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Chapitre 1

Introduction

Le but de cette thése est de présenter des résultats récents concernant 1’existence et
la multiplicité des solutions positives de certaines classes de systémes d’équations
aux dérivées partielles elliptiques non linéaires faisant intervenir l'opérateur (p, q)-
Laplacien du type suivant :

Apu = f(z,u,v), dans Q o
AqU = g(x,u,v), dans .
et des systémes anisotropiques de la forme suivante :
( N o
0 ou |"77 ou
; Ox; ( ox; 8@-) = f(z,u,v), dans €
(0.2)

9 v % ov
Z@m-<8m 8x-> = g(z,u,v), dans €

ot Apu = V- (|VulP=2Vu) et Ayo = V- (|VolP=2Vo) avec p > 1, ¢ > 1, p; > 1
et ¢; > 1, Q est un ouvert non vide de RY. D’autre part, les fonctions f et g sont
de Caratheodory et sont soumises a certaines conditions de croissance pour garantir
que la fonction d’Euler-Lagrange associée est bien définie sur un produit cartésien
d’espaces de Sobolev adéquats.

Les systémes d’équations non-linéaires elliptiques et anisotropiques présentent quelq-
ues nouveaux et intéressants phénomeénes qu’on ne rencontre dans les cas scalaires.
En général, les systémes sont couplés, et méme fortement couplés. Alors, les notions
de superlinéarité ou sous-linéarité et méme d’exposants critiques, au sens de Sobolev,
doivent prendre en considération la nature de tels couplages.

L’opérateur p—Laplacien apparait aussi bien en mathématiques pures; par exemple
en géométrie riemannienne, qu’en mathématiques appliquées. En effet, il intervient
dans de nombreux domaines en sciences expérimentales : problémes de réaction-
diffusion non linéaires, dynamique des populations, écoulements de fluides non-
newtoniens, écoulements dans les milieux poreux, élasticité non linéaire, extraction

4



§ 1. Introduction 5

de pétrole [23], etc - - -

Dans la littérature on trouve de nombreux travaux dédiés a 1’étude théorique de
tels équations et systémes d’équations. En fait, I’étude de ce type de problémes
a effectivement commencé au milieu des années 1980 par M. Otani [50] en une
dimension puis par F. de Thélin [58| en dimension N, qui ont obtenu les premiers
résultats sur une équation de la forme —Ayu = Au?~'. Ce dernier auteur [58] et
W. M. Ni & J. Serrin [57] ont démontré indépendamment 'existence et I'unicité des
solutions radiales dans R, plus tard Otani [49] a généralisé ce résultat a des ouverts
quelconques. En 1987, F. De Thélin [59] a étendu ces résultats pour des équations de
type A,u = g(x,u) ot la fonction g est contrdlée par des fonctions polynomiales par
rapport a u. On peut citer certains précurseurs de I’analyse des problémes elliptiques
aux valeurs propres G. Barles [10], S. Sakaguchi [56] et A. Anane [8], qui ont étudié
les équations du type :

—Apu = AMu|’"?u dans € domaine borné.

Plus tard en 1990, P. Lindqvist [43| a établi différents résultats sur ce type d’équa-
tions qui font suite a larticle de A. Anane [8]. Par ailleurs, il y a d’autres résultats
sur I'unicité qui ont été énoncés par J. I. Diaz et J. E. Saa [24] en 1987 pour des
équations de la forme —Ayu = f(z,u) sous la condition r +— % est décroissante.
Le probléme de bifurcation a la premiére valeur propre a été abordé par R. F. Mana-
sevich et M. A. Del Pino [46], tandis que les problémes de non résonance associés
au p—Laplacien étaient étudiés par A. Anane et J. P. Gossez [9]. Plus tard, le cas
non borné de ces équations a été abordé par P. Drabek [25], Drabek et Y. X. Huang
[26] et A. Bechah, K. Chaib et F. de Thélin [11], ot les questions d’existence et
d’unicité ont été résolues aussi bien pour des problémes de valeurs propres que pour
des problémes non-linéaires.

Le cas des systémes présente un nouveau défi et entraine plusieurs complications liées
au couplage. Les systémes variationnels peuvent étre traités en utilisant la théorie
des points critiques, puisque les solutions faibles de ces systémes sont précisément
les points critiques des fonctionnelles d’Euler-Lagrange associées. Les espaces ot ces
fonctionnelles sont étudiées dépendent des conditions aux bords que les solutions
doivent satisfaire. Cette méthode est appelée la méthode directe pour le calcul des
variations, dont les origines remontent 4 Gauss et Thomson au milieu du 19°M€
siecle et qui a été utilisée par Dirichlet et Riemann pour résoudre le probléeme de
Dirichlet pour I’équation de Laplace. Cependant, en 1870 Weierstrass avait montré
que la démonstration comportait des "trous" et manquait de rigueur mathématique
et a été alors abandonnée. Il faut attendre le début du 20°™¢ lorsque Hilbert a res-
suscité la méthode et développé la théorie nécessaire pour la justifier et depuis elle
été connue sous le nom de principe de Dirichlet. De nos jours, les mémes méthodes
sont toujours utilisées pour résoudre des problémes aux bords pour des classes plus
générales d’équations et de systémes elliptiques. Dans le cas simple du probléme de
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Dirichlet pour I’équation de Laplace, le point critique est un minimum de la fonc-
tionnelle associée. Dans les années 1930, Ljusternik et Schnierelmann ont développé
une théorie des points critiques de type min-max pour des fonctionnelles présentant
une symétrie Zy. Plus tard, en 1973 Ambrosetti et Rabinowitz |7] ont établi plu-
sieurs résultats sur les points critiques du type min-max pour des fonctionnelles sans
symétrie. On peut distinguer deux sortes de systémes variationnels : ceux qui sont
du type gradient, s’il existe une fonction F : @ x R x R — R de classe C! telle
e oF oF

f:% et 9= 5, (0.3)
et ceux du type hamiltonien s’il existe une fonction H : QO x R x R — R de classe

C! telle que :
0H 0H

ot les fonctions f et g sont définies dans (0.1) et (0.2).
En ce qui concerne le systéme du type gradient (0.1) satisfaisant (0.3), on cherche
les points critiques de la fonctionnelle

I(u,v)zlf|Vu|pdx+1/|Vv|qdz—/F(x,u,v)dx
P Ja q.Ja Q

qui sont solutions faibles du systéme (0.1). La fonctionnelle I est définie dans I'espace
produit W = W, ?(Q) x W, %(Q). On supposera que la fonction F' doit satisfaire les
conditions de croissance suivantes :
|Fy(z,u,v)| < O(ul” + |[u|*v]T™)  p. p. dans Q (0.5)
By, u,0)] < C(olf + [u™o]?)  p. p. dans O

avec les conditions de sous-criticalité ou de criticalité (au sens de Sobolev)

a+1 +1 a+1 +1
— T g — < 1 ou — T+ g = 1,
p q p q
ou p* = NN—_’;, q = NN—_qq et 1 < p,qg < N sont les exposants critiques des injections

de Sobolev W, P(Q) C LP"(Q) et W, (Q) € L (Q). Les exposants 7 et & vérifient
l<y<p‘—letl<d<qg*—1. Lefait d’imposer que F soit de classe C! et qu'elle
satisfait les conditions (0.5) et (0.6) entrainent que I est aussi de classe C'.

C’est en 1990 ou F. de Thélin [60] avait initié les travaux sur les systémes faisant
intervenir le p—Laplacien ot il a montré I’existence et 'unicité de la premiére valeur
propre du systéme

—Aju = ANu|*Ttu|v]PT dans Q
Ay = MNul*Tv[~lv dans
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sous la condition de criticalité L + ﬁ—tl

= 1. Le cas d’un systéme variationnel a été
traité par P. Felmer, R. F. Manasevich et F. de Thélin [34] ou les auteurs ont étudié

I’existence et 1'unicité de la solution positive d'un systéme variationnel du type :

0OH

—Ayu = %(x,u,v) dans (2
OH

—Apv = %(x,u,v) dans ,

généralisant ainsi les résultats obtenus dans le cas scalaire par J. I. Diaz et J. E.
Saa [24]. Plus tard, ces résultats ont été étendus au cas du systéme dérivant d’un
potentiel par F. de Thélin et J. Vélin [62], J. Chabrowski [19] et L. Boccardo and
D. G. de Figueiredo [14] et ont commencé une approche du cas non variationnel
en imposant des conditions sur la croissance des non-linéarités. Dans tout ce qui
précede, les auteurs ont étudié ces systémes dans des domaines bornés, pour ce
qui est des problémes non bornés de R ont été abordés par J. Fleckinger, R. F.
Manésevich, N. M. Stavrakakis et F. de Thélin [34] et A. Bechah, K. Chaib et F. de
Thélin [11]. Notons que 1’étude des systémes de p—Laplaciens dans RY ont été inspiré
par I’étude générale faite par M. F. Bidaut-Véron [13| sur les Laplaciens classiques et
par P. Clément, J. Fleckinger, R. F. Manasevich et F. de Thélin [21] et P. Clément, R.
Manésevich et E. Mitidieri [22] qui ont étudié la question de I'existence des solutions
pour les systémes (p, g)—Laplacien purement non variationnels du type (0.1).

Actuellement, de nombreux travaux de recherche sont en cours sur les systémes, en
particulier les quatres chapitres de la présente thése [1, 2, 3, 4]. L’historique qu’on
vient de tracer ci-dessus est bien entendu loin d’étre exhaustif.

Une des motivations de cette thése est le fait que certains résultats sur les systémes
elliptiques faisant intervenir le p—Laplacien dans les domaines bornés ou non bornés
méritaient d’étre complétés et que dans certains travaux on imposait des conditions
sur les exposants qui ne sont pas "naturelles" pour garantir I’existence ou la non-
existence des solutions. La deuxiéme motivation est de généraliser certains résultats
obtenus par T. Aubin et H. Brézis & L. Nirenberg concernant le niveau critique
garantissant la compacité des suites minimisantes de Palais-Smale au cas d’équations
scalaires plus générales et ensuite des systémes elliptiques faisant intervernir le (p, q)-
Laplacien.

Notre troisiéme travail a été motivé par la difficulté de démontrer des résultats de
multiplicité dans le cas critique en domaine non borné.

Notre dernier travail a été motivé par un récent résultat important, di a4 A. El Ha-
midi et J. M. Rakotoson [32] ot ils ont généralisé le fameux principe de concentration-
compacité de P. L. Lions au cas des opérateurs anisotropiques.

Dans le reste de cette introduction, nous décrivons briévement les travaux présentés
dans cette thése.
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Chapitre 2 : Dans leur article [6], A. Ambrosetti, H. Brézis et G. Cerami étudient
I'existence et la multiplicité de 1’équation suivante :

—Au = fi(u), €
u = 0 x € 08,

avec fy est une fonction présentant une sous linéarité de type concave-convexe, en
particulier fy(u) = Au|P~ u + |u|9" u sous la condition 1 < p < 2 < ¢ < 2*. Ils ont
montré, en utilisant la méthode des sous et sur solutions, ’existence d’une solution
positive correspondant aux petites valeurs de A > 0 et 'existence d’'une deuxiéme
solution avec le théoréme du col. Ensuite, ils ont également démontré 'existence
d’une infinité de solutions si la fonction f, est impaire. Ce résultat a été généralisé
et amélioré par A. El Hamidi [29] au probléme de Dirichlet et mixte suivant :

—Apu = Mu|T u+ |ul"" reN
(0.7)
e|VulP22% + a(z)|ulP~2u = 0, x € 09,

avec 1 < g<p<r<p* ete e {0,1}. En utilisant la méthode de Nehari, introduite
par Nehari en 1960. Cette méthode est équivalente a la méthode de stratification
sphérique introduite plus tard par S. I. Pohozaev. A. El Hamidi a étudié la fonc-
tionnelle énergie modifice Ey définie sur R x W, (Q) par :

E\(t,u) := B (tu),

ot E) est la fonctionelle d’Euler-Lagrange associée au probléme (0.7). Il a étudié
la restriction Fj et E3 de E) a la variété de Nehari, qui est en fait constitutée
de deux ensembles disjoints dés que 0 < A < X, et a ensuite démontré que les
suites minimisantes de E}, i € {1,2}, sont de Palais-Smale et convergent vers deux
différentes solutions positives de I’équation (0.7). La premiére solution a une énergie
négative tandis que la deuxiéme solution a une énergie qui change de signe en \g €

(0, A).
Dans l'article [1], on a étudié le systéme elliptique variationnel sous critique suivant :

—Apu = MulP*72u+ (a+ 1)|u|*ufo]®™ dans  ,
(0.8)
A = plo]T%0 + (B4 D]ul*T o]’ dans Q,

avec1<p1<p<N,1<ﬁ+1<q<N,o‘Tfl+%>1etap—*f+6;;1<1.
On a adopté les mémes arguments développés par A. El Hamidi dans son article
[29]. A la lumiére du résultat de Y. Bozhkov and E. Mitidieri [16], on a introduit la
fonctionnelle énergie modifiée définie par :

1::\,”(5, u,t,v) = I ,(su,tv)
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ou I, est la fonctionnelle d’Euler-Lagrange associée au systéme (0.8). En explorant
la variété de Nehari associée a I, définie par tous les couples (su,tv) # (0,0)
vérifiant 8T,\7H(s, u,t,v)/0s = 8z\,u(s, u,t,v)/0t = 0, on a démontré que cette variété
est encore composée de deux parties disjointes N )} , et N /\2 ., des que (A, i) appartient
4 un sous ensemble spécifique D de R2. L’étude de la restriction de la fonctionnelle
I, aN Al,u et N f,u nous a permis ensuite de prouver que les suites minimisantes
dans les deux parties de la variété de Nehari sont de Palais-Smale et convergent vers
les deux solutions positives du systéme (0.8). En ce qui concerne le signe de leurs
énergies, notons que la premiére est d’une énergie négative tandis que I’énergie de la
seconde change de signe selon une fonction continue A\g(x) dont le graphe est situé
dans ’ensemble D.

Chapitre 3 : Dans cette partie, on s’interessera a I’étude du systéme (0.8) dans le
B+
e
rapport au Chapitre 1, nous perdons la compacité des injections W'P(Q) C LP"(Q)
et WH4(Q) C L7 (). Dans la littérature, le principe de compacité par concentration
de P. L. Lions [45] et le principe de compacité par concentration de Bianchi et al.
[12] sont largement utilisés pour remédier a la perte de compacité des suites de
Palais-Smale. Signalons que la décomposition de Struwe est aussi utile dans le cas
des domaines bornés et les varietés compactes. J. Vélin et F. de Thélin [62] ont
étudié le probléme suivant :

cas non borné et vérifiant la condition critique ap—tl + = 1. Notons que, par

—A, = ulu|/* o) dans Q

—A, = |ul*T |5~ ty,  dans Q.

Ils ont démontré un résultat d’existence de solutions sous I'hypothese O‘p—*f + 6;;1 <1
et un résultat de non existence dans le cas ap—tl + % = 1 et le domaine 2 est

strictement étoilé en utilisant 'identité de Pohozaev [53]. Ensuite le systéme critique
suivant

—A, = ulu[* ot + f, dans Q
—A, = |ul*T ]’ v +¢g, dans Q.

u=v=0, sur Of)

avec ap—*j + ﬁqt = 1, a été discuté par J. Chabrowski [19] dans le cas p = ¢ et J. Velin

[63] pour le cas p # ¢ et ont montré 'existence d’au moins une solution positive
sous I'hypotése f € W12 (Q)\ {0} et g € WH(Q)\ {0} et || f||-1p, llgll-1.0 < k-
Dans notre article [3], on s’est intéressé au systéme suivant
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—Ayu = a(z)|ul2u + ulul* )P dans Q
—A v = b(x)|v|7 %0 + |u|*T |, dans €
u=uv=0, sur OS2,

dans le cas de Q = R" et ap—tl 48 qtl = 1, l'existence d’au moins une solution positive
a ¢été prouvé par contre pour ce qui est de la seconde solution positive comme dans
l'article [1] on a pu la récupérer que pour 0 < p < py (pq est la premiére valeur
propre de —A,v = p|v|7?v) et \ suffisamment prés de 0 en utilisant un théoréme
de convergence des gradients des suites minimisantes de Palais-Smale développé par
A. El Hamidi et J. M. Rakotoson [31].

Chapitre 3 : L’une des difficultés majeures en analyse des problémes elliptiques va-
riationnels non linéaires faisant intervenir des non linéarités critiques est de récupérer
la compacité des suites de Palais-Smale de la fonctionnelle d’Euler-Lagrange asso-
ciée. Ce probléme a été discuté par Brézis et Nirenberg dans leur fameux article
[17]. Le principe de la compacité par concentration da & P. L. Lions est largement
utilisé pour surmonter ce type de probléeme. Il existe d’autres méthodes, basées sur
la convergence presque partout du gradient des suites de Palais-Smale, qui nous
permettent de récupérer la compacité. On peut citer par exemple l'article de L.
Boccardo et F. Murat [15], J. M. Rakotoson [55] pour les domaines bornés et A. El
Hamidi et J. M. Rakotoson [31] pour les domaines arbitraires.

Les auteurs dans [17]| ont étudié le probléme de valeur propre avec une perturbation
critique :

—Au = du+u¥"!, dans €,
u > 0, dans €,
u = 0, sur 09,

avec () est un domaine borné de RN, N > 3 a bord régulier, 2* = A?N2 est 'exposant

critique de Sobolev de I'injection W12(Q) C LP(Q) et A est un paramétre positif.
Les auteurs ont introduit une condition importante sur le niveau correspondant a
I’énergie des suites de Palais-Smale qui garantit leur compacité relative. En fait, soit
(uy,) une suite de Palais-Smale pour la fonctionnelle d’Euler-Lagrange :

/|Vu\2 _ —/ VaP — L

Ils ont montré que si une suite (u,) de (PS), satisfait :

1 .~
lim I)(u,) < NS?, (0.9)

n—-4oo




§ 1. Introduction 11

alors (u,) est relativement compacte, ce qui entraine l'existence des points cri-
tiques non triviaux de Iy. Ici, S est la meilleur constante de Sobolev de l'injection
Wy?(Q) € L¥ (). Dans ce chapitre, on donne une généralisation du condition (0.9)
a I’équation semi-linéaire suivante :

—Apu = Af(w,u)+ |uf""u, dans €,
(Py) (0.10)
ulp = 0, et Zy=0,

avec  est un domaine borné de RY, N > 3 avec un bord régulier 9Q = T U X et
I' ¥ sont des sous-variétés régulieres de 092 de dimension (N — 1) avec des mesures
positives telles que I'N'Y = (. Ici, a% dénote la différentielle normale extérieure et f
est une perturbation sous critique de |u[’"~!. On a démontré que si une suite (u,)

de (PS). telle que

* = inf [ inf [ 11
c<c = inf 0(u)+ue/\lf£lu{o} A(v), (0.11)

alors (u,) est relativement compacte. Ici le niveau ¢* est critique parce qu’on a
réussit a construire une suite de (PS). qui n’est pas relativement compacte. Les
ensembles N, et Ny dénotent respectivement les variétés de Nehari relatives aux
problémes (Py) et (Fp).

Ensuite, dans la secondes partie du chapitre 2, on donne une condition analogue a
(0.9) et (0.11) pour un syséme général avec des exposants critiques :

—A, = M (x,u) + ulu/*"to|?FL,  dans Q

—Ag = pg(a,v) + [ul]*T o] lv,  dans Q

avec ap—tl + 8 qt = 1 et des conditions aux bords de Dirichlet ou mixtes, ou f et g

sont des perturbations sous critiques de |u[P" ! et |v]|7 ! respectivement. On dénote

*« _ Np x _  Ngq . .. .
par p° = § et ¢¢ = Neg sont respectivement les exposants critiques relatives

aux injections de Sobolev WP(Q) C L™(Q2) et Wh4(Q) C L7(Q). Notre approche
fournit une condition générale basée sur la variété de Nehari, qui peut étre étendue
a une classe plus large de problémes non linéaires critiques. L’optimalité de notre
résultat est établie dans le cas spécial p = ¢ et obtenue par la constuction d’une
suite de Palais-Smale qui n’est pas relativement compacte, cependant la question
est encore ouverte dans le cas p # ¢. D. G. de Figueiredo [35], D. G. de Figueiredo
et P. Felmer [36] et L. Boccardo et D. G. de Figueiredo [14] ont étudié¢ une large
classe de systémes non linéaires elliptiques.

