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Résumé

Cette these est consacrée a la modélisation des tsunamis. La vie de ces vagues peut
étre conditionnellement divisée en trois parties: génération, propagation et inondation.
Dans un premier temps, nous nous intéressons a la génération de ces vagues extrémes.
Dans cette partie du mémoire, nous examinons les différentes approches existantes pour
la modélisation, puis nous en proposons d’autres. La conclusion principale a laquelle nous
sommes arrivés est que le couplage entre la sismologie et I’hydrodynamique est actuellement
assez mal compris.

Le deuxieme chapitre est dédié essentiellement aux équations de Boussinesq qui sont
souvent utilisées pour modéliser la propagation d’un tsunami. Certains auteurs les utilisent
méme pour modéliser le processus d’inondation (le run-up). Plus précisement, nous discu-
tons de 'importance, de la nature et de I'inclusion des effets dissipatifs dans les modeles
d’ondes longues.

Dans le troisieme chapitre, nous changeons de sujet et nous nous tournons vers les
écoulements diphasiques. Le but de ce chapitre est de proposer un modele simple et
opérationnel pour la modélisation de I'impact d’une vague sur les structures cotieres. En-
suite, nous discutons de la discrétisation numérique de ces équations avec un schéma de
type volumes finis sur des maillages non structurés.

Finalement, le mémoire se termine par un sujet qui devrait étre présent dans tous les
manuels classiques d’hydrodynamique mais qui ne I'est pas. Nous parlons des écoulements
viscopotentiels. Nous proposons une nouvelle approche simplifiée pour les écoulements
faiblement visqueux. Nous conservons la simplicité des écoulements potentiels tout en
ajoutant la dissipation. Dans le cas de la profondeur finie nous incluons un terme correcteur
du a la présence de la couche limite au fond. Cette correction s’avere étre non locale en

temps. Donc, la couche limite au fond apporte un certain effet de mémoire a I’écoulement.

Mots clés: Ondes de surface, génération des tsunamis, équations de Boussi-
nesq, écoulements diphasiques, écoulements viscopotentiels, volumes finis






Abstract

This thesis is devoted to tsunami wave modelling. The life of tsunami waves can be
conditionally divided into three parts: generation, propagation and inundation (or run-
up). In the first part of the manuscript we consider the generation process of such extreme
waves. We examine various existing approaches to its modelling. Then we propose a few
alternatives. The main conclusion is that the seismology /hydrodynamics coupling is poorly
understood at the present time.

The second chapter essentially deals with Boussinesq equations which are often used
to model tsunami propagation and sometimes even run-up. More precisely, we discuss the
importance, nature and inclusion of dissipative effects in long wave models.

In the third chapter we slightly change the subject and turn to two-phase flows. The
main purpose of this chapter is to propose an operational and simple set of equations in
order to model wave impacts on coastal structures. Another important application includes
wave sloshing in liquified natural gas carriers. Then, we discuss the numerical discretization
of governing equations in the finite volume framework on unstructured meshes.

Finally, this thesis deals with a topic which should be present in any textbook on hydro-
dynamics but it is not. We mean visco-potential flows. We propose a novel and sufficiently
simple approach for weakly viscous flow modelling. We succeeded in keeping the simplicity
of the classical potential flow formulation with the addition of viscous effects. In the case of
finite depth we derive a correction term due to the presence of the bottom boundary layer.
This term is nonlocal in time. Hence, the bottom boundary layer introduces a memory

effect to the governing equations.

Keywords: Water waves, tsunami generation, Boussinesq equations, two-
phase flows, visco-potential flows, finite volumes
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Introduction

An expert is a man who has made all the mistakes,

which can be made, in a very narrow field.

Niels Henrik David Bohr (1885 — 1962)
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Given the broadness of the topic of tsunamis [DDO06], our purpose here is to recall
some of the basics of tsunami modeling and to emphasize some general aspects, which
are sometimes overlooked. The life of a tsunami is usually divided into three phases:
the generation (tsunami source), the propagation and the inundation. The third and most
difficult phase of the dynamics of tsunami waves deals with their breaking as they approach
the shore. This phase depends greatly on the bottom bathymetry and on the coastline
type. The breaking can be progressive. Then the inundation process is relatively slow and
can last for several minutes. Structural damages are mainly caused by inundation. The
breaking can also be explosive and lead to the formation of a plunging jet. The impact on
the coast is then very rapid. In very shallow water, the amplitude of tsunami waves grows
to such an extent that typically an undulation appears on the long wave, which develops
into a progressive bore [Cha05]. This turbulent front, similar to the wave that occurs when
a dam breaks, can be quite high and travel onto the beach at great speed. Then the front
and the turbulent current behind it move onto the shore, past buildings and vegetation

Xvil
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until they are finally stopped by rising ground. The water level can rise rapidly, typically
from 0 to 3 meters in 90 seconds.

The trajectory of these currents and their velocity are quite unpredictable, especially
in the final stages because they are sensitive to small changes in the topography, and
to the stochastic patterns of the collapse of buildings, and to the accumulation of debris
such as trees, cars, logs, furniture. The dynamics of this final stage of tsunami waves is
somewhat similar to the dynamics of flood waves caused by dam breaking, dyke breaking or
overtopping of dykes (cf. the recent tragedy of hurricane Katrina in August 2005). Hence
research on flooding events and measures to deal with them may be able to contribute to
improved warning and damage reduction systems for tsunami waves in the areas of the
world where these waves are likely to occur as shallow surge waves (cf. the recent tragedy
of the Indian Ocean tsunami in December 2004).

Civil engineers who visited the damage area following the Boxing day tsunami came
up with several basic conclusions. Buildings that had been constructed to satisfy mod-
ern safety standards offered a satisfactory resistance, in particular those with reinforced
concrete beams properly integrated in the frame structure. These were able to withstand
pressure associated with the leading front of the order of 1 atmosphere (recall that an equiv-
alent pressure p is obtained with a windspeed U of about 450 m/s, since p = p.i.U%/2).
By contrast brick buildings collapsed and were washed away. Highly porous or open struc-
tures survived. Buildings further away from the beach survived the front in some cases,
but they were then destroyed by the erosion of the ground around the buildings by the
water currents [HBO05].

Propagation of tsunamis

The problem of tsunami propagation is a special case of the general water-wave problem.
The study of water waves relies on several common assumptions. Some are obvious while
some others are questionable under certain circumstances. The water is assumed to be
incompressible. Dissipation is not often included. However there are three main sources of
dissipation for water waves: bottom friction, surface dissipation and body dissipation. For
tsunamis, bottom friction is the most important one, especially in the later stages, and is
sometimes included in the computations in an ad-hoc way. In most theoretical analyses,
it is not included. The question of dissipation in potential flows and long waves equations

is thoroughly investigated in Chapter 4.

A brief description of the common mathematical model used to study water waves
follows. The horizontal coordinates are denoted by x and y, and the vertical coordinate
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by z. The horizontal gradient is denoted by

(0 0
S \oz’ oy )’
The horizontal velocity is denoted by

u(z,y, z,t) = (u,v)

and the vertical velocity by w(z,y, z,t). The three-dimensional flow of an inviscid and
incompressible fluid is governed by the conservation of mass

ow
\E — =0 1
ut o (1)
and by the conservation of momentum

Du Dw dp
2V _vp, o - 2
PO P P =PI g, (2)
where %—{ is the material derivative defined as % = % +u-Vf, u=(a,w) = (u,v,w).

In (2), p is the density of water (assumed to be constant throughout the fluid domain), ¢
is the acceleration due to gravity and p(x,y, z,t) the pressure field.

The assumption that the flow is irrotational is commonly made to analyze surface
waves. Then there exists a scalar function ¢(x,y, z,t) (the velocity potential) such that

9¢
The continuity equation (1) becomes
82
V¢ +o3 ¢ =0. (3)

The equation of momentum conservation (2) can be integrated into Bernoulli’s equation
0 06\’ -
Gt glver 4y (52) +er oo, (@)
0z p

which is valid everywhere in the fluid. The constant py is a pressure of reference, for
example the atmospheric pressure. The effects of surface tension are not important for

tsunami propagation.
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Classical formulation

The surface wave problem consists in solving Laplace’s equation (3) in a domain (t)
bounded above by a moving free surface (the interface between air and water) and below
by a fixed solid boundary (the bottom).! The free surface is represented by F(z,y, 2,t) :=
n(z,y,t) — z = 0. The shape of the bottom is given by z = —h(z,y). The main driving
force is gravity.

The free surface must be found as part of the solution. Two boundary conditions are
required. The first one is the kinematic condition. It can be stated as DF/Dt = 0 (the
material derivative of F' vanishes), which leads to

m+Veo-Vn—¢, =0 at z=n(z,y,t). (5)

The second boundary condition is the dynamic condition which states that the normal
stresses must be in balance at the free surface. The normal stress at the free surface is
given by the difference in pressure. Bernoulli’s equation (4) evaluated on the free surface
z =1 gives

¢+ 5IVOP + 307 +gn=0 at z=n(z,yt). (6)

Finally, the boundary condition at the bottom is
Vo-Vh+¢,=0 at z=—h(z,y). (7)

To summarize, the goal is to solve the set of equations (3), (5), (6) and (7) for n(z,y,t)
and ¢(x,y,z,t). When the initial value problem is integrated, the fields n(z,y,0) and
¢(z,y,z,0) must be specified at ¢ = 0. The conservation of momentum equation (2) is not
required in the solution procedure; it is used a posteriori to find the pressure p once n and
¢ have been found.

In the following subsections, we will consider various approximations of the full water-
wave equations. One is the system of Boussinesq equations, that retains nonlinearity and
dispersion up to a certain order. Another one is the system of nonlinear shallow-water
equations that retains nonlinearity but no dispersion. The simplest one is the system of
linear shallow-water equations. The concept of shallow water is based on the smallness
of the ratio between water depth and wavelength. In the case of tsunamis propagating
on the surface of deep oceans, one can consider that shallow-water theory is appropriate
because the water depth (typically several kilometers) is much smaller than the wavelength
(typically several hundred kilometers).

!The surface wave problem can be easily extended to the case of a moving bottom. This extension may
be needed to model tsunami generation if the bottom deformation is relatively slow.
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Dimensionless equations

The derivation of shallow-water type equations is a classical topic. Two dimensionless
numbers, which are supposed to be small, are introduced:

a 2

where d is a typical water depth, a a typical wave amplitude and ¢ a typical wavelength.

<1, (8)

The assumptions on the smallness of these two numbers are satisfied for the Indian Ocean
tsunami. Indeed the satellite altimetry observations of the tsunami waves obtained by two
satellites that passed over the Indian Ocean a couple of hours after the rupture occurred
give an amplitude a of roughly 60 cm in the open ocean. The typical wavelength estimated
from the width of the segments that experienced slip is between 160 and 240 km [LKAT05].
The water depth ranges from 4 km towards the west of the rupture to 1 km towards the
east. These values give the following ranges for the two dimensionless numbers:

15x107" <a<6x107! 1.7x107° < 3 <6.25 x 1077 (9)

The equations are more transparent when written in dimensionless variables. The new
independent variables are

v=0% y=VLj, =z=dz, t=1It/cy, (10)

where ¢y = v/gd, the famous speed of propagation of tsunamis in the open ocean ranging
from 356 km/h for a 1 km water depth to 712 km/h for a 4 km water depth. The new
dependent variables are

n=aij, h=dh, ¢=galo]/cy. (11)

In dimensionless form, and after dropping the tildes, the equations become

BV +¢.. = 0, (12)

BV -Vh+¢, = 0 at z=—h(z,y), (13)

i+ afbVe-Vn = ¢, at z=an(x,y,t), (14)

By + 5aB|Ve|* + a0 + 8 = 0 at 2= an(z,y,t). (15)

So far, no approximation has been made. In particular, we have not used the fact that the
numbers a and ( are small.

Shallow-water equations

When (3 is small, the water is considered to be shallow. The linearized theory of water
waves is recovered by letting o go to zero. For the shallow water-wave theory, one assumes
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that ( is small and expand ¢ in terms of 3:

¢ = o + B + o+ -

This expansion is substituted into the governing equation and the boundary conditions.

The lowest-order term in Laplace’s equation is

The boundary conditions imply that ¢y = ¢o(x,y,t). Thus the vertical velocity component
is zero and the horizontal velocity components are independent of the vertical coordinate
z at lowest order. Let ¢o, = u(z,y,t) and ¢o, = v(z,y,t). Assume now for simplicity that
the water depth is constant (h = 1). Solving Laplace’s equation and taking into account
the bottom kinematic condition yields the following expressions for ¢; and ¢,:

o (x,y,2,t) = —%(1—1-,2) (uy + vy), (17)
Go(w,y,2,t) = 55(1+2)[(VPu), + (VZ0),). (18)

The next step consists in retaining terms of requested order in the free-surface boundary
conditions. Powers of a will appear when expanding in Taylor series the free-surface
conditions around z = 0. For example, if one keeps terms of order a3 and 3% in the dynamic

boundary condition (15) and in the kinematic boundary condition (14), one obtains

Bdor — 35°(uee + vyy) + B + saB(u? +0%) = 0, (19)

B+ alum, +vmy) + (L +an)(ue +,)] = (V2. + (V2. (20)

Differentiating (19) first with respect to = and then to respect to y gives a set of two
equations:

U + a(uy +vvy) + 1 — 28(Ws + Viy) = 0, (21)

v+ a(uty + vvy) + 1y — 30(Uey + Vi) = 0. (22)

The kinematic condition (20) can be rewritten as
e+ [u(l+ an)ls + o1+ am)]y = §AI(Vu)s + (V). (23)

Equations (21)—(23) contain in fact various shallow-water models. The so-called funda-
mental shallow-water equations are obtained by neglecting the terms of order f3:

u + a(uu, +vuy) +1, = 0, (24)

v+ a(uv, +vvy) +1, = 0, (25)
e+ [u(l+ an)le + [v(1+an)]l, = 0. (26)
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Recall that we assumed h to be constant for the derivation. Going back to an arbitrary

water depth and to dimensional variables, the system of nonlinear shallow water equations

reads
Up + Uy + VUy + g1, = 0, (27)
v+ wv, +vvy +gn, = 0, (28)
ne + [u(h +n)le + [v(h+n)], = 0. (29)

This system of equations has been used for example by Titov and Synolakis for the nu-
merical computation of tidal wave run-up [T'S98]. Note that this model does not include
any bottom friction terms. To solve the problem of tsunami generation caused by bottom
displacement, the motion of the seafloor obtained from seismological models [Oka85] can
be prescribed during a time ¢y,. Usually ¢y is assumed to be small, so that the bottom
displacement is considered as an instantaneous vertical displacement. This assumption
may not be appropriate for slow events.

The satellite altimetry observations of the Indian Ocean tsunami clearly show dispersive
effects. The question of dispersive effects in tsunamis is open. Most propagation codes
ignore dispersion. A few propagation codes that include dispersion have been developed
[IDGKO06]. A well-known code is FUNWAVE, developed at the University of Delaware over
the past ten years [KWC198]. Dispersive shallow water-wave models are presented next.

Boussinesq equations

An additional dimensionless number, sometimes called the Stokes number (in other
references it is called Ursell number as well), is introduced:

S = (30)

«
5
For the Indian Ocean tsunami, one finds

0.24 < § < 46. (31)

Therefore the additional assumption that S ~ 1 may be realistic.

In this subsection, we provide the guidelines to derive Boussinesg-type systems of equa-
tions [BCS02]. Of course, the variation of bathymetry is essential for the propagation of
tsunamis, but for the derivation the water depth will be assumed to be constant. Some
notation is introduced. The potential evaluated along the free surface is denoted by
O(z,y,t) = ¢(x,y,n,t). The derivatives of the velocity potential evaluated on the free
surface are denoted by @) (z,y,t) := ¢.(x,y,n,t), where the star stands for z, y, z or .
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Consequently, @, (defined for * # z) and @,y have different meanings. They are however
related since

The vertical velocity at the free surface is denoted by W (z,y,t) := ¢.(z,y,n,1).
The boundary conditions on the free surface (5) and (6) become

m+ Vo -Vn—-W({1+Vn-Vn) = 0, (32)
O, + g+ 3|VO]P — sW?(1+Vn-Vn) = 0. (33)

These two nonlinear equations provide time-stepping for n and ®. In addition, Laplace’s
equation as well as the kinematic condition on the bottom must be satisfied. In order
to relate the free-surface variables with the bottom variables, one must solve Laplace’s
equation in the whole water column. In Boussinesq-type models, the velocity potential is
represented as a formal expansion,

o(z,y,2,t) = Zqﬁ (x,y,t) 2" (34)

Here the expansion is about z = 0, which is the location of the free surface at rest.
Demanding that ¢ formally satisfy Laplace’s equation leads to a recurrence relation between
& and ¢"*?) . Let ¢, denote the velocity potential at z = 0, u, the horizontal velocity
at z = 0, and w, the vertical velocity at z = 0. Note that ¢, and w, are nothing else than
#© and ¢(I). The potential ¢ can be expressed in terms of ¢, and w, only. Finally, one
obtains the velocity field in the whole water column (—h < z < n) [MBS03]:

u(z,y, z,t) = cos(2V)u, + sin(2V)w,, (35)
w(z,y,z,t) = cos(zV)w, —sin(z2V)u,. (36)

Here the cosine and sine operators are infinite Taylor series operators defined by

> . ZQn . . e . Z2n+1 .
COS(ZV) = Z(—l) wv2 5 Sll’l(ZV) = Z(—l) mvz +1.
n=>0 ’ n=0 ’

Then one can substitute the representation (35)-(36) into the kinematic bottom condi-
tion and use successive approximations to obtain an explicit recursive expression for w, in
terms of u, to infinite order in AV.

A wide variety of Boussinesq systems can been derived [MBS03]. One can generalize
the expansions to an arbitrary z—level, instead of the z = 0 level. The Taylor series for the
cosine and sine operators can be truncated, Padé approximants can be used in operators
at z = —h and/or at z = 0.
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The classical Boussinesq equations are more transparent when written in the dimen-
sionless variables used in the previous subsection. We further assume that h is constant,
drop the tildes, and write the equations for one spatial dimension (x). Performing the
expansion about z = 0 leads to the vanishing of the odd terms in the velocity potential.
Substituting the expression for ¢ into the free-surface boundary conditions evaluated at
z =1+ an(x,t) leads to two equations in 7 and ¢, with terms of various order in « and
(. The small parameters a and (8 are of the same order, while n and ¢, as well as their
partial derivatives are of order one.

Classical Boussinesq equations

The classical Boussinesq equations are obtained by keeping all terms that are at most
linear in o or . In the derivation of the fundamental nonlinear shallow-water equations
(24)-(26), the terms in 3 were neglected. It is therefore implicitly assumed that the Stokes
number is large. Since the cube of the water depth appears in the denominator of the
Stokes number (S = a/f3 = al?/d?), it means that the Stokes number is 64 times larger
in a 1 km depth than in a 4 km depth! Based on these arguments, dispersion is more
important to the west of the rupture. Considering the Stokes number to be of order one
leads to the following system in dimensional form?:

U + Uy + gny — %hQutm = 0, (37)
ne + [u(h + 1)) — %hsumx = 0. (38)

The classical Boussinesq equations are in fact slightly different. They are obtained by
replacing v with the depth averaged velocity

1 (7
—/ udz.
hJ-n

They read

Uy + Uy + gnx - %hQUtazx = 07 (39)
m+uh+n). = 0 (40)

A number of variants of the classical Boussinesq system were studied by Bona et al.
[BCS02], who in particular showed that depending on the modeling of dispersion the lin-
earization about the rest state may or may not be well-posed.

2Equations (37) and (38) could have been obtained from equations (21) and (23).
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Korteweg—de Vries equation

The previous system allows the propagation of waves in both the positive and negative
x—directions. Seeking solutions travelling in only one direction, for example the positive
x—direction, leads to a single equation for n, the Korteweg—de Vries equation:

3n 1
co [ 14+ =) ne 4+ =cod*Npwe = 0, 41
m+o<+2d>n+60n (41)
where d is the water depth. It admits solitary wave solutions travelling at speed V' in the
form

n(w,t) = asech? ( %(m—%)) , with V = ¢ (1+2%>.

The solitary wave solutions of the Korteweg—de Vries equation are of elevation (a > 0) and
travel faster than ¢y. Their speed increases with amplitude. Note that a natural length

[4d3
0=/ —.
3a

For the Indian Ocean tsunami, it gives roughly ¢ = 377 km. It is of the order of magnitude

scale appears:

of the wavelength estimated from the width of the segments that experienced slip.

Solitary waves exist for more general nonlinear dispersive equations such as KdV-KdV,
and Bona-Smith systems. Their existence was recently studied in [FDGO05, DM04]. Nu-
merical methods (based on Galerkin discretization) for the approximation of solutions to
KdV-KdV systems are discussed in [BDMO07].

Energy of a tsunami

The energy of the earthquake is measured via the strain energy released by the faulting.
The part of the energy transmitted to the tsunami wave is less than one percent Lay et al.
[LKA105]. They estimate the tsunami energy to be 4.2 x 10'® J. They do not give details
on how they obtained this estimate. However, a simple calculation based on considering

the tsunami as a soliton

n(z) = asech? (%) ., u(z) = acysech? (%) ,
gives for the energy

1 oo
E = ﬁa3/2pd2(cg + gd)/ sech 'z dz + O(a?).
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The value for the integral is 4/3. The numerical estimate for F is close to that of Lay
et al. (2005) [LKA*05]. Incidently, at this level of approximation, there is equipartition
between kinetic and potential energy. It is also important to point out that a tsunami
being a shallow water wave, the whole water column is moving as the wave propagates.
For the parameter values used so far, the maximum horizontal current is 3 cm/s. However,
as the water depth decreases, the current increases and becomes important when the depth

becomes less than 500 m. Additional properties of solitary waves can be found for example
in [LH74].

Tsunami run-up

The last phase of a tsunami is its run-up and inundation. Although in some cases it may
be important to consider the coupling between fluid and structures, we restrict ourselves
to the description of the fluid flow. The problem of waves climbing a beach is a classical
one [CGH8]. The transformations used by Carrier and Greenspan are still used nowadays.
The basis of their analysis is the one-dimensional counterpart of the system (27)—(29). In
addition, they assume the depth to be of uniform slope: h = —xtanf. Introduce the
following dimensionless quantities, where £ is a characteristic length?:

x =Lz, n=1~07, u:\/ﬂﬁ, t=1/t/gt, = (h+n)/L

After dropping the tildes, the dimensionless system of equations (27)-(29) becomes

u +uug + 1, = 0,
n+ fu(—ztanf+n)l, = 0.

In terms of the variable ¢, these equations become

Uy + uuy, + 2cc, +tanf = 0,
2¢; + cuy + 2uc, =

The equations written in characteristic form are

0 0
{a—k(u—i—c)%} (u+2c+ttand) = 0,

0 0
{&—F(U—C)%} (u—2c+ttanf) = 0.

3In fact there is no obvious characteristic length in this idealized problem. Some authors simply say at
this point that ¢ is specific to the problem under consideration.
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The characteristic curves CT and C'~ as well as the Riemann invariants are

d
ot d—fzu—i—c, u+2c+ttanfd =r,
d
Cc~ d—f:u—c, u—2c+ttanf = s.
Next one can rewrite the hyperbolic equations in terms of the new variables A and ¢ defined
as follows:
A 1
5 = 5(7”—1—3) =u+ttanb,
1
% = Z_l<r —s)=c.

One obtains

1
xs—h(i’)r—ks)—ttanQ} ts = 0,

1
x,«—[z(r—k?)s)—ttanH} t. = 0.

The elimination of x results in the linear second-order equation for ¢
O'(t)\)\ - tog) — 3t0 =0. (42)

Since u + ttanf = \/2, u must also satisfy (42). Introducing the potential ¢(o, ) such
that
_ %

o

u

one obtains the equation
(U¢J)a - O—QS)\)\ =0

after integrating once. Two major simplifications have been obtained. The nonlinear set of
equations have been reduced to a linear equation for u or ¢ and the free boundary is now
the fixed line 0 = 0 in the (o, A)-plane. The free boundary is the instantaneous shoreline
¢ = 0, which moves as a wave climbs a beach.

The above formulation has been used by several authors to study the run-up of vari-
ous types of waves on sloping beaches [Syn87, T'S94, CWY03, TT05]. Synolakis [Syn87]
validated analytical results by comparing them with experiments on the run-up of a soli-
tary wave on a plane beach. He used Carrier-Greenspan transformation and linear theory

solutions to draw several important conclusions:

e A law predicting the maximum run-up of non-breaking waves was given;
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e The author found different run-up variations for breaking and non-breaking solitary

waves;
e Nonlinear theory models adequately describe surface profiles of non-breaking waves;

e Different criteria were considered whether a solitary wave with given height/depth
ratio will break or not as it climbs up a sloping beach.

Later, it was shown that leading depression N-waves run-up higher than leading eleva-
tion N-waves, suggesting that perhaps the solitary wave model may not be adequate for
predicting an upper limit for the run-up of near-shore generated tsunamis. In [KS06] it
was shown that there is a difference in the maximum run-up by a factor 2 in shoreline
motions with and without initial velocity. This difference suggests strong implications for
the run-up predictions and tsunami warning system [GBM™05] if the appropriate initial
velocity is not specified.

There is a rule of thumb that says that the run-up does not usually exceed twice the
fault slip. Since run-ups of 30 meters were observed in Sumatra during the Boxing Day
tsunami, the slip might have been of 15 meters or even more.

Analytical models are useful, especially to perform parametric studies. However, the
breaking of tsunami waves as well as the subsequent floodings must be studied numerically.
The most natural methods that can be used are the free surface capturing methods based
on a finite volume discretisation, such as the Volume Of Fluid (VOF) or the Level Set
methods, and the family of Smoothed Particle Hydrodynamics methods (SPH), applied to
free-surface flow problems [Mon94, GGD04, GGCCDO05]. Such methods allow a study of
flood wave dynamics, of wave breaking on the land behind beaches, and of the flow over
rising ground with and without the presence of obstacles. This task is an essential part
of tsunami modelling, since it allows the determination of the level of risk due to major
flooding, the prediction of the resulting water levels in the flooded areas, the determination
of security zones. It also provides some help in the conception and validation of protection
systems in the most exposed areas.

The present manuscript is organized as follows. In Chapter 1 we extensively investi-
gate the tsunami generation process (see Sections 1.1 and 1.3) and the first minutes of
propagation (Section 1.2) using different mathematical models. Several important conclu-
sions about the physics of tsunami waves were drew out. Chapter 2 discusses different
possibilities of introducing dissipative effects into Boussinesq equations. Pros and cons of
two models under consideration are revealed. In Chapter 3 our attention is attracted by
two-phase flows and wave impact problem. An efficient numerical method based on a finite
volume scheme is described and a few numerical results are presented. In the last Chapter

4 we return to the investigation of dissipative effects onto water waves. Novel bottom
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boundary layer correction is derived and the new set of governing equations is thoroughly

analysed.



Chapter 1

Tsunami generation modelling

From a drop of water a logician could predict an Atlantic or a Niagara.

Sir Arthur Conan Doyle
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1.1 Waves generated by a moving bottom

Waves at the surface of a liquid can be generated by various mechanisms: wind blowing
on the free surface, wavemaker, moving disturbance on the bottom or the surface, or even
inside the liquid, fall of an object into the liquid, liquid inside a moving container, etc. In
this chapter, we concentrate on the case where the waves are created by a given motion of
the bottom. One example is the generation of tsunamis by a sudden seafloor deformation.

There are different natural phenomena that can lead to a tsunami. For example, one
can mention submarine slumps, slides, volcanic explosions, etc. In this chapter we use a
submarine faulting generation mechanism as tsunami source. The resulting waves have
some well-known features. For example, characteristic wavelengths are large and wave
amplitudes are small compared with water depth.

Two factors are usually necessary for an accurate modelling of tsunamis: information
on the magnitude and distribution of the displacements caused by the earthquake, and
a model of surface gravity waves generation resulting from this motion of the seafloor.
Most studies of tsunami generation assume that the initial free-surface deformation is
equal to the vertical displacement of the ocean bottom. The details of wave motion are
neglected during the time that the source operates. While this is often justified because the
earthquake rupture occurs very rapidly, there are some specific cases where the time scale
of the bottom deformation may become an important factor. This was emphasized for
example by Trifunac and Todorovska [TT01], who considered the generation of tsunamis
by a slowly spreading uplift of the seafloor and were able to explain some observations.
During the 26 December 2004 Sumatra-Andaman event, there was in the northern extent
of the source a relatively slow faulting motion that led to significant vertical bottom motion

but left little record in the seismic data. It is interesting to point out that it is the inversion
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of tide-gauge data from Paradip, the northernmost of the Indian east-coast stations, that
led Neetu et al. [NSST05] to conclude that the source length was greater by roughly 30%
than the initial estimate of Lay et al. [LKAT05]. Incidentally, the generation time is also
longer for landslide tsunamis.

Our study is restricted to the water region where the incompressible Euler equations
for potential flow can be linearized. The wave propagation away from the source can be
investigated by shallow water models which may or may not take into account nonlinear
effects and frequency dispersion. Such models include the Korteweg-de Vries equation
[KdV95] for unidirectional propagation, nonlinear shallow-water equations and Boussinesq-
type models [Bou71b, Per66, BBM72].

Several authors have modeled the incompressible fluid layer as a special case of an
elastic medium [Pod68, Kaj63, Gus72, AG73, Gus76]. In our opinion it may be convenient
to model the liquid by an elastic material from a mathematical point of view, but it is
questionable from a physical point of view. The crust was modeled as an elastic isotropic
half-space. This assumption will also be adopted in the present study.

The problem of tsunami generation has been considered by a number of authors: see for
example [Car71, vdD72, BvdDP73]|. The models discussed in these papers lack flexibility
in terms of modelling the source due to the earthquake. The present study provides some
extensions. A good review on the subject is [Sab86].

Here we essentially follow the framework proposed by Hammack [Ham73] and others.
The tsunami generation problem is reduced to a Cauchy-Poisson boundary value problem
in a region of constant depth. The main extensions given in the present work consist in
three-dimensional modelling and more realistic source models. This approach was followed
recently in [TTO01, THTO02], where the mathematical model was the same as in [Ham?73|
but the source was different.

Most analytical studies of linearized wave motion use integral transform methods. The
complexity of the integral solutions forced many authors [Kaj63, Kel63] to use asymptotic
methods such as the method of stationary phase to estimate the far-field behaviour of the
solutions. In the present study we have also obtained asymptotic formulas for integral
solutions. They are useful from a qualitative point of view, but in practice it is better
to use numerical integration formulas [Fil28] that take into account the oscillatory nature
of the integrals. All the numerical results presented in this section were obtained in this
manner.

One should use asymptotic solutions with caution since they approximate exact solu-
tions of the linearized problem. The relative importance of linear and nonlinear effects can
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be measured by the Stokes (or Ursell) number [Urs53]:

__a/h a
~ (kh)2  k2h3’

where k is a wave number, a a typical wave amplitude and h the water depth. For U > 1,
the nonlinear effects control wave propagation and only nonlinear models are applicable.
Ursell [Urs53] proved that near the wave front U behaves like

U~ t5.

Hence, regardless of how small nonlinear effects are initially, they will become important.

Recently, the methodology used in this thesis for tsunami generation was applied in the
framework of the Boussinesq equations [Mit07] over uneven bottom. These equations have
the advantage of being two-dimensional while the physical problem and, consequently, the
potential flow formulation are 3D. On the other hand, Boussinesq equations represent a

long wave approximation to the complete water-wave problem.

1.1.1 Source model

The inversion of seismic wave data allows the reconstruction of permanent deformations
of the sea bottom following earthquakes. In spite of the complexity of the seismic source
and of the internal structure of the earth, scientists have been relatively successful in using
simple models for the source. One of these models is Okada’s model [Oka85]. Its description
follows.

The fracture zones, along which the foci of earthquakes are to be found, have been
described in various papers. For example, it has been suggested that Volterra’s theory of
dislocations might be the proper tool for a quantitative description of these fracture zones
[Steb8]. This suggestion was made for the following reason. If the mechanism involved
in earthquakes and the fracture zones is indeed one of fracture, discontinuities in the
displacement components across the fractured surface will exist. As dislocation theory
may be described as that part of the theory of elasticity dealing with surfaces across which
the displacement field is discontinuous, the suggestion makes sense.

As is often done in mathematical physics, it is necessary for simplicity’s sake to make
some assumptions. Here we neglect the curvature of the earth, its gravity, temperature,
magnetism, non-homogeneity, and consider a semi-infinite medium, which is homogeneous
and isotropic. We further assume that the laws of classical linear elasticity theory hold.

Several studies showed that the effect of earth curvature is negligible for shallow events
at distances of less than 20° [BMSS69, BMSS70, SM71]. The sensitivity to earth topogra-
phy, homogeneity, isotropy and half-space assumptions was studied and discussed recently
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[Mas03]. A commercially available code, ABACUS, which is based on a finite element
model (FEM), was used. Six FEMs were constructed to test the sensitivity of deformation
predictions to each assumption. The author came to the conclusion that the vertical layer-
ing of lateral inhomogeneity can sometimes cause considerable effects on the deformation
fields.

The usual boundary conditions for dealing with earth problems require that the surface
of the elastic medium (the earth) shall be free from forces. The resulting mixed boundary-
value problem was solved a century ago [Vol07]. Later, Steketee proposed an alternative
method to solve this problem using Green’s functions [Ste58].

1.1.2 Volterra’s theory of dislocations

In order to introduce the concept of dislocation and for simplicity’s sake, this section is
devoted to the case of an entire elastic space, as was done in the original paper by Volterra
[Vol07].

Let O be the origin of a Cartesian coordinate system in an infinite elastic medium, z;
the Cartesian coordinates (i = 1,2, 3), and e; a unit vector in the positive z;—direction. A
force F = Fey, at O generates a displacement field u¥ (P, O) at point P, which is determined
by the well-known Somigliana tensor

A+
A+2u

(1.1)

F
Uf(PaO) = %(@kr,m —ar ), with a=

In this relation d;, is the Kronecker delta, A and p are Lamé’s constants, and r is the
distance from P to O. The coefficient a can be rewritten as o = 1/2(1 — v), where v is
Poisson’s ratio. Later we will also use Young’s modulus F, which is defined as

g HBA+ 20
At

The notation r ; means dr/dz; and the summation convention applies.
The stresses due to the displacement field (1.1) are easily computed from Hooke’s law:

Uij = Aéijuk,k + ,U(U,Z‘J' + Ujﬂ‘). (12)

One finds

o (P.O) = oF (Sxia:ja:k N p Oy + O — (5i-xk)
ig\t o - :

A 7o A u 73

The components of the force per unit area on a surface element are denoted as follows:

k_ k.,
T; = 0V5,
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where the v,’s are the components of the normal to the surface element. A Volterra dislo-
cation is defined as a surface ¥ in the elastic medium across which there is a discontinuity
Auw; in the displacement fields of the type

Aui = Uj — 'LL; = Uz -+ Qijﬂj‘j,

Equation (1.3) in which U; and ;; are constants is the well-known Weingarten relation
which states that the discontinuity Aw; should be of the type of a rigid body displacement,
thereby maintaining continuity of the components of stress and strain across .

