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Résumé. Cette thése est consacrée a 'étude du comportement asymptotique de
solutions d’une classe d’équations aux dérivées partielles avec des coefficients for-
tement oscillants. Dans un premier temps, on s’intéresse a une famille d’équations
non linéaires, des lois de conservation scalaires hétérogénes, qui interviennent dans
divers problémes de la mécanique des fluides ou de 1’électromagnétisme non linéaire.
On suppose que le flux de cette équation est périodique en espace, et que la période
des oscillations tend vers zéro. On identifie alors les profils asymptotiques microsco-
pique et macroscopique de la solution, et on démontre un résultat de convergence
forte ; en particulier, on montre que lorsque la condition initiale ne suit pas le profil
microscopique dicté par ’équation, il se forme une couche initiale en temps durant
laquelle les solutions s’adaptent & celui-ci. Dans un second temps, on considére une
équation de transport linéaire, qui modélise I’évolution de la densité d’un ensemble
de particules chargées dans un potentiel électrique aléatoire et trés oscillant. On
établit 'apparition d’oscillations microscopiques en temps et en espace dans la den-
sité, en réponse a l'excitation par le potentiel électrique. On donne également des
formules explicites pour 'opérateur de transport homogénéisé lorsque la dimension
de l'espace est égale a un.

Mots clés. Homogénéisation. Loi de conservation scalaire. Formulation cinétique.
Equation de transport. Equation parabolique.

Abstract. In this thesis, we study the asymptotic behavior of solutions of a class
of partial differential equations with strongly oscillating coefficients. First, we focus
on a family of nonlinear evolution equations, namely parabolic scalar conservation
laws. These equations are encountered in various problems of fluid mechanics and
nonlinear electromagnetism. The flux is assumed to be periodic with respect to
the space variable, and the period of the oscillations goes to zero. The asymptotic
profiles in the microscopic and macroscopic variables are first identified. Then, we
prove a result of strong convergence; in particular, when the initial data does not
match the microscopic outline dictated by the equation, it is shown that there is an
initial layer in time during which the solution adapts itself to this profile. The other
equation studied in this thesis is a linear transport equation, modeling the evolution
of the density of charged particles in a highly oscillating random electric potential.
It is proved that the density has fast oscillations in time and space, as a response
to the excitation by the electric potential. We also derive explicit formulas for the
homogenized transport operator when the space dimension is equal to one.

Keywords. Homogenization. Scalar conservation law. Kinetic formulation. Trans-
port equation. Parabolic equation.
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2 Introduction

1.1 Présentation générale

On s’intéresse ici & des équations aux dérivées partielles qui traduisent la conser-
vation locale, et a fortiori globale d’une certaine grandeur physique (quantité de
mouvement ou énergie d'une particule dans un fluide, densité d’un gaz, etc.) Dans les
premiers chapitres de cette thése, on considérera des lois de conservation scalaires,
équations d’évolution non linéaires qui interviennent dans des modéles de fluides
compressibles, d’électromagnétisme non linéaire, ou encore de mouvements cellu-
laires. Le dernier chapitre, lui, est consacré a une équation de transport linéaire, qui
régit I’évolution d’une densité de particules chargées soumises a un champ électrique.
La particularité de notre étude vient de ce que le milieu dans lequel on considére
I’évolution temporelle de cette grandeur comporte de fortes hétérogénéités. Notre
but est de décrire 1’évolution du systéme lorsque la taille des hétérogénéités tend
vers 0 : en particulier, on aimerait parvenir a exhiber un nouveau milieu dit « ho-
mogénéisé », ainsi que les équations de conservation ou de transport de la grandeur
étudiée dans ce milieu.

Ce type d’étude s’inscrit dans le cadre de la théorie mathématique de I’homogé-
néisation ; cette théorie s’est essentiellement développée ces trente derniéres années,
dans le but de décrire mathématiquement les propriétés des matériaux composites,
c’est-a-dire constitués d’au moins deux substances différentes intimement mélées.
L’intérét pour de telles structures s’explique par les propriétés physiques macrosco-
piques particuliéres qu’elles présentent : par exemple, la conduction de la chaleur
ou du courant électrique s’effectueront différemment - et parfois « mieux » que dans
chacun des deux constituants homogénes pris séparément - en raison de leur jux-
taposition au niveau microscopique. De nombreuses applications industrielles tirent
parti de ces propriétés améliorées, par exemple la supraconductivité des composites
multifilamentaires. Le but de la théorie de 'homogénéisation est précisément de
décrire les propriétés moyennes des matériaux au niveau macroscopique en tenant
compte de leur arrangement microscopique.

Du point de vue mathématique, la description au niveau macroscopique de gran-
deurs possédant des fluctuations & une échelle microscopique passe par I'introduction
de fonctions du type

x
f <ZE, _> .
€

Ci-dessus, I’échelle macroscopique, qui correspond a ’échelle d’observation, est repré-
sentée par la variable d’espace x. L’échelle microscopique est 1’échelle caractéristique
du milieu : elle correspond & la taille des hétérogénéités ou des fluctuations. Le rap-
port entre ces deux échelles typiques est noté ¢, oll € est un « petit » parameétre, et
la variable qui décrit les phénomeénes a ’échelle microscopique est donc x/e.

Des hypothéses de modélisation supplémentaires sont ensuite nécessaires pour
préciser l'allure de la fonction f(x,y). Le cadre le plus simple est celui des fonc-
tions périodiques en la variable microscopique y, ce qui revient a supposer que les
hétérogénéités du milieu sont réparties de fagon périodique. Ce postulat est plus
ou moins légitime d’un point de vue physique suivant les systémes étudiés, mais il
simplifie en général considérablement leur analyse mathématique. Les chapitres 2,
3, 4, 5 correspondant respectivement aux articles de recherche [14, 19, 18, 17|, sont
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des exemples d’homogénéisation dans un cadre périodique.

De fagon peut-étre plus réaliste, on peut imaginer que la répartition des hétérogé-
néités est aléatoire, mais pas nécessairement périodique. On suppose également que
la loi de répartition est stationnaire, c¢’est-a-dire qu’elle posséde des propriétés d’in-
variance par translation. Le formalisme correspondant est le suivant : on se donne
un espace de probabilités (2, %, P), sur lequel agit un groupe de transformations
75,y € RY. La mesure P est invariante par le groupe de transformations (Ty)yern -
Une fonction u € L®(RY x Q) est dite stationnaire si

u(y + z,w) = u(y, w) p.p.
Si on suppose de surcroit que le groupe de transformations est ergodique pour la
mesure P, ce qui signifie
VAeX (r,A=AVyeRY)= P(A)=00ouP(4)=1,
alors 'environnement est dit « stationnaire ergodique ». Le chapitre 6 est un exemple
de probléme d’homogénéisation dans un cadre stationnaire ergodique.

Introduisons a présent les espaces fonctionnels qui seront utilisés dans ce cha-
pitre : tout d’abord, on note Y le tore [0, 1]V, et Coer(Y) Tespace des fonctions
Y -périodiques dans C>®(RY). Ensuite, on définit

S—H(Y
(V) =C )

per per 3er) = - lmey,

- Wk,
Whe(y x R) :=Cx (Y xR P ke,
Whee (Y xR) := {u=u(y,v) € W-2(R¥) u est Y — périodique en y},

SR

per per
per,loc loc
Coer(Y) = {u € C(RY); u est Y — périodique},
Dper(Y xR™) ={u € COO(]RZ]/V x R"); west Y — périodique en y,
et AR >0, Yo € R™, |v] > R, u(y,v) = 0}.

On note également, pour v fonction Y-périodique,

)y = [ o)y

Dans la partie suivante, nous décrirons les problématiques majeures de cette
these, ainsi que le contexte dans lequel s’inscrit ce travail. Puis dans les deux der-
niéres parties, nous expliquerons quels sont les résultats principaux de ce mémoire.

1.2 Reésultats antérieurs et problématiques

L’objectif initial de ce travail était ’étude de ’homogénéisation de lois de conser-
vation scalaires hyperboliques, c’est-a-dire la description du comportement asymp-
totique de la famille (u%).~o des solutions de 1’équation

ou’ N 0 T
A (2 e - > RY 1.1
at@x%+£;&mz<€w(t@> 0 t>0, 2R, (1.1)

T

Wt = 0) = up (x g) . (1.2)
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Dans I’équation précédente, on suppose que le flux A appartient a WpléijC(Y x RN,
et que la condition initiale ug = ug(x,y) appartient a L=®(RY x V).

Ce type d’étude s’apparente a ’homogénéisation d’équations de transport, un
théme qui a regu une attention considérable ces derniéres années. On pourra par
exemple se référer a l'article de revue de F. Castella, P. Degond et T. Goudon [11],
et aux références de cet article. Les premiéres contributions sur le sujet remontent
aux travaux de Y. Amirat, K. Hamdache et A. Ziani [6], de Weinan E [24], et de
Thomas Y. Hou et Xue Xin [42|. Plus récemment, ce type de phénomeéne a également
été étudié par R. Alexandre |1, 2|, P.-E. Jabin et A. Tzavaras [43], T. Goudon et
F. Poupaud [39, 38]. Pour des variantes plus « cinétiques », on pourra également
consulter [23, 35, 36, 37, 33, 54].

En ce qui concerne 'équation (1.1), deux types de résultats antérieurs étaient
connus : les premiers se limitaient a une étude en dimension un, de fagon a pouvoir
mener des calculs explicites sur les problémes microscopiques (voir [49, 27, 25, 4]),
tandis que les seconds étaient valables en dimension quelconque, mais avec une
condition de structure de type « produit a divergence nulle » sur le flux (voir |24, 43]).
Les résultats obtenus sous ces deux types d’hypothéses sont assez dissemblables.

Rappelons tout d’abord le résultat principal de [24] :

Proposition 1.2.1. Soit a € C},(Y)V tel que divya = 0. On note

per
K := {p € L*(Y),div,(ayp) = 0},

et P la projection orthogonale sur K pour le produit scalaire dans L*(Y). On note
a:= Pl(a).

Soit f € CH(R) telle que f'(v) # 0 pour tout v € R, et soit ug € L®°(RY x Y)
telle que up(x,-) € K p.p.

Pour € > 0, on considere la solution entropique de l’équation de transport non
linéaire

O + div, (a (f) f(u5)> —0, (1.3)
u?(t =0,2) = ug (m, g) . (1.4)

Alors .
u(t,z) —u <t, x, —) — 0 dans L}
€

loc)

ot u € C([0,00), L (RN x Y)) N L>®([0,00) x RN x Y) est la solution entropique de

loc
Owu + div, (a(y) f(u)) =0, (1.5)
U’(t = vaa y) = U,()(I, y)

De plus, u(t,x) € K presque partout.

Expliquons a présent quels sont les résultats génériques en dimension un d’es-
pace : tout d’abord, il est possible lorsque N = 1 d’utiliser 1’équivalence avec les
équations de Hamilton-Jacobi et donc les résultats de P.L. Lions, G. Papanicolaou
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et S.R.S. Varadhan dans [49] ; précisément, si on considére la solution v* de I’équation
de Hamilton-Jacobi

(1.7)

O° + A (g 8,,31)5) _0,
vE(t = 0) = vo(x),

alors u® = 0,v° vérifie une loi de conservation de type (1.1). On rappelle donc le
résultat d’homogénéisation montré dans [49] :

Proposition 1.2.2. Soit A € Cpe,(RY X R[Y). On suppose que
A(z,p) — oo lorsque p — oo,

uniformément pour x € RV,
On a alors les résultats suivants :

1. Existence et unicité de [’hamiltonien homogénéisé :

Pour tout p € R, il existe un unique réel X (que ’'on note par la suite A(p))
tel qu’il existe une solution de viscosité v € Cper(RY) de 'équation

Aly,p+Vy(y) =X yeRY.

De plus, la fonction p — A(p) est continue.

2. Convergence de v° :

Pour tout € > 0, on note v = v¥(t,x) l'unique solution de viscosité de |’équa-
tion

€ f €
Oy +A<€,va )
v (t =0,2) = vo(x).

0,

Alors pour tout T > 0, v° converge uniformément sur [0,T] x RY wvers la
solution de viscosité v de l’équation

O + A(V,v) =0,
v(t =0,2) = vo(z).

3. Application a l’homogénéisation de lois de conservation scalaires :

Soit u® la solution entropique de la loi de conservation (1.1), avec u®(t =0) =
uo(x). Alors lorsque e tend vers 0, on a

u® —u w"— L™,

ou U est l'unique solution entropique de

Oyu + div,A(u) =0
u(t =0,x) = up(z).
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Les articles de Weinan E [25] et Weinan E et Denis Serre [27] traitent également
d’un cas particulier de (1.1) avec un flux A de la forme

Aly,p) = f(p) = V(y), (1.8)

avec f strictement monotone et continue sur R telle que limi., f = +oo, V de
moyenne nulle. On note g la fonction réciproque de f sur R. Soulignons que ce type
flux ne vérifie pas les hypothéses de la proposition précédente, puisque 1’on n’a pas

f(v) = 400 lorsque |v| — oc.

Néanmoins, dans [4], Debora Amadori démontre le méme résultat avec un flux A de
la forme (1.8) et qui vérifie les hypothéses de la proposition 1.2.2.
Le résultat démontré dans [27] est le suivant :

Proposition 1.2.3. On suppose que le flur A est donné par (1.8) Soit A: R — R
la fonction définie par l'identité

p=(9(Ap)+V())), VpeR,

ou g est lapplication réciproque de f sur R.
On suppose que la condition initiale est bien préparée, c’est-a-dire

9y [Aly, uo(z,y))] = 0. (1.9)

On pose )
u(t, z,y) = g(V(y) + A(w)),
ou U est l'unique solution entropique de

Ovtu + div, A(u) =0
u(t =0,z) = (up(z,-)) .

Alors .
u (t,z) —u (t,:z:, g) — 0
dans L}

loc*

Les résultats des propositions 1.2.1 et 1.2.3 sont de nature extrémement diffé-
rente. En effet, dans le cas de la dimension un, il est possible de définir un opérateur
homogénéisé, ce qui n’est pas le cas en général dés que la dimension est supérieure
ou égale a deux, comme le montre la proposition 1.2.1 : si 'on pose @ = (u), o
u est I'unique solution entropique de (1.5), alors @ ne vérifie aucune équation « re-
marquable ». Autrement dit, il est impossible dans ce cas de définir un probléme
d’évolution bien posé, ne dépendant que du flux A, et dont @ soit solution. Ainsi,
dés que N > 2, le probléme limite ne peut se découpler en une équation d’évolu-
tion macroscopique et une équation régissant le comportement microscopique. Cette
absence de probléme homogénéisé vient de la forte non-unicité des solutions du pro-
bléme microscopique, dit « de la cellule »

div,A(y,u) = 0,
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et du fait que 'on ne peut pas intégrer facilement cette équation dés que N > 2.
Néanmoins, il convient de souligner qu’il y a unicité des solutions du systéme limite
(1.5), en dépit de la non-unicité des solutions du probléme de la cellule ; mais 'unicité
vient ici d’une propriété de contraction pour I’équation d’évolution (1.5). De plus,
cette équation d’évolution méle les variables macroscopiques t et x, et la variable
microscopique y. L’effet principal de la non-unicité pour les solutions du probléme
de la cellule est donc bien I'absence de notion de probléeme homogénéisé, plutot que
la non-unicité des solutions du systéme limite. Ce point sera crucial lorsque nous
aborderons les résultats d’homogénéisation pour des flux quelconques.

Le but de ce travail était d’obtenir le méme type de résultat que ceux des proposi-
tions 1.2.1 et 1.2.3 pour des flux arbitraires, en dimension quelconque, sans hypothése
de structure du type A(y, &) = a(y) f(€), et plus généralement, sans condition de di-
vergence nulle sur le flux A. Cette question souléve d’emblée une premiére difficulté,
I'obtention de bornes a priori uniformes en e sur la suite u®. En effet, si le flux
A n’est pas a divergence nulle, les bornes usuelles dans L™ ou L., calculées par
exemple par Kruzkhov (voir [69, 70]), sont d’ordre 1/e, et ne sont par conséquent
d’aucune utilité pour les passages a la limite. Avant de s’atteler a I’homogénéisation
de 'équation (1.1), il semblait donc nécessaire de mieux comprendre la structure
de cette équation, et de construire des outils adaptés a son étude. A cette fin, les
premiers travaux de cette thése ont porté sur une équation inspirée de (1.1), mais
dont I'étude était facilitée par la présence d'un terme de viscosité évanescente :

R N
aait(t#ﬁ) + Z %Ai <§,u€(t,x)> — At =0 t>0, zeRY, (1.10)
i=1 ?

Wt = 0) = ug <x§> (1.11)
Avant tout, quelques remarques sur I’échelle choisie pour la viscosité dans 1’équation
(1.10) s’imposent : en effet, le terme de diffusion est du méme ordre de grandeur que
la taille des hétérogénéités, soit . Comme on le verra, cela entraine que la diffusion
agit principalement au niveau microscopique. D’un point de vue mathématique,
I'introduction du terme de viscosité est artificielle, et a pour but de simplifier I’étude
des problémes microscopiques; mais dans la mesure ou la viscosité n’a aucun effet
a une échelle macroscopique, les preuves d’homogénéisation a proprement parler se
rapprochent de celles mises en ceuvre pour des lois de conservation ou des équations
de transport hyperboliques, comme (1.1) ou (1.3).

Nous verrons qu'’il est possible pour 1'équation (1.10) de mener une étude ex-
haustive du comportement asymptotique de la suite u®; les résultats d’homogénéi-
sation que nous démontrerons dans ce contexte se rapprochent sans doute plus des
propositions 1.2.2 et 1.2.3 que de la proposition 1.2.1. En effet, sous certaines condi-
tions sur le flux A et la condition initiale, nous montrerons qu’il existe une fonction
v:Y X R — R, unique solution d’une équation microscopique, telle que

x
u (t,z) —v (—,a(t, x)) 2 0 dans L.
€ e—
De plus, la fonction u peut étre identifiée de facon univoque comme I'unique solution
d’un probléme homogénéisé. En ce sens, ce résultat rappelle celui de la proposition

1.2.3.
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Dans la partie suivante de cette introduction, ainsi que dans les chapitres 2,
3, et 4 de ce mémoire, nous expliquerons les principales étapes du processus d’ho-
mogénéisation de I’équation (1.10). En particulier, nous montrerons I'existence de
solutions stationnaires bornées de I’équation (1.10), ce qui permettra d’une part
d’obtenir des bornes a priori dans L pour la famille de solutions (u®), et d’autre
part, de construire une formulation cinétique pour I’équation (1.10), basée sur ces so-
lutions stationnaires. Soulignons que cette notion de formulation cinétique peut étre
transposée a I’équation (1.1); cette construction sera la clé du processus d’homogé-
néisation de I’équation (1.1). Ainsi, I’étude du probléme simplifié (1.10) a abouti &
la mise en place de techniques adaptées aux problémes d’homogénéisation de lois de
conservation scalaires ; par la suite, ces méthodes ont pu étre appliquées avec succeés
dans le cadre de ’équation (1.1).

Enfin, la présence du terme de viscosité dans I’équation (1.10) a permis d’aborder
de nouvelles questions d’homogénéisation ; en particulier, nous mettrons en évidence
un phénomeéne de couche initiale pour I’équation (1.10). Ce type de phénomeéne se
produit lorsque la condition initiale uy n’est pas adaptée au profil microscopique dicté
par l'équation, c’est-a-dire lorsque I’équation (1.9) n’est pas vérifiée par exemple,
dans le cas de 'équation (1.1). Dans le cas hyperbolique, il est certainement trés
difficile de traiter en toute généralité ce type de question. Mais dans le modéle
parabolique choisi ici, on peut montrer, au moyen d’estimations fines, un résultat
d’homogénéisation pour des données mal préparées.

Les techniques d’homogénéisation développées pour 1’équation (1.10) ont ensuite
permis d’attaquer ’homogénéisation de I’équation (1.1) sous un angle nouveau, et
ainsi de généraliser significativement les résultats de la proposition 1.2.1. En parti-
culier, nous verrons que sans restriction de structure sur le flux A, il est possible de
définir pour I’équation (1.1) une notion de probléme limite, qui se compose d'une
équation microscopique et d'une équation d’évolution mélant les variables macrosco-
piques et microscopiques. De ce point de vue, le résultat présenté dans cette these
se rapproche fortement de la proposition 1.2.1. La différence majeure réside dans
le fait que le probléme limite est en général un probléme cinétique, qui ne peut se
réduire a une loi de conservation. Nous expliquerons cela plus en détail par la suite.
Le résultat de la proposition 1.2.1 est donc un cas particulier pour lequel la forme
du probléme limite est assez simple.

Dans le dernier chapitre de ce mémoire, nous aborderons également un probléme
d’homogénéisation d’équations de transport linéaires dans un cadre stationnaire er-
godique ; cette étude est complétement indépendante de celle des lois de conservation
scalaires, bien qu’il s’agisse toujours de caractériser le comportement asymptotique
de solutions d’équations d’évolution avec des coefficients fortement oscillants. Consi-
dérons la solution f¢ de I’équation de transport

1
(9tf€(t,l',£,W) + 5 ' fo5<t,$,€,w> - gvyu (§7W> ’ V€f€(t,.’ﬁ,£,W) = 07
t>0, r e RV, £ e RN weq,
e(t — _ L
f (t - Oal‘7§aw) - fO <l’, €7€7w) .
(1.12)
Ici, (2, P) est un espace de probabilités muni d’un groupe ergodique de transfor-
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mations invariantes (7,),eg~. La fonction fo = fo(z,y,§, w) est stationnaire en (y, w)
presque partout en x, £, et la fonction u € LOO(RQ’ x ) est stationnaire. Cette équa-
tion décrit I’évolution de la densité d’un ensemble de particules chargées soumises a
un champ électrique aléatoire fortement oscillant, dérivant du potentiel u(x/e,w).

Cette équation avait été étudiée, dans un cadre périodique, par Emmanuel Fré-
nod et Kamel Hamdache dans [33]. L’enjeu était donc ici de généraliser les résultats
de ces auteurs & un cadre stationnaire ; dans un premier temps, il est apparu préfé-
rable de ne pas tenter d’utiliser les mémes techniques que dans le cadre périodique,
afin de s’affranchir des problémes de compacité inhérents au cadre stationnaire. Ce
changement de stratégie s’est révélé fructueux, puisque les résultats obtenus dans
I'article [16], qui seront décrits au chapitre 6, sont plus fins que ceux de [33]. En
particulier, nous verrons qu’il est possible de démontrer un résultat de convergence
forte, tandis que le résultat de [33] ne donnait que la convergence faible de la suite
f¢. En effet, nous montrerons qu’il existe une fonction f = f(¢,z;7,y,&,w) telle que
lorsque € — 0

5 tx 1
fet,z, & w) — f (t,x; o g,f,w> — 0 dans L.

Les oscillations microscopiques en espace donnent ainsi naissance & des oscillations
microscopiques en temps, qui ne disparaissent pas lorsque t/e — oc.

Dans ce chapitre d’introduction, la troisiéme partie est consacrée a 1’équation
(1.10), et la quatriéme a I’équation (1.12). Pour chaque modéle, on tachera d’exposer
dans les grandes lignes les principaux résultats et les méthodes de preuve.

1.3 Homogénéisation de lois de conservation sca-
laires

Dans cette partie, on décrit briévement les résultats qui ont trait a I’homogénéi-
sation des équations (1.1) et (1.10). Certaines des preuves de ce mémoire de thése
sont inspirées de techniques de [24, 27|, ou reposent sur des techniques introduites
dans [24]; néanmoins, I'analyse de I’équation (1.10) est facilitée par la présence
du terme de viscosité, ce qui permet une meilleure caractérisation des problémes
microscopiques. Ainsi, il sera possible de découpler les échelles macroscopiques et
microscopiques des problémes limites pour I’équation (1.10), tandis que dans le pro-
bléeme (1.5), la moyenne de u ne vérifie pas d’équation remarquable. En d’autres
termes, il n’y a pas véritablement pour (1.3)-(1.4) de probléme homogénéisé. Bien
évidemment, il n’y a donc pas non plus de probléme homogénéisé pour ’équation
(1.1), puisque (1.3) en est un cas particulier.

1.3.1 Présentation formelle

Afin de trouver la forme des problémes limites pour (1.1), (1.10), on postule un
développement asymptotique multi-échelles en puissances de e, appelé « Ansatz ».
Ce type de méthode est classique en théorie de I’homogénéisation ; on pourra par
exemple se référer a (9, 44, 12].



10 Introduction

Ici, on commence par prendre un développement du type
x x
uf (t, z) = u’ (t,x, —) + eul (t,x, —) + e (1.13)
€ €

ou chaque terme u'(t, z,y) est périodique en y.

Autant que possible, nous ménerons simultanément les calculs pour 1’équation
(1.1) et pour 'équation (1.10), de fagon a souligner les différences entre les deux
types de comportements asymptotiques. Afin d’éviter les confusions, nous noterons
u’ les termes du développement asymptotique pour la solution de (1.10), et v* ceux
du développement pour la solution de (1.1).

On insére le membre de droite de (1.13) dans I’équation (1.10) (respectivement
(1.1)), on effectue un développement limité dans lequel on identifie les puissances de
£. On obtient ainsi une cascade d’équations sur les termes successifs du développe-
ment (1.13). Le but de ce calcul est d’identifier les fonctions u® et v°.

Dans le cas de 1’équation (1.10), on trouve, pour le terme d’ordre e~', une équa-
tion elliptique, dite « équation de la cellule », qui régit le comportement microsco-
pique de 1Y :

1

—Au + div, Ay, u") = 0.

On remarque que les variables t, z sont des paramétres de ’équation précédente ; un
résultat d’existence et d’unicité pour cette équation elliptique, qui sera énoncé et
démontré plus tard, entraine que

ul(t, x,y) = vy, a(t, ), (1.14)

ot ﬂ(t,x) = <U0(t,l‘,')> et v = U(y7p) < H;er
I’équation elliptique

—Ayo(y,p) +div,A(y,v(y,p)) =0, (v(-,p)) =p. (1.15)

Admettons provisoirement l'existence et l'unicité des solutions de l’équation
(1.15) ; le profil microscopique (c’est-a-dire la dépendance en y) de la fonction u°
est alors complétement identifié grace a la formule (1.14). Il ne reste donc plus qu’a
trouver une équation (bien posée) sur @ pour définir la fonction u® de fagon uni-
voque. L’équation sur u (encore appelée « probléme homogénéisé ») est obtenue en
calculant le coefficient en facteur de €° dans le développement asymptotique ; mais
avant cela, écrivons I’équation de la cellule pour le probléme hyperbolique (1.1).

Dans le cas de 'équation (1.1), on trouve que v° vérifie I'équation

(Y), y € Y, p € R est solution de

div, A(y,v°) = 0.

La situation est alors beaucoup plus compliquée : en effet, les solutions entropiques
d’une telle équation ne sont pas uniques en général, comme le montrent des exemples
en dimension un (voir [49] et les calculs dans le cas ou A(y,v) = |[v|* — V(y)). Par
ailleurs, l'existence de solutions de cette équation est un probléme ouvert des que
N > 2 et que le flux n’est pas a divergence nulle. Notons que si le flux est a divergence
nulle, les constantes sont solutions de I’équation ci-dessus, mais en général, il peut
y avoir d’autres solutions. Dans le cas hyperbolique, I’équation de la cellule ne suffit
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donc pas a caractériser le comportement microscopique de v°. Nous ne présenterons
pas ici le calcul des termes suivants du développement, car ceux-ci n’apportent pas
véritablement de lumiére sur le comportement macroscopique de v°. Il apparait donc
clairement ici que le cas hyperbolique est nettement plus difficile a traiter que le cas
parabolique avec viscosité évanescente.

Retournons a présent au cas de I’équation (1.10), et calculons le terme suivant
du développement. Le terme d’ordre £° donne le comportement macroscopique de
u’ ; précisément, on trouve

N

ou° 8Ai(y,u0) - 1 - 0 0 a 0 (0A; 0y, 1
ot T 21 3—x2 =St 2; 3%3%“ N 121 Ay <W(y,u o ) - {L16)

1=

En prenant la moyenne de cette équation sur une cellule, on fait disparaitre tous les
termes qui comportent des dérivées microscopiques ; de plus, l'identité (1.14) donne
finalement 1’équation sur u :

{ Oy + div, A(u) = 0, (117)

u(t =0,z) = (up(z,-)),
ott le flux A est donné par

A(p) = <A(,U(,p))> , DE R.

Le terme u° est ainsi parfaitement identifié¢ ; 'équation (1.16) permet ensuite, si
besoin est, de connaitre le profil microscopique de «!. Néanmoins, ce procédé souléve
une question non triviale : que se passe-t-il lorsque l'identité (1.14) n’est pas vérifiée
a l'instant ¢ = 07 En effet, a ¢t = 0, ’Ansatz (1.13) donne

Wt =0,2,y) = uo(z,y),

et il se peut que wug(z,y) ne soit pas de la forme v(y, uy(z)). On parle en ce cas de
donnée initiale « mal préparée », et on s’attend alors a ce qu’il se forme une couche
initiale durant laquelle la solutions u® de (1.10) s’adapte au profil microscopique
dicté par 'équation (1.10), c’est-a-dire (1.14). Des oscillations microscopiques en
temps se forment, et la contradiction avec I’Ansatz (1.13) est levée en remplagant
(1.13) par

t
uf(t, z) = u° (t,x,—,g) + eu? (t,az,g) + e (1.18)
e e €

Le terme d’ordre e~! donne alors une équation d’évolution parabolique au niveau
microscopique (c’est-a-dire dans les variables 7,y) sur u°® = u°(¢t, z,7,7) :

o’ + div, Ay, u°) — Ayu® = 0. (1.19)

On montrera que la parabolicité de cette équation force la convergence en temps
long vers un état stationnaire, ¢’est-a-dire une solution de I’équation elliptique (1.15).
Ainsi, aprés un laps de temps de l'ordre de quelques €, tout se passe comme si la
condition initiale avait été bien préparée, et I’Ansatz (1.13) est de nouveau valide.
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Le chapitre 4 est entiérement consacré a cette question, et nous ne reviendrons pas
dessus dans cette introduction.

Notons que les résultats de Weinan E dans |24, 25|, et Weinan E et Denis Serre
dans [27] sont valables & condition que les données initiales soient bien préparées.
Dans le cas hyperbolique, le traitement des couches initiales dans le cas de données
bien préparées semble beaucoup plus compliqué; des hypothéses de non linéarité
sur le flux sont certainement nécessaires. En effet, si I’équation est linéaire, les os-
cillations ont tendance a se propager sans se dégrader, et il n’y a donc pas d’espoir
d’arriver au méme type de résultat. A cet égard, signalons que le dernier chapitre de
cette thése, qui porte justement sur 'homogénéisation d’une équation de transport
linéaire, met en évidence un phénoméne d’oscillations microscopiques en temps dans
un cas de données mal préparées; ces oscillations microscopiques sont propagées
par I’équation, et ne disparaissent pas lorsque la variable microscopique de temps
tend vers l'infini. Dans le cas de flux non linéaires, peu de résultats sont connus; les
premiéres études remontent aux travaux de Peter Lax dans [48], dans le cas d’un
flux homogeéne strictement convexe en dimension un, avec une condition initiale os-
cillante. Ce résultat a ensuite été redémontré, et généralisé au cas de la dimension
deux, par Bjorn Engquist et Weinan E dans [28]|. Un résultat analogue (en dimension
un) est également démontré par Constantine Dafermos dans [13]. Enfin, des travaux
de Denis Serre dans [65], et de Debora Amadori et Denis Serre dans [5], toujours
dans le cas de la dimension un, traitent de problémes analogues.

Dans les sous-parties suivantes, on donne les principaux résultats ayant trait a
I’homogénéisation de (1.10) et (1.1).

1.3.2 Reésultats dans le cas parabolique avec viscosité évanes-
cente

Dans cette sous-partie, on commence par énoncer un résultat d’existence et d’ uni-

cité pour I’équation (1.15), et une description du comportement en temps grand des

solutions de (1.19), avec quelques éléments de preuve. Enfin, on donne le résultat

d’homogénéisation pour les solutions de (1.10), pour lequel on donne un schéma de
démonstration dans la sous-partie 1.3.4.

A Probléme de la cellule
Théoréme 1. Soit A € W25, (Y x R)V.
On pose

0A; . )
ai(y,p) = a—p(y,p), 1<i<N, anu(y,p) = —div,A(y,p).

On suppose qu’il eziste des réels Co > 0, m € [0,00), n € [0, %) si N > 3, tels
que pour tout (y,p) €Y x R

lai(y, p)| < Co (1 + [p[™) 1<i<N, (1.20)

lan1(y,p)| < Co (1 + [p["). (1.21)
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Alors pour tout p € R, il existe au plus une solution v(-,p) € H;ET(Y) de ’équa-
tion (1.15).

Supposons en plus de (1.20),(1.21) que 'une au moins des conditions suivantes
est vérifice :

m=0 (1.22)
ou bien 0<n<1 (1.23)

N +2
ou bien n < min (T+’ 2> et Ipo € R, Yy € Y an41(y,po) = 0. (1.24)

Alors pour tout p € R, il existe une (unique) solution v(-,p) € H},(Y) de (1.15).

En outre, pour tout p € R, v(-,p) appartient a Wjég(Y) pour tout 1 < g < 400
et vérifie [’estimation suivante pour tout R > 0 :

v, P)llwzery <C Vp R, [p| < R, (1.25)

et la constante C' ne dépend que de N, Y, Cy, m, n, q et R.
Enfin, la famille (v(y,p))p € R est croissante en p :

Vp,p' eR, Yy eY, p<p =u(yp) <v(yp). (1.26)

Donnons a présent quelques éléments pour la preuve du théoréme 1 . L’estimation
(1.25) découle de résultats de régularité combinés avec un argument de « boot-
strap ». L’unicité est une conséquence d'un principe du maximum fort pour les
équations elliptiques. Le point le plus problématique, et dont la résolution n’est pas
encore entiérement satisfaisante, réside dans I’obtention d’estimations a prior: dans
H]..(Y) pour équation (1.15), en vue de la preuve de Pexistence de solutions. Les
estimations a priori peuvent étre obtenues de trois fagons différentes, ce qui explique
la présence des trois régimes d’hypotheéses (1.22)-(1.24). Dans le cas ou I'hypothése

(1.22) est vérifiée, il suffit de linéariser I’équation (1.15) en écrivant

Ay, v(y,p)) = Ay, 0) + v(y,p)b(y),

avec b € L®(Y)" grace a 'hypothese (1.22). Les estimations dans H},.(Y') sont alors
obtenues par des méthodes classiques.

Dans le cas ou I'hypothése (1.23) (ou I'hypothése (1.24)) est vérifiée, on multiplie
I'équation (1.15) par v et on intégre par parties; en utilisant (1.21), et en posant

Bi(y,w) = / Ai(y,p+r)dr pour 1 <i < N,
0

i(y,p) = v(y,p) —p € HY (Y), () =0,
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on obtient successivement

/|Vﬂ|2 dy = /A(y,p—i-ﬁ)'Vﬂdy (1.27)
Y Y

-3 [ L) a3 P

=1

=0

u(y)
= // an1(y,p+r)dr
vy Jo

u(y)
e / / (1+ (lp| + 1)) drdy
~ Y JO . . ] .
Villay < ©(@+ D3l + llill;En ) (1.28)

Si n < 1, on obtient immédiatement une estimation H! sur @ (et donc sur v) grace
a l'inégalité de Poincaré-Wirtinger. Il ne reste donc plus qu’a examiner le cas de
I'’hypothése (1.24); en ce cas, on a v(y,py) = po d’aprés le résultat d’unicité. De
plus, d’aprés (1.26),

0y p) — vy, po)llz1v) = sgn(p — po) /Y [0(-,p) — v, po)] = |p — pol,

et donc
()2 vy < (Ipol + [P — pol) -

On a ainsi obtenu une estimation a priori L' sur v. Pour des exposants n suffisam-
ment « petits », on interpole ensuite L™ entre L! et L% ou

2N ) .
qQo = N3 si N > 2, qo quelconque sinon.

L’exposant critique dans (1.24) est exactement celui nécessaire pour obtenir une
estimation H' de cette fagon (on rappelle 'injection de Sobolev H! (Y) C L®(Y)).

per

O]
B Homogénéisation
Théoréme 2. Soit uy € L, (RY;Cper(Y)).
On suppose qu’il existe des constantes 31, 2 € R telles que
u(y, B1) <uolz,y) <v(y,B2) pp.zeRY,yeY. (1.29)
On suppose toujours que le flur A € W;éfjoc(Y x RN wérifie (1.20),(1.21), ainsi que

loc
yeYetl<i<N+1,1<j5<N.
Alors pour tout T >0, R >0

’ u(t,x) — v <§,ﬂ(z€,x)>

(1.22),(1.23) ou (1.24), et que gzj € L2 (Y xR), 0ya;(y,-) € C(R) pour presque tout

— 0 lorsque e — 0,
L1((0,T)x BR)
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ot u est la solution du probléme homogénéisé (1.17) avec pour donnée initiale

u(t =0,2) = up(x) = (up(x,-)) .

Ce théoreme est valable pour des données initiales bien préparées ou mal pré-
parées. Nous donnerons dans la partie 1.3.4 quelques éléments de preuve pour les
résultats d’homogénisation, pour le cas parabolique et pour le cas hyperbolique si-
multanément, dans le cas de données bien préparées.

1.3.3 Résultats dans le cas hyperbolique

Dans cette partie, nous nous contenterons de donner des résultats dans le cas
d’un flux a divergence nulle, afin de simplifier la présentation. Toutefois, tous ces
résultats peuvent étre généralisés a des flux quelconques. On renvoie au chapitre 5
pour des énoncés précis dans le cas ol le flux n’est pas a divergence nulle.

On commence par donner une notion de probléme limite dans le cas hyperbolique.
Comme nous 'avons déja souligné, le probléme limite est un probléme cinétique
par essence; celui-ci est a rapprocher de la formulation cinétique pour les lois de
conservation scalaires, mais ne peut cependant pas se réduire & une équation de
type loi de conservation. On donne ensuite un résultat d’existence et d’unicité pour
ce probléme limite, et enfin on donne un résultat de convergence pour la famille u®
de solutions de (1.1).

On introduit la fonction y : R* — {—1,1,0} définie par

1 si0 <o <uw,
X(v,u):=¢ =1 siu<wv<O,
0 sinon.

Définition 1.3.1 (Solutions du probléme limite). Soit f € L>(]0,00), L'(RY x Y x
R)), ug € L' N L®°(RYN x Y). On dit que f est une solution cinétique généralisée
du probléme limite, avec donnée initiale x(§,uo), s’il existe une distribution M €
D! ([0,00) x RN x Y x R) telle que les propriétés suivantes soient vérifiées :

per

1. Support compact en & : il existe une constante K > 0 telle que
Suppf, SuppM C [0,00) x RY x Y x [~ K, K]; (1.30)
2. Equation microscopique : f est solution au sens des distributions de I’équation

div, (a(y, &) f(t, 2, ,€)) = 0. (1.31)

3. Equation d’évolution : le couple (f, M) est solution au sens des distributions
de [’équation

Of +a(y.€) - Vof = M,
{ F(E=0,2,9,) = (&, uo(z,)) = folz,y,€); (1.32)
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Autrement dit, pour toute fonction test ¢ € Dper([0,00) x RN x Y x R), on a

t/l/ £ 2,9,€) {008, 2,5.€) + aly,€) - Voot 2,y,€)} didedyde =
0 JRN XY xR

= - <¢7M>D,D’ - /RN y RX<€7u0<x7y))¢(t = O7x7y’§) dr dy df

4. Contraintes sur f : il existe une mesure positive v € M}, ([0,00) x RN x Y x R)

telle que -
Oef =468 —v, (1.33)
sgn(&) f(t, z,y,8) = [f(t,z,y, ] <1 pp (1.34)
1 T
2196 = filliarasen ds = 0. (1.35)

5. Contrainte sur M : pour toute fonction ¢ € D([0,00) x RY telle que ¢ > 0,
la distribution M x;, ¢ appartient o C([0,00) x RN L2(Y x R)), et de plus

{ fYX]R (M *tx @) ( ) L, ) w S 07 (1 36)
Vi€ L2 (Y x R), div,(ath) =0, et deib > 0. '

loc

L’existence et 'unicité de solutions du systéme limite est assurée par le théoréme
suivant :

Théoréme 3. Soit A € W= (Y x R) tel que div,A = 0.

per,loc

1. Emistence : soitug € L®(RY XY )NLY(RY,C,er(Y)) telle que I'équation suivante
soit vérifiée au sens des distributions :

divy (a(y, §)x (&, uo(z,y))) = 0.

Alors il existe une fonction f, solution cinétique généralisée du probléme limite,
avec comme donnée initiale x (&, uo).

2. « Rigidité » : soit ug € LN LYRY xY), et soit f € L>=([0,00), L}{(RY x Y x
R)) une solution cinétique généralisée du probléme limite, avec comme donnée
initiale x(&,ug). Alors il existe une fonction u € L>®([0,00); LY(RY x Y)) N
L>®([0,00) x RY x Y) telle que

f(t,2,9,€) = X(&, ult, 2,y))  presque partout.

3. Unicité et principe de contraction : soit ug,vg € LN LY RN xY), et soit f, g
deux solutions cinétiques généralisées du probleme limite, avec comme données
initiales x(&,ug) et x(&,vo) respectivement. Alors pour tout t > 0, on a

(@) — gl 1@y xy xr) < ||uo — vol| L@ xy)- (1.37)

Par conséquent, pour tout uy € L™ N LY(RY,Cpe(Y)), il existe une unique fonction
f e L>([0,00), LY(RY x Y x R)) solution cinétique généralisée du probleme limite.
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Ce théoréme sera démontré en détail au chapitre 5.
Passons a présent au résultat d’homogénéisation :

Théoréme 4. Soit A€ W>> (Y x R). On suppose que

per,loc
diVyA(% g) = 0 v(yv 5) 6 RN+1a

et on suppose que la condition initiale uy vérifie les conditions suivantes :

uy € L®(RY x Y), (1.38)
ug € LY(RY, Cper(Y)), (1.39)
divy (a(y, §)x(& uo(z,y))) =0 dans D' (1.40)

Soit f = x(&,u) Uunique solution cinétique généralisée du probleme limite, avec
comme donnée initiale x (&, ug). Alors, lorsque e tend vers zéro, on a

X uf (t, 7)) * X X (€ ult,z,y)). (1.41)

Par conséquent, pour tout noyau régularisant ©° de la forme

1 T
SN N
90(‘/1:)_5_]\7%0(5)7 $€R75>07
avec p € DRY), [ =1,0< ¢ <1, et pour tout compact K C [0,00) x RN, on a
la convergence suivante :

lim lim
0—0e—0

L (1.42)

U (t,x) — u kg @0 <t, x, E) ‘
5

1.3.4 Techniques d’homogénéisation pour les lois de conser-
vation scalaires

Dans cette partie, on donne une méthode pour démontrer les résultat d’homogé-
néisation des théorémes 2 et 4. Cette technique avait initialement été mise en ceuvre
dans larticle [19] pour I'homogénéisation de ’équation (1.10), et est décrite en dé-
tail dans le chapitre 3. Appliquée ensuite a ’équation (1.1), elle a permis de définir
une notion de probléme limite dans le cas hyperbolique (voir 1.3.1) et de donner
un résultat de convergence. L’idée maitresse est d’écrire une formulation cinétique
adaptée a 1’équation que 'on désire homogénéiser, et de passer ensuite a la limite
a deux échelles dans 1’équation de formulation cinétique. Elle se distingue donc des
preuves d’homogénéisation mises en ceuvre par Weinan E dans [24] et par Weinan E
et Denis Serre dans [27], puisque les preuves de ces deux articles reposent sur I'utili-
sation des mesures d"Young & deux échelles, une notion introduite par Weinan E dans
[24]. L’utilisation de formulations cinétiques plutét que des mesures d’Young permet
d’écrire des preuves plus simples et plus souples, et il est possible que cette technique
puisse étre transposée a d’autres équations d’évolution admettant des formulations
cinétiques, dans le but d’étudier des phénoménes d’oscillations.
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Dans toute cette partie, on se concentrera sur le cas de données bien préparées, et
on traitera simultanément ’homogénéisation de I’équation (1.1) et celle de I'équation
(1.10). Afin de ne pas compliquer la présentation, on n’explique pas ici 'obtention
des formulations cinétiques pour les équations (1.1) et (1.10), et on renvoie a 'article
[15] pour la formulation cinétique de (1.1), et a Particle [19] (ou au chapitre 3) pour
celle de (1.10).

Le résultat est le suivant : soit u® (resp. v°) la solution entropique de I’équation
(1.1) (resp. (1.10)), avec pour données initiales

u*(t =0,2) = ug (m, E) ,
€

Vit =0,z) = v (g,%(@) . 7o € Lo(RY).

On suppose de surcroit que wug vérifie (1.38)-(1.40). On définit, pour ¢ > 0, les
fonctions

[t x,p) = x(p,ui(t,x)),
ge(t7$7p> = 1@(%,p)<ve(t,z)’

. . ov /x
g (t7x7p) =g (taxap)a_p (gvp> .

Alors il existe des mesures positives m®(t,x, p), p°(t,z,p) telles que les équations
suivantes soient vérifiées au sens des distributions :

% “ 4 8‘1 (ai (g,p> fa(t,x,p)> - a(;zf (1.43)
7ot =0,2.p) = x (p.uo (= g)) , (1.44)
O () ) - d =2
Gt =0,2.) = Ly ) cofemp(e) = Iocinto) (1.46)

Dans la derniére ligne, on a utilisé le fait que la condition initiale pour v* est
bien préparée.

L’idée est de traduire les résultats de convergence forte énoncés dans les théo-
rémes 2, 4, par un résultat de convergence a deux échelles (donc de convergence
faible) pour les suites f¢, g°. Rappelons tout d’abord la notion de convergence a
deux échelles, formalisée par Grégoire Allaire dans [3], d’aprés une idée de Gabriel
N’Guetseng (voir [56]) :

Proposition 1.3.1. Soit {w®}.~q une famille bornée de L*(2), ou Q est un ouvert
quelconque de RN . Alors il existe une suite (€,)nen de nombres strictement positifs
tendant vers 0, ainsi qu’'une fonction v° € L*(Q x Y), telles que

X ( ﬁ) wi(e) de — [ bl yp(e.y) de dy

n QxY

pour tout 1 € Cper(Y, L2(Q)).

On dit alors que la suite {w®™ },en converge a deux échelles vers vy.
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Ce concept est aisément généralisable & des familles de fonctions bornées dans
L>((0,00) x RY x R); les fonctions test oscillantes considérées seront alors du type

(8 (t, z, f,p) ;
£
avec 1) € Dper([0,00) xRV x Y xR,). Il existe donc deux suites (£, )nen €t (€],)nen, ten-
dant vers 0, ainsi que des fonctions f = f(t,z,y,p), g = g(t,x,y,p) € L=((0,00) X
RY x Y x R), telles que la suite f* (resp. la suite g°=) converge a deux échelles vers
f (resp. g). Par souci de simplicité, on note f, ¢° les suites fr, g°n.
On peut alors démontrer que le résultat de convergence forte du théoréme 2 est

équivalent a
2 éch.
ge - 1v(y,p)<v(y,ﬂ(t,x) = 1p<ﬂ(t,x)u

et que le résultat de convergence forte du théoréeme 4 est équivalent a

2 éch.
I ="x(p,u(t,z,y)).

Le but est a présent de passer a la limite dans les équations (1.43), (1.45), afin de
montrer que f est une solution cinétique généralisée du systéme limite (1.32), et que
g = 1,4, ot w est 'unique solution entropique du probléme homogénéisé (1.17).

Pour cela, on commence par démontrer que f et g vérifient les conditions sui-
vantes :

sen(f)=1fI<1 p.p., (1.47)
Opf =6(p) —1i(t,x,y,p), v mesure positive. (1.49)

et

0<g<1 pup, (

g(t,z,y,p) =0 sip > supiy, (1.51
g(t,r,y,p) =1 sip < infdp, (
(

0,9 = —1»(t,x,y,p), V2 mesure positive.

Ces propriétés sont obtenues par passage a la limite faible dans des propriétés ana-
logues vérifiées par f° et ¢°; elles sont démontrées en détail aux chapitres 3 et 5.

Ensuite, on étudie les profils microscopiques de f et ¢g. A cette fin, on choisit des
fonctions tests du type ¢° = (¢, z, x/e, p) dans les équations (1.43) et (1.45), et
on passe a la limite a deux échelles. Grace aux bornes sur m?, u° et f¢, ¢, tous les
termes qui comportent au moins une dérivée macroscopique de ¢ (c’est-a-dire, en ¢,
x, ou p), tendent vers 0 quand € — 0, et il ne reste que les termes qui ne comportent
que des dérivées microscopiques (en y) de 1. On obtient ainsi

div, [a(y, p) f] = 0,
ce qui signifie que f est solution de I’équation microscopique (1.31), et

ov ov

-4, {gp(y,p)g} + div, {a(y,v(y,p))a—p(y,p)g = 0.
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L’équation sur f n’est pas suffisante pour déterminer de facon univoque le pro-
fil microscopique de f. En revanche, on peut montrer que dv/Jp est une mesure
positive, solution de I’équation

-, |G| i, [atos o) o) =0

En utilisant le théoréme de Krein-Rutman, on en déduit que la fonction que g est
indépendante de y. Donc g = g(t, z, p).

Enfin, on montre que f et g sont solutions des équations cinétiques ad hoc;
commencons par le cas de g, qui est un peu plus simple. On prend a présent pour
I'équation (1.45) des fonctions tests qui n’ont plus d’oscillations en z /e ; autrement
dit, on passe a la limite faible dans 'équation (1.45). A extraction d'une sous-suite
prés, il existe une mesure positive m(t, z,p) telle que u° converge faiblement dans
M! vers m, et g est donc solution de 1’équation d’évolution

af _ Om

E"‘C—L(p)'vxf— £

On a utilisé les propriétés

d
vp(Y, P dy:—/vy,p dy =1,
[ oty =4 [ op

memmM@mwz%lﬁmwwm@:%mm:m»

Cette équation, combinée avec les propriétés (1.47)-(1.49), entraine grace a un
théoréme de rigidité di & Benoit Perthame (voir [58, 59]) que f est une fonction
indicatrice :

= 1pcaita)
ot 4 € C([0,00), LL (RY)) N L>=(][0,00) x RY) est 1'unique solution entropique de

loc

(1.17). Le résultat est donc démontré pour g.

Pour f, la preuve est un peu moins simple, car il faut montrer que la distribution

M = z—f +aly,p) - Vaf
t

vérifie les hypotheses de la définition 1.3.1; or le lien entre régularisation par convo-
lution et convergence a deux échelles est assez compliqué, et il faut donc utiliser des
fonctions tests un peu particuliéres. On renvoie au chapitre 5 pour la construction
de ces fonctions tests.

Ici, nous allons nous contenter de donner une preuve formelle du résultat, en
partant du postulat suivant : pour ¢ € D([0,00) x RY), ¢» > 0, et pour ¢ €
Ly (Y x R,) telle que 0,¢ > 0, div,(ag) =0, on a

loc

/ / M(t, z,y,p)(t, 2)(y, p) dt do dy dp
0 RN xY xR

_ l%AmAN+1{aaig +a(§,p> -vxfs}zp(t,mm (g,p> dt dz dp.
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Cette égalité n’a pas vraiment de sens telle qu’elle est écrite ici, mais on peut
rendre cette formulation rigoureuse avec des régularisations; on utilise ici le fait
que div(a¢) = 0. En utilisant ’équation sur f¢, on en déduit que

/ / M(t, 2,9, p)ilt, 2)6(y, p) dt de dy dp
0 RN xY xR

. & oms x
~ lim / /W olt,2)6 (2,p) dt e dp

_ —211%/ /RNH b(t,z) p¢< )dtdxdp

<

Ci-dessus, on a utilisé les inégalités m® > 0, d,¢ > 0, ¥» > 0. Donc M vérifie
la condition de la définition 1.3.1, et f est une solution cinétique généralisée du
probléme limite. D’aprés le théoréme 3, on en déduit qu’il existe une fonction u telle
que f = x(p,u), ce qui entraine le résultat du théoréme 4.

