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� ��� � 4 m =0= � TV@A$-+	@A!XE#�%$&�%*?ELS,(R4�GC(R46.oB,�<;P$h4�<<@A*,*��%!X()�<;r�o`�4 e&'D:n46!Xu �%$&�%*?EU1,*,(R4�GC(R46.b=o` S�e3'#:n46!Xu �%$&�%*?E
S,(R4�GC(R46.b=�¢�46u � 
 46.�` ¢�46u �3` 4 �0A 4 eXe

{
�5+,!#@H'<I<B,Ir��GC+OI%!X(0$&�%*WED46.f.)�5+,.01�;L'<@A$-+,.)�%EL+	@A1,!\.R4}'>46!D4A'%E#I%!X();D46EX()@A*�BC1�'<@A$-+O@A!XE#�%$&�%*WE�S,(R4�GC(R46.fB,�<;
$h4�<<@A*,*��%!X()�<;Z�<;XE�'<�%.01,(�B,�h¢|46u �5` ¢|46u �t` 4 �0A 4 e�=�¢�46u ��` 4 �0A06 eXe�m�{
�<;��<;#;¡46();o!#I>46.0();#I<;�'<@A*�;#();XE#�%*?Ejw\B,I�p�*,(0!
1,*��Z�%*?N �%.)@A+,+	�-B,��!#I<;#();XED46*�'<�gB,�g.R4h$h4�<<@A*,*��%!X()�L`

σ1, σ2
e9�%*�� @A*�'%EX()@A*cB,�g.bK (0*�'%.0(0*n46();#@A*cB,�<;��X@A(0*?E#;-` N @A(0!

p�uJ1,!#� 4 m ='> e�m
��.��%* !#�<;#;#@A!XEYq?1���.bKi@A!X()�%*?ED46EX()@A*�B,�<;Y'<@A*WEX!D46(0*?E#�<;\+,!X(0*�'%(0+n46.)�<;Y+n46!P!D46+,+O@A!XE\461CG 4�G,�<;3BC1 $h46E#I%!X(R461��%E
.)�<;�NA46.)�%1,!#;gB,�<;�'<@A*?EX!D46(0*WE#�<;Z+,!X(0*�'%(0+n46.)�<;Z@A*WE�1,*��-(0* ��1��%*�'<�P;X1,!f.)�&$&@WB,�3B,�-!X1,+,EX1,!#�h�%Ef.)�<;�NA46.)�%1,!#;ZB,�
!#I<;X();#ED46*�'<�fBC1\$�1,!�E#�<;XE#IJm
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� ��� � 4 m ='> �  �*WN �%.)@A+,+O�3B,�j!#I<;X();XED46*�'<�-B,�j.R4P$h4�<<@A*,*��%!X()�h�%*5��@A*�'%EX()@A* B,�j.bK (0*�'%.0(0*n46();#@A*�BC1r'#:n46!XuJ!X$&�%*?E
S,(R4�GC(R46.b=�¢�46u � 
 46.�` ¢�46u �3` 4 �0A 4 eXe

7s@A()'%(�.)�<;fBC(_^�I%!#�%*?E#;f$&@WB,�<;fB,�j!X1,+,EX1,!#�hB,�g.R4P$h4�<<@A*,*��%!X()�t` N @A(0!dp�uJ1,!#� 4 m ='8 e�=�B,@A*,*�I<;o+n46!f]9:n46*n4A;#�%�J46!
` ]9:n46*n4A;#�%�J46!v�%E"¢�46u �3` 4 �0A0> eXe�m
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� ��� � 4 m ='8 � ]�(_^�I%!#�%*?E#;v$&@WB,�<;�B,�o!X1,+,EX1,!#��B,�f.R4j$h4�<<@A*,*��%!X()��;#@A1�;v'#:n46!Xu �%$&�%*?EdS,(R4�GC(R46.b=�]9:n46*n4A;#�%�J46! 

46.�` ]9:n46*n4A;#�%�J46!v�%Ev¢�46u �3` 4 �0A0> eXe

{
�<;v�<;#;D46();8$&�%*�I<;v+n46!"kvS	B,@A1 
 46./` k�SOB,@A1 ` 5J�J�0> eXe8'<@A*�BC1,();#�%*?Edw-B,�%1CGPE��W+	�<;"B,�o!X1,+,EX1,!#�h�
�s.R4Zpn;D;X1,!D46EX()@A*UB,�<;8S,.)@H'<;"�%E"BC1L$&@A!XEX()�%!>=
�s.R4j!X1,+,EX1,!#�g461L*,(0N �>461UB,�d.bK (0*?E#�%!��b4A'<�fS,.)@H'�C�$&@A!XEX()�%!�B,�<;���@A(0*WE#;>m
TV�<;8$&@HB,�<;"B,�o!X1,+,EX1,!#��;#@A*?E8��@A*�'%EX()@A*UB,�o.bKM46*,uJ.)��B�Ki@A!X()�%*?ED46EX()@A*5B,�<;���@A(0*WE#;��
�s+	@A1,!

a < 30◦
�,!X1,+,EX1,!#�o+n46!8pn;D;X1,!D46EX()@A*LN �%!XEX()'>46.)�o.)�o.)@A*,u3B,�<;8S,.)@W'<;v�%E"BC1L$&@A!XEX()�%!>=

�V+O@A1,!
30◦ < a < 45◦

��!X1,+,EX1,!#�g+n46!vpn;#;#1,!D46EX()@A*UN �%!XEX()'>46.)�Z.)�f.)@A*,uPB,�<;vS,.)@H'<;��%E9BC1�$&@A!XEX()�%!9$h46();d461�;#;X(
!X1,+,EX1,!#��461U*,(0N �>461UB,�o.bK (0*?E#�%!��b4A'<�fS,.)@H'�C�$&@A!XEX()�%!>=
�s+	@A1,!

45◦ < a < 70◦
�C!X1,+,EX1,!#�Z461\*,(0N �>461�B,�d.bK (0*?E#�%!��b4A'<�fS,.)@H'�C�$&@A!XEX()�%!>m

k�1C��B,�%.RwjB,�
80◦

`
a > 80◦

e�=C.R4Z!X1,+,EX1,!#��4Z.0()�%1\.)�d.)@A*,uhB,�<;FS,.)@H'<;"�%E"BC1\$&@A!XEX()�%!"+n46!Fpn;#;#1,!D46EX()@A*\N �%!XEX()'>46.)�
$h46();v461�;D;X(�461L*,(0N �>461UB,�o.bK (0*WE#�%!���4A'<��S,.)@W'�C�$&@A!XEX()�%!>m
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� ��� � 4 m =�; � ��* ��1��%*�'<�fB,�o.bKi@A!X()�%*?ED46EX()@A*tB,�<;��X@A(0*?E#;";X1,!8.)�dE��W+	�oB,�d!X1,+,EX1,!#��B,�d.R4Z$h4�<<@A*,*��%!X()�J=�kvS	B,@A1 

46.�` k�SOB,@A1Q` 5J�J�0> eXe

����� Q ����� 
 � � �Å���

]o46*�;8.)�<;8+n46!D46uJ!D46+,:��<;�+,!#I<'<I<B,�%*?E#;~=n@A*�4Z+,!#I<;#�%*WE#If.)�<;"BC(_^�I%!#�%*?E#;�'<@A*�;XEX(0EX1n46*?E#;9B�K 1,*��o$h4�<<@A*,*��%!X()�3�
�s.)�<;"I%.)I%$&�%*WE#; 9%'<@A!X+�;:9-�CS,!X()q?1��J=�+,()�%!X!#�J=
m0m0m0=
�s.)�<;"I%.)I%$&�%*WE#; 9��X@A(0*?E#;:9-�6��@A(0*WE"NH(_��@A1j�X@A(0*?EvB,�f$&@A!XEX()�%!>m
{
�<;vBC(0N �%!#;#�<;"!#l%uJ.)�<;�B�KM46+,+n46!#�%(0.0.R46u ��@A*?E�I%E#I�46SO@A!#B,I<�<;~m
]jK 1,*L+	@A(0*?EvB,�dNH1��d$&I<'>46*,()qW1��J=n@A*U;>Ki�<;#E8(0*?E#I%!#�<;#;#Ig461CGY'<@A$-+	@A!XE#�%$&�%*?E#;9B,�o.R4Z+,()�%!X!#�f�%EvBC1\$&@A!XEX()�%!>m
¢|@A1,!d.R4&+,()�%!X!#�J=O.R4h+,!X();#�g�%*5'<@A$-+,E#�jB,��.R4h+	@A!#@J;X(0E#Ig�%EdB,@A*�'ZB,�g;D4h!#I<;X();XED46*�'<�g$&I<'>46*,()qW1��ZB�46*�;91,*5I%ED46E
:W�HBC!X()qW1��-B,@A*,*�I-�<;XE9EX!#l<;d(0$-+O@A!XED46*WE#�Jm
 �*r��^��%E>=�.R43+,()�%!X!#�-�<;XE9$&I<'>46*,()qW1��%$&�%*?E�+,.01�;*9¡� !D46uJ(0.)��9ZB�46*�;o1,*
I%ED46E8;D46EX1,!#IdB�Ki�>461\q?1
KMwg;#�<'JmC]d�v+,.01�;~=HB,�<;V(0*C��@A!X$h46EX()@A*�;8;X1,!F.)�<;V!#I<;X();XED46*�'<�<;8wg.R4fEX!D4A'%EX()@A*
=�w�.R4Z'<@A$-+,!#�<;��
;X()@A*�;#@A*?Ef*�I<'<�<;D;D46(0!#�<;g4>NA46*WEgB�K (0*?E#I%uJ!#�%!Z'<�<;f+,()�%!X!#�<;gB�46*�;f1,*��&;XEX!X1�'%EX1,!#�Jm�{
�h'>4A;fB,�&.R4\'<@A1,+&?A.)�h�<;XEf1,*
��G,�%$-+,.)�J=,.)�<;8S,.)@H'<;"B,@A(0N �%*?E��%EX!#�o+,.R4A'<I<;v;D�%.)@A*\.)�%1,!#;v'>46+n4A'%(0E#I<;vB,�d!#I<;#();XED46*�'<�Jm
¢|@A1,!F.)�s�X@A(0*?E>=H.bK (0*?E#�%!��b4A'<�o�%*?EX!#�9.)��S,.)@W'9�%EV.)�v$&@A!XEX()�%!8�<;XEF;#@A1,N �%*?EF.)��+,.R46*PB,���b46(0S,.)�<;#;#��B,�<;/$h4�<<@A*,*��%!X()�<;~m
{
�<;�BC(_^	I%!#�%*WE#;��<;#;D46();�$&�%EXE#�%*WE��%*&I%NH()B,�%*�'<�"q?1��F.R4�!X1,+,EX1,!#�8+	�%1,E�46+,+n46!D4 �)EX!#��461-*,(0N �>461&;D@A(0EsB,�F.bK (0*?E#�%!��b4A'<�
;#@A(0E"BC1U$&@A!XEX()�%!>m
]d�%1CG\'<@A$-+O@A!XE#�%$&�%*WE#;v+,!X(0*�'%(0+n461CGU;#@A*WE�4A;#;#@H'%()I<;"461CG\$h4�<<@A*,*��%!X()�<;��

• .bKi�%*�B,@A$-$h46u �%$&�%*WEv� !D46uJ(0.)�o+,.01�;"@A1L$&@A(0*�;v+,!#@AuJ!#�<;#;X(_��;X1,(0NJ46*?E".R4jqW1n46.0(0E#IfB,�<;8S,.)@H'<;"�%EvB,�<;8$&@A!XEX()�%!#;g�
�v+	@A1,!gB,�<;g�<;#;D46();gB,�&EX!D4A'%EX()@A*�` '#:n46!Xu �%$&�%*?Ej+	�%!X+O�%*�BC()'%1,.R46(0!#�Y461 +,.R46*QB,�<;8�X@A(0*?E#;¡e�=�.bKi�%*�B,@A$-$h46u �%$&�%*?E
;#�hEX!D4ABC1,(0Eg+n46!Z1,*��3!X1,+,EX1,!#�h� !D46uJ(0.)�3461Q*,(0N �>461}B,�h.bK (0*WE#�%!���4A'<�PS,.)@H'�C�$&@A!XEX()�%!>m|]o46*�;Z'<�%!XED46(0*�;j'>4A;>=�+	@A1,!
B,�<;F$h4�<<@A*,*��%!X()�<;"'<@A$-+	@J;#I<�<;F+n46!"B,�<;FS,.)@H'<;FB,�9��46(0S,.)�9!#I<;X();XED46*�'<�owg.R4ZEX!D4A'%EX()@A*L�%E8B,@A*?E8.)�9$&@A!XEX()�%!v4g1,*��
S	@A*,*��P!#I<;X();XED46*�'<�\wL.R4�EX!D4A'%EX()@A*
=�.R4U!X1,+,EX1,!#�Y+O�%1,E-;#�3!#I>46.0();#�%!j+n46!-B,I%+n4A;#;#�%$&�%*WE&B,�h.R4�!#I<;X();XED46*�'<�\w�.R4
EX!D4A'%EX()@A*UB,�<;vS,.)@W'<;~m
�h.bKi@A!X()�%*WED46EX()@A* B,�<;U'<@A*?EX!D46(0*��<;t+,!X(0*�'%(0+n46.)�<;t+n46!L!D46+,+	@A!XEt461CG 4�G,�<;UBC1�$h46E#I%!X(R461��%EL.)�<;�NA46.)�%1,!#;�B,�<;
'<@A*WEX!D46(0*?E#�<;&+,!X(0*�'%(0+n46.)�<;h@A*?Ej1,*��Y(0* ��1��%*�'<�\;X1,!Z.)�3$&@HB,�YB,�P!X1,+,EX1,!#�\�%EZ.)�<;ZNJ46.)�%1,!#;-B,�P!#I<;X();XED46*�'<�c`
p,�
uJ1,!#� 4 m ='8 e�m

• .R4\+,.R4A;XEX()'%(0E#IP*�@A* 4A;#;#@H'%()I<�Jm�{
�<;jBC(_^�I%!#�%*?E#;j�<;#;D46();Z@A*?EZ$&@A*?EX!#IYqW1��h+	@A1,!�.)�<;v��@A(0*WE#;ZNW(_��;g�%Eg.)�<;"�X@A(0*?E#;
B,�P$&@A!XEX()�%!346*�'%()�%*�;>=�.R4�.)@A(8B,�P� !#@AEXE#�%$&�%*?E&B,�UTV@A1,.)@A$�S��<;XEjE#@A1A��@A1,!#;jN I%!X(_pnI<�Jmsk ;#@A1,.0(0uJ*��%!&qW1��3+	@A1,!
.)�<;/�X@A(0*?E#;o'<@A:�I<;X(_��;>=�1,*��g!#I<;#();XED46*�'<�j;X1,+,+,.)I%$&�%*?ED46(0!#�&461c;#�%1,(0.�B,�g� !#@AEXE#�%$&�%*WEfB,@
�)E��%EX!#�Z+,!X();#�Z�%*c'<@A$-+,E#�
` k8'>46!X�r` 5J�J� 4 eXe�m
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]o46*�;d.R43;X1,(0E#�J=�4�p�*5B,�Z$&@HB,I%.0();#�%!d1,*��Z$h4�<<@A*,*��%!X()�J=
@A*c;>K (0*?E#I%!#�<;#;D�j461CG5@A1,EX(0.);d*?1,$&I%!X()qW1��<;fBC();X+	@A*,(0S,.)�<;
�%Ev4AB�46+,E#I<;gm

� P �Y�



� �������	��

� �

� � � ��� ��� � � � � ������� � � � � � � � � ��� � ���5� � � � �

� �a� � � � � �Q���


���������� �'�
8���� �S/�c�#u%�g&!3{N*,g�/�)©-0/	)+*,g�)��d �c� "!7'({[�0/	)�)d u1Eg& "! �6�6�.�6�.�6�6�.�6�.�6�6�.�6�.�6�6� º	8

W[;=:<;=: 	 YNnNF,w=J]AGCEDmJKY0O
vPC0HoL[OpB6JKwKJ=?,Lp�6L[OP?Tv[¤PC0Am?7¯NB$C0klHGYR¬ B7YNnNFIwKJKAGCEDGJ=Y<O�;U;T;T;U;T;U; xEX
W[;=:<;=:<; C ª±C0wKkIL[w"��w]C HGL[vNDGL[Hm?�
3C0OPCRw
�NA�?�w=JKB7JtDG?±?ID�����Y0¬��d?IOPAmJKY0O�	�CRDm?IHGJ]CRw+¡�����	 ¥���xEX
W[;=:<;=:<; µ 	�Y"n[FIwKJKAGCEDGJ=Y<O Cz`0?3kV?IOPnNY<B7B7C0Z0?,B6?,OuDa;U;T;U;T;T;U;T;V;T;U;T;T;U;T;U; xR�
W[;=:<;=:<; k � v[v[HGYNkQ¤[?UvPCRH�wK?,AoB7JKw=JK?ILNMpnN?�ª«Y<AGA�?,HGCRD�;T;U;T;T;U;T;V;T;U;T;T;U;T;U; xE_

W[;=:<; W 	 YNnNF,w=J]AGCEDmJKY0O
vPC0HoL[OpB6JKwKJ=?,Lp�6v[wKLPAmJ=?,L[HQA�v[¤PC0Am?,AU¯NB7J]klHGYR¬ B7Y"n[FIwKJKAGCEDGJ=Y<O�;U;T;U; xE¸
W[;=:<; W[; C � v[v[HGYNkQ¤[?UvPCRH�¤[Y<B6Y<Z0F,O[FIJ]AmCRDmJKY0O v�F,HmJKYNnNJK\uL[?r;T;T;U;T;V;T;U;T;T;U;T;U; xE§
W[;=:<; W[; µ >dC6B6FIDm¤[YNnN?TnN?3AoFIwKFIB7?,O<DQAonNJ]AmkIHm?IDGA ;T;U;T;U;T;T;U;T;V;T;U;T;T;U;T;U; ¸0X

8��b8 ����/	g��~c� �%&{ '(#u*���/�c� c� �'(/@cd#"%&g�!,{[*,g&/	) �.�6�6�.�6�.�6�6�.�6�.�6�6�.�6�.�6�6� ���
8��]9 �
#u)�#u1E{[%&g&*,#"!7!,�d15%& "!7'(#u*���/�c� u!�2�{[1 #"%&#"'( ")+*,!.cdg�!,-01E <*3! �.�6�.�6�6�.�6�.�6�6� �	i

W[; XP;=: 	 FIDm¤[YNnN?3A�AmB6Y"Y0Dm¤
;V;T;U;T;T;U;T;U;T;U;T;V;T;T;U;T;U;T;U;T;T;U;T;V;T;U;T;T;U;T;U; ¸0_
W[; XP; W 	 FIDm¤[YNnN?3AoO[Y<ON¬ AmB7Y"YRDm¤ ;T;T;U;T;U;T;U;T;V;T;T;U;T;U;T;U;T;T;U;T;V;T;U;T;T;U;T;U; §��
W[; XP; X ª«Y<OPklwKLPAmJ=Y<OPAoA�LPHow=?3A�B6FIDm¤[YNnN?3A�AmB6Y"Y0Dm¤
?lD�O[Y<O
AmB7YuY0Dm¤ ;T;U;T;V;T;U;T;T;U;T;U; §[:

8��K� �S/�c�#u%�g&!3{N*,g�/�)©cdg�!,-01 �<*3  cd "!$'({P�0/	)d)� u1zg� "!T�.�6�6�.�6�.�6�6�.�6�.�6�6�.�6�.�6�6� �+8
W[; ��;=: �o?,wKCRDmJKY0OPAon[?�klY0OuDQC0k�D�¿£HGYRDmDGCROuD�;U;T;U;T;V;T;T;U;T;U;T;U;T;T;U;T;V;T;U;T;T;U;T;U; §<W

W[; ��;=:<; C ª«Y<OPnNJ=DmJKY0OpnN?�!"JKZ0O[Y<HmJKO[J	;T;U;T;V;T;T;U;T;U;T;U;T;T;U;T;V;T;U;T;T;U;T;U; §<W
W[; ��;=:<; µ >@Y0J�nN?V¿£HGYRDmDm?IB7?,O<Dh;T;U;T;U;T;V;T;T;U;T;U;T;U;T;T;U;T;V;T;U;T;T;U;T;U; §0X
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
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�PE#�%!X$&� −w ∧ (Iw)

=�wL+,!X()@A!X(F*�@A*C�b.0(0*�I>46(0!#�J=s�<;#Eg*W1,.FB�46*�;Z.)�P'>4A;*5A] �%Ej�%*�6A] .)@A!#;#qW1��h.)�P'<@A!X+�;-�<;XE
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M(q)u̇ = F(q, u, t) + P(t) + R

+
TV@A*�BC(0EX()@A*�;�(0*,(0EX(R46.)�<;v�%E"'<@A*�BC(0EX()@A*�;d461CGP.0(0$-(0E#�<; ` 5Cm =�m78 e
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B,I���@A!X$h46S,.)�j@A1�.)�gB,I%+,.R4A'<�%$&�%*?Ef�%E9.R4&!#@AED46EX()@A*cBC15'<�%*?EX!#�jB,�fuJ!D4>NW(0E#IjB�K 1,*5'<@A!X+�;�!X(0uJ()B,�~e�=O1 ∈R
n .)��N �<'��

E#�%1,!�NW(0E#�<;#;D�f�%E
R ∈R
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M(q)
�
R
n 7→ Mn×n �<;XE8.R4j$h46EX!X()'<�fB�K (0*��%!XEX()�Jm

2 � � �+2 � " � �&��H
� �1" ������� ���� #� � �1��M M��
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τ
�%EvEvB�46*�; � @ =i� ��=�.R4jNH(0E#�<;#;#�f1U�<;XEv'<@A*�;X()B,I%!#I<�g(0*?E#I%uJ!D46S,.)�Z;X1,!".bK (0*WE#�%!XNA46.0.)� �

τ
= E �|�%Ev!#�%.0()I<�gw-q

+n46!".R4Z!#�%.R46EX()@A*t;X1,(0NJ46*?E#�&�

q(t) = q(τ) +

∫ t

τ
uds

` 5Cm =�mB;Je
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*�)�O L�'
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 ����� H'�1���&������M M��'

@ *t'<@A*�;X()B,l%!#��B,�<;v+n4A;�B,��E#�%$-+�; �

ti, ti+1
��B,�f.)@A*,uJ1��%1,!

