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Introduction

The main aim of this thesis is to present some recent results concerning the existence
and the multiplicity of positive solutions of systems of nonlinear elliptic differential
equations involving the (p, ¢)—Laplacian operator of the following form:

Apu = f(z,u,v), in Q (0.1)
Ap = g(x,u,v), in Q '

and systems of anisotropic differential equations of the form:

(Y pi—2
;%(m 8u> — f(z,uv), in ©Q

Ox; ox;
(0.2)
N L
0 ov %77 ov ‘
{ ;6@(0@. 8xi> = g(r,u,v), in Q

where Aju = V- (|[VuP™2Vu) and Ajp = V- (|[VuP~2Vo) with p > 1, ¢ > 1,
pi, ¢; > 1 and © an open nonempty subset of RY. Here, both f and g are functions
of Caratheodory type submitted to certain growth conditions in order to guarantee
that the Fuler-Lagrange functional associated is well defined in a specific space.
Systems of nonlinear elliptic and anisotropic differential equations present some
new and interesting phenomenons that are not present in study of a scalar equation.
In general, the systems are coupled, or even strongly coupled, in the dependent
variables. So, the notions of superlinearity or sublinearity, and that of criticality
have to take into consideration such a coupling.

Notice that p—Laplacian operator appears in pure mathematics such as problems
of curves as well as in applied mathematics. Indeed, it intervenes in numerous
fields in experimental sciences: nonlinear reaction-diffusion problems, dynamics of
populations, non-Newtonian fluids flows, flows through porous medias, nonlinear
elasticity and petroleum extraction [23], torsional creep problems etc.

In literature, there exists numerous papers dedicated to the study of such equations
and systems. In fact, the study of scalar equations had really started in the middle
of 80s by M. Otani [50] in one dimension then in dimension N by F. de Thélin [58]
who obtained the first results on the equation of the form: —A,u = Au?~'. The
last author and W. M. Ni. Serrin [57] have showed independently the existence and
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the uniqueness of radial solutions in RY. Lately, this result has been generalized
by M. Otani [49] to any arbitrary open subset of RY. In 1987, F. de Thélin [59)
has extended these results to the equation of the type A,u = g(z,u) where g is
a function controlled by polynomial functions in u. Among the forerunners of the
analysis of eigenvalue problems, one can cite G. Barles [10], S. Sakaguchi [56] and
A. Anane [8], who studied the equations of the type:

—Ayu = ANu[?u  in a bounded domain (2.

Lately in 1990, P. Lindqvist [43] established numerous results on this type of equation
which follow the article of A. Anane [8]. Furthermore, there are other results on
the uniqueness were stated by J. I. Diaz and J. E. Saa [24] in 1987 for the equation
—Apu = f(x,u) under the condition that the function r % is decreasing for
every x € (). The bifurcation problem from the first eigenvalue has been discussed
by R. F. Manésevich and M. A. del Pino [46], while the non-resonance problems
involving the p—Laplacian was studied by A. Anane and J. P. Gossez [9]. Later,
the unbounded case of these equations was studied by P. Drabek [25]|, P. Drabek
and Y. X. Huang [26] and A. Bechah, K. Chaib and F. de Thélin [11], where the
questions of existence and uniqueness were solved for eigenvalue problem as well as
for nonlinear problems.

The case of systems presents a new challenge and leads to tremendous complications
related to the coupling. The variational systems could be treated by using the
theory of critical points as the solutions of these systems are precisely critical points
of the functional from where are originate (for more details about critical point
theory, see the introduction of this thesis and the book of O. Kavian [42]). The
spaces where these functionals are studied depend on boundary conditions that
these solutions must satisfy. This method called direct method of the calculus of
variations whose origins go back to Gauss and Thomson in the middle of the 19
century and had been used Dirichlet and Riemann to solve the Dirichlet problem
for the Laplace equation. However, there were gaps in the proof, mathematical
rigour needed, as pointed out by Weierstrass in the 1870’s. So this procedure had
to wait until the begining of the 20th century, when D. Hilbert revived the method
and put in the right tracks what was since called the Dirichlet principle. Today,
the same sort of ideas is still used to other boundary problems for more general
elliptic equations and systems. In the simpler case of Dirichlet problem for the
Laplace equation, the critical point is a minimum of the associated functional. As
a consequence, some new critical point theory had to be developed. Already in the
1930’s, Ljusternik and Schnierelman developed a theory of critical points of the min-
max type for functionals presenting a Z, symmetry. In the 1970’s A. Ambrosetti and
P. H. Rabinowitz | 7] established several results on critical points of the min-max type
for functionals without symmetry. The class of variational systems can be split into
two classes: the class of gradient type if there exists a function F: Q x Rx R — R



of class C! such that:
3F oF
f et - =9,
v

and the class of Hamiltonian type if there exists a function H : @ x R x R — R of
class C! such that:

(0.3)

0H 0H
= = f and 0 =9 (0.4)

where the functions f and g are defined as in (0.1) and (0.2).

Concerning the gradient system (0.1)-(0.3), we look for the critical points of the
Euler-Lagrange functional associated

1 1
v):—/ |Vu]pdx+—/ ]VU\qu—/F(x,u,v)dx
b Ja qJo Q

which are the weak solutions of the system (0.1). The functional I is defined in the
product space W = W, (Q) x W, 9(Q). We require that the functional derivatives
F satisfies the following growth conditions

|Ey(z,u,v)| < O(ul” + [ul*|v]T)  ae. in Q (0.5)
|Fy(z,u, )| < C(Jo]° + |ul*™vl?)  a.e. in Q (0.6)

where p* = ]\J,Vpp, q NN—_qq and 1 < p,q < N the critical exponents of Sobolev’s

embeddings W, ”(Q) C LP () and Wy%(Q) C L7 (). The exponents v and &
satisfy 1 <y <p*—1land 1 < < ¢* — 1. Remark that when we impose that F

be of class C! and satisfy the conditions (0.5) and (0.6) imply that I also is of class
CL.

In 1990, it was F. de Thélin [60] who first instigated the studies on systems involving
the p—Laplacian operator where he proved a result of existence and uniqueness of
the first eigenvalue to the following system

—Aju = ANul* ol in Q
—Ap = ANul*THofflv in Q

under the condition &=t 4 5+ +1 = 1. The case of a variational system was discussed by

P. Felmer, R. F. Manasev1ch and F. de Thélin [34] where they studied the existence
and uniqueness of positive solutions of a variational system of the type:

OH

—Ayju = %(w,u,v) dans (2
OH

—Ap = %(x,u,v) dans (,

generalizing therefore the results obtained in the scalar case by J. I. Diaz and J. E.
Saa [24]. Later, these results were extended to a system deriving from a potential



by F. de Thélin and J. Vélin [62], J. Chabrowski [19] and L. Boccardo and D. G.
de Figueiredo [14] and started an approach of the non-variational case by imposing
growth conditions on the nonlinearities.

In the preceding, authors studied only systems on bounded domains of RY while the
unbounded case was discussed by J. Fleckinger, R. F. Manasevich, N. M. Stavrakakis
and F. de Thélin [34] and A. Bechah, K. Chaib and F. de Thélin [11|. Notice that
the study of the systems involving the p—Laplacian operator in RY was inspired
by the general study made by M. F. Bidaut-Véron [13] on the classical Laplacians
and by P. Clément, J. Fleckinger, R. F. Manasevich and F. de Thélin [21] and P.
Clément, R. Manasevich and E. Mitidieri [22] who studied the existence question
of the solutions for the systems (p, ¢)—Laplacien purely non-variational of the type
(0.1).

Currently, several recent research papers are studying systems, particularly the four
chapters of the present thesis [1, 2, 3, 4]. Notice that the historic T have drawn up
here is far to be exhaustive.

One of the motivations of this thesis is the fact that certain results concerning
elliptic systems involving the p—Laplacian either in bounded or unbounded domains
deserve to be completed and so far in some papers we seemingly impose "nonnatural"
conditions on the exponents to guarantee the existence or the nonexistence of the
solutions.

Our second work was motivated by the difficulty to prove multiplicity results of
positive solutions in the critical case in unbounded domain. The third motivation
is to generalize some results obtained by T. Aubin et H. Brézis & L. Nirenberg
concerning the critical level where we can affirm the compactness of the minimizing
sequences of Palais-Smale type to more general scalar equations and then to elliptic
systems involving the (p,q)—Laplacian operator. Our last work was motivated by
a important recent result due to A. El Hamidi & J. M. Rakotoson [32] where they
generalized the famous concentration-compactness principle of P. L. Lions to the
case of anisotropic operators.

In the sequel of this concise introduction, we briefly describe the main papers figuring
in this thesis.

Chapter 2: In their article [6], A. Ambrosetti, H. Brézis and G. Cerami studied the
existence and multiplicity of the following equation:

—Au = fi(u), z€Q
u = 0 x € 01,

where f) is a function presenting a concave-convex nonlinearity for example f(u) =
AulP~ u + |u|?tu under the assumption 1 < p < 2 < ¢ < 2*. They showed, by



using an argument of sub and super solutions, the existence of a positive solution
corresponding to a small value of 0 < A < A*. Moreover, they proved the existence
of infinity of solutions if the function f) is odd. These result was generalized and
improved by A. El Hamidi [29] to the problem involving p—Laplacian with Dirichlet
or mixed conditions on the boundary 0€2:

—Apu = AMu|T u+ |u|"t, x € ()
(0.7)
e[ VulP~22% 4 q(z)|ulP~2u = 0, x € 09,

with 1 < ¢ <p <r <p*ande € {0,1}. Using the fibering method, introduced and
developed by S. I. Pohozaev [27], A. El Hamidi [29] studied the modified functional
energy Ej defined on R x WprP(Q) by:

E\(t,u) := Ex(tu),

where F)(u) is the Euler-Lagrange functional associated with Problem (0.7). He
studied the restriction F3 and F3% of E) on the Nehari manifold Ny, which is split
into two disjoint subsets N} and N} as 0 < X < . E; and E% are both bounded
from below on S, the unit sphere of er’p (2), and then one can apply the Ekeland
variational principle [28] and prove the existence of two different positive Palais-
Smale sequences of W?(Q). These sequences converge to different solutions such
that the first one has a negative energy however the second changes the sign of its
energy at A\g € (0, \).

In the article [1], we have studied the following subcritical variational elliptic system:

—Apu = MulP*2u+ (o + 1)|u|*tufo]®™ dans Q,
(0.8)
A = pplP %0+ (B + Dul* o[l dans Q,
together with Dirichlet or mixed boundary conditions
ulp, =0 and %b =0,
(0.9)

vlp, =0 and %y, =0,

with1<p1<p<N,1<ﬁ+1<q<N,O‘Tﬂ+%>1andap—*f+%<1. The
argument adopted here is of A. El Hamidi in his article [29]. As developed by Y.
Bozhkov and E. Mitidieri [16], we introduce the modified energy functional defined
by: B
I u(s,u,t,v) = I ,(su, tv)

where I, , is Euler-Lagrange functional associated with System (0.8). Exploring the
Nehari manifold N, , associated with I, defined by all couples (su,tv) # (0,0)
satifying 8E7M(s, u,t,v)/0s = 0Z\7N(s,u, t,v)/0t = 0, we proved that this manifold



is also composed of two disjoint subsets N, /\1 ., and N, /\2 ., since the couple (A, 1) belongs
to a subset D of R?. The study of the restriction of the functional Iy, on Ny , and

%, showed that I, is bounded from below et then one can prove the existence
of two positive Palais-Smale belonging to Nehari manifold and converge to two
different solutions of System (0.8). Furthermore, we prove that the first solution
has a negative energy however there exists a continuous function p — Ag(u), whose
graph is included in D, such that the energy of the second solution of System (0.8)
changes its signs according to the function Ag(u).

Chapter 3: In this part, we deal with System (??), in the unbounded case and

under the condition ap—*ﬂ + ,th = 1. This step is perilous because we lose the
compactness of the injections WP(Q) c L' () and W4(Q) C L9 (Q). Notice
that in this case, the compactness-concentration principle of P. L. Lions [45] is not
valid any longer in the unbounded domains. In the literature, this principle and
the concentration-compactness principle of G. Bianchi et al. [12] are widely used
to overcome the difficulty due to the loss of the compactness of the Palais-Smale
sequences. Notice that Struwe decomposition [61] is useful as well in the bounded
domains and compact manifolds. In the article [62], J. Vélin and F. de Thélin

studied the following problem:

—A, = ulu|* o[t in Q

—A, = [ul* o]’y in Q.

They proved an existence result of solutions under the hypothesis O‘p—tl + % <1

and a nonexistence result in the case @ + 81 — 1 and Q is strictly star-shaped by

using Pohozaev identity [53|. Next, the following system
Ay =uu 4 S, i 0

A, = lu|*FL o]t +g, in Q.

u=v=0, on 0N

with O‘p—tl - % = 1, was studied by J. Chabrowski [19] in the case when p = ¢ and

lately by J. Vélin [63] if p # ¢q. They proved the existence of at least one positive
solution under the hypothesis f € W= (Q) \ {0} and g € W17 (Q) \ {0} and

| fll=1p, 1l9ll=1.¢ < k. In our article [3], we were interested in the following system

([ —Ayu = a(x)|uP2u + ulu/* o/, in RV
— A = b(x)|v|7 20 + |ul*T ], in RN
lim w(z)= lm wv(x)=0,
|z —+o0 l|#]|—-+o0




where api*l + ﬁqtl = 1. We proved the existence of at least one solution but in the
contrary of our article [1], where we have got two solutions, in this case we have
lost the second solution and succeeded to recover it only for 0 < p < py (p is the
first eigenvalue of —A, in W?(RY)) and X is sufficiently close to 0. These results

was obtained by using a gradient convergence theorem of minimizing sequences of
Palais-Smale developed by A. El Hamidi and J. M. Rakotoson [31].

Chapter 4: One of the major difficulties in the analysis of nonlinear elliptic varia-
tional problems involving critical nonlinearities is the recovering of the compactness
of Palais-Smale sequences of the Euler-Lagrange associated. This problem was dis-
cussed by H. Brézis and L. Nirenberg in their pioneering article [17]. The compact-
ness by concentration principle due to P. L. Lions is widely used to overcome this
type of problems. In the literature, there exists a lot of methods trying to recover
the compactness based on the almost everywhere convergence of the gradient of the
Palais-Smale sequences. One can cite for example the article of L. Boccardo and F.
Murat [15], J. M. Rakotoson [55] for bounded domains and A. El Hamidi and J. M.
Rakotoson [31] for arbitrary domains.

The authors in [17], studied the eigenvalue problem with a critical perturbation:

—Au = Mu+ul in Q,

u > 0, in £,

w = 0, on 09,
with Q is a bounded domain of RY, N > 3 with a smooth boundary 052, 2* = ]\2,—1172
is the critical exponent of Sobolev injection W12(Q2) C LP(Q) and X is positive
parameter. The authors also introduced a critical level corresponding to the energy
of the limit of the Palais-Smale sequences guaranteeing their relative compactness.
Indeed, let (u,) be a Palais-Smale sequence for corresponding the Euler-Lagrange

functional:
/ T2 - 2 / V- L

They proved that if a sequence (u,) of (PS). satlsfylng

1
c:= lim I)(u,) < NS%, (0.10)

n—-+0o

then (u,) is relatively compact. In this case, this implies the existence of nontrivial
critical points of I,. Here, S is the best Sobolev constant of the injection W,*(Q) C
L*¥ (Q). In this chapter, we give a generalization of Condition (0.10) for the following
equation involving the p—Laplacian:

-Apju = Af(z,u)
(P)) (0.11)

ulp = 0, and %|g:O,




where Q is a bounded domain of RY, N > 3 with smooth boundary such that
0 =T UX et I' ¥ are smooth submanifolds of 02 of dimension (N — 1) with
positive measures such that 'Y = (). Here, % is the outward normal vector to 2

and f is a subcritical perturbation of |u|P"~!. We proved a similar condition, that if
(uyn) is a (PS). such that

< c" = inf [ inf [ 0.12
es¢ ulenNo O(U)+UEJ\1/{\IU{O} )\(’U)7 ( )

then (u,) is relatively compact. The level ¢* is critical because we succeeded in
constructing a (PS).~ but not relatively compact. A, and Ny denote respectively
the Nehari manifolds relative to Problems (Py) and (F).

In the second part of this chapter, we deal with the following critical system

—Ap = M(w,u) +ulul* o[, i Q
(PA,;L)
Ay = pg(a,v) + [ul* o[y, in Q

where ap—*ﬂ + % = 1 and boundary conditions are of Dirichlet or mixted, with f

and g are respectively subcritical perturbations of [u[?"~! and |v|? ~1. We denote by
p* = NN—ZD and ¢* = NN—fq the critical exponents relative to the injections de Sobolev
Whr(Q) c L"(Q) and WhH4(Q) C L"(Q) respectively. Our approach provides a
general condition based on the properties of the Nehari manifold, which can be
extended to a more general class of nonlinear elliptic systems. The optimality of
our condition was established only for the special case p = ¢ and obtained by the
construction of a Palais-Smale condition non relatively compact relative to the level
c*. However, the question for p # ¢ is still open because we ignore the maximal
functions relative to Problem (Fp ) for p # ¢. For more general system classes, one
can refer to D. G. de Figueiredo [35], D. G. de Figueiredo and P. Felmer [36] and L.

Boccardo and D. G. de Figueiredo [14].

Chapter 6: This chapter is motivated by the recent results of I. Fragala et al. [38],
C. O. Alves and A. El Hamidi [5] and A. El Hamidi and J. M. Rakotoson [30, 31|
concerning the study of scalar anisotropic equation. In fact, the authors in [3§]
considered the scalar problem and established some existence and regularity results
in the subcritical case as well as a nonexistence result in star-shaped domains.

This chapter is devoted to the study of a critical nonlinear anisotropic system of the
following form:



(

N pi—2

N -,
0 (|ov"" 2 (0.13)
; ;i ( 8;}1 3;) = pb(x) o]0 + [u* o[y i Q,

u=v=0 on Of)

\

with
N N
1 1 a+1 +1
l<p<p,l<g<g, ) —>1,> —>1 et - 5* =1
— Di = 4 p q
where
. N — N
b = y €L g =
i=1 i = i

Here, p* and ¢* designate respectively the effective critical exponents associated with

the operators
Pi—2 N qi—2
0 0 0 0

AR

The authors in [31, 32| generalized the concentration-compactness principle of P.
L. Lions [45] in the anisotropic case. Using this generalized principle, they proved
that the best Sobolev constant in the critical case is attained. In the article [4], we
generalize the existence and regularity of positive solutions results obtained by C. O.
Alves and A. El Hamidi [5]. By using this generalized principle, They showed that
Sobolev’s best constant in a certain critical case critique is attained. In our paper
[4], we generalize the existence and regularity results of positive solutions obtained
by C. O. Alves and A. El Hamidi [5] to the case of System (0.13) in a bounded

domain of R, using mini-max methods.

0
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Chapter 1

The Nehari manifold for systems of
nonlinear elliptic equations

Abstract
This paper deals with existence and multiplicity results of nonlocal positive solutions
to the following system

—Ayu = AMulP'72u+ (a+ Dulul* o+

—Ap = p|TP+ (B + Dl ],

together with Dirichlet or mized boundary conditions, under some hypotheses on the
parameters p, p1, o, B and q. More precisely, the system considered corresponds to
a perturbed eigenvalue equation combined with a second equation having concave and
convex nonlinearities. The study is based on the extraction of Palais-Smale sequences
in the Nehari manifold. The behaviour of the energy corresponding to these positive
solutions, with respect to the real parameters \ and p, is established.

1.1 Introduction

In this work, we consider the system of quasilinear elliptic equations

—Apu = AP "Pu+ (o + Duful* o7,

(1.1)

—Agp = p| v+ (B 1)[ul* o],
together with Dirichlet or mixed boundary conditions

ulp, =0 and %[5, =0,
(1.2)
vlp, =0 and %y, =0,

where, 2 is a bounded domain in RV, with smooth boundary 9Q = T'; NE;, where I';
are smooth (/N —1)-dimensional submanifolds of 02 with positive measures such that

18



§ 1. The Nehari manifold for systems of nonlinear elliptic equations 19

Ny, =0,i€e{1,2}. A, is the p-Laplacian and % is the outer normal derivative.
It is clear that when I'y = I'y = 912, one deals with homogeneous Dirichlet boundary
conditions.

