;m < oo while condition (EZB]) becomes

P
1Ry, yp) = Rl1, o ap)| <Y aglla — g5, with Y ey < 1.

J=1 J=1

The fact that the series does not depend on all its past leads to better asymptotic results than
those implied by the weak dependence result of Theorem ] (see |51 for detailed results).
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— Random AR(1) models
Solutions of the equation Y; = A;Y;—1 + (;, occur naturally as iterated random functions; [BI]
show that these models present fractal behaviours. Here X; = Y; with F'(z1;(a,()) = ax; + ¢ and
& = (A, (). The iid input sequence can be written as & = (A, () with A; a d X d-matrix and (;
an E-valued sequence. This model satisfies || F'(x;&) — F(2';€)||m < || Aollm|lz1 — 21| and condition
E5) is satisfied as soon as ||Agl|;, < 1. These models could be seen as solutions of a stochastic
recurrence equation. Weaker conditions related to a Lyapunov exponent for the existence of an a.s.

solution are obtained in [I7].

Example 2.2 (Random AR(co) models) Let us consider the iid sequence {&; = ((A4;+);>0, () ez
with A;; a d x d random matrix for all j > 0 and ¢; an E-valued sequence. Here E/ = ./\/lk7d(R)N* x F.

An infinite memory extension of random AR(1) models is the solution to the equation

o
Xy = ZAj,tthj + Gt
j=1

If ¢o € L™ and 3272, [|4;j0llm < 1, conditions ([3) and (ZH) hold.

Example 2.3 (Robust bilinear models) Here d = 1 (E = R) and E’ = R. Solutions of the
equation X; = A;& + By, where

At = ZOZ]'(thj), Bt = Zﬁj(Xt*]')'
Jj=1 J=1

extend on the bilinear models in B3] which correspond to linear functions, «;, §;. Classical models
like ARCH or GARCH processes take this form. Assume )22, Lipay < 1, 3222, Lip#; < 1 and
& € L™, then conditions ([ZH) and (Z0) are satisfied. A simple class of such models is provided
with a fixed Lipschitz function h and «;(z) = ajh(z) and B;(z) = a;h(x) for sequences of constants
{a;};i>0, {bj}j>0. We consider bounded approximations of identity such that h(z) =2V M A (—M)

to introduce more robust versions of the models in [A3].
Example 2.4 (NLARCH(o0) models) A generalization of LARCH(o0) models in [58, B7] is given
by equation

o
Xi = &la+) a(Xiy)
j=1

where now X; € E, & is a d x k matrix (here E' = My, 4(R)), o € R* and a; : E — R* are Lipschitz
functions; in [58, BT linear functions a;(z) = c;x are considered for k x d matrices ¢;. Assumption
(Z8) holds as soon as [|§o[lm >_j=; Lipaj < 1.
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Example 2.5 (Models with linear inputs) Let f : R* x E/ — E be measurable an satisfy
I1f(t, &) — f(s,&0)|lm < L||t — s|| for some finite constant, we consider

Xi=f(An&), A=) ¢Xi,
=1

here ¢; denote k x d matrices. Then the previous relation (28) holds with a; = L||¢;||. This is a very
nonlinear case for which one only needs to produce a function of two variables and a sequence of

constants. Kac used such type of mean field models in statistical mechanics in [[76].

Example 2.6 (Threshold models) Setting & = ({;, 1), threshold models may be written as

J
Xt = Z ﬂuteEjF}'(Xt—laXt—za 3 G)
j=1

for a measurable partition of (E;)i<;j<s of the space of values E" of 1. More complicated threshold

models are given by a measurable partition E1,...,E; of R¥ x E' and
J
Xt = Z ]l{(G(Xt_1,Xt_g,...),l/t)EEj}Fj (thly Xt72, B Ct)
j=1

for a given function G of the past of the process with value in R¥. Conditions [3) and (8] hold if

the functions F; are sufficiently contractive for j > 1.

Example 2.7 (Affine models) Let us consider the special case of chains with infinite memory that
can be written in a bilinear form

Xi = My& + f, (2.8)

where M; = M(X;_1,...) and f; = f(X4—1,...) are both Lipschitz functions of the past values
(Xio1, Xoo, Xi_g,...). If

o0 [e.e]
I€olle > Lip M; + > Lip f; <1,
=1 i=1

the existence of a unique solution of eqn. (8] that has finite moment and weakly dependent properties
follow from Theorem EZTl This model enlarges many classical econometric equations (ARCH, GARCH,
ARMA, ARMA-GARCH, etc...). Using ideas from [A3|, we also prove in the appendix the existence
of the joint densities of the solution. Such result is necessary to obtain nonparametric estimators
behavior, see [0

Proposition 2.2 (Regularity of affine models) Here E = E' = R? for some d > 1. Suppose that

the innovations (& );cz in the model (Z8) admit a common bounded marginal density f¢. Moreover,
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if inf(, ), , det M((x;)j>0) = M > 0, the marginal densities fx, . x, of (X1,...,Xy) exist for all
n > 0 and satisfy

11 X oo < M| felloo-

Remark 2.1 By integration we obtain the existence and the boundary of the marginal density of Xg
and of the joint densities of the couples (Xo, Xk)k>0-

Proof 1 The solution, written as Xy = H(&,&-—1,...) in Section [ZZ-3, is independent of (&;)j>t.

Then, if G is a continuous and bounded function,
EG(X)) = M(Xo,...)& + f(Xo,...))
- / / G(M(w)s1 + (1) fe(s1)ds1P . ()
< uf / Gla1) fe(M~ () (21 — £(u)))P s (du)dsy.

The last inequality follows from the substitution M (u)s; + f(u) = x1, the assumption ensuring that
M (u) is invertible. We obtain

Fa) < M [ 0 () o = F0)Pro ) < M7 el
Let prove the proposition by recursion that || fx,, . x.llcc <M " fell%-

EGXl,... Xn) = EG(Xl, s X 1,M( n—1,-- )£n+f( n— 1,...))
= [ [ [ M i), + o)

f&(sn)dsnf(Xl,...,Xn_l)(xh e ,.’L‘n_l)dl'l dxn—lp(Xo,...\Xl,...,Xn_l)(du)-

The substitution M(xp—1,...,21,u)sSy + f(Tp_1,...,21,u) = x, leads to
fX1,...,Xn('I1,"'7 M ﬂff -TTL 1,...,$1,u)(xn—f(xn,l,...,xl,u)))
fxt X)) (@15 p1)dry - dzn aPixgx X, 0) ().

We obtain the recursive assumption with || fx,, . x, 1llcc < M_(n_l)”fﬁ”go*l.

2.4 Proofs of the main results

Firstly, we prove a useful algebraic result, see Lemma EZIl Secondly, we construct a solution of
eqn. (1) on all Z and then we use it to approximate the solution of eqn. ([Z3]). Then, existence of the
infinite memory chain is obtained with p — oo in Subsection and weak dependence properties
are derived from both a sharp control of the coefficient 7 for the p—Markov approximations (see

Lemma E]) and the use of coupling techniques. Finally the proof of corollary 2l is given.
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2.4.1 An algebraic preliminary

Lemma 2.1 Let ug > 0 and (up)nez be a real sequence such that |u,| < ug if n < 0. Assume that

P
Uy = Z Ui Vn >0, (2.9)
where (ay,...,p) are fited nonnegative numbers with o = > F_| a;. Then,
Uy, < a"/puo, Vn > 0.
Proof 2 Let us denote by Q(x) = 2P — P~ — - — oszo and by p the largest modulus of the roots

of the polynomial Q. We may bound this modulus p of the largest zero of Q, this zero is real and
nonnegative as this is proved in [96] (Exercise 20, page 106) and

forall c¢1,... ¢y = 0 such that 1 + -+ + ¢, < 1. With the appropriate choice ¢; < o;(1 + €) where
1/(1+¢) > a, we obtain p < a'/P.
Now, let U,(l) = (Un, ..., Un—pt1)" and let Cy be the companion matriz associated with Q(x). Let
b €]0,1] to be determined later. We define a norm on RP by |(21,...,2,) [y = maxigicpy |20 .
Then

HUY(LP)HIJ - HC‘“U’S{)IHE

Since [|Collo = sup)., <1 [|Cazllp simple calculations yield

P
Z%Z’z \/ nax b’\zl\} < Zaibki vV b.
i=1

ll=lle<1 Sisp-1

[Callo = sup {

Now, choosing b = p, then we get
ICall, < p < al/?.

To conclude we have

Un <

P, <l

o] <o o] <o
p P

2.4.2 Markov stationary approximation

In order to construct a solution to eqn. [3)) we consider, for each fixed p > 0 and ¢ > 0, the p-Markov
process (X, 4.¢)t>0 defined by X, ,; = 0 for ¢ < —¢ and through the recurrence equation for ¢ > ¢

Xp7q,t = F(ng’t_l, e 7Xp,q,t—p7 07 e 7515) (210)
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We first notice that Xg,; = F(0,...;&) for t > —q is an iid sequence. The Lipschitz condition (ZH)

implies

1 Xp.g+1,0 = Xp.qoll,, Zaz [ Xpg+1,—i — Xp,g,—ill

P

Z ; [ Xp,g+1-i,0 = Xp,g—ioll,p,

The second inequality derives from the fact that by definition X, , _; and X, ,—; o have the same law
for each triplet of positive integers (p,q,i). Let us consider the sequence v, = || X} n41,0 — Xpmoll,,
for n € Z. Here v, =0if n < 0. Forn > 0

P
< E A;Up -
i=1

Then, v, < u, for any real sequence (u,),ez verifying eqn. [Z9) with o; = a;, u, = 0 for n < 0 and

ug = vg. Then, using Lemma BTl we reach the bound
v < a"Pvg < a7 Xp 1 0llm < aPIF(0,. ) |lm < 0P

Hence, for each p, (X} 5,0)nen is a Cauchy sequence in L™ it converges to some X, € L™. It is
also clear that X, ¢ is measurable with respect to the o—algebra generated by {&;,t < 0}. The L™-
convergence ensures that this is also the case for X, o. Hence X, o = Hp(§o,{-1,...) for some suitable
measurable function H,. The same argument for each ¢ € Z proves that X, ; = H, (&, &§—1,&—2,...).
Let Xpnt = (Xpnt- -+, Xpni—p) foreach t € Z. As previously, the (E)ij valued sequence (X n.0)neN
converges in L™ (as n — o00). Its marginal distributions satisfy relation [ZI0). As n T oo, a conti-
nuity argument (on F') implies that X, 0 = F(X, —1,...,Xp —p,0,...:;&0). For each t € Z, we apply
the same argument to Ypm,t. Then the sequence (X, ¢)icz is a statlonary solution of the recurrence
equation (ZZI0) for each p > 0.

Now, consider

tp = || Xp,tllm. fb = Sup fip, (2.11)
p=0
Apt = [ Xpr1,e — Xptllms Ap= sug Apt, (2.12)
te

Note that the definition of p, given here for p > 0 can also be extended to p = 0 since Xp; =
F(0,...;&) satisfies by definition || Xo¢||m = po from eqn. (ZI)). Then from eqn. ZH]), we obtain

<[ Xpt = Xotllm + 1o < 2281 ajl| Xp—jllm + 1o < pp 25— aj + po,

1
hence p, < T Ho We state this useful result as Lemma
—a
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Lemma 2.2 Assume properties (Z2) and (Z4) hold for some m > 1, then the expression defined by
(ZI1) satisfies the bound

jo=sup py <
p>0 P=1—a
In a similar way, we get
Apﬂf = HF<Xp+17t_1’ e 7Xp+1,t—p—17 O, e 7§t) - F(Xpﬂf—la e 7Xp7t—p7 07 e 7£t)Hm
P
< Y a0l Xpr1ig = Xpijllm + apia | Xpr1a—p-1llm
j=1
P
< ajApt—j + api1[| Xpt1,t—p—1llm
j=1
ap+1

The previous equation implies A, < 1 1, thus with Lemma, we obtain Lemma 23

—a
Lemma 2.3 Assume properties (Z2) and (ZD) for some m > 1, then the expression defined by

eqn. (ZI1) satisfies the bound
Ho

Ap < apya - T—a2

2.4.3 Proof of existence in Theorem 21

Quote first that Lemma 33 implies that X, ; — X; in L™ since this space is complete. The continuity
of F ensures that X; is a solution of eqn. (23)). Furthermore, as a limit in L™ of stationary processes

admitting a moment of order m, X; is also stationary (in law) and || X¢||,, < oo. Finally, X; =
H(&, &-1,&-2,- ) as alimit in L™ of X, = Hp(&, &-1,&-2,---)-

2.4.4 Proof of weak dependence in Theorem [Z.1]

Previous assumptions with m = 1 are enough for this section. We need the following lemma.

Lemma 2.4 Assume that (Z8) and (Z2A) hold with m = 1, then the Markov chain (Xp,4): in
eqn. (ZI0) is weakly dependent with

Tp(r) < a’’?.

Proof 3 Our proof follows the lines of [2dl]. We improve the result from [Z8] by using the Lemma
Z1. As quoted in Section A, we use coupling to evaluate the T-coefficient. Let (£]); be a process

distributed as (&); and independent of the innovation. We define the process (X} ;)¢ as

e ) F(X g X s 0,000580), for t < 0;
Pt F(X}y 1 Xoy )0,.5&),  fort>0;
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Using the approximation of the Section[2.1.3, we equivalently find a sequence of measurable variables
with respect to the o—algebra generated by &, t < 0 denoted (X;,mo)neN such that it converges in
L™ to X € L™. The L™-convergence ensures this is also the case for X, 0. Then, by definition of
&t <0, Xpo s independent of Xj,0. Due to the coupling property of the coefficient 7, we obtain
(1) < 1 Xpr = X511

It is easy to check that assumption (ZA) leads to

p
||Xp77“ - X;J’Hl < ZaiHXp,T*i - X;,r—iHl'
i=1

Denoting w, = || Xp »— X, |11 forr € Z, we use again the Lemma[ZZ-4 and the relation || F(0, ... ;&)|1 =
wo (for m = 1) to obtain

||F(0a - ;50)”1 . ar/p.

Tp(r) < wy < a"Pawg < 2upar/p <2 T

Now, let us define the process (X;); by

. ) P(X X o, 58),  for t <0
K F(X; |, X} o,..36), fort>0;

We remark that (X;); is also a stationary chain with infinite memory. Lemma 3] gives
o0 [e.e]
| Xr = Xprll1 < ZAk < Czak+1-
k=p k=p

The same bound also holds for the quantity || X" — X [[1. For each integer p
T(r) < 1X = Xk
< X = Xprll + 11X = Xp o+ X7 = X[l

N

o0
Ala 43 g
k=p

If a; < ce P we choose p ~ \/W where e™® = a < 1 to derive the bound 7(r) < CeVorr
for some suitable constant C' > 0. If a; < cj =B, we choose p such that plnp(1 — 3)/Ina ~ r then
there exists C' > 0 such that 7(r) < Cp'~P. Finally remark that Inr o Inp + Inlnp and then
Inr/roc1/p(l+1Inlnp/Inp) < 1/p as p tends to infinity with r.

2.4.5 Proof of Corollary 2]
2.4.6 Proof of Corollary 271

We define recursively the process (Xk) by the relation

k>1

Xk:F<Xk717"'7)21707"';§k>'
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We work conditionnally to the event {£1,...,&,} = U and we fix X; = 0 for i < 0. Let n be a fixed
integer and s, < n — 1. Let (X});ez be the stationary solution of X; = F(X;_1, X;-2,0,...;&). The
Lipschitz assumption (Z8]) leads to, for 1 <k < n

k—1
|5 = x|, <D e[ &emi = x|, + 1Xolle - @
i=1 i>k

The sequence vy, = HX].;H,I — XkHHq) satisfies the recursion, for all k& > 1

k
g a;Vg—j + Ug
Jj=1

with ug := || Xo|le Zj>k a; for k > 1. Remark that uj 1o 0. We first prove the boundness of
(vg)ken- Let £ be a fixed integer. For all k such that ¢ > k, v < asup;<p v; + u1. We deduce that
sup; <, v;i < u1. Finally [|[v]l« < a|Xolle/(1 — a).

Let s be an integer. Now for all £ such that ¢ > k + s,

k

Za]vg i+ Z a;Vp—j + g

j=k+1

< GSUPUJ + [[vlloo Z aj + Uk+s-
jzs j=k+1

This inequality holds for all £ > k + s then

sup vj < asupv]—i-HvHoo Z aj + uy.
jzk+s jzs j=k+1

We deduce that

n 1 -
sup v; < a"||v]loo + T 1|00 Z a; + up
j=nk —a =1

Using the bound on ||v]| leads to the result. Final remark. Statistical issues of the general models
introduced here will be studied in more details in a further chapter ; their identification and their use

for real data will be especially detailed.
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Chapitre 3

An invariance principle for weakly

dependent stationary general models

Abstract

The aim of this chapter is to refine a weak invariance principle for statio-
nary sequences given by Doukhan & Louhichi (1999). Since our condi-
tions are not causal our assumptions need to be stronger than the mixing
and causal #-weak dependence assumptions used in Dedecker & Doukhan
(2003). Here, if moments of order > 2 exist, a weak invariance principle
and convergence rates in the CLT are obtained ; Doukhan & Louhichi
(1999) assumed the existence of moments with order > 4. Besides the
previously used 7n- and k-weak dependence conditions, we introduce a

weaker one, A\, which fits the Bernoulli shifts with dependent inputs.

Keywords : Invariance principle, weak dependence, the Bernoulli shifts

Note

The content of this part is based on a paper, written in collaboration with Paul

Doukhan, accepted in Probability and Mathematical Statistics.

o7
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3.1 Introduction

Let (X¢)icz be a real-valued stationary process. A huge amount of applications make use of such
times series.

Several ways of modeling weak dependence have already been proposed. One of the most popular is
the notion of mixing, see [38] for bibliography ; this notion leads to a very nice asymptotic theory, in
particular a weak invariance principle under very sharp conditions (see [III] for the strong mixing
case). Such mixing conditions entail restrictions on the model. For example, Andrews exhibits in [I]
the simple counter-example of an auto-regressive process which does not satisfy any mixing condition
and innovations need much regularity in both MA(co) and Markov models. Doukhan & Louhichi
introduced in [AI]] new weak dependence conditions in order to solve those problems. We intend to
sharpen their assumptions leading to a weak invariance principle.

A common approach to derive a weak invariance principle for stationary sequences is based on a
martingale difference approximation. This approach was first explored by Gordin in [62] ; necessary
and sufficient conditions were found by Heyde in [69]. Let M; be a filtration. Heyde’s martingale

difference approximation is equivalent to the existence of moments of order 2 and

ZE(Xt]./\/lo) and Z(X—t — E(X_|My)) converge in L2. (3.1)
t=0 t=0

Martingale theory leads directly to invariance principles (see also [IT1]). In the following, the adapted
case refers to the special case where X; is My-measurable. The natural filtration is written as M; =
o(Y;,i < t) for independent and identically distributed inputs (Y)sez ; thus X; can be written as a
function of the past inputs :

X =H(Y,Yi-1,...). (3.2)

Then only the first series in ([BI) needs to be considered. Using the Lindeberg technique, Dedecker &
Rio relax (1) in [30)]. Bernstein’s blocks method allowed Peligrad & Utev to also improve on (B in
[91]. Such projective conditions are related to dependence coefficients ; Dedecker & Doukhan obtain
sharp results for the causal 6-dependence in [26] and Merlevéde et al. address the mixing cases in a
nice survey paper [8].

Martingale difference approximation is not always easy, for instance in the particular case where a
natural filtration does not exist. The most striking example is given by associated sequences (Xi)iez.
Let us recall this notion. A series is said to be associated if Cov(f1, f2) > 0 for any two coordinatewise
nondecreasing functions f; and fs of (X3,,..., X3, ) with Var (f1)+ Var (f2) < oo. However, Newman

& Wright obtain in [40] a weak invariance principle under the existence of second order moments and

o = ZCOV(Xo,Xt) < 0. (3.3)
teZ
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Theorems Bl and propose invariance principles under general assumptions : they apply to the

non-causal Bernoulli shifts with weakly dependent inputs (Y;)tez,
X, = H(Y,;,j € Z). (3.4)

Heredity of weak dependence through such non-linear functionals follows from a new A-weak depen-
dence property ; a function of a A-weak dependence process is A-weakly dependent, see Section B3
Analogous models with dependent inputs are already considered by [16]. If X; = jez a;Y;_j, Peli-
grad & Utev prove in [92] that the Donsker invariance principle holds for X as soon as it holds for the
innovation process Y. The non-linearity of H considered here is an important feature which has not
been frequently discussed in the past. The condition of moments with order > 4 on the observations
needed in [AI] is reduced to a one of moments with order > 2 and the results rely on specific decays of
the dependence coefficients. We do not reach the second order moment condition of [69] (or projective
conditions) and [A0]. We conjecture that some times series satisfy weak dependence conditions with
fast enough decay rates in order to ensure a Donsker type theorem but they do not satisfy neither
condition (BI) nor other projective criterion (see [88]) nor association nor Gaussianity. More general
models (B are considered here while causal models (B2 fit to the adapted case and to projective
conditions. However, proving this conjecture is really difficult since condition (BI) has to be checked

for each g-algebra M.

The chapter is organized as follows. In Section we introduce various weak dependent coefficients
in order to state our main results. Section is devoted to examples of weak dependent models for
which we discuss our results. We shall focus on examples of M\-weakly dependent sequences. Proofs
are given in the last section; we first derive conditions ensuring the convergence of the series 2. A
bound of the A-moment of a sum (with 2 < A < m) is proved in Section BZZ2; this bound is of
an independent interest since eg. it directly yields the strong laws of large number. The standard
Lindeberg method with Bernstein’s blocks is developed in Section and yields our versions of the
Donsker theorem. Convergence rates of the CLT are obtained in Section B44l

3.2 Definitions and main results

3.2.1 Weak dependence assumptions

Definition 3.1 (Doukhan & Louhichi, 1999) The process (Xi)iez is said to be (,1)-weakly de-
pendent if there exist a sequence £(r) | 0 (as v T 0o) and a function 1 : N?> x (RT)2 — R* such
that

|Cov(f(Xsyy- oy Xsu)y 9(Xtys ooy Xt,)| < W(u,v, Lip f, Lip g)e(r),
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for any r > 0 and any (u + v)-tuples such that s; < -+ < 8y < Sy + 7 < 81 < -+ < &y, where the
real valued functions f, g are defined respectively on R* and R, satisfy || f|loo < 1, ||gllco < 1 and are
such that Lip f + Lip g < oo where

Llpf: sup ‘f(xl’axu)_f(yl77yu)‘
@1 a) A @) |T1 = YL F e 20—

Specific functions 1) yield notions of weak dependence appropriate to describe various examples of

models :

— k-weak dependence for which 1 (u, v, a,b) = uvab, in this case we simply denote &(r) as k(r);

— k' (causal) weak dependence for which ¢ (u,v,a,b) = vab, in this case we simply denote £(r) as
k' (r); this is the causal counterpart of k coefficients which is recalled only for completeness ;

— n-weak dependence, ¥ (u,v,a,b) = ua + vb, in this case we write e(r) = n(r) for short;

— f-weak dependence is a causal dependence which refers to the function ¢ (u,v,a,b) = vb, in this
case we simply denote e(r) = 6(r) (see [26]) ; this is the causal counterpart of n coefficients which
is recalled only for completeness;

— A-weak dependence ¢ (u,v,a,b) = uvab+ ua + vb, in this case we write (1) = A(r).

Remarks.

— Besides the fact that it includes 7 and x-weak dependences, this new notion of A-weak dependence
will be proved to be convenient, for example, for the Bernoulli shifts with associated inputs (see
Lemma Bl below).

— If functions f and g are complex-valued, the previous inequalities remain true if we substitute £(r)/2
to e(r). A useful case of such complex-valued functions is f(z1,...,2y) = exp (it(z1 + -+ + zy))
for each t € R, uw € N* and (x1,...,2,) € R* (see Section BZ3)). This indeed corresponds to the

characteristic function adapted to derive the convergence in distribution.

3.2.2 Main results

Let (Xt)tez be a real-valued stationary sequence of mean 0 satisfying

E| Xo|™ < o0, for a real number m > 2. (3.5)
Let us assume that
o2 = Z Cov(Xo, Xj) = ZEXOXk > 0. (3.6)
kEZ kEZ

Denote by W the standard Brownian motion and by W,, the partial sums process

[nt]

1
> Xi, fortel0,1], n>1. (3.7)
=1

Wn(t) = % :
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We now present our main results, which are new versions of the Donsker weak invariance principle.

Theorem 3.1 (k-dependence) Assume that the 0-mean r-weakly dependent stationary process (Xi)iez

satisfies eqn. (@A) and k(r) = O(r=") (asr 1 00) for k > 2+ —L then the previous expression o

18 finite and
Wi(t) = oW(t), in the Skorohod space D([0,1]).
n—oo
Remark. Under the more restrictive ' condition, Bulinski & Sashkin obtain in [I9] invariance
principles with the sharper assumption ' > 1+ ﬁ Our loss is explained by the fact that x’-weakly
dependent sequences satisfy &'(r) = > s> is- This simple bound directly follows from the definitions.
The following result relaxes the previous dependence assumptions at the price of a faster decay of

the dependence coefficients.

Theorem 3.2 (A-dependence) Assume that the 0-mean A-weakly dependent stationary inputs sa-
tisfies eqn. () and A(r) = O(r=*) (asr 1 00) for X\ > 4+ —2- then o° is finite and
Wi(t) = oW(t), in the Skorohod space D([0,1]).

n—oo

Remarks.

— We do not achieve better results for 1 or 0-weak dependence cases than the one for A—dependence.
In comparison with the result obtained by [26], our results are not as good under #-weak depen-
dence. We work under more restrictive moment conditions than these authors. The same remark
applies for all projective measures of dependence; here, we refer to results by [6Y)], [90], [30] and
[o1].

— However, the example of Section stresses the fact that such results are not systematically

better than those of Theorem B2; for such general examples, we even conjecture that theorems of

[69], [90], [30] or [91] do not apply.

— The technique of the proofs is based on the Lindeberg method. In fact, we prove that |E (¢(S,/v/n) — ¢(aN))|

0(n™¢) (¢ denotes here the characteristic function) for 0 < ¢ < ¢* where ¢* depends only on the
parameters m and k or A respectively. If m and x (or A\) both tend to infinity, we notice that
¢ — 1. As k or A tends to infinity and m < 3, ¢* always remains smaller than (m — 2)/(2m — 2)
(see Proposition B2 in Section BZZ4l for more details).

— Using a smoothing lemma also yields an analogous bound for the uniform distance

sup =0 (nfc) , for some ¢ < .

zeR

P<%Sn<m> _P(oN <)

A first and easy way to control ¢ is to let ¢ = ¢*/4 but the corresponding rate is a really bad

one (see e.g. in [A5]). The Esséen inequality holds with the optimal exponent % in the independent
and identically distributed case (see [33]) and [ITT] reaches the exponent % in the case of strongly
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mixing sequences. In Proposition of Section B we achieve ¢ > ¢* /4. Analogous results have
been settled in Doukhan2002 for weakly dependent random fields. Previous results by [69], [90],
[B0] or [AT] do not derive such convergence rates for the Kolmogorov distance.
Let us denote by R = J,.{z € RZ/ z; =0, |i| > I}, the set of finite sequences of real numbers.
We consider functions H : R%) — R such that if 2,y € R® coincide for all indexes but one, let say
s € 7, then
|H () = H(y)| < bs(||2] Vv )]s — usl (3.8)

where z € R?) is defined by 25 = 0 and z; = x; = y; if i # s. Here ||z|| = sup;ez, |z;]. In Section B33,
we prove the existence of the process X, = lim; H((Yn,j ]l{jgl})jez) where (Y})iez is a weakly
dependent real-valued input process. We denote this process by X, = H(Y,,—;,j € Z) for simplicity
and we derive its A-weak invariance properties. Various asymptotic results follow, among which our

weak invariance principle, Theorem B2

Corollary 3.1 Let (Yi)icz be a stationary A-weakly dependent process (with dependence coefficients
My (7)) and H : R%) — R satisfying the condition given by (Z38) for some ¢ > 0. Let us assume that
there exist real numbers m, m' with E|Yy|™ < co such that m > 2 and m' > (£ + 1)m.

Then X,, = H(Y,—i,i € Z) exists and satisfies the weak invariance principle in the following cases :
— Geometric case : b, < Ce "l and \y (r) < De=* for a,b,C,D > 0.