h = ti+1 − ti
m� �*U(0*WE#I%uJ!D46*?Ed.)�<;vB,�%1CG\$&�%$�S,!#�<;

B,�d.bKiI<qW1n46EX()@A* 5Cm =�m7>-;#1,!8.bK (0*?E#�%!XNJ46.0.)��B,�oE#�%$-+�; �
ti, ti+1

��=,@A*�4Y�

M(u(ti+1)− u(ti)) =

∫ ti+1

ti

P (t)dt+

∫

]ti,ti+1]
rdν

q(t) = q(τ) +

∫ t

τ
uds

` 5Cm =�m7A e
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r(i+ 1) =
1

h

∫

]ti,ti+1]
rdν
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θ
�b$&I%EX:�@HB,�

4>N �<'
θ
46+,+n46!XE#�%*n46*?Edwj.bK (0*?E#�%!XNJ46.0.)� 	 1

2

� 4 ��=�+O@A1,!f�
• θ = 1

=�@A*\!#�%EX!#@A1,N �f.)��;#'#:�I%$h4-B�Ki s1,.)�%!v(0$-+,.0()'%(0E#�Jm
 �*U*�@AED46*?Ev.)�d+n4A;vB,�oE#�%$-+�;

h = ti+1 − ti
=n@A*U4Z.R4Z� @A!X$&��BC();#'%!#I%EX();#I<�f;X1,(0NJ46*?E#�h�

M(ui+1 − ui) = h[(1 − θ)Pi + θPi+1] + hri+1

qi+1 − qi = h[(1 − θ)ui + θui+1]
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��;#'#:�I%$h4-B,�f!#I<;#@A.01,EX()@A*U�<;XEvwjB,�%1CG\*,(0N �>461CGr�
• 1,*\*,(0N �>4615[d{ @ xVk9{s=�qW1,(
�<;XE"'<�%.01,(�B,�f.bKiI<q?1n46EX()@A*UB,�f.R4jBC�W*n46$-()qW1��f;#�%$-(_��BC();#'%!#I%EX();DI<�Jm�{
�<;
NA46!X(R46S,.)�<;v$h46*,(0+,1,.)I<�<;�w-'<�d*,(0N �>461�;#@A*?E".)�<;"NW(0E#�<;#;D�<;8u I%*�I%!D46.0();#I<�<;"1L�%Ev.)�<;"��^	@A!XE#;vBC1n461CGY!�` ��^�@A!XE#;
B,�f'<@A*?ED4A'%E#;�e�m
• 1,*\*,(0N �>461�{ @ TVk9{s=�qW1,(
�<;XE"'<�%.01,(�B,�<;�'<@A*�BC(0EX()@A*�;"1,*,(0.R46E#I%!D46.)�<;>m�{
�<;8NJ46!X(R46S,.)�<;"$h46*,(0+,1,.)I<�<;9;#@A*?E
46.)@A!#;".)�<;8NH(0E#�<;#;#�<;F!#�%.R46EX(0N �<;9461U'<@A*?ED4A'%E�� �%E8.)�<;v��^	@A!XE#;�B,�d.0(R46();#@A*�;vBC1n461CG\��m

{�4-SO@A1�'%.)�o!#�%+,!#I<;D�%*?E#I<���%* ` 5Cm =�m 404 e8+,!#I<;#�%*?E#�fS,()�%*L.R4-BC1n46.0(0E#If�%*WEX!#�o.)�<;vBC(_^�I%!#�%*?E#;��<;X+n4A'<�<;>m

�v(0N �>461UuJ.)@ASn46.
q, u

����� � ���
	 ����
�� ����� � ����� ��� 

←−−−−−−−−−−−−−−−− r

H∗(q)





y

x




H(q)

�v(0N �>461L.)@H'>46.
Uα � 	��
����
���	 ��� ��� �−−−−−−−−−−−−−−→� 	 ����� ���
	 ��� � ���
� � ���! ���

�� Rα
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{
�<;"!#�%.R46EX()@A*�;��%*WEX!#�f'<�<;8*,(0N �>461CGL;>Ki��^��<'%EX1��%*?EvuJ!D�A'<�g461CG\46+,+,.0()'>46EX()@A*�;
H∗(q)

�%E��Z` q,e�m
¢|@A1,!v1,*L'<@A*WED4A'%E

α
=

��@A*L+	�%1,Ev46(0*�;X(�I<'%!X(0!#�o.R4ZNH(0E#�<;#;#�d!#�%.R46EX(0N �Z461L'<@A*?ED4A'%E��%*L� @A*�'%EX()@A*UB,�d.R4-NW(0E#�<;#;D�oB,�<;"'<@A!X+�;f�

Uα = H∗α(q)u
` 5Cm =�m 4 5 e

��@A*L+	�%1,Ev46(0*�;X(�B,I�p�*,(0!".R4-'<@A*WEX!X(0S,1,EX()@A*
rα

B,�<;"��^�@A!XE#;"B,�f'<@A*WED4A'%E#;�461L*,(0N �>461LuJ.)@ASn46.��%*\� @A*�'%EX()@A*
B,�<;"��^�@A!XE#;vB,�o'<@A*?ED4A'%E#;d461\*,(0N �>461L.)@H'>46.

Rα
�

rα = Hα(q)Rα
` 5Cm =�m 4 6 e

{
�<;v@A+OI%!D46E#�%1,!#;
H∗α =Hα ;#@A*?EvEX!D46*�;X+O@J;DI<;8.bK 1,*\+n46!"!D46+,+	@A!XE�wZ.bKM461,EX!#�Jm

@ *UB,I�p�*,(0Ev.bKM46+,+,.0()'>46EX()@A*
H∗ �%E

H
qW1,(�N I%!X(_pn�%*?E9.)�<;8!#�%.R46EX()@A*�;v;X1,(0NJ46*?E#�<;g�

Hα : R = [Rα, α = 1..nc]→ r =
nc
∑

α

Hα(q)Rα

H∗α : u = [ui, i = 1..nddl]→ U =

nc
∑

α

H∗α(q)u

` 5Cm =�m 4 =We

{
�<;9NH(0E#�<;#;#�<;�!#�%.R46EX(0N �<;o;#@A*?E9!#�%.0()I<�<;o461CGU!#I>4A'%EX()@A*�;d.)@H'>46.)�<;
Rα

+n46!�.)�<;9.)@A();9B�K (0*?E#I%!D4A'%EX()@A*�;3�O�W(0uJ*�@A!X(0*,(s�%E
TV@A1,.)@A$gS
m

��{
�<;"!#�%.R46EX()@A*�;�'%(0*�I%$h46EX()q?1��<; 5Cm =�m 4 =3;>KiI<'%!X(0N �%*WE��

Uαi+1 = H∗α(q̂)ui+1

rαi+1 = Hα(q̂)Rαi+1

` 5Cm =�m 4 > e

{�4-NA46!X(R46S,.)�
q̂
B,I<;X(0uJ*��o.R4j'<@A*Cp�uJ1,!D46EX()@A*5qW1,(
;#�%!XEvwjB,I%E#�%!X$-(0*��%!v.)�<;v!#�%+Ol%!#�<;8.)@H'>461CGc�

q̂ = qi + h(1− θ)q̇i
` 5Cm =�m 4 8 e

@ *L+	@A1,!X!D4jI%NJ46.01��%!".R4-BC();XED46*�'<�f�%*WEX!#�o.)�<;8+	@A(0*?E#;�B,�f'<@A*?ED4A'%E9q?1��d.bKi@A*�46+,+	�%.0.)�o(0*WE#�%!#;XEX()'<�o*�@AE#IouU�

(ġα)i+1 = UαN
` 5Cm =�m 4 ;Je
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Rα(i+ 1) = 0
` 5Cm =�m 4 A e

� Q�P �



� � � ��� � � � �W�
� �H��� � � ��� �~�	� 	,��� �����3��� � � �
�
����� ���

�C461C��;X(�1,*U'<@A*WED4A'%E��<;XE"I%ED46S,.0(b=n46.)@A!#;�@A*U4\�

UαN (i+ 1) ≥ 0, RαN (i+ 1) ≥ 0, Uα
N (i+ 1)RαN (i+ 1) = 0

` 5Cm =�m 4 � e

{�4j� @A!X$&�oBC();#'%!#l%E#��B,�o.R4j'<@A*�BC(0EX()@A*�B,�g�W(0uJ*�@A!X(0*,(�;>KiI<'%!X(0E��

Signor(Uα
N (i+ 1), RαN (i+ 1))

` 5Cm =�m75J� e

TV@A$-$&�o.)@A(�B,�9� !#@AEXE#�%$&�%*WE>=�@A*LI<'%!X(0E".R4-.)@A(
B,�gTV@A1,.)@A$�StBC();#'%!#I%EX();#I<�f;#@A1�;".R4g� @A!X$&�&�

CoulµαRα
N

(i+1)(U
α
T (i+ 1), RαT (i+ 1))

` 5Cm =�m75 4 e
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@ *\�b46(0E81,*��f;X�H*?EX:�l<;D�oB,�<;"BC(_^	I%!#�%*WE#�<;�I<qW1n46EX()@A*�;vBC1\$&@HB,l%.)�&�

•  sqW1n46EX()@A*�;vBC1\$&@A1,N �%$&�%*?Ej�
M(ui+1 − ui) = h[(1− θ)Pi + θPi+1] + hri+1

qi+1 − qi = h[(1 − θ)ui + θui+1]

• �v�%.R46EX()@A*�;"B,�f+n4A;#;D46u �-�
Uαi+1 = H∗α(q̂)ui+1

ri+1 =
∑

αH
α(q̂)Rαi+1

• [9!D46+,:��<;"B,�<;v.)@A();"B,�o'<@A*?ED4A'%EZ�
Signor(Uα

N (i+ 1), RαN (i+ 1))
CoulµαRα

N
(i+1)(U

α
T (i+ 1), RαT (i+ 1))
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‖UT ‖ = 0, ‖RirT ‖ < µ(β)(RN + β2cN [|uN |])

` 5Cm =�m7606 e

@��
=
RirT

!#�%+,!#I<;#�%*?E#��.R4j'<@A*?EX!X(0S,1,EX()@A*5BC1\� !#@AEXE#�%$&�%*WE�;#�<'oB,��TV@A1,.)@A$gStwj.R4Z!#I>4A'%EX()@A*�ED46*,u �%*?EX()�%.0.)�Jm
UT

!#�%+,!#I<;#�%*?E#��.R4jNW(0E#�<;D;#�9ED46*,u �%*?EX()�%.0.)�J=
{�4&'<@A*?EX!X(0S,1,EX()@A*5B,�d.bKM4ABC:�I<;X()@A*

RrT = −β2cT [|uT |]
=

[|uT |]
!#�%+,!#I<;#�%*?E#��.)�f;D461,E"B,�oB,I%+,.R4A'<�%$&�%*?E9ED46*,u �%*?EX()�%.b=

cT
.R4j!D46()B,�%1,!"(0*WE#�%!���4A'%(R46.)��ED46*,u �%*?E#�J=�:�@A$&@Au l%*���wj1,*\$&@HBC1,.)�fB�KiI%.R4A;XEX()'%(0E#I�+n46!"1,*,(0E#IfB,�d.)@A*,uJ1��%1,!>m

 �*�I<'%!X(0NA46*WE".)�f'#:n46*,u �%$&�%*WE9B,�dNJ46!X(R46S,.)�&�

R̃T = RT + β2cT [|uT |]
` 5Cm =�m761=We

@ *L+	@A1,!X!D4Z!#I<;X1,$&�%!".)��'<@A$-+O@A!XE#�%$&�%*WE�B,�f'<@A*WED4A'%EvED46*,u �%*?EX()�%.|;#@A1�;8.R4Z��@A!X$&�-�

φT ([|uT |], R̃T )
` 5Cm =�m760> e

2 � � � � � � � �&��M ,J�����&���)�OM
�
���&���N��
:�+��HO�

�
"%��F�H�
������

{sK (0*WE#�%*�;X(0E#I�B�KM4ABC:�I<;#()@A*
β
�<;XE"B,@A*,*�I<��+n46!8.R4-;#@A.01,EX()@A*UBC1L;X�C;XE#l%$&�oBC(_^�I%!#�%*?EX()�%.|;X1,(0NA46*WE��

{

bβ̇ = −[(wh′(β)− β(cNU
2
N + cT ‖UT ‖2)− k∇β)−](1/p), siβ ∈ [0, 1]

bβ̇ ≤ −[(wh′(β)− β(cNU
2
N + cT ‖UT ‖2)− k∇β)−](1/p), siβ = 1

` 5Cm =�m7608 e

@ �
=
SL�<;XE81,*��fNW();#'<@J;#(0E#IJ=
��!#�%+,!#I<;#�%*WE#�o.bKiI%*��%!XuJ()�oBC();#;X(0+	I<�oB�46*�;F.)�d+,!#@H'<�<;#;X1�;8B,�o'<@A:�I<;X()@A*Uwg.bKi��G,'<�%+,EX()@A*UB,�dE#@A1,E#�oBC();#;X(0+n46EX()@A*\NH();��
qW1��%1�;#�&` .R4j.0(0$-(0E#�fB,�f.bKiI%*��%!XuJ()�fB,�fB,I<'<@A:�I<;X()@A*�e�=
+\1,*U�%*WEX()�%!�B,I%E#�%!X$-(0*n46*WEv.R4j+,1,();#;¡46*�'<�fB,�d.R4j.)@A(
B,�fBC();#;#(0+n46EX()@A*U;X1,!

β̇
=

h(β)
�<;XE"1,*��9��@A*�'%EX()@A*Uq?1,(�+O�%!X$&�%E"B,�o+n46!D46$&I%EX!#�%!�.R4g� @A!X$&��B,�o.bKiI%*��%!XuJ()�fBC();#;X(0+	I<�o�%*\��@A*�'%EX()@A*UB,�

β
=

� 	��J	 �
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����� � ��� � ��� � � � ������� � ���	� ��� � � �
�z� � � � �?� �~�n� �
�
� ���
� � �
�
�n���
�

�Y�<;XE81,*��f'<@A*�;XED46*WE#�o:�@A$&@Au l%*��gw-1,*��oI%*��%!XuJ()�Jm

2 � � � � � � � �J
/� �� L� 
 �1H'
��&,��)�:�G��� ���1H'
��N���'�G�)�G���&F�H�
������
{
�f$&@WB,l%.)��4>N �<'f'<@A:�I<;X()@A*U;D�dEX!D4ABC1,(0E"+n46!"1,*U;X�C;XE#l%$&�oB�KiI<qW1n46EX()@A*�;v;X1,(0NJ46*?Eg�











Uα = Uαlocfree +WααhRα

φN (UN , R̃N )

φT (UT , R̃T )

` 5Cm =�m76�;Je

�<;XE8!#I<I<'%!X(0E�;#@A1�;8.R4Z��@A!X$&�d$-(_GHE#�h�














Uα − Uαlocfree −WααhRα = 0

R̃αN − projR+(R̃αN − ρNUαN ) = 0

R̃αT − proj(DµRα
N

)(R̃
α
T − ρNUαT ) = 0

` 5Cm =�m760A e

��¥��Æ¥�� � ��� ��� �Æ� �Æ�*� ���u� ���Æ����� � ��� ���<� ���®�'��� � ��� 	��[� � � �d�T���+� �º�N� �a��� � �[���t���@� ���9�����
� � �
�q�Ì�����;�V��� �¾)

{�4v$&I%EX:�@HB,�/B,�/!#I<;#@A.01,EX()@A*-�<;XE�'<@A$-$&��+,!#I<'<I<B,�%$-$&�%*WE�B,�sE��W+	�V46.0u @A!X(0EX:,$&�FB,�8[o461�;#;����H�%()B,�%.C*�@A*Z.0(0*�I>46(0!#�
+n46!"S,.)@H'Jm
{�4c+,!X();#�\�%*z'<@A$-+,E#�LB,�\.bKM4ABC:�I%!#�%*�'<��B�46*�;&.)�<;-+,!#@AS,.)l%$&�<;3B,�L'<@A*?ED4A'%Eh� !#@AEXED46*WEh;#�Y!#I>46.0();#��wt.bKM46()B,�UB,�
'D:n46*,u �%$&�%*?EdB,�oNA46!X(R46S,.)�h�

R̃ = R+Radh, Radh
�<;XE81,*��o� @A!#'<�fB,�d!#I<;#();XED46*�'<�f;X1,+,+,.)I%$&�%*WED46(0!#�

.
` 5Cm =�m76J� e

4>N �<'J=
R̃N = RN +RadhN

�%E
RadhN = β2cN [|uN |]

=
R̃T = RT +RadhT

�%E
RadhT = β2cT [|uT |]

 �*���^	�<'%EX1n46*WEv1,*L'#:n46*,u �%$&�%*WE9B,�fNA46!X(R46S,.)�o+	@A1,!F�b46(0!#��46+,+n46!D4 �)EX!#�
R̃

�

Uα − Uαlocfree −Wααh(R̃α −Rαadh) = 0
` 5Cm =�m =?� e

 �*�I<'%!X(0NA46*WE".R4jNH(0E#�<;#;#�d.)@H'>46.)�d.0(0S,!#�h` $&@WBC(_pnI<�f+n46!".R4-'<@A:�I<;X()@A*�eV+n46!g�

Ũαlocfree = Uαlocfree −WααhRαadh
` 5Cm =�m = 4 e

@ *�@AS,EX()�%*WE�1,*g;X�H;#E#l%$&�sI<q?1,(0NJ46.)�%*?E�461�+n46!D46uJ!D46+,:��d` 5Cm =�m76Cm S�e�qW1,(?;#��!#I<;D@A1�Bo+n46!�1,*g46.0u @A!X(0EX$&�VB,�s�9� �8E#@A*C�
u I%*�I%!D46.0();#IJm
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 � � �Å��� ���	����� � �����º� � �����
{
�<;f$&I%EX:�@WB,�<;gB,�j!#I<;#@A.01,EX()@A* ;X+	I<'%(_pnq?1��<;g461CGt$h4�<<@A*,*��%!X()�<;gB,I%+O�%*�B,�%*WEgB,�j.bKiI<'#:��%.0.)�3'<@A*�;X()B,I%!#I<�Jm
k�(0*�;X(b=
.)�<;8!#I<;#1,.0ED46E#;"+	�%1,N �%*?E"*��o+n4A; �%EX!#�o+,!#I<'%();"@A1L$ �%$&�fB,�%N �%*,(0!9'<@A*?E#�<;XED46S,.)�<;~m
k .bKiI<'#:��%.0.)��$h4A'%!#@J;#'<@A+,()q?1��J=�'JKi�<;XE���w���BC(0!#�gwZ.bKiI<'D:��%.0.)��B,�o.R4&;XEX!X1�'%EX1,!#�J=,.R4-B,�<;#'%!X(0+,EX()@A*U$&I<'>46*,()q?1��g�<;XE8uJ.)@6�
Sn46.)�Jm�{�4U$h4�<<@A*,*��%!X()�\�<;XEj'<@A*�;X()B,I%!#I<�\'<@A$-$&�P1,*�$h46E#I%!X(R461 :�@A$&@Au l%*��Y�%Ej.bKi@ASC���<'%EX(_�9�<;XEZB,�PB,I�p�*,(0!-1,*
'%!X(0E#l%!#�jB,�Z!X1,+,EX1,!#�j+O@A!XED46*WEf;X1,!dB,�<;�uJ!D46*�B,�%1,!#;f$h4A'%!#@J;#'<@A+,()q?1��<;~m�k '<�%EXE#�jI<'#:��%.0.)�J=	(0.���GH();#E#��EX!#@A();dE��W+	�<;
B,�d$&@HB,I%.0();D46EX()@A*�B�K 1,*���;XEX!X1�'%EX1,!#�&�
�gI%.R4A;#EX()q?1��U.0(0*�I>46(0!#�L();#@AEX!#@A+	� �s'<�%EXE#�U$&@WB,I%.0();¡46EX()@A*z*�I%uJ.0(0u ��.bKM4A;X+O�<'%E3BC();#'<@A*?EX(0*W1 B,�U.R4c;XEX!X1�'%EX1,!#�JmV{
�<;
!#I<;X1,.0ED46E#;�;#@A*?E";D@A1,N �%*?E�'<@A*WE#�<;XED46S,.)�<;>=
�f.)�<;j$&@HB,l%.)�<;&B,�PE��H+O�\�9�82Qm�TV�<;j$&@WB,l%.)�<;&;D@A*?E-Sn4A;#I<;-;X1,!&B,�<;j:W�W+	@AEX:�l<;#�<;j��@A!X$�1,.)I<�<;h+n46! ���%�H$h46*
` �9�%�W$h46*,*a` 4 �0808 eXe�=
.)�<;�:?�H+O@AEX:�l<;#�<;g1,EX(0.0();#I<�<;g;#@A*?Eg!#�<;XEX!X()'%EX(0N �<;g�%E�.)�%1,!#;f��@A!X$�1,.R46EX()@A*�;g$h46EX:�I%$h46EX()q?1��<;
;#@A*WE�4A;#;#�%�f'<@A$-+,.)��G,�<;>m
�".)�-$&@HB,l%.)�&I%.R4A;XE#@6�b+,.R4A;#EX()q?1����	+,!X();#�&�%* '<@A$-+,E#�&B,�&.bKM46*,();#@AEX!#@A+,()�h�%EfB,�-.bKi�%*�B,@A$-$h46u �%$&�%*WE&461r*,(0N �>461
B,�<;8(0*WE#�%!���4A'<�<;~m
��*��v!#�<'D:��%!#'#:��f��GC+	I%!X(0$&�%*?ED46.)�f�<;XEV*�I<'<�<;#;D46(0!#�9+	@A1,!8'<@A*,*n4 �)EX!#�d.)�<;V'>46!D4A'%E#I%!X();#EX()q?1��<;8$&I<'>46*,()qW1��<;8B,�<;V$h4��
E#I%!X(R461CGc�%$-+,.)@>� I<;>m�]d46*�;d.)�jB,@A$h46(0*��&B,�<;d$h4�<<@A*,*��%!X()�<;~=
B�46*�;o.)�<;#qW1��%.0.)�<;d.R4PBC();#'<@A*?EX(0*W1,(0E#I&+,:?�C;X()qW1��-�<;XE
I%NH()B,�%*?E#�J=�'<�<;8$&@WB,I%.0();¡46EX()@A*�;"$h4A'%!#@J;#'<@A+,()qW1��<;"*��f;D@A*?E"+n4A;v4AB�46+,E#I<�<;~m
k .bKiI<'#:��%.0.)�\$-()'%!#@J;D'<@A+,()q?1��J=/'JKi�<;XE���w���BC(0!#�Uwt.bKiI<'#:��%.0.)��BC1 S,.)@W'J=s(0."��GH();XE#�\B,�%1CG}E��H+	�<;&B,�Y$&@WB,I%.0();¡46EX()@A*�;>=
'<@A*WEX(0*?1��Z�%E"BC();#'%!#l%E#�&�
��46+,+,!#@H'#:��-$h4A'%!#@A$&I<'>46*,()qW1���C�$-()'%!#@A$&I<'>46*,()qW1��\@��c.)�-$&@WB,l%.)�-'<@A*WEX(0*?1};#�ZSn4A;#�-;X1,!o.bK :�@A$&@Au I%*�I%();D46EX()@A*
+	I%!X()@WBC()qW1��Jm,TV�%EXE#�v:�@A$&@Au I%*�I%();D46EX()@A*\'<@A*�;X();#E#�9w�B,I�p�*,(0!V1,*379 ���` 7s@A.01,$&�d �.)I%$&�%*WED46(0!#�o�v�%+,!#I<;#�%*WED46EX(_��e�m
{
�d7d s���<;#E8!#�%+,!#I<;#�%*?ED46EX(_�sB,�<;F:�I%E#I%!#@Au I%*�I%(0E#I<;9B,�d.R4j;XEX!X1�'%EX1,!#�Jm,{sK (0*�'<@A*?N I%*,()�%*WE9�<;#E"B,�oB,I�p�*,(0!"'<@A!X!#�<'%E#���
$&�%*WE".R4jED46(0.0.)�fBC1L7d s�gm
��.)�v$&@WB,l%.)�vBC();#'%!#�%E/�<;XE�+n46!���46(0E#�%$&�%*WE84AB�46+,E#Iv+O@A1,!/;X(0$�1,.)�%!V.)�"'<@A$-+	@A!XE#�%$&�%*?E8�%Es.bKiI%N @A.01,EX()@A*YBC�W*n46$-()qW1��
B�K 1,*Y�%*�;#�%$�S,.)�9B,�"+n46!XEX()'%1,.)�<;V!X(0uJ()B,�<;FB,�"ED46(0.0.)�<;VBC(_^�I%!#�%*?E#�<;>=,4<�?46*WEF1,*��"u I<@A$&I%EX!X()�d'<@A*?N ��G,�v(0*WE#I%!D46uJ();#;D46*WE
+n46!v'<@A*WED4A'%E>m
]o46*�;-1,*��\$h4�<<@A*,*��%!X()�J=�.R45B,I%E#�<'%EX()@A*�B,�<;&'<@A*WED4A'%E#;h�<;XE-EX!#l<;&(0$-+O@A!XED46*WE#�<;3�%* NH1��\B,�Y.R45$&@HB,I%.0();D46EX()@A*
B,�<;F(0*WE#�%!D4A'%EX()@A*�;"+	@A*�'%EX1��%.0.)�<;>=,.0(0*�I>46(0!#�<;"@A1\+,.R46*��<;>mC �*L��^��%E>=,'<�%EXE#�oB,I%E#�<'%EX()@A*U'<@A*�BC(0EX()@A*,*��o.R4jqW1n46.0(0E#IoBC1
'>46.)'%1,.�B,��;XED46S,(0.0(0E#IfB,�<;";XEX!X1�'%EX1,!#�<;~m
]o46*�;9.)��'D:n46+,(0EX!#�-;X1,(0NA46*WE>=�@A*t+,!#@A+	@J;#��1,*t*�@A1,N �%.�46.0u @A!X(0EX:,$&�-B,�gB,I%E#�<'%EX()@A*cB,�<;9'<@A*?ED4A'%E#;>=O(0$-+,.)I%$&�%*?E#I
B�46*�;�.)�v'<@WB,�8B,�"'>46.)'%1,.�{
25[�TF�J�CmWTV�8*�@A1,N �%.�46.0u @A!X(0EX:,$&�v+,!#�%*�B&�%*&'<@A$-+,E#�"E#@A1,E#�<;�.)�<;�;X+OI<'%(_pn'%(0E#I<;/B�K 1,*��
$h4�<<@A*,*��%!X()�Jm
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XP;=:<;=: �rL[?,wK\uL[?3AoCRwKZ0Y<HmJ=Dm¤[B7?3A«v	Y0LPHowKC7nNFIDm?,klDmJKY0O nN?3A�klY<O<DQC0klDGA ;T;U;T;V;T;U;T;T;U;T;U;�:'�0§
XP;=:<; W � v[v[HGY"kQ¤P?UkQ¤PY0J]A�JK?�;V;T;U;T;T;U;T;U;T;U;T;V;T;T;U;T;U;T;U;T;T;U;T;V;T;U;T;T;U;T;U;�:<:0:

9��b8 yU1z#<�Qcd#u*, "-0*,g&/	)�cd "!$-</�)+*3{[-R*3!��7�6�.�6�6�.�6�.�6�6�.�6�.�6�6�.�6�.�6�6�.�6�.�6�6� ���[8
9��]9 � #u*, "-0*,g&/	)Âe��4)� +e
c� "!$-0/	)+*,{[-0*,!5!,2�#"-0g�������  {[� �©'({[�</�)�)� <1Eg� u!��6�.�6�.�6�6� ���N9

XP; XP;=: 	 J]Am?T?IO
v[wKC<kl?Tn�� L[Opv[w]CRO A�F,vPCRHQCEDG?IL[H�vPC0H�wKC7B7FlDG¤[YNnN?�nN?�ª«L[OPnPCRwKw³;T;T;U;T;U;�:<:,X
XP; XP; W � w=Z<Y0HGJtDG¤[B7?Vv	Y0LPHov�YuA�J=DmJKY0O[OP?IHowK?Tv[wKC0O
AmFIv�CRHQCEDm?,L[H|;T;U;T;T;U;T;V;T;U;T;T;U;T;U;�:<:I�

XP; XP; W[; C ½¾OPJtDGJKC0w=J]AmCRDmJKY0O ;T;T;U;T;U;T;U;T;V;T;T;U;T;U;T;U;T;T;U;T;V;T;U;T;T;U;T;U;�:<:I�
XP; XP; W[; µ ª±C0wKkIL[w�nN?3AonNJKA�DGC0OPkl?3AonN?,A A�Y<B6B7?IDGA ;T;U;T;U;T;T;U;T;V;T;U;T;T;U;T;U;�:<:I�
XP; XP; W[; k 	�JKAm?U?IOpv[w]C0kl?TnN?Uv	?IHmDmL[HGµPCRDmJKY0OPA ;T;U;T;U;T;U;T;T;U;T;V;T;U;T;T;U;T;U;�:<:3�
XP; XP; W[; n �dHQCROPAmwKCRDmJKY0O
nNL v	Y0JKOuD nN?THGFl¿£FIHG?IO�kl? ;U;T;U;T;U;T;T;U;T;V;T;U;T;T;U;T;U;�:<:zx
XP; XP; W[; ? � w=Z<Y0HGJtDG¤[B7?TnN?Uv�YuA�J=DmJKY0O[OP?IB7?IOuD nNLpv[w]CROpA�F,vPCRHQCEDG?IL[H ;T;U;T;T;U;T;U;�:<:,¸
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Algorithme de Cundall
Mise en place du plan séparateur

Détermination de la normale moyenne (principe des perturbations)

"affleurant", "interpénétrant" ou "non−contact"

P. antagoniste P.candidat P. antagoniste P.candidat

vif
Cas du contact à joint 

de mortier
Cas du contact à joint 

Mise en place d’un point appartenant au plan séparateur suivant que le contact est

Critère de projection des sommets sur le plan séparateur

sur plan séparateur

Calcul intersection
segment/segment

Tri et sélection des points de contacts
appartenant à la zone de recouvrement entre le polyèdre antagoniste et candidat

Liste des sommets 
antagoniste et candidat à garder 

Calcul d’une distance/plan séparateur Epaisseur du joint

Projection des sommets (distance d’alerte) 

Détection fine

validée

Phase de pré−détection

�
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Rant = max(||GASA||, SA ∈ V ert(A))p %),.%15.,
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P1x = min(OS.Ox, S ∈ V ert(A))

\^�.%15�= � f<j)( c
P2x = max(OS.Ox, S ∈ V ert(A))

\^�.%15.= � f<j)( c
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Oy,Oz
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





























IfOAOB .Ox > 0
,�A+%;�

If (P1x(B)− P2x(A)) > 0
,�A+%;�,+U*�m /1*-��,"�-/;,

- 745"%
If (P1x(B)− P2x(B)) < 0

,�A+%;�,+U*�m /1*-��,"�-/;,
- �+',.@z
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• 5�3�� :!����,
+θ

\ _+�!3��.% ��� $>$0����3+/.A+% c o
~Nmoynouveau = ~Nmoy ∗ cos(θ) + ~s ∗ sin(θ)

• 5�3�� :!����, −θ \ _+�!3��.% ��� $>$('��.*-� ,.% c o
~Nmoynouveau = ~Nmoy ∗ cos(θ)− ~s ∗ sin(θ)
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p %(�+*-3�:<%T��3 :<%1/;,.%;3�� ~t '�%;:[�4%;�[, o
• 5�3�� :!����,

+θ o ~t = − ~Nmoy ∗ sin(θ) + ~t ∗ cos(θ)
• 5�3�� :!����, −θ o ~t = ~Nmoy ∗ sin(θ) + ~t ∗ cos(θ)- ,S74%)�+*-3�:<%T��36:<%1/;,.%;3��
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+θ o ~s = − ~Nmoy ∗ sin(θ) + ~s ∗ cos(θ)

• 5�3�� :!����, −θ o ~t = ~Nmoy ∗ sin(θ) + ~s ∗ cos(θ)
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θ
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5.*-��,k_�r�915���3$'�9;2�3�,k'�%87@?���7 �<*-��� ,�A�#&%`%;,k:!��74%;��,k�.%15�=>%1/;,�� :<%;#&%;��,
θ = θmax = 5◦%;,

θmin = 0.01◦
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• 5.*-� ,i7W�l'�� �>9;�.%;�+/1%
(dcan − dant)

%15�, 5�,����4/;,.%;#&%;��, �+9;����,�� :<%!j`74%15i'�%;3�r 2�74*[/15i5T? � �[,.%;��=O9;�+h;,��.%;�[, %;,i74%
=>*-� ��,S'�%(�.9dz 9;�.%;�+/1% N %15.,s'�9d_+���M=���� o C = C +

(dcan+dant)∗Nmoymax
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• 5"*-� ,|7W�('�� �Q9;�.%;�+/1%
(dcan−dant)

%15�,|�[3�7 74%!j�74%158'�%;3�r&2�74*[/1585.*-�[, %;�i/1*-��,"�-/;,`�DCX%;3��"����,`%;,|74%�=O*-� �[, '�%S�.9dm
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On fixe angle=angle max

angle=angle/2

référence C

On calcule l’interstice initial

la normale moyenne au plan

Si interstice plus grand

On recalcule l’interstice

Si interstice plus petit
que l’interstice initial que l’interstice initial

Normale moyenne déterminée

Translation du nouveau point de 

Soit contact interpénétré Soit contact affleurant Soit pas contact

Si angle<angle_min Si angle>angle_min

On applique les quatre perturbations sur 

la nouvelle valeur.
Les composantes t et s du trièdre prenant

produit le plus gand interstice (n_max)
On réinitialise n avec la perturbation qui 

Rotation du trièdre
t et s
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- ��:<%;74*-=�=>%Z/T���+'��4'+��,.%

� *-�+%(/1*-#$#P3��+%
/ *-#$#&%;,.5U���[,"���<*-���45�,.%15
/ *-#$#&%;,.5S/T���+'��4'+��,.5
/ *-#$#&%;,.5s�.915�3�7 ,"���[,.5S'�%07@? � �[,.%;�.5.%1/;,��4*-�

)
� �+* ��� & ,'. � *-�+%P'�%0�.%1/1*-3�:[�.%;#&%;�[,�'�%15s5.3���z �-/1%15s'�9;,.%1/;,.91%15

H %;3�r 9;,"��=O%15s5"*-��,s�+91/1%15.5v��� �.%15 o

• '�9;,.%;��#$� ����,��4*-� '�%15]5.*-#$#&%;,.5 ��=�=�����,.%;�����[,.5 q}7W� (T*-�+% /1*-#$#Z3��+% \ (T*-�+% '�%6�.%1/1*-3�:[�.%;#&%;�[, '�%15
z@�-/1%15 c \ _+�!3��.% ��� & , c \ /1*-3��.5�'Q? � ��z *-�!�"��=�A��4%�\ #�7W�-5�,.*Y/�& %;,��(��7 74%;fw\ & � � � c�c�cd�
#F*-3��8'�9;,.%;��#$� �+%;�`5��H3��]5.*-#$#&%;,`��=�=�����,��4%;��,sq(7W� (T*-�+%�/1*-#$#P3��+%!j�*-�]/T��74/;3�74%�3��X=��.*Y'�3�� ,8:<%1/;,.*-���4%;7>%;�[,��.%
74%15`5.%;�!#&%;�[,.5s*-���4%;��,.915S'�%�7@?R%;�[:<%;74*-=�=O%Z����,"���<*-���45�,.%P�T:<%1/)7@?R%;�+5.%;#P2�74%P'�%15`5.*-#$#&%;,.5`/T���+'��4'+��,.5SqZ,.%15�,.%;�s%;,
:Y�45�m@:<%;�.5"� �

/ *-#$#&%;,.5����[,"���<*-���45�,.%15
/ *-#$#&%;,.5S/T���+'��4'+��,.5
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�

~7 �45�,"���I\^� c~7 �45�,"���I\^� ) $ c

~7 �45.,./T���I\ y c

)8� �+* ��� & 0/.��I%15�,S'Q?���=�=�����,.%;�����+/1%K'�%15s5.*-#$#&%;,.5UqK7W� (T*-�+%('�%0�.%1/1*-3�:Y�.%;#&%;��,
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� *��!* � � � � ���,	 � ��� � ��� � � � � ��� � � ��� � � �

/ *-� ,Tj
m|7 �45�,"���I\^� c o 7 �45�,.%0*-�.'�*-���+91%P'�%15s5"*-#$#&%;,.5�����,"���<*-���45.,.%15Tj
m|7 �45�,./T���I\ y c o 7 �45�,.%0*-�.'�*-���+91%Z'�%15s5.*-#$#&%;,.5�/T���+'��4'+��,.5Tj
m ~U = ~listan(i)listan(i+ 1)

j
m ~V = ~listan(i)listcan(j)

�

/ �Q=>*-3��
j ∈ [1, nb � sommets � can]

j
#F*-3��S,.*-3�,

i ∈ [1, nb � sommets � ant] ~U.~V ≤ 0
*-3 ~U.~V ≥ 0⇒ Scanj ∈ [

%;��:<%;74*-=�=>%]/1*-#$#Z3��+%
]p %(,.%15�,s%15�,`�.9T��7 �45.9('+���+5s7@?���3�,��.%P5.%;�+5 o/ �Q=>*-3��

i ∈ [1, nb � sommets � ant] j#F*-3��S,.*-3�,
j ∈ [1, nb � sommets � can] ~U.~V ≤ 0

*-3 ~U.~V ≥ 0⇒ Santi ∈ [
%;�[:<%;74*-=�=O%�/1*-#$#P3��+%

]

n 7W� _+� '�%15$'�%;3�rD,.%15�,.5Tjk*-� � 3��+%i7 �45�,.% '�%15$5.*-#$#&%;,.5&���[,"���<*-���45�,.%15X%;,$3��+%i7 �45.,.%�'�%15X5.*-#$#&%;,.5$/T����m
'��4'+��,.5���3��M5.*-�[,S/1*-#$#P3��+5U��3�r '�%;3�ri%;�[:<%;74*-=�=O%15 �

• '�9d_+��� ,��4*-� '�%]�+*-3�:<%T��3�rl=>*-� ��,.5$'�%i/1*-�[,"�-/;,.5$�.915�3�7 ,"����,.5X'�%]7@? � �[,.%;�.5.%1/;,��4*-� '�%15$'�%;3�rl%;�[:<%;74*-=�=O%15
\ _+�!3��.% ��� & , cd�
N %;,�,.%)=�����,��4%),��"��� ,.%('�%15`5"*-#$#&%;,.5
�.915�3�7 ,"����,.5�'�%�7@? � �[,.%;�.5.%1/;,��4*-� %;�[,��.%(5.%;�!#&%;�[,.5Tj�/1*-#$#&%)�.%;=��.915.%;��,.915�5�3��
7W�Z_+�!3��.% ��� & � j+=O*-3��`74%15`5.%;�!#&%;�[,.5 � ��2��L%;, � /1'�� o #F*-3��S,��.*-3�:<%;�S74%15s/1*[*-�.'�*-���+91%15�'�3 =O*-� �[,S'Q? � ��,.%;�.5"%1/;,��4*-�
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/ *-#$#&%;,.5s�.915�3�7 ,"���[,.5S'�%07@? � �[,.%;�.5.%1/;,��4*-� '�%(5"%;�!#&%;��,.5

)
� ��* ��� & � . / *-#$#&%;,.5S�.915�3�7 ,"����,.5�'�%07@? � ��,.%;�.5"%1/;,��4*-� '�%(5.%;�!#&%;�[,.5S'�%15s5.3���z �-/1%15s'�9;,.%1/;,.91%15

%;�[,��.%(74%15S5"%;�!#&%;��,.5 � ��2��k%;, � /1'�� j+*-�691/;��� ,�7W�e�.%;=��.915.%;�[,"��,��4*-� =����"��#&9;,����4�[3+%Z'�%(7@?R%;�+5.%;#P2�74%Z'�%15S5.%;�!#&%;�[,.5
\@�K? � *-3��'&<%X\�$�� � I<c�cd�

#F*-3��S3�� 5.%;�!#&%;�[, � ��2�� j�7W�K�.%;=��.915"%;��,"��,��4*-�V=����"��#&9;,����4��3+%Z5T?R91/;��� , o =I\ 5 c�� �!)U5�� n �
nL:<%1/!j
n � 2�m �
s ∈ [0; 1]

��� z@��� ,s'�%)#��;#&%0=>*-3��s74%05.%;�!#&%;�[, � /1'�� o �>\^, c�� /�)�,�� n �
nL:<%1/!j
n � 'Ym /
t ∈ [0; 1]
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��� ��� � ������� *�� � � � � � � � � � 	 � 	
	 ����� � � � � 	 ��� � � � ��������� 	 � � � � ��� � 	 � ��	 ��� � ���
� 	 � ��� ��� ������� ��� 	 � � � � � � � 	 � 	 ��� � ��
 � ��� ��� � ���

��� �e'�*-�+/(74%15`=����"��#&h;,��.%15�5`%;,S,s'�9d_+���45s=���� o5 �
[a0(d1 − c1) + c0(a1 − d1) + d0(c1 − a1)]/D, � −[a0(c1 − b1) + b0(a1 − c1) + c0(b1 − a1)]/D�T:<%1/ H 74%('�9;�+*-#$� ����,.%;3���'�9d_+���L=���� oH �
a0(d1 − c1) + b0(c1 − d1) + d0(b1− a1) + c0(a1− b1)

�e%;, $)� �+'��4�[3+%;��,��.%15�=>%1/;,�� :<%;#&%;��,S74%15S/1*[*-�.'�*-���+91%15sri%;,sf
/ � H � �&��74*-�.5S74%15s5.%;�!#&%;��,.5�5.*-��,S=����"��7 74h;74%15 � '+���+5s�+*-,��.%P/T�-5Tj�*-� =��.%;�+'��"� H '�� �Q9;�.%;��,�'�% (T9;�.* �

p %15S/1*[*-�.'�*-���+91%15U'�3 =O*-� �[,S'Q? � ��,.%;�.5"%1/;,��4*-�V5T?R91/;��� :<%;�[, o
p(x) = a0 + s ∗ (b0 − a0)
p(y) = a1 + s ∗ (b1 − a1)��� �$��� �+5.�Q74%15s/1*[*-�.'�*-���+91%15U'�%15s5.*-#$#&%;,.5S� ��,.%;�.5.%1/;,��4*-�+5 �

����� ��� ��J � J����"G � G	�
����E ��� E��.J���� � G 
 J��SE �	
 E
�

��� =��.915.%;�[,.%w'�� �>9;�.%;�[,.%1565�� ,�3���,��4*-�+56'�%w/1*-��,"�-/;,6'�% , f[=>% o z �-/1%�� z@�-/1%!js���.h;,.%�� z �-/1%!js���.h;,.%��-���.h;,.%!j�5.*-#em
#&%;,�� z@�-/1%!j+5.*-#$#&%;,���5.*-#$#&%;,U%;,S5.*-#$#&%;,��-���.h;,.% c '+���+5`7W�K_+�!3��.% ��� & aY�

����������� ����� �"! � ��#"���%$&� �������'���)(+*,*-(+!�� �"�-(+�.#�� �/���������)(+*,*-(+!�� �"�-(+�.#��0�"�
��� ���1� �"! � ��#"���%$&�

2 ! 3"� ��4&(+! 3"� �

5-(&#���4�67(&#��

5-(&#���4�68(&#��

2 ! 3"� ��4�68(&#��
2 ! 3"� ��4�68(&#��

9 $&:;:<�"��4�67(&#��

9 $&:;:<�"� �0(+���=(+>?$&�,�%��� ���
9 $&:;:<�"� �@#A(+�.�B�%�.(+� �

9 $&:;:<�"� �0CD#�$&�.�=�"!�E?�"!