Our aim here is to establish nonlocal existence and multiplicity results, with respect
to the real parameters A and pu, for Problem (1.1). Along this work, the following
assumptions will hold

l<pr<p<N, ¢g>1, a>1, f>1, (1.3)
1 1
atl O+l oy (1.4)
p q
1 1 1
o +ﬁ+ >1 and ﬁi<1, (1.5)
p q q
where
. Np . Ng

are the critical exponents for the p-Laplacian and ¢-Laplacian respectively. These
assumptions mean that we are concerned with a subcritical and super-homogeneous
system where the first equation is concave-convexr and the second equation is only a
perturbation of an eigenvalue equation. Also, the following assumptions concerning
the real parameters A and p will hold

>‘>07 o< p1,

where p; is the first eigenvalue of —A, in 2.
Problem (1.1), together with (1.2), is posed in the framework of the Sobolev space
W = WpP(Q) x Wp4(Q), where

Wl (Q) = {u e WH(Q) = ulp, =0}, Wp(Q) = {ue WH(Q) : ulr, =0},

are respectively the closure of C}(2NT, R) with respect to the norm of W'?(Q) and
C3(Q2N Ty, R) with respect to the norm of W4(). We can refer the reader to [9]
for a complete description of this space in the case p = 2. Notice that meas(I';) > 0,
i =1, 2, imply that the Poincaré inequality is still available in Wll;p (Q) and W;;Q(Q),
so W can be endowed with the norm

[|(w, )] = [[Vull, + Vol

and (W, ||.||) is a reflexive and separable Banach space.

Semilinear and quasilinear scalar elliptic equations with concave and convex nonlin-
earities are widely studied, we can refer the reader to [1, 4, 10, 18] and to the survey
article [5]. For the nonlinear elliptic systems, we refer to [2, 3, 6, 8, 11, 14, 20, 21|
and to the survey article [13|. In [15], the authors studied the existence of positive
solutions to a perturbed eigenvalue problem involving the p-Laplacian operator. In
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[6], the authors have generalized the results of [15] to a perturbed eigenvalue sys-
tem involving p and g-Laplacian operators. Recently, in [10] the first author has
considered a semilinear elliptic equation with concave and convex nolinearities, and
showed nonlocal existence and multiplicity results with respect to the parameter via
the extraction of Palais-Smale sequences in the Nehari manifold.

In this paper, we extend this method to the system (1.1) where one equation contains
concave and convex nonlinearities and the other one is simply a perturbation of an
eigenvalue equation. We show that Problem (1.1) has at least two positive solutions
when the pair of parameters (A, i) belongs to a subset of R? which will be specified
below.

For solutions of (1.1) we understand critical points of the Euler-Lagrange functional
I € CY(W,R) given by

1 A 1

—P(u) = = Pi(u) + ~(Q(v) — pQ1(v)) — R(u,v),

p b1 q

where P(u) = [[Vul[}, Pi(u) = [lull}}, Q(v) = [[Vol[f, @i(v) = [[o|[] and R(u,v) =
Jo lul* ol d,

Consider the "Nehari" manifold [16] associated to Problem (1.1) given by

I(u,v) =

N = {(u,v) € (WP (N {0}) x Wi () \{0}) / Dl (u,v)(u) = Dol (u,v)(v) = 0},

where DI and Dl are the derivatives of I with respect to the first variable and
the second variable respectively.
An interesting and useful characterization of N, [15, 18, 22, 10, 7] is the following

N ={(su,tv) / (s,u,t,v) € Z* and 91 (su, tv) = 9,1 (su,tv) = 0},

where Z* = (R\{0}) x (erlp(Q)\{O}) x (R\{0}) x (W;;(Q)\{O}) and [ is considered
as a functional of four variables (s,u,t,v) in Z := R X W;;p(Q) X R x WI};‘](Q). For
this reason, we introduce the modified Euler-Lagrange functional I defined on Z by

I(s,u,t,v) := I(su,tv).

1.2 Preliminary results

In this work, we are interested by nontrivial positive solutions u # 0 and v # 0
to Problem (1.1). Since the functional I is even in s and ¢, we limit our study for
s>0,t>0and for (u,v) € (Wp(Q)\ {0}) x (W () \ {0}).

Lemma 1.2.1. For every (u,v) € (erlp(Q) \ {0}) x (WFIQq(Q) \ {0}) there exists a

unique \(u,v) > 0 such that the real-valued function (s,t) € (0,+00)? — I(s,u,t,v)
has exactly two critical points (resp. one critical point) for 0 < A < A(u,v) (resp.
A = Au,v)). This functional has no critical point for A > A(u,v).
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Proof. Let (u,v) be an arbitrary element in (W;lp(Q) \ {0}) x (Wllzq(Q) \ {0}).
Then

R&wtvﬁ=%PW%—$§¥ﬂw+€;Q() pQ1(v)) = s R(u, v).

A direct computation gives o,11 (s,u,t,v) =0 if and only if

R(u, 'U) m a+1

t=t(s)=[(B+1 s+ | 2.6
= P50 - hiw) 20
and
(s, u.t().0) = S Pu) = 2> Py () — S Afu,)
s,u,t(s),v) = —P(u) — —s u) — —A(u,v),
p n ' r
where q
atl R u, v) =B+
A(u,v) = (a + 1)(3 + )i T
(Q(v) — pQ1(v)) s @D
and r = %. It is easy to verify that » > p. Now consider the function s €

(0, +00) — I(s,u,t(s),v) and let us write
8,1 (s,u,t(s),v) = PR (s, u,0).

where F ,(s,u,v) := P(u)s?"P' = AP, (u)—A(u,v)s"P'. The function s € (0, 4+00) —
F) (s, u,v) is increasing on (0,3,(u,v)), decreasing on (5,(u,v),+00) and attains
its unique maximum for s =5, (u, v), where

_ p—p1 Pu) |77
= : 2.7
Sult,v) {7’ —p1 A(u v)] 27)
So, the function s € (0,+00) — F),(s,u,v) has two positive zeros (resp. one

positive zero) if F) ,(5,(u,v),u,v) > 0 (resp. F),(5,(u,v),u,v) = 0) and has no
zero if F ,(5,(u,v),u,v) < 0. On the other hand, a direct computation leads to

—pq

} P(u) — APy (u).

Fu(Bu(u,v),u,v) = i [p—pl P(u)

r—pi [7—pi Ay, v)
Then, F),(5,(u,v),u,v) > 0 (resp. F),(5,(u,v),u,v) < 0) if X < A(u,v) (resp.
A > ANu,v)) and Fiy,0),.(5,(u,v),u,v) = 0, where
P(u) > T—p{p—m}Tp

Pi(u) A(u,v) =7 r=p1 Lt =D

AMu,v) =¢ and ¢ =

(2.8)

Therefore, if A € (0, Mu, v)), the function s € (0, +00) — 9,1 (s,u,t(s),v) has two
positive zeros denoted by s1(u, v, A, i) and sa(u, v, A, 1) verifying 0 < sq(u, v, A, p) <
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Su(u,v) < so(u,v, A, ). Since Fy ,(s1(u, v, A, ), u,v) = Fy ,(s2(u, v, A\, 1), u,v) =0,
OsFy u(s,u,v) > 0 for 0 < s < 5,(u,v) and OsF) (s, u,v) < 0 for s > 5,(u,v) it
follows that

Dss I (51(u, v, A, ), u, t(s1(w, v, A, 1)), v) > 0, (2.9)
Bss I (s2(u, v, N, 1), u, t(s2(u, v, M, ), v) < 0. (2.10)

This implies that the real-valued function s € (0,4+00) — I(s,u,t(s),v) achieves
its unique local minimum at s = s;(u,v, A, ) and its unique local maximum at
s = so(u, v, A\, ), which ends the proof. O

Hereafter, we will denote t;(u, v, A\, p) := t(s;(u, v, \, p)), @ = 1, 2. At this stage, we
introduce the characteristic value

Ap) = inf{ Au,v), (u,0) € (WEPQ)\ {0}) > (W () \ {0}) }.

We claim that X(u) is great than a positive constant which depends only on u, p,
p1, ¢, «, B and . Indeed, using the Holder inequality, we get

R(u,v) < [0 [Ju

ol

where 0 > 1 is such that 1% + q%%—% = 1. Using the continuous embedding WFI;(Q) -
LT (Q) we get

P, (u o
Au,v) < ¢ (1) e
(/~L1 — M) q—(B+1)
where P,(u) = |lu gi and ¢ = c1(p,p1,q,,0,9Q). Using again the continuous

embeddings WP (Q) C LP1(Q) and WiP(€2) C LP"(Q) we obtain

B+1  p—p1

AMu,v) > eo(pg — p) =@ =

where Cy = 62<p7p17 q,«, 57 Q) and then

B+1  p—p1

A1) > ea(py — p) e o
which achieves the claim. Now let us introduce
D= {(A 1) € (0,+00) x (=00, 111) : A< A(p)}.
For every (A, ) € D, the functionals (u,v) € (Wﬁlp(Q) \ {0}) x (WI};](Q) \ {0}) —

I(si(u,v, Ay ), u, ti(u, v, A\, ), v) @ = 1, 2, are well defined and one can show easily
that they are bounded below. Hence, for every (A, u) € D, we define

ap(A, ) = inf{]:(sl(u,v,)\,u),u,tl(u,v,)\,u),v), (u,v) 6?} (2.11)
as(A\, ) = inf{I(se(u,v, A\, ), u, to(u, v, A\, ), v), (u,v) € W}  (2.12)
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where .

W= (W () \ {03) > (W (€2) \ {0}).
Our aim in the sequel is to show that a; (A, 1) and as(A, i) are in fact critical values
of the Euler-Lagrange functional I for every (A, u) € D. We start with the following

Lemma 1.2.2. Let (u,,v,) € W be a minimizing sequence of (2.11) (resp. of
(2.12)) and let (UL, V1) := (51(Un, Vns Ay 1) Uns t1 (U Uy A, 1))

n’'n

(resp. (U2, V2) := (82(tp, Uny Ay 1)Uy to (U, Uny A, 1)vy)). Then it holds:

(i) limsup||(UL, V)| < oo (resp.limsup ||[(UZ, V,2)]| < 00).

ny»'n
n—-4oo n—-4oo

(ii) limian(Ui,an)H >0 (resp. limian(U2 V3| > 0).

n’'n

Proof. We show the assertion (i), let (u,,v,) € W be a minimizing sequence of

(2.11). Since Ol (s1(Un, Vny A, 1), Upyy L1 (Uny Uy A, 1), 0,) = 0 and
O L (81 (U, Upy Ay 1), Uy t1 (U, Uy Ay 1), vy,) = 0, it follows that

P(U,) = AP (Uy,) = (@ + 1)R(U,, V) = 0, (2.13)
Q(V,) — n@i(Vy) = (B+ DR(U,, V) = 0. (2.14)
Suppose that there is a subsequence, still denoted by (U}, V1), such that
lim, oo |[(U}, V1] = 0o. We will distinguish three cases:

Case a) lim, . o ||[VUL||, = oo and ||[VV}}||, is bounded. By (2.14) we get
that R(U!, V1) is bounded. On the other hand, using the continuous embed-

ding WpP(Q) C LP(Q), we have Pi(U}) = o0,(P(U})), as n goes to +00. By
(2.13) we get R(U),V))) = Z5(1 + 0,(1))P(U,) as n goes to +oo and hence

n>'n

lim,, 4o R(U}, V1) = 400, which cannot hold true.

n» 'n

Case b) lim, i ||VV,||, = oo and ||[VU,||, is bounded. By (2.13) we get
R(UL, V1) bounded. If 0 < u < py, using the Sobolev and Young inequalities,

for every e € (0, 1), there is a positive constant C. such that
£
Vo lls < ﬁllVanHZ +C.,
which gives (3 + 1)R(UL, V1) + pC. > (1 —e)Q(V,}). Then lim, ., R(U}, V) =
+00, which is impossible. If u < 0, then Q(V!) — uQ(V.}) = (8 + 1)R(U}, V1) >
Q(VY) so lim,, ., o R(U!, V1) = +00, which is also impossible.

n 'n

Case ¢) lim,_ o0 [|[VUL|, = lim,— 400 |[VV,}||, = 00. As in the first case, we have

R(UL VY =

n 'n

(14 0,(1))P(U}), as n goesto + oo.

a+1 m

Then I(UL V1) = = (O‘Tfl + % -1 —l—on(l)) P(U}) as n goes to +o0o. Hence,

nVn at1

using the hypothese (1.5), lim,, o, (U}, V}) = 400, which is impossible. Conse-

n'n

quently, limsup,,_,, . [|(U}, V.1)|| < co. We show in the same way that limsup,,

(U3, VDIl < 0.

n’'n
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Now, we show the assertion (ii), let (un,v,) € W be a minimizing sequence of
(2.11). Suppose that there is a subsequence, still denoted by (U! V1), such that

n'n

lim,, o |[(U}, V1)]| = 0. By (2.13) we get lim,, ., I(U},V}) = 0 and this can not
hold true because I(U},V}) < 0 for every n.

Similarly, let (u,,v,) € W be a minimizing sequence of (2.12). Suppose that there
is a subsequence, still denoted by (U2, V;?), such that

n’>'n

lim, o [[(U2, V)] =0. If p> a+ 1, by (2.10) , we have

n’'n

Oss (U2, V2) = (p— 1)P(U?) — A(pr — 1)P1(U) — a(a+ 1)R(UZ, V) < 0

n’'n n’'n

Then (p—1)P(U2)—Np—1)P,(U?) —apR(U2,V,?) < 0, which implies that (p— (a+

1))R(U2,V?) < 0 and this is impossible. Finally, if p < a+ 1, then (p —p)P(U?) <
(a+1)?R(U;, V;7). Since &5 + % < land “& + % > 1, then there exist p and
q satisfying p < p < p*, ¢ < ¢ < ¢* and
1 1
ol gl (2.15)
p q
Therefore,
2 12 2(ja+1]|7/2]|8+1
< Qp)lIVURIETHIV VS

and consequently, (p — p1) < ¢(Q,p,q)(a + 1)?|VUZ|[oF 2|V V2] |5+ which con-
verges to 0 as n goes to +o00. This contradicts the fact p > py, which ends the proof.
U

1.3 Palais-Smale sequences in the Nehari Manifold

It is interesting to notice that for every v > 0, § > 0, it holds

f(vs, %,(575, %) = f(s,u,t,v),
~ 1 ~
ol (75, %,61&, g) = gﬁt](s,u,t,v),
~ 1 ~
0.1 (75, E,&t, E) = —0sl(s,u,t,v),
o0 gl
~ U v 1 ~
T(vs, Lot l) = —o.I .
Oss (’ys,fy,éi, 5) 72885 (s,u,t,v)
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This implies that

1 U v
sy(u, v, \, ) = — (—,—,)\,u) Vé >0, 3.16
1 ) 5503 (3.16)

1 U v
So(u, v, A\, ) = — (—,—,)\,,u) Vé >0, 3.17
2 ) -2 (503 (3.17)

1 U v
tl(uavu)V/JJ) - S (;,g,)\,ﬂ) Vy >0, (318>

1 U v
to(u, v, A\, pu) = S (;’S’A’M) Vo > 0. (3.19)

It follows that
ar(A ) = ( )inSf S{f(sl(u,v,/\,u),u,tl(u,v,)\,u),v)}, (3.20)
U,V )ESp XD¢q

as(\, ) = inf {T(sa(u, v, A p), u, ba(u, v, A, 1), v)}, (3.21)

(u,v)ESp xSy

where S, and S, are the unit spheres of W;(Q) and W;%(Q) respectively. Make
precise that S, x S, is a 2-codimensional and complete submanifold of W, we will
denote it in the sequel by S.

Lemma 1.3.1. Let (\,p) € D and let (un,v,) € S be a minimizing sequence of
(3.20) (resp. of (3.21)). Then (s1(tn, Un, Ay 1) Up, t1(Uny Uy A, 1) 0y),

(resp. (So(Un, Upy A, 1)U, ta (U, U,y A, )vy,) ) is a Palais-Smale sequence for the func-
tional I.

Proof. Let (A, p) € D and consider a minimizing sequence (u,,v,) € S of (3.20).
Let us set

Un = Sl(umvn’/\au)unu
Vn = tl(unuvna)H/JJ)Un

The sequence (U,,V,) is clearly bounded in W. On the other hand, the gra-
dient (resp. the Hessian determinant) of I with respect to s and ¢ at (s,t) =
(Sl (um Un, /\7 :U’)u

t1(Un, Uny A, 1)) is equal to zero (resp. is strictly negative). So, the implicit function
theorem implies that that s;(u,, vn, A, ) and ¢y (uy,, va, A, pt) are C* with respect to
(u,v), since I is.

We introduce now the functional Z defined on S by

Z(u,v) = 7(51(u,v,)\,u),u,tl(u,v,)\,u),v),
then
ar(A\, p) = inf Z(u,v) = lm Z(up,v,).

(u,v)€S n—-+o00



§ 1. The Nehari manifold for systems of nonlinear elliptic equations 26

Applying the Ekeland variational principle [12, 17, 19, 22] on the complete manifold
(S,]|.]]) to the functional Z we get

1

Z,(unavn)(¢n>¢n) < ﬁ“(@na@bn)”a V(@n, Pn) € T(un,vn)Sv

where T{,, ,,)S denotes the tangent space to S at the point (uy,v,). Recall that
Twnwn)S = Tu,Sp x T,,Sq, where T, S, (resp. T,,S,) is the tangent space to S,
(resp. S,) at the point w, (resp. vy,).

Set
Ay = (Un, Uny A, 1), and By, := (81(Un, Uy A, 1), Uy T (U, Uy A, 1), V).

For every (¢n,¥n) € T.,S, x T,,S,, one has

T’ (tn, vn)(Pns ¥n) = D1I(By)(¢n) + DoI(By)(Yn)

where

DiI(By)(pn) = 0us1(An)(9n)0sI(Br) + 0u1(Bn)(¢n) + ut1(An)(0n)0iI (By)

= 0ul(By)(pn)-

Similarly, one has B B

Furthermore, consider the "fiber" maps

T WP\ {0} — RxS,

w9l ) = (m) me(w),
7o)\ {0} — RxS,
v — (IVollys ot ) = (Ra(0), Falw)),

Applying the Holder inequality we get, for every (u, ) € (Wllip (Q)\ {0}) x Wllip (02)
and (v,) € (WI};I(Q) \ {0}) x WFI;‘](Q), the following estimates

, , 1761l
M@ < IVl ) <20
RO < 900l R < 22t

On one hand, from Lemma (1.2.2), there is a positive constant K such that s;(A4,) >
K and t1(A,) > K, for every integer n. On the other hand, for every (p, 1) € W,

DU, Va)(@) = @n0ul(Ba) + 0ul(Bu)(#7) + 2,011 (B)
= 0.1(B)(¢)).
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where ¢! = 7 (u,)(¢) and p2 = 7)(u,)(¢). Then the following estimates hold true:
ol < |IVell, and [|[V@2]|, < 2]|Ve]|,. In the same manner, we get

DoI(Un, Vi)(¥) = ¥p0.I(By) + 0,1(B,)(¥2) + 50, (B,)
= 0,1(Bn)(12).
where ¢} = 7 (v,)(¢) and 2 = T5(v,) (), with the estimates [} < ||V¥]], and
19921, < 2|Vl,. Therefore

1
| D LUy, Vi) ()] < ﬁ||V<pillp

IA

2
—||IV
—|IVelly
and

DU, V)W) < Ve,

2
< — .

We conclude easily that
lim_[|7'(U, Vi)l = 0.

where I'(U,, V) (¢, v) = D1I(U,, V) (@) + D2I(U,, V) (¢) and || ||« is the norm on
the dual space of W.

The arguments are similar if (u,,v,) € S is a minimizing sequence of (3.21). Hence,

the lemma is proved. . B B 0
Remark. Forevery (u,v) € Wand (A, 1) € D, one has I(s,u,t,v) = I(s, |u|,t, |v]),
si(|ul, |v], A, 1) = si(u,v, A\, ), @ € {1,2} and consequently ¢;(|ul, |[v], A, 1) = t;(u, v, A\, @),
i € {1,2}. Therefore, every minimizing sequence (u,,v,) € S, xS, of (3.20) or (3.21)
can be considered as a sequence satisfying u,, > 0 and v,, > 0 in €.

1.4 Positive solutions and the behaviour of their en-

ergy

Theorem 1.4.1. Let (A, ) € D. Then Problem (1.1) has at least two nontrivial
solutions (U, V), i € {1,2}, such that U > 0 and V' > 0 in Q and U # 0, V' £ 0,
forie{l1,2}.

