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.( H-"'($%G .#)' )#$G H#))-*GG#)G +- %Z"-%'*'*#) +( +#), .( H( Î + Ê #$ $) Î+(' .( H-"'($%G
.#)' )#$G H#))-*GG#)G +(G .*\ ()G*#)G .(G \ -*++(G ���¯ �

�( "%#&+¬\ ( '(H�)#+#,*[$( (' -""+*H-'*� .( %(H#)G'%$H'*#) .( �#%\ (G ¨ "-%'*% .( H-"'($%G
.( *()' -*)G* +- �#%\$+-'*#) \ -'�Z\ -'*[$( G$* -)'( × H#\\ ()' %(H#)G'%$*%( $)( G$%�-H( ¨
"-%'*% .( .#))Z(G '-),()'*(++(G .#)' +- %Z"-%'*'*#) (G' H#))$( �

¥( "%#&+¬\ ( (G' &*() G« % ¨ .ZÎ)*% "+$G "%ZH*GZ\ ()' Ê H( [$( )#$G �(%#)G .-)G +- G$*'(
.( H( .#H$\ ()' �

�#$G -%'*H$+#)G H( \ Z\#*%( .( +- \ -)*¬%( G$* -)'( × -"%¬G $) &%(� H�-"*'%( H#)G'*'$Z .(
%-"" (+G .( )#'*#)G .( ,Z#\ Z'%*( .*� Z%()'*(++( )ZH(GG-*%(G ¨ +- H#\"%Z�()G*#) .( H( '%- -*+ Ê
$)( "%(\ *¬%( "-%'*( G(%- H#)G-H%Z( ¨ +- %(H#)G'%$H'*#) .( H#$%& (G � ¥(+- " (%\ (''%- -*)G*
.( &*() " #G(% (' H#\"%().%( $) "%#&+¬\ ( G*\"+*ÎZ Ê (' \ (''%( () "+-H( .(G Z+Z\ ()'G *\ �
" #%'-)'G [$* G(%#)' "-% +- G$*'( %Z*) (G'*G " #$% +- %(H#)G'%$H'*#) .(G G$%�-H(G � ¥(''( "-%'*(
G( .ZH#\"#G( () .($¤ H�-"*'%(G [$* �#%\ ()' .($¤ \ Z'�#.(G .*�Z%()'(G .( %ZG#+$'*#) .*H�
'Z(G "-% .($¤  *G*#)G .*�Z%()'(G × () "%(\ *(% +*($ Ê +- %(H#)G'%$H'*#) .( H#$%& (G G'-'*[$(G
®.-)G +([$(+ )#$G .ZH#\"#G#)G ()H#%( () %ZG#+ -)' '#$' . Ë-& #%. +( "%#&+¬\ ( .(G H#$%& (G
"+-)(G Ê "$*G )#$G Z'().#)G ¨ +- %(H#)G'%$H'*#) .(G H#$%& (G ,-$H�(G¯ Ê (' .-)G $) G(H#).
'(\"G )#$G Z'$.*(%#)G +- \ *G( () \ #$ (\ ()' .( )#'%( H#$%& ( Ê [$ * " (%\ (''%- .( .*G" #G(%
. Ë*)�#%\ -'*#)G G$""+Z\ ()'-*%(G Ê ¨ G- #*% +- " #G*'*#) .( +- H#$%& ( -$ '(\"G "%ZHZ.()' �
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�-)G $)( .($¤*¬\ ( "-%'*( Ê )#$G )#$G " ()H�(%#)G G$% +- %(H#)G'%$H'*#) .( G$%�-H(G Ê
'#$Ì #$%G () -­-)' ¨ + Ë(G"%*' +(G .($¤  *G*#)G × -G" (H'G G'-'*[$( #$ G$* * .( .Z�#%\ -'*#) �
� +$G*($%G \ Z'�#.(G Ê .$(G ¨ .*� Z%()'(G " #GG*& *+*'ZG .( "%#'#'­" (G .*H'-)' .*� Z%()'(G G#%'(G
.( .#))Z(G Ê G#)' Z'$.*Z(G �

�)Î) Ê +( .(%)*(% H�-"*'%( G( �# H-+*G(%- G$% +(G -""+*H-'*#)G H#)H%¬'(G +*Z(G ¨ H(G '%- -$¤ Ê
'#$' . Ë-& #%. - (H [$(+[$(G (¤"+*H-'*#)G G$% +(G H-"'($%G (' +(G "%#'#'­" (G Ê "$*G )#$G \ #)�
'%(%#)G +(G %ZG$+'-'G #&'()$G - (H H(G G­G'¬\ (G .( H-"'$%( � �#$G - #)G H�#*G* .( "+-H(%
'#$'(G +(G -""+*H-'*#)G '(H�)#+#,*[$(G .-)G $) .(%)*(% H�-"*'%( Ê H-% )#G '%- -$¤ .( '�¬G(
Z'-)' .-)G $)( G" ZH*-+*'Z } �-'�Z\ -'*[$(G �)�#%\ -'*[$( } Ê )#$G  #$+*#)G - -)' '#$' .Z,-�
,(% +(G "%#&+¬\ (G G#$G $)( �#%\ ( \ -'�Z\ -'*[$( Ê ­ -""#%'(% $)( %Z" #)G( (' +- H#)�%#)'(%
()G$*'( -$¤ (¤" Z%*\ ()'-'*#)G � ¥(" ().-)' Ê *+ " ($' �'%( $'*+( -$ +(H'($% .( G Ë­ %(" #%'(% .-)G
$) "%(\ *(% '(\"G Ê -Î) .( \ *($¤ -""%Z�().(% +- \ #'* -'*#) (' +( H-.%( .( H( '%- -*+ � �)
#$'%( Ê )#$G - #)G Z,-+(\ ()'  #$+$ GZ"-%(% +(G (¤" Z%*\ ()'-'*#)G -""+*H-'* (G -H'$(++(G H-%
)#$G  #$+*#)G -"" #%'(% .(G G#+$'*#)G +(G "+$G ,Z)Z%-+(G " #GG*& +(G ®)( .Z" ().-)' -+#%G "-G .(G
"%#'#'­" (G©\ -'Z%*-$¤ -H'$(++(\ ()' Z+-& #%ZG¯ Ê H(H* (¤"+*[$-)' ()Î) +( H-%-H'¬%( *++$G'%-'*�
.( H( .(%)*(% H�-"*'%( Ê (' +Z,*'*\ -)' H#\"+¬'(\ ()' G#) " #G*'*#))(\ ()' �
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�-)G H( H�-"*'%( "%Z+*\ *)-*%( Ê )#$G *)'%#.$*G#)G [$(+[$(G )#'*#)G Z+Z\ ()'-*%(G .( ,Z#�
\ Z'%*( H#)H(%)-)' +- .(GH%*"'*#) .(G H#$%& (G (' .(G G$%�-H(G Ê (' )#$G .ZH%* #)G [$(+[$(G
#$'*+G .( ,Z#\ Z'%*( .*� Z%()'*(++( Ê $'*+( " #$% +- H#\"%Z�()G*#) .(G "%*)H*"-$¤ %ZG$+'-'G .(
H( \ Z\#*%( �

¯°±²³´µ
�)( H#$%& ( .( + Ë(G"-H( " ($' �'%( .ZH%*'( .( "+$G*($%G �-Í#)G ®*\"+*H*'( Ê (¤"+*H*'( Ê "-%-�

\ Z'%*[$( )#'-\\()'¯ � �#$G .ZH%* #)G "-% +- G$ *'( +( \ #.( [$( )#$G $'*+*G#)G .-)G )#'%(
'%- -*+ × +- .(GH%*"'*#) "-%-\ Z'%*[$( .(G H#$%& (G �

�#*' C $)( H#$%& ( .( + Ë(G"-H( � �+ (¤ *G'( -+#%G $) "-%-\ ¬'%( t .ZÎ)* .-)G $) *)'(% -++(
[a, b] Ê '(++( [$( +- H#$%& ( C G#*' .ZH%*'( "-% +- .#))Z( .( +- �#)H'*#) f .( +- �-Í#) G$* -)'( ×

f : [a, b] −→ R3

t 7−→ f(t) =



x(t)
y(t)
z(t)


 .

�- H#$%& ( C (G' -*)G* + Ë*\ -,( "-% +- �#)H'*#) f . Ë$) H#\"-H' .( R
�

�* )#$G -GG#H*#)G +- �#)H'*#) G$* -)'( σ ¨ +- H#$%& ( C ×

σ : I −→ [0, L], L +#),$($% .( +- H#$%& (
t 7−→ σ(t) =

∫ t

0

∥∥f ′(u)
∥∥ du.

�+#%G +( "-%-\ ¬'%( s = σ(t) (G' -"" (+Z -&GH*GG( H$% *+*,)( (' +- H#$%& ( "-%-\ Z'%Z( "-%
H(''( -&GH*GG( H$% *+*,)( ®-"" (+Z( "-%-\ Z'%*G-'*#) )#%\ -+(¯ f = f ◦σ−1 (G' .ZH%*'( ¨  *'(GG(
H#)G'-)'( $)*'-*%( Ê H Ë(G'�¨�.*%( ×

∥∥∥f ′(s)
∥∥∥ = 1, ∀s.

¡#­#)G ¨ "%ZG()' [$(+[$(G %ZG$+'-'G " #$% +(G H#$%& (G "+-)(G �

�(  (H'($% f ′(s) (G' .#)H $)*'-*%( Ê *+ " ($' G ËZH%*%( H#\\ ( �#)H'*#) . Ë$) -),+( α(s)
×

f
′
(s) =

(
x′(s) = cos(α(s))
y′(s) = sin(α(s))

)
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�#$G " #$ #)G -GG#H*(% +( %(" ¬%( .( �(%%('�§%()(' (T (s), N(s)) () H�-[$( " #*)' .( +-
H#$%& ( � �+ (G' .ZÎ)* .( +- �-Í#) G$* -)'( " #$% +(G "-%-\ Z'%*G-'*#)G )#%\ -+(G ×

T (s) = f
′
(s) $)*'-*%( Ê

N(s) = ei
π
2 T (s) -Î) . Ë- #*% $) %(" ¬%( .*%(H' �

� "-%'*% .( H( %(" ¬%( )#$G " #$ #)G .ZÎ)*% +- H#$%&$%( () H�-[$( " #*)' .( +- H#$%& (
®[$* (G' *)'%*)G¬[$( ¨ +- H#$%& (¯ ×

κ(s) =
〈
f
′′
(s), N(s)

〉
= ±

∥∥∥f ′′(s)
∥∥∥

�¤"%*\ #)G \ -*)'()-)' +- H#$%&$%( () �#)H'*#) .( + Ë-),+( α � � #$G .( #)G - #*% " #$%
H(+- +(G (¤"%(GG*#)G .( N(s) (' .( f ′′(s) ×

f
′′
(s) =

(
− sin(α(s))α′(s)
cos(α(s))α′(s)

)

N(s) = ei
π
2 T (s) =

(
− sin(α(s))
cos(α(s))

)

� Ë#º ×
κ(s) =

〈
f
′′
(s), N(s)

〉

=

〈(
− sin(α(s)).α′(s)
cos(α(s)).α′(s)

)
,

(
− sin(α(s))
cos(α(s))

)〉

= α′(s)

�- H#$%&$%( .( +- H#$%& ( (G' -+#%G (¤-H'(\ ()' +- .Z%* Z( .( + Ë-),+( α �

¡#­#)G ¨ "%ZG()' H(G .ZÎ)*'*#)G " #$% +(G H#$%& (G ,-$H�(G �

�#$% +(G H#$%& (G ,-$H�(G Ê )#$G " #$ #)G .ZÎ)*% +( '%*¬.%( .( �(%%('�§%()(' (T (s), N(s), B(s))() H�-[$( " #*)' .( +- H#$%& ( � �) G( "+-Í-)' () "-%-\ Z'%*G-'*#) H$% *+*,)( Ê )#$G - #)G +(G
.ZÎ)*'*#)G G$* -)'(G ×

T (s) = f
′
(s)  (H'($% '-),()' $)*'-*%( Ê

N(s) =
f
′′
(s)∥∥∥f ′′(s)
∥∥∥

 (H'($% )#%\ -+ $)*'-*%( Ê

B(s) = T (s) ∧N(s)  (H'($% &*)#%\ -+ $)*'-*%( �

�#$G -"" (+#)G "+-) #GH$+-'($% +( "+-) .ZÎ)* "-% (T,N) Ê +( " +-) )#%\ -+ H(+$ * " #%'Z "-%
+(G  (H'($%G (N,B) (' +( "+-) %(H'*Î -)' H(+$ * H-%-H'Z%*GZ "-% (T,B)

�
� #$G " #$ #)G -+#%G .ZÎ)*% .($¤ )#'*#)G *)'%*)G¬[$(G ¨ +- H#$%& ( Ê +- H#$%&$%( κ (' +-

'#%G*#) τ ×
κ(s) =

∥∥∥f ′′(s)
∥∥∥ , κ(s) ≥ 0

τ(s) = −
〈
∂B

∂s
(s), N(s)

〉
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�#$G " #$ #)G -$GG* .Z'(%\ *)(% +(G  -+($%G .(G .Z%* Z(G .$ '%*¬.%( .( �(%%('�§%()('
®�#%\$+(G .( �(%%('�§%()('¯ ×

∂

∂s



T (s)
N(s)
B(s)


 =




0 κ(s) 0
−κ(s) 0 τ(s)

0 −τ(s) 0


 .



T (s)
N(s)
B(s)




�#$G -++#)G ¨ "%ZG()' " #G(% +(G &-G(G .( +- .(GH%*"'*#) .(G G$%�-H(G �

»±²¼½¾´µ
�)( G$%�-H( " ($' Z,-+(\ ()' �'%( .Z'(%\ *)Z( .( �-Í#) "-%-\ Z'%*[$( - (H H(''( �#*G�H* $)

(G"-H( .( "-%-\ Z'%*G-'*#) .-)G R2 ®)#$G -++#)G )#$G +*\ *'(% ¨ .(G (G"-H(G %(H'-),$+-*%(G¯ ×

F : [a, b]× [c, d] −→ R3

(u, v) 7−→ F (u, v) =



x(u, v)
y(u, v)
z(u, v)


 .

�(G H#$%& (G *G#"-%-\ Z'%*[$(G G#)' .(G H#$%& (G '%-HZ(G G$% +- G$%�-H( #º + Ë$) .(G .($¤
"-%-\ ¬'%(G (G' H#)G'-)' Ê "-% (¤(\"+( ×

Cu0

u (v) = F (u0, v)

(G' +- H#$%& ( *G#"-%-\ Z'%*[$( .Z" ().-)' .( v "#$% +-  -+($% u Î¤Z( ¨ u = u0
�

� ZÎ)*GG#)G ¨ "%ZG()' $)( H-'Z,#%*( .( H#$%& (G "-%'*H$+*¬%(G G$% +(G G$%�-H(G × +(G ,Z#.Z�
G*[$(G � � -)' H(+- Ê )#$G .( #)G .ZÎ)*% +( %(" ¬%( .( �-%& #$¤ �

�#*' $)( H#$%& ( C .ZH%*'( "-% +- "-%-\ Z'%*G-'*#) )#%\ -+( f(s) G$% $)( G$%�-H( S "-%-�
\ Z'%Z( "-% F Ê )#$G - #)G -+#%G f(s) = F (u(s), v(s))

� �) H�-[$( " #*)' .( +- H#$%& ( )#$G
-GG#H*#)G +( %(" ¬%( .( �-%& #$¤ (T (s), g(s), n(s)) .ZÎ)* .( +- �-Í#) G$* -)'( ×

� T (s)  (H'($% '-),()' $)*'-*%( .( +- H#$%& ( Ê
� n(s) )#%\ -+( ¨ +- G$%�-H( Ê
� g(s) = n(s) ∧ T (s)  (H'($% )#%\ -+ ,Z#.ZG*[$( �

¥( %(" ¬%(  Z%*Î( +(G %(+-'*#)G .( �-%& #$¤ ×

∂

∂s



T (s)
g(s)
n(s)


 =




0 κg(s) κn(s)
−κg(s) 0 −τg(s)
−κn(s) −τg(s) 0


 .



T (s)
g(s)
n(s)




[$* .ZÎ)*' κn(s) +- H#$%&$%( )#%\ -+( Ê κg(s)
+- H#$%&$%( ,Z#.ZG*[$( Ê (' τg(s) +- '#%G*#)

,Z#.ZG*[$( �
�)( H#$%& ( ,Z#.ZG*[$( (G' -+#%G H-%-H'Z%*GZ( "-% +( �-*' [$( +- H#$%&$%( ,Z#.ZG*[$( (G'

*.()'*[$(\ ()' )$++( ×
κg(s) ≡ 0

� �) H#)GZ[$()H( Ê . Ë-"%¬G +(G �#%\$+(G .( �-%& #$¤ Ê )#$G
- #)G ∂T

∂s
H#+*)Z-*%( ¨ n � �' - (H +(G �#%\$+(G .( �(%%('�§%()(' Ê )#$G - #)G ∂T

∂s
H#+*)Z-*%( ¨

N
� � *)G* )#$G () .Z.$*G#)G +- H-%-H'Z%*G-'*#) G$* -)'( ×
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�� ��� ¨ ��� ���������� ��� ���� �� �� ¨ ��� ���� ��� � �� ���� ��� �� ���� ¨ ���� �� �� ������Â

�#$G  ()#)G .( &%*¬ (\ ()' %-"" (+(% +(G )#'*#)G .( ,Z#\ Z'%*( [$* )#$G G#)' $'*+(G " #$%
+- G$*'( .( H( .#H$\ ()' � �#$G " #$ #)G ¨ "%ZG()' " #G(% +( "%#&+¬\ ( G$% +([$(+ )#$G - #)G
'%- -*++Z × +- %(H#)G'%$H'*#) .( H#$%& (G ¨ "-%'*% .( .#))Z(G '-),()'*(++(G �
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�#$G -++#)G .-)G H(''( "%(\ *¬%( "-%'*( )#$G *)'Z%(GG(% ¨ +- %(H#)G'%$H'*#) .( H#$%& (G ¨
"-%'*% .( H-"'($%G . Ë#%*()'-'*#) � �#$G .( #)G '#$' . Ë-& #%. �-*%( +( +*() ()'%( +(G G­G'¬\ (G
-""+*H-'*�G " #GG*& +(G (' +- \ #.Z+*G-'*#) \ -'�Z\ -'*[$( -GG#H*Z( � �#$G .*G" #G#)G . Ë$) %$&-)
.( H-"'($%G %Z,$+*¬%(\ ()' %Z"-%'*G [$* .#))()' +($% "%#"%( #%*()'-'*#) � �#$G " #$ #)G -*)G*
() (¤'%-*%( +- "%#&+Z\ -'*[$( \ -'�Z\ -'*[$( G$* -)'( × )#$G .( #)G %(H#)G'%$*%( $)( H#$%& (
.-)G + Ë(G"-H( H#))-*GG-)' +(G .#))Z(G '-),()'*(++(G () H(%'-*)G " #*)'G .( +- H#$%& ( .#)'
)#$G )( H#))-*GG#)G "-G +- " #G*'*#) Ê \ -*G +- %Z"-%'*'*#) +( +#), .( +- H#$%& ( �

�) H( G()G Ê H( ) Ë(G' "-G $) "%#&+¬\ ( .( '­" ( ¢(%\ *'( Ê H Ë(G'�¨�.*%( $) "%#&+¬\ ( . Ë*)'(%�
" #+-'*#) - (H H#)'%-*)'(G .( '-),()'(G � �) (�(' Ê .-)G $) '(+ "%#&+¬\ ( Ê )#$G .( #)G H%Z(%
$)( H#$%& ( [$* "-GG( "-% H(%'-*)(G " #G*'*#)G H#))$(G - (H .(G '-),()'(G H#))$(G � �) H(
[$* )#$G H#)H(%)( Ê )#$G )( H#))-*GG#)G "-G +(G " #G*'*#)G Ê )#$G H#))-*GG#)G G($+(\ ()' +(G
.*%(H'*#)G .(G '-),()'(G (' +(G .*G'-)H(G H$% *+*,)(G ()'%( +(G " #*)'G .( \ (G$%( +( +#), .(
+- H#$%& ( �

¥( ) Ë(G' "-G )#) "+$G $) "%#&+¬\ ( . Ë() (+#"" ( ®Ì§��ml-Í¯ � � -)G $) "%#&+¬\ ( . Ë()�
 (+#"" ( Ê )#$G .( #)G %(H#)G'%$*%( $)( H#$%& ( '-),()'( () H(%'-*)(G .%#*'(G .( " #G*'*#)G
H#))$(G � � -)G )#'%( H-G Ê )#$G H#))-*GG#)G G($+(\ ()' +(G .*%(H'*#)G .( H(G '-),()'(G \ -*G
"-G +($% " #G*'*#) .-)G + Ë(G"-H( Ê H(" ().-)' )#$G H#))-*GG#)G +(G .*G'-)H(G H$% *+*,)(G ()'%(
+(G " #*)'G .( H#)'-H' ¨ H(G '-),()'(G �

¥(''( "%#&+Z\ -'*[$( G(\&+( .#)H -GG(± )#$ (++( � �) (� (' Ê $) '(+ "%#&+¬\ ( Z'-)' *GG$
.( .#))Z(G H-"'($%G .#))( .(G H#)'%-*)'(G -GG(± " ($ )-'$%(++(G \ -'�Z\ -'*[$(\ ()' Ê ('
)#$G -""-%-*' -+#%G %(+-'* (\ ()' )($� .-)G $) H#)'(¤'( .( \ #.Z+*G-'*#) (' %(H#)G'%$H'*#)
,Z#\ Z'%*[$( � ¥( \ Z\#*%( "%#" #G( .(G G#+$'*#)G ¨ H( "%#&+¬\ ( )# -'($% �

¡#*H* + Ë#%,-)*G-'*#) ,Z)Z%-+( .( H(''( "%(\ *¬%( "-%'*( � � -)G $) "%(\ *(% H�-"*'%( Ê )#$G
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Valeurs corrigées

0
s1

si s   = Ln

2π

0

Abscisse Curviligne

V
al

eu
r 

d
es

 a
n

g
le

s 
en

 r
ad

ia
n

s

Valeurs initiales

s   = 0

) 
* + R �S � �#.*ÎH-'*#) .(G -),+(G

�#$G - #)G Z'$.*Z & (-$H#$" .( \ Z'�#.(G .( %(H#)G'%$H'*#) Ê .(G \ Z'�#.(G . Ë*)'(%" #+-�
'*#) "-% G"+*)(G " #+­)#\ *-+(G .( .(,%ZG .* (%G Ê .(G \ Z'�#.(G . Ë*)'(%" #+-'*#) "-% H#)'%-*)'(G
.( �#%\ (G ®G"+*)(G " #+­)#\ *-+(G #$ G"+*)(G �­" (%& #+*[$(G¯ -*)G* [$( .(G \ Z'�#.(G . Ë-""%#¤*�
\ -'*#) "-% G"+*)(G .( +*GG-,( � ª#$'(G H(G \ Z'�#.(G G#)' .Z'-*++Z(G () -))(¤( � � �H* Ê )#$G
-++#)G .Z'-*++(% +- \ Z'�#.( [$( )#$G $'*+*G#)G H-% (++( (G' H#�Z%()'( -$ G()G "�­G*[$( Ê ('
G-'*G�-*G-)'( .-)G +(G (¤(\"+(G %Z-+*GZG "-% +(G .Z\ #)G'%-'($%G � ¥(''( \ Z'�#.( (G' + Ë*)'(%�
" #+-'*#) .( +- H#$%& ( .(G -),+(G "-% $)( G"+*)( H$&*[$( )-'$%(++( ®Ì�¦¦nXÍ¯ �

�#$G G#$�-*'#)G *)'(%" #+(% +- �#)H'*#) .(G -),+(G - (H $)( G"+*)( .( .(,%Z 3 "-% \ #%�
H(-$¤ Ê (++( G ËZH%*' -+#%G .( +- �-Í#) G$* -)'( ×

α(s) = ai

(
s− si

hi

)3

+ bi

(
s− si

hi

)2

+ ci

(
s− si

hi

)
+ di

®R �S¯
" #$% s Ê '(+ [$( si ≤ s ≤ si+1, i = 0, ..., n− 1 (' hi = si+1 − si, i = 0, ..., n− 1

�
�- G"+*)( H$&*[$( [$( )#$G H�(%H�#)G - +(G H#)'%-*)'(G G$* -)'(G ®-"" (+Z( G"+*)( H$&*[$(

)-'$%(++(¯ ×
� *)'(%" #+-'*#) -$¤ "#*)'G ×

α(s+i ) = αi, i = 0, . . . , n− 1 (' α(s−i ) = αi, i = 1, . . . , n,

� H#)'*)$ *'Z C1 ×
α′(s+i ) = α′(s−i ), i = 1, ..., n− 1,

� H#)'*)$ *'Z C2 ×
α′′(s+i ) = α′′(s−i ), i = 1, ..., n− 1,

� \*)*\ *G-'*#) . ËZ)(%,*( ×
α′′(0) = 0 (' α′′(L) = 0.



Qh /���#,0�%�0 
�# �� ��%���,

�(G .*�Z%()'(G H#)'%-*)'(G .#))()' +(G Z[$-'*#)G G$* -)'(G ×

α(s+i ) = di = αi, i = 0, . . . , n− 1,

α(s−i ) = ai−1 + bi−1 + ci−1 + di−1 = αi, i = 1, . . . , n.

�( "+$G Ê α′(s) =
3ai

hi

(
s− si

hi

)2

+
2bi
hi

(
s− si

hi

)
+
ci

hi
, .#)H ×

α′(s−i ) =
3ai−1

hi−1
+

2bi−1

hi−1
+
ci−1

hi−1
=
ci

hi
= α′(s+i ),

(' α′′(s) =
6ai

h2
i

(
s− si

hi

)
+

2bi
h2

i

, .#)H ×

α′′(s−i ) =
6ai−1

h2
i−1

+
2bi−1

h2
i−1

=
2bi
h2

i

= α′′(s+i ).

�#$G #&'()#)G ×

di = αi, i = 0, . . . , n− 1, ®R �T-¯
ai + bi + ci = αi+1 − αi , i = 0, . . . , n− 1, ®R �T& ¯

3ai + 2bi + ci =

(
hi

hi+1

)
ci+1, i = 0, . . . , n− 2, ®R �TH¯

6ai + 2bi =

(
hi

hi+1

)2

2bi+1, i = 0, . . . , n− 2. ®R �T.¯

�ZÎ)*GG#)G +(G λi,i = 0, ..., n H#\\( Z'-)' +(G .Z%* Z(G () si, (α′(si) = λi, i = 0, ..., n),)#$G -++#)G (¤"%*\ (% +(G ai
Êbi Ê ci Ê () �#)H'*#) .(G λi,

"$*G )#$G -$%#)G $) G­G'¬\ ( .( '-*++(
n+ 1 ¨ %ZG#$.%( � � Ë-"%¬G ®R �T& ¯ (' ®R �TH¯ Ê )#$G - #)G ×

ci = λi hi, i = 0, . . . , n− 1, ®R �j-¯
ai = (λi+1 + λi)hi − 2(αi+1 − αi ), i = 0, . . . , n− 1, ®R �j& ¯
bi = 3(αi+1 − αi )− (λi+1 + 2λi)hi, i = 0, . . . , n− 1. ®R �jH¯

� *)G* Ê + ËZ[$-'*#) ®R �T.¯ .( *()' ×

λi+2

(
1

hi+1

)
+λi+1

(
2

hi+1
+

2

hi

)
+λi

(
1

hi

)
= 3

(
αi+2 − αi+1

h2
i+1

+
αi+1 − αi

h2
i

)
, i = 0, . . . , n−2

®R �U¯
(' +(G H#)'%-*)'(G .( \ *)*\ *G-'*#) . ËZ)(%,*( -Ì #$'()' ×

λ1

h0
+ 2

λ0

h0
= 3

(α1 − α0 )

h2
0

, ®R �n-¯

2
λn−1

hn−1
+

λn

hn−1
= 3

(αn − αn−1 )

h2
n−1

. ®R �n& ¯
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�#$G #&'()#)G ,%2H( ¨ ®R �U¯ (' ®R �n¯ +( G­G'¬\ ( \ -'%*H*(+ .( '-*++( (n+1) G$* -)' ×
MΛ = B Ê

- (H ×

M =




2 1
h0

1
h0

0 · · · · · · · · · 0
1
h0

2 1
h0

+ 2 1
h1

1
h1

0 · · · · · · 0

0 1
h1

2 1
h1

+ 2 1
h2

1
h2

0 · · · 0��� � � � � � � � � � � � � � � � ������ � � � � � � � � � � � � � � � ���
0 · · · · · · 0 1

hn−1
2 1

hn−1
+ 2 1

hn

1
hn

0 · · · · · · · · · 0 1
hn

2 1
hn




,

Λ =




λ0

λ1������
λn−1

λn




, B = 3




α1−α0

h2
0

α1−α0

h2
0

+ α2−α1

h2
1

α2−α1

h2
1

+ α3−α2

h2
2���

αn−1−αn−2

h2
n−2

+ αn−αn−1

h2
n−1

αn−αn−1

h2
n−1




®R �X¯

�- \ -'%*H( � (G' $)( \ -'%*H( '%*.*-,#)-+( G­\ Z'%*[$( " #G*'* ( × )#$G #&'()#)G $)(
G#+$'*#) $)*[$( .$ G­G'¬\ ( � �) %(" #%'-)' +(G λi

.-)G +(G �#%\$+(G ®R �j¯ (' ®R �T-¯ Ê )#$G
#&'()#)G +(G *)H#))$(G [$* .Z'(%\ *)()' +- G"+*)( � �#$G - #)G -*)G* $)( *)'(%" #+-'*#) $)*[$(
.(G -),+(G - (H $)( G"+*)( H$&*[$( C2 �

�)( �#*G +- H#$%& ( .(G -),+(G %(H#)G'%$*'( Ê )#$G H#))-*GG#)G "-%�-*'(\ ()' +- �#)H'*#)
.Z%* Z( .( +- H#$%& ( [$( )#$G H�(%H�#)G ×

C ′(s) =

(
x′(s) = cos(α(s))
y′(s) = sin(α(s))

)
.

�+ )#$G %(G'( ¨ "%ZG()' ¨ *)'Z,%(% H(G .($¤ H#\"#G-)'(G " #$% #&'()*% +- G#+$'*#) �
\ 1 a¢ÑÖ3ç¹Ñ ¤Ð¢

�)( �#*G +- �#)H'*#) α(s) .Z'(%\ *)Z( Ê )#$G " #$ #)G '%#$ (% +- G#+$'*#) $)*[$( "-%
*)'Z,%-'*#) ×

C(s) = V0 +




∫ s

0
cos(α(t))dt

∫ s

0
sin(α(t))dt


 ®R �W¯

#º V0
(G' +- " #G*'*#) *)*'*-+( � �#$G - #)G .#)H ¨ H-+H$+(% ∫ s

0 cos(α(t))dt (' ∫ s
0 sin(α(t))dt

�
�#$% s ()'%( si

(' si+1,
)#$G - #)G ×

∫ s

0
cos(α(t))dt =

∫ si

0
cos(α(t))dt+

∫ s

si

cos(α(t))dt

=
i−1∑

k=0

∫ sk+1

sk

cos(α(t))dt+

∫ s

si

cos(α(t))dt ®R �Rm¯
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�# �� ��%���,

� (H $) H�-),(\ ()' .(  -%*-&+(G Ê )#$G #&'()#)G ×
∫ s

si

cos(α(t))dt = hi

∫ s−si
hi

0
cos (α(hi.u+ si)) du.

®R �RR¯
�#$G #&'()#)G -*)G* $)( �#)H'*#) ¨ *)'Z,%(% ()'%( 0 (' s−si

hi

[$* (G' *)�Z%*($% ¨ 1
� � #$G

-$%#)G +(G H-+H$+G G*\ *+-*%(G " #$% + Ë*)'Z,%-+( () G*)$G � �- \ Z'�#.( [$( )#$G $'*+*G#)G " #$%
+ Ë*)'Z,%-'*#) (G' $)( \ Z'�#.( )$\ Z%*[$( × +- \ Z'�#.( .( �*\"G#) ® #*% Ì��� WUÍ¯ �

�- \ Z'�#.( .( �*\"G#) (G' $)( \ Z'�#.( . Ë*)'Z,%-'*#) )$\ Z%*[$( Ê - (H $) "-G ¨ Î¤(%
G(+#) + Ë(%%($% \ -¤*\ -+( '#+Z%Z( ×

∫ b

a
f(t)dt =

h

3


f1 + fn+1 + 4

n−1∑

i=2
i 4567

fi + 2
n∑

i=3
i 68 4567

fi


+ Err ®R �Rl¯

- (H
h =

b− a
n

, fi = f

(
a+

i− 1

h

)
,

Err = O(h4).

�#$G -++#)G .( #*% .Z'(%\ *)(% +(G "-%-\ ¬'%(G ¨ Î¤(% ®G#*' h Ê G#*' n¯ ��#%G .( + Ë-""+*H-'*#) .( H(''( \ Z'�#.( .-)G )#'%( '%- -*+ Ê "$*G[$( )#$G %Z-+*G#)G .(G
H�-),(\ ()'G .(  -%*-&+(G Ê )#$G - #)G ¨ *)'Z,%(% ()'%( 0 (' t Ê #º t (G' ()'%( 0 (' 1

� � #$G
- #)G .#)H .( ,%-).(G  -%*-'*#)G .( +- '-*++( .( + Ë*)'(% -++( . Ë*)'Z,%-'*#) Ê H Ë(G' " #$%[$#*
)#$G .( #)G Î¤(% )#) "-G +( )#\&%( .( "-G .-)G + Ë*)'Z,%-'*#) ®n¯ Ê \ -*G +( "-G . Ë*)'Z,%-'*#)
®h¯ +$ *�\ �\( Ê )#$G -$%#)G -*)G* $) )#\&%( .( "-G .*� Z%()'G G(+#) +- '-*++( .( + Ë*)'(% -++( �

�#$G -++#)G \ -*)'()-)' )#$G *)'Z%(GG(% ¨ +- H-%-H'Z%*G-'*#) .( H(''( \ Z'�#.( Ê ()  #­-)'
'#$' . Ë-& #%. [$(+[$(G (¤(\"+(G #&'()$G ,%2H( ¨ (++( Ê "$*G )#$G Z'$.*(%#)G G(G "%#"%*Z'ZG �

#$#$9 :HHBIHF BG qIBnqIBF CDIHLBF
[ 1 ^ççä£çÒ Ô¹ÕÔ£ÕÖäÒ

�Î) .( H-%-H'Z%*G(% +(G %ZG$+'-'G #&'()$G Ê  #*H* +(G .*� Z%()'(G (%%($%G [$( )#$G H-+H$+#)G ×
� (%%($% G$% +- +#),$($% .( +- H#$%& ( %(H#)G'%$*'( ×

eL =

( |Lth − Lobt|
Lth

)
. 100 %

#º Lth
(G' +- +#),$($% .( +- H#$%& ( '�Z#%*[$( (' Lobt

H(++( .( +- H#$%& ( #&'()$( "-%
+- \ Z'�#.( .( %(H#)G'%$H'*#) Ê

� (%%($% G$% +- " #G*'*#) .(G H-"'($%G ×

ecapt =


 1

Lth

√√√√ 1

Nbcapt

Nbcapt∑

k=1

‖Pth(k)− Pobt(k)‖2

 . 100 %

#º Pth(k) (' Pobt(k)
G#)' +(G " #G*'*#)G '�Z#%*[$( (' #&'()$( .$ H-"'($% k Ê
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� (%%($% G$% +- " #G*'*#) .$ "#*)' . Ë-%%* Z( ×

efin =

(
1

Lth
. ‖Pth(Nbcapt)− Pobt(Nbcapt)‖

)
. 100 %

� (%%($% .( " #G*'*#))(\ ()' ,+#&-+ .( +- H#$%& ( ®" #$% � "#*)'G (sk, k = 1, ..., N) ZH�-)�
'*++#)G G$% +(G l H#$%& (G .( \ �\( -&GH*GG( H$% *+*,)(¯ ×

epos =


 1

Lth

√√√√ 1

N

N∑

k=1

‖Cth(sk)− Cobt(sk)‖2

 . 100 %

#º Cth
.ZG*,)( +- H#$%& ( '�Z#%*[$( Ê Cobt

+- H#$%& ( #&'()$( Ê (' Cth(sk)
+( " #*)' .( +-

H#$%& ( -$ "-%-\ ¬'%( sk
Ê

� (%%($% .( ¢-$G.#%� ���� ���� ¥� [$* H#\"-%( Z,-+(\ ()' ,+#&-+(\ ()' +(G .($¤ H#$%& (G
()'%( (++(G ×

eHaus =
1

Lth
max

{
max

k

(
min

i
‖Cth(sk)− Cobt(si)‖

)
,max

k

(
min

i
‖Cobt(sk)− Cth(si)‖

)}
. 100 %

\ 1 ;£äÕ<£äÒ ÔÐ£ç=äÒ çÖÒ£ÕÑ¹ÑÒ
¡#­#)G ¨ "%ZG()' [$(+[$(G %ZG$+'-'G ,%-"� *[$(G (' +($%G (%%($%G -GG#H*Z(G � �#$% H�-[$(

(¤(\"+( Ê )#$G '%-H(%#)G ¨ ,-$H�( +- H#$%& ( ¨ %(H#)G'%$*%( (' G- %(H#)G'%$H'*#) Ê (' ¨ .%#*'(
+- H#$%& ( .(G -),+(G -GG#H*Z( Ê " #$% +- H#$%& ( *)*'*-+( (' " #$% +- H#$%& ( %(H#)G'%$*'( � �(G
H#$%& (G *) *'*-+(G G#)' () &+($ (' +(G H#$%& (G %(H#)G'%$*'(G G#)' () %#$,( �

� -)G +( '(G' G$* -)' ® #*% ) 
* +R �T ¯ Ê )#$G (GG-­#)G .( %(H#)G'%$*%( $) H(%H+( - (H T
H-"'($%G ®+( .(%)*(% H-"'($% Z'-)' H#)�#).$ - (H +( "%(\ *(%¯ �
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�(G (%%($%G -GG#H*Z(G G#)' +(G G$* -)'(G ® #*% B�� +R �R¯ ×

eL 0.34%

ecapt 0.14%

efin 0.18%

epos 2.25%

eHaus 0.37%

B�� + R �R � �%%($%G .( %(H#)G'%$H'*#) -GG#H*Z(G -$ H(%H+(
�#$G - #)G "$ %(\ -%[$(% [$( )#$G #&'()#)G .(G (%%($%G (¤-H'(\ ()' *.()'*[$(G " #$%

'#$' H(%H+( .( %-­#) [$(+H#)[$( [$( )#$G %(H#)G'%$*%*#)G ¨ + Ë-*.( .( T H-"'($%G � ¥(H* %ZG$+'(
.(G .($¤ �-*'G G$* -)'G × +(G (%%($%G #)' Z'Z )#%\ -+*GZ(G " #$% �'%( *).Z" ().-)'(G .( +-
+#),$($% Ê (' )#'%( \ Z'�#.( (G' *) -%*-)'( "-% �#\ #'�Z'*( ®H( [$( )#$G  (%%#)G "-% +- G$*'(
® #*% "-,( SX¯¯ � �( .($¤ *¬\ ( (¤(\"+( \ #)'%( $)( G"*%-+( - (H Sm H-"'($%G Z[$*�%Z"-%'*G
® #*% ) 
* +R �j¯ �
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) 
* + R �j � �(H#)G'%$H'*#) . Ë$)( G"*%-+( - (H Sm H-"'($%G Ê >����? @ ������� ���������A >���� �? @������� �������������
�(G (%%($%G -GG#H*Z(G G#)' +(G G$* -)'(G ® #*% B�� +R �l¯ ×

eL 0.05%

ecapt 0.72%

efin 0.73%

epos 0.77%

eHaus 0.76%

B�� + R �l � �%%($%G .( %(H#)G'%$H'*#) -GG#H*Z(G ¨ +- G"*%-+(
�) '%#*G*¬\ ( (¤(\"+( \ #)'%( $)( G"+*)( H#\"#%'-)' Rl H-"'($%G ® #*% ) 
* +R �U¯ �
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) 
* + R �U � �(H#)G'%$H'*#) . Ë$)( G"+*)( - (H Rl H-"'($%G Ê >����? @ ������� ���������A >���� �? @������� �������������
�(G (%%($%G -GG#H*Z(G G#)' +(G G$* -)'(G ® #*% B�� +R �S¯ ×

eL 0.02%

ecapt 0.11%

efin 0.09%

epos 0.60%

eHaus 0.25%

B�� + R �S � �%%($%G .( %(H#)G'%$H'*#) -GG#H*Z(G ¨ +- G"+*)(
�)Î) $) .(%)*(% (¤(\"+( \ #)'%( $)( '%#H�#C.( - (H Tl H-"'($%G ® #*% ) 
* +R �n¯ �
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Fonctions des angles associées

) 
* + R �n � �(H#)G'%$H'*#) . Ë$)( '%#H�#*.( - (H Tl H-"'($%G Ê >����? @ ������� ���������A
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eL 0.04%

ecapt 0.34%

efin 0.16%

epos 0.44%

eHaus 0.56%
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¡G­GHI JKJ LMI JHNOMHKMI PO ËQRRGSTMHT LMI KGHTSQJHTMI UM SMKGHITSOKTJGH UM LQ KGOSV M UMI
QHWLMI RQS SQRR GST ¨ LQ SMKGHITSOKTJGH UM LQ KGOSV M ÎHQLM �

� GOI SMKGHITSOJIGHI LQ KGOSV M UMI QHWLMI RQS OHM IRLJHM KOVJPOM RQS X GSKMQO¤ Ê XYT�GUM
POJ X JHJX JIM L ËYHMSWJM UM NM¤ JGH UM LQ IRLJHM ® GJS Ì¥��nUÍ¯ × HGOI X JHJX JIGHI

∫
α′′ 2

Gº α SMRSYIMHTM LQ �GHKTJGH QHWLM � ¦ S Ê UQHI KMTTM X GUYLJIQTJGH Ê ROJIPOM HGOI IGXXMI MH
RQSQX YTSJIQTJGH KOS  JLJWHM Ê LQ KGOSVOSM UM LQ KGOSV M κ MIT M¤QKTMX MHT LQ UYSJ MM UM LQ �GHK�
TJGH QHWLM �

� JHIJ Ê κ = α′ Ê UGHK ×
min

∫
α′′ 2 = min

∫
κ′ 2. ®R �RZ¯

¥MLQ IJWHJÎM POM LGSIPOM HGOI SMKGHITSOJIGHI LQ �GHKTJGH QHWLM MH K�MSK�QHT ¨ XJHJX JIMS
L ËYHMSWJM UM NM¤ JGH Ê HGOI K�MSK�GHI ¨ XJHJX JIMS LMI  QSJQTJGHI UM KGOSVOSM UM LQ KGOSV M ÎHQLM
¨ SMKGHITSOJSM × KMTTM KGHTSQJHTM MIT TS¬I KG�YSMHTM Q MK LMI JHTMSRSYTQTJGHI R�­ IJPOMI UMI
GV Ì MTI POM HGOI K�MSK�GHI � �H M�MT Ê HGOI K�MSK�GHI ¨ SMKGHITSOJSM UMI �GSX MI JIIOMI UM
X QTYSJQO¤ MH UY�GSX QTJGH Ê UGHK Q­QHT UMI RSGRSJYTYI LJIIMI × HGOI R GO GHI MH KGHKLOSM POM
KMTTM X YT�GUM MIT VJMH QUQRTYM ¨ HGTSM RSGVL¬XM �
\ 1 a¢[¹ç ¤¹¢Ôä ·¹ç çÐÑ¹Ñ ¤Ð¢

¥MTTM X YT�GUM UM SMKGHITSOKTJGH Q YWQLMX MHT LQ RSGRSJYTY U Ë�TSM JH QSJQHTM RQS SGTQ�
TJGH � ¥MLQ IJWHJÎM POM R GOS UMO¤ KGOSV MI JH JTJQLMI JUMHTJPOMI ¨ OHM SGTQTJGH RS¬I Ê LMI UMO¤
KGOSV MI SMKGHITSOJTMI RQS LQ X YT�GUM QKTOMLLM IMSGHT JUMHTJPOMI ¨ LQ X �XM SGTQTJGH RS¬I �
¥ ËMIT KM POM HGOI QLLGHI X GHTSMS RQS LQ IOJTM �
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�GJMHT (
C(1)(s), α(1)(s)

) MT (C(2)(s), α(2)(s)
)
,

UMO¤ KGOSV MI MT LMOSI �GHKTJGHI U ËQHWLMI QIIGKJYMI JUMHTJPOMI ¨ OHM SGTQTJGH RS¬I L ËOHM UM
L ËQOTSM � ¥MLQ IJWHJÎM PO ËJL M¤ JITM OH QHWLM θ TML POM

α(2)(s) = α(1)(s) + θ, ∀s.
�MI UGHHYMI GVTMHOMI RQS LM I­ IT¬XM UM KQRTMOSI IGHT OHM IOJTM UM KGORLMI ®QVIKJIIM KOS  J�
LJWHM Ê QHWLM¯ © LMI UGHHYMI UM LQ RSMX J¬SM KGOSV M IGHT ×

{(si, α
(1)
i ), i = 0, ..., n};

KMLLMI UM LQ UMO¤ J¬XM IGHT UGHK ×

{(si, α
(2)
i = α

(1)
i + θ), i = 0, ..., n}.

�GOI K�MSK�GHI ¨ TSGO MS LMI KGOSV MI IGLOTJGHI
(
C̃(1)(s), α̃(1)(s)

)

SMKGHITSOKTJGH UM (C(1)(s), α(1)(s)
) MT
(
C̃(2)(s), α̃(2)(s)

)

SMKGHITSOKTJGH UM (C(2)(s), α(2)(s)
) �

�Q RSMX J¬SM YTQR M UM LQ SMKGHITSOKTJGH UM LQ KGOSV M KGHIJITM MH L ËJHTMSR GLQTJGH UM LQ
�GHKTJGH UMI QHWLMI ¨ RQSTJS UMI YK�QHTJLLGHI UGHHYI Q MK OHM IRLJHM KOVJPOM � � ËQRS¬I L ËYPOQ�
TJGH ®R �X¯ Ê IJ LQ �GHKTJGH α̃(1)(s) MIT IGLOTJGH UM L ËJHTMSR GLQTJGH UMI {(si, α

(1)
i ), i = 0, ..., n} ÊQLGSI HGOI GVTMHGHI LQ SMKGHITSOKTJGH ×

α̃(2)(s) = α̃(1)(s) + θ

RGOS LQ UMO¤ J¬XM KGOSV M � �H M� MT Ê LQ SMK�MSK�M UM L ËJHTMSR GLQHT MH IRLJHM KOVJPOM KGHIJITM
MH LQ SMK�MSK�M U ËOHM IOJTM UM POQUSORLYI {(ai, bi, ci, di), i = 0, ..., n − 1} � �M KQLKOL UMI
ai, bi, ci

OTJLJIM IMOLMX MHT LMI YKQSTI MHTSM QHWLMI KGHIYKOTJ�I Ê UGHK KMI  QLMOSI IGHT JUMH�
TJPOMI R GOS LMI 2 KGOSV MI Ê MT LMI  QLMOSI di

IGHT LMI  QLMOSI UMI QHWLMI �
� JHIJ LQ KGOSV M C̃(2) SMKGHITSOJTM MIT UM LQ �GSX M ×

C̃(2)(s) =




∫
cos
(
α̃(2)(t)

)
dt

∫
sin
(
α̃(2)(t)

)
dt


 =




∫
cos
(
α̃(1)(s) + θ

)
dt

∫
sin
(
α̃(1)(s) + θ

)
dt


 ®R �RTQ¯

=

(
cos θ − sin θ
sin θ cos θ

)
C̃(1)(s) ®R �RTV ¯

� GOI GVTMHGHI VJMH LM SYIOLTQT IOJ QHT × LMI SMKGHITSOKTJGHI UM UMO¤ KGOSV MI GVTMHOMI
RQS SGTQTJGH L ËOHM UM L ËQOTSM IGHT UMO¤ KGOSV MI JUMHTJPOMI ¨ LQ X �XM SGTQTJGH RS¬I × HGTSM
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XYT�GUM UGHHM UGHK UMI SYIOLTQTI JH QSJQHTI RQS SGTQTJGH �
� GOI R GO GHI MH  GJS OHM JLLOITSQTJGH UQHI LQ ÎWOSM ) 
* +R �X Ê IOS LQPOMLLM HGOI  G­GHI IOS

LQ WQOK�M LMI UMO¤ KGOSV MI JH JTJQLMI MH VLMO ®LQ UMO¤ J¬XM KGOSV M YTQHT GVTMHOM RQS SGTQTJGH
U ËOH QHWLM π

3
UM LQ RSMX J¬SM KGOSV M¯ MT LMI UMO¤ KGOSV MI SMKGHITSOJTMI MH SGOWM © IOS LM

IK�YX Q UM USGJTM Ê HGOI QRRLJPOGHI LQ SGTQTJGH JH MSIM IOS LQ UMO¤ J¬XM KGOSV M SMKGHITSOJTM
QÎH UM LQ KGXRQSMS × LMI UMO¤ KGOSV MI SMKGHITSOJTMI IGHT KGH �GHUOMI ®SGOWM MT  MST X QJI LQ
 MSTM IMOLMX MHT MIT   JIJV LM¯ Ê MT HGOI  G­GHI LQ KGOSV M JHJTJQLM MH VLMO �
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Reconstruction des 2 courbes identiques par rotation
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) 
* + R �X � �H QSJQHKM RQS SGTQTJGH

\ 1 a¢[¹ç ¤¹¢Ôä ·¹ç FÐ¸ÐÑFÖÑ ¤ä
�H QOTSM RSGRSJYTY JXRGSTQHTM UM KMTTM X YT�GUM MIT IGH JH QSJQHKM RQS �GX GT�YTJM Ê KM

POJ IJWHJÎM POM R GOS UMO¤ KGOSV MI GVTMHOMI RQS K�QHWMX MHT U ËYK�MLLM L ËOHM UM L ËQOTSM Ê LMI
KGOSV MI SMKGHITSOJTMI IGHT JUMHTJPOMI ¨ KM X �XM K�QHWMX MHT U ËYK�MLLM RS¬I � ¥ ËMIT KM POM
HGOI QLLGHI X GHTSMS RQS LQ IOJTM �

�GJMHT C(1) MT C(2) UMO¤ KGOSV MI JUMHTJPOMI ¨ OHM �GX GT�YTJM RS¬I L ËOHM UM L ËQOTSM �
¥MLQ IJWHJÎ M POM IJ HGOI LMI RQSQX YTSGHI RQS L ËQVIKJIIM KOS  JLJWHM Ê JL M¤ JITM OH IKQLQJSM KTML POM HGOI Q­GHI C(1)(s) UYÎHJM R GOS s ∈ [0, L] MT C(2)(σ) UYÎHJM R GOS σ ∈ [0,KL] Q MKLQ SMLQTJGH IOJ QHTM ×

C(2)(σ) = C(2)(Ks) = K.C(1)(s).