The displacement field in an infinite elastic medium due to the dislocation is then
determined by Volterra’s formula [Vol07]

u(Q) = %// A, TF dS. (1.5)

Once the surface X is given, the dislocation is essentially determined by the six constants
U; and ;;. Therefore we also write

w(@ =5 [[ PQuis + 2 [[(wohP.Q) - nohP.@mas, 1o
>

by

where 2;; takes only the values 215, 93, Q3. Following Volterra [Vol07] and Love [Lov44]
we call each of the six integrals in (1.6) an elementary dislocation.

It is clear from (1.5) and (1.6) that the computation of the displacement field ux(Q)
is performed as follows. A force Fej is applied at (), and the stresses afj(P, Q) that this
force generates are computed at the points P(x;) on X. In particular the components of
the force on ¥ are computed. After multiplication with prescribed weights of magnitude
Aw; these forces are integrated over ¥ to give the displacement component in () due to the
dislocation on .

1.1.3 Dislocations in elastic half-space

When the case of an elastic half-space is considered, equation (1.5) remains valid, but
we have to replace Ufj in TF by another tensor wzkj This can be explained by the fact that
the elementary solutions for a half-space are different from Somigliana solution (1.1).

The wfj can be obtained from the displacements corresponding to nuclei of strain in a
half-space through relation (1.2). Steketee showed a method of obtaining the six wfj fields
by using a Green’s function and derived wf,, which is relevant to a vertical strike-slip fault

(see below). Maruyama derived the remaining five functions [Mar64].
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It is interesting to mention here that historically these solutions were first derived in
a straightforward manner by Mindlin [Min36, MC50], who gave explicit expressions of the
displacement and stress fields for half-space nuclei of strain consisting of single forces with
and without moment. It is only necessary to write the single force results since the other
forms can be obtained by taking appropriate derivatives. The method consists in finding
the displacement field in Westergaard’s form of the Galerkin vector [Wes35]. This vector is
then determined by taking a linear combination of some biharmonic elementary solutions.
The coefficients are chosen to satisfy boundary and equilibrium conditions. These solutions
were also derived by Press in a slightly different manner [Pre65].

Figure 1.1: Coordinate system adopted in this study and geometry of the source model.

Here, we take the Cartesian coordinate system shown in Figure 1.1. The elastic medium
occupies the region z3 < 0 and the x;—axis is taken to be parallel to the strike direction
of the fault. In this coordinate system, uZ (1,79, x3; &1, &2, &3) is the ith component of
the displacement at (x, 2y, x3) due to the jth direction point force of magnitude F' at
(&1,&2,&3). Tt can be expressed as follows [Oka85, Min36, Pre65, Oka92]:

Uf(m,xz,fv:&) = ugA(xla$2a_$3)_ugA(xlyx%«IS) (1-7)

+UgB(£I)1, T2, 1’3) + 9C3Ugc($1, To, l‘g),
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i

Figure 1.2: Illustration for strike angle definition.

where

Uig = 8Tu ((Q—Q)EJFOZF) ;
F

, 5 RR. l—ar 6.
J = Y o) 4
U;jp = 477,“( + + [ +

R R a LR+ Ry
Ri0j5 — R;jdi3(1 — 6;3) RiR;
- 1—6;3)(1 =9, ;
R(R + Rs) R(R + R3)2( 3)( 13)}
. F Ridj3 — R;di3 dij RiR;
ugc — m(l - 2(513) ((2 — Q)% +Oé§3 [R_; -3 R5]:|> '

In these expressions Ry = z; — &1, Ry = w3 — &, R3 = —x3 — & and R? = R? + R3 + R2.

The first term in equation (1.7), uf (1, 29, —x3), is the well-known Somigliana tensor,
which represents the displacement field due to a single force placed at (&;,&s,&3) in an
infinite medium [Lov44]. The second term also looks like a Somigliana tensor. This term
corresponds to a contribution from an image source of the given point force placed at
(&1, &, —&3) in the infinite medium. The third term, ufB(;El, To, T3), and ufc(xl, To,x3) in
the fourth term are naturally depth dependent. When z3 is set equal to zero in equation
(1.7), the first and the second terms cancel each other, and the fourth term vanishes. The

remaining term, ugB(xl,xg,O), reduces to the formula for the surface displacement field
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due to a point force in a half-space [Oka85]:

1_ F (1 (@-&)? 1 (z1-61)°
ub = (5 O+ 5 (e~ wer)
—%(371—51)(1’2—52) %—ﬁm :

1_ F & 7 1
Uy = g (11— &) (‘3—3 ~ Mru R(R—&)

ui = (= &) (a2 — &) (ﬁ - F%R(Ri&P) )
2 F (1 | (z2—&)* £ )2 1 (22—&2)*
U3 = Zrp (E + =t Aiu [Rfﬁg o R(j%fgs)Q]) ’

2 _ I _ _& w1
U3 = Trp (r2 — &) ( R3 ~ Xru R(R—&)

In these formulas R? = (xy — &) + (22 — &)* + &5

In order to obtain the displacements due to the dislocation we need to calculate the
corresponding &-derivatives of the point force solution (1.7) and to insert them in Volterra’s

formula (1.5)
uy ou 8uf

The &j-derivatives are expressed as follows:

8u(xxx)—auj(xx —x3) — auj(xa:ac)—i—
5’& 1, 42,43 - 8£k 1,42, 3 aék 1,42,43
o’ oul,
+ uZB($17x2’x3)+$3 (1’1,1‘2,1'3)
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with
oul , F Ry Ribx + Rjou, R;R; Ry,
A T (2= )=k, — g itk T TN Tk i1l
e, 81 (< ) g5l O po Fe—h )
8u§B . F Rléjk + Rjélk - Rkéw SRzRJRk
& Amp \ R3 T R
l -« [ O+ Ry o 0idjz — 0jdiz(1 — dj3)
a LR(R+ R3)?™ R(R + R3)
O3 R? + Rp(2R + R3)
+(Ribj3 — Rj0is(1— dj3)) (R + Ry)?
R0 + Ridg 205, R? + Rk(gR + Rg)
1—0;3)(1 = 6:3) (22— — R,R; ,
HU= 0= 00) (i Ry i v ]
0 = L (1—263)( (2 — o) [ B TR i0j3 = 1j0i
0 47w< ) (( a)[ R3 * R5 } i
0;i SRR, Ridir + R0 + Rid;; SRR R
o[ - M) gy [P Rt SR

1.1.3.1 Finite rectangular source

Let us now consider a more practical problem. We define the elementary dislocations
Uy, Uy and Us, corresponding to the strike-slip, dip-slip and tensile components of an
arbitrary dislocation. In Figure 1.1 each vector represents the direction of the elementary
faults. The vector D is the so-called Burger’s vector, which shows how both sides of the
fault are spread out: D =u®™ —u".

A general dislocation can be determined by three angles: the dip angle ¢ of the fault
(0 < <), the slip or rake angle 6 (0 < 6 < 7), and the angle ¢ between the fault plane
and Burger’s vector D. When dealing with a geophysical application, an additional angle,
the azimuth or strike (see Figure 1.2 for strike angle definition), is introduced in order
to provide an orientation of the fault. The general situation is schematically described in
Figure 1.3.

For a finite rectangular fault with length L and width W occurring at depth d (Fig-
ure 1.3), the deformation field can be evaluated analytically by a change of variables and
by integrating over the rectangle. This was done by several authors [Oka85, Oka92, Chi63,
SM74, IS79]. Here we give the results of their computations. The final results are repre-
sented below in compact form, using Chinnery’s notation || to represent the substitution

where p = ycosd + dsind. Next we introduce the notation

q=1ysind —dcosd, Yy =mncosd+ gsing, Jznsin5—qcos§
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Figure 1.3: Geometry of the source model (dip angle 0, depth dy, length L, width W) and
orientation of Burger’s vector D (rake angle 6, angle ¢ between the fault plane and Burger’s

vector).

and
X2 — 62 4 q2.

The quantities Uy, Uy and Us are linked to Burger’s vector through the identities

R2:£2+7]2+q2:€2+,§2+6i27

Uy = |D|cos¢cosf, U= |D|cos¢psinf, Us= |D|sin¢.

For a strike-slip dislocation, one has

U .
U = _2—; (mé—M%—arctan%%-hSlmS) )
U, 7q qcosd .
N I d
2 o (R(R+77) R 20|
U, ch gsind .
- I o1 -
s o (R(R+77) Ry 450

For a dip-slip dislocation, one has

U

U2

us

2T
2T
Us

or

(}% — I3 sinécosé) H ,
yq
(R(RJrf)

dq
R(R+¢€)

4 cos d arctan 5_77 — Iy sin d cos 5) H ,
qR

+ sin § arctan 5_77 — I5sin 6 cos 6) || )
qR
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For a tensile fault dislocation, one has

U3 q2 . 9
= 2 |=——--1 o
w = & (g o)
Us —ciq : £q n )
= = | —=—————sind | ———— —arctan=—| — [ 4]
Us o (R(R—i—{) sin [R(R—i—n) arc aan 18in :
Us yq £q &n )
= — == d | =————— —arctan == | — [, 5|1
U3 - <R(R—|—§)+COS {R(R+n) arcaan 5 SIn
The terms I4, ..., I5 are given by
I __H § — tan 615,
At p(R+d)cosé
1
I, = — log(R — 1.
2 /\+#og( +1n) — I,
Iz Ly
I3 = = —1 tan o1
3 )\+M[COS5R+d Og(R‘i‘n)}‘F anoly,
K 1 N o
I, = u+/\cosé<log(R+d) 81n510g(R+77)>,
o2 (X 4+ gcosd) + X(R+ X)sind
I; = —— arctan )
A+ pcosd E(R+ X)cosd
and if cosd = 0,
[ iz €q
1 — = o)
2(A+ 1) (R+d)?
Iz n yq
I3 = =+ — — log(R + ,
’ 20+ ) [R+d  (R+d)? 2B +n)
Lo- M
A uR+d
@ Esind
I; = b .
+tHR+d

Figures 1.4, 1.5, and 1.6 show the free-surface deformation due to the three elementary
dislocations. The values of the parameters are given in Table 1.1.

1.1.3.2 Curvilinear fault

In the previous subsection analytical formulas for the free-surface deformation in the
special case of a rectangular fault were given. In fact, Volterra’s formula (1.5) allows to
evaluate the displacement field that accompanies fault events with much more general

geometry. The shape of the fault and Burger’s vector are suggested by seismologists and
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parameter value
Dip angle ¢ 13°
Fault depth d, km 25
Fault length L, km 220
Fault width W, km 90
U;, m 15
Young modulus £, GPa 9.5
Poisson’s ratio v 0.23

Table 1.1: Parameter set used in Figures 1.4, 1.5, and 1.6.

Figure 1.4: Dimensionless free-surface deformation z/a due to dip-slip faulting: ¢ =0, 6 = 7/2,
D = (0,Us,0). Here a is |D| (15 m in the present application). The horizontal distances x and y

are expressed in kilometers.
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Figure 1.5: Dimensionless free-surface deformation z/a due to strike-slip faulting: ¢ =0, § = 0,
D = (U1,0,0). Here a is |D| (15 m in the present application). The horizontal distances x and y

are expressed in kilometers.

400

Figure 1.6: Dimensionless free-surface deformation z/a due to tensile faulting: ¢ = /2, D =
(0,0,Us). Here a is |D|. The horizontal distances x and y are expressed in kilometers.
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after numerical integration one can obtain the deformation of the seafloor for more general

types of events as well.
Here we will consider the case of a fault whose geometry is described by an elliptical

arc (see Figure 1.7).

Figure 1.7: Geometry of a fault with elliptical shape

The parametric equations of this surface are given by

IN
=
IN

N O
N O

z(&n)=¢ 0<€&<a,  yl&n)=n -

z2(&,m) = —(b+d) +§ a? — &2,

Then the unit normal to this surface can be easily calculated:

n;( be 0/ — ¢ )

N RSN e T

We also need to compute the coefficients of the first fundamental form in order to reduce
the surface integral in (1.5) to a double Riemann integral. These coefficients are

CL4 + gZ(bQ o CLQ)
aQ(a2 _ 52) ’
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parameter value
Depth event d, km 20
Ellipse semiminor axis a, km 17
Ellipse semimajor axis b, km 6
Fault width ¢, km 15
Young modulus F, GPa 9.5
Poisson’s ratio v 0.23

Table 1.2: Parameter set used in Figure 1.8.

and the surface element dS is

dszmdédnzé\/a4+i2(b2€2_ a?)
Ja?2 —

Since in the crust the hydrostatic pressure is very large, it is natural to impose the

dedn.

condition that D - n = 0. The physical meaning of this condition is that both sides of
the fault slide and do not detach. This condition is obviously satisfied if we take Burger’s

D:D< av/a? — €2 be )

vector as

,0,—
\/a4 4 52(()2 _ a2) \/a4 4 52(()2 _ a2)
It is evident that D = |D|.

The numerical integration was performed using a 9-point two-dimensional Gauss-type
integration formula. The result is presented on Figure 1.8. The parameter values are given
in Table 1.2.

The example considered in this subsection may not be physically relevant. However
it shows how Okada’s solution can be extended. For a more precise modeling of the
faulting event we need to have more information about the earthquake source and its
related parameters.

After having reviewed the description of the source, we now switch to the deformation
of the ocean surface following a submarine earthquake. The traditional approach for hy-
drodynamic modelers is to use elastic models similar to the model we just described with
the seismic parameters as input in order to evaluate the details of the seafloor deformation.
Then this deformation is translated to the free surface of the ocean and serves as initial
condition of the evolution problem described in the next section.

1.1.4 Solution in fluid domain

The fluid domain is supposed to represent the ocean above the fault area. Let us
consider the fluid domain 2 shown in Figure 1.9. It is bounded above by the free surface of
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—100 —100

Figure 1.8: Free-surface deformation due to curvilinear faulting. The horizontal distances x
and y are expressed in kilometers.

Figure 1.9: Definition of the fluid domain and coordinate system
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the ocean and below by the rigid ocean floor. The domain €2 is unbounded in the horizontal

directions z and y, and can be written as
Q=R x [~h+((z,y,t),n(z,y,t)].

Initially the fluid is assumed to be at rest and the sea bottom to be horizontal. Thus,
at time ¢t = 0, the free surface and the sea bottom are defined by z = 0 and z = —h,
respectively. For time ¢ > 0 the bottom boundary moves in a prescribed manner which is
given by

z=—h+((z,y,t).

The displacement of the sea bottom is assumed to have all the properties required to com-
pute its Fourier transform in x, y and its Laplace transform in . The resulting deformation
of the free surface z = n(x,y,t) must be found. It is also assumed that the fluid is in-
compressible and the flow is irrotational. The latter implies the existence of a velocity
potential ¢(z,y, z,t) which completely describes this flow. By definition of ¢, the fluid
velocity vector can be expressed as q = V¢. Thus, the continuity equation becomes

V-q=24p=0, (z,y,2) €. (1.8)

The potential ¢(x,y, z,t) must also satisfy the following kinematic boundary conditions on

the free-surface and the solid boundary, respectively:

9 _ On _ 0940n  940n
dz Ot Oxdxr Oydy’
06 B0 060  060C

92 Ot " ozor  oyoy

z=n(z,y,t), (1.9)
z=—h+((z,y,t). (1.10)

Assuming that viscous effects as well as capillary effects can be neglected, the dynamic
condition to be satisfied on the free surface reads

0 1
a—f+§lv¢|2+gn=0, z=mn(x,y,t). (1.11)

As described above, the initial conditions are given by
n(z,y,0) =0 and ((z,y,0)=0. (1.12)

The significance of the various terms in the equations is more transparent when the

equations are written in dimensionless variables. The new independent variables are

T =kKr, Y=KYy, 2z=kKz, t=ot,

where k is a wavenumber and o is a typical frequency. Note that here the same unit length
is used in the horizontal and vertical directions, as opposed to shallow-water theory.
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The new dependent variables are
- n ~ (¢ ~ K
n=-, C = gb - _¢7

a a

where a is a characteristic wave amplitude. A dimensionless water depth is also introduced:
h = kh.

In dimensionless form, and after dropping the tildes, equations (1.8-1.11) become

A¢ =0, (x,y,2) € 0,

86 on . <6¢ o, 09 8?7) 2 = kan(z,y, 1),

0z ot Oxr dxr Oy dy
dp _ 9C dpo¢ 099 o
d9

% T3 /@a|V¢]2 K =0, z=kan(z,y,t).

Finding the solution to this problem is quite a difficult task due to the nonlinearities
and the a priori unknown free surface. In this study we linearize the equations and the
boundary conditions by taking the limit as ka — 0. In fact, the linearized problem can be
found by expanding the unknown functions as power series of a small parameter ¢ := ka.
Collecting the lowest order terms in ¢ yields the linear approximation. For the sake of
convenience, we now switch back to the physical variables. The linearized problem in
dimensional variables reads

Ao =0, (z,y,2) € R* x [~h,0], (1.13)
%:%, z =0, (1.14)
% — %, 2= —h, (1.15)
gfjtgn—o z=0. (1.16)
Combining equations (1.14) and (1.16) yields the single free-surface condition
o .22 o L0 (1.17)

oz 70z
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This problem will be solved by using the method of integral transforms. We apply the

Fourier transform in (z,y):

-~

Flf] = F(k0) = / F(,y)e =) dudy,
R2
FUf] = f(m,y)zﬁ / Fk, 0)"%+t) gk,
RQ

and the Laplace transform in time ¢:

+o0

Llgl = g(s) = /g(t)EStdt-

0

For the combined Fourier and Laplace transforms, the following notation is introduced:

+o0
FE[F (2,y,t)] = F(k,(,s) = /6"(’””3’) dxdy/F(:c,y,t)e“dt.
R2 0

After applying the transforms, equations (1.13), (1.15) and (1.17) become

_
37(5 (R4 )5 =0, (1.18)
%(kaga_ha S) = SZ(k,&S), (119)
23(k 0,0, 5) + g%(/{:,& 0,5) 0. (1.20)

The transformed free-surface elevation can be obtained from (1.16):
(k. 0, 5) = >3k, £,0,5). (1.21)
g

A general solution of equation (1.18) is given by

o(k, 0, z,8) = A(k, L, s) cosh(mz) + B(k,{, s) sinh(mz), (1.22)

where m = /k? + (2. The functions A(k, /¢, s) and B(k,/, s) can be easily found from the
boundary conditions (1.19) and (1.20):

B QSZ(k’ ¢ S)
Ak, &, 5) = ~ cosh(mh)[s2 + gm tanh(mh)]’
B(k,l,s) = e

m cosh(mh)[s? + gm tanh(mh)]
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3.5 T T T T T T T T T

Figure 1.10: Plot of the frequency w(m) = /gm tanh(mh) and its derivatives dw/dm, d*w/dm?.
The acceleration due to gravity g and the water depth h have been set equal to 1.

From now on, the notation
w = +/gmtanh(mh) (1.23)

will be used. The graphs of w(m), w'(m) and w”(m) are shown in Figure 1.10.
Substituting the expressions for the functions A, B in (1.22) yields

ok, l,2,8) = _Coshg((:rfg;&f;i o (cosh(mz) - gs_m sinh(mz)) . (1.24)

1.1.5 Free-surface elevation

From (1.21), the free-surface elevation becomes

s2C(k, 0, s)
cosh(mh)(s? + w?)

ﬁ(kJ 67 S) =

Inverting the Laplace and Fourier transforms provides the general integral solution

+i00

p _
(kxz+Ly) SQC(/{Z ¢ S) .
= T s . 1.2
0wy, t) (27)2 //cosh mh) 2i / 24 w? ds dhdt (1.25)

H—100
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One can evaluate the Laplace integral in (1.25) using the convolution theorem:

Ll () * f2(t)] = £1(s)f2(s).

It yields

i(kx+Ly)
n(x,y,t) 2n)? // N / — wsinwr)C(k, ,t — 7)dr dkdl.

This general solution contains as a special case the solution for an axisymmetric prob-

lem, which we now describe in detail. Assume that the initial solid boundary deformation

(wy) =), r= a2+ g2

The Fourier transform F[¢(z,y)] = ¢l (k,0) of an axisymmetric function is also axisymmetric

is axisymmetric:

with respect to transformation parameters, i.e.
C(k,0)=C(m),  m:=Vk2+ 2

In the following calculation, we use the notation ¢ = arctan({/k). One has

2w

E(k,’g) _ //Q(T)e—i(ka:—i—ﬁy) dxdy _ /dgb/<(r)e—ir(kcos¢+€sin¢)rdr _
R2
2m
/d¢/rc fzrmcos(¢> ) dr = /rc dT’/ 7m"mcosd)_'_eirmcos¢)d¢.

0 0

Using an integral representation of Bessel functions [GR00] finally yields

[e.9]

C(k,0) =2n / rC(r)Jo(mr)dr = C(m).

0

It follows that

2 +o00
1 imr cos(dp—1)
n(r,t) = W/ dip mjosh ) dm/ —wsinwr)((m,t — 1) dr
0

+oo

1 Jo(mr) / _ _

= QW/mcosh(mh)dm (1 —wsinwr)(m,t — 7)dr.
0 0
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The last equation gives the general integral solution of the problem in the case of an
axisymmetric seabed deformation. Below we no longer make this assumption since Okada’s
solution does not have this property.

In the present study we consider seabed deformations with the following structure:

C(z,y,t) := (2, y)T(1). (1.26)

Mathematically we separate the time dependence from the spatial coordinates. There are
two main reasons for doing this. First of all we want to be able to invert analytically
the Laplace transform. The second reason is more fundamental. In fact, dynamic source
models are not easily available. Okada’s solution, which was described in the previous
section, provides the static sea-bed deformation (y(z,y) and we will consider different
time dependencies T'(t) to model the time evolution of the source. Four scenarios will be
considered:

1. Instantaneous: T;(t) = H(t), where H(t) denotes the Heaviside step function,

2. Exponential:

¢
O i <0 Gith a >0,
1—e™™, t2>0,

3. Trigonometric: T.(t) = H(t —to) + 5[1 — cos(mt/to)|H (to — t),

4. Linear:
0, t <0,
Ti(t) =  t/to, 0<t <t
1, t > tp.

The typical graphs of T,(t) and T,(t) are shown in Figure 1.11. Inserting (1.26) into (1.25)
yields

+i00

z(m K
n(z,y,t) = //C S / ST) cstgs aie. (1.27)

cosh(mh) oi §2 4+ w?
H—100

Clearly, n(x,y,t) depends continuously on the source ((z,y). Physically it means that
small variations of ¢ (in a reasonable space of functions such as L?) yield small variations
of n. Mathematically this problem is said to be well-posed, and this property is essential
for modelling the physical processes, since it means that small modifications of the ground
motion (for example, the error in measurements) do not induce huge modifications of the
wave patterns.

Using the special representation (1.26) of seabed deformation and prescribed time-
dependencies, one can compute analytically the Laplace integral in (1.27). To perform this
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Figure 1.11: Typical graphs of T,(t) and T.(t). Here we have set o = 6.2, ¢ty = 0.7.

integration, we first have to compute the Laplace transform of 7T;..;(¢). The results of
these computaions are given in Table 1.3.

scenario Laplace transform

Instantaneous L] =1

Exponential L£[T.] - pre]

Trigonometric  £[T.] = 5351 +e7)
with v = o

Linear Lin] = 122;2“0

Table 1.3: Laplace transforms of different time-depencies for prescribed bottom motion.
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Inserting these formulas into the inverse Laplace integral yields

p+ioco
1 et s> Ty(s)

— ———%ds = coswt,
271 s? + w?
HU—100
WO oo 2
1 e*s*Te(s o w
L e( )ds - __ - (e_at—coswt——sinwt> ,
271 52 + w? a? + w? .
H—100
p+ioco
1 15> T(s) o
. —ds = ———
2mi 52+ w? 2(7? —w?)
=100

(coswt — cosyt + H(t — tg)[cosw(t — to) + cost]) ,

p+ioo
1 e$t32T1(s)d sinwt — H(t — to) sinw(t — tg)
R —_— S = .
2mi s2 4+ w? wty
H—100

The final integral formulas for the free-surface elevations with different time dependen-

cies are as follows:

C z(ka:+€y)
ni(x,y,t) = (2n)? // coswt dkdl,

cosh mh)

(w.t) = // C(k, 0)eitket+ty) — coswt — £ sinwt .y
AT Yy N cosh mh) o? 4+ w? ’

k:1:+ﬁy)
(1, y,t) =
el 9, ) 27r // 2(y2 — w2 cosh(mh)

(cos wt — cos 'yt + H(t — ty)[cosw(t — to) + cost]) dkdl,

kz-‘réy — H(t+ — _
ey t) = G //C (Smm (= to) sinw/(f to)) dkd.

cosh(mh) wty

1.1.6 Velocity field

In some applications it is important to know not only the free-surface elevation but also
the velocity field in the fluid domain. One of the goals of this work is to provide an initial
condition for tsunami propagation codes. For the time being, tsunami modelers take initial
seabed deformations and translate them directly to the free surface in order to obtain the

initial condition 7(x,y,0). Since a priori there is no information on the flow velocities,
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they take a zero velocity field as initial condition for the velocity: V(z,y,z,0) = 0. The
present computations show that it is indeed a very good approximation if the generation
time is short.

In equation (1.24), we obtained the Fourier transform of the velocity potential ¢(x,y, z, t):

_ gsC(k, 0)T(s) s
k =— h — —sinh . 1.2
ok, 0 z,s) cosh(mh) (5% + 7 cosh(mz) s sinh(mz) (1.28)
Let us evaluate the velocity field at an arbitrary level z = gh with —1 < 3 < 0. In

the linear approximation the value § = 0 corresponds to the free surface while § = —1

corresponds to the bottom. Next we introduce some notation. The horizontal velocities
are denoted by u. The horizontal gradient (0/0x,0/0y) is denoted by V. The vertical
velocity component is simply w. The Fourier transform parameters are denoted k = (k, ).
Taking the Fourier and Laplace transforms of
ll(l’, Y, t) - thb(xv Y, z, t) |z:ﬁh
yields

a(k,t,s) = —ip(k,t,Bh,s)k

gsC(k, )T (s) _ 5 nn(am
Zcosh(mh)(sQ—i—uﬂ) (cosh(ﬁmh) gm h(8 h))k

Inverting the Fourier and Laplace transforms gives the general formula for the horizontal

velocities:
p+i00
u(z // kC (k,£) cosh(mph)eitke+t) 1 M ds dk
Y5 t) cosh(mh) omi s* + w?
H—100
p+i00
// kC (k, ¢) sinh(mpgh)e’ kﬁg‘y)i / M ds dk
T 42 m cosh(mh) 2mi J st |
H—1200

After a few computations, one finds the formulas for the time dependencies T}, T, and
T,. For simplicity we only give the velocities along the free surface (5 = 0):

k i(kx+Lly)
Wiz y.t) = zg // Ck€ sin wt ik,

cosh(mh) w

k k g i(kx+Ly)
u.(z,y,t) = zga // C ) (e_o‘t — coswt + gsinwzﬁ) dk,

a? + w?) cosh(mh w

kC ]{J g i(kx+Ly)
w(@y,t) = 4t07r2 // w? cosh(mh)

(1 —coswt — H(t — tg)[1 — cosw(t —ty)]) dk.
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Next we determine the vertical component of the velocity w(z,y, z,t). It is easy to
obtain the Fourier-Laplace transform w(k, ¢, z, s) by differentiating (1.28):

_ 06 sgl(k,OT(s) (s .
w(k,l,z,s) = 92~ cosh(mh)(s2 + o) (g cosh(mz) — msmh(mz)> :

Inverting this transform yields

p+ioco
cosh(mz)( k ) ik 1 s*T(s)e”
t _ (kx+-0ty) _~ — 7  dsdk

w(x,y, 2,t) poe // cosh( mh e omi / $2 + w? S
H—100

inh(m2)C (k. ¢ 1 T (s)e

g / msinh(mz)((k, ) oy L / ST 4 ak,
A2 cosh(mh) 271 5% + w?
RY H—100

for —h < z < 0. One can easily obtain the expression of the vertical velocity at a given
vertical level by substituting z = h in the expression for w.

The easiest way to compute the vertical velocity w along the free surface is to use
the boundary condition (1.14). Indeed, the expression for w can be simply derived by
differentiating the known formula for 7; . .;(x, y,t). Note that formally the derivative gives
the distributions d(¢) and &(¢ — ty) under the integral sign. It is a consequence of the
idealized time behaviour (such as the instantaneous scenario) and it is a disadvantage of
the Laplace transform method. In order to avoid these distributions we can consider the
solutions only for ¢ > 0 and ¢ # t3. From a practical point of view there is no restriction
since for any € > 0 we can set t = ¢ or t =ty +¢. For small values of ¢ this will give a very
good approximation of the solution behaviour at these “critical” instants of time. Under
this assumption we give the distribution-free expressions for the vertical velocity along the

free surface:

C karZy '
wi(@,y,t) = ~ 12 // cosh ) ———————wsinwt dk,
ei(kz+ty) w2 w
— —at
We(x,y,t) = // e wQ cosh(mh) ( + 5 08 wt — o smwt) dk,
kx+€y)
we(w,y,t) = ~ 12 // 20— w2 T cosh(mh) (w sinwt — «ysinyt

H(t — to)[wsinw(t — to) + vsinyt]) dk,

+
C z(kx+€y)
wy(z,y,t) = o // cosh ) [coswt — H(t — ty) cosw(t — ty)] dk.
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1.1.6.1 Pressure on the bottom

Since tsunameters have one component that measures the pressure at the bottom (bot-
tom pressure recorder or simply BPR [GBM105]), it is interesting to provide as well the
expression py(x,y,t) for the pressure at the bottom. The pressure p(z,y,z,t) can be
obtained from Bernoulli’s equation, which was written explicitly for the free surface in
equation (1.11), but is valid everywhere in the fluid:

3¢ p

Vo|? = =0. 1.29
o gIVol oo+ 2 (1.29)
After linearization, equation (1.29) becomes
9¢ p
- =0. 1.30
¢ T9ET ) (1.30)
Along the bottom, it reduces to
O Po
— —h — =0 = —h. 1.31
g T9(=h+Q)+ ;=0 (1.31)

The time-derivative of the velocity potential is readily available in Fourier space. Inverting
the Fourier and Laplace transforms and evaluating the resulting expression at z = —h
gives for the four time scenarios, respectively,

) kz+€y
aaqz’ = h2 coswt dk,
cos
a¢e C z(k:(:-‘rﬁy) Cu w . ot
= // a2+w2 (e t—coswt—asmwt) dk + —— (27r)
k E t h. he i(kx+Ly) 2 3
//C an 5 (m )2 (eat + (E) coswt + (C—(}) sinwt) dk,
m(a? + w?) a «
o k g i(kz+Ly)
% - / Cw cosh?(mh) sinwt = H{t = to) sinw(t = o)} dk.

The bottom pressure deviation from the hydrostatic pressure is then given by

0
py(z,y,t) = — pg—f — pyC.
z=—h

Plots of the bottom pressure will be given in Section 1.1.8.
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1.1.7 Asymptotic analysis of integral solutions

In this subsection, we apply the method of stationary phase in order to estimate the far-
field behaviour of the solutions. There is a lot of literature on this topic (see for example
[Erd56, Mur92, PL71, BH86, ES94]). This method is a classical method in asymptotic
analysis. To our knowledge, the stationary phase method was first used by Kelvin [Kel87]
in the context of linear water-wave theory.

The motivation to obtain asymptotic formulas for integral solutions was mainly due to
numerical difficulties to calculate the solutions for large values of z and y. From equation
(1.25), it is clear that the integrand is highly oscillatory. In order to be able to resolve these
oscillations, several discretization points are needed per period. This becomes extremely
expensive as r = (/2?2 + y? — oo. The numerical method used in the present study is
based on a Filon-type quadrature formula [Fil28] and has been adapted to double integrals
with expli(kx + (y)] oscillations. The idea of this method consists in interpolating only
the amplitude of the integrand at discretization points by some kind of polynomial or
spline and then performing exact integration for the oscillating part of the integrand. This
method seems to be quite efficient.

Let us first obtain an asymptotic representation for integral solutions of the general
form

C k:r+€y)
n.1) = 1 // T(m.t) dkdl, m—VETE  (132)

cosh mh)

Comparing with equation (1.27) shows that T'(m,t) is in fact

1 p+ioco 2T( )
S S) &
T(m,t) = % / me ds.
H—100

For example, we showed above that for an instantaneous seabed deformation T'(m,t) =
coswt, where w? = gmtanh mh. For the time being, we do not specify the time behaviour

T(s).
In equation (1.32), we switch to polar coordinates m and ¢ = arctan(¢/k):
oo 27
1 zmrcos(tp 1/J)T i
t) = — t
et = g [ [ gt
00
1 mT (m,t)
_ zmrcos(cp—w) d
472 | cosh(mh) /C ¥,

where (7, p) are the polar coordinates of (z,y). In the last expression, the phase function
is & = mrcos(¢p — ). Stationary phase points satisfy the condition 0®/0v = 0, which
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yields two phases: ¥ = ¢ and ¥y = ¢ + 7. An approximation to equation (1.32) is then
obtained by applying the method of stationary phase to the integral over v:

1 [ /mT(m,t

~ 7) = i(7—m
0, 0.0) = = [ 2 (Com e
0

D4 C(m, o+ W)ei(m“@) dm.

This expression cannot be simplified if we do not make any further hypotheses on the
function T'(m,t).

Since we are looking for the far field solution behaviour, the details of wave formation are
not important. Thus we will assume that the initial seabed deformation is instantaneous:

ezwt + e—zwt

T(m,t) = coswt = 5

Inserting this particular function 7'(m,t) in equation (1.32) yields

1
n(r,o,t) = — (I + 1),

8T
where
[ mlmv) [
mdg{m ;
I, = ) i(wt+mr cos(p—1))) dird
! cosh(mh) /6 pdm,
0
T _ —wt+mr cos(p—1))) divd
2 cosh mh / ¢ pam.

0

The stationary phase function in these integrals is
O(m, 1) = mrcos(p — ) £ wt, w?(m) = gmtanh mh.

The points of stationary phase are then obtained from the conditions

od 0 o
oy Om
The first equation gives two points, ¥; = ¢ and ¥ = @+, as before. The second condition
yields
r dw
7 cos(p — 12) = o (1.33)

Since dw/dm decreases from +/gh to 0 as m goes from 0 to oo (see Figure 1.10), this
equation has a unique solution for m if |r/t| < \/gh. This unique solution will be denoted
by m*.
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For |r| > t\/gh, there is no stationary phase. It means physically that the wave has
not yet reached this region. So we can approximately set Iy ~ 0 and I, ~ 0. From the
positivity of the function dw/dm one can deduce that 1); = ¢ is a stationary phase point
only for the integral I,. Similarly, 1 = ¢+ 7 is a stationary point only for the integral I;.

Let us obtain an asymptotic formula for the first integral:

T 2 - . s
I, ~ / ( _ﬂg(m7w+ﬂ)ez(wt—mr)€z4> dm
cosh(m mr
0
27T v T e ( ’ ()0 + 7T ( t— )
— PN 5, i(wt—mr) g
r ¢ / cosh(mh) Vme mn
0
[27 2rm* ((m* e i
s _Tre z m C(m P+ 7T) ez(w(m Jt—m r)eflz
r |w”(m*)|t cosh(m*h)
_ 2_7T m* C(m*7 Y+ ﬂ-) ei(w(m*)t—m*r)
t V —w"w  cosh(m*h) '

In this estimate we have used equation (1.33) evaluated at the stationary phase point
(m*awZ):
(1.34)

Similarly one can obtain an estimate for the integral I5:

I, ~ 2_7T m* C(m*,go) efi(w(m*)tfm*r)
27tV —ww cosh(m*h) '

Asymptotic values have been obtained for the integrals. As is easily observed from the
expressions for I; and I, the wave train decays as 1/t, or 1/r, which is equivalent since r
and ¢ are connected by relation (1.34).