~ Riemannian case : If b, < C(1+|r|)~° for some b > 2 and \y(r) < Dr=° for a,C, D > 0 with

145 2 .
a > m<4+m>, if £=0, b>1; (39)

b(m' —1+41¢)
=15

a >

2
4+—>, if £>0,b>2.
m— 2

Remark.The previous conditions are also tractable in the mixed cases. We explicitly state them for
£>0:

"—1+41¢ 2
— b, < Ce " \y () < Dr—?, if moreover a > m * <

m 4+m> andb,C,D>0.
6m — 10
~ b, < C|r|7% and Ay (r) < De", for a,C, D > 0 with b > Sl

m—2
3.3 Examples

Theorem Blis useful to derive the weak invariance principle in various cases. This section is aimed at
a detailed treatment of the Bernoulli shifts with dependent inputs. The important class of Lipschitz
functions of dependent inputs is presented in a separate section. The importance of our results is
highlighted by the models of the first subsection. More general non-linear models are considered in
the second subsection. Some of those examples illustrate the conjecture we made in the introduction

but we were not able to formally prove it.
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3.3.1 Lipschitz processes with dependent inputs

Consider Lipschitz functions H : R®) — R, i.e. such that eqn. ) is satisfied for £ = 0. A simple
example of this situation is the two-sided linear sequence

Xi=> Vi, (3.10)

1€EZ

with dependent inputs (Y;):ez. As quoted by [RI] for the case of linear processes with dependent input
there exists a very general solution ; essentially any Donsker type theorem for the stationary inputs
implies the central limit theorem for any linear process driven by such inputs. More precisely, Theorem
5 of [02] states that this process even satisfies the Donsker invariance principle if 3 || < oc.

A simple example of Lipschitz non-linear functional of dependent inputs is

Z ;Y Z ;Y

1€Z €L
In this case the inequality (B3] holds with ¢ =0 and b, < |a,|.

Another example of this situation is the following stationary process

X, = —E (3.11)

Xe=Yi|a+) oV | —EYi|a+) ;%]
j#0 J#0
where the inputs (Y;);cz are bounded. In this case, the inequality (X)) also holds with ¢ = 0 and
bs < 2[|Y0||oo|as|-

To apply our result, we compute the weak dependence coefficients of such models.

Lemma 3.1 Let (Y;)iez be a strictly stationary process with a finite moment of order m > 1 and

H :R® — R satisfying the condition (@A) for { = 0 and some nonnegative sequence (by)sez such

that L =}, b; < oo. Then,

— the process X, = H(Y,—j,j € Z) := limj_. H(Yn,j Iii<ry,j € Z) s a strictly stationary process
with finite moments of order m.

— if the input process (Y;)iez is A\-weakly dependent (the weak dependence coefficients are denoted by
Ay (r)), then (Xi)iez is N\-weakly dependent with

< i ) 272 _
) < a2 57 BN+ 2+ 12 12

— if the input process (Yi)iez is n-weakly dependent (the weak dependence coefficients are denoted by
ny (1)) then (Xi)iez is n-weakly dependent and

< 3 . —
n(k) < jnf |2 Z; bil[Yolls + (2r + 1)Ly (k — 2r)
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Remark. Let (Y;)icz be a strictly stationary process with a finite moment of order m > 2. If
L =3, laj] < oo, the process X, = ;7 ;Y,_; is a strictly stationary process with finite moments
of order m which satisfies the assumptions of Lemma Bl with b; = |«;|. Even if the weak invariance
principle is already given in [02] our result is of an independent interest, e.g. for functional estimation
purposes. For non-linear Lipschitz functionals it yields new central limit theorems.

The result of Theorems Bl and holds systematically in geometric cases. Then it is assumed

Riemannian decays, i.e. there exists o, C' > 0 such that
b, < Cr— ™.

The conditions from [6Y)] are compared below with the conditions of Theorems Bl and B2 for specific

classes of inputs (Y)ez.

LARCH() inputs

A vast literature is devoted to the study of conditionally heteroskedastic models. A simple equation
in terms of a vector-valued process allows a unified treatment of those models, see [A7)]. Let (&)iez
be an independent and identically distributed centered real-valued sequence and a,a;,j € N* be real

numbers. LARCH(oo) models are solutions of the recurrence equation

o0
Vi=&|a+ D> aYiy|. (3.12)
j=1

We provide below sufficient conditions for the following chaotic expansion
[e.e]
Yi=& |la+ Z Z ajlgt,jlah R ajkgt,jl,...,jka . (313)
k=1j1,....5x 21

Assume that A = [[§o|[m D51 |a;| <1 then one (essentially unique) stationary solution of eqn. (EI2)
in L™ is given by eqn. (8I3). This solution is §-weakly dependent with fy (r) < Kr!l=%log® !+ for
some constant /' > 0. This implies the same bound on their coefficients (Ay (r)),>0. Condition ([E3)

gives the weak invariant principle for (X;):cz under the conditions E|{p|™ < +oo for m > 2, a > 1,

1 2
a > +a<4+ >+1.

and

a—1 m— 2
The model [BI0) is also an Heyde’s martingale difference approximation ([BI]) as soon as

Z Za? < +00.

k=1 \ ik
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Necessary conditions for weak invariance principle follow as o > 3/2, |a;| < Cj~* for some a > 1,
E&2 < +oo, and ||&ll2 >_j>1 la;| < 1. These conditions are not optimal since in this case the process
is adapted to the filtration M; = o(§;,7 < t). Peligrad & Utev extend in [@I] the Donsker theorem
to the cases where o > 1/2. Thus, our conditions are not optimal compared to those of [02] in the

linear case as in eqn. (BI0). However, for non-linear Lipschitz functional, the result seems to be new.

Non-causal LARCH(o0) inputs

The previous approach extends for the case of non-causal LARCH(oc0) inputs

Yi=4& a+zan%—j

J#0
Doukhan et al. prove in [A7] the same results of existence as for the previous causal case (just replace
summation over j > 0 by summation over j # 0) and the dependence becomes of the n type with

r AT/2
- RAFA () 4+ | B
n(r) [[€0lloo Z 5x) TT oA [ollal
0<L2k<r
where A(z) = >3, lajl, A = [[€olloc 22j51 laj| < 1. From condition ([B3) the weak invariance
principle holds for (X¢)iez if [|€0]lco < 00, @ > 1 with
1 2
o>t <4 + ) +1.

a—1 m— 2

Notice that a very restrictive new assumption is that inputs need to be uniformly bounded in this
non-causal case. This result is new, a conjecture is that (Bl) does not hold.
Non-causal, non-linear inputs

The weak dependence properties of non-causal and non-linear inputs Y; are recalled, see [A1] for more
details. Let H : (]Rd)Z — R be a measurable function. If the sequence (&,),cz is independent and
identically distributed on R?, the Bernoulli shift with input process (£,)nez is defined as

Yn =H ((énfi)iEZ) 3 n e Z.
Such Bernoulli’s shifts are n-weakly dependent (see [AI]) with n(r) < 20}, /9 if
E|H (&,j € Z) — H (§1)1<,.§ € Z)| < 6. (3.14)

Then condition ([B3) leads to the invariance principle for (X)iez if E|Yp|™ < oo for m > 2, a > 1

and 6, < Kr~9 for
14+« 2
) 44+ —-1.
>a—1< +m—2>
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Conditions B of [69] do not give clear conditions on coefficients for these models. We do not know

other weak invariance principle in that general context.

Associated inputs

Recall that a process is associated if Cov (f(Y(")), g(Y("))) > 0 for any coordinatewise non-decreasing
function f,g: R™ — R such that the previous covariance makes sense with Y = (Y1,...,Y,). The
rk-weak dependence condition is known to hold for associated or Gaussian sequences. In both cases

this condition will hold with
k(r) = sup |Cov(Yp, Yj)|
jzr

Notice the absolute values are needed only in the second case since for associated processes these
covariances are nonnegative. Independent sequences as well are associated and Pitt proves in [95]
that a Gaussian process with nonnegative covariances is also associated. Finally, we recall that non-
decreasing functions of associated sequences remain associated. Associated models are classically built
this way from independent and identically distributed sequences, see [85].

Suppose that the inputs (Y;)iez are such that x(r) < Cr~® (for some a,C' > 0). For the associated
cases and model ([BI0), the invariance principle of [d0] follows from remark of [86] as soon as EY? <
+00, a > 1 and a > 1. These conditions are optimal, they correspond to Zj Cov(Xp, X;) < oo.
Such strong conditions are due to the fact that zero correlation implies independence for associated

processes. Our conditions for invariance principle are much stronger : E|Y|™ < 400 with m > 2,

1+a 2
> 4 .
¢ a—l( +m—2>

For non-linear Lipschitz cases as in eqn. ([BIT]) the result seems to be new. In the special case of

a>1and

k-weak dependent inputs that are not associated, the optimal weak invariance principle of [90] does

not apply, see [AI]| for examples.

3.3.2 The Bernoulli shifts with dependent inputs

Let H : R®) — R be a measurable (non necessarily Lipschitz) function and X,, = H(Y,_;,i € Z).
Such models are proved to exhibit either A or n-weak dependence properties. Because the Bernoulli
shifts of k-weak dependent inputs are neither x nor n-weakly dependent, the x case is here included
in the A one.

Consider the non-Lipschitz function H defined by

K
k
H(z) = Z Z a.g'l,)...,jk‘le Cr Ly

k=0 j1,---,Jk
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In this case, Lemma Bl does not apply. To derive weak dependence properties of such processes, we
assume that H satisfies the condition ([BF) with ¢ # 0, which remains a stronger assumption than
for the case of independent inputs, see eqn. ([BI4). Relaxing Lipschitz assumption on H is possible
if we assume the existence of higher moments for the inputs. The following lemma gives both the

existence and the weak dependence properties of such models

Lemma 3.2 Let (Y})iez be a stationary process and H : R%) — R satisfies condition {Z8) for some

¢ >0 and some sequence b; > 0 such that Z l7lbj < co. Let us assume that there exist a pair of real

numbers (m,m’) with E|Yo|™ < co such that m > 1, m' > ({+1)m and m' > {41 if m = 1. Then,

— the process X, = H(Yy—i,i € Z) is well defined in L™ : it is a strictly stationary process ;

— if the input process (Y;)iez is A\-weakly dependent (the weak dependence coefficients are denoted by
Ay (r)), then X,, is A\-weakly dependent and there exists a constant ¢ > 0 such that

Ak) <ec inf Z\jyb~+(2r+1)2xy(k_gr)”m“%ilﬁ .
sl | ez ;

— if the input process (Y;)iez is n-weakly dependent (the weak dependence coefficients are denoted by
ny (r)) then X,, is n-weakly dependent and there exists a constant ¢ > 0 such that

_ m/—1-¢
n(k) < inf | ST il + (24 D)y - 20)
h lj1>r

Such models where already mentioned in the mixing case by [[2] and [I6]. The proofs are deferred to
Section

Volterra models with dependent inputs

Consider the function H defined by

K
:Z Z a]l, el T

0.]17"'7.]k

then if =,y are as in eqn. (BE)
H(z) Qi8S gut oot < L1 Lhur (Zs = Ys)Tju 0 - Ty

From the triangular inequality we thus derive that the previous lemma may be written with
(=K —1,

(k,s)
bs _ZZ |]17 Jk
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where Z(k’s) stands for the sums over all indices in Z* where one of the indices ji, ..., ji takes on

the value s and

K
LEZ Z aylg,)---,jk )

k=071,--,Jk

For example, |a§lf)]k| <C@ULV - Vip) or < Cexp(—a(ji V-V jg)) respectively yield by <

C's% 1= or by < C'e for some constant C’ > 0.

Markov stationary inputs

Markov stationary sequences satisfy a recurrence equation
L = F(anla coes Zn—ds én)

where (&,) is a sequence of independent and identically distributed random variables. In this case
Y, = (Zn,..., Zn_q+1) is a Markov chain such that Y,, = M(Y,,—1,&,) with

M(.%'l,. . ,[I}d,g) - (F(.%'l,. . ,xd,f),xl,. . ,.%'dfl). (315)

Theorem 1.IV.24 of [B0] proves that eqn. (BIH) has a stationary solution (Z,,)nez in L™ for m > 1
as soon as ||F(0,&)|l,, < oo and there exist a norm || - || on R? and a real number a € [0, 1] such
that | F(z,&) — F(y,€)|lm < allz — y||. In this setting f-dependence holds with 6 (r) = O(a’/?) (as
r 1 00). We shall not give more details about the significative examples provided in Doukhan2005.
Indeed, we already mentioned that our results are sub-optimal in such causal cases; such dependent

sequences may however also be used as inputs for the Bernoulli shifts.

Explicit dependence rates

We now specify the decay rates from Lemma For standard decays of the previous sequences, it
is easy to get the following explicit bounds. Here b, ¢, C, D, A\, > 0 are constants which may differ
from one case to the other.

— If b; < C(Ij| + 1)7° and Ay (j) < Dj=*, resp. ny () < D;j~" then from a simple calculation, we
m/—1-¢ (b=2)(m'—2)

2 — AT —2)
optimize both terms in order to prove that A(k) < ek 178 m/=1+¢  vesp. (k) < ck T @-Dm D¢,
Note that in the case where m’ = oo this exponent may be arbitrarily close to A for large values of
b > 0. This exponent may thus take all possible values between 0 and A.

- If b; < Ce 1l and Ay (j) < De=7*, and, respectively, if 7y (j) < De 7", we obtain the bounds
b(m/ —1—1) b(m/ —2)
A(k) <

m/ —1-¢
CkzeiAkb(m’71+l)+2n(m’717£), resp. 77(]{;) < ck m’il einkb(m'*1)+2n(m'*2) .
The geometric decay of both (b;);ez and the weak dependence coefficients of the inputs ensure the

geometric decay of the weak dependence coefficients of the Bernoulli shift.
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— If we assume that the coefficients (b;) ez associated with the Bernoulli shift have a geometric decay,
say b; < Ce Wb and that Ay (j) < D= (vesp. ny (j) < Dj~") we find (k) = kN i log? k,
resp. (k) = ckiﬁ% 10g1+# k.

If m’ = oo tightness is reduced by a factor log? k with respect to the dependence coefficients of the
input dependent series (Y})iez.

— If we assume that the coefficients (b;);ez associated with the Bernoulli shift have a Riemannian
decay, say b; < C(|j| + 1)~ and that Ay (j) < De™9* (vesp. ny (j) < De ") we find A\(k) < ck*7?,
resp. n(k) < ck?7°.

All models or functions of models we present here are A\-weakly dependent. We treat some basic

examples in detail when a discussion with other results is possible. We believe that for some models,

A-weak invariance properties follow from easy computations, and then, statistical results like our

weak invariance principle.

3.4 Proofs of the main results

Our proof for central limit theorems is based on a truncation method. For a truncation level T > 1
we shall denote X = fr(Xy) — Efr(Xy) with fr(X) = X V (=T) A T. From now on, we shall use
the convenient notation a, < b, for two real sequences (a,)nen and (b,)nen When there exists some
constant C' > 0 such that |a,| < Cb,, for each integer n. We also remark that X}, has moments of all
orders because it is bounded. In the entire sequel, we denote p = E|X|™. For any a < m, we control
the moment E|f7r(Xo) — Xo|* with Markov inequality

Elfr(Xo) — Xo|* < E[Xo|* I xo|>ry < pT*,
thus using Jensen inequality yields
J— 1 m
X0 — Xolla < 2uaT . (3.16)

Starting from this truncation, we are now able to control the limiting variance as well as the higher
order moments.

In this section we prove that the central limit theorems corresponding to the convergence W, (1) —
W (1) in both Theorems Bl and hold and we shall provide convergence rates corresponding
to these central limit theorems. The weak invariance principle is obtained in a standard way from
such central limit theorems and tightness, which follows from Lemma B2, by using the classical
Kolmogorov-Centsov tightness criterion, see [I2]. In the last subsection, we prove Lemma B4l that

states the properties of our (new) Bernoulli’s shifts with dependent inputs.
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3.4.1 Variances

Lemma 3.3 (Variances) If one of the following conditions holds

i,{(zﬁ) < x (3.17)
k=0
ix(k)l"f? < o (3.18)
k=0

2

then the series o is convergent.

Proof. Using the fact that X = g7(Xj) is a function of Xo with Lipgr = 1 snd ||g7|lec < 27, we
derive
|Cov(Xo, X1)| < k(k) or (4T + 1)X(k), respectively. (3.19)

In the x dependent case, the truncation may thus be omitted and
|Cov(Xo, Xi)| < k(k). (3.20)
In the following, we shall only consider A dependence. We develop
Cov(Xo, X3) = Cov(Xg, X) + Cov(Xg — Xo, Xi) + Cov(Xog, Xi — Xp).

We use a truncation 7 (to be determined) and the two previous bounds eqn. (BI0) and eqn. BI9);
then the Holder inequality with the exponents 1/a + 1/m =1 yields

(Cov(Xo, Xi)| < (4T + DAGK) + 2| Xl Ko — Xolla
< (4T+1))\(k)+4M1/a+1/mT1—m/a
<

(4T + D)A(K) + 4uT?>™™.

Chosing T™~! = u/A(k) we obtain

m—2

ICov(Xo, X3)| < Opm-tA(k)m-1. (3.21)

3.4.2 A A-order moment bound

Lemma 3.4 Let (Xy)icz be a stationary and centered process. Let us assume that E|Xo|™ < oo,
and that this process is either k-weakly dependent with k(r) = O (r=") or A-weakly dependent with
Ar) =0 (T_A). If Kk > 2+ ﬁ, or A >4+ %, then for all A > 2 small enough there exists a
constant C' > 0 such that

||Sn||A < C\/ﬁ-
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Remarks.

- A€]2,2+AANBA1[ where A and B are constants smaller than m — 2 and depend on m and
respectively x or \. Equations eqn. (B20) and eqn. ([B20) precise the previous involved constants
A and B.

1/A
— The constant C' satisfies C' > <W> Z |Cov(Xo, Xi)|. Under the conditions of this

kEZ
lemma, Lemma entails

c= Z |Cov(Xo, Xi)| < 0.
kEZ
— The result is sketched from [I9]. However, their dependence condition is of a causal nature while
our is not. It explains a loss with respect to the exponents A and k. In their x’-weak dependence
setting the best possible value of the exponent is 1 while it is 2 for our non-causal dependence.
Proof of Lemma B4l For convenience, let denote in the sequel A =2+ 6 and m = 2 4 (. Like in
[7T] or [T9], we proceed by induction on k for n < 2¥ to prove that

11+ 1Sullls < CVA. (3.22)

We assume that eqn. [E22) is satisfied for all n < 25~1. Setting N = 25 we have to find a bound for
II1 + |Sn]|l|a. We can divide the sum Sy into three blocks : the first two blocks have the same size
n < 2K~1 and are denoted by @ and R; the third block V, located between @ and R, has cardinality
g < n. We then have ||[1 4+ [Sx]||a < ||1+|Q] + |R|||a + [|V]|a. The term ||[V||a is directly bounded
by [|[1+ |V][la < C,/q from the recurrence assumption. Writing ¢ = EN® with 0 < €,b < 1, then this
term is of order strictly smaller than \/EN. For |1 + |Q| + |R|||a, we have

E(1+ Q| +|R)*(1+ Q| +|R])°,
E(1+2Q|+ 2R + (IQ| + |R)*)(1 + Q| + |R|)°.

E(1+|Q|+ |R|)*

IN N

We expand the right-hand side of this expression ; the following terms appear

~ E(1+ Q[+ [R])° < 1+1QI5 +|R|3 < 1+2¢(v/n)’,

CEIQI+1Q1+ IR < EIQI(L + [R) + Q1) < BIQI(1 + [RI)® + E|QI™. The term EJQ[™* is
bounded by [|Q[|37° and then by ¢'*9(\/n)'*%. The term E|Q|(14]|R])? is bounded by Q14572111+
|R||| using Hélder inequality. It is at least of order cC°(y/n)'*9, analogous to the latter one, where
we exchange the roles of ) and R.

~ E(|Q| + |R))?(1 + |Q| + |R|)°. For this term, we use an inequality from [I9]

E(|Q+ [R)*(1+ Q| + R)’ <E|Q* + E[R|* +5(EQ*(1 + |R|)’ + ER*(1 + |Q)°).

Now E|Q|® < C?(y/n)” is bounded by using eqn. [E22). The second term is its analogous with
R substituted to Q. The third term has to be handled with a particular care, as follows.
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We use the weak dependence notion to control EQ?(1 + |R|)? and ER?(1 + |Q|)°. Denote by X the
variable X VT A (—=T) for a real T > 0 to be determined later. By extension @ and R denote the

truncated sums of the variables X;. We have
EIQP(1+|R)’ <EQ?(|R| - [RI] + E(Q* - Q)1 + [R)’ + EQ (1 + [RI)"
We begin with a control of EQ?||R| — |R||°. Using the Hélder inequality with 2/m + 1/m’ = 1 yields
EQ?||R| = R < |QImlIIIR] = [l [l
|Q||a is bounded using eqn. (BZZ2) and
IR = [RII”™ <|RI"™ U sy < IR st

We then bound 1jp~p < (|R|/T)* with a = m — ém’, hence

E||R| - [R|I”™ < E|R[™T*™ ™.
By convexity and stationarity, we have E|R|™ < n™E|X|™, so that

EQ*(IR| — [R|)” < n*tm/m'ro=m/m.
Finally, remarking that m/m’ = m — 2, we obtain
EQ*(|R| — [R)’ < n" T2

We get the same bound for the second term

E(Q*— Q)1+ |R|)® = nmTA ™.
For the third one, we introduce a covariance term

EQ(1+[R))’ < Cov(@", (1 +[R])’) + EQ E(1 + [R)’.

The latter is bounded with |Q|3|R|S < CA\/HA. The covariance is controlled as follows by using
weak-dependence

— in the x-dependent case : n?T'x(q),

— in the A-dependent case : n3T?\(q).

We then choose either the truncation 7™ 70~1 = n™=2/k(q) or T™° = n™ 3/\(q). At this point,

the three terms of the decomposition are of the same order

E|Q|*(1 + ]R\)‘; = (n3m*2An(q)m*A)1/(m_6_l) , under x-dependence,
E‘Q’Q(l + ’R‘)(S < (n5m—3A)\(q)m—A)1/(m*5)

, under A-dependence.
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3m—2A+br(A—m)
Let ¢ = N?, we note that n < N/2 and this term is of order N m=5=1 under k-weak dependence
5m—3A+bA(A—m)

and the order N m—§ under A-weak dependence. Those terms are thus negligible with respect
to NA/2 if
—2A - A2lm—-96—1
sm bm i (An)z ), under x-dependence, (3.23)
—3A - A/2(m —
A > om 3b(m — /A)(m 5), under A\-dependence. (3.24)

Finally, using this assumption, b < 1 and n < N/2, we derive the bound for some suitable constants
ai,as >0

E(1+|Sy])™ < ((2*5/2 +EMCP 4527928 4 alN*@) <\/N)A .
Using the relation between C' and ¢, we conclude that eqn. ([B22) is also true at the step N if the
constant C' satisfies (279/2 4+ ¢2)CA +5-2792¢A 4 4y N~ < C?. Choose C' > <%>1/A
with ¢ = 3,5 [Cov(Xo, X)|, then the previous relation holds for some 0 < £ < 1. Finally, we use

eqn. (BZ3) and eqn. (B2Z4) to find a condition on 6.

In the case of k-weak dependence, we rewrite inequality eqn. (B23]) as
0>02+002k—3—-C)—rC+2+1.

It leads to the following condition on §

\/(211—3—C)2+4(n§—2§—1)+C+3—2/<;/\

0 < 5 1=A. (3.25)
We do the same in the case of the A\-weak dependence
2A—6— )2+ 4N —4¢—2 6 — 2\
5 < VL )+ (42 (-2 +c+ Al=B. O (3.26)
Remark. The bounds A and B are always smaller than (.
3.4.3 Proofs of Theorems B.1] and
Let S = %Sn and consider p = p(n) and g = ¢(n) in such a way that
lim L: lim M: lim M:Q
e ) nhe p(n) e m
and k = k(n) = n/[p(n) + q(n)]
1
Z=—U+---+U ith U, = X;
~ ( 1+ + k), wi fi Z
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where B; = [(p+q)(j — 1), (p+¢q)(j — 1) + p]NN s a subset of p successive integers from {1,...,n}

such that, for j # j', B; and Bj/ are at least distant of ¢ = ¢(n) from each other. We denote by B}

the block between B; and Bj 1 and V; = ), p X;. V}, is the last block of X; between the end of By,
J

and n. Furthermore, let 0'12) = Var (U1)/p = 3_);1<,(1 = [il/p)EX0 X, and let

Uit U :
AT U~ N Opa))

where the Gaussian variables V; are mutually independent and also independent of the sequence

Y =

(Xn)nez. We also consider a sequence Uy, ..., U} of mutually independent random variables with
the same distribution as U; and we let Z* = (U{ + --- 4+ U}}) /v/n. In the entire section, we fix t € R
and we define f : R — C by f(x) = exp{itx}. Then Ef(S) — f(ocN) = Ef(S) — f(Z) +Ef(Z) —
fZ)+Ef(Z*) = f(Y)+Ef(Y)— f(oN). Lindeberg method is devoted to prove that this expression
converges to 0 as n — co. The first and the last terms in this inequality are referred to as the auxiliary
terms in this Bernstein-Lindeberg method. They come from the replacement of the individual initial —
non-Gaussian and Gaussian respectively — random variables by their block counterparts. The second
term is analogous to that obtained with decoupling and turns the proof of the central limit theorem
to the independent case. The third term is referred to as the main term and following the proof under
independence it will be bounded above by using a Taylor expansion. Because of the dependence
structure, in the corresponding bounds, some additional covariance terms will appear.

The following subsections are organized as follows : we first consider the auxiliary terms and the main
terms are then decomposed by the usual Lindeberg method and the corresponding terms coming from
the dependence or the usual remainder terms (standard for the independent case) are considered in

separate subsections. In the last one, we collect these calculations to obtain the central limit theorem.

Auxiliary terms
Using Taylor expansions up to the second order, we obtain
Ef(S) = F(Z)] < ||| <EIS = Z|
136 a2 2
and |Ef(Y)— f(oN)| < T\EY — o’

We note that Z — S = (Vi + -+ + Vi)/v/n is a sum of X;’s for which the number of terms is
< (k+ 1)g + p. Then eqn. (B2I)) and eqn. (BZ0), under conditions BIR) or (BID) respectively,

entail :

[k
Now Y ~ —pO'pN, thus
n

(E|Z — S))? <E|Z -S> = ((k+ 1)g +p)/n.

k
|EY2—J2|<'§—1 0'12)—}—|O'I2)—O'2.
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Remarking that |kp/n —1|* < ((k 4+ 1)g + p)/n, it remains to bound the quantity

1
o2 =0’ < ) U|IEX0X@'| + ) [EXoX|.

li|<p li|>p

o0
Let a; = |[EXoX;|, under conditions [BIX) or BID) (respectively), the series Zai converge thus

i=0
Za, — 0 and

J—00

a —o? 221 a; + 25, < 2292824-281,

Cesaro lemma entails that term \ap - 02] converges to 0.
Hence |[Ef(S) — f(Z)| + |Ef(Y) — f(oN)| tends to 0 as n | oo.

To determine the convergence rate, we assume that a; = O(i~%) for some « > 1; then
‘0_12) - 0_2‘ < p(l—a)v—1.

Remarking that a; = EXoX; = Cov(Xp, X;), we then use equations (B20) and BZI) and we find
a=#kor a=\m-—2)/(m — 1) depending of the weak-dependence setting. With p = n?, ¢ = n® for

2 constants a and b and from the relation ||f)|o < |t|, those bounds become, up to a constant
|t] (n(b*a)/2 + n(“*l)/2) +t2 (nb*“ + na{(lf””)vfl}) , in the k-weak dependence setting,
|t] (n(b_“)/2 +nla=1)/2) 442 (nb=e+ n“{(l_)‘(m_Q)/(m_l))V_l}) , under A\-weak dependence.

Main terms

It remains to control the second and the third terms of the sum. They are bounded as usual by

k
Ef(Z) <) Bl EF(ZY) Z\EA’
7j=1
Where A] — f(W_] + ,I]) —_ f(W] + ﬂf‘;k), fOI' ] = k Wlth 33] = \/I—UJ, ﬂf;k = %U]*, W_] —
Wi+ Y s T wy = ;i and Al = f(W —i—xj) f(W]' +a%), for j =1,...,k with 2 = %UJ{,

Wi=3" i+ 3,7
Exploiting the special form of f and the independence properties of the variables U and U/, we can

write

EA; = (Ef(w;)f(x;) —Ef(w)Ef(@})Ef [ Y i |,

i>7

EA; = (Ef(zj) —Ef(a))) Ef (W)).
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We then control the two terms E f Z z; | and Ef (W) by the fact that ||| < 1 and we use the
i>]
coupling to introduce a covariance term

EA; < (Cov | £ a |, flay) ||
1<j

[EA]] < [Ef(«]) - Ef(2))].

— For A;, we use weak dependence.
To do so, write [EA;| = |Cov[F(X,,,m € Bj,i < j),G(Xy,,m € Bj)]|, with F(z1,...,2kp) =
f(Zuz/\/ﬁ) where u; = 3, p. 2z0. We verify that ||| <1 and we control Lip F :

i<j

\/_ZZZZ - \/—ZZ%

1<j beB; 1<j leB;

< |1 —expit \/_ZZ 20 — 2p) |t|Z‘Z[—Zg

1<j LeB;

P
Similarly, for G(z1,...,2,) = f (Z zi/\/ﬁ>, we have |G|l = 1 and LipG = |t|/v/n. We then
i=1
distinguish the two cases of weak dependence, remarking the gap between the left and the right
terms in the covariance is at least q.
— In the k-weak dependent setting : [EA;| <kp-p- ‘—\/|— % - k(q).
— Under the A dependence condition :
[EA;| = (kp p- ﬂ ﬂ+kp ﬂ+p ﬂ) Aq).
Note that these bounds do not depend on j :

Ef(Z) — f(Z*)| = kp-t* - K(q), under &,
< kp- (2 +|t|Vk/p) - Mq), under \.