�GOI JLLOITSGHI KMTTM KQSQKTYSJITJPOM UQHI LQ ÎWOSM ) 
* +R �W �
�MI UGHHYMI UMI KQRTMOSI IGHT R GOS LQ RSMX J¬SM KGOSV M ×

{(si, αi), i = 0, ..., n}
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C     (s)(1)

(2) (1)
Ky

y

x Kx

K = 2

C     (K.s) = K.C    (s)

) 
* + R �W � �LLOITSQTJGH UM UMO¤ KGOSV MI �GX GT�YTJPOMI
MT IGHT UGHK R GOS LQ IMKGHUM KGOSV M ×

{(σi = Ksi, αi), i = 0, ..., n},
KQS L Ë�GX GT�YTJM KGHIMS M LMI TQHWMHTMI RQS RQSQLLYLJIX M ®HGOI MH  G­GHI U ËQJLLMOSI L ËJLLOI�
TSQTJGH IOS LQ ÎWOSM ) 
* +R �W¯ �

�GJMHT LMI �GHKTJGHI α̃(1)(s) GVTMHOM R GOS LQ KGOSV M R MT α̃(2)(s) GVTMHOM R GOS LQ KGOSV M ] ÊPOMLLM SMLQTJGH ­�Q�T ËJL MHTSM MLLMI ª �GJT
α̃(1) : [0, L] −→ R

s 7−→ α̃(1)(s)

L ËOHJPOM IGLOTJGH IRLJHM  YSJÎQHT LMI KGHTSQJHTMI U ËJHTMSR GLQTJGH α̃(1)(si) = αi
� � T KGHIJUY�

SGHI MHIOJTM LQ �GHKTJGH α̂(2) UYÎHJM RQS ×

α̂(2) : [0,K.L] −→ R

σ 7−→ α̂(2)(σ) := α̃(1)
( σ
K

)

� LGSI Ê RQS KGHITSOKTJGH α̂(2) MIT OHM IRLJHM QIIGKJYM QO¤ HGMOUI K.si
MT MLLM  YSJÎM LMI

KGHTSQJHTMI U ËJHTMSR GLQTJGH ×

α̂(2)(K.si) = α̃(1)

(
K.σ

K

)
= αi.

�QS OHJKJTY Ê KMTTM �GHKTJGH α̂(2) MIT HGTSM JHTMSR GLQTJGH UMI QHWLMI ×

α̂(2) = α̃(2).
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� GHK LMI �GHKTJGHI QHWLMI GHT LQ SMLQTJGH IOJ QHTM ×

α̃(2)(σ) = α̃(1)(s) ®R �R^¯
� GOI R GO GHI ¨ RSYIMHT KGXRQSMS LMI UMO¤ KGOSV MI SMKGHITSOJTMI ×

C̃(2)(σ) =




∫ σ

0
cos(α̃(2)(u)du

∫ σ

0
sin(α̃(2)(u)du


 =




∫ Ks

0
cos(α̃(2)(u)du

∫ Ks

0
sin(α̃(2)(u)du




®R �RUQ¯

=




∫ s

0
cos(α̃(2)(Kv)Kdv

∫ s

0
sin(α̃(2)(Kv)Kdv


 RQS K�QHWMX MHT UM  QSJQVLMI v =

u

K
®R �RUV ¯

= K.




∫ s

0
cos(α̃(1)(v)dv

∫ s

0
sin(α̃(1)(v)dv


 RQS LQ UYX GHITSQTJGH RSYKYUMHTM ®R �RUK¯

= K.C̃(1)(s) ®R �RUU ¯
� GOI GVTMHGHI QJHIJ UMO¤ KGOSV MI SMKGHITSOJTMI �GX GT�YTJPOMI L ËOHM UM L ËQOTSM × LQ

X YT�GUM POM HGOI Q GHI X JIM MH RLQKM UGHHM UGHK UMI IGLOTJGHI JH QSJQHTMI RQS �GX GT�YTJM �
�GOI R GO GHI YWQLMX MHT MH  GJS OHM JLLOITSQTJGH UQHI LQ ÎWOSM ) 
* +R �R_ � �GOI  G­GHI IOS
LQ WQOK�M LMI UMO¤ KGOSV MI JH JTJQLMI MH VLMO MT LMI UMO¤ KGOSV MI SMKGHITSOJTMI MH SGOWM Ê MT
LQ KGXRQSQJIGH IOS LM WSQR�M UM USGJTM Gº LMI UMO¤ KGOSV MI SMKGHITSOJTMI IGHT KGH �GHUOMI
®SGOWM MT  MST¯ �
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� GOI QLLGHI UQHI KMTTM RQSTJM HGOI JHTYSMIIMS ¨ LQ KGH MSWMHKM UM LQ X YT�GUM � �H U ËQOTSMI

TMSX MI × LQ KGOSV M SMKGHITSOJTM  Q�T ËMLLM KGH MSWMS  MSI LQ KGOSV M JHJTJQLM IJ HGOI �QJIGHI
TMHUSM LM HGXVSM UM KQRTMOSI  MSI L ËJHÎHJ ª �GOS KMLQ Ê HGOI RSGKYUGHI MH ] YTQR MI ×

� LQ RSMX J¬SM YTQR M  Q KGHIJITMS ¨ XQÌ GSMS LMI MSSMOSI UM SMKGHITSOKTJGH UM LQ KGOSV M
MH �GHKTJGH UMI MSSMOSI UM SMKGHITSOKTJGH IOS LQ KGOSV M UMI QHWLMI Ê

� LQ UMO¤ J¬XM YTQR M KGHIJITM ¨ UYTMSX JHMS IJ LQ X YT�GUM UM SMKGHITSOKTJGH UM LQ KGOSV M
UMI QHWLMI KGH MSWM  MSI LQ  YSJTQVLM KGOSV M UMI QHWLMI MH �GHKTJGH UO HGXVSM UM
KQRTMOSI �

[ 1 \Ð¢[äç3ä¢Ôä èä Õ¹ ÔÐ£ç=ä ÒäÕÐ¢ Õ¹ ÔÐ¢[äç3ä¢Ôä èä Õ¹ ÔÐ£ç=ä èäÒ
¹¢3ÕäÒ

¡G­GHI JKJ POMLLMI �­RGT�¬IMI UM KGH MSWMHKM HGOI UM GHI JXRGIMS QO¤ QHWLMI R GOS GV �
TMHJS OHM KGH MSWMHKM UM LQ X YT�GUM UM SMKGHITSOKTJGH RQS JHTYWSQTJGH � �GOI QLLGHI X QÌ GSMS
UJ�YSMHTI KQLKOLI U ËMSSMOS UM LQ KGOSV M ¨ SMKGHITSOJSM MH �GHKTJGH UMI MSSMOSI UM SMKGHITSOK�
TJGH UM LQ �GHKTJGH QHWLM �

b �������� ×
C = (Cx, Cy)

LQ KGOSV M ¨ SMKGHITSOJSM MT C̃ = (C̃x, C̃y)
IQ SMKGHITSOKTJGH Ê

E
(1)
α , E

(2)
α , E

(∞)
α

MSSMOSI U ËJHTMSR GLQTJGH UM LQ �GHKTJGH QHWLM MH HGSX M L1, L2MT L∞ �
c d effghfi ihf jc klhfm g n fgkloipfhqfg
�� ���� � ��Á ���

∥∥∥C − C̃
∥∥∥
∞

= max
(∥∥∥Cx − C̃x

∥∥∥
∞
,
∥∥∥Cy − C̃y

∥∥∥
∞

)

∥∥∥Cx − C̃x

∥∥∥
∞

= sup
s∈[0,L]

∣∣∣Cx(s)− C̃x(s)
∣∣∣

¦ S ×
∣∣∣Cx(s)− C̃x(s)

∣∣∣ =
∣∣∣∣
∫ s

0
(cos(α(t))− cos(α̃(t))) dt

∣∣∣∣ ≤
∫ L

0
|cos(α(t))− cos(α̃(t))| dt

� M RLOI Ê
|cos(a)− cos(b)| =

∣∣∣∣−2 sin

(
a+ b

2

)
sin

(
a− b

2

)∣∣∣∣ ≤ 2.1.

∣∣∣∣
a− b

2

∣∣∣∣ ≤ |a− b|
®R �Rr¯

�GHK HGOI R GO GHI GVTMHJS Z X QÌGSQTJGHI UJ� YSMHTMI ®�QJIQHT JHTMS MHJS LMI Z HGSX MI UJ�Y�
SMHTMI R GOS L ËMSSMOS UM SMKGHITSOKTJGH UM LQ KGOSV M UMI QHWLMI¯ ×

∣∣∣Cx(s)− C̃x(s)
∣∣∣ ≤

∫ L

0
|α(t)− α̃(t)| dt

≤
√
L

√∫ L

0
|α(t)− α̃(t)|2dt ®JHYWQLJTY UM ¥QOK�­ ¯

∣∣∣Cx(s)− C̃x(s)
∣∣∣ ≤

∫ L

0
‖α(t)− α̃(t)‖∞ dt
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� M X �XM ×

|sin(a)− sin(b)| =
∣∣∣∣2 cos

(
a+ b

2

)
sin

(
a− b

2

)∣∣∣∣ ≤ 2.1.

∣∣∣∣
a− b

2

∣∣∣∣ ≤ |a− b|
®R �RW¯

�GOI GVTMHGHI QJHIJ LM X �XM WMHSM UM X QÌGSQTJGH R GOS ∣∣∣Cy(s)− C̃y(s)
∣∣∣ � � GOI GVTMHGHIQLGSI OHM X QÌ GSQTJGH UM L ËMSSMOS UM SMKGHITSOKTJGH MH HGSX M JHÎHJM UM LQ KGOSV M MH �GHKTJGH

UMI MSSMOSI UM SMKGHITSOKTJGH UM LQ KGOSV M UMI QHWLMI ×
∥∥∥C − C̃

∥∥∥
∞
≤ E(1)

α
®R �]_¯

∥∥∥C − C̃
∥∥∥
∞
≤
√
LE(2)

α
∥∥∥C − C̃

∥∥∥
∞
≤ L.E(∞)

α

¥MKJ HGOI X GHTSM POM L ËMSSMOS MH HGSX M JHÎHJM UM LQ KGOSV M ¨ SMKGHITSOJSM MIT X QÌ GSYM
RQS LMI MSSMOSI MH TGOTM HGSX M UM SMKGHITSOKTJGH UM LQ KGOSV M UMI QHWLMI × IJ LQ KGOSV M
UMI QHWLMI KGH MSWM  MSI LQ KGOSV M UMI QHWLMI JH JTJQLM Ê QLGSI LQ KGOSV M ¨ SMKGHITSOJSM  Q
KGH MSWMS  MSI LQ KGOSV M JHJTJQLM MH HGSX M JHÎHJM �

�� ���� � s
∥∥∥C − C̃

∥∥∥
1

=

∫ L

0

∥∥∥C(s)− C̃(s)
∥∥∥

1
ds

∥∥∥C(s)− C̃(s)
∥∥∥

1
=

∣∣∣Cx(s)− C̃x(s)
∣∣∣+
∣∣∣Cy(s)− C̃y(s)

∣∣∣
� T U ËQRS¬I ®R �Rr¯ MT ®R �RW¯ Ê HGOI Q GHI ×

∥∥∥C − C̃
∥∥∥

1
≤ 2LE(1)

α
®R �] R¯

∥∥∥C − C̃
∥∥∥

1
≤ 2L

√
LE(2)

α
∥∥∥C − C̃

∥∥∥
1
≤ 2L2.E(∞)

α

� GOI GVTMHGHI LM X �XM IT­ LM UM SYIOLTQTI R GOS L ËMSSMOS UM SMKGHITSOKTJGH MH HGSX M R �
�� ���� � t

∥∥∥C − C̃
∥∥∥

2
=

√∫ L

0

∥∥∥C(s)− C̃(s)
∥∥∥

2

2
ds

∥∥∥C(s)− C̃(s)
∥∥∥

2

2
=

(
Cx(s)− C̃x(s)

)2
+
(
Cy(s)− C̃y(s)

)2

� T U ËQRS¬I ®R �Rr¯ MT ®R �RW¯ Ê HGOI Q GHI ×
∥∥∥C − C̃

∥∥∥
2
≤
√

2LE(1)
α

®R �]]¯
∥∥∥C − C̃

∥∥∥
2
≤
√

2LE(2)
α

∥∥∥C − C̃
∥∥∥

2
≤
√

2LL.E(∞)
α
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�HÎH Ê HGOI GVTMHGHI LM X �XM IT­ LM UM SYIOLTQTI R GOS L ËMSSMOS UM SMKGHITSOKTJGH MH
HGSX M ] �

�H KGHKLOIJGH Ê IJ LQ KGOSV M UMI QHWLMI KGH MSWM ®TGOTMI HGSX MI KGH �GHUOMI¯ Ê QLGSI LQ
KGOSV M SMKGHITSOJTM KGH MSWM  MSI LQ KGOSV M JHJTJQLM ®TGOTMI HGSX MI KGH �GHUOMI¯ � ¡G­GHI ¨
RSYIMHT LQ KGH MSWMHKM UM LQ KGOSV M UYSJ YM �

m d effghfi ihf jc uvfqvvg ug jc klhfm g

C ′(s) =

(
cos(α(s))
sin(α(s))

)

�� ���� � ��Á ���
∥∥∥C ′ − C̃ ′

∥∥∥
∞

= max
(∥∥∥C ′

x − C̃ ′
x

∥∥∥
∞
,
∥∥∥C ′

y − C̃ ′
y

∥∥∥
∞

)

∥∥∥C ′
x − C̃ ′

x

∥∥∥
∞

= sup
s∈[0,L]

∣∣∣C ′
x(s)− C̃ ′

x(s)
∣∣∣

¦ S ×
∣∣∣C ′

x(s)− C̃ ′
x(s)

∣∣∣ = |cos(α(s))− cos(α̃(s))|
� T U ËQRS¬I ®R �Rr¯ MT ®R �RW¯ Ê HGOI Q GHI ×

∥∥∥C ′ − C̃ ′
∥∥∥
∞
≤ E(∞)

α
®R �]Z¯

�� ���� � s
∥∥∥C ′ − C̃ ′

∥∥∥
1

=

∫ L

0

∥∥∥C ′(s)− C̃ ′(s)
∥∥∥

1
ds

∥∥∥C ′(s)− C̃ ′(s)
∥∥∥

1
=

∣∣∣C ′
x(s)− C̃ ′

x(s)
∣∣∣+
∣∣∣C ′

y(s)− C̃ ′
y(s)

∣∣∣

� T U ËQRS¬I ®R �Rr¯ MT ®R �RW¯ Ê HGOI GVTMHGHI ×

∥∥∥C ′ − C̃ ′
∥∥∥

1
≤ 2E(1)

α
®R �]T ¯

∥∥∥C ′ − C̃ ′
∥∥∥

1
≤ 2
√
LE(2)

α
∥∥∥C ′ − C̃ ′

∥∥∥
1
≤ 2L

√
L.E(∞)

α

�� ���� � t
∥∥∥C ′ − C̃ ′

∥∥∥
2

=

√∫ L

0

∥∥∥C ′(s)− C̃ ′(s)
∥∥∥

2

2
ds

∥∥∥C ′(s)− C̃ ′(s)
∥∥∥

2

2
=

(
C ′

x(s)− C̃ ′
x(s)

)2
+
(
C ′

y(s)− C̃ ′
y(s)

)2



jj /���#,0�%�0 
�# �� ��%���,

� GHK U ËQRS¬I ®R �Rr¯ MT ®R �RW¯ Ê HGOI GVTMHGHI ×
∥∥∥C ′(s)− C̃ ′(s)

∥∥∥
2

2
≤ 2 |α(s)− α̃(s)|2

� ËGº ×
∥∥∥C ′ − C̃ ′

∥∥∥
2
≤ 2.E(2)

α
®R �]^¯

∥∥∥C ′ − C̃ ′
∥∥∥

2
≤
√

2L.E(∞)
α

�H KGHKLOIJGH Ê HGOI Q GHI YWQLMX MHT KGH MSWMHKM UM LQ �GHKTJGH UYSJ YM MH �GHKTJGH
UM LQ �GHKTJGH UMI QHWLMI × HGTSM X YT�GUM UM SMKGHITSOKTJGH UM LQ KGOSV M UMI QHWLMI MT
IGH M. KQKJTY  GHT QJHIJ KGXRL¬TMX MHT KGHTS� LMS LQ KGOSV M ¨ SMKGHITSOJSM � ¡G­GHI UGHK
X QJHTMHQHT IJ LQ X YT�GUM POM HGOI OTJLJIGHI R GOS LQ SMKGHITSOKTJGH UM LQ KGOSV M UMI QHWLMI
R MSX MT OHM KGH MSWMHKM UM LQ KGOSV M GVTMHOM  MSI LQ KGOSV M JHJTJQLM �
\ 1 \Ð¢[äç3ä¢Ôä èä Õ¹ ¸ÖÑFÐèä è w¤¢Ñäç·ÐÕ¹Ñ ¤Ð¢

� GOI  MHGHI UM  GJS POM LQ KGH MSWMHKM UM HGTSM X YT�GUM UYR MHU UM LQ KGH MSWMHKM UM
LQ KGOSV M UMI QHWLMI SMKGHITSOJTM  MSI LQ KGOSV M UMI QHWLMI SYMLLM UM LQ KGOSV M ¨ SMKGHITSOJSM �
�GOI QLLGHI UGHK JKJ HGOI JHTYSMIIMS ¨ LQ KGH MSWMHKM UM LQ X YT�GUM U ËJHTMSR GLQTJGH K�GJIJM �

�GJT LQ �GHKTJGH α Ê UYÎHJM IOS [0, L] QO X GJHI C2 Ê UGHT HGOI KGHHQJIIGHI LMI  QLMOSI MH
n+1 RGJHTI (α(si) = αi, i = 0, ..., n) MT POM HGOI UM GHI JHTMSR GLMS � xQ �GHKTJGH JHTMSR GLQHTM
α̃ MIT OHM IR LJHM KOVJPOM HQTOSMLLM y

xMI RSGRSJYTYI UM KGH MSWMHKM UMI KGOSV MI IRLJHMI GHT LGHWOMX MHT YTY YTOUJYMI Ê MT IMI
SYIOLTQTI QRRQSQJIIMHT HGTQXXMHT UQHI Ì¢zxrZÍ ÊÌz{| UXÍ Ê Ì}~�U RÍ MT Ì��z UZÍ y�J HGOI IORRGIGHI LMI QVIKJIIMI si

SYWOLJ�SMX MHT SYRQSTJMI Ê QLGSI HGOI Q�GHI LM SYIOLTQT
IOJ�QHT ×

max
s0≤x≤sn

|α̃(x)− α(x)| = O(h2), POQHU h→ 0 �R y]U�
K �MIT���UJSM POM L �JHTMSR GLQTJGH RQS IRLJHM KOVJPOM HQTOSMLLM KGH�MSWM MH HGSX M JH�HJM �MSI
LQ �GHKTJGH JHJTJQLM y
\ 1 ^¢ ç��£¸�

�QHI OH R MX JMS TMXRI � HGOI Q�GHI X GHTSY LM SYIOLTQT IOJ�QHT � L �MSSMOS UM SMKGHITSOKTJGH
UM LQ KGOSV M �HQLM �POM KM IGJT IMLGH LQ HGSX M L1 � L2 MT L∞� MIT V GSHYM RQS L �MSSMOS UMSMKGHITSOKTJGH UM LQ �GHKTJGH UMI QHWLMI �QOIIJ POMLLM POM IGJT LQ HGSX M OTJLJIYM L1 � L2 MT
L∞� y� QHI OH UMO�J�X M TMXRI � HGOI �MHGHI UM �GJS POM L �JHTMSR GLQTJGH RQS IRLJHM KOVJPOM
HQTOSMLLM UM LQ �GHKTJGH UMI QHWLMI KGH�MSWMQJT R GOS LQ HGSX M JH�HJM �MSI LQ IGLOTJGH M�QKTM
MH �GHKTJGH UO HGXVSM UM KQRTMOSI y

~H SYIOX Y � HGOI �MHGHI U �GVTMHJS LM SYIOLTQT IOJ�QHT � LQ X YT�GUM UM SMKGHITSOKTJGH UM
KGOSV MI � RQSTJS UM UGHHYMI TQHWMHTJMLLMI MH UMI R GJHTI UM SYRQSTJTJGH KGHHOM KGH�MSWM �MSI
LQ IGLOTJGH M�QKTM MH �GHKTJGH UO HGXVSM UM KQRTMOSI y
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�GOI Q�GHI �O RSYKYUMXXMHT POM LQ X YT�GUM K�GJIJM �QJT KGH�MSWMS LMI KGOSV MI IGLOTJGHI
�MSI LMI KGOSV MI SYMLLMI LGSIPOM LM HGXVSM UM KQRTMOSI TMHU �MSI L �JH�HJ y �KJ � HGOI QLLGHI HGOI
JHTYSMIIMS � L �Y�GLOTJGH UM L �MSSMOS MH �GHKTJGH UO HGXVSM UM KQRTMOSI IOS OH KMSTQJH HGXVSM
UM KGOSV MI TMITI y xMI MSSMOSI KQLKOLYMI IMSGHT LMI MSSMOSI POM HGOI Q�GHI UY�HJMI MH RQWMZ] y
�gip ? �GOI TMITGHI UQHI OH RSMX JMS TMXRI OH MHIMXVLM UM KGOSV MI SMRSYIMHTYMI IOS LQ
�WOSM ) 
* +R yRR y
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) 
* + R yRR � ~HIMXVLM R UM KGOSV MI TMITYMI
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�OS KMI KGOSV MI � HGOI Q�GHI QRRLJPOY HGTSM X YT�GUM UM SMKGHITSOKTJGH R GOS OH HGXVSM
UM KQRTMOSI �QSJQHT UM R_ � W_ Q�MK OH RQI UM ] y �GJKJ LMI UJ� YSMHTMI KGOSV MI U �MSSMOS
GVTMHOMI ��GJS ) 
* +R yR]� �
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* + R yR] � ~SSMOSI R GOS LQ IRLJHM R

±MI KGOSV MI X GHTSMHT OHM UYKSGJIIQHKM TS�I SQRJUM UMI MSSMOSI UM SMKGHITSOKTJGH POJ
R MSX MT UM �GJS PO �JL H �MIT RQI HYKMIIQJSM UM UJIR GIMS U �OHM WSQHUM POQHTJTY UM KQRTMOSI
R GOS OHM V GHHM KGOSV M IGLOTJGH y
�gip P �GJKJ LM UMO�J�X M MHIMXVLM UM KGOSV MI POM HGOI TMITGHI ��GJS ) 
* +R yRZ� y �GOI
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Q�GHI YWQLMX MHT QRRLJPOY HGTSM X YT�GUM UM SMKGHITSOKTJGH R GOS OH HGXVSM UM KQRTMOSI �Q�



��%���, -��#�, ji

SJQHT UM R_ � W_ Q�MK OH RQI UM ] y xMI UJ�YSMHTMI KGOSV MI U �MSSMOS GVTMHOMI IGHT SQIIMXVLYMI
UQHI LQ �WOSM ) 
* +R yRT y
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) 
* + R yRT � ~SSMOSI R GOS LQ IRLJHM ]

�GOI GVTMHGHI LQ X �XM KGHKLOIJGH Q�MK KMT MHIMXVLM UM KGOSV MI y xMI MSSMOSI UYKSGJIIMHT
TS�I �JTM � LQ KGH�MSWMHKM MIT SQRJUM � HGOI R GO�GHI OTJLJIMS KMTTM X YT�GUM UM SMKGHITSOKTJGH
R GOS OH HGXVSM UM KQRTMOSI QIIM² �QJV LM y
\ 1 ;£³´<£³� �³��� ¹[³� µ�¢¢�³� =¶£¤��³�

�GOI QLLGH I HGOI JHTYSMIIMS JKJ QO� KGOSV MI SMKGHITSOJTMI � RQSTJS UM UGHHYMI VSOJTYMI �
KQS LMI I·IT�X MI IOS LMIPOMLI HGOI QLLGHI OTJLJIMS HGTSM QLWGSJT�X M �GOSHJSQ HYKMIIQJSMX MHT
UMI UGHHYMI HGH RQS�QJTMI y � �OHM RQST � JL R MOT · Q�GJS UMI MSSMOSI UOMI QO RLQKMX MHT UMI
KQRTMOSI �R GIJTJGHHMX MHT MT GSJMHTQTJGH UO KQRTMOS IOS LQ �GSX M POJ R MO�MHT UGHK QLTYSMSLMI UJITQHKMI KOS�JLJWHMI MT LMI UGHHYMI UMI QHWLMI� � MT U �QOTSM RQST � LMI KQRTMOSI MO��X �XMI
GHT OHM RSYKJIJGH UY�HJM �UGHHYM SYMLLM UO KQRTMOS MT TSQJTMX MHT R GOS GVTMHJS L �JH�GSX QTJGHTQHWMHTJMLLM� y �GOI Q�GHI UGHK �QJT UMI IJXOLQTJGHI UM KMI UMO� T·R MI UM VSOJT R GOS MH �GJS
LMI KGHIYPOMHKMI IOS LMI KGOSV MI GVTMHOMI y

c d w fh qpgf jgi vcjghfi ugi co¸jgi �GOI QLLGHI JKJ VSOJTMS LMI QHWLMI GVTMHOI RQS LMI
KQRTMOSI RQS OH VSOJT WQOIIJMH UM X G·MHHM HOLLM MT UM �QSJQHKM �QSJQVLM y xMI UGHHYMI
IMSGHT KGHHOMI � ±k¹ � KMLQ IJWHJ�M POM LMI UGHHYMI IMSGHT VSOJTYMI Q�MK OHM �QSJQHKM UM
σ = k. π

3.180 .
�G·GHI KM POM HGOI GVTMHGHI R GOS KMSTQJHMI KGOSV MI TMITI y ±�QPOM R GJHT UM

X MIOSM U �MSSMOS MIT GVTMHO MH X G·MHHQHT 10 MSSMOSI IOS 10 KGOSV MI VSOJTYMI UM X �XM
�QSJQHKM y �GOI KQLKOLGHI JKJ IMOLMX MHT LMI MSSMOSI UM R GIJTJGH WLGVQLM y
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�gip ? º jg kgfkjg �G·GHI TGOT U �QV GSU OH SYIOLTQT UM KGOSV M GVTMHO Q�MK R_ KQRTMOSI
MT UMI �QLMOSI UM KQRTMOSI KGHHOMI � ±10¹ RS�I ��GJS ) 
* +R yR^� � L �MSSMOS UM SMKGHITSOKTJGH
GVTMHOM MIT UM R y^» y �GOI �G·GHI LQ KGOSV M JHJTJQLM MH VLMO � LQ SMKGHITSOKTJGH HGH VSOJTYM
MH SGOWM MT KMLLM OTJLJIQHT LMI UGHHYMI VSOJTYMI MH �MST y
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) 
* + R yR^ � ¼MKGHITSOKTJGH VSOJTYM U �OH KMSKLM � >����? @ ������� ���������A >���� �? @ �������
������������� � ¨����� �� ����¥�� ��� �����¥��A >½���? @ ������� ������������� � ¨����� ��
����¥�� �����¥��

�GOI QLLGHI QRRLJPOMS TGOTM OHM IYSJM UM TMITI Q�MK UJ�MSIMI �QLMOSI UM VSOJTI � MT OH
HGXVSM UJ�MSI UM KQRTMOSI y �GOI �QJIGHI �QSJMS L �QXRLJTOUM UO VSOJT R GOS U � R_ MT R^
KQRTMOSI R GOS LMI VSOJTI IOJ�QHTI � {1¹, 2¹, 4¹, 6¹, 8¹, 10¹, 15¹} y �L · Q UGHK Z KGOSV MI U �MSSMOSIR GOS UMI VSOJTI QLLQHT UM ±1¹ � ±15¹ ��GJS ) ¾* +R yRU� y
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15 capteurs

)¾* + R yRU � ~SSMOS MH �GHKTJGH UMI MSSMOSI UMI �QLMOSI KQRTMOSI R GOS LM KMSKLM
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�gip P º ÈÉ jqog n Êcqm jg vcfqcpqlo �G·GHI TGOT U �QV GSU OH SYIOLTQT UM KGOSV M
GVTMHO Q�MK W KQRTMOSI MT UMI �QLMOSI UM KQRTMOSI KGHHOMI � ±10¹ RS�I ��GJS ) ¾* +R yRr� �L �MSSMOS UM SMKGHITSOKTJGH GVTMHOM MIT UM R yX]» y
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Fonctions des angles associées

)¾* + R yRr � ¼MKGHITSOKTJGH VSOJTYM U �OHM IRLJHM � >����? @ ������� ���������A >���� �? @ �������
������������� � ¨����� �� ����¥�� ��� �����¥��A >½���? @ ������� ������������� � ¨����� ��
����¥�� �����¥��

�GOI �QJIGHI LMI X �XMI TMITI R GOS KMTTM KGOSV M POM R GOS LM KMSKLM Q�MK ^ � W MT RU KQRTMOSI
��GJS ) ¾* +R yRX� y
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)¾* + R yRX � ~SSMOS MH �GHKTJGH UMI MSSMOSI UMI �QLMOSI KQRTMOSI R GOS LQ IRLJHM
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tlÎÎgopcqfgi ±MI KGOSV MI X GHTSMHT RLOIJMOSI YLYX MHTI � TGOT U �QV GSU LM �QJT POM
LMI MSSMOSI KSGJIIMHT MH �GHKTJGH UMI MSSMOSI UMI �QLMOSI KQRTMOSI � X QJI SMITMHT TS�I QK�
KMRTQVLMI y � �QOTSM RQST � HGOI �G·GHI POM IJ HGOI QOWX MHTGHI LM HGXVSM UM KQRTMOSI � LMI
MSSMOSI UJX JHOMHT y �GHK HGOI R GO�GHI MH KGHKLOSM POM HGOI R GO�GHI KGXRMHIMS L �MSSMOS
UM RSYKJIJGH UMI KQRTMOSI RQS LM HGXVSM UM KMI KQRTMOSI �LMI MSSMOSI IGHT KGXRMHIYMI RQSLM HGXVSM U �JH�GSX QTJGHI� y �GOI R GO�GHI QJHIJ KGHIJUYSMS POM HGTSM X YT�GUM UM SMKGHI�
TSOKTJGH MIT QKKMRTQVLM R GOS UM �QJV LMI VSOJTI MT OH HGXVSM �QJV LM UM KQRTMOSI � X QJI POM IJ
HGOI UYWSQUGHI LQ �QLMOS UMI KQRTMOSI � HGOI R GOSSGHI GVTMHJS UMI SYIOLTQTI QKKMRTQVLMI MH
QOWX MHTQHT LM HGXVSM UM KQRTMOSI y
m d w fh qpgf jgi Éliqpqloi ugi kcÉpghfi �GOI QLLGHI � RSYIMHT VSOJTMS LQ R GIJTJGH UMI
KQRTMOSI LM LGHW UM LQ KGOSV M � KMI MSSMOSI R GO�QHT SMRSYIMHTMS LMI R MTJTMI JXRSYKJIJGHI
UM X GHTQWM LGSI UM L �JHTYWSQTJGH UMI KQRTMOSI UQHI LM X QTYSJQO y �GOI QLLGHI VSOJTMS KMI
R GIJTJGHI Q�MK OH VSOJT VLQHK WQOIIJMH UM X G·MHHM HOLLM MT UM �QSJQHKM �QSJQVLM y xMI UGHHYMI
IGHT RSYKJIMI � ±k% RS�I IJWHJ�MHT POM LQ �QSJQHKM UO VSOJT OTJLJIY MIT UM k

3L
� Gº x MIT LQ

LGHWOMOS TGTQLM UO SOVQH y�GOI �QJIGHI LMI TMITI IOS LMI 2 X �XMI KGOSV MI POM RSYKYUMXXMHT y
�gip ? �G·GHI TGOT U �QV GSU OH SYIOLTQT UM KGOSV M GVTMHO Q�MK R_ KQRTMOSI MT UMI

R GIJTJGHI UM KQRTMOSI KGHHOMI � ±10% RS�I ��GJS ) ¾* +R yRW� � L �MSSMOS UM SMKGHITSOKTJGHGVTMHOM MIT UM R yXr» y

0 2 4 6 8 10
0

1

2

3

4

5

6

7

8

9

10
Courbes initiale et reconstruite

0 5 10 15
1

2

3

4

5

6

7

8

abscisse curviligne

an
gl

e 
en

 r
ad

ia
ns

Fonctions des angles associées

)¾* + R yRW � ¼MKGHITSOKTJGH VSOJTYM U �OH KMSKLM � >����? @ ������� ���������A >���� �? @ �������
������������� � ¨����� �� ����¥�� ��� �����¥��A >½���? @ ������� ������������� � ¨����� ��
����¥�� �����¥��
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�GJKJ LMI SYIOLTQTI POM HGOI GVTMHGHI R GOS LQ VQTTMSJM UM TMITI IOJ�QHTI � HGOI �QJIGHI
�QSJMS L �QXRLJTOUM UO VSOJT UMI R GIJTJGHI R GOS U � R_ MT R^ KQRTMOSI R GOS LMI VSOJTI UM
R GIJTJGHI IOJ�QHTI � {1%, 2%, 4%, 6%, 8%, 10%, 15%} y �L · Q UGHK Z KGOSV MI U �MSSMOSI R GOSUMI VSOJTI QLLQHT UM ±1% � ±15% ��GJS ) ¾* +R y]_� y
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�gip P �G·GHI TGOT U �QV GSU OH SYIOLTQT UM KGOSV M GVTMHO Q�MK W KQRTMOSI MT UMI
R GIJTJGHI UM KQRTMOSI KGHHOMI � ±10% RS�I ��GJS ) ¾* +R y] R� � L �MSSMOS UM SMKGHITSOKTJGHGVTMHOM MIT UM R yW]» y
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�GOI �QJIGHI LMI X �XMI TMITI R GOS KMTTM KGOSV M POM R GOS LM KMSKLM Q�MK ^ � W MT RU KQRTMOSI
��GJS ) ¾* +R y]]� y
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05 capteurs
09 capteurs
16 capteurs

)¾* + R y]] � ~SSMOS MH �GHKTJGH UMI MSSMOSI UMI R GIJTJGHI UMI KQRTMOSI R GOS LQ IRLJHM

tlÎÎgopcqfgi �GOI QV GOTJIIGHI QO X �XM WMHSM UM SYIOLTQTI POM RSYKYUMXXMHT �
LGSIPO �JL · Q V MQOKGOR UM KQRTMOSI � LMI MSSMOSI IGHT X GJHUSMI �LQ POQHTJTY U �JH�GSX QTJGHIKGXRMHIM LQ POQLJTY UM KMI UGHHYMI� � MT R GOS LMI MSSMOSI M�MKTJ�MI POM HGOI QOSGHI Q�MK LMI
�SQJI I·IT�X MI � LMI MSSMOSI IGHT QKKMRTQVLMI y
#$#$Ï EDECnIFJDE

�QHI KMTTM RQSTJM � HGOI Q�GHI YLQV GSY OHM X YT�GUM UM SMKGHITSOKTJGH UM HGTSM RSGVL�X M �
POJ KGHIJITQJT � TSGO�MS OHM KGOSV M IGLOTJGH POJ Q�QJT R GOS KGHTSQJHTMI UMI UJSMKTJGHI UM
TQHWMHTMI MH KMSTQJHI R GJHTI UM LQ KGOSV M UGHK HGOI KGHHQJIIJGHI LQ SYRQSTJTJGH � K �MIT���UJSM
LMI UJITQHKMI KOS�JLJWHMI MHTSM K�QPOM R GJHT UM X MIOSM y xQ X YT�GUM YLQV GSYM Q OTJLJIY LQ
RQSQX YTSJIQTJGH KOS�JLJWHM POJ JHKLOQJT QJHIJ UJSMKTMX MHT UQHI LM X GU�LM LMI KGHTSQJHTMI UM
LGHWOMOS JHTMS�KQRTMOSI MT HM UMX QHUQJT QLGSI RLOI PO �� JHTMSR GLMS LMI QHWLMI UMI TQHWMHTMI y�GOI Q�GHI MHIOJTM KQSQKTYSJIY HGTSM X YT�GUM � MLLM QRRQSQJT Q�GJS OHM KG�YSMHKM R�·IJPOM
�JH�QSJQHKM RQS SGTQTJGH � RQS �GX GT�YTJM � X JHJX JIQTJGH UM LQ �QSJQTJGH UM KGOSVOSM� � Q�GJSYWQLMX MHT UMI SYIOLTQTI UM KGH�MSWMHKM MH �GHKTJGH UO HGXVSM UM KQRTMOSI � MT �TSM SGVOITM
QO VSOJT �POM KM IGJT LMI �QLMOSI UMI QHWLMI UMI KQRTMOSI � GO LMOS R GIJTJGHHMX MHT� y �GOIQLLGHI � RSYIMHT �GJS KGXX MHT HGOI R GO�GHI HGOI JHIRJSMS UM KM TSQ�QJL R GOS QLLMS RLOI LGJH �
LQ SMKGHITSOKTJGH UMI KGOSV MI WQOK�MI y
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#$, $# -ÔÕmn Ö×ØÙ ÖÔÚ
�GOI UM�GHI � RSYIMHT SMKGHITSOJSM UMI KGOSV MI UM L �MIRQKM Q�MK LMI X �XMI KGHTSQJHTMI

POM RSYKYUMXXMHT � K �MIT���UJSM POM HGOI UM�GHI SMKGHITSOJSM OHM KGOSV M UQHI L �MIRQKM MH
KGHHQJIIQHT LMI GSJMHTQTJGHI UMI �MKTMOSI TQHWMHTI MH KMSTQJHI R GJHTI UM LQ KGOSV M y xMI UGH�
HYMI POM HGOI Q�GHI IGHT LQ SYRQSTJTJGH UMI KQRTMOSI LM LGHW UM LQ KGOSV M � MT L �GSJMHTQTJGH UMI
KQRTMOSI � KMI MHUSGJTI�L� y �GOI QLLGHI UGHK RQSQX YTSMS LQ KGOSV M RQS L �QV IKJIIM KOS�JLJWHM
�s ∈ [0, L]) TGOT KGXXM RGOS LMI KGOSV MI RLQHMI �

C(s) =



x(s)
y(s)
z(s)


 .

�Q UYSJ�YM MIT KGXRGIYM UM �MKTMOSI OHJTQJSMI �

T (s) = C ′(s) =



x′(s)
y′(s)
z′(s)


 TML POM ∥∥C ′(s)

∥∥ = 1, ∀s.

xMI UGHHYMI POM HGOI Q�GHI IGHT �i = 0, ..., n) :

Ti =



xi

yi

zi


 = C ′(si)

Q�MK si
KGHHOI MHTSM 0 MT L LGHWOMOS TGTQLM UM LQ KGOSV M y

�L MIT QJHIJ R GIIJV LM U �YTMHUSM LQ X YT�GUM YTOUJYM RSYKYUMXXMHT IOS LMI KGOSV MI RLQHMI �
POJ KGHIJITM � SMKGHITSOJSM LQ �GHKTJGH UYSJ�YM � ROJI � JHTYWSMS R GOS SMTSGO�MS LQ KGOSV M
JHJTJQLM yx �MHIMXVLM UMI �MKTMOSI UYSJ�YI UGJT SMITMS IOS LQ IR��SM OHJTY KQS HGOI IGXXMI MH RQ�
SQX YTSJIQTJGH KOS�JLJWHM y �GOI QLLGHI HGOI IMS�JS UM KMTTM KGHTSQJHTM R GOS LQ SMKGHITSOKTJGH y
#$, $, ÛÜÝ(Ö'ÜÝ ÖÕÞÝ
ß 1 àá·´â�¹�â�ã

äHM SMKGHITSOKTJGH R GIIJV LM UO RSGVL�X M MH KGOSV MI WQOK�MI MIT L �M�TMHIJGH UJSMKTM UM
LQ X YT�GUM UMI KGOSV MI RLQHMI � LQ RQSQX YTSJIQTJGH MH KGGSUGHHYMI IR�YSJPOMI UMI �MKTMOSI
TQHWMHTI OHJTQJSMI �

Ti =



xi = sin(αi) cos(θi)
yi = sin(αi) sin(θi)

zi = cos(αi)


 . �åy]r�

z JHIJ � LQ RSMX J�SM JUYM MIT U �JHTMSR GLMS LMI 2 �GHKTJGHI QHWLMI Q�MK UMI IRLJHMI KOVJPOMI �HGOI UYTMSX JHGHI QJHIJ LQ �GHKTJGH UYSJ�YM � ROJI HGOI JHTYWSGHI R GOS GVTMHJS LQ KGOSV M
�HQLM y
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è 1 é��¹ê�� ·¶âã�â·¹êá
±MTTM X YT�GUM R MOT UGHHMS UM V GHI SYIO LTQTI � KMR MHUQHT � 2 RSGVL�X MI JHTMS�JMHHMHT �
ë LQ SMKGHITSOKTJGH H �MIT RQI JH�QSJQHTM RQS SGTQTJGH UM LQ KGOSV M � GVTMHJS �R GOS 2KGOSV MI JUMHTJPOMI GVTMHOMI RQS SGTQTJGH L �OHM UM L �QOTSM � LMI SMKGHITSOKTJGHI HM IGHT
RQI GVTMHOMI RQS SGTQTJGH L �OHM UM L �QOTSM yyy� y

ë HGOI H �Q�GHI RQI LQ KG�YSMHKM R�·IJPOM KGHKMSHQHT LQ KGOSVOSM MT LQ TGSIJGH KGXXM
RGOS LM KQI 2D y~H MìMT � LMI �GSXOLMI UM KGOSVOSM κ MT UM TGSIJGH τ MH �GHKTJGH UMI 2 QHWLMI α MT θ IGHT �

κ =
√
α′2 + θ′2 sin2 α �åy]íQ�

τ =
2α′2θ′ cosα+ α′θ′′ sinα− θ′ sinα

(
α′′ + θ′2 cosα sinα

)

α′2 + θ′2 sin2 α
�åy]íV �

��GJS KQLKOLI MH QHHM�M î � y ±MI �GSXOLMI HM R MSX MTTMHT RQI UM UY�HJS IJXRLMX MHT LM LJMHMHTSM LMI X JHJX JIQTJGHI JHTMS�MHQHT UQHI LQ X YT�GUM �X JHJX JIQTJGH UM ∫ α′′2 MT ∫ θ′′2 � MT LQX JHJX JIQTJGH UM POQHTJTYI �QJIQHT JHTMS�MHJS LQ KGOSVOSM MT LQ TGSIJGH �κ MT τ � y
�GOI QLLGHI UGHK HGOI R MHK�MS �MSI OHM HGO�MLLM X YT�GUM � POJ SMKGHITSOJT UJSMKTMX MHT

LMI �MKTMOSI TQHWMHTI OHJTQJSMI y
#$, $9 -ÞÙïÔÕÝ ÞðØñÔÜÞÝ

�GOI UM�GHI UGHK SMKGHITSOJSM LQ �GHKTJGH UM �MKTMOSI OHJTQJSMI T (s) RGOS s ∈ [0, L] MH
KGHHQJIIQHT LMI �MKTMOSI OHJTQJSMI T (si) = Ti =



xi

yi

zi


 � Q�MK si

KGHHOI y
±MLQ SM�JMHT � K�MSK�MS OHM KGOSV M TSQKYM IOS LQ IR��SM OHJTY � POJ JHTMSR GLM OH MHIMXVLM

UM R GJHTI UGHHYI y �GOI QLLGHI QJHIJ K�MSK�MS � JHTMSR GLMS LQ KGOSV M UYSJ�YM RQS OHM IRLJHM
IOS LQ IR��SM y

xQ T�YGSJM UMI IRLJHMI IOS LQ IR��SM MIT QIIM² R MO YTOUJYM y �L M� JITM U �OHM RQST UMI QS�
TJKLMI TS�I T�YGSJPOMI � YTOUJQHT IOSTGOT L �M� JITMHKM UM KGOSV MI IOS UMI IOS�QKMI Q·QHT UMI
RSGRSJYTYI UM X JHJX JIQTJGH U �YHMSWJM �K� y Ì�ò_óQ Í � Ì�ò_óV Í � Ìò�_^Í MT Ìò�_ZÍ� � X QJI POJ
H �QRR GSTMHT RQI UM X YT�GUM UM KGHITSOKTJGH y � �QOTSM RQST � JL M� JITM OHM QOTSM KQTYWGSJM
U �QSTJKLMI POJ IGHT QO KGHTSQJSM RLOI QRRLJKQTJ�I � UGHT LM VOT MIT U �JHTMSR GLMS UQHI L �MIRQKM
UMI POQTMSHJGHI �UGHK IOS LQ IR��SM UM R4� Q�H UM WYHYSMS UMI X GO�MX MHTI LJIIMI U �GVô MTI
�K� y Ì��õí^ÍMT Ì��~_ó Í� y ±MI RQRJMSI IGHT QLGSI UMI M�TMHIJGHI UMI î�IRLJHMI UO RLQH � POJ
IGHT QRR MLYMI IRLJHMI IOS LQ IR��SM RQS QHQLGWJM y

�GOI OTJLJIGHI JKJ LMI IRLJH MI IOS LQ IR��SM TMLLMI PO �MLLMI GHT YTY UY�MLGRR YMI UQHI
Ì��~_ó Í y �G·GHI UQHI OH RSMX JMS TMXRI OH SQRR ML IOS LMI IRLJHMI KOVJPOMI MH MIRQKM RLQH �
ROJI HGOI �MSSGHI POMLLMI X GUJ�KQTJGHI HGOI UM�GHI QRRLJPOMS R GOS KSYMS LMI IRLJHMI IOS LQ
IR��SM y
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ß 1 ö÷øø³´ �ø´âã³� �ê¶ ´³ ø´÷ã
ù dc d úhm qûhgi ug üvýqgf gp qopgfÉfvpcpqlo ¸vlÎvpfqûhg �GOI IQ�GHI POM LMI
KGOSV MI KOVJPOMI R MO�MHT I �YKSJSM MH �GHKTJGH U �OH RGL·WGHM UM KGHTSþLM Pi, i = 0, ..., 3MT UM LQ VQIM UM �GHKTJGHI R GL·HGX JQLMI UM îMSHITMJH �

B(t) =
3∑

i=0

PiC
3
i (1− t)3−iti.

�GOI R GO�GHI QOIIJ Y�QLOMS LQ �QLMOS UM KMTTM KGOSV M MH OH RGJHT MH �GHKTJGH UO RGL·�
WGHM UM KGHTSþLM MT U �JHTMSR GLQTJGHI LJHYQJSMI IOKKMIIJ�MI �QLWGSJT�X M UM �M±QITMLô QO � ��GJS) ¾* +åy]Z� y

1−t

1

P
2

P0 3
P

t

1−t 1−t

1−t

1−t

1−t

t

t

t

t

t

f(t)

P

)¾* + åy]Z ë zLWGSJT�X M UM �M±QITMLô QO
�GOI HGTGHI KMTTM JHTMSR GLQTJGH BC[P0, P1, P2, P3](t).�L MIT X QJHTMHQHT R GIIJV LM UM KSYMS UMI IRLJHMI KOVJPOMI MH SQKKGSUQHT RLOIJMOSI KOVJPOMI �

K �MIT KM POM HGOI QRR MLGHI LMI î�IRLJHMI y

ù dm d ÿgi ü �iÉ jqogi ~TQHT UGHHYI LMI R GJHTI UM KGHTSþLM di
MT LMI HGMOUI si,

HGOI UY��
HJIIGHI LQ IRLJHM KOVJPOM IOJ�QHTM ��GJS ) ¾* +åy]ó � �

C(s) = BC[Ti, Ri, Li+1, Ti+1]

(
s− si

hi+1

)
�åy]��

R GOS si ≤ s ≤ si+1, i = 0, ..., n− 1 � hi = si − si−1,
Q�MK �

Ri = (1− µi)di + µidi+1 �åyZ_Q�
Li+1 = (1− λi+1)di + λi+1di+1 �åyZ_V �
Ti = (1− δi)Li + δiRi �åyZ_K�
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R

i+1
hi+2

hi
hi+1Ti

i−1
d

T
i+1

hi

di

L
i−1

T
i−1

i−1

Li
Ri

L
i+1

Ri+1

d
i+1

h

)¾* + åy]ó ë ±GHITSOKTJGH UO RGL·WGHM UM KGHTSþLM UM LQ î�IRLJHM

λi =
hi−1 + hi

hi−1 + hi + hi+1
�åyZ åQ�

µi =
hi

hi + hi+1 + hi+2
�åyZ åV �

δi =
hi

hi + hi+1
�åyZ åK�

xQ IRLJHM JHTMSR GLM LMI R GJHTI Ti
y òGOS LQ UYTMSX JHMS � HGOI UM�GHI UGHK UYTMSX JHMS

LMI R GJHTI UM KGHTSþLM di
y z�MK LMI �GSXOLMI RSYKYUMHTMI � HGOI QV GOTJIIGHI � OH I·IT�X M

LJHYQJSM �



1 0 · · · · · · · · · 0
a1 b1 c1y y y y y y y y yy y y y y y y y y

an−1 bn−1 cn−1

0 · · · · · · · · · 0 1







td0
td1yyyyyyyyy
tdn




=




tT0
tT1yyyyyyyyy
tTn




�åyZ]�

ai = (1− δi)(1− λi) �åyZZQ�
bi = (1− δi)λi + δi(1− µi) �åyZZV �
ci = δiµi �åyZZK�

xQ KGOSV M MIT G2 RQS UY�HJTJGH y
�G·GHI � RSYIMHT KGXXMHT HGOI R GO�GHI QRRLJPOMS KMKJ R GOS GVTMHJS UMI KGOSV MI IOS

LQ IR��SM y
è 1 �³� è ��ø´âã³� �ê¶ ´÷ �øF�¶³

±MTTM IMKTJGH UYTQJLLM LQ UYX QSK�M MT L �QLWGSJT�X M UM ���~_ó � y
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ü dc d úlÎÎgop Éciigf ihf jc iÉ�
fg �L HGOI IO� T UM SMXRLQKMS LMI JHTMSR GLQTJGHI
LJHYQJSMI RQS UMI JHTMSR GLQTJGHI ô GOQHT LM X �XM SþLM IOS LQ IR��SM OHJTY � LMI JHTMSR GLQTJGHI
IR�YSJPOMI LJHYQJSMI � ILMSR �IR�MSJKQL LJHMQS JHTMSR GLQTJGH � y~H MIRQKM RLQH � L �JHTMSR GLQTJGH LJHYQJSM MIT �

P = (1− t)A+ tB.

