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Classical Models

ARMA(1, 1) Xt = b + b1Xt−1 + c1ξt−1 + ξt

GARCH(1, 1), Engle (1982)

{
Xt = σtξt ,
σ2

t = b + b1X
2
t−1 + c1σ

2
t−1, b, b1, c1 > 0.
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TGARCH(1,1), Zaköıan (1994){

Xt = σtξt ,
σt = b + b+

1 max(Xt−1, 0) − b−
j min(Xt−1, 0) + c1σt−1.
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ARMA(1, 1) Xt = b + b1Xt−1 + c1ξt−1 + ξt
The stationary solution could be expressed as MA(∞) Xt =

∑

j≥0

djξt−j .

Causality: Xt depends of the past values ξt , ξt−1, . . ..
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Causality

ARMA(1, 1) Xt = b + b1Xt−1 + c1ξt−1 + ξt
The stationary solution could be expressed as MA(∞) Xt =

∑

j≥0

djξt−j .

Causality: Xt depends of the past values ξt , ξt−1, . . ..

Linear Models: A noncausal generalization is Xt =
∑

j∈Z

djξt−j .

It appears as solutions of NonCausal AR models

Xt = b + b1Xt−1 + b−1Xt+1 + ξt .
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Here, the main question is how to weaken the relation

P(A ∩ B) = P(A)P(B) ?

Independence of A ∈ σ(P) and B ∈ σ(F )
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P(A ∩ B) = P(A)P(B) ?

Independence of A ∈ σ(P) and B ∈ σ(F ) is also written as:

Cov(f (P), g(F )) = 0, ∀f , g , ‖f ‖∞, ‖g‖∞ ≤ 1

(The variables P and F stand for Past and Future)
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α(σ(P), σ(F )) = sup
‖f ‖∞,‖g‖∞≤1

|Cov(f (P), g(F ))|
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α(σ(P), σ(F )) = sup
‖f ‖∞,‖g‖∞≤1

|Cov(f (P), g(F ))|

X = (Xt)t∈Z : P = (Xs1
, . . . ,Xsu
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s1 ≤ · · · ≤ su, t1 ≤ · · · ≤ tv , r = t1 − su.

α(r) = sup
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Mixing Bradley (1983), Doukhan (1994), Rio (2000), Shao (1993)

α(σ(P), σ(F )) = sup
‖f ‖∞,‖g‖∞≤1

|Cov(f (P), g(F ))|

X = (Xt)t∈Z : P = (Xs1
, . . . ,Xsu

), F = (Xt1 , . . . ,Xtv ),

s1 ≤ · · · ≤ su, t1 ≤ · · · ≤ tv , r = t1 − su.

α(r) = sup
u,v

max
s1 ≤ · · · ≤ su
t1 ≤ · · · ≤ tv

r = t1 − su > 0

α(σ(P), σ(F )) →r→∞ 0 (Rosenblatt)

Example of non-mixing models

Xt =
1

2
(Xt−1 + ξt) , ξt ∼ b

(
1

2

)
, iid (Andrews-Rosenblatt, 1984).
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Noncausal Coefficients Doukhan & Louhichi (1999) Doukhan & W. (2007)

ǫ(P,F ) = sup
‖f ‖∞,‖g‖∞≤1

|Cov(f (P), g(F ))|
Ψ(u, v , Lip f , Lip g)

,

where f , g are Lipschitz functions and

Lip f = sup
(y1,...,yu)6=(x1,...,xu)

|f (y1, . . . , yu) − f (x1, . . . , xu)|
‖y1 − x1‖ + · · · + ‖yu − xu‖

X = (Xt)t∈Z : P = (Xs1
, . . . ,Xsu

),F = (Xt1 , . . . ,Xtv ),

Olivier Wintenberger, Samos, University Paris 1 Applications of the Notions of Weak Dependence in Statistic



Time Series Analysis
Weak Dependence Notions

Causal Case
Noncausal Case

Noncausal Coefficients Doukhan & Louhichi (1999) Doukhan & W. (2007)

ǫ(P,F ) = sup
‖f ‖∞,‖g‖∞≤1

|Cov(f (P), g(F ))|
Ψ(u, v , Lip f , Lip g)

,

where f , g are Lipschitz functions and

Lip f = sup
(y1,...,yu)6=(x1,...,xu)

|f (y1, . . . , yu) − f (x1, . . . , xu)|
‖y1 − x1‖ + · · · + ‖yu − xu‖

X = (Xt)t∈Z : P = (Xs1
, . . . ,Xsu

),F = (Xt1 , . . . ,Xtv ),

ǫ(r) = sup
u,v

max
s1 ≤ · · · ≤ su
t1 ≤ · · · ≤ tv

r = t1 − su > 0

ǫ(P,F ) →r→∞ 0.

