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ivModèle hydrostatique pour les éoulements à surfae libretridimensionnels et shémas numériques.Résumé : Cette thèse a pour objetif l'approfondissement de l'étudedes équations régissant les éoulements à surfae libre en dimension trois.Nous proposons d'une part une nouvelle formulation variationnelle du pro-blème hydrostatique aboutissant à un problème semi-disretisé en temps bienposé. Nous en faisons l'analyse mathématique et nous montrons quelques ré-sultats numériques obtenus après programmation de l'approximation de eproblème dans le logiiel Telema-3D développé au Laboratoire Nationald'Hydraulique et Environnement (LNHE) d'edf. D'autre part, nous étudionsla réinterprétation dans le adre ALE de la méthode de disrétisation verti-ale de domaines tridimensionnels appelée transformation sigma, et nous enproposons une généralisation permettant d'améliorer la représentation desstrati�ations dans un éoulement. Finalement, nous présentons un shémaALE-MURD onservatif pour la résolution des équations de onvetion li-néaires posées sur un domaine mobile. Une ondition partiulière doit êtrevéri�ée a�n que le shéma soit onservatif lorsque le domain bouge e�etive-ment. Nous montrons omment assurer ette ontrainte dans le as partiu-lier où le domaine est tridimensionnel et ne bouge que selon la vertiale. Cerésultat est illustré dans le adre des éoulements à surfae libre en dimen-sion trois.Mots-lés : équations de Navier-Stokes à surfae libre, éoulements tridi-mensionnels, Telema-3D, modèle hydrostatique, éléments �nis, ALE, trans-formation sigma, problèmes de onvetion linéaire, shémas distribués, loisde onservation géométrique.Hydrostati model for the three-dimensional free surfae�ow problem and numerial shemes.Abstrat : This PhD thesis aims to deepen the analysis of the equationsgoverning the three-dimensional free surfae �ows. On one hand we presenta new weak formulation of the hydrostati problem leading to a well-posedtime-disrete problem. This problem is analysed mathematially and its re-solution is implemented into the Telema-3D system, developed at the La-boratoire National d'Hydraulique et Environnement (LNHE), edf. Some nu-merial results are shown. On the other hand, we study the ALE interpre-tation of the sigma transformation method for the vertial disretizationof three-dimensional domains. Espeially we propose a generalization allo-wing to improve the representation of strati�ations in a �ow. Finally, we



vintrodue an ALE-MURD sheme for the linear advetion problem posed onmoving domains. A partiular onstraint must be satis�ed for the shemeto be onservative when the domain moves. We show how to ensure thisonstraint in the partiular ase where the domain is three-dimensional andonly moves in the vertial diretion. This result is illustrated numerially inthe framework of the three-dimensional free surfae �ow problem.Key words : free-surfae Navier-Stokes equations, three-dimensional�ows, Telema-3D, hydrostati model, �nite elements, ALE, sigma transfor-mation, linear advetion problem, residual distributive shemes, geometrionservation laws.
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1.1 1
Chapitre 1Introdution1.1 Motivation et objetif de la thèseCette thèse a été proposée dans le adre d'une ollaboration entre l'Ins-titut National de Reherhe en Informatique et Automatique (INRIA) et leLaboratoire National d'Hydraulique et Environnement (LNHE). Ce dernierfait partie de la division Reherhe et Développement d'EDF. Il a notammentdéveloppé depuis 1987 un système hydro-informatique dédié aux éoulementsinompressibles à surfae libre. Initialement basé sur un modèle bidimension-nel (2D) déoulant du système de Saint-Venant, e ode, baptisé Telema etbasé sur les travaux de Hervouet et al. [50, 66℄, a plus réemment intégré unmodule résolvant le problème en dimension 3 [63℄.Suivant ette évolution, ette thèse a pour objetif l'approfondissementde l'étude des équations régissant les éoulements à surfae libre en dimension
3, parallèlement à l'amélioration de leur résolution par le ode Telema-3D.Nous nous sommes intéressés aux équations de Navier-Stokes dérivantle mouvement d'un �uide Newtonien inompressible dans un domaine tridi-mensionnel (3D) à surfae libre. Celles-i s'appliquent à un nombre inalu-lable d'éoulements. Citons par exemple les eaux des las, des rivières, desoéans, ainsi que les éoulements dans l'atmosphère. Leur étude est donindispensable dans des domaines d'appliation tels que l'environnement oula limatologie. De fait, la maîtrise de es équations est extrêment utile àla protetion de l'environnement, grâe par exemple aux études de qualitéde l'eau, à la réation et protetion des ouvrages qui interagissent ave lui(impat et stabilité des aménagements) et à la protetion de l'homme faeaux atastrophes naturelles. Elle joue en outre un r�le primordial en météoou dans la prévision des hangements limatiques.Ces équations, pour être bien onnues, n'en sont pas moins très om-plexes, en raison notamment de leur aratère instationnaire, de la mobilité



2 1 Introdutionet de l'inonnaissane a priori du domaine sur lequel elles sont posées, ainsique des phénomènes de turbulene. Elles ont fait et font toujours l'objetde reherhes soutenues en analyse mathématique théorique et numérique.Hormis pour quelques as partiuliers, l'existene de solutions régulières auxéquations de Navier-Stokes 3D n'a d'ailleurs pour l'instant jamais été dé-montrée. Soulignons ii l'importane de l'analyse mathématique détaillée deséquations régissant un problème physique, à la fois pour sa ompréhension,sa résolution, mais aussi pour le développement de nouveaux modèles plusadaptés aux besoins de l'ingénierie.La maîtrise de la méanique des �uides à surfae libre dans l'ingénierieétait initialement assurée par les maquettes et modèles physiques. Mais avel'avènement de la modélisation numérique, es outils trop oûteux et dépas-sés ne sont plus utilisés aujourd'hui que pour le alibrage et la validation desmodèles, ou pour des appliations très partiulières omme les évauateurs derues. En e�et, es 30 dernières années ont onnu le grand essor de la simula-tion numérique, grâe d'une part au progrès tehnologique (la progression dela apaité de alul et de mémoire des ordinateurs), et d'autre part au déve-loppement onsidérable des méthodes numériques en méanique des �uides.Sans oublier le r�le important joué dans et avènement par d'autres outilsessentiels omme les logiiels de visualisation et les sytèmes d'aquisition dedonnées et d'information géographique qui ont onsidérablement simpli�éet adené la position des problèmes et l'analyse des résultats. C'est l'en-semble de es raisons qui ont onduit les modèles numériques à s'imposeraujourd'hui omme un outil indispensable à la modélisation d'éoulements àl'éhelle géophysique.Cependant, les outils aessibles aujourd'hui sont enore loin d'être en-tièrement satisfaisants, et de nombreux phénomènes ne peuvent enore êtresimulés, tout partiulièrement ertains éoulements tridimensionnels à sur-fae libre. L'étude des di�érents modèles ainsi que la reherhe de nouveauxalgorithmes doivent don être poursuivies.Le ode Telema-3D résout les équations de Navier-Stokes Reynolds-averaged en dimension 3 pour les éoulements inompressibles, turbulents, àsurfae libre et ave approximation de Boussinesq, par la méthode de disréti-sation spatiale des éléments �nis. Il s'applique aux éoulements géophysiquesà surfae libre dans des géométries ompliquées. Couplé à d'autres modèlesdans le système global Telema, il s'étend au-delà de l'hydrodynamique, per-mettant le traitement de problèmes liés à l'environnement omme l'étude dela qualité de l'eau. Il a été validé par de nombreuses appliations pratiques,la plupart en hydraulique �uviale ou maritime, omme par exemple le trans-port de sédiments dans des estuaires [83, 84℄. Il est notamment onnu pour sabonne gestion des bans déouvrants et des zones sèhes, assurant la onser-



1.1 Motivation et objetif de la thèse 3vation exate de la masse d'eau.Le système présente néanmoins enore de nombreuses faiblesses et sondéveloppement doit être approfondi. Le temps de alul ainsi que la préisiondes résultats pourraient être améliorés, mais on pourrait surtout envisagerla simulation de nouveaux phénomènes, dans de nouvelles géométries.Aux premières heures de ette thèse, notre attention a été attirée sur lasupériorité du temps de alul de Telema-3D par rapport à d'autres sys-tèmes onnus résolvant les mêmes équations. Cependant, l'étude plus appro-fondie de es systèmes et de leur tehnique de disrétisation nous ont montréque ertaines simpli�ations étaient faites, qui rendent les algorithmes pluse�aes. Ainsi, un modèle basé sur la disrétisation en esalier du fond etde la surfae du domaine, et utilisant un maillage �xe, omme par exempleles modèles développés par Casulli et al. [24, 27℄ ou par Saleri, Miglio et al.[42, 97℄, gagne naturellement en simpliité et rapidité de alul. Mais il gagnedans es domaines e qu'il perd en préision (f. [54, 93℄). Signalons toutefoisque la fore de es modèles ne se résume pas à es seuls éléments : les algo-rithmes utilisés sont partiulièrement performants même indépendammentdu maillage.Un défaut du ode Telema-3D signalé par ertains utilisateurs est ladi�ulté à représenter des strati�ations, notamment les strati�ations hori-zontales dans des domaines à fond fortement variable. Ce problème est enfait lié à la transformation sigma lassique, méthode hoisie dans e odepour dé�nir le maillage ainsi que son déplaement. Nous avons proposé uneextension de ette méthode permettant d'adapter davantage le maillage auxbesoins partiuliers de haque appliation, et notamment à la simulation destrati�ations horizontales.Cette extension a mis en évidene le défaut de onservativité d'un shémade onvetion de Telema-3D lorsque la transformation sigma lassique n'estpas utilisée. Cela nous a engagés dans un travail autour des shémas numé-riques distribués pour la onvetion linéaire d'un salaire, et plus partiu-lièrement de leur appliation aux domaines mobiles. Les résultats obtenuspeuvent s'appliquer au module de onvetion du ode Telema-3D, e quinous a permis de orriger son défaut de onservativité.Nous avons don orienté notre travail dans le sens des attentes formu-lées initialement. Cependant, nos reherhes nous ont également mené dansd'autres diretions. Nous avons notamment proposé une nouvelle formulationvariationnelle du problème étudié. Celle-i permet d'obtenir, après disréti-sation en temps et division en pas frationnaires, un sous-problème bien poséouplant la vitesse horizontale du �uide et la surfae libre de l'éoulement.En e�et, e sous-problème est linéaire, symétrique et surtout oerif. Nousen avons fait l'analyse mathématique et avons mis en oeuvre sa résolutiondans le ode Telema-3D.



4 1 IntrodutionIndiquons que ertains de nos travaux ont d'ores et déjà été intégrés dansle ode Telema-3D. D'autres sont restés au stade d'étude de faisabilité etseront peut-être intégrés au système une fois optimisés.1.2 Les éoulements à surfae libre : modélisationet résolution1.2.1 Les équations fondamentales de l'hydrodynamiqueLes équations de Navier-Stokes sont en fait la forme adaptée aux �uidesde la relation fondamentale de la dynamique. Elles ont été établies par SirGabriel Stokes [133℄ en 1845, se basant en partie sur les travaux de l'ingénieurHenri Navier [104℄ datés de 1823, près de deux sièles après la publiationdes travaux de Newton en 1687. Elles dérivent tout éoulement de �uidedans un domaine tridimensionnel à travers sa vitesse U(x, y, z, t), sa densité
ρ(x, y, z, t) et sa pression p(x, y, z, t), ainsi que le domaine Ω(t) dans lequelil se meut. Elles sont posées à tout instant t sur Ω(t) et s'érivent :

d ( ρU )

dt
− div (σT ) = ρf + ρ g,

∂ρ

∂t
+ div ( ρU ) = 0,

(1.1)où σT désigne le tenseur des ontraintes, f(x, y, z, t) la somme des foresextérieures pouvant s'appliquer sur le �uide, et g = (0, 0,−g) la gravité.Dans le as des éoulements à surfae libre, le domaine Ω(t) varie e�eti-vement en fontion du temps, et ette variation fait partie des inonnues duproblème, e qui omme nous le verrons omplique onsidérablement l'étudeet la résolution de e dernier.1.2.2 Prinipaux modèlesA�n de simpli�er les équations de l'hydrodynamique à surfae libre, di-verses approximations ont été proposées. Nous ne présentons ii que les troisd'entre elles qui sont le plus souvent utilisées.Les variations de densité sont relativement faibles dans les milieux aqueuxnaturels. L'approximation de Boussinesq (f. [130℄) onsiste alors à négligerleur e�et sur la masse du �uide, mais à tenir ompte de leur in�uene sur lafore de pesanteur appliquée au �uide. Cette approximation permet de sup-poser la densité onstante dans l'équation de ontinuité, et don de onsidérerun éoulement inompressible.



1.2 Les éoulements à surfae libre : modélisation et résolution 5Pour failiter le traitement de la turbulene, les équations de Navier-Stokes peuvent être moyennées en temps : e sont les équations dont l'appel-lation anglaise est Reynolds-averaged Navier Stokes (RANS) [118℄. L'e�et des�utuations turbulentes sur l'éoulement moyenné est alors pris en omptepar des modèles de turbulene (f. par exemple [140℄).En�n, l'approximation hydrostatique onsiste à négliger les aélérationsde la vitesse vertiale, ainsi que la di�usion et le terme soure dans l'équationde quantité de mouvement sur w, si bien que ette équation se réduit à :
∂p

∂z
= − ρg . (1.2)La pression est alors onsidérée hydrostatique, 'est-à-dire qu'elle ne variesur la vertiale qu'en fontion du poids de la olonne d'eau. Typiquement,ette hypothèse est appliquée dans les milieux peu profonds, pour des éou-lements dont la longueur d'onde est grande par rapport à la profondeur.Ces approximations ont permis la dérivation de modèles simpli�és, plusaessibles à la résolution, mais dont l'analyse mathématique n'est pas,notons-le, d'autant plus aisée.Les modèles bidimensionnels existants sont le plus souvent basés sur lesystème de Saint-Venant, dont l'appellation anglaise est shallow water equa-tions, de par son appliation aux éoulements en eaux peu profondes. Cesystème, introduit de manière indépendante en 1871 par Jean-Claude Barréde Saint-Venant, peut être vu omme une intégration sur la vertiale deséquations de Navier-Stokes tridimensionnelles ave hypothèse hydrostatiqueet approximation de Boussinesq. Cependant, l'existene de termes non li-néaires oblige à quelques hypothèses et approximations supplémentaires. Ils'agit dans tous les as d'un système 2D portant sur la hauteur d'eau et lavitesse horizontale moyennée sur la vertiale. L'intérêt majeur du systèmede Saint-Venant est de permettre d'aborder des problèmes de physique 3Det instationnaires par un système posé sur un domaine 2D et invariant entemps. Sa validité expérimentale et sa robustesse reonnues, ainsi que lagrande quantité de méthodes numériques e�aes développées en font, au-jourd'hui enore, le modèle le plus utilisé en méanique des �uides à surfaelibre. Cependant, son domaine de validité reste limité aux éoulements enmilieux peu profonds à faible variation de la bathymétrie, à faible aéléra-tion de la vitesse vertiale, à visosité et oe�ient de frottement égalementfaibles, et dont le gradient de surfae libre reste borné (f. par exemple l'étudeasymptotique du système de Saint-Venant e�etuée par Perthame et Gerbeaudans [110℄). Notons également que le système de Saint-Venant implique uneperte d'information de par l'utilisation d'une vitesse moyennée. La liste desréférenes sur le sujet étant in�niment longue, nous n'indiquons ii que lestravaux réents de Audusse [7℄, où de nombreuses référenes pourront être



6 1 Introdutiontrouvées. Notons que le système Telema omprend un module 2D qui résoutle système de Saint-Venant. Il en est de même pour le ode industriel TRIMet sa version pour maillages non struturés UNTRIM, développés par Casulliet al. [24, 27℄, et largement utilisés pour des études d'ingénierie notammentdans des régions �tières ave e�et de marée.L'un des premiers modèles numériques tridimensionnels pour les éoule-ments à surfae libre a été développé à partir de 1970 [33℄.Il existe un type de modèle 3D bien établi, basé sur e qu'on appellesouvent les équations de Saint-Venant tridimensionnelles. Celles-i dériventdes équations de Navier-Stokes ave hypothèse hydrostatique et approxima-tion de Boussinesq. L'équation de ontinuité est intégrée sur la vertiale,permettant d'obtenir une équation supplémentaire sur la variable surfaelibre. L'équation de ontinuité tridimensionnelle est toutefois onservée dansle système : elle permet de oupler les omposantes horizontale et vertialede la vitesse. Remarquons que ette manipulation sous-entend que la surfaelibre est une fontion univoque, qu'elle est don dé�nie de façon unique surun domaine bidimensionnel. Cei représente une approximation supplémen-taire, puisque l'on renontre dans la nature des éoulements ne véri�ant pasette hypothèse, omme par exemple les vagues déferlantes.Dans leur version pour �uide Newtonien à densité onstante, les équa-tions de Saint-Venant tridimensionnelles portent sur la vitesse horizontale
u(x, y, z, t), la surfae libre η(x, y, t) et la vitesse vertiale w(x, y, z, t) du�uide. Elles sont posées à tout instant t sur un domaine Ω(t) dérit par lavariable surfae libre η(x, y, t) et par le fond b(x, y), supposé onstant :

∂u

∂t
+ U · ∇u − div (ν∇u) + g∇2η = fhor , (1.3)
∂η

∂t
+

∂

∂x

∫ η

b
u dz +

∂

∂y

∫ η

b
u dz = 0 , (1.4)div2 u +
∂w

∂z
= 0 , (1.5)où fhor désigne le terme soure horizontal et ∇2, div2 sont les opérateursde gradient et divergene horizontaux.Les modèles basés sur es équations (voir par exemple Heaps [62℄, Casulliet al. [25℄, Miglio, Saleri et al. [42℄, ainsi que Hervouet [66℄), que nous appel-lerons dans toute la suite modèles hydrostatiques 3D, sont plus rihes queles modèles 2D type Saint-Venant, puisqu'ils donnent un pro�l vertial dela vitesse horizontale et permettent de aluler la vitesse vertiale. De plus,ils permettent de tenir ompte de façon naturelle des onditions limites aufond et à la surfae, et de simuler ertains e�ets 3D omme les strati�ations



1.2 Les éoulements à surfae libre : modélisation et résolution 7et les reirulations vertiales. Cependant, de par l'approximation hydrosta-tique, leur domaine de validité est également limité aux éoulements en eaupeu profonde et à faible aélération de la vitesse vertiale, dans lesquels lesgradients de pression et de fond restent faibles.L'utilisation de modèles hydrostatiques tridimensionnels dans l'ingénierieest longtemps restée limitée à ause de leur besoin élevé en temps de alul. Ilssont pourtant désormais très utilisés, et appliqués dans des situations allantau-delà même des limites de leur domaine de validité. La plupart des logi-iels utilisant e modèle ont été développés par extension d'un modèle bidi-mensionnel de type Saint-Venant, a�n de dérire des e�ets tridimensionnels.Nous pouvons iter les modèles oéanographiques POM [19℄ et ROMS [123℄,ainsi que les odes industriels Delft3D-Flow [38℄ et ADCIRC [81℄, dédiés auxoéans, aux milieux �tiers et aux estuaires. Notons que les odes industrielstridimensionnels (UN)TRIM-3D [24, 27℄ et Telema-3D [63℄ étaient initiale-ment basés sur le modèle hydrostatique et en proposent toujours l'utilisation.De nombreux auteurs ont également travaillé sur la résolution omplètedes équations de Navier-Stokes à surfae libre, 'est-à-dire sans supposer lapression hydrostatique.En 1995, Casulli et Stelling présentent dans [26℄ le premier algorithmeomplet pour la résolution de es équations. Ils proposent pour ela unedéomposition de la pression p en partie hydrostatique ph et orretion dy-namique pd : p = ph + pd. Cette déomposition permet de faire apparaîtreexpliitement la variable surfae libre. Les modèles basés sur ette idée sontsouvent appelés quasihydrostatiques, et peuvent être onsidérés omme uneextension des modèles hydrostatiques 3D présentés préédemment : ils om-prennent une étape hydrostatique, dans laquelle sont résolues les équationsde Saint-Venant tridimensionnelles a�n de aluler la surfae libre, ainsiqu'une étape nonhydrostatique, dans laquelle les vitesses sont orrigées parla pression dynamique a�n d'assurer l'équation de ontinuité. Les équationsde Navier-Stokes inompressibles s'érivent alors omme suit à tout instant
t sur un domaine Ω(t) dérit par la variable surfae libre η(x, y, t) et par lefond b(x, y), supposé onstant :

∂u

∂t
+ U · ∇u − div (ν∇u) + g∇2η + ∇pd = fhor , (1.6)

∂w

∂t
+ U · ∇w − div (ν∇w) + ∇pd = fz , (1.7)
∂η

∂t
+

∂

∂x

∫ η

b
u dz +

∂
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∫ η

b
u dz = 0 , (1.8)div2 u +
∂w

∂z
= 0 , (1.9)



8 1 Introdutionoù u et w sont les omposantes horizontale et vertiale de la vitesse et fz leterme soure vertial. Mahadevan et al. [82℄ ont développé un modèle oéano-graphique nonhydrostatique basé sur ette approhe. Ils ont de plus démontréque le problème nonhydrostatique est bien posé, et qu'il permet de traiter lesonditions limites physiques. Plusieurs modèles quasihydrostatiques 3D ontété developpés : itons par exemple les travaux de Miglio, Saleri et al. [97℄ainqi que Koyigit et al. [77℄, et le modèle 2D vertial de Zhou et Stansby[144℄. Le ode Telema-3D propose depuis 1998 la résolution des équationsnonhydrostatiques ave déomposition de la pression (voir Jankowski [75℄),de même que le système (UN)TRIM-3D [28℄.D'autres approhes ont été développées pour traiter le problème des éou-lements tridimensionnels à surfae libre, notamment dans des as partiu-liers. Le mouvement du domaine est alors établi indépendamment de la réso-lution des équations de Navier-Stokes 3D, grâe à des méthodes très variées.Nous en détaillerons ertaines plus loin dans ette introdution. Citons enpartiulier Yost [142℄, Maury [89℄, Hodges [69℄, ainsi que les travaux plusréents de Namin et al. [103℄ et Yuan et al. [141℄.Les modèles nonhydrostatiques permettent de traiter les éoulementsauxquels l'approximation hydrostatique ne s'applique pas. Cei à ause d'unfort gradient de surfae libre ou de fond, ou de petites longueurs d'onde.Ils prennent en ompte des phénomènes 3D plus variés, omme les mouve-ments orbitaux, les reirulations vertiales intensives, les éoulements au-tour d'obstales, dans lesquels la pression est fortement nonhydrostatique.De nouveaux modèles sont néanmoins reherhés. Un modèle intermé-diaire entre Saint-Venant et Navier-Stokes 3D a par exemple été développésous le nom demodèle Saint-Venant multi-ouhes. Le domaine tridimension-nel est déomposé en plusieurs ouhes, dont l'interfae est alulée grâe àla résolution du système de Saint-Venant sur haune de es ouhes. Cetterésolution permet également d'obtenir une vitesse horizontale moyennée parouhe. Plusieures approhes existent, notamment elle de Audusse [8℄. Desinteromparaisons entre les résultats fournis par e modèle et eux fournispar le modèle hydrostatique 3D de Telema3D ont été réalisées par Bristeauet al. dans [9℄.1.2.3 Aperçu des prinipales méthodes numériquesTrois méthodes d'approximation basées sur la onstrution de maillagessont le plus souvent utilisées en méanique des �uides. La plus anienneest elle des di�érenes �nies. Elle s'avère très simple et e�ae, permet-tant la onstrution de shémas peu oûteux. Cependant, elle n'est utilisablequ'ave des maillages struturés et ne s'applique don qu'aux problèmes po-sés sur des géométries simples. Elle pose en partiulier des problèmes quantà l'imposition des onditions limites et à la onservation de la masse. Cette



1.2 Les éoulements à surfae libre : modélisation et résolution 9méthode est notamment utilisée en oéanographie, où il n'est pas néessairede disrétiser �nement les bords latéraux du domaine, par exemple dans lesmodèles POM [19℄ et ROMS [123℄. Mais elle est également utilisée dans leslogiiels TRIM3D [24℄ et Delft-3D-Flow [38℄.La méthode des éléments �nis [113℄ et elle des volumes �nis [138℄ ontémergé peu de temps après, et leur intérêt a immédiatement été reonnupuisqu'elles sont appliables aux maillages non struturés. Elles o�rent unegrande souplesse pour disrétiser des géométries omplexes et imposer lesonditions limites. D'une part, la méthode des éléments �nis o�re un adrethéorique rigoureux et une mise en oeuvre relativement simple. Les modèleshydro- et nonhydrostatiques proposés par Miglio, Saleri et al. dans [42, 97℄pour les éoulements 3D à surfae libre sont par exemple basés sur la mé-thode des éléments �nis, de même que les travaux de Yost [142℄ et Maury [89℄.Le ode Telema est entièrement basé sur ette méthode. D'autre part, lesvolumes �nis permettent de résoudre simplement les équations sous formede bilan, et d'assurer ainsi la onservation au niveau loal des quantitésalulées. Les éléments �nis, eux, ne permettent le plus souvent de l'assurerqu'au niveau global. L'imposition des onditions limites est également parfoisfailitée par l'approhe volumes �nis. Le modèle di�érene �nies TRIM a parexemple été étendu à la méthode des volumes �nis (f. le modèle UNTRIM[27℄) a�n de permettre le traitement de maillages non struturés. Mahadevana également opté pour ette méthode dans [82℄.Aujourd'hui, la tendane est à la ombinaison de es méthodes de dis-rétisation, a�n de tirer parti des avantages de haune d'entre elles. Lesshémas distributifs [1, 34, 108℄ par exemple, qui onnaissent un fort en-gouement en méanique des �uides, sont basés sur la méthode des volumes�nis mais utilisent la struture de données des éléments �nis.Il existe ependant une alternative, plus réente, à es trois méthodesd'approximation : la méthode Smooth Partile Hydrodynamis (SPH), ini-tialement développée en astrophysique puis appliquée aux éoulements àsurfae libre [99℄. Il s'agit d'une méthode entièrement lagrangienne et sansmaillage, utilisant des partiules qui se déplaent sous l'in�uene des foresde pression, de visosité et de pesanteur. Elle permet de simuler des asomplexes, en partiulier les éoulements mixtes, le déferlement, et tous lesas où la surfae libre n'est pas univoque. De plus, elle traite ave grandepréision les fortes déformations de surfae libre. Enore peu utilisée en hy-drodynamique, elle a néanmoins été réemment appliquée à un éoulementturbulent tridimensionnel dans un anal ainsi qu'à un as de rupture de bar-rage [139℄.L'une des grandes di�ultées des éoulements qui nous oupent vientdu mouvement de la surfae libre. Plusieurs approhes existent pour le trai-tement des équations dans un domaine mobile. Il y a d'une part l'approhelagrangienne, dans laquelle le maillage est délaé à la vitesse du �uide. Elle



10 1 Introdutionpermet de représenter de manière préise la surfae libre et d'y imposer fa-ilement les onditions limites, mais sa mise en oeuvre est ompliquée et sonoût élevé. De plus, pour de larges distorsions dans l'éoulement les élémentsdu maillage peuvent devenir singuliers.L'approhe eulérienne traite au ontraire le problème dans un maillage�xe. Cette approhe est plus simple puisqu'elle ne néessite pas de remaillageet que le problème des éléments déformés ne se pose pas. Cependant, il estdi�ile de suivre la surfae libre de façon préise ave e type de maillages etd'appliquer les onditions limites naturelles. Cette approhe est par exempleappliquée aux éoulements à surfae libre dans [102℄ et dans les travauxde Miglio, Saleri et al. [42, 97℄, ainsi que dans les systèmes TRIM-3D etUNTRIM-3D [24, 27℄.Une nouvelle approhe a été introduite en 1971 : la formulation ArbitraryLagrangian Eulerian (ALE) [67℄. Elle onsiste à déplaer le maillage à unevitesse arbitraire, di�érente du �uide, permettant ainsi un réarrangementontinu des mailles. De plus, e formalisme rend la mise à jour du maillagetotalement impliite et permet de s'a�ranhir de l'interpolation des variablesà haque pas de temps sur le nouveau maillage. La formulation ALE permetégalement de disrétiser plus failement les dérivées partielles en temps. Ellea été appliquée aux éoulements à surfae libre par de nombreux auteurs,omme par exemple Huerta et Liu [70℄, Maury [89℄, Soulaïmani et al. [129℄et Cairnross et al. [23℄. La transformation sigma est une forme simple deméthode ALE [66, 144, 77℄, qui onsiste à déplaer le maillage uniquementselon la vertiale, en suivant la forme et les mouvement du fond et de lasurfae libre du domaine. L'utilisation de ette méthode est très répandue,notamment en oéanographie et en limatologie (f. les modèles POM [19℄ etROMS [123℄), son rapport ave le formalisme ALE reste néanmoins enorepeu onnu. Elle assure la représentation préise et ontinue de la surfaelibre et du fond, simpli�e la presription des onditions limites et permetd'inorporer failement des ouhes limites. Cependant, les formes lassiquesde la transformation sigma, dont l'une est utilisée dans le ode Telema-3D,limitent le hoix de la disrétisation vertiale du domaine et peuvent en-traîner des erreurs graves. Notons que la première partie de ette thèse estonsarée à la desription détaillée du formalisme ALE et de son appliationen éléments �nis, à l'extension d'un type partiulier de shémas onvetifsaux domaines variables grâe au formalisme ALE, ainsi qu'au développementd'une forme plus générale de la transformation sigma pour les odes à sur-fae libre.Mais la di�ulté des éoulements à surfae libre ne se limite pas au simplemouvement du domaine. Celui-i est en fait lui-même une inonnue du pro-blème puisqu'il est dé�ni à haque instant par la position de la surfae libre.Plusieurs tehniques ont été développées pour surmonter ette di�ulté sup-plémentaire. Les modèles 3D hydrostatiques et quasihydrostatiques utilisent



1.2 Les éoulements à surfae libre : modélisation et résolution 11e qu'on appelle le suivi de surfae (surfae traking). Les équations réso-lues font intervenir de façon expliite la variable surfae libre, soit à traversune équation 2D obtenue par intégration sur la vertiale de l'équation deontinuité, soit à travers la ondition limite inématique à la surfae libre.Cette tehnique permet d'approher de façon préise la surfae libre, maiselle sous-entend que elle-i est une fontion univoque. Le suivi de surfaeest également appliqué dans les modèles proposés par Yost [142℄,Hodges [69℄et Yuan [141℄. Notons que dans [89℄, Maury utilise la méthode des aratéris-tiques pour résoudre la ondition inématique à la surfae libre, mais elle-in'est dé�nie de façon univoque qu'au voisinage de haque point.Une alternative à ette méthode onsiste à suivre plut�t le volume de�uide, d'où son appellation anglaise �uid volume traking. Il existe aujour-d'hui deux variantes de ette méthode. D'une part, la méthode MAC (Markerand Cell [61℄) onsiste à suivre le domaine grâe à des partiules sans massese déplaçant à la vitesse du �uide dans un maillage �xe. La position de lasurfae libre est dé�nie par la position des marqueurs dans le domaine. Leprinipal inonvénient de ette méthode est qu'elle requiert une importanteplae mémoire ar un grand nombre de partiules est néessaire pour les si-mulations. D'autre part, la méthode VOF (Volume of Fluid [68℄) onsiste àajouter une inonnue φ au système, valant un ou zéro selon la présene oul'absene de �uide dans haque élément du maillage, ainsi qu'une équationaratérisant le transport de ette fontion par la vitesse du �uide U ,
∂φ

∂t
+ U · ∇φ = 0 . (1.10)La résolution de ette équation exige la mise au point de shémas numériquesparfaitement onservatifs, monotones et à di�usion numérique très limitée.Cette méthode est largement répandue (f. ar exemple [101, 86℄), ar elle esttrès robuste et permet de représenter une surfae libre non-univoque et desfortes déformations. Mais elle fournit une représentation de la surfae libremoins préise que les méthodes de suivi de surfae, et elle pose des di�ultésquant à l'imposition des onditions limites. Notons qu'il existe des méthodesmixtes.En e qui onerne la résolution proprement dite des équations de Navier-Stokes, plusieurs hoix se présentent. Le shéma en temps établit tout d'abordle traitement impliite ou expliite de haun des termes, permettant parexemple de linéariser les équations. Casulli et al. ont développé un algorithmesemi-impliite en di�érenes �nies (étendu plus tard aux volumes �nis) pourla résolution des équations hydrostatiques [25℄ et nonhydrostatiques [28℄.Ils montrent que et algorithme est inonditionnellement stable. Cette ap-prohe semi-impliite a très souvent été appliquée [66, 42, 97, 144, 77℄, maisertains auteurs ont également traité le problème de façon omplètement im-pliite [103, 141℄. Le système peut ensuite être résolu de façon direte, grâe



12 1 Introdutionà des solveurs non-linéaires et itératifs [70, 142, 103℄, ou en utilisant plu-t�t une approhe déouplée. Cette approhe onsiste à résoudre le problèmeen plusieurs petits sous-problèmes linéaires, en appliquant les méthodes nu-mériques les plus adaptées aux aratéristiques mathématiques de haund'entre eux. Il existe diverses méthodes permettant le déouplage des équa-tions, omme la méthode des pas frationnaires (utilisée par exemple dans[26, 42, 97, 66℄), ou les méthodes de projetion (appliquées notamment dans[69, 75℄).Nous nous permettons d'en rester à ette desription très globale desméthodes numériques existantes pour la résolution des équations de Navier-Stokes, leur desription exhaustive étant aujourd'hui presque impossible.1.3 Travail e�etuéCette thèse a tout naturellement débuté par une phase de reherhe bi-bliographique autour du problème qui nous intéresse, les éoulement à surfaelibre en dimension trois. Nous avons notamment étudié de façon détaillée lesdi�érents modèles traités par le ode Telema-3D, ainsi que les méthodes nu-mériques utilisées (f. Hervouet [66℄). Nous avons également étudié de façonapprofondie les modèles 3D développés par Casulli et al. en di�érenes �nies[25, 26℄ et en volumes �nis [27, 28℄, ainsi que eux développés par Miglio,Saleri et al. en éléments �nis [42, 97℄.Les travaux de es auteurs ont tout partiulièrement susité notre in-térêt ar leur approhe est semblable à elle adoptée par Hervouet pourles modèles 3D de Telema. Ils adoptent notamment la méthode de suivide surfae et proposent, omme Telema-3D, la résolution des modèles 3Dhydrostatique et quasihydrostatique. Ils utilisent en�n une méthode semi-impliite pour linéariser et stabiliser les équations, avant de les déouplera�n de simpli�er leur résolution. Cependant, deux éléments di�érenient esdeux modèles du ode Telema-3D : ils utilisent d'une part une approheeulérienne pour traiter le mouvement du domaine, et d'autre part la surfaelibre ainsi que le fond du domaine sont disrétisés en esalier. Dans le odeTelema-3D, au ontraire, le formalisme ALE est adopté, plus préisémentla transformation sigma, qui permet de suivre de manière très préise latopographie et le déplaement du domaine. Cei est d'une importane ex-trême ar l'approhe eulérienne simpli�e onsidérablement la mise en oeuvred'un tel modèle, et la disrétisation en esalier permet la onstrution d'al-gorithmes très performants puisque les éléments du maillage sont réguliers.Cependant, ette approhe requiert une résolution très �ne du maillage a�nde représenter de façon préise la surfae libre et le fond. De plus, elle posede sérieux problèmes quant à l'imposition des onditions limites naturelles.Notons que de nombreuses omparaisons ont été e�etuées entre des mo-



1.3 Travail e�etué 13dèles utilisant une disrétisation en esalier de la vertiale du domaine etd'autres modèles utilisant la tranformation sigma [22, 54, 88, 93℄. Celles-iont montré que les résultats obtenus ave la transformation sigma sont pluspréis. Nous pensons pour ela que l'approhe utilisée dans Telema-3D estpréférable, bien qu'elle alourdisse onsidérablement les aluls. Par ontre,l'utilisation de l'élément Raviart-Thomas [117℄ pour disrétiser la vitesse du�uide, omme ela est fait dans [42, 97℄, serait intéressante ar et élémentfailite l'imposition des onditions limites aux surfaes imperméables ainsique la onservation de la masse au niveau loal.Nous nous sommes alors intéressés de plus près à la formulation varia-tionnelle du problème hydrostatique 3D à surfae libre proposé par Miglio,Saleri et al. dans [98℄. Notons que les termes de di�usion horizontale sontnégligés dans ette formulation. Après disrétisation en temps et expliita-tion des termes de onvetion, ils obtiennent un sous-problème ouplant lavitesse horizontale du �uide et sa surfae libre. Ce problème étant non sy-métrique, l'une des ses équations est modi�ée. Les auteurs font ensuite uneanalyse mathématique du problème rendu symétrique et montrent l'existeneet l'uniité d'une solution au problème (ontinu en espae) dans le adre desproblèmes mixtes.1.3.1 Formulation variationnelle du modèle hydrostatique etanalyse du problème disrétisé en temps.Nous avons proposé une nouvelle formulation variationnelle du problèmehydrostatique. Celle-i inlut les termes de di�usion horizontale et permetnotamment, après disrétisation en temps et expliitation des termes deonvetion, d'aboutir à un problème symétrique et bien posé ouplant lavitesse horizontale et la surfae libre, sans modi�ation des équations phy-siques. Ce problème, disret en temps, sera nommé dans toute la thèse leproblème u− η, par référene à la vitesse horizontale notée u et à la surfaelibre notée η. Nous avons fait l'analyse mathématique du problème u − ηet ela nous a permis de montrer qu'il admet une solution unique. Nousavons ensuite proposé deux approximations de e problème : la premièreorrespond à un traitement essentiel de la ondition limite d'imperméabilitéaux parois latérales du domaine, l'autre orrespond au traitement naturel deette ondition limite. Ces deux approximations du problème admettent unesolution unique lorsque le oe�ient de di�usion horizontale est non négli-geable. Dans le as ontraire, il se pourrait que la véri�ation d'une onditionde type inf-sup soit néessaire à la stabilité des solutions de es problèmesdisrets. Nous avons pour e as proposé un ouple d'espaes d'éléments�nis approhant la vitesse horizontale du �uide et la surfae libre, et quigarantit la véri�ation de ette ondition. Notons que l'intérêt du problème
u− η ne se limite pas au modèle hydrostatique. Il peut également dériver de



14 1 Introdutionla disrétisation en temps du modèle quasihydrostatique pour le traitementomplet des équations de navier-Stokes 3D, puisque elui-i omprend uneétape hydrostatique.1.3.2 Nouvel algorithme hydrostatique dans le ode Telema-
3D.L'algorithme qui résout les équations du modèle hydrostatique dans leode Telema-3D, également utilisé, notons-le, pour le modèle nonhydrosta-tique, omprend la résolution d'un problème similaire au problème u−η. Ceproblème ouple également la vitesse horizontale du �uide et la surfae libre,mais il ne présente pas les mêmes propriétés mathématiques puisqu'il n'in-lut pas les termes de di�usion (qui sont traités dans une étape préalable), etque les équations sont moyennées sur la vertiale. Notons que es manipula-tions détruisent la propriété de symétrie et de oerivité du problème u− η.Nous avons don modi�é l'algorithme hydrostatique dans le ode Telema-

3D a�n de résoudre exatement le problème u− η que nous avons analysé,et nous avons mis en oeuvre sa résolution. Ce nouvel algorithme hydrosta-tique a été validé en omparant ses résultats ave la solution analytique deséquations linéaires dans un as partiulier. Il a ensuite été appliqué à denombreux as test, et les résultats obtenus on été omparés à eux fournispar la version standard de Telema-3D, 'est-à-dire en utilisant l'algorithmehydrostatique standard. Dans la grande majorité des tests réalisés, les ré-sultats fournis par l'utilisation des deux algorithmes sont quasi-identiques.Nous espérions pourtant que les résultats seraient, sinon plus préis (notrealgorithme omprend un pas frationnaire en moins, il devrait don être pluspréis en temps), du moins plus stables : en e�et, le problème ouplant lavitesse horizontale et la surfae libre dans l'algorithme standard n'est pasoerif, alors que le problème u− η disret résolu dans le nouvel algorithme,lui, l'est. Nous avons obtenu des résultats plus stables dans deux as partiu-liers, que nous présentons dans e manusrit, mais eux-i ne nous semblentpas assez probants.Ce nouvel algorithme a ependant également été motivé par la rédutiondu nombre de pas frationnaires dans la résolution des équations hydrosta-tiques, et parequ'il permet un traitement entièrement tridimensionnel duproblème à surfae libre, ouvrant ainsi la voie à l'utilisation dans le odeTelema-3D de maillages non struturés sur la vertiale.1.3.3 ALE, transformation sigma et généralisation.Comme nous l'avons indiqué au début de ette introdution, l'un desobjetifs de ette thèse a été l'amélioration de la représentation de strati�-ations par le ode Telema-3D. Des erreurs relativement graves ont en e�etété observées par ertains utilisateurs lors de simulations faisant intervenir



1.3 Travail e�etué 15des strati�ations de densité.Ce problème est intimement lié à l'utilisation de la tranformation sigmalassique [111℄ dans le ode Telema-3D. Il intervient plus généralementlorsque la densité du �uide a une forte in�uene sur l'éoulement et quele domaine de alul présente de forts gradients de bathymétrie. D'impor-tantes erreurs peuvent alors apparaître dans le alul du gradient horizontalde pression, dues à la déformation des éléments du maillage inhérente à latransformation sigma. Ce problème, que l'on appelle l'erreur de gradient hori-zontal de pression (HPG), a été étudié par de nombreux auteurs, notammenten oéanographie et en modélisation atmosphérique [51, 83, 91, 92, 125, 132℄.Etant donné que le lien entre la transformation sigma et la formulationALE reste �ou dans ertaines ommunautés, nous nous sommes tout d'aborde�orés de montrer que la première n'est qu'un as partiulier de la deuxième.Nous avons pour ela introduit l'approhe ALE-Sigma (ALES), qui est uneinterprétation ALE de la transformation sigma. Nous avons ensuite établique les variantes lassiques de la transformation sigma, puisqu'elles limitentonsidérablement le hoix de la dé�nition vertiale du maillage et de sondéplaement, empêhent de l'adapter aux besoins spéi�ques de haque si-mulation. Plus partiulièrement, elles ne permettent pas de s'a�ranhir del'erreur de HPG, ni de toutes les erreurs dues au déformement trop arudu maillage dans ertains as d'éoulements. C'est pourquoi nous avons pro-posé, grâe à l'approhe ALES, une forme bien plus générale de transforma-tion sigma. Celle-i permet d'adapter davantage la disrétisation du domainesur la vertiale. Cette transformation sigma généralisée a été mise en oeuvredans le ode Telema-3D, e qui nous a permis d'illustrer numériquementertains des avantages de son utilisation, omme par exemple l'améliorationde la représentation de strati�ations horizontales.1.3.4 Shémas onservatifs pour les équations de onvetionà domaine mobile.Un défaut de onservativité dans deux shémas de onvetion du odeTele- ma-3D a été mis en évidene par l'utilisation de la transformationsigma généralisée. Il s'agit de deux shémas MURD (Multidimensional Re-sidual Distributive sheme) bien onnus, étendus aux maillages 3D prisma-tiques et mis en oeuvre dans Telema-3D par Jean-Mar Janin [74℄ pour laonvetion linéaire de traeurs dans un hamp de vitesses à divergene nulle.Les shémas MURD, bien onnus pour leur propriétés de onservation,monotonie et stabilité, ont néanmoins été développés pour des problèmesposés sur un domaine �xe. La préservation de es propriétés sur un domainemobile n'est don pas garantie. Plusieurs auteurs ont d'ailleurs montré que lemouvement du domaine peut avoir des onséquenes négatives sur ertainsshémas numériques (voir par exemple [43, 57, 58℄). Dans ertains as, lavéri�ation d'une ondition partiulière assure la préservation de ertaines



16 1 Introdutionpropriétés omme la onservation, la stabilité ou même la préision des shé-mas. Cette ondition est mieux onnue sous le nom de loi de ConservationGéométrique (GCL).De fait, Janin a montré dans [74℄ qu'une ontrainte partiulière devaitêtre véri�ée a�n d'assurer la bonne onservation des quantités onvetéesdans les shémas MURD mis en oeuvre dans Telema-3D. Cependant, sonraisonnement est limité à l'utilisation de la transformation sigma lassique,et les shémas essent d'être onservatifs dès qu'une autre méthode ALE estutilisée.Nous avons généralisé les travaux de Janin grâe à la dérivation dansle adre ALE d'une forme générique de shémas MURD pour la résolutiondes équations de onvetion linéaires posées sur un domaine mobile. Nousavons ensuite formulé la ondition supplémentaire que es shémas doiventsatisfaire pour rester onservatifs quand le domaine bouge e�etivement.Celle-i est d'ailleurs fortement liée à la notion de GCL. Nous avons en�nonstaté que lorsque le problème est posé sur un domaine tridimensionnel quine se déplae que dans la diretion vertiale, ette ondition peut être assuréetrès simplement. Il su�t pour ela de onsidérer une vitesse de maillageonstante par pas de temps. Des résultats numériques ont été obtenus quiillustrent e résultat.Celui-i peut notamment être appliqué aux équations de onvetion li-néaires dans le adre des éoulements tridimensionnels à surfae libre endimension 3. Il nous a notamment permis de orriger le défaut de onserva-tivité dans Telema-3D.1.3.5 Estimation de paramètres dans un modèle 1D pour leséoulements sanguins dans les artères.Nous présentons �nalement en annexe de e manusrit un travail e�etuéà l'éole d'été du CEMRACS 2004, dont le thème était Mathématiques etappliation en biologie et en médeine. Il a été réalisé en ollaboration aveVinent Martin, François Clément et Jean-Frédéri Gerbeau. Il a été publiédans ESAIM Proeedings [87℄ en septembre 2005.Le but de e travail est d'identi�er ertains des paramètres d'un modèle
1D pour les éoulements sanguins dans les artères [116, 45℄. Notons qu'ils'agit d'un modèle hyperbolique très prohe du système de Saint-Venantdérit au début de ette introdution. Les paramètres du modèle permettentd'approher plus ou moins bien des on�gurations géométriques réalistesou des données expérimentales. Il est don important d'en avoir une bonneestimation.L'approhe adoptée pour l'estimation des paramètres est elle des moindresarrés non-linéaires (f. [13, 14, 15℄), basée sur l'optimisation d'une ertainefontion oût. Notons que la résolution d'un tel problème de mini- misationrequiert le alul e�ae et préis du gradient de la fontion oût par rapport



1.4 Plan de la thèse 17aux paramètres. Nous avons hoisi d'approher e gradient par la méthodede l'état adjoint.Le problème diret utilisé est une disrétisation par le shema de Taylor-Galerkin du modèle hyperbolique 1D. Notons que, suivant les onseils donnésdans [13, 14, 15℄, nous avons hoisi d'inverser le problème disret et non pasde disrétiser le problème inverse. Nous avons don dérivé (analytiquement)le problème adjoint, permettant de aluler le gradient de la fontion oût, àpartir du problème 1D disret. Remarquons que le problème adjoint est unproblème hyperbolique 1D très similaire au problème diret.De premiers résultats probants ont été obtenus pour l'estimation d'unparamètre lié aux propriétés méaniques de la paroi artérielle. Les donnéesutilisées pour ette estimation sont synthétiques. Elles ont été obtenues àpartir d'un modèle beauoup plus ra�né : un modèle 3D d'interation �uide-struture [48, 53℄. Les résultats obtenus semblent intéressants notamment dufait que le paramètre estimé est assez di�érent de sa valeur a priori.1.4 Plan de la thèsePARTIE I. Cette partie est dédiée à la formulation ALE et aux propriétésde onservation des shémas appliqués aux problèmes à domaine mobile.Au hapitre 1 nous dérivons de façon détaillée la formulation ALE etnous donnons quelques outils pour son appliation dans le adre des Elé-ments Finis. Nous introduisons également la notion de Loi de ConservationGéométrique (GCL).Au hapitre 2 est dérivée une forme générique de shémas ALE-MURDpour les équations de onvetion linéaires posées sur un domaine mobile. Laontrainte de onservation de es shémas est formulée, et il est montré queette ontrainte est failement véri�able dans le as de problèmes posés surdes domaines tridimensionnels se déplaçant uniquement selon la diretionvertiale. Une illustration numérique de e résultat est donnée.Le hapitre 3 est dédié à la desription détaillée de la transformationsigma et à sa réinterprétation omme forme partiulière de méthode ALE.Les avantages et inonvénients de ette transformation et de ses di�érentesvariantes sont exposés. Une forme très générale de e type de transformationest en�n proposée et mise en oeuvre dans le ode Telema-3D. Des tests nu-mériques sont �nalement présentés, qui montrent l'amélioration des résultatsdans deux as de simulation grâe à la transformée sigma généralisée.PARTIE II. Cette partie est onsarée au modèle hydrostatique pour leséoulements tridimensionnels à surfae libre.



18 1 IntrodutionDans le hapitre 4 nous présentons le problème des éoulements tri-dimensionnels à surfae libre, ainsi que les modèles 3D hydrostatiques etnonhydrostatiques qui seront onsidérés par la suite. Une formulation varia-tionnelle du problème hydrostatique est proposée. Celle-i est ensuite disré-tisée en temps et linéarisée ; les termes de onvetions sont traités de façonexpliite. Cei permet d'obtenir trois sous-problèmes bien distints, dont leproblème u− η.Au hapitre 5 nous analysons le problème semi-disret en temps u − η,ainsi que deux approximations de e problème. Nous proposons égalementun ouple d'éléments �nis stables pour e problème.Le hapitre 6 est onsaré à l'appliation au ode Telema-3D des travauxprésentés aux hapitres 2, 3 et 5. Nous détaillons dans une première sous-partie le nouvel algorithme hydrostatique mis en oeuvre dans le ode et nousprésentons quelques résultats. Puis nous dérivons omment les shémas deonvetion ALE-MURD présentés au hapitre 2 peuvent être appliqués dansle adre du modèle hydrostatique 3D présenté au hapitre 4, a�n que laontrainte de onservation imposée sur les domaines mobiles soit véri�ée.Nous présentons �nalement des résultats obtenus après adaptation, grâeà l'approhe ALE-MURD, des shémas de onvetion MURD préexistantsdans le ode a�n qu'ils soient onservatifs pour toute transformation ALE.Dans l'annexe A nous présentons le travail autour de l'estimation de pa-ramètres dans un modèle 1D pour les éoulements sanguins dans les artères.1.5 Conlusion et perspetivesCe travail nous a menés à travers plusieurs aspets des éoulements tri-dimensionnels à surfae libre.D'une part, nous avons proposé une nouvelle formulation variationnelledes équations régissant es éoulements. Celle-i permet d'aboutir à un sous-problème bien posé ouplant la vitesse horizontale et la surfae libre. Maisles résultats numériques obtenus après mise en oeuvre de la résolution de esous-problème dans le logiiel Telema-3D ne sont pas enore assez probants.Nous omptons don poursuivre notre travail sur e système. Il serait notam-ment intéressant de tester la disrétisation de la vitesse horizontale et de lasurfae libre par le ouple d'éléments �nis stables proposés. Nous envisa-geons également d'évaluer les onséquenes de l'expliitation du terme dedi�usion vertiale sur la stabilité des solutions du problème, ar e termen'est pas néessaire à la oerivité du problème.Nous avons d'autre part proposé une forme très générale de transfor-mation ALE-sigma pour les domaines 3D se déplaçant uniquement selon



1.5 Conlusion et perspetives 19la vertiale. Celle-i permet, davantage que la transformation sigma las-sique, d'adapter le maillage aux besoins de haque simulation, et notammentd'améliorer la représentation de strati�ations. Cette transformation est do-rénavant utilisée dans le ode Telema-3D. Il serait maintenant intéressantd'étudier de façon plus approfondie les possibilités de disrétisation vertialedu domaine o�ertes par ette nouvelle forme de tranformation ALE, ainsique leurs avantages et inonvénients dans di�érents as d'appliations.La travail e�etué autour des shémas ALE-MURD pour la onvetionlinéaire de salaires, et de leurs propriétés de onservation lorsqu'ils sont po-sés sur des domaines mobiles est, nous semble-t-il, intéressant en soi. Il nousa également permis de mettre à jour les shémas de onvetion de Telema-
3D, a�n qu'ils soient onservatifs pour tout as de transformation ALE dumaillage, tant que elle-i est uniquement vertiale.Mais notre travail ouvre également la voie à l'extension des modèles baséssur des maillages se déplaçant uniquement selon la vertiale, à l'utilisationde maillages tridimensionnels entièrement non struturés.D'une part, la résolution que nous avons proposée du sous-problème ou-plant la vitesse horizontale et la surfae libre est ompatible ave un maillagenon struturé sur la vertiale, puisqu'elle n'implique pas l'intégration surla vertiale des variables ni des termes soures. D'autre part, les shémasALE-MURD proposés dans ette thèse sont appliables aux problèmes deonvetion linéaire de salaires sur tout domaine mobile, pour toute formede déplaement du maillage. L'expression de la ontrainte de onservativitéde es shémas étant donnée dans le as général, nous pourrions envisager dela véri�er également dans le as de maillages 3D ne se déplaçant pas unique-ment selon la vertiale, autrement dit dans le as de maillages entièrementnon struturés.Cette perspetive nous semble extrêment intéressante ar elle permet-trait la prise en ompte de tout obstale tridimensionnel dans l'éoulementà surfae libre étudié.Finalement, nous aimerions également poursuivre le travail entamé au-tour de l'estimation de paramètres dans un modèle 1D pour les éoulementssanguins dans les artères. Nous pensons ependant abandonner la métho- dedu problème adjoint pour le alul du gradient de la fontion oût à minimi-ser, ar ette méthode nous a semblé trop lourde. Nous envisageons d'utiliserplut�t une méthode globale, plus faile à mettre en oeuvre, ombinée à uneméthode loale pour aélérer la onvergene de la minimisation.
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Première partieArbitrary Lagrangian EulerianFramework and ConservationProperties.