�OS LQ IR��SM � KMLQ MIT SMXRLQKY RQS �

Slerp(A,B, t) =
sin((1− t)θ)A+ sin(tθ)B

sin θ
, �åyZó �

Q�MK θ L �QHWLM MHTSM LM �MKTMOS A MT LM �MKTMOS B � θ = cos−1(A,B) ��GJS � ¾
 �åy]^� y

Slerp(A,B,t)

A

B

θ
θt

� ¾
 � åy]^ ë �HTMSR GLQTJGH IR�YSJPOM
�GTGHI POM ∀t � HGOI Q�GHI ‖Slerp(A,B, t)‖ = 1 y ~H MìMT �

‖Slerp(A,B, t)‖2 =

〈
sin((1− t)θ)A+ sin(tθ)B

sin θ
,
sin((1− t)θ)A+ sin(tθ)B

sin θ

〉

=
1

sin2 θ

(
sin2((1− t)θ)〈A,A〉+ sin2 tθ〈B,B〉+ 2 sin((1− t)θ) sin tθ〈A,B〉

)

=
sin2((1− t)θ) + sin2 tθ + 2 sin((1− t)θ) sin tθ

sin2 θ~H UY�MLGRRQHT sin ((1− t)θ) � HGOI GVTMHGHI LMI IJXRLJ�KQTJGHI �GOLOMI y
z JHIJ � HGOI UY�HJIIGHI LMI �GHKTJGHI KOVJPOMI IOS LQ IR��SM RQS ó R GJHTI UM KGHTSþLM IOS LQ

IR��SM MT LM X GU�LM YTMHUO UM �M±QITMLô QO �MH SMXRLQ�QHT LMI JHTMSR GLQTJGHI LJHYQJSMI RQS LMIJHTMSR GLQTJGHI IR�YSJPOMI LJH YQJSMI� y xQ KOVJPOM IR�YSJPOM IMSQ HGTYM SC[P0, P1, P2, P3](s).

ü dm d ù j¸lfqp�Îg �GOI QLLGHI X QJHTMHQHT UY�HJS LMI R GJHTI UM KGHTSþLM UM LQ IRLJHM MH
OTJLJIQHT LQ X �XM X YT�GUM POM R GOS LMI KGOSV MI UQHI LM RLQH � X QJI HGOI OTJLJIGHI JKJ LMI
JHTMSR GLQTJGHI IR�YSJPOMI y~TQHT UGHHYI LMI R GJHTI UM KGHTSþLM di �POJ IGHT IOS LQ IR��SM OHJTY� MT LMI HGMOUI si,HGOI UY�HJIIGHI LQ IRLJHM KOVJPOM IR�YSJPOM IOJ�QHTM �

T (s) = SC[Ti, Ri, Li+1, Ti+1]

(
s− si

hi+1

)
�åyZ^�



æ� �ÂÌ¿ÇÃ�ÁÀÌ� ¾¿Ç ÍÂ Ì¿ÀÁ	ÂÃ

RGOS si ≤ s ≤ si+1, i = 0, ..., n− 1 � hi = si − si−1
� Q�MK �

Ri = Slerp(di, di+1, µi) �åyZ�Q�
Li+1 = Slerp(di, di+1, λi+1) �åyZ�V �
Ti = Slerp(Li, Ri, δi) �åyZ�K�

λi =
hi−1 + hi

hi−1 + hi + hi+1

µi =
hi

hi + hi+1 + hi+2

δi =
hi

hi + hi+1xQ IRLJHM JHTMSR GLM UMI R GJHTI Ti.
�GOI UM�GHI UYTMSX JHMS LMI R GJHTI UM KGHTSþLM di

y±GHTSQJSMX MHT � KM POM HGOI GVTMHGHI MH MIRQKM RLQH � LM I·IT�X M � SYIGOUSM H �MIT RQI
LJHYQJSM �





T0=d0

Ti =
1

sinβi




(
sin((1− δi)βi) sin((1− λi)αi)

sinαi

)
di−1

+

(
sin((1− δi)βi) sin(λiαi)

sinαi
+

sin(δiβi) sin((1− µi)αi+1)

sin(αi+1)

)
di

+

(
sin(δiβi) sin(µiαi+1)

sin(αi+1)

)
di+1




Tn=dn �åyZr�G� �
αi = cos−1(di−1, di)

βi = cos−1(Li, Ri)�GOI QLLGHI UGHK SYIGOUSM KM I·IT�X M Q�MK OHM X YT�GUM JTYSQTJ�M y
~H �GJKJ L �QLWGSJT�X M �
åy UYTMSX JHMS LMI R GJHTI UM KGHTSþLM JH JTJQO� �d(0)

i , i = 0, ..., n
� �RQS M�MXRLM LMI �QLMOSIHGSX QLJIYMI UM LQ IRLJHM 3

� ��
] y UYTMSX JHMS LMI �QLMOSI UMI QHWLMI �αi, βi)

MH �GHKTJGH UM KMI R GJHTI UM KGHTSþLM �
Z y KQLKOLMS LMI HGO�MQO� RGJHTI UM KGHTSþLM Q�MK �

d
(k)
0 = T0

d
(k)
i =

Ti sinβi −
(

sin((1− δi)βi) sin((1− λi)αi)

sinαi

)
d

(k−1)
i−1 −

(
sin(δiβi) sin(µiαi+1)

sin(αi+1)

)
d

(k−1)
i+1

sin((1− δi)βi) sin(λiαi)

sinαi
+

sin(δiβi) sin((1− µi)αi+1)

sin(αi+1)

d(k)
n = Tn
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MT �
Ri = (1− µi)d

(k−1)
i + µid

(k−1)
i+1

Li+1 = (1− λi+1)d
(k−1)
i + λi+1d

(k−1)
i+1

αi = cos−1(d
(k−1)
i−1 , d

(k−1)
i )

βi = cos−1(Li, Ri)

ó y HGSX QLJIMS LMI di
RGOS PO �JLI IGJMHT �SQJX MHT IOS LQ IR��SM �MH MìMT � KGXX M LMI JH�TMSR GLQTJGHI IR�YSJPOMI OTJLJIMHT LMI QHWLMI αi

MT βi
POJ IGHT LMI �QLMOSI UMI QHWLMI �

L �YTQR M RSYKYUMHTM � HGOI GVTMHGHI UMI di
POJ HM IGHT RQI M�QKTMX MHT IOS LQ IR��SM

OHJTY� �
^ y JTYSMS ôOIPO �� KGH�MSWMHKM Q�MK LM KSJT�SM IOJ�QHT � POM LMI T (k)

i
KQLKOLYI Q�MK LM R GL·�

WGHM UM KGHTSþLM UMI �d(0)
i , i = 0, ..., n

� IGJMHT RSGK�MI UMI Ti
� GVTMHJS �

√√√√√
∑n

i=0

∥∥∥T (k)
i − Ti

∥∥∥
2

∑n
i=0 ‖Ti‖2

≤ Tol

x �QLWGSJT�X M UM ���~_ó � MIT X GUJ�Y RQS L �Qô GOT UM L �YTQR M ó UQHI LQPOMLLM HGOI HGS�
X QLJIGHI LMI R GJHTI UM KGHTSþLM y x �GOVLJ UM KMTTM YTQR M SMHU QLGSI TGOI LMI KQLKOLI MSSGHYI
�KQS LMI KQLKOLI RSMHHMHT R GOS �·RTG��IM POM HGOI TSQ�QJLLGHI Q�MK UMI �MKTMOSI OHJTQJSMI�MT QX �HM QLGSI HGTQXXMHT UMI RSGVL�X MI UM KGH�MSWMHKM UM LQ X YT�GUM y �GOI Q�GHI QOIIJ
X GUJ�Y LM KSJT�SM U �QSS�T UM L �QLWGSJT�X M y z LGSI POM ���~_ó � RSGR GIM OH QSS�T LGSIPOM LMI
R GJHTI UM KGHTSþLM KGH�MSWMHT �MSI OH �MKTMOS IGLOTJGH � HGOI RSGR GIGHI OH QSS�T LGSIPOM LMI
R GJHTI POM HGOI JHTMSR GLGHI IGHT RSGK�MI UM KMO� POM HGOI K�MSK�GHI � JHTMSR GLMS �POJ MITLM VOT UM HGTSM QLWGSJT�X M� y
��� �� ��Ýð��Ý×  Ô�ÜñÝ×

�GOI OTJLJIGHI LMI X �XMI MSSMOSI POM R GOS LMI KGOSV MI RLQHMI R GOS KQSQKTYSJIMS LMI
SYIOLTQTI �

ë MSSMOS IOS LQ LGHWOMOS UM LQ KGOSV M SMKGHITSOJTM �
ë MSSMOS IOS LQ R GIJTJGH UMI KQRTMOSI �
ë MSSMOS IOS LQ R GIJTJGH UO RGJHT U �QSSJ�YM �
ë MSSMOS UM R GIJTJGHHMX MHT WLGVQL UM LQ KGOSV M �
ë MSSMOS UM �QOIUGSì X GUJ�YM y
�GOI QLLGHI �GJS JKJ POMLPOMI SYIOLTQTI GVTMHOI Q�MK LMI UMO� X YT�GUMI y � QHI LMI �WOSMI

IOJ�QHTMI � LMI KGOSV MI VLMOMI SMRSYIMHTMHT LMI KGOSV MI JH JTJQLMI � SMKGHITSOJSM � MT LMI KGOSV MI
SGOWMI MT �MSTMI IGHT LMI KGOSV MI GVTMHOMI RQS LMI X YT�GUMI UM SMKGHITSOKTJGH � LMI KGOSV MI
SGOWMI R GOS LMI SMKGHITSOKTJGHI UMI UMO� QHWLMI JHUYR MHUQXXMHT � MT LMI KGOSV MI �MSTMI RQS
SMKGHITSOKTJGH UJSMKTM UMI �MKTMOSI TQHWMHTI IOS LQ IR��SM y
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�GOI TMITGHI LMI UMO� X YT�GUMI IOS OHM KGOSV M �MSX YM IOS LQPOMLLM HGOI Q�GHI RLQKY

å^ R GJHTI UM X MIOSM y xMI UMO� KGOSV MI SYIOLTQTI IGHT IOS LQ �WOSM � ¾
 �åy]� y xM WSQR�M UMWQOK�M SMRSYIMHTM MH VLMO LQ KGOSV M JHJTJQLM MT MH SGOWM IQ SMKGHITSOKTJGH Q�MK LQ X YT�GUM
POJ JHTMSR GLM LMI QHWLMI UM LQ RQSQX YTSJIQTJGH IR��SJPOM JHUYR MHUQXX MHT & LM WSQR�M UM
USGJTM IOR MSR GIM � LQ KGOSV M JHJTJQLM VLMOM LQ KGOSV M �MSTM POJ SMRSYIMHTM LQ SMKGHITSOKTJGH
�QJIQHT JHTMS�MHJS L �JHTMSR GLQTJGH IOS LQ IR��SM UM LQ UYSJ�YM y
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±MI KGOSV MI IGHT LM SYIOLTQT UM L �JHTYWSQTJGH UM LMOS KGOSV M UYSJ�YM QIIGKJYM y ±MI KGOSV MI
UYSJ�YMI POJ IGHT UMI KGOSV MI IOS LQ IR��SM IGHT �JIOQLJIYMI UQHI LQ �WOSM � ¾
 �åy]r � G� HGOI�G·GHI MH �Q� LQ IOR MSR GIJTJGH UM LQ UYSJ�YM JH JTJQLM �VLMO � � LQ UYSJ�YM RQS LQ X YT�GUM å
�SGOWM� MT LQ UYSJ�YM RQS LQ X YT�GUM ] ��MST� y �OS LM WSQR�M �V � � HGOI Q�GHI IMOLMX MHT �QJTQRRQSQ@TSM LQ UYSJ�YM JH JTJQLM MT KMLLM UM LQ X YT�GUM å� MT IOS LM WSQR�M �K� LQ UYSJ�YM JH JTJQLMMT LQ UYSJ�YM UM LQ X YT�GUM ] yxMI MSSMOSI GVTMHOMI IGHT UQHI LM TQVLMQO AÆ	 �åy^ y

~SSMOSI ¼ MKGHITSOKTJGH ¼MKGHITSOKTJGHUMI QHWLMI JHUYR MHUQHTI IOS LQ IR��SM
eL 5.15.10−4% 0.15%

ecapt 0.55% 0.56%

efin 0.96% 0.18%

epos 0.47% 0.87%

eHaus 1.27% 0.83%

AÆ	 � åy^ ë ±GOSV M �MSX YM � ~SSMOSI UM SMKGHITSOKTJGH



�¿ÀÁ	ÂÃ 
ÆÀÌÐÂÃ �B

��� ' ¡­¥¦ª¬ ¢­¬«¥¦ª

−1

−0.5

0

0.5

1

−1

−0.5

0

0.5

1
−1

−0.5

0

0.5

1

xy

z

�¨ � ' ¡­¥¦ª¬ ¢­¬«¥¦ ©�  ¤¡ª �¦§¤¡ª
−1

−0.5

0

0.5

1

−1

−0.5

0

0.5

1
−1

−0.5

0

0.5

1

xy

z

�­� ' ¡­¥¦ª¬ ¢­¬«¥¦ ª¢  ¤� ª©() ¡
� ¾
 � åy]r ë ±GOSV M �MSX YM � ±GOSV MI UMI �MKTMOSI TQHWMHTI IOS LQ IR��SM � *+,-./ 0 12.3+-4565758,-49 *32.: -/ -7 *½-37/ 0 12.3+-4 3-126473.57-4 4 -,26 ,-4 ;-.< = >7?2;-4

xMI SYIOLTQTI �JIOMLI X GHTSMHT KLQJSMX MHT OH X MJLLMOS SYIOLTQT MH KM POJ KGHKMSHM LQ
SMKGHITSOKTJGH UM LQ KGOSV M UYSJ�YM Q�MK LQ X YT�GUM U �JHTMSR GLQTJGH UJSMKTM IOS LQ IR��SM �
MH MìMT � SMKGHITSOJSM LMI QHWLMI UM �Q�GH JHUYR MHUQHTM UGHHM UMI KGOSV MI IOS LQ IR��SM
�SQJX MHT JSSYWOLJ�SMI y � M RLOI � LMI MSSMOSI IGHT IJX JLQJSMI MH KM POJ KGHKMSHM LQ R GIJTJGH UMI
KQRTMOSI � MT X MJLLMOSI R GOS LQ R GIJTJGH UO RGJHT U �QSSJ�YM MT L �MSSMOS UM �QOIUGSì � X QJI
OHM MSSMOS RLOI YLM�YM UM R GIJTJGH WLGVQLM y �GHK HGOI R GO�GHI UJSM POM LQ X YT�GUM UM
SMKGHITSOKTJGH UJSMKTMX MHT IOS LQ IR��SM UGHHM OHM KGOSV M WLGVQLMX MHT RLOI SYWOLJ�SM MT
RLOI RSGK�M POM L �QOTSM X YT�GUM �MSSMOS UM �QOIUGSì � y
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xQ UMO� J�X M KGOSV M MIT SMKGHITSOJTM � RQSTJS UM åó R GJHTI UM X MIOSM SYRQSTJI YPOJTQ�VLMX MHT y xMI UMO� KGOSV MI SYIOLTQTI IGHT IOS LQ �WOSM � ¾
 �åy]í y xMI SMKGHITSOKTJGHI UMI
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KGOSV MI UM �MKTMOSI TQHWMHTI IGHT �JIOQLJIYMI UQHI LQ �WOSM � ¾
 �åy]� yxMI MSSMOSI GVTMHOMI IGHT UQHI LM TQVLMQO AÆ	 �åy� y

~SSMOSI ¼ MKGHITSOKTJGH ¼MKGHITSOKTJGHUMI QHWLMI JHUYR MHUQHTI IOS LQ IR��SM
eL 3.23.10−4% 0.08%

ecapt 0.84% 0.50%

efin 0.66% 0.74%

epos 0.83% 0.80%

eHaus 1.52% 0.93%

AÆ	 � åy� ë �RLJHM Z� � ~SSMOSI UM SMKGHITSOKTJGH
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�OS KMT M�MXRLM � HGOI GVIMS�GHI �JIOMLLMX MHT MT Q�MK LMI MSSMOSI KQLKOLYMI POM LQ X Y�
T�GUM UM SMKGHITSOKTJGH UM LQ UYSJ�YM UJSMKTMX MHT IOS LQ IR��SM MIT X MJLLMOSM POM LQ RSMX JMSM
X YT�GUM M�RLGSYM y

�GOI QLLGH I � RSYIMHT KQSQKTYSJIMS KMTTM X YT�GUM MH YTOUJQHT IMI RSGRSJYTYI UM KGHIJI�
TQHKM MT UM KGH�MSWMHKM y
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�G·GHI LQ KGHIYPOMHKM IOS LQ KGOSV M UMI KGHTSQJHTMI UM SMKGHITSOKTJGH UM LQ KGOSV M UY�
SJ�YM y �GOI SMKGHITSOJIGHI LQ �GHKTJGH UYSJ�YM MH OTJLJIQHT OHM IRLJHM KOVJPOM IOS LQ IR��SM y�GOI IQ�GHI POM UQHI LMI MIRQKMI R LQHI � LMI IRLJHMI KOVJPOMI X JHJX JIMHT LMOS YHMSWJM y xMI
IRLJHMI KOVJPOMI IOS LQ IR��SM Q·QHT YTY GVTMHOMI RQS QHQLGWJM � HGOI R GO�GHI IORRGIMS
PO �MLLMI X JHJX JIMHT YWQLMX MHT LMOS YHMSWJM � �G·GHI QLGSI LMI KGHIYPOMHKMI U �OHM TMLLM �·�
R GT��IM y

�GOI KMTTM �·R GT��IM � HGTSM X YT�GUM X JHJX JIM �
∫ ∥∥T ′′(s)

∥∥2
ds �åyZí�

Q�MK T �MKTMOSI TQHWMHTI � LQ KGOSV M y �GOI K�MSK�GHI L �JHNOMHKM POM KMLQ Q IOS UMI UGHHYMI
JHTSJHI�POMI � LQ KGOSV M �KGXXM RQS M�MXRLM LQ KGOSVOSM MT LQ TGSIJGH � � HGOI OTJLJIGHI QLGSILMI �GSXOLMI UM �MSSMT�KSMHMT �

T ′ = κN

N ′ = −κT + τB

Q�MK (T,N,B) SMR �SM LG KQL UM KSMHMT � κ LQ KGOSVOSM MT τ LQ TGSIJGH y �GHK �
T ′′ = κ′N + κN ′

= κ′N + κ(−κT + τB)

= κ′N − κ2T + κτB∥∥T ′′∥∥2
=

〈
T ′′, T ′′〉

= κ′2 + κ2(κ2 + τ2)

zJHIJ � MH RSGKYUQHT RQS QHQLGWJM RQS SQRR GST QO� IRLJHMI UQHI UMI MIRQKMI RLQHI � LQ
X YT�GUM U �JHTMSR GLQTJGH RQS IRLJHMI IOS LQ IR��SM X JHJX JIM �

∫
κ′2 + κ2(κ2 + τ2) �åyZ��

K �MIT���UJSM POM HGOI X JHJX JIGHI OHM POQHTJTY MHWLGVQHT LQ TGSIJGH � LQ KGOSVOSM MT LQ �Q�
SJQTJGH UM LQ KGOSVOSM y±MTTM X YT�GUM �QJT UGHK JHTMS�MHJS LQ X JHJX JIQTJGH UM �QLMOSI JHTSJHI�POMI � LQ KGOSV M
KGHTSQJSMX MHT � LQ RSMX J�SM X YT�GUM UGHT HGOI Q�JGHI RQSLY � POJ X JHJX JIQJT UMI POQHTJTYI
UYR MHUQHT UMI QHWLMI UM RQSQX YTSJIQTJGH � UGHK UYR MHUQHT UM L �GSJMHTQTJGH UM LQ KGOSV M y
è G Lã[÷¶â÷ã�³ ø÷¶ ¶��÷�â�ã

�GOI QLLGHI JKJ X GHTSMS L �JH�QSJQHKM RQS SGTQTJGH UM LQ IGLOTJGH GVTMHOM � K �MIT���UJSM POM
R GOS UMO� MHIMXVLMI UM UGHHYMI GVTMHOI RQS SGTQTJGH L �OH UM L �QOTSM � LMI KGOSV MI SMKGHI�
TSOJTMI RQS KMTTM X YT�GUM IMSGHT UMO� KGOSV MI JUMHTJPOMI � KMTTM SGTQTJGH RS�I y
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�GJMHT UMO� MHIMXVLMI UM �MKTMOSI OHJTQJSMI {T (1)
i , i = 0, ..., n} MT {T (2)

i , i = 0, ..., n}GVTMHOI RQS SGTQTJGH L �OH UM L �QOTSM � K �MIT���UJSM PO �JL M� JITM OHM X QTSJKM UM SGTQTJGH
MRTMLLM POM �

T
(2)
i = MRT

(1)
i , i = 0, ..., n. �åyó_�

�GOI UM�GHI QLGSI X GHTSMS POM LMI KGOSV MI C(1) �KGOSV M SMKGHITSOJTM � RQSTJS UMI T (1)
i

�
MT C(2) �KGOSV M SMKGHITSOJTM � RQSTJS UMI T (2)

i

� IGHT JUMHTJPOMI � LQ SGTQTJGH
MR

RS�I �
K �MIT���UJSM POM �

C(2)(s) = MRC
(1)(s),∀s.

�MO� KGOSV MI IGHT JUMHTJPOMI � OHM SGTQTJGH RS�I IJWH J� M POM LMOS UYSJ�YM IGHT YWQLMX MHT
GVTMHOMI RQS SGTQTJGH L �OHM UM L �QOTSM �

C ′ (2)(s) = MRC
′ (1)(s),∀s.

~TQHT UGHHY POM LMI KGOSV MI UYSJ�YMI IGHT UY�HJMI UM �Q�GH OHJPOM WSMKM � LMOS R GL·WGHM
UM KGHTSþLM � RSGO�MS L �YWQLJTY RSYKYUMHTM SM�JMHT M�QKTMX MHT � RSGO�MS POM LMI R GL·WGHMI
UM KGHTSþLM IGHT GVTMHOI RQS SGTQTJGH L �OH UM L �QOTSM � �R GOS {d(1)

i , i = 0, ..., n} RGL·WGHMQIIGKJY � LQ KGOSV M C ′ (1) MT {d(2)
i , i = 0, ..., n} RGL·WGHM QIIGKJY � LQ KGOSV M C ′ (2)), HGOIUM�GHI RSGO�MS �
d

(2)
i = MRd

(1)
i , i = 0, ..., n. �åyó å�

xMI R GL·WGHMI UM KGHTSþLM IGHT UYTMSX JHYI RQS OHM JHJTJQLJIQTJGH MT UMI JTYSQTJGHI y �GOI
QLLGHI UGHK RSGO�MS L �YWQLJTY �åyó å� RQS SYKOSSMHKM y
ü dc d Noqpqc jqicpqlo x �YTQR M U �JH JTJQLJIQTJGH UM L �QLWGSJT�X M KGHIJITM � KQLKOLMS LQ IRLJHMZ� RQIIQHT RQS LMI R GJHTI y ±M KQLKOL KGHIJITM � LQ SYIGLOTJGH U �OH I·ITYX M LJHYQJSM � UGHT LQ
X QTSJKM MIT �

M =




1 0 · · · · · · · · · 0
a1 b1 c1y y y y y y y y yy y y y y y y y y

an−1 bn−1 cn−1

0 · · · · · · · · · 0 1




Q�MK ai = (1− δi)(1− λi)
bi = (1− δi)λi + δi(1− µi)
ci = δiµi

�åyó]�

Q�MK
λi =

hi−1 + hi

hi−1 + hi + hi+1

µi =
hi

hi + hi+1 + hi+2

δi =
hi

hi + hi+1



�� �ÂÌ¿ÇÃ�ÁÀÌ� ¾¿Ç ÍÂ Ì¿ÀÁ	ÂÃ

�GHK LQ X QTSJKM MIT LQ X �XM RGOS LQ SYIGLOTJGH UMI ] I·IT�X MI KQS HM UYR MHU POM UMI
UJITQHKMI JHTMS�KQRTMOSI y �GOI Q�GHI QJHIJ �

M.




td
(1),0
0yyy

td
(1),0
n


 =




tT
(1)
0yyy

tT
(1)
n




MT U �QRS�I �åyó_� � HGOI R GO�GHI SMLJMS LMI UMO� RGL·WGHMI UM KGHTSþLM �



td
(2),0
0yyy

td
(2),0
n


 = M−1




tT
(2)
0yyy

tT
(2)
n


 = M−1




t
(
MRT

(1)
0

)

yyy
t
(
MRT

(1)
n

)




= M−1




tT
(1)
0yyy

tT
(1)
n


 t

MR =




td
(1),0
0yyy

td
(1),0
n


 t

MR

=




t
(
MRd

(1),0
0

)

yyy
t
(
MRd

(1),0
n

)




�GOI Q�GHI QLGSI LM SYIOLTQT IGO�QJTY � K �MIT�Q�UJSM �
d

(2),0
i = MRd

(1),0
i , i = 0, ..., n. �åyóZ�

ü dm d O vkhffgokg �ORRGIGHI POM L �YWQLJTY UMI R GL·WGHMI IGJT �SQJM QO SQHW k− 1 y òSGO��GHI LM QO SQHW k y � GOI Q�GHI �
d

(2),k−1
i = MRd

(1),k−1
i , i = 0, ..., n. �åyóó �xQ SMLQTJGH UM SYKOSSMHKM MIT LQ IOJ�QHTM �

d
(1),k
0 = T

(1)
0

d
(1),k
i =

T
(1)
i sinβ

(1)
i −

(
sin((1− δi)β(1)

i ) sin((1− λi)α
(1)
i )

sinα
(1)
i

)
d

(1),k−1
i−1 −

(
sin(δiβ

(1)
i ) sin(µiα

(1)
i+1)

sin(α
(1)
i+1)

)
d

(1),k−1
i+1

sin((1− δi)β(1)
i ) sin(λiα

(1)
1 )

sinα
(1)
i

+
sin(δiβ

(1)
i ) sin((1− µi)α

(1)
i+1)

sin(α
(1)
i+1)

,

i = 1, ..., n− 1

d(1),k
n = T (1)

nQ�MK
α

(1)
i = cos−1(d

(1),k−1
i−1 , d

(1),k−1
i )

β
(1)
i = cos−1(L

(1),k−1
i , R

(1),k−1
i )

R
(1),k−1
i = Slerp(d

(1),k−1
i , d

(1),k−1
i+1 , µi)

L
(1),k−1
i = Slerp(d

(1),k−1
i−1 , d

(1),k−1
i , λi)
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MT UM X �XM RGOS LM R GL·WGHM UMI d(2),k
i .òGOS GVTMHJS LM SYIOLTQT POM HGOI K�MSK�GHI � JL HGOI IO� T UM X GHTSMS POM �
α

(2)
i = α

(1)
i �åyó^Q�

β
(2)
i = β

(1)
i �åyó^V �

±MKJ MIT �SQJ R GOS LMI QHWLMI α � MH MìMT � HGOI Q�GHI �åyóó � � MT LMI QHWLMI IGHT KGHIMS�YI RQSLMI SGTQTJGHI y �GHK L �QHWLM MHTSM d(1),k−1
i−1

MT d(1),k−1
i (= α

(1)
i ) MIT LM X �XM POM L �QHWLM MHTSM

d
(2),k−1
i−1

MT d(2),k−1
i (= α

(2)
i ) yòGOS RSGO�MS L �YWQLJTY UMI βi

� KMLQ SM�JMHT � RSGO�MS POM UMI R(2),k−1
i

IGHT GVTMHOI RQS
SGTQTJGH UMI R(1),k−1

i
MT UM X �XM � LMI L(2),k−1

i
IGHT GVTMHOI RQS SGTQTJGH UMI L(1),k−1

i �ROJIHGOI OTJLJIMSGHI LM �QJT POM LMI QHWLMI HM IGHT RQI X GUJ�YI RQS JIGX YTSJM� y õS �

L
(2),k−1
i =

sin((1− λi)αi)d
(2),k−1
i−1 + sin(λiαi)d

(2),k−1
i

sinαi

=
sin((1− λi)αi)MRd

(1),k−1
i−1 + sin(λiαi)MRd

(1),k−1
i

sinαi

= MR

sin((1− λi)αi)d
(1),k−1
i−1 + sin(λiαi)d

(1),k−1
i

sinαi

= MR.L
(1),k−1
i

MT JUMX RGOS R(2),k−1
i .

�GOI Q�GHI QJHIJ �
d

(2),k
i = MRd

(1),k
i , i = 0, ..., n,∀k ≥ 0 �åyó��xMI R GL·WGHMI UM KGHTSþLM IGHT GVTMHOI RQS SGTQTJGH L �OH UM L �QOTSM � UGHK LMI KGOSV MI UMI

UYSJ�YMI GVTMHOMI IGHT JUMHTJPOMI � OHM SGTQTJGH RS�I � UGHK LMI KGOSV MI �HQLMI SMKGHITSOJTMI
IGHT JUMHTJPOMI � OHM SGTQTJGH RS�I y xQ RSGRSJYTY MIT UYX GHTSYM � LQ X YT�GUM UGHHM UMI
KGOSV MI JH�QSJQHTMI RQS SGTQTJGH y

�G·GHI � RSYIMHT OHM JLLOITSQTJGH UM L �JH�QSJQHKM RQS SGTQTJGH UM LQ X YT�GUM IOS POMLPOMI
M�MXRLMI y òGOS LMI UJìYSMHTI M�MXRLMI IOJ�QHTI ��GJS LMI �WOSMI � ¾
 �åyZ_ � � ¾
 �åyZ å MT� ¾
 �åyZ]� � HGOI QLLGHI QRRLJPOMS LMI QLWGSJT�X MI UM SMKGHITSOKTJGH � OHM KGOSV M MT IGH
JUMHTJPOM RQS SGTQTJGH � ROJI HGOI QRRLJPOMSGHI LQ SGTQTJGH JH�MSIM � LQ SMKGHITSOKTJGH UM LQ
KGOSV M Q·QHT IOVJ LQ SGTQTJGH Q�H UM KGXRQSMS LMI SYIO LTQTI y �GOI �MSSGHI QJHIJ LM �QJT POM
LQ X YT�GUM UM SMKGHITSOKTJGH RQS RQSQX YTSJIQTJGH IR�YSJPOM H �MIT RQI JH�QSJQHTM RQS SGTQ�
TJGH � KGHTSQJSMX MHT � LQ X YT�GUM U �JHTMSR GLQTJGH WLGVQLM y xMI KGOSV MI VLMOMI SMRSYIMHTMHT
LMI KGOSV MI JH JTJQLMI � LMI KGOSV MI SGOWMI LMI KGOSV MI SMKGHITSOJTMI � MT LMI KGOSV MI �MSTMI LMI
SMKGHITSOKTJGHI UM KGOSV MI Q·QHT IOVJ OHM SGTQTJGH �MT � LQPOMLLM HGOI Q�GHI QRRLJPOY LQSGTQTJGH JH�MSIM Q�H UM LMI KGXRQSMS� y
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�GOI �G·GHI KLQJSMX MHT LMI KGOSV MI SGOWMI MT �MSTMI TS�I UJITJHTMI UQHI LQ KGLGHHM UM
WQOK�M � G� HGOI �G·GHI X �XM UM X QO�QJIMI SMKGHITSOKTJGHI � QLGSI POM IOS LQ USGJTM � LMI
UMO� KGOSV MI IGHT KGH�GHUOMI y ±MI Z M�MXRLMI HGOI X GHTSMHT LM �QJT POM LQ RQSQX YTSJIQTJGH
UMI �MKTMOSI TQHWMHTI RQS LMI KGGSUGHHYMI IR�YSJPOMI SMHU LQ SMKGHITSOKTJGH KGXRL�TMX MHT
UYR MHUQHTM UM L �GSJMHTQTJGH UM KMTTM KGOSV M RQS SQRR GST QO SMR �SM � KM POJ H �MIT RQI LM KQI
Q�MK LQ X YT�GUM U �JHTMSR GLQTJGH UJSMKTM IOS LQ IR��SM y
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�GOI QLLGHI JKJ HGOI JHTYSMIIMS � L �JH�QSJQHKM RQS �GX GT�YTJM POM �GOSHJT KMTTM X YT�GUM
UM SMKGHITSOKTJGH y �GJMHT UMO� MHIMXVLMI UM UGHHYMI {T (1)

i , i = 0, ..., n} KGHHOI QO� RGJHTI
{si, i = 0, ..., n} MT {T (2)

i , i = 0, ..., n} KGHHOI QO� RGJHTI {σi = K.si, i = 0, ..., n} GVTMHOMIR GOS UMO� KGOSV MI JUMHTJPOMI � L ��GX GT�YTJM UM SQRR GST | RS�I � UGHK HGOI Q�GHI {T (2)
i =

T
(1)
i , i = 0, ..., n} y òGOS X GHTSMS POM LMI KGOSV MI SYIOLTQTI C(1) MT C(2) IGHT JUMHTJPOMI �L ��GX GT�YTJM UM SQRR GST K RS�I � JL HGOI IO� T UM X GHTSMS POM LMI UMO� RGL·WGHMI UM KGHTSþLM
QIIGKJYI QO� KGOSV MI UYSJ�YMI {d(1)

i , i = 0, ..., n} MT {d(2)
i , i = 0, ..., n} IGHT YWQO� y ~H MìMT �IJ HGOI IORRGIGHI KMLQ �SQJ � QLGSI HGOI Q�GHI RQS LQ UY�HJTJGH UM LQ IRLJHM KOVJPOM IOS LQ

IR��SM �
T (2)(σ) = T (2)(K.s) = T (1)(s) �åyór�~T QLGSI

C(2)(σ) =

∫ σ

0
T (2)(t)dt =

∫ s

0
T (2)(K.v)K.dv

= K.

∫ s

0
T (1)(v)dv = K.C(1)(s)

±M POJ X GHTSM L �JH�QSJQHKM RQS �GX GT�YTJM y�GHK X GHTSGHI L �YWQLJTY UMI R GL·WGHMI UM KGHTSþLM y ±MKJ UGJT IM �QJSM MH UMO� YTQR MI �
L �YWQLJTY LGSI UM L �JH JTJQLJIQTJGH MT LGSI UM LQ SYKOSSMHKM yòGOS L �JH JTJQLJIQTJGH � HGOI OTJLJIGHI OHM î�IRLJHM KOVJPOM � LM RSMX JMS R GL·WGHM UM KGHTSþLM
MIT GVTMHO RQS JH�MSIJGH U �OHM X QTSJKM POJ MIT JUMHTJPOM R GOS LMI ] MHIMXVLMI UM UGHHYMI �MHMìMT UQHI LQ X QTSJKM �åyó]� � IMOLI JHTMS�JMHHMHT UMI SQRR GSTI UM UJITQHKMI JHTMS�KQRTMOSI� �HGOI GVTMHGHI QLGSI LM X �XM RGL·WGHM JHJTJQL y xGSI UM LQ SYKOSSMHKM � LM RQSQX YTSQWM H �JH�
TMS�JMHT RLOI UO TGOT � UGHK HGOI GVTJMHUSGHI YWQLMX MHT LQ X �XM IOJTM UM R GL·WGHMI LGSI
UM L �QLWGSJT�X M y�GOI Q�GHI QJHIJ RSGO�Y LM �QJT POM KMTTM X YT�GUM MIT JH�QSJQHTM RQS �GX GT�YTJM y
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Comparaison

� ¾
 � åyZZ ë �H�QSJQHKM RQS �GX GT�YTJM
�GOI R GO�GHI MH �GJS OHM JLLOITSQTJGH UQHI LQ �WOSM � ¾
 �åyZZ y�GOI �G·GHI IOS LQ WQOK�M LMI UMO� KGOSV MI JH JTJQLMI MH VLMO MT LMI UMO� KGOSV MI SMKGHI�

TSOJTMI MH SGOWM � MT LQ KGXRQSQJIGH IOS LM WSQR�M UM USGJTM G� LMI UMO� KGOSV MI SMKGHITSOJTMI
IGHT KGH�GHUOMI �SGOWM MT �MST� y
��� �� EÔÚaÝÜUÝÚ Ý

�GOI QLLGHI X QJHTMHQHT YTOUJMS LMI RSGRSJYTMI UM KGH�MSWMHKM UM KMTTM X YT�GUM UM SM�
KGHITSOKTJGH y {GOT KGXXM RGOS LMI KGOSV MI RLQHMI � �G·GHI KMKJ MH UMO� YTQR MI � LQ RSMX J�SM
KGHIJITM � X Qô GSMS LMI MSSMOSI UM SMKGHITSOKTJGH UM LQ KGOSV M MH �GHKTJGH UMI MSSSMOSI UM SM�
KGHITSOKTJGH UM LQ KGOSV M UYSJ�YM � ROJI HGOI HGOI JHTYSMIIMSGHI � L �MSSMOS UM SMKGHITSOKTJGH
UM LQ KGOSV M UYSJ�YM IOS LQ IR��SM y�GOI QUGRTGHI LMI HGTQTJGHI IOJ�QHTMI � C = (Cx, Cy, Cz)

YTQHT LQ KGOSV M JHJTJQLM MT
C̃ = (C̃x, C̃y, C̃z)

LQ KGOSV M SMKGHITSOJTM y
ß G \�ã[³¶V³ã�³ µ³ ´÷ ��ê¶$³ �³´�ã ´÷ ��ã[³¶V³ã�³ µ³ ´÷ ��ê¶$³
µ�¶â[�³
eo olfÎg qoWoqg

∥∥∥C − C̃
∥∥∥
∞

= max
(∥∥∥Cx − C̃x

∥∥∥
∞
,
∥∥∥Cy − C̃y

∥∥∥
∞
,
∥∥∥Cz − C̃z

∥∥∥
∞

)

∥∥∥Cx − C̃x

∥∥∥
∞

= sup
s∈[0,L]

∣∣∣Cx(s)− C̃x(s)
∣∣∣

õS �
∣∣∣Cx(s)− C̃x(s)

∣∣∣ =

∣∣∣∣
∫ s

0
C ′

x(t)− C̃ ′
x(t)

∣∣∣∣ �åyóíQ�

≤
√
L
∥∥∥C ′

x − C̃ ′
x

∥∥∥
2

RQS L �JHYWQLJTY UM ±QOK�·��K�XQST² �åyóíV �
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�GHK �
∥∥∥Cx − C̃x

∥∥∥
∞
≤
√
L
∥∥∥C ′

x − C̃ ′
x

∥∥∥
2∥∥∥C − C̃

∥∥∥
∞
≤
√
Lmax

(∥∥∥C ′
x − C̃ ′

x

∥∥∥
2
,
∥∥∥C ′

y − C̃ ′
y

∥∥∥
2
,
∥∥∥C ′

z − C̃ ′
z

∥∥∥
2

)

õS ∥∥∥C ′
x − C̃ ′

x

∥∥∥
2
≤
∥∥∥C ′ − C̃ ′

∥∥∥
2

�åyó��
HGOI Q�GHI QJHIJ LQ X Qô GSQTJGH IOJ�QHTM �

∥∥∥C − C̃
∥∥∥
∞
≤
√
L
∥∥∥C ′ − C̃ ′

∥∥∥
2

�åy^_�

eo olfÎg C
∥∥∥C − C̃

∥∥∥
2

=

√∫ L

0

∥∥∥C(s)− C̃(s)
∥∥∥

2

2
ds

∥∥∥C(s)− C̃(s)
∥∥∥

2

2
=

(
Cx(s)− C̃x(s)

)2
+
(
Cy(s)− C̃y(s)

)2
+
(
Cz(s)− C̃z(s)

)2

õS U �QRS�I �åyóíV �
(
Cx(s)− C̃x(s)

)2
≤ L

∥∥∥C ′
x − C̃ ′

x

∥∥∥
2

2∫ L

0

(
Cx(s)− C̃x(s)

)2
ds ≤ L2

∥∥∥C ′
x − C̃ ′

x

∥∥∥
2

2

∥∥∥C − C̃
∥∥∥

2
≤ L

√∥∥∥C ′
x − C̃ ′

x

∥∥∥
2

2
+
∥∥∥C ′

y − C̃ ′
y

∥∥∥
2

2
+
∥∥∥C ′

z − C̃ ′
z

∥∥∥
2

2�GHK MH OTJLJIQHT �åyó�� � HGOI GVTMHGHI LQ X Qô GSQTJGH �HQLM �
∥∥∥C − C̃

∥∥∥
2
≤
√

3L
∥∥∥C ′ − C̃ ′

∥∥∥
2

�åy^ å�

eo olfÎg B òQS L �JHYWQLJTY UM ±QOK�·��K�XQST² � HGOI Q�GHI TGOT UM IOJTM OHM X Qô GSQTJGH
UM KMTTM MSSMOS � ∥∥∥C − C̃

∥∥∥
1
≤ L
√

3L
∥∥∥C ′ − C̃ ′

∥∥∥
2

�åy^]�
è G \�ã[³¶V³ã�³ µ³ ´÷ ��ê¶$³ µ�¶â[�³

� �QRS�I LMI KQLKOLI POJ RSYK�UMHT � HGOI �G·GHI POM IJ HGOI �GOLGHI X GHTSMS LQ KGH�MS�
WMHKM UM LQ X YT�GUM YLQV GSYM � HGOI UM�GHI X GHTSMS LQ KGH�MSWMHKM MH HGSX M L(2) UM LQKGOSV M UYSJ�YM �
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xQ KGOSV M UYSJ�YM Q YTY GVTMHOM RQS OHM IRLJHM IOS LQ IR��SM y ±MI KGOSV MI Q·QHT YTY
QIIM² R MO YTOUJYMI � QOKOH SYIOLTQT UM KGH�MSWMHKM H �Q YTY RSGO�Y � HGTSM KGHHQJIIQHKM y ±M�
R MHUQHT � MH �G·QHT LM KGXRGSTMX MHT UMI MSSMOSI MH �GHKTJGH UO HGXVSM UM KQRTMOSI �UQHILQ RQSTJM POJ IOJT� MT UO �QJT POM KMI KGOSV MI IGHT GVTMHOMI RQS QHQLGWJM UMI IRLJHMI UQHI
LM RLQH POJ GHT � MLLMI � UMI RSGRSJYTYI UM KGH�MSWMHKM � HGOI R GO�GHI IORRGIMS PO �OHM TMLLM
RSGRSJYTY MIT MH�JIQWMQVLM y

z JHIJ � IJ HGOI IORRGIGHI Q�GJS OHM KGH�MSWMHKM UMI IRLJHMI IOS LQ IR��SM � HGOI QOSGHI
QLGSI KGH�MSWMHKM UM LQ X YT�GUM UM SMKGHITSOKTJGH y z�H UM ô OWMS UO KQSQKT�SM KGH�MSWMHT
UM KMTTM X YT�GUM � HGOI QLLGH I RQS LQ IOJTM YTOUJMS L �Y�GLOTJGH UMI MSSMOSI MH �GHKTJGH UO
HGXVSM UM KQRTMOSI IOS POMLPOMI M�MXRLMI y
��� �Ï EÔ�ÜñÝ× Õ �ÝÜÜÝ�Ü ÝÚ YÔÚ ÙÖÔÚ ÕÝ  ÝÜÙØÖÚ× ZØÜØ[\ÙÜÝ×
ß G à¶¶³ê¶� ³ã ��ã��â�ã µê ã�%$¶³ µ³ �÷ø�³ê¶�
�gip B º iÉ jqog F] �GJKJ LQ KGOSV M POM HGOI TMITGHI ��GJS � ¾
 �åyZó � y �GOI Q�GHI QRRLJPOY
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úlÎÎgopcqfgi �GOI GVTMHGHI IOS KMI UJì YSMHTI M�MXRLMI OHM SQR JUM UYKSGJIIQHKM UMI
MSSMOSI MH �GHKTJGH UO HGXVSM UM KQRTMOSI � POJ HGOI R MSX MT UM UJSM POM HGOI R GO�GHI
GVTMHJS UM TS�I V GHHMI SMKGHITSOKTJGHI � RQSTJS U �OH HGXVSM QIIM² �QJV LM UM KQRTMOSI MT
HGOI LQJIIM R MHIMS POM HGTSM X YT�GUM IQTJI�QJT LMI KSJT�SMI UM KGH�MSWMHKM y
è G aê³´Jê³� �³��� ÷[³� µ³� µ�ãã�³� $¶êâ��³�

{GOT KGXXM RGOS LMI KGOSV MI RLQHMI � HGOI QLLGHI �GJS JKJ POMLPOMI M�MXRLMI UM UGHHYMI
VSOJTYMI � IGJT QO HJ�MQO UMI �QLMOSI UMI KQRTMOSI � IGJT QO HJ�MQO UM LMOS R GIJTJGHHMX MHT y
ü dc d ü fhqpgf jgi `cjghfi ugi kcÉpghfi �GOI QLLGHI JKJ VSOJTMS LMI �QLMOSI UMI KQRTMOSI y±MI KQRTMOSI HGOI UGHHMHT UMI �MKTMOSI TQHWMHTI OHJTQJSMI y z�H UM VSOJTMS LMI �QLMOSI UM
KMI �MKTMOSI � �Q�H POM KMI MSSMOSI UM �QLMOSI QJMHT OH IMHI RQS SQRR GST � LQ SYQLJTY� � HGOIQLLGHI UYKGXRGIMS KMI �MKTMOSI MH RQSQX YTSJIQTJGH IR�YSJPOM � MT HGOI QLLGHI VSOJTMS LMI UMO�
QHWLMI UM KMTTM RQSQX YTSJIQTJGH IR�YSJPOM Q�MK OH VSOJT WQOIIJMH UM X G·MHHM HOLLM MT UM
�QSJQHKM �QSJQVLM �HGOI R GOSSGHI QLGSI UJSM POM LMI �MKTMOSI IGHT R MSTOSV YI UQHI OH UGX QJHMbSMKTQHWOLQJSM b IOS LQ IR��SM OHJTY� y xMI UGHHYMI IMSGHT KGHHOMI � ±k¹ � KMLQ IJWHJ�M POM LMIUMO� QHWLMI IMSGHT VSOJTYI Q�MK OHM �QSJQHKM UM σ = k. π

3.180 .
�G·GHI KM POM HGOI GVTMHGHI

R GOS KMSTQJHMI KGOSV MI TMITI y ±�QPOM R GJHT UM X MIOSM U �MSSMOS MIT GVTMHO MH X G·MHHQHT 10MSSMOSI IOS 10 KGOSV MI VSOJTYMI UM X �XM �QSJQHKM y �GOI KQLKOLGHI JKJ IMOLMX MHT LMI MSSMOSIUM R GIJTJGH WLGVQLM y
�gip B º iÉ jqog F] �G·GHI TGOT U �QV GSU OH SYIO LTQT UM KGOSV M GVTMHO Q�MK ]_

KQRTMOSI MT UMI �QLMOSI UM KQRTMOSI KGHHOMI � ±10¹ RS�I ��GJS � ¾
 �åyó_� � L �MSSMOS UM SM�KGHITSOKTJGH GVTMHOM MIT UM _ y�r» y �GOI �G·GHI MH VLMO LQ KGOSV M JHJTJQLM � MH SGOWM LQ
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SMKGHITSOKTJGH HGH VSOJTYM � MT MH �MST LQ SMKGHITSOKTJGH OTJLJIQHT LMI UGHHYMI VSOJTYMI y
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�GJKJ LMI SYIOLTQTI POM HGOI GVTMHGHI R GOS LQ X �XM VQTTMSJM UM TMITI POM R GOS LMI KGOSV MI
RLQHMI � HGOI �QJIGHI �QSJMS L �QXRLJTOUM UO VSOJT R GOS å^ � ]_ MT ]^ KQRTMOSI R GOS LMI VSOJTIIOJ�QHTI � {1¹, 2¹, 4¹, 6¹, 8¹, 10¹, 15¹} y �L · Q UGHK Z KGOSV MI U �MSSMOSI R GOS UMI VSOJTI QLLQHTUM ±1¹ � ±15¹ ��GJS � ¾
 �åyó å� y

0 5 10 15
0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8
Erreur de position globale en % pour le test 1

Erreur des valeurs des capteurs (+/− k degrés)

E
rr

eu
r

 

 

15 capteurs
20 capteurs
25 capteurs

� ¾
 � åyó å ë ~SSMOS MH �GHKTJGH UMI MSSMOSI UMI �QLMOSI KQRTMOSI R GOS LQ IRLJHM Z�



�¿ÀÁ	ÂÃ 
ÆÀÌÐÂÃ ��

�gip C º klhfm g ÊgfÎvg �G·GHI JKJ LM UMO�J�X M M�MXRLM � Q�MK TGOT U �QV GSU OH
QR MS�O �JIOML U �OH SYIOLTQT GVTMHO Q�MK ]_ KQRTMOSI MT UMI UGHHYMI VSOJTYMI � ±10¹ RS�I
��GJS � ¾
 �åyó]� � L �MSSMOS UM SMKGHITSOKTJGH MIT UM åyZZ» y
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�GOI MìMKTOGHI LQ X �XM VQTTMSJM UM TMITI � R GOS å^ � ]_ MT ]^ KQRTMOSI � LMI SYIOLTQTI IGHT�JIJV LMI IOS LQ �WOSM � ¾
 �åyóZ y
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úlÎÎgopcqfgi �GOI �G·GHI IOS KMI M�MXRLMI POM HGOI GVTMHGHI UMI KGOSV MI LJIIMI
�LM �QJT POM LMI UGHHYMI IGJMHT VSOJTYMI HM R MSTOSV MHT RQI L �QIR MKT LJIIM UM LQ KGOSV M� y xMI
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MSSMOSI KSGJIIMHT QIIM² �QJV LMX MHT MH �GHKTJGH UM LQ �QSJQHKM UM L �MSSMOS � MT LMI MSSMOSI
UYKSGJIIMHT QIIM² �JTM MH �GHKTJGH UO HGXVSM UM KQRTMOSI y �GOI MH UYUOJIGHI QJHIJ POM LQ
X YT�GUM MIT QIIM² SGVOITM �JI���� JI UO VSOJT � MT POM LM HGXVSM UM KQRTMOSI KGXRMHIM LMOSI
MSSMOSI UM RSYKJIJGH y
ü dm d ü fhqpgf jgi Éliqpqloi ugi kcÉpghfi �GOI QLLGHI JKJ VSOJTMS LQ R GIJTJGH UMI KQR�
TMOSI UM LQ X �XM �Q�GH POM R GOS LMI KGOSV MI RLQHMI y