Olivier Wintenberger, Samos, University Paris 1 Applications of the Notions of Weak Dependence in Statistic



Time Series Analysis
Weak Dependence Notions

Causal Case
Noncausal Case

Noncausal Coefficients Doukhan & Louhichi (1999) Doukhan & W. (2007)

ǫ(P,F ) = sup
‖f ‖∞,‖g‖∞≤1

|Cov(f (P), g(F ))|
Ψ(u, v , Lip f , Lip g)

,

where f , g are Lipschitz functions and

Lip f = sup
(y1,...,yu)6=(x1,...,xu)

|f (y1, . . . , yu) − f (x1, . . . , xu)|
‖y1 − x1‖ + · · · + ‖yu − xu‖

X = (Xt)t∈Z : P = (Xs1
, . . . ,Xsu

),F = (Xt1 , . . . ,Xtv ),

ǫ(r) = sup
u,v

max
s1 ≤ · · · ≤ su
t1 ≤ · · · ≤ tv

r = t1 − su > 0

ǫ(P,F ) →r→∞ 0.

Choices of Ψ (symmetric) yield different noncausal coefficients.

Olivier Wintenberger, Samos, University Paris 1 Applications of the Notions of Weak Dependence in Statistic



Time Series Analysis
Weak Dependence Notions

Causal Case
Noncausal Case

Noncausal Coefficients Doukhan & Louhichi (1999) Doukhan & W. (2007)

ǫ(P,F ) = sup
‖f ‖∞,‖g‖∞≤1

|Cov(f (P), g(F ))|
Ψ(u, v , Lip f , Lip g)

,

where f , g are Lipschitz functions and

Lip f = sup
(y1,...,yu)6=(x1,...,xu)

|f (y1, . . . , yu) − f (x1, . . . , xu)|
‖y1 − x1‖ + · · · + ‖yu − xu‖

X = (Xt)t∈Z : P = (Xs1
, . . . ,Xsu

),F = (Xt1 , . . . ,Xtv ),

ǫ(r) = sup
u,v

max
s1 ≤ · · · ≤ su
t1 ≤ · · · ≤ tv

r = t1 − su > 0

ǫ(P,F ) →r→∞ 0.

Choices of Ψ (symmetric) yield different noncausal coefficients.

Ψ(u, v , Lip f , Lip g) = uLip f + vLip g , ǫ(r) = η(r),

Olivier Wintenberger, Samos, University Paris 1 Applications of the Notions of Weak Dependence in Statistic



Time Series Analysis
Weak Dependence Notions

Causal Case
Noncausal Case

Noncausal Coefficients Doukhan & Louhichi (1999) Doukhan & W. (2007)

ǫ(P,F ) = sup
‖f ‖∞,‖g‖∞≤1

|Cov(f (P), g(F ))|
Ψ(u, v , Lip f , Lip g)

,

where f , g are Lipschitz functions and

Lip f = sup
(y1,...,yu)6=(x1,...,xu)

|f (y1, . . . , yu) − f (x1, . . . , xu)|
‖y1 − x1‖ + · · · + ‖yu − xu‖

X = (Xt)t∈Z : P = (Xs1
, . . . ,Xsu

),F = (Xt1 , . . . ,Xtv ),

ǫ(r) = sup
u,v

max
s1 ≤ · · · ≤ su
t1 ≤ · · · ≤ tv

r = t1 − su > 0

ǫ(P,F ) →r→∞ 0.

Choices of Ψ (symmetric) yield different noncausal coefficients.

Ψ(u, v , Lip f , Lip g) = uLip f + vLip g , ǫ(r) = η(r),
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First Examples

Xt = H((ξt−j)j∈Z), with (ξt)t∈Z (∈ R) iid (ξ ∼ µ).

