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❆✳✸ P♦t❡♥t✐❡❧ é❧❡❝tr♦♥✲é❧❡❝tr♦♥ s✉r ❧❡ ❝❡r❝❧❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽✼

❇ ❉ét❛✐❧ ❞❡ ❝❡rt❛✐♥s ❝❛❧❝✉❧s ✶✾✶

❇✳✶ ◆♦②❛✉ ❡t ♥♦r♠❡ L2 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾✶
❇✳✷ ❇♦r♥❡ r❡❧❛t✐✈❡ ❛✈❡❝ ❞❡✉① ♣♦t❡♥t✐❡❧s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾✷
❇✳✸ ❘és♦❧✈❡♥t❡ ❝♦♠♣❛❝t❡ ❡t ♣❡rt✉r❜❛t✐♦♥ ❜♦r♥é❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾✷
❇✳✹ ❯♥❡ ❡st✐♠❛t✐♦♥ ♣♦✉r ‖(H − µ)(H − z)−1‖ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾✷
❇✳✺ ❯♥❡ ❡st✐♠❛t✐♦♥ ❞❡ ♠❛tr✐❝❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾✸
❇✳✻ ❘❡❧❛t✐✈❡♠❡♥t ❝♦♠♣❛❝t ❡t r❡❧❛t✐✈❡♠❡♥t ❜♦r♥é ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾✸
❇✳✼ ▲❛ ❢♦r♠✉❧❡ ❞❡ ❑r❡✐♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾✹

❇✐❜❧✐♦❣r❛♣❤✐❡ ✶✾✼



▲✐st❡ ❞❡s ♥♦t❛t✐♦♥s

Hα✱ ✶✶✹
Hexc✱ ✾✷✱ ✶✵✵
MG✱ ✽✹
Mex✱ ✽✹
Hα✱ ✶✶✹
H̃✱ ✶✶✻
M̃G✱ ✾✺
d∞(z)✱ ✶✶✻
D✱ ✾✷
EG✱ ✼✹
Ec✱ ✼✹
Ev✱ ✼✹
F (t)✱ ✹✵
F0✱ ✹✵
H1✱ ✼✷
Hc✱ ✷✶
Hdiag✱ ✷✹
H∞(α)✱ ✶✶✺
Hoffdiag✱ ✷✹
H0

exc✱ ✶✶✹
Hex✱ ✼✹
H0

ex✱ ✽✺
L✱ ✶✽
M ✱ ✼✸
MG✱ ✾✹
N ✱ ✶✽
Pn✱ ✷✷
S1✱ ✶✼
Sc✱ ✽✵
So✱ ✽✵
Sv✱ ✽✵
V r

c ✱ ✶✾
V r,L

c ✱ ✷✵
Vat✱ ✶✽
W (t)✱ ✹✵
Z1✱ ✻✸
HN ✱ ✷✸
Hc✱ ✾✵
Hd✱ ✽✾
H0✱ ✷✸
H1✱ ✶✾

Hc✱ ✶✽
HN

c ✱ ✷✶
Hℓ2 ✱ ✷✸
Λ✱ ✶✼
Ω(t, s)✱ ✹✸
SL✱ ✷✸
ûj ✱ ✽✵
v̂0
∞✱ ✶✶✺
v̂k
∞✱ ✶✶✺
ŵ✱ ✾✶
ŵ∗✱ ✾✷
ŵd∗✱ ✾✷
λ✱ ✶✾
ρ(t)✱ ✹✸
ρeq✱ ✹✷
TL,r✱ ✶✼
εc(k)✱ ✼✸
εv(k)✱ ✼✸
v̂L✱ ✼✵
ẼG✱ ✾✶✱ ✾✺
W̃ (t, s)✱ ✹✹
a(t)✱ ✹✵
ac,k✱ ✼✷
cond✱ ✼✸
he✱ ✶✷✹
vI(k, n1)✱ ✽✵
vL✱ ✷✸
vr
eff ✱ ✶✼✾
vpqst✱ ✼✵
val✱ ✼✸
B(X)✱ ✷✼
Dd✱ ✽✹
E ✱ ✼✷
E0✱ ✽✾
EN ✱ ✽✾
W2(SN

L )✱ ✷✸

✼
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❊♥❣❧✐s❤ ❙✉♠♠❛r②

◆❛♥♦♣❤②s✐❝s ✐s ♦♥❡ ♦❢ t❤❡ ♠♦st ♣r♦♠✐s✐♥❣ ✜❡❧❞s ♦❢ s❝✐❡♥t✐✜❝ ❛♥❞ t❡❝❤♥♦❧♦❣✐❝❛❧ r❡s❡❛r❝❤ ✐♥
t❤❡ ❢♦rt❤❝♦♠✐♥❣ ②❡❛rs✳ ❚❤❡ ♥✉♠❡r♦✉s ♣❡rs♣❡❝t✐✈❡s ♦❢ ❛♣♣❧✐❝❛t✐♦♥s ✐♥ ✈❛r✐♦✉s ❞♦♠❛✐♥s s✉❝❤ ❛s
❡❧❡❝tr♦♥✐❝s✱ ❜✐♦❧♦❣②✱ ❝♦♠♣✉t❡r s❝✐❡♥❝❡ ♦r ♦♣t✐❝s ❛r❡ ❡①tr❡♠❡❧② ❡①❝✐t✐♥❣ ❢♦r ❡①♣❡r✐♠❡♥t❛❧ r❡s❡❛r❝❤✳
❚❤✐s ❛❧s♦ str❡t❝❤❡s t❤❡♦r❡t✐❝❛❧ ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ ♠❛tt❡r ❛t t❤❡ ❛t♦♠✐❝ s❝❛❧❡✳

❚❤❡ ❞✐s❝♦✈❡r② ♦❢ ♥❛♥♦t✉❜❡s ✐♥ ✶✾✾✶ ❤❛s st✐♠✉❧❛t❡❞ r❡s❡❛r❝❤ ♦♥ ♥❛♥♦str✉❝t✉r❡s✳ ❚❤❡s❡ ♥❛♥♦✲
t✉❜❡s ❛r❡ ❡①tr❡♠❡❧② t❤✐♥ t✉❜❡s ♠❛❞❡ ♦❢ ❝❛r❜♦♥ ❛t♦♠s✱ ✇✐t❤ ❛ ❞✐❛♠❡t❡r ♦❢ ❛ ❢❡✇ ♥❛♥♦♠❡t❡rs ❛♥❞
❛ ❧❡♥❣t❤ ♦❢ ❛ ❢❡✇ ♠✐❝r♦♠❡t❡rs✳ ❉✉❡ t♦ t❤❡✐r s♠❛❧❧♥❡ss✱ t❤❡② ❛r❡ ❞✐✣❝✉❧t t♦ ❤❛♥❞❧❡ ❛♥❞ ♣❤②s✐❝✐sts
s✉❣❣❡st t❤❡ ✉s❡ ♦❢ ♦♣t✐❝❛❧ t❡❝❤♥✐q✉❡s t♦ ❤❡❧♣ t♦ ❞❡t❡❝t ❛♥❞ s♦rt t❤❡♠✳ ❖♥❡ ♦❢ t❤❡ t❡❝❤♥✐q✉❡ ❝♦♠✲
♠♦♥❧② ✉s❡❞ ✐s t♦ ♣r♦❜❡ t❤❡ ❛❜s♦r♣t✐♦♥ s♣❡❝tr✉♠✱ ✇❤✐❝❤ ❝♦♥s✐st ✐♥ s❡♥❞✐♥❣ ❛ ✇❡❛❦ ♠♦♥♦❝❤r♦♠❛t✐❝
❧✐❣❤t ♦♥ t❤❡ ♥❛♥♦t✉❜❡ ❛♥❞ ♠❡❛s✉r❡ t❤❡ ❛❜s♦r❜❡❞ ❧✐❣❤t ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❢r❡q✉❡♥❝②✳ ■t t✉r♥s
♦✉t ❡①♣❡r✐♠❡♥t❛❧❧② t❤❛t ❡❛❝❤ ♥❛♥♦t✉❜❡ ♣♦ss❡ss❡s ✐ts ♦✇♥ s✐❣♥❛t✉r❡✱ s❤♦✇✐♥❣ ♣❡❛❦s ♦❢ ❛❜s♦r♣t✐♦♥
❢♦r ❝❡rt❛✐♥ ♣❛rt✐❝✉❧❛r ❢r❡q✉❡♥❝✐❡s✱ ❞❡♣❡♥❞✐♥❣ ♦♥ ✐ts r❛❞✐✉s ❛♥❞ ❝❤✐r❛❧✐t②✶✳ ▼♦r❡ ❛♥❞ ♠♦r❡ ♣r❡❝✐s❡
❡①♣❡r✐♠❡♥t❛❧ ❞❛t❛ ❤❛✈❡ ❜❡❡♥ ♣✉❜❧✐s❤❡❞ ✐♥ t❤❡ ♣❛st ❢❡✇ ②❡❛rs ✐♥ ❬P❘▲✵✶❪✱ ❬❙❝✵✷❪✱ ❬P❘❇✵✺❪✱ ❬❙❝✵✺❪
❛♥❞ t❤❡r❡ ✐s ♥♦✇ ❛ t❤❡♦r❡t✐❝❛❧ ♥❡❡❞ t♦ r❡❧❛t❡ t❤❡ ♣❡❛❦s ✐♥ t❤❡ ♦♣t✐❝❛❧ ❛❜s♦r♣t✐♦♥ s♣❡❝tr✉♠ t♦ t❤❡
♣❛r❛♠❡t❡rs ♦❢ ♥❛♥♦t✉❜❡s ✐♥ ♦r❞❡r t♦ ❛❧❧♦✇ ❢♦r ❜❡tt❡r ❞❡t❡❝t✐♦♥✳

❚❤❡ ♦♣t✐❝❛❧ ❛❜s♦r♣t✐♦♥ s♣❡❝tr✉♠ ✐s t❤❡ ❧✐♥❡❛r r❡s♣♦♥s❡ t♦ t❤❡ ❧✐❣❤t ❡①❝✐t❛t✐♦♥ ♦❢ ❛ s❛♠♣❧❡✱
❛t ❧♦✇ t❡♠♣❡r❛t✉r❡✳ ❚❤✐s r❡s♣♦♥s❡ ✇❛s st✉❞✐❡❞ t❤❡♦r❡t✐❝❛❧❧② ❢♦r t❤❡ ❣❡♥❡r❛❧ ❝❛s❡ ♦❢ ❝r②st❛❧s✱
✜rst ✇✐t❤ ❋r❡♥❦❡❧ ❬❋r❪✱ t❤❡♥ ❡①t❡♥❞❡❞ ❜② ❙❧❛t❡r ❛♥❞ ❙❤♦❝❦❧❡② ❬❙❙❪✱ ❲❛♥♥✐❡r ❬❲❛❪ ❛♥❞ ❊❧❧✐♦t ❬❊❧❪✳
❚❤❡② ❡①♣❧❛✐♥✱ t❤❡ ❛❜s♦r♣t✐♦♥ ♣❡❛❦s ❜② t❤❡ ❡①✐st❡♥❝❡✱ ❛t t❤❡ q✉❛♥t✉♠ s❝❛❧❡✱ ♦❢ q✉❛s✐✲♣❛rt✐❝❧❡s
s②st❡♠s ♥❛♠❡❞ ❡①❝✐t♦♥s✳ ❚❤❡s❡ ❡①❝✐t♦♥s ❤❛✈❡ ❛ ♥♦t✐❝❡❛❜❧❡ ✐♥✢✉❡♥❝❡ ✐♥ ♣r❡s❡♥❝❡ ♦❢ ❛ str♦♥❣ ✐♥✲
t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ ❡❧❡❝tr♦♥s✳ ■♥❞❡❡❞✱ ❢♦r t❤❡ ❝❛s❡ ♦❢ t❤❡ ♥❛♥♦t✉❜❡✱ t❤❡ s♠❛❧❧♥❡ss ♦❢ t❤❡ r❛❞✐✉s
❝♦♥✜♥❡s t❤❡ ❡❧❡❝tr♦♥s ✐♥ ❛ q✉❛s✐ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ str✉❝t✉r❡✱ ❡♥❤❛♥❝✐♥❣ t❤❡✐r ♠✉t✉❛❧ ✐♥t❡r❛❝t✐♦♥s✳
❋r♦♠ t❤❡s❡ r❡s✉❧ts✱ s❡✈❡r❛❧ t❤❡♦r❡t✐❝❛❧ st✉❞✐❡s ❤❛✈❡ ❜❡❡♥ ❝❛rr✐❡❞ ♦✉t ❢♦r t❤❡ ♣r❡❝✐s❡ ❝❛s❡ ♦❢ ♥❛♥♦✲
t✉❜❡s ❬P❘❇✾✶❪✱ ❬❆✾✼❪✱ ❬P✶❪✱ ❬P✷❪ ❛s ✇❡❧❧ ❛s ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ✉s✐♥❣ ❛❜ ✐♥✐t✐♦♠❡t❤♦❞s ❬P❘❇✵✺❪✱
❬P❘❇✵✺✲✷❪ ❣✐✈✐♥❣ t❤❡ ✜rst ♥✉♠❡r✐❝❛❧ r❡❧❛t✐♦♥s ❜❡t✇❡❡♥ r❛❞✐✉s ❛♥❞ ❛❜s♦r♣t✐♦♥ ♣❡❛❦s✳ ❇✉t ♣❛rts ♦❢
t❤❡ ❝✐t❡❞ st✉❞✐❡s ❞♦ ♥♦t ❛❧✇❛②s ✉s❡ r✐❣♦✉r♦✉s❧② ❥✉st✐✜❡❞ ❛♣♣r♦①✐♠❛t✐♦♥s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐t ✐s ♥♦t
❝❧❡❛r ✐❢ r❡s✉❧ts ♦❢ t❤❡ ✜rst st✉❞✐❡s ♦♥ ❝r②st❛❧s ❝♦✉❧❞ ❜❡ ✉s❡❞ ❢♦r t❤❡ ♣❛rt✐❝✉❧❛r s❤❛♣❡ ♦❢ ♥❛♥♦t✉❜❡s✳
❙❡❝♦♥❞❧②✱ r❡❝❡♥t st✉❞✐❡s ❞♦ ♥♦t ♣r♦✈✐❞❡ ❛♥ ❛♥❛❧②t✐❝ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ❢r❡q✉❡♥❝✐❡s ♦❢ ♣❡❛❦s ❛♥❞
t❤❡ r❛❞✐✉s ❛♥❞ ❝❤✐r❛❧✐t② ♦❢ t❤❡ ♥❛♥♦t✉❜❡✳ ❚❤✐s st✉❞② ✐♥t❡♥❞s ✜rst t♦ ❥✉st✐❢② r✐❣♦✉r♦✉s❧② ❡❛❝❤ st❡♣
❞♦♥❡ ✐♥ s❤♦✇✐♥❣ t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ❛❜s♦r♣t✐♦♥ ❝♦❡✣❝✐❡♥t✱ t❤❡ ❡①❝✐t♦♥s ❛♥❞ t❤❡ r❛❞✐✉s ❛♥❞
❝❤✐r❛❧✐t② ♦❢ t❤❡ ♥❛♥♦t✉❜❡ ❛♥❞ s❡❝♦♥❞❧② t♦ ❡st❛❜❧✐s❤ ❛♥ ❛❧♠♦st ❛♥❛❧②t✐❝❛❧ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ♣❡❛❦s
❛♥❞ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ t✉❜❡✳

■♥ ❝❤❛♣t❡r ✶✱ t❤❡ ✜rst ♣❛rt ✐♥tr♦❞✉❝❡s t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧ ❞❡s❝r✐❜✐♥❣ t❤❡ ♥❛♥♦t✉❜❡✳ ❚❤❡
❝♦♥✜❣✉r❛t✐♦♥ s♣❛❝❡ ✐s ❛ t♦r✉s✳ ❚❤❡r❡ ✐s ❛ ♣❡r✐♦❞✐❝ ♣♦t❡♥t✐❛❧ ❞✉❡ t♦ ✐♦♥s✱ s♠♦♦t❤✱ ✜①❡❞ ✇✐t❤
r❡s♣❡❝t t♦ t✐♠❡✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t ♣❤♦♥♦♥s ❛r❡ ♥❡❣❧❡❝t❡❞✳ ❚❤❡r❡ ✐s ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ❡❧❡❝tr♦♥s✱
♥✉♠❜❡r ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ t✉❜❡✱ ✐♥t❡r❛❝t✐♥❣ ✈✐❛ ❛ ✇❡❛❦ ✏♣❡r✐♦❞✐s❡❞✑ ❈♦✉❧♦♠❜
♣♦t❡♥t✐❛❧✳ ❚❤❡ ❡✛❡❝t ♦❢ s♣✐♥ ✐s ♥❡❣❧❡❝t❡❞✳ ❚❤❡ s❡❝♦♥❞ ♣❛rt ❡①♣❧❛✐♥s ❤♦✇ ❧♦✇ ❡♥❡r❣② ❡✐❣❡♥st❛t❡s
✭st❛t❡s t❤❛t ✐♥t❡r❡st ♣❤②s✐❝✐sts✮ ♦❢ t❤✐s ♠♦❞❡❧ ❝❛♥ ❜❡ ❛♣♣r♦①✐♠❛t❡❞ ❜② st❛t❡s ♦❢ ❛ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧
♠♦❞❡❧ ✇✐t❤ ♣❡r✐♦❞✐❝ ♣♦t❡♥t✐❛❧ ❛♥❞ ❛♥ ❡✛❡❝t✐✈❡ ♣♦t❡♥t✐❛❧ ❜❡t✇❡❡♥ ❡❧❡❝tr♦♥s✳ ❚❤❡ ♠❛✐♥ r❡s✉❧t ✐s

✶❚❤✐s ❝❛r❛❝t❡r✐③❡ t❤❡ ♣❡r✐♦❞✐❝ ♣❛tt❡r♥ ♠❛❞❡ ❜② ❝❛r❜♦♥ ❛t♦♠s ❛❧♦♥❣ t❤❡ ♥❛♥♦t✉❜❡

✾
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t❤❡ t❤❡♦r❡♠ ✶✳✷✳✷ ✇❤✐❝❤ s❤♦✇s ❛♥ ❡ss❡♥t✐❛❧ ♣r♦♣❡rt② ❢♦r t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ r❡❞✉❝t✐♦♥✱ ✉s✐♥❣
♣❡rt✉r❜❛t✐♦♥ t❤❡♦r②✳ ❆ ❞✐s❝✉ss✐♦♥ ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ s❡❝t✐♦♥ ❡①♣❧❛✐♥s ❤♦✇ ♦♥❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❡
r❡❞✉❝t✐♦♥ ✉s✐♥❣ ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ s♣❡❝tr✉♠ ♦❢ t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ♠♦❞❡❧✱ ❛♥❞ s✉❣❣❡st ❛ ✇❛②
t♦ ❣❡t t❤✐s ♠✐ss✐♥❣ ✐♥❢♦r♠❛t✐♦♥✳

❈❤❛♣t❡r ✷ ❛♥❛❧②s❡s t❤❡ ❡✛❡❝t ♦❢ ❧✐❣❤t s❡♥t ✐♥t♦ t❤❡ ♥❛♥♦t✉❜❡✱ ♥♦✇ ♠♦❞❡❧✐s❡❞ ❜② t❤❡ ♦♥❡✲
❞✐♠❡♥s✐♦♥❛❧ s②st❡♠✳ ❚❤✐s ❡①t❡r♥❛❧ ♣❡rt✉r❜❛t✐♦♥ ✐s ❛ t✐♠❡ ❞❡♣❡♥❞❡♥t ❝❧❛ss✐❝❛❧ ❡❧❡❝tr♦♠❛❣♥❡t✐❝
✜❡❧❞✳ ■t ✐s tr❡❛t❡❞ ❜② ♠❡❛♥ ♦❢ ❧✐♥❡❛r r❡s♣♦♥s❡ t❤❡♦r② ❛♥❞ t❤❡ ♣❡rt✉r❜❛t✐♦♥ ✐s ❝❤♦s❡♥ t♦ ❜❡ ✇❡❛❦
❛♥❞ s✇✐t❝❤❡❞ ♦♥ ❛❞✐❛❜❛t✐❝❛❧❧②✳ ❙t❛t✐st✐❝❛❧ ♣❤②s✐❝s t♦♦❧s ❛r❡ ✉s❡❞ t♦ ❡①♣r❡ss t❤❡ r❡❛❝t✐♦♥ ♦❢ t❤❡
♥❛♥♦t✉❜❡ t♦ ❧✐❣❤t ✿ t❤❡ ❞❡♥s✐t② ♠❛tr✐①✱ s♦❧✉t✐♦♥ ♦❢ t❤❡ ▲✐♦✉✈✐❧❧❡ ❡q✉❛t✐♦♥ ✐s ✐♥tr♦❞✉❝❡❞✳ ■t ✐s s❤♦✇♥
t♦ ❡①✐st ❛♥❞ t♦ ❜❡ ✉♥✐q✉❡✳ ❚❤❡ ❞✐✣❝✉❧t② ✐s t♦ ❞❡❛❧ ✇✐t❤ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ❛t −∞ ❛♥❞ t❤❡ ❢❛❝t
t❤❛t t❤❡ ♣❡rt✉r❜❛t✐♦♥ ✐s ❛♥ ✉♥❜♦✉♥❞❡❞ ♦♣❡r❛t♦r✳ ❚❤❡ ❞❡♥s✐t② ♠❛tr✐① ✐s ❡①♣r❡ss❡❞ ♣❡rt✉r❜❛t✐✈❡❧②
✉♣ t♦ t❤❡ s❡❝♦♥❞ ♦r❞❡r✱ ❛s ❛ s✉♠ ♦❢ tr❛❝❡ ❝❧❛ss ♦♣❡r❛t♦rs✳

❈❤❛♣t❡r ✸ ❣✐✈❡s t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ❛❜s♦r♣t✐♦♥ s♣❡❝tr✉♠ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❡✐❣❡♥st❛t❡s
♦❢ t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ s②st❡♠ ♣r❡s❡♥t❡❞ ✐♥ ❝❤❛♣t❡r ✶✱ ✇✐t❤♦✉t t❤❡ ❧✐❣❤t ♣❡rt✉r❜❛t✐♦♥✳ ❙✐♥❝❡ t❤❡
❛❜s♦r♣t✐♦♥ s♣❡❝tr✉♠ ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ r❡❛❧ ♣❛rt ♦❢ t❤❡ ❝♦♥❞✉❝t✐✈✐t②✱ t❤✐s ❧❛tt❡r q✉❛♥t✐t②
✐s ❝❛❧❝✉❧❛t❡❞ ✉s✐♥❣ ❑✉❜♦✬s ♠❡t❤♦❞ ❬❑✉✺✼❪✳ ❚❤❡ ❞❡♥s✐t② ♠❛tr✐① ♣r♦♣❡rt✐❡s ❡st❛❜❧✐s❤❡❞ ✐♥ t❤❡
♣r❡❝❡❞✐♥❣ ❝❤❛♣t❡r ❛r❡ ✉s❡❞✳ ❚❤❡ ✜♥❛❧ ❡①♣r❡ss✐♦♥ ✐s ❣✐✈❡♥ ♣r♦✈✐❞❡❞ t❤❡ ♥❛♥♦t✉❜❡s ❛r❡ ❛t ❧♦✇
t❡♠♣❡r❛t✉r❡✳

❈❤❛♣t❡r ✹ ✐s ❛ st✉❞② ♦❢ t❤❡ ❡✐❣❡♥st❛t❡s ♦❢ t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ s②st❡♠ ❣✐✈❡♥ ✐♥ ❝❤❛♣t❡r ✶✳ ❚❤❡
❋♦❝❦ s♣❛❝❡ ✐s ✐♥tr♦❞✉❝❡❞ ✐♥ ♦r❞❡r t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❢❡r♠✐♦♥✐❝ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ ❡❧❡❝tr♦♥s ❛♥❞
t♦ ❛❧❧♦✇ t♦ ❡①♣r❡ss q✉❛♥t✉♠ st❛t❡s ♦❢ t❤❡ s②st❡♠ ✇✐t❤ ❝♦♠❜✐♥❛t✐♦♥s ♦❢ ❡✐❣❡♥st❛t❡s ♦❢ t❤❡ s②st❡♠
✇✐t❤♦✉t ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ ❡❧❡❝tr♦♥s✳ ❙♦♠❡ ♣❤②s✐❝❛❧ s✉♣♣♦s✐t✐♦♥s ❛r❡ ♠❛❞❡ ✐♥ t❤❡ s❡❝t✐♦♥ ✹✳✷✳✶ ❀
■t ✐s s✉♣♣♦s❡❞ t❤❛t t❤❡r❡ ❛r❡ ♦♥❧② t✇♦ ❜❛♥❞s ❛ ❝♦♥❞✉❝t✐♦♥ ❛♥❞ ❛ ✈❛❧❡♥❝❡ ❜❛♥❞✳ ❚❤❡ ❞✐✛❡r❡♥❝❡ ✐♥
❡♥❡r❣② ❜❡t✇❡❡♥ t❤❡ t✇♦ ❜❛♥❞s ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❝r②st❛❧ ♠♦♠❡♥t✉♠ ✇❤✐❝❤ ♣♦ss❡ss❡s ❛ ♠✐♥✐♠✉♠
str✐❝t❧② ♣♦s✐t✐✈❡ ❛t t❤❡ ♦r✐❣✐♥ ❛♥❞ ❜❡❤❛✈❡s q✉❛❞r❛t✐❝❛❧❧② ❛r♦✉♥❞ t❤❡ ♦r✐❣✐♥✳ ■s ✐s s✉♣♣♦s❡❞ t❤❛t
t❤❡ st✉❞② ♦❢ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ r❡str✐❝t❡❞ t♦ ❛ ♣❛rt✐❝✉❧❛r s✉❜s♣❛❝❡ ✇❤✐❝❤ ✐s ❝❛❧❧❡❞ t❤❡ ✏❡①❝✐t♦♥
s✉❜s♣❛❝❡✑✱ ✇✐❧❧ ❣✐✈❡ t❤❡ ♣❤②s✐❝❛❧❧② r❡❧❡✈❛♥t ✐♥❢♦r♠❛t✐♦♥ t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ❛❜s♦r♣t✐♦♥ s♣❡❝tr✉♠✳ ■t
✐s ✇❤❛t ❲❛♥♥✐❡r ❬❲❛❪ ❛♥❞ ▼❛❤❛♥ ❬▼❛❪ ❞♦✳ ■t ✐s t❛❦❡♥ ❤❡r❡ ❛s ❛ ♣❤②s✐❝❛❧ ❛ss✉♠♣t✐♦♥ ❛♥❞ ✐s ♥♦t
❥✉st✐✜❡❞ r✐❣♦✉r♦✉s❧② ❢r♦♠ ❛ ♠❛t❤❡♠❛t✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✳ ❆ ♣❡rt✉r❜❛t✐✈❡ st✉❞② ✐s t❤❡♥ ❞♦♥❡ ✐♥
t❤❡ ✇❡❛❦ ❝♦✉♣❧✐♥❣ ❧✐♠✐t ❜❡t✇❡❡♥ ❡❧❡❝tr♦♥s ❛♥❞ ✐♥ t❤❡ ❧✐♠✐t ♦❢ ❛ ❧❛r❣❡ ❜✉t ♥♦t ✐♥✜♥✐t❡ ♥✉♠❜❡r
♦❢ ♣❛rt✐❝❧❡s✳ ❚❤❡ st✉❞② ♦❢ t❤❡ s②st❡♠ ✐s r❡❞✉❝❡❞ t♦ t❤❡ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ ❡✐❣❡♥st❛t❡s ♦❢ ❛♥
❡✛❡❝t✐✈❡ ❍❛♠✐❧t♦♥✐❛♥ Hexc✳

❈❤❛♣t❡r ✺ ✉s❡s t❤❡ r❡s✉❧ts ♦❢ ❝❤❛♣t❡r ✸ ❛♥❞ ✹ t♦ ❣✐✈❡ t❤❡ ✜♥❛❧ ❢♦r♠✉❧❛ ❢♦r t❤❡ ❛❜s♦r♣t✐♦♥
s♣❡❝tr✉♠✳ ■♥ t❤❡ ❧✐♠✐t ♦❢ ✇❡❛❦ ❝♦✉♣❧✐♥❣ ❜❡t✇❡❡♥ ❡❧❡❝tr♦♥s t❤❡ ❡✐❣❡♥st❛t❡s ♦❢ Hexc ❝❛♥ ❜❡ ❛♣♣r♦①✐✲
♠❛t❡❞ ❜② t❤❡ ♦♥❡s ♦❢ ❛♥ ❍❛♠✐❧t♦♥✐❛♥ h ❞❡s❝r✐❜✐♥❣ t✇♦ ♣❛rt✐❝❧❡s ♦♥ ❛ ❧✐♥❡ ✐♥t❡r❛❝t✐♥❣ t❤r♦✉❣❤
❛♥ ❛ttr❛❝t✐✈❡ ❡✛❡❝t✐✈❡ ♣♦t❡♥t✐❛❧✱ ✇✐t❤ t❤❡ ❝❡♥t❡r ♦❢ ♠❛ss r❡♠♦✈❡❞✳ ❚❤❡ ❛❜s♦r♣t✐♦♥ s♣❡❝tr✉♠ ✐s
❡①♣r❡ss❡❞ ✉s✐♥❣ ❡✐❣❡♥st❛t❡s ♦❢ t❤✐s ❧❛tt❡r ❍❛♠✐❧t♦♥✐❛♥✱ ❛♥❞ ❛ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ❡rr♦r ❝♦♠♠✐tt❡❞
❜② t❤❡ s✉❝❝❡ss✐✈❡ ❡st✐♠❛t✐♦♥s ✐s ❣✐✈❡♥✳

❈❤❛♣t❡r ✻ ❝♦♠♣❛r❡s h t♦ ❛♥ ❍❛♠✐❧t♦♥✐❛♥ ✐♥tr♦❞✉❝❡❞ ✐♥ ❬❈❉❘✷❪✳ ■t ✐s s❤♦✇♥ t❤❛t ❛❢t❡r t❤❡
r❡❞✉❝t✐♦♥ ❢r♦♠ t❤❡ t✉❜❡ t♦ t❤❡ ❧✐♥❡ ✐♥ t❤✐s ♣✉❜❧✐❝❛t✐♦♥✱ t❤❡ r❡s✉❧t✐♥❣ ❍❛♠✐❧t♦♥✐❛♥ ❣✐✈❡♥ ❢♦r s♠❛❧❧
r❛❞✐✉s ✐s ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ h✱ ❢♦r ✇❡❛❦ ❝♦✉♣❧✐♥❣✳ ■t ❤❡♥❝❡ ❥✉st✐✜❡s t❤❡ ❛♣♣r♦❛❝❤ ♦❢ ❬❈❉❘✷❪ t♦
❞❡t❡r♠✐♥❡ t❤❡ ❛❜s♦r♣t✐♦♥ s♣❡❝tr✉♠✳ ❚❤❡ st✉❞② ❬❈❉❘✷❪ ✐s t❤❡♥ ❣✐✈❡♥✳ ■t s❤♦✇s t❤❡ ❞❡♣❡♥❞❡♥❝❡
♦❢ t❤❡ ❡✐❣❡♥st❛t❡s ♦❢ t❤❡ ❡①❝✐t♦♥ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ r❛❞✐✉s ♦❢ t❤❡ t✉❜❡✳ ❆❧♠♦st ❛♥❛❧②t✐❝ ❢♦r♠✉❧❛s
s❤♦✇ t❤❛t t❤❡ ❜✐♥❞✐♥❣ str❡♥❣t❤ ♦❢ t❤❡ s②st❡♠ ✐♥❝r❡❛s❡s ❛s t❤❡ r❛❞✐✉s ❣❡ts s♠❛❧❧❡r✳ ❚❤❡ ❧❛st s❡❝t✐♦♥
✐s ✐♥ ❢❛❝t t❤❡ ♣✉❜❧✐❝❛t✐♦♥ ❬❈P❘❪ ✇❤❡r❡ t❤❡ r❡s✉❧ts ♦❢ ❬❈❉❘✷❪ ❛r❡ ❝♦♠♣❛r❡❞ ✇✐t❤ ❛ ♣❤②s✐❝❛❧ st✉❞②
✉s✐♥❣ ❛ ✈❛r✐❛t✐♦♥❛❧ ❛♣♣r♦❛❝❤✳ ■t ✐s s❤♦✇♥ t❤❛t r❡s✉❧ts ❛r❡ ✐♥ ❡①❝❡❧❧❡♥t ❛❣r❡❡♠❡♥t✳

❋✐♥❛❧❧②✱ ❛ ❝♦♥❝❧✉❞✐♥❣ ❝❤❛♣t❡r s✉♠♠❛r✐s❡s t❤❡ r❡s✉❧ts✱ ♣♦✐♥ts ♦✉t t❤❡ ❧✐♠✐ts ♦❢ t❤❡ ❛♣♣r♦❛❝❤
❛♥❞ s✉❣❣❡sts s♦♠❡ ❢✉rt❤❡r ✐♥t❡r❡st✐♥❣ r❡s❡❛r❝❤ ♦♥ t❤❡ s✉❜❥❡❝t✳

❚❤❡ ✇♦r❦ ♣r❡s❡♥t❡❞ ❤❡r❡ ❡st❛❜❧✐s❤❡s ❛ r✐❣♦✉r♦✉s r❡❧❛t✐♦♥ ❜❡t✇❡❡♥✱ ♦♥ ♦♥❡ ❤❛♥❞✱ st✉❞✐❡s ✐♥
t❤❡♦r❡t✐❝❛❧ ♣❤②s✐❝s ♦♥ t❤❡ ❛❜s♦r♣t✐♦♥ s♣❡❝tr✉♠ ♦❢ s❡♠✐❝♦♥❞✉❝t♦rs ❬❊❧❪✱ ❬❲❛❪✱ ❛♥❞ ♦♥ t❤❡ ♦t❤❡r



✶✶

❤❛♥❞✱ s♣❡❝✐✜❝ st✉❞✐❡s ♦♥ ❡①❝✐t♦♥s ✐♥ s❡♠✐❝♦♥❞✉❝t♦r ♥❛♥♦t✉❜❡s ❬P✶❪✱ ❬P✷❪✱❬❑❈▼❪✳ ■t ❤❛s ❜❡❡♥
s❤♦✇♥✱ ✇✐t❤ t❤❡ ❤❡❧♣ ♦❢ ♣❡rt✉r❜❛t✐♦♥ t❤❡♦r②✱ t❤❛t ❛❧❧ t❤❡ st✉❞✐❡s ❤❛✈❡ ❛ ❝♦♠♠♦♥ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧
❍❛♠✐❧t♦♥✐❛♥ ❢r♦♠ ✇❤✐❝❤ ♦♥❡ ❝❛♥ ❡①tr❛❝t t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ ❛ ♣❛rt ♦❢ t❤❡ ❛❜s♦r♣t✐♦♥ s♣❡❝tr✉♠✱ t❤❡
♣❛rt r❡❧❛t❡❞ t♦ ❡①❝✐t♦♥s✳ ❚❤❡ ♣❛rt ♦❢ t❤❡ ✇♦r❦ ♣✉❜❧✐s❤❡❞ ✐♥ ❬❈❉❘✷❪ ❣✐✈❡s ❛❧s♦ ❛❧♠♦st ❛♥❛❧②t✐❝
❡①♣r❡ss✐♦♥s ❛♣♣r♦①✐♠❛t✐♥❣ t❤❡ s♣❡❝tr✉♠ ♦❢ t❤❡ ❡①❝✐t♦♥ ❍❛♠✐❧t♦♥✐❛♥ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ r❛❞✐✉s ♦❢
t❤❡ ♥❛♥♦t✉❜❡✱ ❢♦r ❛ s♠❛❧❧ r❛❞✐✉s✱ ❛♥❞ t❤❡ ♣❛rt ♣✉❜❧✐s❤❡❞ ✐♥ ❬❈P❘❪ ❝♦♠♣❛r❡s t❤❡s❡s r❡s✉❧ts ✇✐t❤
❛ ✈❛r✐❛t✐♦♥❛❧ ❛♣♣r♦❛❝❤ ❛♥❞ t❤❡ r❡s✉❧ts ❛r❡ ✐♥ ❡①❝❡❧❧❡♥t ❛❣r❡❡♠❡♥t✳ ❙♦♠❡ ❧✐♠✐t❛t✐♦♥s ♦❢ t❤❡ st✉❞②
❝❛♥ ❜❡ ♣♦✐♥t❡❞ ♦✉t ✿

✕ ❚❤❡ r❡❞✉❝t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ t♦ t❤❡ ❡①❝✐t♦♥ s✉❜s♣❛❝❡ ♠❛❞❡ ✐♥ ❝❤❛♣t❡r ✹ ✐s ♥♦t r✐❣♦✉r♦✉s❧②
❥✉st✐✜❡❞✱ t❤✐s s✉❜s♣❛❝❡ ❞♦❡s ♥♦t ❝♦rr❡s♣♦♥❞ t♦ t❤❡ s✉❜s♣❛❝❡ ❝♦♥t❛✐♥✐♥❣ t❤❡ ❡✐❣❡♥✈❡❝t♦rs
❛ss♦❝✐❛t❡❞ t♦ t❤❡ ❧♦✇❡st ❡♥❡r❣✐❡s✳ P❤②s✐❝✐sts ❦♥♦✇ t❤❛t s②st❡♠s ♠♦r❡ ❝♦♠♣❧❡① t❤❛♥ ❡①❝✐t♦♥s✱
❢♦r♠❡❞ ❜② ♠♦r❡ t❤❛♥ t✇♦ q✉❛s✐✲♣❛rt✐❝❧❡s✱ s✉❝❤ ❛s t❤❡ ❜✐❡①❝✐t♦♥✱ s❤♦✉❧❞ ❡①✐st ❛♥❞ t❤❡s❡
s②st❡♠s ♣♦ss❡ss ❡♥❡r❣② ❧❡✈❡❧s ❧♦✇❡r t❤❛♥ t❤♦s❡ ♦❢ t❤❡ ❡①❝✐t♦♥✳ ❚❤❡② s❤♦✉❧❞ ❛♣♣❡❛r ✐♥ t❤❡
❢♦r♠✉❧❛ ♦❢ t❤❡ ❛❜s♦r♣t✐♦♥ s♣❡❝tr✉♠ ♦r ❛t ❧❡❛st ❛ r✐❣♦✉r♦✉s ❥✉st✐✜❝❛t✐♦♥ ♦❢ ✇❤② t❤❡② ❞♦ ♥♦t
❛♣♣❡❛r ✐s ♥❡❡❞❡❞✳

✕ ❆❧❧ ❛❧♦♥❣ t❤❡ st✉❞② s❡✈❡r❛❧ ❛♣♣r♦①✐♠❛t✐♦♥s ✇❡r❡ ♠❛❞❡ ✉s✐♥❣ t❤❡ ♣❡rt✉r❜❛t✐♦♥ t❤❡♦r②✱ ❣✐✈✐♥❣
❡st✐♠❛t❡s ♦❢ t❤❡ ❡rr♦rs ❜✉t ♥♦ ❛tt❡♠♣t ✇❛s ♠❛❞❡ t♦ ❝❛❧❝✉❧❛t❡ ♣r❡❝✐s❡❧② t❤❡ ❡rr♦r ❜❛rs✳

✕ ❚❤❡ q✉❡st✐♦♥ ♦❢ t❤❡ r❡❞✉❝t✐♦♥ ❞♦♥❡ ✐♥ ❝❤❛♣t❡r ✶ t♦ ❛ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ♣r♦❜❧❡♠ ❢♦r s♠❛❧❧
r❛❞✐✉s r ✐s st✐❧❧ ♣❡♥❞✐♥❣✱ ✇❛✐t✐♥❣ ❢♦r s♦♠❡ ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ ❧✐♠✐t ♦♣❡r❛t♦r
✇✐t❤ r✳

❆♥ ✐♥t❡r❡st✐♥❣ ❡①t❡♥s✐♦♥ ♦❢ t❤✐s ✇♦r❦ ❝♦✉❧❞ ❜❡ t♦ st✉❞② t❤❡ ❜✐❡①❝✐t♦♥ ❝♦♥tr✐❜✉t✐♦♥ t♦ t❤❡
s♣❡❝tr✉♠✳ ❋♦r t❤❛t ♦♥❡ ♠✉st ❝♦♥s✐❞❡r ❛ s✉❜s♣❛❝❡ ♦❢ t❤❡ ❋♦❝❦ s♣❛❝❡ ✇✐❞❡r t❤❛♥ t❤❡ ♦♥❡ t❛❦❡♥
✐♥ ❝❤❛♣t❡r ✹✳ ❚❤✐s ❝♦✉❧❞ ❥✉st✐❢② t❤❡ ❝❤♦✐❝❡ ♠❛❞❡ ✐♥ ❝❤❛♣t❡r ✹ ❛♥❞ t❤❡ ✜rst ♣♦✐♥t ✐♥ t❤❡ ❧✐st ♦❢
❧✐♠✐t❛t✐♦♥s✱ ✐❢ ✐t s❤♦✇s t❤❛t ♣❡❛❦s ✐♥ ❛❜s♦r♣t✐♦♥ ❛ss♦❝✐❛t❡❞ t♦ ❜✐❡①❝✐t♦♥s ❞♦ ♥♦t ❡①✐st ♦r ❝❛♥ ❜❡
♥❡❣❧❡❝t❡❞✳ ❚❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ s♣❡❝tr✉♠ ♦❢ t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❍❛♠✐❧t♦♥✐❛♥ ♦❢ ❝❤❛♣t❡r ✶ ♦♥
t❤❡ ♣❛r❛♠❡t❡r r ❤❛s t♦ ❜❡ ❡✈❛❧✉❛t❡❞ ✐♥ ♦r❞❡r t♦ ❝♦♥❝❧✉❞❡ t❤❡ r❡❞✉❝t✐♦♥ ✐♥ ♦♥❡ ❞✐♠❡♥s✐♦♥✳ ❚❤✐s
❝♦✉❧❞ ♦♣❡♥ ❛ ✇❛② t♦ t❤❡ ❣❡♥❡r❛❧✐s❛t✐♦♥ ♦❢ t❤❡ st✉❞② t♦ ❞✐✛❡r❡♥t s♦rts ♦❢ ♥❛♥♦str✉❝t✉r❡s s✉❝❤ ❛s
♥❛♥♦✇✐r❡s ❛♥❞ q✉❛♥t✉♠ ✇❛✈❡❣✉✐❞❡s s✐♥❝❡ t❤❡ ♣r♦❝❡❞✉r❡ ♦❢ r❡❞✉❝t✐♦♥ t♦ ♦♥❡ ❞✐♠❡♥s✐♦♥ s❤♦✉❧❞ ❜❡
s✐♠✐❧❛r✳ ❖♥❡ ❝❛♥ ❛❧s♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t ♠♦r❡ t❤❛♥ t✇♦ ❜❛♥❞s✱ ❛s s✉❣❣❡st❡❞ ✐♥ ❬❑▼❪✱ ✇❤✐❝❤ s❤♦✉❧❞
❜r♦❛❞❡♥ t❤❡ ✈❛❧✐❞✐t② ♦❢ t❤❡ st✉❞② t♦ ♠♦r❡ ♥❛♥♦t✉❜❡s✳ ❊✈❡♥t✉❛❧❧②✱ ❛ ✇♦r❦ ✇✐t❤ ♠♦r❡ ❤②♣♦t❤❡t✐❝❛❧
r❡s✉❧ts ❝♦✉❧❞ ❜❡ t♦ st✉❞② t❤❡ ♥♦♥✲❧✐♥❡❛r r❡s♣♦♥s❡ ♦❢ t❤❡ s②st❡♠ t♦ ❧✐❣❤t✱ s❡❡ t❤❡ r❡♠❛r❦ ❛t t❤❡
❡♥❞ ♦❢ ❝❤❛♣t❡r ✷✳
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■♥tr♦❞✉❝t✐♦♥

✏❚❤❡r❡ ✐s ♣❧❡♥t② ♦❢ r♦♦♠ ❛t t❤❡ ❜♦tt♦♠✷✑✱ ❝✬❡st ♣❛r ❝❡s ♠♦ts q✉❡ ❧❡ ❧❛✉ré❛t ❞✉ ♣r✐① ◆♦❜❡❧
❘✐❝❤❛r❞ ❋❡②♥♠❛♥ s♦✉❧✐❣♥❛✐t ❡♥ ✶✾✺✾✱ ❧✬✐♠♣♦rt❛♥❝❡ ❞❡s r❡❝❤❡r❝❤❡s à ✈❡♥✐r s✉r ❧✬✐♥✜♥✐♠❡♥t ♣❡t✐t✳
■❧ s✉❣❣ér❛ q✉❡ ❧✬♦♥ ♣♦✉rr❛✐t ♠❡ttr❡ t♦✉t❡s ❧❡s ✐♥❢♦r♠❛t✐♦♥s ❞❡ ❧✬❡♥❝②❝❧♦♣æ❞✐❛ ❇r✐t❛♥♥✐❝❛ s✉r ✉♥❡
têt❡ ❞✬é♣✐♥❣❧❡ s✐ ❧✬♦♥ ♣♦✉✈❛✐t é❝r✐r❡ ❡♥ ♠❡tt❛♥t ❞❡s ❛t♦♠❡s ❜♦✉t à ❜♦✉t✳ ❈❡ ♣❤②s✐❝✐❡♥ ❡st ❧✬✉♥ ❞❡s
♣r❡♠✐❡rs à ❛✈♦✐r ✈✉ ❧✬✐♠♣♦rt❛♥❝❡ ❞❡ ❧❛ ♥❛♥♦♣❤②s✐q✉❡✱ ❡t ♣r❡sq✉❡ ✺✵ ❛♥s ♣❧✉s t❛r❞✱ ❝❡tt❡ ❜r❛♥❝❤❡
❞❡ ❧❛ ♣❤②s✐q✉❡ ❡st ❡♥ ♣❧❡✐♥ ❡ss♦r✳

❉❡ ♥♦♠❜r❡✉① ♣r♦❣rès t❡❝❤♥✐q✉❡s✱ ♣❛r♠✐ ❡✉① ❧✬✐♥✈❡♥t✐♦♥ ❞❡s ♠✐❝r♦s❝♦♣❡s à ❡✛❡t t✉♥♥❡❧ ✭✶✾✽✶✮
❡t à ❢♦r❝❡ ❛t♦♠✐q✉❡ ✭✶✾✽✻✮✱ ♦♥t ♦✉✈❡rt ❧❛ ✈♦✐❡ à ❧✬ét✉❞❡ ❡t ❧❛ ♠❛♥✐♣✉❧❛t✐♦♥ ❞❡ str✉❝t✉r❡s à ❧✬é❝❤❡❧❧❡
❞❡ ❧✬❛t♦♠❡✳ ▲❛ ❞é❝♦✉✈❡rt❡ ❞❡s ♥❛♥♦t✉❜❡s ❞❡ ❝❛r❜♦♥❡ ❡♥ ✶✾✾✶ ❛ ❛✉ss✐ ❝♦♥tr✐❜✉é à ❞❡ ♥♦♠❜r❡✉s❡s
❛✈❛♥❝é❡s t❡❝❤♥✐q✉❡s ❡t t❤é♦r✐q✉❡s ❞❛♥s ❧❡s ♥❛♥♦s❝✐❡♥❝❡s✳ ❈❡s t✉❜❡s ❞✬✉♥ ❞✐❛♠ètr❡ ❞❡ q✉❡❧q✉❡s
♥❛♥♦♠ètr❡s ❡t ❞✬✉♥❡ ❧♦♥❣✉❡✉r ❞❡ q✉❡❧q✉❡s ♠✐❝r♦♥s✱ ❞❡ ♣❛rt ❧❡✉r str✉❝t✉r❡ r❡❧❛t✐✈❡♠❡♥t s✐♠♣❧❡✱
s♦♥t ❞❡s ❢♦r♠✐❞❛❜❧❡s ♦❜❥❡ts ❞✬ét✉❞❡✳ ▲❛ ❝♦♠♣ré❤❡♥s✐♦♥ ❞❡ ❝❡s ♠❛tér✐❛✉① ❡t ❧❛ ♠❛îtr✐s❡ ❞❡ ❧❡✉r
❢❛❜r✐❝❛t✐♦♥ à ❧✬é❝❤❡❧❧❡ ✐♥❞✉str✐❡❧❧❡ ♣♦✉rr❛✐t ♣❡r♠❡ttr❡ ❞❡ r❛♣✐❞❡s é✈♦❧✉t✐♦♥s t❡❝❤♥✐q✉❡s✳ ▲❛ ♣❤②✲
s✐q✉❡ à ❧✬é❝❤❡❧❧❡ ❞✉ ♥❛♥♦♠ètr❡ ❡st ✉♥ ❞❡s ❞♦♠❛✐♥❡s ❧❡s ♣❧✉s ♣r♦♠❡tt❡✉rs ❞❡ ❧❛ r❡❝❤❡r❝❤❡ s❝✐❡♥t✐✲
✜q✉❡ ❡t t❡❝❤♥♦❧♦❣✐q✉❡ ❞❡s ♣r♦❝❤❛✐♥❡s ❛♥♥é❡s✳ ▲❡s ♣❡rs♣❡❝t✐✈❡s ❞✬❛♣♣❧✐❝❛t✐♦♥s ❞❛♥s ❞❡s ❞♦♠❛✐♥❡s
❛✉ss✐ ✈❛r✐és q✉❡ ❧✬é❧❡❝tr♦♥✐q✉❡✱ ❧❛ ❜✐♦❧♦❣✐❡✱ ❧✬✐♥❢♦r♠❛t✐q✉❡ ♦✉ ❡♥❝♦r❡ ❧✬♦♣t✐q✉❡ s♦♥t ♥♦♠❜r❡✉s❡s
❡t ❢❛s❝✐♥❛♥t❡s✱ ❡t s♦♥t ✉♥ st✐♠✉❧❛♥t ❡①trê♠❡♠❡♥t ♣✉✐ss❛♥t ♣♦✉r ❧❡s r❡❝❤❡r❝❤❡s ❡①♣ér✐♠❡♥t❛❧❡s ❡t
❛♣♣❧✐q✉é❡s à ❧✬❤❡✉r❡ ❛❝t✉❡❧❧❡✳ ❊❧❧❡s ♣♦✉ss❡♥t ❝♦♥❥♦✐♥t❡♠❡♥t ❧❛ r❡❝❤❡r❝❤❡ t❤é♦r✐q✉❡ à s❡ ♣❡♥❝❤❡r
s✉r ❧✬ét✉❞❡ ❞❡s ♥❛♥♦✲♦❜❥❡ts ❛✜♥ ❞❡ ♠✐❡✉① ❝♦♠♣r❡♥❞r❡ ❡t ❡①♣❧✐q✉❡r ❧❡s ♣❤é♥♦♠è♥❡s ♣❤②s✐q✉❡s à
très ♣❡t✐t❡ é❝❤❡❧❧❡✳

▲❡ ❝♦♠♣♦rt❡♠❡♥t ❞✬♦❜❥❡ts ❞❡ q✉❡❧q✉❡s ❞✐③❛✐♥❡s ❞❡ ♥❛♥♦♠ètr❡s ❡st ❡①♣❧✐q✉é ❡♥ ✉t✐❧✐s❛♥t ❧❡ ❢♦r✲
♠❛❧✐s♠❡ ❞❡ ❧❛ ♠é❝❛♥✐q✉❡ q✉❛♥t✐q✉❡ ✭♥♦♥ r❡❧❛t✐✈✐st❡✮✳ ❈❡tt❡ t❤é♦r✐❡✱ ♥é❡ ❛✉ ❳❳e s✐è❝❧❡ ❛ r❡♠♣♦rté
❞❡ ❣r❛♥❞ s✉❝❝ès ❡♥ ❞é❝r✐✈❛♥t ❝♦rr❡❝t❡♠❡♥t ❧❡s str✉❝t✉r❡s é❧❡❝tr♦♥✐q✉❡s ❞❡s ❛t♦♠❡s ❡t ♠♦❧é❝✉❧❡s✱
❡♥ ❡①♣❧✐q✉❛♥t ❧❡ ♣❤é♥♦♠è♥❡ ❞❡ ❝♦♥❞✉❝t✐♦♥ é❧❡❝tr✐q✉❡ ♦✉ ❡♥❝♦r❡ ❧❛ s✉♣r❛❝♦♥❞✉❝t✐✈✐té✳ ▲❡ ❢♦r♠❛✲
❧✐s♠❡ ❡st ❜❛sé s✉r ❧❡ ♣♦st✉❧❛t✱ ❡♥tr❡ ❛✉tr❡s✱ q✉❡ t♦✉t s②stè♠❡ ♣❤②s✐q✉❡ à très ♣❡t✐t❡ é❝❤❡❧❧❡✱ ❡st
❞é❝r✐t ♣❛r s♦♥ éq✉❛t✐♦♥ ❞❡ ❙❝❤rö❞✐♥❣❡r ❛ss♦❝✐é❡ q✉✐ ❡st ✉♥❡ éq✉❛t✐♦♥ ✈❡❝t♦r✐❡❧❧❡ ❛✉① ❞ér✐✈é❡s
♣❛rt✐❡❧❧❡s✳ ▼❛✐s ✐❧ ❡st très r❛r❡ ❞❡ tr♦✉✈❡r ❞❡s s♦❧✉t✐♦♥s ❞✐r❡❝t❡s ❞❡ ❝❡tt❡ éq✉❛t✐♦♥✱ ✐❧ ♥✬❡①✐st❡ q✉❡
q✉❡❧q✉❡s ❝❛s ❝♦♠♠❡ ♣❛r ❡①❡♠♣❧❡ ❧✬❛t♦♠❡ ❞✬❤②❞r♦❣è♥❡✱ ♦✉ ✉♥❡ ♣❛rt✐❝✉❧❡ ♣✐é❣é❡ ❞❛♥s ✉♥❡ ❜♦✐t❡✳ ▲❛
♣❧✉♣❛rt ❞✉ t❡♠♣s✱ ✐❧ ♥✬② ❛ q✉❡ ❞❡✉① ❛❧t❡r♥❛t✐✈❡s ♣♦ss✐❜❧❡s ✿ ❧❛ rés♦❧✉t✐♦♥ ♣❛r ❧❡ ❝❛❧❝✉❧ ♥✉♠ér✐q✉❡
❛✈❡❝ ❧✬✉t✐❧✐s❛t✐♦♥ ❞✬♦r❞✐♥❛t❡✉rs✱ ♦✉ ❜✐❡♥ ❧❛ rés♦❧✉t✐♦♥ ❡♥ ✉t✐❧✐s❛♥t ❧❛ t❤é♦r✐❡ ❞❡s ♣❡rt✉r❜❛t✐♦♥s✳
❈✬❡st ❝❡tt❡ ❞❡r♥✐èr❡ q✉❡ ❧✬♦♥ ✈❛ ✉t✐❧✐s❡r ✐❝✐✳ ❊❧❧❡ ♣❡r♠❡t ❞❡ tr♦✉✈❡r ❧❡s s♦❧✉t✐♦♥s ❛♣♣r♦❝❤é❡s ❞✬✉♥
s②stè♠❡ q✉❡ ❧✬♦♥ ♥❡ ♣❡✉t ♣❛s rés♦✉❞r❡ ❛♥❛❧②t✐q✉❡♠❡♥t ❡♥ ❝♦♥♥❛✐ss❛♥t ❧❡s s♦❧✉t✐♦♥s ❡①❛❝t❡s ❞✬✉♥
s②stè♠❡ ❛♣♣❛r❡♥té✱ ❧❛ ❞✐✛ér❡♥❝❡ ❡♥tr❡ ❧❡s ❞❡✉① s②stè♠❡s ét❛♥t ✉♥❡ ♣❡t✐t❡ ♣❡rt✉r❜❛t✐♦♥ q✉❛♥t✐✜é❡
♣❛r ✉♥ ♣❛r❛♠ètr❡✳ ▲❡s ❛♣♣r♦①✐♠❛t✐♦♥s s♦♥t ❝♦♥trô❧é❡s ♣❛r ✉♥ t❡r♠❡ ❞✬❡rr❡✉r ❞♦♥♥é✱ r❡❧❛t✐❢ à ❧❛
♣❡rt✉r❜❛t✐♦♥✳

✷✏✐❧ ② ❛ ♣❧❡✐♥ ❞❡ ♣❧❛❝❡ ❡♥ ❜❛s✑✱ ❘✳ ❋❡②♥♠❛♥✱ ❞✐s❝♦✉rs ❞❡✈❛♥t ❧❛ ❙♦❝✐été ❆♠ér✐❝❛✐♥❡ ❞❡ P❤②s✐q✉❡✱ ✶✾✺✾✳

✶✸
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▲❛ ré♣♦♥s❡ ♦♣t✐q✉❡

❈❡ tr❛✈❛✐❧ s✬✐♥tér❡ss❡ ❛✉ s♣❡❝tr❡ ♦♣t✐q✉❡ ❞✬✉♥❡ ❝❛té❣♦r✐❡ ♣❛rt✐❝✉❧✐èr❡ ❞❡ ♥❛♥♦✲♠❛tér✐❛✉①✱ ❛♣✲
♣❡❧és ♥❛♥♦t✉❜❡s ❞❡ ❝❛r❜♦♥❡✳ ▲❡s ♥❛♥♦t✉❜❡s ❞❡ ❝❛r❜♦♥❡ s♦♥t ❞❡ ❧♦♥❣ t✉❜❡s ❡①trè♠❡♠❡♥t ✜♥s
❝♦♠♣♦sés ❞✬❛t♦♠❡s ❞❡ ❝❛r❜♦♥❡✳ ■❧s s♦♥t ♣r♦❞✉✐ts à ♣❛rt✐r ❞❡ ❢❡✉✐❧❧❡s ❞❡ ❣r❛♣❤✐t❡✱ ❡t ❞✐✈❡rs ♣r♦❝é✲
❞és ♠é❝❛♥✐q✉❡s ❡t ❝❤✐♠✐q✉❡s ♣❡r♠❡tt❡♥t ❞❡ ❢❛✐r❡ s✬❡♥r♦✉❧❡r ❝❡s ❢❡✉✐❧❧❡s s✉r ❡❧❧❡s✲♠ê♠❡s✱ ❢♦r♠❛♥t
❛✐♥s✐ ❞❡s t✉❜❡s✳ ▲❡s ♣r♦♣r✐étés ❞❡s ♥❛♥♦t✉❜❡s ❞é♣❡♥❞❡♥t ❡ss❡♥t✐❡❧❧❡♠❡♥t ❞❡ ❞❡✉① ♣❛r❛♠ètr❡s✱
❧❡✉r r❛②♦♥ ❡t ❧❡✉r ❝❤✐r❛❧✐té✳ ❈❡tt❡ ❞❡r♥✐èr❡ ❡st ❧✬❛♥❣❧❡ s❡❧♦♥ ❧❡q✉❡❧ ❧❡ ♥❛♥♦t✉❜❡ s✬❡st ❡♥r♦✉❧é ♣❛r
r❛♣♣♦rt ❛✉ ♠❛✐❧❧❛❣❡ ❤❡①❛❣♦♥❛❧ ✐♥✐t✐❛❧✳ ❖♥ ♣♦✉rr❛ s❡ r❡♣♦rt❡r à ❬❙❉❉❪ ♣♦✉r ♣❧✉s ❞❡ ❞ét❛✐❧s✳

❉❡ ♣❛rt ❧❡✉r t❛✐❧❧❡ ❡t ❧❡✉r r❛②♦♥ ❡①trê♠❡♠❡♥t ♣❡t✐t✱ ❞❡ ❧✬♦r❞r❡ ❞✉ ♥❛♥♦♠ètr❡✱ ❧❡s ♥❛♥♦t✉❜❡s
s♦♥t ❞✐✣❝✐❧❡s à ❞✐s❝❡r♥❡r ❡t à ♠❛♥✐♣✉❧❡r✳ ▲❡s ♣❤②s✐❝✐❡♥s s✉❣❣èr❡♥t ❞✬✉t✐❧✐s❡r ❞❡s ♣r♦❝é❞és ♦♣✲
t✐q✉❡s ❛✜♥ ❞❡ ❧❡s r❡♣ér❡r ❡t ❞❡ ❧❡s tr✐❡r✳ P♦✉r ❝❡❧❛✱ ❧✬✉♥❡ ❞❡s t❡❝❤♥✐q✉❡s ❝♦✉r❛♠♠❡♥t ✉t✐❧✐sé❡ ♣❛r
❧❡s ❡①♣ér✐♠❡♥t❛t❡✉rs tr❛✈❛✐❧❧❛♥t ❡♥ ♦♣t✐q✉❡ ❧✐♥é❛✐r❡ ❡st ❞✬❡♥✈♦②❡r ✉♥❡ ❧✉♠✐èr❡ ♠♦♥♦❝❤r♦♠❛t✐q✉❡
❞❡ ❢❛✐❜❧❡ ✐♥t❡♥s✐té s✉r ❧❡ ♥❛♥♦t✉❜❡ ❡t ❞❡ ♠❡s✉r❡r ❧❛ ♣✉✐ss❛♥❝❡ ❧✉♠✐♥❡✉s❡ ❛❜s♦r❜é❡✱ ❡♥ ❢♦♥❝t✐♦♥
❞❡ ❧❛ ❢réq✉❡♥❝❡✳ ▲❛ ❝♦✉r❜❡ ❞é❝r✐✈❛♥t ❧❡ r❛♣♣♦rt ♣✉✐ss❛♥❝❡ ❛❜s♦r❜é❡ s✉r ♣✉✐ss❛♥❝❡ ❡♥✈♦②é❡✱ ❡♥
❢♦♥❝t✐♦♥ ❞❡ ❧❛ ❢réq✉❡♥❝❡✱ s✬❛♣♣❡❧❧❡ ❧❡ s♣❡❝tr❡ ♦♣t✐q✉❡✳ ❈❤❛q✉❡ ♥❛♥♦t✉❜❡ ♣♦ssè❞❡ ✉♥ s♣❡❝tr❡ ♦♣✲
t✐q✉❡ ♣❛rt✐❝✉❧✐❡r q✉✐ ❡st ❧✐é à s♦♥ r❛②♦♥ ❡t à s❛ ❝❤✐r❛❧✐té✱ ❝❡tt❡ t❡❝❤♥✐q✉❡ ❞❡ ♠❡s✉r❡ ❞❡ ❧❛ ré♣♦♥s❡
♦♣t✐q✉❡ ♣❡r♠❡t ❛✐♥s✐ ❞❡ ❧❡s ❞✐✛ér❡♥❝✐❡r✳ ❉❡s ❞♦♥♥é❡s ❡①♣ér✐♠❡♥t❛❧❡s ❞❡ ♣❧✉s ❡♥ ♣❧✉s ♣ré❝✐s❡s ♦♥t
été ♣✉❜❧✐é❡s ❝❡s ❞❡r♥✐èr❡s ❛♥♥é❡s✱ ♦♥ ♣❡✉t ❝✐t❡r ❬P❘▲✵✶❪✱ ❬❙❝✵✷❪✱ ❬P❘❇✵✺❪✱ ❬❙❝✵✺❪✳ ❊❧❧❡s ♦♥t ♠✐s
❡♥ é✈✐❞❡♥❝❡ ❞❡s ♣✐❝s ❞✬❛❜s♦r♣t✐♦♥ ❝❛r❛❝tér✐st✐q✉❡s à ❝❡rt❛✐♥❡s ❢réq✉❡♥❝❡s ♣ré❝✐s❡s q✉✐ ❞é♣❡♥❞❡♥t
❞✉ t②♣❡ ❞❡ ♥❛♥♦t✉❜❡✳

▲❡s ♣❤②s✐❝✐❡♥s✱ ✈♦✐r ❬❆▼❪✱ ❬▼❛❪✱ ❬❊❧❪✱ ❡①♣❧✐q✉❡♥t ❝❡s ♣✐❝s ♣❛r ❧✬❡①✐st❡♥❝❡ s✉r ❧❡ ♥❛♥♦t✉❜❡
❞✬❡①❝✐t♦♥s✱ ❞❡s q✉❛s✐✲♣❛rt✐❝✉❧❡s ❞♦♥t ❧✬✐♥✢✉❡♥❝❡ ❡st ❞ét❡❝t❛❜❧❡ ❡♥ ♣rés❡♥❝❡ ❞❡ ❢♦rt❡s ✐♥tér❛❝t✐♦♥s
❡♥tr❡ é❧❡❝tr♦♥s✳ ■❧s ❡st✐♠❡♥t q✉❡ ❧✬❡✛❡t ❞❡s ❡①❝✐t♦♥s✱ q✉✐ ❡st ♥é❣❧✐❣❡❛❜❧❡s ❞❛♥s ❞❡s str✉❝t✉r❡s
à ✸ ❞✐♠❡♥s✐♦♥s✱ ❡st ✐❝✐ r❡♥❢♦r❝é ♣❛r ❧❡ ❢❛✐t q✉❡ ❧❡s é❧❡❝tr♦♥s s♦♥t ❝♦♥✜♥és s✉r ❧❡ t✉❜❡✱ q✉✐ ❡st
✉♥ ❡s♣❛❝❡ q✉❛s✐✲✉♥✐❞✐♠❡♥s✐♦♥♥❡❧✳ ▲❛ ♣r✐s❡ ❡♥ ❝♦♠♣t❡ ❞❡ ❧❛ ♣❡t✐t❡ss❡ ❞✉ r❛②♦♥ ❞✉ ♥❛♥♦t✉❜❡✱
q✉✐ ❝❛r❛❝tér✐s❡ ❧❛ ♣r♦♣r✐été ❞✬✉♥✐❞✐♠❡♥s✐♦♥❛❧✐té✱ ❡st ❞♦♥❝ ❝r✉❝✐❛❧❡ ♣♦✉r ❧❛ ❝♦♠♣ré❤❡♥s✐♦♥ ❞✉
❝♦♠♣♦rt❡♠❡♥t ♦♣t✐q✉❡✳

▲✬ét✉❞❡ ❞✉ s♣❡❝tr❡ ❞✬❛❜s♦r♣t✐♦♥ ♦♣t✐q✉❡

▲✬♦❜❥❡t ❞❡ ❝❡tt❡ t❤ès❡ ❡st ❧✬ét✉❞❡ r✐❣♦✉r❡✉s❡ ❞✉ s♣❡❝tr❡ ❞✬❛❜s♦r♣t✐♦♥ ♦♣t✐q✉❡ ❞❡s ♥❛♥♦t✉❜❡s
s❡♠✐❝♦♥❞✉❝t❡✉rs ❡t ❞♦♥❝ ❞✉ ♣❤é♥♦♠è♥❡ ❞❡s ❡①❝✐t♦♥s✳ ❈❡ tr❛✈❛✐❧ ❡st r❡str❡✐♥t ❛✉ ❝❛❞r❡ ❞❡ ❧✬♦♣t✐q✉❡
❧✐♥é❛✐r❡ ❡t ❧❡ s♣❡❝tr❡ ❞✬❛❜s♦r♣t✐♦♥ ♦♣t✐q✉❡ ❡st ✐❝✐ ❞é✜♥✐ ❝♦♠♠❡ ❧❛ ré♣♦♥s❡ ❧✐♥é❛✐r❡ ❞✉ ♠❛tér✐❛✉
à ❧✬❡①❝✐t❛t✐♦♥ ❧✉♠✐♥❡✉s❡✳ ■❧ ❡st ❛✉ss✐ s♦✉s ❡♥t❡♥❞✉ ❞❛♥s t♦✉t ❝❡ q✉✐ ✈❛ s✉✐✈r❡ q✉❡ ❧❡ s♣❡❝tr❡
❞✬❛❜s♦r♣t✐♦♥ ♦♣t✐q✉❡ ❡st ❧❛ ré♣♦♥s❡ ❞✉ ♠❛tér✐❛✉ à ❜❛ss❡ t❡♠♣ér❛t✉r❡✳

❈❡rt❛✐♥❡s r❡❧❛t✐♦♥s ❡♥tr❡ ♠❛tér✐❛✉① ❡t s♣❡❝tr❡ ❞✬❛❜s♦r♣t✐♦♥ s♦♥t ❜✐❡♥ ❝♦♥♥✉❡s ❞❡s ♣❤②s✐❝✐❡♥s✳
▲✬ét✉❞❡ ❞✉ ♣r♦❜❧è♠❡ ❣é♥ér❛❧ ❞❡ ❧✬❛❜s♦r♣t✐♦♥ ❞❡ ❧❛ ❧✉♠✐èr❡ ♣❛r ❧❡s ❝r✐st❛✉① ❛ ❝♦♠♠❡♥❝é ❛✈❡❝
❋r❡♥❦❡❧ ❬❋r❪ ♣♦✉r ❝❡rt❛✐♥s t②♣❡s ❞❡ ❝r✐st❛✉①✱ ❛ été ❡♥s✉✐t❡ ét❡♥❞✉❡ ❛✈❡❝ ❙❧❛t❡r ❡t ❙❤♦❝❦❧❡② ❬❙❙❪
♣✉✐s ♣ré❝✐sé ♣❛r ❲❛♥♥✐❡r ❬❲❛❪ ❡t ❊❧❧✐♦t ❬❊❧❪ q✉✐ ❛rr✐✈❡♥t à ❧❛ ❝♦♥❝❧✉s✐♦♥ q✉❡ ❧❡s q✉❛s✐✲♣❛rt✐❝✉❧❡s
❛♣♣❡❧é❡s ❡①❝✐t♦♥s ❥♦✉❡♥t ✉♥ r♦❧❡ ✐♠♣♦rt❛♥t ❞❛♥s ❧✬❛❜s♦r♣t✐♦♥ ❞❡ ❧❛ ❧✉♠✐èr❡✳ ♦♥ ♣♦✉rr❛ ❛✉ss✐ s❡
ré❢ér❡r ❛✉ ❧✐✈r❡ ❞❡ ▼❛❤❛♥ ❬❆▼✱ ❝❤❛♣✳ ✽❪✳

❉❛♥s ❧❡ ❝❛s ♣ré❝✐s ❞❡s ♥❛♥♦t✉❜❡s✱ ♣❧✉s✐❡✉rs tr❛✈❛✉① ♣❤②s✐q✉❡s ♦♥t ❞é❥à tr❛✐té ❧❡ ♣r♦❜❧è♠❡
t❤é♦r✐q✉❡♠❡♥t ✿ ❬P❘❇✾✶❪✱ ❬❆✾✼❪✱ ❬P✶❪✱ ❬P✷❪ ♦✉ ❛✈❡❝ ❧✬❛✐❞❡ ❞✬♦r❞✐♥❛t❡✉rs ❡♥ ✉t✐❧✐s❛♥t ❞❡s ♠ét❤♦❞❡s
❞✐t❡s ❛❜ ✐♥✐t✐♦ ✿ ❬P❘❇✵✺❪✱ ❬P❘❇✵✺✲✷❪✱ ❡t ♦♥t ét❛❜❧✐ ❝❡rt❛✐♥s rés✉❧t❛ts✱ ❝♦♥✜r♠❛♥t ♣❛r ❡①❡♠♣❧❡ ❧❛
❣r❛♥❞❡ ✐♥✢✉❡♥❝❡ ❞✉ r❛②♦♥ ❞✉ t✉❜❡ s✉r ❧❛ ré♣♦♥s❡ ♦♣t✐q✉❡✳

▼❛✐s t♦✉s ❝❡s tr❛✈❛✉① ♦♥t ❞❡s ❧✐♠✐t❡s ♣❧✉s ♦✉ ♠♦✐♥s ❝❧❛✐r❡s✱ ❞❡s ❛♣♣r♦①✐♠❛t✐♦♥s ♣❧✉s ♦✉ ♠♦✐♥s
❜✐❡♥ ❥✉st✐✜é❡s q✉✐ ❞❡♠❛♥❞❡♥t à êtr❡ ❝❧❛r✐✜é❡s✳ ❆✉ss✐✱ ✐❧ ♥✬② ❛ ♣❛s ❞❡ r❡❧❛t✐♦♥ ♣ré❝✐s❡ ❞ét❡r♠✐♥❛♥t
❧❡ ♥❛♥♦t✉❜❡✱ ✐✳❡✳ ✉♥❡ ❝❤✐r❛❧✐té ❡t ✉♥ r❛②♦♥✱ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❝❡rt❛✐♥s ♣✐❝s ♦❜s❡r✈és ❞❛♥s ❧❡ s♣❡❝tr❡
❞✬❛❜s♦r♣t✐♦♥ ♠❡s✉ré✳ ❖♥ ✈❡✉t ✐❝✐ ❛❞♦♣t❡r ✉♥ ♣♦✐♥t ❞❡ ✈✉❡ ♠❛t❤é♠❛t✐q✉❡ ❡t ♣r♦❝é❞❡r à ✉♥❡



✶✺

❛♣♣r♦❝❤❡ r✐❣♦✉r❡✉s❡ ❞✉ ♣r♦❜❧è♠❡✳ ▲❡ ❜✉t ❡st ❞❡ ♣❛rt✐r ❞✬✉♥ ♠♦❞è❧❡ r❡♣rés❡♥t❛♥t ❧❡ ♣❧✉s ✜❞è❧❡♠❡♥t
♣♦ss✐❜❧❡ ✉♥ ♥❛♥♦t✉❜❡✱ ❞❡ ❥✉st✐✜❡r ❝❤❛q✉❡ ét❛♣❡✱ ❝❤❛q✉❡ ❛♣♣r♦①✐♠❛t✐♦♥✱ ❡t ❞✬♦❜t❡♥✐r à ❧❛ ✜♥ ❞❡
❧✬ét✉❞❡ ❞❡s rés✉❧t❛ts ❛♣♣r♦❝❤és ❛♥❛❧②t✐q✉❡s ❛✈❡❝ ✉♥ ❝♦♥trô❧❡ s✉r ❧✬❡rr❡✉r✳

▲❡s ét❛♣❡s

▲❡ ❝❤❛♣✐tr❡ ✶ ✐♥tr♦❞✉✐t ❧❡ ♠♦❞è❧❡ ♠❛t❤é♠❛t✐q✉❡ ❞é❝r✐✈❛♥t ❧❡ ♥❛♥♦t✉❜❡✳ ▲✬❡s♣❛❝❡ ❞❡s ❝♦♥✜❣✉✲
r❛t✐♦♥s ❡st ✉♥ t♦r❡ à ❧❛ s✉r❢❛❝❡ ❞✉q✉❡❧ ❡st ♣rés❡♥t ✉♥ ♣♦t❡♥t✐❡❧ ♣ér✐♦❞✐q✉❡ ❡t ✉♥ ❣r❛♥❞ ♥♦♠❜r❡
❞✬é❧❡❝tr♦♥s ✐♥tér❛❣✐ss❛♥t ❡♥tr❡ ❡✉① ✈✐❛ ✉♥ ♣♦t❡♥t✐❡❧ ❝♦✉❧♦♠❜✐❡♥✱ ❢❛✐❜❧❡✳ ■❧ ❡st ❡♥s✉✐t❡ ❡①♣❧✐q✉é
❝♦♠♠❡♥t ❧❡s ét❛ts ❞❡ ❜❛ss❡ é♥❡r❣✐❡ ❞❡ ❝❡ ♠♦❞è❧❡ ♣❡✉✈❡♥t êtr❡ ❛♣♣r♦①✐♠és ♣❛r ❧❡s ét❛ts ❞✬✉♥
♠♦❞è❧❡ ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧ ❛✈❡❝ ✉♥ ♣♦t❡♥t✐❡❧ ♣ér✐♦❞✐q✉❡ ❡t ✉♥ ♣♦t❡♥t✐❡❧ ❡✛❡❝t✐❢ ❡♥tr❡ ❧❡s é❧❡❝tr♦♥s✳
▲❡s ✐♥❢♦r♠❛t✐♦♥s s✉r ❧❡ ❜❛s ❞✉ s♣❡❝tr❡ s♦♥t ❧❡s ♣❧✉s ✐♠♣♦rt❛♥t❡s ❝❛r ❝❡ s♦♥t ❡❧❧❡s q✉✐ ♣❡r♠❡tt❡♥t
❞❡ ❞✐✛ér❡♥❝✐❡r ❧❡s ♥❛♥♦t✉❜❡s✳

▲❡ ❝❤❛♣✐tr❡ ✷ ❛♥❛❧②s❡ ❧✬❛❝t✐♦♥ ❞❡ ❧❛ ❧✉♠✐èr❡ s✉r ❧❡ ♥❛♥♦t✉❜❡✱ ♠❛✐♥t❡♥❛♥t ❞é❝r✐t ♣❛r ✉♥ ♠♦✲
❞è❧❡ ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧✳ ❈❡tt❡ ♣❡rt✉r❜❛t✐♦♥ ❡①tér✐❡✉r❡ ❡st ✉♥ ❝❤❛♠♣ é❧❡❝tr♦♠❛❣♥ét✐q✉❡ ❝❧❛ss✐q✉❡
✈❛r✐❛❜❧❡ ❞❛♥s ❧❡ t❡♠♣s ❡t ♣♦❧❛r✐sé ❞❛♥s ❧❛ ❞✐r❡❝t✐♦♥ ❞✉ t✉❜❡✱ ❡❧❧❡ ❡st tr❛✐té❡ ❡♥ ✉t✐❧✐s❛♥t ❧❛ t❤é♦r✐❡
❞❡ ❧❛ ré♣♦♥s❡ ❧✐♥é❛✐r❡✳ ▲❛ ♣❡rt✉r❜❛t✐♦♥ ❡st ❝❤♦✐s✐❡ ❢❛✐❜❧❡ ❡t ❛❧❧✉♠é❡ ❞❡ ♠❛♥✐èr❡ ❛❞✐❛❜❛t✐q✉❡✱ ❡❧❧❡
❡st ✈✉❡ ❝♦♠♠❡ ✉♥❡ ♣❡t✐t❡ ♣❡rt✉r❜❛t✐♦♥ ❞✉ s②stè♠❡✳ ❉❡s ♦✉t✐❧s ❞❡ ❧❛ ♣❤②s✐q✉❡ st❛t✐st✐q✉❡ s♦♥t
✉t✐❧✐sés ♣♦✉r r❡♥❞r❡ ❝♦♠♣t❡ ❞❡ ❧❛ ré❛❝t✐♦♥ ❞✉ ♥❛♥♦t✉❜❡ à ❧❛ ❧✉♠✐èr❡ ✿ ❧❛ ♠❛tr✐❝❡ ❞❡♥s✐té✱ s♦❧✉t✐♦♥
❞❡ ❧✬éq✉❛t✐♦♥ ❞❡ ▲✐♦✉✈✐❧❧❡✱ ❡st ✐♥tr♦❞✉✐t❡ ❡t ❡①♣r✐♠é❡ ♣❡rt✉r❜❛t✐✈❡♠❡♥t✳

▲❡ ❝❤❛♣✐tr❡ ✸ ❞♦♥♥❡ ❧✬❡①♣r❡ss✐♦♥ ❞✉ s♣❡❝tr❡ ❞✬❛❜s♦r♣t✐♦♥ ♦♣t✐q✉❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡s ét❛ts ♣r♦♣r❡s
❞✉ s②stè♠❡ ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧ ♣rés❡♥té ❛✉ ❝❤❛♣✐tr❡ ✶✱ s❛♥s ♣❡rt✉r❜❛t✐♦♥ ❧✉♠✐♥❡✉s❡✳ ❈♦♠♠❡ ❧❡
s♣❡❝tr❡ ❞✬❛❜s♦r♣t✐♦♥ ❡st ♣r♦♣♦rt✐♦♥♥❡❧ à ❧❛ ♣❛rt✐❡ ré❡❧❧❡ ❞❡ ❧❛ ❝♦♥❞✉❝t✐✈✐té✱ ❝❡tt❡ ❞❡r♥✐èr❡ ❣r❛♥❞❡✉r
❡st ❝❛❧❝✉❧é❡ ❡♥ ✉t✐❧✐s❛♥t ❧❛ ♠ê♠❡ ♠ét❤♦❞❡ q✉❡ ❑✉❜♦ ❬❑✉✺✼❪✳ ▲❡s ♣r♦♣r✐étés ❞❡ ❧❛ ♠❛tr✐❝❡ ❞❡♥s✐té
ét❛❜❧✐❡s ❛✉ ❝❤❛♣✐tr❡ ♣ré❝❡❞❡♥t s♦♥t ✉t✐❧✐sé❡s✳ ▲✬❡①♣r❡ss✐♦♥ ✜♥❛❧❡ ❡st ❞♦♥♥é❡ à ❝♦♥❞✐t✐♦♥ ❞❡ ❢❛✐r❡
❧❛ s✉♣♣♦s✐t✐♦♥ q✉❡ ❧❡s ♥❛♥♦t✉❜❡s s♦♥t à ❜❛ss❡ t❡♠♣ér❛t✉r❡✳

▲❡ ❝❤❛♣✐tr❡ ✹ ét✉❞✐❡ ❧❡s ét❛ts ♣r♦♣r❡s ❞✉ s②stè♠❡ ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧ ❞♦♥♥é ❛✉ ❝❤❛♣✐tr❡ ✶✳
▲✬❡s♣❛❝❡ ❞❡ ❋♦❝❦ ❡st ✐♥tr♦❞✉✐t ❛✜♥ ❞❡ t❡♥✐r ❝♦♠♣t❡ ❞✉ ❢❛✐t q✉❡ ❧❡s é❧❡❝tr♦♥s s♦♥t ❞❡s ❢❡r♠✐♦♥s ❡t
❞❡ ♣❡r♠❡ttr❡ ❞✬❡①♣r✐♠❡r ❧❡s ét❛ts q✉❛♥t✐q✉❡s ❞✉ ♠♦❞è❧❡ ❛✈❡❝ ❞❡s ❝♦♠❜✐♥❛✐s♦♥s ❞✬ét❛ts ❞✉ ♠♦❞è❧❡
♦ù ❧❡s é❧❡❝tr♦♥s ♥✬✐♥t❡r❛❣✐ss❡♥t ♣❛s ❡♥tr❡ ❡✉①✳ ◗✉❡❧q✉❡s s✉♣♣♦s✐t✐♦♥s ♣❤②s✐q✉❡s s♦♥t ✉t✐❧✐sé❡s ❡t
❧✬ét✉❞❡ ❡st ré❞✉✐t❡ ❛✉ ✏s♦✉s ❡s♣❛❝❡ ❞❡ ❧✬❡①❝✐t♦♥✑✱ q✉✐ ✈❛ ❞♦♥♥❡r ❧❛ ❝♦♥tr✐❜✉t✐♦♥ ❞❡ ❧✬❡①❝✐t♦♥ ❛✉
s♣❡❝tr❡ ❞✬❛❜s♦r♣t✐♦♥✳ ❯♥❡ ét✉❞❡ ♣❡rt✉r❜❛t✐✈❡ ❡st ❢❛✐t❡ ❞❛♥s ❧❛ ❧✐♠✐t❡ ❞❡ ❝♦✉♣❧❛❣❡ ❢❛✐❜❧❡ ❡♥tr❡
é❧❡❝tr♦♥s ❡t ❞❛♥s ❧❛ ❧✐♠✐t❡ ♦ù ❧❡ ♥♦♠❜r❡ ❞❡ ♣❛rt✐❝✉❧❡s✱ ♣r♦♣♦rt✐♦♥♥❡❧ à ❧❛ ❧♦♥❣✉❡✉r ❞✉ t✉❜❡✱ ❡st
❣r❛♥❞ ♠❛✐s ♣❛s ✐♥✜♥✐✳ ▲✬ét✉❞❡ s❡ ré❞✉✐t ❛❧♦rs à ❧✬♦❜t❡♥t✐♦♥ ❞❡s ét❛ts ♣r♦♣r❡s ❞✬✉♥ ❍❛♠✐❧t♦♥✐❡♥
❡✛❡❝t✐❢ ❛♣♣❡❧é Hexc✳

▲❡ ❝❤❛♣✐tr❡ ✺ ✉t✐❧✐s❡ ❧❡s rés✉❧t❛ts ❞❡s ❝❤❛♣✐tr❡s ✸ ❡t ✹ ♣♦✉r ❞♦♥♥❡r ❧❛ ❢♦r♠✉❧❡ ✜♥❛❧❡ ❞✉
s♣❡❝tr❡ ❞✬❛❜s♦r♣t✐♦♥✳ ❉❛♥s ❧❛ ❧✐♠✐t❡ ❞✉ ❝♦✉♣❧❛❣❡ ❢❛✐❜❧❡ ❡♥tr❡ é❧❡❝tr♦♥s✱ ❧❡s ét❛ts ♣r♦♣r❡s ❞❡
Hexc s♦♥t ❡①♣r✐♠és ❡♥ ❢♦♥❝t✐♦♥ ❞❡s ét❛ts ♣r♦♣r❡s ❞✬✉♥ ❍❛♠✐❧t♦♥✐❡♥ ❞é❝r✐✈❛♥t ❞❡✉① ♣❛rt✐❝✉❧❡s s✉r
❧❛ ❧✐❣♥❡ ✐♥t❡r❛❣✐ss❛♥t ✈✐❛ ✉♥ ♣♦t❡♥t✐❡❧ ❛ttr❛❝t✐❢ ❡①♣❧✐❝✐t❡✱ ❛✈❡❝ ❝❡♥tr❡ ❞❡ ♠❛ss❡ sé♣❛ré✱ ❡t ❛♣♣❡❧é
❍❛♠✐❧t♦♥✐❡♥ ❞❡ ❧✬❡①❝✐t♦♥✳ ▲❡ s♣❡❝tr❡ ❞✬❛❜s♦r♣t✐♦♥ ❡st é❝r✐t ❡♥ ❢♦♥❝t✐♦♥ ❞❡s ét❛ts ♣r♦♣r❡s ❞❡ ❝❡
❞❡r♥✐❡r ♦♣ér❛t❡✉r✱ ✉♥❡ ❡st✐♠❛t✐♦♥ ❞❡ ❧✬❡rr❡✉r ❞û ❛✉① ❛♣♣r♦①✐♠❛t✐♦♥s s✉❝❝❡ss✐✈❡s ❡st ❞♦♥♥é❡✳

▲❡ ❝❤❛♣✐tr❡ ✻ ❢❛✐t ❧❡ ❧✐❡♥ ❡♥tr❡ ❧❡ ❝❤❛♣✐tr❡ ♣ré❝é❞❡♥t ❡t ❧✬❛♣♣r♦❝❤❡ ❢❛✐t❡ ❞❛♥s ❧❛ ♣✉❜❧✐❝❛✲
t✐♦♥ ❬❈❉❘✷❪✳ ❉❛♥s ✉♥ ♣r❡♠✐❡r t❡♠♣s ✐❧ ♠♦♥tr❡ q✉✬✐❧ ② ❛ ✉♥❡ r❡❧❛t✐♦♥ ❡♥tr❡ ❧✬❍❛♠✐❧t♦♥✐❡♥ ❞❡
❧✬❡①❝✐t♦♥ ♦❜t❡♥✉ ✐❝✐ ❡t ❧❡ ♠♦❞è❧❡ ♣rés❡♥té ❞❛♥s ❬❈❉❘✷❪✳ ■❧ ❥✉st✐✜❡ ❞♦♥❝ ❧✬❛♣♣❧✐❝❛t✐♦♥ ❞❡s rés✉❧t❛ts
❞❡ ❝❡tt❡ ♣✉❜❧✐❝❛t✐♦♥ ❞❛♥s ❧❡ ❝❛❞r❡ ❞❡ ❧✬ét✉❞❡ ❞✉ s♣❡❝tr❡ ❞✬❛❜s♦r♣t✐♦♥ ♦♣t✐q✉❡✳ ❉❛♥s ✉♥ s❡❝♦♥❞
t❡♠♣s✱ ❧❛ ♣✉❜❧✐❝❛t✐♦♥ ❡st ✐♥❝❧✉s❡ ❞❛♥s ❧❡ ❝❤❛♣✐tr❡ ❡t ❡❧❧❡ ❞♦♥♥❡ ✉♥❡ r❡❧❛t✐♦♥ q✉❛s✐ ❛♥❛❧②t✐q✉❡
❡♥tr❡ ❧❡ r❛②♦♥ ❞✉ t✉❜❡ ❡t ❧❡s ét❛ts ♣r♦♣r❡s ❞❡ ❧✬❡①❝✐t♦♥✳ ❊❧❧❡ ♠♦♥tr❡ q✉❡ ❧✬é♥❡r❣✐❡ ❞❡ ❧✐❛✐s♦♥ ❞❡
❧✬❡①❝✐t♦♥ ❡st r❡♥❢♦r❝é❡ q✉❛♥❞ ❧❡ r❛②♦♥ ❞✉ t✉❜❡ ❞✐♠✐♥✉❡✳ ❊♥✜♥✱ ❧❡ tr❛✈❛✐❧ ♣✉❜❧✐é ❞❛♥s ❬❈P❘❪✱ q✉✐
❝♦♥s✐st❡ ❡♥ ✉♥❡ ét✉❞❡ ❝♦♠♣❛r❛t✐✈❡ ❡♥tr❡ ❧❡s rés✉❧t❛ts ❞❡ ❬❈❉❘✷❪ ❡t ✉♥❡ ❛♣♣r♦❝❤❡ ✈❛r✐❛t✐♦♥♥❡❧❧❡✱
❡st ♣rés❡♥té✳ ▲❡s ❞❡✉① ét✉❞❡s ♦❜t✐❡♥♥❡♥t ❞❡s rés✉❧t❛ts très ♣r♦❝❤❡s✳



✶✻ ■◆❚❘❖❉❯❈❚■❖◆

❊♥✜♥ ❧❡ ❝❤❛♣✐tr❡ ❞❡ ❝♦♥❝❧✉s✐♦♥ ❢❛✐t ❧❛ s②♥t❤ès❡ ❞❡s rés✉❧t❛ts ♦❜t❡♥✉s✱ ♠♦♥tr❡ ❞❛♥s q✉❡❧❧❡
❧✐♠✐t❡s ❝❡s rés✉❧t❛ts s♦♥t ✈❛❧❛❜❧❡s ❡t ❞♦♥♥❡ ❞❡s ♣✐st❡s ♣♦✉r ❧✬❡①t❡♥s✐♦♥ ❞❡ ❝❡ tr❛✈❛✐❧✳



❈❤❛♣✐tr❡ ✶

▼♦❞è❧❡ ♠❛t❤é♠❛t✐q✉❡

✶✳✶ ▼♦❞é❧✐s❛t✐♦♥ ❞✉ ♥❛♥♦t✉❜❡

❖♥ ❝♦♥s✐❞èr❡ ❧❡ ♥❛♥♦t✉❜❡ ❝♦♠♠❡ ét❛♥t ✉♥ ❝②❧✐♥❞r❡ ✜♥✐ ❞❡ r❛②♦♥ r ❡t ❞❡ ❧♦♥❣✉❡✉r L✳ ❆ ❧❛
s✉r❢❛❝❡ ❞❡ ❝❡ ❝②❧✐♥❞r❡✱ s❡ tr♦✉✈❡ ✉♥ rés❡❛✉ ❞✬❛t♦♠❡s ❞❡ ❝❛r❜♦♥❡s✱ ✜①❡s✱ ❛❣❡♥❝és ♣ér✐♦❞✐q✉❡♠❡♥t✳
❈❤❛q✉❡ ❛t♦♠❡ ❡st ❝♦♠♣♦sé ❞✬✉♥ ♥♦②❛✉ ❡t ❞❡ s✐① é❧❡❝tr♦♥s✳ ❖♥ ❢❡r❛ ❧✬❤②♣♦t❤ès❡ ✐❝✐ q✉❡ s❡✉❧ ✉♥
é❧❡❝tr♦♥ ♣♦✉rr❛ s❡ ❞é❧♦❝❛❧✐s❡r ❡t êtr❡ ✈✉ ❝♦♠♠❡ ✉♥❡ ♣❛rt✐❝✉❧❡ ✧❧✐❜r❡✧✱ ❧❡s ❞❡✉① é❧❡❝tr♦♥s ❞❡ ❝♦❡✉r
❞❡ ❧✬❛t♦♠❡ ❞❡ ❝❛r❜♦♥❡ r❡st❛♥t ❧♦❝❛❧✐sés ❛✉t♦✉r ❞✉ ♥♦②❛✉ ❡t ❧❡s tr♦✐s ❛✉tr❡s é❧❡❝tr♦♥s ♣❛rt✐❝✐♣❛♥t
❛✉① ❧✐❛✐s♦♥s ✐♥t❡r✲❛t♦♠✐q✉❡s✳ ❖♥ ♠♦❞é❧✐s❡ ❞♦♥❝ ❧❡ ♥❛♥♦t✉❜❡ ❝♦♠♠❡ ✉♥ s②stè♠❡ ❝♦♠♣♦sé ❞❡ N
é❧❡❝tr♦♥s ❧✐❜r❡s à ❧❛ s✉r❢❛❝❡ ❞✬✉♥ ❝②❧✐♥❞r❡✱ ❧❡sq✉❡❧s s♦♥t s♦✉♠✐s à ✉♥ ♣♦t❡♥t✐❡❧ ♣ér✐♦❞✐q✉❡ ❞û
❛✉ rés❡❛✉ ❝♦♠♣♦sé ❞❡s N ✐♦♥s✳ ❖♥ ❝❤♦✐s✐t ❞❡ s✉♣♣♦s❡r q✉❡ ❧❡ rés❡❛✉ ❡st ✜①❡✱ ❝✬❡st✲à✲❞✐r❡ q✉❡
❧❡s ❛t♦♠❡s s♦♥t ✐♠♠♦❜✐❧❡s ❡t ❞♦♥❝ q✉❡ ❧✬♦♥ s❡ ♣❧❛❝❡✱ ❞✉ ♣♦✐♥t ❞✉ ✈✉❡ ♣❤②s✐q✉❡✱ ❞❛♥s ❧✬❛♣♣r♦①✐✲
♠❛t✐♦♥ ❞❡ ❇♦r♥ ♦♣♣❡♥❤❡✐♠❡r ♦ù ❧✬♦♥ ♥é❣❧✐❣❡ ❧✬✐♥tér❛❝t✐♦♥ ❡♥tr❡ é❧❡❝tr♦♥s ❡t ♣❤♦♥♦♥s✳ ❈♦♠♠❡
✉s✉❡❧❧❡♠❡♥t ❡♥ ♣❤②s✐q✉❡✱ ♣♦✉r ❧❛ ♠♦❞é❧✐s❛t✐♦♥ ❡t ❧✬ét✉❞❡ ❞❡ s②stè♠❡s à rés❡❛✉① ♣ér✐♦❞✐q✉❡s✱ ♦♥
❝❤♦✐s✐t ❞❡s ❝♦♥❞✐t✐♦♥s ❛✉① ❜♦r❞s ♣ér✐♦❞✐q✉❡s ♣♦✉r ❧✬❍❛♠✐❧t♦♥✐❡♥ ❞é❝r✐✈❛♥t ❧❡ s②stè♠❡✳ ▲✬❡s♣❛❝❡
❞❡s ❝♦♥✜❣✉r❛t✐♦♥s s❡r❛ ❞♦♥❝ ✉♥ t♦r❡ ❞é♥♦té TL,r

TL,r :=
L

2π
S1 × rS1,

♦ù S1 ❡st ❧❡ ❝❡r❝❧❡ ❞❡ r❛②♦♥ ✉♥✐té✳ ❖♥ ❛♣♣❡❧❧❡ x ❡t y ❧❡s ❝♦♦r❞♦♥♥é❡s ❞✬✉♥ ♣♦✐♥t s✉r ❧❡ t✉❜❡ ❛✈❡❝
x ∈ Λ := [−L

2 ,
L
2 ) s✉✐✈❛♥t ❧✬❛①❡ ❞✉ ♥❛♥♦t✉❜❡ ❡t y ∈ [−πr, πr) s✉✐✈❛♥t ❧❛ ❝✐r❝♦♥❢ér❡♥❝❡✳ P❛r ❧❛

s✉✐t❡✱ ♦♥ ❛♣♣❡❧❧❡r❛ ❛✉ss✐ TL,r ❧✬❡♥s❡♠❜❧❡ Λ × [−πr, πr)✳

▲❡ rés❡❛✉ ♣ér✐♦❞✐q✉❡

▲❡ rés❡❛✉ ♣ér✐♦❞✐q✉❡ ❞✉ ♥❛♥♦t✉❜❡ ❞❡ ❝❛r❜♦♥❡ ♣❡✉t ♣r❡♥❞r❡ ♣❧✉s✐❡✉rs ❝♦♥✜❣✉r❛t✐♦♥s s♣❛t✐❛❧❡s
q✉❡ ❧❡s ♣❤②s✐❝✐❡♥s ❛♣♣❡❧❧❡♥t ✧❝❤✐r❛❧✐tés✧✳ ❈❡ ♣❛r❛♠ètr❡ ✐♥✢✉❡ s✉r ❧❡ ❝♦♠♣♦rt❡♠❡♥t ❞✉ ♥❛♥♦t✉❜❡

❋✐❣✳ ✶✳✶ ✕ ■♠❛❣❡ ✐❞é❛❧✐sé❡ ❞✬✉♥ ♥❛♥♦t✉❜❡ ❞❡ ❝❛r❜♦♥❡✳ ❙✉r ❝❤❛q✉❡ s♦♠♠❡t s❡ tr♦✉✈❡ ✉♥ ❛t♦♠❡ ❞❡
❝❛r❜♦♥❡✳ ▲❡s ❛rrêt❡s s②♠❜♦❧✐s❡♥t ❧❡s ❧✐❛✐s♦♥s ❡♥tr❡ ❛t♦♠❡s✳

✶✼
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b

a

❋✐❣✳ ✶✳✷ ✕ Pér✐♦❞✐❝✐té ❞✉ rés❡❛✉ ❛t♦♠✐q✉❡✳

❡t ❞♦✐t êtr❡ ♣r✐s ❡♥ ❝♦♠♣t❡✳ Pr❡♠✐èr❡♠❡♥t✱ ❧❛ ❝❤✐r❛❧✐té ❞ét❡r♠✐♥❡ s✐ ❧❡ ♥❛♥♦t✉❜❡ ❡st ❝♦♥❞✉❝t❡✉r ♦✉
s❡♠✐❝♦♥❞✉❝t❡✉r ❬❙❉❉❪ ❡t ♣♦✉r ❧❡s s❡♠✐❝♦♥❞✉❝t❡✉rs✱ ❧❛ ❧❛❝✉♥❡ ❡♥tr❡ ❜❛♥❞❡ ❞❡ ✈❛❧❡♥❝❡ ❡t ❜❛♥❞❡ ❞❡
❝♦♥❞✉❝t✐♦♥ ❞é♣❡♥❞ ❞❡ ❝❡ ♣❛r❛♠ètr❡✳ ❉❛♥s ❧❡ ♣rés❡♥t tr❛✈❛✐❧✱ ♦♥ s✉♣♣♦s❡r❛ q✉❡ ❧❛ ❝♦♥✜❣✉r❛t✐♦♥
❞✉ rés❡❛✉ ❡st t❡❧❧❡ q✉❡ ❧❡s ♥❛♥♦t✉❜❡s ét✉❞✐és s♦♥t s❡♠✐❝♦♥❞✉❝t❡✉rs✳ ❖♥ ♥✬✉t✐❧✐s❡r❛ q✉❡ ❞❡✉①
❤②♣♦t❤ès❡s s✉r ❧❡ ♣♦t❡♥t✐❡❧ ❞û ❛✉① ❛t♦♠❡s ✿ i) ❧❡ ♣♦t❡♥t✐❡❧ ❡st ♣ér✐♦❞✐q✉❡ ❡♥ x ❡t y ❡t ii) ❧❛ ❢♦♥❝t✐♦♥
❞é❝r✐✈❛♥t ❧❡ ♣♦t❡♥t✐❡❧ ❞♦✐t êtr❡ s✉✣s❛♠♠❡♥t ré❣✉❧✐èr❡✳ ❈❡tt❡ ❞❡r♥✐èr❡ s✉♣♣♦s✐t✐♦♥✱ ♠❛❧❣ré q✉✬❡❧❧❡
s♦✐t ❛ss❡③ r❡str✐❝t✐✈❡✱ ♣❡✉t êtr❡ ❥✉st✐✜é❡ ❡t ♥✬❡♠♣è❝❤❡ ♣❛s ❞✬♦❜t❡♥✐r ❞❡s rés✉❧t❛ts ❝♦❤ér❡♥ts ❛✈❡❝
❧❛ ♣❤②s✐q✉❡✱ ❆s❤❝r♦❢t ❡t ▼❡r♠✐♥ ❛✣r♠❡ s✉r ❝❡ ❝❤♦✐① ❬❆▼✱ ❈❤❛♣✳ ✾❪ ✿ ✏❚❤✐s ❛♣♣r♦❛❝❤ ♠✐❣❤t ♦♥❝❡
❤❛✈❡ ❜❡❡♥ r❡❣❛r❞❡❞ ❛s ❛♥ ✐♥str✉❝t✐✈❡ ❜✉t ❛❝❛❞❡♠✐❝ ❡①❡r❝✐❝❡✳ ❲❡ ❦♥♦✇ ♥♦✇ ❤♦✇❡✈❡r t❤❛t ✐♥ ♠❛♥②
❝❛s❡s t❤✐s ❛♣♣❛r❡♥t❧② ✉♥r❡❛❧✐st✐❝ ❛ss✉♠♣t✐♦♥ ❣✐✈❡s r❡s✉❧ts s✉r♣r✐s✐♥❣❧② ❝❧♦s❡ t♦ t❤❡ ♠❛r❦✳✑✳

❖♥ ♠♦❞é❧✐s❡ ❧❡ ♣♦t❡♥t✐❡❧ ♣❛r ❧❛ ❢♦♥❝t✐♦♥ Vat ∈ C∞(TL,r) ❡t ♦♥ ❞és✐❣♥❡ ♣❛r a ❡t b ❧❡s ♣ér✐♦❞❡s
❧♦♥❣✐t✉❞✐♥❛❧❡s ❡t tr❛♥s✈❡rs❛❧❡s r❡s♣❡❝t✐✈❡s ❞✉ rés❡❛✉ ❞✬❛t♦♠❡s✱ ❝❡ q✉✐ ❞♦♥♥❡ ♣♦✉r ❝❤❛q✉❡ x, y
✜①és Vat(x + a, y) = Vat(x, y) = Vat(x, y + b)✳ ■❧ ❢❛✉t ♥♦t❡r q✉❡ ❝❡s ♣ér✐♦❞❡s ♥❡ s♦♥t ♣❛s ❧❡s
♣ér✐♦❞❡s ♠✐♥✐♠❛❧❡s ❞✉ rés❡❛✉ ❡t ❧❡ r❡❝t❛♥❣❧❡ a × b ❝♦♥t✐❡♥t ❞❛♥s ❧❛ ♣❧✉♣❛rt ❞❡s ❝♦♥✜❣✉r❛t✐♦♥s
♣❧✉s ❞❡ ✹ ❛t♦♠❡s✳ ▲❡s ❣r❛♥❞❡✉rs L✱ N ✱ a ❡t b ❞é✜♥✐❡s ♣ré❝é❞❡♠♠❡♥t s♦♥t ❧✐é❡s ❝❛r ❧❛ ❧♦♥❣✉❡✉r
❞✉ t✉❜❡ ❛✐♥s✐ q✉❡ ❧❡ ♣ér✐♠ètr❡ s♦♥t ❞❡s ♠✉❧t✐♣❧❡s ❞✬✉♥ ♥♦♠❜r❡ ❡♥t✐❡r ❞✬❛t♦♠❡s✳ ❖♥ s✉♣♣♦s❡ q✉❡
❞❛♥s ❧❡ r❡❝t❛♥❣❧❡ ❞✬❛✐r❡ a× b ✐❧ ② ❛ n ❛t♦♠❡s✱ ❝♦♠♠❡ ✐❧❧✉stré s✉r ❧❛ ✜❣✉r❡ ✶✳✷✱ ♦♥ ❝❤♦✐s✐t N ♣❛✐r
❡t ♦♥ ♦❜t✐❡♥t ❧❛ r❡❧❛t✐♦♥ ✿

L

a
× r

b
× n = N ∈ 2N,

♦ù n ❡st ❛✉ss✐ ❧❡ ♥♦♠❜r❡ ❞✬é❧❡❝tr♦♥s ❞❛♥s a × b✳ ❊♥ ❝❤♦✐s✐ss❛♥t ❝❡tt❡ ❝♦♥✜❣✉r❛t✐♦♥✱ ♦♥ ❣❛r❞❡
t♦✉t❡s ❧❡s ✐♥❢♦r♠❛t✐♦♥s s✉r ❧❡ rés❡❛✉ ❡t ❞♦♥❝ s✉r ❧❛ ❝❤✐r❛❧✐té✳ ❈❡❝✐ ❡st ✐♠♣♦rt❛♥t ♣♦✉r ♣♦✉✈♦✐r
ét✉❞✐❡r s♦♥ ✐♥✢✉❡♥❝❡✳

❖♥ s✉♣♣♦s❡ q✉❡ ❝❡ ♣♦t❡♥t✐❡❧ ❡st ❛ttr❛❝t✐❢ ❡t ♦♥ ♥❡ ❞❡♠❛♥❞❡r❛ ♣❛s ❞✬❛✉tr❡s ♣ré❝✐s✐♦♥s s✉r Vat✱
♦♥ ♦❜t✐❡♥❞r❛ à ❧❛ ✜♥ ✉♥❡ ❡①♣r❡ss✐♦♥ ❞❡s rés✉❧t❛ts ❝♦♠♣r❡♥❛♥t ✉♥ t❡r♠❡ ❞é♣❡♥❞❛♥t ❞✉ ♣♦t❡♥t✐❡❧
❛t♦♠✐q✉❡✳ ❈♦♠♠❡ Vat ❡st ❧✐ss❡ ♦♥ ♣♦✉rr❛ ❜♦r♥❡r ❝❡ t❡r♠❡ ❡t ♠♦♥tr❡r q✉✬✐❧ ❛ ✉♥ ❡✛❡t ❧✐♠✐té s✉r
❧❡ s②stè♠❡ ✭s❛♥s t♦✉t❡❢♦✐s ♣♦✉✈♦✐r q✉❛♥t✐✜❡r ♣ré❝✐sé♠❡♥t s♦♥ ❛❝t✐♦♥✮✳

❍❛♠✐❧t♦♥✐❡♥ ❡t ♣❛r❛♠ètr❡s ♣❤②s✐q✉❡s

❖♥ s✉♣♣♦s❡ ❞✬❛❜♦r❞ q✉❡ ❧✬♦♥ ❛ ✉♥ s❡✉❧ é❧❡❝tr♦♥ s✉r ❧❡ t✉❜❡ ♦ù s♦♥t ♣rés❡♥ts N ✐♦♥s ❀ ♦♥ é❝r✐t
❧✬❡s♣❛❝❡ ❞❡s ét❛ts q✉❛♥t✐q✉❡s ♣♦✉r ✉♥ é❧❡❝tr♦♥ ❝♦♠♠❡ ét❛♥t ✿

Hc := L2(TL,r) ≃ L2(Λ) ⊗ L2(rS1), r > 0.

❉❛♥s t♦✉t❡ ❧✬ét✉❞❡ q✉✐ ✈❛ s✉✐✈r❡✱ ✐❧ ♥✬② ❛ ♣❛s ❞❡ t❡r♠❡ ❞❛♥s ❧✬❍❛♠✐❧t♦♥✐❡♥ ❝♦✉♣❧❛♥t ❧❡s ✈❛r✐❛❜❧❡s
❞✬❡s♣❛❝❡ ❛✉① ✈❛r✐❛❜❧❡s ❞❡ s♣✐♥✱ ❡t ♣❛r ❝♦♥séq✉❡♥t ✐❧ ♥✬❡st ❞♦♥❝ ♣❛s ✉t✐❧❡ ❞❡ ❧❡ ♣r❡♥❞r❡ ❡♥ ❝♦♠♣t❡✳
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❖♥ ✉t✐❧✐s❡r❛ ♣❧✉s t❛r❞ ❧❡ ❢❛✐t q✉❡ ❧❡s é❧❡❝tr♦♥s s♦♥t ❞❡s ❢❡r♠✐♦♥s✱ ❞♦♥❝ ❞❡ s♣✐♥ ❞❡♠✐✲❡♥t✐❡r✱ ♠❛✐s
❝❡ s❡r❛ ✉♥✐q✉❡♠❡♥t ❞❛♥s ❧❛ ♣❛rt✐❡ ♦✉ ❧✬♦♥ tr❛✈❛✐❧❧❡r❛ ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡ ❋♦❝❦✳ ❉❛♥s ❝❡ ❝♦♥t❡①t❡✱
❧✬❍❛♠✐❧t♦♥✐❡♥ ❞✬✉♥ é❧❡❝tr♦♥ s✉r ❧❡ t✉❜❡ s✬é❝r✐t ✿

H1 = − ~2

2me

∂2

∂x2
⊗ 1 + 1 ⊗− ~2

2me

∂2

∂y2
+ Vat(x, y) ✭✶✳✶✮

❛✈❡❝ me ❧❛ ♠❛ss❡ ❞❡ ❧✬é❧❡❝tr♦♥✳ ❖♥ r❛♣♣❡❧❧❡ q✉❡ Vat ❞é♣❡♥❞ ❞❡s ♣❛r❛♠ètr❡s ♣❤②s✐q✉❡s ε✱ ❧❛
♣❡r♠✐tt✐✈✐té ❞✉ ♥❛♥♦t✉❜❡✱ ❡t e✱ ❧❛ ❝❤❛r❣❡ ❞✬✉♥ é❧❡❝tr♦♥✱ ❞❡ ❧❛ ♠❛♥✐èr❡ s✉✐✈❛♥t❡ ✿

Vat(x, y) =
e2

ε
Ṽat(x, y)

♦ù Ṽp ❡st ✉♥❡ ❢♦♥❝t✐♦♥ ♥❡ ❞é♣❡♥❞❛♥t ♣❛s ❞❡ ❝♦♥st❛♥t❡s ♣❤②s✐q✉❡s✳ ■❧ ❡♥ s❡r❛ ❞❡ ♠ê♠❡ ♣♦✉r ❧❡
♣♦t❡♥t✐❡❧ ❞✬✐♥t❡r❛❝t✐♦♥ ❡♥tr❡ é❧❡❝tr♦♥s q✉❡ ❧✬♦♥ ✐♥tr♦❞✉✐r❛ ❞❛♥s ❧❛ ♣r♦❝❤❛✐♥❡ s❡❝t✐♦♥✳ ❖♥ ❡✛❡❝t✉❡
❧❡ ❝❤❛♥❣❡♠❡♥t ❞❡ ✈❛r✐❛❜❧❡s x̃ = x/a0✱ ỹ = y/a0 ♦ù

a0 =
~2ε

mee2
,

❡t ♦♥ ❡①♣r✐♠❡r❛ ❧✬é♥❡r❣✐❡ ❡♥ ♠✉❧t✐♣❧❡ ❞❡ ❧❛ ❝♦♥st❛♥t❡ ❞❡ ❘②❞❜❡r❣ ❡✛❡❝t✐✈❡ ❞✉ ♠❛tér✐❛✉ Ry ✿

Ry =
~2

2mea0
.

❆✐♥s✐ ❧❡s ❝♦♥st❛♥t❡s ♣❤②s✐q✉❡s ♥✬❛♣♣❛r❛îtr♦♥t ♣❧✉s ❡①♣❧✐❝✐t❡♠❡♥t ❞❛♥s ❧✬❍❛♠✐❧t♦♥✐❡♥✳
❊♥ ♣r✐♥❝✐♣❡ ε ❞❡✈r❛✐t ❞é♣❡♥❞r❡ ❞✉ ♥❛♥♦t✉❜❡✱ ♠❛✐s ❞✬❛♣rès ❬P✶❪ ♦♥ ♣❡✉t s✉♣♣♦s❡r s❛ ✈❛❧❡✉r

✜①❡✳

▲✬✐♥t❡r❛❝t✐♦♥ ❡♥tr❡ é❧❡❝tr♦♥s

▲❡ ❜✉t ❞❡ ❝❡ tr❛✈❛✐❧ ét❛♥t ❞✬ét✉❞✐❡r ❝❡rt❛✐♥❡s ♣r♦♣r✐étés ♦♣t✐q✉❡s ❞❡s ♥❛♥♦t✉❜❡s ❞é♣❡♥❞❛♥t❡s
❢♦rt❡♠❡♥t ❞❡s ✐♥t❡r❛❝t✐♦♥s ❡♥tr❡ é❧❡❝tr♦♥s✱ ♦♥ ✈❛ ❞♦♥❝ ✐♥tr♦❞✉✐r❡ ❞❛♥s ❧✬❍❛♠✐❧t♦♥✐❡♥ ✉♥ ♣♦t❡♥t✐❡❧
❞é❝r✐✈❛♥t ❝❡ ❝♦✉♣❧❛❣❡✳ ❖♥ ❝❤♦✐s✐t ♥❛t✉r❡❧❧❡♠❡♥t ❧❡ ♣♦t❡♥t✐❡❧ ❞❡ ❈♦✉❧♦♠❜✱ ✐♥✈❡rsé♠❡♥t ♣r♦♣♦r✲
t✐♦♥♥❡❧ à ❧❛ ❞✐st❛♥❝❡ ❞❛♥s R3✱ ❡♥tr❡ ❧❡s ❞❡✉① ♣❛rt✐❝✉❧❡s✳ ▲❛ ❢♦r♠❡ ❡①♣❧✐❝✐t❡ ❞❡ ❝❡tt❡ ❞✐st❛♥❝❡
❡①♣r✐♠é❡ ❞❛♥s ❧❡s ❝♦♦r❞♦♥♥é❡s ❞✉ t♦r❡ ❡st ❛ss❡③ ❞é❧✐❝❛t❡ à ♠❛♥✐♣✉❧❡r ❡t ♥♦✉s ♥✬❛❧❧♦♥s ♣❛s ❧✬✉t✐❧✐✲
s❡r✳ ❖♥ ♣r❡♥❞r❛ ♣❧✉tôt ❧❡ ♣♦t❡♥t✐❡❧ ❞❡ ❈♦✉❧♦♠❜ ✧♣ér✐♦❞✐sé✧ q✉✬✉t✐❧✐s❡♥t ❧❡s ♣❤②s✐❝✐❡♥s q✉❛♥❞ ✐❧s
tr❛✈❛✐❧❧❡♥t ❞❛♥s ✉♥❡ ❜♦✐t❡ ✜♥✐❡✱ ❛✈❡❝ ❝♦♥❞✐t✐♦♥s ♣ér✐♦❞✐q✉❡s ❛✉① ❜♦r❞s✳

❖♥ ❞é♥♦t❡ ♣❛r ❧❡ ❝♦✉♣❧❡ (x, y)✱ x ∈ R✱ y ∈ [−πr, πr)✱ ❧❡s ❝♦♦r❞♦♥♥é❡s ❞✬✉♥ ♣♦✐♥t s✉r ❧❡
❝②❧✐♥❞r❡ ✐♥✜♥✐ ❞❡ r❛②♦♥ r✳ ❈❡t ❡s♣❛❝❡ ❡st ❛♣♣r♦❝❤é ♣❛r ❧❡ t♦r❡ q✉❛♥❞ L t❡♥❞ ✈❡rs ❧✬✐♥✜♥✐✳ ❖♥
✐♥tr♦❞✉✐t ❧❛ ❞✐st❛♥❝❡ d12 ❡♥tr❡ ❞❡✉① ♣❛rt✐❝✉❧❡s é✈♦❧✉❛♥t à ❧❛ s✉r❢❛❝❡ ❞✉ ❝②❧✐♥❞r❡✱ ❞❡ ❝♦♦r❞♦♥♥é❡s
(x1, y1) ❡t (x2, y2) ✿

d12 := d12(x1 − x2, y1 − y2) :=

√
(x1 − x2)2 + 4r2 sin2 y1 − y2

2r
.

❖♥ ❥✉st✐✜❡ ❝❡tt❡ ❡①♣r❡ss✐♦♥ ♣❛r ❧❡ t❤é♦rè♠❡ ❞❡ P②t❤❛❣♦r❡✱ ❡♥ ♣ré❝✐s❛♥t q✉❡ |2r sin
(y1−y2

2r

)
| ❡st

❧❛ ❧♦♥❣✉❡✉r ❞❡ ❧❛ ❝♦r❞❡ ❥♦✐❣♥❛♥t ❞❡✉① ♣♦✐♥ts ❞❡ ❝♦♦r❞♦♥♥é❡s y1 ❡t y2 s✉r ❧❡ ❝❡r❝❧❡ ❞❡ r❛②♦♥ r✳ ❖♥
❞é✜♥✐t ❧❛ ❢♦♥❝t✐♦♥

V r
c (x, y) :=

λ√
x2 + 4r2 sin2 y

2r

x ∈ R, y ∈ (−πr, πr)

❛✈❡❝ λ > 0✳ ❧✬❡①♣r❡ss✐♦♥ ❝✐✲❞❡ss✉s ❛✈❡❝ λ = 1 ❡st ❧❡ ♣♦t❡♥t✐❡❧ ❞❡ ❈♦✉❧♦♠❜ s✉r ❧❡ ❝②❧✐♥❞r❡ ✐♥✜♥✐✳ ✐❧
❡st ✉t✐❧✐sé ♣❛r ❧❡s ♣❤②s✐❝✐❡♥s✱ ✈♦✐r ❬P✶❪✱ ❬P✷❪✱ ❬❑❈▼❪ ❡t é❣❛❧❡♠❡♥t ❞❛♥s ❞✐✈❡rs tr❛✈❛✉① ét✉❞✐❛♥ts
❧❡s ♥❛♥♦t✉❜❡s ❞❡ ❝❛r❜♦♥❡s✱ ❬❈❉P❪✱ ❬❈❉❘✷❪✳
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❖♥ ✈❛ ❝❤♦✐s✐r ❞❛♥s ❝❡tt❡ ét✉❞❡ ❞❡ ♥❡ tr❛✐t❡r q✉❡ ❧❡ ❝❛s ❞❡s ❢❛✐❜❧❡s ✐♥t❡r❛❝t✐♦♥s ❡♥tr❡ é❧❡❝tr♦♥s✱
❝❡ q✉✐ ❡①♣❧✐q✉❡ ❧❛ ♣rés❡♥❝❡ ❞✉ ♣❛r❛♠ètr❡ λ✱ q✉❡ ❧✬♦♥ ♣r❡♥❞r❛ ♣❡t✐t✳ ❈❡ ♣♦✐♥t ❞❡ ✈✉❡ ♣❡rt✉r❜❛t✐❢
❛ été ❡①❛♠✐♥é ♣❛r ❞❡ ♥♦♠❜r❡✉① ♣❤②s✐❝✐❡♥s✱ q✉✐ ♦♥t ❞é❥à ♠♦♥tré q✉❡ ❝❡ ❝❤♦✐① ❝♦♥❞✉✐t ❜✐❡♥ à ❢❛✐r❡
❛♣♣❛r❛îtr❡ ❧❡s q✉❛s✐✲♣❛rt✐❝✉❧❡s ❛♣♣❡❧é❡s ❡①❝✐t♦♥s ❞❡ ❲❛♥♥✐❡r ❬❲❛❪✱ ❬▼❛✱ ✽✳✷❪ ❡t à ♦❜s❡r✈❡r ✉♥❡
♠♦❞✐✜❝❛t✐♦♥ ❞✉ s♣❡❝tr❡ ❞✬❛❜s♦r♣t✐♦♥ ♦♣t✐q✉❡ ❬❊❧❪✳

P♦✉r ❞é✜♥✐r ❝❡tt❡ ✐♥t❡r❛❝t✐♦♥ ❡♥tr❡ é❧❡❝tr♦♥s s✉r ❧❡ t♦r❡ ♦♥ ♣ér✐♦❞✐s❡ V r
c ✱ ❛✈❡❝ ♣ér✐♦❞❡ L✱ ❡t

❛✈❡❝ ❧❡ s♦✉❝✐s ❞❡ ❢❛✐r❡ ❝♦♥✈❡r❣❡r ✭❞❛♥s ✉♥ ❝❡rt❛✐♥ s❡♥s ♣ré❝✐sé ♣❧✉s t❛r❞✮ ❝❡ ♥♦✉✈❡❛✉ ♣♦t❡♥t✐❡❧
q✉❛♥❞ L t❡♥❞ ✈❡rs ❧✬✐♥✜♥✐✱ ✈❡rs ❧❡ ♣♦t❡♥t✐❡❧ V r

c ✳ ■❧ ❢❛✉t r❡♠❛rq✉❡r q✉❡ ❞❛♥s ❝❡tt❡ ét✉❞❡✱ ❧❡s rés✉❧t❛ts
♣❡rt✐♥❡♥ts s❡r♦♥t ♦❜t❡♥✉s ♣♦✉r L très ❣r❛♥❞✳ ▲❛ ❢♦♥❝t✐♦♥ V r

c ❛♣♣❛rt✐❡♥t à L1
loc(R× rS1) ❡t ❡st ❞❡

❝❛rré s♦♠♠❛❜❧❡ à ❧✬✐♥✜♥✐✱ ✈♦✐r ❧✬❛♥♥❡①❡ ❆✳✶ ♣♦✉r s❡s ♣r♦♣r✐étés✳ ▲❛ ❢♦♥❝t✐♦♥ s✉r R ✿ x 7→ V r
c (x, y)

♥✬❡st ♣❛s ✉♥❡ ❢♦♥❝t✐♦♥ L1
loc(R) ♣♦✉r y = 0✱ ♠❛✐s s❛ tr❛♥s❢♦r♠é❡ ❞❡ ❋♦✉r✐❡r✱ ♥♦té❡ V̂ r

c ✱ ❡①✐st❡ ♣♦✉r
t♦✉t y 6= 0 ✜①é✱ ❡t ♣♦ssè❞❡ ❧✬❡①♣r❡ss✐♦♥ ❡①♣❧✐❝✐t❡ s✉✐✈❛♥t❡

(V̂ r
c )(p, y) =

1√
2π

∫

R

e−ipxV r
c (x, y)dx =

√
2

π
K0(|2pr sin(y/2)|)

♦ù K0 ❡st ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ❇❡ss❡❧ ♠♦❞✐✜é❡ ❞❡ ❞❡✉①✐è♠❡ ❡s♣è❝❡✱ ✈♦✐r ❬❆❙✱ ✾✳✻❪✳ ❈❡tt❡ ❢♦♥❝t✐♦♥ ❡st
❝♦♥t✐♥✉❡ s✉r R\ {0}✱ s✐♥❣✉❧✐èr❡ à ❧✬♦r✐❣✐♥❡ ♦ù ❡❧❧❡ ❞✐✈❡r❣❡ ❝♦♠♠❡ ✉♥ ❧♦❣❛r✐t❤♠❡✳ ❆ ❧✬✐♥✜♥✐ ❡❧❧❡ s❡
❝♦♠♣♦rt❡ ❝♦♠♠❡ ✉♥❡ ❡①♣♦♥❡♥t✐❡❧❧❡ ❞é❝r♦✐ss❛♥t❡✳ ▲❛ q✉❛♥t✐té s✉✐✈❛♥t❡

1√
2π

∑

m∈Z∗

ei
2mπx

L V̂ r
c (

2mπ

L
, y) · 2π

L
. ✭✶✳✷✮

❡st ❞♦♥❝ ❜✐❡♥ ❞é✜♥✐❡ ♣♦✉r y 6= 0 ❡t ❡st ♣ér✐♦❞✐q✉❡ ❡♥ x ❞❡ ♣ér✐♦❞❡ L✳ P♦✉r ❝♦♠♣r❡♥❞r❡ ❧❡
❝♦♠♣♦rt❡♠❡♥t ❞❡ ❝❡tt❡ ❢♦♥❝t✐♦♥ q✉❛♥❞ y t❡♥❞ ✈❡rs ③ér♦ ✐❧ ❡st ♥é❝❡ss❛✐r❡ ❞❡ ❢❛✐r❡ ✉♥❡ ♣❡t✐t❡
❛♥❛❧②s❡ ❞ét❛✐❧❧é❡✱ ✈♦✐r ❧✬❛♥♥❡①❡ ❆✳✷✳ ❈✬❡st ❡♥ ❢❛✐t ❧❡ ♠♦❞❡ m = 0 ❞❡ ❧❛ tr❛♥s❢♦r♠é❡ ❞❡ ❋♦✉r✐❡r
✐♥✈❡rs❡ q✉✐ ♣♦s❡ ♣r♦❜❧è♠❡ ❝❛r V r

c ♥✬❡st ♣❛s ✐♥té❣r❛❜❧❡ s✉r R✳ ❙✐ ♦♥ ❞é❝✐❞❡ ❞❡ ❧✬♦♠❡ttr❡✱ ✐❧ ❛♣♣❛r❛ît
✉♥❡ ❞✐✈❡r❣❡♥❝❡ q✉❛♥❞ y t❡♥❞ ✈❡rs ③ér♦ ♣♦✉r t♦✉t x✳ ❖♥ ✈❛ ❞♦♥❝ ♣r♦♣♦s❡r ❞❡ ❢❛✐r❡ ✉♥ ❝♦♠♣r♦♠✐s
❡♥ ❛❥♦✉t❛♥t à ❧❛ q✉❛♥t✐té ♣ré❝é❞❡♥t❡ ✉♥ ♠♦r❝❡❛✉ ❞✉ ♠♦❞❡ m = 0 ✿

∫ L
2

−L
2

V r
c (x′, y)dx′

1

L

q✉✐ ✈❛ ♣❡r♠❡ttr❡ ❞❡ ♥✬❛✈♦✐r q✉✬✉♥❡ s❡✉❧❡ s✐♥❣✉❧❛r✐té ❡♥ x = y = 0✳ ▲❡ ♣♦t❡♥t✐❡❧ ♣ér✐♦❞✐sé V r,L
c

❡st ❞♦♥❝ ❞é✜♥✐ ❝♦♠♠❡ s✉✐t ✿

V r,L
c (x, y) :=

1√
2π

∑

m∈Z∗

ei
2mπx

L V̂ r
c (

2mπ

L
, y) · 2π

L
+

∫ L
2

−L
2

V r
c (x′, y)dx′

1

L

=
1

L

∑

m∈Z

ei
2mπx

L

∫ L
2

−L
2

e−ipx′
V r

c (x′, y)dx′ +
1

L

∑

m∈Z∗

ei
2mπx

L

∫

|x′|≥L
2

e−ipx′
V r

c (x′, y)dx′

✭✶✳✸✮

❈✬❡st ✉♥❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❞✉ ♣♦t❡♥t✐❡❧ ❞❡ ❈♦✉❧♦♠❜ s✉r ❧❡ ❝②❧✐♥❞r❡ ❝❛r ✐❧ ❝♦♥✈❡r❣❡ ❛✉ ♠♦✐♥s ♣♦✐♥t
♣❛r ♣♦✐♥t ✈❡rs V r

c q✉❛♥❞ L ❡st ❣r❛♥❞✳ ▲❡s ♣r♦♣r✐étés ❞❡ V r,L
c ❛✐♥s✐ q✉✬✉♥❡ ❝♦♠♣❛r❛✐s♦♥ ❛✈❡❝ V r

c

s♦♥t ♠♦♥tré❡s ❞❛♥s ❧❡s ❛♥♥❡①❡s ❆✳✸ ❡t ❆✳✷✳ ■❧ ❡st ✐♠♣♦rt❛♥t ❞❡ ♥♦t❡r q✉❡ V r,L
c ❡st ♣♦s✐t✐❢✱ ❝❡ q✉✐

❡st ♠♦♥tré ❡♥ ❛♥♥❡①❡✳
❯♥ ❛✉tr❡ ❝❤♦✐① ♣♦✉r ❧❡ ♣♦t❡♥t✐❡❧ ❞✬✐♥t❡r❛❝t✐♦♥ s✉r ❧❡ ❝②❧✐♥❞r❡ ♣❡✉t êtr❡ ❧❡ ♣♦t❡♥t✐❡❧ é❝r❛♥té

❛♣♣❡❧é ❛✉ss✐ ♣♦t❡♥t✐❡❧ ❞❡ ❨✉❦❛✇❛ à ❝♦✉rt❡ ♣♦rté❡ ✿

VY (x, y) :=
λe−k

√
x2+4r2 sin2 y

2r√
x2 + 4r2 sin2 y

2r

.
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❆ ♣r❡♠✐èr❡ ✈✉❡✱ ❝❡❧✉✐✲❝✐ ❡st ✐♥tér❡ss❛♥t ❝❛r ♦♥ ♣❡✉t ❜✐❡♥ ❞é✜♥✐r s❛ tr❛♥s❢♦r♠é❡ ❞❡ ❋♦✉r✐❡r✳
▼❛✐s ❧❡s ♣❤②s✐❝✐❡♥s s✉❣❣èr❡♥t q✉❡ ❧❡ ♣❤é♥♦♠è♥❡ ❞✬é❝r❛♥t❛❣❡ ❡st ❜❡❛✉❝♦✉♣ ♠♦✐♥s ❢♦rt ❡♥ ✉♥❡
❞✐♠❡♥s✐♦♥✱ ❡t ❞❡ ♥♦♠❜r❡✉s❡s ét✉❞❡s s✉r ❧❡s ♥❛♥♦t✉❜❡s ✉t✐❧✐s❡♥t ✉♥ ♣♦t❡♥t✐❡❧ ❞❡ ❈♦✉❧♦♠❜ ♥♦♥
é❝r❛♥té ❬❆✾✼❪✱ ❬❑❈▼❪✱ ❬P✶❪✳ ❖♥ ♣ré❢èr❡r❛ ❞♦♥❝ ✐❝✐ ❧❛ ❞é✜♥✐t✐♦♥ ✭✶✳✸✮ ♣♦✉r ❧❡ ♣♦t❡♥t✐❡❧✳

■❧ ❢❛✉t r❡♠❛rq✉❡r q✉❡ ❞❛♥s ❝❡tt❡ ét✉❞❡✱ ❛✈❡❝ ❝❡ ❝❤♦✐① ❞❡ V r,L
c ✱ ♦♥ ét✉❞✐❡r❛ ❧❡ ♠♦❞è❧❡ à ❣r❛♥❞

♥♦♠❜r❡ ❞❡ ♣❛rt✐❝✉❧❡s ♠❛✐s ♦♥ ♥❡ ♣♦✉rr❛ ♣❛s ❢❛✐r❡ ❧❛ ❧✐♠✐t❡ t❤❡r♠♦❞②♥❛♠✐q✉❡ ❝✬❡st à ❞✐r❡ ❢❛✐r❡
t❡♥❞r❡ N ✈❡rs ❧✬✐♥✜♥✐ ❝❛r ♦♥ ♥❡ ♣❡✉t ♣❛s s♦♠♠❡r ✉♥❡ ✐♥✜♥✐té ❞❡ ♣♦t❡♥t✐❡❧s ❞❡ ❈♦✉❧♦♠❜✳

▲✬❍❛♠✐❧t♦♥✐❡♥ à N é❧❡❝tr♦♥s

❖♥ ✈❛ ♠❛✐♥t❡♥❛♥t é❝r✐r❡ ❧✬❍❛♠✐❧t♦♥✐❡♥ ❛ss♦❝✐é ❛✉ s②stè♠❡ à N é❧❡❝tr♦♥s✳ ❈❡t ❤❛♠✐❧t♦♥✐❡♥ ❡st
❞é✜♥✐ ❢♦r♠❡❧❧❡♠❡♥t ❞❛♥s HN

c := Hc ⊗Hc ⊗ · · · ⊗ Hc ♣❛r

Hc :=

N∑

j=1

(−1

2

∂2

∂x2
j

− 1

2

∂2

∂y2
j

+ Vat(xj , yj)) +
1

2

N∑

j 6=k=1

V r,L
c (xj − xk, yj − yk).