1.1.8 Numerical results

A lot of numerical computations based on the analytical formulas obtained in the
previous sections have been performed. Because of the lack of information about the
real dynamical characteristics of tsunami sources, we cannot really conclude which time
dependence gives the best description of tsunami generation. At this stage it is still very
difficult or even impossible.

Numerical experiments showed that the largest wave amplitudes with the time depen-
dence T.(t) were obtained for relatively small values of the characteristic time ¢y. The

exponential dependence has shown higher amplitudes for relatively longer characteristic
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Parameter Value
Young modulus, E, GPa 9.5
Poisson ratio, v 0.27
Fault depth, d, km 20
Dip angle, ¢, ° 13
Strike angle, 6, ° 90
Normal angle, ¢, ° 0
Fault length, L, km 60
Fault width, W, km 40
Burger’s vector length, |D|, m 15
Water depth, h, km 4
Acceleration due to gravity, g, m/s? 9.8
Wave number, k, 1/m 1074
Angular frequency, w, Hz 1072

Table 1.4: Physical parameters used in the numerical computations

times. The instantaneous scenario T; gives at the free surface the initial seabed defor-
mation with a slightly lower amplitude (the factor that we obtained was typically about
0.8 ~ 0.94). The water has a high-pass filter effect on the initial solid boundary deforma-
tion. The linear time dependence 7j(t) showed a linear growth of wave amplitude from 0
to also &~ 0.9¢y, where {, = max_|((z,y)].

(z,y)€R?

In this section we provide several plots (Figure 1.12) of the free-surface deformation.
For illustration purposes, we have chosen the instantaneous seabed deformation since it is
the most widely used. The values of the parameters used in the computations are given in
Table 1.4. We also give plots of the velocity components on the free surface a few seconds
(physical) after the instantaneous deformation (Figure 1.13). Finally, plots of the bottom
dynamic pressure are given in Figure 1.14.

From Figure 1.13 it is clear that the velocity field is really negligible in the beginning
of wave formation. Numerical computations showed that this situation does not change if
one takes other time-dependences.

The main focus of the present section is the generation of waves by a moving bottom.
The asymptotic behaviour of various sets of initial data propagating in a fluid of uniform
depth has been studied in detail by Hammack and Segur [HS74, HS78]. In particular, they
showed that the behaviours for an initial elevation wave and for an initial depression wave
are different.
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Figure 1.12: Free-surface elevation at ¢ = 0.01,0.6, 3,5 in dimensionless time. In physical time

it corresponds to one second, one minute, five minutes and eight minutes and a half after the

initial seabed deformation.



34 Tsunami generation

vyt
a

=2
=20

s t=0.01 ¥ axis

wixy.th

Haxis

Figure 1.13: Components u, v and w of the velocity field computed along the free surface at
t = 0.01, that is one second after the initial seabed deformation.
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1=0.01

=05

=30

t=5.0

Pip—gh

Figure 1.14: Bottom pressure at ¢ = 0.01,0.6,3,5 in dimensionless time. In physical time it

corresponds to one second, one minute, five minutes and eight minutes and a half after the initial
seabed deformation.
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1.2 Comparison between three-dimensional linear and non-
linear tsunami generation models

Tsunami wave modeling is a challenging task. In particular, it is essential to understand
the first minutes of a tsunami, its propagation and finally the resulting inundation and
impact on structures. The focus of the present work is on the generation process. There
are different natural phenomena that can lead to a tsunami. For example, one can mention
submarine mass failures, slides, volcanic eruptions, falls of asteroids, etc. We refer to the
recent review on tsunami science [SB06| for a complete bibliography on the topic. The
present work focuses on tsunami generation by earthquakes.

Two steps in modeling are necessary for an accurate description of tsunami genera-
tion: a model for the earthquake fed by the various seismic parameters, and a model for
the formation of surface gravity waves resulting from the deformation of the seafloor. In
the absence of sophisticated source models, one often uses analytical solutions based on
dislocation theory in an elastic half-space for the seafloor displacement [Oka85]. For the
resulting water motion, the standard practice is to transfer the inferred seafloor displace-
ment to the free surface of the ocean. In this study, we will call this approach the passive
generation approach.! This approach leads to a well-posed initial value problem with zero
velocity. An open question for tsunami forecasting modelers is the validity of neglecting
the initial velocity. In a recent note, Dutykh et al. [DDKO06] used linear theory to show
that indeed differences may exist between the standard passive generation and the active
generation that takes into account the dynamics of seafloor displacement. The transient
wave generation due to the coupling between the seafloor motion and the free surface has
been considered by a few authors only. One of the reasons is that it is commonly as-
sumed that the source details are not important.? Ben-Menahem and Rosenman [BMR72]
calculated the two-dimensional radiation pattern from a moving source (linear theory).
Tuck and Hwang [Tuc74] solved the linear long-wave equation in the presence of a moving
bottom and a uniformly sloping beach. Hammack [Ham73| generated waves experimen-
tally by raising or lowering a box at one end of a channel. According to Synolakis and
Bernard [SB06], Houston and Garcia [HG74] were the first to use more geophysically real-

In the pioneering paper [Kaj63], Kajiura analyzed the applicability of the passive approach using
Green’s functions. In the tsunami literature, this approach is sometimes called the piston model of tsunami
generation.

2As pointed out by Geist et al. [GTS06], the 2004 Indian Ocean tsunami shed some doubts about
this belief. The measurements from land based stations that use the Global Positioning System to track
ground movements revealed that the fault continued to slip after it stopped releasing seismic energy. Even
though this slip was relatively slow, it contributed to the tsunami and may explain the surprising tsunami
heights.
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istic initial conditions. For obvious reasons, the quantitative differences in the distribution
of seafloor displacement due to underwater earthquakes compared with more conventional
earthquakes are still poorly known. Villeneuve and Savage [VS93] derived model equa-
tions which combine the linear effect of frequency dispersion and the nonlinear effect of
amplitude dispersion, and included the effects of a moving bed. Todorovska and Trifunac
[TTO01] considered the generation of tsunamis by a slowly spreading uplift of the seafloor.

In this work, we mostly follow the standard passive generation approach. Several
tsunami generation models and numerical methods suited for these models are presented
and compared. The focus of our work is on modelling the fluid motion. It is assumed that
the seabed deformation satisfies all the necessary hypotheses required to apply Okada’s
solution. The main objective is to confirm or infirm the lack of importance of nonlinear
effects and/or frequency dispersion in tsunami generation. This result may have impli-
cations in terms of computational cost. The goal is to optimize the ratio between the
complexity of the model and the accuracy of the results. Government agencies need to
compute accurately tsunami propagation in real time in order to know where to evacuate
people. Therefore any saving in computational time is crucial (see for example the code
MOST used by the National Oceanic and Atmospheric Administration in the US [TS98] or
the code TUNAMI developed by the Disaster Control Research Center in Japan). Liu and
Liggett [LL83] already performed comparisons between linear and nonlinear water waves
but their study was restricted to simple bottom deformations, namely the generation of
transient waves by an upthrust of a rectangular block, and the nonlinear computations
were restricted to two-dimensional flows. Bona et al. [BPS81] assessed how well a model
equation with weak nonlinearity and dispersion describes the propagation of surface wa-
ter waves generated at one end of a long channel. In their experiments, they found that
the inclusion of a dissipative term was more important than the inclusion of nonlinear-
ity, although the inclusion of nonlinearity was undoubtedly beneficial in describing the
observations. The importance of dispersive effects in tsunami propagation is not directly
addressed in the present study. Indeed these effects cannot be measured without taking
into account the duration (or distance) of tsunami propagation [Tuc79].

1.2.1 Physical problem description

In the whole chapter, the vertical coordinate is denoted by z, while the two horizontal
coordinates are denoted by z and vy, respectively. The sea bottom deformation follow-
ing an underwater earthquake is a complex phenomenon. This is why, for theoretical or
experimental studies, researchers have often used simplified bottom motions such as the
vertical motion of a box. In order to determine the deformations of the sea bottom due

to an earthquake, we use the analytical solution obtained for a dislocation in an elastic
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parameter value
Dip angle ¢ 13°
Fault depth dy, km 3
Fault length L, km 6
Fault width W, km 4
Magnitude of Burger’s vector [D|, m 1
Young’s modulus E, GPa 9.5
Poisson ratio v 0.23

Table 1.5: Typical parameter set for the source used to model the seafloor deformation due to an
earthquake in the present study. The dip angle, Young’s modulus and Poisson ratio correspond
roughly to those of the 2004 Sumatra event. The fault depth, length and width, as well as the
magnitude of Burger’s vector, have been reduced for computation purposes.

half-space [Oka85]. This solution, which at present time is used by the majority of tsunami
wave modelers to produce an initial condition for tsunami propagation simulations, pro-
vides an explicit expression of the bottom surface deformation that depends on a dozen
of source parameters such as the dip angle §, fault depth dy, fault dimensions (length and
width), Burger’s vector D, Young’s modulus, Poisson ratio, etc. Some of these parameters
are shown in Figure 1.3. More details can be found in [DDO07¢] for example.

A value of 90° for the dip angle corresponds to a vertical fault. Varying the fault slip
|D| does not change the co-seismic deformation pattern, only its magnitude. The values of
the parameters used in the present study are given in Table 1.5. A typical dip-slip solution
is shown in Figure 1.15 (the angle ¢ is equal to 0, while the rake angle 6 is equal to 7/2).

Let z = ((x,y,t) denote the deformation of the sea bottom. Hammack and Segur [HS74]
suggested that there are two main kinds of behaviour for the generated waves depending
on whether the net volume V' of the initial bottom surface deformation

V= / C(,y,0) dudy
RQ

is positive or not.®> A positive V is achieved for example for a “reverse fault”, i.e. when
the dip angle § satisfies 0 < 6 < 7/2 or — < § < —7/2, as shown in Figure 1.16. A
negative V' is achieved for a “normal fault”, i.e. when the dip angle ¢ satisfies 7/2 < § <
or —m/2 <6 <0.

The conclusions of [HS74] are based on the Korteweg—de Vries (KdV) equation and were

3However it should be noted that the analysis of [HS74] is restricted to one-dimensional uni-directional
waves. We assume here that their conclusions can be extended to two-dimensional bi-directional waves.
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in part confirmed by their experiments. If V' is positive, waves of stable form (solitons)
evolve and are followed by a dispersive train of oscillatory waves, regardless of the exact
structure of ((x,y,0). If V is negative, and if the initial data is non-positive everywhere,
no solitons evolve. But, if V' is negative and there is a region of elevation in the initial data
(which corresponds to a typical Okada solution for a normal fault), solitons can evolve
and we have checked this last result using the FNPF equations (see Figure 1.17). In this
study, we focus on the case where V' is positive with a dip angle § equal to 13°, according
to the seismic data of the 26 December 2004 Sumatra-Andaman event (see for example
[LKA™05]). However, the sea bottom deformation often has an N—shape, with subsidence
on one side of the fault and uplift on the other side as shown in Figure 1.15. In that case,
one may expect the positive V' behaviour on one side and the negative V' behaviour on the
other side. Recall that the experiments of Hammack and Segur [HS74] were performed in
the presence of a vertical wall next to the moving bottom and their analysis was based on
the uni-directional KdV wave equation.

We now consider the fluid domain. A sketch is shown in Figure 1.9. The fluid domain
Q) is bounded above by the free surface and below by the rigid ocean floor. It is unbounded
in the horizontal x— and y— directions. So, one can write

Q=R?x [—h(z,y) + ((z,y,t),n(z, y,1)].

Before the earthquake the fluid is assumed to be at rest, thus the free surface and the
solid boundary are defined by z = 0 and z = —h(x, y), respectively. For simplicity h(x,y)
is assumed to be a constant. Of course, in real situations, this is never the case but for
our purpose the bottom bathymetry is not important. Starting at time ¢ = 0, the solid
boundary moves in a prescribed manner which is given by

z:—h—i—C(w,y,t), t>0.

The deformation of the sea bottom is assumed to have all the necessary properties
needed to compute its Fourier transform in x, y and its Laplace transform in . The resulting
deformation of the free surface z = n(z,y,t) is to be found as part of the solution. It is
also assumed that the fluid is incompressible and the flow irrotational. The latter implies
the existence of a velocity potential ¢(x,y, z,t) which completely describes the flow. By
definition of ¢ the fluid velocity vector can be expressed as q = V¢. Thus, the continuity
equation becomes

Veaq=Ap=0, (x,y,2) € (1.35)

The potential ¢(x,y, z,t) must satisfy the following kinematic boundary conditions on the
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free surface and the solid boundary, respectively:

06 _ on 260y 00n
0z ot  Oxdxr Oydy’
¢ a¢ | 09 a¢ 09 I¢

9z Ot owow  oyoy

z=n(x,y,t),

z=—h+((z,y,t).

Further assuming the flow to be inviscid and neglecting surface tension effects, one can
write the dynamic condition to be satisfied on the free surface as
op 1

— + = |Vo* +gn=0, z=n(zy,t), (1.36)
at - 2
where ¢ is the acceleration due to gravity. The atmospheric pressure has been chosen as
reference pressure.

The equations are more transparent when written in dimensionless variables. However
the choice of the reference lengths and speeds is subtle. Different choices lead to different

models. Let the new independent variables be
T=a/)\ J=y/\ EZ=z/d, T=cot/),

where ) is the horizontal scale of the motion and d a typical water depth. The speed ¢y is
the long wave speed based on the depth d (co = v/gd). Let the new dependent variables
be . ¢ .

N b o 0

77:57 C:a: (b:ag_>\¢’
where a is a characteristic wave amplitude.

In dimensionless form, and after dropping the tildes, the equations become

aQ(b ) 82¢ 82¢ B
oz ot T \Gwar Tagay)c 2T EM@ut) 3
9o ,0C o (00 OC DI _h
o: ~ "o T \awow T ayay) T Tt et 0

96 1 96\ > 9o\ (99
u2a_f+§€ <“2 (8_(£> + 1’ <a_§> +(3_f) )+N277=0, z=en(z,yt), (1.40)

where two dimensionless numbers have been introduced:

e=a/d, p=d/\ (1.41)
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For the propagation of tsunamis, both numbers ¢ and g are small. Indeed the satellite
altimetry observations of the 2004 Boxing Day tsunami waves obtained by two satellites
that passed over the Indian Ocean a couple of hours after the rupture process occurred gave
an amplitude a of roughly 60 cm in the open ocean. The typical wavelength estimated from
the width of the segments that experienced slip is between 160 and 240 km [LKAT05]. The
water depth ranges from 4 km towards the west of the rupture to 1 km towards the east.
Therefore average values for € and p in the open ocean are e ~ 2 x 107% and pu ~ 2 x 1072,
A more precise range for these two dimensionless numbers is

15x107 P <e<6x107! 4x107° <p<25x1072 (1.42)

The water-wave problem, either in the form of an initial value problem (IVP) or in the
form of a boundary value problem (BVP), is difficult to solve because of the nonlinearities
in the boundary conditions and the unknown computational domain.

1.2.2 Linear theory

First we perform the linearization of the above equations and boundary conditions. It
is equivalent to taking the limit of (1.37)—(1.40) as € — 0. The linearized problem can also
be obtained by expanding the unknown functions as power series of the small parameter
€. Collecting terms of the lowest order in ¢ yields the linear approximation. For the sake
of convenience, we now switch back to the physical variables. The linearized problem in
dimensional variables reads

A¢p =0, (z,y,2) € R* x [~h,0], (1.43)
% -~ %, 2 =0, (1.44)

% — %, 2= —h, (1.45)

% +gn=0, z=0. (1.46)

The bottom motion appears in equation (1.45). Combining equations (1.44) and (1.46)
yields the single free-surface condition
P¢o 0

W + g% =0, z=0. (1.47)

Most studies of tsunami generation assume that the initial free-surface deformation is
equal to the vertical displacement of the ocean bottom and take a zero velocity field as

initial condition. The details of wave motion are completely neglected during the time
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that the source operates. While tsunami modelers often justify this assumption by the
fact that the earthquake rupture occurs very rapidly, there are some specific cases where
the time scale and/or the horizontal extent of the bottom deformation may become an im-
portant factor. This was emphasized for example by Todorovska and Trifunac [TT01] and
Todorovska et al. [THT02], who considered the generation of tsunamis by a slowly spread-
ing uplift of the seafloor in order to explain some observations related to past tsunamis.
However they did not use realistic source models.

Our claim is that it is important to make a distinction between two mechanisms of
generation: an active mechanism in which the bottom moves according to a given time law
and a passive mechanism in which the seafloor deformation is simply translated to the free
surface. Recently Dutykh et al. [DDKO06] showed that even in the case of an instantaneous
seafloor deformation, there may be differences between these two generation processes.

1.2.3 Active generation

This case was extensively studied in Section 1.1. So, we do not repeat the computations
here and give only final expressions (on the free surface and for ¢ > 0) which correspond

to instantaneous bottom motion:

CO z(kx+€y)
n(x,y,t) = B / h D) coswt dkdl, (1.48)
)2 cosh(m
zg k{o (K, £)e'Fr+t) gin wt
: = k 1.4
(0 / o m—— (1.49)
(0 kx-l—éy
w(z,y,t;0) = ~1 2/ h A wsinwt dk. (1.50)
7 cosh(m

1.2.4 Passive generation

In this case equation (1.45) becomes
=0, 2=-h (1.51)
and the initial condition for n now reads

n(x7y70) = (0($,y>,

where (y(z,y) is the seafloor deformation. Initial velocities are assumed to be zero.
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Again we apply the Fourier transform in the horizontal coordinates (x,y). The Laplace
transform is not applied since there is no substantial dynamics in the problem. Equations
(1.43), (1.51) and (1.47) become

2 SN
— = = 1.52
do
kb, —h,t) = 1.
-, (k. 6, =h,t) =0, (1.53)
826 86
O k001 + 922 (k. 0,0.1) = 0 (150

A general solution to Laplace’s equation (1.52) is again given by

ok, 0, 2, t) = A(k, £,t) cosh(mz) + B(k, £,t) sinh(mz), (1.55)

where m = v/k? 4+ (2. The relationship between the functions A(k,¢,t) and B(k,{,t) can
be easily found from the boundary condition (1.53):

B(k,l,t) = A(k,¢,t) tanh(mh). (1.56)
From equation (1.54) and the initial conditions one finds
Ak, 0,1) = —%@(w) sinwt. (1.57)
Substituting the expressions for the functions A and B in (1.55) yields
a(k, loz,t) = —gé’;(k‘, 0) sinwt <cosh(mz) + tanh(mh) sinh(mz)). (1.58)
From (1.46), the free-surface elevation becomes

ﬁ<k7 67 t) - é(\)(k, 6) cos wt.

Inverting the Fourier transform provides the general integral solution

n(z,y,t) = #//@(W) coswt ' ** T gkqp. (1.59)
R2

Let us now evaluate the velocity field in the fluid domain. Equation (1.58) gives the
Fourier transform of the velocity potential ¢(z, vy, z,t). Taking the Fourier transform of

u(z,y,t;3) = Vid(z,y, 2,t)| s,
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yields

a(k,6t:0) = —io(k, L fh, )k
= igCAo(k, () sinwt (cosh(ﬁmh) + tanh(mh) sinh(ﬁmh))k.

Inverting the Fourier transform gives the general formula for the horizontal velocities

: R ot .
u(z,y,t; ) = % // k(o (k, 0) su;w (cosh(ﬁmh) + tanh(mh) sinh(ﬁmh))el(m“y)dk.
R2

Along the free surface 3 = 0, the horizontal velocity vector becomes

u(z,y,t0) / / K (h, 0) S ithat) gy (1.60)

Next we determine the vertical component of the velocity w(x, y, t; 3) at a given vertical
level z = h. It is easy to obtain the Fourier transform w(k, ¢, t; 3) by differentiating (1.58):
96
0z

sin wt ~

w(k, 0, t;8) =

= —mg
z=0Bh

Co(k 0) (sinh(ﬁmh) + tanh(mh) cosh(ﬁmh)).

Inverting this transform yields

w(z,y,t;6) = _4i2/ msi?wtgo(/{:,f) (sinh(ﬂmh)—i—
R2

tanh(mh) cosh(ﬁmh)) ek tty) g

for —1 < 8 < 0. Using the dispersion relation, one can write the vertical component of
the velocity along the free surface (5 = 0) as

1
w(z,y,t;0) = —13 //wsmwt Co(k, 0)elkat) gk (1.61)

RQ

All the formulas obtained in this section are valid only if the integrals converge.

Again, one can compute the bottom pressure. At z = —h, one has
0 ¢ CO km+€y)
— = coswt dk.
ot|,__, 27r / Cosh mh

The bottom pressure deviation from the hydrostatic pressure is then given by

— pgC.

0o
(2, y,t) = — p—=r
at z=—h




1.2 Comparison of tsunami generation models 47

Again, away from the deformed seabed, p, reduces to — p¢y|,_ ,. The only difference
between p;, and pgn is the presence of an additional cosh(mh) term in the denominator of
Db-

The main differences between passive and active generation processes are that (i) the
wave amplitudes and velocities obtained with the instantly moving bottom are lower than
those generated by initial translation of the bottom motion and that (ii) the water column
plays the role of a low-pass filter (compare equations (1.48)—(1.50) with equations (1.59)—
(1.61)). High frequencies are attenuated in the moving bottom solution. Ward [War01],
who studied landslide tsunamis, also commented on the 1/ cosh(mh) term, which low-pass
filters the source spectrum. So the filter favors long waves. In the discussion section, we

will come back to the differences between passive generation and active generation.

1.2.4.1 Numerical method for the linear problem

All the expressions derived from linear theory are explicit but they must be computed
numerically. It is not a trivial task because of the oscillatory behaviour of the integrand
functions. All integrals were computed with Filon type numerical integration formulas
[Fil28], which explicitly take into account this oscillatory behaviour. Numerical results
will be shown in Section 1.2.9.

1.2.5 Nonlinear shallow water equations

Synolakis and Bernard [SB06] introduced a clear distinction between the various shallow-
water models. At the lowest order of approximation, one obtains the linear shallow water
wave equation. The next level of approximation provides the nondispersive nonlinear shal-
low water equations (NSW). In the next level, dispersive terms are added and the resulting
equations constitute the Boussinesq equations. Since there are many different ways to go
to this level of approximation, there are a lot of different types of Boussinesq equations.
The NSW equations are the most commonly used equations for tsunami propagation (see
in particular the code MOST developed by the National Oceanic and Atmospheric Ad-
ministration in the US [T'S98] or the code TUNAMI developed by the Disaster Control
Research Center in Japan). They are also used for generation and runup/inundation. For
wave runup, the effects of bottom friction become important and must be included in the
codes. Our analysis will focus on the NSW equations. For simplicity, we assume below
that h is constant. Therefore one can take h as reference depth, so that the seafloor is
given by z = —1 4 (.
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1.2.6 Mathematical model

In this subsection, partial derivatives are denoted by subscripts. When p? is a small
parameter, the water is considered to be shallow. For the shallow water theory, one formally
expands the potential ¢ in powers of p?:

0= o+ Ph+pldat

This expansion is substituted into the governing equation and the boundary conditions.
The lowest-order term in Laplace’s equation is

¢Ozz =0.

The boundary conditions imply that ¢y = ¢o(x,y,t). Thus the vertical velocity component
is zero and the horizontal velocity components are independent of the vertical coordinate
z at lowest order. Let us introduce the notation u := ¢, (z,y,t) and v = ¢o,(z,y,1).
Solving Laplace’s equation and taking into account the bottom kinematic condition yield
the following expressions for ¢; and ¢s:

¢1(x7y727t) = _%ZQ(UJI_I_,UZJ) +Z[Ct+5(uC:c‘|’UCy)] )
2
po(x,y, 2,1) = iZ‘L(AugE + Avy) + ¢ (5%|V§|2 _ éZﬁiAC) (ug + vy)

3
_gzsvg Y (uy + v,) — % (AG + eA(ul, +vG,)) +

2(—1+eQ) [eV¢- V(G +e(uG + v8y)) — €°VE* (ug + vy)—

S(-1+ Q) (AG + At + v@))] 7

where
Z=1+4+z—¢C.

The next step consists in retaining terms of requested order in the free-surface bound-
ary conditions. Powers of ¢ will appear when expanding in Taylor series the free-surface
conditions around z = 0. For example, if one keeps terms of order eu? and p* in the
dynamic boundary condition (1.40) and in the kinematic boundary condition (1.38), one
obtains

1 1
12 bor — §M4(Utaz + vy) + 1P + §5u2(u2 +v*) =0, (1.62)

N2[77t + 5(“”96 + Uny) + (1 + 5(77 - C))(ua: + Uy) -G — 5(“(3: + UCy)} =

1
6/14(Au$ + Avy). (1.63)
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Differentiating (1.62) first with respect to x and then with respect to y gives a set of two

equations:
1
up + e(uuy + vvg) + 1y — §u2(utm + V) = 0, (1.64)
1
v + e(uuy + vuy) + 1, — §u2(umy + Ugyy) = 0. (1.65)

The kinematic condition (1.63) becomes
(7= O+ 1+ = Ol + (1 +<(n = O)ly = g2(Bug + Avy). (166)

Equations (1.64),(1.65) and (1.66) contain in fact various shallow-water models. The so-
called fundamental NSW equations which contain no dispersive effects are obtained by
neglecting the terms of order p?:

u +e(uuy +vuy) +1, = 0, (1.67)

v +e(uv, +ovvy) +m, = 0, (1.68)

metu(l+e(n -+l +e =)y = G (1.69)

Going back to a bathymetry h*(x,y,t) equal to 1 —e((x,y,t) and using the fact that (u,v)
is the horizontal gradient of ¢, one can rewrite the system of NSW equations as

ut+g(u2+v2)x+nx = 0, (1.70)
v + g(vf +v),+n, = 0, (1.71)
1
e+ [ulh” +en)la + [o(h” +en)ly = —Zhy. (1.72)

The system of equations (1.70)—(1.72) has been used for example by Titov and Synolakis
[TS98] for the numerical computation of tidal wave run-up. Note that this model does not
include any bottom friction terms.

The NSW equations with dispersion (1.64)—(1.66), also known as the Boussinesq equa-

tions, can be written in the following form:

1
U + g(u2 + %), + 1, — §,u2Aut = 0, (1.73)
1
v+ g(u2 + %)+ — gHtAn = 0, (1.74)
1 1
mt T el + o0 e, - St(Au, 4 An) = ~ln )

Kulikov et al. [KMLO5] have argued that the satellite altimetry observations of the Indian

Ocean tsunami show some dispersive effects. However the steepness is so small that the
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origin of these effects is questionable. Guesmia et al. [GHM98] compared Boussinesq and
shallow-water models and came to the conclusion that the effects of frequency dispersion
are minor. As pointed out in [KS06], dispersive effects are necessary only when examining
steep gravity waves, which are not encountered in the context of tsunami hydrodynamics
in deep water. However they can be encountered in experiments such as those of Hammack
[Ham73] because the parameter p is much bigger.

1.2.7 Numerical method

In order to solve the NSW equations, a finite-volume approach is used. For example
LeVeque [LeV98] used a high-order finite volume scheme to solve a system of NSW equa-
tions. Here the flux scheme we use is the characteristic flux scheme, which was introduced
by Ghidaglia et al. [GKC96]. This numerical method satisfies the conservative properties
at the discrete level. The detailed description of this scheme is given in Appendix A.

1.2.8 Numerical method for the full equations

The fully nonlinear potential flow (FNPF) equations (1.37)—(1.40) are solved by using
a numerical model based on the Boundary Element Method (BEM). An accurate code
was developed by Grilli et al. [GGDO1]. It uses a high-order three-dimensional bound-
ary element method combined with mixed Eulerian-Lagrangian time updating, based on
second-order explicit Taylor expansions with adaptive time steps. The efficiency of the
code was recently greatly improved by introducing a more efficient spatial solver, based
on the fast multipole algorithm [FDO06]. By replacing every matrix—vector product of the
iterative solver and avoiding the building of the influence matrix, this algorithm reduces
the computing complexity from O(N?) to nearly O(N) up to logarithms, where N is the
number of nodes on the boundary.

By using Green’s second identity, Laplace’s equation (1.35) is transformed into the
boundary integral equation

a(x))o(x;) :/r (%(X)G(X, X)) — gzﬁ(x)g—i(x, xl)) dr, (1.76)

where G is the three-dimensional free space Green’s function. The notation 0G/dn means
the normal derivative, that is dG/0n = VG - n, with n the unit outward normal vec-
tor. The vectors x = (x,y, z) and x; = (z;,y;, ) are position vectors for points on the
boundary, and a(x;) = 6,/(47) is a geometric coefficient, with 6, the exterior solid angle
made by the boundary at point x;. The boundary I' is divided into various parts with

different boundary conditions. On the free surface, one rewrites the nonlinear kinematic
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and dynamic boundary conditions in a mixed Eulerian-Lagrangian form,

DR
S 1.
- = Vs, (1.77)
D¢ 1
7 - Vo - 1.
T gz + 2V¢ Vo, (1.78)
with R the position vector of a free-surface fluid particle. The material derivative is defined
as
D 0
— == - V. 1.79
Di o TV (1.79)

For time integration, second-order explicit Taylor series expansions are used to find
the new position and the potential on the free surface at time ¢t + At¢. This time stepping
scheme presents the advantage of being explicit, and the use of spatial derivatives along
the free surface provides a better stability of the computed solution.

The integral equations are solved by BEM. The boundary is discretized into N col-
location nodes and M high-order elements are used to interpolate between these nodes.
Within each element, the boundary geometry and the field variables are discretized using
polynomial shape functions. The integrals on the boundary are converted into a sum on
the elements, each one being calculated on the reference element. The matrices are built
with the numerical computation of the integrals on the reference element. The linear sys-
tems resulting from the two boundary integral equations (one for the pair (¢, d¢/0n) and
one for the pair (9¢/dt, 9*¢/0tdn)) are full and non symmetric. Assembling the matrix as
well as performing the integrations accurately are time consuming tasks. They are done
only once at each time step, since the same matrix is used for both systems. Solving the
linear system is another time consuming task. Even with the GMRES algorithm with pre-
conditioning, the computational complexity is O(N?), which is the same as the complexity
of the assembling phase. The introduction of the fast multipole algorithm reduces consid-
erably the complexity of the problem. The matrix is no longer built. Far away nodes are
placed in groups, so less time is spent in numerical integrations and memory requirements
are reduced. The hierarchical structure involved in the algorithm gives automatically the
distance criteria for adaptive integrations.

Grilli et al. [GVWO02] used the earlier version of the code to study tsunami generation
by underwater landslides. They included the bottom motion due to the landslide. For
the comparisons shown below, we only used the passive approach: we did not include the
dynamics of the bottom motion.

1.2.9 Comparisons and discussion

The passive generation approach is followed for the numerical comparisons between the

three models: (i) linear equations, (ii) NSW equations and (iii) fully nonlinear equations.
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As shown in Section 1.2.2 (one can have a look at [DDKO06]), this generation process gives
the largest transient-wave amplitudes for a given permanent deformation of the seafloor.
Therefore it is in some sense a worst case scenario.

The small dimensionless numbers ¢ and p? introduced in (1.41) represent the magnitude
of the nonlinear terms and dispersive terms in the governing equations, respectively. Hence,
the relative importance of the nonlinear and the dispersive effects is given by the parameter

nonlinear terms ¢ a\?
g — fonnear - - - (1.80)
dispersive terms  p? a3

which is called the Stokes (or Ursell) number [Urs53].% An important assumption in the
derivation of the Boussinesq system (1.73)—(1.75) is that the Ursell number is O(1). Here,
the symbol O(-) is used informally in the way that is common in the construction and
formal analysis of model equations for physical phenomena. We are concerned with the
limits ¢ — 0 and g — 0. Thus, S = O(1) means that, as ¢ — 0 and p — 0, S takes values
that are neither very large nor very small. We emphasize here that the Ursell number
does not convey any information by itself about the separate negligibility of nonlinear and
frequency dispersion effects. Another important aspect of models is the time scale of their
validity. In the NSW equations, terms of order O(e?) and O(u?) have been neglected.
Therefore one expects these terms to make an order-one relative contribution on a time
scale of order min(e™2, 1 ™2).

All the figures shown below are two-dimensional plots for convenience but we recall that
all computations for the three models are three-dimensional. Figure 1.18 shows profiles
of the free-surface elevation along the main direction of propagation (y—axis) of transient
waves generated by a permanent seafloor deformation corresponding to the parameters
given in Table 1.5. This deformation, which has been plotted in Figure 1.15, has been
translated to the free surface. The water depth is 100 m. The small dimensionless numbers
are roughly ¢ = 5 x 107* and p = 1072, with a corresponding Ursell number equal to 5.
One can see that the front system splits in two and propagates in both directions, with
a leading wave of depression to the left and a leading wave of elevation to the right, in
qualitative agreement with the satellite and tide gauge measurements of the 2004 Sumatra
event. When tsunamis are generated along subduction zones, they usually split in two; one
moves quickly inland while the second heads toward the open ocean. The three models are

4One finds sometimes in the literature a subtle difference between the Stokes and Ursell numbers. Both
involve a wave amplitude multiplied by the square of a wavelength divided by the cube of a water depth.
The Stokes number is defined specifically for the excitation of a closed basin while the Ursell number
is used in a more general context to describe the evolution of a long wave system. Therefore only the
characteristic length is different. For the Stokes number the length is the usual wavelength A related to the
frequency w by A &~ 2my/gd/w. In the Ursell number, the length refers to the local wave shape independent
of the exciting conditions.
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Figure 1.18: Comparisons of the free-surface elevation at x = 0 resulting from the integration
of the linear equations (- - - ), NSW equations (——) and nonlinear equations (—) at different times
of the propagation of transient waves generated by an earthquake (t = 0s, t = 95 s, t = 143 s,
t =191 s). The parameters for the earthquake are those given in Table 1.5. The water depth is
h =100 m. One has the following estimates: € = 5 x 1074, 42 = 10~* and consequently S = 5.
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Figure 1.19: Comparisons of the free-surface elevation at x = 0 resulting from the integration
of the linear equations (- - - ), NSW equations (——) and nonlinear equations (—) at different times
of the propagation of transient waves generated by an earthquake (t = 52 s, t = 104 s, t = 157
s). The parameters for the earthquake are those given in Table 1.5. The water depth is h = 500
m. One has the following estimates: € = 1074, ;2 = 2.5 x 1073 and consequently S = 0.04.

almost undistinguishable at all times: the waves propagate with the same speed and the
same profile. Nonlinear effects and dispersive effects are clearly negligible during the first
moments of transient waves generated by a moving bottom, at least for these particular
choices of € and p.