2.1 23
Chapitre 2Arbitrary Lagrangian Eulerianformulation and GeometriConservation LawsIn this hapter we aim to desribe in details the Arbitrary Lagrangian Eu-lerian (ALE) formulation and its appliation in the Finite Element Method(FEM) framework. In addition, we wish to introdue the notion of Geome-tri Conservation Law (GCL), related to the preservation of the stability andonservation properties of a sheme when posed on a moving domain.2.1 ALE formulation and �nite elements2.1.1 PrinipleThe ALE formulation is adopted in order to simplify the di�ult treat-ment of problems with moving boundaries. First introdued by Hirt et al.[67℄ in 1974, it onsists in de�ning a referene on�guration � whih is gene-rally hosen to be �xed � and a mapping that gives the orrespondene withthe real domain at eah time. The mapping an be hosen arbitrarily, but ithas to be onforming to the evolution of the domain boundaries. It de�nesan instantaneous domain veloity, whose disrete ounterpart will be the ve-loity of the mesh. Consequently, the approximation of a problem raised ona moving domain only requires the onstrution of a mesh on the refereneon�guration : the disretized ALE mapping provides, at any time, the o-ordinates of eah grid node in the real domain. That allows to swith verysimply between the referene frame and the real frame. Moreover, the par-tial time derivatives of a problem an be turned into the so-alled ALE timederivatives, that are derivatives with respet to the time at a point onstantin the referene on�guration. This is very useful beause partial time deri-vatives annot be disretized in a moving domain using the standard �nite



24 2 ALE formulation and Geometri Conservation Lawsdi�erenes approah.To illustrate this matter, let Ωt be a moving domain de�ned on a timeinterval I. For a funtion ψ(x, t) de�ned at any time t ∈ I on the domain Ωtand with values in R, the partial time derivative at x ∈ Ωt is denoted
∂ψ

∂t
=

∂ψ

∂t
(x, t) .Let us divide the interval I into N time steps of equal duration ∆t. We wouldthen like to make a �rst order disretization of the partial time derivative at

t = tn = n× ∆t, using the �nite di�erene approah. This would onsist inmaking the following approximation :
∂ψ

∂t
(x, tn) ≈ ψ(x, tn+1) − ψ(x, tn)

∆t
∀ x ∈ Ωtn . (2.1)The problem is that a point belonging to the domain at a given time mightnot belong to it anymore one time step later.Therefore, if x ∈ Ωtn , ψ(x, tn) is de�ned but ψ(x, tn+1) may not. We willsee that this problem doesn't exist in the ase of an ALE time derivative,beause it takes into aount the movement of the domain.2.1.2 NotationsWe now introdue some notations that will be used in the entire work.Let us onsider a moving domain on�guration Ωt ⊂ R

d, de�ned on a timeinterval I. In order to write the ALE formulation of a problem raised on thisdomain, a referene on�guration Ω̂ ⊂ R
d is de�ned, as well as a mapping

Ât whih at eah time t ∈ I assoiates to a point x̂ in Ω̂ a point x in Ωt. Itmeans, for eah t ∈ I, that
Ât : Ω̂ −→ Ωt, x(x̂, t) = Ât(x̂). (2.2)We shall all x̂ ∈ Ω̂ the ALE oordinate and x ∈ Ωt the spatial (or eulerian)oordinate. Throughout, Ât will be assumed to be an homeomorphism, thatis Ât ∈ C0(

¯̂
Ω) is invertible with ontinuous inverse A−1

t ∈ C0(Ω̄t). Inaddition, the appliation
t −→ x(x̂, t), x̂ ∈ Ω̂, (2.3)will be assumed to be di�erentiable almost everywhere in I.Throughout we will denote the set
{(x, t) | x ∈ Ωt, t ∈ I}by Ωt × I, whih is a slight abuse of notation sine this set is not a ylinder.Let then ψ : Ωt × I −→ R be a funtion de�ned on the Eulerian frame and

ψ̂ : Ω̂ × I −→ R the orresponding funtion on the ALE frame, de�ned as
ψ̂(x̂, t) = ψ(x, t) where x = Ât(x̂). (2.4)



2.1 ALE formulation and �nite elements 25By a lassial abuse of notation, the time derivative on the ALE frame,written in the spatial oordinate, will be denoted by the symbol ∂ψ
∂t

∣

∣

∣

x̂
. It isde�ned as follows :

∂ψ

∂t

∣

∣

∣

x̂
: Ωt × I −→ R,

∂ψ

∂t

∣

∣

∣

x̂
(x, t) =

∂ψ̂

∂t
(x̂, t) with x̂ = A−1

t (x). (2.5)Throughout, when not expliitly mentioned, all the di�erential operators( ∂
∂t
, ∇, div , . . . ) will be taken with respet to the Eulerian frame.The instantaneous domain veloity will be de�ned by

c(x, t) = ĉ(x̂, t) =
∂Ât

∂t
with x̂ = A−1

t (x), (2.6)whih an also be written, with a onvenient abuse of notation,
c(x, t) =

∂x

∂t

∣

∣

∣

x̂
. (2.7)The Jaobian matrix of Ât will be denoted by ĴtĴt =

[

∂Ât

∂x̂j

]and by Ĵt its determinant.2.1.3 The ALE time derivativeLet us now explain why, for the ALE time derivative, the disretizationproblem mentioned in setion 2.1.1 does not arise. Let us divide the interval
I into N time steps ∆t and de�ne, for every integer n ≤ N , tn = n× ∆t. A�rst order approximation of ∂ψ

∂t

∣

∣

∣

x̂
at t = tn and x ∈ Ωtn is then

∂ψ

∂t

∣

∣

∣

x̂
(x, tn) =

∂ψ̂

∂t
(x̂, tn) ≈ ψ̂(x̂, tn+1) − ψ̂(x̂, tn)

∆t
, (2.8)with x̂ = A−1

n (x).In the Eulerian frame, this approximation is equivalent to :
∂ψ

∂t

∣

∣

∣

x̂
(x, tn) ≈ ψ( Âtn+1 ◦ A−1

n (x, tn+1) , tn+1 ) − ψ(x , tn )

∆t
. (2.9)By onstrution, if x ∈ Ωtn then Âtn+1 ◦ A−1

n (x, tn+1) belongs to Ωtn+1
. Allthe terms are therefore well-de�ned.



26 2 ALE formulation and Geometri Conservation Laws2.1.4 Some standard formulaeLet ψ : Ωt × I −→ R be regular enough, the hain rule applied to thetime derivative gives :
∂ψ

∂t

∣

∣

∣

x̂
(x, t) =

∂ψ̂

∂t
(x̂, t) =

∂ψ

∂t
(x, t) + c · ∇ψ(x, t). (2.10)The Euler expansion formula (see [5℄) relates the time evolution of Ĵtto the divergene of the domain veloity �eld, aording to the followingdi�erential equation written in the ALE frame :

∂Ĵt

∂t
(A−1

t (x), t ) = Ĵt (A−1
t (x), t ) div c (2.11)and valid for any t ∈ I and x̂ ∈ Ω̂. This formula an be interpreted as anevolution law for the Jaobian determinant. We will see later on that it isstrongly related to the so-alled Geometri Conservation Laws that guaran-tee a spei� property to shemes set on moving domains.Using this formula the following relation is obtained :

d

dt

∫

Ωt

ψ(x, t) dx =

∫

Ωt

(

∂ψ

∂t

∣

∣

∣

x̂
+ ψ(x, t)div c) dx, (2.12)whih is a variant of the Reynolds transport formula.2.1.5 Funtional spaes in the ALE frameWe introdue here a general type of funtional spaes, ompatible withthe ALE mapping. They allow to de�ne funtions that depend on time andare de�ned on a moving domain.Let us onsider a spae of funtions X̂ , de�ned on the referene domain,and made of funtions ψ̂ : Ω̂ −→ R that are smooth enough. The ALEmapping then identi�es the orresponding funtion spae on the urrentdomain :

X (Ωt) =
{

ψ : Ωt × I → R, ψ(x, t) = ψ̂(A−1
t (x)), ψ̂ ∈ X̂

}

. (2.13)Note that funtions of X (Ωt) depend on time only through the ALE mapping.Indeed,
∀ψ ∈ X (Ωt)

∂ψ

∂t

∣

∣

∣

x̂
= 0. (2.14)This spae will be used to de�ne the test funtions of a problem raised on a



2.1 ALE formulation and �nite elements 27moving domain. The time dependent solutions will rather be de�ned in thefollowing funtional spae :
X (Ωt, t) =

{

ψ : Ωt × I → R, ψ(x, t) = ψ̂(A−1
t (x), t), ψ̂(·, t) ∈ X̂

}

.(2.15)In this work, the main funtional spaes we will make use of are L2(Ω) and
H1(Ω) =

{

ψ : Ω ⊂ R
d → R | ψ ∈ L2(Ω) and ∇ψ ∈

(

L2(Ω)
)d
}and The assoiated norms are, respetively,

‖ψ‖ 0,Ω =

( ∫

Ω
ψ dx

)1/2

,

‖ψ‖ 1,Ω =
(

‖ψ‖2
0,ω + ‖∇ψ‖2

0,Ω

)1/2
.We also introdue the semi-norm on H1(Ω) :

|ψ| 1,Ω = ‖∇ψ‖ 0,Ω .Now, onsider a problem whose solution de�ned on the urrent spaemust belong to H1(Ωt) at eah time t ∈ I. A funtional spae V̂ de�nedon the referene on�guration Ω̂ must be determined, suh that the time-dependent funtions in the orresponding spae V(Ωt, t) belong to H1(Ωt)at eah time t.The following proposition has been proved in [43℄ :Proposition 2.1 Assume that the mapping Ât, whih is invertible on Ω̂,satis�es the following onditions :
(i) Ωt = Ât(Ω̂) is bounded and Lipshitz ontinuous. (2.16)

(ii) Ât ∈
(

W 1,∞(Ω̂)
)d and A−1

t ∈
(

W 1,∞(Ωt)
)d
. (2.17)Then, for any funtion ψ : Ωt −→ R,

ψ ∈ H1(Ωt) if and only if ψ̂ = ψ ◦ Ât ∈ H1(Ω̂). (2.18)Throughout, we will assume the ALE mappings onsidered to satisfy ondi-tions (2.16) and (2.17). Consequently, the following properties are satis�ed



28 2 ALE formulation and Geometri Conservation Lawsby any funtion spae V̂ and its orresponding spaes V(Ωt) and V(Ωt, t) onthe urrent domain :If V̂ ⊂ L2(Ω̂) then ∀ψ ∈ V(Ωt) and ∀u ∈ V(Ωt, t),

ψ(t) ∈ L2(Ωt) and u(t) ∈ L2(Ωt) ∀t ∈ I. (2.19)If V̂ ⊂ H1(Ω̂) then ∀ψ ∈ V(Ωt) and ∀u ∈ V(Ωt, t),

ψ(t) ∈ H1(Ωt) and u(t) ∈ H1(Ωt) ∀t ∈ I. (2.20)If V̂ ⊂ H1
v (Ω̂) then ∀ψ ∈ V(Ωt) and ∀u ∈ V(Ωt, t),

ψ(t) ∈ H1
v (Ωt) and u(t) ∈ H1

v (Ωt) ∀t ∈ I. (2.21)2.1.6 Constrution of the ALE mapping and �nite elementdisretizationAs already mentioned, the ALE mapping an be hosen arbitrarily insidethe domain, but at the boundaries it has to be onforming to the motion ofthe domain. Thus, the mapping must be suh that the instantaneous domainveloity c satis�es, at eah time t ∈ I,
c · n = β · n (2.22)on impermeable boundaries � i.e., on impermeable solid boundaries and freesurfaes �, where β denotes the veloity of the �uid and n the outwardnormal to the urrent domain Ωt. In addition, on �titious liquid boundarieswith no normal movement � i.e., open boundaries whih do not move in thenormal diretion �, it must be suh that
c · n = 0 . (2.23)Throughout, we will assume that all open boundaries have no normal mo-vement. We will denote by Γimp,t the impermeable boundaries of a movingdomain Ωt, and by Γliq,t its �titious liquid boundaries.Moreover, some regularity properties might be required for the mapping,as for instane the satisfation of onditions (2.16) and (2.17).In the literature, several tehniques have been proposed to onstrut theALE mapping. For instane, one an solve a paraboli problem with zerosoure term and relations (2.22) and (2.23) as boundary ondition. We won'telaborate on the onstrution of the ontinuous mapping and we will ratherswith diretly to its disretization.



2.1 ALE formulation and �nite elements 29In order to be able to write a �nite element approximation of a problemin the ALE frame, the mapping has to be disretized. We point out that,throughout, we will only onsider Lagrangian �nite elements.A triangulation T̂h of the referene on�guration Ω̂ is �rst introdued.The union of its elements K0 forms the disrete domain, whih will be assu-med to be idential to Ω̂. We will indiate by NT the set of nodes omposingthe �nite element mesh and by x̂i, for i = 1, . . . ,NT , the oordinate of the
i-th node in T̂h.Let us now introdue the following general �nite element spae de�nedon the referene on�guration :
Fn, k(T̂h) =

{

ψ̂h : Ω̂ → R | ψ̂h ∈ C0(
¯̂
Ω), ψ̂h

∣

∣

∣

K0

◦MK0

k ∈ Pn(KR),

∀K0 ∈ T̂h

} (2.24)where Pn(KR) is the spae of polynomials of degree n de�ned on the refereneelement KR, and MK0

k ∈ Pk(KR) is a polynomial homeomorphi mappingof degree k from KR to K0. In general k ≤ n, and in partiular k is eitherequal to 1 � in the ase of an a�ne mapping � or to n � for an isoparametrimapping. It an be shown that
Fn, k(T̂h) ⊂ H1(Ω̂) . (2.25)The ALE mapping is disretized by means of funtions in the isopara-metri spae Fk, k(T̂h), for some spei� value of k. This spae is hosen forregularity onsiderations that will be disussed later. The disrete ALE map-ping will be denoted by Âh,t.For eah t ∈ I, let then Th,t be the image of T̂h by Âh,t, that is

Th,t =
{

Kt = Âh,t(K0), K0 ∈ T̂h

}

.Letting Ωh,t be the union of the elements of Th,t, we have that
Âh,t : Ω̂ −→ Ωh,t,that Ωh,t represents the disretization of the urrent domain Ωt, and that

Th,t represents a triangulation of Ωt. At eah time t ∈ I, the position xi ofthe i-th node in Th,t is then de�ned by
xi(t) = Âh,t(x̂i), for i = 1, . . . ,NT .Moreover, the disrete domain veloity ch is de�ned by
ch (x, t) = ĉh (x̂, t) =

∂Âh,t

∂t
(x, t),where x̂ = A−1

h,t (x).



30 2 ALE formulation and Geometri Conservation LawsRemark 2.1.1 Aording to this de�nition of the domain triangulation, thetopology of the mesh remains the same during the time evolution and onlythe oordinates of the mesh nodes hange. Therefore, no interpolation isrequired between eah timestep. Note that this is an important advantage ofthe ALE formulation for problems raised on a moving domain.2.1.7 Finite element spaes in the ALE frameIn this setion we present the �nite element spaes that will be used todisretize the ALE formulation of the problems studied in this work. Let usreall that we will only use Lagrangian type �nite elements and a disreteALE mapping as desribed in setion 2.1.6.If a spae of funtions X̂ de�ned on the referene on�guration Ω̂ isonsidered, it will be approximated by X̂h = Fn, k(T̂h) � de�ned by (2.24),for some arbitrary value of n and for a value k ≤ n used for all disretespaes.Remark 2.1.2 We point out that the value of the degree k will be thesame for all the �nite element spaes used to approximate a same problem.Partiularly, the ALE mapping will be disretized by means of funtions ofthe �nite element funtion spae Fk, k(T̂h) � see setion 2.1.6 � for exatlythis value of k.The orresponding disrete spae Xh(Ωh,t) on the urrent approximateddomain is then :
Xh(Ωh,t) =

{

ψh : Ωh,t × I → R, ψh(x, t) = ψ̂h(A−1
h,t(x)), ψ̂h ∈ X̂h

}

.(2.26)We will also onsider the disrete funtion spae
Xh(Ωh,t, t) =

{

ψh : Ωh,t × I → R, ψh(x, t) = ψ̂h(A−1
h,t(x), t), ψ̂h ∈ X̂h

}

.(2.27)Let Nh be the dimension of X̂h and let {ψ̂i}i=1,...,Nh
be a set of basisfuntions for this spae. Any funtion v̂h in X̂h an then be deomposed asfollows :

v̂h(x̂) =

Nh
∑

i=1

vi ψ̂i(x̂), x̂ ∈ Ω̂, (2.28)where vi is the oe�ient of v̂h assoiated to the i-th degree of freedom.



2.1 ALE formulation and �nite elements 31Clearly, the dimension of Xh(Ωh,t) is also Nh and the set of funtions
{ ψi(t) }i=1,...,Nh

de�ned by
ψi(t) = ψ̂i ◦ A−1

h,t (2.29)onstitutes a set of basis funtions of Xh(Ωh,t). Any funtion vh in Xh(Ωh,t)an then be written as
vh(x, t) =

Nh
∑

i=1

vi ψi(x, t), for x ∈ Ωh,t, t ∈ I. (2.30)Moreover, for any funtion vh in Xh(Ωh,t, t), we have that
vh(x, t) =

Nh
∑

i=1

vi(t) ψi(x, t), for x ∈ Ωh,t, t ∈ I, (2.31)with time dependent oe�ients vi(t). Thanks to relation (2.14) we may thenwrite :
∂vi

∂t

∣

∣

∣

x̂
(x, t) =

Nh
∑

i=1

dvi

dt
(t) ψi(x, t), x ∈ Ωh,t, t ∈ I. (2.32)Remark 2.1.3 We point out that these oe�ients are the same regardlessof the domain on whih the funtion is de�ned. Indeed, the orrespondingfuntion of vh(x, t) on the ALE frame � v̂h(t) = vh(t) ◦ Âh,t � an be deom-posed on the basis funtions of its de�nition spae X̂h as follows :

v̂h(x̂, t) =

Nh
∑

i=1

vi(t) ψ̂i(x̂), x̂ ∈ Ω̂. (2.33)Let us now introdue the following general �nite element spae de�nedon the triangulation Th,t of the urrent domain :
Fn, k(Th,t) =

{

ψh : Ωt × I → R | ψ ∈ C0(Ω̄t), ψ
∣

∣

∣

Kt

◦MKt
k ∈ Pn(KR),

∀Kt ∈ Th,t } , (2.34)where MKt
k an be de�ned on eah element Kt ∈ Th,t as follows :

MKt
k : KR → Kt, x(η) = MKt

k (η) =
∑

i∈NK

xi(t) φ̃i(η), (2.35)



32 2 ALE formulation and Geometri Conservation Laws
η ∈ KR and φ̃i ∈ Pk(KR).The hoie made in setion 2.1.6 of the �nite element funtion spaedisretizing the ALE mapping an now be justi�ed. Indeed, it guaranteesthat

Xh(Ωh,t) = Fn, k(Th,t), (2.36)as easily proven using the following proposition stated in [43℄.Proposition 2.2 If, at any t ∈ I, the disrete ALE mapping satis�es
Âh,t|K0

◦MK0

k = MKt
k , ∀K0 ∈ T̂h, Kt = Âh,t(K0),and

X̂h = Fn, k(T̂h),then we have that Xh(Ωh,t), de�ned in (2.26), satis�es :
Xh(Ωh,t) = Fn, k(Th,t).Finally, for the time and spae disretization of a problem in the ALEframe, we will use the following general �nite element spae de�ned on thetriangulation T n

h of the domain at any time t = tn :
Fn′, k(T n

h ) =

{

ψh : Ωn
h → R | ψ ∈ C0(Ω̄n

h), ψ
∣

∣

∣

Kn

◦MKn
k ∈ Pn′(KR)

∀Kn ∈ T n
h } . (2.37)

2.2 The linear advetion problem on moving do-mains2.2.1 Continuous problemLet I = [0, T ] be an open interval and, for eah t ∈ I, let Ωt be a timedependent domain in R
d with a smooth enough boundary. We onsider thelinear advetion equation of a salar u :

∂u

∂t
+ div (βu) = f in Ωt × I, (2.38)

u = u0 in Ωt0 at t = 0



2.2 The linear advetion problem on moving domains 33where β is a general advetion veloity, assumed to be su�iently regular and
f is a soure term. The system is losed by a suitable boundary ondition :
u is presribed at the in�ow boundaries Γin,t of the domain, i.e.

u(x, t) = uin(x, t) ∀ x ∈ Γin,t, t ∈ I, (2.39)where Γin,t is de�ned by
Γin,t = { x ∈ ∂Ωt / β · n < 0 } . (2.40)Using relation (2.10) , we obtain the ALE formulation of this problem :

∂u

∂t

∣

∣

∣

x̂
+ div (βu) − c · ∇u = f in Ωt × I, (2.41)

u = u0 in Ωt0 at t = 0,where c(x, t) is the domain veloity de�ned by the ALE mapping Ât.Let us indiate that in the ase of a divergene free advetion veloity �divβ = 0 � the advetion equation an be reformulated in the followingnon-onservative way :
∂u

∂t

∣

∣

∣

x̂
+ (β − c) · ∇u = f in Ωt × I, (2.42)

u = u0 in Ωt0 at t = 0.2.2.2 Weak ALE formulationsLet us onsider two spaes Ŷ and X̂ of funtions de�ned on the referenedomain and initially assumed to be regular enough. At eah time t ∈ I,the orresponding spaes on the urrent domain are respetively Y(Ωt) and
X (Ωt), de�ned as in (2.13). Considering a funtion ψ̂ ∈ Ŷ , we multiply the�rst equation in (2.38) by the time dependent funtion ψ(x, t) = ψ̂(A−1

t (x))de�ned in Y(Ωt) and we obtain the following weak formulation :
∫

Ωt

ψ

(

∂u

∂t
+ div (βu)

)

dx =

∫

Ωt

ψ f dx ∀ψ ∈ Y(Ωt), t ∈ I .(2.43)The time-dependent solution u(t) is sought in
X0(Ωt, t) = { ψ ∈ X (Ωt, t) | ψ(t) = uin(t) in Γin,t , t ∈ I} . (2.44)where X (Ωt, t) is de�ned by (2.15) and Γin,t denotes the in�ow boundary ofthe domain.



34 2 ALE formulation and Geometri Conservation LawsThe veloity β is assumed to satisfy || divβ ||L∞(Ωt) <∞. Consequently,we require that
∀t ∈ I, u(t) ∈ H1(Ωt) and ψ(t) ∈ L2(Ωt).Therefore we hoose

X̂ = H1(Ω̂) and Ŷ = L2(Ω̂).But sine ondition (2.39) is presribed, u will be sought inA non-onservative formulation Transforming the eulerian partial timederivative in (2.43), we obtain the following non-onservative weak ALE for-mulation of the problem :�nd u ∈ X0(Ωt, t) suh that ∀ψ ∈ Y(Ωt), ∀t ∈ I,

∫

Ωt

ψ
∂u

∂t

∣

∣

∣

x̂
dx +

∫

Ωt

ψ (div (βu) − c · ∇u) dx =

∫

Ωt

ψ f dx,(2.45)
u(x, 0) = u0(x) in Ωt0 .A onservative formulation A onservative formulation an also be ob-tained, starting again from (2.43) but using relations (2.12) and (2.14) sa-tis�ed by the test funtions. The result is the following :�nd u ∈ X0(Ωt, t) suh that ∀ψ ∈ Y(Ωt), ∀t ∈ I,

d

dt

∫

Ωt

ψ u dx+

∫

Ωt

ψ div ((β − c)u) dx =

∫

Ωt

ψ f dx, (2.46)
u(x, 0) = u0(x) in Ωt0 .For the derivation of this formulation, see for instane [43℄.This formulation is alled onservative beause the ALE term is itself ina onservative form. For any V ⊂ Ωt with su�iently smooth boundaries andsuh that V̄ ⊂ Ωt, it is then possible to derive from (2.46) , taking ψ∣∣

∣

V
= 1V ,that

d

dt

∫

V
u dx+

∫

∂V
u (β − c) · n dΓ =

∫

V
f dx ∀ t ∈ I. (2.47)



2.2 The linear advetion problem on moving domains 35This relation expresses the fat that, in absene of soure terms, the variationof u over V is only due to ontribution oming from the boundary of V . TheALE term onsists indeed of an additional �ux of u through the boundaryas a onsequene of the movement.Formulations (2.45) and (2.46) are formaly equivalent at the ontinuouslevel. But we will see that their disrete ounterparts are di�erent, and thedisrete system arising from (2.45) may not preserve the onservation pro-perty just mentioned.2.2.3 Semi-disrete ALE formulationsIn this setion, the spae disretization of both weak ALE formulationsare derived, using the �nite element spaes introdued in setions 2.1.6 and2.1.7.First, a triangulation T̂h of the referene on�guration Ω̂ is de�ned. Threedegrees k, n and n′ are then hosen in order to determine the �nite elementfuntion spaes
X̂h = Fn, k(T̂h) and Ŷh = Fn′, k(T̂h) ,de�ned by (2.24) and approximating X̂ = H1(Ω̂) and Ŷ = L2(Ω̂). The ALEmapping is disretized by funtions in Fk, k(T̂h) as desribed in setion 2.1.6,determining the triangulation Th,t of the urrent domain Ωt and thus its ap-proximation Ωh,t.The disrete ALE mapping then identi�es the disrete spaes orrespon-ding to X̂h and Ŷh on the urrent domain, whih aording to (2.36) are

Xh(Ωh,t) = Fn, k(Th,t) and Yh(Ωh,t) = Fn, k(Th,t).These disrete funtional spaes will approximate respetively X (Ωt) and
Y(Ωt). The solution u will be approximated in
Xh,0(Ωh,t, t) = { ψh ∈ Xh(Ωh,t, t) | ψh(t) = uh,in(t) in Γh,in , t ∈ I} ,(2.48)where X (Ωt, t) is de�ned by (2.27). The two following semi-disrete weakALE formulations are obtained :Semi-disrete non-onservative formulation :�nd uh ∈ Xh,0(Ωh,t, t) suh that ∀ψh ∈ Yh(Ωh,t) and ∀ t ∈ I,
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∫

Ωh,t

ψh
∂uh

∂t

∣

∣

∣

x̂
dx +

∫

Ωh,t

ψh ( div (βuh) − ch · ∇uh) dx

=

∫

Ωh,t

fhψh dx ,

uh(x, 0) = uh,0(x) in Ωh,0,

(2.49)
fh being a suitable disretization of the soure term.semi-disrete onservative formulation :�nd uh ∈ Xh,0(Ωh,t, t) suh that ∀ψh ∈ Yh(Ωh,t) and ∀ t ∈ I,































d

dt

∫

Ωh,t

uhψh dx +

∫

Ωh,t

ψh div ((β − ch) uh) dx

=

∫

Ωh,t

fhψh dx ,

uh(x, 0) = uh,0(x) in Ωh,0.

(2.50)
2.3 Conservation and stability properties of the spae-time disretizationAs already announed, a numerial sheme deriving from the non-onservativeformulation of the advetion problem doesn't automatially preserve theonservation property desribed in the previous setion, whereas the onser-vative formulation does. But there is another property of the ontinuousproblem that should be preserved at the disrete level.Let us onsider the partiular ase where the advetion veloity β isassumed to be divergene free, i.e.divβ = 0 in Ωt, t ∈ I. (2.51)In this ase, the ontinuous problem an be written as in (2.42) and admitsonstant solutions whenever the soure term f is zero. We observe that anynumerial sheme deriving from the semi-disrete non-onservative formula-tion (2.49), preserves this property independently of the time disretization.On the ontrary, it is not automatially preserved by a sheme derivingfrom the semi-disrete onservative formulation (2.50). Note however thatthis only holds for advetion problems raised on moving domains. Indeed, if
ch = 0, any numerial sheme admits onstant solutions.



2.3 Conservation and stability properties of the spae-time disretization37Throughout, we will refer to the ability of a numerial sheme to admitonstant solutions whenever the ontinuous problem does as the onstanypreservation property. The ondition for a numerial sheme set on a movingdomain to verify this property is alled the Geometri Conservation Law(GCL). We will next desribe this notion more preisely.In summary, on moving domains, the onservative formulation ensuresa orret onservation of the adveted quantity at the disrete level, whe-reas the non-onservative formulation ensures the onstany preservationproperty.2.3.1 The Geometri Conservation LawThe notion of GCL has initially been widely investigated in the fra-mework of the �nite di�erene and �nite volume methods applied to �uiddynami problems, see in partiular [143, 80, 58℄. The aim of these laws isto guarantee that a disrete sheme respets the onservation of geometriquantities as the ontinuous problem does. Indeed, the domain movementan a�et in a negative way the solution of a disrete sheme arising from anALE formulation, ausing a loss of the onservation properties and possibleresulting instabilities. As already mentioned, the GCL is generally de�nedas the apability of an ALE numerial sheme to represent a onstant solu-tion. In [58℄ Guillard and Farhat prove that satisfying the GCL is a su�ientondition for a partiular numerial sheme to be onsistent on moving grids.More generally, these authors laim that a higher auray is obtained withshemes satisfying the GCL ompared to shemes that violate it.This notion has been extended to the �nite element method by Formag-gia and Nobile in [43℄. They establish a lear link between the ful�lment ofthese laws and the degree of exatness of the time advaning sheme. Fur-thermore, they prove that the GCL provides a su�ient ondition for theunonditional stability of the bakward Euler sheme, when applied to thelinear advetion di�usion problem with divergene free veloity.The work has been arried on, leading to further haraterizations ofthe GCL. In [52℄, Gerbeau et al. studied an ALE formulation of a magne-tohydrodynami (MHD) �ow problem with a moving interfae. The disretemass onservation and the global energy inequality of the numerial shemeproposed are ensured under two onditions, whih are strongly related to theGCL.However, in [57℄, it is proven that the GCL is neither a neessary nora su�ient ondition for an ALE numerial sheme to preserve on movinggrids its order of time-auray established on �xed grids. Finally, Formaggiaand Nobile analysed more widely the linear advetion di�usion problem in



38 2 ALE formulation and Geometri Conservation Laws[47℄, and they reahed the same onlusions. The time auray of the nume-rial shemes an be preserved irrespetively of the satisfation of the GCL,provided that the domain movement is suitably interpolated. Moreover, theyhave shown that, exept in the ase of the Euler bakward sheme, the GCLdoes not guarantee for unonditional numerial stability.2.3.2 The GCL in this workIn the next hapter we will present a numerial sheme for the linear ad-vetion problem with divergene-free veloity, derived from the non-onservativeALE formulation (2.45). We will show that this sheme requires the veri�a-tion of a partiular onstraint to ensure a good onservation of the advetedquantity when the domain moves. The interesting feature is that the expres-sion of this onstraint is strongly related to the expression of the GCL forthe bakward Euler sheme applied to the linear advetion di�usion problemwith divergene free veloity derived in [43℄. We an therefore onlude that,for some numerial shemes, a partiular disrete relation must be satis�edto ensure both the onservation and the onstany preservation properties.With this work, we aim in partiular to ontribute to the understandingof the notion of onserving the geometri quantities on moving domains.
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Chapitre 3A onservativemultidimensional upwindresidual distributive sheme forthe linear advetion problemon moving domains3.1 IntrodutionIn this hapter we introdue a numerial sheme for the resolution ofthe linear advetion problem set on a moving domain. The requirements forthis sheme were a high auray and stability of the solution, as well as themonotoniity- and onservation of the adveted quantity.The idea was to use the Multidimensional Upwind Residual Distributive(MURD) approah, well-known for its ability to satisfy the properties justmentioned. However, the shemes based on this approah have been develo-ped for problems de�ned on �xed domains, and their extension to movingdomains is not yet well-established. Now, in setion 2.3, we have explainedhow the domain movement an a�et numerial shemes in a negative way.Indeed, it has been proven by several authors � see for instane [43, 57, 58℄ �that some shemes su�er from a loss of their auray, stability or onserva-tion properties when applied to a problem set on a moving domain. In er-tain ases, the satisfation of a partiular ondition � the so-alled GeometriConservation Law (GCL) � ensures the preservation of these properties.Therefore, partiular are must be taken when applying a MURD shemeto a problem set on a domain with moving boundaries, sine some of the pro-perties it satis�es on a �xed domain may be lost. In [74℄, Janin proposed theappliation of two widely-used MURD shemes to the advetion of an ative



40 3 A onservative MURD sheme for the linear advetion problem onmoving domainstraer driven by a three-dimensional free-surfae �ow. Both shemes werederived for the partiular ase where the �ow and the traer are omputedby the Telema-3D system (see [66℄), developed at the LNHE, EDF R&D.The author showed that a partiular onstraint must be satis�ed to ensurethe aurate onservation of the traer quantity.Our aim is to generalize this result and reformulate it in the ALE frame.In partiular, we are interested in relating the additional onditions a MURDsheme must satisfy when applied to a problem set on a moving domain tothe onept of the GCL. For this purpose we derive a generi form of MURDshemes for the linear advetion problem with moving boundaries formulatedin the ALE frame. Note that these shemes approximate the non-onservativeform of the advetion equation. We will refer to this lass of shemes as ALE-MURD shemes for the linear advetion problem in non-onservative form.After introduing more widely the upwind residual distribution approah,the bases of the ALE-MURD shemes we propose are derived from a non-onservative ALE formulation of the ontinuous advetion problem withdivergene-free advetion veloity. Then, it is shown that the properties ensu-red by the orresponding residual distributive shemes set on �xed domainsare not altered by the domain movement, exept for the onservation of theadveted quantity. Thus, we formulate the additional ondition the ALE-MURD shemes proposed must satisfy to be onservative when the domainmoves. The strong relation between this onservation onstraint and theGCL is disussed. Finally, a onservative advetion ALE-MURD sheme isproposed for the partiular framework of three-dimensional domains movingin the vertial diretion only.3.2 The Multidimensional Upwind Residual Distri-butive (MURD) shemesIt is now well established that for hyperboli systems of onservationlaws, upwind methods outperform other spae disretizations in terms ofauray, ontrol of osillations near disontinuities and rate of onvergeneto steady state. Traditionally assoiated to the �nite volume method, thisonept has also found its way into the �nite element framework. In par-tiular, the Streamline Upwind Petrov-Galerkin (SUPG) method [71℄ wasdeveloped, based on the modi�ation of the weighting funtions in order tostabilize the standard Galerkin method. This approah onsiderably reduesthe numerial di�usion with respet to the lassial upwind methods, but itis still not optimal beause it doesn't preserve the monotoni property of anadveted quantity. This means that the method does not prevent the reationof new extrema on the solution nor the ampli�ation of existing extrema. Atypial onsequene of the lak of monotoniity of a numerial sheme is thepossible appearing of �undershoots or overshoots� relative to the amplitude



3.2 The Multidimensional Upwind Residual Distributive shemes 41of the initial distribution when attempting to represent a disontinuity.Upwind Residual Distributive shemes � also alled Flutuation Splittingshemes � have emerged as an attrative alternative to the lassial �nite vo-lume and �nite element upwind methods.The Residual Distribution approah was pioneered by Ni in [105℄. Heproposed a �rst sheme whih was further developed by Morton et al. [100℄and has strong similarities with the Finite Element SUPG sheme on bilinearquadrilaterals. In 1982, Roe [119℄ introdued a Residual Distribution frame-work in an upwind ontext under the name of Flutuation Splitting method.A �rst sheme [114℄, developed for quadrilateral ells, was followed by thedevelopment of multidimensional upwind shemes for unstrutured meshesby a long list of authors. We an note Roe, Deonink, Paillère, Sidilkoverand Struijs (see for instane [34, 106, 108, 134℄), as well as Abgrall [2, 3℄.These shemes present a number of attrative features � suh as lower ross-di�usion due to multidimensional upwinding �, but their main advantageis that they an be made monotoni by design. First developed for salaradvetion equations � see [107℄ for a review of the existing salar advetionshemes in 2 and 3 dimensions �, Flutuation Splitting shemes have thenbeen extended to systems of onservation laws (see for instane [1℄ and [35℄).The residual distributive shemes are based on the �nite volume me-thod but they use a �nite element data struture. Indeed, the unknownsare de�ned at the verties of linear mesh elements and are approximated byontinuous �nite-dimension funtions. The method onsists in omputing,for eah element of the mesh, the residual (or �utuation) within eah timestep � i.e. the soure term for the loal inrement of the unknown. It is thenoptimally distributed over the verties of the element with weighting oe�-ients summing up to unity for onsisteny. These nodal loal residuals are�nally assembled in order to retrieve a global inrement at eah node.There are several ways to perform the optimal distribution of the residualinside an element. A signi�ant advantage of the approah lies in the fatthat the di�erent properties required for the numerial sheme an easily beexpressed. The distribution funtion is then hosen suh that the onditionsimposed by these properties are satis�ed.MURD shemes are multidimensionally upwind Flutuation Splittingshemes, in the sense that the residual is distributed to downstream nodesonly. High-order, monotoni and shok-apturing advetion shemes havebeen designed using the MURD approah, with partiular onern for theminimization of ross-di�usion.The properties required for the lass of MURD shemes we derive belowfor the linear advetion problem set on a moving domain are onservation andmonotoniity, as well as the minimization of osillations and ross-di�usion



42 3 A onservative MURD sheme for the linear advetion problem onmoving domainsin the numerial solution. Note that the generi form of these shemes willbe derived from a non-onservative formulation of the advetion equation,beause the monotoniity is then more easily ensured.3.3 A generi form of ALE-MURD shemes for thelinear advetion problem in non-onservativeform.3.3.1 Problem settingsThe linear advetion problem (2.38) is proposed to be solved in the par-tiular ase where the advetion veloity is divergene-free, , i.e.divβ = 0 in Ωt, t ∈ I. (3.1)We reall that this problem is losed by a Dirihlet boundary ondition (2.39)at the in�ow boundaries of the domain.Integrating the non-onservative ALE formulation (2.42) of the advetionequation over the urrent domain Ωt leads to the following weak problem�nd u ∈ X0(Ωt, t) suh that
∫

Ωt

(

∂u

∂t

∣

∣

∣

x̂
+ (β − c) · ∇u

)

dx = 0, t ∈ I, (3.2)
u(0) = u0 in Ωt0,where X0(Ωt, t) is tde�ned by (2.44).The problem is �rst semi-disretized in spae as desribed in setions2.1.6 and 2.1.7. We indiate that the Lagrangian �nite element funtionspaes Fk, k(T̂h) and Fn′, k(T̂h) � de�ned by (2.24) � hosen to approximaterespetively the ALE mapping and the funtional spae X̂ , are suh that thedegrees of freedom are loated at the verties of the mesh elements.The time interval I is then divided in Nt time steps of equal length

∆t. We denote by Ωn
h the approximation of the real domain at eah time

tn = n∆t, for n = 0, . . . ,Nt, and we introdue the following appliation, forany n ∈ [0, Nt] :
An,n+1 : Ωn

h −→ Ωn+1
h , An,n+1(x) = Âh,n+1 ◦ A−1

h,n(x).At eah time tn, the solution u(tn) will be approximated by un
h in the follo-wing time-disrete funtional spae :



3.3 A generi form of ALE-MURD shemes for the linear advetionproblem in non-onservative form. 43
X n

h = { ψh : Ωn −→ R, ψh = ψ̂h ◦ A−1
h,n, ψ̂h ∈ X̂h } , (3.3)whih, following Proposition 2.2, oinides with Fn′, k(T n

h ) de�ned in (2.37).Given the initial ondition u0 we onsider the following expliit Eulertime-advaning sheme :for eah n = 0, . . . , Nt − 1 �nd un+1
h ∈ X n+1

h,0 suh that
∫

Ωn+1

h

(

un+1
h − un

h ◦ An+1,n

)

dx (3.4)
+ ∆t

∫

Ωc
h

(βh − ch)c · ∇ (un
h ◦ Ac,n) dx = 0,where Ωc

h and (βh − ch)c denote respetively the approximations of the realdomain and the ALE advetion veloity at some arbitrary time tc within tnand tn+1.Note that the advetion veloity β is disretized at eah time tn in somepartiular �nite element spae whih is a subset of L2(Ωn
h) and whose de-grees of freedom are loated at the verties of the mesh elements.3.3.2 NotationsThroughout the derivation of the sheme we will use an important amountof notations. For the sake of larity, let us previously de�ne some of them.� δMn+1

u denotes the global inrement of the adveted quantity uh wi-thin times tn and tn+1,� δMn+1
u,K0

denotes the loal inrement of uh on the element K0,� ∆t Φn+1
K0

denotes the loal residual on the element K0 within [tn, tn+1],� δ̂u
n+1
h is the inrement ûn+1

h −ûn
h of the adveted variable uh formulatedin the referene on�guration,� δun+1

i denotes the value of the inrement δ̂un+1

h at the i-th node,� δun+1
i,K0

is the ontribution of the element K0 ontaining the i-th nodeto the nodal inrement δun+1
i .3.3.3 Derivation of the shemeIn the partiular ase studied here, the global inrement δMn+1

u of theadveted variable uh is due to the di�erent advetive �uxes onsidered wi-thin [tn, tn+1] as expressed by (3.4). In order to apply the residual distribution



44 3 A onservative MURD sheme for the linear advetion problem onmoving domainspriniple, we must �rst reformulate the disrete problem loally. In this way,the loal residual ΦK0
� �soure� of the loal inrement δMn+1

u,K0
� an beexpressed on eah element K0 of the mesh. Eah loal residual will thenbe distributed to the nodes of its orresponding element. Finally, the inre-ment δun+1

i will be retrieved at eah node i, determining the value of uh at
t = tn+1.For this purpose, let us reformulate the global inrement on the refereneon�guration as follows :

δMn+1
u =

∫

Ωn+1

h

(

un+1
h − un

h ◦ An+1,n

)

dx

=

∫

Ω̂
Ĵ n+1

h

(

ûn+1
h − ûn

h

)

dx̂

=

∫

Ω̂
Ĵ n+1

h δ̂u
n+1
h dx̂ ,Clearly, ûn

h ∈ X̂h at any time tn � see the desription of the disrete funtionspaes in setion 2.1.7. The dimension of X̂h is denoted by Nh and is equal tothe amount of nodes in T̂h. For i = 1, . . . ,Nh, ψ̂i indiates the basis funtionassoiated to node i in the mesh. At eah time tn, the orresponding basisfuntion of X n
h is then ψn

i = ψ̂i ◦ A−1
h,n.Following (2.33), δ̂un+1

h is deomposed on the basis funtions of X̂h andwe obtain :
δMn+1

u =

Nh
∑

i=1

δun+1
i

∫

Ω̂
Ĵ n+1

h ψ̂i dx̂

=

Nh
∑

i=1

δun+1
i V n+1

i ,where
V n+1

i =

∫

Ω̂
Ĵ n+1

h ψ̂i dx̂ =

∫

Ωn+1

h

ψn+1
i dx .Eah nodal inrement δun+1

i , for i = 1, . . . ,Nh, is then assumed to resultfrom the sum of the ontributions of eah element in the mesh T̂h ontainingthe i-th node :
δun+1

i =
∑

K0∈T̂h
i∈K0

δun+1
i,K0

, (3.5)where, with an obvious abuse of notation, i ∈ K0 means that node i belongs



3.3 A generi form of ALE-MURD shemes for the linear advetionproblem in non-onservative form. 45to the element K0.In this way, the global inrement an be formulated as the sum of loalinrements :
δMn+1

u =
∑

K0∈T̂h

(
∑

i∈K0

δun+1
i,K0

V n+1
i ) =

∑

K0∈T̂h

δMn+1
u,K0

, (3.6)with δMn+1
u,K0

=
∑

i∈K0

δun+1
i,K0

V n+1
i .Let us now reformulate the seond term in equation (3.4), that is theglobal �ux term. It an be expressed as a linear ombination of loal �uxesby deomposing un

h as in (2.31) :
∫

Ωc
h

(βh − ch)c · ∇ (un
h ◦ Ac,n) dx

=
∑

K0∈T̂h

(
∑

i∈K0

un
i

∫

Kc

(βh − ch)c · ∇ (ψn
i ◦ Ac,n) dx ) ,

=
∑

K0∈T̂h

(
∑

i∈K0

un
i

∫

Kc

(βh − ch)c · ∇ψc
i dx ) ,where Kc = Âh,c(K0) and un

i is the value of un
h at the i-th node. The loal�uxes onsidered within time step [tn, tn+1], for n = 0 . . . Nt, will be denoted,for eah element K0 ∈ T̂h, by

Φn+1
K0

=
∑

i∈K0

un
i

∫

Kc

(βh − ch)c · ∇ψc
i dx . (3.7)Equation (3.4) an thus be expressed loally as follows :

∀K0 ∈ T̂h, δMn+1
u,K0

= − ∆t Φn+1
K0

. (3.8)Thus, on eah element K0 ∈ T̂h, the loal residual within time step [tn, tn+1]is ∆t Φn+1
K0

, sine it is the soure of the loal inrement.The residual distribution priniple an now be applied, leading to a �rstde�nition haraterizing a more general lass of ALE shemes, whih wewill refer to as ALE Residual Distributive (ALE-RD) shemes for the linearadvetion problem in non-onservative form.



46 3 A onservative MURD sheme for the linear advetion problem onmoving domainsDe�nition 3.3.1 The ALE-Residual Distributive shemes for the linear ad-vetion problem in non-onservative form onsist in distributing eah loalresidual Φn+1
K0

, de�ned by (3.7), to the nodes of its orresponding element,ontributing to the inrement of the adveted variable uh as follows :
∀K0 ∈ T̂h, ∀i ∈ K0, δun+1

i,K0
= − ∆t

V n+1
i

β n+1
i,K0

Φn+1
K0

, (3.9)where the distribution oe�ients β n+1
i,K0

are hosen suh that
∀K0 ∈ T̂h,

∑

i∈K0

β n+1
i,K0

= 1 (3.10)in order to guarantee onsisteny.The inrement δun+1
i is retrieved by assembling ontributions from all theelements using (3.5). Eah nodal value of uh is thus updated as

un+1
i = un

i − ∆t

V n+1
i

∑

K0∈T̂h
i∈K0

β n+1
i,K0

Φn+1
K0

∀ i = 1, . . . ,Nh. (3.11)Remark 3.3.1 We indiate that this de�nition is still valid if the sheme israised on a �xed domain, onsidering that, for eah node i and at eah time
tn, V n

i is equal to a onstant value Vi.De�nition 3.3.2 A residual distributive sheme is multidimensionally up-wind if the loal residuals are distributed to downstream nodes only ; thatis if the distribution oe�ients are hosen suh that, for any mesh element
K0, if i is an upstream node of K0 then βi,K0

= 0.We all ALE-MURD sheme a multidimensionally upwind ALE-RDsheme.Remark 3.3.2 Beause of the expliit harater of these shemes, the pres-ription of the boundary ondition (2.39) an be performed independentlyfrom the resolution of the equation : at eah time step, one the solution
un+1

h has been omputed, the boundary values are imposed strongly.At this point we have derived a generi form of ALE-MURD shemesfor the linear advetion problem in non-onservative form. Di�erent shemesan now be designed on this basis by hoosing a partiular set of distributionoe�ients � making sure that the onsisteny ondition (3.10) as well as themultidimensional upwinding ondition are satis�ed. The optimal distributionan be hosen suh that partiular properties are satis�ed by the sheme.



3.4 Charaterization of the optimal distribution 473.4 Charaterization of the optimal distributionReferring to [107℄, four essential design riteria an be imposed on a resi-dual distributive sheme, ensuring partiular properties. We desribe belowthese riteria, the onditions they impose on the hoie of the distribution o-e�ients and the properties they guarantee to residual distributive shemesset on �xed domains. We also establish whether or not these properties arepreserved on a moving domain.3.4.1 ConsistenyDe�nition 3.4.1 The onsisteny ondition requires that the distributionoe�ients assoiated to a same element in the mesh add up to 1, i.e. that
∑

i∈K0

βi,K0
= 1 ∀K0 ∈ T̂h.This ondition is alled onsisteny ondition beause it ensures that thesolution omputed by the distributive sheme is atually a solution of theoriginal disrete equation. For instane in the ase of the ALE-RD shemesde�ned previously, this ondition ensures that relation (3.8) holds true, andtherefore that the disrete equation (3.4) is solved.Remark 3.4.1 Note that any Residual Distributive sheme an be rewrittenas :

un+1
i =

∑

j

mj u
n
j ,where the onsisteny ondition implies that ∑j mj = 1. Two importantlasses of shemes an then be identi�ed : linear shemes, for whih the mjare independent of u, and non-linear shemes for whih the mj depend on

u.De�nition 3.4.2 Let us onsider an expliit numerial sheme for the linearadvetion problem with divergene free veloity, raised on a �xed domain Ωh.The sheme is onservative if, at eah time step,
∫

Ωh

(un+1
h − un

h) dx = − ∆t

∫

∂Ωh

un
h β

c
h · nh dΓ, (3.12)where β c

h is the advetion veloity onsidered within this time step.Proposition 3.1 A Residual Distributive sheme for the linear advetionproblem in non-onservative form, with divergene free advetion veloity andraised on a �xed domain Ωh, is onservative in the sense of (3.12) if theonsisteny ondition is satis�ed.



48 3 A onservative MURD sheme for the linear advetion problem onmoving domainsProof. The Residual Distributive sheme onsidered is de�ned as desribedin De�nition 3.3.1, onsidering that the domain Ωh is �xed. Following (3.6)we have that
∫

Ωh

(un+1
h − un

h) dx = δMn+1
u =

∑

K0∈Th

δMn+1
u,K0

.Sine the onsisteny ondition is satis�ed at eah time step, relation (3.8)holds true and therefore :
∑

K0∈Th

δMn+1
u,K0

= − ∆t
∑

K0∈Th

Φn+1
K0

= − ∆t
∑

K0∈Th

∑

i∈K0

un
i

∫

K0

βc
h · ∇ψc

i dx

= − ∆t

∫

Ωh

βc
h · ∇ψc

i dx .Integrating by parts the �ux term we obtain :
∫

Ωh

un+1
h − un

h dx = − ∆t

∫

∂Ωh

un
h β

c
h · nh dΓ + ∆t

∫

Ωh

un
h divβc

h dx ,Finally, sine the advetion veloity is divergene-free, we an state that thesheme satis�es the onservation property (3.12). ♦3.4.2 Multidimensional upwindingMultidimensional upwinding prevents the numerial solution from un-physial osillations and minimizes the reation of ross-di�usion. Indeed,sine no fration of a loal inrement is sent to an upstream node, the infor-mation is sent in the physial propagation diretion.3.4.3 PositivityAnother riterion for the design of non-osillatory shemes is the so-alledpositivity property.De�nition 3.4.3 A sheme is said to be positive if the value of the solutionat the new time an be written as a onvex sum of values at the previoustime, i.e.
∀i ∈ [1,Nh],

un+1
i =

Nh
∑

j=1

mj u
n
j , with mj ≥ 0 ∀j and ∑

j

mj = 1 .



3.4 Charaterization of the optimal distribution 49The following proposition holds :Proposition 3.2 The positivity of a distributive sheme ensures a maximumpriniple whih prohibits the reation of new extrema.This is easy to verify sine
min

j
un

j ≤ un+1
i =

Nh
∑

j=1

mj u
n
j ≤ max

j
un

j .Another riterion � more restritive but easier to implement � is the loalpositivity.De�nition 3.4.4 A sheme is said to be loally positive if the ontributionof eah element K0 ∈ T̂h to the nodal inrement δun+1
i of the solution forthe new time an be written as a onvex sum of values at the previous time,i.e.

∀i ∈ [1, Nh], ∀K0 suh that i ∈ K0,

δun+1
i,K0

=
∑

j∈K0

mj,K0
un

j , with mj,K0
≥ 0 ∀j 6= i .It is obvious thatmi an be made positive for a su�iently small time steplength ∆t. This ondition therefore omes to require that the ontributionof eah element to the nodal inrement of the unknown be positive.Proposition 3.3 Loal positivity implies global positivity under a global CFLondition.Proposition 3.4 Loal positivity ensures a disrete maximum priniple whihguarantees for the monotoniity of the sheme.For the proof of the last proposition and more details about loal positivity,see for instane [107℄.3.4.4 Linearity preservationDe�nition 3.4.5 A sheme is said to be linearity-preserving (LP ) if it pre-serves the exat steady state solution when this is a pieewise linear polyno-mial funtion on the onsidered triangulation of the domain.Proposition 3.5 A neessary and su�ient ondition for a sheme to be

LP is that, for any element K0 ∈ T̂h,if ΦK0
→ 0 then βi,K0

ΦK0
→ 0 ∀i ∈ K0.



50 3 A onservative MURD sheme for the linear advetion problem onmoving domainsThis ondition is equivalent to the ondition requiring that all the distributionoe�ients βi,K0
be bounded.Indeed, when approahing the steady state, the loal residual tends to zero.This tendane should be preserved when distributing the loal residual onthe element nodes. For linear shemes, the following property has been shownin [106℄.Proposition 3.6 On a regular mesh, LP implies the absene of ross-�owdi�usion for the steady-state solution of the homogenous advetion equation,and hene seond-order auray.Another property has been proven by Struijs in [135℄. It extends the Godunovtheorem to the multidimensional ase.Proposition 3.7 Only non-linear shemes an ombine positivity and linearpreservation.Clearly, the properties ensured by the multidimensional upwinding, thepositivity � loal as well as global � and the linearity preservation riteria arepreserved on a moving domain. Indeed, neither the onditions they imposenor the relations they imply are altered by the domain's movement. On theontrary, the onservation property is not automatially preserved, sine theexpression of the required disrete onservation hanges when the domainmoves. We will formulate later on the additional onstraint the numerialsheme must satisfy to be onservative.3.5 Some partiular oe�ient distributionsWell-known MURD shemes have been developed by designing partiu-lar distribution funtions ombining multidimensional upwinding with otherriteria among those desribed. We will only mention three of them. Thereader may refer to [107℄ for a more extended list and a preise desriptionof the existing MURD shemes.In order to better desribe the shemes we present next, we formulatethe loal residual on eah element K0 as a sum of values of the solution atthe previous time step, that is

Φn+1
K0

=
∑

i∈K0

ki,K0
un

i ,where ki,K0
are real oe�ients determined by the distribution oe�ients ofthe sheme. This is always possible for residual distributive shemes beausethey are expliit.For the sake of simpliity, the distribution oe�ients haraterizing theseshemes will only be given for the two-dimensional ase. For this purpose,



3.6 Conservation property of the shemes 51we assume that the domain is disretized by triangles.The linear positive sheme with lower ross-di�usion is the N sheme[120℄, given by
βi,K0

=
Φi,K0

ΦK0

(3.13)on eah element K0, with
Φi,K0

= − max(0, ki,K0
)

∑

l∈K0

max(0, kl,K0
)

∑

j∈K0

min(0, kj,K0
) (un

i − un
j ). (3.14)It is easy to verify that this sheme is positive. But sine the distributionoe�ients are not bounded, the linearity preservation is not satis�ed. As aresult, the sheme an di�use even when a steady-state linear solution hasbeen found.The MURD version of the SUPG sheme, idential to its �nite elementversion when the advetion veloity is onstant, is a linear and linearity-preserving MURD sheme, but it is not positive.Finally, we indiate the non-linear PSI (Positive Streamwise Invariant)sheme, developed by Struijs [134℄. It an be written as a limited version ofthe N sheme, that is as

βi,K0
= Ψ

(

Φi,K0

ΦK0

) (3.15)on eah element K0, with
Ψ(r) = max (0,min(r, 1)) . (3.16)This sheme is upwind, positive under a CFL ondition, and linearity-preservingbeause the limiter bounds its oe�ients.3.6 Conservation property of the shemesWe have indiated previously that onsisteny is only a neessary ondi-tion for a distributive sheme to be onservative when set on a moving do-main. Indeed, further onditions must be satis�ed to make sure that theadveted quantity is really onserved.Let us �rst de�ne the onservation property required. At the ontinuouslevel, the onservation of a variable u, adveted by a veloity β(t) in a domain

Ωt moving with the veloity c(t), an be expressed as follows :
d

dt

∫

Ωt

u dx = −
∫

∂Ωt

u (β − c) · nh dΓ, (3.17)



52 3 A onservative MURD sheme for the linear advetion problem onmoving domainswhere nh is the outward normal to the urrent domain. By integrating intime this relation over [tn, tn+1] we obtain :
∫

Ωtn+1

u(tn+1) dx −
∫

Ωtn

u(tn) dx = −
∫ tn+1

tn

∫

∂Ωt

u (β − c) · nh dΓ dt.Aording to the time and spae disretization (3.4) of the linear advetionproblem, the required onservation property is :
∫

Ωn+1

h

un+1
h dx −

∫

Ωn
h

un
h dx = − ∆t

∫

∂Ωc
h

(un
h ◦ Ac,n) (βh − ch)c · nh dΓ.(3.18)Moreover, we reall that the ALE mapping Ât must be suh that thedomain veloity c satis�es

c · n = β · n on Γimp,t and c · n = 0 on Γliq,t,where Γimp,t denote the impermeable boundaries of the domain � i.e., imper-meable solid boundaries and free surfaes �, and Γliq,t denotes its �titiousliquid boundaries, assumed to be still in the normal diretion � see setion2.1.6. This ondition should be preserved at the disrete level. The disreteALE mapping Âh,t must therefore be suh that, for eah n = 1, . . . ,Nt,
cn

h · nh = β n
h · nh on Γn

imp and cn
h · nh = 0 on Γn

liq.A stronger disrete onservation property than (3.18) an therefore be re-quired at the disrete level, whose de�nition is the following.De�nition 3.6.1 Aording to the time and spae disretization (3.4) ofthe linear advetion problem, the disrete onservation property required forthe numerial sheme at eah time step is :
∫

Ωn+1

h

un+1
h dx −

∫

Ωn
h

un
h dx = − ∆t

∫

Γ c
liq

(un
h ◦ Ac,n) (βh − ch)c · nh dΓ.(3.19)Let us now formulate the onservation onstraint of the ALE-RD shemesfor the linear advetion problem in non-onservative form, that is the ondi-tion they must satisfy to ensure the required disrete onservation property(3.19).



