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!#I<;X();#ED46*�'<�fBC1\$�1,!�E#�<;XE#IJm
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� ��� � 4 m ='> �  �*WN �%.)@A+,+O�3B,�j!#I<;X();XED46*�'<�-B,�j.R4P$h4�<<@A*,*��%!X()�h�%*5��@A*�'%EX()@A* B,�j.bK (0*�'%.0(0*n46();#@A*�BC1r'#:n46!XuJ!X$&�%*?E
S,(R4�GC(R46.b=�¢�46u �  46.�` ¢�46u �3` 4 �0A 4 eXe

7s@A()'%(�.)�<;fBC(_^�I%!#�%*?E#;f$&@WB,�<;fB,�j!X1,+,EX1,!#�hB,�g.R4P$h4�<<@A*,*��%!X()�t` N @A(0!dp�uJ1,!#� 4 m ='8 e�=�B,@A*,*�I<;o+n46!f]9:n46*n4A;#�%�J46!
` ]9:n46*n4A;#�%�J46!v�%E"¢�46u �3` 4 �0A0> eXe�m
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�n��� �����h� � ��~�	�
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� ��� � 4 m ='8 � ]�(_^�I%!#�%*?E#;v$&@WB,�<;�B,�o!X1,+,EX1,!#��B,�f.R4j$h4�<<@A*,*��%!X()��;#@A1�;v'#:n46!Xu �%$&�%*?EdS,(R4�GC(R46.b=�]9:n46*n4A;#�%�J46! 
46.�` ]9:n46*n4A;#�%�J46!v�%Ev¢�46u �3` 4 �0A0> eXe

{�<;v�<;#;D46();8$&�%*�I<;v+n46!"kvS	B,@A1  46./` k�SOB,@A1 ` 5J�J�0> eXe8'<@A*�BC1,();#�%*?Edw-B,�%1CGPE��W+	�<;"B,�o!X1,+,EX1,!#�h�
�s.R4Zpn;D;X1,!D46EX()@A*UB,�<;8S,.)@H'<;"�%E"BC1L$&@A!XEX()�%!>=
�s.R4j!X1,+,EX1,!#�g461L*,(0N �>461UB,�d.bK (0*?E#�%!��b4A'<�fS,.)@H'�C�$&@A!XEX()�%!�B,�<;���@A(0*WE#;>m
TV�<;8$&@HB,�<;"B,�o!X1,+,EX1,!#��;#@A*?E8��@A*�'%EX()@A*UB,�o.bKM46*,uJ.)��B�Ki@A!X()�%*?ED46EX()@A*5B,�<;���@A(0*WE#;��
�s+	@A1,!

a < 30◦
�,!X1,+,EX1,!#�o+n46!8pn;D;X1,!D46EX()@A*LN �%!XEX()'>46.)�o.)�o.)@A*,u3B,�<;8S,.)@W'<;v�%E"BC1L$&@A!XEX()�%!>=

�V+O@A1,!
30◦ < a < 45◦

��!X1,+,EX1,!#�g+n46!vpn;#;#1,!D46EX()@A*UN �%!XEX()'>46.)�Z.)�f.)@A*,uPB,�<;vS,.)@H'<;��%E9BC1�$&@A!XEX()�%!9$h46();d461�;#;X(
!X1,+,EX1,!#��461U*,(0N �>461UB,�o.bK (0*?E#�%!��b4A'<�fS,.)@H'�C�$&@A!XEX()�%!>=
�s+	@A1,!

45◦ < a < 70◦
�C!X1,+,EX1,!#�Z461\*,(0N �>461�B,�d.bK (0*?E#�%!��b4A'<�fS,.)@H'�C�$&@A!XEX()�%!>m

k�1C��B,�%.RwjB,�
80◦

`
a > 80◦

e�=C.R4Z!X1,+,EX1,!#��4Z.0()�%1\.)�d.)@A*,uhB,�<;FS,.)@H'<;"�%E"BC1\$&@A!XEX()�%!"+n46!Fpn;#;#1,!D46EX()@A*\N �%!XEX()'>46.)�
$h46();v461�;D;X(�461L*,(0N �>461UB,�o.bK (0*WE#�%!���4A'<��S,.)@W'�C�$&@A!XEX()�%!>m
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� ��� � 4 m =�; � ��* ��1��%*�'<�fB,�o.bKi@A!X()�%*?ED46EX()@A*tB,�<;��X@A(0*?E#;";X1,!8.)�dE��W+	�oB,�d!X1,+,EX1,!#��B,�d.R4Z$h4�<<@A*,*��%!X()�J=�kvS	B,@A1 
46.�` k�SOB,@A1Q` 5J�J�0> eXe

����� Q ����� 
 � � �Å���

]o46*�;8.)�<;8+n46!D46uJ!D46+,:��<;�+,!#I<'<I<B,�%*?E#;~=n@A*�4Z+,!#I<;#�%*WE#If.)�<;"BC(_^�I%!#�%*?E#;�'<@A*�;XEX(0EX1n46*?E#;9B�K 1,*��o$h4�<<@A*,*��%!X()�3�
�s.)�<;"I%.)I%$&�%*WE#; 9%'<@A!X+�;:9-�CS,!X()q?1��J=�+,()�%!X!#�J=m0m0m0=
�s.)�<;"I%.)I%$&�%*WE#; 9��X@A(0*?E#;:9-�6��@A(0*WE"NH(_��@A1j�X@A(0*?EvB,�f$&@A!XEX()�%!>m
{�<;vBC(0N �%!#;#�<;"!#l%uJ.)�<;�B�KM46+,+n46!#�%(0.0.R46u ��@A*?E�I%E#I�46SO@A!#B,I<�<;~m
]jK 1,*L+	@A(0*?EvB,�dNH1��d$&I<'>46*,()qW1��J=n@A*U;>Ki�<;#E8(0*?E#I%!#�<;#;#Ig461CGY'<@A$-+	@A!XE#�%$&�%*?E#;9B,�o.R4Z+,()�%!X!#�f�%EvBC1\$&@A!XEX()�%!>m
¢|@A1,!d.R4&+,()�%!X!#�J=O.R4h+,!X();#�g�%*5'<@A$-+,E#�jB,��.R4h+	@A!#@J;X(0E#Ig�%EdB,@A*�'ZB,�g;D4h!#I<;X();XED46*�'<�g$&I<'>46*,()qW1��ZB�46*�;91,*5I%ED46E
:W�HBC!X()qW1��-B,@A*,*�I-�<;XE9EX!#l<;d(0$-+O@A!XED46*WE#�Jm �*r��^��%E>=�.R43+,()�%!X!#�-�<;XE9$&I<'>46*,()qW1��%$&�%*?E�+,.01�;*9¡� !D46uJ(0.)��9ZB�46*�;o1,*
I%ED46E8;D46EX1,!#IdB�Ki�>461\q?1KMwg;#�<'JmC]d�v+,.01�;~=HB,�<;V(0*C��@A!X$h46EX()@A*�;8;X1,!F.)�<;V!#I<;X();XED46*�'<�<;8wg.R4fEX!D4A'%EX()@A*=�w�.R4Z'<@A$-+,!#�<;��
;X()@A*�;#@A*?Ef*�I<'<�<;D;D46(0!#�<;g4>NA46*WEgB�K (0*?E#I%uJ!#�%!Z'<�<;f+,()�%!X!#�<;gB�46*�;f1,*��&;XEX!X1�'%EX1,!#�Jm�{�h'>4A;fB,�&.R4\'<@A1,+&?A.)�h�<;XEf1,*
��G,�%$-+,.)�J=,.)�<;8S,.)@H'<;"B,@A(0N �%*?E��%EX!#�o+,.R4A'<I<;v;D�%.)@A*\.)�%1,!#;v'>46+n4A'%(0E#I<;vB,�d!#I<;#();XED46*�'<�Jm
¢|@A1,!F.)�s�X@A(0*?E>=H.bK (0*?E#�%!��b4A'<�o�%*?EX!#�9.)��S,.)@W'9�%EV.)�v$&@A!XEX()�%!8�<;XEF;#@A1,N �%*?EF.)��+,.R46*PB,���b46(0S,.)�<;#;#��B,�<;/$h4�<<@A*,*��%!X()�<;~m
{�<;�BC(_^	I%!#�%*WE#;��<;#;D46();�$&�%EXE#�%*WE��%*&I%NH()B,�%*�'<�"q?1��F.R4�!X1,+,EX1,!#�8+	�%1,E�46+,+n46!D4 �)EX!#��461-*,(0N �>461&;D@A(0EsB,�F.bK (0*?E#�%!��b4A'<�
;#@A(0E"BC1U$&@A!XEX()�%!>m
]d�%1CG\'<@A$-+O@A!XE#�%$&�%*WE#;v+,!X(0*�'%(0+n461CGU;#@A*WE�4A;#;#@H'%()I<;"461CG\$h4�<<@A*,*��%!X()�<;��

• .bKi�%*�B,@A$-$h46u �%$&�%*WEv� !D46uJ(0.)�o+,.01�;"@A1L$&@A(0*�;v+,!#@AuJ!#�<;#;X(_��;X1,(0NJ46*?E".R4jqW1n46.0(0E#IfB,�<;8S,.)@H'<;"�%EvB,�<;8$&@A!XEX()�%!#;g�
�v+	@A1,!gB,�<;g�<;#;D46();gB,�&EX!D4A'%EX()@A*�` '#:n46!Xu �%$&�%*?Ej+	�%!X+O�%*�BC()'%1,.R46(0!#�Y461 +,.R46*QB,�<;8�X@A(0*?E#;¡e�=�.bKi�%*�B,@A$-$h46u �%$&�%*?E
;#�hEX!D4ABC1,(0Eg+n46!Z1,*��3!X1,+,EX1,!#�h� !D46uJ(0.)�3461Q*,(0N �>461}B,�h.bK (0*WE#�%!���4A'<�PS,.)@H'�C�$&@A!XEX()�%!>m|]o46*�;Z'<�%!XED46(0*�;j'>4A;>=�+	@A1,!
B,�<;F$h4�<<@A*,*��%!X()�<;"'<@A$-+	@J;#I<�<;F+n46!"B,�<;FS,.)@H'<;FB,�9��46(0S,.)�9!#I<;X();XED46*�'<�owg.R4ZEX!D4A'%EX()@A*L�%E8B,@A*?E8.)�9$&@A!XEX()�%!v4g1,*��
S	@A*,*��P!#I<;X();XED46*�'<�\wL.R4�EX!D4A'%EX()@A*=�.R4U!X1,+,EX1,!#�Y+O�%1,E-;#�3!#I>46.0();#�%!j+n46!-B,I%+n4A;#;#�%$&�%*WE&B,�h.R4�!#I<;X();XED46*�'<�\w�.R4
EX!D4A'%EX()@A*UB,�<;vS,.)@W'<;~m
�h.bKi@A!X()�%*WED46EX()@A* B,�<;U'<@A*?EX!D46(0*��<;t+,!X(0*�'%(0+n46.)�<;t+n46!L!D46+,+	@A!XEt461CG 4�G,�<;UBC1�$h46E#I%!X(R461��%EL.)�<;�NA46.)�%1,!#;�B,�<;
'<@A*WEX!D46(0*?E#�<;&+,!X(0*�'%(0+n46.)�<;h@A*?Ej1,*��Y(0* ��1��%*�'<�\;X1,!Z.)�3$&@HB,�YB,�P!X1,+,EX1,!#�\�%EZ.)�<;ZNJ46.)�%1,!#;-B,�P!#I<;X();XED46*�'<�c`
p,�
uJ1,!#� 4 m ='8 e�m

• .R4\+,.R4A;XEX()'%(0E#IP*�@A* 4A;#;#@H'%()I<�Jm�{�<;jBC(_^�I%!#�%*?E#;j�<;#;D46();Z@A*?EZ$&@A*?EX!#IYqW1��h+	@A1,!�.)�<;v��@A(0*WE#;ZNW(_��;g�%Eg.)�<;"�X@A(0*?E#;
B,�P$&@A!XEX()�%!346*�'%()�%*�;>=�.R4�.)@A(8B,�P� !#@AEXE#�%$&�%*?E&B,�UTV@A1,.)@A$�S��<;XEjE#@A1A��@A1,!#;jN I%!X(_pnI<�Jmsk ;#@A1,.0(0uJ*��%!&qW1��3+	@A1,!
.)�<;/�X@A(0*?E#;o'<@A:�I<;X(_��;>=�1,*��g!#I<;#();XED46*�'<�j;X1,+,+,.)I%$&�%*?ED46(0!#�&461c;#�%1,(0.�B,�g� !#@AEXE#�%$&�%*WEfB,@
�)E��%EX!#�Z+,!X();#�Z�%*c'<@A$-+,E#�
` k8'>46!X�r` 5J�J� 4 eXe�m
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]o46*�;d.R43;X1,(0E#�J=�4�p�*5B,�Z$&@HB,I%.0();#�%!d1,*��Z$h4�<<@A*,*��%!X()�J=@A*c;>K (0*?E#I%!#�<;#;D�j461CG5@A1,EX(0.);d*?1,$&I%!X()qW1��<;fBC();X+	@A*,(0S,.)�<;
�%Ev4AB�46+,E#I<;gm
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���������� �'�
8���� �S/�c�#u%�g&!3{N*,g�/�)©-0/	)+*,g�)��d �c� "!7'({[�0/	)�)d u1Eg& "! �6�6�.�6�.�6�6�.�6�.�6�6�.�6�.�6�6� º	8

W[;=:<;=: 	 YNnNF,w=J]AGCEDmJKY0OvPC0HoL[OpB6JKwKJ=?,Lp�6L[OP?Tv[¤PC0Am?7¯NB$C0klHGYR¬ B7YNnNFIwKJKAGCEDGJ=Y<O�;U;T;T;U;T;U; xEX
W[;=:<;=:<; C ª±C0wKkIL[w"��w]C HGL[vNDGL[Hm?�
3C0OPCRw�NA�?�w=JKB7JtDG?±?ID�����Y0¬��d?IOPAmJKY0O�	�CRDm?IHGJ]CRw+¡�����	 ¥���xEX
W[;=:<;=:<; µ 	�Y"n[FIwKJKAGCEDGJ=Y<O Cz`0?3kV?IOPnNY<B7B7C0Z0?,B6?,OuDa;U;T;U;T;T;U;T;V;T;U;T;T;U;T;U; xR�
W[;=:<;=:<; k � v[v[HGYNkQ¤[?UvPCRH�wK?,AoB7JKw=JK?ILNMpnN?�ª«Y<AGA�?,HGCRD�;T;U;T;T;U;T;V;T;U;T;T;U;T;U; xE_

W[;=:<; W 	 YNnNF,w=J]AGCEDmJKY0OvPC0HoL[OpB6JKwKJ=?,Lp�6v[wKLPAmJ=?,L[HQA�v[¤PC0Am?,AU¯NB7J]klHGYR¬ B7Y"n[FIwKJKAGCEDGJ=Y<O�;U;T;U; xE¸
W[;=:<; W[; C � v[v[HGYNkQ¤[?UvPCRH�¤[Y<B6Y<Z0F,O[FIJ]AmCRDmJKY0O v�F,HmJKYNnNJK\uL[?r;T;T;U;T;V;T;U;T;T;U;T;U; xE§
W[;=:<; W[; µ >dC6B6FIDm¤[YNnN?TnN?3AoFIwKFIB7?,O<DQAonNJ]AmkIHm?IDGA ;T;U;T;U;T;T;U;T;V;T;U;T;T;U;T;U; ¸0X

8��b8 ����/	g��~c� �%&{ '(#u*���/�c� c� �'(/@cd#"%&g�!,{[*,g&/	) �.�6�6�.�6�.�6�6�.�6�.�6�6�.�6�.�6�6� ���
8��]9 �#u)�#u1E{[%&g&*,#"!7!,�d15%& "!7'(#u*���/�c� u!�2�{[1 #"%&#"'( ")+*,!.cdg�!,-01E <*3! �.�6�.�6�6�.�6�.�6�6� �	i

W[; XP;=: 	 FIDm¤[YNnN?3A�AmB6Y"Y0Dm¤;V;T;U;T;T;U;T;U;T;U;T;V;T;T;U;T;U;T;U;T;T;U;T;V;T;U;T;T;U;T;U; ¸0_
W[; XP; W 	 FIDm¤[YNnN?3AoO[Y<ON¬ AmB7Y"YRDm¤ ;T;T;U;T;U;T;U;T;V;T;T;U;T;U;T;U;T;T;U;T;V;T;U;T;T;U;T;U; §��
W[; XP; X ª«Y<OPklwKLPAmJ=Y<OPAoA�LPHow=?3A�B6FIDm¤[YNnN?3A�AmB6Y"Y0Dm¤?lD�O[Y<OAmB7YuY0Dm¤ ;T;U;T;V;T;U;T;T;U;T;U; §[:

8��K� �S/�c�#u%�g&!3{N*,g�/�)©cdg�!,-01 �<*3  cd "!$'({P�0/	)d)� u1zg� "!T�.�6�6�.�6�.�6�6�.�6�.�6�6�.�6�.�6�6� �+8
W[; ��;=: �o?,wKCRDmJKY0OPAon[?�klY0OuDQC0k�D�¿£HGYRDmDGCROuD�;U;T;U;T;V;T;T;U;T;U;T;U;T;T;U;T;V;T;U;T;T;U;T;U; §<W