If H ∈ L
1(RZ, µ) and for (ζt)t∈Z and (ξt)t∈Z iid,

E
∣∣H (ξj , j ∈ Z) − H

(
ξj11|j|<r + ζj11|j|≥r , j ∈ Z

)∣∣ ≤ δr ↓ 0 (r ↑ ∞)

then η(r) ≤ 2δ[r/2].
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Xt = H((ξt−j)j∈Z), with (ξt)t∈Z (∈ R) iid (ξ ∼ µ).

If H ∈ L
1(RZ, µ) and for (ζt)t∈Z and (ξt)t∈Z iid,

E
∣∣H (ξj , j ∈ Z) − H

(
ξj11|j|<r + ζj11|j|≥r , j ∈ Z

)∣∣ ≤ δr ↓ 0 (r ↑ ∞)

then η(r) ≤ 2δ[r/2].

Application

For the Linear Model Xt =
∑

j∈Z
djξt−j , η(r) ≤ 2E|ξ0|

∑
|j|≥r dj .
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Xt = H((ξt−j)j∈Z), with (ξt)t∈Z (∈ R) iid (ξ ∼ µ).

If H ∈ L
1(RZ, µ) and for (ζt)t∈Z and (ξt)t∈Z iid,

E
∣∣H (ξj , j ∈ Z) − H

(
ξj11|j|<r + ζj11|j|≥r , j ∈ Z

)∣∣ ≤ δr ↓ 0 (r ↑ ∞)

then η(r) ≤ 2δ[r/2].

Application

For the Linear Model Xt =
∑

j∈Z
djξt−j , η(r) ≤ 2E|ξ0|

∑
|j|≥r dj .

If (Xt)t∈Z is Gaussian or associated (Cov (f (P), g(F )) ≥ 0 if f , g ↑) then

λ(r) ≤ sup
j≥r

|Cov(X0,Xj)|.
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Causal Coefficient (Coupling) Dedecker & Prieur (2004)

Here P = σ(Xt ,Xt−1, . . .) and X ⊂ F = {Xt+r ,Xt+r+1, . . .}.
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Causal Coefficient (Coupling) Dedecker & Prieur (2004)

Here P = σ(Xt ,Xt−1, . . .) and X ⊂ F = {Xt+r ,Xt+r+1, . . .}.

τ(P ,X ) = E

∥∥∥∥∥ sup
Lip g≤1

{|E(g(X )|P) − E(g(X ))|}
∥∥∥∥∥ ,
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Here P = σ(Xt ,Xt−1, . . .) and X ⊂ F = {Xt+r ,Xt+r+1, . . .}.

τ(P ,X ) = E

∥∥∥∥∥ sup
Lip g≤1

{|E(g(X )|P) − E(g(X ))|}
∥∥∥∥∥ ,

τ(r) = sup
v≥0

1

v
sup

t+r≤t1≤···≤tv

τ (P, (Xt1 , . . . ,Xtv )) →r→∞ 0.
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Causal Coefficient (Coupling) Dedecker & Prieur (2004)

Here P = σ(Xt ,Xt−1, . . .) and X ⊂ F = {Xt+r ,Xt+r+1, . . .}.

τ(P ,X ) = E

∥∥∥∥∥ sup
Lip g≤1

{|E(g(X )|P) − E(g(X ))|}
∥∥∥∥∥ ,

τ(r) = sup
v≥0

1

v
sup

t+r≤t1≤···≤tv

τ (P, (Xt1 , . . . ,Xtv )) →r→∞ 0.

Coupling: for Y distributed as X and independent of P then

τ(P,X ) ≤ E‖X − Y ‖.

There exists Y ∗ such that τ(P ,X ) = E‖X − Y ∗‖.

Olivier Wintenberger, Samos, University Paris 1 Applications of the Notions of Weak Dependence in Statistic
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Processes with Infinite Memory Doukhan & W. (submitted)

Xt = F (Xt−1,Xt−2,Xt−3, . . . ; ξt) a.s.

(ξt)t∈Z iid, F : EN × E ′ → E .
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Processes with Infinite Memory Doukhan & W. (submitted)

Xt = F (Xt−1,Xt−2,Xt−3, . . . ; ξt) a.s.