�gip B º iÉ jqog F] �G·GHI TGOT U �QV GSU OH SYIO LTQT UM KGOSV M GVTMHO Q�MK ]_
KQRTMOSI MT UMI R GIJTJGHI UM KQRTMOSI KGHHOMI � ±10% RS�I ��GJS � ¾
 �åyóó � � L �MSSMOS UMSMKGHITSOKTJGH GVTMHOM MIT UM åyåó» y
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�GOI �QJIGHI LMI X �XMI TMITI POM R GOS LMI KGOSV MI RLQHMI � HGOI �QJIGHI �QSJMS L �QXRLJ�
TOUM UO VSOJT UMI R GIJTJGHI R GOS � � å_ MT å^ KQRTMOSI R GOS LMI VSOJTI UM R GIJTJGH I IOJ�QHTI �
{1%, 2%, 4%, 6%, 8%, 10%, 15%} y �L · Q UGHK Z KGOSV MI U �MSSMOSI R GOS UMI VSOJTI QLLQHT UM
±1% � ±15% ��GJS � ¾
 �åyó^� y



�¿ÀÁ	ÂÃ 
ÆÀÌÐÂÃ ��

0 5 10 15
0.2

0.4

0.6

0.8

1

1.2

1.4

1.6
Erreur de position globale en % pour le test 1

Erreur des positions des capteurs (+/− k %)

E
rr

eu
r

 

 

15 capteurs
20 capteurs
25 capteurs

� ¾
 � åyó^ ë ~SSMOS MH �GHKTJGH UMI MSSMOSI UMI R GIJTJGHI UMI KQRTMOSI R GOS LQ IRLJHM Z�
�gip C º klhfm g ÊgfÎ vg �G·GHI UQHI OH RSMX JMS TMXRI OH SYIOLTQT GVTMHO Q�MK ]_

KQRTMOSI MT UMI R GIJTJGHI UM KQRTMOSI VSOJTYMI � ±10% RS�I IOS LQ �WOSM � ¾
 �åyó� & L �MSSMOSUM SMKGHITSOKTJGH GVTMHOM MIT UM _ yíí» y
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xMI MSSMOSI IGHT YWQLMX MHT KQLKOLYMI UQHI LMI X �XMI KGHUJTJGHI POM R GOS LM TMIT RSYKY�
UMHT MT IGHT IJTOYMI IOS LQ �WOSM � ¾
 �åyór y
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 � åyór ë ~SSMOS MH �GHKTJGH UMI MSSMOSI UMI R GIJTJGHI UMI KQRTMOSI R GOS LM TMIT ]
úlÎÎgopcqfgi �GOI �G·GHI U �QRS�I KMI SYIOLTQTI POM HGOI GVTMHGHI UMI MSSMOSI

QIIM² �QJV LMI � X �XM RGOS UMI MSSMOSI QIIM² JXRGSTQHTMI �V MQOKGOR RLOI JXRGSTQHTMI POM
KM POJ R MOT QSSJ�MS UQHI UMI KQI SYMLI� y �GHK HGOI GVTJMHUSGHI UM V GHHMI SMKGHITSOKTJGHI
Q�MK KMTTM X YT�GUM y �GOI �G·GHI YWQLMX MHT IOS KMI M�MXRLMI POM R GOS UJX JHOMS L �MSSMOS �
JL HGOI �QOUSQ QOWX MHTMS LM HGXVSM UM KQRTMOSI �LM HGXVSM U �JH�GSX QTJGHI KGXRMHIM LQPOQLJTY UM KMLLM�KJ� y
��� �d EÔÚ ð�×ÖÔÚ

~H KGHKLOIJGH UM KMTTM RQSTJM � HGOI R GO�GHI UJSM POM HGOI Q�GHI RO YTMHUSM LQ X YT�GUM
X JIM MH RLQKM R GOS LMI KGOSV MI RLQHMI � K �MIT���UJSM SMKGHITSOJSM TGOT U �QV GSU LQ UYSJ�YM UM
LQ �GHKTJGH RQSQX YTSYM RQS L �QVIKJIIM KOS�JLJWHM � RO JI JHTYWSMS KMTTM �GHKTJGH GVTMHOM RQS
OHM X YT�GUM HOX YSJPOM y xQ SMKGHITSOKTJGH UM LQ UYSJ�YM Q �QJT QRR ML � UMI SMKGHITSOKTJGHI
UM KGOSV MI IOS LQ IR��SM y �GOI Q�GHI RSGO�Y UMI RSGRSJYTYI U �JH�QSJQHKM �RQS SGTQTJGH MT�GX GT�YTJM� � OH IMHI R�·IJPOM �X JHJX JIQTJGH U �OHM POQHTJTY QLLJQHT KGOSVOSM � �QSJQTJGH UMKGOSVOSM MT TGSIJGH POJ IGHT UMI UGHHYMI JHTSJHI�POMI � LQ KGOSV M� y �GOI Q�GHI YWQLMX MHT
UYX GHTSY UMI RSGRSJYTYI UM KGH�MSWMHKM � MT YTOUJY POMLPOMI KGOSV MI U �MSSMOS MH �GHKTJGH
UO HGXVSM UM KQRTMOSI � MT UMI MSSMOSI R GIIJV LMI UGHHYMI RQS LMI KQRTMOSI � Q�H UM �GJS LQ
SGVOITMIIM UM HGTSM X YT�GUM y� QHI LQ IOJTM UM KM UGKOX MHT � HGOI QLLGHI JHIYSMS UMI KGHHQJIIQHKMI Q RSJGSJ IOS LMI
R GIJTJGHI UM LQ KGOSV M y ~H MìMT � OHM UMI R MSIR MKTJ�MI UM KM TSQ�QJL MIT LM IOJ�J UQHI LM TMXRI
UM �GSX MI WYGX YTSJPOMI y � MO� K�GJ� I �GO�SMHT � HGOI � IGJT � K�QPOM RQI UM TMXRI HGOI
OTJLJIGHI LQ X YT�GUM POM HGOI �MHGHI UM �GJS & IGJT HGOI OTJLJIGHI L �JH�GSX QTJGH UM R GIJTJGH
UM LQ KGOSV M QO TMXRI RSYKYUMHT y ± �MIT KMTTM UMSHJ�SM IGLOTJGH POM HGOI QLLGHI YTOUJMS UQHI
LQ RSGK�QJHM IMKTJGH y
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t
��� ��� ��� ��� ���������~� �~

b�~������������ �~ ����� ~� � ������ �~� �����~� ����~���~��~� b� î��� ���� �����������  

ë �� ����� ~
f(s)

�� �~���
t
~�
fi := f |[si,si+1]

�
ë �~� ����~��~� �� �~���

t
 
Ti, i = 0, ..., n,

��� ��������� ���������~� �~� ����~���
si, i = 0, ..., n

�
ë �~� � �������� �~� ����~��� �� �~���

t
 
Pi, i = 0, ..., n

�

� ��� ������� � ����~� �~��~ ����� ~ ��� �� �~��~ ��� ���~ ��� ���������~� �� �~���
t+δt.�~� ����~��~� �����~� ���� �~� ����~��~� ���~��� �~ ����~��~� ��� ��������� �~� ����~���

T̃i, i = 0, ..., n
�

� ��� ���� ����� ��� �~ � ������~� �� ����~��~ ����� ~
f̃
�~ ����~ �� ��� ���� ��� ����� �~

�����þ �~� �~� � �������� �~� ����~��� ~� �~� ����~��~� ~� �~� ����~���   ���� ������ ����� ����~� ��� � ���~��� � �����~��~ ����� ~
f
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ϕ
� ��� ���� ~��
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Pi
� � �������� ������~�� ~�

P̃i
� � �������� ����~��� ~� �~� ���~��� �~�����~��~� �

Ti
� � �������� ������~�� ~�

T̃i
� � �������� ����~���  

f̃k(s) = fk(s) +DP
k ϕ0

(
s− sk

hk

)
+DP

k+1ϕ1

(
s− sk

hk

)

+ hk.D
T
k ϕ2

(
s− sk

hk

)
+ hk.D

T
k+1ϕ3

(
s− sk

hk

)
, k = 0, ..., n− 1
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s
�~� ��~

sk ≤ s ≤ sk+1
� ��~�  
hk = sk+1 − sk, k = 0, ..., n− 1

u =
s− sk

hk

ϕ0(u) = 2u3 − 3u2 + 1

ϕ1(u) = −2u3 + 3u2

ϕ2(u) = u(u− 1)2

ϕ3(u) = u2(u− 1)
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f̃k(sk) = fk(sk) +DP
k = Pk + P̃k − Pk = P̃k
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˜fk(sk+1) = fk(sk+1) +DP

k+1 = Pk+1 + P̃k+1 − Pk+1 = P̃k+1
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f̃ ′k(sk) = f ′k(sk) +DT
k = Tk + T̃k − Tk = T̃k
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˜f ′k(sk+1) = f ′k(sk+1) +DT
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∥∥∥f̃ ′k(t)
∥∥∥ dt, k = 0, ..., n− 1.
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=
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���� ����� ����� �� ���������~  

hk =

∫ sk+1

sk

∥∥∥f̃ ′k(s)
∥∥∥ ds, k = 0, ..., n− 1

hk =

∫ sk+1

sk

√
a(t) + b1(t)x+ b2(t)y + b3(t)z +

ϕ′2
1 (t)

h2
k

(x2 + y2 + z2) ds

~� ��� �����~� ~�� �~ �������~� � ���� ���~����

1 =

∫ 1

0

√
a(t) + b1(t)x+ b2(t)y + b3(t)z +

ϕ′2
1 (t)

h2
k

(x2 + y2 + z2) dt
�ð ���

���� �~���� ����� ������~� �� �����~ � ���~ �������� � ��� ~�� ��~ ���� ~ ����������~ ~� �~��������~� �
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���� ������ ������~� �~��~ ��������~ ��~� ��~ � �����~ ��� �����~ � �� � �����~ �~ �����
��� ��~�

N
��� � ���������������~  

1 =
1

3N


f1 + fN+1 + 4

N∑

i=2
i ����

fi + 2
N∑

i=3
i �	 ����

fi




��~�
fi =

√
a

(
i− 1

N

)
+ b1

(
i− 1

N

)
x+ b2

(
i− 1

N

)
y + b3

(
i− 1

N

)
z +

ϕ′2
1

(
i−1
N

)

h2
k

(x2 + y2 + z2)

����~ ���������~ �������� � ����~���� ����~ ��~ ����~ ���~ �~ �����~� �����~� �� �~�ï �������~� ���������~�� ���� ���� ~ ����������~ � � �������~�� �~ �����~ �����~ �����~ �
�~��~ �������� � ��¢��� ��� ��~ �������� �����~ � ���� �~���� ������� �� � ~���~��~ ��������� � ���� ������ ���� ��~���~ �� �������� ��� � ���� ��~ � ���~���~ �~ �� ����� ~  

minE = min

∫ ∥∥∥f̃ ′′
∥∥∥

2

= min
n−1∑

k=0

hk

∫ 1

0

∥∥∥f̃k
′′
(t)
∥∥∥

2
dt

�ð �
�
����~ ���� ����� �������� �~� ��������� � ��� �����~� �~� �������~� � ���� ������

����~� ~�� � ���� ��~� ����� ~�����~�� �~� ��~���~� ��� �����~ � ���~��   ���� ����� �������~ ���������~ �~ � ���� ������� �������~ � ��~ ���������~ � �������� �~ �����~�� ��� �����~
� ���~�� ����� � ������ ����� ���� �������~ �~ � �����~ ����~����~� � �� � ���� ������� �~��~��� � ���� ��~� ��~ �������� ����������~ ~� �~� �������~�

(x, y, z) & �~� ������� ���� ��� �����~�� �~�� �� ������ �~ �� �����~��  
∥∥∥f̃k

′′
(s)
∥∥∥

2
= α(t) + β1(t)x+ β2(t)y + β3(t)z +

ϕ′′2
1 (t)

h4
k

(x2 + y2 + z2)
�ð �í�

��~�

α(t) =

〈(
f ′′k (t) +DP

k

ϕ′′
0(t)

h2
k

+DT
k

ϕ′′
2(t)

hk
+DT

k+1

ϕ′′
3(t)

hk

)
,

(
f ′′k (t) +DP

k

ϕ′′
0(t)

h2
k

+DT
k

ϕ′′
2(t)

hk
+DT

k+1

ϕ′′
3(t)

hk

)〉

βi(t) = 2
ϕ′′

1(t)

hk

(
f ′′k,i(t) +DP

k,i.
ϕ′′

0(t)

hk
+DT

k,i.ϕ
′′
2(t) +DT

k+1,i.ϕ
′′
3(t)

) �ð ���
i = 1, 2, 3

�� DP
k,i

~�� ��
i
�~� ~ ���������~ �~

DP
k , etc...

����~ ���������~ �~ � ���� ������� ~�� ��~ ���������~ ����������~ ~� �~� �������~�  

min
(
Iα + Iβ1

x+ Iβ2
y + Iβ3

z + Iϕ′′2
1

(x2 + y2 + z2)
) �ð �å��

��~�
Iα = hk

∫ 1

0
α(t) dt, etc...



�� ñãòóôõö�÷óø ùú ûóüô	úý

� ���
 �Ù �ð �×ØÙ ��Ú
��� �~ �������~� �~� ������� � ���� ��������� �� �� � ����� ~ �������~ � ���� ����� ��~

�������� �������~ �~ ��������� �~ ¡~�� ��~ � � ���� ����� �����~ ��������� �� ������ � �������~���� �~� ��������� ��� ���� �~� ������������ �������~� �~� ��������� �~ ¡~�� ��~ � ~� ��
�����������~ �~��~ �~� � �������� �~� ����~��� ~� �~ �~�� ������ ����� ����~���~��~ ��� � ������@��~ ~����~� ~�� �� ����������� ~�������~ �~ �� �������� �

� ���� � �� ���������~ �~ �����~�� ~���~ �~�� ����~��� � ������ ���ô ���� ����~ ��~ ����~���~ �~ �����~� �����~� �� �~� �������~� ���� ����������~� ���� �~� �����~� ��~��~ ���������~� ��~ ����������� ���~ä �����~ � ���� �~ �~�� �� ���� � ������ �����~� ~�� ~� ~����� ~� �~�����~�� � ����~ � ��� �� ���������� � � ~� ���� �~ �� � ���� ������� �~ � ���~���~ � �~� ���������
α~�

βi
���� �~� ��������� � ��¢��� ���~� � ~� ���� ����������� ����� ~����~� ~�� �~� ��������~�

Iα
~�
Iβi

�
�� ����� � � ����~ � �����~ �~��~�� � ��~���~� �~ ���� �~�

(x, y, z)
�~� ��~  





min
(
Iα + Iβ1

x+ Iβ2
y + Iβ3

z + Iϕ′′2
1

(x2 + y2 + z2)
)

1 = Ssimp

(√
a+ b1x+ b2y + b3z +

ϕ′2
1

h2
k

(x2 + y2 + z2)

) �ð �åå�

��~�

t =
s− sk

hk

a(t) =

〈(
P̃k
ϕ′

0(t)

hk
+ Pk+1

ϕ′
1(t)

hk
+ T̃kϕ

′
2(t) + T̃k+1ϕ

′
3(t)

)
,

(
P̃k
ϕ′

0(t)

hk
+ Pk+1

ϕ′
1(t)

hk
+ T̃kϕ

′
2(t) + T̃k+1ϕ

′
3(t)

)〉

bi(t) = 2
ϕ′

1(t)

hk

(
P̃k,i.

ϕ′
0(t)

hk
+ Pk+1,i.

ϕ′
1(t)

hk
+ T̃k,i.ϕ

′
2(t) + T̃k+1,i.ϕ

′
3(t)

) �ð �åð�
i = 1, 2, 3

�� P̃k,i
~�� ��

i
�~� ~ ���������~ �~

P̃k, etc

~�

α(t) =

〈(
P̃k
ϕ′′

0(t)

h2
k

+ Pk+1
ϕ′′

1(t)

h2
k

+ T̃k
ϕ′′

2(t)

hk
+ T̃k+1

ϕ′′
3(t)

hk

)
,

(
P̃k
ϕ′′

0(t)

h2
k

+ Pk+1
ϕ′′

1(t)

h2
k

+ T̃k
ϕ′′

2(t)

hk
+ T̃k+1

ϕ′′
3(t)

hk

)〉

βi(t) = 2
ϕ′′

1(t)

h2
k

(
P̃k,i.

ϕ′′
0(t)

h2
k

+ Pk+1,i.
ϕ′′

1(t)

h2
k

+ T̃k,i.
ϕ′′

2(t)

hk
+ T̃k+1,i.

ϕ′′
3(t)

hk

) �ð �åï�
i = 1, 2, 3

�� P̃k,i
~�� ��

i
�~� ~ ���������~ �~

P̃k, etc
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DP

k+1

�
���� �� ���������� �� ���~�� �

DP
k

� �������� ������ ���� �� ������ ��� �~ �~�� ~�� ������~��
���� ���� ��������� �� ����~ä �����~��~� ~�� �� ���~�� �� ������~� ~�� � ��� ����� ��� ~���� ������~� ~�� �� ����� �� �~�� ~�� ������~��� �

î �����~� � ����� ���� ����� ������~� � ��� � ������������ �~ �~��~ � �����~ � ���� ~ �~
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� å� �ì�é�
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f(a) = P0

f(b) = P1
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f̃(a) = P̃0
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ϕ1(u) = 3u2 − 2u3
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∫ b
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∥∥∥f̃ ′(t)
∥∥∥ dt =

∫ b

a

∥∥∥∥f ′(t) +
1

b− aϕ
′
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(
t− a
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)
.
(−→
D1 −

−→
D0

)∥∥∥∥ dt

≤
∫ b

a

∥∥f ′(t)
∥∥ dt+

∫ 1

0

∥∥∥ϕ′
1(t).

(−→
D1 −

−→
D0

)∥∥∥ dt

≤ L+
∥∥∥−→D1 −
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∥∥∥
∫ 1

0
|ϕ′

1(t)| dt
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∥∥∥−→D1 −
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D0

∥∥∥
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∫ b

a

∥∥f ′(t)
∥∥ dt =

∫ b
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∥∥∥∥f̃ ′(t)−
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b− aϕ
′
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)∥∥∥∥ dt
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f̃(a) = P0

f̃(b) = P̃1

f̃ ′(a) = T0

f̃ ′(b) = T1�~ �����~��
L̃
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L
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ϕ1
 

f̃(t) = f(t) + ϕ1

(
t− a
b− a

)
.
−→
D
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−→
D = P̃1 − P1���� ���~���� ��~� �~� ���������~� �~����~�  

f̃(a) = f(a) = P0
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f̃(b) = f(b) +
−→
D = P̃1
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f̃ ′(a) = f ′(a) = T0
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f̃ ′(b) = f ′(b) = T1
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L
 

L̃ =

∫ b

a

∥∥∥f̃ ′(t)
∥∥∥ dt =

∫ b

a

∥∥∥∥f ′(t) +
1

b− aϕ
′
1

(
t− a
b− a

)
.
−→
D

∥∥∥∥ dt

≤
∫ b

a

∥∥f ′(t)
∥∥ dt+

∫ 1

0

∥∥∥ϕ′
1(t).
−→
D
∥∥∥ dt ≤ L+

∥∥∥−→D
∥∥∥

L̃− L ≤
∥∥∥−→D
∥∥∥
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L =

∫ b
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∥∥f ′(t)
∥∥ dt =
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∥∥∥∥f̃ ′(t)−
1

b− aϕ
′
1

(
t− a
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∥∥∥∥ dt
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+Q.ϕ1
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+ h1T1,0.ϕ2

(
t− a1

h1

)
+ h1T1,1.ϕ3
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+ h2T2,0.ϕ2

(
v − a2

h2

)
+ h2T2,1.ϕ3

(
v − a2

h2

)
, a2 < v < b2

��~�
h1 = b1 − a1

h2 = b2 − a2.

î��� �� ����������� � � ��������~ ~�� ���� �~ � ����
Q

��~ � ��� � ~�� �����~ ��� �� ����~
���� ���� ~ �~ ����� �������~� �������~�  

Q = (x, y, z)
�

D ~������� �~� ���������~� �~ �����~�� �������� ��E � ��� ���� �~ �� ������ ����� �~ ����� ~��� �������~ ð ~� ���~ F ;�  

1 = Ssimp



√√√√ A1 +B1,1 (x− xq1

) +B1,2 (y − yq1
) +B1,3 (z − zq1

)

+
ϕ′2

1

h2
1

(
(x− xq1

)2 + (y − yq1
)2 + (z − zq1

)2
)


 �ï �;
�

� ��� �� ����� ~ ; ��~�

A1 =
ϕ′

0

h1

(
ϕ′

0

h1
‖P1‖2 + 2

ϕ′
1

h1
〈P1, Q1〉+ 2ϕ′

2 〈P1, T1,0〉+ 2ϕ′
3 〈P1, T1,1〉

) �ï �;F��

+
ϕ′

1

h1

(
ϕ′

1

h1
‖Q1‖2 + 2ϕ′

2 〈Q1, T1,0〉+ 2ϕ′
3 〈Q1, T1,1〉

)

+ϕ′2
2 ‖T1,0‖2 + 2ϕ′

2ϕ
′
3 〈T1,0, T1,1〉

+ϕ′2
3 ‖T1,1‖2

B1,1 = 2
ϕ′

1

h1

(
ϕ′

0

h1
P1,x +

ϕ′
1

h1
xq1

+ ϕ′
2T1,0,x + ϕ′

3T1,1,x

) �ï �;F� �

B1,2 = 2
ϕ′

1

h1

(
ϕ′

0

h1
P1,y +

ϕ′
1

h1
yq1

+ ϕ′
2T1,0,y + ϕ′

3T1,1,y

) �ï �;F��

B1,3 = 2
ϕ′

1

h1

(
ϕ′

0

h1
P1,z +

ϕ′
1

h1
zq1

+ ϕ′
2T1,0,z + ϕ′

3T1,1,z

) �ï �;F��
~�

Ssimp(v) =
1

3N


v1 + vN+1 + 4

N∑

i=2
i ����

vi + 2
N∑

i=3
i �	 ����

vi




�ï �;¦�

�� � Í�~ ���������~ �������� � ��� �� ����� ~
C2

�
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î��� �~� �~�� ���������~� � �~� �������~� ���������~�� ���� ��~ ����~ ���~ �~ �����~�
�����~� �ß ~��~� ���� ���� ���� ~ ����������~ � .� � �~� ���~ ��� �~ �������� �����~ � ���� ���������� ������� �� �������� ��� � ���� ��~ � ���~���~ � ���� ������ ����� ��~���~� � � ���� ��~� ��
�������� �������~  

min

((∫ b1

a1

∥∥C ′′
1

∥∥2
)2

+

(∫ b2

a2

∥∥C ′′
2

∥∥2
)2
) �ï �ð��

����� ������� � ���� ���~����  
∫ b1

a1

∥∥C ′′
1

∥∥2
= h1

∫ 1

0

(
α1 + β1,1 (x− xq1

) + β1,2 (y − yq1
) + β1,3 (z − zq1

)

+
ϕ′′2

1

h4
1

(
(x− xq1

)2 + (y − yq1
)2 + (z − zq1

)2
)) �ï �ð ;�

��~�

α1 = =
ϕ′′

0

h3
1

(
ϕ′′

0

h1
‖P1‖2 + 2

ϕ′′
1

h1
〈P1, Q1〉+ 2ϕ′′

2 〈P1, T1,0〉+ 2ϕ′′
3 〈P1, T1,1〉

) �ï �ðð��

+
ϕ′′

1

h3
1

(
ϕ′′

1

h1
‖Q1‖2 + 2ϕ′′

2 〈Q1, T1,0〉+ 2ϕ′′
3 〈Q1, T1,1〉

)

+
1

h2
1

(
ϕ′′2

2 ‖T1,0‖2 + 2ϕ′′
2ϕ

′′
3 〈T1,0, T1,1〉

)

+
ϕ′′2

3

h2
1

‖T1,1‖2

β1,1 = 2
ϕ′′

1

h3
1

(
ϕ′′

0

h1
P1,x +

ϕ′′
1

h1
xq1

+ ϕ′′
2T1,0,x + ϕ′′

3T1,1,x

) �ï �ðð� �

β1,2 = 2
ϕ′′

1

h3
1

(
ϕ′′

0

h1
P1,y +

ϕ′′
1

h1
yq1

+ ϕ′′
2T1,0,y + ϕ′′

3T1,1,y

) �ï �ðð��

β1,3 = 2
ϕ′′

1

h3
1

(
ϕ′′

0

h1
P1,z +

ϕ′′
1

h1
zq1

+ ϕ′′
2T1,0,z + ϕ′′

3T1,1,z

) �ï �ðð��
�� ����� � � ���� ~C ~������ ��~ � ���� ������� � ���~���~ ���� ð ���������~� �~ �����~��  

min

((∫ b1

a1

∥∥C ′′
1

∥∥2
)2

+

(∫ b2

a2

∥∥C ′′
2

∥∥2
)2
) �ï �ðï�





1 = Ssimp



√√√√ A1 +B1,1 (x− xq1

) +B1,2 (y − yq1
) +B1,3 (z − zq1

)

+
ϕ′2

1

h2
1

(
(x− xq1

)2 + (y − yq1
)2 + (z − zq1

)2
)




1 = Ssimp



√√√√ A2 +B2,1 (x− xq2

) +B2,2 (y − yq2
) +B2,3 (z − zq2

)

+
ϕ′2

1

h2
2

(
(x− xq2

)2 + (y − yq2
)2 + (z − zq2

)2
)




���� ���~���� ����� �~ � ���� � ����~��~�����
Q = (x, y, z)

� î ��ß � �~���~����� �~� �~��� ���~��� �~ ����� ~�
C1

~�
C2.���� ���~���� ����� ��� ��������� �~ �~��~ � �����~ � ��� ���� �~� � ����� � ����~��~������� ���~�� �~ ����� ~� �~�� � �
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' åã l ì,ä-å�ì *�� � +ì� ëê))èì� �ê)é ë�)� ,)ì �ì,+ì
ë -�ì*é -ê)

��¢��� � ����~�� ����~�� ���� � ������ �~���������~ �� ���~�� �~ ����� ~� �~�� � ������� �~ �����~� ������~� ��~� ��~ �~��~ ��� ���~ �~ ����� ~� ���� �� � Í�~ ���~����� � � �~���
�����~ ��~ ���� ����� �~� ���������~� �~ ����~��~� ���� �~� �~�� ���~������ � � ��� �~����������~� �~ �����~�� ���� ��~ �~��~ � ����� �� ��Õ�� ���� ���� ������ ������~�  

u � ��� ~ ;   ���� �~������������ ~� ��~� �~� ��~� �� ����� ~ ��� ��~ ���� �~� � ����� �~ �������~ �� ��� ���~ �~ ������ ������� ~���� ��~� �~� ���������~� �~ ����~��~� ~� �����~��
������ ~ �~��~ ����� ��~�� �~ �� ����~ ² ÷¥ ³ï �F� �

u � ��� ~ ð   ���� ������ ~�����~ �~���������~ �~� ����� ~� ���� �� ���~����� ���������~ ������� �~� �����~� ����~��~� ~� �����~�� ������ ~� ����~� �~ �� ����~� �
u � ��� ~ ï   ~��� ���� �~������������ �~� ����� ~� ���� � �����~ �~�� ��~� �~� �����~�����~���~��~� ~� �~� �����~� �~ � �������� ����~��~� ~�� �����~� ������ ~� �~��~� ~�
� ��������� �

(n  −1)

u

0
(0)

L
v

0
(0)

L
v

0
(1)

v
u

L
v

k
(k  )

T
v
(k   ,k   )vu

T
v
(k   ,0  )u

T
v
(0 ,0  )

L

u
L

v

0

v
L

u

0
(n  −1)

v
u

L
v

n
(n  −1)

T
u
(0  ,0  )

T
u
(0 ,k   )v

T
u

vu(k   ,k   )

² ÷¥ ³ ï �F u � ��� ~� �~ �~������������ �� ���~��


 æç æè é��%$��� �&� ê�ë�ì&� %í%�$ �&� ê��$�%��$&� �& $%�î&�$&�
&$ �& ���îë&ë�

ï��ð� ñ
���� �~������������ ���� � ��� ��� �� ����� ~

Cu
0 (v)

��~� �~� ���������~� �~ �����������
�~� ����~���

Lu
0(i), i = 0, ..., nv − 1
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~� �~� �����~� �~� ����~��~�
T u

0 (kv), kv = 0, ..., nv.���� � ������ �������~� �� � �����~ �~ �~������������ �~� ����� ~� �����~� ��~� ����
�~ ��~� �~� �������~ ����� ����������� ����� �~� � ����� �~ ������ �~ ����~� �~� ����� ~� (

Cv
kv

(u), kv = 0, ..., nv

)  

Cv
kv

(0) = Cu
0

(
kv

nv

)
, kv = 0, ..., nv.

ï��ð� ò
���� � ������ � ����~�� �~���������~ �~� ����� ~� (

Cv
kv

(u), kv = 0, ..., nv

) ��~� �~� ���������~��~ ����������� �~� ����~���
Lv

kv
(ku), kv = 0, ..., nv, ku = 0, ..., nu − 1

~� �~� �����~� ����~���~��~�
T v

kv
(ku), ku = 0, ..., nu.�~� ����� ~� ���� �~���������~� ��~� �� � �����~ ��~ ���� ����� ���~���� �~ ~� ��~� ���~�����~ �

�~� ����� ~� ���� ����~�� �~� � �������� �~� ����~���  

Pku,kv
= Cv

kv

(
ku

nu

)
, ku = 1, ..., nu, kv = 1, ..., nv

��� ���� ���� � ~�� ~���~ �~ �~���������~ �~� ����� ~� ���� � �����~ �~�� �


 æç æó ô$%õ& 
 ö �&ê%�%î& �ë ���&%ë %÷&ê �% ê��%$��� �&� ê�ë�ì&�
�%�� �ø%ë$�& ���&ê$���

���� ����� �����
nu

����� ~� � �~���������~ (
Cu

ku
(v), ku = 1, ..., nu

) ��~� �~� ���������~�
�~ � �������� ~� ����~��~� � �~� ����~��~� ���� �����~� ��� �~� ����~��� � ~� �~� � ����� �~������~ ���� ������ ��� �� ������������ �~� ����� ~� ������~��~�  

Cu
ku

(
kv

nv

)
= Pku,kv

, ku = 1, ..., nu, kv = 0, ..., nv

î�������� �~ ������� ~ �~ ��Õ�� �������~  
���� ��~ ����� ~

C(t)
� �~���������~ � ���

0 ≤ t ≤ 1
� ������� �� �~��~ � �~� ���������~�

�~ � �������� ~� ����~��~� ~�
n+ 1

������ �~ ����� ���~ ��~ ���� ���������� ��������~� ~����������
ti = i

n i = 0, ..., n
 

C(ti) = Pi, i = 0, ..., n
������

C ′(ti) = λiTi, i = 0, ..., n, Ti
�������~� ������ ~�

λi
�������~�

���� ������ ������~� ��~ ������������� ��� �� ���~ �~ ¡~�� ��~ �� � ~� � �����~  
C(t) = Piϕ0 (nt− i) + Pi+1ϕ1 (nt− i) + λiTiϕ2 (nt− i) + λi+1Ti+1ϕ3 (nt− i)
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����
t
~���~ i

n

~� i+1
n , i = 0, ..., n− 1.���� ����� ����
n+ 1

�������~� � �~�
λi, i = 0, ..., n

� ��~ ���� ������ ������� �~ ����~ �
� ���� ��~� � ���~���~ �~ �� ����� ~  

min
∫
‖C ′′‖2 .

∫ 1

0

∥∥C ′′(t)
∥∥2
dt =

n−1∑

i=0

∫ i+1

n

i
n

∥∥C ′′(t)
∥∥2
dt

=
1

n

n−1∑

i=0

∫ 1

0
n4
∥∥Piϕ

′′
0 (u) + Pi+1ϕ

′′
1 (u) + λiTiϕ

′′
2 (u) + λi+1Ti+1ϕ

′′
3 (u)

∥∥2
du

�� ���~������� � ���� �~���� � ���� ��~� �� ���� ~ ����������~ �������~  

n−1∑

i=0

Aiλi +Biλ
2
i + Ciλiλi+1 +Diλ

2
i+1 + Eiλi+1 + Fi

��~�
Ai = 2 〈Pi, Ti〉

∫
ϕ′′

0ϕ
′′
2 + 2 〈Pi+1, Ti〉

∫
ϕ′′

1ϕ
′′
2

Bi =

∫
ϕ′′2

2

Ci = 2 〈Ti, Ti+1〉
∫
ϕ′′

2ϕ
′′
3

Di =

∫
ϕ′′2

3

Ei = 2 〈Pi, Ti+1〉
∫
ϕ′′

0ϕ
′′
3 + 2 〈Pi+1, Ti+1〉

∫
ϕ′′

1ϕ
′′
3

Fi = ‖Pi‖2
∫
ϕ′′2

0 + ‖Pi+1‖2
∫
ϕ′′2

1 + 2 〈Pi, Pi+1〉
∫
ϕ′′

0ϕ
′′
1

���� �~���� � ���� ��~� ��~ �������� ����������~ � ���� ��~���~� � �����~� ��� �����~��  

∇
(∫ ∥∥C ′′∥∥2

)
=




A0 + 2B0λ0 + C0λ1

C0λ0 + E0 + 2D0λ1 +A1 + 2B1λ1 + C1λ2���
Cn−2λn−2 + En−2 + 2Dn−2λn−1 +An−1 + 2Bn−1λn−1 + Cn−1λn

Cn−1λn + 2Dn−1λn + En−1




���� ���~���� �� �¢���� ~ �������~ � ���� ��~������ �~ �~��~��
X = (λ0, λ1, ..., λn),�������� �~

MX = Y
� ��~�

M
�����������~ �¢� ������~  

M =




2B0 C0

C0 2B1 + 2D0 C1

C1

� � � � � �� � �
2Bn−1 + 2Dn−2 Cn−1

Cn−1 2Dn−1



, Y =




−A0

−A1 − E0���
−An−1 − En−2

−En−1



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�~ �¢���� ~ ~�� ���~���� �~   ���� ���~���� ��~ �������� �����~ �~ ����~ �~��~�� ��������~�
λi,

���� ���~���� ����� �~� ����� ~� ��� � ���� ��~�� � ���~���~ ����� �~������������ ����~� �~� ����� ~� ���� �� �~�� ��� ~ ���~����� ��~� �~��~ � �����~ �
���� ���~���� ����� �� ���~�� �~���� � ������ ����~� ���� � ������ ������ ��~ ������~�������� �

' åû üì�ý+-����ì ëì +� �,���*ì

�~ ���~�� ����� ���~�� ��� ���� � ~�� ~� �~ ������~�
nu.nv þ������ þ � �~����� � �~ � ���~���~ ������~

S
(
[ ku

nu
, ku+1

nu
]× [ kv

nv
, kv+1

nv
]
) ~�� ���� ~� ��������� �~� �����~ � ���~��� �~ ����� ~�

Cku
u ([ kv

nv
, kv+1

nv
])
�
Cku+1

u ([ kv

nv
, kv+1

nv
])
�
Ckv

v ([ ku

nu
, ku+1

nu
])
~�
Ckv+1

v ([ ku

nu
, ku+1

nu
])
�� ��� ������ ������~� �� � �����~ �~ ����� ����� ÿ���´� � � ÿ���
� � � ÿ��D�ð�� �ÿ��DFð� �ÿ��D

� � ~� ÿ��DFï� � � � �����~ ��~ ���� ���������� ��� �� ��� �~���� ������~� �� ������~

S(u, v)
��� � � ��� ����� ~� �~ � ���

CN (u) = S(u, 0)
�

CS(u) = S(u, 1)
�
CO(v) = S(0, v)

�
CE(v) = S(1, v)

� ��~� �~� ����� ���~�
u
~�
v
������� �~

0
�

1
� �~� � ������ ~����� ~� ���� �����

P00, P01, P10,
~�
P11

 
CN (0) = P00 = CO(0)

�ï �ð���
CN (1) = P10 = CE(0)

�ï �ð�� �
CS(0) = P01 = CO(1)

�ï �ð���
CS(1) = P11 = CE(1)

�ï �ð���
î��� �~ ��� � ���� ������ ������~� �~� ��������� �~ � �����~ � ��� ������ �� ������~ � ������
�~ �~� ����� ~� �~ � ���  

S(u, v) = SNS(u, v) + SOE(u, v)− Sb(u, v)
�ï �ð���

�~��~ ��~
SNS(u, v) = F v

1 (v) CN (u) + F v
2 (v) CS(u)

�ï �ð�� �
SOE(u, v) = F u

1 (u)CO(v) + F u
2 (u) CE(v)

�ï �ð���
Sb(u, v) = F v

1 (v) (F u
1 (u) P00 + F u

2 (u) P10)

+ F v
2 (v) (F u

1 (u) P01 + F u
2 (u) P11)

�ï �ð���
���� ��������� ����~ �������� �~ � �����~ ð ��������� �~ ¡~�� ��~  

F u
1 = F v

1 ;F u
2 = F v

2

F v
1 (v) = 1− 3u2 + 2u3;F v

2 (v) = 3u2 − 2u3

�� ������~ ~�� ���� �~ ���
G1 � �~ ������� �~ ����� � ������ �~� ��������� �~ ¡~�� ��~~�� ��� �����~��~� ~�� ��������~ �

���� ���~���� � ����~�� ��~ ������~ ��� ��������� �~� ���������~� �����~� ��� �~� �¢����� ~� �~ � ~���~ � � ������ ����~��� �~� ��� ���~� �~ ����� ~� �¢��� �~� ���������~� �~ ����
�~��~� ~� �~ �����~��� ~���~ �~� ����~��� � ���� ������ � ����~�� ���� �~� ��������� ���~������ ��C ��~��~� ������~� �~��� � ��� �~� ���~��~� � �����~� �
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 æ� æè �&ê���$�ëê$��� �&� ���&%ë� �& ê�ë�ì&�
�� ��~� ���~ ���� ~ ���������~ � ��� �����~� �~��~ � �����~ �~ �~������������ �~ ������~�~�� �~ E��~� �~ �� ������� �~� ���~��� �~ ����� ~� �~���������� � ���� ������ ~� ��~� �~� ��~�������~� �~� � �����~� �~ �~������������ �� ���~�� ������~ ���� ����� � ��� �����~� ��

��~� �~ ����~��� �
� Ø �� �Ü���� � � � 	�� ��Ü�� �� � ��
��

î��� �~� �~��� ��� ����~�� � ���� ��������� ��� ��C ��~��� ~�~���~� �~� ����� � �����~�� ��~� ~� ����~ � ��� �� �~������������ �� ���~�� �~ ����� ~� ������~ ���� ����� �� ��~� �~
�����~�   �� ��~� ���~ � �����~ ����� �~��~ ��� ��~ ��� �~ ������ ���� �~� � ����� � ����~���~����� ���� � ����~ �~� ����� ~� ��� �E ��� �~ �������� �~ ¡~�� ��~ � �� �~�� ��� ~ � �����~
��~ ����~� ~�� �~� � ����� � ����~��~����� ����� �~ � ����~� �~� ����� ~� � ��� �~ ���� �����~�����~� ~�� ~� ����������� �~� � ���~��� � ~��� � � ~��� � ��� ����~ ~� ����~ ��~ �~� �~��~���
������~� ~��� ��� ���~���~��~�� ~� ����~�� �~ �� �������� �~ ¡~�� ��~ ���~�� ���� ���� �~� �~��� �� �~�����~ � �����~ ~�� ��~ � �����~ ��� ��~���~ �~ ����~��~� ����� ~� �����~� �~�
����~��~� ��� ��������� �~� ���������~� �~ �����~�� ~���~ �����~ ����~�� �
�nto Ñ 
 �q}o{qr pn ��rn ���� ��~������ ���� �~ ��~� �~� �~�� � �~���������~ �� � ���~���~ ���~ ��~� �� ��~� �~ ����~��� �~ �����~ ���� ��� ���� � �~ � ���~�� �~ ���~ ~�� ���� � ���� ��������� �������~  

� ���
(u, v) ∈ [0, 1]× [0, 1]






x(u, v)
y(u, v)
z(u, v)


 =

(
u+ v − 1

2

)


0
0
1


+

(
u+ v + 1

2

)



(
u−v

2

)
(

u−v
2

)2
(

u−v
2

)3




���� ��¢��� �� ������~ ����� ��~ �~ � �~� �~ �����~� ��� �� ����~ ² ÷¥ ³ï �¦ �
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² ÷¥ ³ ï �¦ u ¤������ �~ ���~   ���~�� � �~���������~
���� �~������������ ���� � ��� ��� �� ���~�� ������� ~� ������ �~� ����� ~� ����� ~���� �

� ~�� �~� ��~� �~� ����~� � ������ �~ � ���������� ~ �� ���� �~ ��~� �~� �������~ � ���� �~� ������� ����� ��~� � ���~ �~� ����� � �����~� ���� ���� ����� ����� ������~��~��   ����
� ������ ������~� �~� ��������� ����~��~� ~�� ��� �� ����~ ² ÷¥ ³ï �;� �
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� ���~��~� ~�� � �~� ����� � �����~� ����~�� �~ � ���~� �~������������� � ��¢��� � ����~��
�~� ��C ��~��� ������� � �~��~�� ��~ ���� ����� ~C ~����� ��� �~� ��C��~��� �~�� ~��� �~ ����� ~��������� �

¤��� �� � ���������� �~ �~ ���~�� � ���� ������ � ����~��� �~ ����� ~� � ��� �����~����� ~ �������~ ���� �����~ ����� ~ ~�� �����~ �� �~ � � ����~���� ~� ���� � ������� ������ ~� ���� �����~ ���~����� ��~� �~�� ����� ~� �~ � ��� �~ ���� ��� ������~��   ����� ������� ����� ïð � ���~��� �~ ����� ~� � ¤��� ����~� �~� � ����������� � ���� ��������� �~�
~��~��� �������~�  

u ~��~�� �~ � ������� �� ����� � �������~ �~� � ����~����~ ��� ���� ��� � �� �����~�� �~
�� ����� ~ �����~ ����~���~� �

u ~��~�� �~ �����~�� ��� ���� ��� � �� �����~�� �� � ���~�� �~ ����� ~ ��~��~ �
u ~��~�� ~� ���� ~

L2 �~ �� � ������� �����~ �� � ���~�� �~ ����� ~ �~��������� ��� ���� ����� � ���~�� �~ ����� ~ ��~� ����� �����~ ��� ���� ��� � �� �����~�� �����~ �~ �� ����� ~
����~���~� �

u ~��~�� �~ ¡������C �� ����~�� �~ ����� ~ �����~� ~�� ���� �����~ ��� ���� ��� � ��
�����~�� �����~ �~ �� ����� ~ ����~���~� �

����� ���� �~� ����� ~� � �~��~�� � ��� �~� ïð � ���~��� �~ ����� ~� � ������ ��� �� ����~
² ÷¥ ³ï �;; �
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² ÷¥ ³ ï �;; u � ��~��� �~ �~������������ �� ���~�� �~ ����� ~� � ��� �� � ������ �~ ���~ � ¶·¸¹º» ¼
¹¿¿¹º¿À Èº ¿ÉÀ¹Äº È¹ ½¾º¿·¹À ÁÂÈÉË ¹ÂÈÄÂÃ¹À ¶Â¾Â � ¹¿Ç É» Å ¶¿¾ºÆ ¹» ¼ ¹¿¿¹º¿À Èº ¿ÉÀ ¹Äº ¾·Ã¹ÂºËÄ¿ ¸Ä Ç ÉÃ!¾È¹ "Å ¶�¹¿Ã» ¼ Ç ÉÃ!¾È¹ #Å ¶¿¾À¹» ¼ Ç ÉÃ!¾È¹ È¹ ½¾ÂÃ¿ÄÁÂ Ã¹À È¹ ¸¾ÂÆº¹º¿

���� � ������ ���� �����~��� ����~� � ������ �~ �~� ��������� � �� ��~� �~� ��~� � �~� �~����~� ���~� � �����~� ��� �~� ~��~��� ���� �����~� �~ �~��~� �~ �� � �����~ �������~ ��~��~ �~
�~������������ �~ ����� ~� ��~ ~� ��~� ���~ �����~� ����~����� �~� � �������� �~� ����~���~� �~� � �������� ������~� �~� ����� ~� � �~ ���� �~ � ��� ��������� � � ��� ~��~� ���� ~��~��
� �~��~�� �~ �����~�� ��~��~ ~��~�� �~��~ ���� �~ � Í�~ ���~ä ���� �~ � � ���� �~

1.5%
� � ~� �������� ����~� ������~ ���� ����~� ��� �~� � ���~��� �~ ����� ~� � �� � �������� �� ������

�~ �� ������~ � ���� ��¢��� ����� ~� ������� ��~ �~� ~��~��� �~ �����~�� ���� �����~� ~������ ���� �~� ��~� �� �~�� ��� ~ � �����~ ������ ~� �~��~�� � ��� � ����~ �����~����~� ~�� �~�
� ����� � ����~��~����� �� �����~ ��� ����� E���~� ~�� ��� ���Õ�~ � ��� �~��~ ������ � � �� �~��� ����~��~ �� � �����~ �~ �~������������ �~ ����� ~� ��~� ���������~� �~ �����~�� � ����
��¢��� ��~ �~� ~��~��� ��C ��~�� �~� ����~� � ��� �~ �~ ���� ��� �~ �����~� � ����������� �~������ ~� ~�������~� � � ��� �~ ����~��~� ����� ~� � ���� ��¢��� ��~ �~� ~��~��� ���� ���� �����~�
���� �� ���� �~ �� ����� ~ � �� � ~� ���� �����~� ~� �~ ��� ����~��~ �~� � �������� �~� � ������ ����~��~����� � � ��� ����~ � ��� �~� ~�~���~ �~ � ~���~��� ��������� � ��� �� �~������������������~ �� ���~�� � �~� ~��~��� �~ �����~�� ���� ����� � ~��~� ���� ���� �~� � �~ ��� �~ E�����~��� �~ ���� ��~ �~� ����� ~� ���� ���������~� � ������ �~ �~��~ ���������~ �

��¢��� � ����~���� �� �~�� ��� ~ ~�~���~ ��� �~ ������~� �~� ��������� �
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 $x%vnt ���� ��~������ ��� � �~���������~ ��~ ������~ � ����~� ��~� �� ��~� �~
����~��� �~ �����~ �~�� ��� �~�� � � ��~ � ��� ���~��~ ��~� �� ����������� �������~  

� ���
(u, v) ∈ [−4, 4]× [−4, 4]




x(u, v) = u

y(u, v) = v

z(u, v) = sin(u+ sin(v))

���� �������� ������ �~
y
�~ π

3

��¢��� �� �~����~������� ��� �� ����~ ² ÷¥ ³ï �;ð �

² ÷¥ ³ ï �;ð u ����~�   ���~�� � �~���������~
��¢��� �~� ��C��~��� ���~��� ���~��� ��~� �~� ���~��~� � �����~� ��� �� ����~ ² ÷¥ ³ï �;ï �
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�~ ���~�� ������� �~ ����� ~� ����� ~�����~� ����� � ���~��~� ~�� ���� �����~ �� ���~�� ��~� ��� ~� ������~ �����~� ~�� �~ ���� � ��� ��������� �~� � �����~� ; ~� ð � �� � �����~ ï ����� �~��~ ����~ �� ���~�� �����~� ~�� ���� ������� �
¤��� �� � ���������� �~ �~ ���~�� �~ ����� ~� � ���� � ������� �����

(7 − 1).(7 − 1).2����~��� �~ ����� ~� � ���~�� 
ð � ¤��� ����~� �~� � ����������� � ���� ��������� �~� � Í�~�
~��~��� ��~ � ��� �~ �~�� ; � �~� ~��~��� ���� �~����~���~� ���� �� ����~ ² ÷¥ ³ï �;� �
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² ÷¥ ³ ï �;� u � ��~��� �~ �~������������ �� ���~�� �~ ����� ~� � ��� �~� ����~� � ¶·¸¹º» ¼ ¹¿¿¹º¿À
Èº ¿ÉÀ ¹Äº È¹ ½¾º¿·¹À ÁÂÈÉË ¹ÂÈÄÂÃ¹À ¶Â¾Â � ¹¿Ç É» Å ¶¿¾ºÆ ¹» ¼ ¹¿¿¹º¿À Èº ¿ÉÀ¹Äº ¾·Ã¹Âº Ë Ä¿ ¸ÄÇ ÉÃ!¾È¹ "Å ¶�¹¿Ã» ¼ Ç ÉÃ!¾È¹ #Å ¶¿¾À¹» ¼ Ç ÉÃ!¾È¹ È¹ ½¾ÂÃ¿ÄÁÂ Ã¹À È¹ ¸¾ÂÆº ¹º¿

���� ��¢��� ����~� ~�� � ������ �~ �~� ��������� ��~ �~� �~�� � �����~� ��� � ����~��
�~��~� ~�� �~� ����� ~� �� �����~� ��� �~��� ~��~��� �����~� ~� ~� ������� ���� ���� �~� ��~�~� ~��~��� ���~��~� ��~� �~ ���~�� ������� � �~�� ~�   �� ~�� ~� ~C~� ������~ �~ ���� ��~
�~ ���� �~ �~�� ~� �~ ���~�� �� ������� �~� ~��~��� �~ �~������������ � �� �~�� ��� ~ � �����~����~ ~� ������� �~ � ~���~��� ��������� ��~ �� ��~� ���~ � �� �~ ��� ����~��~ �� � �����~
�~ �~������������ ��~� ���������~� �~ �����~�� � ~��~ ����~ �~ ���� � ��� ��������� � ��� �������~�� �~� ����� ~� ���~��~� � � ��� ����~ �~ � ���� � ��� ��������� ��~ �~� �~�� ����~�
� �����~� ���� �~� ~�~���~ �

��¢��� �~� ��������� ��� �� �������� ~ ~�~���~ �
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 tnmmn ���� ��~������ ��� � �~���������~ ��~ ������~ ����� ���&�~ �¢� ~�� �����~ �
��� �������� ~�� �� �������~  

� ���
(u, v) ∈ [−5, 5]× [−8, 8]




x(u, v) = 4u
y(u, v) = 3v
z(u, v) = u2 − v2

�� ����� �� ������~ � ���~ �����~ �~ F ����~��� ��� F ����� ² ÷¥ ³ï �;�� �

² ÷¥ ³ ï �;� u �~��~   ���~�� � �~���������~
�~� ��C ��~��� ���~��� ���~��� ���� ��� �� ����~ ² ÷¥ ³ï �;´ �
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�������~� ��� �����~ � ���~�� �~ ����� ~� � ����� ����� ¦F� � �~� ~��~��� ���� ����~����~����� �� ����~ ² ÷¥ ³ï �;
 �



Ñàú ÓúûóøýÔôüûÔ ÷óø ùú ýüôòöûúý

0 20 40 60 80 100
0

0.5

1

1.5

2
Erreur de position du point d’arrivée en %

0 20 40 60 80 100
0

0.05

0.1

0.15

0.2

0.25
Erreur de longueur en %

0 20 40 60 80 100
0

0.5

1

1.5

2

2.5
Erreur de position totale des courbes en %

0 20 40 60 80 100
0

0.5

1

1.5

2

2.5
Erreur de Hausdorff des courbes en %

² ÷¥ ³ ï �;
 u � ��~��� �~ �~������������ �� ���~�� �~ ����� ~� � ��� �� �~��~ � ¶·¸¹º» ¼ ¹¿¿¹º¿À
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��� �~� ��������� � �~� ����� ~� ��~�~� � ����~� ~� �~��~� ���� ��������~� ����� �~ ��¢���
��~ �~� �~��~�� � �~�� ������~ ��~ �~ ���~�� ������� �~ ����� ~� ����� ~�����~� ����� ���� �����~�� ���~�� ��~� � ���� ����������� ��~���~ �� ���~�� �~�� � � �~� � ����������� ��� ����~� ���~������� ���� ���� �~� � � �~��~������ ��~ ���� � ~� �~ ��C ��~��~� ���� �~� ~��~��� �������~� � ��� �����~ ��� ���������~� �~ �����~�� ����~ ����~� ~�� �~� ��������� ���� �����~� �~ �~�� ��
���~�� ������� � �~�� �~ �����~�� ����~� ~�� ��� � �~�� ��~ � �����~ �~ � ���� ������� ��� ��~������~ �����~� �� �����~� �~� �����~� �� ���~�� ������� � ~��~ � ���� ����~��� ���� �����~� ~��
~� �~� � ����� �����~� �~� �� ������ � ���~���� ����� �~� ��������� ��� �����~� ��� ����~� �����~�����~� ~�� � ~���~��� ~� �~ ��� ����~��~ �~ � ��������~� ~�� ������ �~ �� ����� ~� �
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�nto � 
 tv}wx�n pn ' s( {n} ���� ��~������ ��� � �~���������~ ��~ ������~ �~ � �ä�~� ��~��~ ������~ � ��� ���~��~ � ������ �~ ;´ ������ �~ ������ �~ ~� �~� � ��¢���~� �~ �~����~���~ �~��� ï � �~� � ����� �~ ������ �~ ���� �~� ��������  




P00 =




1
1
−2


 P01 =




1
0
−1


 P02 =




2
0
0


 P03 =




3
0
4




P10 =




0
1
1


 P11 =




1
1
2


 P12 =




2
1
7


 P13 =




3
1
4




P20 =




0
2
3


 P21 =




1
2
8


 P22 =




2
2
5


 P23 =




3
2
3




P30 =




0
3
2


 P31 =




1
3
1


 P32 =




2
3
−1


 P33 =




2.5
2.5
7







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P00 = (1, 1,−2)

�
� ���~��~� ~�� � ���� ��¢��� ��~ �~ ���~�� ������� ~�� ���~ä � ������ � �~� � ����� �~���� � ����

�~��~��~� ���� ����� ~�� ���� �~� ��� �~� ����~� � î ��� �~� ����� ���~��� � ������ � ���� ��¢�����~ �~ ���� �~ ����~� �~� ���~��~������ �� �����~�� �~ �~��� ����~� � ��~� ��~ ������~��~ � ��� ��
�~�����~ � �����~ ��� ����~ �~� ����� ~� ���� ����~� � �� ~C ~� � �~� ����� ~� �~� � �����~� ; ~�ð ����� �~� � ����������� �~� ����� ~� ~� ������~� � �~ ���� ��~ � ��� ����~ �~� ������~� ~��� �� �
� ������� � ��� �~� � ����� � ����~��~����� ��� ���� ��~ �~ ���~�� ������� �~ ���� ��� �����������������~ �~� ����� ~� ���~ä � ~����� �~� � ��������~� ~�� ��� ����� ~� �~ �� �~�����~ � �����~ ���
���~ �~� ����� ~� ����~� ��� � ����������� ��� ���~� ������~� �~ ¡~�� ��~� � ��¢��� �~� ~��~����~� ����� ~� ��� � ���~��� �

(6− 1).(6− 1).2
����~��� �~ ����� ~� � ���~�� ��� ��� �� ����~² ÷¥ ³ï �ð� �
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¶·¸¹º» ¼ ¹¿¿¹º¿À Èº ¿ÉÀ¹Äº ÁÂ ÁÃÁÄ¸Å ¶¿¾ºÆ ¹» ¼ ¹¿¿¹º¿À Èº ¿ÉÀ¹Äº ¾·Ã¹Âº Ë Ä¿ ¸Ä Ç ÉÃ!¾È¹ "Å
¶�¹¿Ã» ¼ Ç ÉÃ!¾È¹ #Å ¶¿¾À ¹» ¼ Ç ÉÃ!¾È¹ È¹ ½¾ÂÃ¿ÄÁÂ Ã¹À È¹ ¸¾ÂÆº ¹º¿

�~� ~��~��� ������ ~�� �~ ��~ ���� ��¢���� ���� �~� �����~� �~� ���~��� � ���� � ��� ��� ��~� � �����~� ; ~� ð ����~�� �~� ~��~��� �~ �����~�� ���~ä ��~��~� � ��� ��~���~� � ���~����~ ����� ~�   �~�� � �~������~ �� ���� �� � ������ ���~�� ������� � ��� ����~ ����� �~ �����������~� ~��� �~� � �������� �~� � ����� �~ � ~���~ � �� �~ ��� ����~��~ �~� ~��~��� ������~�
�~ � ������� � ~��~� ����~�� ����~� �~� ~��~��� ���~ä ���� �~� ~� � �¢~��~ ��~� �~� ���� � ��� �~�� ���~��� �~ ����� ~� ��� � �������~�� �� ����� �~ ������ �~ �� ������~ � �~� ����� ~� �~��~�������~� �� ���~�� ������� � ��� �~�� ������� ��C��~��~� �~��� �� � �����~ ~����¢�~   �~ ����� ���~ ���� � �Í��~ �~� � ����������� �~ �~ ���~�� � ��� �~� � �����~� ; ~� ð � ~� �~ ���� �~����������~ �~� �����~��� � �����~ ���� � ��� �~ ���~�� ���~�� ��� �� � �����~ ï �
)qr�mvt{qr �~� ��C ��~��� �~��� ���� ��� � ~�� �� �~ ���~� ��~���~� ����������� ��� �~� � ��
����~� � �~� ���~��� ���~��� ��� �~� � �����~� ; ~� ð � ��� � ����~�� �~� ����� ~� ~� ������~� ~�� ������� ��~� ��~ �������� �~ ¡~�� ��~ � � ~��~�� �������~� �~ ����~� ~��~��� �~� �����~���
�~� ����� ~� � ���� ~ �~ � ������� �~� � �E�������� � �~��~�� � �~� ~����� � ���� ���~���� �~� ~���~��� ��������� ~� ������� ~� � ������� �~� � ����� � ����~��~����� �����~����~� ~�� ������
��~ �~ �~� ��~� ��� �~ ������ ��� � �����~ ð �� �����~ �~� ��������� ��� ���� ��� � �� � ������~ ;� � î ~ ���� � ���� � ������ ���~ ��~ �� �~ ���~�� ������� ����~ � ����~ä � ��� ��������� �
�~� � �����~� �~ � ����~�� ���� � ~� � E���~ � ��� ���~� �� ���~�� �~�� � � ~� �~� ��������� ����������������� �

�� �~ ��� ����~��~ �� � �����~ ï � ��� ���~ �� ����~�� ���~�� �~ ����� ~� ~� �������������~� �����~��� � ~��~ ��������� ����� ���� ��~� �~� ���������~� �~ �����~�� � �~�� ������� ����~� ~���~� ����� ~� ���� ����~� � ��� �~ �~ ���� ��� �~� ����� ~� � �����~� ��� �~� ��������� �~
¡~�� ��~ � � ��~ ����~ �~� ��������� � �~��~�� �� � Í�~ ����~ ��~ �~� ������~��~� � �����~� ���~� �~��� �~� ��� � �� �������~ ��� ���� ��� ��� ����~� �� �� ���~� ����������~ � �~� ~����� �
�~��~ � �����~ ����~ �~� ����� ~� ��� ��������� ����� ~�� �~� ���������~� �~ ����~��~� ~������~�� � ��� ���� �~ ���~��   ~��~ ���� �~�� ����~ � ��� �� ����~ � ������~ ���� ��~���~����
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����~� �� �~�� �~ ��~ ���� ������ ��E � �� ���� �~� ������������ �~� ���~��� ���� �~� �~���������~���   ~� ~C ~� �~� ����� ~� �~ �����~�� ���������~ �~ �� ����~��~ � �����~ ���� �~��~�
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��¢��� � ����~�� �~� �����~ ������~� �~���������~� � ������ �~� �����~� �~� ����~��� � ����� ����~ ² ÷¥ ³ï �ï� � ���� ��¢��� ~� ï �ï� ��� �� ������~ �~���������~ � ������ �~ �� � �����~ ; �~
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�~������������ ���� �~�� ~ �~ ���~�� ~� � ������� ��� �~ ������ ���� �~� � ����� � ����~��~����� � �
��� ï �ï� �� � �~��~ ���~��~ ��� �� � �����~ ð ���� � ����~ �����~����~� ~�� �~� � �������� �~�����~���� � ��� ï �ï� ��� ���� ��¢��� �� ������~ ���~��~ ��~� �~ ���~�� �~ ����� ~� ��� ����������~� ���������~� �~ �����~�� ���� �~� �~�� ���~������ � ~� ~��� ���� ï �ï� �� � ���� ��¢��� ��������~ ���~��~ � ������ �~� ������ ������� ~���� ���� ��~ �~��~ ���~����� � ¤��� �����~
������~ � ���� ��¢��� ��� ~�� ��� ��� ���~�� �~ ����� ~� �

§¨© 3�¯¬� 4 ­ �����¬ ° §±© 3�¯¬� 4 ­ �����¬ Ö

§� © 3�¯¬� 4 ­ �����¬ � §� © 5����¬� �¨�� ° ���¬�����
² ÷¥ ³ ï �ï� u ¤������ �~ ���~   D ~������������� �~ �� ������~ �~��� �~� � �����~�

���� ���~���� ����~��~� ~�� �~� ������~� ���� �~������~� ~���~ ~��~� ~� �~��~������ � ��������~ � �~���������~ � ��¢��� �~� ~��~��� ��~ ���� ����� �������~� ��� �~� ������~�   � �~��~��
�~ � ������� �~ ����~��� ����� ��~ � �~��~�� �~ ¡������C ���� ����~����~� ���� �~ ����~��������� ����� 6ö7 ³ï �;� �

µ �����~ �������~
Ecapt EHaus� ��~� µ �����~ ;
0.31% 2.0%� ��~� µ �����~ ð
0.32% 2.01%� ��~� µ �����~ ï
0.38% 1.34%î��� ��~ �~� �~ ���~�����
0.31% 1.40%

6ö7 ³ ï �; u � ��~��� �~ �~������������ �������~� � �� � ������ �~ ���~
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�~� ~��~��� ������ ~�� �~� � ��� ��������� ����~��   �~� � �������� �~� ����~��� �~����������
���� ���� �����~� �~� � �������� ��~��~� ������� �~

0.3%
� � ~� �~� ~��~��� �~ ¡������C ��������~� ~�� ���� �~� ��~� � ����� �~� ���� �������� ~���~ �� ������~ ��~��~ ~� �~� ������~� ������~�

�~ ���� � ���~ �������~ ������~��~ �
2%

���� ���� ��� � ��~ �����~�� �~ �����~��~ �~ ��������~�� � �� �������� �� � ~���~��~ ��� ������~ ���� ����� �� ��~� �~ �����~� ~�� �~��~ ���
� � ��� ���������~� �~� ���������~� �~ �����~�� �� �~�� ��E � �~ ��~ ���� ���~������ ���� �~ ������������� �~� ���~��� �~ ����� ~�� � ~� ~��~ ~�� ���������~ � �� � �����~ ��� �~ ���� ��~
��~ �~ �����~� �~ �����~�� ���� ��~ �~��~ ���~����� �

��¢��� � ����~�� �~ ��~ ���� ���~���� � ��� �~� ����~� ������~� � �~���������~ �
-x%vnt D ~��~���� � ����~�� �� ������~ ����~� ����� ² ÷¥ ³ï �ï ;� �

² ÷¥ ³ ï �ï ; u ����~�   ���~�� � �~���������~
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�~� �����~ ������~� �~���������~� � ������ �~� �����~� �~� ����~��� ���� ��� �� ����~
² ÷¥ ³ï �ïð �

§¨© 3�¯¬� 4 ­ �����¬ ° §±© 3�¯¬� 4 ­ �����¬ Ö

§� © 3�¯¬� 4 ­ �����¬ � §� © 5����¬� �¨�� ° ���¬�����
² ÷¥ ³ ï �ïð u ����~�   D ~������������� �~ �� ������~ �~��� �~� � �����~�

���� ���~���� ����~� ~�� �~ � ���~� �~������������� ��� �~� ~�~���~ � �~� ~��~��� �~� �������� �~ ����~��� ��� �� ��~ � �~��~�� �~ ¡������C ���� ���� �~ ����~�� ������� �����6ö7 ³ï �ð� �
µ �����~ �������~

Ecapt EHaus� ��~� µ �����~ ;
0.35% 1.52%� ��~� µ �����~ ð
0.36% 1.61%� ��~� µ �����~ ï
0.78% 1.82%î��� ��~ �~� �~ ���~�����
0.45% 1.52%

6ö7 ³ ï �ð u � ��~��� �~ �~������������ �������~� ��� ����~�
�~� ~��~��� ���� ���E���� ����� ���� �~�   ����~� �~� � �����~� ���� ������������~� � ���������� ���� �~ � Í�~ �� ���~� ����������~ � ��� �� � �����~ ��� ����~ �~� ���������~� �~

�����~�� �� �����~ ï� � � �~�� ����~� ~�� �~ ��~ ���� ���~������ ��� �~� ���~��� �~ ����� ~� ����� ������ ����� �~ ���� ��~ �� � �����~ ��� � �������~ ��~ �~� �����~� �~ �����~�� ����
��~ �~��~ ���~����� ���� � ~�� ~� � ����~��� � ������ � ��� ��������� ��~ �~� ����~� � �����~� �
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/nmmn �~ �~�� ������� ~�� �~ ����� ���&�~ �¢� ~�� �����~ ��~� �� ���~�� �~ ����~��� �~ �����~���� ��� ���� ����� ² ÷¥ ³ï �ïï� �

² ÷¥ ³ ï �ïï u �~��~   ���~�� � �~���������~
�~� ��������� �~� ������~� ���~��~� ���� ���� �� ����~ ² ÷¥ ³ï �ï� � �ß ���� ��¢��� �~�

������~� ~� �~�� ���~�� ��� ~�� ��� �
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§¨© 3�¯¬� 4 ­ �����¬ ° §±© 3�¯¬� 4 ­ �����¬ Ö

§� © 3�¯¬� 4 ­ �����¬ � §� © 5����¬� �¨�� ° ���¬�����
² ÷¥ ³ ï �ï� u �~��~ ï   D ~������������� �~ �� ������~ �~��� �~� � �����~�

�~� ~��~��� �~ � ������� �~� ����~��� ����� ��~ � �~��~�� �~ ¡������C ���� ����~����~����� �~ ����~�� ������� ����� 6ö7 ³ï �ï�
µ �����~ �������~

Ecapt EHaus� ��~� µ �����~ ;
0.35% 1.57%� ��~� µ �����~ ð
0.35% 1.57%� ��~� µ �����~ ï
0.35% 1.0%î��� ��~ �~� �~ ���~�����
0.35% 1.03%

6ö7 ³ ï �ï u � ��~��� �~ �~������������ �������~� � �� �~��~
�� �~ ��� ����~��~ �~� ~�~���~ � ���� ������ �� ���� �~ �� �~������������ �~� ���~���

��~ ���� ���~����� �~� ~��~��� ��~���~ ��~�����~� ~� �~ ��� ����~����� �� � ������� �~�����~���   � �~�� ��~� �#� ���E���� �~ ��~ ���� ���~����� ��� � ���� ������ ����~� ~�� ���� �~
���� ���� �~� ~��~��� �~ �~������������ ������~ �~� � ���~��� �~ ����� ~� ��~� �� � �����~ ï  �~�� �~ ������ ~ ��� ��~� ��~ ~��~�� �~ ¡������C �~���~��~ ��~� �~��~ � �����~��� ��~ �~�
�~�� ����~� � �� � �����~ ���~���� �~ ������~ ���� � ������ �� ���~ �~��~ ��� ���~ �~ ����� ~����� �� � Í�~ ���~����� ����~ �~� ~��~��� �� � Í�~ ����~ ��~ �� � ~���~��~ � �����~ ����
� �����~ ��� �
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/v}wx�n pn ' s( {n} �~ �~���~� ~�~���~ � ����~ �� ������~ �~ � �ä�~� ��~� ��� ���~�� �~
����~��� �~ �����~ ��� ��� ��� � ����� ² ÷¥ ³ï �ï��

² ÷¥ ³ ï �ï� u ������~ �~ ��ä�~�   ���~�� � �~���������~
���� ���~���� �~� �����~ ������~� �~ �� ����~ ² ÷¥ ³ï �ï´ �~��� �~� � �����~� ~����¢�~� �
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§¨© 3�¯¬� 4 ­ �����¬ ° §±© 3�¯¬� 4 ­ �����¬ Ö

§� © 3�¯¬� 4 ­ �����¬ � §� © 5����¬� �¨�� ° ���¬�����
² ÷¥ ³ ï �ï´ u ������~ �~ � �ä�~�   D ~������������� �~ �� ������~ �~��� �~� � �����~�

�~� ~�~���~��� � ������� �~� ���~��� �~ ����� ~� ���~ä � ~����� �� � �~�� ����� �# �� ����
��~ �~ ���~�� ������� ����� ���~ä ������� �~� ����� ~� ��~��~� � ���� ��¢��� � ����~���� �~��������~��~� ��~ �~�� � ��� �~� ������~� �~���������~� � ������ �~ �~� ���~��� � ���� ��¢���
��~ �~� ������~� ����~� �~� � �����~� ; ~� ð �~ �~���~�� ��� ����~� � ��������~� ~�� � �� ������~����~ �~ �� � �����~ ï �� �~�� ����� �~ ��~ ���� ���~������ ��� �~� ����� ~� ~��~��� Í�~�� �
��¢��� �~� ~��~��� ~��~����~� ��� �~� ������~� ���� �~ ����~�� 6ö7 ³ï �� �

µ �����~ �������~
Ecapt EHaus� ��~� µ �����~ ;
0.56% 2.53%� ��~� µ �����~ ð
0.72% 2.52%� ��~� µ �����~ ï
0.77% 2.54%î��� ��~ �~� �~ ���~�����
0.88% 4.31%

6ö7 ³ ï �� u � ��~��� �~ �~������������ �������~� � �� ������~ �~ � �ä�~�
���� ���~����� �~ � ���~� � �������� �~ ����~��� �������~��~� ��

1%
� �~��~��� � �� �~��� ����~��~ �~� ~��~��� �~ ¡������C � �~� ����� � �����~� ��� ������~�� �� ��~� �~ �����~�

����~�� �~� ~��~��� ��� �����~� � ~� �~ ��� ����~��~ �� � �����~ �~� ����� ~� ���� ��~ �~��~���~����� � ~��~ ����~ ��~ ~��~�� ���� ���������~   �~��~ ��Õ�� � ��������� �~� �����~� � ���
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�~� ~�~���~ � �~�� ��� �� ���� ���������~ �
���� � ������ �~� ~����� ���~� ��~ ���� �~� ~�~���~ � �~� ����� ~� �������� ������~� ��~���������~ ���� �~ ����~� ����� ~� �����~� � �~ ��� � �~�� ��� ������ ~�� �~ ��� �~� ��~���~�

~�~���~� ������~��� �ß �� ������� �~���~ ���~ä ���� �~ � �~�� ���~����~���� ����� ���� �~����~��� � ��� ��~ � ~���~��~ �~������������ �
)qzznrox{}nt �~� ~�~���~� � ����~�� ��~ ����~� �~� � �����~� ��~ ���� ����� ���~����
� �~� ����~�� �~ ���� � ���~� �~������������� �~ ������~� � ������ �~ �~� ����~��� ����������� �� ������~ � �~� ~��~��� �~ � �������� �~� ����~��� ���� ���E ���� ���� �~� ��~�� ~�� �# �
�� � �����~ �������~ �~ �~������������ �~� ����� ~� � ��� ��� ����~��� ���� ������ ���� ~�~� ���~��~������ �~� ����� ~� ��� �� ������~� � �~� ~��~��� ������~� �~ � ��������~� ~�� �~ ��������~ ���� ����~� ~�� ���� �~� � ������~��~� �

2%
�� ���� ����� ��~ � ���~ ����������� �~�����~��� ��� �� ������~ �~� ~C ~� � �~ �~���~� �~�� � ����~ ��~ �� ���� � ������ ��� ���~ä �~

����~��� � �~� �~������������� �� ������~�� � �~� ������~� ��� �~ ���� ��� �����~� �~� ������~�� �~���������~� �
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���� ����� � ���� �����~��~� ��� � � ���������� �~� ~��~��� ������~ ���� ���� ~����� ���~����� �~� ����~��� ��� �� ������~ � �~���������~ � ���� ������ ���� �~��~���~ �~� ���~��
~�~���~� ��� E���� �� ����~�� ����� � ����~���� ��� ~� ���� �~ � �~��~�� �~ � ������� �~� ����~��� ~� � �~��~�� �~ ¡�������C �
� �~��~�� � �¢~��~ �~� �����~��� �~� ����� ~� �� ���~��  

Elon =
1

(nu + 1) + (nv + 1)
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9 !� � � �� �:��
���� �~��~���� ��� �~ ��~� �~� �~�� ��� ~�� �~ � ���~�� �~ ���~ � ���� ������ ����~ ����~�

�~ �����~ �~ ����~��� ���� �~� �~�� ���~������ ��~� �~� ���~��� �������~�   ï � � � � � 
 �
¦ � ;; � ;� ����� ������ ����� �~� ���~��� �~ ����~��� �~ �����~ ï ��� ï � � ;� ��� ;� � ����� ���������� �~� �����~ � �����~� ��~ ���� ����� ���~���� � � ~� ���� ��������� �~������ ~��~��� ��~ ���� ����� ~�������� ������~��~�� � ���� ��¢��� ��� �� ����~ ² ÷¥ ³ï �ï
�~� ����� ~� � �~��~��� �������~� ��� ���~��~� � �����~�   ~� ����~ �� � �����~ ; ���� ��~���� �~� � ����� � ����~��~����� ��� �~ ������� � ~� �~�� �� � �����~ ð ���� ��~ �~� � ����� �~
�����~� ~�� �����~����~� ~��� � ~� ���~ �� � �����~ ï ���� ��~���~ �~� � ����� � ����~��~�����~� ������������ �~� �����~���� � ~� ~� ��~� �~� ~��~��� ����~� �~ �� � �����~ � � ��� ��~�� ~������~ �~� ���������~� �~ �����~�� ���� ��~ �~��~ ���~����� �
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² ÷¥ ³ ï �ï
 u ¤������ �~ ���~   � ��~��� ~� �������� �� �����~ �~ ����~���

;�Þ���
¤��� �~ �~����� ~ �~�� � ���� ���������� ��� ���~��~� � �����~� � ��� �~� �����~� �~����~��� ��������   � � � � ´ � F � ;� � ;ï ~� ;´ � � ��� � ������ ������~� �~� ~��~��� ��� �� ����~² ÷¥ ³ï �ïF �
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XY Z[\]^_`Y _`\^_Y a\ bcYd_^ef gY a\ `YZefd_`cZ_^ef \c Zec`d gc _Yh]d g icfY dc`j\ZY
Yf gkje`h \_^ef l mecd gYnefd \^fd^ `Y_`ecnY` o Z[\bcY ]\d gY _Yh]d a\ je`h Y g icfYdc`j\ZY d\_^dj\^d\f_ aYd geffkYd gYd Z\]_Yc`d l @fY ] edd^p ^a^_k dY`\^_ gY `kc_^a^dY` a\
h k_[egY ncY g\fd aY Z[\]^_`Y ]`kZkgYf_ q h \^d ZYa\ f iYd_ ]\d cfY h k_[egY e]_^h \aY l
rf YC Y_ q d^ fecd `kdch efd a\ h k_[egeaes^Y gY `kdeac_^ef gc ]`epath Y ]ec` cf uaY_ gY
Z\]_Yc`d q fecd gYnefd gkuf^` cf ]`Yh ^Y` `kdY\c q aY h eg^uY` ] ec` `YZ\aY` aYd Zec`p YdY_ Zefd_`c^`Y a\ dc`j\ZY l r_\f_ geffk bcY fecd Zeff\^ddefd a\ ] ed^_^ef gY a\ dc`j\ZY
o a i^fd_\f_ ]`kZkgYf_ q fecd \nefd gkE o cf `kdY\c ^f^_^\a bcY fecd ] ecnefd gkje`h Y`] ec` bc i^a d\_^dj\ddY aYd fecnYaaYd Zef_`\^f_Yd jec`f^Yd ]\d aYd Z\]_Yc`d l
mecd \aaefd \^fd^ gkuf^` cfY fecnYaaY h k_[egY gY dc^n^ gY gkje`h \_^ef gY dc`j\ZYdg\fd aY _Yh]d q bc^ Zefd^d_Y g\fd cf ]`Yh ^Y` _Yh]d o gkje`h Y` aY `kdY\c gY Zec`p Yd
Zeffc o a i^fd_\f_ ]`kZkgYf_ vfecd \nefd gkE o p Y\cZec] g iec_^ad o fe_`Y g^d] ed^_^ef qncd fe_\hhYf_ ae`d gc dc^n^ gY gkje`h \_^ef gY Zec`p Yd q eß ae`d gYd `YZ\a\sYd gY
`kdY\cw ]ec` a\ `YZefd_`cZ_^ef gY dc`j\ZYdx q ]c^d fecd gkuf^`efd a\ dc`j\ZY bc^ d i\]y]c ^Y dc` aY fecnY\c `kdY\c gY Zec`p Yd Z\aZcak v\nYZ a\ h ÍhY h k_[egY bcY g\fd aY
Z[\] ^_`Y ]`kZkgYf_x lmecd ^aacd_`Y`efd aYd h k_[egYd ]\` gYcw YwYh]aYd gY dc`j\ZYd Yf h ecnYh Yf_ q bcY
fecd Z\`\Z_k`^dY`efd ]\` a ik_cgY gYd Y``Yc`d ep_YfcYd l
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mecd \aaefd ^Z^ fecd ^f_k`YddY` \c dc ^n ^ gY gkje`h \_^ef g icfY dc`j\ZY q _ec_ ZehhY fecd
a i\nefd k_cg^k ] ec` aY ]`epath Y gY `YZefd_`cZ_^ef gYd Zec`p Yd l Î \fd aY Z\d gY `YZefd_`cZy_^ef g icfY dc`j\ZY q fecd dc]]edefd bc iYf ]acd gY a\ Zeff\^dd\fZY gYd geffkYd \Zbc^dYd ]\`
cf dÏd_th Y gY Zec`p Yd dc` a\ dc`j\ZY vgeffkYd _\fsYf_^YaaYd Y_ `k]\`_^_^ef gYd Z\]_Yc`dx qfecd Zeff\^ddefd a\ ] ed^_^ef gY a\ dc`j\ZY o a i^fd_\f_ ]`kZkgYf_ l

Ð\ dc`j\ZY k_\f_ gk_Y`h ^fkY ]\` def `kdY\c gY Zec`p Yd q fecd \aaefd ]`eZkgY` gY a\
h \f^t`Y dc^n\f_Y Ñ fecd \aaefd gkje`h Y` aY `kdY\c gY Zec`p Yd Yf jefZ_^ef gY a\ ] ed^_^ef oa i^fd_\f_ ]`kZkgYf_ Y_ gYd fecnYaaYd geffkYd _\fsYf_^YaaYd q ]c^d fecd Z`kY`efd a\ fecnYaaY
dc`j\ZY \nYZ a\ h k_[egY gY Xeefd q Zehh Y fecd a i\nefd j\^_ g\fd aY Z[\]^_`Y ]`kZkgYf_ l
ÒeÏefd ZehhYf_ gkje`h Y` aY `kdY\c gY Zec`p Yd Yw ^d_\f_ ] ec` bc i^a d\_^dj\ddY aYd fecnYaaYd
geffkYd _\fsYf_^YaaYd l

ã ÓÔ ÕÖ×êØÙÚÛÜêÝ Þß ØÖàáÚß Þá âêßØãáà

mecd Z[Y`Z[efd cf fecnY\c `kdY\c gY Zec`p Yd
{
C̃u

ku
(v), ku = 0, ..., nu

} Y_ {
C̃v

kv
(u), kv = 0, ..., nv

}

]`eZ[Yd gY a i\fZ^Yf `kdY\c
{
Cu

ku
(v), ku = 0, ..., nu

} Y_ {
Cv

kv
(u), kv = 0, ..., nv

}

bc^ d\_^dj\^_ aYd fecnYaaYd Zef_`\^f_Yd geffkYd ]\` aYd Z\]_Yc`d l ÐYd geffkYd \Zbc^dYd gky
] YfgYf_ gc dÏd_th Y gY h Ydc`Y bcY fecd c_^a^defd vu aY_ gY geffkYd ec `cp\fd ^fd_`ch Yf_kdg\fd cfY dYcaY g^`YZ_^ef x q fecd \aaefd gefZ `kdecg`Y ^fgk] Yfg\hh Yf_ ZYd gYcw ]`epath Yd l

ç æèæè äåæçè éç éêëëìçí

• î^ aY dÏd_th Y g i\Zbc^d^_^ef Yd_ cf uaY_ gY Z\]_Yc`d q a i\fZ^Yf `kdY\c d\_^dj\^d\^_ aYd
Zefg^_^efd dc^n\f_Yd Ñ

ï aYd Zec`p Yd {
Cu

ku
(v), ku = 0, ..., nu

} def_ _\fsYf_Yd \cw nYZ_Yc`d
T u(ku, kv)kv = 0, ..., nv

\cw ]\`\h t_`Yd
v = kv

nv

q
ï aYd g^d_\fZYd Zc`n^a^sfYd aY aefs gYd Zec`p Yd {

Cu
ku

(v), ku = 0, ..., nu

} Yf_`Y Z\]_Yc`d
\gð \ZYf_d

(ku, kv)
Y_

(ku, kv + 1)
def_ gY

Lu
ku

(kv), kv = 0, ..., nv − 1
q

ï aYd Zec`p Yd {
Cv

kv
(u), kv = 0, ..., nv

} def_ _\fsYf_Yd \cw nYZ_Yc`d
T v(ku, kv)ku = 0, ..., nu

\cw ]\`\h t_`Yd
u = ku

nu

q
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ï aYd g^d_\fZYd Zc`n^a^sfYd aY aefs gYd Zec`p Yd {
Cv

kv
(u), kv = 0, ..., nv

} Yf_`Y Z\]_Yc`d
\gð \ZYf_d

(ku, kv)
Y_

(ku + 1, kv)
def_ gY

Lv
kv

(ku), ku = 0, ..., nu − 1
l

• mecd Z[Y`Z[efd aY fecnY\c `kdY\c bc^ ge^_ d\_^dj\^`Y aYd h ÍhYd geffkYd gY g^d_\fZYd
Zc`n^a^sfYd Yf_`Y aYd Z\]_Yc`d q h \^d ge^_ `k] efg`Y \cw fecnYaaYd geffkYd _\fsYf_^YaaYd Ñ

ï aYd Zec`p Yd {
C̃u

ku
(v), ku = 0, ..., nu

} ge^nYf_ Í_`Y _\fsYf_Yd \cw nYZ_Yc`d

T̃ u(ku, kv)kv = 0, ..., nv

\cw ]\`\h t_`Yd
v = kv

nv

q
ï aYd Zec`p Yd {

C̃v
kv

(u), kv = 0, ..., nv

} ge^nYf_ Í_`Y _\fsYf_Yd \cw nYZ_Yc`d

T̃ v(ku, kv)ku = 0, ..., nu

\cw ]\`\h t_`Yd
u = ku

nu

l
ñfY deac_^ef dY`\^_ gY `kdecg`Y ^fgk] Yfg\hh Yf_ ZYd ]`epath Yd ] ec` Z[\bcY Zec`p Y

ZehhY fecd a i\nefd `kdeac g\fd aY Z[\]^_`Y gY gkje`h \_^ef gY Zec`p Yd l XY] Yfg\f_ q fecdf iep_^Yfg`^efd ]\d gY `kdY\c jY`h k q ZY gef_ fecd \nefd p Yde^f ] ec` Z`kY` a\ dc`j\ZY bc^
d i\]]c^Y dc` _ec_Yd ZYd Zec`p Yd l òa fecd j\cg`\^_ \ae`d c_^a^dY` cfY gYd h k_[egYd gY jY`h Yy_c`Y gY `kdY\c gef_ fecd \nefd ]\`ak g\fd aY Z[\]^_`Y ]`kZkgYf_ q ZY bc^ fY dY`\^_ ]\d cfY
j\Õef e]_^h \aY gY `kdecg`Y aY ]`epath Y l

mecd \aaefd e]_Y` ^Z^ ] ec` a\ Z`k\_^ef g icf `kdY\c jY`h k gtd aY gk]\`_ l mecd \aaefd \^fd^Z[Y`Z[Y` cf fecnY\c `kdY\c gY Zec`p Yd ]`eZ[Y gY a i\fZ^Yf q bc^ d\_^dj\^_ aYd Zef_`\^f_Yd gY
aefscYc` Y_ gY _\fsYf_Yd q Y_ je`h Y cf YfdYhpaY gY Zec`p Yd jY`h k l ÒeÏefd ZYZ^ Yf gk_\^ag\fd a\ dc^_Y gY ZY geZch Yf_ l
ó Ø ôõ
ö÷øùú ûüý ûüþÿ ðõü> ø�õüý �ùþõÝüý ûü Ýùõû

mecd \aaefd Yf ]`Yh ^Y` a^Yc gkuf^` aYd gYcw Zec`p Yd gY p e`g (
C̃u

0 (v)
Y_
C̃v

0 (u)
) l r aaYd

ef_ ZehhY Zef_`\^f_Y aYd geffkYd _\fsYf_^YaaYd Y_ gYd geffkYd gY g^d_\fZYd Zc`n^a^sfYd
^f_Y`yZ\]_Yc`d lXYd gYcw Zec`p Yd def_ Zefd_`c^_Yd \nYZ gYd Zef_`\^f_Yd ]`e]`Yd Y_ ^fgk] Yfg\f_Yd gYd
\c_`Yd geffkYd l mecd aYd `YZefd_`c^defd \ae`d ^fgk] Yfg\hhYf_ gYd \c_`Yd Ñ fecd c_^a^defda\ h k_[egY gY gkje`h \_^ef gY Zec`p Yd ncY ae`d gc Z[\]^_`Y dc` aYd gkje`h \_^efd gY Zec`p Yd l

mecd \aaefd Z`kY` a\ fecnYaaY Zec`p Y
C̃u

0 (v)
g\fd a\ p\dY gYd jefZ_^efd gY � Y`h ^_Y Ñ

C̃u
0 (v) = P̃kv

ϕ0(nv.v − kv) + P̃kv+1ϕ1(nv.v − kv)

+
1

nv
.T̃ u(0, kv)ϕ2(nv.v − kv) +

1

nv
.T̃ u(0, kv + 1)ϕ3(nv.v − kv)

v� l�x
] ec`

v
_Ya bcY kv

nv
≤ v ≤ kv+1

nv

l ÐYd ^fZeffcYd def_ ^Z^ aYd {
P̃kv

, kv = 1, ..., nv

} ]ed^_^efd
gYd ] e^f_d gYd Z\]_Yc`d l mecd Zeff\^ddefd ZY] Yfg\f_ aYc` ] ed^_^efd \c _Yh]d ]`kZkgYf_
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{
Pkv

= Cu
0

(
kv

nv

)} l
ÐYd ^fZeffcYd dY`ef_ gk_Y`h ^fkYd ]\` `kdeac_^ef gYd Zef_`\^f_Yd gY aefscYc` h e`ZY\c]\` h e`ZY\c Y_ h ^f^h ^d\_^ef g ikfY`s^Y v`Yne^` a\ gkh \`Z[Y gY Z\aZca gY a\ dYZ_^ef � l� l�

]\sY ��x l
mecd ep_Yfefd ]\` ZY__Y h k_[egY a\ gkuf^_^ef gY a\ Zec`p Y

C̃u
0 (v)

he`ZY\c ]\` h e`y
ZY\c l òa Yf dY`\ gY h 	hY ]ec` a\ Zec`p Y

C̃v
0 (u)

l
m ecd \nefd \^f d^ aYd ] e^f_d gY gk]\`_ gY _ec_Yd aYd \c_`Yd Zec`p Yd gc `kdY\c q aYd ] e^f_d

gY gk]\`_ gY _ec_Yd aYd ^de]\`\h k_`^bcYd Yf
u

k_\f_ Ñ

C̃u
ku

(0) = C̃v
0

(
ku

nu

)
, ku = 1, ..., nu

Y_ aYd ] e^f_d gY gk]\`_ gYd ^de]\`\h k_`^bcYd Yf
v

k_\f_ Ñ

C̃v
kv

(0) = C̃u
0

(
kv

nv

)
, kv = 1, ..., nv.


 � ôõ
ö÷øùú ûüý öþ÷õüý �ùþõ�üý ûþ õ
ýüöþ
mecd gYnefd o ]`kdYf_ `YZefd_`c^`Y aYd \c_`Yd Zec`p Yd gc `kdY\c {

C̃u
ku

(v), ku = 1, ..., nu

}

Y_ {
C̃v

kv
(u), kv = 1, ..., nv

} gY de`_Y bc iYaaYd d i^f_Y`dYZ_Yf_ \cw geffkYd Z\]_Yc`d Ñ

C̃u
ku

(
kv

nv

)
= C̃v

kv

(
ku

nu

)
, ku = 1, ..., nu, kv = 1, ..., nv,

Y_ d\Z[\f_ bc iYaaYd def_ ]`eZ[Yd gYd Zec`p Yd o a i^fd_\f_ ]`kZkgYf_ l X iYd_ Yw\Z_Yh Yf_ aY h 	hY]`epath Y bcY ae`d gc `YZ\a\sY gc `kdY\c \nYZ Zef_`\^f_Yd gY aefscYc` q Z iYd_yoyg^`Y bcY fecd
Zefd_`c^defd aYd Zec`p Yd h e`ZY\c ]\` h e`ZY\c q Yf Z[Y`Z[\f_ aYd ] e^f_d g i^f_Y`dYZ_^ef gc`kdY\c decd a\ Zef_`\^f_Y gY ZefdY`n\_^ef gYd aefscYc`d ^f_Y`yZ\]_Yc`d l

Òe^Z^ a i\ase`^_[h Y c_^a^dk Ñ
] ec`

ku
gY

1
o
nu]ec`

kv
gY

1
o
nvgkuf^` aYd Zec`p Yd

C̃u
ku

dc` [kv−1
nv

, kv

nv

] Y_
C̃v

kv

dc` [ku−1
nu

, ku

nu

] Yf gk_Y`h ^f\f_
aYc` fecnY\c ]e^f_ g i\``^nkY Zehhcf

P̃ku,kv

_Ya bcY aYc`d _\fsYf_Yd \cw Yw_`kh ^_kd q aYc`
aefscYc` Y_ aYc` ] e^f_ gY gk]\`_ de^Yf_ uwkd l

ÐYd gYcw h e`ZY\cw gY Zec`p Yd def_ gkuf^d g\fd a\ p\dY gY � Y`h ^_Y Ñ

C̃u
ku

(
kv − 1

nv
+

t

nv

)
= P̃ku,kv−1

.ϕ0(t) + P̃ku,kv
.ϕ1(t)

+ T̃ u(ku, kv−1).ϕ2(t) + T̃ u(ku, kv).ϕ3(t), t ∈ [0, 1]
v� l�x

C̃v
kv

(
ku − 1

nu
+

t

nu

)
= P̃ku−1,kv

.ϕ0(t) + P̃ku,kv
.ϕ1(t)

+ T̃ v(ku−1, kv).ϕ2(t) + T̃ v(ku, kv).ϕ3(t), t ∈ [0, 1]
v� l�x
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Ð i^fZeffcY Yd_ aY ] e^f_ g i\``^nkY Zehhcf q
P̃ku,kv

q bc^ dY`\ gk_Y`h ^fkY ]\` aYd Zef_`\^f_Yd
gY aefscYc` gYd gYcw h e`ZY\cw gY Zec`p Yd q Y_ ]\` cfY h ^f^h ^d\_^ef g ikfY`s^Y v`Yne^` aYdgk_\^ad g\fd dYZ_^ef � l� l� Yf ]\sY ���x l

mecd ep_Yfefd \^fd^ cf `kdY\c gY Zec`p Yd `YZ\ak q d\_^dj\^d\f_ aYd Zef_`\^f_Yd gY aefy
scYc`d ^f_Y`yZ\]_Yc`d q Y_ aYd geffkYd _\fsYf_^YaaYd \cw ]e^f_d gYd Z\]_Yc`d l mecd ] ecnefdgkuf^` a\ dc`j\ZY deac_^ef ]\` a\ h k_[egY gY `Yh]a^dd\sY gY Xeefd l

mecd \aaefd o ]`kdYf_ `kdecg`Y aY ]`epath Y g\fd aY Z\d e� aY dÏd_th Y g i\Zbc^d^_^ef
bcY fecd c_^a^defd f iYd_ ]acd cf uaY_ gY Z\]_Yc`d q h \^d Yd_ dYcaYh Yf_ Zefd_^_ck gY `cp\fd^fd_`ch Yf_kd g\fd a\ h 	hY g^`YZ_^ef l

ç æèæó ����ëí åëíè��8çëèìí

• î^ aY dÏd_th Y g i\Zbc^d^_^ef Yd_ Zefd_^_ck gY `cp\fd ^fd_`ch Yf_kd g\fd a\ h 	hY g^`YZy_^ef q a i\fZ^Yf `kdY\c d\_^dj\^d\^_ aYd Zefg^_^efd dc^n\f_Yd Ñ
ï aYd Zec`p Yd {

Cu
ku

(v), ku = 0, ..., nu

} def_ _\fsYf_Yd \cw nYZ_Yc`d
T u(ku, kv)kv = 0, ..., nv\cw ]\`\h t_`Yd

v = kv

nv

q
ï aYd g^d_\fZYd Zc`n^a^sfYd aY aefs gY a\ Zec`p Y {Cu

0 (v)} Yf_`Y Z\]_Yc`d \gð \ZYf_d
(0, kv)Y_

(0, kv +1)
def_ gY

Lu
0(kv), kv = 0, ..., nv−1

vfecd fY Zeff\^ddefd a\ `k]\`_^_^ef gYd
Z\]_Yc`d bcY ] ec` a\ ]`Yh ^t`Y Zec`p Y g\fd ZY__Y g^`YZ_^ef Ñ Z iYd_ a\ Zec`p Y bc^ a^Y aYd] e^f_d gY gk]\`_ gY _ec_Yd aYd Zec`p Yd gY a i\c_`Y g^`YZ_^ef x q

ï aYd Zec`p Yd {
Cv

kv
(u), kv = 0, ..., nv

} def_ _\fsYf_Yd \cw nYZ_Yc`d
T v(ku, kv)ku = 0, ..., nu\cw ]\`\h t_`Yd

u = ku

nu

q
ï aYd g^d_\fZYd Zc`n^a^sfYd aY aefs gYd Zec`p Yd {

Cv
kv

(u), kv = 0, ..., nv

} Yf_`Y Z\]_Yc`d
\gð \ZYf_d

(ku, kv)
Y_

(ku + 1, kv)
def_ gY

Lv
kv

(ku), ku = 0, ..., nu − 1.