1.4 Homogénéisation d’une équation de transport
linéaire

Cette partie est consacrée a 'étude de la famille {f°}.-o de solutions de (1.12).
Afin de simplifier la présentation, on se limite dans cette introduction au cas pério-
dique, c’est-a-dire que 1’on suppose que le potentiel u appartient a Cger( N, et que
la condition initiale fo appatient a Lj,. .. (RY x Y x R}Y). Néanmoins, tous les ré-
sultats de cette partie peuvent étre généralisés au cas stationnaire, comme cela sera
expliqué en détail au chapitre 6. Comme pour ’étude des équations (1.1), (1.10), on
commence par postuler un développement formel en puissances de € afin de trouver

le systéme limite, puis on donne un résultat de convergence forte du type
t x
f&‘_f (trra_)_ag) —0
g€

fortement dans L ., avec f solution du systéme limite.

Ce type de comportement asymptotique avait été étudié par Emmanuel Frénod
et Kamel Hamdache dans [33] dans un cadre périodique ; dans cet article, les auteurs
démontraient un résultat de convergence faible pour la famille { f*}.~o. Le méme type
de systéme avait également été étudié par Radjesvarane Alexandre 2], ou encore par
K. Hamdache, Y. Amirat et A. Ziani [6]. Plus récemment, Laurent Dumas et Frangois
Golse [23] ont étudié 'homogénéisation d’une équation de transport avec des termes
d’absorption et de « scattering » (voir aussi [35]) ; on pourra également consulter les
méthodes exposées dans l'article de revue de F. Castella, P. Degond et T. Goudon
[11].

1.4.1 Etude formelle

On s’intéresse au comportement asymptotique de la famille {f¢}.-( de solutions
de (1.12). Comme précédemment, on commence par postuler un développement



22 Introduction

asymptotique en puissances de ¢, dont le but est de nous permettre de deviner les
problémes limites. On suppose que

Pt =1 (b, 2 ) +eft (b D)+

On insere ce développement dans ’équation et on identifie les puissances de €. On
obtient alors ’équation microscopique suivante :

5 : vyfo(yv ng) - Vyu(y, w) : vﬁfo(ya 5,&)) =0 (154)
Cela suggére la définition suivante :

Définition 1.4.1. On note K, et on appelle « espace de contraintes », l’espace vec-
toriel suivant :

K :={f € Lipper(RY x Y, L'(Q)); f vérifie (1.54) dans D, (Y x RY) p.s. en w}.

loc,per per

On note P la projection sur K ; pour f € L} (Rév x Y, L' (Q)) stationnaire quel-

loc
conque, la fonction P(f) est caractérisée par les propriétés

(i) P(f) € K;
(ii) Pour toute fonction g € L>®(Y X Rév x Q) NK, g de support compact en &,
on a

/RN Q(IP’(J”) — Ay, & w) gy, €, w) dEdP(w) =0 p.p. y € RV,

On définit enfin

K* = {f € Ly pr(RY x Y.L} ()); 39 € Ll (RY x Y, L'(Q), [ =P(g) - g}.

loc, per loc,per

Comme dans la partie précédente, il se peut que 1’équation (1.54) ne soit pas
satisfaite par la condition initiale f;. Comme l'équation (1.12) est linéaire, il est
utile d’écrire fy sous la forme

fo=P(fo) + [fo — P(fo)] ;

on pose go = P(fo), ho = fo — P(fo), et on note g%, h® les solutions de I’équation
(1.12) avec comme conditions initiales

0(=5). to(nZe)

respectivement. Alors on a f¢ = ¢°+h%, et gy € K, hy € K*, de sorte que la condition
initiale pour ¢° est bien préparée, et celle pour h® est mal préparée. On s’attend donc
a observer des oscillations temporelles rapides dans h®, mais pas dans ¢°.

Pour hf, on postule un développement du type

t
7) +€h1 (taxa_a
e

)

o | =+
o8

he(t,x,&) = h° <t,x,

o8
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et on trouve que
-hY + &V, —Vyu-Veh? = 0. (1.55)

Cette équation régit donc le comportement microscopique en temps de h®; contrai-
rement au cas parabolique étudié précédemment, cette équation préserve toutes les
normes LP, donc on ne s’attend pas a ce que

h°(1) — 0 dans Li,

lorsque 7 — o0. Il n’y a donc pas de disparition des oscillations temporelles micro-
scopiques dues a la mauvaise préparation de la condition initiale.

Passons a présent aux équations macroscopiques : pour g°, en postulant toujours
un développement du type

g (t,2,8) = ¢° (m«f) +eg" <t,:v, f) 4oee
€ €

on obtient
0’ +€- Vg +¢- Vygl - Vyu- Vyg1 =0.

Projetons a présent cette équation sur K ; on rappelle que grace a la premiére étape,
¢° € K presque partout. D’autre part, la projection P commute avec les dérivées en
t et en x. Par conséquent,

Enfin on vérifie (formellement) que
{¢- V' —V,u-Vug'} eK

On en déduit donc que
9ig” + &4y, €) - Vag” = 0 (1.56)

&(y,€) = P((y,6) — ).

Nous verrons plus tard que h® vérifie la méme équation de transport ; néanmoins,
il semble difficile de déduire cette équation de transport (pour h°) du développement
formel, et nous ne calculons donc pas le terme suivant du développement pour A°.

1.4.2 Reésultats

Dans [33], Emmanuel Frénod et Kamel Hamdache démontrent que la solution
f¢ de I'équation (1.12) converge & deux échelles vers une fonction f = f(t,z,y,¢&)
qui vérifie les équations (1.54), (1.56), avec f(t = 0,z,y,&) = P(fo)(z,y,£). Ici,
nous allons démontrer un résultat de convergence forte, mettant en évidence un
phénoméne d’oscillations microscopiques en temps, et apportant ainsi une vision
plus raffinée du comportement des solutions. Le résultat est le suivant :
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Théoréme 5. Soit fo € L, ,o(RY x RY X Y), et soit f = f(t,x,) la solution
de (1.12).
Alors il existe deux fonctions périodiques g = g(t,x,y,&) et h = h(t,z;7,9,§),
ainsi qu’une famille {ré(t,z,§)}eso telles que
fft,x, &) =g <t,x, g,f) +h (t,x; E, z,{) +7re(t, x, §);
€ e e
les fonctions g, h et la famille {r¢}.~o vérifient les propriétés suivantes :

— Convergence vers 0 du terme de reste : HT&HL}OC((O,OO)XRﬁxRéV) — 0 lorsque
e—0;

— Contrainte sur g : g € Lis,((0,00); Ly, e (RY X RY xY3)), et g(t, x) € K pour
presque tout t > 0, x € RV ;

— Contraintes sur h : h € Lg5.([0,00) x [0,00), Lj,. ,er(RY X Y x RY)). De plus,
h(t,z;7,-) € K+ pour presque tout (t,z,7) € (0,00) x RN x (0,00), et h est
solution de l’équation (1.55).

De plus, pour tout T' > 0

T
'/ h(t,x;f,f,s) it
0 g e

— Fquation d’évolution macroscopique pour g et h : g et h vérifient I’équation
(1.56), avec les conditions initiales :

g(t =0,7,y,8) = P(fo)(r,y,5),
h(t =0,2;7=0,9,8) = [fo — P(fo)] (z,9, ).

— 0 lorsque € — 0.
L}, (RY xRY)

Rappelons que ce résultat reste vrai dans un cadre stationnaire ergodique (voir
le chapitre 6) ; 'hypothése de périodicité n’est faite ici que pour simplifier la présen-
tation.

La méthode de la preuve est fondée sur la remarque suivante : pour ¢ > 0,
r,E RN, weQ ona

fe(t,z,&,w) = fo (5Y (z,z,f,w) Y (E, E,f,w) , = (z,z,f,w) ,w) ,
e € g € e €

ot (Y, Z) est le systéme Hamiltonien associé a H(y, &, w) = 1/2|&* + u(y,w) :

Y(tvy7€7w) = _E(tay7£7w)7 t > O
=ty &w) =VuY(ty w)w), t>0 (1.57)
Y(t=0,yw) =y, 2t =0,y &w) =& (y,&w) e RPNV x Q.

Ainsi, ’'étude du comportement asymptotique de f¢ méne naturellement a celle
de la limite en temps grand du systéme (Y, Z). La sous-partie 1.4.3 est consacrée
a l'analyse du systéme (Y, =), et on donne une ébauche de la preuve du théoréme
5 dans la sous-partie 1.4.4. Enfin, la derniére sous-partie traite du cas intégrable,
c’est-a-dire du cas ou N = 1.
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1.4.3 Etude d’un systéme hamiltonien

On étudie ici la limite en temps grand du systéme hamiltonien (Y, Z), solution
de (1.57) avec u fonction périodique de période T = [0, 1]V. On vérifie aisément que
pour tout y € T, £ € RN et k € ZV, (V,2)(-,y + k, &) et (Y (-, 4,8 + k,Z(-, %))
satisfont le méme systéme d’équations différentielles et la méme condition initiale.
Par conséquent,

Y(t,y, ) +k=Y(ty+k & Vt>0, (y,8) e R*N, keZ".

On peut donc considérer (Y,Z) comme un systéme dynamique sur T x RY, en in-
troduisant le semi-groupe

T (y.§) €Y xRV = (V(t.9.€).E(t.9.9))

ou Y (t,y,&) € Tet Y(t,y,&)—Y(t,y &) € ZN. Dapres le théoréme de Liouville, le
semi-groupe T} préserve la mesure de Lebesgue sur T x R,

Par ailleurs, on rappelle que le hamiltonien H(y, &) = 1[£|*> 4+ u(y) est constant
le long des trajectoires du systéme hamiltonien (Y, Z). Sans perte de généralité, on
choisit u € C2,,(T) de telle sorte que

per

inf = 0,supu = Upayx > 0.
u

Alors pour tout ¢ > 0, la mesure
dmc<y7 6) = 1H(y,£)<c dy df

est invariante par le semi-groupe 7;, et
me(T x RY) < C(2¢)

ou la constante C' ne dépend que de N.
On déduit alors du théoréme ergodique de Birkhoff (voir par exemple [66, 41]) le
résultat suivant :

Proposition 1.4.1. 1. Soitc > 0 quelconque, et soit f € LY T xRY dm,). Alors
il existe une fonction f € LY(T x RY, dm,) telle que lorsque § — oo,

N
2

< 400,

0
5| P00 200.9) dt = f0.. pp. et dans L (am,),

De plus, f est invariante par le flot hamiltonien (Y,Z) et

/ fdm,. = / fdm,.
TxRN TxRN

2. Soit f € Ly, 10(Y X RY). Alors, lorsque 6 — oo

per,loc

0
5 | 0002 00.0) d = POE, . et dans L),

ou P est la projection sur K (voir la définition 1.4.1).

On conclut cette sous-partie par un lien entre le systéme dynamique (1.57) et
I'équation (1.55). Soit ¢y € LL (T x R), et soit

o(t,y,8) = oo (Y(t,y,6),E(t,y,8)) t>0,yeT, R

Alors ¢ est 'unique solution de I’équation (1.55) avec la condition initiale ¢y.
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1.4.4 Eléments de preuve

On donne ici les principales idées de la preuve du théoréme 5. Le principe de base
est d’étudier séparément les données initiales qui ne dépendent que de la variable
macroscopique x et celles qui ne dépendent que des variables microscopiques ¥, &.
Une fois ces deux cas particuliers résolus, le cas général découle de la linéarité de
I’équation et d’un résultat de densité; on n’expliquera pas ce dernier point ici.

Premier cas : fo = fo(y,&) € Llloc(]RéV; L>(T))
On pose alors
f="P(fo),
g = 9(7—7 Y, 5) = [fO - ]P)(fO)] (Y(Ta Y, 5)7 E’(Tu Y, 5))

Il est alors immédiat que f € K et g vérifie 'équation d’évolution (1.55) d’aprés la
remarque a la fin de la sous-partie précédente. De plus, fo — P(fo) € K+, et donc
g € K+ car pour tout 7 > 0,

[P(0)] (Y (7,-),E(7, ) = Ple(Y(7,),Z(7, )]

Donc f et g vérifient les équations du théoréme 5. De plus,
- z t
f (tax7€> _f <_a£> - 4g <_7_7€>
€ €€
R t x [t x
= f (tax7€> _fO <Y (_7_76) y = _7_>€>) = 07
g€ g€

et le théoréme est donc vrai avec r¢ = 0.
Deuzieme cas : fo = fo(x) € W (RY)
Dans ce cas, on a, pour t >0, 2, £ € RY, ¢ >0

Feae=n(=r (L5¢)),

et le résultat repose alors sur le lemme suivant, qui est au coeur du résultat de
convergence forte :

Lemma 1.4.1. Soit T > 0, quelconque. Alors lorsque € — 0,

(L) e (2 o

dans L=((0,T), L}, (RY x RY)).

loc

Démonstration. On écrit, pour t > 0 quelconque

H(12) (g - ofr (129240 (2)
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On prend R, ¢ > 0 quelconques, et 0 < o < T quelconque. Posons ¢ = ¢2/2 + Upay.

Alors sit > a,
/ T—g>dr—§ﬁ< €)

Lo
[z ar-e0)

et la constante C' ne dépend que de N. Le majorant de I'inégalité ci-dessus tend vers
0 pour tout a > 0 il ne reste plus qu’a voir ce qui se passe pour les temps petits.
Si €] < ¢, alors

H(y,§) = HY(7,y,8),E(r,y,§)) < VyeY.
On en déduit que

dz d¢ <

< CRN sup

s>

Y

LYY xRY dm,/)

E(1,9,8) <AV + 2Upax VT >0, Yy €Y,
Ey,6) < VA + 2umax Yy €Y.

Donc si € < ¢, pour tout € >0, ¢t >0, z € RV, on a

Y (é f&) — x4t (g&)

On obtient ainsi une majoration du type

Y (é §§> — oz te (g&)

avec limg v = 0. Cela entraine le résultat annoncé.

< 24/ % 4 2Upaxt.

€
< Cre (oz—l—v (—)) Va,e > 0
L°°((0,T),LY (B x B.)) o

]

Revenons a présent a la preuve du théoréme 5. Soit f la solution de I’équation
de transport (1.56) avec f(t =0) = fo. Alors on a

Fltad—f(tsze) = h (eY (é,f,g))—fo (z—1¢ (S 6w))
P -1 (ba )| < Mol oy (4 26) o vig (L)

Le théoréme est alors une conséquence facile du lemme 1.4.1, avec g = 0 et

€ __ fe o E
T(tax7£)_f(tax7£) f(taxu&_ag)'

Troisiéme cas : fo quelconque.

Ce cas découle facilement des étapes précédentes, grace a la linéarité de I’équation
de transport et au résultat de convergence forte du lemme 1.4.1. On commence par
considérer des conditions initiales du type

fO(xa Y, 5) - a(‘r)b<y7 5)7
puis on généralise le résultat & des conditions initiales quelconques grace a une
propriété de contraction de I’équation de transport. Les détails sont expliqués au
chapitre 6.
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1.4.5 Le cas intégrable

Dans cette derniére sous-partie, on donne quelques formules explicites pour la
projection P dans le cas ou N = 1, ou plus généralement, dans le cas ou

N

u(y) = Zui(yi)a y= (- yn) €[0,1]7,

=1

et chaque u; : R — R (1 <7 < N) est une fonction C?, périodique de période 1.
Dans ces conditions, le systéme (Y, =) est intégrable, et chaque systéme (Y;, =;)
est un systéme hamiltonien en dimension 1, dérivant de I’Hamiltonien

1
Hi(yi, &) = 5‘52"2 +ui(yi), ¥ €10,1], & eR.

Dans ce cas, on peut donner des formules explicites pour & ainsi que pour la
projection P grace aux formules du paragraphe 1.4.3. Pour cela, on commence par
étudier le cas o N = 1, puis on étend ces résultats au cas ou N est quelconque,
lorsque cela est possible. On donne ici sans démonstration les résultats obtenus
dans ce cadre, et on renvoie au chapitre 6 pour les calculs explicites menant a ces
expressions.

Commencons par l'expression de la projection P en dimension un : si f €

L. 1..([0,1] x R), alors

per,loc

P(f)(y,€) = f(sgn(€), H(y,€))

ou

(e[ (Ve g (-vEE )] )
,E) =
fn,€) 2<1u<g

Si € < Umax, €t

)
1

V (E—u)

O

s E > Umax.
En prenant f(y,£) = &, on en déduit que

E(y,€) = sen(©E(H (y,€)),

ou
0 si €& < Umax,
1

£(€) = < 2(z_u)>

Cette derniére formule reste vraie en dimension quelconque, puisque la i—éme
coordonnée de £* ne dépend que du systéme hamiltonien monodimensionnel (Y;, Z;).

si € > Umax.
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1.5 Perspectives et problémes ouverts

En ce qui concerne 'homogénéisation de lois de conservation scalaires hyperbo-
liques dans un cadre périodique, deux points essentiels restent ouverts : I'existence de
solutions du probléme de la cellule dans le cas hyperbolique, et le comportement de
la famille u® dans le cas de données initiales mal préparées. Pour ces deux points, des
hypothéses de non linéarité sur le flux semblent nécessaires pour que les résultats
démontrés dans le cas parabolique restent vrais, et la non linéarité interviendrait
d’ailleurs pour la méme raison : dans les deux cas, il s’agirait d’obtenir un résultat
de compacité pour une équation hyperbolique (équation de la cellule ou équation
d’évolution microscopique en temps). L’existence de solutions du probléme de la
cellule pourrait également étre d’une aide précieuse pour ’étude du phénomeéne de
couche initiale. En effet, il est possible que I’écriture d’'une formulation cinétique
adaptée a ’équation d’évolution simplifie I’étude de la compacité des solutions de
la dite équation. Mais la question du comportement en temps long des solutions
de lois de conservation scalaires semble difficile, et & ce jour, peu de résultats sont
connus dés que la dimension de I'espace est supérieure ou égale a deux. Quant a
I’existence de solutions du probléme de la cellule, précisons que la difficulté princi-
pale est d’obtenir des estimations a priori dans L sur les solutions ; mais dés que la
dimension est supérieure ou égale a deux, 'opérateur de divergence se préte peu aux
calculs explicites, et la méthode utilisée en dimension un ne semble pas permettre
I’obtention de ces bornes a priori.

Il serait également intéressant d’étudier I’homogénéisation de lois de conservation
scalaires dans un cadre stochastique. Cette question est aujourd’hui complétement
ouverte, sauf en dimension un, ol des résultats de convergence faible peuvent étre
déduits de 'homogénéisation d’équations de Hamilton-Jacobi.

D’autre part, il est vraisemblable que I'on puisse généraliser le résultat d’homo-
généisation sur les équations de transport linéaires, exposé dans la derniére partie
de cette introduction, en prenant des hypothéses moins restrictives sur le potentiel
u. On pourrait par exemple imaginer de travailler avec des fonctions u sous-linéaires
(dans le cadre stationnaire). Le cas intégrable (c’est-a-dire, le cas ou N = 1) donne
également naissance a des problémes ouverts originaux de théorie des systémes dy-
namiques, détaillés dans le chapitre 6.
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Organisation du mémoire :

Les chapitres 2 et 3 (parties 3.1 a 3.4) correspondent aux articles de recherche
[14, 19] respectivement, et traitent de I'homogénéisation de I’équation (1.10) dans le
cas de données bien préparées; seule la cinquiéme et dernieére partie du chapitre 3
(Appendice) ne figure pas dans article [19], et n’a pas fait 'objet d’une publication
antérieure. Cette partie généralise les résultats des chapitres 2 et 3 a des flux pos-
sédant une dépendance macroscopique explicite. Le chapitre 4 est issu de 'article
[18], et apporte une preuve d’homogénéisation pour I’équation (1.10) dans le cas de
données mal préparées. Le chapitre 5 traite de I’homogénéisation de lois de conser-
vation scalaires hyperboliques. Enfin, le chapitre 6 correspond a l’article [16], et est
dédié a 'homogénéisation de I’équation (1.12).

Une bibliographie générale se trouve a la fin du manuscrit.



Chapitre 2

Homogénéisation d'une loi de
conservation scalaire avec viscosité
eévanescente.

Partie I : données bien-préparées

On étudie ici la limite quand € — 0 des solutions de I"équation
, x
oy’ + div, [A (—, u€>] —eAut =0.
£

Apres avoir identifié le probleme homogénéisé grace a un développement asymp-
totique, on montre que u® se comporte dans L}  comme v (£,u(t,z)) lorsque
e — 0, ou v est la solution d"un probléme de la cellule et « celle du probleme
homogénéisé. La preuve utilise les mesures d"Young a deux échelles, une généra-
lisation des mesures d"Young adaptée aux problemes d’homogénéisation a deux
échelles.

Ce chapitre a fait 1’objet d'une publication dans le Journal de Mathématiques
Pures et Appliquées (volume 86, 2006).

31
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2.1 Introduction

This paper is devoted to the analysis of the behavior as ¢ — 0 of the solutions
uf € L2 (]0,00) x RMYNC([0, 00), L (RV))NLE ([0, 00), HL (RY)) of the parabolic

loc loc loc loc
scalar conservation law :

ou’ N9 x N
= qE — S > .
o (t,z) + ;:1 axiAZ <€,u (t, x)) eAut =0 t>0, v €RY, (2.1)

u(t =0) = uyg (a:, g) . (2.2)
The functions 4; = A;(y,v) (y € Y, v € R) are assumed to be Y-periodic, where
Y = TIY,(0,7;) is the unit cell, and uy € L®(RY x Y) is also Y-periodic (in fact,
a little more regularity is necessary in order to ensure that ug (x, f) is measurable,
see for instance section 5 in [3]).
Our goal is to derive the homogenized problem, i.e. to show that there exists a
function u® = u%(t, z,y) such that as ¢ — 0,

ul(t, @) — u'(t, 2, y)

(the precise meaning of the above convergence will be made clear later on) and to
find the equations solved by u". The homogenized operator can be computed by
means of a formal double-scale expansion (see [9]), as we shall see in the second
section; our main result is that the y-average of u° is the solution of a hyperbolic
scalar conservation law, the flux of which can be computed in terms of A and of the
solution of a quasilinear elliptic cell problem.

Notice that the viscosity has the same order of magnitude than the size of the
heterogeneities, characterized by the small parameter €; hence, the problem we study
in this article is closer to the homogenization of conservation laws and transport
equations than to the homogenization of parabolic equations in which the viscosity
is of order 1; therefore, the technique we shall use for the proof is inspired from
the one developed by W. E and D. Serre in [27] (see also [24], [25], and [49] for an
equivalent formulation using Hamilton-Jacobi equations) for the homogenization of
a one-dimensional conservation law. From a mathematical point of view, the role
of the viscosity here is to simplify the analysis of the cell problem, but it is not
fundamental in the convergence proof. Speaking in more physical terms, we will
see that viscosity has an effect at a microscopic level only. This is obvious when
looking at the homogenized problem : the cell equation, which rules the microscopic
behavior of u°, remains elliptic, while the viscosity vanishes from the macroscopic
evolution equation, which is a hyperbolic conservation law.

The proof of our main result relies on the use of two-scale convergence, which
was introduced by Allaire in [3], following an idea of Nguetseng (see [56]). The
fundamental idea of Allaire and Nguetseng is to try and justify the formal two-scale

expansions
x x
uf(x) = u° (x, —) + eul (:L‘, —> + -
€ €

widely used in homogenization theory by expressing u° as a particular weak limit :
precisely, let us recall the basic result of two-scale convergence (see [3]) :
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Proposition 2.1.1. Let {u®}.~o be a bounded sequence of L*(Y), where Q is an
open set of RN. Then as € — 0, there exists a subsequence, still denoted by €, and
u’ € L2(Q x Y), such that

/Qw <a:, g) u(z) de — U(z,y)u’(z,y) do dy

QXY
for all ¢ € Cper (Y, L*(2))

Two-scale convergence is thus based on an appropriate choice of oscillating test
functions (see also [29] for a variant of this method applied to Hamilton-Jacobi
equations, and [12] for an exposition of Tartar’s method of oscillating test functions).
Unfortunately, we will not be able to use this theorem in the form given by Allaire
because of the non-linearity of equation (2.1); instead, we will need two-scale Young
measures, a tool introduced by Weinan E in [24] which handles non-linearities and
in which the information contained in two-scale limits is included. We will give more
details about two-scale Young measures and their properties in the third section.

Throughout this article, we use the notation

(s = 37 J,

and we will work in the following functional spaces : if C22 (Y') denotes the space of

per
Y-periodic functions in C*°(RY), then :
()
Héer( ) =) - e = - e,

={v € Hy,,(Y), (v)y = 0}, [[ollv = [|V0l|2v)
ngr(y X R) ={f = f(y,v) € C®(RY x R); f is Y — periodic in y},
(Y xR)

WE=(Y x R) = Co, (Y xR) , keN,
Y x R) := {u=u(y,v) € W-*(RN*!) u is Y — periodic in y},
Kper i= {v(z,9) € C®(RY x Y);v is Y — periodic in y
and has compact support in =},
Joer = {v(t,z,y) € C°([0, +00) x RN x Y);v Y — periodic in y

and has compact support in ¢, x}.

wh

per, loc(

Thanks to the Poincaré-Wirtinger inequality, the norm on V' is equivalent to the H*
norm.
We will often use the following notations:

DA, (y, v | -
a;(y,v) = % (1<i<N), an+1(y,v): Z

The organization of the paper is as follows : in the next subsection, we state our
main results, which consist in two theorems : theorem 1 states the existence and
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uniqueness of solutions of the cell problem, and theorem 2 gives the strong conver-
gence of the sequence u° in case of well-prepared initial data. In the next section we
derive the homogenized problem thanks to formal double-scale expansions, and we
perform the analysis of the cell problem (2.8). In the third and last section, we give
two proofs of theorem 2, the first one using the L' contraction principle for equation
(2.1), but requiring very strong regularity assumptions, and the second one using
two-scale Young measures.

2.1.1 Main results
Theorem 1. Let A € WY (Y xR)N. Assume that there exist Cy > 0, m € [0, 00),

per,loc

n € |0, %) when N > 3, such that for all (y,p) €Y xR
|ai(y,p)| < Co (14 |p|™) V1<i<N, (2.3)
lan+1(y,p)| < Co (1 + [p|")- (2.4)

Assume as well that one of the following conditions holds:

m=20 (2.5)
or 0<n<l1

2
and 3po € R, Yy € Y ant1(y,po) = 0. (2.7)

or n<

Then for all p € R, there exists a unique solution u € V' of the cell problem
—Ayu + div,A(y,p+ 1) = 0; (2.8)

For all p € R, u(-,p) belongs to W24(Y') for all 1 < q < 400 and satisfies the

per
following a priori estimate for all R > 0

||ﬂ('ap)||W2*q(Y) <C \V/p € R) |p| < R7 (29)
for some constant C depending only on N, Y, Cy, m, n, q and R.

Theorem 2. Assume that A € W;cjfjgc(Y xR)N satisfies the assumptions of theorem

1, and that §% € Lj, (Y xR), §% € Lj, (Y XR) for 1 <i < N+1,1<j<N.
Let p € R, and let @ be the unique solution in V' of the cell problem (2.8).

Let

Ai(p) = ﬁ/yfli(y,wﬂ(y,p)) dy. (2.10)

Assume also that ug is “well-prepared”, i.e. satisfies

uo(z,y) = v(y, to(x)) (2.11)
for some g € L' N L>®(RY).

Then as € goes to 0,

Wt ) — v (g alt, :c)) 0 in L2,

([0, 00) x RY),
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where © = u(t,z) € C([0,00), L*RN)) N L>([0,00) x RY) is the unique entropy
solution of the hyperbolic scalar conservation law

0t o= 0A;(ult, x))
E*Z; o, (2.12)

a(t = 0,7) = up(z) € L' N L=(RY).

Remark 2.1.1. Notice that in general, the null function is not a solution of (2.1),
unless we make the additional hypothesis any1(y,0) = 0 for ally € Y. Therefore, in
general there are no global L' bounds on the solutions of (2.1), even if ug (l‘, g) €
LYRYN). Moreover, slightly stronger assumptions on the fluz A are required in gen-
eral in order to ensure the existence of solutions of (2.1), e.g. A € W22(Y x R).

per

The hypothesis gZ?, %‘jj € L} (Y xR) is necessary so that the L' contraction principle
J

holds.

loc

Remark 2.1.2. Assumption (2.11) means that the initial data is already adapted to
the microstructure; if it is not, i.e. if it cannot be written in the form

uo(, y) = v (y, o (),

then it is expected that there will be an initial layer of order ¢ during which the
solution will adjust itself to the microstructure; this problem is not addressed here,
and will be delt with in a future article.

2.2 Formal computation of the homogenized prob-
lem

In order to compute the effective equations which rule the system in the limit ¢ — 0,
we use double scale asymptotic expansions (see [9] for a general presentation of this
technique): assume that u® satisfies the following Ansatz :

uf (t, z) = u’ <t,x,§> + eut <t’;p7 E) N
3 3

Inserting this expansion in equation (2.1) and identifying the powers of ¢, we derive

the following equations on u’, u! :
Order e :

Ay’ (t,,y) + divy Ay, u’(t, 2, y)) = 0; (2.13)
Order €° :

6_u0 +i 0 [A;(y,u°)] — 28,,u” — Ayu! —l—i 0 [utai(y, u’)] = 0. (2.14)
ot = Ou I v Y — Oy 7 ' .

(2.13) leads us to write u° in the form

u’(t, z,y) = a(t,r) + w(y, u(t,z)),
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where u(t,z) = (u’(t,z,-))y and @ = u(y,p), y € Y,p € R satisfies the so-called
cell equation

together with the condition (@), = 0 for all p. Then, averaging (2.14) with respect
to y yields the evolution equation on « :

N

ot 0A;(u)

where the homogenized flux A; can be computed thanks to the formula

Ai(p) == (Al p+a(-,p))y -

The £° term also allows us to derive the equation on u! :

N
~Ayu' + Z
i=1

Unfortunately, these calculations are entirely formal, and must be justified rig-
orously. In the following subsections, we will show that the homogenized equations
computed above have solutions, and in the third section, we shall prove the conver-
gence of u® to the solution of the homogenized problem.

] 9
o0, [u'a;(y,u’)] = 2A,,u° — {E + ; oz, [A4;(y,u°)] } :

2.2.1 Cell problem

This subsection is devoted to the proof of theorem 1. In fact, more general results
can be proved, which we state in the following lemmas.

Lemma 2.2.1. Assume A € WV, (Y x R) satisfies (2.3),(2.4) with m > 0 arbi-

per, loc

trary, n € [0, X22) when N > 2 (if N < 2, there is no restriction on n).
1. Regularity: If w € H,,(Y) is a solution of (2.8) for some p € R, then @ €
W24(Y) for all 1 < q < +oo, and the following estimate holds: for all R > 0,
there exists a constant C' > 0 depending only on R, q, N, Y, m, n and Cy,

and a constant M depending only on q, m, n and N such that

(-, p)llw2acy < C(+ |al|lmpry))™ Vo € [-R, R]. (2.15)

2. Uniqueness and monotony: for all p € R, there exists at most one solution
w(y,p) € V of (2.8). Moreover, if u(y,p) and u(y,p’) are two solutions of
(2.8) with p > p', then setting v(y,p) := p + u(y,p) we have

v(y,p) > v(y,p) ae on Y.
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3. p-derivative : assume that there exists a solution of (2.8) for all p € R and

that
Kpg = sup ||a(-, p)||mr(v) < 400 VR > 0.
lpI<R
Then for all p € R, g—ﬁ(-,p) € H,,(Y) and for all R > 0 there exists C =

C(R,N,Y,Co,m,n, Kg) such that

i
‘ gu <C. (2.16)
OP || oo ((— R,y 11, (V)
Moreover, if a(y,-) € C(R) for a.e. y, then g—; € H;ET(Y) is the unique solution
of
v ) ov
~, 50 + v, (et ol )G ) =0 (217)
under the constraint <%> =1.
Py
The Krein-Rutman theorem ensures that
ov
a—(y,p) >0  forae (y,p) €Y xR. (2.18)
p

If additionnally a; € L>®(Y X R) for 1 <i < N (i.e. m =0), then there exists
a > 0 depending only on N, Y, and maxi<;<n ||| such that

0
Ué‘y’p) >a>0 VyeY VpeR. (2.19)
P
Hence
iI}}fU(y,p) — 400 asp — +o0, (2.20)
supv(y,p) — —o00  asp — —o0. (2.21)
Y

We now state the existence result:

Lemma 2.2.2. Assume A € WY (Y x R) satisfies (2.3),(2.4) with m and n

per, loc

satisfying one of the three conditions (2.5), (2.6) or (2.7). Then there exists a
(unique) solution of (2.8) for allp € R, and it satisfies the following a priori estimate

|la(p)|lm < Cr Vp € [-R, R], (2.22)
where C'r depends on
1. N, Y, and Cy when (2.5) is satisfied;

2. N, Y, Cy, R and n when (2.6) is satisfied;
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3. N, Y, Cy, R, n and py when (2.7) is satisfied.

Remark 2.2.1. Hypothesis (2.7) can be slightly relaxed : in fact, we only need that
for all X € [0,1], there exists py € R and uy € V' such that

—Ayuy + Mivy Ay, py + ux) =0

and Supxe[o,1](|px| + l[uallz1(v)) < +o0.
In that case, the constant Cg in the a priori estimate (2.22) depends on N, Y,

Co, R, n and supyeo 1) (|pa] + [Jual|2r(v))-
If an1(y,po) =0, we can take py = po for all X € [0,1], and uy = 0.

We will need the following lemma, of which we skip the proof :

Lemma 2.2.3. Letbe L®(Y)N, a >0, f € L*(Y). Let m € H}

per(Y') be a solution
of

—A,m +divy,(bm) = f

such that Uym| < a.
There exists a positive constant C, depending only on N, Y, ||b]| ey~ [|f]|220v)
and «, s.t.
[/m||m ) < C.

Proof of Lemma 2.2.1.
- First step : A priori estimates :

Multiplying equation (2.8) by |a|? !4, for some ¢ > 1, we see that if . € VN L™
is a solution of (2.8), then u satisfies

q/ \Val*|al'" dy = q/ [a|* " Ay, p + @) - Vi dy;
Y Y

set
Bi(y,w)zf P Ay (y,p+7r)dr  for 1 <i<N.
0

Then using hypothesis (2.4)

N
0 0B,
Val'lal"t dy = /—BZ» U d—/ “(y, aly)) d
o [varitar = o3 [ o a)] v [ 35 i)

=0
u(y) .
— / / P s (g, p + 1) dr
Y JO

u(y)
4Co / / 7 (L4 (p| + [r)") dr dy
Y JO

n 4 _, nta
C (U +IphENal s + 1l 2 (2.23)

IN

IN

v ()

for all ¢ > 1 and for some constant C' depending only on N, n, Y, Cy and q.

L2(y)
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- Second step : U € M<rerool (Y) :

Let R > 0 arbitrary, and let p € [—R, R], ng = max(1,n). According to the a
priori estimate (2.23), there exists a constant C'z depending only on R, N, n, Y, Cj
and ¢ such that if @ € V'.N L0 (Y) is a solution of (2.8)

+1 a+ng

1@ |l < Cr (L [[]|patno) 2

H' is imbedded in L%(Y) for N > 2, and in L"(Y) for N < 2,1 <r < 400
arbitrary. Hence if & € V' is a solution of (2.8)

@€ Marerool"(Y) i N <2,
GeL™(Y)=ae L'NE (Y) Ve[l +oo)if N> 2.

When N > 2, define the sequence (gi)r>1 by

kE>1

-1 = 1)—0
¢ . Qe o= (g + )N—Q’ >

Then it is easily checked that since n < %, qr > 1 forall k> 1 and
ue L% ™(Y) VEk>1,

qx — +o0 as k — oo.

Moreover,
lallrne < Cllal] ax, < Cllal|an

where the constant C' depends only on N, Y, and n.

In all cases, @ € NMi<r<10oL”(Y). And for all r > 2, there exists a constant Cg
depending only on R, r, N, n, Cy and Y, and a constant M depending only on r, n
and N such that for all p € [—-R, R], for all solutions @ € V" of (2.8)

laller < Cr (1 [[alla)™ - (2.24)

- Third step : W estimates :
Let R > 0, and let p € R, |p| < R; let @ be a solution of (2.8) for the parameter
P.

Since @ € H).(Y), the chain rule allows us to write

—Ayti = an1(y, p+a(y)) —aly,p +i(y)) - Vyi. (2.25)

In the above equation, ani1(y,p + 4(y)), a(y,p + @(y)) belong to L"(Y) for all
r € [1,+00), and V,u € L*(Y).

Hence the right-hand side belongs to LY(Y) for all 1 < ¢ < 2, with locally
uniform bounds in p. Using interior regularity results for elliptic equations (see
[34],[47]) combined with the periodicity, it can be proved that « € W24(Y") for all
q <2 and

lallwaaey < CQL+ [[allm)™, (2.26)
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for a constant C' depending only on Cy, m, n, N, Y, ¢, and R and a constant M
depending only on m, n, N and q.

Next, Sobolev imbeddings entail that Va € L2 (R, LY(Y)) for all ¢ > 1 such

loc
that % > % — % and we can repeat the same argument as above replacing 2 by %

(if N > 2).
More precisely, let us define the sequence ¢; by

k N
Y k<
N 1 <2,

then it is easily checked using the above method that
aeWHY)Vge (1,q) = a0 € WH(Y) Vg € (1, qrs1),

as long as k+ 1 < %, and with bounds of the type (2.26).
By induction, @ € Wh4(Y) for all 1 < ¢ < qy,, where kg is the integer defined by

N
k’o<5§k’0+1.

Then g, > N; consequently, @ € W*4(Y) for all ¢ < N, and thus o € W (Y) for
all 7 > 1. Plugging this result once more into (2.25) yields @ € W?>" for all r > 1,
with bounds of the type (2.26). Hence (2.15) is proved.

- Fourth step : Uniqueness and monotony of solutions of (2.8) :

If 4; and 4y are two solutions of (2.8) for parameters p;, ps, then wy, ,, =
(p1 4+ U1) — (p2 + U2) € V satisfies an elliptic equation

_Aywpl,m + dlvy(bphpzwphpz) = 07

where

bm,;l’z (y) = /0 a(y7 (1 - T)U(y,pl) + TU(y,pg)) dr.

Thanks to the regularity result we have just shown, by, ,, € L>(Y)Y for all p;, p; €
R. And for all R > 0, there exists a constant C' depending on N, Y, Cy, m, n, R,

l|a(p1)|| g1, [|@(p2)]| s, such that
||bp17p2HL°°(Y)N <C Vpi,p2 € [-R,R].

The uniqueness and the monotony follow from the following lemma

Lemma 2.2.4. Let b € L*(Y)N, and let v € H),,(Y) be a solution of the linear
elliptic equation
—Ayv + div,(bv) = 0. (2.27)

There exists a positive probability measure m € M, (Y) = Cpe(Y)" and a con-

stant ¢ € R such that v = cm. In particular, if (v)y =0, then v = 0.
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We postpone the proof of the lemma.

Hence, since (wp, p,)y = (p1 — p2), we deduce that wy, ,, = (p1 — p2)Myp, p,, With
My, p, & positive measure on Y. If p; = py, then wy, ,, = 0, and the uniqueness is
proved. If p; > po, then

v(y,p1) > v(y,p2) VyeY.

As a consequence, we deduce
l|v(y, p1) — U<yup2)||L1(Y) = / (v(y,p1) —v(y,p2)) dy = |Y|(p1 — p2)
Y

- Fifth step : p-derivative:
Now, my, 1, (y) = vlpi)=v(ypa) §g o positive measure on Y for p; # po, p1,p2 € R,

: P1—DP2
and my, ,, satisfies
_Aymphpz + divy(bphpzmpl,l)z) =0, <mp1,p2> =1 (2'28)

Assume that

Kpg = sup ||u(p)||mr(v) < +00 VR > 0.
lp|<R

Then for all R > 0 there exists a constant C'r > 0 depending only on N, Y, n,
m, Cp, R and Ky such that

Hbm,szLOO(Y)N <Cgr Vpi,p2 €[-R,R].

Hence, using lemma 2.2.3, there exists a positive constant C', depending only on R,
Co, m, n, N, Y, Kg such that

HmP17P2||H1(Y) <C V(pl,pz) € RZ; P17 P2, |p1|7 |P2| <R.

Let p, — po, po € [—R, R]. Extracting a subsequence, m,, ,, (-) converges weakly in
H! _(Y), strongly in L*(Y) to g—;(y,po) and by, ,, converges to a(y,v(y,po)). Passing

per
to the limit in equation (2.28) leads to equation (2.17). A priori estimates are

obtained using lemma 2.2.3, and eventually, lemma 2.2.4 entails that ﬁg—;(y, Po) is
a positive probability measure on Y for all pg.

- Sixth step : Proof of (2.20), (2.21) :
When m = 0, g—; satisfies (2.17) with
lla(y, v(y, P)l| ey <2Co Vp € R

According to the Harnack inequality (see for instance [34]) combined with the
periodicity, there exists a constant C' depending only on Cj, N, and Y such that

supw < C'inf w.
Y Y
Since [,, w = |Y], supy w > 1. Hence there exists a positive constant «, depending
only on Cy, N, and Y, such that

ov(y, p)
op

and (2.20), (2.21) are proved. O

> o
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Proof of Lemma 2.2.2. Let us define the operator T : v € V — v € V where
v ="T(u) € V is the unique solution of the elliptic equation

—Ayv = —div, Ay, p + u(y)).

Fixed points of T" are solutions of (2.8), and 7" is a continuous compact operator.
We want to apply Schaefer’s fixed point theorem, and thus prove that

{ueV;3xe[0,1], u=NT(u)}

is bounded. In the sequel, we take u € V; A\ € [0, 1] such that u = AT'(u), and we
try and derive a bound on wu.
We begin with the case m = 0. In that case, u satisfies

—Ayu + div(bu) = Aan41(y, 0),
where 1
b0) = A [ aly.tlp-+ ) .
Hence b € L>*(Y)" and

[0]] oo (yyv < al|poo (v xryy < 2C0,
1
[[Aan11(y, 0)||L2vy < ColY'|2.

Thus according to lemma 2.2.3, there exists a constant C' depending only on N, Y
and (), such that
|ullmrry < C

and the estimate is proved.

When either (2.6) or (2.7) are satisfied, for all u € V such that w = A\T'(u), the
a priori estimate (2.23) with ¢ = 1 and changing A into A\A yields

" 1 ntl
lullgsry < € ((U+ D HullFs + lall ) (2:29)

for some constant C' depending only on N, n, Cy and Y.

If n < 1, then it is easily seen that this inequality leads to an H' a priori
estimate, and thus to the existence of solutions of (2.8). Hence, we now focus on
the case n > 1.

Since n + 1 < 222 < 2 (if N > 2), we can interpolate L"*! between L' and

L¥7 :let 0 € (0, 1] such that

1 0+1—9
n+1 1 Qo

where qq := % Then

n+l (n+1)6 (n+1)(1-0)
ull o < Mullp® (lullpe 2
(n+1)0 (n+1)(1-0)
< Al (el
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It is easily checked that n < % if and only if (tD)A=9) 1. The whole problem

thus reduces to find L' estimates for the solutions of (2.8). This is quite easy if
hypothesis (2.7) is satisfied. Indeed, in that case, u(y, pg) = 0 is a special solution
of (2.8) for p = py and for the flux AA; hence, according to lemma 2.2.1,

[lullr = [fu = a(po)l|r < [p = pol[Y]+ ||(p + u) = (po + @(po))l[r < 2[p — pol[Y].

Plugging these estimates into (2.29) yields

(n+1)(1-6)
ullgr < Cr (14 [|ull;;n 2 (2.30)

for all p such that |p| < R, where the constant C'z depends only on N, Y, n, Cy,
po and R. Since W < 1, ||u||z1 is bounded by a constant depending on the
same parameters as Cg. Hence the a priori estimate is proved and solutions of (2.8)
exist for all p € R.

]

Proof of Lemma 2.2.4. The constant function equal to 1 on Y, denoted by 1, is a
solution of the dual problem

—A,1—b(y)-V,1=0. (2.31)

We want to prove, using the strong form of the Krein-Rutman theorem, that there
exists a constant ¢ € R such that w = e¢m, where m > 0 is a solution of (2.27).
Indeed, in that case ¢ = 0 necessarily since (w), = 0 and thus w = 0.

Let us introduce the operator F': u € L*(Y) +— v € H where v = F(u) is the
unique solution of the equation

—Av—>b-Vv+ av = au,

and « is a positive constant chosen so that the bilinear form associated to F' is
coercive (e.g. a = % + %) With that choice of o F' is a strictly positive operator.

Next, using once again interior regularity results for linear elliptic equations
combined with the periodicity, we show that F' maps L?(Y") into W2i(Y") for all
q > 2. Hence, the restriction of F to Cpe(Y), still denoted by F, is a compact
operator from Cpe;(Y) into itself.

The last step consists in using the maximum principle: if u € Cper(Y), u > 0,
u # 0 and v = F(u), then v(y) > 0 for all y € Y (see for instance [61]; the maximum
principle is in general proved for classical solutions of elliptic equations with regular
coefficients. However the proofs remain unchanged for weak solutions and b € L*™

provided the following property holds true for any v > 0:
ue€ LX(Y),u>~v ae =uv=F(u)>".

This property can be proved by approximating b in L? for 1 < ¢ < oo by a sequence
b, € CH(Y) for some € (0,1).)
Hence, F': Cper(Y) — Cper(Y') is a strongly positive operator.
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We conclude by using the strong form of the Krein-Rutman theorem (see [20],
[45]): since F(1) = 1, the spectral radius of F is equal to 1 and 1 is a simple
eigenvalue of F*, the adjoint of F', with a positive eigenvector. Let m € M} (V) =
Cper(Y) be the unique positive invariant measure such that (m)y, = 1 and F*(m) =
m. Since v € Hy(Y) C M, (Y) solves (2.27), F*(v) = v; thus, there exists ¢ € R
such that v = em. If (v),, = 0, then ¢ = 0 and v = 0, which completes the proof of
the lemma.

]

Remark 2.2.2. This lemma can be generalized without any difficulty to the case
b e LY for some ¢ > N using the inequality

/vb-Vv
Yy

where C' 1s a constant depending only on N and Y .

1-N 1+
< Clbl|zal o]l 2 * [Vl 12 *

Remark 2.2.3. Let us point out that the techniques we have used in order to find
a priort bounds on the solutions of the cell problem rely strongly on the ellipticity of
equation (2.8). In particular, when the viscosity is equal to 0 in equation (2.1), the
cell problem becomes

div, Ay, p + a(y)) =0,

and we have no clue how to derive a priori bounds on the solutions of the above
equation in general. The few cases in which we are able to prove such bounds suggest
strongly that the flur A should be nonlinear. However, it is an open problem how to
treat such an equation in general, and which hypotheses should be expected on the
flux. We will come back on these questions in a future paper.

Before going any further in the multi-scale analysis of problem (2.1), let us men-
tion a few examples in which hypotheses (2.5), (2.6), and (2.7) seem “natural”.

Take A(y,v) = b(y)f(v), where b € W=(Y)N has values in RN, f € W,"®(R)
is scalar.

If divy,b = 0 on Y, then constants are solutions of equation (2.8). Lemma 2.2.1
asserts that there are no other solutions as long as f has polynomial growth. Notice
that in that case, hypothesis (2.7) is satisfied.

Let us study now the less trivial case b(y) = V,¢(y), where ¢ € C).(Y). As-
sume that f does not vanish on R (otherwise we are in case (2.7)); without loss of
generality, we can assume that

f(v) >0 YveR.

We can thus define B
H(v) = / ——dw Yw € R.
(v) o f(w)

It is obvious that any solution of

—Vyu==Vyo(y)f(p + u) (2.32)
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is a solution of (2.8); hence, we search for particular solutions of (2.8) which satisfy
(2.32).
(2.32) is equivalent to
V,H(p+u)=Va,

and thus to
H(p+u) = ¢+ cst.

Thus we deduce that solutions of (2.32) exist if and only if
1
H(400) — H(—) = / 7 > 0SCo. (2.33)
R

In particular, this is always satisfied when |f(v)] < Cy(1 + |v|)™ for some n < 1
(i.e. when (2.6) holds) since in that case

H(+00) — H(—o0) /R% _

Assume that (2.33) is satisfied; notice that H € C'(R) and H' = % does not
vanish on R. Hence H is a C! diffeomorphism from R to (H(—o0), H(+00)) =: (a, 3).
We denote by H~! : (a, ) — R its reciprocal application. Let

cy = [} — max ¢,
Cc_ =« — min ¢.
Then for all ¢ € (c_,c;) we can define
o+e), uei=v.— (v) (2.34)

and wu, is a solution of (2.8) for all ¢ € (c_, cy). Hence, when (2.33) is satisfied, we
have found special solutions of (2.8). If cx = +o0, then we have found solutions for
all values of the parameter p in (2.8). If [f(v)| < Cp(1 + [v])™ with n < 232, then
we deduce that there exist solutions of (2.8) for all values of p as well thanks to
lemma 2.2.2 and the remark following the lemma (changing A into AA is equivalent
to changing ¢ into A\¢).

Reciprocally, let us prove that (2.33) is a necessary condition for solutions of (2.8)
to exist at all when n < {22, Let ug € V' be a solution of (2.8) for the parameter
po € R, and let vg := pg —i— uo According to lemma (2.2.1), vy € L*>°(Y"). Hence we
can change the function f for values of v larger than ||vo|[z= so that the function f
thus obtained satisfies (2.33) and

fwo(y)) = f(uo(y)) VyeY.

We can even choose f so that
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In that case, we have proved that there exist solutions of (2.8) for the flux V() f(v)
for all values of the parameter p. Let u., be the solution for the parameter po,
Vey = Ue, + po. Then

=By, + div, (Vo(y)f (v (1)) = 0.
— B0+ div, (Vo) fo(y))) = =B,00+div, (Vo(y)f(vo(y))) =0,

and by uniqueness of the solutions of (2.8) for the flux Vé(y)f(v), vo = ve,. Conse-
quently, 3

vo=H (¢ +co) = H (¢ + co)
and (2.33) is satisfied. Moreover, we have proved that all solutions of (2.8) can be
written in the form (2.34).

Now, let us explain why condition (2.7) is optimal, to a certain extent. Take

f(v) = (L+ |v*)? for some n > Y2 Then a = —3 € R. Assume that (2.33)
is satisfied. In order to simplify our analysis, we assume as well that ¢ attains its
minimum in a unique point yy in the interior of Y.

We define
vo = H" (¢ +co);
v_(y) is finite for all y # yo. Moreover, if u € V is a solution of (2.8) for the

parameter p, then u can be written in the form (2.34). Thus there exists ¢ € (c_,cy)
such that u + p = v. and necessarily

p+u>v_.

Hence, if we can prove that v_ € L'(Y'), we will be able to derive a lower bound on
the admissible values of p so that there exists a solution of (2.8) for the parameter
p. In other words, there will be no solution for p < (v_).

Let us prove that v_ € L'(Y): there exists a constant ¢ > 1 such that for y in a
neighbourhood Vj of 1

%!y —yol* < 8(y) — d(yo) < cly — ol

Hence )
“ly = wol” < Hv-) —a < cly — ol

On the other hand, there exists a constant C' depending only on n such that for all

A>1,
1
An 1 —/ s dU Anfl'
Choose V; such that v_(y) < —1 in V4. In VO,
1 1 < / 1
- —a= :
Clo_fr=t ~ f@) Iv "
Thus, there exists a constant C' such that for all y Yg
C
-] <

_2
‘?J - yc)””“1
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Ifn> %, then % < N and the singularity in y, is integrable: v_ € L'(Y).
Let us gather our results in the following

Lemma 2.2.5. Let A(y,v) = Vo(y) f(v), with f(v) > 0 for allv € R. Assume that

N +2
N -2

f(v) < Co(1+ |v])" withn <

Then

1. There exist solutions of (2.8) for some walues (but possibly not all) of the
parameter p if and only if
1
— > 0sco.
|3

2. If the above inequality is satisfied and f(v) < Co(1 + |v|)™ with n < % then
there exist solutions of (2.8) for all values of the parameter p.

/wlffoo

then there exist solutions of (2.8) for all values of p € R.

9. If

4. If | f()] = (1 + [v[*)2 with n > 232 then there exists ¢ € CL,(Y) and

p_,ps+ € R such that there are no solutions of (2.8) forp < p_ orp> p,.

The second point in the above lemma is the analogue of condition (2.7), and
the third one of (2.6) (or (2.5): if f is uniformly Lipschitz, then it satisfies f(v) <
Co(1 + |v]), and thus the condition in the third point of the lemma is satisfied).
Hence this example somehow explains the different conditions which are required for
existence, and enlights the various regimes which can occur. However, hypotheses
(2.5), (2.6) and (2.7) do not cover all the cases in which the existence holds, even in
this rather simplified problem. A more general and more thorough existence theory
remains to be accomplished.