(ξt)t∈Z iid, F : EN × E ′ → E .

Existence, Moment and Weak Dependence

If µm = ‖F (0, 0, 0, . . . ; ξ0)‖m <∞, m ≥ 1,
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Processes with Infinite Memory Doukhan & W. (submitted)

Xt = F (Xt−1,Xt−2,Xt−3, . . . ; ξt) a.s.

(ξt)t∈Z iid, F : EN × E ′ → E .

Existence, Moment and Weak Dependence

If µm = ‖F (0, 0, 0, . . . ; ξ0)‖m <∞, m ≥ 1,
and (xj)j∈N, (yj)j∈N finitely non-zero sequences

‖F (x1, x2, x3, . . . ; ξt) − F (y1, y2, y3, . . . ; ξt)‖m ≤
∞∑

j=1

aj‖xj − yj‖

with a =
∑∞

j=1 aj < 1
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Processes with Infinite Memory Doukhan & W. (submitted)

Xt = F (Xt−1,Xt−2,Xt−3, . . . ; ξt) a.s.

(ξt)t∈Z iid, F : EN × E ′ → E .

Existence, Moment and Weak Dependence

If µm = ‖F (0, 0, 0, . . . ; ξ0)‖m <∞, m ≥ 1,
and (xj)j∈N, (yj)j∈N finitely non-zero sequences

‖F (x1, x2, x3, . . . ; ξt) − F (y1, y2, y3, . . . ; ξt)‖m ≤
∞∑

j=1

aj‖xj − yj‖

with a =
∑∞

j=1 aj < 1 then existence in L
m of a (essentially) unique stationarity

solution and weak dependence hold with:

τ(r) ≤ 2
µ1

1 − a
inf
N>0




∑

j≥N

aj + a−
r
N



→r→∞ 0.
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Classical Models

Applications

ARMA(1, 1) Xt = b + b1Xt−1 + c1ξt−1 + ξt .

If |b1|, |c1| < 1, ‖ξ0‖m <∞, existence in L
m,

and τ(r) ≤ Ce−
√

αβr ,

{
α = ln(1 + c1) − ln(b1 + c1),
β = − ln(c1).
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Classical Models

Applications

ARMA(1, 1) Xt = b + b1Xt−1 + c1ξt−1 + ξt .

If |b1|, |c1| < 1, ‖ξ0‖m <∞, existence in L
m,

and τ(r) ≤ Ce−
√

αβr ,

{
α = ln(1 + c1) − ln(b1 + c1),
β = − ln(c1).

GARCH(1, 1)

{
Xt = σtξt ,
σ2

t = b + b1X
2
t−1 + c1σ

2
t−1, b, b1, c1 > 0.

If ‖ξ0‖m

√
b1 +

√
c1 < 1, existence in L

m

and τ(r) ≤ Ce−
√

αβr ,

{
α = ln(1 −√

c1) − ln(‖ξ0‖m

√
b1),

β = − ln(c1)/2.
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General NonMarkov Nonlinear Models

LARCH(∞) Process, Doukhan et al. (2006)

Xt = ξt

(
a +

∑

j≥1

bjXt−j

)
a.s.

exists, belongs in L
m and is τ -weakly dependent if ‖ξ0‖m

∑
j≥1 ‖bj‖ < 1.
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General NonMarkov Nonlinear Models

LARCH(∞) Process, Doukhan et al. (2006)

Xt = ξt

(
a +

∑

j≥1

bjXt−j

)
a.s.

exists, belongs in L
m and is τ -weakly dependent if ‖ξ0‖m

∑
j≥1 ‖bj‖ < 1.

Affine Models

Xt = M(Xt−1,Xt−2, . . .) · ξt + f (Xt−1,Xt−2, . . .), a.s.

exists, belongs in L
m and is τ -weakly dependent if

∞∑

j=1

αj(f ) + ‖ξ0‖m

( ∞∑

j=1

αj(M)
)

:= a < 1

with for all finitely non-zero sequences x = (xj)j≥1, y = (yj)j≥1

‖f (x) − f (y)‖ ≤ ∑∞
j=1 αj(f )‖xj − yj‖,

‖M(x) − M(y)‖ ≤ ∑∞
j=1 αj(M)‖xj − yj‖.
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Some Applications

Parametric Estimation for Affine Models,

Limit Results similar to the independent case.
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Parametric Estimation

The true parameter θ0 ∈ C compact ⊂ R
d .