Proof. We will use the notations of the previous lemmas. Let (A, u) € D and

consider a nonnegative minimizing sequence (uyn,v,) € S of (3.20). It is known from
Lemma (1.3.1) that

lim 1(Uy,,V,,) = a1(\p),

n—-4o0o

lim |[I'(U,, V)|l = 0

n—-—+o00
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and that (U, V},) is bounded in . Passing if necessary to a subsequence, there are
U' € WpP(Q) and V! € W(Q) such that

= U' in WpP(Q),

— U' in LP(Q) and LP(Q),

— V' in WE(Q),

— V'in L?(Q) and LY(Q),

SoS s S

where p and § are specified in (2.15). At this stage, we use the well known inequal-
ities: V(z,y) € RY

C (|2 %x =y ?y) - (x —y), if v>2,

Cllz) = |y (|22 =y Py) - (z —y), if v<2.

where - denotes the scalar product in RV.
In the case p > 2, we obtain

lv —y]” <
lz—y)? <

PU,-UY < C/ (VU [P*vU, — |VU'P>vUY) - (VU, — VU')
Q
= C(DI(U,,V,)(U, —U" — D I(U", VYU, —U") +
C“/ (0P =200 = (U 2U0) (U = UY) +
Q

Cla+ 1)/ (Un|Up|* Vo PH = UM U MV (U, — UY).
Q

Since lim,, 4 oo || (Un, V)|« = 0, (V,) is bounded, and using the fact that U,, — U*
in LP1(Q) and in LP(Q2), V,, — V1 in in L4(2), we conclude, by the Holder inequality,
that P(U, — U') — 0, as n goes to +00, which means that

U, — U in WEP(Q).
In the case p < 2, a direct computation gives

IVU, = VU2 < C(IVUEP +[[VU[57P) x
/ (IVU[P2VU, — [VU'P2VUY) - (YU, - VU,
Q

Since ||VU, — VU, is bounded, the same arguments used above show that U, —
U' in erip(Q), as n goes to +o0o. In a similar way we get V;, — V! in erf(Q),
as n goes to 4+00.

Moreover, it is clear that (U', V') is a nontrivial solution of Problem (1.1) verifying
Ul'>0and V! > 0in Q and U! # 0, V! # 0. On the other hand, there is a
subsequence of (u,,v,), still denoted by (u,,v,) such that

Up = Sl(unavm)\mu)uﬂ — U' in WéiP(Q)’
Vn = tl(una Un, >\a ,U)Un - Vl n Wl};q(Q)
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According to Lemma (1.2.2), let (s1,t1) € (0, +00)? such that

( .
Sl(“navna)‘vu) — S1 1n R)

t1 (U, Uy Ay b)) — £ in R,

1_ Ut Lp
Up, — uw =7 in WpP(Q),
1_ vt 1,q
\ Up, — vl = in W),

with u! = g—f € S,, vt = ‘t/—ll €S, s1 = si(ul, v, \ ) and = ty(ut, vt A p).
Therefore, 9y, (s (ut, v}, A, p), ul, t1(ut, v}, A, 1), ') > 0.

Proceeding in the same manner with a nonnegative minimizing sequence (i, 0,,) € S
of (3.21), we obtain a second nontrivial solution (U2, V?) of (1.1) verifying U? > 0
and V2> 0in Q and U? # 0, V2 £ 0.

Now, we have to show that (U, V1) #£ (U%,V?). Let (sq,t2) € (0, +00)? such that

( ~ ~ .
SQ(U/nuvna)\aM) — S22 11 R?

tQ(annﬁnv)\)/J’) E— t? in Rv

9
- 2 . 1,
U, — u?= 5—2 in WpP(Q),
~ vz . L
\ Uy, — 02 = o in Wri(Q),

with v? = g—; € S,, v* = ‘t/—; €Sy, s2 = so(u?, 02, A\, ) and ty = to(u?, v\, p).

Therefore, Oy I (s2(u?,v3 N\, 1), u?, ta(u?, v2, A\, ), v*) < 0. Hence (UL, V1) #£ (U?,V?),
which ends the proof. 0

In the sequel, for every (A, 1) € D, the functions (u', v!') and (u?, v?) will be denoted
by (u*(\, 1), v (A, 1)) and (u?(\, p), v*(\, 1)) respectively. Similarly, the solutions
(U, V"), i € {1,2}, will be denoted by (U*(\, u), V(A 1)), i € {1,2}.

Theorem 1.4.2. Let (A, ) € D. Then
(i) IV <0 for A€o, A(p)],

(i) {I(UQ,VQ) >0 fm’/\E]O,)\O(u)[,
I(U2,V?) <0 for X e]ho(m), M),

where
T—p1

ali) =2 (2) 7 R
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Proof. In this proof, u will be fixed in (—oo, it1), so we will omit the dependence
on j in the expressions which will follow. However, the dependece on A will be
specified. In particular, the Euler-Lagrange functional I will be denoted by Iy.

(ii) Let (u,v) be an arbitrary element of W. We denote

L(s, u, t(s),v) = fP(u) - isplP (u) — S—TA(U v)
Ao, Wy ; D n 1 r y V)
and write B _
Ly(s,u,t(s),v) = s"*G\(s,u,v),
where P p
Gi(s,u,v) = sP7P1 (W) _ A 1w §" P (u,0)
p P

It follows that
833(8, u, t(s),v) = plspl_lé,\(s,u, v) + splﬁsCN;A(s, u,v),

with

9,G (s, u,v) = s~ {Z%P(u) - %sr_pfl(u,v)} .

The real valued function s —— é,\(s, u,v) is increasing on ]0, so(u, v)[, decreasing
on ]so(u, v), 400l and attains its unique maximum for s = s¢(u, v), where

So(u,v) = <C> o Su(u,v), (4.22)
p
and 5,(u,v) is defined in (2.7). On the other hand, a direct computation gives

é,\(so(u,v),u, v) = (f:—gi;;iuz})) o R(u,v) — APy (u).

Similarly, Cj,\(so(ulvv),u,v) > 0 (resp. Ga(so(u,v),u,v) < 0) if A < Ao(u,v) (resp.
A > Ao(u,v)) and Gag(u,0)(So(u, v),u,v) = 0, where

r

No(u,v) = 2 (-) T AMu,), (4.23)

T \P

with A(u, v) given by (2.8). Thus, we get

I(so(u,v), u, t(so(u,v)),v) >0 if A< Ag(u,v),

Li(so(u,v),u, t(so(u,v)),v) =0 if A= No(u,v), (4.24)

I(so(u,v), u, t(so(u,v)),v) <0 if A > Ag(u,v).
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First, since the function
10,1] — R
Int
t — I_—t

is increasing, then for every real numbers x, y such that 0 < = < y < 1, one has

ln{l]>1_$1n{l}zln (1) - ,
x -y |y y

1\ 1=v
O<:c<—> < 1.
Y

In the particular case x = p;/r and y = p/r we get

and consequently

T—P1

0<ﬂ<—)w < 1,
T \P

and therfore 0 < Ao(u, v) < A(u,v).
Moreover, for every (u,v) € W, one has G/\o (uw)(8,u,v) < 0for s €]0, +oo[\{so(u v)}

and G,\O(u v (So(u,v),u,v) = 0. Hence, the real valued function s — I)\O(u 0 (s,u,t(s),v),
(s > 0), attains its unique maximum at s = so(u,v) and we obtain the following
interesting identity

So(u, v, Ao(u,v), 1) = so(u,v). (4.25)
We will set

to(u,v) = ta(u, v, Ao(u,v), p).
On the other hand, it is clear that the functional \o(u,v) is weakly lower semi-
continuous on W. Thus, the value

Xo = inf Ao(u,v) (4.26)
(up)eW

is achieved on W. Since Ao(u,v) is 0- homogeneous in v and v, we can assume that
there is some (u*,v*) € S, x S, such that Xo = Ao (u*, v*).

Now, let A be such that 0 < A < Ao. Then, for every (u,v) € W one has 0 < A <
Ao(u,v) and consequently Z\(so(u,v),u,t(so(u, v)),v) > 0 holds from (4.24). But,
s — Iy(s,u,t(s),v), (s > 0) attains its unique maximum for s = s,(u, v, \), hence
Z\(82(u, v, A), u, to(u, v, \),v) > 0, for every (u,v) € W. In particular, we have

E\(SQ(UQ()‘)v U2(/\)7 )‘)’ UQ(/\): tQ(UQ(/\)a ’02()\), )‘)7 02(/\)) > 07

ie. I(U2(N), V2()\)) > 0.
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If A= XO, then

-~

L (U*(00), V(M) = T (s2(w®(N0), v2(Ro), Ao), 2 (o), t2(1*(No), 02 (M), o), w2 (o)

- (U,v)iEnSEXSq IS\O (82 (U, v, )\0), u, t2 (u, v, )\0)’ U)

S EO(SQ(UJ*7U*)7U*7t2(U*)U*>7U*>
= I/\o(u*,v*)(SO(u*a'U*)?U*atO(U*7U*)7U*>
= 0
which implies that IXO(UZ(XO),VZ(XO)) < 0. In addition, it is known from (4.24)
that
EO(S()(U,?J%U,to(U,U),’U) Z 07

fxo(sl(u,v,:\\o),u,tl(u,v,xg),v) < 0,

for every (u,v) € W. Then

—~

so(u,v) > sl(u,v,XO), V(u,v) € W.

It follows that

I, (s2(w?(R0), v2(X0), M) 12 (No), t2 (1 (No), 0% (M), o), 02 (No)
I, (so(u! (o), v (X)), ut (M), to (! (M), v' (Ao)), v (o)) = 0.
Hence,

~ -~ -~ ~ ~ ~ ~ ~

L (U2(0), V(M) = T, (s2(@®(No), v2(Ro), M), (Ko, t2(1*(No), 02 (M), o), 02 (o))
0.

Finally, assume that Ao < A < \. Since, for every s €]0, +oo[ and (u,v) € W, the
real valued function A — I, (s, u,t(s),v) is decreasing, it follows that

Li(s,u,t(s),v) < fxo(s,u,t(s),v), for every s >0 and (u,v) € w. (4.27)
In addition, we have

Tl (3,02 00: 2 w200, =), 0200, 0, 7 3)
(u,v)ienSfpxSq I)\(SQ(U’ v, )‘)7 u, tQ(U, v, )\), U) <

T')\(SQ(U’*7 U*J )‘)7 U*a t2<U‘*7 U*7 /\)7 ’U*)

I:{O(SQ(U*, v A, ut ta(ut, vt N, vY)

A\
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where the last inequality follows from (4.27). Moreover, the real valued function
s = I (s,u”,t(s),v"), (s > 0), achieves its unique maximum at s = so(u*,v").
Thus,

‘EO(SZ(U*7 'U*a A)v U*a tZ(U*v ’U*, )\)a U*) < EO(S()(U'*? U*)a U*a tO(U*a U*)a U*)

= f)\o(u*,v*)(SO(U*v U*)a U*a tO<U*7 U*)a 'U*)
= 0.

Hence Iy(sa(u2(N),02(N), ), u2(N), ta(u(N), v2(A), A), v2(A)) < 0, which ends the
proof. O

The following result shows the subtle link existing between the characteristic value
Ao defined by (4.26) and Problem (1.1).

Theorem 1.4.3. If (u,v) is a solution of (4.26) then (so(u,v)u,to(u,v)v) is a so-
lution of the system (1.1) when A = )g.

Proof. Let (u,v) be a solution of (4.26). In order to simplify the notations, we set
U := so(u,v)u and V := to(u,v)v. Thus, for A = N\g = \o(u,v) we have:

So(U, U)p 80<U,U)p1 SO(ua U)T

L, (UV) = . P(u) — Ao > Pi(u) = =5 Alu,v)
and for every p € W, *(Q):
DLy, (UV)(e) = - PUN) = “2PU)(9) — T DAV )(e),
where
P'(U)(¢) = so(u, v)P"'P'(u)(p),
Pi(U)(¢) = so(u, v} L P{(u)(y),

We calculate now,

MNP{U) () = olu,v)so(u, v}~ P{(u)(¢)

r—p1 p—

-6 () A Gu)

p1—1 P1—

()" () o

_ r—pmr (p_pl) : <f = P(u) P(u) =

r=—pnrp\r—p

() e
e
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In addition, one has
DlA(va)(QD) = so(u,v)PlDl(u,v)(go)
_ ([p—pl P(u) )”’Tp n P b,

v)(p)

pr—pi A(u,v) pr—pi A(u,v)
S u)So(u, v)P~ 1&
- pT,_pIP( )0( ) ) ( u, ) :

Consequently, we obtain

Pu)g) r—p Plu)(g) p—mDid(u,v)(p)
Dib, (U V)e) = [ Pl r—m B r—pm  A(wo) }
y P(u)so(u,v)P!
p
r—p P(u)(p)  Pl)(e) p—m Did(u,v)(p)
K<r—p Pla) P r—p  A(wo) >

where K := ::Ii P;“) so(u,v)P~1. On the other hand, a direct computation gives:

5 (1o P P p-m DA )
Dia(uo)(p) = (S EpHE AL pom B nle)),

which is equal to zero by assumption. Hence DiI5 (U, V)(¢) = 0 since it is pro-
portional to Dy Ag(u, v)(¢p).
Moreover, for every ¢ € Wy (Q), we get

P—m Dy A(u, v)(¢)
Do) =——"=A e
2A0(u, ) (1)) = p— o(u,v) Aw o)
which is also equal to zero by assumption. This implies that Dy A(u, v)(v)) = 0, since
Ao(u,v) = Ao # 0. Then

So(u,v)"

D,I5, (U V)(4) = — Dy A(u,v)(¥) = 0.

r

which implies that (so(u,v)u,to(u, v)v) is well a solution of the problem (1.1) with
)\ - )\0. |:|
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Chapter 2

Nehari manifold for a critical system
in RY

Abstract
In this paper, we are interested in existence and multiplicity results of non local
solutions to the following critical system.:

—Aju = da(@)|ulP?u + ulu[* o] P in RY,
—Ap = pb(z) v %0 + |[u/*THof o in RY,

under some conditions for the parameters a ,b,p, p1, a, 3, ¢, A and u in the critical
case: L 4 ﬁtl = 1. We show these results by developing variational tools. The
study consists in the extraction of Palais-Smale sequences in the Nehari manifold. A
compactness principle due to A. El Hamidi and J-M. Rokotoson allows us to obtain

convergence results for the gradients in our unbounded case.

2.1 Introduction

We consider the system of quasilinear elliptic equations:

—Ayu = Aa(@)[u""?u+ulul* o in RY, (11)
—Ag = bl + [u oo in RY, |

We are interested in establishing nonlocal existence and multiplicity results for Prob-
lem (1.1). Of course nonlocal solutions means with respect to the real parameters \
and . Throughout this paper, the following assumptions will hold:

a>0,a#0, ac L7 (RY)and b>0,b20, be Lt (RY), (1.2)
l<pr<p<N, 1<qg< N, a>-1, > -1, (1.3)

1 1
arl px1_ (1.4)

P ¢
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§ 2 Nehari manifold for a critical system in RY

q>p+1, (1.5)

where

_ Np «_ Ng
"Ny T TN-¢

are the critical exponents for the p-Laplacian and ¢-Laplacian respectively. These
assumptions mean that we are concerned with a critical system where the first equa-
tion is concave-convexr and the second equation is only a critical perturbation of an
eigenvalue equation. Also, the following assumptions concerning the real parameters

A and p will hold

*

p

A > 07 < fi1,
where p; is the first eigenvalue of the equation
—Av = pb(x)v|v|7? in RY.
Thus

— i Jp V0| dx
beDLa@VN0} [on b(2)[1]7 da’

231

where the space DM4(RY) is the closure of D(RY) with respect to the norm

”U/H'Dl,q(RN) = (/ \Vu\qu) )
RN

One can prove that p; > 0 and p, is achieved. Indeed, on one hand, by integrability
of b, we claim that the functional

Qy : DHERY) — R

v b(x)|v|? dz-

RN
is weakly continuous. It is clear that the functional @), is well defined since ¢* /¢ and
N/q are conjugate exponents. Now, let u,, — u in DV(RY) weakly. We are going
to prove that |u,|? — [u|? in L/9(RY). Since || [un|?||g+/q = [Jun]|% is bounded we
can assume, up to a subsequence, that |u,|? — v in L9/4(RY). The claim is complete
if we show that v = |u|? because then the limit does not depend of the subsequence.
Choose any increasing sequence (K, ),eny of open relatively subsets, with regular
boundaries, of RY covering RY : RY = U K,,. By using the compact /continuous
embeddings

DY(K,) — LYK,) C L'(K,)
Up = U => Uy, — U = |u,|T — |ul?

and
LYK, C LNK,)
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§ 2 Nehari manifold for a critical system in RY

Uy |? = v => |u, | — .

Thus, v = |u|? a.e. on each K,,. Using the diagonal process of Cantor, we conclude
that v = |u|? a.e. in RY and the claim is achieved.

On the other hand, let (¢,) be a minimizing nonnegative sequence of u;, (with
Qu(¢¥n) = 1, which is possible by homogeneity arguments), there is a nonnegative
function v € D(RY) such that, up to a subsequence,

¥, — ¢ in DM(RY)  weakly.
Using the claim proved above, we get as n — 400

Qv(Vn) — Qu(v) = 1.

But,
/ |Vp|Tdx < liminf/ |V, | de = s
RN n—-+4o0o RN

then 4y is acicheied by 1. Finally, suppose that j; = 0, then [ |Vi)|?dz = 0 wich
implies that v is a constant function which is positive since Q,(%) = 1. But positive
constant functions do not belong to DY(RY). Notice that 1 satisfies, in the weak
sense, the equation

—Ag = pub(@)y[[** in RY.

We denote by S, (resp. S,) the best Sobolev’s constant for the continuous embedding
DYP(RYN) — LP"(RY) (resp. DY(RY) — L7 (RY)).

Problem (1.1) is well posed in the framework of the space W := D'P(RYN)x DM4(RY),
where

DYRY) = {ue L (RY) : |Vu € L/RY)},
DYRY) = {ve L’ RY) : [Vo| € LI(RY)},

which are, as mentioned above, respectively the closure of D(RY) with respect to

the norms of
lulhy = ( / \Vu\pdx) ,
RN
oy : = ( / |Vu|wx)
RN

The space W is endowed by the following norm:

D=

Q|

1w, )| = Nlullip + [[v]l1q

which gives to (W, ||.||) Banach space properties, reflexivity and separability.
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§ 2 Nehari manifold for a critical system in RY 40

For solutions of (1.1) we mean critical points of the Euler-Lagrange functional I €
C*(W,R) given by

I(u,v) == (a+1) G?P(u) - Z%Pl,a(U)) + % {Q(v) — uQy(v)} — R(u,v),
where
P(u) = Hqu, P ,(u) = /RN a(x)|ulPrdz,

QW) = ot Qo) = / b(a)[o|"de,
RN
R(u,v) = / e+ o
RN

Remark that the functional I is bounded neither above nor below on W. For this
reason we introduce the Nehari manifold corresponding to I, which contains all
critical points of I and on which I is bounded below, as we will see in the sequel.
For each (u,v) € (DY?(RM)\ {0}) x (DY4(R™)\ {0}), the Nehari manifold associated
to the functional I is defined by

Ny = {(u,v) € (D*(RY) \ {0}) x (D'*(RY)\ {0}) : I'(u, v)(u,v) = 0}.
This manifold can be characterized as follows
Ny ={(s,u,t,0) € Z*: 9sl(su,tv) =0 and 91 (su,tv) = 0},

where Z* = (R\ {0}) x (Dlvp(RN) \ {O}) x (R\ {0}) x (Dl’q(RN) \ {O}) and [ is
considered as a functional of four variables (s,u,t,v) € Z := R x D'"P(RY) x R x
DY4(RYN). This suggests the introduction of the modified Euler-Lagrange functional
I defined on Z by

I(s,u,t,v) = I(su,tv).

2.2 Some properties of minimizing sequences

Troughout this paper, we will be interested by positive solutions; u > 0 and v > 0
to the problem (1.1). As the functional I is even in s and ¢ we can limit our study
for s >0, ¢ >0 and (u,v) € W := (D"?(RY)\ {0}) x (DY(RY)\ {0}). In the first

lemma, we establish some properties of the modified functional (s,t) — I(s,.,t,.):

Lemma 2.2.1. For every (u,v) € W, and for all p < py there exists a unique
A, v, 1) > 0 such that the real-valued function (s,t) € (0,+00)* — I(s,u,t,v) has
exactly two critical points (resp. one critical point) for 0 < A < A u, v, ) (resp.