❖♥ r❡♠❛rq✉❡r❛ q✉❡ ❝❡t ❍❛♠✐❧t♦♥✐❡♥ ♥❡ t✐❡♥t ♣❛s ❝♦♠♣t❡ ❞✉ s♣✐♥ ❞❡s é❧❡❝tr♦♥s✳ ❊♥ ❡✛❡t✱ ♦♥ ♥é❣❧✐❣❡
❞❛♥s ❝❡tt❡ ét✉❞❡ t♦✉t❡ ✐♥t❡r❛❝t✐♦♥ ❛✈❡❝ ❧❡ s♣✐♥✱ ♥♦t❛♠♠❡♥t ❧❡ ❝♦✉♣❧❛❣❡ s♣✐♥✲♦r❜✐t❡✱ ✐❧ ♥✬❡st ❞♦♥❝
♣❛s ✉t✐❧❡ ❞✬✐♥❝❧✉r❡ ❧❡ s♣✐♥ ❞❛♥s ❧✬❍❛♠✐❧t♦♥✐❡♥✳ P❧✉s t❛r❞ ❞❛♥s ❧✬ét✉❞❡ ♦♥ t✐❡♥❞r❛ ❝♦♠♣t❡ ❞✉ ❢❛✐t q✉❡
❧❡s é❧❡❝tr♦♥s s♦♥t ❞❡s ❢❡r♠✐♦♥s✱ ❡t ♦♥ s❡ ♣❧❛❝❡r❛ ❞❛♥s ✉♥ s♦✉s✲❡s♣❛❝❡ ✏❛♥t✐s②♠❡tr✐q✉❡✑ ♣❡r♠❡tt❛♥t
❞❡ tr❛✐t❡r ✉♥ ❍❛♠✐❧t♦♥✐❡♥ s❛♥s ❝♦♠♣♦s❛♥t❡ ❞❡ s♣✐♥✱ t♦✉t ❡♥ ♣r❡♥❛♥t ❡♥ ❝♦♠♣t❡ ❧❛ s♣é❝✐✜❝✐té ❞❡s
é❧❡❝tr♦♥s ❞û à ❧❡✉r s♣✐♥ ❞❡♠✐✲❡♥t✐❡r✳

❈♦♠♠❡ ♦♥ ❧✬❛ ✈✉ ❞❛♥s ❧❛ s❡❝t✐♦♥ ♣ré❝é❞❡♥t❡✱ ❧❡ ♣♦t❡♥t✐❡❧ V r,L
c ❡st s✐♥❣✉❧✐❡r à ❧✬♦r✐❣✐♥❡✱ ♥♦✲

t❛♠♠❡♥t ✐❧ ♥✬❡st ♣❛s L2✳ ❖♥ ✈❛ ✈♦✐r q✉❡ ❧✬♦♥ ♣❡✉t ❞é✜♥✐r Hc ❝♦♠♠❡ ✉♥ ♦♣ér❛t❡✉r ❛✉t♦❛❞❥♦✐♥t
❛ss♦❝✐é à ✉♥❡ ❢♦r♠❡ q✉❛❞r❛t✐q✉❡✳ ❙♦✐t tv ❧❛ ❢♦r♠❡ q✉❛❞r❛t✐q✉❡ ❞❡ ❞♦♠❛✐♥❡

D(tv) :=



ψ ∈ L2(T N

L,r),

N∑

j 6=k=1

∫

T N
L,r

V r,L
c (xj − xk, yj − yk)|ψ(x, y)|2dxdy <∞



 ,

❛✈❡❝ x := (x1, x2, · · · , xN ) ❡t ❞❡ ♠ê♠❡ ♣♦✉r y✱ ❡t ❛❣✐ss❛♥t ❝♦♠♠❡ s✉✐t ✿

tv(ψ,ψ) :=
1

2

N∑

j 6=k=1

∫

T N
L,r

V r,L
c (xj − xk, yj − yk)|ψ(x, y)|2dxdy,

❝✬❡st ✉♥❡ ❢♦r♠❡ ♣♦s✐t✐✈❡ ❝❛r V r,L
c ❡st ♣♦s✐t✐✈❡✱ ✈♦✐r ❛♥♥❡①❡ ❆✳✷✳✷✳ ❖♥ ✐♥tr♦❞✉✐t

t0(ψ,ψ) :=
1

2

N∑

j=1

(
∂

∂xj
ψ,

∂

∂xj
ψ

)
+

1

2

N∑

j=1

(
∂

∂yj
ψ,

∂

∂yj
ψ

)
,

❛✈❡❝ D(t0) := W1(T N
L,r) ❡t

tV (ψ,ψ) :=
N∑

j=1

∫

T N
L,r

Vat(xj , yj) · |ψ(x, y)|2dxdy,

q✉✐ ❡st ❜♦r♥é❡✳ ❖♥ ❛ q✉❡ C∞
0 (T N

L,r) ⊂ D(tv) ❝❛r ♣♦✉r t♦✉t j, k✱ vjk ❡st ✉♥❡ ❢♦♥❝t✐♦♥ ❧♦❝❛❧❡♠❡♥t
L1(R2) ❡t ❜♦r♥é❡ à ❧✬✐♥✜♥✐✳ ❖♥ ♣❡✉t ❞♦♥❝ é❝r✐r❡ ✿

C∞
0 (T N

L,r) ⊂ D(t0) ∩D(tv).

P♦✉r ψ ∈ C∞
0 (T N

L,r)✱ ♦♥ ❞é✜♥✐t ❧❛ ❢♦♠❡ q✉❛❞r❛t✐q✉❡ s✉r ❧❡ ❞♦♠❛✐♥❡ ❞❡♥s❡ C∞
0 (T N

L,r) ✿

tc(ψ,ψ) :=t0(ψ,ψ) + tV (ψ,ψ) + tv(ψ,ψ).
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▲❡♠♠❡ ✶✳✶✳✶✳ P♦✉r N < ∞✱ ❧❛ ❢♦r♠❡ tc ❡st ❜♦r♥é❡ ✐♥❢ér✐❡✉r❡♠❡♥t✱ ❛✈❡❝ ❜♦r♥❡ ✐♥❞é♣❡♥❞❛♥t❡

❞❡ r✱ ❞❡♥sé♠❡♥t ❞é✜♥✐❡ ❡t ❢❡r♠é❡✳ ❊❧❧❡ ❞é✜♥✐t ❧✬♦♣ér❛t❡✉r ❛✉t♦❛❞❥♦✐♥t Hc✳

❉é♠♦♥str❛t✐♦♥✳ ❧❡s ❢♦r♠❡s t0✱ tv s♦♥t ❢❡r♠é❡s✱ s②♠étr✐q✉❡s ❡t ♥♦♥ ♥é❣❛t✐✈❡s✳ ❈✬❡st ✉♥❡ ❝♦♥sé✲
q✉❡♥❝❡ ❞✉ ❢❛✐t q✉✬❡❧❧❡s s♦♥t t♦✉t❡s ❞é✜♥✐❡s s✉r ❧❡✉r ❞♦♠❛✐♥❡ ♠❛①✐♠❛❧✱ ✈♦✐r ♣❛r ❡①❡♠♣❧❡ ❬❑✱ ❊①✳
❱■✳✶✳✶✹✲✶✺❪✳ P♦✉r t0✱ ♦♥ ♣❡✉t ✉t✐❧✐s❡r ❧❛ tr❛♥s❢♦r♠é❡ ❞❡ ❋♦✉r✐❡r✳ ❈♦♠♠❡ ❡❧❧❡s s♦♥t t♦✉t❡s ❞❡✉① ♥♦♥
♥é❣❛t✐✈❡s✱ t0 + tv ❡st ♥♦♥ ♥é❣❛t✐✈❡ ❡t ❢❡r♠é❡✱ ✈♦✐r ❬❑✱ ❚❤✳ ❱■✳✶✳✸✶❪✳ ❉❡ ♣❧✉s t0 + tv ❡st ❞❡♥sé♠❡♥t
❞é✜♥✐❡✱ ❝♦♠♠❡ ♦♥ ❛ ✈✉ ♣ré❝é❞❡♠♠❡♥t✳ ▲❛ ❢♦r♠❡ ❛ss♦❝✐é❡ ❛✉ ♣♦t❡♥t✐❡❧ ❞❡s ❛t♦♠❡s ❡st ❜♦r♥é❡
❝❛r Vat ❡st s②♠étr✐q✉❡ ❜♦r♥é❡✳ ▲❛ ❢♦r♠❡ tc ❡st ❞♦♥❝ ✉♥❡ ❢♦r♠❡ s❡❝t♦r✐❡❧❧❡✱ ❞❡♥sé♠❡♥t ❞é✜♥✐❡ ❡t
❢❡r♠é❡✳ ❖♥ ❝♦♥❝❧✉t ❧❛ ♣r❡✉✈❡ ❡♥ ✉t✐❧✐s❛♥t ❧❡ ♣r❡♠✐❡r t❤é♦rè♠❡ ❞❡ r❡♣rés❡♥t❛t✐♦♥ ❬❑✱ ❱■✳✷✳✶❪✳

✶✳✷ ❘é❞✉❝t✐♦♥ à ✉♥❡ ❞✐♠❡♥s✐♦♥

◆♦✉s ❛❧❧♦♥s ♣r♦❝é❞❡r à ✉♥❡ ♣r❡♠✐èr❡ s✐♠♣❧✐✜❝❛t✐♦♥ ❞✉ ♣r♦❜❧è♠❡ ❡♥ ✉t✐❧✐s❛♥t ❧❡ ❢❛✐t q✉❡ ❧❡ r❛②♦♥
❞✉ t✉❜❡ ❡st très ♣❡t✐t✳ ❊♥ ❡✛❡t✱ ❝✬❡st ✉♥❡ ♣r♦♣r✐été ❝❛r❛❝tér✐st✐q✉❡ ❞❡s ♥❛♥♦t✉❜❡s ❞❡ ❝❛r❜♦♥❡ q✉✐
❡♥tr❛✐♥❡ ♥♦t❛♠♠❡♥t ❧❡ r❡♥❢♦r❝❡♠❡♥t ❞❡s ✐♥t❡r❛❝t✐♦♥s ❡♥tr❡ é❧❡❝tr♦♥s✳

❖♥ ✈❛ ét❛❜❧✐r ✐❝✐ ❧❡ t❤é♦rè♠❡ ✶✳✷✳✷ q✉✐ ❡st ✉♥❡ ❣é♥ér❛❧✐s❛t✐♦♥ ❛✉ ❝❛s à N ♣❛rt✐❝✉❧❡s ré♣✉❧s✐✈❡s
s✉r ✉♥ t♦r❡ ❞✉ t❤é♦rè♠❡ ❞❡ ❬❈❉❘✷❪ q✉✐ ❡st ♣♦✉r ❧❡ ❝❛s à ✷ ♣❛rt✐❝✉❧❡s ❛ttr❛❝t✐✈❡s s✉r ✉♥ ❝②❧✐♥❞r❡✳ ❈❡
❞❡r♥✐❡r t❤é♦rè♠❡ ♣❡r♠❡t ❞✬❛♣♣r♦①✐♠❡r ❧❡ s②stè♠❡ s✉r ✉♥ ❝②❧✐♥❞r❡ ♣❛r ✉♥ s②stè♠❡ s✉r ❧❛ ❧✐❣♥❡ ❞♦♥t
♦♥ ❝♦♥♥❛✐t ❧❡ s♣❡❝tr❡✳ ▲❡ t❤é♦rè♠❡ ✶✳✷✳✷ ❡st ✉♥❡ ❝❧❡❢ ♣♦✉r ❥✉st✐✜❡r q✉❡Hc ♣❡✉t êtr❡ ❛♣♣r♦①✐♠é ♣❛r
✉♥ ♠♦❞è❧❡ ✉♥✐❞✐♠❡♥s✐♦♥❡❧ q✉❡ ❧✬♦♥ ✈❛ ❛♣♣❡❧❡r H0 à ❝♦♥❞✐t✐♦♥ ❞❡ ❝♦♥♥❛✐tr❡ ❝❡rt❛✐♥❡s ✐♥❢♦r♠❛t✐♦♥s
s✉r ❧❡ s♣❡❝tr❡ ❞❡ H0✳ ❖♥ ❞✐s❝✉t❡r❛ ❞❛♥s ❧❛ ❝♦♥❝❧✉s✐♦♥ ❞❡ ❧❛ ♣♦rté❡ ❞❡ ❝❡ t❤é♦rè♠❡✳

❖♥ ❞♦♥♥❡r❛ ❛✉ss✐ q✉❡❧q✉❡s ♣r♦♣r✐étés ❞✉ ♠♦❞è❧❡ ❞é❝r✐t ♣❛r H0 ❛✈❡❝ ❧❛ ♣r♦♣♦s✐t✐♦♥ ✶✳✷✳✼✳
■❧ ❡st ✐♠♣♦rt❛♥t ❞❡ ❢❛✐r❡ ✉♥❡ ♣r❡♠✐èr❡ r❡♠❛rq✉❡ ✿ s✐ ❧✬♦♥ ❝♦♥s✐❞èr❡ ❧❡ ♣r♦❜❧è♠❡ ♣❤②s✐q✉❡ ❞✉

♥❛♥♦t✉❜❡✱ ❧❡ r❛②♦♥ r ❞♦✐t êtr❡ ✉♥ ♠✉❧t✐♣❧❡ ❞❡ ❧❛ ♣ér✐♦❞❡ tr❛♥s✈❡rs❛❧❡ ❞✉ ♣♦t❡♥t✐❡❧ ❛t♦♠✐q✉❡✱ ♠❛✐s
❞❛♥s ❝❡tt❡ ♣❛rt✐❡ ♦♥ ❢❡r❛ ❛❜str❛❝t✐♦♥ ❞❡ ❝❡❧❛ ❡t ♦♥ ♣♦✉rr❛ ♠ê♠❡ ❝♦♥s✐❞ér❡r ❞❡s ✈❛❧❡✉rs ❞❡ r ♣❧✉s
♣❡t✐t❡s q✉✬✉♥❡ ♣ér✐♦❞❡✳ ▲❡ ❜✉t ❡st ✐❝✐ ✉♥✐q✉❡♠❡♥t ❞❡ ♠♦♥tr❡r ♠❛t❤é♠❛t✐q✉❡♠❡♥t q✉✬✐❧ ♥✬② ❛ ♣❛s
❞❡ ♣r♦❜❧è♠❡ à ❛♣♣r♦①✐♠❡r ❧❡ ♠♦❞è❧❡ ❞✬ét✉❞❡ ♣❛r ✉♥ ♠♦❞è❧❡ ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧✳

❙✉r rS1 ❧✬♦♣ér❛t❡✉r (−1
2

∂2

∂y2 ) ♣❡✉t s✬é❝r✐r❡✱ s✐ ♦♥ ❧❡ ré❞✉✐t ❞❛♥s s❡s s♦✉s✲❡s♣❛❝❡s ♣r♦♣r❡s✱

−1

2

∂2

∂y2
=
∑

n≥1

n2

2r2
(Pn + P−n)

♦ù Pn ❡st ❧❡ ♣r♦❥❡❝t❡✉r ♦rt❤♦❣♦♥❛❧ ❛ss♦❝✐é à ❧❛ n✐è♠❡ ✈❛❧❡✉r ♣r♦♣r❡ ❡t ❡st ❞é✜♥✐t ♣❛r

Pn := (φn, ·)φn, ♣♦✉r t♦✉t n ∈ Z,

♦ù φn ❡st ❧❡ ✈❡❝t❡✉r ♣r♦♣r❡ ✿

φn(y) :=
1√
2πr

ei
n
r

y.

◆♦t♦♥s q✉❡ ❧✬é♥❡r❣✐❡ ❞✉ ❢♦♥❞❛♠❡♥t❛❧✱ ♥✉❧❧❡✱ ❡st sé♣❛ré❡ ❞❡ ❧✬é♥❡r❣✐❡ ❞❡ ❧✬ét❛t ❡①❝✐té ❧❡ ♣❧✉s ♣r♦❝❤❡
♣❛r ❧❛ q✉❛♥t✐té 1/2r2 q✉✐ ❞❡✈✐❡♥t ❣r❛♥❞❡ ♣♦✉r ❞❡s r❛②♦♥s ❞❡ t✉❜❡ ♣❡t✐ts✳ ❖♥ ✐♥tr♦❞✉✐t ❧❛ ♥♦t❛t✐♦♥

Pn := Pn1,n2,··· ,nN := Pn1 ⊗ Pn2 ⊗ · · · ⊗ PnN .

♦ù nj ∈ Z ❡st ❧✬✐♥❞✐❝❡ ❞✉ njè♠❡ ét❛t ♣r♦♣r❡ ❛ss♦❝✐é à ❧✬♦♣ér❛t❡✉r (−1
2

∂2

∂y2
j
)✳ ❖♥ ✈❛ ♠♦♥tr❡r q✉❡

❧✬❍❛♠✐t♦♥✐❡♥ ♣r♦❥❡té s✉r ❧❡ s♦✉s ❡s♣❛❝❡ ❢♦♥❞❛♠❡♥t❛❧

H0 := P0HcP0, 0 = (0, 0, · · · , 0)
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❡st ✉♥ ❜♦♥ ❝❛♥❞✐❞❛t ♣♦✉r ❧✬ét✉❞❡ ❞✉ s♣❡❝tr❡ ❞❡ ❜❛ss❡ é♥❡r❣✐❡ ❞❡ Hc✱ ♣♦✉r ❞❡s r❛②♦♥s r s✉✣s❛♠✲
♠❡♥t ♣❡t✐ts✳ ❖♥ ✐♥tr♦❞✉✐t ❧✬❡s♣❛❝❡ ❞❡s ❝♦♥✜❣✉r❛t✐♦♥s ❡t ❧✬❡s♣❛❝❡ ❞❡s ét❛ts à ✶ ♣❛rt✐❝✉❧❡

SL :=
L

2π
S1, H := L2(SL),

❡t ♣❛r ❝♦♥séq✉❡♥t ❧✬❡s♣❛❝❡ ❞❡s ét❛ts à N ♣❛rt✐❝✉❧❡s ❡st ✿

HN := L2(SN
L ),

▲❡ ♣♦t❡♥t✐❡❧ ❞✬✐♥t❡r❛❝t✐♦♥ ❡♥tr❡ é❧❡❝tr♦♥s ❡st ♠❛✐♥t❡♥❛♥t

vL(x1 − x2) :=
1

(2πr)2

∫ πr

−πr

∫ πr

−πr
V r,L

c (x1 − x2, y1 − y2)dy1dy2

=
1

2πr

∫ πr

−πr
V r,L

c (x1 − x2, y)dy. ✭✶✳✹✮

❘❡♠❛rq✉❡ ✶✳✷✳✶✳ ❖♥ ✈❡rr❛ ❞❛♥s ❧✬❛♥♥❡①❡ ❆✳✷✳✷ q✉❡ ❧✬♦♥ ♣❡✉t ✐♥✈❡rs❡r ♣r♦❥❡❝t✐♦♥ ❡t ♣ér✐♦❞✐s❛t✐♦♥✱
❝✬❡st à ❞✐r❡ q✉❡ ❧❛ ♣r♦❥❡❝t✐♦♥ ❞❡ ❧❛ ♣ér✐♦❞✐s❛t✐♦♥ ❞❡ V r

c ❡st é❣❛❧❡ à ❧❛ ♣ér✐♦❞✐s❛t✐♦♥ ❞❡ ❧❛ ♣r♦❥❡❝t✐♦♥
❞❡ V r

c ✳

▲❡ ♣♦t❡♥t✐❡❧ ❛t♦♠✐q✉❡ ♣r♦❥❡té s✉r ❧❡ ❝❡r❝❧❡ ❡st

vat(x) :=
1

2πr

∫ πr

−πr
Vat(x, y)dy =

1

2π

∫ π

−π
Vat(x, ry)dy.

P♦✉r t♦✉t x ∈ SL✱ ❧❛ ❢♦♥❝t✐♦♥ Vat(x, ·) ❡st ♣ér✐♦❞✐q✉❡ ❞❡ ♣ér✐♦❞❡ 2πr ❝❡ q✉✐ ❡♥tr❛î♥❡ q✉❡ ❧❛
❢♦♥❝t✐♦♥ Vat(x, r·) ❡st ♣ér✐♦❞✐q✉❡ ❞❡ ♣ér✐♦❞❡ 2π ❡t ❡st ❞♦♥❝ ✐♥❞é♣❡♥❞❛♥t❡ ❞❡ r✳ ❖♥ ❛ ❞♦♥❝ q✉❡
vat(x) ❡st ❧❛ ✈❛❧❡✉r ♠♦②❡♥♥❡ s✉✐✈❛♥t ❧✬❛①❡ tr❛♥s✈❡rs❡ ❞✉ ♣♦t❡♥t✐❡❧ ❡♥ ✷ ❞✐♠❡♥s✐♦♥s ❛✉ ♣♦✐♥t x ❡t
❡st ✐♥❞é♣❡♥❞❛♥t ❞❡ r✳

❆❣✐ss❛♥t ❞❛♥s ❧✬❡s♣❛❝❡ HN ✱ ♦♥ ❞é✜♥✐t ❧✬♦♣ér❛t❡✉r H0 ✿

H0 =
N∑

j=1

(−1

2

∂2

∂x2
j

+ vat(xj)) +
1

2

N∑

j 6=k=1

vL(xj − xk). ✭✶✳✺✮

❖♥ ✈❡rr❛ q✉❡ ❧✬❍❛♠✐❧t♦♥✐❡♥ H0 ❡st ❛✉t♦✲❛❞❥♦✐♥t s✉r ❧✬❡s♣❛❝❡ ❞❡ ❙♦❜♦❧❡✈ D(H0) = W2(SN
L ) ❛✉

❧❡♠♠❡ ✶✳✷✳✼✳
❖♥ r❡❣❛r❞❡ ♠❛✐♥t❡♥❛♥t ❝♦♠♠❡♥t s❡ ❝♦♠♣♦rt❡♥t ❧❡s ♣r♦❥❡tés ❞❡ Hc s✉r ❧❡s ❛✉tr❡s s♦✉s✲❡s♣❛❝❡s

♣r♦♣r❡s✳ ❊♥ ✉t✐❧✐s❛♥t ❧❛ ❜❛s❡ ♣r♦♣r❡ ❞✉ ▲❛♣❧❛❝✐❡♥ tr❛♥s✈❡rs❡✱ ♦♥ ♣❡✉t tr❛✈❛✐❧❧❡r ❞❛♥s ❧❡ ♥♦✉✈❡❧
❡s♣❛❝❡ ❞❡ ❍✐❧❜❡rt s✉✐✈❛♥t ✿

Hℓ2 = ℓ2(ZN ;L2(SN
L )), Hℓ2 ∋ ψ = {ψn1,n2,··· ,nN }n1,n2,··· ,nN∈Z

, ψn1,n2,··· ,nN ∈ L2(SN
L ).

▲✬❍❛♠✐❧t♦♥✐❡♥ ❡st ♠❛✐♥t❡♥❛♥t ✉♥❡ ♠❛tr✐❝❡ ✐♥✜♥✐❡ ❛✈❡❝ ❝❤❛q✉❡ t❡r♠❡ ✭✐♥❞❡①é ♣❛r 2N ✐♥❞✐❝❡s✮
❛❣✐ss❛♥t ❞❛♥s L2(SN

L )✳
P♦✉r ❝❤❛q✉❡ é❧❡♠❡♥t ❞❡ ♠❛tr✐❝❡✱ ❧❡ ♣♦t❡♥t✐❡❧ ♣ér✐♦❞✐q✉❡ Vat r❡ss❡♥t✐ ♣❛r ❧❛ ♣❛rt✐❝✉❧❡ ❞❡

❝♦♦r❞♦♥♥é❡s (xj , yj) s✬❡①♣r✐♠❡ ❞❡ ❧❛ ❢❛ç♦♥ s✉✐✈❛♥t❡ ✿

PnVat(xj , yj)Pm =
1

2πr

∫ πr

−πr
Vat(xj , yj)dyj

∏

l≥1

δnl,ml
Pn

= vat(xj)
∏

l≥1

δnl,ml
Pn, ✭✶✳✻✮
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♦ù δ ❡st ❧❡ s②♠❜♦❧❡ ❞❡ ❑r♦♥❡❝❦❡r✱ ❝✬❡st à ❞✐r❡ ✿

δn,m =

{
1 s✐ n = m,
0 s✐ n 6= m

.

❖♥ ♣❡✉t é❝r✐r❡ ♠❛✐♥t❡♥❛♥t ❝❤❛q✉❡ é❧é♠❡♥t ❞❡ Hc✱ ❛❣✐ss❛♥t ❞❛♥s L2(SN
L )✱ ❝♦♠♠❡ ✿

PnHcPm =




N∑

j=1

(−1

2

∂2

∂x2
j

+
n2

j

2r2
+ vat(xj))


 δn,mPn+

+
N∑

j,k=1

j<k

PnV
r,L
c (xj − xk, yj − yk)Pm.

❖♥ ♣❡✉t sé♣❛r❡r Hc ❡♥ ❞❡✉① ♣❛rt✐❡s✱ ❧❛ ♣❛rt✐❡ q✉❡ ❧✬♦♥ ❛♣♣❡❧❧❡r❛ ❞✐❛❣♦♥❛❧❡ ♦ù ❧✬♦♥ ❛ nj = mj

♣♦✉r t♦✉s ❧❡s j ❡t q✉✐ ❡st ✉♥❡ s♦♠♠❡ ❞✐r❡❝t❡ ❞✬♦♣ér❛t❡✉rs ❛❣✐ss❛♥ts ❞❛♥s L2(SN
L ) ✿

Hdiag :=
⊕

n1,n2··· ,nN≥0

(
H0 +

n2
1

2r2
+
n2

2

2r2
+ · · · + n2

N

2r2

)
. ✭✶✳✼✮

❊t ❧❛ ♣❛rt✐❡ q✉❡ ❧✬♦♥ ❛♣♣❡❧❧❡r❛ ❤♦rs✲❞✐❛❣♦♥❛❧❡ ♦ù ❧✬♦♥ ❛ ❛✉ ♠♦✐♥s ✉♥ j ♣♦✉r ❧❡q✉❡❧ nj 6= mj ✱
❞❛♥s ❝❡ ❝❛s ❧❛ ♣❛rt✐❡ ❝✐♥ét✐q✉❡ ❡t ❧❡s t❡r♠❡s ❞ûs ❛✉ ♣♦t❡♥t✐❡❧ ❛t♦♠✐q✉❡ ❞✐s♣❛r❛✐ss❡♥t✳ ❖♥ ♥♦t❡r❛
❝❡tt❡ ♣❛rt✐❡ ❤♦rs✲❞✐❛❣♦♥❛❧❡ ❛❣✐ss❛♥t ❞❛♥s Hℓ2 ♣❛r

Hoffdiag :=
∑

n,m

n6=m

PnHcPm =
∑

n,m

n6=m

N∑

j,k=1

j<k

PnV
r,L
c (xj − xk, yj − yk)Pm

=

N∑

j,k=1

j<k

∑

n,m

n6=m

PnV
r,L
c (xj − xk, yj − yk)Pm. ✭✶✳✽✮

❖♥ ❛ ❧❛ r❡❧❛t✐♦♥ s✉✐✈❛♥t❡
Hc = Hdiag +Hoffdiag,

❡t s♦✐t Rdiag(z) ❧❛ rés♦❧✈❛♥t❡ (Hdiag − z)−1 ❞é✜♥✐❡ ♣♦✉r z ∈ ρ(Hdiag) ❡t Rc(z) ❧❛ rés♦❧✈❛♥t❡
(Hc − z)−1 ❞é✜♥✐❡ ♣♦✉r z ∈ ρ(Hc)✱ ♦♥ ✈❛ ♠❛✐♥t❡♥❛♥t ❞é♠♦♥tr❡r q✉❡ ❧❛ ❞✐✛ér❡♥❝❡ ❡♥tr❡ ❧❡s
rés♦❧✈❛♥t❡s ❛ss♦❝✐é❡s à Hc ❡t Hdiag t❡♥❞ ✈❡rs ③ér♦ q✉❛♥❞ r t❡♥❞ ✈❡rs ③ér♦✳

❚❤é♦rè♠❡ ✶✳✷✳✷✳ ❙♦✐t 1/2 < γ < 1✱ z ∈ C t❡❧ q✉❡ d(z, σ(Hdiag)) > 0✳ ■❧ ❡①✐st❡ tr♦✐s ❝♦♥st❛♥t❡s

Cγ , CN , C1 > 0 ❡t r0 > 0 t❡❧s q✉❡ s✐ r < r0 ❡t s✐ ❧✬♦♥ ❛ ❧❛ ❝♦♥❞✐t✐♦♥ s✉✐✈❛♥t❡

Cγ
rγ− 1

2√
εα

L2−γ

(
1 +

|z| + C1

d(z, σ(Hdiag))

)
≤ 1

2
,

❛❧♦rs z ∈ ρ(Hc)✱ ❡t ❧✬♦♥ ❛ ❧✬❡st✐♠❛t✐♦♥ s✉✐✈❛♥t❡ ✿

‖Rc(z) −Rdiag(z)‖ ≤ CγL
3−γ rγ−1/2

d(z, σ(Hdiag))

(
1 +

C1 + |z|
d(z, σ(Hdiag))

)

❖♥ ✈❛ ♣r♦❝é❞❡r ❡♥ ♣❧✉s✐❡✉rs ét❛♣❡s ♣♦✉r ❧❛ ♣r❡✉✈❡ ❞❡ ❝❡ t❤é♦rè♠❡✳ P♦✉r z ∈ ρ(Hdiag) ♦♥
✐♥tr♦❞✉✐t ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ ♣♦❧❛✐r❡ ❞❡ ❧✬♦♣ér❛t❡✉r Rdiag(z)✱ ✈♦✐r ❬❑✱ ❱■✳✼❪ ✿ ♦♥ é❝r✐t

Rdiag(z) = R
1
2
diag(z)|Rdiag(z)|

1
2
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❛✈❡❝ ♦ù |Rdiag(z)|
1
2 ❡st ✉♥ ♦♣ér❛t❡✉r ♣♦s✐t✐❢ ❡t

R
1
2
diag(z) := sgn(Rdiag(z))|Rdiag(z)|

1
2 .

❆✐♥s✐✱ ♣♦✉r z ∈ ρ(Hdiag)✱ s✐ ❧❛ q✉❛♥t✐té

K(z) := |Rdiag(z)|
1
2HoffdiagR

1
2
diag(z)

♣♦ssè❞❡ ✉♥❡ ♥♦r♠❡ ✐♥❢ér✐❡✉r❡ str✐❝t❡♠❡♥t à ✶✱ ❧✬éq✉❛t✐♦♥ ❞❡ ❧❛ rés♦❧✈❛♥t❡ s②♠étr✐sé❡ ❞♦♥♥❡ ♣♦✉r
z ∈ ρ(Hdiag) ∩ ρ(Hc)

Rc(z) −Rdiag(z) = R
1
2
diag(z)

−K(z)

1 +K(z)
|Rdiag(z)|

1
2 . ✭✶✳✾✮

❉❛♥s ❝❡ q✉✐ ✈❛ s✉✐✈r❡✱ ♦♥ ✈❛ s✬❛tt❛❝❤❡r à ❞é♠♦♥tr❡r q✉❡ ❧❛ ❝♦♥❞✐t✐♦♥ ‖K(z)‖ < 1 ❡st ✈r❛✐❡ ♣♦✉r
r ❛ss❡③ ♣❡t✐t ❡t ♣♦✉r ❝❡rt❛✐♥s z ❜✐❡♥ ❝❤♦✐s✐s✳

P♦✉r ε > 0 ♦♥ ❞é✜♥✐t ❧✬♦♣ér❛t❡✉r

h00(ε) :=
⊕

n1,n2··· ,nN≥0




N∑

j=1

−ε
2

∂2

∂x2
j

+
n2

1

2r2
+
n2

2

2r2
+ · · · + n2

N

2r2


 ✭✶✳✶✵✮

❛✈❡❝ ❞♦♠❛✐♥❡
D(h00(ε)) =

⊕

n1,n2··· ,nN≥0

W2(SN
L ).

❙♦✐t ❧❡s ♣❛r❛♠ètr❡s s♣❡❝tr❛✉① α < 0✱ µ ∈ ρ(Hdiag)✳ P♦✉r z ∈ ρ(Hdiag)✱ ♦♥ ✈❛ ❞é❝♦♠♣♦s❡r
❧✬♦♣ér❛t❡✉r K ❡♥ ♣❧✉s✐❡✉rs ♠♦r❝❡❛✉① ✿

K(z) = |A|(z, µ)|B|(α, µ, ε)K̃(α, ε)B(α, µ, ε)A(z, µ). ✭✶✳✶✶✮

♦ù

A(z, µ) := (Hdiag − µ)
1
2R

1
2
diag(z), |A|(z, µ) := |Rdiag(z)|

1
2 (Hdiag − µ)

1
2

B(α, µ, ε) := (h00(ε) +
α2

2
)

1
2 (Hdiag − µ)−

1
2 |B|(α, µ, ε) := (Hdiag − µ)−

1
2 (h00(ε) +

α2

2
)

1
2

K̃(α, ε) := (h00(ε) +
α2

2
)−

1
2Hoffdiag(εh00 +

α2

2
)−

1
2 .

❖♥ ✐♥tr♦❞✉✐t ❧❡ s②♠❜♦❧❡

Tx :=

N∑

j=1

−1

2

∂2

∂x2
j

✭✶✳✶✷✮

❡t ♦♥ ❝♦♠♠❡♥❝❡ ♣❛r ♥♦t❡r q✉❡ ❣râ❝❡ ❛✉ t❤é♦rè♠❡ s♣❡❝tr❛❧ ♦♥ ❛ ❧❛ ♣r♦♣r✐été s✉✐✈❛♥t❡ ✿

▲❡♠♠❡ ✶✳✷✳✸✳ ❙♦✐t µ ❡t z ré❡❧s ❛♣♣❛rt❡♥❛♥t à ❧✬❡♥s❡♠❜❧❡ rés♦❧✈❛♥t ❞❡ Hdiag✱ ❛❧♦rs

‖(Hdiag − µ)
1
2R

1
2
diag(z)‖2 ≤ 1 +

|z − µ|
d(z, σ(Hdiag))

.

❖♥ ✈❛ ♠❛✐♥t❡♥❛♥t ❡st✐♠❡r ❧❡ t❡r♠❡ s✉✐✈❛♥t ✿ B(α, µ, ε)✳
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▲❡♠♠❡ ✶✳✷✳✹✳ ∀r > 0✱ ❡t ∀0 ≤ ε ≤ 1, α < 0✱ s✐

µ ≤ −α2 < −2N sup
x

|vat(x)|,

❛❧♦rs µ ∈ ρ(Hdiag) ❡t

‖(h00(ε) +
α2

2
)

1
2 (Hdiag − µ)−

1
2 ‖2 ≤ 1.

❉é♠♦♥str❛t✐♦♥✳ ❉❛♥s ✉♥ ♣r❡♠✐❡r t❡♠♣s✱ ♣✉✐sq✉❡ ❧❡s ❞❡✉① ♦♣ér❛t❡✉rs ✭❞é✜♥✐s ❡♥ ✭✶✳✼✮ ❡t ✭✶✳✶✵✮✮
s♦♥t ❞❡s s♦♠♠❡s ❞✐r❡❝t❡s ♦♥ ❛

‖(h00(ε) +
α2

2
)

1
2 (Hdiag − µ)−

1
2 ‖2 =

= sup
n

‖(Pnh00(ε)Pn +
α2

2
)

1
2 (PnHdiagPn − µ)−

1
2 ‖2.

❖♥ ✐♥tr♦❞✉✐t ❧❡s ♥♦t❛t✐♦♥s

Vx :=
N∑

j=1

vat(xj), vx :=
N∑

k,l=1

k<l

vL(xk − xl),

❧❡ ♣r❡♠✐❡r ♦♣ér❛t❡✉r ❡st ❜♦r♥é ❡t ♦♥ ✈❡rr❛ ❛✉ ❧❡♠♠❡ ✶✳✷✳✼ q✉❡ ❧❡ ❞❡✉①✐è♠❡ ❡st r❡❧❛t✐✈❡♠❡♥t ❜♦r♥é
à
∑N

j=1
−1
2

∂2

∂x2
j
❛✈❡❝ ❜♦r♥❡ r❡❧❛t✐✈❡ ♥✉❧❧❡✳ P♦✉r n1, n2 · · · , nN ✜①és✱ ♦♥ ✐♥tr♦❞✉✐t ❧❡s ♥♦t❛t✐♦♥s

an :=
n2

2r2

❡t

R0n(ε,−α
2

2
) := (εTx + an +

α2

2
)−1

❛❣✐ss❛♥t ❞❛♥s ❧✬❡s♣❛❝❡ ✐♠❛❣❡ ❞❡ Pn✳ ❉❛♥s ❝❡t ❡s♣❛❝❡✱ ♣✉✐sq✉❡ vx ≥ 0✱ ♦♥ ❛

R0n(ε,−α
2

2
)

1
2PnHdiagPnR0n(ε,−α

2

2
)

1
2 ≥

≥ R0n(ε,−α
2

2
)

1
2 (Tx + Vx + an − µ)R0n(ε,−α

2

2
)

1
2

= 1 +R0n(ε,−α
2

2
)

1
2 ((1 − ε)Tx − α2

2
− µ+ Vx)R0n(ε,−α

2

2
)

1
2 . ✭✶✳✶✸✮

❉❡ ♣❧✉s✱ s♦✐t

X(ε, α, µ) := (1 − ε)Tx − α2

2
− µ ≥ α2

2
,

❝❛r ❞✬❛♣rès ❧❡s ❤②♣♦t❤ès❡s α2

2 + µ ≤ −α2

2 ✱ ❛❧♦rs

X(ε, α, µ) + Vx = X(ε, α, µ)
1
2 (1 +X(ε, α, µ)−

1
2VxX(ε, α, µ)−

1
2 )X(ε, α, µ)

1
2

❡t
‖X(ε, α, µ)−

1
2VxX(ε, α, µ)−

1
2 ‖ ≤ ‖Vx‖

2

α2
.

▲✬♦♣ér❛t❡✉r ❞❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ vat ét❛♥t ❜♦r♥é✱

‖Vx‖ = ‖
N∑

j=1

vat(xj)‖ ≤ N sup
x

|vat(x)|,

♦♥ ♦❜t✐❡♥t ❞♦♥❝ q✉❡ s✐ α2 > 2N supx |vat(x)| ❛❧♦rs ❧❛ q✉❛♥t✐té ✭✶✳✶✸✮ ❡st s✉♣ér✐❡✉r❡ à ✶ ❡t ❡st
❞♦♥❝ ✐♥✈❡rs✐❜❧❡✱ ❝❡ q✉✐ ✜♥✐t ❧❡ ❧❡♠♠❡✳



✶✳✷✳ ❘➱❉❯❈❚■❖◆ ➚ ❯◆❊ ❉■▼❊◆❙■❖◆ ✷✼

❖♥ ✐♥tr♦❞✉✐t ♠❛✐♥t❡♥❛♥t ❧❛ ♥♦t❛t✐♦♥ B(X) ♣♦✉r ❞és✐❣♥❡r ❧✬❡♥s❡♠❜❧❡ ❞❡s ♦♣ér❛t❡✉rs ❜♦r♥és
❛❣✐ss❛♥t s✉r X ❡t à ✈❛❧❡✉r ❞❛♥s X✳ ❖♥ ♥♦t❡r❛ ‖ · ‖B(X) ♣♦✉r ❧❛ ♥♦r♠❡ ❞✬♦♣ér❛t❡✉r✳ ❖♥ ♥♦t❡r❛
l2(ZN , L2(SN

L )) ❧✬❡s♣❛❝❡ ❞❡s ❢♦♥❝t✐♦♥s ❞❡ ❝❛rré s♦♠♠❛❜❧❡ ❞é✜♥✐❡s s✉r ZN ❡t à ✈❛❧❡✉r ❞❛♥s L2(SN
L )✳

▲❡♠♠❡ ✶✳✷✳✺✳ P♦✉r N > 0✱ α2 ❝❤♦✐s✐t ❝♦♠♠❡ ❞❛♥s ❧❡ ❧❡♠♠❡ ✶✳✷✳✹✱ 0 < ε ≤ 1✱ ❡t ♣♦✉r

1/2 < γ < 1✱ ✐❧ ❡①✐st❡ ✉♥ r0 > 0 t❡❧ q✉❡ ♣♦✉r t♦✉t r < r0 ♦♥ ❛✐t

‖K̃(ε, α)‖ =

∥∥∥∥(εh00 +
α2

2
)−

1
2Hoffdiag(εh00 +

α2

2
)−

1
2

∥∥∥∥
B(l2(ZN ,L2(SN

L )))

≤ const(γ) · r
γ− 1

2√
εα

N3−γ .

✭✶✳✶✹✮

❉é♠♦♥str❛t✐♦♥✳ ❖♥ ✈❛ ❞✬❛❜♦r❞ r❡♠❛rq✉❡r✱ ❡♥ ♦❜s❡r✈❛♥t ❧❛ r❡❧❛t✐♦♥ ✭✶✳✽✮✱ q✉❡ K̃(ε, α) ❡st ❝♦♠♣♦sé
❞✬✉♥❡ s♦♠♠❡ ❞❡ N(N − 1)/2 t❡r♠❡s ✉♥✐t❛✐r❡♠❡♥t éq✉✐✈❛❧❡♥ts ❝❛r Hc ❡st ✐♥✈❛r✐❛♥t ♣❛r ❧✬é❝❤❛♥❣❡
❞❡ ♥✬✐♠♣♦rt❡ q✉❡❧ ❝♦✉♣❧❡ ❞❡ ♣❛rt✐❝✉❧❡s✳ ❖♥ ❛ ❞♦♥❝

‖K̃(ε, α)‖ ≤ N(N − 1)

2

∥∥∥∥∥∥∥∥
(εh00 +

α2

2
)−

1
2

∑

n,m

n6=m

PnV
r,L
c (x1 − x2, y1 − y2)Pm(εh00 +

α2

2
)−

1
2

∥∥∥∥∥∥∥∥

❈♦♠♠❡ ❧❡ ♣♦t❡♥t✐❡❧ ♥❡ ❞é♣❡♥❞ q✉❡ ❞❡ y1 ❡t y2 ♦♥ ♣❡✉t é❝r✐r❡

PnV
r,L
c (x1 − x2, y1 − y2)Pm =

(Pn1 ⊗ Pn2)V
r,L
c (x1 − x2, y1 − y2)(Pm1 ⊗ Pm2) ⊗ (Pn3Pm3 ⊗ · · · ⊗ PnNPmN ). ✭✶✳✶✺✮

❖♥ r❡♠❛rq✉❡ ❛✈❡❝ ❝❡tt❡ ❡①♣r❡ss✐♦♥ q✉❡ ❧❛ s♦♠♠❡ s✉r n ❡t m s❡ ré❞✉✐t à ❧❛ s♦♠♠❡ s✉r n1✱ n2✱ m1

❡t m2 ❛✈❡❝ n1 6= m1 ♦✉ n2 6= m2 ♣♦✉r s❛t✐s❢❛✐r❡ n 6= m ✳ ❊t s✐ ❧✬♦♥ ❝❛❧❝✉❧❡ ❧❡ t❡r♠❡ ❞✉ ♣♦t❡♥t✐❡❧
❞✬✐♥t❡r❛❝t✐♦♥ ❡♥tr❡ ✷ ♣❛rt✐❝✉❧❡s ❞❡ ❝♦♦r❞♦♥♥é❡s (x1, y1) ❡t (x2, y2) ❞❛♥s ❧❡s s♦✉s✲❡s♣❛❝❡s ❛ss♦❝✐és
à y1 ❡t y2 ✿

Pn1Pn2V
r,L
c (x1 − x2, y1 − y2)Pm1Pm2 =

= Pn1Pn2

1

(2πr)2

∫ πr

−πr

∫ πr

−πr
V r,L

c (x1 − x2, y1 − y2)e
i(n1−m1)

y1
r ei(n2−m2)

y2
r dy1dy2 Pm1Pm2 ,

❡♥ ♣r♦❝é❞❛♥t ❛✉ ❝❤❛♥❣❡♠❡♥t ❞❡ ✈❛r✐❛❜❧❡s s✉✐✈❛♥t ✿ y = yj − yk ❡t Y = yk ❝❡❧❛ ❞♦♥♥❡

= Pn1Pn2

1

2πr

∫ πr

−πr
V r,L

c (x1 − x2, y)e
i(n1−m1) y

r dy
1

2πr

∫ πr

−πr
ei((n1−m1)+(n2−m2))Y

r dY Pm1Pm2

= Pn1Pn2

1

2πr

∫ πr

−πr
V r,L

c (x1 − x2, y)e
i(n1−m1) y

r dy · δ((n1−m1),(m2−n2)) Pm1Pm2 . ✭✶✳✶✻✮

❉✬❛♣rès ❧❡s r❡❧❛t✐♦♥s ✭✶✳✶✺✮ ♦♥ s❛✐t q✉❡ n1 6= m1 ♦✉ n2 6= m2 ❡t ❧❛ ❝♦♥❞✐t✐♦♥ n1 −m1 = m2 − n2

❞❡ ✭✶✳✶✻✮✱ ✐♠♣♦s❡ q✉❡ ❧❡s t❡r♠❡s ♥♦♥ ♥✉❧s s♦♥t t❡❧s q✉❡ n1 6= m1 ❡t n2 6= m2✳ ❖♥ ❞♦✐t ❞♦♥❝
❡st✐♠❡r

∥∥∥∥∥∥∥∥
(εh00 +

α2

2
)−

1
2

∑

n1 6=m2
n2 6=m2

Pn1Pn2V
r,L
c (x1 − x2, y1 − y2)Pm1Pm2(εh00 +

α2

2
)−

1
2

∥∥∥∥∥∥∥∥
. ✭✶✳✶✼✮

P❛r ❛✐❧❧❡✉rs✱ ❣râ❣❡ ❛✉ t❤é♦rè♠❡ s♣❡❝tr❛❧✱ ♦♥ ❛

‖[h00(ε) +
α2

2
]−1/2(−ε

2

∂2

∂x2
1

− ε

2

∂2

∂x2
2

+
α2

2
+
m2

1

2r2
+
m2

2

2r2
)

1
2 ‖2 ≤ 1,
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❡t s✐ ❧✬♦♥ ✐♥tr♦❞✉✐t ❧❛ ♥♦t❛t✐♦♥ ✿

Rm(−α
2

2
) := (−ε

2

∂2

∂x2
1

− ε

2

∂2

∂x2
2

+
α2

2
+
m2

1

2r2
+
m2

2

2r2
)−1Pm1Pm2 ,

❝❡❝✐ ♣❡r♠❡t ❞✬é❝r✐r❡

‖K̃(ε, α)‖B(HN ) ≤

≤ N(N − 1)

2
‖
∑

n1 6=m1
n2 6=m2

Rn(−α
2

2
)V r,L

c (x1 − x2)Rm(−α
2

2
)‖B(L2(S2

L)).

❈♦♠♠❡ ❧❛ ♥♦r♠❡ ❙❝❤✉r✲❍♦❧♠❣r❡♥ ♠❛❥♦r❡ ❧❛ ♥♦r♠❡ ❞✬♦♣ér❛t❡✉r✱ ♦♥ ❛ ❧✬❡st✐♠❛t✐♦♥ s✉✐✈❛♥t❡ ✿

‖
∑

n1 6=m1
n2 6=m2

Rn(−α
2

2
)

1
2V r,L

c (x1 − x2)Rm(−α
2

2
)

1
2 ‖B(L2(S2

L)) ≤

≤ sup
m1,m2∈Z

∑

n1,n2∈Z

n1 6=m1,n2 6=m2

‖Rn(−α
2

2
)

1
2V r,L

c (x1 − x2)Rm(−α
2

2
)

1
2 ‖B(L2(S2

L)). ✭✶✳✶✽✮

❊♥ ✉t✐❧✐s❛♥t ❧❛ ❝♦♥❞✐t✐♦♥ n1 −m1 = m2 − n2 ❞❡ ✭✶✳✶✻✮✱ ❧❛ ♥♦r♠❡ ❞❡ K̃(ε, α) ❡st ♠❛❥♦ré❡ ♣❛r

sup
m1,m2∈Z

∑

n1∈Z

n1 6=m1

‖(−ε
2

∂2

∂x2
1

− ε

2

∂2

∂x2
2

+
α2

2
+
n2

1

2r2
+

(m1 +m2 − n1)
2

2r2
)−

1
2Pn1Pn2×

× V r,L
c (x1 − x2)Rm(−α

2

2
)

1
2 ‖.

❖♥ r❛♣♣❡❧❧❡ ♠❛✐♥t❡♥❛♥t q✉❡ s✐ ♦♥ ❛ tr♦✐s ♦♣ér❛t❡✉rs ❜♦r♥és✱ ♣♦s✐t✐❢s A✱ B ❡t X t❡❧s q✉❡ A2 ≤ B2

❛❧♦rs

‖XA‖2 = ‖XA2X‖ ≤ ‖XB2X‖ = ‖XB‖2 ✭✶✳✶✾✮

❡t

‖AXA‖ = ‖
√
XA2

√
X‖ ≤ ‖

√
XB2

√
X‖ = ‖BXB‖2. ✭✶✳✷✵✮

❈♦♠♠❡ ♦♥ ❛ ❧❡s ✐♥é❣❛❧✐tés

(−ε
2

∂2

∂x2
1

− ε

2

∂2

∂x2
2

+
α2

2
+
n2

1

2r2
+

(m1 +m2 − n1)
2

2r2
)−1 ≤ (−ε

2

∂2

∂x2
1

− ε

2

∂2

∂x2
2

+
α2

2
+
n2

1

2r2
)−1

❡t

(−ε
2

∂2

∂x2
1

− ε

2

∂2

∂x2
2

+
α2

2
+
m2

1

2r2
+
m2

2

2r2
)−1 ≤ (−ε

2

∂2

∂x2
1

− ε

2

∂2

∂x2
2

+
α2

2
+
m2

1

2r2
)−1

♦♥ ✉t✐❧✐s❡ ❧❛ r❡❧❛t✐♦♥ ✭✶✳✶✾✮ ♣♦✉r ♦❜t❡♥✐r

‖K̃(ε, α)‖ ≤ N(N − 1)

2
sup

m1∈Z

∑

n1∈Z

n1 6=m1

‖(−ε
2

∂2

∂x2
1

− ε

2

∂2

∂x2
2

+
α2

2
+
n2

1

2r2
)−

1
2Pn1Pn2V

r,L
c (x1 − x2)×

× Pm1Pm2(−
ε

2

∂2

∂x2
1

− ε

2

∂2

∂x2
2

+
α2

2
+
m2

1

2r2
)−

1
2 ‖.
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❖♥ ✐♥tr♦❞✉✐t ♠❛✐♥t❡♥❛♥t ❧❛ ♥♦t❛t✐♦♥

V r,L
m,n(x) :=PmV

r,L
c (x)Pn =

1

2πr

∫ πr

−πr
V r,L

c (x, y)ei(m−n) y
r dy

=
1

2π

∫ π

−π
V r,L

c (x, ry)ei(m−n)ydy.

❖♥ ♣❡✉t é❝r✐r❡ s✐ ❧✬♦♥ ✐♥tr♦❞✉✐t a, b > 0 ❡t s✐ ❧✬♦♥ ♣r♦❝è❞❡ ❛✉ ❝❤❛♥❣❡♠❡♥t ❞❡ ✈❛r✐❛❜❧❡ x = x1−x2✱
X = x2

(−ε
2

∂2

∂x2
1

− ε

2

∂2

∂x2
2

+ a)−
1
2V r,L

n,m(x1 − x2)(−
ε

2

∂2

∂x2
1

− ε

2

∂2

∂x2
2

+ b)−
1
2

u.e.∼

u.e.∼
(
ε

2

(
∂

∂x
,
∂

∂X

)(
−2 1
1 −1

)(
∂
∂x
∂

∂X

)
+ a

)− 1
2

V r,L
n,m(x)

×
(
ε

2

(
∂

∂x
,
∂

∂X

)(
−2 1
1 −1

)(
∂
∂x
∂

∂X

)
+ b

)− 1
2

▲❛ ♠❛tr✐❝❡ ❝✐✲❞❡ss✉s ❛ ❝♦♠♠❡ ✈❛❧❡✉rs ♣r♦♣r❡s −3±
√

5
2 ✱ ❛❧♦rs✱ ❡♥ ✉t✐❧✐s❛♥t ❧❛ r❡❧❛t✐♦♥ ✭✶✳✷✵✮✱ ❧❛

♥♦r♠❡ ❞❡ ❧✬❡①♣r❡ss✐♦♥ ❝✐✲❞❡ss✉s ❡st ♠❛❥♦ré❡ ♣❛r

∥∥∥∥∥

(
ε

3 −
√

5

(
− ∂2

∂x2
− ∂2

∂X2

)
+ a

)− 1
2

V r,L
n,m(x)

(
ε

3 −
√

5

(
− ∂2

∂x2
− ∂2

∂X2

)
+ b

)− 1
2

∥∥∥∥∥
B(L2(S2

L))

.

✭✶✳✷✶✮

●râ❝❡ ❛✉ t❤é♦rè♠❡ s♣❡❝tr❛❧✱ ♦♥ ❛

∥∥∥∥∥

(
ε

3 −
√

5
(− ∂2

∂x2
− ∂2

∂X2
) + a

)− 1
2

(−1

2

ε∂2

∂x2
+ a)

1
2

∥∥∥∥∥

2

≤ 1.

❖♥ ♦❜t✐❡♥t ♣❛r ❝♦♥séq✉❡♥t

‖K̃(ε, α)‖ ≤ N(N − 1)

2
sup
m∈Z

∑

n∈Z

n6=m

‖(−ε∂2
x + α2 +

m2

r2
)−1/2V r,L

m,n(−ε∂2
x + α2 +

n2

r2
)−1/2‖. ✭✶✳✷✷✮

❖♥ s✬❡st ❞♦♥❝ r❛♠❡♥é à ❡st✐♠❡r ✉♥❡ ❡①♣r❡ss✐♦♥ ❛❣✐ss❛♥t ❞❛♥s ✉♥ ❡s♣❛❝❡ à ✉♥❡ ❞✐♠❡♥s✐♦♥ ❡t ✐♥❞❡①é
♣❛r ❞❡✉① ♣❛r❛♠ètr❡s n ❡t m✳ ❈❡❝✐ ❡st s✐♠✐❧❛✐r❡ à ❝❡ q✉✐ ❡st tr❛✐té ❞❛♥s ❬❈❉❘✷❪✱ ❡①❝❡♣té q✉❡ ❧✬♦♥
❡st s✉r ✉♥ ❝❡r❝❧❡ ❞❡ ❧♦♥❣✉❡✉r L ❡t ♥♦♥ s✉r ❧❛ ❞r♦✐t❡✳ ❖♥ ✈❛ ♠❛✐♥t❡♥❛♥t s✉✐✈r❡ ❧❛ ♠ét❤♦❞❡ ❞❡ ❝❡t
❛rt✐❝❧❡✳ ❆✜♥ ❞❡ ♠✐❡✉① ✈♦✐r ❧❡s s✐♠✐❧✐t✉❞❡s✱ ♦♥ ✈❛ ✐♥tr♦❞✉✐r❡ ❧✬♦♣ér❛t❡✉r ❛❣✐ss❛♥t s✉r L2(SL)

Ṽ r,L
m,n := (−ε∂2

x + α2 +
m2

r2
)−1/2V r,L

m,n(−ε∂2
x + α2 +

n2

r2
)−1/2

❖♥ ♣❡✉t ✈♦✐r ❡♥ ❛♥♥❡①❡ ❆✳✶ q✉❡ ❧✬♦♥ ❛ ❧❛ ♣r♦♣r✐été s✉✐✈❛♥t❡

V r
c (x, y) =

1

r
V 1

c (
x

r
,
y

r
),
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q✉✐ ❞♦♥♥❡ ❧❛ r❡❧❛t✐♦♥ s✉✐✈❛♥t❡✱ ✭✈♦✐r ❛♥♥❡①❡ ❆✳✷✳✷ ♣♦✉r ❧❛ ♣r❡♠✐èr❡ é❣❛❧✐té✮ ✿

V r,L
m,n(x) =

1

L

∑

p∈Z∗

ei
2pπx

L

∫ ∞

−∞
e−i 2pπx′

L
1

2π

∫ π

−π

1

r
V 1

c (
x′

r
, y)ei(m−n)ydydx′+

+
1

L

∫ L
2

−L
2

1

2π

∫ π

−π

1

r
V 1

c (
x′

r
, y)ei(m−n)ydydx′

=
1

r

r

L

∑

p∈Z∗

ei
2prπ

L
x
r

∫ ∞

−∞
e−i 2rpπx′

L
1

2π

∫ π

−π
V 1

c (x′, y)ei(m−n)ydydx′+

+
1

r

r

L

∫ L
2r

− L
2r

1

2π

∫ π

−π
V 1

c (x′, y)ei(m−n)ydydx′

=:
1

r
V 1,L/r

m,n (
x

r
)

❛✈❡❝ V 1,L/r
m,n ♣ér✐♦❞✐q✉❡ ❞❡ ♣ér✐♦❞❡ L/r✳

❖♥ ❢❛✐t ♠❛✐♥t❡♥❛♥t ✉♥ ❝❤❛♥❣❡♠❡♥t ❞✬é❝❤❡❧❧❡ ✉♥✐t❛✐r❡ ❞❡ L2(SL) ❞❛♥s L2(SL/r) ❛✈❡❝ ❧✬♦♣ér❛✲
t❡✉r (Uf)(x) := r1/2f(rx) ❡t (U∗f)(x) := r−1/2f(x/r)✳ ❆❧♦rs✱ ♦♥ ♦❜t✐❡♥t ✿

UṼ r,L
m,nU

∗ = r · [−ε∂2
x + r2α2 +m2]−1/2V 1,L/r

m,n [−ε∂2
x + r2α2 + n2]−1/2. ✭✶✳✷✸✮

❖♥ ✈❛ ❞♦♥♥❡r ❞✬❛❜♦r❞ ✉♥❡ ❡st✐♠❛t✐♦♥ ✐♠♣♦rt❛♥t❡ ♣♦✉r V 1,L/r
m,n ✱ ét❛❜❧✐❡ ❞❛♥s ❧❡ ❧❡♠♠❡ s✉✐✈❛♥t ✿

▲❡♠♠❡ ✶✳✷✳✻✳ P♦✉r t♦✉t 0 < γ ≤ 1 ✐❧ ❡①✐st❡ C(γ) > 0 t❡❧ q✉❡ ♣♦✉r t♦✉t r > 0✱ L > 0✱ |m−n| ≥ 1
❡t x ∈ [−L/(2r), L/(2r)) ♦♥ ❛ ❧✬❡st✐♠❛t✐♦♥ s✉✐✈❛♥t❡ ✿

|V 1,L/r
m,n |(x) ≤ C(γ)

|n−m|γ
1

|x|γ +
r3

L3

20

|n−m| . ✭✶✳✷✹✮

❉é♠♦♥str❛t✐♦♥✳ ❖♥ r❛♣♣❡❧❧❡ q✉❡ ❧❛ tr❛♥s❢♦r♠é❡ ❞❡ ❋♦✉r✐❡r ❞✬✉♥❡ ❢♦♥❝t✐♦♥ f ∈ L2(r/LS1) s✉r ❧❡
❝❡r❝❧❡ (r/L)S1 ❡st ❞♦♥♥é❡ ♣❛r ✿

f̂(p) :=
r

L

∫ L
2r

− L
2r

f(x)e−i 2πr
L

pxdx

❡t ❧❛ tr❛♥s❢♦r♠é❡ ❞❡ ❋♦✉r✐❡r ✐♥✈❡rs❡ ✿

f̌(p) :=
∑

p∈Z

f(p)ei
2πr
L

x

❖♥ ✐♥tr♦❞✉✐t ❧❛ ♥♦t❛t✐♦♥

v1
mn(x) :=

1

2π

∫ π

−π
V 1

c (x, y)ei(m−n)ydy. ✭✶✳✷✺✮

❖♥ ♣❡✉t é❝r✐r❡

V 1,L/r
m,n (x) =

r

L

∑

p∈Z

ei
2π
L

prx

∫ L/2r

−L/2r
e−i 2π

L
prsv1

mn(s)ds+

+
r

L

∑

p∈Z∗

ei
2π
L

prx

∫ ∞

L/2r
2 cos(

2π

L
prs)v1

mn(s)ds ✭✶✳✷✻✮

=: v1
mn(x) +N2(x). ✭✶✳✷✼✮
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P♦✉r ❧❡ t❡r♠❡ N2✱ ♦♥ ✈❛ ♣r♦❝é❞❡r ❝♦♠♠❡ ❞❛♥s ❧✬❛♥♥❡①❡ ❆✳✷✳✷ ♣♦✉r ❧✬♦❜t❡♥t✐♦♥ ❞❡ ✭❆✳✷✺✮✱ ♦♥ é❝r✐t

N2(x) =
2r

L

∑

p≥1

cos(
2π

L
prx)J(m)

♦ù

J(m) :=

∫ ∞

L/2r
2 cos(

2π

L
prs)v1

mn(s)ds.

❊♥ ✐♥té❣r❛♥t ❞❡✉① ❢♦✐s ♣❛r ♣❛rt✐❡s ♦♥ ♦❜t✐❡♥t

J(m) = −2

(
L

2πrp

)2
(

(−1)p(v1
mn)′(

L

2r
) +

∫ ∞

L/2r
cos(

2π

L
prs)(v1

mn)′′(s)ds

)
,

❡t ✜♥❛❧❡♠❡♥t

N2(x) = − L

π2r

∑

p≥1

cos(2π
L prx)

p2

(
(−1)p(v1

mn)′(
L

2r
) +

∫ ∞

L/2r
cos(

2π

L
prs)(v1

mn)′′(s)ds

)

●râ❝❡ ❛✉① ♣r♦♣r✐étés ❞❡ s②♠étr✐❡ ❞❡ V 1
c ♦♥ ♣❡✉t é❝r✐r❡

v1
m,n(x) =

1

2π

∫ π

−π

cos[(m− n)y]

[x2 + 4 sin2(y/2)]1/2
dy.

❊♥ ✐♥té❣r❛♥t ♣❛r ♣❛rt✐❡s ♦♥ ♦❜t✐❡♥t ✿

v1
m,n(x) =

1

2π(m− n)

∫ π

−π

sin[(m− n)y] sin(y)

[x2 + 4 sin2(y/2)]3/2
dy ✭✶✳✷✽✮

q✉❡ ❧✬♦♥ ♣❡✉t é❝r✐r❡ ❝♦♠♠❡ ✿

v1
m,n(x) =

2

π(m− n)

∫ π
2

0

sin[(m− n)y] sin(y)

[x2 + 4 sin2(y/2)]3/2
dy. ✭✶✳✷✾✮

❖♥ ❛ ❛✉ss✐

(v1
m,n)′(s) = − 3

2π(n−m)

∫ π

−π

s sin[(n−m)y] sin(y)

[s2 + 4 sin2(y/2)]5/2
dy

(v1
m,n)′′(s) =

1

2π(n−m)

∫ π

−π

(−3 sin[(n−m)y] sin(y)

[s2 + 4 sin2(y/2)]5/2
+

15s2 sin[(n−m)y] sin(y)

[s2 + 4 sin2(y/2)]7/2

)
dy.

q✉❡ ❧✬♦♥ ♣❡✉t ♠❛❥♦r❡r ♣❛r

|(v1
m,n)′(s)| ≤ 3

|n−m|
1

s4

|(v1
m,n)′′(s)| ≤ 1

|n−m|

(
3

|s5| +
15

|s5|

)
=

1

|n−m|
18

|s5| .

❊t ♦♥ ♣❡✉t é❝r✐r❡

|N2(x)| ≤
L

π2r

∑

p≥1

1

p2

1

|n−m|

(
3(

2r

L
)4 +

18

4
(
2r

L
)4
)

≤ 20

|n−m|
r3

L3
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❖♥ ✈❛ ♠❛✐♥t❡♥❛♥t ♠❛❥♦r❡r ❧❡ t❡r♠❡ v1
mn✳ ❈♦♠♠❡ | sin y| ≥ |2y/π| ♦♥ ❛ ❧❛ ♠❛❥♦r❛t✐♦♥ s✉✐✈❛♥t❡ ✿

1

(x2 + 4 sin2(y/2))3/2
≤ 1

(x2 + 4y2/π2)3/2
≤ π3

8

1

(x2 + y2)3/2
, ✭✶✳✸✵✮

❡t ♦♥ ♦❜t✐❡♥t ♣♦✉r x ∈ [−L/2r, L/2r) ✿

|v1
mn(x)| ≤ π2

4|n−m|

∫ π/2

0

| sin[(n−m)y] sin(y)|
[x2 + y2]3/2

dy.

▼❛✐♥t❡♥❛♥t ♦♥ ❡♠♣❧♦✐❡ ❧❡s ✐♥é❣❛❧✐tés ✭✐❝✐ 0 < γ ≤ 1 ❡st ❛r❜✐tr❛✐r❡✮ ✿

| sin[(n−m)y]| ≤ |n−m|1−γ |y|1−γ , | sin(y)| ≤ |y|,

♦♥ ❢❛✐t ❧❡ ❝❤❛♥❣❡♠❡♥t ❞❡ ✈❛r✐❛❜❧❡s s✉✐✈❛♥t s = y/|x| ❡t ♦♥ é❝r✐t ✿

|v1
mn(x)| ≤ π2

4|n−m|
|n−m|1−γ

|x|γ
∫ ∞

0

s2−γ

[1 + s2]3/2
ds.

❈❡ q✉✐ ✜♥✐t ❧❛ ♣r❡✉✈❡ ❞✉ ❧❡♠♠❡ ❡♥ ❝❤♦✐s✐ss❛♥t

C(γ) :=

∫ ∞

0

s2−γ

[1 + s2]3/2
ds =

Γ(3
2 − γ

2 )Γ(γ
2 )√

π
.

▼❛✐♥t❡♥❛♥t r❡t♦✉r♥♦♥s à ❧❛ r❡❧❛t✐♦♥ ✭✶✳✷✸✮✱ ❡t ❡st✐♠♦♥s ❧❛ ♥♦r♠❡✳ ▲✬❡st✐♠❛t✐♦♥ ✭✶✳✷✹✮ ♥♦✉s
❞♦♥♥❡ q✉❡ V 1,L/r

m,n ❡st ❝♦♠♣♦sé❡ ❞❡ ❞❡✉① ♣❛rt✐❡s✱ ✉♥❡ ❢♦♥❝t✐♦♥ ❛♣♣❛rt❡♥❛♥t à L1(−L/2r, L/2r) ❡t
✉♥❡ ❢♦♥❝t✐♦♥ ❜♦r♥é❡ ❡♥ x✳ P♦✉r ❧❛ ♣❛rt✐❡ ❜♦r♥é❡✱ ♦♥ ♣❡✉t ♣r❡♥❞r❡ ❧❡ s✉♣r❡♠✉♠ ❡t é❝r✐r❡

‖r · [−ε∂2
x + r2α2 +m2]−1/2 20r3

L3|m− n| [−ε∂
2
x + r2α2 + n2]−1/2‖ ≤

≤ 1√
r2α2 +m2

20r4

L3|m− n|
1√

r2α2 + n2
.

P♦✉r ❧❛ ♣❛rt✐❡ ♥♦♥ ❜♦r♥é❡✱ ♦♥ ✈❛ é❝r✐r❡

‖[−ε∂2
x + r2α2 +m2]−1/2 1

|m− n|γ |x|γ [−ε∂2
x + r2α2 + n2]−1/2‖ ≤

‖[−ε∂2
x + r2α2 +m2]−1/2 1√

|m− n|γ |x|γ
‖ · ‖ 1√

|m− n|γ |x|γ
[−ε∂2

x + r2α2 + n2]−1/2‖,

❡t ♦♥ ♣❡✉t é❝r✐r❡ ❞✬❛♣rès ❧✬❛♥♥❡①❡ ❇✳✶✱ ❛♣♣❧✐q✉é ❛✉ ❝❡r❝❧❡ (SL/r) ✿

‖ 1√
|m− n|γ |x|γ

[−ε∂2
x + r2α2 + n2]−1/2‖HS ≤

≤ r

L
‖ 1√

|m− n|γ |x|γ
‖L2(SL/r)‖[ε(

2πpr

L
)2 + r2α2 + n2]−1/2‖ℓ2 .

❖♥ ❝❛❧❝✉❧❡ ♣♦✉r γ < 1

‖ 1√
|m− n|γ |x|γ

‖2
L2(SL/r) =

1

|n−m|γ
(
L

2r

)1−γ 2

1 − γ
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❡t

‖[ε(2πpr
L

)2 + r2α2 + n2]−1/2‖2
ℓ2 =

∑

p∈Z

1

ε(2πpr
L )2 + r2α2 + n2

=
1

r2α2 + n2
+

2

ε(2πr
L )2

∑

p≥1

1

p2 + r2α2+n2

ε( 2πr
L

)2

.

❊♥ ❡st✐♠❛♥t ❧❛ s♦♠♠❡ ♣❛r ✉♥❡ ✐♥té❣r❛❧❡ ✿

2

ε(2πr
L )2

∑

p≥1

1

p2 + r2α2+n2

ε( 2πr
L

)2

≤ 2

ε(2πr
L )2

∫ ∞

0

1

p2 + r2α2+n2

ε( 2πr
L

)2

dp =
L

r
√
ε
√
r2α2 + n2

❝❡ q✉✐ ❞♦♥♥❡ ❧✬❡st✐♠❛t✐♦♥ s✉✐✈❛♥t❡ ✿

‖[ε(2πpr
L

)2 + r2α2 + n2]−1/2‖2
ℓ2 ≤ 1

r2α2 + n2
+

L

r
√
ε
√
r2α2 + n2

=
1√

r2α2 + n2

(
1√

r2α2 + n2
+

L

r
√
ε

)

≤ 1

r
√
r2α2 + n2

(
1

α
+

L√
ε

)

❆✉ t♦t❛❧

‖r · [−ε∂2
x + r2α2 +m2]−1/2 C(γ)

|m− n|γ |x|γ [−ε∂2
x + r2α2 + 2n2]−1/2‖L2(SL/r) ≤

≤ r
r

L

2

1 − γ

C(γ)

|n−m|γ
(
L

2r

)1−γ 1

(r2α2 + n2)1/4(r2α2 +m2)1/4

1

r

(
1

α
+

L√
ε

)

≤ C2(γ)
1

|n−m|γ
rγ

(r2α2 + n2)1/4(r2α2 +m2)1/4

(
1

αLγ
+
L1−γ

√
ε

)
, C2(γ) :=

2γC(γ)

(1 − γ)
.

❖♥ ❛ ❞♦♥❝ ♦❜t❡♥✉ ✉♥❡ ❜♦r♥❡ s✉♣ér✐❡✉r❡ ♣♦✉r ❧❛ ♥♦r♠❡ ❞❡ ❧✬♦♣ér❛t❡✉r ❞❡ ✭✶✳✷✸✮ q✉✐ ❛ ❧❛ ❢♦r♠❡ ✿

||Ṽ r,L
m,n||B(SL) ≤

1√
r2α2 +m2

20r4

L3|m− n|
1√

r2α2 + n2

+
C2(γ)

1 − γ

1

|n−m|γ L1−γ rγ

√
ε(r2α2 + n2)1/4(r2α2 +m2)1/4

✭✶✳✸✶✮

❖♥ r❛♣♣❡❧❧❡ q✉❡ ❧✬♦♥ ❡st ✐♥t❡r❡ssé ♣❛r ✉♥❡ ❡st✐♠❛t✐♦♥ ❞❡ ✭✶✳✷✷✮ ❡t q✉❡ ❧✬♦♥ ❛ m 6= n✳ ❖♥ ❝❤♦✐s✐t
1/2 < γ < 1✳ ❖♥ ❞♦✐t ❡①❛♠✐♥❡r ♣❧✉s✐❡✉rs ❝❛s ✿

✶✳ ◗✉❛♥❞ m = 0 ❡t |n| ≥ 1✳ ❆❧♦rs ❧❡ ♣r❡♠✐❡r t❡r♠❡ ❞❡ ✭✶✳✸✶✮ ❡st ♠❛❥♦ré ♣❛r ✉♥❡ ❡①♣r❡ss✐♦♥
❞✉ t②♣❡ r3α−1L−3|n|−2✳ ▲❡ s❡❝♦♥❞ t❡r♠❡ ❡st ♠❛❥♦ré ♣❛r rγ−1/2α−1/2ε−1/2L1−γ |n|−1/2−γ ✳
▲❡s ❞❡✉① ❝♦♥tr✐❜✉t✐♦♥s s♦♥t s♦♠♠❛❜❧❡s ♣❛r r❛♣♣♦rt à n✳

✷✳ ❋✐①♦♥s m 6= 0✱ ❡t ❝♦♥s✐❞ér♦♥s t♦✉s ❧❡s n 6= m✳ ◗✉❛♥❞ n = 0✱ ♦♥ ♦❜t✐❡♥t ❧❛ ♠ê♠❡ ❝❤♦s❡
q✉✬❛✉ ❞❡ss✉s ♠❛✐s ♣♦✉r m✳ ❙✐ n 6= 0✱ ♦♥ ♣❡✉t ♠❛❥♦r❡r ♣❛r ❧❡ t❡r♠❡ ✐♥❞é♣❡♥❞❛♥t ❞❡ r ❡t α
s✉✐✈❛♥t ✿

sup
m6=0

|m|−1/2
∑

n6=0,n6=m

1

|n|1/2|n−m|γ , 1/2 < γ.
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❖♥ ♣❡✉t ✉t✐❧✐s❡r s♦✐t ❧✬✐♥é❣❛❧✐té ❞❡ ❍ö❧❞❡r✱ ♦✉ ❜✐❡♥ ❧✬♦♥ ♣❡✉t sé♣❛r❡r ❧❛ s♦♠♠❡ ❝✐✲❞❡ss✉s ❞❡
❧❛ ♠❛♥✐èr❡ s✉✐✈❛♥t❡ ✿

∑

n6=0,n6=m

1

|n|1/2|n−m|γ

=


 ∑

n6=0,n6=m,|n|≤|n−m|
+

∑

n6=0,n6=m,|n|>|n−m|


 1

|n|1/2|n−m|γ

≤
∑

n6=0,n6=m

(
1

|n|γ+1/2
+

1

|n−m|1/2+γ

)
=

∑

n6=0,n6=m

2

|n|γ+1/2
≤ const(γ).

P♦✉r r ❛ss❡③ ♣❡t✐t✱ ❝✬❡st ❧❡ t❡r♠❡ ❞✉ ❝❛s ♥✉♠ér♦ ✶ q✉✐ ❞❡✈✐❡♥t ♣ré♣♦♥❞ér❛♥t ❞❛♥s ❧✬❡st✐♠❛t✐♦♥✱
♦♥ ♣r❡♥❞ γ ♣r♦❝❤❡ ❞❡ ✶ ❡t ♦♥ ❡♥ ❞é❞✉✐t ❧✬❡st✐♠❛t✐♦♥ ✭✶✳✶✹✮✳

❖♥ ♣❡✉t ♠❛✐♥t❡♥❛♥t ét❛❜❧✐r ❧❛ ♣r❡✉✈❡ ❞✉ t❤é♦rè♠❡ ❞❡ ❝❡tt❡ s❡❝t✐♦♥ ✿

Pr❡✉✈❡ ❞✉ t❤é♦rè♠❡ ✶✳✷✳✷✳ ❖♥ ❝♦♠♠❡♥❝❡ ❧❛ ♣r❡✉✈❡ ❡♥ r❡♠❛rq✉❛♥t q✉❡ N ❡t L s♦♥t ♣r♦♣♦rt✐♦♥✲
♥❡❧s ✭✈♦✐r ❞é❜✉t ❞❡ ❝❡ ❝❤❛♣✐tr❡✮✳ ❖♥ ✜①❡ L ✭❡t ❞♦♥❝ N✮ ❡t

µ = −α2 = −4N sup
x

|vat(x)|,

❝❡ q✉✐ ❡♥tr❛✐♥❡ q✉❡ µ ∈ σ(Hdiag)✳ ❖♥ ❝❤♦✐s✐t ❛✉ss✐ ε = 1/2✳ P❛r ❝♦♥séq✉❡♥t✱ ♦♥ ♣❡✉t ❛♣♣❧✐q✉❡r
❧❡s ❧❡♠♠❡s ✶✳✷✳✸✱ ✶✳✷✳✹ ❡t ✶✳✷✳✺✱ ❡t ♣♦✉r z ∈ ρ(Hdiag)✱ ❡♥ ✉t✐❧✐s❛♥t ❧❛ r❡❧❛t✐♦♥ ✭✶✳✶✶✮✱ ✐❧ ❡①✐st❡
r00(L, γ) > 0 ❡t ✉♥❡ ❝♦♥st❛♥t❡ ❞é♣❡♥❞❛♥t ❞❡ γ ✿ Cγ > 0 t❡❧ q✉❡ ❧✬♦♥ ❛ ♣♦✉r r ≤ r00

‖K(z)‖ ≤ Cγ
rγ− 1

2√
εα

L3−γ

(
1 +

|z + α2|
d(z, σ(Hdiag))

)
,

❝❛r α ❡t µ r❡s♣❡❝t❡♥t ❜✐❡♥ ❧❡s ❤②♣♦t❤ès❡s ❞✉ ❧❡♠♠❡ ✶✳✷✳✹ ✿

µ ≤ −α2 < −2N sup
x

|vat(x)|,

❡t 0 < ε < 1✳ P♦✉r ❝❡rt❛✐♥ z ❜✐❡♥ ❝❤♦✐s✐s t❡❧s q✉❡ ❧❛ ❝♦♥❞✐t✐♦♥ s✉r z s✉✐✈❛♥t❡ s♦✐t ✈ér✐✜é❡ ✿

Cγ
rγ− 1

2√
εα

L3−γ

(
1 +

|z + α2|
d(z, σ(Hdiag))

)
≤ 1

2
,

♦♥ ❛ ❛❧♦rs ‖K(z)‖ ≤ 1/2 ❡t ♦♥ ✉t✐❧✐s❡ ❧❛ r❡❧❛t✐♦♥ ✭✶✳✾✮ q✉✐ ♠♦♥tr❡ q✉❡ z ∈ ρ(Hc) ❡t q✉✐ ❞♦♥♥❡ ❧❛
♠❛❥♦r❛t✐♦♥ ❞❡ ❧❛ ❞✐✛ér❡♥❝❡ ❞❡s rés♦❧✈❛♥t❡s✳

Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✼✳ ◆♦✉s ❛✈♦♥s ❧❡s ♣r♦♣r✐étés s✉✐✈❛♥t❡s ♣♦✉r H0

✐✮ H0 ❡st ❜♦r♥é ✐♥❢ér✐❡✉r❡♠❡♥t ❡t ❛✉t♦✲❛❞❥♦✐♥t s✉r s♦♥ ❞♦♠❛✐♥❡ W2(SN
L )✳

✐✐✮ H0 ♣♦ssè❞❡ s❡✉❧❡♠❡♥t ❞❡s ✈❛❧❡✉rs ♣r♦♣r❡s ✐s♦❧é❡s✳

✐✐✐✮ ▲❡s ✈❛❧❡✉rs ♣r♦♣r❡s {λk}λ∈N
❞❡ H0 ❛✈❡❝ λ1 ≤ λ2 ≤ ... s❡ ❝♦♠♣♦rt❡♥t ❛s②♠♣t♦t✐q✉❡♠❡♥t

❝♦♠♠❡ ✿

λk
k→∞∼ CN

k
2
N

L2
.

♦ù CN = N2N−1π
N
2 Γ(N

2 )✱ Γ ❡st ❧❛ ❢♦♥❝t✐♦♥ ❣❛♠♠❛ ❞❡ ❊✉❧❡r✳
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❉é♠♦♥str❛t✐♦♥✳ P♦✉r i)✱ ❧✬♦♣ér❛t❡✉r (−∆) := −∑N
j=1

∂2

∂x2
j
❡st ❛✉t♦✲❛❞❥♦✐♥t ❞❛♥s HN ❛✈❡❝ ❝♦♠♠❡

❞♦♠❛✐♥❡ W2(SN
L ) ❡t ♥♦♥ ♥é❣❛t✐❢✳ ❉❡ ♣❧✉s✱ vat ❡st s②♠étr✐q✉❡ ❡t ❜♦r♥é✳ P♦✉r ❝❤❛q✉❡ j ❡t k✱ ♦♥ ✈❛

♠♦♥tr❡r q✉❡ ❧❡ ♣♦t❡♥t✐❡❧ ❞✬✐♥tér❛❝t✐♦♥ ❡♥tr❡ ❞❡✉① ♣❛rt✐❝✉❧❡s ❞❡ ❝♦♦r❞♦♥♥é❡s xj ❡t xk s✉r ❧❡ ❝❡r❝❧❡✱
❡st r❡❧❛t✐✈❡♠❡♥t ❜♦r♥é à ❧✬♦♣ér❛t❡✉r (−1

2
∂2

∂x2
j
− 1

2
∂2

∂x2
k
)✳ Pr❡♠✐èr❡♠❡♥t✱ D(−∆) ⊂ D(vL) ❝❛r vL ❡st

✐❝✐ ✉♥❡ ❢♦♥❝t✐♦♥ L2(SL)✱ ✈♦✐r ❧❡♠♠❡ ❆✳✷✳✹✳ ❊♥s✉✐t❡✱ s✐ ❧✬♦♥ ♣r♦❝è❞❡ ❛✉ ❝❤❛♥❣❡♠❡♥t ❞❡ ✈❛r✐❛❜❧❡s
s✉✐✈❛♥t ✿ X = xj − xk ❡t Y = xk ♦♥ ♦❜t✐❡♥t ✿

−1

2

∂2

∂x2
j

− 1

2

∂2

∂x2
k

u.e.≃ −(
∂

∂X
,
∂

∂Y
)

(
1 −1

2
−1

2
1
2

)(
∂

∂X
∂

∂Y

)
≥ −(

3 −
√

5

4
)(

∂

∂X
,
∂

∂Y
)

(
1 0
0 1

)(
∂

∂X
∂

∂Y

)
.

❙♦✐t 0 < ε ≤ 1✱ ♦♥ ♣❡✉t é❝r✐r❡

‖vL(xj − xk)

(√
ε

2
(− ∂2

∂x2
j

− ∂2

∂x2
k

) +
1√
ε

)−1

‖2 ≤

≤ ‖vL(X)

(
√
ε
3 −

√
5

4
(− ∂2

∂X2
− ∂2

∂Y 2
) +

1√
ε

)−1

‖2. ✭✶✳✸✷✮

❊♥ ✉t✐❧✐s❛♥t ❧❡ té♦rè♠❡ s♣❡❝tr❛❧ ♦♥ ♦❜t✐❡♥t

‖
(
√
ε
3 −

√
5

4
(− ∂2

∂X2
) +

1√
ε

)(
√
ε
3 −

√
5

4
(− ∂2

∂X2
− ∂2

∂Y 2
) +

1√
ε

)−1

‖2 ≤ 1

❡t ♦♥ ♣❡✉t ❞♦♥❝ ♠❛❥♦r❡r ✭✶✳✸✷✮ ♣❛r

‖vL(X)

(
√
ε
3 −

√
5

4
(− ∂2

∂X2
) +

1√
ε

)−1

‖2
B(L2(SL))

❆✈❡❝ ❧✬❛✐❞❡ ❬❘❙✸✱ ❚❤✳ ❳■✳✷✵❪ q✉✐ ét❛❜❧✐t q✉❡ ♣♦✉r ❞❡✉① ❢♦♥❝t✐♦♥s f, g ∈ L2(R2) ♦♥ ❧❛ r❡❧❛t✐♦♥

‖f(x)g(−i∇)‖HS ≤ 1

2π
‖f‖L2(R2) · ‖g‖L2(R2)

♦♥ ♠♦♥tr❡ ✭✈♦✐r ❛♥♥❡①❡ ❇✳✶✮✱ ❣râ❝❡ à ❧❛ ❣é♦♠étr✐❡ ❞✉ t♦r❡✱ ♦♥ ❛ ❞❡ ♠ê♠❡ ♣♦✉r f, g ∈ L2(SL)

‖f(x)g(−i∇)‖HS ≤ 1

L
‖f‖L2(S2

L) · ‖g‖ℓ2 .

❈❡ q✉✐ ♣❡r♠❡t ❞✬é❝r✐r❡

‖vL(X)

(√
ε(− ∂2

∂X2
) +

1√
ε

)−1

‖2

≤ 1

L2

∫

SL

|vL(X)|2dX ·
∑

p∈Z

∣∣∣∣∣
1√

ε(2π
L p)

2 + 1√
ε

∣∣∣∣∣

2

❊t ❝♦♠♠❡ ♦♥ ❛ ❞✬✉♥❡ ♣❛rt vL ∈ L2(SL) ❞✬❛♣rès ❆✳✷✳✹ ❛✈❡❝ c1, c2 t❡❧s q✉❡

‖vL‖2 ≤ c1
r

+ c2

❡t ❞✬❛✉tr❡ ♣❛rt

(
L2

√
ε4π2

)2∑

p∈Z

∣∣∣∣∣
1

p2 + L2

ε4π2

∣∣∣∣∣

2

= ε+ 2

(
L2

√
ε4π2

)2∑

p≥1

∣∣∣∣∣
1

p2 + L2

ε4π2

∣∣∣∣∣

2

,
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❡t ♦♥ ✈❛ ♠❛❥♦r❡r ❧❛ s♦♠♠❡ ♣❛r ❧✬✐♥té❣r❛❧❡ ✿

∑

p≥1

∣∣∣∣∣
1

p2 + L2

ε4π2

∣∣∣∣∣

2

≤
∫ ∞

0

∣∣∣∣∣
1

p2 + L2

ε4π2

∣∣∣∣∣

2

dp

=
π

4

(√
ε2π

L

)3

❛❧♦rs ❧❛ q✉❛♥t✐té ✭✶✳✸✷✮ ❡st ❜♦r♥é❡✱ ✉♥✐❢♦r♠é♠❡♥t ♣♦✉r ε ❞❛♥s ✉♥ ✐♥t❡r✈❛❧❧❡ ❜♦r♥é✳ P❛r ❛✐❧❧❡✉rs✱
♦♥ ❛ ❧❛ r❡❧❛t✐♦♥

‖vL(xj − xk)

(√
ε

2
(−∆) +

1√
ε

)−1

‖ ≤‖vL(xj − xk)

(√
ε

2
(− ∂2

∂x2
j

− ∂2

∂x2
k

) +
1√
ε

)−1

‖

· ‖
(√

ε

2
(− ∂2

∂x2
j

− ∂2

∂x2
k

) +
1√
ε

)(√
ε

2
(−∆) +

1√
ε

)−1

‖

❖♥ ♣❡✉t ♠♦♥tr❡r q✉❡ ❧❡ s❡❝♦♥❞ ❢❛❝t❡✉r ❞❡ ❝❡tt❡ ❡①♣r❡ss✐♦♥ ❡st ❜♦r♥é ♣❛r ✶ ❡♥ ✉t✐❧✐s❛♥t ❧❛ tr❛♥s✲
❢♦r♠é❡ ❞❡ ❋♦✉r✐❡r ♣❛r ❡①❡♠♣❧❡✳ ♦♥ ❛ ❞♦♥❝

‖vL(xj − xk)

(√
ε

2
(−∆) +

1√
ε

)−1

‖2 ≤ (
c1
r

+ c2)(
ε

L2
+

√
ε

4L
)

❡t ❝♦♠♠❡ ♦♥ ♣❡✉t ♣r❡♥❞r❡ ε ❛✉ss✐ ♣❡t✐t q✉❡ ❧✬♦♥ ✈❡✉t✱ ❝❤❛q✉❡ ♣♦t❡♥t✐❡❧ ❞✬✐♥t❡r❛❝t✐♦♥ ❡st ❞♦♥❝
r❡❧❛t✐✈❡♠❡♥t ❜♦r♥é ❛✉ ▲❛♣❧❛❝✐❡♥ à N ♣❛rt✐❝✉❧❡s ❛✈❡❝ ❜♦r♥❡ r❡❧❛t✐✈❡ ♥✉❧❧❡✳ ❖♥ ❝♦♥❝❧✉t ♣❛r ❧❡
t❤é♦r❡♠❡ ❞❡ ❑❛t♦✲❘❡❧❧✐❝❤ ❬❘❙✷✱ ❳✳✷❪ q✉❡ H0 ❡st ❛✉t♦✲❛❞❥♦✐♥t s✉r ❧❡ ❞♦♠❛✐♥❡ W2(SN

L )✳ P♦✉r ii)✱
❧❛ rés♦❧✈❛♥t❡ ❛ss♦❝✐é❡ ❛✉ ▲❛♣❧❛❝✐❡♥ à N ♣❛rt✐❝✉❧❡s ❡st ❝♦♠♣❛❝t❡✳ ❊♥ ❡✛❡t✱ (−1

2
∂2

∂x2
j

+ i)−1 ❡st

❝♦♠♣❛❝t❡✶ ❡t ❛✈❡❝ ❧✬éq✉❛t✐♦♥ ❞❡ ❧❛ rés♦❧✈❛♥t❡ ♦♥ ♣❡✉t é❝r✐r❡ ✿

(−1

2
∆ + i)−1 = (−1

2

∂2

∂x2
j

+ i)−1 + (−1

2

∂2

∂x2
j

+ i)−1(
1

2
∆ − 1

2

∂2

∂x2
j

)(−1

2
∆ + i)−1

q✉✐ ❡st ❝♦♠♣♦sé❡ ❞❡ ❞❡✉① t❡r♠❡s ❝♦♠♣❛❝ts ❝❛r ❧❡ ❞❡✉①✐è♠❡ t❡r♠❡ ❞✉ ♠❡♠❜r❡ ❞❡ ❞r♦✐t❡ ❡st ❧❡ ♣r♦✲
❞✉✐t ❞✬✉♥ ♦♣ér❛t❡✉r ❝♦♠♣❛❝t ✿ (−1

2
∂2

∂x2
j
+i)−1 ❡t ❞✬✉♥ ♦♣ér❛t❡✉r ❜♦r♥é✷ ✿ (1

2∆− 1
2

∂2

∂x2
j
)(−1

2∆+i)−1✳

❖♥ ♦❜t✐❡♥t q✉❡ ❧❛ rés♦❧✈❡♥t❡ ❛ss♦❝✐é❡ ❛ H0 ❡st ❝♦♠♣❛❝t❡ ❡♥ é❝r✐✈❛♥t ❧✬éq✉❛t✐♦♥ ❞❡ ❧❛ rés♦❧✈❡♥t❡
s♦✉s ❧❛ ❢♦r♠❡ s✉✐✈❛♥t❡✸ ✿

(H0 + i)−1 = (−1

2
∆+ i)−1− (−1

2
∆+ i)−1(−1

2
∆−H0)(−

1

2
∆+ i)−1(−1

2
∆+ i)(H0 + i)−1. ✭✶✳✸✸✮

❡t ❡♥ ✉t✐❧✐s❛♥t ❧❛ ♣r♦♣r✐été i) q✉✐ ♠♦♥tr❡ q✉✬✐❧ ♥✬② ❛ q✉❡ ❞❡s ♦♣ér❛t❡✉rs ❜♦r♥és ♦✉ ❝♦♠♣❛❝ts✳ ❊♥
❝♦♥séq✉❡♥❝❡✱ H0 ♥❡ ♣♦ssè❞❡ q✉❡ ❞❡s ✈❛❧❡✉rs ♣r♦♣r❡s ❞✐s❝rèt❡s✳ P♦✉r iii)✱ ❝♦♠♠❡ ❧❛ ♣❡rt✉r❜❛t✐♦♥
❡st r❡❧❛t✐✈❡♠❡♥t ❜♦r♥é❡ à (−1

2∆) ❛✈❡❝ ❜♦r♥❡ r❡❧❛t✐✈❡ 0✱ ♦♥ é❝r✐t ♣♦✉r ψ ∈ D(−∆)✱ ε > 0 ❡t
b(ε) > 0 ✿ ∣∣∣∣

(
ψ, (H0 − (−1

2
∆))ψ

)∣∣∣∣ ≤ ε(ψ, (−1

2
∆)ψ) + b(ε)‖ψ‖2

❛✐♥s✐

(1 − ε)

(
(−1

2
∆)ψ,ψ

)
− b(ε) ≤ (H0ψ,ψ) ≤ (1 + ε)

(
(−1

2
∆)ψ,ψ

)
+ b(ε).

✶❞é♠♦♥tré ♣❛r ❡①❡♠♣❧❡ ❡♥ ❝❛❧❝✉❧❛♥t ❧❛ ♥♦r♠❡ ❍✐❧❜❡rt✲❙❝❤♠✐❞t ❞❡ ❧❛ tr❛♥s❢♦r♠é❡ ❞❡ ❋♦✉r✐❡r ❞❡ ❝❡t ♦♣ér❛t❡✉r✳
✷❖♥ ♣❡✉t ✈♦✐r q✉❡ ❧✬♦♣ér❛t❡✉r ❡st ❜♦r♥é ❡♥ ✉t✐❧✐s❛♥t ❧❡ t❤é♦rè♠❡ ❞✉ ❣r❛♣❤❡ ❢❡r♠é ♣❛r ❡①❡♠♣❧❡
✸P♦✉r ♣❧✉s ❞❡ ❞ét❛✐❧s✱ s❡ r❡♣♦rt❡r à ❧✬❛♣♣❡♥❞✐❝❡ ❇✳✸✳
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❖♥ ✉t✐❧✐s❡ ♠❛✐♥t❡♥❛♥t ❧❡ ♣r✐♥❝✐♣❡ ❞✉ ♠✐♥✐♠❛① ❬❘❙✹✱ ❳■■■✳✶❪✳ ❙♦✐t {λk}k∈N
❧❡s ✈❛❧❡✉rs ♣r♦♣r❡s ❞❡

H0 ❡t {Ek}k∈N
❧❡s ✈❛❧❡✉rs ♣r♦♣r❡s ❞❡ (−1

2∆) ❛✈❡❝ ❝♦♥❞✐t✐♦♥s ❞❡ ❜♦r❞s ♣ér✐♦❞✐q✉❡s✱ ❛❧♦rs ♣♦✉r
❝❤❛q✉❡ k ♦♥ ♣❡✉t ❡❝r✐r❡

(1 − ε)Ek − b(ε) ≤ λk ≤ (1 + ε)Ek + b(ε) ✭✶✳✸✹✮

■❧ ❡st ét❛❜❧✐t ❞❛♥s ❬❘❙✹✱ ❳■■■✳✶✺❪ q✉❡ ❧❡s ✈❛❧❡✉rs ♣r♦♣r❡s Ẽk ❛ss♦❝✐é❡s à ❧✬❍❛♠✐❧t♦♥✐❡♥ ❞❛♥s ✉♥❡
❜♦✐t❡ ❞❡ ❞✐♠❡♥s✐♦♥ N ❡t ❞❡ ❝♦té L ❛✈❡❝ ❧❡s ❝♦♥❞✐t✐♦♥s ❞❡ ❉✐r✐❝❤❧❡t ♦✉ ◆❡✉♠❛♥♥ ❛✉① ❜♦r❞s s❡
❝♦♠♣♦rt❡♥t ❛s②♠♣t♦t✐q✉❡♠❡♥t ❝♦♠♠❡

Ẽk
k→∞∼ CN

k
2
N

L2

♦ù CN = N2N−1π
N
2 Γ(N

2 )✱ Γ ét❛♥t ❧❛ ❢♦♥❝t✐♦♥ ❣❛♠♠❛ ❞✬❊✉❧❡r✳ ❖♥ ✉t✐❧✐s❡ ❧❛ t❡❝❤♥✐q✉❡ ❞✐t❡
✏❉✐r✐❝❤❧❡t✲◆❡✉♠❛♥♥ ❜r❛❝❦❡t✐♥❣✑ ♣♦✉r ♠♦♥tr❡r q✉❡ ❧❡s ❝♦♥❞✐t✐♦♥s ♣ér✐♦❞✐q✉❡s ❛✉① ❜♦r❞s ♠è♥❡♥t
❛✉ ♠ê♠❡ rés✉❧t❛t ♣♦✉r ❧❡s Ek✳ ❉❡ ✭✶✳✸✹✮ ❡t ♣♦✉r Ek 6= 0 ♦♥ ❞é❞✉✐t

∣∣∣∣
λk

Ek
− 1

∣∣∣∣ ≤ ε+
b(ε)

Ek
.

❙♦✐t η > 0 ❡t ε = η
2 ✱ s✐ ❧✬♦♥ ❝❤♦✐s✐t kη t❡❧ q✉❡

Ekη ≥ 2

η
b(ε) ✭✶✳✸✺✮

❛❧♦rs ∣∣∣∣
λkη

Ekη

− 1

∣∣∣∣ ≤ η ✭✶✳✸✻✮

❆❧♦rs✱ ♣♦✉r t♦✉t η > 0✱ ♣✉✐sq✉❡ Ek ❝r♦✐t ❛✈❡❝ k ❡t ❛✉ ♠♦✐♥s ♣♦✉r k ❣r❛♥❞✱ ❧❛ ❝♦♥❞✐t✐♦♥ ✭✶✳✸✺✮
♣❡✉t êtr❡ s❛t✐s❢❛✐t❡ ❡t ✐❧ ❡①✐st❡ kη ∈ N t❡❧ q✉❡ ♣♦✉r Ek ≥ Ekη ❧✬éq✉❛t✐♦♥ ✭✶✳✸✻✮ ❡st ✈ér✐✜é❡✳ ❖♥
❞é❞✉✐t q✉❡ ❧❡s ✈❛❧❡✉rs ♣r♦♣r❡s λk ♦♥t ❧❡ ♠ê♠❡ ❝♦♠♣♦rt❡♠❡♥t ❛s②♠♣t♦t✐q✉❡ q✉❡ ❧❡s Ek✳ ❉❡ ♣❧✉s✱
❝♦♠♠❡ ❧❡s ✈❛❧❡✉rs ♣r♦♣r❡s s✬❛❝❝✉♠✉❧❡♥t à ❧✬✐♥✜♥✐✱ ♦♥ ❞é❞✉✐t ❛✈❡❝ ❧❛ ❝♦♠♣❛❝✐té ❞❡ ❧❛ rés♦❧✈❡♥t❡
❞❡ H0 ❧❛ ♣r♦♣r✐été ❞❡ ii) q✉❡ ❧❡s λk s♦♥t t♦✉t❡s ✐s♦❧é❡s✳

✶✳✸ ❈♦♥❝❧✉s✐♦♥

❆♣rès ❛✈♦✐r ✐♥tr♦❞✉✐t ❧❡ ♠♦❞è❧❡ ♠❛t❤é♠❛t✐q✉❡ ♣♦✉r ❧❡ ♥❛♥♦t✉❜❡ ❞❡ ❝❛r❜♦♥❡✱ ❛✈❡❝ ❧✬❍❛♠✐❧✲
t♦♥✐❡♥ Hc✱ ♦♥ ❛ ✉t✐❧✐sé ✉♥❡ ❞❡s ♣r♦♣r✐étés ❝❧❡❢s ❞❡ ❝❡s ♥❛♥♦t✉❜❡s ✿ ❧❡✉r ❢❛✐❜❧❡ ❞✐❛♠ètr❡✱ ❛✜♥ ❞❡
ré❞✉✐r❡ ❧❡ ♣r♦❜❧è♠❡ à ❧✬ét✉❞❡ ❞❡ H0✱ ✉♥ ❍❛♠✐❧t♦♥✐❡♥ à ✉♥❡ ❞✐♠❡♥s✐♦♥✳ ▲❡ t❤é♦rè♠❡ ✶✳✷✳✷ ❞♦♥♥❡
✉♥ rés✉❧t❛t ❡ss❡♥t✐❡❧ ♣♦✉r ❧❛ ré❞✉❝t✐♦♥ à ✉♥❡ ❞✐♠❡♥s✐♦♥✱ ♠❛✐s ✐❧ ♥✬❡st ♣❛s s✉✣s❛♥t ♣♦✉r ♠♦♥tr❡r
✉♥ ❧✐❡♥ ❡♥tr❡ ❧❡s s♣❡❝tr❡s ❞❡ Hc ❡t H0✳ ❊♥ ❡✛❡t✱ ♣♦✉r ét❛❜❧✐r ❧❛ st❛❜✐❧✐té ❞✉ s♣❡❝tr❡ à ❧✬❛✐❞❡ ❞❡ ❧❛
t❤é♦r✐❡ ❞❡s ♣❡rt✉r❜❛t✐♦♥s✱ ✐❧ ❢❛✉❞r❛✐t ❛✉ss✐ ❝♦♥♥❛îtr❡ ❝❡rt❛✐♥❡s ✐♥❢♦r♠❛t✐♦♥s s✉r ❧❡ s♣❡❝tr❡ ❞❡ H0✳
P❛r ❡①❡♠♣❧❡✱ ✐❧ ❢❛✉❞r❛✐t êtr❡ ❛ss✉ré q✉❡ ❧✬♦♥ ♣❡✉t tr❛❝❡r ✉♥ ❝♦♥t♦✉r ❞❛♥s ❧❡ ♣❧❛♥ s♣❡❝tr❛❧ ❛✉t♦✉r
❞❡ ❝❤❛q✉❡ ✈❛❧❡✉r ♣r♦♣r❡ ✐s♦❧é❡ ❞❡ H0 ❡t ❡♥t♦✉r❛♥t ✉♥✐q✉❡♠❡♥t ❝❡❧❧❡✲❧à ♣♦✉r t♦✉t r ✐♥❢ér✐❡✉r à ✉♥
r0 > 0 s✉✣s❛♠♠❡♥t ♣❡t✐t✳ ❉❛♥s ❧❡s ❝❤❛♣✐tr❡s s✉✐✈❛♥ts ❞❡ ❧❛ ♣rés❡♥t❡ ét✉❞❡✱ ❧❡s ✐♥❢♦r♠❛t✐♦♥s ❝♦❧✲
❧❡❝té❡s s✉r ❧❡ ❝♦♠♣♦rt❡♠❡♥t ❞✉ s♣❡❝tr❡ ❞❡ ❧✬♦♣ér❛t❡✉r H0 ♣❛r r❛♣♣♦rt à r ♥❡ s❡r♦♥t ♣❛s s✉✣s❛♥t❡s
♣♦✉r ♠♦♥tr❡r q✉❡ ❧❡s s♣❡❝tr❡s ❞❡ Hc ❡t H0 s♦♥t ❛s②♠♣t♦t✐q✉❡s ❧♦rsq✉❡ r t❡♥❞ ✈❡rs ③ér♦✳

▲✬❛✣r♠❛t✐♦♥ s❡❧♦♥ ❧❛q✉❡❧❧❡ ❧❡ s♣❡❝tr❡ ❞❡ ❜❛ss❡ é♥❡r❣✐❡ ❞❡ Hc ♣❡✉t êtr❡ ❛♣♣r♦①✐♠é ♣❛r ❝❡❧✉✐ ❞❡
H0 ♣♦✉r r s✉✣s❛♠♠❡♥t ♣❡t✐t ❡st ❞♦♥❝ ✉♥❡ ❝♦♥❥❡❝t✉r❡✱ t❛♥t q✉❡ ❧❡ ❝♦♠♣♦rt❡♠❡♥t ❞✉ s♣❡❝tr❡ ❞❡H0

♣❛r r❛♣♣♦rt à r ♥✬❛ ♣❛s été ét❛❜❧✐ ♣ré❝✐sé♠❡♥t✳ P❛r♠✐ ❧❡s ♣✐st❡s à ❡①♣❧♦r❡r q✉✐ ♣♦✉rr❛✐❡♥t ♣❡r♠❡ttr❡
❞✬♦❜t❡♥✐r ❝❡tt❡ ✐♥❢♦r♠❛t✐♦♥✱ ♦♥ ♣❡✉t ❝✐t❡r ❧❡s tr❛✈❛✉① ❞❡ ❬❇❉❪ ♦ù ✉♥ ♣r♦❜❧è♠❡ à N ♣❛rt✐❝✉❧❡s ❡♥
tr♦✐s ❞✐♠❡♥s✐♦♥s à été ré❞✉✐t à ✉♥ ♣r♦❜❧è♠❡ ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧✱ ❛✐♥s✐ q✉❡ ❬❈❉P❪ ♦ù ✉♥ ♠♦❞è❧❡ à
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❞❡✉① ♣❛rt✐❝✉❧❡s s✉r ✉♥ ❝②❧✐♥❞r❡ ✐♥✜♥✐ ❛✈❡❝ ✉♥ ♣♦t❡♥t✐❡❧ ❞✬✐♥t❡r❛❝t✐♦♥ s✐♠✐❧❛✐r❡ à vL ❡st ❛♣♣r♦①✐♠é
♣❛r ✉♥ ♠♦❞è❧❡ ❛✈❡❝ ✉♥❡ ✐♥t❡r❛❝t✐♦♥ ♣♦♥❝t✉❡❧❧❡ s✉r ❧❛ ❧✐❣♥❡✳ ▲✬✐❞é❡ ❡st ❞✬ét❛❜❧✐r q✉❡ ❧✬♦♣ér❛t❡✉r
H0 ❡st ❛s②♠♣t♦t✐q✉❡✱ ❧♦rsq✉❡ r t❡♥❞ ✈❡rs ③ér♦✱ à ✉♥ ♦♣ér❛t❡✉r ❞♦♥t ❧❡ s♣❡❝tr❡ ❡st ❝❛❧❝✉❧❛❜❧❡
s✉✣s❛♠♠❡♥t ♣ré❝✐sé♠❡♥t✱ ❝♦♠♠❡ ♣❛r ❡①❡♠♣❧❡ ❧❡ ❝❛s ♦ù ❧❡s ✐♥t❡r❛❝t✐♦♥s ❡♥tr❡ é❧❡❝tr♦♥s s♦♥t
r❡♠♣❧❛❝é❡s ♣❛r ❞❡s ✐♥t❡r❛❝t✐♦♥s ♣♦♥❝t✉❡❧❧❡s✳ ❖♥ ♣♦✉rr❛ ❛✐♥s✐ ❜é♥é✜❝✐❡r ❞❡ ❧✬❛❜♦♥❞❛♥t❡ ❧✐ttér❛t✉r❡
❛✉ s✉❥❡t ❞❡s ♠♦❞è❧❡s ❞❡ ❜♦s♦♥s ❡t ❢❡r♠✐♦♥s ❡♥ ✉♥❡ ❞✐♠❡♥s✐♦♥✹✳ ❖♥ ♣❡✉t ❛✉ss✐ s✉❣❣ér❡r ❧❡ ♠♦❞è❧❡
❞❡ ●✐r❛r❞❡❛✉ ❬●✐❪ ❝♦♠♠❡ ❝❛♥❞✐❞❛t sér✐❡✉① ♣♦✉r ❧✬♦♣ér❛t❡✉r ❧✐♠✐t❡✳

▼ê♠❡ s✐ ❧❡ tr❛✐t❡♠❡♥t r✐❣♦✉r❡✉① ❡st ✐♥❝♦♠♣❧❡t✱ ♦♥ ♣❡✉t r❛✐s♦♥♥❛❜❧❡♠❡♥t ♣❡♥s❡r q✉❡ ❧❛ ❝♦♥❥❡❝✲
t✉r❡ ❡st ✈r❛✐ ♣♦✉r ❧❡s ♥❛♥♦t✉❜❡s ❡①❛♠✐♥és ♣❛r ❧❡s ♣❤②s✐❝✐❡♥s✳ ❊♥ ❡✛❡t✱ ❞❡s ét✉❞❡s ♥✉♠ér✐q✉❡s
❝♦♠♠❡ ❬P❘❇✾✺❪ ❛✣r♠❡ q✉❡ ❧❡ ♥❛♥♦t✉❜❡ ❛ ✉♥ ❝♦♠♣♦rt❡♠❡♥t ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧ ❡t ❞❡s ♦❜s❡r✈❛✲
t✐♦♥s ❡①♣ér✐♠❡♥t❛❧❡s ❬P❘▲✵✶❪ ♠♦♥tr❡♥t q✉❡ ❧❡ ♥❛♥♦t✉❜❡ ♣❡✉t êtr❡ ❝♦♥s✐❞éré ❝♦♠♠❡ ✉♥❡ str✉❝t✉r❡
✉♥✐❞✐♠❡♥s✐♦♥♥❡❧❧❡✺✳

❖♥ ❢❛✐t ✉♥❡ ❞❡r♥✐èr❡ r❡♠❛rq✉❡ s✉r ❧❛ ♣♦rté❡ ❞✉ t❤é♦rè♠❡ ✶✳✷✳✷ ❡♥ ♥♦t❛♥t q✉❡ ❧✬♦♥ ❞♦✐t s❡
❧✐♠✐t❡r ❛✉ s♣❡❝tr❡ ❞❡ ❜❛ss❡ é♥❡r❣✐❡ ❞❡ Hc ❝❛r ❧❛ ❝♦♥❞✐t✐♦♥ s✉r z ❞✉ t❤é♦rè♠❡ ✐♠♣❧✐q✉❡ q✉❡ z ❞♦✐t
❣r❛♥❞✐r ♠♦✐♥s ✈✐t❡ q✉✬✉♥❡ ❝♦♥st❛♥t❡ ♠✉❧t✐♣❧✐é❡ ♣❛r 1/

√
r✱ ❝❡ q✉✐ ♥❡ ♣❡✉t ♣❛s êtr❡ s❛t✐s❢❛✐t ♣♦✉r

❧❡s ♣❛rt✐❡s ❞❡ Hdiag ❞✉ t②♣❡ H0 + n/r2 ❛✈❡❝ n > 0✳ ▼❛✐s ❝❡ q✉✐ ✐♥tér❡ss❡ ❧❡s ♣❤②s✐❝✐❡♥s ♣♦✉r
❧❛ ❝❛r❛❝tér✐s❛t✐♦♥ ❞❡s ♥❛♥♦t✉❜❡s ❡st ✉♥✐q✉❡♠❡♥t ❧❡ s♣❡❝tr❡ ❞❡ ❜❛ss❡ é♥❡r❣✐❡✱ ▲❛ ré❞✉❝t✐♦♥ à ✉♥❡
❞✐♠❡♥s✐♦♥ ❞♦♥♥é❡ ✐❝✐ ❡st ❞♦♥❝ t♦✉t à ❢❛✐t ❛♣♣r♦♣r✐é❡✳

◗✉❡❧q✉❡s ♣r♦♣r✐étés ❞❡ H0 ♦♥t été é♥♦♥❝é❡s à ❧❛ ♣r♦♣♦s✐t✐♦♥ ✶✳✷✳✼ ❡t ♦♥ ✈❛ ❝♦♥t✐♥✉❡r ❧✬❛♥❛❧②s❡
❞❡ ❝❡t ♦♣ér❛t❡✉r ❞❛♥s ❧❡s ❝❤❛♣✐tr❡s s✉✐✈❛♥t✳ ❖♥ ✈❛ ♥♦t❛♠♠❡♥t ét✉❞✐❡r ❧✬✐♥✢✉❡♥❝❡ ❞❡ ❝❡rt❛✐♥s
♣❛r❛♠ètr❡s ❞❡ H0✱ ❝♦♠♠❡ λ✱ ❧❡ ♣❛r❛♠ètr❡ ❞❡ ❝♦✉♣❧❛❣❡ ❢❛✐❜❧❡✱ ♦✉ F0✱ ❧❡ ♣❛r❛♠ètr❡ q✉✐ ✈❛ ♣❡r✲
♠❡ttr❡ ❞✬♦❜t❡♥✐r ❧❛ ré♣♦♥s❡ ❧✐♥é❛✐r❡ ❞✉ s②stè♠❡ à ❧✬❛❝t✐♦♥ ❞❡ ❧❛ ❧✉♠✐èr❡✳ ❉❛♥s t♦✉s ❝❡s ❝❤❛♣✐tr❡s
✐♥t❡r♠é❞✐❛✐r❡s ❧❡ r❛②♦♥ s❡r❛ s✉♣♣♦sé ✜①❡✱ ❛ss❡③ ♣❡t✐t ❡t ♥♦♥ ♥✉❧✱ ❡t ❝❡❧❛ s❡r❛ s✉✣s❛♥t✳ ❖♥ ✈❡rr❛
❧✬✐♥✢✉❡♥❝❡ ❞✉ r❛②♦♥ s✉r ✉♥❡ ♣❛rt✐❡ ❞✉ s♣❡❝tr❡ ❞❡ H0 ❛✉ ❝❤❛♣✐tr❡ ✻✱ ❡t ♦♥ r❡✈✐❡♥❞r❛ s✉r Hc à ❧❛
✜♥ ❞✉ tr❛✈❛✐❧✳

❆✈❡❝ ❧❛ ré❞✉❝t✐♦♥ à ✉♥❡ ❞✐♠❡♥s✐♦♥✱ ♦♥ ♣❡✉t r❡♠❛rq✉❡r ❛✉ss✐ ❧❛ sé♣❛r❛t✐♦♥ ❡♥tr❡ ❧❡ ♣r♦❜❧è♠❡
❞❡ ❧✬ét✉❞❡ ❞❡ ❧✬✐♥✢✉❡♥❝❡ ❞✉ ♣❛r❛♠ètr❡ ❞❡ ❝❤✐r❛❧✐té ❡t ❝❡❧✉✐ ❞❡ ❧✬✐♥✢✉❡♥❝❡ ❞✉ r❛②♦♥ ❞✉ t✉❜❡✳ ▲❛
❝❤✐r❛❧✐té ❡st ❧✬✐♥❢♦r♠❛t✐♦♥ s✉r ❧❛ ♣ér✐♦❞✐❝✐té ❞✉ rés❡❛✉ ❞✬❛t♦♠❡s✱ q✉✐ ❡st ❝♦♥t❡♥✉❡ ❞❛♥s Vat✳ ❈❡❧❧❡✲
❝✐ ❡st ❡♥t✐èr❡♠❡♥t ❝♦♥s❡r✈é❡ à ❧✬✐♥tér✐❡✉r ❞❡ ❧✬♦♣ér❛t❡✉r Hdiag✱ ❝❛r ❧❡s t❡r♠❡s ❤♦rs ❞✐❛❣♦♥❛✉① ❞❡
Hc ❞❛♥s ❧❛ ❜❛s❡ ❞✉ ▲❛♣❧❛❝✐❡♥ tr❛♥s✈❡rs❡ ♥❡ ❝♦♥t✐❡♥♥❡♥t ♣❛s ❞✬❡①♣r❡ss✐♦♥ ❞é♣❡♥❞❛♥t❡ ❞✉ ♣♦t❡♥t✐❡❧
❛t♦♠✐q✉❡✱ ♦♥ ♣❡✉t ❧❡ ✈♦✐r ❛✈❡❝ ❧❛ r❡❧❛t✐♦♥ ✭✶✳✻✮✳ ❆✐♥s✐✱ ❧❡s ét❛ts ♣r♦♣r❡s ❞❡ Hc ❞é♣❡♥❞r♦♥t ❞❡
❧❛ ❝❤✐r❛❧✐té ❞❡ ❧❛ ♠ê♠❡ ♠❛♥✐èr❡ q✉❡ ❧❡s ét❛ts ♣r♦♣r❡s ❞❡ Hdiag✱ ❧❡s ❝♦rr❡❝t✐♦♥s ❞♦♥♥é❡s ♣❛r ❧❛
t❤é♦r✐❡ ❞❡ ♣❡rt✉r❜❛t✐♦♥ ♥❡ ❞é♣❡♥❞r♦♥t ♣❛s ❞❡ ❧❛ ❝❤✐r❛❧✐té✳ ▲✬✐♥✢✉❡♥❝❡ ❞❡ ❧❛ ❝❤✐r❛❧✐té s✉r ❧❡ ❜❛s ❞✉
s♣❡❝tr❡ s❡r❛ ❞♦♥❝ ❞♦♥♥é❡ ❞✐r❡❝t❡♠❡♥t ♣❛r ❧✬❛♥❛❧②s❡ ❞❡ H0✳ ❆✈❡❝ ❝❡tt❡ ♣r♦♣r✐été✱ ♦♥ ✈❡rr❛ ❞❛♥s
❧❡s ♣r♦❝❤❛✐♥s ❝❤❛♣✐tr❡s q✉❡ ❧✬❡✛❡t ❞❡ ❧❛ ❝❤✐r❛❧✐té ❡t ❞✉ r❛②♦♥ ♣❡✉✈❡♥t êtr❡ ét✉❞✐és sé♣❛ré♠❡♥t✳

✹✈♦✐r ♣❛r ❡①❡♠♣❧❡ ❧✬✐♥tr♦❞✉❝t✐♦♥ ❞❡ ❬❖❇❇●❪ ♣♦✉r ✉♥ ❛♣❡rç✉ ❞❡ ❝❡tt❡ ❧✐ttér❛t✉r❡✳
✺❊①♣ér✐♠❡♥t❛❧❡♠❡♥t✱ ❧❛ ❧✉♠✐èr❡ ❡♥✈♦②é❡ s✉r ❧❡ ♥❛♥♦t✉❜❡ ❞♦✐t êtr❡ ♣♦❧❛r✐sé❡ s✉✐✈❛♥t ❧✬❛①❡ ❞✉ t✉❜❡ ♣♦✉r ♣♦✉✈♦✐r

♦❜s❡r✈❡r ❞❡s ♣✐❝s ❞✬❛❜s♦r♣t✐♦♥ ❛✉① é♥❡r❣✐❡s q✉✐ ♥♦✉s ✐♥tér❡ss❡♥t✱ s✐ ❧❛ ❧✉♠✐èr❡ ❡st ♣♦❧❛r✐sé❡ ♣❡r♣❡♥❞✐❝✉❧❛✐r❡♠❡♥t
❧✬ét✉❞❡ ♠♦♥tr❡ q✉✬✐❧ ♥✬② ❛ ♣❛s ❞✬❛❜s♦r♣t✐♦♥✳



❈❤❛♣✐tr❡ ✷

P♦t❡♥t✐❡❧ ❡①t❡r♥❡ ❡t ré♣♦♥s❡ ❧✐♥é❛✐r❡

❉❛♥s ❧❡s ❡①♣ér✐❡♥❝❡s ❞❡ ♣❤②s✐q✉❡ s✉r ❧❛ ♠❡s✉r❡ ❞❡ ❧❛ ré♣♦♥s❡ ♦♣t✐q✉❡ ❧✐♥é❛✐r❡✱ ✉♥❡ ❧✉♠✐èr❡
♠♦♥♦❝❤r♦♠❛t✐q✉❡✱ ❞❡ ❢❛✐❜❧❡ ❛♠♣❧✐t✉❞❡ ❡t ❞❡ ❢réq✉❡♥❝❡ ✈❛r✐❛❜❧❡✱ ❡st ❡♥✈♦②é❡ s✉r ❧❡ ♥❛♥♦t✉❜❡✳ ❯♥❡
♣❛rt✐❡ ❞❡ ❝❡tt❡ ❧✉♠✐èr❡ ❡st ❛❜s♦r❜é❡ ♣❛r ❧❡s é❧❡❝tr♦♥s ❡t ♣❡r♠❡t ❛✉ s②tè♠❡ t✉❜❡✰N é❧❡❝tr♦♥s ❞❡
♣❛ss❡r ❞❛♥s ✉♥ ét❛t ❡①❝✐té✳ ▲✬❛✉tr❡ ♣❛rt✐❡✱ ♥♦♥ ❛❜s♦r❜é❡✱ tr❛✈❡rs❡ ❧❡ ♥❛♥♦t✉❜❡ ❡t ❡st ♠❡s✉ré❡✳
▲❡ r❛♣♣♦rt ❞❡ ❧✬✐♥t❡♥s✐té ❡♥✈♦②é❡ s✉r ❧✬✐♥t❡♥s✐té ♠❡s✉ré❡ ❡♥ s♦rt✐❡ ❞♦♥♥❡ ❧❡ s♣❡❝tr❡ ❞✬❛❜s♦r♣t✐♦♥✱
❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ❢réq✉❡♥❝❡ ❞❡ ❧❛ ❧✉♠✐èr❡✳ ❆✐♥s✐ ❛❜s♦r♣t✐♦♥ ❡t ét❛ts ❞✉ s②stè♠❡ s♦♥t ❧✐és✳ P♦✉r
♦❜t❡♥✐r ❧❡ s♣❡❝tr❡ ❞✬❛❜s♦r♣t✐♦♥✱ ❞❡✉① ♣r♦❜❧è♠❡s ❞✐st✐♥❝ts ❞♦✐✈❡♥t êtr❡ ét✉❞✐és ✿

✕ ✐❧ ❢❛✉t ❝♦♥♥❛îtr❡ ❧❡s ét❛ts ♣r♦♣r❡s ❞✉ t✉❜❡ ❛✈❡❝ N é❧❡❝tr♦♥s s♦✉♠✐s à ✉♥ ❝❤❛♠♣ é❧❡❝tr♦♠❛✲
❣♥ét✐q✉❡ ❞é♣❡♥❞❛♥t ❞✉ t❡♠♣s✳ ❈❡ ♥❡ s♦♥t ❜✐❡♥ sûr ♣❛s ❧❡s ♠ê♠❡s q✉❡ ♣♦✉r ❧❡ s②stè♠❡ s❛♥s
❧✉♠✐èr❡ ♠❛✐s✱ à ❝❤❛♠♣ é❧❡❝tr♦♠❛❣♥ét✐q✉❡ ❢❛✐❜❧❡✱ ♦♥ ♣❡✉t ❢❛✐r❡ ✉♥❡ ét✉❞❡ ♣❡rt✉r❜❛t✐✈❡✳

✕ ✐❧ ❢❛✉t ❞ét❡r♠✐♥❡r q✉❡❧❧❡s s♦♥t ❧❡s tr❛♥s✐t✐♦♥s ❡♥tr❡ ét❛ts ♣♦ss✐❜❧❡s ❡t ❞♦♥♥❛♥t ❧✐❡✉ à ❛❜✲
s♦r♣t✐♦♥ ❞❡ ❧✉♠✐èr❡ ❡t ❞❛♥s q✉❡❧❧❡ ♣r♦♣♦rt✐♦♥✳ ❈❡❝✐ ❡st ❢❛✐t ❛✉ ❝❤❛♣✐tr❡ ✸✳

▲❡ ❜✉t ❞❡ ❝❡ ❝❤❛♣✐tr❡ ❡st ❞✬ét✉❞✐❡r ❧❡ ♣r❡♠✐❡r ♣♦✐♥t ❡t ❞✬❡①♣r✐♠❡r ❞❡ ♠❛♥✐èr❡ ♣❡rt✉r❜❛t✐✈❡ ❧❡
s♣❡❝tr❡ ❞✉ s②stè♠❡ ❛✈❡❝ ❝❤❛♠♣ é❧❡❝tr♦♠❛❣♥ét✐q✉❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡s ét❛ts ❞✉ s②stè♠❡ ♥♦♥ ♣❡rt✉r❜é✳
❉û ❛✉ ❣r❛♥❞ ♥♦♠❜r❡ ❞❡ ♣❛rt✐❝✉❧❡s✱ ♦♥ ♣ré❢èr❡r❛ ✐❝✐ ❝❛r❛❝tér✐s❡r ✐♥❞✐r❡❝t❡♠❡♥t ❧❡s ét❛ts ❡♥ ❝❛❧❝✉❧❛♥t
❧❛ q✉❛♥t✐té ❛♣♣❡❧é❡ ❡♥ ♣❤②s✐q✉❡ st❛t✐st✐q✉❡ ✏♠❛tr✐❝❡ ❞❡♥s✐té✑ ❞✉ s②stè♠❡✳ ❖♥ r❡tr♦✉✈❡r❛ ❧❡s ét❛ts
♣r♦♣r❡s ♣❧✉s t❛r❞ ❞❛♥s ❧✬ét✉❞❡✱ ❛✉ ❝❤❛♣✐tr❡ ✸✳

❉✉ ♣♦✐♥t ❞❡ ✈✉❡ ♠❛t❤é♠❛t✐q✉❡✱ ♦♥ ♣❛rt ❞✉ ♠♦❞è❧❡ à N é❧❡❝tr♦♥s s✉r ❧❡ ❝❡r❝❧❡ ❞❡ ♣ér✐♠ètr❡ L✱
✐♥tr♦❞✉✐t ❛✉ ❝❤❛♣✐tr❡ ♣ré❝é❞❡♥t✱ ❡t ♦♥ ❛♣♣❧✐q✉❡ ✉♥ ❝❤❛♠♣ é❧❡❝tr♦♠❛❣♥ét✐q✉❡ ❝❧❛ss✐q✉❡✱ ❞é♣❡♥❞❛♥t
❞✉ t❡♠♣s✱ ♠♦❞é❧✐s❛♥t ❧❛ ❧✉♠✐èr❡✳ ❖♥ ❝❤❡r❝❤❡ à ❝♦♥♥❛îtr❡ ❧❛ ré♣♦♥s❡ ❧✐♥é❛✐r❡ ❞✉ s②stè♠❡ à ❧❛
♣❡rt✉r❜❛t✐♦♥ ❧✉♠✐♥❡✉s❡ ❡t ♦♥ ✈❛ ✈♦✐r ❛✉ ❝❤❛♣✐tr❡ ✸ q✉❡ ❝❡❧❧❡✲❝✐ ❡st r❡❧✐é❡ à ❧❛ ❝♦♥❞✉❝t✐✈✐té✳ ❈♦♠♠❡
❝❡❧❛ ❡st ❢❛✐t ♣❛r ❡①❡♠♣❧❡ ♣❛r ❑✉❜♦ ❬❑✉✺✼❪✱ ♦♥ ✉t✐❧✐s❡ ❞♦♥❝ ❧❛ t❤é♦r✐❡ ❞❡ ❧❛ ré♣♦♥s❡ ❧✐♥é❛✐r❡ ❛✜♥
❞✬♦❜t❡♥✐r ❧❛ ❝♦♥❞✉❝t✐✈✐té✱ ♣✉✐s ❧❡ s♣❡❝tr❡ ❞✬❛❜s♦r♣t✐♦♥ ♦♣t✐q✉❡ à ♣❛rt✐r ❞❡ ❝❡tt❡ ❝♦♥❞✉❝t✐✈✐té✳

▲❛ t❤é♦r✐❡ ❞❡ ❧❛ ré♣♦♥s❡ ❧✐♥é❛✐r❡✱ ❧❛r❣❡♠❡♥t ✉t✐❧✐sé ❞❛♥s ❧❛ ❧✐ttér❛t✉r❡ ♣❤②s✐q✉❡✱ s✉♣♣♦s❡ q✉❡ ❧❡
❝❤❛♠♣ ♣❡rt✉r❜❛t✐❢ ❡st ❢❛✐❜❧❡ ❡t ❛♣♣❧✐q✉é ❞❡ ❢❛ç♦♥ q✉❛s✐✲❛❞✐❛❜❛t✐q✉❡✳ ▲❡ t❡r♠❡ ✧q✉❛s✐✲❛❞✐❛❜❛t✐q✉❡✧
s✐❣♥✐✜❛♥t ✐❝✐ q✉❡ ❧✬❛♠♣❧✐t✉❞❡ ❞✉ ❝❤❛♠♣ ❞♦✐t êtr❡ ❛✉❣♠❡♥té❡ ❞❛♥s ❧❡ t❡♠♣s ❣r❛❞✉❡❧❧❡♠❡♥t✱ ❞❡ ❢❛ç♦♥
❡①♣♦♥❡♥t✐❡❧❧❡✱ ❡♥ ♣❛rt❛♥t ❞❡ ③ér♦ ❛✉ t❡♠♣s t = −∞ ✭♣❛s ❞❡ ♣❡rt✉r❜❛t✐♦♥✮✱ ❥✉sq✉✬à ✉♥❡ ✈❛❧❡✉r ♥♦♥
♥✉❧❧❡ à t = 0 ♦ù ❧✬♦♥ ♦❜s❡r✈❡ ❧✬ét❛t ❞✉ s②stè♠❡✳ ▲❛ ♣❡rt✉r❜❛t✐♦♥ ❡st ❛✐♥s✐ s✉✣s❛♠♠❡♥t ✏❞♦✉❝❡✑
♣♦✉r ♣❡r♠❡ttr❡ ❞✬❡①♣r✐♠❡r ❧❡s ❝❛r❛❝tér✐st✐q✉❡s ❞✉ s②stè♠❡ à t = 0 ❡♥ ❢♦♥❝t✐♦♥ ❞❡s ❝❛r❛❝tér✐st✐q✉❡s
❞✉ s②stè♠❡ ♥♦♥ ♣❡rt✉r❜é✳ ❈❡❝✐ ❡st ✉♥❡ ❛♣♣r♦❝❤❡ ♣❡rt✉r❜❛t✐✈❡✱ ❝❡ q✉✐ ✐♠♣❧✐q✉❡ q✉❡ ❧❡ rés✉❧t❛t s❡r❛
✉♥❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦ù ❧✬♦♥ ❝♦♥trô❧❡r❛ ❧❡ t❡r♠❡ ❞✬❡rr❡✉r✳ ❈❡ t❡r♠❡ ❞✬❡rr❡✉r t❡♥❞r❛ ✈❡rs ③ér♦ ❞❛♥s
❧❛ ❧✐♠✐t❡ ❞❡ ❝❤❛♠♣ ❢❛✐❜❧❡✳ ❆✉ ♣r❡♠✐❡r ♦r❞r❡ ❞❡ ❧❛ ♣❡rt✉r❜❛t✐♦♥✱ ♦♥ ♦❜t✐❡♥❞r❛ ❛✐♥s✐ ❧❛ ✏ré♣♦♥s❡
❧✐♥é❛✐r❡✑ ❞✉ s②stè♠❡ à ❧❛ ♣❡rt✉r❜❛t✐♦♥✳

P♦✉r ✉♥ s②stè♠❡ à ❣r❛♥❞ ♥♦♠❜r❡ ❞❡ ♣❛rt✐❝✉❧❡s✱ ✐❧ ❡st ♣❧✉s ❛✐sé ❞✬❡①♣r✐♠❡r s❡s ét❛ts ❞❛♥s ❧❡
❢♦r♠❛❧✐s♠❡ ❞❡ ❧❛ s❡❝♦♥❞❡ q✉❛♥t✐✜❝❛t✐♦♥✳ ▲❡ s②stè♠❡ ❡st ❛✐♥s✐ ❝❛r❛❝tér✐sé ♣❛r ✉♥❡ ♠❛tr✐❝❡ ❞❡♥s✐té
r❡♣rés❡♥t❛♥t ❧❛ ♣r♦❜❛❜✐❧✐té ♣♦✉r ❧❡ s②stè♠❡ ❞❡ s❡ tr♦✉✈❡r ❞❛♥s ✉♥ ❝❡rt❛✐♥ ét❛t✳ ▲❛ ❝♦♥♥❛✐ss❛♥❝❡
❞❡ ❝❡tt❡ ♠❛tr✐❝❡ ♣❡r♠❡t ❞✬♦❜t❡♥✐r ❧❛ ✈❛❧❡✉r ♠♦②❡♥♥❡ ❞❡ ♥✬✐♠♣♦rt❡ q✉❡❧❧❡ q✉❛♥t✐té ♣❤②s✐q✉❡

✸✾
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❞é❝r✐✈❛♥t ❧❡ s②stè♠❡ ❬▲▲✺✱ ➓✺❪✳ ❖♥ ✈❛ ✐❝✐ ♠❡ttr❡ ❡♥ ♣❧❛❝❡ t♦✉s ❧❡s ♦❜❥❡ts ❡t ♦✉t✐❧s ❞✉ ❝❛❞r❡ ❞❡ ❧❛
♣❤②s✐q✉❡ st❛t✐st✐q✉❡ q✉❛♥t✐q✉❡ ♥é❝❡ss❛✐r❡s à ❧❛ ❞❡s❝r✐♣t✐♦♥ ❞❡s ❞✐✛ér❡♥ts ét❛ts ❡①❝✐tés ❞✉ s②stè♠❡
♥❛♥♦s❝♦♣✐q✉❡✳

P♦✉r ❝♦♠♠❡♥❝❡r✱ ❞❛♥s ❧❛ s❡❝t✐♦♥ ✷✳✶ ♦♥ ♣rés❡♥t❡ ❧❡ ♠♦❞è❧❡ ❞é❝r✐✈❛♥t ❧❡ ♥❛♥♦t✉❜❡ ❛✈❡❝ ❧✉♠✐èr❡✳
❊♥s✉✐t❡✱ ❞❛♥s ❧❛ s❡❝t✐♦♥ ✷✳✷ ♦♥ ♠♦♥tr❡ ❧✬❡①✐st❡♥❝❡ ❡t ❧✬✉♥✐❝✐té ❞❡ ❧❛ ♠❛tr✐❝❡ ❞❡♥s✐té ❛ss♦❝✐é❡ ❛✉
♠♦❞è❧❡ ♣❡rt✉r❜é ❡t ❡♥✜♥ ❞❛♥s ❧❛ s❡❝t✐♦♥ ✷✳✸ ♦♥ ❞♦♥♥❡ ✉♥❡ ❡①♣r❡ss✐♦♥ ♣❡rt✉r❜❛t✐✈❡ ❞❡ ❝❡❧❧❡✲❝✐✱
❥✉sq✉✬à ❧✬♦r❞r❡ ✶ ♣❛r r❛♣♣♦rt à ❧✬❛♠♣❧✐t✉❞❡ ❞✉ ❝❤❛♠♣ é❧❡❝tr♦♠❛❣♥ét✐q✉❡✳

▲❛ ❞✐✣❝✉❧té ❞❡ ❝❡ ❝❤❛♣✐tr❡ rés✐❞❡ ❞❛♥s ❧❡ ❢❛✐t q✉❡ ❧✬♦♥ ✈❡✉t rés♦✉❞r❡ ✉♥❡ éq✉❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡
à ❝♦♥❞✐t✐♦♥ ✐♥✐t✐❛❧❡ ❛✉ t❡♠♣s t = −∞ ❡t ❛✈❡❝ ✉♥❡ ♣❡rt✉r❜❛t✐♦♥ ❞é♣❡♥❞❛♥t❡ ❞✉ t❡♠♣s ♥♦♥ ❜♦r♥é❡✳

✷✳✶ ▼♦❞è❧❡ ♣❡rt✉r❜é

P♦✉r ♠♦❞é❧✐s❡r ❧❛ ❧✉♠✐èr❡ ♠♦♥♦❝❤r♦♠❛t✐q✉❡ ✐♥❝✐❞❡♥t❡✱ ♦♥ ✐♥tr♦❞✉✐t ❧❡ ❝❤❛♠♣ é❧❡❝tr✐q✉❡ q✉❡
❧✬♦♥ ♥♦t❡r❛ F (t)✱ ❞✬❛♠♣❧✐t✉❞❡ F0 > 0 ❝♦♠♣♦sé ❞✬✉♥❡ ♦s❝✐❧❧❛t✐♦♥ ❞❡ ❢réq✉❡♥❝❡ ω > 0 ❡t ❞✬✉♥ t❡r♠❡
❝❛r❛❝tér✐s❛♥t ❧✬❛❧❧✉♠❛❣❡ ❛❞✐❛❜❛t✐q✉❡✱ ❝♦♥trô❧é ❛✈❡❝ ❧❡ ♣❛r❛♠ètr❡ η > 0 ✿

F (t) := F0 cos(ωt)eηt,

❛✈❡❝ ❧❛ ✈❛r✐❛❜❧❡ ❞❡ t❡♠♣s t ∈ (−∞, 0]✱ ❡t ♦♥ r❛♣♣❡❧❧❡ q✉❡ ❧✬❡s♣❛❝❡ ❡st ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧✳ ❊t❛♥t
❞♦♥♥é q✉❡ ❧✬♦♥ ❡st s✉r ✉♥ ❝❡r❝❧❡✱ ✐❧ ♥✬❡st ♣❛s ♣♦ss✐❜❧❡ ❞❡ ❞é✜♥✐r ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞✉❡ à ❧❛ ❧✉♠✐èr❡
❝♦♠♠❡ ♦♥ ❧❡ ❢❛✐t ❤❛❜✐t✉❡❧❧❡♠❡♥t ❞❛♥s ❧❛ ❥❛✉❣❡ ❞❡ ❈♦✉❧♦♠❜✱ à ♣❛rt✐r ❞✉ ❝❤❛♠♣ é❧❡❝tr✐q✉❡✱ ❝❛r ❧❡
♣♦t❡♥t✐❡❧ ❛ss♦❝✐é ♥✬❡st ♣❛s ♣ér✐♦❞✐q✉❡✳ ❖♥ ✈❛ ❞♦♥❝ ✉t✐❧✐s❡r ✉♥❡ ❛✉tr❡ ❥❛✉❣❡✳ ❙♦✐t ❧❛ ❢♦♥❝t✐♦♥

a(t) = Re

(
eiωt+ηt

iω + η

)
=
η cos(ωt) + ω sin(ωt)

ω2 + η2
eηt, ✭✷✳✶✮

a′(t) = Re(eiωt+ηt) = cos(ωt)eηt ✭✷✳✷✮

♦ù ❧❡ s✐❣♥❡ ✏♣r✐♠❡✑ ❞é♥♦t❡ ✐❝✐ ❧❛ ❞ér✐✈é❡ ♣❛r r❛♣♣♦rt ❛✉ t❡♠♣s✳ ❖♥ ❛

F (t) = F0a
′(t).