Let us now decrease the Ursell number by increasing the water depth. Figure 1.19
illustrates the evolution of transient water waves computed with the three models for the
same parameters as those of Figure 1.18, except for the water depth now equal to 500
m. The small dimensionless numbers are roughly ¢ = 107* and u = 5 x 1072, with a
corresponding Ursell number equal to 0.04. The linear and nonlinear profiles cannot be
distinguished within graphical accuracy. Only the NSW profile is slightly different.

Let us introduce several sensors (tide gauges) at selected locations which are represen-
tative of the initial deformation of the free surface (see Figure 1.20). One can study the
evolution of the surface elevation during the generation time at each gauge. Figure 1.21
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Figure 1.20: Top view of the initial free surface deformation showing the location of six selected
gauges, with the following coordinates (in km): (1) 0,0; (2) 0,3 ; (3) 0,—3; (4) 10,5; (5) —2,5; (6)
1,10. The lower oval area represents the initial subsidence while the upper oval area represents

the initial uplift.
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Figure 1.21: Transient waves generated by an underwater earthquake. Comparisons of the
free-surface elevation as a function of time at the selected gauges shown in Figure 1.20: —, linear
model ; —— nonlinear shallow water model. The time ¢ is expressed in seconds. The physical
parameters are those of Figure 1.19. Since the fully nonlinear results cannot be distinguished
from the linear ones, they are not shown.

shows free-surface elevations corresponding to the linear and nonlinear shallow water mod-
els. They are plotted on the same graph for comparison purposes. Again there is a slight
difference between the linear and the NSW models, but dispersion effects are still small.

Let us decrease the Ursell number even further by increasing the water depth. Figures
1.22 and 1.23 illustrate the evolution of transient water waves computed with the three
models for the same parameters as those of Figure 1.18, except for the water depth now
equal to 1 km. The small dimensionless numbers are roughly ¢ = 5 x 107° and pu =
0.1, with a corresponding Ursell number equal to 0.005. On one hand, linear and fully
nonlinear models are essentially undistinguishable at all times: the waves propagate with
the same speed and the same profile. Nonlinear effects are clearly negligible during the first

moments of transient waves generated by a moving bottom, at least in this context. On the
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other hand, the numerical solution obtained with the NSW model gives slightly different
results. Waves computed with this model do not propagate with the same speed and have
different amplitudes compared to those obtained with the linear and fully nonlinear models.
Dispersive effects come into the picture essentially because the waves are shorter compared
to the water depth. As shown in the previous examples, dispersive effects do not play a
role for long enough waves.

Figure 1.24 shows the transient waves at the gauges selected in Figure 1.20. One can
see that the elevations obtained with the linear and fully nonlinear models are very close
within graphical accuracy. On the contrary, the nonlinear shallow water model leads to a
higher speed and the difference is obvious for the points away from the generation zone.

These results show that one cannot neglect the dispersive effects any longer. The NSW
equations, which contain no dispersive effects, lead to different speed and amplitudes.
Moreover, the oscillatory behaviour just behind the two front waves is no longer present.
This oscillatory behaviour has been observed for the water waves computed with the linear
and fully nonlinear models and is due to the presence of frequency dispersion. So, one
should replace the NSW equations with Boussinesq models which combine the two funda-
mentals effects of nonlinearity and dispersion. Wei et al. [WKGS95] provided comparisons
for two-dimensional waves resulting from the integration of a Boussinesq model and the
two-dimensional version of the FNPF model described above. In fact they used a fully
nonlinear variant of the Boussinesq model, which predicts wave heights, phase speeds and
particle kinematics more accurately than the standard weakly nonlinear approximation
first derived by Peregrine [Per67] and improved by Nwogu’s modified Boussinesq model
[Nwo93]. We refer to the review [Kir03] on Boussinesq models and their applications for a
complete description of modern Boussinesq theory.

From a physical point of view, we emphasize that the wavelength of the tsunami waves
is directly related to the mechanism of generation and to the dimensions of the source
event. And so is the dimensionless number p which determines the importance of the
dispersive effects. In general it will remain small.

Adapting the discussion by Bona et al. [BCLO05|, one can expect the solutions to
the long wave models to be good approximations of the solutions to the full water-wave
equations on a time scale of the order min(s™!, y=2) and also the neglected effects to make
an order-one relative contribution on a time scale of order min(e~2, =4, e ~2). Even
though we have not computed precisely the constant in front of these estimates, the results
shown in this study are in agreement with these estimates. Considering the 2004 Boxing
Day tsunami, it is clear that dispersive and nonlinear effects did not have sufficient time to
develop during the first hours due to the extreme smallness of € and p?, except of course
when the tsunami waves approached the coast.
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Figure 1.22: Comparisons of the free-surface elevation at x = 0 resulting from the integration
of the linear equations (— - —), NSW equations (——) and FNPF equations (—) at different times
of the propagation of transient waves generated by an earthquake (t = 50 s, ¢ = 100 s). The
parameters for the earthquake are those given in Table 1.5. The water depth is 1 km. One has
the following estimates: € =5 x 107°, u? = 1072 and consequently S = 0.005.
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Figure 1.23
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Figure 1.24: Transient waves generated by an underwater earthquake. The physical parameters
are those of Figures 1.22 and 1.23. Comparisons of the free-surface elevation as a function of time
at the selected gauges shown in Figure 1.20: —, linear model ; —— nonlinear shallow water model.
The time t is expressed in seconds. The FNPF results cannot be distinguished from the linear

results.
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Figure 1.25: Transient waves generated by an underwater earthquake. The computations are
based on linear wave theory. Comparisons of the free-surface elevation as a function of time at
selected gauges for active and passive generation processes. The time ¢ is expressed in seconds.
The physical parameters are those of Figure 1.19. In particular, the water depth is A = 500 m.

Let us conclude this section with a discussion on the generation methods, which extends
the results given in [DDKO06]°. We show the major differences between the classical passive
approach and the active approach of wave generation by a moving bottom. Recall that the
classical approach consists in translating the sea bed deformation to the free surface and
letting it propagate. Results are presented for waves computed with the linear model.

Figure 1.25 shows the waves measured at several artificial gauges. The parameters
are those of Table 1.5, and the water depth is h = 500 m. The solid line represents the
solution with an instantaneous bottom deformation while the dashed line represents the
passive wave generation scenario. Both scenarios give roughly the same wave profiles. Let
us now consider a slightly different set of parameters: the only difference is the water depth
which is now A = 1 km. As shown in Figure 1.26, the two generation models differ. The
passive mechanism gives higher wave amplitudes.

Let us quantify this difference by considering the relative difference between the two

°In Figures 1 and 2 of [DDKO06], a mistake was introduced in the time scale. All times must be multiplied
by a factor v/1000.
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Figure 1.26: Same as Figure 1.25, except for the water depth, which is equal to 1 km.

mechanisms defined by

|77active(x7 Y, t) - 77passive (.T, Y, t)‘

| |nactive | |oo

r(z,y,t) =

Intuitively this quantity represents the deviation of the passive solution from the active
one with a moving bottom in units of the maximum amplitude of Nacive(, Y, t).

Results are presented on Figures (1.27) and (1.28). The differences can be easily ex-
plained by looking at the analytical formulas (1.48) and (1.59) of Section 1.2.2. These
differences, which can be crucial for accurate tsunami modelling, are twofold.

First of all, the wave amplitudes obtained with the instantly moving bottom are lower
than those generated by the passive approach (this statement follows from the inequality
coshmh > 1). The numerical experiments show that this difference is about 6% in the
first case and 20% in the second case.

The second feature is more subtle. The water column has an effect of a low-pass filter.
In other words, if the initial deformation contains high frequencies, they will be attenuated
in the moving bottom solution because of the presence of the hyperbolic cosine cosh(mh)
in the denominator which grows exponentially with m. Incidently, in the framework of the
NSW equations, there is no difference between the passive and the active approach for an
instantaneous seabed deformation [Tuc79, Tuc74].
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Figure 1.27: Relative difference between the two solutions shown in Figure 1.25. The time ¢ is

expressed in seconds.
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Figure 1.28: Relative difference between the two solutions shown in Figure 1.26.
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If we prescribe a more realistic bottom motion as in [DDO07c| for example, the results
will depend on the characteristic time of the seabed deformation. When the characteristic
time of the bottom motion decreases, the linearized solution tends to the instantaneous
wave generation scenario. So, in the framework of linear water wave equations, one cannot
exceed the passive generation amplitude with an active process. However, during slow
events, Todorovska and Trifunac [TTO01] have shown that amplification of one order of
magnitude may occur when the sea floor uplift spreads with velocity similar to the long
wave tsunami velocity.

1.2.10 Conclusions

Comparisons between linear and nonlinear models for tsunami generation by an under-
water earthquake have been presented. There are two main conclusions that are of great
importance for modelling the first instants of a tsunami and for providing an efficient initial
condition to propagation models. To begin with, a very good agreement is observed from
the superposition of plots of wave profiles computed with the linear and fully nonlinear
models. Secondly, the nonlinear shallow water model was not sufficient to model some of
the waves generated by a moving bottom because of the presence of frequency dispersion.
However classical tsunami waves are much longer, compared to the water depth, than the
waves considered in the present work, so that the NSW model is also sufficient to describe
tsunami generation by a moving bottom. Comparisons between the NSW equations and
the FNPF equations for modeling tsunami run-up are left for future work. Another as-
pect which deserves attention is the consideration of Earth rotation and the derivation of
Boussinesq models in spherical coordinates.

1.3 Tsunami generation by dynamic displacement of sea
bed due to dip-slip faulting

1.3.1 Introduction

The accuracy of the computation of the whole life of a tsunami, from generation to
inundation, obviously depends on the construction of the initial condition. Moreover, the
error made on the initial condition cannot be corrected by the numerical method used to
propagate the tsunami. This is why the process of tsunami generation must be modelled as
accurately as possible. Even though the constraint of being able to predict tsunami arrival
time, height and location as fast as possible must definitely be taken into account (in other

words, a trade-off must be found between the precision and the speed of computation of
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the initial condition), we believe that so far the scientific community has not payed enough

attention to the crucial subject of tsunami generation.

After the pioneer work of Kajiura [Kaj70] it has become a common practice in the
tsunami community to translate the static sea bed deformation generated by an underwater
earthquake onto the free surface and let it propagate. We will refer to this method as passive
approach. The validity of this technique was already discussed in [OTMO01, DDKO06]. Three-
dimensional analytical expressions derived from Volterra’s formula applied to the general
study of dislocations [MS71, Oka85] are used to construct the static initial deformation.
Similar analytical expressions for two-dimensional problems were also derived by Freund &
Barnett [FB76], who used the theory of analytic functions of a complex variable. Obviously,
the popularity of these analytic solutions can be explained by their relatively simple explicit
form. Thus, their computation is easy and inexpensive. A nice feature of the solution
of Freund & Barnett is that nonuniform slip distributions can be easily considered. In
particular, slip distributions which remove the singular behavior of the internal stresses
at the ends of the slip zone can be dealt with, simply by imposing the so-called smooth
closure condition on the slip: the slip is zero at the ends.

When simplifying hypotheses such as homogeneity or isotropy are removed, analytical
solutions are no longer available and the governing equations must be solved numerically.
Static deformations caused by slip along a fault have been extensively simulated by Mas-
terlark [Mas03], who used several dislocation models based on the finite-element method
(FEM) to estimate the importance of different physical hypotheses. Anisotropy and hetero-
geneity turned out to be the most important factors in this type of modelling. Megna et al.
[IMBS05] also used the FEM to compare numerical results with analytical solutions. How-
ever neither in [Mas03] nor in [MBSO05] were the dynamical aspects and the coupling with
hydrodynamics considered. Moreover the consequences for the resulting tsunami waves

were not pointed out.

When one uses as initial condition a static seismic source together with the translation
of the sea bed deformation onto the free surface, one neglects the rupture velocity and
the rise time. Several studies have already been performed to understand wave formation
due to different prescribed bottom motions, either by introducing some type of rise time,
or by introducing some type of rupture velocity. For example, Todorovska & Trifunac
[TTO01] studied the generation of waves by a slowly spreading uplift of the bottom. The
studies of Hammack [Ham73] and Dutykh & Dias [DD07¢| take into account the rise
time. Hammack [Ham73| generated waves experimentally by raising or lowering a box at
one end of a channel, and considered various laws for the rise or the fall of the box. In
their review paper, Dutykh & Dias [DDO07c| generated waves theoretically by multiplying

the static deformations caused by slip along a fault by various time laws: instantaneous,
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exponential, trigonometric, linear. Haskell [Has69] was one of the first to take into account
the rupture velocity. In fact he considered both rise time and rupture velocity. Let us
consider the source shown in Figure 1.29. The two horizontal coordinates x and y, and the
vertical coordinate z are denoted by ¥ = (x,y, z).

“A

L
2

—d %

Figure 1.29: Geometry of the source model. The fault has width W, length L, depth d and dip
angle 9.

Let b(Z, t) denote the fault displacement function and by(Z) the final displacement. The

—

following form for b(7,t) was considered by Haskell:

0 t—(/V<0
b(Z,t) =< (bo/T)t—C/V) 0<t—()V<T (1.81)
bo t—C¢/V>T

where 7' is the rise time and V' the rupture velocity. The coordinate ( is a coordinate
along the fault. Equation (1.81) implies that at ¢ = 0 a fracture front is established
instantaneously over a width W of the y—axis at depth d. The front propagates unilaterally
at constant velocity V over a length L cosd of the x—axis. At any fixed point on the fault
plane the relative displacement increases at constant velocity from 0 at ¢ = (/V to a
constant final value by at ¢ = T+ ¢/V. More recently, Okumura & Kawata [OK07] used
Haskell’s approach to investigate the effects of rise time and rupture velocity on tsunami
generation. They considered two cases of sea bottom motion: (i) with only rise time and (ii)
with both rise time and rupture velocity. They found that the effects of rupture velocity are
much smaller than those of rise time when the rise time is assumed to be long (over 10 min).
Ohmachi et al. [OTMO1] also considered rise time and rupture velocity but unfortunately
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the dynamics is not clearly explained in their paper. Apparently they did not solve the
elastodynamic equations with the second-order time derivative (see next section). Another
interesting attempt to understand dynamical effects is that of Madariaga [Mad03]. He
considers a dip-slip dislocation propagating in a half-space. He solves the elastodynamic
equations by using the double Laplace transform. The solution is elegant but it is relatively
complex. Unfortunately Madariaga does not provide any plots of the deformation of the
free surface and does not consider the coupling with the water layer. The present study
can be considered as an attempt to understand the coupling between seismic faulting and
hydrodynamics by integrating numerically the time-dependent elasticity equations as well
as the time-dependent fluid equations. The authors have already adressed the problem of
tsunami generation in [DDKO06, DD07¢|. The main feature of the present study is the use
of a more realistic earthquake source model.

The work is organised as follows. In Section 1.3.2 we briefly describe the mathematical
models, both for solid and fluid motions, which are used in the present study. Section 1.3.3
contains details on the numerical methods used to solve the governing equations. The
numerical method for the solid motion is validated in Section 1.3.4. The last Section 1.3.5,
provides a comparison between the traditional approach to tsunami generation (in which
the static sea bed deformation is translated onto the free surface) and the more realistic
approach of dynamic generation (in which the wavetrain is generated by the motion of the
bottom). We reveal numerically that the dynamical aspects of tsunami generation can for
example lead to a leading depression wave when one expects a leading elevation wave.

1.3.2 Mathematical models

Even though the numerical results shown in this study are for two-dimensional con-
figurations, the modeling is performed for three-dimensional problems. The horizontal
coordinates are denoted by x and y, while the vertical coordinate is denoted by z. The
displacements are denoted by u,, u, and u,. We use different origins along the vertical axis
for the solid and fluid motions. In the earth domain, z = 0 denotes the sea bed at rest
(assumed to be flat). In the fluid domain, z = 0 denotes the sea surface at rest.

1.3.2.1 Dynamic fault model

We assume that the fault is inside a geological viscous medium. Earth’s crust is assumed
to be a viscoelastic material of density p. We choose the Kelvin-Voigt viscosity model
[Qui97] which consists in using complex elastic coefficients (with negative imaginary parts

in order to dissipate wave energy). For isotropic media it means that the Lamé coefficients
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have a nonpositive imaginary part:
A=A =i, W=y — i,

where A, pt,, > 0 and \;, u; > 0. The classical elasticity equations are obtained by choosing
Ai = 0 and pu; = 0. Notice that on the time-scales relevant to our problem, elasticity is
sufficient and the assumption of a Kelvin-Voigt viscous material is unnecessary. But we
keep it for the sake of completeness.

Let cp and cg be the classical velocities for the propagation of P and S waves in a

A+ 24, [y
Cp=(\|————, Cs=4]—.
p p

Complex Lamé coefficients yield complex velocities for wave propagation,

1 )
cp=cpy|l+—, cg=coy/1+—,
" Vo oer 7 \  @s

where the coefficients Qp and Qg are defined as follows:

medium of density p:

A+ 24,

_ K
i+ 2u; s =

Qp = :
i

The factors Qp and Qs measure the viscosity of the geological medium. In this study we
restrict our attention to the weakly viscous case. Mathematically it means that 1/Qp < 1

and 1/Q¢ < 1.
Let & represent the stress tensor. The displacement field @(z,y,2,t) = (ug, uy, u.)
satisfies the classical elastodynamic equations from continuum mechanics:

0%u

(1.82)

It is common in seismology to assume that the stress tensor ¢ is determined by Hooke’s

law through the strain tensor € = %(Vﬁ + V’ﬂ). Therefore

= N(V-u)l+2u"e. (1.83)

[1QL

Thus, we come to the following linear viscoelastodynamic problemS5:

0*u

V- (N(V-@)l+ p* (Vi + V'a))

SWe use the prefix “visco-” due to the presence of the imaginary part in the Lamé coefficients, which

is responsible for small wave damping.
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Recall that the mechanical characteristics p, A* and p* can possibly depend on the spa-
tial coordinates (z,y, z). However we will assume that they are constant in the numerical
applications.

The fault is modeled as a dislocation inside a viscoelastic material. This type of model is
widely used for the interpretation of seismic motion. A dislocation is considered as a surface
(in three-dimensional problems) or a line (in two-dimensional problems) in a continuous
medium where the displacement field is discontinuous. The displacement vector is increased
by the amount of the Burgers vector b along any contour C enclosing the dislocation surface
(or line), i.e.

]{ dit = b. (1.85)

c
We let a dislocation run at speed V' along a fault inclined at an angle § with respect to the
horizontal. Rupture starts at position x = 0 and z = —d (it is supposed to be infinitely
long in the transverse y—direction) and propagates with constant rupture speed V' for a
finite time L/V in the direction ¢ stopping at a distance L. Let ¢ be a coordinate along
the dislocation line. On the fault located in the interval 0 < ¢ < L slip is assumed to be
constant. The rise time is assumed to be 0.

1.3.2.2 Fluid layer model

Since the main purpose is to model tsunami generation processes and since tsunamis
are long waves, it is natural to choose the nonlinear shallow water equations (NSWE) as
hydrodynamic model. These equations are widely used in tsunami modelling, especially in
codes for operational use [TS98, SB06]. The validity of the NSWE model and the question
of the importance of dispersive effects have already been addressed by the authors in the
previous Section (one can have a look at our publication [KDDO07]).

Let n denote the free-surface elevation with respect to the still water level z = 0, v =
(vs, vy) the horizontal velocity vector, g the acceleration due to gravity and z = —h(x,y, t)
the bathymetry. The NSWE in dimensional form read

on . 0Oh
5 TV (htmo) = ——,
o

1
— +=V|i*+gVn = 0.
The effect of the moving bottom appears in the source term —dh/0t in the first equation.

The unknowns 7 and ¢ are functions of time and of the horizontal coordinates x and
y. Since the NSWE are essentially obtained from depth-averaging the Euler equations, the
dependence on the vertical coordinate z disappears from the equations.
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The coupling between the earth and fluid models is made through the function h(x,y,t)
which describes the moving sea bottom bathymetry.

1.3.3 Numerical methods

In the present study we made two natural choices. The solid mechanics equations
of the model are solved using the FEM with fully implicit time integration, while for
the hydrodynamic part we take advantage of the hyperbolic structure of the governing

equations and use a solver based on the finite-volume (FV) scheme (see for example [BQOG,
KDDO7)).

1.3.3.1 Discretization of the viscoelastodynamic equations

In order to apply the FEM one first rewrites the governing equation (1.84) in variational
form. The time-derivative operator is discretized through a classical second-order finite-
difference scheme. The method we use is fully implicit and has the advantage of being
free of any Courant-Friedrichs-Lewy-type condition. In such problems implicit schemes
become advantageous since the velocity of propagation of seismic waves is of the order of
3 to 4 km/s. We apply the P2 finite-element discretization procedure. For the numerical
computations, the freely available code FreeFem++ [HPHO] is used.

Let us say a few words about the boundary conditions and the treatment of the dislo-
cation in the program. Concerning the boundary conditions, we assume that the sea bed
is a free surface, that is g - 77 = 0 at z = 0. The other boundaries are assumed to be fixed
or, in other words, Dirichlet type boundary conditions @ = 0 are applied. The authors are
aware of the reflective properties of this type of boundary conditions. In order to avoid
the reflection of seismic waves along the boundaries during the simulation time, we take
a computational domain which is sufficiently large. This approach is not computationally
expensive since we use adaptive mesh algorithms [HPHO] and in the regions far away from
the fault, element sizes are considerably bigger than in the fault vicinity.

Next we discuss the implementation of the dislocation surface. Across the fault, the
displacement field is discontinuous and satisfies the following relation:

(T, t) — a(T,t) = b(T, t), (1.86)

where the signs + denote the upper and lower boundary of the dislocation surface, respec-
tively. The propagation of Burger’s vector along the fault is given by

b(Z,t) = boH(t — C/V), (1.87)

where V' is the rupture velocity, H the Heaviside unit step function and ( a coordinate

along the dislocation line.
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Remark 1 Due to the presence of huge hydrostatic pressures in the crust, the two sides
of the fault cannot detach physically. In any case this situation does mot occur in nature.
Mathematically it means that the vector b is tangent to the dislocation surface at each point.

1.3.3.2 Finite-volume scheme

In this study we adopt the characteristic flux (CF) approach proposed in [GKC96,
GKCO01] and described in details in Appendix A. This approach is a particular scheme of
FV methods. There are other schemes that have been proposed for the NSWE (see [BQO6]
for example).

We chose this method for the following reasons. First of all, the CF scheme is easy to
implement. Then it is not based on the solution to the Riemann problem and consequently
we do not impose a one-dimensional wave structure which is no longer relevant in two
dimensions. It is a multidimensional scheme and we do not need to split operators in order
to treat separately each dimension. And finally, the characteristic flux is more versatile
than Roe’s scheme in the sense that it does not rely on an algebraic property of the flux.

In this section we consider an application of the characteristic fluxes scheme to NSWE.
In this case one can explicitly find eigenvalues, as well as left and right eigenvectors.
This property together with the use of an approximate Riemann solver makes all the
computations very efficient.

Let ¥ = (vy,vy). The flux of the NSWE system is given by

(h+nve  (h+n)y,
F(V)=| 30 +gn 0 : (1.88)
0 1912+ gn

where V = (n,u,v) is the vector of conservative variables”. The flux F(V) projected on
h 7 -
S AR
(3191 + gn)n
It follows that the Jacobian matrix is given by

An:_mf_%n)_@n U“””“). (1.89)

the normal n becomes

It has three distinct eigenvalues

)\173:17'HZ|ZCS, )\220,

"In the present study the physical variables coincide with the conservative ones.
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where ¢, = \/g(h + 1) is the velocity of long gravity waves.
The right eigenvectors constitute the columns of the matrix R:

—Cs (Cg/g)ﬁ t Cs
R=1| gn. ny,?—v,(0-n) gn, |, (1.90)

gny  —n.c2 +v,(0-n) gn,

where t is the tangent vector. The matrix of left eigenvectors can also be computed
analytically through R~
Using these expressions it is straightforward to compute the sign matrix defined as

sign(A,,) := Rsign(A)R™,

and the numerical scheme is thus completely defined.

1.3.4 Validation of the numerical method

In this section we consider an analytic solution to the line dislocation problem in the
static case. Use is made of the well-known result described for example by Freund &
Barnett [FB76] or Okada [Oka85]. In order to simplify the expressions, we only consider
the two-dimensional case (in other words, the fault is infinite in the y—direction). In fact
the most appropriate expression is that given by equation (24) in [Mad03]. We checked
that it is in full agreement with the limit of Okada’s solution as the width becomes infinite.
The sketch of the domain is given in Figure 1.29. The fault has infinite width (W — o0).
Its length is L, its depth d and its dip angle §.

In the present work we only give the vertical displacement component u, along the free
surface, since it plays the most important role in tsunami formation. It can be expressed
as the difference between two contributions, that from a first dislocation located at the

beginning of the fault and that from a second dislocation located at the end of the fault.

Let d;, = d — Lsind. One has

= x x — Lcosd
o ol (2.) - (20 ] a1
where ) d(dcoss ns)
x _ x cosd — xsin
U. (3,5> = {sméarctana — o } . (1.92)

For the validation of our numerical method we chose the most violent fault which
corresponds to the dip angle § = 7/2. The values of the other parameters are given in
Table 1.6. This problem was solved by FEM after neglecting the dynamic terms. The
results of the comparison with solution (1.92) are given in Figure 1.30. Good qualitative
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Earth free surface

————— FEM solution
Analytic

Vertical displacement in m
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X in km

Figure 1.30: Comparison between analytical and numerical solutions for a static two-
dimensional fault with a dip angle equal to /2.

and quantitative agreement can be seen. Megna et al. [MBS05], who also considered static
displacement due to uniform slip across a normal fault, compared the two-dimensional FEM
results with the analytical solution in the case of a normal fault. In their conclusion, they
state that it is for the vertical component of the surface displacement that the discrepancies
are the largest.

1.3.5 Results of the simulation

In this section, we use the set of physical parameters given in Table 1.6. The static
sea bed deformation obtained with the analytical solution is depicted in Figure 1.31. Note
that the only difference between Figures 1.30 and 1.31 is the value of the dip angle.

In order to illustrate the numerical computations we chose several test cases of ac-
tive/passive tsunami generation. The passive generation approach was introduced in
[Kaj70]. It consists in translating the static sea bed deformation onto the free surface
and letting it propagate under gravity. On the other hand, the active approach uses the
bottom motion for wave generation. We proceed by computing the first eight or fifteen
seconds of the earthquake dynamics. Then the bottom configuration is assumed to remain
frozen during the rest of the simulation. Concerning the dynamical aspects of rupture
propagation, we consider the Heaviside-type approach (1.87) where the dislocation prop-
agates along the fault with rupture velocity V. One could use instead a dislocation for
which Burger’s vector g[) is also space-dependent. But the main goal of the present study
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Earth free surface

Vertical displacement in m

Figure 1.31: Static deformation due to the dislocation corresponding to the parameters given

in Table 1.6.

Parameter

Value

Young modulus, E, GPa

Poisson ratio, v

Damping coefficient, \;

Damping coefficient, p;

Fault depth, d, km

Fault length, L, km

Dip angle, ¢, °

Burger’s vector length, |bo|, m
Water depth (uniform), hg, m
Acceleration due to gravity, g, m /s

9.5
0.27
200
200

4
2
13
10
400
9.8

Table 1.6: Typical physical parameters used in the numerical computations. The water depth

as well as the spatial extent in the main direction of propagation were chosen so that dispersive

effects can be neglected.
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is to make an attempt to include the dynamic displacement of the sea bed. In the dynam-
ical approach, we consider three cases: the limiting case where the rupture velocity V is
infinite, a fast event with V' = 2.5 km/s and a slower event with V' =1 km/s.

We show below the differences between the passive and the dynamic approaches. This
question has already been addressed by the authors [DDKO06| in the framework of the
linearized potential flow equations and of a simplified model for bottom deformation.

In the first comparison we use a strong coupling between the dynamic displacement of
the sea bed and the fluid layer equations and compare it with the passive approach, in
which the static solution shown in Figure 1.31 is translated onto the free surface as initial
condition. The rupture velocity V' is assumed to be infinite. Moreover the earthquake
dynamics is computed during the first eight seconds. The free surface at the beginning of
the tsunami generation process is shown on Figure 1.32. Further steps of this process are
given in Figures 1.33-1.34. The reader may have the impression that the passive solution
does not evolve. In fact, the explanation lies in the presence of two different time scales
in this problem. The fast time scale is provided by the earthquake (P— and S—waves)
and the slow one by water gravity waves. Since the active generation solution is directly
coupled to the bottom dynamics, it evolves with the fast time scale. It is interesting to
compare Figures 1.33 and 1.34. One can see that the active approach gives at the beginning
an amplitude which is almost twice larger but the amplitudes become comparable a few
seconds later.

The free-surface elevations are computed until the wave enters the purely propagation
stage. This corresponds to Figure 1.35. One notices that the resulting wave amplitude
and velocity are almost the same. Of course the waveform is different. One can see as well
that the location of the elevation wave is the same, while the depression wave is slightly
shifted. It can be explained by the larger extent of the dynamic solution. Thus, we can
conclude from this first comparison that if one is only interested in tsunami travel time or

even in rough inundation zone estimation, the passive approach can be used.

The second comparison focuses on the influence of the rupture velocity at two separate
times (Figures 1.36 and 1.37). The differences between the fast and the relatively slow

rupture velocities are small.

The most interesting comparison is the third one, which focuses on the duration of
the earthquake. Recall that our somewhat artificial definition of earthquake duration is
the time at which we stop the bottom motion. After that time, the sea bottom remains
frozen. Figure 1.38 shows the effect of a longer earthquake. One sees that the shapes of the
wave train obtained with the dynamic analysis look more complicated than that obtained
by the passive analysis. In particular, the distinction between leading elevation wave and

leading depression wave is not as clear when using the dynamical analysis. It could be an
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Figure 1.32: Water free surface at the beginning of the earthquake (¢ = 2s) according to two

approaches of tsunami generation: passive versus active (with infinite rupture velocity).
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Figure 1.33: Same as Figure 1.32 for times ¢t = 4s and ¢ = 6s.
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Figure 1.34: Same as Figure 1.32 for times ¢ = 7s and ¢ = 10s.
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Figure 1.35: Same as Figure 1.32 for times t = 150s and ¢t = 250s. The wave is leaving the

generation zone (left plot) and starting to propagate (right plot).
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Figure 1.36: Same as Figure 1.35 (left plot) for two rupture velocities: V =1 km/s (left) and
V = 2.5 km/s (right).
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Figure 1.37: Same as Figure 1.36 at time ¢t = 250s.

Free surface at t = 150.05 s Free surface at t = 150.05 s

Active approach Active approach
""" Passive generation 15 | —~~~- Passive generation

" A A i

A !
i i
Py !
N iy
AN AW 05
1 A} 1 AN
AN i
\ \\
£ . , H H A~ E o
. O ! < ! = - -
= ~. 1 N, 1 = ~
~. i N, I
e 1 N '
N N
: - -
A}
\J

3
\,
\ 7

5

E i i i i i i i i -
-40 -30 -20 -10 0 10 20 30 40 -40 -30 -20 -10 0 10 20 30 40
X, km

Figure 1.38: Water free surface at t = 150s for a longer earthquake. The rupture motion stops
after 15s. The left plot compares the infinite rupture velocity solution with the passive approach.

The right plot compares the case of a slow rupture (V =1 km/s) with the passive case.

explanation for the discrepancies between modeled and recorded time series of water levels
at various locations along the California coast for the 1960 Chilean tsunami [BUST06].

1.3.6 Conclusions

An approach to model the dynamical character of sea bed deformations during an
underwater earthquake was presented. The governing elastodynamic equations were solved
by a finite-element method. The principal novelty of the present study is the coupling of
the resulting displacement field with the hydrodynamic model.

Two methods for tsunami generation have been compared: static versus dynamic. The
computational results speak by themselves. One can say that the dynamic approach leads
to higher water levels in the near-fault area. These significant differences only occur during
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the first instants of the surface deformation and level off later on. However it was also
observed that the shape of the wave train can be altered by dynamical effects. Consequently
the distinction between leading elevation wave and leading depression wave may not be as
clear as anticipated. Of course the present method is computationally more expensive but
there is an overall gain in accuracy. Not surprisingly more accurate tsunami computations
require finer initial conditions such as those obtained by the active generation methodology
used in the present study.

In future work we intend to extend this modeling to three space dimensions since it is
evident that the two-dimensional computations presented here have little interest beyond
academics.
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Chapter 2

Dissipative Boussinesq equations

We are usually convinced more easily by reasons we have found ourselves

than by those which have occurred to others.

Blaise Pascal (1623 — 1662)
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2.1 Introduction

Boussinesq equations are widely used in coastal and ocean engineering. One example
among others is tsunami wave modelling. These equations can also be used to model tidal
oscillations. Of course, these types of wave motion are perfectly described by the Navier-
Stokes equations, but currently it is impossible to solve fully three-dimensional (3D) models
in any significant domain. Thus, approximate models such as the Boussinesq equations
must be used.

The years 1871 and 1872 were particularly important in the development of the Boussi-
nesq equations. It is in 1871 that Valentin Joseph Boussinesq received the Poncelet prize
from the Academy of Sciences for his work. In the Volumes 72 and 73 of the “Comptes
Rendus Hebdomadaires des Séances de I’Académie des Sciences”, which cover respectively
the six-month periods January—June 1871 and July—December 1871, there are several con-
tributions of Boussinesq. On June 19, 1871, Boussinesq presents the now famous note on
the solitary wave entitled “Théorie de I'intumescence liquide appelée onde solitaire ou de
translation, se propageant dans un canal rectangulaire” (72, pp. 755-759), which will be
extended later in the note entitled “Théorie générale des mouvements qui sont propagés
dans un canal rectangulaire horizontal” (73, pp. 256-260). Saint-Venant presents a couple
of notes of Boussinesq entitled “Sur le mouvement permanent varié de I’eau dans les tuyaux
de conduite et dans les canaux découverts” (73, pp. 34-38 and pp. 101-105). Saint-Venant
himself publishes a couple of notes entitled “Théorie du mouvement non permanent des
eaux, avec application aux crues des rivieres et a l'introduction des marées dans leur lit”
(73, pp. 147-154 and pp. 237-240). All these notes deal with shallow-water theory. On
November 13, 1871, Boussinesq submits a paper entitled “Théorie des ondes et des remous
qui se propagent le long d'un canal rectangulaire horizontal, en communiquant au liquide
contenu dans ce canal des vitesses sensiblement pareilles de la surface au fond”, which
will be published in 1872 in the Journal de Mathématiques Pures et Appliquées (17, pp.
55-108).

Articles [BouT71a, Bou72| included dispersive effects for the first time in the Saint-Venant
equations [dSV71]. One should mention that Boussinesq’s derivation was restricted to 141
dimensions (x and t) and a horizontal bottom. Boussinesq equations contain more physics
than the Saint-Venant equations but at the same time they are more complicated from
the mathematical and numerical points of views. These equations possess a hyperbolic
structure (the same as in the nonlinear shallow-water equations) combined with high-order

derivatives to model wave dispersion. There have been a lot of further developments of
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these equations like in [Per67, Nwo93, WKGS95, MS98].

Let us outline the physical assumptions. The Boussinesq equations are intended to
describe the irrotational motion of an incompressible homogeneous inviscid fluid in the
long wave limit. The goal of this type of modelling is to reduce 3D problems to two-
dimensional (2D) ones. This is done by assuming a polynomial (usually linear) vertical
distribution of the flow field, while taking into account non-hydrostatic effects. This is the
principal physical difference with the nonlinear shallow-water (NSW) equations.