3.6 Conservation property of the shemes 53Assuming that the onsisteny ondition (3.10) is satis�ed, the solutionprovided by these shemes satisfy the disrete equation (3.4). We an there-fore write the following equivalenes :
(3.19) ⇔

∫

Ω̂

(

Ĵ n+1
h ûn+1

h − Ĵ n
h ûn

h

)

dx̂

+ ∆t

∫

Γ c
liq

(un
h ◦ Ac,n) (βh − ch)c · nh dΓ = 0

⇔
∫

Ω̂
Ĵ n+1

h (ûn+1
h − ûn

h) + (Ĵ n+1
h − Ĵ n

h ) ûn
h dx̂

+ ∆t

∫

Γ c
liq

(un
h ◦ Ac,n) (βh − ch)c · nh dΓ = 0( using (3.4) )

⇔
∫

Ωn+1

h

un
h dx −

∫

Ωn
h

un
h dx

− ∆t

∫

Ωc
h

(βh − ch)c · ∇ (un
h ◦ Ac,n) dx

+ ∆t

∫

Γc
h,liq

(un
h ◦ Ac,n) (βh − ch)c · nh dΓ = 0By deomposing un

h on the degrees of freedom we obtain :
(3.19) ⇔

Nh
∑

i=1

un
i

{

∫

Ωn+1

h

ψn+1
i dx −

∫

Ωn
h

ψn
i dx

− ∆t

∫

Ωc
h

(βh − ch)c · ∇ψc
i dx + ∆t

∫

Γc
h,liq

ψc
i (βh − ch)c · nh dΓ

}

= 0This relation must be true at any time tn and for any distribution of uh.Therefore, we an state the following proposition.Proposition 3.8 The numerial sheme (3.4) is onservative in the senseof (3.19) if and only if
∀ n = 1, . . . , Nt, ∀ i = 1, . . . ,Nh,

∫

Ωn+1

h

ψn+1
i dx −

∫

Ωn
h

ψn
i dx − ∆t

∫

Ωc
h

(βh − ch)c · ∇ψc
i dx

+ ∆t

∫

Γc
h,liq

ψc
i (βh − ch)c · nh dΓ = 0, (3.20)where tc is the time at whih the advetive �uxes are onsidered within eahtime step.



54 3 A onservative MURD sheme for the linear advetion problem onmoving domainsThis expression of the onservation onstraint will be usefull for the par-tiular ase of the three-dimensional hydrostati free surfae problem thatwill be studied later on. However, for the general ase, we will rather makeuse of a simplier form of this onstraint. For this purpose, we �rst make theassumption that the Green Formula an be applied to the global �ux termin (3.20), i.e. that at any time step tc and for eah node i,
∫

Ωc
h

(βh − ch)c · ∇ψc
i dx =

∫

Γc
h,liq

ψc
i (βh − ch)c · nh dΓ

−
∫

Ωc
h

ψc
i div (βh − ch)c dx . (3.21)Note that relation (3.21) holds true provided the spae integrals and thegradient in the loal �ux terms Φn+1

K0
de�ned by (3.7) are omputed exatlyfor the partiular �nite element funtions used to approximate the solution,the ALE advetion veloity and the domain.Using (3.21), relation (3.20) turns to

∫

Ωn+1

h

ψn+1
i dx −

∫

Ωn
h

ψn
i dx + ∆t

∫

Ωc
h

ψc
i div (βh − ch)c dx = 0.This expression of the onservation onstraint involves the domain veloitybut also the veloity of the �uid. That means it prevents from a loss of theadveted quantity whih an arise from the domain movement but also froman eventual mass-loss of the �uid itself. Obviously, if the disrete veloity ofthe �uid βh is not loally divergene-free, the adveted quantity annot bewell onserved, even on a �xed domain.Let us now assume that the advetion veloity has been disretized � oromputed � suh that it is divergene-free at least in the sense of

∫

Ωc
h

ψc
i divβ c

h dx = 0 ∀ i = 1, . . . ,Nh, ∀ tc ∈ I. (3.22)The following proposition an be written.Proposition 3.9 If the loal �uxes (3.7) are omputed exatly and if thedisrete advetion veloity is divergene-free in the sense of (3.22), then thenumerial sheme (3.4) is onservative in the sense of (3.19) if the followingrelation holds :
∀ n = 1, . . . ,Nt, ∀ i = 1, . . . ,Nh,

∫

Ωn+1

h

ψn+1
i dx −

∫

Ωn
h

ψn
i dx − ∆t

∫

Ωc
h

ψc
i div cc

h dx = 0, (3.23)



3.7 Conservation onstraint and GCL 55where tc is the time at whih the advetive �uxes are onsidered within eahtime step.This onservation onstraint only involves terms related to the mesh move-ment. Clearly, (3.23) is automatially satis�ed in the ase where the domaindoesn't move. In fat, this tradues a loss of the adveted quantity arisingfrom the domain movement when a partiular ondition is not satis�ed.Therefore, it is strongly related to the Geometri Conservation Laws (GCL)introdued in setion 2.3.3.7 Conservation onstraint and GCLThe onservation onstraint (3.23) an be viewed as a partiular disre-tization � strongly related to the one used to approximate the problem � ofthe weak form assoiated to the Euler expansion formula (2.11).This an easily be shown by deriving a weak form for the Euler expansionformula :
∫

Ω̂

∂Ĵt

∂t
ψ̂ dx̂ =

∫

Ω̂
Ĵt ψ̂

( div c ◦ Ât

)

dx̂, ∀ψ̂ ∈ X̂ .Sine ψ̂ does not depend on time, the left term an be integrated over
[tn, tn+1], and the weak form �nally obtained is

∫

Ωn+1

ψ(tn+1) dx −
∫

Ωn

ψ(tn) dx =

∫ tn+1

tn

∫

Ωt

ψ(t) div c dx dt

∀ψ̂ ∈ X̂ (3.24)In setion 2.1.4, we mentioned that the Euler expansion formula an beinterpreted as an evolution law for the Jaobian determinant. Now we haveshown that, when using the sheme presented in this hapter to solve a linearadvetion equation set on a moving domain, a partiular disrete ounter-part of this evolution law must be veri�ed for the adveted quantity to bewell-onserved.It may be interesting to refer to the analysis by Formaggia and Nobile,in [43℄, of a partiular FEM numerial sheme for the resolution of the linearadvetion di�usion problem with divergene-free veloity raised on a movingdomain. They preisely show that the expression of the GCL � see setion 2.3� for this sheme an be interpreted as a partiular disretization of the Eu-ler expansion formula. Note that the sheme they onsider is derived froma onservative ALE formulation of the ontinuous problem, whih impliesthat the unknow is automatially onserved. But we reall that, in the aseof a problem raised on a moving domain, the onservative formulation leads



56 3 A onservative MURD sheme for the linear advetion problem onmoving domainsto shemes whih do not neessarily preserve onstant solutions wheneverthey are solutions of the ontinuous problem. The GCL is then de�ned asthe ondition for the sheme to satisfy this property, whih we refer to asthe onstany preservation.We therefore onlude that, for some partiular numerial shemes raisedon moving domains, the evolution law for the Jaobian determinant must bepreserved at the disrete level to allow the oexistene of both the onserva-tion and the onstany preservation properties.In the next setion we desribe the appliation of the ALE-MURD shemesproposed in this hapter to a partiular framework : the linear advetion pro-blems set on three-dimensional domains moving in the vertial diretion only.Espeially, we will show how the onservation onstraint of these shemes anbe satis�ed.3.8 Conservation in the framework of the linear ad-vetion problem set on a three-dimensional do-main moving in the vertial diretion onlyIn this setion we onsider a problem in whih the domain is three-dimensional and only moves in the vertial diretion.Note that, a part from very partiular ases, the domain movement aswell as the advetion veloity are not known a priori ; for instane in a freesurfae problem or a �uid-struture interation problem. In these ases, thelinear advetion problem is solved in the framework of a more global problemproviding the position of the domain boundaries and the advetion veloity.The whole problem is formulated in the ALE approah, using a mappingof the form :
Ât : Ω̂ −→ Ωt, x(x̂, t) = Ât(x̂)with x = x̂, y = ŷ and z = Z (x, y, ẑ, t) , (3.25)where Z (x, y, ẑ, t) is an arbitrary ontinuous and monotoni (∂Z/∂ẑ ≥ 0)funtion suh that the veloity of the domain c satis�es

c · n = β · n on Γimp,t and c · n = 0 on Γliq,t,where Γimp,t denotes the impervious boundaries of the domain and Γliq,tdenotes its �titious liquid boundaries � whih we reall only move in thevertial diretion. Figure 3.1 shows an example of suh a mapping. Note that
c = (0, 0, c)T .



3.8 Conservation in the framework of the linear advetion problem set on a
3D domain moving in the vertial diretion only 57

Ω

A

   Ω(t)

t

Fig. 3.1 � Example of a mapping desribing a 3D domain moving in thevertial diretion only.3.8.1 Spae and time disretizationThe problem is semi-disretized in spae using the �nite element spaesdesribed in setions 2.1.6 and 2.1.7. Then, the time interval I is dividedin Nt time steps of equal length ∆t and a partiular time disretization ishosen. We point out thatthe mesh veloity ch is onsidered onstant within eah time step.The motion of the mesh an thus be desribed by :
x = Âh,n+1(x̂) = Âh,n(x̂) + ∆t ĉn,n+1

h for x̂ ∈ Ω̂, (3.26)for eah n = 1, . . . , Nt − 1.The problem is solved as follows. If the domain and the advetive veloityare known a priori, they are disretized. If not, a partiular sub-problem issolved at eah time step, updating the values of the advetion veloity βhand the domain Ωh. Hene the domain veloity ch during the onsidered timestep an be omputed and the ALE advetion veloity (βh − ch) is dedued.Finally, the linear advetion problem an be solved on the new domain usingthe advetion ALE-MURD shemes we have introdued in this hapter � seeDe�nition 3.3.1.We indiate next some essential harateristis of the global numerialsheme. On one hand, the veloity of the �uid βh is omputed � or disretized� suh that, at eah time tn ∈ I,
∫

Ωn
h

ψh divβ n
h dx = 0 (3.27)for any funtion ψh : Ωn

h −→ R suh that ψh = ψ̂h ◦ Âh,n, where ψ̂h is afuntion belonging to a partiular disrete spae X̂h de�ned on the referene



58 3 A onservative MURD sheme for the linear advetion problem onmoving domainson�guration. Note that X̂h is suh that its degrees of freedom are loatedat the verties of the mesh elements.On the other hand, at eah time tn, the adveted variable u(tn) is ap-proximated by un
h in X n

h,0, where X n
h is the disrete spae orresponding to

X̂h on the urrent domain Ωn
h and de�ned by (3.3). The linear advetion pro-blem (2.42) is then disretized by (3.4), that is, given the initial ondition

u0, for eah n = 0, . . . ,Nt − 1 �nd un+1
h ∈ X n+1

h,0 suh that
∫

Ωn+1

h

(

un+1
h − un

h ◦ An+1,n

)

dx (3.28)
+ ∆t

∫

Ωc
h

(βh − ch)c · ∇ (un
h ◦ Ac,n) dx = 0,where tc is a partiular time within tn and tn+1. This disrete problem anthus be solved using an ALE-MURD sheme for the linear advetion problemin non-onservative form.Finally, we assume that the loal �ux terms (3.7) are omputed exatly forthe advetion ALE-MURD sheme, so that relation (3.21) holds true.Let us now prove that the advetion ALE-MURD shemes introdued inthis hapter are automatially onservative in the partiular framework justdesribed.3.8.2 Disrete onservation of the adveted quantityLet us now explain how the advetion ALE-MURD sheme an be madeonservative in the partiular framework just desribed. Let us reall thatwe wish the adveted quantity to be onserved during the simulation in thesense of (3.19).In the following, Nh will denote the dimension of X̂h and {ψ̂i}i=1,...,Nh

aset of basis funtions. We reall that, at eah time tn, a set of basis funtions
{ψn

i }i=1,...,Nh
of X n

h an be de�ned by ψn
i = ψ̂i ◦ A−1

h,n for eah node i.Let us state a �rst lemma.Lemma 3.1 For any tc ∈ [tn, tn+1], let α be the onstant suh that
0 ≤ α ≤ 1 and tc = α tn+1 + (1 − α) tn.If the approximated domain Ωc

h and the advetion veloity β c
h at t = tc areassumed to be respetively the linear ombinations

Ωc
h = αΩn

h + (1 − α)Ωn
h and β c

h = αβ n+1
h + (1 − α)β n

h , (3.29)



3.8 Conservation in the framework of the linear advetion problem set on a
3D domain moving in the vertial diretion only 59then, for eah node i, we have that

∫

Ωc
h

ψc
i divβ c

h dx = 0. (3.30)Proof.
∫

Ωc
h

ψc
i divβ c

h dx

= α

∫

Ωn+1

h

(ψc
i ◦ An+1,c) divβ n+1

h dx + (1 − α)

∫

Ωn
h

(ψc
i ◦ An,c) divβ n

h dx

= α

∫

Ωn+1

h

ψn+1
i divβ n+1

h dx + (1 − α)

∫

Ωn
h

ψn
i divβ n

h dx

= 0.

♦ Following Proposition 3.9, if relation (3.30) is veri�ed and if the loal�ux terms (3.7) are omputed exatly, the onservation onstraint of theadvetion sheme (3.28) is :
∀ n = 1, . . . , Nt, ∀ i = 1, . . . ,Nh,

∫

Ωn+1

h

ψn+1
i dx −

∫

Ωn
h

ψn
i dx − ∆t

∫

Ωc
h

ψc
i div cc

h dx = 0. (3.31)This onstraint is automatially satis�ed by the advetion sheme in thepartiular framework onsidered here. Let us state the following lemma :Lemma 3.2 If the approximated domain veloity within time step [tn, tn+1]is onstant and of the form (0, 0, cn,n+1
h )T then

∫

Ωn+1

h

ψn+1
i dx −

∫

Ωn+1

h

ψn
i dx = ∆t

∫

Ω̂
ψ̂i div ĉn,n+1

h dx̂ . (3.32)Proof. Sine the domain only moves in the vertial diretion, the Jaobiandeterminant of the disrete mapping Âh,t is
Ĵh,t =

∣

∣

∣

∣

∂z

∂ẑ

∣

∣

∣

∣

∀t ∈ I. (3.33)Therefore
∫

Ωn+1

h

ψn+1
i dx −

∫

Ωn+1

h

ψn
i dx =

∫

Ω̂
(Ĵ n+1

h − Ĵ n
h ) ψ̂i dx̂

=

∫

Ω̂

(

∣

∣

∣

∣

∂z

∂ẑ

∣

∣

∣

∣

n+1

−
∣

∣

∣

∣

∂z

∂ẑ

∣

∣

∣

∣

n
)

ψ̂i dx̂ .



60 3 A onservative MURD sheme for the linear advetion problem onmoving domainsUsing relation (3.26) we dedue that
∫

Ωn+1

h

ψn+1
i dx −

∫

Ωn+1

h

ψn
i dx = ∆t

∫

Ω̂

∂ ĉn,n+1
h

∂ẑ
ψ̂i dx̂

= ∆t

∫

Ω̂
ψ̂i div ĉn,n+1

h dx̂ .

♦Lemma 3.3 If the approximated domain veloity within time step [tn, tn+1]is onstant and of the form (0, 0, cn,n+1
h )T then

∫

Ωc
h

ψc
i div cc

h dx =

∫

Ω̂
ψ̂i div ĉn,n+1

h dx̂ (3.34)for any time tc in [tn, tn+1].Proof. Writing again that tc = α tn+1 +(1−α) tn with 0 ≤ α ≤ 1, we obtainthat
∫

Ωc
h

ψc
i div cc

h dx = α

∫

Ωn+1

h

ψn+1
i

∂ cn,n+1
h

∂z
dx

+ (1 − α)

∫

Ωn
h

ψn
i

∂ cn,n+1
h

∂z
dx .Moreover, it is easy to establish that for any time t and any disrete funtion

fh : Ωh,t −→ R,
∂fh

∂z
=
∂f̂h

∂ẑ

∂ẑ

∂z
in Ωh,t , (3.35)where f̂h is the ALE ounterpart of fh de�ned by f̂h(x̂) = fh ◦ Âh,t(x̂) on

Ω̂. Taking fh(x, y, z) = z we dedue :
1 =

∂z

∂ẑ

∂ẑ

∂z
and thus Ĵh,t

∂ẑ

∂z
= 1 . (3.36)Using relations (3.35)-(3.36) we �nally obtain :

∫

Ωc
h

ψc
i div cc

h dx =

∫

Ω̂
ψ̂i

∂ ĉn,n+1
h

∂ẑ
dx̂ =

∫

Ω̂
ψ̂i div ĉn,n+1

h dx̂ .

♦ The following proposition an now be stated.
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3D domain moving in the vertial diretion only 61Proposition 3.10 If the loal �uxes (3.7) are omputed exatly and the ad-vetion veloity is divergene-free in the sense of (3.30), and if the meshmoves in the vertial diretion only and its veloity is onsidered onstant wi-thin eah time step, then the advetion ALE-MURD sheme (3.28) is onser-vative in the sense of (3.19).The proof of this proposition beomes trivial by using Proposition 3.9 as wellas lemma 3.2 and 3.3.From this proposition we an onlude that the advetion ALE-MURDsheme (3.28) is onservative in the partiular framework presented in thissetion, provided the approximated domain Ωc

h and the advetion veloity
β c

h are de�ned by (3.29).3.8.3 Numerial illustrationIn this setion we aim to evaluate the onservation property of the ALE-MURD shemes introdued in this hapter, when used in the partiular fra-mework just desribed. Espeially, we want to prove numerially the validityof Proposition 3.10. For this purpose, we will make use of the PSI shemeimplemented in the Telema-3D system for the linear advetion of a salarin the framework of three-dimensional free surfae �ows. We reall that theimplementation of this sheme was initially made by Janin [74℄ for a partiu-lar ALE mapping � orresponding to the lassial sigma transformation wewill desribe in the next hapter. Using the generi formulation of the ALE-MURD shemes derived in setion 3.3.3 for the linear advetion problem innon-onservative form , we have extended the implementation of the shemeto a more general form of ALE mappings.Before introduing the test ase, let us desribe some harateristis ofthe Telema-3D system whih must be onsidered when using the adve-tion shemes. This system solves the Navier-Stokes equations desribing themotion of a free-surfae �ow in a three-dimensional domain moving in thevertial diretion only. At eah time step, the hydrodynami problem is sol-ved, providing the veloities of the �uid and the free-surfae pro�le. Then,the equations desribing the motion of the traers ontained in the �uid aresolved in the newly de�ned domain. The ALE-MURD sheme an be usedfor the advetion of the �uid veloity omponents as well as for the traeradvetion.However, Proposition 3.10, stating the onservation under ertain as-sumptions of the ALE-MURD shemes set on a three-dimensional domainmoving in the vertial diretion only, annot be applied in the partiularframework of the standard Telema-3D system. Indeed, the assumption thatthe advetion veloity is divergene free in the sense of (3.30) is not veri�ed.



62 3 A onservative MURD sheme for the linear advetion problem onmoving domainsIn fat, a partiular tehnique is used, onsisting in omputing the vertialomponent of the ALE advetion veloity (βh − ch) so that the onserva-tion onstraint of the sheme is veri�ed. Note that this tehnique will bedesribed in the seond part of this work, devoted more partiularly to thethree-dimensional hydrostati free surfae �ows � see setion in partiularsetion 7.5. Note also that, for the test presented in this setion, we havesupressed the module applying this tehnique in the Telema-3D system.In order to get rid of this di�ulty and satisfy the assumptions of Pro-position 3.10, we won't use the entire solution of the hydrodynami problemprovided by the Telema-3D system. We will rather hoose a test ase whoseanalytial solution is known, and we will impose the analytial free-surfaepro�le and �uid veloity at eah time. Only the salar advetion module ofthe system will then be used to simulate the advetion of a passive traer �i.e. a traer whih has no in�uene on the hydrodynamis of the �uid.We have hosen the test ase of the osillating wave in a losed basin. Asloped free surfae pro�le and zero veloities are imposed at the initial time,and the �uid is assumed to be not visous : the total energy is therefore pre-served and a ontinuous exhange of potential and kineti energy takes plae.Note that when the free surfae is horizontal, the whole potential energy hasbeen exhanged into kineti one. On the ontrary, when the highest eleva-tion is reahed at one of the basin boundaries, the maximum potential andminimum kineti energy state is ahieved, just as at the beginning of thesimulation.A losed square basin with side L and with a onstant bottom at z = −His onsidered, whereH is the equilibrium water depth. Sine there is no ativetraer the �uid density is onstant ; it will be denoted by ρ0. We assign thefollowing initial onditions, represented in �gure 3.2 :






















η(x, y) = η0 cos (kx),

u = v = w = 0,

pd(x, y, z) = −ρ0gη + ρ0gη0
cosh (k(z +H))

cosh (kH)
cos (kx),

(3.37)where pd denotes the hydrodynami pressure orretion and where
η0 = 0.1m, k =

Π

L
, L = 10m and H = 10m.Note that sine the initial free surfae slope is parallel to the x-axis, no mo-tion takes plae in the y-axis diretion. The following analytial solution isprovided by the small amplitude wave theory for the linear equations � see
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Fig. 3.2 � Initial test setting for the standing wave in a losed basin.for instane [75℄ :






















































η = η0 cos (kx) cos (ωt) ,

u = ω η0
cosh (k(z +H))

sinh (kH)
sin (kx) sin (ωt) ,

v = 0 ,

w = −ω η0
sinh (k(z +H))

sinh (kH)
cos (kx) sin (ωt) ,

(3.38)
with ω2 = g k tanh (kH). The analytial water height pro�le at x = 0 m isrepresented in Figure 3.3, and the analytial veloity at times t = 14 s and
t = 30 s in �gures 3.4 and 3.5 respetively.A passive traer T is adveted by the �ow just desribed. Its initial dis-tribution in the domain is the following : T is equal to 25000 everywhereexept inside a ball of radius 2 m whose enter is loated at x0 = (5, 5,−5),where T is equal to 50000.The simulation will be performed with a time step length of 0.1 seondsfor a time interval of 30 seonds, and with 11 levels along the vertial. Theinitial three-dimensional mesh is shown in Figure 3.6. It has been obtain bypiling up the two-dimensional grid presented in Figure 3.7 along the vertialin the disrete domain. For more visibility, the vertial ross-setion of thethree-dimensional mesh at y = 5 m is shown in Figure 3.8.Let us now desribe how we will apply the ALE-MURD advetion shemeof Telema-3D to the advetion of T in this test. At eah time step, the dis-rete advetion veloity βh is determined by interpolating the analytial�uid veloity on the three-dimensional domain. The mesh veloity ch is then
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Fig. 3.7 � The horizontal 2D mesh.evaluated, so that the ALE advetion veloity (βh − ch) an be determined.Finally, the loal �uxes (3.7) are omputed exatly. We reall that the dis-rete problem solved by the sheme is (3.28). Here we hoose tc = tn+1 : theproblem therefore writes, given the initial ondition T0,for eah n = 0, . . . , Nt − 1 �nd T n+1
h ∈ X n+1

h suh that
∫

Ωn+1

h

(

T n+1
h − T n

h ◦ An+1,n

)

dx (3.39)
+ ∆t

∫

Ωn+1

h

(

β n+1
h − cn,n+1

h

)

· ∇ (T n
h ◦ An,n+1) dx = 0 .Sine the domain onsidered in this test ase has no liquid boundaries,the �ux through the boundaries is nil and therefore the loss of traer quantity
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x(m)Fig. 3.8 � Vertial ross-setion of the 3D mesh at y = 5 m.at eah time step [tn, tn+1] � denoted by ∆Mn,n+1
T � should be zero :

∆Mn,n+1
T =

∫

Ωn+1

h

T n+1
h dx −

∫

Ωn
h

T n
h dx = 0 . (3.40)Following Proposition 3.9, sine the loal �uxes (3.7) are omputed exatly,if the �uid veloity is divergene free in the sense of (3.30) then the shemeis onservative in the sense of (3.40) if relation (3.31) holds true. In addi-tion, following Proposition 3.10, this relation is veri�ed if the mesh veloityis onsidered onstant at eah time step.We would like to evaluate numerially the validity of this statement.However, the interpolation βh of the analytial �uid veloity on the three-dimensional mesh may not be loally divergene free. Espeially, relation(3.30) may not be satis�ed exatly. This interpolation error deteriorates theonservation property of the sheme and must therefore be taken into aountwhen evaluating the error on the onservation onstraint. We will refer tothis error as the divergene error, and denote its value at eah time step

[tn, tn+1] by :
ǫn,n+1
Div = ∆t

∫

Ωn+1

h

T n
h divβ n+1

h dx . (3.41)We will also evaluate the error on relation (3.31), whih will be referred
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ǫn,n+1
Mesh =

∫

Ωn+1

h

T n
h,n+1 dx −

∫

Ωn+1

h

T n
h dx

− ∆t

∫

Ωn+1

h

T n
h,n+1 div cn,n+1

h dx . (3.42)For the reasons exposed previously, the onservation onstraint of thesheme � i.e. the ondition for the sheme to satisfy the required disreteonservation property (3.40) � is that relations (3.30) and (3.31) be satis�ed.Therefore, eah time step [tn, tn+1], the error on the onservation onstraintwill be evaluated as the addition of the divergene error and the mesh veloityerror :
ǫn,n+1
Cons = ǫn+1

Div + ǫn+1
Mesh . (3.43)Note that the error on the onservation onstraint inreases with thelength of the time step as well as with the value of the adveted quantity.After eah time step of the simulation, we will ompute the di�erenterrors and make sure that ∆Mn+1

T = ǫn+1
Cons. The test will be performed usingtwo di�erent approximations of the mesh veloity. First, the mesh veloityis onsidered onstant within eah time step. It is omputed as follows :

cn,n+1
h = (0, 0, cn,n+1

h ) with cn,n+1
h =

zn+1 − zn

∆t
. (3.44)Then, a seond order approximation of the mesh veloity will be used, thatis

cn,n+1
h = (0, 0, cn,n+1

h ) with cn,n+1
h =

4 zn+1 − 3 zn + zn+1

2∆t
. (3.45)The evolution of the traer distribution is shown in Figure 3.9. The pro-�le is the same for both simulations.However, when looking more arefully at the onservation of the traer,we observe a relevant di�erene between these simulations. Figure 3.10 showsthe values of the loss of T and the di�erent errors at eah time step, for thease where the mesh veloity is onsidered onstant within eah time step.We an see that the mesh veloity error ǫMesh is nil during the entire simula-tion, so that the loss of traer quantity is only due to the interpolation error
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Fig. 3.9 � Traer pro�le at t = 0 s, t = 15 s and t = 30 s. Vertial ross-setion at y=5m.
ǫDiv on the �uid veloity. Indeed, we observe that, at eah time step [tn, tn+1],

∆Mn,n+1
T = ǫn,n+1

Cons = ǫn,n+1
Div .On the ontrary, when using a seond order approximation of the meshveloity, the mesh veloity error ǫMesh is not nil. Indeed, Figure 3.11 showsthat ǫMesh osillates during the simulation between 0 and around 0.8.In this ase we observe that

∆Mn,n+1
T = ǫn,n+1

Cons = ǫn,n+1
Mesh + ǫn,n+1

Divat eah time step [tn, tn+1]. Note that the loss of traer quantity is then es-sentially due to the mesh veloity error ǫMesh � the interpolation error ǫDivon the �uid veloity being ten times smaller.These di�erenes are better shown in Figure 3.12, where the loss of T ,the divergene error and the mesh veloity error of the sheme for eahsimulation are ompared. In addition, Figure 3.13 shows the evolution of therelative loss of traer quantity � i.e.
(∆MT /M

0
T )n =

∫

Ωn
h

T n
h dx −

∫

Ωh,0

Th,0 dx

∫

Ωh,0

Th,0 dx� during 1000 seonds of simulation. We observe that using a seond orderapproximation of the mesh veloity, the relative loss of T is 10 times larger
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Fig. 3.10 � Values for a simulation using a onstant mesh veloity. Top�gure : at eah time step, the loss of traer quantity is equal to the error onthe onservativity onstraint. Bottom �gure : the error on the onservativityonstraint (solid line with plane irles) vs. the divergene error (dotted linewith irles) and the mesh veloity error at eah time step (solid line).than onsidering a onstant mesh veloity.We must emphasize that the relative error is very low. Nevertheless, itmay be signi�ant in long time simulations, or with larger surfae movements.Our purpose here was only to show that these results on�rm the statementsmade in this hapter, and espeially Proposition 3.10.In order to show that the mesh veloity error inreases with the lengthof the time step as well as with the amplitude of the mesh movement, wehave performed two more simulations. Figure 3.14 shows the evolution of thiserror when a time step length of 1 seond is used, that is ten times largerthan in the previous simulations. We observe that the mesh veloity errorreahes a maximum of around 50 when using a seond order approximation.In Figure 3.15 the same values are ompared for a simulation in whih thefree surfae osillation has been ampli�ed taking :
η0 = 0.2 and k =

2Π

L
.
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Fig. 3.14 � Comparison of the value of the mesh veloity error at eah timestep using a onstant mesh veloity (solid line with plain irles) vs. a seondorder approximation of the mesh veloity (solid line), with a time step lengthof ∆t = 1 seond (and with k = Π/L).

Fig. 3.15 � Comparison of the value of the mesh veloity error at eah timestep using a onstant mesh veloity (line with plain irles) vs. a seondorder approximation of the mesh veloity (solid line), with k = 2Π/L ( and
∆t = 1 s).



4.1 73
Chapitre 4ALE interpretation of thesigma transformation for thethree-dimensional free surfae�ow problem andgeneralization4.1 IntrodutionThe three-dimensional free surfae �ow problem has been widely studiedand many modelling systems have been developed sine the early seventies,motivated by the study of di�erent phenomena, from oean and oastal ur-rents to �ows in estuaries, rivers, and lakes. In this hapter we fous on apartiular way of treating the domain movement, whih is one of the ritialpoints of this problem.Several tehniques exist to deal with the moving surfae of a three di-mensional domain. Among them, the ALE approah has been adopted bymany authors beause of its great adaptability � see for instane Huertaand Liu [70℄, Maury [89℄, Soulaïmani et al. [129℄ and Cairnross et al. [23℄.But another tehnique has been widely used, espeially in the atmospheriand oeanographi ommunities, referred to as the sigma transformation ortopography-following oordinate system. It onsists in performing a trans-formation of the vertial oordinate � the z-oordinate � allowing to adopta vertial disretization of the domain whih at eah time step follows thebathymetry and the free surfae. Di�erent systems have been developed onthis approah, haraterized by the hoie of the disrete transformationfuntion.The link between this tehnique and the ALE approah is still not lear.



744 ALE interpretation of the sigma transformation for the 3D free surfae�ow problem and generalizationIn the works desribing the sigma transformation and its di�erent variants,no mention is made of the ALE approah. Moreover, in [144℄ Zhou and Stand-sby present an ALE formulation based on a partiular sigma transformation� the lassial sigma transformation desribed further � for a shallow wa-ter �ow problem. They laim that the onventional sigma models are basedon �ow equations without aounting for the e�et of moving grids in thevertial diretion. Nevertheless, we state the ontrary and our purpose is toshow that the sigma transformation is equivalent to the ALE approah for apartiular type of ALE mappings. Therefore, we introdue the ALE-Sigma(ALES) approah, whih onsists in an ALE interpretation of the sigmatransformation.The sigma transformation tehnique presents many advantages ; essen-tially, the aurate assimilation of the bed and surfae boundaries and thepossibility of easily inorporating boundary layers. But the lassial variantsof this tehnique � whih are still widely used � present important drawbaks.On one hand, they limit the possibilities of vertial disretization and there-fore prevent from orretly adapting the mesh to the partiular needs of thesimulation. Espeially, in some ases, they prevent from aplying a uniformvertial resolution to the boundary layers. On the other hand, they indueimportant errors in the omputation of the horizontal pressure gradients inthe presene of steep bottom, leading to an inaurate representation of pos-sible density-strati�ations. Taking advantage of our reinterpretation of thesigma transformation as a partiular ALE formulation, we propose a verygeneral z-oordinate transformation in the ALES approah. This new pointof view allows for a great adaptability of the vertial disretization and the-refore overomes some drawbaks of the lassial sigma transformation.After desribing more preisely the sigma transformation tehnique, wewill de�ne the equivalent ALES approah. A new formulation of the problemusing this approah will be proposed. Then, the soure of the horizontalpressure gradient error will be explained and the di�erent systems developedto overome this problem presented. Finally, we will propose a generalizationof the sigma transformation formulated through the ALES approah.4.2 The sigma transformation approahLet us �rst point out that this tehnique an only be applied to two- orthree-dimensional domains in whih the lateral boundaries are perfetly ver-tial � in the sequel we will only onsider three-dimensional domains. Thison�guration is widely used for oean and oastal appliations, but also inother shallow areas. In this ase, only the surfae and bottom boundariesmove, and they are desribed by two funtions de�ned on the same two-dimensional domain. It is then possible to perform a variable hange whih



4.2 The sigma transformation approah 75transforms the vertial oordinate of eah point in the real domain into avalue ontained in a �xed interval � for instane [0, 1] � depending on thetime and on the position of this point in the two-dimensional domain. In fat,this omes to transform the irregular physial domain into a �xed regularreferene on�guration.Before going further, let us desribe more expliitly the onsidered on�-guration. Let ω be the invariant two-dimensional domain, whereas Ωt denotesthe three-dimensional domain at eah time t ∈ I. The funtions desribingthe free surfae and the bottom of Ωt are, respetively, η(x, y, t) and b(x, y, t),whilst h (x, y, t) = η (x, y, t)−b (x, y, t) denotes the water height. The urrentdomain is then de�ned by
Ωt = { x = (x, y, z) / (x, y) ∈ ω and b (x, y) ≤ z ≤ η (x, y, t) }. (4.1)The sigma transformation approah onsists in transforming the Car-tesian oordinate system (x, y, z, t) into a topography-following oordinatesystem (x̂, ŷ, ẑ, t̂), alled σ-oordinate system and de�ned by

t̂ = t, x̂ = x, ŷ = y and ẑ = σ (x, y, z, t) , (4.2)where σ (x, y, ẑ, t) is an arbitrary ontinuous and monotoni (∂σ/∂z ≥ 0)funtion satisfying
{

σ(x, y, η(x, y, t), t) = 1
σ(x, y, b(x, y, t), t) = 0 ∀ (x, y, t) ∈ ω × I.

(4.3)The referene on�guration is therefore :
Ω̂ = { x̂ = (x̂, ŷ, ẑ) / (x̂, ŷ) ∈ ω and 0 ≤ ẑ ≤ 1 }. (4.4)An example of suh a transformation is shown in Figure 4.1.A partiular transformation funtion σ (x, y, ẑ, t) is hosen. Then, a trian-gulation of the invariant two-dimensional domain ω is de�ned and σ (x, y, ẑ, t)is disretized. We indiate that in some ases the transformation funtionis diretly de�ned at the disrete level. The three-dimensional mesh T̂h isde�ned on the referene on�guration Ω̂ by arbitrarily distributing the two-dimensional mesh as horizontal levels along the vertial. The orrespondingmesh on the real domain is then de�ned at eah time step through the dis-rete transformation funtion σh (x, y, ẑ, t). Thus, the real mesh only movesin the vertial diretion. For the sake of larity, we indiate that, if i denotesa partiular node and tn denotes a partiular time, then the oordinates of

i in the real domain at t = tn are
xn

i = x̂i, yn
i = ŷi and zn

i = σh(xi, yi, ẑi, t
n), (4.5)
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Fig. 4.1 � Example of a sigma transformationwhere (x̂i, ŷi, ẑi) are the onstant oordinates of i in the referene on�gura-tion.The equations desribing the �ow are then ompletely written in the re-ferene domain ; more preisely all the partial derivatives are transformedinto derivatives with respet to the σ-oordinates (x, y, ẑ).The adoption of a σ-oordinate system allows an aurate and smoothde�nition of the bed and surfae boundaries at eah time. Indeed, the valuesof ẑ at the bottom and the free surfae are onstant in time and spae ;that is respetively ẑ = 0 and ẑ = 1. In addition, one an easily inorporatebottom and surfae boundary layers, and inrease their resolution withouthaving to inrease the global number of layers. This is not possible in theommonly used z-oordinate system � see for instane [21℄ �, in whih thebottom pro�le is approximated by a stairase form. Suh a step-disretizationprovoques a loss of auray in the assimilation of the bathymetry, as wellas spurious errors. Many omparisons have been made between topography-following systems and the z-oordinate system ( see for instane [54℄ and [93℄), and these have shown that inferior numerial results are obtained with theseond one, espeially in the simulation of over�ow proesses and bottomlayer dynamis.Another essential advantage of the sigma transformation approah is thefat that it simpli�es the kinemati boundary ondition onsiderably bothat the bottom and the free surfae.For all these reasons, it has been gaining popularity and is used for avery large range of oean, oastal and shallow areas appliations. Indeed,numerous free surfae oean irulation models have been developed onthis approah, inluding the Prineton Oean Model (POM) [19℄, the S-oordinate Rutgers University Model (SCRUM) [127℄, and the more reentRegional Oean Model System (ROMS) [123℄. Originally used mostly for re-



4.4 The sigma transformation : a partiular ALE formulation 77gional oastal simulations, they are now also applied to basin-sale problems[66, 144, 77, 141℄. The �nite element based Telema-3D system [66℄ also usesthe sigma transformation. It is mostly applied to oastal, estuarine and river�ows, inluding transport and non-hydrostati phenomena.4.3 The sigma transformation : a partiular ALEformulationOur purpose here is to show that the appliation of the sigma transfor-mation to the free surfae �ow problem an in fat be interpreted as theadoption of a partiular ALE mapping and a speial, unusual ALE formula-tion.On one hand, the vertial-oordinate transformation (4.2)-(4.3) an beperformed using the following ALE mapping between the referene on�gu-ration Ω̂ and the real domain Ωt :
Ât : Ω̂ −→ Ωt, x(x̂, t) = Ât(x̂)with x = x̂, y = ŷ and z = Z (x, y, ẑ, t) , (4.6)where Z (x, y, ẑ, t) is an arbitrary ontinuous and monotoni (∂Z/∂ẑ ≥ 0)funtion satisfying

{

Z(x, y, 0, t) = η(x, y, t), ∀ (x, y, t) ∈ ω × I,
Z(x, y, 1, t) = b(x, y, t).

(4.7)Atually, this de�nes the ALE mappings for whih the domain only moves inthe vertial diretion. Note that onsequently the domain veloity has onlya vertial non zero omponent, that is c = (0, 0, c)T .On the other hand, as already mentioned, the sigma transformationapproah states that the equations be ompletely transformed into the σ-oordinate system. Interpreting the sigma transformation as an ALE map-ping makes lear that the transformation of the equations onsists in a refor-mulation of the whole derivatives, inluding the spatial partial derivatives,into the ALE frame. Espeially, the time derivatives are reformulated intoALE time derivatives � see setion 2.1.3. Thus, the e�ets of the movingdomain are taken into aount.Throughout, we will refer to the ALE interpretation of the sigma trans-formation as the ALE-Sigma (ALES) approah. We propose next a partiularformulation of the free surfae �ow problem using this approah.



784 ALE interpretation of the sigma transformation for the 3D free surfae�ow problem and generalization4.4 ALES formulation of the three-dimensional freesurfae �ow problemWe onsider the so-alled Reynolds-averaged Navier-Stokes equations[104, 133, 118℄ desribing the mean motion of an inompressible Newtonian�uid in a three-dimensional moving domain Ωt of the type de�ned by (4.1).Let us indiate that most of the models using topography-following oor-dinates apply the hydrostati approximation to the equations, beause theydeal with oeani or atmospheri �ows for whih the shallow water onditionis ful�lled. Never-theless, in order to be as general as possible, we will herestik to the non-hydrostati equations.4.4.1 Formulation in the Cartesian frameIn the Cartesian frame, these equations are the following, valid for all
t ∈ I and for all x ∈ Ωt :

du

dt
− div (ν∇u) +

1

ρ
∇2p = f (4.8)

dw

dt
− div (ν∇w) +

1

ρ

∂p

∂z
= −g (4.9)div U = 0 (4.10)where u and w are respetively the horizontal and vertial veloities, U =

(u, w)T is the total veloity, and ν = (νh, νh, νv)
T is the turbulent kinemativisosity oe�ient of the �uid. The horizontal soure term is denoted by fand the gravity aeleration by g.This system is losed by onvenient boundary onditions. In partiular,the kinemati ondition on the bottom of the domain Γb expressing imper-viousness is

U · n = 0 on Γb ∪ Γb , (4.11)where n is the outward normal to the urrent domain Ωt. At the free surfae
Γs,t, the veloity of the �uid is equal to the veloity of the free surfae itself,whih is expressed by the following kinemati ondition :

∂η

∂t
− U · n = 0 on Γs,t . (4.12)A omplete set of boundary onditions losing the system in a very generalase is given in the seond part of this work, devoted more partiularly tothe three-dimensional free surfae �ow problem (see setion 5.4).The free surfae hydrodynami problem also involves the motion of thetraers, whih represent a temperature or any physial quantity ontained



4.4 ALES formulation of the 3D free surfae �ow problem 79in the water. The non-onservative form of the traer equation is
∂T

∂t
+ U · ∇T − div (νT ∇T ) = fT on Ωt , (4.13)where fT is the soure term and νT the traer's onstant di�usion oe�ient.4.4.2 ALES formulationThe generi form (4.6) of an ALE mapping leading to a σ-oordinatesystem is onsidered. We intend to write a partiular formulation of the pro-blem in the ALE frame whih di�ers as well from the usual ALE formulationas from the lassial formulation used in the sigma transformation approah.On one hand, we will not only reformulate the partial time derivatives intoALE time derivatives, but we will also transform the spatial partial deriva-tives present in the ontinuity equation as well as in the advetion terms.On the other hand, we will not transform the seond order derivatives inthe di�usion terms, beause this would lead to a very long and omplex ex-pression. In addition, we will see in setion 4.6 that a transformation of thehorizontal pressure gradient into a topography-following oordinate systeman inrease the omputational error of this term. We therefore also keep thepartial derivatives in this terms in the Cartesian frame.Let us now introdue some relations involving the Jaobian determinant

Ĵt of the mapping as well as several derivation formulas that will be neededto write the equations in the referene on�guration Ω̂.Sine the mapping only transforms the vertial oordinates of the system,the ontinuous expression of the Jaobian determinant is
Ĵt (x, y, ẑ, t) =

∂Z

∂ẑ
(x, y, ẑ, t) .It an easily be seen from (4.3) that

∫ 1

0
Ĵt (x, y, ẑ) dẑ = h (x, y, t) ∀ (x, y, t) ∈ ω × I. (4.14)Moreover, for any funtion ψ : Ωt −→ R, its integral on the real domain Ωtis transformed as follows :

∫

Ωh,t

ψ dx =

∫

Ω̂
Ĵh,t ψ̂ dx̂. (4.15)with dx = dx dy dz and dx̂ = dx dy dẑ .Throughout, the ALE spae derivatives will be denoted by

∂
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804 ALE interpretation of the sigma transformation for the 3D free surfae�ow problem and generalizationwhere we reall that x̂ = (x, y, ẑ) , while the Eulerian spae derivatives willbe denoted as usual by
∂

∂x
,

∂

∂y
and ∂

∂z
.An alternative to (2.10) relating the ALE time derivative of a funtion ψ :

Ωt −→ R to its Eulerian time derivative is
∂ψ

∂t
=

∂ψ

∂t

∣

∣

∣

x̂
+

∂ẑ

∂t

∂ψ

∂ẑ
. (4.16)The following formulas relate the di�erent spae partial derivatives of ψ :

∂ψ

∂x
=

∂ψ

∂x

∣

∣

∣

x̂
+

∂ẑ

∂x

∂ψ

∂ẑ
, (4.17)

∂ψ

∂y
=

∂ψ

∂y

∣

∣

∣

x̂
+

∂ẑ

∂y

∂ψ

∂ẑ
, (4.18)

∂ψ

∂z
=

∂ẑ

∂z

∂ψ

∂ẑ
. (4.19)Taking ψ(x, y, z, t) = z, essential relations an be derived :

∂ẑ

∂t
= −Ĵ −1

t

∂z

∂t

∣

∣

∣

x̂
,

∂ẑ

∂x
= −Ĵ −1

t

∂z

∂x
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x̂
, (4.20)

∂ẑ

∂y
= −Ĵ −1

t

∂z

∂y

∣

∣

∣

x̂
,

∂ẑ

∂z
= Ĵ −1

t . (4.21)The de�nition of a new �pseudo vertial veloity� simpli�es the transforma-tion of the equations :
w∗ =

dẑ

dt
=

∂ẑ

∂t
+ u

∂ẑ

∂x
+ v

∂ẑ

∂y
+ w

∂ẑ

∂z
in Ωt, (4.22)where d

dt
denotes the total derivative in the real domain. We will see that itis more onvenient to use :
Ĵtw

∗ = ŵ − ∂z

∂t

∣

∣

∣

x̂
− û

∂z

∂x

∣

∣

∣

x̂
− v̂

∂z

∂y

∣

∣

∣

x̂

= ŵ − ĉ − û
∂z

∂x

∣

∣

∣

x̂
− v̂

∂z

∂y

∣

∣

∣

x̂
in Ω̂. (4.23)



4.4 ALES formulation of the 3D free surfae �ow problem 81Remark 4.4.1 Note that this de�nition of w∗, whih is standard in the fra-mework of the sigma transformation, an be misleading in the ALE formu-lation. In partiular, the veloity of the domain is ontained in this �pseudovertial veloity�. This may explain some onfusions found in the literature,and in partiular the false idea that models using the sigma transformationdo not take into aount the movement of the domain.
The expression of the ontinuity equation (4.10) in the referene on�gura-tion is :
∂(Ĵt)

∂t

∣

∣

∣

x̂
+

∂(Ĵt u)

∂x

∣

∣

∣

x̂
+

∂(Ĵt v)

∂y

∣

∣

∣

x̂
+

∂(Ĵt w
∗)

∂ẑ
= 0 in Ω̂. (4.24)

To obtain this expression, one starts from equation (4.10), multiply with theJaobian determinant Ĵt, and then use relations (4.17)-(4.21).The momentum equations (4.8)-(4.9) an be written in the following non-onservative form :
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− ( div (ν∇u)) ◦ Ât +

(

1

ρ
∇2p

)

◦ Ât = f̂ in Ω̂ ,

∂ŵ
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∂ŵ
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x̂
+ ŵ∗ ∂ŵ

∂ẑ

− ( div (ν∇w)) ◦ Ât + Ĵ−1
t

1

ρ

∂p

∂ẑ
= −g in Ω̂ .(4.25)But using formulation (4.24) of the ontinuity equation, we dedue a onser-



824 ALE interpretation of the sigma transformation for the 3D free surfae�ow problem and generalizationvative form of the momentum equations :
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x̂
+

∂(Ĵt w
∗ ŵ)

∂ẑ

− Ĵt (div (ν∇w)) ◦ Ât +
1

ρ

∂p

∂ẑ
= −g in Ω̂ .(4.26)Finally, the traer equation (4.13) an be written in the referene on�-guration either in non-onservative form :

∂T

∂t
+ û

∂T

∂x

∣

∣

∣

x̂
+ v̂

∂T

∂y

∣

∣

∣

x̂
+ ŵ∗ ∂T

∂ẑ
= fT in Ω̂, (4.27)or in onservative form :

∂(Ĵt T )

∂t
+
∂(Ĵt û T )

∂x

∣

∣

∣

x̂
+
∂(Ĵt v̂ T )

∂y

∣

∣

∣

x̂
+
∂(Ĵt w

∗ T )

∂ẑ
= fT in Ω̂. (4.28)

Remark 4.4.2 Note that in the ase where the hydrostati assumption isapplied, the system simpli�es onsiderably. Indeed, the aelerations of thevertial veloity w are then negleted and w disappears ompletely fromthe transformed equations. In that ase, only the newly-de�ned transformedvertial veloity w∗ has to be evaluated. The physial vertial veloity anthen be realulated using relation (4.23).As we an see, the expression of the advetion terms in a σ-oordinatesystem is quite simple using the Jaobian determinant of the ALE mapping.Moreover, it perfetly suits to the formulation of the ontinuity equation inthis system. On the other hand, the kinemati boundary onditions at thetop and bottom surfaes of the domain � (4.11) and (4.12) � an be expressedin a simple form in the referene on�guration ; that is
w∗ = 0 at ẑ = 0 and ẑ = 1. (4.29)



4.5 The lassial sigma transformation 83This shows a major advantage of using a σ-oordinate system.In the following setions, we will be led to desribe some of the di�erenttopography-following oordinate systems developed for three-dimensionalfree surfae �ow modelling, as well as their advantages and drawbaks. The�rst and most ommonly used σ-oordinate system is the one obtained bythe so-alled lassial sigma transformation, introdued by Phillips in [111℄.4.5 The lassial sigma transformationPhillips [111℄ proposed a linear transformation of the vertial oordinate,whih onsists in adopting the following σ funtion :
σ (x, y, z, t) =

z − b (x, y, t)

h (x, y, t)
. (4.30)Note that the disrete ounterpart of this transformation involves the disretewater height and bottom funtions hh (x, y, t) and bh (x, y, t). This meansthat the z-oordinate of the mesh nodes in the urrent domain are inre-mented of bh (x, y, t) and multiplied by the oe�ient hh(x, y, t) relatively totheir value in the referene domain. Moreover the relative width of eah layer� ∆z/hh, where ∆z is the width of the layer � is equal to its orrespondingwidth in the referene on�guration, and thus it is onstant over the timeand over the whole two-dimensional domain ω. Figure 4.2 shows an exempleof suh a mapping.

Ω Ω(t)
1

0

η (x,y,t)

b(x,y,t)Fig. 4.2 � Example of a lassial sigma-transformationA lear advantage of this oordinate system is its simpliity. Indeed, notonly the implementation of the transformation is easy, but the formulas forthe variable hange between the real and the referene framework are rela-tively simple. Note in partiular that the determinant of the transformation



844 ALE interpretation of the sigma transformation for the 3D free surfae�ow problem and generalizationis equal to the water height funtion
∂z

∂ẑ
= h (x, y, t) . (4.31)However, the lassial sigma-transformation also presents major draw-baks, due to the restrition it oppers on the vertial disretization. Indeed,this transformation implies that all the levels neessarily follow the bot-tom and free surfae funtions, and that the relative width of eah layeris onstant. As a onsequene, it annot maintain equally high resolutionin partiular zones � for instane near the surfae and the bottom layers �independently of loal water height. With a onstant number of horizontal le-vels, deeper zones of the domain an be under-disretized and shallower zonesover-disretized, and the latter may ause severe CFL restritions. Many ap-pliations need a high resolution of the surfae layer everywhere, for instaneto represent aurately a surfae mixing proess arising from wind, thermalforing and turbulene. In addition, the lassial sigma-transformation pre-vents from �xing the mesh in a partiular zone of the domain whih shallbe solved more aurately. Now the movement of the mesh an generate anampli�ation of the numerial di�usion, leading to a relevant perturbationof the solution. Finally, suh a oordinate system an yield important er-rors, espeially in the ase of strati�ed �ows over steep topography. Thisproblem, known as the sigma-oordinate pressure gradient error [51, 76℄, isdue to the topography-following shape of the mesh and has evoked onsi-derable onern in the meteorologial and oeanographi ommunities. Tooverome these disadvantages, several alternative and more general oordi-nate systems were developed. Before reviewing them, let us desribe morepreisely the sigma-oordinate pressure gradient error.4.6 The sigma-oordinate pressure gradient errorWhen the �ow is ontrolled by topographi features a sigma-oordinatesystem is optimal. But when the pressure represents a major driving fore itan produe ill-behaved results. In this ase it beomes essential to omputethe horizontal pressure gradient (HPG) in the momentum equation aura-tely.Now, owing to the sigma-transformation, in the presene of importantbottom or free surfae gradients, the grid elements beome non-orthogonaland may even deteriorate quite strongly in shallow areas � for instane neartidal �ats. It has been reognized by several authors (see for instane thepioniers [51℄, [60℄ and [76℄) that grids of this type ause problems whenomputing horizontal gradients.



4.6 The sigma-oordinate pressure gradient error 854.6.1 Root of the errorThis problem has essentially been analysed in the framework of hydro-stati �ows, where the hydrostati approximation redues the momentumequation (4.9) on the vertial veloity to
∂p

∂z
= − ρg.We have therefore foussed on the HPG error in this partiular ase.Assuming a onstant atmospheri pressure at the free surfae and ap-plying the Boussinesq approximation, the horizontal hydrostati pressuregradient redues to

1

ρ
∇2p = g∇2η − g

∆ρ

ρ0
∇2η + g∇2

(∫ η

z

∆ρ

ρ0
dz

)

, (4.32)where ∆ρ denotes the �utuation around an average value ρ0 of the �uid den-sity ρ, and ∇2 denotes the horizontal gradient. Note that the terms involving
∆ρ form the so-alled buoyany term. We indiate that the hydrostati ap-proximation will be desribed more widely in the seond main part of thiswork.Clearly, in the hydrostati ase, the pressure gradient error onerns thebuoyany term, and more partiularly its barotropi part, i.e.,

g∇2(

∫ η

z

∆ρ

ρ0
dz),sine it involves the horizontal gradient of a z-dependent funtion. This termaounts for the aelerations arising from the slight density variations in the�uid.The main di�ulty in omputing this term is attributed to the deterio-ration of the grid ells that an render the numerial sheme �hydrostatiallyinonsistent�. This means that the di�erene between the disrete and theanalytial version of the HPG fore does not derease when the resolution isinreased, and that ours when the so-alled hydrostati onsisteny ondi-tion (see [76℄ and [60℄) is violated. Tipially this is the ase when, in preseneof very steep bottom or free surfae gradients, one or more of the nodes atthe bottom of a real mesh element are situated above some nodes at itstop, as illustrated by Figure 4.3 for prismati elements. Suh a situation ansometimes be avoided already during mesh generation by �ner horizontaldisretization or lower vertial disretization, espeially when it is only au-sed by the bottom gradient. Unfortunately, as pointed out by Mellor et al. in[91℄, the hydrostati onsisteny ondition is quite di�ult to ful�l in oeani
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1Fig. 4.3 � Example of hydrostatially onsistent (left) and inonsistent(right) elements.appliations and espeially for estuaries.Suh a situation is espeially dangerous for the �nite di�erene modelsbeause of the trunation errors inherent to the method. Besides, most ofthe authors have analysed this problem for the ase of a �nite di�erenedisretization � see for instane [132℄, [125℄, [91℄. They point out that thetrunation errors in the omputation of the gradient are inreased by thetransformation of the horizontal gradient in the sigma-oordinate system. Forexample, in the ase of the lassial sigma-transformation, the x-omponentof the horizontal gradient fore is determined by the sum of two terms ; thatis
∂p

∂x
=
∂p

∂x

∣

∣

∣

x̂
− 1

h

(
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∂x
+ ẑ
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∂x

)

∂p

∂ẑ
. (4.33)The �rst term involves the variation of pressure along the grid line in Ω̂ andthe seond one involves the usual vertial variation of pressure. Now, nearsteep bottom these terms are large, of opposite sign and approximately thesame size. Analytially, these terms ompensate to a relatively small quan-tity, but the sum of the trunation error of eah term may be large.In the ase of a �nite element method, the errors are of smaller magnitudebeause the pressure gradient an be omputed to a higher order. Evenso, the HPG error exists and an be relevant. It arises essentially from theinterpolation error on the relative density �eld, whih an be ampli�ed whenomputing its gradient. It is thus di�ult to ath a strati�ation in stronglydeformed elements when the interpolation funtions are not of high order.