W[; ��;=:<; C ª«Y<OPnNJ=DmJKY0OpnN?�!"JKZ0O[Y<HmJKO[J	;T;U;T;V;T;T;U;T;U;T;U;T;T;U;T;V;T;U;T;T;U;T;U; §<W
W[; ��;=:<; µ >@Y0J�nN?V¿£HGYRDmDm?IB7?,O<Dh;T;U;T;U;T;V;T;T;U;T;U;T;U;T;T;U;T;V;T;U;T;T;U;T;U; §0X

W[; ��; W qr?,AGklHGJ=v[DmJKY0OpnNLpB6Y<L[`0?,B7?IOuD�n�� LPOpkIY0HGvPA�?IOv[HGF,Am?IOPkI?TnN?"�lkIY0OuDGC<k�DGA#��;T;U;T;U; §R�
W[; ��; W[; C ½¾OuDGFIZ0HQCEDGJ=Y<O5DG?IB7v�Y<Hm?,w=wK?p;T;U;T;V;T;T;U;T;U;T;U;T;T;U;T;V;T;U;T;T;U;T;U; §R�
W[; ��; W[; µ ½¾OuDGFIZ0HQCEDGJ=Y<O nN?Uw]C7n$�"OPCRB7J]\<LP?TO[Y0ON¬ HGFIZ0LPw=JK�IHG?T;T;T;U;T;V;T;U;T;T;U;T;U; §<�
W[; ��; W[; k qrJ]AmkIHmFIDmJ]AmCRDmJKY0O n[?,AUHG?Iw]CEDmJKY0O�ArnN?7vPC<AmAGCRZ<?.?,OuDmHG?.`ECRHGJ]CRµ[wK?,AVwKY"k,CRwK?,AV?lD

Z<w=Y<µPCRwK?,A�;V;T;U;T;T;U;T;U;T;U;T;V;T;T;U;T;U;T;U;T;T;U;T;V;T;U;T;T;U;T;U; §<�
W[; ��; W[; n qrJ]AmkIHmFIDmJ]AmCRDmJKY0OPA�nN?3A�Hm?,wKCRDmJKY0OPAonN?TkIY0OuDGC<k�D�¿£HmY0D�DQCROuDo;T;V;T;U;T;T;U;T;U; §0_
W[; ��; W[; ? %±JKwKC0On[?,A�F,\uLPCRDmJKY0OPAon[JKAGklHGFlDGJKAmFI?3Ar;T;U;T;U;T;U;T;T;U;T;V;T;U;T;T;U;T;U; §ux
W[; ��; W[; ¿ ª«Y<OPnN?,OPAmCRDmJKY0OnNL A&�NA�Dm�IB7? ;T;V;T;T;U;T;U;T;U;T;T;U;T;V;T;U;T;T;U;T;U; §ux

W[; ��; X 	 FIDm¤[YNnN?�n[?THmF3A�Y<w=LNDGJ=Y<O ;T;T;U;T;U;T;U;T;V;T;T;U;T;U;T;U;T;T;U;T;V;T;U;T;T;U;T;U; §0¸
W[; ��; XP; C ��F,AmY0wKLNDmJKY0O WRqÂnNLpv[HGY0µPw=�,B6?TnN?�kIY0OuDGC<k�D±¿£HmY0D�DQCROuD ADQCROPnPCRHQn ;U;T;U; §0¸
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σ.n.n ≤ 0, [|u|].n ≥ 0, (σ.n.n)([|u|].n) = 0
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∑
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Uα − Uαlocfree −WααhRα = 0

RαN − projR+(RαN − ρNUαN ) = 0

RαT − proj(DµRα
N

)(R
α
T − ρNUαT ) = 0
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RT = RrT +RirT

‖UT ‖ ≥ 0, ‖RirT ‖ = µ(β)(RN + β2cN [|uN |]),
RirT
‖RirT ‖

= − UT
‖UT ‖

,

‖UT ‖ = 0, ‖RirT ‖ < µ(β)(RN + β2cN [|uN |])
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bβ̇ = −[(wh′(β)− β(cNU
2
N + cT ‖UT ‖2)− k∇β)−](1/p), siβ ∈ [0, 1]

bβ̇ ≤ −[(wh′(β)− β(cNU
2
N + cT ‖UT ‖2)− k∇β)−](1/p), siβ = 1
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Uα = Uαlocfree +WααhRα

φN (UN , R̃N )

φT (UT , R̃T )

` 5Cm =�m76�;Je

�<;XE8!#I<I<'%!X(0E�;#@A1�;8.R4Z��@A!X$&�d$-(_GHE#�h�














Uα − Uαlocfree −WααhRα = 0

R̃αN − projR+(R̃αN − ρNUαN ) = 0

R̃αT − proj(DµRα
N

)(R̃
α
T − ρNUαT ) = 0

` 5Cm =�m760A e
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R̃ = R+Radh, Radh
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` 5Cm =�m76J� e

4>N �<'J=
R̃N = RN +RadhN

�%E
RadhN = β2cN [|uN |]

=
R̃T = RT +RadhT

�%E
RadhT = β2cT [|uT |]
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R̃
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Uα − Uαlocfree −Wααh(R̃α −Rαadh) = 0
` 5Cm =�m =?� e
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Ũαlocfree = Uαlocfree −WααhRαadh
` 5Cm =�m = 4 e
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Algorithme de Cundall
Mise en place du plan séparateur

Détermination de la normale moyenne (principe des perturbations)

"affleurant", "interpénétrant" ou "non−contact"

P. antagoniste P.candidat P. antagoniste P.candidat

vif
Cas du contact à joint 

de mortier
Cas du contact à joint 

Mise en place d’un point appartenant au plan séparateur suivant que le contact est

Critère de projection des sommets sur le plan séparateur

sur plan séparateur

Calcul intersection
segment/segment

Tri et sélection des points de contacts
appartenant à la zone de recouvrement entre le polyèdre antagoniste et candidat

Liste des sommets 
antagoniste et candidat à garder 

Calcul d’une distance/plan séparateur Epaisseur du joint

Projection des sommets (distance d’alerte) 

Détection fine

validée

Phase de pré−détection
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IfOAOB .Ox > 0
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If (P1x(B)− P2x(A)) > 0
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- 745"%
If (P1x(B)− P2x(B)) < 0

,�A+%;�,+U*�m /1*-��,"�-/;,
- �+',.@z

\ ��� & � $ c

/ �Q7@?R9;,"��=>%('�%0=��.9dm '�9;,.%1/;,��4*-�V%15�,`:-��7 �4'�91% o � 7Mfi�e9;:<%;�[,�3+%;7 74%;#&%;��,0/1*-��,"�-/;,U%;��,��.%074%15S9;749;#&%;��,.5�,.%15�,.915 �
��� =��-5"5.%(��74*-�.5SqK7W�$'�9;,.%1/;,��4*-�10v_+�+%�0)=O*-3��`74%15S/1*-��,"�-/;,.5�=O*-,.%;�[,��4%;745 �

� ��� 2 �FEHG��IE �.J � � � �KG � �KG����FJ���E����IE�� ��� ��� ��� ���KG � � � �
���FJ����ZG C �.G��

�43��43 � 576 �98:8�� 	 ��� �)8 ��; ��� 	 ���� � � 	 ��<[��=>8��?< 	 ��< ���� ��=�� � �?8 �?8A@ ��� ��� � �
p �P#&9;,�A+*Y'�%�'�9;:<%;74*-=�=>91%U=���� N 3��+'+��7 7 7Q%15�, 2��-5.91%�5.3��|7W�P�.%1/.A+%;�./.A+%0'Q? 3���=�7W���i5.9;=����"��,.%;3��s��=�=O%;749B0 N *-#em
#&*-�1#�7W���+%�0 � - 7 74%i/1*-�+5��45�,.%iq6'�9;,.%;��#$� �+%;�e3��l=�7W��� %;��,��.%i'�%;3�r}=O*-7 f<h1'��.%15e,.%;7�[3+%&74%15e%;��:<%;74*-=�=>%15$'�%15
2�74*Y/15)5.*-�4%;��,(5.9;=����.91%15)=����0/1%K=�7W��� � N %K=�7W���w%15�,)=��.915.%;��,('+���+5)74%15U,��.*-�450/T�-50'�%e/1*-��,"�-/;, o 01�DCX%;3��"����,E0-j
0d�+*-��m /1*-�[,"�-/;,E0P%;,F0d� �[,.%;��=O9;�+9;,��"��,��4*-�G0 �
H 3w=>*-� ��,('�%e:Y3+%Z,�A+91*-���4�[3+%!jQ74%15(/1*-�[,"�-/;,.5Z�DCX%;3��"���[,.5P5.*-�[,('��{tX/;� 74%15Pq�,��.*-3�:<%;�(#$�45(q�=�����,074*-�.5.�[3+%e74%15
/1*-�+'�� ,��4*-�+5 '�%8/1*-�[,"�-/;, =�7W���&5.*-�[,�� #$=O*!5.91%15 ��3e'�9;=�����, � #F���|/1*-�[,��.%`*-�$=O*-3����"��� ,�� �[,��.*['�3�� �.%s3��+%,.*-749;�"���+/1%
'+���+5`7W�-�[3+%;7 74%(*-�6/1*-�+5.�4'�h;�.%074%(/1*-��,"�-/;,)�DCX%;3��"����, �
N %;,�,.%0#&9;,�A+*Y'�%0=>%;��#&%;,S'�%('�9;,.%;��#$� �+%;��7W�K=O*!5�� ,��4*-� 'Q? 3�� =O*-� �[, N \^#$� 7 �4%;3 '�3 5"%;�!#&%;��,S�.%;7 �W���[,S74%15s'�%;3�r
/1%;�[,��.%15|'�%`�!�"�T:[� ,.915 '�%15�=O*-7 f<h1'��.%158����,"���<*-���45�,.%�%;,|/T���+'��4'+��, c ��=�=�����,.%;�����[,��3$=�7W������� �+5����[3+%7W�)�+*-��#X��74%
m@#&* f<%;���+%dm��3 =�7W��� �+*-,.91% ~Nmoy

\^:<*-� �`_+�!3��.% ���JI<cd�

ms���)Kim



��� � � � ����� ������ � � � � � � � � 	 � 	 ������� � � ��� 	 ��� � ��� ��������� 	 � � � � ��� � � � � ����� � ���
��� ����� ��� ����� � � � ��� � � � � � � ��� 	 ��� � � � ����� ��� � ���

O

~x

~y

~z

C

C

Gant
Gcan

Pantagoniste Pcandidat

~Nmoy

~Nmoy

#�7W���x5"9;=����"��,.%;3��

�8� � �����JI � #���� �+/;� =O%P'�3 =�7W���65.9;=����"��,.%;3��Tj N 3��+'+��7 7  ��7 \ N 3��+'+��7 78\�$�� I>I � c�c

�43��43�� � � �·��< 6 = � � 8 	T� � <�	T� � 6 = 6 � � �?8�< � 8 	 ���� � � 	r��<P� =>8�� <
/ *-�4%;�[,8'�%;3�r&=>*-7 f<h1'��.%15|�+*-,.915 �.%15�=>%1/;,�� :<%;#&%;��,

Pant
=O*-3�� 7@?�����,"���<*-���45�,.%)%;,

Pcan
=O*-3�� 74%�/T���+'��4'+��, � p %;3��.5

5.*-#$#&%;,.5 �.%15�=>%1/;,��{z 5 5.*-��, �+*-,.915
Santi

%;,
Scanj

j<�H%;,My��.%;=��.915.%;�[,"����,74%`�+*-#Z2��.%�'�%�5.*-#$#&%;,.5 '�%�/.A��-/;3��i'�%15
=>*-7 f<h1'��.%15 � ��� �+*-,.% om
Gant

74%0/1%;��,��.%P'�%)�!�"�T:[� ,.9Z'�3 =O*-7 f<h1'��.%K����,"���<*-���45�,.%!j
m
Gcan

74%0/1%;��,��.%P'�%(�!�"�1:Y� ,.9('�3 =O*-7 f<h1'��.%Z/T���+'��4'+��, �

K � K � � �	� ��
����������������������


���6'�9;,.%;��#$� �+% omi3�� =O*-� �[,w'�%g�.9dz 9;�.%;�+/1%l�+*-,.9 N jS#$� 7 �4%;3 '�3 5.%;�!#&%;��,w�.%;7 �W���[, 74%15V'�%;3�r /1%;��,��.%15w'�%l�!�"�1:Y� ,.915 o
C = Gant+Gcan

2

j
m 3��+%0�+*-��#X��74%0m@#&* f<%;���+%dm ~Nmoy

��36=�7W���6'�9d_+���4%0=���� ~Nmoy =
~GantGcan

|| ~GantGcan||
�

N %15Z'�%;3�rV=����"��#&h;,��.%15Z:<*-��,K9;:<*-7 3+%;�P=>%;��#&%;,�,"����,K��� �+5.�|'�%$,��.*-3�:<%;�(3��}=�7W���l��3���#X�~r�� #$�45.%$7W� '��45�,"���+/1%
%;�[,��.%s74%`=�7W����5.9;=����"��,.%;3�� %;, 74%15 5.*-#$#&%;,.5 74%15|=�7 3+5 =��.*Y/.A+%158'�3&=�7W���Mj</"A��-/;3��i��=�=�����,.%;�����[,��3�r$=>*-7 f<h1'��.%15
/T���+'��4'+��,U%;,S����,"���<*-���45�,.% �
��� ��=�=>%;74%;�"�e7@? � �[,.%;�.5�,��4/1%(7W�e5.*-#$#&%P'�%(/1%15s'�%;3�r '��45�,"���+/1%15���7 �<9;2����4�[3+%15 �
����,.%15�,.%U7@?R%;�+5.%;#P2�74%)'�%155.*-#$#&%;,.5`'�%U/.A��-�[3+%U=O*-7 f<h1'��.%U=>*-3��8'�9;,.%;��#$� �+%;�`74%;3��`'��45�,"���+/1%�=�����"��=�=O*-��,s��3
=�7W���65"9;=����"��,.%;3�� �
��� 5.9;74%1/;,��4*-���+%674% 5.*-#$#&%;,i'�3 =>*-7 f<h1'��.%V���[,"���<*-���45�,.% %;,]74%65.*-#$#&%;,i'�3 =>*-7 f<h1'��.%V/T���+'��4'+��,]74%15]=�7 3+5
=��.*Y/.A+%15�'�3 =�7W���65.9;=����"��,.%;3�� �

K � K � � �	� ��������������� �!���"����
#�$���%�#�&� ���(')'*�$���

H �45�,"���+/1%('�%15S5.*-#$#&%;,.5���3 =�7W���65"9;=����"��,.%;3�� om =O*-3��S74%)=O*-7 f<h1'��.%P���[,"���<*-���45�,.% o
dant = max

i=1,..,Nant

{ ~Nmoy. ~CS
ant

i }
dant

�.%;=��.915.%;��,.%P7W�$'��45�,"���+/1%P��7 �<9;2����4�[3+%('�%
Santi

qK7W�&'��.*-� ,.%y�*-� �!�����[,s74%15s/1%;�[,��.%15
Gant

%;,
Gcan

�
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m =O*-3��S74%)=O*-7 f<h1'��.%(/T���+'��4'+��, o
dcan = min

j=1,..,Ncan

{ ~Nmoy . ~CS
can

j }
dcan

�.%;=��.915.%;��,.%P7W�$'��45�,"���+/1%P��7 �<9;2����4�[3+%('�%
Scanj

qK7W�&'��.*-� ,.%y�*-� �!�����[,S74%15s/1%;�[,��.%15
Gant

%;,
Gcan

�

p ?R9;,"��=>%�5�3�� :-���[,.%]/1*-�+5.�45�,.%]q6%	�>%1/;,�3+%;�K'�%15P�.*-,"��,��4*-�+5 \^=>%;��,�3���2���,��4*-�+5 c '�3x=�7W���g5"9;=����"��,.%;3��$��3�,.*-3��e'�3
=>*-� ��,)'�%(�.9dz 9;�.%;�+/1% N � N %15�=O%;��,�3���2���,��4*-�+5U:<*-��,)=>%;��#&%;,�,��.%Z'�%P=O*!5.� ,��4*-���+%;�U'+���+5U7@?R%15�=��-/1%P74%P=�7W��� 5.9;=��~m
�"��,.%;3��S'�%0z �-u1*-�6qe�M? � �[,.%;�.5.%1/;,.%;�U��3+/;3��6=O*-7 f<h1'��.%15 �

K � K � � �	� � ����� �&
�
��� �$� �#��
 �� ���� ��������(
#�

p ?���7 �<*-��� ,�A�#&%w/1*-�+5.�45�,.%wqg��=�=�7 �4�[3+%;� ��3���,��.%V=>%;��,�3���2���,��4*-�+56��3 :<%1/;,.%;3�� ~Nmoy
� p ? � �[,.%;�.5�,��4/1%w%15�,i'�9d_+���

/1*-#$#&%07W�$:-��74%;3��`#X�~r�� #X��74%P'�%
[dcan − dant]

'�%15S��3���,��.%0=>%;��,�3���2���,��4*-�+5 �
���6'�9d_+��� ,�'�%;3�r�:<%1/;,.%;3��.5�*-��,�A+*-�<*-����3�r>j��+*-,.915 ~t %;,