)
� ��* ��� & a .]n�7 �<*-��� ,�A�#&%P'�%('�9;,.%1/;,��4*-� '�%15s/1*-��,"�-/;,.5U5�=>91/;�{_���3+%15 o , f[=>*-74*-�!�4%P'�%15S5�� ,�3���,��4*-�+5S'�%0/1*-�[,"�-/;,

p %P�+*-3�:<%;7F��7 �<*-��� ,�A�#&%K'�%('�9;,.%1/;,��4*-� /1*-3�:[�.%07@?R%;�+5"%;#P2�74%K'�%15S5�� ,�3���,��4*-�+5U'�%P/1*-�[,"�-/;,.5�%;,s=>%;��#&%;,U��� �+5.�L'�%
�<9;�.%;�s7W�K=�7 3�=�����,U'�%15S�-5.5.%;#Z2�7W���<%15S%;� #X�-u1*-���+%;���4% �
#k����#$�k7@?R%;�+5.%;#P2�74%K'�%15U=O*-� �[,.5�'�%Z/1*-��,"�-/;,Tj>*-�V%;�V/1*-�+5.%;��:<%e��36#X�~r�� #P3�# ��3���,��.%Z=�����5.3���z �-/1%Z'�9;,.%1/;,.91% �
N %15 �[3���,��.%
=>*-� ��,.5|'�%`/1*-�[,"�-/;, =>%;��#&%;,�,.%;��, '�%
�.%;=��.915"%;��,.%;�|7W�U�<91*-#&9;,����4%S'�%
7W�)5�3���z �-/1%`'�%S/1*-��,"�-/;,|�[3��+%15�,
5.*-3�:<%;�[,�'�%)z *-��#&%0=>*-7 f[�<*-����74%Z'+���+5s74%15S#X�-u1*-���+%;���4%15 � H %0=�7 3+5Tj�7W�$5�,"��2�� 7 � ,.9(%15.,s#$�4%;3�r �<9;�.91%P%;,s=>%;��#&%;,
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� *���*�� � � �k� � � � � � 	 	 � � � � � 	
	 � � � �)� � � � ��� � � � � 	 � ���1� � � � � � ��� 	 � ��� � � � ���)� ��� � 	 �
��� � � � � � � � � � ��� 	 ���
�E��� � ��� � ������� 	 � �&� ��� � � � �

'�%�=��.9;:<*-� �
74%15 9;:<%;�[,�3+%;745
=��.*-2�74h;#&%15`'�%S2��-5./;3�74%;#&%;�[, � N %158=O*-� �[,.58'�%U/1*-��,"�-/;,.5`5"%;�.*-��,s��=�=O%;74915 0d�+*Y%;3+'�5E0
/!?R%15�,�m q~m '�� �.%P74%)7 �4%;36*�� 74%15`�.9T�-/;,��4*-�+5U'�%0/1*-��,"�-/;,U5.%;�.*-��,S/T��74/;3�7491%15 �
H ���+5
7W�Z5�� ,�3���,��4*-� *��i74%��+*-#Z2��.%0'�%U�+*[%;3+'�5`%15�,
5�3�=>9;���4%;3��sqZ�[3���,��.%U=����`5�3���z �-/1%)'�9;,.%1/;,.91%!j�*-� /T��74/;3�74%)74%
2�����f�/1%;��,��.%s'�3$�[3����<%S'�%
�+*Y%;3+'�5 � ���]��=�=�7 �4�[3+%
7W�U�+*-,��4*-� 0;'Q?���3��!#&%;��,"��,��4*-�i'Q? � �+%;��,��4%�0`'�3$��3����<%�y 3+5.�[3M?�q
*-2�,.%;��� �S�[3���,��.%0�+*Y%;3+'�5 � /1%;3�rYm /;�M5.%;�.*-��,U'�*-�+/074%15`=�7 3+5s9;74*-� �!�+915�'�3 2�����f�/1%;��,��.% �
��� :<%;���"�X'+���+5S74%P/.A���=�� ,��.%'0$��3+%(74%0�+*-#P2��.%K'�%0�+*Y%;3+'�5S'�%P/1*-�[,"�-/;,.5S=>%;3�,s� ���+3+%;�+/1%;�U7W�$5�,"��2�� 7 � ,.9Z'�%(7W�
5�3���z@�-/1%0'�%(/1*-�[,"�-/;, �

n�3 _+����7@jM7@?���7 �<*-��� ,�A�#&%X�.%;,.*-3����+%&74%15P/1*Y*-�.'�*-���+91%15P'�%15P�+*[%;3+'�5P'+���+5(74%$�.%;=>h;�.%$�<9;�+9;�"��7@jM7W� �+*-��#X��74%]��3
=�7W���65"9;=����"��,.%;3��S%;,s3�� �.%;=>h;�.%P�-5.5.*Y/;�49(��3 =�7W���65.9;=����"��,.%;3�� �

���	� 
 C �=����� �	� ��E�� � G � ��
 J � � � � � � E��.J�� � C J��]J�����G GFE G
�(G 
 � � G	� � ��� � � � � 

���
E��.J�� � G � � �	� �SJ C ��E�� 
 G�� � G	� ��E C ��
 E �ZC G	� C ��G ��� G	� G�� � 2

p ?���7 �<*-��� ,�A�#&%K'�%)�.915.*-7 3�,��4*-�6%15.,s2��-5.905�3��`7W�e#&9;,�A+*Y'�% + /�N H \ +�*-��m / #&*Y*-,�A N *-�[,"�-/;, H f[����#$�4/15 c
\ $<%T���l\�$�� � 0!� c j $<%T���6%;, " *-�.%T��3g\�$�� �>& c j " *-�.%T��3l\�$�� I>I<c j�" *-�.%T��3l\�$�� � , c�cd� N %;,�,.%0#&9;,�A+*Y'�%(=>%;��#&%;,S'�%
#&*Y'�9;7 �45.%;�F74%|/1*-#$=>*-��,.%;#&%;��,�#&91/T�����4�[3+%8'Q?��-5"5.%;#P2�7W���<%
'�% 2�74*Y/15F� ��,.9;�"���!�45.5v����,�%;��,��.%
%;3�rQj %;�e'�f[����#$�4�[3+% �
p %15(�-/;,��4*-�+5)� �[,.%;�0�!�"����3�7W��� �.%15Z'�%K/1*-�[,"�-/;,0z �.*-,�,"����,(5.*-�[,)'�91/;��� ,.%15(=����)'�%150/1*-�+'�� ,��4*-�+5(3���� 7W��,.9;�"��74%15TjQ'�%15
74*-�45s'�%P/.A+*Y/15s9;7W�-5�,��4�[3+%15S*-3 � �+9;7W�-5�,��4�[3+%15Tj+'�3 z �.*-,�,.%;#&%;��,U5.%1/0'�% N *-3�74*-#P2 �
��� =��.915.%;�[,.%P/;�{m '�%15.5"*-3+5`,��.*-�45s5�,���3+/;,�3��.%15S�.91%;7 74%15s%;,`3��6/T�-5s�-/T�-'�9;#$�4�[3+%(#&*Y'�9;7 �45.915S�1:<%1/(74%)�+*-3�:<%;7L��7 �<*�m
��� ,�A�#&%('�%P'�9;,.%1/;,��4*-� '�%15s/1*-�[,"�-/;,.5 �
p %15s� ��z *-��#X��,��4*-�+5U5�3��`7W�K�<91*-#&9;,����4%P'�%15S5�,���3+/;,�3��.%15S5.*-�[, om|5.*-� ,�'�*-���+91%15�qK=�����,�� �S'�%0�.%;74%;:<915S'�%0#&%15�3��.%15s%	�Q%1/;,�3+915S'�� �.%1/;,.%;#&%;�[,U5�3��`74%05.� ,.%!j
m|5.*-� ,sz *-3������4%15`=�����'�%15`,"��� 7 74%;3��.5S'�%0=��4%;���.% �

� 3��43�� ��=>< ��� =�� <�8�� <���8�� �!8�������< � � 	 � ��� � <�8 	?8 � � � � �

p %K=>*-��,%$!3�7 �4%;�w� 7 7 3+5�,��.%K7W�]=>*!5.5�� 2�� 7 � ,.9e'�%K#&*['�9;7 �45.%;�)3��+%e5�,���3+/;,�3��.%$%;� �!�"���+'w��=�=����.%;� 7 /1*-#$=O*-��,"���[,(3��
�!�"���+' �+*-#Z2��.%P'�%02�74*Y/15 �

p �&#&*['�9;7 �45v��,��4*-� �.%;=��.%;�+' 7W�$�<91*-#&9;,����4%K'�%15S2�74*Y/15S'�%P7W�&5�,���3+/;,�3��.%Z�.91%;7 74%i\ _+�!3��.% ��� & I<c \ N A+%;,.*-3����+%
\ & � � , c�cd� p � =�A��-5"%X'�%X'�9;,.%1/;,��4*-�D'�%15P/1*-�[,"�-/;,.5e%15�,P,��.h15P� #$=O*-��,"���[,.%�'+���+5P3��+%X,.%;7 74%]5�,���3+/;,�3��.%X/T���K%;7 74%

)
���+* ��� & I . / ,���3+/;,�3��.%(�.91%;7 74%('�3 #L*-�[,�$!3�7 �4%;�
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� 	 � ��� ��� ������� ��� 	 � � � � � � � 	 � 	 ��� � ��
 � ��� ��� � ���

#&%;,0%;� *[%;3�:Y�.%Z'�%15U#$� 7 7 �4%;�.50'�%e/1*-��,"�-/;,.5)=>*-3��0%;� �-5"5�3��.%;��7W��5�,"��2�� 7 � ,.9 � p %K/1*-��,"�-/;,(%15.,U%15.5"%;��,��4%;7 74%;#&%;��,
'�%), f[=>%)z@�-/1%�� z �-/1%(%;,S�����;,.%�� z@�-/1% �

•
@ ����=><�� 6 ��=>8�� 8�= 8#" 6 ��8�� �)8��

p �&5�,���3+/;,�3��.%(%15�,s/1*-#$=>*!5.91%('�% � & �<a 2�74*Y/15 �
p �074*-��'Q? � ��,.%;�"�-/;,��4*-�i%;��,��.%S74%15�2�74*[/15 %15�, '�%`, f[=>%
z �.*-,�,.%;#&%;��, 5"%1/s'�% N *-3�74*-#P2�5�,"���+'+���.'Qj[�T:<%1/`3��+%`:!��74%;3��
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• 5�.e'&)+*D*�.ME7%1%/.M*�'&$�>D$&%X.M8D8D31)b[]E;Fr.M,4E7)+*�%_%4B�'&'&$&%/%4E S $&%c>D$&%aE;*�,1$03/.+'0,4E7)+*�%`31@&>?BDE;,1% j BD*�$�.+'0,4E7)+*z8�)+*�' É,4B�$05;57$Cl
• BD*�$g31@&%1)+5;BD,4E7)+*Y*�)]$0B�>R8�.M32*�)]$0B�>Y>D$V'&)+*-,/.+'0,bPwg.M*�%G'&$034,/.ME;*�$&%h.M8D8D5;E7'b.M,4E7)+*�%blu57$�Jd31)+,4,1$0FG$0*�,�$0,G57$h*�)+Fc\D31$f>D$R*�)]$0B�>D%G>D$Y'&)+*�,/.+'0,�'&)+*�>?BDE7%1$0*�, j BD*�$

E;*�>D@0,1$034F_E;*�.M,4E7)+*�>?B�%4:?%4,1<0FG$a>�mn@&W-B�.M,4E7)+*�%_xdyf)+31$b.MB�xO�C�C� 0 ~4~qP��?.M*�%LJ�31)+,4,1$0FG$0*-,bl
BD*�$a5;E�.ME7%/)+*f8D5�.M*�$X>D)+E;,
N0,431$R>D@qs�*DE7$h8�.M3_,431)+E7%G'&)+*-,/.+'0,1%_8�)+*�'0,4B�$057%_8
)+BD3GN0,431$hE7%/)C%4,/.M,4E7W�B�$h$0,G>�.M*�%`57$R'b.+%G. S $&'�J�31)+,4,1$0FG$0*-,blu57$
8D31)+\D57<0FG$a$&%4,H>D@�� j %1,/.M,4E7W�B�$0FG$0*-,�E;*�>D@0,1$034F_E;*�@CP

i6mn$&%4,28�)+BD31W-B�)+EKlD*�)+B�%H8D31)+8�)C%1)+*�%2BD*�$g*�)+B S $05;57$a.M8D8D31)-'/T�$cW-BDE�'&)+*�%4E7%4,1$G�

É >�m BD*�$Z8�.M34,blD$0*hBD*�$6FG)->D@05;E7%�.M,4E7)+*Y>D$&%9'&)+*-,/.+'0,1%�%4BD3|JK.+'0E7W-B�$&%9$0,(5;E;*�@0E7W-B�$&%2%1)+B�%9JO)+34FG$6>�mn@057@0FG$0*-,�>D$'&)+*-,/.+'0,�@ S E;,/.M*-,k5Km E;*�>D@0,1$034F_E;*�.M,4E7)+*r57)]'b.M57$ClM8
$034FG$0,4,/.M*-,�>D$2'b.M57'0BD57$03k57)-'b.M57$0FG$0*-,u57$&%tE;*�'&)+*D*�B�$&%�>D$(5;E�.ME7%1)+*�%
$0*-,431$V>D$0B?[Y%1)+5;E7>D$&%bl
É >�mv.MBD,431$a8�.M34,bl�$0*eBD*�.M5;A=)+34E;,4TDFG$a>D$c31@&%1)+5;BD,4E7)+*f>?Bf8D31)+\D57<0FG$VBD,4E;5;E7%/.M*-,LBD*�$V%1,43/.M,1@0ACE7$c>�mv.+'0,4E S .M,4E7)+*%4B�'&'&$&%/%4E S $g>D$&%H5;E�.ME7%1)+*�%H8
$034FG$0,4,/.M*-,L>D$g57$ S $03H5Km E;*�>D@0,1$034F_E;*�.M,4E7)+*�>?BR8D31)+\D57<0FG$VAC57)+\�.M5KP

�(��� � �	��� ���c� �1��� � � 

�	�1� �X� �X���2� �/� 
�� �
� � �2� �1� �a� 
�� � � ��� � � ��� � 
 � � �	�

QL*�%bm E;*-,1@031$&%1%1$_>�mv.M\�)+31>�.MB�'b.+%g$0*�>D$0B?[�>?E;FG$0*�%1E7)+*�%g8
)+BD3g$q[?8D5;E7W�B�$03Z8D5;B�%g%4E;F_8D57$0FG$0*-,V57$&%ZT�:]8�)+,4T�<&%1$&%
W-BDE�%1$031)+*�,�A=@0*�@03/.M5;E7%1@&$&%�8�.M325�.G%4BDE;,1$V.MBe'b.+%H$0*R,431)+E7%L>?E;FG$0*�%4E7)+*�%bP

�u� ����� � � 	 ���I� � �
�C� ���
	u���e��� ���]�=����� ��	u� �4��� � ���]��� �
���z�|�����+�C��� ��� � 	 �������K� �4� � � �
wg.M*�%(BD*RFG)]>D<057$g$0*Y>D$0B?[�>?E;FG$0*�%4E7)+*�%bl�57$6'&)+*-,/.+'0,�$0*�,431$V8
)+5;:]A=)+*�$&%2'&)+* S $q[D$&%�$&%4,(31@&>?BDE;, j BD*R%1$0ACFG$0*-,bP
¡�)+BD3 E;5;5;B�%1,431$03 '&$0,4,1$uFG)]>D@05;E7%/.M,4E7)+*�l�)+*a'&)+*�%4E7>D<031$�BD*c8�.M3/.M5;57@057@08DE;8�<&>D$^$0*X'&)+*�,/.+'0,k. S $&'uBD*a8D5�.M*cT�)+34E;¢b)+*-,/.M5KP
#�$&%H31@b.+'0,4E7)+*�%L>D$g'&)+*-,/.+'0,L%1)+*-,H57)-'b.M5;E7%/@&$&%�.MB?[h>D$0B?[Y$q[?,431@0F_E;,1@&%�£¤$0,H¥ZP
�-BD365Kmn$q[?$0F_8D57$`>D$a5�._s�ACBD31$ , P;{Cl�57$c8�.M3/.M5;57@057@08DE;8�<&>D$G.rBD*�$cT�.MBD,1$0BD3V>D$`.?l�57$X%1$0ACFG$0*-,Z>D$X'&)+*�,/.+'0,V.rBD*�$
57)+*DACB�$0BD3Z>D$c\�$0,�*�mn$&%4,6%1)+BDF_E7%6W�B�m j %1)+*e8�)+E7>D%�8D31)+8D31$hx

P = m ∗ g . S $&' g = −9.81m.s−2 l�F¦��Fr.+%1%1$
>?B�%1)+5;E7>D$§~H.MBY*DE S $b.MB�>D$c%/)+*e'&$0*�,431$X>D$VAC3/. S E;,1@CP�¡ )+BD36FG)->D@05;E7%/$03�BD*f@ S $0*-,4B�$05 AC5;E7%/%1$0FG$0*�,bl
)+*�.M8D8D5;E7W-B�$
BD*�$ZJO)+31'&$ ~F ,1$05;57$VW-B�$ ~F = Fx.~x+ Fy.~y

P
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�L��� 	 �
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�

�

TAx

NA

TBx

NB

2 �

	

α
θ

Fx

Fy

) ��� * , P;{ .�� :]8
)+,4T�<&%/$g>D$g31@08�.M34,4E;,4E7)+*f>D$&%231@b.+'0,4E7)+*�%�,/.M*DA=$0*�,4E7$05;57$&%6>�.M*�%HBD*�$V>?E;31$&'0,4E7)+*f$0*f�+w

#�$28�.M3/.M5;57@057@08DE;8�<&>D$�$&%4,u'&)+*�%1E7>D@031@231$&%4,/.M*�,�,1)+B+�|)+BD31%^$0*G'&)+*�,/.+'0,uJd31)+,4,/.M*�,9%1$&'CPC#umv.+'&'&@057@03/.M,4E7)+*�T�)+34E;¢b)+* É,/.M57$L$&%4,uE;*�'&)+*D*�B�$6$0,�8�$0BD,�N0,431$�*�BD5;57$L.ME;*�%1E�W-B�$25�. S E;,1$&%1%1$H>D$H,43/.M*�%45�.M,4E7)+*�>�.M*�%�57$�'b.+%^>�mv.+>?T�@031$0*�'&$CP-#�$&% ,
E;*�'&)+*D*-B�$&%6%/'b.M5�.ME;31$&%�>D$&%L31@b.+'0,4E7)+*�%L>D$a'&)+*�,/.+'0,L%/)+*�,Xx

TAx, NA
~($0,Xx

TBx, NB
~qP�#
.G57)+E
>D$gJd31)+,4,1$0FG$0*�,Z$&%4,

5�.X57)+E
>D$Xi9)+BD57)+Fc\�lDJk@0,/.M*�,�57$V'&)-$��r'0E7$0*-,�>D$ZJd31)+,4,1$0FG$0*�,bP��L)+B�%H%/)+F_FG$&%2JK.+'&$ j >D$0B?[R'b.+%c�

• %/)+E;,25�.VJO)+31'&$V.M8D8D5;E7W-B�@&$Z*�mn$&%4,28�.+%2%4B��r%/.M*-,1$g8
)+BD3(FG$0,4,431$V$0*RFG)+B S $0FG$0*-,H57$g%1)+5;E7>D$Gx�57$ZFG)]>?BD57$g>D$� [R$&%4,HE;*?JO@034E7$0BD3 j '&$05;BDE
>D$g5�._31@b.+'0,4E7)+*e,/.M*DA=$0*�,4E7$05;57$���~qlD57$V%/)+5;E7>D$g*�$g\�)+BDA=$g8�.+%cxd'b.+%H*�)+* É AC5;E7%/%/.M*�,�~qP�#�$8D34E;*�'0E;8�$ZJO)+*�>�.MFG$0*�,/.M5 >D$V5�.`%4,/.M,4E7W�B�$c%bmn@&'034E;,c�

TAx + TBx + Fx = 0
x , P;{CP;{§~

NA +NB + Fy + P = 0
x , P;{CPv�=~

−(TAx + TBx)
a

2
+ (NA −NB)

b

2
= 0

x , P;{CPvU=~

#�$L*�)+Fc\D31$6>�mn@&W-B�.M,4E7)+*�%^*�mn$&%1,^8�.+%9%4B��r%/.M*-,�8�)+BD3^31@&%1)+B�>?31$L57$�%1:]%4,1<0FG$CP��L)+B�%(.��4)+BD,1)+*�%�BD*�$L31$05�.M,4E7)+*
%4BD8D8D57@0FG$0*-,/.ME;31$Z*�)+* É 5;E;*�@b.ME;31$Z$0*GJK.ME7%/.M*�,^5Km T�:]8
)+,4T�<&%1$6>�m BD*�$L8D31)+8
)+34,4E7)+*D*�.M5;E;,1@g>D$&%9'&)+F_8
)C%�.M*�,1$&%9,/.M*DA=$0* É,4E7$05;57$&%�8�.M323/.M8D8
)+34,L.MB?[Y'&)+F_8�)C%/.M*�,1$&%�*�)+34Fr.M57$&%�>�.M*�%25�.G>?E;31$&'0,4E7)+* ~AB

�

TAx
NA

=
TBx
NB

x , P;{CP , ~

#�$_8�.M3/.M5;57@057@08DE;8�<&>D$r$&%4,V%1BD8D8
)C%1@`34E;ACE7>D$Cl�5�.h31$05�.M,4E7)+* x , P;{CP , ~6,43/.+>?BDE;,XW�B�$`57$`3/.M8D8�)+34,c$qp�)+34,V,/.M*DA=$0* É,4E7$05 � $qp�)+34,2*�)+34Fr.M5�>?Bh*�)-$0B�>h£ $&%4,(57$6FGN0FG$ZW�B�$Z'&$05;BDE�>?Bh*�)-$0B�>R¥ �?$05;57$L8�$034FG$0,2>D$657$ S $0325Km E;*�>D@0,1$034F_E É*�.M,4E7)+*�P�wZ$&%H@&W-B�.M,4E7)+*�%ax , P;{CP;{§~ql�x , P;{CPv�=~($0,cx , P;{CPvU=~ql�)+*Y>D@&>?BDE;,X�

NB =
a

2b
Fx −

P

2
− Fy

2

x , P;{CP 0 ~

NA = − a

2b
Fx −

P

2
− Fy

2

x , P;{CP��=~
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�k,�>D$g5Kmn@&W-B�.M,4E7)+*e%4BD8D8D57@0FG$0*-,/.ME;31$�x , P;{CP , ~g�

TBx = −Fx(
NB

NA +NB
)

x , P;{CP �C~

TAx = −Fx + Fx(
NB

NA +NB
)

x , P;{CP��=~

#�$&% , 31@b.+'0,4E7)+*�%�>D$g'&)+*-,/.+'0,L%1)+*-,�>D)+*�'V>D@0,1$034F_E;*�@&$&%bP