❖♥ ❛ ❞é✜♥✐t ❞❛♥s ❧❛ s❡❝t✐♦♥ ✶✳✷ ❧✬❡s♣❛❝❡ ❞❡s ét❛ts q✉❛♥t✐q✉❡s à N é❧❡❝tr♦♥s s✉r ❧❡ ❝❡r❝❧❡ SL ✿
HN = L2(SN

L )✳ ❉❛♥s ❧❛ ❥❛✉❣❡ ❞❡ ❲❡②❧✶ ✭♦✉ ❥❛✉❣❡ ❍❛♠✐❧t♦♥✐❡♥♥❡ ♦✉ ❡♥❝♦r❡ ❥❛✉❣❡ t❡♠♣♦r❡❧❧❡✮✱
❧❡ s②stè♠❡ à N é❧❡❝tr♦♥s ❛✈❡❝ ♣❡rt✉r❜❛t✐♦♥ ❧✉♠✐♥❡✉s❡ ❡st ❞é❝r✐t ♣❛r ❧✬❍❛♠✐❧t♦♥✐❡♥ H(t) ❛❣✐ss❛♥t
❞❛♥s HN ✿

H(t) = =
1

2

N∑

j=1

{(
1

i

∂

∂xj
− a(t)F0

)2

+ vat(xj)

}
+

1

2

N∑

j 6=k=1

vL(xj − xk).

♦ù ♦♥ r❛♣♣❡❧❧❡ q✉❡ vat ∈ C∞(SL) ❡st ❧❡ ♣♦t❡♥t✐❡❧ ♣ér✐♦❞✐q✉❡ ♠♦❞é❧✐s❛♥t ❧❡ rés❡❛✉ ❞✬❛t♦♠❡s ❡t vL

❡st ❧❡ ♣♦t❡♥t✐❡❧ ♠♦❞é❧✐s❛♥t ❧✬✐♥t❡r❛❝t✐♦♥ ❡♥tr❡ ❞❡✉① é❧❡❝tr♦♥s ❞é✜♥✐t ❡♥ ✭✶✳✹✮✳
❙♦✐t ❧❡s ♦♣ér❛t❡✉rs ❞é✜♥✐s s✉r ❧✬❡s♣❛❝❡ ❞❡ ❙♦❜♦❧❡✈ s✉✐✈❛♥ts ✿

Pj :=
1

i

∂

∂xj
❛✈❡❝ D(Pj) = W1(SL) ❡t P :=

N∑

j=1

Pj ,

W (t) := −a(t)F0P +
1

2
Na2(t)F 2

0 . ✭✷✳✸✮

❖♥ ❛ ❧❛ r❡❧❛t✐♦♥
H(t) = H0 +W (t),

♦ù H0 ❡st ♥♦tr❡ s②stè♠❡ ♥♦♥ ♣❡rt✉r❜é ❞é✜♥✐ ❡♥ ✭✶✳✺✮✳
✶✈♦✐r ♣❛r ❡①❡♠♣❧❡ ❬❋❙❚✱ ✷✳✶❪ ♣♦✉r ✉♥❡ ❞❡s❝r✐♣t✐♦♥ ❞❡ ❧❛ tr❛♥s❢♦r♠❛t✐♦♥ ❞❡ ❥❛✉❣❡✳ ❈❡tt❡ ❥❛✉❣❡ ❡st ❛✉ss✐ ❛♣♣❡❧é❡

❥❛✉❣❡ ❍❛♠✐❧t♦♥✐❡♥♥❡ ♦✉ ❡♥❝♦r❡ ❥❛✉❣❡ t❡♠♣♦r❡❧❧❡✳ ❖♥ ♣♦✉rr❛ ❛✉ss✐ s❡ ré❢ér❡r ❛✉ ♣❛♣✐❡r ❞❡ ❆❤❛r♦♥♦✈✲❇♦❤♠ ❬❆❇❪
♦ù ❡❧❧❡ ❡st ✐♥tr♦❞✉✐t❡✳



✷✳✶✳ ▼❖❉➮▲❊ P❊❘❚❯❘❇➱ ✹✶

Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✶✳ ∀N ≥ 1, t ∈ R ❧❡ ❞♦♠❛✐♥❡ ❞❡ H(t) ❡st ✐♥❞é♣❡♥❞❛♥t ❞❡ t ❡t H(t) ❡st ❛✉t♦✲

❛❞❥♦✐♥t s✉r ❧❡ ❞♦♠❛✐♥❡ D(H0)✳ ❉❡ ♣❧✉s✱ ♣♦✉r t♦✉t F0 ❝❤♦✐s✐ ❞❛♥s ✉♥ ✐♥t❡r✈❛❧❧❡ ❜♦r♥é✱ ✐❧ ❡①✐st❡

c ∈ R∗ t❡❧ q✉❡ ❧✬♦♥ ❛ ❧❡s ♣r♦♣r✐étés s✉✐✈❛♥t❡s ✿

sup
t∈(−∞,0]

‖W (t)(H0 + ic)−1‖ ≤ 1, ❡t sup
t∈(−∞,0]

‖(H0 + ic)(H(t) + ic)−1‖ < 3.

❉é♠♦♥str❛t✐♦♥✳ ❖♥ r❛♣♣❡❧❧❡ q✉❡ ❧✬♦♥ ❛ ✈✉ à ❧❛ ♣r♦♣♦s✐t✐♦♥ ✶✳✷✳✼ q✉❡ H0 ❡st ❛✉t♦✲❛❞❥♦✐♥t s✉r ❧❡
❞♦♠❛✐♥❡ W2(SN

L )✳ ❈♦♠♠❡ ❧❡ t❡r♠❡ a2(t)F 2
0 ❡st ❜♦r♥é ✉♥✐❢♦r♠é♠❡♥t ❡♥ t✱ ❧✬♦♣ér❛t❡✉r s✉✐✈❛♥t

H(t) −H0 = −a(t)F0

N∑

j=1

Pj +
1

2
Na2(t)F 2

0

❡st ❜✐❡♥ ❞é✜♥✐t s✉r D(H0) ♣✉✐sq✉❡ D(H0) ⊂ D(Pj)✳ ❊♥s✉✐t❡ ♣♦✉r u ∈ D(H0)✱ ε > 0

‖
N∑

j=1

Pju‖2 =


(

N∑

j=1

Pj)
2u, u


 ≤ ε‖(

N∑

j=1

Pj)
2u‖ · 1

ε
‖u‖

≤ 1

2
ε2‖(

N∑

j=1

Pj)
2u‖2 +

1

2ε2
‖u‖2

≤ ε2N2

2
‖

N∑

j=1

P 2
j u‖2 +

1

2ε2
‖u‖2 =

ε2N2

2
‖∆u‖2 +

1

2ε2
‖u‖2

▲❛ ♣❡rt✉r❜❛t✐♦♥ ❡st ❞♦♥❝ r❡❧❛t✐✈❡♠❡♥t ❜♦r♥é❡ ❛✉ ▲❛♣❧❛❝✐❡♥ ❛✈❡❝ ❜♦r♥❡ r❡❧❛t✐✈❡ ♥✉❧❧❡ ♣♦✉r N ✜①é✳
❖♥ ✐♥tr♦❞✉✐t ❧✬♦♣ér❛t❡✉r V := H0 − 1

2∆ q✉✐ ❡st r❡❧❛t✐✈❡♠❡♥t ❜♦r♥é à ∆ ❞✬❛♣rès ❧❛ ♣r❡✉✈❡ ❞❡ ❧❛
♣r♦♣♦s✐t✐♦♥ ✶✳✷✳✼✳ ❖♥ ❝♦♥❝❧✉t ❞✬❛♣rès ❧✬❛♥♥❡①❡ ❇✳✷ q✉❡ ♣♦✉r u ∈ D(H0) ✐❧ ❡①✐st❡ ❞❡✉① ❝♦♥st❛♥t❡s
c1(r, λ,N), c2(r, λ,N) > 0 t❡❧❧❡s q✉❡

‖Pu‖ ≤ εc1(r,N)‖H0u‖ +
c2(r,N)

ε
‖u‖

❖♥ r❛♣♣❡❧❧❡ q✉❡ ❧❡s ♣❛r❛♠ètr❡s r > 0, λ > 0 ♦♥t ✉♥❡ ✈❛❧❡✉r ✜①❡ ❞❛♥s ❝❡ ❝❤❛♣✐tr❡✱ P ❡st ❞♦♥❝
r❡❧❛t✐✈❡♠❡♥t ❜♦r♥é à H0 ❛✈❡❝ ❜♦r♥❡ r❡❧❛t✐✈❡ ♥✉❧❧❡✱ ❝❡❝✐ ✐♠♣❧✐q✉❡✱ ❡♥ ✉t✐❧✐s❛♥t ❧❡ t❤é♦r❡♠❡ ❞❡
❑❛t♦✲❘❡❧❧✐❝❤✱ q✉❡ H(t) ❡st ❛✉t♦✲❛❞❥♦✐♥t s✉r ❧❡ ❞♦♠❛✐♥❡ D(H0)✳

P❛r ❛✐❧❧❡✉rs✱ ♦♥ ♣❡✉t é❝r✐r❡ ♣♦✉r c 6= 0 ❡t u = (H0 + ic)−1φ ∈ D(H0)

‖P (H0 + ic)−1φ‖ ≤ εN
√

2‖H0(H0 + ic)−1φ‖ + f(ε)‖(H0 + ic)−1φ‖

≤ εN
√

2‖φ‖ +
f(ε)

|c| · ‖φ‖

❝❛r ❞✬❛♣rès ❧❡ t❤é♦rè♠❡ s♣❡❝tr❛❧

‖H0(H0 + ic)−1‖ = sup
λ∈σ(H0)

λ

λ+ ic
= 1.

❖♥ ❛ ❞♦♥❝

‖W (t)(H0 + ic)−1φ‖ ≤ F0a(t)εN
√

2‖φ‖ +
2F0a(t)f(ε) + F 2

0 a
2(t)N

2|c| · ‖φ‖

❖♥ r❛♣♣❡❧❧❡ q✉✬✐❧ ❡①✐st❡ ✉♥❡ ❝♦♥st❛♥t❡ c1 > 0 t❡❧❧❡ q✉❡ a(t) ≤ c1 ♣♦✉r t♦✉t t ∈ (−∞, 0] ❡t q✉❡ F0

❡st ❝❤♦✐s✐t ❞❛♥s ✉♥ ✐♥t❡r✈❛❧❧❡ ❜♦r♥é✳ P♦✉r N ✜①é✱ s♦✐t ξ > 0 t❡❧ q✉❡ F0a(t)εN
√

2 = ξ/2✱ ✐❧ ❡①✐st❡
c t❡❧ q✉❡

2F0a(t)f(ε) + F 2
0 a

2(t)N

2|c| ≤ ξ

2
.
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❆❧♦rs ♦♥ ❛

‖W (t)(H0 + ic)−1φ‖ ≤ ξ · ‖φ‖.

❖♥ ♣❡✉t ❝❤♦✐s✐r c ♣♦✉r q✉❡ ξ = 1/2✳ ❙♦✉s ❝❡tt❡ ❝♦♥❞✐t✐♦♥✱ ♦♥ ♣❡✉t é❝r✐r❡ ❛✈❡❝ ❧✬éq✉❛t✐♦♥ ❞❡ ❧❛
rés♦❧✈❡♥t❡

(H(t) + ic)−1 = (H0 + ic)−1 + (H0 + ic)−1
(
1 −W (t)(H0 + ic)−1

)−1

❡t
‖(H0 + ic)(H(t) + ic)−1‖ ≤ 1 +

(
1 − ‖W (t)(H0 + ic)−1‖

)−1 ≤ 3.

✷✳✷ ❊q✉❛t✐♦♥ ❞❡ ▲✐♦✉✈✐❧❧❡

❖♥ ✈❡✉t s❛✈♦✐r ❧✬é✈♦❧✉t✐♦♥ t❡♠♣♦r❡❧❧❡ ❞❡ ♥♦tr❡ s②stè♠❡ à N é❧❡❝tr♦♥s s♦✉♠✐s à ❧❛ ♣❡rt✉r❜❛t✐♦♥
❞✉❡ ❛✉ ❝❤❛♠♣ é❧❡❝tr♦♠❛❣♥ét✐q✉❡ ❞é✜♥✐ ♣ré❝é❞❡♠♠❡♥t✳ P♦✉r ❝❡❧❛ ♦♥ ❛ ❜❡s♦✐♥ ❞✬✐♥tr♦❞✉✐r❡ ❝❡r✲
t❛✐♥❡s ♥♦t✐♦♥s ❡t q✉❛♥t✐tés ❞ér✐✈é❡s ❞✉ ❢♦r♠❛❧✐s♠❡ ❞❡ ❧❛ ♣❤②s✐q✉❡ st❛t✐st✐q✉❡✳ ❆ ❝❤❛q✉❡ s②stè♠❡
q✉❛♥t✐q✉❡ ❝♦♠♣♦sé ❞✬✉♥ ❣r❛♥❞ ♥♦♠❜r❡ ❞❡ ♣❛rt✐❝✉❧❡s✱ ♦♥ ❛ss♦❝✐❡ ✉♥ ♦♣ér❛t❡✉r à tr❛❝❡ ♥♦té ρ ❡t
❛♣♣❡❧é ♠❛tr✐❝❡ ❞❡♥s✐té✳ ❆✉ t❡♠♣s t = −∞ ♥♦tr❡ s②stè♠❡ ❡st ♥♦♥ ♣❡rt✉r❜é ❡t à ❧✬éq✉✐❧✐❜r❡✳ ❙❛
♠❛tr✐❝❡ ❞❡♥s✐té ρeq✱ ♦♣ér❛t❡✉r ❛❣✐ss❛♥t s✉r HN ✱ ❡st ❞♦♥♥é❡ ♣❛r ❧❛ ❞✐str✐❜✉t✐♦♥ ❞❡ ●✐❜❜s ❬▲▲✺✱
➓✸✺❪ ✿

ρeq :=
1

TrHN (e−βH0)
e−βH0 ✭✷✳✹✮

♦ù β = 1
KT > 0✱ K ❡st ❧❛ ❝♦♥st❛♥t❡ ❞❡ ❇♦❧t③♠❛♥♥✱ T ❡st ❧❛ t❡♠♣ér❛t✉r❡ ❞✉ s②stè♠❡ ❡t TrHN

❡st ❧❛ tr❛❝❡ ♣r✐s❡ s✉r HN ✳ ❖♥ ✈❡rr❛ ❛✉ ❧❡♠♠❡ ✷✳✷✳✽ q✉❡ ρeq ❡st ✉♥ ♦♣ér❛t❡✉r à tr❛❝❡✳ ❖♥ ✈❡✉t
♠❛✐♥t❡♥❛♥t ❝♦♥♥❛îtr❡ ❧✬❡①♣r❡ss✐♦♥ ❞❡ ❧❛ ♠❛tr✐❝❡ ❞❡♥s✐té ρ(t) ❛ss♦❝✐é❡ à H(t) ♣♦✉r ✉♥ t❡♠♣s t
q✉❡❧❝♦♥q✉❡✳ ❈❡tt❡ ♠❛tr✐❝❡ ❞é♣❡♥❞❛♥t❡ ❞✉ t❡♠♣s ❡st ❧❛ s♦❧✉t✐♦♥ ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡ ▲✐♦✉✈✐❧❧❡ ❬▲▲✺✱
➓✻❪ s✉✐✈❛♥t❡ ✿

∂

∂t
ρ = i[ρ,H], ❛✈❡❝ ❝♦♥❞✐t✐♦♥ ✐♥✐t✐❛❧❡ ρ(−∞) = ρeq. ✭✷✳✺✮

▲✬éq✉❛t✐♦♥ ❝✐✲❞❡ss✉s ❞♦✐t êtr❡ ❝♦♠♣r✐s❡ ❛✉ s❡♥s ❢♦rt s✉r D(H0) ♠❛✐s ♦♥ ✈❛ ✈♦✐r ♣❧✉s t❛r❞ ❞❛♥s
❝❡tt❡ s❡❝t✐♦♥ q✉❡ ❧❛ r❡❧❛t✐♦♥ ❡st ✈r❛✐❡ s✉r HN ✳ ❖♥ ét❛❜❧✐t ❞❛♥s ❝❡ q✉✐ s✉✐t ❧✬❡①✐st❡♥❝❡ ❡t ❧✬✉♥✐❝✐té
❞❡ ❧❛ s♦❧✉t✐♦♥ ❞❡ ✭✷✳✺✮ ❞❛♥s ❧❛ ♥♦r♠❡ tr❛❝❡✳ ❊♥✜♥ ❞❛♥s ❧❛ ❞❡r♥✐èr❡ s♦✉s✲s❡❝t✐♦♥ ♦♥ ❞♦♥♥❡ ✉♥
❞é✈❡❧♦♣♣❡♠❡♥t ❞❡ ρ(t) à ❧✬♦r❞r❡ ✷ ❡♥ ♣✉✐ss❛♥❝❡s ❞❡ F0✳

❙♦✐t
ρ(t, s) := U(t, s)ρeqU

∗(t, s) ✭✷✳✻✮

♦ù U(t, s) ❡st ❧❡ ♣r♦♣❛❣❛t❡✉r✷ ❛ss♦❝✐é à ❧✬éq✉❛t✐♦♥ ❞❡ ❙❝❤rö❞✐♥❣❡r ❞é♣❡♥❞❛♥t❡ ❞✉ t❡♠♣s s✉✐✈❛♥t❡ ✿
♣♦✉r ψ0 ∈ D(H0) ❡t s, t ∈ R

1

i

∂U

∂t
(t, s)ψ0 +H(t)U(t, s)ψ0 = 0, U(s, s) = Id. ✭✷✳✼✮

❖♥ ✐♥tr♦❞✉✐t ❧❛ ♥♦t❛t✐♦♥

Ȧ(s, t) :=
∂A

∂t
(t, s).

✷❱♦✐r ❞é✜♥✐t✐♦♥ ❞❛♥s ❬❘❙✷✱ ❳✳✶✷❪
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❆✉ ♠♦✐♥s ❢♦r♠❡❧❧❡♠❡♥t ♦♥ ❛ ✿

ρ̇(t, s) = U̇(t, s)ρeqU
∗(t, s) + U(t, s)ρeqU̇

∗(t, s)

= −iH(t)ρ(t, s) + iρ(t, s)H(t)

= i[ρ(t, s), H(t)]

❞♦♥❝ ρ(t, s) ❞é✜♥✐ ❡♥ ✭✷✳✻✮ ❡st ✉♥ ❝❛♥❞✐❞❛t ♣♦✉r êtr❡ s♦❧✉t✐♦♥ ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡ ▲✐♦✉✈✐❧❧❡✳ ▼❛✐s
❧❛ ❝♦♥❞✐t✐♦♥ ✐♥✐t✐❛❧❡ à ♠♦✐♥s ❧✬✐♥✜♥✐ ♥✬❡st ♣❛s ✈ér✐✜é❡✳ ❖♥ ✐♥tr♦❞✉✐t ❧✬♦♣ér❛t❡✉r ✉♥✐t❛✐r❡ s✉✐✈❛♥t✱
❢♦rt❡♠❡♥t ❝♦♥t✐♥✉ s✉r D(H0)

Ω(t, s) := eiH0(t−s)U(t, s),

❡t ♦♥ ♠♦♥tr❡ q✉❡

ρ(t) := e−iH0tΩ(t, 0) lim
s→−∞

Ω∗(s, 0)ρeq lim
s→−∞

Ω(s, 0)Ω∗(t, 0)eiH0t ✭✷✳✽✮

❡st s♦❧✉t✐♦♥ ❞❡ ✭✷✳✺✮ ❡t q✉❡ ❝❡tt❡ s♦❧✉t✐♦♥ ❡st ✉♥✐q✉❡✳

Pr♦♣♦s✐t✐♦♥ ✷✳✷✳✶✳ ∀ψ0 ∈ D(H0)✱ ∀t0, t ∈ R✱ ❧✬éq✉❛t✐♦♥ s✉✐✈❛♥t❡ ♣♦ssè❞❡ ✉♥❡ s♦❧✉t✐♦♥ ✉♥✐q✉❡

ψ ∈ D(H0)✱ {
i ∂
∂tψ(t) = H(t)ψ(t)

ψ(t0) = ψ0
. ✭✷✳✾✮

❈❡❝✐ ❞é✜♥✐t ✉♥ ♣r♦♣❛❣❛t❡✉r U : R × R → B(HN ) t❡❧ q✉❡ ψ(t) = U(t, t0)ψ0✳ ■❧ ❡st ✉♥✐t❛✐r❡✱

❢♦rt❡♠❡♥t ❝♦♥t✐♥✉✳ ❉❡ ♣❧✉s ✐❧ ❡st ❢♦rt❡♠❡♥t ❞✐✛ér❡♥t✐❛❜❧❡ ♣❛r r❛♣♣♦rt à ❧❛ ♣r❡♠✐èr❡ ✈❛r✐❛❜❧❡ s✉r

D(H0)✳ ■❧ ♣rés❡r✈❡ D(H0) ❡t ♦❜é✐t s✉r D(H0) à ❧❛ r❡❧❛t✐♦♥ s✉✐✈❛♥t❡ ✿

U(t, s) = Id − i

∫ t

s
H(σ)U(σ, s)dσ.

❉é♠♦♥str❛t✐♦♥✳ ❈❡s ♣r♦♣r✐étés s♦♥t ♦❜t❡♥✉❡s à ❧✬❛✐❞❡ ❞✉ t❤é♦r❡♠❡ ❳✳✼✵ ❞❡ ❬❘❙✷✱ ❳✳✶✷❪✳ ❖♥ ✈❛
✈ér✐✜❡r ❧❡s ❤②♣♦t❤ès❡s ❞❡ ❝❡ t❤é♦rè♠❡✳ ❖♥ s❛✐t ❞é❥à ♣❛r ❧❛ ♣r♦♣♦s✐t✐♦♥ ✷✳✶✳✶ q✉❡D(H(t)) = D(H0)
♣♦✉r t♦✉t t ∈ R✳ ❖♥ ❞é✜♥✐t

C : R × R → B(HN )

(t, s) 7→ C(t, s) =
H(t) −H(s)

t− s
(H(s) + i)−1

q✉❡ ❧✬♦♥ ♣❡✉t é❝r✐r❡ ❞❡ ❧❛ ♠❛♥✐èr❡ s✉✐✈❛♥t❡ ✿

C(t, s) = −F0
a(t) − a(s)

t− s
P (H(s) + i)−1 +

1

2
NF 2

0

a2(t) − a2(s)

t− s
(H(s) + i)−1.

❖♥ ✈❡✉t ♠♦♥tr❡r q✉❡ C ❡st ❝♦♥t✐♥✉❡ ❞❛♥s s❡s ❞❡✉① ✈❛r✐❛❜❧❡s ❡♥ t❛♥t q✉✬♦♣ér❛t❡✉r ❜♦r♥é✳ ▲✬♦♣é✲
r❛t❡✉r P (H(s) + i)−1 ❡st ❜♦r♥é✱ ❡t ♣♦✉r ♥✬✐♠♣♦rt❡ q✉❡❧ ♣♦✐♥t s0✱ ❧❛ ♣r❡♠✐èr❡ éq✉❛t✐♦♥ ❞❡ ❧❛
rés♦❧✈❡♥t❡ ❞♦♥♥❡ ✿

‖P (H(s) + i)−1‖ ≤ ‖P (H(s0) + i)−1‖ + |s− s0|‖P (H(s0) + i)−1‖‖(H(s) + i)−1‖. ✭✷✳✶✵✮

❖♥ ❛ ❛✉ss✐ q✉❡

‖P (H(s) + i)−1 − P (H(t) + i)−1‖ = ‖P (H(s) + i)−1(H(t) −H(s))(H(t) + i)−1‖
= ‖P (H(s) + i)−1F0 (a(t) − a(s))P (H(t) + i)−1

+P (H(s) + i)−1N
F 2

0

2

(
a2(t) − a2(s)

)
(H(t) + i)−1‖

≤ ‖P (H(s) + i)−1‖F0|a(t) − a(s)| ‖P (H(t) + i)−1‖

+‖P (H(s) + i)−1‖ N F 2
0

2
|a2(t) − a2(s)| ‖(H(t) + i)−1‖.
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▼❛✐♥t❡♥❛♥t✱ ❛✈❡❝ ❧❛ ♣r❡♠✐èr❡ ❡st✐♠❛t✐♦♥ ✷✳✶✵ ❡t ♣✉✐sq✉❡ a ❡st ✉♥❡ ❢♦♥❝t✐♦♥ ❝♦♥t✐♥✉❡ ❡t ♣ér✐♦❞✐q✉❡✱
✐❧ ❡①✐st❡ ε > 0 ❡t η(ε) > 0 t❡❧ q✉❡ ♣♦✉r |t− s| < η(ε) ♦♥ ❛ ‖P (H(s) + i)−1 −P (H(t) + i)−1‖ ≤ ε✳
P♦✉r s 6= t ∈ R✱ a(t)−a(s)

t−s ❡st ❝♦♥t✐♥✉❡ ♣❛r r❛♣♣♦rt s ❛♥❞ t✳ ❙♦✐t t0 ∈ [s, t]✱ ❛✈❡❝ ❧❡ t❤é♦rè♠❡ ❞❡s
❛❝❝r♦✐ss❡♠❡♥ts ✜♥✐s ❡t ❝♦♠♠❡ a ❡st ❛♥❛❧②t✐q✉❡ ♦♥ ♣❡✉t é❝r✐r❡

a(t) − a(s) = (t− s)a′(α(s, t)),

❛✈❡❝ α(t, s) ∈]s, t[ ❡t

a′(α(t, s)) − a′(t0) = (α(t, s) − t0)(a
′′(t0) + ε(α(t, s) − t0))

❛✈❡❝ limt→t0 ε(t− t0) = 0✳ ❉♦♥❝ ♣♦✉r t♦✉t s ❡t t✱

|a(t) − a(s)

t− s
− a′(t0)| ≤ |α(t, s) − t0| · |a′′(t0) + ε(α(t, s) − t0)|

❡t ❧✬♦♥ ❛

|α(t, s) − t0| ≤ max {|t− t0|, |s− t0|} ≤ |t− t0| + |s− t0| = ‖(t, s) − (t0, t0)‖1

❞♦♥❝

|a(t) − a(s)

t− s
− a′(t0)| ≤ const · ‖(t, s) − (t0, t0)‖1

q✉✐ ♠♦♥tr❡ ❧❛ ❝♦♥t✐♥✉✐té ❞❛♥s ❧❡s ❞❡✉① ✈❛r✐❛❜❧❡s ❞❡ ❧❛ ❢♦♥❝t✐♦♥ a(t)−a(s)
t−s ❡♥ t0✳ ❖♥ ❝♦♥❝❧✉t q✉❡ C

❡st ❝♦♥t✐♥✉ s✉r R × R ❡t ❧✬♦♥ ♣❡✉t ❛♣♣❧✐q✉❡r ❧❡ t❤é♦rè♠❡ ❳✳✼✵✳

❖♥ ✐♥tr♦❞✉✐t ♠❛✐♥t❡♥❛♥t ❧✬♦♣ér❛t❡✉r ❞é✜♥✐ s✉r ❧❡ ❞♦♠❛✐♥❡ D(P ) = D(H
1
2
0 ) ❡t ❛✈❡❝ s, t ∈ R ✿

W̃ (t, s) := eiH0(t−s)W (t)e−iH0(t−s) = −a(t)F0e
iH0(t−s)Pe−iH0(t−s) +

1

2
F 2

0 a
2(t)N.

▲❡♠♠❡ ✷✳✷✳✷✳ P♦✉r t♦✉t s ∈ R✱ ❧❛ ❢♦♥❝t✐♦♥ t 7→ Ω(t, s) ❡st ❢♦rt❡♠❡♥t ❞✐✛ér❡♥t✐❛❜❧❡ s✉r D(H0)
❡t s❛ ❞ér✐✈é❡ ❡st ✿

Ω̇(t, s) = −iW̃ (t, s)Ω(t, s).

❈❡t ♦♣ér❛t❡✉r ❡st s♦❧✉t✐♦♥ ❞❡ ❧✬éq✉❛t✐♦♥ ✐♥té❣r❛❧❡ s✉✐✈❛♥t❡ ✿

Ω(t, s) = 1 − i

∫ t

s
W̃ (σ, s)Ω(σ, s)dσ s✉r D(H0). ✭✷✳✶✶✮

❉é♠♦♥str❛t✐♦♥✳ P❛r ❞é✜♥✐t✐♦♥✱ Ω(t, s) = eiH0(t−s)U(t, s) ♦ù ❧❡s ❞❡✉① ❢❛❝t❡✉rs s♦♥t ✉♥✐t❛✐r❡s ❡t
❢♦rt❡♠❡♥t ❞✐✛ér❡♥t✐❛❜❧❡s ♣❛r r❛♣♣♦rt à t s✉r D(H0) ✭♣r♦♣♦s✐t✐♦♥ ✷✳✷✳✶ ❡t t❤é♦rè♠❡ ❞❡ ❙t♦♥❡✮✳ ❖♥
♣❡✉t é❝r✐r❡ ♣♦✉r ψ ∈ D(H0) ❡t h 6= 0

Ω(t+ h, s) − Ω(t, s)

h
ψ =

eiH0(t+h−s)U(t+ h, s) − eiH0(t−s)U(t, s)

h
ψ

=eiH0(t+h−s)U(t+ h, s) − U(t, s)

h
ψ +

eiH0(t+h−s) − eiH0(t−s)

h
U(t, s)ψ.
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❉✬❛♣rès ❧❛ ♣r♦♣♦s✐t✐♦♥ ✷✳✷✳✶ ♦♥ ❛ q✉❡ U(t, s) ♣rés❡r✈❡ D(H0)✱ ❝❡❝✐ ♣❡r♠❡t ❞❡ ❞✐✛ér❡♥❝✐❡r ❧❡ t❡r♠❡
❡①♣♦♥❡♥t✐❡❧ ❛✉ s❡♥s ❢♦rt s✉r D(H0)✳ ❊t q✉❛♥❞ ♦♥ ♣r❡♥❞ ❧❛ ❧✐♠✐t❡ h t❡♥❞ ✈❡rs ③ér♦✱ ♣♦✉r t♦✉t
ψ ∈ D(H0)✱

Ω̇(t, s) = lim
h→0

Ω(t+ h, s) − Ω(t, s)

h
ψ =eiH0(t−s)U̇(t, s)ψ + ieiH0(t−s)H0U(t, s)ψ

= − ieiH0(t−s)W (t)e−iH0(t−s)eiH0(t−s)U(t, s)ψ

= − iW̃ (t, s)Ω(t, s).

❡t ❧✬♦♥ ♣❡✉t é❝r✐r❡

Ω(t, s) =Ω(s, s) − i

∫ t

s
W̃ (σ, s)Ω(σ, s)dσ

=Id − i

∫ t

s
W̃ (σ, s)Ω(σ, s)dσ.

▲❡ ❧❡♠♠❡ s✉✐✈❛♥t s❡r❛ ✉t✐❧❡ ♣♦✉r ét✉❞✐❡r ❧❛ ❧✐♠✐t❡ Ω(·, s) ❡♥ −∞✳

▲❡♠♠❡ ✷✳✷✳✸✳ ■❧ ❡①✐st❡ c ∈ R∗ t❡❧ q✉❡

sup
t,s∈(−∞,0]

‖(H(t) + ic)U(t, s)(H(t) + ic)−1‖ <∞.

❉é♠♦♥str❛t✐♦♥✳ ❖♥ ❞é✜♥✐t ♣♦✉r ψ ∈ HN ✱ φ ∈ D(H0) ❡t t♦✉t s, t ∈ (−∞, 0]

fs(t) := 〈φ, Fs(t)ψ〉, Fs(t) := U∗(t, s)(H(t) + ic)U(t, s)(H(t) + ic)−1.

P♦✉r s ❡t t ✜①és✱ Fs ❡st ✉♥ ♦♣ér❛t❡✉r ❜♦r♥é ❞✬❛♣rès ❧❡ t❤é♦rè♠❡ ❞✉ ❣r❛♣❤❡ ❢❡r♠é✸ ♣✉✐sq✉❡ U
❡st ✉♥✐t❛✐r❡✱ ♣rés❡r✈❡ D(H0) ❡t H(t) ❡st ❢❡r♠é s✉r D(H0)✳ ❖♥ ✈❡✉t ♠♦♥tr❡r q✉❡ ❧❛ ❜♦r♥❡ ❡st
✉♥✐❢♦r♠❡ ❡♥ s ❡t t✳ ❖♥ ❝❛❧❝✉❧❡ ❧❛ ❞ér✐✈é❡ ❞❡ Fs✳ ❖♥ ❛ ♣♦✉r h > 0✱

fs(t0 + h) − fs(t0)

h
=

=
1

h

(
〈U(t0 + h, s)φ, (H(t0 + h) + ic)U(t0 + h, s)(H(t0 + h) + ic)−1ψ〉 − fs(t0)

)

=
1

h
〈(U(t0 + h, s) − U(t0, s))φ, (H(t0 + h) + ic)U(t0 + h, s)(H(t0 + h) + ic)−1ψ〉

+
1

h
〈U(t0, s)φ, (H(t0 + h) −H(t0))U(t0 + h, s)(H(t0 + h) + ic)−1ψ〉

+
1

h
〈U(t0, s)φ, (H(t0) + ic)(U(t0 + h, s) − U(t0, s))(H(t0 + h) + ic)−1ψ〉

+
1

h
〈U(t0, s)φ, (H(t0) + ic)U(t0, s)

(
(H(t0 + h) + ic)−1 − (H(t0) + ic)−1

)
ψ〉

✸❱♦✐r ♣❛r ❡①❡♠♣❧❡ ❬❑❪ ❚❤✳ ✺✳✷✵✳
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❡t s✐ ❧✬♦♥ ♣r❡♥❞ ❧❛ ❧✐♠✐t❡ h→ 0✱

lim
h→0

fs(t0 + h) − fs(t0)

h
=

= 〈(−iH(t0)U(t0, s))φ, (H(t0) + ic)U(t0, s)(H(t0) + ic)−1ψ〉
− F0a

′(t0)〈U(t0, s)φ, PU(t0, s)(H(t0) + ic)−1ψ〉
+ F 2

0 a(t0)a
′(t0)〈U(t0, s)φ,U(t0, s)(H(t0) + ic)−1ψ〉

+ 〈U(t0, s)φ, (H(t0) + ic)(−iH(t0)U(t0, s))(H(t0) + ic)−1ψ〉
− F0a

′(t0)〈U(t0, s)φ, (H(t0) + ic)U(t0, s)
(
(H(t0) + ic)−1P (H(t0) + ic)−1

)
ψ〉

+ F 2
0 a(t0)a

′(t0)〈U(t0, s)φ, (H(t0) + ic)U(t0, s)
(
(H(t0) + ic)−1(H(t0) + ic)−1

)
ψ〉.

▲❡ ♣r❡♠✐❡r ❡t q✉❛tr✐è♠❡ t❡r♠❡s ♠♦♥tr❡♥t ♣♦✉rq✉♦✐ ❧✬♦♥ ❛✈❛✐t ❜❡s♦✐♥ ❞❡ ♣r❡♥❞r❡ φ ∈ D(H0) ♠❛✐s
❝♦♠♠❡ ❝❡s ❞❡✉① t❡r♠❡s s❡ ❝♦♠♣❡♥s❡♥t ✿

f ′s(t0) = − F0a
′(t0)〈U(t0, s)φ, PU(t0, s)(H(t0) + ic)−1ψ〉

+ F 2
0 a(t0)a

′(t0)〈U(t0, s)φ,U(t0, s)(H(t0) + ic)−1ψ〉
− F0a

′(t0)〈U(t0, s)φ, (H(t0) + ic)U(t0, s)
(
(H(t0) + ic)−1P (H(t0) + ic)−1

)
ψ〉

+ F 2
0 a(t0)a

′(t0)〈U(t0, s)φ, (H(t0) + ic)U(t0, s)
(
(H(t0) + ic)−1(H(t0) + ic)−1

)
ψ〉

=:〈φ, F ′
s(t)ψ〉.

❖♥ ♦❜t✐❡♥t ❞♦♥❝ q✉❡ ❧✬♦♣ér❛t❡✉r Fs ❡st ❞ér✐✈❛❜❧❡ ❛✉ s❡♥s ❢❛✐❜❧❡ s✉r ❧❡ ❞♦♠❛✐♥❡ ❞❡ H0✱ ❡t ❝♦♠♠❡
❧✬❡①♣r❡ss✐♦♥ ❞❡ F ′

s ❝✐✲❞❡ss✉s ❡st ❜♦r♥é❡ s✉r HN ❡t q✉❡ ❧❡ ❝❛❧❝✉❧ ❛ été ❢❛✐t ♣♦✉r t♦✉t ψ ∈ HN ❡t
t♦✉t φ ❞❛♥s ✉♥ s♦✉s ❡s♣❛❝❡ ❞❡♥s❡ ❞❡ HN ✱ Fs ❡st ❞♦♥❝ ❞ér✐✈❛❜❧❡ ❡♥ ♥♦r♠❡ ♣❛r r❛♣♣♦rt ❛ t ❛✈❡❝
❞ér✐✈é❡ ♣♦✉r t♦✉t τ ∈ R− ✿

F ′
s(τ) = − F0a

′(τ)U∗(τ, s)PU(τ, s)(H(τ) + ic)−1−
− F0a

′(τ)U∗(τ, s)(H(t) + ic)U(τ, s)(H(τ) + ic)−1P (H(τ) + ic)−1+

+ F 2
0 a(τ)a

′(τ)(H(τ) + ic)−1+

+ F 2
0 a(τ)a

′(τ)U∗(τ, s)(H(t) + ic)U(τ, s)(H(τ) + ic)−2

❖♥ é❝r✐t ❛❧♦rs ✿

Fs(t) =Fs(s) +

∫ t

s
F ′

s(τ)dτ = Id +

∫ t

s
F ′

s(τ)dτ

=Id − F0

∫ t

s
a′(τ)U∗(τ, s)PU(τ, s)(H(τ) + ic)−1dτ

− F0

∫ t

s
a′(τ)U∗(τ, s)(H(t) + ic)U(τ, s)(H(τ) + ic)−1P (H(τ) + ic)−1dτ

+ F 2
0

∫ t

s
a(τ)a′(τ)(H(τ) + ic)−1dτ

+ F 2
0

∫ t

s
a(τ)a′(τ)U∗(τ, s)(H(t) + ic)U(τ, s)(H(τ) + ic)−2dτ



✷✳✷✳ ❊◗❯❆❚■❖◆ ❉❊ ▲■❖❯❱■▲▲❊ ✹✼

❡t

Fs(t) =

= Id − F0

∫ t

s
a′(τ)U∗(τ, s)P (H(τ) + ic)−1U(τ, s)U∗(τ, s)(H(τ) + ic)U(τ, s)(H(τ) + ic)−1dτ

− F0

∫ t

s
a′(τ)Fs(τ)P (H(τ) + ic)−1dτ

+ F 2
0

∫ t

s
a(τ)a′(τ)U∗(τ, s)(H(τ) + ic)−1U(τ, s)U∗(τ, s)(H(τ) + ic)U(τ, s)(H(τ) + ic)−1dτ

+ F 2
0

∫ t

s
a(τ)a′(τ)Fs(τ)(H(τ) + ic)−1dτ

❞♦♥❝

Fs(t) =Id − F0

∫ t

s
a′(τ)

(
U∗(τ, s)P (H(τ) + ic)−1U(τ, s)Fs(τ) + Fs(τ)P (H(τ) + ic)−1

)
dτ

+ F 2
0

∫ t

s
a(τ)a′(τ)

(
U∗(τ, s)(H(τ) + ic)−1U(τ, s)Fs(τ) + Fs(τ)(H(τ) + ic)−1

)
dτ.

✭✷✳✶✷✮

❖♥ ♦❜t✐❡♥t ❡♥ ✉t✐❧✐s❛♥t ❧❛ ♣r♦♣♦s✐t✐♦♥ ✷✳✶✳✶ q✉❡ ♣♦✉r t♦✉t t, s ∈ (−∞, 0] ✐❧ ❡①✐st❡ ✉♥ c ∈ R∗ t❡❧
q✉❡

sup
τ∈(−∞,0]

‖P (H(τ) + ic)−1‖ = sup
τ∈(−∞,0]

‖P (H0 + i)−1(H0 + i)(H(τ) + ic)−1‖ <∞

❡t ❝♦♠♠❡ U(τ, s) ❡st ✉♥✐t❛✐r❡✱ ♦♥ ❛

‖Fs(t)‖ ≤ 1 + const ·
∫ t

s
2
(
F0|a′(τ)| + F 2

0 |a(τ)a′(τ)|
)
‖Fs(τ)‖dτ

❊♥ ✉t✐❧✐s❛♥t ❧❡ ❧❡♠♠❡ ❞❡ ●rö♥✇❛❧❧ ❬●r❪✱

‖Fs(t)‖ ≤ exp

(
2const ·

∫ t

s

(
F0|a′(τ)| + F 2

0 |a(τ)a′(τ)|
)
dτ

)
.

❖♥ r❛♣♣❡❧❧❡ q✉❡ a′(t) = cos(ωt)eηt ❡t ❞♦♥❝ ❧❡ ♠❡♠❜r❡ ❞❡ ❞r♦✐t❡ ❡st ❜♦r♥é ❡t ❞❡ ♣❧✉s ✐❧ ❡st ❜♦r♥é
✉♥✐❢♦r♠é♠❡♥t ♣❛r r❛♣♣♦rt à t ❡t s ∈ (−∞, 0]✳

▲❡♠♠❡ ✷✳✷✳✹✳ P♦✉r s ∈ (−∞, 0] ✜①é✱ ♦♥ ❛

lim
t0→−∞

Ω(t0, s)(H0 + i)−1 = Ω+(s)(H0 + i)−1

lim
t0→−∞

Ω∗(t0, s)(H0 + i)−1 = Ω∗+(s)(H0 + i)−1,

❡t Ω∗+(s) = Ω+∗(s)✳

❘❡♠❛rq✉❡ ✷✳✷✳✺✳ ▲❡ rés✉❧t❛t ❞✉ ❧❡♠♠❡ ❡♥tr❛î♥❡ ❛✉ss✐ ❧❛ ♣r♦♣r✐été s✉✐✈❛♥t❡ ✿

s✲lim
t0→−∞

Ω(t0, s) =: Ω+(s)

s✲lim
t0→−∞

Ω∗(t0, s) =: Ω∗+(s) = Ω+∗(s),

❝❛r ❧❛ ❝♦♥✈❡r❣❡♥❝❡ ❡♥ ♥♦r♠❡ ✐♠♣❧✐q✉❡ ❧❛ ❝♦♥✈❡r❣❡♥❝❡ ❢♦rt❡✱ ❡t Ω(·, s),Ω∗(·, s) s♦♥t ✉♥✐t❛✐r❡s ❡t
❝♦♥✈❡r❣❡♥t ❢♦rt❡♠❡♥t s✉r ✉♥ ❞♦♠❛✐♥❡ ❞❡♥s❡ ❞❡ HN ✳
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❉é♠♦♥str❛t✐♦♥✳ ❉✬❛♣rès ❧❡ ❧❡♠♠❡ ✷✳✷✳✷ ❡t ♣♦✉r s, t ∈ R−✱ ♦♥ é❝r✐t Ω ❝♦♠♠❡

Ω(t, s) = Id − i

∫ t

s
W̃ (τ, s)Ω(τ, s)dτ s✉r D(H0)

❡t ♣♦✉r ψ ∈ D(H0) ❡t c ∈ R∗

‖(Ω(t2, s) − Ω(t1, s))ψ‖ =‖
∫ t2

t1

W̃ (τ, s)Ω(τ, s)dτψ‖

≤‖F0

∫ t2

t1

eiH0(τ−s)a(τ)PU(τ, s)dτψ‖

+ ‖1

2
NF 2

0

∫ t2

t1

a2(τ)eiH0(τ−s)U(τ, s)dτψ‖

≤‖
∫ t2

t1

eiH0(τ−s)a(τ)P (H(τ) + ic)−1(H(τ) + ic)U(τ, s)

(H(τ) + ic)−1(H(τ) + ic)(H0 + i)−1(H0 + i)ψdτ‖

+ const · |
∫ t2

t1

a2(τ)dτ | · ‖ψ‖, ✭✷✳✶✸✮

❡t ❛✈❡❝ ❧❡s ❧❡♠♠❡s ✷✳✶✳✶ ❡t ✷✳✷✳✸ ♦♥ ♣❡✉t tr♦✉✈❡r c t❡❧ q✉❡

sup
τ∈(−∞,0]

‖P (H(τ) + ic)−1‖ · ‖(H(τ) + ic)U(τ, s)(H(τ) + ic)−1‖ · ‖(H(τ) + ic)(H0 + i)−1‖ < c1

❛✈❡❝ c1 > 0✱ ❡t ♣❛r ❝♦♥séq✉❡♥t

‖(Ω(t2, s) − Ω(t1, s))ψ‖ ≤c1
∫ t2

t1

|a(τ)||dτ | · ‖(H0 + i)ψ‖ + const · |
∫ t2

t1

a2(τ)dτ | · ‖ψ‖, ✭✷✳✶✹✮

❡t ♣✉✐sq✉❡ ❧❡s ❢♦♥❝t✐♦♥s a ❡t a2 s♦♥t ✐♥té❣r❛❜❧❡s s✉r R−✱

‖(Ω(t2, s) − Ω(t1, s))ψ‖ t1,t2→−∞−−−−−−→ 0.

▲❛ ❢❛♠✐❧❧❡ ❞✬♦♣❡r❛t❡✉rs {Ω(t, s)}t ❡st ✉♥✐t❛✐r❡✱ ❞♦♥❝ ❧❛ s✉✐t❡ ❞❡ ✈❡❝t❡✉rs {Ω(t, s)φ}t ❛✈❡❝ φ ∈ HN

❡st ❞❡ ❈❛✉❝❤② ❡t Ω(., s) ❝♦♥✈❡r❣❡ ❢♦rt❡♠❡♥t s✉r HN ✳ ❖♥ ❞é♥♦t❡ ❝❡tt❡ ❧✐♠✐t❡ ♣❛r Ω+(s)✳ ❈✬❡st ✉♥
♦♣ér❛t❡✉r ❜♦r♥é ❞✬❛♣rès ❧❡ ♣r✐♥❝✐♣❡ ❞❡ ❧❛ ❜♦r♥❡ ✉♥✐❢♦r♠❡✳

❖♥ ♦❜t✐❡♥t ❛✉ss✐✱ s✐ ♦♥ ✐♥tr♦❞✉✐t ψ =: (H0 + i)−1ϕ✱ ❛✈❡❝ ϕ ∈ HN ✱ ❞❛♥s ❧❛ r❡❧❛t✐♦♥ ✭✷✳✶✹✮ ✿

‖(Ω(t2, s) − Ω(t1, s))(H0 + i)−1ϕ‖ ≤ c1

∫ t2

t1

|a(τ)||dτ | · ‖ϕ‖+

+ const · |
∫ t2

t1

a2(τ)dτ | · ‖(H0 + i)−1‖ · ‖ϕ‖,

❡t ❞♦♥❝ ♦♥ ❛ ❛✉ss✐ q✉❡
{
Ω(t, s)(H0 + i)−1

}
t
❡st ❞❡ ❈❛✉❝❤② ❡t t❡♥❞ ❡♥ ♥♦r♠❡ ✈❡rs ✉♥ ♦♣ér❛t❡✉r

❜♦r♥é✳ ❆❧♦rs ♥é❝❡ss❛✐r❡♠❡♥t ❝❡t ♦♣ér❛t❡✉r ❡st é❣❛❧ à Ω+(s)(H0+i)−1✳ ▼❛✐♥t❡♥❛♥t✱ ♣♦✉r ❧✬❛❞❥♦✐♥t✱
♦♥ ✉t✐❧✐s❡ s✉r D(H0)

Ω∗(t, s) = Id + i

∫ t

s
Ω∗(τ, s)W̃ (τ, s)dτ

= Id − iF0

∫ t

s
U∗(τ, s)a(τ)P (H0 + i)−1(H0 + i)e−iH0(τ−s)dτ

+
1

2
NF 2

0 i

∫ t

s
U∗(τ, s)e−iH0(τ−s)a2(τ)dτ



✷✳✷✳ ❊◗❯❆❚■❖◆ ❉❊ ▲■❖❯❱■▲▲❊ ✹✾

❞♦♥❝ ♣♦✉r ψ ∈ D(H0)

‖(Ω∗(t2, s) − Ω∗(t1, s))ψ‖ ≤ F0

∫ t2

t1

|a(τ)|‖P (H0 + i)−1‖‖(H0 + i)e−iH0(τ−s)ψ‖dτ

+N
F 2

0

2

∫ t2

t1

|a2(τ)|dτ‖ψ‖.

❈❡❧❛ ♠♦♥tr❡ q✉❡ Ω∗(., s)ψ ❡st ❞❡ ❈❛✉❝❤② ❡♥ −∞✳ ❊♥ ♣r♦❝é❞❛♥t ❞❡ ❧❛ ♠ê♠❡ ♠❛♥✐èr❡ q✉❡ ♣♦✉r
Ω(., s)✱ ♦♥ ❝♦♥❝❧✉t s✉r ❧❛ ❝♦♥✈❡r❣❡♥❝❡ Ω(t, s)∗(H0 + i)−1✳

❖♥ é❝r✐t ♠❛✐♥t❡♥❛♥t✱ ❝♦♠♠❡ Ω∗+(s),Ω+(s) s♦♥t ❜♦r♥és ❡t Ω∗(t, s),Ω(t, s) s♦♥t ✉♥✐t❛✐r❡s✱

Ω∗+(s)Ω+(s) = s✲lim
t→−∞

Ω∗(t, s) s✲lim
t→−∞

Ω(t, s) = s✲lim
t→−∞

Ω∗(t, s)Ω(t, s) = 1,

q✉✐ ♠♦♥tr❡ q✉❡ Ω∗+(s) = Ω+∗(s) s✉r HN ✳

❈♦r♦❧❧❛✐r❡ ✷✳✷✳✻✳ P♦✉r t♦✉t s ∈ (−∞, 0]✱ ❧❡s q✉❛♥t✐tés

‖H0Ω
+(s)(H0 + i)−1‖, ‖H0Ω

∗+(s)(H0 + i)−1‖

s♦♥t ❜♦r♥é❡s ✉♥✐❢♦r♠é♠❡♥t ❡♥ s✳

❉é♠♦♥str❛t✐♦♥✳ ❈❡❝✐ ✈✐❡♥t ❞✐r❡❝t❡♠❡♥t ❞❡s ♣r♦♣♦s✐t✐♦♥ ❡t ❧❡♠♠❡s ✷✳✶✳✶✱ ✷✳✷✳✸ ❡t ✷✳✷✳✹✳ ❙♦✐t φ ∈
D(H0)✱ ψ ∈ HN ✱ ✐❧ ❡①✐st❡ c ∈ R− t❡❧ q✉❡

|(H0φ,Ω
+(s)(H0 + i)−1ψ)| = |(H0φ, lim

t→−∞
eiH0(t−s)U(t, s)(H0 + i)−1ψ)|

= lim
t→−∞

|(H0φ, e
iH0(t−s)U(t, s)(H0 + i)−1ψ)|

= lim
t→−∞

|(H0e
−iH0(t−s)φ, (H(t) + ic)−1(H(t) + ic)U(t, s)(H(t) + ic)−1(H(t) + ic)(H0 + i)−1ψ)|

≤ lim
t→−∞

‖φ‖‖H0(H(t) + ic)−1‖‖(H(t) + ic)U(t, s)(H(t) + ic)−1‖×

× ‖(H(t) + ic)(H0 + i)−1‖‖ψ‖ ≤ const‖φ‖‖ψ‖.

P❛r ❞❡♥s✐té✱ ❝❡ rés✉❧t❛t ❡st ✈❛❧✐❞❡ ❞❛♥s HN ✳ P♦✉r ❧❛ ❞❡✉①✐è♠❡ ❡st✐♠❛t✐♦♥✱ ♦♥ r❛♣♣❡❧❧❡ q✉❡ ❧❡
♣r♦♣❛❣❛t❡✉r U ❛ ❧❛ ♣r♦♣r✐été s✉✐✈❛♥t❡ ✿ U∗(t, s) = U(s, t)✳ ❙♦✐t φ ∈ D(H0)✱ ψ ∈ HN ✱ ✐❧ ❡①✐st❡
c ∈ R− t❡❧ q✉❡

|(H0φ,Ω
∗+(s)(H0 + i)−1ψ)| = |(H0φ, lim

t→−∞
U∗(t, s)e−iH0(t−s)(H0 + i)−1ψ)|

= lim
t→−∞

|(H0φ,U(s, t)(H0 + i)−1e−iH0(t−s)ψ)|

= lim
t→−∞

|(H0φ, (H(s) + ic)−1(H(s) + ic)U(s, t)(H(s) + ic)−1(H(s) + ic)(H0 + i)−1e−iH0(t−s)ψ)|

≤ lim
t→−∞

‖φ‖‖H0(H(s) + ic)−1‖‖(H(s) + ic)U(s, t)(H(s) + ic)−1‖×

× ‖(H(s) + ic)(H0 + i)−1‖‖ψ‖ ≤ const‖φ‖‖ψ‖.

P❛r ❞❡♥s✐té✱ ❝❡ rés✉❧t❛t ❡st ✈❛❧✐❞❡ ❞❛♥s HN ✳

❖♥ ✈❛ ♠❛✐♥t❡♥❛♥t ♠♦♥tr❡r ❧✬❡①✐st❡♥❝❡ ❡t ❧✬✉♥✐❝✐té ❞❡ ❧❛ s♦❧✉t✐♦♥ ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡ ▲✐♦✉✈✐❧❧❡✳
❖♥ r❛♣♣❡❧❧❡ ❧❛ ❞é✜♥✐t✐♦♥ ❞♦♥♥é❡ ❡♥ ✭✷✳✽✮ ✿

ρ(t) := e−iH0tΩ(t, 0)Ω+∗(0)ρeqΩ
+(0)Ω∗(t, 0)eiH0t. ✭✷✳✶✺✮
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❖♥ ♣❡✉t é❝r✐r❡ ❝❡❧❛ ❝♦♠♠❡

ρ(t) =e−iH0t(H0 + i)−1(H0 + i)Ω(t, 0)(H0 + i)−1(H0 + i)Ω+∗(0)(H0 + i)−1×
× (H0 + i)ρeq(H0 + i)(H0 + i)−1Ω+(0)(H0 + i)(H0 + i)−1Ω∗(t, 0)e−iH0t ✭✷✳✶✻✮

❡t ❝❡❧❛ ♠♦♥tr❡ q✉❡ ❝❡t ♦♣ér❛t❡✉r ❡st ❜✐❡♥ ❞é✜♥✐ ❡t ❡st à tr❛❝❡ ♣✉✐sq✉❡ (H0 + i)ρeq(H0 + i) ❡st à
tr❛❝❡ ❞✬❛♣rès ❧❡ ❧❡♠♠❡ ✷✳✷✳✽ ❡t ❧❡s ❛✉tr❡s ❢❛❝t❡✉rs s♦♥t ❜♦r♥és✳

❚❤é♦rè♠❡ ✷✳✷✳✼✳ P♦✉r t♦✉t N > 1 ❡t t ∈ (−∞, 0]✱ ❧❛ ❢❛♠✐❧❧❡ ❞✬♦♣ér❛t❡✉rs à tr❛❝❡ ✿

ρ(t) = e−iH0tΩ(t, 0)Ω+∗(0)ρeqΩ
+(0)Ω∗(t, 0)eiH0t,

❡st ❞✐✛ér❡♥t✐❛❜❧❡ ❛✉ s❡♥s ❞❡ ❧❛ ♥♦r♠❡ tr❛❝❡ ❡t ❡st ❧✬✉♥✐q✉❡ s♦❧✉t✐♦♥ ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡ ▲✐♦✉✈✐❧❧❡ s✉r

HN ✿

∂

∂t
ρ = i[ρ,H], ✭✷✳✶✼✮

❛✈❡❝ ❝♦♥❞✐t✐♦♥ ✐♥✐t✐❛❧❡ ❡♥ t = −∞ ✿ ρ(−∞) = ρeq✳

❖♥ ❞és✐❣♥❡ ♣❛r ‖ · ‖1 ❧❛ ♥♦r♠❡ tr❛❝❡✳ P♦✉r ❧❛ ♣r❡✉✈❡ ♦♥ ❛ ❜❡s♦✐♥ ❞✉ ❧❡♠♠❡ ♣ré❧✐♠✐♥❛✐r❡
s✉✐✈❛♥t ✿

▲❡♠♠❡ ✷✳✷✳✽✳ P♦✉r t♦✉t β > 0 ❡t n > 0 ❖♥ ❛

✐✮ e−βH0 ❡st ✉♥ ♦♣ér❛t❡✉r à tr❛❝❡✳

✐✐✮ ‖Hn
0 e

−βH0‖1 <∞.

❉é♠♦♥str❛t✐♦♥✳ ❉✬❛♣rès ❧❡ ❧❡♠♠❡ ✶✳✷✳✼✱ H0 ❡st ❛✉t♦✲❛❞❥♦✐♥t✱ ❜♦r♥é ✐♥❢ér✐❡✉r❡♠❡♥t ❡t ♣♦ssè❞❡
s❡✉❧❡♠❡♥t ❞❡s ✈❛❧❡✉rs ♣r♦♣r❡s✱ q✉✐ s✬❛❝❝✉♠✉❧❡♥t à ❧✬✐♥✜♥✐✳ ❆✉ss✐✱ ❡♥ ✉t✐❧✐s❛♥t ❧❛ ♣r♦♣r✐été s✉r ❧❡s
✈❛❧❡✉rs ♣r♦♣r❡s iii) ❞✉ ❧❡♠♠❡ ✶✳✷✳✼ ❡t ❧❡ t❤é♦rè♠❡ s♣❡❝tr❛❧ ✿

‖e−βH0‖1 =
∑

λ∈σ(H0)

e−βλ <∞

P♦✉r ii)✱ ❧❡ t❤é♦rè♠❡ s♣❡❝tr❛❧ ❞♦♥♥❡

‖Hn
0 e

−βH0‖1 =
∑

λ∈σ(H0)

|λ|ne−βλ

q✉✐ ❡st ❛✉ss✐ ✜♥✐ ♣✉✐sq✉❡ β > 0 ❡t n > 0✳

Pr❡✉✈❡ ❞✉ t❤é♦rè♠❡ ✷✳✷✳✼✳ P♦✉r t♦✉t t ∈ (−∞, 0]✱ ♦♥ ✈❛ ♠♦♥tr❡r q✉❡ ρ(t) r❡s♣❡❝t❡ ❧❡s ❝♦♥❞✐t✐♦♥s
✐♥✐t✐❛❧❡s ✿

‖ρ(t) − ρeq‖1 = ‖e−iH0tΩ(t, 0)Ω+∗(0)ρeqΩ
+(0)Ω∗(t, 0)eiH0t − ρeq‖1

=‖e−iH0t(Ω(t, 0)Ω+∗(0)ρeqΩ
+(0)Ω∗(t, 0) − ρeq)e

iH0t‖1

=‖Ω(t, 0)Ω+∗(0)ρeqΩ
+(0)Ω∗(t, 0) − ρeq‖1

≤‖Ω(t, 0)Ω+∗(0)ρeq(Ω
+(0)Ω∗(t, 0) − Id)‖1 + ‖(Ω(t, 0)Ω+∗(0) − Id)ρeq‖1

≤‖Ω+∗(0)ρeq(H0 + i)(H0 + i)−1(Ω+(0)Ω∗(t, 0) − Id)‖1+

+ ‖(Ω(t, 0)Ω+∗(0) − Id)(H0 + i)−1(H0 + i)ρeq‖1

≤‖Ω+∗(0)ρeq(H0 + i)‖1‖(H0 + i)−1(Ω+(0)Ω∗(t, 0) − Id)‖+
+ ‖(Ω(t, 0)Ω+∗(0) − Id)(H0 + i)−1‖‖(H0 + i)ρeq‖1.
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Pr❡♠✐èr❡♠❡♥t ♦♥ ❛ ❞✬❛♣rès ❧❡ ❧❡♠♠❡ ✷✳✷✳✽ q✉❡ ‖(H0 + i)ρeq‖1 ❡st ❜♦r♥é✱ ❡t ❞❡✉①✐è♠❡♠❡♥t✱ ❡♥
✉t✐❧✐s❛♥t ❧❡ ❝♦r♦❧❧❛✐r❡ ✷✳✷✳✻✱ ❛✈❡❝ ❧❡ ❧❡♠♠❡ ✷✳✷✳✹ ♦♥ ❞é❞✉✐t q✉❡

‖ρ(t) − ρeq‖1
t→−∞−−−−→ 0.

❖♥ ✈❛ ✈ér✐✜❡r ♠❛✐♥t❡♥❛♥t q✉❡ ❝❡tt❡ ❡①♣r❡ss✐♦♥ ❡st s♦❧✉t✐♦♥ ❞❡ ❧✬éq✉❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡✳ ❖♥ ♥♦t❡
q✉❡ H(t)ρ(t) ❡st ❜♦r♥é✱ ❝❡❝✐ ♣❡✉t êtr❡ ♣r♦✉✈é ❡♥ ✉t✐❧✐s❛♥t ✭✷✳✶✻✮✳ ❖♥ ❛ ♣♦✉r ❝❤❛q✉❡ t ∈ (−∞, 0]
❡t h > 0 ❡t ♣♦✉r ψ ∈ D(H0)

(
ρ(t+ h) − ρ(t)

h
− i[ρ(t), H(t)]

)
ψ

=
e−iH0(t+h) − e−iH0t

h
Ω(t, 0)Ω+∗(0)ρeqΩ

+(0)Ω∗(t, 0)eiH0(t)ψ

+ e−iH0(t+h) Ω(t+ h, 0) − Ω(t, 0)

h
Ω+∗(0)ρeqΩ

+(0)Ω∗(t, 0)eiH0tψ + iH(t)ρ(t)ψ

+ e−iH0(t+h)Ω(t+ h, 0)Ω+∗(0)ρeqΩ
+(0)

Ω∗(t+ h, 0) − Ω∗(t, 0)

h
eiH0tψ

+ e−iH0(t+h)Ω(t+ h, 0)Ω+∗(0)ρeqΩ
+(0)Ω∗(t+ h, 0)

eiH0(t+h) − eiH0(t)

h
ψ − iρ(t)H(t)ψ

=:a1ψ + a2ψ

❖♥ ❝♦♥s✐❞èr❡ ❧❡ ♣r❡♠✐❡r t❡r♠❡✱ a1 ✿

a1 :=

(
e−iH0(t+h) − e−iH0t

h
Ω(t, 0) + e−iH0(t+h) Ω(t+ h, 0) − Ω(t, 0)

h
+ iH(t)e−iH0(t)Ω(t, 0)

)
×

× Ω+∗(0)ρeqΩ
+(0)Ω∗(t, 0)eiH0t

❖♥ ♥♦t❡ ♣r❡♠✐èr❡♠❡♥t q✉❡ ❧✬♦♣ér❛t❡✉r

(H0 + i)2ρeqΩ
+(0)Ω∗(t, 0)eiH0t ✭✷✳✶✽✮

❛♣♣❛rt✐❡♥t à ❧❛ ❝❧❛ss❡ tr❛❝❡ ♣✉✐sq✉❡ (H0 + i)2ρeq ❡st à tr❛❝❡ ❞✬❛♣rès ❧❡ ❧❡♠♠❡ ✷✳✷✳✽ ❡t ❧❡s ❛✉tr❡s
♦♣ér❛t❡✉rs s♦♥t ❜♦r♥és✳ ❉❡✉①✐è♠❡♠❡♥t ❧✬♦♣ér❛t❡✉r

(
e−iH0(t+h) − e−iH0t

h
Ω(t, 0) + e−iH0(t+h) Ω(t+ h, 0) − Ω(t, 0)

h
+ iH(t)e−iH0(t)Ω(t, 0)

)
×

× Ω+∗(0)(H0 + i)−1(H0 + i)−1 ✭✷✳✶✾✮

❡st ❜♦r♥é ♣✉✐sq✉❡ ♦♥ s❛✐t ❞✬❛♣rès ❧❛ ♣r♦♣♦s✐t✐♦♥ ✷✳✷✳✶ q✉❡ Ω ♣rés❡r✈❡ D(H0)✱ ❡t ❞✬❛♣rès ❧❡ ❝♦r♦❧✲
❧❛✐r❡ ✷✳✷✳✻✱ q✉❡ Ω+∗ ♣rés❡r✈❡ D(H0)✳ ❖♥ r❛♣♣❡❧❧❡ q✉❡ (H0 + i)−1 ❡st ❝♦♠♣❛❝t ✭❝❛r ❧✬❡s♣❛❝❡ ❞❡s
❝♦♥✜❣✉r❛t✐♦♥s SL ❡st ❝♦♠♣❛❝t✮✳ ❖♥ ✈❛ ♠♦♥tr❡r q✉❡ ✭✷✳✶✾✮ ❡st ❝♦♥✈❡r❣❡♥t ❡♥ ♥♦r♠❡✳ ❖♥ ❛ ♣♦✉r
ψ ∈ HN

lim
h→0

e−iH0(t+h) − e−iH0t

h
Ω(t, 0)Ω+∗(0)(H0 + i)−1ψ = −iH0e

−iH0tΩ(t, 0)Ω+∗(0)(H0 + i)−1ψ

♣✉✐sq✉❡ Ω(t, 0)Ω+∗(0)(H0 + i)−1ψ ∈ D(H0)✳ P♦✉r φ ∈ D(H0)✱ ❞✬❛♣rès ❧❡ ❧❡♠♠❡ ✷✳✷✳✷ ✿

lim
h→0

Ω(t+ h, 0) − Ω(t, 0)

h
e−iH0(t+h)φ = −iW̃ (t, 0)Ω(t, 0)e−iH0tφ.
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❉♦♥❝ ✭✷✳✶✾✮ ❡st ❝♦♥✈❡r❣❡♥t ❡♥ ♥♦r♠❡ ❝❛r (H0 + i)−1 ❡st ❝♦♠♣❛❝t ❡t ❧❡s ❛✉tr❡s ❢❛❝t❡✉rs s♦♥t
❢♦rt❡♠❡♥t ❝♦♥✈❡r❣❡♥t✳ ▼❛✐♥t❡♥❛♥t✱ ♣✉✐sq✉❡ a1 ❡st ❝♦♠♣♦sé ❞❡ ✷✳✶✽ ❡t ✷✳✶✾✱ ❝❡❝✐ ❡st ❝♦♥✈❡r❣❡♥t
❛✉ s❡♥s ❞❡ ❧❛ ♥♦r♠❡ tr❛❝❡ ❡t

lim
h→0

‖a1‖1 = ‖ − i(H0 +W (t))ρ(t) + iH(t)ρ(t)‖1 = 0

❖♥ ♣r♦❝è❞❡ ❞❡ ♠❛♥✐èr❡ s✐♠✐❧❛✐r❡ ♣♦✉r a2✱ ♠❛✐s ❡♥ r❡❣❛r❞❛♥t ♣❧✉tôt a∗2✳ ❖♥ ♦❜t✐❡♥t

lim
h→0

‖a2‖1 = ‖(−i(H0 +W (t))ρ(t) + iH(t)ρ(t))∗‖1 = 0.

❊t ♦♥ ❝♦♥❝❧✉t ✿

‖ρ(t+ h) − ρ(t)

h
− i[ρ(t), H(t)]‖1

h→0−−−→ 0 ✭✷✳✷✵✮

❖♥ ❞♦✐t ♠♦♥tr❡r ♠❛✐♥t❡♥❛♥t q✉❡ ❝❡tt❡ s♦❧✉t✐♦♥ ❡st ✉♥✐q✉❡ ✿ ♦♥ s✉♣♣♦s❡ q✉✬✐❧ ❡①✐st❡ ✉♥❡ ❛✉tr❡
s♦❧✉t✐♦♥ ρ̃(t)✱ ❡t ♦♥ ❞é✜♥✐t

Y (t) :=e−iH0tΩ(t, 0)Ω+∗(0),

Ẏ (t) = − iH(t)Y (t) s✉r D(H0)

❖♥ r❡♠❛rq✉❡ q✉❡ Y (t) ♣rés❡r✈❡ D(H0)✳ ❆❧♦rs✱ ♣♦✉r φ, ψ ∈ D(H0)

d

dt
〈φ, (ρ̃(t) − ρ(t))ψ〉 =

d

dt
〈Y (t)φ, (Y ∗(t)ρ̃(t)Y (t) − ρeq)Y (t)ψ〉

= 〈Ẏ (t)φ, (Y ∗(t)ρ̃(t)Y (t) − ρeq)Y (t)ψ〉 + 〈Y (t)φ,

(
d

dt
(Y ∗(t)ρ̃(t)Y (t) − ρeq)

)
Y (t)ψ〉

+ 〈Y (t)φ, (Y ∗(t)ρ̃(t)Y (t) − ρeq) Ẏ (t)ψ〉

❡t ❧❡ ♣r❡♠✐❡r ❡t ❞❡r♥✐❡r t❡r♠❡s s✬❛♥♥✉❧❡♥t✱ ❞♦♥❝

d

dt
〈φ, (ρ̃(t) − ρ(t))ψ〉 = 〈φ,

(
Ẏ ∗(t)ρ̃(t)Y (t) + Y ∗(t) ˙̃ρ(t)Y (t) + Y ∗(t)ρ̃(t)Ẏ (t)

)
ψ〉

= 〈φ, (iY ∗(t)H(t)ρ̃(t)Y (t) + iY ∗(t)[ρ̃(t), H(t)]Y (t) − iY ∗(t)ρ̃(t)H(t)Y (t))ψ〉 = 0.

❊t ❝♦♠♠❡ ❧❡ rés✉❧t❛t ❞♦♥♥❡ ✵✱ ✐❧ ♣❡✉t êtr❡ ét❡♥❞✉ à φ, ψ ∈ HN ✳ ❊t ❞✬❛♣rès ❧❡s ❝♦♥❞✐t✐♦♥s ✐♥✐t✐❛❧❡s ✿

lim
t→−∞

‖ρ̃(t) − ρ(t)‖1 ≤ lim
t→−∞

‖ρ̃(t) − ρeq‖1 + lim
t→−∞

‖ρ(t) − ρeq‖1 = 0

❞♦♥❝ ρ̃(t) = ρ(t)✳

✷✳✸ ❆♣♣r♦①✐♠❛t✐♦♥ ❧✐♥é❛✐r❡

▲❛ s❡❝t✐♦♥ ♣ré❝é❞❡♥t❡ ❛ ♣❡r♠✐s ❞✬♦❜t❡♥✐r ❞❡✉① ❡①♣r❡ss✐♦♥s ✐♠♣❧✐❝✐t❡s ♣♦✉r ❧❡ ♠❛tr✐❝❡ ❞❡♥s✐té
❛✉ t❡♠♣s t✳ ▲❛ ♣r❡♠✐èr❡✱ ❧❛ r❡❧❛t✐♦♥ ✭✷✳✶✺✮ ❞♦♥♥❡ ρ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ Ω ♠❛✐s ❝❡ ❞❡r♥✐❡r ♥✬❡st ♣❛s
❝♦♥♥✉ ❡①♣❧✐❝✐t❡♠❡♥t✳ ▲❛ ❞❡✉①✐è♠❡ ❡st ❞♦♥♥é❡ ♣❛r ❧✬éq✉❛t✐♦♥ ❞❡ ▲✐♦✉✈✐❧❧❡ ✿

ρ(t) = ρeq + i

∫ t

−∞
[ρ(τ), H(τ)]dτ. ✭✷✳✷✶✮

❆ ♣❛rt✐r ❞❡ ❝❡tt❡ ❡①♣r❡ss✐♦♥ ♦♥ ♣❡✉t ♦❜t❡♥✐r ✉♥❡ ❢♦r♠✉❧❡ ❡①♣❧✐❝✐t❡ ♣♦✉r ρ(t) s✐ ❧✬♦♥ ✐tèr❡ ❧❛
r❡❧❛t✐♦♥✱ ❝✬❡st✲à✲❞✐r❡ s✐ ❧✬♦♥ r❡♠♣❧❛❝❡ ❧✬♦♣ér❛t❡✉r ρ(τ) ♣rés❡♥t à ❧✬✐♥tér✐❡✉r ❞✉ ❝♦♠♠✉t❛t❡✉r ♣❛r
❧✬❡①♣r❡ss✐♦♥ ✭✷✳✷✶✮ ❡❧❧❡✲♠ê♠❡ ❡t q✉❡ ❧✬♦♥ ré♣èt❡ ❝❡tt❡ ♣r♦❝é❞✉r❡ à ❧✬✐♥✜♥✐✳ P♦✉r ❝❡❧❛✱ ✐❧ ❢❛✉t q✉❡ ❧❛
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sér✐❡ ❛✐♥s✐ ♦❜t❡♥✉❡ s♦✐t ❝♦♥✈❡r❣❡♥t❡✳ ❉❡ ♣❧✉s✱ ❝❤❛q✉❡ ✐tér❛t✐♦♥ ✈❛ é❧❡✈❡r ❧❡ ♥♦♠❜r❡ ❞✬♦♣ér❛t❡✉rs
H ♣rés❡♥ts à ❧✬✐♥tér✐❡✉r ❞❡s ❝♦♠♠✉t❛t❡✉rs ❝❡ q✉✐ ♣❡✉t r❡♥❞r❡ ❧✬❡①♣r❡ss✐♦♥ rés✉❧t❛♥t❡ ♥♦♥ ❜♦r♥é❡
❡t ❞♦♥❝ ♣❧✉s à tr❛❝❡✳

❖♥ ✈❛ ✐❝✐ ♣r♦❝é❞❡r à ✉♥ ♥♦♠❜r❡ très ❧✐♠✐té ❞✬✐tér❛t✐♦♥s ♣❡r♠❡tt❛♥t ❞❡ ♣r♦✉✈❡r q✉❡ ❧✬♦♥ ❛
t♦✉❥♦✉rs ✉♥ t❡r♠❡ ❞❡ ❝❧❛ss❡ tr❛❝❡ ❡①♣r✐♠é ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ρeq ❡t H✱ ❛✈❡❝ ✉♥ t❡r♠❡ ❞❡ r❡st❡ q✉❡
❧✬♦♥ ♣♦✉rr❛ ❜♦r♥é ❞❛♥s ❧❛ ♥♦r♠❡ tr❛❝❡ ❡t r❡♥❞r❡ ❛✉ss✐ ♣❡t✐t q✉❡ ❧✬♦♥ ✈❡✉t✳ ❊♥ ❡✛❡t✱ H ❞é♣❡♥❞❛♥t
❞❡ F0✱ ♦♥ ✈❛ ✈♦✐r q✉❡ ❧✬♦♥ ♣❡✉t ❥♦✉❡r s✉r ❝❡ ♣❛r❛♠ètr❡ ♣♦✉r r❡♥❞r❡ ❧❡ r❡st❡ ♣❡t✐t✳ ❖♥ ✈❛ ❞♦♥❝
♠♦♥tr❡r ♠❛✐♥t❡♥❛♥t q✉❡ ρ(0)✱ ❧❛ ♠❛tr✐❝❡ ❞❡♥s✐té ❛✉ t❡♠♣s t = 0✱ ♣❡✉t s✬é❝r✐r❡ ✿

ρ(0) = ρeq + F0ρ1(0) + O(F 2
0 )

❛✈❡❝

ρ1(0) := i

∫ 0

−∞
a(σ)eiσH0 [P, ρeq]e

−iσH0dσ. ✭✷✳✷✷✮

ρ1(0) ❡st ✉♥ ♦♣ér❛t❡✉r à tr❛❝❡ ❝♦♠♠❡ ♦♥ ✈❛ ❧❡ ✈♦✐r ❞❛♥s ❧❡ i) ❞✉ ❧❡♠♠❡ q✉✐ s✉✐t✳

❘❡♠❛rq✉❡ ✷✳✸✳✶✳ ❖♥ ❢❡r❛ ✉♥ ❝♦♠♠❡♥t❛✐r❡ s✉r ❧❛ ♣♦ss✐❜✐❧✐té ❞❡ ❞é✈❡❧♦♣♣❡r ❧✬❡①♣r❡ss✐♦♥ ❞❡ ρ à ✉♥
♦r❞r❡ ♣❧✉s é❧❡✈é à ❧❛ ✜♥ ❞❡ ❝❡ ❝❤❛♣✐tr❡✱ ❡♥ r❡♠❛rq✉❡ ✷✳✸✳✹✳

❖♥ ♠♦♥tr❡ ❞✬❛❜♦r❞ ❧❡s ♣r♦♣r✐étés s✉✐✈❛♥t❡s ✿

▲❡♠♠❡ ✷✳✸✳✷✳ P♦✉r t♦✉t t ∈ (−∞, 0]✱
✐✮ ❧❡s ♦♣ér❛t❡✉rs ρeqP ✱ PρeqP ❡t ρeqP

2 ❛✐♥s✐ q✉❡ ρ1 s♦♥t ❞❡ ❝❧❛ss❡ tr❛❝❡✱

✐✐✮ ❧❡s ♦♣ér❛t❡✉rs ρ(t)P ✱ Pρ(t)P ❡t ρ(t)P 2 ❛♣♣❛rt✐❡♥♥❡♥t à ❧❛ ❝❧❛ss❡ tr❛❝❡ ❡t s♦♥t ✉♥✐❢♦r♠é✲

♠❡♥t ❜♦r♥és ❡♥ t✱
✐✐✐✮ ❧❛ s♦❧✉t✐♦♥ ρ(t) ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡ ▲✐♦✉✈✐❧❧❡ ♣❡✉t s✬é❝r✐r❡ ✿

ρ(t) = ρeq − iF0

∫ t

−∞
a(s)ei(s−t)H0 [ρ(s), P ]e−i(s−t)H0ds, ✭✷✳✷✸✮

❛✉ s❡♥s ❞❡ ❧❛ ♥♦r♠❡ tr❛❝❡✳

❉é♠♦♥str❛t✐♦♥✳ P♦✉r i)✱ ♦♥ ✈❛ ✉t✐❧✐s❡r ❧❡s rés✉❧t❛ts ❞✉ ❧❡♠♠❡ ✷✳✷✳✽ ❡t é❝r✐r❡

‖Pρeq‖1 = ‖P (H0 + i)−1‖ · ‖(H0 + i)ρeq‖1,

❡t ❝♦♠♠❡ P ❡st r❡❧❛t✐✈❡♠❡♥t ❜♦r♥é à H0✱ ❝❡❝✐ ♠♦♥tr❡ q✉❡ Pρeq ❡st ❞❡ ❝❧❛ss❡ tr❛❝❡✳ ❖♥ ♣r♦❝è❞❡
❞❡ ❧❛ ♠ê♠❡ ♠❛♥✐èr❡ ♣♦✉r PρeqP ❡t ρeqP

2✳ ❖♥ ❛ ❞♦♥❝

‖ρ1(0)‖1 ≤
∫ 0

−∞
|a(σ)|‖[P, ρeq]‖1dσ <∞.

P♦✉r ii)✱ ♦♥ ♣❡✉t é❝r✐r❡

(P 2ρ(t))∗ =
(
P 2(H0 + i)−1e−iH0t(H0 + i)Ω(t, 0)(H0 + i)−1(H0 + i)Ω+∗(0)(H0 + i)−1

·(H0 + i)ρ
1
2
eq(H0 + i)(H0 + i)−1Ω+(0)(H0 + i)e−iH0t(H0 + i)−1Ω∗(t, 0)

)∗

♦ù✱ ❞✬❛♣rès ❧❛ s❡❝t✐♦♥ ♣ré❝é❞❡♥t❡✱ P 2(H0+i)
−1✱ (H0+i)Ω(t, 0)(H0+i)

−1✱ (H0+i)Ω
+∗(0)(H0+i)

−1

❡t (H0 + i)−1Ω+(0)(H0 + i) s♦♥t ❜♦r♥és ✉♥✐❢♦r♠é♠❡♥t ❡♥ t✱ ❡t (H0 + i)ρ
1
2
eq(H0 + i) ❡st ❞❡ ❝❧❛ss❡

tr❛❝❡✳ ❖♥ ✉t✐❧✐s❡ ❧❡s ♠ê♠❡s ❛r❣✉♠❡♥ts ♣♦✉r ♣r♦✉✈❡r q✉❡ ρ(t)P ❡t Pρ(t)P s♦♥t à tr❛❝❡✳
P♦✉r iii)✱ s♦✐t

ρ̃(t) := eitH0ρ(t)e−itH0 , W̃ (t, s) = eiH0(t−s)W (t)e−iH0(t−s).
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ρ̃(t) ❡st ✉♥ ♦♣ér❛t❡✉r ❞❡ ❝❧❛ss❡ tr❛❝❡ ❡t ✐❧ ♣rés❡r✈❡ ❧❡ ❞♦♠❛✐♥❡ ❞❡ H0✳ ❆❧♦rs ♣♦✉r s✉r D(H0)

˙̃ρ(t) =(iH0ρ̃(t) + ieitH0 [ρ(t), H(t)]e−itH0 − iρ̃(t)H0)

= − i[ρ̃(t), H0] + i[ρ̃(t), H0 + W̃ (t, 0)]

=i[ρ̃(t), W̃ (t, 0)]. ✭✷✳✷✹✮

P♦✉r ♣r♦✉✈❡r q✉❡ ❝❡tt❡ r❡❧❛t✐♦♥ ❡st ✈r❛✐ ❡♥ ♥♦r♠❡ tr❛❝❡✱ ♦♥ ♣❡✉t ♣r♦❝é❞❡r ❞❡ ❧❛ ♠ê♠❡ ♠❛♥✐èr❡ q✉❡
♣♦✉r ❧❛ ♣r❡✉✈❡ ❞✉ t❤é♦rè♠❡ ✷✳✷✳✼ ❡♥ é❝r✐✈❛♥t ❧❛ ❞ér✐✈é❡ ❞❡ ρ̃ ❝♦♠♠❡ ✉♥❡ ❡①♣r❡ss✐♦♥ ❝♦♠♣♦sé❡
❞✬♦♣ér❛t❡✉rs ❢♦rt❡♠❡♥t ❝♦♥✈❡r❣❡♥ts✱ ❞✬♦♣ér❛t❡✉rs ❝♦♠♣❛❝ts ❡t ❞✬♦♣ér❛t❡✉rs à tr❛❝❡✳ ▲❡s ❞❡✉①
♣r❡♠✐❡rs t②♣❡ ❞✬♦♣ér❛t❡✉rs ❞♦♥♥❡♥t ❧❛ ❝♦♥✈❡r❣❡♥❝❡ ❡♥ ♥♦r♠❡ ❡t ❧❛ ♣rés❡♥❝❡ ❞✬♦♣ér❛t❡✉r à tr❛❝❡
♣❡r♠❡t ❞❡ ❝♦♥❝❧✉r❡ s✉r ❧❛ ❝♦♥✈❡r❣❡♥❝❡ ❛✉ s❡♥s ❞❡ ❧❛ ♥♦r♠❡ tr❛❝❡✳

❖♥ ❛ ❛✉ss✐

‖ρ̃(t) − ρeq‖1 = ‖eiH0t(ρ(t) − ρeq)e
−iH0t‖1 = ‖ρ(t) − ρeq‖1

❡t ♦♥ ♦❜t✐❡♥t limt→−∞ ρ̃(t) = ρeq ❡♥ ♥♦r♠❡ tr❛❝❡✳ ❖♥ ♣❡✉t é❝r✐r❡ ❞✬❛♣rès ✭✷✳✷✹✮

ρ̃(t) =ρeq + i

∫ t

−∞
[ρ̃(s), W̃ (s, 0)]ds

=ρeq + i

∫ t

−∞
eisH0 [ρ(s),W (s)]e−isH0ds

❛❧♦rs

ρ(t) = eitH0

(
ρeq + i

∫ t

−∞
eisH0 [ρ(s),W (s)]e−isH0ds

)
e−itH0

= ρeq + i

∫ t

−∞
ei(s−t)H0 [ρ(s),W (s)]e−i(s−t)H0ds

❡t ❞✬❛♣rès ❧❛ ❞é✜♥✐t✐♦♥ ❞❡ W (s) ❡♥ ✭✷✳✸✮ ♦♥ ♦❜t✐❡♥t ✭✷✳✷✸✮✳

▲❡♠♠❡ ✷✳✸✳✸✳ ▲✬♦♣ér❛t❡✉r

PeiH0tP (H0 + i)−1

❡st ❜♦r♥é✳

❉é♠♦♥str❛t✐♦♥✳ ❖♥ é❝r✐t

PeiH0tP (H0 + i)−1 = P (H0 + i)−
1
2 eiH0t(H0 + i)

1
2 (P 2 + 1)−

1
2P (P 2 + 1)−

1
2 (P 2 + 1)(H0 + i)−1.

❈♦♠♠❡ D(P 2) = D(H0)✱ (P 2 +1)(H0 + i)−1 ❡st ❜♦r♥é ❞✬❛♣rès ❧❡ t❤é♦rè♠❡ ❞✉ ❣r❛♣❤❡ ❢❡r♠é✳ ❖♥
❛

‖(H0 + i)
1
2 (P 2 + 1)−

1
2 ‖2 = ‖(P 2 + 1)−

1
2 (H0 + i)(P 2 + 1)−

1
2 ‖ ≤ 1 + ‖(P 2 + 1)−

1
2V (P 2 + 1)−

1
2 ‖

❡t ❝♦♠♠❡ ❞✬✉♥❡ ♣❛rt ♦♥ ❛ H0 = P 2/2 + V ❛✈❡❝ V ❡st ✉♥ ♦♣ér❛t❡✉r r❡❧❛t✐✈❡♠❡♥t ❜♦r♥é ❛✉
▲❛♣❧❛❝✐❡♥ ❛✈❡❝ ❜♦r♥❡ r❡❧❛t✐✈❡ ♣❧✉s ♣❡t✐t❡ q✉❡ ✶ ✭❞✬❛♣rès ❧❛ ♣r❡✉✈❡ ❞❡ ❧❛ ♣r♦♣♦s✐t✐♦♥ ✶✳✷✳✼✮ ❡t
❞✬❛✉tr❡ ♣❛rt q✉❡ ❧❛ r❡❧❛t✐✈❡ ❜♦r♥✐t✉❞❡ ❛✉ s❡♥s ❞❡s ♦♣ér❛t❡✉rs ❡♥tr❛î♥❡ ❧❛ r❡❧❛t✐✈❡ ❜♦r♥✐t✉❞❡ ❛✉
s❡♥s ❞❡s ❢♦r♠❡s✱ ✈♦✐r ❬❑✱ ❚❤✳ ❱■✳✶✳✸✽❪ ♦♥ ❝♦♥❝❧✉t q✉❡ (H0 + i)

1
2 (P 2 +1)−

1
2 ❡st ❜♦r♥é✳ ❖♥ ♣r♦❝è❞❡

❞❡ ❧❛ ♠ê♠❡ ♠❛♥✐èr❡ ♣♦✉r P (H0 + i)−
1
2 ✳
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❖♥ ✈❡✉t ♠❛✐♥t❡♥❛♥t ❞é✈❡❧♦♣♣❡r ρ(t) ❡♥ ♣✉✐ss❛♥❝❡s ❞❡ F0 ❛✉ t❡♠♣s t = 0✱ ❛✜♥ ❞✬♦❜t❡♥✐r ❧❡
t❡r♠❡ ❧✐♥é❛✐r❡✳ ▲❡ ❧❡♠♠❡ ❝✐✲❞❡ss✉s ♠♦♥tr❡ q✉❡ ρ1(0) ❞é✜♥✐t ❡♥ ✭✷✳✷✷✮ ❛✐♥s✐ q✉❡ (ρ1(0)P ) s♦♥t ❞❡s
♦♣ér❛t❡✉rs à tr❛❝❡ ❡t ❧❡ ♣♦✐♥t iii) ♣❡r♠❡t ❞✬é❝r✐r❡ ✿

ρ(0) = ρeq + F0ρ1(0) + R(0)

♦ù

R(0) :=ρ(0) − ρeq − F0ρ1(0) = iF0

∫ 0

−∞
a(σ)eiσH0 [P, ρ(σ) − ρeq]e

−iσH0dσ. ✭✷✳✷✺✮

q✉✐ ❡st ❞❡ ❝❧❛ss❡ tr❛❝❡ ❞✬❛♣rès i) ❡t ii)✳ ❖♥ ♣❡✉t ❞é❞✉✐r❡ q✉✬✐❧ ❡st ❛✉ ♠♦✐♥s ❞✬♦r❞r❡ F 2
0 ❡♥ réé❝r✐✈❛♥t

ρ(0) − ρeq ✿

R(0) = − F 2
0

∫ 0

−∞
a(σ)eiσH0 [P,

∫ σ

−∞
a(s)eisH0 [P, ρ(s)]e−isH0ds]e−iσH0dσ

= − F 2
0

∫ 0

−∞

∫ σ

−∞
a(σ)a(s)eiσH0 [P, eisH0 [P, ρ(s)]e−isH0 ]e−iσH0dsdσ,

❡t à ❧✬❛✐❞❡ ❞❡ ❧❛ ♣r♦♣r✐été ii) ❞✉ ❧❡♠♠❡ ✷✳✸✳✷ ❡t ❞✉ ❧❡♠♠❡ ✷✳✸✳✸✱ ♦♥ ♣❡✉t ♠♦♥tr❡r q✉❡ ❝❡tt❡
q✉❛♥t✐té ❛♣♣❛rt✐❡♥t à ❧❛ ❝❧❛ss❡ tr❛❝❡✳

❘❡♠❛rq✉❡ ✷✳✸✳✹✳ ❖♥ ♣❡✉t s❡ ❞❡♠❛♥❞❡r ❧é❣✐t✐♠❡♠❡♥t ✐❝✐ s✐ ❧❡ ❞é✈❡❧♦♣♣❡♠❡♥t ❡♥ ♣✉✐ss❛♥❝❡s ❞❡ F0

♣❡✉t êtr❡ ❡✛❡❝t✉é❡ à ✉♥ ♦r❞r❡ ♣❧✉s é❧❡✈é✳ ■❧ ❡st ✐♠♣ér❛t✐❢ q✉❡ t♦✉s ❧❡s t❡r♠❡s ❞✉ ❞é✈❡❧♦♣♣❡♠❡♥t
s♦✐❡♥t ❞❡ ❝❧❛ss❡ tr❛❝❡✱ ❡t ❞❛♥s ❧❛ ♣r❡✉✈❡ ❞✉ ❧❡♠♠❡ ✷✳✸✳✷ ♦♥ ❛ ✉t✐❧✐sé ρ ♣♦✉r ❝♦♥trô❧❡r ❧✬♦♣ér❛t❡✉r
♥♦♥ ❜♦r♥é P ❛✐♥s✐ q✉❡ P 2✳ ❈❡❝✐ ❡st r❡♥❞✉ ♣♦ss✐❜❧❡ ❣râ❝❡ ❛✉ ❢❛✐t q✉❡ ❧❡s ♦♣ér❛t❡✉rs Ω✱ Ω+ ❡t ❧❡✉r
❛❞❥♦✐♥ts ♣rés❡r✈❡♥t ❧❡ ❞♦♠❛✐♥❡ ❞❡ H0✱ ♣r♦♣r✐été ét❛❜❧✐❡ ❞❛♥s ❧❛ s❡❝t✐♦♥ ♣ré❝é❞❡♥t❡✳ ❙✐ ❧✬♦♥ ♣❡✉t
♣r♦✉✈❡r q✉❡ ❝❡s ❞❡r♥✐❡rs ♦♣ér❛t❡✉rs ♣rés❡r✈❡♥t ❧❡ ❞♦♠❛✐♥❡ ❞✬♦♣ér❛t❡✉rs ❝♦♠♣♦sés ❞❡ ♣✉✐ss❛♥❝❡s
♣❧✉s é❧❡✈é❡s ❞❡ H0✱ ❛❧♦rs✱ ♣✉✐sq✉❡ P ❡st r❡❧❛t✐✈❡♠❡♥t ❜♦r♥é à H0✱ ❞❡s ♣✉✐ss❛♥❝❡s s✉♣ér✐❡✉r❡s à
✷ ❞✬♦♣ér❛t❡✉rs P ♣♦✉rr♦♥t êtr❡ ❝♦♥trô❧é❡s ♣❛r ρ ❡t ❧❡ ❞é✈❡❧♦♣♣❡♠❡♥t ❡♥ F0 ♣♦✉rr❛ êtr❡ ❡✛❡❝t✉é
♣❧✉s ❛✈❛♥t✳
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❈❤❛♣✐tr❡ ✸

❙♣❡❝tr❡ ❞✬❛❜s♦r♣t✐♦♥ ♦♣t✐q✉❡

❈❡ ❝❤❛♣✐tr❡ ❛ ♣♦✉r ❜✉t ❞✬✐♥tr♦❞✉✐r❡ ❧❛ ❞é✜♥✐t✐♦♥ ❞✉ s♣❡❝tr❡ ❞✬❛❜s♦r♣t✐♦♥ ♦♣t✐q✉❡ ❡t ❞✬❡①♣r✐♠❡r
❝❡tt❡ q✉❛♥t✐té ❡♥ ❢♦♥❝t✐♦♥ ❞❡s ét❛ts ♣r♦♣r❡s ❞✉ ♥❛♥♦t✉❜❡ ❛✈❡❝ ✐♥t❡r❛❝t✐♦♥s ❡♥tr❡ é❧❡❝tr♦♥s✳ ❖♥
❛ ✈✉ ❡♥ ✐♥tr♦❞✉❝t✐♦♥ q✉❡ ❧❡ s♣❡❝tr❡ ❞✬❛❜s♦r♣t✐♦♥ ❝❛r❛❝tér✐s❡ ❧❛ ré♣♦♥s❡ ❧✐♥é❛✐r❡ ❞✉ s②stè♠❡ à ❧❛
♣❡rt✉r❜❛t✐♦♥ ❧✉♠✐♥❡✉s❡✱ ❝✬❡st ❞♦♥❝ ❞❛♥s ❝❡ ❝❛❞r❡ ❞❡ ❧❛ ré♣♦♥s❡ ❧✐♥é❛✐r❡ q✉❡ ❧✬♦♥ ✈❛ tr❛✈❛✐❧❧❡r✳

P♦✉r ♦❜t❡♥✐r ❧❛ ❢♦r♠✉❧❡ ✜♥❛❧❡✱ ♦♥ ✉t✐❧✐s❡r❛ ❧❛ s✉♣♣♦s✐t✐♦♥ ❢❛✐t❡ ❡♥ ✐♥tr♦❞✉❝t✐♦♥ q✉❡ ❧❡ s②stè♠❡
❡st à ❜❛ss❡ t❡♠♣ér❛t✉r❡✳

✸✳✶ ❉é✜♥✐t✐♦♥

✸✳✶✳✶ ❉é✜♥✐t✐♦♥ ♣❤②s✐q✉❡

P♦✉r ❝❛❧❝✉❧❡r ❝❡ s♣❡❝tr❡ ❞✬❛❜s♦r♣t✐♦♥ ♦♥ ✈❛ ✉t✐❧✐s❡r ❧❛ r❡❧❛t✐♦♥ ❞♦♥♥é❡ ♣❛r ▼❛❤❛♥✱ ✈♦✐r ❬▼❛✱
❝❤❛♣✳ ✽❪ ✿ ❞❛♥s ✉♥ s❡♠✐❝♦♥❞✉❝t❡✉r✱ ❧❛ ♣✉✐ss❛♥❝❡ ❧✉♠✐♥❡✉s❡ ❛❜s♦r❜é❡ ❡st r❡❧✐é❡ à ❧❛ ❝♦♥❞✉❝t✐✈✐té
❞✉ ♠❛t❡r✐❛✉ ❡t ✐❧ ❞é✜♥✐t ❞♦♥❝ ❧❡ s♣❡❝tr❡ ❞✬❛❜s♦r♣t✐♦♥ α(ω) ❝♦♠♠❡ ét❛♥t ❧❛ ♣❛rt✐❡ ré❡❧❧❡ ❞❡ ❧❛
❝♦♥❞✉❝t✐✈✐té σ(ω) ❞✉ ♠❛tér✐❛✉ ✿

α(ω) = Re(σ(ω)).

▲❛ ✈❛r✐❛❜❧❡ ω ét❛♥t ❧❛ ♣✉❧s❛t✐♦♥ ❞✉ ❝❤❛♠♣ é❧❡❝tr♦♠❛❣♥ét✐q✉❡ ❡♥✈♦②é s✉r ❧❡ ♥❛♥♦t✉❜❡✳ ❖♥ ❛
❞♦♥❝ ❜❡s♦✐♥ ❞✬✉♥❡ ❡①♣r❡ss✐♦♥ ❞❡ ❧❛ ❝♦♥❞✉❝t✐✈✐té ❞❛♥s ❧❡ ❝❛❞r❡ ❞❡ ❧❛ ré♣♦♥s❡ ❧✐♥é❛✐r❡✱ ❡t ❝✬❡st ❝❡
q✉✐ ❡st ❞♦♥♥é ❞❛♥s ❬▼❛✱ s❡❝✳ ✸✳✽❪ ♦ù ❡st ❞é❝r✐t❡ ❧❛ ♠ét❤♦❞❡ ❞❡ ❑✉❜♦✳ ❉✬❛♣rès ❝❡tt❡ ré❢ér❡♥❝❡✱ ▲❛
❝♦♥❞✉❝t✐✈✐té ❡st ❧❡ r❛♣♣♦rt ❡♥tr❡ ❧❡ ❝♦✉r❛♥t ✐♥❞✉✐t ❞❛♥s ❧❡ ♠❛tér✐❛✉ ❡t ❧❡ ❝❤❛♠♣ é❧❡❝tr✐q✉❡ ❛♣♣❧✐q✉é
s✉r ❝❡ ❞❡r♥✐❡r✳ ❖♥ ❝♦♥♥❛✐t ❧❡s ❝❛r❛❝tér✐st✐q✉❡s ❞✉ ❝❤❛♠♣ é❧❡❝tr✐q✉❡ ❛♣♣❧✐q✉é✱ ❡t ❧❡ ❝♦✉r❛♥t J(t) ❛✉
t❡♠♣s t ❡st ♣❛r ❞é✜♥✐t✐♦♥ ❧❛ ✈❛❧❡✉r ♠♦②❡♥♥❡ ❞✉ ♠♦♠❡♥t ❞❡s é❧❡❝tr♦♥s ❞❛♥s ❧❡ ♥❛♥♦t✉❜❡✱ ▼❛❤❛♥
❞♦♥♥❡ ❞♦♥❝ ❧❛ ❢♦r♠✉❧❡ ✭❢♦r♠❡❧❧❡✮ s✉✐✈❛♥t❡ ✿

J(t) = Tr(ρ(t)P )

♦ù P ❡st ❧❡ ♠♦♠❡♥t t♦t❛❧ ❞❡s é❧❡❝tr♦♥s✳ ■❧ é❝r✐t ♣♦✉r ✉♥ ❝❤❛♠♣ é❧❡❝tr✐q✉❡ ❢❛✐❜❧❡ ❧❛ sér✐❡ ❞❡ ❚❛②❧♦r ✿

J(t) = Tr(ρeqP ) + F0
∂

∂F0
Tr(ρ(t)P )

∣∣∣∣
F0=0

+ O(F 2
0 ).

▲❛ ❝♦♥❞✉❝t✐✈✐té ❛✉ t❡♠♣s t = 0✱ ❞❛♥s ❧❡ ❝❛❞r❡ ❞❡ ❧❛ ré♣♦♥s❡ ❧✐♥é❛✐r❡ ❡st ✜♥❛❧❡♠❡♥t ❞♦♥♥é❡ ♣❛r
❧❛ r❡❧❛t✐♦♥ ✿

σ(ω) =
∂

∂F0
Tr(ρ(0)P )

∣∣∣∣
F0=0

.

✺✼
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✸✳✶✳✷ ❉é✜♥✐t✐♦♥ ♠❛t❤é♠❛t✐q✉❡

P♦✉r ❧✬❛♣♣r♦❝❤❡ r✐❣♦✉r❡✉s❡ q✉✐ ✈❛ s✉✐✈r❡✱ ♦♥ ✈❛ ♣r❡♥❞r❡ ❧❛ r❡❧❛t✐♦♥

α(ω) = Re
∂

∂F0
Tr(ρ(0)P )

∣∣∣∣
F0=0

✭✸✳✶✮

❝♦♠♠❡ ❞é✜♥✐t✐♦♥ ♠❛t❤é♠❛t✐q✉❡ ❞✉ ❝♦❡✣❝✐❡♥t ❞✬❛❜s♦r♣t✐♦♥ ♦♣t✐q✉❡✳ ❖♥ ✈❛ ♠♦♥tr❡r ❞✬❛❜♦r❞ q✉❡
❧❛ q✉❛♥t✐té ✭✸✳✶✮ ❡st ❜✐❡♥ ❞é✜♥✐❡✳ ❖♥ r❛♣♣❡❧❧❡ q✉❡ ❧✬♦♥ ♣❡✉t é❝r✐r❡ ❞✬❛♣rès ❧❛ s❡❝t✐♦♥ ✷✳✸ ❧✬❡①♣❛♥s✐♦♥
❛✈❡❝ ❞❡s t❡r♠❡s ❞❡ ❝❧❛ss❡ tr❛❝❡ s✉✐✈❛♥t❡ ✿

ρ(0) = ρeq + F0ρ1(0) + O(F 2
0 ).

❖♥ ♣❡✉t é❝r✐r❡
Tr(ρ(0)P ) = Tr(ρeqP ) + F0Tr(ρ1(0)P ) + Tr(R(0)P )

♦ù

Tr(R(0)P ) = iF0

∫ 0

−∞
a(σ)Tr

(
eiσH0 [P, ρ(0) − ρeq]e

−iσH0P
)
dσ. ✭✸✳✷✮

❉✬❛♣rès ❧❡ ♣♦✐♥t i) ❞✉ ❧❡♠♠❡ ✷✳✸✳✷ ♦♥ ❛ q✉❡ Tr(ρeqP ) ❡st ❜✐❡♥ ❞é✜♥✐✱ ❡t ❞✬❛♣rès ❧❡ ♣♦✐♥t ii) ❞❡
❝❡ ❧❡♠♠❡ ♦♥ ❛ q✉❡ Tr(ρ1(0)P ) ❡st ❜✐❡♥ ❞é✜♥✐✳ ❉❡ ♣❧✉s ♦♥ ❛

∂

∂F0
Tr(ρeqP ) = 0,

∂

∂F0
Tr(ρ1(0)P ) = 0

♣✉✐sq✉❡ ρeq ❡t ρ1(0) ♥❡ ❞é♣❡♥❞❡♥t ♣❛s ❞❡ F0✳ ❖♥ ✈❛ ❞❛♥s ❝❡ q✉✐ s✉✐t ét✉❞✐❡r ❧❡ t❡r♠❡ Tr(R(0)P ) ❡t
♠♦♥tr❡r ❛✉ ❧❡♠♠❡ ✸✳✶✳✸ q✉✬✐❧ ❡st ❜✐❡♥ ❞é✜♥✐ ❛✐♥s✐ q✉❡ s❛ ❞ér✐✈é❡ ❡♥ F0 = 0 ❡t q✉❡ ❝❡tt❡ ❞ér✐✈é❡ ❡st
♥✉❧❧❡ ❡♥ ❝❡ ♣♦✐♥t✳ ❈❡ q✉✐ ♣❡r♠❡ttr❛ ❞✬é❝r✐r❡ ♣♦✉r ❧❡ ❝♦❡✣❝✐❡♥t ❞✬❛❜s♦r♣t✐♦♥ ❧❛ ❢♦r♠✉❧❡ s✉✐✈❛♥t❡ ✿

α(ω) = ReTr(ρ1(0)P ) =

∫ 0

−∞
Tr(eiH0σ[P, ρeq]e

−iH0σP )a(σ)dσ. ✭✸✳✸✮

❘❡♠❛rq✉❡ ✸✳✶✳✶✳ ❖♥ ♥❡ ♣❡✉t ♣❛s tr❛✐t❡r ❧❡ t❡r♠❡ ❞❡ r❡st❡ Tr(R(0)P ) ❝♦♠♠❡ ❧❡s ❞❡✉① ♣r❡♠✐❡rs
t❡r♠❡s ❛✈❡❝ ❧❡ ❧❡♠♠❡ ✷✳✸✳✷ ❝❛r s✐ ❧✬♦♥ ✉t✐❧✐s❡ ❧✬éq✉❛t✐♦♥ ✭✷✳✷✶✮ ♣♦✉r ❡①♣r✐♠❡r ❝❡ t❡r♠❡✱ ✐❧ ❛♣♣❛r❛✐t
❧✬♦♣ér❛t❡✉r ρP 3 ❞♦♥t ♦♥ ♥❡ ♣❡✉t ♣❛s ét❛❜❧✐r q✉✬✐❧ ❡st ❞❡ ❝❧❛ss❡ tr❛❝❡ ❛✈❡❝ ❧❡s ❧❡♠♠❡s ét❛❜❧✐s
♣ré❝❡❞❡♠♠❡♥t✳

❖♥ ét❛❜❧✐t ❞✬❛❜♦r❞ ✉♥ ❧❡♠♠❡ t❡❝❤♥✐q✉❡ ✿

▲❡♠♠❡ ✸✳✶✳✷✳ P♦✉r t♦✉t N > 1✱ η > 0✱ ♣♦✉r F0 ❞❛♥s ♥✬✐♠♣♦rt❡ q✉❡❧ ✐♥t❡r✈❛❧❧❡ ❜♦r♥é ❡t t ∈
(−∞, 0]✱ ✐❧ ❡①✐st❡ ❞❡s ❝♦♥st❛♥t❡s ♣♦s✐t✐✈❡s c1, c2, c3, c4 ❞é♣❡♥❞❛♥t❡s ❞❡ N ❡t η t❡❧❧❡s q✉❡ ❧✬♦♥ ❛ ❧❡s

♣r♦♣r✐étés s✉✐✈❛♥t❡s ✿

‖(Ω∗(t, 0) − 1)(H0 + i)−1‖ ≤ (F0 + F 2
0 ) · c1,

‖(Ω+(0) − 1)(H0 + i)−1‖ ≤ (F0 + F 2
0 ) · c2,

‖((H0 + i)Ω(t, 0)(H0 + i)−1 − 1)(H0 + i)−1‖ ≤ (F0 + F 2
0 ) · c3,

‖((H0 + i)Ω+∗(0)(H0 + i)−1 − 1)(H0 + i)−1‖ ≤ (F0 + F 2
0 ) · c4.

❉é♠♦♥str❛t✐♦♥✳ P♦✉r ψ ∈ HN ✱ ♦♥ ❛

‖(Ω∗(t, 0) − 1)(H0 + i)−1ψ‖ =‖
∫ t

0
Ω∗(τ, 0)W̃ (τ, 0)dτ(H0 + i)−1ψ‖

≤F0

∫ t

0
|a(τ)|‖Pe−iH0τ (H0 + i)−1‖ · ‖ψ‖dτ

+
N

2
F 2

0

∫ t

0
a2(τ)dτ‖(H0 + i)−1‖ · ‖ψ‖.
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❡t ❝♦♠♠❡ a ❡st ✐♥té❣r❛❜❧❡ s✉r (−∞, 0] ♦♥ ♦❜t✐❡♥t ❧❛ ♣r❡♠✐èr❡ ❡st✐♠❛t✐♦♥✳ P♦✉r ❧❛ s❡❝♦♥❞❡ ❡st✐✲
♠❛t✐♦♥ ♦♥ é❝r✐t ♣♦✉r ψ ∈ HN

Ω+(0)(H0 + i)−1ψ − (H0 + i)−1ψ = −i
∫ −∞

0
W̃ (τ, 0)Ω(τ, 0)(H0 + i)−1dτψ.

❡t ♣✉✐sq✉❡ Ω(τ, 0) ♣rés❡r✈❡ D(H0)✱ ✐❧ ❡①✐st❡ ✉♥❡ ❝♦♥st❛♥t❡ c2 > 0 t❡❧❧❡ q✉❡

‖(Ω(t, 0) − 1)(H0 + i)−1ψ‖ ≤ (F0 + F 2
0 ) · c2‖ψ‖. ✭✸✳✹✮

P♦✉r ❧❛ tr♦✐s✐è♠❡✱ ♦♥ ❝♦♠♠❡♥❝❡ ♣❛r é❝r✐r❡ ❧✬♦♣ér❛t❡✉r ❜♦r♥é s✉✐✈❛♥t

(H0+i)Ω(t, 0)(H0+i)
−1 = (H0+i)(H(t)+ic)−1(H(t)+ic)Ω(t, 0)(H(t)+ic)−1(H(t)+ic)(H0+i)

−1

❛✈❡❝ c ∈ R∗ ❡t

(H(t) + ic)Ω(t, 0)(H(t) + ic)−1 = (H(t) + ic)eiH0(t−s)U(t, 0)(H(t) + ic)−1

= (H(t) + ic)eiH0(t−s)(H(t) + ic)−1U(t, 0)U∗(t, 0)(H(t) + ic)U(t, 0)(H(t) + ic)−1

=: A(t)F (t)

♦ù A(t) := (H(t) + ic)eiH0(t−s)(H(t) + ic)−1U(t, 0) ❡st ❜♦r♥é ❡t ❧✬♦♣ér❛t❡✉r ❜♦r♥é

F (t) := U∗(t, 0)(H(t) + ic)U(t, 0)(H(t) + ic)−1

❡st ❞é✜♥✐ s✐♠✐❧❛✐r❡♠❡♥t à Fs(t) ❞❡ ❧❛ ♣r❡✉✈❡ ❞✉ ❧❡♠♠❡ ✷✳✷✳✸✳ ❊♥ s✉✐✈❛♥t ❧❛ ♣r❡✉✈❡ ❞❡ ❝❡ ❧❡♠♠❡✱
♦♥ ♦❜t✐❡♥t

F (t) =Id − F0

∫ t

0
a′(τ)

(
U∗(τ, 0)P (H(τ) + ic)−1U(τ, 0)F (τ) + F (τ)P (H(τ) + ic)−1

)
dτ

+ F 2
0

∫ t

0
a(τ)a′(τ)

(
U∗(τ, 0)(H(τ) + ic)−1U(τ, 0)F (τ) + F (τ)(H(τ) + ic)−1

)
dτ. ✭✸✳✺✮

❡t

‖F (t)‖ ≤ exp

(
2const ·

∫ t

0

(
F0|a′(τ)| + F 2

0 |a(τ)a′(τ)|
)
dτ

)
✭✸✳✻✮

q✉✐ ❡st ❜♦r♥é ✉♥✐❢♦r♠é♠❡♥t ❡♥ F0 ♣♦✉r F0 ❞❛♥s ✉♥ ✐♥t❡r✈❛❧❧❡ ❜♦r♥é ❡t ❡♥ t ∈ (−∞, 0]✳ ❖♥ é❝r✐t✱

(H0 + i)Ω(t, 0)(H0 + i)−1 = (H0 + i)(H(t) + ic)−1A(t)F (t)(H(t) + ic)(H0 + i)−1

❡t
(
(H0 + i)Ω(t, 0)(H0 + i)−1 − 1

)
(H0 + i)−1 =(H0 + i)(H(t) + ic)−1 (A(t)F (t) − 1) (H0 + i)−1×

× (H0 + i)(H(t) + ic)(H0 + i)−2.