There are a lot of forms of the Boussinesq equations. This diversity is due to different
possibilities in the choice of the velocity variable. In most cases one chooses the velocity
at an arbitrary water level or the depth-averaged velocity vector. The resulting model
performance is highly sensitive to linear dispersion properties. The right choice of the
velocity variable can significantly improve the propagation of moderately long waves. A
good review is given by [Kir03]. There is another technique used by [BCS02]. Formally, one
can transform higher-order terms by invoking lower-order asymptotic relations. It provides
an elegant way to improve the properties of the linear dispersion relation and it gives a
quite general mathematical framework to study these systems.

The main purpose of this work is to include dissipative effects in the Boussinesq equa-
tions. It is well-known that the effect of viscosity on free oscillatory waves on deep water
was studied by [Lam32]. What is less known is that Boussinesq himself studied this effect
as well. Boussinesq wrote three related papers in 1895 in the “Comptes Rendus Hebdo-
madaires des Séances de I’Académie des Sciences”: (i) “Sur lextinction graduelle de la
houle de mer aux grandes distances de son lieu de production : formation des équations du
probleme” (120, pp. 1381-1386), (ii) “Lois de I’extinction de la houle en haute mer” (121,
pp. 15-20), (iii) “Sur la maniere dont se régularise au loin, en s’y réduisant & une houle
simple, toute agitation confuse mais périodique des flots” (121, pp. 85-88). It should be
pointed out that the famous treatise on hydrodynamics by Lamb has six editions. The
paragraphs on wave damping are not present in the first edition (1879) while they are
present in the third edition (1906). The authors did not have access to the second edition
(1895), so it is possible that Boussinesq and Lamb published similar results at the same
time. Indeed Lamb derived the decay rate of the linear wave amplitude in two different
ways: in paragraph 348 of the sixth edition by a dissipation calculation (this is also what
[Bou95] did) and in paragraph 349 by a direct calculation based on the linearized Navier-
Stokes equations. Let a denote the wave amplitude, v the kinematic viscosity of the fluid
and k the wavenumber of the decaying wave. Boussinesq (see Eq. (12) in [Bou95]) and

Lamb both showed that

d
— = —2wika(t). (2.1)

Equation (2.1) leads to the classical law for viscous decay of waves of amplitude «, namely
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a ~ exp(—2vk?t) (see Eq. (13) in [Bou95| after a few calculations).

In the present study, we use two different models for dissipation and derive correspond-
ing systems of long-wave equations. There are several methods to derive the Boussinesq
equations but the resulting equations are not the same. So one expects the solutions to be
different. We will investigate numerically whether corresponding solutions remain close or
not.

One may ask why dissipation is needed in Boussinesq equations. First of all, real world
liquids are viscous. This physical effect is “translated” in the language of partial differential
equations by dissipative terms (e.g. the Laplacian in the Navier-Stokes equations). So, it
is natural to have analogous terms in the long wave limit. In other words, a non-dissipative
model means that there is no energy loss, which is not pertinent from a physical point of
view, since any flow is accompanied by energy dissipation.

Let us mention an earlier numerical and experimental study by [BPS81]|. They pointed
out the importance of dissipative effects for accurate long wave modelling. In the “Résumé”

section one can read

...] it was found that the inclusion of a dissipative term was much more im-
portant than the inclusion of the nonlinear term, although the inclusion of the
nonlinear term was undoubtedly beneficial in describing the observations [...].

The complexity of the mathematical equations due to the inclusion of this term is negligible
compared to the benefit of a better physical description.

Let us consider the incompressible Navier-Stokes (N-S) equations for a Newtonian fluid:

V.7 =0,
o vp* F*
Y ovir = 2P AT+ —
ot p p

where @ (x,y, z,t) = (u*,v*, w*)(z*, y*, 2*,t*) is the fluid velocity vector, p* the pressure,
F* the body force vector, p the constant fluid density and v the kinematic viscosity.

Switching to dimensionless variables by introducing a characteristic velocity U, a char-
acteristic length L and a characteristic pressure pU?, neglecting body forces! in this dis-
cussion, the N-S equations become

!The presence or absence of body forces is not important for discussing viscous effects.
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where Re is the well-known dimensionless parameter known as the Reynolds number and

defined as Foora UL

Fm’scous v

Re =

From a physical point of view the Reynolds number is a measure of the relative im-
portance of inertial forces compared to viscous effects. For typical tsunami propagation
applications the characteristic particle velocity U is about 5 cm/s and the characteristic
wave amplitude, which we use here as characteristic length scale, is about 1 m. The kine-
matic viscosity v depends on the temperature but its order of magnitude for water is 10~°
m?/s. Considering that as the tsunami approaches the coast both the particle velocity and
the wave amplitude increase, one can write that the corresponding Reynolds number is of
the order of 10° or 10°. This simple estimate clearly shows that the flow is turbulent (as
many other flows in nature).

It is a common practice in fluid dynamics (addition of an “eddy viscosity” into the
governing equations for Large Eddy Simulations) to ignore the small-scale vortices when
one is only interested in large-scale motion. It can significantly simplify computational and
modelling aspects. So the inclusion of dissipation can be viewed as the simplest way to
take into account the turbulence.

There are several authors [Tuc74, LH92, SVBMO02, SKP96, DDZ07, RFF91] who in-
cluded dissipation due to viscosity in potential flow solutions and there are also authors
[KCKDO00, Zel91, HH70] who already included in Boussinesq models ad-hoc dissipative
terms into momentum conservation equations in order to model wave breaking. Modelling
this effect is not the primary goal of the present work, since the flow is no longer irrota-
tional after wave breaking. Strictly speaking the Boussinesq equations can no longer be
valid at this stage. Nevertheless scientists and engineers continue to use these equations
even to model the run-up on the beach. In our approach a suitable choice of the eddy
viscosity, which is a function of both space and time, can model wave breaking at least as
well as in the articles cited above.

2.2 Derivation of the Boussinesq equations

In order to derive the Boussinesq equations, we begin with the full water-wave problem.
A Cartesian coordinate system (2,9, ') is used, with the 2’— and y'—axis along the still
water level and the 2/— axis pointing vertically upwards. Let €, be the fluid domain in R?
which is occupied by an inviscid and incompressible fluid. The subscript ¢ underlines the
fact that the domain varies with time and is not known a priori. The domain €2; is bounded
below by the seabed 2’ = —h/(2',y/, 1) and above by the free surface 2/ = n/(z’,y/,t’). In

this section we choose the domain §2; to be unbounded in the horizontal directions in order
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Figure 2.1: Sketch of the fluid domain
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to avoid the discussion on lateral boundary conditions. The reason is twofold. First of
all, the choice of the boundary value problem (BVP) (e.g. generating and/or absorbing
boundary, wall, run-up on a beach) depends on the application under consideration and
secondly, the question of the well-posedness of the BVP for the Boussinesq equations is
essentially open. Primes stand for dimensional variables. A typical sketch of the domain
) is given in Figure 2.1. If the flow is assumed to be irrotational one can introduce the
velocity potential ¢’ defined by

ﬁ’:V’gb', V/ — (i’i’i>ip

ox'” Oy' 0z

where @ denotes the velocity field. Then we write down the following system of equations
for potential flow theory in the presence of a free surface:

A¢ =0, (2,y,7)e Q=R x[-H,1],
S =+ VSV, =,
1
o+ IVl +an =0, 2=, (2:2)
QS;,/ + hé/ + V/¢/ . V,h/ = O7 Z/ = —h/,

where g denotes the acceleration due to gravity (surface tension effects are usually neglected
for long-wave applications). It has been assumed implicitly that the free surface is a graph
and that the pressure is constant on the free surface (no forcing). Moreover we assume

that the total water depth remains positive, i.e. ' + h' > 0 (there is no dry zone).
As written, this system of equations does not contain any dissipation. Thus, we com-

plete the free-surface dynamic boundary condition (2.2) by adding a dissipative term to
account for the viscous effects?:

1
Py + B IV'¢'|> + gn' + D}y =0, 2=

In this work we investigate two models for the dissipative term Dé),. For simplicity,one
can choose a constant dissipation model (referred hereafter as Model I) which is often used
(e.g. [JTPS96)):

Model I: Dy = 6,4". (2.3)

There is a more physically realistic dissipation model which is obtained upon balancing of

normal stress on the free surface (e.g. [RFF91, ZV97, DDZ07]):
MOdel II: ;)/ = 62¢;"Z" (24)

2[DDZ07] pointed out that a viscous correction should also be added to the kinematic boundary con-
dition if one takes into account the vortical component of the velocity. This correction will be added in
future work.
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The derivation of Boussinesq equations is more transparent when one works with scaled

variables. Let us introduce the following independent and dependent non-dimensional

variables:
ng y:y—/ Z:Z—/ t = ghot'
(0’ (0’ ho' 14 ’
h — il T] — i/ ¢ — Vv gho qb/
h07 CLO’ gagé ’

where hg, ¢ and ag denote a characteristic water depth, wavelength and wave amplitude,
respectively.

After this change of variables, the set of equations becomes

N2<¢zx + ¢yy) + (bzz = Oa (x,y, z) € Qt7 (25)
¢, = pPn +ep’Veo -V, z=en, (2.6)
1 1
Wiy + §5u2 IVo|* + §€¢§ +p*n+eDg =0, z=en (2.7)
12
b, + ?ht +eu’Vo-Vh =0, 2= —h, (2.8)

where € and p are the classical nonlinearity and frequency dispersion parameters defined

by
ag o @

In these equations and hereafter the symbol V denotes the horizontal gradient:

T
V= 2,3 .
oxr’ Oy

The dissipative term D, is given by the chosen model (2.3) or (2.4):

(2.9)

1 1
Model I: Dy = R—¢, Model IT: Dy = R—(bzz,
2

1

where the following dimensionless numbers have been introduced:

net () ek (50)
YT\l )T T 0 \Waho )

From this dimensional analysis, one can conclude that the dimension of the coefficient 9,
is [s7!] and that of dy is [m?s™!]. Thus, it is natural to call the first coefficient viscous fre-
quency (since it has the dimensions of a frequency) and the second one kinematic viscosity
(by analogy with the N-S equations).
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parameter value

Acceleration due to gravity g, m/s*> 10

Amplitude ag, m 1
Wave length ¢, km 100
Water depth hg, km 4
Kinematic viscosity 4, m?/s 1076

Table 2.1: Typical values of characteristic parameters in tsunami applications

It is interesting to estimate R, since we know how to relate the value of dy to the
kinematic viscosity of water. Typical parameters which are used in tsunami wave modelling
are given in Table 2.1. For these parameters Ry = 5 x 10° and p? = 1.6 x 1073, The ratio
between inertial forces and viscous forces is 5eu?|V|?/e|Dy|. Its order of magnitude is
(2R, that is 8 x 10°. It clearly shows that the flow is turbulent and eddy-viscosity type
approaches should be used. It means that, at zeroth-order approximation, the main effect
of turbulence is energy dissipation. Thus, one needs to increase the importance of viscous
terms in the governing equations in order to account for turbulent dissipation.

As an example, we refer one more time to the work by [BPS81]. They modeled long
wave propagation by using a modified dissipative Korteweg—de Vries equation:

3 1
e N+ 50 = Wlaz = EMawt = 0. (2.10)

In numerical computations the authors took the coefficient p = 0.014. This value gave
good agreement with laboratory data.

From now on, we will use the notation v; := 1/R;. This will allow us to unify the
physical origin of the numbers R; with the eddy-viscosity approach. In other words, for
the sake of convenience, we will “forget” about the origin of these coefficients, because
their values can be given by other physical considerations.

2.2.1 Asymptotic expansion

Consider a formal asymptotic expansion of the velocity potential ¢ in powers of the
small parameter j*:

¢ = o+ 1+ pldat ... (2.11)

Then substitute this expansion into the continuity equation (2.5) and the boundary
conditions. After substitution, the Laplace equation becomes

MQ(V2¢O + M2v2¢1 + M4v2¢2 + .. ) + ¢Ozz + /1'2¢1zz + ,u4¢222 +...= 0.
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Collecting the same order terms yields the following equations in the domain €2;:

u Po.. = 0, (2.12)

MQ : ¢lzz + V2¢0 =0, (213)

pt on + V3¢ = 0. (2.14)

Performing the same computation for the bottom boundary condition yields the following
relations at z = —h:

ul b0 = 0, (2.15)

12 s+ thy+ Vg - Vh =0, (2.16)

pt $2. + V1 - Vh = 0. (2.17)

From equation (2.12) and the boundary condition (2.15) one immediately concludes that
b0 = ¢o(z,9,1).
Let us define the horizontal velocity vector
i(z,y,t) == Voo, = (uv).

The expansion of Laplace equation in powers of ;2 gives recurrence relations between
b0, 01, P2, etc. Using (2.13) one can express ¢ in terms of the derivatives of ¢y:

broe = —V - 7.
Integrating once with respect to z yields
01, = —2V i+ Cy(z,y,1t).
The unknown function C(z,y,t) can be found by using condition (2.16):
¢1. = —(z+h)V~ﬁ—éht—ﬁ-Vh,

and integrating one more time with respect to z gives the expression for ¢;:

o :—%(z+h)2v-ﬁ—z<§ht+a’-w). (2.18)

Now we will determine ¢o. For this purpose we use equation (2.14):
brex = e+ WPVAV @) + ((h+ 2) V2 + VAPV - it

+2(h+2)Vh-V(V i) + 2 Gv?ht + V2(i - Vh)> . (2.19)
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Integrating twice with respect to z and using the bottom boundary condition (2.17)

yields the following expression for ¢s:

_ 1 42 — 1 372 1 2 2 —
b2 = 52 (h+2)'VA(V u)+<6(z+h)Vh+2z V)V -
231

1
- g(z +h)3Vh-V(V - 1) + E(EV% + V(i@ - Vh))

_ zh(%VQ(éht L7 Vh) + Vi V(éht il Vh) ~ [VhEV @) (220)

Remark 2 In these equations one finds the term (1/e)h; due to the moving bathymetry.
We would like to emphasize that this term is O(1), since in problems of wave generation by
a moving bottom the bathymetry h(x,y,t) has the following special form in dimensionless
variables:

h({L‘,y,t) = ho(l’,y) —€C($,y,t), (221)

where ho(x,y) is the static seabed and ((z,y,t) is the dynamic component due to a seis-
mic event or a landslide (see for example [DDO07c] for a practical algorithm constructing
C(x,y,t) in the absence of a dynamic source model). The amplitude of the bottom motion
has to be of the same order of magnitude as the resulting waves, since we assume the fluid
to be inviscid and incompressible. Thus (1/e)hy = —(, = O(1).

In the present study we restrict our attention to dispersion terms up to order O(u?).
We will also assume that the Ursell-Stokes number [Urs53] is O(1):

g

This assumption implies that terms of order O(¢?) and O(ep?) must be neglected, since
e =St =0(uY), ey’ =Su' =0t

Of course, it is possible to obtain high-order Boussinesq equations. We decided not to
take this research direction. For high-order asymptotic expansions we refer to [WKGS95,
MS98]. Recently, [Ben06] performed a comparative study between fully-nonlinear equa-
tions [WKGS95] and Boussinesq equations with optimized dispersion relation [Nwo93|. No
substantial difference was revealed.

Now, we are ready to derive dissipative Boussinesq equations in their simplest form.
First of all, we substitute the asymptotic expansion (2.11) into the kinematic free-surface
boundary condition (2.6):

Go- + 1201z + 1 o. = P + e’ Vo - Vi + O(e® + ep’ + 1), 2 = en. (2.22)
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The first term on the left hand side is equal to zero because of Eq. (2.15).
Using expressions (2.18) and (2.20) one can evaluate ¢1, and ¢, on the free surface:

1
Grzl ey = —(h+en)V -1 — ght —-Vh,

B3 ,
022l sy = G VIV @) + HVR-V(V @) + D (Evzh + |Vh|2> Vi

R*1_, 1
——-V ht - h—Vht -Vh + 0(5)
2 € €
Substituting these expressions into (2.22) and retaining only terms of order O(e+ p?) yields
the free-surface elevation equation:
B

2
1
n+ V- ((h+en)i) = — (1 + %hQVQ + u*hVh - v) ght + p Ev2(v -0

h
+ u2h (th V(Y i) + (§v2h + |Vh|2) V- ﬁ) .

The equation for the evolution of the velocity field is derived similarly from the dynamic
boundary condition (2.7). This derivation will depend on the selected dissipation model.
For both models one has to evaluate ¢y, ¢1; and ¢q.. along the free surface z = en and
then substitute the expressions into the asymptotic form of (2.7):

1
rdo + 't + 55;/? IVool” + 1?0 + evapi® .. = O(® + ep* + 1),

where, as an example, dissipative terms are given according to the second model. After
performing all these operations one can write down the following equations:

Model I:  ¢o + U* + 1 + V1§¢0 — YUERPV -1 — ";hQV AN
Model II: Gor + ST+ 1 — 10V - U — “;hQV i = 0.

The last step consists in differentiating the above equations with respect to the horizontal
coordinates in order to obtain equations for the evolution of the velocity. We also perform
some minor transformations using the fact that the vector « is a gradient by definition, so

we have the obvious relation

Ou  0Ov
dy o
The resulting Boussinesq equations for the first and second dissipation models, respec-
tively, are given below:

2 1 h3
m+ V- ((h+en)i) = — (1 + %hZVQ + u*hVh - v) ~hi+ mEV?(v - 0)
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h
+ 1*h (th -V(V - @) + <§V2h + |Vh|2) V- ﬁ) : (2.23)

Model I: @ + eV 4+ Vi + 11 ST = Levy V(R2V - @) + >V (RPV - @),  (2.24)
Model II: Uy + 36V + Vi = ey V2 + S22V (RPV - @0y). (2.25)

2.3 Analysis of the linear dispersion relations

For simplicity, we will consider in this section only 2D problems. The generalization to

3D problems is straightforward and does not change the analysis.

2.3.1 Linearization of the full potential flow equations with dissipation

First we write down the linearization of the full potential flow equations in dimensional

form, after dropping the primes:

Ag =0, (x,2) € R x [—h,0], (2.26)

¢ =11, z =0, (2.27)

Ot +gn+ Dy =0, 2z =0, (2.28)
0, =0, z = —h. (2.29)

Remark 3 In this section the water layer is assumed to be of uniform depth, so h = const.

As above the term D, depends on the selected dissipation model and is equal to d;¢ or
02¢... The next step consists in choosing a special form of solutions:

¢($7 2, t) = (poei(kac—wt)(p(z)’ 77(% t) = nOei(kx_Wt)v (230)

where @y and 7y are constants. Substituting this form of solutions into equations (2.26),
(2.27) and (2.29) yields the following boundary value problem for an ordinary differential
equation:
P'(2) = k*(2) =0, z€[=h,0],
P0) = D), ¢(=h)=0.
%0
Straightforward computations give the solution to this problem:

,,,]0 6k(2h+z) _|_ esz w
o(z) = —i— < ) —.

e2kh — 1 k
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The dispersion relation can be thought as a necessary condition for solutions of the
form (2.30) to exist. The problem is that w and k cannot be arbitrary. We obtain the
required relation w = w(k), which is called the dispersion relation, after substituting this
solution into (2.28).

When the dissipative term is chosen according to model I (2.3), Dy = d61¢ and the
dispersion relation is given implicitly by

w? +i01w — gk tanh(kh) = 0,

or in explicit form by

2 .
w= j:\/gk tanh(kh) — % — % (2.31)

For the second dissipation model (2.4) one obtains the following relation:

w? + i0ywk® — gk tanh(kh) = 0.

One can easily solve this quadratic equation for w as a function of k:

2 2 .
w= :I:\/gk tanh(kh) — (52—]{:) - @k2. (2.32)

2 2
If 412 = 0 one easily recognizes the dispersion relation of the classical water-wave
problem:
w = ++/gk tanh(kh). (2.33)

Remark 4 [t is important to have the property Imw(k) < 0,Vk in order to avoid the
exponential growth of certain wavelengths, since

ei(kxfw(k)t) _ 6Imu.)(lc)t . ei(

kz—Rew(k)t)
For our analysis it is more interesting to look at the phase speed which is defined as
w(k)
cp(k) = —
The phase velocity is directly connected to the speed of wave propagation and is extremely
important for accurate tsunami modelling since tsunami arrival time obviously depends
on the propagation speed. The expressions for the phase velocity are obtained from the

corresponding dispersion relations (2.31) and (2.32):

tanh(kh) 51 2 Z(Sl

(k) — _(Ory? i

% (F) i\/gh kh <2k> 2k (2:34)
tanh(kh)  /0okN\2 @b

o0 =y gn ) (Y0 (2:35)

It can be shown that in order to keep the phase velocity unchanged by the addition of
dissipation, similar dissipative terms must be included in both the kinematic and the
dynamic boundary conditions [DDZ07].
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2.3.2 Dissipative Boussinesq equations

The analysis of the dispersion relation is even more straightforward for Boussinesq
equations. In order to be coherent with the previous subsection, we switch to dimensional
variables. As usual we begin with the (1 + 1)D linearized equations:

h3
T + huw - guwxm

Model I:  w; + gn, + 01u = %51h2um + %h%mt,
Model II: Up + gy = Oy + %h%mt.
Now we substitute a special ansatz in these equations:

i(krx—wt)

i(krx—wt
( )7 U = Up€ )

1 = Toe

where 7y and ug are constants. In the case of the first model, one obtains the following
homogeneous system of linear equations:

1
(—iw)no + ikh (1 + E(k?h)2> Uy = 0,
gikno + (—z’w + 6 + %(kh)2 — %(khf) uy =0.

This system admits nontrivial solutions if its determinant is equal to zero. It gives the

required dispersion relation:
w? 4 iwd; — ghk? (

A similar relation is found for the second model:

2 iw52

02 gz g
ST TR Y

7N
==
e
T T
S| S
~— | —
) )
N———

|

S

The corresponding phase velocities are given by

14 1(kh)? 5 \> @b
(1 _ 6 N R R
W = \/gh (1 n %(kh)Z) (Qk) 2%’ (2.36)

@ 1+ (kh)? Sk \? i6ok
o = \/gh (1 n %(kh)2> N (2 n (kh)?) T2 (kb)Y (2:37)
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Figure 2.2: Dissipation model 1. Real part of the phase velocity.
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Figure 2.3: Dissipation model I. Same as Figure 2.2 with a zoom on long waves.
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Figure 2.4: Dissipation model I. Imaginary part of the frequency.
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Figure 2.5: Dissipation model II. Real part of the phase velocity.



98

Dissipative Boussinesq equations

Dispersion relations. Imaginary part
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Figure 2.6: Dissipation model II. Imaginary part of the frequency.
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Figure 2.7: Dissipation model II. Same as Figure 2.6 with a zoom on long waves.



2.4 Alternative version of the Boussinesq equations 99

2.3.3 Discussion

Let us now provide a discussion on the dispersion relations. The real and imaginary
parts of the phase velocities (2.34) — (2.37) for the full and long wave linearized equations
are shown graphically on Figures 2.2 — 2.7. In this example the parameters are given by
01 = 0.14, 65 = 0.14. Together with the dissipative models we also plotted for comparison
the well-known phase velocity corresponding to the full conservative (linearized) water-
wave problem:
tanh(kh)

kh

First of all, one can see that dissipation is very selective, as is often the case in physics.

cp(k) =1/ gh

Clearly, the first dissipation model prefers very long waves, while the second model dis-
sipates essentially short waves. Moreover one can see from the expressions (2.34), (2.36)
that the phase velocity has a 1/k singular behaviour in the vicinity of kh = 0 (in the long
wave limit). Furthermore, it can be clearly seen in Figure 2.3 that very long linear waves
are not advected in the first dissipation model, since the real part of their phase velocity
is identically equal to zero.

That is why we suggest to make use of the second model in applications involving very
long waves such as tsunamis.

On the other hand we would like to point out that the second model admits a critical
wavenumber k. such that the phase velocity (2.35) becomes purely imaginary with negative
imaginary part. From a physical point of view it means that the waves shorter than k. are
not advected, but only dissipated. When one switches to the Boussinesq approximation,
this property disappears for physically realistic values of the parameters g, h and do (see
Table 2.1).

Let us clarify this situation. The qualitative behaviour of the phase velocity 2

o (see

equation (2.37)) depends on the roots of the following polynomial equation:

4 353 2

2
This equation does not have real roots since ;’% < 1.

2.4 Alternative version of the Boussinesq equations

In this section we give an alternative derivation of Boussinesq equations. We use another
classical method for deriving Boussinesqg-type equations [Whi99, Ben74, Per72|, which
provides slightly different governing equations. Namely, the hyperbolic structure is the
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same, but the dispersive terms differ. In numerical simulations we suggest to use this
system of equations.

The derivation follows closely the paper by [MS98]. The main differences are that we
neglect the terms of order O(u?), take into account a moving bathymetry and, of course,
dissipative effects which are modelled this time according to model II (2.4) because, in our
opinion, this model is more appropriate for long wave applications. Anyhow, the derivation
process can be performed in a similar fashion for model I (2.3).

2.4.1 Derivation of the equations

The starting point is the same: equations (2.5), (2.6), (2.7) and (2.8). This time the
procedure begins with representing the velocity potential ¢(z,y, z,t) as a formal expansion

in powers of z rather than of ;%
O, y,2,0) = > 2"dulw,y,1). (2.38)
n=0

We would like to emphasize that this expansion is only formal and no convergence result is
needed. In other words, it is just convenient to use this notation in asymptotic expansions
but in practice, seldom more than four terms are used. It is not necessary to justify the
convergence of the sum with three or four terms.

When we substitute the expansion (2.38) into Laplace equation (2.5), we have an infinite
polynomial in z. Requiring that ¢ formally satisfies Laplace equation implies that the
coefficients of each power of z vanish (since the right-hand side is identically zero). This
leads to the classical recurrence relation

12

n+1)(n+2)

¢n+2($ay7t) = _( V2¢n(x7yvt)7 n:071a27'--

Using this relation one can eliminate all but two unknown functions in (2.38):

oo o S2n . »2n+1 .
o(x,y,2,1) = Z(_l) p? ((2n>!V2 b0 + mv2 ¢1) :

n=0

The following notation is introduced:

—

1
Ug ‘= ﬁ(l';y, O,t), Wo = _2w(x7y707t)
[

It is straightforward to find the relations between g, wg and ¢q, ¢, if one remembers that
(@, w) = (V, 3)¢: )
iy = Vo, wy = /ﬁ%-
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Using the definition of the velocity potential ¢ one can express the velocity field in terms

of 1,_[0, Wo-

o < \n L M—2/7 . 2ot 2n+2 2n
i=3(-1) ((2n>!“ V(AT ) + Y (V) )

n=0

w = i(_l)n o Z2nt ,u2n+2v2n(v - ) + G ,u2n+2v2nw
(2n +1)! O (2n)! °)

These formulas are exact but not practical. In the present work we neglect the terms of
order O(p?) and higher. In this asymptotic framework the above formulas become much

simpler:
6= o+ 201~ 7 (V20 + 9%, ) + O(u) (2:30)
il = iy + zpu*Vwy — MZZQV(V i) + O(u?), (2.40)
w = pPwy — 2>V - iy + O(u?). (2.41)

In order to establish the relation between wy and 4, one uses the bottom kinematic
boundary condition (2.8), which has the following form after substituting the asymptotic
expansions (2.39), (2.40), (2.41) in it:

,LL2 h2

he +Vh - <1IO — 2V, — (v ﬁ0)>

27,2

h3 . h
+ 5<w0 - E;ﬁVQ(V - tp) — Mz

V2w0> Lot = 0. (242)
In order to obtain the expression of wy in terms of iy one introduces one more expansion:
_ ,.,(0) 2,.(1) 2.43

wo(x,y,t) =wy (z,y,t) + pwy ' (x,y,t) +.... (2.43)

We insert this expansion into the asymptotic bottom boundary condition (2.42). This

leads to the following explicit expressions for w(()o) and w(()l):

1 .
w(()o) = —ght — V- (hiy),

2

h h
wil = ?<Vh V(Y i) + VAV ﬁ0)>

(

1
—h (Vh - ZVhi+ Vh- V(V - (hily)) +

| S
m | =

V2hy + V*(V - (hﬁo)))) :
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Substituting these expansions into (2.43) and performing some simplifications yields the
required relation between iy and wq:

1
Wy = _Eht -V- (hﬁo)
h2 h2 N )
— 2V - (2—€Vht + S V(V- (hily) = TV(V - u0)> FO(uY). (2.44)

Now one can eliminate the vertical velocity wy since one has its expression (2.44) in terms
of iy. Equations (2.40)-(2.41) become

2

= i — z“?vm 2 (zV(V - (hily)) + %V(V : ao)) +O(ub), (2.45)

£y

2
w=—hy =2 (V- (hito) + 2V -y ) + O(u"). (2.46)

In this work we apply a trick due to [Nwo93]. Namely, we introduce a new velocity
variable u, defined at an arbitrary water level z, = —ah. Technically this change of
variables is done as follows. First we evaluate (2.45) at z = z,, which gives the connection
between iy and u,:

12 52
W, = iig — 20 = Vi - i (2 (V - (i) + V(v i) ) + O(u).

Using the standard techniques of inversion one can rewrite the last expression as an asymp-
totic formula for iy in terms of u,:

ILLZ 22
iy = Ua + 2a"hi + ,ﬂ(zav(v (hua)) + 2V(V - ua)) LOuY).  (247)

Remark 5 Behind this change of variables there is one subtlety which is generally hushed
up in the literature. In fact, the wave motion is assumed to be irrotational since we use
the potential flow formulation (2.5), (2.6), (2.7), (2.8) of the water-wave problem. By
construction rot(id,w) = O when U and w are computed according to (2.45), (2.46) or,
in other words, in terms of the variable iy. When one turns to the velocity variable u,
defined at an arbitrary level, one can improve the linear dispersion relation and this is
important for wave modelling. But on the other hand, one loses the property that the flow
is irrotational. That is to say, a direct computation shows that rot(u, w) # O when @ and
w are expressed in terms of the variable u,. The purpose of this remark is simply to inform
the reader about the price to be paid while improving the dispersion relation properties. It
seems that this point is not clearly mentioned in the literature on this topic.
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Let us now derive the Boussinesq equations. There are two different methods to obtain
the free-surface elevation equation. The first method consists in integrating the continuity
equation (2.5) over the depth and then use the kinematic free-surface and bottom boundary
conditions. The second way is more straightforward. It consists in using directly the
kinematic free-surface boundary condition (2.6):

1
m+5V¢-V77—P¢Z:O.

Then one can substitute (2.39) into (2.6) and perform several simplifications. Neglecting
all terms of order O(e? + eu? + u*) yields the following equation®:

9 3
m+ V- ((h+en)ido) + %V : (th(V - (hily)) — %V(V ' ﬁo)) -
=G+ %QV ’ (h2VQ).

Recall that ((x,y,t) is defined according to (2.21). When the bathymetry is static, ( = 0.
We prefer to introduce this function in order to eliminate the division by € in the source
terms since this division can give the impression that stiff source terms are present in our
problem, which is not the case.

In order to be able to optimize the dispersion relation properties, we switch to the
variable u,. Technically it is done by using the relation (2.47) between w, and u,. The
result is given below:

n+ V- (h+enu,) + @V - <h(za + g)V(V - (huy)) + g(zi — %

=G+ p’V - (h(za + g)vg>. (2.48)

)V(V - ua)> =

As above, the equation for the horizontal velocity field is derived from the dynamic
free-surface boundary condition (2.7). It is done exactly as in section 2.2 and we do not
insist on this point:

T gv do|> + Vi — 26V, = O.

Switching to the variable u, yields the following governing equation:

2

Uy, + §V|ua|2 + Vn + ,LL2 <Zav(v . (hua>) + %V(v . ua)) =

t

= e0Augy + 12 (2.V )i (2.49)

3We already discussed this point on page 91. In this section we also assume that the Stokes-Ursell
number S is of order O(1).
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In several numerical methods it can be advantageous to rewrite the system (2.48), (2.49)
in vector form:

U, + p2L(U), + V-F(U) + 12V - P(U) = S(z,y,t) + 0V - (DVU)),

where
n
oF 0G
oo ) ox + oy’
Vo
(h 4 en)uq (h 4 en)va
Fo=15l+n], G:= 0 ,
0 Slua]® +7

2.5 Improvement of the linear dispersion relations

As said above, the idea of using one free parameter o € [0, 1] to optimize the linear
dispersion relation properties appears to have been proposed first by [Nwo93].

The idea of manipulating the dispersion relation was well-known before 1993. See for
example [Mur89, MMS91]. But these authors started with a desired dispersion relation and
artificially added extra terms to the momentum equation in order to produce the desired
characteristics. We prefer to follow the ideas of [Nwo93].

Remark 6 When one plays with the dispersion relation it is important to remember that
the resulting problem must be well-posed, at least linearly. We refer to [BCS02] as a general
reference on this topic. Usually Boussinesq-type models with good dispersion characteristics
are linearly well-posed as well.
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In order to look for an optimal value of a we will drop dissipative terms. Indeed we
want to concentrate our attention on the propagation properties which are more important.

The choice for the parameter o depends on the optimization criterion. In the present
work we choose a by comparing the coefficients in the Taylor expansions of the phase
velocity in the vicinity of kh = 0, which corresponds to the long-wave limit. Another
possibility is to match the dispersion relation of the full linearized equations (2.33) in the
least square sense. One can also use Padé approximants [Wit84] since rational functions
have better approximation properties than polynomials.

We briefly describe the procedure. First of all one has to obtain the phase velocity of
the linearized, non-viscous, Boussinesq equations (2.48)-(2.49). The result is

Gk) _1- (% —a+3)(kh)

a2 — )
6

=1— 1(/<h)2+

gh 1—a(2 = 1)(kh)? 3 (kh)*+ 0O ((kh)°) . (2.50)

On the other hand one can write down the phase velocity of the full linearized equations
(2.33):

(k)  tanh(kh) 1 2

= =1——(kh)?>+ =

gh kh 3( ¥ 15

If one insists on the dispersion relation (2.50) to be exact up to order O ((kh)*) one imme-

(kh)* + O ((kh)®). (2.51)

diately obtains an equation for a,p:

aopt(2 - aopt) 2 \/5
s P — o :1——%055
6 15 o 5

We suggest using this value of o in numerical computations.

2.6 Regularization of Boussinesq equations

In this section we are going to modify further just obtained Boussinesq equations (2.48),
(2.49). For simplicity we assume the bottom to be static h = h(z,y) and we drop out
viscous terms. This operation will allow us to obtain very « gentle »system of equations
from the numerical point of view. The influence of this modification on dispersion relation
properties will be discussed below.