• mecd Z[Y`Z[efd aY fecnY\c `kdY\c bc^ ge^_ d\_^dj\^`Y aYd h 	hYd geffkYd gY g^d_\fZYd
Zc`n^a^sfYd Yf_`Y aYd Z\]_Yc`d q h \^d ge^_ `k] efg`Y \cw fecnYaaYd geffkYd _\fsYf_^YaaYd Ñ

ï aYd Zec`p Yd {
C̃u

ku
(v), ku = 0, ..., nu

} def_ _\fsYf_Yd \cw nYZ_Yc`d

T̃ u(ku, kv)kv = 0, ..., nv\cw ]\`\h t_`Yd
v = kv

nv

q
ï aYd Zec`p Yd {

C̃v
kv

(u), kv = 0, ..., nv

} def_ _\fsYf_Yd \cw nYZ_Yc`d

T̃ v(ku, kv)ku = 0, ..., nu\cw ]\`\h t_`Yd
u = ku

nu

l
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Ð\ h k_[egY gY `YZefd_`cZ_^ef gY ZY `kdY\c gY Zec`p Yd gkje`h k n\ dY gk`ecaY` Yf gYcw
k_\] Yd Ñ _ec_ g i\p e`g `YZefd_c^`Y aYd Zec`p Yd bc^ ef_ gYd Zef_`\^f_Yd gY aefscYc` q ]c^d Z`kY`aYd \c_`Yd Zec`p Yd o ]\`_^` gYd ]`kZkgYf_Yd l
ó � ôõ�ö÷øùú ûüý �ùþõ�üý û��ùõ��üý ûùú÷ �üý õ��öõ÷ø÷øùúý ûü �ö�÷üþõý
ýùú÷ �ùúúþüý

mecd \aaefd _ec_ g i\p e`g Z`kY` aYd Zec`p Yd bc^ ef_ gYd Zef_`\^f_Yd gY aefscYc` q Z iYd_y
oyg^`Y aYd Zec`p Yd {

C̃u
0 (v)

} Y_ {
C̃v

kv
(u), kv = 0, ..., nv

} l m ecd Z`kefd _ec_ g i\p e`g
C̃u

0 (v)
q

fecd \nefd \^fd^ aYd ] ed^_^efd gYd ] e^f_d gY gk]\`_ gYd Zec`p Yd ^de]\`\h k_`^bcYd Yf
v

Ñ
C̃v

kv
(0) = C̃u

0

(
kv

nv

)
, kv = 0, ..., nv

Y_ fecd `YZefd_`c^defd \ae`d aYd Zec`p Yd {
C̃v

kv
(u), kv = 0, ..., nv

} l
ÐYd Zec`p Yd ] YcnYf_ 	_`Y `YZefd_`c^_Yd ^fgk] Yfg\hhYf_ aYd cfYd gYd \c_`Yd q Z\` fY dY

Z`e^dYf_ ]\d Ñ fecd c_^a^defd a\ h k_[egY ncY ae`d gY a\ gkje`h \_^ef gY Zec`p Y ncY g\fd a\dYZ_^ef � l� l� Yf ]\sY �� q Y_ bcY fecd c_^a^d^efd ks\aYh Yf_ ] ec` aYd gYcw Zec`p Yd gY p e`g
gY a\ dYZ_^ef ]`kZkgYf_Y l

 � ôõ�ö÷øùú ûüý öþ÷õüý �ùþõ�üý û��ùõ��üý

mecd gYnefd o ]`kdYf_ `YZefd_`c^`Y aYd Zec`p Yd g\fd a i\c_`Y dYfd \uf gY Z`kY` cf `kdY\c
gY Zec`p Yd jY`h k Ñ fecd Zeff\^ddefd aYd geffkYd _\fsYf_^YaaYd \^fd^ bcY aYd ] ed^_^efd gYdZ\]_Yc`d vs`�ZY o a\ Z`k\_^ef gYd Zec`p Yd g\fd a i\c_`Y dYfdx l mecd ]`eZkgefd Yw\Z_Yh Yf_
gY a\ h 	hY j\�ef bcY ] ec` a\ Z`k\_^ef gc `kdY\c ^f^_^\a Ñ fecd Z[Y`Z[efd aYd Zec`p Yd g\fda\ p\dY gYd jefZ_^efd gY � Y`h ^_Y q \nYZ gYd ZeY� Z^Yf_d bcY fecd Z[Y`Z[efd Yf h ^f^h ^d\f_
a ikfY`s^Y dc` Z[\bcY h e`ZY\c gY Zec`p Y vZY bc^ `Yn^Yf_ o `kdecg`Y cf dÏd_th Y a^fk\^`Yx lmecd \n^efd gk_\^aak ZY__Y h k_[egY g\fd a\ dYZ_^ef � l� l� Yf ]\sY �� l

m ecd ep_Yfefd \ae`d cf `kdY\c gY Zec`p Yd jY`h k Ñ fecd ] ecnefd \]]a^bcY` aYd h k_[egYdgY `Yh]a^dd\sY gY Xeefd \uf gY gkuf^` a\ dc`j\ZY deac_^ef l

! Ó" #Öàß$ÛÚÛà

mecd \aaefd ^Z^ d^hcaY` cfY dc`j\ZY Yf gkje`h \_^ef l mecd fY d^hcaefd ]\d aYd gkje`yh \_^efd \nYZ Zef_`\^f_Yd gY aefscYc` gYd Zec`p Yd q gefZ o Z[\bcY ]\d gY _Yh]d q fecd
gYn`efd Z\aZcaY` Zehh Y geffkYd aYd geffkYd _\fsYf_^YaaYd Y_ aYd geffkYd gY `k]\`_^_^efYf_`Y Z\]_Yc`d \gð \ZYf_d l XY] Yfg\f_ q fed h k_[egYd gY `kdeac_^ef fY d i\]]c^Yf_ ]\d dc` aYd
Zef_`\^f_Yd gY ZefdY`n\_^ef gY aefscYc`d q h \^d dc` a\ Zeff\^dd\fZY gYd aefscYc`d Ñ ZYa\ fYfecd ] edY \ae`d ]\d gY ]`epath Y q fecd ] ecnefd h 	hY g^`Y bcY d^ Yf nY`d^efd `kYaaYd gY
]`e_e_Ï] Yd q fecd ] ecnefd \ne^` a\ Zeff\^dd\fZY g ik_^`Yh Yf_ gc dÏd_th Y q fe_`Y \ase`^_[h Yd i\]]a^bcY`\^_ d\fd ]`epath Y l

% Z[\bcY ]\d gY _Yh]d q fecd \aaefd \ae`d d^hcaY` aYd geffkYd gYd Z\]_Yc`d vgeffkYd_\fsYf_^YaaYdx q Y_ aYd `k]\`_^_^efd gYd Z\]_Yc`d l &c^d fecd \]]a^bcY`efd fed gYcw h k_[egYd
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gY `YZefd_`cZ_^ef dYaef aY dÏd_th Y g i\Zbc^d^_^ef Z[e^d^ vu aY_ gY Z\]_Yc`d q ec `cp\fd ^fd_`cy
h Yf_kd g\fd cfY dYcaY g^`YZ_^ef x l mecd Z\aZcaY`efd aYd Y``Yc`d gY `YZefd_`cZ_^ef bcY fecd\nefd gkð \ Yw]a^Z^_kYd g\fd aY Z[\]^_`Y ]`kZkgYf_ Ñ Y``Yc` gY aefscYc` h eÏYffY gYd Zec`p Yd
`YZefd_`c^_Yd dc` a\ dc`j\ZY q Y``Yc` gY ] ed^_^efd gYd Z\]_Yc`d q Y_ Y``Yc` gY � \cdge`) l

* +, +- .çíè -
&ec` aY ]`Yh ^Y` _Yd_ q fecd gkje`h efd a\ dc`j\ZY gYd n\scYd e� aY ]\`\h t_`Y

t
gkZ`^_ a\dc`j\ZY Yf jefZ_^ef gc _Yh]d vfecd `YZ\aefd aY

z
\uf gY _ecð ec`d \ne^` aY ] e^f_ gY gk]\`_

uwY dc` a\ dc`j\ZYx Ñ

] ec`
(u, v) ∈ [−4, 4]× [−2, 2]

]ec`
t =

5k

100
, k = 0, ..., 120.





xt(u, v) = u

yt(u, v) = v

zt(u, v) = sin(u+ t+ sin(v + t))− sin(−4 + sin(−2)) + sin(−4 + t+ sin(−2 + t))]c^d `e_\_^ef \c_ec` gY
y

gY π
3

]c^d `e_\_^ef \c_ec` gY
z

gY π
3mecd ep_Yfefd \ae`d cfY dkbcYfZY gY �� � ^h \sYd l ÒeÏefd aYd kneac_^efd gY ZY__Y dc`j\ZY

Yf bcYabcYd ^h \sYd g\fd aY _\paY\c /Ä0 1� l� l
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/Ä0 1 � l� ï Îkje`h \_^ef gY a\ dc`j\ZY �
mecd ^fd_`ch Yf_efd ZY__Y dc`j\ZY ]\` cf `kdY\c gY � ]\` � Z\]_Yc`d vne^` 2 Å3 1� l�x l
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2 Å3 1 � l� ï òfd_`ch Yf_\_^ef gY a\ dc`j\ZY �
&ec` aY ]`Yh ^Y` dÏd_th Y g i\Zbc^d^_^ef bc^ Yd_ aY u aY_ q fecd \nefd \ae`d aYd Zeff\^dy

d\fZYd gYd aefscYc`d ^f_Y`yZ\]_Yc`d g\fd aYd gYcw g^`YZ_^efd l rf ZY bc^ ZefZY`fY aYd `cp\fd^fd_`ch Yf_kd q fecd \c`efd � `cp\fd ^fd_`ch Yf_kd gY � Z\]_Yc`d Z[\Zcf l
mecd ] ecnefd o ]`kdYf_ \]]a^bcY` fed h k_[egYd gY gkje`h \_^ef l

ó � 5ü�ùúý÷õþ�÷øùú 6 �öõ÷øõ û 7þú � ø�ü÷ ûü ûùúú�üý
mecd \]]a^bcefd ] ec` a\ dc`j\ZY ^f ^_^\aY a\ `YZefd_`cZ_^ef \nYZ a\ jY`h Y_c`Y gc `kdY\c]\` Zef_`\^f_Yd gY aefscYc` q ]c^d fecd h eg^uefd aY `kdY\c Yf gkje`h \_^ef \nYZ a\ h k_[egY

gk_\^aakY g\fd ZY Z[\]^_`Y e� fecd Z[Y`Z[efd aY fecnY\c `kdY\c d\_^dj\^d\f_ aYd Zef_`\^f_Yd_\fsYf_^YaaYd Y_ gY `k]\`_^_^ef gYd Z\]_Yc`d l Òe^Z^ g\fd aY _\paY\c /Ä0 1� l� aYd `kdca_\_d
n^dcYad ep_Yfcd ] ec` aYd h 	hYd k_\] Yd bcY ae`d gY a\ gYdZ`^]_^ef gY a\ dc`j\ZY Yf h ecnYh Yf_ lmecd neÏefd dc` a\ s\cZ[Y a\ dc`j\ZY ^f ^_^\aY \nYZ def `kdY\c gY Z\]_Yc`d q Y_ dc` a\ g`e^_Y
a\ `YZefd_`cZ_^ef \nYZ def `kdY\c `YZefd_`c^_ l
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/Ä0 1 � l� ï îc^n^ gY gkje`h \_^ef gY a\ dc`j\ZY � s`�ZY \c u aY_ gY Z\]_Yc`d
ÐYd Y``Yc`d bcY fecd \nefd ]c Z\aZcaY` \c Zec`d gc _Yh]d def_ `\ddYhpakYd g\fd a\usc`Y 2 Å3 1� l� l
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Erreur de Hausdorff en %

Evolution dans le temps
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2 Å3 1 � l� ï Îkje`h \_^ef _Yd_ � Ñ r``Yc`d gY `YZefd_`cZ_^ef \nYZ aY u aY_ gY Z\]_Yc`d
mecd ] ecnefd gkgc^`Y ]acd^Yc`d kakh Yf_d o ]\`_^` gY ZYd `kdca_\_d l ÐY ]`Yh ^Y` kakh Yf_

bcY fecd neÏefd Za\^`Yh Yf_ Yd_ aY j\^_ bcY NOP OQQORQP S O TQUVPP OSW XYP OS Z USTWVUS [R WO\X P
XYPP] Ñ ZYa\ nYc_ g^`Y bcY a\ h k_[egY gY dc^n ^ gY gkje`h \_^ef fY g^nY`sY ]\d q fecd f i\c`efd
\ae`d ]\d p Yde^f gY `YZ\a\sY \nYZ a\ h k_[egY ^f^_^\aY l ÎY ]acd q aYd Y``Yc`d gY aefscYc` def__`td j\^p aYd Ñ a\ h k_[egY `Yd] YZ_Y p^Yf aYd Zef_`\^f_Yd gY aefscYc` l rfuf q Yf ZY bc^ ZefZY`fY
aYd Y``Yc`d gY ] ed^_^efd gYd Z\]_Yc`d Y_ aYd Y``Yc`d gY � \cdge`) q fecd ZefdY`nefd gY p efd`kdca_\_d _ec_ \c aefs gY a\ gkje`h \_^ef vaYd Y``Yc`d def_ Yf_`Y

1
Y_

2%
]ec` a\ ] ed^_^ef

gYd Z\]_Yc`d q Y_ Yf_`Y
2

Y_
3.5%

]ec` a iY``Yc` gY � \cdge`) x lmecd ] ecnefd \^fd^ g^`Y bcY a\ h k_[egY gknYae]] kY geffY gY p efd `kdca_\_d ae`dbcY
fecd ] eddkgefd cf uaY_ gY Z\]_Yc`d ] ec` geffkYd l
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 � 5ü�ùúý÷õþ�÷øùú 6 �öõ÷øõ ûü õþ�öúý øúý÷õþ�üú÷�ý
ÒeÏefd o ]`kdYf_ aYd `YZefd_`cZ_^efd ep_YfcYd ae`dbcY fecd g^d] edefd g icfY j\h ^aaY gY`cp\fd ^fd_`ch Yf_kd g\fd a\ h 	hY g^`YZ_^ef l mecd n^dc\a^defd aYd `kdca_\_d ] ec` aYd h 	hYd

k_\] Yd bcY ] ec` aY _Yd_ ]`kZkgYf_ vne^` /Ä0 1� l�x lmecd j\^defd usc`Y` g\fd a\ usc`Y 2 Å3 1� l� aYd g^) k`Yf_Yd Y``Yc`d Z\aZcakYd \c Zec`d gc
_Yh]d l
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2 Å3 1 � l� ï Îkje`h \_^ef _Yd_ � Ñ r``Yc`d gY `YZefd_`cZ_^ef \nYZ aYd `cp\fd ^fd_`ch Yf_kd




'Ì ¾¿ÀÁÂÃÄ� ÅÁÆ ÇÊ ÉÈÂÀÄËÊÉ

/Ä0 1 � l� ï îc^n^ gY gkje`h \_^ef gY a\ dc`j\ZY � s`�ZY \cw `cp\fd ^fd_`ch Yf_kd

XYd `kdca_\_d fecd h ef_`Yf_ ks\aYh Yf_ ^Z^ bcY a\ h k_[egY fY g^nY`sY ]\d vfecd ep_YfefdaYd h 	hYd Y``Yc`d o a\ uf gY a\ gkje`h \_^ef bc i\c gkpc_ ae`dbcY a\ dc`j\ZY \ `Y]`^d d\
je`h Y ^f^_^\aYx l ÐYd Y``Yc`d gY aefscYc` def_ ]acd kaYnkYd bcY ] ec` a\ h k_[egY ]`kZkgYf_Y qZ\` a\ Zef_`\^f_Y gY aefscYc` f iYd_ o `Yd] YZ_Y` bcY g\fd cfY g^`YZ_^ef q h \^d YaaYd `Yd_Yf_
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\ZZY]_\paYd vYf_`Y
1
Y_

4%
x l ÐYd Y``Yc`d gY ] ed^_^efd gYd Z\]_Yc`d Y_ aYd Y``Yc`d gY � \cdge`)

def_ bc\f_ o YaaYd gc h 	hY e`g`Y bcY ] ec` a\ h k_[egY ]`kZkgYf_Y gY u aY_ gY geffkYd lÎefZ fecd ] ecnefd \cdd^ g^`Y bcY ZY__Y h k_[egY Yd_ d\_^dj\^d\f_Y dc` ZY_ YwYh]aY l
ÒeÏefd aYd `kdca_\_d ep_Yfcd ] ec` cf gYcw ^th Y YwYh]aY l

* +, +, .çíè ,
&ec` ZY gYcw ^th Y _Yd_ q fecd c_^a^defd cfY dc`j\ZY gY ^ k_ ^Y` q Y_ fecd a\ gkje`h efd Yfgk]a\�\f_ ZY`_\^fd ] e^f_d gY Zef_`` aY l ÐYd ] e^f_d gY Zef_`` aY dY gk]a\ZYf_ Yf jefZ_^ef gc

]\`\h t_`Y
t
gY a\ j\�ef dc^n\f_Y vfecd gkje`h efd a\ dc`j\ZY ]c^d a\ `Ygkje`h efd g\fd aYdYfd ^fnY`dY \uf gY `Y_`ecnY` a\ ] ed^_^ef ^f^_^\aYx Ñ

&ec`
t = k

10 , k = 0, ..., 20
]c^d

t = 2− k
10 , k = 1, ..., 20,




P00 =




0
0
0


 P01 =




1
0
0


 P02 =




2
0
0


 P03 =




3
0
t
4




P10 =




0
1
0


 P11 =




1
1
0


 P12 =




2
1 + t

4
−2.t


 P13 =




3
1
t
3




P20 =




0
2
0


 P21 =




1
2
0


 P22 =




2
2
0


 P23 =




3
2
t
2




P30 =




0
3
t
4


 P31 =




1
3
t
3


 P32 =




2
3
t
2


 P33 =




3
3
t








mecd ep_Yfefd \ae`d cfY dkbcYfZY gY � � ^h \sYd l ÒeÏefd aYd kneac_^efd gY ZY__Y dc`j\ZYYf bcYabcYd ^h \sYd g\fd aY _\paY\c /Ä0 1� l� l
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/Ä0 1 � l� ï Îkje`h \_^ef gY a\ dc`j\ZY �
mecd ^fd_`ch Yf_efd ZY__Y dc`j\ZY ]\` cf `kdY\c gY b ]\` b Z\]_Yc`d vne^` 2 Å3 1� l� x lÒeÏefd aYd `kdca_\_d ep_Yfcd ] ec` aYd gYcw h k_[egYd gY Z\aZca l
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2 Å3 1 � l� ï òfd_`ch Yf_\_^ef gY a\ dc`j\ZY �
ó � 5ü�ùúý÷õþ�÷øùú 6 �öõ÷øõ û 7þú � ø�ü÷ ûü ûùúú�üý

%]]a^bcefd ^Z^ a\ `YZefd_`cZ_^ef gY gkje`h \_^efd Yf dc]]ed\f_ bcY fecd \nefd cf uaY_
gY geffkYd gY Z\]_Yc`d q Z iYd_yoyg^`Y e� fecd \nefd aYd geffkYd _\fsYf_^YaaYd \^fd^ bcY aYd`k]\`_^_^efd Zc`n^a^sfYd Yf_`Y aYd Z\]_Yc`d \gð \ZYf_d l Òe^Z^ g\fd aY _\paY\c /Ä0 1� lc aYd
`kdca_\_d n^dcYad ep_Yfcd ] ec` aYd h 	hYd k_\] Yd bcY ae`d gY a\ gYdZ`^]_^ef gY a\ dc`j\ZY Yfh ecnYh Yf_ l mecd neÏefd dc` a\ s\cZ[Y a\ dc`j\ZY ^f ^_^\aY \nYZ def `kdY\c gY Z\]_Yc`d q Y_
dc` a\ g`e^_Y a\ `YZefd_`cZ_^ef \nYZ def `kdY\c `YZefd_`c^_ l
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/Ä0 1 � lc ï îc^n^ gY gkje`h \_^ef gY a\ dc`j\ZY � s`�ZY \c u aY_ gY Z\]_Yc`d
ÐYd Y``Yc`d bcY fecd \nefd ]c Z\aZcaY` \c Zec`d gc _Yh]d def_ `\ddYhpakYd g\fd a\usc`Y 2 Å3 1� lc l
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2 Å3 1 � lc ï Îkje`h \_^ef _Yd_ � Ñ r``Yc`d gY `YZefd_`cZ_^ef \nYZ aY u aY_ gY Z\]_Yc`d
XYd Zec`p Yd g iY``Yc` def_ dÏh k_`^bcYd Ñ ZYa\ h ef_`Y bcY aYd OQQORQP []X OS[OSW [O NY

Z UQ\ O [O NY PRQZ YTO OW SUS [O NY Z YdUS [US W US N e Y UfWOSROl Ð\ h k_[egY gY dc^n ^ gYgkje`h \_^ef fY g^nY`sY ]\d Yf jefZ_^ef gc _Yh]d dc` ZY_ YwYh]aY l Î Y ]acd q fecd neÏefd
bcY aYd Y``Yc`d ep_YfcYd def_ _`td j\^p aYd vgY a ie`g`Y gY

10−3 ]ec` aYd Y``Yc`d gY aefscYc` qh e^fd gY
1%

g iY``Yc` ] ec` a\ ] ed^_^ef gYd Z\]_Yc`d q Y_ h e^fd gY
2%

g iY``Yc` gY � \cdge`) x l

 � 5ü�ùúý÷õþ�÷øùú 6 �öõ÷øõ ûü õþ�öúý øúý÷õþ�üú÷�ý

ÒeÏefd o ]`kdYf_ aYd `YZefd_`cZ_^efd ep_YfcYd ae`dbcY fecd g^d] edefd g icfY j\h ^aaY gY
`cp\fd ^fd_`ch Yf_kd g\fd a\ h 	hY g^`YZ_^ef l mecd n^dc\a^defd aYd `kdca_\_d ] ec` aYd h 	hYdk_\] Yd bcY ] ec` aY _Yd_ ]`kZkgYf_ vne^` /Ä0 1� l x l
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/Ä0 1 � l ï îc^n^ gY gkje`h \_^ef gY a\ dc`j\ZY � s`�ZY \cw `cp\fd ^fd_`ch Yf_kd
mecd j\^defd usc`Y` g\fd a\ usc`Y 2 Å3 1� l aYd g^) k`Yf_Yd Y``Yc`d Z\aZcakYd \c Zec`d gc_Yh]d l
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2 Å3 1 � l ï Îkje`h \_^ef _Yd_ � Ñ r``Yc`d gY `YZefd_`cZ_^ef \nYZ aYd `cp\fd ^fd_`ch Yf_kd

mecd ep_Yfefd \nYZ ZY__Y h k_[egY gYd `kdca_\_d d^h ^a\^`Yd o ZYcw ep_Yfcd ]\` a\ h ky_[egY gc uaY_ gY Z\]_Yc`d Ñ aYd `kdca_\_d def_ _`td d\_^dj\^d\f_d l

! Óh iêÝâ$ßàÜêÝ

mecd \nefd Zefd\Z`k ZY__Y ]\`_^Y \c dc^n ^ gY gkje`h \_^ef gY dc`j\ZY g\fd aY _Yh]d l mecd
\nefd \^fd^ ]c \ð ec_Y` \cw Zef_`\^f_Yd geffkYd ]\` aYd dÏd_th Yd gY Z\]_c`Y gY je`h Y a\geffkY gY a\ dc`j\ZY \c h eh Yf_ ]`kZkgYf_ Yf d\Z[\f_ bcY a\ fecnYaaY dc`j\ZY k_\^_ ]`eZ[Y
gY a\ ]`kZkgYf_Y l mecd \n^efd \c ]`k\a\paY gknYae]] k gYd ec_^ad gY dc^n ^ gY gkje`h \_^ef gYZec`p Yd q \^fd^ bcY gY `YZefd_`cZ_^ef gY `kdY\cw gY Zec`p Yd decd Zef_`\^f_Yd gY aefscYc`d
^f_Y`yZ\]_Yc`d l

XYd h k_[egYd dY gk`ecaYf_ Yf gYcw k_\] Yd Ñ fecd gkje`h efd _ec_ g i\p e`g aY `kdY\c gY
Zec`p Yd q ]c^d fecd Z`kefd a\ dc`j\ZY bc^ d i\]]c^Y dc` ZYd Zec`p Yd \nYZ aYd h k_[egYd gY `Yh y]a^dd\sY gY Xeefd l &ec` a\ gkje`h \_^ef gc `kdY\c gY Zec`p Yd q fecd \nefd gknYae]] k gYcw
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g^)k`Yf_Yd h k_[egYd vdYaef aY dÏd_th Y gY Z\]_c`Y gY je`h Y gef_ fecd ] ecnefd g^d] edY` q
de^_ cf u aY_ gY Z\]_Yc`d q de^_ cfY j\h ^aaY gY `cp\fd gY Z\]_Yc`dx q h k_[egYd bc^ `kc_^a^dYf_aYd g^) k`Yf_Yd p`^bcYd h ^dYd Yf jcn`Y g\fd aYd Z[\]^_`Yd ]`kZkgYf_d l

rf Y)Y_ q d^ fecd \nefd cf uaY_ gY Z\]_Yc`d q fecd `YZefd_`c^defd aYd gYcw Zec`p Yd gYp e`g dYaef aYd h k_[egYd gY gkje`h \_^ef gY Zec`p Yd q ]c^d fecd Z`kefd cf `kdY\c gY Zec`p Yd
jY`h k decd Zef_`\^f_Yd gY aefscYc` ]`eZ[Yd gc `kdY\c ^f^_^\a l r_ d^ fecd g^d] edefd g icfYj\h ^aaY gY `cp\fd ^fd_`ch Yf_kd q fecd `YZefd_c^defd aYd `cp\fd ^f d_`ch Yf_kd ]\` a\ h k_[egY
gY gkje`h \_^ef gY Zec`p Yd q ]c^d fecd Z`kefd aYd Zec`p Yd gY a i\c_`Y g^`YZ_^ef Yw\Z_Yh Yf_ gYa\ h 	hY h \f^t`Y bcY ] ec` ep_Yf^` a\ dc`j\ZY ^f ^_^\aY l

mecd \nefd _Yd_k ZYd h k_[egYd dc` gYcw YwYh]aYd q dc` aYdbcYad fecd \nefd ]c ðcsY`gY aYc` Y� Z\Z^_k q \nYZ gYd Y``Yc`d bc^ fY g^nY`sY\^Yf_ ]\d g icfY ]\`_ q h ef_`\f_ bcY aYd
h k_[egYd f i\n\^Yf_ ]\d p Yde^f gY `YZ\a\sY q Y_ gYd Y``Yc`d _`td j\^p aYd g i\c_`Y ]\`_ q h ef_`\f_^Z^ bcY fecd ] ecn^efd ep_Yf^` gY _`td p effYd dc`j\ZYd `kdca\_d l

kcdbc io ]`kdYf_ q fecd \nefd gknYae]] k aYd ec_^ad gY `YZefd_`cZ_^ef gY Zec`p Yd Y_ gYdc`j\ZYd q _\f_ Yf d_\_^bcY bc iYf gkje`h \_^ef q Y_ fecd aYd \nefd Z\`\Z_k`^dk dc` gYd YwYh]aYd
d^hcakd l mecd \aaefd g\fd a\ gY`f^t`Y ]\`_^Y gY ZY geZch Yf_ fecd e`^Yf_Y` dc` aY Z`_k _YZ[yfeaes^bcY gY ZY__Y _[tdY q o d\ne^` bcYad def_ aYd ec_^ad _YZ[feaes^bcYd bc^ fecd ] Y`h Y__Yf_
g i\ne^` gYd geffkYd _\fsYf_^YaaYd gY Zec`p Yd ec gY dc`j\ZYd q Zehh Yf_ aYd c_^a^dY` q bcYaddef_ aYd ]`e_e_Ï] Yd bc^ ef_ k_k gknYae]] kd q Y_ Yfuf bcYad `kdca_\_d gY `YZefd_`cZ_^ef fecdep_Yfefd \nYZ fed \ase`^_[h Yd l
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XY Z[\]^_`Y Yd_ Zefd\Z`k \c� `k\a^d\_^efd j\^_Yd ] ec` c_^a^dY` Y_ _Yd_Y` aYd \asey
`^_[h Yd bcY fecd \nefd gknYae]] kd g\fd ZY h \fcdZ`^_ l mecd gk_\^aaY`efd g\fd cf]`Yh ^Y` _Yh]d aYd g^nY`d Z\]_Yc`d bcY fecd ] ecnefd c_^a^dY` Y_ aYc` \ddeZ^\_^ef \uf
gY Zeff\�_`Y aYd geffkYd _\fsYf_^YaaYd gef_ fecd \nefd p Yde^f ] ec` `YZefd_`c^`Y aYdZec`p Yd ec aYd dc`j\ZYd dc` aYdbcYaaYd fecd g^d] edefd aYd Z\]_Yc`d l &c^d q fecd nY``efd
aY `cp\f bc^ \ k_k `k\a^dk Zehh Y gkh efd_`\_Yc` l rfuf q fecd epdY`nY`efd aYd `kdca_\_dgY `YZefd_`cZ_^ef ep_Yfcd \nYZ ZY ]`e_e_Ï] Y ] ec` a\ `YZefd_`cZ_^ef _\f_ gYd Zec`p Yd
]a\fYd Y_ s\cZ[Yd bcY gYd dc`j\ZYd l
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XY Z[\]^_`Y h ef_`Y aYd \]]a^Z\_^efd _YZ[feaes^bcYd gc _`\n\^a gY `YZefd_`cZ_^ef gY
Zec`p Yd Y_ dc`j\ZYd o ]\`_^` gY geffkYd _\fsYf_^YaaYd bcY fecd \nefd gknYae]] k _ec_ \caefs gY ZY h \fcdZ`^_ l mecd \nefd `k¡kZ[^ o a ika\p e`\_^ef g icf ]`e_e_Ï] Y Z\]\paY gY jec`f^`
gY _YaaYd ^fje`h \_^efd l mecd \aaefd ne^` fe_`Y gkh \`Z[Y Y_ a ika\p e`\_^ef gc gkh efd_`\_Yc``k\a^dk l

¢ ÓÔ ÕáàâØÜ£ÛÜ¤Ý Þß £Ø¤Û¤Û¥£á

ÒeÏefd g\fd cf ]`Yh ^Y` _Yh]d ZehhYf_ ^a fecd Yd_ ] edd^p aY g iep_Yf^` gYd geffkYd
_\fsYf_^YaaYd o ]\`_^` gY h ^Z`eZ\]_Yc`d l

¦ +-+- §çí ¨�©èç��í

ÐY Ðrª ò Zef�e^_ gY]c^d gY fehp`YcdYd \ffkYd gYd Z\]_Yc`d gY geffkYd _Y``Yd_`Yd q bc^def_ \^fd^ Z\]\paYd gY dY ske`kjk`YfZY` l Î Yc� de`_Yd gY Z\]_Yc`d def_ gknYae]] kd l mecd
\nefd g icfY ]\`_ aYd h ^Z`ey\ZZkak`eh t_`Yd q bc^ def_ gYd Z\]_Yc`d dYfd^p aYd o a i\ZZkak`\_^ef q^ad jec`f^ddYf_ \^fd^ a\ g^`YZ_^ef gc Z[\h] s`\n^_\_^effYa ae`dbcY fecd aYd c_^a^defd gY j\�ef
d_\_^bcY Ñ fecd \nefd \ae`d a\ Zeff\^dd\fZY gY a\ ] Yf_Y ]\` `\]] e`_ o a\ nY`_^Z\aY gY ZY Z\]y_Yc` l mecd \nefd g i\c_`Y ]\`_ a\ ] edd^p ^a^_k g ic_^a^dY` gYd h ^Z`eyh \sfk_eh t_`Yd q bc^ geffYf_
gYd ^fje`h \_^efd g ie`^Yf_\_^ef ]\` `\]] e`_ \c Z[\h] h \sfk_^bcY _Y``Yd_`Y vae`dbcY \cZcfY\c_`Y dec`ZY h \sfk_^bcY f iYd_ ]`eZ[Y gc Z\]_Yc`x l

XYd Z\]_Yc`d geffYf_ gYd n\aYc`d g\fd cf ^f_Y`n\aaY gY geffkYd Ñ a\ n\aYc` a\ ]acd kaYnkY
k_\f_ ae`dbc i^a Yd_ e`^Yf_k Y�\Z_Yh Yf_ g\fd aY dYfd gc Z[\h] bc i^a h Ydc`Y v]\` Y�Yh]aY qcf \ZZkak`eh t_`Y ^hhep^aY geffY`\ d\ n\aYc` h \� ^h \aY ae`dbc i^a dY`\ e`^Yf_k nY`_^Z\aYh Yf_
nY`d aY p\dx q Y_ a\ n\aYc` h ^f^h \aY Yd_ ep_YfcY ae`dbc i^a Yd_ g\fd a\ g^`YZ_^ef e]]edkY \cZ[\h] bc i^a h Ydc`Y v] ec` a i\ZZkak`eh t_`Y q ZYa\ dY ]`egc^_ gefZ ae`dbc i^a Yd_ Yf ] ed^_^ef
nY`_^Z\aY nY`d aY [\c_x l % ^fd^ q Yf `kkZ[Yaeff\f_ aYd n\aYc`d Yf_`Y

1
Y_ −1

q fecd ] ecnefd ne^`aYd Z\]_Yc`d ZehhY geff\f_ aYd n\aYc`d gY Zed^fcd gYd \fsaYd bc i^ad h Ydc`Yf_ Yf_`Y aYc`
]`e]`Y e`^Yf_\_^ef Y_ a\ g^`YZ_^ef gc Z[\h] bc i^ad h Ydc`Yf_ l

X[\bcY Z\]_Yc` v\ZZkak`eh t_`Y ec h \sfk_eh t_`Yx Y� ^d_Y decd je`h Y h efe\� ^\aY vcfZ\]_Yc` g\fd cfY dYcaY g^`YZ_^ef fecd geff\f_ \^fd^ a i\fsaY bc i^a j\^_ ]\` `\]] e`_ o def
Z[\h] gY `kjk`YfZYx q decd je`h Y p^\� ^\aY vgYc� Z\]_Yc`d e`_[esef\c� Yf_`Y Yc� geffYf_\^fd^ gYc� n\aYc`d Z\]_Yc`dx q ec decd je`h Y _`^\� ^\aY vfecd \nefd cf _`^tg`Y e`_[esef\a gY
geffkYd Z\]_Yc`dx l

mecd gYnefd Zehp^fY` ]acd^Yc`d gY ZYd Z\]_Yc`d ] ec` \ne^` aYd geffkYd _\fsYf_^YaaYdgef_ fecd \nefd p Yde^f l mecd \aaefd ne^` gYdbcYad fecd gYnefd fecd dY`n^` g\fd a\ dc^_Y l
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¦ +-+, ­ê®®çëè ê�èçëå� æçí éêëëìçí è�ë¯çëèåçææçí °ê�æ�çí
ÐY ]`epath Y ^Z^ Yd_ gY gk_Y`h ^fY` Zehp^Yf gY Z\]_Yc`d fecd \aaefd h Y__`Y Yf Z[\bcY] e^f_ gY h Ydc`Y \uf g i\ne^` aYd ^fje`h \_^efd _\fsYf_^YaaYd gef_ fecd \nefd p Yde^f vh efey

\�Y q p ^\�Y ec _`^\�Y q \ZZkak`eh t_`Yd Y_±ec h \sfk_eh t_`Ydx l mecd \aaefd dc]]edY` ^Z^ bcYaYd Z\]_Yc`d g icf h 	hY ]e^f_ gY h Ydc`Y def_ ] edkd Y�\Z_Yh Yf_ \c h 	hY Yfg`e^_ l
me_`Y ]`e_e_Ï] Y \ a\ je`h Y g icf `cp\f q fecd \c`efd \ae`d o `YZefd_`c^`Y a\ Zec`p Y bc^

je`h Y a i\�Y gc `cp\f l % ^fd^ q ae`dbcY fecd kbc^] efd fe_`Y dÏd_th Y gY Z\]_Yc`d q fecd \c`efd\ZZtd o gYd ^fje`h \_^efd ]acd ^h]e`_\f_Yd vo d\ne^` a i^fje`h \_^ef dc` aYd ]a\fd _\fsYf_dx
bcY d^ fecd \n^efd dYcaYh Yf_ cf ua ^fd_`ch Yf_k l

&ec` `YZefd_`c^`Y cfY Zec`p Y vbc^ Yd_ gkZ`^_Y ]\` cf `cp\f x q fecd \nefd p Yde^f gYZeff\�_`Y aY nYZ_Yc` _\fsYf_ Yf Z[\bcY ] e^f_ gY h Ydc`Y vnYZ_Yc`
T

g\fd a\ usc`Y 2 Å3 1c l�x l

T

2 Å3 1 c l� ï ²cp\f Y_ geffkYd o Y�_`\^`Y
mecd \aaefd k_cg^Y` aY ]`epath Y ]ec` aYd gYc� Z\d dc^n\f_d Ñ _ec_ g i\p e`g d^ aY `cp\f`Yd_Y g\fd cf ]a\f nY`_^Z\a v^a fY gkZ`^_ \ae`d bc icfY Zec`p Y ] a\fYx q ]c^d ae`dbc i^a gkZ`^_ cfY

Zec`p Y g\fd a iYd]\ZY l
ó � 5ü�ùúý÷õþ�÷øùú ûüý �ùþõ�üý ��öúüý

mecd dc]]edefd g\fd ZY__Y ]\`_^Y bcY aY `cp\f gkZ`^_ cfY Zec`p Y ]a\fY g\fd cf ]a\f
nY`_^Z\a l & `Yfefd \ae`d cf `kjk`Yf_^Ya \pdeac p^y\�Y

(e1, e2)
\nYZ

e1
Yf g^`YZ_^ef [e`^_ef_\aYv]\` Y�Yh]aY Yf g^`YZ_^ef gc fe`gx Y_

e2
nY`d aY [\c_ l

ÐYd \ZZkak`eh t_`Yd nef_ geffY` aYc` e`^Yf_\_^ef ]\` `\]] e`_ \c Z[\h] s`\n^_\_^effYa
_Y``Yd_`Y

A =

(
0
−1

) q Y_ aYd h \sfk_eh t_`Yd geffYf_ aYc` e`^Yf_\_^ef ]\` `\]] e`_ \c Z[\h]
h \sfk_^bcY bc^ Yd_ e`^Yf_k nY`d aY fe`g \nYZ cf \�Y gY

60³ nY`d aY p\d vZY__Y g^`YZ_^efZe``Yd] efg \c nYZ_Yc` _\fsYf_ \c� a^sfYd gY Z[\h] ]\dd\f_ \c f^nY\c gc
45

y^th Y ]\`\aataYx q
gefZ d ikZ`^_ g\fd a\ p\dY

M =

(
1
2

−
√

3
2

) l
ÐYd nYZ_Yc`d _\fsYf_d Z[Y`Z[kd def_ gYd nYZ_Yc`d cf^_\^`Yd Yf � g^h Yfd^efd q gefZ def_jefZ_^ef g icf \fsaY Ñ

T =

(
x = cosα
y = sinα

)
.
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mecd gYnefd \^fd^ gk_Y`h ^fY` a i\fsaY
α
q neÏefd gY Zehp^Yf gY Z\]_Yc`d fecd \nefd

p Yde^f l

´µ¶¶·¸¹ º »¼¶ ½¾¾·¿·ÀµÁÂÃÀ¸ Áµ¶µ½Ä¸ î^ fecd ]a\�efd cf \ZZkak`eh t_`Y g\fd a i\�Ygc nYZ_Yc` _\fsYf_ q ^a n\ fecd geffY` a i\fsaY
γa

T

q \fsaY geffk ]\` a i\ZZkak`eh t_`Y
(a)

]a\Zk
gY aefs gY a i\�Y _\fsYf_

(T )
vne^` 2 Å3 1c l�x l

x Nord

a
T

A

T

y Haut

γ

2 Å3 1 c l� ï ÎeffkY gY a i\ZZkak`eh t_`Y h efe\�Y
mecd ep_Yfefd a\ `Ya\_^ef dc^n\f_Y vaY Z\]_Yc` jec`f^_ aY `kdca_\_ gc ]`egc^_ dZ\a\^`YYf_`Y aYd nYZ_Yc`d

A
Y_
T
x Ñ

T.

(
0
−1

)
= cos(γa

T )

− sinα = cos(γa
T )

α = ±γa
T −

π

2

mecd neÏefd \]]\`\�_`Y cfY ^fgk_Y`h ^f\_^ef e� gYc� Z[e^� def_ ] edd^p aYd Ñ Yf Y)Y_ q
fecd fY d\nefd ]\d gY bcYa Ze_k fecd dehhYd ]\` `\]] e`_ o a\ nY`_^Z\aY l Ð\ usc`Y 2 Å3 1c l�^aacd_`Y aYd gYc� nYZ_Yc`d deac_^efd v

T
Y_
T2

x ] ec` a\ geffkY g icf h 	hY \fsaY
γa

T

l

x Nord

a
Tγ a

T

T2

A

T

y Haut

γ

2 Å3 1 c l� ï %hp^sc^_k gY deac_^efd
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mecd gYnefd \ae`d \ð ec_Y` cf \c_`Y Z\]_Yc` l mecd \nefd gYc� Z[e^� ]edd^p aYd Ñ de^_ \ð ecy
_Y` cf h \sfk_eh t_`Y g\fd a i\�Y _\fsYf_ q de^_ \ð ec_Y` cf \ZZkak`eh t_`Y g\fd cfY g^`YZ_^efe`_[esef\aY l
´µ¶¶·¸¹ º »¼¶ ½¾¾·¿·ÀµÁÂÃÀ¸ Áµ¶µ½Ä¸ ¸Ã º »¼¶ Á½Å¶·ÃµÁÂÃÀ¸ Áµ¶µ½Ä¸ mecd\ð ec_efd cf h \sfk_eh t_`Y g\fd a i\�Y _\fsYf_ l mecd \ð ec_efd \ae`d o a\ `Ya\_^ef bcY fecd\nefd s`�ZY o a i\ZZkak`eh t_`Y a\ geffkY gc fecnY\c Z\]_Yc`

γm
T

vne^` aY dZ[kh \ 2 Å3 1c l� x q
bc^ geffY a\ `Ya\_^ef dc ^n\f_Y Ñ

M

m
T T

y Haut

x Nord

γ

2 Å3 1 c l� ï ÎeffkY gc h \sfk_eh t_`Y h efe\�Y

T.

(
1
2

−
√

3
2

)
= cos(γm

T )

1

2
cosα−

√
3

2
sinα = cos(γm

T )

cos(α+
π

3
) = cos(γm

T )

α = ±γm
T −

π

3ÐYd gYc� Z\]_Yc`d fecd geffYf_ Z[\Zcf � Z[e^� ]edd^p aYd bc^ def_ g^)k`Yf_d Ñ � dYcaYdeac_^ef dY`\ ZehhcfY q fecd neÏefd def ^aacd_`\_^ef dc` a\ usc`Y 2 Å3 1c lc q e� ]ec` a\ geffkY
gY
γa

T

fecd \nefd aYd gYc� deac_^efd ] edd^p aYd
T

Y_
T2

q Y_ ] ec` a\ geffkY gY
γm

T

q fecd \nefdaYd gYc� deac_^efd
T

Y_
T3

q h \^d dYca
T

Yd_ deac_^ef ZehhcfY Ñ Z iYd_ gefZ a\ deac_^ef gc
]`epath Y l
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M

a
T

T2

γ a
T

T3

γ m
Tγ m

T

y Haut

x Nord

T

A

γ

2 Å3 1 c lc ï òfje`h \_^efd \ZZkak`eh t_`Y Y_ h \sfk_eh t_`Y
mecd Z[e^d^ddefd gefZ a i\fsaY

α
gY a\ j\�ef dc^n\f_Y Ñ

d^ ∣∣∣γa
T −

π

2
− γm

T +
π

3

∣∣∣ < ε
ec ∣∣∣γa

T −
π

2
+ γm

T +
π

3

∣∣∣ < ε
\ae`d

α = γa
T −

π

2
,

vc l�x
d^fef

α = −γa
T −

π

2
.

´µ¶¶·¸¹ º »¼¶ ½¾¾·¿·ÀµÁÂÃÀ¸ Æ Ç½Ä¸ ÒeÏefd o ]`kdYf_ ZehhYf_ fecd ] ecnefd Zeff\�_`Y
a i\fsaY

α
o a i\^gY g icf \ZZkak`eh t_`Y p^\�Y l mecd \nefd Yf ]acd gY a\ geffkY gY a i\fsaY

γa
T

qa\ geffkY g icf \ZZkak`eh t_`Y ]a\Zk gY h \f^t`Y e`_[esef\aY g^`YZ_ ]\` `\]] e`_ \c nYZ_Yc`
T

Z[Y`Z[k l î^ fecd fe_efd ZY nYZ_Yc` fe`h \a
N

q aY Z\]_Yc` geffY \ae`d a\ n\aYc`
γa

N

q bc^Yd_ dZ[kh \_^dk dc` a\ usc`Y 2 Å3 1c l l X[\bcY Z\]_Yc` geffY gYc� nYZ_Yc`d deac_^efd q gefZ

N

a
T

γ a
N

A

T

y Haut

x Nord

γ

2 Å3 1 c l ï ÎeffkYd g icf \ZZkak`eh t_`Y p^\�Y
� Zec]aYd

(T,N)
deac_^efd l È ` q fecd d\nefd bcY aY Zec]aY

(T,N)
Zefd_^_cY cf `Y] t`Y g^y`YZ_ q Y_ ]\`h ^ ZYd � Zec]aYd deac_^efd q � fY je`h Yf_ ]\d cf `Y] t`Y e`_[esef\a q Y_ ]\`h ^ aYd
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gYc� Zec]aYd deac_^efd `Yd_\f_d q cf dYca geffY cf `Y] t`Y g^`YZ_ Ñ ZYZ^ fecd ] Y`h Y_ gY aYnY`
a i\hp^sc^_k l

mecd ] ecnefd gefZ Z[e^d^` a\ n\aYc` gY a i\fsaY
α

Yf jefZ_^ef gY a\ geffkY gY
cos(γa

N )
l

rf Y) Y_ q fecd neÏefd bcY d^ aY nYZ_Yc`
T

dY d^_cY g\fd aYd bc\g`\f_d òò Y_ òòò vn\aYc`d gY
xfks\_^nYdx \ae`d aY nYZ_Yc`

N
dY d^_cY g\fd aYd bc\g`\f_d òòò Y_ òÒ vn\aYc`d

y
fks\_^nYd gefZ

0 ≤ cos(γa
N )

x l r_ g\fd a i\c_`Y Z\d v
T

g\fd aYd bc\g`\f_d òÒ Y_ òx q fecd \c`efd
cos(γa

N ) ≤ 0
l

% ^fd^ dYca aY d^sfY gY
cos(γa

N )
dc� _ o gk_Y`h ^fY` a\ n\aYc` gY a i\fsaY

α
`YZ[Y`Z[k Ñ

d^
0 ≤ cos(γa

N )
\ae`d

α = γa
T −

π

2
,

vc l�x
d^fef

α = −γa
T −

π

2
.

Éµ¶¾¿¼¹Çµ¶ &ec` a\ Zeff\^dd\fZY _e_\aY gY geffkYd _\fsYf_^YaaYd \uf gY `YZefd_`c^`Y
gYd Zec`p Yd ]a\fYd q fecd \nefd p Yde^f gY gYc� n\aYc`d Z\]_Yc`d Yf cf ]e^f_ gY h Ydc`Y Ñde^_ cf \ZZkak`eh t_`Y h efe\�Y g\fd a\ g^`YZ_^ef _\fsYf_^YaaY Zehp^fk o cf h \sfk_eh t_`Y
h efe\�Y g\fd ZY__Y h 	hY g^`YZ_^ef q de^_ cf \ZZkak`eh t_`Y p^\�Y l

 � 5ü�ùúý÷õþ�÷øùú ûüý �ùþõ�üý Êöþ�Ëüý

ÒeÏefd o ]`kdYf_ bcYad Z\]_Yc`d def_ fkZYdd\^`Yd o a\ Zeff\^dd\fZY gYd nYZ_Yc`d _\fsYf_d
] ec` a\ `YZefd_`cZ_^ef gY Zec`p Yd s\cZ[Yd l Î \fd ZY Z\d q fecd gYnefd gk_Y`h ^fY` aYd nYZ_Yc`d_\fsYf_d g\fd a iYd]\ZY

3D
q nYZ_Yc`d cf^_\^`Yd Ñ

T =



x

y

z


 , x2 + y2 + z2 = 1.

mecd fecd ]a\�efd g\fd aY `Y] t`Y
(e1, e2, e3)

q \nYZ
e1

nY`d aY fe`g q
e2

nY`d a iecYd_ Y_
e3nY`d aY [\c_ l mecd ] ecnefd \^fd^ Y�]`^h Y` fed

2
nYZ_Yc`d gY `kjk`YfZY Ñ aY nYZ_Yc` `Y]`kdYfy

_\f_ a\ g^`YZ_^ef gc Z[\h] s`\n^_\_^effYa _Y``Yd_`Y
A =




0
0
−1


 Y_ aY nYZ_Yc` `Y]`kdYf_\f_

a\ g^`YZ_^ef gc Z[\h] h \sfk_^bcY _Y``Yd_`Y Ñ
M =




1
2
0

−
√

3
2


 l

m ecd \aaefd gkZ`^`Y ]\` a\ dc^_Y ]`es`Ydd^nYh Yf_ aYd Z\]_Yc`d bcY fecd c_^a^defd Y_ aYd
geffkYd bc i^ad jec`f^ddYf_ l

´µ¶¶·¸ º »¼¶ ½¾¾·¿·ÀµÁÂÃÀ¸ Áµ¶µ½Ä¸ ¸Ã º »¼¶ Á½Å¶·ÃµÁÂÃÀ¸ Áµ¶µ½Ä¸ XYa\ fecdgeffY a i\fsaY
γa

T

bcY j\^_ aY nYZ_Yc` _\fsYf_ Y_ a\ nY`_^Z\aY Ñ

T.A = cos(γa
T )

z = − cos(γa
T )
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Y_ a i\fsaY
γm

T

bcY j\^_ aY nYZ_Yc` _\fsYf_ Y_ a\ g^`YZ_^ef gc Z[\h] h \sfk_^bcY Ñ

T.M = cos(γm
T )

1

2
x−
√

3

2
z = cos(γm

T )

x = 2 cos(γm
T )−

√
3 cos(γa

T )

mecd Zeff\^ddefd ]\`j\^_Yh Yf_
2

Zee`geffkYd dc` aYd
3

Y_ fecd d\nefd bcY aY nYZ_Yc`
Yd_ cf^_\^`Y Ñ ^a fecd `Yd_Y gefZ

2
]edd^p ^a^_kd ] ec` a\ Zee`geffkY

y
l ÐY nYZ_Yc` Yd_ gY a\je`h Y

z = − cos(γa
T )

x = 2 cos(γm
T )−

√
3 cos(γa

T )

y = ±
√

1− x2 − z2

ÐYd gYc� Z\]_Yc`d h efe\�Yd fY dc� dYf_ ]\d Ñ fecd gYnefd \ð ec_Y` g i\c_`Yd Z\]_Yc`d lmecd \aaefd \ð ec_Y` cf \ZZkak`eh t_`Y Y_ cf h \sfk_eh t_`Y g\fd cfY g^`YZ_^ef e`_[esef\aY
\c nYZ_Yc` _\fsYf_ l
´µ¶¶·¸ º »¼¶ ½¾¾·¿·ÀµÁÂÃÀ¸ Æ Ç½Ä¸ ¸Ã º »¼¶ Á½Å¶·ÃµÁÂÃÀ¸ ÆÇ½Ä¸ mecd \aaefd aYd
]a\ZY` g\fd aY ]a\f gc `cp\f q Yf g^`YZ_^ef e`_[esef\aY g^`YZ_Y ]\` `\]] e`_ o ZY ]a\f gc`cp\f vne^` aY dZ[kh \ dc` a\ usc`Y 2 Å3 1c lÌx l

N

T

2 Å3 1 c lÌ ï ²cp\f \nYZ aYd Z\]_Yc`d p^\�Yd
ÐYd ^fje`h \_^efd bcY fecd \c`efd Yf ]acd ^Z^ ZefZY`fYf_ aY nYZ_Yc`

N
q bc^ ] Yc_ fecd

\^gY` o aYnY` a i^fgk_Y`h ^f\_^ef gY
T

Yf c_^a^d\f_ aY j\^_ bcY
T

Y_
N

def_ gYd nYZ_Yc`de`_[esef\c� l mecd \nefd Ñ

T =



x

y

z


 , N =



xN

yN

zN




ÐYd Z\]_Yc`d ]a\Zkd g\fd a\ g^`YZ_^ef gY
T

fecd geffYf_ aYd `YfdY^sfYh Yf_d ncd g\fda\ ]\`_^Y ]`kZkgYf_Y q aYd gYc� \c_`Yd Z\]_Yc`d fecd geffYf_ gYd ^fje`h \_^efd d^h ^a\^`Yd
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ZefZY`f\f_ aY nYZ_Yc`
N

v\nYZ aYd geffkYd Z\]_Yc`d
γa

N

Y_
γm

N

x q Y_ fecd d\nefd bcY aYd
nYZ_Yc`d def_ e`_[esef\c� Ñ

T =



x = 2 cos(γm

T )−
√

3 cos(γa
T )

y = ±
√

1− x2 − z2

z = − cos(γa
T )


 ,

N =



xN = 2 cos(γm

N )−
√

3 cos(γa
N )

yN = ±
√

1− x2
N − z2

N

zN = − cos(γa
N )


 ,

x.xN + y.yN + z.zN = 0

mecd \nefd \^fd^ gYc� Z[e^� ]ec`
T
q gYc� ]ec`

N
q de^_ Yf _ec_ bc\_`Y Zec]aYd ] edd^p aYd l

ÐY j\^_ bcY
T

Y_
N

de^Yf_ e`_[esef\c� n\ ka^h ^fY` gYd ] edd^p ^a^_kd l
îe^_ T1 = (x, y, z)

q Y_
N1 = (xN , yN , zN )

e`_[esef\c� q vfecd \nefd a\ `Ya\_^ef
x.xN +

y.yN + z.zN = 0
x Y_ g\fd ZY Z\d q fecd \nefd

T2 = (x,−y, z) Y_
N2 = (xN ,−yN , zN )

bc^
def_ \cdd^ e`_[esef\c� v Z\`

x.xN + (−y).(−yN ) + z.zN = x.xN + y.yN + z.zN = 0)
ÑZYd Zef_`\^f_Yd dc]]akh Yf_\^`Yd fY fecd ] Y`h Y__Yf_ ]\d gY gk_Y`h ^fY` a\ deac_^ef Ñ ^a Ï \

_ecð ec`d
2

deac_^efd ] edd^p aYd Ñ
d^
y.yN = −x.xN − z.zN > 0

\ae`d
(y > 0

Y_
yN > 0)

ec
(y < 0

Y_
yN < 0)d^fef

(y > 0
Y_
yN < 0)

ec
(y < 0

Y_
yN > 0)

mecd \nefd \ae`d p Yde^f gY geffkYd dc]]akh Yf_\^`Yd Ñ fecd \aaefd \ð ec_Y` cf Z\]_Yc`g\fd a\ g^`YZ_^ef e`_[esef\aY \c� gYc� \c_`Yd \uf g iep_Yf^` gYd ^fje`h \_^efd dc` aYd _`e^d
\�Yd g icf _`^tg`Y g^`YZ_ l
´µ¶¶·¸¹ º »¼¶ ½¾¾·¿·ÀµÁÂÃÀ¸ ÃÀÇ½Ä¸ ¸Ã º »¼¶ Á½Å¶·ÃµÁÂÃÀ¸ Æ Ç½Ä¸ ÐYd bc\_`Y Z\]y_Yc`d c_^a^dkd fY ] Y`h Y__Yf_ ]\d gY gk_Y`h ^fY` aY Zec]aY deac_^ef q ^a fecd `Yd_Y YfZe`Y gYc�
]edd^p ^a^_kd vaYd gYc� Zec]aYd `Yd_\f_d k_\f_ gYd nYZ_Yc`d e`_[esef\c� Yf_`Y Yc� x l mecd\aaefd gYne^` _`\fZ[Y` Yf \ð ec_\f_ cfY ^fje`h \_^ef dc` aY _`e^d^th Y nYZ_Yc` gc _`^tg`Y l rf
Z`k\f_ aY nYZ_Yc`

B
q nYZ_Yc` je`h \f_ cf _`^tg`Y g^`YZ_ \nYZ

T
Y_
N

q fecd ] ec``efd ka^h ^fY`a\ h \cn\^dY deac_^ef vne^` dc` a\ usc`Y 2 Å3 1c lbx l
rf Y)Y_ q de^_

(T1 = (x, y, z), N1 = (xN , yN , zN ))
aY ]`Yh ^Y` Zec]aY deac_^ef l Î \fd ZYZ\d q aY nYZ_Yc`

B1
gc _`^tg`Y

(T1, N1, B1)
d ikZ`^_ Zehh Y aY ]`egc ^_ nYZ_e`^Ya

B1 = T1 ∧N1Y_ d\ _`e^d^th Y Zee`geffkY Yd_ \ae`d Ñ
zB1

= x.yN − y.xN .