Chapitre 5 : Cette partie sera consacrée a ’étude d’un systéme anisotropique non-
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linéaire de la forme :

( N .9
0 ou |7 ou
— p—2 a—1 B+1 d 0
Z (ax,- ax,) Aa(2)|u?~2|u + ulu|* Pt dans

N —2
0 (|ov[" o (0.12)
= q—2 a+1|,,|8-1
Z ' ( Oz; 8@) pb(z)|v]7 0 + [u|*Hou|"~lv,  dans €,

u=v=0, sur 02

avec N N
i=1 1 a+l [B+1
pi,qi>1,; > >1’;@>1 ot ——+— =1
ol N N o N
p_ii—l, e q_il—l‘
iz Pi = i

Ici, p* et ¢* sont respectivement les exposants critiques effectifs associés aux opéra-

teurs
i ) ) o i o (| ol o
i—1 8&72 8&72 i1 03:, 03:, 03:, )

Ce chapitre est motivé par les récents résultats de 1. Fragala et al. [38], C. O. Alves
et A. El Hamidi [5] et A. El Hamidi et J. M. Rakotoson [30, 31]. En effet, les auteurs
dans [38] ont considéré le méme opérateur différentiel anisotropique comme (0.12)
dans le cas sclaire et ont établi des résultats d’existence et de régularité dans le cas
sous critique ainsi qu’un résultat de non existence dans les domaines étoilés a été
montreé.

Les auteurs dans [32] ont généralisé le principe de la compacité par concentration
de P. L. Lions [45] au cas anisotropique. En utilisant ce principe généralisé, ils ont
montré que la meilleur constant de Sobolev dans un certain cas critique est atteinte.
Dans I'article [4] on a généralisé les résultats d’existence et de régularité des solutions
positives obtenus par de C. O. Alves et A. El Hamidi [5] au cas du systéme (0.12)
dans un domaine borné de R¥, en utilisant les méthodes mini-max.

9
8a7i
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Chapitre 2

The Nehari manifold for systems of
nonlinear elliptic equations

Abstract
This paper deals with existence and multiplicity results of nonlocal positive solutions
to the following system

“Apu = MuP2ut (@ + Dufulo o4,

A = pflTP+ (B + Dl ],

together with Dirichlet or mixed boundary conditions, under some hypotheses on the
parameters p, p1, a, B and q. More precisely, the system considered corresponds to a
perturbed eigenvalue equation combined with a second equation having concave and
convez nonlinearities. The study is based on the extraction of Palais-Smale sequences
in the Nehari manifold. The behaviour of the energy corresponding to these positive
solutions, with respect to the real parameters A\ and p, is established.

2.1 Introduction

In this work, we consider the system of quasilinear elliptic equations

“Apu = NP 2ut (@ + Dufu o,

(1.1)

A = pfo" v+ (B + Dul*H v,
together with Dirichlet or mixed boundary conditions

ulp, =0 and %|21 =0,
(1.2)
vlr, =0 and %|22 =0,

where,  is a bounded domain in RY, with smooth boundary 92 = I'; N%;, where T';
are smooth (NN —1)-dimensional submanifolds of 02 with positive measures such that

18
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Ny, =0,0€{1,2}. A, is the p-Laplacian and a% is the outer normal derivative.
It is clear that when I'y = 'y = 92, one deals with homogeneous Dirichlet boundary
conditions.

Our aim here is to establish nonlocal existence and multiplicity results, with respect
to the real parameters A and p, for Problem (1.1). Along this work, the following
assumptions will hold

l<pr<p<N, ¢g>1, a>1, 8>1, (1.3)
1 1
atl B+l oy (1.4)
p q
1 1 1
atl Oy ana P2 o (1.5)
p q q
where
._ Np ._ Ng

are the critical exponents for the p-Laplacian and g-Laplacian respectively. These
assumptions mean that we are concerned with a subcritical and super-homogeneous
system where the first equation is concave-convex and the second equation is only a
perturbation of an eigenvalue equation. Also, the following assumptions concerning
the real parameters A and p will hold

)‘>07 o< 1,

where p; is the first eigenvalue of —A, in 2.
Problem (1.1), together with (1.2), is posed in the framework of the Sobolev space
W = W;lp(Q) X eréq(Q), where

Wel(Q) = {u € WH(Q) : ulr, =0}, Wr(Q) = {ue WH(Q) : ulr, =0},

are respectively the closure of C}(QNT'y, R) with respect to the norm of W?(2) and
CH(2N Ty, R) with respect to the norm of W4(Q2). We can refer the reader to [9]
for a complete description of this space in the case p = 2. Notice that meas(I';) > 0,
1 = 1, 2, imply that the Poincaré¢ inequality is still available in Wllip (Q) and Wﬁéq(Q),
so W can be endowed with the norm

[|(w, )| = [[Vull, + [[Voll,

and (W, || .||) is a reflexive and separable Banach space.

Semilinear and quasilinear scalar elliptic equations with concave and convex nonli-
nearities are widely studied, we can refer the reader to [1, 4, 10, 18] and to the survey
article [5]. For the nonlinear elliptic systems, we refer to [2, 3, 6, 8, 11, 14, 20, 21|
and to the survey article [13]. In [15], the authors studied the existence of positive
solutions to a perturbed eigenvalue problem involving the p-Laplacian operator. In



§ 2. The Nehari manifold for systems of nonlinear elliptic equations 20

[6], the authors have generalized the results of [15] to a perturbed eigenvalue sys-
tem involving p and g¢-Laplacian operators. Recently, in [10]| the first author has
considered a semilinear elliptic equation with concave and convex nolinearities, and
showed nonlocal existence and multiplicity results with respect to the parameter via
the extraction of Palais-Smale sequences in the Nehari manifold.

In this paper, we extend this method to the system (1.1) where one equation contains
concave and convex nonlinearities and the other one is simply a perturbation of an
eigenvalue equation. We show that Problem (1.1) has at least two positive solutions
when the pair of parameters (A, 1) belongs to a subset of R? which will be specified
below.

For solutions of (1.1) we understand critical points of the Euler-Lagrange functional
I € CY(W,R) given by

1 A 1
I(u,v) = —P(u) = =Pi(u) + ~(Q(v) — pQi(v)) = R(u,v),
p b1 q
where P(u) = |[Vul[}, Pi(u) = [[ul[}}, Q(v) = |[V[[f, @i(v) = [[v][§ and R(u,v) =
fQ |u|a+1|'U|’B+1dZL’.
Consider the "Nehari" manifold [16] associated to Problem (1.1) given by

N = {(u,v) € (WP (Q\{0}) x W () \{0}) / Dl (u,v)(u) = Del(u,v)(v) = 0},

where DI and D5l are the derivatives of I with respect to the first variable and
the second variable respectively.
An interesting and useful characterization of N, [15, 18, 22, 10, 7] is the following

N = {(su,tv) / (s,u,t,v) € Z* and 9,1 (su, tv) = 0,1 (su,tv) = 0},

where 2* = (R\{0}) x (W (2)\{0}) x (R\{0}) x (W,7(2)\{0}) and I is considered
as a functional of four variables (s,u,t,v) in Z :=R x WpP(Q) x R x W(Q). For
this reason, we introduce the modified Euler-Lagrange functional I defined on Z by

I(s,u,t,v) = I(su,tv).

2.2 Preliminary results

In this work, we are interested by nontrivial positive solutions v # 0 and v # 0 to
Problem (1.1). Since the functional I is even in s and ¢, we limit our study for s > 0,

t > 0 and for (u,v) € (Wlllp(Q) \ {0}) x (W;Qq(Q) \ {0}).

Lemma 2.2.1. For every (u,v) € (Wﬁlp(Q) \ {0}) x (WEQ‘Z(Q) \ {0}) there exists a

unique \(u,v) > 0 such that the real-valued function (s,t) € (0,+00)? — I(s,u,t,v)
has exactly two critical points (resp. one critical point) for 0 < X < A(u,v) (resp.
A = Au,v)). This functional has no critical point for X > \(u,v).
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Proof. Let (u,v) be an arbitrary element in (W;lp(Q) \{0}) x (W;zq(ﬂ) \{0}). Then

Ts,u,t,0) = %P(u) - pilsma(w + %(@(v) — 4Qu(v)) — s R(u, v).

A direct computation gives 9,1(s,u,t,v) = 0 if and only if

R(u, v) T an

Q- 20

t=1t(s)=|(6+1)

and
(s, u,t(s),0) = ZP(u) = 257 Py(w) — - Afu,v)
s,u,t(s),v) = —P(u) — —s u) — —A(u,v),
p P1 ! r
where .
o R =D
Alu,v) = o+ 1)(5 + ) )T
(Q(v) — Qi (v) 77
and r = q(f(;iz‘f). It is easy to verify that » > p. Now consider the function s €

(0, 4+00) +— I(s,u,t(s),v) and let us write

051 (s,u,t(s),v) == s "1 Fy (s, u,v).

where F) (s, u,v) := P(u)s? "' = APy (u)—A(u,v)s"P'. The function s € (0, 4+00) —
F (s, u,v) is increasing on (0,3,(u,v)), decreasing on (5,(u,v),+00) and attains
its unique maximum for s =3, (u, v), where

s = (10 ] &

So, the function s € (0, +00) — F) ,(s, u, v) has two positive zeros (resp. one positive
zero) if F) ,(5,(u,v),u,v) > 0 (resp. F) ,(5,(u,v),u,v) = 0) and has no zero if
Fy.(5,(u,v),u,v) < 0. On the other hand, a direct computation leads to

—p1

Fon(3a(u, v),u,0) = :_— ]i {f - ii Aii?i)] " P(u) — APy(u).

Then, F\,(5,(u,v),u,v) > 0 (resp. F),(5.(u,v),u,v) < 0) if A < A(u,v) (resp.
A > Nu,v)) and Fy),.(5,(u,v),u,v) = 0, where
P ::Ppl . . Prippl
(u) __and o= 1P [p pl} .
Py (u)A(u,v) m=r r=p1 TP

AMu,v) =¢ (2.8)

Therefore, if A € (0, A(u,v)), the function s € (0, +00) — 0sI(s,u,t(s),v) has two
positive zeros denoted by s1(u, v, \, ) and so(u, v, A\, p) verifying 0 < sq(u, v, A\, u) <
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5u(u,v) < sa(w,v, A, ). Since F ,(s1(w, v, A, 1), u,v) = F) u(s2(u, v, A, @), u,v) = 0,
OsFy,u(s,u,v) > 0 for 0 < s < 5,(u,v) and OsF),(s,u,v) < 0 for s > 5,(u,v) it
follows that

Bss I (s1(u, 0, A, 1), u, t(s1(u, v, A, p)),v) > 0, (2.9)
Ossl (s2(w, v, \, 1), u, t(sa(u, v, \, 1)), v) < 0. (2.10)

This implies that the real-valued function s € (0,+00) — I(s,u,t(s),v) achieves
its unique local minimum at s = sj(u,v, A\, ) and its unique local maximum at
s = $a(u, v, A\, i), which ends the proof. O

Hereafter, we will denote t;(u, v, A, ) := t(s;(u,v, A\, u)), i = 1, 2. At this stage, we
introduce the characteristic value

Ap) = inf{ Mu,0), (u,v) € (W () \ {0}) x (e () \ {0}) }.

We claim that X(u) is great than a positive constant which depends only on p, p,
P1, q, @, B and €. Indeed, using the Hélder inequality, we get

R(u,v) < |9 ||u o

a+1
p*

[0l

where § > 1 is such that ]% + q% + % = 1. Using the continuous embedding Wﬁf(Q) C
LT (Q) we get
P, (u)?
EESHNE
(,Ul — Iu) q—(B+1)
where P,(u) = ||u z: and ¢; = ¢1(p, p1,q, @, ,9). Using again the continuous em-
beddings erlp(Q) C L7 () and erlp(Q) C LP" () we obtain

A(uv U) < C1

B+1  p—p1

AMu,v) > (g — p)a=@F0 7>,

where ¢3 = ¢o(p, p1, ¢, o, ,€2) and then

p—P]1

~ B+1
Ap) = eapn — p) =00 =,
which achieves the claim. Now let us introduce
D= {(\p) € (0,400) x (=00, 1) : A< A(u)}.
For every (A, 1) € D, the functionals (u,v) € (erlp(Q) \ {0}) x (WI};](Q) \ {0}) —

I(si(u,v, A\, ), u, ti(u, v, A\, ), v) i = 1, 2, are well defined and one can show easily
that they are bounded below. Hence, for every (A, i) € D, we define

ar(\p) = inf{Z(sl(u,U,)x,u),u,tl(u,v,k,u),v), (u,u)e@ (2.11)
as(A\, 1) = inf{I(sa(u, v, \, 1), u, to(u, v, A\, ), v), (u,v) € W} (2.12)
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where -

W= (Wp(Q) \ {0}) x (W () \ {0}).
Our aim in the sequel is to show that a; (A, 1) and as(A, ) are in fact critical values
of the Euler-Lagrange functional I for every (A, 1) € D. We start with the following

Lemma 2.2.2. Let (u,, v,) € W be a minimizing sequence of (2.11) (resp. of (2.12))
and let (UL V1Y) = (s1(tn, Vp, A, 1)Uy t1 (Uny Uny Ay 1)U

(resp. (U2, V2) := ($9(Un, Uny A, 1)U, 2 (U, Uny A, p)vy)). Then it holds
(i) limsup||(U,, V)| < oo (resp.limsup |[[(UZ, V)| < o0).
n—-+4o0o n—-+4o0o
(ii) 1im+1an(U,1,v;)|| >0 (resp. 11m+inf||(U§,v3)H > 0).

Proof. We show the assertion (i), let (u,,v,) € W be a minimizing sequence of

(2.~11). Since O (81(Un, Vpy Ay 1), Upy t1(Upyy Uny A, 1), v,) = 0 and
O (81 (Unyy Uny Ay 1)y Uy, t1 (U, Uy Ay 1), v) = 0, it follows that

P(U,) = AP(U,) = (a + YR(U,, V) = 0, (2.13)
Q(Vy)) — n@i(Vy) — (B+ DR(U,,V,) = 0. (2.14)
Suppose that there is a subsequence, still denoted by (U}, V1), such that
lim,, 1o [[(UL, V1)]| = co. We will distinguish three cases :

Case a) lim, ., ||VU}||, = oo and ||[VV}!]|, is bounded. By (2.14) we get that
R(U!, V1) is bounded. On the other hand, using the continuous embedding Wllip (Q) C

LP1(Q), we have P (U}) = o, (P(U})), as n goes to +o00. By (2.13) we get R(U}, V1) =
ﬁ(l +0,(1))P(U}) as n goes to +o00 and hence lim,, ., o, R(U},V;!) = 400, which

cannot hold true.
Case b) lim, ., ||[VV}H], = oo and ||VU}||, is bounded. By (2.13) we get R(U}, V)

bounded. If 0 < p < pq, using the Sobolev and Young inequalities, for every ¢ €
(0,1), there is a positive constant C such that

£
IIVJIIZSEIIVVJIIZﬂLCa,

which gives (8+1)R(U}, VH4+uC. > (1—¢)Q(V,}). Then lim,, . o, R(U}, V}) = 400,

which is impossible. If u < 0, then Q(V,}) — pQ1(V,}) = (B + 1)R(UL, V) > Q(V.}!

so lim,, .o R(U!, V1) = 400, which is also impossible.

Case ¢) lim,_ 4 ||VUL|, = limy,— 1 |[VV,}]|, = 00. As in the first case, we have
1
R(U,,V,)) = (14 0,(1))P(U}), as n goesto + oo.

a+1
Then (U}, V1) = L <°‘—+1 + % -1 —|—0n(1)> P(U}) as n goes to +o00. Hence,

n>-n a+1 p

using the hypothese (1.5), lim,, . o, [(U!,V!) = +o0o, which is impossible. Conse-

n? n
quently, limsup,,_,. . [|(Us, V.|| < co. We show in the same way that limsup,,_,

(U3, VIII < oo

n 'n
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Now, we show the assertion (ii), let (un,v,) € W be a minimizing sequence of
(2.11). Suppose that there is a subsequence, still denoted by (U!, V1), such that

n’'n

lim, 4o |[(T}, V1)]] = 0. By (2.13) we get lim,, ., (U}, V,}) = 0 and this can not
hold true because I(U}, V1) < 0 for every n.

Similarly, let (u,,v,) € W be a minimizing sequence of (2.12). Suppose that there
is a subsequence, still denoted by (U2, V/?), such that

n 'n

lim, 400 |[(U2, V|| = 0. If p > a + 1, by (2.10) , we have

n>’'n

05 1(U, V:2) = (p = DP(Uz) = A(pr = DP(UR) — el + DR(UR, V) < 0

n>'n

Then (p—1)P(U2)—\(p—1)P,(U?)—apR(U2,V?) < 0, which implies that (p— (a+

1))R(U2,V?) < 0 and this is impossible. Finally, if p < o+ 1, then (p —p;)P(U?) <
(a+1)2R(U% V?). Since ap—tl + % < 1 and O‘Tfl + % > 1, then there exist p and
g satisfying p < p < p*, ¢ < ¢ < ¢* and
1 1
avl po+1_ (2.15)
p q
Therefore,
RV < @ p ol IV
< d(Qp,IVUTIVVTT

and consequently, (p—p1) < ¢(Q,p, q)(a+1)?||VUZ||5T7||[VV;?||7+! which converges
to 0 as n goes to +00. This contradicts the fact p > p;, which ends the proof. [

2.3 Palais-Smale sequences in the Nehari Manifold

It is interesting to notice that for every v > 0, 6 > 0, it holds

7(75,3,&,%) = T(s,u,t,v),

~
~ 1 ~
ol (75, g,ét, 9) = =0 (s,u,t,v),
v ) )
BN e (75, g,ét, 9) = 108ff(s,u,t,v),
voo0 gl
~ U v 1 ~
Oss 1 (75, ;,515, 5) = ?&QSI(S,u,t,U).
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This implies that

1 U v
s1(u, v, A, = - — =, A, Vo >0, 3.16
o) = Ls(L3am). (3.10

1 U v
So(u, v, A, = — — =, A\, Vo >0, 3.17
o) = o (L 30), (3.17
ti(u, v, \, ) = 1 E,B,)\,u Vo >0, (3.18)

5 v 0

1 u v
t2(uuv7>\7:u> - g (;757>\7M) V’}/>0 (319>

It follows that
al()\mu) = ( )IIISf S{f(sl(u,v,)\,u),u,tl(u,v,)\,u),v)}, (320)
U,V)ESp XSq

QQ()‘?M) = inf {T(SQ(U>'U7)‘>:u)au7t2(u>'uv)‘>:u)av)}> (321)

(u,v)ESp XSy

where S, and S, are the unit spheres of W;"(Q2) and W ?(Q) respectively. Make
precise that S, x S, is a 2-codimensional and complete submanifold of W, we will
denote it in the sequel by S.

Lemma 2.3.1. Let (\,u) € D and let (un,v,) € S be a minimizing sequence of

(3.20) (resp. of (3.21)). Then (s1(tn, Un, A, (1)U, t1(Un, Uy Ay 1) 0n),
(resp. (Sa(Un, Vny Ay 1)U, ta(Un, Vpy A, )vy) ) is a Palais-Smale sequence for the func-
tional I.

Proof. Let (A, i) € D and consider a minimizing sequence (u,,v,) € S of (3.20).
Let us set

Up = 51(Un, Uny A, 1)U,
Vn = tl(unavm)‘vﬂ)vn

The sequence (U,,V,) is clearly bounded in W. On the other hand, the gradient
(resp. the Hessian determinant) of I with respect to s and ¢ at (s, t) = (s1(un, vn, A, 11),
t1 (U, U, A, 1)) is equal to zero (resp. is strictly negative). So, the implicit function
theorem implies that that s;(u,, vn, A, 1) and ¢ (uy,, v,, A, ) are C* with respect to
(u, v), since 7 is.

We introduce now the functional Z defined on S by

I(u,v) = f(sl(u,v, A, ), w, by (u, v, Ay 1), v),
then
ar(\ p) = inf Z(u,v) = lUm Z(uy,v,).

(u,v)€S n—-+o00
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Applying the Ekeland variational principle [12, 17, 19, 22| on the complete manifold
(S,|.1]) to the functional Z we get

, 1
A (Un,Un)(¢n,¢n) S 5“(@na¢n)”a v(@m¢n) € T(un,vn)S7

where T(y, +,)S denotes the tangent space to S at the point (u,,v,). Recall that
Twnwn)S = Tu,S, x T,,Sy, where T, S, (resp. T,,S,) is the tangent space to S,
(resp. S,) at the point u, (resp. v,).

Set

Ap = (Un, Uny A, 1), and By, i= (81(Un, Uy A, 1)y Uny 61 (U, Oy A, 1), Up).
For every (¢n, ¥n) € Tu,S, x T,,S,, one has

Il(“ﬂv”ﬂ)(@m V) = DIT(B )(@n) + Dol ( ) ()

where
le(BrJ(SOn) = auil(An)(‘Pn)ﬁsf(Bn) + 8uT(Bn>(90n) + Outy (An>(90n)atf(Bn>
= 0u,1(Bn)(pn)-

Similarly, one has B N
Dol (By)(thn) = 0o (Bn)(¢n).