A= Au,v,1)). This functional has no critical point for X > A(u,v, p).
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Proof. Let (u,v) € W, (s,t) € (0,400)2 and p < iy be arbitrary elements. We

have
I(s,u,t,v) = (a+1) (%P(u) — ]%Splpl,a(u)) — s R (u, v)
£ 3+ Q) — uQuv)

Then 0;1(s,u,t,v) = 0 if and only if

t=1t(s) =

R(u,v) q*(éJrl) ot
{@w)—wxv)} T, (26)

and consequently

T(s,u,1(s),0) = (@ + 1) <%P(u) - pilsmpl,a(u) - S%A@,@) ,

where .
R P GEsY)
A(u,v) = (u,v) —
(Q(v) — uQu(w)) 7
and r = 2D S ) Tet us write 857(3, u, t(s),v) = sP " F(s,u,v), where F(s,u,v) :=

q—(B+1)
P(u)sP™P — APy 4(u) — A(u,v)s""P*. The function s € (0,4+00) — F) ,(s,u,v) is

increasing on (5, (u,v), +00) and attains its unique maximum for s = 5, (u, v), where

s = (10 &

Thus, the function s € (0,400) — F) ,(s,u,v) has two positive zeros (resp. one
positive zero) if Fy ,(5,(u,v),u,v) > 0 (resp. F),(5,(u,v),u,v) = 0) and has no
zero if Fy ,(5,(u,v),u,v) < 0. On the other hand, a direct computation leads to

p—P1

Fyu(5u(u,v),u,v) = Z__}i {f : ii A](Dl(buz);)] . P(u) — APy q(u).

Then, F) ,(5,(u,v),u,v) > 0 (resp. F),(5.(u,v),u,v) < 0) if X < A(u,v) (resp.
A > AMu,v)) and Fp)u(5u(u,v), u,v) = 0, where

P TT__ppl _ _ PTippl
AMu,v) =¢ (v) - and ¢ = i {p P1} : (2.8)
Py o (u)A(u,v) =» r=p1 T

Therefore, if A € (0, A(u,v)), the function s € (0,400) — 0sI(s,u,t(s),v) has two
positive zeros denoted by s1(u, v, A, u) and sa(u, v, A, 1) verifying 0 < sq(u, v, A, p) <
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Su(u,v) < so(u,v, A, ). Since Fy ,(s1(u, v, A, ), u,v) = Fy ,(s2(u, v, A\, 1), u,v) =0,
OsFy u(s,u,v) > 0 for 0 < s < 5,(u,v) and OsF) (s, u,v) < 0 for s > 5,(u,v) it
follows that

8357(31(10,1),/\,u)u,tl(u,v,)\,u),v) > 0, (2.9)
8357(32(%1},)\,u),u,tg(u,v,)\,u),v) < 0. (2.10)

This implies that the real-valued function s € (0,+00) — I(s,u,t(s),v) achieves

its unique local minimum at s = sj(u,v, A\, ;) and its unique local maximum at

s = $a(u,v, A, ), which ends the proof. O
Hereafter, we will denote t;(u, v, A, ) = t(s;(u,v, A\, ), i = 1,2. Notice that for ev-
ery (u,v) € W, p < ppand X € (0, \(u, v, 1)), the points (sq(u, v, A, i), u, t1(u, v, \, ), v)
and (so(u, v, A, 1), u, ta(u, v, A, ), v) belong to the Nehari manifold N, ,,.

At this stage, we introduce the characteristic value, for all p < puq,

AMp) == <u’v1>n€fw AMu, v, ).
u#0,v#0
We consider the spaces
LPy(RY) = {u:RY — R, measurable : [,y a(z)|u(z)P'dz < +oo},
LIRY) = {u:RY — R, measurable : [, b x)| (z)]7dz < +o0},
endowed with their seminorms
”qul,CL = (fRN SC x pldx)l/pl
lullay = (fon b(@)lu()|7dz)""

It is clear that, under these notations, the embeddings D'?(RY) c LP'(RY) and
DY(RN) C LI(RY) are continuous.

Remark 2.2.1. Let (uy,), be a sequence in DP(RY), then we have the assertion:

u, — uin D'"?(RY) weakly = lim |lu, — u|[y,o = 0.
n—-+00

We will write this property by
u, — u in DYP(RY) weakly = u,, — u in LP'(R")strongly,

and that the embedding DYP(RY) — LP1(RY) is compact.
Similarly,

v, — v in DM(RY) weakly = v, — v in L{(R")strongly,

that is, the embedding DV (RN) — LI(RY) is compact.
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Indeed, fix (up), C D'P(RY) and a real number ¢ > 0. It is clear that there is a

constant C' > 0 such that ||u, — ul|,» < C, for every n € N. Since a € L=m (RM),
there is a compact K(a,e, N) C RN such that

lall e < (e/C)".

LP"=P1 (RN\K)

On the other hand, by standard compact Sobolev embeddings, there is ny € N such
that

/ a(x)|u, —uPrde < ePr; Vn > ny.
K

Therefore, using the Holder inequality, we get
/ a(z)|u, —ulPrde < 2671, Vn > ny,
RN

which ends the claim. The argumentation is the same for the sequence (v,), C
DY(RYN).

We prove that X(,u) is greater than a nonnegative constant which depends only on
i, p, p1, ¢, @« and . Indeed, using the Holder inequality, we get

R(u,v) < |ju

zjlﬂv

B+1
q* .

On the other hand we have, also by the Holder inequality

Pra(u) == /}RN a(@)|uPrdz < Jlaf e [lul:.

p*
p*—pq

Using the continuous embedding DY(RY) L7 (RY), we obtain
P.(u)7

A(U’?U) <a B+l
(= )

where P,(u) = ||u g: and ¢; = ¢1(b,p,p1,q, @, 3). Then, using the continuous em-
beddings D'P(RY) C LP*(RY) and D*(RY) C LP"(RY) we obtain

B+1  p—p1

M, v, 1) > eo(p — pug) = FFD =,

where ¢y = c(a,b,p,p1,q,«, 3) and LP*(RY) := {u measurable / alu[P* € L*(RYN)}.
Consequently

P—P1

~ B+1  p—p1
A(p) 2 o — pun) =0F0 =0,
which achieves the claim. We now introduce the subset of R? defined by

-~

D= {(\ p) € (0,400) x (=00, ) A < Au)}.
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For every (\,u) € D and (u,v) € (DYP(RN)\ {0}) x (DY(RY) \ {0}), we have

951 (s1(u,v),u, t1(u,v),v) = 0 and (resp. 95l (s2(u,v), u,ta2(u,v),v) = 0) , it follows
that the functional (u, v) — I(s1(u,v),u,t1(u,v),v) (resp. (u,v) — I(sz(u,v),u,ts(u,v),v))
is bounded below on (u,v) € (D*?(RY) \ {0}) x (D(RYN) \ {0}). Thus, for every

(A, i) € D, we define

ar(\, p) = inf{1 (s (u,v), u, t,(u,v),v) : (u,v) € W}, (2.11)

ag(\, p) = inf{I(sg(u,v),u, to(u,v),v) : (u,v) € W} (2.12)

Remark 2.2.2. [t is interesting to notice that for every v > 0, and 6 > 0, it holds
that

f(’ys,%,ét,g) = f(s,u,t,v),

O (7ys, ;, ot, 5) = gﬁtl(s, u,t,v),
~ U v 1.~

Ol (s, —,0t, =) = —0,I(s,u,t,v) and
(5. 2,0t5) = Sod(sut0)

- 1 ~
858](73,%,&,%) = ﬁassl(s,u,t,v).

It follows that

1 u v
A = - — = A ) 2.1
Sl(uuv7 7:“) 751 <'7’ 57 7”) ) Vo > 07 ( 3)
1 u v
A = - — = A ) 2.14
SQ(U,U, 7:U’) 782 (/}/7 67 nu) ) Vo> 07 ( )
1 U v
t(u, v, A\, ) = gtl (;, 5 /\,,u> , Vv >0, (2.15)
1 U v
to(u,v, A\, ) = gtg (;, 5 )\,,u> , Vv >0. (2.16)
Therefore,
ar(A\, p) = . v)iengf » T(sl(u, v),u, t1(u,v),v), (2.17)
as(\, p) = inf I(s2(u, v), u, to(u, v),v), (2.18)

(u,v) € Sp X Sq

where S, and S, are the unit spheres of D'P(RY) and D™4(RY) respectively. Specify
that S, xS, is a 2-codimensional and complete submanifold of W, and we will denote
it by S.

Our aim in this part is to show that a; (A, p) is in fact a critical value of the Euler-
Lagrange functional I for every (A, ) € D. We start with characterizing the mini-
mizing sequences of (A, u) and ao (A, ), for every (A, u) € D.
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Lemma 2.2.2. Let (u,,v,) € S be a minimizing sequence of (2.17) (resp. of (2.18))
and let (UL, V1) :i= (s1(tn, Vp, A, p0)Uns t1 (Uny Uny A, 1) 0)

n’’'n

(T@Sp. (Uga Vn2) = (82(una Un, )‘7 /’L)U’VH t2(una Un, )‘7 M)Un)) Then it hOldS"
(i) limsup [[(U,, V)|l < oo (resp.limsup [[(U7, V;7)|| < 00).
n—-+00 n—-+00
(i) Timinf [|(ULVOl >0 (resp.liminf [[(U2, V2)]] > 0).

Proof. We start by checking the point (i), let (u,,v,) € S be a minimizing sequence

of (2.17). Since Os I (51 (Upy Uy Ay 1), Uy By (U, Uy Ay 1), 03)
= 0 and O (s1(Un, Vny A, 1), Uy, b1 (U, Vg, Ay o), v) = 0, it follows that
P(Ui) — )\Pl,a(U,}L) — R(U1 Vl) = 0,

n'n

Q(V,)) = n@u(V,)) = R(U,. V) = 0.

Suppose that there exists a subsequence of (U}, V1), still denoted by (U}, V1), such
that
lim ||(UL, VY] = oco.

ny»'n
n—-+00

We can distinguish three cases:
case a)lim, ., ||[VU}||, = oo and ||VV}||, is bounded. By (2.19) we get R(U}, V1)

n 'n

is bounded. On the other hand, the continuous embedding of D*?(RY) C LP*(RY)
enables us to have P ,(U!) = o(P(U})), as n goes to +oco. By (2.19) we get
R(UL, V) = (1+0(1))P(U}), as n goes to +oo and consequently lim,, . R(UL, V,}) =

n’'n n’'n
400, which leads to a contradiction.

case b) lim,, . [[VV,}]|, = oo and [[VU]}||, is bounded. We obtain by (2.19) the
fact R(U!, V1) is bounded. On the other hand, if 0 < p < p;, by Sobolev and

n 'n

Young’s inequalities, for ¢ € (0, 1), there is a constant C. > 0 such that
€
IVallg < ;HVV#HZ + (s

which gives R(UL, V1) + uC. > (1 —¢)Q(V,}). Then lim, . o R(U!, V) = 400,

which is impossible. If x4 < 0, then Q(V!) — uQ,(V}) = R(UL, V1) > Q(V}!) so
lim,, .o R(U}, V1) = 400, which can not hold not.

n>'n

case ¢) lim, . [|VUL|, = lim, 1o [[VV,}]|, = 00. As in the first case, we have

RUNVH = (14 0(1))P(U), asn goes to + oo.

n’>’'n

Then I(U},V}) = (anl + % —140,(1))P(U}) as n goes to +o00. Hence, lim,,

n? 'n

I(U}, V1) = 400, which contradicts the hypothesis I(U}, V.!) <0 for every n € N.

The first assertion for (2.18) follows by the same arguments.
Now, let us show the second assertion of the lemma. Let (u,, v,,) € S be a minimizing
sequence of (2.17). Suppose that there is a a subsequence, still denoted by (U}, V1),

n’'n
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such that lim, ., [[(U}, V)] = 0. By (2.19), we get lim,,_, I(U},V,}) = 0 and

nr'n n)>’'n

this can not hold true because I(U},V,!) <0 for every n € N.

Similarly, let (u,,v,) € S be a minimizing sequence of (2.18). Suppose that there
is a subsequence, still denoted by (U2, V;2), such that lim,_ . |[(U2,V?)| = 0. If

p > «a+1, by (2.10), we have

O0ss (U3, Vi) = (a+ 1)((p = YP(UR) = Apr — D Pra(Uy) — aR(UR, V7)) < 0.

n''n n’'n

U2 — XNp1 — V)P o(U?) — apR(U2,V;2) < 0, which implies that
2

P( n’ n
(p — (e + 1))R(U2,V;2) < 0 and this is impossible. Finally, if p < « + 1, then
(p—p)P(UR) < (a+ 14 p)R(UZ,V2). Since % 4+ 2EL — 1 then
2 1,2 2|ja+17,2( 8+
< e IV VYIS,

and consequently, (p — p1) < c(a,p, q)|VUZ||S 7P| VV,2[|3+!, which converges to 0
s n goes to +00. This contradicts the fact p > p;, which ends the proof. U

Lemma 2.2.3. Let (u,,v,) C S be a minimizing sequence of ai(A, ) (resp. for
as(\, 1)), then the sequences (UL, V1) and (resp. (U2,V?)) is a Palais-Smale for

n)»’'n n’>'n

the functional I, where (UL, V1) and (U2, V,?) are defined bellow.

n’'n n’'n

Proof. Let (A, u) € D and (u,,v,) € S be a minimizing sequence of (2.17). Let us
set

Up = 51(Un, Un, A, 1)U,
Vn - tl(umvm)"/vb)vm

By the previous lemma, it is clear that the sequence (U,,V},) is bounded in W. On
the other hand, the functional (s,t) — I(.,s,.,t) has null gradient and its Hessian
determinant is strictly positive. So, the implicit functions theorem allows to confirm
that the functions (u,v) +— si(u,v, A\, p) and (u,v) — t1(u,v,\, ) are C1(W,R),
since (u,v) — I(.,u,.,v) is.
We introduce now the functional Z defined on S by

Z(u,v) = ~(81(u,v, A 1) uy ty (u, v, A ), v),
Then

Ap)= inf T = lim Z(uy,v,).

051( 7:“) (ul,E)GS (U,U) n_IEEOO (u v )
By the Ekland variational principle on the complete manifold (S, ||.||) to the func-
tional Z we get

, 1
T (U, ) (Pn, ) < EH(@mwn)Ha V(@n;n) € T(umvn)S7

46
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where T(y, +,)S designs the tangent space to S at the point (un,v,). We know that
the space T(y,0,)S = Ty,S, x T,,S, where T, S, and T, S, are respectively the
tangent spaces to S, and S, at the respective points u,, and v,,.

In order to reduce the notations, we set

An = (Unyvn7 )\,,U), and Bn = (Sl(un7vn7 Aau)aunatl(una Un, A?H’)avn)-

For every (¢n, ¥n) € T4,S, x T,,S,, one has

T’ (tn, vn)(@ns ¥n) = D1I(By)(¢n) + DoI(By)(Un)

where

DiI(Bn)(wn) = 0s51(An)(9n)0s1(Br) + 0u1(Bn)(¢n) + Out1(An)(0n)0i 1 (By)

= 0ul(By)(pn)-
With the same manner, one has
DQT(Bn)(wn) = avT(Bn)wjn)
Furthermore, consider the following "fiber" maps
7 :DYP(RY)\ {0} — R xS,
u
w e (Il ) o= ()
[l
7:DMRY)\ {0} — R xS,
v - -
v (ol T ) = Gt Rl
[vllq

Applying the Hélder inequality we get

] < el Imae) <25 up) € (DR {0)) x DR

and

F @) < ol Fe@)] <21 v p) e 0ha@M) (o)) x DHRY),

0]l

From Lemma 2.2.2, there exists a nonnegative constant K such that s;(4,) > K
and t1(A,) > K for any integer n. On the other hand, for every (¢,v¢) € W

DU, Va)(@) = @n0ul(Ba) + 0ul(Bu)(#7) + 2,011 (B)
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where ¢! = 7 (u,)(p) and p2 = 7)(u,)(¢). Then we have the following estimates
enl < llelly and [l < Zl@llp- In the same way, we get

Dol (Un, Vi) () = %?sf(Bn) +0,1(B,)(Y5) + ¥n0:1(By)

where ¥} = 7 (v,)(v) and ¥? = 7} (v,,)(¢). Then we have the following estimates
[nl < [¢llp and [[¢7]], < Z[l¢llq- Therefore

1
| Dy I(U,, Vi) ()] < EHwin

IN

2 Jiel
TLKSDP

and

DU V)W) < [l

IN

2
n—KWHq

Finally, we have

lim | 7'(Us, Vi) - = 0,
where II(Um Vn)(%w = DII(Un’ Vn)(@) + DQI(U’m Vn)(w) and H ||W* deSignS the
norm of the dual space of W, which achieves the first claim. The second one follows
with similar arguments. 0

2.3 Existence and multiplicity results of solutions
to the problem

In this section, we will show that there is at least one solution to the system (1.1)
and two solutions in the case p = ¢ obtained by considering minimizing sequences
of (2.17) and (2.18) under some supplementary conditions on (A, 1) which belongs
to D. We begin by stating the following lemma, due to A. El Hamidi and J.M.
Rakotoson [§|

Lemma 2.3.1. /8] Let U be a Caratheodory function from RY x R x RY into RN
satisfying the usual Leray-Lions growth and monotonicity conditions. Let (u,) be a

bounded sequence of WEP(RN) = {U e L (RN), |Vov| € LY (]RN)}, with 1 < p <

loc loc

+00, (f,) be a bounded sequence of LL (RN and (g,) be a sequence of W, '* (RY)
tending strongly to zero.
Assume that (u,) satisfies:

(H1) / (I\/(x,un(:v),Vun(x)) -Vodr = fnpde+ < gn, @ >,
RN

RN
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Vo e Wkt (RY) = {v c WHP(RYN), with compact support}, © bounded.

comp

Then

1. there exists a function u such that u,(z) — u(z) a.e. in RY,

2. u € WEP(RN),

loc

3. there exists a subsequence, still denoted (u,), such that

Vu,(z) — Vu(z) ae. in RY.

At this stage, we state and show the following

Lemma 2.3.2. Let (\,p) € D and (up,vy), C W be a (P.S). sequences of I such
that
c:= lm I(up,v,) < inf Ioo(u,v)+ ai (A, p). (3.19)

ne+oo (u,v)END,0
Then the sequence (uy,v,) is relatively compact.

Proof. Let (A, 1) € D and (uy,,v,), C W be a (P.S). sequence of I satisfying the
condition (3.19).

On one hand, We claim that (uy,,v,) is bounded in W. Since (u,, v,) is Palais-Smale
sequence of I, then we have

I(up,vn) = c+o,(1) (3.20)
P(uy) — AP o(un) = R(un,vy) + o(||unlp) (3.21)
Qvn) — pQp(vn) = R(up,v) + o([|vnllq) (3.22)

Then we can apply the result of the lemma 2.2.2 to prove that (u,,v,) is bounded
in W. At this stage, we can assume, up to a subsequence, that

u, — uin D"P(RY),

v, — vin DY(RY),

u, — wua.e. inRY,
—

Un, v a.e. in RY.

It is clear that (u,v) € Ny, U{(0,0)}.

Notice that I'(upn,v,)(p,0) — 0 and I'(u,,v,)(0,%) — 0 for every (p,¢) €
DL (RY) x DY(RY) imply the hypothesis (H;) for the sequences (uy,), and (v, )y,
in the special case where v corresponds to the p—Laplacian or the g—Laplacian
respectively. Consequently, Lemma 2.3.1 show that, up to subsequences:

Vu, — Vu ae. in RY,

Vv, — Vv ae. in RY.
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Let us set =, := u, — u and y,, := v, — v. Using the Brézis-Lieb lemma [4], so we
obtain the following decompositions
P(r,) = P(u,)— P(u) +on(1),
Qyn) = Q(vn) — Q(v) + 0,(1),
Pl,a(xn) = Pl,a(”n) - Pl,a(u) + On(l)a
Qb(yn) = Qb(vn) - Qb(v) + On(l)a
R(xp,yn) = R(un,vn) — R(u,v) + 0,(1).
Using the compactness of the embeddings D'P(RY) — LP1(RY), and DM(RY) —
LERY) we get Py o(x,) = 0,(1) and Qy(yn) = 0n(1).
It follows that
P<xn) - R(xmyn) + On<1)a
Qyn) = R(Tn, Yn) +on(1),
Ioo(Tn,yn) = c—1(u,v)+0,(1).
Notice that the Nehari Manifold associated to Iy is given by
Noo = {(so(u, v)u, to(u,v)v); (u,v) € W, u#0, v+#0},

where )

] and to(u, U) - t<80(ua U))’

r(B+1)
P(u)Q(0) e
80(“? U) = T
R(u,v)a+
and s — t(s) is defined by (2.6). Let [ be the common limit of P(x,), Q») and
R(xy,,yn). Suppose that [ # 0, we get then

IO,O(SO(xm Yn)Zn, to(Tn, Yn)Yn) = (a+1) (% - %) K(zn, yn) (3.23)

> inf  Iyo(u,v), 3.24
> b Tooluo) 324

where

K(xp,yn) =

P(xn)(aJrl)Q(yn)(ﬂJrl)% @tD(r—p)
R(xn, yn)? ’

which tends to [ as n tends to +o0.
Therefore

1 1
lim I, = nl===).
R 0.0(50(Zns Yn) T, to(Tn, Yn ) Yn) = L+ )(p 7a)

On the other hand,

lim I, (@n,yn) = l(

n—-+00

1 1
o+ +ﬁ—|— _1>
p q
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Hence, we obtain

and consequently

c > inf  I(u,v) + I(u,v
T (uw)ENDO ( ) ( )

> inf  Iyo(u,v) + a1 (A, p),

= e No o 00(u,v) 1(As 1)
which contradicts the hypothesis (3.19), then [ = 0, which achieves the proof. [
Theorem 2.3.1. The system (1.1) has at least one solution, for every (A, u) € D.