~s
z *-��#X���[,S3�� ,����4h1'��.%P�T:<%1/ ~Nmoy

�
#F*-3��('�9;,.%;��#$� �+%;�(74%K:<%1/;,.%;3�� ~t j>*-�w=��.*�y�%;,�,.%Z3��}5"*-#$#&%;,)'�3w=>*-7 f<h1'��.%&����,"���<*-���45.,.%$5�3��)74%e=�7W��� 5"9;=����"�~m
,.%;3�� �
��� ��=�=>%;7 74% / =l7@?R%;�+5"%;#P2�74% '�%15$5.*-#$#&%;,.5$'�3 =>*-7 f<h1'��.%i/1*-�+5��4'�9;�.9!jk=��.*�y�%;,.915$5.3��K74%�=�7W���Mj / $�3��D=O*-� �[,
�[3+%;74/1*-�+��3+%P'�%07@?R%15�=��-/1%(%;, N 3�� =>*-� ��,U��=�=�����,.%;������,0��3 =�7W��� �
���691/;��� ,S7W�K=��.*�y�%1/;,��4*-� o

~OSp = ~OS1 + ~S1Sp
\ ������� $ c

nI:<%1/!j
~S1Sp = ~S1C + ~CSp = (( ~S1O + ~OC). ~Nmoyen). ~Nmoyen + ( ~CSp. ~Nmoyen). ~Nmoyen- ,Tj
~CSp. ~Nmoyen = 0H ?R*��Mj

~OSp = ~OS1− ((− ~OC + ~OS1). ~Nmoyen). ~Nmoyen
\ ������� & c

���$z *-��#&%���� �+5.�+3��&:<%1/;,.%;3�� ~t �.%;7 �W����,874%s5.*-#$#&%;, =��.*�y�%;,.9 / =X%;, 74%`=>*-� ��, N ,.%;7H�[3+% ~t =
~SpC

|| ~SpC||
� 74%S:<%1/;,.%;3��

~s
5T?R*-2�,��4%;�[,`=���� 74%�=��.*['�3�� ,8:<%1/;,.*-���4%;7M%;��,��.%U74%�:<%1/;,.%;3�� ~Nmoy

%;, 74%�:<%1/;,.%;3�� ~t %;���.%15�=>%1/;,"����,74%U5.%;�+5'�� �.%1/;,
'�3 ,����4h1'��.%]\^:<*-� �`_+�!3��.% ��� � cd� p %15S��3���,��.%0=>%;��,�3���2���,��4*-�+5U5.*-��,s'�91/;��� ,.%15�/;�{m '�%15.5.*-3+5 o

~t~s

~Nmoy

# �������� ����� �  

���� �H��� � ���M���4h1'��.%Z'�9d_+���I5�3��`74%0=�7W��� 5.9;=����"��,.%;3��Tj N 3��+'+��7 7�� ��78\ N 3��+'+��7 7 \�$�� I>I � c�c
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��� � � � ����� ������ � � � � � � � � 	 � 	 ������� � � � � 	 ��� � � � ��������� 	 � � � � ��� � � � � ����� � ���
��� � ��� ��� ����� � � � ��� � � � � � � ��� 	 ��� � � � � ��� ��� � ���

���&/;�.91%,.*-3�,|'Q?���2>*-�.'e3��+%�.*-,"��,��4*-�X'�3$,����4h1'��.%S��3�,.*-3�� '�3$:<%1/;,.%;3��
~s

'Q? 3��]�����!74%
+
−
θ

j~74%�+*-3�:<%T��3X:<%1/;,.%;3��

~Nmoy
'�%;:Y�4%;��, o

~t~t

~s~s ~Nmoy ~Nmoy

~Nmoynouveau

~Nmoynouveau

~tnouveau
~tnouveau

� *-,"��,��4*-�$'�%
θ

� *-,"��,��4*-�e'�% − θ

θ
−θ

�� � �H��� $�� � #F%;��,�3���2���,��4*-�+50��3�,.*-3���'�3 :<%1/;,.%;3��
~s

j N 3��+'+��7 7�� ��7 \ N 3��+'+��7 7 \�$�� I>I � c�c

• 5�3�� :!����,
+θ

\ _+�!3��.% ��� $��e����3+/.A+% c o
~Nmoynouveau = ~Nmoy ∗ cos(θ) + ~t ∗ sin(θ)

• 5�3�� :!����, −θ \ _+�!3��.% ��� $��$'��.*-� ,.% c o
~Nmoynouveau = ~Nmoy ∗ cos(θ)− ~t ∗ sin(θ)

��� /;�.91% %;�+5�3�� ,.%�3��+%i�.*-,"��,��4*-� 'Q? 3�� �����!74%
+
−
θ

'�3l,����4h1'��.% ��3�,.*-3��&'�3D:<%1/;,.%;3�� ~t jF74%]�+*-3�:<%T��3 :<%1/;,.%;3��

~Nmoy
'�%;:Y�4%;��, o

~t ~t

~s~s

~Nmoy~Nmoy

~Nmoynouveau

~Nmoynouveau

~snouveau ~snouveau

� *-,"��,��4*-�e'�%
θ

� *-,"��,��4*-�$'�% − θ

θ
−θ

�� � �H��� $>$ � #F%;��,�3���2���,��4*-�+50��3�,.*-3��S'�3 :<%1/;,.%;3�� ~t j N 3��+'+��7 7�� ��7 \ N 3��+'+��7 7\�$�� I>I � c�c

• 5�3�� :!����,
+θ

\ _+�!3��.% ��� $>$0����3+/.A+% c o
~Nmoynouveau = ~Nmoy ∗ cos(θ) + ~s ∗ sin(θ)

• 5�3�� :!����, −θ \ _+�!3��.% ��� $>$('��.*-� ,.% c o
~Nmoynouveau = ~Nmoy ∗ cos(θ)− ~s ∗ sin(θ)

��� �.%1/T��74/;3�74%(7@? � ��,.%;�.5�,��4/1%Z'+���+5S/1%)�+*-3�:<%T��36�.%;=>h;�.% �
H ���+5k74%/T�-5�*��&*-�e,��.*-3�:<%3��$� ��,.%;�.5�,��4/1%=�7 3+5k�!�"���+'$�[3+%87@? � ��,.%;�.5�,��4/1%s/T��74/;3�749s=��.91/191'�%;#$#&%;��,Tj�*-�e�.91/;3�=>h;�.%
7W� �+*-��#X��74%]#X�~r�� #X��74%�%;,Z*-�l7 3��|z@��� ,Z5�3�2�� �Z74%15Z�[3���,��.%]=O%;��,�3���2���,��4*-�+5K=��.91/191'�%;��,.%15&�T:<%1/�74%15P�+*-3�:<%T��3�r
:<%1/;,.%;3��.5 ~t %;,

~s
'�9;,.%;��#$� �+915U'�%)7W�Kz@�-u1*-� 5�3�� :!����,.% o
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	 ���� � � ����������� � ��� � � � ��� ��� ����� � � � ��� ��� � ���

p %(�+*-3�:<%T��3 :<%1/;,.%;3�� ~t '�%;:[�4%;�[, o
• 5�3�� :!����,

+θ o ~t = − ~Nmoy ∗ sin(θ) + ~t ∗ cos(θ)
• 5�3�� :!����, −θ o ~t = ~Nmoy ∗ sin(θ) + ~t ∗ cos(θ)- ,S74%)�+*-3�:<%T��36:<%1/;,.%;3��

~s
'�%;:[�4%;�[, o

• 5�3�� :!����,
+θ o ~s = − ~Nmoy ∗ sin(θ) + ~s ∗ cos(θ)

• 5�3�� :!����, −θ o ~t = ~Nmoy ∗ sin(θ) + ~s ∗ cos(θ)
#F*-3��]9;:Y� ,.%;�X'�% 5.*-��,�� �$=��.9;#X��,�3��.9;#&%;�[, '�% 7@?���7 �<*-��� ,�A�#&%!j 74%15��~r�%15&'�% =O%;��,�3���2���,��4*-�+5]5.*-��,&,.*-3����+915�'�%
30◦ �
H ���+5Z74%X/T�-5K/1*-��,��"��� �.%!jk/!?R%15�,�m q~m '�� �.%i5��|7@? � �[,.%;�.5�,��4/1%�%15�,P=�7 3+5K=>%;,�� ,Z*-3g9;����7`��3x=��.91/191'�%;�[,Tj�*-�x�.9T��7 �45.%]74%
#��;#&%�=��.*[/191'�9�'�%s=>%;��,�3���2���,��4*-�+5`�1:<%1/�3��+%s�+*-3�:<%;7 74%�:-��74%;3��8'�%s7@?[�����!74%

θ
,.%;7 74%S�[3+%

θ = θ
2

� p ?���7 �<*-��� ,�A�#&%
5T?��������;,.%P5��

θ < θmin
� *-� *-2�,��4%;�[,U��� �+5��I7W�K�+*-��#X��74%(#&*Tf<%;���+%Z'�*-��������,�7@? � ��,.%;�.5�,��4/1%P#X�~rY� #X��7 �

p %15k=����"��#&h;,��.%15
θ

%;,
θmin

5.*-��,k_�r�915���3$'�9;2�3�,k'�%87@?���7 �<*-��� ,�A�#&%`%;,k:!��74%;��,k�.%15�=>%1/;,�� :<%;#&%;��,
θ = θmax = 5◦%;,

θmin = 0.01◦
\ N 3��+'+��7 78\�$�� I>I � c�cd�

� �+%�z *-�4587W�Z�+*-��#X��74%)#&*Tf<%;���+%X\ '�*-�������[,`7@? � ��,.%;�.5�,��4/1%(#X�~rY� #X��7 c '�9;,.%;��#$� �+91%!j�7W�K'�%;�����4h;�.%09;,"��=>%0/1*-�+5��45�,.%
qK�.9T��7 �45.%;�S3��+%0,��"���+5�7W��,��4*-� '�3 =>*-� ��,�'�%0�.9dz 9;�.%;�+/1% N �

K � K � � �	� �  ��
#�����������(
 �� 
 �(� 
�� �#������	�  �,
 �$�

�I�.*-�45S/T�-5s5.%)=��.915"%;��,.%;��,$\^:<*-� �`_+�!3��.% ��� $ & c o

• 5.*-� ,i7W�l'�� �>9;�.%;�+/1%
(dcan − dant)

%15�, 5�,����4/;,.%;#&%;��, �+9;����,�� :<%!j`74%15i'�%;3�r 2�74*[/15i5T? � �[,.%;��=O9;�+h;,��.%;�[, %;,i74%
=>*-� ��,S'�%(�.9dz 9;�.%;�+/1% N %15.,s'�9d_+���M=���� o C = C +

(dcan+dant)∗Nmoymax

2

j

• 5"*-� ,|7W�('�� �Q9;�.%;�+/1%
(dcan−dant)

%15�,|�[3�7 74%!j�74%158'�%;3�r&2�74*[/1585.*-�[, %;�i/1*-��,"�-/;,`�DCX%;3��"����,`%;,|74%�=O*-� �[, '�%S�.9dm
z 9;�.%;�+/1% %15�,M74% #$� 7 �4%;3P'�%15I'�%;3�r(5.*-#$#&%;,.5I74%15Q=�7 3+5M=��.*Y/.A+%15L'�3(=�7W���P5.9;=����"��,.%;3�� o C =

[S
ant(max)
i +S

can(min)
j ]

2

j

• 5.*-� ,e7W� '�� �Q9;�.%;�+/1%
(dcan − dant)

%15.,e5.,����4/;,.%;#&%;��,X=>*!5�� ,�� :<%!jk74%15$'�%;3�rD2�74*[/15e�+% 5"*-��,$=��-5$%;� /1*-��,"�-/;,
%;,i74%V=O*-� �[, '�%V�.9dz 9;�.%;�+/1%w%15�,i74% #$� 7 �4%;3 '�%15 '�%;3�r 5.*-#$#&%;,.5i74%15i=�7 3+5i=��.*[/"A+%15 '�3 =�7W��� 5.9;=����"��,.%;3�� o
C =

[S
ant(max)
i +S

can(min)
j ]

2
�

# ��
 � ����	
��
� ��

# ��
 � ����	
��
����# ��
 � ����	
��
����

# � ��
����
� ���# � ��
����
�����# � ��
����
�����

#�7W���x5.9;=����"��,.%;3��

N *-��,"�-/;, ���DCX%;3��"����, � � +U*-��m /1*-��,"�-/;, �N *-��,"�-/;, �X� ��,.%;��=>9;�+9;,��"����, �

�� � �O��� $ & � �M�.*-�45U/1*-��_+�!3��"��,��4*-�+50'�%P/1*-�[,"�-/;, o � ��,.%;��=>9;�+9;,��.9!j>�DCX%;3��"���[,U%;,��+*-��m /1*-��,"�-/;,Tj N 3��+'+��7 7 � ��7
\ N 3��+'+��7 7\�$�� I>I � c�c
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p ? � �[,.9;���;,$'�%X/1%;,K��7 �<*-��� ,�A�#&%i%15�,Z'Q? � �+5.9;�.%;�Z3��g=�7W���l5"9;=����"��,.%;3��K'+���+5Z74%X/T�-5K'�%&�+*-��m /1*-�[,"�-/;, � N %X=�7W���
=>%;��#&%;,Z'�%]'�9;,.%;��#$� �+%;�Z74%15(z �-/1%15Z'�%15(=>*-7 f<h1'��.%15K���[,"���<*-���45�,.%]%;,K/T���+'��4'+��,K%;�x:[�45�m q~m@:Y�45 � ���g=O%;3�,e��� �+5��
=��.%;�+'��.%(%;� /1*-#$=�,.%!j�=����S%dr�%;#$=�74%!j�7W�e��3��<*!5�� ,.9('�%15s=O*-7 f<h1'��.%15�*-3 #&*['�9;7 �45.%;�S3��+%(9;=����45.5.%;3��S'�%)#&*-��,��4%;� �

p %P5./.A+9;#X�e�!74*-2���7L'�%07@?���7 �<*-��� ,�A�#&%P%15�,`=��.915"%;��,.9P5.3��`7W�Z_+�!3��.% ��� $ ���

K � K � � �	� � ���(�  �����#' � �#��
 � � � ������
#
#�&' �&
�� �� 
����
 � ��
�� �����,� 

On fixe angle=angle max

angle=angle/2

référence C

On calcule l’interstice initial

la normale moyenne au plan

Si interstice plus grand

On recalcule l’interstice

Si interstice plus petit
que l’interstice initial que l’interstice initial

Normale moyenne déterminée

Translation du nouveau point de 

Soit contact interpénétré Soit contact affleurant Soit pas contact

Si angle<angle_min Si angle>angle_min

On applique les quatre perturbations sur 

la nouvelle valeur.
Les composantes t et s du trièdre prenant

produit le plus gand interstice (n_max)
On réinitialise n avec la perturbation qui 

Rotation du trièdre
t et s

���� �H��� $ � �]n�7 �<*-��� ,�A�#&%P'�%0=>*!5�� ,��4*-���+%;#&%;��,U'�3 =�7W���65.9;=����"��,.%;3��e\ N 3��+'+��7 7 \�$�� I>I � c�c
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�43��43�� �
<����D8�� = 6 ���
	?8��������� 8�=������ <��!8�����������������<���=>8��?<
N %;,�,.%0=�����,��4%(=O*-��,.%(5.3��`74%0/.A+*-�{r '�%15S5.*-#$#&%;,.5S5�3+5./1%;=�,�� 2�74%15S'Q? �;,��.%(=��.*�y�%;,.915�5�3��`74%)=�7W��� �

K! K! K� � ���(
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�-BD365Kmn$q[?$0F_8D57$`>D$a5�._s�ACBD31$ , P;{Cl�57$c8�.M3/.M5;57@057@08DE;8�<&>D$G.rBD*�$cT�.MBD,1$0BD3V>D$`.?l�57$X%1$0ACFG$0*-,Z>D$X'&)+*�,/.+'0,V.rBD*�$
57)+*DACB�$0BD3Z>D$c\�$0,�*�mn$&%4,6%1)+BDF_E7%6W�B�m j %1)+*e8�)+E7>D%�8D31)+8D31$hx

P = m ∗ g . S $&' g = −9.81m.s−2 l�F¦��Fr.+%1%1$
>?B�%1)+5;E7>D$§~H.MBY*DE S $b.MB�>D$c%/)+*e'&$0*�,431$X>D$VAC3/. S E;,1@CP�¡ )+BD36FG)->D@05;E7%/$03�BD*f@ S $0*-,4B�$05 AC5;E7%/%1$0FG$0*�,bl)+*�.M8D8D5;E7W-B�$
BD*�$ZJO)+31'&$ ~F ,1$05;57$VW-B�$ ~F = Fx.~x+ Fy.~y

P
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�
	

�
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�

�

TAx

NA

TBx

NB

2 �

	

α
θ

Fx

Fy

) ��� * , P;{ .�� :]8)+,4T�<&%/$g>D$g31@08�.M34,4E;,4E7)+*f>D$&%231@b.+'0,4E7)+*�%�,/.M*DA=$0*�,4E7$05;57$&%6>�.M*�%HBD*�$V>?E;31$&'0,4E7)+*f$0*f�+w

#�$28�.M3/.M5;57@057@08DE;8�<&>D$�$&%4,u'&)+*�%1E7>D@031@231$&%4,/.M*�,�,1)+B+�|)+BD31%^$0*G'&)+*�,/.+'0,uJd31)+,4,/.M*�,9%1$&'CPC#umv.+'&'&@057@03/.M,4E7)+*�T�)+34E;¢b)+* É,/.M57$L$&%4,uE;*�'&)+*D*�B�$6$0,�8�$0BD,�N0,431$�*�BD5;57$L.ME;*�%1E�W-B�$25�. S E;,1$&%1%1$H>D$H,43/.M*�%45�.M,4E7)+*�>�.M*�%�57$�'b.+%^>�mv.+>?T�@031$0*�'&$CP-#�$&% ,
E;*�'&)+*D*-B�$&%6%/'b.M5�.ME;31$&%�>D$&%L31@b.+'0,4E7)+*�%L>D$a'&)+*�,/.+'0,L%/)+*�,Xx