Xt = Mθ0
(Xt−1,Xt−2, . . .) · ξt + fθ0

(Xt−1,Xt−2, . . .), a.s.
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Parametric Estimation

The true parameter θ0 ∈ C compact ⊂ R
d .

Xt = Mθ0
(Xt−1,Xt−2, . . .) · ξt + fθ0

(Xt−1,Xt−2, . . .), a.s.

If ‖fθ(0, 0, . . .)‖C + ‖Mθ(0, 0, . . .)‖C <∞ (‖ · ‖C = supC ‖ · ‖) and

∞∑

j=1

αj(f ) + ‖ξ0‖m

( ∞∑

j=1

αj(M)
)
< 1

with for all finitely non-zero sequences (xj)j≥1, (yj)j≥1

‖fθ(x) − fθ(y)‖C ≤ ∑∞
j=1 αj(f )‖xj − yj‖,

‖Mθ(x) − Mθ(y)‖C ≤ ∑∞
j=1 αj(M)‖xj − yj‖.
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Quasi Maximum Likelihood Estimator

θ̂n = arg max
θ∈C

L̂n(θ)

where

L̂n(θ) := −1

2

n∑

t=1

[(
Xt − f̂ t

θ

)′(
Ĥ t

θ

)−1(
Xt − f̂ t

θ

)
− 1

2
ln
(
det
(
Ĥ t

θ

))]
.
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Quasi Maximum Likelihood Estimator

θ̂n = arg max
θ∈C

L̂n(θ)

where

L̂n(θ) := −1

2

n∑

t=1

[(
Xt − f̂ t

θ

)′(
Ĥ t

θ

)−1(
Xt − f̂ t

θ

)
− 1

2
ln
(
det
(
Ĥ t

θ

))]
.

First prove that (Ft = σ(Xt ,Xt−1, . . .))

f̂ t
θ0

:= fθ0
(Xt−1, . . . ,X1, 0, . . .)

P

−→
t→∞

E(Xt/Ft),

Ĥ t
θ0

:= Mθ0
(Xt−1, . . . ,X1, 0, . . .)M

′
θ0

(Xt−1, . . . ,X1, 0, . . .)
P

−→
t→∞

Var (Xt/Ft).
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Quasi Maximum Likelihood Estimator

θ̂n = arg max
θ∈C

L̂n(θ)

where

L̂n(θ) := −1

2

n∑

t=1

[(
Xt − f̂ t

θ

)′(
Ĥ t

θ

)−1(
Xt − f̂ t

θ

)
− 1

2
ln
(
det
(
Ĥ t

θ

))]
.

First prove that (Ft = σ(Xt ,Xt−1, . . .))

f̂ t
θ0

:= fθ0
(Xt−1, . . . ,X1, 0, . . .)

P

−→
t→∞

E(Xt/Ft),

Ĥ t
θ0

:= Mθ0
(Xt−1, . . . ,X1, 0, . . .)M

′
θ0

(Xt−1, . . . ,X1, 0, . . .)
P

−→
t→∞

Var (Xt/Ft).

Then, under infθ∈C det
(
Hθ(x1, . . .)

)
≥ H > 0, using Ergodic Arguments

∥∥∥∥∥
L̂n(θ)

n
− LX0/F0

(θ)

∥∥∥∥∥
C

P

−→
n→∞

0, if ξ0 is a Gaussian random variable.
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Asymptotic Behavior of the QMLE Bardet & W. (in preparation)

Strong Consistency

If m ≥ 2, identifiability of the model and

αj(f ) + αj(M) = O
(
j−ℓ
)

with ℓ > 3/2, (1)

then
θ̂n

a.s.−→
n→∞

θ0.
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Asymptotic Behavior of the QMLE Bardet & W. (in preparation)

Strong Consistency

If m ≥ 2, identifiability of the model and

αj(f ) + αj(M) = O
(
j−ℓ
)

with ℓ > 3/2, (1)

then
θ̂n

a.s.−→
n→∞

θ0.