ÐY gYc� ^th Y Zec]aY deac_^ef Yd_
(T2 = (x,−y, z), N2 = (xN ,−yN , zN ))

q Y_ def nYZ_Yc`
B2\ddeZ^k \ ] ec` _`e^d^th Y Zee`geffkY Ñ

zB2
= x.(−yN )− (−y).xN = −zB1

.

mecd ] ecnefd gefZ gk]\`_\sY` aYd gYc� _`^tg`Yd deac_^efd ]\` a\ Zeff\^dd\fZY gc d^sfYgY
zB

Ñ Z iYd_ ] ec`bce^ fecd \aaefd \ð ec_Y` cf \ZZkak`eh t_`Y g\fd a\ g^`YZ_^ef gY
B

l
ÐY Z^fbc^th Y Z\]_Yc` \ð ec_k geffY a\ n\aYc`

γa
B

q fecd \nefd _ec_Yd aYd geffkYd dc ^yn\f_Yd Ñ
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B

T

N

2 Å3 1 c lb ï ª`^tg`Y gY geffkYd

T =



x = 2 cos(γm

T )−
√

3 cos(γa
T )

y = ±
√

1− x2 − z2

z = − cos(γa
T )


 , N =



xN = 2 cos(γm

N )−
√

3 cos(γa
N )

yN = ±
√

1− x2
N − z2

N

zN = − cos(γa
N )




zB = − cos(γa
B)

x.xN + y.yN + z.zN = 0

det(T,N,B) = 1
%nYZ a\ Zef_`\^f_Y gY

T
Y_
N

e`_[esef\c� q fecd \nefd cfY Zeff\^dd\fZY gYd
2
deac_^efd] edd^p aYd Ñ fecd dc]]edefd

y > 0
Ñ

d^
y.yN = −x.xN − z.zN > 0

\ae`d
yN > 0

d^fef
yN < 0

ÐY ]`egc^_ nYZ_e`^Ya fecd geffY cfY `Ya\_^ef Yf_`Y
zB

Y_ aYd Zee`geffkYd gY
T

Y_
N

zB = xN .y − yN .x% ^fd^ fecd Z\aZcaefd
xN .y − yN .x

l î^ ZYa\ n\c_
zB

q \ae`d fe_`Y [Ï] e_[tdY Yd_ Ze``YZ_Y
vfecd \nefd p^Yf

y > 0
x q d^fef vaY Z\aZca gY a\ _`e^d^th Y Zee`geffkY gc ]`egc^_ nYZ_e`^Yan\c_ \ae`d −zB x fecd \nefd

y < 0
l

Éµ¶¾¿¼¹Çµ¶ mecd nYfefd gY ne^` bcY ] ec` Zeff\�_`Y ]\`j\^_Yh Yf_ a\ geffkY _\fsYf_^YaaY
Yf cf ]e^f_ gY h Ydc`Y ] ec` a\ `YZefd_`cZ_^ef g icfY Zec`p Y g\fd a iYd]\ZY q fecd \nefdp Yde^f gY c n\aYc`d Z\]_Yc`d Ñ gYd \ZZkak`eh t_`Yd g\fd aYd _`e^d \�Yd gc _`^tg`Y Y_ gYd
h \sfk_eh t_`Yd g\fd aYd gYc� \�Yd gc ]a\f _\fsYf_ \c `cp\f l XYa\ fecd ] Y`h Y_ Yf j\^_ gYZeff\�_`Y _ec_ aY _`^tg`Y \ddeZ^k \c ] e^f_ gY h Ydc`Y l

¦ +-+Í §ç ����ë ©�êèêèÎ©ç
ÒeÏefd o ]`kdYf_ aY ]`e_e_Ï] Y bc^ \ k_k `k\a^dk l XY `cp\f dec]aY fehhk Ï e`][eîYfdY qg icfY a\`sYc` Yfn^`ef gY � ZYf_^h t_`Yd q \a_Y`fY � \ZZkak`eh t_`Yd _`^\�Yd Y_ � h\sfky_eh t_`Yd p^\�Yd _ecd aYd � qc ZYf_^h t_`Yd Yfn^`ef l mecd neÏefd dc` a\ ][e_e gY a\ usc`Y
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2 Å3 1c l� aYd Z\]_Yc`d g\fd aY `cp\f vcf h \sfk_eh t_`Y Yd_ `Y] k`k ]\` cf ZY`ZaY `ecsY Y_ cf
\ZZkak`eh t_`Y Yd_ `Y] k`k ]\` cf ZY`ZaY nY`_x l

2 Å3 1 c l� ï ²cp\f Ï e`][eîYfdY Y_ dYd Z\]_Yc`d
mecd ] ecnefd ks\aYh Yf_ ne^` a\ nY`d^ef uf\aY gc `cp\f h ecak v`cp\f bc^ \ k_k ZecnY`_g icf h \_k`^\c ]a\d_^bcY a\`sY ] ec` aY ]`e_ksY` Y_ a^ddY` aYd h ecnYh Yf_dx vne^` ][e_e dc` a\usc`Y 2 Å3 1c l��x l

2 Å3 1 c l�� ï ²cp\f Ï e`][eîYfdY
&ec` a\ `YZefd_`cZ_^ef gY Zec`p Yd ]a\fYd q fecd \aaefd fecd dY`n^` gY a\ geffkY dYcaY

gYd \ZZkak`eh t_`Yd vfecd \nefd nc ]`kZkgYhhYf_ bcY a\ geffkY g icf \ZZkak`eh t_`Y p^\�Ydc� d\^_x Ñ fecd dc]]edefd \ae`d bcY fecd g^d] edefd g icf `cp\f gY � ]e^f_d gY h Ydc`Y ve�
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fecd c_^a^defd dYcaYh Yf_ gYc� n\aYc`d \ZZkak`eh k_`^bcYd dc` aYd _`e^d Y_ fecd ^sfe`efd aYd
h \sfk_eh t_`Ydx q Y_ aYd Z\]_Yc`d def_ `k]\`_^d _ecd aYd c ZYf_^h t_`Yd l

&ec` a\ `YZefd_`cZ_^ef gY Zec`p Yd s\cZ[Yd q fecd \nefd p Yde^f gYd c geffkYd Z\]_Yc`d
Yf Z[\bcY ] e^f_ gY h Ydc`Y l È ` aYd � geffkYd \ZZkak`eh k_`^bcYd def_ Yf cf ]e^f_ gY h Ydc`YY_ aYd � geffkYd h \sfk_eh k_`^bcYd def_ d^_ckYd \c� ]e^f_d gY h Ydc`Y ne^d^fd l & acd^Yc`d
] edd^p ^a^_kd def_ Yfn^d\skYd l mecd \nefd Z[e^d^ gY Z`kY` �� ]e^f_d gY h Ydc`Y dc` a\ Zec`p Y o`YZefd_`c^`Y q \nYZ \c� ]e^f_d gY h Ydc`Y \ZZkak`eh k_`^bcY aYd n\aYc`d h eÏYffkYd gYd n\aYc`d
h \sfk_eh k_`^bcYd ne^d^fYd Y_ aY Zef_`\^`Y \c� n`\^d ] e^f_d gY h Ydc`Y h \sfk_eh k_`^bcY lXY__Y _\Z_^bcY gY `YZefd_`cZ_^ef fY ] edY ]\d gY ]`epath Y g\fd aY dYfd e� aYd Z\]_Yc`d def_
]`eZ[Yd aYd cfd gYd \c_`Yd q Y_ aY h \_k`^\c \ddY_ `^s^gY ] ec` bcY aYd n\aYc`d h eÏYffkYd de^Yf_]`eZ[Yd gYd n\aYc`d `kYaaYd Yf ZYd ] e^f_d ne^d^fd l

%uf g ic_^a^dY` ZY `cp\f q fecd gYnefd aY Z\a^p`Y` q Z iYd_yoyg^`Y gk_Y`h ^fY` aYd n\aYc`dZ\`\Z_k`^d_^bcYd gY Z[\bcY Z\]_Yc` ] ec` aYd `Yk_\aeffY` Yf_`Y −1
Y_

1
vY_ \ne^` \^fd^ aYd

n\aYc`d gY Zed^fcd g i\fsaY gef_ fecd \nefd ]\`ak ]`kZkgYhhYf_x l mecd \nefd gkZ`^_ aYdg^)k`Yf_Yd k_\] Yd gY a\ Z\a^p`\_^ef g\fd a i\ffY�Y Î l

¦ +-+* ­êë¨æ�íåêë
Ð\ ]\`_^Y ]`kZkgYf_Y fecd \ ] Y`h ^d gY gk_Y`h ^fY` _YZ[feaes^bcYh Yf_ aYd ] edd^p ^a^_kd] ec` \]]a^bcY` aYd \ase`^_[h Yd gY `YZefd_`cZ_^ef gY Zec`p Yd o ]\`_^` gY geffkYd _\fsYfy

_^YaaYd l mecd \nefd gk_Y`h ^fk aYd Z\]_Yc`d gef_ fecd \n^efd p Yde^f q aYd ec_^ad ] ec` ep_Yf^`aYd geffkYd _\fsYf_^YaaYd vZ\a^p`\_^ef gYd Z\]_Yc`d q Y_ je`hcaYd \f\aÏ_^bcYd ] ec` \ne^` `kYay
aYh Yf_ aYd geffkYd _\fsYf_^YaaYdx q Y_ fecd \nefd gkZ`^_ aY `cp\f ]`e_e_Ï] Y bc^ \ k_k Z`kk o]\`_^` gY ZYd `k¡Y� ^efd l

mecd ] ecnefd o ]`kdYf_ c_^a^dY` Ï e`][eîYfdY ] ec` gkZ`^`Y aYd Zec`p Yd g\fd a iYd]\ZY lmecd \aaefd ]\` a\ dc^_Y ne^` aYd `kdca_\_d bcY fecd \nefd ep_Yfcd l

¢ Ó" Ñáà ØÖàß$ÛÚÛà ¤ãÛáÝßà

¦ +, +- §çí ¨ê���çí
ó � ôöõö�÷�õøýö÷øùú ûþ õþ�öú

%uf gY _Yd_Y` a\ n\a^g^_k gc ]`e_e_Ï] Y c_^a^dk q fecd \nefd j\p`^bck cf s\p\`^_ \Ï\f_
a\ je`h Y g icfY d^fcdeÒgY l % ^fd^ q fecd ] ecnefd Zeh]\`Y` aY `kdca_\_ gY `YZefd_`cZ_^ef gc]`e_e_Ï] Y ]\` a\ h k_[egY bcY fecd \nefd gknYae]] kY \nYZ a\ Zec`p Y `kYaaY bcY ZY s\p\`^_
`Y]`kdYf_Y v2 Å3 1c l��x l



4(4 �¿Ä� ÅÉÄ� ÅÁÆÉ �ÊË«ÆÁ�Á3 Å¬ÈÊÉ

2 Å3 1 c l�� ï Ó\p\`^_ d^fcdeÒg\a
mecd \nefd ] edk aY `cp\f gc`\f_ ]acd^Yc`d dYZefgYd dc` aY s\p\`^_ q aY `cp\f ]`Yf\f_ gYd

h Ydc`Yd gY j\�ef Zef_^fcY q fecd \nefd \^f d^ Y� _`\^_ \ddY_ g i^fje`h \_^efd ] ec` `YZefd_`c^`Y
b�� Zec`p Yd l mecd \nefd g\fd cf ]`Yh ^Y` _Yh]d `YZefd_`c^_ cfY Zec`p Y o ]\`_^` gYd geffkYd
h eÏYffkYd vne^` usc`Y 2 Å3 1c l��x l

0 10 20 30 40 50 60

−5

0

5

 

 

Courbe réelle
Courbe reconstruite

2 Å3 1 c l�� ï î^fcdeÒgY `YZefd_`c^_Y ]\` Ï e`][eîYfdY
XY__Y Zec`p Y h eÏYffkY \gh Y_ cfY Y``Yc` gY aefscYc` gY

2.69.10−2%
q cfY Y``Yc` gY

] ed^_^ef saep\aY gY
1.64%

Y_ cfY Y``Yc` gY � \cdge`) gY
4.52%

l
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mecd \nefd ks\aYh Yf_ `YZefd_`c^_ aYd b�� Zec`p Yd o ]\`_^` gYd geffkYd q e� fecd \nefd
Z\aZcak ZYd _`e^d Y``Yc`d q fecd aYd neÏefd g\fd a\ usc`Y 2 Å3 1c l�� l

0 100 200 300 400 500 600 700 800 900
0.024

0.026

0.028

0.03

0.032
Erreur de longueur en %

0 100 200 300 400 500 600 700 800 900
0

1

2

3

4
Erreur de position totale de la courbe en %

0 100 200 300 400 500 600 700 800 900
0

2

4

6

8
Erreur de Hausdorff en %

2 Å3 1 c l�� ï r``Yc`d gY `YZefd_`cZ_^ef gc s\p\`^_ �Î
mecd Ï \nefd \cdd^ `Y]`kdYf_k aYd n\aYc`d h ^f^h \aYd Yf `ecsY Y_ aYd n\aYc`d h eÏYffYdYf nY`_ l mecd neÏefd \^fd^ bcY aYd Zec`p Yd ep_YfcYd ef_ _ec_Yd gY _`td j\^p aYd Y``Yc`d gY

aefscYc` vcfY h eÏYffY gY
0.024%

x q \^fd^ bcY gYd Y``Yc`d \ddY_ j\^p aYd ] ec` a\ ] ed^_^efsaep\aY v
1.7%

gY h eÏYffYx Y_ a iY``Yc` gY � \cdge`) v
4%

gY h eÏYffYx l
XYd `kdca_\_d h ef_`Yf_ bcY fecd ep_Yfefd gY p efd `kdca_\_d h \as`k gYd geffkYd `kYaaYdgY Z\]_Yc`d vgef_ aYd n\aYc`d def_ ]`kZ^dYd o

1³ ]`tdx l Ð\ h k_[egY gY `YZefd_`cZ_^ef gY
Zec`p Yd ]a\fYd Yd_ gefZ \g\]_kY o ZY dÏd_th Y gY Z\]_c`Y gY je`h Y l

XYd Y``Yc`d def_ \ZZY]_\paYd ] ec` ZY`_\^fYd \]]a^Z\_^efd h \^d fecd ] ecnefd \ne^` p Yyde^f g i	_`Y ]acd ]`kZ^d g\fd g i\c_`Yd Z\d l Î Yd \h ka^e`\_^efd def_ \ae`d o Yfn^d\sY` ] ec` aY
dÏd_th Y Ñ \csh Yf_Y` a\ gYfd^_k gYd Z\]_Yc`d Yd_ cfY ] edd^p ^a^_k l
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 � ôö�÷þõü ûü �ùþÔü�üú÷ ûü �ùþõ�üý
ÒeÏefd o ]`kdYf_ aYd `kdca_\_d bcY fecd ep_Yfefd ae`d gc dc^n ^ gY gkje`h \_^efd gYZec`p Yd l mecd \aaefd gkZ`^`Y gYd h ecnYh Yf_d \nYZ aY `cp\f l mecd gYn`efd \ae`d dc^n`Y

a ikneac_^ef gY d\ je`h Y \c Zec`d gc _Yh]d l mecd `\]] Yaefd bcY fecd gYnefd j\^`Y gYd h ecynYh Yf_d f i\Ï\f_ \cZcfY \ZZkak`\_^ef ]`e]`Y q Z\` aYd Z\]_Yc`d \ZZkak`eh t_`Yd jec`f^`\^Yf_
\ae`d fef ]acd gYd ^fje`h \_^efd dc` aYc` e`^Yf_\_^ef q h \^d cfY ^fje`h \_^ef geff\f_ \cdd^a i\ZZkak`\_^ef gc hecnYh Yf_ Ñ aYd h ecnYh Yf_d bcY fecd j\^defd \nYZ aY `cp\f def_ \ae`d
gYd h ecnYh Yf_d \ddY_ aYf_d lmecd \aaefd Zeh]\`Y` aYd gYc� hk_[egYd bcY fecd \nefd gknYae]] kYd Ñ de^_ fecd \aaefd
`YZefd_`c^`Y o Z[\bcY ]\d gY _Yh]d a\ Zec`p Y ZehhY d^ fecd fY Zeff\^dd^efd ]\d d\ je`h Y\c _Yh]d ]`kZkgYf_ q de^_ fecd \aaefd c_^a^dY` a\ h k_[egY gY gkje`h \_^ef gY Zec`p Yd l mecd
\aaefd _ec_ g i\p e`g ne^` aYd `kdca_\_d ] ec` g^nY`d Y�Yh]aYd gY Zec`p Yd ]a\fYd q ]c^d fecdnY``efd gYd `kdca_\_d dc` aYd Zec`p Yd s\cZ[Yd l
Éµ¼ÀÆ¸ Õ ¿½¶¸

Ö¸¹Ã 
 &ec` aY ]`Yh ^Y` _Yd_ q fecd gkje`h efd aY `cp\f gY j\�ef o Z`kY` cfY dc^_Y gY
c� ^h \sYd l Ð\ Zec`p Y ^f^_^\aY Yd_ Z`kkY o ]\`_^` gY a i\ase`^_[h Y gY p\dY vo ]\`_^` gYd gefyfkYd _\fsYf_^YaaYd dYcaYh Yf_ Y_ \nYZ a\ h k_[egY g i^f_Y`] ea\_^ef gYd \fsaYdx l mecd c_^a^defd
\^fd^ c � je^d a i\ase`^_[h Y gY gkje`h \_^ef gY Zec`p Yd l mecd \aaefd ne^` ^Z^ gYd Zeh]\`\^defdn^dcYaaYd Ñ g\fd aY _\paY\c /Ä0 1c l� fecd neÏefd g^)k`Yf_Yd k_\] Yd gY a\ gkje`h \_^ef q e� a\
Zec`p Y paYcY Yd_ ZYaaY ep_YfcY \nYZ a\ h k_[egY g i^f_ks`\_^ef q Y_ a\ nY`_Y Yd_ ep_YfcY \nYZa\ h k_[egY gY dc^n ^ gY gkje`h \_^ef l
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/Ä0 1 c l� ï ªYd_ � gY gkje`h \_^ef gY Zec`p Yd ]a\fYd \nYZ Ï e`][eîYfdY
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mecd ep_Yfefd n^dcYaaYh Yf_ gYc� j\h ^aaYd gY Zec`p Yd _`td ]`eZ[Yd aYd cfYd gYd \c_`Yd l
%uf gY Zeh]\`Y` ZYd gYc� hk_[egYd q fecd \nefd Z\aZcak aYd Y``Yc`d gY aefscYc` q gY ] ed^y_^efd gY Z\]_Yc`d q gY ] ed^_^ef saep\aY Y_ gY � \cdge`) g icfY h k_[egY ]\` `\]] e`_ o a i\c_`Y l
XYd `kdca_\_d def_ `\ddYhpakd g\fd a\ usc`Y 2 Å3 1c l�� l
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Erreur entre les 2 courbes en %
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Erreur de Hausdorff entre les 2 courbes en %

2 Å3 1 c l�� ï r``Yc`d gc _Yd_ � gY gkje`h \_^ef gY Zec`p Y ]a\fY
mecd ] ecnefd `Yh \`bcY` ]acd^Yc`d j\^_d o ]\`_^` gY ZY _Yd_ l ªec_ g i\p e`g q aYd Y``Yc`ddef_ _ecð ec`d _`td j\^p aYd gefZ fecd ] ecnefd Zefd^gk`Y` bcY aYd gYc� hk_[egYd def_ gc

h 	hY e`g`Y gY d\_^dj\Z_^ef l ÎY ]acd q aYd Y``Yc`d def_ aYd ]acd kaYnkYd ae`dbcY a\ Zec`p Y \cfY je`h Y \ddY_ edZ^aa\f_Y vaYd Y``Yc`d h \� ^h \aYd dY d^_cYf_ ] ec` a i^h \sY
15

q e� fecd neÏefd
a\ uf gYd gYc� Zec`p Yd d ikae^sfY`x l Ï \^d aYd Zec`p Yd \``^nYf_ o `Y_`ecnY` cfY je`h Y ]`eZ[Y\]`td d i	_`Y Yae^sfkYd Ñ fecd f i\nefd ]\d gY ]`epath Y gY g^nY`sYfZY l ÒeÏefd aYd `kdca_\_d
ep_Yfcd ] ec` cf gYc� ^th Y _Yd_ l

Ö¸¹Ã 4 ÐY gYc� ^th Y _Yd_ h ef_`Y cfY dk`^Y gY ��� ^h \sYd e� fecd Yf`ecaefd aY `cp\fdc` ac ^yh 	hY Y_ fecd aY gk`ecaefd Yfdc^_Y l ÒeÏefd aYd `kdca_\_d ep_Yfcd o ZY`_\^fYd k_\] Yd
gY a\ gkje`h \_^ef g\fd aY _\paY\c /Ä0 1c l�



ÐÊÉ Â¿ÉÈ��Ä�É Á0�ÊÆÈÉ 4('

0 5 10 15
−5

−4

−3

−2

−1

0

1

2

3

4

5
 Image 2 sur 142

0 5 10 15
−5

−4

−3

−2

−1

0

1

2

3

4

5
 Image 10 sur 142

0 5 10 15
−5

−4

−3

−2

−1

0

1

2

3

4

5
 Image 20 sur 142

0 5 10 15
−5

−4

−3

−2

−1

0

1

2

3

4

5
 Image 35 sur 142

0 5 10 15
−5

−4

−3

−2

−1

0

1

2

3

4

5
 Image 55 sur 142

0 5 10 15
−5

−4

−3

−2

−1

0

1

2

3

4

5
 Image 67 sur 142

0 5 10 15
−5

−4

−3

−2

−1

0

1

2

3

4

5
 Image 100 sur 142

0 5 10 15
−5

−4

−3

−2

−1

0

1

2

3

4

5
 Image 116 sur 142

/Ä0 1 c l� ï ªYd_ � gY gkje`h \_^ef gY Zec`p Yd ]a\fYd \nYZ Ï e`][eîYfdY
mecd neÏefd aYd gYc� Zec`p Yd dc^n`Y aY h 	hY hecnYh Yf_ gY gkje`h \_^ef l mecd Z\aZcyaefd aYd Y``Yc`d Yf_`Y aYd gYc� Zec`p Yd o Z[\bcY ]\d gY _Yh]d q aYd `kdca_\_d def_ `Y]`kdYf_kd

dc` a\ usc`Y 2 Å3 1c l�c l
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0 50 100 150
0

0.01

0.02

0.03
Erreur de longueur totale en %

0 50 100 150
0

0.5

1

1.5

2
Erreur de positions des capteurs en %

0 50 100 150
0

0.5

1

1.5

2
Erreur entre les 2 courbes en %

0 50 100 150
0

0.5

1

1.5

2

2.5
Erreur de Hausdorff entre les 2 courbes en %

2 Å3 1 c l�c ï r``Yc`d gc _Yd_ � gY gkje`h \_^ef gY Zec`p Y ]a\fY
mecd ep_Yfefd gY j\^p aYd n\aYc`d ] ec` aYd bc\_`Y Y``Yc`d Z\aZcakYd q gY a ie`g`Y gY

10−2%]ec` aYd aefscYc`d q Y_ Yf_`Y
1

Y_
2%

Yf ZY bc^ ZefZY`fY aYd Y``Yc`d gY ] ed^_^efd gYd Zec`p YdYf_`Y YaaYd l mecd ] ecnefd Yf ZefZac`Y bcY aYd gYc� hk_[egYd geffYf_ gY p effYd `YZefdy
_`cZ_^efd gYd Zec`p Yd ]a\fYd Yf gkje`h \_^ef l ÒeÏefd o ]`kdYf_ ZY bcY fecd ep_Yfefd ] ec`aYd Zec`p Yd s\cZ[Yd l
Éµ¼ÀÆ¸ Å½¼¾×¸ mecd gkje`h efd o ]`kdYf_ aY `cp\f g\fd a iYd]\ZY l mecd ep_Yfefd cfY
dkbcYfZY gY cc ^h \sYd l mecd \]]a^bcefd Yf ]\`\aataY a\ h k_[egY gY gkje`h \_^ef Y_ a\h k_[egY bc^ ^f_Y`] eaY a\ gk`^nkY dc` a\ d][t`Y Yf Z[\bcY ]\d gY _Yh]d l mecd ep_Yfefd
\^fd^ gYc� Zec`p Yd deac_^efd o Z[\bcY k_\] Y bcY fecd ] ecnefd Zeh]\`Y` l Òe^Z^ bcYabcYd`kdca_\_d n^dcYad gY Zec`p Yd ep_YfcYd g\fd aY _\paY\c /Ä0 1c l� l îef_ _`\ZkYd Yf paYc aYd
Zec`p Yd ^ddcYd gY a\ h k_[egY g i^f_Y`] ea\_^ef dc` a\ d][t`Y Y_ Yf nY`_ ZYaaYd ep_YfcYd ]\`a\ h k_[egY gY gkje`h \_^ef vfecd _`\�efd ks\aYh Yf_ aYd ]`eð YZ_^efd dc` aYd _`e^d ]a\fd
]\`\aataYd ] ec` h ^Yc� \]]`kZ^Y` a\ je`h Y d]\_^\aYx l
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/Ä0 1 c l� ï ªYd_ gY gkje`h \_^ef gY Zec`p Yd s\cZ[Yd \nYZ Ï e`][eîYfdY
mecd Zeh]\`efd aYd Zec`p Yd ep_YfcYd Yf Z\aZca\f_ aYd Y``Yc`d gY aefscYc` q gY ] ed^y_^efd gYd Z\]_Yc`d q \^f d^ bcY a iY``Yc` saep\aY gY ] ed^_^ef Y_ ZYaaY gY � \cdge`) vne^` usc`Y

2 Å3 1c l� x l
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2 Å3 1 c l� ï r``Yc`d gc _Yd_ gY gkje`h \_^ef gY Zec`p Y s\cZ[Y
XYd Zec`p Yd g iY``Yc` h ef_`Yf_ gY _`td p efd `kdca_\_d vY``Yc`d ^fjk`^Yc`Yd \c ] ec`ZYfy_\sYx Ñ aYd gYc� hk_[egYd def_ _`td d\_^dj\^d\f_Yd l

ô � Ø��ùúý÷õö÷üþõ ÷ü��ý õ�ü�
ÐYd \ase`^_[h Yd gY `YZefd_`cZ_^ef gY Zec`p Yd ]a\fYd Y_ Zec`p Yd s\cZ[Yd ef_ k_k ^h]aky

h Yf_kd g\fd cf Yfn^`effYh Yf_ k\n\ q \uf g ic_^a^dY` aY `cp\f Ï e`][eîYfdY Yf _Yh]d `kYa l
% ^fd^ q fecd ] ecnefd j\^`Y p ecsY` aY `cp\f Y_ ne^` cf `cp\f n^`_cYa dc^n`Y Yf _Yh]d `kYa aYd
h 	hYd h ecnYh Yf_d l ÒeÏefd bcYabcYd ^h \sYd ^aacd_`\f_ ZY aes^Z^Ya Y_ a\ `YZefd_`cZ_^ef gYZec`p Yd ]a\fYd g\fd aY _\paY\c /Ä0 1c l� e� fecd neÏefd aY `cp\f `kYa q Y_ aY `cp\f n^`_cYa
dc] Y`] edk l
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/Ä0 1 c l� ï Îkhefd_`\_Yc` _Yh]d `kYa
ÒeÏefd o ]`kdYf_ aYd `kdc a_\_d bcY fecd ep_Yfefd ] ec` a\ `YZefd_`cZ_^ef gY dc`j\ZY l

¦ +, +, §çí í��Ù�¨çí
Î\fd ZY__Y ]\`_^Y q fecd \aaefd ðcd_Y h ef_`Y` aYd ]`Yh ^Y`d `kdca_\_d bcY fecd ep_Yfefddc` cf Y�Yh]aY Ñ fecd \c`efd \ae`d dYcaYh Yf_ gYd `kdca_\_d n^dcYad l &ec` a\ `YZefd_`cZ_^ef

gY dc`j\ZYd q fecd \aaefd ]a\ZY` aY `cp\f Ï e`][eîYfdY Yf g^)k`Yf_d Yfg`e^_d gY a\ dc`j\ZY qg\fd a\ h 	hY g^`YZ_^ef q Y_ fecd \]]a^bcefd \ae`d fe_`Y \ase`^_[h Y gY `YZefd_`cZ_^ef gY
dc`j\ZYd o ]\`_^` gY `cp\fd ^fd_`ch Yf_kd g\fd cfY dYcaY g^`YZ_^ef lmecd ]`Yfefd ZehhY dc`j\ZYd _Yd_d ZY`_\^fYd ]\`_^Yd g icf Ze) `Y gY _e^_ l
Úüý÷ Û

mecd Ydd\Ïefd g\fd cf ]`Yh ^Y` _Yh]d gY `YZefd_`c^`Y a\ ]\`_^Y \n\f_ gc Ze) `Y l mecd
]a\�efd aY `cp\f g\fd a\ g^`YZ_^ef ncY dc` a\ ][e_e 2 Å3 1c l�Ì l
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2 Å3 1 c l�Ì ï ÎYn\f_ gc Ze) `Y gY _e^_

&c^d fecd aY gkZ\aefd v\c� ]ed^_^efd fe_kYd dc` a\ dc`j\ZYx \uf g iep_Yf^` c Zec`p Yd l
mecd c_^a^defd ks\aYh Yf_ aYd geffkYd gYd c Z\]_Yc`d gY gk]\`_ gY ZYd Zec`p Yd \uf gY Z`kY`cf d^� ^th Y `cp\f n^`_cYa gef_ fecd Zeff\^ddefd a\ `k]\`_^_^ef gYd Z\]_Yc`d Yf h Ydc`\f_
aYd g^d_\fZYd `Ya\_^nYd Y_ aYd geffkYd _\fsYf_^YaaYd Yf ]`Yf\f_ aYd geffkYd fe`h \aYd gY ZYdZ\]_Yc`d Ñ fecd Z`kefd \ae`d ks\aYh Yf_ ZY `cp\f g\fd a\ g^`YZ_^ef e`_[esef\aY Y_ ^a fecd
] Y`h Y_ gY d^_cY` aYd c \c_`Yd `cp\fd aYd cfd ]\` `\]] e`_ \c� \c_`Yd l

%uf gY Z`kY` a\ dc`j\ZY q fecd gYnefd Zefd_`c^`Y aY `kdY\c gY Zec`p Yd Zeh]aY_ q fecdaYd Z`kefd dec` je`h Y gY � Y`h ^_Y ZehhY Y�]a^bck g\fd a\ ]\`_^Y ZefZY`fkY l &c^d fecd
gkuf^ddefd a\ dc`j\ZY deac_^ef ]\` aYd ]\_Z[d gY Xeefd l

ÐYd `kdca_\_d n^dcYad def_ `Y]`kdYf_kd dc` a\ usc`Y 2 Å3 1c l�b q fecd neÏefd o s\cZ[Y aYd
c Zec`p Yd Zeae`kYd geffkYd ]\` aYd `cp\fd Y_ aY `Yd_Y gc `kdY\c vfecd Zec]efd aYd Zec`p Yd
gYd `cp\fd o a\ ]\`_^Y bc^ fecd ^f_k`YddYx q Y_ fecd neÏefd dc` a\ g`e^_Y a\ dc`j\ZY ep_YfcY l

2 Å3 1 c l�b ï ² kdY\c Y_ dc`j\ZY `YZefd_`c^_Y
XYd ]`Yh ^Y`d `kdca_\_d h ef_`Yf_ a\ j\^d\p^a^_k gY a\ h k_[egY q o d\ne^` a\ `YZefd_`cZ_^efgY dc`j\ZYd o ]\`_^` gY `cp\fd ^fd_`ch Yf_kd g\fd a\ h 	hY g^`YZ_^ef l
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Úüý÷ Ü
&ec` aY gYc� ^th Y _Yd_ q fecd Ydd\Ïefd gY `YZefd_`c^`Y a\ ]\`_^Y bc^ Zeh]e`_Y gY je`_Ydn\`^\_^efd gY Zec`pc`Y vne^` 2 Å3 1c l��x l

2 Å3 1 c l�� ï % ``^t`Y gc Ze) `Y gY _e^_

mecd `YZefd_`c ^defd ^Z^ aY h e`ZY\c gY dc`j\ZY o ]\`_^` gY gYc� Zec`p Yd ] a\ZkYd g\fd a\
g^`YZ_^ef h ef_`kY dc` a\ ][e_e ]`kZkgYf_Y l ÐYd `kdca_\_d def_ n^d^p aYd dc` a\ usc`Y 2 Å3 1c l�� qe� fecd neÏefd cf h egtaY fch k`^bcY gc Ze) `Y Y_ a\ dc`j\ZY `YZefd_`c^_Y o ]\`_^` gYd gYc�
`cp\fd Yd_ dc] Y`] edkY Yf h \``ef l

2 Å3 1 c l�� ï Xec`p Yd Y_ dc`j\ZY `YZefd_`c^_Yd o ]\`_^` gc ]`e_e_Ï] Y

mecd neÏefd g\fd ZY_ Y�Yh]aY bcY aYd gYc� Zec`p Yd fe^`Yd h ef_`Yf_ p^Yf aYd n\`^\_^efd
gY je`h Y gY a\ dc`j\ZY Ñ ^a Yf gkZecaY bcY a\ dc`j\ZY `YZefd_`c^_Y \ cfY je`h Y bc^ _^Yf_Zeh]_Y gY ZYd n\`^\_^efd l



4
9 �¿Ä� ÅÉÄ� ÅÁÆÉ �ÊË«ÆÁ�Á3 Å¬ÈÊÉ
¢ Óh i¤Ýâ$ßàÜ¤Ý

ÐYd \n\fZkYd _YZ[feaes^bcYd def_ o a ie`^s^fY gc _`\n\^a _[ke`^bcY gY a\ _[tdY q Y_ cfY
`kYaaY ^f_k`\Z_^ef \ k_k fkZYdd\^`Y ] ec` h YfY` o p ^Yf aYd g^)k`Yf_Yd k_\] Yd g\fd ZYd gYc�geh \^fYd vfecd neÏefd Yf ]\`_^Zca^Y` dc` aY ]`epath Y gYd dc`j\ZYd bcY aYd gknYae]] Yh Yf_d
_YZ[feaes^bcYd Y_ _[ke`^bcYd def_ ^fg^ddeZ^\paYdx l

XY__Y ]\`_^Y fecd \ ] Y`h ^d gY gk_\^aaY` aY _`\n\^a _YZ[feaes^bcY `k\a^dk Yf ]\`\aataY gYZY__Y _[tdY l Î \fd cf ]`Yh ^Y` _Yh]d q fecd \nefd gkZecnY`_ aYd Z\]_Yc`d g ie`^Yf_\_^ef `k\y
a^dkd \c Ðrª ò q Y_ fecd \nefd gk_Y`h ^fk a\ j\�ef gef_ fecd ] ecn^efd ep_Yf^` aYd geffkYd_\fsYf_^YaaYd gef_ fecd \n^efd p Yde^f ] ec` c_^a^dY` fed \ase`^_[h Yd gY `YZefd_`cZ_^ef l ñf
]`e_e_Ï] Y \ \ae`d k_k `k\a^dk o ]\`_^` gY ZYd ZefZacd^efd l

med \ase`^_[h Yd ef_ \^fd^ ]c 	_`Y Zefj`ef_kd \c� geffkYd `kYaaYd gYd Z\]_Yc`d l ñf ]`Yyh ^Y` `kdca_\_ ] ed^_^j \ k_k gY ne^` gYd `YZefd_`cZ_^efd gY Zec`p Yd o ]\`_^` gc gkh efd_`\_Yc` q
Y_ h ef_`\^_ \^fd^ a\ j\^d\p^a^_k g icfY _YaaY \gkbc\_^ef Yf_`Y aYd \ase`^_[h Yd Y_ ZY dÏd_th YgY Z\]_c`Y gY je`h Y l mecd \nefd Yfdc^_Y Z[Y`Z[k o Z\`\Z_k`^dY` a\ bc\a^_k gYd Zec`p Yd epy
_YfcYd \nYZ a\ Z`k\_^ef g icf s\p\`^_ q e� fecd ] ecn^efd \^fd^ Zeh]\`Y` bc\f_^_\_^nYh Yf_a\ Zec`p Y ]a\fY o `YZefd_`c^`Y Y_ a\ Zec`p Y ]a\fY `YZefd_`c^_Y Ñ fecd h ef_`^efd \ae`d gYd
Y``Yc`d saep\aYd gY ] ed^_^ef gY h e^fd gY

2%
Yf h eÏYffY q ZY bc^ ] Y`h Y__\^_ gY n\a^gY` fedh k_[egYd dc` ZY ]`Yh ^Y` ]`e_e_Ï] Y l

mecd \nefd Yfdc^_Y _Yd_k fed g^)k`Yf_d \ase`^_[h Yd dc` ZY ]`e_e_Ï] Y q o d\ne^` a\ `YZefdy
_`cZ_^ef gYd Zec`p Yd s\cZ[Yd vbc^ c_^a^d\^_ \ae`d _ecd aYd Z\]_Yc`d gc `cp\f x q Y_ aYd dc^n ^dgY gkje`h \_^ef gY Zec`p Yd ]a\fYd Y_ s\cZ[Yd q h \^d ZYZ^ Y�Zac d^nYh Yf_ g\fd cf \d] YZ_ bc\y
a^_\_^j q o d\ne^` bcY fecd f i\n^efd ]\d a\ je`h Y `kYaaY gc `cp\f o _ec_ h eh Yf_ ] ec` k_cg^Y``kYaaYh Yf_ a\ bc\a^_k gYd `YZefd_`cZ_^efd l ÐYd \ase`^_[h Yd ef_ Yfdc^_Y k_k ] e`_kd Yf ZegY
k\n\ q \uf g iep_Yf^` cf gkh efd_`\_Yc` _Yh]d `kYa gY gkje`h \_^efd gY Zec`p Yd l

rfuf q fecd \nefd j\^_ gYd ]`Yh ^Y`d _Yd_d gY `YZefd_`cZ_^ef gY dc`j\ZYd o ]\`_^` gY ZY
`cp\f q Yf a i\]]a^bc\f_ Yf g^)k`Yf_d Yfg`e^_d gY a\ dc`j\ZY o `YZefd_`c^`Y Y_ Yf c_^a^d\f_ a\h k_[egY gY `YZefd_`cZ_^ef o ]\`_^` g icfY j\h ^aaY gY `cp\fd ^fd_`ch Yf_kd g\fd a\ h 	hY
g^`YZ_^ef l ÐYd `kdca_\_d h ef_`Yf_ ] ec` a i^f d_\f_ a\ j\^d\p^a^_k g icf _Ya ]`eZYddcd gY `YZefdy_`cZ_^ef l

XYd `kdca_\_d h ef_`Yf_ \cdd^ a\ fkZYdd^_k gY _ecð ec`d Zefj`ef_Y` a\ h k_[egeaes^Y g ic_^y
a^d\_^ef gYd Z\]_Yc`d \nYZ aYd ] e_Yf_^\a^_kd _[ke`^bcYd Y_ \ase`^_[h ^bcYd q \uf gY _`ecnY` aYdh Y^aaYc`d Z[e^� gY gknYae]] Yh Yf_d Zehhcfd l

ñf gY`f^Y` ] e^f_ gef_ fecd \nefd ] Yc ]\`ak ZefZY`fY a i\d] YZ_ gYd ]`ky_`\^_Yh Yf_d gYd
geffkYd l òad ] YcnYf_ 	_`Y gY ]acd^Yc`d e`g`Yd Ñ _`ecnY` gY h Y^aaYc`Yd jefZ_^efd gY h ka\fsY] ec` ep_Yf^` aYd geffkYd _\fsYf_^YaaYd ]acd u\paYd q ka^h ^fY` gYd geffkYd Y``efkYd q h eg^uY`
aYd geffkYd gYd Z\]_Yc`d Yf _Yf\f_ Zeh]_Y gY aYc` ]`kZ^d^ef q ec p^Yf g\fd cfY \c_`Y g^`YZy_^ef _Yf^` Zeh]_Y gYd ] Y`_c`p\_^efd gYd Z\]_Yc`d \uf g iY� _`\^`Y aYd geffkYd _\fsYf_^YaaYd
v]\` Y�Yh]aY g\fd aY Z\d gYd \ZZkak`eh t_`Yd q ^ad fY geffYf_ aYc` ]`e]`Y e`^Yf_\_^ef ]\` `\]y] e`_ \c Z[\h] s`\n^_\_^effYa bcY g\fd aY Z\d e� aYd h ecnYh Yf_d \]]a^bckd \c dÏd_th Y def_
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o \ZZkak`\_^ef ]`e]`Y fcaaY Ñ g\fd aY Z\d e� aYd h ecnYh Yf_d dY`\^Yf_ dech ^d o cfY \ZZkak`\y
_^ef q fecd gYnefd \ae`d Y�_`\^`Y ZY__Y \ZZkak`\_^ef ] ec` ep_Yf^` a i^fje`h \_^ef _\fsYf_^YaaY`YZ[Y`Z[kYx l X iYd_ cf _`\n\^a g iYfnY`sc`Y q Yf h \`sY gY ZY _`\n\^a ]c`Yh Yf_ _[ke`^bcY q h \^d
bc^ dY`\ fkZYdd\^`Y d^ aYd _YZ[feaes^Yd ge^nYf_ 	_`Y c_^a^dkYd \nYZ cfY s`\fgY u\p^a^_k l





Ý {� Þzß ��{� �� à � x �á� Þ��â � �

ãäååä åæçèä è éêëèìíêå îïëè ðë ìñëåä�åä îä ìïòåðíä îä óñíô ä õ Ðä Ðrª ò ï îö÷äøñòò ö îäè
ìïòåäðíè ìïòïùøäè îä è éñíêäëåäí îïëè ø éäèòïìä äå ï ïêëèê ò äíô êè î éñð÷íêí îäè ò äíèò äìåê÷äè
îïëè øï ìïòåðíä îä ô ñð÷äô äëå õ Î ä òøðè øäðí ô êëêïåðíêèïåêñë ï ò äíô êè î éäë÷êèïsäí îä øäè
êëåösíäí äë síïëîä úðïëåêåö ò ñðí öúðêò äí îäè èåíðìåðíäè �Î ûíðùïëè ñð üøè êëèåíðô äëåöèý
ñð �Î ûìñúðäè q åêèèðè q ÷ñêøäè q õõõý ñð÷íïëå ïøñíè øï ÷ñêä þ ìä úðä ø éñë ò äðå ïòò äøäí øï ìïòåðíä
îä óñíô ä õ Ðäè åäìæëêúðäè îä íöèñøðåêñë ëöìäèèêåïêäëå îä ëñð÷äøøäè ô öåæñîñøñs êäè îä íïêèñëÿ
ëäô äëå õ Î äè èñøðåêñëè ñëå ïøñíè òð 	åíä ô êèäè äë jð÷íä ï÷äì øï ÷êèêñë söñô öåíêúðä úðä
ëñðè ï÷ñëè ïòòñíåöä þ ìä òíñùøçô ä õ

% ëñåíä ìñëëïêèèïëìä q ìäååä ÷êèêñë söñô öåíêúðä äèå ò äð ðåêøêèöä ò ñðí øï ìïòåðíä îä
ô ñð÷äô äëå äë söëöíïø ûùïèöä òíêëìêòïøäô äëå èðí îäè èÏèåçô äè ÷êîöñ q îñëì ðåêøêèïëå îäè
ô öåæñîäè êèèðäè îä øï ÷êèêñë ý q äå ì éäèå ïðèèê ÷íïê äë ìä úðê ìñëìäíëä ø éðåêøêèïåêñë îäè ìïòÿ
åäðíè ò ñðí øï ìïòåðíä îä ô ñð÷äô äëå ûúðê èä ùïèä òøðè èðí îð åíïêåäô äëå îð èêsëïøý õ ãä
åíï÷ïêø ïòò ñíåä ïøñíè îäè èñøðåêñëè ìñëìíçåäè þ îê÷äíè òíñùøçô äè ûíäìñëèåíðìåêñë îä ìñðíù äè q
îä èðíóïìäè qõõõý òíñð÷ïëå ïêëèê øï óïêèïùêøêåö îä ø éïòòíñìæä äå ÷ïøêîïëå ïøñíè ø éðåêøêåö îä ò ñðíÿ
èðê÷íä øä åíï÷ïêø åäìæëñøñs êúðä èðí øäè ìïòåäðíè ò ñðí øï ìïòåðíä îä óñíô ä q îä ô ñð÷äô äëå õõõ

� ñðè ï÷ñëè óñíô ïøêèö ìäè òíñùøçô äè åäìæëñøñs êúðäè äë òíñùøçô äè ô ïåæöô ïåêúðäè Ñ øï
úðäèåêñë óðå ïøñíè îä íäìñëèåíðêíä îäè ìñðíù äè äå îäè èðíóïìäè þ òïíåêí îä îñëëöäè åïësäëÿ
åêäøøäè äë îäè ò ñêëåè îä íöòïíåêåêñë ìñëëðä õ

� ñðè ëñðè èñôôäè äë òíäô êäí øêäð ò äëìæö èðí øä òíñùøçô ä îä íäìñëèåíðìåêñë îä ìñðíù äè q
ñ� øï óñíô ïøêèïåêñë îäè îñëëöäè òïí ø éïùèìêèèä ìðí÷êøêsëä ï ò äíô êè îä îöåäíô êëäí ðëä ô öÿ
åæñîä îä íäìñëèåíðìåêñë q òñðí øïúðäøøä ëñðè ï÷ñëè ä�åíïêå îäè òíñòíêöåöè îä ìñëèêèåïëìä
ûêë÷ïíêïëìä òïí íñåïåêñë äå òïí æñô ñåæöåêä q ôêëêô êèïåêñë îä úðïëåêåöè êëåíêëèçúðäè þ øï
ìñðíù äý q ïêëèê úðä îäè òíñòíêöåöè îä ìñë÷äísäëìä äå îä íñùðèåäèèä q úðê ñëå ò äíô êè îä îñëÿ
ëäí ðëä íêsðäðí òæÏ èêúðä ïð� ìñðíù äè èñøðåêñëè ñùåäëðäè òïí ìäååä ô öåæñîä õ

� ñðè ï÷ñëè äëèðêåä óñíô ïøêèö øä òíñùøçô ä îä íäìñëèåíðìåêñë îä èðíóïìäè q òñðí øäúðäø
øä èÏ èåçô ä îä ìïòåðíä îä óñíô ä è éäèå ñísïëêèö äë èÏèåçô ä üøïêíä q ôïêè ï÷äì îäð� ÷êèêñëè
îê)öíäëåäè Ñ èñêå èñðè óñíô ä îä ü øäå îä ìïòåäðíè q èñêå èñðè óñíô ä îä óïô êøøä îä íðùïëè êëèåíðÿ
ô äëåöè îïëè ðëä ô 	ô ä îêíäìåêñë õ � ñðè ï÷ñëè ïøñíè òíñò ñèö îäè ô öåæñîäè îä íäìñëèåíðìåêñë
ò ñðí ìäè îäð� èÏèåçô äè q úðê ïîñòåïêäëå øï ô 	ô ä èåíïåös êä Ñ ëñðè íäìñëèåíðêèñëè î éïù ñíî
ðë íöèäïð îä ìñðíù äè íöò ñëîïëå ïð� ìñëåíïêëåäè îð íöèäïð îä ìïòåäðíè q òðêè ëñðè îöüëêèÿ
èñëè øï èðíóïìä è éïòòðÏïëå èðí ìäè ìñðíù äè ìïíïìåöíêèåêúðäè õ � ñðè ï÷ñëè åäèåö ìäè îê) öíäëåäè
ô öåæñîäè èðí îä ëñôùíäð� ä�äôòøäè q ìäøï ëñðè ï ò äíô êè îä ÷ñêí øäè ò ñèèêù êøêåöè úð éïòò ñíÿ
åïêå ìæïúðä íäìñëèåíðìåêñë õ �ñðè ï÷ñëè ösïøäô äëå òð ððsäí îð ìïíïìåçíä ìñë÷äísäëå îäè
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ôöåæñîäè ïòò ñíåöäè äë öåðîêïëå øä ìñôòñíåäô äëå îäè äííäðíè äë óñëìåêñë îð ëñôùíä îä
ìïòåäðíè õ ãäååä òïíåêä ï ìøïêíäô äëå ô ñëåíö úðä ø éïèò äìå åäìæëñøñs êúðä q þ èï÷ñêí ìñôô äëå
öúðêò äí ðëä èðíóïìä òïí îäè ìïòåäðíè ò ñðí äë ò äíô äååíä øï íäìñëèåíðìåêñë q öåïêå êëîêèèñÿ
ìêïùøä îä øï óñíô ïøêèïåêñë ô ïåæöô ïåêúðä õ

ñëä óñêè ìäè ô öåæñîñøñs êäè îä ìïòåðíä îä óñíô ä ïòòíöæäëîöäè q ëñðè ï÷ñëè öåäëîð øï
òíñùøöô ïåêúðä ïð èðê÷ê îä îöóñíô ïåêñë îä ìñðíù äè äå îä èðíóïìäè q ò äíèò äìåê÷ä ëïåðíäøøä îïëè
ðë åäø îñô ïêëä î éïòòøêìïåêñë õ � ñðè ï÷ñëè ïøñíè ô êè ïð ò ñêëå îä ëñð÷äøøäè ô öåæñîäè îä íäÿ
ìñëèåíðìåêñë q úðê ò äíô äååäëå î éðåêøêèäí øäè ìñëëïêèèïëìäè îä ò ñèêåêñë îä øï óñíô ä þ ø éêëèåïëå
òíöìöîäëå îïëè ðëä ñòåêúðä î éñòåêô êèïåêñë îä åäôòè îä ìïøìðø õ � ñðè ï÷ñëè ïêëèê òð ìñôòïÿ
íäí ìäè ô öåæñîäè îä îöóñíô ïåêñë ïð� ô öåæñîäè îêåäè èåïåêúðäè îö÷äøñòò öäè òíöìöîäôôäëå õñëä ïðåíä öåïò ä îä ø éïô öøêñíïåêñë îäè åäôòè îä ìïøìðø èäíïêå ìäò äëîïëå òíñùïùøäô äëå ñùÿ
åäëðä òïí ðëä êëåösíïåêñë òøðè ò ñðèèöä îäè îê) öíäëåè öøöô äëåè øñs êìêäøè õ