Knowing that p = n?, g = nb, k(r) = O (r=") or A(r) = O (r~), these convergence rates respec-
tively become n!=#% or nl*t(1/2=0)+=Ab iy the k or the A dependence context.

— For A;, Taylor expansions up to order 2 or 3 respectively give :
* / * / ! 1 14
£ @5) = Pl <l = 1 oo + 5 (25 — 291/ loo + 75
T < §||f”\|oo($j‘ —a)?, or

1
< Sl ool — 2,
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For an arbitrary 6 € [0, 1], we have :

ET]'

IA

B (5 + [252) AP (a5 + [51)
< (@ AP 151) + B P A ) )
< |2 (Blaj* + Elaj ).

A

By the stationarity of the sequence (X;);cz, we obtain
’EA;’ < ’t’2+5n717% <E’Sp’2+5 vp1+%> )

Lemma B allows us to fin a bound for E|S,[?*0. If k > 2 + %, or A >4+ %, where k(r) = O (r=")
or A(r) = O (r~*) then there exist § €]0,{ A1[ and C > 0 such that

E|Sp|2+5 < Cp1+6/2.

We then obtain
IEf(Z%) = (V)] < [t k(p/n) T2,

Because p = n%, this bound is of order n(¢=19/2 in both x and A-weak dependence settings.

We now collect the previous bounds to conclude that a multidimensional CLT holds under assump-
tions of both Theorems Bl and B2 Tightness follows from the Kolmogorov-Chentsov criterion (see
[12]) and Lemma B; thus both Theorems Bland B2 follow from repeated application of the previous

CLT. O

3.4.4 Rates of convergence

Rates of convergence are now presented in two propositions of independent interest. We compute

explicit bounds for both the difference of characteristic functions and the Berry-Esséen inequalities.

Proposition 3.1 Let (X;)icz be a weakly dependent stationary process satisfying eqn. (Z2) with

m = 2 + ( then the difference between the characteristic functions is bounded by
‘E (6itSn/\/ﬁ _ 6itaN>‘ _ O(nic),

for some ¢ < c* and all t € R where ¢* depends of the weak dependent coefficients
- 1)A
— under k-weak dependence, if k(r) = O(r=") for K > 2+ %, then ¢* = % where

A=

\/(2m—3—C)2+4(KC—2C—1)+C+3—2/{/\

1.
2
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1B
— under A\-weak dependence, if \(r) = O(r=*) for A > 4 + %, then c* = p £§>i}—+2)\21 B where

B \/(2)\—6—C)2+4()\§—4§—2)+C+6—2)\/\

L
2
We use the following Esséen inequality in Proposition

Theorem 3.3 (Theorem 5.1 p.142 of [93]) Let X and Y be 2 random variables and assume that
Y is Gaussian. Let F' and G be their distribution functions with corresponding characteristic functions

f and g. Then, for every T' > 0, we have for suitable constants b and c

T
sup |F(z) - G(x)] < b /

z€R -T

M‘ dt + % (3.27)

Proposition 3.2 (A rate in the Berry Essen bounds) Let (X;)icz be a real stationary process

satisfying Proposition Bl assumptions. We obtain
sup | Fy (z) — ()] = 0 (n")
x

with ¢ < ¢ where ¢ = ¢*/(3+ A) or ¢ = ¢*/(3+ B), respectively, in k or N\-weak dependence contexts
(A, B and c¢* are defined in Proposition [Z1).

Proof of proposition B.Il In the previous section, the different terms have already been bounded
as follows :
— In the k-weak dependence case, the exponents of n in the bounds obtained in section are
— for the auxiliary terms : (b —a)/2, (a —1)/2 and a(1l — k),
— for the main terms : 1 — kb and (a — 1)d/2.
Because 6 < 1 and b < a < 1, we remark that (a —1)0/2 > (a —1)/2 and 1 — kb > a(1 — k). The
only rate of the auxiliary term it remains to consider is (b — a)/2 and we obtain
. 240+ 2K6 . 0 . 2+a”
T St 2k(1+0) E]b —[ T 1+2k

71+5 G]O’a’['

We conclude with standard calculations and with the help of the inequality 0 < A (see eqn. (B2H)).
— We have the equivalent in the A-weak dependence case

— for the auxiliary terms : (b—a)/2, (a —1)/2 and a(1 — \),

— for the main terms : 1 4+ (1/2 —a)+ — Ab and (a — 1)d/2.

Only three rates give the asymptotic : (a — 1)§/2, 1 + (1/2 — a)y — A\b and (b — a)/2. In the

previous case, the optimal choice of a* was smaller than 1/2. Then we have to consider here the

rate 3/2 —a — Ab and not 1 — A\b. Thus

. 340+ 2X0 . 0
T2 a1+ e]b "1+6 [
3420

T2+ 6+ 2M\(1+0)

*

€10, a* |
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Finally, we obtain a rate of n™¢ using the inequality eqn. (E2Z6). O
Proof of proposition Let choose a* and b* as in the proof of proposition Bl We now need
to make precise the impact of ¢t on the different term of the bound of the L' distance between the
characteristic functions of S and ¢/ N. Up to a constant independent of ¢, the Kolmogorov distance
is bounded by ([¢t| + t* + [t|**¢)n~¢". Here C = A or B in the two contexts of dependence. Using
Theorem for a well chosen value of T', we obtain the result of proposition O

3.4.5 Proof of Lemma Bl

The case of Lipschitz functions of dependent inputs is divided in two sections devoted respectively

to the definition of such models and to their weak dependence properties.

Existence

Let Y9 = (Yol o )iez, Y = (Yol seics)iez for s € Z and H (Y®)) = lim, oo H (V). In
order to prove the existence of the Bernoulli shift with dependent inputs, we show that X is the

sum of a normally convergent series in " ; formally
Xo = H(Y®) = H0) + (H(YY) = #(0)) + Y HY D) — H(Y) + (BY) = HYD)).
s=1

From eqn. (B) we obtain

|2 (yO) —HO| < bololn.
| (o) —a (vO)| < bVl
|r () a1 ()| < bl

By (Y})tez’s stationarity we get

ot (1) -0 55 ) - ()
() - m (v0)] < > bll¥oll (3.29)

Analogously, the process X; = H(Y;—;,i € Z) is well defined as the sum of a normally convergent

series in ™. The stationarity of (X;);ez holds from that of the input process (Y;)ez.

Weak dependence properties

Let X\ = H(Y™) and Xg = (X,,, ..., Xs,), X¢ = (X3,,..., Xy, ) for any k > 0 and any (u+v)-tuple
such that s1 < -+ < s, < s, +k <t <- - <ty Then we have for all f, g satisfying || f||oo; |g]lcc < 1
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and Lip f + Lipg < oo

|Cov(f(Xs), 9(X¢)| < |Cov(f(Xs) — F(XE), g(Xe))] (3.29)
+ [Cov(F(X), g(Xe) — g(X))] (3.30)
+ [Cov(F(xM), g(xI)]. (3.31)

Using the fact that ||g|lcoc < 1, we bound the term eqn. (B29)

u

> (X, = X{)

i=1

2Lip f - E

< 2uLip flréllaécuE ‘Xsi - XS(:) .

Applying inequality ([B2F)) in the case where m = 1, we bound this term by E‘Xsi —XS(:) <
> i bilYol[1- The second term (B30) is bounded in a similar way.

The last term (B3] can be written as

Cov(F") (Vi1 <i <, [j] <7), G Vi, 1 < <o, || <)

)

where F(") : RuCr+1) R and G() : RY®™*+1) — R. Under the assumption r < [k/2], we use thee =7
or A-weak dependence of Y in order to bound this covariance term by ¢ (Lip F’ ") Lip G(r),u(2r +
1),v(2r + 1))eg_op, with respectively ¥ (u,v,a,b) = ua + vb or ¥ (u,v,a,b) = uvab + ua + vh. We

compute

f(H('ISi-Hal < 1 < u, |l| < T) B f(H(ySi-f—l,l < ) < u, |l| < T)|

Lip F") = sup |
> e Z_rglgr |Tsi+1 = Ysitil

)

where the sup extends to z # y where z,y € R*2" 1) Notice now that if z,y are sequences with

x; = y; = 0 if |i| > r then repeated applications of the condition (B:F)) yields

|H(x) = H(y)| <> bilwi =yl <L | =yl (3.32)
li|<r 7] <r
where L = )., b;. Repeating inequality eqn. (B32), we obtain

[FO (@) = FOW < Lip FLY Y [asg1 — Yot

=1 —r<I<r

and we get Lip F(") < Lip f - L. Similarly Lip G") < Lip g L.

Under n-weak dependent inputs, we bound the covariance

|Cov(f(Xs), g(Xe))| < (ulip f +vLipg) x [2 Y bl Yoll1 + (2r + 1)Ly (k — 2r)
jil>r
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Under A-weak dependent inputs

|Cov(f(Xs),9(X¢))| < (uLip f + vLip g + uvLip fLip g)x
X ({2 3" billYollu + 2 + 1)L Ay (k — 2r)} V(2 +1)2L2\y (k — 27")). O

li|Zr

3.4.6 Proof of Lemma
Existence

We decompose X as above in the case ¢ = 0. Here, we bound each terms by

HYW) = HO)| < bolY|
HY D) — B < b (YD) v Y|
HY) = HY®| < b (Y@L v )Yy

Using Hélder inequality yields

E|lHY®) - H(O)‘ + f: E (H(Y<8+1>) - H(Yf))‘
s=1

+E|H(Y) = HY®)| < 3 20ilbi (1Yol + 1Yol

€7
Hence assumptions £ + 1 < m’ and 3,, |i|b; < oo together imply that the variable H(Y') is well
defined in L!. In the same manner, the process X, = H(Y,_;,i € Z) is well defined. The proof
extends in L™ if m > 1 is such that (£ + 1)m < m/.

Weak dependence properties

Here, we exhibit some Lipschitz functions and we then truncate inputs. We write Y =Y vV (=T) AT
for a truncation T set below. Denote X\ = H(Y™) and Y,(I) = H(?m). Furthermore, for any £ > 0
and any (u + v)-tuple such that s; < -+ < s, < s, +k <t <+ <y, we set Xg = (Xgp,..., Xs,),
X¢ = (Xt,,...,Xy,) and 7:(:) = (72:), . ,7&?), 7,(:") = (7,&:), . ,Yg)). Then we have for all f,g

satisfying || f|loos l9]lcc < 1 and Lip f 4+ Lipg < oo

|Cov(f(Xs), 9(Xe)| < [Cov(f(Xs) — F(X), g(X0))| (3.33)
+ |Cov(FXL), g(Xe) — oKV (3.34)
+ |Cov(F(X), g(X))]. (3.35)
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)

With the same arguments used in the proof of the existence of H(Y(*)), the first term in the right-

Using the fact that ||g|lcc < 1, the term (B33) is bounded by

2uLip f <1rgla<quE ‘XSZ. - Xs(:)

+ max E ‘Xé,r) - Yﬁ’f)
1<i<u v ¢

hand side of the inequality is bounded by
. l
> 20ilba([Yoll + [1Yolli 1.
i>8
Notice now that if z,y are sequences with x; = y; = 0 if |i| > r then an infinitely repeated application
of the previous inequality ([B]) yields
l l
[H(x) — H(y)| < Lzl V [[ylloe vV Dllz =yl (3.36)

where L = Y., b; < 00 because ), |i|b; < 0co. The second term is bounded by using eqn. (BZ3H)

O-X0| = Eln(y0) - (YY)

E|x{) - X

N

l
LE (_gl@g%) > 1Yiyer

—r<j<r

< L(2r+1)2E< max myl\yjyn|y,>T>
—r<i,j<r i1z
< L@+ DYl T
The second term (B34]) of the sum is analogously bounded. The last term ([B33) can be written as

[Cov (F7 (V51 < i < ] <7, 67 (Vg1 < i < wlil <)

where P : R4 +) — Rand G : R%2+1) _ R. Under the assumption r < [k/2], we use the e =
or ¢ = A-weak dependence of Y to bound this term by v <Lip F(T), Lip é(’"’, u(2r +1),v(2r + 1)) Ek_2r,
with respectively 1 (u, v, a,b) = uvab or (u,v,a,b) = uwvab + ua + vbd.
[f(H@s1 <i<u |l <7) = fF(HFg 0L i< u I <)

> i i —ysll ’

where the sup extends to (z1,...,7y) # (Y1, ., yu) where z;,v; € R¥+1. Using eqn. (B30

Lip F(r) = sup

—(r —(r . - _ _ 1 — _
F@) - F7 @) < LinfLY (Fslloo V [Talloo V1) 17, — Tl

i=1

u
< LiprTlZ Z |Zs; 40 — Ysitil-

i=1 —rILr
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We thus obtain Lip F(") < Lip f - L - T*. Similarly Lip G™) < Lipg- L - T".

Under n-weak dependent inputs, we bound the covariance

|Cov(f(Xs),9(Xe))| < (ulip f + vLip g){4 > lilba(lIYoll + YolliED)
jil>r

+ (2r + DL ((2r + D2V T o Thyy (k — 20)) }

2(2r +1)|| Yo7
@r+ 1Yol to obtain the result of Lemma B2 in the n-weak
ny (k — 2r)

We then fix the truncation 77 ! =

dependent case.

Under A-weak dependent inputs

[Cov(f(Xs), g(X0)| < (ullip f + oLip g + uelLip fLing) x ({4 3 lilbi (Yol + ¥ l1)

li|Zr

+(2r+ 1)L <2(2r )T Y 4 T (k — 27")) } v {(2r F 12027y (k — 2r)} )

, 2| Yoll™,
We then set a truncation such that 70" 1 = Yoll,

= m to obtain the result of Lemma in

the n-weak dependent case. [J
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Deuxiéme partie

The Density Estimation
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Chapitre 4

Convergence rates for density estimators

of weakly dependent time series

Abstract

Assuming that (X;)iez is a vector valued time series with a common
marginal distribution admitting a density f, our aim is to provide a wide
range of consistent estimators of f. We consider different methods of es-
timation of the density as kernel, projection or wavelets ones. Various
cases of weakly dependent series are investigated including the Doukhan
& Louhichi (1999)’s n-weak dependence condition, and the p-dependence
of Dedecker & Prieur (2005). We thus obtain results for Markov chains,
dynamical systems, bilinear models, non causal Moving Average... From
a moment inequality of Doukhan & Louhichi (1999), we provide conver-
gence rates of the term of error for the estimation with the IL? loss or

almost surely, uniformly on compact subsets.
Keywords : Weak Dependence, Non-parametric density estimation.

Note

The content of this part is based on a paper, written in collaboration with Nico-
las Ragache, published in Dependence in Probability and Statistics. Springer (Ed.)
(2006) 349-372.
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4.1 Introduction

Assume that (X, )nez is a sequence of R? valued random variables with common distribution which
is absolutely continuous with respect to Lebesgue’s measure, with density f. Stationarity is not
assumed so that the case of a sampled process {X;,, = $hn(z‘)}1<z‘<n for any sequence of monotonic
functions (h,(.))nez and any stationary process (z,)necz that admits a marginal density is included.
This chapter investigates convergence rates for density estimation in different cases. First, we consider
two concepts of weak dependence :

— Non-causal n-dependence introduced in [AI] by Doukhan & Louhichi,

— Dedecker & Prieur’s p-dependence (see [29]).

These two notions of dependence cover a large number of examples of time series (see section § 3).
Next, following Doukhan (see [87]) we propose a unified study of linear density estimators fn of the

form

Ful@) = % S Ko (5, X5) | (4.1)
i=1

where {K,,, } is a sequence of kernels. Under classical assumptions on {K,,, } (see section § 2.2), the
results in the case of independent and identically distributed (i.i.d. in short) observations X; are well

known (see for instance [I08]). At a fixed point 2 € R?, the sequence m,, can be chosen such that

|Ful@) = F@)ly = O (n=0/Cet ) (42

where || X || = E|X|%. The coefficient p > 0 measures the regularity of f (see Section for the
definition of the notion of regularity). The same rate of convergence also holds for the Mean Integrated
Square Error (MISE), defined as [ ||f.(z) — f(z)|3p(x) dP(z) for some nonnegative and integrable
function p. The rate of uniform convergence on a compact set incurs a logarithmic loss appears. For

all M > 0 and for a suitable choice of the sequence m,,,

A ap/(d+2p)
E sup |fu(z)— f(z)|?=0 <logn> , (4.3)
|zl <M n
and .
p logn\"” r
sup. [fa(@) = F(@)] =as. O ( : ) . (4.4)
||| <M n

These rates are optimal in the minimax sense. We thus have no hope to improve on them in the
dependent setting. A wide literature deals with density estimation for absolutely regular or (-
mixing processes (for a definition of mixing coefficients, see [38]). For instance, under the assumption
Br =0 (7"73*261/”), Ango Nze & Doukhan prove in [3] that ([£2), [E3)) and ) still hold. The shar-
per condition ) |3,| < oo entails the optimal rate of convergence for the MISE (see [I07]). Results
for the MISE have been extended to the more general ¢- and n-dependence contexts by Dedecker &
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Prieur ([29]) and Doukhan & Louhichi in [@2]. In this chapter, our aim is to extend the bounds (EZ),
E3) and ) in the - and p-weak dependence contexts.

We use the same method as in [AI] based on the following moment inequality for weakly dependent

and centered sequences (Z,)ncz. For each even integer ¢ and for each integer n > 2 :

n q
S22
q

< (2 — )) {ngf V Vi } 7 (4.5)

P (g —1)!

where || X||§ = E|X|? and for k =2,...,q,

n—1
Zr-i-lk QCk )
r=0

with
Ck(r) := sup{|cov(Zy, - - Zpyy Ly Zy )|}, (4.6)

where the supremum is over all the ordered k-tuples t1 < --- < t; such that SUP <ih—1 bit1 — i =T
We will apply this bound when the Z;s are defined in such a way that Y ;" | Z; is proportional to
the fluctuation term f,(x) —Ef,(z). The inequality (EEH) gives a bound for this part of the deviation
of the estimator which depends on the covariance bounds Cj(r). The other part of the deviation
is the bias, which is treated by deterministic methods. In order to obtain suitable controls of the
fluctuation term, we need two different type of bounds for C(r). Conditions on the decay of the
weak dependence coefficients give a first bound. Another type of condition is also required to bound
Cx(r) for the smaller values of r; this is classically achieved with a regularity condition on the joint
law of the pairs (X, X}) for all j # k. In Doukhan & Louhichi (see [#2]), rates of convergence are
obtained when the coefficient n decays geometrically fast and the joint densities are bounded. We
relax these conditions to cover the case when the joint distributions are not absolutely continuous and
when the 7- and ¢-dependence coefficients decrease slowly (sub-geometric and Riemannian decays
are considered).

Under our assumptions, we prove that ([E2) still holds (see Theorem ECTI). Unfortunately, additional
losses appear for the uniform bounds. When 7(r) or ¢(r) = O(e=*") with a > 0 and b > 0, we
prove in Theorem that ([@3) and @) hold with log(n) replaced by log?®+V/%(n). If n(r) or
o(r) = O(r~*) with a > 1, Theorem E3 gives bounds similar to ([3)) and [ with the right hand
side replaced by O(n~9/{d+2p+2d/(00+d)} and O({log@0 T4 (n) /n90—2}p/{2r10+d(@0+2)}) respectively, and
with g9 = 2[(a — 1)/2] (by definition [z] is the smallest integer larger than or equal to the real
number x). As already noticed in [d2], the loss w.r.t the i.i.d. case highly depends on the decay of the
dependence coefficients. In the case of geometric decay, the loss is logarithmic while it is polynomial

in the case of polynomial decays.
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The chapter is organized as follows. In Section EEZI] we introduce the notions of 77 and ¢ dependence.
We give the notation and hypothesis in Section EZ2 The main results are presented in Section EEZ3]
We then apply these results to particular cases of weak dependence processes, and we provide examples
of kernel K, in Section EE3l Section 4l contains the proof of the Theorems and three important

lemmas.

4.2 Main results

We first describe the notions of dependence considered in this chapter, then we introduce assumptions
and formulate the main results of the chapter (convergence rates).
4.2.1 Weak dependence

We consider a sequence (X;)icz of R? valued random variables, and we fix a norm | - || on R

Moreover, if h : R% — R for some u > 1, we define

Lip (h) = sup |h(as, ... au) = h(b, ..., bu)l
(a1roman) (b1, b)) @1 =01l + -+ [lay — byl

Definition 4.1 (n-dependence, Doukhan & Louhichi (1999)) The process (X;)icz is n-weakly
dependent if there exists a sequence of non-negative real numbers (n(r)),>o0 satisfying n(r) — 0 when

r — 00 and

lcov (B (Xiys o Xiu) ok (Xiars s Xinin))| < (uLip(R) + oLip(k))n(r)

for all (u + v)-tuples, (i1,...,0ute) With iy < -+ <y < iy +7 <dys1 < -+ < dygo, and hk € A
where
AL = {h :Ju>0,h: R™ — R, Lip (h) < 00, ||hllec = sup |h(z)| < 1} .
xeRdu

Remark The 7-dependence condition can be applied to non-causal sequences because information
“from the future” (i.e. on the right of the covariance) contributes to the dependence coefficient in the
same way as information “from the past” (i.e. on the left). It is the non-causal alternative to the 6
condition in [26] and [AT].

Definition 4.2 (p-dependence, Dedecker & Prieur (2004)) Let (2, A, P) be a probability space
and M a o-algebra of A. For any | € N*, any random variable X € R%* we define :

(M, X) = sup{|[E(g(X)[M) = E(9(X))llcor g € Ari}
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where A1y = {h: R% — R/Lip (h) < 1}. The sequence of coefficients ¢ (r) is then defined by

1 .
pr(r) =max—  sup plo({ X550 <i}), (X550, X5)) -
lgk l’l+7"<]1<]2<"'<j[

The process is p-dependent if ¢(r) = supyq @r(r) tends to 0 with r.

Remark The ¢ dependence coefficients provide covariance bounds. For a Lipschitz function k£ and a

bounded function h,

lcov (b (Xip, .o, Xiy) ok (Xiyyrs -0 X)) | S OB R (X, ..., XG,)| Lip (k)e(r) - (4.7)

4.2.2 Notations and definitions

Assume that (X,,)nez is an 7 or 45 dependent sequence of R? valued random variables. We consider
two types of decays for the coefficients. The geometric case is the case when Assumption [H1] or [H1’]
holds.

[H1] : n(r) =0 <e_arb> with a > 0 and b > 0,

[H1'] : o(r) =0 <e_arb> with @ > 0 and b > 0.
The Riemannian case is the case when Assumption [H2] or [H2’] holds.
[H2] : n(r) = O(r~®) with a > 1,
[H2'] : o(r) = O(r~*) with a > 1.
As usual in density estimation, we shall assume :
[H3] : The common marginal distribution of the random variables X,,, n € Z is absolutely conti-
nuous with respect to Lebesgue’s measure, with common bounded density f.
The next assumption is on the density with respect to Lebesgue’s measure (if it exists) of the joint
distribution of the pairs (X;, X), j # k.
[H4] The density f; of the joint distribution of the pair (X;, X}) is uniformly bounded with
respect to j # k.
Unfortunately, for some processes, these densities may not even exist. For example, the joint distri-
butions of Markov chains X,, = G(X,,_1,&,) may not be absolutely continuous. One of the simplest
example is

1
Xy = 3 (Xk—1+¢k)

where {e} is an i.i.d. sequence of Bernoulli random variables and Xy is uniformly distributed on
[0,1]. The process {X,,} is strictly stationary but the joint distributions of the pairs (Xo, X}) are
degenerated for any k. This Markov chain can also be represented (through an inversion of the time)
as a dynamical system (7_,,...,T1,Ty) which has the same law as (Xo, X1,...,X,) (Tp and X,
are random variables distributed according to the invariant measure, see [6] for more details). Let us

recall the definition of a dynamical system.
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Definition 4.3 (dynamical system) A one-dimensional dynamical system is defined by
Vk e N, T}, := F¥(Tp) ,

where F : I — I, I is a compact subset of R and in this context, F* denotes the k-th iterate of the
appplication F : F1 = F, FF*1 = FoF* k> 1. We assume that there exists an invariant probability
measure [, i.e. F(ug) = po, absolutely continuous with respect to Lebesque’s measure, and that Tj

18 a random variable with distribution pg.

We restrict our study to one-dimensional dynamical systems 7" in the class F of dynamical systems
defined by a transformation F' that satisfies the following assumptions (see [08]).

- Vk € N, Vz € int(1), limy_,o+ F¥(x +1t) = F¥(2) and lim,_,o- F*(x +t) = F¥(z7) exist;

~ Vk € N*, denoting D% = {z € int(I), F*(z*) = 2} and D* = {2 € int(I), F*(z7) = z}, we

assume A U <Di U Dk>> = 0, where X is the Lebesgue measure.

keN*
When the joint distributions of the pairs (X, X}) are not assumed absolutely continuous (and then

[H4]| is not satisfied), we shall instead assume :
[H5] The dynamical system (X,,)nez belongs to F.

We consider in this chapter linear estimators as in ([EZIl). The sequence of kernels K, is assumed to
satisfy the following assumptions.

(a) The support of K,, is a compact set with diameter O(1/m!/?);

(b) The functions z — K, (z,y) and z — K,,(y,z) are Lipschitz functions with Lipschitz constant

0 (m1+l/d) ;
(c) For all z in the support of K,,, [ Kp(2,y)dy =1;
(d) The bias of the estimator f,, defined in () is of order m,,” / ¢ uniformly on compact sets.

sup [E[ful@)] ~ f(2)| = O(m, %) (48)
[lz(| <M

4.2.3 Results

In all our results we consider kernels K, and a density estimator of the form (EJl) such that assump-
tions (a), (b), (¢) and (d) hold.

Theorem 4.1 (L%-convergence) Geometric case. Under Assumptions [Hj] or [H5] and [H1] or
[H1’], the sequence m,, can be chosen such that inequality (Z-3) holds for all 0 < ¢ < +00.

Riemannian case. Under the assumptions [H}] or [H5], if additionally
— [H2] holds with a > max (1 +2/d+ (d+1)/p,2 4+ 1/d) (n-dependence),
— or [H2'] holds with a > 1 +2/d+1/p (¢-dependence),
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then the sequence my, can be chosen such that inequality [-3) holds for all 0 < q < qo =

2[(a—1)/2].

Theorem 4.2 (Uniform rates, geometric decays) For any M > 0, under Assumptions [Hj] or
[H5] and [H1] or [H1’] we have, for all 0 < q < 400, and for a suitable choice of the sequence my,

/(d+2p)
. log2(0+1)/b an
E sup |[fulx)— f(@)? = O (g—(")

)

||| <M n
/(d+2p)
. log2b+1)/b (), P
sup [fule) — ()] Zan O (g—”
|z <M n

Theorem 4.3 (Uniform rates, Riemannian decays) For any M > 0, under Assumptions [Hj]
or [H5], [H2] or [H2’] with a > 4 and p > 2d, for qo = 2[(a —1)/2] and q < qo, the sequence m,, can

be chosen such that

E sup |fale) = f(@)|" = O (n Tl ) |
llzl|<M

or such that

n(IO*2

[  E—
logq°+d(n) d(ap+2)+r(ao+d)
llell <M

sup |fn(x) - f($)| =q.5. O (

Remarks.

— Theorem Bl shows that the optimal convergence rate of (fE2) still holds in the weak dependence
context. In the Riemannian case, when a > 4, the conditions are satisfied if the density function f
is sufficient regular, namely, if p > d + 1.

— The loss with respect to the i.i.d. case in the uniform convergence rates (Theorems and E3)
is due to the fact that the probability inequalities for dependent observations are not as good
as Bernstein’s inequality for i.i.d. random variables (Bernstein inequalities in weak dependence
context are proved in [A4]). The convergence rates depend on the decay of the weak dependence
coefficients. This is in contrast to the case of independent observations.

— In Theorem the loss is a power of the logarithm of the number of observations. Let us remark
that this loss is reduced when b tends to infinity. In the case of n-dependence and geometric
decreasing, the same result is in [&1] for the special case b = 1. In the framework of ¢-dependence,
Theorem B2 seems to provide the first result on uniform rates of convergence for density estimators.

— In Theorem EE3], the rate of convergence in the mean is better than the almost sure rate for technical
reasons. Contrary to the geometric case, the loss is no longer logarithmic but is a power of n. The

rate gets closer to the optimal rate as gy — oo, or equivalently a — oo.
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— These results are new under the assumption of Riemannian decay of the weak dependence coeffi-
cients. The condition on a is similar to the condition on [ in [H]. Even if the rates are better than
in [A2], there is a huge loss with respect to the mixing case. It would be interesting to know the

minimax rates of convergence in this framework.

4.3 Models, applications and extensions

The class of weak dependent processes is very large. We apply our results to three examples : two-
sided moving averages, bilinear models and expanding maps. The first two will be handled
with the help of the coefficients 7, the third one with the coefficients ¢.

4.3.1 Examples of 7-dependent time series.

It is of course possible to define n-dependent random fields (see [26] for further details) ; for simplicity,

we only consider processes indexed by Z.