Asymptotic Normality (using Central Limit Theorem for Martingale Differences)

Moreover, if m ≥ 4 and under conditions on 2-first derivatives of f and M,

√
n
(
θ̂n − θ0

) D−→
n→∞

Nd

(
0 , Γ(θ0)

)
,

where the matrix Γ(θ0) exists.

More general but less sharp than results of Berkes et al (2003).
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Limit Theorems Dedecker & Doukhan (2003), Dedecker & Prieur (2004)

‖F (x1, x2, x3, . . . ; ξt) − F (y1, y2, y3, . . . ; ξt)‖m ≤
∞∑

j=1

aj‖xj − yj‖.
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Limit Theorems Dedecker & Doukhan (2003), Dedecker & Prieur (2004)

‖F (x1, x2, x3, . . . ; ξt) − F (y1, y2, y3, . . . ; ξt)‖m ≤
∞∑

j=1

aj‖xj − yj‖.

Limit Theorems when aj ≤ cj−β with β > 1

If m = 1 and β > 2,
1

n

n∑

i=1

(Xi − EX0) −→
n→∞

0, a.s.
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Limit Theorems Dedecker & Doukhan (2003), Dedecker & Prieur (2004)

‖F (x1, x2, x3, . . . ; ξt) − F (y1, y2, y3, . . . ; ξt)‖m ≤
∞∑

j=1

aj‖xj − yj‖.

Limit Theorems when aj ≤ cj−β with β > 1

If m = 1 and β > 2,
1

n

n∑

i=1

(Xi − EX0) −→
n→∞

0, a.s.

If 2 > m > p > 1 and β > 1 +
(p − 1)(m − 1)

m − p
, n− 1

p

n∑

i=1

(Xi − EX0) −→
n→∞

0, a.s.
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Limit Theorems Dedecker & Doukhan (2003), Dedecker & Prieur (2004)

‖F (x1, x2, x3, . . . ; ξt) − F (y1, y2, y3, . . . ; ξt)‖m ≤
∞∑

j=1

aj‖xj − yj‖.

Limit Theorems when aj ≤ cj−β with β > 1

If m = 1 and β > 2,
1

n

n∑

i=1

(Xi − EX0) −→
n→∞

0, a.s.

If 2 > m > p > 1 and β > 1 +
(p − 1)(m − 1)

m − p
, n− 1

p

n∑

i=1

(Xi − EX0) −→
n→∞

0, a.s.

If m > 2 and β > 2 + 1/(m − 2),
1√
n

[nt]∑

i=1

Xi
D−→

n→∞
σWt for some σ2 ≥ 0,
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Limit Theorems Dedecker & Doukhan (2003), Dedecker & Prieur (2004)

‖F (x1, x2, x3, . . . ; ξt) − F (y1, y2, y3, . . . ; ξt)‖m ≤
∞∑

j=1

aj‖xj − yj‖.

Limit Theorems when aj ≤ cj−β with β > 1

If m = 1 and β > 2,
1

n

n∑

i=1

(Xi − EX0) −→
n→∞

0, a.s.

If 2 > m > p > 1 and β > 1 +
(p − 1)(m − 1)

m − p
, n− 1

p

n∑

i=1

(Xi − EX0) −→
n→∞

0, a.s.

If m > 2 and β > 2 + 1/(m − 2),
1√
n

[nt]∑

i=1

Xi
D−→

n→∞
σWt for some σ2 ≥ 0,

n∑

i=1

(Xi − Yi ) = o(
√

n ln ln n), a.s. where (Yt)t∈Z iid Gaussian random variables.
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1 Time Series Analysis

2 Weak Dependence Notions

3 Causal Case
Examples
Applications

4 Noncausal Case
Examples
Applications
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Noncausal Bernoulli Shifts Doukhan & W. (2007)

Xt = H((ξt−j)j∈Z),
with (ξt)t∈Z (∈ R) iid (ξ ∼ µ) ⇒ (Xt)t∈Z η−weakly dependent.
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Noncausal Bernoulli Shifts Doukhan & W. (2007)

Xt = H((ξt−j)j∈Z),
with (ξt)t∈Z (∈ R) iid (ξ ∼ µ) ⇒ (Xt)t∈Z η−weakly dependent.