� ñðè ï÷ñëè äëüë ìñëóíñëåö ëñåíä åíï÷ïêø îä ô ñîöøêèïåêñë îä ìñðíù äè äå îä èðíóïìäè ïð�
îñëëöäè óñðíëêäè òïí øäè ìïòåäðíè õ ñë òíñåñåÏò ä ï ïêëèê öåö öøïù ñíö ò ñðí öåðîêäí øï ìñô ÿ
òïåêù êøêåö îä ëñè åíï÷ïð� ï÷äì ìäè îñëëöäè íöäøøäè äå øäè íöèðøåïåè ñùåäëðè ï÷äì ìä òíäô êäí
òíñåñåÏò ä òíñð÷äëå øï ÷ïøêîêåö îä ìäè ô öåæñîäè îä íöèñøðåêñë q äå ñð÷íäëå ïêëèê îä síïëîäè
ò äíèò äìåê÷äè îïëè îä ëñôùíäð� îñô ïêëäè õ rë ä)äå q ëñè åíï÷ïð� ñëå ô ñëåíö ø éêëåöí	å îä
ìäååä íäìæäíìæä ïô ñëå îïëè ìä îñô ïêëä îäè ñù ð äåè ìñôôðëêìïëåè q äå îä ëñôùíäð� ìæïôòè
ïòòøêìïåêóè è éñð÷íäëå îïëè îäè îñô ïêëäè åíçè ÷ïíêöè q ëñåïôôäëå îïëè øäè îñô ïêëäè îð åä�ÿ
åêøä q îä øï ã%È q îä øï èïëåö q îð èò ñíå ñð äëìñíä îïëè ø éïöíñîÏëïô êúðä ûëñðè ï÷êñëè îöåïêøøö
úðäøúðäè ä�äôòøäè ìñëìíäåè äë êëåíñîðåêñë ý õ

ãäè ëñð÷äïð� ñðåêøè èñëå îïëè ìäè ìïè îäè ñðåêøè îä ô äèðíä òíöìêè q üøïêíäè ñð èðíóïÿ
ìêúðäè q îñëëïëå îäè êëóñíô ïåêñëè êëèåïëåïëöäè îä ìñôòñíåäô äëå q äå ò ñð÷ïëå è éïøøêäí ïð�
èêôðøïåêñëè ò ñðí ïòòíöæäëîäí ðë òæöëñô çëä õ

&ñðí ïù ñðåêí þ îä åäøè ñù ð äìåêóè q òøðèêäðíè ò äíèò äìåê÷äè èñëå þ öåðîêäí îïëè øï ìñëåêÿ
ëðêåö îä ìä åíï÷ïêø õ % ìñðíå åäíô ä äå ìñëìäíëïëå îêíäìåäô äëå øä åíï÷ïêø ä) äìåðö êìê q ëñðè
ïøøñëè ëñðè ò äëìæäí èðí øäè ñòåêô êèïåêñëè îäè ô öåæñîäè îö÷äøñòò öäè q ëñåïôôäëå ìäøøäè úðê
ìñëìäíëäëå øäè îöóñíô ïåêñëè îä ìñðíù äè äå èðíóïìäè õ ãäìê ò äðå îïëè ðë òíäô êäí åäôòè èä
ìñëìä÷ñêí èäðøäô äëå äë öåðîêïëå øäè ñòåêô êèïåêñëè î éðë ïèò äìå øñs êìêäø q ôïêè ösïøäô äëå îïëè
ðë îäð� êçô ä åäôòè ìæäíìæäí þ ïô öøêñíäí ëñè ô öåæñîäè îä îöóñíô ïåêñëè îä ìñðíù äè äå èðíÿ
óïìäè ûìäìê ò äðå ïøñíè êôòøêúðäí îä ëñð÷äøøäè ìñëåíïêëåäè þ ïòòøêúðäí þ ëñåíä èÏèåçô ä ñð îä
ëñð÷äøøäè ô öåæñîäè îä íöèñøðåêñë õõõý õ

ñë òñêëå þ öåðîêäí ìñëìäíëä ösïøäô äëå åñðå ìä úðê äèå äë ïô ñëå îä ëñè ô öåæñîäè îä
íäìñëèåíðìåêñë îä óñíô äè þ òïíåêí îäè ìïòåäðíè õ ãäøï åñðìæä ïðèèê ù êäë øä ò ñèêåêñëëäô äëå
îäè ìïòåäðíè ûìñôô äëå åíïêåäí ïð ô êäð� øäè êëóñíô ïåêñëè îäè ìïòåäðíè è éêøè ëä èñëå òïè äë
îäè ò ñêëåè ìñëóñëîðèý q úðä øï säèåêñë îäè äííäðíè îä òíöìêèêñë îäè îñëëöäè êèèðäè îäè ìïòÿ
åäðíè q ñð øä åíïêåäô äëå îäè ìïòåäðíè äííñëöè õõõõ Ï ïêè ìäøï åñðìæä ïðèèê øäè òíñù øöô ïåêúðäè îä
èðê÷ê îä îöóñíô ïåêñëè äë ÷íïêä îÏëïô êúðä ìäååä óñêèÿìê õ � ñðè ï÷ñëè ÷ð úðä øäè ìïòåäðíè úðä
ëñðè ðåêøêèñëè èñëå ïøñíè ò äíåðíù öè òïí ø éïììöøöíïåêñë òíñòíä îð ô ñð÷äô äëå õ ñëä îêíäìåêñë
äë÷êèïsöä ò ñðí íöèñðîíä ìä òíñùøçô ä äèå ïøñíè îä ìæäíìæäí ðë òíöåíïêåäô äëå îäè îñëëöäè
ò ñðí ä�åíïêíä ø éêëóñíô ïåêñë åïësäëåêäøøä þ ø éêëóñíô ïåêñë ò äíåðíù öä îäè ìïòåäðíè q ôïêè ðëä
ïðåíä ò ñèèêù øêåö ò ñðííïêå 	åíä îä ìæäíìæäí îä ëñð÷äøøäè ô öåæñîäè òíäëïëå äë ìñôòåä ìäè
ïììöøöíïåêñëèÿøþ äå óñðíëêèèïëå ïøñíè îäè îöóñíô ïåêñëè ïùèñøðäè îïëè ø éäèòïìä õ
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% ôñÏäë äå øñës åäíô ä èä ò ñèäëå îäè úðäèåêñëè øêöäè ïð� ï÷ïëìöäè åäìæëñøñs êúðäè q úðêsðêîäëå ïøñíè øäè ò äíèò äìåê÷äè ô ïåæöô ïåêúðäè q äå íöìêòíñúðäô äëå õ � ñðè îä÷ñëè îïëè ìä ìïè
ìíöäí îä ëñð÷äïð� òíñåñåÏò äè îä ìïòåðíä îä óñíô ä ûëñåïôôäëå ðåêøêèäí òøðèêäðíè íðùïëè äë
òïíïøøçøä äå øäè ü�äí èðí ðëä èðíóïìä q ñð íö¡öìæêí þ øï ô êèä ïð ò ñêëå î éðë ü øäå îä ìïòåäðíè õõõý
úðê ò äíô äååíñëå ïøñíè îä îöåäíô êëäí øäè ö÷ñøðåêñëè þ ïòòñíåäí ïð� ô öåæñîäè îö÷äøñòò öäè õÎ ä òøðè q ëñðè ò ñð÷ñëè ösïøäô äëå öøïís êí ø éïòòøêìïåêñë îä ëñè ô öåæñîäè òïí øï ô êèä ïð ò ñêëå
äå ø éðåêøêèïåêñë îä ëñð÷äïð� ìïòåäðíè q òïí ä�äôòøä ëñðè ò ñðííêñëè îöìíêíä îäè îöóñíô ïåêñëè
îä ìñðíù äè äå îä èðíóïìäè öøïèåêúðäè èê ëñðè ï÷êñëè îäè êëóñíô ïåêñëè èðí øäè öøñësïåêñëè îäè
ô ïåöíêïð� ðåêøêèöè õ rë ñðåíä q ëñðè ò ñð÷ñëè ïðèèê 	åíä ïô äëöè þ ìæäíìæäí îäè ô öåæñîäè ìñô ÿ
òøçåäô äëå ëñð÷äøøäè èê øï óï�ñë îä íöòïíåêí øäè ìïòåäðíè ë éäèå òøðè èñðè óñíô ä îä ô ïêøøïsä
íäìåïësðøïêíä q ëñåïôôäëå èê ëñðè îö÷äíèñëè îä óï�ñë îäëèä ô ïêè ïøöïåñêíä îäè ìïòåäðíè èðí
øï èðíóïìä þ íäìñëèåíðêíä õõõ

rë ìñëìøðèêñë q ð ä îêíïêè úðä ìäååä åæçèä ï öåö øä òíäô êäí òïè î éðëä ìñøøïù ñíïåêñë äëåíä øä
ô ñëîä ô ïåæöô ïåêúðä äå èï ÷êèêñë söñô öåíêúðä q äå øä ô ñëîä åäìæëñøñs êúðä ï÷äì ø éðåêøêèïåêñë
îäè ìïòåäðíè q úðê ï ò ñíåö èäè óíðêåè äå ñð÷íä îä síïëîäè ò äíèò äìåê÷äè ò ñðí ìñëåêëðäí ìäååä
ïøøêïëìä õ
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� ñðè ëñðè êëåöíäèèñëè îïëè ìäååä òïíåêä þ îê÷äíèäè íäìñëèåíðìåêñëè ò ñèèêù øäè îä øï óñëìÿ
åêñë ïës øä øñíè îä øï íäìñëèåíðìåêñë îä ìñðíù äè òøïëäè þ òïíåêí îäè îñëëöäè åïësäëåêäøøäè õ
 ñðí ìäøï q îäð� síïëîäè ñòåêñëè è éñ¡ íäëå þ ëñðè � ø éêëåäíò ñøïåêñë îäè îñëëöäè ñð øäðí ïòÿ
òíñ�êô ïåêñë õ ã éäèå ìä úðä ëñðè ïøøñëè îöåïêøøäí îïëè ìäååä ïëëä�ä õ
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� ñðè ïøøñëè êìê ëñðè êëåöíäèèäí þ îäè êëåäíò ñøïåêñëè ò ñø-ëñô êïøäè òïí ô ñíìäïð� îäè
ïës øäè õ �ï íösðøïíêåö îä ìäååä êëåäíò ñøïåêñë îöåäíô êëä øï íösðøïíêåö îä øï ìñðíù ä îä íäÿ
ìñëèåíðìåêñë õ rë ä¡äå q èê ø éêëåäíò ñøïåêñë îäè ïës øäè äèå s øñùïøäô äëå

Ck ïøñíè êø äë äèå îä
ô ²ôä òñðí øï îöíê÷öä îä øï ìñðíù ä q äå øï ìñðíù ä èñøðåêñë äèå îñëì

Ck+1 õ ³ êëèê q øï ô öåæñîä
î éêëåäíò ñøïåêñë îäè ïës øäè ÷ï îöò äëîíä îä øï íösðøïíêåö úðä ø éñë ÷äðå ìñëåíïêëîíä þ ëñåíä
èñøðåêñë õ � ñðè ïøøñëè ÷ñêí òøðèêäðíè ò ñèèêù êøêåöè îä íöò ñëèä � ï÷äì îäè êëåäíò ñøïåêñëè øêëöïêíäè
òïí ô ñíìäïð� q úðïîíïåêúðäè s øñùïøäô äëå

C1 q úðïîíïåêúðäè ï-ïëå èäðøäô äëå îäè íïììñíîè
ìñëåêëðè õ � éêëåäíò ñøïåêñë òïí èòøêëä ìðùêúðä ï-ïëå öåö ìæñêèêä îïëè ëñåíä åíï÷ïêø q äøøä äèå
îö÷äøñòò öä îïëè øä ìñíòè îä ìä ô öôñêíä û÷ñêí èäìåêñë � õ� õ� äë òïsä �´ý õ

µ ¶·¶· ¸¹º»¼©½¾¿ºÀ½¹ ¾À¹Á¿ À¼» ©¿¼ ®½¼¨»¿ÂÃ
� éêëåäíò ñøïåêñë øêëöïêíä òïí ô ñíìäïð� äèå îä øï óñíô ä �

α(s) = ai

(
s− si

hi

)
+ bi

û³ õ�ý
ò ñðí

s
q åäø úðä

si ≤ s ≤ si+1
q
i = 0, . . . , n − 1.

�ñðè ï÷ñëè ïêëèê
2n

êëìñëëðäè q äå ø éêëåäíÿ
ò ñøïëå øêëöïêíä äëåíä ìæïúðä ò ñêëå îñêå òïèèäí òïí øäè � òñêëåè ä�åíöô êåöè � øä è- èåçô ä äèå
ìñôòøçåäô äëå îöåäíô êëö

�äè îñëëöäè èñëå îöåäíô êëöäè òïí �
bi = αi, i = 0, ..., n− 1

û³ õ�ïý
ai = αi+1 − αi, i = 0, ..., n− 1

û³ õ�ù ý

µ ¶·¶Ä ¸¹º»¼©½¾¿ºÀ½¹ ÅÂ¿Æ¼¿ºÀÅÂ» ¯¾½Ç¿¾»®»¹º
C1

$ê ëñðè èñðæïêåñëè ðëä èñøðåêñë üëïøä
C2 q ïøñíè ëñðè ïøøñëè êëåäíò ñøäí øï óñëìåêñë îäè

ïës øäè ï÷äì ðëä èòøêëä îä îäsíö
2

òïí ô ñíìäïð� �

α(s) = ai

(
s− si

hi

)2

+ bi

(
s− si

hi

)
+ ci

û³ õ�ý
ò ñðí

s
q åäø úðä

si ≤ s ≤ si+1
q
i = 0, . . . , n − 1.

� ñðè ï÷ñëè ïêëèê
3n

êëìñëëðäè õ �äè
ìñëåíïêëåäè èñëå �

� îäè ìñëåíïêëåäè îä ìñëåêëðêåö û
α(s+i ) = αi, i = 0, . . . , n − 1

äå
α(s−i ) = αi, i =

1, . . . , n)
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� îäè ìñëåíïêëåäè îä ìñëåêëðêåö îä øï îöíê÷öä û
α′(s+i ) = α′(s−i ), i = 1, ..., n− 1)

õ
� ñðè ï÷ñëè îñëì

3n
êëìñëëðäè äå

3n − 1
ìñëåíïêëåäè Ð ëñåíä è- èåçô ä ï ðë îäsíö îä

øêù äíåö � øï îöíê÷öä ïð îöòïíå õ �ä è- èåçô ä èäíï ïêëèê îöåäíô êëö èê ø éñë ü�ä øä îäsíö îä øêù äíåö
òïí ô êëêô êèïåêñë îä øï ìñðíùðíä �

�äè îñëëöäè èñëå ïøñíè ìñôòøçåäô äëå îöåäíô êëöäè �

ci = αi, i = 0, ..., n− 1
û³ õ ïý

{
b0 = λ

�òïíïô çåíä þ îöåäíô êëäí
a0 = α1 − α0 − b0

û³ õ ù ý
{
bi =

(
hi

hi−1

)
(2ai−1 + bi−1)

ai = αi+1 − αi − bi
, i = 1, ..., n− 1

û³ õ ìý
� ñðè ïøøñëè ü�äí øä òïíïô çåíä

λ
síÑìä þ ðëä ìñëåíïêëåä s øñùïøä � ôêëêô êèïåêñë îä øï

ìñðíùðíä ∫
α′2.

Èí �

∫ L

0
α′(s)2ds =

n−1∑

i=0

∫ si+1

si

(
2

hi
ai

(
s− si

hi

)
+
bi

hi

)2

ds

=
1

3h

n−1∑

i=0

a2
i +

1

h

n−1∑

i=0

(ai + bi)
2

=
1

3h

n−1∑

i=0

a2
i + CTE

û³ õÒý

îñëì ô êëêô êèäí øï ìñðíùðíä íä÷êäëå þ ô êëêô êèäí øï èñôô ä îäè ìïííöè îäè
ai

�∑n−1
i=0 a

2
i .ãïøìðøñëè ∑n−1

i=0 a
2
i .ªíñð÷ñëè ðëä íäøïåêñë îä íöìðííäëìä ò ñðí øï èðêåä îäè

ai
�

ai = αi+1 − αi − bi
û³ õÓïý

bi =

(
hi

hi−1

)
(2ai−1 + bi−1) =

(
hi

hi−1

)
((αi − αi−1) + ai−1)

û³ õÓù ý
� ñðè ñùåäëñëè �

ai =

(
(αi+1 − αi)−

(
hi

hi−1

)
(αi − αi−1)

)
−
(

hi

hi−1

)
ai−1

û³ õÌý
rë ìñôùêëïëå ìäè îê¡ öíäëåäè íäøïåêñëè q ëñðè ò ñð÷ñëè ä�òíêô äí

ai
äë óñëìåêñë îä

λ
õ

ai =
i∑

k=1

(
(−1)i−k

(
hi

hk

)(
(αk+1 − αk)−

(
hk

hk−1

)
(αk − αk−1)

))

+(−1)i

(
hi

h0

)
(α1 − α0)−

(
hi

h0

)
(−1)iλ

û³ õ´ý
ãæïúðä

ai
äèå ðëä óñëìåêñë ïÔ ëä îð òïíïô çåíä q îñëì ëñðè îä÷ñëè ô êëêô êèäí ðëä óñëìÿ

åêñë úðïîíïåêúðä äë
λ.
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∑n−1
i=0 a

2
i = Aλ2 +Bλ+ C,

ï÷äì �

A =
n−1∑

i=0

(
hi

h0

)2

=
1

h2
0

n−1∑

i=0

h2
i

B =
n−1∑

i=0


 −2(−1)i

(∑i
k=1

[
(−1)i−k

(
hi

hk

)(
(αk+1 − αk)−

(
hk

hk−1

)
(αk − αk−1)

)]

+(−1)i
(

hi

h0

)
(α1 − α0)

)



C =
n−1∑

i=0



∑i

k=1

(
(−1)i−k

(
hi

hk

)(
(αk+1 − αk)−

(
hk

hk−1

)
(αk − αk−1)

))

+(−1)i
(

hi

h0

)
(α1 − α0)




2

� ñðè ñùåäëñëè øä ô êëêôðô îä ìäååä óñëìåêñë úðïîíïåêúðä øñíèúðä øï îöíê÷öä è éïëëðøä q
ì éäèå þ îêíä äë

λ = − B
2A .

λ = − 1

2 1
h2
0

∑n−1
i=0 h

2
i

n−1∑

i=0


 −2(−1)i

(∑i
k=1

[
(−1)i−k

(
hi

hk

)(
(αk+1 − αk)−

(
hk

hk−1

)
(αk − αk−1)

)]

+(−1)i
(

hi

h0

)
(α1 − α0)

)



û³ õ&ý
rë òíïåêúðä q ø éêëåäíò ñøïåêñë îä óñëìåêñëè òïí îäè èòøêëäè úðïîíïåêúðäè

C1 òñèä îäè òíñÿ
ùøçô äè î éñèìêøøïåêñëè îïëè ìäíåïêëè ìïè q ëñåïôôäëå øñíè î éïøåäíëïëìäè îä òæïèäè ìñëèåïëåäè
äå îä óñíåäè ÷ïíêïåêñëè õ ãäìê è éêøøðèåíä îïëè øï üsðíä ûÖ�Ï × ³ õ�ý õ
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�ø ëñðè óïðå îñëì ðåêøêèäí ðëä ïðåíä êëåäíò ñøïåêñë õ  ïí øï èðêåä q ëñðè ïøøñëè ìæäíìæäí ðëä

ïðåíä êëåäíò ñøïåêñë úðïîíïåêúðä õ

µ ¶·¶Í ¸¹º»¼©½¾¿ºÀ½¹ ÅÂ¿Æ¼¿ºÀÅÂ» Ø»Â¾»®»¹º ¨½¹ºÀ¹Â»
�ï èòøêëä úðïîíïåêúðä ò ñèä îäè òíñùøçô äè î éñèìêøøïåêñëè øñíèúðä ëñðè óñíÙñëè øï ìñëåêÿ

ëðêåö
C1 õ � ñðè ïøøñëè îñëì ìæäíìæäí ðëä ïðåíä êëåäíò ñøïåêñë úðïîíïåêúðä q äë ìæäíìæïëå

î éïðåíäè ìñëåíïêëåäè ò ñèèêù øäè õ  ñðí ìäøï q ëñðè ò ñð÷ñëè ëñðè ùïèäí èðí øäè èòøêëäè ìðùêúðäè õ
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rë ä¡äå q ìäøøäèÿìê ë éñëå òïè øäè òíñùøçô äè î éñèìêøøïåêñëè ÷ðè òíöìöîäôôäëå û÷ñêí Ö�Ï × ³ õ�ý õ
�ï òíñìöîðíä úðä ëñðè ô äååñëè äë òøïìä êìê äèå øï èðê÷ïëåä � ëñðè ïøøñëè êëåäíò ñøäí øäè

ïës øäè òïí ðëä èòøêëä ìðùêúðä îä ô êëêô êèïåêñë î éöëäís êä q òðêè ëñðè ïøøñëè ìñëèäí÷äí øäè
ò ñêëåè ô êøêäð� äëåíä ìæïúðä êëåäí÷ïøøä q äå äëüë øäè ô ñíìäïð� îä òïíïù ñøä îä ø éêëåäíò ñøïåêñë
üëïøä èäíñëå îäè ô ñíìäïð� îä òïíïù ñøä òïèèïëå òïí øäè îäð� òñêëåè ä�åíöô êåöè îä ø éêëåäí÷ïøøä
äå òïí øä ò ñêëå ô êøêäð îöüëê òíöìöîäôôäëå õ �äè ìñëåíïêëåäè èñëå øäè èðê÷ïëåäè �

� ìñëåêëð êåö û
α(s+i ) = αi, i = 0, . . . , n− 1

äå
α(s−i ) = αi, i = 1, . . . , n

ý
� êëåäíò ñøïåêñë ïð� òñêëåè ô êøêäð� ïòòïíåäëïëå þ øï èòøêëä ìðùêúðä î éêëåäíò ñøïåêñë

û
α
(

si+si+1

2

)
= βi, i = 0, ..., n− 1)

�ä è- èåçô ä äèå ìñôòøçåäô äëå îöåäíô êëö õ
�äè êëìñëëðäè èñëå îöåäíô êëöäè òïí �

ci = αi, i = 0, ..., n− 1
û³ õ��ïý

bi = −αi+1 + 4βi − 3αi, i = 0, ..., n− 1
û³ õ��ù ý

ai = 2(αi+1 − 2βi + αi), i = 0, ..., n− 1
û³ õ��ìý

%ñêìê ðë ä�äôòøä î éðëä åäøøä êëåäíò ñøïåêñë ï÷äì ø éä�äôòøä òíöìöîäëå ûÖ�Ï × ³ õ� � øäè
ò ñêëåè ìïøìðøöè ï÷äì øï èòøêëä ìðùêúðä èñëå êëîêúðöèý õ

� ñðè ò ñð÷ñëè äë úðäøúðä èñíåä îêíä úðä ìäååä ëñð÷äøøä êëåäíò ñøïåêñë äèå ô äêøøäðíä úðä øï
òíöìöîäëåä q èäðøäô äëå ëñðè ò äíîñëè îä øï íösðøïíêåö ûøï ìñðíù ä íöèðøåïå äèå ïêëèê èäðøäô äëå
C2 òïí ô ñíìäïð� äå þ íïììñíîè

C1).
2ëä îäíëêçíä èñøðåêñë ìñëèêèåä þ ô ñëåäí äë îäsíö �

ì éäèå ìä úðä ëñðè ï÷ñëè óïêå ò ñðí øï ô êèä äë òíïåêúðä îä ëñåíä ô öåæñîä äë êëåäíò ñøïëå øäè
ïës øäè ï÷äì ðëä èòøêëä ìðùêúðä õ

µ ¶·¶Ú ­½¹¨¾ÂØÀ½¹
ãäè êëåäíò ñøïåêñëè Ûùïèêúðäè Û ñëå åñðåäè îäè ìïíïìåöíêèåêúðäè îê¡öíäëåäè úðê ëñðè ñëå

ò äíô êè î éêîäëåêüäí øäè ìïíïìåöíêèåêúðäè úðä ëñðè ÷ñðøñëè ïùèñøðô äëå ï÷ñêí ò ñðí øï íäìñëèÿ
åíðìåêñë îä øï óñëìåêñë ïës øä � øï ô öåæñîä î éêëåäíò ñøïåêñë øêëöïêíä òïí ô ñíìäïð� ï ø éï÷ïëåïsä
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îä sïíîäí øï ìñë÷ä�êåö îä øï ìñðíù ä þ íäìñëèåíðêíä ûô ïêè äøøä è éöøñêsëä îä øï ìñðíù ä íïòêÿ
îäô äëåý õ �ï ô öåæñîä î éêëåäíò ñøïåêñë òïí èòøêëä úðïîíïåêúðä

C1 äèå èïåêèóïêèïëåä ò ñðí øäè
ìñðíù äè îä óïêù øä ÷ïíêïåêñë îä ìñðíùðíä q ôïêè îê÷äísä ìñôòøçåäô äëå îïëè øäè ìïè ìñëåíïêíäè õ
" ïëè ìäè ìïèÿøþ q øäè îäð� ïðåíäè ô öåæñîäè îñëëäëå î éïèèäÝ ùñëè íöèðøåïåè q ï÷äì ìäò äëÿ
îïëå åñðÞñðíè îäè äííäðíè ô ñêëîíäè ò ñðí øï èòøêëä úðïîíïåêúðä

C0,
ìäò äëîïëå q äøøäè óñëå

êëåäí÷äëêí îäè ô ï�êô ï øñìïð� îïëè øï ìñðíù ä ûúðê óñëå îñëì êëåäí÷äëêí îäè ò ñêëåè î éêëÿ
¡ä�êñë èðòòøöô äëåïêíäè îïëè øï ìñðíù ä þ íäìñëèåíðêíä q äå ô ñîêüä ïêëèê øï óñíô ä s øñùïøä îä
øï ìñðíù äý õ ãäìê ëñðè ò äíô äå îä ëñðè ñíêäëåäí ÷äíè îäè ô öåæñîäè î éêëåäíò ñøïåêñë úðê ÷ñëå
óñíìäí øï ìñðíù ä þ èðê÷íä øï ô ñëñåñëêä îäè îñëëöäè õ

¢ £ß ¥¦§¨©£¤ª«§¬¤¦ £«© à¤¦§©«¬¦§¨¯ á¨ â¤©ã¨¯

µ ¶Ä ¶· ä©¾À¹» ¨ÂÇÀÅÂ»
  øðèêäðíè ïíåêìøäè öìíêåè äëåíä �&ÌÌ äå �&´& òñèäëå øä òíñùøçô ä îä ìñëîêåêñëè þ íäèò äìåäí

ò ñðí ñùåäëêí îäè ìñðíù äè î éêëåäíò ñøïåêñë èïåêèóïêèïëå îäè ìñëåíïêëåäè îä ô ñëñåñëêä èê øäè
îñëëöäè ò ñèèöîäëå ìäè ìïíïìåöíêèåêúðäè õ �äè èòøêëäè ìðù êúðäè öåïëå ìñôòøçåäô äëå îöåäíô êÿ
ëöäè òïí øäè ò ñêëåè î éêëåäíò ñøïåêñë äå øäè åïësäëåäè äë ìäè ò ñêëåè q øäè ìñëîêåêñëè ñëå öåö
ä�òíêô öäè èðí øäè åïësäëåäè ïð� òñêëåè î éêëåäíò ñøïåêñë õ " ä åññí äå $)ïíåÝ îïëè �å $ÌÌ� ñëå
åíñð÷ö ðëä ìñëîêåêñë ëöìäèèïêíä � êøè ñùåêäëëäëå øï Ûùñêåä îä îä åññíÿ$)ïíåÝ Û q îïëè øïúðäøøä
øäè åïësäëåäè îñê÷äëå èä åíñð÷äí q ìäøï ò äðå è éöìíêíä ïêëèê �

0 ≤ λi, λi+1 ≤ 3Si+1/2
ñð

3Si+1/2 ≤ λi, λi+1 ≤ 0
û³ õ��ïý

ï÷äì
λi = f ′(ti)

äå
Si+1/2 =

fi+1 − fi

ti+1 − ti
û³ õ��ù ý

 ðêè q 4íêåèìæ äå ãïíøèñë îïëè �4ã´Ò� ñëå öøïís ê ìäååä ù ñêåä ûøï íös êñë ïììäòåïùøä äèå ø éðëêñë
îä ìäååä ù ñêåä äå î éðëä äøøêòèäý îïëè øïúðäøøä øï ìñëåíïêëåä îä ìñëèäí÷ïåêñë îä ô ñëñåñëêä äèå
îä÷äëðä ðëä ìñëîêåêñë ëöìäèèïêíä äå èðÔ èïëåä õ ãäò äëîïëå q øäè ïøsñíêåæô äè ä�êèåïëå ò ñðí
øï íäìñëèåíðìåêñë îäè èòøêëäè èä èïåêèóñëå îä øï ìñëåíïêëåä îä " ä åññíÿ$)ïíåÝ òñðí òøðè îä
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�"r�´&�ý õ
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λi
äèå �

|λi| ≤ 3 min(
∣∣Si−1/2

∣∣ ,
∣∣Si+1/2

∣∣) û³ õ��ý
ð ¿ÅµÀÇÃ×Á¸ ñ

� õ �òóôõóö÷ óò øù óúû ö ôõ üú!õö ûòýõ÷öó óö0 öû þÿþõú÷ö óöø ýòû# öû ýöø öû óöø ù �úû ýø þ �úû ýö÷/
ù � óòýú�û 8

λi, i = 0, ..., n� õ . �õôóö÷ ù�õ÷
i = 0, ..., n :

λi ←
{

min(max(0, λi), 3 min(
∣∣Si−1/2

∣∣ ,
∣∣Si+1/2

∣∣)) èê
sgn(λi) ≥ 0

max(min(0, λi),−3 min(
∣∣Si−1/2

∣∣ ,
∣∣Si+1/2

∣∣)) èê
sgn(λi) ≤ 0� õ �òóôõóö÷ óò øù óúû ö ôõ üú!õ ö òøø�ôúÿö òõ� ýòû# öûýöø òúûøú þÿ5 ûúöø �
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Ö�Ï × ³ õ �   íäô êçíä ô öåæñîä î éêëåäíò ñøïåêñë òïí ìñëåíïêëåäè îä óñíô ä
ãäååä ô öåæñîä ï ø éêëìñë÷öë êäëå îä ìïèèäí øäè íïììñíîè

C2 äë åñðå ò ñêëå ñ� ø éñë ï ô ñîêüö
èï åïësäëåä õ �ï ô öåæñîä èðê÷ïëåä äèèïêä îä ô êë êô êèäí øä ëñôùíä îä Ûò äíåäè Û îä íösðøïíêåö õ
Øè�� êëéè éìíËîïè

ãäååä ô öåæñîä èä òíöèäëåä î éðë ò ñêëå îä ÷ðä òøðè s øñùïø õ $ñë ïøsñíêåæô ä äèå øä èð ê÷ïëå �
ð ¿ÅµÀÇÃ×Á¸ ñ

� õ �òóôõóö÷ óò øù óúû ö ôõ üú!õ ö ûòýõ÷öó óö0 öû þÿþõú÷ö óöø ýòû# öûýöø öû óöø ù �úû ýø þ �úû ýö÷ù �/
óòýú�û 8

λi, i = 0, ..., n



������������� ��� Ë����� ����� Ì� Í��Ü�� �È�
� õ ��ö÷ô� ö÷ óö ù�úû ý

i
�� óò ýòû# öûýö öøý óö ù óõø ó�úû þö óò ô�ûý÷òúû ýö �	 �
�� 8

|λi| − 3 min(
∣∣Si−1/2

∣∣ ,
∣∣Si+1/2

∣∣) = max
j

(|λj | − 3 min(
∣∣Sj−1/2

∣∣ ,
∣∣Sj+1/2

∣∣))

� õ 
 �þú5 ö÷ ôöýýö ýòû# öûýö 8
λi←

{
min(max(0, λi), 3 min(

∣∣Si−1/2

∣∣ ,
∣∣Si+1/2

∣∣)) èê
sgn(λi) ≥ 0

max(min(0, λi),−3 min(
∣∣Si−1/2

∣∣ ,
∣∣Si+1/2

∣∣)) èê
sgn(λi) ≤ 0 õ �öôòóôõ óö÷ óöø þöõ� øù óúû öø ôõüú!õ öø öûý÷ö

[t0,ti]
öý

[ti, tn]
ò,öô ù �õ÷ ô�ûý÷òúû ýöø óöø

ýòû# öûýöø òõ� ü�÷þø �
Ò õ �öô�

 öûôö÷ ùò÷ ÷ÿôõ÷÷öûôö øõ÷ ô�ò!õ ö ø�õø/úû ýö÷,òó óö�
ãäååä ô öåæñîä ìíöä îäè ìñðòðíäè

C2 èäðøäô äëå ïð� äëîíñêåè ñ� ø éñë ô ñîêüä øäè åïëÿsäëåäè � øï ìñðíù ä ñùåäëðä äèå ïêëèê ò øðè íösðøêçíä úð éï÷äì øï ô öåæñîä òíöìöîäëåä õ
�ï üsðíä èðê÷ïëåä ò äíô äå îä ÷ñêí øï ìñôòïíïêèñë äëåíä øï èòøêëä ìðùêúðä ëïåðíäøøä äå øï

èòøêëä ìðùêúðä úðê ìñëèäí÷ä øï ìñëåíïêëåä îä ô ñëñåñëêä îäè îñëëöäè � û÷ñêí Ö�Ï ×³ õÒý
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Ö�Ï × ³ õÒ � " äð� êçô ä ô öåæñîä
� ñðè ï÷ñëè òð íäô ïíúðäí úðä øäè èòøêëäè ëä èñëå òïè èïåêèóïêèïëåäè øñíèúð éêø - ï îä óñíåäè

÷ïíêïåêñëè îä ò äëåä õ � ñðè ïøøñëè îñëì öåðîêäí î éïðåíäè èòøêëäè úðê ò äíô äååäëå îäè ÷ïíêïåêñëè
îä åïësäëåäè òøðè êôòñíåïëåäè úðä øäè èòøêëäè ò ñø-ëñô êïøäè � øäè èòøêëäè æ-ò äíù ñøêúðäè õ

µ ¶Ä ¶Ä ä�¾À¹» ���»¼Ç½¾ÀÅÂ» Ø½ÂØ º»¹ØÀ½¹
�äè èòøêëäè æ-ò äíù ñøêúðäè èñðè åäëèêñë ò äíô äååäëå î éñùåäëêí îäè ÷ïíêïåêñëè îä åïësäëåä

òøðè êôòñíåïëåè úðä øäè óñëìåêñëè ò ñø-ëñô êïøäè ðåêøêèöäè Þðèúð éþ òíöèäëå q äå îïëè û�å³� & ��ý
äøøäè èñëå ðåêøêèöäè øñíèúðä îäè ìñëåíïêëåäè îä ô ñëñåñëêä ñð îä ìñë÷ä� êåö èñëå þ íäèò äìåäí õ
r øøäè èñëå îä øï óñíô ä �

α(s) = αi+1ui + αi(1− ui) + h2
i (βi+1Ψi(ui)− βiΨi(1− ui))

û³ õ��ý
ò ñðí è åäø úðä

si ≤ s ≤ si+1, i = 0, ..., n− 1
äå ï÷äì

hi = si+1 − si, ui =
s− si

hi
,Ψi(v) =

sh(piv)
sh(pi)

− v
p2

i

,
äå
pi = hiri
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�äè òïíïô çåíäè þ ü�äí èñëå øäè
ri,

øäè êëìñëëðäè èñëå øäè
βi

q úðê èñëå øäè îöíê÷öäè èäìñëîäè
äå úðê èñëå îöåäíô êëöäè îä èñíåä úðä øäè ô ñíìäïð� èä íïììñíîäëå

C1 õ�äè êëìñëëðäè þ îöåäíô êëäí ò ñðí øï ìñëèåíðìåêñë îä øï èòøêëä æ-ò äíù ñøêúðä èñëå øäè
îöíê÷öäè èäìñëîäè q úðê èïåêèóñëå øä è- èåçô ä åíêîêïsñëïø è-ôöåíêúðä èðê÷ïëå �

A.B = D
û³ õ� ý

ï÷äì

A =




a1 b1
b1 a2 b2

b2

õ õ õ õ õ õ
õ õ õ õ õ õ

bn−3

bn−3 an−2



, B =




β2

β3õõõ
βn−2

βn−1



, D =




d1

d2õõõ
dn−3

dn−2




û³ õ�Òý

ï÷äì
ai = hiΨ

′
i(1) + hi+1Ψ

′
i+1(1), i = 1, ..., n− 2

û³ õ�Óïý
bi = −hi+1Ψ

′
i+1(0), i = 1, ..., n− 3

û³ õ�Óù ý

Ψi(v) =

sh(piv)
sh(pi)

− v
p2

i

, i = 1, ..., n− 1
û³ õ�Óìý

di =
yi+2 − yi+1

hi+1
− yi+1 − yi

hi
, i = 1, ..., n− 2

û³ õ�Óîý
äå ø éñë ïÞ ñðåä øäè ìñëîêåêñëè

β1 = βn = 0.ãäò äëîïëå q ìäååä ô öåæñîä îäô ïëîä ü�äí îäè òïíïô çåíäè ô ïëðäøøäô äëå q äå ëä ò äðå
îñëì òïè ²åíä ïòòøêúðöä îä óïÙñë è-èåöô ïåêúðä õ

" éïðåíäè ô öåæñîäè èñëå äë÷êèïsäïùøäè ò ñðí øï íäìñëèåíðìåêñë î éðëä ìñðíù ä î éïòíçè îäè
ò ñêëåè îñëëöè � ø éïòòíñ� êô ïåêñë õ

¢ £� ¢��©�� ¬ã«§¬�¦ �«© ¯�ª¬¦¨ á¨ ª¬¯¯«�¨

µ ¶� ¶· ä�¾À¹» Æ» ¾ÀØØ¿�» � �Á¹Á¼¿¾ÀºÁØ
2ëä èòøêëä îä øêèèïsä äèå ðëä èòøêëä ìðùêúðä úðê ò äíô äå î éïòòíñìæäí øäè îñëëöäè

(si, αi), i =
0, ..., n

�

α(s) = a1,i

(
s− si

hi

)3

+ a2,i

(
s− si

hi

)2

+ a3,i

(
s− si

hi

)
+ a4,i

û³ õ��ý
ï÷äì è åäø úðä

si ≤ s ≤ si+1, i = 0, ..., n− 1.(
ï÷äì

hi = si+1 − si)ãäååä èòøêëä îä øêèèïsä äèå îöåäíô êëöä äë ô êëêô êèïëå øä ìíêåçíä �

J(α) =

n∑

i=1

1

ρi
(α(si)− αi)

2 +

∫ sn

s1

(α′′(t))2dt
û³ õ�´ý
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�äè òïíïô çåíäè

ρi
Þ ñðäëå èðí øä ìñåö ïòòíñ� êô ïåêñë äå øêèèïsä ûèê øäè

ρi → 0,
ëñðè

ñùåäëñëè ðëä êëåäíò ñøïåêñë ìðùêúðä îäè îñëëöäè q äå þ ø éêë÷äíèä q èê øäè
ρi →∞,

ëñðè ñùåäëñëè
øï èòøêëä øï òøðè øêèèä ûìñííäèò ñëîïëå ïð øêèèïsä ïð èäëè îäè ô ñêëîíäè ìïííöèýý õ

$ê ëñðè èðòòñèñëè øäè òïíïô çåíäè
ρi

îöåäíô êëöè q ëñðè ò ñð÷ñëè ìïøìð øäí ìäååä èòøêëä îä
øêèèïsä ÷ñêí �å³� & �� õ

" ä ô ïëêçíä èðììêëåä äå òíïåêúðä q ëñðè îä÷ñëè íöèñðîíä øä è-èåçô ä ò äëåïîêïsñëïø è-ôöÿ
åíêúðä èðê÷ïëå �

A.U = D
û³ õ�&ý

ï÷äì

A =




a1 b1 c1
b1 a2 b2 c2
c1 b2 a3 b3 c3õ õ õ õ õ õ õ õ õ

õ õ õ õ õ õ õ õ õ
õ õ õ õ õ õ

cn−4õ õ õ õ õ õ
bn−3

cn−4 bn−3 an−2




, U =




u2

u3õõõ
un−2

un−1



, D =




d1

d2õõõ
dn−3

dn−2




û³ õ��ý

ï÷äì �

ai =
hi + hi+1

3
+
ρi

h2
i

+ ρi+1(
1

hi
+

1

hi+1
)2 +

ρi+2

h2
i+1

, i = 1, ..., n− 2
û³ õ� �ïý

bi =
hi+1

6
− ρi+1

hi+1
(

1

hi
+

1

hi+1
)− ρi+2

hi+1
(

1

hi+1
+

1

hi+2
), i = 1, ..., n− 3

û³ õ� �ù ý

ci =
ρi+2

hi+1hi+2
, i = 1, ..., n− 4

û³ õ� �ìý

di =
yi+2 − yi+1

hi+1
− yi+1 − yi

hi
, i = 1, ..., n− 2

û³ õ� �îý
ãä è- èåçô ä íöèñøð ëñðè ò äíô äå îä ìñëèåíðêíä øï èòøêëä îä øêèèïsä �

f(t) =
(ti+1 − t)

6

[
(ti+1 − t)2

hi
− hi

]
ui +

(t− ti)
6

[
(t− ti)2
hi

− hi

]
ui+1

û³ õ��ý

+
(ti+1 − t)

hi
f(ti) +

(t− ti)
hi

f(ti+1),
ï÷äì

ti ≤ t ≤ ti+1, i = 1, ..., n− 1

äå

f(ti) = yi − ρi

(
ui+1 − ui

hi
− ui − ui−1

hi−1

)
, i = 1, ..., n− 1,

äå
u0 = u1 = un = un+1 = 0û³ õ��ý

� ñðè îä÷ñëè þ òíöèäëå îöåäíô êëäí øäè òïíïô çåíäè
ρi

q ïüë î éñùåäë êí ðëä ìñðíù ä úðê èñêå
òíñìæä îäè îñëëöäè q ôïêè úðê èñêå øêèèä ïð èäëè ñ� äøøä ëä óïêå òïè êëåäí÷äëêí øäè Ûïíåöóïìåè Û
úðê ïòòïíïêèèäëå ò ñðí øï èòøêëä ìðùêúðä õ
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µ ¶� ¶Ä µ¾�½¼Àº�!» �¼½�½ØÁ
�ä òíêëìêò ä îä ìäå ïøsñíêåæô ä äèå øä èðê÷ïëå � ëñðè ÷ñðøñëè ²åíä åíçè òíñìæä îäè îñëëöäè

øñíèúð éäøøäè èñëå äë óñíåä ÷ïíêïåêñë q äå ²åíä òøðè øêèèä îïëè øäè ïðåíäè Ýñëäè õ � ñðè ïøøñëè îñëì
÷ñðøñêí ï÷ñêí îäè ÷ïøäðíè îä òïíïô çåíäè åíçè óïêù øäè øñíè îä óñíåäè ÷ïíêïåêñëè îäè îñëëöäè õ

³ øsñíêåæô ä �
� õ �û úýúòóúøòýú�û 8 �û þÿ5 ûúý óöø

ρi
þö þÿùò÷ý ô�

 ö øõúý 8

ρi = 10−2.
max−min
|yi+1 − yi|

û³ õ� ý
� õ Bû ôòóôõóö óò øù óúû ö þö óúøøò# ö òøø�ôúÿö F ôöø ù ò÷ò
 "ý÷öø 8 # �ûôýú�û

α(s)
�

. õý 8 �û ,ò 
�þú5 ö÷
ρi

øú óö ù �úû ý
i

öøý ý÷�ù ÿó�ú#û ÿ þö óò øù óúû ö þö óúøøò# ö �ý÷�ù
ÿó�ú#û ÿ þ �òù ÷"ø õû ù ò÷ò
 "ý÷ö

V ALEUR
þÿýö÷
 úû ÿ� �

� õ * �ûô �û ü�õôóö øõ÷ óöø
i
8

� �òóôõ ó þö ó �
ecart i$ |α(si)− αi|� �ú

ecart i%max−min
V ALEUR� Aòõ� þö 
�þú5 ôòýú�û 8

taux = 10. ecarti

ecartmax && óö ýòõ� øö øúýõ ö öû ý÷ö 
 öý 
' �
� 
 �þú5 ôòýú�û þö

ρi$ ρi

taux õ Bû �üýúöûý õû û�õ,öòõ ,öôýöõ÷ þö ù ò÷ò
 "ý÷öø0 �û ÷öôòóôõ óö óò øù óúû ö öý úó ø ö ù öõý !õ ö
ôö÷ýòúûø ù �úû ýø ø�úöû ý ý�õ( �õ÷ø ý÷�ù ÿó�ú#û ÿø þö óò ô�õ÷üö �ôò÷ óò 
�þú5 ôòýú�û þ �õû

ρi÷òùù ÷�ô� ö óö ù �úû ý ú 
 òúø 
�þú5 ö óöø ù�úû ýø òõý�õ÷� þ�ûô �û ü�õôóö ( õø!õ �F ôö !õ ö óöø
ô�ûý÷òúû ýöø ø�úöû ý ÷öøù öôýÿöø

³ êëèê ) øä øêèèï*ä îäè èòøêëäè ò äíô äå î éöøêô êëäí øäè ïíåäóïìåè úðê ïòòïíïêèèäëå øñíè î éðëä
êëåäíò ñøïåêñë ìðùêúðä ëïåðíäøøä õ � éïø*ñíêåæô ä öøïù ñíö ò äíô äå îä ëä òïè åíñò øêèèäí ïüë îä*ïíîäí åñðå îä ô ²ôä øäè äëîíñêåè îä øï ìñðíù ä ñ� äøøä äèå èñðô êèä þ îä óñíåäè ÷ïíêïåêñëè õ
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ãäååä ïëëä�ä îöåïêøøä øäè ìïøìðøè óïêåè ò ñðí ä�òíêô äí øï ìñðíùðíä äå øï åñíèêñë î éðëä
ìñðíù ä îöüëêä òïí ø éïùèìêèèä ìðí÷êøê*ëä õ $ï óñëìåêñë îöíê÷öä öåïëå ìñôòñèöä îä ÷äìåäðíè
ðëêåïêíäè ) ëñðè ò ñð÷ñëè ø éä�òíêô äí äë óñëìåêñë îäè îäð� ïë* øäè îä øï òïíïô öåíêèïåêñë èòæöÿ
íêúðä

α
äå
θ
õ

 ñðí ìäè ìïøìðøè ) ëñðè ðåêøêèñëè øäè óñíôðøäè îä 4íäëäå �

C ′(s) = t(s)

C ′′(s) = κ.n(s)

b(s) = t(s) ∧ n(s)

b′(s) = τ.n(s)

� ñðè ïøøñëè îñëì ìïøìðøäí øï ìñðíùðíä äë ìïøìðøïëå øï ëñíô ä îäè ÷äìåäðíè
C ′′(s).

C ′′(s) =



α′(s) cos(α(s)) cos(θ(s))− θ′(s) sin(α(s)) sin(θ(s))
α′(s) cos(α(s)) sin(θ(s)) + θ′(s) sin(α(s)) cos(θ(s))

−α′(s) sin(α(s))




6ë ìïøìðøïëå øï ëñíô ä ) ëñðè ñùåäëñëè �
κ =

√
α′2 + θ′2 sin2 α

ûå õ�ý

 ñðí ìïøìðøäí øï åñíèêñë ) êø ëñðè óïðå ìïøìðøäí øä ÷äìåäðí ùêëñíô ïø û
b(s) = t(s)∧C′′(s)

κ(s) ))
)

òðêè ëñðè øä îöíê÷ñëè ) äå ò ñð÷ñëè ïêëèê ìïøìðøäí
τ = −〈n(s), b′(s)〉 .

b(s) =
1

κ(s)



−α′(s) sin(θ(s))− θ′(s) sin(α(s)) cos(α(s)) sin(θ(s))
α′(s) cos(θ(s))− θ′(s) sin(α(s)) cos(α(s)) sin(θ(s))

θ′(s) sin(α(s))2


 =

1

κ(s)
V (s)

b′(s) =
−κ′(s)
κ2(s)

V (s) +
1

κ(s)
V ′(s)

τ = −
〈
n(s),

(−κ′(s)
κ2(s)

V (s) +
1

κ(s)
V ′(s)

)〉
. = 0 +

〈
n(s),

1

κ(s)
V ′(s)

〉
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6 å ïêëèê ) ïòíçè ìïøìðøè ) ëñðè ñùåäëñëè �

τ =
2α′2θ′ cosα+ α′θ′′ sinα− θ′ sinα

(
α′′ + θ′2 cosα sinα

)

α′2 + θ′2 sin2 α

ûå õ�ý
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m_Y[ ]^v`X[[_`[ ]V`[ nS nV[ Y`S n_YWa S nYaXoYS  � UVW � UVWVq wTWS[ �
L0, L2, θ.
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√
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√
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L3 = 2
)
L5 = 5

) ST
α = 3π

5
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���� �� ���� æ 6` nS oYX n_`nSW`S ZS TS[T  ) `_Y[ TWVÙ_`[ Y`S  � nYaXoYS S` Y` [SYZq _WnSVY ) V\Sn ZS[ UVWVq wTWS[ [YX\V`T[ �
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)
L2 = 9

) ST
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UVW UV[ ]S −0.05

b

c £ß c�¦¯§©±à§¬�¦ á¨ à�±©®¨¯ �«±à�¨¯ ¨¦ ã�±d¨ã¨¦§
«d¨à ª¨¯ à�±©®¨¯ ef

g ¶Ä ¶· h ½ÆÁ¾ÀØ¿ºÀ½¹
 _YW ZS[ n_YWa S[  � nYaXoYS[ S` � ]Xq S`[X_`[ ) `_Y[ V\_`[ ZS q ²qS [T- ZS ]S n_`TWVX`TSoYS U _YW ZS[ n_YWa S[ *VYn|S[ b  _YW Y` U_Z-*_`S ]S n_`TW_ZS
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P0P1
ST
P1P2

ST ZS[ [S*q S`T[
P1P2

ST
P2P3
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
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√
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} îïê~ ê��íêî� ïè
θ$X `_Y[ UWS`_`[ q VX`TS`V`T

θ′ = θ+ δ,
`_Y[ n|SWn|_`[ ^*VZSq S`T ZV `_Y\SZZS \VZSYW ]S

L2
oYX n_`[SW\S ZV Z_`*YSYW �
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