Definition 4.4 (Bernoulli shifts) Let H : R” — R be a measurable function. A Bernoulli shift
is defined as X,, = H(&,—;,i € Z) where (&;)icz is a sequence of i.i.d random variables called the

mnovation process.

In order to obtain a bound for the coefficients {n(r)}, we introduce the following regularity condition
on H. There exists a sequence {J,} such that

SUEE |H (&i—j,j € Z) — H (&—j1jj<r,j € Z)| < 6y,

e
Bernoulli shifts are n-dependent with n(r) = 20,/ (see [A]). In the following, we consider two

special cases of Bernoulli shifts.

1. Non causal linear processes. A real valued sequence (a;);cz such that Z]’ez a? < oo and
the innovation process {,} define a non-causal linear process X, = Zfz a;&n_i. If we
control a moment of the innovations, the linear process (X)) is n-dependent. The sequence
{n(r)}ren is directly linked to the coefficients {a; };cz and various types of decay may occur. We
consider only Riemannian decays a; = O (z'*A) with A > 5 since results for geometric decays
are already known. Here n(r) = O (Z\i\>r/z ai) = O(r'=4) and [H2] holds. Furthermore, we
assume that the sequence (&;);cz is i.i.d. and satisfies the condition [Ee™0| < C(1 + |u|)~°, for
all v € R and for some § > 0 and C' < oo. Then, the densities f and f;; exist for all j # &
and they are uniformly bounded (see the proof in the causal case in Lemma 1 and Lemma 2 in
[57]) ; hence [H4] holds. If the density f of Xy is p-regular with p > 2, our estimators converge
to the density with the rates :
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— n~=P/r+1) in Li-norm (¢ < 4) at each point z,

— n~P/2p3/2) in L9-norm (q < 4) uniformly on an interval,

— (log*(n)/n) PIAPES) most surely on an interval.

In the first case, the rate we obtain is the same as in the i.i.d. case. For such linear models, the
density estimator also satisfies the Central Limit Theorem (see [65] and [25]).

2. Bilinear model. The process {X;} is a bilinear model if there exist two sequences (a;);en=

and (b;);en+ of real numbers and real numbers a and b such that :

o (o]
Xe=&|a+> aXij | +b+> X (4.9)
j=1 j=1
Squared ARCH(c0) or GARCH(p, ¢) processes satisfy such an equation, with b = b; = 0 for
all j > 1. Define

A= HfoHpZaj + ij :
j=1 j=1

If A < 1, then the equation [EH) has a strictly stationary solution in LP (see [A3]). This solution

is a Bernoulli shift for which we have the behavior of the coefficient 7 :

— n(r) = O (E~") for some A > 0 if there exists an integer N such that a; = b; = 0 for i > N.

— n(r) = O(E=27) for some A > 0 if a; = O(E~4") and b; = O(E~P?) with A > 0 and B > 0.

— n(r) = O({r/log(r)} ) for some A\ > 0 if a; = O(i~*) and b; = O(i"B) with A > 1 and
B >1.

Let us assume that the i.i.d. sequence {&} has a marginal density f: € C,, for some p > 2.

The density of X; conditionally to the past can be written as a function of f¢. We then check

recursively that the common density of X; for all ¢, say f, also belongs to C),. Furthermore, the

regularity of f¢ ensures that f and the joint densities f; for all j # k are bounded (see [&3])

and [H4]| holds. The assumptions of Theorem Bl are satisfied, and the estimator fn achieves

the minimax bound ([E2) if either :

— There exists an integer N such that a; = b; =0 for i > N ;

— There exist A > 0 and B > 0 such that a; = O(e™*) and b; = O(e~P?);

~ There exist A > 4 and B > 5 such that a; = O(i~4) and b; = O(i~P). Then, this optimal
bound holds only for 2 < g < q(A, B) where ¢(A, B) =2[((B—-1) A A)/2].

Note finally that the rates of uniform convergence provided by Theorems and are sub-

optimal.

4.3.2 Examples of ¢y-dependent time series.

Let us introduce an important class of dynamical systems :
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Example 4.1 (T; = F'(Ty)):en is an expanding map or equivalently F is a Lasota-Yorke function

if it satisfies the three following criteria.

— (Regularity) There exists a grid 0 = ag < a1+ < ap, = 1 such as F € C; and |F'(z)| > 0 on
lai—1,a;] for each i =1,... ,n.

~ (Ezpansivity) Let I,, be the set on which (F™) is defined. There exists A > 0 and s > 1 such that
infper, [(F™)'] > As™.

— (Topological mizing) For any nonempty open sets U, V| there exists ng > 1 such as F~™"(U)NV # &

for all n > ng.

Examples of Markov chains X,, = G(X,,4+1,¢,) associated to an expanding map {7}, } belonging
to F are given in [6] and [29]. The simplest one is X = (Xx_1 + €x) /2 where the g follows a
binomial law and Xy is uniformly distributed on [0, 1]. We easily check that F'(z) = 22 mod 1, the
transformation of the associated dynamical system 7T,,, satisfies all the assumptions such as 7T;, is

an expanding map belonging to F.

The coefficients of p-dependence of such a Markov chain satisfy ¢(r) = O(e™") for some a > 0
(see [29]). Theorems BTl and EEZ give the L rate n—?/(2r+1) | the uniform LL? rate and the almost sure
rate (log*(n)/n) PP+ of the estimators of the density of pyg.

4.3.3 Sampled process

Since we do not assume stationarity of the observed process, the following observation scheme is
covered by our results. Let (x,)nez be a stationary process whose marginal distribution is absolu-
tely continuous, let (hy)nez be a sequence of monotone functions and consider the sampled process
{Xinti<ign defined by X, = x5, ;). The dependence coefficients of the sampled process may decay
to zero faster than the underlying unobserved process. For instance, if the dependence coefficients of
the process (z,,)nez have a Riemannian decay, those of the sampled process {zp,, ()} with hy, (i) = i2"
decay geometrically fast. The observation scheme is thus a crucial factor that determines the rate of

convergence of density estimators.

4.3.4 Density estimators and bias

In this section, we provide examples of kernels K,, and smoothness assumptions on the density f
such that assumptions (a), (b), (¢) and (d) of subsection are satisfied.

Kernel estimators The kernel estimator associated to the bandwidth parameter m,, is defined by :

n

Fu(z) = f: K <m}/d(g; - Xi)> .
i=1
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We briefly recall the classical analysis for the deterministic part R, in this case (see [I08]). Since
the sequence {X,} has a constant marginal distribution, we have E[f,(z)] = fn(x) with fn(z) =
f nK(s)f <x — s/m}@/ d) ds. Let us assume that K is a Lipschitz function compactly supported in
D C R% For p > 0, let K satisfy, for all j = j; +--- + jq with (j,...,jq) € N :

1 ifj=o0,
/Jll. .xffK(xl,...,a:d)dxl---dxd: 0 for je{l,...,[p—1] -1},
40 ifj=[p—1].

Then the kernels K,,(z,y) = mK (ml/d(x —y)) satisfy (a), (b) and (c). Assumption (d) holds and
if f € C,, where C, is the class of function f such that for p = [p —1] +cwith 0 < ¢ < 1, f
is [p — 1]-times continuously differentiable and there exists A > 0 such that V(z,y) € R? x R,
|0 () — U=t (y)| < Az — y|°.

Projection estimators We only consider in this section the case d = 1. Under the assumption that
the family {1, z,22,...} belongs to L?(I, 1), where I is a bounded interval of R and yx is a measure on
I, an orthonormal ba51s of L?(I, i) can be defined which consists of polynomials {Py, Py, P»,...}. We
assume that f belongs to a class C; which is slightly more restrictive than the class C, (see Theorem
6.23 p.218 in [E6] for details). Then for any f € L?(I, p)NCy, there exists a function 7y, € Vi, such
that sup,es |f() — Tfm, (2)] = O(my"). Consider then the projection 7, f of f on the subspace
Vin,, =Vect{Py, Pi,..., Py, }. It can be expressed as

o () = 2 { [P} pe.

The projection estimator of the density f of the real valued random variables {X;}1<i<p is naturally
defined as

n o mn

E:KﬁnxX' E:E:P

i=1 j=0
Then Ef,(z) = @, f(x) is an approximation of f(z) in V,,,. The fact that I is compact and the
Christoffel-Darboux formula and its corollary (see [I06]) ensure properties (a) and (b) for the kernels
K,,. We easily check that properties (c) also holds. Unfortunately, the optimal rate (m,"”) does not
necessarily hold. We then have to consider the weighted kernels K% (z,y) defined by :

m J

K (z,y) = am; > Pelx)Pi(y) ,

j=0 k=0

where {a,,;; m € N,0 < j < m} is a weight sequence satisfying Z;-”:O am,; = 1 and for all j :

limy, o0 Gm,; = 0. If the sequence {a,, ;} is such that K2 is a nonnegative kernel then |[K% |1 =
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J; K& (z,5)du(s) = 1 and the kernel K, satisfies (a), (b) and (c). Moreover, the uniform norm of the
operator f — K x f(z) is sup) g =1 [|[ K5, * flleo = [ K7, |[1 = 1. The linear estimator built with this

kernel is
n o mn

=233 ZPk

zle

and its bias has the optimal rate :

Efi(@) = f@) = |Kp, * f@) = 7 pm, f(2) + Tpm, f(2) = f(2)]
(K, (f(2) = T g, £ (@) + 7pm,, f(2) = f2)]
(1B, L+ Dmy,” = O(my,”) .

NN

Such an array {a,, ;} cannot always be defined. We give an example where it is possible.

Example 4.2 (Fejer kernel) For the trigonometric basis {cos(nz),sin(nx)},en, we can find a 27-
periodic function f € Ci such that supye(_r. |f(z) — mpnf(x)] = O(m~"logm). The associated

estimator reads :

fa(z) = % E Zn: in:cos kX;) cos(kx) + sin(kX;) sin(kx) .
i=1 k=1

We remark that Efn s the Fourier series of f truncated at order m, :

1 27
D, f(@) =5 [ f(t)Di, (z — 1)D .
where
x) = 3 otk _ sin({2m + 1}x/2)
Dy () k:zm S

is (the symmetric) Dirichlet’s kernel. Recall that Fejer’s kernel is defined as
! mzl D) mzl < 1 |I<:|> ke _ sin’(ma/2)
=— k() = - = -
m = b 2) m m sin?(z/2)

The kernel F,, is a nonnegative weighted kernel corresponding to Dirichlet’s kernel and the sequence
of weights ay, j = 1/m and satisfies (a), (b) and (c). The estimator associated to the Fejer’s kernels
is defined by

; 1 s 1
fulz) = % E lel kzlcos kX; cos kx + sin kX; sin kx|
i=1j

If the common density f is 2m-periodic and belongs to Cy, then assumption (d) holds.
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Using general Jackson’s kernels (see [89]), we can find an estimator such that R, = O(m,"” / d) for
other values of p, but the weight sequence a,, ; highly depends of the value of p.
Wavelet estimation Wavelet estimation is a particular case of projection estimation. For the sake

of simplicity, we restrict hte study to d = 1.

Definition 4.5 (Scaling function [38]) A function ¢ € L*(R) is called a scaling function if the
family {¢(- — k); k € Z} is orthonormal.

We choose the bandwidth parameter m,, = 2/(®) and define Vj = Vect{¢; i,k € Z}, where ¢;; =
21/24(27 (x — k)). Under the assumption that ¢ is compactly supported, we define (the sum over the

index k is in fact finite) :

folz) = % S bim (X)) -

k=—o00 i=1

The wavelets estimator is of the form (T with K(z,y) = > 2 ¢(y —k)d(z — k) and K, (z,y) =
mIK (mxz, my). Under the additionnal assumption that ), ., ¢(x — k) = 1 for almost all x, we can

write :

)

&=
—~
Bl
—~

8
~—

|
=

8

=
N

/ Ko (4, 2) f(y)dy — [ ()

)

_ / ma K (my, maz) (£ (y) — f(2))dy

= /mnK(mnx—}—t,mnx)(f(x—i—t/mn) —f(x))dt' .

If ¢ is a Lipschitz function such that [ ¢(z)z/de = 0if 0 < j < [p — 1] and [ ¢(x)zlP~Hdx # 0,
then the kernel K, satisfy properties (a), (b) and (c). If f € C}, then Assumption (d) holds.

4.4 Proof of the Theorems

The proof of our results is based on the decomposition :

~

fula) = £(@) = falw) =B (fule)) + B (fulo)) ~ £(2) - (4.10)

FLy, (z)=fluctuation bias

The bias term is of order m,,” /d by Assumption (d). We now present three lemmas useful to derive

the rate of the fluctuation term.

Lemma 4.1 (Moment inequalities) For each even integer q, under the assumption [Hj] or [H5]

and if moreover one of the following assumption holds :
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— [H1] or [H1’] holds (geometric case) ;
~ [H2] holds, m,, = n®log(n)” with § >0, v € R and
(g—1)6(4 +2/d) 1>

a>max | q—1, , 24 =
(q q—2+6(4—q) d

— [H27] holds, m,, = n’log(n)” with § >0 and v € R and

(¢g—1)0(2+2/d) 1
a>max<q—1, = 2+0(d—q) ’1+E> .

Then, for each = € R,
limsup (n/my )" || FLy(2)||2 < +oo .

n—00

Lemma 4.2 (Probability inequalities)
— Geometric case. Under Assumptions [Hj[| or [H5] and [H1] or [H1’] there exist positive constants
C1,Cy such that

P <\FLn(ac)\ > ax/mn/n) C1 < exp{—Coet/+11

— Riemannian case. Under Assumptions [H}] or [H5], if m, = n’log(n)" and if one of the following
assumtions holds :
~ [H2] with a > max{1 +2(6 +1/d)/(1 —§),2+ 1/d},
— [H2'] with a > max (1 + 2{1/d(1 — 6)},1 + 1/d),

then,
P <|FLn(x)| Z ey mn/”) <Ce
with g9 =2 [(a—1)/2].

Lemma 4.3 (Fluctuation rates) Under the assumptions of Lemma -3, we have for any M > 0,

sup |FL,(z)| =45 O (1 / Mn log(b+1)/b(n)> :
[l <M n

m1+2/CI0 W
sup |FLy(z)| =4.5. O L logn |

— Geometric case.

— Riemannian case.

Jall <M nl=2/a0
with qo = 2[(a —1)/2].
Remarks.

— In Lemma EJl, we improve the moment inequality of [#2], where the condition in the case of

coefficient 7 is a > 3(¢ — 1), which is always stronger than our condition.
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— In the i.i.d. case a Bernstein type inequality is available :

P <|FLn(az)| > eﬁ) < Chexp (—Che?)

Lemma provides a weaker inequality for dependent sequences. Other probability inequalities
for dependent sequences are presented in [29] and [E4].
— Lemma gives the almost sure bounds for the fluctuation. It is derived directly from the two

previous lemmas.

Proof of the lemmas
Proof. [Proof of Lemma B Let x be a fixed point in R%. Denote Z; = u,(X;) — Eu,(X;) where
un(.) = K, (., 2)//My. Then

n

i

ZZ’i = Zun(Xz) - Eun(Xz) = - (fn(x) - Efn(x)) = FLn(x) . (4-11)
=1 =1

N

The order of magnitude of the fluctuation F'L,(z) is obtained by applying the inequality (EX) to
the centered sequence {Z;}1<i<, defined above. We then control the normalized fluctuation of (ETTI)
with the covariance terms Cj(r) defined in equation (EH). Firstly, we bound the covariance terms :

— Case r =0. Here t; = --- = t;, = 4. Then we get :
Ci(r) = |cov (Zy, -+ Zy,, Ziysr -+ Z, )| < 2E|Z4)F

By definition of Z; :
E|Zif* < 2Eun (X)[F < 25[[un |5 Elun(Xo)] - (4.12)
— Case r > 0. Ci(r) = !cov (Z, -+ 2y, 2,y ---Ztk)‘ is bounded in different ways, either using
weak-dependence property or by direct bound.
— Weak-dependence bounds :

— n-dependence : Consider the following application :

Gp(x1, .. xp) = (up(z1) - - up(xp)) -

Then [|¢plloo < 2°|tn|/% and Lip ¢ < 2°||tn|/B 'Lip u,. Thus by 7-dependence, for all k > 2
we have :
Cr(r) < (p2°|lunlBs '+ (k — p)Qp_kHunHIéJk_l) Lip unn(r) ,
< K2l Lip () (113
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— @-dependence : We use the inequality (). Using the bound
Elgp(X1, .-, Xp)| < JunlB Elun(Xo)] |
we derive a bound for the covariance terms :
Cr(r) < k28 |Junl|s *Elun (Xo) [Lip und(r) - (4.14)

— Direct bound : Triangular inequality implies for Ci(r) :

k
E [ 2.l

k
E H Z,
i=1

p
\cov (Zy, -+ Zyy, Zayy -+ 2y )| < +|E]] 2.
i=1 i=p+1
N———
A By Brp

A = ’E(UN(XH)_Eun(Xh))"'(un(th)_Eun(th))’ ’
= [Bun(Xo)[" + [E (un(X,) -+ un (X))
k—1
Y B (X Y [E (un(Xay) (X))
s=1 iy <Kl

Firstly, with £ > 2 :
(B (Xo)|* < Ilunlls ™ (Blun(Xo)[)? -
Secondly, if 1 <s<k—1:

‘IE <un(Xti1) (X, )) (

N

E|un(Xtil) o 'un(Xt¢S)| )
< 55 Elun(Xo)]
[Eun(Xo)*™ < Jlunlls® ™ Elun(Xo)| -

Thirdly there is at least two different observations with a gap of » > 0 among X;,,..., X so

k
for any integer k > 2 :

|E (un(Xey) - - un(Xe,,))| < ”unH§52E‘un(X0)un(Xr)‘ .
Then, collecting the last four inequations yields :

A< funll5S® (Elun (Xo)])?
k—1

+(Blun(Xo))* D C¥llun(Xo)[15 + [ |5 *Blun(Xo)un(X,)] -
s=1
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So :
A< a2 (2% = 1) (Elun(X0)])? + Elun(Xo)un(X,)]) - (4.15)

Now, we bound B; with ¢ < k. As before :

Bi = B (un(Xp,) = Eun(Xp,)) - (un(Xy,) — Bun(Xy,))]

= B Y[ (i) (X))
s=0

tj1 S St

)

< 2 |un |5 (Elun(Xo)))? -
Then :
By % By < 215 (Elun (Xo)])* < 2¥fun 155 2(Efun (X0))? (4.16)

Another interesting bound for r > 0 follows, because according to inequalities (EE1H)) and (ET0)

we have :

Ci(r) < lunll5? (2 = 1) (Elun(Xo))? + Elun (Xo)un (X,)]) -
Noting 7, (1) = E|un (Xo)un(X,)| V (E|un(Xo)|)?, we have :

Cr(r) < 2 un |55y (r) - (4.17)

We now use the different values of the bounds in inequalities ([E12), [EI3), EI4) and EID). If we
define the sequence (w,)o<r<n—1 a8 :

- wo =1,

= wyp = V(1) A [|tn[oc Lip unn(r) A Elun(Xo)|Lip une(r),

then, for all r such that 0 <r <n—1and forall £ > 2 :

Cr(r) < k2k||un\|§g2wr .

We derive from this inequality and from 3 :

n q (2(] _ 2)| n—1 a/2 n—1 »
Zi| < =74 (nD Ca(r) | Ve (r+1)T2C ()
i=1 q r=0

(g —1)! r=0

n—1 q/2 g—2n—1
< (davi)’ (Zw”> V(L) ey

r=0 r=0
In order to control w,, we give bounds for the terms 7, (1) = E|u, (Xo)u,(X;)| V (E|u,(Xo)])? :
— In the case of [H4], we have :
Efun (Xo)un(Xp)| < sup;p [ fnlloollunllf
(Elun(Xo))* < [1F136llunll? -
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— In the case of [H5], Lemma 2.3 of [98] proves that E|u, (Xo)u,(X;)| < (E|u,(Xo)|)? for n sufficiently
large and the same bound as above remains true for the last term.
In both cases, we conclude that 7, (r) =< ||u,|?. The properties (a), (b) and (c) of section and

the expression u,, = K,,, /\/m, ensure that |u,|; =< and Lipu, < my/*™/%. We deduce using
n
the compact support of K that ||uy||cc = v/myn. We then have for r > 1 :
1
wy = — AmAFVdn )y Ambdp(r) . (4.18)
n
In order to prove Lemma ET, it remains to control the sums
lunlloe \ 25, 4 2 L reasa 1/a
T Z(r +1) — Amy, () Ama/Yo(r) (4.19)
n

r=0

for kK =2 and k = ¢ in both Riemannian and geometric cases.

— Geometric case.
Under [H1] or [H1’] : We remark that a Ab < a®b' =% for all a € [0;1]. Using [@IX)), we obtain first
that w, < (n(r) A gp(r))amg(lﬂ/d)*(l*a) for n sufficiently large. Then for 0 < o < ﬁ we bound
w, independently of m,, : w, < (n(r) A ¢(r))*. For all even integer k > 2 we derive from the form
of 7(r) A ¢, that (in the third inequality u = ar?) :

n—1 n—1
Z(r + D 2w, < Z(r + 1)F 2 exp(—aar?) ,
r=1 r=0
o0
< / rk—2 exp(—ozcn“b)dr ,
0
1 Ry
< — / uw'r ! exp(—u)du ,
ba v J1
=

1 kE—1
).
ba T b

Using the Stirling formula, we can find a constant B such that, for the special cases k£ = 2 and

k=q:

o

n—1
1 k—1
> (r+ 1w, = — T <—> < (Bk)» .
r=1 ba v b
— Riemannian case.
Under [H6] and [H2] : Let us recall that [H6] implies that m,, < n° for n sufficiently large and
0 < 6 <1 and that the assumption of Lemma BTl implies that :
d(g—1)(4+2/d) 1>

a>max | qg—1, , 24 —
(q q—2+6(4—q) d
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S(k —1)(4 + 2/d)
k—2+06(4— k)

Then, we have a > max | k — 1, ) for both cases k = g or k£ = 2. This assumption

on a implies that :
(k+2/d)0+2—k - 4—k)o+k—2
2(a—k+1) 2(k—1)
Furthermore, reminding that 0 < § < 1 :
(4—-k)o+k—2 k(1+06) —49

0 =1—-—— < 1.
ST ko) 5k — 1)

We derive from the two previous inequalities that there exists ;. €]0, 1[ verifying

(k+2/d)s +2—k (4—K)o+k—2
20a—k+1) 20k — 1)

< (e <

For k = q or k = 2, we now use Tran’s technique as in [2]. We divide the sum (1Y) in two parts

in order to bound it by sequences tending to 0, due to the choice of (; :

k—2 [nk]~1 k=21 cetk—1
( %> >+ e, < ( @> il
" r=0 n M
< &1 —((4-k)o+k=2))/2 7
= 0(Q1),
k—2 n—1 k—2
Mn Z (r+ )P 2w, < M o H /[ Ge 1

< n(f2<k(afkf1)+((k+2/d)5+27k))/2

= 0(1).
Under [H6] and [H2’] : Under the assumption of Lemma E1]:

(g —1)(2 +2/d) 1
q—2+6(4—q) ’1+5> ’

a>max<q—1,

we derive exactly as in the previous case that there exists ¢ €]0;1[ for K = g or k = 2 such that
(k—2+2/d)d+2—k (4—k)o+k—2
2(a—k+1) 2(k—1)
We then apply again the Tran’s technique that bound the sum (EEI9) in that case.
Lemma ET] directly follow from (ETIT). O

Remarks. We have in fact proved the following sharper result.In the geometric case, there exists a

< (i <

constant C' > 0 such that for every even integer ¢ and all z in the support of K,,, :

l

q < <0q1+1/b)q. (4.20)

q

1 n
NG > K, (Xi ) = EKpp,, (X5, )
"i=1
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Proof. [Proof of Lemma EEZ| The cases of Riemannian or geometric decay of the dependence coeffi-
cients are considered separately.
— Geometric decay We present a technical lemma useful to deduce exponential probabilities from
moment inequalities at any even order.
Lemma 4.4 If the variables {V,, }nez satisfies, for all k € N*

[Vallar < (2k) (4.21)
where ¢ is an increasing function with ¢(0) = 0. Then :
B(IVal > ) < & exp (—67(e/e) -
Proof. By Markov’s inequality and Assumption ([EZII), we obtain

P(|[Va| =€) < <M>2k .

€

With the convention 0° = 1, the inequality is true for all k& € N. Reminding that ¢(0) = 0, there
exists an integer ko such that ¢(2kg) < e/e < ¢(2(ko + 1)). Noting ¢! the generalized inverse of

¢, we have :

2ko
P([Val 2 e) < <¢(26k0)> < e ko = 2 2kotl)
< efexp (=@ ' (e/e)) .
0
We rewrite the inequality @20 [,/ FL.| < ¢(2b) with 6(z) = Ca*#" for a convenient
" 2k

constant C. Applying Lemma B4l to V,, = , /anFLn we obtain :

P <|FLn| > e@) <eexp (—o7 (e/e))

and we obtain the result of the Lemma E2
— Riemannian decay In this case, the result of Lemma EJ] is obtained only for some values of ¢
depending of the value of the parameter a :

— In the case of n-dependence :

< 1+d+2/d 1>
a>max |q— 1, ————— -] .

2
1-s °tu4

— In the case of p-dependence :

2 1
a>max<q—1,1+m,1+a> .
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We consider that the assumptions of the Lemma B2l on a are satisfied in both cases of dependence.
Then ¢y = 2 [“T_l] is the even integer such that a —1 < g9 < a + 1. It is the largest order such
that the assumptions of Lemma Bl (recalled above) are satisfied and then the Lemma T gives

0/2
us directly the rate of the moment : lim sup <i> [ FLy(2)||%0 < +o00. We apply Markov to
m

n—00 n

obtain the result of Lemma :

qo
(\/Z 1L () o)
40

mnp

P <]FLn(m)] > —) <

n

]

Proof. [Proof of Lemma EZ3] We follow here Liebscher’s strategy as in [4]. We recover B := B(0, M),
the ball of center 0 and radius M, by at least (4Mp + 1)¢ balls B; = B(z;,1/u). Then, under the
assumption that K,,(.,%) is supported on a compact of diameter proportional smaller than 1/m!/?,

we have, for all j :

m, U/

sup |FLy(2)] < |/fu(2;) = Efala;)| +C (1fn(25) = Efalay)] + 2[Efalz;)]) | (4.22)

Z‘EBJ'

with C' a constant and f,(z) = LS K, (2, X;) where K, is a kernel of type K, (z,y) =
Komk(a:,y,xj,l/ml/d). The 1/b-Lipschitz function k(z,y,a,b) is equal to 1 on B(a,b) and null
outside B(a,b+ 1/b). The constant Ky is fixed in order that K, satisfies properties (a), (b) and (c)

of section Then using ([E22)) and with obvious short notation :

- (AMp+1)4 -
P ( sup |FLy(z)| > 6”—”) < Z P (sup |FL,(x)| > 6\/—71) ,
lz)| <M n j=1 zeB; n
sup P <\FLn(x])] > g4/ %>
z€B; n
mi/¢ m
+P (C’ " |FL, ()] >51/—”>
w n
my/® m
+P (20 " Efu()] > ey /—")] .
,u n

Using the fact that f is bounded, Ef, = [ Ko, (z,5)f(s)ds is bounded independently of n. Then

_ 1/d  ~
taking u = mi/? 1/2n1/2L(n)/5 ensures that P <20mz |Efrn(z;)| > 5,/%) is null for n sufficiently

large. Applying Lemma on f and f, uniform probability inequality in both cases of geometric

< (AMp+1)
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and Riemannian decays become :

b
P| sup |FL,(x)| > e, L u? exp ( —C’efﬁl> , (4.23)
<M "
mn d_—
P( sup |FLp(2)| Zeny/— | =< p,%. (4.24)
<M K

In the geometric case, fix &, as G(log n)(b“)/b such that the bound becomes p%n~%“. Reminding that
p < n, the sequence p%n~¢¢, bounded by n¢¢C is summable for a conveniently chosen constant
G. Borel-Cantelli’s Lemma then concludes the proof in this case.

In the Riemannian case, take e, = (ml=%/2pl*d/ 2)%% logn in order that the bound becomes
n~'log=® nL(n). Reminding that gy > 2, this sequence is summable and here again we conclude

by applying Borel-Cantelli’s Lemma. [

Proof of the theorems

The order of magnitude of the bias is given by Assumption (d) and the Lemmas provide bounds for
fluctuation term. There only remain to determine the optimal bandwidth m,, in each case.