Furthermore, consider the "fiber" maps

T WeP)\ {0} — RxS,

u = (Vi) = (), ma(w),
FoOWRQ\{0) — RxS,
v — (HVUqu va” ) (Wl(v),%z(v)>_

Applying the Holder inequality we get, for every (u, ) € (erlp (©Q)\{0}) x VVl P(Q)
and (v,v) € (WEQ‘Z(Q) \ {0}) x Wlléq(Q), the following estimates

MW@ < 9l me)] < 2o
RO < 90l R < 22t

On one hand, from Lemma (2.2.2), there is a positive constant K such that s;(A,,) >
K and t,(A,) > K, for every integer n. On the other hand, for every (¢,v) € W,

DyI(Un, Vo)(9) = ¢i§sf(3n)+5u7( W) (2) + o0 (By)
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where ¢! = 7] (u,)(¢) and ¢? = 75 (u,)(p). Then the following estimates hold true :
611 < |[Veplly and [[ V]| < 2[[Vegllp- In the same manner, we get

Dol (Un, Vo) (4) = 400.1(Ba) +0,1(Bu)(47) + ¢0 01 (B.)
= 0.1(B,)(¥}).
where ¢} = 7 (v,)(¢¥) and ¥2 = T)(v,) (), with the estimates || < ||[V]|, and
V621, < 2[[V9],. Therefore

1
| D I(U,, Vi) ()] < 5||Vs0il|p

IN

2
n—KHVSDHp
and

1
DA V)W) < =V,

2
< — .
< vy,

We conclude easily that
lim_[|7'(U, Vi)l = 0.

where I'(U,, V) (p, ) = D1I(Un, V,,) (@) + D2l (Uy, V) (1) and || ||« is the norm on
the dual space of W.

The arguments are similar if (u,,v,) € S is a minimizing sequence of (3.21). Hence,

the lemma is proved. . B B O
Remark. For every (u,v) € W and (A, u) € D, one has I(s,u,t,v) = I(s, |ul],t,]|v]),
si(lul, o], A, 1) = si(u, v, A\, ), @ € {1,2} and consequently ¢;(|ul, |v], A\, p) = t;(u, v, A\, p),
i € {1,2}. Therefore, every minimizing sequence (u,,v,) € S, xS, of (3.20) or (3.21)
can be considered as a sequence satisfying u,, > 0 and v, > 0 in €.

2.4 Positive solutions and the behaviour of their
energy

Theorem 2.4.1. Let (A, u) € D. Then Problem (1.1) has at least two nontrivial
solutions (U, V"), i € {1,2}, such that U" > 0 and V* > 0 in Q and U* # 0, V' £ 0,
fori e {1,2}.

Proof. We will use the notations of the previous lemmas. Let (A, 1) € D and consider
a nonnegative minimizing sequence (uy,,v,) € S of (3.20). It is known from Lemma
(2.3.1) that

lim I(Un, Vy) = ai(\ ),

n—-+o0o

lim ||I' (U, V)|l = 0

n—-4o0o
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and that (U,, V) is bounded in W. Passing if necessary to a subsequence, there are
U € Wp(Q2) and V! € () such that

= U' in WpP(Q),

— U in L (Q) and LP(Q),

= V' in WEI(Q),

— V'in L?(Q) and LI(Q),

S S

where p and ¢ are specified in (2.15). At this stage, we use the well known inequali-
ties : V(z,y) € RY
C (|l e =y %) - (z—y), if v>2,

Cllz| = [y))>™7 (|2 2z = |y %y) - (z —y), if v<2.

where - denotes the scalar product in RV,
In the case p > 2, we obtain

le —y|” <
lz—y]? <

PWU,—UY) < C / (IVU P>V, — VU P20 - (YU, — VU
Q
= C(DI(U,,V,)(U, —UY — D I(U", VYU, - U") +
C)\/ (|U. 20U, — U 20) (U, — U') +
Q

Cla+ 1)/ (U U VP — OO VAP (U, — UV,
Q

Since lim,, oo || "(Un, Vi) |l« = 0, (V,,) is bounded, and using the fact that U, — U?!
in LP*(Q) and in LP(Q), V,, — V' inin L9(2), we conclude, by the Hélder inequality,
that P(U, — U') — 0, as n goes to +00, which means that
U, — U' in WpP(Q).
In the case p < 2, a direct computation gives
VU, = VU, < C(IVUIL" + VU ) x
/ (VU [P>vU, — |[VU'[P2vUY) - (VU, — VUY).
Q

Since ||VU,, — VU'||, is bounded, the same arguments used above show that U,, —
Ul in Wéip(Q), as n goes to +oo. In a similar way we get V,, — V! in Wﬁ;q(Q),
as n goes to +o00.

Moreover, it is clear that (U', V1) is a nontrivial solution of Problem (1.1) verifying
Ul'>0and V! > 0in Q and U' # 0, V! # 0. On the other hand, there is a
subsequence of (u,, v,), still denoted by (u,,v,) such that

Up = Sl(umvna )\a,u)un - Ul in er‘;p(Q)’
Vn = tl(un7 Unu )\,,U/)Un - Vl in Wr‘l;q(Q>
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According to Lemma (2.2.2), let (s1,%;) € (0,400)? such that

( $1(Up, Vpy A, 1) —  s1 in R,
t1 (U Uy Ay 1) — t1 in R,

U — ' =% in WEP(Q),

1. 1,
\ Up, — ol =Y in W(Q),

with u! = g—f € S,, vt = ‘t/—l €Sy, s1 = si(ut, v, \ ) and 6 = ty(ut, 0t A\ p).
Therefore, 0,51 (s1(ul, v}, A, ), ul, t1(ut, v, A, p), ') > 0.

Proceeding in the same manner with a nonnegative minimizing sequence (t,,, 7,) € S
of (3.21), we obtain a second nontrivial solution (U?,V?) of (1.1) verifying U? > 0
and V2> 0in Q and U? # 0, V2 £ 0.

Now, we have to show that (U', V) # (U?%,V?). Let (sq,t2) € (0, +00)? such that

( ~ ~ .
So(TUp, Upy A, 1) — 8o in R,

tg(ﬂn,’&n,)\,,u) — t2 in R,

Ty, — w2=2 i erip(Q),

~ 2 _ V2o Lg
\ On, — v =~ in Wp(Q),

with u? = ISJ—; €S,, v? = ‘;—22 €Sy, s2 = so(u?, v} A\, ) and ty = to(u?, v\, i). The-

refore, Osl(so(u?, v\, 1), u?, to(u?, v2, A\, 1), v?) < 0. Hence (U, V1) # (U?,V?),
which ends the proof. O

In the sequel, for every (X, ) € D, the functions (u'!,v!) and (u?, v?) will be denoted
by (ul(\, 1), vr*(\, 1)) and (u?(\, p),v3(A\, 1)) respectively. Similarly, the solutions
(U, V), i € {1,2}, will be denoted by (U*(A, u), V(A ), 7 € {1,2}.

Theorem 2.4.2. Let (\, i) € D. Then
i) I(U V) <0 for A€o, A(p)],

(i) {I(U2,V2) >0 for)\E]O,)\o(ul[,
LU V?) <0 for X €]Xo(p), M),

where
T*pl

)= (1) 7 R

T \D
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Proof. In this proof, u will be fixed in (—oo, 1), so we will omit the dependence on
1 in the expressions which will follow. However, the dependece on A will be specified.
In particular, the Euler-Lagrange functional I will be denoted by I).

(ii) Let (u,v) be an arbitrary element of W. We denote

T sP A s"
(s, u, t(s),v) = —P(u) — —s" Pi(u) — —A(u, v),
p D1 r
and write N )
I\(s,u,t(s), v) = s Ga(s, u, v),
where
é)\(s,u,y) — Sp—p1p(u) _ )\Pl(u) B ST’—p1A(uvU)
p D1 r

It follows that
087)\(87 u? t(S)’ U) = plspl_lé)\(s7 u? ,U) _I_ splasé)\(s7 u? U)?

with

8,G(s,u,v) = P71 {u}_’(u) — ﬂST_pA(u,v)} :
P r

The real valued function s — G (s, u,v) is increasing on ]0, so(u, v)[, decreasing
on |so(u,v), +oo[ and attains its unique maximum for s = so(u, v), where

1

r

so(u,v) = (z—?) s ), (4.22)

and 5,(u,v) is defined in (2.7). On the other hand, a direct computation gives

r—P1

Gha(so(u, v),u,v) = (]; :zi A}()T(:LZ)) o R(u,v) — APy (u).

Similarly, éA(so(u,Nv),u,v) > 0 (resp. Ga(so(u,v),u,v) < 0) if A < Xo(u,v) (resp.
A > Ao(u,v)) and Gag(uv) (So(u, v), u,v) = 0, where

r\ P
palue) =2 (1) Ao, (4.29
with A(u,v) given by (2.8). Thus, we get
L(so(u,v),u, t(so(u,v)),v) >0 if A< Ao(u,v),
I(so(u,v),u, t(so(u,v)),v) =0 if A= Ag(u,v), (4.24)

o(u,v)),v) <0 if A > Ao(u,v).

o
—
V)
o
—
i
4
S——
IS
~
~~
VA
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First, since the function
10,1] — R

t —

[y pu—
1|
-

is increasing, then for every real numbers z, y such that 0 < x < y < 1, one has
1—z
1 1— 1 1) 1w
In [—] > “n [—] =In (—) ’ ,
v] l—y Ly Y
B
-y
0<z <—> < 1.
)

In the particular case z = p;/r and y = p/r we get

and consequently

r—pq

0<Z£<—)Tp <1,
™ \DP

and therfore 0 < Ao(u, v) < A(u, ).

Moreover, for every (u,v) € W, one has Gy, (u) (8, u,v) < 0 for s €]0, +00[\{so(u; v)}
and G,\O(um)(so(u, v),u,v) = 0. Hence, the real valued function s — IAO(W,)(S, u, t(s),v),
(s > 0), attains its unique maximum at s = sp(u,v) and we obtain the following

interesting identity
So(u, v, Ao(u, v), p) = so(u,v). (4.25)

We will set

tO(ua U) = t2(u> v, )\0(’&, 'U)a :u)
On the other hand, it is clear that the functional \o(u,v) is weakly lower semi-
continuous on W. Thus, the value

Xo = inf  Ao(u,v) (4.26)

(u,0)eW

is achieved on W. Since Xo(u, v) is 0- homogeneous in v and v, we can assume that
there is some (u*,v*) € S, x S, such that Ay = Ao(u*,v*).

Now, let A be such that 0 < A < Ag. Then, for every (u,v) € W one has 0 < A <
Xo(u,v) and consequently I, (so(u,v), u, t(so(u,v)),v) > 0 holds from (4.24). But,
s — Iy(s,u,t(s),v), (s > 0) attains its unique maximum for s = sy(u, v, A), hence
Z\(s2(u,v, A), u, to(u, v, A),v) > 0, for every (u,v) € W. In particular, we have

3(32(u2()‘>7 U2(>‘)7 )‘>7 u2(>‘)7 t2(u2(>‘)7 U2(>‘)7 )‘>7 U2(>‘)) > 07

i.e. I(U?(V), V2(\) > 0.
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If A\ = A, then

~

L, (U2 (0), V2(N)) = Iy, (s2(u?(N), v*(Ra), Ao), 1 (M), ta(u* (M), 07 (Mo), Ao), v (M)

— (uw)iengfpxgq I, (s2(u, 0, M), u, ta(1, 0, Ao), )

T’XO(SQ(U*, o), ut oy (ut v, v)
= ]AO(U*JJ*) (So(u*, U*>7 U*u tO(U*v U*>7 U*>
= 0
which implies that I5 (U? (XO), V2(X0)) < 0. In addition, it is known from (4.24) that

E\O(SO(U,U),U,tO(U,U),U) > 07
]’;\O(Sl(u’/U7/):0)7u7t1(u7r07/)\\0>7v) < 07

for every (u,v) € W. Then

so(u,v) > s1(u,v,Xo), V(u,v) € W.

It follows that

Hence,

L, (U2(2), V2(N) = I, (52(u*(M), v* (M), Aa), u2(No), t2(u2(No), v2(Ra), Aa), v* (Ao))
= 0.

Finally, assume that Ao < A < A. Since, for every s €]0, +oo[ and (u,v) € W, the
real valued function A — I(s,u,t(s),v) is decreasing, it follows that

L(s,u,t(s),v) < I, (s,u, t(s),v), forevery s>0 and (u,v)€ w. (4.27)
In addition, we have

L(s2(w?(X), v (V) A), w* (V) t2 (WP (N), 07 (N), ), 0* (X)) =

inf T)\(Sg(u,U,)\),U,lfg(ﬂ,?),)\),?)) <
(u,v)ESp XSq

T)\(SQ(U*,'U*,)\),u*,tQ(U*,'U*,)\),U*) <

I, (so(u®, 0", ) u” o (u”, 07, M), o)

where the last inequality follows from (4.27). Moreover, the real valued function
s = I3, (s,u”,t(s),v"), (s > 0), achieves its unique maximum at s = so(u*,v").
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Thus,
EO(SQ(U*v U*v >\)7 U‘*7 tQ(U*7 U*v >\)7 U*) < ]’}O(SO(U*v U*)7 U*v tO(U*7 U*)7 U*)

- f)\o(u*,v*)(SO(U*av*)aU*>t0(U*aU*)aU*)

= 0.
Hence I (sa(u2(N),v2(A), A), u2(N), ta(u(A), v2(A), A), v2(A)) < 0, which ends the
proof. O

The following result shows the subtle link existing between the characteristic va-

lue Ao defined by (4.26) and Problem (1.1).

Theorem 2.4.3. If (u,v) is a solution of (4.26) then (so(u,v)u,to(u,v)v) is a so-
lution of the system (1.1) when XA = .

Proof. Let (u,v) be a solution of (4.26). In order to simplify the notations, we set
U = so(u,v)u and V := tg(u,v)v. Thus, for A = A\g = Ao(u,v) we have :

Iy 0.V) = iy 32l gy 00y

and for every ¢ € WyP(Q) :

DLy, (U V)(¢) = 2P (U)(e) = 22PI(U)0) — T DAT. V()
where
PUO)e) = solwo) Pu)(p)
L)) = s(wop Bu)(p)
DiA(U V) (p) = so(u,v)" " Dy A(u,v)(p).

We calculate now,

MP{U)(@) = Aolu,v)so(u, v)" 7 P{(u)(y)

6T A )
2 (5) () e
- rnr(ren) T ()7 p e R

_ r—pp P p—n P(u) o '
- T—plppl(U)<<) (T-Ih) A(%U) itwte)
BT ey RO

- pT—p1P()O(’) Pl() .
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In addition, one has

DIAUV)(p) = so(u,v) ™ Di(u,v)(p)

pP—

,_.

_ (rp=—pm Pu) \7rrp—p Pu) o
a (pr—p1A<u7U>) pr—p1 (u )D A( ) )(@)
_ rp—hn (1. v &
o p,r,_plp< ) 0( ) ) ( ) .

Consequently, we obtain

_ [Pu)le)  r—p Pi(u)(p) p—pi DiA(u,v)(p)
Dl]f\o,u(U’ Vilp) = { P(u) _r—p1 Pi(u) B r—p Au,v) }
P(u)so(u,v)P~t
b
r—p1 P'(u)(p) Pl( )() b= Dy A(u,v)(p)
(T R e )

where K 1= 222 2W ¢ () )»=1 On the other hand, a direct computation gives :

s (r=mP)(p) Pl(e) p—pDiA(u,v)(p)
Dy Xo(u, v)(p) = Ao < r—p Pu) Pi(u) r—p  Au,v) ) ’

which is equal to zero by assumption. Hence DiI5 (U,V)(p) = 0 since it is pro-
portional to Dy A\g(u, v)(y).
Moreover, for every ¢ € Wy(Q), we get

b—Mh )\0<u7 U) D2A(u7 U)(w>

Dodo(w, v)(¥) = ——~ A(u,v)

which is also equal to zero by assumption. This implies that Dy A(u, v)(v)) = 0, since
)\o(u, U) = )\0 7é 0. Then

So(u,v)"
r

Dy55, (U V)(@) = =20 Dy Afu,0)(9) = 0.

which implies that (so(u, v)u, to(u, v)v) is well a solution of the problem (1.1) with
A= Xo. O
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Chapitre 3

Nehari manifold for a critical system
in RY

Abstract
In this paper, we are interested in existence and multiplicity results of non local
solutions to the following critical system :

—Ayu = Xa(z)|ulP2u + ulul* 7 oPTin RY,
—Ap = pb(z)w| % + |ul*T o]l in RY

under some conditions for the parameters a ,b,p, p1, a, 3, ¢, A and p in the critical
case - <L 4 B — 1 We show these results by developing variational tools. The
study consists in the extraction of Palais-Smale sequences in the Nehari manifold. A
compactness principle due to A. El Hamidi and J-M. Rokotoson allows us to obtain
convergence results for the gradients in our unbounded case.

3.1 Introduction

We consider the system of quasilinear elliptic equations :

{ —Ayu = Aa(z)|uP~2u + ulul* o[ in RY,

_Aqv — Mb($)|v‘q_2v+|u|°‘+1‘v|ﬁ_lv inRN, (1.1)

We are interested in establishing nonlocal existence and multiplicity results for Pro-
blem (1.1). Of course nonlocal solutions means with respect to the real parameters A
and p. Throughout this paper, the following assumptions will hold :

a>0,a#0, ac L7 (RY) and b>0,b#0, be L (RY), (1.2)
l<pi<p<N, 1<q< N, a>-1, > -1, (1.3)
1 1
otl Pl (1.4)
p q
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§3 Nehari manifold for a critical system in RY

q>p+1, (1.5)
where
. Np . Ng
p _N_pa q _N—q’

are the critical exponents for the p-Laplacian and g-Laplacian respectively. These
assumptions mean that we are concerned with a critical system where the first equa-
tion is concave-conver and the second equation is only a critical perturbation of an
eigenvalue equation. Also, the following assumptions concerning the real parameters

A and g will hold
A> 07 < p,

where 1 is the first eigenvalue of the equation
—A,v = pb(x)v|v|7? in RY.
Thus

— 1n fRN |v’¢}|q da’:
Y pepra@\o} [y b(2)|9]e dz’

where the space DV(RY) is the closure of D(RY) with respect to the norm

|ullpra@yy = (/ |Vu|qu> :
RN

One can prove that p; > 0 and pq is achieved. Indeed, on one hand, by integrability
of b, we claim that the functional

Qy, : DHRY) — R

v o— b(x)|v|? dz-

RN
is weakly continuous. It is clear that the functional @ is well defined since ¢*/q and
N/q are conjugate exponents. Now, let u, — u in DY(RY) weakly. We are going
to prove that |u,|? = [u]? in L7/9(RN). Since || |un|? ||g+/g = l[unlZ- is bounded we
can assume, up to a subsequence, that |u,|? — v in L4/9(RY). The claim is complete
if we show that v = |u|? because then the limit does not depend of the subsequence.
Choose any increasing sequence (K,),eny of open relatively subsets, with regular
boundaries, of RY covering RY : RN = U (K,,. By using the compact/continuous
embeddings

DY(K,) — LYK,) C L'(K,)
Uy = U = Uy — U = |uy|? — |ul?

and
LT(K,) c LNK,)
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§3 Nehari manifold for a critical system in RY 39

[un]? — v = |u,|? = v.

Thus, v = |ul? a.e. on each K. Using the diagonal process of Cantor, we conclude
that v = |u|? a.e. in RY and the claim is achieved.

On the other hand, let (¢,) be a minimizing nonnegative sequence of pq, (with
Qp(1,) = 1, which is possible by homogeneity arguments), there is a nonnegative
function ¢ € DY(RY) such that, up to a subsequence,

¥, — 1 in DH(RY)  weakly.
Using the claim proved above, we get as n — 400

Qv(Yn) — Qp(v) = 1.

But,
[ velrde < timint [ (vopras = p
RN n—+oo [pN

then 4, is acicheied by ¢. Finally, suppose that p; = 0, then [, |Ve|9dx = 0 wich
implies that 1 is a constant function which is positive since Q(1) = 1. But positive
constant functions do not belong to DY(RY). Notice that 1) satisfies, in the weak
sense, the equation

—Ag = bl in RV,

We denote by S, (resp. S,) the best Sobolev’s constant for the continuous embedding
DY (RYN) — LP"(RY) (resp. DM(RY) — L4 (RY)).

Problem (1.1) is well posed in the framework of the space W := DYP(RY) x DL4(RY),
where

D'RY) = {ue " R") : |Vul € L’(RY)},
DHRY) = {veL”(RY) : Vol € LYRY)},

which are, as mentioned above, respectively the closure of D(RY) with respect to

the norms of
luly: = ( / \wpdx) ,
]RN
lolhg: = ( / |Vu|qu)
RN

The space W is endowed by the following norm :

LA

Q=

[(w, o) = [lullp + (ol

which gives to (W, ||.||) Banach space properties, reflexivity and separability.
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For solutions of (1.1) we mean critical points of the Euler-Lagrange functional I €

CY(W,R) given by

I 0) = (o + 1) (}Qmu) _ pilpl,aw)) + 22100 - nu(w)} - Rwv)

where
Plw) = ulf, Pua(u) = / a(@)lul? d,
RN
Q) = ol @)= [ dalelds
]RN
R(u,v) = / ||| P d.
RN

Remark that the functional I is bounded neither above nor below on W. For this
reason we introduce the Nehari manifold corresponding to I, which contains all
critical points of I and on which I is bounded below, as we will see in the sequel.
For each (u,v) € (D"P(RY)\ {0}) x (D"*(R™)\ {0}), the Nehari manifold associated
to the functional I is defined by

Ny = {(u,v) € (DP(RY)\ {0}) x (D"P(RV) \ {0}) : I'(u, v)(u,v) = 0}.
This manifold can be characterized as follows
My =A{(s,u,t,v) € Z2*: 0,I(su,tv) =0 and 01 (su,tv) = 0},

where Z* = (R \ {0}) x (D'"?(RV)\ {0}) x (R\ {0}) x (D™4(R™)\ {0}) and [ is
considered as a functional of four variables (s,u,t,v) € Z := R x DV"(RY) x R x
DY(RY). This suggests the introduction of the modified Euler-Lagrange functional
I defined on Z by

I(s,u,t,v) = I(su,tv).