Xt = H((ξt−j)j∈Z),
with (ξt)t∈Z (∈ R) ηξ or λξ-weakly dependent.
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Noncausal Bernoulli Shifts Doukhan & W. (2007)

Xt = H((ξt−j)j∈Z),
with (ξt)t∈Z (∈ R) iid (ξ ∼ µ) ⇒ (Xt)t∈Z η−weakly dependent.

Xt = H((ξt−j)j∈Z),
with (ξt)t∈Z (∈ R) ηξ or λξ-weakly dependent.

Heredity

If E|ξ0|m
′

<∞ , and xj = yj for j 6= s,

|H ((xj)j∈Z) − H ((yj)j∈Z)| ≤ bs

(
sup
j 6=s

|xj |ℓ ∨ 1
)
|xs − ys |

then
∑

s sbs <∞, implies existence in L
m, if ℓm + 1 ≤ m′.
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Noncausal Bernoulli Shifts Doukhan & W. (2007)

Xt = H((ξt−j)j∈Z),
with (ξt)t∈Z (∈ R) iid (ξ ∼ µ) ⇒ (Xt)t∈Z η−weakly dependent.

Xt = H((ξt−j)j∈Z),
with (ξt)t∈Z (∈ R) ηξ or λξ-weakly dependent.

Heredity

If E|ξ0|m
′

<∞ , and xj = yj for j 6= s,

|H ((xj)j∈Z) − H ((yj)j∈Z)| ≤ bs

(
sup
j 6=s

|xj |ℓ ∨ 1
)
|xs − ys |

then
∑

s sbs <∞, implies existence in L
m, if ℓm + 1 ≤ m′.

If bs ≤ Cs−b,

ηξ(r) ≤ Cr−η ⇒ η(r) ≤ C ′r−η(1− 1
b−1 )

m′
−2

m′
−ℓ−1 ,

λξ(r) ≤ Cr−λ ⇒ λ(r) ≤ C ′r
−λ(1− 2

b )
(
1− ℓ

m′
−1

)

.
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Some Applications

Due to the complexity of our models, a main problem is how to identify them ?
Parametric methods on the dynamic do not work. We work on the marginal law.
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Some Applications

Due to the complexity of our models, a main problem is how to identify them ?
Parametric methods on the dynamic do not work. We work on the marginal law.

Moment Estimation (Central Limit Theorem, CLT),
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Some Applications

Due to the complexity of our models, a main problem is how to identify them ?
Parametric methods on the dynamic do not work. We work on the marginal law.

Moment Estimation (Central Limit Theorem, CLT),

Kernel Density Estimation,
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Some Applications

Due to the complexity of our models, a main problem is how to identify them ?
Parametric methods on the dynamic do not work. We work on the marginal law.

Moment Estimation (Central Limit Theorem, CLT),

Kernel Density Estimation,

Functional Thresholded Estimation.
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Lindeberg CLT Doukhan & W. (2007)

A C.L.T. is proved by using Bernstein blocks
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Lindeberg CLT Doukhan & W. (2007)

A C.L.T. is proved by using Bernstein blocks

CLT

(Xt)t∈Z stationary 0-mean, with m-order moments (m > 2). If (Xt)t∈Z is λ-weakly

dependent with λ(r) = O(r−λ) when r → ∞, with λ > 4 +
2

m − 2
, then

1√
n

[nt]∑

i=1

Xi
D−→

n→∞
σWt for some σ2 ≥ 0.

Under τ -weak dependence, conditions m > 2 and τ(r) = O(r−τ ) with
τ > 1 + 1/(m − 2) are sufficient.
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Kernel Density Estimation Tsybakov (2004)

(Xt)t∈Z stationary with marginal density f . K : R → R bounded, Lipschitz function
with compact support,

∫∞
−∞ K (t) dt = 1

f̂n(x) =
1

n

n∑

i=1

1

hn

K

(
x − Xi

hn

)
for x ∈ R, hn −→

n→∞
0, nhn −→

n→∞
∞
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Kernel Density Estimation Ragache & W. (2006)

Rates of Convergence

If |f | <∞, supi 6=j ‖fi,j‖∞ <∞ (joint marginal densities) and f ∈ Cs . If (Xt)t∈Z is
η-weakly dependent with η(r) = O(r−η) when r → ∞, with
η > max (1 + 2/d + (d + 1)/ρ, 2 + 1/d). If K satisfies a moment condition, then
hn can be chosen (depending on s) such that