❖♥ ✈❛ ♠♦♥tr❡r q✉❡ ❧❛ q✉❛♥t✐té s✉✐✈❛♥t❡ t❡♥❞ ✈❡rs ③ér♦ q✉❛♥❞ F0 t❡♥❞ ✈❡rs ③ér♦ ✿

(A(t)F (t) − 1) (H0 + i)−1 = A(t) (F (t) − 1) (H0 + i)−1 + (A(t) − 1) (H0 + i)−1.

❉✬✉♥❡ ♣❛rt✱ ❛✈❡❝ ❧✬éq✉❛t✐♦♥ ✭✸✳✺✮ ❡t ❡♥ ✉t✐❧✐s❛♥t q✉❡ U(τ, 0) ❡t U∗(τ, 0) s♦♥t ✉♥✐t❛✐r❡s✱ q✉❡
P (H(t) + ic) ❡st ❜♦r♥é ✉♥✐❢♦r♠é♠❡♥t ❡♥ t ❡t F0 ❞✬❛♣rès ❧❡ ❧❡♠♠❡ ✷✳✶✳✶ ♣♦✉r ✉♥ c ❛ss❡③ ❣r❛♥❞ ❡t
q✉❡ F (t) ❛✉ss✐ ❞✬❛♣rès ❝❡ q✉❡ ❧✬♦♥ ✈✐❡♥t ❞❡ ✈♦✐r ❡♥ ✭✸✳✻✮✱ ♦♥ ♦❜t✐❡♥t

‖F (t) − 1‖ ≤ (F0 + F 2
0 ) · const.
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❉✬❛✉tr❡ ♣❛rt✱

A(t) − 1 =(H(t) + ic)(H0 + i)−1eiH0(t−s)(H0 + i)(H(t) + ic)−1U(t, 0) − 1

=(H(t) + ic)(H0 + i)−1
(
eiH0(t−s)(H0 + i)(H(t) + ic)−1U(t, 0) − 1

)
+

+
(
(H(t) + ic)(H0 + i)−1 − 1

)

=(H(t) + ic)(H0 + i)−1×
×
(
eiH0(t−s)(H0 + i)(H(t) + ic)−1U(t, 0) − Ω(t, 0) + Ω(t, 0) − 1

)
+

+
(
(H(t) + ic)(H0 + i)−1 − 1

)
.

P♦✉r ❧❡ ♣r❡♠✐❡r t❡r♠❡

eiH0(t−s)(H0 + i)(H(t) + i)−1U(t, 0) − Ω(t, 0) = eiH0(t−s)
(
(H0 + i)(H(t) + i)−1 − 1

)
U(t, 0),

❡t ❡♥ ✉t✐❧✐s❛♥t ❧✬éq✉❛t✐♦♥ ❞❡ ❧❛ rés♦❧✈❡♥t❡

(H(t) + i)−1 = (H0 + i)−1 − (H0 + i)−1W (t)(H(t) + i)−1, ✭✸✳✼✮

♦♥ ♦❜t✐❡♥t

(H0 + i)(H(t) + i)−1 − 1 = −W (t)(H(t) + i)−1 = (F0a(t)P − 1

2
F 2

0 a
2(t)N)(H(t) + i)−1 ✭✸✳✽✮

(H(t) + i)(H0 + i)−1 − 1 = W (t)(H0 + i)−1 = (−F0a(t)P +
1

2
F 2

0 a
2(t)N)(H0 + i)−1.

❊♥ ♣r❡♥❛♥t ❧❛ ♥♦r♠❡ ❞❡ ❧✬❡①♣r❡ss✐♦♥ ❝✐✲❞❡ss✉s ❡t ❡♥ ❛♣♣❧✐q✉❛♥t ❧❡ ❧❡♠♠❡ ✷✳✶✳✶ ❞✬✉♥❡ ♣❛rt ❡t
❛✈❡❝ ✭✸✳✹✮ ❞✬❛✉tr❡ ♣❛rt✱ ♦♥ ❞é❞✉✐t q✉❡

‖A(t) − 1‖ ≤ (F0 + F 2
0 ) · const.

❖♥ ❛ ❞♦♥❝ ♣r♦✉✈é q✉✬✐❧ ❡①✐st❡ ✉♥❡ ❝♦♥st❛♥t❡ c3 > 0 t❡❧❧❡ q✉❡ ✿

‖
(
(H0 + i)Ω(t, 0)(H0 + i)−1 − 1

)
(H0 + i)−1‖ ≤ (F0 + F 2

0 ) · c3.

P♦✉r ❧❛ ❞❡r♥✐èr❡ ❡st✐♠❛t✐♦♥ ❞✉ ❧❡♠♠❡✱ ♦♥ ✈❛ ✉t✐❧✐s❡r q✉❡ U∗(t, s) = U(s, t) ❡t ❞♦♥❝

(H0 + i)Ω∗+(0)(H0 + i)−1 = lim
t→∞

(H0 + i)U(0, t)e−iH0t(H0 + i)−1.

❖♥ ♣❡✉t ❡♥s✉✐t❡ ❡st✐♠❡r

((H0 + i)U(0, t)e−iH0t(H0 + i)−1 − 1)(H0 + i)−1

❞❡ ❧❛ ♠ê♠❡ ♠❛♥✐èr❡ q✉❡ ♣ré❝❡❞❡♠♠❡♥t✱ ❡t ❝♦♠♠❡ ❝❡tt❡ q✉❛♥t✐té ❡st ❜♦r♥é❡ ✉♥✐❢♦r♠é♠❡♥t ❡♥ t✱
❝❡ q✉✐ ♣❡✉t êtr❡ ♠♦♥tré à ❧✬❛✐❞❡ ❞✉ ❧❡♠♠❡ ✷✳✷✳✸✱ ❧❡ ♣❛ss❛❣❡ à ❧❛ ❧✐♠✐t❡ t→ −∞ ♥❡ ❝❤❛♥❣❡r❛ ♣❛s
❧✬❡st✐♠❛t✐♦♥✳ ■❧ ❡①✐st❡ ❞♦♥❝ ✉♥❡ ❝♦♥st❛♥t❡ c4 > 0 t❡❧❧❡ q✉❡

‖
(
(H0 + i)Ω+∗(0)(H0 + i)−1 − 1

)
(H0 + i)−1‖ ≤ (F0 + F 2

0 ) · c4.

▼❛✐♥t❡♥❛♥t ♦♥ ♣❡✉t ét❛❜❧✐r ✿

▲❡♠♠❡ ✸✳✶✳✸✳ P♦✉r t♦✉t N > 1✱ η > 0✱ ✐❧ ❡①✐st❡ ✉♥❡ ❝♦♥st❛♥t❡ c10(N, η) =: c10 > 0 t❡❧❧❡ q✉❡

❧✬♦♥ ❛ ❧❡s ❡st✐♠❛t✐♦♥s s✉✐✈❛♥t❡s ✿
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✐✮

|Tr(R(0)P )| ≤ (F0 + F 2
0 )c10

✐✐✮
∂

∂F0
Tr(R(0)P )

∣∣∣∣
F0=0

= 0.

❉é♠♦♥str❛t✐♦♥✳ ❖♥ ❛

Tr(R(0)P ) = iF0

∫ 0

−∞
a(σ)Tr

(
eiσH0 [P, ρ(0) − ρeq]e

−iσH0P
)
dσ. ✭✸✳✾✮

❖♥ r❛♣♣❡❧❧❡ q✉❡ ❧❛ q✉❛♥t✐té s✉✐✈❛♥t❡ ❡st ❜♦r♥é❡ ✿

Tr
(
eiσH0P (ρ(0) − ρeq)e

−iσH0P
)

= Tr
(
e−iσH0PeiσH0P (ρ(0) − ρeq)

)

❡t ♦♥ ✈❡✉t ❧✬❡st✐♠❡r ♣❛r r❛♣♣♦rt à F0✳ ❖♥ ✐♥tr♦❞✉✐t ❧❛ ♥♦t❛t✐♦♥

A := e−iσH0PeiσH0P,

❖♥ r❡♠❛rq✉❡ ❞✬❛❜♦r❞ q✉❡ ‖A(H0 + i)−1‖ ❡st ❜♦r♥é ❞✬❛♣rès ❧❡ ❧❡♠♠❡ ✷✳✸✳✸✳ ❖♥ ❛

‖A(ρ(0) − ρeq)‖1 =‖A(Ω+∗(0)ρeqΩ
+(0) − ρeq)‖1

≤‖AΩ+∗(0)ρeq

(
Ω+(0) − Id

)
‖1 + ‖A(Ω+∗(0) − Id)ρeq‖1. ✭✸✳✶✵✮

P♦✉r ❧❡ ♣r❡♠✐❡r t❡r♠❡✱ ♦♥ ❛ ✿

‖AΩ+∗(0)ρeq(Ω
+(0) − Id)‖1 =

= ‖A(H0 + i)−1(H0 + i)Ω+∗(0)(H0 + i)−1(H0 + i)ρeq(H0 + i)(H0 + i)−1(Ω+(0) − Id)‖1

❡t ❝♦♠♠❡ A(H0 + i)−1✱(H0 + i)Ω+∗(0)(H0 + i)−1 s♦♥t ❜♦r♥és ✉♥✐❢♦r♠é♠❡♥t ❡♥ F0 ❞✬❛♣rès ❧❡
❧❡♠♠❡ ✸✳✶✳✷✱ (H0 + i)ρeq(H0 + i) ❡st ❞❡ ❝❧❛ss❡ tr❛❝❡✱ ❡t

‖(H0 + i)−1(Ω+(0) − Id)‖ ≤ (F0 + F 2
0 ) · c2,

❞✬❛♣rès ❧❡ ❧❡♠♠❡ ✸✳✶✳✷✱ ❛❧♦rs✱

‖AΩ+∗(0)ρeq(Ω
+(0) − Id)‖1 ≤ (F0 + F 2

0 ) · const.

P♦✉r ❧❡ s❡❝♦♥❞ t❡r♠❡ ❞❡ ✭✸✳✶✵✮✱ ❡♥ ✉t✐❧✐s❛♥t ❧❡ ❧❡♠♠❡ ✸✳✶✳✷ ♦♥ ♦❜t✐❡♥t ✿

‖A(Ω+∗(0) − Id)ρeq‖1 ≤ ‖A(H0 + i)−1(H0 + i)(Ω+∗(0) − Id)(H0 + i)−2(H0 + i)2ρeq‖1

≤ (F0 + F 2
0 ) · const.

❖♥ ❝♦♥❝❧✉t q✉✬✐❧ ❡①✐st❡ ✉♥❡ ❝♦♥st❛♥t❡ c10 > 0 t❡❧❧❡ q✉❡

|Tr
(
eiσH0P (ρ(0) − ρeq)e

−iσH0P
)
| ≤‖eiσH0P (ρ(0) − ρeq)e

−iσH0P‖1

≤(F0 + F 2
0 ) · c10. ✭✸✳✶✶✮

❈❡ rés✉❧t❛t ✐♠♣❧✐q✉❡ i)✳
P♦✉r ii)✱ ♦♥ ✈❛ ♠♦♥tr❡r q✉❡ ❧❛ q✉❛♥t✐té ♣♦✉r ❧✬✐♥st❛♥t ❢♦r♠❡❧❧❡ ✿

∂

∂F0
Tr(R(0)P ) =i

∫ 0

−∞
a(σ)Tr

(
eiσH0 [P, ρ(0) − ρeq]e

−iσH0P
)
dσ+

+ iF0

∫ 0

−∞
a(σ)

∂

∂F0
Tr
(
eiσH0 [P, ρ(0) − ρeq]e

−iσH0P
)
dσ ✭✸✳✶✷✮
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❡st ✈r❛✐ ❡♥ F0 = 0✳ P✉✐sq✉❡ ♣♦✉r F0 = 0 ✐❧ ♥✬② ❛ ♣❛s ❞❡ ♣❡rt✉r❜❛t✐♦♥ ❞❡ H0✱ ρ(0, F0 = 0) = ρeq

❡t
Tr
(
eiσH0 [P, ρ(0, F0 = 0) − ρeq]e

−iσH0P
)

= 0,

❧❡ ♣r❡♠✐❡r t❡r♠❡ ❞❡ ✭✸✳✶✷✮ ❡st ♥✉❧✳ P♦✉r F0 > 0✱

1

F0 − 0

(
Tr
(
eiσH0 [P, ρ(0) − ρeq]e

−iσH0P
)
− 0
)
,

❡t ❧❛ ❧✐♠✐t❡ ❞❡ ❝❡ t❡r♠❡ q✉❛♥❞ F0 t❡♥❞ ✈❡rs ③ér♦ ❡st ❧❛ ❞ér✐✈é❡ ❞❡ ❧❛ tr❛❝❡ ❡♥ F0 = 0✳ ❖♥ ❛ ✈✉
♣ré❝é❞❡♠♠❡♥t ✭❡q✳ ✭✸✳✶✶✮✮ q✉❡ ❝❡tt❡ q✉❛♥t✐té ❡st ❜♦r♥é❡ ✉♥✐❢♦r♠é♠❡♥t ❡♥ F0 ❛✉ ✈♦✐s✐♥❛❣❡ ❞❡
③ér♦ ✿

‖ 1

F0
Tr
(
eiσH0 [P, ρ(0) − ρeq]e

−iσH0P
)
‖ ≤ const.

❉♦♥❝ ❧❛ ❧✐♠✐t❡ ❞❡ ❝❡ t❡r♠❡ ❡①✐st❡ q✉❛♥❞ F0 t❡♥❞ ✈❡rs ③ér♦ ❡t ❡st ✉♥❡ q✉❛♥t✐té ❜♦r♥é❡✳ ❈❡❝✐ ♠♦♥tr❡
q✉❡ ❧❡ ❞❡✉①✐è♠❡ t❡r♠❡ ❞❡ ✭✸✳✶✷✮ ❡st é❣❛❧ à ③ér♦ ❡♥ F0 = 0 ♣✉✐sq✉❡ a ❡st ✐♥té❣r❛❜❧❡ s✉r (−∞, 0]✳
❖♥ ❝♦♥❝❧✉t ❛✈❡❝ ✭✸✳✾✮ ✿

∂

∂F0
Tr((ρ(0) − ρeq − ρ1(0))P )

∣∣∣∣
F0=0

= 0. ✭✸✳✶✸✮

✸✳✷ ❇❛ss❡ t❡♠♣ér❛t✉r❡

❖♥ ✈❛ ♠❛✐♥t❡♥❛♥t s✐♠♣❧✐✜❡r ❧✬❡①♣r❡ss✐♦♥ ✭✸✳✸✮ ❡♥ ✉t✐❧✐s❛♥t ❧❡ ❢❛✐t q✉❡ ❧❡s ♣❤②s✐❝✐❡♥s ❢♦♥t ❧❡✉rs
❡①♣ér✐❡♥❝❡s s✉r ❧❡s ♥❛♥♦t✉❜❡s à ❜❛ss❡ t❡♠♣ér❛t✉r❡✱ ❝❡ q✉✐ s✐❣♥✐✜❡ q✉❡ ❧❡ ♣❛r❛♠ètr❡ β ❡st très
❣r❛♥❞✳ ❉✬❛♣rès ❝❡ q✉❡ ❧✬♦♥ ❛ ✈✉ ♣ré❝é❞❡♠♠❡♥t✱ ♦♥ ♣❡✉t é❝r✐r❡

Tr(ρ1(0)P ) = i

∫ 0

−∞
Tr(eiH0u[P, ρeq]e

−iH0uP )a(u)du

= i

∫ 0

−∞
Tr(eiH0uPe−iH0uρeqP − ρeqe

iH0uPe−iH0uP )a(u)du

= i

∫ 0

−∞
Tr(PeiH0uPe−iH0uρeq − ρeqe

iH0uPe−iH0uP )a(u)du

♦ù ♦♥ ❛ ✉t✐❧✐sé q✉❡ ρeq ❝♦♠♠✉t❡ ❛✈❡❝ H0✱ ❛✐♥s✐ q✉❡ ❧❛ ❝②❝❧✐❝✐té ❞❡ ❧❛ tr❛❝❡✳ ❖♥ ✐♥tr♦❞✉✐t ❧❛
♥♦t❛t✐♦♥

Z := TrHN (e−βH0),

❡t ♦♥ r❛♣♣❡❧❧❡ q✉❡ ρeq ❡st ❞é✜♥✐t ❡♥ ✭✷✳✹✮✳ ❖♥ ♣❡✉t ♠❛✐♥t❡♥❛♥t é❝r✐r❡ ❞❛♥s ❧❛ ❜❛s❡ ❞❡ H0 ✿

Tr(ρ1(0)P ) =

=
i

Z

∫ 0

−∞

∞∑

k=0

e−βλk
(
< ψk, P e

iH0uPe−iH0uψk > − < ψk, e
iH0uPe−iH0uPψk >

)
a(u)du

=
i

Z

∫ 0

−∞

∞∑

k=0

e−βλk

(
e−iλku < Pψk, e

iH0uPψk > −eiλku < Pψk, e
−iH0uPψk >

)
a(u)du ✭✸✳✶✹✮

❖♥ ✈❛ ❛✉ss✐ é❝r✐r❡

Z = TrHN (e−βH0) =
∑

k≥0

< ψk|e−βλk |ψk >=
∑

k≥0

e−βλk .
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❡t ♦♥ ✐♥tr♦❞✉✐t
Z1 := TrHN (e−βH0−λ0) =

∑

k≥0

e−i(λk−λ0).

▲❛ q✉❛♥t✐té q✉❡ ❧✬♦♥ ❞♦✐t ❝❛❧❝✉❧❡r ❞❡✈✐❡♥t

Tr(ρ1(0)P ) =

=
i

Z1

∫ 0

−∞

(
e−iλ0u < Pψ0, e

iH0uPψ0 > −eiλ0u < Pψ0, e
−iH0uPψ0 >

)
a(u)du+ R ✭✸✳✶✺✮

♦ù R := R(β, η,N) ❡st ✿

R :=
i

Z1

∫ 0

−∞

∞∑

k=1

e−β(λk−λ0)
(
e−iλku < Pψk, e

iH0uPψk > −eiλku < Pψk, e
−iH0uPψk >

)
a(u)du.

▲❡♠♠❡ ✸✳✷✳✶✳ P♦✉r N, η ✜①és✱ ✐❧ ❡①✐st❡ c1(N), c2(N) > 0 t❡❧❧❡s q✉❡ ♣♦✉r β ❛ss❡③ ❣r❛♥❞ ❧❛

q✉❛♥t✐té R(β, η,N) ❡st ❜♦r♥é❡ ♣❛r ✿

|R| ≤ 1

η

(
c1(N)e−

βCN
L2 +

c2(N)

β
N
2

+2

)
β→∞−−−→ 0.

❉é♠♦♥str❛t✐♦♥✳ ❖♥ ♣❡✉t ♠❛❥♦r❡r R ♣❛r

|R| ≤ 1

Z

∫ 0

−∞

∞∑

k=1

e−β(λk−λ0)2‖Pψk‖2a(u)du.

❙♦✐t ψk ✉♥ ✈❡❝t❡✉r ♣r♦♣r❡ ❞❡ ✭✶✳✺✮ ❛✈❡❝ ✈❛❧❡✉r ♣r♦♣r❡ λk✳ ❖♥ ❛ ✈✉ q✉❡ P ❡st r❡❧❛t✐✈❡♠❡♥t ❜♦r♥é
♣❛r r❛♣♣♦rt ❛✉ ▲❛♣❧❛❝✐❡♥ ❛✈❡❝ ❜♦r♥❡ r❡❧❛t✐✈❡ ♥✉❧❧❡ à ❧❛ ♣r♦♣♦s✐t✐♦♥ ✷✳✶✳✶ ❡t ❝♦♠♠❡ ❧❡s ♣♦t❡♥t✐❡❧s
s♦♥t ❛✉ss✐ r❡❧❛t✐✈❡♠❡♥t ❜♦r♥és ❛✈❡❝ ❜♦r♥❡ r❡❧❛t✐✈❡ ♥✉❧❧❡✱ ❛✈❡❝ ❧✬❛♥♥❡①❡ ❇✳✷✱ ♦♥ ♣❡✉t é❝r✐r❡✱ s✐ N
❡st ✜①❡✱ ♣♦✉r ε > 0 ✿

‖Pψk‖2 ≤ ε2N2

2
λ2

k +
1

ε2

❛❧♦rs

|R| ≤ 1

Z

∫ 0

−∞
a(u)du

∞∑

k=1

e−β(λk−λ0)

(
ε2N2λ2

k +
2

ε2

)
.

❉✬❛♣rès ❧❡ t❤é♦rè♠❡ ✶✳✷✳✼ ❧❡s ✈❛❧❡✉rs ♣r♦♣r❡s λk s❡ ❝♦♠♣♦rt❡♥t ❛s②♠t♦t✐q✉❡♠❡♥t ❝♦♠♠❡

λk
k→∞∼ CN

k
2
N

L2

❡t ❧❛ q✉❛♥t✐té

e−β(λk−λ0)

(
ε2N2λ2

k +
2

ε2

)

❡st ❞♦♥❝ s♦♠♠❛❜❧❡ ♣❛r r❛♣♣♦rt à k✳ ❖♥ ✈❛ ✉t✐❧✐s❡r ♠❛✐♥t❡♥❛♥t ❧❛ ❢♦r♠✉❧❡ ❞✬❊✉❧❡r✲▼❛❝▲❛✉r✐♥
♣♦✉r ❡st✐♠❡r ❧❛ s♦♠♠❡✳ ❙♦✐t f ✉♥❡ ❢♦♥❝t✐♦♥ ❞ér✐✈❛❜❧❡ ❡t n ∈ N✱ ♦♥ ❛ ✿

n−1∑

k=1

f(k) =

∫ n

0
f(t)dt+

1

2
[f(n) − f(0)] +

∫ n

0
B1(t)f

′(t)dt,
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❛✈❡❝ B1 ✉♥ ♣♦❧②♥ô♠❡ ❞❡ ❇❡r♥♦✉❧❧✐✳ ❖♥ ♣❡✉t é❝r✐r❡
∫ n

0
B1(t)f

′(t)dt =

∫ 1

0
(t− 1

2
)f ′(t)dt+

∫ n

1
B1(t)f

′(t)dt

= −1

2
(f(1) − f(0)) +

∫ 1

0
tf ′(t)dt+

∫ n

1
B1(t)f

′(t)dt,

❖♥ ✈❛ ❛♣♣r♦①✐♠❡r (λk − λ0) ♣❛r CN
k

2
N

L2 ✱ ❝❡ q✉✐ ❞♦♥♥❡

∞∑

k=1

e−βCN
k

2
N

L2 =

∫ ∞

0
e−βCN

k
2
N

L2 dk − e−β
CN
L2

2
+

∫ 1

0

βCN

L2
e−βCN

k
2
N

L2
2

N
k

2
N dk

+

∫ ∞

1
B1(t)

βCN

L2
e−βCN

k
2
N

L2
2

N
k

2
N
−1dk.

❖♥ ❝❛❧❝✉❧❡ ♠❛✐♥t❡♥❛♥t ❧❡s ✐♥té❣r❛❧❡s ❡t ♦♥ ♦❜t✐❡♥t

∫ ∞

0
e−βCN

k
2
N

L2 dk =

(
L2

βCN

)N
2

Γ(1 +
N

2
),

∫ 1

0
e−βCN

k
2
N

L2
2

N
k

2
N dk =

(
L2

βCN

)1+N
2
(

Γ(1 +
N

2
) − Γ(1 +

N

2
,
βCN

L2
)

)
❛♥❞

β
CN

L2

∫ ∞

1
e−βCN

k
2
N

L2
2

N
k

2
N
−1dk = e−β

CN
L2 . ✭✸✳✶✻✮

♦ù Γ ❡st ❧❛ ❢♦♥❝t✐♦♥ ●❛♠♠❛ ❞❡ ❊✉❧❡r ❡t Γ(., .) ❡st ❧❛ ❢♦♥❝t✐♦♥ ●❛♠♠❛ ✐♥❝♦♠♣❧èt❡✱ ✈♦✐r ❬❝❤❛♣✳✻✱❆❙❪✳
❖♥ ❛ ❞♦♥❝

∞∑

k=1

e−βCN
k

2
N

L2 ≤
(

L2

βCN

)N
2

Γ(1 +
N

2
)(1 +

L2

βCN
) +

e−β
CN
L2

2

β→∞−−−→ 0.

P♦✉r ❧✬❛✉tr❡ t❡r♠❡✱ ♦♥ ♣❡✉t ♥♦t❡r q✉❡

∞∑

k=1

(
k

2
N

L2

)2

e−βCN
k

2
N

L2 =
1

C2
N

d2

dβ2

∞∑

k=1

e−βCN
k

2
N

L2 .

❖♥ r❡♣r❡♥❞ ❞♦♥❝ ❧❡s rés✉❧t❛ts ❞❡ ✭✸✳✶✻✮ ❡♥ ❞ér✐✈❛♥t ♣❛r r❛♣♣♦rt à β✳ ❞✬❛♣rès ❬❆❙✱ ✻✳✺✳✷✺❪ ♦♥ ❛
q✉❡ ❧❛ ❞ér✐✈é❡ ♣❛r r❛♣♣♦rt à ❧❛ s❡❝♦♥❞❡ ✈❛r✐❛❜❧❡ ❞❡ ❧❛ ❢♦♥❝t✐♦♥ ●❛♠♠❛ ✐♥❝♦♠♣❧èt❡ ❞♦♥♥❡ ✿

∂2Γ(1 +
N

2
,
βCN

L2
) = −

(
βCN

L2

)N
2

e−
βCN
L2 .

❊♥ ✉t✐❧✐s❛♥t ❧❛ ❢♦r♠✉❧❡ ❬❆❙✱ ✻✳✺✳✸✷❪ ♦♥ ♣❡✉t ♠❛❥♦r❡r ❧❛ ❢♦♥❝t✐♦♥ ●❛♠♠❛ ✐♥❝♦♠♣❧èt❡ ❡t ♦❜t❡♥✐r
♣♦✉r β ❛ss❡③ ❣r❛♥❞✱ ❛✈❡❝ c1, c2, c3 > 0✱

∞∑

k=1

k
2
N

L2
e−βCN

k
2
N

L2 ≤ (
c1
β

+ c2)e
−βCN

L2 +
c3

β
N
2

+2

❉✬✉♥ ❛✉tr❡ ❝♦té✱ a(t) = Re
(

eiωt+ηt

iω+η

)
❡st ✐♥té❣r❛❜❧❡ s✉r (−∞, 0] ❡t ❞♦♥♥❡

∫ 0

−∞
|a(t)|dt =

∫ 0

−∞

η| cos(ωt)| + ω| sin(ωt)|
η2 + ω2

eηtdt ≤ η + ω

η2 + ω2

1

η
.
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❉❡ ♣❧✉s ♦♥ ♣❡✉t é❝r✐r❡
Z1 = 1 +

∑

k≥1

e−β(λk−λ0) ≥ 1.

❋✐♥❛❧❡♠❡♥t✱ ♣♦✉r β ❣r❛♥❞✱

|R| ≤ const · 1

η

(
(
c1
β

+ c2)e
−βCN

L2 +
c3

β
N
2

+2

)
β→∞−−−→ 0.

✸✳✸ ❋♦r♠✉❧❡ ✜♥❛❧❡

▲❛ ❢♦r♠✉❧❡ ♣♦✉r ❧❡ s♣❡❝tr❡ ❞✬❛❜s♦r♣t✐♦♥ ❛ été ré❞✉✐t❡ s♦✉s ❧❛ ❢♦r♠❡ ✭✸✳✸✮✱ ♣✉✐s s♦✉s ❧❛
❢♦r♠❡ ✭✸✳✶✺✮ à ❜❛ss❡ t❡♠♣ér❛t✉r❡✳ ❖♥ ✈❛ ♠❛✐♥t❡♥❛♥t ♥♦♠♠❡r T0 ❧❡ t❡r♠❡ s✐❣♥✐✜❝❛t✐❢ ❞❡ ✭✸✳✶✺✮ à
❜❛ss❡ t❡♠♣ér❛t✉r❡ ✿

T0 :=
i

Z1

∫ 0

−∞

(
e−iλ0u < Pψ0, e

iH0uPψ0 > −eiλ0u < Pψ0, e
−iH0uPψ0 >

)
a(u)du.

❡t ♦♥ ✈❛ ❞♦♥♥❡r ✉♥❡ ❡①♣r❡ss✐♦♥ ❞❡ ❝❡❧✉✐✲❝✐ ❡♥ ❢♦♥❝t✐♦♥ ❞❡s ét❛ts ♣r♦♣r❡s ❞❡ H0✳ ❖♥ é❝r✐t

e−iH0u =
∑

k≥0

e−iλku|ψk >< ψk|

q✉❡ ❧✬♦♥ ✈❛ ✐♥sér❡r ❞❛♥s T0✳ ❖♥ ♦❜t✐❡♥t

T0 =
i

Z1

∫ 0

−∞

∑

k≥0

{
e−iλ0u < Pψ0, e

iλkuψk >< ψk, Pψ0 >

−eiλ0u < Pψ0, e
−iλkuψk >< ψk, Pψ0 >

}
a(u)du

=
i

Z1

∑

k≥0

| < ψk, Pψ0 > |2
∫ 0

−∞
(ei(λk−λ0)u − e−i(λk−λ0)u)a(u)du.

❊♥ r❡♠♣❧❛❝❛♥t ❧❛ ❢♦♥❝t✐♦♥ a ♣❛r s♦♥ ❡①♣r❡ss✐♦♥ ❡t ❡♥ ♣r❡♥❛♥t ❧❛ ♣❛rt✐❡ ré❡❧❧❡ ✿

Re(T0) =
1

Z1

∑

k≥0

| < ψk, Pψ0 > |2Re

∫ 0

−∞
(ei(λk−λ0)u − e−i(λk−λ0)u)i

eiω̃u

iω̃
du

=
1

Z1

∑

k≥0

| < ψk, Pψ0 > |2Re

(
1

iω̃
(

1

(λk − λ0) + ω̃
− 1

(λk − λ0) − ω̃
)

)

=
1

Z1

∑

k≥0

Re
2i

(λk − λ0)2 − ω̃2
| < ψk, Pψ0 > |2

❖♥ ❛
2

λ2 − ω̃2
=

2

(λ− ω̃)(λ+ ω̃)

=
2(λ− ω − iη)(ω + λ+ iη)

[(λ− ω)2 + η2][(λ+ ω)2 + η2]

= 2
(λ− ω)(λ+ ω) + η2 − i2ηω

[(λ− ω)2 + η2][(ω + λ)2 + η2]
.

❈❡ q✉✐ ❞♦♥♥❡ ♣♦✉r ❧❡ s♣❡❝tr❡ ❞✬❛❜s♦r♣t✐♦♥ ❧❛ ❢♦r♠✉❧❡ s✉✐✈❛♥t❡ ✿

α(ω) =
1

Z1

∑

k≥0

4ηω

[(λk − λ0 − ω)2 + η2][(λk − λ0 + ω)2 + η2]
| < ψk, Pψ0 > |2 + oβ(1) ✭✸✳✶✼✮
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❈❤❛♣✐tr❡ ✹

❍❛♠✐❧t♦♥✐❡♥ ❛✈❡❝ ✐♥t❡r❛❝t✐♦♥ ❡♥tr❡

é❧❡❝tr♦♥s

❉❛♥s ❧❡s ❝❤❛♣✐tr❡s ♣é❝é❞❡♥ts✱ ♦♥ ❛ ét❛❜❧✐ ✉♥❡ r❡❧❛t✐♦♥ ❧✐❛♥t ❧❡ ❝♦❡✣❝✐❡♥t ❞✬❛❜s♦r♣t✐♦♥ ♦♣t✐q✉❡
❛✉ s♣❡❝tr❡ ❞❡ ❧✬❍❛♠✐❧t♦♥✐❡♥ ❛✈❡❝ ✐♥tér❛❝t✐♦♥s ❡♥tr❡ é❧❡❝tr♦♥s✳ ❉❛♥s ❝❡ ❝❤❛♣✐tr❡✱ ♦♥ ét✉❞✐❡ ❧❡
s♣❡❝tr❡ ❞❡ ❝❡t ♦♣ér❛t❡✉r✳ ❖♥ s✉✐t ❧✬✐❞é❡ ❞❡ ❲❛♥♥✐❡r ❬❲❛❪ q✉✐ ❝♦♥s✐st❡ à s✉♣♣♦s❡r ❧✬✐♥tér❛❝t✐♦♥
❡♥tr❡ é❧❡❝tr♦♥s ❢❛✐❜❧❡ ❡t à ❛♣♣r♦①✐♠❡r ❧❡s ét❛ts ♣r♦♣r❡s ❞✉ s②stè♠❡s ♣❛r ❧❡s ét❛ts ❞❡ ❇❧♦❝❤✳ ❆
❧✬❛✐❞❡ ❞❡ ❧❛ t❤é♦r✐❡ ❞❡ ♣❡rt✉r❜❛t✐♦♥✱ ♦♥ ♦❜t✐❡♥t✱ ❝♦♠♠❡ ❲❛♥♥✐❡r✱ q✉❡ ♠❛❧❣ré q✉❡ ❧✬✐♥t❡r❛❝t✐♦♥
s♦✐t ❢❛✐❜❧❡✱ ❡❧❧❡ ❡♥tr❛î♥❡ ✉♥ ❡✛❡t ♥♦♥ ♥é❣❧✐❣❡❛❜❧❡ q✉✐ ❡st ❧✬❛♣♣❛r✐t✐♦♥ ❞❛♥s ❧❡ s♣❡❝tr❡ ❞❡ ❧✬♦♣ér❛t❡✉r
♣❡rt✉r❜é ❞❡ ✈❛❧❡✉rs ♣r♦♣r❡s ❛♣♣❡❧é❡s ✈❛❧❡✉rs ♣r♦♣r❡s ❞❡ ❧✬❡①❝✐t♦♥✳ ❈❡tt❡ ét✉❞❡ ♣❡r♠❡t ❡♥ ♣❧✉s
❞✬♦❜t❡♥✐r ✉♥ ❍❛♠✐❧t♦♥✐❡♥ ❝❛r❛❝tér✐s❛♥t ❧✬❡①❝✐t♦♥ ❛✈❡❝ ✉♥ ♣♦t❡♥t✐❡❧ ❡①♣❧✐❝✐t❡✱ ❡t ❧✬ét✉❞❡ ♣♦✉rr❛
êtr❡ ♣♦✉rs✉✐✈✐❡✱ ❥✉sq✉✬à ❧✬♦❜t❡♥t✐♦♥ ❞❡s ét❛ts ♣r♦♣r❡s ❛✉ ❝❤❛♣✐tr❡ s✉✐✈❛♥t✳

❖♥ ♣❛rt ✐❝✐ ❞✉ ♠♦❞è❧❡ à N é❧❡❝tr♦♥s s✉r ❧❡ ❝❡r❝❧❡ ❛✈❡❝ ♣♦t❡♥t✐❡❧ ♣ér✐♦❞✐q✉❡ ❞é✜♥✐t ❞❛♥s
❧❛ s❡❝t✐♦♥ ✶✳✷ ❞✉ ❝❤❛♣✐tr❡ ✶✳ ❉❛♥s ❝❡t ❡s♣❛❝❡ ❢❡r♠é ♦ù é✈♦❧✉❡♥t N ❢❡r♠✐♦♥s✱ ✐❧ ❡st ❛♣♣r♦♣r✐é
❞✬✉t✐❧✐s❡r ❧✬❡s♣❛❝❡ ❞❡ ❋♦❝❦ ❡t s♦♥ ❢♦r♠❛❧✐s♠❡✳ ❈✬❡st ✉♥ ♦✉t✐❧ ❜✐❡♥ ❞é✜♥✐ ❡t ❝♦♠♠✉♥é♠❡♥t ✉t✐❧✐sé
♣❛r ❧❡s ♠❛t❤é♠❛t✐❝✐❡♥s ❡t ❧❡s ♣❤②s✐❝✐❡♥s✱ ✈♦✐r ❧❡s ❧✐✈r❡s ❞❡ ❬❇❘✷✱ ❝❤❛♣✳ ✺✳✷❪ ♣♦✉r ✉♥❡ ❞é✜♥✐t✐♦♥ ❞✉
♣♦✐♥t ❞❡ ✈✉❡ ♠❛t❤é♠❛t✐q✉❡ ❡t ❬▼❛✱ ❝❤❛♣✳ ✶✳✷❪ ♣♦✉r ❧❡ ♣♦✐♥t ❞❡ ✈✉❡ ♣❤②s✐q✉❡✳ ❉❛♥s ✉♥ ♣r❡♠✐❡r
t❡♠♣s ♦♥ ✐♥tr♦❞✉✐t r❛♣✐❞❡♠❡♥t ❝❡ ❢♦r♠❛❧✐s♠❡ ❡t ♦♥ ❝♦♥str✉✐t ❧❛ ❜❛s❡ ❝❛♥♦♥✐q✉❡ ❝♦♠♣♦sé❡ ❞❡
❝♦♠❜✐♥❛✐s♦♥s ❧✐♥é❛✐r❡s ❞✬ét❛ts ♣r♦♣r❡s ❞✉ ♣r♦❜❧è♠❡ à ✉♥❡ ♣❛rt✐❝✉❧❡✱ ❛♥t✐✲s②♠étr✐sé❡s✳ ❖♥ ❡①♣r✐♠❡
❡♥s✉✐t❡ ❧✬❍❛♠✐❧t♦♥✐❡♥ ❞❡ ♥♦tr❡ s②stè♠❡ ❞❛♥s ❝❡ ❢♦r♠❛❧✐s♠❡ à ❧❛ s❡❝t✐♦♥ ✹✳✶✳✸✳ ❉❛♥s ❧❛ s❡❝t✐♦♥ ✹✳✷✱
♦♥ ré❞✉✐t ♥♦tr❡ ♣r♦❜❧è♠❡ à ✉♥ s♦✉s✲❡s♣❛❝❡ ❞❡ ❧✬❡s♣❛❝❡ ❞❡ ❋♦❝❦ ❛♣♣❡❧é ✐❝✐ ✏s♦✉s✲❡s♣❛❝❡ ❞❡ ❧✬❡①❝✐t♦♥✑
❝❤♦✐s✐ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❝❡rt❛✐♥❡s ❝♦♥s✐❞ér❛t✐♦♥s ♣❤②s✐q✉❡s✳ ❖♥ ❢❛✐t ❡♥s✉✐t❡ ✉♥❡ ét✉❞❡ ♣❡rt✉r❜❛t✐✈❡
❞❡ ❧✬♦♣ér❛t❡✉r ré❞✉✐t à ❝❡ s♦✉s✲❡s♣❛❝❡ ♣♦✉r ✉♥ ❝♦✉♣❧❛❣❡ ❢❛✐❜❧❡ ❡t ♣♦✉r ✉♥ ❣r❛♥❞ ✭♠❛✐s ♣❛s ✐♥✜♥✐✮
♥♦♠❜r❡ ❞❡ ♣❛rt✐❝✉❧❡s✳ ❆ ❧✬✐ss✉❡ ❞❡ ❝❡❧❛✱ ♦♥ ♦❜t✐❡♥t ❝❡ q✉❡ ❧✬♦♥ ❛♣♣❡❧❧❡ ❧✬❍❛♠✐❧t♦♥✐❡♥ ❞❡ ❧✬❡①❝✐t♦♥✳
❊♥✜♥✱ ❡♥ ❝♦♥❝❧✉s✐♦♥✱ ♦♥ ❡①♣❧✐q✉❡ ❝♦♠♠❡♥t ❧✬ét✉❞❡ ❞❡ ❝❡t ❡①❝✐t♦♥ ♣❡r♠❡t ❞❡ ❞♦♥♥❡r ✉♥❡ ✐❞é❡ ❞✉
s♣❡❝tr❡ ❞❡ ♥♦tr❡ s②stè♠❡ ❞❡ ❞é♣❛rt✱ ❡t ♦♥ ♣♦✐♥t❡ ❧❡s ❧✐♠✐t❛t✐♦♥s ❞❡ ❝❡tt❡ ♠ét❤♦❞❡✳

✹✳✶ ■♥tr♦❞✉❝t✐♦♥

✹✳✶✳✶ ❯♥❡ ♣❛rt✐❝✉❧❡ ❞❛♥s ✉♥ ♣♦t❡♥t✐❡❧ ♣ér✐♦❞✐q✉❡

P♦✉r ✐♥tr♦❞✉✐r❡ ❧✬❡s♣❛❝❡ ❞❡ ❋♦❝❦ ✐❧ ❡st ✉t✐❧❡ ❞❡ r❛♣♣❡❧❡r ❝❡rt❛✐♥❡s ♣r♦♣r✐étés ❞❡ ❧✬❍❛♠✐❧t♦♥✐❡♥
à N é❧❡❝tr♦♥s s❛♥s ✐♥t❡r❛❝t✐♦♥s ❡♥tr❡ ❡✉①✱ ❞❛♥s ✉♥ ♣♦t❡♥t✐❡❧ ♣ér✐♦❞✐q✉❡✱ ❡t ❡♥ ♣❛rt✐❝✉❧✐❡r ❧❡s ét❛ts
♣r♦♣r❡s ❞❡ ❝❡ s②stè♠❡✳ ❖♥ ❡①♣r✐♠❡r❛ ❡♥s✉✐t❡ H0✱ ❧✬❍❛♠✐❧t♦♥✐❡♥ ❛✈❡❝ ✐♥t❡r❛❝t✐♦♥s✱ s♦✉s ❢♦r♠❡
♠❛tr✐❝✐❡❧❧❡✱ ❞❛♥s ❧❛ ❜❛s❡ ❞❡s ét❛ts ❞✉ s②stè♠❡ s❛♥s ✐♥t❡r❛❝t✐♦♥ ❛♥t✐✲s②♠étr✐sé❡s✳

▲❡ ♣r♦❜❧è♠❡ ❞✬✉♥❡ ♣❛rt✐❝❧❡ s❛♥s s♣✐♥ ❞❛♥s ✉♥ ♣♦t❡♥t✐❡❧ ♣ér✐♦❞✐q✉❡ s✉r ❧❛ ❧✐❣♥❡ ✐♥✜♥✐❡ ❡st tr❛✐té❡
r✐❣♦✉r❡✉s❡♠❡♥t ❡t ❡♥ ❞ét❛✐❧s ❞❛♥s ❬❘❙✹✱ ❳■■■❪✱ ♦♥ ♣♦✉rr❛ ❛✉ss✐ s❡ r❡♣♦rt❡r à ❬❆▼✱ ❝❤❛♣✳ ✽❪ ♣♦✉r
✉♥❡ ❛♥❛❧②s❡ ❢❛✐t❡ ♣❛r ❞❡s ♣❤②s✐❝✐❡♥s✳ ❈❡s ét✉❞❡s ét❛❜❧✐ss❡♥t ❧✬❡①✐st❡♥❝❡ ❞✬✉♥❡ s✉✐t❡ ❞❡ ❢♦♥❝t✐♦♥s

✻✼
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{εb}∞b=1 ❛✈❡❝ ❝❤❛q✉❡ ❢♦♥❝t✐♦♥ k 7→ εb(k) ❞é✜♥✐❡ ❡t ❝♦♥t✐♥✉❡ s✉r [−π, π)✳ P♦✉r ❧❡ ♣r♦❜❧è♠❡ s✉r
❧❡ ❝❡r❝❧❡ ❞❡ ❧♦♥❣✉❡✉r L ❛✈❡❝ ♣ér✐♦❞✐❝✐té ❞❡ ♣ér✐♦❞❡ ✶✱ ❧❡ s♣❡❝tr❡ ❞❡ ❧✬❍❛♠✐❧t♦♥✐❡♥ ❡st ❞✐s❝r❡t ❡t
❝❤❛q✉❡ ✈❛❧❡✉r ♣r♦♣r❡ ❡st ✉♥❡ ✈❛❧❡✉r ♣❛rt✐❝✉❧✐èr❡ ❞❡ εb(k) ❛✈❡❝ ❧❡ ♥♦♠❜r❡ b ∈ N ❛♣♣❡❧é ♥✉♠ér♦
❞❡ ❜❛♥❞❡ ❡t ❧❡ ♥♦♠❜r❡ k

k =
2πn

L
, n ∈ Z ∩ [−L

2
,
L

2
),

q✉✐ ❡st ❛♣♣❡❧é ❧❡ ♠♦♠❡♥t ❝r✐st❛❧❧✐♥ ♦✉ s✐♠♣❧❡♠❡♥t ❧❡ ✈❡❝t❡✉r ❞✬♦♥❞❡✳ ❖♥ ♥♦t❡r❛ ❧❡s é♥❡r❣✐❡s ❞✉
s②stè♠❡ ✐♥❞✐✛ér❡♠♠❡♥t ✿

εb(k) ♦✉ ε(b, k). ✭✹✳✶✮

▲❡s ✈❡❝t❡✉rs ♣r♦♣r❡s ❛ss♦❝✐és ❢♦r♠❡♥t ❧✬❡♥s❡♠❜❧❡ ❞❡s ❢♦♥❝t✐♦♥s
{
eb,k ∈ L2(SL)

}
b,k

t❡❧ q✉❡

eb,k(x) =
ub,k(x)√

L
eikx ✭✹✳✷✮

❛✈❡❝ ub,k ✉♥❡ ❢♦♥❝t✐♦♥ ♣ér✐♦❞✐q✉❡ ❞❡ ♣ér✐♦❞❡ ✶ ♥♦♥ ❝♦♥♥✉❡ ❡①♣❧✐❝✐t❡♠❡♥t ❡♥ ❣é♥ér❛❧✱ ❡t q✉✐
❞é♣❡♥❞ ❞✉ ♣♦t❡♥t✐❡❧ ♣ér✐♦❞✐q✉❡✳ P❛r ❡①❡♠♣❧❡✱ ❞❛♥s ❧❡ ❝❛s ♦ù ❧❡ ♣♦t❡♥t✐❡❧ ♣ér✐♦❞✐q✉❡ ❡st ✉♥❡
❢♦♥❝t✐♦♥ ❝♦♥st❛♥t❡✱ ♦♥ ❛ s✐♠♣❧❡♠❡♥t ub,k = 1√

2π
✳ ❖♥ ♥♦t❡r❛ ❛✉ss✐ ♣♦✉r ❛❧❧é❣❡r ❧✬é❝r✐t✉r❡

ej := ebj ,kj
, j ∈ N. ✭✹✳✸✮

❖♥ ✈❡✉t ♠❛✐♥t❡♥❛♥t ❛♥❛❧②s❡r ❧❡ ♣r♦❜❧è♠❡ à N > 1 ❡❧❡❝tr♦♥s✳ P♦✉r ❞❡s ♣❛rt✐❝✉❧❡s s❛♥s ✐♥t❡r✲
❛❝t✐♦♥ r❡s♣❡❝t❛♥t ❧❛ st❛t✐st✐q✉❡ ❞❡ ❋❡r♠✐✲❉✐r❛❝✱ ❝❡ q✉✐ ❡st ❧❡ ❝❛s ❞❡s é❧❡❝tr♦♥s✱ ✉♥ ✈❡❝t❡✉r ♣r♦♣r❡
❞✉ ♣r♦❜❧è♠❡ à N ♣❛rt✐❝✉❧❡s s❡r❛ s✐♠♣❧❡♠❡♥t ❧❡ ♣r♦❞✉✐t ❛♥t✐✲s②♠étr✐sé ❞❡ N ✈❡❝t❡✉rs ♣r♦♣r❡s ❞✉
♣r♦❜❧è♠❡ à ✉♥❡ ♣❛rt✐❝✉❧❡✳ ▲✬❡♥s❡♠❜❧❡ ❞❡s ✈❡❝t❡✉rs ♣r♦♣r❡s ❛♥t✐s②♠étr✐sés à N ≥ 0 ♣❛rt✐❝✉❧❡s
❢♦r♠❡♥t ❧❛ ❜❛s❡ ❝❛♥♦♥✐q✉❡ ❞❡ ❧✬❡s♣❛❝❡ ❞❡ ❋♦❝❦ ❛♥t✐s②♠étr✐sé✳

✹✳✶✳✷ ▲✬❡s♣❛❝❡ ❞❡ ❋♦❝❦

▲✬❡s♣❛❝❡ ❞❡ ❋♦❝❦ ❡st ✉♥ ❡s♣❛❝❡ ❞❡ ❍✐❧❜❡rt ♣❛rt✐❝✉❧✐❡r ✉t✐❧✐sé ♣♦✉r ❞é❝r✐r❡ ❧❡s ét❛ts q✉❛♥t✐q✉❡s
❞❡s s②stè♠❡s ❛✈❡❝ ✉♥ ❣r❛♥❞ ♥♦♠❜r❡✱ ✈❛r✐❛❜❧❡✱ ❞❡ ♣❛rt✐❝✉❧❡s✳ ❖♥ ✈❛ ✐♥tr♦❞✉✐r❡ ✐❝✐ ❧❡s ♦✉t✐❧s ❞❡ ❜❛s❡s
♥é❝❡ss❛✐r❡s à ♥♦tr❡ ét✉❞❡ ❡t ♣♦✉r ♣❧✉s ❞✬✐♥❢♦r♠❛t✐♦♥ s✉r ❝❡ ❢♦r♠❛❧✐s♠❡✱ ♦♥ ♣♦✉rr❛ s❡ r❡♣♦rt❡r ❛✉
❧✐✈r❡ ❞❡ ❇r❛t❡❧❧✐✲❘♦❜✐♥s♦♥ ❬❇❘✷❪✳

❖♥ r❛♣♣❡❧❧❡ q✉❡ ❧✬❡s♣❛❝❡ ❞❡ ❍✐❧❜❡rt à N ♣❛rt✐❝✉❧❡s HN ✱ ❞é✜♥✐ ❡♥ ✐♥tr♦❞✉❝t✐♦♥✱ ❡st ❧❡ ♣r♦❞✉✐t
t❡♥s♦r✐❡❧ ❞❡ N ❡s♣❛❝❡s à ✉♥❡ ♣❛rt✐❝✉❧❡ H✳ ❖♥ ♣r❡♥❞ ❧❛ ❝♦♥✈❡♥t✐♦♥ H0 := C✳ ❖♥ ❞é✜♥✐t ❧✬❡s♣❛❝❡
❞❡ ❋♦❝❦ F ✿

F =
⊕

N≥0

HN .

❈♦♠♠❡ ♦♥ tr❛✐t❡ ✉♥ ♣r♦❜❧è♠❡ ❛✈❡❝ ❞❡s ❢❡r♠✐♦♥s✱ ♦♥ ✈❛ tr❛✈❛✐❧❧❡r ❞❛♥s ❧❡ s♦✉s✲❡s♣❛❝❡ ❞❡ ❧✬❡s♣❛❝❡
❞❡ ❋♦❝❦ ❛♥t✐s②♠étr✐q✉❡ Fa✱ ❡♥❣❡♥❞ré ♣❛r ❧❡s ✈❡❝t❡✉rs ❛♥t✐s②♠étr✐q✉❡s ♣❛r r❛♣♣♦rt à ♥✬✐♠♣♦rt❡
q✉❡❧❧❡ ✐♥t❡r✈❡rs✐♦♥ ❡♥tr❡ ❞❡✉① ❝♦♦r❞♦♥♥é❡s✳ ❙♦✐t Pn ❧❡ ❣r♦✉♣❡ ❞❡ ♣❡r♠✉t❛t✐♦♥ s✉r ✉♥ ❡♥s❡♠❜❧❡
Mn ❝♦♠♣♦sé ❞❡ n é❧❡♠❡♥ts ❞❡ N✳ ❙♦✐t {ej}j∈Mn ❞❡s ✈❡❝t❡✉rs ❞❡ H ❡t ❧✬♦♣ér❛t❡✉r ❜♦r♥é σ ❛ss♦❝✐é
à ❧✬é❧é♠❡♥t σ ∈ Pn ❡t ❛❣✐ss❛♥t ❞❛♥s H⊗n ✿

σ(ej1 ⊗ ej2 ⊗ · · · ⊗ ejn) = ejσ(1)
⊗ ejσ(2)

⊗ · · · ⊗ ejσ(n)
.

❙♦✐t ❧❛ ♣r♦❥❡❝t✐♦♥ ♦rt❤♦❣♦♥❛❧❡ An = (1/n!)
∑

σ∈Pn
s(σ)σ ♦ù s(σ) ❡st ❧❛ s✐❣♥❛t✉r❡ ❞❡ ❧❛ ♣❡r♠✉t❛✲

t✐♦♥✱ ♦♥ ✐♥tr♦❞✉✐t ❧✬❡s♣❛❝❡ à N ❢❡r♠✐♦♥s ✿

HN
a := ANHN

❡t ❧✬❡s♣❛❝❡ ❞❡ ❋♦❝❦ ❛♥t✐s②♠étr✐q✉❡ ❡st ✿

Fa =
⊕

N≥0

HN
a .
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❖♥ ♣❡✉t ❡①♣r✐♠❡r ✉♥ ét❛t ❛♥t✐s②♠étr✐sé |ψej1
ej2

···ejN
>∈ HN

a ❞é❝r✐✈❛♥t N ❢❡r♠✐♦♥s ❧✐❜r❡s✱ ❞❛♥s
❧❡s ét❛ts j1, j2, · · · , jN ✱ s✉r ❧❡ ❝❡r❝❧❡ SL ❡♥ ♣rés❡♥❝❡ ❞✬✉♥ ♣♦t❡♥t✐❡❧ ♣ér✐♦❞✐q✉❡ ♣❛r ✿

|ψj1j2···jN >=
1

N !

∑

σ∈PN

s(σ)ejσ(1)
⊗ ejσ(2)

⊗ ...⊗ ejσ(N)
✭✹✳✹✮

♦ù ❧❡s {ejk
} s♦♥t ❧❡s ❢♦♥❝t✐♦♥s ♣r♦♣r❡s✱ ❞é✜♥✐❡s ❡♥ ✭✹✳✸✮✱ ❛ss♦❝✐é❡s à ❧✬❍❛♠✐❧t♦♥✐❡♥ à ✉♥❡ ♣❛rt✐❝✉❧❡

s✉r SL✳ ▲❡ ✈❡❝t❡✉r |ψj1j2···jN > ❞❡♣❡♥❞ ❞❡ ♣❧✉s✐❡✉rs ♣❛r❛♠ètr❡s✱ ❡t ♣❛r♠✐ ❡✉① ❧❡s ❜❛♥❞❡s ❡t ❧❡s
✈❡❝t❡✉rs ❞✬♦♥❞❡s ❞❡s ❞✐✛ér❡♥t❡s ❢♦♥❝t✐♦♥s ♣r♦♣r❡s ejk

❧❡ ❝♦♠♣♦s❛♥t✳
❖♥ ✐♥tr♦❞✉✐t ♠❛✐♥t❡♥❛♥t ❞❡✉① ♦♣ér❛t❡✉rs ❞✬✉♥❡ ❣r❛♥❞❡ ✐♠♣♦rt❛♥❝❡✱ ❛❣✐ss❛♥t s✉r ❧✬❡s♣❛❝❡ ❞❡

❋♦❝❦ ❛♥t✐s②♠étr✐sé ✳ P♦✉r ❝❤❛q✉❡ ek ∈ H ♦♥ ❞é✜♥✐t ❧✬♦♣ér❛t❡✉r ❞✬❛♥♥✐❤✐❧❛t✐♦♥ a(ek) ❞❛♥s Fa ♣❛r ✿

a(ek) : HN
a →HN−1

a

a(ek)|ψj1j2···jN >=
1

(N − 1)!

∑

σ∈PN

s(σ)
(
ek, ejσ(1)

)
ejσ(2)

⊗ ...⊗ ejσ(N)
.

❆❧♦rs ♦♥ ❛

a(ek)|ψj1j2···jN >=

{
0 s✐ ∀l ∈ [1, 2, · · · , N ], jl 6= k,

(−1)l−1|ψj1j2···k̂···jN
> s✐ k = jl,

♦ù k̂ ❞é♥♦t❡ ❧❡ ❢❛✐t q✉❡ ❧❡ k✐è♠❡ ét❛t ❞♦✐t êtr❡ ♦♠✐s✳
▲❡ s❡❝♦♥❞ ♦♣ér❛t❡✉r ❡st ❛♣♣❡❧é ♦♣ér❛t❡✉r ❞❡ ❝ré❛t✐♦♥✱ ✐❧ ❡st ♥♦té a∗ ❡t ❡st ❞é✜♥✐ ♣♦✉r ✉♥

✈❡❝t❡✉r ejN+1 ∈ H q✉❡❧❝♦♥q✉❡ ♣❛r ✿

a(ejN+1) : HN
a →HN+1

a

a∗(ejN+1)|ψj1j2···jN >=
1

(N + 1)!

∑

σ∈PN+1

s(σ)ejσ(N+1)
⊗ ejσ(1)

⊗ ejσ(2)
⊗ · · · ⊗ ejσ(N)

❝❡ q✉✐ ❞♦♥♥❡ ✿

a∗(ejN+1)|ψj1j2···jN >=

{
0 s✐ ∃l ∈ [1, 2, · · · , N ], jl = k,

|ψjN+1j1j2···jN > s✐♥♦♥

❖♥ r❡♠❛rq✉❡ q✉❡
|ψjN+1j1j2···jN >= (−1)l−1|ψj1j2···jl−1jN+1···jN > .

❖♥ ❛ ❧❡s ♣r♦♣r✐étés ❞✬❛♥t✐❝♦♠♠✉t❛t✐♦♥ s✉✐✈❛♥t❡s ✿

{a(es), a(ep)} = 0, {a∗(es), a∗(ep)} = 0, {a∗(es), a(ep)} = δesep .

❖♥ ✈❛ ❞és✐❣♥❡r ♣❛r h✱ ❧✬❍❛♠✐❧t♦♥✐❡♥ ❛❣✐ss❛♥t ❞❛♥s H ❡t ❞é❝r✐✈❛♥t ✉♥ é❧❡❝tr♦♥ ✈✐✈❛♥t s✉r ❧❡
❝❡r❝❧❡ ❞❡ ❧♦♥❣✉❡✉r L ❛✈❡❝ ♣♦t❡♥t✐❡❧ ♣ér✐♦❞✐q✉❡✱ ❞♦♥t ♦♥ ✈✐❡♥t ❞❡ ✈♦✐r ❧❡s ♣r♦♣r✐étés à ❧❛ s❡❝✲
t✐♦♥ ✹✳✶✳✶✳ ❙♦✐t ♠❛✐♥t❡♥❛♥t hN ✱ ❧✬❍❛♠✐❧t♦♥✐❡♥ ❛❣✐ss❛♥t ❞❛♥s ❧✬❡s♣❛❝❡ ❛♥t✐s②♠étr✐sé ANHN à N
♣❛rt✐❝✉❧❡s✱ ❡t ❞é✜♥✐ ♣♦✉r φkj

∈ H ♣❛r h0 = 0 ❡t ✿

hNAN (φk1 ⊗ φk2 ⊗ · · · ⊗ φkN
) = AN (

N∑

j=1

φk1 ⊗ φk2 ⊗ · · · ⊗ hφkj
⊗ · · · ⊗ φkN

).

❖♥ ♦❜t✐❡♥t ❝❡ q✉✐ ❡st ❛♣♣❡❧é ❧❛ s❡❝♦♥❞❡ q✉❛♥t✐✜❝❛t✐♦♥ ❞❡ h ♥♦té❡ dΓ(h) ♦✉ Ĥ✱ ❛❣✐ss❛♥t ❞❛♥s Fa✱
❡♥ é❝r✐✈❛♥t ✿

Ĥ = dΓ(h) =
⊕

N≥0

hN

❉❛♥s ❧❛ ❜❛s❡ ❞❡ ✈❡❝t❡✉rs ✐♥tr♦❞✉✐t❡ ❡♥ ✭✹✳✹✮✱ q✉✐ s♦♥t ❧❡s ✈❡❝t❡✉rs ♣r♦♣r❡s ❞❡ Ĥ✱ ❝❡t ♦♣ér❛t❡✉r
❡st ❞✐❛❣♦♥❛❧ ❡t ♣❡✉t êtr❡ é❝r✐t ❡♥ t❡r♠❡s ❞✬♦♣ér❛t❡✉rs ❞❡ ❝ré❛t✐♦♥ ❡t ❞✬❛♥♥✐❤✐❧❛t✐♦♥ ❝♦♠♠❡ s✉✐t ✿

Ĥ =
∑

b,k

εb(k)a
∗(eb,k)a(eb,k) =:

∑

b,k

εb(k)a
∗
b,kab,k s✉r Fa. ✭✹✳✺✮
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✹✳✶✳✸ ■♥t❡r❛❝t✐♦♥ ❡♥tr❡ é❧❡❝tr♦♥s

❖♥ ✈❛ ♠❛✐♥t❡♥❛♥t é❝r✐r❡ ❧✬❡①♣r❡ss✐♦♥ ❞❡ ❧✬❍❛♠✐❧t♦♥✐❡♥ ❞❡ ♥♦tr❡ s②stè♠❡ ✿ ❧❡ ♠♦❞è❧❡ à N
é❧❡❝tr♦♥s s✉r ❧❡ ❝❡r❝❧❡ ✐♥t❡r❛❣✐ss❛♥ts ❡♥tr❡ ❡✉①✱ ❞❛♥s ❧❡ ❢♦r♠❛❧✐s♠❡ ❞❡ ❧❛ s❡❝♦♥❞❡ q✉❛♥t✐✜❝❛t✐♦♥✳
❖♥ ❧❡ ❞és✐❣♥❡ ♣❛r HI ✳ ❖♥ ❞♦✐t ❞✬❛❜♦r❞ r❡♠❛rq✉❡r q✉❡ ❧✬♦♣ér❛t❡✉r é❝❤❛♥❣❡❛♥t ♥✬✐♠♣♦rt❡ q✉❡❧
❝♦✉♣❧❡ ❞❡ ♣❛rt✐❝✉❧❡s ❝♦♠♠✉t❡ ❛✈❡❝ H0 ❡t ❡♥s✉✐t❡ q✉❡ ❧✬❡s♣❛❝❡ ❛♥t✐s②♠étr✐sé à N ♣❛rt✐❝✉❧❡s HN

a

❡st ✉♥ s♦✉s ❡s♣❛❝❡ ❞❡ HN ✳ ▲❡s ♣r♦♣r✐étés ❞❡ H0 ét❛❜❧✐❡s ♣ré❝é❞❡♠♠❡♥t✱ ❛✉t♦✲❛❞❥♦♥❝t✐♦♥✱ s♣❡❝tr❡
❞✐s❝r❡t✱ ❞❛♥s ❧❡ ❣r❛♥❞ ❡s♣❛❝❡ HN s♦♥t ♣❛r ❝♦♥séq✉❡♥t ✈r❛✐❡s ♣♦✉r ❧❛ r❡str✐❝t✐♦♥ ❞❡ HI ❛✉ s♦✉s✲
❡s♣❛❝❡ HN

a ✳ ❊♥ ❞és✐❣♥❛♥t ❧❡ ♣♦t❡♥t✐❡❧ s❡❝♦♥❞ q✉❛♥t✐✜é ♣❛r V̂ ❡t ♦♥ ❛ ✿

HI = dΓ(H0) =: Ĥ + λV̂ s✉r Fa. ✭✹✳✻✮

❈♦♠♠❡ ♦♥ ❧✬❛ ✈✉ ❥✉st❡ ❛✈❛♥t✱ ♣♦✉r ❧❛ ♣❛rt✐❡ ❝✐♥ét✐q✉❡ ❛✈❡❝ ❧❡ ♣♦t❡♥t✐❡❧ ❛t♦♠✐q✉❡ ♦♥ ✉t✐❧✐s❡ ❧❛
r❡❧❛t✐♦♥ ✭✹✳✺✮ q✉✐ ♥♦✉s ❞♦♥♥❡ Ĥ✳ ❖♥ ❞♦✐t ♠❛✐♥t❡♥❛♥t ❡①♣r✐♠❡r ❧❛ s❡❝♦♥❞❡ q✉❛♥t✐✜❝❛t✐♦♥ ❞✉
♣♦t❡♥t✐❡❧ ❞✬✐♥t❡r❛❝t✐♦♥ ❡♥tr❡ é❧❡❝tr♦♥s✳ ❖♥ ♠♦♥tr❡ ❞❛♥s ❧✬❛♥♥❡①❡ ❆✳✷✳✷✱ ❡♥ ✉t✐❧✐s❛♥t ❧❡ t❤é♦rè♠❡
❞❡ ❋✉❜✐♥✐✱ q✉❡

vL(x) =
1

2πr

∫ πr

−πr

(
1

L

∑

m∈Z∗

ei
2mπx

L

∫ ∞

−∞
e−i 2mπx′

L V r
c (x′, y)dx′+

+
1

L

∫ L
2

−L
2

V r
c (x′, y)dx′

)
dy

=
1

L

∑

m∈Z∗

ei
2mπx

L

∫ ∞

−∞
e−i 2mπx′

L vr
eff(x′)dx′ +

1

L

∫ L
2

−L
2

vr
eff(x′)dx′, ✭✹✳✼✮

❖♥ ❛ ❛✉ss✐

vL(x) =

√
2π

L

∑

m∈Z

ei
2mπx

L v̂L(m), ✭✹✳✽✮

♦ù

v̂L(m) :=
(1 − δ(m))√

2π

∫ ∞

−∞
e−i 2mπx′

L vr
eff(x′)dx′ +

δ(m)√
2π

∫ L
2

−L
2

vr
eff(x′)dx′. ✭✹✳✾✮

❉❛♥s ❧❛ ❜❛s❡ ❡♥❣❡♥❞ré❡ ♣❛r ❧❡s ✈❡❝t❡✉rs ♣r♦♣r❡s ❞❡ Ĥ✱ ♦♥ ♣❡✉t é❝r✐r❡ ❧❛ s❡❝♦♥❞❡ q✉❛♥t✐✜❝❛t✐♦♥
❞✉ ♣♦t❡♥t✐❡❧ ❞✬✐♥t❡r❛❝t✐♦♥✱ ❞✬❛♣rès ❬▲▲✸✱ ❝❤❛♣✳ ✾❪✱ ❝♦♠♠❡ ✿

V̂ =
1

2

∑

p,q,t,s

< ep ⊗ eq, vL es ⊗ et >H⊗H a∗(ep)a
∗(eq)a(et)a(es)

=:
1

2

∑

p,q,t,s

vpqst a
∗(ep)a

∗(eq)a(et)a(es)

P♦✉r ❧❡ t❡r♠❡ ❞❡ ♣♦t❡♥t✐❡❧ vpqst :=< ep ⊗ eq, vL es ⊗ et >✱ ♦♥ ❛

vpqst =
√

2π
1

L3
×

×
∫

S2
L

up(x)e
−ikpxuq(x

′)e−ikqx′
∑

m∈Z

ei
2mπ

L
(x−x′)v̂L(m)us(x)e

iksxut(x
′)eiktx′

dxdx′.

❖♥ r❛♣♣❡❧❧❡ q✉❡ ❧❡s ❢♦♥❝t✐♦♥s up ❞é♣❡♥❞❡♥t ❞❡ x✱ ❞✉ ✈❡❝t❡✉r ❞✬♦♥❞❡ kp ❡t ❞❡ ❧❛ ❜❛♥❞❡ bp✳ ❖♥
✉t✐❧✐s❡ ❧❛ ♣r♦♣r✐été ❞❡ ♣ér✐♦❞✐❝✐té ❞❡ ❧❛ ❢♦♥❝t✐♦♥ uj ❡t ♦♥ ❧✬é❝r✐t ❝♦♠♠❡ ✉♥❡ sér✐❡ ❞❡ ❋♦✉r✐❡r ✿

uj(x) =
∑

m1∈Z

ei
2πm1

L
x 1

L

∫ L/2

−L/2
uj(y)e

−i
2πm1

L
ydy =:

∑

m1∈Z

ei
2πm1

L
xûj(m1) ✭✹✳✶✵✮
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❝❡ q✉✐ ❞♦♥♥❡ ✿

vpqst =

√
2π

L3

∑

m,m1
m2,m3,m4

ûp(m1)ûq(m2)ûs(m3)ût(m4)v̂L(m) ×

×
∫

S2
L

ei
2π
L

(m1−m3+m−L
kp−ks

2π
)xei

2π
L

(m2−m4−m−L
kq−kt

2π
)x′
dxdx′

=

√
2π

L

∑

m,m1∈Z

m2,m3,m4

ûp(m1)ûq(m2)ûs(m3)ût(m4)v̂L(m) ×

×δ(m1 −m3 +m− L
kp − ks

2π
)δ(m2 −m4 −m− L

kq − kt

2π
). ✭✹✳✶✶✮

■❝✐ δ ❡st ❧❡ s②♠❜♦❧❡ ❞❡ ❑r♦♥❡❝❦❡r ❛♣♣❛r✉ ❞✉ ❢❛✐t q✉❡ ♣♦✉r n ∈ N ❡t n 6= 0✱
∫

Λ
ei

2π
L

nxdx =
L sinnπ

πn
= 0 ✭✹✳✶✷✮

❡t ❧✬♦♥ r❛♣♣❡❧❧❡ q✉❡ kj = j 2π
L ✱ j ∈ Z∩ [−L/2, L/2)✱ (m1 −m3 +m−L

kp−ks

2π ) ∈ Z ❡t (m2 −m4 +

m− L
kq−kt

2π ) ∈ Z✳

✹✳✷ ❘é❞✉❝t✐♦♥ à ✉♥ s♦✉s✲❡s♣❛❝❡

❖♥ ✈❛ ✐♥tr♦❞✉✐r❡ ✐❝✐ ✉♥❡ sér✐❡ ❞✬❤②♣♦t❤ès❡s ❛✜♥ ❞❡ s✐♠♣❧✐✜❡r ❧❡ ♣r♦❜❧è♠❡✳ ❖♥ ♥❡ ❥✉st✐✜❡r❛ ❝❡s
s✉♣♣♦s✐t✐♦♥s q✉❡ ♣❛r ❞❡s ❛r❣✉♠❡♥ts ♣❤②s✐q✉❡s q✉❡ ❧✬♦♥ ♣♦✉rr❛ r❡tr♦✉✈❡r ❞❛♥s ❬▼❛✱ ❝❤❛♣✳ ✽❪ ♣❛r
❡①❡♠♣❧❡✳

✹✳✷✳✶ ◗✉❡❧q✉❡s s✉♣♣♦s✐t✐♦♥s ♣❤②s✐q✉❡s

■❧ ❡st ✐♠♣♦rt❛♥t ❞❡ ♥♦t❡r ❞✬❛❜♦r❞ q✉✬✐❧ ② ❛ ❝♦♥s❡r✈❛t✐♦♥ ❞✉ ♥♦♠❜r❡ ❞❡ ❢❡r♠✐♦♥s ❞❛♥s ❧❡
s②stè♠❡✳ ❖♥ ✈❛ ❞♦♥❝ tr❛✈❛✐❧❧❡r ❞❛♥s ❧❡ s♦✉s✲❡s♣❛❝❡ ❞❡ ❧✬❡s♣❛❝❡ ❞❡ ❋♦❝❦ à N ♣❛rt✐❝✉❧❡s✳ ■❧ ❢❛✉t
❣❛r❞❡r à ❧✬❡s♣r✐t q✉❡ ❞❛♥s ❧❡ ♣r♦❜❧è♠❡ q✉❡ ❧✬♦♥ tr❛✐t❡ N ❡st très ❣r❛♥❞✳ ❖♥ ✈❛ ♠❛✐♥t❡♥❛♥t ❢❛✐r❡
❧❡s ❤②♣♦t❤ès❡s s✉✐✈❛♥t❡s ✿

■✮ ❍②♣♦t❤ès❡ s✉r ❧❡ s❝❤é♠❛ ❞❡ ❜❛♥❞❡✳ ❖♥ s✉♣♣♦s❡ q✉❡ ❧❡ s②stè♠❡ s❛♥s ✐♥t❡r❛❝t✐♦♥ ❡♥tr❡ é❧❡❝✲
tr♦♥s ♥❡ ♣♦ssè❞❡ q✉❡ ❞❡✉① ❜❛♥❞❡s ❞❛♥s s♦♥ s♣❡❝tr❡ ✿ ✉♥❡ ❜❛♥❞❡ ❛♣♣❡❧é❡ ❜❛♥❞❡ ❞❡ ❝♦♥❞✉❝t✐♦♥

❡t ✉♥❡ ❛✉tr❡ ❛♣♣❡❧é❡ ❜❛♥❞❡ ❞❡ ✈❛❧❡♥❝❡✳ ▲❛ ❜❛♥❞❡ ❞❡ ✈❛❧❡♥❝❡ ✭r❡s♣✳ ❝♦♥❞✉❝t✐♦♥✮ ♣♦ssè❞❡ ✉♥
♠❛①✐♠✉♠ ✭r❡s♣✳ ♠✐♥✐♠✉♠✮ ♣♦✉r k = 0✳ ▲❛ ❞✐✛ér❡♥❝❡ ❡♥ é♥❡r❣✐❡ ❡♥tr❡ ❧❡ ♠✐♥✐♠✉♠ ❞❡ ❧❛
❜❛♥❞❡ ❞❡ ❝♦♥❞✉❝t✐♦♥ ❡t ❧❡ ♠❛①✐♠✉♠ ❞❡ ❧❛ ❜❛♥❞❡ ❞❡ ✈❛❧❡♥❝❡ ❡st str✐❝t❡♠❡♥t ♣♦s✐t✐✈❡✳ ▲❡s
é♥❡r❣✐❡s ♦♥t ✉♥ ❝♦♠♣♦rt❡♠❡♥t q✉❛❞r❛t✐q✉❡ ♣❛r r❛♣♣♦rt ❛✉ ♠♦♠❡♥t ❝r✐st❛❧❧✐♥ k ❛✉t♦✉r ❞❡
k = 0✳ P❧✉s ♣ré❝✐sé♠❡♥t✱ ❧❡s ❢♦♥❝t✐♦♥s ❞❡ ❜❛♥❞❡ ε̃v ❡t ε̃c ❛ss♦❝✐é❡s ❛✉① ❜❛♥❞❡s ❞❡ ✈❛❧❡♥❝❡ ❡t
❝♦♥❞✉❝t✐♦♥ r❡s♣❡❝t✐✈❡♥t s❡ ❝♦♠♣♦rt❡♥t ❛✉ ✈♦✐s✐♥❛❣❡ ❞❡ ③ér♦ ❝♦♠♠❡ ✿

ε̃v(k) = ε̃v(0) +
k2

2
ε̃′′v(0) + O(k3), ε̃c(k) = ε̃c(0) +

k2

2
ε̃′′c (0) + O(k3),

❛✈❡❝ ε̃c(0) > ε̃v(0) > 0✱ ε̃′′v(0) < 0 ❡t ε̃′′c (0) > 0✳ ❊♥✜♥✱ ♦♥ s✉♣♣♦s❡ q✉❡ ❧✬✐♥t❡r❛❝t✐♦♥ ❡♥tr❡
é❧❡❝tr♦♥s ❡st ❛ss❡③ ❢❛✐❜❧❡ ♣♦✉r ♥❡ ♣❛s ❞étr✉✐r❡ ❝❡ s❝❤é♠❛ ❞❡ ❜❛♥❞❡ q✉❛♥❞ ♦♥ ❧✬❛❥♦✉t❡ à
❧✬❍❛♠✐❧t♦♥✐❡♥✳ ❈❡tt❡ s✉♣♣♦s✐t✐♦♥ ❡st ❝♦♠♠✉♥é♠❡♥t ❛❞♠✐s❡ ♣❛r ❧❡s ♣❤②s✐❝✐❡♥s✱ ✈♦✐r ❬▼❛✱
❝❤❛♣✳ ✽✳✷❪✱ ❡t ❡❧❧❡ s❡r❛ ♣ré❝✐sé❡ ❡♥ t❡r♠❡s ♠❛t❤é♠❛t✐q✉❡s ♣❛r ❧❛ r❡❧❛t✐♦♥ ✭✹✳✸✻✮✳
❊t❛♥t ❞♦♥♥é q✉❡ ❧✬♦♥ ét✉❞✐❡ ❞❡s ♠❛tér✐❛✉① s❡♠✐❝♦♥❞✉❝t❡✉rs✱ ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧ ❞✉ s②stè♠❡
s❛♥s ✐♥t❡r❛❝t✐♦♥ ❡st ❧✬ét❛t ♣♦✉r ❧❡q✉❡❧ t♦✉s ❧❡s é❧❡❝tr♦♥s ♦♥t ❞❡s é♥❡r❣✐❡s ✉♥✐q✉❡♠❡♥t ❞❛♥s
❧❛ ❜❛♥❞❡ ❞❡ ✈❛❧❡♥❝❡ ❡t t♦✉s ❧❡s ♥✐✈❡❛✉① ❞❡ ❝❡❧❧❡✲❝✐ s♦♥t ♦❝❝✉♣és✱ ❧❛ ❜❛♥❞❡ ❞❡ ❝♦♥❞✉❝t✐♦♥
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ét❛♥t ✈✐❞❡✳ ▲❡ ♣ér✐♠ètr❡ L ❞✉ ❝❡r❝❧❡ ❡st ✉♥ ♥♦♠❜r❡ ❡♥t✐❡r ❞❡ ❢♦✐s ❧❛ ♣ér✐♦❞✐❝✐té ❞✉ rés❡❛✉
❡t ♦♥ ❝❤♦✐s✐t ❞❡ ♣r❡♥❞r❡ ✉♥❡ ♣ér✐♦❞❡ ✶ ♣♦✉r ❧❡ rés❡❛✉ ✭❛✜♥ ❞✬❛❧❧é❣❡r ❧✬é❝r✐t✉r❡✮✱ ♦♥ ❛ ❞♦♥❝
L ∈ N ♥✐✈❡❛✉① ❞✬é♥❡r❣✐❡ ❞❛♥s ❧❛ ❜❛♥❞❡ ❞❡ ✈❛❧❡♥❝❡ ❡t ❝♦♠♠❡ ♦♥ tr❛✈❛✐❧❧❡ ❛✈❡❝ ❞❡s s❡♠✐✲
❝♦♥❞✉❝t❡✉rs ❝❡ ❝❤♦✐① ✐♠♣❧✐q✉❡ q✉❡ ❧✬♦♥ ❛ N = L é❧❡❝tr♦♥s ❞❛♥s ♥♦tr❡ s②stè♠❡✳ ▲♦rs ❞❡
❧❡✉rs ❡①♣ér✐♠❡♥t❛t✐♦♥s s✉r ❧❛ ré♣♦♥s❡ ♦♣t✐q✉❡ ❞❡ s❡♠✐❝♦♥❞✉❝t❡✉rs✱ ❧❡s ♣❤②s✐❝✐❡♥s tr❛✈❛✐❧❧❡♥t
à ❜❛ss❡ t❡♠♣ér❛t✉r❡ ❡t s♦♥t ✐♥tér❡ssés ♣❛r ❧❡s é♥❡r❣✐❡s ♣rés❡♥t❡s ❞❛♥s ❧❡ ❣❛♣ ❡♥tr❡ ❜❛♥❞❡
❞❡ ✈❛❧❡♥❝❡ ❡t ❜❛♥❞❡ ❞❡ ❝♦♥❞✉❝t✐♦♥✱ ♦♥ ♣❡✉t ❞♦♥❝ s❡ r❡str❡✐♥❞r❡ à ❧✬ét✉❞❡ ❞❡ ❝❡tt❡ ③♦♥❡ ❞✉
s♣❡❝tr❡ ❡♥tr❡ ❧❡s ❞❡✉① ♣r✐♥❝✐♣❛❧❡s ❜❛♥❞❡s✳
❈❡s ❤②♣♦t❤ès❡s s♦♥t ✈❛❧❛❜❧❡s ♣♦✉r ✉♥❡ ❝❡rt❛✐♥❡ ❝❛té❣♦r✐❡ ❞❡ ♥❛♥♦t✉❜❡s✭✈♦✐r ❬❙❉❉❪✮ ❡t ♦♥
s✬✐♥tér❡ss❡r❛ ❞♦♥❝ à ❝❡✉①✲❧à✳ P❛r ❡①❡♠♣❧❡✱ ♣♦✉r ❝❡rt❛✐♥ ♥❛♥♦t✉❜❡s✱ ✐❧ ♣❡✉t ❛rr✐✈❡r q✉✬✐❧ ②
❛✐t ✉♥❡ ❞é❣é♥ér❡s❝❡♥❝❡ ❞❡ ❜❛♥❞❡ ♣rès ❞✉ ❣❛♣✱ ❝✬❡st à ❞✐r❡ ♣❧✉s✐❡✉rs ❜❛♥❞❡s s❡ ❝❤❡✈❛✉❝❤❛♥t✱
❡t ❞❛♥s ❝❡s ❝❛s ❧à✱ ✐❧ ❡st ♥é❝❡ss❛✐r❡ ❞❡ ❝♦♥s✐❞ér❡r ♣❧✉s ❞❡ ❞❡✉① ❜❛♥❞❡s✳ ▲❡s rés✉❧t❛ts ❞❡
❝❡tt❡ ét✉❞❡ ♣♦rt❡r♦♥t ❞♦♥❝ ✉♥✐q✉❡♠❡♥t s✉r ❧❡s ♥❛♥♦t✉❜❡s ♥✬❛②❛♥t ♣❛s ❞❡ ❞é❣é♥ér❡s❝❡♥❝❡
❞❡ ❜❛♥❞❡ ❡♥ ❜♦r❞✉r❡ ❞✉ ❣❛♣✳ ❖♥ ♣❡✉t ♥♦t❡r q✉❡ ❧❡ s❝❤é♠❛ ❞❡ ❜❛♥❞❡ ❞é♣❡♥❞ ❞❡ ❧❛ ❝❤✐r❛❧✐té
❞✉ ♥❛♥♦t✉❜❡ ❝♦♠♠❡ ✐♥❞✐q✉é ❞❛♥s ❧❛ r❡♠❛rq✉❡ ❢❛✐t❡ à ❧❛ ✜♥ ❞✉ ❝❤❛♣✐tr❡ ✶✳

■■✮ ❖♥ s❡ ♣❧❛❝❡✱ ❞❛♥s ❧❡ ❝❛s ♦ù ❧❡ ♣♦t❡♥t✐❡❧ ❛t♦♠✐q✉❡ ❡st ❢❛✐❜❧❡✳ ❈❡❧❛ ♣❡r♠❡t ❞❡ s✉♣♣♦s❡r q✉❡
❧❡s ❢♦♥❝t✐♦♥s ub,k✱ s❡ tr♦✉✈❛♥t ❞❛♥s ❧✬❡①♣r❡ss✐♦♥ ❞❡s ✈❡❝t❡✉rs ❞✬♦♥❞❡ ❞✬✉♥❡ ♣❛rt✐❝✉❧❡ ✭✈♦✐r
❞é✜♥✐t✐♦♥ ❡♥ ✭✹✳✷✮✮✱ s♦♥t ✐♥❞é♣❡♥❞❛♥t❡s ❞✉ ✈❡❝t❡✉r ❞✬♦♥❞❡ k ✿ ub,k = ub✳ ❈❡tt❡ s✉♣♣♦s✐t✐♦♥
♥✬❡st ♣❛s r✐❣♦✉r❡✉s❡♠❡♥t ❥✉st✐✜é❡ ♠❛✐s ❡st ✉t✐❧✐sé❡ ♣❛r ❧❡s ♣❤②s✐❝✐❡♥s ✭s❡ ré❢ér❡r à ❬▼❛❪ ♦✉
❡♥❝♦r❡ à ❬❆▼✱ ❝❤❛♣✳ ✽❪✮✳

■■■✮ ❖♥ s✉♣♣♦s❡ q✉❡ s✐ ✉♥ é❧❡❝tr♦♥ ❛✈❡❝ ✉♥ ♠♦♠❡♥t kv ❡st ♠❛♥q✉❛♥t ❞❛♥s ❧❛ ❜❛♥❞❡ ❞❡
✈❛❧❡♥❝❡ ✭♦♥ ❡♠♣❧♦②❡r❛ ❛✉ss✐ ❧❡ t❡r♠❡ ❞❡ ✏tr♦✉✑ ❛✈❡❝ ♠♦♠❡♥t kv✮✱ ❛❧♦rs ✐❧ ❡①✐st❡ ✉♥ é❧❡❝tr♦♥
❛✈❡❝ ♠♦♠❡♥t kc = kv ❞❛♥s ❧❛ ❜❛♥❞❡ ❞❡ ❝♦♥❞✉❝t✐♦♥✳ ❈❡❝✐ ❡st ❝❛r❛❝tér✐st✐q✉❡ ❞❡s ♠♦❞è❧❡s
♣❤②s✐q✉❡s s❛♥s ♣r✐s❡ ❡♥ ❝♦♠♣t❡ ❞❡s ♣❤♦♥♦♥s ❡t q✉✐ s✉♣♣♦s❡♥t q✉❡ ❧❡ ♠♦♠❡♥t ❞❡s ♣❤♦t♦♥s
❡st ♥é❣❧✐❣❡❛❜❧❡ ❞❡✈❛♥t ❝❡❧✉✐ ❞❡s é❧❡❝tr♦♥s✱ ✈♦✐r ♣❛r ❡①❡♠♣❧❡ ❬▼❛✱ ✽✳✷❪✳

■❱✮ ❍②♣♦t❤ès❡ ❡①❝✐t♦♥✐q✉❡✳ ❖♥ ♥♦t❡ ❧✬ét❛t ❞❡ ♣❧✉s ❜❛ss❡ é♥❡r❣✐❡ ❞❡ ♥♦tr❡ ❍❛♠✐❧t♦♥✐❡♥ s❛♥s
✐♥t❡r❛❝t✐♦♥✱ ❝✬❡st✲à✲❞✐r❡ ❛✈❡❝ t♦✉s ❧❡s é❧❡❝tr♦♥s ❞❛♥s ❧❛ ❜❛♥❞❡ ❞❡ ✈❛❧❡♥❝❡✱ ♣❛r ψ0 ♦✉ é❣❛❧❡✲
♠❡♥t |0 >✳ ❖♥ ❞é✜♥✐t ❧✬❡♥s❡♠❜❧❡ ❞❡s ét❛ts ❡①❝✐tés {ψkvkc} ❛✈❡❝ t♦✉s ❧❡s é❧❡❝tr♦♥s s❛✉❢ ✉♥
✭tr♦✉✮ ❞❛♥s ❧❛ ❜❛♥❞❡ ❞❡ ✈❛❧❡♥❝❡ ❛✈❡❝ ♠♦♠❡♥t ❝r✐st❛❧❧✐♥ kv✱ ❡t ✉♥ é❧❡❝tr♦♥ ❞❛♥s ❧❛ ❜❛♥❞❡ ❞❡
❝♦♥❞✉❝t✐♦♥ ❛✈❡❝ ♠♦♠❡♥t kc ✿

ψkvkc = a∗c,kc
av,kv |0 >,

❛✈❡❝✱ ❝♦♠♠❡ ♦♥ ✈✐❡♥t ❞❡ ❧❡ ✈♦✐r✱ kv = kc✳ ❖♥ ✐♥tr♦❞✉✐t ❧❡ s♦✉s✲❡s♣❛❝❡ ❡♥❣❡♥❞ré ♣❛r ❝❡s
✈❡❝t❡✉rs ♦rt❤♦♥♦r♠❛✉① ✿

E := span

{
|0 >,

{
a∗c,kc

av,kv |0 >
}

kc,kv
kc=kv

}
⊂ HN

a . ✭✹✳✶✸✮

❖♥ ♥♦t❡ q✉❡ ❧✬❡s♣❛❝❡ ❞❡ ❍✐❧❜❡rt E ❡st ❞❡ ❞✐♠❡♥s✐♦♥ (N + 1) ♣✉✐sq✉❡ kc = kv ♥❡ ♣❡✉t
♣r❡♥❞r❡ q✉❡ N ✈❛❧❡✉rs ❞✐✛ér❡♥t❡s ✭❡t ✐❧ ♥✬② ❛ q✉❡ ❞❡✉① ❜❛♥❞❡s ✿ c ❡t v✮✳ ❖♥ ✐♥tr♦❞✉✐t
❧❡ ♣r♦❥❡❝t❡✉r ♦rt❤♦❣♦♥❛❧ PE q✉✐ ♣r♦❥❡tt❡ ❧❡s é❧é♠❡♥ts ❞❡ HN

a ❞❛♥s ❧❡ s♦✉s✲❡s♣❛❝❡ E ❡t ♦♥
❞é✜♥✐t ❧❛ ♣❛rt✐❡ ❞❡ ❧✬❍❛♠✐❧t♦♥✐❡♥ ré❞✉✐t à E ✿

H1 := PEHIPE

■❧ ❡st ✐♠♣♦rt❛♥t ❞❡ ♥♦t❡r q✉❡ H1 ♥❡ ♣♦ssè❞❡ ♣❛s ❢♦r❝é♠❡♥t ❧❡ s♣❡❝tr❡ ❞❡ ❜❛ss❡ é♥❡r❣✐❡
❞❡ HI ✱ ♠❛✐s ❝♦♥t✐❡♥t ❝❡ q✉❡ ❧✬♦♥ ✈❛ ❛♣♣❡❧❡r ❧❛ ✏❝♦♥tr✐❜✉t✐♦♥ ❞❡ ❧✬❡①❝✐t♦♥✑✳ ❖♥ s✉♣♣♦s❡ q✉❡
❧✬ét✉❞❡ ❞❡ H1 s✉✣t ♣♦✉r ♦❜t❡♥✐r ❧❡s ✐♥❢♦r♠❛t✐♦♥s ✐♠♣♦rt❛♥t❡s✱ ❛✉① ②❡✉① ❞❡s ♣❤②s✐❝✐❡♥s✱
s✉r ❧❡ ❜❛s ❞✉ s♣❡❝tr❡ ❞❡ H0✳ ❖♥ t❡♥t❡ ❞❡ ❥✉t✐✜❡r ❝❡tt❡ s✉♣♣♦s✐t✐♦♥ ❞❛♥s ❧❛ s❡❝t✐♦♥ s✉✐✈❛♥t❡✳

✹✳✷✳✷ ❙♦✉s✲❡s♣❛❝❡ ❞❡ ❧✬❡①❝✐t♦♥

P♦✉r ❧❡s ♣❤②s✐❝✐❡♥s✱ ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡ ❧❛ ❜❛s❡ ❞❡s ✈❡❝t❡✉rs ♣r♦♣r❡s ❞❡ ❧✬♦♣ér❛t❡✉r s❛♥s ✐♥t❡r❛❝t✐♦♥
❡♥tr❡ é❧❡❝tr♦♥s ❧❡✉r ♣❡r♠❡t ❞✬❛✣r♠❡r ❤❡✉r✐st✐q✉❡♠❡♥t✱ ❝♦♠♠❡ ❧✬❡①♣❧✐q✉❡ ▼❛❤❛♥ ❬▼❛✱ ❝❤❛♣✳ ✽❪✱
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❧✬❡①✐st❡♥❝❡ ❞❡ ❧✬❡①❝✐t♦♥✳ ❊♥ ❡✛❡t✱ ❝❡✉①✲❝✐ s✉♣♣♦s❡♥t q✉❡ ❧✬❛❜s❡♥❝❡ ❞✬✉♥ é❧❡❝tr♦♥ ❞❛♥s ❧❛ ❜❛♥❞❡
❞❡ ✈❛❧❡♥❝❡ ❡st ✉♥ tr♦✉ q✉❡ ❧✬♦♥ ♣❡✉t ✈♦✐r ❝♦♠♠❡ ✉♥❡ q✉❛s✐✲♣❛rt✐❝✉❧❡ ❝❤❛r❣é❡ ♣♦s✐t✐✈❡♠❡♥t ✭❡♥
✉t✐❧✐s❛♥t ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❧❛ ♠❛ss❡ ❡✛❡❝t✐✈❡✮ ❡t✱ ❞✉ ❢❛✐t ❞❡ ❧✬✐♥t❡r❛❝t✐♦♥ ❈♦✉❧♦♠❜✐❡♥♥❡ ♣rés❡♥t❡✱
❧✬é❧❡❝tr♦♥ ❞❡ ❧❛ ❜❛♥❞❡ ❞❡ ❝♦♥❞✉❝t✐♦♥ ✈❛ ✐♥t❡r❛❣✐r ❛✈❡❝ ❝❡ tr♦✉ ♣♦✉r ❢♦r♠❡r ❞❡s ét❛ts ❧✐és✳ ❈❡s ét❛ts
❧✐és✱ ❞✬é♥❡r❣✐❡s ✐♥❢ér✐❡✉r❡s à ❧✬é♥❡r❣✐❡ ❞✉ s②stè♠❡ tr♦✉✰é❧❡❝tr♦♥ ❧✐❜r❡s ❞❛♥s ❧❛ ❜❛♥❞❡ ❞❡ ✈❛❧❡♥❝❡ ❡t
❞❡ ❝♦♥❞✉❝t✐♦♥ r❡s♣❡❝t✐✈❡♠❡♥t✱ ❛♣♣❛r❛✐tr♦♥t ❞❛♥s ❧❡ ❣❛♣ ❡♥tr❡ ❜❛♥❞❡ ❞❡ ✈❛❧❡♥❝❡ ❡t ❞❡ ❝♦♥❞✉❝t✐♦♥✳
❈❡s ❥✉st✐✜❝❛t✐♦♥s s❡♠❜❧❡♥t ❝♦♥❝♦r❞❡r ❛✈❡❝ ❧❡ ❢❛✐t q✉❡ ❧✬♦♥ ♦❜s❡r✈❡✱ ❡①♣ér✐♠❡♥t❛❧❡♠❡♥t✱ ✈✐❛ ❧❡
s♣❡❝tr❡ ♦♣t✐q✉❡✱ ❞❡s ♥✐✈❡❛✉① ❞✬é♥❡r❣✐❡ ❞❛♥s ❧❡ ❣❛♣ ♣♦✉r ❝❡rt❛✐♥ ♥❛♥♦t✉❜❡s✳ ❈✬❡st ❧❛ ♠♦t✐✈❛t✐♦♥
♣♦✉r ❧❡s ♣❤②s✐❝✐❡♥s ❞❡ ❧❛ ré❞✉❝t✐♦♥ ❞✉ ♣r♦❜❧è♠❡ ❛✉ s♦✉s✲❡s♣❛❝❡ ❞❡ ❧✬❡s♣❛❝❡ ❞❡ ❋♦❝❦ ❛♥t✐s②♠étr✐q✉❡
E ✳

▲❡s é❧é♠❡♥ts ❞❡ ♠❛tr✐❝❡ ♦❜t❡♥✉s ♣❛r ❧❛ ré❞✉❝t✐♦♥ ❞❡ ❧✬❍❛♠✐❧t♦♥✐❡♥ ♣❡rt✉r❜é à ❧✬❡s♣❛❝❡ ❡♥❣❡♥✲
❞ré ♣❛r ❧❡s ✈❡❝t❡✉rs ♣r♦♣r❡s ❞✉ ♣r♦❜❧è♠❡ ♥♦♥ ♣❡rt✉r❜é ❞é❝r✐✈❛♥t ✉♥ é❧❡❝tr♦♥ ❞❛♥s ❧❛ ❜❛♥❞❡ ❞❡
❝♦♥❞✉❝t✐♦♥ ❡t ✉♥ tr♦✉ ❞❛♥s ❧❛ ❜❛♥❞❡ ❞❡ ✈❛❧❡♥❝❡✱ ❝♦♥t✐❡♥❞r♦♥t ❧❛ ♣r❡♠✐èr❡ ❝♦rr❡❝t✐♦♥ s✉r ❧✬❡♥❡r✲
❣✐❡✱ ❞✉❡ ❛✉ ♣♦t❡♥t✐❡❧ é❧❡❝tr♦♥✲é❧❡❝tr♦♥✱ ❡t ❧✐♥é❛✐r❡ ❡♥ λ✳ ❈❡tt❡ ❝♦rr❡❝t✐♦♥ ❡st ❧❛ ✏❝♦♥tr✐❜✉t✐♦♥ ❞❡
❧✬❡①❝✐t♦♥✑ ❛✉ s♣❡❝tr❡ ❞❡ ❧✬♦♣ér❛t❡✉r ét✉❞✐é✳ ▼❛✐s ♦♥ ❞♦✐t ❜✐❡♥ r❡♠❛rq✉❡r q✉❡ ❧✬ét✉❞❡ ❞❡ H1 ♥❡
❞♦♥♥❡r❛ ❞❡s ✐♥❢♦r♠❛t✐♦♥s q✉❡ s✉r ✉♥❡ ♣❛rt✐❡ ❞✉ s♣❡❝tr❡ ❞❡ HI ❡t q✉❡ ❝❡ ♥✬❡st ♣❛s ❢♦r❝é♠❡♥t ❧❡
s♣❡❝tr❡ ❞❡ ♣❧✉s ❜❛ss❡ é♥❡r❣✐❡✳ ❲❛♥♥✐❡r ❬❲❛❪ ❡t ▼❛❤❛♥ ♣r♦❝è❞❡♥t à ❝❡tt❡ ré❞✉❝t✐♦♥ ❬▼❛✱ ✽✳✷✳❇❪
❡t ❥✉st✐✜❡♥t ❝❡ ❝❤♦✐① ❡♥ ❛✣r♠❛♥t q✉❡ ❝❡❝✐ ❡st ✈❛❧❛❜❧❡ ♣❤②s✐q✉❡♠❡♥t ♣❛r❝❡ q✉❡ ❧✬♦♥ ❛ ✉♥❡ ❢❛✐❜❧❡
❞❡♥s✐té ❞✬é❧❡❝tr♦♥s ❞❛♥s ❧❛ ❜❛♥❞❡ ❞❡ ❝♦♥❞✉❝t✐♦♥ ❡t ❞❡ tr♦✉s ❞❛♥s ❧❛ ❜❛♥❞❡ ❞❡ ✈❛❧❡♥❝❡ ✭❝❛r ♦♥
❡st ❛ ❜❛ss❡ t❡♠♣ér❛t✉r❡✶✮ ❡t ❞♦♥❝ ♦♥ ♣❡✉t ♥é❣❧✐❣❡r ❧❡s ✐♥tér❛❝t✐♦♥s ❡♥tr❡ ❡①❝✐t♦♥s✳ ▼❛✐s ❝❡❧❛ ♥❡
✈❡✉t ♣❛s ❞✐r❡ q✉❡ ❧❡s ét❛ts ♣r♦♣r❡s ❞✉ s②stè♠❡ ❛✈❡❝ ✐♥t❡r❛❝t✐♦♥ s♦♥t ❜✐❡♥ ❛♣♣r♦①✐♠és ♣❛r ❞❡s
❝♦♠❜✐♥❛✐s♦♥s ❞✬ét❛ts ❞❡ ❜❛ss❡ é♥❡r❣✐❡ ❞✉ s②stè♠❡ ❛✈❡❝ é❧❡❝tr♦♥s ❞é❝♦✉♣❧és✳ ■❧ ♠❛♥q✉❡ ✐❝✐ ✉♥❡
❥✉st✐✜❝❛t✐♦♥ r✐❣♦✉r❡✉s❡ ❞❛♥s ❧❡ ❝❤♦✐① ❞❡ ❝❡ s♦✉s✲❡s♣❛❝❡✳ ■❧ ❛ été ❞é❝✐❞é ❞❛♥s ❧❛ ♣rés❡♥t❡ ét✉❞❡ ❞❡
♣r♦❝é❞❡r ❞❡ ❧❛ ♠ê♠❡ ♠❛♥✐èr❡ q✉❡ ❧❡s ♣❤②s✐❝✐❡♥s ❛✜♥ ❞❡ ✈ér✐✜❡r q✉❡ ❧✬♦♥ ♦❜t✐❡♥t ❜✐❡♥ ❧❡s rés✉❧t❛ts
❛tt❡♥❞✉s✱ ❡♥s✉✐t❡✱ ❡♥ ❞❡❤♦rs ❞✉ ❝❛❞r❡ ❞❡ ❝❡tt❡ ét✉❞❡✱ ♦♥ ♣♦✉rr❛ t❡♥t❡r ❞❡ ❝♦♥✜r♠❡r ♦✉ ✐♥✜r♠❡r
❧❛ ✈❛❧✐❞✐té ❞❡ ❝❡tt❡ ré❞✉❝t✐♦♥✳ ■❧ ♥❡ ❢❛✉❞r❛ ♣❛s ♦✉❜❧✐❡r ❞❛♥s ❧✬✐♥t❡r♣rét❛t✐♦♥ ❞❡s rés✉❧t❛ts ❝❡ ❢❛✐t
✐♠♣♦rt❛♥t ❡t ♥♦t❛♠♠❡♥t ❧✬♦♠✐ss✐♦♥ ❞❡ ❧❛ ❝♦♥tr✐❜✉t✐♦♥ ❞✉❡ ❛✉① ❜✐❡①❝✐t♦♥s ❡t ❛✉tr❡s s②stè♠❡s
❝♦♠♣♦sés ❞✬é❧❡❝tr♦♥s ❡t ❞❡ tr♦✉s✳ ❖♥ r❡✈✐❡♥❞r❛ s✉r ❝❡❝✐ ❞❛♥s ❧❛ ❝♦♥❝❧✉s✐♦♥✳

❖♥ ét✉❞✐❡ ♠❛✐♥t❡♥❛♥t H1 ❡t ♦♥ ✈❛ ❝❛❧❝✉❧❡r s❡s é❧é♠❡♥ts ❞❡ ♠❛tr✐❝❡✳ ❖♥ ✈❛ ❡♥s✉✐t❡ ét✉❞✐❡r
❝❤❛q✉❡ é❧é♠❡♥t s✉❝❝❡ss✐✈❡♠❡♥t✳

P✉✐sq✉❡ E ❡st ✉♥ ❡s♣❛❝❡ ❞❡ ❍✐❧❜❡rt sé♣❛r❛❜❧❡ ❞❡ ❞✐♠❡♥s✐♦♥ N+1✱ ✐❧ ❡st ✐s♦♠♦r♣❤❡ à ℓ2(N+1)✳
❖♥ ✐♥tr♦❞✉✐t ❧❛ tr❛♥s❢♦r♠❛t✐♦♥ ✉♥✐t❛✐r❡ U ❡♥tr❡ E ❡t ℓ2(N + 1) q✉✐ à ✉♥ ✈❡❝t❡✉r ❞❡ E ❛ss♦❝✐❡
s❡s ❝♦❡✣❝✐❡♥ts ❞❛♥s ❧❛ ❜❛s❡ ❡♥❣❡♥❞r❛♥t E ✳ ▲✬❍❛♠✐❧t♦♥✐❛♥ H1 ❞❡✈✐❡♥t ❞❛♥s ❧✬❡s♣❛❝❡ ℓ2(N + 1) ❧❛
♠❛tr✐❝❡ M ✿

M := UH1U
∗ =

(
< 0|HI |0 > < 0|HIa

∗
c,kav,k|0 >

< 0|a∗v,k′ac,k′HI |0 > < 0|a∗v,k′ac,k′HIa
∗
c,kav,k|0 >

)
✭✹✳✶✹✮

❖♥ ✈❛ ♠❛✐♥t❡♥❛♥t ❝❛❧❝✉❧❡r ❡①♣❧✐❝✐t❡♠❡♥t ❧❡s t❡r♠❡s ❞❡ ❝❡tt❡ ♠❛tr✐❝❡✳ ❖♥ r❛♣♣❡❧❧❡ q✉❡ ❧✬♦♥
❛ ✷ ❜❛♥❞❡s ♣♦✉r ❧❡ s②stè♠❡ s❛♥s ✐♥t❡r❛❝t✐♦♥s ❡t ♣♦✉r k ∈ [−π, π) ∩ 2π

L Z ♦♥ ❝❤♦✐s✐t ❞❡ ❞és✐❣♥❡r
♣❛r εv(k) ❧❡s ♥✐✈❡❛✉① ❞✬é♥❡r❣✐❡ ❞❡ ❧❛ ❜❛♥❞❡ ❞❡ ✈❛❧❡♥❝❡ ❡t ♣❛r εc(k) ❧❡s ♥✐✈❡❛✉① ❞❛♥s ❧❛ ❜❛♥❞❡ ❞❡
❝♦♥❞✉❝t✐♦♥✳ ❖♥ ✐♥tr♦❞✉✐t val ❡t cond ❧❡s ❡♥s❡♠❜❧❡s

val := (b = v,

{
k|k ∈ [−π, π) ∩ 2π

L
Z

}
), cond := (b = c,

{
k|k ∈ [−π, π) ∩ 2π

L
Z

}
)

❡t ♦♥ ❛❞♦♣t❡ ❧❛ ♥♦t❛t✐♦♥ kv ❡t kc ♣♦✉r ♣ré❝✐s❡r q✉❡ ❝❡ s♦♥t ❞❡s é❧❡♠❡♥ts ❛♣♣❛rt❡♥❛♥t ❛ val ❡t
cond r❡s♣❡❝t✐✈❡♠❡♥t ❛✈❡❝ ♠♦♠❡♥t k✳ P✉✐sq✉❡ ❧✬♦♥ s✉♣♣♦s❡ q✉❡ ❧❡s ❢♦♥❝t✐♦♥s u ♥❡ ❞é♣❡♥❞❡♥t ♣❛s

✶❊♥ ❡✛❡t ❝❡❝✐ ❡st ✈r❛✐ ♣♦✉r ✉♥ s②stè♠❡ ♦ù ❧❡s é❧❡❝tr♦♥s ♥✬✐♥tér❛❣✐ss❡♥t ♣❛s ❡♥tr❡ ❡✉①✱ ♦♥ ♣❡✉t ❧❡ ✈♦✐r ✐♠♠é❞✐❛✲
t❡♠❡♥t ♣✉✐sq✉❡ ❧✬♦♥ ❛ ❧❛ ❞✐str✐❜✉t✐♦♥ ❞❡ ❋❡r♠✐✲❉✐r❛❝✳
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❞✉ ♠♦♠❡♥t ❝r✐st❛❧❧✐♥✱ ❡t ❡♥ ✉t✐❧✐s❛♥t ❧❡s s②♠❜♦❧❡s ❝✐✲❞❡ss✉s✱ ♦♥ réé❝r✐t ❧❛ r❡❧❛t✐♦♥ ✭✹✳✶✶✮ ❝♦♠♠❡
s✉✐t ✿

vpaqbsctd =

√
2π

L

∑

m,m1∈Z

m2,m3,m4∈Z

ûa(m1)ûb(m2)ûc(m3)ûd(m4)v̂L(m)×

× δ(m1 −m3 +m− L
p− s

2π
)δ(m2 −m4 −m− L

q − t

2π
). ✭✹✳✶✺✮

❖♥ ✉t✐❧✐s❡r❛ ❧❛ ❝♦♥✈❡♥t✐♦♥ s✉✐✈❛♥t❡ ❞❛♥s ❝❡tt❡ s❡❝t✐♦♥ ✿ ❧❡s ✐♥❞✐❝❡s ✐♥❞✐q✉❛♥t ✉♥ ✈❡❝t❡✉r ❞✬♦♥❞❡ k
❡t ✉♥❡ ❜❛♥❞❡ b s❡r♦♥t ♥♦té kb ♦ù s❡✉❧❡♠❡♥t k s✐ ❧✬✐♥❢♦r♠❛t✐♦♥ s✉r ❧❛ ❜❛♥❞❡ ♣❡✉t êtr❡ ❞é❞✉✐t❡ ♣❛r
✉♥ ❛✉tr❡ ♠♦②❡♥✳

❖♥ ✐♥tr♦❞✉✐t ❧❡s ♥♦t❛t✐♦♥s ✿

E0 =
π∑

k=−π

εv(k), EG := E0 +
λ

2

∑

ij∈val

(vijij − vijji),

Ev(k) := εv(k) + λ
∑

i∈val

(vkvikvi − vkviikv), Ec(k) := εc(k) + λ
∑

i∈val

(vkcikci − vkciikc), ✭✹✳✶✻✮

❛✐♥s✐ q✉❡

Hex := δkk′(Ec(k) − Ev(k)) + λvkvk′
ckck′

v
− λvk′

ckvkck′
v
, ✭✹✳✶✼✮

❡t

q∗(k) :=
∑

i∈val

(vkvikci − vikvkci) = q(k),

θ :=

(
q(−π), q(−π +

2π

L
), · · · , q(π − 2π

L
)

)
. ✭✹✳✶✽✮

❯♥ ♣r❡♠✐❡r rés✉❧t❛t ❡st ❧❡ s✉✐✈❛♥t ✿

▲❡♠♠❡ ✹✳✷✳✶✳ ▲❛ ♠❛tr✐❝❡ M ❛❣✐ss❛♥t s✉r ℓ2(N + 1) ♣❡✉t s✬é❝r✐r❡ ✿

M =



EG λθ

λθ∗ δkk′EG +Hex


 .

❉é♠♦♥str❛t✐♦♥✳ ❖♥ ✈❛ s✉❝❝❡ss✐✈❡♠❡♥t ❝❛❧❝✉❧❡r t♦✉s ❧❡s t❡r♠❡s ❞❡ ❧❛ ♠❛tr✐❝❡ M ✳ P♦✉r ❝❡ ❢❛✐r❡✱
♦♥ ✈❛ ✐♥tr♦❞✉✐r❡ ❧❡ ❢♦r♠❛❧✐s♠❡ é❧❡❝tr♦♥✲tr♦✉✳ ❖♥ ❞é✜♥✐t ❧❡s ♦♣ér❛t❡✉rs ❝ré❛t✐♦♥ ❡t ❛♥♥✐❤✐❧❛t✐♦♥
❞❡ tr♦✉s ✿

b∗k := av,k ❡t bk := a∗v,k

❛❣✐ss❛♥t ✉♥✐q✉❡♠❡♥t ❞❛♥s ❧❛ ❜❛♥❞❡ ❞❡ ✈❛❧❡♥❝❡ v✳ ❉❛♥s ❝❡ ❢♦r♠❛❧✐s♠❡✱ q✉✐ ❡st ♦❜t❡♥✉ ♣❛r ✉♥❡
tr❛♥s❢♦r♠❛t✐♦♥ ❞❡ ❇♦❣♦❧②✉❜♦✈✱ ✐❧ ❡st ❝♦♥✈❡♥✉ q✉❡ ❧❡s ♦♣ér❛t❡✉rs ❛ss♦❝✐és ❛✉① tr♦✉s b∗k✱ bk✱ ❛❣✐ss❡♥t
❞❛♥s ❧❛ ❜❛♥❞❡ ❞❡ ✈❛❧❡♥❝❡ ❡t ❧❡s ♦♣ér❛t❡✉rs ❛ss♦❝✐és ❛✉① é❧❡❝tr♦♥s a∗k := a∗c,k✱ ak := ac,k✱ ❞❛♥s ❧❛
❜❛♥❞❡ ❞❡ ❝♦♥❞✉❝t✐♦♥✳ ❈❡s ♦♣ér❛t❡✉rs ❛♥t✐❝♦♠♠✉t❡♥t ✿

{
a♯

k, b
♮
k′

}
= a♯

kb
♮
k′ + b♮k′a

♯
k = 0, ∀k, k′ ∈ [−π, π) ∩ 2π

L
Z,

❛✈❡❝ ♯, ♮ ∈ {∗, ∅}✱ ❞❡ ♣❧✉s ♦♥ ❛ ❧❡s r❡❧❛t✐♦♥s

{a∗k, ak′} = δkc,k′
c
, {b∗k, bk′} = δkv ,k′

v
.
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❊♥✜♥✱ ♦♥ r❛♣♣❡❧❧❡ q✉❡ ❧✬❛❝t✐♦♥ ❞✬❛♥♥✐❤✐❧❡r ✉♥ é❧❡❝tr♦♥ ✭r❡s♣✳ tr♦✉✮ ❞❛♥s ❧❛ ❜❛♥❞❡ ❞❡ ❝♦♥❞✉❝t✐♦♥
✭r❡s♣✳ ✈❛❧❡♥❝❡✮ ❛♣♣❧✐q✉é à ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧ ❞♦♥♥❡ ③ér♦ ✿

ak|0 >= 0, bk|0 >= 0, ∀k ∈ 2π

L
Z ∩ [−π, π). ✭✹✳✶✾✮

▲✬❡①♣r❡ss✐♦♥ ✭✹✳✶✹✮ ❞❡✈✐❡♥t ✿

M =

(
< 0|HI |0 > < 0|HIa

∗
kb

∗
k|0 >

< 0|bk′ak′HI |0 > < 0|bk′ak′HIa
∗
kb

∗
k|0 >

)
. ✭✹✳✷✵✮

▲❡ t❡r♠❡ < 0|Ĥ + λV̂ |0 > ✿
P♦✉r ❧❡ t❡r♠❡ < 0|Ĥ|0 >✱

< 0|Ĥ|0 > = < 0|
∑

j∈val

εv(j)bjb
∗
j |0 > + < 0|

∑

j∈cond

εc(j)a
∗
jaj |0 >=

∑

j∈val

εv(j) < 0|0 > +0

=
∑

j∈val

ε(j) = E0

❡t ♣♦✉r ❧❛ ♣❛rt✐❡ ♣♦t❡♥t✐❡❧❧❡✱

< 0|V̂ |0 >=
1

2

∑

ijkl∈val

< 0|vijlkbibjb
∗
kb

∗
l |0 > + r❡st❡,

♦ù ❧❡ r❡st❡ ❞és✐❣♥❡ t♦✉s ❧❡s ❛✉tr❡s t❡r♠❡s ♣♦ss✐❜❧❡s✳ ❈❡s t❡r♠❡s ❝♦♥t✐❡♥♥❡♥t t♦✉s ❛✉ ♠♦✐♥s ✉♥ a
♦✉ a∗✳ ❉❡ ❝❡ ❢❛✐t✱ ✐❧s s♦♥t t♦✉s ♥✉❧s✳ ❊♥ ❡✛❡t✱ ❞✬❛♣rès ❧❛ ❞é✜♥✐t✐♦♥ ❞❡ V̂ ❧✬❛rr❛♥❣❡♠❡♥t ❡st t❡❧ q✉❡
❧❡s ❝ré❛t❡✉rs ❞✬❡❧❡❝tr♦♥s ❞❛♥s ❧❛ ❜❛♥❞❡ ❞❡ ❝♦♥❞✉❝t✐♦♥ s♦♥t t♦✉❥♦✉rs à ❣❛✉❝❤❡ ❞❡s ❛♥♥✐❤✐❧❛t❡✉rs✱
❡t✱ ❛♣♣❧✐q✉é ❛✉ ❢♦♥❞❛♠❡♥t❛❧ ❝❡tt❡ ❝♦♥❜✐♥❛✐s♦♥ ❞♦♥♥❡ t♦✉❥♦✉rs ③ér♦✳ ▲❛ s❡✉❧❡ ♣❛rt✐❡ q✉✐ ❡st ♥♦♥
♥✉❧❧❡ ❡st ❧❛ s✉✐✈❛♥t❡ ✿

∑

ijkl∈val

< 0|vijlkbibjb
∗
kb

∗
l |0 > =

∑

ijkl∈val

vijlk(< 0|δjkbib∗l |0 > − < 0|bib∗kbjb∗l |0 >)

=
∑

ijkl∈val

vijlk(δjkδil − δikδjl)

=
∑

ij∈val

(vijij − vijji).

❖♥ ♦❜t✐❡♥t ❞♦♥❝ ❧❡ rés✉❧t❛t ♣♦✉r ❧❡ ♣r❡♠✐❡r t❡r♠❡ ❞❡ ❧❛ ❞✐❛❣♦♥❛❧❡ ❞❡ M ✿

< 0|HI |0 >= E0 +
λ

2

∑

ij∈val

(vijij − vijji). ✭✹✳✷✶✮

▲❡ t❡r♠❡ < 0|brarHIa
∗
sb

∗
s|0 > ✿

❖♥ ❝❛❧❝✉❧❡ ♠❛✐♥t❡♥❛♥t ❧❡ t❡r♠❡ < 0|brarHIa
∗
sb

∗
s|0 >✳ ❉✬❛❜♦r❞ ❧❡ t❡r♠❡ ❝✐♥ét✐q✉❡✱

< 0|brarĤa
∗
sb

∗
s|0 > =< 0|brar


 ∑

i∈cond

εc(i)a
∗
i ai +

∑

j∈val

εv(j)bjb
∗
j


 a∗sb

∗
s|0 >

=
∑

i∈cond

εc(i) < 0|brara
∗
i aia

∗
sb

∗
s|0 > +

∑

j∈val

εv(j) < 0|brarbjb
∗
ja

∗
sb

∗
s|0 >
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❡t
∑

i∈cond

εc(i) < 0|brara
∗
i aia

∗
sb

∗
s|0 >=

=
∑

i∈cond

εc(i) < 0|brara
∗
i δiscb

∗
s|0 > −

∑

i∈cond

εc(i) < 0|brara
∗
i a

∗
saib

∗
s|0 >

= εc(s) < 0|brara
∗
sb

∗
s|0 > +

∑

i∈cond

εc(i) < 0|brara
∗
i a

∗
sb

∗
sai|0 >

= εc(s) < 0|brδrcscb
∗
s|0 > −

∑

i∈cond

εc(i) < 0|bra∗sarb
∗
s|0 > +0

= εc(s)δrcscδrvsv ,

❞❡✉①✐è♠❡♠❡♥t
∑

j∈val

εv(j) < 0|brarbjb
∗
ja

∗
sb

∗
s|0 >=

∑

j∈val

εv(j) < 0|brbjara
∗
sb

∗
jb

∗
s|0 >

=
∑

j∈val

εv(j) < 0|brbjδrcscb
∗
jb

∗
s|0 > −

∑

j∈val

εv(j) < 0|brbja∗sarb
∗
jb

∗
s|0 >

=
∑

j∈val

εv(j)δrcsc < 0|brbjb∗jb∗s|0 > −
∑

j∈val

εv(j) < 0|brbja∗sb∗jb∗sar|0 >

=
∑

j∈val

εv(j)δrcsc < 0|brb∗s|0 > −
∑

j∈val

εv(j)δrcsc < 0|brb∗jbjb∗s|0 >

= δrcscδrvsv

∑

j∈val

εv(j) −
∑

j∈val

εv(j)δrcscδjsvδjrv

= δrcscδrvsv


∑

j∈val

εv(j) − εv(s)


 .

❉♦♥❝

< 0|brarĤa
∗
sb

∗
s|0 > = δrcscδrvsv (εc(s) − εv(s) + E0) .

P♦✉r ❧❡ t❡r♠❡ ❞❡ ♣♦t❡♥t✐❡❧✱

2 < 0|brarV̂ a
∗
sb

∗
s|0 >=

∑

ijkl∈cond

< 0|brarvijlka
∗
i a

∗
jakala

∗
sb

∗
s|0 > +

+
∑

ijkl∈val

< 0|brarvijlkbibjb
∗
kb

∗
l a

∗
sb

∗
s|0 > +r❡st❡

Pr❡♠✐èr❡♠❡♥t✱

∑

ijkl∈cond

vijlk < 0|brara
∗
i a

∗
jakala

∗
sb

∗
s|0 > =

∑

ijkl∈cond

vijlk < 0|brara
∗
i a

∗
jakδlscb

∗
s|0 >

−
∑

ijkl∈cond

vijlk < 0|brara
∗
i a

∗
jaka

∗
salb

∗
s|0 >

= −
∑

(ijkl)∈cond

vijlkδlsc < 0|brara
∗
i a

∗
jb

∗
sak|0 > −0

= 0
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❊♥ é❝❤❛♥❣❡❛♥t a ✭r❡s♣✳ a∗✮ ❡t ❡♥ ❧✬❛♠❡♥❛♥t ✈❡rs ❧❛ ❞r♦✐t❡ ✭r❡s♣✳ ❣❛✉❝❤❡✮✱ ♦✉ ❡♥ ❢❛✐s❛♥t ❧❛ ♠ê♠❡
❝❤♦s❡ ❛✈❡❝ b ❡t b∗✱ ♦♥ ♣❡✉t ♠♦♥tr❡r q✉❡

∑

(ijk)∈val,l∈cond

vijlk < 0|brarbibjb
∗
kala

∗
sb

∗
s|0 >= 0

❡t ♣❧✉s✐❡✉rs ❛✉tr❡s t❡r♠❡s ❞❡ r❡st❡ s♦♥t ♥✉❧s ♣♦✉r ❧❛ ♠ê♠❡ r❛✐s♦♥✱ ❡①❝❡♣té ❧❡s t❡r♠❡s ❝♦♥t❡♥❛♥t
❧❡s ❝♦♠❜✐♥❛✐s♦♥s ✿

< 0|brarbibjb
∗
kb

∗
l a

∗
sb

∗
s|0 >, < 0|brarbia

∗
jb

∗
kala

∗
sb

∗
s|0 >, < 0|brara

∗
i bjakb

∗
l a

∗
sb

∗
s|0 >,

< 0|brara
∗
i bjb

∗
kala

∗
sb

∗
s|0 >, < 0|brarbia

∗
jakb

∗
l a

∗
sb

∗
s|0 > .

P♦✉r ❧❡ t❡r♠❡
∑

ijkl∈val vijlk < 0|brarbibjb
∗
kb

∗
l a

∗
sb

∗
s|0 >✱

< 0|brarbibjb
∗
kb

∗
l a

∗
sb

∗
s|0 >=

= < 0|brbibjb∗kb∗l ara
∗
sb

∗
s|0 >

= < 0|brbibjb∗kb∗l δrcscb
∗
s|0 >

=δrcsc [< 0|brbiδjkb∗l b∗s|0 > − < 0|brbib∗kbjb∗l b∗s|0 >]

=δrcsc [δjk(< 0|brδilb∗s|0 > − < 0|brb∗l bib∗s|0 >) − (< 0|brδikbjb∗l b∗s|0 >
− < 0|brb∗kbibjb∗l b∗s|0 >)]

=δrcsc [δjk(δilδrvsv− < 0|brb∗l δisv |0 >) − (δik(< 0|brδjlb∗s|0 >
− < 0|brb∗l bjb∗s|0 >)− < 0|δrvkbibjb

∗
l b

∗
s|0 >)]

=δrcsc [δjk(δilδrvsv − δisvδrvl) − (δik(δjlδrvsv− < 0|brb∗l δjsv |0 >)

− δrvk(< 0|biδjlb∗s|0 > − < 0|bib∗l bjb∗s|0 >))]

=δrcsc [δjk(δilδrvsv − δisvδrvl) − (δik(δjlδrvsv − δrvlδjsv) − δrvk(δjlδisv−
− δilδjsv))]

❡t ❞♦♥❝

< 0|brarbibjb
∗
kb

∗
l a

∗
sb

∗
s|0 >=δrcscδjkδilδrvsv − δrcscδjkδisvδrvl − δrcscδikδjlδrvsv

+ δrcscδikδrvlδjsv + δrcscδrvkδjlδisv − δrcscδrvkδilδjsv .

❖♥ ♦❜t✐❡♥t ❞♦♥❝ ❧❡ t❡r♠❡ ❞❡ ♣♦t❡♥t✐❡❧ s✉✐✈❛♥t ✿

∑

ijkl∈val

vijlk < 0|brarbibjb
∗
kb

∗
l a

∗
sb

∗
s|0 >= δrcsc


δrvsv

∑

ij∈val

vijij −
∑

j∈val

vsvjrvj−

− δrvsv

∑

ij∈val

vijji +
∑

i∈val

visvrvi +
∑

j∈val

vsvjjrv −
∑

i∈val

visvirv




= δrcsc


δrvsv(

∑

ij∈val

(vijij − vijji)) + 2
∑

i∈val

(visvrvi − vsvirvi)




❖♥ r❛♣♣❡❧❧❡ q✉❡ ❧❛ s②♠étr✐❡ ❞✉ ♣♦t❡♥t✐❡❧ ✐♠♣❧✐q✉❡ vijkl = vjilk✳ ❊♥ ❡✛❡t✱ s♦✐t v(x, y) ✉♥ ♣♦t❡♥t✐❡❧
❡♥tr❡ ❞❡✉① ♣❛rt✐❝✉❧❡s ❞❡ ❝♦♦r❞♦♥♥é❡s x ❡t y✱ t❡❧ q✉❡ v(x, y) = v(y, x)✱ ❝❡❝✐ ❡♥tr❛î♥❡

vijkl = < ei ⊗ ej |v|el ⊗ ek >=

∫

S2
L

ei(x)ej(y)v(x, y)el(x)ek(y)dxdy

=

∫

S2
L

ei(x)ej(y)v(y, x)el(x)ek(y)dxdy =< ej ⊗ ei|v|ek ⊗ el >

= vjilk.
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P♦✉r ❧❡ r❡st❡ ❞❡s t❡r♠❡s q✉✐ ♥❡ s♦♥t ♣❛s é❣❛✉① à ③ér♦ ✿
∑

ik∈val,jl∈cond

vijlk < 0|brarbia
∗
jb

∗
kala

∗
sb

∗
s|0 >=

=
∑

ik∈val,jl∈cond

vijlk < 0|brarbia
∗
jb

∗
kδlscb

∗
s|0 > −0

= −
∑

ik∈val,jl∈cond

vijlkδlsc < 0|brbiδjrcb
∗
kb

∗
s|0 > −0

= −
∑

ik∈val,jl∈cond

vijlkδlscδjrc < 0|δikbrb∗s|0 > +

+
∑

ik∈val,jl∈cond

vijlkδlscδjrc < 0|brb∗kbib∗s|0 >

= −
∑

ik∈val,jl∈cond

vijlkδlscδjrcδikδrvsv +
∑

ik∈val,jl∈cond

vijlkδlscδjrcδisvδrvk

= −
∑

i∈val

vircsciδrvsv + vsvrcscrv

❡t ♣❛r ❧❡ ♠ê♠❡ r❛✐s♦♥❡♠❡♥t ✿
∑

jl∈val,ik∈cond

vijlk < 0|brara
∗
i bjakb

∗
l a

∗
sb

∗
s|0 > = −

∑

i∈val

vrciiscδrvsv + vrcsvrvsc

∑

il∈cond,jk∈val

vijlk < 0|brara
∗
i bjb

∗
kala

∗
sb

∗
s|0 > =

∑

i∈val

vrcisciδrvsv − vrcsvscrv

∑

il∈val,jk∈cond

vijlk < 0|brarbia
∗
jakb

∗
l a

∗
sb

∗
s|0 > =

∑

i∈val

virciscδrvsv − vsvrcrvsc .