As a conclusion to this subsection, let us also mention that the above example
also provides cases when the convergences (2.20), (2.21) do not hold. Indeed, assume
that o, € R and that solutions of (2.8) (or, equivalently, of (2.32)) exist for all
p € R. Then

lim mfv(y p) = lim H '(inf¢+¢) = H (B — oscp) < +o0

p—+00 c—Ct

and similarly lim, ., supy v(y,p) > —oc.

2.2.2 Evolution equation and first order corrector

Once @ is rigourously defined, we can compute the homogenized flux

A(p) = (A(,p +a(-,p))) (2.35)
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Define also for 1 < i < N

) = P (2B o).

Then according to the results of the preceding subsection, a; € LS. (R).
% can thus be defined as the unique entropy solution in C([0,00), L'(RY)) N
L>([0,00) x RY) of the scalar conservation law (see for instance [59] for a complete

theory of existence and uniqueness)

O o 04, (1) N
gu oo _ > R
ot ; oz, O =20 7€ (2.36)

u(t = 0,7) = up(r) € L*(RY) N L=(RY).

On sets of [0,00) x RY on which @ is regular (say Wh!), one can define the first
order corrector u! by

N
—Aju' + Z
i=1

(t,x) are parameters; since the right hand side has mean zero, and the only solutions
of the adjoint equation

O Ty, u)] = 2800 - oy i O (At (237)
8:% i\Y> Ty ot - OIZ i\Y> . .

—Ayw — a;(y,u’) - V,w =0

are constants, one can apply the Riesz-Fredholm theory to show that solutions of
(2.37) exist, and are unique up to solutions of the homogeneous equation

N
0

—Ayw + Z oy, [wai(y,uo)] =0.
i=1 7"

Comparing the above equation to (2.17), and recalling the results of the proof of
lemma 2.2.1, we see that the solutions of the homogeneous equation can be written
w(t,z,y) = c(t, x)g—;(y, u(t,r)). In particular, u! is unequivocally defined under the
condition

0

/ ul(t,x,y)—v(t,x,y) dy=0 ae. (t,7)€[0,00) x RY.
Y dp

Pushing the calculations a little further, we write u! in the slightly more sympathetic

form

where x;(-,p) € H}

ser(Y) Vp € R solves the elliptic equation :

N
0 Py, p) | Ou(y,p) O
—Ayxﬂr;a—yj(aj(y,v(y,p))xi) = 2 D0, O + 9 8_p<Ai(‘7U('7p))>Y

—a% (Aily.v(y.0)) . (2.38)
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As before, the existence and uniqueness of y; follow from the Fredholm alterna-
tive provided the condition

0
Xi—vz() VpeR
y  Op

holds true.
Let us summarize the results of this subsection in the following

Lemma 2.2.6. Assume A € W) vor 10 Y X R) satisfies (2.3), (2.4). Then there exvists
a unique entropy solution 4 € C([O o), LY(RM)) N L>([0, 00) x RY) of the hyperbolic
scalar conservation law (2.36).

If i € WH(O), where O C [0,00) x RN, then for (t,x) € O, there exists a
unique u'(t,x,-) € H. (Y) satisfying (2.37) and the condition

per

/ ul(t,x,y)@(t,x,y) dy=0 a.e (t,x)€O.
Y dp

1

Moreover, u* can be written

Wt 7, y) = z L), (gt o),

where x;(-,p) € H!, (Y) satisfies equation (2.38) Vp € R.

per

In the rest of the article, we set

Wt z,y) = a(t, ) + u(y, ut,x)) = v(y, u(t, x)). (2.39)

2.3 Convergence proof

2.3.1 Naive idea using L' contraction principle

We are now ready to prove the convergence result announced in theorem 2. A first
naive idea consists in computing the equation satisfied by u° (t, x, %), or rather

v (t, x) == u’ <t,x, E) + eut (t,x, E) ,
£ £

where u° and u' were defined in the last section : assuming that @ and A are regular
in order to compute all the necessary derivations, v¢ is a solution of

N

ov® 0 r e e
ot +z;a—%Ai<g,U>—€Az’U —f,

i=



Homogénéisation d’une loi de conservation scalaire avec viscosité
50 évanescente. Partie I : données bien-préparées

where

fs(t,iﬂ) =

o (£ ) () o ()

o [ (o) = o (2r) e (2]}

{
+ } ) [0 () - 20 2

out  oul

T El — 4+ —aq; ({7,&0 —+ €u1> — AIUO — 2Axyul}
xX; 9

_ (2.40)

Assuming that u® satisfies (2.11),

ve(t:O,x)—ug(t:O,x):mf( t=0,z, >—5Zaxlxz< : x))

We assume that ayy1(y,0) = 0, so that u®(t) and v°(t) belong to L}(RY) for all
t > 0. Thus, using the L' contraction property for equation (2.1) yields :

T T
() = o (D)l a ey < el (8= 0,2, 2) Il + / / If (k)] do .
0 R

The next step consists in deriving a bound of order € for f°. The calculations are
lengthy and fastidious, and require very strong regularity assumptions on u and on
the flux A : for instance, in order to upper bound the first two terms in (2.40),
which are Taylor expansions, we need to assume A € W2 (Y x R)". Eventually,
we obtain the following rough estimate :

T T
[ [ runtaascs [ [ oo
0 RN 0 RN

where

G (t,x) := |V u*+|0u| |V | +| D*a|+ |0,V pi| +|D*u|+|Va|*+| D[V, a] (2.41)

and C' is a constant depending only on N, Y, and the bounds on A.

We do not give the details of the proof here; the main advantage of this method
is to give a better understanding of the problem thanks to explicit calculations. The
proof we will give of theorem 2 in this article does not require as many calcula-
tions, but might seem less intuitive since the convergence is “hidden” behind Young
measures.

2.3.2 A few results about two-scale Young measures

Let us first recall a few results about two-scale Young measures : standard Young
measures were introduced by Luc Tartar in [68] in the framework of compensated
compactness as a tool to study weak limits of non-linear functions. Weinan E in
[24] combined Tartar’s results with Nguetseng’s and Allaire’s theory of two-scale
convergence (see [3], [56]) and proved the following lemma:
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Lemma 2.3.1. Assume we have a sequence of functions {v°}.~o, withv® : RN — K,
where K is a compact set of R. Then there exists a subsequence, still denoted by
{v°}es0, and a family of parametrized probability measures {v,,,(\)} supported in K,
which depends measurably on (z,y), and is periodic in y with period Y, such that as
e —0,

[ Fortane (e2) dom [ PO vlep dedy (242)

RN xY
for all € K,ep, F € C(K). The subsequence does not depend on 1 or F.
Vey(AN)} s the two-scale Young measure associated to the sequence v°.
7y

For our application, we will need the following straightforward generalization of
E’s lemma :

Corollary 2.3.1. Assume we have a sequence of functions {v°}.o, with v° : [0, 00) X
RN — K, where K is a compact set of R. Then there exists a subsequence, still
denoted by {v°}.s0, and a family of parametrized probability measures {v; 4., (N\)}
supported in K, which depends measurably on (t,z,y), and is periodic in y with
period Y, such that as e — 0,

/ F (z,vg(t,w)> ) (t,x, f) dt dx —
[0,00) x RN € €

— (F(y,\), Vezy) ¥(t,z,y) dtde dy (2.43)

[0,00) xRN XY
for all Y € Jper, F € Cper(Y X K). The subsequence does not depend on 1 or F.
We will also use the following lemma, due to Tartar (see [68]):

Lemma 2.3.2. The two-scale Young measure {v;,,} associated with {v°}.~o reduces
to a family of Dirac measures Oy zy) if and only if

v(t,x) =V (t,x, z) ‘

3

— 0.

L2 ([0,00)xR™)

We want to apply corollary 2.3.1 to the sequence u® of solutions of (2.1). Let
us prove that u® is bounded. First, recall that u*(t = 0,2) = v (£, Up(z)) with
iy € L>(RY). Thus, setting C' = ||to||p=@~) and recalling (2.18), we have

v(?—C) <u(t=0,z) Sv(?C) for a.e. z € RY.

Then, notice that for all p € R, v (f, p) is a stationary solution of (2.1) and that
the evolution operator associated to (2.1) is order preserving. Hence,
x x
v (—, —C) <u(t,x) <w (—, C) for a.e. t,x € [0,00) x RY
€ €
and
1% oo (0,00) xreny < max ([[o(, O)[Looyy, [0, =C)[ L)) =1 k.
Thanks to this estimate, we can use corollary 2.3.1 for the sequence v, with K =
[—k, k]. Let v, ., be the two-scale Young measure associated to the sequence u°. As
in [24], [27], [25], the goal is to reduce the family {1 ,,}t4, to a family of Dirac
masses, which will lead to the strong convergence in L%, as announced in theorem
2.
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2.3.3 Formulation of the cell problem in terms of Young mea-
sures

With this aim in view, we use once again the fact that v ( f,p) is a stationary solution
of (2.1), combined with the L' contraction principle for equation (2.1) and we obtain
the following inequality:

o) o o)) (3 () - )

—eA|uf — v (g,p> | <0 (2.44)

0

ot

In a first step, we multiply (2.44) by positive test functions e (t, x, f), where ¢ €
Jper; and we pass to the limit as € — 0 using corollary 2.3.1 in order to derive
information at the microscopic level on the mesure v. This leads to the inequality
(in the sense of distributions on [0,00) x RY x Y, for all p € R) :

—Ay (IX =0y, p)|s Vi) + divy (sgn(A — v(y,p))[A(y, \) — Ay, v(y, p))], Veay) < 0.

Since the left-hand side has mean zero, the inequality is in fact an equality :

Ay (X =v(y, p)|s v) + divy (sgn(X — v(y, p))[Aly, \) — Ay, v(y, p))], Vewy) = 0.
(2.45)

As we shall see in the sequel of the proof, we need to prove that the quantity

(sgn(A —v(y,p)), Viay)

is well defined and independant of y € Y. This result can be obtained in a rather
simple and straightforward way by deriving equation (2.45) with respect to p; un-
fortunately, this manipulation is valid if and only if v, ,(v(y,p)) = 0. However,
deriving equation (2.45) on the right and on the left yields the following lemma :

Lemma 2.3.3. We use the convention
(sgn(A — @), Vi) = Vigy(A > @) = V(A < ).

Then for allp € R, (sgn(A — v(y,p)), Veay) ts well defined and is independant of
y €Y : there exists C = C(t,z,p) € L=([0,00) x RY x R) such that

(sgn(\ = 0y, D)), vey) = Clt,2,p) for ace. (t,2,9) € [0,00) x RY x ¥, Vp € R.
We postpone the proof of the lemma to subsection 3.5.

2.3.4 Reduction of Young measures

As in [24], [25], [27], we apply DiPerna’s method in [22| to reduce the family
{Vt2yttay to a family of Dirac masses : we want to prove that

2 / (A =10t 2,9)], Vimg) dy + s, / (g A2t 2,9)), vemy) dy < 0, (2.46)
Y Y
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where

iy A v) = sgn(A —v) [Ai(y, A) — Ai(y, v)]
Indeed, if (2.46) is true, then we multiply (2.46) by eI (recall that u° is bounded
in L°°, but not in L*(RY x Y') in general) and we get

d

gg RN xY

< C/ <|)\ —u'(t, 7, y)|, yt’z7y> e " dy da,
RN XY

<|>\ — uo(t, z,y)l, Vt,w> e~ 1! dy dx

where C' = ||a;|| (v x[-kx))- Hence, by Gronwall’s lemma,
/ <])\ —u'(t, z,y)|, Vt,x7y> e~ 17l dy dx (2.47)
RN xY

< eCt/ (IX—=v(y, wo(x))|, Vi=0,2,4) eIl dy dx.
RN xY

Moreover, since the initial data is well prepared thanks to (2.11),
(IN=u’(t=0,2,9)], Vteo,4y) = 0. (2.48)
Thus, combining (2.47) and (2.48), we obtain
<\)\ —u’(t,z,y)|, l/m,y> =0 forae. (t,z,y) €[0,00) x RY x Y,

which entails
Viagy = 5u0(t,r,y)- (249)

(2.46) remains to be proved. Formally, the left-hand side of (2.46) can be split
into a sum of two terms :

N

/Y [<|)\ — 40t z,9)], 8tut7x7y> - Z <77,-(y, M ul(tx,y)), 8xi1/t7x7y>] dy (2.50)

i=1

and N
/ <8t|/\_u0(t7xay)| +Zaﬂfz‘ni<y7/\7u0(t>xay))vVt,x,y> dy (251)
Y i=1

First, in order to prove that (2.50) is nonpositive, we multiply (2.44) by nonneg-
ative test functions ¢ = p(t,z) € D([0,00) x RY), and pass to the limit as e — 0
using once again corollary 2.3.1. We obtain, in the sense of distributions and for all
peR,

N

o [ A= v plra) + 20 [ nw Ao <0 (252)

i=1
(2.52) yields

N

/Y [<|A — (Y. p)|, Oeay) + > (mily, A v(y.p)), &ciut,x,y)] dy <0

=1
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for all p € R. The choice p = u(t, ) implies that (2.50) is nonpositive.

Proving that the term (2.51) is nonpositive is a bit more difficult, mainly because
if 4 is an entropy solution of (2.36), there is no reason why u° should be an entropy
solution of the scalar law

' o 0 .
o +izla—xif4i(yau ) =g(t, x,y),

where ¢ is a source term with null Y-average (recall that u' is defined only on the
sets on which % is regular; on such sets, it can be proved that «° is indeed an entropy
solution of such a law).

The idea is to use the results on kinetic formulation of conservation laws (see for
instance [59]): if S € C%(R), then

N

where m is the entropy defect measure associated to u, and 7; is defined by
7i(p) = a@i(p)S'(p)-
Set, for (y,A\) € Y x R,

Sy)\(p) = |U(y7p) - )\’,

N (p) = /0 ’ a;(q)sgn(v(y, q) — A)%Z’Q) dq.

Unfortunately S¥* is not C? : thus, we use (2.53) for S¥*(p) := S¥* % ps(p), where
@5 is a standard mollifier, and we let § — 0. It can be readily shown that S¥*? (resp.
nY™°) converges to S¥* (resp. 1Y) uniformly on compact sets of R and uniformly
for (y,\) € Y x K (recall that v, ., is supported in K'). Thus as § — 0, in the sense
of distributions on [0, 00) x RY,

/<8t5y”\’5(ﬂ(t,x)),1/t7$,y> dyé/<8tSy”\(ﬂ(t,$)),l/t7xyy> dy,
Y Y

and the same convergence holds for 9, 7/’ ().

On the other hand,
ov

512 (p) = | (.1 )sen(v(y.p) = Neh(p — ') dp’
R OP
using lemma 2.3.3 and the property <g—z> =1 yields

/Y <S "), ”t’“”’y> dy = /Y < { /R sgn(v(y, p') — Nes(p — ) dp’} ,Vt,x,y> dy.

Then, using a regularization of the function signum it can be proved that

/ sgn(v(y,p’) —Nes(p—p)dp’ >0 VyeY,AeR,
R
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and consequently
_ Sy’A75” d d <
(p), Yty ) m(t,z,p) dpdy < 0.
RxY

Thus, passing to the limit as 6 — 0, we obtain
N
/ <3t\>\ —v(y,at,z))| + Y den? (W), Vt,x,y> dy <0 (2.54)
Y i=1

where the inequality is meant in the sense of distributions.
We split (2.51) into

N
/ <at‘)‘ - U’O(t? Z, y)’ + Z a’mnl(ya )‘7 u0<t7 Z, y))’ Vt,z,y> dy
Y i=1

N
= / <8t‘)‘ - U0<t7$,y)’ +Za$ing’>\(a)7yt7$,y> dy (255>
Y i=1
N
+ Z / <aﬁvz [ni(y7 /\v uo(tv Z, y)) - 77;”(@)} ) Vt7$7y> dy (256)
i=1 VY
Thanks to (2.54), (2.55) is nonpositive. Let us now focus on (2.56) : set
7 o a YA
'y, \p) = % [m(y, A o(y,p)) —n; (p)}
ov _
= sgn(v(y,p) — A)a—p [ai(y, v(y,p)) — @i(p)]
Using once again lemma 2.3.3 and the definition of a; yields
(2.57)

/ <fl(y7 AaP)ayt,m,y> dy =0 Vp e R.
Y

Set q
F'(y, X, q) rz/ fi(y, A\ p) dp;
0

Then (2.56) is equal to

N
Z/Y <aa:lFZ(y7 )\,fb(f,fﬁ)),yt,x,y> dy
=1

N
= Zaxl/ <F2(?/, )‘7ﬂ(t7 x))ayt,ac7y> dy _/ <Fi<y7)\7'a(tvz))78xiyt,x7y> dy
i=1 Y Y
(2.57) entails that
/ <Fi(y,)\,q), l/t7x,y> dy =0 for a.e. (t,x) € [0,00) % RY Vq € R,
Yy

and thus (2.56) is null as well. Hence, we have proved (2.46), and the family
{Vt2y}t2y 1s reduced to a family of Dirac masses.
]
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Remark 2.3.1. In fact, several reqularizations are necessary in order to make the
proof rigorous; for instance, we need to reqularize the measure v with respect to t, x,
so that the quantities Oy, O,,v are well-defined and the properties of lemma 2.3.3
are preserved, together with inequality (2.52). These calculations are straight-forward
and follow the arguments developed by R. DiPerna in [22].

Let us stress as well that the equality vi—gyy = Oug(ay) S ot obvious: indeed,
uniform bounds in & on Hua(t) — U (m, f)HLl(RNy for t close to 0, are not easy to
derive; a simple way to prove this fact is to go back to inequality (2.44), which yields

lim sup / A = 0 D), vemg) () da dy <
RN xY

t—0

< / o o 0(a) = oy, () da dy,

for allp € R, ¢ € D(RN),. Hence, for any measure i, ,(\) such that there exists a
sequence t, — 0 with vy, z, — ey w-MY(Ry x RN xXY), we have

/Y (A= 0y, D), ) dy < /Y [0y, Bo(z)) — v(y.p)| dy

for all p € R and in the sense of measures for v € RN. Taking p = tg(x) gives
oy = Oug(ey), and thus the whole sequence vy, converges in w-M* 0 Oyy(yy) @S
t— 0.

2.3.5 Proof of lemma 2.3.3

First, observe that (|A — v(y, p)|, V4. y) is a continuous function of p for a.e. (¢,z,y) €
0,00) x RY x Y. Moreover, if A # v(y, po), then the function f, (X, p) := |\ —v(y,p)|
has a partial derivative with respect to p at the point (A, pg) which is equal to

o 0
T m) = =5 v sgn(h o)

If X =wv(y,po), then f, has a partial derivatives on the right and on the left at the
point (A, pp) which are equal to

of, L
8]9 (U(y7p0)7p0) - ap (yap()))
af, ov

a—;(v(y,po),p(?) = —a—p(y,po)'

Additionnally, notice that for all A € R, p # po

fy(Ap) = fy(A po)
P —"DPo

v
dp

v(y,p) — v(y,po)
P — Do

<

<

LN(YXR)‘

Hence, using Lebesgue’s dominated convergence theorem, we deduce that the func-
tion
Ftvxyy(p) = <|/\ - U(y7p)|7 Vt,x,y>



Convergence proof 57

has derivatives on the right and on the left with respect to p for almost every
(t,z,y) € [0,00) x RY x Y

, v ov
L., = —a—p(y,po) (sgn(A —v(y, o)), Vi) + Viay {0(Y,0)}) a—p(y,po),
ov ov

Fuy(po) = —a—p(y,po) (sgn(A —v(y,p0)): Viay) — Viwy {0(Y:10)}) a—p(y,po)-

In a similar fashion, the function

Glay(p) = (sg0(A = v(y. p)) [Ai(y. A) — Ai(y, v(y,P))] s Vi)
has derivatives on the right and on the left with respect to p at p = py which are
equal to

Gii,x,y(l)g_) = _g_;<y7p0>ai(y7 U<y7p0>) [<Sgn()‘ - U(y7p0>>> Vt,x,y> - Vt,x,y ({U(yvp())})] )

G, u(00) = —g—;(y,po)ai(y, v(y, po)) [(sgn(A — v(y,p0)), Vi) + Vewy {v(y,p0) })] -

Thus, setting

r(t,z,y,p) = g—;(y,p) [(sgn(A — v(Y, p)): Viay) — Vi {0(y:0) ],

(t, 2, y,p) = g—;@,p) [(sgn(A — v(y,p)); Viwy) + Viwy {0(y,p) )],

we see that [ and r both satisfy for all p € R the elliptic equation

—Ayg +divy (ay, v(y.p))g) =0 (2.58)
a.e. on [0,00) x RN and in the sense of distributions on Y. Thus I,r € H! (V)

for all p € R and for a.e. (¢,7) € [0,00) x RV, and the equation is satisfied ?n the
variational sense for elliptic equations.

Comparing (2.58) to (2.17), and using the Krein-Rutman theorem (see lemma
2.2.1), we deduce that there exist constants C, = C..(t, z, p) and C; = C(t, z, p) such

that

ov
T’t,l’, ) :OT t,[L‘, A ) )
(t,2,y,p) ( m%@m
I(t,2,9.p) = Cilt. x,mg_;@,m

Since g—z is a positive function which does not vanish on Y (see lemma 2.2.1), this

yields
(sgn()\ - v(y,p)), Vt,w7y> —Vtay ({v(y,p)}) = Or(ta :L‘,p),
(sgn(A = vy, p)); Viwy) + Viay {v(y,p)}) = Cilt, 2, p).
Thus,

<Sgn<)‘ - U(yap))a Vt,m,y) = % (Cl<t7 :C,p) + Cr(t,x,p)) = C(t, x,p).

and the proof is complete. Notice that we have also proved that v ., ({v(y,p)})
does not depend on y.
[
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Chapitre 3

Formulation cinétique d"une loi de
conservation scalaire parabolique.
Application a un probleme
d’homogénéisation

On construit dans ce chapitre une formulation cinétique pour la loi de conser-

vation parabolique
Owu + div, Ay, u) — Ayu = 0.

En s’appuyant sur cette formulation, on définit une notion de solution faible dans
L' de la loi de conservation ci-dessus, et on montre que ces solutions faibles
obéissent a un principe de contraction. Par ailleurs, on donne une nouvelle preuve
du résultat d’homogénéisation du chapitre précédent. La démonstration présen-
tée ici repose sur la structure de I'équation de formulation cinétique plutot que
sur les mesures d"Young a deux échelles. La relative simplicité de cette preuve
permet de la transposer a des situations plus complexes : on traite ici le cas ou le
flux A posséde une dépendance macroscopique.

Ce chapitre a fait I'objet d"une publication dans SIAM Journal on Mathemati-
cal Analysis (2007), a I’exception de I'appendice en frangais.
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3.1 Introduction

This paper is devoted to the study of the solution u of the equation

{ Owu(t,y) + div, Ay, u(t,y)) — Ayu(t,y) =0, t>0, yeY (3.1)

u(t =0,y) = uo(y),

where Y = [0, 1]V is the N-dimensional torus; A = A(y,v) e RY y € Y, v €Ris a
given N-dimensional flux, periodic in the space variable y. The function u belongs
0 C([0,00), L(Y)) N L2, ([0, 50), Hi(Y)) A L ([0, 50) x Y).

In [15], a kinetic formulation was derived for such heterogeneous conservation
laws (in fact, this work was achieved for hyperbolic laws, but it can be generalized
to parabolic laws with no difficulty), based on the previous papers of P.-L. Lions, B.
Perthame and E. Tadmor concerning hyperbolic homogeneous conservation laws (see
[53], [52], [60], [58], and the general presentation in [59]). However, this formulation
is not entirely satisfactory : indeed, it is based on the comparison between the
solution u(t,y) of the conservation law and the constants via the function 1,cyy),
where v is an additional fluctuation variable. But the constants, which happen to be
stationary solutions of homogeneous conservation laws, no longer play a special role
in the context of heterogeneous conservation laws. Hence, our goal in this article is
to derive a kinetic formulation based on the study of the stationary solutions of (3.1).
Let us mention a related work of E. Audusse and B. Perthame [8], which defines a
notion of entropy solution which is not based on Kruzkhov’s inequalities, but rather
on the comparison with special stationary solutions, and which is sufficient to derive
the L' contraction principle.

Let us precise a few notations which will be used later on : if C5¢.(Y') denotes
the space of Y-periodic functions in C*°(R”), then

———WhP(Y)

Weet (V) = Ce(Y) ,

per per

Whee (V x R) := {u=u(y,v) € Wr*(RN*Y) u is Y — periodic in y},

per,loc loc
Dyper([0,00) X Y x R) 1= {u = u(t,y,v) € C([0,00) x R¥™) v is periodic in y
and IR > 0, u(t,y,v) =0if t + |v| > R},

1 1
(v) :== m/yv(y) dy Yve L (Y).

First, let us recall a few results on the stationary solutions of (3.1), which were
studied in [14]:

Proposition 3.1.1. Let A = A(y,v) € Wh (Y x R)N. Let a;(y,v) == 0,A:(y, v),

per,loc

1 < i < N, by,v) := div,A(y,v) € L (RN, Assume that there exist real

numbers Cy > 0, m € [0,00), n € [0,%) when N > 3, such that for all (y,p) €
Y xR

lai(y,p)l < Co (1 +[p[™) VI1I<i<N, (3-2)
[b(y, p)| < Co (1 + [p|") - (3.3)
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Assume as well that
a(y,-) € C(R)N  for almost every y €Y, (3.4)

and that the couple (m,n) satisfies at least one of the following conditions

m=0 (3.5)
or 0<n<1 (3.6)
N+2
or n < min (T+, 2) and Ipg € R, Yy € Y b(y,po) = 0. (3.7)

Then for allp € R, there exists a unique solution v(-,p) € HL, (Y) of the equation

per

—Ayv(y,p) +divy Ay, v(y, p)) =0, (v(-,p)) =p. (3.8)

For all p € R, v(-,p) belongs to WﬁéZ(Y) for all 1 < q < +00 and satisfies the
following a priori estimate : for all R > 0, there exists a constant Cg > 0 depending

only on N, Y, Cy, m, n, q, po and R, such that
||U('7p)‘|W2’q(Y) <Cr YpeR, |pl <R (3.9)

Moreover, for all p € R, d,v(-,p) € H},.(Y) and is a solution of

per

ov ) ov ov
-850+ di, [aty ot G| <0, (F) =1 (3.10)

And for all R > 0, there exists a > 0 depending only on N, Y, Cy, m, n, q, po and
R, such that for all (y,p) € Y x (=R, R),

ov
- > .
ap(y,p) >a>0

Equation (3.8) is also called “cell problem”, on account of its significance in homog-
enization problems.

Following the idea of E. Audusse and B. Perthame (see [8]), we now give a
notion of entropy solution for equation (3.1) based on the comparison with stationary
solutions :

Definition 3.1.1. Assume the hypotheses of proposition 3.1.1 are satisfied.
Let u € C([0,00), LY(Y)) N L2 ([0, 00), H. (Y)) N L([0,00) X V) be a solution

loc per loc

of (3.1). We say that u is an entropy solution of (3.1) if u satisfies the inequality

O (u(t,y) = v(y,p))+ + divy [Lusvp) (Aly, ) = Aly, v(y,p)))]
— Ay(u(t,y) —v(y,p))+ <0 (3.11)

for all p € R and in the sense of distributions on [0,00) X Y.
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Notice that this notion of entropy solution is different (at least in its formulation)
from the one of Kruzkhov, since the latter is based on the comparison with constants.
However, inequality (3.11) was known by Kruzkhov, since it can be considered as
a particular case of the comparison principle (notice that v(y,p) is a stationary
solution of (3.1)). It will be proved in the second section, under suitable regularity
assumptions on the flux function A, that all solutions of (3.1) are entropy solutions
in the sense of definition 3.1.1.

Let us mention here an important application of inequality (3.11) and of the
kinetic formulation which follows from (3.11) : we give in this paper another proof
for a homogenization result proved in [14]|, which we recall here for the reader’s
convenience :

Proposition 3.1.2. Assume that A € W > (RNtO)N satisfies the assumptions of

per,loc

proposition 3.1.1, and that d,,a; € Lj, (RN*1), d,a; € L, (RN*!) for 1 <i < N+1,
1<j<N.

Fore > 0, let v* € L([0,00) x RY)NC([0, 00), L}, (RY))NL?2

loc loc loc
be a solution of the parabolic scalar conservation law :

([0,00), Hipe(R™))

loc

ov* ;) x
> A (=0 — A" = > RY 12
5 (t,a:)+i:1 . Z(g,v (t,x)) eAv°=0 t>0, zeRY, (3.12)
S(t=0) = z
v (t=0) =1 (x, 5> . (3.13)

Let p € R, and let v = v(y,p) be the unique solution in H),.(Y) of the cell
problem (3.8). Define

- 1
) = 1 [ Aot dy (314)
Y1)y
Assume also that vy is “well-prepared”, i.e. satisfies

Uo([E,y) :U(y,f}o(l‘)) (315)
for some vy € L* N L=(RY).
Then as € goes to 0,

([0, 00) x RY),

loc

vi(t,x) —wv (z,@(tw)) —0 inL?
5

where v = v(t,x) € C([0,00), LYRY)) N L*([0,00) x RY) is the unique entropy
solution of the hyperbolic scalar conservation law

00 o= 04;((t, )
EJF; x; (3.16)

o(t = 0,2) = Bo(x) € L' 0 L=(RY).
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Actually, the result proved in section 3.3 is more general than proposition 3.1.2,
but is much more complicated to state at this stage. In particular, we work in a
L' rather than L™ setting, which appears to us to be entirely new for this kind of
equation; this point will be developed a little further in remark 3.3.2. We emphasize
that inequality (3.11) was already used in [14], but we believe that the proof given
here gives a better insight of the homogenization process.

Let us mention related results of Weinan E (see [24], [25]), and Weinan E and
Denis Serre (see [27]), which use two-scale Young measures instead of the kinetic
formulation in a hyperbolic context. In fact, the proof of [14] is close to the ones of
these articles, although the viscous term in (3.12) is absent from the problems studied
by Weinan E in [24], and Weinan E and Denis Serre in [27]. Indeed, the scaling in
our problem is chosen so that the viscosity has the same order of magnitude than
the size of the oscillations in the flux function, and thus the viscosity has an effect at
a microscopic level only. Notice that the (macroscopic) homogenized problem (3.16)
is hyperbolic; this justifies the use of hyperbolic tools, such as Young measures or a
kinetic fomulation, in the study of equation (3.12).

We also wish to point out that the expression of the homogenized flux in the case
studied by Weinan E and Denis Serre in [27] when N = 1 is the same as in (3.14).
However, the corrector v appearing in the expression is not the same in both cases :
indeed, in the hyperbolic case studied by Weinan E and Denis Serre, v is a solution

of
ayA(ya U(yap)) = O

In particular, v is not unique in general, although the homogenized flux is. We
refer the interested reader to [27] and [49] for details; the latter uses an equivalent
formulation using Hamilton-Jacobi equations.

The organization of this article is as follows : first we derive a kinetic formulation
for equation (3.1). As usual, this allows us to define a weaker notion of solutions of
the parabolic conservation law (3.1), called kinetic solutions. We also derive formally
the L' contraction principle for kinetic solutions of equation (3.1). Then we use this
formulation to give another proof of proposition 3.1.2 in section 3.3. Eventually, in
section 3.4 we give a rigorous proof for the derivation of the L' contraction principle
announced in section 3.2.

3.2 Kinetic formulation

This section is devoted to the derivation of a kinetic formulation for equation (3.1).
Throughout the section, we assume that the hypotheses of proposition 3.1.1 are
satisfied, that is, A € W;éﬁOC(Y x R), and A satisfies either (3.5), or (3.6), or (3.7),
together with (3.4).

Under such hypotheses, the following result is easily deduced from proposition
3.1.1:

Lemma 3.2.1. For a.e. y € Y, p — v(y,p) is a C* diffeomorphism from R to
(a-(y), as(y)), where o (y) = lim, o0 v(y, p).-
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Its reciprocal application is denoted by w(y,-)

w(y) = (a-(y), .+ (y)) = R

Remark 3.2.1. Notice that +oo (resp. —o0) is an admissible value for o (resp.
a_ ). In fact, it can be checked that

(ag) = o0,

and there are cases when
ar(y) =+o00 Vyey.

Indeed, for all y € Y, the family (v(y,p) — v(y,0))ps0 s increasing in p and
nonnegative. Moreover,

(v(-,p) —v(-,0)) =p VpeR.

Hence according to Lebesque’s monotone convergence theorem, (o — v(-,0)) = 400,
and thus (oy) = +o0o. If we assume additionnally that m = 0 in hypothesis (3.2)
(i.e. we assume that (3.5) is satisfied), then it is proved in [14], lemma 6 (see also

(2.20), (2.21)), that

lim inf = +00.
pgglw;gyv(y,p) +00

In that case, a(y) = +oo for ally €Y.

We begin our study of equation (3.1) with the following

Lemma 3.2.2. Let u € C([0,00); L'(Y)) N L3, (0, 00; H,,,(Y)) N Li5,([0,00) X Y) be
an arbitrary solution of (3.1). Assume that the flur A € Wpléfzoc(Y x R) satisfies
(3.4) and the hypotheses of proposition 3.1.1.

Then the function u satisfies the following equality in the sense of distributions

on [0,00) x Y xR,

Or(u—v(y,p))+ + divy [Lusup (A, w) — Ay, v(y, p))] — Ay(u —v(y,p))+ = —m,
(3.17)

where

it y,p) = 5 |V, (ult,y) — v(y. p))[26(p = w(y, ult,y)))

5 (Y, p)
is a nonnegative measure on (0,00) x Y x R.
Consequently, u is an entropy solution of (3.1) in the sense of definition 3.1.1.

We postpone the proof of lemma 3.2.2 to the end of section 3.2. Let us stress that
equality (3.17) is to be understood in the sense of distributions in [0,00) x Y x R.
Such an equality would indeed be meaningless were it considered for p € R fixed.

Let us now write down the kinetic formulation for equation (3.1). Let u be an
entropy solution of (3.1); differentiating equality (3.17) with respect to p leads to

9 (9v(y,p) 0 (v(y,p) ov(y,p) .+\ _ Om(t,y,p)
&( p f+>+8yi< ap ai(y’v(y,p))ﬁ)—ﬁy( o f+>_6—p

(3.18)
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where f+<t, y,p) = 1u(t,y)>v(y,p)'
The same kind of equation holds for [~ = 1,4y)<uyp) = 1 — f1 (recall (3.10))

(3.19)

This leads to a notion of kinetic solution :

Definition 3.2.1. Assume that the flurz A satisfies the hypotheses of proposition
3.1.1. Let u = u(t,y) € C([0,00); LY(Y)) N L2 (0,00; H! (Y)) such that

loc per

a_(y) <u(t,y) < ay(y) forae. (t,y)€[0,00) xY.

We say that u is a kinetic solution of (3.1) if f* = Lyty)>uyp) satisfies (3.18)
in the sense of distributions with the initial data f*(t = 0,y,p) = Luy@)>u(yp), and
if there exists a function pu € L (R) such that u(p) — 0 as |p| — oo, and

/0 ) /Y mt,y.p) dydt < u(p) in D(R). (3.20)

Precisely, u is a kinetic solution of (3.1) if (3.20) holds and if for all test function
Y=Yt y,p) € Dper([0,00) x Y x R), we have

& 0
/0 F(t,y.p) ”%“ {00 + as(y, v(y, p))Byth + Ay} dit dy dp =

Y xR a
& ov(y,p
:// m(t,y,p)op(t,y,p) dtdydp—/ Lo (y)>v(y.p) gy >¢(0,y,p)dydp-
0 JYxR 1%

Y xR
(3.21)

Notice that without any loss of generality, we can choose a function u in (3.20)
which is nonincreasing on (0, c0) and nondecreasing on (—o0,0).

It is easily checked that the notions of entropy and kinetic solutions are equivalent
as long as u is bounded in some kind of L*° norm :

Proposition 3.2.1. Assume that A satisfies (3.4) and the hypotheses of proposition
8.1.1. Let u = u(t,y) € C([0,00); L'(Y)) N L3, (0,00; H,,,(Y)). Assume that there
exist real numbers (31, B2 € R such that

v(y, B1) <ult,y) <o(y,B2) forae. (t,y) € (0,00) x Y. (3.22)

Then u is an entropy solution of (3.1) if and only if u is a kinetic solution.

We are then able to prove the L' contraction principle thanks to the kinetic
formulation; we wish to emphasize that when u satisfies (3.22), this result is not new
by any means, and has been known since the articles of Kruzkhov [69, 70]. However,
we present here a different proof (see section 3.4), using merely regularizations by
convolution following [58, 59]. Moreover, we prove that the L! contraction principle
holds for a larger class of solutions.
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Theorem 3. Assume the hypotheses of proposition 3.1.1 are satisfied, with a €
wht (Y xRN, and

per,loc
Opa € L (Y X R) (3.23)
VR>0, 3a,C>0V(y,y) €Y?> Vo e (=R, R) |a(y,v) —a(y,v)] < Cly —y/|*
(3.24)

Let uy, uy be two kinetic solutions of (3.1). Then

(ur(t) = ua () +llor vy < M(ua(t = 0) = ua(t = 0)) 4]l v)- (3.25)
Moreover, if for all'T > 0

T
ov(y,p
/ // ( )Ia(y,v(y,p))l1u2<t,y><v(y,p)<u1(t,y) dt dy dp < +0o0, (3.26)
0 Yy JR ap

then the following inequality holds, in the sense of distributions on [0,00) X Y

0

En O s (A ) — Aily, )] — By (s — )2 0. (3.27)

(u1 — ug)4 + a0
Remark 3.2.2. Hypothesis (3.26) is necessary in order to retrieve inequality (3.27).
However, if the sole purpose is to derive the L' contraction inequality (3.25), hy-
pothesis (3.26) is no longer required. Hypothesis (3.26) implies that the function

<t7 y) = 1U1>U2 [A<y7 Uy (ta y)) - A(y7 U’?(t? y))]

belongs to L*((0,T) x Y)N for all T > 0. Notice that such an integrability property
is mot obvious in general, since we no longer assume that u € LS., and thus A(-,u)
does not belong to L3, either.

loc’

Let us explain formally how inequality (3.27) is derived : let uy, us be two kinetic
solutions of (3.1). We set fi = Lo, (t)>v(wp)s f2 = Lus(ty)<v(y.p)»

1 .
m; = [Vyui(t,y) — Vyo(y, p)l* 555500 = wly, wit,y))), i=1,2.

y 7p
Op

0 o (0 0 0
g ( fl) " (a—;ai(y,v(y,p))ﬁ) o, () =G e
9 0 8 0 0

Multiply (3.28) by fa, and (3.29) by fi; recalling equation (3.10), we add the two
equations thus obtained and we are led to

o [0 o (0 0
ot (a_;flfQ) + 6—% (%ai(%”(y’p))ﬁﬁ) EAY (—Uf1f2> =

8m1 8m2

f2 pf Qg—;Vyfl-Vyfg. (3.30)

Then
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Set ;(t,y) = w(y,u;(t,y)) (i =1,2), ie. v(y,vi(t,y)) = u;(t,y) . Then
1

Vopilty) = gr
! & (y, pilt,y))

[Vyui (ta y) - vyv(y7 2 (ta y))] .
Notice that

Ji= 1u1(t7y)>v(y7p) = 1@1(t7y)>p7
fa= 1u2(t7y)<v(y7p) = 1@2(t7y)<p’

and thus, setting n; = 1 and 7, = —1,

ofi
a{) = —n; 0(p = @i(t,y)),

Vyfi = miVyei(t,y)o(p = 1(t,y)).

We refer to the proof of lemma 3.2.2; at the end of the present section, for a derivation
of the above equalities in the sense of distributions on [0,00) X Y x R.
On the other hand, for any function G' € W,">(R),

' ouly, ov(y,
/G (vly:P)AS: <8y . = /G/(U(ZJ?p))1u2(t,y)<v(y7p)<u1(t,y) (ay p)' dp
R D - »

Lus(t)<un (t) [G(ua (8, ) — Glua(t, y))] -

Hence, integrating (3.30) with respect to p on R yields

0

0
5“‘1 —Up)y + a_y1u2(tay)<ul(tvy) [Ai(y,ui(t,y)) — Ai(y, ua(t,y))] — Ay(ur — ug) 4

0
= [ midutat mad,fy ~ 25V, Vakdp
R p

1
= [ IVyua(t.9) = Tyl 00 g 60 = 92300 = )
R —ap
1
~ [ 1¥ua(t.9) = D000 02) 5600 = 9250 = 1)
R

Ov(y,p)

dp

ov
+2/ 2y WP) Vuer(t,9) - Voot y)0(p = 1)0(p = 2)dp
R

1
- _/ S 00 =91)0(p = ©2)|Vy(u1 — uz) = Vyu(y, 1) + Vyo(y, ¢2)* dp

Op
< 0

which is exactly the L' contraction principle between u; and us.

However, the calculations above are entirely formal, since the product of Dirac
masses is not a well-defined object, and fi, fo do not have enough regularity to
perform nonlinear calculations. Thus, regularizations are necessary in order to justify
the contraction principle, which is proved in section 3.4.
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Proof of lemma 3.2.2. Notice first that since u(¢, y) and v(y, p) are both solutions
of (3.1), we always have

O [u(t,y) — vy, p)] + divy [A(y, u) — Ay, v(y, p))] — Ay [u(t,y) —v(y,p)] = 0.

Thanks to the regularizing parabolic (resp. elliptic) term, the regularity of u (resp.
v) is sufficient for us to use the chain rule, and thus

Lu(ty)>o(p) O [ut,y) — v(y, p)] = Ok [u(t,y) — vy, p)], ,
Lu(ty) >y divy [A(y, u) — Ay, v(y, )] = divy [Ty sowe) (Ay, ) — Ay, v(y, p)))] ,
Lusop Ay [u—v(y,p)] = Ay [u —v(y,p)]s — Vylusep) - Vy [t —v(y, p)]

Similar calculations can be found for instance in [69, 70|, and are in fact at the
heart of Kruzkhov’s method for proving the L' contraction principle.
The major difficulty comes from the term V1, 4)>u(y,p). Notice that

Luty)>viyp) = Luw(yu(ty)>p-

When p € R is considered as a fixed parameter, we have
Vylusoyp =V ©® Hi, !

where w := {y € Y; w(y,u(t,y)) > p}, Ha' is the (n — 1)-dimensional Hausdorff
measure along {w(y, u(t,y)) = p}, and v is the unit normal vector field oriented from
{w(y,u(t,y)) < p} to {w(y,u(t,y)) > p}. In general, no simplification occurs. How-
ever, when deriving a kinetic formulation for equation (3.1), we are only interested
in the computation of V1,5, in the sense of distributions on [0,00) X Y x R,
(see for instance [53], [52], and section 3.2 in [59]). In that case, we can give another
expression for the gradient of 1,5,(yp), namely

Viylutysowr = Vylwuty)sp

= LYl y) - oy 25 = wiy, ult, ).

Notice that the above expression, although meaningless if considered for p € R fixed,
is well-defined in the sense of distributions on [0,00) X Y x R,

Thus (3.17) is proved. Consequently, all solutions of (3.1) satisfy inequality
(3.11) in the sense of distributions on [0,00) X Y x R. And it is then easily checked
that if a solution u of (3.1) satisfies (3.11) in the sense of distributions in ¢, y, p, then
u satisfies (3.11) for all p in the sense of distributions in ¢, y. O

3.3 An application to homogenization

We provide here a proof for proposition 3.1.2. The kinetic formulation derived above
allows a better understanding of the homogenization process, and the proof is much
more elegant than the original one in [14], which used two-scale Young measures.
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We will work in the context of kinetic solutions of equation (3.12) : let ¢ > 0,
and let u® € L2 ([0, 00); L (RN)) N L2 (0, +o0; HL (RY)). We assume that

fe<t7 xvp) = 1v<§,p)<u€(t,z)

is a solution in the sense of distributions of

o (5 (5) ) 0 [ (S () 0 (2.0) ] - (5 () )

FU=0) = 1,(e (o) 331
where
me(t,x,p) :=¢ ’qua(t,a:) -V, <§,p) ‘2 —vp (i,p) ) (p =w <§, ua(t7a:)>> .

We assume that the hypotheses of proposition 3.1.1 are satisfied, together with
(3.4), so that w(y,p) is well-defined (see lemma 3.2.1). We have used the notation

vp(y, p) = Opu(y, p)-
The hypotheses on f¢ are the following:

(H1) wug(z,y) = v(y, tp(x)), for some 1y € L*(RY);

(H2) wup—v(y,0) € LY(RY,Cper(Y)); this means that

/R sup |v(y, ap(z)) — v(y,0)| dx < 400,

N yeY
which is slightly stronger than requiring 4, € L.

(H3) fe(t,x,p) — 0 (resp. 1 — f¢ — 0) as p — 400 (resp. as p — —o0) for a.e.
(t,z) € [0,00) x RY and for all € > 0. Equivalently,

a_ (g) <uf(t,x) < ay (g) for a.e. (t,z) € (0,00) x RY,

where o and o were defined in lemma 3.2.1.

(H4) For all ¢ > 0, there exists a function u. € L*(R) such that u.(p) — 0 as
|p| — oo and

/ me(t,x,p) dt de < p.(p) Vp e R.
0 JrN

(H5) For all € > 0, the function

T

(trip) = 5 (220) Ly “(2.0) + Lyl = £5(t2,1)

belongs to L2 ([0, 00), L' (RYT!)). Equivalently, the function
(t,z) — u(t,z) —v <§,O>

belongs to L ([0, 00), LY(RY)).

loc
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A function u® € L ([0,00); L (RY)) N L2 (0, +oo; HL (RY)) such that f¢ is a
solution of (3.31) and such that (H3)-(H5) are satisfied is called a kinetic solution
of the parabolic scalar conservation law (3.12). Notice that we do not assume that

(3.12) is satisfied in the sense of distributions.

Let us now state the result we prove in this section.

Theorem 4. Assume that A satisfies the hypotheses of proposition 3.1.1 and (3.4).
Let u® € Li5,([0,00); Li, (RY))NLE,.(0, +00; Hy, (RY)) be a kinetic solution of (3.12)

such that hypotheses (H1) - (H5) are satisfied. Then
ut(t,x) — v (g,a(t,@) — 0

in L} ([0,00) x RY), where u € L>=([0,00), L'(RY)) is the kinetic solution of (3.16)

loc
with nitial data .

Remark 3.3.1. When hypothesis (H1) on the microscopic profile of the initial data
is not satisfied, it is proved in the L™ case in [18] that there is an initial layer of
typical size €, during which the solution adapts itself to the profile dictated by the
microscopic structure. The proof of this result relies on the parabolic structure of
the equation, which cannot be used here since the kinetic formulation is essentially
a hyperbolic tool.

Remark 3.3.2. It is can be checked that (H2) - (H5) are always satisfied when
g € L= N LYRY) and u® € LS is an entropy solution. However, we wish to

stress that hypothesis (H3) does not imply that u® € L2([0,00) x RY) in general.
For instance, in the case when hypothesis (3.5) is satisfied, we have ay = +00, as
explained in remark 3.2.1. Hence in that case, hypothesis (H3) is always satisfied,
and the only bound required on u® is (H5), which is an L' bound. Consequently,
we refer to (H2) - (H5) as an “L' setting”, by contrast with the “L* setting” of
entropy solutions.

At last, let us mention that the function p. in hypothesis (H4) can in fact be
derived from equation (3.31) (see lemma 3.3.1 below), if it is known that (H4) holds
for some function p.; nonetheless, (H4) cannot be avoided and is necessary for

lemma 3.3.1 to hold.

We will prove the convergence in several steps; first, we introduce the two-scale
weak limit f(¢,z,y,p) of f&. Then, the key point in the analysis is to show that
f(t,z,y,p) = 1pcanq), where 4 is the solution of the homogenized problem. Hence,
we first prove that f does not depend on 3. Then we derive the macroscopic equation
solved by f and we prove that f(t = 0) = 1,c4,(z); this entails that f = 1,5, and
@ can be identified thanks to the equation solved by f. Eventually, we prove the

strong convergence in Li. .

We begin with a few preliminary bounds on m® and f¢, of which we only give a
rough idea of the proof (see for instance [59], proposition 4.1.7 and lemma 3.1.7 for
the derivation of similar inequalities):

Lemma 3.3.1. Assume that (H1) - (H5) are satisfied.
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e There exists a constant C' > 0 such that for all € > 0, for a.e. t >0,
x
/N Up <gap> (1p>0f6(t7xap> + 1p<0(1 - f€>(t,fﬂ,p)) dz dp S C.
RN+1

e There exists a constant C' > 0 such that for all pg > 0, ¢ > 0,

/000 o m®(t, x,po) dzx dt < /RN (U (g,ﬂo(x)) —v (g,po>>+ dr < C.

The same kind of bound holds for py < 0.
Thus m#((0,+00) x RN x (=R, R)) is bounded for all R > 0 uniformly in ¢.

o Forallt >0, for all pg > 0, for alle >0

/RN <u8(t,x) - (g,po>)+ dx < /RN (v <§,ﬂg($)> —v <§7p0>>+ da

(3.32)

We deduce from the second bound in the lemma that we can take in (H4)

= [ o ) o (5) o
+1,-0 /RN (v <g,ﬂ0(x)> —v (g,p»_ dzx.

Then p. is bounded in L*°, uniformly in €. Moreover, it will be proved in the very
last step of the proof that for all p, . (p) converges as e — 0 towards o(p), for some
function pp € L*°(R) vanishing at infinity.

Proof. Thanks to the integrability assumptions (H4)-(H5) on f€ and m®, we prove
that for any test function S’ € D(R), for all £ > 0, we have

.. S0r e, (L) didp= [ @)= 0000, (Z0) dodp =

t
:—/ / me(t,z,p)S" (p) dt dz dp.
0 Jry+1

Then, using the fact that p. vanishes at infinity , we prove that the above equality
holds for more general functions S. In particular, the choice S’(p) = 1,50 (and thus
S"(p) = 6(p = 0)) yields the first bound on f¢, and the choice S'(p) = 1,,, for
some pg > 0 gives the one on m*®. Moreover

5 T _ T
/RNH Lyspo /7 (8, 2, P)vp <g>p> drdp = /RNH 1v(§,po)<v(%,p)<u5(t,m)vp (g,p) dz dp

— /RN [us(t,x) —v (g,p())L dz,

and thus the choice S’(p) = 1,,, also yields the bound on u°. O
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We now use the concept of two scale convergence, defined by Grégoire Allaire in
[3] following an idea of Gabriel N'Guetseng (see [56]), in order to find a two-scale
limit for f¢ :

Proposition 3.3.1. Let {v°}.~¢ be a bounded sequence of L*(Y), where Q is an
open set of RN. Then as € — 0, there exists a subsequence, still denoted by e, and
w0 e LA(Q xY), such that

/ ¥ (x g) v (z) do — U(x, Yy’ (z,y) dv dy
0 € OxY
for all ¢ € Cper(Y, L*()).

It is then said that the sequence {v°}.~o “two-scale” converges to vy.

This concept is easily generalized to functions in L> (the proof goes along the
same lines as the one given in [3]), which allows us to prove the following :

Lemma 3.3.2. There exists a function f(t,z,y,p) € L=((0,00) x RY x Y x R) and
a subsequence, still denoted by e, such that f¢ two-scale converges to f.

It is easily checked that 0 < f <1 a.e. Since v,, f and 1 — f are nonnegative,
lemma 3.3.1 entails that there exists a constant C' such that

/ {1,50f(t,z,y,p) + 1pc0(1 — f(t,z,y,p)) } vp(y,p) dedy dp < C'  a.e. t>0.
RNV xY xR

The goal is now to identify the equations solved by f in order to prove that f
is an indicator function. Hence, we now focus on the microscopic (i.e. in y) and
macroscopic (i.e. in ¢, z) equations solved by f.

First step. Microscopic profile. Multiplying (3.31) by a test function of the form
ep (t,x,x/e,p), with ¢ € Dpe((0,00) x RV x Y x R) and passing to the limit as
e — 0 leads to the equation

“a, (g—pf) + div, (a@,v(y,p))g—;f) 0 (3:33)

in the sense of distributions on (0, 00) x RY x Y xR. Let us point out that a(y, v(y, p))
is an “admissible” test function in the sense of G. Allaire (see [3|) thanks to the
continuity assumption (3.4).