3.2 Some properties of minimizing sequences

Troughout this paper, we will be interested by positive solutions; v > 0 and v > 0
to the problem (1.1). As the functional I is even in s and ¢ we can limit our study
for s >0, t>0and (u,v) € W := (D'"(RY)\ {0}) x (DY(RY)\ {0}). In the first
lemma, we establish some properties of the modified functional (s, ) — I (s,.,t,.):

Lemma 3.2.1. For every (u,v) € W, and for all u < 1 there exists a unique
M u, v, 1) > 0 such that the real-valued function (s,t) € (0,+00)? — I(s,u,t,v) has
exactly two critical points (resp. one critical point) for 0 < A < A(u,v,u) (resp.

A = ANu,v, ). This functional has no critical point for A > X u,v, p).
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Proof. Let (u,v) € W, (s,t) € (0,+00)? and p < p; be arbitrary elements. We
have

~ P A
I(s,u,t,v) = (a+1) (S—P(u) - —splPLa(u)) — TP R(u, v)
p b1

e 1)% (Qv) — 1Qy(v))

Then 0,1(s,u,t,v) = 0 if and only if

R(u, v) ] T an

== oo 20

and consequently

- P A r
I(s,u,t(s),0) = (@ + 1) (S—P(u) — 2Py (u) — S—A(u,v)) ,
p D1 r
where
a—(B+1)
A(U, U) = R(u’ U) - B+1
(Q(v) — pQp(v)) =D

and r = 2L S ) Tet us write 837(3, u, t(s),v) = sP"1F (s, u,v), where F'(s,u,v) :=

q—(B+1)
P(u)sP=P — APy o(u) — A(u, v)s"P'. The function s € (0, +00) — F) (s, u,v) is in-

creasing on (5,(u,v), +00) and attains its unique maximum for s =5, (u, v), where

o =[] @

Thus, the function s € (0,400) — F) ,(s,u,v) has two positive zeros (resp. one
positive zero) if F\ ,(5,(u,v),u,v) > 0 (resp. F\,(5,(u,v),u,v) = 0) and has no
zero if F ,(5,(u, v),u,v) < 0. On the other hand, a direct computation leads to

p—P]

_ _r—p [p—p Plu) |7
Fy,u(5u(u,v),u,v) = p— L s A(u,v)] P(u) — APy 4(u).

Then, F\,(5,(u,v),u,v) > 0 (resp. F),(5.(u,v),u,v) < 0) if A < A(u,v) (resp.
A > AMu,v)) and Fiv)u(3u(u, v), u,v) = 0, where

r—pr1 p—p1
P r—p — — r—p
Au,v) =& (v) — and o= —F [p pl} . (2.8)
Pl’a(u)A(u’ ’U) T—p r—p1 LT—P1

Therefore, if A € (0, A\(u,v)), the function s € (0, +00) — 0sI(s,u,t(s),v) has two
positive zeros denoted by s1(u, v, \, ) and so(u, v, A\, p) verifying 0 < sq(u, v, A\, u) <
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5u(u,v) < sa(w,v, A, ). Since F ,(s1(w, v, A, 1), u,v) = F) u(s2(u, v, A, @), u,v) = 0,
OsFy,u(s,u,v) > 0 for 0 < s < 5,(u,v) and OsF),(s,u,v) < 0 for s > 5,(u,v) it
follows that

8ssf(sl(u,v,)\,u)u,t1(u,U,A,u),v) > 0, (2.9)
Ossl (s2(w, v, A, 1), u, ta(w, v, A, p),v) < 0. (2.10)

This implies that the real-valued function s € (0,+00) — I(s,u,t(s),v) achieves

its unique local minimum at s = s;(u,v, A, 1) and its unique local maximum at

s = so(u, v, A, 1), which ends the proof. O
Hereafter, we will denote t;(u,v, A, ) = t(s;(u,v, A\, 1)), i = 1,2. Notice that for
every (u,v) € W, < piand X € (0, A(w, v, ), the points (s1(w, v, A\, ), u, t1(w, v, A\, 1), v)
and (sa(u, v, A\, 1), u, t2(u, v, A, ), v) belong to the Nehari manifold N ,.

At this stage, we introduce the characteristic value, for all p < py,

Ap) = (u’vl)nefw AMu, v, ).
u#0,v#0
We consider the spaces
Ley(RY) = {u:RY — R, measurable : [, a(z)|u(z)|P"dzr < +o0},
LYRY) = {u:RY — R, measurable : [,y b(z)|u(z)|?dz < 400},

endowed with their seminorms

lullpa = (fn alz)|u(z)Pdz )”’”

lullgs = (faw b(@)ula)]tdz) "

It is clear that, under these notations, the embeddings D'?(RY) C LP*(RY) and
DY(RN) C L} (RY) are continuous.

Remark 3.2.1. Let (u,), be a sequence in D¥P(RY), then we have the assertion :

u, — uin DP(RY) weakly = lim |lu, — u|[p,.« = 0.
n—-+o0o

We will write this property by
u, — u in DP(RY) weakly = u,, — u in L?*(R") strongly,

and that the embedding DYP(RN) — LPY(RY) is compact.
Simalarly,

v, — v in DY(RY) weakly = v, — v in L{(R")strongly,

that is, the embedding D*(RN) — LI(RY) is compact.
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Indeed, firx (up), C DYP(RY) and a real number ¢ > 0. It is clear that there is a

constant C' > 0 such that ||u, — u||,» < C, for every n € N. Since a € L7 (RM),
there is a compact K(a,e, N) C RN such that

lall _- < (/O

LP*—r1 (RNV\K)

On the other hand, by standard compact Sobolev embeddings, there is ny € N such
that

/ a(z)|u, — ulPde <P, Yn > ny.
K

Therefore, using the Holder inequality, we get
/ a(x)|u, — ulPrde < 2eP*, VYn > ny,
RN

which ends the claim. The argumentation is the same for the sequence (v,), C

DL(RN).

We prove that X(u) is greater than a nonnegative constant which depends only on
i, p, p1, ¢, a and (. Indeed, using the Holder inequality, we get

1
R(u,v) < ullpollp™

On the other hand we have, also by the Holder inequality

Pro(w)i= [ alupde < o] Jull:
RN P =

pP1

Using the continuous embedding D"(RY) c L7 (RY), we obtain

P.(u)¥*
A(U,U) < (U)pﬁ+1 )
(b — pa)3=0FD
where P, (u) = ||u||£ and ¢ = ¢1(b,p, p1,q, @, ). Then, using the continuous em-

beddings D'P(RY) C LP*(RY) and DY(RY) C LP" (RY) we obtain

B+1  p—p1

A, v, 1) > ex(p — ) TOT

where ¢, = c(a,b,p,p1,q,a,3) and LP*(RY) := {u measurable / a|u|’* € L*(RY)}.
Consequently
p—pP1

\ B4
)‘(,U) > C2(,U - /Ll)q*(/ﬁrl) =

which achieves the claim. We now introduce the subset of R? defined by

~

D = {(\pun) € (0,+00) X (—oo, 1) : A < M)}
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For every (A\,u) € D and (u,v) € (Dl’p(]RiV) \ {0}) x (DY(RY)\ {0}), we have

Os1(s1(u,v), u, ti(u,v),v) = 0 and (resp. OsI(s2(u, v), u, t2(u,v),v) = 0) , it follows
that the functional (u, v) — I(s1(u,v),u,t;(u,v),v) (resp. (u,v) — I(se(u,v),u, tao(u,v),v))
is bounded below on (u,v) € (D"(RY)\ {0}) x (D(RY) \ {0}). Thus, for every

(A, 1) € D, we define

ar(\, 1) = inf{I(s1(u,v),u, 1 (u,v),0) : (u,v) € W}, (2.11)

ag(A, 1) = inf{I(ss(u,v),u,ts(u,v),v) : (u,v) € W} (2.12)

Remark 3.2.2. [t is interesting to notice that for every v > 0, and 6 > 0, it holds
that

1(75,“,&,%) = I(s,u.t,v),
~ 1 ~
at](’}/&Ea(Sta%) = gat[(s>u>tav)>
1 ~
051 (s, u,dt, B) = —0sI(s,u,t,v) and
0 gl
v 1. ~
Oss (s, ,5t,5) = ﬁassl(s,u,t,v).
It follows that
1 u v
A = = — = A Vo >0 2.13
81(u>'U7 nu) ,}/Sl <7a5a 7#)7 > U, ( )
1
So(u, v, \, 1) = —$ (g, E,)\,u) , Vo>0, (2.14)
7 o\v 0
1 U v
t(u, v, \, pn) = gtl (;, E,A,,u) , V>0, (2.15)
1 U v
to(u, v, \, ) = gtz (;, E,A,,u) , Vv >0. (2.16)
Therefore,
oar(Ap) = inf I(s1(u,v), u, t1(u,v),v), (2.17)
ag(A, ) = inf I(s2(u, v), u, ta(u, v), v), (2.18)

(u,v) € Sp X S¢

where S, and S, are the unit spheres of DYP(RY) and D“(RY) respectively. Specify
that S, xS, is a 2-codimensional and complete submanifold of W, and we will denote
it by S.

Our aim in this part is to show that «a; (A, ) is in fact a critical value of the Euler-
Lagrange functional I for every (A, u) € D. We start with characterizing the mini-
mizing sequences of ag(\, u) and as(A, p), for every (A, u) € D.
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Lemma 3.2.2. Let (u,,v,) € S be a minimizing sequence of (2.17) (resp. of (2.18))
and let (UL, V1) i= (s1(tn, Uny A, p0) Uy t1 (U, Ony Ay (1)U

n’'n

(resp. (U2, V2) := (82(Un, Uny Ay 1) Uns to (U, Uy A, p1)vy) ). Then it holds
(1) lmsup ||(U,, V)l < oo (resp.limsup [|(Uy, V1) < o0).
n——+o0o n—-+00
(i) 1iminf||(U,1L,Vn1)|| >0 (resp. liminf||(U3,Vn2)|| > 0).

Proof. We start by checking the point (i), let (u,,v,) € S be a minimizing sequence

of (2.17). Since 051 (81 (Up, Uny Ay 1), U, t1 (U, Upy Ay 1), 0)

= 0 and O (s1(tn, Uy A, 1), Up, T (Upy Vny Ay 1), v,) = 0, it follows that

P(U)) = AP (Uy) — R(UL V) = 0,

n? n

Q) — nQu(V,)) = R(U,, V) = 0.

Suppose that there exists a subsequence of (U}, V1), still denoted by (U}, V1), such
that
fim_[|(U2, V)] = oc.
We can distinguish three cases :
case a) lim,_ o [[VUL||, = oo and ||VV,}||, is bounded. By (2.19) we get R(U}, V)

n? n

is bounded. On the other hand, the continuous embedding of D'P(RY) C LP(RY)
enables us to have Py ,(U}) = o(P(U})), as n goes to +oco. By (2.19) we get
R(UE,V,Y) = (140(1))P(U}), as n goes to +o00 and consequently lim,,_ o R(UL, V1) =

n? n n’ n

+00, which leads to a contradiction.
case b) lim,, o [[VV,}||, = oo and ||[VU}||, is bounded. We obtain by (2.19) the fact
R(U!, V1) is bounded. On the other hand, if 0 < p < py, by Sobolev and Young’s

n’'n

inequalities, for € € (0, 1), there is a constant C. > 0 such that

5
IVl < ;IIVVJHZ +C:

which gives R(U, V) + pC. > (1 —e)Q(V,}). Then lim,,_. . R(U!,V!) = +o0,

which is impossible. If g < 0, then Q(V,}) — uQy(V,}) = R(UL,V,)) > Q(V,)) so
lim,, ., R(U}, V1) = +00, which can not hold not.

n 'n

case ¢) lim, 4 |[VUL|, = lim, 1 ||[VV}], = 0o. As in the first case, we have

R(UL VY = (1+0(1)P(U}), asn goes to + oo.

n’ n n

Then I(U},V!) = (O‘Tfl + % —1+0,(1))P(U}) as n goes to +o00. Hence, lim,, .

n’'n

I(U}, V1) = 400, which contradicts the hypothesis I(U}, V) <0 for every n € N.

n''n n’»'n
The first assertion for (2.18) follows by the same arguments.
Now, let us show the second assertion of the lemma. Let (u,, v,) € S be a minimizing

sequence of (2.17). Suppose that there is a a subsequence, still denoted by (U}, V1),

n)’'n
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such that lim,_ . [[(U}, V)| = 0. By (2.19), we get lim,, .., I(U},V}) = 0 and
this can not hold true because I(U},V,!) <0 for every n € N.

Similarly, let (u,,v,) € S be a minimizing sequence of (2.18). Suppose that there
is a subsequence, still denoted by (U2, V/?), such that lim, . |[(U2,V?)|| = 0. If
p > a+ 1, by (2.10), we have

0ss1(U,, VY) = (a+ 1)((p — DP(U) — Mpr — 1) Pra(Uy) — aR(UL, V) < 0.
Then (p — 1)P(U2) — Mp1 — 1)P1o(U?) — apR(U2,V;?) < 0, which implies that
R

(p — (o + 1))R(U2,V?) < 0 and this is impossible. Finally, if p < a + 1, then
(p—p1)P(U?) < (a+1+p)R(U% V?). Since ap—tl - % =1, then

n? n
n’ n

R(U2,V?)

n>'n

[Loat Fe 1
c(p, ) IVU IV VI,

B+1
S q*
<

and consequently, (p —p1) < c(a,p, q)||VUZ[5H 7| VV;2||7+!, which converges to 0
s n goes to +o00. This contradicts the fact p > p;, which ends the proof. O

Lemma 3.2.3. Let (un,v,) C S be a minimizing sequence of ay(\, p) (resp. for
(A, 1)), then the sequences (UL, V1) and (resp. (U2, V;?)) is a Palais-Smale for the

n? n n’ n

functional I, where (UL, V1) and (U2, V?) are defined bellow.

n''n n’ 'n

Proof. Let (A, 1) € D and (u,,v,) € S be a minimizing sequence of (2.17). Let us
set

Up = $1(Up, Uny A, 1),
Vn - tl(unavna)\nu)vn-

By the previous lemma, it is clear that the sequence (U,,V},) is bounded in W. On

the other hand, the functional (s,t) — I(.,s,.,t) has null gradient and its Hessian
determinant is strictly positive. So, the implicit functions theorem allows to confirm
that the functions (u,v) +— s;(u,v, A\, ) and (u,v) — t1(u,v, A, p) are CH(W,R),
since (u,v) — I(.,u,.,v) is.
We introduce now the functional Z defined on S by

I(“‘a U) = N(Sl(u7 v, >\7 :u)v u, tl(uv v, )\7 :LL)7 U)v
Then

A p) = inf Z(u,v)= lim Z(uy,,v,).

a1 (A, ) Jnf (w,v) = lm T(un, vn)
By the Ekland variational principle on the complete manifold (S, ||.||) to the func-
tional 7 we get

1
g“(gonvqbn)H’ V(SOTU wn) € T(Un,vn)Sv

I/(um Un)(@na wn) <

46
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where Ty, +,)S designs the tangent space to S at the point (u,v,). We know that
the space Tiy,v,)S = 1,S, x T,,S, where T, S, and T,, S, are respectively the
tangent spaces to S, and S, at the respective points w,, and v,,.

In order to reduce the notations, we set

Ap = (Un, Uny Ay ), and By = (81 (U, Uy Ay 1), U, t1 (U, Uny Ay 1), 0).

For every (¢n, ¥n) € Tu,S, x T,,S,, one has

T’ (tn, vn)(Pns ¥n) = D1l (By)(@n) + Dol (By)(Yn)

where

DiI(B)(en) = 0:51(An)(9n)0sI(By) + 0u1(Bn)(#n) + Out1(An)(pn) 01 (B,)

= 0,1(Bn)(¢n)-
With the same manner, one has
D2T(Bn)(wn) = 807(Bn)(¢n)
Furthermore, consider the following "fiber" maps
7 : DYP(RY)\ {0} — R xS,
u
w o (ulh i ) = () o),
]l
7 : DR\ {0} — R xS,
v - -
v (ol 1) = o) R,
[0]lq

Applying the Holder inequality we get

@ @) < el M) <20l v g) e (@) {0}) x D ®Y)

=l

and

F @) < 1ol @) <20y w) e @M {0}) x DY),

lvllg”

From Lemma 3.2.2, there exists a nonnegative constant K such that s;(4,) > K
and t,(A,) > K for any integer n. On the other hand, for every (¢,v) € W

DUy, Va)(@) = @n0u(Ba) + 0uI(Ba)(#7) + 2,011 (B)
= 0.1(Bn)(¢}),
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where o} = 7 (u,) () and ¢? = 75(u,)(¢). Then we have the following estimates
[enl < llellp and 93], < Zl@llp- In the same way, we get

Dol (Un, Vo) (4) = 00.1(Ba) + 0,1(Bu)(47) + 4001 (By)
= 8UI(Bn>(¢721)7
where ! = 7(v,)(¢) and ¥2 = 7} (v,)(¥)). Then we have the following estimates
[¥nl < ¥l and [, < %[14llg- Therefore

1
DU, Vo) (@)l < ~leuly

IN

2 el
nKSOp

and

1
| D2 (Un, Vi) (¥)| < EHwin

2
< —
< — ol

Finally, we have
lim | £'(Un, Vo) - = 0,

where I'(Uy, Vi)(p,9) = D1I(Un, Va)(¢) + D2l (Un, V,)(¥) and || [ly+ designs the
norm of the dual space of W, which achieves the first claim. The second one follows
with similar arguments. ([

3.3 Existence and multiplicity results of solutions
to the problem

In this section, we will show that there is at least one solution to the system (1.1)
and two solutions in the case p = ¢ obtained by considering minimizing sequences
of (2.17) and (2.18) under some supplementary conditions on (A, ) which belongs
to D. We begin by stating the following lemma, due to A. El Hamidi and J.M.
Rakotoson [§|

Lemma 3.3.1. [8] Let U be a Caratheodory function from RN x R x RV into RN
satisfying the usual Leray-Lions growth and monotonicity conditions. Let (u,) be a

bounded sequence of W,oP(RYN) = {v e L (RN), |Vo| € LY (]RN)}, with 1 < p <

loc loc loc
+00, (fy) be a bounded sequence of Li (RN) and (g,) be a sequence of VVlgcl’p/ (RM)
tending strongly to zero.
Assume that (u,,) satisfies :

(H1) / \Tf(:c,un(:c), Vun(:c)) -Vodr = fnpdr+ < gn, @ >,
RN

RN
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1, Ny _ LpmN :
Vo € Wb (RY) = {v e WHP(RY), with compact support}, © bounded.
Then

1. there exists a function u such that u,(z) — u(z) a.e. in RY,

2. u € W-P(RN),

loc

3. there exists a subsequence, still denoted (uy,), such that
Vu,(z) — Vu(z) ae. in RY.
At this stage, we state and show the following

Lemma 3.3.2. Let (A, i) € D and (un,v,), C W be a (P.S). sequences of I such
that
c:= lim I(up,v,) < inf  Ioo(u,v) + ai(A, p). (3.19)

ne+oo (u,v)ENo,0
Then the sequence (u,,vy,) is relatively compact.

Proof. Let (A, p) € D and (uy,v,), C W be a (P.S). sequence of I satisfying the
condition (3.19).

On one hand, We claim that (u,, v,) is bounded in W. Since (u,, v,) is Palais-Smale
sequence of I, then we have

I(up,vn) = c+o,(1) (3.20)
P(up) = AP o(u) = R(un,vn) + o(||tn]|p) (3.21)
Qvn) — pQy(vn) = R(tn,vn) + o([|vall4) (3.22)

Then we can apply the result of the lemma 3.2.2 to prove that (u,,v,) is bounded
in W. At this stage, we can assume, up to a subsequence, that

u, — uin D"P(RY),
v, — v in DY(RY),
Up, u a.e. in RY,

ﬁ
v, — v ae. inRY.

It is clear that (u,v) € N, , U{(0,0)}.