4.6 The sigma-oordinate pressure gradient error 874.6.2 E�ets of the errorAn error in the omputation of the horizontal pressure gradient anlearly be deteted in the ase of an initial density �eld varying only inthe vertial diretion � due for instane to a horizontal strati�ation of thetemperature or the water salinity. In this ase, the buoyany soure term isnil :
− g

∆ρ (z)

ρ0
∇2η + g∇2(

∫ η

z

∆ρ (z′)

ρ0
dz′) = 0 .In absene of exterior soure terms, the on�guration should theoretiallyprodue zero veloities : this makes spurious veloities easy to detet. Mo-reover, the density �eld should remain unhanged, a disturbation of the stra-ti�ation an therefore illustrate the error.Other simple test ases of this kind an be performed in order to eva-luate the auray of the omputation of horizontal gradients. Many modelsusing the lassial sigma-transformation have been tested on suh ases andthey produe arti�ial �ows, sometimes even degrading the solution beyondan aeptable limit (see in partiular the results obtained on the idealizedseamount test ase [17℄, [92℄). It has been shown that the pressure gradienterror depends on the oordinate slope, the slope of the isopynals and thepolynomial degree of the vertial buoyany distribution. Larger errors arefound in the areas where the pynolines interset the bottom slope, andespeially in shallower zones.Simulations performed with the �nite element Telema-3D system in re-gions with non-horizontal bottom have also shown important errors in aseswhere strong strati�ations are present [83℄. Moreover, they appear evenwhen the hydrostati onsisteny ondition is ful�lled. Simple test ases haveshown that these errors arise from the interpolation errors on the buoyanyterm [83, 85℄ inherent to the �nite element method.In order to larify this matter, let us develop the ase where the density�eld varies quadratially in the vertial diretion only, for instane

∆ρ (x, y, z, t) = a z2 + b in Ωt × I,where a and b are two onstants. At the ontinuous level we have that
∇2 (

∫ η

z

∆ρ

ρ0
dz) = 0 .Assume now that the density variations are interpolated by �nite elementfuntions whih are pieewise linear in the vertial diretion. At the disretelevel, using the trapezium rule for the vertial integration � whih is exatfor linear funtions�, and denoting by Nl the number of levels in the mesh,



884 ALE interpretation of the sigma transformation for the 3D free surfae�ow problem and generalizationwe then have that
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.where zk is the height of the k-th level and ∆zk+1/2 = zk+1 − zk , for
k = 1, . . . , Nl . Now in zones where the grid elements are non-orthogonal,the horizontal gradient of the depth ∆zk+1/2 between the layers is not zero.In addition, beause of the interpolation error on ∆ρ, the terms do not om-pensate. Therefore, the value of the buoyany term is non-zero, whih ausesspurious numerial density urrents. This ats like an artiial soure term,reating spurious veloities, and if the error is important, like in shallowareas with steep bottom slopes, it an disturb the strati�ations and eventhe free surfae.In order to illustrate this numerial phenomenon, let us show some resultsobtained on the simple test ase of a standing basin using the Telema-3dsystem. We onsider a losed retangular basin with a length of 500m anda width of 100m, and with a non-horizontal bottom varying quadratiallybetween −25m and −50m. The three-dimensional mesh is represented inFigure 4.4. It has been obtained using the lassial sigma transformation andpiling up the two-dimensional grid shown in Figure 4.6 at 11 homogeneouslydistributed levels on the vertial. Its vertial ross-setion at y = 50 m isshown in Figure 4.5.The basin is �lled with a �uid ontaining an ative traer T , ating onthe density ρ following the linear state equation :

ρ = ρ0 + 0.749979 c,where c is the onentration of the traer T . The initial density �eld antherefore be imposed by setting a partiular initial distribution of the tra-er. We will make the relative density ∆ρ/ρ0 vary in the vertial diretiononly. At the initial time, the free surfae is onstant and the veloity of the�uid nil. In addition, the di�usivity of the traer is negleted and no exteriorsoure term is applied. We indiate that the results are independent of thetime step length hosen.
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904 ALE interpretation of the sigma transformation for the 3D free surfae�ow problem and generalizationFirst, we set a density �eld varying linearly in the vertial diretion only.The results are presented in Figure 4.7 after 100 seonds. As expeted, thesystem remains unhanged and no movement is deteted.The initial traer distribution is then modi�ed so that the density �eldvaries quadratially in the vertial diretion. The results in Figure 4.8 showspurious veloities, whose amplitude remain small : the maximal value af-ter 100 seonds is obtained at the bottom, where the horizontal veloity ureahes 2.21 10−3 m/s and the vertial veloity w reahes 2.9 10−4 m/s.The spurious veloities inrease signi�antly when a strati�ed density�eld is set. In the next test, ρ is pieewise onstant and disontinuous at ahorizontal interfae � as it happens for instane in presene of a horizontaltemperature or salinity strati�ation. The spurious veloities after 100 se-onds are shown in �gure 4.9. A maximal value of 0, 12m/s is obtained forthe horizontal veloity at the surfae, while the vertial veloity w reahes
0.041m/s. We also notie a disturbation of the density strati�ation.This test ases learly reveal the appearane of an HPG error when thedensity �eld is not interpolated exatly in the �nite element method. In addi-tion, they show that this error inreases with the value of the initial vertialdensity gradient. Indeed, the maximal spurious veloities are obtained whenthe density �eld is disontinous, thus when its vertial gradient is in�nite.However, in this partiular ases, the HPG error dereases with time.Indeed, the system tends to a new steady state, in whih the traer distri-bution and thus the density pro�le beome linear, so that the error deays.This is illustrated in Figure 4.10, where we show the results obtained after
1000 seonds of simulation with a density strati�ation. But the error doesnot anel : it seems to onverge to a non zero value, as shown by Figure4.11, where the time evolution of the spurious veloity's maximal value andnorm are represented.
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Fig. 4.11 � Time evolution of the spurious veloities with a horizontal initialdensity strati�ation.4.6.3 SolutionsSine the strati�ations are nearly horizontal in most situations, a z-oordinate system might be prefered, at least loally. But for appliationswhere both the topography and the density are essential, this wouldn't be avalid option. Another system avoiding the pressure gradient problem is theso-alled isopyni oordinate system, whih uses the density as the vertialoordinate. As a onsequene the mesh is aligned with the density lines andthe �rst part of the pressure term (4.33) vanishes. But this system is notadequate to study barotropi �ows or whenever topography plays a majorrole.Therefore, important e�orts have been invested in the development ofnumerial methods improving the approximation of horizontal gradients. Asimple and signi�ant improvement is obtained by substrating the horizon-tal mean value from the atual density �eld before omputing the HPG fore[91℄.A further improvement results from the use of the so-alled density-



964 ALE interpretation of the sigma transformation for the 3D free surfae�ow problem and generalizationJaobian formulation of the pressure gradient (see [19℄ and [127℄). It is ob-tained by applying the Leibnitz rule to the barolini part of the buoyanyterm in (4.32) :
g∇

(∫ η

z

∆ρ

ρ0
dz

) (4.34)
= g

∫ η

z
∇

(

∆ρ

ρ0

)

dz + g
∆ρ

ρ0
∇η (4.35)The density �utuation term is thus di�ereniated �rst and integrated after,what allows a more aurate approximation. For instane, if the density �eldvaries linearly, its vertial integration results in a seond-order term. Thus,a seond-order aurate di�erening method has to be used to ahieve anexat omputation of the gradient using expression (4.34). On the ontrary,if expression (4.35) is used, basi �rst-order derivation and seond-order in-tegration methods an be used. This tehnique has been onvining for the�nite element system Telema-3D � see [75℄ � in the ase of a linear den-sity �utuation ∆ρ. However, for non-linear or disontinuous density �elds,errors still appear.Other tehniques onsist in implementing higher-order methods to esti-mate the pressure gradient term (see [17℄ and [90℄), but they fail in someases suh as in presene of strongly-strati�ed �ows.Stelling and Van Kester [132℄ suggested an alternative method, whihbasially transforms the sigma-grid bak to a Cartesian system before om-puting the HPG fore, resulting in substanial redution of the errors. Asystemati underestimation of the alulated gradient was revealed in [125℄,leading in some ases to errors even larger than before. Thus, the authorproposed a slight modi�ation of this method, resulting in an important im-provement of its e�ieny. However, this method is very ostly, espeiallyin so-alled prognosti simulations, i.e. simulations where the density �eldvaries in time and has to be reomputed at eah time-step. Moreover, sub-stanial errors remain when there are strong vertial gradients in the density�eld.Another way to overome the problem is to design more general oor-dinate systems, ombining the advantages of both the topography-followingand the z-oordinate systems. Suh a system should allow a transition fromsigma- to z-oordinate, suh that the top-most grid lines are almost �at,while bottom-most are still aligned with topography. In the next setion,we present a brief review of the di�erent topography-following oordinatesystems developed sine Phillips's lassial sigma-transformation.



4.7 General topography-following oordinate systems 974.7 General topography-following oordinate sys-temsGeneral vertial oordinate systems have been onsidered by meteoro-logists and oeanographers sine the disadvantages of the lassial sigma-transformation were deteted. They onsist in using more general forms ofthe transformation z = Z(x, y, ẑ, t) � see (4.3).The �rst generalizations of the sigma-transformation are lassi�ed as se-parable, beause they use a non-linear funtion S(ẑ) that does not dependon the horizontal oordinates :
Z(x, y, ẑ, t) = S(ẑ) h(x, y, t) (4.36)Song and Haidvogel introdued in [127℄ the so-alled general s-oordinatesystem, developed in order to allow uniformly high resolution near the surfaewhile maintaining the topography-following properties of the lassial sigma-transformation. This system uses the following non-linear, quasi-separabletransformation funtion :

Z(x, y, ẑ, t) = (1− ẑ) η(x, y, t) − ẑ hmin + C(ẑ) (b(x, y, t) − hmin) (4.37)where
C(ẑ) = (1 − θb)

sinh(−θ ẑ)
sinh(−ẑ) + θb

(

tanh[θ (−ẑ + 1/2)]

tanh(θ/2)
− 1

)

, (4.38)
hmin is a onstant hosen to be the minimum water height or a width ofthe surfae or bottom boundary layer, and θ, θb are two parameters ontrol-ling the vertial oordinate strething. Letting θ approah zero the lassialsigma-transformation is obtained. But the parameter θ an be hosen so thatthe highest resolution is ahieved near the surfae layer independently of thebottom bathymetry. In fat, the �rst term in (4.37) is used to follow the freesurfae, the seond to prevent possible linear instabilities, and the third isdesigned to streth the interior oordinate lines and follow the bottom. Thesystem has ahieved satisfatory results in aurately representing surfaemixing dynamis. It has also proved to be more aurate and stable in thease of a strong strati�ation, beause it allows a higher onentration of thevertial resolution within the isopynals. However, note that the Jaobiandeterminant of this transformation is quite omplex, it is thus di�ult toimplement.Other authors have foused on systems that would be less sensitive tothe pressure gradient error. They have worked on hybridization methodsbetween sigma- and z-level oordinates, allowing a maximum of horizontal



984 ALE interpretation of the sigma transformation for the 3D free surfae�ow problem and generalizationlevels in the real mesh. Suh general systems are no longer separable ; theyinvolve full three-dimensional transformations.In [36℄ Deleersnijder and Bekers proposed to de�ne a �xed horizontallevel at a onstant height z = zc, splitting the domain into an upper anda lower region, and apply the lassial sigma-transformation to both sub-domains. In the ase of a slight surfae slope, this system leads to almosthorizontal levels in the upper region. It is referened to as the �double sigmatransformation� and an be de�ned through the following disrete transfor-mation funtion :
Zh (x, y, ẑ, t) =

{ (ηh (x, y, t) − zc) ẑ + zc if ẑ ≥ ẑc

(zc − bh (x, y, t)) ẑ + bh (x, y, t) if ẑ ≤ ẑc

, (4.39)where ẑc is the height of the �xed level in the referene on�guration. Figure4.12 shows a partiular vertial disretization of an estuary obtained withthis transformation.
Ω

z = z c

t

Fig. 4.12 � Example of a grid obtained with the double sigma transformationA more general approah was introdued by Gerdes [54℄ and onsists inassuming a z-level distribution on the whole domain and �orreting� loallythe height of a level whenever its distane from the bottom or the surfaeis smaller than a minimal width hmin hosen arbitrarily. In suh a ase thelassial sigma-transformation determines the position of the level. It is alsolassi�ed as an s-oordinate system and is obtained using a partiular dis-rete transformation funtion Zh (x, y, ẑ, t) based on a Min-Mod formulation.It leads to a grid whose levels are horizontal to a ertain distane of the bot-tom and surfae boundaries.However, in real domains the relative importane of topographial e�et,density foring, inertia and di�usion varies from point to point as well as



4.7 General topography-following oordinate systems 99in time, and a models should thus allow to use di�erent types of grids fordi�erent regions. Therefore, a generi disrete vertial transformation fun-tion Zh should be implemented, allowing for arbitrary level distribution ateah time step. This idea was �rst introdued by Deleersnijder and Ruddikin [37℄, where they applied it to a marine model. The Jaobian determinantof the mapping plays a entral role in a system of this type. Indeed, it ha-raterizes the partiular transformation de�ned in eah grid element and ateah time step, and appears in the expression of the equations driving the�ow written in the referene on�guration.Several systems have adopted suh a general oordinate system, provi-ding the user with more �exibility in the hoie of the optimal model gridfor a partiular appliation. Indeed, the reently developed ROMS model[123℄ follows this approah. Moreover, in [93℄, Mellor et al. introdue a ge-neral oordinate system for the POM model. They propose a wide varietyof partiular vertial oordinate systems, inluding the z-level, the lassialsigma transformation and Gerdes' s-oordinate systems.A onsiderable amount of interomparisons of the di�erent vertial gridshave been performed with suh models. They have on�rmed previous re-sults showing the superiority of terrain-following systems with respet tothe z-level model when the topography e�ets are important. Nevertheless,new information is provided ; in [93℄ it is shown that sigma-like models anhandle muh lower di�usivities than z-level systems. In [88℄, Martins et al.apply di�erent vertial disretizations to the simulation of the �ow in theSado estuary. A region of steep bathymetry makes the transition betweenthe estuary and the oastal waters, and a lear vertial reirulation hasbeen identi�ed in this zone during the ebb �ow, whose intensity is inverselyproportional to the di�usion. Now, the authors show that sigma-like gridsprovide similar and aurate results, whereas a bigger number of layers isneessary to obtain the reirulation with a z-level system. In [22℄ a model ispresented that uses a generi vertial transformation and solves the equationsintegrated on eah grid layer, so that layer-averaged quantities are ompu-ted. The authors show that general oordinate systems an be advantageousompared with lassial σ- or z-oordinate systems. Anyway, important re-searh is still neessary to understand the e�ets of the di�erent sigma-likemodel grids on the simulated results.As undersored in the previous setion, important errors exist in the om-putation of the internal horizontal pressure gradient (HPG) in the Telema-
3D system, whih we reall uses the lassial sigma transformation. Theseerrors subsist in spite of hydrostati onsisteny and the adoption of thedensity-jaobian formulation of the pressure gradient. Moreover, the lassialsigma transformation severely restrits the possibilities of vertial disreti-zation. Therefore, we deided to implement a generalization of this trans-



1004 ALE interpretation of the sigma transformation for the 3D free surfae�ow problem and generalizationformation allowing for an arbitrary distribution of the layers at eah timestep. Espeially, this should allow to impose �xed levels in partiular zonesof the domain, for instane to apture strati�ations. Next, we desribe theimplemented oordinate system.4.8 A generalized σ-oordinate system in the ALESapproah4.8.1 PrinipleLet us onsider again the general form (4.6) of an ALE mapping betweenthe referene on�guration Ω̂ and the real domain Ωt de�ned in setion 4.3.We reall that it is haraterized by a ontinuous and monotoni vertialtransformation funtion Z : Ω̂ × I −→ Ωt satisfying
{

Z(x, y, 0, t) = η(x, y, t),
Z(x, y, 1, t) = b(x, y, t), ∀ (x, y, t) ∈ ω × I.

(4.40)The referene on�guration Ω̂ is �rst disretized by Nl horizontal levels,distributed along the vertial following an arbitrary partition of the interval[0,1℄ :
0 = ẑ1 < . . . < ẑk < . . . < ẑNl

= 1.The height of the grid nodes loated on the k-th level of T̂h is therefore ẑk,whih is onstant in spae and time. We will denote by lk+1/2 the layerdelimited by levels k and k + 1, for k = 1, . . . , (Nl − 1), and by
∆ẑk+1/2 = ẑk+1 − ẑkits width.The transformation funtion Z (x, y, ẑ, t) is then disretized by means ofpieewise linear funtions in the vertial diretion. Inside eah layer, thistransformation an be expressed as a lassial sigma transformation, hara-terized by the heights � in the real domain � of the levels delimiting the layer.Indeed, the restrition of the disrete transformation on eah layer lk+1/2 anbe de�ned as follows on ω × [ẑk, ẑk+1] × I :

Zk+1/2 (x, y, ẑ, t) =
∆zk+1/2(x, y, t)

∆ẑk+1/2
(ẑ − ẑk) + zk (x, y, t) , (4.41)where zk (x, y, t) is an arbitrary disrete funtion desribing the urrentheight of the grid level k at eah two-dimensional node and at eah time



4.8 A generalized σ-oordinate system in the ALES approah 101step. Then ∆zk+1/2 (x, y, t) = zk+1 (x, y, t)− zk (x, y, t) denotes the width ofthe layer lk+1/2.Obviously, it is the hoie of the set of disrete funtions
{zk (x, y, t) / k = 1, . . . ,Nl}whih determines the disrete mapping to use for a partiular simulation.We point out that they are de�ned by their value at eah node on the two-dimensional mesh and at eah time step. Moreover, they must satisfy thefollowing onditions for all (x, y, t) ∈ ω × I :







z1 (x, y, t) = bh (x, y, t) ,
zNl

(x, y, t) = hh (x, y, t) ,
zk+1 (x, y, t) − zk (x, y, t) ≥ hmin > 0 ∀k ∈ [1,Nl − 1],

(4.42)where hmin is a onstant minimal width hosen arbitrarily.The disrete urrent domain Ωh,t and its triangularisation Th,t are then de�-ned as in setion 2.1.6, and the disrete ALE mapping is de�ned as follows :
Âh,t : Ω̂ −→ Ωh,t, x(x̂, t) = Âh,t(x̂)with x = x̂, y = ŷ and z = Zh (x, y, ẑ, t) , (4.43)where Zh (x, y, ẑ, t) is a ontinuous funtion, linear on eah layer lk+1/2 andde�ned by (4.41).This expression of the disrete mapping is very general and allows a widehoie of layer distributions. Indeed, by imposing for k = 1, . . . , (Nl − 1)

zk (x, y, t) = hh (x, y, t) ẑk + bh (x, y, t) (4.44)the lassial sigma transformation is reovered.One an also impose some levels to be horizontal and �xed in time atsome onstant arbitrary height and de�ne lassial sigma transformationsin between eah one of these levels. This an be very useful to ath hori-zontal strati�ations. Suh a grid is illustrated in Figure 4.13. It ounts 7levels � of whih 2 are horizontal and �xed in time � and it results from adisrete transformation funtion Zh (x, y, t) de�ned from the following set ofreal level-height funtions :
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z5 (x, y, t) = c5,

z4 (x, y, t) = c4,

zk (x, y, t) =

(

ηh (x, y, t) − z5
1 − ẑ5

)

(ẑk − ẑ5) + z5 for 5 < k ≤ 7,

zk (x, y, t) =

(

z4 − bh (x, y, t)

ẑ4

)

ẑk + bh (x, y, t) for 1 ≤ k < 4.

   (t)= η
Ω(t)Ω

1

z4

0

z7 

z1 = b(t)

z5

z4

z5 Ah,t

Fig. 4.13 � Example of a grid inluding one �xed layer obtained with thegeneralized sigma transformationBut one ould as well imagine to impose �xed but non-horizontal levelsfor the ase of steep strati�ations.More generally, the real height of eah grid node an be imposed at eahtime step, de�ning the disrete funtion zk (x, y, t) for k = 1, . . . , (Nl − 1).The evolution of the grid is then ontrolled during the whole simulation.We indiate that a test is made at eah time step to make sure thatondition (4.42) is satis�ed. In the ase the height of a level violates thisondition at some node, its value is orreted using a Min-Mod formula.4.8.2 Jaobian determinant of the disrete mappingThe model must be able to solve the equations for any partiular mapping
Âh,t of the form desribed previously. Therefore, the Jaobian determinant
Ĵh,t of the disrete mapping must be expressed in a generi form.We reall that the Jaobian determinant of the lassial sigma transfor-mation is onstant along the vertial and equal to the water depth. This is



4.8 A generalized σ-oordinate system in the ALES approah 103no longer true when the transformation is generalized as it is here. Indeed, inthis ase, Ĵh,t varies along the vertial diretion but it remains onstant oneah grid layer in the vertial diretion. Its expression on eah layer lk+1/2,for k = 1, . . . , (Nl − 1) is
Ĵh (x, y, ẑ, t) =

∂Zk+1/2

∂ẑ
(x, y, ẑ, t) =

∆zk+1/2 (x, y, t)

∆ẑk+1/2
(4.45)in ω × [ẑk, ẑk+1], ∀ t ∈ I .In the following, we will denote by Ĵk+1/2 the restrition of Ĵh to layer lk+1/2,where it is independent of the ẑ-oordinate :

Ĵk+1/2 (x, y, t) =
∆zk+1/2 (x, y, t)

∆ẑk+1/2
in ω, ∀t ∈ I . (4.46)The integral of any disrete funtion ψh : Ωh,t −→ R on the disrete domain

Ωh,t an thus be transformed and deomposed as follows :
∫

Ωh,t

ψh dx =

∫

Ω̂
Ĵh,t ψ̂h dx̂

=
∑

k=1,...,Nl−1

∫

l̂k+1/2

Ĵk+1/2 (x, y, t) ψ̂h (x, y, ẑ) dx̂

=
∑

k=1,...,Nl−1

∫

ω
Ĵk+1/2 (x, y, t)

(∫ ẑk+1

ẑk

ψ̂h (x, y, ẑ, t) dẑ

)

dω .The value of this disrete Jaobian determinant haraterizes the parti-ular transformation de�ned in eah grid element and at eah time step. Itappears in the disrete ounterpart of the equations driving the �ow whenwritten in the referene on�guration.4.8.3 Appliation to the Telema-3D systemThe general σ-oordinate system proposed in this work has been imple-mented in the Telema-3D system in order to allow more �exibility in thehoie of the optimal vertial domain disretization. The generalization ofthe mapping has required an adaptation of the whole system. On one hand,the update of the grid node oordinates in the real domain at eah time stephas onsiderably hanged. On the other hand, the equations written in thereferene on�guration were up to now implemented using the value of theJaobian determinant orresponding to the partiular lassial sigma trans-formation. Therefore, these equations had to be re-written in the generalvertial oordinate system and implemented in this form.



1044 ALE interpretation of the sigma transformation for the 3D free surfae�ow problem and generalizationWe indiate that the Telema-3D system solves the hydrostati and non-hydrostati Navier-Stokes equations using the formulation presented in se-tion 4.4 � in the non-onservative form � for the partiular ase of the las-sial sigma transformation. We have extended the resolution to the general
σ-oordinate system using the ALES formulation.4.8.4 Results with the generalized sigma transformationWe will now show numerially some advantages of the general σ-oordinatesystem just desribed. For this purpose we present two partiular tests ases,for whih we ompare the results obtained with the Telema-3D system usingdi�erent grids. Some of those grids an be de�ned using the lassial sigmatransformation, others must be de�ned using the generalized version.Test ase 1 : Advetion of a passive traer in a 3D losed basin witha standing wave. In the �rst test ase, we aim to reveal the ampli�ationof the numerial di�usion due to the movement of the mesh, and show thatit is possible to minimize this phenomenon by �xing some partiular zonesof the mesh. For this purpose we onsider again the ase of the standingwave in a losed basin introdued in the previous hapter � see setion 3.8.3.This time however we highlight the mesh movement by inreasing the waveamplitude and dereasing the wave length ; indeed we hoose

η0 = 0.2m and k =
2Π

L
.The analytial solution is provided by the small amplitude wave theory.The temporal pro�le of the analytial free surfae at x = 0 m is shown inFigure 4.14, while the �uid veloity is represented at times t = 14 s and

t = 30 s in Figure 4.15.
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t(s)Fig. 4.14 � Temporal pro�le of the exat water height at x = 0 m and y = 5m. In order to get rid of the numerial errors oming from the hydrodyna-mi omputation in the Telema-3D system, we impose the analytial free
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Fig. 4.15 � Analytial veloities at t = 14 s and t = 30 s. Vertial ross-setion at y=5m.surfae and veloities of the �uid at eah time, and we only simulate theadvetion of a passive traer in the basin. At the initial time, T is strati�edalong the vertial : its onentration c is equal to 4 if z ≥ −4.5m, and it isequal to 2 if z ≤ −4.5m.A �rst simulation is performed on a three-dimensional grid obtained usingthe lassial sigma transformation and made of 11 homogeneously distribu-ted levels on the vertial. Its vertial ross-setion at z = 5 m is shown inFigure 4.16.
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Fig. 4.16 � Mesh 1 obtained using the lassial sigma transformation. Ver-tial ross-setion at y = 5 m.A time step length of 0.1 seonds is hosen. The initial state and the re-



1064 ALE interpretation of the sigma transformation for the 3D free surfae�ow problem and generalizationsult obtained after 300 time steps are presented in Figure 4.17.
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Fig. 4.17 � Initial traer pro�le on mesh 1 (left) and traer pro�le obtainedon mesh 1 at t = 30 s (right). Vertial ross-setion at y = 5 m.We observe a huge di�usion of the traer. In order to improve the prei-sion of the simulation a seond grid is used, represented in Figure 4.18 andsuh that the levels are more onentrated in the strati�ed zone.
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4.8 A generalized σ-oordinate system in the ALES approah 109This time, we perform the simulation on a grid obtained using the ge-neralized sigma transformation. It still ounts the same number of levels,
11, but they are distributed di�erently : a �xed plane is imposed exatly atthe height of the strati�ation, and a homogeneous lassial sigma transfor-mation is opered in both the lower and the upper parts of the basin. Theresulting mesh is shown in Figure 4.23, and the orresponding result after
300 seonds in �gure 4.24.
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Deuxième partieThree Dimensional HydrostatiModel for Free Surfae Flows





5.1 113
Chapitre 5Three-dimensional hydrostatiand non-hydrostati models forinompressible free surfae�ows5.1 IntrodutionIn this hapter we aim to introdue the three-dimensional (3D) free sur-fae problem posed on domains whose lateral boundaries are perfetly ver-tial. Note that the free surfae of these domains is assumed to be a single-valued funtion.After desribing the domain and its boundaries, we formulate the three-dimensional Navier-Stokes equations desribing the motion of the �uid. TheBoussinesq approximation is made, allowing to onsider an inompressible�ow. In order to lose the system, we propose a list of onvenient boundaryonditions for the problem. Sine the free surfae is assumed to be a singled-valued funtion, the ontinuity equation expressing the mass onservation ofthe �uid an be depth-averaged. This allows to obtain an equation on thefree surfae. The entire problem is then formulated in the ALE framework.One the hydrostati approximation has been desribed, we introdue the
3D hydrostati model, whose study will be adressed in details in Chapters 6and 7. Then we present a partiular 3D model for the non-hydrostati pro-blem, based on the deomposition of the pressure into hydrostati pressureand hydrodynami pressure orretion. This deomposition will allow to splitthe time-disretized equations into a hydrostati part � whih orrespondsalmost exatly to the hydrostati model � and a hydrodynami part. The
3D hydrostati model an therefore also be viewed as an intermediate stepin the solution of the full 3D Navier-Stokes equations.Finally, a weak formulation of the three-dimensional hydrostati problem



114 5 3D hydrostati and non-hydrostati free surfae �ow modelsis proposed. After time-disretization and linearization of the problem, theequations are splitted, leading to three separate sub-problems : the advetionof the horizontal veloity ; a system oupling the horizontal veloity and thefree surfae funtion, referened to as the u− η problem ; and the ontinuityequation allowing to retrieve the vertial veloity. We point out that the
u− η problem is linear, symmetri, and that it is based on the physial freesurfae equation. Chapter 6 will be dediated to its mathematial analysis.5.2 Desription of the domainWe onsider a three-dimensional domain in whih the lateral boundariesare perfetly vertial. In order to simplify the problem, we assume the bottomto be �xed and impervious.Let ω be a �xed bounded region of R

2. For any time t ∈ I the domain
Ωt is de�ned as follows :

Ωt = {x = (x, y, z) / (x, y) ∈ ω and b (x, y) ≤ z ≤ η (x, y, t) }where η and b are two funtions de�ned on ω desribing respetively thefree surfae and the bottom (see Figure 5.1). We will denote by h the waterheight :
h (x, y, t) = η (x, y, t) − b (x, y) , (x, y) ∈ ω, t ∈ I.

Fig. 5.1 � The three-dimensional domain and its boundaries.



5.3 The 3D free surfae Navier-Stokes equations 115Any integral over the 3D domain Ωt an then be written as
∫

Ω
(· · · ) dx =

∫

ω

(
∫ η

b
(· · · ) dz

)

dω.Note that the free surfae as well as the lateral boundaries only move in thevertial diretion.The boundary of the urrent domain Ωt is denoted by ∂Ωt and an bedeomposed into three separate parts, as illustrated in Figure 5.1 :1. the free surfae Γs,t ,2. the bottom surfae Γb and3. the lateral boundaries Γl,t. These an inlude :(a) solid lateral boundaries Γsol,t and(b) �titious liquid boundaries Γliq,t, omposed of the in�ow boun-dary Γin,t and the out�ow boundary Γout,t.We will use the three-dimensional gradient and divergene operators �respetively ∇ and div �, as well as the orresponding horizontal operators,that are :
∇2f =











∂f

∂x

∂f

∂y











and div2 f =
∂fx

∂x
+
∂fy

∂y
.5.3 The three-dimensional free surfae Navier-StokesequationsThe equations desribing the motion of the �uid are the well knownNavier-Stokes equations. They express the mass onservation of the �uid aswell as the onservation of the momentum. These equations, valid ∀t ∈ Iand ∀x ∈ Ωt, an be written as :















d ( ρU )

dt
− div (σT ) = ρf + ρ g,

∂ρ

∂t
+ div ( ρU ) = 0,

(5.1)where U = (u, v,w) is the total veloity of the �uid and ρ its density, σTis the physial stress tensor, f = (fx, fy, fz)
T the sum of the external foresapplied on the �uid, and g = (0, 0,−g) the gravity aeleration.



116 5 3D hydrostati and non-hydrostati free surfae �ow modelsNote that using the mass onservation equation we obtain the so-alled non-onservative formulation of the momentum equation :
dU

dt
+

1

ρ
div (σT ) = f + g. (5.2)Now onsidering only Newtonian �uids, the symmetri stress tensor is ob-tained adding the pressure p to the visosity tensor σ :

σT = −pId + σ, (5.3)with
σ = (σij) = µ
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 , (5.4)where D = ∇U + (∇U)T , and µ is the dynami visosity oe�ient.5.3.1 Variable density and Boussinesq approximationIn natural water bodies the density variations are relatively small � inthe oeans for instane the variations of the relative density are less than
3% of the average density. However, for many appliations, these variationsannot be negleted. In those ases, a state equation relates the �uid densityto the onentration of the traers interating with the �ow � that an betemperature, salinity or sediments. In estuaries for instane, it is essential toonsider the �utuations of the density due to the di�erent salinity onen-trations.We suppose that the density an be written as the sum of a referenevalue ρ0 and a �utuation around this value ∆ρ suh that ∆ρ/ρ0 << 1. Notethat the state equation has the form

∆ρ

ρ0
= f(T1, T2, . . . , Tn),where Ti is the i-th ative traer transported.The Boussinesq approximation � see [130℄ � states that small density va-riations must be taken into aount only in those terms of the momentumequation where they give rise to buoyany fores. Therefore the density issupposed onstant in the ontinuity equation, but its variations are onside-red in the pressure gradient term of the momentum equation. This impliesthat the variations of �uid mass are negleted, but their e�et on �uid weightis retained. In addition, the gradient pression is developed to the �rst order



5.4 The 3D free surfae Navier-Stokes equations 117in ∆ρ :
1

ρ
∇p =

1

ρ0

1

(1 + ∆ρ
ρ0

)
∇p ≈ 1

ρ0
(1 − ∆ρ

ρ0
) ∇p . (5.5)5.3.2 Inompressible �uidAording to the Boussinesq approximation the ontinuity equation writesdiv U = 0 in Ωt, t ∈ I, (5.6)the �ow is thus onsidered inompressible.Using the ontinuity equation (5.6) the divergene of the visosity tensoran be simpli�ed as followsdiv (σ) = div (µ∇U). (5.7)This yields the following non-onservative expression of the three-dimensionalfree surfae Navier-Stokes equations :



































































du

dt
− div (ν∇u) +

1

ρ

∂p

∂x
= fx,

dv

dt
− div (ν∇v) +

1

ρ

∂p

∂y
= fy,

dw

dt
− div (ν∇w) +

1

ρ

∂p

∂z
= − g + fz,

∂u

∂x
+

∂v

∂y
+

∂w

∂z
= 0,

(5.8)
where ν = µ/ρ0 is the kinemati visosity oe�ient of the �uid, and where
ρ is the real variable density .Remark 5.3.1 In order to irumvent the problem of turbulene, the equa-tions are averaged in time, leading to the so-alled Reynolds-Averaged Navier-Stokes equations (RANS) [118℄ that desribe the mean �ow. The e�ets ofthe turbulent �utuations on the mean �ow are then taken are of by meansof turbulene models (see for instane [140℄). We won't elaborate on thismatter. Note however that we have made use of some turbulene modelsimplemented in the Telema-3D system [66℄ for the simulations presented inthis work. The eddy visosity oe�ients for the horizontal and the vertialdi�usion an then be di�erent, and they an even vary in spae and time.The system is losed by suitable initial and boundary onditions.



118 5 3D hydrostati and non-hydrostati free surfae �ow models5.4 Boundary onditionsThe boundary onditions presribed here have been hosen in order tosimplify the problem. However, the analysis an be extended to other typesof onditions. They are valid for any t > 0.Let n be the outward normal to the urrent domain Ωt. We will denoteby nxy the horizontal omponent of n and by nz its vertial omponent, sothat n = (nxy, nz)
T . We will also make use of nω, the outward normal tothe two-dimensional domain ω.Remark 5.4.1 In the general ase, nxy 6= nω, but on the vertial lateralsurfaes,
nz = 0 and nxy = nω on Γl,t.On the solid boundaries, the kinemati ondition expressing impervious-ness is :

U · n = 0 on Γb ∪ Γsol,t. (5.9)On the bottom, this is equivalent to
− u|z=b · ∇b = w|z=b in ω, (5.10)and on the solid lateral boundaries to

u · nxy = 0 on Γsol,t. (5.11)The dynami ondition at the solid boundaries aounts for the shear stress
τ ating on the �uid. This stress is opposed to the veloity � it ats as abrake �, and is equivalent to the tangential stress exered by the �uid, i.e.

τ = − µ
∂u

∂n
on Γb ∪ Γsol,t.Sine it depends on the �ow, the stress τ is unknown and must be modeled.At the bottom, dimensional analysis shows that, supposing u su�iently farfrom the wall, τ has the form

τ = − 1

2
ρ Cf |u| u,where Cf is a dimensionless positive frition oe�ient. Several formulae,determined empirially, exist to ompute this oe�ient. We an use for ins-tane the Strikler formula, where Cf depends on the water height and the



5.4 Boundary onditions 119bottom roughness. Therefore, we will onsider a dynami ondition at thesolid boundaries of the form
ν
∂u

∂n
= − κ(u) on Γb ∪ Γsol,t, (5.12)where κ : R −→ R is a given funtion.At the free surfae, the veloity of the �uid is equal to the veloity of thefree surfae itself. This is expressed by the following kinemati ondition :

∂η

∂t
− U · n = 0 on Γs,t, (5.13)whih is equivalent to

∂η

∂t
+ u|z=η · ∇η = w|z=η in ω. (5.14)The stress vetor is ontinuous at the air-�uid interfae ; that is
(σT · n)fluid = (σT · n)air.We assume the pressure equal to the atmospherial pressure p0 and the vis-ous air stress negligeable. Therefore, the physial dynami boundary ondi-tion presribed at the free surfae is :

p = p0 and σ · n = 0 on Γs,t.However, in view of the variational formulation, it is onvenient to adaptthis ondition to the partiular model used here, in whih we assume thatdiv (σ) = div (µ∇U). Indeed, the following dynami boundary onditionshould be presribed at the free surfae :
p = p0 and ν

∂u

∂n
= 0 on Γs,t. (5.15)On the �titious liquid boundaries Γliq,t, the e�ets of the outside aretaken into aount. On one hand, the total veloity is presribed at thein�ow :

U (x, y, z, t) = U in(x, y, z, t) on Γin,t. (5.16)On the other hand, the visous stress is onsidered nil at the out�ow. Thefollowing dynami ondition is therefore presribed :
σ · n = 0 on Γout,t. (5.17)



120 5 3D hydrostati and non-hydrostati free surfae �ow modelsNote that this ondition is not adapted to the variational formulation of thehydrostati model we will introdue further in this setion. We will see thata stronger ondition is needed at the out�ow, that is the presription of thefree surfae and the assumption that the visous stress is nil :
η(x, y, t) = ηout(x, y, t) and ν

∂u

∂n
= 0 on Γout,t. (5.18)5.5 The free surfae equationProposition 5.1 If the ontinuity equation (5.6) as well as the kinemationdition on the bottom (5.10) are satis�ed, then(i) the kinemati ondition at the free surfae (5.13)

∂η

∂t
+ u|z=η · ∇η = w|z=η in ωand (ii) the following equation on the free surfae

∂η

∂t
+ div2 (

∫ η

b
u dz) = 0 in ω (5.19)are equivalent.Proof. Let us assume that the ontinuity equation (5.6) and the kinemationdition on the bottom (5.10) are satis�ed.(i) ⇒ (ii) Assume �rst that the kinemati ondition at the free sur-fae (5.13) is satis�ed. By depth-integrating the ontinuity equation (5.6) weobtain

∫ η

b
div2 u dz + w|z=η − w|z=b = 0.Applying the Leibnitz rule

∫ η

b
div2 u dz = div2 (

∫ η

b
u dz) − u|z=η · ∇η + u|z=b · ∇band thanks to the kinemati onditions at the free surfae (5.13) and on thebottom (5.10)

∫ η

b
div2 u dz = div2 (

∫ η

b
u dz) +

∂η

∂t
− w|z=η + w|z=b.Finally

∂η

∂t
+ div2 (

∫ η

b
u dz) = 0.



5.6 The 3D traer equation 121(ii) ⇒ (i) Assume now that the free surfae equation is satis�ed :
∂η

∂t
+ div2 (

∫ η

b
u dz) = 0.The Leibnitz rule states thatdiv2 (

∫ η

b
u dz) =

∫ η

b
div2 u dz + u|z=η · ∇η − u|z=b · ∇bThe ontinuity equation yields

∫ η

b
div2 u dz = −

∫ η

b

∂w

∂z
dz = −w|z=η + w|z=band the kinemati ondition on the bottom (5.10) reads

−u|z=b · ∇b = −w|z=b.Therefore
∂η

∂t
+ u|z=η · ∇η = w|z=η

♦This property allows us to replae the kinemati ondition (5.13) by thefree surfae equation (5.19), whih leads to a more onvenient formulation.5.6 The three-dimensional traer equationThe free surfae hydrodynami problem also involves the motion of thetraers, whih represent a temperature or any physial quantity ontained inthe water. If a traer interats with the �ow, as for instane the temperatureand the salinity, it is alled ative ; if not it is passive. The time evolution ofa traer depends on the veloity of the �ow that drives it, the di�usion andthe soure sink terms.The traer equation in onservative form is
∂( ρ0 T )

∂t
+ div ( ρ0 T U − ρ0 νT ∇T ) = fT on Ωt,where fT is the soure term and νT the traer's onstant di�usion oe�ient.We reall that U is the divergene-free veloity of the �ow and ρ0 its averagedensity.Using the ontinuity equation of the �uid we obtain the following non-onservative form of this equation :

∂T

∂t
+ U · ∇T − div (νT ∇T ) = fT on Ωt. (5.20)



122 5 3D hydrostati and non-hydrostati free surfae �ow modelsThis system is losed by suitable boundary onditions. The quantity Tis presribed at the in�ow boundaries Γin,t of the domain, i.e.,
T (x, t) = Tin(x, t) x ∈ Γin,t, t ∈ I, (5.21)where Γin,t is de�ned by

Γin,t = { x ∈ Γl,t / u · nxy < 0 } . (5.22)In addition, we presribe a �ux law at the free surfae of the type :
νT ∇T · n = aT + b. (5.23)We also assume the �ux of the traer to be nil on the solid boundaries of thedomain ; that is, ∀t ∈ I,

νT ∇T · n = 0 on ∂Γb ∪ Γsol,t. (5.24)5.7 ALE formulationThe problem is now reformulated in the Arbitrary Lagrangian Eulerian(ALE) approah. We onsider the referene on�guration
Ω̂ = { x̂ = (x̂, ŷ, ẑ) / (x̂, ŷ) ∈ ω and 0 ≤ ẑ ≤ 1 }and an ALE mapping of the ALE-Sigma approah form � see Part I, setion4.3 �, that is

Ât : Ω̂ −→ Ωt, x(x̂, t) = Ât(x̂)with x = x̂, y = ŷ and z = Z (x, y, ẑ, t) , (5.25)where Z (x, y, ẑ, t) is an arbitrary ontinuous and monotoni (∂Z/∂ẑ ≥ 0)funtion satisfying
{

Z(x, y, 0, t) = η(x, y, t) ∀ (x, y, t) ∈ ω × I
Z(x, y, 1, t) = b(x, y, t).

(5.26)Sine the domain moves in the vertial diretion only, its veloity c has onlya vertial non zero omponent :
c =

∂Ât

∂t
= (0, 0, c)T . (5.27)We an now write the non-onservative ALE formulation of the onsidered



5.8 ALE formulation 123hydrodynami problem, valid ∀t ∈ I and ∀x ∈ Ωt :
∂U

∂t

∣

∣

∣

x̂
+ (U − c ) · ∇U − div (ν∇U) +

1

ρ
∇p = f + g (5.28)

∂η

∂t
+ div2 (

∫ η

b
u dz) = 0 (5.29)div U = 0 (5.30)

∂T

∂t

∣

∣

∣

x̂
+ (U − c) · ∇T − div (νT ∇T ) = fT . (5.31)It is ompleted with the folllowing boundary onditions on U and η :







































































































U · n = 0 on Γb,

u · nxy = 0 on Γsol,t,

ν
∂u

∂n
= − κ(u) on Γb ∪ Γsol,t,

ν
∂u

∂n
= 0 on Γs,t,

U = U in on Γin,t,

η = ηout on Γout,t,

ν
∂u

∂n
= 0 on Γout,t,

(5.32)
and on T :



























T = Tin on Γin,t, t ∈ I,

νT ∇T · n = aT + b on Γs,t,

νT ∇T · n = 0 on ∂Γb ∪ Γsol,t.

(5.33)
Remark 5.7.1 Note that the time derivative on the free surfae funtion ηis not turned into an ALE time derivative, beause this variable is de�nedon the �xed two-dimensional domain ω.



124 5 3D hydrostati and non-hydrostati free surfae �ow models5.8 The hydrostati assumptionThe hydrostati approximation onsists in negleting the vertial ae-leration, di�usion and soure term, so that the momentum equation on thevertial veloity in (5.8) redues to :
∂p

∂z
= − ρg. (5.34)Resaling the ontinuity equation (5.30) and the momentum equation(5.28) using U , W , L and H, the sales for the horizontal and vertial ve-loities, for a harateristi horizontal length and for the depth, it an beshown that :1. the vertial aeleration is negligible if the horizontal sale of motiondominates the vertial one, that is if H << L or if W << U , whih isusually the ase in shallow water areas and in �ows with long waves,2. the di�usion on the vertial veloity an be negleted if the Reynoldsnumber
Re =

LU

νis large, whih is the ase for turbulent �ows with dominating horizon-tal motions.For the derivation of the resaled system see for instane [110℄.The hydrostati approximation an therefore be applied if onditions 1and 2 are full�lled. In that ase, sine the pressure at the free surfae isassumed to be equal to the atmospherial pressure p0 � onsidered onstantand known � we have that
p(x, y, z, t) = ρ0g (η (x, y, t) − z) + p0 + gρ0

∫ η

z

∆ρ

ρ0
dz. (5.35)The horizontal pressure gradient term in the momentum equation is then :

1

ρ
∇2p =

1

ρ

(

g∇2η + g∇2(

∫ η

z

∆ρ

ρ0
dz)

)

.Aording to the Boussinesq approximation the seond order terms in ∆ρ/ρ0an be negleted, yielding
1

ρ
∇2p ≈ g∇2η − g

∆ρ

ρ0
∇2η + g∇2

(∫ η

z

∆ρ

ρ0
dz

)

. (5.36)The terms aounting for the e�ets of the density �utuation are referenedto as the buoyany terms. We will denote them by
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f buoy = − g

∆ρ

ρ0
∇2η + g∇2

(
∫ η

z

∆ρ

ρ0
dz

)

. (5.37)5.9 The three-dimensional hydrostati modelAording to (5.34) and (5.36), the ALE formulation of the equationsdesribing a three-dimensional hydrostati free surfae �ow with divergenefree veloity is :
∂u

∂t

∣

∣

∣

x̂
+ (U − c ) · ∇u − div (ν∇u) + g∇2η = fhor , (5.38)

∂η

∂t
+ div2 (

∫ η

b
u dz) = 0 , (5.39)div2 u +
∂w

∂z
= 0 , (5.40)(5.41)where fhor = (fx, fy)

T + f buoy . This formulation is valid for any t ∈ I andfor all x ∈ Ωt.Let us expliit the system for more larity :


































































∂u

∂t

∣

∣

∣

x̂
+ u

∂u

∂x
+ v

∂u

∂y
+ (w − c)

∂u

∂z
− div (ν∇u) + g

∂η

∂x
= fhor

x ,

∂v

∂t

∣

∣

∣

x̂
+ u

∂v

∂x
+ v

∂v

∂y
+ (w − c)

∂v

∂z
− div (ν∇v) + g

∂η

∂y
= fhor

y ,

∂η

∂t
+

∂

∂x
(

∫ η

b
u dz) +

∂

∂y
(

∫ η

b
v dz) = 0 ,

∂u

∂x
+

∂v

∂y
+

∂w

∂z
= 0 ,This problem is also referred to as the three-dimensional shallow water equa-tions.We observe that the hydrostati model does not involve the time-derivativeof w. Therefore, no initial ondition is needed on the vertial veloity of the�uid. Moreover, in the momentum equation (5.38) on u, w only appears aspart of (w−c), whih we all the vertial ALE advetive veloity and denote



126 5 3D hydrostati and non-hydrostati free surfae �ow modelsby
w̄ = w − c . (5.42)In fat, the vertial veloity w is not needed separately and we an determinediretly w̄.Following this remark, we hoose to reformulate the ontinuity equationin order to make appear the vertial ALE advetive veloity w̄.Let us multiply equation (5.40) by the determinant of the ALE mapping.Then, using the Euler expansion formula (2.11), we obtain the followingALE formulation of the ontinuity equation :

∂Ĵt

∂t
(A−1

t (x), t ) + Ĵt (A−1
t (x), t ) div (U − c) = 0 on Ωt. (5.43)Denoting the three-dimensional veloity (U − c) by

Ū = U − c = (u, w̄)T , (5.44)the ontinuity equation an be written in the ALE frame as follows :
∂Ĵt

∂t
+ Ĵt

( div Ū ◦ Ât

)

= 0 on Ω̂. (5.45)This formulation of the ontinuity equation will only be used for the hy-drostati model. It simpli�es system (5.38)-(5.40) sine the only variablesinvolved are now the horizontal veloity u, the vertial ALE advetive velo-ity w̄ and the free surfae funtion η.5.10 The three-dimensional non-hydrostati modelWhen the pressure annot be assumed to be hydrostati or when thevertial aelerations are important, the non-hydrostati model must be used.This is the ase, for instane,� in deep waters with strong bathymetry gradients, where the in�ueneof the steep bottom slopes on the veloity �eld is not damped like inshallow waters and results in hanging the �ow diretion ;� in presene of short waves, where there are important vertial orbitalmovements of the �uid partiles in the wave ;� in �ows around strutures, where the pressure �eld before the obstaleannot be onsidered hydrostati.The formulation of the three-dimensional non-hydrostati model presen-ted next is based on the pressure deomposition into hydrostati and hydro-dynami parts. This idea was applied by Casulli and Stelling to geophysial



5.10 The 3D non-hydrostati model 127�ows in a �nite di�erene implementation presented in [27℄. Saleri et al. alsoproeed to this pressure deomposition in [97℄, where they propose a �niteelement approximation of the 3D free surfae Navier Stokes equations.The ALE formulation of the non-hydrostati equations, valid for any
t ∈ I and for all x ∈ Ωt, is then :

∂u

∂t

∣

∣

∣

x̂
+ Ū · ∇u − div (ν∇u) + g∇2η +

1

ρ
∇2pd = fhor (5.46)

∂w

∂t

∣

∣

∣

x̂
+ Ū · ∇w − div (ν∇w) +

1

ρ

∂pd

∂z
= fz (5.47)

∂η

∂t
+ div2 (

∫ η

b
u dz) = 0 (5.48)div2 u +
∂w

∂z
= 0, (5.49)where pd denotes the hydrodynami pressure orretion.Here again we expliit the system for more larity :



























































































∂u

∂t

∣

∣

∣

x̂
+ u

∂u

∂x
+ v

∂u

∂x
+ (w − c)

∂u

∂z
− div (ν∇u) + g

∂η

∂x
+

∂pd

∂x
= fhor

x ,

∂v

∂t

∣

∣

∣

x̂
+ u

∂v

∂x
+ v

∂v

∂y
+ (w − c)

∂v

∂z
− div (ν∇v) + g

∂η

∂y
+

∂pd

∂y
= fhor

y ,

∂w

∂t

∣

∣

∣

x̂
+ u

∂w

∂x
+ v

∂w

∂y
+ (w − c)

∂w

∂z
− div (ν∇w) +

∂pd

∂z
= fz,

∂η

∂t
+

∂

∂x
(

∫ η

b
u dz) +

∂

∂y
(

∫ η

b
v dz) = 0 ,

∂u

∂x
+

∂v

∂y
+

∂w

∂z
= 0 ,The non-hydrostati model is more omplex but it allows an aurateomputation of the vertial veloity, whih is now oupled with the wholesystem.The deomposition of the pressure p as p = pd + ph, where ph is thehydrostati pressure given by (5.35), simpli�es the resolution of the problem.



128 5 3D hydrostati and non-hydrostati free surfae �ow modelsIndeed, it leads to the splitting of the time-disrete equations into :1. a hydrostati part, whih orresponds almost exatly to the hydrostatiproblem (5.38)-(5.39), with the exeption that the vertial veloity isalso adveted and di�used. This step provides the free surfae funtion.2. a hydrodynami part, in whih the total veloity U = (u, v,w) is or-reted by the hydrodynami pressure term pd, ensuring the ontinuityequation.The 3D hydrostati model an therefore either be viewed as an inde-pendent model or as an intermediate step in the solution of the full 3DNavier Stokes equations with free surfae. The study of the 3D hydrostatimodel is one of the fous of this thesis and is addressed in details in Chapters6 and 7.5.11 Weak formulation of the three-dimensional hy-drostati problemFor the sake of simpliity, we will assume the following regularity pro-perties on the domain at any time t ∈ I :
η(t) ∈ W 1,∞(ω), b ∈ W 1,∞(ω), (5.50)and

∃h0 > 0 suh that h(t) ≥ h0 on ω. (5.51)In addition, we will assume that the Dirihlet ondition (5.16) on the veloityat the in�ow is homogeneous, i.e. that
U(x, y, z, t) = 0 on Γin,t. (5.52)Let us onsider the following funtional spaes de�ned on the refereneon�guration Ω̂ :

X̂ = H1(Ω̂)2, V̂ = L2(Ω̂) and Ŵ = H1(Ω̂) , (5.53)as well as the spae
M = L2(ω) (5.54)de�ned on the two-dimensional domain. The ALE mapping (5.25) then de-termines the orresponding spaes X (Ωt) and X (Ωt, t), as well as W(Ωt)and V(Ωt, t), de�ned on the urrent domain � see (2.13) and (2.15) in se-tion 2.1.5.



5.11 Weak formulation of the 3D hydrostati problem 129In addition, we de�ne
X0(Ωt) = { ψ ∈ X (Ωt) / ψ(t) · nxy = 0 on Γsol,t and

ψ(t) = 0 on Γin,t , t ∈ I } (5.55)and
X0(Ωt, t) = { ψ ∈ X (Ωt, t) / ψ(t) · nxy = 0 on Γsol,t and

ψ(t) = 0 on Γin,t , t ∈ I } (5.56)We will prove later on that these spaes are regular enough for the fol-lowing weak formulation of the hydrostati system (5.38)-(5.40) to be well-de�ned. For now, let us state the following proposition :Proposition 5.2 A weak ALE formulation of the 3D hydrostati free sur-fae �ow problem is, given the initial onditions u(0) and η(0),�nd u ∈ X0(Ωt, t), w̄ ∈ V(Ωt, t) and η(t) ∈ M suh that
∀ψ ∈ X0(Ωt), ∀χ ∈ M, ∀φ ∈ W(Ωt) and for eah t ∈ I,















































































∫

Ωt

(

∂u

∂t
+ Ū · ∇u

)

· ψ dx +

∫

Ωt

ν∇u · ∇ψ dx

− g

∫

ω
η div2 (

∫ η

b
ψ dz) dω = < F ,ψ >X ′×X ,

g

∫

ω

∂η

∂t
χ dω + g

∫

ω
χ div2 (

∫ η

b
u dz) dω = 0 ,

∫

Ωt

Ū · ∇φ dx −
∫

Γliq,t

φ u · nxy dΓ =
d

dt

∫

Ωt

φ dx ,

(5.57)
where

< F ,ψ >X ′×X =

∫

Ωt

fhor ·ψ dx −
∫

Γb∪Γsol,t

κ(u) ψ dΓ

+

∫

Γout,t

ηout ψ · nxy dΓ. (5.58)Proof.



130 5 3D hydrostati and non-hydrostati free surfae �ow modelsMomentum equation Let us onsider a test funtion ψ = (ψu, ψv) in
X0(Ωt). We multiply equation (5.38) by ψ and we integrate on Ωt. Then,lassial integration by parts of the �ux term gives

∫

Ωt

(

∂u

∂t
+ (U − c) · ∇u

)

· ψ dx +

∫

Ωt

ν∇u · ∇ψ dx

+ g

∫

Ωt

∇2ηψ dx =

∫

∂Ωt

(ν∇u · n) · ψ dΓ +

∫

Ωt

fhor ·ψ dx.We impose strongly the homogeneous Dirihlet ondition (5.52) on the ho-rizontal veloity at the in�ow boundary. In addition, we use the dynamiboundary onditions (5.12) at the bottom and the solid lateral boundaries,(5.15) at the free surfae, and (5.18) at the out�ow. We obtain :
∫

∂Ωt

(ν∇u · n) ·ψ dΓ = −
∫

Γb∪Γsol,t

κ(u) ψ dΓ.On the other hand, sine η is de�ned on the two-dimensional domain ω, wean write
∫

Ωt

∇2η ·ψ dx =

∫

ω
∇2η ·

(
∫ η

b
ψ dz

)

dω,and integrating by parts this term we get :
∫

ω
∇2η ·

(
∫ η

b
ψ dz

)

dω

= −
∫

ω
η div2 (

∫ η

b
ψ dz) dω +

∫

∂ω
η

(∫ η

b
ψ dz

)

· nω dγ.Boundary ∂ω orresponds to the two-dimensional basis of the lateral bounda-ries Γl,t. Moreover, aording to remark (5.4.1), nω = nxy on Γl,t. Thereforewe have that
∫

∂ω
η

(∫ η

b
ψ dz

)

· nω dγ =

∫

∂ω

∫ η

b
η ψ · nxy dz dγ =

∫

Γl,t

η ψ · nxy dΓ.We impose strongly the imperviousness ondition on the solid lateral boun-daries (5.11). Using in addition the presribed free surfae ondition at theout�ow we obtain :
∫

Γl,t

η ψ · nxy dΓ =

∫

Γout,t

ηout ψ · nxy dΓ.This leads to the weak formulation of the momentum equation in (5.57).