The main idea behind is very simple. It was already extensively exploited in [BCS02]
and other publications. We are going to use lower order asymptotic relations in order to
« play »with dispersive terms. Namely, from (2.48), (2.49) one can deduce two following
relations:

n, = =V - (hil) + O(e + 1?), (2.52)

i, = —Vn+ O(e + 11°).
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In the present work we will only use the relation (2.52). With its help we can modify the
first dispersive term in the equation (2.48):

129 - (h(za + g)v(v () = =2V - (h(za + g)v@t + O + 1),

Thus, the regularized system of equations reads:

h h h?
n+ V- ((h+en)u,) — pV- (h(za - §)Vn>t+u2v- (E(zi — E)V(V - ua)> =0, (2.53)
€ 2 2 2 3
U, + §V|ua| +Vn+p (zaV(V - (hug)) + 5V(V : ua)>t = 0. (2.54)

Just obtained system of equations has the same relation with classical Boussinesq equa-
tions [Per67] as KAV equation u; + u, + wtty + Uy, = 0 is related to BBM model [BBM72]
U + Uy + WUy — Uz = 0. The main purpose of this little modification is to decrease the
order of dispersive operator which can be stiff from the numerical point of view:

(1 = Op)uy + up +uu, =0 — uyg + (1 — &m)’l(um + uu,) = 0.

In practice, it can drastically change the CFL condition from At = O(Az?) for KdV (see
[Tre00] for example) to At = O(Ax) for BBM equation (or even unconditionally stable
schemes if one considers an equivalent integral representation of solutions [BPS81, BPS85]).
We have to say that this operation does not change the formal order of approximation.
Moreover, the experiments show that the regularized equations (such as BBM) completed
by dissipative terms seem to be excellent in description of long water waves [BPS81].
The dispersion relation of just obtained equations (2.53), (2.54) is the following:

13 1 1
_ 2 3 2 4 6
=1— —(kh)* — (§a — % T30 6)(k;h) + O((kh)®) (2.55)
Here again we can choose the parameter « so that the dispersion relation (2.55) be exact
up to terms of order O((kh)4). In this way we get the following equation for a:

1, 13 5, 1 1

50[ —EO./ +§O{—%:0

This equation has only one root which has physical sense and lead to linearly well-posed
problem v, := 0.0800 (let us recall that o = 0 corresponds to the free surface and o =1
to the bottom level). We suggest to use this value in numerical simulations. In Figure 2.8
we plot dispersion relations (2.50), (2.51) and (2.55) with optimal values of a.
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Figure 2.8: Dispersion relations of complete water wave problem, Nwogu version of Boussinesq

equations and its regularized version

2.7 Bottom friction

In this section, one switches back to dimensional variables. It is a common practice in
hydraulics engineering to take into account the effect of bottom friction or bottom rugosity.
In the Boussinesq and nonlinear shallow water equations there is also a possibility to include
some kind of empirical terms to model these physical effects. From the mathematical and
especially numerical viewpoints these terms do not add any complexity, since they have the
form of source terms that do not involve differential operators. So it is highly recommended
to introduce these source terms in numerical models.

There is no unique bottom friction law. Most frequently, Chézy and Darcy-Weisbach
laws are used. Both laws have similar structures. We give here these models in dimensional
form. The following terms have to be added to the source terms of Boussinesq equations
when one wants to include bottom friction modelling.

e Chézy law:
u |l
h+n

Y

Sy =—-Cyyg

where C is the Chézy coefficient.
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e Darcy-Weisbach law:
M ||
/ 8(h+n)’
where A is the so-called resistance value. This parameter is determined according to

the simplified form of the Colebrook-White relation:

1
— = —2.031 — .
vy 8 (14.84<h T n))

Here k, denotes the friction parameter, which depends on the composition of the

bottom. Typically ks can vary from 1mm for concrete to 300mm for bottom with

dense vegetation.
e Manning-Strickler law:
g2 U |4
4
(h+mn)s
where k is the Manning roughness coefficient.

)

Remark 7 In chapter 4 we develop an alternative approach to bottom friction modelling.
Our analysis is based on formal asymptotic expansion of Navier-Stokes equations in fluid
and in the bottom boundary layer. The resulting viscous-potential formulation contains
local and nonlocal dissipative terms. Then we derive corresponding long wave equations
which take the following form in the absence of dispersive terms:

t
v V- u
- ((h u) = 2vA — d
0

1
@+ 5 VA + gVn = A

The principal difference with just presented « engineer’s »approach consists in at least

formal justification of the governing equations.

2.8 Spectral Fourier method

In this study we adopted a well-known and widely used spectral Fourier method. The
main idea consists in discretizing the spatial derivatives using Fourier transforms. The
effectiveness of this method is explained by two main reasons. First, the differentiation
operation in Fourier transform space is extremely simple due to the following property of
Fourier transforms: f/ = ikf. Secondly, there are very powerful tools for the fast and
accurate computation of discrete Fourier transforms (DFT). So, spatial derivatives are
computed with the following algorithm:



2.8 Spectral Fourier method 109

LT fit ()
2: U« Z/C?
3. f — ifft (V)
where k is the wavenumber.

This approach, which is extremely efficient, has the drawbacks of almost all spectral
methods. The first drawback consists in imposing periodic boundary conditions since we
use DFT. The second drawback is that we can only handle simple geometries, namely,
Cartesian products of 1D intervals. For the purpose of academic research, this type of
method is appropriate.

Let us now consider the discretization of the dissipative Boussinesq equations. We
show in detail how the discretization is performed on equations (2.23), (2.25). The other
systems are discretized in the same way. We chose equations (2.23), (2.25) in order to
avoid cumbersome expressions and make the description as clear as possible.

Let us apply the Fourier transform to both sides of equations (2.23), (2.25):

[ — N % _
Ny = —ik - (h + 57’])” - ght - %fﬂV?ht - ?th : Vht + Eh3v2v U

2 -
+ %lﬂv%v U+ 2R |Vh)*V - @ + (*h2Vh - V(V - d), (2.56)

- 1 .= = 1y e
@+ geikll” +ikn + evy [k[* T — Sp*ikR2V -, =0, (257)

where k = (k;, k,) denotes the Fourier transform parameters.

Equations (2.56) and (2.57) constitute a system of ordinary differential equations to
be integrated numerically. In the present study we use the classical explicit fourth-order
Runge-Kutta method.

kl = Atf(tn, yn>7

At 1
l{?Q - Atf (tn + 77:%1 + 5]{?1) 5
1

At
k3 - Atf (tn + 771% + §k2> )
k4 = Atf (tn + Ata Yn + k3) 5
1 1 1 1
= —k1+ = —ks+ = At9).
Yn+1 yn+61+3k‘2+33+6k‘4+0( t°)
Remark 8 A lot of researchers who integrated numerically the KdV equation noticed that
the stability criterion has the form

A
At:m,
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where X is the Courant-Friedrichs-Lewy (CFL) number and N the number of points of
discretization. In order to increase the time integration step At they solved exactly the
linear part of the partial differential equation since the linear term is the one involving
high frequencies and constraining the stability. This method, which is usually called the
integrating factor method, allows an increase of the CFL number up to a factor ten, but it
cannot fiz the dependence on 1/N?.

We do not have this difficulty because we use regularized dispersive terms. The regular-
ization effect can be seen from equation (2.57). The same idea was exploited by [BPS81],
who used the modified KdV equation (2.10).

Let us briefly explain how we treat the non-linear terms. Since the time integration
scheme is explicit, one can easily handle nonlinearities. For example the term (h + en)u is

computed as follows:
(h+en)i = fit ((h+ e Reifft (7)) - Reifft (7)) .

The other nonlinear terms are computed in the same way.

2.8.1 Validation of the numerical method

One way to validate a numerical scheme is to compare the numerical results with
analytical solutions. Unfortunately, the authors did not succeed in deriving analytical
solutions to the (1 + 1)D dissipative Boussinesq equations over a flat bottom. But for
validation purposes, one can neglect the viscous term. With this simplification several
solitary wave solutions can be obtained. We follow closely the work of [Che98]. In (14 1)D
in the presence of a flat bottom, the Boussinesq system without dissipation becomes

2
N + Uy + £(un), — %umm =0, (2.58)

2
g + Ny + UL — %um =0. (2.59)

We look for solitary-wave solutions travelling to the left in the form

n(z,t) =n(€) =n(xo +x+ect),  ulx,t) = Bn(E),

where we introduced the new variable £ = z¢o+x+ct and B, ¢, xy are constants. From the
physical point of view this change of variables is nothing else than Galilean transformation.
In other words we choose a new frame of reference which moves with the same celerity as
the solitary wave. Since c is constant (there is no acceleration), the observer moving with

the wave will see a steady picture.
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In the following primes denote derivation with respect to . Substituting this special

form into the governing equations (2.58)-(2.59) gives

2

en' +u' +e(un) — %u"’ =0,

12
cu' +1n' +euu’ — c;u'" = 0.
One can decrease the order of derivatives by integrating once:

2
en+u+eun— —u" =0,

6
cu—i—n—l—EuQ—cM—Qu":O
2 2 '

The solution is integrable on R and there are no integration constants, since a priori the
solution behaviour at infinity is known: the solitary wave is exponentially small at large
distances from the crest. Mathematically it can be expressed as

lim n(z,t) = lim wu(z,t) =0.

£—+o0 §—+o0

Now we use the relation u(§) = Bn(§) to eliminate the variable u from the system:

2

(¢c+ B)n— B%n” = —eBn?, (2.60)
B B/’LQ " 882 2
(1+cB)n—-c S =580 (2.61)

In order to have non-trivial solutions both equations must be compatible. Compatibility
conditions are obtained by comparing the coefficients of corresponding terms in equations
(2.60)-(2.61):

1 1
—B?*—~ _Bc = 1,
2 2

1

6B2—BC = 0

These relations can be thought as a system of linear equations with respect to B? and Be.
The unique solution of those equations is
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These constants determine the amplitude and the propagation speed of the solitary wave.

In order to find the shape of the wave, one differentiates once equation (2.61):
m — " = —12eny’. (2.62)
The solution to this equation is well-known (see for example [New77, Che98]):

Lemma 1 Let a, (§ be real constants; the equation

anf (§) — 8" (&) = n(&)n' ()

has a solitary-wave solution if a3 > 0. Moreover, the solitary-wave solution s

n(€) = 3asech? (%\/g(f + éo))

where & is an arbitrary constant.

Applying this lemma to equation (2.62) yields the following solution:

n(x,t) = —4—7€S€Ch2 (;/—Z(:c—l—ctjtxo)) : (2.63)

u(z,t) = ———— sech? (;/—Z(x + ct + :Uo)> :

Note that this exact solitary wave solution is not physical. Indeed the velocity is
negative whereas one expects it to be positive for a depression wave propagating to the
left. In any case, the goal here is to validate the numerical computations by comparing
with an exact solution. The methodology is simple. We choose a solitary wave as initial
condition and let it propagate during a certain time T’ with the spectral method. At the end
of the computations one computes the L., norm of the difference between the analytical
solution (2.63) and the numerical one 7(x,T'):

en = max |n(z;, T) = 7(z:, T)],
where {x;},.,. are the discretization points.

Figure 2.9 shows the graph of ey as a function of N. This result shows an excellent
performance of this spectral method with an exponential convergence rate. In general, the
error €y is bounded below by the maximum between the error due to the time integration
algorithm and floating point arithmetic precision.

The exponential convergence rate to the exact solution is one of the features of spectral
methods. It explains the success of these methods in several domains such as direct nu-
merical simulation (DNS) of turbulence. One of the main drawbacks of spectral methods
consists in the difficulties in handling complex geometries and various types of boundary
conditions.
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Figure 2.9: Error on the numerical computation of a solitary wave solution. Here T" = 1.

2.9 Numerical results

In this section we perform comparisons between the two dissipation models (2.24) and
(2.25). Even though the computations we show deal with a 1D wave propagating in the
negative r—direction, they have been performed with the 2D version of the code. The
bathymetry z = —h(z,y) is chosen to be a regularized step function which is translated in
the y—direction. A typical function h(x,y) is given by

by, T < o,
ha) =19 hy+3(h, —h) (1+sin (E(z — 20— 1A2))), 20 <z <zo+Az, (2.64)
h,, T > 2o+ Ax.

This test case is interesting from a practical point of view since it clearly illustrates the
phenomena of long wave reflection by bottom topography. The parameters used in this

computation are given in Table 2.2. All values are given in nondimensional form.

2.9.1 Construction of the initial condition

We propagate on the free surface a so-called approximate soliton. Its classical con-
struction is as follows. We begin with the non-dissipative Boussinesq equations on a flat
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parameter h;  h, 9 Az € [T I 7
value 0.5 1.0 —=0.5 0.3 0.005 0.06 0.14

Table 2.2: Typical values of the parameters used in the numerical computations

bottom: ,
N + ((1 + gn)u)x — %uzm =0,
2
€
and look for u in the following form:
u=—n+eP + 1*Q + O(* + ep® + ). (2.66)

It is precisely at this step that one makes an approximation. One substitutes this asymp-
totic expansion into the governing equations and retains only the terms of order O(g + i?):

2

N — Nz + 5Px + ,MQQCC - 25777750 + %ndfl‘x - 0(52 + €M2 + ﬂ4)a (267)

2

—N 4 N + P+ 1P2Qu + enne + %nmt = O(e® +ep® + ).

Add these two equations and set the coefficients of ¢ and p? equal to 0:

€ P, + P, —nn, =0, (2.68)

Since the water depth is h = 14 en =14 O(e), the approximate solitary wave should
travel to the left with a celerity ¢ = 14+O(¢) and depend on the variable z+ct = z+t+0(e).
Consequently one has the following relations:

of _ of

5 = g, TOE+),  fe{nPQ}

Replacing time derivatives by spatial ones in (2.68)-(2.69) yields

1 1

P:c:_ ) x — — S zxx-
5 @ 37

By integration (using the fact that solitary waves tend to zero at infinity), one obtains

1 1

P = = — M 2.70
T Q=3 (2.70)
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and the relation (2.66) connecting 1 and u becomes

2
e, n

Substituting this expression for u into (2.67) yields a classical KdV equation for 7:

3 2
T — (1 4 5577) e — %nm —0, (2.72)

which admits solitary wave solutions of the form n = n(x + ct):

2(c

n(x,t) = T_l)sech2 (i 6(c—1)(z + ct)) :

where ¢ > 1. The velocity u is obtained from (2.71) by simple substitution. This approxi-
mate soliton is used in the numerical computations.

2.9.2 Comparison between the dissipative models

The snapshot of the function 7(x,y,ts) (divided by 10 for clarity’s sake) during and
just after reflection by the step is given on Figure 2.10.

Then we compare the two sets of equations (2.23), (2.24) and (2.23), (2.25). To do so
we look at the section of the free surface at y = 0 along the propagation direction.

Figure 2.11 shows that even at the beginning of the computations the two models give
slightly different results. The amplitude of the pulse obtained with model I is smaller.
It can be explained by the presence of the term 1v1S@ which is bigger in magnitude than
e V2. Within graphical accuracy, there is almost no difference between the conservative
case and model II.

In Figure 2.12 one can see that differences between the two solitons continue to grow. In
particular we see an important drawback of the dissipation model I: just after the wave crest
the free surface has some kind of residual deformation which is clearly non-physical. Our
numerical experiments show that the amplitude of this residue depends almost linearly on
the parameter 1. We could hardly predict this effect directly from the equations without
numerical experiments.

We would like to point out several soliton transformations in Figure 2.13 due to the
interaction with bathymetry. First of all, since the depth decreases, the wave amplitude
grows. Quantitatively speaking, the wave amplitude before the interaction is equal exactly
to 8 (without including dissipation) and over the step it becomes roughly 9.4. On the
other hand the soliton becomes less symmetric which is also expected. Because of periodic
numerical boundary conditions we also observe the residue of the free-surface deformation
coming through the left boundary.
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Figure 2.10: Interaction between a left-running solitary wave and a step.
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Figure 2.11: Free-surface snapshot before the interaction with the step: (left) the curves corre-
sponding to the three models are almost superimposed; (right) difference between model 1T and
model I.
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Figure 2.15: Separation of the reflected wave
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Figure 2.16: Two separate waves moving in opposite directions

Figures 2.14, 2.15 and 2.16 show the process of wave reflection from the step at the
bottom. The reflected wave clearly moves in the opposite direction.

2.10 Conclusions

Comparisons have been made between two dissipation models. Model II, in which the
decay is proportional to the second derivative of the velocity, appears to be better. At this
stage we cannot show comparisons with laboratory experiments in order to demonstrate
the performance of model II. Nevertheless, there is an indirect evidence. We refer one
more time to the theoretical as well as experimental work of [BPS81]. In order to model
wave trains, they added to the Korteweg—de Vries equation an ad-hoc dissipative term
in the form of the Laplacian (but in 1D). This term coincides with the results of our
derivation if we model dissipation in the equations according to the second model. Their
work shows excellent agreement between experiments and numerical solutions to dissipative
KdV equation. Moreover our dissipative Boussinesq equations are in the same relationship
with the classical Boussinesq equations [Per67] as Euler and Navier-Stokes equations. This
is a second argument towards the physical pertinency of the results obtained with model
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Chapter 3

Two phase approach to free surface
compressible flows

I think that there is a moral to this story, namely that it is more important to have beauty in
one’s equations that to have them fit experiment. |[...] It seems that if one is working from the
point of view of getting beauty in one’s equations, and if one has really a sound insight, one is
on a sure line of progress. If there is not complete agreement between the results of one’s work
and experiment, one should not allow oneself to be too discouraged, because the discrepancy
may well be due to minor features that are not properly taken into account and that will get
cleared up with further development of the theory.

Paul Adrien Maurice Dirac (1902 — 1984)

Contents
3.1 Imtroduction ... .. ..... ... ... 122
3.2 Mathematical model . . . . . ... ... ... ... . 0. 125
3.2.1 Sound speed in the mixture . . . . . ... ... ... ... 126
3.2.2 Equationof state . . . . . . ... ... L 127
3.3 Formal limit in barotropiccase . .. ... ... ......... 129
3.4 Finite volume scheme on unstructured meshes . . . . . .. .. 131
3.4.1 Sign matrix computation . . . . . ... .. ... L. 136
3.4.2 Second order scheme . . . . . ... ... Lo 137
3.4.3 TVD and MUSCL schemes . . . . . ... ... ... ....... 138
3.4.4 Diffusive fluxes computation. . . . . . . ... ... ... ... .. 144
3.4.5 Solution interpolation to mesh nodes . . . . . . . ... ... ... 146

121



122 Two phase flows

3.4.6 Time stepping methods . . . . . .. ... ... ... ... 148
3.4.7 Boundary conditions treatment . . . . . ... ... 151
3.5 Numericalresults . ... ... ... ... ... 00000, 153
3.5.1 Convergence test . . . . . . . . ... 154
3.5.2 Falling water column . . . . . .. ... ... ... 157
3.5.3 Waterdroptestcase . . . . . ... .. .. ... .. 157
3.6 Conclusions . . . . . . v i i i e e e e e e 162

3.1 Introduction

Two-phase or even multiphase flows are very common in nature. They occur in a
system containing gas and liquid! with a meniscus separating the two phases. Probably,
the most important applications of two-phase flow are in large-scale power systems. The
design of power stations requires a detailed understanding of two-phase flow heat-transfer
and pressure drop behaviour, which is significantly different from the single-phase case.
Even more critically, nuclear reactors use water to remove heat from the reactor core using
two-phase flow. Another important application of two-phase flows is pump cavitation.
Two-phase flows in nature include many interesting examples such as clouds, groundwater
flow, bubbles, rain, waves on the sea, foam, fountains and gas/oil slicks.

Several features make two-phase flow an interesting and challenging branch of fluid
mechanics. First of all, surface tension complicates considerably all dynamical problems.
In the present study we do not take into account this effect since in our applications it is
unimportant. Then, in the case of air and water at standard temperature and pressure, the
density of the two phases differs by a factor of about 1000. Similar differences are typical
of water liquid/water vapor densities and can make the computation very stiff. The sound
speed changes dramatically for materials undergoing phase change, and can be orders of
magnitude different (see Figure 3.2). This introduces strong compressible effects into the
problem. Finally, the phase changes are not instantaneous, and the liquid vapor system
will not necessarily be in phase equilibrium.

In the present chapter we are going to present a mathematical model which is issued
from two-phase flows fluid mechanics. Namely, we are going to use the homogeneous model
(with equal velocity, pressure and temperature for both phases). Basically, our contribution
consists in suggesting to use this model for the numerical simulation of free-surface aerated
flows in various containers. The most important applications are issued from petroleum

!They can occur even in a system containing two different liquids as well.
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Figure 3.1: Example of homogeneous water/air mixture just after the wave breaking. This
image is taken from [BOPBO07].

industry and simulation of wave impacts onto a wall or breakwater. Figure 3.1 shows an
image of a broken wave. It gives an example of homogeneous water /air mixture and shows
the physical situation which we aim to model.

Accurate predictions of wave loading are crucial to the design of coastal structures.
When a wave breaks directly onto a vertical or inclined wall, impact pressures can be
extremely large in comparison to the pressures exerted by nonbreaking waves. Despite all
this, many engineers disregard wave impact loading in the belief that the duration of the
impulse is too short for the structure to respond. Presently, the loading due to breaking
waves is difficult to predict and is poorly understood in general. We refer to [Per03] as
general excellent review of water-wave impact problem.

Interesting experimental results are obtained in [BOPB07]. The authors report that
even for series of supposedly regular waves, there is great variability in the violence of
the impacts. The greatest impact pressures are highly localized in space and time. They
are produced when the front of the breaker is almost parallel to the wall at the instant
of impact. If the wave overturns as it hits the wall, it can trap an air pocket. The
compressibility of the trapped or entrained air will affect the dynamics and is often thought

to reduce the maximum pressure due to a cushioning effect. However, an air pocket will
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Sound velocity in the water/air mixture
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Figure 3.2: Sound speed ¢, in the water/air mixture at normal conditions. It is plotted as a
function of gas void fraction «.

also tend to distribute the impact pressures more widely so that the overall force on the

wall may not be reduced.

Wave impacts are classified as low-aeration when the measurements indicate that the
water adjacent to the wall contains relatively little air (typically a voids ratio < 5%). On
the other hand, an impact is called a high-aeration impact if it contains a higher level
of entrained air, sometimes accompanied by clear evidence of entrapment. Bullock et
al. [BOPBO07| showed that low-aeration impacts have temporally and spatially localised
pressure spike of short rise time and duration (= 80 to 200 ms) while in high-aeration
situation the rise time, fall time and duration are longer (=~ 100 to 400 ms) and the

pressure spike is less localised.

Even when the pressures during a high-aeration impact are lower, the fact that the
impact is generally less spatially localised than a low-aeration impact reduces the chance
of the resultant force being lower. When this is combined with the longer duration, the
impulse associated with the impact may well be higher. It suggests that the greater per-
sistence of air in seawater waves may not help to protect structures from impact damage

as 1s often assumed.
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3.2 Mathematical model

We would like to begin this section by explaining our choice of a compressible model
for the liquid phase. If the liquid is pure (water, for example), the importance of its
compressibility is questionable?. In the present work we aim to model the mixtures of
gas and liquid which typically occur in oil containers and broken waves (see Figure 3.1).
In order to show the importance of compressibility effects, we depict on Figure 3.2 the
dependence of sound velocity in the mixture of water and air as a function of gas volume
fraction at normal conditions. The reader can see that the sound velocity drops down very
quickly (to about 507) when we add a small quantity of air and the Mach number is not
so small anymore. Recall that according to [BOPBO07] low-aerated impacts contain about
5% of air, thus dropping down significantly the sound speed.

In this section we present the equations which govern the motion of two phase mixtures
in a computational domain (). First of all, we need to introduce the notation which will
be used throughout this chapter. We use superscripts 4+ to denote any quantity which is
related to liquid and gas respectively. For example, a™ and a~ denote the volume fraction
of liquid and gas and obviously satisfy the condition a* + o~ = 1. Then, we have the
following classical quantities: p*, @, p, e, E, § which denote the density of each phase, the
velocity field vector, the pressure, the internal and total energy and the acceleration due
to gravity correspondingly.

Conservation of mass (one equation for each phase), momentum and energy lead to the
four following equations:

(aFp), + V- (aFptid) = 0, (3.1)
(pi)); + V- (pu@a+pl) = pg, (3.2)
(0E),+ V- (pHE) = pg-i, (3.3)

where p := atpt + a p~ (the total density), H := E + : (the specific enthalpy), E =
e+ 3]d|* (the total energy). This system can be seen as the single energy and infinite drag
limit of the more conventional six equations model [Ish75].

The above system contains five unknowns a®p*, @, p and £ and only four governing
equations (3.1) - (3.3). In order to close the system, we need to provide the so-called
equation of state (EOS) p = p*(p*,e). The construction of the EOS will be discussed
below (see Section 3.2.2).

It is possible to rewrite these equations as a system of balance laws

ow
W +VF(W) :S(W),

2More precisely, if the problem under consideration does not require explicitly the compressibility (like

in acoustics, for example), this effect can usually be neglected since it complicates considerably the study.
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where the conservative variables in the 2D case are defined as follows:

w = (w;)i_y = (" p*,a”p”, pu, pv, pE). (3.4)

The flux projection on the normal direction 77 = (ny,ny) can be expressed in physical and
conservative variables

o ot - - _
F = (a"p up, & p~ Uy, put, + pny, pou, + pno, pHu,) =
W3Ny + Wl W3Ny + WaNy  W3N1 + WyNg
w w w

) ) + n )
w1+w2 2 U)1+U)2 3 w1+w2 P
w3ny + wyno w3y -+ wWyno
Wy— + pna, (W + —) 3.5
4 Wi+ W Pz( 5 p) W1 + we (3.5)

where wu,, := 4 - 11 = uny + vny is the velocity projection on the normal direction 7i. The

. . . INF-7 . . . .
jacobian matrix A, (w) := % can be easily computed. Its expression in the physical
variables is
UpC™ —Upct ctny c gy 0
—UpC” u cJr cn - 0
n n 1 C TlQ
op 9
A, = | —uu, + 8w ~Ln, —uu, + n1 Uy, + uny + nl ung + 8w4n1 %Tpsnl
—vuna+ 8w1 =Ln, vuna+ N9 Ny + N9 Uy, + vng + 8w4 N9 ﬁnga
/4 P Op P
UN(awl — H) “n(aw2 _H) Un G +H”1 “naw4 + Hng “n(1+aw5)

This matrix has three distinct eigenvalues:
)\1 = Up — Cs, )\2,3,4 = Unp, )\5 = Up + Cs,

where ¢, is defined in the next section. One can conclude that the system (3.1) — (3.3)
is hyperbolic. This hyperbolicity represents the major advantage of this model. The
computation of the eigenvectors is trickier but can still be performed analytically. We do

not give here the final expressions since they are cumbersome.

3.2.1 Sound speed in the mixture

In [Ghi08] it is shown by direct computation of the eigenvalues of the Jacobian A, (w)
that the square of the sound speed in the mixture is given by

2. pto () (er)?
platp=(cg)? +a pt(cH)?)

where ¢ are the sound velocities in each phase. In the present setting they are defined by
formulas (3.8).




3.2 Mathematical model 127

3.2.2 Equation of state

In the present work we assume that the light fluid is described by an ideal gas type law
pr=0-Dpe, e =cT, (3.6)

while the heavy fluid is modeled by Tate’s law® [GZIT79, HAT1]

7r

prHm=W-1)ptet, et =T+ =, (3.7)
Np

where the quantities 7, ¢, N, my are constants. For example, pure water is well described

when we take A/ = 7 and 7y = 2.1 x 10°Pa.

Remark 9 In practice, the constants ¢ can be calculated after simple algebraic manipula-
tions of equations (3.6), (3.7) and matching with experimental values at normal conditions:

= Do
! (7—1):05T07
o= Npo-f-?TO

N = ONo Ty
For example, for an air/water mizture under normal conditions we have the values given
in Table 3.1.

The sound velocities in each phase are given by the following formulas:

~ NpT 4+

— v
(Cs )2 = p_7 (C:>2 p+

(3.8)
In order to construct an equation of state for the mixture, we make the additional
assumption that the two phases are in thermodynamic equilibrium:

pr=p, T =T". (3.9)

Below values of the common pressure and common temperature will be denoted by p and
T respectively.

Now, let us construct a system of nonlinear equations which will help us obtain the
pressure in the mixture. To do this, we first introduce the following notation for the mass
fractions of each phase in the mixture

3In the literature Tate’s law is sometimes called the stiffened gas law.
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parameter value
Do 10° Pa
Py 10° kg/m®
Po 1.29 kg/m?
T 300 K
ol 1.4
N 7
o 2.1 x 10° Pa
ct 166.72 42
c; 646.0
g 100 M/ g2

Table 3.1: Values of the parameters for an air/water mixture under normal conditions. We
would like to comment on the rather high value of the acceleration due to gravity. Obviously,
it does not correspond to any physical situation. Nevertheless, we choose this value in order to

accelerate all dynamic processes in our test cases.

We would like to reduce the number of unknowns. To do this, we express the internal
energies e of each phase as a function of the other thermodynamic variables and constants.
Let us write the two following relations:

ctet +c e =e, THp e ) =T (p ,e7) .

After substituting the expressions (3.6), (3.7) for T+, our system becomes

ctet +ce” = e,
et e~ o
ct c Necip

This linear system can be easily solved to give us the expressions for e*

1 /e ToC™
+ _
= 5t Werpr) (3.10)
_ 1 mocT
= (e - Np+)’ (3.11)

+ -
where D := < + <.
Cy Cy

Let us analyse the obtained results. From (3.9) we have an additional relation

p=p(pTe")=p (p,e).
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It means that the pressure p is completely determined if we know (p*,e™) or (p~,e7). Since

* are expressed in terms of (a®, p%) by expressions (3.10), (3.11), it is

internal energies e
sufficient to determine these four quantities (a®, p*). It is done by solving the following

system of nonlinear equations:

- - +
(V= 1)p+(% + /\Z;w) — (v - 1)%(6 - Xﬁ;) = Dmy,
at+a = 1,
atpt = w,
o p = Wy

The last two equations can be easily eliminated to reduce the system to two equations

- - +
e ToC P ToC
W=D e N Ncipt (v >cj ¢ Npt o
wy W2 1
ptpT '

Finally, using the second equation, one can express p~ in terms of p* and the conservative

variables w; o as

p

_ e
pr—wr
This expression is then substituted in the pressure equality condition to give the following

single equation with respect to p*:

— Do
W =D =)+ NI e )

+
& ToC
—(y- 1)C—+p+w2 + (v — 1)Nc+w2 = Dro(p™ —wy).

This equation can be solved analytically (we do not give here the solution’s expression
since it is cumbersome) or by a Newton-type numerical method. Once p™ is determined,
we can find e from (3.10) and, finally, the pressure

p=WN—1)ptet —m.

3.3 Formal limit in barotropic case

The propagation of waves at the interface between a heavy compressible fluid of density
pT and a light compressible fluid of density p~ is investigated. The superscript + is used to
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denote the heavy fluid while the superscript — is used to denote the light fluid. A typical

geometry is shown in Figure 3.3.

z=n(Z,t) —: light fluid

+: heavy fluid

Figure 3.3: Sketch of the flow.
The governing equations are
(@p™)e + V- (o pid) = 0,

(pu); +V - (pu @ ) + Vp = pg,

T,y

(3.12)

(3.13)

where @ = (u,v,w) is the common velocity, a* are the volume fractions of each fluid, p*

the densities of each fluid, with the relations at +a~ =1, p := a*p™ + a p~ and the

equation of state reads:

p=pt(p")=p ().
The speeds of sound are given by
(e = b
s api
Let + ()2
c
e =t (p5> , A=ay T FaTyt.
Let also
FEy =T =7,

Then one can show that

(3.14)

(3.15)
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Yty

pe+ (@-Vp+p V- -i=0. (3.16)

Consider the case where a~ is either 0 or 1. More precisely let
a = H(z—n(Z 1), (3.17)

where H is the Heaviside step function. Physically this substitution means that we consider

two pure phases separated by an interface. It follows that
a’a” =0.
Substituting the expression (3.17) into the equation (3.15) for o~ gives
ne + (u,v) - Ven =w.
Equations (3.12) and (3.13) become

pe+ (- V)p+pV-i = 0,

L e o=, Y .

ut—l—(u-V)u—l—Tp = 4q.
This system of equations is nothing else than the system of a discontinuous two-fluid system

with an interface at z = n(Z,t).

This simple computation shows an interesting property of our model. For the important
special case of barotropic equations, we can show that our model automatically degenerates
into a discontinuous two-fluid system where two pure phases are separated by an interface.

3.4 Finite volume scheme on unstructured meshes

Finite volume methods are a class of discretization schemes that have proven highly
successful in solving numerically of a wide class of conservation law systems. These systems
often come from compressible fluid dynamics. In electromagnetism, for example, Discontin-
uous Galerkin methods have proven to be more efficient [CLS04]. When compared to other
discretization methods such as finite elements or finite differences, the primary interests of
finite volume methods are robustness, applicability on very general unstructured meshes,
and the intrinsic local conservation properties. Hence, with this type of discretization, we
conserve “exactly” the mass, momentum and total energy?.

In order to solve numerically the system of balance laws (3.1) — (3.3) we rewrite the

governing equations in the following form

%_‘;V +V-F(w)=V-(DVw) + S(w), (3.18)

4This statement is true in the absence of source terms and appropriate boundary conditions.
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where w(z,t) : R? x RY +— R™ is the vector of conservative variables (in the present
study d = 2 or 3 and m = 5), F(w) is the advective flux function, D the diffusion
matrix and S(w) the source term. We must say that the governing equations (3.1) — (3.3)
considered in this chapter do not possess viscous terms. However, we prefer to include
in the discussion their discretization since it can be useful for Navier-Stokes or viscous
Saint-Venant and Boussinesq equations [DD07a]. The system (3.18) should be provided
with initial condition

w(z,0) = wo(z) (3.19)

and appropriate boundary conditions.

nNKrL

0K

Figure 3.4: An example of control volume K with barycenter O. The normal pointing from K
to L is denoted by 7ig.

The computational domain € C R? is triangulated into a set of non overlapping control
volumes that completely cover the domain. Let 7 denote a tesselation of the domain €2
with control volume K such that

Uger K =Q, K:=KUOIJK.

For two distinct control volumes K and L in 7, the intersection is either an edge (2D) or
face (3D) with oriented normal 7ixy, or else a set of measure at most d —2 (in 2D it is just
a vertex, in 3D it can also be a segment, for example). We need to introduce the following
notation for the neighbourhood of K

N(K):={LeT:area(KNL)#0},
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a set of all control volumes L which share a face (or an edge in 2D) with the given volume
K. In this chapter, we denote by vol(-) and area(-) the d and d — 1 dimensional measures®
respectively.

The choice of control volume tesselation is flexible in the finite volume method. In the
present study we retained a so-called cell-centered approach (see Figure 3.5), which means
that degrees of freedom are associated to cell barycenters. There exists an alternative
vertex-centered method [BJ89, BO04] (see Figure 3.6) which necessitates the construction
of dual mesh even for first-order schemes. In the cell-centered finite volume scheme, the
triangles themselves serve as control volumes with solution unknowns attributed to trian-
gles barycenters. In the vertex-centered finite volume scheme, control volumes are formed

as a geometric dual to the triangle complex and solution unknowns stored on vertex basis.

Remark 10 FEzcept for the construction of dual mesh in vertex-centered approach, these
two methods are almost equivalent in the interior of the computational domain 2. However,
the boundary conditions treatment is different and it is harder (or less natural in author’s
opinion) when data is stored at vertices. This is one more reason why we retained the cell
centers to store the solution’s information.