Notice that I'(up,v,)(p,0) — 0 and I'(uy,,v,)(0,v) — 0 for every (p,¢) €
DUP(RY) x DY(RY) imply the hypothesis (H;) for the sequences (uy,), and (v, ),
in the special case where T corresponds to the p—Laplacian or the g—Laplacian
respectively. Consequently, Lemma 3.3.1 show that, up to subsequences :

Vu, — Vu ae. in R,

Vv, — Vu ae. in RY.
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Let us set x, := u, — v and y, := v, — v. Using the Brézis-Lieb lemma [4], so we
obtain the following decompositions

P(z,) = P(u,) — P(u)+o0,(1),

Qlyn) = Q(vn) — Qv) + 0n(1),

Pl,a xn) - Pl,a(un) - Pl,a(u) + On(1)>
Qv(yn) = Qp(vn) — Qp(v) + 0n(1),
R(zp,yn) R(tupn,v,) — R(u,v) + o0,(1).

Using the compactness of the embeddings D"P(RY) — LP*(RY), and D"(RY) —
LIRY) we get P o(x,) = 0,(1) and Qp(yn) = 0n(1).
It follows that

P(x,) = R(Tn,yn) + on(1),
Qyn) = Rlzn,yn) + on(1),
TIoo(@n,yn) = ¢—I(u,v)+ o,(1).
Notice that the Nehari Manifold associated to Iy is given by
Noo = {(so(u, v)u, to(u,v)v); (u,v) € W, u#0, v+#£0},

where )

r(B+1) 1 7=p

and s — t(s) is defined by (2.6). Let [ be the common limit of P(x,), Q»,) and
R(z,,yn). Suppose that [ # 0, we get then

So(u,v) =

1 1
IO,O(SO(xm yn)xna t0($n> yn)yn) - (Oé + 1) (Z_D - ;) K(xrw yn) (323)
> inf [070(1,6, U), (324)

(u,v)EN,0

where

K(xna yn) -

P(In)(a+1)Q(yn)(ﬁ+l)§ @t D(r=p)
R(2n, yn)? ’

which tends to [ as n tends to +o0.
Therefore

. 1 1
n1—1>I-‘,1:loo 1070(80(.1’”, y”)xn’ to(l‘n, yn)yn) = Z(Oé + 1) (]_7 - ;) .

On the other hand,

n—-4oo

1 1
o+ +ﬁ+ _1)
p q

— la+1) (%—%)

lim IA,M(Inayn) = l<



§3 Nehari manifold for a critical system in RY 51

Hence, we obtain

and consequently

c > inf  I(u,v)+ I(u,v
T (uww)eNoo ( ) ( )
> inf  Iyo(u,v) + ag (A, p),
= ueNo o 0,0(u, ) 1(A )

which contradicts the hypothesis (3.19), then [ = 0, which achieves the proof. [
Theorem 3.3.1. The system (1.1) has at least one solution, for every (A, u) € D.

Proof. Using the Holder inequality in R(u,v), we get

. . 1 1 P(u)(a+1)Q(v)(ﬁ+l)§ (a¥D(r=p)
f 1 = f 1 -+
(“»”1)2/\/0,0 oo(u; 0) (ul,{)l)eS(a 1) (p 7‘) R(u,v)p
1 1 P+ ] 7op
> (CY + 1) <]_) — ;) [Spsg(a+1)} >0, (3'25)

where S, and S, are the best Sobolev constants in the embeddings D'*(RY) C
LY (RY) and DY(RY) C L9 (RY) respectively. Consequently,

V(A\p) €D, ar(Ap)< inf  I(u,v)+ ai(\ p)

(u,v)END,0
We set Ul = s1(tUn, v, A\, )u, and VI := 1 (up, vy, A, pt)vy,, where (uy,,v,) is a
minimizing sequence of (2.11). By Lemma 3.2.3 the sequence (U}, V1) is of Palais-

smale type whose level is «q(A, ). Then, according to Lemma 3.3.2 there is a
subsequence, still denoted (U}, V1), and (U*, V') such that

n>'n

(UL, VY — (U, V') strongly in W.

n)>'n

Now, since lim,, ., ||[I'(U}, V.H)||lw+ = 0, we have for every (¢,v) € W

n’'n

Jon IVULP2VUL N pde = X oy Anpdr + [on Xipda + 0,(1),
(3.26)
[ NV Gz = g [ Bathda + [on Y20 da + 0n(1),

where A, := a|UP 72U}, B, := b|V192V1 X! = |UL>- UL V1P+! and V)] =
| ULtV A=Y On one hand, the continuity of the embeddings D*(RY) C
L2 (RY) and DM(RY) C Li(RY) implies that [,y Appde — [y a|UHP 20U o da
and fRN B, dx — fRN b|V1|92V %) dx as n tends to +oo. On the other hand, since
App — a|UNP 20 and B,y — b|V972V 1) ae. in RY as n goes to +oo, the
ineaqualities oy Aug d < g |30l Il Jaw Butode < a2 ol 161
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and the Lebesgue theorem imply that we can pass to the limit under integral sign
in (3.26) to obtain for all (¢,¢) € W

Jon [VUYP2VULV ode = A fon alUP2U 0 da + [0 X' da,
Jox IVVYI2VVIN Y de = g fon BV 2V da + [o Y da,

where X1 = |[UY*"1UY VI[P and Y = |UFH VPV Hence (U, V1) is a
weak solution to the problem (1.1). O

Remark 3.3.1. In the scalar case, we obtain the analogous of Theorem 3.3.2 with
the same arguments. We note here in this special case, direct computations give

. 1 . B
ulel}\f}o ]O(U) N NSP and ue./\l/'l;lLf:l{O} Iy (U) n 07

which generalize the famous Brézis-Nirenberg condition for the entire space.

Proposition 3.3.1. Let p=q > 1 and (A, p) be in D. Then,

D N
inf  Iyo(u,v) = Sy .
(u,v)EN,0 0’0( ) N —p b
Proof. Assume that p = ¢ > 1, then
1 1 P
" = 2 and N(---)= .
By the inequality (3.25), we conclude that
P N
inf [070(1,6, U) > Spp .

(uvv)ENO,O N — p

On the other hand, let (u,) C D"*(RY) be a minimizing sequence of S,. Then using
the identity (3.23), we get

inf  Joo(u,v) < Ioo(So(tn, Un)tn, to(Un, Un)uy)

(u,v)END,0
P i P(u ) ] W(tfp)
 N—=p | P(uy)?
_ LN
o p P(un) ’
N—=p|P(u,)7 |

S|z

making tend n to +o0o the right hand of the last quantity goes to NL_pSp , which

achieves the proof. O
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Theorem 3.3.2. Ifp=q > 1, the system (1.1) has another nontrivial nonnegative
solution different from the solution established in Theorem 3.5.1.

We start by stating and showing the following

Lemma 3.3.3. Letp > 1, ¢ > 1, (A, u) € D and (un,v,) in W be a Palais-Smale
sequence for Iy, such that (u,,v,) — (u,v). Then there exists a constant K > 0
depending on p, p1, a and N such that

I(u,v) > —K X,

Proof. Let (u,, v,) € W be a Palais-Smale sequence for I converging weakly to (u, v)
in W. It is clear that (u,v) € N, ,U{(0,0)} and if u = 0 or v = 0 then (u,v) = (0,0).
If (u,v) = (0,0), the proof is achieved. We assume now that (u,v) € N, .

Since (un,v,) is a Palais-Smale sequence, then

{ P(uy) — APy o(un) = R(up,v,) + on(1),
Q(vn) — uQp(vn) = R(un,vn) + o0,

—~
—_
~—

It follows that
[, 00) = (a0 + 1) ((1 - 1) Plu) — A (- _ —) pl,a(un)) + on(1).

P T

We introduce the following function

Fltu) = (a + 1) <tp (% - %) Plu) — 7\ <pi1 - %) pl,a(u)) |
Then

p((% - %) P(u) |

and

Pl

Ft(u),u) = —A7Fm (1 _ 72) (12) o (;% - %)Hl plﬂ(u)ﬁ.
) D P (% _ %>ppp1 p(u),ﬁ;l

If S,, denotes the best constant of the continuous embedding D'?(RY) C LE'(RY),
we get

Pyo(w)7 .
vae DY)\ {0}, Dl o g

(u) p—P1 LP -r1
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So there exists a constant K > 0 such that
Vu e DP(RN)\ {0}, F(t,u) > f(t(uw),u) > —K\7.
Therefore, for every (u,v) € N, ,, one has
I(u,v) = f(t(u),u) > —KX77 + 0,(1),
which ends the proof. O

Lemma 3.3.4. If p = ¢ > 1 and (\, ) € D, then the functional I satisfies the
N p
Palais-Smale condition on the interval (—oo, %Sp” — K)xppl).

Proof. Let (u,,v,) be a Palais-Smale sequence such that

N P
p

N
m 1 (up, v,) = ¢ < —S) — KArrr.
p

n—oo

By Standard arguments one can prove that (u,,v,) is bounded in W, so one can
extract a subsequence of (u,, v,), still denoted (u,,,v,), such that

(Un,v,) — (u,v) in W,
u in LPY(RY),
v in LI(RY),

u(z) a.e z in RY

S
&
Ll

v(z) a.e z in RY.

Let z, := u, — v and y,, =: v, — v, applying again Lemma 3.3.1, we get Vz, — 0
and Vy, — 0 almost everywhere in R". So by Brézis-Lieb lemma, it follows
P(x,) = P(un) — P(u) +o0,(1),
Qlyn) = Q(un) — Q(v) +on(1),
R(zn,yn) = R(un,v,) — R(u,v)+ o0,(1).
So

P(rn) = R(zn,yn) + on(l),
Q(yn) = R(zn,yn) + on(1),
TIoo(@n,yn) = c¢—I(u,v)+ o0,(1).
Let [ be the common limit of P(z,), P(y,) and R(x,,y,). If { # 0, we get

N
_*K(l’na yn)a
p

iIlf 1070(111),

weNo,0

Io.0(50(@ns Yn) T, to(Tn, Yn)Yn)

v
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where N
a-+1 +1 oW
P(xa) 7 Plya) > | "
K TnyYn) = .
( ) R )
Direct computations show that
K(zn,yn) = 1,

SO

i N
lim To,0(s0(Zns Yn)Zns to(Zns Yn)Yn) = el

n—oo

On the other hand we have

1 1
im Too(zn,yn) = l(a+ +6+ _1)a

n—-—+00 p p
N
p
Hence, we obtain
N e I
—l=c—I(u,v
p*
Using the lemma 3.3.3 , we have
N
c = —l+1(u,v),
p
N _p
> —— K\vrr
p*
which cannot hold true, and [ = 0. 0]

Lemma 3.3.5. Let p = q > 1. There exists v € WHP(RY) and A\* > 0 such that for
(A, 1) € (0, %) x (0,400), we have

N _p
sup Iy, (sv, sv) < —I — o=y
s>0 p

In particular,

N p
(A, ) < —1 — KAv=r1,
p
Proof. Let’s consider the following family of functions given by

_ (N—p)/p? p'\(p—N)/p
w, = Cye (e+|z”)
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which attains the best constant S, of the Sobolev embedding W'?(RY) c L*" (RY).
Let ¢ € C(RY) such that ¢(z) = 1 in a neighborhood of the origin. We define
ue(z) = ¢(x)we(x). Taking v. = ﬁ and using the following estimates
Sy Ceb=D/p 4 o(e=D/P) 4 O(eW-P)/P) if N > p?,
P(v.) =
Sp o Ce VP f(e) + O(eW-P/P) if N < p2,

where C'is a positive constant and lim._ f(¢) = +00. Let d2 > 0 be such that

N X p
—Sy — KAr=71 >0, VX € (0,6).
p
st a+l. o
Iy u(sve, 50:) = o (P"P(ve) = (B4 1)uQs(ve)) — PR Pra(ve) = 8" Pi(ve),
1
* 1 x
< s”p—P(va) _af ASPLPy 4 (ve) — 8P Pi(v:),
p D1
* 1 x
< 2P p) - CEINP P () — 5 = (s, 0.).
p D1
As the function s +— J(s,v.) is continuous, lim,_ . J(s,v:) = —00, and

* 1 *
sup {s”p—P(ve) _ar ASPLP 4 (ve) — sP } > 0,
5>0 p P1

then there exists sy € (0, +00) such that :

N X _p_
sup J(s,v.) < =Sy — KXv71, YA € (0,0,).
0<s<so p
If N > p?, we have
. 1
J(s,0) € Plo)s"— " = AP (v2),
b1
< ifsp — P — e/ 0(5(”_1)/p) + O(g(N—p)/p)
~
1
= D PL(.).
b
Therefore, for all A € (0, d3)
N X p

S — Ce®P= VP 4 o(e=D/P)y L O(cWN=PP) _ K \F-w1 |

sup J(s,v,) <
szsl?)( e) 2p*
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. (ak+1)sp117,a(v5) Pl
where 03 = (;K—pll) )
As

one can fix € > 0 such that
—Cele=D/p 0(5(”_1)/p) + O(g(N—p)/p) < 0.

If we set A* = min{dy, 03}, we obtain

S|z

sup Iy ,(sve, sv.) <sup J(s,v.) < =S — K)\ﬁ, VAe (0,N),

s>0 s>0

==

and finally

s |2

Sy — KX, Y\ € (0, A7),

N
QQ(A,M)'< -~
p

The case N < p? can be proved by following the same steps. O

Theorem 3.3.3. If p=q > 1 and (\, ) € Dy = DN ((0,\*) x (0,400)). Then
Problem (1.1) has at least two nonnegative solutions.

Proof. The first solution (U, V') corresponding to the level a;(),u) has been
proved in the above. Now, to obtain the second solution, we take the minimizing
sequence (U2, V.2) = (so(Un, U, A, 1)) U, t2(Up, Uny A, i) )vy,) such that

I(U2 V3 — as(\ ), |[I'(UA V)| — 0 as n — +oo.

n? n n? n

Notice that If (A, u) € D, one has

N X P
as( A\, p) < ES,,” — K)\r=r1,

Then, we can extract a subsequence of (U2 V;?), still denoted (U2, V), and two

n n n’ n

nonnegative and nontrivial functions belonging to W such that

U2 — U?in W'(Q), as n — +00
VZ — VZin WH(Q), as n — +oo.

So (U?,V?) is a solution of Problem (1.1) satisfying
951 (U?,V?) < 0 and 9,1 (U, V') > 0,

which imply (U, V') # (U2, V?). O
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Chapitre 4

On local compactness in quasilinear
elliptic problems

Abstract

One of the major difficulties in nonlinear elliptic problems involving critical nonli-
nearities is the compactness of Palais-Smale sequences. In their celebrated work [7],
Brézis and Nirenberg introduced the notion of critical level for these sequences in
the case of a critical perturbation of the Laplacian homogeneous eigenvalue problem.
In this paper, we give a natural and general formula of the critical level for a large
class of nonlinear elliptic critical problems. The sharpness of our formula is establi-
shed by the construction of suitable Palais-Smale sequences which are not relatively
compact.

4.1 Introduction

In nonlinear elliptic variational problems involving critical nonlinearities, one of
the major difficulties is to recover the compactness of Palais-Smale sequences of
the associated Euler-Lagrange functional. Such questions were first studied, in our
knowledge, by Brézis and Nirenberg in their well-known work [7]. The concentration-
compactness principle due to Lions [12] is widely used to overcome these difficulties.
Other methods, based on the convergence almost everywhere of the gradients of
Palais-Smale sequences, can be also used to recover the compactness. We refer the
reader to the papers by Boccardo and Murat [5] and by J. M. Rakotoson [14] for
bounded domains. For arbitray domains, we refer to the recent work by A. El Hamidi
and J. M. Rakotoson [9].

In [7], the authors studied the critical perturbation of the eigenvalue problem :

—Au = Mu+u¥!in Q,
o > 0 in Q, (1.1)
u = 0 on 01,
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§ 4. On local compactness in quasilinear elliptic problems

where Q is a bounded domain in RY, N > 3, with smooth boundary, 2* = N 2 is the
Sobolev critical exponent of the embeddmg VV1 2(Q) C LP(Q), and A is a positive pa-
rameter. The authors introduced an important condition on the level corresponding
to the energy of Palais-Smale sequences which guarantees their relative compactness.
Indeed, let (u,) be a Palais-Smale sequence for the Euler-Lagrange functional

B =g [P =5 [ =5 [

More precisely, the authors showed that if

1
lim Iy(up) < —S%

1.2
lim N (1.2)

then (u,) est relatively compact, which implies the existence of nontrivial critical
points of I,. Here, S denotes the best Sobolev constant in the embedding VVO1 2(Q) C
L? (). In this work, we begin by giving the generalization of condition (1.2) for the
quasilinear equation

—Apu = Af(z,u) + |ulP" 2u in Q,
(1.3)
ulp =0 and %\g =0

where € is a bounded domain in RN, N > 3, with smooth boundary Q2 =T U X,
where I' and ¥ are smooth (N — 1)-dimensional submanifolds of 02 with positive
measures such that ' N'Y = (. A, is the p-Laplacian and % is the outer normal
derivative. Here, f is a subcritical perturbation of |u[P" L.

The sharpness of our result is estabished by the construction of suitable Palais-Smale
sequences (corresponding to the critical level) which are not relatively compact.
Then we give the analogous condition to (1.2) for a general system with critical

exponents
—Ayu = Af(x,u) + ulu[* o[ in Q

A = pg(z,v)+ u/*olf~ v in Q

together with Dirichlet or mixed boundary conditions, where f and g are subcritical
Np

perturbations of [u[”" " and [v|* " respectively, p* = gL (resp. ¢* = NN—_qq) is the
critical exponent of the Sobolev embedding W'P(Q2) C L™(Q) (resp. WH(Q) C
L7(92)). Our approach provides a general condition based on the Nehari manifold,
which can be extended to a large class of critical nonlinear problems. In this work,
we confine ourselves to systems involving (p, ¢)—Laplacian operators and critical
nonlinearities. The sharpness of our result is estabished, in the special case p = ¢, by
the construction of suitable Palais-Smale sequences which are not relatively compact.
The question of sharpness corresponding to the case p # ¢ is still open.

For a more complete description of nonlinear elliptic systems, we refer the reader
to the papers by De Figueiredo [10] and by De Figueiredo & Felmer [11] and the

references therein.
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§ 4. On local compactness in quasilinear elliptic problems 62

4.2 A general local compactness result

For the reader’s convenience, we start with the scalar case and to render the paper
selfcontained we will recall or show some well-known facts.

4.2.1 The scalar case

Let Q@ € RY, N > 3, be a bounded domain with smooth boundary 9. Let f(x,u) :
2 x R — R be a function which is measurable in z, continuous in v and satisfying
the growth condition at infinity

|f(z,u)] = o(u” ') as u — +oco, uniformly in z. (2.4)

This situation occurs, for example, in the special cases f(x,u) = uor f(z,u) = ui™,
1<qg<p.
Consider the problem
—Ayu = Af(z,u) + |ulP 2u in Q,
(2.5)
ulp =0 and 2%y =0

where € is a bounded domain in RV, N > 3, with smooth boundary 02 =T U X,
where I' and ¥ are smooth (N — 1)-dimensional submanifolds of 02 with positive
measures such that ' 13 = (). Problem (2.5) is posed in the framework of the
Sobolev space

WP(Q) = {ue W'(Q) : ulr = 0},

which is the closure of C}(Q2 N T, R) with respect to the norm of W'?(Q). Notice
that meas(I') > 0 implies that the Poincaré inequality is still available in Wp*(€),
so it can be endowed with the norm

[ull = [IVull,

and (W2P(Q),]].]]) is a reflexive and separable Banach space. The associated Euler-
Lagrange functional is given by

1 1 *
Ialu) = IVl = EIIUHZ« - A/QF(%U(I))dx

the corresponding Euler-Lagrange functional, where F'(x, u) fo x,s)ds.
We recall here that the Nahari manifold associated to the functlonal Jy is given by :

Ny = {u e WpP(@)\ {0} = Jy(u)(u) = 0},

and it is clear that N, contains all nontrivial critical points of Jy. This manifold
can be characterized more explicitely by the following

N, = {tu, (t,u) € R\A{0}) x (W () \ {0}) - _JA(tu) = 0}
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where ¢ +— Jy(tu) is a function defined from R to itself, for every u given in W2 (Q)\
{0}. We define the critical level associated to Problem (2.5) by :

() = wg{%@ Jo(w) + we/\}gfu{o} Ja(w). (2.6)

At this stage, we can state and show our first result

Theorem 4.2.1. Let A € R and (u,,) be a Palais-Smale sequence of Jy such that
lim Jy(u,) < ¢*(N). (2.7)

n——+
Then (u,) is relatively compact.