TAx, NA
~($0,Xx

TBx, NB
~qP�#
.G57)+E
>D$gJd31)+,4,1$0FG$0*�,Z$&%4,

5�.X57)+E
>D$Xi9)+BD57)+Fc\�lDJk@0,/.M*�,�57$V'&)-$��r'0E7$0*-,�>D$ZJd31)+,4,1$0FG$0*�,bP��L)+B�%H%/)+F_FG$&%2JK.+'&$ j >D$0B?[R'b.+%c�

• %/)+E;,25�.VJO)+31'&$V.M8D8D5;E7W-B�@&$Z*�mn$&%4,28�.+%2%4B��r%/.M*-,1$g8)+BD3(FG$0,4,431$V$0*RFG)+B S $0FG$0*-,H57$g%1)+5;E7>D$Gx�57$ZFG)]>?BD57$g>D$� [R$&%4,HE;*?JO@034E7$0BD3 j '&$05;BDE
>D$g5�._31@b.+'0,4E7)+*e,/.M*DA=$0*�,4E7$05;57$���~qlD57$V%/)+5;E7>D$g*�$g\�)+BDA=$g8�.+%cxd'b.+%H*�)+* É AC5;E7%/%/.M*�,�~qP�#�$8D34E;*�'0E;8�$ZJO)+*�>�.MFG$0*�,/.M5 >D$V5�.`%4,/.M,4E7W�B�$c%bmn@&'034E;,c�

TAx + TBx + Fx = 0
x , P;{CP;{§~

NA +NB + Fy + P = 0
x , P;{CPv�=~

−(TAx + TBx)
a

2
+ (NA −NB)

b

2
= 0

x , P;{CPvU=~

#�$L*�)+Fc\D31$6>�mn@&W-B�.M,4E7)+*�%^*�mn$&%1,^8�.+%9%4B��r%/.M*-,�8�)+BD3^31@&%1)+B�>?31$L57$�%1:]%4,1<0FG$CP��L)+B�%(.��4)+BD,1)+*�%�BD*�$L31$05�.M,4E7)+*
%4BD8D8D57@0FG$0*-,/.ME;31$Z*�)+* É 5;E;*�@b.ME;31$Z$0*GJK.ME7%/.M*�,^5Km T�:]8)+,4T�<&%1$6>�m BD*�$L8D31)+8)+34,4E7)+*D*�.M5;E;,1@g>D$&%9'&)+F_8)C%�.M*�,1$&%9,/.M*DA=$0* É,4E7$05;57$&%�8�.M323/.M8D8)+34,L.MB?[Y'&)+F_8�)C%/.M*�,1$&%�*�)+34Fr.M57$&%�>�.M*�%25�.G>?E;31$&'0,4E7)+* ~AB

�

TAx
NA

=
TBx
NB

x , P;{CP , ~

#�$_8�.M3/.M5;57@057@08DE;8�<&>D$r$&%4,V%1BD8D8)C%1@`34E;ACE7>D$Cl�5�.h31$05�.M,4E7)+* x , P;{CP , ~6,43/.+>?BDE;,XW�B�$`57$`3/.M8D8�)+34,c$qp�)+34,V,/.M*DA=$0* É,4E7$05 � $qp�)+34,2*�)+34Fr.M5�>?Bh*�)-$0B�>h£ $&%4,(57$6FGN0FG$ZW�B�$Z'&$05;BDE�>?Bh*�)-$0B�>R¥ �?$05;57$L8�$034FG$0,2>D$657$ S $0325Km E;*�>D@0,1$034F_E É*�.M,4E7)+*�P�wZ$&%H@&W-B�.M,4E7)+*�%ax , P;{CP;{§~ql�x , P;{CPv�=~($0,cx , P;{CPvU=~ql�)+*Y>D@&>?BDE;,X�

NB =
a

2b
Fx −

P

2
− Fy

2

x , P;{CP 0 ~

NA = − a

2b
Fx −

P

2
− Fy

2

x , P;{CP��=~
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�k,�>D$g5Kmn@&W-B�.M,4E7)+*e%4BD8D8D57@0FG$0*-,/.ME;31$�x , P;{CP , ~g�

TBx = −Fx(
NB

NA +NB
)

x , P;{CP �C~

TAx = −Fx + Fx(
NB

NA +NB
)

x , P;{CP��=~

#�$&% , 31@b.+'0,4E7)+*�%�>D$g'&)+*-,/.+'0,L%1)+*-,�>D)+*�'V>D@0,1$034F_E;*�@&$&%bP

• %1)+E;,G5�.�Jd)+31'&$f.M8D8D5;E7W�B�@&$f$&%4,r%4B��r%/.M*-,1$Y8�)+BD3GFG$0,4,431$e$0* FG)+B S $0FG$0*�,�57$Y%1)+5;E7>D$Y'Cmn$&%1, É j É >?E;31$fW-B�$5�.f57)+EH>D$�AC5;E7%1%1$0FG$0*-,r>D$Yi9)+BD57)+Fc\
T = P ∗ f $&%4, S @034E�s�@&$Clt57$R%1)+5;E7>D$�\)+BDA=$�xd'b.+%_>D$hAC5;E7%1%/$0FG$0*�,�~qPk#�$

%4:?%4,1<0FG$H>�mn@&W-B�.M,4E7)+*�%9'0E É >D$&%1%1)+B�%9%1$231@&%1)+B�>rE;,1@03/.M,4E S $0FG$0*�,bP?#um E;*�>?E7'&$L*r'&)+3431$&%48�)+*�> j 5�.g*�BDFG@031)+,/.M,4E7)+*Y>D$5Km E;,1@03/.M,4E7)+*���TR57$g8�.+%H>D$g,1$0F_8�%H>D$V5Km E;,1@03/.M,4E7)+*f$0,2Bo�?5�. S E;,1$&%1%1$g>?Be%/)+5;E7>D$g%4BDE S .M*-,H5Kmv.�[D$ ~Ox
P

i9)+F_8D,1$X,1$0*�B�>D$&%Z>?E7%1'&)+*�,4E;*-BDE;,1@&%g>D$&%LJd)+*�'0,4E7)+*�% S E;,1$&%1%1$c$0,�Jd)+31'&$&%§l�57$&%6>D@034E S @&$&%6,1$0F_8)+31$05;57$&%Z%1)+*-,LE;*-,1$03 É8D31@0,1@&$&%9.MBr%1$0*�%u>D$&%u>?E7%1,434E;\DBD,4E7)+*�%bP�#�$&%^@&W�B�.M,4E7)+*�%^%bmn@&'034E S $0*�,(.M57)+31%�$0*_,1$034FG$&%^>D$2FG$&%4BD31$&%�>?E�p�@031$0*�,4E7$05;57$&%§P

QL*e'&)+*�%1E7>D<031$V>D$&%28�.+%H>D$g,1$0F_8�%
]ti, ti+1[

>D$Z57)+*DACB�$0BD3
h = ti+1 − ti

PD#�$&%�@&W�B�.M,4E7)+*�%L%bmn@&'034E S $0*�,X�

h ∗ T n+1
Ax + h ∗ T n+1

Bx + h ∗ Fx = m ∗ (un+1 − un) x , P;{CPv}=~

Nn+1
A +Nn+1

B + Fy + P = 0
x , P;{CP;{b�=~

−(T n+1
Ax + T n+1

Bx )
a

2
+ (Nn+1

A −Nn+1
B )

b

2
= 0

x , P;{CP;{C{§~

i9)+F_FG$g8�)+BD3257$g'b.+%2*�)+* É AC5;E7%1%�.M*�,blD57$V%1:]%4,1<0FG$6*�mn$&%4,28�.+%�>D@0,1$034F_E;*�@�x�E7'0EKl?BD*�$gE;*�'&)+*D*-B�$V%4BD8D8D57@0FG$0*�,/.ME;31$%bmv.��4)+BD,1$�.MB %4:?%4,1<0FG$�>�mn@&W�B�.M,4E7)+*�%��95�. S E;,1$&%1%1$�*�)+,1@&$�B�~qP �L)+B�%R.��4)+BD,1)+*�%e.M57)+31%R>D$0B?["31$05�.M,4E7)+*�%Y%4BD8 É8D57@0FG$0*-,/.ME;31$&%R��5Km T�:]8)+,4T�<&%/$�>�m BD*�$r8D31)+8)+34,4E7)+*D*�.M5;E;,1@h>D$&%X'&)+F_8)C%/.M*-,1$&%X,/.M*DA=$0*�,4E7$05;57$&%X8�.M3c3/.M8D8�)+34,`.MB?[
'&)+F_8�)C%/.M*�,1$&%�*�)+34Fr.M57$&%L>�.M*�%H5�.`>?E;31$&'0,4E7)+* ~AB

PD#�$VFr.M,1@034E�.MBf$&%4,H%4BD8D8�)C%1@ZE7%1)+,431)+8�$Cl�$0*R3/.M8D8�)+34,L. S $&'c5�.
'&)+*�>?E;,4E7)+*�>D$ZAC5;E7%1%1$0FG$0*�,6>D$ci9)+BD57)+Fc\�l�)+*e>D@qs�*DE;,�>D$0B?[R31$05�.M,4E7)+*�%�%4BD8D8D57@0FG$0*-,/.ME;31$&%a�

TAx
NA

=
TBx
NB

= f ⇒ TAx
NA

= f
$0, TBx

NB
= f

x , P;{CP;{b�=~

¡�)+BD3LN0,431$g'&)+T�@031$0*-,Z. S $&'g57$&%H'&)+*�>?E;,4E7)+*�%�>D$VAC5;E7%1%1$0FG$0*�,L>D$ai9)+BD57)+Fc\�l�)+*e@&'034E;,c�

TAx
NA

= −f.sign(u)
$0, TBx

NB
= −f.sign(u)

x , P;{CP;{bU=~

#�$Z%4E;AC*�$g>D$&%(31@b.+'0,4E7)+*�%(,/.M*DA=$0*-,4E7$05;57$&% �"8�$0BD,2N0,431$LE;*DE;,4E�.M5;E7%/@V. S $&'Z57$Z'&)+*�,/.+'0,�'&)+5;5�.M*-,cxd'&)+*�>?E;,4E7)+*e>D$6*�)+* ÉAC5;E7%1%/$0FG$0*�,�~qP
#�$&%H31@b.+'0,4E7)+*�%�,/.M*DA=$0*-,4E7$05;57$&%L%bmn)+8D8�)C%1$0*-,L.MBY%1$0*�%H>D$V>D@08D5�.+'&$0FG$0*-,6>?BY%/)+5;E7>D$CP
�L*�$2.M8D8D31)-'/T�$Cl j 5Km E;*DE;,4E�.M5;E7%�.M,4E7)+*r>?B_'b.+%�%1,/.M,4E7W�B�$ClC'&)+*�%4E7%1,1$ j S @034E�s�$03k57$(%4E;AC*�$(>D$&%t31@b.+'0,4E7)+*�%k,/.M*DA=$0*�,4E7$05;57$&%
8�)+BD3H$0*e>D@&>?BDE;31$V'&$05;BDE
>D$V5�. S E;,1$&%1%/$ZBR,1$05;57$VW�B�$r�

u =
1

−f.NA
TAx.sign(TAx) =

1

−f.NB
TBx.sign(TBx)

x , P;{CP;{ , ~
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#�$a8D31)+\D57<0FG$_$&%4,g.M57)+31%6\DE7$0*f8�)C%1@X$0,6>�mv.M8D31<&%Z57$&%6@&W�B�.M,4E7)+*�%Gx , P;{CPv}=~qlkx , P;{CP;{b�=~L$0,_x , P;{CP;{bU=~ql)+*�$0*�>D@&>?BDE;,
5�. S E;,1$&%1%1$ZBo�

un+1 − un =
h

m
(f.Psign(u) + Fx)

x , P;{CP;{ 0 ~

8DBDE7%blD>�mv.M8D31<&%�57$&%H@&W-B�.M,4E7)+*�%ax , P;{CPv}=~ql x , P;{CP;{b�=~2$0,ax , P;{CP;{C{§~ql

NB = −P
2
− Fy

2
+

a

2b
Fx −

a

2h.b
m.(un+1 − un) x , P;{CP;{ �=~

NA = −P
2
− Fy

2
− a

2b
Fx +

a

2b
m.(un+1 − un) x , P;{CP;{§�C~

$0*?s�*�l�>�mv.M8D31<&%�57$&%H@&W-B�.M,4E7)+*�%ax , P;{CP;{bU=~ql

TAx = −fsign(u).NA
x , P;{CP;{ �=~

TBx = −fsign(u).NB
x , P;{CP;{b}=~

� )+BD,1$&%257$&%(E;*�'&)+*D*�B�$&%blD>D$Z'&)+*-,/.+'0,1%H$0,H>D$6FG)+B S $0FG$0*�,bl�%1)+*-,2>D@0,1$034F_E;*�@&$&%bP�i9$08�$0*�>�.M*�,bl�'&$0,4,1$6T�:]8�)+,4T�<&%1$
>D$Z31@08�.M34,4E;,4E7)+*�>D$&%231@b.+'0,4E7)+*�%H,/.M*DA=$0*-,4E7$05;57$&%�*�$V8$034FG$0,H8�.+%�>D$ZA=@031$03H5Kmv.M8D31<&%H\�.+%1'0BD57$0FG$0*-,bP
¡�)+BD3LE;5;5;B�%1,431$03L57$c31@&%4BD5;,/.M,L>D$&%6'b.M57'0BD57%L%/$057)+*e*�)C%LT�:]8)+,4T�<&%1$&%§l�>�.M*�%L57$&%L'b.+%L*�)+* É AC5;E7%1%/.M*-,6$0,LAC5;E7%1%/.M*�,bl)+*8D31@&%1$0*-,1$VBD*Y$q[D$0F_8D57$g*�BDFG@034E7W-B�$�x S )+E;3Hs�ACBD31$ , P;{§~qP

���������
	�����
���������������������

�6)+B�%�. S )+*�%L'1T�)+E7%4E
57$&%28�.M3/.MFG<0,431$&%�*-BDFG@034E7W�B�$&%L%4BDE S .M*�,1%c�

É '&)]$��r'0E7$0*�,6>D$ZJ�31)+,4,1$0FG$0*-,a�]J � �?P , l
É T�.MBD,1$0BD36>?BY%1)+5;E7>D$G��. � �?P;{0FYl
É 57)+*DACB�$0BD36>?BY%1)+5;E7>D$G�?\ � �?Pv�MFYl
É Fr.+%1%/$g>?Be%1)+5;E7>D$G�?F � {b� & A�l
É 8�.+%H>D$V,1$0F_8�%c� h = 10−3s

l
É .+'&'&@057@03/.M,4E7)+*�>D$g5�.X8$&%�.M*�,1$0BD3a� g = −9.81ms−2 l
É '&)+*�>?E;,4E7)+*�%LE;*DE;,4E�.M57$&%c� NA = NB = −m∗g

2

�
u = 0ms−1 P

•  �"!$#%�&������')(����
!*!*�+���+�,

i9$h'b.+%G.�@0,1@ S .M5;E7>D@Y. S $&'h8D5;B�%4E7$0BD31% S .M57$0BD31%_>D$�JO)+31'&$R.M8D8D5;E7W�B�@&$R$0* � *�$�8$034FG$0,4,/.M*-,G8�.+%_>D$h>D@08D5�. É'&$03H57$g%/)+5;E7>D$CP�£ ,4E;,431$c>�mn$q[?$0F_8D57$Cl�)+*f'1T�)+E7%4E;,H5Kmn$q[D$0F_8D57$g*-BDFG@034E7W�B�$a%4BDE S .M*-,bP

¡�)+BD3�BD*�$6JO)+31'&$c.M8D8D5;E7W-B�@&$c.MBe'&$0*�,431$c>D$gAC3/. S E;,1@ � >?Be%/)+5;E7>D$g,1$05;57$gW�B�$
Fx = +20Nx ||F || < ||T || $0, ||T || = P.f = 39.24N

~qP
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w`mv.M8D31<&%H57$&%�@&W�B�.M,4E7)+*�%Xx , P;{CP 0 ~ql
x , P;{CP��=~ql
x , P;{CP �C~2$0,cx , P;{CP��=~ql�57$Z31@&%4BD5;,/.M,�>D)+*D*�$G�

NB = 54.05N
l

NA = 44.05N
l

TBx = −11.02N
l

TAx = −8.98N
l

#
.c%1)+F_FG$�>D$&%�31@b.+'0,4E7)+*�%�*�)+34Fr.M57$&%
NA

$0,
NB

>D)+*D*�$H57$H8�)+E7>D%�>?B�\D57)-'CP�#�$H3/.M8D8�)+34, TAx

NA
= TBx

NB
= 0.204$&%4, S @034E�s�@CP-#�$&%u31@&%1BD5;,/.M,1%�>?Br'b.+%�*�)+* É AC5;E7%1%/.M*�,9%1)+*�,^'&$0B?[G.M,4,1$0*�>?B�%§l=>�.M*�%u57$H'b.+>?31$�>D$&%uT�:]8�)+,4T�<&%1$&%kJK.ME;,1$&%bP

•  �"!$#%� (����
!*!*� � � �,

wg.M*�%X57$�'b.+%XAC5;E7%1%�.M*�,bl 5�.Y57)+E(>D$�J�31)+,4,1$0FG$0*-,`>D$Ri9)+BD57)+Fc\ |T |
N = f