Proof. [Proof of Theorem BT Applying Lemma ET] yields Theorem BTl when ¢ is an even integer.
For any real ¢, Lemma BTl with 2([¢/2] 4+ 1) > 2 and Jensen’s inequalities yields :

v a/2 2([q/2]+1
<i> E|FLn(z)|? = <i> E(FLn(w)zwq/ﬂH))q/{ farzren)

Mn Mn

[q/2]+1
((ﬂ) ! EFLn(w)Q(WﬂH)

Mn

N

)q/{2((q/21+1)}

Plugging this bound and the bound for the bias in ([EI0), we obtain a bound for the Li-error of

estimation :

| () = F@)llg < |FLu(@)]lg + |Ra(@)| = O ( /% N m;p/d> _

d
The optimal bandwidth m} = n2+d is the same as in the i.i.d. case. Thus [H6] holds with ¢ = Tid'

For this valued of §, the conditions on the parameter a of Lemma are equivalent to those of
Theorem ET] O

Proof. [Proof of Theorem 2| Applying the probability inequality [EZ3) in the proof of Lemma
and the identity E[Y|? = [P (|Y'| > ¢/9) dt, we obtain

q
E sup |fn(x)—f(aj)|qzo<{ /%bg(b-i-l)/b(n)} Jrm;qp/d> .
[zl <M n
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Lemma gives the rate of almost sure convergence :

sup ]fn(x) — f(z)| =as. O <, / Mn logHT1 n+ mnp/d> .
||| <M n

In both cases, the optimal bandwidth is m* = (n/log2®+1)/0(n))4/(2etd) " which yields the rates
claimed in Theorem B2 [J
Proof. [Proof of Theorem B3] Applying the probability inequality ([E24]) and the same line of rea-

soning as in the previous proof, we obtain

2 q
E sup |fn($) —f@)?=0 << %mzﬁd> + m;qp/d) :
llzl|<M V n

where gy = 2[(a — 1)/2]. The optimal bandwidth m} = nd/(d+2p+2d/(w+d) jmplies [H6] with § =
d/(d+2p+2d/(qo + d)). For this value of 9, the conditions on a of Lemma E2] are satisfied as soon
as a > 4 and p > 2d.

Lemma B3l gives the rate for the fluctuation in the almost sure case. This leads the optimal bandwidth

d
- d(qp+2)+p(ag+d)
m;‘L = (nqo 2/logq°+d(n)) (a0 +2)+p(qo+d) .

We then deduce the two different rates of Theorem E3 either in the almost sure or in the L¢

framework. [J
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Chapitre 5

Adaptive density estimation under

dependence

Abstract

Assume that (Xy)iez is a real valued time series admitting a com-
mon marginal density f with respect to Lebesgue measure. Donoho et
al. (1996) propose a near-minimax method based on thresholding wa-
velets to estimate f on a compact set in an independent and identi-
cally distributed setting. The aim of the present work is to extend this
methodology to different weakly dependent cases. Bernstein’s type in-
equalities are proved to be sufficient to extend near-minimax results.
Assumptions are detailed for dynamical systems and under the n-weak
dependence condition from Doukhan & Louhichi (1999). The threshold
levels in our estimator integrates the dependence structure of the se-
quence (Xy)iez through one parameter . The near minimaxity is ob-
tained for LP-convergence rates (p > 1). An estimator of 7 is obtained
by a cross-validation procedure. The procedure is illustrated via a simu-
lation study of some dynamical systems and non Markovian n-weakly

dependent sequences.

Keywords : Adaptive estimation, Asymptotic minimax, Hard thresholding, Nonpa-

rametric density estimation, Wavelets, Weak dependence.

Note

111
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The content of this part is based on a paper, written in collaboration with Iréne
Gannaz, submitted to ESAIM P& S.
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Introduction

Let (X)iez be a real valued time series admitting a common marginal density f that is compactly
supported. The general purpose of this chapter is to estimate f by a wavelet estimator fn constructed
from n observations (Xi,...,X,). We refer to Vannucci (1998) [I09)] for a survey of the use of wave-
let bases in density estimation. Wavelets are interesting because they are localised both in time and
frequency. Donoho et al. (1996) [35] showed that projection-like linear estimators are not optimal in a
minimax approach, i.e. that their rates of convergence are slower than the minimax one. Introducing
nonlinearity by thresholding wavelet coefficients allow them to obtain quasi-optimal results. The cor-
responding estimators are called near-minimax because their rates differ from the minimax one only
up to a logarithm term. The present work extends wavelet density estimation from the independent
and identically distributed (iid for short) framework to cases where dependence between variables
occurs. Many kinds of thresholding exist, such as for example Hall and Patil’s (1995) [64] or those
presented in Antoniadis and Fan (2001) [5], but we restrict ourselves to hard-thresholding.

Several ways of quantifying dependence have already been worked out. One of the most popular is
the notion of mixing. For S-mixing, Tribouley and Viennet (1998) [T07] have proved the optimality
of an estimator f,, for which the Mean Integrated Square Error (MISE for short) is the minimax one.
Comte and Merlevede (2002) [23] obtain a near-minimax result for more general a-mixing models,
paying the gain of generality by a logarithm loss in the convergence rate. However, the class of a and

[B-mixing models is quite restrictive. Andrews (1984) [I] exhibits the simple non-mixing process
1
X = 3 (Xi—1 + &), where (&)iez iid with law Bern(p). (5.1)

New coefficients have been recently introduced to study such non mixing models. Via a time reversion,
the Markov chain (&) is distributed as the dynamical system (Y; = T%Y})ez, where Yy follow the
uniform distribution on [0, 1] and 7'(x) = 2z mod1 (see Barbour et al. (2000) [6] for more details). As
noted by Dedecker and Prieur (2005) [29], such dynamical systems (and associated Markov chains)
are dependent but not mixing. The above cited authors introduce the notion of p-weak dependence
to quantify dependence of such processes. Another (eventually) non-mixing class of models is the
one of non-causal Bernoulli shifts —X; = H(§—;,j € Z))iez where (& )iez is an iid process—. These
models belong to the class of n-weak dependent processes (see Doukhan and Louhichi, 1999, [AT]).

The estimation scheme is based on Donoho et al. (1996)’s procedure, in [35], and it is adaptative with
respect to the regularity of f. The hard-threshold levels of the estimator fn integrate the dependence
of the observations via a parameter ~. If the weak dependence context is known, the estimator is
near minimax : in the case of dynamical systems the same rate as in iid setting is achieved thanks to
inequalities obtained by Dedecker et al. (2007) [27] and by Doukhan & Neumann [#4] and for non-
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causal n-weakly dependent observations another logarithmic loss appears. If the weak dependence
context is unknown, a cross validation procedure gives an estimator 4,,. The resulting estimator AZ"
is adaptative with respect to the dependence and it is available for a large weak dependence range
in an unified approach. We believe that this is a real improvement on existing results because no

restrictive mixing assumptions on the observations are required.

The chapter is structured as follows. The context of estimation is presented in the next section.
Examples of different weakly dependent sequences of interest are given in Section B2 Section B3l is
devoted to the main results where relevent probability inequalities and near minimax rates are obtai-
ned. In Section B4l some numerical applications are discussed and near minimax density estimators

are given by a new cross validation procedure. The proofs are relegated in the last Section.

5.1 Estimation framework

Without loss of generality f is considered supported by [0,1]. Let us recall some useful facts about
wavelet estimation (see Hardle, Kerkyacharian, Picard and Tsybakov (1998) [67] for more details on
wavelet estimation). For all p > 1, IL” denotes in the sequel the space of all functions f supported by
[0,1] such that ||f||5 = [|f(z)Pdz < .

Definition 5.1 An orthogonal multiresolution analysis of L2 is an increasing sequence (Vi)jen of

closed subsets of L% satisfying
(i) ﬂjeNVj = {0} and UjENVj =12,
(ii) V fe L%, Vj €N, f €Vj if and only if x — f(277x) belongs to Vji1,

(iii) There exists a function ¢, called father wavelet, such that {x — ¢(x — k)}rez forms an ortho-

normal base of Vj.

If W; denotes the orthogonal supplement of V; in V1, i.e V11 = V;®Wj, then there exists a function
1) —called mother wavelet— such that {x +— ¥ (x — k) }rez forms an orthonormal basis of Wj. At every
resolution level j > 0 the families {¢; x : @ — 27/2¢(272 — k) }rez and {11 : @+ 27/20(P 2 — k) }rez
are orthonormal bases of respectively V; and W;. Assume that ¢ is supported by [0,1] and has a

zero-moments property of order N € N* i.e. :

Vk=0...N, /gb(x)xkdx = 0o, / ‘qb(x)xNH! dr < oo, (5.2)

and v Y |é(z—k)| €L, (5.3)
k
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(here dg, = 1 if k = 0 and else dy ;, = 0). The above assumptions imply that the associated mother

wavelet ¢ also satisfies
Vk=0...N, /w(x)xkdx =0, / ‘w(x)xN“‘ dx < 0.

Wavelet bases on [0, 1] proposed by Daubechies (1992) [24] are considered with a sufficient number
(N > 4) of vanishing moments to be Lipschitz functions. Recall that a Lipschitz function i : R* — R
for some u € N* is a function such that Lip (h) < oo with

Lip(h) — sup \h(al,...,au)—h(bl,...,bu)].
(@1yean) £ (brsba) @1 = b1+ + ay — by

Note that wavelets ¢ and v are bounded as Lipschitz functions supported by [0, 1].

For any fixed integer jo, an arbitrary function f € L.? can be decomposed as

270 —1 oo 271
f= Z o,k Pjo.k + Z Z Bjo ko k>
Jj=jo k=0

where o), = fo z)d; k(x)dz, B = fo z)j (z)dz. The projection-type estimator is

200 -1 J1(n)27—1
§ : Qjo,kDjo kT E E :53 kW5 ks
Jj=jo k=0

where &, = 1/n 31, ¢ 1(Xi) and G5 = 1/n 31", 1 1(X;) are the empirical estimators of the coef-
ficients oj ;, and (3; ;. Such density estimators can be write on the form : fo(z) =30 | Ko (2, X;), with

(Kn)n>1 sequence of kernels defined by K, (2,4) = Y3 " o k()b s 1)+ 3015 S0 0" hy.0(2) 4 (1)-
The kernels K,, are linear (they can be written as an integral with respect to the empirical distribu-

tion) and thus the estimator f, is linear.

Let (s,m,r) be a triplet such that s >0, 1 < 7,7 < co. The expression

21 rfm\ Y1
I flls.zer = levoo] + Z 9 (s+1/2—1/m)r Z WJ,W :
JjEN k=0

defines a semi-norm on L2 (see Hirdle et al. (1998) [67] for more details). Besov spaces and Besov

balls are respectively denoted

Bi, = {f € L? such that ||f||sr, < +o0}, B, ={feBi,, |Ifllsmr <M}.
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Note that Besov spaces do not depend on ¢ and ¢. For f € B; (M), the LP-mean error of an

estimator f, is defined by E| f, — f||b. The associated minimax rate verify

inf sup Ellfn — fIIE = O(n™%),
feBs . (C) f, estimator of f H " Hp ( )

with
s/(1+ 2s) €=
(s—1/m+1/p)/(1+2s—2/m) e<

)
o =

0
where ¢ = sm— (p —m)/2. (5.4)

0,

Linear estimators, including f,, do not achieve such rates for f € B; (M) with < p. In order to

bypass this drawback, Donoho et al. (1996) introduce in [35] non-linear estimators f,, via thresholding.

Let T\(8) = B1)/> be the hard-threshold function of level A > 0; given n they consider integers jo,

J1 and parameters (\;)j—j,..j, and define

270 —1 j1 29-1
Fo="Y" Giorbion+ D D To (B0 05k,
k=0 i=Jo k=0

In order to achieve a minimax rate —up to a logarithmic term— the paramters defining fn have to be

chosen appropriately. Donoho et al. (1996) obtain in the iid framework the following result :
Theorem 5.1 (Donoho et al., 1996) Suppose that f belongs to a Besov ball By (M) with
1/m<s<N/2, 1<7m<p, 1<r< oo,

where N is the regularity of the wavelet. If (X)iez is an iid sequence, there exists a constant
Co(N,p,s,m, M) such that

1 pa
) ( Oi” : ife#0
Ean_fH£<CO pa
<10g 7’L> (10g n)(p/277r/7“)+7 'l'fE — 07
n

where the minimax rate o and € are given in (0-4) and

210~ pl/(+N) (5.5)
21~ n/logn, (5.6)
Aj = K+/j/n, for a suitable constant K > 0. (5.7)

In a regression framework, Donoho and Johnstone (1995) [36] fix the constant K = /2 for practical

implementation. Hereafter, we will adopt the same choice.
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5.2 Dependent models

Models of this section satisfy the conditions of the theorems stated in Section

5.2.1 Expanding maps

Dynamical systems (X¢)¢>o are defined through a function 7": [0, 1] — [0, 1] by
X; =T4(Xy), VieN

where X is distributed as a Lebesgue dominated measure p on [0, 1] and T% denotes T o T o---o T .
—_—

< terms
Expanding maps (X; = T%(Xp))ten (or equivalently Lasota-Yorke functions T') are dynamical systems

such that

— (Regularity) The function T is differentiable, with a continuous derivate 7" and there exists a grid
0=uap<aj - <ag=1such that |77(x)| > 0 on Ja;_1,a;] for each i = 1,... k.

~ (Ezpansivity) For any integer 4, let I; be the set on which the first derivate of 7%, (T%)', is defined.
There exists a > 0 and s > 1 such that inf,ez, {|(T%) (x)|} > as".

~ (Topological mizing) For any nonempty open sets U, V, there exists ig > 1 such that T=HU)NV #
& for all i > ig.

The class of dynamical systems has remarkable properties (see Viana, 1997, [I10]). Its members admit

an invariant measure pg with a density f € BV where BV is the set of bounded variation functions

h defined on [0, 1] such that ||h||py < 400 where

n

[hllBv = |R(0)] + sup sup > Ih(a:) = hlai-1)].
neNap=0<a1 <-<an=1"7
Note that B} ; € BV C B}, (see e.g. Donoho et al. (1996), [35]). Expanding maps are also geome-
trically ergodic in mean, i.e. there exists constants a, C' > 0 with o < 1 such that E|X; — X;| < Ca?
for all ¢ > 0, where (X;);>0 is the stationary expanding map (X; = T*(Xo))ten obtained with X,
following a distribution po. These models are not mixing (see Dedecker and Prieur, 2005, [29]).

5.2.2 n-weakly dependence

Doukhan and Louhchi have introduced this notion in 1999 in [&T].

Definition 5.2 (Doukhan and Louhichi, 1999) The stationary process (Xi)icz is n-weakly de-
pendent if there exists a sequence of non-negative real numbers (n(r))ren satisfying n(r) — 0 when

r — oo and such that :

‘C’ov(h(Xil,...Xiu),k(XiuH,...,XiuH)){ < (uLip(h) + vLip(k)) n(r)
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for all (u + v)-tuples, (i1,...,0upy) with ip < -+ < iy <y +7 < dyp1 < o+ < dyto, and for all
h,k € AV where

A = {h: Ju>0,h:R*"— R, Lip(h) < 00, ||h]eo = sup |h(z)| < 1}.
reRY

The n-dependence refers to non-causal situations because information “from the future" (i.e. on the
right of the covariance) contributes as much as information “from the past" (i.e. on the left) in the
dependence scheme. This notion of dependence includes general models which may be non-mixing.

We will consider a subgeometric decay, meaning that :
There exist a,b,C' > 0 such that 7(r) < Cexp(—ar?), (5.8)

and we will also assume that the joint densities f;j of (X;, X}) exist and are uniformly bounded for
J# k.
5.2.3 Bernoulli shifts

Let H : R” — R be a measurable function. If the sequence (&)cz is iid on R, a Bernoulli shift with

input process ()7 is defined as
Xy = H ((&—i)iez) , teZ.

Such Bernoulli shifts are n—weakly dependent (see Doukhan and Louhichi, 1999, [AI]]) with n(r) <
E|H (&5 € 2) ~ H (§lyi<r-d € Z)] < 6.

Different values of b in equation (28] arise naturally for specific functions H.

Infinite moving average

The most simple case of infinitely dependent Bernoulli shift is the infinite moving average process

X = Z a;&i—;.

iE€EZ

Doukhan and Lang (2002) [39] prove they are n-weakly dependent with

nr)= | > a (5.9)
\ 151>/

If (aj);-0 satisfies a; < Kalil for j #0, K > 0and 0 < a < 1 then equation (GX) holds with b = 1.
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LARCH(c0) inputs

A vast literature is devoted to the study of conditionally heteroscedastic models. A simple equation
in terms of a vector valued process allows a unified treatment of those models, see [A7]. Let (& )tez
be an iid centered real valued sequence and a,aj,j € N* be real numbers. LARCH(co) models are

solutions of the recurrence equation
o0
Xi=&|a+> a;Xi |- (5.10)
j=1

Assume that A = E|[¢o|>_;>; |a;| <1 then one (essentially unique) stationary solution of eqn. (EIM)
is given by
o0
Xe=6& [a+ Z Z jy §t—jy Ay~ +* Ay &gy —mjp 0 | - (5.11)
k=171,....Jk 21
The solution ([EII) of equation (BIM) is geometrically n—weakly dependent with b = 1/2 if there
exists 0 < o < 1 and K > 0 such that a; < Ka~! for all j > 0 and E|§| <1 — a.

Non-Causal LARCH(c0) inputs

The previous approach extends for the case of Non-Causal LARCH(oo) inputs

Xp=&|a+) ajXi
J#0
Doukhan, Teyssiére and Winant (2005) prove in [A7]| the same results of existence of a stationary
solution as for the previous causal case (only replace summation for 7 > 0 by summation for j # 0).
This solution satisfies equation ([8) with b = 1/2 if there exists K,a > 0 and o < 1 such that
aj < Kalil for all j # 0.

5.3 Main results

In all this section, let (X¢);ez be a stationary real valued sequence, ¢ a father wavelet in L2 satisfying
&2 for N > 4 and the condition (3)), and {v; 1, j € N,k € Z} the wavelet functions associated with.
A probability inequality is given in an unified way for the different cases of dependence introduced

in Section B2 Theorem gives near-minimax estimators for weakly dependent observations.

5.3.1 Probability inequalities

Remark that 1);, is a Lipschitz function with Lipschitz constant O (23j/ 2), its support is a compact
set with diameter O(277) and [ ¢, x(x) dz = 277/2. We then rewrite it as 1, () = K (0,2 —k)/y/m,
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where m = 27 and K,,(z,y) is a general kernel (see [I00] for the definition of this notion). For 7-
weakly dependent sequences, Ragache and Wintenberger [I00] prove, under condition (EX) that there
exists a constant C' > 0 such that for all (j,k) € N2, n € N* and every even integer ¢

q

= | () Bk < (00’ 512)

These bounds of ¢g-th moments are linked to probability inequalities by the following useful lemma :

Lemma 5.1 (Ragache and Wintenberger, 2006) If the variables {V,, }ncz satisfy, for all k € N*
[Vallar < ®(2K)

where ® is an increasing function with ®(0) = 0 and lirf ®(x) = 400, then :
T— 100

P(|Vp| > 0) < e®exp (—271(5/e)) .

Taking V;, = % S i k(Xs) — B (X;) and ®(z) = KT/ leads directly to the first assertion

of the following theorem

Theorem 5.2 There exists constants B,C > 0 and v > 1/2 such that for all (j, k) € N? and n € N*

4

for all 6 > 0 such that there exists K' > 0 with 0% ||¢; x||% < K'n for some constant | > 0. More

precisely

1. y=1+41/b and l = 0, if coefficients n(r) of (Xi)iez satisfy (Z8) and if for all j # k the joints
densities f; 1 of (X;j,Xy) exist and are uniformly bounded.

% Z(l/fj,k(Xz‘) — B¢ x(X5))| = 5) < Bexp (—051/7> , (5.13)
=1

2. v=0.5 and l =1, if (Xy)tez is an iid process.
3. v=0.5 and l =5, if (X¢)ez is a stationary expanding map.

Assertions 2 and 3 of Theorem follow directly from the following Bernstein’s type inequality : for

all A >0
P(

n 2
S s 0(Xs) — By (X2) A
=1

2 ey =
on + A |96

: (5.14)

2)\> < Bexp | -C

where 02 = Var Y., ¥;x(X;) and B,C > 0 do not depend on j and k. From equation (EI3) in
the case ¢ = 2, we know that o2 has the rate n. Fixing § = A\/y/n and under 6%|[1h;||2, < K'n,
A2/ ”W,k”czx/v(lﬂ) < K'n with K” > 0, the result of Theorem B2 with v = 0.5 follows. Equation
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(ETA) with B = 2 and C =1 is the classical Bernstein’s one in the iid case, see for instance Petrov

(1995), [A3]. The result is new for expanding maps and its proof is given in the last section.

The bounds of ¢g-th moments of inequality ([E212) could be weakened as, for every ¢ > 0, there exists
a constant C(q) > 0 such that for all (j, k) € N?, n € N*

q

E % S (5(X0) — B u(X2)| < Cla). (5.15)
=1

This property also holds for dynamical systems as Lasota-Yorke ones (see Ragache & Wintenberger,
[0
5.3.2 Near-minimaxity of the estimation scheme

This result extends the one of Donoho et al. (1996), [35], to dependent settings.
Theorem 5.3 Suppose that f belongs to a Besov ball B (M) with
1/m<s<N/2, 1<7m<p, 1 <r < oo,

where N > 4 is the regularity of the wavelet. Suppose that there exists a couple (,1) and that
conditions of dependence on (Xi)iez hold such that the inequalities (IA) and (ZI3) are satisfied.
Then there exists a constant Co(N,p, s, m, M) such that

[e%
log® n\”

ife 0

pa
> (logn)I=™/M+ ife =0

n
log?' n

E[|f = £I) < Co <

where the minimaz rate o and € are given in [04) and

9j0  ~ pl/A+N) (5.16)
21~ n/logPln, (5.17)
Nj = Kj7/\V/n, for a well chosen constant K > 0. (5.18)

The above result takes into account the dependence of the observations through the threshold. The
dependence of the observations presently changes the behavior of the moments of wavelet coefficients,
determined by Theorem B2 The idea of adapting the threshold level to the behavior of the moments
of the wavelet coefficients estimators is not new but it is usually developped in ill-posed inverse pro-
blems. As it is put in evidence in the Theorem 5.1 of Kerkyachrian and Picard (2000), [[78], the quality
of the estimator relies on an adapted threshold level, that is given by moments and probability in-

equalities on the estimators of the wavelet coefficients. For example, Johnstone et al. (2004) apply this



122 ADAPTATIVE DENSITY ESTIMATION

principle in an ill-posed inverse problems in [75]. Here the idea is exactly the same, but the moment in-

equalities obtained relie on the dependence of the setting rather than on the inversion of the problem.

The result for v = 0.5 is the same as in Donoho et al. (1996), [35]. As noted previously, such values
of v arise in iid context and for dynamical systems. Consequently, Donoho et al. (1996) result is
extended to dynamical systems. It is also extended to expanding maps, where the assertion 1. of

Theorem 2 holds, but the rate obtained differs from a logarithmic term.

The parameter v determines the convergence rates through Theorem It also calibrates the degree
of dependence of the observations through Theorem The optimal vy corresponds to the smallest
error of estimation. This value could change with the dependence of the observations. Theorem
gives us a theoretical value ~ in inequality (BI3) (see section B3l) that leads to near minimax esti-

mators. Such probability inequality exhibits a bound 7y < v but not necessarily the optimal ~g.

5.4 Numerical results

In the next section, we propose to estimate numerically the optimal parameter vy by an estimator

4y, obtained by a cross-validation procedure.

5.4.1 Cross-validation procedure

According to Theorem B3, near-minimax estimators fg with hard-threshold of the form \; =
Kj7/\/n (with K, > 0) are considered in the sequel. Let us fix K = /2, 200 = p!/(+N) 3nd
271 = n/logn as in Donoho and Johnstone (1995), [B6], in order that £ depends only on ~. The
MISE, corresponding to the LLP-mean error for p = 2, is :

MISE() =E [ (#1(@) - 7)) do = EL(),

Note that

=
o
~
I
rYoumnY
>

1) a2 [ @i+ [ far.
—
e

constant

Minimizing the MISE is then equivalent to minimize EJ(f;]). Following Hart and Vieu (1990), [68],
we define a leave-out procedure. Let b, be positive integers and X_;, ¢ = 1...n, be the associated
sub-sampling :

X ={X;, 1<j<n, |i—j|>bn}.
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We define the “leave-out b cross validation function" by :
- 2 e oy
CVi(n) = | (f1@)) de =273 7
i=1

where f’jz is the hard threshold estimator based on the sub-sampling X_;.

The idea is to break the dependence by considering blocks of size 2 x b,, + 1 —>nﬂoo oo around the

observation X; in order to obtain n=1 Y7 , sz(X,) ~n—oo Efzz( ~n—oo ffn x)dz. Lahiri

(2003) shows in [79] the efficiency of such sub-sampling methods in a weakly dependent context.

Hall et al. (1995) prove in [64] that for kernel estimators the bandwith chosen by minimizing the

corresponding “leave-out b cross validation function" is a good estimator of the optimal bandwith.

Theoretical results are not developed here but we conjecture that such result remains true for two

reasons :

— all cases considered here are (sub-)geometrically weakly dependent and restrictions on decays of
coefficient ensure asymptotic results as law of large numbers,

— as shown by Theorem B3, our parameter v plays a fundamental role on the convergence rates as
much as the classical bandwith does.

According to remark 2.1 of Hart and Vieu (1990), [68], we fix 2 * b, ~ n'/3. Note that the orthonor-

mality of wavelets basis gives

- j1 29—1
CVily Z okt D D ThapnyymlBi) = lzﬁl
k=0 Jj=jo k=0

Our proposed procedure consists in choosing 4, = argmin,—,0.05,...,1.952 CV5(7).

The implementation has been done in Matlab using the package Wavelab, heely available on the
net on [[12]. In order to implement numerically the procedure, we have used some approximations;
indeed, computation is based on an equispaced grid, while the data considered is not equispaced.
In order to reduce the resulting approximation error, we consider a finre grid than the number n of
observations. Here I = 4n in order to increase the precision without araising too much calculus time.
Actually, we will consider in implementation values of the form 1); ;.(I;/I), wether than v; ;(X;), with
l; the integer part of X;I. The bias caused by implementation is not studied here.

5.4.2 The estimator 7,

This section illustrates and evaluates our estimation procedure on simulated examples.

Consider first the case of an iid sample (X1,...,X,,) generated according to the cumulative distri-

bution function F(z) = 2/m arcsin(y/x) for x € [0, 1]. The criteria is minimized for v = 0.5 in Figure
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Bl Thus, the cross validation procedure selects 4, near 0.5 for n = 20 (see Figure (2). For a suf-
ficiently large number of observations this estimator 4, obtained numerically has value concording
with v = 0.5 chosen by Donoho et al. (1996) in [35].

Let us now consider the case of an expanding map T'(x) = 4z(1 — x). The invariant measure has
the same distribution F as in the previous iid case (see Prieur, 2001, [97]). We then first simulate
)2'1, o ,X’n such that X; ~ F and then )Z'i = Tifl()zl) for 2 < i < n. As for the iid case, the cross
validation criteria in Figure BIl(a) chooses 4, = 0.5. Figure corroborates this value : for high

values of n, the distribution of 4,, obtained by croos-validation is centered on the value 0.5.

The assumption of stationarity could be irrelevant in many cases. Simulating the first observation
X ~ F to estimate the (unknown) distribution F of the invariant measure of a given transformation
T is impossible. Thus we simulate X; = T%(Xj) for 2 < i < 2n with X, ~ U([0,1]) and retain only
the n last terms. The process (X;);>1 is geometrically ergodic in mean and the error with respect to
the stationary case is negligeable regarding with the error of the density estimation. Results remain

valid and the procedure acts as in previous cases of stationary and iid cases, see Figures BI(b) and B2

Study now a non-Markovian extension of Andrews’ example (&)
Xy = 2(Xy—1 + X¢41)/5 + 5 /21 where (&;)iez are iid with the common law Bern(1/2). (5.19)

A stationary solution of this AR(2) equation is the non-causal process (X¢)iez
Xi =Y aj&
JEZ
where a; = 1/3 % (1/2)Y!. This solution belongs to [0,1] and its density is the one of (U + U’ +&)/3
where U and U’ are independent variables following 2([0, 1]). As in Andrews’ example such processes

are not mixing. However, using equation (B9) there exists a,C' > 0 such that n(r) < Cexp(—ar).
Assumption (B is satisfied with b = 1.

Perfect simulation is not available in this framework and Gibbs algorithm is appropriate for ap-
proching the true distribution of (Xi,...,X,). A vectorial Markov Chain (X(()t),---aXy(ﬁ)d)teN* is
simulated by :
forall j € {0...n+ 1}, the distribution of X](.O) is uniform on [0, 1],
t t t—1
X =2x + x5V /5 + 55 6/21.
This chain is uniformly geometrically ergodic and its invariant distribution is the true one of (Xo, ..., X;41

The dependence on the initial values is then geometrically decreasing with the number of iteration



5.4. NUMERICAL RESULTS 125

(a) iid case (b) Stationary dynamical system case

0 02 04 06 08 1 12 14 16 18 2 0 0‘2 0‘4 9‘5 0‘5 i 1‘2 1‘4 1‘5 1‘5 2
Y Y
(c) Non stationary dynamical system case

(d) n-weak dependence case

-1.271

-1.28F

-1.29F

-1.33F

-1.341

-1.351

F1G. 5.1 — Cross validation criterion’s evolution with respect to v for n = 29 observations. The
curves represent the evolution of the mean of the criteria calculated on 100 simulations with respect to
~v=0,0.05...1.95,2. Four cases were considered : in (a) the observations are iid, in (b) we simulate stationary

dynamical system, in (c¢) a non stationary dynamical system and in (d) we consider a n-weak dependent case.
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F1G. 5.2 — Empirical distribution of 4,,. The figures represent the boxplots (the black cross is the mean) of
the empirical ditribution of 4,, obtained on 100 simulations for different initial sample sizes : n = 27, 28, 29 210,
For each value of n, we abut the boxplots of differents cases; From left to right : (a) iid case, (b) stationary
dynamical system case, (c) non-stationary dynamical system case and (d) the n-weak dependent case.
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of the Gibbs sampler (see Guyon, 1995, [63]). One chooses to take as observations (Xf"), e ,X,(L"))
in order to reduce edge effects. The error coming from the simulation compared with the error of
estimation is negligable. The shape of the criteria in Figure Bl is completely different in this non

Markovian context. The cross-validation procedure leads to larger choices of 4, than before (see Fi-

gure 0.2).