Then, we regularize the equation (3.33) in the variables ¢,z,y,p thanks to a
convolution kernel, and pass to the limit as the parameter of the regularization
vanishes. We easily deduce that equation (3.33) in fact holds almost everywhere in
t,x,p, in the variational sense in y.

Notice that the constant function equal to 1 on Y, denoted by 1, is a positive
solution of the dual problem

—A,1—a(y,v(y,p)) - V,1=0.

Consequently, by the Krein-Rutman theorem, we infer that any solution g of the
equation
—Ayg + divy (aly,v(y,p))g) =0
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can be written g(y) = c%@’p), where ¢ is a constant in .
Thus f(t,z,y,p) does not depend on y, and f = f(t,z,p).

Second step. Evolution equation. Now, we multiply (3.31) by a test function of the
form o(t, z,p), with ¢(t,z,p) = 0 when [p| > R, R > 0 arbitrary; thanks to lemma
3.3.1, m*((0,00) x RY x (=R, R)) is bounded uniformly in &, and thus up to the
extraction of a subsequence, there exists a measure mp such that

m® —mpr inw— M"(0,00) x RY x (=R, R)).
We define, for any p € R,
_ 1/ v
a\p) = 7 aly,v\y,p _d7
() v, (v, vy, P)) 5y

recall also that

1 ov
— [ —dy=1
Y| Jy op
Then f satisfies, in the sense of distributions on (0,00) x RY x (=R, R)
o om
O f +dive(a(p)f) = 8pR' (3.34)

We deduce that for any 0 < R < R, mr = mp on (0,00) x RY x (=R, R).
Consequently, the measure m, defined by m = mp on (0,00) x RY x (=R, R) is
well-defined. Hence equation (3.34) holds in (0, 00) x R¥*1 with mp replaced by m,
and m € C(R,,w—M*([0, 00) x RY). Moreover the measure /m inherits the following
property from the bounds on m®: for almost every p € R,

/ / m(t, 2y, p) di de dy < po(p), (3.35)
0 RN xY

and p belongs to L* and vanishes at infinity, as we shall prove in the fourth step.

Equation (3.34) looks very much like the kinetic formulation for a homogeneous
and hyperbolic scalar conservation law (see for instance [53], [52], and [59], chapter
3). However we have to work out a few points before jumping to a conclusion.

Third step. Identification of f as an indicator function. First, the function which
occurs in the kinetic formulation is the function y : R? — {1, —1,0} defined by

1 if0<ov<u,
x(v,u) =< =1 ifu<v<0,
0 otherwise.

Here, if u®(t,z) —v (x/e, u(t, x)) converges strongly to 0, as we intend to prove, then
[ = Lyyp<vwate) = Lp<a(te); hence, a good candidate for a function x (v, u(t,z))
seems to be

g(t,z,p) = Lpnof — Lpco(l — f) = [ — Lp<o.

The function g satisfies the same equation as f, and

sgn(p)g = lpsof + 1p<o(1 — f) = |g| € [0, 1].
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Moreover,
@—5( =0)+0,f (3.36)
o p= - :

Recall that

Opf*(t,x,p) = =0 (p —w (g,uﬁ(t,x))) ;

Hence —0,f°(t, x,p) is a nonnegative measure, uniformly bounded in € on compact
sets of (0,00) x RN*1. Since 9, f¢ weakly converges to d,f, we deduce that 9,f is a
nonpositive locally finite measure.

There remains to check that

g(t =0,z,p) = x(p, uo(x)); (3.37)

this equality is in fact not obvious : if f¢(t = 0,z,p) = fo (z,x/e,p), then it is false
in general that f(t = 0,z,y,p) = fo(x,y,p). Indeed, there might be initial layers
of typical size . These are not taken into account when passing to the two-scale
limit because the test functions do not select the microscopic information in time.
In order to see the possible initial layers, we should have taken test functions of the

kind
w(t7£7x7£7p)'
€ €

Here, it is unnecessary to consider test functions which have microscopic oscil-
lations in time because the initial data is well-prepared. Hence, there is no initial
layer in this case. In other words, the u® are uniformly continuous in time at time
t = 0 (with values in L{ ). In terms of the kinetic formulation, this result follows
directly from the fact that

FE=0,2,0) = 1y ) (= o(w)) = Lo<aote)-

Hence f¢(t = 0) does not depend on e. Consequently, multiplying (3.31) by a test
function (¢, x,p) € D([0,00) x RVT1) yields

/ /RN+1 txpg“( ,p>{8t<,0+az< LU < ,p))@migoJreAIgp} dt dx dp

// m(t,x,p)dpp(t, z,p) dt da dp
0 RN+1
ov /x
B 2o\ 20 P) Lo<ao@plt = d d
/RN+1 dp <g’p) p<u0($)90< 0,z,p) dx dp

Passing to the limit as ¢ — 0 entails that

f(t = 071',]7) = 1p<ﬁo(x)7
and thus
Gathering (3.34), (3.35), (3.36), (3.37), we infer that ¢ is a generalized kinetic
solution (see definition 4.1.2 in [59]) of the scalar conservation law

=0,
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where
Ai(p) = ai(p).

Now, we can apply theorem 4.3.1 in [59] : there exists @(t, z) € L*=([0,00); L*(RY))
such that g(t,x,p) = x(p,u(t,z)) a.e., and @ is a kinetic solution of the above scalar
conservation law.

And since

1p>0f - 1p<0(1 - f) = X(paﬂ(tv$))7
we deduce that
ft,z,p) = Lycagra)

almost everywhere.

Fourth step. Strong convergence. Let us now prove that this result entails that
x
u (t,z) —v (—,ﬂ(t,x)) — 0
€

in L& .
(i) Convergence of u* ANv(x /e, po) for all py > 0: take an arbitrary cut-off function
¢ = o(t, z) with compact support in [0,00) x RY, py > 0 and set

ov
w(t,x,y,p) =1z a(t,z)<p<po Ap (y p) gp(t,:l:‘).

Since fe(t, xp)—l( )
ase — 0

<ut(t,2) two-scale converges to f = 1,.4(1.2), we deduce that

tx ,p)1 . dp dx dt — 0.
L Lo (e Eo) 1y ot —

And the left-hand side can be transformed as follows

/ /RN+1 tl‘ ’p>1 ( )<u5 (t,x) dpdl’dt
- £ (2,0 dp d dt
- s Loz ) <o(2) <t 2.m) P ’@a_p(?p) pdz
— / /RN+1 v u(ta: <v<“€(t,m)/\v(%,p0) (p(t,x)dv dl‘ dt

— /0 /RN o(t, z) ue(t,x) A v (g,p()) —v (g,ﬂ(t,x))L dx dt.

Take any compact set K C [0,00) x RY and choose a test function ¢ € D([0, 00) x
RY) such that 0 < ¢ <1, and ¢ =1 on K. Then for all ¢ > 0,

e no(Zm) oG] |

/0°° /RN o(t, x) [ue(t,l’) Av (g,po) —v (g,ﬁ(t,x)ﬂ+ dx dt
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In the inequality above, we have used the fact that u; = max(u,0) is always non-
negative. Thus we deduce that for all pg > 0

The same kind of result holds for py < 0.

(ii) Convergence of u®: let T'> 0, R > 0, and set @ := (0,7) x Bg. For pp > 0
arbitrary, we have

— 0.
e—0

[ua(t,$) A v <§7p0> —v <§,ﬂ(t,$)>]

THLL ([0,00)xRN)

us(t,z) —v <§,ﬂ(t,x)>}
9 + LY(Q)
S UE/\U(£7PO> _'U<z7’a<t7$)> +‘ [ue_ue/\v(z7p0>i|
L € € e 1V A0a)! € EAY(e)
< ua/\v(g,m) —U(E,ﬂ(t,l’)) +‘ [us—v(f,m)]
< [ nv (Eom) v (2 atta)
g g + LY(Q)

1 fo(Emie) o o)

thanks to inequality (3.32).
According to (H2), we have [v(y, @) — v(y, po)]. € L' (RY; Coer(Y')); thus, using
to a result of Grégoire Allaire (see [3]), we deduce

/RN [v (g,ﬂo(ﬂc» - (§7P0)]+ dxr — . [v (y, to(x)) — v (Y, po)], do dy

as ¢ — 0, for all py > 0. Since || (v(y,p) —v(y,P)); lleryy = (p — ')+ for all
p,p € R, we derive the following bound

[ e o (Zeate)]asa
< /OT/BR [ua(t,x) Av (g,po> —v (g,u(t,yc)ﬂJr dr dt

/RN [v (g,m(@) —v <§,po>]+ dx — ||(to — po)+ || v

+T[[(@0 — po)+||Lr @)

+T

In the above inequality, take py large enough so that |[(@g — po)+||r1@ny is small
enough, and then for this py, take € > 0 small enough so that the two other terms
are small (notice that the first one vanishes thanks to the first step). We deduce

that .
[ua(t,x) —v (E,u(t,a:)>]+ — 0

in Li ([0,00) x RY), and theorem 4 is proved.
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Moreover, we have proved that for all p > 0,

) = iy | [0 (Go@) —v (Cop)], @
= [, ) o). drdy
= |[(@o — p) ||z @yy = po(p)-

Thus po vanishes at infinity, and the result stated after lemma 3.3.1 holds.

3.4 Rigorous proof of the L' contraction principle

This section is devoted to the proof of inequality (3.27) under assumption (3.26) and
the hypotheses of theorem 3. The main ideas behind the proof were exposed in the
formal calculations in section 3.2; however, regularizations are necessary in order to
justify nonlinear manipulations of the type

f10ufo + f20f1 = Ou(f1f2),

as well as the reduction of the right hand-side.
Asin [58], [59] (Chapter 4), we will merely regularize the equation by convolution;
let € > 0 be a small parameter, ¢; € D(R), ¢; € D(RY), (3 € D(R) such that

G>0 (i=1,2,3),
Supp (1 C [~1,0], Supp( C By, Supp (s C [—1,1], (0) =0,

/Cl /RNCz /(3—1

We set, for ¢ > 0, (¢t,2,p) € RV+2

Pe(t,x,p) := €N1+2C1< )Cz( )Cs( )

and for (t,x,p) € [0,00) x RY x R

ff(t7x7p>:/ fi(S,Z,q>¢E(t—8,$—Z,p—Q) deZdQ7
RN+2

mi(tnp) = [ mils, 50t = s,z sp - ) dsdzda
RN+2

(Notice that the convolution in the space variable x is meant in the whole of RY: f;
is thus considered as a function defined on [0, 00) x RY x R, periodic with period Y’
in its second variable. The function ff is of course Y-periodic as well.)

We begin with the derivation of the equation solved by f¢ :

Lemma 3.4.1. Set a;(y,p) = ai(y,v(y,p))%ﬁ;m for1<i<N,yeY,peR.
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Then fore < 1/2, f5 (j =1,2) is a classical solution of

0 0 0 oms
5 (o) + 5 @) =8, (50 ) =n g i (339

where m =1, o = —1, and the error term r5 is equal to

ri(t.y.p) = gt {gv(y p)f5(ty.p) - (g—zfj) *@(’5’?/’17)}

(05 0.9:) = @) 02099

—Aygg%mﬁm%m—(%ﬁﬁ*@w%m]

Moreover, for all 0 < e < 1/2, for all p € R,

| [ miteyp)drdy < max(uo+ 1.gnto - 1)
0 Y

where the functions p; were introduced in hypothesis (3.20) in definition 3.2.1.

We postpone the proof of lemma 3.4.1 to the end of the section.

Now, since f5 is smooth we can multiply (3.38) written for f (resp. f5) by f5
(resp. ff), and add the two equations thus obtained. Following the calculations in
section 3.2 leads to

o (0 0 0

——Cﬁﬁﬁ)+a7@@mﬁﬁ®—AyG%ﬁﬁ>
- -

+7’1f2 + T2f1‘

Let R > 0 arbitrary, and let Kz € D(R) be a cut-off function such that

(9m2

fl_2 yfl' yfz6

0< Kgp(p) <1, [Kg(p)|<2 VpeR,
Kr(p) =1 Vpe[ R, R],
Kr(p)=0 Vpe (—o0 —1JU[R+1,400).

Classically, the following convergence results hold for any test function 0 = (¢,y) €
Dper([0,00) x V) (recall (3.26))

. . o 6 g [fE
lim llm/ / gv(y,p)flfge(t,y)KR(p) dt dy dp:/(ul — u2)40(t, y) dt dy,
Yy xR OP Y

R—o00e—0 0

R—o00e—0

lim 1im/ / ai(y,p) fi 130,,0(t,y) Kr(p) dt dy dp =
0 Y xR

:/‘/nmd&mmwAwwm%WwMMy
0 Y
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(If one is interested in deriving (3.25), without assumption (3.26), instead of (3.27),
one should merely take 6 € D([0,0)), independent of y, at this stage; the left-hand
side in the second equality above is zero in that case. The rest of the proof remains
unchanged.)

On the other hand, it is easily proved that the first order terms in 5 go to 0 in
L ((0,00) x RN*1) as ¢ — 0 thanks to the assumption a € W>!. Hence, we now
focus on the convergence of

omsg

ov
_pf 2(rj_pvyfl8 ' VyféE

8m1

and the second order terms in 75, that is
v . ov e
_Ay |:a_p(y7p)f1 (t7 y7p> - (8_pf1) * ¢E(t7yap>:| f2
v . ov €
_Ay [a_p(yap)f2 (t7 yap) - (a_pf2> * (bf(t? y’p):| fl '

In the following, we set

wi(t,y) = w(y,ui(t,y)) (e vy, it y)) =wlt,y)), (3.39)

L Wulty) — (Vo) et )] = Vagilty).  (3.40)

Yt y) = m

We recall that

mi(t,y,p) = |Vy90i(t,y)|22—;(y7 wi(t,y)) 0(p = @i(t,y)) (3.41)
= D5 0 0i(8.9)) 80 = (8. 0), (3.42)

Vofilt,y,p) = n:iVypi(t,y)o(p = pi(t,y)) (3.43)
= 0%t y)0(p = wi(t,y)) (3.44)

apfi = —7]7;5(]9 = %‘(ta y)), (3'45>

for i = 1,2, where n; = 1 and 75 = —1.
First, for any test function 6 = 0(t,y) € Dper([0, +00) X Y') such that 6 > 0, for
e <1, R>1, we claim that

aml _Omj§ ov .
/ /YxR { dp i 2@_p Vyfi- yf2} 0(t,y)Kgr(p) dt dy dp

// — 51, —y1,0 — 01)0 (t — S2,y — Yo, p — 92)0(t, y) Kr(p) X
R2N+3><Y

0 0 0
X2 [71 © 2 (a—Z(y,P) - \/8“ (yly 901)8v (y2, @2))] dy dp dy, dy; dsy ds; dt
+2/0|oo [11(R—=1) + 1 (=R + 1) + p2(R — 1) + po(—R + 1)] (3.46)

In the integral of the right-hand side above, 7;, ¢; are evaluated at (s;,v;) (i = 1,2).
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The derivation of this inequality is rather technical, but straightforward if one
follows the formal calculations of section 3.2. Let us focus on the first term of the

left-hand side, namely

ome
I = / / G300t ) nlp) dt dy dp
Y xR

- / 5 0,f5 (¢, ) Kn(p) dt dy dp

Y xR

[T miss ot Kito)de dy dy
0 Y xR

= —([5,1 + 1572).
Remembering (3.42) and (3.45), we have

5OV
mi(t,y,p) = / v (s1, 1) a—(yl, ©1(s1, Y1) (t — $1,y — Y1, 0 — 1(s1,y1)) ds1 dyn,

Opfs = O°(t — S92,y — Y2, 0 — @2(52,y2)) dsa dys,

]RN""l

and thus

o0
I, = // ¢ (t — 51,y —y1,p — 01)°(t — 52,y — Yo, p — P2) X
R2N+2 JY xR

2

ov
x0(t,y)Kr(p) [\/a—p(yl, ©1(51,41)) 71 (51, yl)] dy dp dy, dy, ds; ds, dt.

On the other hand, according to lemma 3.4.1 and the assumptions on K,

Lol < [T [ oK) dedy dp
0 Y xR

< 200floe [ (R = 1) + (=R +1)].

The two other terms are treated in a similar way; eventually, we use the inequality

—(la]*+16*) < —2a-bfor all a,b € RN with a = \/v,(y1, 1) 71, b = V0, (Y2, ¥2) 72,
and v;, @; are evaluated at (s;,v;) € [0,00) x RY. This concludes the derivation of

(3.46).
Next, we investigate the second order terms in 75, i.e.,

/ /RN+1 { { (v, ) f5(t,y,p) — (g—Zfl) *¢E(t’y’p)} £

+4, [g—p(y,p)ﬁ(t,y,p)— (g—;fz) *qbs(t,y,p)] fl} 0(t,y)Kr(p) dt dy dp.
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Integrating by parts, we obtain for instance

[ - [@ff - (a—f) . @] f2 00t y) Kn(p) dt dy dp
/ / [a Vi = ( Vs f1>) *%} V5 0(t,9) Kn(p) dt dy dp
YxR LOP
0
/0 / i ya_pfl - ((Vya_;) fl) *@] -V, fs 0(t,y)Kgr(p) dt dy dp
* [ Ov . ov
[ L g (5n) o]
[T (G (o) ] ssaote o) vy
YxR L P

= 61+J€2+J€3+J€4

~

xR

Vyf5 - VO(t,y)Kr(p) dt dy dp

<

Notice that hypothesis (3.23) ensures that 57 exists and is Hélder continuous in y,
with locally uniform bounds in p (see theorem 8.24 in [34]), and hypothesis (3.24)
entails that Vyg—; is Holder continuous in y, with locally uniform bounds in p (see
theorem 8.32 in [34]).

Hence, 22 - belongs to C(R, Cf,(Y)) for some v € (0,1). Moreover, thanks to clas-

) Yper
sical H! bounds for elliptic equations, we deduce that V,%? . belongs to C(R, L*(Y)).
Together with identity (3.44), these regularity results easﬂy entail that for all R > 0,

lirr(l) J.; =0 fori=234.

In the following, we denote by wg : [0, 00) — [0, 00) a function such that limg+ wg = 0
and

|J5,2| + |Jg’3’ + |J5,4| < wR(s) VR > 0, Ve > 0.

Without loss of generality, we can also assume that the first order terms in r$ are
bounded by wg(e).

We now focus on the term J. ;; thanks to identity (3.44), we have

Jo1 = —// Ge(t — 51,y — Y1, 0 — 01)P:(t — 52,4 — Y2, P — ¥2)
0 R2N+2 JY xR

0 9]
X |:8_z(y7p) - a_;(yla @1)1 Y1 Y2 e(t,y) KR(p) dy dp dyl dy2 d81 ng dt,
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and v;, ¢; are evaluated at t;, s;. Gathering all the terms, we infer

oms omée . ov c . o e o
/ /YXR [ 1 6p2f1 a Qa_pvyfl Vyfs +1if3 +T2f1} OKr

< /cﬁs(t —51,Y — Y1, 0 — ©1)0=(t — 52,y — Y2, 0 — 02)0(t, y) Kr(p)71 - 72

0 0 0 ov
(a—p@ #1) 5 02) 2\/ o, ey w)) dy dp dy, dyy dsy s dt

+ 200lloo [ (R = 1) + pa (=R + 1) + pa(R — 1) + po(—= R + 1)] + Cwr(e)

< // Pt — s1,y — Y1, p — 1) (t — 52,y — y2,0 — v2)0(t, y) Kr(p)
R2N+2 JY xR

61}
X1+ Y2 [\/ (Y1, 1) \/ ym&] dy dp dy, dy dsy dsy dt

+2/|0]|oc [ (R — 1) + (=R + 1) + p2(R — 1) + po(—R + 1)] + Cwr(e).

X

The functlon ~ belongs to Wgeﬁoc(Y xR) and is bounded away from zero on bounded

subsets of Y >< R. As a consequence, there exists a constant Cr > 0, depending on
R, such that for all € > 0,

'\/— 3/1,901 \/2—2(92,302)

whenever |y; — yo| < 2¢, |1 — @o| < 2¢, and |p1], [p2] < R. We set

SCR&“

o(t,x,p) = G(t) G(w) G(p)-

Performing changes of variables in the integral in the right-hand side, we obtain

// {87}11 am2
Y xR

— VIt - Vyfs +1ifs +13f1 | 0KR

< Cg 82/ / Gt —51,¥ —y1,p — ©1)P=(t — 52,¥ — Y2, p — ¥2)
0o Jr2N+2 Jyxr

x0(t,y)Kr(p)y - V2 dy dp dy, dy, dsy dsy dt

+2/0]|oo [t (R = 1) + pra (=R + 1) + po(R — 1) + pa (=R + 1)] + Cwp(e)
< Ckg 8/ / / O(t,y)Kr(p+ cp1(t —es1,y — €y1))

0o Jr2N+2 Jy xR
t—es1,Yy —€yr) — t—E89,y —¢€

X¢(817y17p)¢ (527y27p+ 901( LY yl) c 902( 29 y2))

X1 (t —es1,y —€yr) - Yot — €S9,y — €yo) dy dp dy, dys dsy dso dit

+2/0]|oc [t (R = 1) + pra (=R + 1) + po(R — 1) + po (=R + 1)] + Cwp(e)
S CR €+ CWR(€)

+2/[0loc [ (R = 1) + (=R + 1) + po(R = 1) + pa(=R + 1)],
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so that eventually, for all test functions 0(¢,y) € Dper([0, 00) x RY) such that 6 > 0,

0 oms 0
lim sup lim sup / / [ M e O pe 00U pe g 0t fs 4 ref
R—oo e—0 Y xR ap 8]9

x 0(t,y) Kr(p)dt dy dp <0 (3.47)

Consequently, in the limit, we obtain for any test function 6(¢,y) € Dper ([0, 00) X
RY) such that 6 > 0

/ / (= 12) s 00(t, 1) + Loy [A(y, 11 — Ay, ua)] - V(1 y) dtdy
o Jvy
> [ Gl =0.0) ~ walt = 0.9)). 62 = 0.9) .
Y
which means exactly that

O(wr = ug) s + divy [Luy>u, (Aly, ur) = Ay, u2))] <0 (3.48)

in the sense of distributions.
Integrating this last inequality on (0,7") x Y for any 7' > 0 yields

(ua(t =T) = us(t = T)) |1y < [[(ua(t = 0) =ua(t = 0))¢[[rvy. (3.49)

Hence the derivation of (3.25) and (3.27) is complete; there only remains to prove
lemma 3.4.1. The argument goes along the same lines as lemma 4.2.1 in [59].
Proof of Lemma 3.4.1. Notice that equation (3.38) is equivalent to

0 . 8 v 3m
5 (G ) 74 @ty e =8, (o) s =05 (a50)
Thus we focus on the derivation of (3.50) for fi; let (¢,y,p) € [0,00) X Y X R be
arbitrary. Following [59], one is tempted to consider the test function

(5,2,) — ¢°(t— s,y — 2, p— q) = €N1+2c1 (“3)@( )43 (p q)

in the definition 3.2.1 of kinetic solutions. However, such a test function is not
periodic in z, as required in definition 3.2.1; but the support of z — ( ((y — 2)/¢)
is a subset of B(y,e), the closed ball centered on y and of radius e. Thus, for
0<e<1/2

SuppCz ((y —-)/e) € Bly,e) C I, (y - %y + %) ,

Hence for e < 1/2, we can extend (, ((y — -)/¢) by periodicity on RY; the function
thus obtained is denoted by Cy e, and belongs to Crg L(RY).
Now, for fixed (¢,y,p) € [0,00) X Y x R, we deﬁne the test function

vitsm e e (50) e (P20)).
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By construction, ¢ belongs to Dpe([0,00) X Y x R). Thus ¢ is an admissible test
function, and according to definition 3.2.1,

/ fi(s, z q)%zq){851/)—i—ai(z,v(z,q))ﬁzilﬁ—i—Azw} ds dz dqg =

Y xR

ov(z, q
:/ / m(s, z,q)0.0(s, 2, q) dsdqu—/ Lug(2)>0(z (0, 2, q) (8 )dqu.
Y xR Y xR q

First, notice that since Supp(; C [—1, 0], we have ¢(0, z, ¢) = 0 for all z, g. Moreover,
since f; and v are Y-periodic in their second variable, we have for instance, setting
Y, =T, (y; —1/2,y; +1/2) =y — e+ Y, where e := (1/2,--- ,1/2) € RV,

ow= [
/0 Y><R a nyR a

And when z € Y, ¢(s,2,q) = ¢°(t — s,y — z,p — q) by definition. Thus, using once
again the assumption on the support of (s,

/Oo fils, 2 q)g (2,9)05%(s, 2z, q)ds dz dgq

Y xR

0
= [ 5s05 a0 sy - 2p - dsdsdg
Yy xR q

v
= / f1(572’,q>a—q(2,(])85¢8(t—S,y—Z,p—q)dS dz dq
0

RN xR

> ov
= —/ fi(s, z, q)a—q(z, q)0°(t — s,y — 2,p — q)ds dz dgq
0

RN xR

= =0 [(fivp) x ¢°] (t,y, ).

The other terms are treated in a similar way; we obtain

/ fi(s,z,q)ai(z,q)0.,1(s, z,q) ds dz dq

Y xR

= /0 fi(s,2,9)ai(z,q)0,,6°(t — s,y — z,p — q) ds dz dq

RN xR

= —0y [fia;] * ¢°(t, y,p),
/0 fi(s, 2, @)vq(z, @) Ast(s, 2, q)ds dz dg = Ay [(frvp) * 67 (¢, 9. p),

Y xR

/ / m(s, z,q)0.0(s,2,q) ds dz dqg = —0,m(t,y,p).
Y xR
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There remains to derive the bound on mj : by definition,

/ /mltyp)dtdy
— / // mi(s, z,q)0°(t — s,y — z,p — q)ds dz dq dt dy
RN+2
= // //m1(S,Z,Q>¢5(t—s,y—z,p—q)dtdsdqudy
Yy JRN+1 Jg 0
- // //ml(S,Z,Q)¢€(u,y—z,p—q)duds dz dq dy
Y JRN+1 Jo s
= // / /m1(3’2>q)¢g(U,y—Z,p—q)duds dz dq dy
Y RN+1 0 R
L h y—= P—q
: E— d )
> 5N+1/Y/RNH/O ml(S,Z,Q)Cz( - )C3< - )ds dz dq dy

Then, with the same notations as earlier,

[ e ()
e )
= ([mevaw)<([ o(Z)w).

In the one before last step, we have used the periodicity of m;.
Thus

/Ooo/ym‘-i(t,y,p)dtdy < //Zey/ ma(s, 2, )¢ (p )ds dz dg
< S/ul(q)é (%) dq
R

< / n(p = 20)e) do

The monotonicity of y; yields the desired result.

3.5 Appendice : cas d’un flux avec une dépendance
macroscopique

On se concentre a présent sur le cas ot le flux posséde une dépendance exphcite en

la variable d’espace € RY. Autrement dit, on considére un flux A € W% per loc (RN x
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Y x R)Y | et on s’intéresse au comportement de la solution entropique u¢ de la loi
de conservation scalaire

%(t x) + i
ot —

ut(t =0) = ug (x, g) . up € L°RY xY). (3.52)

0
&L’iAi (:c, g,vg(t,x)) —eAut=0 t>0, zeRY, (3.51)

Pour simplifier 1’étude, on se place dans un cadre L* (voir 'hypothése (3.54)); en
effet, il est un peu plus compliqué de trouver des bornes a priori sur la suite u® que
dans le cas ou le flux ne posséde pas de dépendance macroscopique, et 1’étude du
comportement des solutions cinétiques de 1’équation apparait, pour I'instant, hors
de portée.

Le lemme suivant donne un résultat de régularité pour les solutions du probléme
de la cellule :

Lemme 3.5.1. Soit A € L (RY, W22(Y xR))N. Alors pour presque tout v € RY,

loc per
pour tout p € R, il existe une unique solution v(x,-,p) du probléeme de la cellule

—Ayv(z,y,p) +div,A(z,y,v(z,y,p) =0, (v(z,-,p)) =Dp. (3.53)
De plus, sile flur A est tel que
Va(divyA), V0,4, 24, AyA e LY (RY xY xR), (3.54)

alors v € L®(RY x RY, W2U(Y')) pour tout q € (1,00), et il existe une constante

C > 0 telle que pour presque tout x,y,p,

v

lv(z,y,p)|, [Azv(z,y,p)|, |Asyv(z,y,p)|, o

(fc,y,p)‘ <C.

Le résultat principal de cette partie est énoncé dans la proposition suivante :

Proposition 3.5.1. Soit A € L®(RY W22 (Y xR))Y ; on suppose que la condition

per

(3.54) est vérifice. Soit iy € L>°(RY), et soit
uo(,y) = v(z, y,u0(x)) € L2(RY x V).
On définit le fluz homogénéisé A € WL (RN+1) par

1
Az, p) = 7LA(w,y,v(x,y,p))dy, (z,p) € RN,

et on considere la solution entropique u € C([0,00), L1, .(RN))N L2 ([0, 00), L>(RY))
de la lot de conservation scalaire
ou(t -
% +div,A(z,a(t,2)) =0, t>0, z€RY, (3.55)
u(t =0,z) = up(x). (3.56)

Soit u® la solution entropique de l’équation (3.51). Alors lorsque e — 0, on a

ut(t,x) —v (z, w’

- E(t,x}) — 0

dans L} ([0, 00) x RY).



Appendice : cas d’'un flux avec une dépendance macroscopique 87

La preuve de la proposition 3.5.1 est divisée en trois parties : dans le paragraphe
3.5.1, on montre le lemme 3.5.1. Le paragraphe 3.5.2 est consacré a l’obtention de
bornes uniformes en & dans L ([0, 00), L>=(R")) sur la famille u?, et le paragraphe
3.5.3 est dédié au passage a la limite proprement dit.

3.5.1 Reégularité des solutions du probléme de la cellule

Le lemme 3.5.1 est une conséquence facile de la proposition 3.1.1 et des résultats
démontrés dans Darticle [14] (voir le chapitre 2). Tout d’abord, a x € RY fix¢,
I'existence et l'unicité des solutions du probléme de la cellule est assurée par I’
inégalité

|diVyA(xv yvp)| + |8pA(xa yap)| < HdiVyAHLOO(RNXYXR) + HapAHL"o(RNXYxR)-
Autrement dit, les hypothéses (3.2) et (3.3) sont satifaites avec m = n = 0, et donc

(3.5) est vérifiée également. On en déduit que v € L®(RY x R, W24(Y)) pour tout
q < oo. Et d’aprés [14], il existe une constante o > 0 telle que

0
a—v(x,y,p) >a Y(z,y,p) eRY xY xR
P

Par ailleurs, sous I'hypothése (3.54), on montre que la fonction v est réguliére en
x. Précisément, 0v/0x; est solution de I'équation

o

. ov
_Ay@x +dlvy (a(x7yav(xuyap)) )

(‘)x,-
. 0A
= —ley <%(Iy Y, U([E, y7p)))

adiv, A da
- 8:102 (Q%yav(%y,p)) - axl

(l’, Y, ’U(l‘, yvp» : Vyv(x> yvp)

Le membre de droite appartient & L®(RY x Y x R); par un argument de “boot-
strap”, on en déduit que V,v € L®(RY x R,, W24(Y)) pour tout ¢ < oo, et donc
Vv € L¥(RY x R,, WH>(Y)).

En dérivant une nouvelle fois I’équation précédente par rapport & x;, on obtient

—A,Ayv +divy, (a(z, y, v(x,y,p))Av)
= —|[divy (V, (a(z,y,v(z,y,p)) - V,v) + divy ((AzA)(z,y,v(x,y,p)))]
—diVy ((vxa’) (.13, Y, U(.T, yvp)) ’ Vx’lj<$, y7p)) :

Le membre de droite de 'équation précédente appartient a L>°(RY xR, W=1<(Y)) ;
en utilisant une fois encore un argument de boot-strap, on conclut que Ayv €
L*(RY x R,, WH(Y')) pour tout ¢ < oo, puis que A,v € L®(RY x Y x R).

3.5.2 Bornes a priori dans L™ sur la famille u®

Dans le cas ou le flux ne dépend que de la variable microscopique en espace,
I’obtention de bornes a priori dans L est réalisée en comparant la fonction u® aux
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solutions stationnaires de (3.12), c’est a dire aux fonctions v(x /e, p), ot v est solution
du probléme de la cellule. Ici, en raison de la dépendance macroscopique du flux, la
fonction v(x, /e, p) n’est pas une solution stationnaire de (3.51); néanmoins, il est
possible de construire des sur-solutions (et des sous-solutions) de (3.51) a partir des
solutions de (3.53). Précisément, pour tout p € R, on a

%Ai <x, g,v (:L‘, g,p>> —eAw (x, g,p> = b. (x, g,p> : (3.57)
o be(z,y,p) = div, (A(z,y,v(z,y,p))) — 284yv(z, Y, p) — A0,

D’apres le lemme 3.5.1, il existe une constante Cy > 0 telle que
bz, y,p)| < Co V(z,y,p) € R**, Ve € (0,1).

Posons -
ve(t,x) == (x, —,p+(t)> ;
€
ou la fonction p, : R — R est donnée par

Co

p+(t) =po + s (3.58)
ou
Po = Supuo
i f@( )
* = W)
Sie e (0,1), 0on a
0 . 0 r . -
&U + 0332-Ai (m,g,v > — A" =
x ov x )
- bz—: <JJ, g’er(t)) + a_p (I, g’er(t)) er(t)
x
= be <£L', g,er(t)) + C(0
> 0.

De plus, presque partout en x, on a
v (t=0,2) > u(t =0,x).

On en déduit que pour tout ¢ > 0, pour presque tout x € RV,
Xz _ O()
u(t,z) < v°(t,x) = v (:1:, —, Sup ug + t—) ) (3.59)
€ a
De méme, on montre que
x C
us(t,z) > v (33, —,inf 4 — t—0> . (3.60)
€ o

Par conséquent, la famille u¢ est bornée dans L>((0,7) x RY) pour tout 7' > 0.
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3.5.3 Passage a la limite et homogénéisation

Le but de ce paragraphe est de montrer le résultat de convergence énoncé dans la
proposition 3.5.1; pour cela, la méthode est exactement la méme que lorsque le flux
n’a pas de dépendance macroscopique ; par conséquent, nous passerons rapidement
sur les points qui sont similaires a ceux développés dans la partie 3.3.

Commengons par écrire une formulation cinétique pour I’équation (3.51). D’aprés

(3.57), on a
(o =0 (. 20)) 00 [z (A (2 50) =4 (220 (2. 20)))
<0

x’
x E x .
+ 1v<$7§7p)<u5b5 <:1:, g,p> — e/, (u —v <a:, g,p>)+ = —m"(t,z,p)

L’égalité précédente est entendue au sens des distributions, et m® est une mesure
positive. En dérivant cette égalité par rapport & p, on obtient une équation cinétique
vérifiée par la fonction f¢(¢,x,p) := 11)(

2, 2.p)<us(t,z) *

G a (R E) o s (22§ (2 )

—a% [fg(t,x,p)be (:c g,p))] — e/, <f€g—z (:c g,p)) : (3.61)

On fixe un temps 7' > 0. Compte tenu des bornes sur f¢ et m®, il existe une fonction
f e L0, T]NRY x Y x R) et une mesure m € M'((0,T) x RNT1) telles que, &
extraction d’'une sous-suite prés,

2 éch.
[z, p) "= f(t,z,y,p),
me(t,z,p) = m(t,r,p) w— M.

De plus, f et m vérifient les propriétés suivantes :

(9£f < 0, m > 0,
0<f<1,
C
f<t7x7y7p>:1 Sip<i1'lf’t_l/0—t—0,
a
: Gy
f(t7xay7p):0 Slp>supu0+t_a
o
C C
m(t,z,y,p) =0 sip<infuy— t—2 ou si p > sup o + t—2.
! a
Comme dans la partie 3.3, on commence par choisir des fonctions tests du type

T
EQ <t,l’, gap> 3

avec ¢ € Dper([0,00) x RY x Y x R). En passant a la limite double-échelle lorsque
e — 0, on obtient (voir (3.33))

ov ov
—A, (a_pf) + div, (a(y,v(y,p))a—pf> = 0.
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On en déduit alors que la fonction f est indépendante de la variable microscopique v :

f = f(taxap)'

Dans un deuxiéme temps, on passe a la limite faible dans 'équation (3.61). On
trouve alors que la fonction f est solution d’une équation de transport linéaire :

OF + 01, (@2, 2)1) + 0y (axa (2, 1) = (3.2
avec
air.p) = (ool ) gl ) = SR,
dN+1($,p) == <diVxA(may7U($7y:p))> = —divxf_l(m,p),

A(:l:,p) = <A(:L’, '7U(I7 'ap>)> :

En utilisant un théoréeme de rigidité pour la formulation cinétique d’une loi de
conservation scalaire hétérogéne (voir [15]), on en déduit qu’il existe une fonction
i € C([0,00), Lioe (RY)) M Li5([0, 00), L*(RY)) telle que

loc
f(t,2,p) = Lpcaia) DD
et u est I'unique solution entropique de la loi de conservation scalaire

ou(t -
% +div A(z,a(t,2)) =0, t>0, z € RY,

u(t =0,z) = up(x).
Le résultat de convergence forte énoncé dans la proposition 3.5.1 est ensuite une
conséquence facile de la propriété

1 QEh. 1
v(m,%,p) <ut(t,z) p<a(t,z)-

La preuve de ce résultat est identique a celle de la partie 3.3. Par conséquent, nous
laissons au lecteur le soin de I’écrire dans ce contexte.



Chapitre 4

Homogénéisation d'une loi de
conservation scalaire avec viscosité
eévanescente.

Partie II : données mal-préparées

On étudie ici le comportement lorsque € — 0 des solutions de "équation
, x
owu® + div, [A (—, u€>] —eAut =0.
£

Dans les chapitres précédents, on a démontré un résultat d’homogénisation pour
cette équation, mais la validité de celui-ci est limitée au cas de données bien pré-
parées, c’est-a-dire au cas ot le profil microscopique de la condition initiale est
adapté au milieu oscillant. Dans ce chapitre, on s’intéresse au cas de données mal
préparées; on montre qu'il se forme alors une couche limite en temps, de taille
typique ¢, pendant laquelle la solution u* s’adapte au profil microscopique dicté
par I'environnement. La preuve repose sur la nature parabolique de "équation.

Ce chapitre a fait ’objet d"une publication dans Archive for Rational Mecha-
nics and Analysis (2007).
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4.1 Introduction

We study the homogenization of equation

ou® Al x N
— o — ¢ = > 4.1
o (t,x)—l—;axi/ll(g,u (t,x)) AU =0 t>0, 2R,  (41)

us(t=0) = uy (x, g) : (4.2)

It is well-known (see for instance [69, 70]) that under suitable regularity as-
sumptions on A and wug, there exists a unique solution u°(t,z) of (4.1) belonging to
C([0,00), L (RN)) N L2 ([0, 00) x RM) N LE ([0, 00), HL.(RY)). The first part of the
homogenization process was already performed in [14], the main results of which we
recall below. Precisely, it is proved in [14] that if the initial data is already adapted
to the microstructure, then u®(t, z) behaves in L2 ([0, 00) x RY) like some function
v (f, u(t, x)), where v(y, p) is the solution of a microscopic cell problem depending
on the parameter p € R, and (¢, x) is the entropy solution of a nonlinear scalar
conservation law. This result was proved with the help of two-scale Young measures,
a tool introduced by Weinan E in [24]. Although equation (4.1) is parabolic, the
proof bears a lot of resemblance with the ones of Weinan E in [24] and Weinan E
and Denis Serre in [27], both of which tackle hyperbolic problems. However, this is
not surprising if we take into account the scaling of the viscosity: indeed, since the
viscosity is of order ¢, it has an effect on the microscopic asymptotic profile of the
solution v, but it disappears from the macroscopic homogenized problem, which is
hyperbolic.

This article is the next step in the analysis of equation (4.1); indeed, we are
able to prove that homogenization holds even when the initial data is not well-
prepared, i.e. when it cannot be written as u (:E, f) =0 (%, g (x)) for some function
g € L' N L®(RY). In that case, there is an initial layer of order & during which
the solution adapts itself to the microstructure. The proof relies strongly on the
parabolic form of the equation, which compels the solutions of (4.1) to match the
microscopic profile v (f, u(t, x)) exponentially fast. In the case when the viscosity is
zero, nonlinearity assumptions on the flux A are most probably necessary in order
to obtain the same kind of result, but few cases are known: in [28], Bjorn Engquist
and Weinan E prove that homogenization holds in dimensions one and two for a
nonlinear homogeneous flux in the case where the initial data is oscillating. In [25],
Weinan E studies a particular kind of heterogeneous conservation law in dimension
one, for which he proves a result similar to our theorem 5 under a strict convexity
assumption (see also [24] for further results in the linear case). Let us point out
that in the hyperbolic case, these issues are certainly linked to the compactness
of solutions of conservation laws and to the cancellation of oscillations in the case
when the flux is nonlinear (see [53], [52]). However, even if this connection seems
natural, it is still an open problem how to handle initial layers (or for that matter,
homogenization in general) in the hyperbolic case when the dimension is greater than
or equal to two (for N=1, an equivalence with Hamilton-Jacobi equations allows us
to use the results of P.-L. Lions, G. Papanicolaou and S.R.S. Varadhan in [49], and
thus to identify the weak limit of u° as e — 0).
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Throughout this article, we use the notation Y := II¥ ,(0,T;), T; > 0 for 1 <i <
N (Y is the unit cell), and

1
) = 37 /Y o(y) dy:

we will work in the following functional spaces: if C3, (Y) denotes the space of
Y-periodic functions in C*®(RY), then:

—Hl(Y)

Hyoo(V) = C3e(Y) 0 [ Mligeon = I ey,

per

V= {U € Hg)er<y>7 <U>Y - 0}7 ||U||V = HVU||L2(Y)
C2 (Y xR) :={f = f(y,v) € C°(RY x R); f is Y — periodic in y},

per

- Wk,
WES(Y x R) 1= C(Y xR) 0 keN,
WpléijC(Y x R) := {u = u(y,v) € WEX(RN*) 4 is Y — periodic in y}.

Thanks to the Poincaré-Wirtinger inequality, the norm on V is equivalent to the H*
norm.
We will often use the following notations:

 0A(y,v) -

aify,0) = T (1< <N), ava(y,0) =— Y

aAz (yv U)
ov — ’

9y
Let us now recall the main results of [14]; the first one is about the cell problem:

Proposition 4.1.1. Let A € W->* (Y x R)N. Assume that there exist Cy > 0,

per,loc

m € [0,00), n € |0, %) when N > 2, such that for all (y,p) € Y xR
lai(y.p)l < Co(L+|p|™) V1<i<N, (4.3)
lan41(y, p)| < Co (1 +[p[") . (4.4)
Assume as well that at least one of the following conditions holds:
m =0 (4.5)
or 0<n<1 (4.6)

N +2
or n < min (T+, 2> and Ipy € R s.t. ay1(y,po) =0 Vy €Y. (4.7)

Then for all p € R, there exists a unique solution u € V' of the cell problem
—Ayu+ divy Ay, p + @) = 0; (4.8)
For all p € R, u(-,p) belongs to W24(Y) for all 1 < q < +oo and satisfies the

per
following a priori estimate for all R > 0

la( P)llwzey <C Vp e R, [p| < R, (4.9)

for some constant C depending only on N, Y, Cy, m, n, q and R.
Moreover, setting v(y,p) := p + @(y,p), the sequence v is increasing in p: for
every p > p,
v(y.p) >v(y,p) Vyev.
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The homogenization result proved in [14] is stated in the following

Proposition 4.1.2. Assume that A € Wple’fjoc(Y x R)N satisfies the hypotheses of

S € Li(Y xR), Gu € LE(Y xR) for 1<i S N+ 1,

proposition 4.1.1, and that
1<j<N.
Let p € R, and let a(-,p) be the unique solution in V of the cell problem (4.8).
Assume that ug is “well-prepared”, i.e. satisfies

uo(z,y) = v(y, up(z)) (4.10)

for some g € L' N L>®(RY).
Let

AM%j%AAm%%mMM% (4.11)

and let u = u(t,z) € C([0,00), LY(RY)) N L>=([0,00) x RY) be the unique entropy
solution of the hyperbolic scalar conservation law

0t o= 0A;(ult, x))
EJF; o, (4.12)

a(t =0,2) = dp(z) € L* N L=(RY).
Then as € goes to 0,

us(t,z) —v (z,ﬂ(t, x)) —0 in L,
€

([0, 00) x R™).

We now state the main results of this paper; the first one addresses the long-time
behavior of the solutions of a parabolic problem, which is derived by inserting in
(4.1) a two-scale Ansatz in both space and time, namely

t t
uf (t, ) ~ u’ (t,—,x, —) + eut (t, -, _) N
e e e €

Theorem 5. Let ug € L=(Y). Assume that A € WV (Y x R)N satisfies the

per,loc

hypotheses of proposition 4.1.1, and that gZ] € L. (Y x R). Assume also that there
exist constants (31, By € R such that

v(y, B1) < uo(y) < v(y, Ba). (4.13)

Let uw € C([0,00), LY(Y)) N L*(][0,00) x V)N L7,
solution of the parabolic equation

{ u(,y)

([0,00), H!

per

(Y)) be the unique

o5 +divy [Aly, u(r,9))] = Ayu(r,y) =0, 720, yeY, (4.14)
u(t =0,y) = uo(y).

Let p = (ug), and let v(y,p) € H}

ver(Y) be the solution of the associated cell
problem (4.8).
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Then as T — 00,
[u(r,y) = v(y, p)l|L=(y) — O. (4.15)

Consequently, there exist constants c¢,u > 0, with u depending only on Y, N,

and max lai|| oo (v x (~k.K)), where K = supg, <<, |[V(, p)||Loo(v) such that

lu(m,y) = v(y, P)llL=) < elluo(y) — vy, p)ll2ye™ vr > 1. (4.16)

The proof of the first part of theorem 5, i.e. of the convergence result (4.15),
is given is section 4.2 and relies strongly on the parabolic form of equation (4.14).
Thus, no condition of nonlinearity on A is required. The same kind of result has been
proved for hyperbolic scalar conservation laws under strict nonlinearity conditions
(see [28], [48], [53] and the references therein). The second part of the theorem, i.e.
the exponential decay result stated in (4.16), will be a straightforward consequence
of one of the lemmas in section 4.3.

Combining the results of [14] and of theorem 5, we obtain the following homog-
enization result:

Theorem 6. Let ug € L}, .(RY;Cper(Y)) such that there exist constants 31,32 € R
such that
v(y, A1) < wo(z,y) <v(y,B2) forae. xRV, y ey, (4.17)

Assume that A satisfies the hypotheses of theorem & and that O,a(y,-) € C(R) for
a.e. y €Y and for 1 <i < N+ 1. Then for all'T > 0, for all R >0

‘ u(t,x) — v (f, ﬁ(t,az))
€
where @ is the solution of the homogenized problem (4.12) with initial data

u(t =0,2) =up(x) = (up(z,-)) .

—0 ase—0,
L1((0,T)x BR)

Remark 4.1.1. Notice that hypothesis (4.13) (or hypothesis (4.17)) is somehow a
generalization of the well-preparedness hypothesis on the initial data in proposition
4.1.2. It implies in particular that u® € L®(RY x Y). Conversely, if u® is any
function in L=®(RN x Y), and if

g8 ol.p) = +0,

lim supov(y,p) = —oo, (4.18)
p——00 y
then we can always find constants (1, B2 € R such that (4.17) is satisfied. And (4.18)
is always satisfied when a; € L®(Y x R) for 1 <1 < N (see [14]).

However, when (4.18) is not satisfied (see [14] for examples in which this condi-
tion is violated), we could not find more general hypothesis on the initial data. Ba-
sically, hypothesis (4.17) provides a subsolution and a supersolution of (4.1) which
are bounded uniformly in ¢ in L>((0,T) x RN). In particular, this implies uniform
L bounds on u®, which are not easy to derive otherwise.
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4.2 Long time behavior of solutions of (4.14) - proof
of (4.15)

This section is devoted to the first part of the proof of theorem 5; the proof uses
Harnack’s inequality and therefore relies strongly on the parabolic form of equation
(4.14). Equation (4.14) is derived by means of a formal double-scale expansion in
time and space variables :

t T t T
us(t,x) = (t,—,l’, —) +€U1 (t,—,ﬂi,_) 4+ ...
£ £ g g

Inserting this expansion in equation (4.1) and identifying the coefficient of e7! yields
equation (4.14).

Before tackling the proof of theorem 5, let us recall a few facts about the solutions
of equations (4.14) and (4.8):

L w(y,p) > v(y,p) for all y € Y for p > p;
2. v € C(R,,C*(Y)) for some 7 € (0, 1);
3. If uq, ug are solutions of (4.14), then for 0 < s <t

ui () — w2 ()| 2r vy < [Jua(s) — wa(s)||2r vy, (4.19)
[ (ur(t) = ua(t)) vy < | (ui(s) —ua(s))y |rv); (4.20)

4. If u is a solution of (4.14) with initial data satisfying (4.13), then u belongs to
L2([0,00) X Y) and v(y, f1) < u(T,y) < v(y, ) forall 7 >0, y €Y.

We skip the proof of these properties; the first two are proved in [14]. In particular,
the second one follows from the fact that v € L% (Rp; W*4(Y)) N C(R,; Hy o (Y))

loc

for all ¢ € [1,00). (4.19) and (4.20) can be shown by Kruzkhov’s method (see [64]
for instance in the case of a hyperbolic homogeneous conservation law). The last
property is a consequence of (4.20).

We are now ready to prove theorem 5 : define, for y € Y, ¢t € [0, 00)

Ul(t,y) = supu(t,y),
>t
and p*(t) := inf{p;v(y,p) > U(t,y) for a.e. y € Y} < B < 0.
Then it is easily proved that
1. U e L>*([0,00) X Y);
2. Ut,y) <U(t,y) for t > t' and for a.e. y € Y
3. v(y,p*(t)) > Ul(t,y) for all t € [0,00), for a.e. y € Y

4. p*(t) is a bounded non-increasing function of ¢; let p* := lim; ., | p*(t);
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5. for all t € [0, 00), if p < p*(t), then the set
E(p,t) :=={y € Yiv(y,p) <U(t,y)}
has positive measure.
Set ¢ > 0; since v is a continous function of p, there exists n > 0 such that
=2 <0 = Cp) = op e < 0

take to € R such that if ¢t > to, then [p* — p*(¢)| < n, and take ps < p* such that
Ips — p*| < n. Then

HU(,p*(t)) - U(',pé)HLoo(y) < 20 Wt > 1o

and the set E(ps,t) has positive measure for all ¢ > 0. Hence, for t > ty, for
y € E(ps,t), we have

v(y, p*(t) — 20 < vy, ps) < U(ty) < vly,p*(t)). (4.21)

Now, take any sequence t, — oo, and for all n € N choose y° € E(ps,t, + 1);
there exists T,f > t,, + 1 such that

(72, 45) = Ultn + Lyo)| < 6; (4.22)
then for n large enough, ¢, > ¢y, and gathering (4.21) and (4.22) leads us to

v(yl, p*(tn)) — 20 < v(yd,ps) < Ultn + 1,40) <oyl p*(t, + 1)) < v(yd, p*(ta)),
|u(r,48) — (s p"(ta))] < 36,

Set, for s € [-1,1] and y € Y/,

w)(s,y) == v(y,p*(tn)) — u(rs + s,y);

since 7° > t, + 1, according to the definition of p*(t,) and to that of U(t,), w’ is

n
a nonnegative function for all n € N;§ > 0. Moreover, thanks to our preliminary

analysis, for n large enough,

w (s = 0,y5) < 30.

w? is therefore a nonnegative solution of the parabolic equation

ow, + ZN: 0 (bn"s(s y)wd (s y)) — A’ =0
ds oy, N\t T yeme

where .
5 (s,) = [ ool (6) + (= a4 5.9)
0
Let K > 0 such that

—K <v(y,B1) <v(y,f2)) <K VyeY.
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Then for 1 <i < N,
Hb?’aHLw((—l,l)xY) < |aillpe(yx(-k,x))  Vn € NV6 > 0.