Proof. Let A € R and (u,) be a Palais-Smale sequence for J of level ¢ € R ((PS),
for short) satisfying the condition (2.7). We claim that (u,) is bounded in W2?(Q).
Indeed, on has one hand

1 1 *
—[|Vun| b — —||ua|[}. — )\/ F(z,u,)dr = c+ 0,(1), (2.8)
p p Q
and
1900 = =3 [ vt e = 0019, 29
Then,

1 1 . A
(— ——*) ||un||§*—|—5/f(x,un)undx—)\/F(z,un)dx:c+0n(1)+0n(||Vun||p).
Q Q

p P
Now, let € > 0, using the growth condition (2.4), there exists ¢;(¢) > 0 such that

* 19 *
|f(z, )| < elulP ' +¢ and |F(z,u)] < —|ul” +c1, a.e. 2 € Q and for every u € R.
p*

Applying the Holder and the Young inequalities to the last relations, it follows
[unl e < ellVua|lp + 219, A, €). (2.10)

Combining (2.10) and (2.8), we deduce that (uy,) is in fact bounded in W3?(Q). So
passing, if necessary to a subsequence, we can consider that

: 1
u, — u in WpP(Q),
u, — u a.e. in Q.

On the other hand, the growth condition (2.4) implies also that, for almost every
x € Q, the functions s — F(x,s) and s — sf(x,s) satisfy the conditions of the
Brézis-Lieb Lemma (see Theorem 2 in [6]). Thus, we get the identities

/QF(:E,’U,L)CZ[E = /QF({L’ un)—/ F(z,u) 4+ 0,(1),
/Qf(a:,vn)vnd:c = /Qf(x,un Uy, /fxuu—l—on 1).
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Moreover, let € > 0, there is ¢;(g) > 0 such that

2+ cilvnl 1.

/Qf(x,vn)vndx <

Let C' > 0 (which is independent of n and ¢), such that ||vn||g < C. Since (vy)
converges strongly to 0 in L'(2), there is ng(¢) € N such that ||v,|]; < /¢y, for
every n > ng(e), and consequently

|/f(l’,’0n)’0nd.§(}| §5(1+C>, VnZno(g)
Q

In the same way, rewriting F'(x, v,) fo (x,s) ds and using the same arguments
as above, we deduce that

/QF(x,vn) dr = o,(1) (2.11)
/ fz,vp)v,de = o,(1). (2.12)
)

Applying once again the Brézis-Lieb Lemma, we conclude that v € Ay, U {0} and

*

= o(1), (2.13)

[onl P = llvnll;

1 1
Jo(vn) == —=||vn||?
p

= c¢— Jy(u) + o,(1). (2.14)

A direct computation gives
5 = {to(wu = we WaP(2)\ {0}},

where )

ullP p*—p
to(u) == (” 'L) .
p*

Now, let b be the common limit of ||v,]||?
hand we have

Suppose that b # 0. On one

11 ||vn||P>pf*p
Jo(to(v,)v,) = - — —
olfo(vn)tn) <p p*)<||vn||§*

> inf Jy(w).

- wENJO

Then

n—+o00 N weNy,

b
lim Jo(to(vy)v,) = — > inf Jo(w).
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On the other hand, the identity (2.14) leads to

b
N=¢~ Ja(u).

It follows then

>
c > wler./l\;]() Jo(w) + Jy(u)

> .

- wlér/l\;]o JO(UJ) + wej\}gfu{o} JA (’UJ),

which contradicts the condition (2.7). This achives the proof. O

4.2.2 Sharpness of the critical level formula in the scalar case

To show the sharpness of the critical level formula (2.7), it suffices to carry out
a Palais-Smale sequence for Jy of level ¢*(\) which contains no convergent subse-
quence.

Consider, for a given € > 0, the extremal function

Nep = N—p p—1\ V-p)/p”
O (x) = Cne »* (5 + |x|ﬁ) " with Cy:=| N (pj)

which attains the best constant S of the Sobolev embedding
D'Y?(RY) — LF"(RM).

Without loss of generality, we can consider that 0 € ¥. Moreover, the set 0f) satisfies
the following property (see more details in Adimurthi, Pacella and Yadava [1]) :
There exist 6 > 0, an open neighborhood V of 0 and a diffeomorphism
U : Bs(0) — V which has a jacobian determinant equal to one at 0, with
U(BF) =V NQ, where Bf = B;(0)N{z e RY : zy > 0}.

Let ¢ € C°(RY) such that ¢ =1 in a neighborhood of the origin.

We define the sequence defined by

Py () == () P1/p(x), for n e N (2.15)

It is well known that the sequence (v,) C WrP(Q) is a Palais-Smale sequence for
Jo of level infyen, Jo(w), which satisfies

v, — 0 ae. in €,
Vi, — 0 ae.in €,

p/N
||¢n||§ — [N inf Jo(w)} =1/ as n — 400,

wENJO

p/N
[[V|[p — {N inf Jo(w)} =/{ as n — +00.

wENJO
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Now, let (u,) be a Palais-Smale sequence of J, of level inf ¢ Ny oy A(w). We will
not go into further details concerning which subcritical terms f(u) allow the exis-
tence of such sequences, but in the litterature, this occurs for various classes of
subcritical terms. Applying Theorem 4.2.1, there exists a subsequence, still denoted
by (uy,), which converges to some u € Wy (). Then

Hun_'_wn p* S Ca
Up + ¥, — u a.e. in €,
|Vu, + V|, < C,

Vu, + V¢, — Vu ae. in €.

where C' a positive constant independent of n. We apply the Brézis-Lieb Lemma to
the sequence (u,, + ) and get

[ltn + ¥nl e = 1 (un = w) + Palfj- + ][5 + 0n(1).

Moreover, one has

|Vt =l [ [ [ = €77 < ||t = 10) 00| =€ < [t =] e + ||| | e — €
which implies that
||(un - u) + ’an p* fl/p* — On(l)
Therefore, we conclude that
[[tn + a2 = [Ju] 2 + €+ 0,(1).
The same argumets applied to the sequence (Vu, + V1),) give
[Vt + V| ) = [[Vul [P + £+ 0,(1).
Finally, using the fact that
[YalP” = 08y weakly xin MT(Q) (2.16)
IVn|P = €5y weakly *in M™(Q) (2.17)

where dy is the Dirac measure concentrated at the origin and M™ () is the space of
positive finite measures [20]), we get that the sequence (u,, + ) is a Palais-Smale
sequence of Jy of level ¢*(\).

We hence constructed a Palais-Smale sequence (u, + ¢,) of Jy of level ¢*(\) which
can not be relatively compact in W;2(Q). This justifies the sharpness of the critical
level formula (2.7).

Remark 4.2.1. If we are interested by the homogeneous Dirichlet conditions, i.e. if
Y = (), the same arguments developed above are still valid, it suffices to assume that
the origin 0 € Q and consider p € C§°(2) such that ¢ =1 in a neighborhood of the
oTigIn.
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4.2.3 The system case

Now, consider the system

A = Af(w, )+ ufult o],
(2.18)
—Ap = pg(z,v) + [ul* ",
together with Dirichlet or mixed boundary conditions
ulp, =0 and 2|y, =0,
(2.19)

vlp, =0 and %y, =0,

where, 2 is a bounded domain in RY, N > 3, with smooth boundary 0Q =T; UY;,
where I'; and ¥; are smooth (N — 1)-dimensional submanifolds of 0€2 with positive
measures such that I'; N Y%, = 0, ¢ € {1,2}. A, is the p-Laplacian and a% is the
outer normal derivative. Also, it is clear that when I'1 = I'y = 012, one deals with
homogeneous Dirichlet boundary conditions. We assume here that

l<p< N, 1<qg<N, (2.20)
and the critical condition ) )
avl pr1_ (2.21)
D* q

Indeed, this condition represents the maximal growth such that the integrability of
the product term |u|*"!|v|?*! (which will appear in the Euler-Lagrange functional)
can be guaranteed by suitable Holder estimates.

The functions f and g are two caratheodory functions which satisfy the growth
conditions

|f(z,u)] = o(u’') as u — 4oo, uniformly in z, (2.22)

lg(z,v)] = o(v? 1) as v — +oco, uniformly in z. 2.23)

Problem (2.18), together with (2.19), is posed in the framework of the Sobolev space
W = W;lp(Q) X eréq(Q), where

Wel (@) = {u € WH(Q) : ulr, =0}, Wi(Q) = {ue WH(Q) : ulr, =0},

which are respectively the closure of C}(2 N Ty, R) with respect to the norm of

67

WP (Q) and C}(2NIy, R) with respect to the norm of W14(2). Notice that meas(T';) >

0, ¢+ = 1, 2, imply that the Poincaré inequality is still available in Wllip (Q) and
eréq(Q), so W can be endowed with the norm

[|(w, )| = [IVull, + [[Vvllg
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and (W,||.||) is a reflexive and separable Banach space. The associated Euler-
Lagrange functional I, , € C*(W,R) is given by

““%”:@*”<TP AF( 0 w+1< /va) ),

where P(u) = |[Vul[p, Q(v) = ||[Vv||4, F(z,u) = [} f(x,s)ds, G(x,v) = [} g(

and R(u,v) = [, [u]**!|v|"Tdz. Notice that R(u,v) < |[u][5: < +oo.
Consider the Nehari manifold associated to Problem (2.18) given by

Noge = {(u,v) € WAAL(0,0)} / Dilypu(u, v)(w) = Dalyu(u, v)(v) = 0},

where D11, , and D, , are the derivative of I, with respect to the first variable
and the second variable respectively.
An interesting and useful characterization of N, , is the following

Ny = {(su,tv) / (s,u,t,v) € Z* and ;1) ,(su, tv) = 0Ly ,(su, tv) = 0},
where
Z* = {(s,u,t,v); (s,t) € R? (u,v) € Wélp(Q) X WE;Q(Q), (su,tv) # (0,0)}

and I, is considered as a functional of four variables (s,u,t,v) in Z = R x

WP (Q) x R x WE(9Q).

Definition 4.2.1. Let A and u be two real parameters. A sequence (uy,v,) € W is
a Palais-Smale sequence of the functional I, if

o there exists ¢ € R such that lim I, ,(up,v,) =c (2.24)

n—-+

e DI, ,(uy,v,) converges strongly in the dual W' of W (2.25)

where DIy, (un,v,) denotes the Gateauzr derivative of I,,.

The last condition (2.25) implies that

Dl]A,u(unaUn)(un> = O(Hun
D2I>\,u(un>vn)(vn) = of

) (2.26)
). (2.27)

where Di1y ,(up,v,) (resp. Daly ,(un,v,)) denotes the Gateaux derivative of I,
with respect to its first (resp. second) variable.

We introduce the critical level corresponding to Problem (2.18) by

(A p) = inf I, inf I . 2.28
COu)i= g Toolw) + _inf Ty () (225)

Then we have the following
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Theorem 4.2.2. Let \ and p be two real parameters and (u,, v,) be a Palais-Smale
sequence of Iy, such that

c:= lm I ,(uy, vn) < (A p). (2.29)

n—-400
Then (un,v,) relatively compact.

Proof. Let A and p be two real parameters and (u,, v,) be a Palais-Smale sequence
of I, satisfying the condition (2.29). We claim that (u,,v,) is bounded in W.
Indeed, on one hand conditions (2.24), (2.26) and (2.27) can be rewritten as the
following

Lop(tm ) = ¢+ on(1) (2.30)
Pu,) — A /Q F@u)undz = Rt vn) + 0 (|[un]) (2.31)
Qva) — 1 /Q F@v)onds = R va) + 0 (|[vn]lge)- (2.32)
Using (2.21), one gets
Blun) = 2 (Pl) < [ sl ) +o ()
B+1

+ pm (Q(vn)—u/gg(x,vn)vn> + 0 ([|vnl]g*)- (2.33)

Suppose that there is a subsequence, still denoted by (uy, v,,) in W which is unboun-
ded, i.e. [|[Vuyl|p + ||Von||, tends to +o00 as n goes to +o0.
If

lim ||vun||p = +00,
n—-—+00

then using (2.22) one has
[l = o(Pu),
[ IF@wl = oPlu)).
since (2.22) implies that for every € > 0, there exists ¢;(¢) > 0 such that
|f(x,8)] <els|” '+ ¢ and |F(z,s)| < ]%|s|p* +c, ae. x€Q, VseR.

Similarly, if

lim [|Vou,||, = +o0,
n—-400
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then using (2.23) it follows

/Q 90 v)unl = 0 (Q(vn),
/ Gl )] = o(Qun)).
Q

On one hand, suppose that

lim [[Vu,|l, = lim [|Vu,l|, = +o0.
n—-+o0o n—-+00

Substituting (2.33) in (2.30), we obtain

c+o,(l) = (a+1) (% — Z% +o0 (P(un))pf)) P(uy,)
LB+ (3 - L+ <Q<vn>>*) Q02) —nssoe + 00

which can not hold true. On the other hand, suppose that

hI—|I-1 ||Vu,||, = +00 and the sequence ||Vuv,l|, is bounded,
n—-roo

then (2.31) implies that R(uy,, v,) is unbounded while (2.32) implies, on the contrary,
that R(uy,,v,) is bounded. The case

lirf ||Vun|l; = +00 and the sequence ||Vu,||, is bounded,
n—roo

leads to a contradiction with the same argument, which achieves the claim.
At this stage, we can assume, up to a subsequence, that

U, — u in Wéip(Q),
in W!(2),

a.e. in €,

Up —

4

Up —

IS

v, — a.e. in .

<

It is clear that
(u,v) € NA,M U {(0,0)}.

Let us set
X,=u,—u and Y, = v, — 0.

Using again the growth conditions (2.22) and (2.23), we show easily that the func-
tions, which are defined on Q x R : (z,s) — sf(x,s), (z,s) — sg(z,s), (x,s) —
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F(z,s) and (z,s) — G(z,s) satisfy the conditions of the Brézis-Lieb lemma [6].
Then, we have the decompositions

/QF(x,Xn) _ /QF(:C un)—/ F(z,u) + on(1),
/Qf(x,Xn)Xn = /Qf(:)s,un Uy, /fxuu+on 1),
/ng(z’Yn) = /QG(x,vn)—/QG(x,v)jton(l),
/Q (2, Y)Y, = /Q oz, v)om — /Q gz, 0)0 + 0,(1).

Moreover, let € > 0, then there is ¢;(g) > 0 such that

P+ e[ Xl )1

/ P, X)X da| <
Q

Let C be a positive constant such that ||.X, g: < (. Since X,, converges to 0 in

LY(Q), there exists ng(e) € N verifying || X,||1 < &/c1, for every n > ng(e), thus

<e(1+C), Vn>ng(e).

/ f(z, X)X, dx
)

In the same manner, writing F'(x, X,,) = fX” f(x,s)ds and using the same argu-

0
ments as above, we get

/QF(xX)—on(l ) and /fo)X = 0,(1).

Similarly, it follows that

/ G(z,Y,) = on(1) and / (2, Y)Y, = on(1).

Q Q

Applying a slightly modified version of the Brézis-Lieb lemma [13], one has
R(X,,Y,) = R(uy,v,) — R(u,v) + 0,(1).

It follows that

P(X,) — R(Xn,Y,) = 0,(1),
QY, ) R(Xn,Y,) = oa(1),
Ioo(Xn,Yy) = c— I u(u,v) + 0,(1).

Notice that the Nehari manifold associated to I is given by

Noo = {(s0(u, v)u, to(u, v)v); (u,v) € W;lp(Q) X Wllf(Q), u#0,v#0},
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where
_ [Pweuis ] _
SO(U,U) = R(u,’ll)ajrl ] ) tO(uvv) - t(so(u,v)),
and _ (a+1)g Ks) = {R(u,v)} @D E:
I CESY) L Q)

Let ¢ be the common limit of P(X,,), Q(Y,) and R(X,,Y,). We claim that ¢ = 0.

By contradiction, suppose that ¢ = 0, then on one hand we get

1 1
IO,O(SO(Xru Yn)Xn, t(](Xn, Yn)Yn> = (Oé -+ 1) (]_j - ;) K(Xn, Yn), (234)
>
- wél-/{/f'(‘)OIOO( )

where

K(X,,Y,) =

P(X, )(a+1)Q(Yn)(ﬁ+1)§ (et D)(r—p)
R(Xy, V)P '

A direct computation shows that

lim K(X,,Y,) ="

n—-4oo

therefore

n—-400 p T

i Too(so(Xn, Y) Xo, to( X, Va)Va) = €l + 1) (1 - 1) |

On the other hand,

lim Ioo(X,,Y,) = e(o‘+1+6+1—1)

n—-—+00 p q
1 1
= la+1) (———).
p T
Hence, we obtain
1 1
la+1) <Z_9 — ;> =c— I, ,(u,v),

and consequently

c > inf Iyo(w)+ I u(u,v)

wENoo
>  inf [ + inf I .
= wéNoo 00(tw) weNA,lMu{(o,O)} ru(w)

This leads to a contradiction with (2.29), then ¢ = 0, which achieves the proof.

O
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Remark 4.2.2. 1) In the scalar case, we obtain the analogous of Theorem 4.2.2,
the proof follows easily with the same arguments. We note here that if we consider
the special case (1.1), direct computations show that

wig/ffo Iy(w) = %Sg and we}fia{()} I\(w) =0,
which recovers the famous Brézis-Nirenberg condition (1.2).

2) It is clear that our condition (2.7) or (2.29) can be extended to a large class of
quasilinear or semilinear differential operators : Leray-Lions type operators, fourth-
order operators.

3) Using the Hélder inequality in the denominator R(u,v), we get

nf Too(w o) > (a+1) (L= L) [5,550 (2.35)
(u,vl)EN(),o 0,014, ¥) = & D T P ’ ’
where S, (resp. S,) denotes the best Sobolev constant in the embedding Wllip(Q) C

LP (Q) (resp. WI};](Q) C L7 ().
We end this note by the following interesting relation arising in the special case

p=gqand 'y =T5.
Proposition 4.2.1. Assume that p = q > 1. Then,

N
P

. p
inf  Iyo(u,v) = ——5,.
(u,U)GNo,o 070( ) N — p P

Proof. In the special case p = ¢, direct computations give

1 1 P
.= 2 and N(--2)=-L_
p'=a+pF+2 and (a+ )<p 7“) N

Then, using (2.35), we conclude that

s |2

. p
inf  Iyo(u,v) > Sy .
(u,v)END,0 070( ) - N —p P

On the other hand, let (u,) C Wllf” (Q) be a minimizing sequence of S,. Then using
the identity (2.34), we get

'r“p*

P [HVU”HZ] @FD (=)

inf Io,o(w) < Io,o(So(UmUn)Umto(umun)un)

wE./\/'o,() - N—p ||Un Z*
N
- [y’

N
Sy as m + oo, which achieves the

It is clear that the last quantity goes to Np

proof. O
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§ 4. On local compactness in quasilinear elliptic problems

Remark 4.2.3. For the sharpness of the critical level (2.29), we define the se-
quence Y (x) = @(2)®y/n(x) asin (2.15). We consider then a Palais-Smale sequence
(Un,vn) for Jx, of level infyen, ,ug0,0) Inu(w). Following the same argumets deve-
loped in the scalar case and using Proposition 4.2.1, we prove that the sequence
(tun + Y, vy + ) is a Palais-Smale sequence for Jy, of level ¢*(\, 1) and which
can not be relatively compact in W. This implies the sharpness of the critical level

formula (2.29).
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Chapitre 5

Existence and Regularity Results for
an anisotropic system involving
critical exponents

Abstract
In this paper, we establish some existence and reqularity results of positive solutions
of a critical anisotropic system by using variational methods

( N 9
a 0u pi au
— — )\ P—2 a—1 6_’_1 . Q
; Ox; ( ox; 0@-) a(x)|ulP~?u + ulu|* |3 in Q,
N Ly
9 dv [*77 dv |
(P)\7M) _Zﬁx ( O 8x> = Mb(x)\v|q_zv+\u\‘”lvh}‘ﬁ—l n Q,
=1 ¢ 7 17
uz=0 and v=0 in Q,
u=0 and v=0 on ON

\

where € is a bounded open domain of RN, X\ and p are positive parameters, p* and
q* are respectively the critical exponents for these classes of problem. The functions
a and b belong to spaces which will be specified later.

7
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5.1 Introduction

In this paper, we are interested in existence results of nonlocal solutions to the
following critical system :

( N pi—2
_ ; ai ( g;i g;) = )\a(x)|u|P—2u + u|u|0‘_1\v|5+1 in Q,
N L,
9 ov |*7° dv '
_; Or; ( O; 8:6@') = pb(@)[v[*" %0 + [u[* o[ i Q, (1.1)
u>0 and v>0 in Q,
U = 0 and v = O on aQ

\

where € is a bounded domain in RY, A\ > 0, 1 > 0 are real parameters and the
exponents p;, «a, q;, 3 satisfy the following conditions

Al Al
pi>1lg>1Y —>1,> —>1

i=1 Di = 1
and +1 B+1
. * + * = 1’
p q
where p* and ¢* are defined by
p* = ﬁ and q* = ﬁ
——1 ——1

We assume in the sequel that

max{pi,p2,---,pny <p° and max{q,q, - ,qv} <",

p* and ¢* are the effective critical exponents associated to the operators
ia o "o . ia g% a

an ,
i—1 03:, €X; 03:, i1 03:, 8&72

respectively [8, 7].

The functions a and b are assumed to be nontrivial, nonnegative , a € L7 (Q) and
be L7=a(Q).