5.11 Weak formulation of the 3D hydrostati problem 131Free surfae equation Let χ be a funtion of M. Multiplying equation(5.39) by g χ and integrating on ω, we obtain the weak formulation of thefree surfae equation in (5.57).Continuity equation We now multiply equation (5.45) by a test funtion
φ̂ in Ŵ and integrate on Ω̂ :

∫

Ω̂

∂Ĵt

∂t
φ̂ dx̂ +

∫

Ω̂
Ĵt

(div Ū ◦ Ât

)

φ̂ dx̂ = 0.Sine φ̂ and Ω̂ do not depend on time we an write that
∫

Ω̂

∂Ĵt

∂t
φ̂ dx̂ =

d

dt

∫

Ω̂
Ĵt φ̂ dx̂ =

d

dt

∫

Ωt

φ dx, with φ = φ̂ ◦ A−1
t .The divergene term is then integrated by parts :

∫

Ωt

φ div Ū dx = −
∫

Ωt

Ū · ∇φ dx +

∫

∂Ωt

φ Ū · n dΓ.On the lateral boundaries, using Remark 5.4.1 and ondition (5.11) imposedstrongly :
∫

Γl,t

φ Ū · n dΓ =

∫

Γl,t

φ u · nxy dΓ =

∫

Γliq,t

φ u · nxy dΓ.Moreover, we reall that the ALE mapping Ât is suh that the veloity ofthe domain satis�es
Ū · n = (U − c) · n = 0at the impervious boundaries of the domain. Espeially, this holds true atthe free surfae Γs,t and at the bottom Γb.Remark 5.11.1 Note that this omes to impose weakly the imperviousnessonditions (5.13) at the free surfae and (5.10) on the bottom.The boundary term then redues to

∫

∂Ωt

φ Ū · n dΓ =

∫

Γliq,t

φ u · nxy dΓ,and we �nally get the weak formulation of the ontinuity equation in (5.57).
♦



132 5 3D hydrostati and non-hydrostati free surfae �ow modelsLet us now prove that the weak formulation is well-de�ned for the onti-nuous funtional spaes X̂ , V̂ , Ŵ and M introdued in (5.53) and (5.54).For that purpose, we state two funtional analysis results, valid for anybounded moving domain Ωt ∪ R
d, d ≥ 2, with Lipshitz boundary Γt.Lemma 5.1 Following the trae theorem, at any time t ∈ I, there is astritly positive onstant cT,t > 0, depending only on the urrent domain

Ωt, suh that
∀ψ ∈ H1(Ωt)

2 ‖γ0 (ψ) ‖ 0,∂Ωt ≤ cT,t ‖ψ‖ 1,Ωt , (5.59)where γ0 is the ontinuous appliation assoiating to eah element ψ ∈
H1(Ωt)

2 its trae on ∂Ωt.We introdue, for any non empty part Γ1,t of the domain's boundary Γt,the funtional spae
HΓ1

(Ωt) = { v ∈ H1(Ω), v = 0 on Γ1 }.Lemma 5.2 Following Poinaré's Inequality, at any time t ∈ I, there is astritly positive onstant cP,t > 0, depending only on the urrent domain Ωt,suh that
∀ψ ∈ HΓ1

(Ωt)
2 ‖ψ‖ 0,Ωt ≤ cP,t ‖∇ψ‖ 0,Ωt . (5.60)This shows that the semi-norm | · | 1,Ωt in H1(Ωt)

2 is a norm in H1
0 (Ωt)

2.There is also a stritly positive onstant cp, depending only on the two-dimensional domain ω, and suh that
∀χ ∈ H1

0 (ω), ‖χ‖ 0,ω ≤ cp |χ| 1,ω . (5.61)Let us now prove the following proposition :Proposition 5.3 Assuming (5.50) and (5.51), for any ψ in H1(Ωt)
2 andfor all t in I, div2 (

∫ η(t)

b
ψ dz) ∈ L2(ω)2and there is a stritly positive onstant C(Ωt) > 0, depending on the domain

Ωt at time t, suh that
‖ div2 (

∫ η(t)

b
ψ dz) ‖ 0,ω ≤ C(Ωt) ‖ψ‖ 1,Ωt . (5.62)



5.11 Weak formulation of the 3D hydrostati problem 133Proof.Let ψ be a funtion in H1(Ωt)
2 :

∫

ω
| div2 (

∫ η(t)

b
ψ dz) |2 dω

=

∫

ω
|
∫ η(t)

b
div2ψ dz + ∇2η(t) ·ψ|z=η − ∇2b ·ψ|z=b |2 dω

≤ 2

∫

ω
|
∫ η(t)

b
div2ψ dz |2 dω + 2

∫

ω
| ∇2η(t) ·ψ|z=η

− ∇2b ·ψ|z=b |2 dω

≤ 2 ‖h(t)‖L∞(ω) ‖div2 ψ ‖2
0,Ωt

+ 4 ‖∇2η(t)‖2
L∞(ω) ‖ψ|z=η‖2

0,ω

+ 4 ‖∇2b‖2
L∞(ω) ‖ψ|z=b‖2

0,ω .Now, aording to lemma 5.1 we have that
‖ψ|z=η‖ 0,ω ≤ cT,t ‖ψ‖ 1,Ωtand ‖ψ|z=b‖ 0,ω ≤ cT,t ‖ψ‖ 1,Ωt .Finally, using that

‖div2 ψ ‖ 0,Ωt ≤ 2 ‖∇2ψ‖ 0,Ωt ,we obtain
‖div2 (

∫ η(t)

b
ψ dz) ‖2

0,ω ≤ 4
(

2 ‖h(t)‖L∞(ω)

+ c2T,t

(

‖∇2η(t)‖2
L∞(ω) + ‖∇2b‖2

L∞(ω)

))

‖ψ‖2
1,Ωt

.

♦Following Proposition 5.3, if at eah time t ∈ I

u(t) ∈ H1(Ωt)
2, η(t) ∈ L2(ω) and w̄(t) ∈ L2(Ωt),and

ψ(t) ∈ H1(Ωt)
2, χ(t) ∈ L2(ω) and φ(t) ∈ H1(Ωt),then the weak formulation (5.57) of the hydrostati problem is well de�ned.



134 5 3D hydrostati and non-hydrostati free surfae �ow modelsAording to (2.19) and (2.20), the following properties hold :
∀u ∈ X0(Ωt, t), u(t) ∈ H1(Ωt)

2 ∀t ∈ I , (5.63)
∀ψ ∈ X0(Ωt), ψ(t) ∈ H1(Ωt)

2 ∀t ∈ I , (5.64)
∀ w̄ ∈ V(Ωt, t), w̄(t) ∈ L2(Ωt), ∀t ∈ I , (5.65)
∀φ ∈ W(Ωt), φ(t) ∈ H1(Ωt) ∀t ∈ I . (5.66)5.12 Time disretization and linearizationLet us now introdue the time-advaning sheme hosen for the hydro-stati problem. A disussion on the proper hoie of the terms to disretizeimpliitly rather than expliitly in a three-dimensional shallow water �owproblem an be found in [26℄. The authors show through numerial experi-ments that the semi-impliit disretization of the free surfae gradient andveloity divergene terms, and the expliitation of the remaining terms isstable and e�ient. We will follow this method. Note that the expliita-tion of the advetion terms allows their treatment through the ALE-MURDshemes introdued in Chapter 3. The results an be improved by the use ofthe so-alled θ-method (ref).The time interval I is divided in Nt time steps of equal length ∆t. Wedenote by Ωn the approximation of the domain oupied by the �uid at time

tn = n∆t, for n = 0, . . . ,Nt, and by (un, ηn, w̄n) the approximation of thesolution (u(tn), η(tn), w̄(tn) ). Let us introdue the following appliation :
An,n+1 : Ωn −→ Ωn+1, An,n+1(x) = Ân+1 ◦ A−1

n (x) .We introdue the following time-disrete funtional spaes
X n = { ψ : Ωn −→ R, ψ = ψ̂ ◦ A−1

n , ψ̂ ∈ X̂ } ,

Vn = {φ : Ωn −→ R, φ = φ̂ ◦ A−1
n , φ̂ ∈ V̂ } ,

Wn = {φ : Ωn −→ R, φ = φ̂ ◦ A−1
n , φ̂ ∈ Ŵ } ,

(5.67)as well as
X n

0 = { ψ ∈ X n / ψ · nxy = 0 on Γn
sol and ψ = 0 on Γn

in } . (5.68)



5.12 Time disretization and linearization 135Applying Proposition 2.1, we an show that :
X n = H1(Ωn)2, Vn = L2(Ωn) and Wn = H1(Ωn) . (5.69)Let us now de�ne some notations we will use in order to simplify thetime-disretized weak formulation of the problem. We will denote by (., .)Ωnthe salar produt in L2(Ωn)2 :

(ψ1 , ψ2 )Ωn =

∫

Ωn

ψ1 · ψ2 dx ,and by (., .)ω the salar produt in L2(ω) :
(χ1 , χ2 )ω =

∫

ω
χ1 χ2 dω.Moreover, we will make use of the following shortut, valid for any time-disrete funtion f suh that, for eah n = 0, . . . ,Nt, fn is de�ned on Ωnfor any (n1, n2) ∈ [1, Nt]

2, fn1

n2
= fn1 ◦ An2,n1

in Ωn2 .Finally, we will denote, for any time independent funtion ψ̂ de�ned on thereferene on�guration Ω̂ :
ψn = ψ̂ ◦ Ân in Ωn, for n = 0, . . . ,Nt.We point out that the time-disretization hosen leads to a linear system.Moreover, the expliit time-disretization of the advetive term unouplesthe ontinuity equation from the two other ones. Indeed, at eah time tn,the system an be solved in two steps : �rst, the sub-system formed by themomentum equation and the free surfae equation is solved, determining thehorizontal veloity u and the free surfae funtion η at t = tn+1. Then, theontinuity equation is solved independently, by deriving the vertial ALEadvetive veloity w̄ at tcn from the values ucn and η cn just omputed.Given the initial onditions u0 and η0, we onsider the following semi-impliit time-advaning sheme for problem (5.57) :for eah n = 0, . . . ,Nt − 1,�nd un+1 ∈ X n+1

0 , ηn+1 ∈ M and w̄n+1 ∈ Vn+1 suh that,
∀ ψ̂ ∈ X̂0, ∀χ ∈ M and ∀φ̂ ∈ Ŵ,
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1

∆t
(un+1

n − un , ψn )Ωn +

∫

Ω an

(Ū
an · ∇un

an
) ·ψan dx

+ ν (∇un+1
n , ∇ψn )Ωn − g

∫

ω
ηθn div2 (

∫ ηn

b
ψn dz) dω

= < F n+1,ψn >(Xn)′×Xn ,

g

∆t
( ηn+1 − ηn , χ )ω + g

∫

ω
χ div2 (

∫ ηn

b
uθn

n dz) dω = 0 ,(5.70)






















∫

Ω cn

w̄cn
∂φcn

∂z
dx =

1

∆t
(

∫

Ωn+1

φn+1 dx −
∫

Ωn

φn dx )

−
∫

Ω cn

ucn · ∇2φ
cn dx +

∫

Γ cn
liq

φcn ucn · nxy dΓ ,(5.71)where tan is a partiular time in [tn−1, tn] and tθn , tcn are two partiulartimes in [tn, tn+1], hosen in order to satisfy some properties. Time tθn isdetermined by an impliitness parameter 0 ≤ θ ≤ 1 , de�ning
tθn = θ tn+1 + (1 − θ) tnfor eah n = 0, . . . , Nt − 1. The orresponding variables are then

ηθn = θ ηn+1 + (1 − θ) ηn and uθn = θ un+1 + (1 − θ) un.Finally,
< F n+1,ψ >(Xn)′×Xn =

∫

Ωn

(fhor)n+1
n ·ψ dx −

∫

Γb∪Γn
sol

κ(un) ψ dΓ

−
∫

Γn
out

ηn+1
out ψ · nxy dΓ . (5.72)Remark 5.12.1 The unoupling of the vertial veloity from the horizontalveloity and the free surfae funtion simpli�es the solution, but it has animportant drawbak, whih is inherent to the hydrostati model : all ina-uray in the omputation of the horizontal veloity will result in errors onthe vertial ALE advetive veloity.



5.13 Frational step method 1375.13 Frational step methodIn order to simplify the analysis and the approximation of the hydrosta-ti problem, the �rst oder in time frational step method is applied : themomentum equation on the horizontal veloity u is splitted so that the ALEadvetive term is isolated from the rest. Consequently, system (5.70)-(5.71)is separated into three parts, whih an be treated separately using the mostappropriate numerial methods aording to the mathematial properties ofthe operators.First, u is adveted, leading to an intermediate value ũ :
( ũ − un , ψn )Ωn +

∫

Ω an

(Ū
an · ∇un

an
) ·ψan dx = 0. (5.73)The hyperboli nature of the advetion equations implies that the spae deri-vatives must be upwinded. Appropriate numerial methods for solving theseequations in the �nite element framework are for example the harateristimethods (see for instane [112℄), the SUPG method [71℄ and the MURDshemes (see for instane [107℄). Note that the latter are extended to movingdomains in Chapter 3, leading to ALE-MURD shemes. The appliation ofthese shemes to the advetion equations present in the 3D hydrostati freesurfae �ow problem will be disussed later on in this work � see setion 7.5in the next hapter.Then, the rest of the momentum equation oupled with the free surfaeequation is solved, determining un+1 and ηn+1 :























































1

∆t
(un+1

n − ũ , ψn )Ωn + ν (∇un+1
n , ∇ψn )Ωn

− g

∫

ω
ηθn div2 (

∫ ηn

b
ψn dz) dω = < F n+1,ψn >(Xn)′×Xn ,

g

∆t
( ηn+1 − ηn , χ )ω + g

∫

ω
χ div2 (

∫ ηn

b
uθn

n dz) dω = 0 .

(5.74)
Finally, the ontinuity equation gives the value of w̄cn :
∫

Ω cn

w̄cn
∂φcn

∂z
dx =

1

∆t
(

∫

Ωn+1

φn+1 dx −
∫

Ωn

φn dx )

−
∫

Ω cn

ucn · ∇2φ
cn dx +

∫

Γ cn
liq

φcn ucn · nxy dΓ . (5.75)



138 5 3D hydrostati and non-hydrostati free surfae �ow modelsThe semi-disrete problem (5.74) will throughout be referened to as the
u− η problem.Note that Miglio and Saleri proposed in [98℄ a semi-disrete weak formu-lation of a linearized version of the hydrostati free surfae problem, in whihthe horizontal di�usion was negleted. By treating the advetion terms ex-pliitly, they ahieve a problem oupling the horizontal veloity and the freesurfae whih is very similar to the u− η problem presented here. However,the problem they obtain is non-symmetri. The authors then proeed to amodi�ation of the free surfae equation in order to ahieve a symmetrisystem. We point out that our formulation (5.74) of the problem ouplingthe horizontal veloity and the free surfae is symmetri and based on thephysial free surfae equation.In the next hapter we will analyse the u− η problem.



6.1 139
Chapitre 6The u− η problem.6.1 IntrodutionIn this hapter we aim to analyse problem (5.74), arising from the time-disretization of the three-dimensional free surfae �ow problem introduedpreviously, and oupling the horizontal veloity and the free surfae funtion.We all this problem the u− η problem.We wish to point out that Miglio and Saleri have introdued in [98℄ asimilar problem, obtained from a semi-disrete weak formulation of the hy-drostati free surfae problem, in whih the horizontal di�usion was negle-ted and the advetion terms treated expliitly. This problem also ouplesthe horizontal veloity and the free surfae but it is non-symmetri. Theauthors analyse the problem after modifying the free surfae equation in or-der to ahieve a symmetri system. An existene and uniqueness result isthen derived in the mixed problem framework for the modi�ed symmetrisemi-disrete problem.We underline that the u− η problem analysed in this hapter is symme-tri and based on the physial free surfae equation. In addition, it inludesthe horizontal di�usion terms.For the sake of larity, we will drop the time subsripts of the variablesand funtions. Consequently, we will onsider a ontinuous time-independentproblem. Note that this problem an be viewed as part of the hydrostatias well as the non-hydrostati free surfae �ow models, but it may also arisefrom ompletely di�erent problems.We will �rst analyse the ontinuous problem in the Lax-Milgram fra-mework, yielding an existene and uniqueness result. However, this analysisonly holds in the ase where a partiular parameter α, orresponding to thevisosity oe�ient of the �uid in the free surfae �ow problem, is not zero.In addition, when this parameter gets very small, the a priori estimation ofthe solution deteriorates. Therefore we will also analyse the ontinous u− η



140 6 The u− η problem.problem in the mixed problem framework. This will allow us to prove theexistene and uniqueness of a solution independently of the value of α.Then, we will analyse an approximation of the u−η problem through theGalerkin method. The analysis is made in the Lax-Milgram framework �rst,yielding an existene and uniqueness result as well as an estimation of theerror between the solution of the ontinous problem and its approximation.The analysis is then made in the mixed problem framework, leading to theproof of existene and uniqueness of a solution to the disrete u−η problemprovided a partiular disrete inf-sup ondition is satis�ed. In this ase, anerror estimation is given, valid for any value of the parameter α. We alsopropose a pair of stable disrete spaes approximating the horizontal veloityand the free surfae. That means that the disrete inf-sup ondition requiredis satis�ed for these spaes.Finally, we introdue an alternative approximation of the ontinuous u−ηproblem, allowing the weak treatment of the imperviousness ondition at thelateral boundaries. The existene and uniqueness of a solution to this disreteproblem an be proven in the Lax-Milgram framework for the ase where αis non zero. It an also be proven in the mixed problem framework, inde-pendently of α, provided a partiular disrete inf-sup ondition is satis�ed.However, sine this is not an internal approximation of the ontinuous weakformulation, we will not provide an estimation of the approximation error.A omplex analysis using non-standard tehniques would be needed for suhan estimation.6.2 The ontinuous u− η problem.We onsider in this hapter a generi form of the spae-ontinuous weak
u−η problem (5.74) arising from a time disretization of the three-dimensionalhydrostati model (5.38)�(5.40) � or from the non-hydrostati model (5.46)�(5.40) � introdued in the previous hapter.We reall that these models are posed on three-dimensional domains ofthe form

Ωt = {x = (x, y, z) / (x, y) ∈ ω and b (x, y) ≤ z ≤ η (x, y, t) } ,where ω is the two-dimensional domain � a �xed bounded region of R
2 �,and where η(x, y, t) and b(x, y) are two funtions de�ned on ω and desribingrespetively the free surfae and the bottom (see Figure 6.1). We also reallthat the boundary of this domain is denoted by ∂Ωt and an be deomposedinto three separate parts, as illustrated in Figure 6.1 : the free surfae Γs,t,the bottom surfae Γb and the lateral boundaries Γl,t. The latter an in-lude solid lateral boundaries Γsol,t, an in�ow boundary Γin,t and an out�ow



6.2 The ontinuous u− η problem. 141

Fig. 6.1 � The three-dimensional domain and its boundaries.boundary Γout,t.For the sake of larity, let us reall the ALE formulation of the equationsdesribing the hydrostati free surfae �ow model, valid for any t ∈ I andfor all x in the three-dimensional domain Ωt :










































∂u

∂t

∣

∣

∣

x̂
+ (U − c ) · ∇u − div (ν∇u) + g∇2η = fhor ,

∂η

∂t
+ div2 (

∫ η

b
u dz) = 0 ,div2 u +
∂w

∂z
= 0 ,

(6.1)
where U is the veloity of the �uid, u and w its horizontal and vertialomponents, η is the free surfae variable and c = (O,O, c)T the veloityof the domain. In addition, fhor is the horizontal soure term, omprisingthe external fores applied on the �uid as well as the bouyany terms (5.37).This system is losed by the following boundary onditions � see setion 5.4 :
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U · n = 0 on Γb ,

u · nxy = 0 on Γsol,t ,

ν
∂u

∂n
= − κ(u) on Γb ∪ Γsol,t ,

∂η

∂t
− U · n = 0 on Γs,t ,

ν
∂u

∂n
= 0 on Γs,t ,

U(x, y, z, t) = U in(x, y, z, t) on Γin,t ,

η(x, y, t) = ηout(x, y, t) on Γout,t ,

ν
∂u

∂n
= 0 on Γout,t .For the sake of simpliity, we will onsider a onstant density, homoge-neous boundary onditions, no external fores and a gravity aeleration of1, whih means that i.e. ρ = ρ0, U in = 0, ηout = 0, κ = 0, fx,y = 0and g = 1.In order to derive a generi time-independent form of this problem, weonsider a three-dimensional domain Ω̃, de�ned through the two-dimensionaldomain ω, the bottom funtion b(x, y) and a generi free surfae funtion

η̃(x, y) as follows :
Ω̃ = { x = (x, y, z) / (x, y) ∈ ω and b̃ (x, y) ≤ z ≤ η̃ (x, y, t) } . (6.2)We will denote by Γ̃sol the solid lateral boundaries of the domain Ω̃ and by

Γ̃in its in�ow boundary.The following regularity assumptions are made on the domain Ω̃ :
η̃ ∈ W 1,∞(ω), b̃ ∈ W 1,∞(ω), (6.3)and ∃h0 > 0 suh that h̃ = η̃ − b̃ ≥ h0 on ω . (6.4)We will use the following funtional spaes :
M = L2(ω), X̃ = H1(Ω̃) (6.5)

X̃0 = { ψ ∈ H1(Ω̃)2 / ψ · nxy = 0 on Γ̃sol and ψ = 0 on Γ̃in } .



6.2 The ontinuous u− η problem. 143Let us introdue two spae-independent bilinear forms :
d̃(ψ1 , ψ2 ) =

∫

Ω̃
∇ψ1 · ∇ψ2 dx, (6.6)

b̃(ψ , χ ) = −
∫

ω
χ div2 (

∫ η̃

b
ψ dz) dω. (6.7)The bilinear form b̃( · , · ) de�nes the linear oberator B : X̃0 −→ M′ and itstranspose BT : M 7−→ (X̃0)

′ as
< Bψ, χ >M′×M = < ψ,BT χ >(X̃ )′×X̃ = b̃(ψ , χ ). (6.8)We onsider the following generi form of the ontinuous weak u − ηproblem : �nd u ∈ X̃0 and η ∈ M suh that,

∀ψ ∈ X̃0 and ∀χ ∈ M,







δ (u , ψ ) Ω̃ + α d̃(u , ψ ) + b̃( η , ψ ) = < G,ψ >X̃ ′×X̃ ,

δ ( η , χ )ω − b̃(χ , u ) = < H,χ >M′×M ,(6.9)where δ is a stritly positive and α a positive parameter, and
< G,ψ >X̃ ′×X̃ = δ ( ũ , ψ ) Ω̃,

< H,χ >M′×M = δ ( η̃ , χ )ω ,with ũ a funtion in L2(Ω̃)2.Remark 6.2.1 When the u − η problem arises from the time-disrete freesurfae �ow problem, we have that
δ =

1

∆t
, α = ν,where ∆t is the time step length and ν the visosity oe�ient of the �uid.Note that many simulations are performed without di�usion, or with a verysmall visosity oe�ient. It is therefore worthwhile to note that α an bevery small and even zero. This ase will be adressed in Remark 6.2.4.



144 6 The u− η problem.6.2.1 Analysis in the Lax-Milgram frameworkThe variational problem (6.9) an be written as follows. Given ũ and η̃,�nd
(u , η ) ∈ X̃0 ×M suh that, ∀ (ψ , χ ) ∈ X̃0 ×M,

L ( (u , η ) , (ψ , χ ) ) = F ( (ψ , χ ) ), (6.10)where
L ( (ψ1 , χ1 ) , (ψ2 , χ2 ) ) = δ (ψ1 , ψ2 ) Ω̃ + α d̃(ψ1 , ψ2 )

+ b̃(ψ2 , χ1 ) − b̃(ψ1 , χ2 ) + δ (χ1 , χ2 )ω,

F ( (ψ , χ ) ) = < G,ψ >X̃ ′×X̃ + < H,χ >M′×M .Proposition 6.1 Under the regularity assumptions (6.3) and (6.4) on thedomain Ω̃, the bilinear form L(·, ·) is symmetri and ontinuous on (X̃0 ×M
)2.Proof. Let us onsider (ψ1, χ1) and (ψ2, χ2) in (X̃0 ×M)2.

|L ( (ψ1 , χ1 ) , (ψ2 , χ2 ) ) | ≤ δ ‖ψ1‖ 0,Ω̃ ‖ψ2‖ 0,Ω̃

+ α ‖∇ψ1‖ 0,Ω̃ ‖∇ψ2‖ 0,Ω̃ + δ ‖χ1‖ 0,ω ‖χ2‖ 0,ω

+ ‖χ2‖ 0,ω ‖div2 (

∫ η̃

b
ψ1 dz)‖ 0,ω + ‖χ1‖ 0,ω ‖div2 (

∫ η̃

b
ψ2 dz)‖ 0,ωUsing Proposition 5.3 :

≤ δ ‖ψ1‖ 1,Ω̃ ‖ψ2‖ 1,Ω̃ + α ‖ψ1‖ 1,Ω̃ ‖ψ2‖ 1,Ω̃ .

+ δ ‖χ1‖ 0,ω ‖χ2‖ 0,ω + C(Ω̃)
(

‖χ2‖ 0,ω ‖ψ1‖ 1,Ω̃ + ‖χ1‖ 0,ω ‖ψ2‖ 1,Ω̃

)

≤ Max (δ + α , δ , C(Ω̃)
) (

‖ψ1‖ 1,Ω̃ ‖ψ2‖ 1,Ω̃

+ ‖χ1‖ 0,ω ‖χ2‖ 0,ω + ‖χ2‖ 0,ω ‖ψ1‖ 1,Ω̃ + ‖χ1‖ 0,ω ‖ψ2‖ 1,Ω̃

)

≤ l(α, δ, Ω̃) ‖ (ψ1, χ1) ‖ X̃×M ‖ (ψ2, χ2) ‖ X̃×Mwhere
l(α, δ, Ω̃) = 8 Max(δ + α , δ , C(Ω̃)

) (6.11)is the ontinuity onstant of L(·, ·) and depends on α, δ, and on the domain
Ω̃. ♦



6.2 The ontinuous u− η problem. 145Proposition 6.2 The bilinear form L(·, ·) is oerive on (X̃0 ×M
)2.Proof. Let us onsider (ψ, χ) in X̃0 ×M.

L ( (ψ , χ ) , (ψ , χ ) ) = δ ‖ψ‖2
0,Ω̃

+ α ‖∇ψ‖2
0,Ω̃

+ δ ‖χ‖2
0,ω

≥ α |ψ|2
1,Ω̃

+ δ ‖χ‖2
0,ω

≥ Min (α , δ)
(

|ψ|2
1,Ω̃

+ ‖χ‖2
0,ω

)

.Following Poinaré's Lemma, the semi-norm |·| 1,Ω̃ is a norm in X̃0. Therefore
L ( (ψ , χ ) , (ψ , χ ) ) ≥ cL(α, δ) ‖ (ψ, χ) ‖2

X̃0×M
,where

cL(α, δ, ) = Min (α , δ) > 0 . (6.12)is the oerivity onstant of L(·, ·) and depends on α and δ. ♦Proposition 6.3 Appliation F (·) is ontinuous on X̃ ×M.Proof. Let us onsider (ψ, χ) in X̃ ×M.
| F ( (ψ , χ ) ) | = | δ

∫

Ω̃
ũ ·ψ dx + δ

∫

ω
η̃χ dω |

≤ δ‖ũ‖ 0,Ω̃ ‖ψ‖ 0,Ω̃ + δ ‖η̃‖ 0,ω ‖χ‖ 0,ω

≤ f(ũ, η̃, δ) ‖(ψ, χ)‖ X̃×M ,where
f(ũ, η̃, δ) =

√
2 δ Max{ ‖ũ‖ 0,Ω̃ + ‖η̃‖ 0,ω } (6.13)is the ontinuity onstant of F (·). ♦We an now state the following existene and uniqueness result, whoseproof is an immediate onsequene of the Lax-Milgram Theorem.Theorem 6.1Under the regularity assumptions (5.50) and (5.51) on the domain, for every

ũ ∈ X̃ , problem (6.10) has a solution (u, η), whih is unique in X̃0 ×M andsatis�es :
‖u‖2

1,Ω̃
+ ‖η‖2

0,ω ≤
(

f(ũ, η̃, δ, δ)

cL(α, δ)

)2

, (6.14)where cL(α, δ) and f(ũ, η̃, δ) are de�ned respetively by (6.12) and (6.13).



146 6 The u− η problem.As explained in Remark 6.2.1, α an be equal to zero. In that ase, theanalysis just presented is not valid beause the bilinear form L(·, ·) is notoerive on (X̃0 ×M)2 and the Lax-Milgram theorem annot be applied.In addition, for a very small value of α the estimation of the solutiondeteriorates : the majoration gets very large. This an be interpreted as theonsequene of the fat that the oerivity of the bilinear form L(·, ·) is gua-ranteed by the presene of a term ontrolling the norm of the gradient of thesolution u. Sine this term is proportional to α, the well-posedness of theproblem an degenerate when α beomes too small.For these reasons we will next analyse the problem in another framework.6.2.2 Analysis in the mixed problem frameworkLet us now introdue the following bilinear forms :
ã(ψ1 , ψ2 ) = δ (ψ1 , ψ2 ) Ω̃ + α d̃(ψ1 , ψ2 ),

m(χ1 , χ2 ) = − δ (χ1 , χ2 )ω .The variational problem (6.9) an be reformulated into a mixed problemas follows. Given ũ and η̃,�nd (u , η ) ∈ X̃0 ×M suh that
∀ (ψ , χ ) ∈ X̃0 ×M

ã(u , ψ ) + b̃(ψ , η ) = < G,ψ >X̃ ′×X̃ ,

m( η , χ ) + b̃(u , χ ) = − < H,χ >M′×M .
(6.15)This formulation �ts in with a very general form of mixed problems �more general than the one used for the Stokes problem where m( · , · ) = 0.An existene and uniqueness result for this general form has been proven byBrezzi and Fortin in [20℄.In order to apply the theorem proving the existene and uniqueness ofa solution, we must �rst verify that the bilinear forms de�ning our problemsatisfy some partiular properties.Proposition 6.4 The bilinear form ã( · , · ) is symmetri and ontinous on

X̃ 2.



6.2 The ontinuous u− η problem. 147Proof.Let us onsider (ψ1,ψ2) in X̃ 2.
| ã(ψ1 , ψ2 ) | ≤ δ ‖ψ1‖ 0,Ω̃ ‖ψ2‖ 0,Ω̃ + α |ψ1| 1,Ω̃ |ψ2| 1,Ω̃

≤ (δ + α) ‖ψ1‖ 1,Ω̃ ‖ψ2‖ 1,Ω̃

≤ a(α, δ) ‖ψ1‖ 1,Ω̃ ‖ψ2‖ 1,Ω̃where
a(α, δ) = δ + αis the ontinuity onstant of ã( · , · ), depending on δ and α.♦Proposition 6.5 The bilinear form ã( · , · ) is oerive on (X̃0)

2.Proof. Consider ψ in H1(Ω̃).
| ã(ψ , ψ ) | = δ ‖ψ‖2

0,Ω̃
+ α |ψ|2

1,Ω̃
≥ cA(α) ‖ψ‖X̃0

2where cA(α) = α > 0 is the oerivity onstant of ã( · , · ).♦Proposition 6.6 Under the regularity assumptions (6.3) and (6.4) on thedomain Ω̃, the bilinear form b̃( · , · ) is ontinuous on X̃ ×M.Proof. Let us onsider (ψ, χ) in X̃ ×M.
| b̃(ψ , χ ) | ≤ |

∫

ω
χ div2 (

∫ η̃

b
ψ dz) dω|

≤ ‖χ‖ 0,ω ‖div2 (

∫ η̃

b
ψ dz)‖ 0,ωUsing Proposition 5.3 :

≤ C(Ω̃) ‖χ‖ 0,ω ‖ψ‖ 1,Ω̃

≤ b(Ω̃) ‖χ‖ 0,ω ‖ψ‖ 1,Ω̃ ,where b(Ω̃) = C(Ω̃) is the ontinuity onstant of b̃( · , · ). ♦Proposition 6.7 Under the regularity assumptions (6.3) and (6.4) on thedomain Ω̃, the following inf-sup ondition holds :
∃ β̃ > 0 suh that, ∀ χ ∈ M, ∃ ψ ∈ X̃0 suh that

b̃(ψ , χ ) ≥ β̃ ‖ψ‖ 1,Ω̃ ‖χ‖ 0,ω . (6.16)



148 6 The u− η problem.For the proof of this proposition we need to introdue the following two-dimensional funtional spae :
Y0 = { v ∈ H1(ω)2 / v = 0 on ∂ωin } , (6.17)where ∂ωin denotes the boundary of the 2D domain ω orresponding to thein�ow. In addition, we need the two following lemma.Lemma 6.1 Under the regularity assumptions (6.3) and (6.4) on the do-main Ω̃, for any v ∈ Y0 :

h̃ v ∈ Y0 and v

h̃
∈ Y0.Moreover, the funtion ṽ : (x, y, z) −→ R de�ned by ṽ(x, y, z) = v(x, y)belongs to the spae X̃0 and the following inequality holds :

‖ṽ‖2
1,Ω̃

≤ ‖h̃‖L∞(ω) ‖v‖2
1,ω . (6.18)Proof. Let us onsider v ∈ Y0.

∫

ω
|∇2

(

v

h̃

)

|2 dω ≤ ‖1

h̃
‖ 4

L∞(ω)

∫

ω
| h̃ ∇2v − v ∇2h̃ |2 dω

≤ 2 ‖1

h̃
‖ 4

L∞(ω)

(∫

ω
| h̃ ∇2v |2 dω +

∫

ω
|v ∇2v |2 dω

)

≤ 2 ‖1

h̃
‖ 2

L∞(ω)

(

‖∇2v‖2
0,ω + ‖∇2h̃‖L∞(ω) ‖v‖2

1,ω

)

≤ 2 ‖1

h̃
‖ 2

L∞(ω)

(

1 + ‖∇2h̃‖2
L∞(ω)

)

‖v‖2
1,ω

< ∞

∫

ω
|∇2

(

h̃v
)

|2 dω ≤
∫

ω
| h̃ |2 |∇2v |2 dω +

∫

ω
|v |2 |∇2h̃ |2 dω

≤ ‖h̃‖2
L∞(ω) ‖∇2v‖2

0,ω + ‖∇2h̃‖2
L∞(ω) ‖v‖2

0,ω

≤
(

‖h̃‖2
L∞(ω) + ‖∇2h̃‖2

L∞(ω)

)

‖v‖2
1,ω

< ∞
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‖ṽ‖2

1,Ω̃
=

∫

Ω̃
| ṽ |2 dx +

∫

Ω̃
|∇ṽ |2 dx

=

∫

ω
h̃ |v |2 dω +

∫

ω
h̃ |∇2v |2 dω

≤ ‖h̃‖L∞(ω) ‖v‖2
1,ω

< ∞In addition, sine the lateral boundaries are perfetly vertial, if v = 0 on
∂ωin, then v = 0 on the orresponding in�ow boundary Γ̃in of the threedimensional domain. ♦Let us now introdue the following bilinear form :

b̃2d : Y0 × L2(ω) −→ R

b̃2d(v , χ ) = −
∫

ω
χ div (h̃ v) dω. (6.19)Remark 6.2.2 We point out that b̃2d( · , · ) is de�ned on Y0 ×L2(ω), where

Y0 is a spae of funtions de�ned in the two-dimensional domain ω, whereas
b̃( · , · ) is de�ned on H1(Ω̃) × L2(ω), where H1(Ω̃) is a spae of funtionsde�ned in the three-dimensional spae Ω̃.Lemma 6.2 Under the regularity assumptions (6.3) and (6.4) on the do-main, the following inf-sup ondition holds :

∃ β̃2d > 0 suh that, ∀ χ ∈ L2(ω), ∃ v ∈ Y0 suh that
b̃2d(v , χ ) ≥ β̃2d ‖v‖ 1,ω ‖χ‖ 0,ω . (6.20)Proof. The operator div : Y0 −→ L2(ω)′ is surjetive.Moreover, lemma 6.1 allows us to state that appliation
f̃ : Y0 −→ Y0, with f̃(v) = h̃vis ontinuous and surjetive.Let B̃ : Y0 −→ L2(ω)′ be the operator orresponding to the bilinear form

b̃2d( · , · ) � i.e. B̃ = div ◦ f̃ . We dedue that B̃ is surjetive, whih is equi-valent to stating that b̃2d( · , · ) satis�es ondition(6.20). ♦We an now proeed with the proof of Proposition 6.7.Proof. Let us onsider χ in L2(ω). We hoose v in Y0 suh that inequality



150 6 The u− η problem.(6.20) is satis�ed. Following lemma 6.1, funtion ṽ : (x, y, z) −→ R de�nedby ṽ(x, y, z) = v(x, y) belongs to X̃0 and
‖ṽ‖2

1,Ω̃
≤ ‖h̃‖L∞(ω) ‖v‖2

1,ω .Therefore
b̃( ṽ , χ ) = b̃2d(v , χ ) ≥ β̃2d ‖v‖ 1,ω ‖χ‖ 0,ω

≥ β̃2d

(

‖h̃‖L∞(ω)

)1/2
‖ṽ‖ 1,Ω̃ ‖χ‖ 0,ω .

We have �nally proven that, for any χ in L2(ω), there is a funtion ψ in X̃0suh that
b̃(ψ , χ ) ≥ β̃ ‖ψ‖ 1,Ω̃ ‖χ‖ 0,ω ,with
β̃ =

β̃2d

(

‖h̃‖L∞(ω)

)1/2
> 0. (6.21)

♦Proposition 6.8 The bilinear form m( · , · ) is symmetri, ontinuous andoerive on M2.Proof. We have that
|m(χ1, χ2)| ≤ m(δ) ‖χ1‖ 0,ω ‖χ2‖ 0,ω ,where m(δ) = δ is the ontinuity onstant of m(·, ·). Moreover, sine

m(χ, χ) = δ ‖χ‖2
0,ω ,

m(δ) is also its oerivity oe�ient.♦We are now in position to state the following existene and uniquenes result,whih is an immediate onsequene of Theorem 1.2 in [20℄.Theorem 6.2Under the regularity assumptions (5.50) and (5.51) on the domain, for every
ũ ∈ X̃ , the variational problem (6.15) has a solution (u, η), whih is uniquein X̃0 ×M and satis�es :

‖u‖ 1,Ω̃ + ‖η‖ 0,ω ≤ K1 ‖G‖X ′ + K2 ‖H‖M′ , (6.22)



6.2 The ontinuous u− η problem. 151where
K1 =

1

cA(α)

(

4 +
1

cA(α)

)

(

1 + 2

(

a(α, δ)

β̃

)2
)

+
2

(β̃)2and K2 =

(

1

cA(α)
+ 2

(

a(α, δ)

cA(α) β̃

)2
) (

1 + 2

(

a(α, δ)

β̃

)2
)

.(6.23)We reall that
a(α, δ) = δ + α, cA(α) = α ,

β̃ > 0 only depends on the domain Ω̃ ,

‖G‖X ′ = δ ‖ũ‖ 0,Ω̃ and ‖H‖M′ = δ ‖η‖ 0,ω .Remark 6.2.3 Two additional assumptions are neessary for the applia-tion of the theorem proving the existene and uniqueness of a solution tothe general mixed problem. On one hand, we must have that Let us onsidertwo assumptions, neessary for the appliation of the theorem prooving theexistene and uniqueness of a solution to the general mixed problem. On onehand, we must have that
H ∈ Im B, (6.24)and on the other hand that

∃ c0 > 0 suh that ∀ψ̄ ∈ Ker(BT )
⊥ and ∀ε > 0,the solution ψ0 ∈ Ker(BT ) of equation

ε (ψ0, χ)0,ω + m(ψ0, χ) = − m(ψ̄, χ) ∀χ ∈ Ker(BT ) (6.25)is bounded by c0 ‖ψ0‖ 0,ω ≤ ‖ψ̄‖ 0,ω .In the partiular ase treated here, these assumptions are trivially veri�ed,sine Im(B) = M′ and Ker(BT ) = {0}, as an be dedued from Proposition6.7.Remark 6.2.4 In the ase where ν = 0, the existene and uniqueness of asolution to the variational problem (6.15) an still be proven in the mixedproblem framework, but the proof is slightly di�erent. In fat, the proof isthen very similar to the proof made by Miglio and Saleri in [98℄ of the exis-tene and uniqueness of a solution to the semi-disrete weak formulation



152 6 The u− η problem.they propose of a linearized version of the hydrostati free surfae problem,in whih the horizontal di�usion is negleted. Let us give the general idea ofthis proof.If α = 0, the de�nition spae for the variable u an be enlarged to
X̃2 = { ψ ∈ L2(Ω̃)2 / (div2 (

∫ η̃

b
ψ dz)) ∈ L2(ω)2 }. (6.26)No Dirihlet boundary ondition an then be imposed strongly at the in�ow,therefore u must be sought in

X̃2,z = { ψ ∈ X̃ / ψ · nxy = 0 on Γ̃sol } , (6.27)where we reall that Γ̃sol denotes the solid lateral boundaries of the domain
Ω̃. Let us onsider the bilinear form ã( · , · ) with α = 0. Clearly, it is sym-metri and ontinous on (X̃2)

2, with a ontinuity onstant equal to δ. Inaddition, de�ning the linear operator B2 : X̃2,z −→ M′ and its transpose
BT : M 7−→ (X̃2)

′ by
< B2ψ, χ >M′×M = < ψ,BT

2 χ >(X̃2)′×X̃2
= b̃(ψ , χ ) , (6.28)we have that

Ker(B2) = { ψ ∈ X̃2,z / (div2 (

∫ η̃

b
ψ dz)) = 0 in L2(ω)2 } .Therefore, ã( · , · ) with α = 0 is oerive on Ker(B2), the oerivity onstantbeing equal to δ > 0.Finally, note that X̃ ⊂ X̃2 and, following Proposition 5.3,

‖div2 (

∫ η̃

b
ψ dz) ‖ 0,ω ≤ C(Ω̃) ‖ψ‖ 1,Ω̃ , (6.29)where C(Ω̃) is a stritly positive onstant depending only on the domain Ω̃.Using these properties, we an easily extend Proposition 6.7 to the spae X̃2.Theorem 1.2 in [20℄ an therefore also be applied to problem (6.15) inthe ase where α = 0, replaing X̃ by X̃2,z : the existene and uniquenessresult for the ontinuous u − η problem given by Theorem 6.2 holds truewhen α = 0. Note that a(α, δ) and cA(α) must then be replaed by δ in 6.23.6.3 Approximation of the u− η problemWe now analyse the �nite element approximation of problem (6.9) throughthe Galerkin method. For this purpose we onsider a triangulation T 2d

h ofthe two-dimensional domain ω as well as a triangulation Th of the three-dimensional domain Ω̃.



6.3 Approximation of the u− η problem 153Remark 6.3.1 In order to simplify the analysis, we assume that the two-dimensional domain, as well as the three-dimensional real domain are poly-hedral, so that they remain unhanged after triangulation : ωh = ω and
Ω̃h = Ω̃. Espeially, this implies that η̃h = η̃ and bh = b.On one hand, a Lagrangian �nite element spae on T 2d

h is hosen for thedisrete spae Mh approximating M(ω). On the other hand, two degrees kand n satisfying k ≤ n are hosen in order to determine the �nite elementfuntion spae
X̃h = (Fn, k(Th))2 , (6.30)a Lagrangian �nite element de�ned in (2.24) and approximating X̃ = H1(Ω̃)2.In addition, we de�ne :

X̃h,0 = { ψh ∈ X̃h | ψh · nxy = 0 on Γsol and ψh = 0 on Γin }.(6.31)where Γsol denotes the solid lateral boundaries of the domain Ω̃ and Γin itsin�ow boundary. Note that the disrete funtional spaes verify :
X̃h ⊂ H1(Ω̃)2 and Mh ⊂ L2(ω), (6.32)and thus the approximation is internal ; i.e.

X̃h,0 ⊂ X̃0 and Mh ⊂ M.We an now write the fully-disretized problem. Given ũ and η̃, �nd
uh ∈ X̃h,0 and ηh ∈ Mh suh that,

∀ψh ∈ X̃h,0 and ∀χ ∈ Mh,











δ (uh , ψh ) Ω̃ + α d̃(uh , ψh ) + b̃( ηh , ψh ) = < Gh,ψh >X̃ ′
h×X̃h

δ ( ηh , χh )ω − b̃(χh , uh ) = < Hh, χh >M′
h×Mh

,(6.33)where
< Gh,ψh >X̃ ′

h×X̃h
= δ ( ũh , ψh ) Ω̃,

< Hh, χh >M′
h×Mh

= δ ( η̃h , χh )ω.



154 6 The u− η problem.6.3.1 Analysis in the Lax-Milgram frameworkThe disrete variational problem (6.33) an be written as follows. Given
ũh and η̃, �nd (uh , ηh ) ∈ X̃h,0 ×Mh suh that

∀ (ψh , χh ) ∈ X̃h,0 ×Mh,

L ( (uh , ηh ) , (ψh , χh ) ) = F ( (ψh , χh ) ) . (6.34)Sine X̃h,0 ⊂ H1(Ω̃)2 and Mh ⊂ L2(ω) , the oerivity and ontinuityof the bilinear form L(·, ·) are still veri�ed on (X̃h,0 ×Mh)2 for the norm of
X̃ ×M, as well as the ontinuity of the linear appliation F (·). In addition,the ontinuity and oerivity oe�ients remain unhanged. We an thereforeapply the Lax-Milgram theorem and the Céa lemma in order to prove thefollowing proposition :Proposition 6.9 Under the regularity assumptions (5.50) and (5.51) onthe domain Ω̃, for every ũh ∈ X̃h, the disrete problem (6.34) has a solution
(uh, ηh), whih is unique in X̃h,0 × Mh and satis�es the following a priorierror estimation :

‖u− uh‖ 1,Ω̃ + ‖η − ηh‖ 0,ω

≤
(

l(α, δ, Ω̃)

cL(α, δ)

)2
(

inf
ψh∈X̃h,0

‖u−ψh‖ 1,Ω̃ + infχh∈Mh
‖ηh − χh‖ 0,ω

)

.(6.35)We reall that :
l(α, δ, Ω̃, ) = 8 Max(δ + α , δ , C(Ω̃)

)and cL(α, δ) = Min (α , δ) ,where C(Ω̃) is a onstant de�ned in Proposition 5.3 and depending on thedomain Ω̃ only.Next, we analyse the disrete problem in the framework of the mixedproblems.



6.3 Approximation of the u− η problem 1556.3.2 Analysis in the mixed problem frameworkThe disrete variational problem (6.33) an be reformulated into a mixedproblem as follows. Given ũh and η̃,�nd (uh , ηh ) ∈ X̃h,0 ×Mh suh that
∀ (ψh , χh ) ∈ X̃h,0 ×Mh

ã(uh , ψh ) + b̃(ψh , ηh ) = < Gh,ψh >X ′
h×Xh

m( ηh , χh ) + b̃(uh , χh ) = − < Hh, χh >M′
h×Mh

. (6.36)Sine X̃h,0 ⊂ H1(Ω̃)2 and Mh ⊂ L2(ω), the ontinuity and oerivity ofthe bilinear form a(·, ·) are still veri�ed on (X̃h,0)
2 for the norm of X . Thisalso holds for m(·, ·) on M2

h for the norm of M. Applying Proposition 2.11in [20℄ we an prove the following proposition :Proposition 6.10 Under the regularity assumptions (5.50) and (5.51) onthe domain Ω̃, if the disrete spaes X̃h and Mh are hosen suh that thefollowing disrete inf-sup ondition holds :
∃ β̃h > 0 suh that ∀ χh ∈ Mh ∃ ψh ∈ X̃h,0 suh that

b̃(ψh , χh ) ≥ β̃h ‖ψh‖ 1,Ω̃ ‖χh‖ 0,ω , (6.37)then, for every ũh ∈ X̃h, the disrete problem (6.36) has a solution (uh, ηh) ,whih is unique in X̃h,0 ×Mh and satis�es the following a priori errorestimation :
‖u− uh‖ 1,Ω̃ + ‖η − ηh‖ 0,ω (6.38)

≤ K3 inf
ψh∈X̃h

‖u−ψh‖ 1,Ω̃ + K4 infχh∈Mh
‖η − χh‖ 0,ω ,where

K4 = 1 + 2 K1 b(Ω̃)2 + 2 K2 (m(δ))2,

K3 = 1 + 2 K1 (a(α, δ))2 + 2 K2 b(Ω̃)2,

K2 =

(

1

cA(α)
+ 2

(

a(α, δ)

cA(α) β̃h

)2
)(

1 + 2

(

a(α, δ)

β̃h

)2
)

,

K1 =
1

cA(α)

(

4 +
1

cA(α)

)

(

1 + 2

(

a(α, δ)

β̃h

)2
)

+
2

(β̃h)2
.



156 6 The u− η problem.We reall that
a(α, δ) = δ + α, αa(α) = α ,

b(Ω̃) = g C(Ω̃) and m(δ) = δ,where C(Ω̃) is a onstant de�ned in Proposition 5.3 and depending on thedomain Ω̃ only.In the next setion we propose a pair of �nite element spaes approxima-ting the horizontal veloity and the free surfae funtion, and suh that thedisrete inf-sup ondition (6.37) is satis�ed.6.3.3 A pair of ompatible �nite element spaesLet us �rst reall the following de�nition.De�nition 6.3.1 Consider two Hilbert spaes X and M, and a ontinuousbilinear form b(·, ·) on X × M. Two �nite element spaes Xh and Mh ap-proximating X and M are said to be ompatible for the bilinear form b ifthe following disrete inf-sup ondition holds :
∃ βh > 0 suh that ∀ qh ∈ Mh ∃ vh ∈ Xh suh that

b(vh, qh) ≥ βh ‖vh‖X ‖qh‖M . (6.39)Our aim in this setion is to onstrut two disrete spaes X̃h ⊂ H1(Ω̃)2and Mh ⊂ L2(ω), approximating respetively the horizontal veloity andthe free surfae and suh that the orresponding �nite element spae X̃h,0and Mh are ompatible for the bilinear form b̃(·, ·) � i.e. the disrete inf-supondition (6.37) holds.For this purpose we onsider a triangulation T 2d
h of the two-dimensionaldomain ω omposed of triangles. By piling up this mesh along the vertialin Ω̃ we obtain a prismati mesh Th of the three-dimensional domain, asillustrated in Figure 6.2.We will denote by TR the referene triangle for T 2d

h and by PR thereferene prism for Th. Note that the prism PR is straight, its triangularbasis oinides with the referene triangle TR and its vertial is [−1, 1]. Inaddition, eah triangle T ∈ T 2d
h and eah prism P ∈ Th are given by

T = MT
1 (TR) and P = MP (PR),
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Fig. 6.2 � Example of a three-dimensional mesh Th obtained by piling upthe two-dimensional mesh T 2d
h .where MT

1 and MP are two homeomorphi mappings from, respetively, TRto T and PR to P . Note that MT
1 is of degree 1. For eah triangle T ∈ T 2d

hwe will denote :
hT = diam(T ) and ρT = sup { diam(B) / B ball ⊂ T }.Let us now reall the de�nition of the bilinear form b̃2d(·, ·) introduedin setion 6.2.2 of this hapter :

b̃2d : Y0 × L2(ω) −→ R

b̃2d(v , χ ) = −
∫

ω
χ div (h̃v) dω .The idea is to hoose two �nite element spaes Yh ⊂ H1(ω)2 and Mh ⊂

L2(ω) ompatible for the bilinear form b̃2d( · , · ), i.e., suh that the followingdisrete inf-sup ondition holds :
∃ β̃2d

h > 0 suh that ∀ χh ∈ Mh ∃ vh ∈ Yh,0 suh that
b̃2d(vh , χh ) ≥ β̃2d

h ‖vh‖ 1,ω ‖χh‖ 0,ω , (6.40)where Yh,0 = {vh ∈ Yh | vh = 0 on ∂ωin } .Let Ỹh be the three-dimensional funtion spae de�ned from Yh by
Ỹh = { ṽ : (x, y, z) −→ R | ṽh(x, y, z) = vh(x, y), vh ∈ Yh } . (6.41)



158 6 The u− η problem.A su�ient ondition for (6.37) to be veri�ed is then to hoose a �nite elementspae X̃h ⊂ H1(Ω̃)2 suh that Ỹh ⊂ X̃h. Indeed, the following propositionan be proven :Proposition 6.11 Let Yh ⊂ H1(ω)2 and Mh ⊂ L2(ω) be two �niteelement spaes suh that Yh,0 and Mh are ompatible for the bilinear form
b̃2d( · , · ). In addition, let X̃h be a �nite element spae approximating H1(Ω̃)2and Ỹh de�ned from Yh by (6.41).If Ỹh ⊂ X̃h then the �nite element spaes X̃h,0 and Mh are ompa-tible for the bilinear form b̃( · , · ), ie, the disrete inf-sup ondition (6.37) isveri�ed.Proof. Consider χh ∈ Mh. We hoose vh ∈ Yh,0 suh that the inequality inthe disrete inf-sup ondition (6.40) holds. We de�ne ṽh in

Ỹh,0 = { ṽh ∈ Ỹh | ṽh = 0 on Γ̃in }by ṽh(x, y, z) = vh(x, y). Clearly, sine Ỹh ⊂ X̃h, ṽh ∈ X̃h,0. Moreover, sine
X̃h ⊂ H1(Ω̃)2 � see (6.32) �, we an apply Lemma 6.1 and state that

‖vh‖2
1,ω ≥ 1

‖h̃‖L∞(ω)

‖ṽh‖2
1,Ω̃

.We an then write that :
bn( ṽh , χh ) = −

∫

ω
χh div2 (

∫ η̃

b
ṽh dz) dω

= −
∫

ω
χh div2 (h̃ vh) dω

= b̃2d(vh , χh )using (6.40)
≥ β̃2d

h ‖vh‖ 1,ω ‖χh‖ 0,ω

≥ β̃2d
h

(‖h̃‖L∞(ω) )1/2
‖ṽh‖ 1,Ω̃ ‖χh‖ 0,ω

≥ β̃h ‖ṽh‖ 1,Ω̃ ‖χh‖ 0,ωwhere
β̃h =

β̃2d
h

(‖h̃‖L∞(ω) )1/2

♦



6.3 Approximation of the u− η problem 159Let us now hoose the �nite element spaes Yh, X̃h and Mh.For this purpose we introdue a funtion ϕb : TR −→ R, de�ned on thereferene triangle TR and suh that :
ϕb ∈ H1

0 (TR) , 0 ≤ ϕb ≤ 1 and ϕb(CR) = 1 ,where CR is the baryenter of the referene triangle TR. We denote by
BR = V ect {ϕb } the vetorial spae generated by the funtions ϕb de�nedon the referene triangle orresponding to eah element T in T 2d

h .A well-known example of a funtion ϕb is the bubble funtion, de�nedas the produt of the baryentri oordinates in the triangle. The notion ofbubble funtion was introdued by Crouzeix and Raviart in [16℄. Arnold,Brezzi and Fortin proved in [6℄ the ompatibility for the Stokes operatorof the disrete spaes assoiated to the P1-bubble/P1 element, where the
P1-bubble element onsists of the set of pieewise linear funtions enrihedwith a bubble funtion on eah triangle. As a result, it has four degrees offreedom on eah triangle, situated at the three verties of the triangle andat the baryenter.A variant of this funtion is the quasi-bubble funtion, �rst introduedin [94℄. The referene triangle TR is divided in 3 sub-triangles by linking thethree verties to the triangle's baryenter CR, as illustrated by �gure 6.3.The funtion ϕb is then de�ned as the pieewise linear funtion on eah one

2 3

1

CR

Fig. 6.3 � The P1-quasi-bubble elementof the sub-triangles whih has the value 1 at CR and 0 at the verties of
TR. The advantage of this funtion with respet to the bubble funtion isits lower polynomial degree. The ompatibility analysis made in [6℄ for the
P1-bubble/P1 element an be applied to the P1-quasi-bubble/P1 element.This element is used for instane in the Telema-2d system to approah thetwo-dimensional z-averaged horizontal veloity and the water height whensolving a partiular part of the Shallow-Water equations � see [65℄.