$&%4, S @034E�s�@&$CP�#
$&%X>?E7%/'&)+*�,4E;*�BDE;,1@&%�>D$
S E;,1$&%1%1$&%cE;F_8D5;E7W�B�$0*-,`W-B�$r'&$05;57$&% É '0E9%1)+E7$0*-,a,43/.ME;,1@&$&%_.MB %1$0*�%a>D$&%X>?E7%4,434E;\DBD,4E7)+*�%Rx�FG@0,4T�)]>D$ �g�Di9w � $ $b.M*
x|{b}C} 0 \�~ql?y�)+31$b.MB�x|{b} � �=~ql $ $b.M*R$0,(yf)+31$b.MB�x|{b}C}C�=~4~qP?#�$&%(%4E;FcBD5�.M,4E7)+*�%(*-BDFG@034E7W�B�$&%2%/)+*�,(31@b.M5;E7%1@&$&%2. S $&'657$
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∑
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∑
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∣

∣

∣

∣

∣

∣

∣
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y1 y2 y3 yj
N1 N2 N3 Nj

1 1 1 1
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∣

∣

∣

∣

∣

∣

∣
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jε[1,m]
x , P;{CP��?{§~
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T11

N1
=
T21

N2

%4BDE S .M*�, ~e1
x , P;{CP��C�=~

QLB�l

T11N2 − T21N1 = 0
%4BDE S .M*�, ~e1

x , P;{CP��CU=~

T22

N2
=
T32

N3

%4BDE S .M*�, ~e2
x , P;{CP�� , ~

QLB�l

T22N3 − T32N2 = 0
%4BDE S .M*�, ~e2

x , P;{CP�� 0 ~

T13

N1
=
T33

N3

%4BDE S .M*�, ~e3
x , P;{CP�� �=~

QLB�l

T13N3 − T33N1 = 0
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~e1 =
~A1A2
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~A2A3
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~A3A1
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Tij = (Tix.~x+ Tiy.~y).~ej = Tix.cos( ~Tix, ~Tij) + Tiy.sin( ~Tiy, ~Tij)
x , P;{CP��C}=~
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. S .M57$0BD3u>D$(5Kmv.+'&'&@057@03/.M,4E7)+*G5;E;*�@b.ME;31$ Γx
%1BDE S .M*-,k5Kmv.�[?$ ~Ox

$&%4,k'&)+*�%4,/.M*�,1$cx
Fext = constante

~ $0,t8�)C%4E;,4E S $CP
#�$c%1)+5;E7>D$g%1$g>D@08D5�.+'&$c%1BDE S .M*-,H5�.`>?E;31$&'0,4E7)+* ~Ox

xd'b.+%2AC5;E7%1%/.M*-,�~qP
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) ��� * , P;{ ,'. �L@b.+'0,4E7)+*�%H*�)+34Fr.M57$&%�$0,�,/.M*DA=$0*�,4E7$05;57$&%Z.MB?[�*�)]$0B�>D%H>?BY8D34E7%4FG$V8)+BD3
Fx = 10000N

#�$&%�'&)+BD34\$&%L>D$&%(s�ACBD31$&% , P;{bU_$0, , P;{ , %1)+*�,H,43/.+'&@&$&%�8)+BD3V{b�_E;,1@03/.M,4E7)+*�%bP
QL*�31$0,431)+B S $�57$&%^FGN0FG$&%('&)+*�'05;B�%4E7)+*�%(W�B�$L'&$05;57$&%(>D$�5Kmn$q[D$0F_8D57$�8D31@&'&@&>D$0*-, j %/. S )+E;39W-B�$H57$&%^31@b.+'0,4E7)+*�%9,/.M* ÉA=$0*-,4E7$05;57$&%u%bmn)+8D8�)C%1$0*�,k.MB_%1$0*�%t>D$�AC5;E7%1%/$0FG$0*�,k>?B_%1)+5;E7>D$^$0,kW-B�$�57$&% S .M57$0BD31%t>D$&% 31@b.+'0,4E7)+*�%k%/)+*�,t8D5;B�%t@057$ S @&$&%
.MBG*DE S $b.MB�>?BG*�)]$0B�> A2

W�B�mv.MB?[_*�)]$0B�>D%
A1

$0,
A3
P�#�$&% S .M57$0BD31%�$0*�'1T�.+W-B�$H*�)]$0B�>G>D$&%u31@b.+'0,4E7)+*�%^,/.M*DA=$0* É

,4E7$05;57$&%Z%1)+*-,L8D5;B�%Z@057$ S @&$&%ZW�B�$X>�.M*�%657$a'b.+%6%4,/.M,4E7W-B�$a'b.M3Z5�.r'&)+*�>?E;,4E7)+*�>D$cAC5;E7%1%/$0FG$0*�, √

T 2
ix + T 2

iy = fNix�E � {ClvU=~($&%1, S @034E�s�@&$CP�#
._%/)+F_FG$V>D$&%231@b.+'0,4E7)+*�%H*�)+34Fr.M57$&% N1
l
N2

$0,
N3

>D)+*D*�$g57$Z8)+E7>D%�>?BY\D57)-'CP
QL*r.6FG)+*-,431@HW�B�$(5Kmn@&W-B�.M,4E7)+*G>D$(5�.Z>?:]*�.MF_E7W�B�$H%1BDE S .M*-,k5Kmv.�[?$ ~Ox

8)+B S .ME;,u%bmn@&'034E;31$2$0*_,1$034FG$&%�>D$(FG$&%1BD31$&%
>?E�p�@031$0*�,4E7$05;57$&%6>D$Z5�.XJK.��&)+*e%4BDE S .M*�,1$G�

h ∗ T n+1
1x + h ∗ T n+1

2x + h ∗ T n+1
3x + h ∗ Fx = m ∗ (un+1 − un) x , PvU?PvU=~

#�$�,1$034FG$ (un+1−un)
h

31$08D31@&%1$0*�,1$�5�. S .M57$0BD3`>D$G5Kmv.+'&'&@057@03/.M,4E7)+*�P ��*�$�.MBD,431$rFr.M*DE7<031$h>D$rFG)+*�,431$03_W�B�$r57$&%
T-:-8�)+,4T�<&%1$&%(JK.ME;,1$&%�%1)+*-,H'&)+*?Jd)+34FG$&%L$&%4,25�.`31@&%1)+5;BD,4E7)+*e*�BDFG@034E7W-B�$c>D$g5Kmn@&W-B�.M,4E7)+*zx , PvU?PvU=~ZP

���������
	�����
���������������������

É (un+1−un)
h = 6.05m.s−2 l

É ∑Tix = −3950N
l

£LE;*�%4EKl
Fx +

∑

Tix = 10000 − 3950 = 6050N
$0,
m ∗ (un+1−un)

h = 1000 ∗ 6.05 = 6050N
P�#umn@&W-B�.M,4E7)+*

x , PvU?PvU=~($&%1, S @034E�s�@&$CP
#�$&%(31@&%1BD5;,/.M,1%2>?Bh'b.+%(AC5;E7%/%/.M*�,H%1)+*-,2'&)+T�@031$0*�,1%L. S $&'Z57$&%9T�:]8)+,4T�<&%1$&%9JK.ME;,1$&%(8�)+BD3957$ S $0325Km E;*�>D@0,1$034F_E;*�.M,4E7)+*�P
#
.G%1)+5;BD,4E7)+*e>?:]*�.MF_E7W�B�$V'&)+* S $034A=$a.MBR\�)+BD,�>D$VU`E;,1@03/.M,4E7)+*�%L$0,�%1$g%4,/.M\DE;5;E7%1$ j 5�. S .M57$0BD32s�*�.M57$CP
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• QL*".M8D8D5;E7W-B�$fFr.ME;*�,1$0*�.M*�,eBD* FG)+FG$0*�,Y$q[?,1@034E7$0BD3 ~M (~F ) = −200~z
l^5�.o%4E;FaBD5�.M,4E7)+*"*�BDFG@034E7W-B�$

>D)+*D*�$G�
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) ��� * , P;{ 0/. ��@b.+'0,4E7)+*�%2*�)+34Fr.M57$&%L$0,H,/.M*DA=$0*�,4E7$05;57$&%Z.MB?[R*�)-$0B�>D%�>?BR8D34E7%4FG$g8�)+BD3
Mz = −200Nm

#�$&%2'&)+F_8�)C%/.M*-,1$&%�>?Bh,1)+31%1$0BD3H'0E;*�@0Fr.M,4E7W-B�$V%1)+*�,2,1)+BD,1$&%(*-BD5;57$&%V�?57$Z%1)+5;E7>D$Z31$&%4,1$6E;F_FG)+\DE;57$CP�#
. S .M57$0BD3H>?B
FG)+FG$0*-,L$q[?,1@034E7$0BD3L.M8D8D5;E7W�B�@V*�mn$&%4,H8�.+%H%4B��r%�.M*�,1$g8�)+BD3�>D@08D5�.+'&$03H57$V%/)+5;E7>D$CP
#�$&%�'&)+BD34\$&%L>D$Z5�.Xs�ACBD31$ , P;{ 0 %1)+*-,H,43/.+'&@&$&%H8�)+BD3V{b�`E;,1@03/.M,4E7)+*�%bP

#�$^8D34E7%4FG$2.�BD*�$�A=@&)+FG@0,434E7$(%4:]FG@0,434E7W�B�$98�.M3�3/.M8D8)+34, j %1)+*`.�[D$9>D$�31)+,/.M,4E7)+*�lM57$&%�,431)+E7%�31@b.+'0,4E7)+*�%t*�)+34Fr.M57$&%
%1)+*-,rE7>D$0*-,4E7W�B�$&%bP^#�$&%G31@b.+'0,4E7)+*�%�,/.M*DA=$0*-,4E7$05;57$&%�%/)+*�,r31$&%18$&'0,4E S $0FG$0*-,�>D@&'&)+BD8D57@&$&%bl^%4:]FG@0,434E7W�B�$&%�%4BDE S .M*-,
5Kmv.�[D$ ~Ox

$0,�5�.`%1)+F_FG$
T1y + T3y = −T2y

%4BDE S .M*�,H5Kmv.�[D$ ~Oy
P

#
.e%1)+F_FG$r>D$&%c31@b.+'0,4E7)+*�%c*�)+34Fr.M57$&%
N1

l
N2

$0,
N3

>D)+*D*�$0*�,X57$_8�)+E7>D%c>?Bo\D57)]'CP
# .Y'&)+*�>?E;,4E7)+* >D$_*�)+* É
AC5;E7%1%/$0FG$0*�, √

T 2
ix + T 2

iy < fNi
x�E � {ClvU=~9$&%4, S @034E�s�@&$CP�#�$&%(31@&%4BD5;,/.M,1%H>?BR'b.+%H%1,/.M,4E7W�B�$Z%1)+*-,H'&)+T�@031$0*�,1%L. S $&'

57$&%2T-:-8�)+,4T�<&%1$&%HJO.ME;,1$&%bP

i9$&%g31@&%1BD5;,/.M,1%V%1)+*�,a'&)+*?Jd)+34FG$&%c. S $&'_5�.hA=@&)+FG@0,434E7$G>?B�%/)+5;E7>D$CP�#�$_%4E;AC*�$G>D$&%Z31@b.+'0,4E7)+*�%c,/.M*DA=$0*�,4E7$05;57$&%X>D@ É8�$0*�>_>?BG%4E;AC*�$2>?B_FG)+FG$0*�,^$q[],1@034E7$0BD3^.M8D8D5;E7W-B�@2$0,k5�. S .M57$0BD3u>D$&%k31@b.+'0,4E7)+*�%u,/.M*DA=$0*-,4E7$05;57$&%�>D@08�$0*�>G>D$(57$0BD31%
8�)C%4E;,4E7)+*�%28�.M3H3/.M8D8�)+34, j 5Kmv.�[D$V>D$Z31)+,/.M,4E7)+*f$0,H>D$&%L.�[?$&% ~Ox

$0, ~Oy
P

#
.G%1)+5;BD,4E7)+*e%4,/.M,4E7W-B�$g'&)+* S $034A=$X.MBY\)+BD,H>�m BD*�$cE;,1@03/.M,4E7)+*e$0,�%1$g%1,/.M\DE;5;E7%1$ j 5�. S .M57$0BD32s�*�.M57$CP
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• i9)+F_FG$28)+BD3t57$&%u>D$0B?[_%4E;FaBD5�.M,4E7)+*�%u8D31@&'&@&>D$0*�,1$&%§l�)+*r.MBDACFG$0*�,1$HE7'0ED5�. S .M57$0BD3u>?B_FG)+FG$0*-,^$q[?,1@034E7$0BD3
~M(~F ) = −60000~z

lD5�.`%4E;FaBD5�.M,4E7)+*e*-BDFG@034E7W�B�$a>D)+*D*�$G�
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) ��� * , P;{ � . ��$08D31@&%1$0*-,/.M,4E7)+*Y>D$&%9.+'&'&@057@03/.M,4E7)+*�%(5;E;*�@b.ME;31$&%
Γx
l
Γy

$0,^>D$L31)+,/.M,4E7)+*
Ω̇z

.MBh'&$0*�,431$Z>D$LAC3/. S E;,1@
>?BY8D34E7%1FG$Z8)+BD3

Mz = −60000Nm

#�$&%g'&)+BD34\�$&%V>D$`5�.rs�ACBD31$ , P;{ ��FG)+*�,431$0*-,aW-B�$X5�. S .M57$0BD3V>?B�FG)+FG$0*�,a$q[],1@034E7$0BD3c.M8D8D5;E7W-B�@G$&%4,g%4B��r%/.M*-,1$
8�)+BD3(JO.ME;31$V\)+BDA=$03H57$g%/)+5;E7>D$rxd'b.+%2AC5;E7%1%/.M*-,�~qP
#
. S .M57$0BD3c>D$G5Kmv.+'&'&@057@03/.M,4E7)+* >D$_31)+,/.M,4E7)+*

Ω̇z
%4BDE S .M*�,c5Kmv.�[?$ ~Oz

$&%4,V'&)+*�%4,/.M*-,1$�$0,c*�@0A�.M,4E S $CP
#�$_8D34E7%1FG$Cl
.MB S B�$h>D$�%/.f%4:-FG@0,434E7$�8�.M3X3/.M8D8)+34, j %1)+*�.�[?$�>D$�31)+,/.M,4E7)+*�lt,1)+BD34*�$�%1BD3a5;BDE É FGN0FG$Y.MBD,1)+BD3_>D$ ~Oz

l j
.+'&'&@057@03/.M,4E7)+*�'&)+*�%4,/.M*�,1$CP
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) ��� * , P;{§� . ��@b.+'0,4E7)+*�%H*�)+34Fr.M57$&%L$0,2,/.M*DA=$0*�,4E7$05;57$&%g.MB?[h*�)-$0B�>D%H>?Be8D34E7%4FG$g8�)+BD3
Mz = −60000Nm

#�$&%�'&)+BD34\$&%L>D$&%(s�ACBD31$&% , P;{ �_$0, , P;{§�_%1)+*�,H,43/.+'&@&$&%�8)+BD3V{b�_E;,1@03/.M,4E7)+*�%bP
QL*�31$0,431)+B S $H57$&%uFGN0FG$&%9'&)+*�'05;B�%4E7)+*�%9W�B�$�'&$05;57$&%^>D$25Kmn$q[D$0F_8D57$H8D31@&'&@&>D$0*-, j %/. S )+E;39W�B�$H57$&%u,431)+E7%^31@b.+'0,4E7)+*�%
*�)+34Fr.M57$&%g%1)+*-,ZE7>D$0*�,4E7W-B�$&%bP�#�$&%631@b.+'0,4E7)+*�%g,/.M*DA=$0*�,4E7$05;57$&%c%1)+*�,Z31$&%48�$&'0,4E S $0FG$0*�,V>D@&'&)+BD8D57@&$&%bl�%1:-FG@0,434E7W-B�$&%
%4BDE S .M*�,�5Kmv.�[?$ ~Ox

$0,H5�.`%1)+F_FG$V$&%1,
T1y + T3y = −T2y

%1BDE S .M*-,H5Kmv.�[?$ ~Oy
P

#�$&% S .M57$0BD31%t$0*`'/T�.+W�B�$9*�)]$0B�>a>D$&%�31@b.+'0,4E7)+*�%t,/.M*DA=$0*-,4E7$05;57$&%u%1)+*�,t8D5;B�%t@057$ S @&$&%kW-B�$^>�.M*�%�57$9'b.+%�%1,/.M,4E7W�B�$9'b.M3
5�.c'&)+*�>?E;,4E7)+*h>D$LAC5;E7%1%1$0FG$0*-, √

T 2
ix + T 2

iy = fNi
x�E � {ClvU=~u$&%4, S @034E�s�@&$CP?#
.c%/)+F_FG$�>D$&%931@b.+'0,4E7)+*�%9*�)+34Fr.M57$&%

N1
l
N2

$0,
N3

>D)+*D*�$0*-,`57$G8�)+E7>D%a>?Bz\D57)-'CP #�$&%X31@&%4BD5;,/.M,1%a>?B 'b.+%X>?:-*�.MF_E7W-B�$r%1)+*-,X'&)+T�@031$0*-,1%G. S $&'�57$&%
T-:-8�)+,4T�<&%1$&%(JK.ME;,1$&%bP
#
.G%1)+5;BD,4E7)+*e>?:]*�.MF_E7W�B�$V'&)+* S $034A=$a.MBR\�)+BD,�>D$VU`E;,1@03/.M,4E7)+*�%L$0,�%1$g%4,/.M\DE;5;E7%1$ j 5�. S .M57$0BD32s�*�.M57$CP