This numerical procedure has a practical interest especially when dealing with density estimation
for time series. In practice, when the independence of the observations is not acquired, the cross-

validation estimator f,;" seems more adapted than the classical one with v = 0.5.

5.4.3 Numerical study of the convergence rates

This section does not deal directly with our cross validation procedure. We study numerically the rates
of convergence in different contexts by Monte Carlo simulations. The true densities of the simulated

sequences are known. The L2-error rates is approximated by the Riemannian sum :

251
2703 f127 0 +i27%) - F27 0 +i27P).
=0

With the parameter v fixed at 0.5, we estimate the MISE on 100 iterations using this formula for
the different cases of dependence. Figure represents the evolution of the values of MISE obtained
with respect to the sample-size n in the cases of iid series, stationary and non stationary expanding
maps. We can observe that the evolution is the same for the differents cases considered in this figure.
Added to the fact that the value of + given by Theorem 2 is the same and that the evolutions of
the criterion in Figure 2.(a) to (c) are very similar, compared with the n-weak dependent case, this
means that in our example, these kinds of causal dependence do not modify the behaviour of the
classical estimator from the iid case. In particular, we can note that the framework of non stationnary

expanding maps is very similar to the iid case for our estimation procedure.

As already mentioned by Tribouley and Viennet (1998) in [I07], a safe strategy to avoid large er-
rors dealing with dependent data is to increase the threshold. A way to enlarge the threshold is to
choose a larger . The special shape of the criteria shows that v = 0.5 is a critical value and larger
ones seems much more stable in the non causal context. In figure B4 are ploted estimations on 100
iterations of the MISE for three choices of v = 0.5,0.75,2 and for various numbers of observations
n=2627 .., 2" 215 The MISE is clearly the smallest for v = 0.75.

Theorically Theorem tolds us inequality (BI3)) holds with v = 2 (see Section B3] for more de-
tails). Actually, this Theorem only gives an upper bound of v veryfing inequality (EI3)) and smaller
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— iid
- - stationary
non stationary

MISE

. . .
10' 10° 10° 10* 10°

Number of observations

F1G. 5.3 — Evolution of the MISE with respect to the sample size. The figure represents the estimation
of the MISE obtained by 100 simulations for n = 26,27, ... 214 215 in a log-log scale. Three cases were
considered : iid observations (solid), stationary expanding maps (dash) and non stationary expanding maps
(dots)

n-weak dependent case

-- y=05
N — y=0.75
N

MISE

Number of observations

Fi1c. 5.4 — Evolution of the MISE with respect to the sample size for n-weak dependent data. The
figure represents the estimation of the MISE obtained by 100 simulations for n = 26,27 ... 24 215 in a log-log
scale. Three values of v were considered : v = 0.5 (dash), v = 0.75 (solid) and v = 2 (dots)

choices of 7 can be possible. Choosing a lower v such that inequality (EI3)) holds allows to reduce
the convergence rate via Theorem But as we do not have a lower bound, we do not have access
to the optimal choice of such ~. Figure 24l confirms that v = 2 is probably not the optimal choice

of v in the studied example because we observe that the MISE of fg is always greater than the one
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obtained with fO ™ even for large values of n. The fact fg.s also have less satisfying results than f0 5

means a priori that inequality (BI3]) is not available with 4 = 0.5 in this context.

This study put in evidence the limitation of our theorical study : Theorem does not gives the
optimal choice of v but only a possible choice. Using a cross-validation procedure allows us to bypass
this drawback, giving the value of v the most adapted to the observations and leading to a better

estimation than an arbitrary choice of the threshold.

Conclusion

Probability inequalities give a « that controls the logarithmic loss in the convergence rate. It leads
to near minimax estimators fg . This value of « is not necessarly the optimal one, i.e. the one that
minimizes the error of the estimator. The proposed estimator fgn, where 4, is obtained by a cross-
validation procedure, seems a better density estimator when dealing with time series. For iid sequences
or expanding maps the estimator 4, converges to 0.5 according to Theorem B3 Even for non statio-
nary expanding maps the previous result remains valid. In the n-weak dependence case, larger values
v > 0.5 are preferable, like the ones given by the cross validation procedure. Both theorical results
and implementation on simulated examples tolds us that the behavior of the hard-threshold density
estimator is similar for expanding maps (stationary or not) than for the iid case, while non causal
n-weak dependence needs to calibrate differently the threshold. In our opinion, the cross-validation

procedure presented gives a satisfactory unified approach of these different cases.

5.5 Proofs

In this section, proofs of Theorem and inequality (E214]) are collected.

5.5.1 Proof of the Theorem B.3

We restrict ourselves to the case of compactly supported distributions. We consider that f is defined
on [0, 1] without loss of generality. We assume furthermore that the function f we wish to estimate
belongs to a Besov Ball B, (M) and that the assumptions on the indexes given in Theorem B3 hold.

The density f can be written as follows :

J1 27-1 oo 27-1
f Z a]o,k¢]o,k + Z Z 6y kwjk + Z Z 6y kwjk
J=jo k=0 J=j1+1 k=0

B ~\~ ~\~

JOf Djoyjlf Dijj oo f
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This decomposition is linked with the properties of the Besov Balls : the first term FEj, f repre-
sents the projection of f over the space generated by scale functions of order jy whereas the part

Djyi f + Dj, oo f are the “details", it is to say the projection over the wavelet spaces. (See Hérdle et

al. (1998), [67]).

Let us recall below the form of the estimator :

26_1 Jj1 29-1
fn= Z Qjo kDo k T Z Z W, (B5.6) 05 k5
k=0 j=jo k=0
Ej()f bjo,jlf

where 7, is the hard-thresholding function with the level dependent threshold A\; = K \]/—% The func-

tions jo and ji are given by jo = logy(n'/(1*N)) and j; = logy(n/log? n).

Thanks to Minkowski’s inequality, we can decompose the risk of fn in three parts :

Ellfn = fIP) < 377" | EllEjof — Ejof 15+ EllDjojr f = Dioju FI1E)+ I1Djroo f I

Ty Ts T5

We may now study the convergence rate of each of these terms. We will not consider them in their

order of appearance but of difficulty.

5.5.2 Some technical tools

We suppose the series (X;) satisfy the conditions (BI0) and (I3 with « a positive constant. Those
assumptions provide us moments inequalities for the estimation of the scale and wavelet coefficients.
We have, for all j e Nand k € Z :

1 n
Qjk = Ok = D (ix(Xi) — Egjr(X3)),
=1
R 1 &
Bik = Big = — D (W k(Xi) = Egb k(X))
i-1

When we restrict ourselves to the cases where j < ji, we can also control more generally the terms :
Elajx — ajilP and E|3; — B;[P for a fixed real p > 0 and uniformly for all j < j; and k € Z.
Then ||¢; k|loo and [[%; ||s are bounded, up to a constant, by 271/2 which is always smaller than /7.
Through the inequality ([I3) it leads there exists C' > 0 such that

E|B;x — BjxlP < Cn7P/2 (5.20)

The functions ¢ satisfy also the condition (B2) and the same inequalities hold for each a; .
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5.5.3 Approximation error 73

This term is the bias introduced by the fact that in reality we do not estimate f but only its projection
over a space of scale functions of order j;. The fact that we observe dependent data does not affect
this term because it is deterministic, so we can apply the usual bounds. As in the proof of Theorem
5 of Donoho et al. (1996), [35], or by applying Theorem 9.3 of Héardle et al. (1998), [67], there exists
a constant C' > 0 such that

T <C (277’13/)1) where s = s — 1/7m+1/p.

The index s' is coming from the Sobolev inclusion Bj , C Bf;:,,. Recall that we have taken 2771 =

log?"! n/n. Moreover, p > m and s > 1/m implies s’ > « :

-~ Ife<0,a=5/(1+2(s—1/7m)). Then a < s’ because s > 1/7 by hypothesis.

~Ife>0,a—s5 =5/(1+2s)—s =—(252+ (1 +2s)(1/7 —1/p))/(1 + 25). As s > 0, we conclude
noting that s’ > a.

As a consequence T3 has always a smaller rate than the convergence one, i.e. Ty < C (log27l n/ n) op <

C’ (log®’ n/n)™ for a well chosen constant C” > 0.

5.5.4 Bias of scale estimation 7}

Paralleling the proof of Theorem 5 of Donoho et al. (1996),, [35], we can apply the result of Meyer
(1992), [R9], for the scaling function ¢ satisfying a concentration assumption. It gives, for a suitable
C>0

p

2671 2J0 -1
_ . io(p/2—1 .
h=E Z (Qjoke = Qo k) Djo k|| < C 2o®/21) Z Eldo, e — ajo l”
k=0 P k=0

Thanks to the inequality (B20), the rate of convergence of T is bounded by
T, < C 2Jop/2,,—p/2.

Note that the choice (EIB) of jo implies that the order of the bound is (200 /n)P/2 = p~PN/(2+2N),
We conclude that T} is negligible thanks to the hypothesis N > 2s.

5.5.5 Details term 75

We apply the same result from Meyer (1992), [89], on the wavelet basis {1} :

1 29-1 Py 211
To=E|Y > nBin) = Binie|| ~ D 2PN Eln(Bix) - Bil-
Jj=jo k=0 Jj=Jjo k=0

p
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In order to prove that this term achieves the desired rate of convergence, we need to decompose
it again. We will need in particular to distinguish whether the estimation of the coefficients are

thresholded or not. We therefore introduce the following sets :

B = {k:o...?—l, |Bj,k|>)‘j}’
Bf = {k=0...20 -1, |Bs] > 2)\},
By = {k=0...27 -1, |Bx] <X;/2}.

Then Ty < Ty + Ty + To3 + Ty with :

27 -1

Ji
T = 3D B [ By ]
Jo k=0
71 A 271
Ty = Y 2@/ ZE[Iﬁj,k—ﬁj,kméij;c}’
Jo k=0
o 271
Ty = Y 200N |5, PP(BS N BY),
jo k=0
J1 21
. o - C
T =SSP |5 PR B
Jo k=0

where the exponent ¢ denotes the complementary.

Term 153

Within the set Ej NB; or the set EJC N B;.L, we can notice that |B]k — B k| is lower bounded by \;/2.
We then have for a constant C' > 0 :

27 —1

J1
Tos < C Y _2CP N8 PP(1Bj0 — Bkl > Aj/2).
Jo k=0

We can have an upper bound of P(|@j,k—ﬁj7k| > \;/2) thanks to Theorem B2, choosing § = /n)\;/2 =
Kj7/2. With 29t = n(logn)~%, for a sufficiently large n :

6| k12 < K720 < K'log? nx n/log?' n < K'n.

We thus obtain that 62 ||¢); ||, < K’n and consequently Theorem 2 can be applied with this choice
of 4. Tt leads to the following bound

P(|8jk — Bikl > Xj/2) < e ORI, (5.21)
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Thus, there exists an increasing function of K denoted v(K) such that
P(’Bj,k — Bkl > Aj/2) < 9—iv.

Added to the fact that we control Y, |3;x[P2/P("+1/2=1/P) gince the assumptions in Theorem
imply that f belongs to a Besov space Bf):oo with s = s —1/7 4+ 1/p, we obtain for C' > 0,

J1
Ty < C Z 9—i(s'ptv)
Jo

It follows that Th3 has the rate 2770 P+¥) < p=(s"p+r)/(1+N)
Taking K sufficiently large, we can control as accurately as we want the parameter v and then 753

becomes asymptotically negligible compared to the other terms.

Term 75

We first introduce P(|3jx — 81| > \;j/2) as we did it for the term Thz. By the Cauchy-Shwarz
inequality there exists C' > 0

27 —1

i R /2 .
Ty <C Y 20D J" [Emj,k - ﬂj,k|2p] P(1Bjk — Bixl > Aj/2)M2.
Jo k=0

We achieve the following rate for T5; using (BZI))

J1
Z 9i(p/2—1-v/2)
Jo

27 —1

> [Elﬁj,k - ﬁj,k|2p] v

k=0

Inequality (E20) leads to the rate n /2 Z;é 2iP/2=v/2 " Ag for Ths, we may choose the constant K

large enough to get v > p. Then, we can write
Ty < O n~P/2911(0=v)/2

Here again, we can choose the constant K sufficiently large, in order to achieve a sufficiently large v

such that T5; becomes negligible compared to the other terms.

Term 7oy

This term corresponds to the leading one, meaning it is the one which determines the convergence

rate. As

]IB].CQB;FC S ]l|5j,k\§2>\j’
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there exists C' > 0 such that

21
TusC sz P2 Z 185,61 3, <20} (5.22)
J=jo k=0

We now must distinguish on the values of e.

— If £ > 0, we introduce jo; as the largest integer such that

1
9io+ < <L) o (5.23)

log®' n

The hypothesis s < N/2 implies jo; > jo. We decompose the inequality (B22) as follows

Jo+t 211 27 1
Ty < ) 207D 1P Ly, <ony + Z PO N 181k, <20
Jj=Jo k=0 J=Jo+ k=0
Toar+ Toa2+

We study separately the behaviours of To41+ and Thyoy .

Term T5414. This term satisfy the following inequality Thg;4+ < Z?O:]O 27 (P/2=1)27(2);)P. With
\j given by BIH), we have Thy < n~P/2200+P/2(jo, )P, The choice of joy in ([EZI) gives
Tos1y < C(log?’ n/n)®P, with C' positive constant.

Term Tb9,. As 7w —p <0, we have the inequality

(m—p)

Bjk
Lig, n<2n; < QJTJ : (5.24)
We thus can easily bound 75424 by
s 27 -1
SECEIVED TN (5
j=jo+ k=0
Replacing \; by its value,
2 (p—)/2 27 -1
T < J1 J(p/2-1) _
<o () S (520
J=Jo+
Using the control of 3°, |3;x|72/7(5T1/2=1/7) given by the inclusion B, C By
2 (p=m)/2 j }
Tosoy < C Z P2 NPT i1 f| T < C ( 711 ) Z 277, (5.27)
J J0+ J=Jo
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Let us define v := n~ =7/ ;1:].(” 277¢,
As ¢ > 0, vl is bounded by n~(P=™)/22J0+¢ S it gives with jo. as in @ZF) : v =
(log n)?ve/(1428) p=e/(1425)=(p=m)/2 The equality ¢/(1 + 2s) + (p — 7)/2 = ap if ¢ > 0 implies
obtain that v} is equal to (log™2(n)n)~?(log??~™(n).
Finally, we have

Tosay < C (log® n/n)*,
which is the rate we are looking for.

To conclude, when € > 0, we obtain
Toy < C (log® n/n)°?.

— If e <0, we introduce jj_ as the largest integer satisfying

9i1- < <L> L (5.28)

log®' n

When ¢ < 0, a < s’ and so j;— < j; for a sufficient n. We decompose the inequality (B2Z2) as

follows
Ji- 27 -1 Ji 27 -1
Toa < ) 2070 Y 18P, <oy + D PP Y 18P Ly, <0 -
Jj=Jo k=0 J=Jj1- k=0 )
Toa1— Toa2—

We consider separately Toq1_ and Thgo_.

Term T541-. Following the scheme used for Thyo, the inequality ([B27) becomes

§,7,00

J1i— ‘ ‘ .2y (p—m)/2 ji_ '
Ton— < C Y 2PRNETTomiH /2T g m < C (‘%) > 2 (5.29)

J=Jjo J=Jjo

Let us define v, = n~(P=7)/2 Zi;o 277¢,
As e <0, v, is bounded by n~(P=™)/29=71-¢ Thanks to the choice of j;_ this bound is equal
to (10g27l n)gn*a/s'*(p*”)/?. Like above, we can notice that if ¢ < 0, we have the equality
ea/s' 4+ (p—m)/2 = ap. Then v, = (log(n)?7)/*'n=® = (log(n)>)®»~P=™/2n=P Together
with (B24l), we obtain

Tos1- < C (log® n/n)P.

Term To4o_. If his defined as
j1 29-1

h = Z Z <ﬁj7k]1|5jk|§2>‘j> Vi

j=jo k=0



136 ADAPTATIVE DENSITY ESTIMATION

then h is a fonction belonging to the Besov ball B} ,. Then we can write Thyz— as Togo— =
E [Hh - ﬁm with
p
27 -1

Ji—
h = Z (6J7kn\ﬁjk|§2>\j> Vj k-
j:

jo k=0

This remark allows us to apply the same bound as for the term 75 :
Tosp < C(2771-5)P,
The choice of j;_ in [E28) gives the exact bound (log®” n/n)*P.
Combining the bounds of T541— and Ts40_, we have :
Toy < (log* n/n)?,

when € < 0.
— We finally consider the case ¢ = 0. First, if € = 0, inequality (220 becomes

jZ'y (p—m)/2 4 291
T <C (71 9i(s+1/2-1/m) s
=jo —

s
S, T

— Noting that B, is included in BZ , for all 7' > r, we first can control the term Ty by || f||
ifw>r.
— When 7 < r, then we can apply Holder inequality to obtain || f|[s .. Let for every integer j

271
tj _ 2](8+1/2—1/7r)7r Z ’ﬁj}k‘ﬂ'
k=0
With this notation and using Holder inequality :
jQ,Y (p—m)/2 71 jg,y (p—m)/2 71 /T I /v
1 1 !
TMC(?) Z*C(?) POLS N DL I
j=jo J=jo J=jo
with 1/7 +1/r" = 1/7. As f belongs to B, which is included in B ., we have :
2\ (P—7)/2 , 2y \ (P—m)/2
J - . . / /T J (1—7
Ty <C (7> 1A (G =) Flnn) " <€ (;) i
To conclude, for a suitable constant C' > 0
loe=27n\ P |1 if €40,
Ty < C <M> 7 (5.30)
n (logn)=7/"+ if £ =0.

Actually, this rate is the one given in Theorem B3l
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Term Thy

The scheme of the proof of the convergence of this term is very similar to the term Tb4.

— If e > 0, we introduce joy like in (EZ3)) and decompose Thy as follows :

Jot 2-1 2
= > 2PN B Py, oy + Z PO 18k, 40520, -
i=jo k=0 J=Jjo+ k=0

T2;r1+ Thoo+

Term Ths1,. As told in Subsection 52, we bound E|@]k — Bk? by n~P/2 uniformly in j and
k. We can deduce A
Jo+
Toors < COn~P/? Z 97p/2 < C'n~P/29i0+p/2
Jo
Replacing jo4 by its value, we see that this rate is smaller than (10g2'7 n/n)P

Term Tho1. Using the same method as in (224]), we note that

2Bk
L1850120/2) S ‘ ) (5.31)
J
Recall the inequality : E|@]k — BixlP < n~P/2. There exists C' > 0 such that
271
Tysps < Cn 02 Z vz 3 |5 Bik|"
J=jo k=0 Aj
Replacing A; by its value the rate becomes
- 27 -1
— Z 2 #/2= Z 18kl (5.32)

=Jjo+

At this step, we recognize a bound of the same form than the one obtained in inequality (&21)
for Thyo1 . Actually, for C' > 0

27 -1

Thoot < C " ~(p=m)/2 Z 24 (p/2=1) ZW;JJ

J=Jjo+

Considering the proof for the term Th4o4 this leads to
Tosay < C oy ™ (log* n/n)"P

which converges faster than (log®” n/n)°?
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— When ¢ < 0, we decompose as follows :

Ji— 271 J1 2i_1
Ty < ) 200N 18P g sy + D PP Y18k Lys, 4 zen)
Jj=Jjo k=0 Jj=J1— k=0
Tog1— Tos2—

with j;_ defined in (Z28). We then consider the terms separately.

Term Th; . FExactly like for Thoo1, we can prove the inequality
Ji- 27 -1
Togar < Cji " n—(P—m)/2 Z 97 (p/2—-1) Z 16ix™ |
J=Jjo k=0

Applying the same developments than for Ths— we then obtain Tho— < jj W(log% n/n)*P

which proves that Ths;_ converges to 0 with a better rate than the one wanted.

Term T55 . Exactly like for the term 7549, this term can be seen as the LP-risk of an estimator

and it can be bounded like T5. We obtain the same rate than for Tho_.
— If e =0, inequality (E31)) leads to an inequality of the form (E32)

Ji 271
Tyy < jy ™02 " 9ie20 S g e,
Jo k=0

When ¢ = 0, we have p/2—1 = s+1/2—1/7. Consequently, using the Sobolev inclusion B; , C B; .,
we have :

T < jljoiwn_(p_ﬂ)ﬂHf”s,moo-

We can notice (p — m)/2 = ap because of the condition € = 0 and thus
Ty < C log(n)210r~((r+20p)=1) —ap,

It is then sufficient to prove (y(m—2ap)—1) > 0. Replacing ap by (p—7)/2, we have y(7—2ap)—1 =
vp—1. Asp/2—1=s+1/2—1/m > 0, we have p > 2, and ~ is always greater or equal to 1/2.
Consequently, vp — 1 is always positive, which achieves the proof. [J

5.5.6 Proof of inequality (514

We only consider the case of expanding maps and [ = 5. The ¢-dependence was introduced by
Dedecker and Prieur (2005) in [29]. It seems well-adapted to study Lasota-Yorke functions. Let
denote BVy = {f € BV; || fllsv < 1}
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Definition 5.3 (Dedecker and Prieur (2005)) Let (2, A,P) be a probability space and M a o-
algebra of A. For any random variable X € R* we define :

(M, X) = sup {|[E(g(X)|IM) — E(9(X))[le0, g € BV},

where, in our case, the coefficients (¢(r))ren are defined by

o) = sup {Slo({X;/5 > i}). X.) .

i+r<s

The process 1s q;—dependent if &(T) tends to 0 as r tends to infinity.

Dedecker and Prieur (2005) prove in [29] that expanding maps are geometrically ¢-weakly de-
pendent, with ¢(r) = 2exp(—ar)) with a > 0. Moreover, Dedecker et al. give an extended version

of that inequality in [27)] for expanding maps; there exist two constants C,C” > 0 such that for all
f817"' 7f8u € BV,

[E(fsy (Xsy) - fo (X )|o(Xey t 2 r+80))—E(fs) (Xsy) -+ fo, (X)) < o (1 +C+--+ Cu_l) é(r)
(5.33)
The probability inequality of theorem EEZT] is a version of a Bernstein’s inequality in Doukhan and

Neumann, [#4], for weakly dependent random variables.

Theorem 5.4 (Doukhan and Neumann) Suppose that Yi,...,Y, are real-valued random va-
riables with E[Y;] =0 and P(|Y;| < M) =1, foralli=1,...,n and some M < oco. We assume
that there exist constants K < oo, pu > 0 and a non increasing sequence of real coefficients (pn)neN,
such that, for all u-tuples (s1,...,s,) and all v-tuples (t1,...,t,) with 1 < s < -+ < s, <11 <
<o <ty < n the following inequality is fulfilled :

|COU(}/;1 e Yv&u Y;l e Y;fu)| <u K2 MU—H)_Q Pt1—su> (534)
and
(o]
D (s + 1), < (R (5.35)
s=0
Then

= A2/2
P Y;, > A < - )
(Z ) ) ‘”‘p< s Bz/w”www/ww)

where B, = 2 (K V M) <W \Y 1) and o2 = Var(3_, V7).

We apply this inequality to Y; = 9 1(X;) — Ev; 1(X;) for all ¢ € Z, with j < j; and k € Z. Remark
that 1; ; are Lipschitzian functions with Lipschitz constant smaller than 293/2Lip 1. Reminding that
Yik(x) = 29/2p(2 2 — k) is null outside [277k;277(k + 1)] for all 0 < k < 27 — 1, we verify that
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Vi = f;(X;) with || fill sv < |Etbj1(Xo)| + 273/2Lip 1277 for all i € Z. It remains to control the order
of [Eap; 1(Xo)| < 2772 [ |)(272 — k)| f(z)dx. Classically, posing u = 27z — k, using the fact that f is
uniformly bounded and that v is integrable, we obtain E |1); 1.(Xo)| < C"277/2 with C” depending on
[ %] and || f||co- Finally, for all i € Z, we have || f;||py < ¢27/?Lip 4 for some ¢ > 0. Then, following
Dedecker and Prieur (2005), [29], we can rewrite the covariance term B34 in order to use the notion

of the ¢-dependence :

|COV(}/;1 szu’Y;h Y;fv)| EKE(YVSl YVSu|Y;51 Y;fv) _E(}/;l szu))Y;h Kfv|’

<
< ||E(}/;1 o YVSu|Y;51) _E(}/;l o YVSu)HOOE|Y;1 o 'Y;fv|’

Using inequality and the &—dependenee properties of expanding maps,

HE(Kﬂ U }{Su’}/tl) - E(Y:ﬂ e Y;u)”oo
<N follby €' (1+C+ -+ C* 1) bty — su),
< 272 (Lip )*C'u (CV 1) L d(t1 — s4,),

with some ¢ > 0 depending on [ |¢| and || f||e. To control the covariance term B34 let bound
E[Y:, - Yi,| SEY0|- [0l < €272 D2y i
Collecting all the bounds, we finally achieve to control the covariance term by
|Cov (Ve -+ Vi, Y, - ¥, )| < cw2?H 722 (Lip o) [y 5 (CV 1) b(tr — 5),

for some ¢ > 0 depending on [ [¢| and || f| -

We apply Theorem B4l with p = ¢, M = 2//2Lip||||% (C V1), K? as a well chosen constant
depending on Lip (¢), [ [¢| and || f]|ec- It remains to study ([B&33) in order to determine p. Previous
results on expanding maps imply that &T < exp(—ar) with a > 0. Quote that

n—1

Z(r + 1) % exp(—ar) < / 7772 exp(—ar)dr.
r=0 0

Then, the change of variable u = ar gives

C

a1

ad—1 a (q_ 1)'

n—1 o 1
Z(r +1)7 % exp(—ar) < / u?™? exp(—u)du = 1l (@—1) <
r=0 0

The last inequality follows from Stirling’s formula which entails that for any constant A > 0, and any
£ > 0 there exists B, > 0 such that A* < B.k!®. Thus, under this rate of dependence, assumptions of
Theorem BEA hold with p = 1. Tt is easy to check that the order of B, is the same as 27/2 oc |[1); 1| oo

and Theorem EE2T] is proved. [
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Chapitre 6

Asymptotic normality of the Quasi
Maximum Likelihood Estimator for

multidimensional causal processes

Abstract

The consistence and asymptotic normality of the Quasi Maximum Li-
kelihood Estimator (QMLE) are given for a general class of multidi-
mensional causal processes including for instance multivariate AR(co)
or ARCH(oo) processes. For particular cases of processes already stu-
died in the literature (for instance univariate or multivariate GARCH,
ARCH, ARMA-GARCH processes) the assumptions required for establi-
shing this results are often weaker than existing conditions. New results
concerning the QMLE asymptotic behavior applied to numerous other
examples of univariate or multivariate processes (for instance univariate
TARCH, bilinear, or multivariate NLARCH processes) are also provided.

Keywords : Multidimensional Causal Processes, QMLE, Strong Consistency,

Asymptotic Normality.

Note

The content of this part is based on a paper, written in collaboration with Jean Marc
Bardet.

143



144 PARAMETRIC ESTIMATION

6.1 Introduction

In this paper we study the quasi maximum likelihood estimator (QMLE) for general R™-valued causal

stationary processes X = (X, t € Z) (with m > 1), defined by the following relations :
X = Mgo (thl, X o,.. ) &+ f90 (thl, Xi o,.. .), for te€Z, (61)

where :

~ @y € © a compact subset of R?;

— for all sequences (z;)ieny € (R™)YN such that it exists N € N satisfying 2; = 0 for i > N, 6 €
© — Mpy((x;)ien+) is a Borelian function and a (m x p)-matrix (with 1 < m < p), such that
Rank(Mpy((x;)ien+)) = m.

— for all sequences (z;)ieny € (R™)N such that it exists N € N satisfying o; = 0 for i > N, § € © —
fo((x;)ien+) is a Borelian function with values in R™.

— the sequence of RP-random vectors (&;)iez = (ék))tez 1<k<p is independent and identically distri-
buted. The random variable &; is such that ko = E[[fék)ﬂ = Var (§ék)) =1 and Eg(()k)fék/) =0 for
k#K.