• %1)+E;,G5�.�Jd)+31'&$f.M8D8D5;E7W�B�@&$f$&%4,r%4B��r%/.M*-,1$Y8�)+BD3GFG$0,4,431$e$0* FG)+B S $0FG$0*�,�57$Y%1)+5;E7>D$Y'Cmn$&%1, É j É >?E;31$fW-B�$5�.f57)+EH>D$�AC5;E7%1%1$0FG$0*-,r>D$Yi9)+BD57)+Fc\
T = P ∗ f $&%4, S @034E�s�@&$Clt57$R%1)+5;E7>D$�\
)+BDA=$�xd'b.+%_>D$hAC5;E7%1%/$0FG$0*�,�~qPk#�$

%4:?%4,1<0FG$H>�mn@&W-B�.M,4E7)+*�%9'0E É >D$&%1%1)+B�%9%1$231@&%1)+B�>rE;,1@03/.M,4E S $0FG$0*�,bP?#um E;*�>?E7'&$L*r'&)+3431$&%48�)+*�> j 5�.g*�BDFG@031)+,/.M,4E7)+*Y>D$5Km E;,1@03/.M,4E7)+*���TR57$g8�.+%H>D$g,1$0F_8�%H>D$V5Km E;,1@03/.M,4E7)+*f$0,2Bo�?5�. S E;,1$&%1%1$g>?Be%/)+5;E7>D$g%4BDE S .M*-,H5Kmv.�[D$ ~Ox
P

i9)+F_8D,1$X,1$0*�B�>D$&%Z>?E7%1'&)+*�,4E;*-BDE;,1@&%g>D$&%LJd)+*�'0,4E7)+*�% S E;,1$&%1%1$c$0,�Jd)+31'&$&%§l�57$&%6>D@034E S @&$&%6,1$0F_8
)+31$05;57$&%Z%1)+*-,LE;*-,1$03 É8D31@0,1@&$&%9.MBr%1$0*�%u>D$&%u>?E7%1,434E;\DBD,4E7)+*�%bP�#�$&%^@&W�B�.M,4E7)+*�%^%bmn@&'034E S $0*�,(.M57)+31%�$0*_,1$034FG$&%^>D$2FG$&%4BD31$&%�>?E�p�@031$0*�,4E7$05;57$&%§P

QL*e'&)+*�%1E7>D<031$V>D$&%28�.+%H>D$g,1$0F_8�%
]ti, ti+1[

>D$Z57)+*DACB�$0BD3
h = ti+1 − ti

PD#�$&%�@&W�B�.M,4E7)+*�%L%bmn@&'034E S $0*�,X�

h ∗ T n+1
Ax + h ∗ T n+1

Bx + h ∗ Fx = m ∗ (un+1 − un) x , P;{CPv}=~

Nn+1
A +Nn+1

B + Fy + P = 0
x , P;{CP;{b�=~

−(T n+1
Ax + T n+1

Bx )
a

2
+ (Nn+1

A −Nn+1
B )

b

2
= 0

x , P;{CP;{C{§~

i9)+F_FG$g8�)+BD3257$g'b.+%2*�)+* É AC5;E7%1%�.M*�,blD57$V%1:]%4,1<0FG$6*�mn$&%4,28�.+%�>D@0,1$034F_E;*�@�x�E7'0EKl?BD*�$gE;*�'&)+*D*-B�$V%4BD8D8D57@0FG$0*�,/.ME;31$%bmv.��4)+BD,1$�.MB %4:?%4,1<0FG$�>�mn@&W�B�.M,4E7)+*�%��95�. S E;,1$&%1%1$�*�)+,1@&$�B�~qP �L)+B�%R.��4)+BD,1)+*�%e.M57)+31%R>D$0B?["31$05�.M,4E7)+*�%Y%4BD8 É8D57@0FG$0*-,/.ME;31$&%R��5Km T�:]8
)+,4T�<&%/$�>�m BD*�$r8D31)+8
)+34,4E7)+*D*�.M5;E;,1@h>D$&%X'&)+F_8
)C%/.M*-,1$&%X,/.M*DA=$0*�,4E7$05;57$&%X8�.M3c3/.M8D8�)+34,`.MB?[
'&)+F_8�)C%/.M*�,1$&%�*�)+34Fr.M57$&%L>�.M*�%H5�.`>?E;31$&'0,4E7)+* ~AB

PD#�$VFr.M,1@034E�.MBf$&%4,H%4BD8D8�)C%1@ZE7%1)+,431)+8�$Cl�$0*R3/.M8D8�)+34,L. S $&'c5�.
'&)+*�>?E;,4E7)+*�>D$ZAC5;E7%1%1$0FG$0*�,6>D$ci9)+BD57)+Fc\�l�)+*e>D@qs�*DE;,�>D$0B?[R31$05�.M,4E7)+*�%�%4BD8D8D57@0FG$0*-,/.ME;31$&%a�

TAx
NA

=
TBx
NB

= f ⇒ TAx
NA

= f
$0, TBx

NB
= f

x , P;{CP;{b�=~

¡�)+BD3LN0,431$g'&)+T�@031$0*-,Z. S $&'g57$&%H'&)+*�>?E;,4E7)+*�%�>D$VAC5;E7%1%1$0FG$0*�,L>D$ai9)+BD57)+Fc\�l�)+*e@&'034E;,c�

TAx
NA

= −f.sign(u)
$0, TBx

NB
= −f.sign(u)

x , P;{CP;{bU=~

#�$Z%4E;AC*�$g>D$&%(31@b.+'0,4E7)+*�%(,/.M*DA=$0*-,4E7$05;57$&% �"8�$0BD,2N0,431$LE;*DE;,4E�.M5;E7%/@V. S $&'Z57$Z'&)+*�,/.+'0,�'&)+5;5�.M*-,cxd'&)+*�>?E;,4E7)+*e>D$6*�)+* ÉAC5;E7%1%/$0FG$0*�,�~qP
#�$&%H31@b.+'0,4E7)+*�%�,/.M*DA=$0*-,4E7$05;57$&%L%bmn)+8D8�)C%1$0*-,L.MBY%1$0*�%H>D$V>D@08D5�.+'&$0FG$0*-,6>?BY%/)+5;E7>D$CP
�L*�$2.M8D8D31)-'/T�$Cl j 5Km E;*DE;,4E�.M5;E7%�.M,4E7)+*r>?B_'b.+%�%1,/.M,4E7W�B�$ClC'&)+*�%4E7%1,1$ j S @034E�s�$03k57$(%4E;AC*�$(>D$&%t31@b.+'0,4E7)+*�%k,/.M*DA=$0*�,4E7$05;57$&%
8�)+BD3H$0*e>D@&>?BDE;31$V'&$05;BDE
>D$V5�. S E;,1$&%1%/$ZBR,1$05;57$VW�B�$r�

u =
1

−f.NA
TAx.sign(TAx) =

1

−f.NB
TBx.sign(TBx)

x , P;{CP;{ , ~
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#�$a8D31)+\D57<0FG$_$&%4,g.M57)+31%6\DE7$0*f8�)C%1@X$0,6>�mv.M8D31<&%Z57$&%6@&W�B�.M,4E7)+*�%Gx , P;{CPv}=~qlkx , P;{CP;{b�=~L$0,_x , P;{CP;{bU=~ql
)+*�$0*�>D@&>?BDE;,
5�. S E;,1$&%1%1$ZBo�

un+1 − un =
h

m
(f.Psign(u) + Fx)

x , P;{CP;{ 0 ~

8DBDE7%blD>�mv.M8D31<&%�57$&%H@&W-B�.M,4E7)+*�%ax , P;{CPv}=~ql x , P;{CP;{b�=~2$0,ax , P;{CP;{C{§~ql

NB = −P
2
− Fy

2
+

a

2b
Fx −

a

2h.b
m.(un+1 − un) x , P;{CP;{ �=~

NA = −P
2
− Fy

2
− a

2b
Fx +

a

2b
m.(un+1 − un) x , P;{CP;{§�C~

$0*?s�*�l�>�mv.M8D31<&%�57$&%H@&W-B�.M,4E7)+*�%ax , P;{CP;{bU=~ql

TAx = −fsign(u).NA
x , P;{CP;{ �=~

TBx = −fsign(u).NB
x , P;{CP;{b}=~

� )+BD,1$&%257$&%(E;*�'&)+*D*�B�$&%blD>D$Z'&)+*-,/.+'0,1%H$0,H>D$6FG)+B S $0FG$0*�,bl�%1)+*-,2>D@0,1$034F_E;*�@&$&%bP�i9$08�$0*�>�.M*�,bl�'&$0,4,1$6T�:]8�)+,4T�<&%1$
>D$Z31@08�.M34,4E;,4E7)+*�>D$&%231@b.+'0,4E7)+*�%H,/.M*DA=$0*-,4E7$05;57$&%�*�$V8
$034FG$0,H8�.+%�>D$ZA=@031$03H5Kmv.M8D31<&%H\�.+%1'0BD57$0FG$0*-,bP
¡�)+BD3LE;5;5;B�%1,431$03L57$c31@&%4BD5;,/.M,L>D$&%6'b.M57'0BD57%L%/$057)+*e*�)C%LT�:]8
)+,4T�<&%1$&%§l�>�.M*�%L57$&%L'b.+%L*�)+* É AC5;E7%1%/.M*-,6$0,LAC5;E7%1%/.M*�,bl
)+*8D31@&%1$0*-,1$VBD*Y$q[D$0F_8D57$g*�BDFG@034E7W-B�$�x S )+E;3Hs�ACBD31$ , P;{§~qP

���������
	���
��
���������������������

�6)+B�%�. S )+*�%L'1T�)+E7%4E
57$&%28�.M3/.MFG<0,431$&%�*-BDFG@034E7W�B�$&%L%4BDE S .M*�,1%c�

É '&)]$��r'0E7$0*�,6>D$ZJ�31)+,4,1$0FG$0*-,a�]J � �?P , l
É T�.MBD,1$0BD36>?BY%1)+5;E7>D$G��. � �?P;{0FYl
É 57)+*DACB�$0BD36>?BY%1)+5;E7>D$G�?\ � �?Pv�MFYl
É Fr.+%1%/$g>?Be%1)+5;E7>D$G�?F � {b� & A�l
É 8�.+%H>D$V,1$0F_8�%c� h = 10−3s

l
É .+'&'&@057@03/.M,4E7)+*�>D$g5�.X8
$&%�.M*�,1$0BD3a� g = −9.81ms−2 l
É '&)+*�>?E;,4E7)+*�%LE;*DE;,4E�.M57$&%c� NA = NB = −m∗g

2

�
u = 0ms−1 P

•  �"!$#%�&������')(����
!*!*�+���+�,


i9$h'b.+%G.�@0,1@ S .M5;E7>D@Y. S $&'h8D5;B�%4E7$0BD31% S .M57$0BD31%_>D$�JO)+31'&$R.M8D8D5;E7W�B�@&$R$0* � *�$�8
$034FG$0,4,/.M*-,G8�.+%_>D$h>D@08D5�. É'&$03H57$g%/)+5;E7>D$CP�£ ,4E;,431$c>�mn$q[?$0F_8D57$Cl�)+*f'1T�)+E7%4E;,H5Kmn$q[D$0F_8D57$g*-BDFG@034E7W�B�$a%4BDE S .M*-,bP

¡�)+BD3�BD*�$6JO)+31'&$c.M8D8D5;E7W-B�@&$c.MBe'&$0*�,431$c>D$gAC3/. S E;,1@ � >?Be%/)+5;E7>D$g,1$05;57$gW�B�$
Fx = +20Nx ||F || < ||T || $0, ||T || = P.f = 39.24N

~qP

É�Ê-¨VË É



����� ��������� �!*
	 � � �����
���������
�����
����� � �
����������� � ��� � �
������� � � ������� � ����� � � ��!"� � 
����������������

w`mv.M8D31<&%H57$&%�@&W�B�.M,4E7)+*�%Xx , P;{CP 0 ~ql
x , P;{CP��=~ql
x , P;{CP �C~2$0,cx , P;{CP��=~ql�57$Z31@&%4BD5;,/.M,�>D)+*D*�$G�

NB = 54.05N
l

NA = 44.05N
l

TBx = −11.02N
l

TAx = −8.98N
l

#
.c%1)+F_FG$�>D$&%�31@b.+'0,4E7)+*�%�*�)+34Fr.M57$&%
NA

$0,
NB

>D)+*D*�$H57$H8�)+E7>D%�>?B�\D57)-'CP�#�$H3/.M8D8�)+34, TAx

NA
= TBx

NB
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b.N3 + b.N4 = −N.yc x , P;{CPv�CU=~

a.N2 + a.N3 = −N.xc x , P;{CPv� , ~

#�$&%Z@&W-B�.M,4E7)+*�%_x , P;{CPv�C�=~ql�x , P;{CPv�?{§~qlkx , P;{CPv�C�=~qlkx , P;{CPv�CU=~L$0,Xx , P;{CPv� , ~L%1)+*�,Z>D@&'&)+BD8D57@&$&%bP�#�$&%LE;*�'&)+*D*�B�$&%
γx

$0,
γy

S .M57$0*�,H31$&%48�$&'0,4E S $0FG$0*�, Fx

m

$0, Fy

m
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�6)+B�%u. S )+*�%^W�B�.M,431$2E;*�'&)+*D*-B�$&%Lx N1

l
N2

l
N3

$0,
N4

~ $0,k,431)+E7%u@&W-B�.M,4E7)+*�%Lx , P;{CPv�C�=~ql�x , P;{CPv�CU=~k$0,�x , P;{CPv� , ~qP-QL*
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j BD*YFGN0FG$V8D5�.M*�l�'&$gW�BDE %1$Z,43/.+>?BDE;,H8�.M3H57$g'b.M57'0BD5
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∣

∣
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∣

∣

∣

∣

= 0
x , P;{CPv� 0 ~

'&$gW-BDE
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1

2
N.yC +

1

4
N

x , P;{CPv�=�C~

�-E
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S E;,1$&%1%1$a>D$c'&$05;BDE É '0Et8�.M3�3/.M8D8�)+34,Z.MB�31$08�<031$VA=@0*�@03/.M5k$&%4,L>D@qs�*DE7$a8�.M3657$ S $&'0,1$0BD3 S E;,1$&%/%1$ ~V (G) = (u, v, 0)$0,657$ S $&'0,1$0BD3Z31)+,/.M,4E7)+* ~Ω = (0, 0,Ω

~ ��57$&%6E;*�>?E7'&$&%LEt$0,^�L'&)+3431$&%48�)+*�>D$0*�,g31$&%48�$&'0,4E S $0FG$0*�,c.MB�*�BDFG@031)R>?B
*�)]$0B�>e.ME;*�%4E�W-B�m j 5�._>?E;31$&'0,4E7)+* x�s�ACBD31$ , P��=~qP
¡�)+BD3�BD*�$g>?E;31$&'0,4E7)+*�>D)+*D*�@&$(�0l?57$V3/.M8D8
)+34, T

N

$&%4,257$ZFGN0FG$a$0*Y'1T�.+W-B�$g*�)-$0B�>�P

A

B
TAj

NA

TBjNB

j

) ��� * , P 0/. � 5;5;B�%4,43/.M,4E7)+*f>�m BD*�$gT�:]8
)+,4T�<&%/$V>D$g8D31)+8�)+34,4E7)+*D*�.M5;E;,1@c$0*�,431$X�X*�)-$0B�>D%
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T11

N1
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T21
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x , P;{CPvU?{§~

T22

N2
=
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x , P;{CPvUC�=~

T13
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#�$V,1)+31%1$0BD36>D$&%�$qp�)+34,1%L$q[?,1@ É34E7$0BD31%L$&%4,2,1)+B+�|)+BD31%L.M8D8D5;E7W�B�@c.MBf'&$0*�,431$c>D$ZAC3/. S E;,1@a>?BY%1)+5;E7>D$CP

• QL*�.M8D8D5;E7W�B�$�BD*�$�Jd)+31'&$�$q[?,1@034E7$0BD31$ ~F = 3000~x
l�5�.f%4E;FcBD5�.M,4E7)+*�*-BDFG@034E7W�B�$h>D)+*D*�$�57$&%X31@&%4BD5;,/.M,1%

%4BDE S .M*�,1%c�
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) � � * , P;{b� . ��@b.+'0,4E7)+*�%�*�)+34Fr.M57$&%�$0,2,/.M*DA=$0*�,4E7$05;57$&%g.MB?[h*�)-$0B�>D%�>?BY8D34E7%4FG$g8�)+BD3
Fx = 3000N

#�$6,1)+31%1$0BD3H'0E;*�@0Fr.M,4E7W-B�$V.a,1)+BD,1$&%H%1$&%('&)+F_8�)C%/.M*�,1$&%2*-BD5;57$&%V�]57$Z%1)+5;E7>D$631$&%4,1$ZE;F_FG)+\DE;57$CP�i9$631@&%4BD5;,/.M,H@0,/.ME;,
8D31@ S E7%4E;\D57$Cl�$0*e.+'&'&)+31>�. S $&'g5�. S .M57$0BD3H>D$g5�.aJO)+31'&$V$q[?,1@034E7$0BD31$c.M8D8D5;E7W�B�@&$CP
#�$&%�'&)+BD34\
$&%L>D$Z5�.Xs�ACBD31$ , P;{b�_%1)+*-,H,43/.+'&@&$&%H8�)+BD3V{b�`E;,1@03/.M,4E7)+*�%bP
i9)+F_FG$Z8�)+BD325Kmn$q[?$0F_8D57$g$0*Y�X>?E;FG$0*�%4E7)+*�%bl�57$&%(31@b.+'0,4E7)+*�%2,/.M*DA=$0*�,4E7$05;57$&%L%bmn)+8D8
)C%/$0*�, j 5�.cJd)+31'&$g$q[?,1@034E7$0BD31$
$0,H57$&%L31@b.+'0,4E7)+*�%6%1)+*�,L8D5;B�%�@057$ S @&$&%Z.MBe*DE S $b.MBf>?Bf*�)-$0B�> A2

W-B�mv.MB?[R*�)-$0B�>D%
A1

$0,
A3

P�#
.G>?E;31$&'0,4E7)+*�>D$
5�.GJd)+31'&$`$q[?,1@034E7$0BD31$`$&%4,Z8
)C%4E;,4E S $X%4BDE S .M*�,Z5Kmv.�[D$ ~Ox

P�#�$`%1)+5;E7>D$a%§mv.M8D8DBDE7$a8D5;B�%g%1BD36%1)+*�*�)]$0B�>
A2

W�B�mv.MB?[
>D$0B?[o.MBD,431$&%V*�)]$0B�>D%bP�# .R%1)+F_FG$G>D$&%g31@b.+'0,4E7)+*�%a*�)+34Fr.M57$&%

N1
l
N2

$0,
N3

>D)+*D*�$G57$_8
)+E7>D%a>?B�\D57)-'CP
#
.
'&)+*�>?E;,4E7)+* >D$_*�)+* É AC5;E7%1%1$0FG$0*-, √

T 2
ix + T 2

iy < fNi
x�E � {ClvU=~c$&%4, S @034E�s�@&$CP�#�$&%c31@&%4BD5;,/.M,1%a>?Bz'b.+%a%4,/.M,4E7W-B�$

%1)+*-,�'&)+T�@031$0*�,1%Z. S $&'V57$&%2T�:]8
)+,4T�<&%/$&%2JK.ME;,1$&%bP
#
.�%1)+5;BD,4E7)+*�%4,/.M,4E7W-B�$a'&)+* S $034A=$_.MBf\�)+BD,6>D$`UrE;,1@03/.M,4E7)+*�%6$0,Z%1$X%4,/.M\DE;5;E7%1$ j 5�. S .M57$0BD3Ls�*�.M57$CP�¡ )+BD3Z57$X'b.+%
>?:]*�.MF_E7W�B�$(57$98�.+%k>D$(,1$0F_8�%k$&%4,k'/T�)+E7%4E j

10−4 %bl�E7'0ED57$&%t*�)-$0B�>D%k>D$('&)+*�,/.+'0,1%�31$&%4,1$0*�,kE;F_FG)+\DE;57$&%�$0,u%4,/.M\D57$&%
>?BD3/.M*-,957$&%9E;,1@03/.M,4E7)+*�%bP�QL*R'1T�)+E7%1E;,2.M57)+31%9BD*�8�.+%(>D$�,1$0F_8�%2>D$

10−3 %98�.M3(.M*�.M57)+ACE7$g. S $&'657$Z'&)]>D$L>D$6'b.M57'0BD5
#�y � i(}C�?P
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#�$c'b.M57'0BD5
>D$&%231@b.+'0,4E7)+*�%�$&%1,�.M3431N0,1@a. S $&'VBD*Y,1$&%4,H>D$g'&)+* S $034A=$0*�'&$CP�QL*RJO$03/.`>D$gFGN0FG$g8�.M3H5�.`%1BDE;,1$CP

• wg.M*�%25�.`>D$0B?[]E7<0FG$a%4E;FcBD5�.M,4E7)+*�l�)+*e.MBDACFG$0*�,1$a5�. S .M57$0BD3L>D$Z5�.XJd)+31'&$g$q[?,1@034E7$0BD31$ ~F = 10000~x
�

#
.G'&)+BD34\
$V>D$Z5�.`s�ACBD31$ , P;{bU`FG)+*�,431$aW�B�$Z57$ZFG)]>D<057$g8D31@&>?E;,H\DE7$0*e57$gFG)+B S $0FG$0*�,Z.M,4,1$0*�>?B�P

2 4 6 8 10
0

1

2

3

4

5

6

7

8
x 10

−4
Accélération linéaire du centre de gravité G
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) ��� * , P;{bU . �L$08D31@&%1$0*�,/.M,4E7)+*R>D$&%(.+'&'&@057@03/.M,4E7)+*�%95;E;*�@b.ME;31$&%
Γx