❆❧♦rs✱

2 < 0|brarV̂ a
∗
sb

∗
rc
|0 > = 2δrvsv


∑

i∈val

vrcisci −
∑

i∈val

vircsci +
δrcsc

2

∑

ij∈val

(vijij − vijji)




+ 2δrcsc

∑

i∈val

(visvrvi − vsvirvi) + 2vsvrcscrv − 2vrcsvscrv .

❋✐♥❛❧❡♠❡♥t✱ ♣♦✉r ❧❛ ♣❛rt✐❡ ❞❡ ❧❛ ♠❛tr✐❝❡ ❝♦♥t❡♥❛♥t ❧❡s t❡r♠❡s < 0|brarHa
∗
sb

∗
s|0 > ♦♥ ❛

< 0|brarHa
∗
sb

∗
s|0 >=δrvsv


δrcsc


εc(s) − εv(s) +

λ

2

∑

ij∈val

(vijij − vijji) + E0




+λ
∑

i∈val

(vrcisci − vrciisc)

)

+ λδrcsc

∑

i∈val

(visvrvi − vsvirvi) + λvsvrcscrv − λvrcsvscrv

=δrvsvδrcsc


εc(s) − εv(s) + E0 +

λ

2

∑

ij∈val

(vijij − vijji)




+ λδrvsv

∑

i∈val

(vrcisci − vrciisc) − λδrcsc

∑

i∈val

(vsvirvi − vsviirv)

+ λvsvrcscrv − λvrcsvscrv ✭✹✳✷✷✮
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▲❡s t❡r♠❡s ❤♦rs✲❞✐❛❣♦♥❛✉① ✿
P♦✉r ❧❡ t❡r♠❡ < 0|Ha∗rb∗rv

|0 >=< 0|Ĥa∗rb∗rv
|0 > +λ < 0|V̂ a∗rb∗rv

|0 >✱

< 0|Ĥa∗rb∗rv
|0 > = < 0|

∑

j∈val

εv(j)bjb
∗
ja

∗
rb

∗
rv
|0 > + < 0|

∑

j∈cond

εc(j)a
∗
jaja

∗
rb

∗
rv
|0 >

=
∑

j∈val

εv(j) < 0|a∗rbjb∗jb∗rv
|0 > +

∑

j∈cond

εc(j) < 0|a∗jaja
∗
rb

∗
rv
|0 >

= 0

❡t ♣♦✉r ❧❡ ♣♦t❡♥t✐❡❧✱

2 < 0|V̂ a∗rb∗rv
|0 > =

∑

ijkl∈cond

< 0|vijlka
∗
i a

∗
jakala

∗
sb

∗
s|0 > +

+
∑

ijkl∈val

< 0|vijlkbibjb
∗
kb

∗
l a

∗
sb

∗
s|0 > +r❡st❡

P❧✉s✐❡✉rs t❡r♠❡s s♦♥t ♥✉❧s✳ ❖♥ ♥❡ ♠♦♥tr❡ q✉❡ ❧❡ ❝❛❧❝✉❧ ♣♦✉r ❧❡s t❡r♠❡s ♥♦♥ ♥✉❧s ✿
∑

ijk∈val,l∈cond

< 0|vijlkbibjb
∗
kala

∗
sb

∗
s|0 > ❛♥❞

∑

ijl∈val,k∈cond

< 0|vijlkbibjakb
∗
l a

∗
sb

∗
s|0 > .

❊♥ ❞ét❛✐❧s ✿

< 0|bibjb∗kala
∗
sb

∗
s|0 > = < 0|bibjb∗kδlscb

∗
s|0 > −0 = δlsc < 0|bibjb∗kb∗s|0 >

= δlsc < 0|biδjkb∗s|0 > −δlsc < 0|bib∗kbjb∗s|0 >
= δlscδjkδisv − δlscδikδjsv .

P♦✉r ❧✬❛✉tr❡ t❡r♠❡ ♦♥ ❛ ❥✉st❡ à ❡❝❤❛♥❣❡r l ❡t k ❡t ♠❡ttr❡ ✉♥ s✐❣♥❡ ♠♦✐♥s✳ ❆❧♦rs✱
∑

ijk∈val,l∈cond

< 0|vijlkbibjb
∗
kala

∗
sb

∗
s|0 >=

∑

i∈val

vsvisci −
∑

i∈val

visvsci

❡t ∑

ijk∈val,l∈cond

< 0|vijlkbibjalb
∗
ka

∗
sb

∗
s|0 >= −

∑

i∈val

vsviisc +
∑

i∈val

visvisc

❆✐♥s✐✱ ♦♥ ♣❡✉t é❝r✐r❡ ✿

< 0|Ha∗sb∗s|0 >= λ

(∑

i∈val

vsvisci −
∑

i∈val

visvsci

)
. ✭✹✳✷✸✮

❖♥ ❞é❞✉✐t ❧❡ s❡❝♦♥❞ t❡r♠❡ ❤♦rs✲❞✐❛❣♦♥❛❧✱

< 0|bsvasH|0 >= < 0|Ha∗sb∗s|0 > = λ

(∑

i∈val

vsvisci −
∑

i∈val

visvsci

)
. ✭✹✳✷✹✮

❖♥ ❝♦♥t✐♥✉❡ ♠❛✐♥t❡♥❛♥t ❧❡ ❝❛❧❝✉❧ ❡♥ r❡♠♣❧❛ç❛♥t ❧❡s ❝♦❡✣❝✐❡♥t ❞✉ ♣♦t❡♥t✐❡❧ ♣❛r ❧❡✉r ❢♦r✲
♠✉❧❡ ✭✹✳✶✺✮ r❛♣♣❡❧é❡ ✐❝✐ ✿

vpaqbsctd =

√
2π

L

∑

m,m1∈Z

m2,m3,m4

ûa(m1)ûb(m2)ûc(m3)ûd(m4)v̂L(m)×

× δ(m1 −m3 +m− L
p− s

2π
)δ(m2 −m4 −m− L

q − t

2π
). ✭✹✳✷✺✮
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❡t s✐ ❧✬♦♥ ✐♥tr♦❞✉✐t

n1 := m− L
p− s

2π
∈ Z, n2 := m+ L

q − t

2π
∈ Z, ✭✹✳✷✻✮

♦♥ ♣❡✉t é❝r✐r❡

vpaqbsctd =

√
2π

L

∑

n1,n2∈Z

m1,m2∈Z

ûa(m1)ûb(m2)ûc(m1 + n1)ûd(m2 − n2)v̂L(
L(p− s)

2π
+ n1). ✭✹✳✷✼✮

❖♥ ✐♥tr♦❞✉✐t ❧❡s ♥♦t❛t✐♦♥s ✿

Sv(n1) :=
∑

m1,m2∈Z

ûv(m1)ûv(m1 + n1)ûv(m2)ûv(m2 − n1) = |̂uv|2(n1)|̂uv|2(n1)

Sc(n1) :=
∑

m1,m2∈Z

ûv(m1)ûc(m1 + n1)ûc(m2)ûv(m2 − n1) = ûvuc(n1)ûcuv(n1)

So(n1) :=
∑

m1,m2∈Z

ûv(m1)ûc(m1 + n1)ûv(m2)ûv(m2 − n1) = ûvuc(n1)|̂uv|2(n1). ✭✹✳✷✽✮

❘❡♠❛rq✉❡ ✹✳✷✳✷✳ ▲❡s ♥♦r♠❡s ℓ1 ❡t ℓ2 ❞❡ ❝❡s ❢♦♥❝t✐♦♥s ❞❡ n1 s♦♥t ❜♦r♥é❡s✱ ♦♥ ♣❡✉t ❧❡ ✈♦✐r ❡♥
✉t✐❧✐s❛♥t ❧✬é❣❛❧✐té ❞❡ P❛rs❡✈❛❧✱ s❛❝❤❛♥t q✉❡ uv ❡t uc s♦♥t ✐♥té❣r❛❜❧❡s s✉r [−π, π)✳ ❉❡ ♣❧✉s✱ ❈❡s
❢♦♥❝t✐♦♥s s♦♥t ❜♦r♥é❡s ✉♥✐❢♦r♠é♠❡♥t ❡♥ N ❝❛r ♦♥ ♣❡✉t é❝r✐r❡ ❞✬❛♣rès ✭✹✳✶✵✮

ûj(m1) =
1

L

∫ L/2

−L/2
uj(y)e

−i
2πm1

L
ydy ✭✹✳✷✾✮

❡t ❝♦♠♠❡ uj ❡st ❜♦r♥é ✉♥✐❢♦r♠é♠❡♥t ❡♥ L✱ ûj ❧✬❡st ❛✉ss✐✱ ❡t ♣❛r ❧❡ ♠ê♠❡ ❛r❣✉♠❡♥t |̂uv|2 ❡t ûvuc

❛✉ss✐✳

❖♥ ✐♥tr♦❞✉✐t ❛✉ss✐ ❧❛ ♥♦t❛t✐♦♥ s✉✐✈❛♥t❡ ♣♦✉r k ∈ [−π, π) ∩ 2π
L Z ❡t n1 ∈ Z ✿

vI(k, n1) :=
2π

L

π∑

k′=−π
k′ 6=k

v̂L(
L(k′ − k)

2π
+ n1). ✭✹✳✸✵✮

❖♥ r❛♣♣❡❧❧❡ q✉❡

M =



EG λθ

λθ∗ δkk′ (EG + Ec(k) − Ev(k)) + λvk′
vkck′

ckv − λvkck′
vk′

ckv


 .

❡t

θ :=

(
q(−π), q(−π +

2π

L
), · · · , q(π − 2π

L
)

)

♦ù t♦✉s ❝❡s t❡r♠❡s s♦♥t ❞é✜♥✐s ❡♥ ✭✹✳✶✻✮✱ ✭✹✳✶✼✮ ❡t ✭✹✳✶✽✮✳

▲❡♠♠❡ ✹✳✷✳✸✳ P♦✉r L > 0 ✜①é✱ ❡t q✉❡❧q✉❡ s♦✐t k, k′ ∈ [−π, π) ∩ 2π
L Z✱ ❧❡s t❡r♠❡s ❞❡ ❧❛ ♠❛tr✐❝❡

M s♦♥t ❜♦r♥és ❡t ♣❡✉✈❡♥t s✬é❝r✐r❡ ❞❡ ❧❛ ♠❛♥✐èr❡ s✉✐✈❛♥t❡

✐✮ ♣♦✉r ❧❛ ❞✐❛❣♦♥❛❧❡ ❞❡ ❧❛ ♠❛tr✐❝❡ ✿

EG = E0 −
λ

2

√
2π

L

π∑

r,s=−π

r 6=s

∑

n1∈Z

Sv(n1)v̂L(
L(r − s)

2π
+ n1),
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✐✐✮ ♣♦✉r ❧❛ ❞✐❛❣♦♥❛❧❡ ❞❡ ❧❛ ♣❛rt✐❡ ✐♥❢ér✐❡✉r❡ ❞r♦✐t❡ ❞❡ M ✿

Ev(k) = εv(k) −
λ√
2π

∑

n1∈Z

Sv(n1)vI(k, n1),

Ec(k) =

εc(k) − λ


 1√

2π

∑

n1∈Z∗

Sc(n1)vI(k, n1)

−
∑

n1∈Z∗

∑

m1,m2∈Z

ûv(m1)ûc(m1 + n1)ûc(m2)ûv(m2 − n1)

√
2π

L
v̂L(m1 −m2 + n1)


 ,

✐✐✐✮ ♣♦✉r ❧❛ ♣❛rt✐❡ ❤♦rs✲❞✐❛❣♦♥❛❧❡ ✿

q(k′) =
∑

i∈val

(vk′
vik′

ci − vik′
vk′

ci) = − 1√
2π

∑

n1∈Z∗

So(n1)vI(k
′, n1),

✐✈✮ ❡t ♣♦✉r ❧❡ r❡st❡ ❞❡s t❡r♠❡s ❞❡ ❧❛ ♣❛rt✐❡ ✐♥❢ér✐❡✉r❡ ❞r♦✐t❡ ❞❡ M ✱ ❛✈❡❝ ❞❡s t❡r♠❡s ❞✐❛❣♦♥❛✉①

❡t ❤♦rs✲❞✐❛❣♦♥❛✉① ✿

vk′
vkck′

ckv − vkck′
vk′

ckv =

√
2π

L


 ∑

n1∈Z∗

Sc(n1)v̂L(n1)−

∑

n1∈Z∗

∑

m1,m2∈Z

ûv(m1)ûc(m1 + n1)ûc(m2)ûv(m2 − n1)v̂L

(
L(k − k′)

2π
+ (m1 −m2 + n1)

)
 ,

♦✉ ❡♥❝♦r❡ ✿

vk′
vkck′

ckv − vkck′
vk′

ckv =

√
2π

L


 ∑

n1∈Z∗

Sc(n1)v̂L(n1) −
∑

n1∈Z

̂|uv|2(n1)̂|uc|2(n1)v̂L

(
L(k − k′)

2π
+ n1

)
 . ✭✹✳✸✶✮

❉é♠♦♥str❛t✐♦♥✳ ❖♥ ❝❛❧❝✉❧❡ ❞✬❛❜♦r❞ ❧❡s t❡r♠❡s s✉r ❧❛ ❞✐❛❣♦♥❛❧❡✱ ❝✬❡st à ❞✐r❡ ❧❡s t❡r♠❡s ♣♦✉r
❧❡sq✉❡❧s kv = k′v✱ ❝❡ q✉✐ ✐♠♣❧✐q✉❡ ❛✉ss✐ kc = k′c✳ P♦✉r vijji✱ ♦♥ é❝r✐r❛ ki ❛✉ ❧✐❡✉ ❞❡ i ♣♦✉r é✈✐t❡r ❧❡s
❝♦♥❢✉s✐♦♥s✱ ✭ki = p = t✱ kj = q = s✮ ❛✈❡❝ ❞❡s ✐♥❞✐❝❡s ❛ss♦❝✐és ❛✉① ét❛ts ❞❡ ❧❛ ❜❛♥❞❡ ❞❡ ✈❛❧❡♥❝❡✱
♦♥ ❛ n1 = n2 ❞✬❛♣rès ✭✹✳✷✻✮ ❡t ❞✬❛♣rès ✭✹✳✷✼✮ ✿

vijji =

√
2π

L

∑

n1∈Z

m1,m2

ûv(m1)ûv(m2)ûv(m1 + n1)ûv(m2 − n1)v̂L(
L(ki − kj)

2π
+ n1)

❡t ♣♦✉r vijij ✱ n1 = n2 = m ∈ Z

vijij =

√
2π

L

∑

n1∈Z

m1,m2

ûv(m1)ûv(m2)ûv(m1 + n1)ûv(m2 − n1)v̂L(n1)
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❆❧♦rs ♦♥ ♦❜t✐❡♥t

∑

i,j∈val

(vijij − vijji) =

= −
√

2π

L

π∑

ki,kj=−π

ki 6=kj

∑

n1∈Z

m1,m2

ûv(m1)ûv(m1 + n1)ûv(m2)ûv(m2 − n1)v̂L(
L(ki − kj)

2π
+ n1).

P♦✉r vrvirci ❛✈❡❝ i ∈ v✱ ♦♥ s❛✐t q✉❡ rv = rc ❞♦♥❝ ✐❝✐ p = t✱ q = s = i ❡t

vrvirci =

√
2π

L

∑

n1∈Z

m1,m2

ûv(m1)ûv(m2)ûc(m1 + n1)ûv(m2 − n1)v̂L(n1).

❖♥ ❛ ❛✉ss✐

virvrci =

√
2π

L

∑

n1∈Z

m1,m2

ûv(m1)ûv(m2)ûc(m1 + n1)ûv(m2 − n1)v̂L(
L(ki − r)

2π
+ n1).

❖♥ ♦❜t✐❡♥t ✿

∑

i∈val

(vrvirci − virvrci) =

= −
√

2π

L

π∑

ki=−π

ki 6=kr

∑

n1∈Z∗

m1,m2∈Z

ûv(m1)ûc(m1 + n1)ûv(m2)ûv(m2 − n1)v̂L(
L(ki − r)

2π
+ n1).

▲✬♦rt❤♦❣♦♥❛❧✐té ❞❡ ûv ❡t ûc ✐♠♣❧✐q✉❡ q✉❡ ❝❡tt❡ s♦♠♠❡ ❡st ♥✉❧❧❡ q✉❛♥❞ n1 = 0✳
P♦✉r ❧❡ t❡r♠❡

∑
i∈val(vrcisci − vircsci)✱ ❧❡ s②♠❜♦❧❡ δrvsv s✐❣♥✐✜❛♥t q✉❡ rv = sv ❝❡ q✉✐ ✐♠♣❧✐q✉❡

❛✉ss✐ rc = sc✱

vircsci =

=

√
2π

L

∑

n1∈Z

m1,m2∈Z

ûv(m1)ûc(m1 + n1)ûc(m2)ûv(m2 − n1)v̂L(
L(ki − r)

2π
+ n1).

❡t

vrcisci =

=

√
2π

L

∑

n1∈Z

m1,m2∈Z

ûc(m1)ûv(m2)ûc(m1 + n1)ûv(m2 − n1)v̂L(n1)

=

√
2π

L

∑

n1∈Z

m1,m2∈Z

ûc(m1)ûv(m2)ûc(m2 +m1 + n1 −m2)ûv(m1 +m2 − n1 −m1)v̂L(n1)

=

√
2π

L

∑

p∈Z

m1,m2∈Z

ûc(m1)ûv(m1 − p)ûv(m2)ûc(m2 + p)v̂L(m2 −m1 + p) ✭✹✳✸✷✮
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♦ù p = m1 + n1 −m2✳ ❆❧♦rs✱

δrvsv

∑

i∈val

(vrcisci − vircsci) =

=

√
2π

L

π∑

ki=−π

∑

n1∈Z∗

m1,m2∈Z

ûv(m1)ûc(m1 + n1)ûc(m2)ûv(m2 − n1)

·
(
v̂L(m1 −m2 + n1) − v̂L(

L(ki − r)

2π
+ n1)

)
,

❛✈❡❝ n1 6= 0 ♣✉✐sq✉❡ ûv ❡t ûv s♦♥t ♦rt❤♦❣♦♥❛✉①✳ ❖♥ ♣❡✉t ❞é❞✉✐r❡ ❧❡ t❡r♠❡ ✿

δrcsc

∑

i∈val

(vsvirvi − visvrvi) =

= −
√

2π

L

π∑

ki=−π

ki 6=krc

∑

n1∈Z

m1,m2∈Z

ûv(m1)ûv(m1 + n1)ûv(m2)ûv(m2 − n1)v̂L(
L(ki − r)

2π
+ n1).

P♦✉r ❧❡ ♣♦t❡♥t✐❡❧✱

vrcsvscrv =

=

√
2π

L

∑

n1∈Z

m1,m2∈Z

ûc(m2)ûv(m1)ûc(m2 + n1)ûv(m1 − n1)v̂L(
L(r − s)

2π
+ n1)

=

√
2π

L

∑

p∈Z

m1,m2∈Z

ûv(m1)ûc(m2)ûc(m1 + p)ûv(m2 − p)v̂L(
L(r − s)

2π
+ p+m1 −m2)

❛✈❡❝ p = n1 +m2 −m1✳ ❖♥ ♣❡✉t ❛✉ss✐ é❝r✐r❡ ✿

∑

m1∈Z

ûv(m1)ûv(m1 − n) = |̂uv|2(−n),

❝❡ q✉✐ ✈❛ ❞♦♥♥❡r ❧❛ ❞❡✉①✐è♠❡ ❢♦r♠✉❧❡ ❞✉ ❧❡♠♠❡✳ ❊♥✜♥✱ ♣♦✉r ❧❡ ❞❡r♥✐❡r t❡r♠❡✱

vsvrcscrv =

=

√
2π

L

∑

n1∈Z

m1,m2∈Z

ûv(m1)ûc(m1 + n1)ûc(m2)ûv(m2 − n1)v̂L(n1).

❖♥ ✈❛ ♠♦♥tr❡r ♠❛✐♥t❡♥❛♥t q✉❡ t♦✉t❡s ❝❡s q✉❛♥t✐tés s♦♥t ❜♦r♥é❡s✳ ❖♥ ♣❡✉t ❞✬❛❜♦r❞ ♥♦t❡r q✉❡ ❧❡
♣♦✐♥t ♦ù v̂L ❡st s✐♥❣✉❧✐èr❡ ❡st ❡①❝❧✉ ❞❡ t♦✉t❡s ❝❡s ❡①♣r❡ss✐♦♥s✱ ♦♥ ♣❡✉t ❞♦♥❝ ♠❛❥♦r❡r |v̂L| ♣❛r ❧❡
s✉♣ré♠✉♠✱ ♣♦✉r t♦✉t L ✜①é✳ ❖♥ ♣❡✉t ❡♥s✉✐t❡ ✉t✐❧✐s❡r ❧❛ r❡♠❛rq✉❡ ✹✳✷✳✷ ♣♦✉r ❝♦♥❝❧✉r❡✳ ❖♥ ✈❛
❢❛✐r❡ t❡♥❞r❡ N ✈❡rs ❧✬✐♥✜♥✐ ❞❛♥s ✉♥❡ ♣r♦❝❤❛✐♥❡ s❡❝t✐♦♥ ❡t ♦♥ ✈❡rr❛ q✉✬✐❧ ❢❛✉t êtr❡ ♣r✉❞❡♥t ❛✈❡❝ ❧❛
s✐♥❣✉❧❛r✐té à ❧✬♦r✐❣✐♥❡✳

✹✳✸ ❚❤é♦r✐❡ ❞❡ ♣❡rt✉r❜❛t✐♦♥

❉❛♥s ❝❡tt❡ s❡❝t✐♦♥✱ ♦♥ ✉t✐❧✐s❡ ❧❛ t❤é♦r✐❡ ❞❡ ♣❡rt✉r❜❛t✐♦♥ ❛✜♥ ❞✬❡st✐♠❡r ❧❡ s♣❡❝tr❡ ❞❡ ❧❛ ♠❛tr✐❝❡
M ✳
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❉✬❛❜♦r❞ ♦♥ ét✉❞✐❡ ❧✬✐♥✢✉❡♥❝❡ ❞✉ ♣❛r❛♠ètr❡ λ q✉✐ r❡♣rés❡♥t❡ ❧✬✐♥t❡♥s✐té ❞✉ ❝♦✉♣❧❛❣❡ ❡♥tr❡ ❧❡s
é❧❡❝tr♦♥s ❡t q✉✐ ❡st ❝❤♦✐s✐t ❝♦♠♠❡ ❢❛✐❜❧❡✳ ❖♥ ✈❛ ✈♦✐r ❞❛♥s ❧❛ ♣r❡♠✐èr❡ ♣❛rt✐❡ q✉❡ ❧❡s t❡r♠❡s ❤♦rs
❞✐❛❣♦♥❛✉① λθ ❡t λθ∗ ❞❡M ✱ ❞é✜♥✐s ❡♥ ✭✹✳✶✽✮✱ ♣❡✉✈❡♥t êtr❡ tr❛✐tés s✐♠✐❧❛✐r❡♠❡♥t à ✉♥❡ ♣❡rt✉r❜❛t✐♦♥
❞❡ r❛♥❣ ✶ ❞❡ ❧❛ ♠❛tr✐❝❡ M ♦ù ❝❡s ❞❡✉① t❡r♠❡s s♦♥t ♣r✐s é❣❛✉① à ③ér♦✳ ▲❡ s♣❡❝tr❡ ❞❡ ❧❛ ♠❛tr✐❝❡M
❡st ❛s②♠♣t♦t✐q✉❡✱ ❧♦rsq✉❡ λ t❡♥❞ ✈❡rs ③ér♦✱ ❛✉ s♣❡❝tr❡ ❞❡ ❧❛ ♠❛tr✐❝❡ ❞✐❛❣♦♥❛❧❡ ♦❜t❡♥✉❡ à ♣❛rt✐r
❞❡ M ❡♥ r❡♠♣❧❛ç❛♥t θ ❡t θ∗ ♣❛r ③ér♦✳ ❊♥ ❡✛❡t✱ ❧❛ ♣❛rt✐❡ ❞✐❛❣♦♥❛❧❡ ❞❡ M ❞❡♣❡♥❞ ❛✉ss✐ ❞❡ λ✳ P♦✉r
❛rr✐✈❡r à ❝❡tt❡ ❝♦♥❝❧✉s✐♦♥✱ ♦♥ ❛ ❜❡s♦✐♥ ❞✬✐♥❢♦r♠❛t✐♦♥s s✉r ❧❡ s♣❡❝tr❡ ❞❡ ❧❛ ♠❛tr✐❝❡ ♥♦♥ ♣❡rt✉r❜é❡
✭✈♦✐r ❧✬❤②♣♦t❤ès❡ ✹✳✸✳✶✮✱ q✉❡ ❧✬♦♥ ❛❞♠❡ttr❛ ✐❝✐ ❡t q✉✐ s❡r♦♥t ét❛❜❧✐❡s ♣❧✉s t❛r❞ ❞❛♥s ❧✬ét✉❞❡✳

❖♥ ❢❛✐t ❡♥s✉✐t❡ ✈❛r✐❡r ❧❡ ♣❛r❛♠ètr❡ ♥♦♠❜r❡ ❞❡ ♣❛rt✐❝✉❧❡s✱ N ✱ q✉❡ ❧✬♦♥ ✈❛ r❡♥❞r❡ ❣r❛♥❞ ♠❛✐s
♣❛s ✐♥✜♥✐✳ ❖♥ ✈❛ ✈♦✐r q✉❡ ♣❧✉s N s❡r❛ ❣r❛♥❞ ♣❧✉s ❧❡ s♣❡❝tr❡ ❞❡ M s❡r❛ ♣r♦❝❤❡ ❞✉ s♣❡❝tr❡ ❞✬✉♥
❝❡rt❛✐♥ ♠♦❞è❧❡ ✏❝♦♥t✐♥✉✑ ♦ù ❧❡s ✈❡❝t❡✉rs ♣r♦♣r❡s s❡r♦♥t ❞❡s ❢♦♥❝t✐♦♥s ❞❡ L2(−π, π)✳ ▲❡s s♣❡❝tr❡s
s❡r♦♥t ❡♥❝♦r❡ ✉♥❡ ❢♦✐s ❛s②♠♣t♦t✐q✉❡s✱ ❧❡s ✈❛❧❡✉rs ♣r♦♣r❡s ❞❡s ❞❡✉① ♠♦❞è❧❡s t❡♥❞❛♥t ✈❡rs ❧✬✐♥✜♥✐
q✉❛♥❞ N t❡♥❞ ✈❡rs ❧✬✐♥✜♥✐✱ ♥♦t❛♠♠❡♥t ❞û à ❧❛ ❞✐✈❡r❣❡♥❝❡ ❞❡ EG ❛✈❡❝ N ✳

▲❡s rés✉❧t❛ts ❞❡ ❝❡tt❡ ♣❛rt✐❡ ♦✉✈r✐r♦♥t ❧❛ ✈♦✐❡ à ❧✬ét✉❞❡ ❞❡ ❧❛ ♣❛rt✐❡ ✐♥❢ér✐❡✉r❡ ❞r♦✐t❡ ❞❡ M ✱
q✉✐✱ ♦♥ ❧❡ ✈❡rr❛ ❛✉ ❝❤❛♣✐tr❡ ✺✱ s❡ r❛♠è♥❡r❛ à ❧✬ét✉❞❡ ❞❡ ❧✬❡①❝✐t♦♥ s✉r ❧❛ ❧✐❣♥❡ ✐♥✜♥✐❡✳

❖♥ ✈❛ ❞é❝♦♠♣♦s❡r ❧❛ ♠❛tr✐❝❡ M ❡♥ tr♦✐s ♣❛rt✐❡s ✿

M =:

(
EG 0
0 δkk′EG

)
+

(
0 0
0 Hex

)
+ λ

(
0 θ
θ∗ 0

)
=: MG +Mex + λQ ✭✹✳✸✸✮

♦ù ♦♥ r❛♣♣❡❧❧❡ q✉❡ ❧❡s ❞✐✛ér❡♥ts é❧❡♠❡♥ts s♦♥t ❞é✜♥✐s ❡♥ ✭✹✳✶✽✮✱ ✭✹✳✶✼✮ ❡t ✭✹✳✶✽✮✳ ❈❤❛❝✉♥ ❞❡s
♦♣ér❛t❡✉rs ❞é✜♥✐s ✐❝✐ ❞é♣❡♥❞ ✐♠♣❧✐❝✐t❡♠❡♥t ❞❡ N ❡t λ✳

✹✳✸✳✶ ■♥t❡r❛❝t✐♦♥ ❢❛✐❜❧❡

❆✜♥ ❞✬ét✉❞✐❡r ❧✬✐♥✢✉❡♥❝❡ ❞✉ ♣❛r❛♠ètr❡ λ s✉r ❧❡ s♣❡❝tr❡ ❞❡M ✱ ♦♥ r❛♣♣❡❧❧❡ ❧❡s r❡❧❛t✐♦♥s ❞é✜♥✐❡s
❡♥ ✭✹✳✶✽✮ ❡t ✭✹✳✷✽✮ ✿

q(k) = − 1√
2π

∑

n1∈Z∗

So(n1)vI(k, n1),

θ = (q(−π), q(−π +
2π

L
), · · · , q(π − 2π

L
)).

❖♥ ✐♥tr♦❞✉✐t ❧❡s ♣r♦❥❡❝t❡✉rs ♦rt❤♦❣♦♥❛✉① P1 ❡t P2 ✿

P1 :=




1 0 · · · 0
0 0
✳✳✳

✳ ✳ ✳
✳✳✳

0 · · · 0


 , P2 = 1 − P1 =

(
0 0
0 ✶

)
, ✭✹✳✸✹✮

❛❧♦rs (
0 0
θ∗ 0

)
= P2QP1,

(
0 θ
0 0

)
= P1QP2.

❖♥ ✐♥tr♦❞✉✐t ❧✬♦♣ér❛t❡✉r ♣♦✉r k ∈ [−π, π) ∩ 2π
L Z

Dd(k) := Ec(k) − Ev(k), ✭✹✳✸✺✮

❛✈❡❝ Ec ❡t Ev ❞♦♥♥é❡s ❛✉ ❧❡♠♠♠❡ ✹✳✷✳✸✱ ❛✐♥s✐ q✉❡ ❧✬♦♣ér❛t❡✉r

H0
ex :=Hex − δkk′Dd(0)

=δkk′(Dd(k) −Dd(0)) − λ(vkvk′
ckck′

v
− vk′

ckvkck′
v
).
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t t t t tt t ✲
❄❅❅❘❄

E2E1E0

γ1
γ0

0

❋✐❣✳ ✹✳✶ ✕ ❙♣❡❝tr❡ ❞❡s ♠❛tr✐❝❡s Mp ✭{En}n✮ ❡t Mex ✭{0, {γn}n}✮✳ ▲❡s En ❡t γn ❞é♣❡♥❞❡♥t ❞❡ λ✳

❡t ❧❛ ♥♦✉✈❡❧❧❡ ♥♦t❛t✐♦♥ ♣♦✉r ❧❛ ♣❛rt✐❡ ✐♥❢ér✐❡✉r❡ ❞r♦✐t❡ ❞❡ ❧❛ ♠❛tr✐❝❡ ❞♦♥♥é❡ ❛✉ ❧❡♠♠❡ ✹✳✷✳✸ ✿

Mex =:

(
0 0
0 δkk′Dd(0) +H0

ex

)
,

♦ù Dd(0) ❡st ❧❡ ✏❣❛♣✑ ❡♥tr❡ ❧❛ ❜❛♥❞❡ ❞❡ ✈❛❧❡♥❝❡ ❡t ❧❛ ❜❛♥❞❡ ❞❡ ❝♦♥❞✉❝t✐♦♥✳ ▲❛ ❞❡r♥✐èr❡ ♣❤r❛s❡ ❞❡
❧✬❤②♣♦t❤ès❡ ■✮ ❞❡ ❧❛ s❡❝t✐♦♥ ✹✳✷✳✶ ♣♦s❡ ❝♦♠♠❡ ❤②♣♦t❤ès❡ q✉❡ Dd(0) > 0 ❡t

Ec(k) − Ev(k) −Dd(0) ≥ 0, ∀k ∈ [−π, π) ∩ 2π

L
Z. ✭✹✳✸✻✮

❖♥ ❞é✜♥✐t ❧❛ ♠❛tr✐❝❡Mp ❝♦♠♠❡ ét❛♥t ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞❡ ❧❛ ♠❛tr✐❝❡ ❞✐❛❣♦♥❛❧❡ ♣❛r ❜❧♦❝Mex ✿

Mp := λQ+Mex.

♦♥ ❛ ❞♦♥❝

M = MG +Mp.

❖♥ ❛ ❜❡s♦✐♥ ❞❛♥s ❝❡tt❡ s❡❝t✐♦♥ ❞❡ ❞❡✉① ❤②♣♦t❤ès❡s s✉r ❧❡ s♣❡❝tr❡ ❞❡H0
ex q✉✐ s♦♥t ❧❡s s✉✐✈❛♥t❡s ✿

❍②♣♦t❤ès❡ ✹✳✸✳✶✳ ♣♦✉r λ ❛ss❡③ ♣❡t✐t ✿

a) ▲✬✐♥✜♠✉♠ ❞✉ s♣❡❝tr❡ H0
ex t❡♥❞ ✈❡rs ③ér♦ q✉❛♥❞ λ t❡♥❞ ✈❡rs ③ér♦✳

b) ▲❡s ✈❛❧❡✉rs ♣r♦♣r❡s ❞❡ H0
ex s♦♥t s✐♠♣❧❡s✳

❖♥ ❞é♠♦♥tr❡r❛ ❛✉ ❝❤❛♣✐tr❡ ✺ q✉❡ ❝❡s s✉♣♣♦s✐t✐♦♥s s♦♥t ❡✛❡❝t✐✈❡♠❡♥t ✈r❛✐❡s✳ ❖♥ ❞é❞✉✐t ❞❡
❝❡s ❤②♣♦t❤ès❡s q✉❡ σ(H0

ex) = {α0, α1, · · · , αN−1}✱ ♦ù α0 < α1 < · · · < αN−1✳ ❖♥ ❞és✐❣♥❡r❛ ❞❛♥s
❝❡tt❡ s❡❝t✐♦♥ ♣❛r ψn ❧❡ ✈❡❝t❡✉r ♣r♦♣r❡ ❡t Πn ❧❡ ♣r♦❥❡❝t❡✉r ♣r♦♣r❡ ❞❡ Hex ❛ss♦❝✐és à ❧❛ ✈❛❧❡✉r
♣r♦♣r❡

γn := Dd(0) + αn,

❝✬❡st à ❞✐r❡ ✿

Hex =
N−1⊕

n=0

γnΠn.

❘❡♠❛rq✉❡ ✹✳✸✳✷✳ ❈♦♠♠❡ Dd(0) > 0✱ ♦♥ ❛ ♣♦✉r λ ❛ss❡③ ♣❡t✐t ✿ γ0 > 0✳

❖♥ ✐♥tr♦❞✉✐t ❧❛ ♥♦t❛t✐♦♥ ♣♦✉r z ∈ ρ(Hex) ✿

Rex(z) := (Dd(0) +H0
ex − z)−1,

❡t ♦♥ r❛♣♣❡❧❧❡ q✉❡ Rex ❛❣✐t ❞❛♥s ❘❛♥(P2)✳ ❖♥ ✈❛ ❞♦♥♥❡r ❞❡s ✐♥❢♦r♠❛t✐♦♥s s✉r ❧❡ s♣❡❝tr❡ ❞❡ Mp✱
✐❧❧✉stré ♣❛r ❧❛ ✜❣✉r❡ ✹✳✸✳✶✱ ❞❛♥s ❧❡ t❤é♦rè♠❡ s✉✐✈❛♥t ✿

❚❤é♦rè♠❡ ✹✳✸✳✸✳ P♦✉r λ > 0 ❛ss❡③ ♣❡t✐t✱ ❧❡s ✈❛❧❡✉rs ♣r♦♣r❡s {En}N
n=0 ❞❡ Mp s♦♥t s✐♠♣❧❡s✳ ❊♥

♦✉tr❡✱ ♦♥ ❛ ✿

✐✮ E0 s❡ tr♦✉✈❡ ❞❛♥s ❧✬✐♥t❡r✈❛❧❧❡ [−λ2‖θ‖2

γ0
, 0)✱
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✐✐✮ ♣♦✉r 1 ≤ n ≤ N
❛✮ s✐ 〈ψn−1, θ

∗〉 6= 0 ❛❧♦rs

En ∈ (γn−1, γn), En = −λ2θRex(En)θ∗,

❜✮ s✐ 〈ψn−1, θ
∗〉 = 0✱ ❛❧♦rs

En = γn−1,

✐✐✐✮ EN s❡ tr♦✉✈❡ ❞❛♥s ❧✬✐♥t❡r✈❛❧❧❡ [γN−1, γN−1 + λ2‖θ‖2

γN−1
]✳

❖♥ ♠♦♥tr❡ ❞✬❛❜♦r❞ ❧❡ ❧❡♠♠❡ s✉✐✈❛♥t ✿

▲❡♠♠❡ ✹✳✸✳✹✳ P♦✉r t♦✉t λ > 0 ❡t ♣♦✉r t♦✉t z ∈ C t❡❧ q✉❡ z ∈ ρ(Hex) ❡t (z+λ2θRex(z)θ
∗) 6= 0✱

(Mp − z) ❡st ✐♥✈❡rs✐❜❧❡ ❡t ❧❛ rés♦❧✈❛♥t❡ ❛ss♦❝✐é❡ à ❧❛ ♠❛tr✐❝❡ Mp ♣❡✉t s✬é❝r✐r❡

(Mp − z)−1 =
1

z + λ2θRex(z)θ∗

(
−1 λθRex(z)

λRex(z)θ
∗ Rex(z) − λ2Rex(z)θ

∗θRex(z)

)
. ✭✹✳✸✼✮

❉é♠♦♥str❛t✐♦♥✳ P♦✉r ✐♥✈❡rs❡r Mp ♥♦✉s ❛❧❧♦♥s ✉t✐❧✐s❡r ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❞❡ ❋❡s❤❜❛❝❤✳ ❖♥ é❝r✐t

P1MpP1 = 0

P1MpP2 = λP1θP2 = (P2MpP1)
∗

P2MpP2 = Dd(0)P2 +H0
ex.

❡t ❧✬♦♥ ♣❡✉t ♠❡ttr❡ Mp s♦✉s ❧❛ ❢♦r♠❡ ✿

Mp =

(
P1MpP1 P1MpP2

P2MpP1 P2MpP2

)
=

(
0 λP1θP2

λP2θ
∗P1 Dd(0) +H0

ex

)
.

❙♦✐t z ∈ C\R ❧❛ ❢♦r♠✉❧❡ ❞❡ ❋❡s❤❜❛❝❤ ❞♦♥♥❡ ✿

(Mp − z)−1 =

(
R(z) +R(z)P1MpP2S(z)P2MpP1R(z) −R(z)P1MpP2S(z)

−S(z)P2MpP1R(z) S(z)

)
✭✹✳✸✽✮

❛✈❡❝

R(z) := P1(P1MpP1 − z)−1P1, S(z) := P2(P2MpP2 +W (z) − z)−1P2 ✭✹✳✸✾✮

❡t
W (z) := −P2MpP1R(z)P1MpP2.

❖♥ ✈❛ ♠♦♥tr❡r q✉❡ ❝❡s q✉❛♥t✐tés ❡①✐st❡♥t ♣♦✉r ❝❡rt❛✐♥s z ∈ R✳ ❖♥ ❞é✜♥✐t

dex(z) := d(z, σ(Dd(0) +H0
ex)). ✭✹✳✹✵✮

❉❛♥s ♥♦tr❡ ❝❛s

R(z) = −1

z
P1

q✉✐ ❡st ❞é✜♥✐ ♣♦✉r t♦✉t z ∈ C∗✳ ❖♥ ❛✱ ♣♦✉r z ❞❛♥s ❝❡ ❞♦♠❛✐♥❡✱

P2MpP2 +W (z) =Dd(0)P2 +H0
ex − λP2θ

∗(−1

z
)P1λθP2

=Dd(0)P2 +H0
ex +

λ2

z
P2θ

∗θP2. ✭✹✳✹✶✮
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❖♥ r❡♠❛rq✉❡ q✉❡ θ∗θ ❡st ✉♥ ♦♣ér❛t❡✉r ❞❡ r❛♥❣ ✉♥ ✿ θ∗θ = 〈θ, ·〉θ✳ ❖♥ ✜①❡ N ❡t ♦♥ ❝❤♦✐s✐t z ∈ R

t❡❧ q✉❡ z 6= 0 ❡t dex(z) > 0✱ ❡t s✐ ♦♥ ❛ ❧❛ ❝♦♥❞✐t✐♦♥ z + λ2θRex(z)θ
∗ 6= 0✱ ♦♥ ♦❜t✐❡♥t✱ ❡♥ ✉t✐❧✐s❛♥t

❧❛ ❢♦r♠✉❧❡ ❞❡ ❑r❡✐♥✷

S(z) = Rex(z) − λ2
{
z + λ2〈θ,Rex(z)θ〉

}−1
Rex(z)θ

∗θRex(z). ✭✹✳✹✷✮

❖♥ ❝❛❧❝✉❧❡ ♠❛✐♥t❡♥❛♥t ❧❡s t❡r♠❡s ❞❡ ❧❛ ♠❛tr✐❝❡ Mp ❡♥ ✉t✐❧✐s❛♥t ❧✬❡①♣r❡ss✐♦♥ ❞❡ S(z) ❞♦♥♥é❡
❝✐✲❞❡ss✉s ✿

P1θP2S(z)P2θ
∗P1 = θRex(z)θ

∗
(

1 − λ2

z + λ2θRex(z)θ∗
θRex(z)θ

∗
)

= θRex(z)θ
∗ z

z + λ2θRex(z)θ∗

❡t

R(z) + λ2R(z)P1θP2S(z)P2θ
∗P1R(z) = −1

z
+
λ2

z
θRex(z)θ

∗ 1

z + λ2θRex(z)θ∗

= − 1

z + λ2θRex(z)θ∗

❖♥ ❛ ❛✉ss✐

R(z)P1λθP2S(z) = − λθRex(z)

z + λ2θRex(z)θ∗
.

❖♥ ♦❜t✐❡♥t ❞♦♥❝ ♣♦✉r z 6= 0✱ z ∈ ρ(Hex) ❡t z + λ2θRex(z)θ
∗ 6= 0✱ ❧✬❡①♣r❡ss✐♦♥ s✉✐✈❛♥t❡ ♣♦✉r ❧❛

rés♦❧✈❛♥t❡ ❞❡ Mp ✿

(Mp − z)−1 =
1

z + λ2θRex(z)θ∗

(
−1 λθRex(z)

λRex(z)θ
∗ Rex(z) − λ2Rex(z)θ

∗θRex(z)

)
.

❖♥ ♣❡✉t r❡♠❛rq✉❡r q✉❡ ❝♦♠♠❡ 0 /∈ σ(Hex)✱ ❧✬❡①♣r❡ss✐♦♥ ❝✐✲❞❡ss✉s✱ s✐ λ > 0✱ ❡①✐st❡ ❡♥ z = 0 ❡t
❝♦♠♠❡ Rex ❡st ❛♥❛❧②t✐q✉❡ ❞❛♥s ✉♥ ✈♦✐s✐♥❛❣❡ ❞❡ ③ér♦✱ ♦♥ ♣❡✉t ❞♦♥❝ ❧❛ ♣r♦❧♦♥❣❡r ❡♥ ❝❡ ♣♦✐♥t✳

❖♥ ✈❛ ♠❛✐♥t❡♥❛♥t ét✉❞✐❡r ♣♦✉r q✉❡❧❧❡s ✈❛❧❡✉rs ❞❡ z✱ (Mp−z)−1 ❡st s✐♥❣✉❧✐èr❡✱ ❡t ♦♥ ❝♦♠♠❡♥❝❡
♣❛r ét❛❜❧✐r ❧❡s ♣r♦♣r✐étés s✉✐✈❛♥t❡s ✿

▲❡♠♠❡ ✹✳✸✳✺✳ ❙♦✐t {ψn}n∈N
❧❡s ✈❡❝t❡✉rs ♣r♦♣r❡s ❛ss♦❝✐és ❛✉① ✈❛❧❡✉rs ♣r♦♣r❡s {γn} ❞❡ Hex✳

P♦✉r t♦✉t λ > 0 ❛ss❡③ ♣❡t✐t ❡t z ∈ ρ(Hex)✱ ✐❧ ❡①✐st❡ ✉♥❡ s♦❧✉t✐♦♥ ✉♥✐q✉❡ ♣♦✉r ❧✬éq✉❛t✐♦♥

z + λ2θRex(z)θ
∗ = 0 ✭✹✳✹✸✮

✐✮ ❡♥tr❡ ❝❤❛q✉❡ ✐♥t❡r✈❛❧❧❡ (γn, γn+s) ❛✈❡❝ s ∈ N∗✱ s✐ (ψn, θ) 6= 0✱ (ψn+s, θ) 6= 0 ❡t (ψp, θ) = 0
♣♦✉r n < p < n+ s✳

✐✐✮ ❞❛♥s ❧✬✐♥t❡r✈❛❧❧❡ [γn,+∞) s✐ (ψn, θ) 6= 0✱ ❡t (ψp, θ) = 0 ♣♦✉r t♦✉t n < p ≤ N ✳

✐✐✐✮ ❞❛♥s ❧✬✐♥t❡r✈❛❧❧❡ [−λ2‖θ‖2

γ0
, 0)✳

✐✈✮ ❞❛♥s ❧✬✐♥t❡r✈❛❧❧❡ (γN−1, γN−1 + λ2‖θ‖2

γN−1
] s✐ (ψN−1, θ) 6= 0✳

❉é♠♦♥str❛t✐♦♥✳ ❉✬❛♣rès ❧✬❤②♣♦t❤ès❡ ✹✳✸✳✶ b) ❞✉ ❞é❜✉t ❞❡ ❧❛ s❡❝t✐♦♥✱ ♣♦✉r λ ❛ss❡③ ♣❡t✐t✱ ❧❡s ✈❛❧❡✉rs
♣r♦♣r❡s ❞❡ Hex s♦♥t s✐♠♣❧❡s✳ P♦✉r z ∈ ρ(Hex) > 0 s♦✐t ❧❛ ❢♦♥❝t✐♦♥

f(z) := z + λ2θRex(z)θ
∗.

✷✈♦✐r ❛♥♥❡①❡ ❇✳✼✳



✽✽ ❈❍❆P■❚❘❊ ✹✳ ❍❆▼■▲❚❖◆■❊◆ ❆❱❊❈ ■◆❚❊❘❆❈❚■❖◆ ❊◆❚❘❊ ➱▲❊❈❚❘❖◆❙

❖♥ ❛
f ′(z) = 1 + λ2θR2

ex(z)θ
∗ ≥ 1

❡t ❞♦♥❝ ❧❛ ❢♦♥❝t✐♦♥ f ❡st str✐❝t❡♠❡♥t ❝r♦✐ss❛♥t❡✳ ❙♦✐t n ∈ [0, N − 2] ❡t s ∈ [1, N ]✱ t❡❧ q✉❡
(ψn, θ) 6= 0✱ (ψn+s, θ) 6= 0 ❡t (ψp, θ) = 0 ♣♦✉r t♦✉t p ❝♦♠♣r✐s ❡♥tr❡ n < p < n + s✳ ❙♦✉s ❝❡s
❤②♣♦t❤ès❡s✱ ♣♦✉r z ∈ (γn, γn+s)✱ f ❡st ❝♦♥t✐♥✉❡ ❡t ❞✬❛♣rès ❧❡ t❤é♦rè♠❡ s♣❡❝tr❛❧✱

θRex(z)θ
∗ =

∑

0≤p<n

θΠp
1

γp − z
Πpθ

∗ + θΠn
1

γn − z
Πnθ

∗ + θΠn+s
1

γn+s − z
Πn+sθ

∗+

+
∑

n+s<p≤N−1

θΠp
1

γp − z
Πpθ

∗.

❖♥ ❛ θRex(z)θ
∗ z→γn−−−→ −∞ ❡t θRex(z)θ

∗ z→γn+s−−−−−→ +∞✳ ❆❧♦rs ✐❧ ♥✬② ❛ q✉✬✉♥❡ s❡✉❧❡ s♦❧✉t✐♦♥ ❞❡
f(z) = 0 ♣♦✉r z ∈ (γn, γn+s)✳

P♦✉r ii)✱ ♣❛r ✉♥ r❛✐s♦♥❡♠❡♥t ❛♥❛❧♦❣✉❡✱ ♣♦✉r z > γn ♦♥ ❛ θRex(z)θ
∗ z→γn−−−→ −∞ ❡t✱ ❞❡ ❧✬❛✉tr❡

❝♦té✱ θRex(z)θ
∗ z→∞−−−→ 0 ❡t ❞♦♥❝ f(z)

z→γn−−−→ −∞ ❡t f(z)
z→∞−−−→ +∞✳ ■❧ ❡①✐st❡ ❞♦♥❝ ✉♥❡ s♦❧✉t✐♦♥

✉♥✐q✉❡ ♣♦✉r ❧✬éq✉❛t✐♦♥ f(z) = 0 ❞❛♥s ❧✬✐♥t❡r✈❛❧❧❡ (γn,+∞) ❛✈❡❝ z > 0✳
P♦✉r iii)✱ ❆✈❡❝ ❧✬❤②♣♦t❤ès❡ ✹✳✸✳✶ a)✱ ♣♦✉r λ ❛ss❡③ ♣❡t✐t ♦♥ ❛ γ0 > 0✳ ❙♦✐t 0 ≤ z < γ0✱ ♦♥ ❛

q✉❡ θRex(z)θ
∗ z→−∞−−−−→ 0 ❝❡ q✉✐ ♠♦♥tr❡ q✉❡ θRex(z)θ

∗ > 0 ❡t ❞♦♥❝ f(z) > 0 ❡t ✐❧ ♥✬② ❛ ♣❛s ❞❡
s♦❧✉t✐♦♥ ♣♦✉r 0 ≤ z ≤ γ0✳ ▼❛✐s ❝♦♠♠❡ f ❡st ❝♦♥t✐♥✉❡ s✉r (−∞, γ0) ❡t f(z)

z→−∞−−−−→ −∞✱ ❛✐♥s✐
q✉❡ f(z) > 0 ♣♦✉r z ≤ 0 ❛❧♦rs ✐❧ ❡①✐st❡ ✉♥ ③ér♦ ❞❡ f s✉r ❧✬✐♥t❡r✈❛❧❧❡ (−∞, 0)✳ ❙♦✐t z0 ❝❡ ♣♦✐♥t✱
❝♦♠♠❡ ♦♥ ❛ z0 = −λ2θRex(z0)θ

∗✱

|z0|
λ2

= |θRex(z0)θ
∗| ≤ ‖θ‖2 · ‖Rex(z0)‖ ≤ ‖θ‖2

γ0
. ✭✹✳✹✹✮

P♦✉r iv)✱ s♦✐t z > γN−1 ❛✈❡❝ (ψN−1, θ) 6= 0✳ ❆✈❡❝ ❧❡ ♠ê♠❡ r❛✐s♦♥❡♠❡♥t q✉❡ ♣♦✉r ❧❛ ♣r❡✉✈❡ ❞❡
i)✱ ♦♥ ❛ θRex(z)θ

∗ z→γN−1−−−−−→ −∞ ❡t θRex(z)θ
∗ z→∞−−−→ 0 ❡t ❞♦♥❝ f(z)

z→γn−−−→ −∞ ❡t f(z)
z→∞−−−→ +∞✳

✐❧ ❡①✐st❡ ✉♥❡ s♦❧✉t✐♦♥ ✉♥✐q✉❡ ♣♦✉r f(z) = 0 s✉r ❝❡t ✐♥t❡r✈❛❧❧❡✱ s♦✐t z1 ❝❡tt❡ s♦❧✉t✐♦♥✱ ♦♥ ❛

|z1| = λ2|θRex(z1)θ
∗| ≤ λ2‖θ‖2 1

|γN−1 − z1|

❡t s✐ ❧✬♦♥ ✐♥tr♦❞✉✐t ξ t❡❧ q✉❡ z1 =: γN−1/2 + ξ ❛❧♦rs

|γN−1

2
− ξ|(ξ +

γN−1

2
) ≤ λ2‖θ‖2

|ξ2 − (
γN−1

2
)2| ≤ λ2‖θ‖2

(
γN−1

2
)2 − λ2‖θ‖2 ≤ ξ2 ≤ (

γN−1

2
)2 + λ2‖θ‖2.

❈♦♠♠❡ z1 > γN−1 ♦♥ ❛ ♣♦✉r λ ❛ss❡③ ♣❡t✐t

γN−1

2
< ξ ≤ γN−1

2

√
1 +

2λ2‖θ‖2

γ2
N−1

≤ γN−1

2
+
λ2‖θ‖2

γN−1
.
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Pr❡✉✈❡ ❞✉ t❤é♦rè♠❡ ✹✳✸✳✸✳ ❙♦✐t En ✉♥❡ s✐♥❣✉❧❛r✐té ❞❡ ❧❛ rés♦❧✈❛♥t❡ ❞❡ Mp✱ ❛❧♦rs ♥é❝❡ss❛✐r❡♠❡♥t✱
❞✬❛♣rès ❧❡ ❧❡♠♠❡ ✹✳✸✳✹✱ En +λ2θRex(En)θ∗ = 0 ♦✉ En = γn✱ ♣✉✐sq✉❡ s✐♥♦♥✱ Rex(En) s❡r❛✐t ❜♦r♥é✱
❡t (En + λ2θRex(En)θ∗)−1 s❡r❛✐t ✜♥✐ ❡t ❝❡❧❛ s✉♣♣♦s❡r❛✐t q✉❡ (Mp − En)−1 s♦✐t ❜♦r♥é✳

P♦✉r ❧❛ ré❝✐♣r♦q✉❡✱ ♦♥ ♥♦t❡ ❞✬❛❜♦r❞ q✉❡Mp ❡st ❞❡ t❛✐❧❧❡ N +1×N +1 ❡t ♣♦ssè❞❡ ❞♦♥❝ N +1
✈❛❧❡✉rs ♣r♦♣r❡s é✈❡♥t✉❡❧❧❡♠❡♥t ré♣été❡s✳ ❉✬❛♣rès ❧❡ ❧❡♠♠❡ ✹✳✸✳✺ ❡t ❧❛ r❡❧❛t✐♦♥ ✭✹✳✸✼✮✱ ✉♥❡ ✈❛❧❡✉r
♣r♦♣r❡ ❞❡ Mp✱ ♥♦té❡ E0✱ s❡ tr♦✉✈❡ ❞❛♥s ❧✬✐♥t❡r✈❛❧❧❡ [−λ2‖θ‖2/γ0, 0)✱ ❡t ❡❧❧❡ ❡st ✉♥✐q✉❡ ♣♦✉r λ
❛ss❡③ ♣❡t✐t ❝❛r ❞✬❛♣rès ❧✬❤②♣♦t❤ès❡ ✹✳✸✳✶ a)✱ γ0 > 0 ♣♦✉r λ ❛ss❡③ ♣❡t✐t ❡t ❞♦♥❝ Rex(z) ❡st ❜♦r♥é
♣♦✉r z ❞❛♥s ❝❡t ✐♥t❡r✈❛❧❧❡✳

❙♦✐t n ∈ [0, N − 1]✳ ❖♥ ❛ ❞✬✉♥❡ ♣❛rt q✉❡ s✐ (ψn, θ
∗) 6= 0 ❛❧♦rs✱ ❞✬❛♣rès ❧❡ ❧❡♠♠❡ ✹✳✸✳✺✱ ✐❧ ❡①✐st❡

✉♥❡ s♦❧✉t✐♦♥ ✉♥✐q✉❡ ❞❡ ✭✹✳✹✸✮ q✉❡ ❧✬♦♥ ♣❡✉t ❛ss♦❝✐❡r à ❧✬✐♥❞✐❝❡ n ❡t q✉❡ ❧✬♦♥ ♥♦t❡ En+1✳ ❉❡ ♣❧✉s✱
En+1 > γn ❡t En+1 6= γp ♣♦✉r p ∈ [n + 1, N − 1]✳ ❈✬❡st ✉♥❡ ✈❛❧❡✉r ♣r♦♣r❡ ❞❡ Mp ❞✬❛♣rès ❧❡
❧❡♠♠❡ ✹✳✸✳✹✳

❉✬❛✉tr❡ ♣❛rt✱ s✐ (ψn, θ
∗) = 0✱ ♦♥ ✐♥tr♦❞✉✐t ψ̃n := 0 ⊕ ψn ❞❛♥s ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ E = ranP1 ⊕

ranP2 ❛❧♦rs

Mpψ̃n =

(
0 λθ
λθ∗ Hex

)(
0
ψn

)
=

(
0

γnψn

)
. ✭✹✳✹✺✮

q✉✐ ♠♦♥tr❡ q✉❡ γn ❡st ✈❛❧❡✉r ♣r♦♣r❡ ❞❡ Mp ❛✈❡❝ ✈❡❝t❡✉r ♣r♦♣r❡ ❛ss♦❝✐é ψ̃n✳
❆✐♥s✐✱ ♣♦✉r ❝❤❛q✉❡ n ∈ [0, N ] ♦♥ ♣❡✉t ❛ss♦❝✐❡r ✉♥❡ ✈❛❧❡✉r ♣r♦♣r❡ ❞✐st✐♥❝t❡ En ❡t ❝♦♠♠❡ ❧❛

❞✐♠❡♥s✐♦♥ ❞❡ Mp ❡st N + 1✱ ✐❧ ♥✬② ❡♥ ❛ ♣❛s ❞ ❛✉tr❡✳ ❖♥ ❡♥ ❞é❞✉✐t ❛✉ss✐ q✉✬❡❧❧❡s s♦♥t s✐♠♣❧❡s✳

✹✳✸✳✷ ●r❛♥❞ ♥♦♠❜r❡ ❞❡ ♣❛rt✐❝✉❧❡s

❖♥ ✈❛ ✉t✐❧✐s❡r ❧❛ t❤é♦r✐❡ ❞❡ ♣❡rt✉r❜❛t✐♦♥ ♣♦✉r ♦❜t❡♥✐r ✉♥❡ ❡st✐♠❛t✐♦♥ ❞❡s ❞✐✛ér❡♥t❡s ♣❛rt✐❡s
❞❡ ✭✹✳✸✸✮ q✉❛♥❞ N ❞❡✈✐❡♥t ❣r❛♥❞✳ ❖♥ ✈❛ ✈♦✐r q✉❡ ❧❡s s♦♠♠❡s ❞✐s❝rèt❡s ♣rés❡♥t❡s ❞❛♥s ❧❡s ❝♦✲
❡✣❝✐❡♥t ❞❡ M ♣❡✉✈❡♥t êtr❡ ❛♣♣r♦①✐♠é❡s ♣❛r ❞❡s ✐♥té❣r❛❧❡s✳ ❖♥ ✈❛ ❞✬❛❜♦r❞ ✐♥tr♦❞✉✐r❡ q✉❡❧q✉❡s
♦✉t✐❧s ♣♦✉r ❝❡tt❡ ét✉❞❡✱ ♣✉✐s ♦♥ tr❛✐t❡r❛ ❝❤❛q✉❡ t❡r♠❡ ❞❡ ❧❛ ♠❛tr✐❝❡ M s✉❝❝❡ss✐✈❡♠❡♥t✳

❙♦✐t ❧❡s s♦✉s✲❡s♣❛❝❡s

E0 := span {|0 >} EN := span {{a∗kb∗k|0 >}k} , k ∈ [−π, π) ∩ 2π

N
Z

❝❡s ❞❡✉① ♦❜❥❡ts s♦♥t ❞❡s s♦✉s✲❡s♣❛❝❡s ❞❡ E ❞é✜♥✐ ❡♥ ✭✹✳✶✸✮✳ ▲❡ ✈❡❝t❡✉r ❞✬♦♥❞❡ k ♣❡✉t ♣r❡♥❞r❡ N
✈❛❧❡✉rs ❞✐✛ér❡♥t❡s ❡t EN ❡st ❞♦♥❝ ❞❡ ❞✐♠❡♥s✐♦♥ N ✳ ❖♥ ❛

E = E0 ⊕ EN .

▲❡s ❡s♣❛❝❡s E0 ❡t EN s♦♥t ❧❡s ✐♠❛❣❡s ❞❡s ♣r♦❥❡❝t❡✉rs ♦rt❤♦❣♦♥❛✉① P1 ❡t P2 ❞é✜♥✐s ❞❛♥s ❧❛ s❡❝t✐♦♥
♣ré❝é❞❡♥t❡✸ r❡s♣❡❝t✐✈❡♠❡♥t✳ ❖♥ ✐♥tr♦❞✉✐t ✿

Hd := ℓ2(N),

❧✬❡s♣❛❝❡ ❞❡s s✉✐t❡s ❞❡ ❝❛rré s♦♠♠❛❜❧❡ ❞❡ N ♥♦♠❜r❡s ❝♦♠♣❧❡①❡s✳ P✉✐sq✉❡ EN ❡st ❞❡ ❞✐♠❡♥s✐♦♥
N ✱ ❝❡t ❡s♣❛❝❡ ❡st ✐s♦♠♦r♣❤❡ à Hd✳ ❖♥ ❞é✜♥✐t

kj = j
2π

N
, j ∈

{
−N

2
, ..., 0, ...,

N

2
− 1

}
,

N ≥ 2 ét❛♥t ✉♥ ♥♦♠❜r❡ ♣❛✐r✳ ❖♥ ✈❛ é❝r✐r❡ ❧❡s ❢♦♥❝t✐♦♥s ψ ∈ Hd ❝♦♠♠❡ s✉✐t ✿

ψ =
(
ψ(k−N

2
), ..., ψ(kj), ..., ψ(kN

2
−1)
)

= (ψ−N
2
, ..., ψj , ..., ψN

2
−1).

✸❱♦✐r ❢♦r♠✉❧❡ ✭✹✳✸✹✮✳
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❖♥ ✈❛ ❛♣♣❡❧❡r ❞❛♥s ❝❡ q✉✐ s✉✐t Hd ✏❧✬❡s♣❛❝❡ ❞✐s❝r❡t✑ ♣❛r ♦♣♣♦s✐t✐♦♥ à

Hc := L2(−π, π),

q✉✐ s❡r❛ ❛♣♣❡❧é ✏❧✬❡s♣❛❝❡ ❝♦♥t✐♥✉✑✳ ❖♥ ❞é✜♥✐t

χj(k) =

{ √
N
2π s✐ kj ≤ k < kj+1

0 s✐♥♦♥
.

❖♥ ✐♥tr♦❞✉✐t ❧✬♦♣ér❛t❡✉r J q✉✐ ♣❧♦♥❣❡ Hd ❞❛♥s Hc

J : Hd → Hc

J : ψ = (ψ−N
2
, ..., ψj , ..., ψN

2
−1) 7→ (Jψ)(k) =

N
2
−1∑

j=−N
2

ψjχj(k). ✭✹✳✹✻✮

P♦✉r ψ ∈ Hd✱

(Jψ, Jψ)H =

∫ π

−π

N
2
−1∑

j=−N
2

ψjχj(k)

N
2
−1∑

l=−N
2

ψlχl(k)dk =

N
2
−1∑

j,l=−N
2

ψjψl

∫ π

−π
χj(k)χl(k)dk

=

N
2
−1∑

j,l=−N
2

ψjψlδjl

∫ kj+1

kj

N

2π
dk =

N
2
−1∑

j=−N
2

|ψj |2 = (ψ,ψ)Hd .

▲✬♦♣ér❛t❡✉r J ❡st ✉♥✐t❛✐r❡ ❞❡ Hd ❞❛♥s ❘❛♥(J) ⊂ Hc ❡t ✐s♦♠❡tr✐q✉❡ ❞❡ Hd ❞❛♥s Hc✳ ❘❛♥(J)
❡st ❧✬❡♥s❡♠❜❧❡ ❞❡s ❢♦♥❝t✐♦♥s ❝♦♥t✐♥✉❡s ♣❛r ♠♦r❝❡❛✉① s✉r ❧❡s ✐♥t❡r✈❛❧❧❡s ✐♥tr♦❞✉✐ts ♣♦✉r ❞é✜♥✐r ❧❡s
{χj}j ✳ ❖♥ ❛ ♣♦✉r ψ ∈ Hd✱ φ ∈ Hc

〈Jψ, φ〉Hc =

∫ π

−π

N
2
−1∑

j=−N
2

χj(k)ψjφ(k)dk

=

N
2
−1∑

j=−N
2

ψj

∫ π

−π
χj(k)φ(k)dk = 〈ψ, J∗φ〉Hd ,

❛✈❡❝

(J∗φ)(j) =

∫ π

−π
χj(k)φ(k)dk = (φ, χj) ✭✹✳✹✼✮

❡t ❝♦♠❜✐♥é ❛✈❡❝ ✭✹✳✹✻✮

JJ∗ =

N
2
−1∑

j=−N
2

(·, χj)χj .

❖♥ ❞é❞✉✐t q✉❡ ❧✬♦♣ér❛t❡✉r JJ∗ ❡st ❧❡ ♣r♦❥❡❝t❡✉r ♦rt❤♦❣♦♥❛❧ ❞❡ Hc s✉r ❘❛♥(J)✱ ❡t ♣♦✉r ψ ∈ Hd✱

(J∗Jψ)(j) = (

N
2
−1∑

l=−N
2

ψlχl, χj) =

N
2
−1∑

l=−N
2

ψl(χl, χj) = ψj , J∗J = 1Hd .

❖♥ ✈❛ ✐♥tr♦❞✉✐r❡ ♠❛✐♥t❡♥❛♥t ❧✬♦♣ér❛t❡✉r ✏♥♦♥ ♣❡rt✉r❜é✑ ❛❣✐ss❛♥t ❞❛♥s ❧✬❡s♣❛❝❡ ❝♦♥t✐♥✉✳ ❖♥
✈❛ ❞✬❛❜♦r❞ r❡♠❛rq✉❡r q✉❡ ✿
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❘❡♠❛rq✉❡ ✹✳✸✳✻✳ ❚♦✉t❡s ❧❡s q✉❛♥t✐tés q✉❡ ❧✬♦♥ ✈❛ ❡st✐♠❡r✱ q✉✐ s♦♥t ❞♦♥♥é❡s ❛✉ ❧❡♠♠❡ ✹✳✷✳✸✱ s♦♥t
❡①♣r✐♠é❡s ❡♥ ❢♦♥❝t✐♦♥ ❞❡ v̂L(k) ♦ù k 6= 0✳ ❊t ❞✬❛♣rès ✭✹✳✾✮ ♣✉✐sq✉❡ k 6= 0 ♦♥ ❛

v̂L(m) =
1√
2π

∫ ∞

−∞
e−i 2π

N
mx′

vr
eff(x′)dx′ = v̂r

eff(
2π

N
m). ✭✹✳✹✽✮

❖♥ ✈❛ ❞♦♥❝ tr❛✈❛✐❧❧❡r ♠❛✐♥t❡♥❛♥t ❞✐r❡❝t❡♠❡♥t ❛✈❡❝ v̂r
eff ✳

❖♥ r❛♣♣❡❧❧❡ EG ❡st ❞é✜♥✐ ❡♥ ✭✹✳✶✻✮✱

EG =

N
2
−1∑

j=−N
2

εv(kj) +
1

2

λ√
2π

∑

n1∈Z

Sv(n1)

N
2
−1∑

j,l=−N
2

2π

N
v̂r
eff(kj − kl +

2π

N
n1), ✭✹✳✹✾✮

EG s✬❡①♣r✐♠❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡s {εb}b ❞é✜♥✐❡s ❡♥ ✹✳✶ q✉✐ s♦♥t ❞❡s ❢♦♥❝t✐♦♥s ❞✉ ✈❡❝t❡✉r ❞✬♦♥❞❡✱
❞é❝r✐✈❛♥t ❧❡ s♣❡❝tr❡ ❛ss♦❝✐é ❛✉ ♣r♦❜❧è♠❡ ❞✬✉♥❡ ♣❛rt✐❝✉❧❡ s✉r ❧❡ ❝❡r❝❧❡ ❛✈❡❝ ♣♦t❡♥t✐❡❧ ♣ér✐♦❞✐q✉❡✳
❖♥ ✐♥tr♦❞✉✐t ❧❡s ❢♦♥❝t✐♦♥s ❝♦♥t✐♥✉❡s {ε̃b}b✱ ❞é✜♥✐s s✉r [−π, π] q✉✐ s♦♥t ❧❡s ❢♦♥❝t✐♦♥s ❞é❝r✐✈❛♥t ❧❡
s♣❡❝tr❡ ❛ss♦❝✐é ❛✉ ♣r♦❜❧è♠❡ ❞✬✉♥❡ ♣❛rt✐❝✉❧❡ s✉r ❧❛ ❧✐❣♥❡ ❛✈❡❝ ♣♦t❡♥t✐❡❧ ♣ér✐♦❞✐q✉❡✳

❘❡♠❛rq✉❡ ✹✳✸✳✼✳ P✉✐sq✉❡ ✐❧ ♥✬② ❛ q✉❡ ❞❡✉① ❜❛♥❞❡s ❡t q✉✬❡❧❧❡s s♦♥t sé♣❛ré❡s ♣❛r ✉♥❡ ❧❛❝✉♥❡ ♥♦♥
♥✉❧❧❡ ✭❞✬❛♣rès ❧✬❤②♣♦t❤ès❡ I) ❞❡ ❧❛ s❡❝t✐♦♥ ✹✳✷✳✶✮✱ ε̃v ❡t ε̃c s♦♥t ❛♥❛❧②t✐q✉❡s s✉r [−π, π] ✭✈♦✐r ♣❛r
❡①❡♠♣❧❡ ❬❘❙✹✱ ❚❤✳ ❳■■■✳✽✾❪✮✳

❊t ♦♥ ❛ ❡♥ t♦✉t ♣♦✐♥t kj = 2π
N j ❡t t♦✉t N > 0 ✜①é✱

ε̃v(kj) = εv(kj).

❙♦✐t

ẼG :=

∫ π

−π
ε̃v(k)dk +

1

2

λ√
2π

∑

n1∈Z

Sv(n1)

∫ π

−π

∫ π

−π
v̂r
eff(k′ − k′′ +

2π

N
n1)dk

′′dk′. ✭✹✳✺✵✮

❈❡s q✉❛♥t✐tés s♦♥t ❜✐❡♥ ❞é✜♥✐❡s✱ ♦♥ ❛ ✈✉ ❛✉ ❧❡♠♠❡ ✹✳✷✳✸ q✉❡ ❧❡s s♦♠♠❡s s✉r n1 s♦♥t ❜♦r♥é❡s✱
♦♥ ♣❡✉t ♣r❡♥❞r❡ ❧❡ s✉♣r❡♠✉♠ s✉r n1 ❞✉ t❡r♠❡ ❞❡ ♣♦t❡♥t✐❡❧ ✭q✉✐ ❡st ✜♥✐ ❞✬❛♣rès ❧❡s ♣r♦♣r✐étés ❞❡
vr
eff ❞♦♥♥é❡s ❡♥ ❛♥♥❡①❡ ❆✳✶✮✱ ❡t ✈♦✐r q✉❡ Sv ∈ ℓ1 ♣♦✉r s✬❡♥ ♣❡rs✉❛❞❡r✳

❖♥ r❛♣♣❡❧❧❡ ❧❡ t❡r♠❡ ❞❡ ♣♦t❡♥t✐❡❧ ❞♦♥♥é ❛✉ ❧❡♠♠❡ ✹✳✷✳✸ ❡t ❡♥ ✉t✐❧✐s❛♥t ❧❛ r❡♠❛rq✉❡ ✹✳✸✳✻ ✐❧
s✬é❝r✐t ✿

vk′
vkck′

ckv − vkck′
vk′

ckv =

√
2π

L


 ∑

n1∈Z∗

Sc(n1)v̂
r
eff(

2π

N
n1) −

∑

n1∈Z

|̂uv|2(n1)̂|uc|2(n1)v̂
r
eff

(
k − k′ +

2π

N
n1

)
 .

▲✬❡①♣r❡ss✐♦♥ ❝✐✲❞❡ss✉s ❞♦♥♥é❡ ❛✉ ❧❡♠♠❡ ✹✳✷✳✸ ❡st ét❛❜❧✐❡ ♣♦✉r ❞❡s ✈❛❧❡✉rs ❞✐s❝rèt❡s ❞❡ k ♠❛✐s
❈♦♠♠❡ ❧✬♦♥ s❛✐t q✉❡ v̂r

eff ❡st ✉♥❡ ❢♦♥❝t✐♦♥ ❝♦♥t✐♥✉❡ ♣♦✉r t♦✉t k ∈ R∗✱ ❧❛ ❢♦♥❝t✐♦♥ ♣ré❝é❞❡♥t❡ ♣❡✉t
êtr❡ ét❡♥❞✉❡ ❡t ✈✉❡ ❝♦♠♠❡ ✉♥❡ ❢♦♥❝t✐♦♥ ❝♦♥t✐♥✉❡ s✉r R∗✳ ❖♥ ✐♥tr♦❞✉✐t ♠❛✐♥t❡♥❛♥t ❧❛ ❢♦♥❝t✐♦♥
❝♦♥t✐♥✉❡ s✉r R∗ ✿

ŵ(k − k′) :=
L

2π
(vk′

vkck′
ckv − vkck′

vk′
ckv). ✭✹✳✺✶✮

❖♥ ♣❡✉t é❝r✐r❡ ❧✬❍❛♠✐❧t♦♥✐❡♥ ❛❣✐ss❛♥t s✉r Hd ✿

Hex = Dd(kl) + λŵd∗ ✭✹✳✺✷✮
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♦ù ❧❡ ♣♦t❡♥t✐❡❧ ❡st ✉♥ ♦♣ér❛t❡✉r ❞❡ ❝♦♥✈♦❧✉t✐♦♥ ❞é✜♥✐ ♣❛r ✿

(ŵd∗ψ)(kl) :=
2π

N

N
2
−1∑

j=−N
2

ŵ(kl − kj)ψ(kj). ✭✹✳✺✸✮

❖♥ ✈❛ ✐♥tr♦❞✉✐r❡ ♠❛✐♥t❡♥❛♥t ✉♥ ❍❛♠✐❧t♦♥✐❡♥ ❛❣✐ss❛♥t ❞❛♥s L2(−π, π) ❡t q✉✐✱ ♦♥ ✈❛ ❧❡ ✈♦✐r✱ s❡r❛
❧❡ ♠♦❞è❧❡ ♥♦♥ ♣❡rt✉r❜é ♣♦✉r Hex ❞❛♥s ❧❛ ❧✐♠✐t❡ N ❣r❛♥❞✳ ❖♥ ❞é✜♥✐t ❧❡s ❢♦♥❝t✐♦♥s ❝♦♥t✐♥✉❡s ✿

Ẽv(k) := ε̃v(k) − λ
1√
2π

∑

n1∈Z

Sv(n1)

∫ π

−π
v̂r
eff(k′ − k +

2π

N
n1)dk

′

Ẽc(k) := ε̃c(k) − λ
1√
2π

∑

n1∈Z∗

Sc(n1)

∫ π

−π
v̂r
eff(k′ − k +

2π

N
n1)dk

′

♦ù ε̃v(k)✱ ε̃c(k) s♦♥t ✐❝✐ ❧❡s ❢♦♥❝t✐♦♥s ré❡❧❧❡s ❛♥❛❧②t✐q✉❡s ♦❜t❡♥✉❡s ❡♥ ❢❛✐s❛♥t t❡♥❞r❡ N ✈❡rs ❧✬✐♥✜♥✐✱
❞❛♥s ❧❡ ♣r♦❜❧è♠❡ à ✉♥❡ ♣❛rt✐❝✉❧❡ s✉r ❧❡ ❝❡r❝❧❡ ❞❡ ❧♦♥❣✉❡✉r N ❛✈❡❝ ♣♦t❡♥t✐❡❧ ♣ér✐♦❞✐q✉❡✱ ✭✈♦✐r
r❡♠❛rq✉❡ ✹✳✸✳✼✮✳ ❙♦✐t ❧❛ ❢♦♥❝t✐♦♥

D(k) := Ẽc(k) − Ẽv(k). ✭✹✳✺✹✮

❖♥ ❞é✜♥✐t ❧✬❍❛♠✐❧t♦♥✐❡♥ ✏❝♦♥t✐♥✉✑ ❛❣✐ss❛♥t s✉r Hc = L2((−π, π)) ✿

Hexc := D(k) + λŵ∗, ✭✹✳✺✺✮

♦ù ŵ∗ ❡st ❧✬♦♣ér❛t❡✉r ❞❡ ❝♦♥✈♦❧✉t✐♦♥ ❞é✜♥✐ s✉r L2((−π, π)) ♣❛r

(ŵ∗ψ)(k) :=

∫ π

−π
ŵ(k − k′)ψ(k′)dk′. ✭✹✳✺✻✮

▲✬♦♣ér❛t❡✉r Hexc ❡st ❜♦r♥é ❛✉t♦✲❛❞❥♦✐♥t ❝❛r ♦♥ ❛ ✈❛ ✈♦✐r q✉❡ D ❡st s②♠étr✐q✉❡ ❜♦r♥é ❡t ♦♥ s❛✐t
q✉❡ ŵ∗ ❡st ✉♥ ♦♣ér❛t❡✉r à ♥♦②❛✉ ❛✈❡❝ ❢♦♥❝t✐♦♥ ré❡❧❧❡ ŵ ∈ L2(−π, π)✳ ❖♥ ✐♥tr♦❞✉✐t ❧❡s ♠❛tr✐❝❡s
s✉✐✈❛♥t❡s ✿

Md :=

(
2π
N EG 0

0 2π
N δkk′EG +Hex

)
❡t M̃ :=

(
ẼG 0

0 δkk′ẼG +Hexc

)
,

▲❡ rés✉❧t❛t ♣r✐♥❝✐♣❛❧ ❞❡ ❝❡tt❡ s❡❝t✐♦♥ ❡st ❧❡ s✉✐✈❛♥t ✿

❚❤é♦rè♠❡ ✹✳✸✳✽✳ ❙♦✐t λ > 0 ❡t z t❡❧ q✉❡ z 6= ẼG✱ d(z, σ(δkk′ẼG)) > 0 ❡t d(z, σ(Hexc)) > 0✳ ■❧
❡①✐st❡ N0 > 0 ❡t ❞❡✉① ❝♦♥st❛♥t❡s CG > 0 ❡t C t❡❧s q✉❡ ♣♦✉r N > N0✱ ❛❧♦rs

z ∈ ρ(Md), z ∈ ρ(M̃),

❡t

‖J(Md − z)−1 − (M̃ − z)−1J‖ ≤ 1√
N

(
CG

d(z, σ(δkk′ẼG))2
+

C

d(z, σ(Hexc))2

)
.

❉é♠♦♥str❛t✐♦♥✳ ❖♥ ✉t✐❧✐s❡ ❞✐r❡❝t❡♠❡♥t ❧❡s ♣r♦♣♦s✐t✐♦♥s ✹✳✸✳✶✵ ❡t ✹✳✸✳✶✹✳

❉❛♥s ❧❡ r❡st❡ ❞❡ ❝❡tt❡ s❡❝t✐♦♥ ♦♥ ✈❛ ét❛❜❧✐r ❧❡s ♣r♦♣♦s✐t✐♦♥s ✹✳✸✳✶✵ ❡t ✹✳✸✳✶✹✳ ❖♥ ét❛❜❧✐t
❞✬❛❜♦r❞ ✉♥ ❧❡♠♠❡ ♣ré❧✐♠✐♥❛✐r❡ ❡t ✐♠♣♦rt❛♥t ❝❛r ✐❧ ✈❛ êtr❡ ✉t✐❧✐sé ❞❛♥s ♣❧✉s✐❡✉rs ❞❡s ❡st✐♠❛t✐♦♥s
q✉✐ s✉✐✈❡♥t✳
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▲❡♠♠❡ ✹✳✸✳✾✳ ■❧ ❡①✐st❡ N0 > 0 ❡t q✉❛tr❡ ❝♦♥st❛♥t❡s C1 > 0✱ C2 > 0✱ C3 > 0✱ C4 > 0 t❡❧❧❡s q✉❡

♣♦✉r t♦✉t N > N0✱ 0 < α < 1 ❡t k 6= k′ ∈ [−π, π)✱ kj 6= kl ∈ [−π, π) ∩ 2π
N Z ♦♥ ❛✐t ❧❡s ♣r♦♣r✐étés

s✉✐✈❛♥t❡s ✿

✐✮ ❙✐ |k′ − k| ≤ 2π
N ✿

∣∣χj(k
′)χl(k)

(
v̂r
eff(kj − kl) − v̂r

eff(k′ − k)
)∣∣ ≤

≤ C1(| ln(
2π

N
)| + | ln |k′ − k||)

(
χj(k

′)χj(k) + χj(k
′)χj+1(k) + χj(k

′)χj−1(k)
)
.

✐✐✮ ❙✐ 2π
N < |k′ − k| ≤ 2π

Nα ✿

∣∣χj(k
′)χl(k)

(
v̂r
eff(kj − kl) − v̂r

eff(k′ − k)
)∣∣ ≤ C2χj(k

′)χl(k).

✐✐✐✮ ❙✐ 2π
Nα < |k′ − k + 2π

N n1| ≤ 2π ❛✈❡❝ |n1| ≤ N ✱

∣∣∣∣χj(k
′)χl(k)

(
v̂r
eff(kj − kl +

2π

N
n1) − v̂r

eff(k′ − k +
2π

N
n1)

)∣∣∣∣ ≤ C3
1

N1−α
χj(k

′)χl(k).

✐✈✮ ❙✐ |n1| > N ✱ ♣♦✉r t♦✉t k, k′ ∈ [−π, π) ✿

∣∣∣∣χj(k
′)χl(k)

(
v̂r
eff(kj − kl +

2π

N
n1) − v̂r

eff(k′ − k +
2π

N
n1)

)∣∣∣∣ ≤

≤ 4π

N
χj(k

′)χl(k)C4.

❉é♠♦♥str❛t✐♦♥✳ P♦✉r i)✱ s✐ |kj − kl| > 2π
N ❧✬✐♥é❣❛❧✐té ❡st tr✐✈✐❛❧❡♠❡♥t ✈ér✐✜é❡ s✐♥♦♥ l ♥❡ ♣❡✉t

♣r❡♥❞r❡ q✉❡ ❧❡s ✈❛❧❡✉rs j, j + 1, j − 1✳ ❉✬❛♣rès ❧❡s ♣r♦♣r✐étés ❞❡ v̂r
eff ❞♦♥♥é❡s ❡♥ ❛♥♥❡①❡ ❆✳✶✱ ♣♦✉r

0 < |x| < 1/2 ✐❧ ❡①✐st❡ ✉♥❡ ❝♦♥st❛♥t❡ C1 t❡❧❧❡ q✉❡ |v̂r
eff(x)| ≤ C1| ln |x||✳ ❆❧♦rs ✐❧ ❡①✐st❡ ✉♥ N0 > 0

t❡❧ q✉❡ ♣♦✉r N > N0✱

∣∣χj(k
′)χl(k)

(
v̂r
eff(kj − kl) − v̂r

eff(k′ − k)
)∣∣ ≤

≤ C1(| ln(kj − kl)| + | ln |k′ − k||)
(
χj(k

′)χj(k) + χj(k
′)χj+1(k) + χj(k

′)χj−1(k)
)

≤ C1(| ln(
2π

N
)| + | ln |k′ − k||)

(
χj(k

′)χj(k) + χj(k
′)χj+1(k) + χj(k

′)χj−1(k)
)
.

P♦✉r ii)✱ ♦♥ ✉t✐❧✐s❡ ❧❛ ♣r♦♣r✐été ❞❡ ❧✬❛♥♥❡①❡ ❆✳✶ q✉✐ ❞♦♥♥❡ q✉❡ ♣♦✉r x ❛ss❡③ ♣❡t✐t✱ ✐❧ ❡①✐st❡
✉♥❡ ❝♦♥st❛♥t❡ C2 > 0 t❡❧❧❡ q✉❡ v̂r

eff(x) = C2
2 ln |x| + O(1)✱ ❛❧♦rs

∣∣χj(k
′)χl(k)

(
v̂r
eff(kj − kl) − v̂r

eff(k′ − k)
)∣∣ ≤

≤ χj(k
′)χl(k)

(
C2

2

∣∣ln |kj − kl| − ln |k′ − k|
∣∣+ O(1)

)
✭♣♦✉r N ❛ss❡③ ❣r❛♥❞✮

= χj(k
′)χl(k)

(
C2

2

∣∣∣∣ln |kj − kl

k′ − k
|
∣∣∣∣+ O(1)

)

❖♥ r❡♠❛rq✉❡ q✉❡ ❧✬❤②♣♦t❤ès❡ 2π/N < |k′−k| ❡♥tr❛î♥❡ j 6= l✳ P♦✉r k′ ∈ [kj , kj+1) ❡t k ∈ [kl, kl+1)✱
s♦✐t n := j − l✱ ♣♦✉r n 6= 1

|kj − kl

k′ − k
| = | n2π

N

k′ − kj + n2π
N + kl − k

|

|n|
|n| + 1

< |kj − kl

k′ − k
| < |n|

|n| − 1
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❡t ♣♦✉r ❧❡ ❝❛s n = 1✱ ❝❡❝✐ ✐♠♣❧✐q✉❡ q✉❡ 2π/N < |k − k′| ≤ 2 × 2π/N ❡t ❞♦♥❝

1

2
≤ |kj − kl

k′ − k
| < 1.

❆✐♥s✐✱ ∣∣∣∣ln |kj − kl

k′ − k
|
∣∣∣∣ ≤ ln 2.

❖♥ ♦❜t✐❡♥t ❞♦♥❝

∣∣χj(k
′)χl(k)

(
v̂r
eff(kj − kl) − v̂r

eff(k′ − k)
)∣∣ ≤ χj(k

′)χl(k)(
C2

2
ln 2 + O(1))

≤ C2χj(k
′)χl(k).

P♦✉r iii)✱ ♦♥ ✉t✐❧✐s❡ q✉❡ v̂r
eff ∈ C1 ❡♥ ❞❡❤♦rs ❞❡s s✐♥❣✉❧❛r✐tés✳ ❖♥ s❛✐t q✉❡ |k′ − k| ∈ [−2π, 2π)

❡t ❞❡ ♠ê♠❡ ♣♦✉r |kj − kl|✱ ❞♦♥❝ ❞❛♥s ❧❡ ❝❛s |n1| ≤ N ♦♥ ❛ t♦✉❥♦✉rs ✉♥❡ s✐♥❣✉❧❛r✐té ♣♦✉r ❧❡
♣♦t❡♥t✐❡❧✳ ❖♥ ✉t✐❧✐s❡ ❧❡ t❤é♦rè♠❡ ❞❡s ❛❝❝r♦✐ss❡♠❡♥ts ✜♥✐s ♣♦✉r k′ ∈ [kj , kj+1) ❡t k ∈ [kl, kl+1) ✿

v̂r
eff(k′ − k +

2π

N
n1) = v̂r

eff(kj − kl +
2π

N
n1) +

(
(k′ − k) − (kj − kl)

)
(v̂r

eff)′(k̃′ − k̃ +
2π

N
n1)

♦ù k̃′ ∈ (kj , kj+1)✱ k̃ ∈ (kl, kl+1)✳ ❋✐♥❛❧❡♠❡♥t ♦♥ ✉t✐❧✐s❡ q✉❡ ♣♦✉r 0 < |x| < 4π✱ ♦♥ ♣❡✉t tr♦✉✈❡r
C3 > 0 t❡❧ q✉❡ |(v̂r

eff)′(x)| ≤ C3
4

1
|x| ✭✈♦✐r ❛♥♥❡①❡ ❆✳✶✮✳ ❖♥ ♦❜t✐❡♥t ❧❛ ♠❛❥♦r❛t✐♦♥ s✉✐✈❛♥t❡ ✿

∣∣∣∣χj(k
′)χl(k)

(
v̂r
eff(kj − kl +

2π

N
n1) − v̂r

eff(k′ − k +
2π

N
n1)

)∣∣∣∣ ≤

≤ 2
2π

N
χj(k

′)χl(k) sup
k̃′,k̃

|(v̂r
eff)′(k̃′ − k̃ +

2π

N
n1)|

≤ 2
2π

N
χj(k

′)χl(k) sup
|x|∈( 2π

Nα − 2π
N

,2π)

|(v̂r
eff)′(x)|

≤ 2π

N
χj(k

′)χl(k)
N1+α

N −Nα

1

2π

C3

2
≤ χj(k

′)χl(k)
1

N1−α

1

2π
C3,

♣♦✉r N ❛ss❡③ ❣r❛♥❞✳
P♦✉r |n1| > N ❧❛ ❢♦♥❝t✐♦♥ (v̂r

eff)′ ❡st ❜♦r♥é ♣❛r ✉♥❡ ❝♦♥st❛♥t❡ C4 > 0✱ ❝❡ q✉✐ ❞♦♥♥❡ iv)✳

▲❡ t❡r♠❡ EG ❡t MG

❖♥ ❡st✐♠❡ ❞❛♥s ❝❡tt❡ s♦✉s✲s❡❝t✐♦♥ ❧❛ ❞✐✛ér❡♥❝❡ ❡♥tr❡ ❧❛ rés♦❧✈❛♥t❡ ❛ss♦❝✐é❡ à ❧❛ ♠❛tr✐❝❡ ❞✐❛✲
❣♦♥❛❧❡

MG =

(
EG 0
0 δkk′EG

)
,

❛❣✐ss❛♥t ❞❛♥s ❧✬❡s♣❛❝❡ ❞✐s❝r❡t ℓ2(N + 1) ❡t ❧❛ rés♦❧✈❛♥t❡ ❛ss♦❝✐é à ✉♥ ♦♣ér❛t❡✉r ❛❣✐ss❛♥t ❞❛♥s
❧✬❡s♣❛❝❡ ❝♦♥t✐♥✉ C ⊕ C, L2(−π, π)) q✉❡ ❧✬♦♥ ❞é✜♥✐ ♣❧✉s ❧♦✐♥✳ ❖♥ ✈❛ ✈♦✐r q✉❡ ❧❡ t❡r♠❡ EG q✉✐ ❡st
♣rés❡♥t ❞❛♥s ❧❛ ♣❛rt✐❡ ❞✐❛❣♦♥❛❧❡ ❞❡ M ✱ ❣r❛♥❞✐t ❝♦♠♠❡ N q✉❛♥❞ N t❡♥❞ ✈❡rs ❧✬✐♥✜♥✐✳

❖♥ r❛♣♣❡❧❧❡ q✉❡ EG ❡st ❞é✜♥✐ ❡♥ ✹✳✷✳✸✳ ❖♥ ❞é✜♥✐t ❧❡s ♦♣ér❛t❡✉rs ❞❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ vdg(n1)✱
♣rés❡♥t ❞❛♥s ❧✬❡①♣r❡ss✐♦♥ ❞❡ EG✱ ❛♣♣❧✐q✉é s✉r ✉♥❡ ❢♦♥❝t✐♦♥ ψ ∈ Hd

(vdg(n1)ψ)(km) :=

N
2
−1∑

j,l=−N
2

2π

N
v̂r
eff(kj − kl +

2π

L
n1)ψ(km)
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❡t ❧❡s ♦♣ér❛t❡✉rs ❞❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ vG(n1) s✉r L2([−π, π))✱

(vG(n1)ψ)(k) :=

∫ π

−π

∫ π

−π
v̂r
eff(k′ − k′′ +

2π

L
n1)dk

′′dk′ψ(k)

▲❡s ❢♦♥❝t✐♦♥s ❛ss♦❝✐é❡s à ❝❡s ♦♣ér❛t❡✉rs✱ ❛✉ss✐ ♥♦té❡s vdg(n1) ❡t vG(n1) r❡s♣❡❝t✐✈❡♠❡♥t✱ s♦♥t
❝♦♥st❛♥t❡s✳ ❖♥ é❝r✐t ❞✬❛♣rès ✭✹✳✹✾✮ ❡t ✭✹✳✺✵✮

EG =

N
2
−1∑

j=−N
2

εv(kj) +
1

2

λ√
2π

∑

n1∈Z

Sv(n1)vdg(n1),

ẼG =

∫ π

−π
ε̃v(k)dk +

1

2

λ√
2π

∑

n1∈Z

Sv(n1)vG(n1). ✭✹✳✺✼✮

❙♦✐t ❧❡s ♦♣ér❛t❡✉rs ❛❣✐ss❛♥t s✉r Hd ❡t Hc r❡s♣❡❝t✐✈❡♠❡♥t ✿

MGN := δkk′EG, M̃GN := δkk′ẼG.

❉❛♥s ❧❡ ❞✐❛❣r❛♠♠❡ s✉✐✈❛♥t ♦♥ ❛ ❧❛ ❝♦rr❡s♣♦♥❞❛♥❝❡ ❡♥tr❡ ♣r♦❜❧è♠❡ ❞✐s❝r❡t ❡t ❝♦♥t✐♥✉ ✿

Hd MGN−−−→ Hd

J ↓ ↓ J
Hc

fMGN−−−→ Hc

.

❊♥✜♥ ♦♥ r❛♣♣❡❧❧❡ ❧❛ ❞é✜♥✐t✐♦♥ ❞♦♥♥é❡ ❡♥ ✭✹✳✸✸✮ ❡t ♦♥ ❞é✜♥✐t M̃G

MG =

(
EG 0
0 MGN

)
, M̃G :=

(
ẼG 0

0 M̃GN

)
. ✭✹✳✺✽✮

❖♥ ✈❛ ét❛❜❧✐r ❧❛ ♣r♦♣♦s✐t✐♦♥ s✉✐✈❛♥t❡ ✿

Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✶✵✳ ❙♦✐t λ > 0 ❡t d(z, σ(M̃G)) > 0✱ ✐❧ ❡①✐st❡ N0 > 0 ❡t ✉♥❡ ❝♦♥st❛♥t❡ CG > 0
t❡❧❧❡ q✉❡ ♣♦✉r N > N0✱

z ∈ ρ(
2π

N
MG)

❡t

‖J(
2π

N
MG − z)−1 − (M̃G − z)−1J‖ ≤ 1

N
1
2

CG

d(z, σ(M̃GN ))2
.

❘❡♠❛rq✉❡ ✹✳✸✳✶✶✳ ❈❡ r❡s✉❧t❛t ❡♥tr❛î♥❡ ❧❛ ❝♦♥✈❡r❣❡♥❝❡ ❡♥ ♥♦r♠❡ ❞❡s rés♦❧✈❛♥t❡s ❛ss♦❝✐é❡s à
2πMG/N ❡t M̃G ❝❛r ❧❡s ❧❡♠♠❡s ✹✳✸✳✶✷ ❡t ✹✳✸✳✶✸ ♠♦♥tr❡♥t q✉❡ 2πEG/N ❝♦♥✈❡r❣❡ ✉♥✐❢♦r♠é♠❡♥t
✈❡rs ẼG q✉❛♥❞ N t❡♥❞ ✈❡rs ❧✬✐♥✜♥✐✳

❉é♠♦♥str❛t✐♦♥✳ ❖♥ ❞é✜♥✐t s✉r Hc

W := J
2π

N
MGNJ

∗ − M̃GNJJ
∗

P♦✉r z ∈ C\R✱ ♦♥ ❛

(M̃GN − z)−1WJ(
2π

N
MGN − z)−1 =

= (M̃GN − z)−1

(
J(

2π

N
MGN − z) − (M̃GN − z)J

)
(
2π

N
MGN − z)−1

= (M̃GN − z)−1J − J(
2π

N
MGN − z)−1,
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❝❡ q✉✐ ❡♥tr❛✐♥❡

(M̃GN − z)−1J =
(
(M̃GN − z)−1W + 1

)
J(

2π

N
MGN − z)−1 ✭✹✳✺✾✮

❡t s✐
‖(M̃GN − z)−1W‖ ≤ 1

d(z, M̃GN )
‖W‖ < 1, ✭✹✳✻✵✮

❛❧♦rs ♦♥ ♣❡✉t é❝r✐r❡

(
2π

N
MGN − z)−1 = J∗

(
(M̃GN − z)−1W + 1

)−1
(M̃GN − z)−1J. ✭✹✳✻✶✮

❉✬❛♣rès ❧❡s ❧❡♠♠❡s ✹✳✸✳✶✷ ❡t ✹✳✸✳✶✸✱ ✐❧ ❡①✐st❡ N0 ❡t ✉♥❡ ❝♦♥st❛♥t❡ Cvg > 0 t❡❧s q✉❡ ♣♦✉r N > N0

‖W‖ ≤ 2π

N
sup

k∈[−π,π)
|ε̃′v(k)| +

Cvg

N
1
2

∑

n1∈Z

|Sv(n1)| ≤
CG√
N
.

❊♥ ❡✛❡t✱ ε̃v ❡st ❛♥❛❧②t✐q✉❡ s✉r ✉♥ ❞♦♠❛✐♥❡ ❝♦♠♣❛❝t ❞♦♥❝ ❜♦r♥é ❡t ❡st ✐♥❞é♣❡♥❞❛♥t ❞❡ N ✳ ▲❛
q✉❛♥t✐té Sv ❡st ❜♦r♥é ✉♥✐❢♦r♠é♠❡♥t ❡♥ N ❡t s♦♠♠❛❜❧❡ ♣❛r r❛♣♣♦rt à n1 ❞✬❛♣rès ❧❛ r❡♠❛rq✉❡ ✹✳✷✳✷
❆✐♥s✐ ♣♦✉r d(z, M̃GN ) > 0 ✐❧ ❡①✐st❡ N1 ≥ N0 t❡❧ q✉❡ ❧❛ ❝♦♥❞✐t✐♦♥ ✭✹✳✻✵✮ ❡st ✈r❛✐❡ ♣♦✉r t♦✉t
N ≥ N1✳ ❆❧♦rs ❧❛ r❡❧❛t✐♦♥ ✭✹✳✻✶✮ ❡st ✈r❛✐❡✱ ❝❡ q✉✐ ❡♥tr❛î♥❡ q✉❡ z ∈ ρ(2π

N MGN )✳ ❊♥ r❡♣r❡♥❛♥t ✭✹✳✺✾✮
♦♥ ❛ ✿

(
(M̃GN − z)−1W + 1

)
(M̃GN − z)−1J − (M̃GN − z)−1W (M̃GN − z)−1J =

=
(
(M̃GN − z)−1W + 1

)
J(

2π

N
MGN − z)−1,

❝❡ q✉✐ ❡♥tr❛î♥❡

J(
2π

N
MGN − z)−1 =

= (M̃GN − z)−1J −
(
(M̃GN − z)−1W + 1

)−1
(M̃GN − z)−1W (M̃GN − z)−1J.

❖♥ ❝❤♦✐s✐t N2 ≥ N1✱t❡❧ q✉❡ ♣♦✉r t♦✉t N ≥ N2✱

2


2π

N
sup

k∈[−π,π)
|ε̃′v(k)| +

Cvg

N
1
2

∑

n1∈Z

|Sv(n1)|


 ≤ d(z, M̃GN )

❛❧♦rs ‖(M̃GN − z)−1W‖ ≤ 1/2 ❡t ♦♥ ❛

‖J(
2π

N
MGN − z)−1 − (M̃GN − z)−1J‖ =

= ‖
(
(M̃GN − z)−1W + 1

)−1
(M̃GN − z)−1W (M̃GN − z)−1‖

≤ 2
1

d(z, σ(M̃GN ))2

CG

N
1
2

▲❡♠♠❡ ✹✳✸✳✶✷✳ P♦✉r t♦✉t N ∈ N∗ ♦♥ ❛ ❧✬❡st✐♠❛t✐♦♥ s✉✐✈❛♥t❡

‖
∫ π

−π
ε̃v(k)dkJJ

∗ − J
2π

N

N
2
−1∑

j=−N
2

εv(kj)J
∗‖ ≤2π

N
sup

k∈[−π,π)

∣∣ε̃′v(k)
∣∣ .
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❉é♠♦♥str❛t✐♦♥✳ P♦✉r φ ∈ L2([−π, π))

(

∫ π

−π
ε̃v(k

′)dk′JJ∗ − J
2π

N

N
2
−1∑

j=−N
2

εv(kj)J
∗)φ(k) =

=

∫ π

−π
ε̃v(k

′)dk′
N
2
−1∑

j=−N
2

χj(k)(φ, χj) −
2π

N

N
2
−1∑

j=−N
2

χj(k)

N
2
−1∑

j=−N
2

εv(kj)(J
∗φ)(j)

=

∫ π

−π
φ(k′)

N
2
−1∑

j=−N
2

χj(k)χj(k
′)



∫ π

−π
ε̃v(k

′)dk′ − 2π

N

N
2
−1∑

j=−N
2

εv(kj)


 dk′.

❖♥ ♣❡✉t ✈♦✐r ❝❡t ♦♣ér❛t❡✉r ❝♦♠♠❡ ✉♥ ♦♣ér❛t❡✉r ❞❡ ♥♦②❛✉ ✐♥té❣r❛❧

g(k, k′) :=

N
2
−1∑

j=−N
2

χj(k)χj(k
′)



∫ π

−π
ε̃v(k

′)dk′ − 2π

N

N
2
−1∑

j=−N
2

εv(kj)




q✉✐ ❡st s②♠étr✐q✉❡✳ ▲❛ ♥♦r♠❡ ❙❝❤✉r✲❍♦❧♠❣r❡♥ ❞♦♥♥❡ ✿

‖
∫ π

−π
ε̃v(k)dkJJ

∗ − J

N
2
−1∑

j=−N
2

εv(kj)J
∗‖SH = sup

k

∫ π

−π

∣∣g(k, k′)
∣∣ dk′.

Pr❡♠✐èr❡♠❡♥t✱ ♣✉✐sq✉❡ ε̃v ❡st ❛♥❛❧②t✐q✉❡ ❞♦♥❝ ❝♦♥t✐♥✉❡♠❡♥t ❞✐✛ér❡♥t✐❛❜❧❡✱ ♦♥ ✉t✐❧✐s❡ ❧❡ t❤é♦rè♠❡
❞❡s ❛❝❝r♦✐ss❡♠❡♥ts ✜♥✐s✱

∣∣∣∣∣∣∣

∫ π

−π
ε̃v(k

′)dk′ − 2π

N

N
2
−1∑

j=−N
2

εv(kj)

∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣

N
2
−1∑

j=−N
2

(∫ kj+1

kj

ε̃v(k
′)dk′ − 2π

N
εv(kj)

)∣∣∣∣∣∣∣

≤
N
2
−1∑

j=−N
2

∣∣∣∣∣
1

2

(
2π

N

)2

sup
k̃∈[kj ,kj+1)

|ε̃′v(k̃)|
∣∣∣∣∣

≤ 1

2

(2π)2

N
sup

k∈[−π,π)
|ε̃′v(k)|.

❉❡✉①✐è♠❡♠❡♥t✱ ♦♥ ❛

sup
k

∫ π

−π

∣∣g(k, k′)
∣∣ dk′ ≤ (2π)2

N
sup

k∈[−π,π)
|ε̃′v(k)| sup

k

N
2
−1∑

j=−N
2

χj(k)

∫ π

−π
χj(k

′)dk′

≤ (2π)2

N
sup

k∈[−π,π)
|ε̃′v(k)|,

❞✬♦ù ❧❡ rés✉❧t❛t✳

▲❡♠♠❡ ✹✳✸✳✶✸✳ ■❧ ❡①✐st❡ N0 ❡t ✉♥❡ ❝♦♥st❛♥t❡ Cvg t❡❧s q✉❡ ♣♦✉r t♦✉t N ≥ N0 ♦♥ ❛

sup
n1∈Z

‖J 2π

N
vdg(n1)J

∗ − vG(n1)JJ
∗‖ ≤ Cvg

N
1
2
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❉é♠♦♥str❛t✐♦♥✳ ❖♥ ❛ ♣♦✉r ψ ∈ Hc

(Jvdg(n1)J
∗ψ)(k) =

N
2
−1∑

m=−N
2

χm(k)

N
2
−1∑

j,l=−N
2

2π

N
v̂r
eff(kj − kl +

2π

N
n1)

∫ π

−π
χm(k′)ψ(k′)dk′

=

∫ π

−π

N
2
−1∑

m=−N
2

χm(k)

N
2
−1∑

j,l=−N
2

2π

N
v̂r
eff(kj − kl +

2π

N
n1)χm(k′)ψ(k′)dk′

❡t s✐ ❧✬♦♥ ✐♥tr♦❞✉✐t

f(n1) :=

N
2
−1∑

j,l=−N
2

((
2π

N

)2

v̂r
eff(kj − kl +

2π

N
n1) −

∫ kj+1

kj

∫ kl+1

kl

v̂r
eff(k′ − k′′ +

2π

N
n1)dk

′′dk′
)

=

N
2
−1∑

j,l=−N
2

∫ kj+1

kj

∫ kl+1

kl

(
v̂r
eff(kj − kl +

2π

N
n1) − v̂r

eff(k′ − k′′ +
2π

N
n1)

)
dk′′dk′

♦♥ ♦❜t✐❡♥t

(J
2π

N
vdg(n1)J

∗ψ)(k) − (vG(n1)JJ
∗ψ)(k) =

∫ π

−π

N
2
−1∑

m=−N
2

χm(k)χm(k′)f(n1)ψ(k′)dk′

q✉✐ ❡st ✉♥ ♦♣ér❛t❡✉r à ♥♦②❛✉✳ ❖♥ ❡st✐♠❡ ❧❛ ♥♦r♠❡ ❙❤✉r✲❍♦❧♠❣r❡♥✱

sup
k

∫ π

−π

N
2
−1∑

m=−N
2

χm(k)χm(k′)|f(n1)|dk′ = |f(n1)|

= sup
k′

∫ π

−π

N
2
−1∑

m=−N
2

χm(k)χm(k′)|f(n1)|dk.

❖♥ é❝r✐t f s♦✉s ❧❛ ❢♦r♠❡

f(n1) =
2π

N

N
2
−1∑

j,l=−N
2

∫ kj+1

kj

∫ kl+1

kl

χj(k
′)χl(k)

(
v̂r
eff(kj − kl +

2π

N
n1) − v̂r

eff(k′ − k +
2π

N
n1)

)
dkdk′,

❡t ♦♥ ♣r♦❝è❞❡ ❞❡ ❧❛ ♠❛♥✐èr❡ s✉✐✈❛♥t❡ ✿ ♣♦✉r n1 = 0✱ ♦♥ sé♣❛r❡ ❡♥ tr♦✐s ♣❛rt✐❡s ✿ |k − k′| ≤ 2π
N ✱

2π
N < |k− k′| ≤ 2π

Nα ✱ |k− k′| ≥ 2π
Nα ✳ ❉✬❛♣rès i) ❞✉ ❧❡♠♠❡ ✹✳✸✳✾✱ ♣♦✉r |k− k′| ≤ 2π

N ✱ ✐❧ ❡①✐st❡ N0 t❡❧
q✉❡ ♣♦✉r N > N0

|f(0)| ≤ 2π

N

N
2
−1∑

j=−N
2

l={j−1,j,j+1}

∫ kj+1

kj

∫ kl+1

kl

χj(k
′)χl(k)

(
| ln 2π

N
| + | ln(k′ − k)|

)
dkdk′

≤ 2π

N
N3C1

N

2π

(
2π

N

)2

| ln 2π

N
| + 2π

N

N
2
−1∑

j=−N
2

l={j−1,j,j+1}

∫ kj+1

kj

∫ kl+1

kl

χj(k
′)χl(k)| ln(k′ − k)|dkdk′.
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❖♥ ❛ ♣♦✉r N ❛ss❡③ ♣❡t✐t |k − k′| ≤ 2π
N ≤ 1 ❡t

∫ kj+1

kj

| ln |k′ − k||dk′ = −
∫ kj+1

kj

ln |k′ − k|dk′

= −(kj+1 − k) ln |kj+1 − k| + kj+1 + (kj − k) ln |kj − k| − kj

≤ 2π

N
+

2π

N
| ln |kj+1 − k|| + 2π

N
| ln |kj − k||

❡t s✐ ❧✬♦♥ ✐♥tè❣r❡ ♣❛r r❛♣♣♦rt à k ♦♥ ❡♥ ❞é❞✉✐t

∫ kl+1

kl

∫ kj+1

kj

| ln |k′ − k||dk′dk ≤
(

2π

N

)2

+ 2

(
2π

N

)2

| ln 2π

N
|

❖♥ ♦❜t✐❡♥t ❞♦♥❝ ♣♦✉r |k − k′| ≤ 2π
N

|f(0)| ≤ 6πC1

(
2π

N
+ 3

2π

N
| ln 2π

N
|
)

❉✬❛♣rès ii) ❞✉ ❧❡♠♠❡ ✹✳✸✳✾✱ ♣♦✉r 2π
N < |k − k′| ≤ 2π

Nα ❡t ❡♥ ✉t✐❧✐s❛♥t q✉✬✐❝✐

N
2
−1∑

j,l=−N/2

χl(k)χj(k
′) =

N
2
−1∑

j=−N/2

j+ 2N
Nα∑

l=j− 2N
Nα

χl(k)χj(k
′),

♦♥ ♦❜t✐❡♥t ❞❛♥s ❝❡ ❝❛s

|f(0)| ≤ 2π

N

N

2π

4π

Nα
C22π

≤ 2C2(2π)2
1

Nα
.

❉❡ iii) ❞✉ ❧❡♠♠❡ ✹✳✸✳✾✱ ♣♦✉r |k − k′| ≥ 2π
Nα

|f(0)| ≤ 2π

N
N2 N

2π

(
2π

N

)2 C3

N1−α

≤ (2π)2
C3

N1−α
.

❊t ❞♦♥❝ s✐ ❧✬♦♥ ❝❤♦✐s✐t α = 1/2✱ ♣♦✉r N > N0 ❡t k, k′ ∈ (−π, π)

|f(0)| ≤ 6πC1

(
2π

N
+ 3

2π

N
| ln 2π

N
|
)

+ (2C2 + C3)(2π)2
1

N
1
2

.

P♦✉r ❧❡s ❝❛s ♦ù n1 6= 0✱ ♦♥ ♣r♦❝è❞❡ ❞❡ ❧❛ ♠ê♠❡ ♠❛♥✐èr❡✱ ❝✬❡st✲à✲❞✐r❡ q✉❡ ❧✬♦♥ ❞é❝♦✉♣❡
❧✬✐♥té❣r❛❧❡ ❡♥ tr♦✐s ♣❛rt✐❡s✱ ❧❛ s❡✉❧❡ ❞✐✛ér❡♥❝❡ ❡st q✉❡ ❧❛ s✐♥❣✉❧❛r✐té ♥✬❡st ♣❛s ❡♥ ③ér♦ ♠❛✐s ❡♥
2πn1/N ✳ ❖♥ ♦❜t✐❡♥t ❧❛ ♠ê♠❡ ❜♦r♥❡ q✉❡ ♣♦✉r n1 = 0 ♣♦✉r ❧✬❡st✐♠❛t✐♦♥ ❞❡ ❧❛ ❞✐✛ér❡♥❝❡ ❞❡s
♣♦t❡♥t✐❡❧s✳

▲❛ ♣❛rt✐❡ ✏❡①❝✐t♦♥✑

❖♥ ✈❛ ♠❛✐♥t❡♥❛♥t ét✉❞✐❡r ❧❡ t❡r♠❡ Hex✳ ❖♥ r❛♣♣❡❧❧❡ ❧✬❍❛♠✐❧t♦♥✐❡♥ ❛❣✐ss❛♥t ❞❛♥s Hd

Hex = Dd(kl) + λŵd∗ ✭✹✳✻✷✮
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♦ù Dd ❡st ✉♥ ♦♣ér❛t❡✉r ❞❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❞é✜♥✐ ❡♥ ✭✹✳✸✺✮ ❡t ❧❡ ♣♦t❡♥t✐❡❧ ❡st ✉♥ ♦♣ér❛t❡✉r ❞❡
❝♦♥✈♦❧✉t✐♦♥ ❞é✜♥✐ ❡♥ ✭✹✳✺✸✮✳ ❖♥ r❛♣♣❡❧❧❡ ❧✬❍❛♠✐❧t♦♥✐❡♥ ❛❣✐ss❛♥t ❞❛♥s Hc

Hexc = D(k) + λŵ∗, ✭✹✳✻✸✮

♦ù D ❡st ❧✬♦♣ér❛t❡✉r ❞❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❞é✜♥✐ ❡♥ ✭✹✳✺✹✮ ❡t ŵ∗ ❡st ❧✬♦♣ér❛t❡✉r ❞❡ ❝♦♥✈♦❧✉t✐♦♥ ❞é✜♥✐
❡♥ ✭✹✳✺✻✮✳ ▲❡ ♣r✐♥❝✐♣❛❧ rés✉❧t❛t ❞❡ ❝❡tt❡ s♦✉s✲s❡❝t✐♦♥ ❡st ❧❡ s✉✐✈❛♥t ✿

Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✶✹✳ ❙♦✐t z ∈ ρ(Hexc)✱ ✐❧ ❡①✐st❡ N1(z) > 0 ❡t ✉♥❡ ❝♦♥st❛♥t❡ C > 0 t❡❧s q✉❡ ♣♦✉r

t♦✉t N > N1(z)✱

z ∈ ρ(Hex)

❡t

‖J(Hex − z)−1 − (Hexc − z)−1J‖ ≤ C
1

N
1
2

1

d(z, σ(Hexc))2
.

❖♥ ét❛❜❧✐t ❞✬❛❜♦r❞ q✉❡❧q✉❡s ♣r♦♣r✐étés ❞❡ ❧❛ ❢♦♥❝t✐♦♥ D q✉✐ s❡r♦♥t ✉t✐❧❡s ♣❛s ❧❛ s✉✐t❡ ✿

▲❡♠♠❡ ✹✳✸✳✶✺✳ ❖♥ ❛ ❧❡s ♣r♦♣r✐étés s✉✐✈❛♥t❡s ✿

✐✮ ▲❛ ❢♦♥❝t✐♦♥ D ❡st ❝♦♥t✐♥✉❡ s✉r [−π, π]✱ ❞♦♥❝ ❜♦r♥é❡✳

✐✐✮ P♦✉r N ✜①é ❡t ♣♦✉r t♦✉t n > 0✱ ❧❛ ❞ér✐✈é❡ n✲✐è♠❡ ❞❡ D ❡st ❝♦♥t✐♥✉❡ s✉r [−π/N, π/N ]✳
✐✐✐✮ P♦✉r N ✜①é✱ λ0 > 0 ❛ss❡③ ♣❡t✐t ❡t ♣♦✉r t♦✉t λ < λ0✱ ❧❛ ❢♦♥❝t✐♦♥ D ❡st ♣♦s✐t✐✈❡ ❡t

♣♦ssè❞❡ ✉♥ ♠✐♥✐♠✉♠ ❡♥ ③ér♦✳ ▲❛ ❢♦♥❝t✐♦♥ (D −D(0)) s❡ ❝♦♠♣♦rt❡ ❝♦♠♠❡ ✉♥❡ ❢♦♥❝t✐♦♥

q✉❛❞r❛t✐q✉❡ ❛✉t♦✉r ❞❡ ③ér♦ ✉♥✐❢♦r♠❡♠❡♥t ❡♥ λ✱ ❝✬❡st✲à✲❞✐r❡ q✉✬✐❧ ❡①✐st❡ 0 < k0 < 2π/N
❡t ❞❡✉① ❝♦♥st❛♥t❡s ✐♥❞é♣❡♥❞❛♥t❡s ❞❡ λ ✿ cd1, cd2 > 0 t❡❧❧❡s q✉❡ ❧✬♦♥ ❛ ♣♦✉r |k| ≤ k0✱

cd1k
2 ≤ D(k) −D(0) ≤ cd2k

2✳

❉é♠♦♥str❛t✐♦♥✳ D ❡st ❝♦♠♣♦sé❡ ❞❡ ❞❡✉① ♣❛rt✐❡s ✿
✕ ❯♥❡ ♣❛rt✐❡ q✉✐ ❡st ❧❛ ❞✐✛ér❡♥❝❡ ε̃c − ε̃v✱ ✐♥❞é♣❡♥❞❛♥t❡ ❞❡ N ❡t λ✱ ❡t q✉✐ ❡st ❛♥❛❧②t✐q✉❡ s✉r

[−π, π] ❞✬❛♣rès ❧❛ r❡♠❛rq✉❡ ✹✳✸✳✼✳
✕ ❯♥❡ ♣❛rt✐❡ ♣♦t❡♥t✐❡❧❧❡ ❝♦♥t❡♥❛♥t ❧❛ s♦♠♠❡

V(k) :=
∑

n1∈Z

(Sv(n1) − Sc(n1))ṽ(k, n1) ✭✹✳✻✹✮

♦ù Sv, Sc s♦♥t ❞❡s ❢♦♥❝t✐♦♥s s♦♠♠❛❜❧❡s ❞✬❛♣rès ❧❛ r❡♠❛rq✉❡ ✹✳✷✳✷✳
▲❡ ♣r❡♠✐èr❡ ♣❛rt✐❡ ♥❡ ♣♦s❡ ♣❛s ❞❡ ♣r♦❜❧è♠❡✱ ♦♥ ✈❛ ❞♦♥❝ ❡①❛♠✐♥❡r ❧❛ ♣❛rt✐❡ ♣♦t❡♥t✐❡❧❧❡✳ ❖♥ ❞é✜♥✐t

ṽ(k, n1) =

∫ π

−π
v̂r
eff(k′ − k +

2π

N
n1)dk

′

=

∫ π−k+ 2π
N

n1

−π−k+ 2π
N

n1

v̂r
eff(x)dx,

q✉✐ ❡st ❜✐❡♥ ❞é✜♥✐❡ ❝❛r v̂r
eff ❡st ✐♥té❣r❛❜❧❡ ❧♦❝❛❧❡♠❡♥t s✉r R✳ P♦✉r ❧❛ ❝♦♥t✐♥✉✐té✱ s♦✐t p, q ∈ [−π, π)✱

ṽ(p, n1) − ṽ(q, n1) =

∫ −π−q+ 2π
N

n1

−π−p+ 2π
N

n1

v̂r
eff(x)dx+

∫ π−p+ 2π
N

n1

π−q+ 2π
N

n1

v̂r
eff(x)dx

=

∫ p−q

0
v̂r
eff(X − π − p+

2π

N
n1)dX +

∫ q−p

0
v̂r
eff(X + π − q +

2π

N
n1)dX,
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❡t ❡♥ ✉t✐❧✐s❛♥t ❧✬✐♥é❣❛❧✐té ❞❡ ❈❛✉❝❤②✲❙❝❤✇❛r③

|
∫ p−q

0
v̂r
eff(X − π − p+

2π

N
n1)dX|2 ≤ |p− q| ·

∫ p−q

0
|v̂r

eff(X − π − p+
2π

N
n1)|2dX

≤ |p− q| ·
∫

R

|v̂r
eff(X)|2dX

❡t ❝♦♠♠❡ v̂r
eff ❡st ❞❡ ❝❛rré s♦♠♠❛❜❧❡ s✉r R✱ ✈♦✐r ❛♥♥❡①❡ ❆✳✶✱ ❝❡❝✐ t❡♥❞ ✈❡rs ③ér♦ q✉❛♥❞ p t❡♥❞

✈❡rs q✱ ✉♥✐❢♦r♠é♠❡♥t ❡♥ n1✳ ❖♥ r❛♣♣❡❧❧❡ q✉❡ D ❝♦♥t✐❡♥t ❧✬❡①♣r❡ss✐♦♥ ✭✹✳✻✹✮ ♦ù Sv(n1), Sc(n1)
s♦♥t ❞❡s ❢♦♥❝t✐♦♥s s♦♠♠❛❜❧❡s ❞✬❛♣rès ❧❛ r❡♠❛rq✉❡ ✹✳✷✳✷✳ D ❡st ❞♦♥❝ ❝♦♥t✐♥✉❡✳

P♦✉r ii)✱ ♦♥ ✈❛ ✉t✐❧✐s❡r ✉♥❡ ❛✉tr❡ ❡①♣r❡ss✐♦♥ ♣♦✉r V :

V(k) =
∑

n1∈Z

(Sv(n1) − Sc(n1))ṽ(k, n1)

=
∑

n1>0

(Sv(n1) − Sc(n1)) (ṽ(k, n1) + ṽ(k,−n1)) + (Sv(0) − Sc(0))ṽ(k, 0)

=
∑

n1>0

n1 6=N/2

(Sv(n1) − Sc(n1)) (ṽ(k, n1) + ṽ(k,−n1)) + (Sv(0) − Sc(0))ṽ(k, 0)+

+ (Sv(
N

2
) − Sc(

N

2
))

∫ 2π−k

−2π−k
v̂r
eff(x)dx,

❝❛r Sv ❡t Sc s♦♥t ❞❡s ❢♦♥❝t✐♦♥s ♣❛✐r❡s ❡t

ṽ(k,N/2) + ṽ(k,−N/2) =

∫ 2π−k

−k
v̂r
eff(x)dx+

∫ −k

−2π−k
v̂r
eff(x)dx =

∫ 2π−k

−2π−k
v̂r
eff(x)dx.

❖♥ ✈❛ ❞♦♥♥❡r ✉♥❡ ❡①♣r❡ss✐♦♥ ♣♦✉r ❧❛ ❞ér✐✈é❡ n✲✐è♠❡ ❞❡ V✱ n ≥ 1✳ ❙❛❝❤❛♥t q✉❡ ❧❛ ❢♦♥❝t✐♦♥ v̂r
eff

❡st C∞ s✉r R∗✱ ✈♦✐r ❛♥♥❡①❡ ❆✳✶✱ ♦♥ ♣❡✉t é❝r✐r❡ ♣♦✉r t♦✉t n1 ∈ Z ❡t ♣♦✉r k 6= −π + 2πn1
N ✱

k 6= π + 2πn1
N ✿

ṽ(n)(k, n1) = (−1)n

[
(v̂r

eff)(n−1)(π − k +
2π

N
n1) − (v̂r

eff)(n−1)(−π − k +
2π

N
n1)

]
,

❡t ❞♦♥❝ ṽ(n)(·, n1) ❡st C∞ ♣♦✉r k /∈
{

2π
N m

}
m∈Z

✳ ❈❡❝✐ ❡st ✈r❛✐ ✉♥✐❢♦r♠❡♠❡♥t ❡♥ n1 ∈ Z\ {±N/2}✱
❝❛r ♣♦✉r t♦✉t k /∈

{
2π
N m

}
m∈Z

❡t −π//N ≤ h ≤ π/N ♦♥ ❛

|(v̂r
eff)(n−1)(−π − k − h+

2π

N
n1) − (v̂r

eff)(n−1)(−π − k +
2π

N
n1)| ≤ |

∫ k+h

k
|(v̂r

eff)(n)(−π +
2π

N
n1 − u)|du|

≤ h · sup
|u|≤ π

N

|(v̂r
eff)(n)(−π +

2π

N
n1 − u)|

≤ h · |(v̂r
eff)(n)(

π

N
)|, ✭✹✳✻✺✮

❡♥ ❡✛❡t✱ |v̂r
eff)(n)| ❡st ❝r♦✐ss❛♥t❡ s✉r R+ ❡t ❞é❝r♦✐ss❛♥t❡ s✉r R− ✭✈♦✐r ❛♥♥❡①❡ ❆✳✶✮ ❡t ♣♦✉r n1 6= N/2

♦♥ ❛

| − π +
2π

N
n1| ≥

2π

N
, ❡t ❞♦♥❝ | − π +

2π

N
n1 − u| ≥

∣∣∣∣| − π +
2π

N
n1| − |u|

∣∣∣∣ ≥
π

N
.