Proof. Using the Holder inequality in R(u,v), we get

1 1 p(u)(aﬂ)Q(v)(,BH)g (at+D)(r—p)
inf [, = inf H({=-—-
(u,vl)ré/\fo,o O’O(U’U) (ul,ir)l)ES(a+ )<p 7") R(u,v)p
11N [ grem] ™
> (a+1)(——=) |55 >0, (3.25)
p o

where S, and S, are the best Sobolev constants in the embeddings D'P(RY) C
LP"(RY) and DY(RY) C L9 (RY) respectively. Consequently,

V(Ap) €D, ai(Ap) < inf  I(u,v)+or(A p)

('U':U)ENO,O
We set Ul = s1(tn, Un, A\, ), and V! = t1(up, v, A, t)v,, where (u,,v,) is a
minimizing sequence of (2.11). By Lemma 2.2.3 the sequence (U}, V}!) is of Palais-

smale type whose level is aj(A, p)). Then, according to Lemma 2.3.2 there is a
subsequence, still denoted (U}, V1), and (U*, V') such that

n’'n

(UL VY — (U, V') strongly in W.

n’>'n

Now, since lim,, 1o [[I'(U}, V. ||w+ = 0, we have for every (p,v) € W

n'n

Jan IVUAP2VULVode = X [pn Anpdz + [on Xppde + 0,(1),
(3.26)
[ [VVHI2OVE VG de = i [y Butbda + [ Y do + 0, (1),

where A, = a|U}NP72UL, B, := b|VH2VL X1 .= U UL VP and V! =
| ULV~ On one hand, the continuity of the embeddings D'P(RY) C
LPY(RN) and DY(RY) € LI(RY) implies that [ox Appde — [on alU'P U e da
and [y Bpto dz — [ b|V772V 1) da as n tends to +-00. On the other hand, since
Ao — alUYPr=2Up and B,ip — b|V972V 1) a.e. in RY as n goes to +o0, the

inequalities [x Anpdr < |luy||S. vn||§f1||g0 pr Jan Batdz < |ug |05 vy, 5* 0

q*
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and the Lebesgue theorem imply that we can pass to the limit under integral sign
in (3.26) to obtain for all (¢,v) € W

Jon IVU'P2VU ' Node = X oy a|lU' 20U o de + [0 X' dr,
Jan OIVVH2VVIN Y de = p fou DIV IV da + [y Y da,

where X1 = |UYe tUL|VEP*L and Y1 = |UYoH VI[P~V Hence (U, V?!) is a
weak solution to the problem (1.1). O

Remark 2.3.1. In the scalar case, we obtain the analogous of Theorem 2.3.2 with
the same arguments. We note here in this special case, direct computations give

N
P

. 1 :
ulen/\ffo Io(u) = NSP and ue/\I/I:LfJ{o} I\(u) =0,

which generalize the famous Brézis-Nirenberg condition for the entire space.

Proposition 2.3.1. Let p=q > 1 and (A, p) be in D. Then,

. P ooy
(u,vl)rg\fo,o Ino(u,v) = N—_pSpp :
Proof. Assume that p = ¢ > 1, then
pr=a+pF+2 and (a+1) <%—%) = Np—p
By the inequality (3.25), we conclude that
: D ooy
(u,vl)Ig\/o,o Ipo(u,v) > N pSp” .

On the other hand, let (u,) C D**(R") be a minimizing sequence of S,. Then using
the identity (3.23), we get

inf  Ipo(u,v) < Ioo(So(Un, tn)tn, to(Un, Un)ty)
(u,v)END0

rp*

D P(un) T @+De=»)

S|z

=
|
S
S
S
N
'E*

N
p P

making tend n to +o0o the right hand of the last quantity goes to N—_pSp , which
achieves the proof. O
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Theorem 2.3.2. If p=q > 1, the system (1.1) has another nontrivial nonnegative
solution different from the solution established in Theorem 2.3.1.

We start by stating and showing the following

Lemma 2.3.3. Let p > 1, ¢ > 1, (A, n) € D and (up,v,) in W be a Palais-Smale
sequence for Iy, such that (u,,v,) = (u,v). Then there exists a constant K > 0
depending on p, p1, a and N such that

I(u,v) > K\

Proof. Let (u,v,) € W be a Palais-Smale sequence for I converging weakly to
(u,v) in W. Tt is clear that (u,v) € N, , U{(0,0)} and if w = 0 or v = 0 then
(u,v) = (0,0). If (u,v) = (0,0), the proof is achieved. We assume now that
(u,v) € Ny

Since (up,vy,) is a Palais-Smale sequence, then

{ P(uy) — APy o(u,) = R(upn,v,) + 0n(1),
Q(vn) = uQu(vn) = R(un,vn) + on(1).
It follows that
I, v0) = (@ +1) ((1 - 1) Pu,) — A (l _ 1) pl,a(un)) 4 on(1).

p r P T

We introduce the following function

=G+ (# (3= ) P - (- 1) Pu).

por pr T
Then
(2= p ]
g(t, u) =0<+=t=1tu):= (p1 ) 1a(1) ’
ot p(<1 _ 1) P(u)
P r
and

F(t(u),u) = =2 (1 - 12) (?ﬂ) B (=) P

p)\p =

(l _ l)"i’l P(u)r—r

p r

If S,, denotes the best constant of the continuous embedding D'?(RY) c Lt (RY),

we get
p
poompenn p PP
Pl,a(u)p 1 < Ha”pfp;* S;fm.

Yu € DY(RN)\ {0},

P(u)7sr L7
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So there exists a constant K > 0 such that
Vue DY (R {0}, f(t,u) > f(t(u),u) > —K\rm.
Therefore, for every (u,v) € Ny, one has
I(u,v) = f(t(u),u) > —KX1 + o,(1),
which ends the proof. O
Lemma 2.34. If p = ¢ > 1 and (\, ) € D, then the functional I satisfies the

N
Palais-Smale condition on the interval (—oo, %Sp” — K/\P—Z’l).

Proof. Let (u,,v,) be a Palais-Smale sequence such that
N

N R
im 1 (un,v,) = ¢ < —8) — KAvrrr.
p

n—oo

By Standard arguments one can prove that (u,,v,) is bounded in W, so one can
extract a subsequence of (u,,v,), still denoted (u,,v,), such that

(Un,v) — (u,v) in W,

u, — uin LPY(RY),

v, — wvin LI(RY),
un(r) — u(z) a.ezin RY
vp(z) — v(z) aezin RY.

Let z, := u, — v and y,, =: v, — v, applying again Lemma 2.3.1, we get Vz,, — 0
and Vy, — 0 almost everywhere in RY. So by Brézis-Lieb lemma, it follows
P(z,) = P(u,)— P(u)+o0,(1),
Qyn) = Qvn) = Q(v) +on(1),
R(wm yn) = R(um vn) - R(u7 ’U) + On(l)
So

P(z,) = R(zn,yn)+on(1),
Q(yn) = R(l’n, yn) + 0n<1)7
]0,0(xmyn) = C—](U,U) +0n(1)
Let [ be the common limit of P(x,), P(y,) and R(z,,y,). If I # 0, we get

N
1070(8()(1‘”, yn>xm Lo (xm yn)yn) = EK<xm yn)v

Z mf 1070(11)),

weENp,0



§2 Nehari manifold for a critical system in RY 55

where N
a+1 +1 3
P(x,) » Ply) » | "
K(xn,y,) =
(4] R{onon)
Direct computations show that
K(xp,yn) — 1,

SO

*

nh_{{.lo Io,o(So(iUm yn)xm to($n> yn)yn) = p_l'

On the other hand we have

nl_i)Illoo]O,O(xn7yn) = l(
N

= =1
p*

1 1
o+ +ﬁ+ _1>’
p p

Hence, we obtain

N
—l=c— I(u,v).
e (u,v)

Using the lemma 2.3.3 |, we have

N
c = —l+I(u,v),

p
N p
> —l— K\pr1,
p*
which cannot hold true, and [ = 0. 0

Lemma 2.3.5. Let p=q > 1. There exists v € WIP(RY) and \* > 0 such that for
(A, 1) € (0,2%) x (0,+00), we have

N
sup Iy . (sv, sv) < —1 — K\
5>0 p

In particular,
N P
(A, ) < —1— KA\v=r1,
p

Proof. Let’s consider the following family of functions given by

w, = C’I\,g(f\/fp)/p2 (e + |$|p’)(pr)/p
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which attains the best constant S, of the Sobolev embedding W1?(RY) c LF" (RY).
Let ¢ € Cg°(RY) such that ¢(z) = 1 in a neighborhood of the origin. We define
us(x) = ¢(x)w.(x). Taking v, = Hul‘—ﬁp* and using the following estimates
Sy e/ 4 o(e@-D/P) 4 O(eW-P/P) if N > p?,
P(v.) =
Sy Ce VP f(e) + O(eW-P/P) if N < p?,

where C' is a positive constant and lim._,o f(¢) = +o00. Let d5 > 0 be such that

N X _p_
— Sy — KAr=#1 >0, VX € (0,6).
p
st a+1 D1 p*
I)\,;J,(SU& SU&) = ? (p P(U&‘) - (ﬁ + 1)MQb(U5)) - D As Pl,a(vf:‘) - S P*(U6)7
1
* 1 *
< spp—P(UE) _at ASPLP 4 (ve) — P Pi(v:),
p P
* 1 .
< Spp—P("UE) _at ASPLP) o(ve) — 8P = J(s,00).
p P1
As the function s — J(s,v.) is continuous, lim,_ ;. J(s,v:) = —00, and

* 1 x
sup {spp—P(vg) _af ASPLPy 4 (ve) — sP } > 0,
520 p P1

then there exists so € (0, +00) such that:

sup J(s,v.) < —S5y — KA, YA € (0,09).

0<s<sg

Ny
p*

If N > p?, we have

< a+1

J(s,v.) < P(ve)s?P —sP — Aso Py a(ve),
D1
< S_gsp — P — e/ 0(5(19—1)/17) + O(g(N—p)/p)
~
1
_af ASp Py a(ve).
D1
Therefore, for all A € (0, d3)
N N _P_
sup J(s,v.) < =—S7 — Ce®P VP 4 o(e® /Py 1 O(eWN=P/P) — K \bm1,

5250  2p*
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P—pP1
o (OF%l)Sgllﬁqa(Ug) P1
where 03 = ( 5% )
As

N-p p-1_ (-1
b P p
one can fix € > 0 such that

> 0,

—Cele=D/p 4 0(5(10—1)/;0) + O(eN=P/Py < 0.

If we set A* = min{ds, d3}, we obtain

N
P

sup Iy . (sve, sv.) <sup J(s,v.) < —S7 — K)\ﬁ, Ve (0,N),

s>0 s>0

N
p*

and finally
N

Sy — KXmm, V€ (0, \%).

N
QQ(AaM>‘< x
p

The case N < p? can be proved by following the same steps. 0

Theorem 2.3.3. Ifp =q > 1 and (\,pn) € Dy = DN ((0,A*) x (0,400)). Then
Problem (1.1) has at least two nonnegative solutions.

Proof. The first solution (U', V') corresponding to the level a;(A, 1) has been
proved in the above. Now, to obtain the second solution, we take the minimizing
sequence (U2 V2) = (s2(tn, U, A, 1) ), t2(Up, Un,y A, 1) )v,,) such that

n?» 'n

I(U2, V) — as(\ ), |IT'(U2 V)|l — 0 as n — +oo.

n’ n n’ n

Notice that If (A, u) € D, one has

N N p
— Sy — KA\r—r1,

OQ(A,M>'<

*

Then, we can extract a subsequence of (U2 V/2), still denoted (U2 V;?), and two

n n n’ n

nonnegative and nontrivial functions belonging to W such that

U2 — U?in W"(Q), as n — 400
VZ — VZin WH(Q), as n — +oo.

So (U?,V?) is a solution of Problem (1.1) satisfying
Bss I(U?,V?) < 0 and 8,,[(U", V') > 0,

which imply (U, V1) # (U?,V?). O
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Chapter 3

On local compactness in quasilinear
elliptic problems

Abstract

One of the major difficulties in nonlinear elliptic problems involving critical nonlin-
earities is the compactness of Palais-Smale sequences. In their celebrated work [7],
Brézis and Nirenberg introduced the notion of critical level for these sequences in
the case of a critical perturbation of the Laplacian homogeneous eigenvalue problem.
In this paper, we give a natural and general formula of the critical level for a large
class of nonlinear elliptic critical problems. The sharpness of our formula is estab-
lished by the construction of suitable Palais-Smale sequences which are not relatively
compact.

3.1 Introduction

In nonlinear elliptic variational problems involving critical nonlinearities, one of
the major difficulties is to recover the compactness of Palais-Smale sequences of
the associated Euler-Lagrange functional. Such questions were first studied, in our
knowledge, by Brézis and Nirenberg in their well-known work [7]. The concentration-
compactness principle due to Lions [12] is widely used to overcome these difficulties.
Other methods, based on the convergence almost everywhere of the gradients of
Palais-Smale sequences, can be also used to recover the compactness. We refer
the reader to the papers by Boccardo and Murat [5] and by J. M. Rakotoson [14]
for bounded domains. For arbitray domains, we refer to the recent work by A. El
Hamidi and J. M. Rakotoson [9].

In [7], the authors studied the critical perturbation of the eigenvalue problem:

—Au = du+ur ! in Q,
u > 0 in €, (1.1)
u = 0 on 09,

60



§ 3. On local compactness in quasilinear elliptic problems

where  is a bounded domain in RY, N > 3, with smooth boundary, 2* = ]\2,—1172 is the
Sobolev critical exponent of the embedding W1%(Q) C LP(£2), and X is a positive pa-
rameter. The authors introduced an important condition on the level corresponding
to the energy of Palais-Smale sequences which guarantees their relative compactness.

Indeed, let (u,) be a Palais-Smale sequence for the Euler-Lagrange functional

1 A 1
nw =3 [ 196 =3 [ =5 [ 1u

More precisely, the authors showed that if

2%

) 1 .~
nl_lgloo I(uy,) < NS2 (1.2)
then (u,) est relatively compact, which implies the existence of nontrivial critical
points of Iy. Here, S denotes the best Sobolev constant in the embedding W,*(Q) C
L¥ (Q). In this work, we begin by giving the generalization of condition (1.2) for
the quasilinear equation

—Aju = Af(z,u) + [ulf" 2u in Q,
(1.3)
ulp =0 and %y, =0,

where () is a bounded domain in RY, N > 3, with smooth boundary Q2 =T U %,
where I' and ¥ are smooth (N — 1)-dimensional submanifolds of 02 with positive
measures such that ' 1Y = (. A, is the p-Laplacian and % is the outer normal
derivative. Here, f is a subcritical perturbation of |u[P" =,

The sharpness of our result is estabished by the construction of suitable Palais-Smale
sequences (corresponding to the critical level) which are not relatively compact.
Then we give the analogous condition to (1.2) for a general system with critical

exponents
—Aju = Af(x,u) + ulu[* ol in Q

A = pg(z,v)+ |ul* oo in Q

together with Dirichlet or mixed boundary conditions, where f and ¢ are subcritical
Np

perturbations of |u[P"~! and |v|¢"~! respectively, p* = pp (resp. ¢* = NN—_qq) is the
critical exponent of the Sobolev embedding W'P(Q2) C L™(Q) (resp. Wh(Q) C
L"(€2)). Our approach provides a general condition based on the Nehari manifold,
which can be extended to a large class of critical nonlinear problems. In this work,
we confine ourselves to systems involving (p,¢)—Laplacian operators and critical
nonlinearities. The sharpness of our result is estabished, in the special case p = ¢, by
the construction of suitable Palais-Smale sequences which are not relatively compact.
The question of sharpness corresponding to the case p # ¢ is still open.

For a more complete description of nonlinear elliptic systems, we refer the reader
to the papers by De Figueiredo [10] and by De Figueiredo & Felmer [11] and the

references therein.
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3.2 A general local compactness result

For the reader’s convenience, we start with the scalar case and to render the paper
selfcontained we will recall or show some well-known facts.

3.2.1 The scalar case

Let Q ¢ RY, N > 3, be a bounded domain with smooth boundary 9Q. Let f(z,u) :
2 x R — R be a function which is measurable in z, continuous in u and satisfying
the growth condition at infinity

|f(z,u)| = o(u” ') as u — +oo, uniformly in z. (2.4)

This situation occurs, for example, in the special cases f(z,u) = v or f(z,u) = u?!,
1<qg<p”.
Consider the problem

—Apu = Af(z,u) + [ulf"2u in Q,
(2.5)
ulp =0 and %b =0,

where () is a bounded domain in RY, N > 3, with smooth boundary 0Q =T U %,
where I" and ¥ are smooth (N — 1)-dimensional submanifolds of 02 with positive
measures such that ' N X = (. Problem (2.5) is posed in the framework of the
Sobolev space
WP (Q) = {u € W(Q) : ulr =0},

which is the closure of C}(Q NT,R) with respect to the norm of W'*(Q). Notice
that meas(I") > 0 implies that the Poincaré inequality is still available in W?(Q),
so it can be endowed with the norm

[lul| = [[Vall,

and (WrP(Q), ] .|| is a reflexive and separable Banach space. The associated Euler-
Lagrange functional is given by

Ia(u) = —HVUH”

)\/QF(:c,u(x)) dx

the corresponding Euler-Lagrange functional, where F(z,u) := fo x,s)ds.
We recall here that the Nahari manifold associated to the functional J, is given by:

Ny = {u e WpP(@)\ {0} = Jy(u)(u) = 0},

and it is clear that N, contains all nontrivial critical points of Jy. This manifold
can be characterized more explicitely by the following

N = {tu, (1) € (R {0}) x (W20 {0)) = (1) = o}



§ 3. On local compactness in quasilinear elliptic problems 63

where t — Jy(tu) is a function defined from R to itself, for every u given in WA (€)\
{0}. We define the critical level associated to Problem (2.5) by:

“(\):= inf inf . 2.
)= mf Jolw)+ nf o Aw) (2.6)

At this stage, we can state and show our first result

Theorem 3.2.1. Let A € R and (u,,) be a Palais-Smale sequence of Jy such that
lm Jy(u,) < ¢ (N). (2.7)

n—-+00
Then (u,) is relatively compact.

Proof. Let A € R and (u,) be a Palais-Smale sequence for Jy of level ¢ € R ((PS).
for short) satisfying the condition (2.7). We claim that (u,) is bounded in WP ().
Indeed, on has one hand

1
~[[Vua|[
p

_ )\/QF(x,un) do = ¢+ on(1), (2.8)

and
V[

- )\/ F(2, tn )t d = 0, (|| V] |,)- (2.9)
Q
Then,

G5

Now, let € > 0, using the growth condition (2.4), there exists ¢; () > 0 such that

/f T, Uy ) Uy AT — )\/F([E,un)dl':C+0n(1)+0n(||vun”p)'

|f(z,u)| < elul'4e; and |F(x,u)] < %\u|p*—|—cl, a.e. x € Q and for every u € R.
p

Applying the Holder and the Young inequalities to the last relations, it follows
b < ellVunllp + e2(192], A, 2)- (2.10)

Combining (2.10) and (2.8), we deduce that (u,) is in fact bounded in W?(€). So
passing, if necessary to a subsequence, we can consider that

: 1
u, — u in WpP(Q),
u, — u a.e. in .

On the other hand, the growth condition (2.4) implies also that, for almost every
xr € €, the functions s — F(z,s) and s — sf(x,s) satisfy the conditions of the
Brézis-Lieb Lemma (see Theorem 2 in [6]). Thus, we get the identities

/QF@,W o = /QF(:;; un)—/ F(a,u) + on(1),
/Qf(x,vn)vndx _ /Qf(x,un . /fxuu—l—on 1.
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Moreover, let € > 0, there is ¢;(¢) > 0 such that

< elfvnlly: + erlfvnlls.