According to Harnack’s inequality, there exists a constant C' depending only on
Y and ||al|pee(y x(—k i)~ such that for n large enough

1
sup wi(—i,y) < Cinf wl(0,y). (4.23)
yey yey

Hence, we have proved that for n large enough,
1
0 < vy, p"(tn) —u(ry — 5,y) <C3 VneNVyeY,

But as n — o0
v(y, p"(tn)) = v(y,p*) in L=(Y).
Thus there exists a sequence T,, — oo such that
(T, y) — U(yap*)HLoo(Y) — 0. (4.24)
There remains to prove that p* = (ug) and that
u(t,:) = v(-,p") ast— o0

in L>(Y'); since [, u(t) is conserved by the equation, as n — oo

(u(Tn)) = (uo) — (v(-,p%)) = p7,

and p* = (ug). Using the L' contraction property (4.19) for equation (4.14) with
uy = u, ug = v(y, p*) (ug is a stationary solution of (4.14)), s = T,, and t > T,, shows
that

u(t,) — v(-,p*) in L*(Y).

The strong convergence in L* norm follows from parabolic regularity. O

4.3 Homogenization of equation (4.1) in case of ill-
prepared initial data

The proof of theorem 6 is rather technical, but the ideas involved are quite simple.
Our guess is that u¢ behaves in L] as

At x) = w (é ., f) — o (Loaol@)) + (¢, 2)

where

e w(-, X,-) is the solution of (4.14) with periodic initial data uo(X,-) (X € RY
being treated as a parameter),
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o U(X) := (up(X,-)) for X € RV,
e v°(t,x) is the solution of (4.1) with initial data v=(t = 0,2) = v (£, to(x)).

Let us point out the roles of the different terms in z° : for small times, v¢ is close to
v (f,ﬂo(x)), and thus 2° ~ w (ﬁ,x, %) ~w (7‘ =0,x, f) On the contrary, on time
scales which are large with respect to e, w (é,m, %) — (f,ao(a:)) = (’)(e_ﬂ?t), and
thus 2° &~ v°. But according to proposition 4.1.2, v® behaves in L} as v (f, uft, x)),
where u = u(t,z) is the solution of the homogenized problem (4.12) with initial
data 1o (in proposition 4.1.2, this result is stated for @y € L' N L, but it can be
generalized easily to ug € L™ as explained in paragraph 3.2.1). In other words,
there is an initial layer of size € which is described by w (ﬁ, x, f), and after which 2¢
behaves as v (£, u(t, z)).

In order to prove that u® — z° goes to 0 in L{ ((0, +00) x RY), we could compute

fo= %(t ) +§: 0 A; (f 25(t 93)) —eAz*f
oot — Ox;  "\¢g’ ’

and prove that f€ goes to 0in L{ _((0, +00) xRY) (notice that uf(t = 0) = 2°(t = 0)).

loc
However, this involves rather heavy and unnecessary calculations. Instead, we notice

that since u® and v° are both solutions of (4.1), we can use the L' contraction
principle:

N
0 T
€ __ € (e e € _ 8| < )
lu® —v ]+;axinl<€,u,v> eAg|u® — 7] <0, (4.25)
where
771<ya U7w) = Sgn(v - w) [Az(ya U) - Az(ya UJ)] .

First, let us prove that u® and v® are uniformly bounded in L*: since equation (4.1)
is order preserving, for all ¢,7 > 0, for a.e. v € RY, y € Y we have

B < dg(z) < Py for ae. x € RY,
v <£751> <v(t,z) <w <£,ﬁz> YVt > 0 for a.e. z € RY.
€ €
Consequently, there exists a constant K > 0 depending only on 31, 52, N, Y, n,m

such that
lu(t, )| + [v°(t,2)| < KVt >0 for a.e. z € RY.

Now, let ¢ € C*(RY) be such that ¢(z) = el when |z| > 1, and 1 < ¢(z) < 1
for |z| < 1. Notice that thanks to the L* bound, it is enough to prove that

/aT /RN | (t, 2) = v*(t,x)| p(x) dz dt — 0

as e — 0 for all 0 < a < T (this fact will be explained more thoroughly in paragraph
3.2.1). Moreover, there exists a constant C' such that

Vap(2)], |Asp(2)] < Cip(x) Vo € RY.
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Hence, multiplying (4.25) by ¢ (x) and integrating on (o, T) x RY with 0 < a < T
arbitrary yields

AN|u€<T,x>—v€<T,x>\¢<x> dr < / (o, ) — v (o, 2)|p (&) diz

R
T
g g
77(57U 7U>

T
+c//
«a RN

+eC /aT /RN |u(t,x) —v°(t,z)|p (x) dx dt

o (x) dxdt

Thanks to the L* bound, we deduce that

X
€ €
i (gau 7U>

and thus for all € € (0,1)

< @il | oo (v x (- i i)y [u® — v°

4N|uE<T,x>—v€<T,x>|w<x> dr < / 0 (0, 7) — v (o, 7)o (2) dz

RN

e /aT /RN (£, ) — v (4, 7)|p () d dt

where the constant C' depends only on ||a;|| (v x(—k k). Using Gronwall’s lemma,
we deduce that

/RN |u (T, x) — v (T, z)|p (z) de < eC(T_O‘)/ lu® (o, ) — v (v, )| (x) d.

RN

On the other hand, for all R > 1, we have
[ () = el (o) do < [luf(@) = v @)llgay + Ce ™
R

where C' depends only on N and K.
Thus, for all R > 1

/]RN \us (T, x)—v* (T, z)|¢ () do < e“T= [uf (@) = v*(a)||p2 () + Ce™ 7] . (4.26)

It remains to prove that for all R > 0, we can choose ¢ and « small enough so
that |[u®(a) — v*(a)||1(By) is arbitrarily small. But for small «, our guess is that
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u® (e, x) behaves as w (%, x, f) If we follow this intuition, we are led to

a T
u (o, ) —w (—,x, —>‘
5

() = ()l < |

€/ 1LY(BR)
a T T
+ ||w <—,x, —> —v (—,uo(:v)>‘
e e € L'(Bg)
T _ xr _
o G l) —o Gaea)|,, .
x
+ v(—,ﬂ o, T ) —v°(a, x ’
Lalo,) —vea|

IN

u (o, ) —w (g,x, E)‘
€

3

L'(Br)
a
—i—Hw (—,x, > — v (y, ug(x
e 4 (y 0( )) LY(BRr;Cper(Y))
+lv (Y, to(x)) — v (v, wlo, @)1 By (v))
+ ‘ v (E,ﬂ(a,xD - ve(a,x)’
£

L1(Br)

In the next subsections we prove that each of the terms of the right-hand side of
the above inequality goes to 0 as @« — 0 and € — 0.
We have used above the following proposition, due to Allaire ([3]):

Proposition 4.3.1. Let Q be an open set of RY.
Let ¢(x,y) € LYQ;Cper(Y)). Then, for any positive value of €, ¢ (,%) is a
measurable function on  such that

()l

4.3.1 Preliminary lemmas

<6 Dl ey = [ swlvtay)] do.

L1(Q) Q yey

First of all, let us recall the following result, which is the basis of all our analysis:

Lemma 4.3.1. Let b € L¥(Y)N, vy € L*(Y) with (vy) = 0 and let v = v(1,y) €
L? (0,00; HY, (Y)) be the solution of

loc per

{ O-v + divy (bv) — Ay =0, (4.27)

v(T =0) = .
Then there ezist 1, C' > 0, depending only on N, Y and ||b||r~, such that

[o(T)|| < C||vo|[r2e ™ V7 > 1,
[o(7)||r2 < Clvol|r2e ™ V7T > 0.

Proof. This result is linked to the existence of gaps in the spectrum of the operator

Lw = —Aw + div(bw).
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We use the result stated in lemma 1.1 of [55] (see also the references therein).
Let 7 be the invariant probability measure associated to the equation, i.e. 7 is the
solution of

—A,m+div,(br) =0, (m) =1.

m € H! (V) exists and is unique, and there exists @ > 0 such that m > « by the

per
Krein-Rutman theorem, and « depends only on Y, N and ||||xc-

Now, according to [55] we have for any C? function H : R — R

o [ett (3 omit (2)] 5 475 [ ()] === () 9 2)

Take now H(p) = 3|p|>. Integrating this equality on Y yields

2 v
=¥ ()
v T
But according to the Poincaré inequality for the measure 7, there exists a constant
v > 0 such that for any w € H:_(Y),

per

y/7r|w—(w)7r 2 g/n|Vw|2,
Y Y

where we have used the notation

2

2

1d
2dt |y "

(%

™

Jy wy)n(y) dy
Sy ) dy

(this inequality can be proved exactly along the same lines as the usual Poincaré
inequality, for which 7 = 1.) Hence

2 / ) )
< [
Y s T/
(5). -2
VWA fyﬂ'
Lalal s e [ 2]
y 'T Y ™

and we obtain the result announced in lemma 4.3.1. The exponential convergence
in L* norm follows from parabolic regularity.

(w), =

1d

2
2dt Jy '

(%
7T_
™

And since

we deduce that

O

Remark 4.3.1. For the reader’s convenience, we provide here a short proof of the
parabolic reqularity result used here, for which we have failed to find an explicit
reference. Assume that u = u(T,y) is a solution of

Oru + divy(bu) — Ayu =0, (4.28)
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where b = b(r,y) € L>=((0,00) x Y)V (we allow b to depend on time). Then there
exists a constant C' > 0, depending only on ||b||r~, N and Y, such that for all T > 0,

(T + Doy < CllulT)]|rr)- (4.29)

Indeed, if u is a nonnegative solution of (4.28), then (4.29) follows from Harnack’s
inequality: there exists a constant C' depending only on ||b||p~, N and Y, such that
forall >0

1,9) < Cmi 2,y).
maxu(7 +1,y) < Cminu(r +2,y)

Thus

(T + Dllzeery < C(ulr +2)) = C(u(r)) [u(m)l2r(v)-

e

Y]
Hence (4.29) is proved for nonnegative solutions of (4.28). Now, if u is an arbitrary
solution of (4.28) and 19 > 0, we write u(t = 19) =: uy = (uo)+ — (uo)—, with
a; = max(a,0) for anya € R, and a_ = (—a);. We denote by ut, u™ the solutions
of (4.28) for T > 7y corresponding to initial data u™ (1T = 79) = ud, u (T = 70) = uy .
Then ut and u~ are nonnegative solutions of (4.28) and u = u™ —u~ for 7 > 7.
Thus

maxu(my + 1) < maxu® (19 + 1) < C’/ ut(79),
Y Y v

infu(ro+1) > —maxu (1o + 1) > —C/ u” (70)
Y Y v

and consequently

Ju(ra + D~ < €

Y

W$MDSCmeN

which is the desired inequality for an arbitrary solution of (4.28).

We now generalize lemma 4.3.1 to the case when the coefficients might depend
on the time variable ¢ and on a parameter x € RY. We wish to emphasize that the
results stated in the two next lemmas are not optimal, but merely adapted to the
problem addressed here.

Lemma 4.3.2. Let R > 0.
Let b = b(r,z,y) € L*((0,00) x Br x Y)V such that div,b € L>*((0,00) x
Br; L*(Y)), vo = wvo(z,y) € L>®(Bg; L*(Y)) with (vo(z,-)) = 0 for almost every
T € BR.
Let v =v(r,2,y) € L™(Bg; L?

loc

(0,00; H! (Y))) be the solution of

per

{ d;v + divy(bv) — Ayv =0,

v(T =0) = . (4.30)

(x is a parameter of the above equation.)
Assume that there exists by, € L®(Bg; L™(Y)) with div,bs, € L®(Bg; L*(Y))
such that as T — oo

[16(7) = boo||ow (B3 o (v)) = 0,
||divyb(7) — divybeo|| 2o (Bpr2vy) — 0
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Then there exists a constant C' depending only on N, Y and the bounds on b and
bso such that for all T > 1,

[0l (BriL2(rrrnm20v)) + 0T L (Brsmv)) < Cllo(T = D)L (Briz2ery). (431

Moreover, there exists a constant C' depending on N, Y, b and by, and a constant
p >0 depending only on N, Y, and ||bss||roo(Byxy) Such that

o(T)|| 2o (BriL=(vy) < CllvollzeBrir2ynye ™ V1 >1,

(D)= Briz2vy) < Cllvollr=(Brizarne™ Y7 2 0.

Proof. Let us treat = as a parameter. Let L. (x) be the differential operator
Los(z)w(y) := —=Ayw(y) + divy(beo (2, y)w(y));
then v satisfies the equation
0:v+ Loo(z)v = f(T1,2,9),
where f(7,z,y) = div,((boo(z,y) — b(7, 2, y))v(T, 2, ¥)).

According to standard regularity results on parabolic equations (see for instance
[32]), we have on the one hand, for all 7" > 0 and for a.e. x € By

sup ||v(t, 2) || + [[v(@)|| 2 rrs 3,200
T<t<T+3

< C (1@l ez + @)l )

1
v|T 2,:1:

where C' is a constant which depends only on N, Y and the bounds on b and b,.
For a.e. « € By, we choose T' € [t — 3, 7] such that

and on the other hand, for all 7 > %,

sup [lo(t, @)l + 1[0(@)] 21 ra s iy < C
rfégtgﬂré

(D)l < V2@ |21 i )
and we evaluate
||f($)||L2((T,T+g)xy) <C [||U($)||L2(T—%,T+3;H1) + ||v(x)||L°°((T—%,T+%)xY)

Always thanks to parabolic regularity, there exists a constant C' (depending only on
N, Y and ||b||z~) such that for all 7 > 1

HU(JJ")HLOO((T—%,T%)W) < Cllo(r = 1, 2)]|r2(v)-

Gathering all the terms, we obtain inequality (4.31) (notice that [r,7 + 1] C
7.7+ 3.
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Let us now prove the exponential convergence: let Uy (7;2) be the evolution
operator associated to the equation O,w + Lo (x)w = 0, that is, U (7;2)wy =

w(t,y; x), where w(-;z) € L},.(0,00; H).(Y)) is the solution of the system

Orw + divy (bow) — Ayw = 0,
w(T = 0) = wy.

According to lemma 4.3.1, for all w € L*(Y') such that (w) = 0 and for almost every
r € Bg
Use (75 2)wl| 2 < Cl|w][2e™" V7T 20,

where C' and p are constants which depend only on N,Y', and the bounds on b..
We use Duhamel’s formula: for all 7 > 0, x € Bg

(T, 2) = U (T; T)vo + / Uso(T — 052) f(0, ) do.
0
Notice that f has mean value zero; consequently,
HwﬂmeSC%”Wm@Nh*ﬂ/eﬂmﬂmf@meda
0

We bound || f(o,z)||z2 by
[16(0) = boc|[ Lo (v [[v(0)|[ 11 + [|divyb(o) — divybeo|[ L2y |[v(0)]| 2
< C (||b(a) — bool| Lo vy + ||divyb(o) — divyboo||L2(y)) [lv(o —1)]|Lz.
Let 6 > 0 arbitrary. There exist o5 > 0 such that if ¢ > o5, then for a.e. x € Bp
[1b(o, 2) = boo (@)L (v + |[divyb(o, ) — divybeo()[|22(v) < 6.

Hence,

os
ool < Ce¥llatol+C [t lolo)mdo
0

+C5 / =)y — 1, 2)|| podo

a5

Returning to equation (4.30), it is easily proved that
o5
/ 1V,0(0,2)[72 do < =75 juy ()] 7.
0

(Other bounds are possible).
We are eventually led to

mmmmsawwwmm+%/ e M7 |v(0, z)|| 12 do,

os—1
where the constants C' and Cs depend on N, Y, b, by, and the constant Cy also
depends on . We use Gronwall’s lemma and we find

||U(T7 x)||L2 < 05| |U0($)||L26_(“_C5)7"

We take § = 55 and use once more parabolic regularity; since the inequality is true

for almost every x € Bp, the lemma is proved.
m
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We now prove a third lemma which will be needed in the course of the proof.

Lemma 4.3.3. Let b = b(r,z,y) € L (RY; L2((0,00) x YV, by = boo(1,9y) €

loc
L2 (RY; L=®(Y))N two vector fields satisfying the same hypotheses as in lemma 4.3.2

for any R > 0.
Let f = f(r,z,y) € L2((0,00) x RN L%(Y)), and vy € L(RY, L°(Y)). As-

loc loc
sume that {f(1,z,-)) = (vo(x,-)) = 0 for almost every (1,x) € (0,00) x R and
that for all R > 0

||f\|L°°((o,oo)xBR;L2(Y)) <00 (4.32)
Let v = v(T,x,y) be the solution of

O-v(7, z,y) + divy (b(7, z,y)v(7, 2, y)) — Ayv(T,2,y) = f(T,2,9),
{ (T =0,2,y) = vo(z,y). (4.33)

Then for all R > 0, there exists a constant Cr depending on N, Y, b, by, and
HfHLOQ((O,oo)XBR;L?(Y)), such that

||U<T>HL°°(BR;L2(Y)) S CR (1 + HUOHLOO(BR7L2(Y))) VT 2 0

Moreover, if f can be written

N
f = Z 8yifia
=1

with f; € L®((0,400)x BRxY') for all R > 0 and for 1 < i < N, then for all R > 0,
there exists a constant Cr depending only on N, Y, maxi<;<n || fil| Lo ((0,4-00) x Brx¥)
b and by, such that
(T ||z Brizevy) < Cr (14 ool (Brr2vy) V721, (4.34)
HU(T)HLW(BR;LOO(Y)) S CR (]. + HUOHLOO(BRJIOO(Y))) \V/T S 1 (435)

Proof. Let U(T,0;x) be the evolution operator associated to the equation
Orw + div, (bw) — Ayw =0

(z is still treated as a parameter). In other words, for any 7 > o > 0, ¢ € L*(Y),
w(r,x,y) = U(T, 0;x)p satisfies
{ Orw + divy (b(1T)w) — Ayw =0 for 7 > o,
w(T =o,2,y) = (y).

In lemma 4.3.2, we have proved that for every R > 0, there exists cg,ug > 0
such that if o € L2 (RY; L3(Y)) satisfies (p(z,-)) = 0 for almost every x, then

loc

U (7,05 2)¢| | (Brsreory) < erll@lli(Brprzayne ™7 Vr>o+12>1,
|U(7, 05 2) 0| Lo (Brsr2(v)) < CR|"P||L°°(BR;L2(Y))€_“R(T_G) VT >02>0.
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And by Duhamel’s formula, we also have

v(r,z,y) = U(T,0; z)ve(x, y) + /T U(r,o;2)f(0,z,y) do.
0

Thus, for any R > 0, for all 7 > 0,

()| (Brzzery < cre™ |[vollimBrzzy +er [ €M) do
0
< cr ([Jvol|l L= Brizzoy + 1) -

Inequalities (4.34) and (4.35) are direct consequences of theorems 8.1 and 7.1 in
chapter III of [46]. O

4.3.2 Homogenization

We now apply the lemmas of the preceding subsection to the function r(7,z,y) =
w(r,z,y) —v(y, up(z)) and its derivatives. The proof is divided into six steps: in the
first step, we restrict ourselves to smooth initial datas. In the second step, we prove
that 7 converges towards 0 in L (RY; L>°(Y)). In the third step, we prove that r
converges to 0 exponentially fast, thanks to the second step and lemma 4.3.2. In the
fourth step, we focus on what happens for small times : precisely, we derive a bound
on w (%, x, f) —u®(a, z). This step is quite long because bounds on the derivatives of
r are required. The fifth step is also concerned with the behavior of the solutions of
(4.1) and (4.12) for small times, but is much shorter and less involved. Eventually,
in the sixth and last step, we gather all the bounds derived in the previous steps

and we prove the convergence result announced in theorem 6.

A Restriction to smooth initial datas

As often in the study of conservation laws, or more generally, of evolution problems
which admit a contraction principle, it is enough to prove the result for smooth
initial datas: indeed, choose, by density, a family of functions u$ such that u) €
CX(RY x V)N LL (RY; Cper(Y)), with the following properties:

per

Huo — USHLI(BR;CPHM) —0 asd—0 VR>O0,

v(y,01 — 1) < ug(x,y) <v(y,By+1) V5>0V(z,y) e RY xY,
up(z) := (uj(z,-)) € L'(RM).

We denote by u§(t,z), v5(t,z) the solutions of (4.1) corresponding to initial datas

u (3:, f), v (f,ﬂg(:c)) respectively, and by s the entropy solution of (4.12) with

initial data @). Then there exists a constant K’ > K depending only on N, Y, 3,
(B2, m, n and Cj such that

lus(t, z)|, |vi(t, z)| < K' Y(7,2,y) € [0,00) x RY x Y, Ve,§ >0

and
—K'<v(y,p) <K' VyeYVpe[p —1,06+1].
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Hence the following inequalities hold, according to the L' contraction principle for
equation (4.1)

€ 5 er  _
[ (T) = u§(T) |2y < € 7 (6% 4 ||uo — udl| L1 (Bricoev)) (4.36)
_ _ cT _ _ _
Na(T) — as(T)|| 2y < € 7 (e %+ ||to — )| 11(5)) (4.37)

for all R > 0, T > 0, and for some constant C' depending only on ||a|| zee(y x(— &7, k7))-
Assume that we can prove that

Uus — U5

goes to 0 in LL _((0,00) x RY) as ¢ — 0, for all § > 0. Then for any 0 < T} < T,

loc

R > 1, setting @ := (0,T) x Bg, and @, := (11,T) x Bg,

’ ut —w <§,ﬂ(t,:p)>‘

< |Ju® = ugHLl(Q) + K'|Bg|Ty + ||us — U§||L1(Q1)

LYQ)
x
—l—’ vs—v(—,ﬁ t,a:)’
5 RAIGED Lo
x x
_77 ta )_ <_77t7 )‘
+ ‘v <€ us(t,z)) —v 6 u(t, x) o)

<C (e’CR + |0 — g L1 (B o)) + 1125 — UEHU(QI)>

O ||vz = v (g,ﬂg(t,x)) + C K’ |Bg|T).

HLl(Q)

In the above inequality, we have used the bound

[ e e | e

AN

a5 — a2 )
LOO(YX[Bl—LBQ—‘rl])

Cle " + ||t — @[ L1 (5p))

<
< Ce P+ [Juo — w1 (Bricyu(v)))-

Q) ‘

Let n > 0 arbitrary, 7' > 0 fixed. Take R > 0 large enough so that Ce=“% < 1. For
this R > 0, we now choose § > 0 and T} > 0 such that

C (Iluo = w1 (Bricyery + K |Br|T1) <.

Now, for this choice of R, T7 and ¢, we take £y > 0 small enough so that for
all e < ¢

<7
Ll(Q))

thanks to proposition 4.1.2 (notice that i) belongs to L'NL>). Hence, for all n > 0,
T >0, R > 0, we have found £y > 0 so that for all € < &g

T _
£

This is exactly saying that u* — v (£,4) goes to 0 in Lj,.([0,00) x RY).

T
¢ (||“§ — V5| | L1 my)xBR) HU§ —v (;u(s(t,w))‘

< 2.
LY((0,T)xBR)
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Thus, we now restrict ourselves to initial datas which have as much regularity as
desired (this hypothesis will be made precise in the course of the proof). We work
with § > 0 fixed, and thus we drop all §’s, and we write K instead of K’. The
goal of the next steps is to prove that for sufficiently smooth initial data, we have
uf — v — 0in L ((0,00) x RY) as ¢ — 0.

We wish to stress here that we have proved that the hypothesis u, € L' in
proposition 4.1.2 is irrelevant : indeed, if theorem 6 is true for smooth initial data,
then it is true for initial data which merely satisfy (4.17) according to the above

calculations. And thus proposition 4.1.2 is true for ug € L* only.

B Convergence of r in L™

Let us prove that

|[7(T)|| 0o ®NV;L00(yv)) — 0 as T — o0. (4.38)

loc

Thanks to section 4.2, we already know that for almost every = € RV,
||r(7,@)||re(v)y = 0 as T — oo.
We deduce easily that

||7”<7'>HLP (RN;Lo(Y)) 7 0 as7— o0

loc

for all p € [1,00). However, we need to prove that the same convergence holds with
p = oo: indeed, if we try and prove lemma 4.3.2 with the hypotheses on b replaced
by

16(7) = boolzr_@¥ 20vy) — O

for some p < oo (idem with divb — divb,), then in the course of the proof, we are
led to an inequality of the type

()| La(Brszr(v))

< C’e_“T||Uo||Lq(BR;L1(Y))

+0/ e—,u(‘rfU)Hb(o') — booHLp(BR,L2(Y))HU(U - 1>HLT(BR§L1(Y)) do
0

+C/ B_M(T_U)HdiVb(O') — diVbooHLP(BR,LQ(Y))HU(O- — 1)||LT(BR;L1(Y)) dO’
0

with £ =1 4+ % If we cannot take p = oo, then r > ¢ and we can no longer apply
Gronwall’s lemma.

In order to prove (4.38), we go back to the proof of theorem (5) and we define
the quantities U(t, x,y), p*(t,x), p*(z) (= is a parameter of the equation).

If we look closely at the proof, we see that it is enough to prove that p*(¢, z)
converges to p*(z) = ug(x) locally uniformly in x as ¢ — oco. Since the functions
p*(t,z) are decreasing w.r.t. ¢t > 0, and ug(x) is continuous in x if ug(z,y) is
continuous in x uniformly in y € Y, according to Dini’s theorem we only have to
prove that p*(¢, z) is continuous w.r.t. x for every ¢t > 0.
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Let 0 > 0, R > 0. We assume that ug € Cper(RN x Y). There exists n > 0 such
that

Ve, o' € Br |z —a'| <n=luo(z, ) —uo(2’, )| nry) < 0.

Let x € Bp such that |z — 2’| < 7. By the L! contraction property,
Ju(r, z) —u(r,2)|[ vy <6 YT >0,

which entails, thanks to parabolic regularity results (see remark 4.3.1)
Ju(T, ) — u(T,2")||pe(yy < CO VT >1

for some constant C' depending only on N,Y', R and ||a||zee(y x(—k,K))-
From this we deduce easily that

|U(r,z) = U(r,2")|| ey < C6 V7 > 1.
Let p < p*(7, ') arbitrary, 7 > 1. There exists y € Y such that
v(y,p) < U(r,2',y) <U(7,2,y) + Co < v(y,p*(1,2)) + C0.
Hence, either p < p*(7,z) or

V(y) =v(y,p) —v(y,p"(1,2)) >0 VyeY,
inf V(y) < Co
yey

and V satisfies an elliptic equation of the type
—A,V +div, (bV) = 0,
with b € LOO(Y), ||bHL°°(Y) < ||aHL°°(Y><(—K,K))‘
In the second case, according to Harnack’s inequality (see [34]) there exists a

constant C' depending only on N.Y, and [|a||p~yx(-Kk,K)), such that supy V <
Cinfy V < (6, and in that case

. 1 .
lp—p*(r,2)| = mHv(-,p) — (-, p* (7, 2))|| vy < CO.
In all cases, for all p € R,

p<p'(r,2)=p<p(r,x) +Co

and thus p*(1,2") < p*(7,x) + C4. Of course, the inequality obtained by exchanging
the roles of z and 2’ holds and p*(7) is thus continuous in z for all 7 > 1.
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C r converges exponentially fast to 0

r(7,x,y) satisfies an equation of the type (4.30), with

1
briey) = [ aly, oy wa(o) +s1(r,,0) ds.
0
Consequently, setting

boo () := aly, v(y, to(x))),

we have

16(T) = boo|| Lo (BasL=(v)) < ol |7 (T)]| Lo (BriLoe(v))

||div,b(T) — divybeo|| Lo (Briz2(v)) < o (1 (T Lo (B s (Y))> J

per

where
co = [[0val| Lo (vx(—r, iy + [[divyal | v (- k)

Notice that in lemma 4.3.2, inequality (4.31) is established without using the
assumption that ||div,b(7) — div,bs|| — 0; in fact, we only need to prove that

||divyb — divyboo"Lm(BR;LQ((Tf%,TJr%)XY))

is bounded (uniformly in 7 > %), and thus that

| |7’| |L‘X’(BR;LQ(T—%,T-f—%;HIl,er(Y)))

is bounded uniformly in 7. But we have

per

HTHLOQ(BR;LQ(Tf%,TJr%;Hl (Y))) < CHT(T - §)HL°°(BR;L2(Y))7

where C' is a constant which depends only on N, Y, and [|b]|r~0,00)xBrxy <
||a|| o (v x(— i, i))~- Hence inequality (4.31) is satisfied for 7. And the continuity
of divya and 9,a entails that divb(7) — divb,, converges to 0 in L>°(Bg; L*(Y)) as
T — 00.

Consequently the hypotheses of lemma 4.3.2 are satisfied and for all R > 0, there

exists a constant cg > 0 such that
||T(T)||L°°(BR;L°°(Y)) S CRe_#THTOHLOO(BR;LQ(Y)) \V/T 2 ]. (439)

where ;1 > 0 is a constant which depends only on N, Y, and ||a||pe vy x(-k,K))-

D Behavior of u°(¢,z) for small times

In this paragraph, we derive a bound on w (%, x, 98—”) —uf (o, x).
Assume that the initial data ug(z,y) is smooth in x and y, namely

Vaup € LS (RY; €L (V)"

per

and Ayug € LS (RY; Coer (V).
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Then Vw(r, 2, y) € L. ((0,00) x RY; CL. (Y)Y, Ayw € Lis,((0,00) X RY; Cper (V).

Let us compute

0 t z N9 T t T t T
. - - Az ) Ty T - Ax Ty T
ot <5’$’5) +;8xi (8 v (5 ‘ 8>) © w(e v 8)
N
t t t t
= Z aw (_7567 £> a; <£7w (_Jx7 E)) - Awyw <—,ﬂf, E) - gAx <—,I, g)
— Ox; \ e € € € € € € € €

)

= f.(t,x)

+ IIA:cwIILl(BR;Lw(Y)))

1Dllixsn < © (Hvxw (4)

where the constant C' depends only on ||a||pe(y «x[-x,x}). Thus, we have to prove that
V.w(T,z,y) is bounded in L'(Bg; W*°(Y)) uniformly in 7 and that A,w(7,z,y)

is bounded in L'(Bg; L>(Y)) uniformly in 7.
With this aim in view, we define

LY (Br;Wh=(Y))

or ow Oto(x
Ri(77x>y) = %(Tvl'ay) = aCC‘(T’x’y) - %m(yﬂo(@)»

where m(-,p) € H)..(Y) is the solution of

—A,m(y,p) + divy(a(y, v(y, p))m(y,p)) = 0.

Thanks to elliptic regularity results and the regularity hypotheses on a, m(-,p) €
W24(Y) for all p € R and for all 1 < g < oo, and for all R > 0 there exists a

per
constant cg > 0 depending only on N, Y, a and R such that
|m(, D)L=y + [[m (-, p)|| vy < cr VIp| < R.

R, satisfies
8TR1- + diVy<C(T, Z, y)Rl) — Ale

= div, ((boo(x,y) — c(T,x,y))arL—éo—x(jE)m(y,uo(x))) =: fi(1,z,9)

where
o7, x,y) = aly, w(r, z,y)),
boo('xa y) = a(?/a U(ya ﬁ'O(J'?)))
As a direct application of lemma 4.3.3, we deduce that R; is bounded in L>([0, co) x
Bpr;Cper(Y)) for all R > 0. Indeed we only have to check that f; is bounded in
L>=((0,00) x Bg; L*(Y)); since
| |diVyC(7-) — divyboo | |L°°(BR;L2(Y))

I\Vyv(y,p)Hmm) ,
K]

< C<1+HvyT(T)HLw(BR;LQ(Y))+ sup
pe[—K,
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we thus obtain a bound on f; thanks to the first step, inequality (4.31) and propo-
sition 4.1.1. Hence V,w(7,z,y) is bounded in L>(Bg, Cpe;(Y')) uniformly in 7.

In order to prove that the y derivatives are bounded as well, we intend to use
theorem 11.1 in chapter III of [46]; hence we have to prove that

8 .
S e MM T+LLMY)), 1<ij <N
Yi

with uniform bounds in T > 0, x € B, for some ¢ > 1,7 > 1 such that

1 N
-+ —=1- 4.40
St K, (4.40)
with € (0,1) if N > 2 and x € (0,1) if N = 1. Consequently we must prove that
Vow(r,z,y) € L*(T,T + 1; L*(Y))

with uniform bounds in 7" > 0 and © € Br. However at the moment we only know
that

Vyw(r,@,y) € L((0,00) x Br; L*(Y)) 0 L(Br; Lie((0,00); Hyer (Y)Y

p

which is not sufficient to ensure that w has the desired regularity when N is large.
Hence we first need to prove the

Lemma 4.3.4. There exist q,r satisfying (4.40), and a constant Cr depending only
on N, Y, R, K and ||a||lw1.e(yx(—k,K)) such that for all T >0

IV ywl|Loo(BpsL2r (77 11:020(v))) < Cr-

Proof. Let
or(r,z,y)

Si(77x7y) = ay

Then S; satisfies
8752- + le(CSl) — AySZ = le(E),

where

de(1,2,y)

E(T,x,y) = ay

r(7,1,y).
Then
|E<’7’,£L’,y)| S C(l + ‘Si<7',$,y)|),

where the constant C' depends only on ||0yal| Lo (v x(~k,K)), ||y, @|| oo (v x (- K, K)), and
K. Moreover,
[[e]] oo (10,00) x BN x vy < ]| Loo (v x (=K, K)) -

Thus, according to theorem 9.1 and corollary 9.2 in chapter III of [46], we have
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S; € L®(Bp: L (T, T + 1; L*(Y)))

1 N NQ =
th — =1 , 0 1
S; € L®(Bg; L* (T, T + 1; L (Y)))
1
w1th 1, ﬂ _ N6O (4.41)
2q’ 2

and |[S;|| e (5.2 (1,741,224 (v)) 1S bounded by a constant which depends only on N,

Y, lallwroovx(-xr0)), 0 and [[Sil|poemprerrrrnzze(ry))-
Moreover, by interpolation we know that

1S5l Lo (Brir2r(r 415020 (vy)) < ||Si HLoo (B Lo (T, T+1512( )))"Si|\%oo(BR;m(T,TH;qu(Y)))

< CHS HLoo (BRr; Lo (T, T+1;L2(Y) )‘|Si||%°°(BR;L2(T,T+1;H1(Y)))

where the constant C' depends only on N and Y and where

111
PR
o=Lcp

T
L0 1-0
20 q 2

Hence we have S; € L>®(Bg; L*"*(T,T + 1; L*®(Y))) for all (g;,71) € [1,00) such

that
N 1 N N6,

—_— _— = — = 1 + -,

ZQ1 T 2 2

where ¢ =1 — % (notice that in the case when N = 1, we need not go further).

Define the sequence (0)r>0 in R by

NO.1 N,
JEEEAALA p—
T 2

Then it is easily proved by induction that as long as 65 € (0, 1),
S; € LOO(BR; [;27“(777 T+ 1; LQq(Y)))

N N
V(gq,r) € [1,00)* s.t. 30 € (6, 1), - 4+ 4

2 2
And the bound on |[[Sj||p(By; L2F (DT 41 12(Y y) depends only on N, Y, K, 6 and
||a||lw1o(vx(—k,K))- In particular, it is umform inT,R.

Since 0, = 1 — kzl, we can choose kg such that Qk € (0,1) for k < kg and 0 <

X% < 1. Then we choose 6 € (6, 1) such that 0 < &£ < 1, and ¢,r > 1 such that
Ly &= 1% According to the above remarks, S; € LC’O(BR7 L (T, T+ 1, L*(Y)))
with uniform bounds in 7" > 0. Since

Vyw - (Sla e 7SN) + vyv<y’ao(x))’

this concludes the proof of the lemma.



Homogenization of equation (4.1) in case of ill-prepared initial data 115

Consequently, according to theorem 11.1 in chapter III of [46], there exists a con-
stant Cr dependingon R > 0, N, Y, K, ||a||w1.o(v x(—k,x)) and ||Vato|| oo (Br.Cper (7))
such that

||a2ixjw||L°O([1,oo)><BR><Y) <Cgr V1<i,j<N.

And for every 7 € [0, 1],

||85i:cjw(7-)||L°°(BR><Y) <Cr (1 + ||u0||W1»m(BR;céer(y))> .

It remains to prove that A,w is bounded in L*([0,00) x Br x Y). The equation
satisfied by R(7,z,y) := A,w(T,x,y) is

0;R + divy(cR) — AyR = % — div,((04;¢)R);
X

the right-hand side of the above equation belongs to W=1(Y, L>°(]0, 00) X Bg)) for
all R > 0 according to the preceding steps. Thus A,w is bounded in L>([0, 00) x
Br xY) by lemma 4.3.3.

Then, we multiply the L' contraction principle inequality between the functions
u® and w (t/e,xz,x/e) by a test function ¢ (%), with ¢ € D(RY), 0 < ¢ < 1,
¢(z) =1 when |z| <1, ¢(z) = 0 when |z| > 2, and we integrate over (0,a) x RY.

We deduce that there exist constants C', Cz such that C' depends only on N and
||a|| (v x[-&,K]) and Cr depends on N, Y, K, R, ||a||w1.0(yx(~k,k)), and the norms
[[uol|woe(Borica, (v)) and [[Agtio]| oo (Bypicpe(v)) SUCh that

u (o) —w (g, x, f) )

X
< Nt =0) —w(r=0.2.%) oo

€ €/ 1Ly(BR)
-0
c [« S T
+—= u®(s —U}(—,I,—)‘ ds
R/O (5) € €/ HLY(Bar)
+CR(X.
For s > 0,
00 (352 % WO oG )
‘u(s) w(s’x’e L'(Bar) ()l ) + [ e e M Bar)
< 2|Bag| K.
Thus
‘ U5<a) —w <g>$7£) S CRCY
£ 19 Ll(BR)

where the constant Cr depends only on R, N, Y, K, ||a||lw1.(yx(-k,kK)), and on the

bounds HUOHWLOO(BQR;C%)H(Y)) and HAxuOHLw(Bm;Cper(Y))'
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E Bound on Hv (f,ﬂ(a,x)) - (f, ﬂo(ﬂﬂ)) | ‘LI(BR)—H ‘UE(O‘) —v (f’ u(a, x)) ‘ |L1(BR)

e First, 8; < tip(x) < By a.e. in RY. Hence, 3 < u(t,z) < 3, for a.e. (t,x) €
(0,00) x RY. Thus

x x
—, U —v(—,u 4.42
v (Zoaten)) —o (Za@)]||, (4.42)
Ov(y, p) i _
< 5 ||u(a) — to(@)|[L1(5r)
p L (Y x[B1,82])
0
< [|2vl:p) w(a) (4.43)
Op Nliee(vuisp)
where w is the modulus of continuity in time for u:
w(k) = sup [[a(r) — ol ey — 0
0<r<k k—0
e For all R > 0 and for almost every a > 0,
‘ v¥(a) —v (z, u(a, x))‘ — 0 (4.44)
€ L(Br)

as ¢ — 0 according to the homogenization result in case of well-prepared initial
data.

F Conclusion

Gathering (4.43), (4.44), and the exponential result proved in the second step, we
obtain, for all R > 0

) ke
+CRe <,

||uf (@) = v ()| 1) < CRa—i—C’w(a)—i—‘
LY(BR)

v¥(a,x) — v <§,ﬂ(a,x))‘

as long as a > ¢ > 0, where :

e the constant Cr depends on R, N, Y, K, ||a||w1.c(yx(—Kk,K)), and on the norms
oo (Bymict, (v)) and [[Aztol| Lo (BpiCper (1))

e the constants C, y depend only on N, Y, and ||a||w1.ec (v x[- &7, k7))

e the constant C} depends on R, N, Y, K, |la|lwieyx-rk)), |[to(z,y) —
v(y, Uo(x))|| Lo (Br;L2(v)), and the speed of convergence of w(7,x,y) towards
v(y,up(z)) in L>®(Br x Y).

Going back to inequality (4.26), and using all the bounds derived in the preceding
steps leads us to

[[u*(T) — v*(T)|| 1 (Br) < CeCT [e_R + Cra + w(a)+

v¥(a,x) — v (g,ﬁ(a,x)ﬂ

a

1+ Che e .
L1(BRr) R 1
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The inequality holds for all R > 0 and for all T"> a > ¢ > 0.
Let n > 0 arbitrary, T" > 0 fixed. First, we choose R > 0 large enough so that

CeCTe I < 7.
For this R > 0, we choose ay > 0 small enough so that
Ce’T (Cra+ Cw(a)) <n for 0 < a < ap.

We pick a € (0, ap) such that

At last, for this R and a > 0, we take 0 < g < « small enough so that

CeCT (‘

Hence, we have proved that

—0 ase—0.
L(Br)

v (a,x) — v (g,ﬂ(a,:ﬁ)>

v () —v (g,ﬂ(a,x)) + C’]’Re_u:) <n Ve e (0,

‘ ‘LI(BR)

[|u® = 0%

loc

0,oo);L1100(]RN)) —0 ase—0

as long as the initial data has the smoothness required in the fourth and the first

steps. Thus according to the first step, theorem 6 is true for any initial data satisfying
(4.17).
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Chapitre 5

Homogénéisation de lois de
conservation scalaires hyperboliques

On étudie ici le comportement lorsque € — 0 des solutions de I"équation
, x
ou® + div, [A (—,u‘g)} =0.
£

On montre que la famille u® converge a deux échelles vers une fonction u(t, z,y),
et on peut identifier v de fagon univoque comme solution d’un probléme d’évo-
lution limite. L’originalité du résultat réside dans le fait que le probleme limite
n’est pas une loi de conservation scalaire, mais plutdt une équation cinétique,
dans laquelle les variables macroscopiques et microscopiques sont couplées.

Ce chapitre a été accepté pour publication dans Archive for Rational Mecha-
nics and Analysis.
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5.1 Introduction

This article is concerned with the asymptotic behavior of the sequence u® as the
parameter e vanishes, where v € C([0,00), Li. .(R")) is the entropy solution of the
scalar conservation law

Out(t, x) Y9 x

—_ A\ B DA — > N .

BT —i—;l 8xiAZ(5’u (t,x)) 0 t>0, zeRY, (5.1)
ut(t =0) = uy (IE, g) : (5.2)

The functions 4; = A;(y,v) (y € RY, v € R) are assumed to be Y-periodic,
where Y = Y, (0, T;) is the unit cell, and ug is also assumed to be periodic in its
second variable.

Under regularity hypotheses on the flux, namely A € Wjéfjoc(RN +1), and when
the initial data u®(t = 0) belongs to L, it is known that there exists a unique
entropy solution u® of the above system for all £ > 0 given (see |13, 69, 70, 62, 63|).
The study of the homogenization of such hyperbolic scalar conservation laws has
been investigated by several authors, see for instance [24, 25, 27|, and in the linear
case [42, 43|. In dimension one, there is also an equivalence with Hamilton-Jacobi
equations which allows to use the results of [49]. In general, the results obtained by
these authors can be summarized as follows: there exists a function u® = u°(¢, z, y)
such that

5 T :
uf — u’ (t, x, E) — 0 in L ((0,00) x RY). (5.3)

The function u’(t,z,y) satisfies a microscopic equation, called cell problem, and
an evolution equation, which is a scalar conservation law in which the coefficients
depend on the microscopic variable y. In general, there is no “decoupling” of the
macroscopic variables ¢, z, and the microscopic variable y: the average of u° with
respect to the variable y is not the solution of an “average” conservation law.

To our knowledge, there are no results as soon as the dimension is strictly greater
than one when the flux does not satisfy a structural condition of the type A(y, &) =
a(y)g(§). Here, we investigate the behavior of the family u® for arbitrary fluxes. We
prove that (5.3) still holds, in a sense which will be made clear later on, and the
function u° is a solution of a microscopic cell problem. Precisely, we prove that even
though there is no simple evolution equation satisfied by the function u° itself, the
function

f<t7$7 y?f) = ]-§<u0

is the unique solution of a linear transport equation, with a source term which is
a Lagrange multiplier accounting for the constraints on f. This statement is remi-
niscent of the kinetic formulation for scalar conservation laws (see [52, 53, 58|, the
general presentation in [59], and [15] for the heterogeneous case); this is not surpris-
ing since our method of proof relies on the kinetic formulation for equation (5.1).
However, in general, it is unclear whether u° is the solution of a scalar conservation
law. Thus the kinetic formulation appears as the “correct” vision of the entropy
solutions of (5.1), at least as far as homogenization is concerned.
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The rest of this introduction is devoted to the presentation of the main results.
We begin with the description of the asymptotic problem, and then we state the
convergence results.

5.1.1 Description of the asymptotic evolution problem

We first introduce the asymptotic evolution problem, for which we state an exis-
tence and uniqueness result; then we explain how this asymptotic problem can be
understood formally.

In the following, we set, for (y,£) € RVN+L,

0A;

az<y7£):a_£(y7€)7 1§Z§N7

an+1(y,§) = _diVyA(yv £).

We set a(y, &) = (a1(y,§), -+ ,an1(y,§)) € RV Notice that div,¢a(y, &) = 0.
These notations were introduced in [15].

Before giving the Definition of the limit system, let us recall the kinetic formula-
tion for equation (5.1), which may shed some light on the structure of the asymptotic
evolution problem. Let u® be an entropy solution of (5.1). Then there exists a non-
negative measure m® € M*((0,00) x R¥*!) such that f© = 1¢ e (1) is a solution of
the transport equation

Bf° + a; (gg) 0, f° + éaNH (f g) Oe f* = Bem®, (5.4)
P = 0,2,6) = Loy (o) (5.5)

In fact, this equation was derived in [15] for the function ¢°(¢,z, &) = x(&, u(t, z)),
where x (&, u) = Locgcu — Luce<o, for u, £ € R, and under the additional assumption
an+1(y,0) = 0 for all y € RY. However, it is easily proved, using the identity
f¢ = ¢° + 1eco, that f© satisfies (5.4), even when ay.;(y,0) does not vanish.

We now define the limit system, which is reminiscent of equation (5.4) :

Definition 5.1.1. Let f € L>([0,00) X RY x Y X R), ug € L®(RY xY). We say
that f is a generalized kinetic solution of the limit problem, with initial data 1ec,,,
if there exists a distribution M € D, ([0,00) x RY x Y x R) such that f and M
satisfy the following properties:

1. Compact support in &: there exists a constant M > 0 such that

Supp M C [0,00) x RY x Y x [-M, M], 5.6)
ft,x,y, &) =1 ife < —M, (5.7)
flt,x,y,6) =0 if &> M. 5.8)

2. Microscopic equation for f: there exists a measure m € M*((0,00) x RY x
Y X R) such that m >0 and f is a solution in the sense of distributions of

div, e(a(y, €)f(t, 2.y, €)) = Oem, (5.9)
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and Suppm C [0,00) x RY x Y x [-M, M].
and Supp m C [0,00) x RN x Y x [-M, M].
3. Ewvolution equation: the couple (f, M) is a solution in the sense of distributions
of
N
f(t = 07377 y7£) = 1£<uo(z,y) = fO(xu y7£)§
In other words, for any test function ¢ € Dper([0,00) x RN x Y x R),
N
/ f(t2,y,€) {atqﬁ(t,x, Y, &)+ Y aily, §)dno(t, @, y,@} dt dx dy d§ =
i=1
= - <¢7 M)D,D' - / 1§<u0(ﬂf,y)¢<t = 07 z,Y, 6) dx dy d£
RN xY xR
4. Conditions on f: there exists a non-negative measure v € M),,([0,00) x RV x
Y x R) such that
Oef <0 inD, (5.11)
0< f(t,z,y,&) <1 almost everywhere. (5.12)
And for all compact set K C RY,
1 T
; 0 Hf(3> - f0||L2(K><Y><R) ds :; 0. (513)
5. Condition on M: define the set

G:={YeL(Y xR), 0 >0,and Ip € M, (Y x R), 3C > 0,3 € R,

divy¢(ar)) = =0, Suppp C Y x [-C,C], p >0,
U(y,§) = aif ¢ < =C}.

Then for all ¢ € D([0,00) x RY) such that ¢ > 0, the function M, belongs
to C([0,00) x RN L2(Y x R)), and

V(t,z) €[0,00) x RN, Wi eg, (M) (bz,) 0 <00 (5.14)

Y xR

We now state an existence and uniqueness result for solutions of the limit prob-

lem:

Theorem 7. Let A € W>> (Y x R).

per,loc
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1. Emistence: let ug € L}, (RY; Cper(Y))NL®(RY), and let fo(2,y,€) = Lecug(y):
for (z,y,€) € RY x Y x R. Assume that there exists non-negative measure

mo = mo(x,y,&) such that fo is a solution of

= 0 0 om
D gy (0 60) + g (v (v 0fo) = 5 (5.15)
i=1 v

and Supp my C RY x Y x [=M, M|, where M = ||ug||oo-

Assume that there exist functions uy, us € L®(Y') such that 1¢y,, is a solution
of (5.15) fori = 1,2, for some non-negative measures my, ms, and

ui(y) < ug(z,y) < usly) forae. x €RY yey. (5.16)

Then there exists a generalized kinetic solution f of the limit problem (in the
sense of Definition 5.1.1), with initial data fy.

2. “Rigidity”: let up € L*(RY x Y), and let f € L=([0,00) x RY x Y x R) be a
generalized kinetic solution of the limit problem, with initial data fo = lecy,.
Then there exists a function u € L=([0,00) x RN x Y') such that

J(t,2,y,8) = Lecuay almost everywhere.

3. Uniqueness and contraction principle: let ug,vg € L®°(RN x Y, and let f,g
be two generalized kinetic solutions of the limit problem with initial data e,
and lee,, respectively. Then there exists a constant C' > 0 such that for all
t>0, forall R, R >0,

I[f(t) = g L1 (Brxy xr) < ettt <HU0 — Vol LB xy) T+ €7R/) . (5.17)

As a consequence, for allug € L¥(RN xY)N L}, (RN, Cper(Y)) satisfying (5.15) and

(5.16), there exists a unique generalized kinetic solution f € L*°(]0,00) x RN XY xR)
of the limit problem.

Remark 5.1.1. Notice that for any function v € L>*(Y), v is an entropy solution
of the cell problem
div, A(y,v(y)) =0 (5.18)

if and only if there exists a non-negative measure m € MI}ET(Y xR) such that equation

divye(a(y,§) 1£<v(y)) = Ogm

is satisfied in the sense of distributions on'Y X R. Hence equation (5.15) entails that
ug is an entropy solution of the cell equation (5.18). In that case, it is said that the
initial data ug is “well-prepared”.

In the case where A is divergence-free, condition (5.15) becomes

N

Z Oy (ai(y, &) Lecuy)) = 0.

=1
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Indeed, in that case, v satisfies

N

Z ayi(ai(ya 5) 1§<v(y)) = 8§m

i=1

for some non-negative measure m such that Suppm C Y x [—=M, M]. Consequently,
for & > M, we have

N

;ai(/_;_lai@v w)Lu<ogy dw) =m(y,&) >0

Since the left-hand side has zero mean-value on'Y for all & € [—M, M], we deduce
that m = 0. Thus, in the case where the flur A is divergence free, the limit system
takes a slightly simpler form: conditions (5.9), (5.14) become

divy(a(ya f)f(t7 ZL', y7 5)) - O
N

Of + ) aily,§)duf =M,
=1

/ (M*tz90>(taxa)w§07
Y xR
Vip e Ly, (Y x R), divy(ay) =0, and 0 > 0.

(5.19)

All the other properties remain the same.

Remark 5.1.2. Assume that the flur A is divergence-free, and set

N
Ci = {vel? (Y xR), Za (y, )Y (y,¢)) = 0},
=1

Cy = {¢ e Lp(Y xR), d¢¢p = 0}.

loc

Then Cy, Cy are convex sets of the vector space L2, (Y x R). Thus condition (5.14)
can be written as follows: for all ¢ € D((—00,0) x RY) such that ¢ > 0, for all
(t,z) € (0,00) x RY, we have

Mxp(t,r) € (C1NCy)°,

where C° denotes the normal cone of C'. Let us recall that when the space dimension
is finite (that is, if C1,Cy are convex cones in RY for some d € N), then

(cl(C) Nel(Cy))° = el (CF + C5),

where cl(A) denotes the closure of the set A.

If we forget about the closure and the fact that we are considering conver sets in
an infinite dimensional space, then we are tempted to write

M x (,O(t, I) € (Cl N 02)0 = U1 + W2,
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with p; € C7, i =1,2. Moreover, very formally, we have

O

5 “="{0cm, m non-negative measure}.
Thus, we may think of M as some distribution of the form
M = 85771 + 1,

with m a non-negative measure on [0,00) X RN x Y x R, and py € Cf.

Of course, these computations are not rigorous, but we believe they may help the
reader to understand the action of the distribution M (at least in the divergence-
free case), even though the precise structure of M shall not be needed in the proof.
Inequality (5.14) is sufficient for all the applications in this paper.

Let us stress that uniqueness for the limit problem holds, even though the cell
problem does not have a unique solution in general; indeed, in the linear divergence
free case, that is, if A(y,&) = b(y)&, with div,b = 0, then a function u is a solution
of the cell problem if

divy (b(y)u(y)) =0, (u), =0.