� � �+���
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�-BD3�'&$0,4,1$V8D31$0F_E7<031$V%1@034E7$V>D$g%4E;FaBD5�.M,4E7)+*�%�31@b.M5;E7%/@&$&%L. S $&'V57$g'&)->D$Vy�.M,1#
.M\�l�)+*e31$0Fr.M31W�B�$VW-B�$_�

É 57$&%�31@b.+'0,4E7)+*�%9,/.M*DA=$0*�,4E7$05;57$&%2%§mn)+8D8)C%1$0*-,�,1)+B+�4)+BD31%9.MBh%1$0*�%^>D$HAC5;E7%1%1$0FG$0*-,bP?i9$&%^31@&%4BD5;,/.M,1%(%1)+*-,^'&)+*?JO)+34FG$&%. S $&'g57$&%257)+E7%�>D$6Jd31)+,4,1$0FG$0*�,6'05�.+%1%4E7W-B�$&%H>D$ai9)+BD57)+Fa\�l
É %1E�57$g8D34E7%4FG$cAC5;E7%1%1$V>�.M*�%�BD*�$c>?E;31$&'0,4E7)+*f>D)+*D*�@&$Cl�.M57)+31%�W-B�$05
W-B�$V%1)+E;,L57$gFG)->?BD57$a>D$g5�.XJO)+31'&$c$q[?,1@034E7$0BD31$.M8D8D5;E7W-B�@&$c.MBY'&$0*�,431$c>D$gAC3/. S E;,1@V>?BY%1)+5;E7>D$Cl?57$&% S .M57$0BD31%H>D$&%231@b.+'0,4E7)+*�%�*�)+34Fr.M57$&%�$0,2,/.M*DA=$0*-,4E7$05;57$&%�31$&%4,1$0*-,
E7>D$0*-,4E7W�B�$&%bP�wg.M*�%X57$r'b.+%X)��z)+*�.M8D8D5;E7W�B�$�BD*oFG)+FG$0*-,`$q[?,1@034E7$0BD3_.MBD,1)+BD3`>D$r5Kmv.�[?$ ~Oz

l 57$&% S .M57$0BD31%X>D$&%
31@b.+'0,4E7)+*�%L%1)+*�,�'&)+T�@031$0*-,1$&%6. S $&'g5�._%4:]FG@0,434E7$g$0,H5Kmv.�[D$g>D$g31)+,/.M,4E7)+*e>?Be%/)+5;E7>D$Cl
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.G%1)+5;BD,4E7)+*e>?:]*�.MF_E7W�B�$V'&)+* S $034A=$a.MBR\�)+BD,�>D$VU`E;,1@03/.M,4E7)+*�%L$0,�%1$g%4,/.M\DE;5;E7%1$ j 5�. S .M57$0BD32s�*�.M57$CP
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• QL*�8D31)+8�)C%1$r>�mv.M8D8D5;E7W-B�$03cFr.ME;*-,1$0*�.M*�,`BD*�FG)+FG$0*-,X$q[?,1@034E7$0BD3a>D$_FG)]>?BD57$ ~M(~F ) = −400~z
8�)+BD3

S @034E�s�$03V%4Et57$&%Z31@&%4BD5;,/.M,1%c%1)+*�,V'&)+T�@031$0*-,1%a. S $&'_'&$0B?[�8D31)+8)C%/@&%Z8�.M3g57$`8D34E7%4FG$CP�#
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) ��� * , Pv�CU . ��@b.+'0,4E7)+*�%2*�)+34Fr.M57$&%6$0,2,/.M*DA=$0*�,4E7$05;57$&%Z.MB?[R*�)-$0B�>D%H>?Bf'0BD\$Z8�)+BD3
Mz = −400Nm

#�$&%2'&)+F_8�)C%/.M*-,1$&%�>?Bh,1)+31%1$0BD3H'0E;*�@0Fr.M,4E7W-B�$V%1)+*�,2,1)+BD,1$&%(*-BD5;57$&%V�?57$Z%1)+5;E7>D$Z31$&%4,1$6E;F_FG)+\DE;57$CP�#
. S .M57$0BD3H>?B
FG)+FG$0*-,L$q[?,1@034E7$0BD3L.M8D8D5;E7W�B�@V*�mn$&%4,H8�.+%H%4B��r%�.M*�,1$g8�)+BD3�>D@08D5�.+'&$03H57$V%/)+5;E7>D$CP
#�$&%�'&)+BD34\$&%L>D$Z5�.Xs�ACBD31$ , Pv�CU_%1)+*-,H,43/.+'&@&$&%H8�)+BD3V{b�`E;,1@03/.M,4E7)+*�%bP
i9)+F_FG$h8�)+BD3_5Kmn$q[?$0F_8D57$R>?B�8D34E7%1FG$Clk$0* 3/.ME7%/)+*�>D$h5�.eA=@&)+FG@0,434E7$e>?B '0BD\�$Clt57$&%_W-B�.M,431$h31@b.+'0,4E7)+*�%_*�)+3 ÉFr.M57$&%R%1)+*-,hE7>D$0*�,4E7W-B�$&%bP2#�$&%h31@b.+'0,4E7)+*�%h,/.M*DA=$0*�,4E7$05;57$&%f%1)+*�,R%4:]FG@0,434E7W-B�$&%�%1BDE S .M*-,R57$&%h.�[D$&% ~Ox

l ~Oy
$0,

T1x + T2x = −(T3x + T4x)
l
T1y + T4y = −(T2y + T3y)
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. %1)+F_FG$�>D$&%�31@b.+'0,4E7)+*�%R*�)+34Fr.M57$&%
N1
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l
N3

$0,
N4

>D)+*D*�$�57$f8�)+E7>D%h>?B"\D57)-'CP(#
. '&)+*�>?E;,4E7)+* >D$
*�)+* É AC5;E7%1%/$0FG$0*�, √

T 2
ix + T 2

iy < fNi
x�E � {Cl , ~H$&%1, S @034E�s�@&$CP�#�$&%�31@&%4BD5;,/.M,1%�>?B�'b.+%H%4,/.M,4E7W-B�$c%1)+*-,�'&)+T�@031$0*�,1%

. S $&'g57$&%2T�:]8�)+,4T�<&%1$&%2JK.ME;,1$&%bP
i9$&%231@&%1BD5;,/.M,1%�%1)+*-,�'&)+*?Jd)+34FG$&%6.MB?[RT�:]8)+,4T�<&%1$&%�>D$V%4:]FG@0,434E7$V>?BY%1)+5;E7>D$CP�#�$c%4E;AC*�$V>D$&%231@b.+'0,4E7)+*�%L,/.M*DA=$0* É,4E7$05;57$&%k>D@08�$0*�>`>?B`%1E;AC*�$9>?B`FG)+FG$0*-,u$q[],1@034E7$0BD3�.M8D8D5;E7W-B�@($0,�5�. S .M57$0BD3k>D$&% 31@b.+'0,4E7)+*�%u,/.M*DA=$0*�,4E7$05;57$&%u>D@08�$0*�>
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>D$Z57$0BD3H8�)C%4E;,4E7)+*Y8�.M3�3/.M8D8)+34, j 5Kmv.�[D$g>D$g31)+,/.M,4E7)+*e>?Bf%1)+5;E7>D$V$0,�.MB?[Y.�[?$&% ~Ox
$0, ~Oy

P
#
.G%1)+5;BD,4E7)+*e%4,/.M,4E7W-B�$g'&)+* S $034A=$X.MBY\)+BD,H>�m BD*�$cE;,1@03/.M,4E7)+*e$0,�%1$g%1,/.M\DE;5;E7%1$ j 5�. S .M57$0BD32s�*�.M57$CP

• i9)+F_FG$e8�)+BD3�57$&%�>D$0B?[ $q[D$0F_8D57$&%�8D31@&'&@&>D$0*-,1%bl()+*".MBDACFG$0*-,1$�5�. S .M57$0BD3�>?B FG)+FG$0*�,R$q[?,1@034E7$0BD3
~M(~F ) = −40000~z

P�QL*Y)+\D,4E7$0*-,�57$&%231@&%4BD5;,/.M,1%L%4BDE S .M*�,1%V�
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) ��� * , Pv� , . ��$08D31@&%1$0*-,/.M,4E7)+*Y>D$&%9.+'&'&@057@03/.M,4E7)+*�%(5;E;*�@b.ME;31$&%
Γx
l
Γy

$0,^>D$L31)+,/.M,4E7)+*
Ω̇z

.MBh'&$0*�,431$Z>D$LAC3/. S E;,1@
>?Be'0BD\�$Z8�)+BD3

Mz = −40000Nm

#�$&%6'&)+BD34\�$&%L>D$c5�.Xs�ACBD31$ , Pv� , FG)+*�,431$0*-,ZW-B�$V5�. S .M57$0BD36>?BeFG)+FG$0*-,6$q[?,1@034E7$0BD3Z.M8D8D5;E7W-B�@&$c$&%1,L%4B��r%/.M*-,1$
8�)+BD3(JO.ME;31$V\)+BDA=$03H57$g%/)+5;E7>D$rxd'b.+%2AC5;E7%1%/.M*-,�~qP

#
. S .M57$0BD3�>D$R5Kmv.+'&'&@057@03/.M,4E7)+* >D$e31)+,/.M,4E7)+*
Ω̇z

%1BDE S .M*-,r5Kmv.�[D$ ~Oz
$&%1,r'&)+*�%4,/.M*�,1$f$0,r*�@0A�.M,4E S $CP^#�$e'0BD\�$Cl

>?BRJK.ME;,H>D$g%/.`%4:]FG@0,434E7$g8�.M3H3/.M8D8�)+34, j %1)+*e.�[D$g>D$g31)+,/.M,4E7)+*�l�,1)+BD34*�$V%4BD325;BDE É FGN0FG$a.MBD,1)+BD3L>D$ ~Oz
P
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) ��� * , Pv� 02. �L@b.+'0,4E7)+*�%H*�)+34Fr.M57$&%L$0,H,/.M*DA=$0*�,4E7$05;57$&%Z.MB?[�*�)]$0B�>D%�>?BY'0BD\�$g8�)+BD3
Mz = −40000Nm

#�$&%�'&)+BD34\$&% , Pv� , $0, , Pv� 0 %1)+*-,H,43/.+'&@&$&%H8�)+BD3V{b�`E;,1@03/.M,4E7)+*�%bP
QL*Y31$0,431)+B S $V57$&%2FGN0FG$&%�'&)+*�'05;B�%4E7)+*�%LW�B�$Z8�)+BD3H57$g'b.+%H>?Be8D34E7%4FG$V$0,28�)+BD3H5Kmn$q[?$0F_8D57$V8D31@&'&@&>D$0*�,bP
#�$&% S .M57$0BD31%t$0*`'/T�.+W�B�$9*�)]$0B�>a>D$&%�31@b.+'0,4E7)+*�%t,/.M*DA=$0*-,4E7$05;57$&%u%1)+*�,t8D5;B�%t@057$ S @&$&%kW-B�$^>�.M*�%�57$9'b.+%�%1,/.M,4E7W�B�$9'b.M3
5�.c'&)+*�>?E;,4E7)+*h>D$LAC5;E7%1%1$0FG$0*-, √

T 2
ix + T 2

iy = fNi
x�E � {Cl , ~u$&%4, S @034E�s�@&$CP?#
.c%/)+F_FG$�>D$&%931@b.+'0,4E7)+*�%9*�)+34Fr.M57$&%
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l
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$0,
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>D)+*D*�$a57$V8�)+E7>D%L>?Bf\D57)-'CP�#�$&%L31@&%4BD5;,/.M,1%Z>?Bf'b.+%6>?:-*�.MF_E7W-B�$a%/)+*�,L'&)+T�@031$0*-,1%V. S $&'a57$&%
T-:-8�)+,4T�<&%1$&%(JK.ME;,1$&%bP
#
.G%1)+5;BD,4E7)+*e>?:]*�.MF_E7W�B�$V'&)+* S $034A=$a.MBR\�)+BD,�>D$VU`E;,1@03/.M,4E7)+*�%L$0,�%1$g%4,/.M\DE;5;E7%1$ j 5�. S .M57$0BD32s�*�.M57$CP
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• QL*f.M8D8D5;E7W-B�$gBD*�$ZJO)+31'&$V$q[?,1@034E7$0BD31$ ~F = −m ∗ g ∗ f~x+m ∗ g ∗ f~y 8�)+BD3 S @034E�s�$03�57$g'b.+%�5;E;F_E;,1$c>D$AC5;E7%1%/$0FG$0*�,bP�# .`%4E;FcBD5�.M,4E7)+*f*�BDFG@034E7W-B�$c>D)+*D*�$G�
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) ��� * , Pv� � . ��@b.+'0,4E7)+*�%L*�)+34Fr.M57$&%L$0,H,/.M*DA=$0*-,4E7$05;57$&%g.MB?[h*�)]$0B�>D%�>?Be8D34E7%4FG$g8�)+BD3
Fx = −m ∗ g ∗ f � $0,

Fy = m ∗ g ∗ f �

i9)+F_FG$_8�)+BD3Z5Kmn$q[?$0F_8D57$r>?B�8D34E7%1FG$Cl�57$&% S .M57$0BD31%g>D$&%V31@b.+'0,4E7)+*�%g*�)+34Fr.M57$&%V$0,g,/.M*DA=$0*�,4E7$05;57$&%X>D$X5�.�s�ACBD31$
, Pv� �g%/)+*�,kE7>D$0*�,4E7W-B�$&%^.MB?[ S .M57$0BD31%k,431)+B S @&$&%�>�.M*�%k5�.Ls�ACBD31$ , Pv�C�?P=#
.6,43/.M*�%4E;,4E7)+*r>?B�'b.+%u>D$(*�)+* É AC5;E7%1%1$0FG$0*-,.MBY'b.+%L>D$ZAC5;E7%1%1$0FG$0*�,6%1$6JK.ME;,H>D$6JO.��&)+*e'&)+*-,4E;*�B�$CP

� �
�
� � ( � � �+� � � #%��! !���� ���
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#�$&%GT�:]8)+,4T�<&%1$&%_%1BD8D8D57@0FG$0*�,/.ME;31$&%�>D$h8D31)+8)+34,4E7)+*D*�.M5;E;,1@Y>D$&%G31@b.+'0,4E7)+*�%_,/.M*DA=$0*�,4E7$05;57$&%�$0,_>D$h31@08�.M34,4E;,4E7)+*
5;E;*�@b.ME;31$V>D$&%H31@b.+'0,4E7)+*�%H*�)+34Fr.M57$&%�)+*-,�@0,1@g,1$&%4,1@&$&%�>�.M*�%257$&%H'b.+%H%4,/.M,4E7W-B�$g$0,�>?:]*�.MF_E7W�B�$V8)+BD32BD*R*�)+Fa\D31$
>D$Z*�)]$0B�>D%�@0A�.M5 j U`$0, , P
¡�)+BD3 S .M5;E7>D$03H'&$&%HT-:-8�)+,4T�<&%1$&%V�
É >D$&%H'&)+*�>?E;,4E7)+*�%6>D$Z*�)+* É AC5;E7%1%1$0FG$0*-,6$0,2AC5;E7%/%1$0FG$0*�,6%1)+*�, S @034E�s�@&$&%bl
É 5�.r%1E;FcBD5�.M,4E7)+*�%4BD365�._,43/.M*�%4E;,4E7)+*�*�)+* É AC5;E7%1%/.M*-, � AC5;E7%1%/.M*-,g31@b.M5;E7%1@&$X8)+BD3657$&%L'b.+%Z>?B�8D34E7%4FG$X$0,6>?B�'0BD\$`.FG)+*-,431@cW-B�$Z57$&%231@&%4BD5;,/.M,1% j 5�._5;E;F_E;,1$V>?BRAC5;E7%1%1$0FG$0*-,L%1)+*-,�@&W�BDE S .M57$0*�,1% j '&$0B?[h>?BeAC5;E7%1%1$0FG$0*�,bl
É W-B�$057W�B�$c%1)+E;,25Km E;*DE;,4E�.M5;E7%/.M,4E7)+*�l�57$&% S .M57$0BD31%L>D$&%231@b.+'0,4E7)+*�%�'&)+* S $034A=$0*�, S $031%2BD*�$V%1)+5;BD,4E7)+*YBD*DE7W-B�$Cl
É )+*e.X31$08D31@&%1$0*-,1@c%4BD3(5�.as�ACBD31$ , Pv�=�`5�.X31@b.+'0,4E7)+*Y,/.M*DA=$0*�,4E7$05;57$ ||T || =

√

T 2
1x + T 2

1y

.MBR*DE S $b.MBe>?BR*�)]$0B�>
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{g>?Be'0BD\�$g$0*RJO)+*�'0,4E7)+*e>D$Z5�. S .M57$0BD3�>D$Z5�.XJO)+31'&$g$q[],1@034E7$0BD31$ ~Fext = Fx~x
P
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) ��� * , Pv�=� . ��3/.M*�%4E;,4E7)+*f*�)+* É AC5;E7%1%/.M*�, � AC5;E7%/%/.M*�,Z.MBY*DE S $b.MBe>?BY*�)]$0B�>�{V>?BY'0BD\�$