$0,
Γy

.MBh'&$0*�,431$6>D$LAC3/. S E;,1@L>?B�8D34E7%4FG$�8�)+BD3
Fx = 10000N

#
. S .M57$0BD3u>D$(5Kmv.+'&'&@057@03/.M,4E7)+*G5;E;*�@b.ME;31$ Γx
%1BDE S .M*-,k5Kmv.�[?$ ~Ox

$&%4,k'&)+*�%4,/.M*�,1$cx
Fext = constante

~ $0,t8�)C%4E;,4E S $CP
#�$c%1)+5;E7>D$g%1$g>D@08D5�.+'&$c%1BDE S .M*-,H5�.`>?E;31$&'0,4E7)+* ~Ox

xd'b.+%2AC5;E7%1%/.M*-,�~qP

É�Ê � Ê²É



����� ��������� �!*
	 � � �����
���������
�����
����� � �
����������� � ��� � �
������� � � ������� � ����� � � ��!"� � 
����������������

2 4 6 8 10
0

500

1000

1500

2000

2500

3000

3500

4000

4500

5000

5500

60006000

Réactions aux noeuds

Itérations sur 1 pas de temps

R
éa

ct
io

ns
 n

or
m

al
es

 N
i

 

 

2 4 6 8 10
−2500

−2300

−2100

−1900

−1700

−1500

−1300

−1100

−900

−700

−500

−300

−100

5050

Itérations sur 1 pas de temps

R
éa

ct
io

ns
 ta

ng
en

tie
lle

s 
T

ix

Noeud1
Noeud2
Noeud3

) ��� * , P;{ ,'. �L@b.+'0,4E7)+*�%H*�)+34Fr.M57$&%�$0,�,/.M*DA=$0*�,4E7$05;57$&%Z.MB?[�*�)]$0B�>D%H>?BY8D34E7%4FG$V8
)+BD3
Fx = 10000N

#�$&%�'&)+BD34\
$&%L>D$&%(s�ACBD31$&% , P;{bU_$0, , P;{ , %1)+*�,H,43/.+'&@&$&%�8
)+BD3V{b�_E;,1@03/.M,4E7)+*�%bP
QL*�31$0,431)+B S $�57$&%^FGN0FG$&%('&)+*�'05;B�%4E7)+*�%(W�B�$L'&$05;57$&%(>D$�5Kmn$q[D$0F_8D57$�8D31@&'&@&>D$0*-, j %/. S )+E;39W-B�$H57$&%^31@b.+'0,4E7)+*�%9,/.M* ÉA=$0*-,4E7$05;57$&%u%bmn)+8D8�)C%1$0*�,k.MB_%1$0*�%t>D$�AC5;E7%1%/$0FG$0*�,k>?B_%1)+5;E7>D$^$0,kW-B�$�57$&% S .M57$0BD31%t>D$&% 31@b.+'0,4E7)+*�%k%/)+*�,t8D5;B�%t@057$ S @&$&%
.MBG*DE S $b.MB�>?BG*�)]$0B�> A2

W�B�mv.MB?[_*�)]$0B�>D%
A1

$0,
A3
P�#�$&% S .M57$0BD31%�$0*�'1T�.+W-B�$H*�)]$0B�>G>D$&%u31@b.+'0,4E7)+*�%^,/.M*DA=$0* É

,4E7$05;57$&%Z%1)+*-,L8D5;B�%Z@057$ S @&$&%ZW�B�$X>�.M*�%657$a'b.+%6%4,/.M,4E7W-B�$a'b.M3Z5�.r'&)+*�>?E;,4E7)+*�>D$cAC5;E7%1%/$0FG$0*�, √

T 2
ix + T 2

iy = fNix�E � {ClvU=~($&%1, S @034E�s�@&$CP�#
._%/)+F_FG$V>D$&%231@b.+'0,4E7)+*�%H*�)+34Fr.M57$&% N1
l
N2

$0,
N3

>D)+*D*�$g57$Z8
)+E7>D%�>?BY\D57)-'CP
QL*r.6FG)+*-,431@HW�B�$(5Kmn@&W-B�.M,4E7)+*G>D$(5�.Z>?:]*�.MF_E7W�B�$H%1BDE S .M*-,k5Kmv.�[?$ ~Ox

8
)+B S .ME;,u%bmn@&'034E;31$2$0*_,1$034FG$&%�>D$(FG$&%1BD31$&%
>?E�p�@031$0*�,4E7$05;57$&%6>D$Z5�.XJK.��&)+*e%4BDE S .M*�,1$G�

h ∗ T n+1
1x + h ∗ T n+1

2x + h ∗ T n+1
3x + h ∗ Fx = m ∗ (un+1 − un) x , PvU?PvU=~

#�$�,1$034FG$ (un+1−un)
h

31$08D31@&%1$0*�,1$�5�. S .M57$0BD3`>D$G5Kmv.+'&'&@057@03/.M,4E7)+*�P ��*�$�.MBD,431$rFr.M*DE7<031$h>D$rFG)+*�,431$03_W�B�$r57$&%
T-:-8�)+,4T�<&%1$&%(JK.ME;,1$&%�%1)+*-,H'&)+*?Jd)+34FG$&%L$&%4,25�.`31@&%1)+5;BD,4E7)+*e*�BDFG@034E7W-B�$c>D$g5Kmn@&W-B�.M,4E7)+*zx , PvU?PvU=~ZP

���������
	���
��
���������������������

É (un+1−un)
h = 6.05m.s−2 l

É ∑Tix = −3950N
l

£LE;*�%4EKl
Fx +

∑

Tix = 10000 − 3950 = 6050N
$0,
m ∗ (un+1−un)

h = 1000 ∗ 6.05 = 6050N
P�#umn@&W-B�.M,4E7)+*

x , PvU?PvU=~($&%1, S @034E�s�@&$CP
#�$&%(31@&%1BD5;,/.M,1%2>?Bh'b.+%(AC5;E7%/%/.M*�,H%1)+*-,2'&)+T�@031$0*�,1%L. S $&'Z57$&%9T�:]8
)+,4T�<&%1$&%9JK.ME;,1$&%(8�)+BD3957$ S $0325Km E;*�>D@0,1$034F_E;*�.M,4E7)+*�P
#
.G%1)+5;BD,4E7)+*e>?:]*�.MF_E7W�B�$V'&)+* S $034A=$a.MBR\�)+BD,�>D$VU`E;,1@03/.M,4E7)+*�%L$0,�%1$g%4,/.M\DE;5;E7%1$ j 5�. S .M57$0BD32s�*�.M57$CP
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• QL*".M8D8D5;E7W-B�$fFr.ME;*�,1$0*�.M*�,eBD* FG)+FG$0*�,Y$q[?,1@034E7$0BD3 ~M (~F ) = −200~z
l^5�.o%4E;FaBD5�.M,4E7)+*"*�BDFG@034E7W-B�$

>D)+*D*�$G�

2 4 6 8 10
0

250

500

750

1000

1250

1500

1750

2000

2250

2500

2750

3000

3250

3500

3750

40004000

Réactions aux noeuds

Itérations sur 1 pas de temps

R
éa

ct
io

ns
 n

or
m

al
es

 N
i

 

 

2 4 6 8 10
−60

−50

−40

−30

−20

−10

0

10

20

30

40

50

6060

Itérations sur 1 pas de temps

R
éa

ct
io

ns
 ta

ng
en

tie
lle

s 
T

ix

2 4 6 8 10
−60

−50

−40

−30

−20

−10

0

10

20

30

40

50

6060

Itérations sur 1 pas de temps

R
éa

ct
io

ns
 ta

ng
en

tie
lle

s 
T

iy

Noeud1
Noeud2
Noeud3

) ��� * , P;{ 0/. ��@b.+'0,4E7)+*�%2*�)+34Fr.M57$&%L$0,H,/.M*DA=$0*�,4E7$05;57$&%Z.MB?[R*�)-$0B�>D%�>?BR8D34E7%4FG$g8�)+BD3
Mz = −200Nm

#�$&%2'&)+F_8�)C%/.M*-,1$&%�>?Bh,1)+31%1$0BD3H'0E;*�@0Fr.M,4E7W-B�$V%1)+*�,2,1)+BD,1$&%(*-BD5;57$&%V�?57$Z%1)+5;E7>D$Z31$&%4,1$6E;F_FG)+\DE;57$CP�#
. S .M57$0BD3H>?B
FG)+FG$0*-,L$q[?,1@034E7$0BD3L.M8D8D5;E7W�B�@V*�mn$&%4,H8�.+%H%4B��r%�.M*�,1$g8�)+BD3�>D@08D5�.+'&$03H57$V%/)+5;E7>D$CP
#�$&%�'&)+BD34\
$&%L>D$Z5�.Xs�ACBD31$ , P;{ 0 %1)+*-,H,43/.+'&@&$&%H8�)+BD3V{b�`E;,1@03/.M,4E7)+*�%bP

#�$^8D34E7%4FG$2.�BD*�$�A=@&)+FG@0,434E7$(%4:]FG@0,434E7W�B�$98�.M3�3/.M8D8
)+34, j %1)+*`.�[D$9>D$�31)+,/.M,4E7)+*�lM57$&%�,431)+E7%�31@b.+'0,4E7)+*�%t*�)+34Fr.M57$&%
%1)+*-,rE7>D$0*-,4E7W�B�$&%bP^#�$&%G31@b.+'0,4E7)+*�%�,/.M*DA=$0*-,4E7$05;57$&%�%/)+*�,r31$&%18
$&'0,4E S $0FG$0*-,�>D@&'&)+BD8D57@&$&%bl^%4:]FG@0,434E7W�B�$&%�%4BDE S .M*-,
5Kmv.�[D$ ~Ox

$0,�5�.`%1)+F_FG$
T1y + T3y = −T2y

%4BDE S .M*�,H5Kmv.�[D$ ~Oy
P

#
.e%1)+F_FG$r>D$&%c31@b.+'0,4E7)+*�%c*�)+34Fr.M57$&%
N1

l
N2

$0,
N3

>D)+*D*�$0*�,X57$_8�)+E7>D%c>?Bo\D57)]'CP
# .Y'&)+*�>?E;,4E7)+* >D$_*�)+* É
AC5;E7%1%/$0FG$0*�, √

T 2
ix + T 2

iy < fNi
x�E � {ClvU=~9$&%4, S @034E�s�@&$CP�#�$&%(31@&%4BD5;,/.M,1%H>?BR'b.+%H%1,/.M,4E7W�B�$Z%1)+*-,H'&)+T�@031$0*�,1%L. S $&'

57$&%2T-:-8�)+,4T�<&%1$&%HJO.ME;,1$&%bP

i9$&%g31@&%1BD5;,/.M,1%V%1)+*�,a'&)+*?Jd)+34FG$&%c. S $&'_5�.hA=@&)+FG@0,434E7$G>?B�%/)+5;E7>D$CP�#�$_%4E;AC*�$G>D$&%Z31@b.+'0,4E7)+*�%c,/.M*DA=$0*�,4E7$05;57$&%X>D@ É8�$0*�>_>?BG%4E;AC*�$2>?B_FG)+FG$0*�,^$q[],1@034E7$0BD3^.M8D8D5;E7W-B�@2$0,k5�. S .M57$0BD3u>D$&%k31@b.+'0,4E7)+*�%u,/.M*DA=$0*-,4E7$05;57$&%�>D@08�$0*�>G>D$(57$0BD31%
8�)C%4E;,4E7)+*�%28�.M3H3/.M8D8�)+34, j 5Kmv.�[D$V>D$Z31)+,/.M,4E7)+*f$0,H>D$&%L.�[?$&% ~Ox

$0, ~Oy
P

#
.G%1)+5;BD,4E7)+*e%4,/.M,4E7W-B�$g'&)+* S $034A=$X.MBY\
)+BD,H>�m BD*�$cE;,1@03/.M,4E7)+*e$0,�%1$g%1,/.M\DE;5;E7%1$ j 5�. S .M57$0BD32s�*�.M57$CP
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• i9)+F_FG$28
)+BD3t57$&%u>D$0B?[_%4E;FaBD5�.M,4E7)+*�%u8D31@&'&@&>D$0*�,1$&%§l�)+*r.MBDACFG$0*�,1$HE7'0ED5�. S .M57$0BD3u>?B_FG)+FG$0*-,^$q[?,1@034E7$0BD3
~M(~F ) = −60000~z

lD5�.`%4E;FaBD5�.M,4E7)+*e*-BDFG@034E7W�B�$a>D)+*D*�$G�
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Accélération de rotation du centre de gravité G
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) ��� * , P;{ � . ��$08D31@&%1$0*-,/.M,4E7)+*Y>D$&%9.+'&'&@057@03/.M,4E7)+*�%(5;E;*�@b.ME;31$&%
Γx
l
Γy

$0,^>D$L31)+,/.M,4E7)+*
Ω̇z

.MBh'&$0*�,431$Z>D$LAC3/. S E;,1@
>?BY8D34E7%1FG$Z8
)+BD3

Mz = −60000Nm
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A2
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l
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P�#�$a%/)+5;E7>D$a%bmv.M8D8DBDE7$X>D)+*�'a8D5;B�%L%4BD3657$
*�)]$0B�>

A2
W-B�$V%4BD3257$Z*�)]$0B�>

A4
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>D)+*D*�$c57$V8�)+E7>D%�>?BY\D57)]'CP�# .G'&)+*�>?E;,4E7)+*�>D$g*�)+* É
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iy < fNi
x�E � {Cl , ~9$&%4, S @034E�s�@&$CP�#�$&%(31@&%4BD5;,/.M,1%H>?BR'b.+%H%1,/.M,4E7W�B�$Z%1)+*-,H'&)+T�@031$0*�,1%L. S $&'

57$&%2T-:-8�)+,4T�<&%1$&%HJO.ME;,1$&%bP
#
.X%1)+5;BD,4E7)+*R%4,/.M,4E7W-B�$6'&)+* S $034A=$V.MBh\
)+BD,(>D$gUVE;,1@03/.M,4E7)+*�%2$0,(%1$6%4,/.M\DE;5;E7%1$ j 5�. S .M57$0BD3^s�*�.M57$CPDi9)+F_FG$Z8�)+BD3
5Kmn$q[D$0F_8D57$V>?BY8D34E7%4FG$Cl�57$Z8�.+%H>D$g,1$0F_8�%H8�.M323/.M8D8�)+34,L.MBe'b.+%HAC5;E7%1%/.M*�,�8
$0BD,HN0,431$c.MBDACFG$0*-,1@r�
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• wZ.M*�%L5�.�>D$0B?[]E7<0FG$X%4E;FcBD5�.M,4E7)+*�l�)+*�8D31)+8
)C%/$a>�mv.MBDACFG$0*-,1$03g57$&% S .M57$0BD31%L>D$a5�.`JO)+31'&$ ~F = 40000~x −
40000~y

x�E;*�'05;E;*�@&$ j
45◦
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)+34,6.MB?[R' � ,1@&%�>?Be'0BD\
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Γx

$0,
Γy

.MB�'&$0*�,431$X>D$VAC3/. S E;,1@X>?B�'0BD\�$V8�)+BD3
Fx = 40000N

$0,
Fy = −40000N
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.G'&)+BD34\
$V>D$Z5�.`s�ACBD31$ , Pv�?{gFG)+*�,431$cW�B�$g57$ZFG)]>D<057$g8D31@&>?E;,H\DE7$0*e57$ZFG)+B S $0FG$0*�,g.M,4,1$0*�>?B�P
#�$&% S .M57$0BD31%^>D$&%(.+'&'&@057@03/.M,4E7)+*�%(5;E;*�@b.ME;31$&% Γx

%4BDE S .M*�,^57$&%9.�[D$&% ~Ox
$0,

Γy
%4BDE S .M*�,957$&%(.�[?$&% ~Oy

%1)+*�,931$&%48�$&' É,4E S $0FG$0*-,L'&)+*�%4,/.M*-,1$c8�)C%4E;,4E S $V$0,H'&)+*�%4,/.M*-,1$c*�@0A�.M,4E S $CP�#�$V%1)+5;E7>D$c%1$g>D@08D5�.+'&$c%4BD3�BD*�$g,43/.��|$&'0,1)+E;31$cE;*�'05;E;*�@&$
>D$

45◦
8�.M3�3/.M8D8
)+34,L.MB?[R>?E;31$&'0,4E7)+*�%HE;*DE;,4E�.M57$&%L>D$V%1$&%2' � ,1@&%bl�>�.M*�%H57$Z31$08�<031$gA=@0*�@03/.M5KP
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) ��� * , Pv�C� . ��@b.+'0,4E7)+*�%g*�)+34Fr.M57$&%V$0,g,/.M*DA=$0*-,4E7$05;57$&%a.MB?[�*�)-$0B�>D%V>?B�'0BD\�$`8
)+BD3
Fx = 40000N

$0,
Fy =

−40000N

#�$&%�'&)+BD34\
$&%L>D$&%(s�ACBD31$&% , Pv�?{V$0, , Pv�C�G%1)+*�,H,43/.+'&@&$&%�8
)+BD3V{b�_E;,1@03/.M,4E7)+*�%bP
QL*h31$0,431)+B S $g57$&%9FGN0FG$&%H'&)+*�'05;B�%4E7)+*�%�W�B�$L5Kmn$q[?$0F_8D57$Z8D31@&'&@&>D$0*-, j %/. S )+E;3HW-B�$657$&%(31@b.+'0,4E7)+*�%2,/.M*DA=$0*�,4E7$05;57$&%
%bmn)+8D8�)C%1$0*-,t.MBX%1$0*�% >D$^AC5;E7%1%1$0FG$0*-,�>?B`%1)+5;E7>D$9$0, W-B�$u57$&% S .M57$0BD31%t>D$&% 31@b.+'0,4E7)+*�%t%1)+*�,�8D5;B�% @057$ S @&$&%k.MBX*DE S $b.MB
>?Bh*�)]$0B�>

A2
W�B�mv.MB?[h*�)]$0B�>D%

A1
l
A3

$0,
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P]#
$&% S .M57$0BD31%H$0*R'/T�.+W�B�$Z*�)]$0B�>R>D$&%(31@b.+'0,4E7)+*�%2,/.M*DA=$0*�,4E7$05;57$&%
%1)+*-,28D5;B�%2@057$ S @&$&%HW-B�$g>�.M*�%(57$g'b.+%2%4,/.M,4E7W�B�$g'b.M3(5�.`'&)+*�>?E;,4E7)+*e>D$ZAC5;E7%/%1$0FG$0*�, √

T 2
ix + T 2

iy = fNi
x�E � {Cl , ~

$&%4, S @034E�s�@&$CP
#
.�%1)+F_FG$`>D$&%Z31@b.+'0,4E7)+*�%g*�)+34Fr.M57$&%

N1
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>D)+*D*�$X57$X8
)+E7>D%g>?B�\D57)]'CP�#�$&%Z31@&%4BD5;,/.M,1%g>?B�'b.+%
>?:]*�.MF_E7W�B�$c%1)+*�,�'&)+*?JO)+34FG$&%L. S $&'g57$&%2T-:-8�)+,4T�<&%1$&%2JK.ME;,1$&%bP
#
.G%1)+5;BD,4E7)+*e>?:]*�.MF_E7W�B�$V'&)+* S $034A=$a.MBR\�)+BD,�>D$VU`E;,1@03/.M,4E7)+*�%L$0,�%1$g%4,/.M\DE;5;E7%1$ j 5�. S .M57$0BD32s�*�.M57$CP
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• QL*�8D31)+8�)C%1$r>�mv.M8D8D5;E7W-B�$03cFr.ME;*-,1$0*�.M*�,`BD*�FG)+FG$0*-,X$q[?,1@034E7$0BD3a>D$_FG)]>?BD57$ ~M(~F ) = −400~z
8�)+BD3

S @034E�s�$03V%4Et57$&%Z31@&%4BD5;,/.M,1%c%1)+*�,V'&)+T�@031$0*-,1%a. S $&'_'&$0B?[�8D31)+8
)C%/@&%Z8�.M3g57$`8D34E7%4FG$CP�#
.h%4E;FcBD5�.M,4E7)+*o*�BDFG@034E7W-B�$
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) ��� * , Pv�CU . ��@b.+'0,4E7)+*�%2*�)+34Fr.M57$&%6$0,2,/.M*DA=$0*�,4E7$05;57$&%Z.MB?[R*�)-$0B�>D%H>?Bf'0BD\
$Z8�)+BD3
Mz = −400Nm

#�$&%2'&)+F_8�)C%/.M*-,1$&%�>?Bh,1)+31%1$0BD3H'0E;*�@0Fr.M,4E7W-B�$V%1)+*�,2,1)+BD,1$&%(*-BD5;57$&%V�?57$Z%1)+5;E7>D$Z31$&%4,1$6E;F_FG)+\DE;57$CP�#
. S .M57$0BD3H>?B
FG)+FG$0*-,L$q[?,1@034E7$0BD3L.M8D8D5;E7W�B�@V*�mn$&%4,H8�.+%H%4B��r%�.M*�,1$g8�)+BD3�>D@08D5�.+'&$03H57$V%/)+5;E7>D$CP
#�$&%�'&)+BD34\
$&%L>D$Z5�.Xs�ACBD31$ , Pv�CU_%1)+*-,H,43/.+'&@&$&%H8�)+BD3V{b�`E;,1@03/.M,4E7)+*�%bP
i9)+F_FG$h8�)+BD3_5Kmn$q[?$0F_8D57$R>?B�8D34E7%1FG$Clk$0* 3/.ME7%/)+*�>D$h5�.eA=@&)+FG@0,434E7$e>?B '0BD\�$Clt57$&%_W-B�.M,431$h31@b.+'0,4E7)+*�%_*�)+3 ÉFr.M57$&%R%1)+*-,hE7>D$0*�,4E7W-B�$&%bP2#�$&%h31@b.+'0,4E7)+*�%h,/.M*DA=$0*�,4E7$05;57$&%f%1)+*�,R%4:]FG@0,434E7W-B�$&%�%1BDE S .M*-,R57$&%h.�[D$&% ~Ox

l ~Oy
$0,

T1x + T2x = −(T3x + T4x)
l
T1y + T4y = −(T2y + T3y)

P

#
. %1)+F_FG$�>D$&%�31@b.+'0,4E7)+*�%R*�)+34Fr.M57$&%
N1

l
N2

l
N3

$0,
N4

>D)+*D*�$�57$f8�)+E7>D%h>?B"\D57)-'CP(#
. '&)+*�>?E;,4E7)+* >D$
*�)+* É AC5;E7%1%/$0FG$0*�, √

T 2
ix + T 2

iy < fNi
x�E � {Cl , ~H$&%1, S @034E�s�@&$CP�#�$&%�31@&%4BD5;,/.M,1%�>?B�'b.+%H%4,/.M,4E7W-B�$c%1)+*-,�'&)+T�@031$0*�,1%