160 6 The u− η problem.Let us introdue the following �nite element spaes on T 2d
h :

F1,1(T 2d
h ) =

{

vh : ω → R | vh ∈ C0(ω̄), vh

∣

∣

∣

T
◦MT

1 ∈ P1(TR),

∀T ∈ T 2d
h

}

, (6.42)
B1,1(T 2d

h ) =
{

vh : ω → R | vh ∈ C0(ω̄), vh

∣

∣

∣

T
◦MT

1 ∈ BR(TR),

∀T ∈ T 2d
h

}

. (6.43)The dimension of B1,1(T 2d
h ) � equal to the number of triangles in the two-dimensional mesh �, will be denoted by NT . We de�ne the following set ofbasis funtions :

{ϕb,k } k=1,...,NT
, with ϕb,k = ϕb ◦ (MTk

1 )−1 in ω, (6.44)where Tk denotes the triangle in T 2d
h referened by k.The disrete funtional spae Yh is then de�ned on the two-dimensionaldomain as follows :

Yh =
(

F1,1(T 2d
h ) ⊕ B1,1(T 2d

h )
)2
, (6.45)whih orresponds to the P1-bubble element.Denoting by P1,xy � respetively P1,z � the set of pieewise linear fun-tions in x and y (respetively z), we introdue the three-dimensional spae

P1 = P1,xy × P1,z, i.e.,
P1 = { p(x, y, z) = q(x, y) r(z), q ∈ P1,xy, r ∈ P1,z } . (6.46)We an now introdue the �rst order prismati �nite element spae on Th,illustrated in �gure 6.4 and de�ned by :

P1,1(Th) =
{

ψh : Ω̃ → R | ψh ∈ C0(ω̄), ψh

∣

∣

∣

P
◦MP ∈ P1(PR),

∀P ∈ Th } . (6.47)We will denote by N3d the dimension of P1,1, equal to the number of nodesin the three-dimensional mesh. Moreover, {ψi } i=1,...,N3d
will indiate a par-tiular set of basis funtions.The disrete funtional spae X̃h is de�ned on the three-dimensional on�-guration and is thus generated by basis funtions de�ned on eah prism P0in Th. We hoose some of these basis funtions to be independent of z. In
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3

1

6

4

5

2Fig. 6.4 � The �rst order prismati elementfat, the �nite element spae hosen to approximate the horizontal veloityoinides with P1,1(Th), enrihed with a bubble funtion on eah triangle Tin T 2d
h . Thus, X̃h an be written as follows :

X̃h =
(

P1,1(Th) ⊕ B1,1(T 2d
h )

)2
. (6.48)As a result, it has (N3d +NT ) degrees of freedom, situated at the verties ofthe prisms in Th and at the baryenters of eah triangle in T 2d

h , as illustratedby �gure 6.5.
free surface level

bottom levelFig. 6.5 � Degrees of freedom in a olumn of prisms in Th



162 6 The u− η problem.Clearly, the dimension of X̃h is (N3d + NT ), and any funtion vh in X̃han be deomposed as follows :
vh(x, y, z) =

N3d
∑

i=1

vi ψi(x, y, z) +

NT
∑

k=1

vk ϕb,k(x, y), (6.49)where vi and vk denote the oe�ient of vh assoiated, respetively, to thenode i and the triangle k. Note that vi is equal to the value of vh at node i.Finally, we de�ne
Mh = F1,1(T 2d

h ). (6.50)For the �nite element spaes just de�ned, we have the following results.We reall that a set of meshes (T 2d
h )h is regular if there is a onstant σ > 0,independent of h, suh that

∀ h, max
T∈T 2d

h

hT

ρT
≤ σ.Proposition 6.12 If the a�ne set of meshes (T 2d

h )h is regular, the disreteinf-sup ondition (6.40) holds uniformly with respet to h, whih means thatthe onstant β̃2d
h is independent of h.The proof of this proposition is a variant of the proof of ompatibility forthe Stokes operator of spaes Yh,0 and Mh made in [6℄. We will now provethe same property for the bilinear form b̃2d( · , · ). In this proof we will makeuse of the following lemma, owed to Fortin [49℄.Lemma 6.3 Consider two Hilbert spaes X and M, a bilinear form b(·, ·)on X ×M, and assume the existene of a onstant β > 0 suh that

infq∈M supv∈X
b(v, q)

‖v‖X ‖q‖M
≥ β. (6.51)Then, two �nite element spaes Xh ⊂ X and Mh ⊂ M are ompatible for

b(·, ·) if and only if
∃ γh > 0 suh that ∀v ∈ X ∃ Πh(v) ∈ Xh suh that (6.52)

∀ qh ∈ Mh, b(v, qh) = b(Πh(v), qh) and ‖Πh(v)‖X ≤ γh ‖v‖X .



6.3 Approximation of the u− η problem 163Proof. (Proposition 6.12)Following the same arguments as for Lemma 6.2, we an prove that theontinuous inf-sup ondition (6.51) holds for X̃ = H1
0 (ω)2 , M = L2(ω)and b(·, ·) = b̃2d( · , · ) .Consider a funtion v in Y0. We wish to build Πh(v) ∈ Yh,0 suh that

∀ηh ∈ Mh,

∫

ω
ηh div2 (h̃Πh(v)) dω =

∫

ω
ηh div2 (h̃ v) dω.Sine Mh ⊂ H1(ω) this identity is equivalent to

∀ηh ∈ Mh,
∑

T∈T 2d
h

∫

T
h̃Πh(v) · ∇ηh dT =

∑

T∈T 2d
h

∫

T
h̃ v · ∇ηh dT .Moreover ∇ηh ∈ P0(T )2, this relation thus holds if

∀T ∈ T 2d
h ,

∫

T
h̃Πh(v) dT =

∫

T
h̃v dT . (6.53)Let us now introdue the Clement operator (f. [30℄), that we will denote by

Ch(·). Aording to the Clement Lemma for the ontinuous spae Y0 and itsapproximation Yh,0, if the mesh is regular, there is a onstant ccl > 0 suhthat :
∀v ∈ Y0, ∃ Ch(v) ∈ Yh,0 suh that

∀ T ∈ T 2d
h ‖Ch(v) − v‖ 0,T ≤ ccl hT ‖v‖ 1,DT

(6.54)and
‖Ch(v)‖ 0,T ≤ ccl ‖v‖ 1,DT

, (6.55)where DT = ∪ T ′ ∩T 6= ∅ .We de�ne :
Πh(v) = Ch(v) +

NT
∑

k=1

(

γ 1
k e

1 + γ 2
k e

2
)

ϕb,k (6.56)where (e1,e2) is the anoni basis of R
2. Clearly, Πh(v) ∈ Yh,0.



164 6 The u− η problem.Relation (6.53) holds if, for k = 0, . . . ,NT and l = {1, 2},
γ l

k =

∫

Tk

h̃
(

vl − Ch(v)l
)

dT

∫

Tk

h̃ ϕb,k dT

,where vl and Ch(v)l denote the artesian omponents of v and Ch(v).We now wish to bound |Πh(v)| 1,ω . On one hand, the mesh being a�ne,we have that
| det (JMT

1
) | =

meas(T )

meas(TR)
.Therefore :

|
∫

Tk

h̃ ϕb,k dT | ≥ inf
ω

(h̃) |
∫

Tk

ϕb,k dT | = cR inf
ω

(h̃) meas(Tk) ,where
cR =

∫

TR

ϕb dTR

meas(TR)
.On the other hand, T 2d

h being regular, there is a onstant c > 0 suh thatfor any triangle Tk :
|ϕb | 1,ω ≤ c h−2

T meas(T ).Let us now bound | γ l
k | :

| γ l
k | ≤

∫

T
| h̃ | |vl − Ch(v)l | dT

|
∫

T
h̃ ϕb,k dT |

≤ ‖h̃‖L∞(ω) ‖v − Ch(v)‖ 0,T

cR infω( | h̃ | ) meas(Tk)
1/2Using (6.54) :

| γ l
k | ≤ ccl hT ‖h̃‖L∞(ω)

cR infω(| h̃ |) meas(Tk)
1/2

‖v‖ 1,DT
.
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|

NT
∑

k=1

(

γ 1
k e

1 + γ 2
k e

2
)

ϕb,k |21,ω ≤
NT
∑

k=1

(

| γ 1
k |2 + | γ 2

k |2
)

|ϕb,k|21,ω

≤ 2 c
(ccl)

2

(cR)2

‖h̃‖2
L∞(ω)

infω(h̃)2

NT
∑

k=1

‖v‖2
1,DT

≤ C1

‖h̃‖2
L∞(ω)

infω(h̃)2
‖v‖2

1,ωUsing relation (6.55) we an bound |Ch(v) |21,ω :
|Ch(v) |21,ω ≤ cP ‖Ch(v)‖2

0,ω ≤ cP

NT
∑

k=1

‖Ch(v)‖2
0,Tt

≤ cP ccl

NT
∑

k=1

‖v‖2
1,DT

≤ C2 ‖v‖2
1,ω .Finally we obtain that :

|Πh(v) | 1,ω ≤
(

C2

‖h̃‖L∞(ω)

infω(h̃)
+ C1

)

|v| 1,ω ,where C1 and C2 are two stritly positive onstants.We just have shown that, setting
γ̃h =

(

C1

‖h̃‖L∞(ω)

infω(| h̃ |)
+ C2

)

> 0, (6.57)for any v ∈ Y0 there is a disrete funtion Πh(v) ∈ Yh,0 suh that, for all
qh in Mh ,

b̃2d(v , qh ) = b̃2d(Πh(v) , qh ) and |Πh(v) | 1,ω ≤ γ̃h |v |21,ω .This allows us to apply lemma 6.3 and onlude that the �nite elementspaes Yh,0 and Mh are ompatible for the bilinear form b̃2d( · , · ), i.e. thedisrete inf-sup ondition (6.40) holds. ♦



166 6 The u− η problem.Let us now onsider the three-dimensional funtion spae Ỹh de�ned from
Yh bỹ

Yh = { ṽ : (x, y, z) −→ R | ṽh(x, y, z) = vh(x, y), vh ∈ Yh } .We are in position to state the following proposition.Proposition 6.13 Consider the �nite element spaes Yh, Mh and X̃h de�-ned respetively by (6.45), (6.50) and (6.48). If the two- and three-dimensionalmeshes T 2d
h and Th are suh that Ỹh ⊂ X̃h then, the �nite element spaes X̃hand Mh are ompatible for the bilinear form b̃(·, ·), i.e., the disrete inf-supondition (6.37) holds.6.4 Approximation of the u− η problem with weaktreatment of the imperviousness ondition atthe lateral boundaries6.4.1 Treatment of the imperviousness onditionThe strong treatment of the imperviousness ondition (5.11) at the solidlateral boundaries � i.e. u · nxy = 0 on Γsol,t � is di�ult to implement.The natural idea is to de�ne the disrete spae X̃h,0 approximating thehorizontal veloity as follows :

Xh,0 = { vh ∈ X̃h | vh = 0 on Γh,in and vh ·nh,xy = 0 on Γh,sol },where we denote by Γh,in the in�ow boundary and by Γh,sol the solid lateralboundaries of the disretized domain Ωh. Now the onstrution of a �niteelement spae of funtions with zero normal omponent is deliate, espeiallyif the domain is polyhedral and the degrees of freedom on the boundary areloated at the verties.Indeed, it requires the onstrution of the outgoing normal vetors nh atthe verties of the solid boundaries, and these are not de�ned on a polyhe-dral domain, as illustrated in �gure 6.6. Note that most of the disretizeddomains are polyhedral. Several methods exist to overome this problem.When required, the unde�ned normal vetor an be onstruted suh thatit preserves some partiular properties satis�ed at the ontinuous level. Forinstane, nh an be de�ned at eah node of the boundary ∂Ωh of a disretedomain Ωh suh that, for any disrete funtion ψh : Ωh −→ R,
∫

Ωh

divψh dx =

∫

∂Ωh

ψh · nh dΓ.
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hn

hnhn

hn

hn

Γ

Ω h

h

i

Fig. 6.6 � Polyhedral domain whose normal vetor is unde�ned at the boun-dary nodes.See [39℄ for a desription of this method. One an also use the normal vetorto the regular domain. This partiular approximation of the imperviousnessondition has been studied by Verfürth [137℄ in the framework of the Stokesproblem. He shows that the resulting sheme is still onvergent � providedompatible �nite element spaes are used �, but the error is in O(h1/2) in-dependently of the �nite element spaes hosen. Note that suh a sheme isostly beause the imperviousness ondition ouples the omponents of the�uid veloity.One way to overome these di�ulties is to impose the ondition weakly.This idea was �rst introdued in the framework of ompressible �uids �see for instane [121℄ �, and has been applied in several other ontexts. Inpartiular, it has been widely studied by Pares [109℄ in the ase of the Stokesproblem. Our purpose is to apply this method to the u− η problem studiedhere.6.4.2 Weak treatment of the imperviousness onditionIn order to presribe the imperviousness ondition (5.11) at the lateralboundaries as a natural ondition, we ould derive an alternative variationalformulation of the ontinuous u− η problem using the bilinear form
b̃w(ψ , χ ) =

∫

Ω̃
∇2χ ·ψ dx (6.58)instead of

b̃(ψ , χ ) = −
∫

ω
χ div2 (

∫ η̃

b
ψ dz) dω .



168 6 The u− η problem.Assuming that the free surfae funtion η as well as the related test funtion
χ belong to H1(ω), the momentum equation an be written as

δ (u , ψ ) Ω̃ + α d̃(u , ψ ) + b̃w( η , ψ ) = < G,ψ >X̃ ′×X̃ ,and the free surfae equation as
δ ( η , χ )ω − b̃w(χ , u ) +

∫

∂ω
χ

(
∫ η

b
u dz

)

· nω dγ

= < H,χ >M′×M .Using the natural imperviousness ondition at the lateral boundaries, andimposing strongly the Dirihlet ondition on the free surfae at the out-�ow boundary, the boundary term ∫

∂ω
χ

(∫ η

b
u dz

)

· nω dγ vanishes. Thisleads to a weak formulation for whih the funtional spaes de�ning the va-riables u and η are, respetively,
X̃w = { ψ ∈ H1(Ω̃)2 / ψ = 0 on Γin } (6.59)and
N0 = { χ ∈ H1(ω) / χ = 0 on ∂ωout } . (6.60)Clearly, X̃w is muh easier to onstrut than X̃0 � de�ned by (6.5). Ho-wever, this alternative weak formulation of the ontinous problem annotbe analysed as done in setion 6.2. Indeed, on one hand, the orrespondingbilinear form

Lw ( (ψ1 , χ1 ) , (ψ2 , χ2 ) ) = δ (ψ1 , ψ2 ) Ω̃ + α d̃(ψ1 , ψ2 )

+ b̃w(ψ2 , χ1 ) − b̃w(ψ1 , χ2 ) + δ (χ1 , χ2 )ω (6.61)is symmetri and ontinuous, but it is not oerive on (X̃0 ×N0)
2. The Lax-Milgram theorem an therefore not be applied to prove the existene anduniqueness of a solution. On the other hand, the analysis in the mixed pro-blem framework seems di�ult with this alternative formulation, beause itrequires the proof that the bilinear form b̃w( · , · ) satis�es the inf-sup ondi-tion on the funtional spaes X̃w ×N0, where N0 ⊂ H1(ω).Therefore, we only use this idea at the disrete level. For this purpose,we onsider two Lagrangian �nite element spaes X̃h and Nh approximating



6.4 Weak treatment of the imperviousness ondition at the lateralboundaries 169respetively X̃ = H1(Ω̃)2 and M = L2(ω), and suh that
X̃h ⊂ H1(Ω̃)2 and Nh ⊂ H1(ω). (6.62)In addition we de�ne :

X̃h,w = { ψh ∈ X̃h / ψh = 0 on Γin } (6.63)and
Nh,0 = { χh ∈ Nh / χh = 0 on ∂ωout } . (6.64)The following alternative approximation of the u − η problem is onsi-dered. Given ũh and η̃h,�nd uh ∈ X̃h,w and ηh ∈ Nh,0 suh that,

∀ψh ∈ X̃h,w and ∀χh ∈ Nh,0,



























δ (uh , ψh ) Ω̃ + α d̃(uh , ψh ) + b̃w( ηh , ψh )

= < Gh,ψh >X̃ ′
h×X̃h

,

δ ( ηh , χh )ω − b̃w(χh , uh ) = < Hh, χ >N ′×N .

(6.65)
It is worthwhile to note that this is not an internal approximation of theontinuous weak u − η problem (6.9). Indeed, the bilinear form b̃w(·, ·) isdi�erent from b̃(·, ·). Therefore, we annot use the standard tehniques � asfor instane the Céa Lemma � in order to estimate the error between thesolution of the disrete problem and the solution of the ontinuous problem.In fat, a more omplex analysis would be needed to estimate this error.Note that in [109℄, Parès analyses an approximation of the Stokes problemwith weak treatment of the imperviousness ondition. Using non standardtehniques, he establishes an error estimate of the solution of the disreteproblem for the ase where the veloity and the pressure are approximatedin the P1-bubble/P1 spae. This error estimate is in O(h1/2). He also showsthat this estimate is independent of the �nite element spaes hosen, provi-ded the inf-sup ondition is veri�ed.We will not make suh an analysis. We will only prove the existene anduniqueness of a solution to the disrete problem (6.65) introdued here, bothin the Lax-Milgram and in the mixed problem frameworks.



170 6 The u− η problem.6.4.3 Analysis in the Lax-Milgram frameworkUnder the regularity assumptions (6.3) and (6.4) on the domain Ω̃, thebilinear form Lw(·, ·) de�ned in (6.61) is symmetri, ontinuous and oeriveon the disrete spae (X̃h,w × Nh,0)
2 for the norms ‖ · ‖ 1,Ω̃ and ‖ · ‖ 0,ω .Therefore, the Lax-Milgram theorem an be applied, leading to the followingproposition.Proposition 6.14 Under the regularity assumptions (6.3) and (6.4) on thedomain Ω̃, for every ũh ∈ (X̃h)′, problem (6.65) has a solution (uh, ηh),whih is unique in X̃h,w ×Nh,0 and satis�es :

‖uh‖2
1,Ω̃

+ ‖ηh‖2
0,ω ≤

(

fh(δ)

αLw(α, δ)

)2

, (6.66)where cLw(α, δ) is the oerivity oe�ient of Lw(·, ·) and fh(δ) the ontinuityoe�ient of the right hand side.We indiate that :
αLw(α, δ) = Min (α , δ)and fh(δ) =

√
2 δ max (‖ũh‖ 0,Ω + ‖η̃h‖ 0,ω ) .6.4.4 Analysis in the mixed problem frameworkSine X̃h,w ⊂ H1(Ω̃)2, the ontinuity and oerivity of the bilinear form

ã(·, ·) is veri�ed on (X̃h,w)2 for the norm ‖ · ‖ 1,Ω̃ . On the other hand, sine
Nh,0 ⊂ L2(ω), the bilinear form m(·, ·) is ontinuous and oerive on (Nh,0)

2for the norm ‖ · ‖ 0,ω . Therefore, Theorem 1.2 in [20℄ an be applied for thedisrete spaes X̃h,w and Nh,0, and for the norms ‖ · ‖ 1,Ω̃ and ‖ · ‖ 0,ω . Itleads to the following proposition onerning the existene and uniquenessof a solution to the disrete problem.Proposition 6.15 Under the regularity assumptions (6.3) and (6.4) on thedomain Ω̃, if the disrete spaes X̃h and Nh are hosen suh that the followingdisrete inf-sup ondition holds :
∃ β̃h,w > 0 suh that ∀ χh ∈ Nh,0 ∃ ψh ∈ X̃h,w suh that

b̃w(ψh , χh ) ≥ β̃h,w ‖ψh‖ 1,Ω̃ ‖χh‖ 0,ω , (6.67)then, for every ũh ∈ (X̃h)′, the disrete problem (6.65) has a solution (uh, ηh),whih is unique in X̃h,w ×Nh,0 and satis�es
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‖uh‖ 1,Ω̃ + ‖ηh‖ 0,ω ≤ K1 ‖Gh‖ 1,Ω̃ + K2 ‖Hh‖ 0,ω , (6.68)where
K1 =

1

cA(α)

(

4 +
1

cA(α)

)



1 + 2

(

an(α, δ)

β̃h,w

)2


 +
2

(β̃h,w)2and K2 =





1

cA(α)
+ 2

(

an(α, δ)

cA(α) β̃h,w

)2






1 + 2

(

a(α, δ)

β̃h,w

)2


 .We reall that a(α) = α and cA(α, δ) = δ+α are respetively the ontinuityand oerivity oe�ients of the bilinear form ã( · , · ). In addition,
‖Gh‖X ′

h
= δ ‖ũ‖ 0,Ω̃ and ‖Hh‖N ′

h
= δ ‖η‖ 0,ω .Note also that the �nite element spaes introdued in setion 6.3.3 areompatible for the bilinear form b̃w( · , · ) as well, with the norms in H1(Ω̃)and L2(ω). Indeed, hoosing

X̃h =
(

P1,1(Th) ⊕ B1,1(T 2d
h )

)2and
hn = F1,1(T 2d

h ) ,where F1,1(T 2d
h ) is de�ned by (6.42), B1,1(T 2d

h ) by (6.43) and P1,1(Th) by(6.47), the disrete inf-sup ondition (6.67) is veri�ed.This result an be proven following almost the same arguments as in theproof of Proposition 6.13. Indeed, de�ning the �nite element spae
Yh =

(

F1,1(T 2d
h ) ⊕ B1,1(T 2d

h )
)2

,we an show that Proposition 6.11 is still valid for the bilinear form b̃w(·, ·)and the disrete spaes X̃h,w and Nh,0, observing that the restrition to
Yh,0 ×Nh,0 of bilinear form b̃w( · , · ) is equal to b̃( · , · ).



172 6 The u− η problem.



7.1 173
Chapitre 7Appliation to the Telema-3Dsystem7.1 IntrodutionThe Telema-3D system solves the three-dimensional hydrostati andnon-hydrostati free surfae problems using the �nite element method.To deal with the moving domain, it uses the sigma-transformation ap-proah, whih is a partiular ALE method desribed in Chapter 4. The two-dimensional domain ω is disretized by a triangular mesh T 2d

h , so that thethree-dimensional mesh T n
h at eah time tn is prismati, as illustrated byFigure 6.2. The three-dimensional veloity U and the dynami pressure pdare disretized by means of funtions in the �rst order prismati �nite ele-ment spae P1,1(T̂h) de�ned in (6.47), while the free surfae η is disretizedby means of two-dimensional pieewise linear funtions � belonging to the�nite element spae F1,1(T 2d
h ) de�ned in (6.42). For a preise desription werefer the reader to [66℄.The equations are splitted using the �rst order in time frational stepmethod. The solution of the hydrostati, as well as the non-hydrostati equa-tions, involves the solution of a sub-problem whih is similar to the u − ηproblem introdued in the previous hapter, though it doesn't have the samemathematial properties. We have modi�ed the struture of the Telema-3Dsystem so that exatly the u−η problem analysed in the previous hapter issolved. We have then implemented the approximation of the u− η probleminto the system.But the hydrodynami problem also involves the resolution of the linearadvetion equations of the veloity omponents and the traer. Several me-thods � all of them expliit � exist in the Telema-3D system to solve these



174 7 Appliation to the Telema-3D systemequations : a harateristi method, the SUPG method and two MURDshemes. However, the latter were implemented for the partiular use of thelassial sigma transformation de�ned in setion 4.8. When we generalizedthe Telema-3D system to the use of a larger range of sigma transformations� i.e. of disrete ALE mappings � as desribed in setion 4.8, we observedthat the onservation property of these MURD shemes was deteriorated.Therefore, we updated these shemes using the ALES-MURD approah des-ribed in Chapter 3, so that they be ompatible with any mapping.In this hapter, we will desribe the modi�ations opered on the algo-rithm solving the hydrostati equations in the Telema-3D system. Note thatthese modi�ations also a�et the solution of the non-hydrostati equations,sine they involve a hydrostati intermediate step. Espeially, we will des-ribe the implementation of the approximation of the u−η problem into thesystem. Some numerial results obtained with this new algorithm will thenbe shown and ompared to the results obtained on the same test ases withthe standard algorithm. Then, we will desribe how the ALE-MURD shemesintrodued in Chapter 3 an be applied to solve the advetion equation of thehorizontal veloity and the traer in the framework of the three-dimensionalhydrostati free surfae problem. Note that we used this desription whenadapting the advetion module in Telema-3D to the generalized sigma o-ordinate system.But let us �rst desribe the general struture of the Telema-3D system,more preisely the di�erent frational steps solved. In partiular, we desribethe standard algorithm solving the hydrostati equations.7.2 The Standard Telema-3D system7.2.1 The standard hydrostati algorithm.After time disretization, the hydrostati problem (5.38)-(5.40) is splittedalmost as desribed in setion 5.13, exept that the di�usion term in themomentum equation on the horizontal veloity u is also splitted. The systemis thus divided into 4 sub-systems, solved independently :� (h1) the advetion of the horizontal veloity u,
1

∆t
(ũ− un) + uan · ∇2u

n + (w∗)an
∂un

∂z
= 0 in Ωn,where w∗ is the �pseudo-vertial veloity� de�ned in (4.22), aountingfor the domain movement, and tan is a partiular time in [tn−1, tn],� (h2) the di�usion of u,

1

∆t
(ud − ũ) + div (ν∇ud

)

= fhor in Ωn,



7.2 The Standard Telema-3D system 175� (h3) the problem oupling u and η,


















1

∆t
(un+1 − ud) + g ∇2η

θn = 0 in Ωn

g

∆t
(ηn+1 − ηn) + g div2 (

∫ ηn

b
uθn dz) = 0 in Ωn.� (h4) the ontinuity equation that allows to reover the vertial veloity

w, divU cn = 0 in Ωn,where U cn = (ucn , wcn) and tcn is a partiular time in [tn, tn+1].As in setion 5.13, the veloity divergene and the free surfae gradient termsin the u − η problem are semi-impliited using the θ-method. Time tθn isdetermined by an impliitness parameter 0 ≤ θ ≤ 1 , de�ning
tθn = θ tn+1 + (1 − θ) tnfor eah n = 0, . . . , Nt − 1. The orresponding variables are then

ηθn = θ ηn+1 + (1 − θ) ηn and uθn = θ un+1 + (1 − θ) un.7.2.2 The standard non-hydrostati algorithm.The non-hydrostati problem (5.46)-(5.49) is solved by splitting the time-disrete equations into a hydrostati and a hydrodynami part. The hydro-stati part orresponds almost to the hydrostati problem (5.38)-(5.40) : itis omposed of the momentum equation (5.38) on the horizontal veloity
u and the free surfae equation (5.39). But it also inludes the advetionand di�usion of the vertial veloity w. The hydrodynami part onsists inthe orretion by the hydrodynami pressure term pd of the total veloity
U = (u, v,w) so that it beomes divergene free.Eah part is then splitted independently, dividing the non-hydrostatisystem in the following 6 sub-systems :� (nh1) the advetion of the horizontal veloity u,

1

∆t
(ũ− un) + uan · ∇2u

n + (w∗)an
∂un

∂z
= 0 in Ωn,� (nh2) the advetion of the vertial veloity w,

1

∆t
(w̃ − wn) + wan · ∇2u

n + (w∗)an
∂wn

∂z
= 0 in Ωn,



176 7 Appliation to the Telema-3D system� (nh3) the di�usion of u,
1

∆t
(ud − ũ) + div (ν∇ud

)

= fhor in Ωn,� (nh4) the di�usion of w,
1

∆t
(wd − w̃) + div (ν∇wd

)

= fz in Ωn,� (nh5) the problem oupling u and η,


















1

∆t
(uh − ud) + g ∇2η

θn = 0 in Ωn

g

∆t
(ηn+1 − ηn) + g div2 (

∫ ηn

b
uθn dz) = 0 in Ωn ,providing the free surfae funtion.� (nh6) the so-alled ontinuity step,















1

∆t
(Un+1 −Uh) +

1

ρ
∇pn+1

d = 0 in ΩndivUn+1 = 0 in Ωn ,in whih the total veloity is updated ensuring the ontinuity equation.Note that the sub-systems (nh1), (nh3) and (nh5) orrespond exatly to
(h1), (h2) and (h3) in the hydrostati algorithm presented in the previoussetion, exept for the step ensuring the ontinuity equation. Therefore, inthe Telema-3D system, the solution of the non-hydrostati problem involvesthe solution of the hydrostati equations .We indiate that sub-system (nh6) is manipulated to obtain a Poissonequation on the hydrodynami orretion pn+1

d . The total veloity Un+1 isthen updated aording to :
Un+1 = Uh − ∆t

ρ
∇pn+1

d in Ωn .We will now fous on the resolution of the problem oupling the horizontalveloity and the free surfae funtion.



7.2 The Standard Telema-3D system 1777.2.3 Standard algorithm solving the problem oupling uand η.We desribe now the pratial proedure used up to now in the Telema-
3D system to solve sub-system (h3) in the hydrostati algorithm presentedpreviously � or sub-system (nh5) in the non-hydrostati algorithm. We pointout that this problem is equivalent to the u−η problem analysed in Chapter6 without di�usion and without soure term. However, it is solved in a verypartiular way in the Telema-3D system : the equations are depth-integratedat the disrete level. Indeed, at eah time tn+1, the variables sought are onone hand the depth-averaged horizontal veloity

ūn+1 =
1

hn

∫ ηn

b
un+1 dz ,and on the other hand the water height hn+1. Sub-system 3. is thus solvedin two steps :� (h3,a)















1

∆t
(ūn+1 − ūd) + g ∇2h

θn = − g∇2b in ω ,

g

∆t
(hn+1 − hn) + g div2 (hn ūθn) = 0 in ω.This system is de�ned on the two-dimensional domain ω, and we ob-serve that it is very similar to the Saint-Venant system without adve-tion and without frition term. In fat, it is solved in the Telema-2Dsystem, whih treats the two-dimensional shallow water equations.� (h3,b)

un+1(x, y, z) = ud(x, y, z) − ūd(x, y) + ūn+1(x, y) .The vertial pro�le of u is retrieved afterwards using the averagedvalue ū and the value ud obtained at the di�usion step.Let us now fous on system (h3,a). The imperviousness ondition on thesolid lateral boundaries is imposed weakly. Note that an analysis was madeby Goutal in [56℄ of the time-disretized Saint-Venant system without adve-tion and with essential treatment of the imperviousness ondition at the solidlateral boundaries. Now this analysis annot be applied to problem (h3,a),sine the di�usion is treated expliitly and the imperviousness ondition istreated weakly. We will not analyse this problem either. However, we anmake some relevant remarks.Sine there is no di�usion term on ū, the operator on ū is not oeriveon Hdiv(ω)2 ×Hdiv(ω)2 : the existene of a solution to the spae-ontinuous



178 7 Appliation to the Telema-3D systemproblem an therefore not be proven in the Lax-Milgram framework. Theanalysis an nevertheless be made in the mixed problem framework. Butthis suggests the neessity, at the disrete level, of satisfying a partiularinf-sup ondition.The algebrai form of the spae-disrete problem is, for n = 0, . . . ,Nt,








1

∆t
M2d

U CT

− En g

∆t
M2d

H













Ūn+1

Hn+1



 =





Q2d
n+1

R2d
n+1



 , (7.1)where Ūn+1 and Hn+1 are the unknown vetors ontaining, respetively, thedisrete values of the depth-averaged horizontal veloity ūh and the waterheight hh at t = tn+1. M2d
U and M2d

H are the two-dimensional mass matriesin ωh for ū and h respetively. The matries C and En are de�ned by
Cij = g θ

∫

ωh

∇2 χi(x, y) · ϕj(x, y) dx dy,and
(En)ij = g θ

∫

ωh

hn
∇2 χi(x, y) · ϕj(x, y) dx dy,where χi denotes the basis funtion orresponding to the i-th degree of free-dom for the water height h, and ϕj is the basis funtion orresponding tothe j-th degree of freedom for the variable ū. The terms Q2d

n+1 and R2d
n+1aount for boundary onditions and for the expliit terms.We observe that the linear system to solve is not symmetri. In this form,we annot determine easily whether or not it is invertible. However, spuriousosillations have been notied in some numerial test ases. They seem tobe due to the fat that the �nite element spaes used to approximate thedepth-averaged veloity ū and the water height h do not satisfy a partiu-lar inf-sup ondition required. In [65℄, it is shown that these osillations anbe suppressed by either using a higher auray or by adopting a ompa-tible disretization. For this reason, the so-alled quasi-bubble element wasimplemented to enrih the linear �nite element spae F1,1(T 2d

h ) for the ap-proximation of the depth-averaged veloity ū. This element is desribed insetion 6.3.3.Another algorithm, referened to as the pseudo wave equation, has beenimplemented in the Telema-2D system to avoid these spurious osillation.



7.2 The Standard Telema-3D system 179It onsists in solving the dual system of problem h3,a, that is
( g

∆t
M2d

H + G
)

Hn+1 = R2d
n+1 + En

(

M2d
U

)−1
Q2d

n+1

Ūn+1 = −∆t
(

M2d
U

)−1
CT Hn+1 +

(

M2d
U

)−1
Q2d

n+1 ,where
G = ∆t En

(

M2d
U

)−1
CT .To simplify the problem, the matrixG is approximated by the two-dimensionaldi�usion matrix D2d

H , with a partiular oe�ient (cn)2 depending on thetime step ∆t, the impliitness parameter θ, the variable hn and on g :
G ≈ (cn)2 D2d

H .This hoie is justi�ed by the term in div2 (∇2h) appearing when the samemanipulation is made on system h3,a at the ontinuous level � i.e. eliminating
ū in the ontinuity equation. The problem �nally redues to an equation ofthe form

( g

∆t
M2d + (cn)2 D2d

)

H = F,whih does not require the veri�ation of the inf-sup ondition to be wellposed. Note that in dimension 1, by dividing it by ∆t, this equation anbe interpreted as a wave propagation of elerity c. For a more detailed des-ription of this algorithm see [66℄ and [65℄. We indiate that this solver isfaster than the primal problem solver. However, spurious osillations havebeen deteted in some ases, and they appear to be lower when solving theprimal problem with the quasi-bubble disretization.In any ase, the depth-integration of the equations has the obvious advan-tage of simplifying their resolution, sine it leads to a onsiderably smallerlinear system. Moreover, this system did not require an important imple-mentation e�ort sine the two-dimensional module was available. However,this approah also has some drawbaks.1. It requires the resolution of an additional step, the di�usion step, whihis three-dimensional and quite ostly.2. By splitting the di�usion term in the momentum equation, it modi-�es an important property of the operator on u : its oerivity, whihensures the existene and uniqueness of a solution to the disrete pro-blem when the visosity oe�ient is not negligible, without having tosatisfy a partiular disrete inf-sup ondition. In addition, by depth-integrating the equations, the symmetry of the problem's mixed for-mulation is lost.



180 7 Appliation to the Telema-3D system3. It fores the system to use a vertially-strutured mesh in order toallow the exat depth-integration of the disrete funtions.We propose in the next setion a new approah to solve the 3D hydro-stati problem � and through it also the non-hydrostati problem.7.3 New hydrostati algorithm for the Telema-3Dsystem7.3.1 The new hydrostati algorithm.We have modi�ed the hydrostati part of the Telema-3D system in or-der to irumvent some of the drawbaks desribed previously. The newhydrostati algorithm omprises the same sub-sytems (h1) and (h4) as thestandard hydrostati algorithm � see setion 7.2.1 � , but it puts togethersub-systems (h2) and (h3) into one unique problem oupling the horizontalveloity and the free surfae : that is the u− η problem analysed in Chapter6. The new hydrostati algorithm is the following :� (h′1) the advetion of the horizontal veloity u,
1

∆t
(ũ− un) + uan · ∇2u

n + (w∗)an
∂un

∂z
= 0 in Ωn,where w∗ is the �pseudo-vertial veloity� de�ned in (4.22), aountingfor the domain movement, and tan is a partiular time in [tn−1, tn],� (h′2) the u− η problem,



















1

∆t
(un+1 − ũ) − div (ν∇uθn

)

+ g ∇2η
θn = 0 in Ωn

g

∆t
(ηn+1 − ηn) + g div2 (

∫ ηn

b
uθn dz) = 0 in Ωn.� (h′3) the ontinuity equation that allows to reover the vertial veloity

w, divU cn = 0 in Ωn,where U cn = (ucn , wcn) and tcn is a partiular time in [tn, tn+1].Sub-system (h′2) is approximated by the disrete u− η problem (6.65) pre-sented in setion 6.4, involving the weak treatment of the imperviousnessondition.We would like to highlight the fat that this new algorithm implies nosplitting of the di�usion term and no depth-integration of the equations.There are several reasons for testing suh a solver.



7.3 New hydrostati algorithm for the Telema-3D system 181On one hand, we have analysed the u − η problem in hapter 6. Thisanalysis has shown that, when the visosity oe�ient is not negligible, theontinuous problem as well as its approximation have a unique solution re-gardless of the satisfation of a partiular inf-sup ondition. Now if the di�u-sion term is dropped, we don't know if this property holds true. In this ase,the existene and uniqueness of a solution an be proven in the mixed pro-blem framework provided a partiular inf-sup ondition is satis�ed. It maythus be neessary to use ompatible �nite element spaes to approximate theproblem in absene of the di�usion term. Therefore, it seems more onvenientto keep the di�usion term inside the u-η system for more stability.On the other hand, solving the omplete three-dimensional u−η problemmay be less ostly than solving suessively the three-dimensional di�usionstep (h2), the depth-integrated problem on u and η (h3,a), and deduingthe three-dimensional horizontal veloity using equation (h3,b). In addition,a redution of the number of equation splittings improves the treatment ofthe boundary onditions.Finally, the possibility for the Telema-3D system to be extended tovertially-unstrutured meshes seems interesting. Now the depth-integrationof the equations in the system (h3,a) oupling u and η does not allow suha disretization. On the ontrary, solving the omplete three-dimensional
u − η problem (h′2), espeially with a weak treatment of the impervious-ness ondition at the solid lateral boundaries, allows any type of vertialdisretization. Note however that the adaptation of the whole system to avertially-unstrutured mesh would in all ases require a onsiderable imple-mentation e�ort, and has not yet been done.7.3.2 Solving the disrete u− η problem.As already mentioned, we approximate the u − η problem (h′2) by thedisrete weak problem (6.65).Its algebrai form is, for n = 0, . . . ,Nt :





An (Bn)T

−Bn M2d
H









Un+1

Sn+1



 =





Qn+1

Rn+1,



 (7.2)where Un+1 and Sn+1 are the unknown vetors ontaining the disrete valuesof, respetively, the three-dimensional horizontal veloity un+1 and the two-dimensional free surfae ηn+1 at t = tn+1. The time-dependent matrix An isde�ned as follows :
An =

1

∆t
M3d

n + θ ν Dn,where M3d
n is the three-dimensional mass matrix in Ωn

h for the variable uand Dn is the three-dimensional di�usion matrix in Ωn
h.



182 7 Appliation to the Telema-3D systemThe matrix Bn is the algebrai ounterpart of the operator B de�ned in(6.8), that is :
(Bn)ij = g θ

∫

Ωn
h

∇2 χi(x, y) ·ψj(x, y, z) dx ,where χi denotes the two-dimensional basis funtion orresponding to the
i-th degree of freedom for the water height h, and ψi the three-dimensionalbasis funtion orresponding to the i-th degree of freedom for the unknown u.Here again, the terms Qn+1 and Rn+1 aount for boundary onditions andfor the expliit terms.We point out that the linear system is de�nite positive whenever the vis-osity oe�ient is not zero � see the Lax-Milgram analysis of the disreteproblem in setion 6.4.3. In addition, the system has a symmetry property,sine it gets symmetri by multiplying the seond equation with −1. Thismakes it easier to analyse, and simpli�es the implementation of its solution.The struture of the matries as well as the degrees of freedom of theunknown quantities depend on the partiular hoie of the spae disretiza-tion. We have implemented the resolution of this linear system taking pro�tof the �nite element basis already implemented in the Telema-3D system.Therefore, we have hosen to approximate :� the horizontal veloity u in the �rst order prismati �nite elementspae P1,1(T̂h) de�ned in (6.47),� the free surfae η in the Lagrangian �nite element spae F1,1(T 2d

h )de�ned in (6.42).That means that the degrees of freedom of u and η are respetively thethree-dimensional nodes in T̂h, and the two-dimensional nodes in T 2d
h . Forthe sake of larity, we will denote by N3d the amount of nodes in T̂h and by

N2d the amount of nodes in T 2d
h . The dimensions of the vetors Un+1 and

Hn+1 are then, respetively, N3d and N2d.It is not known if the inf-sup ondition (6.67) is veri�ed or not with these�nite element spaes. We may therefore expet to obtain instabilities whenthe visosity oe�ient is negligible. In that ase, the implementation of theresolution using the ompatible spaes introdued in setion 6.3.3 would beuseful. Note that we have not yet implemented this alternative disretization.Sine the matrix Bn is quite partiular, and its storage has been the mostdeliate part of the implementation, let us fous on its struture.� As easily veri�ed, Bn is a retangular matrix of dimension N2d ×N3d.



7.3 New hydrostati algorithm for the Telema-3D system 183No struture of this type exists in the �nite element basis of theTelema-3D system. Therefore, we have adapted an existing strutureto the storage of the matrix. We point out however that this storageis not optimal.Remark 7.3.1 The Telema-3D system uses essentially the element-by-element (EBE) storage [55℄. This tehnique is based on the fatthat any matrix M an be deomposed on the elements of the meshas follows :
M =

∑

K

QK MK (QK)T ,where K denotes an element of the mesh,MK is the elementary matrixorresponding to K and QK is the matrix whih makes the transitionbetween the element K and the global mesh � QK is derived from theonnetivity table. Any matrix-vetor produt an then be performedeasily using the elementary and the transition matries. Therefore, thematries are not assembled, only the elementary matries are stored.This tehnique is easy to implement, and it is very e�ient for �niteelement systems using iterative resolution methods � as it is the ase inthe Telema-3D system �, beause the essential matrix manipulation isthen the multipliation with a vetor. However, the EBE storage pre-vents from using preonditioning that requires the assembled matrix,for instane the unomplete Cholesky deomposition or the Cahouet-Chabard [10℄ preonditioning developed for the Stokes problem.� Another partiularity of the matrix Bn is that it is de�ned as an inter-ation between two-dimensional and three-dimensional basis funtions.Thus, partiular are must be taken for the matrix-vetor produt. In-deed, Bn is deomposed in the following unusual way :
Bn =

∑

P∈T n
h

QTP
Bn

P (QP )T ,where QTP
is the transition matrix between the basis triangle TP ofprism P and the two-dimensional mesh T 2d

h , while QP is the transitionmatrix between P and the three-dimensional mesh T n
h .We have therefore adapted the modules performing the matrix-vetorprodut to the treatment of the partiular Bn matrix.� The elementary matries Bn

P have 3 rows and 6 olumns. They arede�ned as follows for eah element P in T̂h :
(Bn

P )ij = g θ

∫

P
∇2χi(x, y) ·ψj(x, y, z) dP ,



184 7 Appliation to the Telema-3D systemwhere i = 1, 2, 3 is the loal node in the basis triangle TP of prism
P , and j = 1, . . . , 6 is the loal node in prism P .Sine χi is a pieewise linear funtion in the two-dimensional mesh
T 2d

h , and sine the three-dimensional mesh onsidered here is vertiallystrutured � i.e. the prisms are arranged in olumns with the sametriangular basis, as illustrated in �gure 6.5 �, its gradient is onstanton eah prism. Therefore :
(Bn

P )ij = (∇2χi)|TP
·
∫

P
ψj(x, y, z) dP ,where TP denotes the triangular basis of the prism P . In addition,sine the lateral faes of the prisms are vertial, we have that :

∫

P
ψ1 dP =

∫

P
ψ4 dP ,

∫

P
ψ2 dP =

∫

P
ψ5 dP ,and

∫

P
ψ3 dP =

∫

P
ψ6 dP ,where loal nodes 1 and 4 � respetively 2 and 5, 3 and 6 � are loatedon the same vertial, as illustrated in �gure 6.4.As a result, eah elementary matrix Bn

P has only 9 distint values, weould thus store them in 3 × 3 - dimensional arrays. Unfortunatelythis is not possible in the Telema system, beause any value in anelementary matrix an be modi�ed before the linear system is solvedby the imposition of the Dirihlet boundary onditions. The symmetrydesribed an then be broken.Remark 7.3.2 Note that the third point is only valid for our partiulardisretization of the mesh and the variables. We point out however that theelementary matries Bn
P an be onstruted independently of this deompo-sition, for any hoie of �nite element spaes and on any three-dimensionalmesh.One the matries are onstruted, system (7.2) an be solved. For thispurpose, the e�ient GMRES iterative method is used. We indiate thatalthough it was already implemented in the Telema-3D system, it had to beadapted to the struture of our system. No onvenient preonditioning beingavailable, the simple diagonal preonditioner is adopted. Of ourse, this isfar from being optimal for the system we want to solve.



7.4 Evaluation of the new hydrostati algorithm 185Remark 7.3.3 For the reasons previously exposed, the resolution of theomplete u − η problem we have implemented is not optimal. We wouldlike to point out that our aim up to now was to study the feasibility of thealgorithm. The resolution ould surely be optimized, on one hand, by usinga struture adapted to the storage of the matrix Bn, improving the e�ienyof the matrix-vetor produt. On the other hand, a better preonditioningould signi�antly improve the resolution of the linear system.In the next setion we present some results obtained with the new algo-rithm.7.4 Evaluation of the new hydrostati algorithmIn order to evaluate the new hydrostati algorithm, it has been appliedto a very large range of three-dimensional test ases. The results have beenompared to those obtained on the same test ases with the standard versionof the Telema-3D system. In one partiular ase � the standing wave in alosed basin � the results have also been ompared to the analytial solutionof the linear equations for an invisid �uid provided by the small amplitudewave theory.We have hosen to present four of these numerial tests in this setion. Wewill desribe them and show the results obtained with both the standard andthe new algorithms. The respetive CPU times will not be spei�ed, sinethe new implementation has not been optimized yet and the data wouldtherefore not be signi�ant. After analysing these results, we will onludeon the validity of the resolution and the interest of the new formulation.7.4.1 Osillating wave in a losed basinWe �rst present the results obtained on the test ase of the osillatingwave in a losed basin, introdued in setion 3.8.3 and already used twie inthis work � see also test ase 1 in setion 4.8.4. A losed square basin withside L and with a onstant bottom at z = −H is onsidered, where H is theequilibrium water depth. In this test no traer is ontained in the �uid. Atthe initial time the �uid is at rest and the free surfae pro�le imposed is thesame as in setion 3.8.3, i.e.






















η(x, y) = η0 cos (kx),

u = v = w = 0,

pd(x, y, z) = −ρ0gη + ρ0gη0
cosh (k(z +H))

cosh (kH)
cos (kx),

(7.3)



186 7 Appliation to the Telema-3D systemwhere pd denotes the hydrodynami pressure orretion and where
η0 = 0.1m, k =

Π

L
, L = 10m and H = 10m.We reall that suh an initial on�guration generates a wave motion withontinuous exhange of potential and kineti energy. In addition, the �uidis assumed invisid : there is no energy loss and the osillation ontinuesforever. Note also that sine the initial free surfae slope is parallel to the

x-axis, no motion takes plae in the y-axis diretion.In order to ompare the results with the analytial formulas given by thesmall amplitude wave theory, the nonlinear terms are negleted. Therefore,and beause there is no soure term, the hydrostati part of the disreteequations redues to the u− η problem with no di�usion terms, that is sub-system (h3) formulated in setion 7.2.1 :


















1

∆t
(un+1 − un) + g ∇2η

θn = 0 in Ωn

g

∆t
(ηn+1 − ηn) + g div2 (

∫ ηn

b
uθn dz) = 0.In this ase, the new resolution of the hydrostati problem is equivalent toits standard resolution. We therefore expet to obtain the same results withthe two methods. This test ase an in fat be used as a validation test ofthe newly implemented sheme.The simulation is performed with a time step length of 0.1 seonds fora time interval of 30 seonds. The resolution is of approximately 0.2 m inthe horizontal diretion and 1 m in the vertial diretion. The initial three-dimensional mesh is the same as in setion 3.8.3. It ounts 11 levels, dis-tributed along the vertial in the disrete domain using the lassial sigma-transformation. Figure 7.2 shows its vertial ross-setion at y = 5, and Fi-gure 7.1 the two-dimensional grid used to build it. Note that a semi-impliitsheme has been used for all simulations, using the impliitness parameter

θ = 0.55.The simulation is �rst performed using the hydrostati model. The om-puted water height at the basin boundary x = 0 m is shown as a funtionof time in �gure 7.3. As expeted, the free surfae pro�les obtained with thestandard and the new hydrostati algorithms are exatly the same. The wave
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Fig. 7.1 � The horizontal 2D mesh.
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Fig. 7.3 � Temporal pro�le of the exat water height (dotted line) vs. theomputed water height obtained using the hydrostati model in Telema-3Dwith the standard (solid line) and the new (solid line with plane irles)hydrostati algorithms.



188 7 Appliation to the Telema-3D systemamplitude remains onstant for a onsiderably long time, and is then pro-gressively damped, due to numerial di�usion introdued by the frationalstep method. This gives a measure of the energy loss. We also observe thatthe period of osillation does not orrespond to the analytial one. In fat,the hydrostati model reprodues the unphysial long wave period.We have therefore performed the same simulation using the non-hydrostatimodel. The time series for water height obtained with this model are repro-dued in Figure 7.4. Here again, the free surfae pro�les obtained with thetwo algorithms are idential. But this time the period of osillation is repro-dued exatly at the beginning of the simulation, although it progressivelygets slightly longer. However, we observe that the wave damping is strongerwith the non-hydrostati model : the energy onservation is deteriorated. Infat, the numerial di�usion is inreased beause of the additional frationalstep.
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Fig. 7.4 � Temporal pro�le of the exat water height (dotted line) vs.the omputed water height obtained using the non-hydrostati model inTelema-3D with the standard (solid line) and the new (solid line with planeirles) hydrostati algorithms.A omparison between the analytial veloity and the veloities obtainedusing the non-hydrostati model in Telema-3D with the standard and thenew hydrostati algorithms is given in vertial ross-setions at y = 5 m.Figures 7.5, 7.6 and 7.7 show these results at respetively t = 0.1 s, t =
1 s and t = 10 s. We an say that the numerial results are in relativegood agreement with the analytial solution. The veloities provided by thetwo di�erent shemes are almost idential. Moreover, the onservation ofthe water mass is in both ases very satisfatory : the total mass-loss isof −0.5710−13 with the standard algorithm and −0.1210−13, what an beonsidered as negligible.
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Fig. 7.5 � Analytial veloity at t = 0.1 s vs. the simulated veloity obtainedusing the non-hydrostati model in Telema-3D with the standard and thenew hydrostati algorithms.
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0 10Fig. 7.6 � Analytial veloity at t = 1 s vs. the simulated veloity obtainedusing the non-hydrostati model in Telema-3D with the standard and thenew hydrostati algorithms.7.4.2 Flow in an estuaryWe now present the simulation of a �ow in the transition zone betweenan estuary and the oastal waters, whose geometrial harateristis are verylose to those of the Sado estuary in Portugal � see for instane [88℄. Theinterest of this test ase lies in the three-dimensional features of the �owaused by the strong bathymetry variations in the domain. Indeed, a reir-
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Fig. 7.7 � Analytial veloity at t = 10 s vs. the simulated veloity obtainedusing the non-hydrostati model in Telema-3D with the standard and newhydrostati algorithms.ulation �ow in the vertial plane is observed during the ebb period in theregion of steep bathymetry. Note that this feature is onsidered important forthe sediment transport in that region. Our purpose is to see if the numerialsolutions provided by the two variants of the Telema-3D system reproduethis phenomenon and if they are di�erent.We onsider a hanel of length L = 625 m and width l = 100 m. Its endsare open, and the bottom elevation dereases from z = 0 to z = −8 in anon-uniform way. The initial three-dimensional mesh is shown in Figure 7.8,and its vertial ross-setion at y = 50 m in Figure 7.9. It ounts 10 levelsalong the vertial axis. The in�ow boundary is situated at the left end of thehanel, the out�ow boundary at its right end. Note that in order to improvethe visualisation, a distorsion oe�ient of 30 has been used for the vertialdiretion with respet to the horizontal one. The two-dimensional grid usedto generate the 3D mesh is shown in Figure 7.10.At the initial time, the free surfae is onstant at z = 0 m, and a uni-form veloity �eld is presribed in the x diretion only. During the wholesimulation, a onstant disharge of Q = 50 m2/s is presribed at the in�owboundary, and a onstant free surfae ηout = 0 m is imposed at the out�ow.The water depth is very small with respet to the length of the hanel :the �ow is therefore shallow water. However, the bottom gradients beingrelatively important, it is not lear whether or not the hydrostati approxi-
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Fig. 7.9 � Vertial ross-setion of the initial 3D mesh at y = 50m.mation an be applied. Therefore the simulations are performed using boththe hydrostati and the non-hydrostati models.For the simulations we have used a time step of length ∆t = 2 seonds,for a time interval of 2000 seonds. The �rst simulations have been perfor-med with a horizontal visosity of νh = 0.01 m2/s and a vertial visosityoe�ient of νv = 10−6 m2/s. The frition is presribed through a Strikleroe�ient of 50. Note that the veloity advetion step � subsystem (h1) in



192 7 Appliation to the Telema-3D system
0

20

40

60

80

100

0 100 200 300 400 500 600

y(m)

x(m)Fig. 7.10 � The horizontal 2D mesh.setion 7.2.1 for the hydrostati model, subsystems (nh1) and (nh2) for thenon-hydrostati model � is solved using the Charateristi method.The veloity pro�les obtained after 2000 seonds using Telema-3D withthe new hydrostati algorithm are shown in Figure 7.11, while those obtai-ned using the standard algorithm are presented in Figure 7.12. Note thatthese �gures show both the solution provided by the hydrostati model (top�gures) and the one provided by the non-hydrostati model (bottom �gures).We observe that the veloity pro�les are very lose : there is no relevant di�e-rene between the solutions provided by the standard and the new resolution,neither with the hydrostati nor with the non-hydrostati model.The relative mass-loss at the end of the simulation is of 10−4 when usingthe new algorithm, and 2.10−4 when using the standard one.As explained in [88℄, the reirulation appears when the high momentumof the top layers is not e�iently transported to the lower layers. Sine thetransport is mainly di�usive, that happens when the vertial di�usion ofmomentum is low, and this onerns as well the physial di�usion as thenumerial one. In order to illustrate this statement, we have performed aseond simulation with a higher vertial visosity : νv = 0.02 m2/s. Figure7.13 shows the results obtained with the hydrostati model using the standard(top �gure) and the new (bottom �gure) algorithms.We observe that for suh a high vertial visosity oe�ient there isno reirulation. Again, there is no relevant di�erene between the resultsobtained with the two di�erent algorithms.
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196 7 Appliation to the Telema-3D system7.4.3 Wind-driven irulationAn interesting test ase is the simulation of a wind-driven �ow in along losed basin with shallow water. We onsider a retangular domainwhose length, width and depth are respetively L = 500m, l = 100m and
b = −10.5m. The initial three-dimensional mesh is shown in Figure 7.14.It has been obtained using the lassial sigma transformation, distributinghomogeneously 15 levels along the vertial. Note that a distorsion oe�ientof 15 has been used for the vertial diretion with respet to the horizontalone in order to improve the visualisation. The horizontal two-dimensionalgrid used is shown in Figure 7.15.
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Fig. 7.15 � The horizontal 2D mesh.At the initial time, the water height is onstant and equal to 10.5 m, and



7.4 Evaluation of the new hydrostati algorithm 197no motion is taken. A wind shear fore is applied on the basin through thedynami boudary ondition at the free surfae :
ν
∂u

∂n
=

ρair

ρ
awind w ‖w‖ on Γs,t , (7.4)where ρair is the air density, taken equal to 1.29 kg/m3, u is the horizontalveloity of the �uid and w is the wind veloity at 10 m above the water level.The oe�ient awind is dimensionless and given by Flather [41℄. (for a moredetailed desription of the wind foring in the Telema-3D system see [66℄).In this simulation we onsider a wind blowing only in the x-axis diretion,whose veloity is 10 m/s.The simulation is performed with a time step length of ∆t = 1 s, for atime interval of 20000 seonds. The veloity advetion step is solved usingthe PSI MURD sheme. The horizontal visosity oe�ient is taken onstantat νh = 0.1 m2/s, while the value of the vertial visosity is suesively takenequal to νv = 0.1, νv = 1.e − 4 and νv = 1.e − 6 m2/s. Note that althoughthe �ow is shallow water, we will use the non-hydrostati model beause ofthe strong aelerations of the vertial veloity generated by the wind.We give an indiation of the e�ieny of the new hydrostati algorithmompared to the standard one by indiating the number of GMRES itera-tions neessary to solve eah step of these algorithms � see setions 7.2 and7.3 to identify these steps.Standard algorithm :

νh = νv = 0.1 νh = 0.1, νv = 10−4 νh = 0.1, νv = 10−6

(h2)u 1 2 2

(h2)v 1 2 3

(h3,a) 1 1 1New algorithm :
νh = νv = 0.1 νh = 0.1, νv = 10−4 νh = 0.1, νv = 10−6

(h′2) 1 2 3Note that (h2)u and (h2)v denote the systems orresponding to the dif-fusion of eah omponent of the horizontal veloity, respetively u and v.Test 1. : vertial visosity νv = 0.1 m2/s.