Additional assumptions on My and fp ensuring the existence and the stationarity of X will be provided

above. Note that the class of such processes X satisfying relation (BI) is a specific case of the class

of infinite memory processes considered in Doukhan and Wintenberger [#9]. If f = 0 and with :

q k q k
Hy(X¢-1, X¢2,...) = Co+ ) <Z CintfiXéfiC@(j) +) (Z DijHp(X—i—1, Xi—i—2, .. -)D§j>,

i=1  j=1 i=1  j=1

where Hy = My - My, (6.2)

and ¢,¢' € N, k < d(d+1)/2, Cy is positive definite and C;; and D;; are real p x p matrix of constants,
the process X is a multivariate GARCH(q, ¢') using the BEKK representation (defined by Engle and
Kroner [24] ; another representation was also introduced by Bollerslev [I4]). Thus, the class of such
multivariate GARCH(g, ¢) is a particular case of processes X satisfying relation ([B1I) as well as their

natural generalization, the class of multivariate ARCH(oo) processes defined by :

o0
Hp(Xy1,X19,...) = Bo+ > _ BiX, i X| B,

3
i=1
with By and By, Bo, ... positive definite p X p matrix of constants.
If My = I, the process X satisfying relation (BII) is a multivariate AR(co) process. Section

below is devoted to these particular cases of multivariate GARCH(q, ¢'), ARCH(oo) or AR(o0) pro-

cesses as well as to the other examples.
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The aim of this paper is to provide a method for estimating the parameter 6 from a sample (X1, ..., X},)
of X. Various methods can be envisaged in such a parametric frame, by beginning with the Maxi-
mum Likelihood Estimation (MLE in the sequel). Different authors studied asymptotic behaviour of
MLE for particular cases of multivariate processes satisfying (BI) (see for instance, Bollerslev and
Wooldridge [I5], Jeantheau [74] for multivariate GARCH(q, ¢') processes or Dunsmuir and Hannan
[52], Brockwell and DaviesBrockwell1991, or Mauricio [87] for multivariate ARMA processes). Even
if the convergence rate of MLE is certainly optimal (a proof of efficiency was obtained in Berkes and
Horvath, [T0], in the case of 1-dimensional GARCH(q, ¢)), this method presents numerous drawbacks.
Indeed, in one hand, the theoretical expression of the likelihood depends on the distribution of the
sequence of innovations (&). In another hand, even if (&) is a Gaussian sequence, this expression is
rarely explicit.

Thus, two extensions of exact MLE which are in fact approximations of MLE are preferably used. The
most popular is the Whittle approximation of MLE which does not present both those drawbacks :
only the spectral density of the process is required. For instance, it was successfully applied in the case
of 1-dimensional linear processes (see Hannan [66]). However, the case of 1-dimensional conditionally
heteroscedastic processes leads to another problem : the spectral density of X? has to be considered
instead of that of X (which is a constant). Thus, the order of innovation r has to be greater than 8
for obtaining an asymptotical normality of the Whittle MLE (see for instance Giraitis and Robinson
[60] for ARCH(co) processes, or Bardet et al. [[] for more general models). Under usual regularity
conditions on the spectral density, the convergence rate is y/n but the asymptotic covariance matrix
is larger than the Cramer-Rao bound (see Giraitis and Robinson [60]).

The second approximation of exact MLE is so-called the Quasi-Maximum Likelihood Estimation
(QMLE in the sequel). For respectively 1-dimensional GARCH(q, ¢’) and ARCH(00) processes, Berkes
and Horvath [I0] and Robinson and Zaffaroni (2006) proved the asymptotic normality of this estima-
tor under usual regularity conditions. Straumann and Mikosch [I05] has also obtained the asymptotic
normality for a more general class of 1-dimensional processes. For all those processes, the QMLE is
more interesting than Whittle MLE because it requires only r = 4 and its asymptotic covariance
is smaller (but not always equal to Cramer-Rao bound). For multivariate conditionally heterosce-
dastic processes, Jeantheau [[4] for GARCH(1,1) and especially Comte and Lieberman (2003) for
GARCH(q,q') with »r = 8, and Ling and McAleer [22] for ARMA-GARCH processes with r = 6
obtained the same kind of results. In the sequel, we extend their results to the very general class of

processes satisfying (G]) using only a order moment condition r = 4.

The principle of QMLE is based on the expression of the likelihood when the sequence (&) is a

sequence of standardized Gaussian vectors. In such a case, the exact (up to an additional constant)
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Gaussian log-likelihood is,

Ln((g) = =

DN | =

S (%~ £8) (M- (M) (X0 — ) — 5 Tow (det (MEOEEY) ) = 5 > (6).(6:3)
t=1

t=1

where A’ denotes the translated matrix of A and for all ¢t € Z and 6 € ©,
fo=fo(Xi 1, Xe9,...) and M} = My(X; 1, X¢ 2,...). (6.4)

Remark that ¢.(6) are real valued variables. Except for very particular cases, this expression is not
computable from the sample (X1,...,X,,). As a consequence and it is the main idea of the QMLE,
approximations fg and ]\/4\5 can be plugged in (63)) for defining :

~

I — D 1 — I e— .
La(0) = =5 > (Xe = J3)' (M5 - (M3)) (X, = Jp) — 5 log <det (Mé(Mé)’)) = =5 > @(0),(65)
t=1 t=1
with for t > 2,
Fhi= fo(Xi1, Xo—ay ..., X1,0,...) and M} = Myg(X;—1, X¢—2,...,X1,0,...). (6.6)

Then, the QMLE §n is defined as the M-estimator of the form

~ ~

0y, == argmax L, (). (6.7)
0cO

In Section below the asymptotic behavior of b\n is provided. Strong consistency is proved as well
as a central limit theorem under regularity conditions on functions My and fy (the proofs are stated
in Section E). In Section 4], these results are compared with Straumann and Mikosch [I05] or
Robinson and Zaffaroni [I02] results in the case of one dimensional processes and with Comte and
Lieberman [22] or Ling and McAleer [84] results in the case of multidimensional processes. Other
examples are also studied providing new results of asymptotic normality of the QMLE. But to begin

with, the following Section deals with the problem of existence and stationarity of processes
satisfying (61]).

6.2 Properties of the model

In the sequel, several notations will be used :

— |I.|| denotes indifferently the usual Euclidean norm of a vector or a matrix (for A a (n X p)-matrix,
JAll = supyx <1 {|AX]], X € RP}):;

— For § € © — g¢(#) a measurable function which can be a vector or a matrix, ||g|le = supgee ||9(0)|;

— If V denote a vector space then V) < VN denotes the set of v = (vj)jen such that there exists
some integer N satisfying v; = 0 for each j > N.
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Now, the following assumption specifies the choice of functions My and fy for insuring the stationarity

of a solution of (E1]), depending on the order-moment of the innovations (&) :

Assumption ST(r) : The family (&)icz = (fzgk))tez 1<k<d of innovation vectors is such that
Ky 1= E[|§ék)|r} < +oo, with r > 2,

and the functions fg and My are such that :

1/6(0,0,...)lle + [[Mp(0,0,....)lle < oo; (6.8)

2. There exist two sequences (aj(f))jen and (oj(M))jen of non-negative real numbers such that

Za] +(E|&))M" <Za] ) —a<1 (6.9)

with for all (%’)jeN, (yj)jen in (Rm)(N),

{||fe(($j)jeN)—fa((yj)jeN)H@ < Y ai(Dllzg =yl
[Mo((z5)jen) — Mo((y5)jem)lle < D252, ai (M)l — vyl

In Doukhan and Wintenberger [A9)], under conditions on F', the existence of a r-order stationary

solution X = (Xy)ez of the equation
Xy =F(Xy_1,X4-2,...5&) for t€Z, (6.10)
have been established. Using this result, one deduces,

Proposition 6.1 Let (&)icz, fo and My satisfy Assumption ST(r) with r > 2. Then there ezists a
unique stationary solution of the equation (B1) such that E||X¢||" < oco. Moreover, for all 0 € ©, this

solution can be written as a causal Bernoulli shift of the innovation, i.e. there exists a measurable
function Hy such that Xy = Hyo(&,&—1, .. .) for all t € 7.

Proof : With E||&||” < oo, if F is such that for all (z;)ien, (¥i)ien in (R™)®),
1/r
(Bl (@en 260) — F(wien :@)17) "< S aslley — gyl with 3, <1,

JEN jEN
then Doukhan and Wintenberger [A9] have shown that it exists a r-order stationary solution X of

(E10). Therefore, ifF(Xt_l, Xio,... ;ft) = My(X—1,X1—9,...)- &+ fo(Xe—1, Xi—2,...), it is obvious
that condition [EX) of Assumption ST(r) implies E[[|F(0,0,...,&)|"] < oco. Moreover, Minkowsky
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inequality implies

<E|:HF((xi)i6N 1€0) — F((yi)ien ;fo)HT@Dl/r < (E[H(Me((xi)ieN) — My((yi)ien)) - fng] v
+|| fo((zi)ien) — fo((yi)ien)| o

< (EH&HT)I/THMO((%)ieN) — Mo((yi)ien) || o
+|| fo((zi)ien) — fo((yi)ien)||o-

Therefore, from condition () of Assumption ST(r), one deduces that the second condition of Dou-
khan and Wintenberger holds. [J

Therefore,
E|If5lls] = E[Ifo(Xi-1, Xea,..)6] < oo and E[IMElI5] = E|IMa(Xem1, K-z, . o] < oc.

Thus the limits f§ = fo(Xi—1, Xs—2,...) and M} = My(X—1, X;—,...) are almost surely finite. With
the 0 — 1 law of Kolmogorov, it implies the ergodicity of this solution X,

Proposition 6.2 Under assumptions of Proposition [, X is an ergodic stationary process.

Proof : It is involved by Proposition 4.3 in Krengel (1985). Indeed, if (E, £) and (E, £) are measurable
spaces, (vt)icz is a stationary ergodic sequence of E-valued random elements and H : (EN, EN)
(E, &) is a measurable function then the sequence (% )ez defined by @ = H (vs, vs_1,...) is stationary

and ergodic. [J

For X satisfying (&), fg and ]\75(]\/4\5)/ are respectively estimators of the conditional expectation
fe = E(X; | X;—1,X4—9,...) and the conditional covariance matrix M} (M;)/ = E((X; — fi)(X; —
fg)’ | Xio1, Xi—2,. .. ) In order to prove the consistence of those estimators, two conditions on fy
and My have to be added :

— Assumption F : For all sequence (z;)jen € (R™)N) the function 0 — fo(x1,...) is continuous.
— Assumption M : For all sequence (z;)jen € (R™)N the function 6 — My(z1,...) is continuous.
Moreover it exists M > 0 satisfying such that for all (x;)jen € (R™)MN)

inf det (My(a1,...)(My(z1,...))") = M > 0. (6.11)

Then, using essentially condition ) of Assumption ST(r), one obtains :

Lemma 6.1 Assume that Assumptions ST(r), F and M are satisfied with r > 2. Let (X¢)iez be a
stationary solution of equation (G). Then, for all t € N*,
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1. the function 0 — f} is continuous a.e., E[Hngg} < oo and for all t € N*,

B[} - folls] <EIXol" (D as(0) (6.12)

j=t

2. the function 0 — Mg(Mg)l is continuous a.e., satisfies for all t € Z, B[|| M (Mé)/HTé/z] < 00

and (M) Ym < infpco HM;(M;)/H a.s. Moreover, there exists C' > 0 not depending on t and
such that ,
—~ /2 r/2 N
B0 (33) - M3 (M) I1%] < € (Do oy () for all t € N, (6.13)

>t

Proof : 1. First, condition () of Assumption ST(r) implies,
]

E)Xol" (Y ()

j=t

E(If; - fills] < E[| X ai(hxes

jzt

IN

because ) a;(f) <1 < co. Thus, [EI2) is established. Moreover, the space of continuous functions
on O, denoted C(O) is a Banach space equipped with the uniform norm ||-||g. It implies that L"(C(©))
is also a Banach space (because r > 2 > 1). Because f§° is a limit in this Banach space of a.s.
continuous functions (]/”Z)t and because for all ¢ € Z, f3° and f} have the same distributions, one
deduces that § — f} is also a.s uniformly continuous on ©. Finally, once again from the Minkowsky
inequality, for all # € © and t € 7Z,

IN

E(II7] < E[IF - far| +E[070]

Bl Xoll" (3o as(h)" +11£o(0.0,.. )l

j>1

IN

and therefore, from condition (EX)) of Assumption ST(r), E[Hfg””@] < A < oo, with A > 0 not
depending on ¢ and t.

2. Here (X})iez is a stationary solution of equation (GJl) with 6y a fixed vector of ©. Let § € ©
(remark that X does not depend on the vector ). Let C(©, M,,) be the Banach space of continuous
functions from © to M,,, the space of m x m real squared matrix, equipped with the uniform norm
supgeo || - || Let L™/2(C(©, M,,)) be the Banach spaces of r/2-order random functions of C(©, M,,)
equipped with the uniform norm. From Assumptions A and M, for all p € N and t € N, the function

€O hPB) = My(Xy1,. -, Xo—ps 0, ) (Mp(Xi1, ., X4, 0,...))
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belongs to L™/2(C(©, M,,)) and is a continuous function in @. Moreover, using condition ) of

Assumption ST(r) and usual inequalities satisfied by matrix norms, one obtains

|’ht7p(0)”r@/2 = SugHMG(Xt—la---7Xt—p707"')(M9(Xt—17---7Xt—p707"'))/Hr/2
€

< sup ||[Mp(Xi—1,..., X¢—p,0,..)]|"
JS(C]
e s
< (IMe(0,0,. . Yo + D X1l (M)
j=1

Using Doukhan and Wintenberger (2006), one obtains E|| Xy||" < oo for » > 2 such that E||£||" < oo.
Thus, with > 22, a;j(M) < oo,

E[I120)5%] <27 [Mp(0,0,..)ll5 + 27 E[| X0l (Z% ) =B<o,  (614)

with a bound B which does not depend on p and t.

Now the sequence (h*P(0)),en- satisfies the Cauchy criteria (in L7/2(C(©, M,,))). Indeed, let p and
q be two integers such that p < ¢. Remark that ||h*P(0)|"/? = ||[Mp(Xi—1,. .., Xs—p,0,...)||" and
Ih84(0)||"/? = || Mp(X¢-1, - ., Xi—g,0,...)||". Then,

uht’p—ht’qngk(||M9<Xt71,. X 0 NG+ IMp(Xi, o X, 0,157

><HMQ(Xt_l,...,Xt_p,o,...)—Mg(Xt_l,...,Xt_q, 1l

Relation (EI4) and the Cauchy-Schwartz inequality imply

) ) -1\ /2
B[R = h %) < - (2E[IMo(Xio, o Xip, 0, ] + 2E[IMp(Xi1s -, Xig, 0, ) 6]
» 1\ 1/2
< (B (X1, X, 0,) = Mp(Kio, s Xig,0, )]
q N 1/2
< 28 (B[( X ayanxi0)])
j=p+1
12 4 r/2
< 2B E|Xo|)" (3 ay(0n)
j=p+1

from condition [EX) of Assumption ST(r). Thus, there exists a constant C' > 0 not depending on

t, p and g such that
q

/2 r/2
E||nt® — 4| <C< 3 aj(M)> .
Jj=p+1
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Thanks to 322, a;(M) < oo, one deduces that (h"?(6))pen- is a Cauchy sequence in L"/2(C(6, My))
of a.e. continuous functions and therefore it converges to h'(6) := M} (Mg)/ cL"/2(C(0, M,,)). As a
consequence,  — h'(f) is a.e. continuous function such that E[Hht(ﬁ)HgQ] < 0.

Thus it exists a subsequence (pg)xen such that ||R4P* —hf|lg <% 0. Therefore, Assumption M implies
k—o0

that det (M (M})) > M for all # € © with probability 1. From usual relations between || - || and det
for a matrix, one deduces that (M) V™M < infeeo MG (M) as.

Finally, using exactly the same arguments as previously, it follows that for all ¢ € N*,

B[l — %) < 28- (B1%072) " (3 ay0n)””
>t

The relation h*(6)) = Mg (M})' implies ([EIF). O

From this Lemma, one deduces that ﬁ and ]\75 (M\g)/ are respectively consistent estimators (uni-
formly in ) of conditional expectation and covariance matrix of X. It follows that the stationary

solution X of equation (BJ) for any 6 = 6 is invertible in the sense of Straumann [T05].

6.3 Asymptotic behavior of the QMLE

Let 8, define as in ). An identifiability condition, has to be added for the consistence of 0, :
Assumption Id : For all § € ©, Mj = M and fj = f§ a.s. if and only if 6 = 6.

Then, using similar arguments than in Straumann [I05], one obtains :

Theorem 6.1 Let Assumptions ST(2), F, M and Id hold. Assume also that
aj(f)+aj(M)=0("" with ¢>3/2. (6.15)

Let (Xi)iez be a stationary solution of equation {G). Then the QMLE 0., defined by (&) is strongly

consistent, 1.e.

From the proof of this Theorem, an obvious but interesting (notably for ARCH processes) corollary
can also be added. Indeed, additional conditions on matrix Hy (defined in (£2)) can also be provided

for establishing the consistence of §n Then :

Corollary 6.1 Let Assumptions ST(2), F, M and Id hold. Let (X¢)icz be a stationary solution of

equation (E). If it exists a sequence (a;(H))jen+ of non-negative real numbers such that for all
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(z;)jen, (yj)jen in (R™)E),

| o)) = Holwp)jen))|| < Y ag(EDllaja = il (6.16)
7=1
with
aj(f) +aj(H)=0(") with €>3/2, (6.17)

then the (QMLE 0, defined by (G7A) is strongly consistent, i.e.

Classically, other conditions have to be added in order to derive the asymptotic normality of the
QMLE. Thus, for ¢ = 1,2, define the following assumption :

Assumption DO : The functions 6 € © — fo((xj)jen) and 0 € © — Mp((x;)jen) are i-times

continuously differentiable for all (x;);en € (R™N) and such that :

9 15(0,0,. ) 110" M(0,0,...)
90,00, Y ; 1,... :
96y, 00, H 061,00, H@ < oo forall ki, k;€{l,...,d};

2. There exist two sequences (ay)(f))]eN* and (

1.‘

0"l

gz)(M))jeN* of non-negative real numbers with
o0

S a?(f)+ S alD (1) < 00 for all (2;)jen, (97)jen in (R™)® and for all ky, ki € {1,...d},

J

00y, 00y, 00k, 00, He - j = y;ll,
Bng((an)jeN)) 9" My((y;)jen) S @ A s ,
H aeklaekl 89k169k H a ( )ij - y]H

—_

j:

Theorem 6.2 Let Assumptions ST(4), M , DY and D® and Id hold. Let (X;);cz be a stationary
solution of equation [E) for Oy €O, where condition {GIA) holds. Moreover, if

V() + (M) =0 with ¢ >3/2, (6.18)

then the QMLE é\n 18 consistent and asymptotically normal, i.e.,

Vi, —60) 25 Na(0, F(6)~" - G(6o) - F(6o) "),

n—oo

where the matriz F(0y) (assumed to be invertible) and G(0y) are respectively defined in (E21) and

)
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Like for Corollary 1] it is also possible to establish a central limit theorem by replacing conditions

on the matrix My by conditions on the matrix Hy. Thus, for i = 1,2, define the following assumption :

Assumption EW : The functions 0 € © — fo((;)jen) and 0 € © — Hy((xj)jen) are i-times
continuously differentiable for all (z;)jen € (R™)™) and such that :

9'15(0,0,...) 8 Hy(0,0,...)
o0, 90, Y'Y i 1,... :
aekl aekl H 30].;;1 801% H@ < oo forall Ky ki € { ’ ’d}’

2. There exist two sequences (ay)(f))]eN* and ( gz)(H))jeN* of non-negative real numbers such that

1.‘

ot

Zay)(f) + Zay)(H) < oo with for all (;)ien, (yj)jen in (R™)N and

j=1 j=1
afG x] ]EN aife((yj)jEN)) - (@)
< . ;

s o lo < za (Dllzs =
for all kv, k; € {1,...,d},

Ha 'Hy(())jen ) 9" Hy((y;)jen) H )(H)Hx — .

80y, 00y, 80y, 00, 7% =YY
Then,

Corollary 6.2 Let Assumptions ST(r) with v > 4, M , EV and E® and Id. Let (X;)icz be a
stationary solution of equation (&) for 6y €O and where condition [EIA) holds. Moreover, if

V() + D H) =0 with ¢ > 3/2, (6.19)

then the QMLE §n 18 comsistent and asymptotically normal, i.e.,

V(0 = 00) > Na(0, F(60)™ - G(6) - F(60)™Y), (6.20)

n—oo

where the matriz F(0y) (assumed to be invertible) and G(6y) are respectively defined in (EZ2) and

@20

6.4 Examples

In this section, several univariate and multivariate processes fitting the representation of the system
[T are presented. In all the sequel, §y € © a locally compact open subset of R% and (&t)tez =
(ft(k))tez;, 1<k<p is a sequence of RP-random vectors such that (ft(k)) is a family of r-order zero-mean
independent and identically distributed random variables, such that kg = E[|§ék)|2] = Var (éék)) =1
(with r > 2).

The previous asymptotic results are applied to these examples. For certain of them (univariate and



154 PARAMETRIC ESTIMATION

multivariate ARCH, GARCH, AR and GARCH-ARMA processes), the consistence and the asymp-
totic normality have been already obtained by other authors under different (often stronger for mul-
tivariate processes) and sometimes similar conditions than here. For the other examples (TARCH,
bilinear, LARCH, NLARCH processes), the consistence and the asymptotic normality of QMLE are

new results.

Processes satisfying f = 0 are first considered and univariate processes (with m = p = 1) to be-

gin with.

6.4.1 ARCH(oc0) processes

The famous and from now on classical GARCH(¢', ¢) model was introduced by Engle [53] and Bol-
lerslev [I3]. Such time series (X;):cz is a stationary solution of relations (624]). However, a GARCH
process can be written as a particular case of ARCH(oo) model (introduced in Robinson, 1991) that
satisfied :

Xt:Ut£t7 O' 00 +Zb 00 t 'L (621)

where, for all § € ©, (b;(0)); are sequences of non-negative real numbers (which depends on the

families (¢;) and (d;) in the case of GARCH(¢', ¢) process). In such a case,
My(Xi—1, Xi_o,...) = ( )+ Zb X2 j> and Hy(Xy_1, Xi_o,...) = bo(6) + Zb O)X7 ;.

As a consequence, (M) = supg \/b;(6) and Assumption ST(r) is satisfied as soon as

D_sup/b;(0) < (El&l) v (6.22)

i.e. a r-order process stationary solution X of (G2l exists. However, the specific case of stationarity
of ARCH models has been intensively studied and r-order stationarity condition have been obtained
by Giraitis et al. (2000),

Zzug b;i(0) < <EU§0‘T])_2/T (6.23)
j=1"¢

that is weaker than the previous condition ([22) (see also Giraitis et al. [59] for an excellent survey
about ARCH models). Thus, straightforward applications of Corollaries and imply
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Property 6.1 Let X = (Xy)iez be a r-order stationary solution of (ZZH) where condition (GZ3)
holds together with assumption Id. Moreover, assume that infgeg bo(6) > 0, the functions 6 € © —

b;(0) are injective continuous functions for all j € N and
supb;(0) = O(jfz) with £ > 3/2.
0cO

Then,
1. ifr=2,0, ¥ 0.

n—oo

2. if r =4, and if the functions 0 € © — b;(0) are 2-times continuously differentiable for all j € N
and such that for all (k, k') € {1,...,d}?,

‘ = Z with ¢ >3/2 and sup

fé” . 1"
= with 0" > 1,
0cO 69k80k/‘

eee‘ o7
then the QMLE 0, is asymptotically normal, i.e. satisfies (G20).

Recently, Robinson and Zaffaroni [T02] provided consistency and asymptotic normality for the QMLE

of univariate ARCH processes. To summarize and compare their Theorem 1 and 2 (see Robinson and

Zaffaroni [T02] p. 1054-1055) with previous Property (even if our results concerning QMLE are

mainly devoted to multivariate processes),

— concerning the consistency, they obtained an almost sure convergence (instead weak convergence
here) under order moment r > 2 (instead r = 2 here) and a decreasing rate j~¢ with ¢ > 1 (instead
¢ > 3/2 here) for the sequence (b;(#)); but also with derivative conditions (nothing like this here);

— concerning the asymptotic normality, their conditions on both the first derivatives of  — b;(0) are
the same than in Property B, and conditions on the third derivatives are also required (nothing
like this here).

6.4.2 GARCH(q,¢) models

Here X; is the stationary solution of

q !
Xt = O’tgt, O’? = Co(@o) + ch(eo)Xt{j + Zdj(@o)(f?fj, (6.24)
j=1 j=1
where ¢;(#) and d;(#) are non negative real numbers for all # € ©. In such a case, Assumption ST(r)

could be replaced by the conditions given by Ling and McAleer [84].

This model can be nested in the class of ARCH(co) models (see again Giraitis et al. [29], as one
needs to set

q i 7
bo(0) ::L and Zb = 2ma® o sec

L= ;11d]( 1_ ;'11:10@'(9)27Z
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(in the last formula, both the polynoms are supposed to be coprime). As a consequence, the sequence

(supyeg |bj(0)]); exponentially decreases to 0. Our condition ST(r) becomes

isug\/bjT) <[|§0|]> o (6.25)

In the special case of GARCH(1,1) ¢; = d; = 0 for j > 1 and 6 = (co,c1,dq), ST(2) rewrites as
Vel + V/di < 1. The optimal condition of moment of order 2 write as ¢; + d; < 1. Our approach
based on ARCH(o0) representation do not allow as good results as in Berkes et al. [I1].

Property 6.2 Let X = (X{)iez be a r-order stationary solution of (0.24) where condition (EZ1)
holds together with assumption Id. Moreover, assume that infpcg co(0) > 0 and 0 € © — ¢;(0) and

6 € © — d;(0) are injective continuous functions for all j. Then,

1. if r =2 then é\n 2% .

2. if r = 4, and if the functions 0 € © +— ¢;(0) and 0 € O — d;(0) are 2-times continuously
differentiable for oll j € N and such that then the QMLE 5n 18 asymptotically normal, i.e.

satisfies (2Z0).

The natural case where 6 = (cg,c1,...,¢q,d1,...,dy) implies that assumptions Id, DM, D@ are

checked like the following property :

Property 6.3 Let X = (Xi)iez be a r-order stationary solution of (0-24) where condition (GZ3)
holds with ¢y > 0. Then,

1. ifr:2then§n 2% 0.

n—oo

2. if r =4, then the QMLE 0, is asymptotically normal, i.e. satisfies (G20).

In the framework of GARCH processes, the (strong) consistance results established by Straumann
and Mikosch [I05] hold under weaker assumption. The existence of a moment of order 2 on & is
even not necessary (see Pfanzagl [04] for more details). The condition ([EZ3) for » = 4 implying the
asymptotic normality of the QMLE (in the case 6 = (co,c1,...,¢q,d1,...,dy)) has been previously
obtained by Berkes and Horvath [T0].

6.4.3 TARCH(c0) models

A real valued time series (X;) is called a TARCH(o0) (Threshold ARCH(c0)) process if it satisfies

Xy =01, o ="0(00) + Y _(b) (6o) max{X;_;,0} — b; (6p) min{X,_;,0}), (6.26)
J=1
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where the parameters by(f), bj (0) and b; (0) are assumed to be non negative real numbers. This class
of processes is a generalization of the class of TGARCH(p,q) processes (introduced by Rabemananjara
and Zakoian [99] and AGARCH(p,q) processes (introduced by Ding et al. [32]. For such a process
satisfying (620]), Assumption ST(r) is checked when

S~ supmax (b (6). b5 (9)) < (E[1&]"]) v (6.27)

since o (M) = suppee max (b;(@), b;L(H)) Consequently,

Property 6.4 Let X = (Xy)iez be a r-order stationary solution of (ZZA) where condition (GZ7)
holds together with assumption Id. Moreover, assume that infgeg bo(6) > 0, the functions 6 € © —
bo(0), 0 € © — bj(@) and 6 € © — b; (0) are injective continuous functions for all j, and

sup max (b;(ﬂ),b;r(G)) = O(jfz) with ¢ > 3/2.
/e

Then,

1. ifr=2,0, % 6.

2. if r = 4, and the functions § € © — by(0), 0 € O — bj(é?) and 0 € © — b; (0) are 2-times
continuously differentiable for all j € N and such that for all (k, k') € {1,...,d}?,

obr ()| |9b*(0) ,
J r P o
Slelgmax (‘ 00, " 90, D _O(] ) with ¢ >3/2 and
J J
;:1 zlelgp max (‘ 90,00, | | 96,00, D < oo, (6.28)

then the QMLE 0, is asymptotically normal, i.e. satisfies (G20).

This result is new and seems to be very interesting for the estimation of TARCH processes parameters.

We focuss now on vector valued processes such that f = 0.