. S $&'g57$&%2T�:]8�)+,4T�<&%1$&%2JK.ME;,1$&%bP
i9$&%231@&%1BD5;,/.M,1%�%1)+*-,�'&)+*?Jd)+34FG$&%6.MB?[RT�:]8
)+,4T�<&%1$&%�>D$V%4:]FG@0,434E7$V>?BY%1)+5;E7>D$CP�#�$c%4E;AC*�$V>D$&%231@b.+'0,4E7)+*�%L,/.M*DA=$0* É,4E7$05;57$&%k>D@08�$0*�>`>?B`%1E;AC*�$9>?B`FG)+FG$0*-,u$q[],1@034E7$0BD3�.M8D8D5;E7W-B�@($0,�5�. S .M57$0BD3k>D$&% 31@b.+'0,4E7)+*�%u,/.M*DA=$0*�,4E7$05;57$&%u>D@08�$0*�>
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>D$Z57$0BD3H8�)C%4E;,4E7)+*Y8�.M3�3/.M8D8
)+34, j 5Kmv.�[D$g>D$g31)+,/.M,4E7)+*e>?Bf%1)+5;E7>D$V$0,�.MB?[Y.�[?$&% ~Ox
$0, ~Oy

P
#
.G%1)+5;BD,4E7)+*e%4,/.M,4E7W-B�$g'&)+* S $034A=$X.MBY\
)+BD,H>�m BD*�$cE;,1@03/.M,4E7)+*e$0,�%1$g%1,/.M\DE;5;E7%1$ j 5�. S .M57$0BD32s�*�.M57$CP

• i9)+F_FG$e8�)+BD3�57$&%�>D$0B?[ $q[D$0F_8D57$&%�8D31@&'&@&>D$0*-,1%bl()+*".MBDACFG$0*-,1$�5�. S .M57$0BD3�>?B FG)+FG$0*�,R$q[?,1@034E7$0BD3
~M(~F ) = −40000~z

P�QL*Y)+\D,4E7$0*-,�57$&%231@&%4BD5;,/.M,1%L%4BDE S .M*�,1%V�
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) ��� * , Pv� , . ��$08D31@&%1$0*-,/.M,4E7)+*Y>D$&%9.+'&'&@057@03/.M,4E7)+*�%(5;E;*�@b.ME;31$&%
Γx
l
Γy

$0,^>D$L31)+,/.M,4E7)+*
Ω̇z

.MBh'&$0*�,431$Z>D$LAC3/. S E;,1@
>?Be'0BD\�$Z8�)+BD3

Mz = −40000Nm

#�$&%6'&)+BD34\�$&%L>D$c5�.Xs�ACBD31$ , Pv� , FG)+*�,431$0*-,ZW-B�$V5�. S .M57$0BD36>?BeFG)+FG$0*-,6$q[?,1@034E7$0BD3Z.M8D8D5;E7W-B�@&$c$&%1,L%4B��r%/.M*-,1$
8�)+BD3(JO.ME;31$V\
)+BDA=$03H57$g%/)+5;E7>D$rxd'b.+%2AC5;E7%1%/.M*-,�~qP

#
. S .M57$0BD3�>D$R5Kmv.+'&'&@057@03/.M,4E7)+* >D$e31)+,/.M,4E7)+*
Ω̇z

%1BDE S .M*-,r5Kmv.�[D$ ~Oz
$&%1,r'&)+*�%4,/.M*�,1$f$0,r*�@0A�.M,4E S $CP^#�$e'0BD\�$Cl

>?BRJK.ME;,H>D$g%/.`%4:]FG@0,434E7$g8�.M3H3/.M8D8�)+34, j %1)+*e.�[D$g>D$g31)+,/.M,4E7)+*�l�,1)+BD34*�$V%4BD325;BDE É FGN0FG$a.MBD,1)+BD3L>D$ ~Oz
P
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) ��� * , Pv� 02. �L@b.+'0,4E7)+*�%H*�)+34Fr.M57$&%L$0,H,/.M*DA=$0*�,4E7$05;57$&%Z.MB?[�*�)]$0B�>D%�>?BY'0BD\�$g8�)+BD3
Mz = −40000Nm

#�$&%�'&)+BD34\
$&% , Pv� , $0, , Pv� 0 %1)+*-,H,43/.+'&@&$&%H8�)+BD3V{b�`E;,1@03/.M,4E7)+*�%bP
QL*Y31$0,431)+B S $V57$&%2FGN0FG$&%�'&)+*�'05;B�%4E7)+*�%LW�B�$Z8�)+BD3H57$g'b.+%H>?Be8D34E7%4FG$V$0,28�)+BD3H5Kmn$q[?$0F_8D57$V8D31@&'&@&>D$0*�,bP
#�$&% S .M57$0BD31%t$0*`'/T�.+W�B�$9*�)]$0B�>a>D$&%�31@b.+'0,4E7)+*�%t,/.M*DA=$0*-,4E7$05;57$&%u%1)+*�,t8D5;B�%t@057$ S @&$&%kW-B�$^>�.M*�%�57$9'b.+%�%1,/.M,4E7W�B�$9'b.M3
5�.c'&)+*�>?E;,4E7)+*h>D$LAC5;E7%1%1$0FG$0*-, √

T 2
ix + T 2
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x�E � {Cl , ~u$&%4, S @034E�s�@&$CP?#
.c%/)+F_FG$�>D$&%931@b.+'0,4E7)+*�%9*�)+34Fr.M57$&%
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x�F_F � F�~
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y�)+FG$0*�,1%LyY[ −0, 537.104 −0, 245.104 −0, 187.104 0, 512.103 0, 522.104

ye:
0, 703.104 −0, 270.103 −0, 100.103 0, 101.105 0, 527.104

yf¢
0, 715.103 −0, 120.104 −0, 895.104 −0, 498.103 0, 448.104
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#
.G%4E;FcBD5�.M,4E7)+*eJO.ME;,�.ME;*�%4E
.M8D8�.M3/.ME;,431$c57$&%2¢b)+*�$&%�>D$gJO.ME;\D57$&%1%/$V.ME;*�%4E�W�B�m BD*f$qp�)+*�>?31$0FG$0*-,L>D$g5�.`%4,434B�'0,4BD31$CP
i9$0,4,1$_FG)]>D@05;E7%/.M,4E7)+*o%§mv. S <031$G*�@&'&$&%/%/.ME;31$_8�)+BD3g\DE7$0*o'&)+F_8D31$0*�>?31$G5Kmn@ S )+5;BD,4E7)+* >D$G'1T�.+W-B�$_\D57)]'_$0,VFG$0,4,431$
$0*R8D5�.+'&$cBD*R31$0*?Jd)+34,bP
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wZ$&%_%1)+5;BD,4E7)+*�%G%/)+*�,G>D)+*�' j $0* S E7%/.MA=$03G%4BDE;,1$ j 5Km E;*�%1,/.M\DE;5;E;,1@Y>D$�5�.�'&)+*�%4,434B�'0,4E7)+*�Pu£LB�*DE S $b.MB�>D$&%G%1)+F ÉF_E7$031%bl�)+*Y)+\�%1$03 S $gBD*�$V'&)+*�'&$0*-,43/.M,4E7)+*�>D$g'&)+*-,43/.ME;*�,1$&%bP
¡�)+BD32>D@0,1$034F_E;*�$03('&$&%(>D$034*DE7<031$&%bl-BD*�$6%4E;FcBD5�.M,4E7)+*R$&%4,($qp�$&'0,4B�@&$6$0*�\D57)-W-B�.M*�,957$&%(%1)+F_F_E7$031%bPDQL*�8D31$0*�>�57$&%
S .M57$0BD31%Z>D$&%HJO)+31'&$&%g.MB?[?W-B�$05;57$&%6E;57%L%1)+*-,6%1BD8D8
)C%1@&%L31@&%4E7%4,1$03bP
#�$&%Z$qp�)+34,1%L,43/.M*�%1F_E7%6%/)+*�,68D31@&%1$0*�,1@&%g>�.M*�%657$
,/.M\D57$b.MB � P ��P

#
.a'&)+F_8�)C%/.M*�,1$6T�)+34E;¢b)+*�,/.M57$g>D$6'1T�.+W-B�$6$qp�)+34,9*�$�8�$0BD,98�.+%^%bmv.M*D*-BD57$03�. S $&'L5�.c%/$0BD57$�31@&%4E7%1,/.M*�'&$L>?B�8DE;5;E7$03bP
i^T�.+W-B�$�8DE;5;E7$03`$&%1,`%/)+BDF_E7% j BD*�$qp�)+34,X3/.+>?E�.M5(T�)+34E;¢b)+*-,/.M5�>D$ S .M57$0BD3 (Rx2 + Ry2)

1
2
31$08D31@&%1$0*�,/.M*-,GBD*�$

8�)+B�%1%1@&$ S $031%25Kmn$q[?,1@034E7$0BD3bP
i9$05;57$ É '0E�*�@&'&$&%/%4E;,1$ZBD*h31$0*?Jd)+34, ��)+*R8�$0BD,(8�.M3H$q[?$0F_8D57$VE;Fr.MACE;*�$032BD*�$g'&$0E;*�,4BD31$VFG@0,/.M5;5;E7W-B�$Z8�.+%1%/.M*-,H8�.M3257$'&$0*-,431$c>D$ZAC3/. S E;,1@c>D$g'/T�.+W�B�$c%1)+F_F_E7$03bP
#
.(Jd)+31'&$k3/.+>?E�.M57$ j '&)+F_8�$0*�%1$03bl§.MBV*DE S $b.MBX>D$u'1T�.+W-B�$�%1)+F_F_E7$03bl�$&%4,�>D$H� Fr = (Rx2+Ry2)

1
2 = 0, 4.105N

l
%1)+E;,2BD*�$c'1T�.M34A=$c@&W-BDE S .M57$0*�,1$ j BD*�$ZFr.+%/%1$V>�mn$0* S E;31)+*eW-B�.M,431$g,1)+*D*�$&%bP

! � �#" � Pv� � $Ri � \D57$V>D$Z8D31@&'&)+*-,43/.ME;*�,1$`>�.M*�%25�._'&)+BD8 � 57$
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• � ��� �+��!��
���%���+� � �,
 #%�&�
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#
.z'1T�.M34A=$�%1$e31@08�.M34,4E;,h%1BD3r57$&%�'0E;*�W�%1)+F_F_E7$031%bP9#
.o'&$0E;*-,4BD31$�>D)+E;,�>D)+*�'f31@&%4E7%4,1$03 j BD* $qp�)+34,�,/.M*DA=$0* É,4E7$05
>D$��C�C� & �XP-QL*�8D31$0*�>?3/.?l=8�)+BD3�'&$0,4,1$�'&$0E;*-,4BD31$Cl�BD*h.+'0E7$03�T�.MBD,1$H8�$03|JO)+34Fr.M*�'&$H31@&%4E7%4,/.M*-, j BD*�$�,43/.+'0,4E7)+*
>D$��C�C�_y�¡t.?P�#�$V>?E�.MFG<0,431$a>?BY' � \D57$c>D$Z8D31@&'&)+*�,43/.ME;*-,1$`$&%4,H>D@qs�*DE�8�.M3V�

S =
Ftangentielle

Rt

x � Pv�?P;{§~

£ S $&'Cl
Ftangentielle = 200kN

��$qp�)+34,2,/.M*DA=$0*-,4E7$05Kl
Rt = 800MPa

�D31@&%4E7%1,/.M*�'&$ j 5�.X,43/.+'0,4E7)+*�l
S = ΠD2

4 = 250mm2 ��%1$&'0,4E7)+*�l
QL*e$0*Y>D@&>?BDE;,�57$V>?E�.MFG<0,431$V>D$g5�.`'&$0E;*-,4BD31$aw � {§�]l�� �CF_FYP
QL*e'/T�)+E7%4E .M57)+31%2BD*f>?E�.MFG<0,431$g*�)+34FG@c>D$g' � \D57$V>D$a�C�MF_FYP

¡�)+BD3�$0F_8�N&'1T�$03�5Kmn)+B S $034,4BD31$f>D$&%c�4)+E;*�,1% S $031%�5Kmn$q[?,1@034E7$0BD3blu57$&%G8DE;5;E7$031%�>D)+E S $0*�,hN0,431$e%1,/.M\DE;5;E7%1@&%bPuy�@&'b.M*DE ÉW-B�$0FG$0*�,bl�'&$&%68DE;5;E7$031%Z>D)+E S $0*�,g31@&%4E7%1,1$03Z.MB?[f$qp�)+34,1%g$0,g.MB?[eFG)+FG$0*�,1%VW-BDE�57$0BD31%6%/)+*�,V.M8D8D5;E7W�B�@&%§P
wg.M*�%657$
,/.M\D57$b.MBY8D31@&'&@&>D$0*-,bl�57$ZFG)+FG$0*-,�Fr.�[?E;Fr.M5 S .MBD, M = 0, 7.104N.m

P
¡t.M3c>D@qs�*DE;,4E7)+*�l�57$`FG)+FG$0*-,cyzl�.MB�'&$0*-,431$G>D$`AC3/. S E;,1@G>D$&%g%1)+F_F_E7$031%bl�$&%1,V>D@qs�*DEk8�.M3 M = Fp.d

l�. S $&'Y�
d ≤ b

6

l
)����
\��D5�.M34A=$0BD3L>?BY\D57)-'Cl
>���>?E7%1,/.M*�'&$V$0*�,431$g57$c'&$0*�,431$V>D$gAC3/. S E;,1@c>?Be%1)+F_F_E7$03�$0,25Kmv.M8D8D5;E7'b.M,4E7)+*�>D$Z5�.XJO)+31'&$ Fp

l
Fp

�]Jd)+31'&$c>D$g8D31@&'&)+*�,43/.ME;*-,1$CP
¡�)+BD3HW�B�$65�.aJO)+31'&$g.M8D8D5;E7W�B�@&$ � 8h31$&%4,1$g>�.M*�%(57$6*�)§:�.MBe'&$0*�,43/.M5KlD>h>D)+E;,HN0,431$ZE;*?JO@034E7$0BD31$g)+Bh@0A�.M5 j b

6

P?wg.M*�%
*�)+,431$V'b.+%§l?\ � U �C�MF_FYl�>�mn)��

d ≤ 0.06m
P

• � ��� �+��!��
���%���+� � �,
 #%�&�
� �%� �+	����,
*� � ���,
*�

QL*e'/T�)+E7%4E;,H57$g'b.+%�57$Z8D5;B�%H>D@qJO. S )+3/.M\D57$c'Cmn$&%4, É j É >?E;31$a> � �?Pv� �MFYP#
.`Jd)+31'&$g>D$g8D31@&'&)+*-,43/.ME;*�,1$X$&%4,�.M57)+31%
Fp = 7000

0.06 = 117kN
P

#
.a'&)+*�>?E;,4E7)+*R>D$�%1@&'0BD34E;,1@ j 31$&%48
$&'0,1$03($&%4,
Fp ≤ α.Re.S PDi9$0,4,1$�Jd)+34FaBD57$L8�$034FG$0,(>D$ S @034E�s�$032W�B�$�5�.gJO)+31'&$>D$L8D31@&'&)+*�,43/.ME;*-,1$g'b.M57'0BD57@&$6$&%1,9%4B��r%�.M*�,1$L8
)+BD39Fr.ME;*�,1$0*DE;3(BD*�$6%4,/.M\DE;5;E;,1@CP?#�$L'&)]$��r'0E7$0*�,2>D$6%1@&'0BD34E;,1@

α
$&%4,

8D34E7%2E7'0E j �?P
£ S $&'Cl
�L$ � � �+yf¡t.R�D31@&%4E7%1,/.M*�'&$V$0*Y'&)+F_8D31$&%1%4E7)+*e>D$V5�.X8DE7$03431$V>D$V#�$0*�%bl
S = 0.36 ∗ 0.7 = 0.252m2 ��%4BD3|JK.+'&$Z,1)+,/.M57$V>D$V'&)+*-,/.+'0,L$0*�,431$V57$&%28DE7$03431$&%bl
57$_'b.M57'0BD5�>D$

α.Re.S
>D)+*D*�$�� � �C�C� & �XP�#
.�JO)+31'&$_>D$`8D31@&'&)+*�,43/.ME;*-,1$�$&%1,6\DE7$0*oE;*?Jd@034E7$0BD31$ j '&$0,4,1$ S .M57$0BD3bl

$05;57$V$&%1,�.M8D,1$ j Fr.ME;*�,1$0*DE;3LBD*�$g8D31@&'&)+*�,43/.ME;*-,1$X%1B��r%/.M*�,1$g8�)+BD325�._%4,/.M\DE;5;E;,1@c>D$&%H%1)+F_F_E7$031%bP

#�$�' � \D57$h>D$r8D31@&'&)+*-,43/.ME;*�,1$Y$&%1,aFG)]>D@05;E7%1@�$0*�,431$h57$�'&$0*�,431$h>D$rAC3/. S E;,1@h>D$h>D$0B?[o\D57)]'&%a%1B�'&'&$&%1%4E�JO%X.MB *DE É
S $b.MBR>D$&%2%1)+F_F_E7$031%bP�i9$Z' � \D57$g.a8
)+BD3(8�.M34,4E7'0BD5�.M34E;,1@g>�mv. S )+E;3�BD*�$L3/.ME7>D$0BD32$0*h,43/.+'0,4E7)+*Y$0,H.MB�'0BD*�$Z3/.ME7>D$0BD3
$0*Y'&)+F_8D31$&%1%1E7)+*�P
#
.`Jd)+31'&$g>D$g8D31@&'&)+*-,43/.ME;*�$a@0,/.M*-,�'&)+*D*�B�$Cl�)+*e>?E;FG$0*�%4E7)+*D*�$g5�._3/.ME7>D$0BD3 & >?Bf' � \D57$CP
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¡t.M3X>D@qs�*DE;,4E7)+*�l�)+* . � 8 � & Pn>][�l )��z>][�$&%4,c5Kmv.M5;57)+*DA=$0FG$0*-,_>?Bz' � \D57$CP�#
.Y>D@qJO)+34Fr.M,4E7)+*
ε
$&%4,c,1$05;57$�W�B�$f�

ε = dx
x

l�)��e[Y$&%4,L5�.r>?E7%4,/.M*�'&$X$0*�,431$X>D$0B?[e'&$0*�,431$&%g>D$cAC3/. S E;,1@CP�QL*�$0*f>D@&>?BDE;,ZW-B�$V5�.r3/.ME7>D$0BD36$&%4,6>D@qs�*DE7$
8�.M3c�

k = Fp
ε.x

P
�LBDFG@034E7W�B�$0FG$0*-,bl�$0*�8D31$0*�.M*�,a'&)+F_FG$`8D31@ É >D@qJd)+34Fr.M,4E7)+* ε = −5.10−2 $0,V)+*�)+\D,4E7$0*�,gBD*�$`3/.ME7>D$0BD3 & >D$
5Kmn)+31>?31$V>D$ � P�� � y � � FYP

#
.cF_E7%1$Z$0*h'1T�.M34A=$6*�BDFG@034E7W-B�$g>D$�5�.a'&)+BD8 � 57$6$&%1,^31@b.M5;E7%1@&$L*DE S $b.MBh8�.M3(*DE S $b.MBh$0*h%4BDE S .M*�,(BD*�8D31)-'&@&>D@Z>D$
'&)+*�%4,434B�'0,4E7)+*f31@b.M5;E7%4,1$CP
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*!$#�� ��!$�
� 	������ � ���

£ 5�.as�*e>?BY'b.M57'0BD5Kl�5�.`%1,434B�'0,4BD31$c.M,4,1$0E;*�,6%/.X8
)C%1E;,4E7)+*e>�mn@&W�BDE;5;E;\D31$�x S )+E;3�'1T�.M8DE;,431$XU=~qP

! ���#" � Pv�=�%$ ��@08�.M34,4E;,4E7)+*f>D$&%�$qp�)+34,1%H>�.M*�%�5�.`'&)+BD8 � 57$

#
._A=@&)+FG@0,434E7$c>D$Z5�._'&)+BD8 � 57$V$&%4,H%4:]FG@0,434E7W-B�$g$0,�'&)+F_8D57$q[?$CP
#
.r31@08�.M34,4E;,4E7)+*�>D$&%L$qp�)+34,1%`x�s�ACBD31$ � Pv�=�C~�$&%4,�T�)+FG)+A=<0*�$`$0,6%4:-FG@0,434E7W-B�$a.MB�*DE S $b.MB�>D$&%�8DE7$&>D%6>D$c5�.r'&)+B É8 � 57$CP
#�$9' � \D57$(>D$�8D31@&'&)+*-,43/.ME;*�,1$28�)+BD3t57$&% %1E;FcBD5�.M,4E7)+*�%k*-BDFG@034E7W�B�$&%blC.�8
$034F_E7%�5�.L%4,/.M\DE;5;E;,1@(>D$�5�.L%4,434B�'0,4BD31$CP+¥9E7$0*
W-B�$_57$&%V'&)+*-,/.+'0,1%a%1)+*-,c$&%1%1$0*-,4E7$05;57$0FG$0*�,_>D$_,I:-8�$G.M31<0,1$ � .M31<0,1$�$0,X.M31<0,1$ � JO.+'&$�xd'&$GW�BDEk*�mn$&%1,V8�.+%c'&)+F_FaBD*
>�.M*�%�57$&%HFr.��&)+*D*�$034E7$&%�~ql�5�._,43/.M*�%4F_E7%1%1E7)+*e>D$&%�$qp�)+34,1%�>?Be%/)+F_FG$0,L>D$g5�._'&)+BD8 � 57$(�|B�%1W-B�m j %1$&%28DE7$&>D%6._@0,1@
$��r'b.+'&$CP�QL*f@0,4B�>?E7$V>�.M*�%H5�.`%4BDE;,1$VBD*�$g>D$&%1'&$0*�,1$a>D$V'1T�.M34A=$c.MBe*DE S $b.MBe>�m BD*Y8DE;5;E7$03bP
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£L8D31<&%25Kmn@0,4B�>D$V>D$&%H'&)+*-,43/.ME;*�,1$&%Z$0,H>D$&%�$qp�)+34,1%H$0*DA=$0*�>?31@&%�8�.M3H5�.`%4,434B�'0,4BD31$Cl�)+*e%§m E;*�,1@031$&%1%1$VFr.ME;*�,1$0*�.M*�, j
5�.h'&)+*�'&$08D,4E7)+*o>D$&%gJd)+*�>�.M,4E7)+*�%VW-BDEu%4BD8D8�)+34,1$031)+*�,V5Kmn@&>?E�s�'&$CP #
.�s�ACBD31$ � Pv� ��31$08D31@&%1$0*-,1$_BD*�$_>D$&%1'&$0*-,1$r>D$
'/T�.M34A=$a.MBR*DE S $b.MBf>�m BD*R8DE;5;E7$03bP
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! ��� " � Pv� �%$�wZ$&%1'&$0*-,1$c>D$g'1T�.M34A=$c8�.M3H8DE7$&>R>D$g5�.`'&)+BD8 � 57$