198 7 Appliation to the Telema-3D systemFigures 7.16 and 7.17 present, respetively, the omputed water heightand the veloities at t = 20000 s in the laminar ase with a vertial visosityof νv = 0.1 m2/s. The results obtained using Telema-3D with the standardand the new hydrostati algorithms are almost exatly the same : the freesurfae leans towards the left end boundary of the domain, and a lear andwidespread irulation is obtained over the entire area of the basin. Notethat the �uid deelerates smoothly when reahing the wall.In fat, the di�erene between the two resolutions only gets visible whena lower vertial visosity is used. This an be explained by the fat that inthat ase the veloities are less homogenous along the vertial diretion. Wean thus expet that a three-dimensional resolution of the omplete problemoupling the horizontal veloity and the free surfae funtion provides dif-ferent results than its standard resolution, whih involves the splitting of thedi�usion term and the depth-integration of the momentum equation.Test 2. : vertial visosity νv = 10−4 m2/s.The results obtained at time t = 20000 seonds with a lower vertialvisosity oe�ient of νv = 10−4 m2/s are shown in Figures 7.18 and 7.19.We observe lear spurious osillations on the free surfae, although theyare slight sine their maximal amplitude is of 3.10−3m. They strongly looklike osillations due to a lak of inf-sup onditions. We ould therefore thinkthat the �nite elements disretizing the horizontal veloity and the free sur-fae do not verify the inf-sup onditions for the sub-problem (h3,a) solved inthe standard hydrostati algorithm � see setion 7.2.3.The osillations also our when using the new hydrostati algorithm,although they are lower. Sine the vertial visosity oe�ient is very small� νv = 10−4m2/s � it is indeed possible that these osillations arise from alak of inf-sup onditions. Indeed, in Chapter 6 we have analysed the disrete
u − η problem solved in the new hydrostati algorithm � i.e. sub-problem
(h′2). We have proven for the ase where the parameter α � orrespondingto the visosity oe�ient � is not zero that the problem has a unique solu-tion. We have also observed that the error estimation given by this analysisdeteriorates when this parameter gets too small. For these ases � α = 0 or
α very small � we have proven the existene and uniqueness of a solutionprovided a partiular inf-sup ondition is veri�ed. The osillations observedin the atual test ase ould therefore ome from the lak of this ondition.These osillations have been deteted very reently. Thus, we haven'treally studied the problem yet. But we have some ideas on the matter thatwill be exposed in the onlusion of this setion.



7.4 Evaluation of the new hydrostati algorithm 199Let us now look at the veloity pro�les shown in Figure 7.19. The pro�lesobtained using the two di�erent hydrostati algorithms are learly di�erent.We annot say for sure whih one is better, sine the analytial solution isnot known, but it looks like the veloity pro�le obtained with the standardhydrostati algorithm is not orret. Indeed, we notie in �gure b) that theveloity in the seond top layer is inonsistent : this layer should be draggedby the �rst top layer on whih the horizontal veloity is very strong. Nowon the very left part of the seond top layer the veloities hange diretion.This does not happen in the results shown in �gure a) obtained with thenew algorithm.Test 3 : vertial visosity νv = 10−6 m2/s.Finally, the results obtained at time t = 20000 seonds with an almostnegligible vertial visosity oe�ient of νv = 10−6 m2/s are shown in Fi-gures 7.20 and 7.21.The osillations deteted in the previous test ase are also visible on theresults obtained with the standard hydrostati algorithm in this test, andtheir amplitude has grown � the maximal amplitude is now 6.10−3 m. Onthe ontrary, the osillations are signi�antly lower using the new hydrosta-ti algorithm.The veloity pro�les obtained with the two algorithms are again very dif-ferent. But this time, the results obtained with the new algorithm are learlybetter. Indeed, �gure b) presenting the pro�le obtained with the standardalgorithm reveals a strong osillation of the veloity on the four top layers. Inaddition, the vertial veloities on the left wall of the domain are inonsistent.Therefore, it seems that the new hydrostati algorithm is more stablethan the standard algorithm in presene of low vertial visosities.
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206 7 Appliation to the Telema-3D system7.4.4 Transritial �ow over a bump.We onsider now the lassial test of the stationary �ow over a parabolibump, with a hydrauli jump downstream. It takes plae in a hanel whihis 2 m wide and about 21 m long. Its bottom is �at, at z = −0.2 m, exeptbetween the absissae x = 7.12 m and x = 12.88 m, where there is a parabolibump ulminating at x = 10 m at elevation 0, aording to the formula :
b(x, y) = max(−0.2,−0.0246875(x − 10)2) . (7.5)A vertial ross-setion at y = 1 m of the initial three-dimensional meshis shown in Figure 7.22. It ounts 6 levels along the vertial axis, and thetwo-dimensional grid is shown in Figure 7.23.
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Fig. 7.23 � 2D mesh.At the initial time the free surfae is onstant at z = 0.4 m and no motionis taken. But after the �rst time step a onstant disharge of Q = 2 m3/sis presribed at the hanel's in�ow boundary, as well as a depth of 60 m atthe out�ow. The simulation is ontinued until a steady state is ahieved. The�ow is assumed to be visous, with a onstant horizontal visosity oe�ient
νh = 10−4 m2/s and a vertial visosity oe�ient given by a mixing lengthturbulene model. The frition is given trough a Strikler oe�ient of 50.For the simulations we have used a time step of length ∆t = 0.01 seonds.Although the �ow is shallow water, the �ow is non-hydrostati beause ofthe strong bottom gradient and the strong surfae gradient of the solution.



7.4 Evaluation of the new hydrostati algorithm 207We therefore perform the simulations with both the hydrostati and the non-hydrostati models of Telema-3D, and for eah model we show the resultsobtained using the standard and the new hydrostati algorithms. Note thatthe veloity advetion step is solved using the Charateristi method.Let us �rst indiate the number of GMRES iterations that have beenneessary to solve the hydrostati equations using the standard and the newalgorithms :standard algorithm : (h2) u 4

(h2) v 6

(h3,a) 1

new algorithm : (h′2) 1The results obtained using the hydrostati model of Telema-3D areshown �rst. Figure 7.24 presents the three-dimensional pro�les of the so-lutions obtained at t = 100 s. Note that in this �gure, the in�ow boundaryis situated at the right end of the hanel, the out�ow boundary at its leftend. We observe strong osillations both along the x- and the y-axis. Wethink that they arise from a serious problem in the treatment of the boun-dary ondition on the vertial veloity at the in�ow. This is a very ommonproblem in hydrostati models, sine there is no advetion nor di�usion onthe vertial veloity w, and therefore no Dirihlet ondition is to be imposedon w. This problem has been deteted in several other test ases using theTelema-3D system, but we have not yet tried to solve it. Anyway, it seemsthat the solution b) obtained with the new hydrostati algorithm is morestable.Figure 7.25 ompares the free surfae pro�les obtained solving the hydrosta-ti model with the standard (solid line) and the new (dotted line) algorithms.The pro�les are given at two di�erent times t = 50 s and t = 100 s. We haveveri�ed that the shemes have onverged at t = 100 s. Figure 7.26 omparesthe horizontal and vertial veloities obtained solving the hydrostati modelwith the standard (a) and the new (b) algorithms. We observe slight di�e-renes in the free surfae and the veloity pro�les.These di�erenes disappear when using the non-hydrostati Telema-
3D system. The surfae pro�les obtained with the standard and the newhydrostati algorithms are shown in Figure 7.27 : they are idential. Theveloity pro�les are also idential. Therefore we only show one pro�le inFigure 7.28. In addition, there are no osillations on the free surfae.Note that the dynami pressure orretion, shown at the bottom of Figure7.28, reveals that the �ow is hydrostati everywhere exept at the loation ofthe hydrauli jump. Note also that the hydrauli jump is less marked and is



208 7 Appliation to the Telema-3D systemfollowed by an undulation, whih is more in onformity with the observation.The stability of this solution on�rms our idea that the osillations ob-tained with the hydrostati model ome from the bad presription of theboundary ondition on the vertial veloity w. Indeed, this problem doesnot exist in the non-hydrostati model sine the vertial veloity is advetedand di�used, and therefore the Dirihlet boundary onditions on w an bepresribed orretly.7.4.5 Conlusion and perspetivesWe have implemented a new hydrostati algorithm into the Telema-3Dsystem, involving the resolution of the u−η problem analysed in Chapter 6.The main motivation for this alternative algorithm was the symmetryproperty of the u− η problem and its well-posedness whenever the visosityoe�ient ν is not negligible. Indeed, the spae-ontinuous u− η problem aswell as its approximation are de�nite positive for a non-zero value of ν.But the evaluation of the feasability of this new algorithm was also moti-vated by the fat that it redues the number of equation splittings and allowsa omplete three-dimensional treatment of the free-surfae problem, openinga way to the extension of the Telema-3D system to vertially-unstruturedmeshes.The new algorithm has been validated through several test ases, in par-tiular the ase of an osillating wave in a losed basin � see setion 7.4.1 :the results of the simulation performed with the nonhydrostati model inTelema-3D using the new algorithm are in good agreement with the ana-lytial results for the linear equations. In addition, they are idential to theresults obtained using the standard algorithm.Unfortunately, we have not found a test ase showing a satisfatory im-provement in the stability of the solution through the new algorithm. Infat, we were expeting to �nd a ase in whih the solution provided by theTelema-3D system using the standard algorithm would have shown typialinf-sup osillations for a non-negligible value of the horizontal visosity o-e�ient. Beause of the well-posedness of the approximation of the u − ηproblem when the di�usion oe�ient is non-zero, these osillations wouldhave disappeared when using the new hydrostati algorithm. But this �ideal�test ase has not been found.Nevertheless, in the test ases presented in setions 7.4.3 and 7.4.4, theresults obtained using the new hydrostati algorithm are less unstable thanthose obtained using the standard one.



7.4 Evaluation of the new hydrostati algorithm 209The �rst one of these tests, orresponding to the simulation of a wind-driven irulation, has been performed reently. It is more interesting sinespurious osillations are observed for very small values of the vertial viso-sity oe�ent, whih strongly look like osillations due to a lak of inf-suponditions. We ould have veri�ed this matter by analysing the kernel of thematrix inverted in this partiular test ase, but it seemed di�ult beausethe matries are not assembled in the Telema-3D system. Note that the ideathat the osillations ould ome from a lak of inf-sup onditions is on�rmedby the analysis of the u − η problem made in Chapter 6. Indeed, we haveshown that the analysis in the Lax-Milgram framework is not appropriatewhen the visosity oe�ent is zero � or negligible . The existene and uni-ity of a solution to the u − η problem an then be proven in the mixedproblem framework provided that a partiular inf-sup ondition is veri�ed.This ondition may not be satis�ed at the disrete level in this partiulartest ase, and that would explain the spurious osillations observed when νis very small.We point out that a pair of ompatible �nite element spaes approxima-ting the horizontal veloity and the free surfae funtion has been proposedin setion 6.3.3. The partiular inf-sup ondition possibly required by the
u− η problem is satis�ed on these spaes. It would therefore be worthwhileto implement this disretization and see if it makes the spurious osillationsdisappear.However, it an be shown that the vertial di�usion term is not nees-sary to the well-posedness of the u− η problem. Indeed, the analysis in theLax-Milgram framework of the spae-ontinuous and disrete problems � seesetions 6.2.1 and 6.3.1 � an also be made in the ase where the di�usion isonly horizontal, i.e. when the bilinear form d̃( · , · ) de�ned in (6.6) is replaedby

d̃(ψ1 , ψ2 ) =

∫

Ω̃
∇2ψ1 · ∇2ψ2 dx ,where ∇2 is the horizontal gradient operator. An expliit treatment of thevertial di�usion in the u−η problem may therefore be su�ient to stabilizethe problem when the vertial visosity oe�ient is very small.We intent to test both ideas in a very near future. We also indiate thatthe new hydrostati algorithm we have implemented may be optimized andintegrated to the Telema-3D system.
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Fig. 7.24 � Three-dimensional results obtained at t = 100 s using the hy-drostati model of Telema-3D with the standard (a) and the modi�ed (b)hydrostati algorithms.
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Fig. 7.25 � Free surfae pro�les obtained at (a) t = 50 seonds and (b) t =
100 seonds using the hydrostati model of Telema-3D with the standard(blak solid line) and the new (red dotted line) algorithms. Vertial ross-setion at y = 1 m.
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Fig. 7.26 � Horizontal (top �gures) and vertial (bottom �gures) veloitypro�les obtained at t = 100 s, with the hydrostati model, using the standard(�gures (a) and ()) and the modi�ed (�gures (b) and (d)) algorithm.
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Fig. 7.27 � Free surfae pro�les obtained at (a) t = 50 seonds and (b)
t = 100 seonds using the non-hydrostati model of Telema-3D with thestandard (blak solid line) and the new (red dotted line) algorithms. Vertialross-setion at y = 1 m.



214 7 Appliation to the Telema-3D system

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0 5 10 15 20

  HORIZONTAL 
VELOCITY (m/s)

0.1400

0.5425

0.9450

1.3475

1.7500

2.1525

2.5550

2.9575

3.3600

x(m)

x(m)

z(m)

z(m)

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0 5 10 15 20

  VERTICAL
VELOCITY (m/s)

-5.000

-3.375

-1.750

-0.125

1.500

3.125

4.750

6.375

8.000

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0 5 10 15 20

DYNAMIC PRESSURE 
   CORRECTION 

-0.0100

-0.0075

-0.0050

-0.0025

0.0000

0.0025

0.0050

0.0075

0.0100

x(m)

z(m)
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7.5 Appliation of an ALE-MURD sheme to the linear advetion equationsin the hydrostati model 2157.5 Appliation of an ALE-MURD sheme to thelinear advetion equations in the hydrostatimodelWe are now interested in the resolution of the advetion equations presentin the hydrostati model, using the ALE-MURD shemes introdued inChapter 3. As explained in setion 5.13, the frational step method allowsto isolate the ALE advetive terms in the momentum equation (5.38) onthe horizontal veloity u, as well as in the traer equation (5.20). An ALE-MURD sheme an thus be applied to the resolution of the linear advetionequations on the horizontal veloity and on the traer.We reall that, in order to ensure the orret onservation of the adve-ted quantities on a moving domain, the sheme must satisfy a partiularonstraint. In the framework analysed here, although the domain is three-dimensional and only moves in the vertial diretion, we do not proeedas in setion 3.8 to satisfy this onstraint. Indeed, the vertial veloity wis not sought separately in the hydrostati model presented in this work �see setion 5.9. In fat, the vertial ALE veloity w̄ = w − c is sought. Itis reovered a posteriori from the horizontal �uid veloity u by solving thesemi-disrete ontinuity equation (5.75). Therefore, the total veloity U annot be assumed divergene free in the sense of (3.30) and Proposition 3.10 �stating the onservation property under this assumption of the ALE-MURDshemes desribed in Chapter 3 � annot be applied.On the other hand, the onservation onstraint of these shemes in theframework of the hydrostati model oinides with a partiular disretizationof the weak formulation (5.40) of the ontinuity equation written in the ALEframe. This was already observed by Janin in [74℄, where he proposed anextension of the N and PSI distributive shemes to the advetion of anative traer driven by a three-dimensional hydrostati free-surfae �ow, inthe partiular on�guration of the Telema-3D system. But his results werelimited to the use of the lassial sigma transformation, whih is a partiularALE mapping desribed in Chapter 4. We have extended this observationto the general form of ALE mappings for three-dimensional domains movingin the vertial diretion only. This has led us to dedue how to ensure theonservation property of the ALE-MURD shemes in the framework of thehydrostati free surfae �ow problem.Following this result, we have extended the MURD shemes implementedin the Telema-3D system to the ALE-MURD aproah. They are now adap-ted to the use of any ALE mapping for three-dimensional domains movingin the vertial diretion only. In partiular, they are onservative for the useof any of these mappings, inluding the generalized sigma oordinate sys-tem introdued in setion 4.8 and implemented lately into the Telema-3D



216 7 Appliation to the Telema-3D systemsystem.We will �rst reall the semi-disrete weak ALE formulation of the adve-tion equations to be solved in the hydrostati model onsidered. The onser-vation onstraint of the ALE-MURD shemes in this partiular frameworkwill then be expressed. We will then show how to solve the three-dimensionalontinuity equation so that the advetion sheme is onservative. Finally,we will present some results obtained with an ALE-MURD sheme in theTelema-3D system. In partiular, we will show the orret onservation ofthe adveted quantities when using the generalized sigma oordinate system.7.5.1 Formulation of the advetion equation on the horizon-tal veloityLet us �rst de�ne Ŷ = H1(Ω̂) and its time-disrete ounterpart at eahtime tn :
Yn = { ψ : Ωn −→ R, ψ = ψ̂ ◦ A−1

n , ψ̂ ∈ Ŷ } . (7.6)For the sake of simpliity, we will assume that the Dirihlet ondition (5.16)on the horizontal veloity at the in�ow is homogeneous, i.e. that
u(x, y, z, t) = 0 on Γin,t. (7.7)The horizontal veloity un at t = tn will therefore be sought in

Yn
0 = { ψ ∈ Yn / ψ = 0 on Γn

in } . (7.8)For any time independent funtion ψ̂ ∈ Ŷ, we will use the notation :
ψn = ψ̂ ◦ Ân in Ωn2, for n = 0, . . . ,Nt.After splitting the advetion terms in the momentum equation in (5.70),we obtain the time-disrete non-onservative weak ALE form (5.73) of thelinear advetion equation on the horizontal veloity u, that is :given the initial ondition u0, for n = 0, . . . ,Nt − 1,�nd ũ = (ũ, ṽ) ∈ (Yn

0 )2 suh that ∀ ψ̂ = (ψ̂u, ψ̂v) ∈ (Ŷ)2,

∫

Ωn

(ũ − un) ψn
u dx +

∫

Ω an

(

Ū
an · ∇un

an

)

ψan
u dx = 0 , (7.9)

∫

Ωn

(ṽ − vn) ψn
v dx +

∫

Ω an

(

Ū
an · ∇vn

an

)

ψan
v dx = 0 , (7.10)



7.5 Appliation of an ALE-MURD sheme to the linear advetion equationsin the hydrostati model 217where, for eah n = 0, . . . , Nt − 1, tan is a partiular time in [tn−1, tn]. Wereall that Ū = U − c is the ALE advetive veloity, with U the totalveloity of the �uid and c = (0, 0, c)T the domain veloity.7.5.2 Formulation of the advetion equation on the traerAgain, for the sake of simpliity, we assume that the Dirihlet ondition(5.21) on the traer at the in�ow is homogeneous, i.e. that
T (x, y, z, t) = 0 on Γin,t. (7.11)The following weak ALE formulation of the traer equation (5.20) is onsi-dered : �nd T ∈ Y0(Ωt, t) suh that ∀ψ ∈ Y(Ωt), ∀t ∈ I,

∫

Ωt

(
∂T

∂t

∣

∣

∣

x̂
+ (U − c) · ∇T ) ψ dx +

∫

Ωt

νT ∇T · ∇ψ dx (7.12)
=

∫

Ωt

fT ψ dx +

∫

Γs,t

(aT + b) ψ dΓ +

∫

Γout,t

T ψ dΓ .Note that this weak form has been obtained imposing weakly boundaryondition (5.24).The equation is then disretised in time as follows :
∫

Ωn+1

(T n+1 − T n
n+1) ψ

n+1 dx + ∆t

∫

Ω qn

(

Ū
qn · ∇T n

qn

)

ψqn dx

+

∫

Ωn+1

νT ∇T n+1 · ∇ψn+1 dx

=

∫

Ωn+1

fn+1
T ψn+1 dx

+

∫

Γn+1
s

(aT n
n+1 + b) ψn+1 dΓ +

∫

Γn+1
out

T n
n+1 ψ

n+1 dΓ ,

(7.13)
where, for eah n = 0, . . . , Nt − 1, tqn is a partiular time in [tn, tn+1].A splitting �nally leads to the following semi-disrete non-onservativeweak ALE form of the linear advetion equation on the traer T .Given the initial ondition T0, for n = 0, . . . ,Nt − 1,�nd T̃ ∈ Yn+1

0 suh that ∀ψ̂ ∈ Ŷ,
∫

Ωn+1

(T̃ − T n
n+1) ψ

n+1 dx + ∆t

∫

Ω qn

(

Ū
qn · ∇T n

qn

)

ψqn dx = 0 .(7.14)



218 7 Appliation to the Telema-3D systemNote that in (7.14), the traer is adveted in the urrent domain betweentimes tn and tn+1, i.e., the movement of the domain from Ωn to Ωn+1 is takeninto aount. On the ontrary, in (7.9) and (7.10), the horizontal veloity isadveted in the domain between times tn−1 and tn, i.e. : there is a time delayof one time step, so that it is the movement of the domain from Ωn−1 to Ωnwhih is taken into aount during this advetion.7.5.3 Spae disretizationLet us now onsider a spae disretization of the semi-disrete hydro-stati �ow problem (5.73)-(5.74)-(5.75) through the Galerkin method. Wedenote by T 2d
h the triangulation of the two-dimensional domain ω, and by

T̂h the triangulation of the three-dimensional referene on�guration Ω̂. Themapping and the di�erent funtional spaes are assumed to be disretizedfollowing the desription in Chapter 2, setions 2.1.6 and 2.1.7.We indiate that the ontinuous spaes X̂ = H1(Ω̂)2 , V̂ = L2(Ω̂) and
M = L2(ω) are approximated by some �nite element spaes denoted by X̂h,
V̂h and Mh. At eah time, the horizontal veloity u(tn) and the vertial ALEveloity w̄(tn) are approximated respetively in X n

h and Vn
h � de�ned as in(3.3). The free surfae η(tn) is approximated in Mh.We hoose Ŷ = H1(Ω̂) to be approximated by the Lagrangian �nite ele-ment spae Ŷh = (Fn′, k(T̂h))2 for some partiular degree n′ ≥ k . At eahtime , the orresponding spae Yn on the urrent domain is then approxi-mated by Yn

h = Fn′, k(T n
h ) .Moreover, in order to apply the ALE-MURD sheme, we hoose the testfuntions for the advetion equations (7.9), (7.10) and (7.14) to be approxi-mated by onstant funtions on the whole three-dimensional mesh T̂h � theequation will then be solved in L1(Ωh).This way, the fully-disretized formulation of the linear advetion equa-tions to be solved orresponds to (3.4) ; that is for eah n = 0, . . . ,Nt − 1,







































�nd (ũh, ṽh) ∈ (Yn
h,0)

2 suh that
∫

Ωn

ũh − un
h dx + ∆t

∫

Ω an
h

Ū
an

h · ∇un
h, an

dx = 0 ,

∫

Ωn

ṽh − vn
h dx + ∆t

∫

Ω an
h

Ū
an

h · ∇vn
h, an

dx = 0 ,

(7.15)
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�nd T̃h ∈ Yn+1
h,0 suh that

∫

Ωn+1

T̃h − T n
h,n+1 dx + ∆t

∫

Ω qn
h

Ū
qn

h · ∇T n
h, qn

dx = 0 .
(7.16)

The ALE-MURD sheme detailed in setion 3.3, an now be onstruted.As explained in this desription, if the distribution hosen for the sheme isloally positive, it is monotoni. Moreover, it satis�es the required onserva-tion property provided a partiular onstraint is satis�ed.7.5.4 Conservation onstraintLet us �rst express the disrete onservation property to be sati�ed bythe advetion shemes just presented. Following De�nition 3.6.1 and aor-ding to the time and spae disretization (7.15) and (7.16) of eah problem,the disrete onservation property required at eah time step for the hori-zontal veloity is expressed by :
∫

Ωn
h

ũh dx −
∫

Ωn−1

h

un
h dx = − ∆t

∫

Γ an
h,liq

un
h, an

(uan
h · nh,xy) dΓ , (7.17)and for the traer :

∫

Ωn+1

h

T̃h dx −
∫

Ωn
h

T n
h dx = − ∆t

∫

Γ qn
h,liq

T n
h, qn

(uqn

h · nh,xy) dΓ . (7.18)As already anouned in setion 3.6, in the partiular ase of the hydrosta-ti �ow problem we apply Proposition 3.8 to determine the ondition makingthe ALE-MURD sheme onservative.In the following, NY will denote the dimension of Ŷh and {ψ̂i}i=1,...,Nh
aset of basis funtions for Ŷh.We reall that, at eah time tn, a orrespondingset of basis funtions {ψn

i }i=1,...,Nh
of Yn

h an be de�ned by ψn
i = ψ̂i ◦ A−1

h,nfor eah node i.For the advetion of the veloities u and v, the onservation onstraint is :
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∀n = 0, . . . ,Nt − 1, ∀ i = 1, . . . ,Nh,

∫

Ωn+1

h

ψn+1
i dx −

∫

Ωn
h

ψn
i dx − ∆t

∫

Ω an
h

Ū
an

h · ∇ψan
i dx

+ ∆t

∫

Γ an
h,liq

ψan
i uan

h · nh,xy dΓ = 0.

(7.19)
For the traer advetion, the expression of the onservation onstraint isthe following :










































∀n = 0, . . . ,Nt − 1, ∀ i = 1, . . . ,Nh,

∫

Ωn+1

h

ψn+1
i dx −

∫

Ωn
h

ψn
i dx − ∆t

∫

Ω qn
h

Ū
qn

h · ∇ψqn

i dx

+ ∆t

∫

Γ qn
h,liq

ψqn

i uqn

h · nh,xy dΓ = 0 .

(7.20)
We would like to highlight that the results we present in the followingsetions are based on the work by Janin [74℄.7.5.5 Conservativity and ontinuityLet us now onsider the following spae-disretization of the semi-disreteontinuity equation (5.75), providing an approximation of the vertial ALEadvetion veloity w̄ = w − c. For n = 0, . . . ,Nt :�nd w̄cn

h ∈ V cn
h,0 suh that, ∀ φ̂h ∈ Ŵh,0 ,

∫

Ω cn
h

w̄cn
h

∂φcn
h

∂z
dx +

∫

Ω cn
h

ucn
h · ∇2φ

cn
h dx −

∫

Γ cn
h,liq

φcn
h ucn

h · nh,xy dΓ

− 1

∆t
(

∫

Ωn+1

h

φn+1
h dx −

∫

Ωn
h

φn
h dx ) = 0 , (7.21)where tcn is a partiular time between tn and tn+1, and where Ŵh is thedisrete spae approximating Ŵ = H1(Ω̂). In addition,

Vn
h,0 = { φh ∈ Vn

h | φh nh,z = un+1
h · nh,xy on Γh,b }
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Wn

h,0 = { φh ∈ Wn
h | φh nh,z = un+1

h · nh,xy on Γh,b }.Assume the ontinous spae Ŵ is approximated by the same Lagrangian�nite element spae Fn′, k(T̂h) as Ŷ , so that at eah time tn :
Wn

h = Fn′, k(T n
h ) = Yn

h . (7.22)Note that the dimension of Ŵh,0 is then equal to Nh minus the numberof nodes situated on the bottom Γh,b of the domain. Indeed, a set of basisfuntions for Ŵh,0 is
{ ψ̂i } i ∈ T̂h, i /∈ Γh,b

,where, with an obvious abuse of notation, i ∈ T̂h means that the node ibelongs to T̂h and i /∈ Γh,b means that it does not belong to the bottomboundary.The disrete vertial ALE advetion veloity w̄h is then sought suh that
w̄cn

h ∈ V cn
h,0 at eah time tcn and











































∀n = 0, . . . , Nt − 1, ∀ i ∈ [1,Nh] suh that i /∈ Γh,b ,

∫

Ω cn
h

w̄cn
h

∂ψcn
i

∂z
dx +

∫

Ω cn
h

ucn
h · ∇2ψ

cn
i dx −

∫

Γ cn
h,liq

ψcn
i ucn

h · nh dΓ

− 1

∆t
(

∫

Ωn+1

h

ψn+1
i dx −

∫

Ωn
h

ψn
i dx ) = 0 . (7.23)We observe that, taking tqn = tcn for eah n = 0, . . . ,Nt − 1, the relationassoiated to the node i in (7.20) is idential to omponent of the ontinuityequation (7.23) assoiated to the same node, exept for those nodes i situatedon the bottom Γh,b of the domain. In that ase, the onservation onstraintfor the traer advetion redues to :











































∀n = 0, . . . , Nt − 1 , ∀ i ∈ Γh,b ,

∫

Ωn+1

h

ψn+1
i dx −

∫

Ωn
h

ψn
i dx − ∆t

∫

Ω cn
h

Ū
cn

h · ∇ψcn
i dx

+ ∆t

∫

Γ cn
h,liq

ψcn
i Ū

cn

h · nh dΓ = 0 ,

(7.24)



222 7 Appliation to the Telema-3D systemwhere tcn is the partiular time between tn and tn+1 used in the ontinuityequation (7.21) for the ALE veloity Ūh. We an state the following inter-mediate result.Lemma 7.1 If the disrete ALE veloity of the �uid Ūh satis�es the disreteontinuity equation (7.21) and if, for n = 0, . . . ,Nt − 1 , tqn = tcn , then theadvetive sheme (7.16) for the traer T is onservative in the sense of (7.18)if relation (7.24) holds.Let us now assume that tan = tcn−1 for eah n = 0, . . . ,Nt−1. The om-ponent of the ontinuity equation (7.23) assoiated to eah node i /∈ Γh,b isidential to the relation assoiated to the same node i in (7.19) In this ase,the onservation onstraint for the horizontal veloity also redues to (7.24).We an thus state a seond intermediate result.Lemma 7.2 If the disrete ALE veloity of the �uid Ūh satis�es the disreteontinuity equation (7.23) and if, for n = 1, . . . ,Nt , tan = tcn−1 , then theadvetive sheme (7.15) for the horizontal veloity u is onservative in thesense of (7.17) if relation (7.24) holds.This leads us to the following proposition.Proposition 7.1 In the framework of the semi-disrete hydrodynami pro-blem (5.73)-(5.74)-(5.75), the advetion sheme (7.15) for the horizontal ve-loity u is onservative in the sense of (7.17) and the advetion sheme (7.16)for the traer T is onservative in the sense of (7.18) ifi) the traer T and the two omponents of the horizontal veloity u are ap-proximated by the same Lagrangian �nite element spae as the test funtionsof the ontinuity equation (5.75),ii) the time orders for the ALE advetion veloity Ūh satisfy tan = tcn−1and tqn = tcn for eah n = 0, . . . ,Nt − 1,iii) relation (7.24) holds.In the next setion, we give the example of a �nite element spae ap-proximating Ŷ for whih the onservation onstraint (7.24) an easily besatis�ed.



7.5 Appliation of an ALE-MURD sheme to the linear advetion equationsin the hydrostati model 2237.5.6 Conservation and free surfae equationConsider a triangulation T 2d
h of the two-dimensional domain ω ompo-sed of triangles. Assume that T̂h is a prismati mesh obtained by piling up

T 2d
h along the vertial in Ω̂, as illustrated by Figure 6.2 in setion 6.3.3.We will denote by Nl the number of horizontal levels in T̂h and by ẑk, for
k = 1, . . . , (Nl −1) , the height of level k. The layer delimited by levels k and
k + 1 will be denoted by lk+1/2 and by ∆ẑk+1/2 its width.We hoose to approximate the ontinuous spae Ŷ = H1(Ω̂) by the �niteelement spae P1,1(T̂h) de�ned in (6.47) :

Ŷh = P1,1(T̂h). (7.25)In the following we will drop the subsript h on the disrete variables andfuntions for the sake of larity.Remark 7.5.1 Any funtion ψ̂ in P1,1(T̂h) an be written as the produtof a funtion ψh de�ned on the two-dimensional disrete domain ωh and afuntion ψ̂v de�ned on the vertial of the three-dimensional domain Ω̂ :
ψ̂(x, y, ẑ) = ψh(x, y) ψ̂v(ẑ), ∀ x̂ = (x, y, ẑ) ∈ Ω̂.Moreover, eah basis funtion ψ̂i of P1,1(T̂h) assoiated to node i an bedeomposed as follows on eah prism P̂ belonging to T̂h and ontaining i :

ψ̂i (x, y, z) = ψ h
ih

(x, y) ψ̂ v
iv (z) in P̂ , (7.26)where ih denotes the assoiated node in T 2d

h and iv the level on whih node
i is situated, as illustrated by Figure 7.29.Funtion ψ̂ v

iv is hosen suh that its support is omposed of layers liv+1/2and liv−1/2 � when they exist. Its derivative with respet to ẑ is then onstantand de�ned by :
∂ψ̂ v

iv

∂ẑ
=







































−1

∆ẑiv+1/2
in [ẑk, ẑk+1]

1

∆ẑiv−1/2
in [ẑk−1, ẑk]

0 in [0, ẑk−1] ∪ [ẑk+1, 1].

(7.27)
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k=iv

k=1Fig. 7.29 � A prism olumn in the referene mesh T̂hWe reall that the ALE mapping used in this problem is of the form(5.25). This is preisely the general form of the mappings used in the ALE-Sigma (ALES) approah desribed in Chapter 4, setion 4.3, for whih theformulae (4.17)�(4.21) have been derived. We an therefore apply them hereto any funtion ψ : Ωn
h −→ R, at any time tn.In partiular, we an reformulate as follows the onservation onstraintfor the advetion of u and T � i.e. system (7.19) for an = cn or equivalentlysystem (7.20) for qn = cn :







































∀n = 0, . . . , Nt − 1, ∀ i ∈ [1,Nh] suh that i /∈ Γh,b ,

∫

Ω̂
(Ĵn+1 − Ĵn) ψ̂i dx̂ − ∆t

∫

Ω̂
Ĵcn ûcn · ∇2ψ̂i dx̂

− ∆t

∫

Ω̂
( Ĵ w∗ )cn

∂ψ̂i

∂ẑ
dx̂ + ∆t

∫

Γ̂liq

Ĵcn ûcn · n ψ̂i dΓ = 0 ,(7.28)where Ĵ w∗ is a �pseudo-vertial veloity� de�ned in Ω̂ by
Ĵ w∗ = ŵ − ĉ − û

∂z

∂x

∣

∣

∣

x̂
− v̂

∂z

∂y

∣

∣

∣

x̂
. (7.29)



7.5 Appliation of an ALE-MURD sheme to the linear advetion equationsin the hydrostati model 225We reall that for any funtion ψ : Ωn −→ R, ψ̂ = ψ ◦ Ân is the orres-ponding funtion on the ALE frame.Remark 7.5.2 Note that the ontinuous �pseudo-vertial veloity� Ĵt w
∗was already introdued in setion 4.4 to simplify the ALE-Sigma (ALES)formulation of the three-dimensional free surfae Navier-Stokes equations.System (7.28) an now be deomposed using (7.26), leading to :































































∀n = 0, . . . , Nt − 1, ∀ ih = 1, . . . ,Nω and ∀ iv = 1, . . . ,Nl,

∫

Ω̂
( Ĵn+1 − Ĵn ) ψ h

ih
ψ̂ v

iv dx̂ − ∆t

∫

Ω̂
Ĵcn ( ûcn · ∇2 ψ

h
ih

) ψ̂ v
iv dx̂

− ∆t

∫

Ω̂
( Ĵ w∗

h )cn ψ h
ih

∂ψ̂ v
iv

∂ẑ
dx̂

+ ∆t

∫

Γ̂liq

Ĵcn ψ h
ih
ψ̂ v

iv û
cn · n dΓ = 0.(7.30)Let us now onsider the following equation :

∫

ω
(ηn+1 − ηn) ψ h

ih
dω − ∆t

∫

ωh

ψ h
ih

div2 (

∫ η cn

b
ucn dz) dω = 0 , (7.31)where ηn denotes the approximation in Mh of the free surfae η(tn) at time

tn, for n ∈ [0, Nt − 1].We an state the following result.Lemma 7.3 By summing up the omponents of system (7.30) assoiated tothe nodes situated on the same vertial axis in T̂h � i.e., the omponentsorresponding to the same node ih in T 2d
h � we obtain equation (7.31).Proof. The sum over the levels iv of funtions ψ̂ v

iv(ẑ) is equal to 1 at any ẑin [0, 1]. In addition, the sum of ∂ẑ ψ̂
v
iv

is zero. Therefore, summing up theomponents of system (7.30) over iv = 1, . . . ,Nl we obtain :
∫

Ω̂
( Ĵn+1 − Ĵn ) ψ h

ih
dx̂ − ∆t

∫

Ω̂
Ĵcn ûcn · ∇2 ψ

h
ih
dx̂

+ ∆t

∫

Γ̂liq

Ĵcnψ h
ih
ûcn · n dΓ = 0 .



226 7 Appliation to the Telema-3D systemSine this relation only ontains partial derivatives with respet to the hori-zontal oordinates x and y, it an be reformulated in the urrent domain asfollows :
∫

Ωn+1

ψ h
ih
dx −

∫

Ωn

ψ h
ih
dx − ∆t

∫

Ω cn

ucn · ∇2 ψ
h
ih
dx

+ ∆t

∫

Γ cn
liq

ψ h
ih
ucn · n dΓ = 0 ,

⇔
∫

ω
(hn+1 − hn) ψ h

ih
dω − ∆t

∫

ω
∇2 ψ

h
ih
·
(
∫ η cn

b
ucn dz

)

dω

+ ∆t

∫

∂ω
ψ h

ih

(
∫ η cn

b
ucn dz

)

· nω dγ = 0 .Assuming that the Green Formula an be applied to the horizontal �ux term,we obtain equation (7.31). Note that the Green Formula an be appliedprovided the loal �ux terms Φn+1
K0

de�ned by (3.7) are omputed exatly inthe ALE-MURD advetion sheme.
♦ We notie that equation (7.31) is a partiular spae-disretization of thesemi-disrete free surfae equation in (5.74). Indeed, taking tθn = tcn foreah n = 0, . . . , Nt − 1, and hoosing Mh = F1,1(T 2d

h ) , the semi-disreteweak ALE formulation of the free surfae equation in (5.74) an be approxi-mated by equation (7.31).This result shows that, if the relations omposing system (7.30) are sa-tis�ed for ih = 1, . . . , Nω and iv = 2, . . . ,Nl , and if the disrete form of thefree surfae equation solved is (7.31), then the relations omposing system(7.30) are also satis�ed for iv = 1 , whih denotes the bottom level. In thisase, the omponents of the onservation onstraint assoiated to the nodessituated on the bottom Γh,b of the domain do not have to be ensured.The following proposition an �nally be stated.Proposition 7.2 In the framework of the semi-disrete hydrodynami pro-blem (5.73)-(5.74)-(5.75), ifi) the two-dimensional domain ω is disretized using a triangular mesh
T 2d

h , and the three-dimensional referene on�guration Ω̂ is triangularizedby a prismati mesh T̂h obtained piling up T 2d
h along the vertial,



7.5 Appliation of an ALE-MURD sheme to the linear advetion equationsin the hydrostati model 227ii) the ontinuous spae M de�ning the free surfae funtion η and the testfuntions for the free surfae equation in (5.74) is approximated by the �niteelement spae Mh = F1,1(T 2d
h ),iii) the ontinuous spae Ŵ de�ning the test funtions for the ontinuityequation (5.75) is approximated by the �nite element spae Ŵh = P1,1(T̂h),iv) the ontinuous spae Ŷ de�ning the traer T and the omponents ofthe horizontal veloity u and v is approximated by the �nite element spae

Ŷh = Ŵh = P1,1(T̂h),v) for eah n = 0, . . . , Nt, tan = tθn−1 and tqn = tcn = tθn,then the advetion sheme (7.15) for the horizontal veloity u is onser-vative in the sense of (7.17) and the advetion sheme (7.16) for the traer
T is onservative in the sense of (7.18).7.5.7 A partiular time and spae disretization of the hy-drostati �ow problem leading to a onservative adve-tive ALE-MURD shemeFollowing the suessive results obtained in this setion, we are now ableto propose a partiular time and spae disretization of the weak hydrosta-ti �ow problem (5.57) and the traer equation (7.12), allowing the use of aonservative ALE-MURD sheme to solve the advetion equations.For this purpose we �rst set

Ŷh = P1,1(T̂h), Ŵh = P1,1(T̂h) and Mh = F1,1(T 2d
h ) .Here again we drop the subsript h on the disrete variables for the sake oflarity.The fully-disretized hydrostati �ow problem mentioned is the following.



228 7 Appliation to the Telema-3D systemGiven the initial onditions u0 and η0 , for eah n = 0, . . . ,Nt − 1 ,�nd ũ ∈ Yn
h,0 suh that

∫

Ωn
h

(ũ − un) dx +

∫

Ω
θn−1

h

Ū
θn−1 · ∇un

θn−1
dx = 0 , (7.32)�nd un+1 ∈ X n+1

h,0 and ηn+1 ∈ Mh suh that,
∀ψ ∈ X n

h,0 and ∀χ ∈ Mh,

1

∆t
(un+1

n − un , ψ )Ωn
h

+ ν (∇un+1
n , ∇ψ )Ωn

h

− g

∫

ωh

ηθn div2 (

∫ ηn

b
ψ dz) dω

= < F n+1
h ,ψ >(Xn

h )′×Xn
h

(7.33)
g

∆t
( ηn+1 − ηn , χ )ω − g bn(χ , uθn ) = 0 , (7.34)�nd w̄θn ∈ Vθn

h,0 suh that ∀ ψ̂ ∈ Ŵh,0

∫

Ω θn

w̄θn
∂ψtθn

∂z
dx +

∫

Ω θn

uθn · ∇2ψ
tθn

dx

−
∫

Γ θn
liq

ψtθn
uθn · n dΓ (7.35)

+
1

∆t
(

∫

Ωn+1

ψtn+1

dx −
∫

Ωn

ψtn dx ) = 0 ,�nd T̃ ∈ Yn+1
h,0 suh that

∫

Ωn+1

(T̃ − T n
n+1) dx + ∆t

∫

Ω qn

Ū
θn · ∇T n

qn
dx = 0 ,(7.36)where tθn = θ tn+1 + (1−θ) tn is a partiular time in [tn, tn+1], determined



7.5 Appliation of an ALE-MURD sheme to the linear advetion equationsin the hydrostati model 229by the impliitness parameter 0 ≤ θ ≤ 1 . Moreover,
ηθn = θ ηn+1 + (1 − θ) ηn , uθn = θ un+1 + (1 − θ) un ,

w̄θn = θ w̄n+1 + (1 − θ) w̄n , Ū
θn = (uθn , w̄θn) .Proposition (7.2) an be applied to this system, proving the onservationproperty of the advetive shemes (7.32) and (7.36).7.5.8 Conservation of the ALE-MURD shemes in theTelema-3D systemThe time and spae disretization proposed previously is exatly the oneused in the Telema-3D system to solve the hydrostati part of the equations� as well for the hydrostati as for the non-hydrostati problem. This shemewas hosen for the same reasons we have given in our work, that is in order toensure the onservation property of the two existing MURD shemes solvingthe linear advetion equations of the hydrodynami problem.However, the demonstration � see the work by Janin [74℄ � was onlymade for the partiular use of the lassial sigma transformation � whih isequivalent to using a partiular ALE mapping, as explained in Chapter 4.Therefore it was not lear whether or not the onservation property wouldhold for any mapping.In addition, the implementation of a generalized sigma oordinate systeminto the Telema-3D system revealed a serious loss of the onservation pro-perty of the MURD shemes when a transformation other than the lassialsigma transformation was used.For these reasons we have generalized the demonstration in the ALEformulation, taking pro�t of the desription of the ALE-MURD shemespresented in Chapter 3. This has lead to the results presented in setions7.5.5 to 7.5.7.These results have allowed us to �nd the reasons for the loss of advetedquantity that oured systematially when using a di�erent mapping thanthe lassial sigma transformation.On one hand, an approximation was made in the omputation of theterms in the free surfae equation (7.34) and in the ontinuity equation(7.35), so that the property stated by Lemma 7.3 did not hold true.On the other hand, in some ases the mass term in the free surfaeequation is mass-lumped, and this was not taken into aount up to now,leading to the same problem.In fat, these points were orreted so that Lemma 7.3 ould be appli-able, but only for the partiular ase of the lassial sigma transformation.



230 7 Appliation to the Telema-3D systemThus, important onservation errors appeared when using a di�erent map-ping.We have orreted these errors and made the ALE-MURD shemes onser-vative up to a very satisfatory level. Let us illustrate it trough a numerialtest simulating the e�et of a heat soure in the middle of a losed basin.We are interested in evaluating the onservation property of the PSI ALE-MURD sheme implemented in Telema-3D.We �rst onsider a square losed basin of side L = 4000 m, with aonstant bottom at z = −10 m. At the initial time the water height is �at(h = 10 m) and no motion is taken. Figure 7.30 shows the vertial ross-setion of the initial three-dimensional mesh at y = 2000 m and Figure 7.31the horizontal two-dimensional grid used to build it.
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T = 333oC from a point soure loated in the middle of the water olumn atthe entre of the model. The oordinates of this soure point are x = 2000 m,
y = 2000 m and z = −5 m. The water disharge of the soure is Q = 20m3/s.A onstant horizontal visosity oe�ient of νh = 10−4 and no vertial dif-fusion are hosen for the �uid veloities. No di�usion at all is onsidered onthe traer, so that only the advetion sheme is evaluated. We indiate thatall the simulations are performed with a time step length of 5 seonds for atime interval of 30 minutes.We �rst simulate the advetion of a passive traer : the temperature isassumed to have no in�uene on the �uid. The advetion is performed usingsuessively the harateristi method and the PSI ALE-MURD sheme. Fi-gure 7.32 gives the evolution of the relative loss of traer quantity during the
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x(m)0 1000 2000 3000 4000Fig. 7.31 � The horizontal 2D mesh.simulation. It reveals that the harateristi method has a serious problemwith onservation. On the ontrary, the onservation property of the MURDsheme is exellent : the relative loss of traer quantity during the simulationis of about 10−12.The temperature pro�les obtained with both shemes at t = 1800 seondsare shown in vertial ross-setions at y = 2000 m in Figure 7.33. Sine thetraer is assumed to be passive, the heat spreads out in all diretions.
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Fig. 7.32 � Passive traer : relative loss of adveted quantity using the ha-rateristi method (solid red line with plane irles) and the ALE-MURDsheme (solid blak line with rosses).A seond simulation is performed in the same on�guration but onside-ring the temperature as an ative traer : a state equation relates the �uid



232 7 Appliation to the Telema-3D system
z(m)

z(m)

a) Characteristic method

b) MURD method

x(m)

x(m)

-10

-9

-8

-7

-6

-5

-4

-3

-2

-1

0

0 1000 2000 3000 4000

TRACER
 VALUE
(degC)

0.0

27.5

55.0

82.5

110.0

137.5

165.0

192.5

220.0

247.5

275.0

-10

-9

-8

-7

-6

-5

-4

-3

-2

-1

0

0 1000 2000 3000 4000

(u,100w)

 0.10

-10

-9

-8

-7

-6

-5

-4

-3

-2

-1

0

0 1000 2000 3000 4000
-10

-9

-8

-7

-6

-5

-4

-3

-2

-1

0
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Fig. 7.34 � Ative traer : relative loss of adveted quantity using the ha-rateristi method (solid red line with plane irles) and the ALE-MURDsheme (solid blak line with rosses).
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Fig. 7.35 � Ative traer : temperature pro�les obtained at t = 1800 s using(a) the harateristi method and (b) the PSI ALE-MURD sheme.



234 7 Appliation to the Telema-3D systemThe simulations presented next have been performed on a di�erent on�-guration. A one-shaped obstale is plaed on the bottom at the middleof the domain. The in�uene of the temperature on the �uid is taken intoonsideration again, but this time we only use the ALE-MURD sheme toonvet the traer. In fat, we ompare the results obtained with this shemeon two di�erent meshes, whose vertial ross-setions are shown in Figure7.36 : mesh (a) has been obtained using the lassial sigma transformationwhereas mesh (b) has been obtained using another mapping, inluded in thereently implemented generalized sigma oordinate system. Note that mesh(b) has a �xed horizontal plane at z = −4, so that the layers ontaining theheat soure do not move during the entire simulation.
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x(m)Fig. 7.36 � Mesh (a) has been obtained using the lassial sigma transfor-mation. Mesh (b) has been obtained using a more general sigma oordinatesystem.Figure 7.37 gives the evolution of the relative loss of traer quantityduring the simulation. On both meshes, the ALE-MURD sheme is perfetlyonservative.
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Fig. 7.37 � Relative loss of adveted quantity using the lassial sigma mesha) (solid line with rosses) and the sigma generalized mesh b) (solid line withplane irles).
z(m)

z(m)

a) Classical sigma grid

b) Generalized sigma grid

x(m)

x(m)
-10

-9

-8

-7

-6

-5

-4

-3

-2

-1

0

0 1000 2000 3000 4000
-10

-9

-8

-7

-6

-5

-4

-3

-2

-1

0

0 1000 2000 3000 4000
-10

-9

-8

-7

-6

-5

-4

-3

-2

-1

0

0 1000 2000 3000 4000

-10

-9

-8

-7

-6

-5

-4

-3

-2

-1

0

0 1000 2000 3000 4000

TRACER 
 VALUE
(degC)

0.0

3.8

7.6

11.4

15.2

19.0

22.8

26.6

30.4

34.2

38.0

-10

-9

-8

-7

-6

-5

-4

-3

-2

-1

0

0 1000 2000 3000 4000

(u,100w) (m/s)

 1.00

Fig. 7.38 � Temperature pro�les obtained at t = 1800 s using (a) the lassialsigma mesh and (b) the sigma generalized mesh.



236 Appliation to the Telema-3D systemWe reall that the adveted quantity was not onserved on a mesh obtai-ned with a di�erent mapping than the lassial sigma transformation beforeupdating the MURD shemes in Telema-3D by extending them to the ALE-MURD approah.Figure 7.38 (and Figure 7.39 for more larity) shows the temperaturepro�les obtained after 360 time steps, using both meshes, as vertial-rosssetions at y = 2 m. The result obtained using the generalized sigma mesh(b) is more satisfatory, sine the heat only goes upwards. This does not holdwhen using the lassial sigma mesh (a) : the temperature also spreads out inthe bottom diretion. We point out that this result on�rms the advantageof the general sigma oordinate introdued in Chapter 4 and implementedin Telema-3D : the mesh an be adapted to the partiular needs of theappliations.7.5.9 ConlusionWe have updated the MURD shemes implemented in the Telema-3Dsystem taking pro�t of the ALE-MURD approah introdued in Chapter 3.These advetion shemes are now ompatible with any ALE mapping for athree-dimensional domain moving in the vertial diretion only. In partiu-lar, they are onservative up to a very satisfatory level with any vertialdisretization of the domain.Note that the onservation property of the ALE-MURD shemes is ensu-red in the same way for the hydrostati and the nonhydrostati models in theTelema-3D system. We think that this is not optimal for the nonhydrostatimodel : it would be more onvenient to apply the proeedure desribed insetion 3.8, valid for linear advetion problems with divergene free-veloity,posed on three-dimensional domains moving in the vertial diretion only.Indeed, in the non-hydrostati model the total veloity U = (u, w) an easilybe omputed suh that it is divergene-free at least in the sense of (3.30).If this relation is satis�ed, and if the mesh veloity is onsidered onstantwithin eah time step, Proposition 3.10 states that the ALE-MURD shemesare onservative.
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(a) Classial sigma grid
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Annexe AParameter identi�ation for aone-dimensional blood �owmodelThis work has been arried out in ollaboration with Vinent Martin,François Clément and Jean-Frédéri Gerbeau. It was published in ESAIMProeedings [87℄, September 2005.IntrodutionWe fous in this study on the parameter estimation of a 1-d blood �owmodel, [116, 45℄ :

∂A

∂t
+
∂Q

∂z
= 0,

∂Q

∂t
+

∂

∂z

(

αQ2

A

)

+
A

ρ

∂P

∂z
+Kr

(

Q

A

)

= 0,where the pressure P , the area A and the �ux Q are the unknowns of theproblem. We denoted by z the absissa, t the time, ρ the density of the blood.Two parameters, the Coriolis oe�ient α and the frition parameter Kr, areintrodued in this model. This system is losed with a wall displaement lawof the form
P (t, z) − Pext = β̃

(

A1/2 −A
1/2
0

)

,that links the pressure and the area. We introdued the external pressure
Pext, the area at rest A0 and a oe�ient β̃ that takes into aount themehanial harateristis of the arterial wall. The parameters (α, β̃,Kr, A0)used in this model are related to physiologial data or to the veloity pro�le.Thus our aim is to identify some of these parameters.



240 Parameter identi�ation for a 1D blood �ow modelMotivations Two main objetives an be thought of to motivate the para-meter estimation in 1-d models. The �rst goal may have interesting linialappliations. Knowing some non-invasive linial data measured on a patient,one would like to retrieve the atual physiologial or mehanial onstants ofthis patient. For instane, it is possible to measure unintrusively the mean�uxes and areas as a funtion of time at two or three di�erent setions of anartery. From these data, one would like to identify the mehanial propertiesof the arterial wall : we ould thus obtain the ompliane of the wall and thepressure in a totally non-invasive manner.The seond objetive is onsists in making a oarsening of models. Oneis now able to solve the full 3D �uid struture interation problem on realgeometries, oming from real patients. However the resolution of this problemis quite expensive and this omplex model annot probably be a�orded for anintensive numerial study requiring lots of resolutions. This an our whenone wishes to modify the on�guration of the �ux or the boundary onditionsfor instane. In this ase, a single resolution of the aurate but expensive3D model ould provide data, suh as the �ux and the area for all setions ofthe mesh. Then one an estimate the 1-d parameters from the 3D data ; thiswould allow to make use of the heap 1-d model for intensive omputations,but using the parameters that take into aount data oming from a realgeometry and a physially more detailed model. This multisale approah hasalready been used in a medial appliation : some 3D Navier-Stokes (withoutompliant walls) were performed to obtain a simple numerial/experimentallaw that was used in ulterior 0-d simulations, [96, 95℄. The di�erene is thatin this study, we base our parameter identi�ation on sound mathematialtools, and we fous on 1-d models that provide a more aurate desription ofwave propagation in the large arteries. One of the onlusions of this work isthat the oe�ient estimated by solving the inverse problem is quite di�erentfrom the oe�ient one would have hosen a priori (an a priori expression for
β̃ is provided in Setion A.1). Thus this approah ould provide 1-d modelsthat are suitable for a 3D�1-d oupling in multisale omputations, see [44℄.This illustrates the relevane of our approah.To onlude on the motivations, one an either aim at estimating physi-al parameters from experimental unintrusive measurements, or at having aheap 1-d model to be as lose as possible to an expensive 3D model, in or-der to make realisti on�guration studies using this heap model. We notehere that the methodology remains idential for both objetives, the onlydi�erene being the expression of the measurement operator.Methodology We followed a standard nonlinear least squares approahto parameter estimation, [13, 14, 15℄. It is based on the optimization of anappropriate ost funtion. The resolution of suh a minimization problemgenerally requires the e�ient and aurate omputation of the gradient of



241the ost funtion with respet to the parameters, [13℄. We disretized the1-d model with a seond order Taylor-Galerkin sheme, [4℄. We omputedanalytially the gradient of the disrete ost funtion, using an adjoint ap-proah. The adjoint problem obtained is, as expeted, a linear 1-d hyperbolisystem, but has nonstandard disretization and boundary onditions, thatare due to the di�erentiation of the Taylor-Galerkin sheme.A previous attempt was made in [78℄ to estimate the elastiity of thearteries. However, instead of di�erentiating the disrete equations as we dohere, the author di�erentiated �rst the ontinuous equations and then dis-retized the ontinuous adjoint problem thus obtained. We believe this is apossible reason for the very slow onvergene he reahed in the minimizationproess (about 1500 iterations for three parameters).Finally, this approah allows to make a sensitivity analysis, [11, 79℄, thatan provide information on the relevant parameters to estimate, and on thetype of measurements to perform. But this goes beyond the sope of thisstudy.Results The analytial disrete gradient was implemented and validatedby omparison with �nite di�erenes approximations. The adjoint problemwas not omputed by automati ode di�erentiation, but diretly implemen-ted. Thus we ould easily ontrol the memory required by the gradient ode.We used a onstrained optimization ode based on a quasi-Newton methodwith ative onstraints.We present some preliminary numerial results. In these numerial simu-lations, we mainly foused on determining the parameter β̃ that is linkedto the mehanial properties, i.e. the ompliane, of the arterial walls. Thesyntheti data we used to estimate the parameter were obtained from a nu-merial omputation performed with a 3D �uid struture interation model.We �rst used as data the values of the areas and �uxes at only two or threepoints of the domain (boundaries plus maybe the middle point). Althoughthe data at two points do not seem to be enough to �nd a stable value, itseems that with three points, one an obtain a β̃ relatively stable (i.e. it islittle hanged when the estimation is made with all available spatial data).In the seond numerial tests, we used all data available from the 3D ompu-tation. These �rst numerial results seem promising and should be followedby further developments.In Setion A.1, we present brie�y the ontinuous 1-d model, that is de-rived in Setion A.2 with the Taylor-Galerkin sheme. In Setion A.3, thegradient of the least squares ost funtion is omputed with the adjoint ap-proah. Numerial results are presented in Setion A.4, and some onlusionsand perspetives in Setion A.5.