#
. S .M57$0BD36>D$g5�.`31@b.+'0,4E7)+*e,/.M*DA=$0*-,4E7$05;57$a'031)��7,`xd'b.+%�>D$g*�)+* É AC5;E7%/%1$0FG$0*�,bl'Cmn$&%4, É j É >?E;31$ j 5Km E;*�,1@034E7$0BD3Z>?Be' � *�$>D$Hi9)+BD57)+Fc\�~��B�%1W-B�m j .M,4,1$0E;*�>?31$2BD*�$ S .M57$0BD3k%1$0BDE;5
xd'b.+%k>D$9AC5;E7%1%/$0FG$0*�,bl j %/. S )+E;3u%4BD3 57$2' � *�$(>D$�i9)+BD57)+Fa\�~qP
#�$Z8�.+%/%/.MA=$V$0*�,431$V57$&%H'b.+%2*�)+* É AC5;E7%1%/.M*-,�$0,2AC5;E7%1%/.M*-,�%1$Z8D31)]>?BDE;,2E7'0E�8�)+BD3 ~Fext = −m ∗ g ∗ f~x 'Cmn$&%4, É j É >?E;31$
Fx = 3924N

P

É %1E2BD* %1)+5;E7>D$RAC5;E7%1%/$R%4BDE S .M*-,GBD*�$Y>?E;31$&'0,4E7)+* E;*�'05;E;*�@&$e>D$R5Kmv.M*DAC57$
θ
x�s�ACBD31$ , Pv� �=~`8�.M3G3/.M8D8�)+34, j 5Kmv.�[D$

~Ox
l�57$&% S .M57$0BD31%V>D$&%g31@b.+'0,4E7)+*�% j BD*�*�)]$0B�>�>D)+*D*�@G>D@08�$0*�>D$0*�,a>D$ θ P�£ ,4E;,431$_>�mn$q[D$0F_8D57$Cl
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x�F_F � F�~
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5Kmn$��r'b.+'0E;,1@a$0,H>D$g5�.`'&)+T�@031$0*�'&$c>D$&%231@&%1BD5;,/.M,1%�)+\D,1$0*�B�%§P
wZ$05;,1)+BD3blDFG$0Fa\D31$V>D$g5Kmn£6%1%1)]'0E�.M,4E7)+*Y>D$&%�i9)+F_8�.MAC*�)+*�%L¡t.+%1%/.M*-,1% � .ME;5;57$0BD31%L>D$Z8DE7$03431$Cl�.X8D31)+8�)C%1@g>D$Z8�.M3 É,4E7'0E;8�$03 j 5�.�'&)+*�'&$08D,4E7)+*o>�m BD*�$`'&)+BD8 � 57$_$0*�8DE7$03431$CP
i9$a8D31)M�4$0,Z31$0*�,431$_>�.M*�%Z57$`'b.+>?31$_>D$&% ��$0*�'&)+*-,431$&%V>D$
5�.r8DE7$03431$`>D$ $ BD*�.+%6W-BDEKl�>D$08DBDE7%`{b} � �?l�3/.+%/%1$0Fc\D57$0*-,V>D$&%L,/.ME;5;57$0BD31%g>D$a8DE7$03431$`$0,g>D$&%L8D31)MJO$&%1%4E7)+*D*�$057%Z>D$X5�.
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s�5;E7<031$ S $0*�B�%6>D$ � 3/.M*�'&$`$0,6>�m �kBD31)+8$CP£ S $&'c'&$V8D31)M�4$0,bl�wZ$05;,1)+BD3Z%1)+BDT�.ME;,1$aFG$0,4,431$a$0* S .M57$0BD3L57$&%LW-B�.M5;E;,1@&%
>D$�5�.e8DE7$03431$�$0,`57$�%/. S )+E;3 É JK.ME;31$R>D$&%X,/.ME;5;57$0BD31%G.�s�*�>D$�31$0*�)+B�$03`57$&%as�57%`$0*�,431$Y.M31'/TDE;,1$&'0,1$&%bltE;*DA=@0*DE7$0BD31%G$0,
.M34,4E7%/.M*�%�>D$g5�.X8DE7$03431$CP

! ���#" � Pv�CU $ � @&)+FG@0,434E7$V>D$g5�.`'&)+BD8 � 57$V>D$ $ BD*�.+%

• � �+��� � #%� #�� 	����
�+�,

�L*�$a@0,4B�>D$_.M*-,1@034E7$0BD31$G%4BD365�.r%4,/.M\DE;5;E;,1@`>D$X5�.�'&)+BD8 � 57$_.�>D@�� j @0,/.ME;,Z$qp�$&'0,4B�@&$YxKi^T�$0,1)+B�.M*�$YxO�C�C� �-~4~qP�wZ$&%
31@&%4BD5;,/.M,1%_)+*-,`FG)+*�,431@RW-B�$�57$h'/T�)+E�[ >�m BD*�%1$0BD5(Fr.M,1@034E�.MB 8)+B S .ME;,_$0*DA=$0*�>?31$03G>D$&%_>D@0A � ,1%Yx�s�%1%4BD31$&%`>D$&%
\D57)]'&%bP;P;P ~(>?B�% j >D$&%�%1)+5;5;E7'0E;,/.M,4E7)+*�%L8�.M3|Jd)+E7%H,431)+8f@057$ S @&$&%bP�#
$V'1T�)+E�[e>D$&%28DE7$03431$&%L$0,H57$0BD31%H8�)C%4E;,4E7)+*�%L>�.M*�%H5�.
%4,434B�'0,4BD31$c$&%4,2,431<&%HE;F_8�)+34,/.M*�,H8�)+BD3�$0*e.+%1%1BD31$03H5�.`%4,/.M\DE;5;E;,1@rxd'/T�.M8DE;,431$�{§~qP

wZ$05;,1)+BD3R.�31$08�$0*�%1@f5�.�%4,1@031@&)+,1)+F_E7$�$0,R.�8D31)+8�)C%1@e>D$ S .M5;E7>D$03�57$&%h%1)+5;BD,4E7)+*�%�31$0,1$0*�B�$&%R'&)+*�'&$034*�.M*-,1%h57$&%
Fr.M,1@034E�.MB?[RBD,4E;5;E7%1@&%L$0,25�._%4,1@031@&)+,1)+F_E7$g31$0,1$0*-B�$c$0,�>D$g>D@0,1$034F_E;*�$03L57$&%2¢b)+*�$&% j 31$0*?JO)+31'&$03bP

•  ���,*� � ���,*��! ��� � � !*�+��!$�%�"���
� 	+�
�
� �,$�� � ��$#�� �%� ��� ��

#
.fA=@&)+FG@0,434E7$Y$0,`57$&%`>?E;FG$0*�%4E7)+*�%G>D$�5�.�%4,434B�'0,4BD31$h>D)+E S $0*�,�N0,431$�'&)+*�%/$03 S @&$&%bPk#
.�%4,1@031@&)+,1)+F_E7$Clt57$h'1T�)+E�[
>D$&%2Fr.M,1@034E�.MB?[e$0,257$0BD31%H31@08�.M34,4E;,4E7)+*�%L>D)+E S $0*-,6.MB�%1%4E�N0,431$c'&)+*�%1$03 S @&%bP
#
.X57)+E >D$g'&)+F_8)+34,1$0FG$0*-, j 5Km E;*�,1$03|JK.+'&$c$0*-,431$g57$&%28DE7$03431$&%L$&%4,H>D$Z, :]8$6Jd31)+,4,1$0FG$0*�,6%1$&'Z>D$ai9)+BD57)+Fc\�%4,/.M* É>�.M31>e. S $&'gBD*e'&)]$��r'0E7$0*�,6>D$6J�31)+,4,1$0FG$0*-,L>D$c�?P��?P
#�$X\DBD,V>D$`'&$X8D31)M�|$0,g$&%4,g>D$ S .M5;E7>D$0365�.�'&)+*�'&$08D,4E7)+*z.+'0,4B�$05;57$_>D$X5�.�'&)+BD8 � 57$Cl�'Cmn$&%4, É j É >?E;31$_>D$`>D@0,1$034F_E;*�$035�.e*�.M,4BD31$Clt5�.Y57)]'b.M5;E7%/.M,4E7)+*�$0,X5�. S .M57$0BD3`>D$&%_'&)+*�,43/.ME;*-,1$&%GW�BDE(%bmn$q[D$031'&$0*�,G%4BD3X57$&%`>?E�p�@031$0*-,1$&%_8�.M34,4E7$&%_>D$
5Kmn@&>?E�s�'&$V$0,L%4BD3H%1$&%(JO)+*�>�.M,4E7)+*�%bP

• � � ! *����	 �� � �

#
.G%4,434B�'0,4BD31$ j FG)]>D@05;E7%1$03�$&%4,2BD*�$ S ) � ,1$V$0*e8DE7$03431$V>D$��MF >D$g>?E�.MFG<0,431$c$0, �CF >D$ZT�.MBD,1$0BD3�W�BDE %bm E;*�%1'034E;,
>�.M*�%XBD*�$h>D$0F_E É %48DT�<031$CP �k5;57$h'&)+F_8�)+34,1$�BD* ,431)+B�.MB %/)+F_FG$0,`>D$�{0F >D$h>?E�.MFG<0,431$�$0,`31$08�)C%1$�%4BD3X'0E;*�W
8DE;5;E7$031%6>D$X�MF >D$VT�.MBD,1$0BD3bl��+�+'0F�>D$V5�.M34A=$0BD3Z$0,����+'0F�>�mn@08�.ME7%1%1$0BD3bP#
.r'&)+BD8 � 57$c$&%1,L'&)+F_8�)C%1@&$a>�m BD*�$0* É%1$0Fa\D57$V>D$g8DE7$03431$&%�8D31) S $0*�.M*�,6>D$V>?E�p�@031$0*�,1$&%�'b.M3434E7<031$&%X�
É 6m3 >D$g8DE7$03431$&%�>D$V#�$0*�%bl
É 2m3 >D$g8DE7$03431$&%�>D$ $ BD*�.+%bl
É 1m3 >D$g8DE7$03431$&%�>�m �u%4,/.ME;5;5�.+>D$Cl

É � � �ÀÉ



� "�� " � 	 �§����������� ���
� � 	 ��� � ����� � ����� ������L��� �������� � ������ � � ���-��� � ������� � ��! � � ����������������

É 4m3 >D$g8DE7$03431$&%�>D$V¥($b.MBD5;E7$0B�P
�k5;57$&%L%1)+*�,L>?E7%48)C%/@&$&%2>�.M*�%H5�.`%4,434B�'0,4BD31$V>D$V5�.aJO.��&)+*e%1BDE S .M*-,1$rx S )+E;32s�ACBD31$ � Pv� �-~qP

! � �#" � Pv� � $�¡�)C%4E;,4E7)+*�%�>D$&%2\D57)]'&%H>�.M*�%�5�.`'&)+BD8 � 57$V%1BDE S .M*-,H57$0BD31%H'b.M3/.+'0,1@034E7%4,4E7W-B�$&%�FG@&'b.M*DE7W-B�$&%

#�$a'1T�)+E�[f>D$c5�._31@08�.M34,4E;,4E7)+*�>D$&%H8DE7$03431$&%Z$&%4,6$qp�$&'0,4B�@a$0*YJO)+*�'0,4E7)+*�>D$c57$0BD31%L'b.M3/.+'0,1@034E7%1,4E7W�B�$&%6FG@&'b.M*DE7W-B�$&%
x�Fr.+%1%/$ S )+5;BDF_E7W�B�$Cl�FG)->?BD57$V>�m ��)+BD*DA�P;P;P ~qP

wg.M*�%2BD*Y8D31$0F_E7$03�,1$0F_8�%blD5�.`'&)+BD8 � 57$V$&%4,HFG)]>D@05;E7%1@&$g%1)+B�%28�)+E7>D%28D31)+8D31$�x�s�ACBD31$ � Pv� � ~qP

! � �#" � Pv� � $ �HBDE;*�$g>D$V5�.`'&)+BD8 � 57$

£ 5�.as�*e>?BY'b.M57'0BD5Kl�5�.`%1,434B�'0,4BD31$V$&%4,H,1)+,/.M57$0FG$0*-,�34BDE;*�@&$CP
QL*G)+\�%1$03 S $HBD*�$H'&)+*�'&$0*�,43/.M,4E7)+*h>D$2'&)+*�,43/.ME;*-,1$&%(.MB_*DE S $b.MB�>D$&%k8DE7$&>D%bP-i9$0B?[ É '0E�%bmn@&'b.M34,1$0*-, S $031%u5Kmn$q[?,1@034E7$0BD3$0,H5;E;\�<031$0*�,657$&%H8D31$0F_E7<031$&%L8DE7$03431$&%6W�BDE�,1)+Fa\$0*-,Z.MB�'&$0*�,431$a>D$&% �&.M31'1T�$&% �+P�#�$&%Z.MBD,431$&%L.+%/%4E7%1$&%�%§mv.�p�.ME7%1%/$0*�,
Fr.ME7%2*�$c%1$g>D@0,434BDE7%1$0*�,L8�.+%2,1)+,/.M57$0FG$0*�,bP
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��*DE;,1@&%ax��L$ �2,1)+*�~ �])+F_F_E7$031%a{ � U � �
�tp�)+34,1% �2[

0, 104.105 0, 101.105 0, 368.105 −0, 304.105 −0, 269.105

��:
0, 341.105 −0, 314.105 0, 935.103 −0, 228.105 0, 212.105

�H¢ −0, 465.105 −0, 445.105 −0, 444.105 −0, 457.105 −0, 436.105

y�)+FG$0*�,1%LyY[ −0, 537.104 −0, 245.104 −0, 187.104 0, 512.103 0, 522.104

ye:
0, 703.104 −0, 270.103 −0, 100.103 0, 101.105 0, 527.104

yf¢
0, 715.103 −0, 120.104 −0, 895.104 −0, 498.103 0, 448.104

	 � � " � P � $ ��.M57$0BD31%�>D$&%H$qp�)+34,1%H%4BD3257$&%L%1)+F_F_E7$031%H>D$g5�.`'&)+BD8 � 57$

#
.G%4E;FcBD5�.M,4E7)+*eJO.ME;,�.ME;*�%4E
.M8D8�.M3/.ME;,431$c57$&%2¢b)+*�$&%�>D$gJO.ME;\D57$&%1%/$V.ME;*�%4E�W�B�m BD*f$qp�)+*�>?31$0FG$0*-,L>D$g5�.`%4,434B�'0,4BD31$CP
i9$0,4,1$_FG)]>D@05;E7%/.M,4E7)+*o%§mv. S <031$G*�@&'&$&%/%/.ME;31$_8�)+BD3g\DE7$0*o'&)+F_8D31$0*�>?31$G5Kmn@ S )+5;BD,4E7)+* >D$G'1T�.+W-B�$_\D57)]'_$0,VFG$0,4,431$
$0*R8D5�.+'&$cBD*R31$0*?Jd)+34,bP

• � � � � ��!�������,� ���#%��� � � ! ���,�����+���+�, #��&!*����� ��
����! #��&!*��� ��
�+�

wZ$&%_%1)+5;BD,4E7)+*�%G%/)+*�,G>D)+*�' j $0* S E7%/.MA=$03G%4BDE;,1$ j 5Km E;*�%1,/.M\DE;5;E;,1@Y>D$�5�.�'&)+*�%4,434B�'0,4E7)+*�Pu£LB�*DE S $b.MB�>D$&%G%1)+F ÉF_E7$031%bl�)+*Y)+\�%1$03 S $gBD*�$V'&)+*�'&$0*-,43/.M,4E7)+*�>D$g'&)+*-,43/.ME;*�,1$&%bP
¡�)+BD32>D@0,1$034F_E;*�$03('&$&%(>D$034*DE7<031$&%bl-BD*�$6%4E;FcBD5�.M,4E7)+*R$&%4,($qp�$&'0,4B�@&$6$0*�\D57)-W-B�.M*�,957$&%(%1)+F_F_E7$031%bPDQL*�8D31$0*�>�57$&%
S .M57$0BD31%Z>D$&%HJO)+31'&$&%g.MB?[?W-B�$05;57$&%6E;57%L%1)+*-,6%1BD8D8)C%1@&%L31@&%4E7%4,1$03bP#�$&%Z$qp�)+34,1%L,43/.M*�%1F_E7%6%/)+*�,68D31@&%1$0*�,1@&%g>�.M*�%657$
,/.M\D57$b.MB � P ��P

#
.a'&)+F_8�)C%/.M*�,1$6T�)+34E;¢b)+*�,/.M57$g>D$6'1T�.+W-B�$6$qp�)+34,9*�$�8�$0BD,98�.+%^%bmv.M*D*-BD57$03�. S $&'L5�.c%/$0BD57$�31@&%4E7%1,/.M*�'&$L>?B�8DE;5;E7$03bP
i^T�.+W-B�$�8DE;5;E7$03`$&%1,`%/)+BDF_E7% j BD*�$qp�)+34,X3/.+>?E�.M5(T�)+34E;¢b)+*-,/.M5�>D$ S .M57$0BD3 (Rx2 + Ry2)

1
2
31$08D31@&%1$0*�,/.M*-,GBD*�$

8�)+B�%1%1@&$ S $031%25Kmn$q[?,1@034E7$0BD3bP
i9$05;57$ É '0E�*�@&'&$&%/%4E;,1$ZBD*h31$0*?Jd)+34, ��)+*R8�$0BD,(8�.M3H$q[?$0F_8D57$VE;Fr.MACE;*�$032BD*�$g'&$0E;*�,4BD31$VFG@0,/.M5;5;E7W-B�$Z8�.+%1%/.M*-,H8�.M3257$'&$0*-,431$c>D$ZAC3/. S E;,1@c>D$g'/T�.+W�B�$c%1)+F_F_E7$03bP
#
.(Jd)+31'&$k3/.+>?E�.M57$ j '&)+F_8�$0*�%1$03bl§.MBV*DE S $b.MBX>D$u'1T�.+W-B�$�%1)+F_F_E7$03bl�$&%4,�>D$H� Fr = (Rx2+Ry2)