/ f(x,v,)v, dx
Q

Let C' > 0 (which is independent of n and ¢), such that ||v, g; < C. Since (vy)
converges strongly to 0 in L*(€), there is ng(¢) € N such that ||v,|]; < €/ecy, for

every n > ng(e), and consequently

|/f(m7vn)vndx| §5<1+C), VnZno(e)
Q

Un

o f(x,s)ds and using the same arguments

In the same way, rewriting F'(z,v,) =
as above, we deduce that

/QF@,%)dx = on(1) (2.11)

/ f(x,vp)vpdr = 0,(1). (2.12)

Q

Applying once again the Brézis-Lieb Lemma, we conclude that v € N;, U {0} and
lonll? = [[vallpe = o0a(1), (2.13)

1 1 «
Jo(vy) == 5“%Hp — ];an b = c—Jx(u) +o,(1). (2.14)

A direct computation gives
Ny = {to(w)u = ue Wp"(Q)\ {0}},

where )

[[ull” \ "
to(U) = (W .
p*

v-. Suppose that b # 0. On one

Now, let b be the common limit of ||v,|[? and ||v,

hand we have
11 ||vn||p)pfip
Jo(to(vp)vn) = (- ——
(o)) (p p*)(an ;

> inf Jy(w).

wENJO

Then .
lim Jo(to(vn)vn) = — > inf Jo(w).

n—+00 weN 1,

64



§ 3. On local compactness in quasilinear elliptic problems 65

On the other hand, the identity (2.14) leads to

b
N ¢~ Ja(u).

It follows then

c > wiérjl\go Jo(w) + Jx(u)
> inf Jo(w)+ inf Jy(w),

wGNJO wENJAU{O}

which contradicts the condition (2.7). This achives the proof. O

3.2.2 Sharpness of the critical level formula in the scalar case

To show the sharpness of the critical level formula (2.7), it suffices to carry out
a Palais-Smale sequence for J, of level ¢*(\) which contains no convergent subse-
quence.

Consider, for a given € > 0, the extremal function

N—p _p_ p;N . N —p -t e
O (r) = Cye #? (8 + \:clp—1> with Cy := [ N

p—1
which attains the best constant S of the Sobolev embedding
DYP(RN) — LF"(RM).

Without loss of generality, we can consider that 0 € . Moreover, the set 0f) sat-
isfies the following property (see more details in Adimurthi, Pacella and Yadava [1]):
There exist 6 > 0, an open neighborhood V of 0 and a diffeomorphism
U : Bs(0) — V which has a jacobian determinant equal to one at 0, with
U(BF) =V NQ, where Bf = B;(0)N{z € RY : 2y > 0}.

Let ¢ € C3°(RY) such that ¢ =1 in a neighborhood of the origin.

We define the sequence defined by

Un(x) = @(x)P1/n(x), for neN" (2.15)

It is well known that the sequence (v,,) C er’p (Q) is a Palais-Smale sequence for
Jo of level inf,en;, Jo(w), which satisfies

v, — 0 ae. in €,
Vi, — 0 ae. in €

[1¥n

X p/N
b — {N inf Jo(w)] :=/{ as n — +00,

wENJO

p/N
[[Villf — [N inf Jo(w)} =0 as n — +00.

wGNJO
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Now, let (u,) be a Palais-Smale sequence of J, of level infweNJAU{g} Ja(w). We
will not go into further details concerning which subcritical terms f(u) allow the
existence of such sequences, but in the litterature, this occurs for various classes of
subcritical terms. Applying Theorem 3.2.1, there exists a subsequence, still denoted
by (u,), which converges to some u € Wp(£2). Then

||un _I_ wn p* S 07
U, +¥, — u ae. in
|V, + anHp < C,

Vu, + V¢, — Vu ae. in Q.

where C' a positive constant independent of n. We apply the Brézis-Lieb Lemma to
the sequence (u, + v,,) and get

P [l + 0, (1).

b = 1w — ) + 4,

[t +

Moreover, one has

~fan = llp+ Il = < =) 4l = O < ot =l + [l — 07
which implies that
1t — ) + Wul [y — 77" = 04 (1).
Therefore, we conclude that
|t + a2 = [[u][2x + € + 0,(1).
The same argumets applied to the sequence (Vu,, + Vi) give
[V, + V| b = |[Vul[) + €+ 0,(1).
Finally, using the fact that
[Un|P” 2 06y weakly xin MT(Q) (2.16)
Vb, [P = €8y weakly *in MT(Q) (2.17)

where §y is the Dirac measure concentrated at the origin and M™ () is the space of
positive finite measures [20]), we get that the sequence (u, + v,,) is a Palais-Smale
sequence of Jy of level ¢*(\).

We hence constructed a Palais-Smale sequence (u,, + v,) of J, of level ¢*(\) which
can not be relatively compact in er’p (€2). This justifies the sharpness of the critical
level formula (2.7).

Remark 3.2.1. If we are interested by the homogeneous Dirichlet conditions, i.e.
if X = 0, the same arguments developed above are still valid, it suffices to assume
that the origin 0 € Q and consider ¢ € C3°(Q2) such that ¢ =1 in a neighborhood
of the origin.
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3.2.3 The system case

Now, consider the system

“Agu = M)+ uule o
(2.18)
—Ap = pg(z,v) + |ul*Ho|
together with Dirichlet or mixed boundary conditions
ulp, =0 and %[y, =0,
(2.19)

vlp, =0 and 2y, =0,

where,  is a bounded domain in RN, N > 3, with smooth boundary 90Q =T, U,
where I'; and 3; are smooth (N — 1)-dimensional submanifolds of 02 with positive
measures such that I'; N3, = 0, i € {1,2}. A, is the p-Laplacian and £ is the
outer normal derivative. Also, it is clear that when I'y = I'y = 02, one deals with
homogeneous Dirichlet boundary conditions. We assume here that

l<p< N, 1<qg<N, (2.20)
and the critical condition ) )
at +ﬁt =1 (2.21)
b q

Indeed, this condition represents the maximal growth such that the integrability of
the product term |u|*T!|v|?*! (which will appear in the Euler-Lagrange functional)
can be guaranteed by suitable Hoélder estimates.

The functions f and ¢ are two caratheodory functions which satisfy the growth
conditions

|f(z,u)] = o(u” ') as u — 4oo, uniformly in =, (2.22)

lg(z,v)] = o(v?’ ') as v — +oo, uniformly in z. 2.23)

Problem (2.18), together with (2.19), is posed in the framework of the Sobolev space
W = WP (Q) x W4(Q), where

WrP(Q) = {u e W(Q) : ulr, =0}, Wp(Q) ={ueW"(Q) : ulr, =0},

which are respectively the closure of C3(2 N T'1,R) with respect to the norm of
WhP(Q) and C}(Q N Ty, R) with respect to the norm of W14(Q). Notice that
meas(I';) > 0, ¢ = 1, 2, imply that the Poincaré inequality is still available in
WrP(€Q) and Wp(2), so W can be endowed with the norm

[|(w, )] = [[Vull, + Vol
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and (W,||.]|) is a reflexive and separable Banach space. The associated Euler-
Lagrange functional I, , € C*(W,R) is given by

Do, 0) = (a41) (@ _ )\/QF(x,u))+(6—l—1) (@ —,u/QG(x,v)) ~R(u,v),

p

where P(u) = [|Vul[p, Q(v) = ||Vv||2, F(z,u) = [ f(z,s)ds, G(z,v) = [} g(
and R(u,v) = [, |u|**!v]f*1dz. Notice that R(u,v) < < +oo.
Consider the Nehari manifold associated to Problem (2.18) given by

Napw = {(u,0) € WAL(0,0)} / Dyl pu(u, v) () = Dyl u(u, v)(v) = 0},

where D1, and DI, , are the derivative of I, , with respect to the first variable
and the second variable respectively.
An interesting and useful characterization of N, , is the following

Ny = {(su,tv) / (s,u,t,v) € Z* and 051, ,(su,tv) = O, ,(su,tv) = 0},
where
Z* ={(s,u,t,v); (s,t) € R? (u,v) € erlp(Q) X WI};‘I(Q), (su,tv) # (0,0)}

and I, is considered as a functional of four variables (s,u,t,v) in Z = R x

WP () x R x Wi(Q).

Definition 3.2.1. Let A and p be two real parameters. A sequence (uy,,v,) € W is
a Palais-Smale sequence of the functional I, if

o there exists ¢ € R such that 11111 I (up,v,) =c (2.24)

e DI, ,(un,v,) converges strongly in the dual W' of W (2.25)

where DI ,(uy,v,) denotes the Gateauz derivative of I ,.

The last condition (2.25) implies that

DIy pu(tn, vn) (un) = 0 ([|uallp) (2.26)
Dol (U, vn)(vn) = of ) (2.27)

where D11 ,(un,v,) (vesp. Daly ,(un,v,)) denotes the Gateaux derivative of I,
with respect to its first (resp. second) variable.

We introduce the critical level corresponding to Problem (2.18) by
(A p) = inf Ipo(w)+ inf Iy, (w). (2.28)

wEND,0 weNy,,U{(0,0)}

Then we have the following
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Theorem 3.2.2. Let A and p be two real parameters and (uy,,v,) be a Palais-Smale
sequence of Iy, such that

c:= lm Iy ,(up,v,) < (A p). (2.29)

n——+00
Then (un,v,) relatively compact.

Proof. Let A and p be two real parameters and (u,,v,) be a Palais-Smale
sequence of I, , satisfying the condition (2.29). We claim that (u,,v,) is bounded
in W. Indeed, on one hand conditions (2.24), (2.26) and (2.27) can be rewritten as
the following

Iy (up,v,) = c+o,(1) (2.30)
P(u,) — )\/Qf(m,un)un de = R(up,v,) 4o (||unlp) (2.31)
Q) —p [ feods = Rl +ollodly). (232

Using (2.21), one gets

a—+1

R(up,v,) = pe (P(un)—)\/gf(m,un)un> + o (J|uy
B+1 (@(w) [ g(x,vnm) follully) (23

q*

r)

Suppose that there is a subsequence, still denoted by (u,,v,) in W which is un-
bounded, i.e. ||Vu,l|l, + |[|Vv,||, tends to +o00 as n goes to +o0.
If

lim [|Vuy,||, = +oo,
n—-+00

then using (2.22) one has

[l = o(Ptu,),
[Pl = o))
since (2.22) implies that for every € > 0, there exists ¢;(¢) > 0 such that
1f(z,8)| <els|P" ' +¢ and |F(z,s)| < ]%|3|p* +c, ae z€, VseR

Similarly, if

lim HVUan = 009,
n—-+0o00
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then using (2.23) it follows

Am@wwmr: 0 (Q(vn).
tAWWWMIZ(ﬂM%»

On one hand, suppose that

Hm ||V, = lim ||Vo||, = +oo.
n—-+00 n—-+o0o

Substituting (2.33) in (2.30), we obtain

*
P —-p

C+On(1> = (a—i—l)(l_i*—i—o(P(un)) p

p P

) Pl
b 4D (3= 2+ 0@ ) Qlun) o +o6

which can not hold true. On the other hand, suppose that

lirJ]rn ||[Vun||, = +o0o and the sequence ||Vwv,l||, is bounded,
n—-1+00

then (2.31) implies that R(u,, v,) is unbounded while (2.32) implies, on the contrary,
that R(u,,v,) is bounded. The case

liril ||[Von||l, = +00 and the sequence ||Vu,l||, is bounded,
n—-+oo

leads to a contradiction with the same argument, which achieves the claim.
At this stage, we can assume, up to a subsequence, that

: 1

u, — u in WpP(Q),
: 1

vy, — v in WRY(Q),

U, — u a.e.in 2,

v, — v a.e.in (.

It is clear that
(u,v) € N)\y# U {<07 0>}

Let us set
X,=u,—u and Y,, = v, —v.

Using again the growth conditions (2.22) and (2.23), we show easily that the func-
tions, which are defined on Q x R: (x,s) — sf(x,s), (x,s) — sg(z,s), (z,s) —
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F(z,s) and (z,s) — G(x,s) satisfy the conditions of the Brézis-Lieb lemma [6].
Then, we have the decompositions

/QF(x,Xn) - /QF(x,un)—/QF(x,u)—l—on(l),

/Qf(m,xn)xn _ /Qf(x,un)un—/Qf(x,u)u—l—on(l),
/QG(x,Yn) _ /QG(x,Un)—/QG(x,v)—I—On(l),
/Qg(:B,Yn)Yn _ /Qg(x,un)vn—/Qg(x,v)wonu).

Moreover, let € > 0, then there is ¢;(¢) > 0 such that

< el| Xallhe + 1| Xalh-

/ flx, X)X, dz
Q

Let C' be a positive constant such that ||Xn||7;: < C. Since X,, converges to 0 in
LY(Q), there exists ng(e) € N verifying || X,||; < /¢, for every n > ny(e), thus

<e(l1+C), Vn>mng(e).

/ flz, X)X, dx
Q

In the same manner, writing F(z, X,) = fOX” f(z,s)ds and using the same argu-
ments as above, we get

/QF(xX)—on( ) and /fo)X = 0,(1).

Similarly, it follows that

/G(x,Yn) = 0,(1) and /g(a:,Yn)Yn = 0,(1).

0 Q

Applying a slightly modified version of the Brézis-Lieb lemma [13], one has
R(X,,Y,) = R(upn,v,) — R(u,v) + 0,(1).

It follows that

P(Xy) — R(Xn, Ys) = on(1),
(Yn R(Xy,Yy) = 0,(1),
Ioo(Xn,Ys) = c— L u(u,v) + 0,(1).

Notice that the Nehari manifold associated to Iy is given by

Noo = {(so(u,v)u,to(u,v)v); (u,v) € Wllip(Q) X erf(Q), uz0,v# O} ,
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where 1
r(B+1) 1 7=p
so(u,v) = P(;zi(;)):zﬂ)] . to(u,v) = t(so(u,v)),
and T
—M _ |:R(u7/l)):|‘1(@+1) r
IEICE R e °

Let ¢ be the common limit of P(X,,), Q(Y,) and R(X,,Y,). We claim that ¢ = 0.
By contradiction, suppose that ¢ # 0, then on one hand we get

Ino(s0(Xn, V) X0, to(X,, Y2)Y,) = (a+1) G) — %) K(X,,Y,), (2.34)

> inf 1,
= wg{/o’o 0,0(70),

where

K(X,,Y,) =

P(Xn)(o‘ﬂ)Q(Yn)(ﬂ‘H)% @FD0=p)
R(X,, Yn) |

A direct computation shows that

lim K(X,,Y,) =",

n—-+o0o

therefore

1 1
hr_P [O,O(SO(XTL7 Yn)Xna tO(Xn; Yn)Yn) = £<O4 + 1) (_ _ _) .
n—-+o0 P r

On the other hand,

lim IO’(](XH,Yn) = g(

n—-+00

1 1
o+ +ﬁ+ _1>
p q

Hence, we obtain
1 1
la+1) (— — —) =c— I ,(u,v),

p T
and consequently

c > inf Ipo(w)+ In,(u,v)

weNo,0

> inf inf I .
- wér./{/’o,o O’O(M)eremfb{(o,o)} ault)

This leads to a contradiction with (2.29), then ¢ = 0, which achieves the proof. [
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Remark 3.2.2. 1) In the scalar case, we obtain the analogous of Theorem 3.2.2,
the proof follows easily with the same arguments. We note here that if we consider
the special case (1.1), direct computations show that

1 .~
inf Io(w) = ng and I\(w) =0,

mn
weNy weN,U{0}

which recovers the famous Brézis-Nirenberg condition (1.2).

2) It is clear that our condition (2.7) or (2.29) can be extended to a large class of
quasilinear or semilinear differential operators: Leray-Lions type operators, fourth-
order operators.

3) Using the Holder inequality in the denominator R(u,v), we get

f I 1 L1 S SPEBIB " 2.35
. > - = alx .
S Tz @40 (5= [ssE0 T e
where S, (resp. S;) denotes the best Sobolev constant in the embedding erip(Q) -
L7 () (resp. WpH(Q) C LT (Q)).

We end this note by the following interesting relation arising in the special case
p=gqand 'y =15

Proposition 3.2.1. Assume that p = q > 1. Then,

p N
inf  Iyo(u,v) = Sy .
(U,U)E/\/‘()’() 070( ) N —p P

Proof. In the special case p = ¢, direct computations give

p
N—p

1 1
pP=a+0+2 and (a+1) (———) =
p o

Then, using (2.35), we conclude that

<=z

. p
inf  Ipo(u,v) >
(u,v)e/\/'g,o 070( ) - N — p

Sy

On the other hand, let (u,) C Wllip (Q2) be a minimizing sequence of S,. Then using
the identity (2.34), we get

Tp*
Vu,||P] etDe-p
il Too(w) < Too(So(tn, )it Lot tn)itn) p {” ”p}

weNo,0 B N—p Hun 5*
N
_p {Hwnugr

N —p [ ||un|[-

N

» as n + oo, which achieves the

It is clear that the last quantity goes to Np
proof. O
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Remark 3.2.3. For the sharpness of the critical level (2.29), we define the sequence
Un(x) = @(x)P1/n(x) as in (2.15). We consider then a Palais-Smale sequence
(Un,vy) for Jy, of level inwaN)\’uu{(O,D)} I, (w). Following the same argumets de-
veloped in the scalar case and using Proposition 3.2.1, we prove that the sequence
(Un + U, vy + 1) is a Palais-Smale sequence for Jy, of level ¢*(\, pn) and which
can not be relatively compact in W. This implies the sharpness of the critical level
formula (2.29).
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Chapter 4

Existence and Regularity Results for
an anisotropic system involving
critical exponents

Abstract
In this paper, we establish some existence and reqularity results of positive solutions
of a critical anisotropic system by using variational methods

( N s
a au pi au
— — )\ p—2 a—1 B+1 Q
N L,
9 ov |%77 v |
(PA,M) _Z Ox: ( Ox: 3:17-) = ,ub(x)|v|qf2v+ |u|a+1v|v|5*1 in Q
1=1 g ? 7
u>0 and v>0 in Q,
u=0 and v=0 on 0N

where Q) is a bounded open domain of RN, X\ and p are positive parameters, p* and
q* are respectively the critical exponents for these classes of problem. The functions
a and b belong to spaces which will be specified later.

7
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4.1 Introduction

In this paper, we are interested in existence results of nonlocal solutions to the
following critical system:

4 N o
a a pi a
_ ZZ:; oy (‘ 8; 8;) (@) 4 ulul o in
N —2
0 ov |77 v , 1
- — - o /3_1 .
;@mi (‘8% 6’%) = pb(x)[v]" %0 + |Ju]* o) in , (1.1)
©w>0 and v>0 in €,
u=0 and v=0 on 0N

\

where (2 is a bounded domain in RY, A > 0, i > 0 are real parameters and the
exponents p;, «, q;,  satisfy the following conditions

N N9
pl>1,qz>1,25>1,zq—>1
i=1 i=1 **

and ) )
a—l; n B+ 1
p q-
where p* and ¢* are defined by
* N . N
P = ﬁ and q = ﬁ
——1 ——1

We assume in the sequel that

max{p17p27 e 7pN} <p* and maX{q1:Q27 e 7QN} < q*7

p* and ¢* are the effective critical exponents associated to the operators

S22 (2
i1 8951 8352 Py amz 83@ ’

a.%’i
respectively [8, 7].
The functions a and b are assumed to be nontrivial, nonnegative , a € L7 7 () and
be L7=a(Q).
In this work, we deal with the nonlocal existence, with respect to A and p, of

nonnegative, nontrivial solutions to Problem (1.1). Consider the Euler-Lagrange
functional associated to Problem (1.1) defined by

I(u,v) == (a+1) <Z B(:L) — ]%Pa(u)> +(B+1) (Z Qulv) _ ng(v)) — R(u,v),

p - ¢

0
a.fL'i
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y2 i

ou dr.

where P;(u) ;:/Q 3 dx, P,(u) := /Qa($)|u|1’d$, Qi(v) 3:/9

Qp(v) = / b(x)|v|?dz and R(u,v) ;:/ ’u‘a+1yv‘ﬁ+1dx'
& Q

The functional I is of class C* (W;R), where W := WEP(Q) x Wal(Q), WP (Q)
and VVO1 () are respectively the completions of the space D(Q2) with respect of the
norms :

ov
axi

X4

N N
ou ov
lullz == and [[v]7:=)
i=1 Oz pi i=1 O ai

The spaces WyP(Q) and W,9(€2) can also be seen as

ou
3:1:2-

ov
8:1:1-

where p':= (p1,pe, - ,pn) and ¢ := (q1,¢2, -+ ,qn), the space W is endowed with
norm

WP (Q) = {u € [P+ (Q)

e L), i=1,---,N, um:(),},

wyi(Q) = {v e L7 ()

e L), i=1,---,N, v|m:O},

1w, )] = Nlullz + [|v]lg

We introduce the modified Euler-Lagrange functional I defined on Z := R x
Wy P(Q) x R x Wy(Q) by

I(s,u,t,v) = I(su,tv).
In the sequel, we set p_ = min{py,pz,--- ,pn} = pip, P+ = Mmax{py, pa,--- ,pn} =
Diys ¢~ = min{q, ¢z, qN} = o, @+ = max{q, ¢z, ,qn} = G5y, P-(u) = Py (u),
Pi(u) = Py (u), Q-(v) = Qj,(v) and Q4 (v) = Qy, (v).
4.2 Preliminary results

Under the following assumptions

p < p- < pyr < a+t+l,

qg < ¢- < qp < B+1,

\ s 0 + (2.2)
w > 0.