#umn$qp�)+34,_Fr.�[?E;Fr.M5H>?B�8DE;5;E7$03blu.M8D8D5;E7W�B�@ S $034,4E7'b.M57$0FG$0*-,�%4BD3`57$R%1)+5Kl S .MBD,`$0* S E;31)+* � { & � '&)+3431$&%18
)+*�>�.M*-,
j BD*�$cFr.+%1%1$g>�mn$0* S E;31)+* � P;{g,1)+*D*�$&%bP�#
.G>D$&%1'&$0*-,1$c>D$V'/T�.M34A=$c,1)+,/.M57$c8
$034FG$0,L>D$V31$0,431)+B S $03�57$c8
)+E7>D%�>D$V5�.
%4,434B�'0,4BD31$Z$0*�31@b.+'0,4E7)+*�%H>�mv.M8D8DBDEKl?'&)+3431$&%48�)+*�>�.M*�, j BD*�$LFr.+%/%1$L>D$Z� � P � ,1)+*D*�$&%bP�i9$�31@&%1BD5;,/.M,($&%1,9'&)+T�@031$0*-,
. S $&'g57$&%H'b.M3/.+'0,1@034E7%4,4E7W-B�$&%�8DT-:]%1E7W�B�$&%H$0,�A=@&)+FG@0,434E7W�B�$&%L>D$g5�.`%4,434B�'0,4BD31$CP
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,43/. S .ME;5;57$036%4BD325�.`%4,1@031@&)+,1)+F_E7$c>D$&%H8DE7$03431$&%�>D$g,/.ME;5;57$V>D$&%H5;E;*�,1$b.MB?[�P
w`m BD*�8�)+E;*�,c>D$ S B�$`*�BDFG@034E7W-B�$Cl�5�.�57)+Eu>D$r'&)+F_8
)+34,1$0FG$0*-, j 5Km E;*�,1$03|JK.+'&$r$0*-,431$_57$&%g\D57)]'&%V>?B�FcBD3X$&%4,V>D$
,I:-8�$6J�31)+,4,1$0FG$0*-,L%1$&'g>D$Xi9)+BD57)+Fc\f%1,/.M*�>�.M31>�P�#�$V'&)]$��r'0E7$0*�,6>D$ZJ�31)+,4,1$0FG$0*-,L$&%4,28D34E7% j �?P��?P

• ¡ )+BD3h5�.oF_E7%1$f$0* 8D5�.+'&$�>D$&%r\D57)]'&%h%4BDE S .M*�,�BD* 8D31)]'&@&>D@�31@b.M5;E7%4,1$f>D$�'&)+*�%4,434B�'0,4E7)+*�l()+* BD,4E;5;E7%1$�5Km TDE7% É,1)+E;31$6>?B�'/T�.M34A=$0FG$0*�,H>D$L5�.c%1,434B�'0,4BD31$Cl-8D31)+8�)C%1@�8�.M39y�)+31$b.MB�xdyf)+31$b.MB�xO�C�C� � ~4~qP�i9$0,4,1$�FG@0,4T�)]>D$Z'&)+*�%4E7%4,1$
j FG$0,4,431$a$0*�8D5�.+'&$X57$&%6\D57)-'&%L57$&%6BD*�%6.M8D31<&%657$&%g.MBD,431$&%Z$0*�%4BDE S .M*�,6BD*�8D31)-'&@&>D@X31@b.M5;E7%4,1$X>D$a'&)+*�%1,434B�'0,4E7)+*
x S )+E;32s�ACBD31$ � PvU=�C~qP
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! ���#" � PvU=� $�yfE7%1$g$0*Y8D5�.+'&$c>D$&%2\D57)-'&%�%4BDE S .M*-,HBD*R8D31)]'&@&>D@g31@b.M5;E7%4,1$V>D$V'&)+*�%1,434B�'0,4E7)+*

i9$0,4,1$ZFG@0,4T�)]>D$Z8
$034FG$0,2>D$g%4BDE S 31$65Kmn@ S )+5;BD,4E7)+*�l�.MBR'&)+BD31%2>?BR,1$0F_8�%bl?>D$65�.`'&)+*�%4,434B�'0,4E7)+*�P�QL*e.+'0,4E S $g%4B�' É'&$&%1%1E S $0FG$0*�,�57$&%H5;E�.ME7%1)+*�%2T�)+34E;¢b)+*�,/.M57$&%6$0, S $034,4E7'b.M57$&%�8
)+BD3�'/T�.+W�B�$V\D57)-'Z8�)C%1@CP

• 
�� � ������
����,� #%�&�
� � ���%�"��
���
��
��� #��+!$��� � � 
*!$#�� ��!$�
�&� ���

! � �#" � PvU � $R�-E;FaBD5�.M,4E7)+*f>?BYFaBD3�%4BDE S .M*�,HBD*Y8D31)]'&@&>D@g31@b.M5;E7%4,1$g>D$c'&)+*�%4,434B�'0,4E7)+*

#
.�31@08�.M34,4E;,4E7)+* >D$&%�$qp�)+34,1%�$&%1,�%4:]FG@0,434E7W�B�$CP ��BDFG@034E7W-B�$0FG$0*�,bl95�.o>D@0,1$&'0,4E7)+*"$&%1,�.+'0,4E S @&$f%/@&W�B�$0*-,4E7$05;57$ ÉFG$0*-,�%4BDE S .M*�,HBD*Y8D31)]'&@&>D@g31@b.M5;E7%4,1$�xd$q[?$0F_8D57$V>?BeFr.��&)+*eW�BDE�8�)C%1$g%1$&%H\D57)-'&%257$&%HBD*�%�.M8D31<&%257$&%L.MBD,431$&%q~qP

• ¡�)+BD3`5�.RF_E7%1$�$0*z8D5�.+'&$�>D$&%c\D57)]'&%X%/.M*�%c8D31)]'&@&>D@�>D$r'&)+*�%4,434B�'0,4E7)+*�lt)+*oBD,4E;5;E7%/$r5�.YFG@0,4T�)->D$�'05�.+%1%4E7W-B�$CP
�LBDFG@034E7W�B�$0FG$0*-,bl�5�.V>D@0,1$&'0,4E7)+*�>D$&%�'&)+*-,/.+'0,1%^$&%1,u31@b.M5;E7%1@&$ �0>?E;31$&'0,1$0FG$0*-,��L'Cmn$&%1, É j É >?E;31$�W-B�$(5Kmn$0*�%1$0Fc\D57$6>D$&%'&)+*-,/.+'0,1%L$&%4,H>D@0,1$&'0,1@c>D<&%257$g8D31$0F_E7$03H8�.+%H>D$V,1$0F_8�%H8�)+BD325�.X,1)+,/.M5;E;,1@c>D$Z5�._%4,434B�'0,4BD31$CP
#
.G%4,434B�'0,4BD31$c.M,4,1$0E;*�,L3/.M8DE7>D$0FG$0*�,L5�._%4,/.M\DE;5;E;,1@rx�s�ACBD31$ � PvUC}=~qP
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! � �#" � PvUC}%$h�-E;FcBD5�.M,4E7)+*�>?BYFcBD3L%/.M*�%28D31)]'&@&>D@V>D$g'&)+*�%4,434B�'0,4E7)+*

i9$08�$0*�>�.M*�,bl 5�.h31@08�.M34,4E;,4E7)+*z>D$&%a$qp�)+34,1%c*�mn$&%4,V8�.+%V%1:-FG@0,434E7W-B�$CP�i9$0,4,1$G>?E7%18�.M34E;,1@r$0*�,431$r57$&%V31@&%4BD5;,/.M,1%a>D$&%
>D$0B?[�8D31)-'&@&>D@&%(8�$0BD,2N0,431$Z5;E7@&$ j BD*R8D31)+\D57<0FG$g>�m T-:-8�$031%4,/.M,4E7'0E;,1@CP �k*R$qp�$0,bl]5�.X31@&%1)+5;BD,4E7)+* �0>?E;31$&'0,1$ �Z>�m BD*�$
%4,434B�'0,4BD31$L8�$0BD,�$0*DA=$0*�>?31$032>D$&%u8D31)+\D57<0FG$&%(>�m T�:]8
$031%1,/.M,4E7'0E;,1@�8D5;B�%^E;F_8
)+34,/.M*-,1%(W�B�$L>�.M*�%u57$�'b.+%9)��r5�.VF_E7%1$
$0*�8D5�.+'&$Z>D$�5�.a>D@0,1$&'0,4E7)+*R>D$&%9'&)+*-,/.+'0,1%2$&%4,931@b.M5;E7%1@&$Z%1@&W�B�$0*-,4E7$05;57$0FG$0*�,H>�m BD*h\D57)]' j 5Kmv.MBD,431$Xx S )+E;32'/T�.M8DE;,431$
�-~qP
�k*`%4BDE S .M*�, BD*�$^>D$&%1'&$0*-,1$^>D$^'1T�.M34A=$2.MBc*DE S $b.MB`>�m BD*�$^5;E;AC*�$ S $034,4E7'b.M57$^8
)C%1E;,4E7)+*D*�@&$9.MB`'&$0*�,431$9>?Ba' � ,1@9>?31)+E;,
>?BaFcBD3blb57$�AC3/.M8DT�$ � P ���H8D31@&%1$0*�,1$9'05�.ME;31$0FG$0*�,�5Kmn$��r'b.+'0E;,1@�*-BDFG@034E7W�B�$9>D$u5�.HF_E7%1$u$0*a8D5�.+'&$ �q8D31)+AC31$&%1%4E S $ �^>D$
5�.a>D@0,1$&'0,4E7)+*R>D$&%9'&)+*-,/.+'0,1%28D5;BD, � ,(W�B�$L5�.VF_E7%/$L$0*h8D5�.+'&$ �0>?E;31$&'0,��+PD#
.c>D$&%/'&$0*�,1$Z>D$Z'1T�.M34A=$Z$&%4,(W�B�.+%4E;FG$0*-,
5;E;*�@b.ME;31$�>�.M*�%X57$r'b.+%X>D$r5�.YF_E7%1$�$0*z8D5�.+'&$r8D31)+AC31$&%/%4E S $�.M57)+31%XW-B�$r8�)+BD3c5Kmv.MBD,431$�'b.+%bl 5�.R31@08�.M34,4E;,4E7)+*�>D$&%
'/T�.M34A=$&%6$&%1,�'1T�.+)+,4E7W-B�$hP �6)+,1)+*�%�W-B�$V57$&% S .M57$0BD31%6>D$&%H31@b.+'0,4E7)+*�%_x S )+E;3Hs�ACBD31$ � P ���=~�)+\D,1$0*�B�$&% j 5�.`s�*�>?B
'b.M57'0BD5
%/)+*�,�W-B�.+%4E;FG$0*�,�E7>D$0*�,4E7W-B�$&%bP

É �\Ê �ÆÉ



������� ��������� " � ���
�
��� �����t� � ���=�����L�����"� 	 � � ��� � ����� ���r�§�������
���������h� 	 ���-�������D�
� � ����� � ������� ��� � 	 ��� � �����������
�O�L�����������������-���

0 1 2 3 4
Hauteur du mur (m)

0

2000

4000

6000

8000

R
éa

ct
io

n 
au

 b
lo

c 
(N

)

Mur avec procédé réaliste de construction
Mur calculé directement

! ��� " � P ��� $ i9)+F_8�.M3/.ME7%1)+* >D$�5�.�>D$&%1'&$0*�,1$R>D$R'/T�.M34A=$&%G$0*�,431$h57$&%`FaBD31%G'b.M57'0BD57@&% �0>?E;31$&'0,1$0FG$0*-,��Y$0,G$0*
%4BDE S .M*�,�BD*R8D31)-'&@&>D@g31@b.M5;E7%1,1$V>D$V'&)+*�%4,434B�'0,4E7)+*


 � � � � � ��� ���C� ��� � 
 ���D�! ���u� �u����� ��� ��
k�=� ����� � ��
���� ����� ��
u� ��
 �§��
 �^��� �K��� �u� � 
 � ����
 �
�C� ���

#
.�FG@0,4T�)]>D$_>D$X31@&%1)+5;BD,4E7)+*�BD,4E;5;E7%1@&$_>�.M*�%Z57$`'1T�.M8DE;,431$ �Y$&%4,LBD*�$`FG@0,4T�)]>D$ �0'&)+BD8D57@&$ �+P i9$05;57$ É '0Ek8�$034FG$0,bl.MB�*DE S $b.MB�>D$X5�.h%4BD3|JK.+'&$X>D$`'&)+*-,/.+'0,bl�>D$`'b.M57'0BD57$03g5Kmn$0*�%1$0Fc\D57$G>D$&%Z31@b.+'0,4E7)+*�%a.MB?[f*�)]$0B�>D%g>D@0,1$&'0,1@&%bP
i9$&%
31@b.+'0,4E7)+*�%L%1)+*�,�%1,1)-' & @&$&%�>�.M*�%2BD*�$gFr.M,434E7'&$Cl�.M8D8
$057@&$gFr.M,434E7'&$ �q3/.ME7>D$0BD3��+l�$0,H%1)+*-,H5;E7@&$&%bP
#
.VFG@0,4T�)->D$6>D$H31@&%/)+5;BD,4E7)+*�E;F_8D57@0FG$0*-,1@&$6>�.M*�%^57$�'&)]>D$�>D$L'b.M57'0BD5
#
y � i(}C�c$&%4,�BD*�$�FG@0,4T�)->D$ �0'05�.+%1%4E7W-B�$
�g�Di9w �+P�i9$0,4,1$aFG@0,4T�)]>D$a8�$034FG$0,bl�.MB�*DE S $b.MB�>D$a5�.�%4BD3|JO.+'&$`>D$X'&)+*�,/.+'0,bl�>D$a31@&%1)+B�>?31$`%1@&W-B�$0*�,4E7$05;57$0FG$0*�,
57$&%231@b.+'0,4E7)+*�%6.MB?[R*�)-$0B�>D%bP
�L*�$a'&)+F_8�.M3/.ME7%/)+*�$0*-,431$`'&$&%6>D$0B?[YFG@0,4T�)]>D$&%g$&%4,L31@b.M5;E7%1@&$`>�.M*�%6'&$0,4,1$a8�.M34,4E7$`%4BD3L>D$&%Z'b.+%g.+'b.+>D@0F_E7W-B�$&%bP
#�$&%�%4E;FcBD5�.M,4E7)+*�%6%1)+*�,�31@b.M5;E7%1@&$&%28�)+BD3�>D$&%H'b.+%2*�)+* É AC5;E7%1%�.M*�,L$0,�AC5;E7%1%/.M*�,bP
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•  �"!$�"	��"#%�+� ��������� 	��,�,
*�"	 
 � �,
*� �&#�� ��� � �,� ����#%� �+!

QL*o'&)+*�%1E7>D<031$G57$G'0BD\�$G>?Bo'/T�.M8DE;,431$��Y8�)C%1@G%1BD3gBD*o8�.M3/.M5;57@057@08DE;8�<&>D$�$0,V57$&%V*�)+,/.M,4E7)+*�%cBD,4E;5;E7%1@&$&%X%1)+*-,V57$&%
FGN0FG$&%bP
#�$c'0BD\
$g$&%4,H'&)+*�%1E7>D@031@V31$&%4,/.M*-,H,1)+B+�|)+BD31%L$0*Y'&)+*�,/.+'0,bP
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! � �#" � P ��{ $ � @&)+FG@0,434E7$a>?BY'0BD\
$

#�$&%H8�.M3/.MFG<0,431$&%�*-BDFG@034E7W�B�$&%6'1T�)+E7%4E7%�>�.M*�%H57$g'1T�.M8DE;,431$ �r%1)+*-,V�
É i9)]$��r'0E7$0*�,6>D$ZJ�31)+,4,1$0FG$0*-,a�]J � �?P ��l
É � .MBD,1$0BD3�>?Be%1)+5;E7>D$_��. � {0FYl
É #
.M34A=$0BD36>?Be%1)+5;E7>D$_�?\ � {0FYl
É y�.+%1%1$g>?BY%1)+5;E7>D$r�?F � {b�C�C� & A�P
É i9)])+31>D)+*D*�@&$&%L>D$&%H*�)-$0B�>D%V� A1 = (0, 0,−1)

�
A2 = (1, 0,−1)

�
A3 = (1, 1,−1)

�
A4 = (0, 1,−1)É ¡t.+%�>D$g,1$0F_8�%c�� >�.M*�%257$g'b.+%�*�)+* É AC5;E7%1%/.M*�,bl h = 10−3 %§l

� >�.M*�%257$g'b.+%�AC5;E7%1%/.M*�,bl
h = 10−4 %§l

É i9)+*�>?E;,4E7)+*�%_E;*DE;,4E�.M57$&%R� N1 = N2 = N3 = N4 = −m∗g
4

�
u = v = 0m.s−1 $0,

Ω = 0rad.s−1 xd'b.+%
AC5;E7%1%�.M*�,�~qP

#
.6A=@&)+FG@0,434E7$�>?B`'0BD\�$2$&%4,k%4:]FG@0,434E7W�B�$H.MBD,1)+BD3u>D$2%/)+*_.�[D$(>D$(31)+,/.M,4E7)+*�P=#�$(,1)+31%1$0BD3u>D$&%k$qp�)+34,1%k$q[?,1@034E7$0BD31%
$&%4,6,1)+B+�4)+BD31%Z.M8D8D5;E7W-B�@&$G.MB�'&$0*�,431$_>D$aAC3/. S E;,1@X>?B�%1)+5;E7>D$CP �
)+B�%Z57$&%631@&%4BD5;,/.M,1%g>�.M*�%657$&%Z'b.+%bl�*�)+* É AC5;E7%1%/.M*-,$0,2AC5;E7%1%�.M*�,bl�%/)+*�,28D31@&%1$0*-,1@&%6.MBR\�)+BD,�>D$_{b�`8�.+%H>D$Z,1$0F_8�%§P

•  �"!$#%�&������')(����
!*!*�+���+�,


£ ,4E;,431$Y>�mn$q[D$0F_8D57$Cl�)+* .M8D8D5;E7W-B�$e.MB '&$0*-,431$e>D$RAC3/. S E;,1@f>?B '0BD\
$hBD*�$YJd)+31'&$R$q[?,1@034E7$0BD31$
Fx = 1000N$0,2BD*e'&)+BD8D57$c$q[],1@034E7$0BD3

Mz = −100Nm
P

#�$&%�31@&%4BD5;,/.M,1%9)+\D,1$0*�B�%^8�.M3�57$H'&)]>D$H>D$H'b.M57'0BD5
y�.M,1#
.M\�%1)+*�,^8D31@&%1$0*�,1@&%9>�.M*�%^57$2,/.M\D57$b.MB � P � $0,u8�.M3u57$�'&)]>D$
>D$g'b.M57'0BD5�#�y � i(}C�_>�.M*�%257$g,/.M\D57$b.MB � P��?P

É �\Ê & É



������� ��������� " � ���
�
��� �����t� � ���=�����L�����"� 	 � � ��� � ����� ���r�§�������
���������h� 	 ���-�������D�
� � ����� � ������� ��� � 	 ��� � �����������
�O�L�����������������-���

�L*DE;,1@&%cx��6$ �2,1)+*�~ ��.M57$0BD31%L.MB S .M57$0BD31%�.MB S .M57$0BD31%L.MB S .M57$0BD31%�.MB �
)+,/.M5
*�)]$0B�>�{ *�)-$0B�>�� *�)-$0B�>�U *�)-$0B�> �

�L@b.+'0,4E7)+*�% ��[ −201.95 −247.79 −303.18 −247.08 É {b�C�C�
�u: −24.87 24.87 24.87 −24.87

�
�

2202.50 2702.50 2702.50 2202.50
} �?{b�

	 � � " � P � $hi(.+%(*�)+* É AC5;E7%1%/.M*-,bP ��.M57$0BD31%2>D$&%(31@b.+'0,4E7)+*�%�%1BD3('/T�.+W�B�$Z*�)]$0B�>h>?BY'0BD\
$ É FG@0,4T�)]>D$ �0'&)+BD8D57@&$ �
��*DE;,1@&%Xx��L$ �2,1)+*�~ ��.M57$0BD31%6.MB S .M57$0BD31%6.MB S .M57$0BD31%�.MB S .M57$0BD31%6.MB � )+,/.M5

*�)-$0B�>�{ *�)]$0B�>�� *�)]$0B�>�U *�)]$0B�> �
��@b.+'0,4E7)+*�% ��[ −0.024 37.491 −12.171 −1026.185 É {b�C�C�?P�� �C}

��: −0.012 621.646 −33.319 −597.513 É }?P;{b} �
�

0.067 4405.405 499.543 4904.890
} �C�C}?Pv}C� �

	 � � " � P�� $�i(.+%(*�)+* É AC5;E7%1%/.M*�,bP ��.M57$0BD31%2>D$&%931@b.+'0,4E7)+*�%H%1BD39'/T�.+W�B�$Z*�)]$0B�>h>?Bh'0BD\�$ É FG@0,4T�)]>D$ �0'05�.+%1%4E7W-B�$
�g�Di9w �

wZ$&%2,/.M\D57$b.MB?[ � P � $0, � P��?lDE;5�31$&%/%1)+34,�W-B�$_�
É .MB *DE S $b.MB"57)]'b.M5`x�*�)]$0B�>�~ql957$&%�31@b.+'0,4E7)+*�%R)+\D,1$0*�B�$&%h8�.M3�5�.oFG@0,4T�)]>D$ �0'&)+BD8D57@&$ ��%1)+*�,h>?E�p�@031$0*-,1$&%Y>D$
'&$05;57$&%L)+\D,1$0*�B�$&%68�.M3�5�.`FG@0,4T�)]>D$��0'05�.+%/%4E7W�B�$ �Z�Di9w �+P
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