✶✵✷ ❈❍❆P■❚❘❊ ✹✳ ❍❆▼■▲❚❖◆■❊◆ ❆❱❊❈ ■◆❚❊❘❆❈❚■❖◆ ❊◆❚❘❊ ➱▲❊❈❚❘❖◆❙

❈♦♠♠❡ Sv ❡t Sc s♦♥t ❞❡s ❢♦♥❝t✐♦♥s s♦♠♠❛❜❧❡s✱ ♦♥ ♣❡✉t ❞♦♥❝ é❝r✐r❡ ♣♦✉r k ∈ [−π/N, π/N ] ❡t
k 6= 0

V(n)(k) =
∑

n1>0

n1 6=N/2

(Sv(n1) − Sc(n1))
(
ṽ(n)(k, n1) + ṽ(n)(k,−n1)

)
+ (Sv(0) − Sc(0))ṽ(n)(k, 0)+

+ (−1)n(Sv(
N

2
) − Sc(

N

2
))
(
(v̂r

eff)(n−1)(2π − k) − (v̂r
eff)(n−1)(2π + k)

)
. ✭✹✳✻✻✮

❖♥ ✈❛ ♠❛✐♥t❡♥❛♥t ♠♦♥tr❡r q✉❡ V(n) ❡st ❛✉ss✐ ❝♦♥t✐♥✉❡ ❛✉ ♣♦✐♥t k = 0✳ s♦✐t k ∈ [−π/N, π/N ] ❡t
n1 6= N/2 ❛❧♦rs ❡♥ ✉t✐❧✐s❛♥t ❧❡s ♠ê♠❡s ❛r❣✉♠❡♥ts q✉❡ ♣♦✉r ✭✹✳✻✺✮ ♦♥ ❛

|(v̂r
eff)(n−1)(−π − k +

2π

N
n1) − (v̂r

eff)(n−1)(−π +
2π

N
n1)| ≤ |

∫ k

0
|(v̂r

eff)(n)(−π +
2π

N
n1 − u)|du|

≤ |k| · sup
|u|≤ π

N

|(v̂r
eff)(n)(−π +

2π

N
n1 − u)|

≤ |k| · |(v̂r
eff)(n)(

π

N
)|, ✭✹✳✻✼✮

❖♥ ❡♥ ❝♦♥❝❧✉t q✉❡ ❧❡ ♣❡♠✐❡r t❡r♠❡ ❞❡ ✭✹✳✻✻✮ ❡st ❝♦♥t✐♥✉ s✉r [−π/N, π/N ]✳ ▲❡s s❡❝♦♥❞ ❡t tr♦✐s✐è♠❡
t❡r♠❡s s♦♥t ❛✉ss✐ ❝♦♥t✐♥✉s s✉r ❝❡t ✐♥t❡r✈❛❧❧❡✱ V(n) ❡st ❞♦♥❝ ❝♦♥t✐♥✉❡✱ ❝❡ q✉✐ ❡♥tr❛✐♥❡ ❧❛ ❝♦♥t✐♥✉✐té
❞❡ D(n)✳

P♦✉r iii)✱ ❞✬❛♣rès ❧✬❤②♣♦t❤ès❡ I) ❞❡ ❧❛ s❡❝t✐♦♥ ✹✳✷✳✶✱ ♦♥ ❛ q✉❡ ε̃c(k)−ε̃v(k) ❡st ♣♦s✐t✐✈❡✱ ♣♦ssè❞❡
✉♥ ♠✐♥✐♠✉♠ ❡♥ ③ér♦ ❡t s❡ ❝♦♠♣♦rt❡ ❛✉t♦✉r ❞❡ ③ér♦ ❝♦♠♠❡

ε̃c(k) − ε̃v(k) = ε̃c(0) − ε̃v(0) +
k2

2
(ε̃c

′′(0) − ε̃v
′′(0)) + O(k3)

❛✈❡❝ (ε̃c
′′(0)− ε̃v

′′(0)) > 0✳ ❉✬❛♣rès ❧❡s ♣r♦♣r✐étés ❞❡ ṽ q✉❡ ❧✬♦♥ ✈✐❡♥t ❞❡ ✈♦✐r✱ ♦♥ ♣❡✉t é❝r✐r❡ ♣♦✉r
|k| ≤ π/N ❡t ♣♦✉r t♦✉t n1 6= ±N/2

ṽ(k, n1) = ṽ(0, n1) + kṽ′(0, n1) +
k2

2
ṽ′′(0, n1) + f(k, n1)

♦ù f ❡st ✉♥❡ ❢♦♥❝t✐♦♥ q✉❡ ❧✬♦♥ ♣❡✉t ♠❛❥♦r❡r ♣❛r

|f(k, n1)| ≤ |k3| sup
|p|< π

N

|ṽ′′′(p, n1)| ≤ |k3|CN

❛✈❡❝ CN > 0✱ ✐♥❞é♣❡♥❞❛♥t ❞❡ n1✱ ❞✬❛♣rès ✭✹✳✻✼✮✳ P♦✉r λ ❛ss❡③ ♣❡t✐t✱ ❝♦♠♠❡ ♦♥ ❛

sup
n1

|ṽ(0, n1)| ≤ sup
n1

∫ π+n1
2π
N

−π+n1
2π
N

|v̂r
eff(x)|dx =

∫ π

−π
|v̂r

eff(x)|dx,

❛❧♦rs

λ√
2π

|
∑

n1∈Z

(Sv(n1) − Sc(n1))ṽ(0, n1)| ≤
λ√
2π

sup
n1

|ṽ(0, n1)|
∑

n1∈Z

|Sv(n1) − Sc(n1)| ≤ ε̃c(0) − ε̃v(0)

❡t ❞♦♥❝ D(0) > 0✳ ❈♦♠♠❡ v̂r
eff ❡st ♣❛✐r❡✱ ṽ′(0, n1) = 0 q✉❡❧ q✉❡ s♦✐t n1 ❡t D′(0) = 0✳ P♦✉r λ

❛ss❡③ ♣❡t✐t ♦♥ ❛ ❛✉ss✐

λ√
2π

|
∑

n1>0

n1 6=N/2

(Sv(n1) − Sc(n1))ṽ
′′(0, n1)| ≤

λ√
2π

sup
n1>0

n1 6=N/2

|ṽ′′(0, n1)|
∑

n1>0

n1 6=N/2

|Sv(n1) − Sc(n1)|

≤ ε̃c
′′(0) − ε̃v

′′(0)
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❛❧♦rs D′′(0) > 0✳ ❊♥✜♥✱ ♣♦✉r k ∈ [−π/N, π/N ]

D(k) −D(0) = D′′(0)k2 + g(k, λ)

❛✈❡❝
|g(k, λ)| ≤ |k3| sup

|k|≤ π
N

|D′′′(k)|

❡t
|D′′′(k)| ≤ |ε̃c′′′(k) − ε̃v

′′′(k)| + λ|V ′′′(k)|.
▲❛ ❢♦♥❝t✐♦♥ g ❡st ❞♦♥❝ ❜♦r♥é❡ ✉♥✐❢♦r♠é♠❡♥t ❡♥ λ ♣r✐s ❞❛♥s ✉♥ ❝♦♠♣❛❝t q✉❡❧❝♦♥q✉❡ ❞✬❛♣rès ❝❡
q✉❡ ❧✬♦♥ ❛ ✈✉ ❡♥ ii)✳ P♦✉r λ < λ0 ❛ss❡③ ♣❡t✐t ♦♥ ♣❡✉t é❝r✐r❡

∣∣∣∣
D(k) −D(0)

k2
−D′′(0)

∣∣∣∣ ≤
|g(k, λ)|
k2

≤ ck,

❛✈❡❝ c > 0 ✐♥❞é♣❡♥❞❛♥t ❞❡ λ✳ ■❧ ❡①✐st❡ ❞♦♥❝ k0 > 0 ❡t cd1, cd2 > 0 t❡❧s q✉❡ ♣♦✉r t♦✉t |k| ≤ k0 ♦♥
❛

cd1k
2 ≤ D(k) −D(0) ≤ cd2k

2,

❛✈❡❝ cd1 ≤ D′′(0) − ck0 ❡t cd2 ≤ D′′(0) + ck0✳

Pr❡✉✈❡ ❞❡ ❧❛ ♣r♦♣♦s✐t✐♦♥ ✹✳✸✳✶✹✳ ❖♥ ❞é✜♥✐t s✉r Hc

W := J(Hex − z)J∗ − (Hexc − z)JJ∗ = JHexJ
∗ −HexcJJ

∗.

P♦✉r t♦✉t z ∈ ρ(Hexc) ∩ ρ(Hex)✱ ♦♥ ❛ s✉r Hd

(Hexc − z)−1J − J(Hex − z)−1 = (Hexc − z)−1WJ(Hex − z)−1

(Hexc − z)−1J =
(
(Hexc − z)−1W + 1

)
J(Hex − z)−1 ✭✹✳✻✽✮

❡t s✐
‖(Hexc − z)−1W‖ < 1, ✭✹✳✻✾✮

❛❧♦rs ♦♥ ♣❡✉t é❝r✐r❡

(Hex − z)−1 = J∗ ((Hexc − z)−1W + 1
)−1

(Hexc − z)−1J. ✭✹✳✼✵✮

▲❡s ❧❡♠♠❡s ✹✳✸✳✶✼ ❡t ✹✳✸✳✶✽ ♠♦♥tr❡♥t q✉❡ ❧❛ ❝♦♥❞✐t✐♦♥ ✭✹✳✻✾✮ ❡st s❛t✐s❢❛✐t❡ ♣♦✉r z ∈ ρ(Hexc) ❡t
N ❛ss❡③ ❣r❛♥❞ ❝❛r ✐❧ ❡①✐st❡ N0(z) > 0 ❡t C > 0 t❡❧s q✉❡ ♣♦✉r t♦✉t N ≥ N0(z)

‖(Hexc − z)−1W‖ ≤ ‖(Hexc − z)−1‖ · ‖W‖ ≤ 1

d(z, σ(Hexc))

C

N
1
2

.

❆❧♦rs ♣♦✉r t♦✉t z ∈ ρ(Hexc)✱ s✐ N ≥ N0(z)✱ ❧❛ r❡❧❛t✐♦♥ ✭✹✳✼✵✮ ❡st ✈r❛✐❡ ❡t ❡♥ r❡♣r❡♥❛♥t ✹✳✻✽

(
(Hexc − z)−1W + 1

)
(Hexc − z)−1J − (Hexc − z)−1W (Hexc − z)−1J =

=
(
(Hexc − z)−1W + 1

)
J(Hex − z)−1,

❝❡ q✉✐ ❡♥tr❛î♥❡

J(Hex − z)−1 = (Hexc − z)−1J −
(
(Hexc − z)−1W + 1

)−1
(Hexc − z)−1W (Hexc − z)−1J.
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❙✐ ♦♥ ❛
2C

N
1
2

< d(z, σ(Hexc))

❛❧♦rs ‖(Hexc − z)−1W‖ ≤ 1/2✱ z ∈ ρ(Hex) ❡t ♦♥ ❛ s✉r Hc

‖J(Hex − z)−1 − (Hexc − z)−1J‖ =‖
(
(Hexc − z)−1W + 1

)−1
(Hexc − z)−1W (Hexc − z)−1‖

≤2
1

d(z, σ(Hexc))2
C

N
1
2

.

❖♥ ♠♦♥tr❡ ❞✬❛❜♦r❞ ✿

▲❡♠♠❡ ✹✳✸✳✶✻✳ P♦✉r t♦✉t n1 ∈ Z ❡t k ∈ [−π, π) ∩ 2π
N Z✱ s♦✐t

vI(k, n1) :=
2π

N

N
2
−1∑

j=−N
2

v̂r
eff(

2π

N
j − k +

2π

N
n1).

■❧ ❡①✐st❡ N0 > 0 ❡t ✉♥❡ ❝♦♥st❛♥t❡ C > 0 t❡❧s q✉❡ ♣♦✉r t♦✉t N > N0✱

sup
n1

‖JvI(·, n1)J
∗ − ṽ(·, n1)JJ

∗‖ ≤ C
1√
N
.

❉é♠♦♥str❛t✐♦♥✳ ❙♦✐t ψ ∈ Hc✱

(JvI(·, n1)J
∗ψ)(k) =

N
2
−1∑

l=−N
2

χl(k)
2π

N

N
2
−1∑

j=−N
2

v̂r
eff(kj − kl +

2π

N
n1)

∫ π

−π
χl(k

′)ψ(k′)dk′

=

∫ π

−π

N
2
−1∑

l=−N
2

χl(k)χl(k
′)

2π

N

N
2
−1∑

j=−N
2

v̂r
eff(kj − kl +

2π

N
n1)ψ(k′)dk′

❡t

(ṽJJ∗ψ)(k) =

∫ π

−π
v̂r
eff(k′′ − k +

2π

N
n1)dk

′′
N
2
−1∑

l=−N
2

χl(k)

∫ π

−π
χl(k

′)ψ(k′)dk′

=

∫ π

−π

N
2
−1∑

l=−N
2

χl(k)χl(k
′)
∫ π

−π
v̂r
eff(k′′ − k +

2π

N
n1)dk

′′ψ(k′)dk′

❞♦♥❝ JvI(·, n1)J
∗ − ṽJJ∗ ❡st ✉♥ ♦♣ér❛t❡✉r ✐♥t❡❣r❛❧ ❛✈❡❝ ♥♦②❛✉ ✐♥t❡❣r❛❧ f(k, k′) ✿

f(k, k′) =

N
2
−1∑

l=−N
2

χl(k)χl(k
′)


2π

N

N
2
−1∑

j=−N
2

v̂r
eff(kj − kl +

2π

N
n1) −

∫ π

−π
v̂r
eff(k′′ − k +

2π

N
n1)dk

′′




=

N
2
−1∑

l=−N
2

χl(k)χl(k
′)

N
2
−1∑

j=−N
2

∫ kj+1

kj

(
v̂r
eff(kj − kl +

2π

N
n1) − v̂r

eff(k′′ − k +
2π

N
n1)

)
dk′′
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❖♥ ❡st✐♠❡ ❧✬♦♣ér❛t❡✉r ♣❛r ❧❛ ♥♦r♠❡ ❙❝❤✉r✲❍♦❧♠❣r❡♥ ✿

‖JvI(·, n1)J
∗ − ṽ(·, n1)JJ

∗‖2
SH = sup

k

∫ π

−π

∣∣f(k, k′)
∣∣ dk′ · sup

k′

∫ π

−π

∣∣f(k, k′)
∣∣ dk.

❛✈❡❝

sup
k

∫ π

−π
|f(k, k′)|dk′ ≤

≤ sup
k

N
2
−1∑

l=−N
2

χl(k)

∫ π

−π
χl(k

′)dk′
N
2
−1∑

j=−N
2

∫ kj+1

kj

∣∣∣∣v̂r
eff(kj − kl +

2π

N
n1) − v̂r

eff(k′′ − k +
2π

N
n1)

∣∣∣∣ dk′′

= sup
k

√
2π

N

N
2
−1∑

l=−N
2

χl(k)

N
2
−1∑

j=−N
2

∫ kj+1

kj

∣∣∣∣v̂r
eff(kj − kl +

2π

N
n1) − v̂r

eff(k′′ − k +
2π

N
n1)

∣∣∣∣ dk′′

= sup
k

2π

N

N
2
−1∑

l=−N
2

χl(k)

N
2
−1∑

j=−N
2

∫ kj+1

kj

χj(k
′′)

∣∣∣∣v̂r
eff(kj − kl +

2π

N
n1) − v̂r

eff(k′′ − k +
2π

N
n1)

∣∣∣∣ dk′′

✭✹✳✼✶✮

❡t

sup
k′

∫ π

−π
|f(k, k′)|dk ≤ sup

k′

N
2
−1∑

l=−N
2

χl(k
′)

N
2
−1∑

j=−N
2

∫ kl+1

kl

dk

∫ kj+1

kj

dk′′χl(k)χj(k
′′)×

×
∣∣∣∣v̂r

eff(kj − kl +
2π

N
n1) − v̂r

eff(k′′ − k +
2π

N
n1)

∣∣∣∣
√

2π

N
✭✹✳✼✷✮

P♦✉r n1 = 0✱ ♦♥ ❝♦✉♣❡ ❧✬✐♥té❣r❛❧❡ ❡♥ tr♦✐s ♣❛rt✐❡s ✿ |k′′ − k| ≤ 2π
N ✱ 2π

N < |k′′ − k| ≤ 2π
Nα ❡t

|k′′ − k| ≥ 2π
Nα ♦ù 0 < α < 1✳ P♦✉r ❧❛ ♣r❡♠✐èr❡ ♣❛rt✐❡✱ ❞✬❛♣rès ❧❡ ❧❡♠♠❡ ✹✳✸✳✾ ✿

∣∣χj(k
′′)χl(k)

(
v̂r
eff(kj − kl) − v̂r

eff(k′′ − k)
)∣∣ ≤

≤ C1(| ln(
2π

N
)| + | ln |k′′ − k||)

(
χj(k

′′)χj(k) + χj(k
′′)χj+1(k) + χj(k

′′)χj−1(k)
)

❡t ♣✉✐sq✉❡ |k′′ − k| ≤ 2π
N ✱

sup
k

N
2
−1∑

l=−N
2

N
2
−1∑

j=−N
2

χl(k)χj(k
′′) = sup

k

(
χl(k)χl(k

′′) + χl(k)χl+1(k
′′) + χl(k)χl−1(k

′′)
)

= 3

√
N

2π

√
N

2π
.

❉✬❛✉tr❡ ♣❛rt✱ ♦♥ ❛ ♣♦✉r N ❛ss❡③ ♣❡t✐t |k − k′′| ≤ 2π
N ≤ 1 ❡t

∫ kj+1

kj

| ln |k′′ − k||dk′′ = −
∫ kj+1

kj

ln |k′′ − k|dk′′

= −(kj+1 − k) ln |kj+1 − k| + kj+1 + (kj − k) ln |kj − k| − kj

≤ 2π

N
+

2π

N
| ln |kj+1 − k|| + 2π

N
| ln |kj − k||
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❡t s✐ ❧✬♦♥ ✐♥tè❣r❡ ♣❛r r❛♣♣♦rt à k ♦♥ ❡♥ ❞é❞✉✐t
∫ kl+1

kl

∫ kj+1

kj

| ln |k′ − k||dk′dk ≤
(

2π

N

)2

+ 2

(
2π

N

)2

| ln 2π

N
|

❖♥ ♦❜t✐❡♥t ❞♦♥❝ ♣♦✉r |k′′ − k| ≤ 2π
N

sup
k

∫ π

−π
|f(k, k′)|dk′ ≤ 3C1

(
2π

N
+ 3

2π

N
| ln(

2π

N
)|
)
.

❉❡ ❧❛ ♠ê♠❡ ♠❛♥✐èr❡

sup
k′

∫ π

−π
|f(k, k′)|dk =

= sup
k′

N
2
−1∑

l,j=−N
2

χl(k
′)χj(k

′′)
∫ kl+1

kl

dk

∫ kj+1

kj

∣∣∣∣v̂r
eff(kj − kl +

2π

N
n1) − v̂r

eff(k′′ − k +
2π

N
n1)

∣∣∣∣ dk′′

≤ 3C1

(
2π

N
+ 3

2π

N
| ln(

2π

N
)|
)
.

P♦✉r ❧❛ ♣❛rt✐❡ ♦ù 2π
N < |k′′ − k| ≤ 2π

Nα ❝❡❝✐ ✐♠♣❧✐q✉❡ ♣♦✉r k ∈ [kl, kl+1) ❡t k′′ ∈ [kj , kj+1) ✿

|kl − kj | = |kl − k + k − k′′ + k′′ − kj | ≤
4π

N
+

2π

Nα

❞♦♥❝ ♣♦✉r N ❛ss❡③ ❣r❛♥❞✱ |kl − kj | ≤ 4π
Nα ❡t ❛❧♦rs l − 2N

Nα ≤ j ≤ l + 2N
Nα ❡t ♦♥ ♣❡✉t r❡♠♣❧❛❝❡r

❞❛♥s ✭✹✳✼✷✮

sup
k′

∫ π

−π
|f(k, k′)|dk =

≤ sup
k′

N
2
−1∑

l=−N
2

χl(k
′)

l+E( 2N
Nα )∑

j=l−E( 2N
Nα )

∫ kl+1

kl

dk

∫ kj+1

kj

dk′′χl(k)χj(k
′′)×

×
∣∣∣∣v̂r

eff(kj − kl +
2π

N
n1) − v̂r

eff(k′′ − k +
2π

N
n1)

∣∣∣∣
√

2π

N
. ✭✹✳✼✸✮

■❧ ❡①✐st❡ N0 > 0 t❡❧ q✉❡ ♣♦✉r N > N0✱ ❞✬❛♣rès ❧❡ ❧❡♠♠❡ ✹✳✸✳✾
∣∣χj(k

′′)χl(k)
(
v̂r
eff(kj − kl) − v̂r

eff(k′′ − k)
)∣∣ ≤ C2χj(k

′′)χl(k)

❡t ♦♥ ♣❡✉t é❝r✐r❡

sup
k′

∫ π

−π
|f(k, k′)|dk ≤

≤ sup
k′

N
2
−1∑

l=−N
2

χl(k
′)

l+E( 2N
Nα )∑

j=l−E( 2N
Nα )

∫ kl+1

kl

dk

∫ kj+1

kj

dk′′χl(k)χj(k
′′)C2

√
2π

N

≤ sup
k′

N
2
−1∑

l=−N
2

χl(k
′)

l+E( 2N
Nα )∑

j=l−E( 2N
Nα )

2π

N
C2

√
2π

N
≤ sup

k′

N
2
−1∑

l=−N
2

χl(k
′)(

4N

Nα
+ 1)

2π

N
C2

√
2π

N

≤
√
N

2π
(
4N

Nα
+ 1)

2π

N
C2

√
2π

N
≤ (

4

Nα
+

1

N
)C2
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❖♥ ❛ ❛✉ss✐ ❡♥ ✉t✐❧✐s❛♥t ✭✹✳✼✶✮

sup
k

∫ π

−π
|f(k, k′)|dk′ ≤ sup

k

2π

N

N
2
−1∑

l=−N
2

l+E( 2N
Nα )∑

j=l−E( 2N
Nα )

∫ kj+1

kj

χl(k)χj(k
′′)C2dk

′′

≤ (
4

Nα
+

1

N
)C2.

P♦✉r ❧❡ ❝❛s |k′′ − k| ≥ 2π
Nα ✱ ❡♥ ✉t✐❧✐s❛♥t iii) ❞✉ ❧❡♠♠❡ ✹✳✸✳✾ q✉✐ ❞♦♥♥❡ ❧❛ r❡❧❛t✐♦♥ ✿

∣∣∣∣χj(k
′)χl(k)

(
v̂r
eff(kj − kl +

2π

N
n1) − v̂r

eff(k′ − k +
2π

N
n1)

)∣∣∣∣ ≤ C3
1

N1−α
χj(k

′)χl(k),

❛✈❡❝ ✭✹✳✼✶✮ ❡t ✭✹✳✼✸✮✱ ♦♥ ♦❜t✐❡♥t

sup
k

∫ π

−π
|f(k, k′)|dk′ ≤ 1

N1−α
2C3, sup

k

∫ π

−π
|f(k, k′)|dk′ ≤ 1

N1−α
2C3.

❖♥ ❝❤♦✐s✐t α = 1
2 ✱ ❝❡❧❛ ❞♦♥♥❡ ✿

‖JvI(·, 0)J∗ − ṽ(·, 0)JJ∗‖ ≤ 3C1

(
2π

N
+ 3

2π

N
| ln(

2π

N
)|
)

+
8πC2

N
1
2

+
1

N
1
2

2C3.

P♦✉r ❧❡ ❝❛s ♦ù n1 6= 0✱ ♦♥ ♣r♦❝è❞❡ ❞❡ ❧❛ ♠ê♠❡ ♠❛♥✐èr❡✱ ❝✬❡st✲à✲❞✐r❡ q✉❡ ❧✬♦♥ ❞é❝♦✉♣❡ ❧✬✐♥té❣r❛❧❡
❡♥ tr♦✐s ♣❛rt✐❡s✱ ❧❛ s❡✉❧❡ ❞✐✛ér❡♥❝❡ ❡st q✉❡ ❧❛ s✐♥❣✉❧❛r✐té ♥✬❡st ♣❛s ❡♥ ③ér♦ ♠❛✐s ❡♥ 2πn1/N ✳ ❖♥
♦❜t✐❡♥t ❧❛ ♠ê♠❡ ❜♦r♥❡ q✉❡ ♣♦✉r n1 = 0 ♣♦✉r ❧✬❡st✐♠❛t✐♦♥ ❞❡ ❧❛ ❞✐✛ér❡♥❝❡ ❞❡s ♣♦t❡♥t✐❡❧s✳

▲❡♠♠❡ ✹✳✸✳✶✼✳ P♦✉r λ ✜①é✱ ✐❧ ❡①✐st❡ N0 > 0 ❡t CD > 0 t❡❧s q✉❡ ♣♦✉r t♦✉t N ≥ N0✱

‖D(k)JJ∗ − JDd(kj)J
∗‖Hc ≤ CD√

N
.

❉é♠♦♥str❛t✐♦♥✳ ❖♥ ✈❛ ❞✬❛❜♦r❞ ❞é❝♦♠♣♦s❡r ❡♥ tr♦✐s ♣❛rt✐❡s

‖D(k)JJ∗ − JDd(kj)J
∗‖Hc ≤‖ (ε̃c(k) − ε̃v(k))JJ

∗ − J (εc(kj) − εv(kj))J
∗‖+

+ λ
∑

n1∈Z

|Sv(n1) + Sc(n1)| · ‖JvI(·, n1)J
∗ − ṽ(·, n1)JJ

∗‖

+ ‖Jf(N,λ)J∗‖ ✭✹✳✼✹✮

♦ù

f(N,λ) := −λ
∑

n1∈Z∗

∑

m1,m2∈Z

ûv(m1)ûc(m1 + n1)ûc(m2)ûv(m2 − n1)

√
2π

N
v̂L(m1 −m2 + n1)

❡st ✉♥ t❡r♠❡ ✐♥❞é♣❡♥❞❛♥t ❞❡ k q✉✐ ❡st ♠❛❥♦ré ♣❛r ✿

|f(N,λ)| ≤ Cλ
2π

N
| ln(

2π

N
)|

❛✈❡❝ C > 0✱ ✐♥❞é♣❡♥❞❛♥t ❞❡N ❡t λ✳ ❊♥ ❡✛❡t✱ ❞✬❛♣rès ❧❛ ❢♦r♠✉❧❡ ✭✹✳✾✮✱ ❡♥ ✉t✐❧✐s❛♥t ❧❡s ♣r♦r♣✐étés ❞❡
vr
eff ❞♦♥♥é❡s à ❧✬❛♥♥❡①❡ ❆✳✶✱ ♦♥ ♣❡✉t ♠❛❥♦r❡r v̂L ♣❛r | ln(2π/N)| ❡t ❡♥ ✉t✐❧✐s❛♥t ❧❛ r❡♠❛rq✉❡ ✹✳✷✳✷

♦♥ ♦❜t✐❡♥t ❧❛ ♠❛❥♦r❛t✐♦♥ s✉r f ✳ ▲❡ ❞❡r♥✐❡r t❡r♠❡ ❞❡ ✭✹✳✼✹✮ ❡st ❞♦♥❝ ♠❛❥♦ré ♣❛r ❧✬❡st✐♠❛t✐♦♥
❝✐✲❞❡ss✉s ❝❛r ‖JJ∗‖ ≤ 1✳
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P♦✉r ❧❡ ♣r❡♠✐❡r t❡r♠❡ ❞❡ ✭✹✳✼✹✮✱ s✐ ♦♥ ♥♦t❡ ✿

g(k) := ε̃c(k) − ε̃v(k), gd(kj) := εc(kj) − εv(kj),

♦♥ ❛ ♣♦✉r φ ∈ Hc

(g(k)JJ∗ − Jgd(kj)J
∗)φ(k) =g(k)

N
2
−1∑

j=−N
2

χj(k)(φ, χj) −
N
2
−1∑

j=−N
2

χj(k)gd(kj)(J
∗φ)(j)

=g(k)

N
2
−1∑

j=−N
2

χj(k)(φ, χj) −
N
2
−1∑

j=−N
2

χj(k)gd(kj)(φ, χj)

=

N
2
−1∑

j=−N
2

χj(k)(φ, χj) (g(k) − gd(kj)) ,

❡t ❝♦♠♠❡ ε̃c ❡t ε̃v s♦♥t ❛♥❛❧②t✐q✉❡s✱ g′ ❡st ❜♦r♥é ✉♥✐❢♦r♠é♠❡♥t ❡♥ N ❡t ❡♥ ✉t✐❧✐s❛♥t ❧❡ t❤é♦rè♠❡
❞❡s ❛❝❝r♦✐ss❡♠❡♥t ✜♥✐s ✿

‖ (ε̃c(k) − ε̃v(k))JJ
∗ − J (εc(kj) − εv(kj))J

∗‖ ≤ 2π

N
sup

p∈[−π,π)
|ε̃′c(p) − ε̃′v(p)| · ‖JJ∗‖

≤ 2π

N
· const.

P♦✉r ❧❡ ❞❡✉①✐è♠❡ t❡r♠❡ ❞❡ ✭✹✳✼✹✮✱ ♦♥ ✈❛ ✉t✐❧✐s❡r ❧❡ ❧❡♠♠❡ ♣ré❝❡❞❡♥t q✉✐ ❞♦♥♥❡

sup
n1

‖JvI(·, n1)J
∗ − ṽ(·, n1)JJ

∗‖ ≤ C1
1√
N
,

♦ù C1 > 0 ❡t ❝♦♠♠❡ |Sv + Sc| ❡st s♦♠♠❛❜❧❡✱ ♦♥ ♦❜t✐❡♥t ❧❡ rés✉❧t❛t ❞✉ ❧❡♠♠❡✳

▲❡♠♠❡ ✹✳✸✳✶✽✳ ■❧ ❡①✐st❡ N0 > 0 ❡t Cv > 0 t❡❧s q✉❡ ♣♦✉r t♦✉t N ≥ N0✱

‖ŵ∗ − Jŵd∗J
∗‖ ≤2Cv

2π

N
1
2

.

❉é♠♦♥str❛t✐♦♥✳ P♦✉r φ ∈ Hd

(ŵ∗ − Jŵd∗J
∗)φ(k) =

=

∫ π

−π
ŵ(k − k′)φ(k′)dk′ −

N
2
−1∑

l=−N
2

χl(k)

N
2
−1∑

j=−N/2

j 6=l

2π

N
ŵ(kl − kj)

∫ π

−π
φ(k′)χj(k

′)dk′

=

∫ π

−π
ŵ(k − k′)φ(k′)dk′ −

∫ π

−π

N
2
−1∑

l=−N
2

χl(k)

N
2
−1∑

j=−N/2

j 6=l

2π

N
ŵ(kl − kj)χj(k

′)φ(k′)dk′.

❈❡❝✐ ❡st ✉♥ ♦♣ér❛t❡✉r ✐♥té❣r❛❧ ❛✈❡❝ ♥♦②❛✉ s②♠étr✐q✉❡ ✿

f(k, k′) := ŵ(k − k′) − 2π

N

N
2
−1∑

l,j=−N/2

l 6=j

χl(k)χj(k
′)ŵ(kl − kj). ✭✹✳✼✺✮
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❡t ♣✉✐sq✉❡
∑N

2
−1

l=−N
2

χl(k) =
√

N
2π ✱

ŵ(k − k′) =

N
2
−1∑

l=−N
2

χl(k)

N
2
−1∑

j=−N
2

χj(k
′)

2π

N
ŵ(k − k′)

❖♥ ♣❡✉t é❝r✐r❡

f(k, k′) =
2π

N

N
2
−1∑

l,j=−N/2

l 6=j

χl(k)χj(k
′)(ŵ(k − k′) − ŵ(kl − kj)).

❖♥ ✈❛ ❡st✐♠❡r s❛ ♥♦r♠❡ ❙❝❤✉r✲❍♦❧♠❣r❡♥ ✿

‖ŵ∗ − Jŵd∗J
∗‖SH = sup

k

∫ π

−π

∣∣f(k, k′)
∣∣ dk′. ✭✹✳✼✻✮

▲❛ ❢♦♥❝t✐♦♥ ŵ ❡st ✉♥❡ s♦♠♠❡ ❞❡ t❡r♠❡s ❝♦♥t❡♥❛♥t v̂r
eff ❡t ♦♥ ❞♦✐t ét✉❞✐❡r

sup
k

∫ π

−π
|2π
N

N
2
−1∑

l,j=−N/2

l 6=j

χl(k)χj(k
′)
∑

n1∈Z

|̂uv|2(n1)̂|uc|2(n1)

×
∣∣∣∣v̂r

eff

(
k − k′ +

2π

N
n1

)
− v̂r

eff

(
kl − kj +

2π

N
n1

)∣∣∣∣ dk′ ≤

≤
∑

n1∈Z

|̂uv|2(n1)̂|uc|2(n1)×

× sup
n1

sup
k

∫ π

−π

2π

N

N
2
−1∑

l,j=−N/2

l 6=j

χl(k)χj(k
′)

∣∣∣∣v̂r
eff

(
k − k′ +

2π

N
n1

)
− v̂r

eff

(
kl − kj +

2π

N
n1

)∣∣∣∣ dk′.

❈❡tt❡ q✉❛♥t✐té ❡st ✜♥✐❡ ❝❛r ❧❛ s♦♠♠❡ s✉r n1 ❡st ✜♥✐❡✱ ✈♦✐r r❡♠❛rq✉❡ ✹✳✷✳✷ ❡t ❝♦♠♠❡ ♦♥ ✈❛ ❧❡ ✈♦✐r
❝✐✲❞❡ss♦✉s✱ ❧✬✐♥té❣r❛❧❡ s✉r k′ ❡t ❧❡ s✉♣r❡♠✉♠ s✉r k ❡t n1 s♦♥t ❛✉ss✐ ✜♥✐s✳ P♦✉r ♠♦♥tr❡r ❝❡❧❛ ♦♥ ✈❛
ét✉❞✐❡r

sup
n1

sup
k

∫ π

−π
|2π
N

N
2
−1∑

l,j=−N/2

l 6=j

χl(k)χj(k
′)

∣∣∣∣v̂r
eff

(
k − k′ +

2π

N
n1

)
− v̂r

eff

(
kl − kj +

2π

N
n1

)∣∣∣∣ dk′ =

= sup
n1

sup
K∈[−π+

2πn1
N

,π+
2πn1

N
)

∫ π

−π

2π

N

N
2
−1+n1∑

l=−N
2

+n1

N
2
−1∑

j=−N/2

l 6=j

χl(K)χj(k
′)
∣∣v̂r

eff

(
K − k′

)
− v̂r

eff (kl − kj)
∣∣ dk′

❖♥ ❞é✜♥✐t

g(k, k′, n1) :=
2π

N

N
2
−1+n1∑

l=−N/2+n1

N
2
−1∑

j=−N/2

l 6=j

χl(k)χj(k
′)(v̂r

eff(k − k′) − v̂r
eff(kl − kj)).

❙✐ n1 ≤ N ✱ ❧❛ ❢♦♥❝t✐♦♥ g(·, ·, n1) ♣♦ssè❞❡ ✉♥❡ s✐♥❣✉❧❛r✐té ❧♦❣❛r✐t❤♠✐q✉❡✳ ❉❛♥s ❝❡ ❝❛s✱ ♦♥ ❝♦✉♣❡ ❧❡
❞♦♠❛✐♥❡ ❡♥ tr♦✐s ♣❛rt✐❡s ✿ 0 < |k − k′| ≤ 2π

N ✱ 2π
N < |k − k′| ≤ 2π

Nα ❡t 2π
Nα < |k − k′| ♦ù 0 < α < 1
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❡t ♦♥ ✈❛ ✉t✐❧✐s❡r ❧❡ ❧❡♠♠❡ ✹✳✸✳✾✳ ❖♥ ♥♦t❡ ❧❛ ❢♦♥❝t✐♦♥ g r❡str❡✐♥t❡ ❛✉① ❞♦♠❛✐♥❡s ❝✐✲❞❡ss✉s g0✱ g1✱
g2 r❡s♣❡❝t✐✈❡♠❡♥t✳ ❖♥ ❞és✐❣♥❡ ❧✬♦♣ér❛t❡✉r ❛ss♦❝✐é ♣❛r ❧❡ ♠ê♠❡ s②♠❜♦❧❡✳ P♦✉r ❧❛ ♣❛rt✐❡ ❛✉t♦✉r
❞❡ ③ér♦✱ 0 < |k − k′| ≤ 2π

N ✱ ❞❡ i) ❞✉ ❧❡♠♠❡ ✹✳✸✳✾ ✐❧ ❡①✐st❡ N0 ❡t C1 t❡❧s q✉❡ ♣♦✉r N > N0 ♦♥ ❛ ✿

|g0(k, k′, n1)| ≤
2π

N
C1

(
| ln(

2π

N
)| + | ln |k − k′||

)(
χj(k)χj(k

′) + χj+1(k)χj(k
′) + χj−1(k)χj(k

′)
)
.

❉✬✉♥❡ ♣❛rt ❧✬✐♥té❣r❛❧❡ ❞♦♥♥❡
∫ π

−π
(| ln(

2π

N
)| + | ln |k′ − k||)

(
χj(k

′)χj(k) + χj(k
′)χj+1(k) + χj(k

′)χj−1(k)
)
dk′ =

=

√
N

2π
(χj(k) + χj+1(k) + χj−1(k))

∫ kj+1

kj

(| ln(
2π

N
)| + | ln |k′ − k||)dk′

❖♥ ❛ ♣♦✉r N ❛ss❡③ ♣❡t✐t ✿ |k − k′| ≤ 2π
N ≤ 1 ❡t

∫ kj+1

kj

| ln |k′ − k||dk′ = −
∫ kj+1

kj

ln |k′ − k|dk′

= −(kj+1 − k) ln |kj+1 − k| + kj+1 + (kj − k) ln |kj − k| − kj

≤ 2π

N
+ |(kj+1 − k) ln |kj+1 − k|| + |(kj − k) ln |kj − k||.

❊t ❞✬❛✉tr❡ ♣❛rt ♣♦✉r ❧❡ s✉♣r❡♠✉♠✱ ❧❛ ❢♦♥❝t✐♦♥ |x lnx| ❡st ❝r♦✐ss❛♥t❡ ♣♦✉r x ∈ [0, 1/e] ❡t ♣♦✉r N
❛ss❡③ ♣❡t✐t ✿ |k − k′| ≤ 2π/N ≤ 1/e✱ ❛❧♦rs ♦♥ ❛ ❧✬❡st✐♠❛t✐♦♥ ✿

sup
k

∫ kj+1

kj

| ln |k′ − k||dk′ ≤ 2π

N
+ 2

2π

N
| ln 2π

N
|.

❖♥ ♦❜t✐❡♥t ❞♦♥❝

sup
k

∫ π

−π
|g0(k, k′, n1)|dk′ ≤ 3C1

(
2π

N
+ 3

2π

N
| ln(

2π

N
)|
)

❖♥ ♦❜t✐❡♥t ❧❛ ♣r❡♠✐èr❡ ❡st✐♠❛t✐♦♥ ✿

‖g0‖SH ≤ 3C1

(
2π

N
+ 3

2π

N
| ln(

2π

N
)|
)
. ✭✹✳✼✼✮

P♦✉r ❧❛ ♣❛rt✐❡ 2π
N < |k − k′| ≤ 2π

Nα ✱ ♦♥ ❛ χj(k)χj(k
′) = 0 ♣✉✐sq✉❡ ❝✬❡st ❧✬✐♥t❡r✈❛❧❧❡ [kj , kj+1)

❡t s✐ k ❛♣♣❛rt✐❡♥t à ❝❡❧✉✐✲❝✐✱ k′ ♥❡ ♣❡✉t ♣❛s✱ ❞♦♥❝ |kl − kj | ≥ 2π/N ✳ ❆✉ss✐ ♦♥ ❛

|kl − kj | = |kl − k + k − k′ + kj − k′| ≤ 4π

N
+

2π

Nα

P♦✉r N ❛ss❡③ ❣r❛♥❞✱ |kl − kj | ≤ 4π
Nα ❝❡ q✉✐ ✐♠♣❧✐q✉❡

N
2
−1+n1∑

l=−N/2+n1

N
2
−1∑

j=−N/2

χl(k)χj(k
′) =

N
2
−1+n1∑

l=−N/2+n1

l+ 2N
Nα∑

j=l− 2N
Nα

χl(k)χj(k
′),

❡t

sup
k

∫ π

−π

N
2
−1+n1∑

l=−N/2+n1

l+ 2N
Nα∑

j=l− 2N
Nα

χl(k)χj(k
′)dk′ =

√
N

2π

4π

Nα

√
N

2π
,
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❊♥ ✉t✐❧✐s❛♥t ii) ❞✉ ❧❡♠♠❡ ✹✳✸✳✾✱ ♣♦✉r N > N0

sup
k

∫ π

−π

2π

N
|

N
2
−1+n1∑

l=−N/2+n1

N
2
−1∑

j=−N/2

l 6=j

χl(k)χj(k
′)(v̂r

eff(k − k′) − v̂r
eff(kl − kj))|dk′

≤ 2π

N
C2

N

2π

4π

Nα

≤ 4π

Nα
C2.

❆✐♥s✐
‖g1‖SH ≤ 4π

Nα
C2.

❋✐♥❛❧❡♠❡♥t✱ ♦♥ ❛rr✐✈❡ à ❧❛ ❞❡r♥✐èr❡ ♣❛rt✐❡ ♦ù |k − k′| ≥ 2π
Nα ✳ P♦✉r N > N0✱ ❞✬❛♣rès iii) ❞✉

❧❡♠♠❡ ✹✳✸✳✾

sup
k

∫ π

−π
|2π
N

N
2
−1+n1∑

l=−N/2+n1

N
2
−1∑

j=−N/2

l 6=j

χl(k)χj(k
′)(v̂r

eff(k − k′) − v̂r
eff(kl − kj))|dk′ ≤

≤ C3
1

N1−α
sup

k

∫ π

−π
|2π
N

N
2
−1+n1∑

l=−N/2+n1

N
2
−1∑

j=−N/2

l 6=j

χl(k)χj(k
′)|dk′

≤ C3
2π

N1−α

❖♥ ♣❡✉t ❞♦♥❝ ❝♦♥❝❧✉r❡

‖g2‖SH ≤ 2πC3
Nα

N
.

❚♦✉t❡s ❝❡s ❡st✐♠❛t✐♦♥s s♦♥t ✈❛❧❛❜❧❡s ♣♦✉r n1 ≤ N ♠❛✐s ❛✉ss✐ ♣♦✉r n1 > N ♦ù g0 ❡t é✈❡♥t✉❡❧❧❡♠❡♥t
g1 s♦♥t é✈❛❧✉é❡s tr✐✈✐❛❧❡♠❡♥t✳ ❖♥ ❛ ❞♦♥❝ ✉♥❡ ❜♦r♥❡ ♣♦✉r g ✐♥❞é♣❡♥❞❛♥t❡ ❞❡ n1 ❡t ✜♥❛❧❡♠❡♥t✱
♣♦✉r N > N0 ✐❧ ❡①✐st❡ ✉♥❡ ❝♦♥st❛♥t❡ C > 0 t❡❧❧❡ q✉❡✱

‖ŵ∗ − Jŵd∗J
∗‖SH ≤ C

(
3C1

(
2π

N
+ 3

2π

N
| ln(

2π

N
)|
)

+
4π

Nα
C2 + C3

2π

N1−α

)

❖♥ ♣❡✉t ❝❤♦✐s✐r α = 1/2✳

✹✳✹ ❈♦♥❝❧✉s✐♦♥

❖♥ ❛✱ ❞❛♥s ❝❡tt❡ ♣❛rt✐❡✱ ❡ss❛②é ❞✬♦❜t❡♥✐r ❞❡s ✐♥❢♦r♠❛t✐♦♥s s✉r ❧❡ s♣❡❝tr❡ ❞❡ ❧✬♦♣ér❛t❡✉r H0✱
❧✬❍❛♠✐❧t♦♥✐❡♥ à N é❧❡❝tr♦♥s ❞❛♥s ✉♥ ♣♦t❡♥t✐❡❧ ♣ér✐♦❞✐q✉❡ ❛✈❡❝ ✐♥t❡r❛❝t✐♦♥ ❢❛✐❜❧❡ ❡♥tr❡ é❧❡❝tr♦♥s✳
❖♥ ❛ s✉♣♣♦sé✱ ❝♦♠♠❡ ❧❡s ♣❤②s✐❝✐❡♥s✱ q✉❡ ❧✬✐♥t❡r❛❝t✐♦♥ ❡♥tr❡ é❧❡❝tr♦♥s✱ q✉✐ ❡st ✈✉❡ ❝♦♠♠❡ ✉♥❡
♣❡t✐t❡ ♣❡rt✉r❜❛t✐♦♥✱ ❡st s✉✣s❛♠♠❡♥t ❢❛✐❜❧❡ ♣♦✉r q✉❡ ❧✬♦♥ ♣✉✐ss❡ ❞é❝r✐r❡ ❧❡ s②stè♠❡ ❡♥ ✉t✐❧✐s❛♥t
✉♥❡ ♣❛rt✐❡ ❞❡ ❧❛ ❜❛s❡ ♣r♦♣r❡ ❞✉ ♠♦❞è❧❡ ♥♦♥ ♣❡rt✉r❜é s❛♥s ❝♦♠♠❡ttr❡ ✉♥❡ ❡rr❡✉r tr♦♣ ✐♠♣♦rt❛♥t❡✳
❖♥ ❛ ❞♦♥❝ ❢❛✐t ❧❡ ❝❤♦✐① ❞❡ ré❞✉✐r❡ ❧✬❡s♣❛❝❡ ❞❡s ét❛ts ❛✉① s❡✉❧s ét❛ts ❞❡ ♣❧✉s ❜❛ss❡ é♥❡r❣✐❡ ❞✉ ♠♦❞è❧❡
♥♦♥ ♣❡rt✉r❜é✱ ❝❡✉① ❝♦rr❡s♣♦♥❞❛♥ts à ✉♥ s❡✉❧ é❧❡❝tr♦♥ ❞❛♥s ❧❛ ❜❛♥❞❡ ❞❡ ❝♦♥❞✉❝t✐♦♥ ❡t ✉♥ tr♦✉
❞❛♥s ❧❛ ❜❛♥❞❡ ❞❡ ✈❛❧❡♥❝❡✳ ▲❛ ré❞✉❝t✐♦♥ ❞✬❡s♣❛❝❡ ♣❡r♠❡t ❞✬♦❜t❡♥✐r ❧❛ ❝♦♥tr✐❜✉t✐♦♥ ❞❡s ❡①❝✐t♦♥s
❛✉ s♣❡❝tr❡ ❞❡ H0✱ ❝✬❡st✲à✲❞✐r❡ ❧❛ ❝❛r❛❝tér✐s❛t✐♦♥ ❞❡ ❝❡rt❛✐♥❡s ✈❛❧❡✉rs ♣r♦♣r❡s ♣❛rt✐❝✉❧✐èr❡s ❞❛♥s
✉♥❡ ré❣✐♦♥ ❞✉ s♣❡❝tr❡ ❞❡ H0✱ q✉✐ ♥❡ s♦♥t ♣❛s ♣rés❡♥t❡s ❞❛♥s ❧❡ ❝❛s ❞✉ ♠♦❞è❧❡ ♥♦♥ ♣❡rt✉r❜é✳ ❈❡
s♦♥t ❝❡s ✈❛❧❡✉rs ♣r♦♣r❡s q✉✐ ✐♥tér❡ss❡♥t ❧❡s ♣❤②s✐❝✐❡♥s✳ ❆♣rès ❝❡tt❡ ré❞✉❝t✐♦♥ ❧✬ét✉❞❡ ❞✉ s♣❡❝tr❡
❞❡ H0 ❡st ré❞✉✐t❡ à ❧✬ét✉❞❡ ❞✉ s♣❡❝tr❡ ❞❡ M ❞é✜♥✐❡ ❡♥ ✭✹✳✶✹✮✳
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t t t t tt t

❄❅❅❘❄ ✲

��✠

E2E1E0

N fEG
N fEG + α0

N fEG + α1 N fEG + D(0)

❋✐❣✳ ✹✳✷ ✕ ❘❡❧❛t✐♦♥ ❡♥tr❡ ❧❡s s♣❡❝tr❡s ❞❡ ❧❛ ♠❛tr✐❝❡ M ❡t ❞❡ ❧✬♦♣ér❛t❡✉r Hexc✳ ẼG✱ D(0) ❡t γn

❞é♣❡♥❞❡♥t ❞❡ λ✳

❖♥ ❛ ❡♥s✉✐t❡ ❛♣♣❧✐q✉é ❧❛ t❤é♦r✐❡ ❞❡ ♣❡rt✉r❜❛t✐♦♥ ♣r❡♠✐èr❡♠❡♥t ♣♦✉r ✉♥❡ ✐♥t❡r❛❝t✐♦♥ ❢❛✐❜❧❡
❡♥tr❡ é❧❡❝tr♦♥s ❡t ❞❡✉①✐è♠❡♠❡♥t ♣♦✉r ✉♥ ❣r❛♥❞ ♥♦♠❜r❡ ❞✬é❧❡❝tr♦♥s✳ ❙♦✐t {En(λ,N)}N+1

n=0 ❧❡s ✈❛✲
❧❡✉rs ♣r♦♣r❡s ❞❡ ❧❛ ♠❛tr✐❝❡ M ✱ ❡t s♦✐t {γn(λ,N)}N

n=0 ❧❡s ✈❛❧❡✉rs ♣r♦♣r❡s ❞❡ Hex ❞é✜♥✐ ❡♥ ✭✹✳✸✸✮✳
❖♥ ❛ ♦❜t❡♥✉✱ ♣♦✉r λ ❛ss❡③ ♣❡t✐t✱ ❛✉ t❤é♦rè♠❡ ✹✳✸✳✸✱ ❞❡s ✐♥❢♦r♠❛t✐♦♥s ✐♠♣♦rt❛♥t❡s s✉r ❧✬é❧♦✐❣♥❡✲
♠❡♥t ❡♥tr❡ ❝❡s ✈❛❧❡✉rs ♣r♦♣r❡s✳ ❖♥ ❛ ✈✉ q✉❡ ❧❡✉rs s♣❡❝tr❡s ét❛✐❡♥t ❡♥tr❡❧❛❝és✱ ❡t ♦♥ ♣❡✉t é❝r✐r❡
♣♦✉r t♦✉t ❡♥t✐❡r n ∈ [1, N + 1]

E0(λ,N) = EG −O(λ2),

En(λ,N) = EG + γn−1(λ,N) + O(λ2),

❛✈❡❝ EG ❞é♣❡♥❞❛♥t ❞❡ λ ❞♦♥t ♦♥ ♣❡✉t tr♦✉✈❡r ✉♥❡ ❡①♣r❡ss✐♦♥ ❛✉ ❧❡♠♠❡ ✹✳✷✳✸✳
▲❛ ❞❡✉①✐è♠❡ ♣❛rt✐❡ ❞♦♥♥❡ ✉♥❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ MG +Mex✱ ❞é✜♥✐ ❡♥ ✭✹✳✸✸✮✱ ♣♦✉r ✉♥ ❣r❛♥❞

♥♦♠❜r❡ ❞❡ ♣❛rt✐❝✉❧❡s✳ ❈❡❝✐ ❡st ❞♦♥♥é ♣❛r ❧❡ t❤é♦rè♠❡ ✹✳✸✳✽ q✉✐ st✐♣✉❧❡ q✉❡ ♣♦✉r N ❣r❛♥❞✱ s✐ ♦♥
❞é♥♦t❡ ♣❛r αn(λ,N) ❧❡s ✈❛❧❡✉rs ♣r♦♣r❡s ❞❡ Hexc ❞é✜♥✐ ❡♥ ✭✹✳✺✺✮✱ ♦♥ ♣❡✉t é❝r✐r❡

EG = NẼG + O(N1/2)

γn(λ,N) = αn(λ,N) + O(N1/2).

❛✈❡❝ ẼG ✐♥❞é♣❡♥❞❛♥t ❞❡ N ❡t ❝♦♠♣♦rt❛♥t ✉♥ t❡r♠❡ ♣r✐♥❝✐♣❛❧ ✐♥❞é♣❡♥❞❛♥t ❞❡ λ✱ ♣♦✉r λ ♣❡t✐t✳
❖♥ ♣❡✉t ❝♦♥❝❧✉r❡ ❝❡ ❝❤❛♣✐tr❡ ❡♥ ❞♦♥♥❛♥t ❧❡ ♣r✐♥❝✐♣❛❧ rés✉❧t❛t ♦❜t❡♥✉ ✿ ♣♦✉r λ s✉✣s❛♠♠❡♥t ♣❡t✐t
❡t N s✉✣s❛♠♠❡♥t ❣r❛♥❞✱

E0(λ,N) = NẼG −O(
λ2

√
N

),

En(λ,N) = NẼG + αn−1(λ,N) + O(
λ2

√
N

),

❝❡ s♣❡❝tr❡ ❡st ✐❧❧✉stré ♣❛r ❧❛ ✜❣✉r❡ ✹✳✷✳ ❖♥ ✈❛ ét✉❞✐❡r ❞❛♥s ❧❡ ♣r♦❝❤❛✐♥ ❝❤❛♣✐tr❡ ❧❡ s♣❡❝tr❡ ❞❡
Hexc✳

▲❛ ❞❡r♥✐èr❡ r❡♠❛rq✉❡ s❡r❛ ♣♦✉r ✐♥s✐st❡r s✉r ❧❡ ❢❛✐t q✉❡ ❧❡s s♣❡❝tr❡s ❛ss♦❝✐és àM ❡t M̃G +Hexc

s♦♥t ❛s②♠♣t♦t✐q✉❡s✱ ❝✬❡st à ❞✐r❡ q✉❡ ❧❡ s♣❡❝tr❡ ❞❡ M̃G +Hexc ❞é♣❡♥❞ ❡♥❝♦r❡ ❞❡ N ❡t λ✱ ❡t ❧✬♦♥
♥❡ ♣❡✉t ♣❛s ❢❛✐r❡ ❧❛ ❧✐♠✐t❡ N t❡♥❞ ✈❡rs ❧✬✐♥✜♥✐✳



❈❤❛♣✐tr❡ ✺

❊①❝✐t♦♥ ❡t s♣❡❝tr❡ ❞✬❛❜s♦r♣t✐♦♥

❈❡ ❝❤❛♣✐tr❡ ❡st ❧❛ ❝♦♥❝❧✉s✐♦♥ ❞❡s ❝❤❛♣✐tr❡s ✸ ❡t ✹✳ ❖♥ ② ❛❝❤è✈❡ ❧✬ét✉❞❡ ❞✉ s♣❡❝tr❡ ❞❡ ❧✬❍❛✲
♠✐❧t♦♥✐❡♥ ❞✉ ♥❛♥♦t✉❜❡ ❛✈❡❝ ✐♥t❡r❛❝t✐♦♥s ❡♥tr❡ é❧❡❝tr♦♥s✱ ré❞✉✐t ❛✉ s♦✉s✲❡s♣❛❝❡ ❞❡ ❧✬❡①❝✐t♦♥✳ ❖♥
❛ ✈✉ ❞❛♥s ❧❡ ❝❤❛♣✐tr❡ ♣ré❝❡❞❡♥t q✉❡ ❧✬♦♥ ♣❡✉t ♦❜t❡♥✐r ✉♥❡ ❡st✐♠❛t✐♦♥ ❞❡s ét❛ts ❡①❝✐tés ❞❡ M ❡♥
ét✉❞✐❛♥t Hexc✱ ♣♦✉r N ❣r❛♥❞ ❡t λ ♣❡t✐t✳ ❖♥ ✜①❡ N ❞❛♥s t♦✉t ❝❡ ❝❤❛♣✐tr❡ à ✉♥❡ ✈❛❧❡✉r ❛ss❡③
❣r❛♥❞❡✳ ❖♥ ❝♦♥s✐❞èr❡ ✐❝✐ Hexc ❡t ♦♥ ♠♦♥tr❡ q✉❡ ♣♦✉r λ ♣❡t✐t s♦♥ s♣❡❝tr❡ s❡ r❛♣♣r♦❝❤❡ ❞❡ ❝❡❧✉✐
❞✬✉♥ ♠♦❞è❧❡ ♦ù ❞❡✉① ♣❛rt✐❝✉❧❡s ✐♥t❡r❛❣✐ss❡♥t ❡♥tr❡ ❡❧❧❡s s✉r ❧❛ ❧✐❣♥❡ ❛✈❡❝ ✉♥ ♣♦t❡♥t✐❡❧ ❡✛❡❝t✐❢ q✉❡
❧✬♦♥ ✈❛ ♣ré❝✐s❡r✱ ❧❡ ❝❡♥tr❡ ❞❡ ♠❛ss❡ ❛②❛♥t été sé♣❛ré✳ ❙♦♥ ❡①♣r❡ss✐♦♥✱ ♣♦✉r ❧✬✐♥st❛♥t ❢♦r♠❡❧❧❡✱ ❡st
❧❛ s✉✐✈❛♥t❡ ✿

λ2

(
−C0

2

∂2

∂x2
+ C(r)δ(x) − Cu(

x

α
)
1

λ

1

2π

∫ π

−π
V r

c (
x

λ
, ry)dy

)
✭✺✳✶✮

❛✈❡❝ C0, C(r) ❞❡s ❝♦♥st❛♥t❡s ♣♦s✐t✐✈❡s ❡t Cu ✉♥❡ ❢♦♥❝t✐♦♥ ❜♦r♥é❡ ♣ér✐♦❞✐q✉❡✳ ❈❡t ❍❛♠✐❧t♦♥✐❡♥
q✉❡ ❧✬♦♥ ✈❛ ❛♣♣❡❧❡r ❍❛♠✐❧t♦♥✐❡♥ ❞❡ ❧✬❡①❝✐t♦♥ ❡st ❞é✜♥✐ r✐❣♦✉r❡✉s❡♠❡♥t ❞❛♥s ❧❛ s❡❝t✐♦♥ ✺✳✷✳ ▲❡s
ét❛ts ♣r♦♣r❡s ❞❡ ❝❡t ❍❛♠✐❧t♦♥✐❡♥ s❡r♦♥t ét✉❞✐é ❛✉ ❝❤❛♣✐tr❡ ✻ ❡t ❝❡❧❛ ♣❡r♠❡ttr❛ ❞❡ ♠♦♥tr❡r q✉❡
❧❡ s♣❡❝tr❡ ❞❡ M ♣♦ssè❞❡ ❧❛ str✉❝t✉r❡ ❞♦♥♥é ❡♥ ✜❣✉r❡ ✺✳✶✳

❉❛♥s ❧❛ ❞❡r♥✐èr❡ s❡❝t✐♦♥✱ ♦♥ r❡♣r❡♥❞ ❧❛ ❢♦r♠✉❧❡ ❞✉ s♣❡❝tr❡ ❞✬❛❜s♦r♣t✐♦♥ ♦♣t✐q✉❡ α(ω)✱ ❡t ❧✬♦♥
♠♦♥tr❡✱ s♦✉s ❧❡s ❝♦♥❞✐t✐♦♥s ét❛❜❧✐❡s ❛ ❧❛ s❡❝t✐♦♥ ✹✳✷✱ q✉✬✐❧ ❞é♣❡♥❞ ❞❡s ét❛ts ♣r♦♣r❡s ❞❡ ❧✬❍❛♠✐❧t♦✲
♥✐❡♥ ❞❡ ❧✬❡①❝✐t♦♥✳

✺✳✶ ▼♦❞è❧❡ s✉r ❧❛ ❧✐❣♥❡ ✐♥✜♥✐❡

❉❛♥s ❧❛ s❡❝t✐♦♥ ♣ré❝é❞❡♥t❡✱ ❛✉ ❧❡♠♠❡ ✹✳✸✳✶✹✱ ♦♥ ❛ ✈✉ q✉❡ ❧✬♦♥ ♣❡✉t ♦❜t❡♥✐r ✉♥❡ ❡st✐♠❛t✐♦♥
❞✉ s♣❡❝tr❡ ❞❡ M ❡♥ ét✉❞✐❛♥t ❧❡ s♣❡❝tr❡ ❞❡ Hexc q✉✐ ❡st ✉♥ ❍❛♠✐❧t♦♥✐❡♥ ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧ s✉r

✲

✚
✚

✚✚❂

✛ ✲✛ ✲

✛ ✲
O(λ2)

D(0) O(λ2| ln λ|)

NẼG + D(0) + ǫ0

NẼG + D(0) + ǫn

NẼG

❋✐❣✳ ✺✳✶ ✕ ❙♣❡❝tr❡ ❞❡ ❧❛ ♠❛tr✐❝❡ M ✳ EG✱ D(0) ❡t ǫn ❞é♣❡♥❞❡♥t ❞❡ λ✳

✶✶✸
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L2([−π, π))✳ ❖♥ ❞é✜♥✐t
H0

exc := D(k) −D(0) + λŵ∗ ✭✺✳✷✮

♦ù D(k) ❡st ❧✬♦♣ér❛t❡✉r ❞❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♣❛r ✉♥❡ ❢♦♥❝t✐♦♥ ❛✉ ♠♦✐♥s C3(−π, π)✱ ❞é✜♥✐ ❡♥ ✭✹✳✺✹✮
❡t ❞♦♥t ❝❡rt❛✐♥❡s ♣r♦♣r✐étés s♦♥t ❞♦♥♥é❡s ❛✉ ❧❡♠♠❡ ✹✳✸✳✶✺✱ ❡t ŵ∗ ❡st ❧✬♦♣ér❛t❡✉r ❞❡ ❝♦♥✈♦❧✉t✐♦♥
❞é✜♥✐ ♣♦✉r ψ ∈ L2([−π, π)) ♣❛r ✿

(ŵ∗ψ)(k) =

∫ π

−π
ŵ(k − k′)ψ(k′)dk′

❡t ♦ù ŵ ❡st ❧❛ ❢♦♥❝t✐♦♥ ❞é✜♥✐❡ ❡♥ ✭✹✳✺✶✮✳ ❖♥ r❛♣♣❡❧❧❡ q✉❡ ❧✬❡st✐♠❛t✐♦♥ ❞✉ s♣❡❝tr❡ ❞❡ M ♣❛r ❝❡❧✉✐
❞❡ Hexc ❡st ✈r❛✐ s✐ λ ❡st ❛ss❡③ ♣❡t✐t✱ ❡t ❞❛♥s t♦✉t ❧❡ tr❛✈❛✐❧ q✉✐ s✉✐t✱ ❝❡tt❡ ❤②♣♦t❤ès❡ s❡r❛ s✉♣♣♦sé❡
✈ér✐✜é❡✳

❖♥ ✈❛ ✉t✐❧✐s❡r✱ ❡♥❝♦r❡ ✉♥❡ ❢♦✐s✱ ❧❛ t❤é♦r✐❡ ❞❡ ♣❡rt✉r❜❛t✐♦♥ ❛✜♥ ❞❡ ♠♦♥tr❡r q✉❡ H0
exc ♣❡✉t êtr❡

❛♣♣r♦①✐♠é❡ ♣❛r ✉♥ ♠♦❞è❧❡ ❛✉ s♣❡❝tr❡ ❝♦♥♥✉✱ q✉❛♥❞ λ ❡st ♣❡t✐t✳ ▲❡s ✐♥❢♦r♠❛t✐♦♥s s✉r ❧❛ ❢♦♥❝t✐♦♥
D s♦♥t ✐❝✐ ❝r✉❝✐❛❧❡s ❡t ♦♥ ✈❛ ✈♦✐r q✉❡ ♣♦✉r ✉♥❡ ✐♥t❡r❛❝t✐♦♥ ❢❛✐❜❧❡✱ s❡✉❧❡♠❡♥t s♦♥ ❝♦♠♣♦rt❡♠❡♥t
❛✉t♦✉r ❞❡ ❧✬♦r✐❣✐♥❡ s❡r❛ ✐♠♣♦rt❛♥t✳ ▲❡ ♠♦❞è❧❡ ❝♦♥t✐♥✉ ❞é♣❡♥❞r❛ ❥✉st❡ ❞❡s ❝❡s ❞♦♥♥é❡s✱ r❡❧✐é❡s à ❧❛
❝❤✐r❛❧✐té ❞✉ ♥❛♥♦t✉❜❡ ❝♦♠♠❡ r❡♠❛rq✉é ❡♥ s❡❝t✐♦♥ ✹✳✷✳✶✳ ❖♥ ✐♥tr♦❞✉✐t ♣♦✉r ❝❡❧❛ ❧❛ tr❛♥s❢♦r♠❛t✐♦♥
✉♥✐t❛✐r❡✱ α > 0✱

U : L2([−π, π)) → L2([−π
α
,
π

α
))

ψ 7→ (Uαψ)(k) =
√
αψ(αk),

❛❧♦rs ♦♥ ♦❜t✐❡♥t ✿

(Uαŵ∗U
−1
α ψ)(k) =

√
α

∫ π

−π
ŵ(αk − k′)

1√
α
ψ(
k′

α
)dk′

= α

∫ π
α

− π
α

ŵ(α(k − k′))ψ(k′)dk′ = α(ŵ∗(α·)ψ)(k).

❖♥ ❞é✜♥✐t s✉r Hα := L2([−π
α ,

π
α))

Hα :=
1

α2
(UαH

0
excU

−1
α ) =

D(αk)

α2
+
λ

α
ŵ∗(α·) ✭✺✳✸✮

❈❡t ♦♣ér❛t❡✉r r❡st❡ ❜♦r♥é ♣✉✐sq✉❡ q✉✬✐❧ ❡st ✉♥✐t❛✐r❡♠❡♥t éq✉✐✈❛❧❡♥t à H0
exc✳ ❖♥ ♥♦t❡ q✉❡ ❧❡s

✈❛❧❡✉rs ♣r♦♣r❡s E ❞❡ H0
exc ❡t Eα ❞❡ Hα s♦♥t r❡❧✐é❡s ♣❛r ❧❛ r❡❧❛t✐♦♥ ✿

E = α2Eα. ✭✺✳✹✮

❖♥ ❝❤♦✐s✐t ♠❛✐♥t❡♥❛♥t ✿
λ = α.

❖♥ ✐♥tr♦❞✉✐t ❧❡ ♠♦❞è❧❡ ✏♥♦♥ ♣❡rt✉r❜é✑ s✉r ❧❛ ❧✐❣♥❡✱ s♦✐t

L2
1(R) :=

{
f ∈ L2(R)|(k2 + 1)

1
2 f ∈ L2(R)

}
,

❡t ♣♦✉r f, g ∈ L2
1(R)✱ ♦♥ ❞é✜♥✐t ❧❛ ❢♦r♠❡ q✉❛❞r❛t✐q✉❡ s✉✐✈❛♥t❡ ✿

q∞(f, g) :=
D′′(0)

2

∫

R

k2f(k)g(k)dk +

∫

R

∫

R

v̂∞(α(k − k′))f(k′)dk′g(k)dk =: q00(f, g) + qv(f, g),

♦ù

v̂∞(k − k′) := v̂0
∞ − v̂k

∞(k − k′)
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❛✈❡❝
v̂0
∞ :=

1√
2π

∑

n1∈Z∗

Sc(n1)v̂(n1),

✐♥❞é♣❡♥❞❛♥t ❞❡ k, k′ ❡t ♣♦✉r k 6= k′

v̂k
∞(k − k′) :=

1√
2π

∑

n1∈Z

|̂uv|2(n1)̂|uc|2(n1)v̂
r
eff

(
k − k′ +

2π

N
n1

)
.

▲✬❡s♣❛❝❡ L2
1(R) ❡st ❞❡♥s❡ ❞❛♥s L2(R)✱ q00 ❡st ♣♦s✐t✐✈❡✱ s②♠étr✐q✉❡ ❡t ❢❡r♠é❡✳ ❖♥ ❞és✐❣♥❡ ♣❛r

R00(z) ♣♦✉r z < 0 ❧❛ rés♦❧✈❛♥t❡ ❛ss♦❝✐é❡ à q00✳ ▲❛ ❢♦r♠❡ qv ❡st s②♠étr✐q✉❡✱ ❡t ♦♥ ♣❡✉t ✈♦✐r q✉❡
v̂0
∞ ❡st ❜♦r♥é ❡t vk

∞ ❡st ❍✐❧❜❡rt✲❙❝❤♠✐❞t ❝❛r vk
∞ ∈ L2(R)✳ ❉❡ ♣❧✉s ♦♥ ❛ q✉❡ qv ❡st q00✲❝♦♠♣❛❝t

❝❛r ♣♦✉r f ∈ D(q00)✱ ❧❛ ♥♦r♠❡ ❍✐❧❜❡rt✲❙❝❤♠✐❞t ❞♦♥♥❡✶ ♣♦✉r ❝❤❛q✉❡ α ✜①é✱ s✐ ❧✬♦♥ ❞é♥♦t❡ ♣❛r v∞∗
❧✬♦♣ér❛t❡✉r ❛ss♦❝✐é à qv ✿

‖R00(−a2)
1
2 v̂∞∗ (α·)R00(−a2)−

1
2 ‖2

HS =
|v̂0

∞|π2

a2
+

∫

R

∫

R

1

k2 + a2
|v̂∞(α(k − k′))|2 1

k′2 + a2
dkdk

=
|v̂0

∞|π2

a2
+

∫

R

∫

R

1

p2 + a2
|v̂∞(α(q))|2 1

(p− q)2 + a2
dpdq

=
|v̂0

∞|π2

a2
+

2π

a
·
∫

R

|v̂∞(αq)|2 1

q2 + 4a2
dq

≤|v̂0
∞|π2

a2
+

2π

a

1

4a2

∫

R

|v̂∞(αq)|2dq. ✭✺✳✺✮

❘❡♠❛rq✉❡ ✺✳✶✳✶✳ ▲❛ q✉❛♥t✐té ❝✐✲❞❡ss✉s ♥✬❡st ♣❛s ✉♥✐❢♦r♠é♠❡♥t ❜♦r♥é❡ ♣❛r r❛♣♣♦rt ❛✉ ♣❛r❛♠ètr❡
α✳ ❖♥ r❛♣♣❡❧❧❡ q✉❡ v̂∞(α)

α→0∼ log(α)✱ ✈♦✐r ❛♥♥❡①❡ ❆✳✶ ❡t ❧❡ ❝♦♠♣♦rt❡♠❡♥t ❞❡ v̂1
eff(p) q✉❛♥❞

p→ 0✳

❖♥ ❝♦♥❝❧✉t ❡♥ ✉t✐❧✐s❛♥t ❧✬❛♥♥❡①❡ ❇✳✻ ❡t ❧❡ ♣r❡♠✐❡r t❤é♦rè♠❡ ❞❡ r❡♣rés❡♥t❛t✐♦♥ ❞❡ ❑❛t♦ q✉❡
q∞ ♣♦ssè❞❡ ✉♥ ♦♣ér❛t❡✉r ❛✉t♦✲❛❞❥♦✐♥t ❛ss♦❝✐é q✉❡ ❧✬♦♥ ✈❛ ❞é♥♦t❡r ♣❛r H∞(α) ✿

H∞(α) :=
k2

2
D′′(0) + v̂∞∗ (α·). ✭✺✳✻✮

❉❡ ♣❧✉s✱ ♣♦✉r ❧❡ s♣❡❝tr❡ ❡ss❡♥t✐❡❧ ♦♥ ❛ σess(q00) = σess(q00 + qv)✳
❖♥ ❞é✜♥✐t ❞❡✉① ♣r♦❥❡❝t❡✉rs ♣♦✉r t♦✉t ψ ∈ L2(R) ✿

Παψ =

{
ψ(k) s✐ |k| ≤ π

α
0 s✐♥♦♥

❡t Πα = 1 − Πα.

❞❡ t❡❧❧❡ ❢❛ç♦♥ q✉❡

ΠαL
2(R) = Hα, ΠαL

2(R) = L2((−∞,−π
α

) ∪ (
π

α
,∞)).

❖♥ ❝❤♦✐s✐t ✉♥❡ ❡①t❡♥s✐♦♥ ❞❡ Hα à L2(R) ♥♦té❡ H̃ ❝♦♠♠❡ s✉✐t ✿

H̃ := ΠαHαΠα ⊕ D′′(0)k2

2
Πα. ✭✺✳✼✮

✶♦♥ ✈❛ ❝❛❧❝✉❧❡r ❧✬✐♥té❣r❛❧❡ q✉✐ s✉✐t ❛✈❡❝ ❧✬❛✐❞❡ ❞❡ ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❡♥ ❢r❛❝t✐♦♥s r❛t✐♦♥♥❡❧❧❡s s✉✐✈❛♥t❡ ✿

1

p2 + a2

1

(p − q)2 + a2
=

1

q2 + a2
(

1

p2 + a2
+

1

(p − q)2 + a2
+

1

q

2p

p2 + a2
−

1

q

2(p − q)

(p − q)2 + a2
)
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❈✬❡st ✉♥ ♦♣ér❛t❡✉r ❛✉t♦✲❛❞❥♦✐♥t ❝❛r ❝✬❡st ❧❛ s♦♠♠❡ ❞✐r❡❝t❡ ❞❡ ❞❡✉① ♦♣ér❛t❡✉rs ❛✉t♦✲❛❞❥♦✐♥ts✱
❛✈❡❝ ❞♦♠❛✐♥❡

Hα ⊕ L2
1

(
(−∞,−π

α
) ∪ (

π

α
,∞)

)
.

❖♥ r❡♠❛rq✉❡ ❧❡s ♣r♦♣r✐étés ✐♠♣♦rt❛♥t❡s à ♣r♦♣♦s ❞✉ s♣❡❝tr❡ ❞❡ Hα ✿

σ(H̃)∩] −∞,
D′′(0)

2

π2

α2
[= σ(Hα)∩] −∞,

D′′(0)

2

π2

α2
[

♣✉✐sq✉❡ σ(D
′′(0)k2

2 Πα) ≥ D′′(0)
2

π2

α2 ❡t ❧❡s s♣❡❝tr❡s s♦♥t ❞❡ ♠ê♠❡ ♥❛t✉r❡ ❞❛♥s ❝❡tt❡ ré❣✐♦♥✱ ❡♥
♣❛rt✐❝✉❧✐❡r ❧❡s ✈❛❧❡✉rs ♣r♦♣r❡s ♦♥t ❧❛ ♠ê♠❡ ♠✉❧t✐♣❧✐❝✐té✳ ❊t❛♥t ❞♦♥♥é q✉❡ ❧✬♦♥ ♥✬❡st ✐♥tér❡ssé q✉❡
♣❛r ❧❡ ❜❛s ❞✉ s♣❡❝tr❡ ❞❡ Hexc q✉✐ ❞❡ ♣❧✉s✱ ❝♦♠♠❡ ♦♥ ✈❛ ❧❡ ✈♦✐r✱ ❡st ♥é❣❛t✐❢✱ ✐❧ s✉✣t ❞♦♥❝ ❞✬ét✉❞✐❡r
H̃ ♣♦✉r ❛✈♦✐r t♦✉t❡s ❧❡s ✐♥❢♦r♠❛t✐♦♥s s♦✉❤❛✐té❡s✳ ❖♥ ✐♥tr♦❞✉✐t ❧❛ ♥♦t❛t✐♦♥

d∞(z) := d(z, σ(H∞(α)),

❧❛ ❞✐st❛♥❝❡ ❞❡ z ❛✉ s♣❡❝tr❡ ❞❡ H∞✳ ❖♥ ✈❡✉t ♠♦♥tr❡r q✉❡ ❧❡ s♣❡❝tr❡ ♥é❣❛t✐❢ ❞❡ H̃ ❡st ✏♣r♦❝❤❡✑
❞❡ ❝❡❧✉✐ ❞❡ H∞(α) ❡t ♦♥ ✈❛ ét❛❜❧✐r ❞❛♥s ❝❡tt❡ s❡❝t✐♦♥ ❧❡ t❤é♦rè♠❡ s✉✐✈❛♥t ✿

❚❤é♦rè♠❡ ✺✳✶✳✷✳ ❙♦✐t ε0 > 0 ❡t 0 < δ < 1/2✳ ■❧ ❡①✐st❡ α0 = α0(ε0, δ) > 0 ❡t C > 0 t❡❧s q✉❡

♣♦✉r t♦✉t 0 < α ≤ α0

✐✮ (−∞,−C(lnα)2) ⊂ ρ(H̃)✱
✐✐✮ s✐ z ∈ [−C(lnα)2), 0] ❡t d∞(z) > ε0✱ ❛❧♦rs z ∈ ρ(H̃) ❡t ❞❡ ♣❧✉s ✐❧ ❡①✐st❡ q✉❛tr❡ ❝♦♥st❛♥t❡s

✐♥❞é♣❡♥❞❛♥t❡s ❞❡ z✱ C5.28 > 0✱ C5.29 > 0✱ A5.30 > 0 ❡t B5.30 > 0 t❡❧❧❡s q✉❡

‖(H̃ − z)−1 − (H∞(α) − z)−1‖ ≤
C5.28α

1
2
δ| lnα| + C5.29α

δ| lnα|2
d∞(z)

+
1

(d∞(z))2
(A5.30α

2−4δ +B5.30α
δ| lnα|2) α→0−−−→ 0.

P♦✉r ♦❜t❡♥✐r ❝❡ rés✉❧t❛t ♦♥ ✈❛ ❝♦♠♠❡♥❝❡r ♣❛r ❞é❝♦✉♣❡r H̃ ❡♥ ❞❡✉① ♣❛rt✐❡s✱ ❡t ♦♥ ✈❛ ✉t✐❧✐s❡r ❧❛
♠ét❤♦❞❡ ❞❡ ❋❡s❤❜❛❝❤ ♣♦✉r ♠♦♥tr❡r q✉❡ ❧✬ét✉❞❡ ❞✬✉♥❡ s❡✉❧❡ ❞❡s ♣❛rt✐❡s ❡st s✉✣s❛♥t❡ ♣♦✉r ❛✈♦✐r
✉♥❡ ❜♦♥♥❡ ❡st✐♠❛t✐♦♥ ❞✉ s♣❡❝tr❡ ❞❡ ❧✬♦♣ér❛t❡✉r✳

❉✬❛♣rès ❧❡s ❤②♣♦t❤ès❡s ♦♥ ❞♦✐t ♣r❡♥❞r❡ 0 < δ < 1/2✱ ❡t ♦♥ ❞é✜♥✐t ❧❡s ♣r♦❥❡❝t✐♦♥s ♦rt❤♦❣♦♥❛❧❡s
Pα ❡t Pα ♣♦✉r ψ ∈ L2(R) ✿

Pαψ =

{
ψ(k) s✐ |k| ≤ π

αδ

0 s✐♥♦♥
❡t Pαψ =

{
ψ(k) s✐ |k| > π

αδ

0 s✐♥♦♥
, Pα + Pα = Id.

❡t ♦♥ ❛ ❞♦♥❝ ✿
PαΠα = Pα, PαΠα = Πα.

❖♥ é❝r✐t H̃ ❝♦♠♠❡ ✉♥❡ ♠❛tr✐❝❡ ❞✬♦♣ér❛t❡✉rs ✿

H̃ =

(
PαH̃Pα PαH̃Pα

PαH̃Pα PαH̃Pα

)
=

(
PαHαPα PαΠαŵ∗(α·)ΠαPα

PαΠαŵ∗(α·)ΠαPα PαH̃Pα

)
.

❖♥ ✐♥tr♦❞✉✐t z ∈ C\R ❡t ❡♥ ✉t✐❧✐s❛♥t ❧❛ ❢♦r♠✉❧❡ ❞❡ ❋❡s❤❜❛❝❤ ✿

(H̃ − z)−1 =

(
S(z) −S(z)PαV PαR(z)

−R(z)PαV PαS(z) R(z) +R(z)PαV PαS(z)PαV PαR(z)

)
✭✺✳✽✮

❛✈❡❝
R(z) := Pα(PαH̃Pα − z)−1Pα, S(z) := Pα(PαH̃Pα +W (z) − z)−1Pα

❡t
W (z) := −PαV PαR(z)PαV Pα, V := Παŵ∗(α·)Πα.

❖♥ ✈❛ ♠♦♥tr❡r q✉❡ ❝❡s q✉❛♥t✐tés ❡①✐st❡♥t ♣♦✉r ❝❡rt❛✐♥s z ∈ R−✳ ❖♥ ❝♦♠♠❡♥❝❡ ♣❛r ♠♦♥tr❡r ✉♥
❧❡♠♠❡ ♣ré❧✐♠✐♥❛✐r❡✳
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−π/α
δ−π/α

π/α
δ π/α0

k

f(k)

❋✐❣✳ ✺✳✷ ✕ ❋♦r♠❡ ❣é♥ér❛❧❡ ❞❡ ❧❛ ❢♦♥❝t✐♦♥ f(k) := D(αk)
α2 Πα + D′′(0)k2

2 Πα ♣♦✉r α > 0 ✜①é✳

▲❡♠♠❡ ✺✳✶✳✸✳ ❙♦✐t ❧❡s ❝♦♥st❛♥t❡s cm > 0✱ a < 0✱ ❧❡s ♣❛r❛♠ètr❡s α > 0✱ 0 < δ < 1✱ ❡t ❧❡s

❢♦♥❝t✐♦♥s

f1 : (−π
α
,
π

α
)2 → R

(p, q) 7→ 1

cmp2 + a2
|ŵ(α(p− q))|2 1

cmq2 + a2
,

f2 : R2 → R

(p, q) 7→ 1

cmp2 + a2
|v̂∞(α(p− q))|2 1

cmq2 + a2
.

■❧ ❡①✐st❡ α0 > 0 ❡t C0, c0, c1 > 0 t❡❧s q✉❡ ♣♦✉r t♦✉t α < α0 ♦♥ ❛ ❧❡s ❡st✐♠❛t✐♦♥s s✉✐✈❛♥t❡s ✿

∫

|p|,|q|∈[ π

αδ , π
α

]
f1(p, q)dpdq ≤ C0α

2δ + c20α
2δ|3 ln(α)|28cm

a2
+
π

a4
c214α

∣∣9(lnα)2 + 3 lnα+ 1
∣∣ ,

∫ π

αδ

0

∫ π
α

π

αδ

f1(p, q)dpdq ≤ C0α
δ + c20α

δ|3 ln(α)|28cm
a2
π +

π

a4
c214α

∣∣9(lnα)2 + 3 lnα+ 1
∣∣ ,

∫

R2

f2(p, q)dpdq ≤
v0
∞π

2

a2
+

2π

4a3
(c20(ln |α|)2 + c1).

❉é♠♦♥str❛t✐♦♥✳ ❖♥ ✈❛ ❡st✐♠❡r ❧✬✐♥té❣r❛❧❡ s✉✐✈❛♥t❡ ✿
∫ s

r

∫ u

t

1

cmp2 + a2
|ŵ(α(p− q))|2 1

cmq2 + a2
dpdq, ✭✺✳✾✮

❛✈❡❝ r, s, t, u ∈ [π/α, π/α]✳ ❈♦♠♠❡ s✉r (−π/α, π/α) ♦♥ ❛ q✉❡ ŵ = v̂∞✱ ♦♥ ✈❛ ✉t✐❧✐s❡r ❧❡s ❢♦♥❝t✐♦♥s
♣ré❝é❞❡♠♠❡♥t ❞é✜♥✐❡s ✿ v̂0

∞ ❡t v̂k
∞ ♣♦✉r ❝❛❧❝✉❧❡r ❧❡s ❞❡✉① ♣r❡♠✐èr❡s ❡st✐♠❛t✐♦♥s✳

▲❛ ❢♦♥❝t✐♦♥ ŵ ❡st ❝♦♠♣♦sé❡ ❞❡ ❞❡✉① ♣❛rt✐❡s✱ ✉♥❡ ♣❛rt✐❡ ❝♦♥st❛♥t❡✱ ♥❡ ❞é♣❡♥❞❛♥t ♣❛s ❞❡ k, k′

❡t ✉♥❡ ♣❛rt✐❡ ❞é♣❡♥❞❛♥t ❞❡ ❧❛ ❞✐✛ér❡♥❝❡ k − k′✳
▲❛ ♣r❡♠✐èr❡ ♣❛rt✐❡ ♣❡✉t êtr❡ ❡st✐♠é❡ ♣❛r ✿

∫ s

r

∫ u

t

1

cmp2 + a2
|v̂0

∞|2 1

cmq2 + a2
dpdq

≤ |v̂0
∞|24cm

a2

∣∣∣∣arctan
s
√
cm
a

− arctan
r
√
cm
a

∣∣∣∣
∣∣∣∣arctan

u
√
cm
a

− arctan
t
√
cm
a

∣∣∣∣ .
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❖♥ r❛♣♣❡❧❧❡ ❧❡s ♣r♦♣r✐étés ❞❡ ❧❛ ❢♦♥❝t✐♦♥ arctan s✉✐✈❛♥t❡s ✿

tan(arctan
a

α
− arctan

a

αδ
) =

a
α − a

αδ

1 + a2

α1+δ

= αδ(1 − α1−δ)
1

a
(1 + O(α1+δ)),

arctanx = x+ O(x3),

❝❡ q✉✐ ❞♦♥♥❡ ∣∣∣∣arctan
s
√
cm
a

− arctan
r
√
cm
a

∣∣∣∣ ≤ C0α
δ.

♦ù C0 > 0✳
P♦✉r ❧❛ ♣❛rt✐❡ ❞é♣❡♥❞❛♥t❡ ❞❡ k ✿ vk

∞✱ ♦♥ s❛✐t q✉❡ ❝❡tt❡ ❢♦♥❝t✐♦♥ ♣♦ssè❞❡ ❞❡s s✐♥❣✉❧❛r✐tés
❧♦❣❛r✐t❤♠✐q✉❡s ❡♥ {−π, 0, π}✳ P♦✉r α ❛ss❡③ ♣❡t✐t✱ ♦♥ ✈❛ ❝♦✉♣❡r ❧✬✐♥té❣r❛❧❡ ❡♥ tr♦✐s ♣❛rt✐❡s ✿ ✉♥❡
♣❛rt✐❡ ♦ù✱ ♣♦✉r ✉♥ x > 0 ✜①é✱ ♦♥ ❛ αx ≤ |p − q| ≤ π/α − αx✱ ✉♥❡ ♣❛rt✐❡ ♦ù |p − q| ≤ αx ❡t ✉♥❡
♣❛rt✐❡ ♦ù π/α− αx ≤ |p− q| ≤ π/α✳ P♦✉r ❝❡❧❛ ♦♥ ❞é✜♥✐t ❧❡s ❢♦♥❝t✐♦♥s ré❡❧❧❡s✱ p ∈ [−π/α, π/α]

χ0 : p 7→
{

1 s✐ p ≤ αx

0 s✐♥♦♥
, χm : p 7→

{
1 s✐ αx ≤ p ≤ π/α− αx

0 s✐♥♦♥
,

χπ : p 7→
{

1 s✐ p ≥ π/α− αx

0 s✐♥♦♥
.

P♦✉r ❧❛ ♣r❡♠✐èr❡ ♣❛rt✐❡ ♦♥ ♣❡✉t tr♦✉✈❡r ✉♥❡ ❝♦♥st❛♥t❡ c0 > 0 t❡❧❧❡ q✉❡ ♣♦✉r α ❛ss❡③ ♣❡t✐t
|v̂k

∞(α(p− q))| ≤ c0| ln(αx+1)| ♣♦✉r t♦✉t αx+1 ≤ α|p− q| ≤ 2π − αx+1 ❡t
∫ s

r

∫ u

t

1

cmp2 + a2
|v̂k

∞(α(p− q))|2 1

cmq2 + a2
χm(|p− q|)dpdq

≤ c20| ln(αx+1)|2
∫ s

r

∫ u

t

1

cmp2 + a2

1

cmq2 + a2
dpdq

≤ c20| ln(αx+1)|24cm
a2

∣∣∣arctan
s

a

√
cm − arctan

r

a

√
cm

∣∣∣
∣∣∣∣arctan

u

a

√
cm − arctan

t

a

√
cm

∣∣∣∣

❡t ❞✬❛♣rès ❧❡s ♣r♦♣r✐étés ❞❡ ❧❛ ❢♦♥❝t✐♦♥ arctan r❛♣♣❡❧é❡s ✉♥ ♣❡✉ ♣❧✉s ❤❛✉t✱ ♦♥ ♦❜t✐❡♥t ♣♦✉r
r = t = π/αδ✱ s = u = π/α

∫

|p|,|q|∈[ π

αδ , π
α

]

1

cmp2 + a2
|v̂k

∞(α(p− q))|2 1

cmq2 + a2
χm(|p− q|)dpdq

≤ c20| ln(αx+1)|24cm
a2
α2δ(1 − α1−δ)2(1 + O(α1+δ))2

α→0−−−→ 0

♣♦✉r t♦✉t x✳
P♦✉r ❧❡ ❝❛s |p− q| ≤ αx✱ ♦♥ é❝r✐t

∫ s

r

∫ u

t

1

cmp2 + a2
|v̂k

∞(α(p− q))|2 1

cmq2 + a2
χ0(|p− q|)dpdq

≤ 1

a4

∫ s

r

∫

R

|v̂k
∞(α(p− q))|2χ0(|p− q|)dpdq

≤ 1

a4
(s− r)

∫ αx

−αx

|v̂k
∞(αk)|2dk (p− q = k, q = k′)

≤ 1

a4
(s− r)

∫ αx

−αx

c21| ln(α|k|)|2dk

≤ 1

a4
c21(s− r)2αx

∣∣(lnαx+1)2 + lnαx+1 + 1
∣∣ .
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❡t s✐ r = t = π/αδ✱ s = u = π/α✱ ❛❧♦rs (s−r) = (1−α1−δ)π/α✳ ❊♥✜♥ ♦♥ ♣❡✉t ❡st✐♠❡r ♣❛r❡✐❧❧❡♠❡♥t
❧❛ ❞❡r♥✐èr❡ ♣❛rt✐❡ ♣✉✐sq✉❡ ❧✬♦♥ ❛ ✉♥❡ ❞✐✈❡r❣❡♥❝❡ ❧♦❣❛r✐t❤♠✐q✉❡ ❞❡ v̂k

∞ ❡♥ ±π q✉✐ ✈✐❡♥t ❞✉ t❡r♠❡
n1 = ±1 ❞❛♥s ❧✬❡①♣r❡ss✐♦♥ ❞❡ v̂k

∞✳ ❖♥ ❛
∫ s

r

∫ u

t

1

cmp2 + a2
|v̂k

∞(α(p− q) + 2π)|2 1

cmq2 + a2
χπ(|p− q|)dpdq

≤ 1

a4
(s− r)

∫

R

|v̂k
∞(α(p− q) + 2π)|2χπ(|p− q|)dpdq

≤ 1

a4
c21(s− r)2αx

∣∣(lnαx+1)2 + lnαx+1 + 1
∣∣ .

❙✐ ♦♥ ❝❤♦✐s✐t x = 2✱ ♦♥ ♦❜t✐❡♥t ❧❛ ♣r❡♠✐èr❡ ❡st✐♠❛t✐♦♥✳ ▲❛ ❞❡✉①✐è♠❡ ❡st✐♠❛t✐♦♥ ❡st ♦❜t❡♥✉❡
❡♥ ♣r❡♥❛♥t r = π/αδ✱ s = π/α✳ P♦✉r ❧❛ tr♦✐s✐è♠❡ ✐♥té❣r❛❧❡✱ ♦♥ ♣r♦❝è❞❡ ❞✐✛ér❡♠♠❡♥t ✿

∫

R

∫

R

1

k2 + a2
|v̂∞(α(k − k′))|2 1

k′2 + a2
dkdk

=
v0
∞π

2

a2
+

∫

R

∫

R

1

p2 + a2
|v̂k

∞(α(q))|2 1

(p− q)2 + a2
dpdq (p = k, q = k − k′)

=
v0
∞π

2

a2
+

2π

a
·
∫

R

|v̂∞(αq)|2 1

q2 + 4a2
dq

≤ v0
∞π

2

a2
+

2π

a

1

4a2

∫

R

|v̂∞(αq)|2dq ≤ 2π

4a3
(c20(ln |α|)2 + c1).

▲❡♠♠❡ ✺✳✶✳✹✳ ❙♦✐t ε0 > 0 ❡t 0 < δ < 1/2✱ ✐❧ ❡①✐st❡ α0 = α0(ε0, δ) > 0✱ C > 0 ❡t ❞❡✉① ❝♦♥st❛♥t❡s

C5.28 > 0 ❡t C5.29 > 0 t❡❧s q✉❡ s✐ 0 < α ≤ α0 ❡t ε0 ≤ d∞(z) ≤ C(lnα)2✱ ❛❧♦rs z ∈ ρ(H̃) ❡t

‖(H̃ − z)−1 − S(z)‖ ≤ C5.28α
1
2
δ| lnα| + C5.29α

δ| lnα|2
d∞(z)

α→0−−−→ 0.

❉é♠♦♥str❛t✐♦♥✳ ❖♥ ✈❛ ❡st✐♠❡r s✉❝❝❡ss✐✈❡♠❡♥t ❝❤❛q✉❡ t❡r♠❡ ❞❡ ❧❛ ♠❛tr✐❝❡ ✺✳✽✳ ❘❡❣❛r❞♦♥s ❞✬❛❜♦r❞
❧❡ t❡r♠❡ R(z)✳ ■♥tr♦❞✉✐s♦♥s ❧❛ ♥♦t❛t✐♦♥✱ ♣♦✉r d∞(z) > ε0✱ q✉✐ ✐♠♣❧✐q✉❡ z < 0✱

K(z) := (H̃0Pα − z)−
1
2Pα(Παŵ∗(α·)Πα)Pα(H̃0Pα − z)−

1
2

♦ù

H̃0 := (
D(kα)

α2
Πα ⊕ D′′(0)k2

2
Πα).

❖♥ ✈♦✉❞r❛✐t é❝r✐r❡ s♦✉s ❝❡rt❛✐♥❡s ❝♦♥❞✐t✐♦♥s✱ ❝✬❡st à ❞✐r❡ s✐ ‖K‖ ≤ 1 ✿

R(z) = (H̃0Pα − z)−
1
2

1

1 +K(z)
(H̃0Pα − z)−

1
2 .

❖♥ ❛ ♣♦✉r H̃0✱

H̃0Pα ≥ min

{
inf

|k|∈[ π

αδ , π
α

]

D(kα)

α2
, inf
|k|≥ π

α

D′′(0)k2

2

}

❡t ✐❧ ❡①✐st❡ cm > 0 t❡❧ q✉❡ ♣♦✉r t♦✉t k ∈ [−π
α ,

π
α ] ♦♥ ❛ D(αk)

α2 ≥ cmk
2 > 0 ❞✬❛♣rès ❧❡s ♣r♦♣r✐étés

❞❡ D ❡♥♦♥❝é❡s ❛✉ ❧❡♠♠❡ ✹✳✸✳✶✺✳ ❆❧♦rs✱

H̃0Pα ≥ min

{
cm

π2

α2δ
,
D′′(0)π2

2α2

}
✭✺✳✶✵✮
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❡t ❞♦♥❝ (H̃0Pα − z) ❡st ✐♥✈❡rs✐❜❧❡ ♣♦✉r z < 0✳ ❊♥ ♣❧✉s ❞❡ ❝❡❧❛✱ ♣♦✉r α ♣❡t✐t✱ ✐✳❡✳ α2(1−δ) < 1
2cm

✱

min

{
cm

π2

α2δ
,
D′′(0)π2

2α2

}
≥ cm

π2

α2δ

❡t
‖(H̃0Pα − z)−1‖ ≤ α2δ 1

π2cm − |α2δz|
α→0−−−→ 0. ✭✺✳✶✶✮

❖♥ ♦❜t✐❡♥t ❛✉ss✐ ❞❡ ✭✺✳✶✵✮ q✉❡

‖(H̃0Pα − z)−1(cmk
2Pα − z)‖ ≤ 1. ✭✺✳✶✷✮

▼❛✐♥t❡♥❛♥t✱ s♦✐t a < 0✱

‖Pα(cmk
2Pα + a2)−

1
2 Παŵ(α.) ∗ Πα(cmk

2Pα + a2)−
1
2Pα‖2

HS

=

∫

|p|,|q|∈[ π

αδ , π
α

]

1

cmp2 + a2
|ŵ(α(p− q))|2 1

cmq2 + a2
dpdq

❡t ♣♦✉r ❞❡s ♣❡t✐ts α✱ ❞✬❛♣rès ❧❡ ❧❡♠♠❡ ✺✳✶✳✸ ✐❧ ❡①✐st❡ ✉♥ α0 t❡❧ q✉❡ ♣♦✉r C > 0 ❡t α < α0✱

‖Pα(cmk
2Pα + a2)−

1
2 Παŵ∗(α.)Πα(cmk

2Pα + a2)−
1
2Pα‖2

HS ≤ C5.13
α2δ

a2
| ln(α)|2 α→0−−−→ 0. ✭✺✳✶✸✮

❈♦♠♠❡ ♥♦✉s ❛✈♦♥s

‖K(z)‖ ≤‖(H̃0Pα − z)−
1
2 (cmk

2Pα − z)
1
2 ‖2 · ‖(cmk2Pα − z)−

1
2 (cmk

2Pα + a2)
1
2 ‖

· ‖(cmk2Pα + a2)−
1
2PαΠαŵ(α.) ∗ ΠαPα(cmk

2Pα + a2)−
1
2 ‖ ✭✺✳✶✹✮

❡t ❞✬❛♣rès ❧✬❛♥♥❡①❡ ❇✳✹ ♦♥ ❛ ❧✬❡st✐♠❛t✐♦♥ ‖(cmk2Pα − z)−
1
2 (cmk

2Pα + a2)
1
2 ‖ = max{ a2

|z| , 1}✱ ❛❧♦rs
♣♦✉r α ❛ss❡③ ♣❡t✐t✱ ‖K(z)‖ < 1 ❛✈❡❝ ❧❛ ❝♦♥❞✐t✐♦♥ s✉r z s✉✐✈❛♥t❡ ✿

max{ a
2

|z| , 1}C5.13
α2δ

a2
| ln(α)|2 < 1. ✭✺✳✶✺✮

❈❡tt❡ ❞❡r♥✐èr❡ r❡❧❛t✐♦♥ ❡t ‖K(z)‖ < 1 s♦♥t ✈r❛✐❡s q✉❛♥❞ α ≤ αR ♣♦✉r ✉♥ ❝❡rt❛✐♥ αR :=
αR(ε0, δ, a, z) ❛ss❡③ ♣❡t✐t✳ ❆❧♦rs ♦♥ ♣❡✉t é❝r✐r❡ ♣♦✉r t♦✉t α ≤ αR ✿

R(z) = (H̃0Pα − z)−
1
2

1

1 +K(z)
(H̃0Pα − z)−

1
2 ,

q✉✐ ♠♦♥tr❡✱ ❛✈❡❝ ❧✬❛✐❞❡ ❞❡ ✭✺✳✶✶✮✱ q✉❡ ♣♦✉r z < 0✱ R(z) ❡st ❜♦r♥é ♣❛r

‖R(z)‖ ≤ C5.16α
2δ α→0−−−→ 0 ✭✺✳✶✻✮

♦ù C5.16 > 0✳
▼❛✐♥t❡♥❛♥t r❡❣❛r❞♦♥s ❧✬♦♣ér❛t❡✉r S(z)✳ ❘❡♠❛rq✉♦♥s ❞✬❛❜♦r❞ q✉❡

Pα(H̃ −H∞(α))Pα = Pα(
D(αk)

α2
Πα − D′′(0)k2

2
Πα + Παŵ∗(α.)Πα − v̂∞∗ (α·))Pα

= (
D(αk)

α2
− D′′(0)k2

2
)Pα + Pα(ŵ∗(α.) − v̂∞∗ (α·))Pα

= Pα(
D(αk)

α2
Πα − D′′(0)k2

2
Πα)Pα.
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❉❛♥s ❧❛ s✉✐t❡✱ ♦♥ ✈❛ ✉t✐❧✐s❡r ❧❛ ♥♦t❛t✐♦♥ ❞❡ ❑❛t♦ ❬❑✱ ❱■✳✷✳✼❪ ♣♦✉r ❞é✜♥✐r ❧❛ r❛❝✐♥❡ ❝❛rré ❞✬✉♥
♦♣ér❛t❡✉r T ❞❡♥sé♠❡♥t ❞é✜♥✐ ❡t ❢❡r♠é ✿

T = sgn(T )|T |

♦ù s❣♥(T ) ❡st ✉♥ ♦♣ér❛t❡✉r ♣❛rt✐❡❧❧❡♠❡♥t ✐s♦♠étr✐q✉❡ ❡t |T | ❡st ✉♥ ♦♣ér❛t❡✉r ❛✉t♦✲❛❞❥♦✐♥t ♥♦♥
♥é❣❛t✐❢✱

T
1
2 := sgn(T )|T | 12 ❡t T =: sgn(T )|T | 12 |T | 12 =: T

1
2 |T | 12 .

❖♥ s✉♣♣♦s❡ q✉❡ d∞(z) > ε0✳ ❖♥ ✐♥tr♦❞✉✐t✱

M(z) := |(H∞(α) − z)|− 1
2Pα(H̃ −H∞(α))Pα(H∞(α) − z)−

1
2

❡t

N(z) :=|(H∞(α) − z)|− 1
2W (z)(H∞(α) − z)−

1
2

=|(H∞(α) − z)|− 1
2 (−PαV PαR(z)PαV Pα)(H∞(α) − z)−

1
2

❛❧♦rs ♦♥ ♣❡✉t é❝r✐r❡✱ s✐ ‖M(z)‖ < 1
2 ❡t ‖N(z)‖ < 1

2

S(z) = |(H∞(α) − z)|− 1
2

1

1 −M(z) −N(z)
(H∞(α) − z)−

1
2 . ✭✺✳✶✼✮

❖♥ ✈❛ ♣r♦✉✈❡r ♠❛✐♥t❡♥❛♥t q✉❡ ♣♦✉r ❝❡rt❛✐♥s α✱ ‖M(z)‖ < 1
2 ✳ ❖♥ ✉t✐❧✐s❡ ❧❡ ❞é✈❡❧♦♣♣❡♠❡♥t ❞❡

❚❛②❧♦r ❞❡ ❧❛ ❢♦♥❝t✐♦♥ D✳ P♦✉r N ✜①é ✐❧ ❡①✐st❡ α ❛ss❡③ ♣❡t✐t t❡❧ q✉❡ ♣♦✉r k ∈ [− π
αδ ,

π
αδ ] ❛❧♦rs

|kα| ≤ |πα1−δ| ≤ 2π/N ❡t D′′′(kα) ❡st ❝♦♥t✐♥✉❡ ❞✬❛♣rès iv) ❞✉ ❧❡♠♠❡ ✹✳✸✳✶✺✱

D(kα)

α2
Pα − D′′(0)k2

2
Pα =

D(3)(k̃α)α3k̃3

6α2
Pα ✭✺✳✶✽✮

♦ù |k̃| ∈ [0, π
αδ ]✳ ❆❧♦rs✱

‖D(kα)

α2
Pα − D′′(0)k2

2
Pα‖ ≤ π3α1−3δ

6
sup

|k̃|∈[0, π

αδ ]

D(3)(k̃α),

❡t ❞✬❛♣rès ii) ❞✉ ❧❡♠♠❡ ✹✳✸✳✶✺✱

sup
|k̃|∈[− π

αδ , π

αδ ]

D(3)(k̃α) ≤ const|α1−δ|,

❝❡ q✉✐ ❡st ❞♦♥❝ ❜♦r♥é ✉♥✐❢♦r♠é♠❡♥t ❡♥ α✳ ❙✐ ❧✬♦♥ ❝❤♦✐s✐t δ < 1/2 ♦♥ ♦❜t✐❡♥t ❛❧♦rs q✉❡ M(z) ❡st
❜♦r♥é ♣♦✉r t♦✉t z t❡❧ q✉❡ d∞(z) ≥ ε0 ❡t ‖M(z)‖ t❡♥❞ ✈❡rs ③ér♦ q✉❛♥❞ α t❡♥❞ ✈❡rs ③ér♦✱ ❡t ❞♦♥❝
‖M‖ < 1/2 ♣♦✉r α < αM := αM (ε0, δ)✱ ♦ù αM > 0✳

P♦✉r N(z)✱ ❛✈❡❝ ❧❛ ❝♦♥❞✐t✐♦♥ s✉r z ✭✺✳✶✺✮ ✿

‖N(z)‖ ≤‖|(H∞(α) − z)|− 1
2PαV Pα(H̃0Pα − z)−

1
2 ‖·

· ‖ 1

1 +K(z)
‖ · ‖(H̃0Pα − z)−

1
2PαV Pα(H∞(α) − z)−

1
2 ‖ ✭✺✳✶✾✮

■♥tr♦❞✉✐s♦♥s ❧❡ ♣❛r❛♠ètr❡ (−a2) < inf σ(H∞(α))✱ ♦♥ é❝r✐t

|(H∞(α) − z)|− 1
2PαV Pα(H̃0Pα − z)−

1
2 =

|(H∞(α) − z)|− 1
2 (H∞,0 + a2)

1
2 (H∞,0 + a2)−

1
2PαV Pα·

· (H∞,0 + a2)−
1
2 (H∞,0 + a2)

1
2 (cmk

2P − z)−
1
2 (cmk

2P − z)
1
2 (H̃0P − z)−

1
2 . ✭✺✳✷✵✮
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❡t ❧✬♦♥ ❛

‖(H∞,0 + a2)−
1
2Pα (Παŵ∗(α·)Πα)Pα(H∞,0 + a2)−

1
2 ‖2

HS

= 2

∫ π

αδ

0

∫ π
α

π

αδ

1

cp2 + a2
|ŵ(α(p− q))|2 1

cq2 + a2
dpdq

≤ C5.21
αδ

a2
| lnα|2 ✭✺✳✷✶✮

q✉✐ ❡st ❜♦r♥é ❡t t❡♥❞ ✈❡rs ③ér♦ q✉❛♥❞ α t❡♥❞ ✈❡rs ③ér♦ ❞✬❛♣rès ❧❡ ❧❡♠♠❡ ✺✳✶✳✸✳ ❖♥ ♣r♦❝è❞❡ ❞❡ ❧❛
♠ê♠❡ ❢❛ç♦♥ ♣♦✉r Pα(H̃ −H∞(α))Pα✳ ❖♥ é❝r✐t

|(H∞(α) − z)|− 1
2 (H∞,0 + a2)

1
2 = |(H∞(α) − z)|− 1

2 (H∞(α) + a2)
1
2 (H∞(α) + a2)−

1
2 (H∞,0 + a2)

1
2

❡t ♦♥ ❛ ❧✬❡st✐♠❛t✐♦♥ ✭✈♦✐r ❛♥♥❡①❡ ❇✳✹✮

‖(H∞(α) − z)−
1
2 (H∞(α) + a2)

1
2 ‖2 = max{d∞(−a2)

d∞(z)
, 1}.

❉❡✉①✐è♠❡♠❡♥t ♦♥ é❝r✐t

H∞(α) + a2 = H∞,0 + v̂∗(α·) + a2 = (H∞,0 + a2)(1 + (H∞,0 + a2)−
1
2 v̂∗(α·)(H∞,0 + a2)−

1
2 )

❡t ❛✈❡❝ ❧✬❛✐❞❡ ❞✉ ❧❡♠♠❡ ✺✳✶✳✸ ♦♥ ♦❜t✐❡♥t

‖(H∞,0 + a2)−
1
2 v̂∗(α·)(H∞,0 + a2)−

1
2 ‖2

≤ v̂0
∞π

2

a2
+ c20|3 ln(α)|28cm

a2
π2 < 1, ✭✺✳✷✷✮

s✐ ❧✬♦♥ ♣♦s❡
a2 = Ca(lnα)2, ✭✺✳✷✸✮

❛✈❡❝ Ca > 0 ✉♥❡ ❝♦♥st❛♥t❡ ❛ss❡③ ❣r❛♥❞❡✳ ❈❡❝✐ ✐♠♣❧✐q✉❡

‖(H∞(α) + a2)−
1
2 (H∞,0 + a2)

1
2 ‖ ≤ 1 ✭✺✳✷✹✮

❡t
σ(H∞(α)) ∩ (−∞,−Ca(lnα)2) = ∅

q✉✐ ❞♦♥♥❡ ❡♥ ❢❛✐t ✉♥❡ ♣❛rt✐❡ ❞❡ ❧❛ ♣r❡✉✈❡ ❞❡ i) ❞❡ ❧❛ ♣r♦♣♦s✐t✐♦♥ ✺✳✶✳✷✳ ◆♦t♦♥s ❜✐❡♥ q✉❡ a ❞❡♣❡♥❞
❞❡ α ❡t ♦♥ ❞♦✐t ❧❡ ♣r❡♥❞r❡ ❡♥ ❝♦♠♣t❡ ❞❛♥s ❧✬éq✉❛t✐♦♥ ✭✺✳✷✶✮ ❡t ♣♦✉r ❧❛ ❝♦♥❞✐t✐♦♥ ✺✳✶✺✳ ❖♥ ❞♦✐t
✈ér✐✜❡r q✉❡ ❧❛ ♣r❡♠✐èr❡ t❡♥❞ t♦✉❥♦✉rs ✈❡rs ③ér♦ q✉❛♥❞ α t❡♥❞ ✈❡rs ③ér♦✱ ❡t q✉❡ ❧❛ s❡❝♦♥❞❡ ❡st
t♦✉❥♦✉rs s❛t✐s❢❛✐t❡✱ ❝❡ q✉✐ ❡st ❧❡ ❝❛s✳ ❆✈❡❝ ❧❡ t❤é♦rè♠❡ s♣❡❝tr❛❧

‖(H∞,0 + a2)
1
2 (cmk

2P + a2)−
1
2 ‖2 ≤ c

cm

❡t ❡♥ ✉t✐❧✐s❛♥t ✭✺✳✶✷✮ ❡t ✭✺✳✶✹✮ ♦♥ ❝♦♥❝❧✉t q✉❡ N(z) ❡st ❜♦r♥é✳ ❉❡ ♣❧✉s✱ ♦♥ ♣❡✉t tr♦✉✈❡r α ❛ss❡③
♣❡t✐t t❡❧ q✉❡ ‖N(z)‖ < 1

2 ✳ ❖♥ ❞♦✐t ♠❛✐♥t❡♥❛♥t ❞✐s❝✉t❡r ❧❛ ❝♦♥❞✐t✐♦♥ s✉r z ♣♦✉r q✉❡ ❝❡ rés✉❧t❛t
s♦✐t ✈❛❧✐❞❡✳ ❖♥ ✈❡✉t s❛t✐s❢❛✐r❡ ❧❛ ❝♦♥❞✐t✐♦♥ s✉✐✈❛♥t❡ ✿

‖N(z)‖ ≤ max{d∞(−a2))

d∞(z)
, 1} c

cm
· const · α

δ

a2
| lnα|2 ≤ 1

2
. ✭✺✳✷✺✮

❙✐ ❧✬♦♥ s✉♣♣♦s❡ q✉❡ d∞(z) ≤ d∞(−a2)✱ q✉✐ ❡st ✉♥❡ ❝♦♥❞✐t✐♦♥ r❡q✉✐s❡ s✐ ❧✬♦♥ ✈❡✉t ❢❛✐r❡ ❧✬❛♥❛❧②s❡
s♣❡❝tr❛❧❡ ❞❡ H̃✱ ♦♥ ❞♦✐t s❛t✐s❢❛✐r❡ ❧❛ ❝♦♥❞✐t✐♦♥

2d∞(−a2)
c

cm
· const · α

δ

a2
| lnα|2 ≤ d∞(z). ✭✺✳✷✻✮
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P❛r ❛✐❧❧❡✉rs✱ ❝♦♠♠❡ ❧✬♦♥ s❛✐t q✉❡ H∞ ♣♦ssè❞❡ ❞✉ s♣❡❝tr❡ ♥é❣❛t✐❢✱ ❧❛ ❝♦♥❞✐t✐♦♥ d∞(z) ≤ d∞(−a2)
✐♠♣❧✐q✉❡ q✉❡ d∞(z) ≤ Ca(lnα)2 ❡t ♦♥ ♣❡✉t r❡♠❛rq✉❡r q✉❡ ♣♦✉r α ❛ss❡③ ♣❡t✐t✱ ❧✬❡♥s❡♠❜❧❡ ❞❡s z
♣♦✉r ❧❡sq✉❡❧ ✭✺✳✷✺✮ ❡st ✈ér✐✜é❡ ♥✬❡st ♣❛s ♥✉❧ ❡t ❞❡ ♣❧✉s

2d∞(−a2)
c

cm
· const · α

δ

a2
| lnα|2 ≤ ε0. ✭✺✳✷✼✮

P♦✉r z s❛t✐s❢❛✐s❛♥t ❝❡s r❡❧❛t✐♦♥s✱ ❝❡❝✐ ❝♦♥❝❧✉t ❧❛ ♣r❡✉✈❡ q✉❡ S(z) ❡st ❜♦r♥é✳
P♦✉r ❧❡s t❡r♠❡s ❤♦rs✲❞✐❛❣♦♥❛✉① ❞❡ ✭✺✳✽✮✱ ♦♥ ❞é✜♥✐t

α0 := min {αR, αM , αN}

❡t ❧✬♦♥ s✉♣♣♦s❡ q✉❡ α ≤ α0 ❡t ε0 ≤ d∞(z) ≤ Ca(lnα)2✳ ❖♥ é❝r✐t S(z)PαV PαR(z) ❝♦♠♠❡

S(z)PαV PαR(z) =

= |(H∞(α) − z)|− 1
2

1

1 −M(z) −N(z)
(H∞(α) − z)−

1
2V (H̃0Pα − z)−

1
2

1

1 +K(z)
(H̃0Pα − z)−

1
2

❆❧♦rs ♦♥ r❡tr♦✉✈❡ ❧✬❡①♣r❡ss✐♦♥ ✭✺✳✷✵✮ ❞✉ ♣♦t❡♥t✐❡❧ V ❡♥❝❛❞ré ♣❛r ❞❡✉① rés♦❧✈❛♥t❡s ❡t ♦♥ ♣❡✉t
✉t✐❧✐s❡r ❧❡s rés✉❧t❛ts ♣ré❝❡❞❡♥ts✳ ❖♥ ♦❜t✐❡♥t ✿

‖S(z)PαV PαR(z)‖ ≤ C5.28

d∞(z)
α

1
2
δ| lnα|, ‖R(z)PαV PαS(z)‖ ≤ C5.28

d∞(z)
α

1
2
δ| lnα| ✭✺✳✷✽✮

♦ù C5.28 > 0✳ ■❧ r❡st❡ ❧❡ t❡r♠❡ R(z)PαV PαS(z)PαV PαR(z) q✉❡ ❧✬♦♥ ♣❡✉t ❡st✐♠❡r ❞❡ ❧❛ ♠ê♠❡
♠❛♥✐èr❡ ♣❛r ✿

‖R(z)PαV PαS(z)PαV PαR(z)‖ ≤ C5.29

d∞(z)
αδ| lnα|2. ✭✺✳✷✾✮

❖♥ ✈❛ ✉t✐❧✐s❡r ♠❛✐♥t❡♥❛♥t ❧✬❡st✐♠❛t✐♦♥ s✉✐✈❛♥t❡ ♣♦✉r A,B ❜♦r♥és ✿
∥∥∥∥
(

0 A
A∗ B

)∥∥∥∥ ≤ ‖A‖ + ‖B‖,

♣r♦✉✈é❡ ❡♥ ❛♥♥❡①❡ ❇✳✺ ❡t ♦♥ ♦❜t✐❡♥t ✿

‖(H̃ − z)−1 − S(z)‖ ≤ C5.28α
1
2
δ| lnα| + C5.29α

δ| lnα|2
d∞(z)

α→0−−−→ 0.

❖♥ ét❛❜❧✐t ♠❛✐♥t❡♥❛♥t ✉♥ ❞❡r♥✐❡r ❧❡♠♠❡ q✉✐ ♥♦✉s ♣❡r♠❡ttr❛ ❞❡ ❝♦♥❝❧✉r❡ ❧❛ ♣r❡✉✈❡ ❞❡ ❧❛
♣r♦♣♦s✐t✐♦♥ ✺✳✶✳✷

▲❡♠♠❡ ✺✳✶✳✺✳ ❙♦✐t ε0 > 0 ❡t 0 < δ < 1/2✱ ■❧ ❡①✐st❡ α0 = α0(ε0, δ) > 0✱ C > 0 ❡t ❞❡✉① ❝♦♥st❛♥t❡s

A5.30 ❡t B5.30 t❡❧❧❡s q✉❡ s✐ 0 < α ≤ α0 ❡t ε0 ≤ d∞(z) ≤ C(lnα)2✱ ❛❧♦rs

‖S(z) − (H∞(α) − z)−1‖ ≤ 1

(d∞(z))2
(A5.30α

2−4δ +B5.30α
δ| lnα|2) α→0−−−→ 0.

❉é♠♦♥str❛t✐♦♥✳ ❖♥ ❛ ✈✉ ❞❛♥s ❧❛ ♣r❡✉✈❡ ♣ré❝é❞❡♥t❡ q✉❡ s✐ α ≤ α0 ❡t ε0 ≤ d∞(z) ≤ ca(lnα)2✱
❧✬éq✉❛t✐♦♥ ✭✺✳✶✼✮ ❡st ❜✐❡♥ ❞é✜♥✐❡✱ ❡t ❡♥ ✉t✐❧✐s❛♥t ❧✬éq✉❛t✐♦♥ ❞❡ ❧❛ rés♦❧✈❛♥t❡ ♦♥ ♣❡✉t ❛✉ss✐ é❝r✐r❡

S(z) = (H∞(α) − z)−1 − |(H∞(α) − z)|− 1
2

M(z) +N(z)

1 − (M(z) +N(z))
(H∞(α) − z)−

1
2 ,
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❝❡ q✉✐ ❞♦♥♥❡ ❧✬❡st✐♠❛t✐♦♥

‖S(z) − (H∞(α) − z)−1‖ ≤ ‖(H∞(α) − z)−
1
2 ‖2‖M(z) +N(z)‖ · const

≤ 1

(d∞(z))2
(A5.30α

2−4δ +B5.30α
δ| lnα|2) α→0−−−→ 0, ✭✺✳✸✵✮

♦ù A5.30, B5.30 > 0 s♦♥t ❞❡s ❝♦♥st❛♥t❡s ❛ss❡③ ❣r❛♥❞❡s✳

❖♥ ❝♦♥❝❧✉t ❡♥✜♥ ❧❛ ♣r❡✉✈❡ ❞✉ t❤é♦rè♠❡ ✺✳✶✳✷ ❡♥ ✉t✐❧✐s❛♥t ❧❡s ❞❡✉① ♣ré❝é❞❡♥ts ❧❡♠♠❡s ❡t ❡♥
r❡♠❛rq✉❛♥t q✉❡

‖(H̃ − z)−1 − (H∞(α) − z)−1‖ ≤ ‖(H̃ − z)−1 − S(z)‖ + ‖S(z) − (H∞(α) − z)−1‖.

✺✳✷ ▲✬❡①❝✐t♦♥

❖♥ ✈❛ ♠♦♥tr❡r ✐❝✐ q✉❡ ❧✬❍❛♠✐❧t♦♥✐❡♥ H∞(α) ♣♦ssè❞❡ ✉♥ s♣❡❝tr❡ ♣r♦❝❤❡ ❞❡ ❝❡✉① ❞❡s ♠♦❞è❧❡s
ét✉❞✐és ❞❛♥s ❧❡s ♣✉❜❧✐❝❛t✐♦♥s ❬❈❉P❪ ❡t ❬❈❉❘✷❪✳

❙♦✐t F ❧✬♦♣ér❛t❡✉r tr❛♥s❢♦r♠é❡ ❞❡ ❋♦✉r✐❡r s✉r ❧❛ ❧✐❣♥❡ ❡t s♦✐t

he := F−1H∞(α)F. ✭✺✳✸✶✮

▲✬❍❛♠✐❧t♦♥✐❡♥ he ♣❡✉t s✬é❝r✐r❡ ❝♦♠♠❡ ✿

he =: −D′′(0)

2

∂2

∂x2
+ vr,α(x) ✭✺✳✸✷✮

♦ù ❧❡ ♣♦t❡♥t✐❡❧ vr,α ❡st ❧❛ tr❛♥s❢♦r♠é❡ ❞❡ ❋♦✉r✐❡r ✐♥✈❡rs❡ ❞❡ v̂∞(α·)✳ ❖♥ r❛♣♣❡❧❧❡ ❧✬❡①♣r❡ss✐♦♥

v̂∞(k − k′) =
1√
2π


 ∑

n1∈Z∗

Sc(n1)

N
v̂r
eff(

2π

N
n1) −

∑

n1∈Z

|̂uv|2(n1)̂|uc|2(n1)v̂
r
eff

(
k − k′ +

2π

N
n1

)
 ,

❡t ❝♦♠♠❡ ❧✬♦♣ér❛t❡✉r ❛ss♦❝✐é ❡st ✉♥ ♦♣ér❛t❡✉r ❞❡ ❝♦♥✈♦❧✉t✐♦♥✱ ❧❛ tr❛♥s❢♦r♠é❡ ❞❡ ❋♦✉r✐❡r ✐♥✈❡rs❡
❞♦♥♥❡ ✉♥ ♦♣ér❛t❡✉r ❞❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♣❛r ❧❛ ❢♦♥❝t✐♦♥ vr,α✳ ▲❡ ♣r❡♠✐❡r t❡r♠❡ ❞❡ v̂r,α ❡st ✉♥❡
❝♦♥st❛♥t❡✱ ❝❡ q✉✐ ✈❛ ❞♦♥♥❡r✱ ❛✉ s❡♥s ❞❡s ❞✐str✐❜✉t✐♦♥s✱ ❛♣rès tr❛♥s❢♦r♠é❡ ✐♥✈❡rs❡✱ ✉♥❡ ❞✐str✐❜✉t✐♦♥
❞❡ ❉✐r❛❝✳ ▲❡ s❡❝♦♥❞ t❡r♠❡ ❞♦♥♥❡ ✿

∫

R

∑

n1∈Z

|̂uv|2(n1)̂|uc|2(n1)v̂
r
eff

(
αK +

2π

N
n1

)
eiKxdK =

=
∑

n1∈Z

|̂uv|2(n1)̂|uc|2(n1)

∫

R

v̂r
eff

(
K ′) ei K′x

α
dK ′

α
ei

2π
N

n1x
α

=
∑

n1∈Z

|̂uv|2(n1)̂|uc|2(n1)e
i 2π

N
n1

x
α

1

α
vr
eff(

x

α
)
√

2π
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❖♥ ❛✷ ❞✬❛♣rès ✭✹✳✶✵✮

Cu(
x

α
) := Cu(x, L) :=

∑

n1∈Z

|̂uv|2(n1)̂|uc|2(n1)e
i 2π

N
n1

x
α =

(
F−1 |̂uv|2 ̂|uc|2

)
(
x

α
) ✭✺✳✸✸✮

=
1

L

(
F−1 ̂|uv|2|uc|2

)
(
x

α
)

=
1

L

∫ L/2

−L/2
|uv(

x

α
− x′)|2|uc(x

′)|2dx′

=

∫ 1/2

−1/2
|uv(

x

α
−XL)|2|uc(XL)|2dX.

▲❛ ❢♦♥❝t✐♦♥ Cu ❡st ♣♦s✐t✐✈❡✱ ♣ér✐♦❞✐q✉❡ ❞❡ ♣ér✐♦❞❡ 2π/L✱ ❜♦r♥é❡ s✉r R ❡t ❜♦r♥é❡ ✉♥✐❢♦r♠é♠❡♥t
♣❛r r❛♣♣♦rt ❛✉ ♣❛r❛♠ètr❡ L✳ ❖♥ ♦❜t✐❡♥t ❞♦♥❝ ❛✉ s❡♥s ❞❡s ❞✐str✐❜✉t✐♦♥s ✿

vr,α(x) = C(r)δ(x) − Cu(x)
1

α
vr
eff(

x

α
) ✭✺✳✸✹✮

♦ù

C(r) :=
1

2π

∑

n1∈Z∗

ûvuc(n1)ûcuv(n1)v̂
r
eff(n1)

❝✬❡st à ❞✐r❡ q✉❡ v∞ ❡st ✉♥ ♦♣ér❛t❡✉r ❞é✜♥✐ ❛✉ s❡♥s ❞❡s ❢♦r♠❡s ❛✈❡❝ ❢♦r♠❡ ❛ss♦❝✐é❡ qi ✿

qi(f, f) := C(r)|f(0)|2 −
∫

R

Cu(
x

α
)
1

α
vr
eff(

x

α
)|f(x)|2dx

❛✈❡❝ f ∈ D( ∂2

∂x2 )✳ ❖♥ r❛♣♣❡❧❧❡ ❧❛ ♣r♦♣r✐été ❞✉ ♣♦t❡♥t✐❡❧ vr
eff s✉r ❧❡ ❝②❧✐♥❞r❡ ✐♥✜♥✐ ✿

1

r
v1
eff(

x

r
) = vr

eff(x) =
1

2π

∫ π

−π

1√
x2 + 4r2 sin2 y

2

dy.