We have the following lemmas

Lemma 4.2.1. There exist \* > 0, u* >0 and r > 0, p > 0 such that

I(u,0) = 1, V(A p) € (0,3) x (0,1), ¥ (u,0) € W, such that  [|(u,v)] = p.
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Proof. Let (u,v) € W such that

‘au <1 and H‘% <1, Vie{l,--- N}
ox; || illg,
pi qi

Let € > 0 fixed, by Young’s inequality, there exists a positive constant C. such that
R(u,v) < (a+ Dellul|a + (8 + 1)C:|lv]l

Since
o~ Piu) _\ Pu(w) Qi) Q)

I(u,v) = (a+1) (Z ; - A ap )—l—(ﬁ—l—l) (Z Zq — 1 bq )—R(u,v)
=1 i=1 1

it follows that

I(u,v) > (a+1) <<i 4o pl_N) Zpi(u)lw/m _ )\% — ¢lju ]o;*+1>

b1

B ((i b D) S Q- e ffl) -

q1 gN

Now, we calculate, for a fixed j € {1,--- , N}

L1 _ 1(\1 (1 1)
p* p; N izlpi Pj N
N
1
-yl
i=1 Pi
i#]

then p* < pj for all j € {1,---, N}, where p} := p;N/(N — p;) is the critical
exponent of the compact embedding Wi (Q) — L"(Q). As p* < p;, we use then
Sobolev inequalities;

lullpe < cr [Vull,,

and then

[ullp < exflull;-

By the same way

[vllg- < ez [[ollg-

Consequently, there exist positive constants hy, ho, hs, ki, ko and k3 such that
1,0) = (ol = heXulll = hallullg™) + (kalloll& = kapdlolly — ksllullg*)
Since 1 < p < p* < a + 1, there exist A* > 0, r; > 0 and p; > 0 and such that

hallullly” = hoMllullf = hallullg™ =1, Vu € WeP(Q) < Jlullz = p1, YA € (0,A7).
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Similarly, Since 1 < g < ¢t < 8+ 1, there exist u* > 0, ro > 0 and p, > 0 and such
that

Rlloll = kapllolly = Kallollz™ > 72, Vo € We () + |lullg = p2, ¥pu € (0, 17).

Therefore, for all (u,v) € W such that ||(u,v)|| = p := p1 + p2 and for all (A, u) €
(0, A*) x (0, u*), one has

I(u,v) >r:=r;+ry >0,
which achieves the proof. O
Lemma 4.2.2. The functional I is bounded from below in
B,(0) = {(u,v) € W; [[(u, )] < p}.
Moreover,
il T(u,v) <0, V() € (0,47 x (0,1°) (2.3)
(u,v)€B,(0)

Proof. It is easy to check that I is bounded from below in B,(0). To prove (2.3),
fix (¢,1) € W and let s > 0 and ¢t > 0. Then

(
Di qi q

I(s¢, 1)) < (a+1) (Z B9 Asp@> +(B+1) (Z i Qz’@) 3 utp@b w)) .

i=1 i=1

As p < p_ and ¢ < q_, the last inequality implies for sy and ¢y sufficiently small
I(s00,toy) <0 and  (so¢, tot)) € B,(0)

from where follows the lemma. O
For every (A, u) € (0,\*) x (0, p*), we introduce

aAp):= inf  I(u,v).
(u,v)€B,(0)

Applying Ekeland’s principle to the functional I on the metric space (B,(0),d)
endowed with the metric d given by

d ((uy,v1), (ug, v2)) = [[(u1 — ug, v1 — v2)|| = [Jur — ua|ly+ [Jv1 — vallz,
there exists a sequence (u,,v,) C B,(0) such that
I(up,v,) — a(A, 1) as n— +oo (2.4)
and

I(u,v) — I(u,,v,) < %H(u — Uy, v —v,)||, forall (u,v)# (un,vy). (2.5)
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Using the differentiability of I over W, from the previous inequality it follows that
I'(up,v,) — 0, as n — +oo. (2.6)

From (2.5) and (2.6)
I(tup,v,) — a(X,u) and  I'(u,,v,) — 0, as n — +o0, (2.7)

then (un,v,) is a bounded (PS)a ) sequence to I. Hereafter, we will denote by
(u*,v*) € W the weak limit of (u,, v,), up to a subsequence. Moreover, by definition
of I we can assume that the sequence (u,,v,) is a sequence of nonnegative functions.

Theorem 4.2.1. The weak limit (u*,v*) of (un,v,) satisfies
I v)=0 and (u*,v*) €W, forall (A p) € (0,X)x (0,u").

Proof. Using the properties of (u,,v,), one can easily show that

1 1
I(up,v,) — Ele(un,vn)un - Ele(Un,Un)Un = (A, 1) + 0,(1),

where DqI(up,v,) and Dol (u,,v,) are respectively the first and second partial
Gateaux derivatives in v and v of the functional /. Thus

a(\, 1) + on(1) = (a + 1) (ZN: (1 _ i) Pyuy) — X (1 _ i) Pa(un))

—~\pi P p P
Y11 11
L) ( <_ _ —*) Qi) — 1 (— - —*) Q <vn>> - 28)
; 4% 4 ¢ )"
As it is said befeore, one has

u, — u* in WyP(Q),

u, — u° in LP(Q),

v, — o* in WriQ),

v, — v* in LI(Q).

By the relation (2.8) and using the compact embeddings of WiP(Q) — LP(Q) and
Wy 9(Q) — L(Q), we obtain

a(A, 1) + 0n(1) = =Ky |Junll) — Kal[vn]lg
where K, and K, are two positive constants. Then we get, as n goes to 4o0o:

0> oA p) > =K [u*[|f — Ka[v" |7,
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and consequently u* # 0 and v* # 0. Finally, we use the result due to El Hamidi
and Rakotoson [6] and obtain

Vu,(z) — Vu'(z) ae. in Q,
Vu,(z) — Vo*(z) ae in Q.

Therefore, the weak limit (u*, v*) is a nonnegative and nontrivial solution to (1.1). O

Under the following assumptions

P < a+1
q < [B+1
max{p;,¢+} < min{p,q} (2.9)
A > 0
p =0

We have the following lemmas

Lemma 4.2.3. For every A > 0 and p > 0, the functional I satisfies the following
properties:

a) There exist r > 0 and p > 0 such that
I(u,v) >r, VY (u,v) €W, such that |(u,v)] = p.
b) There exists (ex,, fru) € W such that ||(ex ., fr )l = p such that
I(exu, fau) <O.

Proof.

a) Using the same arguments in the proof of Lemma 4.2.1, we have for every
(u,v) € W and |[|(u,v)|| < 1, there exist positive constants hy, hg, hs, k1, ko
and k3 such that

,0) 2 (bl = haMull = Aol )+ (ol = kaplely = ko)

Asp, <p<a+1landqy <q<f+1, there exist r, ry, p1 > 0 and ps > 0

such that
hallully” = hoAlJullf = hallull5™ > ri,  forall ullz < pr
and
killollz = kapllvllg = ksllollg™ = o, forall lollz < po.
Let us introduce p := min{p;, p2}, so if ||(u,v)|| = p then we have either

lullz < p < p1 and |jv]|; < p < pe. Consequently, if ||(u,v)|| = p we have
I(u,v) > 71 :=r; +re.

33
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b) Let (¢,v) € W such that ¢ # 0, ¥» # 0 and R(¢p, 1) # 0 then

s s? +6+2
I(sp,s¢) = (a+1) > S F9) = AZPue) | = 8PP R(0,0)
i=1 7
N Sqi Sq
+ B+ (D Qi) - o Ql®) |

i=1 1!

We know that o + 3+ 2 > max{p,, ¢, }, then for s sufficiently large, we have

I(sp,s1) <0
: .0l _
By a lemma in [6], the equation a—(su, sv) = 0 has only one solution sy, > 0
s
ol
such that —(sx ,u, s),v) = 0. and s, , satisfies the condition

0s
[(sxpp: sxut) = maxI(sp, s).
By considering (uy ,, v ) = (Sau9, Sa,1) we have the following results:

(1) I(urp, vapu) = max I(su s SUAL)

(¢7) I(uru,vr,) — 0 as A — 400 or p — +o0.

Let us show (i). The function I(suy,,svy,) has a unique maximum value at
some point sy > 0. Since uy , # 0 and vy, # 0, we have

(a + DASEP (uny,) + (8 + DpsiQy(va,,) + (@ + 8+ 2)s6 72 R(uy 1, vr )

2 = 1.
Z [+ 1) Pi(urp)sg' + (8 + 1)Qi(vau)sp]

On the other hand (uy,, vy ,) satisfies

(@ + DAP(un ) + (6 + DpQp(va,) + (@ + B+ 2) R(uru; vru)

N = 1.
Z (@ + 1)P,(un) + (B + 1)Qi(vr )]

We study the variation of the function

(a+ VAP Py (up ) + (8 + Dps?Qp(va,) + (0 + 4 2)s“ T2 R(uy 4, va )
N

Y la+ 1)Pi(ur)s” + (8+1)Qi(va,)s"]

i=1

0 : s—
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The function 6 is of the form 0(s) = Waosc with B> 0,C >0,a>b>0

and a > ¢ > 0. For every s > 0 we have
B(a —b)s*™ 1 + C(a — ¢)s*Te!
(Bs® + Cs¢)?

0'(s) = >0,

then the function 6 is increasing on (0, +00). Therefore it follows that sy = 1.

We show the claim (ii), notice that

Si,upa(go) < 1
N =\’
Z[(Oé + 1) Pi(p)sk, + (B + 1)Qi(v)sT ]
=1
nd 1,Qu(®)
S\ 1
N S < E
Y lla+DE(e)sh, + (8 +1D)Qi(¥)s%,]
=1
Thus,
N sy Pu(p) —0 as A — 400
Y lla+DB(e)sh, + (8 +1)Qi()s%,]
=1
and
i 4,Q(0) 0w n e

> lla+ 1P (p)sh, + (8+1DQi(¥)s],]

i=1

as the function 6 satisfies: #(0) = 0, 6 is continuous on R* and increasing then
0(s) — 0 <= s — 0. Thus, we have either

Sxu—0 as A— 400 or p— +oo.

Recalling that

N _pi qi

0 < Ilunpvny) < (@+1) 3 22 P(g) + (84 1) 22Q,(8) — 53R, 0)

M
=1

) %

it follows that

I(uyu,va,) — 0 as A — 400 or pu— 400,
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which proves the claim. O

3 _ * _ *
Hereafter, we fix (ey,, fr,) with ey, = 83 U and fy, = s} vy, such that

”(ehm.f)\,u)n >r and ](eA,mfA,u) < 0.

Lemma 4.2.4. If ¢y, is the minimaz value obtained by the Mountain Pass Theorem
applied to the functional I, then we get

o —0 as A— +oo or pu— +o0.
Proof. The maximum value ¢, , is given by

— inf I
e = inf max (7(s),&(s)),

where the set of all paths linking (0,0) and (e, f,) is defined by

D= {(r9eCViR), (1(0),£(0)) = (0,0) and (Y(1).£(1) = (enys fr) }-
Let’s consider v(s) = sey,, and £(s) = sfx,, so then (7,£) € I' and

max I (7(s),€(s)) = max I(stau, suau) = 1(Uru; vaz)

then
0 S C)\,;L S ](u)\,;uv)\,u)7

from where
e — 0 as A — 400 or p— +oo,

which ends the proof. 0

Hereafter, we shall denote by Sz > 0 and S; > 0 the positive constants, see [7]:

N .
1| Ou ||
Sp = _inf Z —
weD P ®RN), Julle=1 | 4= Pi || O%i ||,
and N
1| ovl|*
Sy;= inf >y — :
veDVIRN), [lvflg+=1 | T i Oz %

The following lemma is an immediate consequence of the last one, that is,
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Lemma 4.2.5. There exists \* > 0 and p* > 0 such that for all (A, p) € [X*, +o00[x ", +00]
we have

a+l B+1 i a+1 B+1 % a+1 B+1 % a+1 B+1 i
. P4 a4 P4 — — a4 P q—

— afl p+l — atl p+l_ — atl B+l — afl p+l_
wheredl—p++q+ 1,d2—p++q_ 1,d3—p_+q+ 1andd4—p_—|—q_ 1.

Related to the Mountain Pass level ¢, ,, there exists a sequence (u,,v,) C W satis-

fying
I(up,v,) — cry and  I'(up,v,) — 0 in W*

Using standard arguments, we have that (u,,v,) is bounded in W, hence we can
assume that there exists (u,v) € W such that

U, = u in WHP(Q)
and )
v, —v in W;Y(Q).
Lemma 4.2.6. The weak limit (u,v) is such that u # 0 and v # 0.

Proof. By applying the result of A. El Hamidi and Rakotoson in [5|, we prove
that we can extract a subsequence of (uy,v,), still denoted (u,,v,), such that

Vu,(xr) — Vu(z) a.e. in €
and
Vou(x) — Vo(z) a.e. in

then I'(u,v) = 0.
To prove now that u # 0 and v # 0, we assume by contradiction that v = 0 and we
set x, := u, and ¥y, := v, —v. Using similar arguments as above, we get

N

Z Pi(up) — APy (uy) = R(tun,vyn) + 0,(1)
i1 (2.10)

ZQz(Un) — 1Qp(vn) = R(tn, vp) + 0n(1).

i=1

Using Brézis-Lieb Lemma [3], we obtain

Z Pi(zn) = R(Tn, yn) + 0n(1), (2.11)
ZQi(yn) = R(xn, yn) + 0n(1), (2.12)

[O,O(:Um yn) =C\py — [(07 U) + On(l) (213)
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On the other hand, we have

10,0) = (3+1) (Z Qi) - /%Qb(v)) ,
with

Z@ — pQy(v) =

Therefore
N1
I(0,v) = (B+1) Z <q_ — 5) Qi(v),
i=1 1

and consequently 7(0,v) > 0, since ¢, < ¢. Now, if 11r+n R(zy,yn) = L then it
follows by (2.11) and (2.12) that

N N
ZH(mn) — L and Z Qi(yn) — L
i=1 i=1

Then

Too(n, ) = (0 + 1 f; (7 _ pi) P(an) + (B+1 i (— _ —> Qi(yn) + on(1),

N s (2D emen (2D

n—-+00

By the relation (2.13) we get

Cap = lim IOO($n7yn) I(O,U)

n—-4oo

> lim Iyo(Tn, Yn)

n—-+o00

o (g o2 )

(&+1+6+1—1>L.

P+ g+

We use the same arguments as in 2] and [7], to prove that we have either

ox,,
; it g, <1 (2.14)
;
Di
N )
ayn qi )
Sallynller < Z 9. it [Jynll,r <1 (2.15)
i=1 vllg;
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or
a pi
Y| T > 1
Ox; ||,
Iy .
Sq ”yn iq7 ) - if ||yn p* > 1.
zi ||,
From the previous inequalities i » < 1and ||y,||,» <1 we obtain
R(@p, yn) < |
a+1 B+1

(Siﬁzpz»(xn)) + (Siqz@i<yn>) +

1

atl P41\ afT  BFT_
L> (97 g% | P+ %
= q

as n — +o0o we have

P
and
1 1 atl  BE1N\ a1 B+1
o2 (A I >(S* Si" )Mm |
P+ q+
Then

a+1l B+1 11 at+l  B4+1 12 a+l B+1 % a+1 B+1 i
> . P+ g+ er = P— g4+ - g -
Cap = dy min 5 S ; S A\ S5 5; A S5 5; ,

which cannot hold true. Thus L = 0 and ¢, , = I(0,v) > 0, in this case lim ¢, , =

A——+00

I(0,v) > 0 which leads to a contradiction with the fact that lim ¢,, = 0. Then

A—400

u # 0 and v # 0. O

4.3 Regularity of Weak Solutions

In this section, we show that every weak solution (u,v) € WaP(Q) x Wi 9(Q) of the
following problem

( N 9
0 ou |P"° ou
— — in O
2o, ( o, agﬁ) flw,u0) @,
N 9
0 ov |47 ov )
() § X ( o, axi> = slewy) in
u>0 and v >0 in €,
( u=0 and v=0 on 0N

is a a strong solution, under some hypothesis on the functions f and g.
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Lemma 4.3.1. Suppose that the functions f and g satisfy the following growth
conditions:
(h1) There exist c1, co > 0 and p € (1,p*) such that

|f(z,u,v)] < Pt + cuv®™, Yu>0 and v>0,
(he) There exist ¢}, ¢4 > 0 and q € (1,p*) such that
lg(z,u,v)| < v + u*t®, Yu>0 and v >0.

Then every weak solution (u,v) € WaP(Q) x Wa(Q) of (Py,.) belongs to L"(£2) x
L3(Q) foralll1 <r < 400 and 1 < s < +o0.

Proof. We will use similar arguments developed by Fragala, Gazzola and Kawohl

[3].
Let (u,v) be a weak solution to (P). The assertion that (u,v) € L"(Q2) x L*(2) for
all 1 <r <400 and 1 < s < 400 may be equivalently reformulated as

(u,v) € LITIP(Q) x LOTT(Q)  for all (a,b) € Rf x R. (3.16)

To prove (3.16) it is enough to show that (us+!, vP*1) € Wi P(Q) x W (Q), which
is equivalent to

LhT (/ |0y, (uminfu®, L] pldaj) "< +00, (3.17)
Llirf (/ |0, (vmin[v”, L] qzd:L‘) " < oo (3.18)

For each L there exist indexes j and k such that

(/ 19, (u - min[u®, L] d:v)pli < C’(/Q|0j(u-min[u“,L]|pjd:r) Y (3.19)

(/ |0;(v - min[v ]qld:v> e (/ |0k (v - min[v ,Lqudx) " (3.20)

where C' and C” are positive constants independent of L.

For these indexes j and k, and for every L > 0, set ¢y, := min[u®i, LPi] and ¢ =
v minfv?% L%] such that (¢, 1) € WaP(Q) x W(Q). Note that for every 1 <
t < N and for almost every = € (2,

N

=1

|OsulPi 2 0;u0;pp, > min[u™ | LP7]|0zulP,

|0;0|% 20,001, > min[v™ | LI]|0;v|%
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10;(w - min[u®, L]) Oiu

Pi < (a+ 1) min[u™, L]

P (3.21)

and
10;(v - min[v®, L])|% < (b + 1) min[v®%, L%]|0;v|%. (3.22)

As (u,v) is a weak solution to (P), we rewrite, for every k > 1, Q = Qy, Uy, U
Q37k U 947]{, where

Qg :={reQ suchthat w<k andv <k},

Qop:={re€Q suchthat w<k andov>k},
Qs ={re€Q suchthat w>k andv <k},
Qp:={reQ suchthat w>Fk andv>k}.

Then we have

N
> [ minfu, 27}
i=1 7/

and

N N
Z/min[qu’“,Lq’“]|8iv q"d:cSZ/ |0;v
i=1 /€ i=1 /€

Using (hl), for L > k* > 1, it follows that

N
Pidy < Z/ |0;u
i=1 7

pi_z&-u@mﬁLdm = / f(xv u, U)¢de,
Q

Qi28ivai1de$C:/g(za%U)dex'
Q

|f(x,u,v)|or < ék,l in (3.23)
|g($a u, U)l,@Z}L S Ck,Z in Q1 (324)

hence

f(x,U,v)qudx S Ck;l = ék,1|Q|a
Q1

/ f(x,u,v)grde < / [clup+cgua+1vﬂ+1] min[u®™ | LPi]dx,
Qo Qs

< Oy + 02/ w* TP min[u®i | [Pi)dx,
Qo

a+1

p*

< o+ (/ (u™™ min[u L”j])p*/(aﬂ)da@) X
Qo k

B+1

X / v? dx
Qo

S Cng + Ek0é7k
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where ¢, tends to 0 as k& tends to +oo.