The constant function equal to zero is a solution of this equation, but in general there
are other entropy solutions: for instance, let us consider the case where N = 2, and

b(y1,y2) = (—020(y1, y2), 16(y1,12)),

for some function ¢ € C2..(Y'). Then any function u of the form g(¢) — (g(¢)), with
g a continuous function, is an entropy solution. Let us emphasize that nonlinearity
assumptions on the flux are not enough to ensure uniqueness of solutions either, see
for instance [49].

In Theorem 7, uniqueness of solutions of the limit system follows from a contrac-
tion principle associated with the macroscopic evolution equation, rather than the
microscopic cell equation. The well-preparedness of the initial data, that is, the fact
that ug(z, ) is an entropy solution of the cell problem, is fundamental.

On the other hand, the lack of uniqueness of solutions of the cell problem entails
that in general, there is no notion of homogenized problem. Indeed, if u is a solution

of
div, A(y,p +u(y)) =0, (u), =0,

then in general, the quantity
(A, p+u(-)

depends on u (except when N = 1, and in some special cases, when N = 2; see
[31, 49]). Hence the macroscopic and microscopic scales cannot be decoupled: if
lecu(tz,y) is a solution of the limit evolution problem, then (¢, ) = (u(t,z,-)) does
not satisfy any remarkable equation. This is the main consequence of the absence
of uniqueness for the cell problem.

Let us mention an important particular case of Theorem 7, which we call the
“separate case”. We now assume that the flux A can be written A(y, &) = ao(y)g(§),
with divyap = 0. This case has already been thoroughly investigated by Weinan E
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in [24] in the case where ¢'(§) # 0 for all £, that is, when the function g is strictly
monotonous. Here, we prove that his results hold with no restriction on g.
Let us introduce the so-called “constraint space”

Ko := {f € L'(Y); div,(aof) =0 in D'},

and the orthogonal projection Py on Ky N L*(Y) for the scalar product in L*(Y').
Then the following properties hold: for all f, g € L*(Y), if f € Ky, then

By(fg) = fPo(9):

And if f,g € Ky N L*(Y), then the product fg belongs to Ky. Notice also that all
functions which do not depend on y belong to Ky, and that L>(Y) is stable by F.

Proposition 5.1.1. Let ug € LY(RY,Cpe(Y))NL® (RN xY) such that ug(x,-) € K
for a.e. v € RV,

For 1 <i < N, define the vector valued function a € L*(Y)N by ag; = Py(ao,).
Let uw = u(t, x;y) be the entropy solution of the scalar conservation law

{ Owu(t,x;y) + divy (a(y)g(u(t,z;y))) =0, t>0, z € RN, y €Y, (5.20)

Then the function f(t,2,y,£) = lecutay) @5 the unique generalized kinetic solu-
tion of the limit problem (5.10) with initial data l¢cyy(zy). In that case the distribu-
tion M is given by

om

M=+ g'(€)(aly) — ao(y)) - Vo f,

where m s the kinetic entropy defect measure associated with the function wu, that
18, f 1s a solution of

of +4g'(€aly) - Vauf = 0em.

As a consequence, the solution u(t,z;y) of (5.20) is an entropy solution of
div,A(y,u) =0

for almost every (t,z) € (0,00) x RV,

5.1.2 Convergence results

Our first result is concerned with entropy solutions of (5.1).

Theorem 8. Let A € W2 (RN+1),

per,loc

Assume that the initial data uy € L}, (RN, Cper(Y)) satisfies (5.15), (5.16). Let

loc
f = 1ecy be the unique generalized kinetic solution of the limit problem, with initial

data leoy,; the existence of f follows from Theorem 7. Then as € vanishes,

2 sc.
N

lecus(t) lecuit,zy)- (5.21)
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As a consequence, for all reqularization kernels ©° of the form
1 x
SN N
P(@) =50 (5), veR,
with o € DRY), [ =1,0< ¢ <1, we have, for all compact K C [0,00) x RV,

x
gl [ .2) e (0.2
i g (1 ) = 2o ” (60

e = (5.22)

Remark 5.1.3. Assumption (5.15) means that uq is “well-prepared”, that is, ug(z,-)
1s an entropy solution of

div, (A(y, uo(z,y))) =0

for a.e. x € RN . If this hypothesis is not satisfied, then it is expected that the be-
havior of the sequence u® will depend on the nature of the flux. If the flux is linear,
then oscillations will propagate, and the cell equation (5.9) shall not be satisfied in
general. If the flur satisfies some strong nonlinearity assumption, on the contrary,
the conjecture is that the solution u® re-prepares itself in order to match the micro-
scopic profile dictated by the equation. Few results in this direction are known in
the hyperbolic case; the reader may consult for instance [5, 25, 28, 65]. In [18], the
author studies the same equation as (5.1) in which a viscosity term of order € is
added, and proves such a result, but the method relies strongly on the parabolicity of
the equation.

Remark 5.1.4. The way in which Theorem 8 is stated might seem slightly peculiar,
indeed, convergence results of the type
x
us(t,x) —u <t, z, —) —0 in L},
€
are expected to hold. In order to establish such a result, it seems necessary to prove
that
lim [ sup |u(t, T,y) — ukg @ (¢, y)! dt dx = 0.
6—0 K yeY
But the evolution equation for w (or rather, for le¢<,) is given by Definition 5.1.1;
since the distribution M hinders most computations, it seems difficult to derive such
estimates.

The next result generalizes Theorem 5.1.1 to weaker solutions of equation (5.1),
called kinetic solutions. In order to simplify the presentation, let us restrict the
statement to the divergence-free case; it is explained in the remark following the
Theorem how to derive an analogous result when the flux A is arbitrary.

Thus, for the reader’s convenience, we first recall the Definition of kinetic so-
lutions in the divergence-free case (see [15] for the heterogeneous case, and the
presentation in [59] for the homogeneous case) :

Definition 5.1.2 (Kinetic solutions of (5.1)). Let u® € C([0,00), LY(RY)). Assume
that there exists a non-negative measure m® € C(R¢, ML ([0, 00) x RY)) such that for
all T > 0, the function

T
£ / me(t,z,§) dt dx
o Jrv
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is bounded on R, and vanishes as || — oo.
Assume also that f(t,z,§) := x(&,u®(t,x)) is a solution in the sense of distributions
of the linear transport equation

ff N ome N
P - ff = > .
o +;al(€,§)8&f e (20 wERY, (5.23)

x
fet=0)=x (f,uo (:r, E)) : (5.24)
Then it is said that u® is a kinetic solution of equation (5.1).

Remark 5.1.5. Let us recall the Definition of the space C(Rg, ML(]0,00) x RY)).
Let m € M*(]0,00) x RY); for 0 € C.([0,00) x RY)), define g € M*(R) by

o = / / m(t, x,-)0(t, x) dt dz.
o JrN
Then

C(Re, ML([0,00) x RY)) :=
{m € Ml([[), o00) X ]RN); V0 € C.([0, 00) x RN))’ g € C(R)}.

The existence of kinetic solutions of (5.1) is only known when the flux satisfies
additionnal regularity assumptions. Assume that a; € C},(Y x R) for 1 <i < N,
and that there exists a constant C' such that

la(y, )| <C(A+5]) VyeY VEeR. (5.25)

Under such hypotheses, it is proved in [15] that for all ug € L*(RY,Cper(Y)), there
exists a unique function ¢ € C([0,00), L*(R"Y)) such that x(&, u®) is a solution
of (5.1); u® is called the kinetic solution of (5.1)-(5.2). And if «° is bounded in
L>=((0,T) x RY) for all T > 0, then u¢ is the entropy solution of (5.1). Moreover, a
contraction principle holds between kinetic solutions.

Let us now state the convergence result for kinetic solutions :

Theorem 9. Let A € W;;C:}OC(Y X R) such that div,A(y,§) =0 for all y, . Assume

that a; € C),.(Y x R) for 1 <i < N, and that (5.25) is satisfied. Assume that the
initial data ug belongs to LY(RYN CL, (Y)) and satisfies

) Y per

N

Z@% (ai(y,§)x (& uo)) = 0.

i=1 ¢

Let v € C([0,00), LY(RY)) be the kinetic solution of (5.1) with initial data
uo(z,x/e). Then there exists a function u € L®([0,00), LY(RY x Y)) such that
the convergence results (5.21) and (5.22) hold, and

0
0y

(a(y, E)x (&, ult,z,y))) =0 inD.
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Moreover, if we set

N

0 0
M= o x(§ ) + Zai(y,é‘)a—%x(fw) €D,

=1
then M satisfies (5.19).

Remark 5.1.6. Let us explain how this result can be generalized to the general case.
First, the L' setting is not adapted to this case, because the L* norm is not conserved
by the equation in general. Hence another notion of kinetic solutions is needed; the
correct functional space should be of the type V + L*(RYN), where V is a fived solution
of the cell problem.

Then, the crucial point in Theorem 9 is to find a sequence uf such that ug
converges towards ug in L*(RY,Cper(Y)), and for all n € N, uly satisfies (5.15),
(5.16). Finding such a sequence is easy in the divergence-free case, but seems more
difficult in the general case, since solutions of the cell problem are not known. This
seems to be the main obstacle to the generalization of Theorem 9 to arbitrary fluzes.
If this step is admitted, it is likely that the proof of Theorem 9 can be adapted to
general settings.

The plan of the paper is the following: in section 5.2 we prove, under the hypothe-
ses of Theorem 8, that the two-scale limit of the sequence 1¢yc (1) is a generalized
kinetic solution of the limit system. In section 5.3, we study the limit problem
introduced in Definition 5.1.1 and we prove the rigidity and uniqueness results in
Theorem 7; hence Theorem 7 and 8 will be proved by the end of section 5.3. In
section 5.4, we study a relaxation model of BGK type, approaching the limit system
in the divergence free case. In section 5.5, we prove Proposition 5.1.1. Eventually,
in section 5.6, we have gathered further remarks on the notion of limit evolution
problem.

5.2 Asymptotic behavior of the sequence u°

In this section, we prove that the two-scale limit of the sequence f© = lecye(t.4), say
fO>t, 2, y,€), is a generalized kinetic solution of the limit system; thus the existence
result of Theorem 7 follows from this section. The organization is the following: we
first derive some basic (microscopic) properties for the function f°. Then we explain
how regularization by convolution can be used in two-scale problems. The two other
subsections are devoted to the other properties of the limit system, namely condition
(5.14) and the strong continuity at time ¢ = 0.

5.2.1 Basic properties of f°

We use the concept of two-scale convergence, formalized by G. Allaire after an idea
of G. N'Guetseng (see [3, 56]). The fundamental result in [3| can be generalized to
the present setting as follows:
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Corollary 5.2.1. Let (¢°).~o be a bounded sequence in L>=((0,00) x RN*1). Then
there exists a function ¢° € L>=((0,00) x RN x Y x R), and a subsequence (&,) such
that £, — 0 as n — oo, such that

/0OO /RN+1 g (t, 2, §)v (tax> §’£> dt dr d¢ —

—>/ / 9 (t, 2y, V(t, x,y,€) dt dz dy dE
0 RNV xY xR

for all functions ¥ € L'((0,00) x RNt Cper(Y)).

Here, the sequence f€ is bounded by 1 in L*°; hence we can extract a subsequence,
still denoted by &, and find a function f° € L>((0,00) x RY x Y x R) such that (f°)
two-scale converges towards fY. It is easily checked that f° inherits the following
properties from the sequence f*¢

0< fO>t,z,y,€) <1, (5.26)
0:f° < 0. (5.27)

Now, let us prove (5.7)-(5.8): let
M = max ([[ua|]oo; ||uzlloo) ,

where uy, uy are the functions appearing in assumption (5.16). Since u; (z/¢) is a
stationary solution of (5.1), by a comparison principle for equation (5.1), we deduce
that
z € z N
Uy <—> <uf(t,x) < ug (—) for almost every t > 0, = € R™.
€ €

Thus [|u®||pee(j0,00)xr¥ < M, and for almost every ¢,z,&, for all € > 0,

Flta, &) =1 if&<—M,
F(ta,€)=0 if&> M.

Passing to the two-scale limit, we infer (5.7) and (5.8).
Now, we derive a microscopic equation for f°. First, multiplying (5.4) by S’(€),
with S” € D(R), and integrating on (0,7) x Br x R, with 7" > 0, R > 0, yields

/BR (S(UE(T, z)) - S (uO (x §>>> dr
o L e ) s o) aca
- / //BR aN“ feS”(&) d d€ dt

N _// m®(t, x,§)S"(§) dv dg dt,
0 R JBgr

where ng(z) is the outward-pointing normal to Br at a given point € dBg, and
dog(z) is the Lebesgue measure on 0Bp.
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Hence we obtain the following bound on m?®
m*((0,7) x Br xR) < Crr

foralle >0, R >0, T > 0, and Supp m® C (0,00) x R x [—=M, M].

Consequently, there exists a further subsequence, still denoted by ¢, and a non-
negative measure m® = m%(t, z, y,£) such that em?® two-scale converges to m° (the
concept of two-scale convergence can easily be generalized to measures; the argu-
ments are the same as in [3|, the only difference lies in the functional spaces). More-
over, Supp m° C (0,00) Xx R x Y x [-M, M].

We now multiply (5.4) by test functions of the type ey (¢, z,z/c,), with ¢ €
Dper([0,00) x RY x Y x R), and we pass to the two-scale limit. We obtain, in the
sense of distributions on (0,00) x RY x Y x R

0 om°
5 (@NH(?J f)fo) = gg .

Thus (5.9) is satisfied, which completes the derivation of the basic properties of f°.
Now, we define the distribution

O (@, )f°) +

B (5.28)

N

_af0+2al

The distribution M obviously satisfies (5.6). The next step is to prove that M
satisfies (5.14); since regularizations by convolution are involved in condition (5.14),
we now describe the links between convolution and two-scale convergence.

5.2.2 Convolution and two-scale convergence

In this subsection, we wish to make a few remarks concerning the links between con-
volution and two-scale convergence. Indeed, it is a well-known fact that if a sequence
(fn) weakly converges in L?(R™) towards a function f, then for all convolution ker-
nels ¢ = (z), the sequence (f, * ) two-scale converges in L? towards f * . It
would be convenient to have an analogue property for two-scale limits. However, in
general, if a sequence f¢ = f*(z) is bounded in L?(R") and two-scale converges to-
wards a function f = f(z,y) € L2(RY xY), then f¢ %y does not two-scale converge
towards f *, . Indeed, if v = ¢ (x,y) € L*(RY,Cper(Y)), then

N 1ex () <a:, g) dx
= e o(x — ') (3:, g) dx dz’

R2N

= [ s | [ et = (L) as].

In general, the quantity between brackets in the last integral cannot be written as a
function of 2’ and 2’ /e, and it seems difficult to pass to the limit as ¢ — 0.
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In order to get rid of this difficulty, let us suggest the following construction,
which is reminiscent of the doubling of variables in the papers of Kruzkov, see [69, 70].
With the same notations as above, consider the test function (¢ %, @) (x, f), where
¢(z) :== p(—x) Vo € RY. Then by definition of the two-scale convergence,

[ r@ (o f) do— [ e gl ) dedy

And

/

[ Fowna(el) = [ @ (L) da

R2N

[, fenn ey dedy= [ (7l o)iloy) do dy
RN XY RN xY
Consequently, as ¢ — 0,

/

F@pte =0 (o) dedd = [ (el @l dedy (529

R2N RN xY

for all o € D(RY), for all v € L*(RY, Cper(Y)).

In fact, different assumptions on the function v can be chosen; the key point
is that v should be an admissible test function in the sense of Allaire (see [3]). In
particular, if there exist functions ¢; € D(RY), 1y € L>=(Y) such that

b(x,y) = a(@)a(y),
then 1 is an admissible test function, and (5.29) holds.

5.2.3 Proof of the condition on M
The goal of this subsection is to prove that with

N
M=0f" 4+ aily, o, f°,
i=1

condition (5.14) holds; hence, let ¢ € D(R x RY), § € D([0,00) x RY), such that
20,020,
o(t,x) =0Vt >0 Ve € RY.

the function ¢ shall be used as a convolution kernel, which explains the hypothesis
on its support. We do not assume that 6(t = 0) = 0.

Let 1) € G arbitrary (the definition of the set G is given in definition 5.1.1). We have
to prove that the quantity

A / N / N / dé dy du dz ds dt (s, 2, y, €)b(y, E)6(t, )
0 0 R2N xY xR

X {@go(t —s,x—2z)+ Z a;(y,&)0ip(t — s, x — z)}

i=1



Asymptotic behavior of the sequence u® 133

in non-positive.

Before going into the technicalities, let us explain formally why the property is
true; let us forget about the convolution and the regularity issues, and take the test
function

x
9<t7 IWJ (_7 é)
€
in equation (5.4).
Let R > max(M,C + 1); recall that M and C are such that Supp f° C [0, 00) X

00
RY XY x[—=M, M], and 1 (y, &) = a_ if ¢ < —C. Integrating on [0, 0co) xRY x [~ R, R],
we obtain

/OOO /RN /_iff(t,x,g) [ate(m)mi (gg) 8xi9(t,x)} z/;(g,g) dz de dt

—%/OOO/RN /_Zfa(t,x,g)g—g (gg) o(t,z) dz de dt

+a_ /000 /RN gaNH <§, —R) O(t,x) dt dx

[e'e] R . T
— /0 /RN/Rm (3, 2, €)0et) (2,5) dz de ds
R

_/RN /_R (o2 Ot = 0,2)0 (gg) dz d€.

Notice that
b (o) oA (5 )

and thus

/Ooo éN /_R FE(t.€) |00(t,2) + a; (2.€) 0,60t 2)| v (Z.¢) dwde dt

_ /Ooo /RN /_i {mf(s,z,g)afw (gg) _ %u (gg) 85f5(t,:c,§)1 o(t, z) dz d ds

—o_ h /RN A; (g, —R) 0;0(t,x) dt dx

B /RN /z 1£<uo(x,§) O(t =0,z)¢ (g,g) dz dé
/ooo /RN A (f’ _R) 0if(t, ) dt d

a0 () i

v
|
s
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Passing to the limit as ¢ — 0, we retrieve

00 R
L[ 00,2+ o (0.9 0000.2)) 6 (0.6) do dy de a

- / / R)0;0(t, x) dt dx
RN xY

- / / Lecunton Ot = 0,2)0 (4, €) do dé
RN J_R

R
_ / / Lecuy(on) Ot = 0,200 (3, €) d de.
RV J-R

v

This means exactly that

B B .
- . <
ot Jy«r ox; /YXR awf <0,

or in other words, that [, . M1 <0 in the sense of distributions on [0, 00) x R,

Now, we go back to the regularizations by convolution. According to the preced-
ing subsection,

—1_13(1)/ / /waym dgdxdzdsdtf(szg)w( 5)( )%
{(%gp(t—s,x—z —l—Zai <g, >81-g0(t—5,:c—z)}

Hence, in (5.4), we consider the test function

é(s,7,€) = [/ /RN (t— s,z — 2) (tm)dtdx} %( 5) K(€),

where

e K is a cut-off function such that 0 < K <1, K €e D(R), K(§) =1if || < R
(R is the same parameter as before, and satisfies R > max(M,C + 1));

o 5 =1 %, 90‘15 ke gpg, with ¢, € D(RY), v, € D(R), 0 < ; < 1, fgoi =1 for
t=1,2, and

A =g0 (5). dO=30(5) <<,
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According to (5.4), we have

/ /RN+1 (s,2,€) [s¢sz§+ia,(—,> szf)] dz d€ ds

+ E/O /RN+1 (s, z,€)ans1 (E,f) Ocp(s,2,€) dz d€ ds (5.30)
_ /m/ m (s, 2, )b, 2, €) dz de ds (5.31)
0 JRNH
+ /RN-H X <§,u0 (z, §>) d(s =0,2,8) dzdE
And

D,6(5,2,6) = U Oplt —s,x = 2) 6(t,2) dtdx} s (gg) K(€),
V.b(s,56) = { |

Teplt = s = o) dede| s (2,€) )
+1U / (1= 5.0 = 200, de da| (V09 (5,6) K(6)

Ded(s, 2,6) = { plt—s,a—2)6(t,) dtd:c] agwg(z,g)
+[/ /RN (t—s,2— txdtdx]%( §) %K (€)

O(s =0,2,6) = M [ etta=2)0 t,xdtd:c] vs (2.6) K(6) =

Using the assumption on the sign of 6, ¢, and the fact that

Oeths = (Oet)) #y 0] *¢ 05 > 0,

we derive

{/ooo /RN plt —s,x=2) 0t ) dt dx] K (&) Octs (;5) > 0.

Moreover, due to (5.7), (5.8), and the assumptions on ) and K, we have ;K = 0
on Supp m*, and

[/ /RN (t—s,x— tx)dtd:c]%( 5>35K(5)f5(s,z,5)
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Hence, we obtain, for all £,6 > 0,

—/ de de dz ds dt (s, 2, )5 @g) o(t,z) x

N
X {&fgp(t —8,x—2) +Zai <§,5> Oip(t — s, x — z)}
1=1
+é /ff(s, 26 a (S 5) Y, et <§ g) ot — 5,2 — 2)0(t, 2)K () dt da ds dz dé

+a?_ /(’D(t — 5,0 —2) 0(t,2) 0K (§)an+ <§,f) dt dx ds dz d§
>0

Following the formal calculations above, we have to investigate the sign of the
term

/fe(s, 2 8)a (g g) Vs (g g) ot — s, — 2) 0(t, 2) K(€) dt dz ds dz de.

Since div, ¢(ar)) = —0gp, we have

) 0
divy ¢(ar)s) = —aig + 75

where 5 = p %, ¢ *¢ ¢, and 75 is a remainder term. Then

/ /RNH $,%:§ 3/? [/ /RN (t—s,z—2)0(t, x)dtdx] ds dz d§

5(6 =t ))m( §) x

i R

Hence, we have to prove that as § — 0,

0 RN+1

rs — 0 in LL (Y x R).
The proof is quite classical. We have

rs(y,8) = aly, v * (Vyepled) — [aly, U] * (Vyepied)

N

= Z/ a;(y, &) — ai(y1, &) (v, &) yﬁﬁ(?/ y1)eh(€ — &) dyy d&y

+/ [GNH(ZJ, 5) - @N+1(y1> 51)] Qﬂ(yl? 51)90({(9 - yl)aéSpg(f - 51) dyy d&;

Thus, we compute, for (y,y;,&,&) € RPVT2 1 <i < N +1,
1
ai(y, &) —ai(y1,§1) = (Y —w)- / Vyai(ty + (1 = 7)y, 7§+ (1 = 7)&1) d7
0

e—g)- / Seas(ry + (1 — )y, 76 + (1 — 7)) dr



Asymptotic behavior of the sequence u® 137

Set, for 1 < k,i < N,y e RY, £ € R,

0 0
bri(y, &) = yu 821 (y)p2(8), Pen+1(y, ) = ykai;(f)%(y),

6901
Y

Wea©).  Cuny.6) = £222(E)on ().

Notice that
/ Drs = —O / G = —Onan
RN+1 RN+1
Then, setting X = (y,&), X1 = (y1,&1),

N+1

rs(X) Z/@yk X + (1= 7)X0)0(X1)eh (X — X1) dyy dé, dr

N+1

+Z/8al 7X + (1= 7)X0)Y(X0)G (X — X1) dys d& dr.

Hence as 9 — 0, rs converges to

—divye(aly, §)) ¥(y,§) =0
in LP

P (RNT) for any p < oo and for all (¢,x) € [0,00) x RY. We now pass to the
limit as 6 — 0, with e fixed, and we obtain

—/ de da dz ds dt (s, z, € (gg) o(t,z)

N
X {8t<p(t—s,x—z)+2ai (g,f) &gp(t—s,az—z)}

—o_ /Q(t, r) 0:K(€)A <§, £> Vet —s,x—2)dt de ds dz d

Passing to the limit as ¢ vanishes, we are led to

—/ d¢ dr dz ds dy dt (s, z,y, ) (y,€) 0(t, z) x

{8t(10t—8$—2 Zazyf Oip(t sx—z)}

—o /G(t, x) 0:K(€)A(y,€) - Vaop(t —s,x — 2) dt doe ds dy dz d€
> 0.

Since

/H(t,x)VmSO(t—s,:c—z)dtdxdsdz =— (/G(t,:c) dt d:r;) (/ V.p(s,z) ds dz) =0,
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we deduce that
[ ddndzdsdyde £(s, 29,00 (5. b1t 2)x

N
X {@gp(t—s,x—z)—l—Zai(y,ﬁ)aiap(t—s,m—z)} <0,

i=1

which means that f° satisfies condition (5.14). There only remains to check the
strong continuity of f at time t = 0.

5.2.4 Strong continuity at time ¢t =0

The continuity property forf® is inherited from uniform continuity properties at
time t = 0 for the sequence f¢. This is strongly linked to the well-preparedness of
the initial data (condition (5.9)), that is, the fact that for all x € RY, ug(z, ) is an
entropy solution of the cell problem

div, A(y, uo(z,y)) = 0.
First, let us consider a regularization of the initial data
92 = fO *z Pn *y 90(5 *¢ gog

with p, € D(RY) a convolution kernel (n € N), § > 0, and ¢ defined as in the
previous subsection. Then we can write

S (TN D T (p T ALl (N s
;az <€’€> ox; [g" <x, 5’€>] + 5GN+1 <5’5) 8§gn (x’ 5’5)
_ éa <§§> (Vyed’) (:cgﬁ) —i—ZN:ai @g) (aiig’(i) (xfﬁ) (5.32)

_ g
= Thse

Notice that
IVagl || oo @ sy xry < || Vapnl L@y,
and
a(y,&) Vyegy (x,y,€) = demy + 1),
where

6 1 1
m,, = Mo *g Pp *y P71 *¢ P,

TfL(I7 Y 5) = a (ya §> Vy,gg,i (1:’ Y, 5) - [(lfo *z pn] *y,€ Vy,ggo‘f(y)gog(ﬁ).

Then for all n € N, for all x € RN, 7° vanishes as § — 0 in LL (Y x R) and almost
everywhere. The proof of this fact is exactly the same as in the preceding subsection,
and thus, we leave the details to the reader. As a consequence, we can write

1 T
riol@,€) = <0, (2,2,6) + R o(. ).
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and there exists a constant ), independent of e, such that for all n € N, for all
e > 0, and for almost every x, &

limsup |R; (2, )| < C,.

6—0

Moreover, R; 5(v,§) = 0if § > M + 4. In the following, we take ¢ < 1.
Now, we multiply (5.4) by 1—2¢° (z,2/¢,€), and (5.32) by 1—2f¢(t, z, ). Setting

Lot ) = (a8 [1-2g] (2. 2.6) |+ 0h (v, D.6) -2 (8. 8)]
fo(t,2,6) — gn (af g&) ‘2 +9n (m g&) ~|9n (rc g&) 2

we obtain
5(t,2,6) + fj( 1€) e o(t,.6) + i (€ el o1,
= agg [1 —24° (:c, g,f)] + g@gmi (x, §’£> [1—2f°(t,z,§)]

TR, 5(x, &) [ = 2f°(¢, 2,8)] . (5.33)
Notice that

O [1 = 2f°(t, x,§)] = 26(¢ = w'(t, x)),

2 (12 (s 2) =0

Notice also that fe(¢,z,&) — ¢° (z,x/e,&) = 0 if ] is large enough (|¢] > M + 1),
whence hy, ; has compact support in &.

Take a cut-off function ¢ € C®°(R") such that ((v) = e1*l when |z| > 1, and
1 < ((x) <1 for |z| < 1. Then there exists a constant C' such that

IVo((z)| < CC(z) Yo eRY.

Hence, multiplying (5.33) by ¢(z) and integrating on R¥*1 we obtain a bound
of the type

d
- ot 2, 8)C(x) de d§ < C/ e 5(t,2,6)C(x) du d€

dt Jyx i v
+/ RS 5(x,€)| |1 —2f5(t, 2, )| () du dE.
RN+1

Using Gronwall’s lemma and passing to the limit as 6 — 0 with € and n € N fixed,
we retrieve, for all t > 0,

[ Jrteo = o (o 26)[ o) dodg

RN+1

< e [ (@) —a (n )| o dvas
R R

—|—C’n(eCt - 1),



140 Homogénéisation de lois de conservation scalaires hyperboliques

where the constant C), does not depend on ¢, and g, = fy *, p,. And for all n € N,

e > 0, we have
o (2. 2.€) = on (2. 2.€) | ¢lo) dode

/IRN'H €
/W/RN\fo(%i (28

/ / uo T, —§ — ug (x, 5) pn(x — 2")((2) do da’
RN JRN
< [ sl @) = w0 @ Ol e = )C(a) do

yey

IN

pule — ') () dz da’ d

IN

The right-hand side of the above inequality vanishes as n — oo because ug €
LL (RN Cper(Y)). Similarly,

loc

IN

3/ g
RN+1

< 3 [ sl @9 — o (2,1, puler — 2)(0) di d
RN JRN

yey

Hence, we deduce that there exists a function w : [0, 00) — [0, o), independent
of ¢ and satisfying lim;_ow(t) = 0, such that

/..
for all ¢t > 0.

Then, we prove that the same property holds for the function f°, that is, the
two-scale limit of the sequence f¢. Indeed, we write

F(t2.) = fo (2. 2,€) | C(a) do dg < w(t

fs(t’x‘,f) — 1§<u0(x,§) = f5 _ 2f€1§<uo(x,§) + 1§<uo(a:,§>7

let 6 € L>(]0,00)) with compact support and such that # > 0. Then for all ¢ > 0,

/OOO /RNH 7= 2 o) + Lecan(onr) | C@)O) do d dt < /0 " o(0)0() dr.

Since ug € Li (RY,Coer(Y)), it is an admissible test function in the sense of G.
Allaire (see [3]); we deduce that 1¢.,, is also an admissible test function. This
is not entirely obvious because it is a discontinuous function of ug. However, this
difficulty can be overcome thanks to an argument similar to the one developed below
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in subsection 5.3.3, and which we do not reproduce here. Thus, we can pass to the
two-scale limit in the above inequality. We obtain

/0 /RN+1 v (fo(t7$7y7€) - |f0(t7$7y§)|2 + |f0(t7$ay>£) - 1§<u0(z7y)|2) X

X 0(t)((x) dt dx dy d§ < /oo O(t)w(t) dt

Notice that fO — |f°? > 0 almost everywhere. As a consequence, taking (t) =
lo<i<r, with 7 > 0 arbitrary, we deduce that

= [ 170 = wla P @y ddaay < - [ wtoya,

and the left-hand side vanishes as 7 — 0. Thus the continuity property is satisfied
at time t = 0.

Hence, we have proved that any two-scale limit of the sequence f¢ is a solution
of the limit system. Thus the existence result in Theorem 7 is proved, as well as the
convergence result of Theorem 8. We now tackle the proof of the uniqueness and
rigidity results of Theorem 7. The strong convergence result of Theorem 5.1.1 will
follow from the rigidity.

5.3 Uniqueness of solutions of the limit evolution
problem

In this section, we prove the second and the third point in Theorem 7, that is,
if f is any solution of the limit evolution problem, then there exists a function
ue L®([0,00) x RN x V) such that f(t,z,y,) = lecu(tny) almost everywhere, and
if fi = Llecus, fo = ey, are two generalized kinetic solutions, then the contraction
principle (5.17) holds.

5.3.1 The rigidity result

Let f be a generalized kinetic solution of the limit problem, with initial data 1¢<y,.
The rigidity result relies on the comparison between f and f2. Precisely, we prove
that f = f? almost everywhere, and since 9, f < 0, there exists a function u such
that f = 1¢<,. Thus, we now turn to the derivation of the equality f = f2.

Let § > 0 arbitrary, and let 8, € D(R), 6, € D(RY) such that

6, >0, 0, >0,

/91:/ b= 1,
R RN

Supp 6, C [—1,0] and 6,(0) = 0.

We set, for (t,z) € RV+!
1 t T
§
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Set f0 = f ;. 0°, M?:= M, 0°. Then f°is a solution of

2 < of
W—F;ai(gj,f)axi—/\/l.

Moreover, f° satisfies the following properties

0<f <1, (5.34)
div, ¢ (a(y, €)f°) = Oem ;. 0°, (5.35)
O f° <0, (5.36)

whereas M? satisfies
MPeC((0,T) x RN, L2(Y x R)) N L™=([0,00) x RY x YV x R), (5.38)
M(€) =0 if [¢] > M, (5.39)
MO(t,x)p <0 Yo € GY(t,x) € [0,00) x RY. (5.40)

Y xR

In particular, notice that (1 — 2f°(t,z)) € G for all t,z, and

folta,y,€) — fo(t 2,9, = 0if [¢] > M.

Let ¢ € C*°(RY) be a cut-off function as in the previous subsection. We multiply
by (1 —2f%)¢(x) the equation satisfied by f°, and we integrate over RN x Y x R.
We obtain

d

dt RN xY xR

= / M (1-2f")¢<0.
RN XY xR

(F = 1P ¢~ / ai(y, 0:C(x) (£ — | F°2)

RN xY xR

We then deduce successively, using Gronwall’s lemma,

da 5|62 5162
Gl rewrne s of o (r-Irr

Lo FO=1r0rc < [ (== 1re =0 v

! 5 48)2 et —1 S e
L (R s e [ (=0 = 1= 0)F) G4

and the constant C' depends only on ||a||pey x[-r,R))-

Now, let us check that f°(t = 0) strongly converges towards 1¢c,, = fo at time
t = 0. In fact, the main difference between the rigidity result of Theorem 7 and
the one for generalized kinetic solutions of scalar conservation laws (see chapter 4 in
[59]) lies in this particular point. Indeed, in the case of scalar conservation laws, the
continuity property can be inferred from the equation itself; in the present case, the
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lack of structure of the right-hand side M prevents us from deriving such a result,
and hence the continuity of solutions at time ¢t = 0 is a necessary assumption in
Definition 5.1.1.

Using hypothesis (5.13), we write, for almost every z,y, &,

folt=0,z9,§6 = / f(s,2,y,6)0°(—s,z — 2) ds dz
RN+1
[f(s(O) - fO *g 9(25} <x7y>€) = AN+1 (f(S, Zayaf) - fO(zay>5)) 95(—8,37 - Z) ds dz.
As a consequence, for all § > 0

/ £ = 0) — foo O3 C(a) do dy de
RN xY xR

IN

/ / (5 29.6) — folz 1, E) 2 (@) (—s, 2 — 2) du dy dE ds d
RN XY xR JRN+1

IN

1 —5
/R 1/ (s) — f0||%2(RN><Y><R,C(x) dz dy dg)gel (T) ds dx dy d§
H[1¢ = ¢ % 03| ey

c [ §

The right-hand side of the last inequality vanishes as § — 0, and thus fo(t = 0)
converges towards fo as § — 0 in L2(RY x Y x R, ((z) dz dy d¢), and hence also in
L' RN xY x R, ((x) dx dy d£). Consequently,

/ (fé(tzo)_fé(tIO)Z)CHO as § — 0.
RN xY xR

Above, we have used the fact that fy = 1¢-y,, and thus fo = fZ.
Now, we pass to the limit as § — 0 in (5.41); we obtain, for all 7' > 0,

/oT /RNWXR (f=f)e<o.

Since the integrand in the left-hand side is non-negative, we deduce that f = f?
almost everywhere. The rigidity property follows.

5.3.2 Contraction principle

Let fi1, fo be two generalized kinetic solutions of the limit problem; we denote by
My, My, and My, M, the constants and distributions associated to fi, fo, respec-
tively. Without loss of generality, we assume that M; < M,. According to the rigid-
ity result, there exist functions uy, us € L®([0,00) x RY x Y') N L*°(]0, 00), L*(RY x
Y')) such that f; = 1ecy,.

As in the previous subsection, we regularize f;, M; by convolution in the variables
t, z, and we denote by f?, M? the functions thus obtained. The strategy of the proof
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is the same as in [59], Theorem 4.3.1. The idea is to derive an inequality of the type
d
E / |f1(t7 x,y, g) - f2(t7 x,y, §>|C($) dr dy d£
S O/ |f1(t7 x,Y, g) - f2<t7 z,Y, §)|C<I’) dx dy d§7

where ( is a cut-off function as in the previous section.

Since |fi(t) — foa(t)| = [f1(t) — fo(O)|* = f1 + fo — 2f1fo, let us first write the
equation satisfied by ¢° := f? + f9 — 2f0f2. We compute

N
0
{atff + iy, )5 —f1 = M‘i} x 1—2f],
i=1 v

N
0
oS ano st -ath xi-ont
i=1 v
Adding the two equations thus obtained leads to
al 9
g’ + ) ai(y,€) 5 —g" = M [1 = 2f5] + M3 [1 = 27] .
i=1 v

Notice that thanks to (5.7), (5.8) and the microscopic constraints (5.9), (5.11),
1—2f(t,z) € G for all (t,z). Hence

Mt x) [1=2f](t,2)] <0 V(t,z) € [0,00) x RY,
Y xR
and the same inequality holds if the roles of f; and f; are exchanged.
Now, take a cut-off function ¢ € C*®°(RY) satisfying the same assumptions as

in the previous subsection; multiply the equation on ¢° by ((x), and integrate over
RY x Y x R; this yields

d
< ¢ (t, 2., €)C(x) dudy dg < C / (b2, E)C () drdyde vt > 0,
dt RNV xY xR RN xY xR
and thus
/ 9’ (t, z,y,§)¢(x) dw dy dE < eCt/ ¢’ (t=0,2,y,)((x) dx dy d.
RNV xY xR RNV XY xR

According to the strong convergence results of f2(t = 0) derived in the previous
section, we can pass to the limit as 0 — 0. We infer that for almost every ¢ > 0,

/ it 2,9,€) — Falt 2, €)[C(e) de dy de
RN xY xR

IN

GCt/ |fi(t =0,2,y,8) — folt = 0,2,9,8)|((2) dov dy d§. (5.42)
RN xY xR

This completes the derivation of the contraction principle for the limit system.
Uniqueness of solutions of the limit system follows. In particular, we deduce that
the whole sequence f¢ of solutions of (5.4) two-scale converges towards f°.
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5.3.3 Strong convergence result

Here, we explain why the strong convergence result stated in Theorem 8 holds, that
is, we prove (5.22). This fact is rather classical, and is a direct consequence of the
fact that

QSC

1§<u5(t,z) 1£<u(t z,y)"

Let us express this result in terms of Young measures: the above two-scale con-
vergence is strictly equivalent to the fact that the two-scale Young measure v, ,
associated with the sequence u¢ is the Dirac mass §(§ = u(t, z,y)) (see [59], Chapter
2). And it is well-known (see [24]) that if u is a smooth function, then

vz y (&) = 0(E =u(t,z,y)) <<= v —u (t,x, g) — 0 in L.

However, here, the function u is not smooth, but this issue is bypassed by using
convolution kernels. For the reader’s convenience, we now prove the result without
using two-scale Young measures. We define us = u*, s, with s a standard mollifier.
Let K € D(R) such that 0 < K < 1, and K(§) = 1if |{] < M. Consider also a
sequence 6, € C*(R) such that 0 <6, <1, and

. 1 , 1
6u(E) = LI E <~ 0,()=0if > .

Then we have

2
lecus(ta) — 1£<u5(t,zv§) = lecus(te) — 21§<u6<t,zv§)1£<ug(t’x) + 15<“5(t’$’§)
= Fonin e ) (10.2) ) <m0 s (00,2 )

The function 1., (10,2
s\ 6T, e
function. Thus we replace it by

(6= (en2).

and we evaluate the difference: for all compact set C' C [0, 00) x R, for all §,¢ > 0,

/C/R’1§<u5(t,ac,§) — 0, (é‘—ua (t z, ))’K ) dt d de < _\cy

According to the two-scale convergence result, for all n € N,

/ / B u5 x)) lecyet) K (§) dt do d§ —

= / [ 0= s 1290 Lty Kt da iy

) is not smooth enough to be used as an oscillating test

Since the sequence 6, (§ — us) uniformly converges towards 1¢.,, as n — 0o, we can
pass to the limit as n — oo, and we deduce

/ / §<u(s 1§<u€(t x) K(g)dtdf]fdf - L /]R v 1§<U5(t,z,y)1§<u(t,m7y)K(f)dtdxdydf.
X
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Simlarly, as ¢ — 0, for all § > 0,

/ / 1£<U5 (w2 K(§) dt dv d§ — / /R . Lecus(tay) K(§) dt dz dy d¢,
RxY

Thus, as ¢ — 0, for all § > 0,

2
Leoipa — 1 .
/C/l%’ g<us(t) §<ug<t,1’,g)

- / / [ Lecuttan) — Lecus(tay)| K(€) dt dx dy dE.
C JRxY

(&) dt dz d¢ —

On the other hand,

T
1 us (t,x —1 z at, - (t, ,—)‘
/C/R\ <ur(ta) ~ Lecus(nat) wt) = us (1o, 2

/ / |1§<u(t,$7y) - 1£<us(t,x,y)‘ K(§) dt dzx dy d§ = [|u — u5HL1(C><Y)-
C JRXY

K(€) dt do d¢ =

L)’

Hence we have proved that for all § > 0, for all compact set C' C [0,00) x RY,

lim Hug(t, x) — Us (t, x, z) ‘
£

e—0

L1(0) = HU - uéHLl(CXY)-

Statement (5.22) then follows from standard convolution results.

5.3.4 Application: proof of the convergence result for kinetic
solutions

In this subsection, we prove Theorem 9; this result is in fact an easy consequence
of the convergence result stated in Theorem 8 for entropy solutions, and of the
contraction principle for the limit system. Assume that ay,; = 0, and let u® be
a kinetic solution of equation (5.1), with an initial data ug(x,z/¢) such that ug €
LYRY,Cper(Y)) and

(1, X (& uo(,9))) =0 (5.43)

||Mz

in the sense of distributions.
For n € N, let uj := sgn(ug)inf(Jug|,n). Then for all n € N, uf belongs to
L®(RY xY) and

ug —ug asn — oo in LM(RY, Cper(Y)).

Moreover, x (&, ug) = x (&, uo)lgj<n, and thus for all n € N, ug satisfies (5.43).
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For all n,e > 0, let u5 € C([0,00), L*(RY)) N L>([0,00) x RY) be the unique
entropy solution of equation (5.1) with initial data ug(x,x/e). Then by the con-
traction principle for kinetic solutions of scalar conservation laws, we have, for all
n € N,

e_ € < E o z
[[uf =5, | Lo j0,00),21 ®Y)) < || U0 :1:',8 uy |z,

- ) S HU’O_USHLI(RN:CPH(Y))'

LY(RN

On the other hand, for all n € N, let 1., be the unique solution of the limit system
with initial data 1¢<,y. By the contraction principle for solutions of the limit system
(see inequality (5.42)), we have, for all integers n,m € N, for all ¢t > 0,

/ in(ts 2, 9) — wm(t 2, 9)| C(a) de dy
RN xY

IN

et / W () -l (t 2 y)| () da dy
RN xY

< efug — U || L1 &Y Cper () - (5.44)

where ¢ € C®(RY) is a cut-off function satisfying the same hypotheses as in the
previous subsections.
Consequently, the sequence (u,),en is a Cauchy sequence in L2 ([0, 00), L} (RY x

Y, (x)dz dy)); thus there exists a function u € L2 ([0, 00), LY(RY x Y, ((z)dx dy))

loc
such that u,, converges towards u as n — oo in L ([0, 00), LY(RY x Y, ((x)dx dy)).

loc
Moreover, the limit u is independent of the chosen sequence uf thanks to (5.44):
indeed, let v7, wf be two sequences converging towards up in L*(RY,Cphe(Y)), and
giving rise to functions v and w respectively. We construct the sequence
u vy if n is even,
0 wd if n is odd.
Then the sequence uf converges towards ug in L'(RY, Cper(Y)), and thus the corre-
sponding sequence u,, converges towards u, while us, converges towards v and g,y
towards w. By uniqueness of the limit, u = v = w.
On the other hand, since the sequence f¢ = x (&, u®) is bounded in L*°, there ex-

ists a sequence (&)ren of positive numbers, £, — 0, and a function f € L*([0, c0) x
RY x Y x R), such that

2 sc.
X(& u(t,z)) = f(t,z,y,8).
Now, for all k,n € N,
X (& u™) — X (&, )| Loo((0,00), L1 @V +1)) < |t — Ug || L1 (Y Cper(v))

and for all n € N, since x(&,u) = 1¢<,, — le<o, we have, as k — o0,

X (&, usk) 25 X (€, up).
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Let ¢ € Dper([0,00) x RY x ¥ x R). According to the definition of two-scale con-
vergence,

k

/O /RNH X (& u(t, @) — X (& urk (8 @))] ¢ (txgig) dt dz d¢ —
—>/ / (2, y,8) — x(& unlt, @, 9)] @ (8 2,0y, §) dt do dy dE.
0 RN xY xR

And for all £ € N, the following inequality holds:

/ / (&, u™ (8, 2)) — X (&, ug (8, 2))] @ (t,x, 3,5) dt do dzs’ <
0 RN—H €k
< ||90||L1([o,oo),Loo(RNxYxR))||U0 - ugHLl(RN,Cper(Y))'

Passing to the limit as k¥ — oo, we deduce that for all n € N, ¢ € D, ([0, 00) X
RY xY x R),

[ 1o - @t oo try.e) dds dg\ <
0 RNV xY xR
< |uo — ug || L1 @Y oo () 121 L1 ([0,00), L% (RN ¥ xR)-

Thus, we pass to the limit as n — oo and we infer that f = x (&, u(t, z,y)) almost
everywhere. Hence the limit is unique, and the whole sequence x(§, u®) converges
(in the sense of two-scale convergence).

Eventually, let us pass to the limit as n — oo in the limit evolution problem for
X(& uy). We set f = x(&, u), and define the distribution

M= 0f +aly,§) - Vaf.

Then M,, — M in the sense of distributions, and it is easily checked that inequality
(5.19) is preserved when passing to the (weak) limit. Thus M satisfies (5.19).

In the divergence-free case, the main difference between the L™ and the L'
setting, that is, Theorem 8 and Theorem 9, lies in the fact that uniqueness for the
limit system in the L' setting seems difficult to derive; indeed, the proof of uniqueness
in the L case uses several times the fact that the distribution M has compact
support. In a L' setting, this assumption ought to be replaced by a hypothesis
expressing that M vanishes as [{] — oo, in some sense. But it is unclear how to
retrieve such a property from the hydrodynamic limit (see section 5.4), for instance.
The above argument only proves that uniqueness holds among L! solutions which
are obtained as the limit of a sequence of L* solutions. Thus we have left open the
correct notion of limit system in a weak L! setting, and the derivation of uniqueness
therein.

Nonetheless, we wish to stress that the contraction principle in the L*° setting
is sufficient to ensure that the whole sequence x (&, u®) converges, even if uniqueness
for the limit system fails.
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5.4 A relaxation model for the limit evolution prob-
lem

In this section, we exhibit another way of finding solutions of the limit system in
the divergence-free case. Indeed, the existence result in Theorem 7 was proved by
passing to the two-scale limit in (5.4), and it may be interesting to have another
way of constructing solutions, which does not involve a homogenization process.

Hence, we introduce a relaxation model of BGK type, in which we pass to the
limit as the relaxation parameter goes to infinity. The drawback of this method lies
in the fact that the existence of solutions of the limit system is not a consequence of
the construction. Indeed, we shall prove that if a solution of the limit system exists,
then the family of solutions of the relaxation model strongly converge towards it in
the hydrodynamic limit. Hence the proof is not self-contained, because the existence
of a solution of the limit system is required in order to pass to the limit. Nevertheless,
the final result may be useful in other applications.

In the whole section, the words “limit system” refer to the modified equations
introduced in Remark 5.1.1. In the divergence-free case, it is also slightly more
convenient to work with the function (¢, ), rather than 1,.,. Hence a solution of
the limit problem is a function ¢ satisfying

gy
; o (ai(y,&)g) =0, (5.45)
g B
a—i+;ai(y,§)ai =M, (5.46)
Ocg = 0(&) —v(t,z,9,6), v =0, (5.47)

and M is such that for all p € D(]0, 00) x RY) such that ¢ > 0, the function M, , ¢
belongs to C([0,00) x RV L2(Y x R)), and

/ (M *tx 90) (t7$7 ) ’QD S 07
Y xR (5.48)
Vi € Ly (Y x R), divy(aw) =0, and Oz > 0.

5.4.1 A relaxation model

The goal of this subsection is to introduce a system approaching (5.45)-(5.48). With
this aim in view, a relaxation model of BGK type is introduced, which takes into
account the constraints of the limit system, that is, equations (5.45)-(5.48). Let

M = HUOHLOO(YXR)a
E = {feL*(Y xR), Suppf CY x [-M, M]},

K = {pekE, divy(a(y,e(y,£) =0 inD'},
K = Kn{pekE Ive M, (Y xR), v>0, 0o =5(¢) —v}.

per
Then E endowed with the usual scalar product on L? is a Hilbert space, and K is a

nonempty closed convex set in £. Thus the projection P on K is well-defined.
The main result of this subsection is the following :
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Proposition 5.4.1. Let \,T" > 0 be arbitrary. Set
Xp:=C([0,T], L*(RY x Y x Ry))

and
folw,y,€) = x(& uo(x,y),  (2,4,6) e RV XY xR

Then there exists a unique solution f\ € Xr of the equation

{ Wfr+a(y, &) - Vafa + A =AP(fy), t>0, (z,5,§) e RV xY xR, (5.49)
f)\(t:()axayaé):f()(x7y>£)' .
The function fy has the following properties :
1. For almost every t,x,y,¢&,
f)\(t7x7y7§) =0 ng Z M7
sgn(f)fA(t,x,y,f) = ‘f)\(taxayafﬂ < L.
2. L? estimate: for all X > 0,
/allxr < lluollpr @y «vy- (5.50)

3. Strong continuity at time t = 0: there exists a function w : [0,00) — [0, 00),
such that limg+ w = 0, and such that for all A > 0, t > 0,

[/2(@) = foll 1@y sy xmy < w(t). (5.51)

4. Pundamental inequality for My := X(P(fx) — fr): for all g € K, for almost
every (t, ),

My (P(fr) —g) <0. (5.52)

Y xR

In equation (5.49), the projection P acts on the variables y, £ only; since f is a
function of ¢, x,y, &, P(f) should be understood as

P(f)(t,l’, ) = P(f(t7x7 ))7

and the above equality holds between functions in L?*(Y x R), almost everywhere in
t,x.

Proof. First step. Construction of fy. The existence and uniqueness of f, follows
from a fixed point theorem in Xr. We define the application ¢r : Xy — Xr by
or(f) = g, where g is the solution of the linear equation

{ Ohg + aly,§) - Vag + Ag = AP(f),
g(t = 07x7y7§) - X(&auﬁ(xay»



A relaxation model for the limit evolution problem 151

The existence and uniqueness of g follows from well-known results on the theory of
linear transport equations (recall that a € il (Y xR)). Moreover, if fi, fo € Xt

per,loc

and g; = ¢7(f;), i = 1,2, then g = g; — ¢ is a solution of

{ g+ a(y,§) - Vag + Ag = A[P(f1) = P(f2)]
g(t =0,2,9,§) =0,

Multiplying the above equation by g, and integrating on RY x ¥ x R, we obtain
the estimate

1d
5 IO L@ ey sy + MIONL2 @y ) < A/ [P(f1) =P(f)]g-

2dt RN xY xR

Recall that the projection P is Lipschitz continuous with Lipschitz constant 1. Thus

i 1
/RNnyR [P(f1) = P(f2)lg < §||P(f1) - P(f2)||%2(RN><Y><R) + §||g<t>||%2(RN><Y><R)

1 1
< §||(f1 - f2)<t>||2L?(RN><Y><R) + §Hg(t)||%2(RN><Y><]R)'

Eventually, we obtain

d
EHg(t)H%Q(RNXYXR) + /\||g<t>||%2(RN><Y><R) < /\||f1 - f2||§(T

A straightforward application of Gronwall’s lemma yields

o1 — g2llxy < V1I—eT|f1 — fal|x,-

Thus ¢ is a contractant application and has a unique fixed point in X, which we
call fy.
Second step. L? estimate. Multiplying (5.49) by fy and integrating on RY x Y x R,
we infer

1d

2dt||f/\(t)||%2(RN><Y><R) + )‘||f/\(t)||i2(RN><Y><R) < )‘/ ,P(fk)fk

RN xY xR

Notice that 0 € IC; thus the Lipschitz continuity of P entails that for almost every
t,x

PN )| g < ([ 2]l -

Hence, using the Cauchy-Schwartz inequality, we deduce that t — || fx()]| 2> xy xr)
is nonincreasing on [0, 7]. The equality

/ (€, o, )2 d dy de :/ (€, wo(, )| dr dy de
RN xY xR RN xY xR

= / luo(x,y)| dz dy
RN xY

then yields the desired result.
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Third step. Compact support in . Let us prove now that fy\(-,&) = 0 if |{| > M:
let ¢ € D(R) be an arbitrary test function such that ¢(§) = 0 when || < M. Then
P(fr)p = 0 since P(fy) € K, and thus fy¢ is a solution of

% (fap) +a- Vo (fap) + A(fap) =0,
(f)\QO) (t = 07$7y75) =0.