E|f̂n(x) − f (x)|m = O
(
n−ms/(2s+d)

)
for all 0 < m ≤ m0 = 2 ⌈(η − 1)/2⌉.
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Kernel Density Estimation Ragache & W. (2006)

Rates of Convergence

If |f | <∞, supi 6=j ‖fi,j‖∞ <∞ (joint marginal densities) and f ∈ Cs . If (Xt)t∈Z is
η-weakly dependent with η(r) = O(r−η) when r → ∞, with
η > max (1 + 2/d + (d + 1)/ρ, 2 + 1/d). If K satisfies a moment condition, then
hn can be chosen (depending on s) such that

E|f̂n(x) − f (x)|m = O
(
n−ms/(2s+d)

)
for all 0 < m ≤ m0 = 2 ⌈(η − 1)/2⌉.

If (Xt)t∈Z is η-weakly dependent with η(r) = O(exp(−ηrb)) (0 < η) when r → ∞,

sup
‖x‖≤1

|f̂n(x) − f (x)| = O




(

ln2(b+1)/b(n)

n

)s/(d+2s)


 a.s. or in L
m.
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Adaptive Estimator Donoho et al. (1996)

A function f ∈ L
2([0, 1]) can be decomposed as

f =

2j0−1∑

k=0

αj0,kφj0,k +

∞∑

j=j0

2j−1∑

k=0

βj0,kψj0,k ,

where αj,k =
∫ 1

0
f (x)φj,k(x)dx , βj,k =

∫ 1

0
f (x)ψj,k(x)dx .
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Adaptive Estimator Donoho et al. (1996)

A function f ∈ L
2([0, 1]) can be decomposed as

f =

2j0−1∑

k=0

αj0,kφj0,k +

∞∑

j=j0

2j−1∑

k=0

βj0,kψj0,k ,

where αj,k =
∫ 1

0
f (x)φj,k(x)dx , βj,k =

∫ 1

0
f (x)ψj,k(x)dx .

The thresholded estimator is

f̂n =

2j0−1∑

k=0

α̂j0,kφj0,k +

j1∑

j=j0

2j−1∑

k=0

Tλj
(β̂j,k)ψj,k ,

where α̂j,k = 1/n
∑n

i=1 φj,k(Xi ) and β̂j,k = 1/n
∑n

i=1 ψj,k(Xi ) are the empirical
estimators of the coefficients αj,k and βj,k and Tλ(β) = β11|β|>λ for λ > 0.
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Quasi Optimality of the Estimator Gannaz & W. (submitted)

Quasi Optimality

Suppose that f ∈ Bs
π,r (M) and that (Xt)t∈Z is η-weakly dependent with

η(r) = O(exp(−ηrb)) (0 < η) when r → ∞.
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Quasi Optimality of the Estimator Gannaz & W. (submitted)

Quasi Optimality

Suppose that f ∈ Bs
π,r (M) and that (Xt)t∈Z is η-weakly dependent with

η(r) = O(exp(−ηrb)) (0 < η) when r → ∞. Then there exists a constant C such
that

E

[∫ 1

0

|f̂n(x) − f (x)|mdx

]
≤ C






(
ln2(b+1)/b n

n

)mα

if ǫ 6= 0

(
ln2(b+1)/b n

n

)mα

(ln n)(1−π/r)+ if ǫ = 0

where the optimal rate α and ǫ are given

α =

{
s/(1 + 2s) ǫ ≥ 0,

(s − 1/π + 1/m)/(1 + 2s − 2/π) ǫ ≤ 0,
where ǫ = sπ − (m − π)/2.
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The Threshold Level Gannaz & W. (submitted)






2j0 ≃ n1/(1+N),
2j1 ≃ n/ log n,
λj = Kj1+1/b/

√
n, for a well chosen constant K > 0.
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The Threshold Level Gannaz & W. (submitted)






2j0 ≃ n1/(1+N),
2j1 ≃ n/ log n,
λj = Kj1+1/b/

√
n, for a well chosen constant K > 0.

Donoho Johnstone Kerkyacharian Picard (1996): λj = K
√

j/
√

n.

⇒ The same rates with ln n instead of ln2(1+1/b) n.
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