In this work, we deal with the nonlocal existence, with respect to A and p, of nonne-
gative, nontrivial solutions to Problem (1.1). Consider the Euler-Lagrange functional
associated to Problem (1.1) defined by

N

I(u,v) == (a+1) (Z Alw) _ %Pa(u)> +(B+1) (Z Qiq(i“)

iz Di

_ g@b(v)> ~ R(u,v),
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qi

ov dr.

825‘2'

ou |7 , -
where P;(u) ::/Q oz, dz, P,(u) := /Qa(x)|u| dz, Qi(v) ,_/Q
Qp(v) == / b(x)|v|?dx and R(u,v) := / \u\o‘+1|v\ﬁ+1dx,

& Q

The functional I is of class C' (W;R), where W := WoP(Q) x Wyl(Q), Wy (Q)
and W, 9(Q) are respectively the completions of the space D(2) with respect of the
norms :

N

lullz:=>

i=1

The spaces Wy?(Q) and Wy 9(Q) can also be seen as

N

and [|v]z:=)

Y2 i=1

ou
03:,-

03:,-

qi

WiT(Q) = {u e (@ ¢ [T err(@), i=1 N, u,=0, }
€
Lo ov _ .
WOJI(Q):{UeLqu(Q) a Equ(Q), 7[:1’... 7]\]" U|OQ:0}7
Z;

where p:= (p1,p2, -+ ,pn) and ¢ := (q1,q2, - ,qn), the space W is endowed with
norm
[[(w, 0) [ == lullz + [[v]lg-

We introduce the modified Euler-Lagrange functional I defined on Z := R x
WP (Q) x R x Wy(Q) by

I(s,u,t,v) = I(su,tv).

Piys 4— = miﬂ{Qth, s 7QN} = djy, 4+ = maX{QhQ% s 7QN} = Qjy, P—(U) = Pz‘o(u )
P—i—(u) = Pi1 (U), Q—('U) = Qjo(v) and Q-i—(v) = Qj1 ('U)
5.2 Preliminary results

Under the following assumptions

p—- < pr < a+l,

<
> .
>

3

1
We have the following lemmas

Lemma 5.2.1. There exist \* > 0, p* >0 and r > 0, p > 0 such that

I(u,0) 2 7, V(1) € (0,X7) x (0, 1), ¥ (u,0) € W, such that || (u,v)]| = p.
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Proof. Let (u,v) € W such that

<1, Vie{l,--- N}

qi

<1 and Hg;jl

Let € > 0 fixed, by Young’s inequality, there exists a positive constant C. such that

Ol (B4 1)Cefo]| 5.

p*

R(u,v) < (a4 1ellu

Since

N

I(u,v) = (a+1) (Z P,(u) — )\Pa(u)> +(B8+1) (Z Q;(iv) — ,qu(v)> — R(u,v)

—~ i p q

it follows that

I(u,v) > (a+1) ((i +- piN) ZP,-(u)p*/p" — )\@ —eflu ;}ﬁ)

b
N
+(B+1) <(qi T qiN) S Qi) —MQbT(U) oA I e ) -
i=1

Now, we calculate, for a fixed j € {1,--- N}

R Y o U <1 1)
A — pi pj N

then p* < p; for all j € {1,---, N}, where p; := p;N/(N — p;) is the critical
exponent of the compact embedding W1Pi(Q) — L"(Q). As p* < p;, we use then
Sobolev inequalities ;
[ullpr < vy IVull,
and then
[llpe < e flull;-

By the same way

[v]lg- < e lollg-

Consequently, there exist positive constants hy, ho, hs, ki, ko and k3 such that
Iu,0) > (Ralllly” = hoX s = hallallg™) + (kallolle = kopulolly — Rsllollg ™)
Since 1 < p < p* < a + 1, there exist A* >0, r; > 0 and p; > 0 and such that

allully” = hoXulls = hallull3™ > 71, Vu € WoP(Q) : flully = pr, YA € (0,1).
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Similarly, Since 1 < g < ¢ < 8+ 1, there exist u* > 0, r5 > 0 and p, > 0 and such
that

FallollF" = kopllvllg — Ksllollf™ = re, Yo € Wo(Q) ¢ |lullg = p2, Vi € (0,47).

Therefore, for all (u,v) € W such that ||(u,v)|| = p := p1 + p2 and for all (\, u) €
(0, A*) x (0, u*), one has

I(u,v) >r:=r +1ry>0,
which achieves the proof. O
Lemma 5.2.2. The functional I is bounded from below in
B,(0) = {(u,v) € W |[(u,0)|| < p}
Moreover,
inf  I(u,v) <0, V(A p) € (0,X)x(0,u"). (2.3)
(u,v)€B,(0)

Proof. It is easy to check that I is bounded from below in B,(0). To prove (2.3),
fix (¢,¢) € W and let s > 0 and t > 0. Then

N

(
qi q

I(s¢, 1Y) < (a+1) (Z SPiM — )\Sp¥>+(ﬁ+1) (Z 19 Qi(¢) _ Mthb w)> .

i=1 pi
As p < p_ and g < q_, the last inequality implies for sy and t, sufficiently small
I(so¢,to) <0 and  (so¢, tot)) € B,(0)

from where follows the lemma. [
For every (A, ) € (0, A*) x (0, u*), we introduce

aAp):= inf  I(u,v).
(u,v)€B,(0)

Applying Ekeland’s principle to the functional I on the metric space (B,(0),d)
endowed with the metric d given by

d ((ur,v1), (u2, v2)) = [[(ur = ug, v1 = va)|| = [Jur — wally + [lor — vallg,
there exists a sequence (u,,v,) C B,(0) such that
I(up,v,) — (A, pu) as n— +oo (2.4)
and

1
I(u,v) — I(up,v,) < EH(U — Up, v — vy)|[, forall (u,v)# (uy,vy,). (2.5)
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Using the differentiability of I over W, from the previous inequality it follows that
I'(tup,v,) — 0, as n — +oo. (2.6)

From (2.5) and (2.6)
I(tup,v,) — a(\ p) and  I'(up,v,) — 0, as n — +oo, (2.7)

then (un,v,) is a bounded (PS)q\ . sequence to I. Hereafter, we will denote by
(u*,v*) € W the weak limit of (u,,v,), up to a subsequence. Moreover, by definition
of I we can assume that the sequence (u,,v,) is a sequence of nonnegative functions.

Theorem 5.2.1. The weak limit (u*,v*) of (un,v,) satisfies
I'(wv)=0 and (u*,v*) e W, forall (\p)e (0,X)x(0,u").

Proof. Using the properties of (u,,v,), one can easily show that
1 1
I(tp, vn) = — D11 (U, V)t — — D11 (tn, 05)vn = (A, p) + 0n(1),
p q

where D11 (uy,v,) and Dol (u,,v,) are respectively the first and second partial Gé-
teaux derivatives in u and v of the functional I. Thus

a0 ) + 0a(1) = (@ + 1) (f} (5= =) R -2 (5~ 1) Pa<un>)
LB 1) (Z (l - qi) Qilon) — 1 (; - qi) @b@n)) (28)

i=1
As it is said befeore, one has
u, — u* in WP(Q),
u, — u* in LP(Q),
v, — v* in WpYQ),

v, — o° in LY(Q).

By the relation (2.8) and using the compact embeddings of Wy P(Q) — LP(Q) and
Wy 9(Q) — L(Q), we obtain

a(A, 1) + on(1) = =K flun|l] — Kal|vnl|
where K; and K, are two positive constants. Then we get, as n goes to +00 :

0> a(A, p) > —I [[u™[|] — K [v” |3,
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and consequently u* # 0 and v* # 0. Finally, we use the result due to El Hamidi
and Rakotoson [6] and obtain

Vu,(z) — Vu*(z) ae. in €,
\%

Vo, (x) — Vo*(z) ae. in Q.

Therefore, the weak limit (u*, v*) is a nonnegative and nontrivial solution to (1.1). OJ

Under the following assumptions

P < a+1
q < pf+1
max{pi,¢+} < min{p,q} (2.9)
A > 0
poo =0

We have the following lemmas

Lemma 5.2.3. For every A > 0 and p > 0, the functional I satisfies the following
properties :
a) There exist v > 0 and p > 0 such that

I(u,v) >r, V(uv) €W, suchthat |(u,v)|=p.
b) There exists (ex,, fru) € W such that ||(ex ., fru)ll = p such that

](6)\7“, fA,H) < 0.

Proof.

a) Using the same arguments in the proof of Lemma 5.2.1, we have for every (u,v) €
W and ||(u,v)| < 1, there exist positive constants hy, ha, hs, k1, k2 and k3 such
that

I,0) > (halllly = haXulll = hallullg™) + (kalloll& = kapllolls — ks lullg+)

Aspy <p<a+1landqy <q< +1, there exist r1, ro, p1 > 0 and py > 0 such
that

hallullor = hoMlull% — hsllull*t > v, forall [Jully < py
and
ko)l = kaplloll — ksl|o|2*t > 1y, forall ol < pa.

Let us introduce p := min{py, p2}, so if ||(u,v)|| = p then we have either |ju||; <
p < p1 and |jv]|z < p < po. Consequently, if ||(u,v)|| = p we have I(u,v) > r =
r1+ 7ro.
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b) Let (p,1) € W such that ¢ # 0, b # 0 and R(p, ) # 0 then

[(sp,50) = (a+1) (Z Sfmo)—%fpa«o))—SWHR(@,@

N

+ (B+1) (Z s

>~ ) - u%q@mm) -

We know that o + 5 + 2 > max{py, ¢, }, then for s sufficiently large, we have
I(sp,sy) <0

I
By a lemma in [6], the equation g—(su,sv) = 0 has only one solution sy, > 0
s

ol : o
such that — (s ,u, s),v) = 0. and s, , satisfies the condition

Os
I(S)\,MQ0> SA,;/QD) = I£1>ag< ](SQ0> Sw)
By considering (uy ., V) = (Sau, Sa,¥) we have the following results :

(6) I (wrp vau) = nax I (st 0, UML)

(i1) I(uru,vr,) — 0 as A — 400 or p — +o0.

Let us show (i). The function I(suy ,, svy,) has a unique maximum value at some
point sy > 0. Since uy, # 0 and vy, # 0, we have

(a4 VAP (ur,,) + (B 4+ D psiQu(vr,) + (o + B+ 2)s5 2 R(uy i, va )

- =1.
Z o+ 1) Pi(ux u)so (B+ 1)Qi(v>\7“)sgi]
=1

On the other hand (uy,,vy,,) satisfies
w) + (B4 D)pQu(vr,) + (@ + 5+ 2)R(uxp, va,)

(a+ 1)AP,(uy,
D lfe+ 1P (a) + 3+ Qi)

=1.

We study the variation of the function
0 o @ DAPP(uny) + (B+ Dps"@p(vry) + (@ + 5+ 2)s™ T2 R(uny, vp)
: N

Y@+ DPi(un,)s™ + (8 + 1)Qi(vr)s]

i—1
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The function 6 is of the form 6(s) =
a > ¢ > 0. For every s > 0 we have

s With B> 0,C >0, a > b >0 and

B(a — b)s*™=1 + C(a — ¢)s*Te!
(Bsb + Cs¢)?

0'(s) = > 0,

then the function 6 is increasing on (0, 4+-00). Therefore it follows that sy = 1.
We show the claim (ii), notice that

SI))\,;LPG(QO) < 1
N =\
> e+ DP(e)sk, + (B + DQi()s% ]
=1
and
s3.,@b(¥) <1
al | T
D a+ 1D)P(e)sk, + (B + D)Qi(y)st ]
=1
Thus,
s’;,uPa(go) —0 as A — 400
N
> e+ D)P(e)sk, + (B + DQi()st ]
=1
and
s3.,@s (V) 0 as - oo
N b)
> e+ DP(e)sk, + (8 + DQi(y)st ]
=1

as the function 6 satisfies : 6(0) = 0, # is continuous on Rt and increasing then
0(s) — 0 <= s — 0. Thus, we have either

Sxuy—0 as A— 400 or p— +oo.

Recalling that

N _pi qi
S S o
0 < I{urp, vap) < (a+1) Y ;i“P,(so) +(B+1) ; Qi(v) — s R(p, )
i=1 !

it follows that

I(uru,va,) — 0 as A — 400 or pu— 400,
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which proves the claim. U

: . .
Hereafter, we fix (ey ., fa,) with ey, = s3 jux, and fy, = s v, such that

H(ex,mfx,u)ll >r and ](ex,p,f,\,u) < 0.

Lemma 5.2.4. Ifc, , is the minimaz value obtained by the Mountain Pass Theorem
applied to the functional I, then we get

cau—0 as A—— 400 or p— +o0.
Proof. The maximum value c, , is given by

— inf I
eaw = Jnf max (7(s),&(5)),

where the set of all paths linking (0,0) and (e, f,) is defined by

P={(8 €COVR), (4(0),£(0)) = (0,0) and (1(1), (1) = (eau frn)}-

Let’s consider v(s) = sey,, and £(s) = sfy,, so then (7,£) € I' and

max I (7(5),£(s)) = max I(sux,, suau) = I(Uru van)

then
0 S Cx 1 S I(u)\,/uv)\,u)7

from where
cxuy — 0 as A— 400 or pu-— +oo,

which ends the proof. O
Hereafter, we shall denote by Sz > 0 and S; > 0 the positive constants, see [7] :

N 1 Pi
Sﬁ = inf {Z — }
] pi

u€DLP(RN), |Juf|px =1 Di
qi
qi

The following lemma is an immediate consequence of the last one, that is,

ou
&m

and

ov
&m

iz &

N
Sy = inf —
T veDta@N) ol =1 {Z
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Lemma 5.2.5. There exists \* > 0 and p* > 0 such that for all (A, p) € [N, +oo[x[p*, +00]
we have

a+1 B+1 ﬁ at+l B+1 % a+1 B+1 % at+l B+1 i
. P4 94+ P4+ — p— 94 p— q—
0 <cyy < dipmin ( r S[T ) ,( 7 5q~ ) ,< 5 g ) >(Sﬁ S@ )

where d; = %jtﬁq—f—l, dy = Oﬁljt%_l; ds = %+%_1 and dy = %_I_%_l‘

Related to the Mountain Pass level ¢, ,, there exists a sequence (uy,,v,) C W satis-

fying
I(up,v,) — cry, and  I'(up,v,) — 0 In W™

Using standard arguments, we have that (u,,v,) is bounded in W, hence we can
assume that there exists (u,v) € W such that

U, = u in WeP(Q)
and )
v, = v in WyY(Q).
Lemma 5.2.6. The weak limit (u,v) is such that u # 0 and v # 0.

Proof. By applying the result of A. El Hamidi and Rakotoson in [5]|, we prove that
we can extract a subsequence of (uy,v,), still denoted (u,, v, ), such that

Vu,(x) — Vu(z) ae in Q,
and
Vo, (z) — Vou(z) ae. in Q,

then I'(u,v) = 0.
To prove now that u # 0 and v # 0, we assume by contradiction that v = 0 and we
set x,, := u, and y, := v, — v. Using similar arguments as above, we get

N

> Pi(un) = APu(ttn) = R(tn, vn) + 0n(1)
i1 (2.10)

Z Qi(vn) — pQp(vn) = R(tn, vn) + 0n(1).

i=1

Using Brézis-Lieb Lemma [3], we obtain

ZPZ-(%) = R(@n, yn) + 0n(1), (2.11)
Z Qi(yn) = R(2n, yn) + on(1), (2.12)

To,0(%n, Yn) = cxe — 1(0,v) + 0n(1). (2.13)
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On the other hand, we have

100.0) = (8+1) <Z Lo - ugczbw)) ,

with

Therefore
1(0,0) = (B+1) Z: (— - —) (v),

and consequently 7(0,v) > 0, since ¢, < ¢. Now, if hIP R(z,,yn) = L then it
follows by (2.11) and (2.12) that

N
ZR x,) — L and ZQ Yn) — L.
=1

Then

and

mlhd%wmzFa+n<i—jo+%ﬁ+n(i—3)]b

n—-4o0o

By the relation (2.13) we get

cyy = lim Ioo(ﬁmyn) 1(0,v)

n—-+o0o

2 hm IOO xnayn)

n—-4o0o

o) o (-2

_ <a+1 g+1 1)L
P+

We use the same arguments as in [2] and [7], to prove that we have either

MuW<Za%mﬁy . <1 (2.14)
' e =1 al” Di "o
N )
ayn q; )
i tllg;
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or
oz, || .
Spllzn |l < 8:6? | if > 1
pi
_ dy .
Sl ynl |q ) - it ynlly- > 1.
Lillg,
From the previous mequahtles, if ||xn||p <1 and ||y,||,» <1 we obtain
a+1 @
<

(%ﬁZH(%)) ( Zszn>+

atl  f+l m
L > P+ S a4+ Py 94+

as n — +oo we have

and

C)\,u Z (

1
Oé"—l_l_ﬂ—l-l )(Si’ilsiil)%Jr%—fl
P+ q+

Then

atl BH1N @ atl  BHIN a5 atl B4l d%; atl  BHIN d@;
> . P+ oGt P g - - gt - g -
Cap = dy min 5 Oz S5 S5, S5 5, S5 5, ,

which cannot hold true. Thus L = 0 and ¢y, = I(0,v) > 0, in this case lim ¢, , =
A—+o00

I(0,v) > 0 which leads to a contradiction with the fact that /\hm cay = 0. Then
—4-00
u # 0 and v # 0. O

5.3 Regularity of Weak Solutions

In this section, we show that every weak solution (u,v) € WyP(Q) x W, 9(Q) of the
following problem

8@-

qi—2
] av) = g(z,u,v) n Q7

pi—2
: 0u> = f(z,u,v) in Q,

8@-

©u>0 and v>0 in €,
u=0 and v=0 on 0N

\

is a a strong solution, under some hypothesis on the functions f and g.
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Lemma 5.3.1. Suppose that the functions f and g satisfy the following growth
conditions :
(h1) There exist c1, co2 > 0 and p € (1,p*) such that

|f (2, u,0)] < cruP™ + cu®o®™ Yu >0 and v >0,
(he) There exist ¢}, ¢4 > 0 and q € (1,p*) such that
lg(z,u,v)| < v + Gu P, Yu>0 and v >0.

Then every weak solution (u,v) € WyP(Q) x Wy () of (Py,) belongs to L () x
L*(Q) for all1 <r < +oo and 1 < s < +00.

Proof. We will use similar arguments developed by Fragala, Gazzola and Kawohl
8]

Let (u,v) be a weak solution to (P). The assertion that (u,v) € L"(Q) x L*(Q2) for
all 1 <r <400 and 1 < s < 400 may be equivalently reformulated as

(u,v) € LITIP(Q) x LU Q) for all (a,b) € R x RY. (3.16)

To prove (3.16) it is enough to show that (u*™*, v"*1) € WaP(Q) x Wy U(Q), which
is equivalent to

1

LhT </ |0, (u min[u ]pld:c) "< +00, (3.17)
1.

Lhrf (/ |0, (vminfv ]qldx) ' < +oo0. (3.18)

For each L there exist indexes j and k such that

(/ 101 (u - minfu®, L]" dx)pli SC’(A\aj(u~min[u“,l;]|pfdx);j, (3.19)
(/ 10,(v - minf?, Z] B

N

i=1

w 2
qldx) < (/ |0k (v - min[v” L]|qkda:) (3.20)

where C' and C” are positive constants independent of L.

For these indexes j and k, and for every L > 0, set ¢, := min[u®’, LPi] and 9,
vmin[vP%, L%] such that (¢, 1) € WeP(Q) x VVO1 7(Q). Note that for every 1 <
N and for almost every x € €2,

S

|OsulPi20;ud;¢p, > min[ui, L]

|00 % 200090, > min[v®%, L]
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|0;(w - min[u®, L])|P* < (a + 1) min[u®?, LP?)|0;ulP, (3.21)

and
0;(v - min[v®, L])|% < (b4 1) min[v™, L%]|d;v|%. (3.22)

As (u,v) is a weak solution to (P), we rewrite, for every k > 1, Q@ = Q4 , U Qo U
Qg’k U Q47k, where

Qp:={reQ suchthat w<k andwv <k},

Qop:={r€Q suchthat w<k andov>k},
Qsp:={r€Q suchthat w>Fk andv <k},
U :={reQ suchthat w>Fk andv>k}.