Y Y
QSk ng

" —p;

p*
< a / u” da / (uP? - min[u® | LPi])P"/Pi dy

* . . .
+ 02/ u?” min[u®’ | L v da
Q3.k

p;/p*
< & (/u min[u® L])pdx)
! a+1
p*
+ / uP" PiqPi - (min[u®?, PP/ @D gy
Q3 k
*1
X / v? dx
Q3
p 1) =) /"
(a+1)(p*—p;)/p
S </Q u mlnu L])p dl’) p* 23 % ’ HU q*,Q23,k X
(a+1)p;
p* p*2
X (/ UPJ - (minfu apj,LPj])P*/(a-Fl))E dr
Q
X p;/P*
< </ w - minfu®, L])P d:c)
Q
(a+1)p;
¥ p*Q
X (/ w-minfu®, L))" dx
Q
N 1/pi 1P
< & Z(/ |0;(w - min[u®, L]) ”lda:) ]
Li=1

] (a+1)p;/p*

N .
+ & Z /|8 w - minfu®, L]) pldx)
=1
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where ¢}, and ¢} tend to 0 as k goes to +oc.

f(ma u, U)¢Ldl' < / [clup + 62ua+1v'8+1:| min[uapj’ ij]d$
Q4

Q4 1
X pj/p* D ) o
< & ( / (u - min[u®, L])” da:) +eglu| PRI
0 :
(a+1)p;

i p*2

x v qﬁislhk / (upj - (min[u?i, LPi])P /(a+1)) i dr

' Q3 k
. p;/p*
< & (/ (u - min[u®, L])P d:v) -
Q

(a+1)p;

p*Q

+ e (/Q(u-rnnqu“,LDP*dx)
([t ipar) |

N 17 (et+1)pi/p*
+ e [Z (/ |0; (w - min[u®, L]) ]
i=1 Q

s dx)
where ¢}, and €2 tend to 0 as k goes to +oc.
Inserting (3.19) and (3.20) in the last inequalities, we then obtain,

IA
™M
Bl

/ |0j(u - min[u®, L])|PPde < C} +5k,1/ |0;(w - min[u®, L]) [P/ dx
0 Q

Pidx

(a+1)/p*
+ €ko [/ |0; (w - min[u®, L]) }
Q
Choosing k sufficiently large, that are €51 and ;o sufficiently small, the last in-
equality ensures that the integral / |0;(u - min[u®, L])|P?dz is bounded for L large

Q
enough, from where follows (3.17). By the same way we can prove (3.18), and we can
conclude then that every weak solution (u,v) € W, 7(Q) x Wy%(Q) of (P) belongs
to L"(2) x L*(Q2), for all r > 1 and s > 1. O

Proposition 4.3.1. Under the conditions (h1) and (hs), every nonnegative solution
(u,v) € WP (Q) x W 9(Q) of (P) belongs to L=(Q) x L®().

Proof. For w > 0 and v > 0 such that (u,v) is a solution of (P), we set A, =
{r €Q, w(x)>7}and B, ={x €Q, wv(z)> 7}, |A;| and |B;| their Lebesgue
measures. Recall that Cavalieri principle, based on Fubini theorem, gives:

400
/ |A|dT = /(u —k)ydx, foral k>0
k Q
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and e
/ |B;|dT = /(U —k)ydx, forall k>0.
k Q
Let ¢ = (u — k)4, for & > 0 fixed. Choosing this function as a test function,
combining the Cavalieri principle and Hélder inequality, one gets

N

ZB(QOk) = /(/\aup_1 + uv? ) opda
Q

i=1

< cl)\/|u|p_1<pkdx+02/|u|°‘|v|5+1<pkdm
Q Q

¢ (/ ordx +/ lv|P T opde +/ |u\o‘|v|ﬁ+1§0kdx) ,
[u<1) [u<1] [u>1]

‘. (IAkll_’%* 4 |Ak|(1_apt1)(1—p%>) okl (3.25)

IA

» < 1. Relations (2.14) and

Since lirf okl = 0, then for & > ko > 0, ||px
(3.25) give

N

+
b < Zpi(@k)
=1

_ 1 _atl _ 1
< c(]Ak\l # 4|4, 050 p*)> ok

Sﬁ||<Pk

p*-

Thus, for every k < kg, we have:

1

e < e (1A 4 4, (750 )T

lon
< ¢ (|Ak|(1fﬁ*)ﬁ I |Ak|(1faptl)(1f#)p+1fl> . (3.26)
Using Cavalieri’s principle, Holder inequality and Relation (3.26), one has for all
k Z k’oi
+o0
/ |A-|dT = /(u—k)+da:
k Q
1
< AT [l
p*—1
< ¢ (\Ak|1+£*p+_1 + |Ak\”9> : (3.27)
1 1 1 1
WhereQ::——+(1—a+ )(1——) > 0.
p* p* p*) pt—1
Since Lo
v o= —P >0

Cprpt 17
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then e
/ A ldr < o+ | A,
k

This inequality is of Gronwall type, which shows that there exists ¢, > 0 such that
[ullo < cn.

One can prove by exactly the same way the fact that there exists ¢, > 0 such that
[0l < ¢ DI

4.4 On the weak sub and supersolutions

In this section, we will use some classical tools concerning sub and super solutions
for a class of systems involving the anisotropic operators considered above. No-
tice that the standard laplacian operator and the anisotropic operator were studied
respectively in [12] and [2].

Let us consider the following problem

4 N .9
0 P Ou ,
_ g al. ( ax) = f(x,’LL,/U) in Q
>
— 8@

u>0 and v >0 in €,
u=0 and v=0 on Of)

\

where €2 is a smooth and bounded domain in RY, both f, g : @ x R x R — R are
Carathéodory satisfying the following property that for each fixed A > 0, there exist
Ci > 0 and C5 > 0 such that

7 |f(z,s,t) < Cy, V(xr,s,t) € Qx[-A Al x[-A,A]
(H) {|g(x,5,t)| < G V(nsit)€Qx [—AA] x [-A Al.

Definition 4.4.1. The couple (u,v) € W is a (weak) sub-solution to (4.28) if u <0
and v < 0 on 0Q and for all (p,1) € D(Q) x D(Q) with ¢(x) > 0 and Y(x) >0 for

all z € ), we have simultaneously

>

Similarly, (u,v) € W is a (weak) super-solution to (4.28) if in the above the reverse
imequalities hold.

ou
Oxi

ov
31:2-

“2 gy
8x~> = g(z,u,v) in Q, (4.28)

ou
0@

ov
(9:@

Pi—2
ggig:fidx— Qf(x,u,v)wdx < 0

pi—2
ov Oy
— < .
o 8xidx /Qg(a:,u,v)wda: < 0
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Theorem 4.4.1. Suppose (H) holds, (u,v) € W is sub-solution while (u,v) € W is
a super-solution to Problem (4.28) and assume that there exist ¢,¢,c,é € R there
holdsc <u <u<c¢andd <v < v <& almost everywhere in Q. Then, there
exists a weak solution (u,v) € WyP(Q) x Wl 4(Q) of (4.28), satisfying the condition
u<u<uandv <v <0 almost everywhere in €.

Proof. Let F(z,u,v) fo f(x,s,v)ds and G(z,u,v) fo (x,u,t)dt denote re-

spectively primitives of f and g. Let us define J : WOIP(Q) X Wolq(Q) — R the
Euler-Lagrange functional associated to (4.28) given by

We introduce the closed and convex subset M of Wi (Q) x Wy 4(Q) defined by

pi

ov |
0:1:i

) dr — /Q(F(x,u,v) + G(z,u, v)dw

M:{(U,U)EWOI’Z?(Q)XW(}’CT(Q) ru<u<uand v <v<U ae. inQ}.

Since u, v, w and v € L*> by assumption, also M € L* x L*> and consequently there
exists ¢ > 0 and ¢ > 0 such that |F(z,u(z),v(z)| < c and |G(z,u(z),v(z)) < ¢| for
all (u,v) € M and for almost all z € 2. Consequently

J(u,v) > i:;/g (5

on M, which implies that J is coercive on M. We claim now that the functional J
is weakly lower semi-continuous on M. Indeed, let (u,,vy), (u,v) C M such that
U, — u in Wy(Q) and v, — W, 9(Q). We may assume that, up to a subsequence,
u, — u and v, — v pointwise almost everywhere; moreover |F(z, u,(x)v,(z)| < ¢
and|G(z, u, (z)v,(z)| < ¢ uniformly. Hence we may appeal to Lebesgue’s theorem
on dominated convergence which implies that

pi

ov |4
83@-

) dx — 2cmeas(Q2)

/ F(z,up,v,)de — / F(z,u,v)dz and

Q Q

/G(x,un,vn)dx — /G(a:,u,v)dx, as n tends to + oo,
Q Q

these end the claim, since the functionals

N 1] oul”
u € WHP(Q) — /— dx
0 ( ) ZZI Q Di oz;

and

N 1| ovl|”
v e WH(Q) - /— dx
0 ( ) ; QG |0x;
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are clearly weakly lower semi-continuous on the whole space. As the space W is
reflexive then there exists (u,v) € M such that J(u,v) = ( iI)lfM J(w,s). We
w,s)eE

claim that (u,v) solves weakly Problem (4.28), that is J'(u,v) = 0. Indeed, fix
(p, 1) € D(2) x D(2) and € > 0 and consider the couple (u.,v.) € M defined on Q
by:

u(x) if u(x) +ep(x) > ulx),
us(x) =< u(z)+ep(x) if w(x) <ulx)+ep(r) < u(z),
u(z) it u(z) + ep(r) < ulz).

and

]
=
=
<
—
=
+
m
<=
=
vV

o) = { o) +eb(@) i o(z) < o) + ) < o),
() it o(z) +c(z) < v

The functions u. and v. can be characterised by u. = (u+ ep) — (¢ — ¢_) and
= (v+eyY) — (Y. —¢_), where g. = max{0,u +ep —u} > 0, = —min{0,u +
gp —u} >0, . = max{0,v + &) — v} >0 and ¢_ = —min{0,v +eyp — v} > 0.
Note that ., ¢, 1. and Y€ WNLX(Q) x L*(). Since (u,v) minimizes J on
M and J is dlfferentlable “then
0 < Dy(u, 0)(ue —u) = eDyJ (u, v)(p) + DiJ (u,0)(¢,) = DiJ(u, v)(pe),
where D;J(u,v) denotes the first derivative in u of J, so that

Dy J(u,v)(g) < é <D1J(u,v)(¢6) — Dy J(u,0) (i, )) . (4.29)

]

Using the fact that (u,v) is a super-solution to (4.28), we get
DyJ(u,0)(#e) = D1J(‘ 0)(p2) + [D1 (u, v) = Dy J(u, )] (#e)

> [ ,v) — DyJ ( )] ()
oulP?ou |oultou) o )

o / [f(.%, u, ’U) - f(SE,’I_L, U_ﬂ (u —u—+ €g0)dx

52/( N 28@) a(sa)dﬂc—

- ¢ ]f(m,u,v)—f(x,ﬂ,?;)||g0|dx

Qe
where Q. = {x € Q : u(x)+ep(r) >ulx) and v(zx)+ep(z) > v(x)}. Notice
that meas(€.) — 0 as € — 0. Thus,

D1 J (u, v)(9:) = ofe),

ou |?
axi

ou
ox;

ou
8.%1

v
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where o(¢)/e — 0 as ¢ — 0. Similarly, we conclude that
DyJ(wv)(g,) < o),
and consequently, with (4.29), we get
Dy J(u,v)(¢) 2 0

for every ¢ € D(Q2). This implies, by reversing the sign of ¢, that D;J(u,v)(¢) =
0 for every ¢ € D(Q). Using the density of D(Q) in W ?(). The proof of
Dy J(u,v)(¢) = 0 where DoJ(u,v) is the seconde derivative of J in the seconde
variable, follows the same steps as in the above. U
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Chapter 5

Appendix

In this part, we will recall some definitions, theorems and essential tools we used in
the precedent chapters.

5.1 Palais-Smale Condition

In order to express the compactness of certain minimizing sequences, or in general
of sequences converging to a point that it would probably be a critical point, we
usually have recourse to the Palais-Smale condition (for short (PS)).

Definition 5.1.1. Let W be a Banach space and J : W — R functional of class
Cl. If c € R, we say that J satisfies the Palais-Smale condition (at the level ¢) and
we denote (PS)., if every sequence (uy), of W such that

J(u,) —c in R and J(u,) —0 in W
contains a convergent subsequence (uy, k.

Intuitively, what we require is the compactness of sequences which could realize a
critical value. However, even if a functional is bounded from below and ¢ := inf J,
it is not always obvious that when J(u,) — ¢ then J'(u,) — 0. We generally
have two important theorems permitting the construction of Palais-Smale sequences:
Mountain Pass theorem due to Ambrosetti-Rabinowitz and Fkeland’s Variational
principle.

5.2 Mountain-Pass Geometry and Mountain-Pass
Theorem

The simplest geometric situation for the construction of "almost critical" points by
the min-max process is the mountain pass theorem. If the value of ¢ at 0 and at
sme point e (valleys) are strictly smaller that the infimum of the values of ¢ on the
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sphere of centre ¢ and radius r < [|e|| (range of mountains), one can expect that, by
taking the infinmum over all the paths joining 0 to e of the supremum of ¢ over such
a path, one will obtain the value of ¢ at some critical point of mountain pass type.
This is not always true, but gives points almost critique. Suitable Palais-Smale
conditions over ¢ lead then to the existence of a critical point having the mointain
pass critical value.

The following theorem is due to Ambrosetti-Rabinowitz:

Theorem 5.2.1. Let W be a Banach space and I € C'(W,R). Assume that there
exist ug € W, uy € W and an open neighborhood Q of ug such that uq ¢ Q and

co := max{l(ug), I(u1)} < ¢ := I%%XI(U).

Let
H={heC(0,1],W) = h(0)=wug, h(l) =ui},
c:= inf sup I(h(s)).
jnf, sup 1(0(s)
Then,

inf I(v) < ¢ < +o0,
o9
and for all e € (0,¢1 — ¢o| and for each h € H such that

I(h(s)) <
max (h(s)) < c+e,

there exists v € W satisfying:
i)c—e<I(v)<c+e
i) dist(v, h([0,1]) < /e
i) [[I'(v)]] < Ve

Another minimax theorem of geometrical type showed by P. H. Rabinowitz.

Theorem 5.2.2. (Geometrical Saddle Point)
Suppose that W = U @V is a Banach space and U and V two closed subspaces, such
that dim U < +o00. For all p > 0, one consideres the following sets:

M:={uecU: ||u|<p}, My={ueclU: ||u]|=p}.
We define the following space

H:={heC(M,W) : h|y, =id},
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and I € CY(W,R) such that

Co = max I(u) < ¢ == 51615 I(v).

Let
¢ := inf max I(h(s)).

heH seM
If ¢; < ¢, then for all € €]0,¢1 — ¢o| and for all h € H such that

<
max [(h(s)) < ¢+,

there exists u € W such that
) — e < <
(i) ¢ — e < I(u) < maxI(h(s))

(it) dist(u,h(M)) < \/€
(i) [[I'(u)]| < Ve

Ekeland’s Variational Principle

In general, it is not clear that a bounded and lower semi-continuous functional J
attains its infimum. For instance, the analytic function f(z) = arctanz does not
attain its minimum nor its maximum over the real line.

The advantage of this principle is the existence Palais-Smale sequences is insured
even if the functional is not bounded from below over the whole space but only over
closed subset of it.

Theorem 5.2.3. Let (M, d) a complete metric space with d its metric and let J :
M — R U 400 lower semi-continuous, bounded from below and #Z +oc. Then for
each £, > 0 and every u € M with

J(u) < inf ¢,
M
there exists an element v € M minimizing strictly the functional

Jy(w) = J(w) + %d(v,w).

Moreover, one has
J(v) < J(u) whenever d(u,v) < 4.

Proposition 5.2.1. Let W be a Banach space and J € C1(W) bounded from below,
then there exists a minimizing sequence (v,) for J on W such that

J(vp) — i‘rdl/f J, DJ(v,) — 0 i W' in n— co.
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Critical Level

In order to solve Yamabe’s problem in Riemannian geometry, Thierry Aubin in-
troduced the notion of critical level associated to Yamabe’s problem , noticed c*,
showed that if a minimizing sequence of the corresponding energy has a level lower
than the critical level then the Yamabe’s problem possesses solutions.

In a paper of Brézis and Nirenberg, the authors showed that if (u,) C W is Palais-
Smale sequence of the functional J such that J(u,) — ¢ < ¢* as n tends to +o0,
therefore (u,,) is relatively compact. The level ¢* is called critical in the sense where
one can construct a Palais-Smale sequence (w,) C W such that J(w,) — ¢* but we
could not extract any convergent subsequence in W.

5.3 Concentration-Compactness Theorem

This method introduced by P. L. Lions is the more general method for treating
problems of minimization which they intervene in more varied domains (PDEs,
calculus of variations, harmonic analysis, etc...)

Definition 5.3.1. Let Q be an open subset of RY, we define the following sets:
K() = {uelC(): wu of compact support Q}

BC(Q2) = {u € C(Q) ||t := ilelg lu(z)| < oo} .

The space Cy(Q2) is the cloture de IC(S2) with respect to the uniform norm. A finite
measure defined on S is a linear continuous application on Cy(Q2). The norm of a
finite measure p is defined by

[ull == sup | <p,u>|.

u € Co(Q)
lulloo =1

We denote by M(Q) (resp. M™T(Q)) the space of finite measures (resp. positive
finite measures) on Q). A sequence of finite measures (u,) converges weakly to p in
M(R2), we write in this case
Hon — s
if one has
<yt >——< pyu >, YV ou € Cy(2).

Theorem 5.3.1. (Concentration Compactness lemma)
Let (u,) C D"*(RY) a sequence such that

U, u in DYAHRY),
V(=) = p in MRY),
lu, —ul* — v in MRY),
U, — u a.e in RY
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et on définit

On a alors

1272 < S~ Hull,

L Vi{Q* < Silﬂooa

o lim [[Vu, |3 = [|Vull} + [lu]l + pe

3: + V]| + Voo-

2 = llu

e lim ||u,
n—oo

Furthermore, if u = 0 and ||v||** = S™'|\ul|, then u and v are concentrated at a
single point.

5.4 Brézis-Lieb Lemma

Théoréme 5.1. (Brézis-Lieb Lemma) Let j : C — C be a continuous function
such that 7(0) = 0 and satisfy the following condition:

For every € > 0 small sufficiently, there exist two continuous and positive functions
w- and . such that

(P) Va,beC, |jla+b)—j(a)| <epea)+¢e(b).

Suppose that j satisfies the above hypothesis and let f, = f + g, be a sequence of
measurable functions from ) into C such that:

(i) gn — 0 a.e. in Q,

(ii) j(f) € L,
(iii) there exist C' independent from e and n such that | ¢-(g,(x))dp(z) < C < oo,
() [(f(z))du(x) < oo for alle > 0, where u is the Lebesgue’s measure in RY.

Then as n — oo,
/Ij(f + gn) — J(9n) — 3(f) dp — 0.

Proposition 5.4.1. The functional considered in precedent chapters § 7?7, 1, 2 and
3 of the form s — sf(xz,s) and s — F(x,s) = [ f(x,t)dt satisfy the conditions
of Brézis-Lieb lemma where f is a fonctional of Carathéodory type and satisfy for
every € > 0 there exists C. > 0 satisfying

f (@, u)| <elul '+ C.,

uniformly in x € RV,
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Preuve. Let ¢ > 0, then

[(a+b)f(z,a+b) —af(z,a)l [(a+b)f(z,a+Db)|+ |af(z,a)l
gla+bP" + Ccla + b| +€lal”” + Celal
ec(p) [|a LR |bp*] + laP” + 2C.|al + C.|b|

e [(c(p) + Dla”” + (2C./2)al] + elp]” + C.[b).

ANVANRVAN VAN

With the same notions as in the Brézis-Lieb lemma , we take

pe(a) = (c(p) +Dal” + (2C./e)|al
ve(b) = elo” + Clol,

Frme where the relation (P) Brézis-Lieb lemma. In the other hand, for every ¢ > 0

a+b
/ f@wﬂ

a+b
< / e[t~ + Cc] dt

3
-

|F(z,a+b) — F(z,a)| =

la+b + Cc|b]

;@@+nmf+%@mf+am

Thus

oela) = ]§<c<p> +1)fa
_ ecp)
nd () = P

p*

P CLbl.