Hence (fap)(t,x,y,&) = 0 for almost every t,z,y,&, and fi(-,&) =0 if [{] > M.
Fourth step. Sign property. We now prove the sign property, namely

sgn(§)fr=Ifl<1 ae.

This relies on the following fact: if g € I, then sgn(§)g(y, &) € [0, 1] for almost every
y, €. Indeed, g(-,&) =01if € < —M, and thus if —M < & <0,

3
o(y.6) = / v(y,€) dé' < 0,

-M

Hence ¢(y, -) is non-positive and nonincreasing on (—o0,0). Similarly, g(y, -) is non-
negative and nondecreasing on (0,00). And if £ < 0 < &', then

.
9y, &) —g(y, &) =1 —/é vy, w) dw < 1.

Hence the sign property is true for all functions in K.
Multiplying (5.49) by sgn(§), we are led to

%(Sgn(é)fx) +a(y,€) - Va (sgn(&)fx) + A(sgn(§) f2) = AP(fx) € [0, A]

At time t = 0, sgn(&)fa(t = 0) = |[x(§ uw)| € [0,1]. Thus, using a maximum
principle for the linear transport equation above, we deduce that the sign property
is satisfied for f.

Fifth step. Uniform continuity at time t = 0. Let 0 > 0 be arbitrary, and let
0= fo *, 0°, with €° a standard mollifier. Then f(z) € K for all z € R, and
thus fy — f2 is a solution of the equation

O (=) a0 Va (b= ) A~ f) = AP~ PUD)

—a(y, &) - (fox. V).

Multiply the above equation by ( =1 ) and integrate on R x Y x R. Using once
more the Lipschitz continuity of the projection P, we obtain

1d
§£||f/\_fg"%2(RNxY><R) < Nlallz<1fx = folle2 1 fol 22 [V 0°]| vy

d C
EHfA - ngLQ(RNXYxR) < 3
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where the L* norm of a is estimated on Y x (=M, M), and the L? norms of fy and
foon RY x Y x RV,

As a consequence, we obtain the following estimate, which holds for all t > 0,
A>0andd >0

Ct
HfA(t) - ngL2(RN><Y><R) < 5 + Hfo - ngB(RNxYxR)'

Hence the uniform continuity property is true, with

_ Ct
w<t) = (1;r>1£ (F +2 HfO o ngLQ(RNXYXR)) ’

Sixzth step. Inequality for M. Inequality (5.52) is merely a particular case of the
inequality

(P(f)=f.P(f) —9)e <0
which holds for all f € F, for all g € K.

5.4.2 The hydrodynamic limit

In this subsection , we prove the following result :

Proposition 5.4.2. Let (fy\)xso be the family of solutions of the relaxation model
(5.49), and let f(t) = x(&,u) be the unique solution of the limit system (5.45)-(5.48)
with initial data x (&, uo(z,y)). Then as A — oo,

fr—f inL*(0,T) x RY x Y x R).
The above Proposition relies on an inequality of the type

d

dt RN xY xR

[fx = fI* < ma(0),

with ry(f) — 0 as A — oo. The calculations are very similar to those of the
contraction principle in the previous section; the only difference lies in the fact
that fy and f are not solutions of the same equation.

Before tackling the proof itself, let us derive a few properties on the weak limit of
the sequence fy. Since the sequence fy is bounded in X7 C L2((0,7) x RY x Y x R),
there exists a subsequence, which we relabel fy, and a function g € L2((0,T) x RN x
Y x R) such that fy weakly converges to g in L?. Moreover, the sequence P(fy) is
bounded in L*((0,7) x RY x Y x R), for all T > 0. Hence, extracting a further
subsequence if necessary, there exists a function h € L?((0,T) x RY x Y x R) such
that P(fy) weakly converges towards h as A — oo. Notice that the convex set K is
closed for the weak topology in L% Consequently, h(t,z) € K for almost every ¢, z.
At last,

P - 1=0(3).
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where the O is meant in the sense of distributions. Hence, g = h, and in particular,
we deduce that ¢(t,z) € K for almost every (¢, x).

We are now ready to prove the contraction inequality; consider a mollifying
sequence #° as in the previous section, and set fo = f ki 99, fA = fy*x, 0°. Then

Ouf’ +a(y, &) - Vaf =
Oufy +a(y, &) - Vafl = Mi/-

Let us multiply the first equation by sgn(¢) — 27, the second by 2(f7 — f?), and
add the two identities thus obtained; setting Ff’y =sgn(&)fO+ | £ — 20 £, we
have

Y+ aly,€) - VaF" = M (sgn() = 27 ) +2MJ (5 = f°).

We integrate over (0,t) x RY x Y x R and obtain

t
Lo mfeepodaas = [ [ a0 (seni) -2
RN XY xR RN XY xR

2 / [ M-
RN xY xR
/ FM(t—Oxyg)dxdydﬁ
RN xY xR

We now pass to the limit as ¢’ — 0, with all the other parameters fixed. Notice that

};%/ot/uﬁNxYxRMi(fA/_fé) B //RNxYxR A= 1)
~ A / /R =P
/ /Y (P(f) - F)

since f°(t,x) € K for all t,z. The passage to the limit in Ff’él (t = 0) does not rise
any difficulty because of the strong continuity of the functions f, at time ¢ = 0.
Hence, we retrieve

[ R{(|f5<t>\ —1FOP) + 170 - K0}
< [ [ Mem©-2m

ANXYXR{(!fét—O}—!fgt—O\)+}f5t—0> w6 w)|*}

<
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and thus, integrating once again this inegality for ¢ € [0, T,

[ A1) + 1w - 1)

< [al[ [, M -2n0 @l
o[ A(re=0l= 180 =) + 17 =0 - xewl

We now pass to the limit as A\ — oo, with 6 > 0 fixed. Then

hﬂg}f Hf>‘ o fé‘ |iQ((O,T)><RN><Y><R = Hg o fé‘ EQ((O,T)XRNXYXR’

and

i [Cae[ [ ) ) 2000 ]

A—00

-/ Lt Ji L M) el - 20060 i) <o

Thus, we obtain, for all § > 0

§
Hg - f H%?((O,T)XRNXYXR

= T/RN y R{(\fé(tzoﬂ—fa(tZO)Q)+|f5(t:0)_x(57u0)|2}'

We have already proved in the previous section that the family fo(t = 0) strongly
converges towards x (&, ug) as d vanishes, due to the continuity assumption at time
t = 0. Hence, we obtain in the limit

Hg - fH%Z((O,T)XRNXYXR <0,

and consequently, g = f. Hence the result is proved.

5.5 The separate case : identification of the limit
problem

This section is devoted to the proof of Proposition 5.1.1. Thus we focus on the limit
system in the case where the flux A can be written as

Ay, &) = ao(y)g(§), with divyay = 0.

The interest of this case lies in the special structure of the limit system; indeed, we
shall prove that the function w, which is the two-scale limit of the sequence u°, is
the solution of the scalar conservation law (5.20). In view of Theorem 7, we wish to
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emphasize that Proposition 5.1.1 implies in particular that the entropy solution of
(5.20) satisfies the constraint equation

div, (ao(y)g(u(t,z;y))) =0

for almost every t > 0,z € R"; this fact is not completely obvious when ¢ # Id. We
will prove in the sequel that u(t,x) actually belongs to the constraint space K, for
almost every ¢, x.

Before addressing the proof of the Theorem, let us mention that the limit problem
(5.20) is not the one which is expected from a vanishing viscosity approach. Precisely,
for any given d > 0, let u5 be the solution of

s + div, A (f, ug> — e0AUE =0,
£

with the initial data u§(t = 0,2) = ug (x,2z/¢). Then for all e > 0, u§ — u® as § — 0;
moreover, the behavior of u§ as ¢ — 0 is known for each § > 0 (see [14, 18]). In the
divergence-free case, for all § > 0,

lin% us = u(t,z) in L,
e—
where u is the entropy solution of

Oy + div,({(a) g(u)) =0, t>0, x € RV,
a(t =0,2) = (up(z,-)), r € RV,

Hence, it could be expected that the limits ¢ — 0 and 6 — 0 can be commuted, that
is
lim lim w5 = lim lim uj,

e—06—0 6—0e—0
which would entail
limu® = 4.
e—0

In general, this equality is false, even in a weak sense: a generic counter-example
is the one of shear flows (see for instance the calculations in [24]). Indeed, if N = 2
and A(y, &) = (a1(y2)€,0), then equation (5.20) becomes

O+ a1(y2) 0, u = 0, t>0, xeR? yel0,1]
u(t = 0,$,y) = UO(xlweryQ)a LS RQu /S [07 1]2

It is then easily checked that in general, the average of u over Y = [0, 1]? is not the
solution of the transport equation

O + {(ay1) Oz, u = 0.

We now turn to the proof of Proposition 5.1.1. In view of Theorem 7, it is
sufficient to prove that the entropy solution of (5.20) belongs to Ky for a.e. ¢, z, or
in other words, that K is invariant by the semi-group associated to equation (5.20).
We prove this result in the slightly more general context of kinetic solutions. The
core of the proof lies in the following Proposition:
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Proposition 5.5.1. Let uy € L*(RY, L°°(Y)) such that ug(x,-) € Ky for almost

every x € RV,
Let v = v(t,z;y) € C([0,00); L" (RN x Y)) be the kinetic solution of

Ow(t, z;y) + divy (aly)g(v(t,z;y))) =0, t>0, zeRY yeY,
(5.53)
U<t = O,I, y) = UQ(ZL’, y)

Then for almost every t > 0,2 € RN, v(t,z) € K.

Remark 5.5.1. Let us recall that the function v is the kinetic solution of (5.53) if
there exists a nonnegative measure m € C(Rg, M} ([0,00) x RN x Y') such that the
following properties hold:

o The function f1(t,x,y,&) = x(&v(t, z;y)) is a solution in the sense of distri-
butions of

{ ofr+aly)-Viflg(€) =0m, t>0, zeRY yeVY, (€R, (5.54)
fLt=0,2,y,8) = x(& uo(z, )); '

o There exists a function p € L*(R) such that

/ N / mlt, @y, ) de dy dt < p(€) Ve € R,
0 RxY
lim u(€) =0.

€] —o0

Proof. First, let us recall (see [59, 60]) that for all T > 0,

f=1lim £\ inC([0,T); L*(RY x Y x R)),

A—00

where f\ = fi(t,z,y,&) (A > 0) is the unique solution of the system
Ofr+a(y) - Vafag'(§) + Mfa = Ax(§,un),
w(to9) = [ b0, de (5.55)
R
St =0) = x(& uo).
Moreover, for every A > 0, u, is the unique fixed point of the contractant application

C((0,T); LRN x V) — C((0,T); L"RN x Y))

Uy = Uo

Ox
where uy = f§ f and f is the solution of

Of +aly) - Vaf ¢'(6) + M = Mx(&w),
f(t=0) = x(&uo). (5.56)

Thus, it is sufficient to prove that the space

Ty :={ucC([0,T); L"(RY x Y));u(t,r) € Ko a.e}
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is invariant by the application ¢,.
First, let us stress that for all u € L(Y),

u €Ky <= div,(a(y)x(&u)) =0in D'(Y x R). (5.57)

Indeed, if u € Ky, then for all § > 0, set us = u * 6%, with §° a standard mollifier.
The function us is a solution of

div, (agus) = s,

and the remainder 75 vanishes strongly in L'(Y") (see the calculations in the previous
sections). Since the function w4 is smooth, if G € C'(RY), we have

div, (aoG(us)) = G’ (us)rs.

Passing to the limit as § vanishes, we infer div,(agG(u)) = 0 for all G € C}(RY).
At last, taking a sequence of smooth functions approaching x (&, u), we deduce that
divy(aox(§,u)) = 0 in D;_ (Y x R). Conversely, assume that div,(aox (&, u)) = 0;
then integrating this equation with respect to £ yields u € K. Hence (5.57) is
proved.

Now, let us prove that the space Z; is invariant by the application ¢,. Let

u; € C([0,T); LY(RY x Y)) such that u(t,z) € Ky almost everywhere. Then

divy (ao(y)x (€, w(t, z,y))) = 0.

Let f be the solution of (5.56); since a € KJ', the distribution div,(aof) satisfies
the transport equation

O, (div(aof)) + g'(§)aly) - Vo (div(aof)) + Adiv(aof) = 0,

and div(agf)(t = 0) = 0 because uy(z) € Ky almost everywhere. Hence

div (ao(y) f(t,,,€) =0 in D

Integrating this equation with respect to ¢ yields uy € Ky almost everywhere.
Consequently, for all A > 0, u,(t,z;-) € Kq for almost every ¢, z. Passing to the
limit, we deduce that v(¢, z;-) € Kq almost everywhere. Hence Proposition 5.5.1 is

proved.
m

We now turn to the proof of Proposition 5.1.1: setting b(y) = ao(y) — a(y), we
have

Of' + ao(y)Vaf'g'(§) = Oem — b(y) V[ (€) = M.

If ug € L®(RY), then v € L*®([0,00) x RY x V), and it is easily checked that
f! and M, satisfy the compact support assumptions. According to Proposition
5.5.1, f! also satisfies (5.45), and thanks to the structure of the right-hand side, the
distribution M satisfies (5.48). Thus f! is the unique solution of the limit system,
and Proposition 5.1.1 is proved.
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5.6 Further remarks on the notion of limit system

Here, we have gathered, by way of conclusion, a few remarks on the limit evolution
system introduced in Definition 5.1.1. The main idea behind this section is that the
limit system is not unique (although its solution always is), and thus several other
relevant equations can be written instead of (5.10). Unfortunately, there does not
seem to be any rule which would allow to decide between two limit systems.

Let us illustrate these words by a first series of examples: assume that the flux
is divergence free, and let

a/(y7£) = (al(y7£)’ e ,ClN(y,f)) € RN? (yaf) €Y x ]Ra
K:={f € L. (Y xR), div,(d'f) =0 in D'}.

We denote by P the projection on Kin Ll (Y xR). Precisely, consider the dynamical
system X (t,y;&) defined by

{ X(t,y;8) = d'(X(t,y;6),6), >0,
X(t=0,y;§) =yeY.

Then for all £ € R, the Lebesgue measure on Y is invariant by the semi-group
X(t; &) because d'(+,§) is divergence free for all £. Hence, by the ergodic theorem,
for all f € L (Y xR) there exists a function in L} (Y x R), denoted by P(f)(y, &),
such that

T—oo 1’

P(f)(y. hm—/ FOX(t s €),€) di

and the limit holds a.e. in y,£ and in Y x (=R, R) for all R > 0.
For 1 <i < N, set a; := P(a;). Then if f is a solution of the limit system, f
also satisfies

Of +a(y,€) - Vof =M
and f, M satisfy (5.9) and (5.11) - (5.14). Indeed,

M =M+ [a(y,&) — d(y,9)] - Vaf

and the term [a(y, ) — a'(y,€)] - Vo (f %2 0)(t, 2,9, &) belongs to K+ for all ¢, z. Of
course, uniqueness holds for this limit system (the proof is exactly the same as the
one in section 5.3), and thus this constitutes as legitimate a limit system as the one
in Definition 5.1.1. In fact, in the separate case, Proposition 5.1.1 indicates that the
above system seems to be the relevant one, rather than the one in Definition 5.1.1.
Notice that the distribution M satisfies the additional property

M *ta (b(t; LZ') S KJ— Vt, x.
Let us now go a little further: let § € C*(R) such that 0 < 6 < 1, and let

ag(y,§) = 0(§)a’(y, &) + (1 — 6(£))a(y, &)

Then f is a solution of

8tf + aa(yvf) : vxf - M@a
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for some distribution My satisfying (5.14). Thus this constitutes yet another limit
system which has the same structure as the one of Definition 5.1.1. Hence the limit
system is highly non unique, and it must be seen as a way of identifying the two-scale
limit of the sequence f¢, rather than as a kinetic formulation of a given conservation
law, for instance. Let us also emphasize the following fact: consider the solution
v =(t,x,y) of the scalar conservation law

{ Ay + div, Ay, v) = 0,
U<t = O,.CC,y) = ll,o(ﬂ?,!/),

where the flux A is such that 85 i(y,€) = a;(y,€). Then, in general, the function
1., is not a solution of the limit system, except in the so-called “separate case”
described in Proposition 5.1.1. Indeed, the function v is not a solution of the cell
problem in general, even if ug is. In other words, the set K is not invariant by the
evolution equation

N

i=1
where m is a nonnegative measure and g = 1¢,.

Let us now assume that the flux A is not divergence free. Then there are cases
where a different notion of limit problem can be given: assume that there exists
real numbers p; < po, and a family {v(-,p)},, <p<p,, Which satisfies the following
properties:

1. The function (y,p) — v(y,p) belongs to L=(Y X [p1,pa]);

2. For all p € [p1,ps], v(-,p) is an entropy solution of the cell problem; in other
words, there exists a nonnegative measure m(y,&;p) such that f(y,&p) =
lecy(yp) is a solution of

O (ani(y.6)f) =

yf)a5

m;

o€

||Mz

3. For all p € [p1,p2], <U(‘ap)>y =0;

4. The distribution d,v is a nonnegative function in L'(Y X [p1, po]); this implies
in particular that for all couples (p,p’) € [p1, p2]? such that p > p/, for almost
every y € Y,

v(y,p) > v(y,p).

Under these conditions, a kinetic formulation for equation (5.1) can be derived,
based on the family v(x/e,p) of stationary solutions of (5.1), rather than on the
family of Kruzkov’s inequalities. This kind of construction was achieved in [19] in
a parabolic setting, following an idea developed by Emmanuel Audusse and Benoit
Perthame in [8]; these authors define a new notion of entropy solutions for a hetero-
geneous conservation law in dimension one, based on the comparison with a family
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of stationary solutions. Let us explain briefly how the kinetic formulation for en-
tropy solutions of (5.1) is derived: let u® be an entropy solution of (5.1). Define the
distribution m® € D’'((0,00) x RY x (py,ps2)) by

me(t,x,p) = — {% (u6 —v (g,p>>+ + (5.58)

S e () A )]

Then according to the comparison principle (which was known by Kruzkhov, see
[69, 70]), m® is a nonnegative measure on (0,00) x RY x [py, pa]. Now, set

fa(t,{[‘,p) = 1@(%,p)<u5(t,x) € LOO([()?OO) X RN X [plap?])’

Thanks to the regularity assumptions on the family v(-,p), we can differentiate
equality (5.58) (which is meant in the sense of distributions) with respect to p, and
we are led to

i (7o (G)) g (G (B0 (20)) = e 69)

This equation is in fact the appropriate kinetic formulation in the heterogeneous
case; its main advantage over equation (5.4) is the absence of the highly oscillating
term

1 x

19 [ (_, > 1 u} .

- ¢ |AN+1 - § £<
Notice that for all p € [py, ps],

i, (202

(o)) =0 in Dh (1) (5.60)
This equation is derived by differentiating equation

div, A(y, v(y,p)) =0
with respect to p. Thus, if we set

a(y,p) = %gg p>a(y,v(y,p)),

the vector field @ € L' (Y x [py,ps]) is divergence-free, and the same kind of limit
system as in the divergence free case can be built. Of course, the interest of such a
construction lies in the simplicity of the structure of the limit system in the diver-
gence free case.

Definition 5.6.1. Let f € L>([0,00), LY{(RY x Y x R)), ug € L* N L®(RY x Y.
It is said that f is a generalized kinetic solution of the limit problem associated with
the family v(-, p) if there exists a distribution M € D), ([0,00) x RN x Y x R) such
that f and M satisfy the following properties:



162 Homogénéisation de lois de conservation scalaires hyperboliques

1. Compact support in p: there exists (p),ph) € [p1, p2]? such that p; < p) < ph <
p2, and

SuppM C [0, 00) x RY XY x [p’l,p’Q];
ftzy,p)=1ifpr <p<py, [f(t,z,y,p)=0ifph<p<po.

2. Microscopic equation for f: f is a solution in the sense of distributions on

Y X (p1,p2) of
divy(a(y,p) f(t, z,y,p)) = 0. (5.61)

3. Evolution equation: the couple (f, M) is a solution in the sense of distributions
on [0,00) x RN x Y x (p1,p2) of

A (vp(y, p) f) +aly,p) - Vaof = M,
{ f(t =0,z,y, p) =1 v(y,p)<uo(z,y) — f()(x Y, p) (5'62)

In other words, for any test function ¢ € Dy (Q) where Q = [0,00) x RY x
Y X (p1,p2)), setting dqg = dt dz dy d€,

/Qf(t, z, Y, 0)0p(y, p) {0:0(t, v, y, p) + aly,v(y,p)) - V.0(t,7,y,p)} dg
- <¢7 M>D,D’ - / 1v(y,p)<uo(ac,y)vp(y7p)¢(t = 07 T, y7p) dx dy dg
RNV xY xR

4. Conditions on f:

Opf <0, (5.63)
0< f(t,z,y,§) <1 ae., (5.64)

1 T
Y RTCEy I[——y (5.65)

5. Condition on M: for all p € D([0,00) x RN such that ¢ < 0, the function
M x, . o belongs to C([0,00) x RN LY (Y x R)), and

{ foR M*tI )(t’x7')¢§07 (5 66)
Vip € L2 (Y x R), divy(ay) =0, and 0 > 0. '

loc

We now state without proof a result analogue to Theorems 7, 8 :

Proposition 5.6.1. Let A €¢ W omtoc Y X R). Assume that a € C),(Y x R) and

per
that a € WHH(Y x (p1,p2)). Let up € L*RY x Y) N L} (RN, Cper(Y)) such that

uo(z, ) is an entropy solution of the cell problem for almost every v € RY. Assume
furthermore that there exists p} < py in (p1,p2)? such that

v(y, py) < uolz,y) < v(y,ph),

and let
Jo(@, 4, p) = Lugyp)<uo(p)
Then the following results hold :
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1. There exists a unique generalized kinetic solution f of the limit problem as-
sociated with the family (v(-,p))p <p<p, With initial data fo. Moreover, there
exists a function u € L®([0,00) x RN x Y) such that

ft,2,9,0) = Lyyp<ultay) a€

2. Let u® € L®([0,00) x RY) be the entropy solution of (5.1) with initial data
ug (x,x/e). Let f(t,x,y,p) = Loyp)<u(tay) be the unique solution of the limit
problem. Then for all reqularization kernels ©° of the form

0’ (x) = %Nso (%) , zeRY,

with ¢ € DRY), [¢ =1, 0 < ¢ < 1, we have, for all compact K C
[0,00) x RY,

X
it 1) o (2.
| U Rt Ch

e = (5.67)

Hence a whole variety of limit systems can be given, depending on the choice
of the family of solutions of the cell problem. However, it is not obvious that any
given system is “better” than another one. But the important result, as far as
homogenization is concerned, is that all systems have a unique solution.
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Chapitre 6

Homogénéisation d'une équation de
transport

On étudie ici I'homogénéisation d'une équation cinétique linéaire, qui modé-
lise I’évolution de la densité d"un ensemble de particules chargées dans un champ
électrique aléatoire fortement oscillant. On identifie le profil asymptotique de la
densité grace a des équations microscopiques et macroscopiques couplées; de
plus, on donne des formules explicites permettant de calculer ce profil lorsque la
dimension de I'espace est égale a un.

Ce chapitre a été accepté pour publication dans Communications in Partial
Differential Equations.
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6.1 Introduction

This note is concerned with the homogenization of a linear transport equation in a
stationary ergodic setting. The equation studied here describes the evolution of the
density of charged particles in a rapidly oscillating random electric potential. This
equation can be derived by passing to the semi-classical limit in the Schrédinger
equation (see [40], [50], and the presentation in [33]). Our work generalizes a result
of E. Frénod and K. Hamdache (see [33|) which was obtained in a periodic setting.
The strategy of proof we have chosen here is different from the one of [33], and allows
us to retrieve some of the results in [33] in a rather simple and explicit fashion.

Let us mention a few related works on the homogenization of linear transport
equations ; we emphasize that this list is by no means exhaustive. In [6], Y. Amirat,
K. Hamdache and A. Ziani study the homogenization of a linear transport equation
in a periodic setting and give an application to a model describing a multidimen-
sional miscible flow in a porous media. In [23] (see also [35]), Laurent Dumas and
Francois Golse focus on the homogenization of linear transport equations with ab-
sorption and scattering terms, in periodic and stationary ergodic settings. And in
[24], Weinan E derives strong convergence results for the homogenization of linear
and nonlinear transport equations with oscillatory incompressible velocity fields in
a periodic setting.

Let us now present the context we will be working in : let (€2, F, P) be a probabil-
ity space, and let (7,),erny be a group transformation acting on 2. We assume that
7, preserves the probability measure P for all x € RY, and the group transformation
is ergodic, which means

VAeF, (r,A=AVzeR"Y = PA)=0orl).

The periodic setting can be embedded the stationary ergodic setting in the following
way (see [57]) : take Q@ = RY/ZN ~ [0,1)", and let P be the Lebesgue measure on
Q2. Define the group transformation (7,),cgy by

.y =x+y modZ" ¥(z,y)e€RY x Q.

Then it is easily checked that 7, preserves the measure P for all x € R, and that
the group transformation is ergodic. Thus the periodic setting is a particular case
of the stationary ergodic setting.

We will denote by E[-] the expectation with respect to the probability measure
P; in the periodic case, we will write (f) rather than E[f] to refer to the average of
f over one period.

We consider a potential function u = u(y,w) € L>(RY x Q) which is assumed
to be stationary, i.e.

u(y + z,w) = u(y, mw) Y(y,z,w) € RY x RY x Q.

Moreover, we assume that 0 < u(y,w) < Umax = supu Vy € RY w € Q, and
u(-) € W22(RN,L®(Q)), so that there exists a set A C Q such that P(A) = 0,

loc
and V,u(-,w) is well-defined and locally Lipschitz continuous on RY, uniformly for

we N\ A
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Let f& = fe(t,z,&,w), (t >0, » € RV, £ € RV, w € Q) be the solution of the
transport equation

atfs(tx’g?w) +€ : foa(t7x7£7w) - évyu (g’w> ) V&fa(t,x,f,w) = 07
f(t=0,2.60) = fo (2.2, 60).

Here, we assume that the initial data fy = fo(z,y,&, w) belongs to Li (RY x
RY, L>*(R) x Q)) and is stationary in y, i.e.

(6.1)

folz,y + 2,&,w) = folz,y, & mw) forall (z,y, 2,6 w) € R x Q.

We set Fy(z,&w) = fo(z,0,&,w), and we also assume that fy is such that for all
e > 0, the function

T
Ft=0): (@ 6w) = fo (2, 2,60)
belongs to Lj,.(RY x RY, L'(Q)) ; this fact does not follow directly from the above

loc
assumptions because in general, the measurability of f*(¢ = 0) is not clear. However,
if Fy € Co(RY, L, (RY, L>®(9))), for instance, then f(t = 0) is measurable and
belongs to Ly, (RY x RY, L'(Q)). We will not comment further on this restriction
and we refer to [10] for other sufficient assumptions on Fy. When f; satisfies the
properties listed above, we say that fj is an admissible initial data; it can be checked

(see [10]) that any linear combination of functions of the type

X1(7) xa2(y, §,w)
RY) and o € Li (RN, L2(RY x Q)), with Yo stationary, is an
3 Yy

loc

with X1 € Llloc
admissible initial data.

It is well-known from the classical theory of linear transport equations that for
every w € Q, there exists a unique solution f¢ of (6.1) in L, ((0, 00), Lj,.(RY X RY)).

The goal of this paper is to study the asymptotic behavior of f¢ as ¢ — 0. Thus,
following [33|, we define the constraint space K :

Definition 6.1.1. Let
5 ' vyf(ya 57 w) - va(y, w) ' vﬁf(:% 67 w) = 0 (62)

be the constraint equation, and let

K:={f € Lj,(RY x RY,L'(Q)); f satisfies (6.2) in D'(R) x RY) a.s. in w}.

loc

We also define the projection P onto the constraint space K, characterised by
P(f) € K for f € Lj,(RY x R}, L'(2)) stationary, and

loc

[ B = D) gl 60 dEdP) =0 for a.c.y € RY

for all stationary functions g € L*(R) x RY x Q) N K, with compact support in €.
(A more precise definition of the projection P will be given in the second section).
Finally, we define K+ as

K' = {f € L}, RY x RY,L'(Q));3g € L},.(RY xR, L'(Q)), f=P(g)— g}

loc loc
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Remark 6.1.1. Let us indicate that the constraint equation can easily be derived
thanks to a formal two-scale Ansatz : indeed, assume that

fg(t7x7€7w>%f<t7$7z7£?w> ase_)o?
€

inserting this asymptotic expansion in equation (6.1), we see that f necessarily sat-
isfies the constraint equation (6.2).

Remark 6.1.2. Let f,qg € LOO(]RQ’,LQ(R? x )) be stationary, and assume that
f €K and g € Kt. Then for a.e. y € RY,

/ f(y7£7w)g(y7€7w) df dP(CU) =0.
RN xQ

This is a characterization of K& for the class of stationary functions belonging to
LOO(RZ]JV,L2(R? x Q).

Here, we provide another proof for the result of E. Frénod and K. Hamdache
in [33] in the “non-perturbed case”. Our proof is based on the use of the ergodic
theorem, and gives a more concrete insight of the projection P and of the microscopic
behavior of the sequence f¢. Moreover, it allows us to retrieve the explicit formulas
of the integrable case.

The first result we prove in this paper is the following theorem :

Theorem 10. Let fo € L, (RY x RY x RY; L'(Q)) stationary, such that fo is an
admissible initial data.

Let f¢ = fe(t,z,&,w) be the solution of (6.1). Then there exist two functions
f = ft,z,y,§w) and g = g(t,x;7,y,&,w), both stationary in y, and a sequence
{re(t,z,&,w) }eso such that for all e > 0

fet,z, & w)=f (t,:c, g,ﬁ,w> +g <t,a:; é,g,f,w) +7re(t, z, &, w)

and :

[l

loc

(0,00)xRY xRY,L1(2)) — 0 as € = 0;

f € Lis((0,00); L, (RY x RY x RY; LY(Q))), and f(t,x) € K for a.e. t >0,

loc loc

r € RY;
e For all T > 0, for all compact set K C RY x Ré\’ X R]yv,

sup 9]l (e x) < o0
0<t<T0<7<T

Moreover, g(t,z;7,-) € Kt for a.e. (t,z,7) € (0,00) x RY x (0, 00);

e Microscopic evolution equation for g : for a.e. t,x € (0,00) x RN, g(t, ;) is
a solution of

0
a—g+£'vyg—vyu-V§g:0. (6.3)
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Moreover, for all T > 0

T
t
’/ g<t7x;_7z7§7w) dt
0 g €

e Macroscopic evolution equation : f and g satisfy

at(f)w(y,é,w)-vx(g):o, (6.4)

9

—0 ase—0.
L, (RY xRY,L1(5))

where

o Initial data :

f(t = O,$7y,£7W) = ]P)(f())('r’y’ é’w)7
gt =0,2;7 =0,y,&,w) = [fo — P(fo)] (z,9,§,w).

Before going any further, we wish to make a few comments on the above results.
First, let us stress that it is not obvious that the function g is well-defined : indeed,
let S(t) (t > 0) denote the semi-group associated to the macroscopic evolution
equation (6.4), and let T'(7) (7 > 0) be the semi-group associated to the microscopic
evolution equation (6.3). Then g is well defined if and only if, for all stationary
function go = go(z,y,§,w), for all t,7 > 0,

T(7)[S(t)go] = S(t) [T(7)go] -

This identity follows from the fact that the speed &*(y, &, w) appearing in equation
(6.4) is a stationary solution of (6.3) by definition of the projection P, and is thus
invariant by the semi-group 7'(7).

Next, let us explain briefly the meaning of theorem 10. The idea is the following
: write fo as fo = foy + for, with fo (z,-) € Kand foi(z,-) € K" a.e. Assume that
fo and fo, are admissible initial data. Then f° can be written as fﬁ + f7, where fﬂf
(resp. f7) is the solution of equation (6.1) with initial data fo (z,2/e,&,w) (resp.
for (x,x/e,&,w)). Theorem 10 states that

x
fﬁ - f (t,x,—,f,w) —0
€
strongly in L{ . norm. In particular, there are no microscopic oscillations in time in
this part of f¢. We wish to emphasize that this result appears to us to be new.
We now focus on the other part, namely f{. An easy consequence of the theorem
is
T
| rtagwa—o
0
in L%, (RY; Ly, (RY; L'(R2))) and for all T > 0. However, it would be wrong to think

loc loc

that f$ vanishes in Lj,.((0,00) x RY x RY, L'(Q)), for instance. Indeed

loc

t
fi(t,x,f,w) ~ g (t7'x7 ) Eafﬂ”)
e €
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Tl
in L;,., and

lg(t =0, ;7, y)||L1(RngQ) = ||f0J_($ay)||L1(Ré\’xQ)

as soon as fo(z,y) € LI(RQ’ x Q) for almost every z,y. And if fy, is stationary,
then

[ for (@ Y@y xa) = [l for (2, 0)llry <)  forae. z,y.

Thus, if fo1 # 0, then for all T > 0, we derive

T
t
/ g (t,l’;—,z,g,UJ)
0 e €
r t
= / g (t,l’;—,o,f,W) dt
0 € L1(RY xRY xQ)
T t
= / g(tZO,:v;—,O,f,w)
0 e

= T||for(z, 0)||L1(ngngVxQ)-

dt
LY(RY xRY xQ)

dt

LY(RY xRY x)

The same kind of inequality holds if the L' norms are replaced with L. . norms, but

the derivation of the inequality with L{ _ norms involves bounds on the function &*
which will be given later. Thus we refer to the proof of lemma 6.3.3 for arguments
which yield similar inequalities with L} _ norms.

Hence f{ does not vanish strongly in general. In other words, there are fast
oscillations in time, due to the ill-preparedness of the initial data (i.e. the fact that
fo(z,-) ¢ K), but these oscillations do not cancel out as the small parameter
vanishes.

Remark 6.1.3. Some of the equations of theorem 10 can be guessed thanks to a
two-scale Ansatz. We have already explained how equation (6.2) is obtained. The
derivation of the evolution equation (6.3) is the same as the one of (6.2), except that
the Ansatz now involves microscopic oscillations in time. In other words, if

13 t
fe(t7x7§7w):f0 <t,l‘,—,§,§7w)—|—gf1 (t7$7—7z’§7w)+...7
€ € € €

then fO(t,x,-) satisfies (6.3).

The derivation of (6.4) is less obvious, and in fact we have only been able to
compute it for the function f, that is, when there are no microscopic oscillations in
the time variable. Hence, assume that

fe(t,z, & w) = 1o (Lx,%,f,w) +ef! (t’x’gvf’“’) 4.

We insert this expansion in equation (6.1), and compute the €° order term. We
obtain

Of° +&-Vof' +&-Vyf' =Vyu-Vefl =0
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Thanks to remark 6.1.2, the term @' (y, &, w) = &-V, f1 =V u-Vef! belongs to K*+.
Indeed, let g € K be stationary and smooth, with compact support in &. According
to Birkhoff’s ergodic theorem, we have, for all y € RY, and almost surely in w

L o et e)dsape) = fim o [ plegwg(enw) deds

R—oo | Bp] BrxRY

And if f and g are smooth,

/ (2,6 w)g(z, €. w) d de
BrxR

N
3

= —/; " (5'Vzg_Vzu-V£g)(z7§7w)fl(Z’£’w) dZdé

N
3

+/ 5-nBR(y)g(z,g,w)fl(z,f,w) dz df
oBRr JRN

Since g € K and g has compact support in &, we deduce that o' € K+ thanks
to remark 6.1.2. Recall also that fO(t,x,-) belongs to K almost everywhere. Thus
projecting the above equation on K yields (6.4).

Let us now explain how our strategy of proof differs from the one of E. Frénod and
K. Hamdache in [33]. The authors of [33] used the concept of two-scale convergence, a
notion introduced by Gabriel N’Guetseng in [56], and then formalized and developed
by Grégoire Allaire in [3]. We will first explain briefly what are the main arguments
of [33], and then we shall expose the great lines of the proof of the present paper.

The notion of two-scale convergence relies on a choice of oscillating test functions;
the central result of the theory is the following (see [3]) :

Proposition 6.1.1. Let U be an open set in RY, and let (¢°)c~o be a bounded se-
quence in L>(U). Then there exists a function ¢° € L*(Ux[0,1]V), and a subsequence
(en) such that e, — 0 as n — oo, such that

x
/gg"(x)w (x,— ) dx —>/ 9°(,y)(x,y) do dy
U €n Ux[0,1]N¥

for all functions ¢ € L*(U; Cper([0, 1]V)).
It is then said that the sequence g°" two-scale converges towards gg.

This concept can be generalized with no difficulty to functions depending on ¢
and & as well. In [33], the authors pass to the two-scale limit in equation (6.1), after
deriving a priori bounds on the sequence f¢. Using test functions of the type

890 (t’ x) §a§> Y

with ¢ € Dyer([0,00) x RY x [0, 1]Y x RY), they first prove that the two-scale limit
of the sequence f¢, say f(t,x,y,&), satisfies the constraint equation (6.2). Then,
taking test functions of the type
(p (t7 :L,’ E? 5)
€
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such that ¢(t,z,-) € K almost everywhere, they derive the macroscopic evolution
equation (6.4). The proof is straight-forward and simpler than the one we present
here, but does not include any description of the microscopic oscillations in time.
Moreover, since the method of [33] relies on two-scale convergence, the result only
provides information on the weak-limit (or two-scale limit) of the sequence f¢; in
other words, the strong convergence result we state here is new, and cannot be
derived by two-scale convergence techniques.

However, let us mention that the notion of two-scale convergence has been gen-
eralized to stationary settings by Alain Bourgeat, Andro Mikeli¢ and Steve Wright
(see [10]); the relevant concept is then called stochastic two-scale convergence in the
mean. The result of [10] is the following :

Proposition 6.1.2. Assume that L*($), P) is separable.

Let U be an open set in RN, and let (¢°).>o be a bounded sequence in L*(U x Q).
Then there exists a function ¢° € L*(U x Q), and a subsequence (g,) such that
en — 0 as n — oo, such that

/nggsn(x,w)w <$C, Tﬁ(x)) dx dP(w) — (2, w)h(z,w) dz dP(w),

UxQ

for any ¢ € L*(U x Q) such that the function

(z,w) = Y(z, T,w)
belongs to L*(U x Q).

It is likely that the arguments of [33] can be generalized to the present case
in order to obtain the same kind of weak convergence results, as long as L*(f2) is
separable. We prefer to focus on a different method, which is more explicit and
which allows for the derivation of strong convergence results.

The key of our analysis lies in the study of the behavior as ¢ — 0 of the Hamil-
tonian system

Ye(t,x, 6 ,w) = —Z5(t,x,&,w), t>0
Ea(t,y,ﬁ,w)zi yuYe(t,z,§,w),w), t>0
Ye(t=0,2,6,w) =x, E5(t =0,2,{,w) =&, (2,&,w) € R x Q.

(1]

Indeed, if f; is smooth, then

Ye(t,z, &, w)
€

fg(t7x>£aw) = fO (Y5<t,$,€,W), >Ea(t7y7§7w)7w) )

so that we can deduce the asymptotic behavior of f¢ from the one of (Y, =°). And
it is easily checked that
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where (Y] =) is the solution of the system

}:/(tvy7£7w) = _E<t7y7€7w)7 t> 07
E(t,y, & w) = Vyu(Y(ty §w),w), t>0, (6.5)
Y(t = 07 y? 57 w) = y? E(t = O’ y7 5’ w) = f? (y? 5’ w) 6 R2N X Q'

Hence, in order to study the limit of f¢ as ¢ — 0, we have to investigate the long
time behavior of the system (Y, =), and this will be achieved with the help of the
ergodic theorem in the second section.

This dynamical system also allows for a better understanding of the function &
appearing in (6.4). Indeed, we shall prove in the second section that

€y, €,0) = — Jim TLLEY)

almost everywhere,
T—o00 T

so that —&* is the rotation vector associated with the dynamics (Y, Z).

In the case where N = 1, we can give explicit formulas for £*(y, £, w) ; the proof
of this formula in the stationary ergodic case is strongly linked to methods from the
Aubry-Mather theory (see [26], [30], [51]), and thus also to the homogenization of
Hamilton-Jacobi equations. In the rest of the paper, we set

_ I
H(y7$7w) - 2 +u(va)

Let us first recall the definition of the homogenized Hamiltonian H (see [49])

|
H(p) = Umax T EHO(p)7

0 iflp| < E [ 2 (e — u)}
Ho(p) =

A if |p[2E[ 2(umax—u)}, where |p\:E[\/2(umax—u)+>\].

Proposition 6.1.3. Assume that N = 1.
Let (y,§,w) € R xR x Q such that H(y,{,w) > Uma. Let P = P(y,§,w) € R
such that H(P) = H(y,{,w) and sgn(P) = sgn(§). Then

&y, & w) = H'(P)

Moreover, if L is the dual function of H, i.e.

1
L(y7p> CU) = sup (pé- - H(y,f(ﬂ)) = §‘p|2 - U(y,CU),
£ER

and L is the homogenized Lagrangian (the dual function of H), then

P(L)(y,€,w) = L(E(y. & w).)
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In the periodic case, we will give another proof of the above result; the strategy
chosen in that case is inspired from techniques and calculations in classical mechan-
ics. It also allows to give a formula for & for low energies in the periodic setting
only:

Proposition 6.1.4. Assume that N = 1 and that the environment is periodic.
Let (y,€&) € R? such that H(y,£) < Umae- Then £ (y, &) = 0.

The organisation of this note is the following : in the second section, we derive
some preliminary results on the long-time behavior of the system (Y, =) thanks to
the ergodic theorem. Those will be useful in the proof of theorem 10, to which
is devoted the third section. Eventually, the fourth and last section is concerned
with results in the integrable case, both in the periodic and the stationary ergodic
settings.

6.2 Preliminaries

This section is largely devoted to the study of the long-time behavior of the Hamilto-
nian system (Y, Z) defined by (6.5). First, notice that the Hamiltonian H(y, {,w) :=
:1€]* 4+ u(y, w) is constant along the curves of the system (Y, Z), and if f is stationary
and belongs to L>(Q, C'(R})Y x R}')), then

fER = f(Y(Ly,&w), Bty &w),w) = fy,6,w) ¥y &w) € RTXRYxQ.
Indeed, for all f € L>(Q,C'(R) x RY)), we have

0

En (Y(t,y,&w), 2(t,y, & w),w) = {H, f} (Y(ty,§w), 2ty & w),w),

where {H, f} denotes the Poisson bracket of f and H, i.e.

{H7f} <y767w) = 5 ' vyf<y7£7w) - Vyu<y7£>w) : V&f(yafaw)

Let us mention an easily checked property of the trajectories (Y, =) which will
be used extensively in the rest of the article : for all (y,z,&) € R3V, for all w € €,
t>0,

Y(t,y,§mw)+2=Y(ty+2z{w),
2y, & mw) = E(ty + 2,6 w). (6.6)
In the periodic case, this invariance entails that the hamiltonian system (Y, Z) can be
considered as a dynamical system on the N dimensional torus [0, 27)". In this peri-

odic setting, it is somewhat natural to introduce the semi-group of transformations
(7)o on [0,27)Y x RY given by

Ti(y.&) = (Y(t,y,8),2(t,y,€), yelo2m, (R

According to Liouville’s theorem, this semi-group preserves the Lebesgue measure
on [0,27)Y x RY; moreover, we can construct a family of finite invariant measures
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on [0,2m)Y x RY by setting m.(y,&) = Lyy.e<c dy d€ for ¢ > 0 (remember that the
Hamiltonian is constant along the hamiltonian curves). This construction is the root
of the ergodic theorem (see corollary 6.2.1), and thus of the study of the long-time
behavior of the system (Y, Z).

In the stationary ergodic setting, this construction can be generalized as follows
: we define the transformation 7} : RY x © — RY x Q by

T;f(fa LU) = <E<t7 07 5) L(J), TY(t,O,g,w)w)

together with the family of measures
He = 1H(£,w)§c df dp(w)

where H (&, w) := 1|¢|* + u(0,w). It is obvious that for all ¢ € (0,00), y. is a finite
measure on Ry x €.

Notice that the “good” generalization to the stationary ergodic setting of the semi-
group (7;) is a semi-group which acts on Ré\’ x €2 rather than Rév X Ré\’ . Thanks
to the group of transformations (7,),cg~, the transformations in € can result in
transformations in Rév , but the definition chosen here allows us to define a family of
finite invariant measures, whereas such a construction is rather difficult if one tries
to define a semi-group acting on R}’ x RY". This will be fundamental in the rest of
the proof.

Lemma 6.2.1. (T});>0 is a semi-group on Rév x € and preserves the family of
measures L.

Proof. Let us first prove the semi-group property : let ¢,s € [0,00), and ({,w) €
RN x Q: then

,I‘t o Ts(€7 LU) = Tt (E(57 07 57 W)v TY(S,O,&,w)w)
= (E(t, 0,2(5,0,&,w), Ty (s,0,£0)W), u/)

and using the properties (6.6) we deduce

2(t,0,2(5,0,§,w), Ty s0ew) = Z(t,Y(s,0,€§,w),=(s,0,&,w),w),

= E(t+s,0,{,w)
and
/

w = TY(t9075(8>07£7L"’)7TY(S,0,§,w)w)TY(Svovng)w
= Ty(t7075(8707€7w)77-Y(5,O,5,w)W)+Y(5707§7w)w
= TY (Y (5.060).E(s.0,6w)w)W
= TW(t+s0&w)W

Thus

TioTy(§w) = (E(t +5,0,&,w), Ty(t+s,07§’w)w) =Tis(& w).

Since it is obvious that Ty = Id, (T})s>0 is a semi-group on RY x Q.
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We now have to check the invariance property; let F' € LY(RY x Q; p1,) arbitrary.
We set f(y,&,w) := F(&, ryw) for (y,&,w) € RY x RY x Q, and we compute

|, F@w) dutew

RN xQ

= E |: ~ f(Y(tv Oa 57 w)7 E(t7 07 67 w)? W)1H(Y(t,0,§7w),E(t,O,f,w),w)Sc d£ :
R

Since the probability measure P is invariant by the group of transformation 7,, and

fY(ty,&w), 2ty & w),w) = f(Y(,0,¢T,w),=(t, 0,8 myw), Tyw),

we have, for all y € RY

E [f(y(tv 07 ga w)a E(ta 07 ga w)a w)]-H(Y(t,O,E,w),E(t,O,{,w),w)gc] =
=F [f(Y(t, Y, &, w)? E<t7 Y, &, w)? W)1H(Y(t7y7§7w),E(t»y,&w)vw)ﬁc} :

Take an arbitrary function ¢ € L'(R)Y), and write

[ FEw) dudew
RN xQ
-t {/R?N dy d€o(y) f(Y (1,9, €, 0), S, Y, & W), W) LH(v (0,60) Bty ) )<

We change variables in the integral by setting (z,v) = (Y (t,y,& w), Z(t, y,&,w));
according to Liouville’s theorem, the jacobian of this change of variables is equal to
1, and

(x7 /l]) - (Y(t7 y? 57 w)7E(t7 y7§7w)) @ (y7 f) - (X<t7 x? U7w)7v(t7‘r7 /l)7w>>’
where (X, V) is a solution of the Hamiltonian system

X =V,
V = —Vu(X,w),
(X, V)(t=0,2,v) = (x,v).

Observe that in the present case, we have simply
X(t,z,v,w) =Y(t,x,—v,w),

so that (X, V) satisfies relations (6.6).
Hence

/2N dy df ¢(y)f(Y(tv Y, 57 (.d), E(tv Y, g? w)a w)1H(Y(Eyy&w)75(t73/7§7w)7w)§6
R
= / dz dv ¢(X(t,z,v,w)) f(2,0,w) g w)<e

R2N

— / dr dv (X (t,0,v, T,w) + 2) F (v, T,w) 1y, rpw)<c
RQN
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so that
F(TY(&, w)) dpe(§,w)
= F /Rw dx dv ¢(X (t,0,v, T,w) + x)F (v, wa)lﬂ(wmw)g]
= F -/RQN dr dv (X (¢,0,v,w) + x)F(v,w)lH(v,w)Scl

= F / dv < d(X(t,0,v,w) + x) dx) F(U,CL))lH(U7w)SC:|
LJRN RN

= F / dUF(U,u})]_H(U7w)<C:| :/ Fd,uc
L/RN - RN xQ2

since the integral of ¢ is equal to 1.
Hence, we have proved that for all F' € L*(R x Q; p.), for all ¢ > 0,

[, rew)duen) - [ Flew) duew),

RN xQ

which means exactly that p,. is invariant by the semi-group (73):>o.
O

The following corollary is an immediate consequence of Birkhoft’s ergodic theo-
rem:

Corollary 6.2.1. Let F € L} RY x Q;p.). There exists a function F € L*(RY x
Q; o) such that as T — oo,

= / F(Ty(&,w)) dt — F(&,w)

a.e. on RN x Q and in L'(u.). Moreover, F' is invariant by Ty for all t > 0, and

/ F dpu. :/ Fdy.. (6.7)
RN xQ RN xQ

Additionally, if f= f(y, 3 w) is the stationary function associated to F, that is,
fly, & w) = F(¢ Tyw), then f is invariant by the hamiltonian flow (Y,Z); precisely,
for a.e. (y,&,w) €RN xQ, t>0

FY(ty,&w),E(t,y, & w),w) = f(y,&w).

Proof. We only have to prove the invariance of f by the Hamiltonian flow; first, for
y = 0, we have

FY(£,0,6,w), E(t,0,§,w),w) = F(EE0,6,w), Ty ocww) = F(T(E w))
F(g,w) = f(0,€,w)
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and the property is proved when y = 0.
For y € RY arbitrary,

f(Y(t,y,f,w),E(t,y,g,w),w) = f_( (t 0 g Ty ) (t 0 £ Ty ) W)
= f(Y(£,0,€ mw )E(t 0,8, 7yw), yw)
F(0,&mw) = f(y,&w)

according to the result in the case y = 0.
O

Remark 6.2.1. We mention here an important but easy consequence of the relations
(6.6) and the invariance of the measure P with respect to the transformation group 7,
y € RY : for any stationary function f = f(y,&,w) = F(§, rw), F € L®(RY x Q),
we have
E[f(Y(t> Y, fa ')7 E<t7 Y, 57 ')7 )] = E[F<T't(€> ))]
for allt > 0, y,& € RY; in particular, the left-hand side of the above equality does
not depend on y.
This property was used in the proof of lemma 6.2.1

Remark 6.2.2. Let us precise a little what happens when the function F' belongs to
Li,(RY, LY(Q)). In that case, F € L'(RY x Q; ) for all ¢ > 0. Consequently, for

loc

any ¢ > 0, we can define the function F, associated to F by corollary 6.2.1.
It is then easily proved that for any 0 < ¢ < ¢, F. = F., p.-almost everywhere.
Setting

Supp,un = {<§7W>7_H(§7w> S_ﬂ},
A, ={(§,w) € Supppn; Fiu(y,&) # Fua(y,6)}

A= [_joAn,

we see that i (A) =0 for all ¢ > 0. Moreover, for all (§,w) € RN x Q\ A, for all
integers k,l such that (£,w) € Suppuy, N Suppuy, we have Fi(€,w) = F(&,w). We
can thus define a function F(&,w) on RN x Q\ A by

F(¢,w)=F,(&w) for anyn €N such that (€,w) € Suppfin
We then now that
L R ) dt — Fe,w) (6.8)
7| P “ .

as T — oo, and the convergence holds in L*(u.) for all ¢ > 0, and p, almost
everywhere for n € N. Eventually, setting

T
B:={(£w) € RY xQ\ 4; %/ F(T,(¢,w))dt does not converge towards F(&,w)}
0

it is easily proved that p.(B) = 0 for all ¢ > 0 (the equality is true for c € N, and is
then deduced for ¢ > 0 arbitrary because the family of measures () is increasing in

c).
Eventually, we have found a function F € LI (RN LY(Q)), independent of c,
such that (6.8) holds in L'(u.) and p.-almost everywhere for all ¢ > 0.
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Remark 6.2.3. The construction above allows us to make more precise what we
mean by projection P : let f = f(y,&,w) be a stationary function such that f €
L®(RY, Ly, (RY, L'(€2))), and set F(&§,w) = f(0,&,w) € Lj, (RY, L'(Q)). We can

loc loc

then associate to F a function F € L, (RY, L'(Q)) such that (6.8) holds in L'(p.)
for all ¢ (see remark 6.2.2). We set

P(f)(y7 éa w) = F<£7 Tyw)'

It follows from corollary 6.2.1 that P(f) is invariant by the hamiltonian flow (6.5),
and thus satisfies the constraint equation. From now on, we take this definition for
the projection P, instead of the one given in the introduction. Notice that, for all
y € RY and p.-almost everywhere,

P 6w) = Jim o [ F(Ene) di

T—o00

0
1 (T
= lim — fY(t,0,¢ nyw), =(t,0,€, Tyw), yw) dt
T—o0 T 0

T—oo T

1 T
— lim ~ / POV €,0), 2t €0, 0) dt
0

And we also give a more precise definition of £ (y, &, w) ¢ let

A RYxQ — RV
£ (Gw) = &

Then € € LY(RYN x Q, pi,) for all ¢ > 0, and

. 1 /T
E0.60) = PEW.€w) = Jim 7 [ =y a

almost everywhere and in L'(u.) for all 0 < ¢ < oo.