242 Parameter identi�ation for a 1D blood �ow modelA.1 Diret model : 1-d blood �ow modelWe present in this setion a 1-d blood �ow model based on the worksin [46, 124℄. See also [116℄. It is a 1-d vetorial hyperboli problem, with a
2× 2 �ux matrix that admits two real eigenvalues with opposite signs underphysiologial onditions.We leave the problem of the parameterization and of the measurementsfor the next setions, see Setion A.3.1.A.1.1 Continuous blood �ow modelLet Ω = (0, L) be a 1-d domain of length L > 0. Let I = (0, Tf ), with
Tf > 0, the time interval of simulation. The ontinuous system of equationsreads, for the absissa z ∈ Ω and the time t ∈ I

∂A

∂t
+
∂Q

∂z
= 0, z ∈ Ω, t ∈ I,

∂Q

∂t
+

∂

∂z

(

αQ2

A

)

+
A

ρ

∂P

∂z
+Kr

(

Q

A

)

= 0, z ∈ Ω, t ∈ I,
(A.1)where U = [A,Q]⊤ is the vetorial unknown of the problem, made of thearea A and of the �ux Q. The pressure P is an intermediary unknown. Wedenoted by ρ the blood density that we assume perfelty known in this study.Two parameters, the Coriolis oe�ient α and the frition parameter Kr,are introdued when deriving this model. This system of partial di�erentialequations is ompleted with an initial ondition

U(0, z) = U0(z), z ∈ Ω, (A.2)and some adapted boundary onditions
φ0(U(t, 0),p) = q0(t), t ∈ I,
φL(U(t, L),p) = qL(t), t ∈ I .

(A.3)In equations (A.2) and (A.3), U0, q0 and qL are given initial and boundarydata. The de�nition of the real-valued boundary funtions φ0, φL is disussedin Setion A.2.2.The system (A.1) is losed with a wall displaement law of the form,see [126℄ for instane and the referene therein,
P (t, z) − Pext = ψ(A;A0,β) = β0

[

(

A

A0

)β1

− 1

]

, (A.4)where β = (β0, β1) is a pair of positive real parameters. The power oe�ient
β1 is often taken equal to 1/2, whih means that the pressure di�erene isproportional to the wall displaement, and, in this ase, a linear elasti law



Diret model : 1-d blood �ow model 243an provide an expression for β0, if the mehanial properties of the arterialwall are known a priori,
β1 = 1/2, β0 =

√
πh0,wE√

A0(1 − ν2)
, (A.5)where h0,w is the wall thikness, E is the wall Young modulus, and ν isthe Poisson oe�ient. We an reformulate the wall displaement law in thefollowing way :

P (t, z) − Pext = ψ(A;A0, β) = 2ρβ
[

A1/2 −A
1/2
0

]

, (A.6)with β =
β0

2ρA0
=

√
πh0,wE

2ρA0(1 − ν2)
.We introdue the following quantity

c = c(A;A0,β) =

√

A

ρ

∂ψ

∂A
=

√

β0β1

ρ

(

A

A0

)β1

, (A.7)whih has the dimension of a veloity and is related to the speed of propa-gation of simple waves along the tube. We also introdue the integral of thesquare of the elerity c with respet to the area
C(A;A0,β) =

∫ A

A0

c2(τ ;A0,β) dτ =
β0β1A0

ρ(β1 + 1)

[

(

A

A0

)β1+1

− 1

]

. (A.8)De�ning the �ux funtion
F(U,p) =





Q

α
Q2

A
+ C



 (A.9)and the soure term
B(U,p) =

[

0
B2

]

, B2 = Kr
Q
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ρ

∂ψ

∂A0

dA0

dz
+
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ρ

∂ψ

∂β

dβ

dz
− ∂C

∂A0

dA0

dz
−∂C
∂β

dβ

dz
,(A.10)we an write the omplete problem in a onservative form

∂U

∂t
+

∂

∂z
[F(U,p)] + B(U,p) = 0, z ∈ Ω t ∈ I . (A.11)We introdue the jaobian matrix

H(U,p) =
∂F

∂U
=





0 1

c2 − α

(

Q

A

)2

2α
Q

A



 , (A.12)whose eigenvalues are real, distint, see [116℄. It is also noted that for ommonvalues of the blood �ow in human arteries, these eigenvalues have oppositesigns. We assume in the rest of the artile that this hypothesis holds.



244 Parameter identi�ation for a 1D blood �ow modelRemark 1 We an make two remarks onerning the initial and boundaryterms. First, when simulating a phenomenon that is periodi in time suhas the arterial �ow, the initial data U0 should not interfere on the results.Therefore we did not onsider it as one of the parameters to be estimated.Seond, as already notied, the boundary onditions must be properlyhosen. The number of boundary onditions to impose at eah end of thevessel equals the number of harateristis entering the domain through thatboundary. As the eigenvalues are distint with opposite signs, i.e. the �ow issub-ritial everywhere, one must impose exatly one salar boundary ondi-tion at z = 0 and z = L, see [116℄.Thus the boundary onditions in equation (A.3) are orretly set, provi-ded that the salar funtions φ0, φL are properly hosen.A.2 Disrete blood �ow modelIn this setion, we give the disretization of the ontinuous problem (A.11).In the rest of this artile, the upper-sripts will be devoted to time stepsnumbers, whereas the lower indies will in general denote the spae indies,or the omponent index of a vetor. For instane, for a vetor v, the αthomponent of v at time tn and at absissa zi will be denoted (vα)ni .A.2.1 Taylor-Galerkin shemeWe disretize our system by a seond order Taylor-Galerkin sheme [4℄,whih might be seen as the �nite element ounterpart of the Lax-Wendro�sheme. It has been hosen for its exellent dispersion error harateristiand its relative simpliity of implementation. See [45℄ for details onerningthe derivation of the sheme for the blood �ow model.Let the interval Ω = (0, L) be subdivided intoN+1 elements ei+ 1

2

= [zi, zi+1],for i = 0, . . . , N and zi+1 = zi + hi+ 1

2

, with z0 = 0, and ∑N
i=0 hi+ 1

2

= L,where hi+ 1

2

> 0 is the loal element size. Let h > 0 be the smallest diameterof all elements ei+ 1

2

, i = 0, . . . ,N . We disretize the time interval I = (0, Tf )in the same way : let (tn), n = 0, . . . ,Nt, be Nt + 1 instants suh that
t0 = 0 < . . . < tn < tn+1 < . . . < tNt = Tf . We all ∆tn+ 1

2 = tn+1 − tn > 0the time step between tn and tn+1, n = 0, . . . ,Nt − 1.The spae disretization is arried out using the �nite element method[115℄. Let Ψh be the spae of ontinuous pieewise linear �nite element fun-tions, also denoted P1, and Ψh = [Ψh]2, while Ψh,0 = [Ψh,0]
2 = {ψh ∈

Ψh |ψh = 0 at z = 0 and z = L}. Let ψi be the P1 linear �nite element nodalfuntion assoiated to the node at z = zi, i = i = 0, . . . ,N+1. Thus one anwrite Ψh = span{ψi, i = 0, . . . ,N + 1} while Ψh,0 = span{ψi, i = 1, . . . ,N}.We will denote a generi vetor valued test funtion byψh ∈ Ψh. The disrete



Disrete blood �ow model 245ontinuity and momentum equations are reovered by taking test funtionsof the form ψh = [ψh, 0]
T and ψh = [0, ψh]T , respetively, with ψh ∈ Ψh,0.At eah time step we seek the solution Uh ∈ Ψh that we may write

Un
h(z, t) =

∑N+1
i=0 Un

i ψi(z, t), with Un
i = [An

i , Q
n
i ] the approximation of Aand Q at mesh node zi.Further, we note the L2(0, L) = L2(Ω) salar produt (u,v)Ω =

∫ L
0 u ·

vdz .Introduing the notations for U ∈ Ψh, BU =
∂B
∂U

,
Fn

LW (U) = F(U) − ∆tn+ 1

2

2
H(U)B(U)and Bn

LW (U) = B(U) − ∆tn+ 1

2

2
BU(U)B(U) ,we write in equation (A.13) the Taylor-Galerkin disretization of the pro-blem (A.11).Given U0

h, for n = 0, 1, . . . , Nt − 1, �nd Un+1
h ∈ Ψh suh that for all

ψh ∈ Ψh,0
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,

+B.C. z = 0 equation on Un+1
h (0) ,

+B.C. z = L equation on Un+1
h (L) .

(A.13)
In the system (A.13), by taking internal test funtions ψh = [ψi, 0]

T and
ψh = [0, ψi]

T , for i = 1, . . . N , we obtain N disrete equations for ontinuityand momentum, respetively, for a total of 2(N + 2) unknowns (Ai and Qifor i = 0, . . . , N + 1). Thus boundary and ompatibility onditions have toprovide four additional salar relations, see next setion.To fully disretize the equation in (A.13), we need to determine howthe non-linear terms are omputed and whih numerial integration is per-formed. We hoose to approximate the vetors F and B depending on Un
h



246 Parameter identi�ation for a 1D blood �ow modelin (A.13) in the spae P1, and the matries H and BU in the spae of element-wise onstant funtions P0,h :=
{

vh ∈ L2(Ω) | vh|e
i+ 1

2

= st, i = 0, . . . ,N
}.With this hypothesis, the integrations in (A.13) an easily be made exatly.Thus for a vetorial funtion v : Ψh → R

2,U 7→ v(U) = [v1, v2]
⊤, wede�ne
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∑
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]⊤

∈ Ψh,and for a matrix M : Ψh → R
2×2,U 7→M(U) = (Mαβ)α,β=1,2, we de�ne

Mh(U) = (Mh,αβ(U))α,β=1,2 , Mh,αβ(U) =
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∈ P0,h(A.14)with the mean value M̃h,αβ, i+ 1

2

= 1
2 (Mαβ(Ui) +Mαβ(Ui+1)) over the ele-ment ei+ 1

2

= [zi, zi+1], and the harateristi funtion 1i+ 1

2

of the interval
[zi, zi+1], for i = 0, . . . , N .With these notations, we an write the fully disretized Taylor-Galerkinsheme (A.13). Using the notation
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(BU)h(U)Bh(U),and introduing the operator for U,W ∈ Ψh
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, (A.15)the fully disretized sheme (A.13) yields :Given U0
h ∈ Ψh, �nd Uh := (Un

h)n=1,...,Nt ∈ (Ψh)Nt suh that for n =
0, 1, . . . , Nt − 1

(Un+1
h ,ψh)Ω = (Un

h,ψh)Ω + an
h(Un

h,ψh;p) ∀ψh ∈ Ψh,0 ,B.C. on Un+1
h,0 ,B.C. on Un+1
h,N+1.

(A.16)In the disrete approximate problem (A.16), all the integrals an be om-puted exatly as they involve only the produts of two funtions belongingeither to P1 or to P0.We need to add boundary onditions and ompatibility onditions at
z = 0 and z = L to lose the system.



Disrete blood �ow model 247A.2.2 Boundary onditionsIn this setion and in the next setions A.2.3 and A.2.4, we will omit thesubsript h in the variable names, for the sake of simpliity.As notied in Remark 1, the hyperboli problem (A.11) is well posedunder sub-ritial �ow hypothesis when one imposes as boundary onditionsone salar equation at eah side of the tube. These onditions an be thepresribed inoming harateristis, the presribed pressure or the presribed�ux, for instane. It is not possible to impose exatly at the same boundaryboth the �ux and the pressure, see [45℄.We deide to give a �ux at the inlet and a pressure at the outlet :
Qn+1

0 = φ0(q0(t
n+1),p) = q0(t

n+1)

An+1
N+1 = φL(pL(tn+1),p),

(A.17)where q0 is the �ux and pL is the pressure to be imposed at the boundaries,whereas φi, i = 0, L are given funtions. The funtion φ0 is in this asethe identity, and φL transforms the given pressure pL at the outlet intothe onservative unknown A. With the pressure law (A.4), it beomes A =

φL(pL,p) = A0

(

1 + pL
β0

)1/β1

.A.2.3 Compatibility onditionsTo lose the disrete system we need two more onditions on the boun-daries. These onditions are a numerial artefat that is linked to the type ofsheme we adopted. They are alled ompatibility onditions and are hosento be non-re�eting onditions at eah side of the tube. We assume that theseonditions are treated expliitly and linearly, imposing some onditions onthe pseudo-harateristi variables, [116℄. Thus they an take the followingform :
l⊤2 (Un)Un+1

0 − T2(U
n) = 0 at z = 0,

l⊤1 (Un)Un+1
N+1 − T1(U

n) = 0 at z = L,
(A.18)where li(U

n) ∈ R
2, i = 1, 2 are the two left eigenvetors depending on Unassoiated to the matrix H de�ned in equation (A.12), and T1 and T2 aresome salar funtions depending on Un.A.2.4 Fully disretized problemGathering the boundary and ompatibility onditions (A.17) and (A.18)and reintroduing the parameters p, we obtain

Θ0(U
n,p)Un+1

0 −T0(U
n,p) = 0

ΘL(Un,p)Un+1
N+1 − TL(Un,p) = 0 ,

(A.19)



248 Parameter identi�ation for a 1D blood �ow modelwith at z = z0 = 0
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]

.Finally, reintroduing the subsript h, adding the boundary and ompa-tibility onditions (A.19) to the ompletely disretized sheme (A.16), theproblem to be solved reads :Given U0
h ∈ Ψh, �nd Uh := (Un

h)n=1,...,Nt ∈ (Ψh)Nt suh that for n =
0, 1, . . . , Nt − 1

(Un+1
h ,ψh)Ω = (Un

h,ψh)Ω + an
h(Un

h,ψh;p) ∀ψh ∈ Ψh,0 ,

Θ0(U
n
h,p)Un+1

h,0 = T0(U
n
h,p) ,

ΘL(Un
h,p)Un+1

h,N+1 = TL(Un
h,p) . (A.20)Remark 2 The problem (A.11) is a 1-d nonlinear hyperboli problem, butthe Taylor-Galerkin disretization (A.20) ontains (seond order) paraboliterms. Thus, one needs to impose not only the boundary onditions (A.17)that are natural for a hyperboli problem, but also the ompatibility ondi-tions (A.18). Therefore at eah time step, before omputing the solution atinternal nodes, one has to ompute the boundary values Un+1

h,0 and Un+1
h,N+1,by solving the two (2 × 2) linear systems (A.19).A.3 Gradient of the disrete problemWe present in this setion the gradient of the disrete problem (A.20)using the adjoint approah. We reall that we used and implemented therule (advoated in [15℄, [13℄, [14℄) : disretize �rst, di�erentiate after. In Se-tion A.3.1, some notations are de�ned in order to present brie�y in Se-tion A.3.2 the adjoint state approah, and to ompute analytially the gra-dient in Setion A.3.3.A.3.1 Forward operatorsState equationThe equation (A.20) de�nes a state equation that relates the parameters

p to the state variables Uh

E(p,Uh) = 0 , (A.21)
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p = (α, β0, β1,Kr, A0, q0, qL)⊤ ∈ R

P , (A.22)with the dimension P > 0 of the parameter spae to be de�ned further, andthe state variable are
Uh = (Un

h)n=1,...,Nt =
(

[An
i , Q

n
i ]⊤
)

i=0,...,N+1; n=1,...,Nt

∈ (Ψh)Nt = R
N ,(A.23)with N = 2Nt(N + 2).In equation (A.23), we have assimilated the �nite funtional spae (Ψh)Ntand the spae R

N . It will also be done for Ψh and R
2(N+2). In the rest of theartile, for simpliity but with an abuse of notation, we may use the samenotation Wn

h for an element of Ψh or of R
2(N+2).As there exists a unique solution Up, h to the problem (A.21) for a givenset of parameters p, see [45℄, we an de�ne the diret appliation

ϕ : R
P −→ R

N ,
p 7−→ ϕ(p) = Up, h ,

(A.24)The parameters p in (A.22) are supposed to be onstant with time andare to be estimated. The issue of the parameterization will be addressed inthe setion A.3.1.Measurement operatorLet M be a measurement (or observation) operator
M : R

N −→ R
M,

U 7−→ M(U) = V,
(A.25)withM > 0 the dimension of the measurement spae. Di�erent measurementoperators an be devised, linear or nonlinear, aording to the type of datathat are provided.For instane, an experiment ould provide the �ux and area of a vesselat two di�erent points ζ0 < ζ1, ζ1 − ζ0 = L, at given (Vt + 1) instants

θ0 = 0 < . . . < θν < θν+1 < . . . < θVt = Tf . It is then reasonable to performthe 1-d simulation between these two points, and therefore take z0 = ζ0 and
zN+1 = ζ1. One an also assume for simpliity that the temporal disretiza-tion is hosen suh that the instants (θν)ν=0,...,Vt onstitutes a subsequene of
(tn)n=0,...,Nt. Therefore, let φt : {0, 1, . . . ,Vt} → {0, 1, . . . ,Nt} be the inrea-sing funtion suh that tφt(ν) = θν , with φt(0) = 0 and φt(Vt) = Nt. Withthese hypotheses, the measurement operator is simply a weighted samplingof the diret solution Up, h. It is linear and an be expressed

M(U) =
(

[wA
i,ν A

φt(ν)
i , wQ

i,ν Q
φt(ν)
i ]⊤

)

i=0 and N+1; ν=0,...,Vt



250 Parameter identi�ation for a 1D blood �ow modeland M = 2 × (Vt + 1) × 2 ,where the oe�ients wA
i,ν and wQ

i,ν are positive weights attributed to eahmeasure, representing the �degree of on�dene�, i.e. the inverse of the iner-tainty, one has in this measure.When the data ome from a numerial 3D �uid struture omputation,one an exploit the numerial results on (Vz +1) internal setions (ζj)j=0,...,Vzof the 3D domain : Vz = 1, 2 or more. In this ase, apply the same teh-nique for the spatial disretization as the one shown above for the temporalsampling, and introdue the inreasing indexation funtion φz in the samemanner as φt. The measurement operator beomes this time
M(U) =

(

[wA
j,ν A

φt(ν)
φz(j), w

Q
j,ν Q

φt(ν)
φz(j)]

⊤
)

j=0,...,Vz; ν=0,...,Vt

(A.26)and
M = 2(Vt + 1)(Vz + 1) , (A.27)with the positive weights wA

j,ν and wQ
j,ν , j = 0, . . . ,Vz; ν = 0, . . . ,Vt.Forward funtionLet F = M ◦ϕ be the forward funtion, from the parameter spae to themeasure spae

F : R
P −→ R

M,
p 7−→ F (p) = Vp, h = M(Up, h) = M(ϕ(p)).

(A.28)Cost funtionThe resolution of the inverse problem onsists in minimizing a ost fun-tion that omputes the least squares error between the measured data and thenumerial results omputed with the 1-d model. Thus the inverse problemamounts to an optimization problem. To solve it, it is neessary to de�nethe ost funtion to minimize, that depends on the type of problem underonsideration. Then one must hoose an adequate tehnique to perform theminimization of this ost funtion.We assume that the measurement operator is de�ned by (A.26). Considera given data vetor Z ∈ R
M and we all Zw ∈ R

M this vetor multiplied bythe positive weights introdued in (A.26),
Z = ([Adν

j , Qd
ν
j ]⊤)j=0,...,Vz; ν=0,...,Vt ∈ R

M ,

Zw = ([wA
j,ν Ad

ν
j , w

Q
j,ν Qd

ν
j ]⊤)j=0,...,Vz; ν=0,...,Vt ∈ R

M ,where Adν
j , and respetively Qdν

j , represent the data area, respetively thedata �ux, given at spae index j and time index ν.
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J : R

P −→ R,

p 7−→ J(p) =
1

2
‖Zw −M(Up, h)‖2

RM ,
(A.29)where ‖·‖Rn is the disrete l2 norm in R

n, assoiated with the salar produt
< ·, · >Rn , n > 0.The ost funtion an be expressed easily, with Up, h = ([An

i , Q
n
i ]⊤) ∈

R
N ,
J(p) =

1

2

Vt
∑

ν=0

Vz
∑

j=0

{

(wA
j,ν)

2
(

Adν
j −A

φt(ν)
φz(j)

)2
+ (wQ

j,ν)
2
(

Qdν
j −Q

φt(ν)
φz(j)

)2
}

.(A.30)ParameterizationIt is important to de�ne the parameterization properly, see [31℄, and asensitivity analysis an provide some information on this matter. In thissetion, we onsider a general parameterization. The parameters are onlysupposed to satisfy some onstraints determined by some physiologial onsi-derations, suh that the parameters p belong to a subset C of R
P .A.3.2 Optimization : adjoint state approahIn order to perform orretly the optimization of the ost funtion (A.29)with a desent method, one needs to ompute the gradient of the ost fun-tion in a fast and aurate way. It is known that the �nite di�erene methodis not e�ient, see [13, 11℄. One ould rely on a diret omputation of thejaobian of the forward map F , with a ost that is proportional to the num-ber P of parameters. We deided to ompute the gradient using an adjointstate approah that we present brie�y here. As in our numerial experiments,see setion A.4, the number of parameters to identify is very low, we ouldhave fruitfully taken the former approah. However, we preferred the adjointmethod, that allows to identify, in a seond step, more parameters, with aost that remains independent of the dimension of the parameter spae.To ompute the gradient of a funtion G = G(p,V) whih is an expliitfuntion of the parameter vetor p and the output vetor V = F (p), weintrodue the Lagrangian

L(p,U, λ) = G(p,M(U))+ < E(p,U), λ >RN , (A.31)where the Lagrange multiplier λ ∈ R
N is the adjoint variable of U.With these notations, we an state the following proposition, (see [15℄) :



252 Parameter identi�ation for a 1D blood �ow modelProposition 1 Let (A.21) be a state equation and (A.25) an observationoperator. Let G(p,V) and F (p), given by (A.28), two regular enough fun-tions. Let L(p,U, λ) be a Lagrangian de�ned by (A.31) assoiated with theequation (A.21).Then p ∈ C ⊂ R
P 7→ G(p, F (p)) ∈ R is di�erentiable, and its gradient

∇G is given by the gradient equation :
< ∇G, δp >RP=

∂L
∂p

(p,Up, λp)δp ∀δp ∈ R
P , (A.32)where

∗ Up ∈ R
N is the solution of the diret equation

E(p,U) = 0 , (A.33)
∗ λp ∈ R

N is the solution of the adjoint equation
∂L
∂U

(p,Up, λ)δU = 0 ∀δU ∈ δRN . (A.34)In this ontext, Up is alled the diret state, and λp the adjoint state.From the formula (A.34), the adjoint equation yields :
{

∂E

∂U
(p,U)

}⊤

λ+M ′(U)⊤∇VG(p,V) = 0. (A.35)This presentation has the advantage of synthetizing the di�erent appli-ations aording to the hoie on funtion G(p,V) :� if G(p,V) =< V, ei >RM where ei is a basis vetor of the measurespae, then :
∇G = F ′(p)⊤ei,and the adjoint approah enables a line-wise omputation of the jao-bian of the funtion F (p).� if G(p,V) =< V, gv >RM where gv is a given vetor in R

M, then :
∇G = F ′(p)⊤gv.� if G(p,V) = 1

2‖Zw −V‖2, i.e. is equal to the ost funtion J(p), then :
∇G = ∇J.A.3.3 Gradient of the disrete problemWe ompute in this setion the gradient of the disrete problem (A.20)using the adjoint approah. First, we de�ne the Lagrangian in setion A.3.3,then we di�erentiate the Lagrangian with respet to the state variable toobtain the adjoint problem in setion A.3.3. Finally, the gradient is omputedby di�erentiation with respet to the parameters in setion A.3.3.



Gradient of the disrete problem 253Lagrangian of the disrete problemWe de�ne the Lagrangian of our partiular disrete 1-d blood �ow mo-del (A.20). Two sets of Lagrange multipliers are introdued. The �rst onesare assoiated with the boundary onditions (A.19) at z = 0 and z = L :
µzi,h = (µn

zi,h)n=1,...,Nt ∈ (R2)Nt , i = 0, L, (A.36)and the seond ones are assoiated with the equations on the internal nodes (A.16)and live in the spae of the test funtions :
λh = (λn

h)n=1,...,Nt ∈ (Ψh,0)
Nt = (R2)Nt×N . (A.37)The Lagrangian assoiated with the forward disrete problem (A.20) andto the generi funtion G = G(p,V) is hene :

L(p,U, λh, µz0,h, µzL,h) = G(p,M(Uh))

+

Nt−1
∑

n=0

[

(Un+1
h , λn+1

h )Ω − (Un
h, λ

n+1
h )Ω − an

h(Un
h, λ

n+1
h ;p)

]

+
Nt−1
∑

n=0

∑

i=0,L

[Θi(U
n
h,p)Un+1

h,i − Ti(U
n
h,p)] · µn+1

zi,h . (A.38)where Uh,L = Uh,N+1 = Uh(t, L).Disrete adjoint problemWe di�erentiate the Lagrangian (A.38) with respet to the state Uh,remarking that δU0
h = 0, and omitting for the sake of oniseness the de-pendeny to the parameters p, to obtain

∂L
∂Uh

(ph ,Uh , λh , µz0 ,h , µzL,h)δUh =

(

∂M

∂Uh
(Uh)

)⊤( ∂G

∂V

)⊤

· δUh

+

Nt−1
∑

n=1

[

(δUn+1
h , λn+1

h )Ω − (δUn
h, λ

n+1
h )Ω − ∂an

h

∂Uh
(Un

h, δU
n
h, λ

n+1
h )

]

+

Nt−1
∑

n=1

∑

i=0,L

[

Θi(U
n
h) δUn+1

h,i +
∂Θi

∂Uh
(Un

h) (δUn
h ,U

n+1
h,i ) − ∂Ti

∂Uh
(Un

h) δUn
h

]

· µn+1
zi,h

+(δU1
h, λ

1
h)Ω +

∑

i=0,L

[

Θi(U
0
h) δU1

h,i

]

· µ1
zi,h

= 0 ∀δUh ∈ (Ψh)Nt . (A.39)In equation (A.39), we formulated expliitely the dependeny of the term
∂an

h
∂Uh

with respet to Uh and δUh, that derives from the nonlinearity of the
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h. A disrete integration by parts in time to order the terms infuntion of δUn

h yields
∂L
∂Uh

(ph ,Uh , λh , µz0 ,h , µzL,h)δUh = [∇Uh
M(Uh) ∇VG] · δUh

+(δUNt
h , λNt

h )Ω +
∑

i=0,L

[

Θi(U
Nt−1
h ) δUNt

h,i

]

· µNt
zi,h

+

Nt−1
∑

n=1

[

(δUn
h , λ

n
h)Ω − (δUn

h , λ
n+1
h )Ω − ∂an

h

∂Uh
(Uh, δU

n
h, λ

n+1
h )

]

+

Nt−1
∑

n=1

∑

i=0,L

[

Θi(U
n−1
h ) δUn

h,i

]

· µn
zi,h

+

Nt−1
∑

n=1

∑

i=0,L

[

∂Θi

∂Uh
(Un

h) (δUn
h ,U

n+1
h,i ) − ∂Ti

∂Uh
(Un

h) δUn
h

]

· µn+1
zi,h

= 0 ∀δUh ∈ (Ψh)Nt .

(A.40)
First, taking are of the �nal time tNt , i.e. δUh = δUNt

h , we take suessi-vely internal test funtions δUNt
h = ψh ∈ Ψh,0 and boundary test funtions

δUNt
h = ψh,i ∈ Ψh, i = 0, L, where ψh,0(0) = ψh,L(L) = 1. Thus we haveto solve the two following problems at time tNt :Find λNt

h ∈ Ψh,0 suh that, for all ψh ∈ Ψh,0

(λNt
h ,ψh)Ω = −

[

∇Uh
M(UNt

h ) ∇VG
]

·ψh , (A.41)and then �nd µNt
zi,h ∈ R

2, i = 0, L suh that
Θ⊤

i (UNt−1
h )µNt

zi,h = −
[

∇Uh
M(UNt

h ) ∇VG
]

·ψh,i − (λNt
h ,ψh,i)Ω.(A.42)Next, we take are suessively of time steps n, n = Nt − 1,Nt − 2, . . . , 1.We use as test funtions δUn

h = ψh ∈ Ψh,0 and δUn
h = ψh,i, i = 0, L. Thuswe have to solve the two following problems at time tn :Find λn

h ∈ Ψh,0 suh that, for all ψh ∈ Ψh,0

(λn
h,ψh)Ω = − [∇Uh

M(Un
h) ∇VG] · ψh + (λn+1

h ,ψh)Ω +
∂an

h

∂Uh
(Un

h,ψh, λ
n+1
h )

−
∑

i=0,L

[

∂Θi

∂Uh
(Un

h) (ψh,U
n+1
h,i ) − ∂Ti

∂Uh
(Un

h)ψh

]

· µn+1
zi,h ,(A.43)
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zi,h ∈ R

2, i = 0, L suh that
Θ⊤

i (Un−1
h )µn

zi,h = − [∇Uh
M(Un

h) ∇VG] · ψh,i

−(λn
h,ψh,i)Ω + (λn+1

h ,ψh,i)Ω +
∂an

h

∂Uh
(Un

h,ψh,i, λ
n+1
h )

−
∑

j=0,L

[

∂Θj

∂Uh
(Un

h) (ψh,i,U
n+1
h,j ) − ∂Tj

∂Uh
(Un

h)ψh,i

]

· µn+1
zj,h .(A.44)The equations (A.41)-(A.42) and (A.43)-(A.44) onsitute the adjoint pro-blem assoiated with the diret problem (A.20). Some details onerning thederivatives that appeared in the equations (A.43)-(A.44), in partiular a wayto express analytially ∂an

h

∂Uh
, will be given in a foreoming artile.Several remarks an be made.Remark 3 First, one an note that equations at �nal time tNt+1 (A.41)--(A.42) are dedued from the general equations (A.43)-(A.44), with the as-sumption that λNt+1 ≡ 0 and µNt+1

zi,h ≡ 0, i = 0, L.Seond, the adjoint problem is, as expeted, linear in (λh, µz0,h, µzL,h)and bakward in time. It requires the full knowledge of Uh at all instantsand nodes. As our problem is 1-d, we an a�ord to store this information,and no speial tehnique is required to solve the adjoint problem.Third, the adjoint problem has the same form as the diret problem (A.20).It is essentially a 1-d linear hyperboli problem, but as we used a Taylor-Galerkin disretization for the diret problem that ontains (seond order)paraboli terms, the formulation (A.43)-(A.44) ontains also nontrivial se-ond order terms. The generi funtion G (or the ost funtion J) introduesa soure term in the adjoint equation.Fourth, the equations on the boundaries an be solved at eah time step
n, after the omputation of the internal Lagrange multiplier λn

h. They involvethe inversion of two 2× 2 matries that are the transpose of the ones in thediret systems (A.19).Disrete gradient equationAt this stage, to ompute the gradient, one has simply to apply theproposition 1. The equation (A.32) yields for a δp ∈ R
P

< ∇G, δp >RP = ∇pG(p,M(Uh)) · δp +

Nt−1
∑

n=0

−∂a
n
h

∂p
(Un

h, λ
n+1
h ;p) · δp

+
Nt−1
∑

n=0

∑

i=0,L

[

∂Θi

∂p
(Un

h,p)Un+1
h,i − ∂Ti

∂p
(Un

h,p)

]

µn+1
zi,h · δp .(A.45)



256 Parameter identi�ation for a 1D blood �ow modelA.4 Numerial resultsIn this setion, some �rst numerial results obtained with the para-meter estimation method presented in the previous setions are shown. Inthis study, only syntheti data were used for the optimization and a singleonstant parameter was estimated : in this setion, the parameter vetor isde�ned as p = β ∈ R, where β is the ompliane given in the equation (A.6),suh that β = (2ρA0β, 1/2). In order to simplify the optimization for thesepreliminary tests, β was supposed onstant in spae.After validating the omputation of the disrete ost funtion gradient,the estimation method was tested using di�erent data and di�erent amountsof data, in order to evaluate the sensitivity of the method with respet tothe information given.A.4.1 Computing the 3d syntheti dataThe data used for the parameter estimation was omputed from twodi�erent 3D �uid struture interation models.The �rst simulation was made using a shell model for the struture [53,12℄.For the seond simulation, the model used is implemented in the lifevode, [48℄. A linear Venant Kirho� model was used for the struture. The�uid was modeled by the inompressible Navier-Stokes equations for a New-tonian �uid. The interation algorithm uses an exat Jaobian preonditio-ner, [40℄.

Fig. A.1 � Left : �uid mesh. Right : struture mesh.The domain used for both simulations is a ylindrial tube of length
L3d = 5 along the z axis, with a irular basis of radius at rest R0 = 0.5. Arelatively oarse mesh was hosen for the simulation, as shown at Figure A.1 :the mesh is made of 30720 tetrahedra for the strutural mesh and 68160 forthe �uid mesh. The initial mesh is unstrutured in the Oxy plane, but all



Numerial results 257nodes are ontained in one of the 41 setions at altitude z = i×L3d/40, i =
0, 1, . . . , 40.The wall density ρw was taken equal to 1.2 and the Poisson oe�ient
νw equal to 0.3. Two di�erent values of the Young modulus E and the wallthikness at rest h0,w were used. For the �rst simulation, E1 = 3.E6 and
h1

0,w = 0.05, whereas for the seond one E2 = 4.E6 and h2
0,w = 0.1. Thedensity of the �uid hosen was ρf = 1.0 and its visosity νf = 0.03.The temporal disretization used was quite �ne (dt = 1E − 4) in orderto obtain a su�ient amount of data for the optimization. The number oftimesteps omputed was 99 for the �rst simulation and 79 for the seondone. The simulations were stopped one the pressure wave arrived at the endof the tube, in order to avoid unphysiologial re�exion.The data obtained from eah simulation was post-proessed in order tohave, at eah time step and at eah setion of the tube, the values of the area

Ad, the �ux Qd and the pressure Pd of the blood �ow (see the notations insetion A.3.1).Figures A.2 and A.3 show two examples at the same instant of a 3Dmodel solution for two di�erent Young modulus (the seond is omputedusing a muh oarser mesh, for visualizations purposes only).One notes the e�et when one inreases the Young modulus : the pressure

Fig. A.2 � Solution of the 3D model at time t = 50E−4 for a Young modulus
E1 = 4E6. Left : �uid veloity along the z axis. Right : displaement of thestruture along y axis.wave is extended in spae and dereased in amplitude.A.4.2 Solving the 1-d-modelIn order to �nd the optimal value of a parameter, the algorithm does aseries of simulations of the diret 1-d model.The parameter estimated here was β(= β0

2ρA0
) ; all other parameters werekept onstant : β1 = 1/2, α = 1, Kr = 8πν ≈ 0.75, ρ = 1, A0 = πR2

0 ≈ 0.78.
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Fig. A.3 � Solution of the 3D model at time t = 50E−4 for a Young modulus
E1 = 6E6. Left : �uid veloity along the z axis. Right : displaement of thestruture along y axis.The 1-d domain, denoted by Ω, was hosen to be slightly shorter than theylindrial tube used for the 3D simulations : Ω = [0.5, 4.5], and its lengthwas therefore L = 4. This was done in order to avoid the problems arisingfrom the di�erene in the type of the boundary onditions between the 3Dand the 1-d models.The 1-d omputations were made with a spatial disretization ofN = 128elements of onstant length L/N = 4/128, and a time step dt = 1.e−5, thatis ten times smaller than the 3D time step. These values ensure the Courantondition to be always respeted.A.4.3 Measurement operator and ost funtionFor eah test ase, a series of estimations of β was done using di�erentamounts of data. This means that the measurement operator used for theoptimization was hanged, and so was, onsequently, the expression of theost funtion J .As explained in setion A.3.1, the measurement operator is a weightedsampling of the diret solution expressed by (A.26). The weights used herewere wA ≡ 1 and wQ ≡ 0.1 for all measures. They were hosen to ompensatethe orders of magnitude of the area (O(1)) and the �ux (O(10)) in the vessel.Three di�erent spae samplings were hosen : the �rst one uses 33 measurestaken at ζj = 0.5 + j × (4/32), for j = 0, . . . , 32. The seond one uses 3measures, at ζ1 = 0.5, ζ2 = 2.5 and ζ3 = 4.5, and the last one only two, at
ζ1 = 0.5 and ζ2 = 4.5. The time sampling onsists in using the data at eitherall the instants available or only at every ten of them. For the �rst simulation,that means the measures are taken at θν = ν × dt for ν = 0, . . . , 99, or at
θν = 10ν × dt for ν = 0, . . . , 9. For the seond simulation, they are taken at
θν = ν × dt for ν = 0, . . . , 79 or at θν = 10ν × dt for ν = 0, . . . , 7.



Numerial results 259Let us note that the ost funtion minimized during eah estimation isnormalized. Its expression is the following (f. (A.30)) :
J(β) =

∑Vt
ν=0

∑Vz
j=0

{

(

Adν
j −A

φt(ν)
φz(j)

)2
+ (0.1)2

(

Qdν
j −Q

φt(ν)
φz(j)

)2
}

∑Vt
ν=0

∑Vz
j=0

{

(Adν
j )2 + (0.1)2 (Qdν

j )2
} .

A.4.4 Validating the omputation of the ost funtion gra-dientIn order to validate the omputation of the ost funtion gradient usingthe method presented here, its value was ompared with the value obtainedwith the �nite di�erene method. This method onsists in omputing anapproximation of the derivative of the ost funtion J(β) with respet to β,that is :
∂J

∂β
(β) = lim

h→0

J(β + h) − J(β)

h
(A.46)The ost funtion gradient was omputed in some test ases with both me-thods and the results, made in double preision, showed 6 to 7 identialnumbers.A.4.5 Expeted results of the estimationLet us reall the role of the parameter β. As exposed in setion 2, to derivethe 1-d blood model from the 3D one, a wall displaement law (f. (A.4)) isused, that introdues two positive real parameters β0 and β1. In these tests,the power oe�ient β1 is taken equal to 1/2 and the law is reformulatedinto the expression (A.6), that only involves one positive parameter β.A linear elasti law provides the following expression for β :

β3d =

√
πh0,wE

2ρA0(1 − ν2
w)
, (A.47)where E, h0,w and νw are the wall Young modulus, the wall thikness at restand the Poisson oe�ient used to ompute the 3D data.The optimal value of β, minimizing the di�erene between the results ofthe 1-d and 3D models, is therefore expeted to be β3d. It will be shown thatthis is not the ase : the results obtained omputing the 1-d model with theestimated optimal value, βestim, �t better to the 3d data than the resultsobtained with β3d. The auray of the estimation algorithm is therefore notto be evaluated from the auray on β, but from the auray on the errorbetween the 1-d results and the data.



260 Parameter identi�ation for a 1D blood �ow modelA.4.6 Test ase 1 : shell struture, E = 3.E6 and h0,w = 0.05The �rst test was made using the 3D data obtained with a shell / Navier-Stokes oupling. The struture has a Young modulus equal to 3.E6 and awall thikness equal to 0.05. The number of iterations needed for the opti-mization varied between 6 and 10 for all the di�erent estimations.Results of the optimizationThe results obtained are shown in tables A.1 and A.2 : for eah estima-tion, the optimal value βestim is given, as well as the orresponding value ofthe minimized ost funtion J and the value 1−
√
J , that gives the order ofexplained data.In order to better ompare the preision of the di�erent estimations, we alsogive the value of a general ost funtion, alled ��ne ost funtion�, and de-noted by Jfine. This funtion Jfine omputes the least squares error betweenthe 3D data measured at eah of the 99 timesteps and the 33 setions, andthe 1-d data obtained with the estimated value βestim.Nb zmeas 33 3 2

βestim 1.3E5 1.32E5 1.41E5

J 0.048 0.027 1.6E − 5

1 −
√
J 78.1% 83.4% 99.6%

Jfine 0.048 0.048 0.052

1 −
√

Jfine 78.1% 78% 77.2%Tab. A.1 � Results using 99 time measurements and 33, 3 or 2 spatial mea-surements for a 3D data suh that : E = 3E6 and h0,w = 0.05.Nb zmeas 33 3 2

βestim 1.32E5 1.33E5 1.41E5

J 0.038 0.02 3E − 6

1 −
√
J 80.6% 85.9% 99.8%

Jfine 0.048 0.048 0.052

1 −
√

Jfine 78.0% 78.0% 77.2%Tab. A.2 � Results using 9 time measurements and 33, 3 or 2 spatial mea-surements for a 3D data suh that : E = 3E6 and h0,w = 0.05.



Numerial results 261We an see that, logially, the most aurate estimation is obtained inthe ase where the biggest amount of 3D data is used for the optimization.But the results do not degenerate too muh when the number of time orspae measurements is redued. In fat, the value of β estimated from only 9time and 2 spae measurements, provides results that explain 77, 2% of thedata.The results are atually quite stable with respet to the amount of dataused. Partiularly, when the number of time measures varies from 99 to 9,the estimated value of β remains almost onstant. On the other hand, wenotie that the value of βestim is more sensitive to the variation of the numberof spae measures. But this sensitivity remains relatively low, the maximalvariation of βestim being of 10%, when the amount of spae measurementshanges from 33 to 2.Results of the 1-d model using the estimated value βestimFor this test ase, the expeted value of β, aording to relation (A.47),is β3d = 1.87E5. In order to ompare this value with the results of thedi�erent estimations, the 1-d model has also been omputed using β3d. Theperentage of explained data obtained with this simulation, measured withthe funtion 1−
√

Jfine, is of 64%, whih is far bellow the one obtained withthe di�erent estimations made (see tables A.1 and A.2).We show next the results of the 1-d model omputed using the estimatedvalue βestim = 1.30E5, obtained from 99 time and 33 spae measurementsof the 3D data. The results are ompared with the 3D data and with the1-d results omputed using β3d. Note that there is a di�erene of about 30%between the values βestim and β3d. Figures A.4 and A.5 represent the area ofthe vessel and the �ux of the blood �ow in the whole domain, after 50 and
90 time steps. Figure A.6 shows the time evolution of the area and the �uxat the middle of the tube, that is at z = L/2.
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Fig. A.4 � Area and �ux obtained from the 1-d model using βestim (bluedotted line) and β3d (green dashed line), ompared to the 3D data (red line),after 50 timesteps.
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Fig. A.5 � Area and �ux obtained from the 1-d model using βestim (bluedotted line) and β3d (green dashed line), ompared to the 3D data (red line),after 90 timesteps.
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Fig. A.6 � Area and �ux obtained from the 1-d model using βestim (bluedotted line) and β3d (green dashed line), ompared to the 3D data (red line),at z = L/2.As an additional information, the pressure of the blood �ow was ompu-ted from the 1-d results aording to the wall displaement law (A.6). It isdisplayed after 50 and 90 time steps in Figure A.7.On these �gures, we observe that the results of the 1-d model manage toapture quite well the phase of the waves of the 3D data, but not its shapeand amplitude. Partiularly, the waves of the 3D data are signi�antly larger.This an be explained by one of the assumptions made for the derivation ofthe 1-d model, that onsiders the vessel as a sequene of independent rings.On the ontrary, the 3D model used to ompute the data takes into aountthe propagation in the struture. On the other hand, the di�erene in theamplitude an be due to the more important di�usivity of the 3D models.In addition, we an see that the results obtained with the estimatedoptimal value βestim are loser to the 3D data than those omputed usingthe expeted value β3d. This beomes partiularly true after 90 timestepsand at the middle of the tube, where the waves obtained with β3d are learlyin advane with respet to the data. On the ontrary, the phase error of thewaves obtained with βestim remains relatively small.
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Fig. A.7 � Pressure obtained from the 1-d model using βestim (blue dottedline) and β3d (green dashed line), ompared to the 3D data (red line). Left :after 50 timesteps. Right : after 90 timesteps.This result has to be emphasized, beause it proves the existene of amore optimal value of β than the one given by (A.47), a relation resultingfrom physial onsiderations.Sensitivity of the estimation with respet to the spae measure-mentsNext, the optimal values βestim obtained from di�erent amounts of spaemeasurements are ompared, the number of time measurements being onstantand equal to 99. The results of the 1-d model omputed with these valuesare shown in �gures (A.8) and (A.9). The omparison between the values es-timated from 9 time measures is not made beause, as dedued from tablesA.1 and A.2, there is almost no di�erene.
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Fig. A.8 � Results of the 1-d model using the value βestim obtained from 99time measurements and 33 (blue dotted line), 3 (green dashed line) or 2 (redline) spae measurements, ompared to the 3D data (mauve small-dottedline), after 90 timesteps.We an see that the optimal values of β estimated from 33 and 3 spaemeasures provide almost the same 1-d results. But when hanging to 2 spaemeasurements, the phase error of the 1-d results grows signi�antly, so that
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Fig. A.9 � Results of the 1-d model using the value βestim obtained from 99time measurements and 33 (blue dotted line), 3 (green dashed line) or 2 (redline) spae measurements, ompared to the 3D data (mauve small-dottedline), at z = L/2.the advane of the area and �ux waves with respet to the data inreaseslargely. This means that with 2 spae measurements, the estimation is notyet stable.Sensitivity of the estimation with respet to the time measure-mentsThe omparison is now made between the optimal values of β obtainedfrom 99 and 9 time measurements, the number of spae measurements beingonstant and equal to 2, whih is the minimum. The results of the 1-d modelomputed with these values are shown in �gures (A.10) and (A.11).
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Fig. A.10 � Results of the 1-d model using the value βestim obtained from
2 spae measurements and 99 (blue dotted line) or 9 (red line) time mea-surements, ompared to the 3D data (mauve small-dotted line), after 90timesteps. The two urves with 9 and 99 are almost idential.We observe that, in both ases, the urves are perfetly superposed. Thequantity of explained data is thus already stable at 9 time measures.
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Fig. A.11 � Results of the 1-d model using the value βestim obtained from
2 spae measurements and 99 (blue dotted line) or 9 (red line) time measu-rements, ompared to the 3D data (mauve small-dotted line), at z = L/2.The two urves with 9 and 99 are almost idential.A.4.7 Test ase 2 : 3D struture, E = 4.E6 and h0,w = 0.1The seond test was made using the 3D data obtained with a 3D struturemodel with a Young modulus of 4.E6 and a wall thikness of 0.1. Here again,the number of iterations neessary for the optimization was bounded by 6and 10.Results of the optimizationThe results obtained are shown in tables A.3 and A.4. The �ne ostfuntion omputes here the least squares error between the 3D data measuredat eah of the 79 timesteps and the 33 setions, and the 1-d data obtainedwith the estimated value βestim.Nb zmeas 33 3 2

βestim 3.13E5 3.20E5 3.67E5

J 0.013 0.0049 1.4E − 5

1 −
√
J 88.8% 93% 99.6%

Jfine idem 0.013 0.025

1 −
√

Jfine idem 88.6% 84.1%Tab. A.3 � Results using 79 time measurements and 33, 3 or 2 spatial mea-surements for a 3D data suh that : E = 4E6 and h0,w = 0.1.As expeted, the most aurate estimation is obtained with the biggestamount of 3D data, that is 79 time and 33 spae measurements. The peren-tage of explained data, measured with the funtion 1−
√

Jfine, is in this aseof 88.8%. But in the ase where only 7 time and 2 spae measurements areused, this perentage is of 87.4%, whih is not muh lower. Here again, the



266 Parameter identi�ation for a 1D blood �ow modelNb zmeas 33 3 2

β0,estim 5.64E5 5.74E5 5.98E5

βestim 3.19E5 3.24E5 3.38E5

J 0.0087 0.0017 1.1E − 5

1 −
√
J 90.7% 95.9% 99.7%

Jfine 0.013 0.013 0.016

1 −
√

Jfine 88.7% 88.4% 87.4%Tab. A.4 � Results using 7 time measurements and 33, 3 or 2 spatial mea-surements for a 3D data suh that : E = 4E6 and h0,w = 0.1.auray of the estimation does not derease signi�antly with the amountof data.But the results of the estimation are less stable than in the �rst ase.Partiularly, the variation of the estimated value when the time samplinghanges is quite important. Indeed, when only 2 spae measurements areonsidered, the relative variation of βestim reahes 17% when the amount oftime measurements is dereased from 79 to 7.Results of the 1-d model using the estimated value βestimFor this test ase, the expeted value of β, aording to the relation(A.47), is β3d = 4.96E5. This value provides 1-d results that explain 71% ofthe data, whih is again far bellow the perentage obtained with the di�erentestimations made (see tables A.3 and A.4). Note that the maximal di�erenebetween the estimated value βestim and β3d is of about 38%.Next, we show the results of the 1-d model, omputed using the estima-tion βestim = 3.13E5, whih provides the highest value of 1 −
√
J . They areompared with the 3D data and with the 1-d results omputed using β3d.Figures A.12 and A.13 represent the area of the vessel and the �ux the blood�ow in the whole domain, after 50 and 70 time steps. Figure A.14 shows thetime evolution of the area and the �ux at the middle of the tube, that is at

z = L/2.Firstly, we observe that in this ase the results of the 1-d model �t muhbetter to the 3D data than in the test ase one. In fat, not only the phase ofthe waves is aptured, but their shape and amplitude is also well approahed.Let us note that the 3D model used here to ompute the data is linear forthe struture. This is probably the reason why, in this ase, the linear 1-dmodel is loser to the 3D one.We an also see that the results obtained with the value βestim are muhbetter than those obtained with β3d. Indeed, the waves obtained with this
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Fig. A.12 � Results of the 1-d model using βestim (blue dotted line) and β3d(green dashed line), ompared to the 3D data (red line), after 50 timesteps.
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Fig. A.13 � Results of the 1-d model using βestim (blue dotted line) and β3d(green dashed line), ompared to the 3D data (red line), after 70 timesteps.last value are muh too advaned with respet to the data, whilst the phaseerror of the waves obtained with βestim remains relatively small, even after
70 timesteps.Sensitivity of the estimation with respet to the spae measure-mentsThe optimal values βestim obtained from di�erent amounts of spae mea-surements are now ompared, the number of time measurements being �xedat 79. The results of the 1-d model omputed with these values are shownin �gures (A.15) and (A.16).These �gures show that, here again, a signi�ant variation in the 1-dresults only oures when direasing the amount of spae measurements from
3 to 2. In that ase, the phase of the waves is lost, so that the area and �uxappear to be muh more in advane with respet to the data. Thus, we ansay that the estimation starts to be stable from 3 spae measurements.
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Fig. A.14 � Results of the 1-d model using βestim (blue dotted line) and β3d(green dashed line), ompared to the 3D data (red line), at z = L/2.
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Fig. A.15 � Results of the 1-d model using the value βestim obtained from 79time measurements and 33 (blue dotted line), 3 (green dashed line) or 2 (redline) spae measurements, ompared to the 3D data (mauve small-dottedline), after 70 timesteps.Sensitivity of the estimation with respet to the time measure-mentsHere, the omparison is made between the estimated values of β obtainedusing 79 and 7 time measurements. The amount of spae measurements is�rst �xed at 33 and later at 2. The results of the �rst omparison are shownin �gures A.17 and A.18. For the seond one, the results are shown in �guresA.19 and A.20.From the observation of these �gures, we an say that, when 33 spaemeasurements are used, the estimation is stable with respet to the amountof time measurements. On the ontrary, when the data is only onsidered at
2 points in spae, the estimation is unstable and varies signi�antly with theamount of time measurements provided.These numerial tests show that it is possible to identify the parameter
β in a stable way from 3 measures in spae and 7 measures in time (in the�rst test ase already from 2 measures in spae and 9 in time). Moreover,the estimations obtained are more optimal than the expeted value β3d, asthey provide 1-d results that explain a bigger perentage of data.



Conlusions 269
 0.78

 0.785

 0.79

 0.795

 0.8

 0.805

 0.81

 0.815

 0  0.001  0.002  0.003  0.004  0.005  0.006  0.007  0.008

Area at Z=L/2 for 79 time data and 2/3/33 space data

2data
3data

33data
3d data

-2

 0

 2

 4

 6

 8

 10

 12

 14

 16

 18

 20

 0  0.001  0.002  0.003  0.004  0.005  0.006  0.007  0.008

Fluxes at Z=L/2 for 79 time data and 2/3/33 space data

2data
3data

33data
3d data

Fig. A.16 � Results of the 1-d model using the value βestim obtained from 79time measurements and 33 (blue dotted line), 3 (green dashed line) or 2 (redline) spae measurements, ompared to the 3D data (mauve small-dottedline), at z = L/2.
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Fig. A.17 � Results of the 1-d model using the value βestim obtained from
33 spae measurements and 79 (blue dotted line) or 7 (red line) time mea-surements, ompared to the 3D data (mauve small-dotted line), after 70timesteps.A.5 ConlusionsIn this work, the parameter identi�ation of a 1-d blood �ow model usingthe adjoint approah was studied. Starting from the disretization of the mo-del with a seond order Taylor-Galerkin sheme, the disrete adjoint problemwas derived. We obtained a linear 1-d hyperboli system, with non-standarddisretization and boundary onditions. The resolution of the adjoint pro-blem allows to ompute the gradient of a ost funtion, whih evaluates theleast squares error between the measured data and the 1-d results. The ana-lytial disrete gradient is neessary to minimize the ost funtion in orderto �nd the optimal values of the parameters. Its omputation was thereforeimplemented and validated using the �nite di�erene method. Some preli-minary numerial tests were performed. A single parameter was estimated �the arterial ompliane β � whih is the most important parameter from abiomedial point of view. In order to simplify the estimation, β was assumedto be onstant in spae. The optimization was made using data provided bytwo di�erent 3D models, and for two di�erent values of the Young modulus
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Fig. A.18 � Results of the 1-d model using the value βestim obtained from
33 spae measurements and 79 (blue dotted line) or 7 (red line) time mea-surements, ompared to the 3D data (mauve small-dotted line), at z = L/2.
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Fig. A.19 � Results of the 1-d model using the value βestim obtained from
2 spae measurements and 79 (blue dotted line) or 7 (red line) time mea-surements, ompared to the 3D data (mauve small-dotted line), after 70timesteps.and the wall thikness at rest. In all ases, the estimated values of β obtainedwere very di�erent from the expeted value β3d

1, the di�erene going from
30 to 38%. However, the 1-d results omputed with the estimated valuesappeared to be signi�antly loser to the data than those obtained with β3d.Atually, the perentage of explained data obtained with these estimationswas of about 75% to 89%, depending on the test ase and the amount ofdata used for the optimization (this is not surprising as in the �rst ase thedata were omputed using a shell model with a non-linear onstitutive law).Thus, it is possible to retrieve the pressure of the blood �ow in an artery ina non-intrusive way.The interest of this work �rst lies in the appliation of a parameter es-timation method to a 1-d blood �ow model, using a rigorous mathematialapproah. Seond, the method used for the optimization is e�ient. Indeed,one the adjoint state has been derived from the disrete 1-d model, theestimation an quite simply be extended to more parameters and espeially1given by an analytial formula and dependent on the values of the wall Young modulus
E, the wall thikness at rest h0,w and the Poisson oe�ient νw.
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Fig. A.20 � Results of the 1-d model using the value βestim obtained from 2spae measurements and 79 (blue dotted line) or 7 (red line) time measure-ments, ompared to the 3D data (mauve small-dotted line), at z = L/2.to parameters depending on spae.This work is a �rst step in the parameter identi�ation for the 1-d blood�ow model. The tests were for the moment limited to the estimation of asingle parameter, assumed to be onstant in spae and time. The optimi-zation should now be extended to other parameters, possibly depending onspae. After a sensitivity analysis, it would be interesting to estimate thearea at rest A0 at eah disretization point of the 1-d domain, beause thisould allow to loalize a possible tapering in the vessel. Another relevantappliation of the method would be the parameter estimation involved in abifuration.
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