6.4.4 Multivariate ARCH(c0) processes

As for the scalar case, multivariate ARCH (oc0) processes generalize multivariate GARCH(q, ¢') models
presented below. Multivariate ARCH(oo) processes are defined from relation (B1I) with a symmetric
My = H;/Z (and therefore My(My)' = Hy) and

Hp(Xy 1, X12,...) i= Bo(6o) + > _ Bi(60) X, X{_; Bi(bo), (6.29)
i=1
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where B; are function with values in non-negative definite d x d matrices. In such a case, Assumptions
ST(r) is satisfied when

S8l < (Ellol]) (6.30)
j=1

since a; (M) = || Bj|le. Moreover, a;(H) = || B;||3. Like for univariate ARCH(o0o) processes, Theorems
and imply :

Property 6.5 Let X = (Xy)iez be a r-order multivariate stationary ARCH(co) with (EZZ9) where
condition (BZZ0) holds together with assumption Id. Moreover, assume that infgcg det Bo(0) > 0 and
6 € © — Bj(0) are injective continuous functions for all j € N. Then,

1. ifr=2,0, ~= 0.

2. ifr = 4, and if the functions 0 € © — b;(0) are 2-times continuously differentiable for all j € N
and such that for all (k, k") € {1,...,d}?,

9 B;(0)
69k80k/

)

H 0B, (9)

-~ |,=0G™) with ¢>3/2 and iH
j=1

S}

then the QMLE 0, is asymptotically normal, i.e. satisfies (G20).

As far as the authors know, such models are introduced here for the first time.

6.4.5 Multivariate GARCH(q, ¢') models

Classically multivariate GARCH(q, ¢') models are shared in two subcases, the BEKK and VEC mo-
dels. The next section is devoted to ARMA-GARCH processes for which VEC models are subcases.
BEKK processes are solutions of equation (Z9) or equivalently

q P

vec(Hy) = vec(Cop) + Z Ci(00)*vec( Xy X{_;) + Z D;(6p)*vec(Hi—;),

i=1 i=1
with vec the operator that stacks the column of a matrix, and for any p x k matrix A : A7 =
Z§:1 Aij® A fori=1,...,p, ® denoting the Kronecker product. The multivariate ARCH (c0)

representation holds with Bj; such as

-1 -1

q [e%¢) q q
By:=(1-Y_Di| xCgand Y BfZ:=(1-> DiZ'| x> C;Z" forall ZeC™
j=1 i=1 i=1 i=1
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(in the last formula, both the polynoms are supposed to be coprime). Here Assumptions ST(r) is

satisfied when
s . —1/r
> IB;lle < (E[l%ol]) - (6.31)
j=1

since a;(M) = ||Bj|le-

The natural case where § = (Co,C1,...,¢q,D1,...,Dy) implies that assumptions DM, D@ are

automatically satisfied.

Property 6.6 Let X = (Xy)iez be a r-order stationary solution of (ZZ3) where condition (G-71)
holds together with assumption Id. Then, when infgcq det Cy(0) > 0

1. If r =2 then é\n 225 By.
n—oo

2. If r =4, then the QMLE b, is asymptotically normal, i.e. satisfies (G20).

The asymptotic normality was settled before by Comte and Libermann under bounded moments of

order 8. Our result need just a moment of order 4.

6.4.6 Multivariate LARCH(o0) and NLARCH(co) models

In this section let {B;(6)};en+ be a sequence of real matrices m x d, and By(f) be a real vector of
dimension m. The LARCH (oc0) process is defined in Giraitis et al. [58] and Doukhan et al. [A7] as the

solution to the recurrence equation :

X =G | Bo(bo) + > _B;(00) X1
j=1

Remark that the innovations ((;)¢cz are classically in that context random matrices. A generalization
of LARCH(o0) models (see Doukhan and Wintenberger [A9]) is given by equation

Xy = G| Bo®)+> Bi(0)(Xsy) ] (6.32)
j=1

where now B;(f) : R™ — RP? are bj(#)-Lipschitz functions. When the innovations in this model are

concentrated on the diagonal, it is possible to rewrite it as

Xt = Mgy (Xi—1,...)&,

where (€); = (¢)ii and (My(Xe_1. .- )i = (Bo(0) + lej(e)Xt_j)i.
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A non linear case is when (B;(0)(z))r = Y. ity Bjix(0)(x)" max{z;, 0} + Bj; x(0)(z)” min{xz;, 0}
for all 1 < k < p. Those models fulfill the Assumption ST(r) as soon as

Zub lo < (Eleol]) " (6.3

We derive the consistency and the asymptotic normality :

Property 6.7 Let X = (Xi)icz be a r-order stationary solution of (EZ34) where condition (G-33)
holds together with assumption Id. Moreover, assume that § € © — B;(0) are injective continuous
functions for all j € N and that infycg det HVBO(H)(HVBO(G))/ > 0 where Il 4 1s the projector on the
subspace A of R™ and V is the orthogonal of Vect{B;,j > 1}. When

1b;@))le = O™ with £> 3/2,
1. if r = 2 the consistency b, <% 0o holds.

n—oo

2. ifr =4, the QMLE 0,, is asymptotically normal, i.e. satisfies [E20) when

In that context, the parametrization of the functions B;(#) with respect to 6 has not yet been

0B;

96r, 1o < oo for all ki, ke € {1,...,d}.

Lip ————

Lip O(j_z) with ¢ >3/2 and Z‘

aeklaek2

discussed. Moreover, the Assumption M restrict the application of our result. For example, the uni-
dimensionnal LARCH model cannot be treated because My = c(0) + >72, ¢;(0) X;—; can be null.
The bilinear models of Giraitis and Surgailis [61]]

Xt = §t a(90) + Z aj(eo)thj + b(00) + Z bj(eo)Xt,j
j=1 j=1

could be seen as a vector LARCH model and then could possibly be treated under restrictions that

ensure Assumption M.

6.4.7 Multivariate Nonlinear AR(c0) models

Now let just focuss on one case where M = I, and f # 0. In this context, assumption M is always

satisfied. The QMLE is here also the least square estimator. Here

fo(Xe1, Xioa,..) = Ao(B0) + D Ai(00) Xt
i=1

where Ay and A; are Lipschitz functions with values in positive definite d x d matrices.



6.4. EXAMPLES 161

Assumption ST(r) writes in that context as

> IITip Ajflg < 1. (6.34)
j=1

The consistency and the asymptotic normality follows

Property 6.8 Let X = (X;)iez be a nonlinear AR(c0) process where condition ([0.34) holds together

with assumption Id. Then,

1. Ifr:chené\n 225 By.

n—00

2. If r =4, then the QMLE §n is asymptotically normal, i.e. satisfies (20), when

6.4.8 Multivariate ARMA-GARCH models

94,
Llp a—ak

J

kK 1,....d}.
8(gk(gk/@<oofora K e {l,...,d}

Lip

=0(j7") with {'>3/2 and Y
e j=1

In all that section My is concentrated on its diagonal. Here f is not identically null. The vector
ARMA-GARCH model is introduced by Ling and McAleer [84] as the solution of

O(L)(X; — p) = W(L)er, (6.35)

!

q q
er = My(Xy—1, Xy—2,...)&, diag(Hy) = Co + Z Cidiag(er—ig;_;) + Z D;diag(H;—;),  (6.36)

i=1 i=1
where diag is the operator that stacks the diagonal of a matrix, ®(L) = I,,, — &1L — --- — O L°
and U(L) = I, — V1L —--- — W, L¥ are polynomials in the lag operator L. Assuming that ¥ and

® are coprime, the equation (B33l has the AR(oco) representation W—1(L)®(L)(X; — p) = & =
My(X¢—1, Xi—2,...)&. The vector ARMA-GARCH model is then a subscase of 1l with fy(z1,...) =
S0 Ti(z; — p), where T(L) = L, + >5°, T;LE = W—Y(L)®(L). In the specific case f = 0, the model
is the classical VEC one studied by Jeantheau [74].

Assumption ST(r) is sastisfied when

[o.¢] /7’ oo
Soiirdle + (Efel]) Y 1B5lle < 1, (637
=1 j=1

where the matrices B; are such as
-1

0 q q
> BiZh:i=|1-> Dz’ x> C.Z' forall ZeC™
i=1 =1 i=1
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when both the polynoms are supposed to be coprime. This Assumption for bounded moments has
to be compared with the one of the Theorem 2.1. of Ling and McAleer [84]. But both of them are

practically uncomputable.

The natural case where § = (u, ®1,...,P5,¥y,..., ¥y, Co,Ch,...,¢cq,D1,...,Dy) implies that as-

sumptions DM, D@ are automatically satisfied.

Property 6.9 Let X = (X¢)icz be a r-order stationary solution of (23) and (G:3A) where condition
([E=Z0) holds together with assumption Id. Then, if infgeg det CoCj) > 0, [|T;(0)]le = O(j~F) with ¢ >
3/2, and

1. r=2, he QMLE é\n 1§ consistent gn 2% 0.

n—oo

2. r =4, the QMLE é\n is asymptotically normal, i.e. satisfies (CZ0), when

0%l
9010k || o

_K) with ¢ < oo for all kK € {1,...,d}.

5. -

Ling and McAleer [R4] provided consistency and asymptotic normality for the QMLE of vactor

ARMA-GARCH processes.

— Concerning the consistency, they obtained the consistency under bounded moments of order 2 and
derivative conditions. We improve their results. In the special VEC context f = 0, the (strong)
consistency of Jeantheau [74]], based on a powerful theorem, holds under a bounded moment in
logarithm and without assumptions on the derivative. Our results is not as good in that special
case;

— concerning the asymptotic normality, we improve the result of Ling and McAleer [84] which needs

bounded moments of order 6.

6.5 Proofs

6.5.1 Proof of Theorem [6.7]

The proof of the theorem is divided in two parts. In (i) a uniform (in ) law of large number on
(qt)ten+ (defined in (E3)) is established. In (ii), it is proved that L(#) := —E(q:(6))/2 has a unique

maximum in #y. Those two conditions leads to the consistency of é\n (see Wald for instance).

(i) Using Proposition B2 with ¢ = G(X¢, Xi—1,---), one deduces that (¢:)iez (defined in (E3))
is a stationary ergodic sequence. From Straumann and Mikosch [I05], we know that if (v;)iez is
a stationary ergodic sequence of random elements with values in C(©,R™), then the uniform (in

0 € ©) law of large numbers is implied by E||vg||le < co. As a consequence, (q;)iez satisfies a uniform
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(in # € ©) strong law of large numbers as soon as E[supy |g:(f)|] < oo. But, from the inequality
log(z) < x —1 for all x €]0, 00[ and Lemma B.1] for all ¢ € Z,

1Xe — fu(0)]? 1 M5 (M)
’qt((g)‘ < W—i—m —IOgM—FW—l for all 6 € ©
IX: — £u(0)]1& . IMG(Mg)'lle
= < =t JPle o "0l 19 _
uplq(6) < Dot ‘1 gM‘ e (6.38)

because v/ A~lv < |[v/v|||A|| and ||[AY|| = 1/||4]| < 1/(det A)Y/™ for A € M,,(R), invertible,
and v € R™. But for all ¢t € Z, E[|X¢||” < oo (see Proposition BE1l) and E[| f}[lg] < oo under
Assumption F (see Lemma ). Then, with r > 2, E[||X; — f;(8)||3] < co. Moreover, for all ¢ € Z,
E[|| M} (Mg)IH@] < oo from Lemma As a consequence the right hand side of ([E38) admits a
moment of order 1 uniformly in 6 and therefore

E[sup |g:(0)]] < oc.
0coO

The uniform strong law of large number on (¢;(0)) directly follows and thus

|2 _ 1) 250 with L(9) = —3E[w0(6)]. (6.39)

Now, one shows that %Hzn — Lplle % 0. Indeed, for all § € © and t € N*,
G0(0) = au(O)] = (Xe = J5) (MMGY) ™ (X = f) = (X = ) (MG(MG)) ™ (Xe = 1)
+<log (det (Me M ) log (det Mp(ME) ))
< (= 73) [ (BB GRY) " = () (X4 ?)
+(2Xe — fi — 1) (M (MG)')~ 1(f5 — I+

(IIXtHHIfaH@)H( MM = (MyMEY) |
+EHdet M@ ) t(Mg Mg)) o

et (M(M})') — det (Mj(M)')

+ (200 + 153le + 18810 ) [ (M5025)) o155 = Folle (6.40)

from the mean value theorem, with C' € [det (M{(M})'), det (]\/4\5(]\75)’)] and therefore |C| > M. In

one hand,

(M)~ = (M) Ml < [(MBEOE)) g - | MEE) — MEMEY || - || (ME(ME))

In the other hand, for A € M,,(R) an invertible squared matrix, and H € M,,(R),

det(A + H) = det(A) + det(A) - Tr((A™1) H) + o||H||).
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From the assumptions, || (Mg(Mg)’)_lH@ < M~ for all t € N*. Moreover, |Tr((A™Y)H)| < |47
HH H Thus, it exists C' > 0 not depending on ¢ such that inequality ([EZ0) becomes for all ¢ € N* :

ggg@(e) —a®)] < CIX:) + Iflle + I £ille) x

(132 (T5y = Mg(M5Y [l + 155 = Follo ) (6.41)
= E[swp[a(®) ~ @] < CB[(XI7 + 178" + 17518°)
(1375008 = 5018 [18° + 1175 = o118 |
< o (B[] +E(FIR] +ElsIR)
< (RIIFEERY - MY o) +E[15 ~ Fllo))
< 0"(X [os(h) +oy00)) (6.42)

j=zt
from Holder and Minkovski Inequalities and thanks to r > 2 (and therefore r/2 > 1), with C" > 0
C” > 0 and C” > 0 not depending on 6 and t (the choice of the power 2/3 for |3;(0) — ¢:(0)| is
optimal).

Now, consider for n € N*,
n

1 -
Sp = ; 7 5up |7:(0) — q.(0)].

1 -
Applying the Kronecker Lemma (see for instance Stout, 1974), if lim,,_,+ S, < 00 a.s. then — || L, —
n

Lo 2%, 0. Following the Stout’s arguments, it remains to show that for all € > 0,
n—oo

P(Vn € N, Im > n such that |S,, — S,| > ¢) :=P(A) = 0. (6.43)

Let € > 0 and denote
A = {|Sm — Sn| > €}

for m > n. Remark that A = (", cxUpsn Amn- For n € N*, the sequence of sets (A pn)m>n
is obviously increasing, and if A, := {J,,>,, Amn, then lim,, . P(A4,,,) = P(A4,). Remark that

(A )nen is a decreasing sequence of sets and thus,

lim lim P(A,,,)= lim P(4,)=P(A).

m—00 Mm—00

It remains to bound P(A,, ). From the Bienaymeé-Tchebytchev Inequality,

P(Am,n>=1f»< 3 lsup@(e)—qt(e)be) < ok [( > %sup@(e)—qt(e)!)z/?’]

t=n-+1 0€0 t=n-+1 0€0

1 - 1 . 2/3
7 2 e g a0~ ]
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1

° 2/3
Using ([E42) and condition (EI), it exists C' > 0 such that <Zaj(f) + ozj(M)) < CW’

j=t
. 1 ~ 2/3 _
since ¢ > 3/2. Thus, mEbg}@) 3:(0) — q:(0)| ] =O0(t 2@/3) and,

=1 ~ 2/3
;WE{ZEIG; ‘%(9) - Qt(e){ } < 0.

As a consequence, for all n € N*

1 =1 ~ 2/3
P(A,) < —= ——E|sup |q:(0) — q; (0
(4n) 62/3tzn;rlt2/3 Le@‘ ) ~ ol )‘ }
— P(4,) — 0.

n—00

1 -
Finally, P(A) = 0 and then — - ||L, — LnJle =3 0.
n

n—oo

(ii) Using usual Kullback information for Gaussian multivariate densities (it is classical results for
multivariate QMLE, see for instance Jentheau, 1998), Assumption Id implies that § — L(6) has a

unique maximum in 6y. [J
6.5.2 Proof of Corollary
In the previous proof of Theorem B.1] the distance supgeg ‘@(9) - qt(H)‘ is depending on the distance

H]\/Zg(]\//jg)’ — MM || = Hflg — Hj||o- Therefore, by using from Condition B8}, one obtains also

sup [i(0) ~ @) < (3 ey (1) + ()

0c0 >t

It implies that the QMLE 0,, defined by (B) is consistent since Condition yields. OJ

6.5.3 Proof of Theorem

One begins by showing the following Lemma :

Lemma 6.2 Let Assumptions ST(r) with r > 4, DUV, M and (X;)iez be a stationary solution of
equation ([G1). Then,

n_l/QagLn(Ho) 2y N0, G (b)), (6.44)

0 n—oo

where the matriz G(6p) = (G(6o))1<i j<a is given in [647)-
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Proof of Lemma

oL,

W)l <i<d exists and is uniformly continuous
2s00)) _ o(50)),

00 N 90, 1<i<d
O(Mg(My)') ot

oL
First we would like to prove that vector e (

00

and

for all 6 € ©. It requires to show the same property for

ofy _ (Of o
20 — (8—9)1<‘<d a0 is now studied, the case of 20 may be

solved similarly. Denote by DC(©, M,,) the Banach space of continuously differentiable functions

for all ¢t € Z. Only the case

with values in M,,,, equipped with the uniform norm

d 99
lglm.e = llghe + > || 5|,
i=1 v

Under Assumption M and with § — My satisfying Assumption D), for all sequence (z;)ien €
(R™)(N), Mg((;)ien) and therefore My((z;)ien)(Ms((zi)ien))’ belong to DMC(O, M,,,). With the
same method and notations than in the proof of Lemma Bl for p € N, the function § € © — htP(0)
is proved to satisfy a Cauchy criteria in L"/2 (D(l)C (O, Mm)) Indeed, previous arguments imply that
ht? belongs to DWC(O, M,,). Moreover, the r/2 moments of ||h“P(6)]|(1)e exist because :

(Il0)" = (”ht”"|@+ZHaht’pH)

< <d+1)7"/2—1((\\Me<o,o,...>ue+ZHXt—jHaj<M>Y
: OMp(Xs 1., Xip,0,...) ||7/2
+272| Mp(Xio1, . Xip, 0, ) /ZZH B o0, - : o )
< C <”M9(0707 Zaj HXt ]H) >

+(I180(0,0,... )11 + Z% X))

de;q‘@Mg (0,0,...)

r/2 > .
o+ (O anlxe ") ).
j=1

J
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with C depending only on d. Here again using again E||Xy||” < oo and Hélder and Minkowsky

inequalities :

E[(Ih | 1y.0)"*] <C" [ 1M5(0,0,.. )l + E[[| Xo|I"] Z a;(M

(126(0.0....)l15 + E[I Xo ] Z% )”2

[e.e]

<ZH8M900 H +IE ||X0|| Za§1 >1/2 ,

with C’ depending only on d. From 3, aj(M) < oo and 3, a&l)(M) < 00, it is clear that it exists
B; not depending on ¢ and p such that E[(Hht’pﬂ(l)@)r/z] < B; < oo. In the same way as in the
proof of Lemma it is easy to show that the sequence (h'P),cn+ satisfies the Cauchy criteria in the
Banach space L"/2(D(VC(0, M,,)). Tts limit Mj(M}) is therefore also in L™/2(DMC(O©, M,,)) and
is a.e. uniformly continuously differentiable in 8. Moreover, always like in in the proof of Lemma BT,
one obtains for all 1 <17 < d,

E{Ha(Mé(Mé)’)

r/2
00; ’

]

] < E[(HM@(Mg)’H(l)@)T/?} < By < 0.

In the same way (but more shortly), one obtains f; € L"(DMC(6,R™)).

Secondly, its is now possible to compute partial derivatives of L, (6). Indeed, using L,,(6) = —3 Y"1 q:(6),
for 1 <k <d,

1

PO (T (aageangyy (- gy + 06— sy PEBUID gy
Forty
o i 1(Mt) 7 ,Odet (QZ(MG) ) (6.45)
In one hand, 6 € © 822(5) is a measurable function because :
~ the function 6 € © — 8(]”5((9—];?)/)1 — —(My(ME)')™ 1%{%(%(%) )~ is measurable
0 det (M (Mp)')

— the function 0 € © —

o — det (M(M)') x ﬂ((Mé(Mg)')lm%W) is

measurable.
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9q:(6o)
20,
fhy and B((X; = f§) (X0 = f§)" | Xi1,... ) = M, (M},)'. Therefore,

In another hand, E< | Xo1, .. ) — 0. Indeed, by definition for all t € Z, E(X; | Xi_1,...) =

E@Qgéﬁo) [ X1 ) = (a";@“) (ML (ML Y) ' E(X, = £ | Xioq,..)

(0 g1, (g, oty DB (g a2 - g,)

Py Mé: ) o (Mg, (ME,)) x ﬂ((Mgo(Mgo)’)_1%W)
= 0B g5 (0t o) L )

(01 0, )™ (05— 14))] + B[t 0 ) M )y
= (g o) PO (g

(% 13,) (%0 7)) + (0 (o) 2 D)
= 0

0q: (6
always using the commutativity of products for the linear application Trace. Then ( qg(e ),]:t) ;
te
is a R™-valued martingale difference, where F; = o(Xy, X;—1,...). Remark also that arguments of
Proposition proves the stationary ergodicity of this martingale difference. To conclude with the

Billingsley-Ibragimov Central Limit Theorem for martingale—difference random fields (see Billingsley,

o)
1995), we have to prove that E[H 94:(0o) H ]

(e (b o e )

(g ) L0 )

2 /a Mt Mt n—1
R O e

‘ 2

<o (s (b e+ 2B

O — g8, (vt (vt )T S (M, () T (X )

)

using usual inequalities between the norms and the traces of the product of matrix and with the
bound (M) 1/m < infpee || M, (Mgo) || given in Lemma Bl Moreover, since X satisfies relation (B1),
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it is clear that X; — f§ = Mj & and therefore,

(2 caro (| [pe oy + BB P H—Meo H)
= (24602 = car-m (el s o] =t +EH| el

E[H&&lﬂxEH\ aek HD

Therefore,
[Ha% . H ] Kaqééz())ﬂ < 0. (6.46)
since
- E[[|&&]1%] < oo (recall > 4);
a EH’%Z) HMQO Meo } = < H’ 82% 4} X EH‘M&(M&)' 2]>1/2 < oo from the Cauchy-Schwarz

2
inequality for fg e L"(pWc(0,R™)) and EH‘M@O (Mjg,)' } < oo from Lemma G,

My, H } < 0o because ME(M})' € L/2(DWC(0, Myy,)).
¢ 99t\%) 9q1(6o)

- e

To conclude, the asymptotic covariance o
and & independent to o(X;_1, X;—2,...), with Tr(ABC) = Tr(CAB) = Tr(ACB) for symmetric

matrix A, B and C, after computations,

has to be computed. Thus, since X; — f§ = Mj &

t t . o(Myg (Mg, ) . oM}, (M)

(o), = [P ] e | ) R (o ) PR
aff . /0f} O(ME (MEY) (Mt (MY

+( aﬁo> (M, (Mg,)") 1(52?)+(H4+(p—1))Tf<(M50(M$O)') 9 93(6,1, )) 9(09(% 90)))] (6.47)

because we also assume that & and —&; have the same distribution = E[gtggAgt] =0 for Aa
matrix, and E [££/&&)] = (k4 + (m — 1)) I, with I, the p x p identity matrix. O

Proof of the Theorem

A uniform law of large numbers (ULLN) for the second derivative of ¢;(#), implying a uniform a.s.
convergence of the second derivative of L, (0), is established using the following arguments : the proof
of Proposition insures the stationary ergodicity of the second derivative of ¢.(6) (because it is

a measurable function of Xy, X;_1,...) and therefore it satisfies a ULLN after proving that its first
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uniform moment is bounded.

82qt(0) _ <82qt(0))
002 00;00; /) 1<i,j<d
are shown to be a.s. twice continuously differentiable functions. As previously in the proof of Lemma

But first, the a.s. existence of has to be proved. Thus, f} and M}(M})

B2, only the case of M}(M})" is going to be studied, the case of f} being quite the same but simpler.

Indeed, denote by D(Q)C(@, M,,,) the Banach space of continuously twice differentiable functions with

values in M,,,, equipped with the uniform norm

mm2@—nm@+§jme EZEZhwaQH

Under Assumptions M, D© DM and D@, for all sequence (x;)ien € (R™)(N), My((z;)ien) and
therefore Mp((z;)ien)(Ma((zi)ien))’ belong to DP)C(©, M,,). With the same method and notations
than in the proof of Lemma B2 for p € N, the function § € © — h*P(#) is proved to satisfy a Cauchy
criteria in the Banach space L'/2 (D(l)C(@, Mm)) Moreover, one obtains

[H@Q (ME(ME))

r/2 ;
9000, ] E[||Mj(M§) ll(5y 6] < B < oo,

(S}

with By > 0 not depending on ¢. One obtains also E[Hngzz) o] < oo

Secondly, it is now possible to compute second partial derivatives of L, (0), i.e. second partial deri-
vatives of ¢;(0). Indeed, for 1 <i,j <d,

Pal) (P Aot O (Mg(Mg))
aw%——%%QMWWM (Ko fa) + (X = S0y — 9. — Xe = 10)

w2 oy (5 (G A (G Sy

0
() (PG o ()

Therefore, using the bound H (H t H@ < MY™ of Lemma and usual relations between norms

and traces of matrix,

2 0% 11, 8HO ofh, BHO 3f0
|5t < (e o+ 15 o e 15 e i~ sl
o(HH "y 19 t‘l oft 1 1L
(PG, + D P Mo, )

Since for all t € Z, 1 < i,j < d,
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*E[Hﬂé ;/2} <oo | ] < oo B gm0 7] <o
E[|f[5] [afe ]<ooand1a[ i B

— & is independent of Mp, and f§_, with E[[l&)"] < oo

0? r/4
5 0%0 0) < oo with Cauchy-Schwartz inequalities in the case r > 4, it remains

To conclude that EH

N oH}
to show that EH TS) H; < oo for all 5. This derivative is equal to — (H@) ! 20, (H@) . Replacing
J k

H} = MgMg' we obtain

-1
|Gl <22 Gt

oM}
We conclude using the fact that EH 0 < 00. As a consequence, the uniform strong law of large

00,
number on %tha(e) holds if » > 4. A similar ergodlc argument as in Proposition B2 yields

[ 55 - Sl 220w G = —3[GRo) 649

The end of the proof is very classical. All the assumptions of Theorem are satisfied and

0, 2% 0. (6.49)

n—00

Consequently, a Taylor expansion can be established for the first derivative of L,, and therefore for
alln > 1,

OLn(0,) DLy, (60) N 2Ly, (0n4)
0, 0 96,00

where [|0,,; — 09| < H§n — Bl for all 7. Using equations ([EZ8) and (EZd)), we conclude with the

uniform convergence theorem that

F = (ELL"@W‘)> @ R ().

n 89289 1<i<d n—oo

(@, — 6o), (6.50)

Using expressions of the derivatives of Hg and since X; — fgo = Mp,&, with & and o(Xy—1, X¢—2,...)

independent, we obtain the explicit expression

(F(GO))ij:_%E[a(;gioi[ggj)} = —%E [2(%‘2@)'(1{50)1(%};{0>

o (28 ()] oo
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If F(0y) is an invertible d x d matrix, it exists n large enough such as F,, is an invertible matrix.

Moreover, ([GA0) implies for n large enough,

~ o [(0Ln(0,)  OLn(60)
— P 1 —
bn = bo) = F < 96 00 |-

3L
Therefore, if —H ) N 0, using Lemma [2 and the Slutsky Theorem, one obtains the
n—oo
L,.(0 ~ ~
result of Theorem B2 Since 0 g(H n) = 0 (0, is a local extremum for L,,), it is sufficient to show
that
E[—=|| 52 - | — 6.52

q: (0
Therefor, we evaluate IE[—HO% o) 8‘(]9259()

agbaca| < lay — as||bal|ca| + |a1||br — bal|ea| + |a1]]b1]|c1 — 2| and the relation (B24H), one obtains :

e} for all ¢ € N*. Using the inequality |a1bic; —

%5 7% \ o 28 - 28y v - e
2|2, H 15- feH@”Hafa )™ = () e~ Tl
- feHe( feue+ux ol e~ il 89)_1—8(533_1\\@
+Hf5—f£HeHXt—f£He(H ) oy | o
+| ()~ - (

It was seen previously that for allt € Z, 1 <i <d,

e <l o 0
=[] - [W <

E(175l15] < oo, E[| 22 H | < o0 and B[ X, - f5] < .
Moreover, using Assumptlons ST(r) and D),

- E[llf5 - Rllo] <EDXIT (X i)’

g>t
ofy  ofg|

90, ] L1l <ZO‘(1 )

an dE[H
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- |l - Ay < (E[thnf})”z(Za]«M))”?,
IE 8Ht 3Ht 7’/2} ( ||Xt|| 1/2((2% > 2+(Za§.1)(M))r/2),
P B )ty (s Ao 00 )

Using Hélder inequalities, for r > 4, it exists C' > 0 such that

H 3qt aQt

‘ <CZ oy () + a;(M) + o\D(f) + iV (ar)).

[H 8(]15 _ 9q:(0)

50, — 0 if (EI8) is satisfied. O

‘@ n—oo

Consequently Z E
\/_

Proof of the Corollary

The proofs of Theorem and Lemmas can be easily translated using Assumptions E() and E(?)
instead of DY and D®), The key point of this replacement are the following properties :

| I B3 s )
< (E[uXtXtur/?])l/z(Zaj<H>)”2
« |5 - 25 < 5| 3" 0nxx 1
< E[xX7) (el ). o

Jj=t
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