❖♥ ♣❡✉t ✈♦✐r ✐❝✐ q✉❡ α ❥♦✉❡ ❧❡ ♠ê♠❡ rô❧❡ q✉❡ ❧❡ ♣❛r❛♠ètr❡ r ♣rés❡♥t ❞❛♥s vr
eff ✳ ❖♥ ✈❛ ❞♦♥❝ ♣♦✉✈♦✐r

✉t✐❧✐s❡r ❧❡s rés✉❧t❛ts ❞❡ ❧✬❛♥❛❧②s❡ ❞✉ ❝♦♠♣♦rt❡♠❡♥t ❞❡ vr
eff q✉❛♥❞ r t❡♥❞ ✈❡rs ③ér♦✱ ❞♦♥♥és ❞❛♥s

❧❡ ♣❛♣✐❡r ❬❈❉❘✷❪ ♣♦✉r ❝♦♥❝❧✉r❡ s✉r ❧❡ s♣❡❝tr❡ ❞❡ h✳ ❈❡❝✐ ❡st ❢❛✐t ❛✉ ❝❤❛♣✐tr❡ ✻✳
❖♥ ♣❡✉t ❡♥✜♥ r❡♠❛rq✉❡r ✐❝✐ q✉❡ ❧❛ ❝❤✐r❛❧✐té ❞✉ ♥❛♥♦t✉❜❡✱ q✉✐ ❞❡t❡r♠✐♥❡ ❧❛ ❢♦♥❝t✐♦♥ D✱

✐♥✢✉❡♥❝❡ ❧❡ ❝♦♠♣♦rt❡♠❡♥t ❞❡ ❧✬❡①❝✐t♦♥ à tr❛✈❡rs ❧❛ ✈❛❧❡✉r D′′(0)✳

✺✳✸ ❈♦❡✣❝✐❡♥t ❞✬❛❜s♦r♣t✐♦♥ ♦♣t✐q✉❡

❆✉ ❝❤❛♣✐tr❡ ✸✱ ❧❡ ❝♦❡✣❝✐❡♥t ❞✬❛❜s♦r♣t✐♦♥ ♦♣t✐q✉❡ ❛ été ❡①♣r✐♠é ❡♥ ❢♦♥❝t✐♦♥ ❞❡s ét❛ts ♣r♦♣r❡s
❞❡ ❧✬❍❛♠✐❧t♦♥✐❡♥ ❛✈❡❝ ✐♥t❡r❛❝t✐♦♥s ❡♥tr❡ é❧❡❝tr♦♥s✳ ■❧ ❡st t❡♠♣s ♠❛✐♥t❡♥❛♥t ❞✬✉t✐❧✐s❡r ❧❡s rés✉❧t❛ts
♦❜t❡♥✉s ❛✉① ❝❤❛♣✐tr❡s ✹ ❡t ✺ ♣♦✉r ♦❜t❡♥✐r ❧❛ ❢♦r♠✉❧❡ ✜♥❛❧❡✳

▲❛ ❝♦♥✈❡r❣❡♥❝❡ ❡♥ ♥♦r♠❡ ❞❡s rés♦❧✈❛♥t❡s ❞❡ Hexc ❡t he ❛✈❡❝ λ✱ ❛✐♥s✐ q✉❡ ❧❡s ♣r♦♣r✐étés ❞✉
s♣❡❝tr❡ ❞❡ he q✉❡ ❧✬♦♥ ✈❡rr❛ ❞❛♥s ❧❡ ♣r♦❝❤❛✐♥ ❝❤❛♣✐tr❡✱ ♣❡r♠❡tt❡♥t✱ ❣râ❝❡ à ❧❛ t❤é♦r✐❡ ❞❡ ♣❡rt✉r✲
❜❛t✐♦♥✱ ❞❡ ❞♦♥♥❡r ✉♥❡ ❡st✐♠❛t✐♦♥ ❞❡s ét❛ts ♣r♦♣r❡s ❞❡ Hexc✳

❙♦✐t ❧❛ ♠❛tr✐❝❡ ❞✬♦♣ér❛t❡✉rs ❛❣✐ss❛♥t ❞❛♥s ℓ2(C × C, L2(−π, π))

M̃ :=

(
EG 0
0 EG + D(0) +Hexc

)
,

✷❉❛♥s ❧✬éq✉❛t✐♦♥ q✉✐ s✉✐t✱ F−1 s②♠❜♦❧✐s❡ ❧❛ tr❛♥s❢♦r♠é❡ ✐♥✈❡rs❡ ❞❡ ❋♦✉r✐❡r s✉r ❧❡ ❝❡r❝❧❡ ❞❡ ♣ér✐♠ètr❡ L✱ ❝♦♠♠❡
❞é✜♥✐❡ ❡♥ ✭✹✳✶✵✮✳
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❡t s♦✐t {ϕ̂n}n s❡s ✈❡❝t❡✉rs ♣r♦♣r❡s ❡t {φn}n ❝❡✉① ❞❡ ❧❛ ♠❛tr✐❝❡ M ✳ ❉✬❛♣rès ❧❡ t❤é♦rè♠❡ ✹✳✸✳✸ ❡t
❧❡s ♣r♦♣♦s✐t✐♦♥s ✹✳✸✳✶✵❡t ✹✳✸✳✶✹✱ ♣♦✉r λ ♣❡t✐t ❡t N ❣r❛♥❞✱ ✐❧ ❡①✐st❡ ✉♥❡ ❝♦♥st❛♥t❡ Cp > 0 t❡❧❧❡ q✉❡
♣♦✉r t♦✉t ❡♥t✐❡r n ∈ [0, N ]

φn = (1 + R(λ,N))J∗ϕ̂n,

♦ù

R(λ,N) ≤ cλλ+ cN
1√
N
,

❛✈❡❝ cλ, cN ❞❡s ❝♦♥st❛♥t❡s ♣♦s✐t✐✈❡s✳ ❖♥ r❛♣♣❡❧❧❡ q✉❡ J∗ ✭❞é✜♥✐ ❡♥ ✭✹✳✹✼✮✮ ❡st ❧✬♦♣ér❛t❡✉r q✉✐
♣❡r♠❡t ❧❡ ♣❛ss❛❣❡ ❞❡ ❧✬❡s♣❛❝❡ ❝♦♥t✐♥✉ à ❧✬❡s♣❛❝❡ ❞✐s❝r❡t ❡t q✉❡ ❧✬♦♥ ❛ ♣♦✉r t♦✉t kj = 2π

L j ∈
[−π, π) ∩ 2π

L Z ✿

(J∗ϕ̂n)(kj) =

∫ π

−π
χj(k)ϕ̂n(k)dk = (χj , ϕ̂n).

❈♦♠♠❡ ♦♥ ❝♦♥♥❛ît ✉♥❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❞❡s ét❛ts ♣r♦♣r❡s ❞❡ M̃ ❛✈❡❝ ❧✬ét✉❞❡ ❞❡ he✱ ♦♥ ♣❡✉t é❝r✐r❡
M̃ ❝♦♠♠❡ ✉♥❡ ♠❛tr✐❝❡ ❞✐❛❣♦♥❛❧❡✳ ❆❧♦rs ψ0✱ ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧✱ ❡t ψn✱ ❧❡s ét❛ts ❡①❝✐tés ❞❡ H1

❛❣✐ss❛♥t ❞❛♥s E ♣❡✉✈❡♥t s✬é❝r✐r❡ s✐ λ ❡st s✉✣s❛♠♠❡♥t ♣❡t✐t ❡t N ❛ss❡③ ❣r❛♥❞ ✿

ψ0 = (1 + R(λ,N))|0 >,

ψn =

N/2∑

j=−N
2

(1 + R(λ,N))(J∗ϕ̂n)(kj)a
∗
c,kj

av,kj
|0 > .

❖♥ r❛♣♣❡❧❧❡ q✉❡ P = −i∑N
j=1

∂
∂xj

✱ ❡t ❝♦♠♠❡ ψ0, ψn, |0 >∈ D(H0) = W2(SN
L )✱ ♦♥ ♣❡✉t ❧❡✉r

❛♣♣❧✐q✉❡r ❧✬♦♣ér❛t❡✉r P ✱ ❧❡ rés✉❧t❛t r❡st❡ ❜♦r♥é ❡t ♦♥ ♣❡✉t ❞♦♥❝ é❝r✐r❡

< ψ0, Pψn >=

N/2∑

j=−N
2

(1 + R(λ,N))2(J∗ϕ̂n)(kj) < 0|Pa∗c,kj
av,kj

|0 > . ✭✺✳✸✺✮

❙✐ ❧✬♦♥ ❡①♣r✐♠❡ ❞❛♥s ❧❛ ❜❛s❡ ❞❡s ✈❡❝t❡✉rs ♣r♦♣r❡s ❞❡ ❧✬❍❛♠✐❧t♦♥✐❡♥ s❛♥s ✐♥t❡r❛❝t✐♦♥ ❡♥tr❡ é❧❡❝tr♦♥s✱

a∗c,kj
av,kj

|0 >=
1√
N !

∑

σ∈ΣN

(−1)m(σ)ec,kj
(xσ(1)) ⊗ ev,k

−N
2

(xσ(2)) ⊗ ...⊗ ev,kj−1
(xσ(j−1))⊗

⊗ ev,kj+1
(xσ(j+1)) ⊗ ...⊗ ev,k N

2

(xσ(N
2

)),

❛❧♦rs ♦♥ ♦❜t✐❡♥t

< 0|Pa∗c,kj
av,kj

|0 >=
1

N !

N∑

l=1

∑

σ,σ′

(−1)m(σ)+m(σ′)

×
∫

SN
L

ev,k
−N

2

(xσ(1))...ev,k N
2

(xσ(N))
d

dxl
ec,kj

(xσ′(1))...ev,k N
2

(xσ′(N))dx1...dxN .

P✉✐sq✉❡ ♣♦✉r t♦✉t kj , kl ∫

SL

ev,kj
(x)ec,kl

(x)dx = 0

t♦✉s ❧❡s t❡r♠❡s ♦ù ❧❛ ❞ér✐✈é❡ ♥✬❡st ♣❛s ❛♣♣❧✐q✉é❡ à ec,kj
s♦♥t ♥✉❧s✳ ❆❧♦rs✱ ❡♥ ✉t✐❧✐s❛♥t q✉❡

∫

SL

ev,kj
(x)ev,kl

(x)dx = δklkj
,
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♦♥ ❛

< 0|Pa∗c,kj
av,kj

|0 > =
1

N !

N∑

l=1

∫

SL

ev,kj
(xl)e

′
c,kj

(xl)dxj · (N − 1)!

= < ev,kj
, e′c,kj

> .

❆❧♦rs ❧✬❡①♣r❡ss✐♦♥ ✭✺✳✸✺✮ s❡ s✐♠♣❧✐✜❡ ❡♥

< ψ0, Pψn > =

N/2∑

j=−N
2

(1 + R(λ,N))2(J∗ϕ̂n)(kj) < ev,kj
, e′c,kj

>

=

N/2∑

j=−N
2

(1 + R(λ,N))2(J∗ϕ̂n)(kj)
1

L

∫

SL

uv(x)u
′
c(x)dx.

❖♥ r❛♣♣❡❧❧❡ q✉❡ uv ❡t uc s♦♥t ♣ér✐♦❞✐q✉❡s ❞❡ ♣ér✐♦❞❡ ✶ ❡t q✉❡ L ∈ N✱ ❝❡ q✉✐ ❞♦♥♥❡

1

L

∫

SL

uv(x)u
′
c(x)dx =

∫ 1/2

−1/2
uv(x)u

′
c(x)dx.

❊♥ ♦✉tr❡✱

N/2∑

j=−N
2

(J∗ϕ̂n)(kj) =

∫ π

−π

N/2∑

j=−N
2

χj(k)ϕ̂n(k)dk =

√
N

2π

∫ π

−π
ϕ̂n(k)dk

=

√
N

2π
ϕn(x = 0).

❊t ❡♥✜♥✱ s✐ ❧✬♦♥ ✐♥tr♦❞✉✐t ❧❛ ♥♦t❛t✐♦♥

Uvc :=

∫ 1
2

− 1
2

uv(x)u
′
c(x)dx,

♦♥ ♦❜t✐❡♥t

< ψ0, Pψn > = ϕn(0)
√
N(1 + R(λ,N))2Uvc.

❖♥ ✈❛ ♠❛✐♥t❡♥❛♥t ❡①♣r✐♠❡r ❧❡s ❢♦♥❝t✐♦♥s ϕn ❡♥ ❢♦♥❝t✐♦♥ ❞❡s ✈❡❝t❡✉rs ♣r♦♣r❡s ❞❡ ❧✬❍❛♠✐❧t♦♥✐❡♥
❞❡ ❧✬❡①❝✐t♦♥ H∞(α) q✉❡ ❧✬♦♥ ♥♦t❡r❛ ♣❛r fn✳ P♦✉r ❝❡❧❛ ♦♥ ✉t✐❧✐s❡ ❧❡s rés✉❧t❛ts ❞✉ t❤é♦rè♠❡ ✺✳✶✳✷ ♦ù
♦♥ ♣r❡♥❞ δ = 4/9✳ P♦✉r λ ❛ss❡③ ♣❡t✐t✱ ✐❧ ❡①✐st❡ ✉♥❡ ❝♦♥st❛♥t❡ C1 > 0 t❡❧❧❡ q✉❡ ❧✬♦♥ ♣❡✉t é❝r✐r❡ ✿

ϕn =
(
1 + λ2/9| lnλ|C1

)
fn,

❡t ❞♦♥❝

< ψ0, Pψn > = fn(0)
√
NUvc

(
1 + λ2/9| lnλ|C1

)
(1 + R(λ,N))2,

< ψ0, Pψn > = fn(0)
√
NUvc

(
1 + O(

1√
N

) + O(λ2/9| lnλ|)
)
.

❙✐ ❧✬♦♥ r❡✈✐❡♥t ♠❛✐♥t❡♥❛♥t s✉r ❧❛ ❢♦r♠✉❧❡ ❞✉ s♣❡❝tr❡ ❞✬❛❜s♦r♣t✐♦♥ ♦♣t✐q✉❡ ❞♦♥♥é❡ ❛✉ ❝❤❛♣✐tr❡ ✸✱
❢♦r♠✉❧❡ ✭✸✳✶✼✮ ✿

α(ω) =
1

Z1

∑

k≥0

4ηω

[(λk − λ0 − ω)2 + η2][(λk − λ0 + ω)2 + η2]
| < ψk, Pψ0 > |2 + oβ(1),
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♦♥ ♦❜t✐❡♥t ♣♦✉r λ ❛ss❡③ ♣❡t✐t✱ N ❛ss❡③ ❣r❛♥❞

α(ω) =
|Uvc|2N
Z1

∑

k≥0

4ηω

[(λk − λ0 − ω)2 + η2][(λk − λ0 + ω)2 + η2]
|fn(0)|2×

×
(

1 + O(
1√
N

) + O(λ2/9| lnλ|)
)

+ oβ(1). ✭✺✳✸✻✮

P♦✉r ❧❡s r❡❧❛t✐♦♥s ❡♥tr❡ ❧❡s ✈❛❧❡✉rs ♣r♦♣r❡s✱ s✐ ♦♥ ❛♣♣❡❧❧❡ ǫk ❧❡s ✈❛❧❡✉rs ♣r♦♣r❡s ✭♥é❣❛t✐✈❡s✮ ❞❡ he✱
♦♥ ♣❡✉t ❛♣♣r♦①✐♠❡r ❧❡s é♥❡r❣✐❡s {λk}k ♣❛r

λ0 = EG,

λk = (EG + D(0) + ǫk)

(
1 + O(

1√
N

) + O(λ2/9| lnλ|)
)
.

❖♥ ♣❡✉t r❡♠❛rq✉❡r q✉❡ ❧❡ t❡r♠❡ ♣r✐♥❝✐♣❛❧ ❞❡ α ❛ ❧❡ ♠ê♠❡ ❝♦♠♣♦rt❡♠❡♥t ❡♥ ω q✉❡ ❧✬❡①♣r❡ss✐♦♥
❞✉ ❝♦❡✣❝✐❡♥t ❞✬❛❜s♦r♣t✐♦♥ ❞♦♥♥é ❞❛♥s ❬❍❑❪✳



❈❤❛♣✐tr❡ ✻

▲✬❡①❝✐t♦♥

❖♥ ✈❛ ♠❛✐♥t❡♥❛♥t ét✉❞✐❡r ❧✬❍❛♠✐❧t♦♥✐❡♥ he ♦❜t❡♥✉ ❛✉ ❝❤❛♣✐tr❡ ♣ré❝é❞❡♥t ❡t ❞é✜♥✐ ❡♥ ✭✺✳✸✷✮
❡t ♦♥ ✈❛ ❢❛✐r❡ ❧❡ ❧✐❡♥ ❛✈❡❝ ❧❡s rés✉❧t❛ts ♦❜t❡♥✉s ❞❛♥s ❧✬ét✉❞❡ ❬❈❉❘✷❪✳ ❉❛♥s ❝❡tt❡ ♣✉❜❧✐❝❛t✐♦♥✱ ♦♥
ét✉❞✐❡ ✉♥ s②stè♠❡ ❞❡ ❞❡✉① ♣❛rt✐❝✉❧❡s s✉r ✉♥ ❝②❧✐♥❞r❡ ❧✐ss❡✱ ❝✬❡st à ❞✐r❡ s❛♥s ♣♦t❡♥t✐❡❧ ♣ér✐♦❞✐q✉❡✳
❈❡s ❞❡✉① ♣❛rt✐❝✉❧❡s ♦♥t ❞❡s ❝❤❛r❣❡s ♦♣♣♦sé❡s ❡t ❧❡s ❛✉t❡✉rs s✉❣❣èr❡♥t q✉❡ ❧❡ s②stè♠❡ ét✉❞✐é ♣❡✉t
♠♦❞é❧✐s❡r ✉♥ ❡①❝✐t♦♥ ❞❛♥s ✉♥ ♥❛♥♦t✉❜❡ ❞❡ ❝❛r❜♦♥❡✳ ▲❡ ❢❛✐t q✉❡ ❧✬♦♥ ♣✉✐ss❡ tr♦✉✈❡r ✉♥❡ r❡❧❛t✐♦♥
❡♥tr❡ ❧❛ ♣rés❡♥t❡ ét✉❞❡ ❡t ❧✬ét✉❞❡ ❬❈❉❘✷❪ ♣♦✉rr❛✐t ❥✉st✐✜❡r ❧❡✉r ❛♣♣r♦❝❤❡ s✐♠♣❧✐✜é ❡t ❡♥ ♠ê♠❡
t❡♠♣s ❥✉st✐✜❡r ❧❡s tr❛✈❛✉① ❞❡s ♣❤②s✐❝✐❡♥s P❡❞❡rs❡♥ ❬P✶❪✱ ❬P✷❪ ❡t ❑♦st♦✈ ❡t ❛❧✳ ❬❑❈▼❪✳ ■❧ ❡st ❞♦♥❝
✐♥tér❡ss❛♥t ❞❡ ✈♦✐r s✐ ❧❡ ♠♦❞è❧❡ ✉t✐❧✐sé ✐❝✐ ❛✈❡❝ ♣r✐s❡ ❡♥ ❝♦♠♣t❡ ❞✉ ♣♦t❡♥t✐❡❧ ♣ér✐♦❞✐q✉❡ ❞❡s ❛t♦♠❡s
❡t ❞✬✉♥ s②stè♠❡ à N ♣❛rt✐❝✉❧❡s ♣❡✉t s❡ r❛♠❡♥❡r ❛✉ ♠♦❞è❧❡ ♣❧✉s s✐♠♣❧❡ ❞❡ ❝❡s ét✉❞❡s✳

❖♥ ✈❛ ❞♦♥❝ ❞✐s❝✉t❡r ❞❛♥s ✉♥ ♣r❡♠✐❡r t❡♠♣s s✉r ❧❡ ❧✐❡♥ q✉❡ ❧✬♦♥ ♣❡✉t ❢❛✐r❡ ❡♥tr❡ ❧❛ ♣ré✲
s❡♥t❡ ❛♣♣r♦❝❤❡ ❡t ❧✬ét✉❞❡ ❬❈❉❘✷❪✳ ❖♥ ✈❛ ❡♥s✉✐t❡ ❞♦♥♥❡r ❧✬ét✉❞❡ ❬❈❉❘✷❪✳ ❊♥✜♥✱ ♦♥ ✐♥❝❧✉❡r❛ ❧❡
♣❛♣✐❡r ❬❈P❘❪ q✉✐ ❡✛❡❝t✉❡ ✉♥❡ ❝♦♠♣❛r❛✐s♦♥ ❡♥tr❡ ❧❡s rés✉❧t❛ts ❛♥❛❧②t✐q✉❡s ❞❡ ❬❈❉❘✷❪ ❡t ✉♥❡
❛♣♣r♦❝❤❡ ✈❛r✐❛t✐♦♥♥❡❧❧❡✱ q✉✐ ♣❡r♠❡t ❞♦♥❝ ✉♥❡ ❝♦♠♣❛r❛✐s♦♥ ❛✈❡❝ ❧❛ ♣❤②s✐q✉❡✳

✻✳✶ ❉✉ ♠♦❞è❧❡ à N ♣❛rt✐❝✉❧❡s ❛✉ ♠♦❞è❧❡ ❛ ❞❡✉① ♣❛rt✐❝✉❧❡s

❇✐❡♥ q✉❡ ♣❛rt❛♥t ❞❡ ❞✐✛ér❡♥t❡s s✉♣♣♦s✐t✐♦♥s✱ ❧❡s ❞❡✉① ❛♣♣r♦❝❤❡s✱ ❝❡❧❧❡ à N ♣❛rt✐❝✉❧❡s ❡t ❝❡❧❧❡ à
✷ ♣❛rt✐❝✉❧❡s✱ ❝♦♥✈❡r❣❡♥t ❞❛♥s ❧❡✉rs rés✉❧t❛ts✳ ❈✬❡st ❛♣rès ❧❛ ré❞✉❝t✐♦♥ à ✉♥❡ ❞✐♠❡♥s✐♦♥✱ t❡❝❤♥✐q✉❡
✉t✐❧✐sé❡ ❞❛♥s ❧❡s ❞❡✉① ét✉❞❡s✱ q✉❡ ❧✬♦♥ ♣❡✉t ♠♦♥tr❡r q✉❡ ❧❡ ♣r♦❜❧è♠❡ ❛ N ♣❛rt✐❝✉❧❡s s✉r ❧❛ ❧✐❣♥❡
❡st ✏♣r♦❝❤❡✑ ❞❡ ❝❡❧✉✐ à ✷ ♣❛rt✐❝✉❧❡s s✉r ❧❛ ❧✐❣♥❡✳

▲✬ét✉❞❡ ❬❈❉❘✷❪ q✉✐ ❡st ✐♥❝❧✉s❡ ❞❛♥s ❧❛ s✉✐t❡ ❞❡ ❝❡ ❝❤❛♣✐tr❡ ♣r❡♥❞ ❝♦♠♠❡ ♣♦✐♥t ❞❡ ❞é♣❛rt
✉♥ s②stè♠❡ à ✷ ♣❛rt✐❝✉❧❡s à ❧❛ s✉r❢❛❝❡ ❞✬✉♥ ❝②❧✐♥❞r❡ ✐♥✜♥✐✳ ▲✬❡s♣❛❝❡ ❞❡s ❝♦♥✜❣✉r❛t✐♦♥s ❡st R ×
[−πr, πr) ❡t ❧✬❍❛♠✐❧t♦♥✐❡♥ ❡st ❞é✜♥✐t ❢♦r♠❡❧❧❡♠❡♥t ♣❛r ❧❛ r❡❧❛t✐♦♥ ✭✷✳✶✮ ❞❡ ❝❡tt❡ ♣✉❜❧✐❝❛t✐♦♥✱ ❡t
❛ ♣♦✉r ❡①♣r❡ss✐♦♥ ✿

H̄r = −~2

(
∆x1

2m1
+

∆x2

2m2
+

∆y1

2m1
+

∆y2

2m2

)
− V r(x1 − x2, y1 − y2), ✭✻✳✶✮

♦ù
V r(x, y) :=

−e1e2
ε
√
x2 + 4r2 sin2

( y
2r

) ✭✻✳✷✮

(xi, yi) ∈ (R × [−πr, πr)) s♦♥t ❧❡s ❝♦♦r❞♦♥♥é❡s s✉r ❧❡ ❝②❧✐♥❞r❡ ❞❡s ✷ ♣❛rt✐❝✉❧❡s ❝❤❛r❣é❡s✱ mi ❧❡✉r
♠❛ss❡✱ ❡t ei ❧❡✉r ❝❤❛r❣❡ q✉✐ s♦♥t ❞❡ s✐❣♥❡ ♦♣♣♦sé❡s t❡❧❧❡s q✉❡ Vr > 0✳ ■❝✐ ε ❡st ❧❛ ♣❡r♠✐tt✐✈✐té
❡❧❡❝tr✐q✉❡ ❞✉ ♠❛tér✐❛✉✳ ▲✬♦♣ér❛t❡✉r ❡st ❡♥ ❢❛✐t ❞é✜♥✐ ❛✉ s❡♥s ❞❡s ❢♦r♠❡s ❝❛r ❧❡ ♣♦t❡♥t✐❡❧ Vr ❡st
s❡✉❧❡♠❡♥t L1 ❛✉t♦✉r ❞❡ ❧✬♦r✐❣✐♥❡✳

■❧ ❡st ❡♥s✉✐t❡ ♣r♦❝é❞é à ❧❛ ré❞✉❝t✐♦♥ à ✉♥❡ ❞✐♠❡♥s✐♦♥ ❞✉ ♣r♦❜❧è♠❡ ❡♥ ♠ê♠❡ t❡♠♣s q✉✬à ❧❛
sé♣❛r❛t✐♦♥ ❞✉ ❝❡♥tr❡ ❞❡ ♠❛ss❡✳ ▲❛ ♣r♦❝é❞✉r❡ ❡st ❡①❛❝t❡♠❡♥t ❧❛ ♠ê♠❡ q✉❡ ❞❛♥s ❧❡ ❝❤❛♣✐tr❡ ✶ ❞❡ ❧❛

✶✷✾
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♣rés❡♥t❡ ét✉❞❡✳ ❈✬❡st à ❞✐r❡ q✉❡ ❧❡ ❝❛r❛❝tèr❡ ♣❡t✐t ❞✉ r❛②♦♥ ❞✉ t✉❜❡ ❡st ✉t✐❧✐sé ♣♦✉r ♠♦♥tr❡r q✉❡
❧✬ét✉❞❡ ❞✉ s♣❡❝tr❡ ❞❡ ❜❛ss❡ é♥❡r❣✐❡ s❡ ré❞✉✐t à ❧✬ét✉❞❡ ❞✉ s♣❡❝tr❡ ❞✬✉♥ ♠♦❞è❧❡ à ✉♥❡ ❞✐♠❡♥s✐♦♥✱
q✉✐ ❡st ❧❡ ♣r♦❥❡té ❞❛♥s ❧❡ s♦✉s✲❡s♣❛❝❡ ❢♦♥❞❛♠❡♥t❛❧ ❞✉ ▲❛♣❧❛❝✐❡♥ tr❛♥s✈❡rs❡ ❞✉ ♠♦❞è❧❡ ❞❡ ❞é♣❛rt✳

❯♥ ❍❛♠✐❧t♦♥✐❡♥ ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧ ❡st ♦❜t❡♥✉ ❡♥ ✭✷✳✷✽✮ ❞❡ ❧✬❛rt✐❝❧❡

Hr
eff := −1

2

d2

dx2
− V r

eff(x) ✭✻✳✸✮

❛✈❡❝ ❧❡ ♣♦t❡♥t✐❡❧ ❡✛❡❝t✐❢ ❞♦♥♥é ❡♥ ✭✷✳✷✼✮

V r
eff(x) =

1

2πr

∫ πr

−πr
V r(x, y)dy. ✭✻✳✹✮

❖♥ r❡♠❛rq✉❡ à ❝❡ st❛❞❡ q✉❡ ❧✬♦♥ ❛ ❧❛ ♣r♦♣r✐été s✉✐✈❛♥t❡ ♣♦✉r ❧❡ ♣♦t❡♥t✐❡❧ ✿

V r
eff(x) =

1

r
V 1

eff(
x

r
).

❉❛♥s ❧❡ ❝❛s ❞❡ he✱ ❧❡ ♣♦t❡♥t✐❡❧ ✭❞é✜♥✐ ❡♥ ✭✺✳✸✹✮✮ ❡st

v∞(x) = v0
∞ − vk

∞ = C(r)δ(x) − Cu(
x

α
)
1

α
v(
x

α
)

❛✈❡❝ C(r) ❞é♣❡♥❞❛♥t ❞❡ r ♠❛✐s ♣❛s ❞❡ α✳ ❖♥ ✐♥tr♦❞✉✐t ❧✬♦♣ér❛t❡✉r ❞é✜♥✐ ❛✉ s❡♥s ❞❡s ❢♦r♠❡s
s✉✐✈❛♥t ✿

H̃α
eff := Hα

eff + Cδ,

❡t ❝❤♦✐s✐t ❝❡t ♦♣ér❛t❡✉r✱ ♦ù ♣ré❝✐sé♠❡♥t α = r✱ ❝♦♠♠❡ ♦♣ér❛t❡✉r ❧✐♠✐t❡ ❞❡ he q✉❛♥❞ α t❡♥❞
✈❡rs ③ér♦✳ ❖♥ ✈❛ ♠❛✐♥t❡♥❛♥t ❥✉st✐✜❡r ❝❡ ❝❤♦✐①✳ ▲❡s ❢♦♥❝t✐♦♥s uv ❡t uc s♦♥t ❝♦♥t✐♥✉❡s✱ ♣ér✐♦❞✐q✉❡s✱
❜♦r♥é❡s✱ ♥♦r♠❛❧✐sé❡s ❡t s♦✐t

A := sup
x

|Cu(
x

α
) − 1| ≤ | sup

x,x′
|uv(

x

α
)|2 · |uc(x

′)|2 − 1| <∞,

❜♦r♥é ✉♥✐❢♦r♠é♠❡♥t ❡♥ α✱ ❛❧♦rs ♣♦✉r z ∈ ρ(Heff) ❧❛ q✉❛♥t✐té

‖(H̃α
eff − z)−

1
2 (vk

∞ − V α
eff)(H̃α

eff − z)−
1
2 ‖ =: ‖Kα(z)‖ ≤ A‖(H̃α

eff − z)−
1
2V α

eff(H̃α
eff − z)−

1
2 ‖ ✭✻✳✺✮

❈♦♠♠❡ V α
eff ❡st r❡❧❛t✐✈❡♠❡♥t ❜♦r♥é ❛✉ ▲❛♣❧❛❝✐❡♥ ❛✈❡❝ ❜♦r♥❡ r❡❧❛t✐✈❡ ♥✉❧❧❡ ♦♥ ❛ ✿

‖(H̃α
eff − z)−

1
2V α

eff(H̃α
eff − z)−

1
2 ‖ ≤ ε+

1

εd(z, σ(Hα
eff))

q✉❡❧ q✉❡ s♦✐t ε > 0✳ ❉♦♥❝ ♣♦✉r d(z, σ(H̃α
eff)) s✉✣s❛♠♠❡♥t ❣r❛♥❞❡✱ ♦♥ ♣❡✉t ❝❤♦✐s✐r ε t❡❧ q✉❡ ❧❛

q✉❛♥t✐té ✭✻✳✺✮ ❡st ✐♥❢ér✐❡✉r❡ à 1/2✳ ❙♦✉s ❝❡tt❡ ❝♦♥❞✐t✐♦♥✱ ♦♥ ❛ d(z, he)) > 0 ❡t

‖(H̃α
eff − z)−1 − (he − z)−1‖ ≤ 1

d(z, σ(H̃α
eff))

‖K‖(1 − ‖K‖)−1

❙✐ ❧❡s ✈❛r✐❛t✐♦♥s ❞❡ uv ❡t uc s♦♥t s✉✣s❛♠♠❡♥t ♣❡t✐t❡s✱ ♦♥ ♣❡✉t tr❛❝❡r ❞❛♥s ❧❡ ♣❧❛♥ ❝♦♠♣❧❡①❡
✉♥ ❝♦♥t♦✉r Γ ❛✉t♦✉r ❞❡ ❝❤❛q✉❡ ✈❛❧❡✉r ♣r♦♣r❡ ❞❡ H̃α

eff ❡t ♦ù ♣♦✉r t♦✉t z ∈ Γ✱ ❧❛ ❞✐✛ér❡♥❝❡ ❞❡s
rés♦❧✈❛♥t❡s ❡st ❛♥❛❧②t✐q✉❡ ❡t ✐♥❢ér✐❡✉r❡ à ✶ ❡♥ ♥♦r♠❡✳ ▲❛ t❤é♦r✐❡ ❞❡ ♣❡rt✉r❜❛t✐♦♥ ♣❡r♠❡t ❞❡
❝♦♥❝❧✉r❡ s✉r ❧❛ st❛❜✐❧✐té ❞✉ s♣❡❝tr❡ ❡t ♠♦♥tr❡ ❛✉ss✐ q✉❡ ❧❡s s♣❡❝tr❡s ❞❡ H̃α

eff ❡t he s♦♥t ♣r♦❝❤❡s✳
P♦✉r ❝♦♥❝❧✉r❡ ❧✬ét✉❞❡ ❞✉ s♣❡❝tr❡ ❞❡ he✱ ♦♥ ❞♦✐t ❝♦♠♣r❡♥❞r❡ ❝♦♠♠❡♥t ❧❡ s♣❡❝tr❡ ❞❡ H̃α

eff s❡
❝♦♠♣♦rt❡ ❛✈❡❝ α✳



✻✳✷✳ ▲✬■◆❋▲❯❊◆❈❊ ❉❯ ❘❆❨❖◆ ❊❚ ❉❊ ▲❆ ❈❍■❘❆▲■❚➱ ✶✸✶

❉❛♥s ❬❈❉❘✷❪✱ ❛♣rès ✉♥❡ ét✉❞❡ ♣❡rt✉r❜❛t✐✈❡✱ ❧✬ét✉❞❡ ❞✉ s♣❡❝tr❡ ❞❡ ❜❛ss❡ é♥❡r❣✐❡ ❞❡ ❧✬❍❛♠✐❧✲
t♦♥✐❡♥ ❞❡ Hα

eff ❡st ré❞✉✐t❡ à ❧✬ét✉❞❡ ❞❡ HC ❞é✜♥✐ ❛✉ s❡♥s ❞❡s ❢♦r♠❡s ❡♥ ✭✸✳✷✻✮ ❞❡ ❧✬❛rt✐❝❧❡✱ ♠♦❞è❧❡
❞♦♥t ❧✬❡①♣r❡ss✐♦♥ ❢♦r♠❡❧❧❡ ❡st ❧❛ s✉✐✈❛♥t❡ ✿

HC := −1

2

∂2

∂x2
+ 2 ln(α/2) δ − 1

|x| , ✭✻✳✻✮

❈❡❝✐ ❡st ✈r❛✐ ♣♦✉r ❞❡s α ❛ss❡③ ♣❡t✐ts✳
■❧ ❛♣♣❛r❛✐t ♠❛✐♥t❡♥❛♥t ✉♥ ❧✐❡♥ ❡♥tr❡HC ❡t ❧✬❍❛♠✐❧t♦♥✐❡♥ he ♦❜t❡♥✉ ❡♥ ✭✺✳✸✷✮ ✈✐❛ ❧✬❍❛♠✐❧t♦♥✐❡♥

H̃α
eff ✳ ❊♥ ❡✛❡t✱ ♦♥ ♣❡✉t é❝r✐r❡✱ ❡♥ ✉t✐❧✐s❛♥t ❬❈❉❘✷❪✱ q✉❡ H̃α

eff ❛ ✉♥ s♣❡❝tr❡ ♣r♦❝❤❡ ❞✉ s♣❡❝tr❡ ❞❡ ✿

−1

2

∂2

∂x2
+ 2 ln(α/2)(1 − C(r)

ln(α/2)
) δ − 1

|x|

❡t ✐❧ ❡st ❝❧❛✐r q✉❡ ♣♦✉r ❞❡s α ❛ss❡③ ♣❡t✐ts✱ ❝❡❧✉✐✲❝✐ t❡♥❞ ✈❡rs ❧❡ s♣❡❝tr❡ ❞❡ HC ✳ ▲✬ét✉❞❡ ❬❈❉❘✷❪✱
❞é✈❡❧♦♣♣é❡ ❞❛♥s ❧❛ s❡❝t✐♦♥ q✉✐ s✉✐t✱ ✈❛ ❞♦♥❝ ❞♦♥♥❡r ✉♥❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❞❡s ét❛ts ♣r♦♣r❡s ❞✉
s②stè♠❡ ❞❡ ❞é♣❛rt✱ ❝✬❡st à ❞✐r❡ ❞✉ ♠♦❞è❧❡ à N ♣❛rt✐❝✉❧❡s ❞✉ ♥❛♥♦t✉❜❡✳

✻✳✷ ▲✬✐♥✢✉❡♥❝❡ ❞✉ r❛②♦♥ ❡t ❞❡ ❧❛ ❝❤✐r❛❧✐té

❈❡❝✐ ❡st ✉♥❡ ❝♦✉rt❡ s❡❝t✐♦♥ q✉✐ r❡✈✐❡♥t s✉r ❧❡ rés✉❧t❛t ❞✉ ❝❤❛♣✐tr❡ ✶✳ ❖♥ ❛ ✈✉ ❞❛♥s ❝❡ ❝❤❛♣✐tr❡
q✉❡ ❧❡ ♣♦t❡♥t✐❡❧ ❞✬✐♥t❡r❛❝t✐♦♥ ❡♥tr❡ é❧❡❝tr♦♥s✱ ♣r♦❥❡té ❡♥ ✉♥❡ ❞✐♠❡♥s✐♦♥✱ ❞é♣❡♥❞ ❞✉ r❛②♦♥ r ❞✉
♥❛♥♦t✉❜❡✳ ❉❛♥s ❧❛ s✉✐t❡ ❞❡ ❧✬ét✉❞❡✱ ♦♥ ❛ ✜①é ❝❡ r❛②♦♥ à ✉♥❡ ✈❛❧❡✉r ❛ss❡③ ♣❡t✐t❡ ❡t ♥♦♥ ♥✉❧❧❡✱
❛✜♥ ❞❡ ♣♦✉✈♦✐r ét✉❞✐❡r ❧✬✐♥✢✉❡♥❝❡ ❞✬❛✉tr❡s ♣❛r❛♠ètr❡s✳ ❖♥ ♣❡✉t ♠❛✐♥t❡♥❛♥t r❡✈❡♥✐r s✉r ❝❡ ❢❛✐t
❡t ❞✐s❝✉t❡r ❞❡ ❧❛ ❞é♣❡♥❞❛♥❝❡ ❡♥ r ❞✉ s②stè♠❡✳

❉❛♥s ❧✬❡①♣r❡ss✐♦♥ ❞❡ ❧✬❍❛♠✐❧t♦♥✐❡♥ H0✱ ❧❡ ♣❛r❛♠ètr❡ r ❡st ♣rés❡♥t ✉♥✐q✉❡♠❡♥t ❞❛♥s ❧❡ ♣♦t❡♥✲
t✐❡❧ vL ❞✬✐♥tér❛❝t✐♦♥ ❡♥tr❡ é❧❡❝tr♦♥s✳ P❧✉s ♣ré❝✐sé♠❡♥t✱ vL s✬❡①♣r✐♠❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ V r

c q✉✐ ❡st
❧❛ ❢♦♥❝t✐♦♥ q✉✐ ❞♦♥♥❡ ❧❛ ❞é♣❡♥❞❛♥❝❡ ❡♥ r✳ ❉❛♥s ❝❡ q✉✐ ❛ ♣ré❝é❞é✱ ❧❡ ♣♦t❡♥t✐❡❧ V r

c ♥✬❛ ♣❛s été
❛♣♣r♦①✐♠é ♣❛r ✉♥❡ ❛✉tr❡ ❢♦♥❝t✐♦♥✱ ❡t ❛✐♥s✐✱ ♦♥ ❛ ♦❜t❡♥✉ à ❧❛ s❡❝t✐♦♥ ✺✳✷ q✉❡ ❧✬❍❛♠✐❧t♦♥✐❡♥ ✜♥❛❧ à
ét✉❞✐❡r ❞é♣❡♥❞ ❞❡ V r

c ✱ ♣❛r ❧❡ ❜✐❛s ❞❡ v∞✳ ●râ❝❡ à ❝❡❧❛✱ ♦♥ ♦❜t✐❡♥t ❞♦♥❝ ❞✐r❡❝t❡♠❡♥t q✉❡ ❧✬❍❛♠✐❧✲
t♦♥✐❡♥ ❞❡ ❧✬❡①❝✐t♦♥ h ❞é♣❡♥❞ ❞❡ r ❡t ♦♥ ❝♦♥♥❛✐t ❡①♣❧✐❝✐t❡♠❡♥t s❛ ❞é♣❡♥❞❛♥❝❡✳ ■❧ ❢❛✉t ❝❡♣❡♥❞❛♥t
❢❛✐r❡ ❛tt❡♥t✐♦♥ à ❧❛ ♣❛rt✐❡ s✉r ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❧❛ ♠❛tr✐❝❡ M tr❛✐té❡ ❡♥ ✹✳✸✳✶✳ ❖♥ ❞❡♠❛♥❞❡
❞❛♥s ❝❡tt❡ ♣❛rt✐❡ q✉❡ ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❤♦rs✲❞✐❛❣♦♥❛❧❡ λθ s♦✐t ♣❡t✐t❡✱ ❝❡ q✉✐ ❡st ✈r❛✐ ♣♦✉r r ✜①❡
❡t λ ♣❡t✐t✳ ▼❛✐s s✐ ♦♥ ✜①❡ λ✱ ❝❡ ♥✬❡st ♣❧✉s ✈r❛✐ s✐ ❧✬♦♥ ❢❛✐t t❡♥❞r❡ r ✈❡rs ③ér♦ ❝❛r ❧❡ ♣♦t❡♥t✐❡❧ vr

eff

❞✐✈❡r❣❡ ❝♦♠♠❡ | ln r| q✉❛♥❞ r t❡♥❞ ✈❡rs ③ér♦✳ P♦✉r ❧✬ét✉❞❡ q✉❛♥❞ r t❡♥❞ ✈❡rs ③ér♦ ❞✉ ♠♦❞è❧❡ à
N ♣❛rt✐❝✉❧❡s✱ s✐ ❧✬♦♥ ✈❡✉t ❢❛✐r❡ ❧❡ ❧✐❡♥ ❛✈❡❝ ❧✬ét✉❞❡ ❬❈❉❘✷❪✱ ✐❧ ❢❛✉t ❛❥♦✉t❡r ✉♥❡ ❝♦♥❞✐t✐♦♥ s✉r r ❡♥
❢♦♥❝t✐♦♥ ❞❡ λ✱ q✉✐ ♥é❝❡ss✐t❡ ✉♥ tr❛✈❛✐❧ s✉♣♣❧é♠❡♥t❛✐r❡✳ ❆♣rès ❝❡❧❛✱ ♦♥ ♣❡✉t ♣r♦❝é❞❡r s✐♠✐❧❛✐r❡♠❡♥t
à ❧❛ s❡❝t✐♦♥ ♣ré❝é❞❡♥t❡ ❡t s✬✐♥s♣✐r❡r ❞❡ ❧✬❛rt✐❝❧❡ ❝✐té ♣♦✉r ♦❜t❡♥✐r ❞❡s ✐♥❢♦r♠❛t✐♦♥s s✉r ❧❡ s♣❡❝tr❡
❞❡ M ✳

❊♥ ❝❡ q✉✐ ❝♦♥❝❡r♥❡ ❧❛ ❝❤✐r❛❧✐té✱ ❡♥ ✉t✐❧✐s❛♥t ❧❡s r❡♠❛rq✉❡s ❡♥ ❝♦♥❝❧✉s✐♦♥ ❞✉ ❝❤❛♣✐tr❡ ✶✱ ❞❛♥s
❧❛ s❡❝t✐♦♥ ✹✳✷✳✶ ❡t ❡♥ ❝♦♥❝❧✉s✐♦♥ ❞❡ ❧❛ s❡❝t✐♦♥ ✺✳✷✱ ♦♥ ♣❡✉t ✈♦✐r q✉❡ s♦♥ ❡✛❡t ♥✬✐♥✢✉❡♥❝❡ q✉❡
s❡✉❧❡♠❡♥t ❞❡✉① q✉❛♥t✐tés ✿ D(0)✱ ❧❡ ❣❛♣ ❡♥tr❡ ❜❛♥❞❡ ❞❡ ❝♦♥❞✉❝t✐♦♥ ❡t ❞❡ ✈❛❧❡♥❝❡ ❡t D′′(0)/2 q✉✐
❡st ❧✬✐♥✈❡rs❡ ❞❡ ❧❛ ♠❛ss❡ ❞❡ ❧✬❡①❝✐t♦♥✳

✻✳✸ ▼♦❞è❧❡s ❡✛❡❝t✐❢ ♣♦✉r ❧❡s ❡①❝✐t♦♥s ❞❛♥s ❧❡s ♥❛♥♦t✉❜❡s ❞❡ ❝❛r✲
❜♦♥❡
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Effective Models for Excitons

in Carbon Nanotubes

Horia D. Cornean, Pierre Duclos, and Benjamin Ricaud

Abstract. We analyse the low lying spectrum of a model of excitons in car-
bon nanotubes. Consider two particles with opposite charges and a Coulomb
self-interaction, placed on an infinitely long cylinder. If the cylinder radius be-
comes small, the low lying spectrum of their relative motion is well described
by a one-dimensional effective Hamiltonian which is exactly solvable.

1. Introduction

In order to understand the quantum mechanics of carbon nanotubes, one has to
reconsider many classical problems in which the systems are restricted to low di-
mensional configuration spaces. The effects induced by these special shapes are sig-
nificant. For example, optical properties and electrical conductivity in nanotubes
and nanowires are highly influenced by their geometry.

In a periodic structure, bands of allowed and forbidden energies are char-
acteristic for non-interacting electrons. When applying an external perturbation,
such as light, electrons can only absorb the amount of energy which allows them
to jump from an occupied level of energy to a free one. In the particular case of a
semi-conductor, at low temperatures, the band of energies are either full (valence
bands) or empty (conduction bands). So the electron must absorb a fairly large
amount of energy to jump to the conduction band.

When the self-interaction is also considered, the mathematical problem of the
optical response becomes very difficult, and there are not many rigorous results
in this direction. Here is a sketchy description of what physicists generally do (see
for example the book of Fetter and Walecka [7]):

1. Work in the grand-canonical ensemble, at zero temperature, and the Fermi
energy EF is in the middle of an energy gap;

2. Switch to an electron-hole representation, via a Bogoliubov unitary transfor-
mation. The new non-interacting ground state is the tensor product of two
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vacua. If before an excited state meant that an electron was promoted from
an occupied energy state from below EF to an empty state above EF , in the
electron-hole representation it simply means that an electron-hole pair was
created;

3. Try to diagonalize in one way or the other the true, self-interacting many-
body Hamiltonian by restricting it to a certain subspace of “physically rele-
vant” excited states; this usually amounts to formulate a Hartree–Fock prob-
lem;

4. Try to obtain an effective one-body Hamiltonian, whose spectrum approxi-
mates in some way the original problem in a neighborhood of EF ;

5. The bound states of this effective one-body operator are called excitons. They
describe virtual, not real particles;

6. Use the exciton energies to correct the optical response formulas derived in
the non-interacting case.

Now this one-body effective Hamiltonian is a complicated object in general. If one
makes a number of further assumptions like:

1. There is only one conduction band above EF and only one valence band
below EF ;

2. The dispersion law of these two energy bands is replaced with paraboloids
(effective mass approximation),

then this one body effective Hamiltonian is nothing but the one describing the
relative motion of a positively charged particle (a hole) and a negatively charged
particle (electron), interacting through an eventually screened Coulomb potential.
Let us stress that this procedure is generally accepted as physically sound in the
case when the crystal is periodic in all three dimensions.

If a special geometry is imposed (i.e., the electrons are confined on long
and thin cylinders made out of carbon atoms) then the above procedure has to
be completely reconsidered. The problem is even more complicated, because two
dimensions are on a torus and the band structure only arises from the longitudinal
variable. Even the position of the Fermi level moves when the radius of the cylinder
varies.

It has been argued by physicists [11, 12] that one can still write down a
Hartree–Fock type eigenvalue problem which describes the excited states near the
Fermi level. This operator is a two-body one, which does not in general allow a
complete reduction of its mass center. A mathematically sound formulation of this
Hartree–Fock problem would be of certain interest, but it is not what we do in
this paper. We rather perform the spectral analysis of an operator which has been
conjectured by physicists as being the relevant one.

The main point in investigating these low dimensional structures, is that the
interaction between electrons is enhanced and gives much stronger exciton effects
than in three dimensions. This means that some new energy states appear deep
inside the forbidden energy band. The smaller the radius, the more important
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these new energies are. That is because they allow photons with much smaller
energy than the band gap to be absorbed into the material.

We will therefore consider two charged particles living on a cylinder and
interacting through an attractive Coulomb potential. As we have already pointed
out above, this operator models an effective Hamiltonian for excitons in carbon
nanotubes, according to [11] and [12]. Remember that it has nothing to do with
real particles living on the nanotube, the exciton being just a mathematical artifact
describing virtual particles. We hope that our current results could also describe
excitons living in nanowires [2], or two particles in a strong magnetic field as in [4].
Let us mention that our paper is an improvement and a continuation of a previous
work done in [6].

2. The mathematical model

Our configuration space is a cylinder of radius r and infinite length, space denoted
by Cr = R × rS1, S1 being the unit circle. The coordinates on the cylinder are
(x, y) ∈ (R×rS1) where x is the variable along the tube axis and y is the transverse
coordinate.

The two virtual particles live in the Hilbert space L2(Cr × Cr). We formally
consider the Hamiltonian

H̄r = −�2

(
∆x1

2m1
+

∆x2

2m2
+

∆y1

2m1
+

∆y2

2m2

)
− Vr(x1 − x2, y1 − y2) , (2.1)

where

Vr(x, y) :=
−e1e2

ε
√
x2 + 4r2 sin2

(
y
2r

) . (2.2)

(xi, yi) are the coordinates on the cylinder of the two charged particles, mi their
masses, and ei their charges which are of opposite sign so that Vr > 0. Here ε is
the electric permittivity of the material. In the sequel we will set � = ε = 1. The
potential V r is the three dimensional Coulomb potential simply restricted to the
cylinder. We justify the expression of V r by Pythagora’s theorem. The cylinder is
embedded in R3. The distance ρ from one particle to the other in R3 is:

ρ2 = (x1 − x2)2 + 4r2 sin2

(
y1 − y2

2r

)

where |2r sin
(

y1−y2

2r

)
| is the length of the chord joining two points of coordinate y1

and y2 on the circle.
Now consider the space

D0 =

{
f ∈ C∞(Cr × Cr) : ∀α1,2, β1,2, γ1,2 ∈ N (2.3)

∣∣∣xα1

1 xα2

2 Dβ1

x1
Dβ2

x2
Dγ1

y1
Dγ2

y2
f(x1, y1, x2, y2)

∣∣∣ ≤ Cα,β,γ

}



138 H.D. Cornean, P. Duclos, and B. Ricaud Ann. Henri Poincaré

of “Schwartz functions along x” and smooth and 2πr-periodic along y. Clearly D0

is dense in the Sobolev space H1(C2
r ). Let us define on D0 the kinetic quadratic

form

t0[ψ] =
1

2m1

(
‖∂x1

ψ‖2 + ‖∂y1
ψ‖2

)
+

1

2m2

(
‖∂x2

ψ‖2 + ‖∂y2
ψ‖2

)
(2.4)

and the quadratic form associated with the Coulomb potential on the cylinder:

tV [ψ] = ‖
√
Vrψ‖2, (2.5)

D0 ⊂
{
ψ ∈ L2(C2

r ),

∫

C2
r

Vr(x1 − x2, y1 − y2) | ψ(x1, x2, y1, y2) |2 dx1dx2dy1dx2 <∞
}
.

Finally, define the form

tH := t0 − tV on the domain D0 . (2.6)

The sesquilinear form induced by t0 is densely defined, closable, symmetric, non-
negative, and its corresponding selfadjoint operator H0 is − 1

2m1
∆1 − 1

2m2
∆2 with

periodic boundary conditions in the y variables. Its form domain is H1(C2
r ), and

is essentially self-adjoint on D0.

2.1. Center of mass separation in the longitudinal direction

We introduce the total mass M := m1 + m2 and the reduced mass µ := m1m2

m1+m2

.
Denote as usual with

{
X = m1x1+m2x2

m1+m2

, x = x1 − x2 ,

Y = y2, y = y1 − y2 ,

then,
{
x1 = X + m2

M x, x2 = X − m1

M x ,

y1 = y + Y, y2 = Y .

Unfortunately, for the y1, y2 variables we cannot use Jacobi coordinates because
the transformation does not leave invariant the domain of the Laplacian (the pe-
riodic boundary conditions are not preserved). That is why we use atomic coordi-
nates y and Y instead. In these new coordinates, the total Hilbert space splits in
a tensor product L2(R) ⊗ L2[R × (rS1)2]. More precisely, if we denote by

U−1 : L2(R) ⊗ L2
[
R × (rS1)2

]
�→ L2(C2

r ), [U−1f ](x1, y1, x2, y2) = f(X,x, Y, y)
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then it is quite standard to show that after this variable change we can separate
away the X variable and for f, g ∈ U [D0] we get:

tH(U−1f, U−1g) =
1

2M
〈∂Xf, ∂Xg〉 +

1

2m2
〈∂Y f, ∂Y g〉 (2.7)

+
1

2µ
〈∂xf, ∂xg〉 +

1

2µ
〈∂yf, ∂yg〉

− 1

m2
〈∂yf, ∂Y g〉 −

〈√
Vr(x, y)f,

√
Vr(x, y)g

〉
.

Note that the subset U [D0] has the same properties as D0 but in the new variables.
Therefore we can concentrate on the reduced form

th(f, g) =
1

2m2
〈∂Y f, ∂Y g〉 (2.8)

+
1

2µ
〈∂xf, ∂xg〉 +

1

2µ
〈∂yf, ∂yg〉

− 1

m2
〈∂yf, ∂Y g〉 −

〈√
Vr(x, y)f,

√
Vr(x, y)g

〉
,

densely defined on smooth enough functions in L2[R × (rS1)2], decaying along
the x variable. Consider the decomposition L2[R × (rS1)2] =

⊕
k∈Z

L2(R × rS1)
implemented by the Fourier series

f(x, y, Y ) =
∑

k∈Z

eiY k
r

√
2πr

f̂k,r(x, y)

where

f̂k,r(x, y) =
1√
2πr

∫ 2πr

0

f(x, y, Y )e−iY k
r dY .

Then for our form th we get:

th =:
⊕

k∈Z

thk
, (2.9)

where thk
is

thk
(f, g) =

1

2µ
〈∂xf, ∂xg〉 +

1

2µ
〈∂yf, ∂yg〉 +

k2

2m2r2
〈f, g〉 (2.10)

− ik

m2r
〈f, ∂yg〉 −

〈√
Vr(x, y)f,

√
Vr(x, y)g

〉
,

defined on the domain Ek,

Ek =
{
f ∈ C∞(R × rS1) |xαDβ

xD
γ
yf(x, y)| ≤ Cαβγ , ∀α, β, γ ∈ N

}
.

Now remember that we are only interested in the low lying spectrum of our original
operator. We will now show that for small r, only th0

contributes to the bottom
of the spectrum. Indeed, let us concentrate on the operator

− 1

2µ
∂2

y +
k2

2m2r2
− i

k

m2r2
∂y
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defined on rS1 with periodic boundary conditions. Via the discrete Fourier trans-
formation it is unitarily equivalent to:

⊕

p∈Z

(
1

2µ

p2

r2
+

k2

2m2r2
− kp

m2r2

)
(2.11)

where

1

2µ

p2

r2
+

k2

2m2r2
− kp

m2r2
=

1

2r2
(p, k) ·

( 1
µ − 1

m2

− 1
m2

1
m2

)(
p
k

)
. (2.12)

A simple calculation shows that both eigenvalues of the above matrix are positive;
denote with λ− the smaller one. Then the operator in (2.11) obeys:

⊕

p∈Z

(
1

2µ

p2

r2
+

k2

2m2r2
− kp

m2r2

)
≥ −λ−

2
∂2

y +
λ−k2

2r2
. (2.13)

Using this in (2.10) we obtain the inequality

thk
(f, f) ≥ min {1, µλ−}

1

2µ

[
〈∂xf, ∂xf〉 + 〈∂yf, ∂yf)

]
(2.14)

−
〈√

Vr(x, y)f,
√
Vr(x, y)f

〉
+
λ−k2

2r2
‖f‖2

= t̃h0
(f, f) +

λ−k2

2r2
‖f‖2

where t̃h0
is obviously defined by the previous line. Now one of the results obtained

in this paper will be that the spectrum of the self-adjoint operator associated to
a form like t̃h0

is bounded from below by a numerical constant times −(ln(r))2.
Hence if k �= 0 and r is small enough, all thk

will be positive and only th0
will

contribute to the negative part of the spectrum.

2.2. The self-adjointness problem

Due to (2.7), (2.8), (2.9) and (2.14), it is clear that it is enough to concentrate
on th0

. If we can prove that it is bounded from below, then all other forms with
k �= 0 will also have this property, and the total Hamiltonian will be a direct sum
of Friederichs’ extensions. Because we can anyway scale the masses and charges
away, and in order to simplify the notation, let us consider the sesquilinear form:

t̃H(f, g) :=
1

2

[
〈∂xf, ∂xg〉 + 〈∂yf, ∂yg〉

]
−
〈√

Vr(x, y)f,
√
Vr(x, y)g

〉

=: t̃0(f, g) − t̃V (f, g) (2.15)

on the domain

E =
{
f ∈ C∞(R × rS1) |xαDβ

xD
γ
yf(x, y)| ≤ Cαβ , α, β, γ ∈ N

}
,

now where Vr is as in (2.2) but with e1e2 = −1.

We will now construct a self-adjoint operator out of this form.
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Proposition 2.1. The operator Vr is relatively compact in the form sense with
respect to the operator −1/2(∂2

x +∂2
y) with form domain H1(Cr). Thus the form t̃H

defines a self adjoint operator H̃r whose form domain is H1(Cr), and σess(H̃r) =
[0,∞).

Proof. We identify the cylinder Cr with the strip R × [−rπ, rπ]. For every α > 0
we define Hα(Cr) to be the set of all functions which (at least formally) can be
expressed as:

f(x, y) =
1

2π
√
r

∑

m∈Z

∫

R

eipx+imy/r f̂m(p) dp,

∑

m∈Z

∫

R

(1 + |p|2α + |m|2α)|f̂m(p)|2dp <∞ . (2.16)

Let χ be the characteristic function of the interval [−r/2, r/2]. Since near
the boundary of the strip Vr(x, y) · (1 − χ(y)) is bounded, we only have to look at

Ṽ (x, y) := V (x, y) · χ(y). Then we can find a constant C such that everywhere in
Cr we have

|Ṽ (x, y)| ≤ C√
x2 + y2

.

Denote with ρ :=
√
x2 + y2. Choose a function χ1 ∈ C∞

0 (R) with support in
(−3r/2, 3r/2), such that χχ1 = χ. Then the operator of multiplication by χ1 is
bounded from Hα(Cr) to Hα(R2) and vice versa, because it does not touch the
boundary (the proof of this fact is standard). Moreover, if −∆ is the operator

associated to t̃0, then we have

Hα(Cr) = (−∆ + 1)−α/2L2(Cr) .

Note that E is dense in any Hα(Cr). Moreover, for every ψ ∈ E we have

|〈ψ, Ṽ ψ〉L2(Cr)| ≤ C
〈
χ1ψ,

1

ρ
χ1ψ

〉
L2(R2)

. (2.17)

We have that χ1ψ ∈ S(R2). Then we can write

〈χ1ψ, (1/ρ)χ1ψ〉L2(R2) =

∫ 2π

0

∫ ∞

0

χ2
1

(
ρ sin(θ)

)
ψ(ρ, θ) · ψ(ρ, θ)dρdθ

and after integration by parts in the radial integral we obtain

〈χ1ψ, (1/ρ)χ1ψ〉L2(R2)

= −
∫ 2π

0

∫ ∞

0

{
∂ρ

[
χ1

(
ρ sin(θ)

)
ψ(ρ, θ) · χ1

(
ρ sin(θ)

)
ψ(ρ, θ)

]}
ρdρdθ . (2.18)

Then using the estimate |∂ρ(χ1ψ)| ≤ |∇(χ1ψ)|, and with the Cauchy–Schwarz
inequality:

〈χ1ψ, (1/ρ)χ1ψ〉L2(R2) ≤ 2‖χ1ψ‖L2(R2)‖∇(χ1ψ)‖L2(R2)

≤ const‖ψ‖L2(Cr)‖ψ‖H1(Cr) . (2.19)
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Now for an arbitrarily small ǫ > 0 we have

|〈ψ, Ṽ ψ〉L2(Cr)| ≤ (C1/ǫ)‖ψ‖2
L2(Cr) + C1 ǫ t̃0(ψ, ψ) ,

where C1 is just a numerical constant. The density of E in H1(Cr) finishes the

proof of relative boundedness, and we can define H̃r as the Frederichs extension.

Until now we have shown in an elementary way that
√
Vr(−∆ + 1)−1/2 is

bounded, but one can do much better than that. In [3] it has been proved a two
dimensional version of an inequality of Kato, which states the following:

〈ψ, |x|−1ψ〉L2(R2) ≤
Γ(1/4)4

4π2

〈
ψ,

√
−∆ψ

〉
L2(R2)

. (2.20)

This inequality immediately implies that
√
Vr : H1/4(Cr) → L2(Cr) is bounded.

Now let us show that the operator
√
VrH1/2(Cr) → L2(Cr) is compact. We will

in fact prove the sufficient condition that the operator T := |x|−1/2(−∆ + 1)−1/2

defined on L2(R2) is compact.

Indeed, let us denote by χn the characteristic function of the ball of radius
n > 0, centered at the origin in R2. Then we can write:

T = χn(x)Tχn(−∆) +
[
(1 − χn)(x)

]
T + χn(x)T

[
(1 − χn)(−∆)

]
.

First, the operator χn(x)Tχn(−∆) is Hilbert–Schmidt (its integral kernel is an
L2(R4) function), thus compact. Second, the sequence of operators [(1−χn)(x)]T
converges in norm to zero. Third, the sequence χn(x)T [(1 − χn)(−∆)] can be
expressed in the following way:

χn(x)T
[
1−χn(−∆)

]
=
{
χn(x)|x|−1/2(−∆+1)−1/4

}
(−∆+1)−1/4

[
(1−χn)(−∆)

]
,

where the first factor is uniformly bounded in n, while the second one converges
in norm to zero. Thus T can be approximated in operator norm with a sequence
of compact operators, hence it is compact.

Therefore Vr is a relatively compact form perturbation to −∆, hence the
essential spectrum is stable, and the proof is over. �

2.3. An effective operator for the low lying spectrum

We will show in this section that at small r, the negative spectrum of H̃r can be
determined by studying a one dimensional effective operator Hr

eff . It is natural to
expect that the high transverse modes do not contribute much to the low region
of the spectrum.

First, we separate H̃r into different parts taking advantage of the cylindrical

geometry, that is to say, we represent H̃r as a sum of orthogonal transverse modes
using the periodic boundary conditions along the circumference of the cylinder.
Second, we analyze which part is relevant when the radius tends to zero.

We recall that H̃r is formally given by H̃r = −∆x

2 − ∆y

2 − Vr in the space

L2(Cr) ∼ L2(R)⊗L2(rS1). The domain contains all ψ ∈ H1(Cr) with the property
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that in distribution sense we have(
−∆x

2
− ∆y

2
− Vr

)
ψ ∈ L2(Cr) . (2.21)

This does not mean that the domain is H2(Cr) because Vr is too singular at the
origin.

Our problem has two degrees of freedom. We consider the orthonormal basis
of eigenvectors of −∆y/2 with domain H2

per((−πr, πr)) ∼ H2(rS1). Here, the

Sobolev space H2
per((−πr, πr)) denotes functions which are 2πr-periodic with first

and second derivatives in the distribution sense in L2. We can write

−∆y

2
=

∞∑

n=−∞
Er

nΠr
n

where the one dimensional projectors Πr
n are defined by

Πr
n = 〈χr

n, ·〉χr
n, χr

n(y) =
1√
2πr

ein y

r and Er
n =

n2

2r2
, n ∈ Z .

We now introduce a family of orthogonal projectors

Π̄r
n := 1 ⊗ Πr

n , (2.22)

which project from L2(Cr) into what we call the nth
transverse mode. The operator

H̃r can be split as follows:

H̃r =
∑

n,m

Π̄r
nH̃

rΠ̄r
m =:

∑

n

Hr
n ⊗ (〈χr

n, ·〉χr
n) +

∑

n�=m

Hr
n,m ⊗ (〈χr

m, ·〉χr
n) , (2.23)

where the sum is a direct sum, since the projectors are orthogonal. By a natural
unitary identification, we can work in a new Hilbert space:

H = l2
[
Z;L2(R)

]
, H ∋ ψ = {ψn}n∈Z, ψn ∈ L2(R) . (2.24)

Therefore our original operator is an infinite matrix now, {Hn,m}n,m∈Z whose
elements are operators in L2(R).

If n �= m, the only contribution comes from Vr, and the corresponding oper-
ator is a multiplication operator given by (x �= 0):

V r
n,m(x) :=

1

2πr

∫ πr

−πr

V (x, y)ei(m−n) y

r dy, x �= 0 . (2.25)

If n = m, then the corresponding diagonal element is given by the operator:

Hr
n = −1

2

d2

dx2
− V r

eff +
n2

2r2
, (2.26)

where V r
eff is deduced from V r

n,m when m = n and is given by

V r
eff(x) =

1

2πr

∫ πr

−πr

V (x, y)dy . (2.27)
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Finally, let us introduce a last notation for what will be our effective one-
dimensional comparison operator:

Hr
eff := −1

2

d2

dx2
− V r

eff(x) (2.28)

and note that

Hr
n = Hr

eff +
n2

2r2
. (2.29)

One can see that for n �= 0, the diagonal entries of our infinite operator valued
matrix are pushed up by a term proportional with 1/r2. Thus a natural candidate

for a comparison operator for the negative spectrum of H̃r is Hr
eff . In the next

section we will perform a careful study of this operator.

3. Spectral analysis of Hr
eff

We now want to study the spectrum of the operator Hr
eff when r becomes small.

We recall that:

Hr
eff = −1

2

d2

dx2
− V r

eff(x)

where

V r
eff(x) =

1

2πr

∫ πr

−πr

1√
x2 + 4r2 sin2 y

2r

dy

with form domain Q(Hr
eff) = H1(R). We are going to use perturbation theory

around r = 0, which will turn out to be quite a singular limit. The strategy is to
approximate the form associated to the potential V r

eff(x) around r = 0 by another
quadratic form which provides a solvable approximation.

Let us define the sesquilinear form on S(R) (later on we will show that it is
bounded on H1(R)):

C0(f, g) := −
∫ ∞

0

ln(2x) ·
[
f(x)g(x)

]′
dx+

∫ 0

−∞
ln(−2x) ·

[
f(x)g(x)

]′
dx

= −
∫ ∞

0

ln(x) ·
[
f(x)g(x)

]′
dx

+

∫ 0

−∞
ln(−x) ·

[
f(x)g(x)

]′
dx+ ln(4)f(0)g(0)

=

{
fp

1

|x| + ln(4) δ

}
(fg) . (3.1)

The symbol fp means the finite part in the sense of Hadamard, while δ is the Dirac
distribution. Note that up to an integration by parts, and for functions supported
away from zero, we have C0(f, g) = 〈f, 1

|x|g〉.
The main result of this subsection is contained in the following proposition:
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Proposition 3.1. For r < 1 and for every f ∈ H1(R) we have the estimate

〈f, V r
efff〉 = −2 ln(r) |f(0)|2 + C0(f, f) + O

(
r

4

9

)
· ‖f‖2

H1(R)

= −2 ln(r/2) |f(0)|2 +

[
fp

1

|x|

]
(|f |2) + O

(
r

4

9

)
· ‖f‖2

H1(R) . (3.2)

Proof. The argument is a bit long, and we split it in several lemmas. Let us start
by listing some of the properties of V r

eff . First note that it scales like a “delta
function”, i.e., it is homogeneous of order −1:

V r
eff(x) =

1

r
V 1

eff

(x
r

)
. (3.3)

The next observation is that due to the integral with respect to y it is much
less singular than Vr:

Lemma 3.2. The behavior of V r
eff(x) is logarithmic at 0.

Proof. There exists a constant c > 0 large enough such that for every |y| ≤ π/2
and x ∈ R we have

1

c
(x2 + y2) ≤ x2

4
+ sin2(y) ≤ c(x2 + y2) .

Thus we can integrate and obtain V 1
eff(x)

x→0∼ − ln(|x|) + O(1). �

We now define on R a comparison function Yr(x) := 1√
x2+4r2

. and we also

denote by Yr the associated quadratic form defined on H1(R). For the following,
let us recall the classical Sobolev estimate in one dimension:

‖f‖∞ ≤ 1√
2

(‖f ′‖ + ‖f‖) =
1√
2
‖f‖H1(R) . (3.4)

Lemma 3.3. We have the following properties:

(i) V 1
eff ≥ Y1, V

1
eff(x) − Y1(x) = O(|x|−5) for |x| ≥ 10, and

‖V 1
eff − Y1‖L1(R) = ln(4) ; (3.5)

(ii) 〈f, (V r
eff − Yr)f〉 = ln(4) |f(0)|2 + O(r

4

9 )‖f‖2
H1(R) ∀r ≤ 1.

Proof. (i). To show that V 1
eff ≥ Y1, one uses | sin(·)| ≤ 1. The second estimate for

|x| ≥ 10 follows from:

V 1
eff(x) − Y1(x) =

1

|x|

⎡
⎣ 1

2π

∫ π

−π

(
1 +

4 sin2 y
2

x2

)− 1

2

dy −
(

1 +
4

x2

)− 1

2

⎤
⎦

=
1

|x|

(
1 − 1

2π

∫ π

−π

2 sin2 y
2

x2
dy + O(x−4) − 1 +

2

x2
+ O(x−4)

)
,

= O(|x|−5), |x| ≥ 10 . (3.6)
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Before computing the L1 norm of (3.5), let us notice that none of the terms is
in L1. We first integrate with respect to x, and then over y, and get:

‖V 1
eff − Y 1‖L1(R) = − 4

π

∫ π
2

0

ln(sin y)dy = 2 ln(2) , (3.7)

thus (3.5) is proved.

Let us now prove (ii). We have due to the scaling properties:

〈f, (V r
eff − Yr)f〉 =

1

r

∫

R

(V 1
eff − Y1)(x/r)|f(x)|2dx

=

∫

R

(V 1
eff − Y1)(x)|f(rx)|2dx . (3.8)

Then, we subtract the term ‖V 1
eff − Y1‖L1 · |f(0)|2 = ln(4) · |f(0)|2 which gives

〈f, (V r
eff − Yr)f〉 − ln(4) · |f(0)|2 =

=

∫

R

(V 1
eff − Y1)(x)

{[
f(rx) − f(0)

]
f(rx) +

[
f(rx) − f(0)

]
f(0)

}
dx . (3.9)

Let α ∈ (0, 1) a real number. We split the above integral in two regions: |x| ≤ r−α

and |x| ≥ r−α. We have, using (3.4):
∣∣∣∣∣

∫

|x|≥r−α

(V 1
eff − Y1)(x)[f(rx) − f(0)]f(rx)dx

∣∣∣∣∣ (3.10)

≤ 2‖f‖2
H1

∫

|x|≥r−α

|(V 1
eff − Y1)(x)|dx

≤ ‖f‖2
H1

∫

|x|≥r−α

1

|x|5 dx if r−α ≥ 10

≤ O(r4α) · ‖f‖2
H1. (3.11)

For the region 0 ≤ x ≤ r−α (and similarly for the other one), we can write:
∫

0≤x≤r−α

(V 1
eff − Y1)(x)|f(rx) − f(0)| |f(rx)|dx (3.12)

≤
∫ r−α

0

(V 1
eff − Y1)(x) ·

∣∣∣∣
∫ rx

0

f ′(t)dt

∣∣∣∣ · |f(rx)|dx

≤ ‖V 1
eff − Y1‖L1 · ‖f‖L∞ ·

∫ r1−α

0

|f ′(t)|dt

and the Cauchy–Schwarz inequality yields:

∫ r1−α

0

|f ′(t)|dt ≤ r
1−α

2 ‖f‖H1 .

Then we set α as the solution of (1 − α)/2 = 4α which gives α = 1/9. �
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We now concentrate ourselves on Yr when r is small. For the next two lemmas,
we need to introduce the the following characteristic function:

χ(x) =

{
1 if |x| ≤ 1

0 otherwise
. (3.13)

Then we have the following lemma:

Lemma 3.4. Consider the self-adjoint operator of multiplication by ln(| · |)χ de-
fined on its natural domain in L2(R). This operator is relatively bounded to px :=
−id/dx, with relative bound zero.

Proof. Indeed, ln(|x|)χ(|x|) (px + iλ)−1, λ > 1 is Hilbert–Schmidt since we have,
from [13, XI.3]:

‖ ln(| · |)χ (px + iλ)−1‖HS ≤ const · ‖ ln(| · |)χ‖L2‖(· + iλ)−1‖L2

≤ const√
λ
. (3.14)

Note that by a similar argument as the one in (3.4) we get the estimate:

‖(px + iλ)−1‖L2 	→L∞ ≤ const√
λ
. (3.15)

Then a standard argument finishes the proof. �

We can now characterize the form C0 introduced in (3.1):

Lemma 3.5. The quadratic form induced by C0 admits a continuous extension
to H1(R). Moreover, C0 is infinitesimally form bounded with respect to the form
associated to p2

x = −d2/dx2.

Proof. Fix some ǫ ∈ (0, 1). Then for every f ∈ S(R) we can write:

C0(f, f) = −
∫ ∞

0

ln(2x) · (dx|f |2)(x)dx +

∫ 0

−∞
ln(−2x) · (dx|f |2)(x)dx

=

∫ 0

−ε

ln(−2x) · (dx|f |2)(x)dx −
∫ ε

0

ln(2x) · (dx|f |2)(x)dx

+ ln(2ε)
(
|f(ε)|2 + |f(−ε)|2

)
+

∫

R\[−ε,ε]

1

|x| · |f(x)|2dx . (3.16)

First we have ∫

R\[−ε,ε]

1

|x| · |f(x)|2dx ≤ 1

ε
‖f‖2 .

Then using (3.15) we have

sup
t∈R

|f(t)| ≤ const√
λ

‖(px + iλ)f‖ , (3.17)

which takes care of the terms containing f(±ε).
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The remaining two integrals can be treated with the following argument:∣∣∣∣
∫ ε

0

ln(2x) · (dx|f |2)(x)dx

∣∣∣∣ ≤ 2

∫ ε

0

| ln(2x)| · |f(x)| · |f ′(x)|dx

≤ 2‖χ ln(2 | · |)f‖ ‖f‖H1

≤ const√
λ

‖(px + iλ)f‖ ‖f‖H1 , (3.18)

where in the second inequality we used the Cauchy inequality, while in the third
inequality we used (3.14).

These estimates allow us to find two constants A and B (growing when λ
grows) such that:

|C0(f, f)| ≤ const√
λ

‖f ′‖2 +A‖f‖ ‖f ′‖ +B‖f‖2 .

But we use the inequality ‖f‖ ‖f ′‖ ≤ 1
λA‖f ′‖2 + λA‖f‖2, which finally allows us

to say that for any 0 < a < 1 we can find b > 0 such that

|C0(f, f)| ≤ a ‖pxf‖2 + b ‖f‖2 , (3.19)

and the proof is over. �

The final ingredient in proving Proposition 3.1 is contained in the following
lemma:

Lemma 3.6. Recall that Yr(x) = (x2 + 4r2)−1/2. Then for every r < 1, and for
every f ∈ S(R), we have the estimate:

〈f, Yrf〉 = −2 ln(2r) · |f(0)|2 + C0(f, f) + O
(
r

4

9

)
· ‖f‖2

H1(R) .

Proof. Integrating by parts we obtain:

〈f, Yrf〉 = −2 ln(2r)|f(0)|2

−
∫ ∞

0

ln(x+
√
x2 + 4r2) ·

[
f ′(x)f(x) + f(x)f ′(x)

]
dx

+

∫ 0

−∞
ln(−x+

√
x2 + 4r2) ·

[
f ′(x)f(x) + f(x)f ′(x)

]
dx (3.20)

and:

〈f, Yrf〉 − C0(f, f) + 2 ln(2r) · |f(0)|2 (3.21)

= −
∫ ∞

0

[
ln(x+

√
x2 + 4r2) − ln(2x)

]
(dx|f(x)|2)dx

+

∫ 0

−∞

[
ln(−x+

√
x2 + 4r2) − ln(−2x)

]
(dx|f(x)|2)dx .

The idea is to show that the last two integrals are small when r is small. We
only consider the first integral, since the argument is completely analogous for the
second one.
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Fix some 0 < α < 1 (its optimal value will be chosen later), and assume
that r is small enough such that r1−α ≤ 1/10. We split the domain of integration
into two regions: one in which x > rα, and the other one where x ≤ rα. For the
first region we have:

ln(x+
√
x2 + 4r2) − ln(2x) = ln

1 +
√

1 + 4 r2

x2

2
= O(r2/x2) . (3.22)

Then by integration, and using (3.4) together with the Cauchy inequality, we get:
∣∣∣∣
∫ ∞

rα

[
ln(x+

√
x2 + 4r2) − ln(2x)

]
f ′(x)f(x)dx

∣∣∣∣

≤
∣∣∣∣
∫ ∞

rα

[
ln(x+

√
x2 + 4r2) − ln(2x)

]
f ′(x)dx

∣∣∣∣ ‖f‖H1

≤
(∫ ∞

rα

[
ln(x +

√
x2 + 4r2) − ln(2x)

]2
dx

) 1

2

‖f‖2
H1

≤ O(r2−
3

2
α)‖f‖2

H1 . (3.23)

For the region where x ≤ rα, we use the monotonicity of the logarithm and write:

| ln(x+
√
x2 + 4r2) − ln(2x)| ≤ | ln(x+

√
x2 + 4r2)| + | ln(2x)|

≤ | ln(2r)| + | ln(2x)| . (3.24)

Then we can write
∣∣∣∣∣

∫ rα

0

[
ln(x+

√
x2 + 4r2) − ln(2x)

]
f ′(x)f(x)dx

∣∣∣∣∣

≤ const · ‖f‖2
H1

(∫ rα

0

[
ln(2x) + ln(2r)

]2
dx

) 1

2

= O(r
α
2 | ln r|) · ‖f‖2

H1 . (3.25)

Comparing (3.23) and (3.25), we see that we can take α arbitrarily close to 1. In
particular, we can find some α such that 2 − 3α/2 > 4/9 and α/2 > 4/9 and we
are done. �

We can now conclude the proof of Proposition 3.1 by putting together the
estimates from Lemma 3.3 and Lemma 3.6. �

Remark 3.7. One can improve the exponent 4/9 in the error estimate (3.2), and

obtain 1/2 instead. One observes that the Fourier transform V̂ 1
eff(p) can be exactly

computed in terms of modified Bessel functions, and then one expands it near p = 0
identifying the Fourier transforms of fp 1

|x| and δ. Then the error’s Hilbert–Schmidt

norm is estimated and shown to be of order r1/2. A related problem treated with
this method can be found in [5].
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3.1. A solvable comparison operator HC

Remember that we are interested in the negative spectrum of Hr
eff , operator given

in (2.28). Lemmas 3.2 and 3.4 tell us that its operator domain is H2(R), while the
form domain is H1(R). Proposition 3.1, see (3.2), indicates that a good approxi-
mation for Hr

eff at small r would be the operator formally defined as

HC :=
1

2
p2

x + 2 ln(r/2) δ − 1

|x| . (3.26)

Of course, as it is written above HC makes no sense. The correct definition of HC

can be found in the Appendix A of [5] in a more general setting. For the comfort
of the reader we give below a version of this definition adapted to our simpler
situation. HC has to be understood in the following way: consider the sesquilinear
form on S(R) given by

tC(f, g) :=
1

2
〈f ′, g′〉 + 2 ln(r) f(0)g(0) − C0(f, g) . (3.27)

A standard consequence of (3.17) and (3.19) is that the quadratic form associated
with tC is closable, bounded from below, and the domain of its closure is H1(R).
Then HC is the self-adjoint operator generated by tC , and its operator domain
DC is characterized by:

DC :=
{
ψ ∈ H1(R) : |tC(φ, ψ)| ≤ const ‖φ‖, ∀φ ∈ H1(R)

}
. (3.28)

Moreover, if ψ ∈ DC , then we have the equality:

tC(φ, ψ) = 〈φ,HCψ〉, ∀φ ∈ H1(R) . (3.29)

Another representation for ψ ∈ DC is that there exists fψ = HCψ ∈ L2(R) such
that the distribution ψ′′ is a regular distribution on R \ {0} and is given by:

ψ′′(x) = −2
1

|x|ψ(x) − 2fψ(x) . (3.30)

One important consequence is that ψ′ ∈ H1(R \ {0}), and ψ′ is continuous on
R \ {0}.

Let us now introduce the parity operators P+ and P−

P± : H1(R) → H1(R), f(x) �→ (P±f)(x) =
f(x) ± f(−x)

2
. (3.31)

We have that P+ + P− = 1. We will call RanP+ the even sector and RanP− the
odd sector. The following lemma is an easy application of definitions, and we give
it without proof:

Lemma 3.8. We have that tC(P±f, P∓g) = 0 for all f, g ∈ H1(R). Then the domain
DC of HC is left invariant by P±; moreover, HC commutes with P±. �

A standard consequence of the elliptic regularity (see also (3.30)) is the fol-
lowing lemma, given again without proof:

Lemma 3.9. The eigenvectors of HC belong to C∞(R\{0}). �
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A less obvious result is the following characterization of DC :

Lemma 3.10. Every ψ in DC obeys the following boundary condition at 0:

lim
ε→0

[
ψ′(−ε) − ψ′(ε)

2
+ 2 ln(r)ψ(0) − 2 ln(2ε)ψ(0)

]
= 0 . (3.32)

Proof. Now remember that ψ′ is continuous outside the origin if ψ ∈ DC , so ψ′(±ε)
makes sense. Moreover, for every φ ∈ H1(R) we have:

1

2

∫

R

φ′(x)ψ′(x)dx + 2 ln(r)φ(0)ψ(0) − C0(φ, ψ) = 〈φ,HCψ〉 . (3.33)

We can write for x > 0 (see (3.30)):

ψ′(x) = ψ′(1) +

∫ x

1

ψ′′(y)dy = ψ′(1) − 2

∫ x

1

(
ψ(y)

y
+ fψ(y)

)
dy

and then for x close to 0 we have:

|ψ′(x)| ≤ const + 2| lnx| ‖ψ‖∞ . (3.34)

The same estimate is true for negative x near 0, and together with the esti-
mate (3.4) it follows that ψ′ diverges at 0 not faster than a logarithm.

Now we can integrate by parts outside the origin and write:
∫

R

φ′(x)ψ′(x)dx = φ(−ε)ψ′(−ε) −
∫ −ε

−∞
φ(x)ψ′′(x)dx − φ(ε)ψ′(ε) (3.35)

−
∫ ∞

ε

φ(x)ψ′′(x)dx +

∫ ε

−ε

φ′(x)ψ′(x)dx

where the last integral will converge to zero with ε.

After a similar integration by parts we obtain:

C0(φ, ψ) =

∫ 0

−ε

ln(−2x) ·
(
dx(φψ)

)
(x)dx −

∫ ε

0

ln(2x) ·
(
dx(φψ)

)
(x)dx

+ ln(2ε)
(
φ(ε)ψ(ε) + φ(−ε)ψ(−ε)

)

+

∫

R\[−ε,ε]

1

|x| · φ(x)ψ(x)dx . (3.36)

Following the reasoning in (3.18), one can prove that :
∫ ε

0

ln(2x) ·
[
dx(φψ)

]
(x)dx

ε→0
= O(ε

1

2 | ln ε|) ‖φ‖H1‖ψ‖H1

and thus:

C0(φ, ψ)
ε→0
= ln(2ε)

(
φ(ε)ψ(ε) + φ(−ε)ψ(−ε)

)
+

∫

R\[−ε,ε]

1

|x| ·φ(x)ψ(x)dx . (3.37)
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Putting (3.37) and (3.35) in (3.33), and using (3.30), we eventually get:

lim
ε→0

[
1

2

(
φ(−ε)ψ′(−ε) − φ(ε)ψ′(ε)

)
+ 2 ln(r)φ(0)ψ(0)

− ln(2ε)
(
φ(ε)ψ(ε) + φ(−ε)ψ(−ε)

)]
= 0 . (3.38)

The last ingredient is the embedding H1(R) ⊂ C1/2−δ(R), and the estimate (3.34)
which allows us to simplify the limit:

lim
ε→0

φ(0)

[
ψ′(−ε) − ψ′(ε)

2
+ 2 ln(r)ψ(0) − 2 ln(2ε)ψ(0)

]
= 0 (3.39)

for all φ ∈ H1(R). The lemma is proved. �

3.2. The eigenvalues and eigenvectors of HC

In this subsection we give analytic expressions for eigenvalues and eigenvectors of
HC corresponding to the negative, discrete spectrum; much of the information we
need about special functions is borrowed from [10]. We want to have the same
formal expression for our eigenvalue problem outside z = 0 as in that paper,
namely

d2

dz2
ψ − 1

4
ψ +

α

|z|ψ = 0

where ψ will be an eigenfunction with an associated eigenvalue E = − 1
2α2 . Let us

now do this in a rigorous manner.
We want to implement the change of variables x = 1

2αz, α > 0, which

amounts to defining a unitary operator on L2(R):

(UWψ)(z) =

√
α

2
ψ(αz/2), (U−1

W ψ)(z) =

√
2

α
ψ(2z/α) . (3.40)

Now assume φ is a normalized eigenvector for HC satisfying

HCφ = Eφ, E < 0 . (3.41)

Instead of solving the above equation, we will reformulate it in terms of ψ = UWφ,
and φ = U−1

W ψ. To do that, we need to fulfill two conditions. The first one is:

[UWHU−1
W ψ](z) =

2

α2

[
−ψ′′(z) − α

|z|ψ(z)

]
= Eψ(z), z �= 0, or

ψ′′(z) − 1

4
ψ(z) +

α

|z|ψ(z) = 0, z �= 0, E = − 1

2α2
. (3.42)

The second thing is to see what condition at z = 0 should ψ obey in order to be
sure that U−1

W ψ is in the domain of HC . If we replace ψ in (3.32) by φ = U−1
W ψ,

then we get the modified condition:

lim
ε→0

[
2

α

ψ′(− 2
αε) − ψ′( 2

αε)

2
+ 2 ln(r)ψ(0) − 2 ln(2ε)ψ(0)

]
= 0 (3.43)
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or

lim
ε→0

[
ψ′(−ε) − ψ′(ε)

2
+ α

(
ln r − ln(αε)

)
ψ(0)

]
= 0 . (3.44)

Therefore we reduced the problem of finding the eigenfunctions and eigenvalues
of HC to solving the ordinary differential equations in (3.42), with the boundary
condition given in (3.44). We will see that L2 solutions can be constructed only if
α obeys some conditions.

A priori, α can be any positive real number. First assume that α is not a
positive integer. Then if we solve (3.42) for z > 0, we see that the only square
integrable solution at +∞ is the one given by a Whittaker function:

Wα, 1

2

(z) = ze−
1

2
zU(1 − α, 2, z) , (3.45)

where U is the confluent hypergeometric function or Kummer function, see [1]. If
α is a positive integer, the solution is obtained as the limit of Wα, 1

2

(z) when α

tends to a positive integer N and get:

lim
α→N

Wα, 1

2

(z) = e−
1

2
zz

1

N
L1

N−1(z) (3.46)

where L1
N−1 is an associated Laguerre polynomial.

We denote with Γ(z) and ψ(z) = Γ′(z)/Γ(z) the usual gamma and digamma
functions. We have the following first result:

Proposition 3.11. (i). All negative eigenvalues of HC are non-degenerate. The
eigenfunctions of HC are also eigenfunctions of P±.

(ii). There exists an infinite number of odd eigenfunctions φodd,k, k ∈ Z+, corre-
sponding to every α ∈ {1, 2, . . .}.

(iii). There also exists an infinite number of even eigenfunctions φeven,k, k ∈ Z+,
each corresponding to a certain αk ∈ (k − 1, k) for every k ∈ Z+.

Proof. (i). Choose any eigenfunction φ of HC corresponding to E < 0. Make the
change ψ = U−1

W φ, and then look at the associated differential equation:

ψ′′(z) − 1

4
ψ(z) +

α

|z|ψ(z) = 0, z �= 0, E = − 1

2α2
, (3.47)

lim
ε→0

[
ψ′(−ε) − ψ′(ε)

2
+ α

(
ln r − ln(αε)

)
ψ(0)

]
= 0 . (3.48)

First assume α = N ∈ Z+. The theory of ordinary differential equations insure
the existence of two constants C1 and C2 such that

ψ(z) = C1e
− 1

2
zz

1

N
L1

N−1(z), z > 0 ,

ψ(z) = C2e
1

2
zz

1

N
L1

N−1(−z), z < 0 . (3.49)

By inspection (and by continuity) we get that ψ(0) = 0. If we put ψ in (3.48),
and using the explicit form of the Laguerre polynomials, we get that the boundary
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condition is fulfilled only if C1 = C2 which amounts to ψ(z) = −ψ(−z), i.e., there
is one and only one solution which is also odd.

Now assume α �∈ Z+. The theory of ordinary differential equations insure the
existence of two constants C3 and C4 such that

ψ(z) = C3Wα, 1

2

(z), z > 0 ,

ψ(z) = C4Wα, 1

2

(−z), z < 0 . (3.50)

By inspection we see that Wα, 1

2

(0) = 1
Γ(1−α) �= 0, hence by continuity at zero we

must have C3 = C4, hence ψ(z) = ψ(−z) and the eigenfunction must be even.
(ii). The proof is already contained in (i), since the boundary condition is

trivially fulfilled for odd functions. There is exactly one eigenfunction, an odd one,
corresponding to every α ∈ Z+.

(iii). We saw in (i) that if there are eigenfunctions corresponding to α �∈ Z+,
then they must be even. In order to get all possible α’s which are compatible with
the boundary condition (3.48), we compute (note that ψ′ is odd):

lim
ε→0

[
−W ′

α, 1

2

(ε) + α
(
ln r − ln(αε)

) 1

Γ(1 − α)

]
= 0 (3.51)

and using the explicit expression of these special functions we obtain the condition
on α:

f(α, r) := ψ(1 − α) + 2γ +
1

2α
− lnα+ ln r = 0 , (3.52)

where ψ here means the digamma function and γ is Euler’s constant. Since the
digamma function is strictly increasing from −∞ to +∞ on each interval of the
form (−m,−m+ 1), m ∈ Z+, one can easily see that f(·, r) is strictly decreasing
from +∞ to −∞ when α varies in an interval of the form (k − 1, k) for every
k ∈ Z+. Therefore we have a unique solution αk ∈ (k − 1, k) of the equation
f(αk, r) for every k ∈ Z+. The proposition is proved. �

The previous proposition stated that only the eigenvalues from the even sector
can vary with r. Let us now further investigate this dependence.

Corollary 3.12. (i). The excited states with even parity tend to those with odd
parity when r is small. More precisely, for k ≥ 2, we have that limr→0 αk =
k − 1;

(ii). For k = 1, we have the following asymptotic behavior of the ground state:

α1(r) = − 1

2 ln(r)
{1 + or(1)}, E1(r) = −2[ln(r)]2{1 + or(1)} . (3.53)

Proof. (i). The limit follows easily from the properties of the digamma function.
(ii). We apply the implicit function theorem. Define the function

F (α, y) :=
2α

1 + 2α[2γ + ψ(1 − α) − ln(α)]
− y ,

for (α, y) in a small disk around the origin in R2. This function is C1 near (0, 0),
(∂αF )(0, 0) = 2, and F (0, 0) = 0. Then for every y > 0 small enough there exists
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α(y) > 0 such that F (α(y), y) = 0. Now put y = −1/ ln(r) and we are done
because (3.52) is also satisfied with this α. �

3.3. Approximation of Hr
eff by HC

We will now show that the negative spectrum of Hr
eff converges in a certain sense

to the one of HC . This is made precise in the next proposition, but before we need
a definition. For a given subset S of R, and for any ǫ > 0 we define

Sǫ :=
⋃

x∈S

Bǫ(x) . (3.54)

If S is a discrete, finite set, then Sǫ is a finite union of intervals of length 2ǫ,
centered at the points of S.

Proposition 3.13. The following three statements hold true:

(i). Fix a < 0, and denote by A := σ(HC)∩ (−∞, a] and B := σ(Hr
eff)∩ (−∞, a].

Then for every ǫ > 0, there exists rǫ > 0 such that for every r < rǫ we have

A ⊂ Bǫ, B ⊂ Aǫ . (3.55)

(ii). The ground-state of Hr
eff is non-degenerate, has even parity, and diverges to

−∞ when r → 0. Moreover:

lim
r→0

| inf σ(HC) − inf σ(Hr
eff)| = 0 . (3.56)

(iii). Fix a compact interval [a, b] ⊂ (−∞, 0) and suppose that HC has exactly one
eigenvalue of a given parity EC in [a, b], for all r < r0. Then if r is small
enough, Hr

eff has exactly one eigenvalue of the same parity Eeff in this interval
and

lim
r→0

|Eeff − EC | = 0 .

Proof. Let us introduce the resolvents Reff(z) = (Hr
eff − z)−1 for all z ∈ ρ(Hr

eff)
and RC(z) = (HC − z)−1 for all z ∈ ρ(HC). The first ingredient in the proof is
contained by the following lemma:

Lemma 3.14. There exists a constant K > 1 sufficiently large, and r0 small enough,
such that for every r < r0 we have that the form defined on L2(R) × L2(R) (see
also (3.27))

VC(f, g) := tC

(
[p2

x/2 + λr]−1/2f, [p2
x/2 + λr]−1/2g

)

+ λr〈f, [p2
x/2 + λr]−1g〉 − 〈f, g〉

“ = ” [p2
x/2 + λr]−1/2{HC + λr}[p2

x/2 + λr]−1/2 − Id, λr := K ln2(r) ,
(3.57)

generates a bounded operator on L2(R) denoted in the same way. Moreover,
sup0<r<r0

‖VC‖ ≤ 1/2. And we have

{HC + λr}−1 = [p2
x/2 + λr ]−1/2{Id + VC}−1[p2

x/2 + λr]−1/2 . (3.58)
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Proof. The key estimate is contained in

‖(p2
x/2 + λ)−1/2‖L2→L∞ ≤ const

1

λ1/4
, (3.59)

obtained with an argument as in (3.15). Then if we have | ln(r)|/
√
λr small enough,

then the “delta function” part of tC will be small uniformly in r < r0. Using
also (3.19), and the definition (3.27), then one can show that (3.57) is a bounded
sesquilinear form on L2(R), with a norm which can be made arbitrarily small if K
is chosen large enough. Now the equality (3.58) is easy, and note that this is also
compatible with (3.53). �

Introduce the notation:

Ṽeff := (p2
x/2 + λr)−1/2V r

eff(p2
x/2 + λr)−1/2 . (3.60)

The second ingredient in the proof of the above proposition is the following esti-
mate, which is an easy consequence of Proposition 3.1:

‖VC − Ṽeff‖ = O(r4/9), r < r0 . (3.61)

We also have that ‖Ṽeff‖ ≤ 2/3 if r0 is small enough, uniformly in r < r0, and then

{Hr
eff + λr}−1 = [p2

x/2 + λr ]−1/2{Id + Ṽeff}−1[p2
x/2 + λr]−1/2 . (3.62)

It is clear that a similar identity would hold for any other λ ≥ λr, and this already
tells us that the spectrum of Hr

eff is contained in an interval of the type (−λr,∞),
thus justifying the discussion after (2.14).

From (3.62), (3.61) and (3.58), we get the crucial estimate:

‖Reff(−λr) −RC(−λr)‖ ≤ const
r4/9

λr
, r < r0 . (3.63)

This estimate allows us to prove (i). Introduce the notation

dC(z) := dist
(
z, σ(HC)

)
. (3.64)

Choose z ∈ ρ(HC) (thus dC(z) > 0). From the identity:

(HC − z)RC(−λr) = Id − (z + λr)RC(−λr) (3.65)

we get that the right hand side is invertible and:
{

Id − (z + λ)RC(−λr)
}−1

= (HC + λr)RC(z) = Id + (z + λr)RC(z) . (3.66)

The first equality implies that

RC(z) = RC(−λr)
{

Id − (z + λr)RC(−λr)
}−1

, (3.67)

while the second one gives the norm estimate:∥∥∥
{

Id − (z + λr)RC(−λr)
}−1

∥∥∥ ≤
[
1 + (|z| + λr)/dC(z)

]
. (3.68)

Note the important fact that (3.67) is just another form of the resolvent identity,
valid for any self-adjoint operator. If we could replace RC(−λr) by Reff(−λr), then
the right hand side would immediately imply that z ∈ ρ(Heff).
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We can restrict ourselves to those z’s which obey |z| ≤ λr. Then using (3.63)
and (3.68), we get that for r < r0 and dC(z) ≥ r1/3, the operator

Id − (z + λr)Reff(−λr)

is invertible and we get the estimate:
∥∥∥{Id − (z + λr)Reff(−λr)}−1

∥∥∥ ≤ const

dC(z)
λr [1 − const λr r

4/9/dC(z)]−1 . (3.69)

Therefore we have proved that for every z which obeys |z| ≤ λr and dC(z) > r1/3,
the operator

Reff(−λr)
{

Id − (z + λr)Reff(−λr)
}−1

(3.70)

exists and defines Reff(z). It means that the spectrum of Hr
eff is “close” to that of

HC , and the distance between them is going to zero at least like r1/3.
Let us now prove (ii). We know that the ground-state of HC diverges like

− ln2(r) for small r, and it is isolated from the rest of the spectrum. Choose a
circular contour Γ of radius 1 around this ground-state. It means that dC(z) = 1
for z ∈ Γ. Then (3.70), (3.69) and (3.63) imply the estimate

sup
z∈Γ

‖Reff(z) −RC(z)‖ ≤ const · r4/9, r < r0 . (3.71)

Now we can employ the regular perturbation theory, see [8], by using Riesz pro-
jections defined as complex integrals of the resolvents on contours like Γ. Then the
estimate (3.56) is straightforward.

Finally, let us prove (iii). We know that for small r, the excited states of HC

tend to cluster in pairs. The eigenvalues from the odd parity sector are independent
of r, while those from the even parity sector will converge from above to the odd
ones (see Proposition 3.11). Consider such a pair of eigenvalues, which will always
remain separated from the rest of the spectrum if r < r1 and r1 is small enough.
Then we can find a contour Γ which contains them and infz∈Γ dC(z) is bounded
from below uniformly in r < r1. Then we can again write an estimate like (3.71),
and then apply the regular perturbation theory. The proof is over. �

4. Reduction of H̃r to Hr
eff

We are now ready to go back to (2.24), and argue why only the diagonal entries of
the infinite operator-valued matrix {Hm,n}m,n∈Z are important for the low lying

spectrum of H̃r.

Let us formally write H̃r as:

H̃r = Hdiag + Voffdiag ,

where Hdiag =
⊕

n∈Z
(Hr

eff + n2

2r2 ), and Voffdiag contains all the non-diagonal entries
of the form V r

m,n, m �= n, (see (2.25)), and zero on the diagonal. We will prove
in this section that Voffdiag is relatively form bounded with respect to Hdiag, and
moreover, it is a “small” perturbation when r is small.
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The main result is very similar to Proposition 3.13, where we only have to

change HC by Hdiag and Hr
eff by H̃r. Parity here only refers to the x variable.

Therefore we will start comparing the two operators. Before that, let us note that
the negative spectrum of Hdiag is given by Hr

eff if r is small enough.

4.1. Voffdiag is Hdiag-form bounded

Let λr = K ln2(r) with K large enough and r < r0, as in the previous section. We
know that −λr ∈ ρ(Hdiag), and denote by Rdiag(−λr) the resolvent (Hdiag +λr)−1.
Then the main technical result of this subsection will be the following estimate:
there exists δ > 0 and r0(δ) such that
∥∥∥R1/2

diag(−λr)VoffdiagR
1/2
diag(−λr)

∥∥∥
B∞(l2(Z;L2(R)))

= O(rδ λ−1/2
r ), r < r0 . (4.1)

Let us first notice that we can replace R
1/2
diag by a simpler operator, namely

⊕
n∈Z

(ǫp2
x + 1 + n2

2r2 )−1/2, where ǫ is a small enough positive number. Indeed,
we can write

〈f, [Hr
eff + λr + n2/(2r2)]f〉 ≥ 〈f, [ǫp2

x + λr/2 + n2/(2r2)]f〉 ,
where we used that for ǫ small enough we can show that:

(1/2 − ǫ)p2
x − V r

eff + λr/2 ≥ 0, r < r0 .

This means that∥∥∥
[
ǫp2

x + λr/2 + n2/(2r2)
]1/2[

Hr
eff + λr + n2/(2r2)

]−1/2
∥∥∥

B∞(L2(R))
≤ 1 . (4.2)

Define the bounded operators in L2(R) (see (2.25)):

Ṽ r
m,n :=

[
ǫp2

x + λr/2 +m2/(2r2)
]−1/2

V r
m,n

[
ǫp2

x + λr/2 + n2/(2r2)
]−1/2

,m �= n ,

Ṽ r
m,m := 0, m ∈ Z . (4.3)

Then (4.1) would be implied by the following, stronger estimate:
∥∥∥∥
{
Ṽ r

m,n

}
m,n∈Z

∥∥∥∥
B∞(l2(Z;L2(R)))

= O(rδλ−1/2
r ), r < r0 . (4.4)

By an easy application of the Schur–Holmgren lemma, one can prove the estimate:∥∥∥∥
{
Ṽ r

m,n

}
m,n∈Z

∥∥∥∥
B∞(l2(Z;L2(R)))

≤ sup
m∈Z

∑

n∈Z

‖Ṽ r
m,n‖B∞(L2(R)) . (4.5)

We now concentrate on the norms ‖Ṽ r
m,n‖B∞(L2(R)) and study their behavior

in r, m, and n. Remember that only the case m �= n is of interest, since the
diagonal terms are zero.

Before anything else, let us do a unitary rescaling of L2(R) by (Uf)(x) :=
r1/2f(rx) and (U∗f)(x) := r−1/2f(x/r). Then due to various homogeneity prop-
erties we get:

UṼ r
m,nU

∗ = r ·
[
ǫp2

x + r2λr/2 +m2/2
]−1/2

V 1
m,n

[
ǫp2

x + r2λr/2 + n2/2
]−1/2

. (4.6)
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We first give an important estimate for V 1
m,n, stated in the next lemma:

Lemma 4.1. Let 0 < α < 1 and |m− n| ≥ 1. Fix any 0 < ǫ < 1. Then there exists
a constant C = C(α, ǫ) such that we have the following estimate:

|V 1
m,n|(x) ≤ C

{
1

|n−m|α
1

|x|α +
1

|n−m|

}
, |x| ≤ r−ǫ , (4.7)

and

|V 1
m,n|(x) ≤ const

r3ǫ

|n−m| , |x| ≥ r−ǫ . (4.8)

Proof. Due to symmetry properties we can write

V 1
m,n(x) =

1

2π

∫ π

−π

cos[(n−m)y]

[x2 + 4 sin2(y/2)]1/2
dy . (4.9)

Integrating by parts we get:

V 1
m,n(x) =

1

2π(n−m)

∫ π

−π

sin[(n−m)y] sin(y)

[x2 + 4 sin2(y/2)]3/2
dy . (4.10)

This equality immediately proves (4.8). So we now focus on |x| ≤ r−ǫ. We can
split the integral in two: one in which |y| ≥ π/2, and where the integrand has no
singularities when x is small, and the second where |y| ≤ π/2. In that region we
can use the same idea as in Lemma 3.2 of replacing sin2(y/2) by y2. We hence get:

|V 1
m,n|(x) ≤ const

|n−m|

(
1 +

∫ π/2

−π/2

| sin[(n−m)y] sin(y)|
[x2 + y2]3/2

dy

)
. (4.11)

Now we employ the inequalities (here 0 < α < 1 is arbitrary):

| sin[(n−m)y]| ≤ |n−m|1−α|y|1−α, | sin(y)| ≤ |y| ,
then we make the change of variables s = y/|x| and write:

|V 1
m,n|(x) ≤ const

|n−m|

(
1 + 2

|n−m|1−α

|x|α
∫ ∞

0

s2−α

[1 + s2]3/2
ds

)
. (4.12)

Thus the lemma is proved. �

Now let us go back to (4.6), and estimate the various norms. If we write
V 1

m,n = V 1
m,nχ(| · | ≤ r−ǫ) + V 1

m,nχ(| · | > r−ǫ), then we have two different types of

estimates. When we keep V 1
m,nχ(| · | > r−ǫ), which is bounded, then for the two

resolvents we can use the usual B∞(L2) norm, which together with (4.8) gives a
contribution:

const r3ǫ

√
r2λr + n2

√
r2λr +m2 |m− n|

, n �= m. (4.13)

When we keep V 1
m,nχ(| · | ≤ r−ǫ), the estimate from (4.7) gives us that

[|V 1
m,n|χ(| · | ≤ 1)]1/2 is an L2 function, hence the operator

√
|V 1

m,n| χ(| · | ≤ r−ǫ)
[
ǫp2

x + r2λr/2 + n2/2
]−1/2
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is Hilbert–Schmidt. Thus we have a product of two Hilbert–Schmidt operators,
and we can give an upper bound for the B∞ norm of their product of the form:

const(α) r−ǫ

(r2λr + n2)1/4 (r2λr +m2)1/4 |m− n|α , n �= m. (4.14)

Therefore we obtained an upper bound for the norm of the operator in (4.6)
of the form:

‖Ṽ r
m,n‖ ≤ r · const r3ǫ

√
r2λr + n2

√
r2λr +m2 |m− n|

+
r · const · r−ǫ

(r2λr + n2)1/4 (r2λr +m2)1/4 |m− n|α , m �= n . (4.15)

Remember that one is interested in the right hand side of (4.5). Now choose
1/2 < α < 1. We have to investigate several cases:

1. When m = 0 and |n| ≥ 1. Then the first term in (4.15) will behave like

λ
−1/2
r r3ǫ|n|−2.

The second term will behave like r1/2−ǫλ
−1/4
r |n|−1/2−α. Both contribu-

tions are summable with respect to n. Note that if ǫ is small enough, both
exponents of r are positive. Denote by δ the smaller one.

2. Fix m �= 0, and consider all n �= m. When n = 0, we get similar terms as
above. If n �= 0, then we remain with the problem of summing up something
like

sup
m �=0

|m|−1/2
∑

n�=0,n �=m

1

|n|1/2|n−m|α , 1/2 < α .

We can either use Hölder’s inequality, or we can split the above sum in the
following way:

∑

n�=0,n �=m

1

|n|1/2|n−m|α

=

⎛
⎝ ∑

n�=0,n �=m,|n|≤|n−m|
+

∑

n�=0,n �=m,|n|>|n−m|

⎞
⎠ 1

|n|1/2|n−m|α

≤
∑

n�=0,n �=m

(
1

|n|α+1/2
+

1

|n−m|1/2+α

)
≤ const(α) . (4.16)

We therefore consider (4.1) as proved.

4.2. Comparison between H̃r and Hdiag

If r is small enough, we have the identity:

(H̃r + λr)−1 = R
1/2
diag(−λr)

{
Id +R

1/2
diag(−λr)VoffdiagR

1/2
diag(−λr)

}−1

R
1/2
diag(−λr) .
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Moreover, this implies:
∥∥∥(H̃r + λr)−1 −Rdiag(−λr)

∥∥∥ ≤ const

λr

∥∥∥R1/2
diag(−λr)VoffdiagR

1/2
diag(−λr)

∥∥∥

≤ const
rδλ

−1/2
r

λr
. (4.17)

This is the same as what we had in (3.63), but with λ
−1/2
r rδ instead of r4/9.

Therefore we can repeat the arguments of Proposition 3.13 and prove a similar

kind of spectrum stability for H̃r and Hdiag.

5. The main theorem and some conclusions

We now try state a concentrated main result of our paper. Let us first go back to the
very first Hamiltonian which was declared to be relevant for the exciton problem.
This is H̄r, written in (2.1). Because of the Coulomb singularity, the best way
to look at the spectral problem is to consider its form tH , given by (2.4), (2.5)
and (2.6). We then managed to separate the mass center motion in the longitudinal
direction, and we got a simpler form th in (2.8). The center of the mass cannot
be separated in the transverse direction because of the cylindrical geometry, but
at least we can write th as a direct sum of

⊕
k∈Z

thk
. A crucial observation has

been stated in (2.14), which says that only th0
is responsible for the lowest lying

spectrum of the original form.
This gave us the possibility of renaming th0

with t̃H in (2.15), and declare
it as the central object of study. Then in Proposition 2.1 we constructed its asso-

ciated self-adjoint operator H̃r, where we had to take care of the Coulomb-type
singularity in two dimensions.

Then after a unitary transformation induced by the discrete Fourier transform

with respect to the y variable, we can see H̃r as an infinite operator valued matrix

acting on the Hilbert space l2(Z;L2(R)). We then decomposed H̃r as the sum of
a diagonal operator Hdiag and an off-diagonal part Voffdiag. Eventually we proved

in Section 4 that the low lying spectrum of H̃r is only slightly influenced by the
off-diagonal part for small r, and therefore the relevant object remains Hdiag.

But this diagonal part has the nice feature that each of its entry is of the

form Hr
eff + n2

2r2 , n ∈ Z, where Hr
eff is given in (2.28) and (2.27). Then in Section 3,

more precisely in Proposition 3.13 we prove that the low lying spectrum of Hr
eff is

well approximated by the spectrum of a solvable operator, HC , which we discussed
in Proposition 3.11.

We are now ready to collect all these results in the main theorem of our
paper:

Theorem 5.1. The following three statements hold true:

(i). Fix a < 0, and denote by A := σ(HC) ∩ (−∞, a] and B := σ(H̃r) ∩ (−∞, a].
With the definition introduced in (3.54), we have that for every ǫ > 0, there
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exists rǫ > 0 such that for every r < rǫ we have

A ⊂ Bǫ, B ⊂ Aǫ . (5.1)

(ii). The ground-state of H̃r is non-degenerate, and diverges to −∞ when r → 0.
The corresponding eigenfunction has even parity with respect to both vari-
ables. Moreover:

lim
r→0

| inf σ(HC) − inf σ(H̃r)| = 0 . (5.2)

(iii). Fix a compact interval [a, b] ⊂ (−∞, 0) and suppose that HC has exactly one
eigenvalue EC in [a, b], of parity p = ±, for all r < r0. Then if r is small

enough, H̃r has exactly one eigenvalue Ẽ in this interval and

lim
r→0

|Ẽ − EC | = 0 .

Moreover, the corresponding eigenfunction has parity p with respect to x.

Another important aspect of this problem is to determine how fast these
limits are assumed. We have not touched this issue here, but we will study the
numerical and physical implications of our results in a consequent paper.
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UMR 6207
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Rigorous perturbation theory versus variational methods in the
spectral study of carbon nanotubes

May 1st, 2007

Horia D. Cornean1, Thomas G. Pedersen2, Benjamin Ricaud 3

Abstract

Recent two-photon photo-luminescence experiments give accurate data for the ground
and first excited excitonic energies at different nanotube radii. In this paper we compare the
analytic approximations proved in [CDR], with a standard variational approach. We show an
excellent agreement at sufficiently small radii.

1 Introduction

Recent experimental results on carbon nanotubes using two photon photo luminescence [Sc02],
[W], [MPR] reveal the energy levels of the excitons, especially the ground and first excited states,
and point out the dependence of these energies on the radius of the nanotube. As it is, this
technique appears to be a promising way to sort out nanotubes. But on the other hand, theoretical
results seem to require heavy ab initio calculation like in [MPR] [CBRM], to cite the most recent,
in order to find the absorption peaks due to excitons. Nevertheless, a simple formula for the
optical response based on excitons levels [HK] can give a good approximation. It has been pointed
out [BGEH] [OT] that the exciton binding energy in quantum wires depends on the width of the
wires by a relatively simple relation. This property is also valid for nanotubes [P1]. In the first
part of the paper, we outline a rigorous justification for this latter fact and write a simple analytic
formula for the energy levels of the exciton depending on the radius of the tube, based on the
paper [CDR]. In the second part we compare our results with a variational numerical method and
show a very good agreement between them.

2 The exciton model

As first suggested in [P1], we deal with Wannier excitons (a rigorous justification of this procedure
is in preparation [R]). We take as configuration space a cylinder of radius r and infinite length,
space denoted by Cr = R × rS1, S1 being the unit circle. The coordinates on the cylinder are
(x, y) ∈ (R × rS1) where x is the variable along the tube axis and y is the transverse coordinate.

The two quasi-particles live in the Hilbert space  L2(Cr ×Cr). We formally consider the Hamil-
tonian

H̄r = −~2

(
∆x1

2m1
+

∆x2

2m2
+

∆y1

2m1
+

∆y2

2m2

)
− V r(x1 − x2, y1 − y2), (2.1)

where

V r(x, y) :=
−e1e2

ε
√
x2 + 4r2 sin2

(
y
2r

) (2.2)

1Dept. of Mathematical Sciences, Aalborg University, Fredrik Bajers Vej 7G, 9220 Aalborg, Denmark; e-mail:
cornean@math.aau.dk

2Dept. Phys. and Nanotech., Aalborg University, 9220 Aalborg, Denmark; e-mail: tgp@physics.aau.dk
3Centre de Physique Théorique UMR 6207 - Unité Mixte de Recherche du CNRS et des Universités Aix-Marseille

I, Aix-Marseille II et de l’université du Sud Toulon-Var - Laboratoire affilié à la FRUMAM, Luminy Case 907, F-
13288 Marseille Cedex 9 France; e-mail: ricaud@cpt.univ-mrs.fr
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(xi, yi) are the coordinates on the cylinder of the two charged particles, mi their masses, and ei

their charges. Here ε is the electric permittivity of the material. The potential V r is the three
dimensional Coulomb potential simply restricted to the cylinder. We justify the expression of V r

by Pythagoras’s theorem. The cylinder is embedded in R3. The distance ρ from one particle to
the other in R3 is:

ρ2 = (x1 − x2)2 + 4r2 sin2

(
y1 − y2

2r

)

where |2r sin
(

y1−y2

2r

)
| is the length of the chord joining two points of coordinate y1 and y2 on the

circle.

2.1 ”Separation of the center of mass”

Due to the restrictions imposed by the cylindrical geometry, the usual separation of the center of
mass does not work here.

The standard separation with Jacobi coordinates only works for the longitudinal variable, and
introducing M := m1 + m2 and µ := m1m2/(m1 + m2), we denote X := (m1x1 + m2x2)/M and
x := x1−x2. For the transverse variable, we change to atomic coordinates Y = y2 and y = y1−y2.
Let us also define the effective Rydberg Ry∗ = µe4/2~2ε2 and Bohr radius a∗B = ~2ε/µe2, where
we set e = e1 = e2. By a scaling, the new energy and radius will be expressed in multiple of these
units. This gives us the Hamiltonian:

Hr = − 1

M
∂2

X − 1

m2
∂2

Y − 1

µ
∂2

x − 1

µ
∂2

y +
2

m2
∂y∂Y − 2V r(x, y).

First, we can separate the partial center of mass with coordinateX . Second, since on the Y variable
there are periodic boundary conditions, let us consider the orthonormal basis of eigenvectors of
−∂2

Y ,

−∂2
Y =

∞∑

n=−∞

Er
n|χr

n〉〈χr
n|

where

χr
n(Y ) =

1√
2πr

ein Y
r and Er

n =
n2

r2
, n ∈ Z.

One can see that for small radii, the separation between different transverse levels of energy is
high. A recent theoretical study based on ab initio calculations [MPR] shows that the probability
density of the exciton is constant along the circumference. So it is reasonable to assume that the
radius is so small that the system stays in the ground state of −∂2

Y , where n = 0 and the density
of probability is constant along the circumference. (Note that this has been rigorously proved in
[CDR]). As a consequence, we can approximate the eigenfunctions ψ of H as:

ψ(x, y, Y ) = φ(x, y) · χr
0(Y ) = φ(x, y) · 1√

2πr
.

After this restriction to the lowest transverse mode, we only have to study the following operator:

H̃r = − 1

µ
∂2

x − 1

µ
∂2

y − 2V r(x, y),

which is two dimensional and acts on L2(Cr).

2.2 An effective one dimensional operator for the low lying spectrum

It will turn out that the limit r → 0 is too singular and H̃r does not have a “nice” limit. It is
suitable at this point to introduce the quadratic form associated to H̃r, defined on the Sobolev
space H1(Cr):

t eH(ψ, φ) =
1

µ
〈∂xψ, ∂xφ〉 +

1

µ
〈∂yψ, ∂yφ〉 − 2〈

√
V r(x, y)ψ,

√
V r(x, y)φ〉.
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Reasoning as in the previous subsection, a good approximation of the behavior of eigenfunctions
along the transverse variable when the radius is small is given by the ground state of the free
Laplacian with periodic boundary conditions. If we restrict the above quadratic form to functions
of the type:

φ(x, y) = ϕ(x) · 1√
2πr

, (2.3)

we have:

t eH(φ, φ) =
1

2πrµ
〈∂xϕ, ∂xϕ〉 −

1

πr

∫ ∞

−∞

∫ πr

−πr

1√
x2 + 4r2 sin2 y

2r

ϕ(x)ϕ(x)dydx

=
1

µ

∫ ∞

−∞
(∂xϕ)(x)(∂xϕ)(x)dx − 2

∫ ∞

−∞
V r

eff(x)ϕ(x)ϕ(x)dx

where

V r
eff(x) =

1

2πr

∫ πr

−πr

1√
x2 + 4r2 sin2 y

2r

dy.

For the sake of simplicity, we will put µ = 1. Let us introduce what will be our effective one-
dimensional comparison operator:

Hr
eff := − d2

dx2
− 2V r

eff(x). (2.4)

We now have reduced our problem of two particles on a cylinder to a one dimensional problem
describing a particle interacting with an external potential. A complete and detailed mathematical
justification of these steps can be found in [CDR].

2.3 The one dimensional Coulomb Hamiltonian

2.3.1 Approximation of Hr
eff

We now try to approximate as accurate as possible the eigenfunctions and eigenvalues of Hr
eff when

the radius is small. Using the notation Yr(x) = 1√
x2+4r2

, it was shown in [CDR] that if r ≤ 1 and

f, g are two smooth functions

〈f, V r
effg〉 = 〈f, Yrg〉 + ln(4)f(0)g(0) +O(r4/9)||f ||H1(R)||g||H1(R). (2.5)

One can recognize in Yr a form of the regularized one dimensional Coulomb potential. In the
following, our approach will be quite similar to the one of Loudon [L] in the sense that we let
the regularizing parameter tend to zero. Note though that our parameter has a clear physical
interpretation being given by the radius of the nanotube, and it is not just an artifact as in
Loudon’s case. Hence this will give us the exciton energies as functions of r, and allow us to
estimate the errors we make using this approximation.

Define the quadratic form C0(., .) by1

C0(f, f) := −
∫ ∞

0

ln(x) · (|f |2)′(x)dx +

∫ 0

−∞
ln(−x) · (|f |2)′(x)dx

=

∫ 0

−ε

ln(−x) · (|f |2)′(x)dx −
∫ ε

0

ln(x) · (|f |2)′(x)dx

+ ln(ε)
(
|f(ε)|2 + |f(−ε)|2

)
+

∫

R\[−ε,ε]

1

|x| · |f(x)|2dx. (2.6)

1Notice that this definition of C0 differs from the one of [CDR] in which there is an additional term: 2 ln 2|f(0)|2 =
R 0
−∞ ln 2 · (|f |2)′(x)dx +

R ∞
0 ln 2 · (|f |2)′(x)dx. This term is here put together with the other term depending on

the function at zero.
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Note the last equality is obtained by an integration by parts, and holds for all ε > 0; also note the
appearance of a Coulomb potential in one dimension. Again from [CDR] we have

〈f, Yrg〉 = −2 ln(r)f(0)g(0) + C0(f, g) +O(r4/9)||f ||H1(R)||g||H1(R). (2.7)

Now let us define a new “potential” via a quadratic form

〈f, VCg〉 := −2 ln(
r

2
)f(0)g(0) + C0(f, g),

which is close to V r
eff when r is small and is exactly the Coulomb potential when we look away from

the origin. We will see in the following that this particular potential gives a solvable eigenvalue
problem for the associated Hamiltonian.

2.3.2 Boundary conditions of the Coulomb Hamiltonian

The operator HC we will now consider is given by its associated quadratic form defined on H1(R):

tC(ψ, φ) :=

∫

R

φ′(x)ψ′(x)dx + 2
(

2 ln(
r

2
)φ(0)ψ(0) − C0(φ, ψ)

)
.

One can recognize the kinetic energy in the first term and the potential VC in the second term.
The general theory of closed symmetric quadratic forms gives us the existence of an associated
operator HC defined by

tC(φ, ψ) = 〈φ,HCψ〉, (2.8)

whenever ψ is in the domain of HC . The difficulty here is that VC is not a usual Schrödinger-type
multiplication potential, but due to various Sobolev embeddings it turns out that if ψ is in the
domain of HC then ψ′′ is square integrable outside the origin, and we still have:

(HCψ)(x) = −ψ′′(x) − 2ψ(x)

|x| , x 6= 0. (2.9)

Now if ψ is an eigenfunction of HC corresponding to an energy E, then it obeys the differential
equation:

− ψ′′(x) − 2ψ(x)

|x| = Eψ(x), x 6= 0. (2.10)

In order to get the behavior at the origin of the eigenfunctions of HC , we integrate by parts
and use (2.10). For ε > 0 we have:

∫

R

φ′(x)ψ′(x)dx (2.11)

= φ(−ε)ψ′(−ε) −
∫ −ε

−∞
φ(x)ψ′′(x)dx − φ(ε)ψ′(ε) −

∫ ∞

ε

φ(x)ψ′′(x)dx

+

∫ ε

−ε

φ′(x)ψ′(x)dx

where the last integral will converge to zero as ε goes to zero. On the other hand,

C0(φ, ψ) =

∫ 0

−ε

ln(−x) · (dx(φψ))(x)dx −
∫ ε

0

ln(x) · (dx(φψ))(x)dx

+ ln(ε)
(
φ(ε)ψ(ε) + φ(−ε)ψ(−ε)

)
+

∫

R\[−ε,ε]

1

|x| · φ(x)ψ(x)dx. (2.12)

Then adding (2.11) with (2.12), using (2.10) and letting ε tend to zero (see [CDR] for technical
details) we have:

lim
ε→0

tC(φ, ψ) = 〈φ,Eψ〉 + 2 lim
ε→0

φ(0)

[
ψ′(−ε) − ψ′(ε)

2
+ 2 ln(

r

2
)ψ(0) − ln(ε) (2ψ(0))

]
.

4



Now using (2.8) and the eigenvalue equation HCψ = Eψ we get the boundary condition:

lim
ε→0

[
ψ′(−ε) − ψ′(ε)

2
+ 2 ln(

r

2
)ψ(0) − 2 ln(ε)ψ(0)

]
= 0. (2.13)

2.4 Eigenvalues and eigenfunctions

We now have to solve the equation

− ∂2
xψ − 2

|x|ψ = Eψ, x 6= 0, (2.14)

with the boundary condition (2.13). Similarly to Loudon in [L], we introduce a dimensionless
quantity α and the change of variables

E = − 1

α2
and x =

α

2
z, (2.15)

then we obtain
d2

dz2
ψ̃ − 1

4
ψ̃ +

α

|z| ψ̃ = 0, z 6= 0. (2.16)

The solutions are known for z > 0 and z < 0, see [AS, chap. 13] for example. The second thing is

to see what condition at z = 0 should the eigenfunctions ψ̃ obey. If we scale (2.13),

lim
ε→0

[
ψ̃′(−ε) − ψ̃′(ε)

2
+ α(ln r − ln(αε))ψ̃(0)

]
= 0. (2.17)

We only give here the results. Details of calculations can be found in [CDR]. If we take the only
square integrable solution, we have two cases: If α = N is a positive integer, then the eigenstates
are the odd functions ψ̃nαp with associated eigenvalues Enαp, where nα = N + 1,

ψ̃nαp(z) = e−
1

2
|z|z

1√
2N

L1
N−1(|z|), Enαp = − 1

N2
,

where L1
N−1 is an associated Laguerre polynomial. Notice that these energies are independent of

the radius of the tube. If α is not an integer, the eigenstates are the even functions ψ̃nαs with
associated eigenvalues Enαs, where nα is the smallest integer larger than α and:

ψ̃nαs = CαWα, 1

2

(|z|) = Cα|z|e−
1

2
|z|U(1 − α, 2, |z|) Enαs = − 1

α2
,

where Cα is a normalizing constant, W is the Whittaker function and U is the confluent hyper-
geometric function or Kummer function of the second kind. We denote with Γ(z) and Ψ(z) =
Γ′(z)/Γ(z) the usual gamma and digamma functions, and we get from (2.17) that for even solutions
α must satisfy the relation:

Ψ(1 − α) + 2γ +
1

2α
− lnα+ ln r = 0. (2.18)

From this relation, which contains an implicit expression for α(r), one can deduce several important
facts. For all integers N and for α in between N and N + 1, there is only one solution of (2.16)
satisfying the boundary condition. Furthermore, the energies associated with the non integer α
tend to their closest lower integer when r tends to zero. A special case is the one of the ground
state E1s of the exciton which tends to minus infinity as the radius tends to zero. The behavior
for small r is

E1s
r→0
= −4(ln r)2.
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Figure 1: Energy of the bound states of the exciton. Energies are expressed in multiples of the
effective Rydberg of the exciton.

Notice that equation (2.18) is exactly what one gets by explicitly calculating the condition
requiring the derivative of even states to vanish at the origin, relation (3.22) in Loudon’s paper,
and replacing his parameter a by r · a0/2, for small r. We can also compare with the result
from [BGEH] where Banyai et al. found numerically a = 0.3a0 · r for the exciton problem in a
quantum wire of radius r. The energies associated to the exciton are drawn on figure 1 and we
calculated numerically the lowest four eigenvalues with respect to the radius on figure 3, along
with a comparison of the ground state given by the variational method of [P1]. On figure 4 a zoom
was made around the first and second excited states.

One can notice that the odd states possess a constant energy, independent of the radius. This
is due to the fact that the odd states vanish at zero where there is the singularity of the potential.
Indeed, the potential becomes, for an odd function f :

〈f, V r
efff〉 ≃ C0(f, f),

which is independent of r.

3 Variational approach and comparison

The variational method operates by minimizing the energy of a trial function and is therefore
usually applied to approximate the ground state. However, by restricting the trial function to
forms that are orthogonal to the ground state, low lying excited states can be obtained variationally
as well. In Ref. [P1], the variational method was applied to the ground state and in Ref. [P3]
a similar approach was applied to calculate the 2p oscillator strength of interest for two-photon
absorption. The 2p state is especially important because this state is used for excitation in two-
photon fluorescence measurements [W]. By recording the energy of photons emitted from the
lowest (1s) exciton, a direct measure of the 2p− 1s energy difference is obtained. In turn, the 1s
exciton binding energy (i.e the 1s excitation energy measured relative to the band gap) can be
derived if a reliable model for the exciton energy spectrum is invoked.

In the present work, we wish to compare results of the relatively complicated variational
approach to the straight-forward and analytical Coulomb model. Hence, in the following we
briefly explain the reasoning behind our variational estimate of the lowest excited (2p) state. In
practical applications, the trial function must be sufficiently simple that calculation of the energy
is manageable. This implies that relatively few adjustable parameters should be considered. At

6



Figure 2: Variational 2p state energy as a function of nanotube radius. Inset: the r-dependence
of decay lengths k and q of the trial wave function.

the same time, a certain flexibility is required to provide reasonable accuracy. A useful strategy
consists in constructing trial functions so that they correctly accommodate the known solutions
in limiting cases of the general problem. Thus, we are guided by the analytical solution for the
plane, i.e. for nanotube radii much larger than the effective Bohr radius. In our units, this state
is simply ϕ2p ∝ x exp{−2/3(x2 + y2)1/2}. On the other hand, in the extreme 1D limit we expect
ϕ2p ∝ x exp{−|x|}. To accommodate both limits, we consequently suggest the (un-normalized)
trial form

ϕ2p(x, y) = x exp{−(x2/k2 + y2/q2)1/2}, (3.1)

where q and k are variational parameters to be determined by minimizing the expectation value
of the energy . This expectation value is found as E2p = (K − V )/N , where K, V and N are
the kinetic energy, potential energy and normalization constant, respectively. The integrations
are quite cumbersome and only K and N can be obtained in closed form in terms of Struve
and modified Bessel functions. The potential energy V is evaluated numerically using Gaussian
quadrature.