1
2 = 0, 4.105N

l
%1)+E;,2BD*�$c'1T�.M34A=$c@&W-BDE S .M57$0*�,1$ j BD*�$ZFr.+%/%1$V>�mn$0* S E;31)+*eW-B�.M,431$g,1)+*D*�$&%bP

! � �#" � Pv� � $Ri � \D57$V>D$Z8D31@&'&)+*-,43/.ME;*�,1$`>�.M*�%25�._'&)+BD8 � 57$
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• � ��� �+��!��
���%���+� � �, #%�&�
� 	�� ���,�� � �

#
.z'1T�.M34A=$�%1$e31@08�.M34,4E;,h%1BD3r57$&%�'0E;*�W�%1)+F_F_E7$031%bP9#
.o'&$0E;*-,4BD31$�>D)+E;,�>D)+*�'f31@&%4E7%4,1$03 j BD* $qp�)+34,�,/.M*DA=$0* É,4E7$05>D$��C�C� & �XP-QL*�8D31$0*�>?3/.?l=8�)+BD3�'&$0,4,1$�'&$0E;*-,4BD31$Cl�BD*h.+'0E7$03�T�.MBD,1$H8�$03|JO)+34Fr.M*�'&$H31@&%4E7%4,/.M*-, j BD*�$�,43/.+'0,4E7)+*
>D$��C�C�_y�¡t.?P�#�$V>?E�.MFG<0,431$a>?BY' � \D57$c>D$Z8D31@&'&)+*�,43/.ME;*-,1$`$&%4,H>D@qs�*DE�8�.M3V�

S =
Ftangentielle

Rt

x � Pv�?P;{§~

£ S $&'Cl
Ftangentielle = 200kN

��$qp�)+34,2,/.M*DA=$0*-,4E7$05Kl
Rt = 800MPa

�D31@&%4E7%1,/.M*�'&$ j 5�.X,43/.+'0,4E7)+*�l
S = ΠD2

4 = 250mm2 ��%1$&'0,4E7)+*�l
QL*e$0*Y>D@&>?BDE;,�57$V>?E�.MFG<0,431$V>D$g5�.`'&$0E;*-,4BD31$aw � {§�]l�� �CF_FYP
QL*e'/T�)+E7%4E .M57)+31%2BD*f>?E�.MFG<0,431$g*�)+34FG@c>D$g' � \D57$V>D$a�C�MF_FYP

¡�)+BD3�$0F_8�N&'1T�$03�5Kmn)+B S $034,4BD31$f>D$&%c�4)+E;*�,1% S $031%�5Kmn$q[?,1@034E7$0BD3blu57$&%G8DE;5;E7$031%�>D)+E S $0*�,hN0,431$e%1,/.M\DE;5;E7%1@&%bPuy�@&'b.M*DE ÉW-B�$0FG$0*�,bl�'&$&%68DE;5;E7$031%Z>D)+E S $0*�,g31@&%4E7%1,1$03Z.MB?[f$qp�)+34,1%g$0,g.MB?[eFG)+FG$0*�,1%VW-BDE�57$0BD31%6%/)+*�,V.M8D8D5;E7W�B�@&%§Pwg.M*�%657$
,/.M\D57$b.MBY8D31@&'&@&>D$0*-,bl�57$ZFG)+FG$0*-,�Fr.�[?E;Fr.M5 S .MBD, M = 0, 7.104N.m

P
¡t.M3c>D@qs�*DE;,4E7)+*�l�57$`FG)+FG$0*-,cyzl�.MB�'&$0*-,431$G>D$`AC3/. S E;,1@G>D$&%g%1)+F_F_E7$031%bl�$&%1,V>D@qs�*DEk8�.M3 M = Fp.d

l�. S $&'Y�
d ≤ b

6

l
)����
\��D5�.M34A=$0BD3L>?BY\D57)-'Cl
>���>?E7%1,/.M*�'&$V$0*�,431$g57$c'&$0*�,431$V>D$gAC3/. S E;,1@c>?Be%1)+F_F_E7$03�$0,25Kmv.M8D8D5;E7'b.M,4E7)+*�>D$Z5�.XJO)+31'&$ Fp

l
Fp

�]Jd)+31'&$c>D$g8D31@&'&)+*�,43/.ME;*-,1$CP
¡�)+BD3HW�B�$65�.aJO)+31'&$g.M8D8D5;E7W�B�@&$ � 8h31$&%4,1$g>�.M*�%(57$6*�)§:�.MBe'&$0*�,43/.M5KlD>h>D)+E;,HN0,431$ZE;*?JO@034E7$0BD31$g)+Bh@0A�.M5 j b

6

P?wg.M*�%
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Mur avec procédé réaliste de construction
Mur calculé directement

! ��� " � P ��� $ i9)+F_8�.M3/.ME7%1)+* >D$�5�.�>D$&%1'&$0*�,1$R>D$R'/T�.M34A=$&%G$0*�,431$h57$&%`FaBD31%G'b.M57'0BD57@&% �0>?E;31$&'0,1$0FG$0*-,��Y$0,G$0*
%4BDE S .M*�,�BD*R8D31)-'&@&>D@g31@b.M5;E7%1,1$V>D$V'&)+*�%4,434B�'0,4E7)+*

 � � � � � ��� ���C� ��� � 
 ���D�! ���u� �u����� ��� ��k�=� ����� � ������ ����� ��u� ��
 �§��
 �^��� �K��� �u� � 
 � ���� �
�C� ���

#
.�FG@0,4T�)]>D$_>D$X31@&%1)+5;BD,4E7)+*�BD,4E;5;E7%1@&$_>�.M*�%Z57$`'1T�.M8DE;,431$ �Y$&%4,LBD*�$`FG@0,4T�)]>D$ �0'&)+BD8D57@&$ �+P i9$05;57$ É '0Ek8�$034FG$0,bl.MB�*DE S $b.MB�>D$X5�.h%4BD3|JK.+'&$X>D$`'&)+*-,/.+'0,bl�>D$`'b.M57'0BD57$03g5Kmn$0*�%1$0Fc\D57$G>D$&%Z31@b.+'0,4E7)+*�%a.MB?[f*�)]$0B�>D%g>D@0,1$&'0,1@&%bP
i9$&%
31@b.+'0,4E7)+*�%L%1)+*�,�%1,1)-' & @&$&%�>�.M*�%2BD*�$gFr.M,434E7'&$Cl�.M8D8$057@&$gFr.M,434E7'&$ �q3/.ME7>D$0BD3��+l�$0,H%1)+*-,H5;E7@&$&%bP
#
.VFG@0,4T�)->D$6>D$H31@&%/)+5;BD,4E7)+*�E;F_8D57@0FG$0*-,1@&$6>�.M*�%^57$�'&)]>D$�>D$L'b.M57'0BD5#
y � i(}C�c$&%4,�BD*�$�FG@0,4T�)->D$ �0'05�.+%1%4E7W-B�$
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57$&%231@b.+'0,4E7)+*�%6.MB?[R*�)-$0B�>D%bP
�L*�$a'&)+F_8�.M3/.ME7%/)+*�$0*-,431$`'&$&%6>D$0B?[YFG@0,4T�)]>D$&%g$&%4,L31@b.M5;E7%1@&$`>�.M*�%6'&$0,4,1$a8�.M34,4E7$`%4BD3L>D$&%Z'b.+%g.+'b.+>D@0F_E7W-B�$&%bP
#�$&%�%4E;FcBD5�.M,4E7)+*�%6%1)+*�,�31@b.M5;E7%1@&$&%28�)+BD3�>D$&%H'b.+%2*�)+* É AC5;E7%1%�.M*�,L$0,�AC5;E7%1%/.M*�,bP

É �\Ê � É



� " � " � ��� �������L���b� � ��� � �����L����� ���
� 	 �����
�L��� 	

•  �"!$�"	��"#%�+� ��������� 	��,�,*�"	  � �,*� �&#�� ��� � �,� ����#%� �+!

QL*o'&)+*�%1E7>D<031$G57$G'0BD\�$G>?Bo'/T�.M8DE;,431$��Y8�)C%1@G%1BD3gBD*o8�.M3/.M5;57@057@08DE;8�<&>D$�$0,V57$&%V*�)+,/.M,4E7)+*�%cBD,4E;5;E7%1@&$&%X%1)+*-,V57$&%
FGN0FG$&%bP
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! � �#" � P ��{ $ � @&)+FG@0,434E7$a>?BY'0BD\$

#�$&%H8�.M3/.MFG<0,431$&%�*-BDFG@034E7W�B�$&%6'1T�)+E7%4E7%�>�.M*�%H57$g'1T�.M8DE;,431$ �r%1)+*-,V�
É i9)]$��r'0E7$0*�,6>D$ZJ�31)+,4,1$0FG$0*-,a�]J � �?P ��l
É � .MBD,1$0BD3�>?Be%1)+5;E7>D$_��. � {0FYl
É #
.M34A=$0BD36>?Be%1)+5;E7>D$_�?\ � {0FYl
É y�.+%1%1$g>?BY%1)+5;E7>D$r�?F � {b�C�C� & A�P
É i9)])+31>D)+*D*�@&$&%L>D$&%H*�)-$0B�>D%V� A1 = (0, 0,−1)

�
A2 = (1, 0,−1)

�
A3 = (1, 1,−1)

�
A4 = (0, 1,−1)É ¡t.+%�>D$g,1$0F_8�%c�� >�.M*�%257$g'b.+%�*�)+* É AC5;E7%1%/.M*�,bl h = 10−3 %§l

� >�.M*�%257$g'b.+%�AC5;E7%1%/.M*�,bl
h = 10−4 %§l

É i9)+*�>?E;,4E7)+*�%_E;*DE;,4E�.M57$&%R� N1 = N2 = N3 = N4 = −m∗g
4

�
u = v = 0m.s−1 $0,

Ω = 0rad.s−1 xd'b.+%
AC5;E7%1%�.M*�,�~qP

#
.6A=@&)+FG@0,434E7$�>?B`'0BD\�$2$&%4,k%4:]FG@0,434E7W�B�$H.MBD,1)+BD3u>D$2%/)+*_.�[D$(>D$(31)+,/.M,4E7)+*�P=#�$(,1)+31%1$0BD3u>D$&%k$qp�)+34,1%k$q[?,1@034E7$0BD31%
$&%4,6,1)+B+�4)+BD31%Z.M8D8D5;E7W-B�@&$G.MB�'&$0*�,431$_>D$aAC3/. S E;,1@X>?B�%1)+5;E7>D$CP �
)+B�%Z57$&%631@&%4BD5;,/.M,1%g>�.M*�%657$&%Z'b.+%bl�*�)+* É AC5;E7%1%/.M*-,$0,2AC5;E7%1%�.M*�,bl�%/)+*�,28D31@&%1$0*-,1@&%6.MBR\�)+BD,�>D$_{b�`8�.+%H>D$Z,1$0F_8�%§P
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£ ,4E;,431$Y>�mn$q[D$0F_8D57$Cl�)+* .M8D8D5;E7W-B�$e.MB '&$0*-,431$e>D$RAC3/. S E;,1@f>?B '0BD\$hBD*�$YJd)+31'&$R$q[?,1@034E7$0BD31$
Fx = 1000N$0,2BD*e'&)+BD8D57$c$q[],1@034E7$0BD3

Mz = −100Nm
P

#�$&%�31@&%4BD5;,/.M,1%9)+\D,1$0*�B�%^8�.M3�57$H'&)]>D$H>D$H'b.M57'0BD5y�.M,1#
.M\�%1)+*�,^8D31@&%1$0*�,1@&%9>�.M*�%^57$2,/.M\D57$b.MB � P � $0,u8�.M3u57$�'&)]>D$
>D$g'b.M57'0BD5�#�y � i(}C�_>�.M*�%257$g,/.M\D57$b.MB � P��?P
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�L*DE;,1@&%cx��6$ �2,1)+*�~ ��.M57$0BD31%L.MB S .M57$0BD31%�.MB S .M57$0BD31%L.MB S .M57$0BD31%�.MB �
)+,/.M5
*�)]$0B�>�{ *�)-$0B�>�� *�)-$0B�>�U *�)-$0B�> �

�L@b.+'0,4E7)+*�% ��[ −201.95 −247.79 −303.18 −247.08 É {b�C�C�
�u: −24.87 24.87 24.87 −24.87

�
�

2202.50 2702.50 2702.50 2202.50
} �?{b�

	 � � " � P � $hi(.+%(*�)+* É AC5;E7%1%/.M*-,bP ��.M57$0BD31%2>D$&%(31@b.+'0,4E7)+*�%�%1BD3('/T�.+W�B�$Z*�)]$0B�>h>?BY'0BD\$ É FG@0,4T�)]>D$ �0'&)+BD8D57@&$ �
��*DE;,1@&%Xx��L$ �2,1)+*�~ ��.M57$0BD31%6.MB S .M57$0BD31%6.MB S .M57$0BD31%�.MB S .M57$0BD31%6.MB � )+,/.M5

*�)-$0B�>�{ *�)]$0B�>�� *�)]$0B�>�U *�)]$0B�> �
��@b.+'0,4E7)+*�% ��[ −0.024 37.491 −12.171 −1026.185 É {b�C�C�?P�� �C}
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�

0.067 4405.405 499.543 4904.890
} �C�C}?Pv}C� �
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�g�Di9w �
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Ty

%1)+*-,X)+8D8�)C%1@&$&%X%4BD3V57$&%a*�)-$0B�>D%hx|{ �v�=~c$0,�xOU � �-~g$0,`>D$
FGN0FG$gE;*-,1$0*�%4E;,1@&%bl

� 57$&%631@b.+'0,4E7)+*�%L*�)+34Fr.M57$&%
N

%/)+*�,631@08�.M34,4E7$&%6>D$cJK.��&)+*fT�)+FG)+A=<0*�$`%4BD365�.r%1BD3|JO.+'&$X>D$a'&)+*-,/.+'0,bl�'&$aW-BDE
*�mn$&%4,28�.+%�57$g'b.+%28�)+BD3H5�.XFG@0,4T�)->D$��0'05�.+%1%4E7W-B�$ �Z�Di9w �+P�i9$05;57$ É '0E�>D@08$0*�>hJO)+34,1$0FG$0*�,6>D$Z5Km E;*DE;,4E�.M5;E7%/.M,4E7)+*�P
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@&W-BDE S .M57$0*-,1$c$0*-,431$g57$&%2FG@0,4T�)]>D$&%bP

QL*Y8�$0BD,231$0Fr.M31W-B�$03�W�B�$c'&$&%231@&%4BD5;,/.M,1%H%1)+*-,H,431<&%HE;F_8�)+34,/.M*�,1%�8)+BD3�5�.X8D31@&>?E7'0,4E7)+*f>?BY\�.+%1'0BD57$0FG$0*-,bP

•  �"!$#%� (����
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QL*�.M8D8D5;E7W-B�$aFr.ME;*-,1$0*�.M*�,bl�.MB�'&$0*-,431$_>D$aAC3/. S E;,1@_>?B�'0BD\�$Cl�8�.M3g$q[D$0F_8D57$`BD*�$aJd)+31'&$X$q[],1@034E7$0BD3V>D$ Fx =
10000N

$0,
Fy = −9000N

P�#�$g'0BD\�$gAC5;E7%1%1$g%1BD3257$g8�.M3/.M5;57@057@08DE;8<&>D$CP
#�$&%�31@&%4BD5;,/.M,1%9)+\D,1$0*�B�%^8�.M3�57$H'&)]>D$H>D$H'b.M57'0BD5y�.M,1#
.M\�%1)+*�,^8D31@&%1$0*�,1@&%9>�.M*�%^57$2,/.M\D57$b.MB � P �V$0,u8�.M3u57$�'&)]>D$
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)+,/.M5
*�)-$0B�>�{ *�)]$0B�>�� *�)]$0B�>�U *�)]$0B�> �

��@b.+'0,4E7)+*�% ��[ −707.49 −1141.08 −750.85 −317.26 É �C}?{ �?P�� �
��:
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� �C� � Pv�?{

�
2379.58 3837.93 2525.42 1067.07

} �?{b�
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��@b.+'0,4E7)+*�% ��[ −52.115 −973.245 −96.092 −1790.508 É �C}?{C{CPv} �

��:
46.979 874.179 86.464 1616.880

� �C� ��P � �C�
�

175.411 3270.507 323.166 6031.283
} �C�C�?PvU �=�
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>D@ S $057)+8D8�@&$r8�)+BD3c57$ S $03X5Km E;*�>D@0,1$034F_E;*�.M,4E7)+*�%bmv.M8D8D5;E7W-B�$ j 8�.M34,4E;3X>D$�,431)+E7%c*�)]$0B�>D%X>D$r'&)+*�,/.+'0,1%§PtQL3bl 57)+31%
>�m BD*f\�.+%1'0BD57$0FG$0*�,bl�%1$0BD57%L>D$0B?[h*�)]$0B�>D%6>D$V'&)+*�,/.+'0,1%631$&%4,1$0*-,Z.+'0,4E�JO%axd'&)+*-,/.+'0,6>D$c, :]8$c.M31<0,1$ � JK.+'&$§~qP�QL*�.
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