4» ot
-
7

Figure 3.5: Illustration for cell-centered finite volume method

The first steps in Finite Volume (FV) methods are classical. We start by integrating
equation (3.18) on the control volume K (see Figure 3.4 for illustration) and we apply
Gauss-Ostrogradsky theorem for advective and diffusive fluxes. Then, in each control

°In other words, in 3D the notation area(-) and vol(-) are very natural and mean area and volume
respectively, while in 2D they refer to the area and the length.
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o Storage location
Control volume

Figure 3.6: Illustration for vertex-centered finite volume method

volume, an integral conservation law statement is imposed:

i/ wdQ+ [ F(w)- ity do — / (DVW) - iy, do +/ S(w)d2.  (3.20)
dt Jy oK oK K
Physically an integral conservation law asserts that the rate of change of the total amount
of a substance (for example: mass, momentum, total energy, etc) with density w in a fixed
control volume K is balanced by the flux F, diffusion D of the substance through the
boundary 0K and the production of this quantity S inside the control volume.

The next step consists in introducing the so-called control volume cell average for each

KeT .
wic(t) = W/Kw(f,t) q0

After the averaging step, the finite volume method can be interpreted as producing a
system of evolution equations for cell averages, since

% /K w(F,t) dO) vol(K)Cl‘g—tK |
Godunov was the first [God59] who pursued and applied these ideas to the discretization
of the gas dynamics equations.

However, the averaging process implies piecewise constant solution representation in
each control volume with value equal to the cell average. The use of such representation
renders the numerical solution multivalued at control volume interfaces. Thereby the calcu-
lation of the fluxes [,.(F(w)-7ixz) do at these interfaces is ambiguous. Next fundamental
aspect of finite volume methods is the idea of substituting the true flux at interfaces by a
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numerical flux function

(F(w)-ii

|8Km8L — O(wg,wr;figr) : R™ x R™ — R™ |

a Lipschitz continuous function of the two interface states wx and wy. The heart of the
matter in finite volume method consists in the choice of the numerical flux function . In
general this function is calculated as an exact or even better approximate local solution
of the Riemann problem posed at these interfaces. In the present study we decided to
choose the numerical flux function according to VFFC scheme extensively described in
Appendix A.

The numerical flux is assumed to satisfy the properties:

Conservation. This property ensures that fluxes from adjacent control volumes sharing
an interface exactly cancel when summed. This is achieved if the numerical flux

function satisfies the identity
O(wr, Wriiigr) = —P(Wr, Wi fipk ).

Consistency. The consistency is obtained when the numerical flux with identical state
arguments (in other words it means that the solution is continuous through an inter-
face) reduces to the true flux of the same state, i.e.

O(w,w; i) = (F-7)(w).

After introducing the cell averages wx and numerical fluxes into (3.20), the integral
conservation law statement becomes

dw g Z area(L N K)

Vol(K) q)(WK,WL;ﬁKL) =

LeN(K)

(D d
VOl Z KmL VW nKL o+ VOl /S

Le/\/ (K)

The discretization of diffusive fluxes will be discussed in Section 3.4.4. We denote by Sk

the approximation of the following quantity f K In practice, the source

Vol
term discretization is discussed in Section A.1.3. Thus the following system of ordinary

differential equations (ODE) is called a semi-discrete finite volume method:

dwg Z area(L N K)

dt ol (Wi Waiiks) = (DVW) fixs) = S, VK €T . (3.21)

LeN(K)
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The initial condition for this system is given by projecting (3.19) onto the space of piecewise

constant functions
1

Q.
Vol K /KW“(”’") d

This system of ODE should also be discretized. There is a variety of explicit and implicit

wi(0) =

time integration methods. Let w’. denote a numerical approximation of the cell average
solution in the control volume K at time t" = nAt. The simplest time integration method

is the forward Euler scheme
n+1 n
dWg Wi — Wi

dt At

When applied to (3.21) it produces the fully-discrete finite volume scheme. The time
integration approach used in this study is detailed in Section 3.4.6.

3.4.1 Sign matrix computation

In the context of the VFFC scheme (see Appendix A for more details), we need to
compute the so-called sign matrix which is defined in the following way

U, = sign(A,) = Rsign(A)L,

where R, L are matrices composed of right and left eigenvectors correspondingly, and
A = diag(\y, ..., \p) is the diagonal matrix of eigenvalues of the Jacobian.

This definition gives the first “direct” method of sign matrix computation. Since the
advection operator is relatively simple, after a few tricks, we can succeed in computing
analytically the matrices R and L. For more complicated two-phase models it is almost
impossible to perform this computation in closed analytical form. In this case, one has
to apply numerical techniques for eigensystem computation. It turns out to be costly and
quite approximative. In the present work we use physical information about the model in
numerical computations.

There is another way which is less expensive. The main idea is to construct a kind of
interpolation polynomial which takes the following values

P(u, + ¢5) = sign(u, £ ¢5), P(uy,) = sign(uy,).

These three conditions allow us to construct a second degree interpolation polynomial.
Obviously, when P()) is evaluated with A = A,, we obtain the sign matrix U, as a result.

The construction of Lagrange interpolation polynomial P()) is simple and we give only its
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expression
sign(u,, + ¢5) — 2sign(wu,,) + sign(u,, — cs
iy = (S + ) = 2en) sl )y
2c2
sign(u,) — sign(u,, —

Cs))()\ — Uy, + ¢5) + sign(u, — cs).
Cs

In our research code we have implemented both methods. Our experience shows that
the interpolation method is quicker and gives correct results in most test cases. However,
when we approach pure phase states, it shows a rather bad numerical behaviour. It can
lead to instabilities and diminish overall code robustness. Thus, whenever possible we
suggest to use the computation of the Jacobian eigenstructure.

3.4.2 Second order scheme

If we analyze the above scheme, we understand that in fact, we have only one degree
of freedom per data storage location. Hence, it seems that we can expect to be first
order accurate at most. In the numerical community first order schemes are generally
considered to be too inaccurate for most quantitative calculations. Of course, we can
always make the mesh spacing extremely small but it cannot be a solution since it makes
the scheme inefficient. From the theoretical point of view the situation is even worse since
an (’)(h%) Ly-norm error bound for the monotone and E-flux schemes [Osh84] is known
to be sharp [Pet91], although an O(h) solution error is routinely observed in numerical
experiments. On the other hand, Godunov has shown [God59] that all linear schemes that
preserve solution monotonicity are at most first order accurate. This rather negative result
suggests that a higher order accurate scheme has to be essentially nonlinear in order to
attain simultaneously a monotone resolution of discontinuities and high order accuracy in
continuous regions.

A significant breakthrough in the generalization of finite volume methods to higher
order accuracy is due to N.E. Kolgan [Kol72, Kol75] and van Leer [vL79]. They proposed
a kind of post-treatment procedure currently known as solution reconstruction or MUSCLS
scheme. In the above papers the authors used linear reconstruction (it will be retained in
this study as well) but we must say that this method was already extended to quadratic
approximations in each cell [BF90].

3.4.2.1 Historical remark

In general, when we read numerical articles which use the MUSCL scheme, the authors
often cite the paper by van Leer [vL79]. It is commonly believed in the scientific commu-

SMUSCL stands for monotone upstream-centered scheme for conservation laws.
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nity that B. van Leer was first to propose the gradient reconstruction and slope limiting
ideas. Unfortunately, because of political reasons, the works of N.E. Kolgan [Kol72, Kol75]
remained unknown for a long time. We would like to underline the fact that the first
publication of Kolgan came out seven years before van Leer’s paper. Van Leer seems to be
aware of this situation since in his recent review paper [vL06] one can find “A historical

injustice” section:

“It has been pointed out to me by Dr. Vladimir Sabelnikov, formerly of TsAGI,
the Central Aerodynamical National Laboratory near Moscow, that a scheme
closely resembling MUSCL (including limiting) was developed in this laboratory
by V. P. Kolgan (1972). Kolgan died young; his work apparently received little
notice outside TsAGL.”

Thus, it is desirable to correctly attribute this result in future publications.

3.4.3 TVD and MUSCL schemes

There is a property of scalar nonlinear conservation laws, which was probably observed
for the first time by Peter Lax [Lax73]:

The total increasing and decreasing variations of a differentiable solution be-

tween any pair of characteristics are conserved.

In the presence of shock waves, information is lost and the total variation decreases. For
compactly supported or periodic solutions, one can establish the following inequality

+oo +oo
/ ]du(x,t2)| § / ]du(a:,tl)], tg Z tl. (322)

This motivated Harten [Har83| to introduce the notion of discrete total variation of nu-
merical solution uy, := {u;}

TV (up) =Y |ujen — ),
j

and the discrete counterpart to (3.22)
TV (uf™) < TV (u}).

If this property is fulfilled we say that a finite volume scheme is total variation diminishing
(TVD). The following theorem was proved in [Har83]:
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Theorem 1 (i): Monotone schemes are TVD

(ii): TVD schemes are monotonicity preserving, i.e. the number of solution extrema is

preserved in time.

Remark 11 From the mathematical point of view it would be more correct to say “the
total variation non-increasing (TVNI) scheme” but the “wrong” term TVD is generally

accepted in the scientific literature.

In one space dimension the construction of TVD schemes is not a problem anymore.
Let us recall that in this study we are rather interested in two space dimensions (or even
three in future work). In these cases the situation is considerably more complicated. Even
if we consider the simplest case of structured cartesian meshes and apply a 1D TVD scheme
on a dimension-by-dimension basis, a result of Goodman and Leveque shows [GV85] that
TVD schemes in two or more space dimensions are only first order accurate. Motivated by
this negative result, weaker conditions yielding solution monotonicity preservation should
be developed.

In this chapter we will describe the construction and practical implementation of a
second-order nonlinear scheme on unstructured (possibly highly distorted) meshes. The
main idea is to find our solution as a piecewise affine function on each cell. This kind of
linear reconstruction operators on simplicial control volumes often exploit the fact that the
cell average is also a pointwise value of any valid (conservative) linear reconstruction eval-
uated at the gravity center of a simplex. This reduces the reconstruction problem to that
of gradient estimation given cell averaged data. In this case, we express the reconstruction
in the form

WK<f) =Wg + (VW)K : (f— fo), KeT , (323)

where W is the cell averaged value given by finite volume method, (Vw)g is the solution
gradient estimation (to be determined) on the cell K, ¥ € K and the point Z is chosen to
be the gravity center for the simplex K.

It is very important to note that with this type of representation (3.23) we remain
absolutely conservative, i.e.

K

due to the choice of the point Zy. This point is crucial for finite volumes because of intrinsic
conservative properties of this method.
In next sections we describe briefly two common techniques: Green-Gauss integration

and least squares methods for solution gradient estimation on each cell. There are other
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available techniques. We can mention here an implicit gradient reconstruction method pro-
posed in [MG96] and reused later in [AMS04], for example. We decided not to implement

this approach in our research code since this procedure is computationally expensive’.

3.4.3.1 Green-Gauss gradient reconstruction

Ny

Figure 3.7: Illustration for Green-Gauss gradient reconstruction. Control volume K with

barycenter O and exterior normal 7.

This gradient reconstruction technique can be easily implemented on simplicial meshes.
It is based on two very simple ideas: the mean value approximation and Green-Gauss-
Ostrogradsky formula.

Consider a control volume K with barycenter O. The exterior normal to an edge e € IK
is denoted by 7i.. This configuration is depicted on Figure 3.7. In order to estimate the
solution gradient on K (or in other words, to estimate its value at gravity center O) we
make the following mean value approximation

(VW) = (Vw)], ﬁ /K Vw d9,

and if we apply Green-Gauss-Ostrogradsky formula

1 1 area(e)
g — d — —»6 d %J —»67
(VW)k Vol(K) Joe W ® 1 do Yol(K) EEEQK /ew ® 1 do E vol(K) W, o @1

ecOK

"In order to reconstruct the solution gradient we have to solve a linear system of equations. Recall that
the gradient is estimated at each time step on each control volume. This factor slows down considerably

explicit time discretizations.
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where w|, /o denote the solution value at the face (or edge in 2D) centroid. The face value
needed to compute the reconstruction gradient can be obtained from a weighted average
of the values at the vertices on the face [HC89]. In 2D it simply becomes

_ WN, T Wh,
W|e/2 - 9 .

This approximation yields the following formula for gradient estimation:

(T 3 A16al) (W £ W)

S vol(K) 2

The gradient calculation is exact whenever the numerical solution varies linearly over the
support of the reconstruction.

This procedure requires the knowledge of the solution values at the mesh nodes {V;}.
Recall that a cell centered finite volume scheme provides us with data located at cell gravity
centers. Thus, an interpolation technique is needed. We have to say that the quality of
Green-Gauss gradient reconstruction greatly depends on the chosen interpolation method.
The method retained in this study is explained in Section 3.4.5.

3.4.3.2 Least-squares gradient reconstruction method

Figure 3.8: Illustration for least-squares gradient reconstruction. We depict a triangle control

volume with three adjacent neighbors.

In this section we consider a triangle® control volume K with three adjacent neigh-
bors Ty, Ty and T3. Their barycenters are denoted by O(Zy), O1(Z1), O2(7s) and O3(Z3)

8Generalization to other simplicial control volumes is straightforward.
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respectively. In the following we denote by w; the solution value at gravity centers O;:
w; = w(Z;), wo:=w(Z).

Our purpose here is to estimate Vw = (9,w, 9,w) on the cell K. Using Taylor formula,
we can write down the three following relations:

Wi — Wog = (VW)K . (fl - _)0) -+ O(h2)7 (324)
Wo — Wg = (VW)K . (_»2 - _)0) -+ 0(h2)7 (325)

If we drop higher order terms O(h?), these relations can be viewed as a linear system of
three equations for two unknowns® (9, w, d,w). This situation is due to the fact that the
number of edges incident to a simplex mesh in R? is greater or equal (in this case see
Remark 12) to d thereby producing linear constraint equations (3.24) — (3.26) which will
be solved analytically here in a least squares sense.

First of all, each constraint (3.24) — (3.26) is multiplied by a weight w; € (0,1) which
will be chosen below to account for distorted meshes. In matrix form our non-square
system becomes

wiAzy wiAy w1 (Wl - Wo)
WAy walAys (VW)K = w2(W2 - Wo) )
u)gAZL‘g wlAyg w3 (Wg — Wo)

where Ax; = x; — xg, Ay; = y; — yo. For further developments it is convenient to rewrite
our constraints in abstract form

Ly, L) - (V)i = T, (3.27)

We use a normal equation technique in order to solve symbolically this abstract form in a
least squares sense. Multiplying on the left both sides of (3.27) by [L1Ly]! yields

G(Vw)g =b, G= (lijhi<ij<o = (Eé; 213 g;»; éj;) (3.28)

1 Thy

— — — E .
where G is the Gram matrix of vectors {Ll, L2} and b = (ELJ
5

equation (3.28) is easily solved by Cramer’s rule to give the following result

(VW)i =y (Z”(Ll'?_lm@z'ﬁ)

) . The so-called normal

~—"

B l11l22 - Z%Q lll(EQ ' ) - llQ(El : f)

9This simple estimation is done for scalar case only w = (w). For more general vector problems the

numbers of equations and unknowns have to be changed depending on the dimension of vector w.
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The form of this solution suggests that the least squares linear reconstruction can be

efficiently computed without the need for storing a non-square matrix.
3

=1
to attribute bigger weights to cells barycenters closer to the node N under consideration.

Now we have to discuss the choice of weight coefficients {w;} The basic idea is

One of the possible choices consists in taking a harmonic mean of respective distances
r; = ||%; — Zn||. This purely metric argument takes the following mathematical form:

|7 — Znl| 7"
3 — — 1.7
> i 1T — Zn|7F

where k in practice is taken to be one or two (in our numerical code we choose k = 1).

W; =

Remark 12 When we have a triangle sharing an edge with boundary 0 (see Figure 3.13
forillustration), the gradient reconstruction procedure becomes even simpler, since the num-
ber of constraints is equal to d and linear system (3.24) — (3.26) becomes completely deter-
mined:

— —

Wi — W = (VW)K : (xl - ZE()) + O(h2)7
0) +O(h?),

—

Wo — Wg = (VW)K . (IL‘Q —

51

or in componentwise form it reads

(:m — o Y1 — yo) (Vw)k = <W1 - Wo) .

T2 —To Y2 — Yo W2 — Wo

The unique solution to this linear system is given again by Cramer’s rule
(Y2 — yo) (W1 — Wo) — (Y1 — Yo) (W2 — Wo))

(21— 20) (W2 — Wo) — (22 — x0) (W1 — Wo)

(21— 20) (Y2 — Yo) — (w2 — 20)(y1 — Yo)

(Vw)g = <

3.4.3.3 Slope limiter

The idea of incorporating limiter functions to obtain non-oscillatory resolution of dis-
continuities and steep gradients dates back to Boris and Book [BB73]. When the limiter
is identically equal to 1, we have the unlimited form of the linear interpolation. In the
1D case one can easily find in the literature about 15 different limiter functions such as
CHARM, minmod, superbee, van Albada and many others. On unstructured meshes the
situation is quite different. In the present study we decided to retain the Barth-Jespersen
limiter proposed in [BJ89]. Here we do not discuss its construction and properties but just
give the final formula. We need to introduce the following notation

min : max
Au% = min wy W = max Wwy, .
K penmy 0 K LeN(K)
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The limited version of (3.23) is given by the following modified reconstruction operator
WK(f) :WK—FOéK(VW)K'(f—fQ), KET,

where it is assumed that ax € [0, 1]. Obviously, the choice ag = 0 corresponds to the first
order scheme while ax = 1 is the unlimited form. Barth and Jespersen [BJ89] propose the
following choice of ak:

W?azi

Wi (Zf) =W
W 5 g

w . _
K gf WK(xf) > wiptt,
BJ :
« = 1min — =
K VfedK WK (Zf)—Wi

1 otherwise.

min

if wi(Zp) < Wi,

where 7y denotes the face f centroid.

Although this limiter function does not fulfill all the requirements of finite volume
maximum principle on unstructured meshes [BO04], it can be shown that it yields finite
volume schemes possessing a global extremum diminishing property. Also this limiter
produces the least amount of slope reduction which can be advantageous for accuracy.
Note that in practical implementation little modifications are required to prevent near
zero division for almost constant solution data.

3.4.4 Diffusive fluxes computation

Figure 3.9: Diamond cell constructed around face f.

In this section we briefly describe a method for diffusive fluxes discretization. It was
proposed for non-conforming cartesian meshes in [Coi94] and rigorous justification was
given later in [CVV99].
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When we look at the integral conservation law (3.20) for control volume K, the diffusion
term has the following form:

1
vol(K')

> /f (DV'w) - iis do,

fedK

where the integration is performed along all the faces of the cell K. The quantity (DVw)
is called the diffusion flux and should be properly discretized in this section. The diffusion
matrix D is given by physical properties, while 7ix, is determined by mesh geometry. The
last integral can be further simplified by applying a second order Gauss quadrature®:

fza:K iroi?g))p (Vw‘f/z) STy

Thus, in order to compute the diffusive flux, we have just to estimate the solution gradient
Vw but this time on the face centroid denoted by ./ /2. In order to express it in terms of
cell averages {w}, ., we apply once again Green-Gauss technique.

We have to start by constructing a dual mesh 7*. It is composed of diamond cells
created around each interior face (diffusive flux computation through a boundary face is
another topic which is briefly discussed in Remark 13). Consider two simplicial control
volumes K and L with barycenters O; and O, respectively. These volumes share a common
face (or an edge in 2D) f with nodes Ny, N, ... We denote by f° the diamond cell associated
to the face f. This situation is schematically depicted on Figure 3.9. For the sake of clarity
we construct the diamond cell in the 2D case. In the present study we choose f° as the
closed polygon formed by nodes N1O1N,O5N; (see Figure 3.9). Once the diamond cell is
defined, we can apply to its boundary the Green-Gauss method (see Section 3.4.3.1):

1 1
Vw > —— [ VwdQl= ——— /W@ﬁgddg
( |f/2) VOl(fO) fo VOl(fO) Z;Q fo
area(/) . area(l) (wp, +wp,)
2 5y (VW) @ ) S e— 2
Pary® vol(f°) ot vol(f°) 2

where ¢ € {NlOl,OlNQ, N202702N1} and PLQ < {Nl,Ol,NQ, 02}

Remark 13 There is a little question omitted in this section. We have not discussed
the implementation of boundary conditions for diffusive flures. Actually it is rather a
complicated topic. We assume that in our physical problems wviscosity plays a secondary
role. Consider a control volume L having a face £ on the boundary 0. For the time being

1
9In 1D it simply degenerates to a very well known middle point rule [ g(z) dz = 2¢(0).
1
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we 1mpose a Neumann type condition on diffusive fluzes. After discretization this condition

takes the following form:
(DVwy) -1 := (DVwyp) - 1.

In other words it means that the gradient on the boundary is replaced by its value on the
cell L.

3.4.5 Solution interpolation to mesh nodes

We have seen above that several gradient reconstruction procedures (in particular gra-
dient estimation on the faces) require the knowledge of the solution at mesh nodes (or
vertices). This information is not directly given by the finite volume method since we
retained the cell-centered approach.

Figure 3.10: Triangles with their barycenters O; sharing the same vertex N.

Let us consider a node N(z,,y,) of the tesselation 7 and a control volume K; with
barycenter O;(x;,y;) having this node as a vertex (see Figure 3.10 for illustration). The
MUSCL procedure provides us solution gradient on each cell. Thus, using the Taylor
formula or, equivalently, representation (3.23) we can estimate the solution value at the
node N

Wy = Wk, + (VW)KZ . (l_"N — fl> (329)

The problem is that we will have d(N) different values of the solution in the same point
depending on the control volume under consideration. Here d(NV) is the degree of vertex
N in the sense of graph theory. One of the possible ways to overcome this contradiction is
the averaging. One interesting technique was proposed in [HC89] and further improved in
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[KMCO03]. In our turn, we slightly modified this method. The algorithm implemented in
our code is briefly described here.
First of all, let us look for the vertex value wy as a weighted sum of the values wy;,

computed by formula (3.29) from each surrounding cell

The weighting factors {wi}fg) are made to satisfy the condition of zero pseudo-Laplacian
d(N) d(N)
L(z,) = Z wix; — ), L(yn) = wi(Yi — Yn) - (3.30)
i=1 =1

These conditions have a very simple interpretation. They are imposed so that the method
be exact for affine data over the stencil.
As in the original formulation by Holmes and Connell [HC89], the weighting factor w;
1s written as
w; =14+ Aw; .

The weights {w;} are determined by solving an optimization problem in which the
cost-function to be minimized is defined as

d(N)

Z (riAwi)z — min (3.31)

=1

1
2
with two constraints given by (3.30). It should be noted that the cost function is slightly

different from the original formulation. The difference lies in the factor of
r? = I|ION — 00;|?

which was introduced in [KMCO03]. This modification effectively allows larger values of
weight Aw; for those cells closer to the node in question.

Employing the method of Lagrange multipliers, the original optimization problem,
which was to minimize the cost function given by (3.31) with the constraints (3.30) is

equivalent to minimizing the function £ defined by

1 d(N) d(N) d(N)
L= 3 ;(HA%‘)Z —A ; wi(ri — Tn) — p ; wi(Yi — Yn) — min

which leads to \
Aw, — (5 — @) + 1(Yi = Yn)

2
T
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The two Lagrangian multipliers, A and u, are obtained from

A\ = Tylﬂﬁy B Tl“[yy o= TxIxy - ry[zx

[x:vlyy o [az:y ’ Im[yy - Ia%y 7
where

d(N) d(N)

Ty = Z(:Ei—xn), ry = Z(yi—yn).
=1 i=1

I, = d(ZN) (%;—2I71)27 I, = d(ZN) (i ;2%)27 L, = d(ZN) (i — %22(% — Yn) '
=1 v i=1 v i—1 i

The last step consists in renormalizing the weights {wi}fgp to the range [0, 1].

Remark 14 The above algorithm is not computationally expensive since the weights {wi}fﬁf)
depend only on the tesselation T geometry. It means that they can be computed and stored
before the main loop in time and reused during the computations later.

Remark 15 FEven if we suggest to use the above method (since it gives slightly better
results), we would like to give another idea (based on a purely metrics argument) of how

to construct the weights {wl}fgf)

This approach is considerably simpler than optimization
problem solving and it was already used in the least squares gradient reconstruction method
(see Section 3.4.3.2). In fact, in order to calculate w; one can simply take the harmonic
mean of distances between the node N under the question and respective cell barycenter O;
(see Figure 3.10):

|7y — &l

d(N) || = ]
S AV @y — @l

i

where k in practice is taken 1 or 2.
We have to say that this choice does not guarantee exact interpolation of globally linear

functions.

3.4.6 Time stepping methods

In previous sections we considered the spatial discretization procedure with a finite-
volume scheme. It is a common practice in solving time-dependent PDEs to first discretize

the spatial variables. This approach is called a method of lines:

ur + O f(u) = S(u) g ur = L(u) (3.32)

In order to obtain a fully discrete scheme, we have to discretize the time evolution operator.
In the present work we decided to retain the so-called Strong Stability-Preserving (SSP)
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time discretization methods described in [Shu88, GST01, SR02]. Historically these methods
were initially called Total Variation Diminishing (TVD) time discretizations.

The main idea behind SSP methods is to assume that the first order forward Euler
method is strongly stable (see the definition below) under a certain norm for our method
of lines ODE (3.32). Then, we try to find a higher order scheme. Usually the relevant

norm is the total variation!! norm:

TV(u") == |u} —u} ]
J

and TVD discretizations have the property TV (u"™!) < TV (u").

Remark 16 Special approaches are needed for hyperbolic PDEs since they contain dis-
continuous solutions and the usual linear stability analysis is inadequate. Thus a stronger
measure of stability is usually required:

Definition 1 A sequence {u™} is said to be strongly stable in a given norm ||-|| provided
that ||u™ || < |ju™|| for all n > 0.

A general m-stage Runge-Kutta method for (3.32) can be written in the form

u® = (3.33)
i—1

u® = (ai7ku(k) + Atﬁivkﬁ(u(k))» a, >0, i=1,...,m, (3.34)
k=0

untt o= M, (3.35)

In [SO88] the following result is proved

Theorem 2 [f the forward Euler method is strongly stable under the CFL restriction At <
[lu™ + AtL(u™)[] < [|u"|],

then the Runge-Kutta method (3.33) — (3.35) with B, > 0 is SSP, [[u"™| < |[u™||,
provided the following CFL restriction is fulfilled:
Qi k

At < cAtpp, c¢=min——.
ik Bik

Here we give a few examples of SSP schemes which are commonly used in applications:

We have to say that the notion of total variation is used essentially for one-dimensional discrete
solutions.
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Absolute stability regions

T T T T T
——— SSPRK(2,2) & RK2
SSPRK(3,3) & RK3 4
SSPRK(3,4)
RK4

-3+ . : B

Figure 3.11: Linear absolute stability regions for different time stepping methods

@ s5P3(4)
@ RK4(4)

SSP3(3)
@ RK3(3)

Figure 3.12: Nonlinear absolute stability regions
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e Optimal'? second order two-stage SSP-RK(2,2) scheme with CFL = 1:

ut = u™ 4+ AtL(u™),
1 1 1
) — §u(n) + §u(1) + §At£(u(1));

e Optimal third order three-stage SSP-RK(3,3) scheme with CFL = 1:

uM = u™ o AtL(u™),
3 1 1
1 2 2

e Third order four-stage SSP-RK(3,4) scheme with CFL = 2:

1
u® = 4 §At£(u(n))’
1
u? = o4 §At£(u(1)),
2 1 1
u® = §u<”) + gu@) + 6Atﬁ(u<")),
1
u™th = 4@ 4 §At£(u(3)).

We depicted on Figures 3.11 and 3.12 the linear and nonlinear absolute stability regions of
these schemes, and compared them with the classical Runge-Kutta methods respectively.
Note that the linear absolute stability region for corresponding RK and SSP-RK schemes
is the same. It is a consequence of linearization since these schemes are clearly different
for nonlinear problems. That is why we decided to look also at nonlinear absolute stability
[CP92].

We tested these different schemes in our numerical code and we decided to adopt SSP-
RK(3,4) due to its accuracy and wide stability region. In our opinion this scheme represents
a very good trade-off between precision and robustness.

3.4.7 Boundary conditions treatment

In this section we show how to implement the wall boundary condition in the finite
volumes framework. The flavor of boundary conditions treatment for hyperbolic systems
is given in Section A.2 and we refer to [GP05] for a general discussion.

12Qptimality in the sense of CFL condition.
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From the numerical point of view, we need to employ the boundary conditions when
we have a control volume sharing a face (or an edge in 2D) with the computational domain
boundary (see Figure 3.13 for illustration). In this situation, the numerical method must
be provided by an additional information (such as the value of normal advective or diffusive
fluxes on OK). Physical conditions completed if necessary by numerical ones allow us to
reconstruct the normal flux F - 7 through the boundary face. Consider the case of a rigid
wall boundary

47t -7=0, 7€, (3.36)

and the hyperbolic system (3.1) — (3.3).

Figure 3.13: Control volume sharing a face with boundary 0f2.

The advective flux!'® through an oriented boundary face with exterior normal 7 is given
by (3.5)

F i = (a"pTun, o p~uy, pu, + pny, pou, + png, pHuy,),  uw, =1 -1,
and if we take into account physical condition (3.36) it becomes
(f ) ﬁ)|j‘eaﬂ - <07 0, pyna, ppna, 0)7 Py = plfeaQ

The last identity means that we need only to know the pressure value on the wall in order
to reconstruct the advective flux (F - 17)|;cg0-

13A few words about numerical boundary conditions for diffusive fluxes are given in Section 3.4.4
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Mixture density att =1.2

Figure 3.14: Shock tube of Sod. This plot represents the density.

After some straightforward computations (for more details see [GP05]) one establishes
the following formula for the boundary pressure

Db =P+ PUnCs,

where the right-hand side is evaluated in the boundary cell center.

Remark 17 The last formula has a very interesting physical interpretation. Actually,
the boundary pressure p, measures the force “exerted” by the wall in order to annihilate
completely the normal velocity u,,.

3.5 Numerical results

In this section we present a few test cases which show our research code perfomance.
In order to reduce the document size, we decided not to put here classical test cases such
as the shock tube of Sod [Sod78] etc. . The reader can believe us that our numerical code
passed successfully these classical tests (see Figure 3.14).
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3.5.1 Convergence test

We begin the presentation of numerical tests by the simplest one — convergence test.
We would like to show the accuracy of the MUSCL scheme implementation. To do it, we
solve numerically the following scalar linear advection equation

ov .
E‘FU()'VU:O, erRz

with smooth!'* initial conditions. Moreover, it has almost compact support in order to
reduce the influence of boundary conditions. It is obvious that this equation will just
translate the initial form in the direction w,. So, we have an analytical solution which
can be used to quantify the numerical method error. On the other hand, to measure the
convergence rate, we constructed a sequence of refined meshes.

On Figure 3.15 we depict the error of numerical method in L., norm as a function of
the mesh characteristic size. The slope of these curves represents an approximation to the
theoretical convergence rate. On this plot, the blue curve corresponds to the first order
upwind scheme while the other two (red and black) correspond to the MUSCL scheme
with least-squares (see Section 3.4.3.2) and Green-Gauss (see Section 3.4.3.1) gradient
reconstruction procedures respectively. One can see that the blue curve slope is equal
approximatively to 0.97 which means first order convergence. The other two curves have
almost the same slope equal to 1.90 indicating a second order convergence rate for the
MUSCL scheme. We remark that in our implementation of the second-order scheme the
least-squares reconstruction seems to give slightly more accurate results than the Green-
Gauss procedure.

The next figure represents the measured CPU time in seconds again as a function of
the mesh size. Obviously, this kind of data is extremely computer dependent but the
qualitative behaviour is the same on all systems. On Figure 3.16 one can see that the
“fastest” curve is the blue one (first order upwind scheme). Then we have two almost
superimposed (black and red) curves referring to the second-order gradient reconstruction
on variables. Here again one can notice that the least-squares method is slightly faster than
the Green-Gauss procedure. On this figure we represented one more curve (the highest
one) which corresponds to Green-Gauss gradient reconstruction on fluxes (it seems to be
very natural in the context of VFFC scheme). Our numerical tests show that this method
is quite expensive from the computational point of view and we decided not to retain it.

4\We intentionally choose a smooth initial condition since the discontinuities can decrease the overall
accuracy of the scheme.
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Convergence rate in L_ norm
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Figure 3.15: Numerical method error in L., norm.
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Figure 3.16: CPU time for different finite volume schemes.
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3.56.2 Falling water column

The geometry and initial condition for this test case are depicted on Figure 3.17. Ini-
tially the velocity field is taken to be zero. The values of the other parameters are given
in Table 3.1. The mesh used in this computation contained about 108000 control volumes
(in this case it was triangles). The results of this simulation are presented on Figures 3.18
- 3.23.

On the other hand, we depicted on Figure 3.24 the maximal pressure on the right wall
as a function of time:

t——  max z,y,1).
(z,y)ElX[O,l]p( Y )

We performed another computation when gas was modelled as o™ = 0.05, o= = 0.95
mixture. The pressure is recorded as well and this result is ploted on Figure 3.25. One can
see that the peak value is higher and the impact is more localised in time.

Q0o
I+

oo
O =
Q)

I 0.05

0 0.3 0.65 0.7 1

Figure 3.17: Falling water column test case. Geometry and initial condition.

3.5.3 Water drop test case

The geometry and initial condition for this test case are depicted on Figure 3.26. Ini-
tially the velocity field is taken to be zero. The values of the other parameters are given
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Fully compressible homogeneous two phase solver Fully compressible homogeneous two phase solver
Mixture density at t = 0.005

Mixture density at t = 0.060
1

09

0.4 0.6 0.8 1

(a) t = 0.005 (b) ¢ = 0.06

Figure 3.18: Falling water column test case. Initial condition and the beginning of column
dropping process.

Fully compressible homogeneous two phase solver

Fully compressible homogeneous two phase solver
Mixture density at t = 0.100 Mixture density at t = 0.125
1 1
0.9 0.9
08 0.8
07 07

Figure 3.19: Falling water column test case. Splash creation due to the interaction with step.
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(b) t = 0.175

Figure 3.20: Falling water column test case. Water strikes the wall - 1.
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Mixture density at t = 0.225
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(b) t =0.225

Figure 3.21: Falling water column test case. Water strikes the wall - II.
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Fully compressible homogeneous two phase solver Fully compressible homogeneous two phase solver
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Figure 3.22: Falling water column test case. Splash is climbing the wall.

Fully compressible homogeneous two phase solver Fully compressible homogeneous two phase solver
Mixture density at t = 0.500 Mixture density at t = 0.675
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(a) t =05 (b) t = 0.675

Figure 3.23: Falling water column test case. Turbulent mixing process.

1
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Maximal pressure on the right wall
1.8 T T T T T T

0.9 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

t, time
Figure 3.24: Maximal pressure on the right wall. Heavy gas case.

in Table 3.1. The mesh used in this computation contained about 92000 control volumes
(in this case it was triangles). The results of this simulation with our code are presented
on Figures 3.27 — 3.33. On Figure 3.34 we plot the maximal pressure on the bottom as a
function of time:

t— max x,uy,t).
(M)E[O’”Xop( N8O

From this figure, it is clear to see that the pressure exerted on the bottom reaches 2.5p
due to the drop impact at t &~ 0.16.