Eventually, we mention here a property that will be used in the proof of the
theorem; with the same notations as above, let

¢(7—7 Y, 57 w) =F (TT(£7 Tyw)) )

with F € Lj, (RY, L'(Q)). Then ¢ is a solution of the evolution equation

loc
0+ £ Vyd— Vyu- Ved =0,

with initial data ¢(7 = 0,y,{,w) = f(y,€{,w) = F (£, T,w). This is a classical fact
if ¢ is C! in the variables v, &; thanks to a contraction property for the transport
equation (6.3) and a density result which will be stated later (see lemma 6.3.2), it is
true when F merely belongs to L. In order to avoid technical details at this stage,
we omit the proof of this result for weak (that is, L') solutions.
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6.3 The general N-dimensional case

This section is devoted to the proof of theorem 10. The proof is divided in three
steps : first, we study the case of an initial data which does not depend on x, then
the case when the initial data only depends on x (and not on y, £, w), and eventually,
we treat the general case.

6.3.1 First case : f; does not depend on z

Here, we assume that fo = fo(y,§,w) € Li, (RY; L= (R} xQ))NCH (RY xR, L=(€2)).
The smoothness assumption will be removed in the third section. Recall that f; is
stationary, that is, fo(y + 2,&,w) = fo(y, &, mw) as. in w, for all (y,z,£) € R*. In
the rest of the subsection, we set

Fﬂ(faw) = f0(07£7w)

and

T
Ri(gw)i= Jim 1 [ FTE ) dt, oty €)= Fofé o)
0

Notice that Fy € Ly,.(RY; L>()), and thus Fy € L'(RY x Q; ) for all ¢ > 0.
In that case,

fs(t,x,f,w) = fO Y 7?767&))75( 7%757(-‘))7(-‘))

_ /T _
= fo(Z.6w) +{Fo (T2 (€. mw) ) = Fo (g m2w) |
In accordance with theorem 10, we set
g<7_>y7€7w) = (FO - FO) (TT (5,7@&))) )
and 7 = 0. Then g satisfies the microscopic evolution equation (6.3) thanks to the
remark at the end of the preceding section. Moreover, g(T) € KL_ by definition of
K+ and because P (Fy (T (€, T,w))) = Fo(€, ,w). Notice also that fo = P(fo) thanks

to remark 6.2.3.
There only remains to check that

T t x
/ g(—,—,f,w) dt -0 ase—0 (6.9)
0 g e

in Li (RY LY RN x Q, ) for all T > 0 and ¢ > 0.



The general N-dimensional case 181

The invariance of the measure P with respect to the group of transformations
(T2)zern (see remark 6.2.1) entails that

/QX]Rév %/OZ Jo (Y (t,g,&w) = (t,g,f,w> ,w) dt — fo (g,g,w> dpie(€, w)
:/ %/ By (Ti&,w)) dt = Fy (§.)| dpelé.)

and the term above goes to 0 as ¢ — 0 according to corollary 6.2.1 and is independent
of x € RY. Thus theorem 10 is proved in the case when f, does not depend on the
macroscopic variable x.

The following remark will prove to be useful when treating the general case :

Remark 6.3.1. If fo € L™ (and fy is C' in the variables y, &), then for any function
a € L>((0,00) x RY x RY x RY x Q), stationary in y, we have

T
t
/a(t,x,?&,w)g(—,if,w) dt -0 ase—0
0 € € €
in L}

loe(RY, LY(RY x Q, pu.)) for all T > 0 and ¢ > 0.
Indeed, let us first prove the property for a = a1 (t)as(x,y, &, w), with ay, ay € L.
If aq is an indicator function of the type

a1 (t) = ]-T1 <t<Ty>

the property follows from the equality

T inf(T,T) inf(T,T7)
t t t
/ al(t)g (_7§7€7W> dt :/ g (_7 E?&aw) dt—/ g (_7 f?éaw) dt.
0 g € 0 g € 0 g €

According to (6.9), the convergence result follows for a(t,y, &, w) = ay(t)as(y,Ew).
Then, let ay € L*>([0,00)) be arbitrary, and let T > 0, n € N*. Let b, € L*(([0,0))
such that ||ay — by||p101) < 1/, and

Ny

by, = E O‘i,ani,n<t<Ti/’n7

i=1

with N, €N, a;, € R, Tj,, T;,, > 0. We have

(i)

— ‘ag <$,§,§,w>‘ /OTbn(t)g (é,g,f,w) dt’
T

/ bn(t)g (£7£7£7W) dt'

0 ee

IN

laz][ze
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1

and the last term in the right-hand side vanishes ase — 0 in Ly,

by linearity. Moreover,

<

1
+—|laz|[ze=| fol[ Lo
n

(R, L (RY X, pic))

/OTal(t) s <x, g,{,w> g (é, g,{,w) dt‘
/OT b, (t) az <x, g,&,w> g (é, g,i,w) dt‘

Thus the result holds for a = ay(t)as(y,&,w), with a1, ay € L™ arbitrary.

1

For a arbitrary, take a sequence as with o > 0, converging to a in L, ., and such

that
ns
as =Y a(t)ad(z,y, & w).
k=0

with a3, a$ in L>=. The property is known for as, and it is thus easily deduced for a

using arguments similar to the ones developed above.

6.3.2 Second case : fy = fo(x)

Unlike the preceding subsection, we now focus on the case when f; only depends
on the macroscopic variable z. In order to simplify the analysis, we assume that
fo € WL°(RY) (the case when f is not smooth in x will be treated in the next

subsection). In that case,

folt,z,&,w) = fo (ay (f, f,g,w» .
E €

Hence we have to investigate the behavior as ¢ — 0 of
t x
ey (—, —,ﬁ,w) .
e €
Lemma 6.3.1. Let T' > 0 arbitrary. As € vanishes,

eY (E,g,f,w) — gz + té <§,§,w) — 0

We prove the following

€
in L>((0,T) x RY; Ll(RéV X Q, ple))-
Proof. Let us write, for ¢ > 0
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Let 0 < a < T arbitrary. For a <t < T', we have

t
/ ey (_7£7§7w> —ZE—f—tfﬁ (Ea§7w>
R %0 g€ €
_ t/
R?xﬂ

< Tsup

>
— €

dpie(§,w)

%/Sé(Ts(é-?w)) dS—gﬁ (O,g,(ﬂ) dluc<€7w)
0

L émewn as-g 0.6

LY (RN X Q)

and the upper-bound vanishes as ¢ — 0 for any o > 0 thanks to corollary 6.2.1.
Notice that the upper-bound does not depend on z, hence the convergence holds in
L=(RY; L (pe))-
We now have to investigate what happens when ¢ is close to 0; notice that
sup [[¢# (.60
T€RN €
where the constant Cy only depends on N and c. Indeed, if H(§,w) < ¢, then for all
t>0,

< Cy (6.10)

LY (RN xQ,puc)

1
5 12(.0.6,0)” SH(T(Ew) = H(Ew) <.
Thus, if H({,w) < ¢, then
£40,&,w) < V2eN.

Thus inequality (6.10) holds with Cy = v2¢N.
Similarly, for all ¢ > 0,

(T (€, T2 ‘ < .
:)386135\7 f( (f Te W)) LY(RN xQ,ue) °
Hence, if 0 <t < «a, we have
t
wp/ eY(ﬁf@w)—x+ﬁ(?aw)dw@wwszm%
z€RN JRY xQ € € €

Eventually,

o (L2 ) - (2

<
L2 ((0,T) xRN L1 (pc))

L[ émewy as-gn.ew

< inf {ZC’oa—l—Tsup

T 0<a<T >

Ll(uc)}

and the lemma is proved. O
We easily deduce that theorem 10 is true when fo € WH=(RY) with
f(t7x7y7£7w> = fo(m_téﬁ(y7£7w))7 g:07
rs(ta xz, 57(")) = fg(t7 xz, fa W) - f <t7 xz, ga f,(ﬂ)

and it is easily checked that f satisfies P(f) = f, f(t = 0) = P(fo) = fo (since fy is
independent of y and ), and that f is a solution of the evolution equation (6.4).
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6.3.3 Third case : f; arbitrary

We now tackle the case where the initial data is an arbitrary stationary function
belonging to Ly, (RY x RY, L>(R) x 2)). We begin with the case where

fO(x, y7 57 w) = a(x)b<y7 é" w)’
with a € WH*(RY) and b € L®(R) x RY x Q)NCH(R) x R, L>(Q2)), b stationary.

This case follows directly from the two first subsections. Indeed, let

flt,,y,&w) = ale — 6 (y, & w)) P(b)(y, & w),

and
g(t, 7y, w) = a(z — t&(y, & w)) (b—PO)) (Tr(y, &, w)).

It is already known that f and g satisfy (6.4), that f(¢,z,-) € K, and that g satisfies
(6.3) thanks to the preceding subsections and the fact that &*(y, &, w) is invariant
by the Hamiltonian flow (Y;Z). Notice that it is capital here that the coefficient
€ (y, &, w) in the transport equation (6.4) belongs to K.

There remains to check that g(t,z;7,-) € K%, that the remainder ¢ goes to 0
strongly in L _ and that g(t,z;t/e, z/e, &, w) goes weakly to 0 in the sense of theorem

loc

10. First, notice that a(x —t&*(y, £, w)) € K and (b — P(b)) (Tr(y, &,w)) € K+, Thus,
a(x — t&P(b) = P(a(z — t&%)b) almost everywhere (because a(r — t&%(0,&,w)) is
invariant by the semi-group 7 ), and consequently

g(t.w; 7y, & w) = [alw — )b — P (a(z — t6°)b) ] (T7 (&, 7yw))-

Hence g(t,z;7,-) € K+ a.e.
Then, setting

re(t,x,{w) = f(t,x,§w) — f (t,x,%,ﬁ,w) —g (t,x;é,g,g,w) ,

we have to prove that r¢ goes to 0 strongly in L . We compute the difference

fa(tax7€aw) _f<tax7§a ,Ld) —g (tax;£7§7 7("))

— a (eY (f,?w)) b (v (f,f,f,w) S (i%w) ,w)
g€ g e g e
cafo -t (L)) PO (Z60)
—a (v —t¢ (Z.6.0)) b—PO) (Y (2 f,f,w) = (ﬁ f,a,w) ,w)
t t

= |:CL <€Y (g7§7§7w)> —a (l‘ - tgﬁ <§7€?w>):| b ((K E) (g7§7€7u}> 7("))
The right-hand side of the above equality is bounded by

o (L2ew) o e (Bes)

§w
§w

[lallwr<[16]] o
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and thus converges to 0 as ¢ — 0 in L®((0,T) x RY; L'(RY x Q, pi.))) according to
the second subsection.
Moreover, it is easily proved that as e — 0,

T
t
/ g(t,[[‘;—,f,f,W) dt_>0
0 g €

strongly in L, (R} xR, L'(Q)) thanks to remark 6.3.1. Hence theorem 10 is proved
in that case.

The general case now follows from a density result and a contraction property,
which are stated in the two lemmas below. We first explain how the general case
can be deduced from the lemmas, and then we prove the lemmas.

The first lemma states that linear combinations of product functions of the type
a(z)b(y, &, w), with a and b smooth, are dense in L, (R} x RY, L*(R)’ x Q)).

loc

Lemma 6.3.2. Let fo € Lj, (RY xRY, L®(R}) xQ)) arbitrary, and set Fo(z, &, w) :=
fo(x,0,&,w). Let R, R' > 0 arbitrary.
There exists a sequence of functions F, € L'(RY x Rév x Q) such that

e [, — Fy asn — oo in LY(Br x B x Q) ;

e Foralln € N, there exist an integer N,, € N and functions a? € C:NW L= (RY),
S L‘X’(R?XQ), 1 <i < N, such that almost surely in w, for all (x,£) € R*N

Fo(e, 6w Za ) b2 (€, w) ;

o [oralln eN, for1 <i < N, the function

(y,& w) = b}(&, yw)
belongs to C*(R) x RY, L>(€)).

The second lemma states a contraction property for equation (6.1) and for equa-
tion (6.4).

Lemma 6.3.3. Let go € Lj, (RY xRY, L®(R) xQ)) be a stationary admissible data
for (6.1). Let g° be the solution of (6.1) with initial data go (x,x/e,&,w). Then for
all R,R',T >0, for all t € [0,T],

el 67 (1,2, €,0)] de de
rEBR, {EBR/

< ||G0||L1(CRYT,R/XR?’XQ,dzducR,(ﬁ,w)) (611)

where

GO(xa ga w) = gU('Ta 07 ga (U),

CR,T,R’ = {LE € RN, |[E| S R + T\/ RIQ + 2uma$} s

1
CR/ = §R/2 + Umax-
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Similarly, if g is a solution of (6.4) with initial data gy € Lj, (RY xRY, L®(R} x
Q)), then

gt 2, €,0)| da < / go(z,y,€,0)] da. (6.12)
/{ESR Z'SR+T\/ £2+2umaz

And if h is solution of (6.3) with initial data hy € Lj, (R, L*(R} x Q)), then for
ally e RN, 7 >0,

E

/ |h(7—7y7£aw)| d€] S/ |h0|(y7£w) ndR/(§7w)' (613)
£€Bp/ RéVXQ

We postpone the proofs of lemmas 6.3.2 and 6.3.3.

Now, let R, R" > 0 abritrary, and let F,, be a sequence converging to Fj in
L'(Bg x Bp x Q) as in lemma 6.3.2. Assume that fj is an admissible initial data for
(6.1), and let fc (resp. f¢) be the solution of (6.1) with initial data F), (.T,f,T%w)

(resp. Fo (.77,5,7'%&))), and let fn = fn(ta l’,y,f,(ﬂ), gn = gn(ta €5 T7y7€7w) be the
functions associated to f: by theorem 10 for all n.
Let f(t,x,y,& w), g(t, z;7,y,& w) be the solutions of the system

P(f)=f, Plg) =0,
O < jgc ) +€ﬁ<yafaw)'vft ( L]qc > =0,
0rg+&-Vyg—Vyu(y,w) - Veg =0,
f(t:()):]P(fO)v g(t:O,x;T:()’y,f,w) = [fO_]P)<fO>] (x,y,f,w).

~ We have already proved that f,, g, satisty the above system. We denote by
Fy, F,, the functions associated to Fy, F), respectively by corollary 6.2.1, so that

]P(fO)(x>ya€>w) = F0<$,£,7:yW), and fn(t - Oaxayafaw) = Fn($a€>7—yw)7 gn<t =
0,z,7=0,y,&,w) = (F, — F,)(z,&, Tw).
Notice that if G € L'(RY x Q, 1), for some ¢ > 0, then i, almost everywhere

IG(&,w)| = lim%

[ e

< Jim = / G(T(Ew))| dt = TCT (1,€).

and thus, according to property (6.7),

Gl < [ TOT(€) dialy.)

= [ 1610 ) =116 sy
X
Consequently, setting ¢ := cp/, we have

||(f - fn>(t7 '7y7£7w>HL1(BR)

IN

||Fo (-, &, myw) — Fn('7€7Tyw)‘|L1(

Cr,1¢)
H(f - fn)(ta Y ')HLl(BRxBR/XQ) < HFO o Fn| ‘Ll(CR’T’R/xR?xQ,dmduc(é,w))
< |[Fo - Fn’|L1(CR’T’R/xRéVXQ,d:pduc(g,w)) :
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And similarly, using (6.11), (6.12), (6.13),

||f€(t, ) - fZ(t7 ')HLl(BRxBR,xQ) < ||F0 - Fn‘|L1(CR7T’R/XR?XQ,dxduc(&w))J

Hg(t7 Y, ) - gn(ta SYs ')HLl(BRXBR/XQ) <2 HFO - Fn"Ll(CR’T’R/xR?xQ,dwduc(&w)) :

The above inequalities are true for all ¢ € [0, 7] and for all 7 > 0.
Set

: e N r _ Lz
T (t’ l” g’ w) T f (t7x’€7 w) f <t7 l’, 675’ w) g (t7 l‘, 67 6757('(}) *
Then for all ¢t € [0,T1], for all n € N,

IOt Brxrxe) < |70 = L@l L ax s x0)

HI[F () = Fal)| oo @21 (Brx B x0)

|l (:5) o (:5)

[ ()] 1 (Brx B xQ)

Lo (RY;LY(Brx B x9))

IN

4 ||F0 Fn||L1(CR’T’R,xRé\’xQ,dmduc(&w))

+||T7€L(t)||L1(BR><BR/><Q)-

Thus 7 — 0 as € — 0 in L>([0, 00); L

loc

(R x RY; LY(Q)).
There only remains to check that fo (t,x;t/e,x/e, & w) dt goes strongly to 0 in

Li.. norm as ¢ vanishes; this result follows immediately from the same property for
gn and the above inequalities. Therefore, we skip its proof. O

We now tackle the proofs of lemmas 6.3.2 and 6.3.3.

Proof of Lemma 6.3.2. We use the results of chapter 2 in |21]. Since Fy € L'(Bg X
Briy1, L>®(Q)), Fy € LI(BR, LY (Bry1 x Q)). Thus, there exists a sequence of func-
tions (F},)nen such that F,, — Fy in L'(Bgr X Briy1 x Q), and for all n € N,

Ny,
Fn = Z ]—Ai,n (x)¢z,n(§7 (.U),
=1

where N,, € N, and :
e foralln e N, 1<i<N,, A, C B is a measurable set;
e foralln e N, 1 <i<N,, ¢i,, € L'(Bry1 x Q).

We shall explain later why we have chosen an approximating sequence in L'(Bg x
Briy1 x Q) rather than L'(Bg x Bp X Q).

The idea is to replace F, by a function F, having the same structure, but in
which the functions 14, ,, ¢;, have been regularized. Hence we consider a mollifier
p € D(RY) such that p > 0 and [,y p=1. For k € N, set

pr(x) = kN p(kz), =€ RY.
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The regularization by convolution in the variable x is standard : 14, () is replaced
by

La %0 pul) = / La (9ol — 9).
RN

Concerning the regularization of the functions ¢; ,,, we first truncate ¢;,, in order to
obtain a function in L*°. For M > 0, set

]\{1 = Sgn((lﬁi,n) ll’lf(‘(ﬁ%n‘, M)

Then gb%L € L>®(Bpg41%x), and gb%L converges towards ¢; ,, as M — oo in L*(Bpr11 X
Q). Thus we work with gb% instead of ¢; ., and we drop the superscript M in order
to avoid too heavy notations.

Now, for k € N, we set, for y € RY, £ € Bp,

Soi,n(ya 57 QJ) = gbi,n(ga Tyw)a
Pha &) = [ 0un(€' ) ly = honl€ — €)'
ShalE0) = ok, (0,6,0).

This is the part where it is convenient to have ¢;,, € L'(Bgi41, ). Indeed, if £ € Bg/
and [§ — &'| <1, then ¢ € Bpr/,1; thus the convolution is well-defined on RY x Bp
as long as ¢;,, € L'(Bry1,Q).

The function ¢f, belongs to Cj(RY x Bp, L*(f2)), where C} denotes the space
of C! bounded functions with bounded derivatives. Moreover, it is easily checked
that ¢}, is stationary, and ¢}, (-, w) converges towards ¢; »(w) in Ly, (R, L' (Bg)),

almost surely in w. And if K is any compact set in RY, then there exists a compact
set K’ such that K C K’ and almost surely in w,

||90§,n(‘7w) - %,n('aw)HLl(KxBR,) < 2||<szn('7w)||L1(K'xBR,)~

Since ||@in (-, w)||L1 (kx5 belongs to L'(€2), using Lebesgue’s dominated conver-
gence theorem, we deduce that gpf’n converges towards ¢;,, in L'(K x Bgr x ), for
every compact set K C RY. Thus gbfn converges towards ¢;,, in L'(Bp x Q) as
k — oo, due to the invariance of the measure P with respect to the transformation
group 7.

We set

For(z,&w) = Z].Azn* pr(x ¢fn(£7w)

Then Fnk converges towards Fn as k — oo in LY(Bg x Br x Q). Thus there exists
an integer k, such that

S

||Fn,k - F, L1 (BrxBrx0) <

Set I, = Nmkn. Then F,, converges towards Fy in L' as n — oo, and thus the
lemma is true.

]
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Proof of Lemma 6.3.3. We first prove the lemma when ¢y is smooth in all variables,
namely go € CH(RY x R} x RY, L>*(Q)). In that case, let us recall that

ga(t7a77§7w)

t t

= 9o (EY (_7£7€7w)7Y( ) 757 )7‘—‘(_75557“0)700)
e € e €
t [t

= g <5Y (—,0,5 Taw ) +x,Y (—,O,f,mw) , = <—,0, ,wa) ,T:cw)
6 1> 8 £ 8 € £
t

= Gy <€Y <g,0,§,7'a€:w> +a,T: (§,T§w)) ,

where Gy(2, &, w) 1= go(2,0,&,w) for all (z,&,w) € RY x RY x ), and the semi-group
(T3)1>0 was defined in section 2 (see lemma 6.2.1). Moreover, since

S 1By, @) (Y (9, €0)) = IR+ uly, )

we have

IZ(t,y,& W) < VIER + 2u(y, w) < V€2 + 2tmax

and almost surely in w,
t
ey <_7 07 57 w)
€

Additionnally, we have, for all R > 0, for almost every ¢ € RY and almost surely
in w,

|€|2 + 2Umax-

Lig<r < Lyg(ew) <R umax:

Remember that H(¢,w) = L[€]? + u(0,w)). Thus, setting cp = IR? 4 e, We
( ) 2 ) ) g D)
have

E

/ 97t do d

rEBR, £€BR/

= HGO <5Y (E,O,ﬁ,ﬁw) +ax,T: (f,ﬁw)) H dx d¢
zE€BR, £€B € : ‘ :

= E HGO <€Y <f,o,g,w> +x,T: (f,w)) H dx dé
©€BR, £EBR € ©

/ (/ Go (6Y (E,O,g,w) +ax,T: (§,w)>’ dx) d§]

L fEBR/ zEBR € €

=L, Uy G060 )

GO z T: (&, w))‘ dptc,, (§,w) dz

Il
&

IN

IN

/|z<R+T\/R’2+2umax /RN X0

Go (2, w)] dptey, (§w) dz
/|z<R+T\/R’2+2umax /RNxQ ‘ ’ )’ " ( )

- | |G0| |L1 (Cr,prr XRY xQuda dpic , (Ew))*



190 Homogénéisation d’une équation de transport

Now, if go is an arbitrary admissible data in Lj, (RY x R)Y x RY, L>(£2)), we
choose a sequence G,, approaching G as in lemma 6.3.2 (R and R’ are fixed). Then
inequality (6.11) is true for ¢¢ for all n € N, and for ¢5 — ¢, for all n,m € N. Thus
the sequence ¢¢ is a Cauchy sequence in Li° ((0,00), L'(Bgr X Bp x )). Thus it
converges strongly towards a solution of the transport equation (6.1). Thanks to a
uniqueness result for the transport equation (6.1), the limit of the sequence ¢ as
n — oo is g°. There only remains to pass to the limit as n — oo in the inequality

(6.11) written for g5 and Gy.
The proof of inequalities (6.12) and (6.13) go along the same lines.

6.4 The integrable case

In this section, we treat independently the periodic and the stationary ergodic case.
Indeed, some results of the periodic case are no longer true in the stationary ergodic
setting, and the results which do remain valid are not proved with the same tools.

Let us make precise what we mean about “integrable case” : in the periodic case,
we take a function u(y) which has the form

u(y) = Zui(%)a (6.14)

where each function w; is periodic with period 1 (1 < i < N). The Hamiltonian
H(y, &) can be written

1 N
H(y,€) = 516 +uly) = Y _ Hi(y:, &)
1=1

where H;(y;, &) = 3|67 + wi(y:) (1 <i < N). And the Hamiltonian system (6.5)
becomes )

Y, =-&,

= = uj(Y), (6.15)

Yi(t=0) =y, Zi(t=0)=¢.
Thus it is enough to investigate the behavior of each one-dimensional Hamiltonian
system (6.15) individually, and for most calculations, we can assume without loss of
generality that N = 1, and we drop all indices i. However, for the calculation of the
projection P, a more thorough discussion will be needed, and we will come back to
the case where N > 1 in the corresponding paragraph.

In the stationary ergodic setting, expression (6.14) can be transposed in the
following way : assume that Q = 1Y ,Q;, where each €, is a probability space, and
assume that for 1 <1i < N, an ergodic group transformation, denoted by (7;,)yer,
acts on each ).

Then for w = (w1, ,wy) € Q, and y = (y1,- - ,yn) € RY, we set r,w =
(1w, s TNy W ). And we assume that the function u can be written

N
U(y, (JJ) = Z UZ (7—1‘7in1‘) )
i=1
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where U; € L*>(€);) for all 1 <4 < N. The same remarks as in the periodic case can
be made, and thus we will only consider the case N = 1 ; note that in the stationary
ergodic case, we are unable to compute the projection P when N > 1.

6.4.1 Periodic setting

The goal of this subsection is to give another proof of the results of K. Hamdache
and E. Frénod in [33], based on the study of the system

Y =-E,
==u(Y), (6.16)
Yit=0)=y, =Z=¢ yeR, (eR.

The Hamiltonian H(y,§) = 5|¢|* 4 u(y) is constant along the trajectories of the
system (6.16), so that

2(t,y, ) +u(Y(t,y,€) = H(y, ).

DO | —

We now fix y,§ € RY. Without any loss of generality, we assume y € [—3,1),
and we set € := H(y,£). The above equation describes the movement of a single
particle in a periodic potential u, with 0 < v < upay. It is well-known that there
are two kinds of behavior, depending on the value of the energy £ : if & < upax,
the particle is “trapped” in a well of potential around y, and Y (¢) remains bounded
as t — oo. In that case, the trajectories in the phase space are closed curves.
If & > Upay, the trajectory of the particle is unconstrained and |Y(t)|] — oo as
t — o0o. We study more precisely these two cases and their consequences on the
expression of the projection P in the following subsections ; we refer for instance to
[7] for further calculations and results about Hamiltonian dynamics and ordinary
differential equations in general.

A Expression of &(y,¢)

We begin with the case when H(y, &) < tUmax. In that case, u(y) < H(y,£) < Umax-
By continuity of the potential u, there exists y_ < y and y, > y such that H(y,§) <
u(Y+) < Umax, and the periodicity of u allows us to choose y. such that |y, —y_| < 1.
Then y_ < Y(t,y,§) < y; for all £ > 0. Indeed, assume that there exists ¢ > 0 such
that Y(t,y,€) > yy >y =Y (t = 0,y,£). Since the trajectory Y is continuous in
time, there exists 0 < ¢ty <t such that Y (t = to,y,£) = y, which is absurd since

H(Y<t07 y7£)7 E(to,y,f)) = H(yaé-) Z U(Y(to, y7£)) = U(er) > H(y7£>

Thus Y(¢,y,¢) is bounded. Since

y—Y(T,y,¢)

e 1T
&(y,€) TlgroloT/o E(t,y,€) dt = — lim T/o Y(ty,§)dt = lim T

T—o00

we deduce that & (y, &) = 0 for all y, ¢ such that H(y, &) < Umax.
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We now study the case H(y,&) > Umax. Since
Y (ty, 6> =2 (H(y, &) — u(Y(t,9,€))) > 2(H (y,€) = Umax) >0,

we deduce that Y does not vanish for ¢ > 0. Consequently,

2(t,y,&) = ) = sgn(€)v/2 (H(y, &) —uw(Y(t,y,£))),

—Y(t,y,¢
and since |Y(t,y,&) —y| > 2(H — Umax)t, |Y ()] — o0 as t — oo. We
immediately deduce that =(t,y,§) is perlodlc in time: indeed, there exists ¢ty > 0
such that

Y (to,y,€) =y —sgn(§).
And

E(t:tl)?yaf) = Sgn(ﬁ)

so that for s > 0,

Y(t() + 5,9, 5) - Y(87 Y, 5) - Sgn<§>7
E(to + 8, Y, 5) = E(Sa Y, 5)7

and = is periodic with period .
Consequently,

1 T 1 to
¢ = Jim 7 [ Stwo = [T=ep.0

/OtOE(t,y,g)dt = —/OtOY(t,y,g)dt

- (Y<t07 Y, 5) - y)
= sgn(§).

Thus we only have to compute 5. With this aim in view, we use the change of
variables s = Y'(¢), with Jacobian ds = Ydt, and we recall that

Y(t,y,&) = —sgn(€)V/2 (H(y. &) — u(Y (t,y,9))).

to
ty = / dt
0

/Y(tO) 1 p
— s
v(t=0) —sgn(€)\/2 (H(y,&) — u(s))

—sgn(&) 1
~ (o) [ NACTGET O

But

Thus

ds

! 1
/0 V2 (H(y,§) — u(s))
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Eventually, we deduce

&y, &) = sgn(&)p(H(y. <)),

where
1

1
(E—u(s))

We close this paragraph with a calculation which allows us to express £* in terms
of the homogenized Hamiltonian H. The result we will obtain will be justified in
more abstract and theoretical terms in the last subsection, using arguments similar
to those of the theory of Aubry-Mather.

First, let us recall the expression of the homogenized Hamiltonian H (see [49]) :
we have

SO<5) - \/515>umax

1
H(y,€) = SIEf +uly), withinfu =0, Supu =t

and thus

i 1 (o ifp<< 2(umax—u)>,
H(p) = Umax 35 A if |p| > < 2(Unax — u)>, where |p| = <\/2 Umax — U) + )\>

In other words, setting

[0,00) — [0, OO)
g :
Ao (V20— W) )
we have )
H(p) = Umax + 21\p|>9 (|p|)
Hence,
H'(p) = sen(p)21 —1
= 0(0 )
2 " g (-1(]p)))
and

, 1 1
0'(\) = §<\/2umax_ +/\>
(

0~ (Ip]) =2 (H(p) — umax)  V|p| > 6(0),
Ip| > 0(0) <= H(p) > tUmax D

Gathering all the terms, we are led to

1
H(p)—u

= sgn(p)y (H(p))
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Thus, the final expression is

&y, &) = H'(p),

where p is such that

H(p) = H(y,&) V tmax, sgn(p) = sgn(§).

B Expression of the projection P

We also mention here how to find a general expression of the projection P in the
special case N = 1, and we explain how to generalize this expression in some par-
tlculllar cases when N > 1. Recall that if f = f(y,€) € Ly,.(R) x RY) is periodic in
Yy, then

P()(3.€) = Jim —/ OV (6, €).5(t, 3. €) dt

and the limit holds almost everywhere and in L'([0,1) x RY m,), with dm.(y,£) =
Ly e dy dE.

We begin with the case H(y,£) > tumax. We have seen in the previous paragraph
that there exists ¢y > 0, which depends only on H(y, &) such that for all ¢ > 0, for
all k e N

Y(t +k t07 Y, f) = Y(t, Y, 5) —k Sgn(é)? E’(t +k tO’ Y, §> - E(t7 Y, 5)

Thus f(Y(t),Z(t)) is periodic in time with period ¢, and

P(f)(y,€) = tl / V(. €).E(t . €) dt

We use once again the change of variables s = Y (), so that

/0 POV (L, €).5(t v, ) dt

B y—sgn(é) ()2 1 p
- (O VI D) ey
1
) < (el =00 ) o yg—u<>>>'
And eventually, B
P(f)(y.&) = f(sgn(§), H(y,£)) (6.17)

with
(£ (BT ) s )
()

f(n, &) := n==41, &> Unax.
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We now focus on the case 0 < & < upax. In order to simplify the analysis we
assume that £ ¢ {u(y) ;u has a local extremum at y} (this set is finite or countable),
and that

Vy € R, '(y) =0 = u has a local extremum at y.

In that case, it can be easily proved that Y (¢,y, &) is periodic in t; this follows
directly from the fact that the trajectory in the phase space is closed (see [7]).
Indeed, pushing a little further the analysis of the previous paragraph, we construct
z4+ such that

|2y — 2z | <2m, 2z_ <z,
u(ze) =€,
2. Sy < zy,
u(z) <& Vze (2-,24).

Then the particle starting from y with initial speed —¢ reaches either z, or z_ in
finite time; the speed of the particle is 0 at that moment since

Y2 =2(E —u(Y)),

but its acceleration is —u'(z4) # 0, so the particle turns around and goes back in
the reverse direction. It then reaches the other extremity of the interval (z_,z,)
in finite time, and the same phenomena occurs. Hence after a finite time ¢y, the
particle is back at its starting point y with the same speed —¢. Consequently, the
movement of the particle is periodic in time with period ¢y3. Thus, we have

1 t1+to

PO =5 [ S0 (t0.9.2(00.6) de,
t1

where t; > 0 is arbitrary. It is convenient to choose for t; the first time when the

particle hits z_. In that case, it is easily seen that ¢y is twice the time it takes to

the particle to go from z_ to 2z, so that

t1+to/2 z4 1 1
2 /t "= / V2(€ - u(s))ds N <1”<5 2(€ —u)>

and

/1+2 f(Y(t,y,f),E(t,y,g)) dt = <1u<8f(8’_ 2(5—u))2;>’

/t Y (9,0, B0y, ©)) dt = <1u<gf<s, 2 - u>>;> .

Gathering all the terms, we are led to

L [F (VEE 1) 4+ £ (—VIE )| e
P(f)(y,s>:< g <> < > i
2( Lyce——

(E—u)

> (6.18)
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Expressions (6.17) and (6.18) are compatible with the ones in [33].

Let us now come back to the case when N > 1, and take a function ¢(y,§) =
©1(y1,&1) - - on(yn, En), where each y; is periodic with period 1. We want to com-
pute the limit

—/ o1(Y1(t,y1,61), 21, 41, 61)) - on (Y (t yn, En), En(t yn, En)) di

In general, knowing the behavior of each trajectory (Y;,Z;) independently is not
enough to compute such a product. However, here, we recall that each function
0i(Yi(t, i, &), Zi(t, yi, &) (1 < i < N) is periodic in time. The period depends only
on H;(y;,&;) and on the function u;. More precisely, setting

1
f/ o)tz YE > 0,€ £ s,

- UZ(Z>

wi(Yi(t,yi, &), Zi(t, yi, &) is periodic in time with period T;(H;(yi, &))-
We can thus use the following result :

Lemma 6.4.1. Let f1, -+, fx € L®(R) such that f; is periodic with period 6;, and

set (fi) = + fo fi.
Assume that
k1

by +’;—N7A0 ki, k) € ZY\ {0}, (6.19)

Then as T — o0,

1 / Fi() () dt — (F) - (f).

Sketch of proof. By density, it is enough to prove the lemma for fi,-, fy € C*(R).
Write f; as a Fourier series (the series converges thanks to the regularity assumption),
and use the fact that for all o # 0,

1 [T
—/ etdt -0 asT — oo.
T Jo

In the present setting, we deduce the following result :

Proposition 6.4.1. Let ¢ : (y,€) = p1(y1,61) -~ on(yn, En), where ; € Log (R, x
R?).

Let (y, &) € [0,D)N x RN, and let 0; = 0;(y;,&) = Ty(H;(y;,&)) for 1 < i < N.
Assume that (64, --- ,0n) satisfy condition (6.19). Then

P(o)(y, &) = P1(p1)(y1,&1) - Prn(on) (yn, En) (6.20)

where each P; is the projection in dimension 1 with potential u;, given by expressions

(6.17) and (6.18).
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In particular, when the set

{(y,€) € [0, 1]Y x RY; (01(y1,&1), -+, On(yn, En)) satisfy condition (6.19)}

has zero Lebesgue measure, equality (6.20) holds almost everywhere. It can then
be generalized to arbitrary functions ¢ € L (RY x RY) (always by linearity and

per
density). The correct expression of the projection P is then

P=PioPyo---0Py, (6.21)

where each projection IP; acts on the variables (y;, &;) only. Notice that all projections
P; thus commute with one another; hence the order in which they are taken is
unimportant.

We wish to emphasize that on the open set

{(y,6) e R*N Vie {1,--- ,N} H;(y;,&) > maxu;},
the expression (6.21) is true. Indeed, for k € Z" \ {0}, set
Ap = {t e RN kyty + - + knty = 0}
Then Aj is a hyperplane, and we have

{(y.€) € R*™, H;(y;,&) > maxw; Vi and (6y,--- ,0y) satisfy (6.19)}

- U {(yag)’(yag) GRQN’HZ(:I/HSZ) > max u; Vi and (01a"' 79N) GAk}
kezZN\{0}

Above, we have written 6; instead of 6;(y;, §;) in order to shorten the notation. Hence
it suffices to prove that if A is any hyperplane in R¥,

H(y,f)a (y,€) € RQN, H;(ys, &) > maxu; Vi and (61,---,0y) € A}‘ =0.
Without any loss of generality, assume that
A={teRY, ayt; +---+anty =0}, with a; #0.

Then, using the fact that 77 is strictly nonincreasing on (maxu;, +00), we can find
a open set C C Y x R¥~! and a continuous function x : C' — R such that

{(y7§)7 (y,€) € RQN,Hi(yi,fi) > maxu; Vi and (01(y1,&1),--+, On(yn, €n)) € A}
={.x(.¢).¢), W) eCt U {ly,—x¢)¢), &) eC}.

Above, the set O C Y x R¥~! is defined by
C = {(y,@) cY x RY7! Hy(y;, &) > maxu;, i > 2 and

;_1 (a2 (y2,&2) + - -+ anbn(yn, &n)) > 0} ;

1
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and the function y is defined on C by
X(ylf" 73/N7§27"' 7£N> =

_ \/2 77 (2 a0+ + antylm, &) ) — )],

where T, : (0, 00) — (maxw;, +00) is the inverse function of 7.
Since y is a continuous function, the set

{w,x(y,6),£), (y,¢)eC}

has zero Lebesgue measure in R?V (it is the graph of a continuous curve).
As a consequence, the set

{(y,¢) € ]RQN,Hi(yi,fi) > maxu; Vi and (61(y1,&1), -+, On(yn, En)) satisfy (6.19)}

has zero Lebesgue measure.

However, let us mention here that in general, condition (6.19) cannot be relaxed :
indeed, assume for instance that u; = u; := u for @ # j and assume that the function
u is such that

Jyo >0, u(y) =y* for [y| < yo,

and u(y) > 2 if y € [—3, 3]\ [0, vo)-

Then if || < /o, we have

Ve b
Té':/ —sz/—dz::T
S S R v

Thus, if H;(y;,&) < /Yo, then (Y;,Z;)(t, 4, &) is periodic with period Tp. Notice
that Ty does not depend on the energy H;(y;,&;)

In that case, the function ¢(Y(t),Z(t)) is also periodic with period Ty. Thus we
have to compute the limit of

%/0 Fult) - Fa(t) dt

as T — oo, where the f; are arbitrary functions with period 7. It is then easily
proved that

1 /7
? / fl(t) s fN(t) dt — Z aLkl s aN,kN (622)
‘ kezN,
ki+---+kny=0
where
1 o
Ty

_ 2ilwt

fi(t)e” T dt, 1<j<N,leZ.



The integrable case 199

In general, the right-hand side of (6.22) differs from a; - - an,, and thus
P+£P o---0Py

for (y,€) in a neighbourhood of the origin.

In this regard, let us mention that we believe that there is a slight misprint in
[33| concerning the expression of the projection P when N = 2 and for low energies.
Indeed, when & := Hy(y1,&1) < maxuy and & := H(ys, &) < ug, it is stated in [33]
that

P(f)(y,&) = %/dl/ {f(zl, 29,880(&1)/2(E1 — ui(21),sgn(£2)1/2(E2 — ua(22)
+f (21, 22, —Sgn(fl)\/ 2(& — ui(21), —sgn(&a)\/2(E — UQ(Zz)}

where

1
dv = dv(z1,20) = =142 e — B —— dz1d2o,
( 1 2) C 1(z1)<&1 81 — Ul(zl 2(22)<E2 5.2 — UZ(ZQ) 1622

and the constant C is such that v is a probability measure on [0, 1]2.

When 6, (y1,&1), 02(y2, &) satisty (6.19), then P(f)(y, &) = Py o Pa(f)(y,§), and
thus in that case, the correct expression is rather

P(f)(y,&) = i/dl/ {f(zl, 29,8g0(&1)/2(E1 — ui(21),8gn(£2)1/2(E2 — ua(22)

+f (21, 22,880(61)/2(E1 — ui(21), —sgn(€a) /2(E2 — uz(22)
+f(21, 22, =sgn(&1) v/ 2(E1 — ua(21), 3g0(€2) v/ 2(E2 — ua(22)

+f (21, 22, —sgn(€1)/2(E1 — ua(21), —sgn(&a) v/ 2(E2 — U2(Z2)}‘

Let us give an explicit example where 0;(y1, &), 02(y2, &) satisfy (6.19) and & <
max uy, & < maxuy. Assume that for i = 1,2, there exists a;, y? such that

2
wl) =as ol Vil <ot and (%) ¢
and w;(y;) > a; [y?1? if y) < |y;| < 1/2. Indeed, in that case, T;(&;) = To/\/a; if
& < a; |y?]?, and the condition ai/a3 ¢ Q ensures that 6;(y1,&1), 02(ys, &) satisfy
(6.19) for y, ¢ in a neighbourhood of the origin.

Thus the expression of [33] is false in that case. In the general case, it is unclear
whether a general expression of this kind can be given, considering the discussion
around the hypothesis (6.19) above. Nonetheless, we emphasize that this mistake is
of no consequence on the rest of the article [33], and that all the other expressions
are compatible with ours.

6.4.2 Stationary ergodic setting

In the stationary ergodic setting, some of the expressions or properties above are
no longer true. The most significant difference occurs when the energy H(y,§&) <
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Umayx; indeed, in that case the particle is not necessarily trapped, depending on the
profile of the potential u. Hence, in the rest of the subsection, we focus on the
case H(y,&) > Umax- In that case, the movement of the particle is unbounded and
has many similarities with the periodic case. In particular, the particle sees “all the
potential” during its evolution, and this will be fundamental in the use of the ergodic
theorem.

A Expression of &(y, &, w)

This paragraph is devoted to the proof of proposition 6.1.3 in the stationary ergodic
setting.

We wish to point out that the expressions in the periodic and in the stationary
ergodic case when H(y,&,w) > Unax are exactly the same (compare proposition
6.1.3 and the end of paragraph A). This expression, and more precisely, the equality
¢ = H'(P) for some P, is in fact strongly linked to Aubry-Mather theory. Indeed,

)

T

) = fim [ Sty ) dt = Jim TLE 2
and &*(y, &, w) is thus (up to a multiplication by —1) the rotation number associated
to the Hamiltonian flow starting at (y,£). The interested reader should compare
our proposition 6.1.3 to lemma 2.8 in [26] or theorem 4.1 in [30], and our proof to
the ones in these articles, and also to the proofs in [51]. We refer to [26, 30, 51] for
further references to Aubry-Mather theory and its applications to partial differential
equations.

Proof of proposition 6.1.5. In all the proof, we fix y, £, w such that H(y, £, w) > tmax,
and we set P = P(y,{,w).
The proof is in two steps : first, we prove that

P(L)(y, & w) > L (&(y, & w)), (6.23)

which is equivalent to

P(L)(y,& w) > Q€ (y,&,w) — H(Q) YQ eR,

and then we exhibit a particular () € R such that equality holds in the previous
inequality.

The proof of (6.23) relies on the following definition of the homogenized La-
grangian (see [67]) : for all ¢ € R,

L(q) = lim %inf {/0 L(v(s), =5(s),w) ds, v € W' ~(0) =0, y(T) = Tq} .

T—00

The clue of inequality (6.23) lies in the following remark : since Y (T)/T — —¢* as
T — o0, we could “almost” choose v =Y in the above definition in order to obtain
an upper-bound on L(—&*) = L(£%). Thus we define a function v which coincides
with Y on a large part of the interval (0, 7).
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Let T' > 0 arbitrary, and let A € (0,1) be fixed. Define v by

A(s) = Y(s5,9.6,w) for 1< s < AT,
~ affine between 0 and 1 and between X1 and T

Then as T — oo,

7 | toe. =i, ds—o.

and

%i[ L((s), =4(s),w) ds — AP(L)(y, &, w)

There remains to evaluate the contribution of the interval (A7, 7). On this interval,

is) = e (“TE (£ w) — Y(AT))

T — AT
Y(AT) A

1
— __ =k _ -

Moreover, for all (y/, & w') € RY x RN x Q,
1ot /_1 2 / 1 112
Thus

YAT) A |
AT 1=\

g , T-MT| 1
[ 106 =i ds < T |- ) -

We now pass to the limit as 7' — oo, with A € (0, 1) fixed; recall that as 7 — oo,

Y 1 T
w = _; (/0 E(t,y,f,tﬁ) dt - y) - _gﬁ(yang)-

Thus, for all A € (0, 1),

2

_ f# A #
2 1_)\£ <y7£7w)+—_ )\5 (y,é,w)

1

LE06w) < ADEw) + 5 |12

< AP(L)(y, & w) + (1= X)

€y, & w)|?
R

Now, letting A — 1, we obtain inequality (6.23).

In order to prove the proposition, we have to find a special () € R such that

P(L) <y7 57 w) = Qofﬁ(ya 57 w) - H(QO)

This will entail that

P(L)(y. & w) = sup (Q€¥(y. &, w) — H(Q)) = L (€(y,&,w))

QeR
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and the sup is obtained for &*(y, &, w) = H'(Qo).
The proof of the equality relies on the use of the cell equation for Q) = P =
P(y,&,w). Indeed, notice that

v(y,w) = sgn(P / \/2 P) —u(z,w)) dz — Py

is a viscosity solution of

H<y7P+va>w):H<P)a
and as y — 00

é/oy V2AHP) = u(zw)) dz — E { 2(H(P) - U)} |

where U(w) := u(0,w) for all w € Q.
By definition of H,

B |\ ip) - 0)] = 1Pk

consequently,

1+|yy( /\/QF[ —UZW))dz—Py)HO (6.24)

as y — 00, a.s. in w. Thus v is a corrector, and v € L®(Q;C'(RY)). Thus the

method of characteristics, for instance, can be used to prove that for any couple
(ylafl) = (ylv P + vyv(y/,W)), we have

v(y',w)

v(Y(T,y, ¢ ,w)) + H(P)T (6.25)

T
+/ L(Y(ta y/7 6/7(-‘))7 E<t7 y/7 5,7("))7(")) dt + P [Y<T7 yl7 5,7(")) - y,] .
0

Before passing to the limit in the above equality, let us prove that we can take
(v, &) = (y,€). First, notice that

V,0(y,w) = sgn(P)y/2(H(P) — uly/,w)) - P,

and thus sgn (P 4 V,v(y',w)) = sgn({’) = sgn(P) = sgn(§)
Then [£]? = |¢|? because H (y,&) = H(P)

and we can take (v/,¢&) = (y,&) in (6.25).
Now, we multiply (6.25) by 1/T, and pass to the limit as T — oo. Since

1 .
§|Y<t7y7§7w)’ =H

. Hence, take y' = y.
— H(y,¢') by definition of &. Thus € = ¢,

(y>€aw) —u = H(y75>w)

— Umax > 0 VE >0,

there exist constants «, 5 > 0 depending only on H(y, &, w) and up,x, such that

Y(T -
0<ac< (’y’;’w) Y'<g vr>o
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Consequently, Y (T') — oo as T' — oo and

U(y) B U(Y(T7 Y, 67 w)) U(:y) — U(Y(Ta Y, 57 w)) Y(Tv Y, ng) —

- 0 T .
T Y(T,y,6.w) —y T T owme e

(remember (6.24)).
Hence, in the limit we infer

P(L)<y7£7w) = Pﬁﬁ(y,é’,w) - H(P>7

and the proposition follows.

]

Remark 6.4.1. Notice that the proof of inequality (6.23) does not use the fact that
the system is integrable, or that H(y,&,w) > Umaz. Thus (6.23) remains true for
small energies, or when the system (Y, Z) is not integrable.

B Expression of the projection P

The same method as in the periodic case can be used in order to find the expression
of the projection P when H(y,&,w) =: & > Upay; indeed, in that case, remember
that

1 T
P E0) = Jim 7 [ (V0060 060, 0)

and we can use the change of variables

dt:idY: ! ay

Y —sgn(§)/2(€ — u(Y,w))

in order to obtain

T
/0 F (Y (ty.€,0), Z(t . € w),w) dt

Y(T1y7£1w) \/
= z,8gn(&)\/2(€ — u(z,w w) dz
/y ( ) —sgn(¢ \/2 —u(z,w))

Since the group transformation (7,) is ergodic, and Y (7') — oo as T — oo, for all
E > Umax, We have, as T — oo,

1 Y(T»yzg»w)
—/ <Z Sgn \/2
Yy

Y(T) -y

— F

(sgn \/2

Thus, we obtain

P(f)(y, & w) =y, & w) f(sgn(§), H(y, &,w)),

where

fn, &) =

1
F (/2 a0 w) e u<o,w>>] '
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Résumé. Cette thése est consacrée a 'étude du comportement asymptotique de
solutions d’une classe d’équations aux dérivées partielles avec des coefficients for-
tement oscillants. Dans un premier temps, on s’intéresse & une famille d’équations
non linéaires, des lois de conservation scalaires hétérogénes, qui interviennent dans
divers problémes de la mécanique des fluides ou de I'électromagnétisme non linéaire.
On suppose que le flux de cette équation est périodique en espace, et que la période
des oscillations tend vers zéro. On identifie alors les profils asymptotiques microsco-
pique et macroscopique de la solution, et on démontre un résultat de convergence
forte ; en particulier, on montre que lorsque la condition initiale ne suit pas le profil
microscopique dicté par ’équation, il se forme une couche initiale en temps durant
laquelle les solutions s’adaptent a celui-ci. Dans un second temps, on considére une
équation de transport linéaire, qui modélise 1’évolution de la densité d’un ensemble
de particules chargées dans un potentiel électrique aléatoire et trés oscillant. On
établit 'apparition d’oscillations microscopiques en temps et en espace dans la den-
sité, en réponse a l'excitation par le potentiel électrique. On donne également des
formules explicites pour 'opérateur de transport homogénéisé lorsque la dimension
de 'espace est égale a un.

Mots clés. Homogénéisation. Loi de conservation scalaire. Formulation cinétique.
Equation de transport. Equation parabolique.

Abstract. In this thesis, we study the asymptotic behavior of solutions of a class
of partial differential equations with strongly oscillating coefficients. First, we focus
on a family of nonlinear evolution equations, namely parabolic scalar conservation
laws. These equations are encountered in various problems of fluid mechanics and
nonlinear electromagnetism. The flux is assumed to be periodic with respect to
the space variable, and the period of the oscillations goes to zero. The asymptotic
profiles in the microscopic and macroscopic variables are first identified. Then, we
prove a result of strong convergence; in particular, when the initial data does not
match the microscopic outline dictated by the equation, it is shown that there is an
initial layer in time during which the solution adapts itself to this profile. The other
equation studied in this thesis is a linear transport equation, modeling the evolution
of the density of charged particles in a highly oscillating random electric potential.
It is proved that the density has fast oscillations in time and space, as a response
to the excitation by the electric potential. We also derive explicit formulas for the
homogenized transport operator when the space dimension is equal to one.

Keywords. Homogenization. Scalar conservation law. Kinetic formulation. Trans-
port equation. Parabolic equation.