The minimized energy as a function of radius r is illustrated in Fig. 2. The limiting values
are E2p = −1 and E2p = −4/9 for small and large r, respectively, in agreement with the analytic
solutions in these limits. In between these limits, the curve interpolates smoothly between the
limiting values and the dominant correction at small r is −8(1 + γ + ln(r))r2 .

In order to judge the usefulness of the different approaches used in the present work it is
essential to determine the appropriate nanotube radius r in excitonic units, i.e. in units of a∗B.
An important point in this respect is that, in fact, a∗B varies between different nanotubes. The
relation needed for conversion is a∗B = 0.529Åε/µ, where ε is the dielectric constant screening the
Coulomb interaction and µ is the reduced effective mass. Whereas ε may be assumed the same for
all nanotubes, µ must be derived from the curvature of the band structure and, hence, depends on
both radius and chirality of the nanotube. However, detailed studies [P2] show that a∗B is roughly
proportional to the nanotube diameter and as a consequence r (in units of a∗B) is nearly constant
and given by r ≈ 0.1a∗B if ε ≈ 3.5. It should be noted, though, that in media with little screening
a larger r/a∗B is expected. The smallness of r means that approximations based on expansion
around r = 0 are expected to be accurate.

In figure 3 and 4, a comparison of variational energies and the results of the Coulomb model
is given. In both the 1s and 2p cases, reasonable agreement between the two approaches is found

7
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Figure 3: Energy of the four lowest bound states of the exciton with respect to the radius. Even
states were calculated numerically using (2.18). Notice that the energy of the second s state is
equal to the one of the first p state at zero. In red: graph of the ground state computed with the
variational method on the cylinder from [P1].

around r ≈ 0.1a∗B. Also, in both cases, the variational result lies slightly higher than the Coulomb
model. The ground state has deviated by more than 100% from the plane value for radii around
0.1a∗B. An error of less than 5% is seen between the curves at this point. Note that if the curve
from the Coulomb model is lower in energy than the variational one, this does not means that
the approximation is better. Although in the variational approach the lower is the better since
the exact solution is always below the variational result, in the Coulomb model the exact value is
somewhere around the approximation, bounded by an error bound. In this work the error bound
was not calculated because, unfortunately, the compromises made to get a simple formula implied
a difficult calculus to optimize on the bound, even by numerical computations. For the first excited
state, the Coulomb model approximation for the energy is independent of the radius of the tube.
This must be a good approximation for very small radii. However, this approximation becomes
increasingly inaccurate as the radius increases, as the exact value should tend to the energy of the
problem on the plane with energy equal to −4/9a∗B as do the variational curve.

4 Conclusion

The Coulomb model applied to excitons in carbon nanotubes demonstrates that the energy as-
sociated with each even state decreases to the energy of its closest odd state as the radius tends
to zero. Since each odd state energy is independent of the size of the tube in this approach, all
energies associated to excited states stay in the range (−1, 0) (in effective Rydberg energy units).
So only the ground state diverges when the radius gets smaller. This is confirmed by the behavior
of the first variational excited state which converges to −1. The simple exciton model proposed
in this paper and studied both by means of rigorous perturbation theory and by a variational ap-
proach is a good starting point for attacking the difficult problem of electron-electron interactions
in low dimensional structures such as carbon nanotubes.
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❈♦♥❝❧✉s✐♦♥

❘és✉♠é

❯♥❡ ❛♣♣r♦❝❤❡ r✐❣♦✉r❡✉s❡ ♣♦✉r ❧❡ ❝❛❧❝✉❧ ❞✉ s♣❡❝tr❡ ❞✬❛❜s♦r♣t✐♦♥ ♦♣t✐q✉❡ ❞❡s ♥❛♥♦t✉❜❡s s❡♠✐✲
❝♦♥❞✉❝t❡✉rs ❛ été ❢❛✐t❡✳ ▲❡ ♥❛♥♦t✉❜❡ ❛ été ♠♦❞é❧✐sé ♣❛r ✉♥ s②stè♠❡ à ❣r❛♥❞ ♥♦♠❜r❡ N ❞✬é❧❡❝tr♦♥s
é✈♦❧✉❛♥ts à ❧❛ s✉r❢❛❝❡ ❞✬✉♥ t♦r❡ ❞❡ ❧♦♥❣✉❡✉r L ♦ù ❡st ♣rés❡♥t ✉♥ ♣♦t❡♥t✐❡❧ ♣ér✐♦❞✐q✉❡ ❧✐ss❡ ❞û ❛✉①
❛t♦♠❡s✳ ▲❡s é❧❡❝tr♦♥s ✐♥tér❛❣✐ss❡♥t ❢❛✐❜❧❡♠❡♥t ❡♥tr❡ ❡✉① ✈✐❛ ✉♥ ♣♦t❡♥t✐❡❧ ♣ér✐♦❞✐q✉❡ ❛♣♣r♦❝❤❛♥t
❧❡ ♣♦t❡♥t✐❡❧ ❞❡ ❈♦✉❧♦♠❜ s✉r ❧❡ ❝②❧✐♥❞r❡ ✐♥✜♥✐ q✉❛♥❞ L ❣r❛♥❞✐t✳ ■❧ ❛ été ❡①♣❧✐q✉é ❛✉ ❝❤❛♣✐tr❡ ✶
❝♦♠♠❡♥t ❧❡ ♣r♦❜❧è♠❡ ♣❡✉t êtr❡ ré❞✉✐t à ✉♥ ♣r♦❜❧è♠❡ ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧ ❡♥ ✉t✐❧✐s❛♥t ❧❡ ❢❛✐t q✉❡ ❧❡s
♥❛♥♦t✉❜❡s ♣♦ssè❞❡♥t ✉♥❡ r❛②♦♥ très ♣❡t✐t ❡t ❛✈❡❝ ❧✬❛✐❞❡ ❞❡ ❧❛ t❤é♦r✐❡ ❞❡ ♣❡rt✉r❜❛t✐♦♥✳ ▲❡ ♠♦❞è❧❡
s✉r ❧❡ ❝❡r❝❧❡ ❛✐♥s✐ ♦❜t❡♥✉ ❡st ❞é❝r✐t ♣❛r ✉♥ ❍❛♠✐❧t♦♥✐❡♥ ❛✈❡❝ ♣♦t❡♥t✐❡❧ ♣ér✐♦❞✐q✉❡ ❧✐ss❡ ❡t ✉♥ ♣♦✲
t❡♥t✐❡❧ ❡✛❡❝t✐❢ ❡♥tr❡ é❧❡❝tr♦♥s ❞✐✈❡r❣❡❛♥t ❝♦♠♠❡ ✉♥ ❧♦❣❛r✐t❤♠❡ ❡♥ ③ér♦ ❡t ❛✈❡❝ ✉♥ ❝♦♠♣♦rt❡♠❡♥t
❝♦✉❧♦♠❜✐❡♥ à ❧✬✐♥✜♥✐✳

▲✬❛❝t✐♦♥ ❞❡ ❧❛ ❧✉♠✐èr❡ s✉r ❧❡ ♥❛♥♦t✉❜❡ ❡st ❡♥s✉✐t❡ ét✉❞✐é❡ ❛✉ ❝❤❛♣✐tr❡s ✷ ❡t ✸ ❡t ❡st ✈✉❡ ❝♦♠♠❡
✉♥❡ ♣❡t✐t❡ ♣❡rt✉r❜❛t✐♦♥ ❛♣♣❧✐q✉é❡ ❛✉ s②stè♠❡ ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧✳ ❈❡❝✐ ♣❡r♠❡t ❞✬♦❜t❡♥✐r ❧❛ ré♣♦♥s❡
❧✐♥é❛✐r❡ ❞✉ s②stè♠❡ à ❧❛ ♣❡rt✉❜❛t✐♦♥✳ ▲❛ ❧✉♠✐èr❡ ❡st ❞é❝r✐t❡ ♣❛r ✉♥❡ ❝❤❛♠♣ é❧❡❝tr♦♠❛❣♥ét✐q✉❡
❝❧❛ss✐q✉❡ ❛❧❧✉♠é q✉❛s✐✲❛❞✐❛❜❛t✐q✉❡♠❡♥t✳ ▲❛ ❢♦r♠✉❧❡ ❞✉ s♣❡❝tr❡ ❞✬❛❜s♦r♣t✐♦♥ ♦♣t✐q✉❡ ❡st r❡❧✐é❡ à
❧❛ ❝♦♥❞✉❝t✐✈✐té ❞✉ ♠❛tér✐❛✉✱ ❡t ❝❡tt❡ ❞❡r♥✐èr❡ q✉❛♥t✐té ❡st ❡st✐♠é❡ à ❧❛ ♠❛♥✐èr❡ q✉❡ ❑✉❜♦✳ ▲❛
♠❛tr✐❝❡ ❞❡♥s✐té✱ s♦❧✉t✐♦♥ ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡ ▲✐♦✉✈✐❧❧❡ ♣♦✉r ❧❡ s②stè♠❡ s✉r ❧❛ ❧✐❣♥❡ ❛✈❡❝ ✐♥t❡r❛❝t✐♦♥s
❡♥tr❡ é❧❡❝tr♦♥s✱ ❡st ✐♥tr♦❞✉✐t❡✳ ❙♦♥ ❡①✐st❡♥❝❡ ❡t ✉♥✐❝✐té ❡st ♠♦♥tré❡✳ ❊❧❧❡ ❡st ❡♥s✉✐t❡ ❡①♣r✐♠é❡
♣❡rt✉r❜❛t✐✈❡♠❡♥t ❡♥ ♣✉✐ss❛♥❝❡ ❞❡ F0✱ ❧✬❛♠♣❧✐t✉❞❡ ❞❡s ♦s❝✐❧❧❛t✐♦♥s ❞✉ ❝❤❛♠♣ é❧❡❝tr♦♠❛❣♥ét✐q✉❡✱
❥✉sq✉✬à ❧✬♦r❞r❡ ❧✐♥é❛✐r❡✳ ❆♣rès ❛✈♦✐r ✉t✐❧✐sé ❧❛ s✉♣♣♦s✐t✐♦♥ q✉❡ ❧❡ ♠❛tér✐❛✉ ❡st à ❜❛ss❡ t❡♠♣ér❛t✉r❡✱
✉♥❡ ♣r❡♠✐èr❡ ❢♦r♠✉❧❡ ♣♦✉r ❧❡ s♣❡❝tr❡ ❞✬❛❜s♦r♣t✐♦♥ ❡st ♦❜t❡♥✉❡✳ ❈❡tt❡ ❢♦r♠✉❧❡ ❡st ❢♦♥❝t✐♦♥ ❞❡s
✈❛❧❡✉rs ♣r♦♣r❡s ❡t ✈❡❝t❡✉rs ♣r♦♣r❡s ❞✉ s②stè♠❡ à N é❧❡❝tr♦♥s ❛✈❡❝ ✐♥t❡r❛❝t✐♦♥s ❡♥tr❡ ❡✉①✱ ❞é❝r✐t
♣❛r ❧✬❍❛♠✐❧t♦♥✐❡♥ ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧ ❞✉ ❝❤❛♣✐tr❡ ✶✳

❆✉ ❝❤❛♣✐tr❡ ✹✱ ❧❡ s②stè♠❡ ❛✈❡❝ ✐♥tér❛❝t✐♦♥s ❡♥tr❡ é❧❡❝tr♦♥s ❡st ❛♥❛❧②sé ❛✜♥ ❞✬♦❜t❡♥✐r ❧✬❡①✲
♣r❡ss✐♦♥ ❞❡ ❝❡rt❛✐♥s ❞❡ s❡s ét❛ts ♣r♦♣r❡s✳ ▲✬❍❛♠✐❧t♦♥✐❡♥ ❡st ❡①♣r✐♠é ❞❛♥s ❧❡ s♦✉s✲❡s♣❛❝❡ ❞❡ ❋♦❝❦
❛♥t✐✲s②♠étr✐q✉❡ à N ♣❛rt✐❝✉❧❡s ❛✈❡❝ ❝♦♠♠❡ ❜❛s❡ ❝❡❧❧❡ ❡♥❣❡♥❞ré❡ ♣❛r ❧❡s ✈❡❝t❡✉rs ♣r♦♣r❡s ❞✉
s②stè♠❡ s❛♥s ✐♥tér❛❝t✐♦♥ ❡♥tr❡ é❧❡❝tr♦♥s✳ ❈❡❝✐ ❡st ✉♥❡ ✐❞é❡ ♦r✐❣✐♥❡❧❧❡♠❡♥t ♣r♦♣♦sé❡ ♣❛r ❧❡s ♣❤②s✐✲
❝✐❡♥s ❞❛♥s ❬❙❙❪ ❡t ❬❲❛❪✳ P❛r ❞❡s ❝♦♥s✐❞ér❛t✐♦♥s ♣❤②s✐q✉❡s✱ ❧✬ét✉❞❡ ❡st ré❞✉✐t❡ à ✉♥ s♦✉s✲❡s♣❛❝❡ ✿
✐❧ ❡st s✉♣♣♦sé q✉✬✐❧ ♥✬② ❛ q✉✬✉♥❡ ❜❛♥❞❡ ❞❡ ❝♦♥❞✉❝t✐♦♥ ❡t ✉♥❡ ❜❛♥❞❡ ❞❡ ✈❛❧❡♥❝❡ sé♣❛rés ♣❛r ✉♥❡
❧❛❝✉♥❡ ♥♦♥ ♥✉❧❧❡✳ ■❧ ❡st ❛✉ss✐ s✉♣♣♦sé q✉❡ ❧✬ét✉❞❡ ❞❡ ❧✬❍❛♠✐❧t♦♥✐❡♥ ❞❛♥s ❧❡ s♦✉s✲❡s♣❛❝❡ ❛♣♣❡❧é
✐❝✐ s♦✉s✲❡s♣❛❝❡ ❞❡ ❧✬❡①❝✐t♦♥✱ ❡♥❣❡♥❞ré ♣❛r ❧❡s ét❛ts ❞❡ ♣❧✉s ❜❛ss❡ é♥❡r❣✐❡ ❞✉ s②stè♠❡ s❛♥s ✐♥✲
t❡r❛❝t✐♦♥✱ ❡st s✉✣s❛♥t❡ ♣♦✉r ❞♦♥♥❡r ✉♥❡ ❜♦♥♥❡ ✐❞é❡ ❞✉ s♣❡❝tr❡ ❞✬❛❜s♦r♣t✐♦♥ ♦♣t✐q✉❡✳ ❈❡❝✐ ❡st
✉♥❡ ❤②♣♦t❤ès❡ q✉❡ ❧✬♦♥ tr♦✉✈❡ ❞❛♥s ❧❡s ♣✉❜❧✐❝❛t✐♦♥s ♣❤②s✐q✉❡s ❬▼❛❪✱ ❬❲❛❪✱ ❬❊❧❪✳ ▲✬❍❛♠✐❧t♦♥✐❡♥
❞❡✈✐❡♥t ❛✐♥s✐ ✉♥❡ ♠❛tr✐❝❡ ❤❡r♠✐t✐❡♥♥❡ ❞❡ ❞✐♠❡♥s✐♦♥ (N + 1) ✭❧❡ s♣✐♥ ♥✬❡st ♣❛s ♣r✐s ❡♥ ❝♦♠♣t❡✮✳
▲❛ t❤é♦r✐❡ ❞❡ ♣❡rt✉r❜❛t✐♦♥ ❡st ❡♥s✉✐t❡ ✉t✐❧✐sé❡ ♣❛r ❞❡✉① ❢♦✐s✳ P♦✉r ❝❡❧❛✱ ✐❧ ❡st s✉♣♣♦sé q✉❡❧q✉❡s
♣r♦♣r✐étés s✉r ❧❡ s♣❡❝tr❡ ❞❡ ❧✬♦♣ér❛t❡✉r ✜♥❛❧ q✉✐ s♦♥t ❝♦♥✜r♠é❡s ❛✉ ❝❤❛♣✐tr❡ ✻✳ Pr❡♠✐èr❡♠❡♥t✱ ❡♥
✉t✐❧✐s❛♥t ❧✬✐♥t❡r❛❝t✐♦♥ ❢❛✐❜❧❡ ❡♥tr❡ é❧❡❝tr♦♥s ♣❛r❛♠étré❡ ♣❛r λ✱ ✐❧ ❡st ♠♦♥tré q✉❡ ❧❡ s♣❡❝tr❡ ❞❡ ❧❛
♠❛tr✐❝❡ ♣❡✉t êtr❡ ❛♣♣r♦①✐♠é❡ ♣❛r ❧❡ s♣❡❝tr❡ ❞✬✉♥❡ ♠❛tr✐❝❡ ❞✐❛❣♦♥❛❧❡ ♣❛r ❜❧♦❝s✱ ❛✈❡❝ ✉♥❡ ❡rr❡✉r
❞✬♦r❞r❡ λ2✳ ❉❡✉①✐è♠❡♠❡♥t✱ ♣♦✉r N ❣r❛♥❞✱ ❧❡s ét❛ts ❡①❝✐tés ❞❡ ❝❡tt❡ ❞❡r♥✐èr❡ ♠❛tr✐❝❡ ❛❣✐ss❛♥t
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❞❛♥s ℓ2(N + 1) ♣❡✉✈❡♥t êtr❡ à ❧❡✉r t♦✉r ❛♣♣r♦①✐♠és ♣❛r ❧❡s ét❛ts ❞❡ ❧✬♦♣ér❛t❡✉r Hexc ❛❣✐ss❛♥t
❞❛♥s L2(−π, π) ❛✈❡❝ ✉♥❡ ❡rr❡✉r ❞✬♦r❞r❡ 1/

√
N ✳

❆✉ ❝❤❛♣✐tr❡ ✺✱ ✐❧ ❡st ♠♦♥tré q✉❡ ❧❡s ét❛ts ♣r♦♣r❡s ❞❡ Hexc ♣❡✉✈❡♥t êtr❡ ❛♣♣r♦①✐♠és✱ ♣♦✉r λ
♣❡t✐t✱ ♣❛r ❝❡✉① ❞❡ ❧✬❍❛♠✐❧t♦♥✐❡♥ he ❛❣✐ss❛♥t ❞❛♥s L2(R) ❛✈❡❝ ✉♥❡ ❡rr❡✉r ❞✬♦r❞r❡ λ2/9| lnλ|✳ ❊♥
s❡ s❡r✈❛♥t ❞❡s rés✉❧t❛ts ❞❡ t♦✉t❡s ❧❡s ❛♣♣r♦①✐♠❛t✐♦♥s s✉❝❝❡ss✐✈❡s✱ ❧❛ ❢♦r♠✉❧❡ ✜♥❛❧❡ ❞✉ s♣❡❝tr❡
❞✬❛❜s♦r♣t✐♦♥ ❡st ❡①♣r✐♠é❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡s ét❛ts ♣r♦♣r❡s ❞❡ he✳

❆✉ ❝❤❛♣✐tr❡ ✻✱ ❧✬❍❛♠✐❧t♦♥✐❡♥ he ❡st ❝♦♠♣❛ré à ❧✬❍❛♠✐❧t♦♥✐❡♥ ét✉❞✐é ❞❛♥s ❬❈❉❘✷❪✳ ▲❡ r❛②♦♥
❞✉ t✉❜❡ ét❛♥t ✜①é✱ ❡t ♣♦✉r N ❣r❛♥❞✱ ❧❡✉r s♣❡❝tr❡ ❡st ❛s②♠♣t♦t✐q✉❡ q✉❛♥❞ λ t❡♥❞ ✈❡rs ③ér♦✳ ■❧
❡st ❞é❞✉✐t ✉♥❡ ❡①♣r❡ss✐♦♥ ❛♥❛❧②t✐q✉❡ ♣♦✉r ❧❡s ✈❛❧❡✉rs ♣r♦♣r❡s ❡t ✈❡❝t❡✉rs ♣r♦♣r❡s ❞❡ he✱ ♣♦✉r
λ ♣❡t✐t ❡t r ✜①é✳ ▲✬✐♥✢✉❡♥❝❡ ❞✉ r❛②♦♥ ❡st ❞✐s❝✉té❡ ❜r✐è✈❡♠❡♥t✳ ❊♥✜♥✱ ❧❛ ✈❛❧✐❞✐té ❞❡ ❧✬ét✉❞❡
♠❛t❤é♠❛t✐q✉❡ ❞❡ ❬❈❉❘✷❪ ❡st ♠✐s❡ à ❧✬é♣r❡✉✈❡ ❡♥ ❝♦♠♣❛r❛♥t s❡s rés✉❧t❛ts ❛♥❛❧②t✐q✉❡s ❛✈❡❝ ❞❡s
tr❛✈❛✉① ✈❛r✐❛t✐♦♥♥❡❧s ❢❛✐s❛♥t ré❢ér❡♥❝❡ ❝❤❡③ ❧❡s ♣❤②s✐❝✐❡♥s ✿ ✐❧ ❡st ♦❜s❡r✈é ✉♥❡ ❝♦♥❝♦r❞❛♥❝❡ ❞❡s
rés✉❧t❛ts ❡t ❝❡❝✐ ❛ ❞♦♥♥é ❧✐❡✉ à ❧❛ ♣✉❜❧✐❝❛t✐♦♥ ❬❈P❘❪✳

▲❡s rés✉❧t❛ts ❡t ❧❡✉rs ❧✐♠✐t❡s

❉✬✉♥ ❝ôté ✐❧ ❡①✐st❡ ❞❡s ét✉❞❡s ♣❤②s✐q✉❡s t❤é♦r✐q✉❡s ❬❊❧❪✱ ❬❲❛❪ s✉r ❧❡ s♣❡❝tr❡ ❞✬❛❜s♦r♣t✐♦♥
❞❡ ♠❛tér✐❛✉① s❡♠✐✲❝♦♥❞✉❝t❡✉rs✱ q✉✐ ét❛❜❧✐ss❡♥t✱ s♦✉s ❧❡s ❤②♣♦t❤ès❡s ❡①♣r✐♠é❡s ♣ré❝é❞❡♠♠❡♥t✱
q✉✬✉♥❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❞✉ s♣❡❝tr❡ ❞✬❛❜s♦r♣t✐♦♥ ♦♣t✐q✉❡ ❞✬✉♥❡ str✉❝t✉r❡ à ❣r❛♥❞ ♥♦♠❜r❡ ❞❡ ♣❛r✲
t✐❝✉❧❡s ♣❡✉t êtr❡ ♦❜t❡♥✉❡ ❡♥ ét✉❞✐❛♥t ✉♥✐q✉❡♠❡♥t ❧❡s ét❛ts ♣r♦♣r❡s ❞✬✉♥ ❝❡rt❛✐♥ ♠♦❞è❧❡ à ❞❡✉①
♣❛rt✐❝✉❧❡s ❛♣♣❡❧é ✏❡①❝✐t♦♥✑✳ ❈❡s ét✉❞❡s ♥❡ ❞♦♥♥❡♥t ♣❛s ♣ré❝✐sé♠❡♥t ❧❛ ❞é♣❡♥❞❛♥❝❡ ❞✉ ♠♦❞è❧❡
❞❡ ❧✬❡①❝✐t♦♥ ♣❛r r❛♣♣♦rt ❛✉① ♣❛r❛♠ètr❡s ♣❤②s✐q✉❡s ❞✉ s②stè♠❡ ét✉❞✐é✱ ♣❛r ❡①❡♠♣❧❡ ❧❡ r❛②♦♥ ❞✉
t✉❜❡✱ ♥✐ ❧❡s ❡rr❡✉rs ❝♦♠♠✐s❡s✳ ❉❡ ❧✬❛✉tr❡ ❝ôté ✐❧ ❡①✐st❡ ❞❡s tr❛✈❛✉① ❬P✶❪✱ ❬P✷❪✱ ❬❑❈▼❪ ét✉❞✐❛♥t
❞✐r❡❝t❡♠❡♥t ✉♥ ♠♦❞è❧❡ à ❞❡✉① ♣❛rt✐❝✉❧❡s s✉r ✉♥ t✉❜❡ ✐♥t❡r❛❣✐ss❛♥t ❛✈❡❝ ✉♥ ♣♦t❡♥t✐❡❧ ❞❡ ❈♦✉❧♦♠❜
❡t ♣r❡♥❛♥t ❡♥ ❝♦♠♣t❡ ❧❡s ❝❛r❛❝tér✐st✐q✉❡s ❞✉ ♥❛♥♦t✉❜❡ ❞❡ ❝❛r❜♦♥❡✳ ❈❡s ❛rt✐❝❧❡s ❞♦♥♥❡♥t ❞❡s ré✲
s✉❧t❛t ♣ré❝✐s✱ ♥♦t❛♠♠❡♥t s✉r ❧❛ r❡❧❛t✐♦♥ ❡♥tr❡ ❧❡ r❛②♦♥ ❞✉ t✉❜❡ ❡t ❧❡ s♣❡❝tr❡✱ ♠❛✐s ✐❧ ♥✬❡st ♣❛s sûr
q✉❡ ❧❡✉r ♠♦❞è❧❡ ❛✐t ✉♥ ❧✐❡♥ ❛✈❡❝ ❧❡ s♣❡❝tr❡ ❞✬❛❜s♦r♣t✐♦♥✳ ❯♥❡ ét✉❞❡ ❬❆✾✼❪ t❡♥t❡ ❞❡ r❡❧✐❡r ❧❡s ❞❡✉①
♣r♦❜❧è♠❡s ♠❛✐s ❧✬❡①♣r❡ss✐♦♥ ✜♥❛❧❡ ❞❡ ❧✬❡①❝✐t♦♥ ❡st ❛ss❡③ ❝♦♠♣❧❡①❡ ❡t ♥❡ s❡♠❜❧❡ ♣❛s ♣❡r♠❡ttr❡ ✉♥
❝❛❧❝✉❧ ❛♥❛❧②t✐q✉❡✱ ❞❡ ♣❧✉s ❡❧❧❡ ♥✬ét❛❜❧✐t ♣❛s ❞❡ ❧✐❡♥ ❛✈❡❝ ❧❡s ♣♦t❡♥t✐❡❧s ❞✬✐♥t❡r❛❝t✐♦♥ ✉t✐❧✐sés ♣❛r
P❡❞❡rs❡♥ ❡t ❑♦st♦✈ ❡t ❛❧✳✳

▲❡ tr❛✈❛✐❧ ♣rés❡♥té ✐❝✐ ét❛❜❧✐t ✉♥ ❧✐❡♥ ❡♥tr❡ ❧❡s ❞✐✛ér❡♥t❡s ét✉❞❡s✳ ■❧ ♠♦♥tr❡ ❞✬❛❜♦r❞ q✉❡ ❧❡
s♣❡❝tr❡ ❞✬❛❜s♦r♣t✐♦♥ ♣♦✉r ✉♥ ♥❛♥♦t✉❜❡ s❡♠✐✲❝♦♥❞✉❝t❡✉r ❡st ❧✐é ❛✉ s♣❡❝tr❡ ❞✬✉♥ ❍❛♠✐❧t♦♥✐❡♥ à
❞❡✉① ♣❛rt✐❝✉❧❡s ✭❛✈❡❝ ❝❡♥tr❡ ❞❡ ♠❛ss❡ sé♣❛ré✮ s✉r ❧❛ ❧✐❣♥❡ ✐♥t❡r❛❣✐ss❛♥t à tr❛✈❡rs ✉♥ ♣♦t❡♥t✐❡❧
❡✛❡❝t✐❢ ❞é♣❡♥❞❛♥t ❞✉ r❛②♦♥ ❞✉ t✉❜❡✳ ❊♥s✉✐t❡ ✐❧ ❡st ♠♦♥tré q✉❡ ❧❡s ét❛ts ♣r♦♣r❡s ❞✉ ♠♦❞è❧❡ ét✉❞✐é
♣❛r P❡❞❡rs❡♥ s♦♥t ❛♣♣r♦①✐♠és ♣❛r ❧❡ ♠ê♠❡ ❍❛♠✐❧t♦♥✐❡♥ ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧✳ ❈❡ tr❛✈❛✐❧ ❢♦✉r♥✐t ❛✉ss✐
❞❡s ❡①♣r❡ss✐♦♥s q✉❛s✐✲❛♥❛❧②t✐q✉❡s✱ ❞é♣❡♥❞❛♥t❡s ❞✉ r❛②♦♥✱ ♣♦✉r ❧❡s ✈❛❧❡✉rs ♣r♦♣r❡s ❡t ✈❡❝t❡✉rs
♣r♦♣r❡s ❞❡ ❧✬❡①❝✐t♦♥✱ ♥♦♥ s❡✉❧❡♠❡♥t ♣♦✉r ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧ ♠❛✐s ❛✉ss✐ ♣♦✉r ❧❡s ét❛ts ❡①❝✐tés✳

▼❛✐s ❧❛ ♣rés❡♥t❡ ét✉❞❡ ❛ ❛✉ss✐ ❞❡s ❧✐♠✐t❡s q✉✬✐❧ ❡st ✐♥tér❡ss❛♥t ❞❡ ❞✐s❝✉t❡r✳ ▲❛ ♣❧✉s ✐♠♣♦rt❛♥t❡
❝♦♥❝❡r♥❡ ❧❛ ❥✉st✐✜❝❛t✐♦♥ ❞❡ ❧❛ ré❞✉❝t✐♦♥ ❛✉ s♦✉s✲❡s♣❛❝❡ ❞❡ ❧✬❡①❝✐t♦♥✳ ❖♥ ❛ ✈✉ q✉❡ ❝❡ s♦✉s✲❡s♣❛❝❡
♥❡ ❝♦rr❡s♣♦♥❞❛✐t ♣❛s ❛✉ s♦✉s✲❡s♣❛❝❡ ✐♥❝❧✉❛♥t ❧❡s ét❛ts ♣r♦♣r❡s ❞❡ ♣❧✉s ❜❛ss❡ é♥❡r❣✐❡ ❞✉ s♣❡❝tr❡ ❞❡
❧✬❍❛♠✐❧t♦♥✐❡♥ ❝♦♥s✐❞éré✳ ❖♥ ♥❡ ♣❡✉t ♣♦✉r ❧✬✐♥st❛♥t ♣❛s ❥✉st✐✜❡r ❝❡tt❡ ré❞✉❝t✐♦♥ ♠❛t❤é♠❛t✐q✉❡✲
♠❡♥t ❡t ❧✬♦♥ ❛ ❞♦♥❝ ❛❞♠✐s ❧✬❛r❣✉♠❡♥t❛✐r❡ ♣❤②s✐q✉❡ q✉✐ s✉❣❣èr❡♥t q✉❡ ❝❡tt❡ ré❞✉❝t✐♦♥ ❞♦♥♥❡ ❞❡s
✐♥❢♦r♠❛t✐♦♥s ♣ré❝✐s❡s s✉r ❧❡ s♣❡❝tr❡ ♣♦✉r ✉♥ s②stè♠❡ à ❜❛ss❡ t❡♠♣ér❛t✉r❡✳ ▼❛✐s ♦♥ s❛✐t q✉❡ ❞❡s
s②stè♠❡s ♣❧✉s ❝♦♠♣❧❡①❡s q✉❡ ❧✬❡①❝✐t♦♥✱ ❢♦r♠és ❞❡ ♣❧✉s ❞❡ ❞❡✉① q✉❛s✐✲♣❛rt✐❝✉❧❡s✱ ❝♦♠♠❡ ❧❡s ❜✐❡①✲
❝✐t♦♥s✱ ♣❡✉✈❡♥t ❡①✐st❡r ❡t ❝❡s s②stè♠❡s ♦♥t ❞❡s ♥✐✈❡❛✉① ❞✬é♥❡r❣✐❡ ♣❧✉s ❜❛s q✉❡ ❝❡✉① ❞❡ ❧✬❡①❝✐t♦♥✳
■❧s ❞❡✈r❛✐❡♥t ❞♦♥❝ ❛♣♣❛r❛✐tr❡ ❞❛♥s ❧❛ ❢♦r♠✉❧❡ ❞✉ s♣❡❝tr❡ ❞✬❛❜s♦r♣t✐♦♥ ♦♣t✐q✉❡✳

▲❡s ❝❛❧❝✉❧s ♣❡rt✉r❜❛t✐❢s ❢❛✐ts ❞❛♥s ❝❡tt❡ ét✉❞❡ ♥❡ ❝♦♠♣♦rt❡♥t ♣❛s ❞✬❛♣♣❧✐❝❛t✐♦♥s ♥✉♠ér✐q✉❡s
❡t ❧❡s rés✉❧t❛ts s♦♥t ❞♦♥♥és ❞❡ ♠❛♥✐èr❡ q✉❛❧✐t❛t✐✈❡s✳ ❈✬❡st à ❞✐r❡ q✉✬♦♥ ♥❡ ♣❡✉t ♣❛s ❝❛❧❝✉❧❡r ❞❡
❜❛rr❡s ❞✬❡rr❡✉rs à ♣❛rt✐r ❞❡s rés✉❧t❛ts ♥✐ ❞ét❡r♠✐♥❡r ❧❡ r❛②♦♥ ❡①❛❝t ♣♦✉r ❧❡q✉❡❧ ❧❡s ❛♣♣r♦①✐♠❛t✐♦♥s
♦♥t ✉♥ s❡♥s✳



✶✼✺

❊♥✜♥✱ ❧❛ q✉❡st✐♦♥ ❞❡ ❧❛ ré❞✉❝t✐♦♥ ❞✉ ♣r♦❜❧è♠❡ à ✉♥❡ ❞✐♠❡♥s✐♦♥ ❢❛✐t❡ ❛✉ ❝❤❛♣✐tr❡ ✶ ♣♦✉r ❞❡s
r❛②♦♥s r ♣❡t✐ts r❡st❡ ❡♥ s✉s♣❡♥❞ ❝❛r ❧❡ ❝♦♠♣♦rt❡♠❡♥t ❞✉ ❧❡ s♣❡❝tr❡ ❞❡ ❧✬♦♣ér❛t❡✉r ❧✐♠✐t❡ ❛✈❡❝ r
♥✬❡st ♣❛s ❝♦♥♥✉✳

P❡rs♣❡❝t✐✈❡s

❯♥ ❞❡s ❞é✈❡❧♦♣♣❡♠❡♥ts ✐♥tér❡ss❛♥ts ❞❡ ❝❡ tr❛✈❛✐❧ ♣❡✉t êtr❡ ❧✬ét✉❞❡ ❞✉ ❜✐❡①❝✐t♦♥✳ P♦✉r ❝❡❧❛
✐❧ ❢❛✉t ❝♦♥s✐❞ér❡r ✉♥ s♦✉s✲❡s♣❛❝❡ ❞❡ ❧✬❡s♣❛❝❡ ❞❡ ❋♦❝❦ ♣❧✉s ❣r❛♥❞ q✉❡ ❝❡❧✉✐ ❝❤♦✐s✐ ❛✉ ❝❤❛♣✐tr❡ ✹✳
❈✬❡st ❛ ❞✐r❡ q✉✬✐❧ ❢❛✉t ❛✉ss✐ ♣r❡♥❞r❡ ❡♥ ❝♦♠♣t❡ ❧❡ s♦✉s✲❡s♣❛❝❡ ❡♥❣❡♥❞ré ♣❛r ❧❡s ❢♦♥❝t✐♦♥s ♣r♦♣r❡s
♥♦♥ ♣❡rt✉r❜é❡s ❝♦rr❡s♣♦♥❞❛♥t à ✷ é❧❡❝tr♦♥s ❞❛♥s ❧❛ ❜❛♥❞❡ ❞❡ ❝♦♥❞✉❝t✐♦♥ ❡t ✷ tr♦✉s ❞❛♥s ❧❛
❜❛♥❞❡ ❞❡ ✈❛❧❡♥❝❡✳ ❈❡tt❡ ét✉❞❡ ♥✬❛ ❥❛♠❛✐s été ❢❛✐t❡ ❡t ❝❡❧❛ ♣❡r♠❡ttr❛✐t ♣❡✉t êtr❡ ❞❡ ❥✉st✐✜❡r ❧❛
ré❞✉❝t✐♦♥ ❛✉ s♦✉s✲❡s♣❛❝❡ ❞❡ ❧✬❡①❝✐t♦♥✱ ❡♥ ♠♦♥tr❛♥t q✉❡ ❧❡s ♣✐❝s ❞✬❛❜s♦r♣t✐♦♥ ❞✉s ❛✉① ❜✐❡①❝✐t♦♥s
s♦✐t ♥✬❡①✐st❡♥t ♣❛s✱ s♦✐t s♦♥t ❜❡❛✉❝♦✉♣ ♣❧✉s ❢❛✐❜❧❡s q✉❡ ❝❡✉① ❞❡s ❡①❝✐t♦♥s✳ ❊♥ ❡✛❡t✱ ♦♥ s❛✐t q✉❡ ❧❡
s♣❡❝tr❡ ❞✬❛❜s♦r♣t✐♦♥ ♥❡ ❞é♣❡♥❞ q✉❡ ❞✉ ♠♦❞✉❧❡ ❛✉ ❝❛rré ❞❡ ❧❛ ✈❛❧❡✉r ❡♥ ③ér♦ ❞❡ ❧❛ ❢♦♥❝t✐♦♥ ♣r♦♣r❡
❞❡ ❧✬❡①❝✐t♦♥✳ ❈❡❝✐ r❡♣rés❡♥t❡ ❧❛ ♣r♦❜❛❜✐❧✐té q✉❡ ❧❡s ❞❡✉① q✉❛s✐✲♣❛rt✐❝✉❧❡s s❡ tr♦✉✈❡♥t ❛✉ ♠ê♠❡
❡♥❞r♦✐t✳ ■♥t✉✐t✐✈❡♠❡♥t✱ ♦♥ ♣❡✉t ❝♦♠♣r❡♥❞r❡ q✉❡ ❧✬❛♥♥✐❤✐❧❛t✐♦♥ ❞✬✉♥ ❡①❝✐t♦♥ ❡st ♣r♦♣♦rt✐♦♥♥❡❧❧❡ à
❧❛ ♣r♦❜❛❜✐❧✐té q✉❡ ❧❡s ❞❡✉① q✉❛s✐✲♣❛rt✐❝✉❧❡s s❡ tr♦✉✈❡♥t ❛✉ ♠ê♠❡ ❡♥❞r♦✐t✳ ❖♥ ♣❡✉t s✉♣♣♦s❡r q✉❡
❝❡❧❛ ❡st ❛✉ss✐ ✈r❛✐ ♣♦✉r ❧❡ ♣r♦❝❡ss✉s ✐♥✈❡rs❡✱ ❧✬❛❜s♦r♣t✐♦♥ ❞✬✉♥ ♣❤♦t♦♥ ❝ré❛♥t ✉♥ ❡①❝✐t♦♥✱ ❜✐❡♥
q✉❡ ♠♦✐♥s é✈✐❞❡♥t✳ ❙❛❝❤❛♥t ❝❡❧❛✱ ♦♥ ♣❡✉t ❝♦♥❥❡❝t✉r❡r q✉❡ ❧❛ ♣❛rt✐❡ ❞✉ ❝♦❡✣❝✐❡♥t ❞✬❛❜s♦r♣t✐♦♥
❞é♣❡♥❞❛♥t ❞❡s ét❛ts ♣r♦♣r❡s ❞✉ ❜✐❡①❝✐t♦♥ s❡r❛ ♣r♦♣♦rt✐♦♥♥❡❧❧❡ à ❧❛ ✈❛❧❡✉r ❡♥ ③ér♦ ❞❡ ❧❛ ❢♦♥❝t✐♦♥
❞✬♦♥❞❡ ❞❡ ❝❡ s②stè♠❡✱ ❝✬❡st à ❞✐r❡ à ❧❛ ♣r♦❜❛❜✐❧✐té q✉❡ ✷ é❧❡❝tr♦♥s ❡t ✷ tr♦✉s s❡ tr♦✉✈❡♥t ❛✉
♠ê♠❡ ❡♥❞r♦✐t✳ ❖♥ ♣❡✉t s✉♣♣♦s❡r q✉❡ ❝❡tt❡ ♣r♦❜❛❜✐❧✐té ❡st ❛ss❡③ ❢❛✐❜❧❡ ❡t ❞♦♥❝ ❧✬❛♠♣❧✐t✉❞❡ ❞❡s
♣✐❝s ❞✬❛❜s♦r♣t✐♦♥ ❝♦rr❡s♣♦♥❞❛♥ts ❛✉① ♥✐✈❡❛✉① ❞✉ ❜✐❡①❝✐t♦♥ s❡r♦♥t très ❢❛✐❜❧❡s ❡t ❞✐✣❝✐❧❡♠❡♥t
❞ét❡❝t❛❜❧❡s ♣❛r ❧❡s ❡①♣ér✐♠❡♥t❛t❡✉rs✱ ❜✐❡♥ q✉✬✐❧s ❡①✐st❡♥t✳ ▲✬ét✉❞❡ ❞✉ ❜✐❡①❝✐t♦♥ ❞❡✈r❛ ❝♦♥✜r♠❡r
❝❡❧❛✳

❖♥ ❞♦✐t ❛✉ss✐ ét✉❞✐❡r ❧❡ ❝♦♠♣♦rt❡♠❡♥t ❞✉ s♣❡❝tr❡ ❞❡ ❧✬❍❛♠✐❧t♦♥✐❡♥ ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧ ♣❛r
r❛♣♣♦rt ❛✉ r❛②♦♥ ❞✉ t✉❜❡ ♣♦✉r ♣♦✉✈♦✐r ❞é✜♥✐t✐✈❡♠❡♥t ❝♦♥❝❧✉r❡ s✉r ❧❛ ré❞✉❝t✐♦♥ à ✉♥❡ ❞✐♠❡♥s✐♦♥✳

▲❛ ❣é♥ér❛❧✐s❛t✐♦♥ ❞❡ ❧✬ét✉❞❡ à t♦✉t❡s ❧❡s ♥❛♥♦str✉❝t✉r❡s ❡♥ ✉♥❡ ❞✐♠❡♥s✐♦♥ ❝♦♠♠❡ ❧❡s ♥❛♥♦✜❧s
♦✉ ❧❡s ❣✉✐❞❡s ❞✬♦♥❞❡s q✉❛♥t✐q✉❡s ❡st ❛✉ss✐ ✉♥❡ ✈♦✐❡ ♣♦ss✐❜❧❡✳ ▲❛ ré❞✉❝t✐♦♥ à ✉♥❡ ❞✐♠❡♥s✐♦♥ ♣♦✉r
❝❡ t②♣❡ ❞❡ str✉❝t✉r❡ ❡st s✐♠✐❧❛✐r❡✱ ❡❧❧❡ ❝♦♥s✐st❡ à ♣r♦❥❡t❡r ❧❡ s②stè♠❡ s✉r ❧❡s ♠♦❞❡s ♣r♦♣r❡s ❞✉
▲❛♣❧❛❝✐❡♥ s✉✐✈❛♥t ❧❛ ❞✐r❡❝t✐♦♥ tr❛♥s✈❡rs❡ ❡t à ♠♦♥tr❡r q✉❡ ❧❡ s♣❡❝tr❡ ❞❡ ❜❛ss❡ é♥❡r❣✐❡ ❡st ❞é❝r✐t
♣❛r ❧✬❍❛♠✐❧t♦♥✐❡♥ ♣r♦❥❡té s✉r ❧✬ét❛t tr❛♥s✈❡rs❡ ❢♦♥❞❛♠❡♥t❛❧✳

❖♥ ♣♦✉rr❛ ❛✉ss✐ t❡♥✐r ❝♦♠♣t❡ ❞✬✉♥ ♥♦♠❜r❡ ❞❡ ❜❛♥❞❡ ❞❛♥s ❧❡ s❡♠✐❝♦♥❞✉❝t❡✉r ♣❧✉s ✐♠♣♦r✲
t❛♥t❡s q✉❡ ✷✳ ❈❡❝✐ ♣♦✉rr❛ ♣❡r♠❡ttr❡ ❞✬♦❜t❡♥✐r ❞❡s rés✉❧t❛ts ♣❧✉s ❝♦♠♣❧❡①❡s ❝♦♠♠❡ s✉❣❣éré ♣❛r
❧❡ ♣❛♣✐❡r ❬❑▼❪✳

❯♥ tr❛✈❛✐❧ ❛✈❡❝ ❞❡s rés✉❧t❛ts ♣❧✉s ❤②♣♦t❤ét✐q✉❡s s❡r❛✐t ❞✬❡ss❛②❡r ❞✬♦❜t❡♥✐r ❧❛ ré♣♦♥s❡ ♥♦♥
❧✐♥é❛✐r❡ ❞✉ s②stè♠❡ à ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❧✉♠✐♥❡✉s❡✳ ■❧ ❢❛✉t ♠♦♥tr❡r q✉❡ ❧✬♦♥ ♣❡✉t ❞é✈❡❧♦♣♣❡r ❧✬❡①✲
♣r❡ss✐♦♥ ❞❡ ❧❛ ♠❛tr✐❝❡ ❞❡♥s✐té ❥✉sq✉✬❛ ❧✬♦r❞r❡ ✷ ❞❡ ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❡❧❡❝tr♦♠❛❣♥ét✐q✉❡ ♠❛✐s ✐❧ ♥✬❡st
♣❛s sûr q✉❡ ❝❡ s♦✐t ♣♦ss✐❜❧❡ ♣♦✉r ❝❡ t②♣❡ ❞❡ ♣❡rt✉r❜❛t✐♦♥ ♥♦♥ ❜♦r♥é❡✳
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❆♥♥❡①❡ ❆

Pr♦♣r✐étés ❞✉ ♣♦t❡♥t✐❡❧

é❧❡❝tr♦♥✲é❧❡❝tr♦♥

❆✳✶ P♦t❡♥t✐❡❧ é❧❡❝tr♦♥✲é❧❡❝tr♦♥ s✉r ❧❡ ❝②❧✐♥❞r❡

❙♦✐t
V r

c (x, y) =
1√

x2 + 4r2 sin2( y
2r )

s✉r ❧❡ ❝②❧✐♥❞r❡ ✐♥✜♥✐✳ ❖♥ r❡♠❛rq✉❡ ❞✬❛❜♦r❞ ❧❛ ♣r♦♣r✐été s✉✐✈❛♥t❡ ✿

V r
c (x, y) =

1

r

1√
(x

r )2 + 4 sin2( y
2r )

=
1

r
V 1

c (
x

r
,
y

r
).

▲❛ ♣r♦❥❡❝t✐♦♥ ❡♥ ✉♥❡ ❞✐♠❡♥s✐♦♥ q✉❡ ❧✬♦♥ ❛♣♣❡❧❧❡r❛ ✐❝✐ vr
eff ♣♦ssè❞❡ ❛✉ss✐ ❝❡tt❡ ♣r♦♣r✐été ✿

vr
eff(x) :=

1

2πr

∫ πr

−πr

dy√
x2 + 4r2 sin2( y

2r )
=

1

2π

∫ π

−π

dy√
x2 + 4r2 sin2(y

2 )

=
1

2πr

∫ π

−π

dy√
(x

r )2 + 4 sin2(y
2 )

=
1

r
v1
eff(

x

r
)

▲❛ ❢♦♥❝t✐♦♥ v1
eff ♣❡✉t êtr❡ ❡①♣r✐♠é❡ ❝♦♠♠❡ ✉♥❡ ❝♦♠❜✐♥❛✐s♦♥ ❞❡ ❢♦♥❝t✐♦♥s s♣é❝✐❛❧❡s ✿

v1
eff(x) =

1

2π

∫ π

−π

dy√
x2 + 4 sin2(y

2 )
=

2K(− 4
x2 )

π | x | ✭❆✳✶✮

♦ù K ❞és✐❣♥❡ ❧✬✐♥té❣r❛❧❡ ❡❧❧✐♣t✐q✉❡ ❝♦♠♣❧èt❡ ❞❡ ♣r❡♠✐èr❡ ❡s♣è❝❡✱ ✈♦✐r ❬❆❙✱ ✶✼✳✸✳✶❪✳ ❈❡tt❡ ❢♦♥❝✲
t✐♦♥ ❡st ❝♦♥t✐♥✉❡ s✉r R\{0} ❡t v1

eff ❡st ❞♦♥❝ ❧♦❝❛❧❡♠❡♥t ✐♥té❣r❛❜❧❡ ❡♥ ❞❡❤♦rs ❞❡ ❧✬♦r✐❣✐♥❡✳ ▲❡s
❝♦♠♣♦rt❡♠❡♥ts ❛s②♠♣t♦t✐q✉❡s ❞❡ v1

eff s♦♥t ✿

v1
eff(x)

|x|→∞
=

1

| x | −
1

|x|3 + O(x−5)

v1
eff(x)

|x|→0
= − log | x |

π
+

3 log(2)

π
+ O(x2| lnx|)

✶✼✾



✶✽✵ ❆◆◆❊❳❊ ❆✳ P❘❖P❘■➱❚➱❙ ❉❯ P❖❚❊◆❚■❊▲ ➱▲❊❈❚❘❖◆✲➱▲❊❈❚❘❖◆

❖♥ ❡♥ ❝♦♥❝❧✉t q✉❡ v1
eff ∈ L2(R) ❛♥❞ ❞♦♥❝ vr

eff ∈ L2(R)✳ ▲❡ ❝❛❧❝✉❧ ♥✉♠ér✐q✉❡ ❞♦♥♥❡✱

‖v1
eff‖2

2 = 3.5143.

❖♥ ♣❡✉t ❛✉ss✐ r❡♠❛rq✉❡r q✉❡ v1
eff ❡st ✐♥té❣r❛❜❧❡ s✉r t♦✉t ✐♥t❡r✈❛❧❧❡ ❜♦r♥é ❞❡ R✳ ❊♥✜♥✱ ♣♦✉r r > 0

‖vr
eff‖2

2 =

∫ ∞

−∞
|1
r
v1
eff(

x

r
)|2dx =

1

r
‖v1

eff‖2
2.

▲❛ tr❛♥s❢♦r♠é❡ ❞❡ ❋♦✉r✐❡r ❞❡ v1
eff ❡st ✿

v̂1
eff(p) =

√
2

π
I0(|p|)K0(|p|). ✭❆✳✷✮

♦ù I0 ❡tK0 s♦♥t ❧❡s ❢♦♥❝t✐♦♥s ❞❡ ❇❡ss❡❧ ♠♦❞✐✜é❡s ❞❡ ♣r❡♠✐èr❡ ❡t ❞❡✉①✐è♠❡ ❡s♣è❝❡s r❡s♣❡❝t✐✈❡♠❡♥t✱
✈♦✐r ❬❆❙✱ ✾✳✻❪✳ ❖♥ ❛ ❛✉ss✐ ♣♦✉r ❧❛ ❞ér✐✈é❡ ❞✬❛♣rès ❧❛ ❢♦r♠✉❧❡ ❬❆❙✱ ✾✳✻✳✷✼❪ ✿

(v̂1
eff)′(p) = sgn(p)

√
2

π
(I1(|p|)K0(|p|) − I0(|p|)K1(|p|)) . ✭❆✳✸✮

❖♥ ♣❡✉t ❝❛❧❝✉❧❡r ❧❡s ❞ér✐✈é❡s s✉❝❝❡ss✐✈❡s à ❧✬❛✐❞❡ ❞❡ ❧❛ ❢♦r♠✉❧❡ ❬❆❙✱ ✾✳✻✳✷✾❪ ❡t ❡❧❧❡s s✬❡①♣r✐♠❡♥t
❝♦♠♠❡ ❝♦♠❜✐♥❛✐s♦♥s ❞❡ ❢♦♥❝t✐♦♥s ❞❡ ❇❡ss❡❧✳

❖♥ ❛ ❧❡ ❝♦♠♣♦rt❡♠❡♥t ❛s②♠♣t♦t✐q✉❡ s✉✐✈❛♥t ✿

√
2πv̂1

eff(p)
p→0
= −

√
2

π
log(|p|) +

√
2

π
(−γ + log 2) + O(p2 log |p|),

√
2πv̂1

eff(p)
p→∞

=
1

|p| + O(
1

p2
) ❡t

sup
{
|v̂1

eff |, |p| ≥ 1
}
< +∞

♦ù γ ❡st ❧❛ ❝♦♥st❛♥t❡ ❞✬❊✉❧❡r✳
❖♥ ❛ ❧❛ ♣r♦♣r✐été s✉✐✈❛♥t❡ ✿

v̂r
eff(p) =

∫

R

e−ipxvr
eff(x)dx =

∫

R

e−ipx 1

r
v1
eff(

x

r
)dx

= v̂1
eff(rp). ✭❆✳✹✮

❖♥ ✈❛ ♠❛✐♥t❡♥❛♥t ❞♦♥♥❡r ✉♥❡ ♠❛❥♦r❛t✐♦♥ ❞❡ v̂1
eff ✳ ❙♦✐t f ❧❛ ❢♦♥❝t✐♦♥ t❡❧❧❡ q✉❡ ✿

f : R → R

f : x 7→ C
log2(x) + 1

x2 + 1
❛✈❡❝ C ✉♥ ♥♦♠❜r❡ ♣♦s✐t✐❢.

❆❧♦rs |v̂1
eff(x)|2 ≤ f(x) ∀ x ∈ R✳ ❖♥ ❧❡ ♣r♦✉✈❡ ❡♥ ❞é✜♥✐ss❛♥t ❧❛ ❢♦♥❝t✐♦♥ g(x) =

|bv1
eff(x)|2(x2+1)

C log2(x)+1
❀

✕ (i) g ∈ C0(R∗) ❝❛r ❧❡s ❢♦♥❝t✐♦♥s ❞❡ ❇❡ss❡❧ s♦♥t ❝♦♥t✐♥✉❡s✱ ❧❛ ❢♦♥❝t✐♦♥ K0 ♣♦ssè❞❡ ✉♥❡
❞✐s❝♦♥t✐♥✉✐té ❡♥ ✵✳

✕ (ii) lim
x→0

g(x) = 2
Cπ ✳ ❙♦✐t g ❧✬❡①t❡♥s✐♦♥ ♣❛r ❝♦♥t✐♥✉✐té ❡♥ ✵ ❞❡ g✳

✕ (iii) lim
x→∞

g(x) = 0

❛❧♦rs g ❡st ❜♦r♥é❡✳ ❖♥ tr♦✉✈❡ ♣❛r ❧❡ ❝❛❧❝✉❧ ♥✉♠ér✐q✉❡

|v̂1
eff(p)|2 ≤ 0.646

log2(p) + 1

p2 + 1
∀ p ∈ R ✭❆✳✺✮
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❉❡ ♠ê♠❡✱

∃Ceff , ∀p ∈ R |v̂1
eff(p)| ≤ Ceff(| log(|p|| + 1).

❛✈❡❝ Ceff ≈ 0.803229✳
❊♥ ✉t✐❧✐s❛♥t ❧❡s r❡❧❛t✐♦♥s ✾✳✻✳✼✲✾ ❞❡ ❬❆❙❪ ♦♥ ♦❜t✐❡♥t ♣♦✉r p ❛ss❡③ ♣❡t✐t q✉✬✐❧ ❡①✐st❡ C1, C2, C3 >

0 t❡❧ q✉❡

|(v̂1
eff)′(p)| ≤ C1

|p| , |(v̂1
eff)′′(p)| ≤ C2

p2
, |(v̂1

eff)′′′(p)| ≤ C3

|p3| . ✭❆✳✻✮

❖♥ r❡♠❛rq✉❡ ❛✉ss✐ q✉❡ ❧❡s ❞ér✐✈é❡s s✉❝❝❡ss✐✈❡s ❞❡ v̂1
eff s✬é❝r✐✈❡♥t ❛✈❡❝ ❧❡s ❝♦♠❜✐♥❛✐s♦♥s ❞❡ t❡r♠❡s

IµKν ❛✈❡❝ µ, ν ∈ N ❡t ❞✬❛♣rès ❬❆❙❪ ❧❛ ✈❛❧❡✉r ❛❜s♦❧✉❡ ❞❡ ❝❡s t❡r♠❡s ❡st ❝r♦✐ss❛♥t❡ s✉r R−✱
❞é❝r♦✐ss❛♥t❡ s✉r R+ ❡t ❝❡s t❡r♠❡s ♣♦ssè❞❡♥t ✉♥❡ s✐♥❣✉❧❛r✐té à ❧✬♦r✐❣✐♥❡✳

❆✳✷ P♦t❡♥t✐❡❧ é❧❡❝tr♦♥✲é❧❡❝tr♦♥ s✉r ❧❡ t♦r❡

❖♥ r❛♣♣❡❧❧❡ q✉❡

V r
c (x, y) =

1√
x2 + 4r2 sin2( y

2r )
.

❖♥ ♣❡✉t ♣r♦♣♦s❡r ❞❡✉① ♣r❡♠✐èr❡s ❞é✜♥✐t✐♦♥s ♣♦✉r ❧❛ ♣ér✐♦❞✐s❛t✐♦♥ ❞✉ ♣♦t❡♥t✐❡❧ V r
c q✉✐ ❡♥tr❛✐♥❡♥t

❞❡s rés✉❧t❛ts ❞✐✛ér❡♥ts✳ ▲❡s ❞❡✉① ❞é✜♥✐t✐♦♥s s♦♥t ❧❡s s✉✐✈❛♥t❡s ✿ ♣♦✉r y 6= 0

V r,L
c (x, y) :=

1√
2π

∑

m∈Z∗

ei
2π
L

mx 1√
2π

∫

R

e−i 2π
L

mx′
V r

c (x′, y)dx′
2π

L
✭❆✳✼✮

❡t

V r,L
c (x, y) :=

1√
2π

∑

m∈Z

ei
2π
L

mx 1√
2π

∫ L/2

−L/2
e−i 2π

L
mx′

V r
c (x′, y)dx′

2π

L
. ✭❆✳✽✮

■❧ ❢❛✉t ❢❛✐r❡ ❛tt❡♥t✐♦♥ ✐❝✐ ❛✉ t❡r♠❡ m = 0 ❝❛r ❧✬✐♥té❣r❛❧❡ s✉r R ❞❡ V r
c ♥✬❡st ♣❛s ❞é✜♥✐❡✱ ❝✬❡st

♣♦✉rq✉♦✐ ♦♥ ✐♥tr♦❞✉✐t ❝❡s ❞❡✉① ❞é✜♥✐t✐♦♥s✳
▲❡ ❞❡✉①✐è♠❡ ♠♦❞è❧❡ ❡st ❡♥ ❢❛✐t ❧✬❛♣♣❧✐❝❛t✐♦♥ ❞❡ ❧❛ tr❛♥s❢♦r♠é❡ ❞❡ ❋♦✉r✐❡r s✉r ❧❡ ❝❡r❝❧❡ ♣✉✐s

❞❡ ❧❛ tr❛♥s❢♦r♠é❡ ✐♥✈❡rs❡ à V r
c tr♦♥q✉é✳ ❖♥ ♦❜t✐❡♥❞r❛ ❞♦♥❝ ✉♥ ♣♦t❡♥t✐❡❧ q✉✐ s❡r❛ V r

c tr♦♥q✉é
♣ér✐♦❞✐sé ❡t q✉✐ ♥❡ ♣♦ssè❞❡ ♣❛s ❞❡ ❞ér✐✈é❡s ❝♦♥t✐♥✉❡s ❡♥ (−L/2) ❡t L/2✳ ❈♦♠♠❡ ♦♥ ❛ ❜❡s♦✐♥ ❞❛♥s
❧✬ét✉❞❡ q✉❡ ❧❡s ❞ér✐✈é❡s s♦✐t ❝♦♥t✐♥✉❡s ♣❛rt♦✉t✱ ♦♥ ❧❛✐ss❡r❛ ❞❡ ❝♦té ❝❡tt❡ ❞é✜♥✐t✐♦♥✳

▲❡ ♣r❡♠✐❡r ♠♦❞è❧❡ s❡♠❜❧❡ ✐♥tér❡ss❛♥t ♠❛✐s ❝❡ ♣♦t❡♥t✐❡❧ ❡st s✐♥❣✉❧✐❡r q✉❡❧ q✉❡ s♦✐t x s✐ y = 0
✭✈♦✐r ♣❧✉s ❜❛s✮✳ ■❧ ♣♦ssè❞❡ t♦✉❥♦✉rs ❧❛ s✐♥❣✉❧❛r✐té ❡♥ (0, 0)✱ ❝♦♠♠❡ V r

c ✱ ♠❛✐s ✐❧ ② ❛ ✉♥❡ s✐♥❣✉❧❛r✐té
♥♦✉✈❡❧❧❡ ♣♦✉r y = 0 ❡t t♦✉t x 6= 0 q✉✐ s❡ ❝♦♠♣♦rt❡ ❝♦♠♠❡ ln y q✉❛♥❞ y t❡♥❞ ✈❡rs ③ér♦✳ ❈❡❝✐ ❡st
✉♥ ♣❡✉ ❣ê♥❛♥t ❡t ♦♥ ✈❛ ♣ré❢ér❡r ❧❛ ❞é✜♥✐t✐♦♥ ❞❡ V r,L

c s✉✐✈❛♥t❡ ✿

V r,L
c (x, y) :=

1√
2π

∑

m∈Z∗

ei
2π
L

mx 1√
2π

∫

R

e−i 2π
L

mx′
V r

c (x′, y)dx′
2π

L
+

1

L

∫ L/2

−L/2
V r

c (x′, y)dx′ ✭❆✳✾✮

♦ù ❧❡ ❞❡✉①✐è♠❡ t❡r♠❡ ❡st ❧❡ t❡r♠❡ m = 0 tr♦♥q✉é✱ q✉✐ ✈❛ t❡♥❞r❡ ✈❡rs ③ér♦ q✉❛♥❞ L t❡♥❞ ✈❡rs
❧✬✐♥✜♥✐ ❡♥ s❡ ❝♦♠♣♦r❛♥t ❝♦♠♠❡ ln(L)/L✳ ❈❡ ♣♦t❡♥t✐❡❧ ❡st ♣ér✐♦❞✐q✉❡ ❡♥ x✱ ❡t ♦♥ ✈❛ ✈♦✐r q✉✬✐❧ s❡
❝♦♠♣♦rt❡ ❝♦♠♠❡ V r

c ❛✉t♦✉r ❞❡ ❧✬♦r✐❣✐♥❡ ❡t q✉✬✐❧ ❡st ❝♦♥t✐♥✉ ❛✈❡❝ ❛✉ ♠♦✐♥s s❛ ❞❡✉①✐è♠❡ ❞ér✐✈é❡
❝♦♥t✐♥✉❡✳ ❖♥ ✈❛ ♠❛✐♥t❡♥❛♥t ❛♥❛❧②s❡r ❧❡s ♠♦❞è❧❡s ✭❆✳✼✮ ❡t ✭❆✳✾✮ ♣♦✉r ét❛②❡r ♥♦tr❡ ❛r❣✉♠❡♥t❛✐r❡✳
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❆✳✷✳✶ ❝♦♠♣♦rt❡♠❡♥t ❞✉ ♠♦❞è❧❡ ✭❆✳✼✮

❖♥ ✈❛ ét✉❞✐❡r ❧❡ ❝♦♠♣♦rt❡♠❡♥t ❞❡ ❧✬❡q✉❛t✐♦♥ ✭❆✳✼✮✳ P♦✉r t♦✉t y 6= 0 ♦♥ ♣❡✉t é❝r✐r❡

V r,L
c (x, y) =

1√
2π

∑

m∈Z∗

ei
2π
L

mx 1√
2π

∫

R

e−i 2π
L

mx′
V r

c (x′, y)dx′
2π

L

=
1√
2π

∑

m∈Z∗

ei
2π
L

mx 1√
2π

∫ L/2

−L/2
e−i 2π

L
mx′

V r
c (x′, y)dx′

2π

L
+

+
1√
2π

∑

m∈Z∗

ei
2π
L

mx 1√
2π

∫ ∞

L/2
2 cos(

2π

L
mx′)V r

c (x′, y)dx′
2π

L
✭❆✳✶✵✮

=: I1(x, y) + I2(x, y) ✭❆✳✶✶✮

▲❡ t❡r♠❡ I1

❖♥ é❝r✐t I1 ❝♦♠♠❡ ét❛♥t ✿

I1(x, y) =
∑

m∈Z

ei
2π
L

mx

∫ L/2

−L/2
e−i 2π

L
mx′

V r
c (x′, y)dx′

1

L
− 1

L

∫ L/2

−L/2
V r

c (x′, y)dx′

▲❡ ♣r❡♠✐❡r t❡r♠❡ ❝♦♥t✐❡♥t ❧✬❛♣♣❧✐❝❛t✐♦♥ s✉r V r
c tr♦♥q✉é ❞❡ ❧❛ tr❛♥s❢♦r♠é❡ ❞❡ ❋♦✉r✐❡r ♣✉✐s ❞❡ s♦♥

✐♥✈❡rs❡ s✉r ❧❡ ❝❡r❝❧❡ ❞❡ ❧♦♥❣✉❡✉r L✳ ❖♥ ❛ ❞♦♥❝ ♣❛r ✉♥✐t❛r✐té ❞❡ ❧❛ tr❛♥s❢♦r♠é❡ ❞❡ ❋♦✉r✐❡r q✉❡ ❝❡
t❡r♠❡ ❝♦rr❡s♣♦♥❞ ❛✉ ♣♦t❡♥t✐❡❧ V r

c tr♦♥q✉é s✉r ❧❡ ❝❡r❝❧❡ ❡t ♣ér✐♦❞✐sé✳ ▲❡ ❞❡✉①✐è♠❡ t❡r♠❡ ♣❡✉t êtr❡
❝❛❧❝✉❧é ❡t ❧✬♦♥ tr♦✉✈❡ ✿

∫ L/2

−L/2
V r

c (x′, y)dx′ =

∫ L/2

−L/2

1√
x′2 + 4r2 sin2 y

2r

dx′

= 2 ln(
L

2
+

√
(
L

2
)2 + 4r2 sin2 y

2r
) − ln(4r2 sin2 y

2r
).

❖♥ ♥♦t❡ q✉✬✐❧ ② ❛ ✉♥❡ s✐♥❣✉❧❛r✐té ❧♦❣❛r✐t❤♠✐q✉❡ q✉❛♥❞ y t❡♥❞ ✈❡rs ③ér♦✳ ❖♥ r❡♠❛rq✉❡ ❛✉ss✐ q✉❡
♣♦✉r L t❡♥❞ ✈❡rs ❧✬✐♥✜♥✐ ❝❡tt❡ ♣❛rt✐❡ s❡ ❝♦♠♣♦rt❡ ❝♦♠♠❡ ln(L)/L ❞♦♥❝ t❡♥❞ ✈❡rs ③ér♦ ✭s❛✉❢ ♣♦✉r
y = 0✮✳

▲❡ t❡r♠❡ I2

❖♥ ✈❛ ♠♦♥tr❡r ♠❛✐♥t❡♥❛♥t q✉❡ ❧❡ t❡r♠❡ I2 ❡st ❜♦r♥é ✉♥✐❢♦r♠é♠❡♥t ❡♥ x ❡t y✳ ❖♥ réé❝r✐t I2
❝♦♠♠❡

I2(x, y) =
1

L

∑

m∈Z∗

ei
2π
L

mx

∫ ∞

L/2
cos(

2π

L
ms)V r

c (s, y)ds

=
2

L

∑

m≥1

cos(
2π

L
mx)

∫ ∞

L/2
cos(

2π

L
ms)V r

c (s, y)ds

=:
2

L

∑

m≥1

cos(
2π

L
mx)J(m, y).

❖♥ ✈❛ ♥♦t❡r ♣❛r (V r
c )′ ❧❛ ❞ér✐✈é❡ ❞❡ V r

c ♣❛r r❛♣♣♦rt à ❧❛ ♣r❡♠✐èr❡ ✈❛r✐❛❜❧❡✳ ❊♥ ✐♥té❣r❛♥t ♣❛r
♣❛rt✐❡s ✉♥❡ ♣r❡♠✐èr❡ ❢♦✐s ✿

J(m, y) = − L

2πm

∫ ∞

L/2
sin(

2π

L
ms)(V r

c )′(s, y)ds
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♣✉✐s ✉♥❡ s❡❝♦♥❞❡ ❢♦✐s ✿

J(m, y) = − cos(πm)

(
L

2πm

)2

(V r
c )′(

L

2
, y) −

(
L

2πm

)2 ∫ ∞

L/2
cos(

2π

L
ms)(V r

c )′′(s, y)ds.

❖♥ ♣❡✉t ♠❛❥♦r❡r ❧❡ t❡r♠❡ ❝✐✲❞❡ss✉s ♣❛r

|J(m, y)| ≤
(

L

2πm

)2

|(V r
c )′(

L

2
, y)| +

(
L

2πm

)2 ∫ ∞

L/2
|(V r

c )′′(s, y)|ds

❖♥ ❛
(V r

c )′(x, y) =
−x

(x2 + 4r2 sin2 y
2r )3/2

✭❆✳✶✷✮

❡t

(V r
c )′′(x, y) =

3x2

(x2 + 4r2 sin2 y
2r )5/2

− 1

(x2 + 4r2 sin2 y
2r )3/2

=
1

(x2 + 4r2 sin2 y
2r )3/2

2x2 − 4r2 sin2 y
2r

x2 + 4r2 sin2 y
2r

✭❆✳✶✸✮

❡t ♦♥ r❡♠❛rq✉❡ q✉❡ (V r
c )′′(x, y) ≥ 0 ♣♦✉r t♦✉t x ≥ 2r ❡t ♣♦✉r t♦✉t y✱ ♦♥ ♣❡✉t ❞♦♥❝ é❝r✐r❡ ♣♦✉r

L ≥ 4r

|J(m, y)| ≤
(

L

2πm

)2

|(V r
c )′(

L

2
, y)| +

(
L

2πm

)2 ∫ ∞

L/2
(V r

c )′′(s, y)ds

≤ 2

(
L

2πm

)2

|(V r
c )′(

L

2
, y)|

▲❛ ❢♦♥❝t✐♦♥ J(·, y) ❡st ❞♦♥❝ s♦♠♠❛❜❧❡ ❡♥ m q✉❡❧ q✉❡ s♦✐t y ∈ [−πr, πr) ❡t ❧❡ t❡r♠❡ I2

I2(x, y) = −2L
∑

m≥1

cos(2π
L mx)

(2πm)2

(
cos(πm)(V r

c )′(
L

2
, y) +

∫ ∞

L/2
cos(

2π

L
ms)(V r

c )′′(s, y)ds

)
✭❆✳✶✹✮

❡st ♠❛❥♦ré ✉♥✐❢♦r♠é♠❡♥t ❡♥ x ❡t y ♣❛r ✉♥❡ ❝♦♥st❛♥t❡✳ ❊♥ ❡✛❡t✱

|I2(x, y)| ≤ L

6
|(V r

c )′(
L

2
, y)|. ✭❆✳✶✺✮

❖♥ ♣❡✉① ♥♦t❡r q✉❡ (V r
c )′ s❡ ❝♦♠♣♦rt❡ ❝♦♠♠❡ 1/L2 q✉❛♥❞ L t❡♥❞ ✈❡rs ❧✬✐♥✜♥✐ ❡t ❞♦♥❝ I2 t❡♥❞

✈❡rs ③ér♦ q✉❛♥❞ L t❡♥❞ ✈❡rs ❧✬✐♥✜♥✐✳

❆✳✷✳✷ ❝♦♠♣♦rt❡♠❡♥t ❞✉ ♠♦❞è❧❡ ✭❆✳✾✮

❖♥ é❝r✐t ❝❡ ♠♦❞è❧❡ ❝♦♠♠❡ s✉✐t ✿

V r,L
c (x, y) =

1√
2π

∑

m∈Z

ei
2π
L

mx 1√
2π

∫ L/2

−L/2
e−i 2π

L
mx′

V r
c (x′, y)dx′

2π

L
+

+
1√
2π

∑

m∈Z∗

ei
2π
L

mx 1√
2π

∫ ∞

L/2
2 cos(

2π

L
mx′)V r

c (x′, y)dx′
2π

L
✭❆✳✶✻✮

=: M1(x, y) +M2(x, y) ✭❆✳✶✼✮

▲❡ ♣r❡♠✐❡r t❡r♠❡✱ M1✱ ❝♦♥t✐❡♥t ❧✬❛♣♣❧✐❝❛t✐♦♥ s✉r V r
c tr♦♥q✉é ❞❡ ❧❛ tr❛♥s❢♦r♠é❡ ❞❡ ❋♦✉r✐❡r ♣✉✐s

❞❡ s♦♥ ✐♥✈❡rs❡ s✉r ❧❡ ❝❡r❝❧❡ ❞❡ ❧♦♥❣✉❡✉r L✳ ❖♥ ❛ ❞♦♥❝ ♣❛r ✉♥✐t❛r✐té ❞❡ ❧❛ tr❛♥s❢♦r♠é❡ ❞❡ ❋♦✉r✐❡r
q✉❡ ❝❡ t❡r♠❡ ❝♦rr❡s♣♦♥❞ ❛✉ ♣♦t❡♥t✐❡❧ V r

c tr♦♥q✉é s✉r ❧❡ ❝❡r❝❧❡ ❡t ♣ér✐♦❞✐sé✳ ❖♥ ✈✐❡♥t ❞❡ ✈♦✐r ❞❛♥s
❧✬ét✉❞❡ ❞✉ ♠♦❞è❧❡ ✭❆✳✼✮ q✉❡ ❧❡ t❡r♠❡ M2 = I2 ❡st ❜♦r♥é ✉♥✐❢♦r♠é♠❡♥t ❡♥ x, y✱ ✐❧ ♥✬❛♣♣♦rt❡ ❞♦♥❝
♣❛s ❞❡ s✐♥❣✉❧❛r✐té s✉♣♣❧é♠❡♥t❛✐r❡ ❡t ❛✉ ❝♦♥tr❛✐r❡ ✐❧ ✈❛ ♣❡r♠❡ttr❡ ❛✉ ♣♦t❡♥t✐❡❧ ♣ér✐♦❞✐sé ❞✬êtr❡
❞ér✐✈❛❜❧❡ ❛✉① ♣♦✐♥ts (−L/2) ❡t L/2✳
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❉ér✐✈❛❜✐❧✐té

▲❡♠♠❡ ❆✳✷✳✶✳ P♦✉r t♦✉t r > 0, L > 1✱ y 6= 0✱ ❧❛ ❢♦♥❝t✐♦♥ V r,L
c (·, y) ♣♦ssè❞❡ ✉♥❡ ❞ér✐✈é❡

❝♦♥t✐♥✉❡✱ ♥é❣❛t✐✈❡✳

❉é♠♦♥str❛t✐♦♥✳ ♦♥ ❛ ♣♦✉r y 6= 0

V r,L
c (x, y) =

1

L

∑

m∈Z∗

ei
2π
L

mx

∫ ∞

−∞
e−i 2π

L
msV r

c (s, y)ds+

+
1

L

∫ L/2

−L/2
e−i 2π

L
msV r

c (s, y)ds ✭❆✳✶✽✮

❈♦♠♠❡ V r
c ✱ (V r

c )′ ❡t (V r
c )′′ s♦♥t ♥✉❧❧❡s à ❧✬✐♥✜♥✐✱ ❞✬❛♣rès ❧❡s r❡❧❛t✐♦♥s ✭❆✳✶✷✮ ❡t ✭❆✳✶✸✮✱ ♦♥ ✐♥t❡❣r❡

❧❡ ♣r❡♠✐❡r t❡r♠❡ ♣❛r ♣❛rt✐❡s ❞❡✉① ❢♦✐s ✿
∫ ∞

−∞
e−i 2π

L
msV r

c (s, y)ds =

∫ ∞

−∞

e−i 2π
L

msL2

(2πm)2
(V r

c )′′(s, y)ds

❖♥ ❛ ❛✉ss✐

(V r
c )′′′(x, y) = (V r

c )′′(x, y)
2x2 − 4r2 sin2 y

2r

x2 + 4r2 sin2 y
2r

+ (V r
c )′(x, y)

24xr2 sin2 y
2r

(x2 + 4r2 sin2 y
2r )2

❡t

(V r
c )(4)(x, y) =(V r

c )′′′(x, y)
2x2 − 4r2 sin2 y

2r

x2 + 4r2 sin2 y
2r

+ 2(V r
c )′′(x, y)

24xr2 sin2 y
2r

(x2 + 4r2 sin2 y
2r )2

+

+ (V r
c )′(x, y)

24r2 sin2 y
2r

(
−2x2 + 4r2 sin2 y

2r

)
(x2 + 4r2 sin2 y

2r )

(x2 + 4r2 sin2 y
2r )4

q✉✐ s♦♥t ♥✉❧❧❡s à ❧✬✐♥✜♥✐✱ ❡t q✉✐ s♦♥t ✐♥té❣r❛❜❧❡s ✿ ♣♦✉r y 6= 0 (V r
c )′′′(·, y) ❡t (V r

c )(4)(·, y) s❡
❝♦♠♣♦rt❡♥t ❝♦♠♠❡ 1/x3 à ❧✬✐♥✜♥✐✳ ❈❡ q✉✐ ♣❡r♠❡t ❞✬é❝r✐r❡
∫ ∞

−∞
e−i 2π

L
msV r

c (s, y)ds = −
∫ ∞

−∞

e−i 2π
L

msL3

(−i2πm)3
(V r

c )′′′(s, y)ds =

∫ ∞

−∞

e−i 2π
L

msL4

(2πm)4
(V r

c )(4)(s, y)ds

❡t ❞♦♥❝ ♦♥ ❛ ❞✬✉♥❡ ♣❛rt

(V r,L
c )′(x, y) =

1

L

∑

m∈Z∗

2iπm

L
ei

2π
L

mx

∫ ∞

−∞
e−i 2π

L
msV r

c (s, y)ds

= − 1

L

∑

m∈Z∗

(
L

2πm
)2ei

2π
L

mx

∫ ∞

−∞
e−i 2π

L
ms(V r

c )′′′(s, y)ds ✭❆✳✶✾✮

q✉✐ ❡st ♥é❣❛t✐✈❡ ❝❛r (V r
c )′′′(·, y) ≥ 0 ❡t ❞✬❛✉tr❡ ♣❛rt

(V r,L
c )′′(x, y) = − 1

L

∑

m∈Z∗

(
2πm

L
)2ei

2π
L

mx

∫ ∞

−∞
e−i 2π

L
msV r

c (s, y)ds

= − 1

L

∑

m∈Z∗

(
L

2πm
)2ei

2π
L

mx

∫ ∞

−∞
e−i 2π

L
ms(V r

c )(4)(s, y)ds ✭❆✳✷✵✮

q✉❡ ❧✬♦♥ ♣❡✉t ♠❛❥♦r❡r ♣❛r

|(V r,L
c )′′(x, y)| ≤ − 1

L

∑

m∈Z∗

(
L

2πm
)2
∫ ∞

0
2|(V r

c )(4)(s, y)|ds <∞ ✭❆✳✷✶✮

q✉✐ ♠♦♥tr❡ q✉❡ (V r,L
c )′′ ❡①✐st❡ ♣♦✉r t♦✉t x✳
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P♦s✐t✐✈✐té

▲❡♠♠❡ ❆✳✷✳✷✳ ∀x ∈ R, y ∈ [−πr, πr)✱ r > 0 ❡t L > 0✱ V r,L
c (x, y) ≥ 0✳

❉é♠♦♥str❛t✐♦♥✳ ❖♥ ❛ ✈✉ ❡♥ ✭❆✳✶✺✮ q✉❡ ❧✬♦♥ ❛✈❛✐t ❧✬❡st✐♠❛t✐♦♥

|I2(x, y)| ≤ L

6
|(V r

c )′(
L

2
, y)| =

L

6

L

2

1

((L
2 )2 + 4r2 sin2 y

2r )3/2

≤ 1

3

1√
(L

2 )2 + 4r2 sin2 y
2r

.

❉✬❛✉tr❡ ♣❛rt✱ ❝♦♠♠❡ I1 ❡st ♣♦s✐t✐❢ ❡t é❣❛❧ ❛ V r,L
c tr♦♥q✉é ♣ér✐♦❞✐sé ❡♥ x✱ s♦♥ ♠✐♥✐♠✉♠ ❡st ❛tt❡✐♥t

❛✉ ♣♦✐♥t L/2 ❡t

|I1(x, y)| ≥ V r
c (
L

2
, y) =

1√
(L

2 )2 + 4r2 sin2 y
2r

❝❡ q✉✐ ♠♦♥tr❡ q✉❡ q✉❡❧ q✉❡ s♦✐t x ∈ R ❡t y ∈ [−π, π)✱ ♦♥ ❛ I1(x, y) ≥ |I2(x, y)| ❡t ❞♦♥❝ V r,L
c ❡st

♣♦s✐t✐❢✳

■♥t❡r✈❡rs✐♦♥ ❡♥tr❡ ♣r♦❥❡❝t✐♦♥ ❡t ♣ér✐♦❞✐s❛t✐♦♥

❖♥ r❛♣♣❡❧❧❡ q✉❡ vL ❛ été ❞é✜♥✐ ♣❛r ✿

vL(x) =
1

2πr

∫ πr

−πr
V r,L

c (x, y)dy

❛✈❡❝

V r,L
c (x, y) =

1√
2π

∑

m∈Z∗

ei
2π
L

mx 1√
2π

∫

R

e−i 2π
L

mx′
V r

c (x′, y)dx′
2π

L
+

1

L

∫ L/2

−L/2
V r

c (x′, y)dx′. ✭❆✳✷✷✮

❖♥ r❛♣♣❡❧❧❡ ❛✉ss✐ q✉❡

vr
eff(x) =

1

2πr

∫ πr

−πr
V r

c (x, y)dy

❡t ♦♥ ✈❡✉① ♠♦♥tr❡r q✉❡ ❧✬♦♥ ♣❡✉t ✐♥t❡r✈❡rt✐r ❧❡s s♦♠♠❡s ❡t ✐♥té❣r❛❧❡s✱ ❝✬❡st à ❞✐r❡ ✿

▲❡♠♠❡ ❆✳✷✳✸✳ ❖♥ ❛ ❧❛ ♣r♦♣r✐été s✉✐✈❛♥t❡ ✿

vL(x) =
1√
2π

∑

m∈Z∗

ei
2π
L

mx 1√
2π

∫

R

e−i 2π
L

mx′
vr
eff(x′)dx′

2π

L
+

1

L

∫ L/2

−L/2
vr
eff(x′)dx′ ✭❆✳✷✸✮

❉é♠♦♥str❛t✐♦♥✳ ❖♥ r❡♣r❡♥❞ ❧❡s ♥♦t❛t✐♦♥s ❞é✜♥✐❡s ❡♥ ✭❆✳✶✻✮ ✿

vL(x) =
1

2πr

∫ πr

−πr
M1(x, y)dy +

1

2πr

∫ πr

−πr
M2(x, y)dy

=: N1(x) +N2(x).

P♦✉r ❧❛ ♣❛rt✐❡ N1✱ ♦♥ ❛

N1(x) =
1

2πr

∫ πr

−πr

∑

m∈Z

ei
2π
L

mx

∫ L/2

−L/2
e−i 2π

L
msV r

c (s, y)ds
1

L
dy

=
∑

m∈Z

ei
2π
L

mx

∫ L/2

−L/2
e−i 2π

L
ms 1

2πr

∫ πr

−πr
V r

c (s, y)dyds
1

L
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❝❛r ❧❛ tr❛♥s❢♦r♠é❡ ❞❡ ❋♦✉r✐❡r s✉r LS1❡t s♦♥ ✐♥✈❡rs❡ s♦♥t ❛♣♣❧✐q✉é❡s✳ P♦✉r ❧❛ ♣❛rt✐❡ N2 ♦♥ ✈❛
é❝r✐r❡✱ ❞✬❛♣rès ❧❛ r❡❧❛t✐♦♥ ✭❆✳✶✹✮✱

M2(x, y) = I2(x, y)

= −2L
∑

m≥1

cos(2π
L mx)

(2πm)2

(
cos(πm)(V r

c )′(
L

2
, y) +

∫ ∞

L/2
cos(

2π

L
ms)(V r

c )′(s, y)ds

)
. ✭❆✳✷✹✮

❖♥ ♣❡✉t ♠❛✐♥t❡♥❛♥t ✉t✐❧✐s❡r ❧❡ t❤é♦rè♠❡ ❞❡ ❋✉❜✐♥✐ ♣♦✉r ✐♥✈❡rs❡r s♦♠♠❡ ❡t ✐♥té❣r❛❧❡s ❝❛r ❧❛
q✉❛♥t✐té ❝✐✲❞❡ss♦✉s ✿

∑

m≥1

1

(2πm)2

(
|(V r

c )′(
L

2
, y)| +

∫ ∞

L/2
|(V r

c )′′(s, y)|ds
)

❡st ❜✐❡♥ ❞é✜♥✐❡✳ ❖♥ é❝r✐t

N2(x) =
1

2πr

∫ πr

−πr
M2(x, y)dy =

= −2L
∑

m≥1

cos(2π
L mx)

(2πm)2

(
cos(πm)

1

2πr

∫ πr

−πr
(V r

c )′(
L

2
, y)dy+

+

∫ ∞

L/2
cos(

2π

L
ms)

1

2πr

∫ πr

−πr
(V r

c )′′(s, y)dyds

)
.

▼❛✐♥t❡♥❛♥t✱ ❞✬❛♣rès ❧❡s ♣r♦♣r✐étés ❞❡ vr
eff ✭❞♦♥♥é❡s ❡♥ ❛♥♥❡①❡ ❆✳✶✮✱ ❝❡tt❡ ❢♦♥❝t✐♦♥ ❡st ❞ér✐✈❛❜❧❡

✉♥❡ ✐♥✜♥✐té ❞❡ ❢♦✐s ❡♥ ❞❡❤♦rs ❞❡ ③ér♦ ❡t ♦♥ ♣❡✉t é❝❤❛♥❣❡r ❞ér✐✈é❡s ♣❛r r❛♣♣♦rt à x ❡t ✐♥té❣r❛❧❡
♣❛r r❛♣♣♦rt à y ❡t

N2(x) =

= −2L
∑

m≥1

cos(2π
L mx)

(2πm)2

(
cos(πm)(vr

eff)′(
L

2
) +

∫ ∞

L/2
cos(

2π

L
ms)(vr

eff)′′(s)ds

)
. ✭❆✳✷✺✮

❈❡❝✐ ♥♦✉s ❞♦♥♥❡ ❞♦♥❝ ❧❡ rés✉❧t❛t✳

■♥té❣r❛❜✐❧✐té

▲❡♠♠❡ ❆✳✷✳✹✳ P♦✉r t♦✉t r > 0, L > 1✱ vL ∈ L2(SL) ❡t ✐❧ ❡①✐st❡ ❞❡✉① ❝♦♥st❛♥t❡s ♥✉♠ér✐q✉❡s

c1, c2 > 0 t❡❧❧❡s q✉❡

‖vL‖2
L2(SL) ≤

c1
r

+ c2.

❉é♠♦♥str❛t✐♦♥✳ ❖♥ ♣❛rt ❞❡ ❧❛ r❡❧❛t✐♦♥

vL(x) =
1

2πr

∫ πr

−πr
V r,L

c (x, y)dy

❡t ♦♥ ✉t✐❧✐s❡ ❧✬❡①♣r❡ss✐♦♥ ❞❡ V r,L
c ♦❜t❡♥✉❡s ♣ré❝é❞❡♠♠❡♥t ❡♥ ✭❆✳✶✻✮

V r,L
c (x, y) = V r

c (x, y) + I2(x, y), x ∈ SL

❡t ❧❛ ♠❛❥♦r❛t✐♦♥ ✭❆✳✶✺✮

|I2(x, y)| ≤ L

6
|(V r

c )′(
L

2
, y)|.
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❈❡❝✐ ❞♦♥♥❡

|vL(x)| ≤ |vr
eff(x)| +

L

3

1

2πr

∫ πr

0
|(V r

c )′(
L

2
, y)|dy,

❡t ❞✬❛♣rès ❆✳✶ ❧❡ ♣r❡♠✐❡r t❡r♠❡ ❡st ❞❡ ❝❛rré s♦♠♠❛❜❧❡ s✉r SL✱ ❡t

∫ L/2

−L/2
|vL(x)|2dx ≤ c1

r
+
L2

3
|(V r

c )′(
L

2
, 0)| ≤ c2

❛✈❡❝ c1, c2 > 0 ✐♥❞é♣❡♥❞❛♥ts ❞❡ L

❆✳✸ P♦t❡♥t✐❡❧ é❧❡❝tr♦♥✲é❧❡❝tr♦♥ s✉r ❧❡ ❝❡r❝❧❡

❖♥ ✈❛ ♠♦♥tr❡r q✉❡ ❧❡ ♣♦t❡♥t✐❡❧ ♣ér✐♦❞✐sé s✉r ❧❡ ❝❡r❝❧❡✱ ❞é✜♥✐t ♣❛r ❧❛ ❢♦♥❝t✐♦♥ vL ❡♥ ✭✶✳✹✮ s✉r
[−L/2, L/2)✱ ❝♦♥✈❡r❣❡ ❛✉ s❡♥s ❞❡ ❧❛ ♥♦r♠❡ L2(R) ✈❡rs ❧❡ ♣♦t❡♥t✐❡❧ s✉r ❧❛ ❧✐❣♥❡✱ ♥♦té vr

eff ✱ q✉❛♥❞
L t❡♥❞ ✈❡rs ❧✬✐♥✜♥✐ ❡t ♣♦✉r t♦✉t r > 0✳

❖♥ ✐♥tr♦❞✉✐t χL ❧❛ ❢♦♥❝t✐♦♥ ❝❛r❛❝tér✐st✐q✉❡ ❞❡ ❧✬✐♥t❡r✈❛❧❧❡ (−L/2, L/2)✱ ♦♥ ✈❛ ♠❛✐♥t❡♥❛♥t
♠♦♥tr❡r ❧❛ ♣r♦♣r✐été s✉✐✈❛♥t❡ ✿

▲❡♠♠❡ ❆✳✸✳✶✳

‖vr
eff − χLvL‖L2(R) ≤ oL(1)

❉é♠♦♥str❛t✐♦♥✳ ❖♥ ❛ ♣r❡♠✐èr❡♠❡♥t

‖(1 − χL)(vr
eff − χLvL)‖L2(R) = 2

∫ ∞

L
|vr

eff(x)|2dx

❡t ❝♦♠♠❡ vr
eff ∈ L2(R)✱ ❛✈❡❝ ❧❡ t❤é♦rè♠❡ ❞❡ ❝♦♥✈❡r❣❡♥❝❡ ❞♦♠✐♥é❡✱ ❧❛ q✉❛t✐té ❝✐✲❞❡ss✉s t❡♥❞ ✈❡rs

③ér♦ q✉❛♥❞ L t❡♥❞ ✈❡rs ❧✬✐♥✜♥✐✳
❉❡✉①✐è♠❡♠❡♥t✱ ♦♥ r❡❣❛r❞❡ ♠❛✐♥t❡♥❛♥t ❧❡ ❝♦♠♣♦rt❡♠❡♥t ❞❛♥s ❧✬✐♥t❡r✈❛❧❧❡ (−L,L)✳ ❖♥ ❞és✐❣♥❡

♣❛r χLβ ❧❛ ❢♦♥❝t✐♦♥ ❝❛r❛❝tér✐st✐q✉❡ ❞❡ ❧✬✐♥t❡r✈❛❧❧❡ ❞❡ ❧♦♥❣✉❡✉r Lβ ✱0 < β < 1✱ ❝❡♥tré ❡♥ ③ér♦✳ ❖♥
♣❡✉t é❝r✐r❡ ❡♥ ✉t✐❧✐s❛♥t ❧❡ t❤é♦rè♠❡ ❞❡ ❝♦♥✈❡r❣❡♥❝❡ ❞♦♠✐♥é❡

‖(1 − χLβ )χL(vr
eff − χLvL)‖L2(R) ≤ 2

∫ L

Lβ

(|vr
eff(x)|2 + |vL(x)|2)dx

L→∞−−−−→ 0

❝❛r ❝❡s ❞❡✉① ❢♦♥❝t✐♦♥s s♦♥t ❞❡ ❝❛rré s♦♠♠❛❜❧❡ s✉r (−L,L) ❡t t❡♥❞❡♥t ✈❡rs ③ér♦ s✉r (Lβ, L) q✉❛♥❞
L t❡♥❞ ✈❡rs ❧✬✐♥✜♥✐✳

P♦✉r ❧❛ ♣❛rt✐❡ ♦ù |x| ≤ Lβ

χLβ (x)(vr
eff(x) − vL(x)) =

∑

|m|≤L1+β

∫ 2π(m+1)
L

2πm
L

v̂r
eff(k)eikxdk −

√
2π

L

∑

|m|≤L1+β

m6=0

ei
2π
L

mxv̂r
eff(

2π

L
m)−

− 1

L

∫ L/2

−L/2
vr
eff(s)ds

=

∫ 2π
L

0
v̂r
eff(k)eikxdk − 1

L

∫ L/2

−L/2
vr
eff(s)ds+

+
∑

|m|≤L1+β

m6=0

∫ 2π(m+1)
L

2πm
L

(
v̂r
eff(k)eikx − ei

2π
L

mxv̂r
eff(

2π

L
m)

)
dk. ✭❆✳✷✻✮
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P♦✉r ❧❡ t❡r♠❡ ❛✉t♦✉r ❞❡ ③ér♦✱ ❡♥ ✉t✐❧✐s❛♥t ❧❡ ❝♦♠♣♦rt❡♠❡♥t à ❧✬♦r✐❣✐♥❡ ❞❡ v̂r
eff ❞♦♥♥é ❞❛♥s ❧✬❛♥✲

♥❡①❡ ❆✳✶✱ ✐❧ ❡①✐st❡ L0 > 0 ❡t C3 > 0 t❡❧s q✉❡ ♣♦✉r t♦✉t L ≥ L0

|
∫ 2π

L

0
v̂r
eff(k)eikxdk| ≤

∫ 2π
L

0
|v̂r

eff(k)|dk =

∫ 2π

0
|v̂r

eff(
k′

L
)|dk
L

≤
∫ 2π

0
|C3 ln(

k′

L
)|dk
L

≤ | lnL|
L

C4

♦ù C4 ❡st ✉♥❡ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❡✳ ▲❡ ❞❡✉①✐è♠❡ t❡r♠❡ t❡♥❞ ❛✉ss✐ ✈❡rs ③ér♦ q✉❛♥❞ L t❡♥❞ ✈❡rs
❧✬✐♥✜♥✐ ❝♦♠♠❡ (lnL)/L✱ ✈♦✐r ❞✐s❝✉ss✐♦♥ ❞❛♥s ❧❛ s❡❝t✐♦♥ ❆✳✷✳✶✳ ❖♥ ét✉❞✐❡ ♠❛✐♥t❡♥❛♥t ❧❡ tr♦✐s✐è♠❡
t❡r♠❡ ❞❡ ❞r♦✐t❡ ❞❡ ✭❆✳✷✻✮✳ ❖♥ ❛

∣∣∣∣v̂r
eff(k)eikx − ei

2π
L

mxv̂r
eff(

2π

L
m)

∣∣∣∣ =

∣∣∣∣(v̂r
eff(k) − v̂r

eff(
2π

L
m))eikx + (eikx − ei

2π
L

mx)v̂r
eff(

2π

L
m)

∣∣∣∣

≤ |v̂r
eff(k) − v̂r

eff(
2π

L
m))| + |v̂r

eff(
2π

L
m)(eikx − ei

2π
L

mx)| ✭❆✳✷✼✮

❖♥ tr❛✐t❡ ❞✬❛❜♦r❞ ❧❡ s❡❝♦♥❞ t❡r♠❡ ❞❡ ❞r♦✐t❡ ❞❡ ❧❛ r❡❧❛t✐♦♥ ❝✐✲❞❡ss✉s✳ ❖♥ ❛ ❞✬✉♥❡ ♣❛rt

∑

0<|m|≤L1+β

∫ 2π(m+1)
L

2πm
L

|v̂r
eff(

2π

L
m)(eikx − ei

2π
L

mx)|dk ≤

≤
∑

0<|m|≤L1+β

∫ 2π(m+1)
L

2πm
L

|v̂r
eff(

2π

L
m)2 sin((k − 2π

L
m)

x

2
)|dk.

❖♥ ✉t✐❧✐s❡ | sin((k − 2π
L m)x

2 )| ≤ |(k − 2π
L m)x

2 | ≤ 2π
L |x2 |✱ ❡t ♣♦✉r ❝❤❛q✉❡ x 6= 0✱

∑

0<|m|≤L1+β

∫ 2π(m+1)
L

2πm
L

|v̂r
eff(

2π

L
m)(eikx − ei

2π
L

mx)|dk ≤

≤
∑

0<|m|≤Lβ

|v̂r
eff(2πm)| · 2π

L
· 2π

L
|x| ≤ Ca| ln(Lβ)|2π

L
|x| ✭❆✳✷✽✮

♦ù Ca > 0✱ ❝❛r ❝♦♠♠❡ v̂r
eff s❡ ❝♦♠♣♦rt❡ ❝♦♠♠❡ 1/k à ❧✬✐♥✜♥✐✱ s❛ sér✐❡ ❞✐✈❡r❣❡ ❝♦♠♠❡ ✉♥ ❧♦❣❛r✐t❤♠❡

à ❧✬✐♥✜♥✐✳ ❖♥ ✈❛ ♠❛✐♥t❡♥❛♥t ét❛❜❧✐r q✉❡❧q✉❡s ♣r♦♣r✐étés s✉r v̂r
eff ✱ ❞❡ ❧❛ ♠ê♠❡ ♠❛♥✐èr❡ q✉✬❛✉

❧❡♠♠❡ ✹✳✸✳✾✱ ❝❡ q✉✐ ✈❛ ♥♦✉s ♣❡r♠❡ttr❡ ❞❡ ✜♥✐r ❧❛ ♠❛❥♦r❛t✐♦♥ ❞❡ ❆✳✷✼✳

▲❡♠♠❡ ❆✳✸✳✷✳ ■❧ ❡①✐st❡ L0 > 0 ❡t ❞❡✉① ❝♦♥st❛♥t❡s C2 > 0✱ C3 > 0 t❡❧❧❡s q✉❡ ♣♦✉r t♦✉t L > L0✱

0 < α < 1✱ m 6= 0 ❡t |k −m| ≤ 2π
L

✐✮ ❙✐ 1 ≤ |m| ≤ L1−α ✿ ∣∣∣∣v̂r
eff(k) − v̂r

eff(
2π

L
m)

∣∣∣∣ ≤
C2

|m| .

✐✐✮ ❙✐ L1−α < |m| ✿ ∣∣∣∣v̂r
eff(k) − v̂r

eff(
2π

L
m)

∣∣∣∣ ≤
C3

L1−α
.

❉é♠♦♥str❛t✐♦♥✳ P♦✉r i)✱ ♦♥ ✉t✐❧✐s❡ ❧✬❤②♣♦t❤ès❡ ét❛❜❧✐ss❛♥t q✉❡ ♣♦✉r x ❛ss❡③ ♣❡t✐t✱ ✐❧ ❡①✐st❡ ✉♥❡
❝♦♥st❛♥t❡ C1 > 0 t❡❧❧❡ q✉❡ v̂r

eff(x) = C1 ln |x|+O(1)✳ ■❝✐✱ ❝♦♠♠❡ 1 ≤ |m| ≤ L1−α✱ ✐❧ ❡①✐st❡ L0 > 0
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t❡❧ q✉❡ ♣♦✉r t♦✉t L ≥ L0 ♦♥ ❛ 2πm/L ❛ss❡③ ♣❡t✐t ❡t ❛✈❡❝ |k− 2π
L m| < 2π

L ✱ k ❡st ❛✉ss✐ ❛ss❡③ ♣❡t✐t
♣♦✉r é❝r✐r❡

∣∣∣∣
(
v̂r
eff(k) − v̂r

eff(
2π

L
m)

)∣∣∣∣ = C1

∣∣∣∣
(

ln |k| − ln |2π
L
m|
)∣∣∣∣

= C1

∣∣∣∣ln | kL
2πm

|
∣∣∣∣ = C1

∣∣∣∣∣ln |1 +
k − 2π

L m
2π
L m

|
∣∣∣∣∣ .

P✉✐sq✉❡ |k − 2π
L m| < 2π

L ✱ ❛❧♦rs |Lk−2πm
2πm | < 1 ❡t ♦♥ ♣❡✉t é❝r✐r❡ ✿

∣∣∣∣v̂r
eff(k) − v̂r

eff(
2π

L
m)

∣∣∣∣ = C1

∣∣∣∣∣ln |1 +
k − 2π

L m
2π
L m

|
∣∣∣∣∣ ≤ C2

∣∣∣∣∣
k − 2π

L m
2π
L m

∣∣∣∣∣ ≤ C2
1

|m| ,

❛✈❡❝ C2 > 0✳
P♦✉r ii)✱ ♦♥ ✉t✐❧✐s❡ q✉❡ v̂r

eff ∈ C1 ❡♥ ❞❡❤♦rs ❞❡ ❧✬♦r✐❣✐♥❡✳ ❆❧♦rs

v̂r
eff(k) = v̂r

eff(
2π

L
m) + (k − 2π

L
m)(v̂r

eff)′(k̃)

♦ù k̃ ∈
(

2π
L m,

2π
L (m+ 1)

)
✳ ❆✈❡❝ ❧✬❛✐❞❡ ❞❡ ❧✬❛♥♥❡①❡ ❆✳✶✱ ✐❧ ❡①✐st❡ ✉♥❡ ❝♦♥st❛♥t❡ C3 t❡❧❧❡ q✉❡

|(v̂r
eff)′(x)| ≤ C3

|x| ❡t
∣∣∣∣v̂r

eff(k) − v̂r
eff(

2π

L
m)

∣∣∣∣ ≤
2π

L
sup

|k|∈( 2π
Lα ,∞)

|(v̂r
eff)′(k)|

≤ 2π

L

Lα

2π
C3.

❖♥ ♣❡✉t ♠❛✐♥t❡♥❛♥t ✜♥✐r ❞✬ét❛❜❧✐r ❧❛ ♠❛❥♦r❛t✐♦♥ ❞❡ ✭❆✳✷✼✮✳ ❖♥ é❝r✐t

∑

1≤m≤L1+β

∫ 2π(m+1)
L

2πm
L

|v̂r
eff(k) − v̂r

eff(
2π

L
m))|dk ≤

∑

1<m≤L1−α

∫ 2π(m+1)
L

2πm
L

|v̂r
eff(k) − v̂r

eff(
2π

L
m))|dk

+
∑

L1−α<m≤L1+β

∫ 2π(m+1)
L

2πm
L

|v̂r
eff(k) − v̂r

eff(
2π

L
m))|dk.

▲❡ ♣r❡♠✐❡r t❡r♠❡ ❡st ♠❛❥♦ré ❡♥ ✉t✐❧✐s❛♥t i) ❞✉ ❧❡♠♠❡ ♣ré❝é❞❡♥t✱ ❧❡ ❞❡✉①✐è♠❡ ❡♥ ✉t✐❧✐s❛♥t ii)✳ ❈❡
q✉✐ ❞♦♥♥❡ ✿

∑

1≤m≤L1+β

∫ 2π(m+1)
L

2πm
L

|v̂r
eff(k) − v̂r

eff(
2π

L
m))|dk ≤C2

L

∑

1<m≤L1−α

1

m
+

C3

L1−α
|Lβ − 1

Lα
|

≤2πC2

L
ln(L1−α) +

C3

L
|Lβ+α − 1|.

P♦✉r q✉❡ ❧❡ ❞❡r♥✐❡r t❡r♠❡ t❡♥❞❡ ❜✐❡♥ ✈❡rs ③ér♦ q✉❛♥❞ L t❡♥❞ ✈❡rs ❧✬✐♥✜♥✐✱ ♦♥ ❞♦✐t ❝❤♦✐s✐r α+β < 1✳
❖♥ ❝❤♦✐s✐t α = 1/5 ❡t β = 3/5✳

❖♥ ❛ ❞♦♥❝ ♦❜t❡♥✉ ✿
|χLβ (x)(vr

eff(x) − vL(x))| ≤ O(L−1/5). ✭❆✳✷✾✮

❈♦♠♠❡ ♦♥ s❛✐t q✉❡ v̂r
eff ❡t v̂L s♦♥t ❞❡s ❢♦♥❝t✐♦♥s L2(R)✱ ♦♥ ♣❡✉t ♠❛❥♦r❡r ✭❆✳✷✾✮ ♣❛r ✉♥❡ ❢♦♥❝t✐♦♥

L2✳ ❖♥ ✉t✐❧✐s❡ ❧❡ t❤é♦rè♠❡ ❞❡ ❝♦♥✈❡r❣❡♥❝❡ ❞♦♠✐♥é❡ q✉✐ ♥♦✉s ❞♦♥♥❡ q✉❡

‖χLβ (vr
eff − vL(x))‖ L→∞→ 0.
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❆♥♥❡①❡ ❇

❉ét❛✐❧ ❞❡ ❝❡rt❛✐♥s ❝❛❧❝✉❧s

❇✳✶ ◆♦②❛✉ ❡t ♥♦r♠❡ L2

❈❡❝✐ ❡st ❧✬❛❞❛♣t❛t✐♦♥ ❞✉ t❤é♦rè♠❡ ❳■✳✷✵ ❞❡ ❬❘❙✸❪ ❛✉ ❝❛s ❞✉ ❝❡r❝❧❡✳ ❙♦✐t f, g ∈ L2(TS1)✱ ❛❧♦rs
❧✬♦♣ér❛t❡✉r

f(x)g(−i∇)

❡st ✉♥ ♦♣ér❛t❡✉r ❍✐❧❜❡rt✲❙❝❤♠✐❞t ❡t s❛ ♥♦r♠❡ ❡st ♠❛❥♦ré❡ ♣❛r ✿

‖f(x)g(−i∇)‖HS ≤ 1

T
‖f‖L2‖g‖ℓ2 .

❖♥ ❞❡✜♥✐t ❧❛ tr❛♥s❢♦r♠é❡ ❞❡ ❋♦✉r✐❡r ❞❡ ❧❛ ❢♦♥❝t✐♦♥ f ∈ L2(TS1) s✉r ❧❡ ❝❡r❝❧❡ ❞❡ ♣ér✐♦❞❡ T ♣❛r

f̂(p) :=
1

T

∫ T/2

−T/2
f(x)e−i 2π

T
pxdx

❡t ❧❛ tr❛♥s❢♦r♠é❡ ❞❡ ❋♦✉r✐❡r ✐♥✈❡rs❡ ♣❛r

(F−1f)(p) := f̌(p) :=
∑

p∈Z

ei
2π
T

pxf(x).

❖♥ ❛ ♣♦✉r ψ ∈ L2(TS1)

(g(−i∇)ψ)(x) =(F−1(gψ̂))(x)

=
∑

p∈Z

ei
2π
T

pxg(p)
1

T

∫ T/2

−T/2
ψ(y)e−i 2π

T
pydy

=
1

T

∫ T/2

−T/2

∑

p∈Z

ei
2π
T

p(x−y)g(p)ψ(y)dy

=
1

T

∫ T/2

−T/2
ǧ(x− y)ψ(y)dy

❡t ❞♦♥❝ ❧✬♦♣ér❛t❡✉r f(x)g(−i∇) ❡st ✉♥ ♦♣ér❛t❡✉r à ♥♦②❛✉ ❛✈❡❝ ♣♦✉r ♥♦②❛✉ 1/Tf(x)ǧ(x− y)✳ ▲❛
♥♦r♠❡ ❍✐❧❜❡rt✲s❝❤♠✐❞t ❞♦♥♥❡

‖f(x)g(−i∇)‖2
HS ≤ 1

T 2

∫ T/2

−T/2

∫ T/2

−T/2
|f(x)ǧ(x− y)|2dxdy

≤ 1

T 2

∫ T/2

−T/2
|f(x)|2dx

∫ T/2

−T/2
|ǧ(y)|2dy.

✶✾✶
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❇✳✷ ❇♦r♥❡ r❡❧❛t✐✈❡ ❛✈❡❝ ❞❡✉① ♣♦t❡♥t✐❡❧s

❖♥ ❛ ❍✐❧❜❡rt s♣❛❝❡ H ❧❡t ✉s ❞❡✜♥❡ t❤❡ ♦♣❡r❛t♦r H0 ✇✐t❤ ❞♦♠❛✐♥ D(H0) ❛♥❞ t✇♦ s②♠♠❡tr✐❝
♦♣❡r❛t♦rs V ❛♥❞ W ✱ H0✲❜♦✉♥❞❡❞ ✇✐t❤ r❡❧❛t✐✈❡ ❜♦✉♥❞ s♠❛❧❧❡r t❤❛♥ ♦♥❡✳ ❚❤❛t ✐s ❢♦r ψ ∈ D(H0)✱

‖V ψ‖ ≤a1‖H0ψ‖ + b1‖ψ‖
‖Wψ‖ ≤a2‖H0ψ‖ + b2‖ψ‖

✇✐t❤ a1, a2 < 1✳ ❚❤❡♥✱

‖Wψ‖ ≤a2‖(H0 + V − V )ψ‖ + b2‖ψ‖
≤a2‖(H0 + V )ψ‖ + a2‖V ψ‖ + b2‖ψ‖
≤a2‖(H0 + V )ψ‖ + a2a1‖H0ψ‖ + a2b1‖ψ‖ + b2‖ψ‖

≤a2

∞∑

n=0

an
1‖(H0 + V )ψ‖ + (a2b1

∞∑

n=1

an
1 + b2)‖ψ‖

≤a2
1

1 − a1
‖(H0 + V )ψ‖ + (a2b1

a1

1 − a1
+ b2)‖ψ‖.

❙♦ W ✐s (H0 + V )✲❜♦✉♥❞❡❞ ✇✐t❤ r❡❧❛t✐✈❡ ❜♦✉♥❞ s♠❛❧❧❡r t❤❛♥ ♦♥❡ ✐❢

a1 + a2 < 1.

❇✳✸ ❘és♦❧✈❡♥t❡ ❝♦♠♣❛❝t❡ ❡t ♣❡rt✉r❜❛t✐♦♥ ❜♦r♥é❡

▲❡t H0 ❜❡ ❛ s❡❧❢ ❛❞❥♦✐♥t ♦♣❡r❛t♦r ✇✐t❤ ❞♦♠❛✐♥ D(H0) ❛♥❞ ✇✐t❤ ❝♦♠♣❛❝t r❡s♦❧✈❡♥t✳ ▲❡t V ❜❡
❛ s②♠♠❡tr✐❝ H0✲❜♦✉♥❞❡❞ ♦♣❡r❛t♦r ✇✐t❤ r❡❧❛t✐✈❡ ❜♦✉♥❞ s♠❛❧❧❡r t❤❛♥ ♦♥❡✳ ❉❡✜♥❡ H := H0 + V ✱
♥♦t✐❝❡ t❤❛t t❤✐s ♦♣❡r❛t♦r ✐s s❡❧❢ ❛❞❥♦✐♥t ♦♥ D(H0) ❢r♦♠ ❑❛t♦✲❘❡❧❧✐❝❤ t❤❡♦r❡♠✳ ❚❤❡♥✱

(H0 + V + i)−1 = (H0 + i)−1 − (H0 + i)−1V (H0 + V + i)−1. ✭❇✳✶✮

▲❡t ✉s ✇r✐t❡ ✿
V (H0 + V + i)−1 = V (H0 + i)−1(H0 + i)(H0 + V + i)−1.

❚❤❡ s❡q✉❡♥❝❡ (H0 + i)(H0 + V + i)−1 ❤❛s ❞♦♠❛✐♥ HN ❛♥❞ ✐s ❝❧♦s❡❞ s✐♥❝❡ H0 ❛♥❞ H0 + V ❛r❡✳
❙♦ ❜② t❤❡ ❝❧♦s❡❞ ❣r❛♣❤ t❤❡♦r❡♠✱ t❤✐s ✐s ❜♦✉♥❞❡❞✳ ❙✐♥❝❡ V ✐s H0✲❜♦✉♥❞❡❞✱ ❢♦r ❛❧❧ φ ∈ D(H0)

‖V φ‖ ≤ a‖H0φ‖ + b‖φ‖

■❢ ✇❡ ❞❡✜♥❡ ψ ∈ HN s✉❝❤ t❤❛t φ = (H0 + i)−1ψ ∈ D(H0)✱ t❤❡♥

‖V (H0 + i)−1ψ‖ ≤a‖(H0 + i− i)(H0 + i)−1ψ‖ + b‖(H0 + i)−1ψ‖
≤a‖ψ‖ + (a+ b)‖(H0 + i)−1ψ‖

✇❤✐❝❤ ✐s ❜♦✉♥❞❡❞✳ ◆♦✇ ✐♥ ❡q✉❛t✐♦♥ ✭❇✳✶✮✱ t❤❡ ✜rst t❡r♠ ♦❢ t❤❡ r❤s ✐s ❝♦♠♣❛❝t ❛♥❞ t❤❡ s❡❝♦♥❞
t❡r♠ ✐s ❛ ❝♦♠♣❛❝t t✐♠❡s ❛ ❜♦✉♥❞❡❞ ♦♣❡r❛t♦r ❛♥❞ t❤❡r❡❢♦r❡ ❛ ❝♦♠♣❛❝t ♦♣❡r❛t♦r✳

❇✳✹ ❯♥❡ ❡st✐♠❛t✐♦♥ ♣♦✉r ‖(H − µ)(H − z)−1‖
❆ss✉♠❡ t❤❛tH ✐s ❛ s❡❧❢❛❞❥♦✐♥t ♦♣❡r❛t♦r✳ ■♥tr♦❞✉✐❝❡ t❤❡ ♣❛r❛♠❡t❡rs z ∈ ρ(H)∩R✱ µ < inf σ(H)

❛♥❞ ❞❡✜♥❡

f : σ(H) → R ✭❇✳✷✮

f : x 7→ f(x) =
|x− µ|
|x− z| . ✭❇✳✸✮
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❲✐t❤ t❤❡ s♣❡❝tr❛❧ t❤❡♦r❡♠ ✿

‖(H − z)−1(H − µ)‖ = sup
x∈σ(H)

x− µ

|x− z| .

❖♥❡ ❤❛s s❡✈❡r❛❧ ❝❛s❡s t♦ st✉❞② ✿
✕ ■❢ z ≤ µ t❤❡♥ x− z > 0✳ f(x) = x−µ

x−z ✱ f
′(x) = µ−z

(x−z)2
≥ 0✱ t❤❡♥ supx f(x) = limx→∞ f(x) =

1✳
✕ ■❢ z ≥ µ ❛♥❞ z < inf σ(H)✱ t❤❡♥ x− z > 0 ❛♥❞ supx f(x) = limx→−∞ f(x) = 1✳
✕ ■❢ z > µ✱ z ∈]z−, z+[ ✇❤❡r❡ z− ✐s t❤❡ ❝❧♦s❡st ✈❛❧✉❡ ♦❢ t❤❡ s♣❡❝tr✉♠ ♦❢ H ❜❡❧♦✇ z ❛♥❞ z+ ✐s

t❤❡ ❝❧♦s❡st ✈❛❧✉❡ ♦❢ t❤❡ s♣❡❝tr✉♠ ♦❢ H ❛❜♦✈❡ z✳ ■❢ x ≤ z−✱ f(x) = x−µ
z−x ✱ f

′(x) = z−µ
(z−x)2

> 0✳

f ✐s ♠❛①✐♠✉♠ ❢♦r x = z−✱ supx f(x) = f(z−) = z−−µ
z−z−

✳ ■❢ x ≥ z+✱ f(x) = x−µ
x−z ✱ f

′(x) =
µ−z

(x−z)2
< 0 t❤❡♥ sup f = f(z+) = z+−µ

z+−z ✳ ❚❤❡♥ ❢♦r t❤✐s r❡❣✐♦♥✱

sup
x∈σ(H)

f(x) = max

{
z− − z

z − z−
+

z − µ

z − z−
,
z+ − z

z+ − z
+

z − µ

z+ − z

}
,

✇❤✐❝❤ ✇❡ ❝❛♥ ✇r✐t❡

sup
x∈σ(H)

f(x) ≤ max

{
1 +

z − µ

z − z−
, 1 +

z − µ

z+ − z

}
= 1 +

z − µ

d(z, σ(H))
.

❋✐♥❛❧❧②✱

‖(H − z)−1(H − µ)‖ ≤ max

{
1, 1 +

z − µ

d(z, σ(H))

}

❇✳✺ ❯♥❡ ❡st✐♠❛t✐♦♥ ❞❡ ♠❛tr✐❝❡

❙♦✐t A ❡t B ❞❡✉① ♦♣ér❛t❡✉rs ❜♦r♥és ❛❣✐ss❛♥t s✉r ✉♥ ❡s♣❛❝❡ ❞❡ ❍✐❧❜❡rt✱ ♦♥ ✈❛ ♠♦♥tr❡r q✉❡
∥∥∥∥
(

0 A
A∗ B

)∥∥∥∥ ≤ ‖A‖ + ‖B‖.

❖♥ ♣❡✉t é❝r✐r❡
∥∥∥∥
(

0 A
A∗ B

)∥∥∥∥ = sup
‖(u,v)‖=1

| <
(

0 A
A∗ B

)(
u
v

)
,

(
u
v

)
> | = sup

‖(u,v)‖=1
|(Au, u) + (A∗u, v) + (Bv, v)|

≤ sup
‖(u,v)‖=1

2‖A‖‖u‖‖v‖ + ‖B‖‖v‖2 = sup
‖(u,v)‖=1

(‖u‖, ‖v‖)

(
0 ‖A‖

‖A‖ ‖B‖

)(
‖u‖
‖v‖

)

≤λ+

♦ù λ+ ❡st ❧❛ ♣❧✉s ❣r❛♥❞❡ ✈❛❧❡✉r ♣r♦♣r❡ ❞❡ ❧❛ ♠❛tr✐❝❡ ✿

λ+ =
‖B‖ +

√
‖B‖2 + 4‖A‖2

2
≤ ‖A‖ + ‖B‖.

❇✳✻ ❘❡❧❛t✐✈❡♠❡♥t ❝♦♠♣❛❝t ❡t r❡❧❛t✐✈❡♠❡♥t ❜♦r♥é

❙♦✐t A ✉♥ ♦♣ér❛t❡✉r ❛✉t♦✲❛❞❥♦✐♥t ❡t B ✉♥ ♦♣ér❛t❡✉r s②♠étr✐q✉❡ r❡❧❛t✐✈❡♠❡♥t ❝♦♠♣❛❝t à A
✐✳❡✳ ✿ ♣♦✉r t♦✉t z ∈ ρ(A) ❧✬♦♣ér❛t❡✉r

B(A− z)−1
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❡st ❝♦♠♣❛❝t✳ ❖♥ ✈❛ ♠♦♥tr❡r q✉❡ B ❡st r❡❧❛t✐✈❡♠❡♥t ❜♦r♥é à A ❛✈❡❝ ❜♦r♥❡ r❡❧❛t✐✈❡ ♥✉❧❧❡✳ ❈♦♠♠❡
B(A − z)−1 ❡st ❝♦♠♣❛❝t✱ ✐❧ ❡st ❛✉ss✐ ❜♦r♥é ❡t ✐❧ ❡①✐st❡ ❞❡✉① ❝♦♥st❛♥t❡s a ❡t b t❡❧❧❡s q✉❡ ♣♦✉r
φ ∈ D(A)

‖Bφ‖ ≤ a‖Aφ‖ + b‖φ‖.

◆♦✉s ❛❧❧♦♥s ❞✬❛❜♦r❞ ét❛❜❧✐r ❧❡ rés✉❧t❛t s✉✐✈❛♥t ✿ s✐ B ❡st r❡❧❛t✐✈❡♠❡♥t ❜♦r♥é à A ❛✈❡❝ ❜♦r♥❡
r❡❧❛t✐✈❡ a ❛❧♦rs

lim
n→∞

‖B(A+ in)−1‖ ≤ a.

❊♥ ❡✛❡t✱ ♦♥ ♣❡✉t é❝r✐r❡ ♣♦✉r ψ := (A+ in)φ

‖B(A+ in)−1ψ‖ ≤ a‖A(A+ in)−1ψ‖ + b‖(A+ in)−1ψ‖

❡t ❝♦♠♠❡ ❛✈❡❝ ❧❡ t❤é♦rè♠❡ s♣❡❝tr❛❧ ♦♥ ♦❜t✐❡♥t q✉❡ ‖A(A+ in)−1‖ = 1✱ ❝❡❝✐ ✐♠♣❧✐q✉❡ q✉❡

‖B(A+ in)−1ψ‖ ≤ a‖ψ‖ +
b

n
‖ψ‖.

❙✐ n → ∞ ♦♥ ♦❜t✐❡♥t ❜✐❡♥ ❧❡ r❡s✉❧t❛t✳ Pr♦✉✈♦♥s ♠❛✐♥t❡♥❛♥t q✉❡ a = 0 ❞❛♥s ♥♦tr❡ ❝❛s✳ ❙♦✐t
z ∈ ρ(A)✱ ♦♥ ♣❡✉t é❝r✐r❡ ✿

B(A+ in)−1 = B(A− z)−1(A− z)−1(A+ in)−1

♦ù ❧✬♦♣ér❛t❡✉r (A − z)−1(A + in)−1 ❝♦♥✈❡r❣❡ ❢♦rt❡♠❡♥t ✈❡rs ③ér♦ q✉❛♥❞ n t❡♥❞ ✈❡rs ❧✬✐♥✜♥✐ ❡t
❝♦♠♠❡ B(A− z)−1 ❡st ✉♥ ♦♣ér❛t❡✉r ❝♦♠♣❛❝t✱ B(A+ in)−1 ❝♦♥✈❡r❣❡ ❡♥ ♥♦r♠❡ ✈❡rs ③ér♦✳

❇✳✼ ▲❛ ❢♦r♠✉❧❡ ❞❡ ❑r❡✐♥

▲❡t {A(z)}z∈C
❜❡ ❛ ❜♦✉♥❞❡❞ ❢❛♠✐❧② ♦❢ s❡❧❢✲❛❞❥♦✐♥t ♦♣❡r❛t♦rs ♦♥ ❛ ❍✐❧❜❡rt s♣❛❝❡ H ❛♥❞ ❜❡

s✉❝❤ t❤❛t A−1(z) ✐s ❛♥❛❧②t✐❝ ❢♦r z ∈ ρ(A) ⊂ C✱ s✐♥❝❡ ✐t ✐s s❡❧❢✲❛❞❥♦✐♥t ✇❡ ❤❛✈❡ t❤❡ ♣r♦♣❡rt② t❤❛t

lim
Im(z)→∞

‖A−1(z)‖ = 0. ✭❇✳✹✮

■♥ t❤❡ ♣♦❧❛r ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ A(z) = U(z)|A(z)| t❤❡ ♦♣❡r❛t♦r U(z) ✐s ✉♥✐t❛r② ❛♥❞ ❝♦♠♠✉t❡s
✇✐t❤ |A(z)| s✐♥❝❡ A ✐s s❡❧❢✲❛❞❥♦✐♥t✳ ▲❡t θ ∈ H ❜❡ ❛ ✈❡❝t♦r ❛♥❞ ❞❡✜♥❡ t❤❡ r❛♥❦ ♦♥❡ ♦♣❡r❛t♦r

H ∋ f → Vθ(f) :=
λ2

z
θ〈θ, f〉.

❲❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ ✇r✐t✐♥❣ ❞♦✇♥ ❛ ❝♦♥✈❡♥✐❡♥t ❢♦r♠✉❧❛ ❢♦r t❤❡ ✐♥✈❡rs❡ ♦❢ A(z) + Vθ✳ ❋♦r t❤❛t✱
♥♦t❡ ✜rst t❤❛t Vθ ♠❛② ❜❡ ✇r✐tt❡♥ ❛s Vθ =: sgn(z)B∗

θBθ✱ ✇❤❡r❡ Bθ : H → C ✐s ❣✐✈❡♥ ❜② Bθ(f) =
〈θ, f〉λ/

√
|z| ❛♥❞ B∗

θ : C → H ✐s ❣✐✈❡♥ ❜② B∗
θ (t) = tθλ/

√
|z|✱ ✇✐t❤ λ > 0✱ z ∈ R∗✳ ❲❡ ❝❛♥ ✇r✐t❡

A(z) + sgn(z)B∗
θBθ = U(z)

√
|A(z)|

(
1 + sgn(z)U(z)−1 1√

|A(z)|
B∗

θBθ
1√

|A(z)|

)
√
|A(z)|.

✭❇✳✺✮

■❢ Im(z) ✐s ❧❛r❣❡ ❡♥♦✉❣❤✱ t❤❡♥

‖|A(z)|−1/2B∗
θBθ|A(z)|−1/2‖ = ‖Bθ|A(z)|−1/2‖2 ≤ ‖Bθ‖ · ‖A(z)‖ < 1



❇✳✼✳ ▲❆ ❋❖❘▼❯▲❊ ❉❊ ❑❘❊■◆ ✶✾✺

❛♥❞ t❤❡♥ A(z) + Vθ ✐s ✐♥✈❡rt✐❜❧❡ ❛♥❞ ✇❡ ❝❛♥ ✇r✐t❡ t❤❡ ◆❡✉♠❛♥♥ s❡r✐❡s ✿

(
1 + sgn(z)U(z)−1 1√

|A(z)|
B∗

θBθ
1√

|A(z)|

)−1

= 1 +
∑

n≥1

(−sgn(z))n
(
U−1(z)|A(z)|−1/2B∗

θBθ|A(z)|−1/2
)n

=1 − sgn(z)U−1(z)|A(z)|−1/2B∗
θ

∑

n≥0

(−sgn(z))n
(
BθA(z)−1B∗

θ

)n
Bθ|A(z)|−1/2

=1 − sgn(z)
1

1 + sgn(z)λ2

|z|〈A−1(z)θ, θ〉
A−1(z)U−1(z)|A(z)|−1/2B∗

θBθ|A(z)|−1/2. ✭❇✳✻✮

❲❡ ♦❜t❛✐♥

(A(z) + Vθ)−1 = A−1(z) − sgn(z)
1

1 + sgn(z)λ2

|z|〈A−1(z)θ, θ〉
A−1(z)VθA

−1(z)

= A−1(z) − λ2

z + λ2〈A−1(z)θ, θ〉A
−1(z)θθ∗A−1(z) ✭❇✳✼✮

❋r♦♠ t❤✐s ❢♦r♠✉❧❛ ❛♥❞ ✉s✐♥❣ ❛♥❛❧②t✐❝ ❝♦♥t✐♥✉❛t✐♦♥✱ ✇❡ s❡❡ t❤❛t (A(z) + Vθ)−1 ❡①✐sts ❢♦r ❛❧❧ z
✇❤❡r❡ A(z)−1 ❡①✐sts ❛♥❞ ✇❤❡r❡ z + 〈θ,A−1(z)θ〉 6= 0✳
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