Then we have

N N
Z/min[u“”j,ij]|0,-u|pidx§ Z/ |8iu|pi_20,-u0i¢Ld:)3:/f(x,u,v)gdex,
i=1 /9 i=1 79 Q

and

N N
Z/min[quk,quH@M‘“daj§Z/ |0,~v|qi_20iv0,-¢,;dx:/g(:c,u,v)dez.
i=1 7 i—1 /Q Q

Using (h1), for L > k® > 1, it follows that

|f(I7 u, U)|¢L S C:Yk,l in Q1 (323)
9(2, u,v) [ < Crp in N (3.24)

hence

f(x7 u, U)¢de S Ck,l = C~"€,1|$2|7

1951

/ f(!li', u, ’U)qudZL' < / [Clup + Cgua—l—l’l}ﬁ—i—l} min[uapj’ ij]dl',
Qo1 Qo

< C27k+02/ u P minfu® | L) dg,
Qo2

a+1
p

S C2,k + (&) (/ (ua-i-l min[u“pj, ij])p*/(a—i-l)dI) %
Qo 1,

B+1

X / v? dx
Qo ks

< C2J€ + &?kCéJC
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where ¢, tends to 0 as k tends to +oo.

flz,u,v)prdr < 61/ up*min[u“”j,L”j]dxjt/ u P min[u® | LP7)da
Q3vk Q3k QB,k

* .
P —py

p*
1 / u” da / (uPi - min[u®s | LPi])P"/Pi dg
QB,k QB,k

+ 02/ u?” min[u®? | [P P da
Q3,1

IN

) p;/p*
< </ w - minfu®, L])P dx)
Q
a+1
p*
+ / uP” PiqPs - (min[u®, ij])p*/(aﬂ)dx
Q3,1
tl
X / v? da
Q3,1
p;/p* 3
< & (/Q w - min[u®, L])P dx) + ¢y ;'J‘BS (:’ —p;) PRI
(a+1)p;
2 P
X </ ul’z - (min[u apj’ij])p*/(aJrl))pj dr
Q.
p;/p*
< g (/ w - min[u®, L])P dx) + epllvlly %
Q
(a+1)p;
p*g
X (/ w - minfu®, L])” dx)

VAN
o
AR

i=1

Z(/ |0;(w - min[u®, L])|pldg;)1/pirj
!

(a+1)p;/p*
/|6 w - min[u?, L])|pldx) ]
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where ¢, and ¢} tend to 0 as k goes to +o0.

f(xv u, U)¢de < / [Clup + Cgua—i_l’u’@—i—l} min[uapj7 ij]dl'
Qu,k

Q4 1
Pl (a+1) (0" ;) /p"
. * a s
< e ([ mine )l
(a+1)p;
(@tin;

p

. p*
X ||U||q6:glz4,k (/Q (uPs - (minfu®™, LP3])P /(oe+1)) v dr
3,k

. pj/p*
< ¢ </ (u - min[u®, L])? dx) +
Q
(a+12)1)j
* e (/ (- minfu?, L))" d“")
Q
N 1/p; P
< & [Z (/ |0;(w - min[u®, L]) pidz) +
i=1 W

N 1 7 (a+1)p;/p*
+ & [Z (/ |0; (w - min[u®, L]) ]
i=1 W

Py
Pidrx
where ¢}, and €7 tend to 0 as k goes to +oo.
Inserting (3.19) and (3.20) in the last inequalities, we then obtain,

/\8j(u~min[u“,l}])|pfdx < C’,’C—i-ak,l/ |0; (v - min[u®, L]) [P dx
Q Q
(a+1)/p*
+ Eke [/ |0; (w - min[u®, L)) |’”dz}
Q
Choosing k sufficiently large, that are €5, and ;9 sufficiently small, the last in-
equality ensures that the integral / |0; (v - min[u®, L])|"’dz is bounded for L large

Q
enough, from where follows (3.17). By the same way we can prove (3.18), and we can
conclude then that every weak solution (u,v) € Wy ?(Q) x Wy%(Q) of (P) belongs
to L"(Q) x L*(Q), for all r > 1 and s > 1. O

Proposition 5.3.1. Under the conditions (h1) and (hy), every nonnegative solution
(u,v) € Wy P(Q) x Wy 9(Q) of (P) belongs to L=(Q) x L®().

Proof. For u > 0 and v > 0 such that (u,v) is a solution of (P), we set A, =
{r €Q, w(r)>r7}and B, ={x €Q, wv(z)> 7}, |A;| and |B;| their Lebesgue
measures. Recall that Cavalieri principle, based on Fubini theorem, gives :

+00
/ |A|dT = /(u —k)idz, forall k>0
k Q
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and

+0o0
/ |B,|dT = /(v —k)idx, forall k>0.
k Q

Let ¢ = (u — k)4, for £ > 0 fixed. Choosing this function as a test function,
combining the Cavalieri principle and Hélder inequality, one gets

N

S Plp) = / Caw™ 4w ) pyde
Q

i=1

< cl)\/ |u|p_1g0kdm+02/ u|®|v]P T opde
Q Q

c (/ gokdx+/ \v|5+1<pkdx+/ |u|“|v\ﬁ+1gokd:c) :
fus1] u<1] 1]

< el 414 ) g, (3.25)

IA

p+ =0, then for £ > ko > 0, ||¢g

Since hrf |k » < 1. Relations (2.14) and (3.25)
give
N
+
Sillerllp < Zpi(%)

1=

< el 414 OF0F)) gl

—_

Thus, for every k < kg, we have :

1

. < c(|Ak|1—z%+|Ak\(1—%ﬂ)(l—%>)ﬁ

lon
< ¢ (|Ak|(1—p%)p%1 I |Ak|(1—“p—?)(1—%)p%1) . (3.26)
Using Cavalieri’s principle, Holder inequality and Relation (3.26), one has for all
k 2 k’o :
+00
/ |A |dT = /(u—k)+da:
k Q
1
< AT llnllpe
< ¢ (|Ak|1+13*§+—11 T |Ak|1+9) , (3.27)
1 1 1 1
where ¢ := —— (1—OhL )(1——) - > 0.
P P p*) pt—1
Since L1
Y= _*p - 97
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then
+00
/ | A dT < ¢+ | A",
k
This inequality is of Gronwall type, which shows that there exists ¢y > 0 such that
[ulloo < ex-

One can prove by exactly the same way the fact that there exists ¢, > 0 such that
[l < . O

5.4 On the weak sub and supersolutions

In this section, we will use some classical tools concerning sub and super solutions
for a class of systems involving the anisotropic operators considered above. Notice
that the standard laplacian operator and the anisotropic operator were studied res-
pectively in [12] and [2].

Let us consider the following problem

r N 9
0 P Ou ,
_;:1 8@-( 8:&) = f(z,u,v) in Q
oK (
= 0z

©u>0 and v>0 in €,
u=0 and v=0 on 0N

\

ou
8@-

ov
03:,-

qi—2
ov .
0:)3-) = g($,u,v) in €, (4.28)

where € is a smooth and bounded domain in RY, both f, g : 2 x R x R — R are
Carathéodory satisfying the following property that for each fixed A > 0, there exist
C1 > 0 and Cy > 0 such that

I |f(z,s,t)] < Cy, V(x,s,t) € Qx[-A Al x[-A,A]
(H) { lg(x,s,t)] < Cy V(x,s,t)€Qx[-A Al x[-A,A]

Definition 5.4.1. The couple (u,v) € W is a (weak) sub-solution to (4.28) if u <0
and v < 0 on 0Q and for all (p, ) € D(Q) x D(Q) with p(x) > 0 and Y(x) > 0 for

all x € ), we have simultaneously

N L,
ou |P7% du Ay
N <
;/ﬂ Oz, &”L’Z-&ridx /Qf(xauav)@dx < 0
N L,
o [P ov oy
_ < 0
;/ﬂ Ox; 8:):,-8%0[‘73 /Qg(ﬁ,u,v)z/)dx < 0

Similarly, (u,v) € W is a (weak) super-solution to (4.28) if in the above the reverse
mequalities hold.
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Theorem 5.4.1. Suppose (H) holds, (u,v) € W is sub-solution while (u,v) € W is
a super-solution to Problem (4.28) and assume that there ezist c,¢,c/,é € R there
holds c <u<u<candd <v < v <7 almost everywhere in Q. Then, there
exists a weak solution (u,v) € WyP(Q) x Wl(Q) of (4.28), satisfying the condition
u<u<uandv <v < almost everywhere in 2.

Proof. Let F(z,u,v) fo f(z,s,v)ds and G(z,u,v) fo (x,u,t)dt denote res-

pectively primitives of f and g. Let us define J : Wy?(Q) x Wy%(Q) — R the
Euler-Lagrange functional associated to (4.28) given by

We introduce the closed and convex subset M of Wy(Q) x Wo9(Q) defined by

pi

ov |4
&m

) de — /Q(F(ZL',U,U) + G, u,v)dz

M = {(u,v) e WP(Q) x WH(Q) : u<u<dandv<v<7 ae in Q}

Since u, v, w and v € L by assumption, also M € L*> x L*> and consequently there
exists ¢ > 0 and ¢ > 0 such that |F(z,u(x),v(z)| < ¢ and |G(z,u(x),v(x)) < ¢ for
all (u,v) € M and for almost all x € Q2. Consequently

J(u,v >Z/<pl

on M, which implies that J is coercive on M. We claim now that the functional J
is weakly lower semi-continuous on M. Indeed, let (u,,v,), (u,v) C M such that
Up, — u In VVO1 i (Q) and v, — VVO1 "T(Q). We may assume that, up to a subsequence,
u, — u and v, — v pointwise almost everywhere; moreover |F(z,u,(z)v,(z)] < ¢
and|G(z, u,(z)v, ()| < ¢ uniformly. Hence we may appeal to Lebesgue’s theorem
on dominated convergence which implies that

pi

ov |4
&m

) dx — 2cmeas(QQ)
qz’

/F(:c Up, Up)dT — / (x,u,v)dx and
/Gmun,vnd:c — /Gmuv r, asn tends to + oo,

these end the claim, since the functionals

N 1| 0u|™
u € WEP(Q) — /— dx
0 ( ) ; Q Di Ox;

and

N 1| 0ov
v e WH(Q) - /— dx
0 ( ) ; Q 4 Ox;
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are clearly weakly lower semi-continuous on the whole space. As the space W is
reflexive then there exists (u,v) € M such that J(u,v) = ( iI)lfM J(w,s). We claim
w,s)e

that (u,v) solves weakly Problem (4.28), that is J'(u,v) = 0. Indeed, fix (p,7) €
D(2) x D(2) and € > 0 and consider the couple (u.,v.) € M defined on Q2 by :

u(x) if u(z)+ep(z) > u(z),
w() = u@)+ep(s) i u(r) < u(e) +ep(r) < ()
u(x) i u(x) +ep(r) < ufz).
and
o(x) if wv(x)+ey(z) > v(x),
ve(z) = ¢ v(x) +ep(z) if v(z) <v(x)+e(x) < o(x),
v(x) if wv(z)+ey(r) <v(x).

The functions u. and v. can be characterised by u. = (u+¢ep) — (@ — fa) and v, =
(v+5¢)—(@5€—g6), where g. = max{0, u+ep—u} > 0,p_= —min{0, utep—u}t > 0,
@6 = max{0,v + ey — v} > 0 and ¢_= —min{0,v + ¢ — v} > 0. Note that &,

, Y. and Y€ W N LX) x L=(Q). Since (u,v) minimizes J on M and J is
dlfferentlable “then

0 < Dy(u,v)(ue —u) =eDiJ(u,v)(p) + DlJ(u,v)(ge) — Dy J(u,v)(@e),

where D;J(u,v) denotes the first derivative in u of J, so that

D, 0)(p) < - (D) (8) = Dud(w0)(e)) - (4.29)
Using the fact that (u,v) is a super-solution to (4.28), we get
DyJ(u,0)(pe) = Dlj(_ 0)(p:) + [D1J (u,v) = Dy J (@, )] (¢e)

> [DiJ(u,v) — D1J(a,0)] (@)
_Z/ Ou "™ ou | ou|"* ou 9 (s ey
/ [ (2, u0) — f(z, @ 0)] (u— 3+ ep)de
oulP?ou  |oulP?ou\ o
> _
- EZ / < ox; axz ox; &Bi) 8xi((p)d$

— e | |f(@uw) — flz,a,0)]||plde

where Q. = {z € Q : u(z)+ep(x) > u(z) and v(x)+e(x) > v(x)}. Notice that

meas(§).) — 0 as ¢ — 0. Thus,

Dlj(uv U)(@e) > 0(6)7
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where o(g)/e — 0 as € — 0. Similarly, we conclude that
Dy, 0)(.) < ofe),
and consequently, with (4.29), we get
Dy J(u,v)(p) >0

for every ¢ € D(Q2). This implies, by reversing the sign of ¢, that DyJ(u,v)(¢) =0
for every ¢ € D(Q). Using the density of D(€) in Wy (Q). The proof of Dy.J (u, v)(1h) =
0 where Dy J(u,v) is the seconde derivative of J in the seconde variable, follows the
same steps as in the above. O
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Chapitre 6

Annexe

Dans cette partie, on va rappeler quelques définitions, théorémes et outils essentiels
que nous utilisons au cours de cette thése.

6.1 Condition de Palais-Smale

Pour exprimer la compacité de certaines suites minimisantes, on a souvent recours
a la condition de Palais-Smale (en abrégé (PS)).

Définition 6.1.1. Soit W un espace de Banach et J : W — R une fonction de
classe C*. On dit que la suite (u,) C W est une suite de Palais-Smale s’il existe
c € R tel que

J(u,) — ¢ dans R et J(u,) —0 dans W'

On dit que J wvérifie la condition de Palais-Smale au niveau ¢ € R si toute suite
(un)n de Palais-Smale pour la fonctionnelle J (de niveau c¢) contient une sous-suite
(un, )k convergente.

On dispose généralement de deux théorémes importants permettant la construction
de suites de Palais-Smale : le théoréme du col, dii & Ambrosetti-Rabinowitz et le
principe variationnel d’Ekeland.

6.2 Théoréme du col et "Mountain Pass Geometry"

Théoréme 6.2.1. Soient W un espace de Banach et I € C*(W,R). Supposons qu’il
existe ug € W, uy € W et un voisinage ouvert Q de ug tel que uy ¢ € et

co = max{I(up), I(u1)} < c1 := max I(v).

Soit
H={heC([0,1],IW) : h(0) =up, h(1) =u},
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c:= inf sup I(h(s)).

heH s€[0,1]

Alors,
inf I(v) < ¢ < +o0,
o9

et pour tout € € (0,c1 — ¢] et pour chaque h € H tel que

I(h(s)) <
gﬁg((ﬁ)_c+a

il existe v e W satisfaisant :
i.c—e<I(v)<c+e

it. dist(v, h([0,1]) < /e

iii. |11'(0)]| < VE.

Un autre théoréme minimax de type géométrique démontré par P. H. Rabinowitz.

Théoréme 6.2.2. ( Point selle géométrique)
Supposons que W = U@V un espace de Banach et U etV deux sous-espaces fermés,
tels que dim U < 4+o00. Pour un p > 0, on considere les ensembles suivants :

M:={ueU: |ul<p}, My:={uelU: [jul|l=p}.
On définit l’espace suivant
H:={heC(M,W) : h|y, =id},
et soit I € C1(W,R) telle que

Co = max I(u) < ¢ = ngf/ I(v).

Soit
c:= églffg}éd(h(s))

Si ¢1 < ¢, alors pour tout € €0, ¢ — ¢o| et pour tout h € H tel que

<
max [(h(s)) < ¢ +¢,

il existe u € W tel que
.c—e< <
1.c—e<I(u) < Igé%([(h(s))
2. dist(u, h(M)) < /e
3. (W) < Ve
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Principe Variationnel d’Ekeland

En général, une fonctionnelle bornée et semi-continue inférieurement J n’atteint pas
nécessairement son infimum. Par exemple, la fonction analytique f(x) = arctanz
n’atteint ni son infimum ni son supremum sur la droite réelle.

Théoréme 6.2.3. Soit (M,d) un espace métrique complet et soit J : M — RU~+o00
semi-continue inférieurement, bornée inférieurement et  +oo. Alors pour chaque
g,0 >0 et tout u € M avec

J(u) < izI\lf +e,

il existe un élément v € M minimisant strictement la fonctionnelle

Jo(w) = J(w) + %d(v,w).

En plus on a
J(v) < J(u) des que  d(u,v) <4

Comme corollaire du principe d’Ekeland, on a

Corollaire Si W est un espace de Banach et J € C1(W) bornée inférieurement alors
il existe une suite minimisante (v,) pour J dans W telle que

J(vp) — i‘:glvf J, DJ(v,) — 0 dans W' quand n — .

Niveau critique

Pour résoudre le probléme de Yamabe, en géométrie riemannienne, Thierry Aubin a
introduit la notion de niveau critique associée au probléme de Yamabe, notée c*, et
a montré que si une suite minimisante de 1’énergie correspondante a un niveau plus
bas que le niveau critique alors le probléme de Yamabe posséde des solutions.
Dans un article de Brézis et Nirenberg, les auteurs ont montré que si (u,) C W est
une suite de Palais-Smale pour la fonctionnelle J telle que J(u,) — ¢ < ¢* quand
n tend vers +oo, alors (u,) est relativement compacte. Le niveau c¢* est appelé
critique dans le sens ot 'on peut construire une suite (w,) C W de Palais-Smale,
avec J(w,) — ¢*, qui n’admet aucune sous-suite convergente dans W.

6.3 Théoréme de Concentration-Compacité

Cette méthode introduite par P. L. Lions est la méthode la plus générale pour traiter
les problémes de minimisation qui interviennent dans les domaines les plus variés
(équations aux dérivées partielles, calculs des variations, analyse harmonique, etc

).

103



§ 6. Annexe : Théorémes Minimax 104

Définition 6.3.1. Soit Q un ouvert de RY, on définit les ensembles suivants :
K() = {uelC(Q): wu esta support compact de 2}
BC(Q) = {u € C(Q) ||u||loo :=sup|u(z)| < oo} :

e

L’espace Cy(2) est 'adhérence de KC(S2) pour la norme uniforme. Une mesure finie
définie sur §) est une application linéaire continue sur Co(€2). La norme d’une mesure
finie p est définie par
lpll =" sup | <p,u>|.
u € Co(R)

lulloo =1

On dénote par M(QQ) (resp. MT(Q)) Uespace de mesures finies (resp. mesures finies
positives) sur ). Une suite de mesures finies (ju,) converge faiblement vers p dans
M(Q), dans ce cas on écrit

[in = K,

st 0n a
<y >——< pyu >, YV u € Co(R).

Théoréme 6.3.1. (lemme de concentration-compacité)
Soit (u,) C DY2(RY) une suite telle que

u, — u dans DYRY),
V(u, —u)|* = p dans M(RY),
¥~ v dans M(RY),
u, — u p.p. dans RN

[

et on définit

lhoo := lim lim |Vun|?, Voo := lim lim [, 2
R—o00 n—oo |z|>R R—o00 n—oo |z|>R

On a alors
P < Sl
- Vgc/>2 S S_l/J“OO7
= 1im [|Vu,|l5 = [[Vull3 + [l + too

n—oo

—_— 9% 2%
— lim ||uy |3 = |Jul5- + ||7]] + Voo-

n—oo

En outre, siu = 0 et |[v]|*? = S7Y|\ul|, alors u et v sont concerntrées en un seul
point.
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6.4 Lemme de Brézis-Lieb

Théoréme 6.4.1. (Lemme de Brézis-Lieb) Soit j : C — C une fonction continue
telle que j(0) = 0 et vérifie la condition suivante :

Pour tout € > 0 suffisamment petit il existe deux fonctions continues et positives p.
et Y, telles que

(P) Va,beC, |jla+b) —j(a)] < epcla)+¢e(b).

Supposons que j satisfait [’hypotheése du dessus et soit f, = f + g, une suite de

fonctions mesurables de €2 vers C telles que :

i) gn — 0 presque partout,

i) j(f) e L,

i1) il existe une constante C' indépendante de € et n telle que [ -(gn(x))du(z) <
C < o0,

w) [Ye(f(x))du(x) < oo pour tout € > 0, o p est la mesure de Lebesgues dans
RN

Alors quand n — oo,

[ 13+ ) = o) = 51 i = 0.

Proposition 6.4.1. Les fonctionelles considérées dans les chapitres § 1, 2, 3 et 4
de la forme s — sf(x,s) ou s — F(x,s) = [ f(z,t)dt satisfont les conditions du
lemme de Brézis-Lieb ot f est une fonctionnelle de Carathéodory et vérifie pour tout
e > 0 il existe C. > 0 vérifiant

|f (@, u)| < elul” ™+ C,
uniformément en v € RY.
Preuve. Soit € > 0, alors

(@ +0)f(z,a+b) —af(z,a)l (@ +b)f(a+0) +[af(a)|

gla+bP" + Ccla+ b| +¢lal’” + C.lal
ec(p) [lal”” + (6] + elal” + 2Cc[al + C.[¥|
e [(c(p) + 1)|a”” + (2C./¢e)|al] + b + Cc[b].

ANVARRVAR VAN

Avec les mémes notations du lemme de Brézis-Lieb, on prend

pe(a) = (c(p)+1)|af” + (2C./2)|al
(b)) = elbl” + C.|b],
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D’ou la relation (P) du lemme de Brézis-Lieb. D’autre part, pour € > 0

|F(x,a+b) — F(x,a)] =

Donc

et

/a " f(a, t)dt'

a+b
/ (el + ] dt

P — | + CeJbl

IA

< %Ha—i—b
p

< Z(elp) + Do + .

p*

EC(*p) b
p

pela) = %w(p) 1)

ve(t) = 2y

* p*+C€‘b|
p
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