Remark 18 Beginning with Figure 3.32 one can see some asymmetry in the solution.
It is not expected since the initial condition, computational domain and forcing term are
fully symmetric with respect to the line x = 0.5. This discrepancy is explained by the use
of unstructured meshes in the computation. The arbitrariness of the orientation of the
triangles introduces small perturbations which are sufficient to break the symmetry at the
discrete level. At the present time, symmetry preserving schemes on unstructured meshes
represent a big challenge in numerical analysis. The author is not aware of any work in
this direction.
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Maximal pressure on the right wall
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t, time
Figure 3.25: Maximal pressure on the right wall as a function of time. Light gas.

3.6 Conclusions

In this chapter we presented a simple mathematical model for simulating water waves
impacts. The validation of this approach is the subject of future publications. Namely, we
are going to perform qualitative and quantitative comparison with the more general six
equations model [Ish75].

On the other hand, we presented a numerical approach for discretizing the govern-
ing equations. It is a second order finite volume scheme on unstructured meshes. This
method was implemented in our research code. By construction, our code has excellent
mass, momentum and total energy conservation properties. Different numerical tests from
Section 3.5 validate the numerical method.

In the future we would like to carry out a parametric study with our solver. The
influence of aeration, gas properties and other factors on the impact pressures is very

important for industrial applications.
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Figure 3.26: Geometry and initial condition for water drop test case.
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Figure 3.27: Water drop test case. Initial configuration and the beginning of the fall.
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] Mixture density at t = 0.100 ] Mixture density at t = 0.125
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Figure 3.28: Water drop test case. Drop approaching container bottom.
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Figure 3.29: Water drop test case. Drop/bottom compressible interaction.
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] Mixture density att=0.175 ] Mixture density at t = 0.200
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Figure 3.30: Water drop test case. Vertical jets formation.
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Figure 3.31: Water drop test case. Side jets crossing.
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Figure 3.32: Water drop test case. Side
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Figure 3.33: Water drop test case. Central jet reflection from the bottom.
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Maximal pressure on the bottom
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Figure 3.34: Water drop test case. Maximal bottom pressure as a function of time.
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Chapter 4

Weakly damped free surface flows
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Everything should be made as simple as possible, but not simpler.

Albert Einstein (1879 — 1955)
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4.1

Introduction

Even though the irrotational theory of free-surface flows can predict successfully many

observed wave phenomena, viscous effects cannot be neglected under certain circumstances.

Indeed the question of dissipation in potential flows of fluid with a free surface is a very im-

portant one. As stated by [LH92|, it would be convenient to have equations and boundary

169
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conditions of comparable simplicity as for undamped free-surface flows. The peculiarity
here lies in the fact that the viscous term in the Navier-Stokes (NS) equations is identically
equal to zero for a velocity deriving from a potential.

The effects of viscosity on gravity waves have been addressed since the end of the
nineteenth century in the context of the linearized Navier-Stokes (NS) equations. It is
well-known that Lamb [Lam32] studied this question in the case of oscillatory waves on
deep water. What is less known is that Boussinesq studied this effect as well [Bou95]. In
this particular case they both showed that

da
— = —2uk?a, 4.1
o (4.1)
where o denotes the wave amplitude, v the kinematic viscosity of the fluid and k the
wavenumber of the decaying wave. This equation leads to the classical law for viscous

decay, namely
2
alt) = age”FE, (4.2)

The importance of viscous effects for water waves has been realized by numerous ex-
perimental studies for at least thirty years. Here we are going to quote a few of them. For
example, in [ZGT71] one can find

[...] However, the amplitude disagrees somewhat, and we suppose that this
might be due to the viscous dissipation |...]

Another author [Wu81] points out this defect of the classical water waves theory:

[...] the peak amplitudes observed in the experiments are slightly smaller than
those predicted by the theory. This discrepancy can be ascribed to the neglect
of the viscous effects in the theory [...]

And finally in the classical article [BPS81] one finds the following important conclusion:

[...] it was found that the inclusion of a dissipative term was much more im-
portant than the inclusion of the nonlinear term, although the inclusion of the

nonlinear term was undoubtedly beneficial in describing the observations |...]

Water wave energy can be dissipated by different physical mechanisms. The research
community agrees at least on one point: the molecular viscosity is unimportant. Now let
us discuss more debatable statements. For example if we take a tsunami wave and estimate
its Reynolds number, we find Re ~ 10°. So, the flow is clearly turbulent and in practice it
can be modelled by various eddy viscosity models. On the other hand, in laboratory ex-
periments the Reynolds number is much more moderate and sometimes we can neglect this
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effect. Then one can think about boundary layers. In this chapter we will deal essentially
with the bottom boundary layer. We briefly discuss the free surface boundary layer and
explain why we do not take it into account in this study. We have to say that the bound-
ary layer mechanism is especially important for long waves since they “feel” the bottom.
Finally, the most important (and the most challenging) mechanism of energy dissipation
is wave breaking. This process is extremely difficult from the mathematical but also the
physical and numerical points of view since we have to deal with multivalued functions,
topological changes in the flow and complex turbulent mixing processes. Nowadays the
practitioners can only be happy to model roughly this process by adding ad-hoc diffusive
terms when the wave becomes steep enough.

In this work we keep the features of undamped free-surface flows while adding dissipative
effects. The classical theory of viscous potential flows [JW04] is based on pressure and
boundary conditions corrections due to the presence of viscous stresses. We present here

a novel approach.

Currently, potential flows with ad-hoc dissipative terms are used for example in direct
numerical simulations of weak turbulence of gravity waves [DKZ03, DKZ04, ZKPDO05].
There have also been several attempts to introduce dissipative effects into long wave mod-
elling [Mei94, DD07a, CGO7].

The present chapter is a direct continuation of the recent study [DD07b, DDZ07]. In
that work the authors considered two-dimensional (2D) periodic waves in infinite depth,
while in the present study we remove these two hypotheses and all the computations are
done in 3D. This point is important since the vorticity structure is more complicated in
3D. In other words we consider a general wavetrain on the free surface of a fluid layer of
finite depth. As a result we obtain a qualitatively different formulation which contains a
nonlocal term in the bottom kinematic condition. The inclusion of this term is natural
since it represents the correction to potential flow due to the presence of a boundary layer.
Moreover, this term is predominant since its magnitude scales with O(y/v), while other
terms in the free-surface boundary conditions are of order O(v). Other researchers have
obtained nonlocal corrections but they differ from ours [KM75]. The differences will be
explained below.

Recently we discovered that the nonlocal term in exactly the same form was already
derived in [LLOO4]. Unfortunately we made this discovery after publishing our first paper
[DDO07b] on the subject and, consequently, we could not cite the original work of P. Liu.
Even though we try to read the literature on a regular basis, it is impossible to be aware
of all papers. Consequently, we sometimes rederive what others did before. It happened

to us and we ensure that it was done completely independently.
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4.2 Anatomy of dissipation

In this section we are going to discuss the contribution of different flow regions into
water wave energy dissipation. We conventionally [Mei94] divide the flow into three regions
illustrated on Figure 4.1. On this figure Sy and Sy stand for free surface and bottom
respectively. Then, R;, Ry and R, denote the interior region, free surface and bottom

boundary layers.

2 )
S, ) | ﬁ
T
w
M

Figure 4.1: Conventional partition of the flow region into interior region and free surface, bottom

boundary layers.

In order to make some estimates we introduce the notation which will be used in
this section: g is the dynamic viscosity, 0 = O(y/u) is the boundary layer thickness
characterization, t; is the characteristic time, aq is the characteristic wave amplitude and
¢ is the wavelength or basin length (in laboratory experiments, for example).

We assume that the flow is governed by the incompressible Navier-Stokes equations:

Vi = 0,
oit 1

L i-VitVp = §+-V-1,
ot p =

where 7 is the viscous stress tensor

1<8ui n an) .

Tij = 2U€ij, €4 = o\ar. T o
7 %

We multiply the second equation by # and integrate over the domain ) to get the
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following energy balance equation:

1[0, . 1 Lo
i/E(p|u|2) dQ+§/plu|2u~nda
Q a0

In this identity each term has a precise physical meaning. The left-hand side is the total
rate of energy change in 2. The second term is the flux of energy across the boundary.
On the right-hand side, the first integral represents the rate of work by surface stresses
acting on the boundary. The second integral is the rate of work done by the gravity force
throughout the volume, and the third integral 7 is the rate of viscous dissipation. We will
focus our attention on the last one 7. We estimate the order of magnitude of the rate of
dissipation in various regions of the fluid.

We start by the interior region R;. Outside the boundary layers, it is reasonable to
expect that the rate of strain is dominated by the irrotational part whose scale is Z—g and
the length scale is the wavelength ¢. The energy dissipation rate is then

O(T) 1( 1)2 = (ﬁﬂ O(n)
R; M H tol =K o H) -

Inside the bottom boundary layer the normal gradient of the solenoidal part of @ dom-
inates the strain rate, so that

2 2
OTu) ~ (n5) 50 =5 (5) ~ 0t .

A free surface boundary layer also exists. Its importance depends on the free surface
conditions. Consider first the classical case of a clean surface. The stress is mainly con-
trolled by the potential velocity field which is of the same order as in the main body of
the fluid. Because of the small volume O(d¢?) the rate of dissipation in the free surface
boundary layer is only

Nl

O(Ta,) ~ + (1icg) 0 = () ~ Ol

tol

From the physical point of view it is weaker, since only the zero shear stress condition on
the free surface is required.

Another extreme case is when the free surface is heavily contaminated, for example,

by oil slicks. The stress in the free surface boundary layer can then be as great as in
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the boundary layer near a solid wall. In the present study we do not treat such extreme
situations and the surface contamination is assumed to be absent.

The previous scalings suggest the following diagram which represents the hierarchy of
dissipative terms:

It is clear that the largest energy dissipation takes place inside the wall boundary layer.
We take into account only the two first phenomena from this diagram. Consequently, all

3

dissipative terms of order O(p2) and higher will be neglected.

4.3 Derivation

Consider the linearized 3D incompressible NS equations describing free-surface flows in
a fluid layer of uniform depth hA:
ov 1
— = —-Vp+vAv+g, V-u=0, 4.3
By VP g (4.3)
with o the velocity vector, p the pressure, p the fluid density and g the acceleration due to
gravity. We represent v = (u, v, w) in the form of the Helmholtz—Leray decomposition:

—

Vo+Vx, =, s). (4.4)

U

After substitution of the decomposition (4.4) into (4.3), one notices that the equations are

verified provided that the functions ¢ and J satisfy the following equations:

p_p0+gz:0, a—w:UA@/;.

Agb:O, ¢t+ ot

Next we discuss the boundary conditions. We assume that the velocity field satisfies
the conventional no-slip condition at the bottom v|,__, = 0, while at the free surface we
have the usual kinematic condition, which can be stated as

n+v0-Vn=w.

After linearization it becomes simply 7, = w.

Dynamic condition states that the forces must be equal on both sides of the free surface:

G -7il=—-(p—p)i+z-7=0 at z=n(z,1),
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where G is the stress tensor, [f] denotes the jump of a function f across the free surface, 7
is the normal to the free surface and 7 the viscous part of the stress tensor g. The explicit

expressions (in two dimensions for simplicity) of 7 and 7 are

du du ow 0
| e Tt . 1 — 5
ou dw 28_10 ? 1 )
Oz + oz Oz 1+ (@)2

After linearization the normal vector 7 equals to (0,0, 1).

Il

Using Fourier—Laplace transforms, which we denote by L = L o F,

— L r
@) == f(k,s), k= (ks k)
we can determine the structure of the unknown functions ¢, 1/7 in the transform space. We
assume that all the functions involved in the present computation satisfy the necessary
regularity requirements and have sufficient decay at infinity so that the integral transforms
can be applied. The solution for ¢ is obtained from the transformed continuity equation

Ap=0554.. — K*¢=0
and z; from the corresponding transformed equation
1;15 = VA@Z i SJ: I/(Jzz o ‘k’Z 1;)
6 = @ (k, 9)el + ¢y (k, s)e M7 dhy = dig(k, 5) (€™ + ik, s)e ™),

where m? := |k|* + £ and ¢, &7, Yo, C = (Cy,Cy, C3) are unknown functions of the

v
transform parameters (k, s), determined by the initial and appropriate boundary condi-
tions.

There are three dynamic conditions on the free surface. Let us use first those related

to the tangential stresses (the third one will be used later), where p = pv:

azzzu<%+%)20, ayzzu<g—j+%>=0, at z = 0.

Substituting decomposition (4.4) into these two identities yields

Po | Puy U Py P
0xdz  Ox* Oxdy Oydz 022

Po Py O + Py 0Py
oydz  Ox0y  Oy? 022 Jxdz

2 =0, 2=0, (4.5)
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The next step consists in taking the Fourier-Laplace transform to these relations. We
do not give here the explicit expressions since this operation is straightforward. The

—

combination (—ik,)(4.5) + (—ik,)(4.6) gives the important relation

o o 2k)> .,
ikyio(1 + C1) — ikythoo(1 4 C2) = —%(SOSF —¢0)- (4.7)
m? + K|
Let us turn to the free-surface kinematic condition
ot 0z Oz oy’ '
In transform space it becomes
si = |k| (35 — @) + ikythio(1 + C1) = ikutbo(1+ Cs). (4.8)
Equations (4.7) and (4.8) can be rewritten as
k(¢ —d5) .
k| (&g 3> _ 5 (4.9)
v(m? + [Kk|")
ikyro(1+ C1) = iksthao(1+Co) = —2v[k[*q). (4.10)

Using (4.10) one can replace the rotational part in the kinematic free-surface condition:
m= ¢, + L7 [—2v|k|* 7] = ¢. + 2vAn. (4.11)

In order to account for the presence of viscous stresses, we have to modify the dynamic
free-surface condition as well. This is done using the balance of normal stresses at the free
surface:

0
UZZ:0atz:O:>p—p0:2pya—w52py<
z

¢ i 0y _ 32¢1>
022 0x0z 0Oyoz/’

Using (4.10) one can show that gigi - gzg; — O(v2), so Bernoulli’s equation becomes

Njw

¢t +gn+2v¢.. + O(v2) = 0. (4.12)

Since we only consider weak dissipation (v ~ 107% — 1073 m?/s), we neglect terms of order
o(v).

The second step in our derivation consists in introducing a boundary layer correction
at the bottom. Obviously, this was not done in the previous study [DDZ07], since the
derivation dealt with the infinite depth case. In order to include this modification, we
consider a semi-infinite fluid layer as it is usually done in boundary layer theory. The fluid

occupies the domain z > —h. In this derivation we use the pure Leray decomposition



4.3 Derivation 177

of the velocity field v = V¢ + « together with the divergence-free constraint V - 4 = 0.
Expecting that the rotational part @ varies rapidly in a distance § = /v, ! we introduce
the boundary-layer coordinate ( = (24 h)/d, so that @ = @(Z,¢) = (uz u.)(Z, (). The
solid boundary is given by ( = 0, and the potential part of the flow is not subject to this
change of variables. With the new scaling, the divergence-free condition becomes

ou, L
5+ 6V - iz = 0. (4.13)

As done in [Mei94], we expand the unknown functions in powers of the small parameter o:
¢ =¢o(Z,2,t) + I (X, 2,t) + ..., U=q(Z (1) +dq(2, ¢, t)+....
Substituting the expansion for « into (4.13) gives the following relations:

dqo 1 oq o
- = SR VN 1.14
8C O, ) Vz q0z> ( )

0.
6 . ag - x

where ¢y, denotes the first two components of the vector ¢ corresponding to the horizon-
tal coordinates Z. Recall that we would like to determine the correction to the bottom

boundary condition

¢ = — Uz|g:0 = — (q. + 5QIZ>|g:0 + 0(9). (4.15)

So we only need to compute ¢, and ¢;. at the bottom ¢ = 0.
Using the same asymptotic considerations as above, we can write down the following
sequence of problems:

0o 0 _ %G
A = _— = _— = [ —
=0 57_. =2 or ~ oz 0= "Voulemo:
91 0 _ 04
B =0 | T o =ae B="Vol

together with the radiation condition ¢ — 0 as ¢ — oo.

This sequence of linear problems can be solved using Fourier transforms. In Fourier
space one finds immediately that ¢o(t, z, k) = Bt k) (el* + =) Since we know o,
we can determine the rotational component (i).

Analytical solutions to the equation

0Go, _ 0@,
ot~ a¢

(4.16)

LOf course we should nondimensionalize all quantities in order to define small numbers. One would
find that ¢ is in fact equivalent to v Re~! x L, where Re is the Reynolds number and L a typical length.
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are well-known. If we assume that initially the flow is potential and the boundary condition
is Go, = ikgzgo(z = —h; k), the solution is

- 1 ¢ e
To-. = e =1 ike¢o(T, 2 = —h, k) dr.
o, = 5 / T ol )

Let us now integrate the second equation in (4.14) from 0 to oo, using the appropriate

W

decay at infinity:

o) co t
N . 2, 1 C _L 2 7
= [ik-G. dl = —— — > _eTan |k — —h.k) dr dC.
qlz'C:O 0/Z do; ¢ Qﬁo/o/(t—T)ge | | ¢0(T’Z ) ) T d¢

One can interchange integral signs and evaluate the inner integral on ¢ to obtain:

’k| §b0 T, 2 = _hak)

dr.

Hence, the bottom boundary condition becomes, at order ¢,

= \/7/ = t¢—07 D -
\/> / Vi ﬁo_z:h dr [ / %Z;i—;h dr. (4.17)

One recognizes on the right-hand side a half-order integral operator. Summarizing the

developments made above and generalizing our equations by including nonlinear terms, we
obtain a new set of viscous potential free-surface flow equations:

Ap = 0, (Z,2) € Q=R* x [~h, 7] (4.18)
m+Vn-Vé = ¢.+20An,  z=n (4.19)

1
+5 IVl +gn = .., 2 =1 (4.20)

b, = \/7/\/% 2 = —h. (4.21)

At the present stage, the addition of nonlinear terms is rather a conjecture. However, a
recent study by Liu et al. [LPC07] suggests that this conjecture is rather true. The authors

investigated the importance of nonlinearity in boundary layer equation (4.16) in the case
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of a solitary wave solution. They came to the conclusion that “the nonlinear effects are
not very significant”.

Using this weakly damped potential flow formulation and the procedure of Boussinesq
equations derivation described in previous chapters (see Chapter 2, for example), one can
derive the following system of equations with horizontal velocity wy defined at the depth
z@:—eh,0§0§1:

t
92 1 14 Vﬁg
- T Sl = =0+ ) VAV -iy) = 2vA — 4.22
e+ V ((h+77)UQ>+h (2 (9—|—3>V(V UQ) v 77+\/;/de, ( )
0

1 0
ﬁ@t + §V|ﬁe|2 + gVn — h29 (1 — 5) V(V : ﬁgt) = QI/A’JQ. (423)

4.3.1 Dissipative KdV equation

In this section we derive a viscous Korteweg-de Vries (KdV) equation from just obtained
Boussinesq equations (4.22), (4.23). Since KdV-type equations model only unidirectional
wave propagation, our attention is naturally restricted to 1D case. In order to perform
asymptotic computations, all the equations have to be switched to nondimensional variables
as it is explained in Section 2.2. We find the velocity variable u in this form:

ug =n+eP 4+ p*Q + . ..

where € and p are defined in (2.9), P and @) are unknown at the present moment. Using
the methods similar to those used in Section 2.9.1, one can easily show that

1 1 0

— __n2 — -

This result immediately yields the following asymptotic representation of the velocity field

1 6
UGZU——5U2+M2(9_6_§)n$$+-‘~ (4-24)

Substituting the last formula (4.24) into equation (4.22) and switching again to dimensional
variables, one obtains this viscous KdV-type equation:

t
g 3 1. 4 V/ e
N (h4+ =) + =R Dpge — 4/ — dr | = 2vn,,. 4.25
0

This equation will be used in Section 4.5 to study the damping of linear progressive waves.
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4.4 Dispersion relation

Interesting information about the governing equations can be obtained from the linear
dispersion relation analysis. In this section we are going to analyse the new set of equations
(4.18)—(4.21) for the complete water wave problem and the corresponding long wave limit
(Boussinesq equations) (4.22)—(4.23).

To simplify the computations, we consider the two-dimensional problem. The general-
ization to higher dimensions is straightforward. Traditionally the governing equations are
linearized and the bottom is assumed to be flat. After all these simplifications the new set
of equations becomes

¢x:}c + szz = 07 (1:7 Z) € Rx [_h7 0]7 (426)
N = (bz + 2V7]m3:7 Z = 0; (427)
¢ +gn+2v6.. =0, 2z = 0, (4.28)

¢ + \f/\/qs__T =0, z = —h (4.29)

The next classical step consists in finding solutions of the special form
o(x, 2,t) = p(z)elkz=, n(z,t) = ne'tke=b, (4.30)
From continuity equation (4.26) we can determine the structure of the function ¢(z):
©(2) = Cre* 4 Coe .

Altogether we have three unknown constants = (Cy,Cy,m) and three boundary condi-
tions (4.27)-(4.29) which can be viewed as a linear system with respect to C:

MC = 0. (4.31)

The matrix M has the following elements

k —k iw — 2vk?
M = iw — 2vk? iw — 2vk? —g
e (14 kF(t,w)) e (=1+kF(t,w)) 0

where the function F'(f,w) can be expressed in terms of the error function of complex

uu(t—T)
F(t,w) \/7/ N dr = —Lz'wErf( —iwt).

argument:
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In order to have nontrivial solutions? of (4.26)—(4.29), the determinant of the system (4.31)
has to be equal to zero det M = 0. It gives us a relation between w and wavenumber k.
This relation is called the linear dispersion relation:

D(w, k) := (iw — 2vk?)* + gk tanh(kh) — \/%Erf(\/ —iwt) ((iw — 2vk®) tanh(kh) + gk) = 0.

A similar procedure can be followed for Boussinesq equations (4.22), (4.23). We do not
give here the details of the computations but only the final result:

Dy(w, k) := (iw—20k?)2+b(kh)%iw(iw—20k?)+ghk*(1—a(kh)?)—gk?y/ % Erf(v—iwt) = 0,

where we introduced the following notation: a := % — 60+ %, b:= 6(1 — g)

Remark 19 Contrary to the classical water wave problem and, by consequence, standard
Boussinesq equations® where the dispersion relation does not depend on time

w? — gk tanh(kh) = 0, (4.32)

here we have additionally the dependence of wi(k) on time t as a parameter. It is a con-
sequence of the presence of the nonlocal term in time in the bottom boundary condition
(4.21). Physically it means that the boundary layer “remembers” the flow history.

Unfortunately, the relations D(w, k) = 0 and D,(w, k) = 0 cannot be solved analytically
to give an explicit dependence of w on k. That is why we applied Newton-type method
to solve numerically these equations with respect to w. Iterations were initialized with the
classical dispersion relation (4.32). The Jacobians can be computed exactly:

dD(w) . ok Jiv, 9o 1t —
— 9i(iw — 2wk?) — S Y (i — 2 h ety
T i(iw — 2Uk”) Vo ((iw — 2vk*)* tanh(kh) —i—gk)(ﬁe iwt
1

—5 Erf(v—iwt)) — 21’\/%1{; tanh(kh)(iw — 2vk?) Erf (v —iwt),

dD K2 [i Kot
o) 9i(ie — 20k?) + ib(kh)? + 92— L Bt (vZiwt) — £y [ et
T

2
dw w V w w

20Obviously of the special form given by equation (4.30).
3Their dispersion relation is given by (2.50)
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4.4.1 Discussion

Numerical snapshots of the nonclassical dispersion relation? at different times for com-
plete and Boussinesq equations are given on Figures (4.2)-(4.6). We will try to make
several comments on the results we obtained.

Just at the beginning (when ¢ = 0), there is no effect of the nonlocal term. This is
why on Figure 4.2 new and classical curves are superimposed. With no surprise, the phase
velocity of Boussinesq equations represents well only long waves limit (let us say up to
kh ~ 2). When time evolves, we can see that the main effect of nonlocal term consists
in slowing down long waves (see Figures 4.3-4.5). Namely, in the vicinity of kh = 0 the
real part of the phase velocity is slightly smaller with respect to the classical formulation.
From physical point of view this situation is comprehensible since only long waves “feel” the
bottom and, by consequence, are affected by bottom boundary layer. On the other hand,
the imaginary part of the phase velocity is responsible for the wave amplitude attenuation.
The minimum of Im ¢, (k) in the region of long waves indicates that there is a “preferred”
wavelength which is attenuated the most. In the range of short waves the imaginary
part is monotonically decreasing. In practice it means that high-frequency components
are damped by the model. This property can be advantageous in numerics, for example.
On Figure 4.6 we depicted the real part of ¢,(k) with zoom made on long and moderate
waves. The reader can see that nonlocal complete and Boussinesq equations have similar
behaviour in the vicinity of kh = 0.

4.5 Attenuation of linear progressive waves

In this Section we investigate the damping rate of linear progressive waves. Thus, the
first step consists in linearizing dissipative KdV equation (4.25):

h h3 =2 4.

In other words, we can say that we restrict our attention only to small amplitude waves.

Equation (4.33) can be called nonlocal dissipative Airy equation.

Now we make the next assumption. We look for a particular form of the solutions:

n(z,t) = A(t)e*s, ¢ =z —\/ght. (4.34)

where k is the wavenumber and A(¢) is called the complex amplitude, since |n(z,t)| =
|A(t)|. Integro-differential equation governing the temporal evolution of A(¢) can be easily

“To be precise, we plot the phase velocity which is defined as ¢, (k) := @
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Phase velocity at t = 0.00
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Figure 4.2: Real and imaginary part of dispersion curve at ¢ = 0. At the beginning, the
nonlocal term has no effect. Thus, the real parts of the classical and new set of equations are

exactly superimposed on this figure. The imaginary part represents only local dissipation at this
stage.
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Phase velocity at t = 1.00
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Figure 4.3: Phase velocity at ¢ = 1. Boundary layer effects start to be visible: the real part
of the velocity slightly drops down and the straight lines of the imaginary part are deformed by

the nonlocal term. Within graphical accuracy, the classical and their nonlocal counterparts are
superimposed.

Phase velocity at t = 2.00
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Figure 4.4: Phase velocity at t = 2. Nonlocal term slows down long waves since the real part
of the phase velocity decreases.
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Phase velocity at t = 4.00
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Figure 4.5: Phase velocity at ¢ = 4. On Figure 4.6 we plot a zoom on long and moderate waves.

Phase velocity at t = 4.00
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(a) Zoom on long waves. Classical and correspond- (b) Zoom on moderate wavelengths. In this region
ing Boussinesq equations are almost superimposed classical and nonlocal complete equations are almost
in this region. superimposed. In the same time one can notice a
little difference in Boussinesq models.

Figure 4.6: Real part of the phase velocity at t = 4.
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derived by substituting the special representation (4.34) into linearized KdV equation

(4.33):
%‘ - é\/%(kh)?’/l( )+ 2vk? A(t) \/%/ f;(i dr = 0. (4.35)

In our applications we are rather interested in temporal evolution of the absolute value
2

if we recall that

dA(t)
Cdt

|A(t)]. Tt is straightforward to derive the equation for |.A(¢)

dIA@* _ dA()

AW = AW A() = T2 =2

A(t) +

Alt), (4.36)

where A(t ) means the complex conjugate of A(t¢). The last missing ingredient is the time
derivative 2. This term is easily computed by taking the complex conjugate of (4.35):

_ t _
dA 1 J9s g 2 A1) 4 i 2/& _
Lagt 6\/;(%) At + 2240 + ity % [ L dr =0
0

By combining just obtained equations according to (4.36), we get required evolution equa-

tion for |AJ?:
) _
AR kA zk,/g”/A ADAT)
dt t—T

If we denote by A,.(t) and A;(t) real and imaginary parts of A(t) respectively, the last

equation can be further simplified:

2 .
d|“4| + VK| A(t) |2+2k,/9”/ —AOAT) 4y (4.37)

t—T

Just derived integro-differential equation represents a generalisation to the classical equa-
tion (4.1) by Boussinesq [Bou95] and Lamb [Lam32] for the wave amplitude evolution in
a viscous fluid. We recall that novel integral term is a direct consequence of the bottom
boundary layer modelling.

Unfortunately, equation (4.37) cannot be used directly for numerical computations
since we need to know the following combination of real and imaginary parts A, (¢).4;(7) —
A;(t) A, (1) for T € [0,t]. Tt represents a new and non-classical aspect of the present theory.

In numerical computations it is advantageous to integrate exactly local terms in equa-
tion (4.35). It is done by making the following change of variables:

A(t) = e 2F etV 4 (),
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parameter definition value
v eddy viscosity 1073 m?Q
g gravity acceleration 9.8 =
h water depth 3600 m
l wavelength 50 km
k wavenumber = =

L

Table 4.1: Values of the parameters used in the numerical computations of the linear progressive
waves amplitude. These values correspond to a typical Indian Ocean tsunami.

One can easily show that new function A(t) satisfies the following equation:

On Figure 4.7 we plot a solution of integro-differential equation (4.35). All parameters
related to this case are given in Table 4.1. These values were chosen to simulate a typical
tsunami in Indian Ocean [DD06]. We have to say that the wave amplitude damping is
entirely due to the dissipation in boundary layer since local terms are unimportant for
sufficiently long waves.

4.6 Numerical results

In this section we would like to show the effect of nonlocal term on the solitary wave
attenuation. For simplicity, we will consider wave propagation in a 1D channel.

For numerical computations we use the same Fourier-type spectral method that was
described in Section 2.8. Obviously this method has to be slightly adapted because of the
presence of nonlocal in time term. We have to say that this term necessitates the storage
of V - @™ at previous time steps. Hence, long computations can be memory consuming.

The values of all parameters are given in Table 4.2.

4.6.1 Approximate solitary wave solution

In order to provide an initial condition for equations (4.22), (4.23), we are going to ob-

tain an approximate solitary wave solution for nondissipative 1D version of these equations
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Amplitude of linear progressive waves
1.02 ‘ ‘ ‘

0.98

0.96

IAMIIAQ)]

0.94

0.92

0.9
0

t, hours

Figure 4.7: Amplitude of linear progressive waves as a function of time. Values of all parameters

are given in Table 4.1.

parameter definition value
€ nonlinearity 0.02
W dispersion 0.06
v eddy viscosity 0.001
c soliton velocity 1.02
0 29 = —0h 1—-+/5/5
o soliton center at t = 0 —1.5

Table 4.2: Values of the parameters used in the numerical computations
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over the flat bottom:

2 1
77t+((1+6n)u)x+;¢2<9——0+—>umm = 0,

2 3
€ 0
U + My + 5(112)z — ,u20<1 — §)umt = 0.

Then, we apply the same approach that in Section 2.9.1. We do not provide the
computations here since they are simple and can be done without any difficulties. The
final result is the following:

6(c—1)

~ 2(c—1) 9
n(x,t) = Tsech < 2

(x 4+ 20 — ct))
and the velocity is given by this formula:

1 0% 1
u=mn-— 18772 +u2(0 -5 - 6)7]“ + O(e® +ep® + pt).

In the numerical results presented here, we use 7(z,0) and u(z,0) as initial conditions.

4.6.2 Discussion

On Figures 4.8-4.10 we present three curves. They depict the free surface elevation
according to three different formulations. The first corresponds to classical Boussinesq
equations without dissipation. The second one to dissipative system with differential terms
(for example vA# in momentum conservation equation) and the third curve corresponds
to equations (4.22), (4.23). On Figure 4.11 we made a zoom on the soliton crest.

It can be seen that Boussinesq equations with nonlocal term provide stronger atten-
uation of the amplitude. In the same time, as it was shown in the previous section, this
nonlocal term slightly slows down the solitary wave.

In order to show explicitly the rate of amplitude attenuation, we plot on Figure 4.12 the
graph of the following application ¢ — sup_,_,_. |n(z,t)|. One can see on this plot little
oscillations which are of numerical nature. Our numerical experiments show that their
amplitude decreases when N — oo. This result shows one more time that nonlocal model
provides stronger damping properties. One can have the impression that the amplitude
decays linearly but it is only an impression because of (4.2). This behaviour for moderate
t can be explained by simple Taylor expansion which is valid when vk*t < 1:

alt) = age M = a(1 — 2wk’t) + O (VK1)
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Figure 4.8: Comparison among two dissipative and nondissipative Boussinesq equations. Snap-

shots of the free surface at ¢ = 0.5

t=1.000
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Figure 4.9: Comparison among two dissipative and nondissipative Boussinesq equations. Snap-

shots of the free surface at ¢t = 1.0
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t=2.000

2r No dissipation |
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Figure 4.10: Comparison among two dissipative and nondissipative Boussinesq equations. Snap-
shots of the free surface at t = 2.0
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Figure 4.11: Comparison among two dissipative and nondissipative Boussinesq equations. Zoom
on the soliton crest at ¢t = 2.0



192 Viscous potential flows

Maximum wave amplitude as function of time
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Figure 4.12: Amplitude of the solitary wave as function of time

4.7 Conclusion

In the present chapter we have shown how to express the rotational component of
the velocity field in terms of the potential part of Helmholtz—Leray decomposition. This
expression contains differential and integral operators. Obviously, this analysis is only
linear but we give nonlinear equations. In future work we will try to extend the present
derivation to the nonlinear case. A long wave approximation was derived from this new
potential flow formulation.

Our results are different from [KM75]. This discrepancy can be explained by a differ-
ent scaling chosen by Kakutani & Matsuuchi in the boundary layer. Consequently, their
governing equations contain a nonlocal term in space. The performance of the present non-
local term (4.17) was studied in [LSVOO06]. The authors carried out in a wave tank a set
of experiments, analyzing the damping and shoaling of solitary waves. It is shown that the
viscous damping due to the bottom boundary layer is well represented. Their numerical
results fit very well with the experiments. The numerical model not only properly predicts
the wave height at a given point but also provides a good representation of the changes on
the shape and celerity of the soliton. We can conclude that the experimental study by P.
Liu [LSVOO06] completely validates our theory.

It is interesting to note that local dissipative terms of this form have been used to verify
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the theory of weak turbulence of surface gravity waves in deep water® [DKZ03, DKZ04,
ZKPDO05]. They were added without justification to model dissipation at small scales.
Note that a good qualitative agreement was obtained between the Kolmogorov spectrum
predicted by weak turbulence theory and the results of DNS. Hence, the present work can
be considered as an attempt to justify the inclusion of these terms.

Our final remark concerns the nonlocal term in the kinematic bottom boundary condi-
tion. This term can be also considered as a boundary layer correction at the bottom. In
modelling viscous effects this term plays the main role, since its magnitude is O(y/v). Of
course, the numerical implementation of this term is another matter. It is interesting to
note that the boundary layer effect is not instantaneous but rather cumulative. The flow
history is weighted by (¢ — T)’% in favour of the current time ¢. As pointed out in [LO04],
this nonlocal term is essential to have an accurate estimation of the bottom shear stress
based on the calculated wave field above the bed. Then, this information can be used for
calculating sediment-bedload transport fluxes and, in turn, morphological changes.

We would like to mention here a paper of N. Sugimoto [Sug91]. He considered initial-
value problems for the Burgers equation with the inclusion of a hereditary integral known
as the fractional derivative of order 1/9. The form of this term was not justified in that
work. Note, that from fractional calculus point of view our nonlocal term is a half-order
integral.

The dispersion relation associated with a new nonlocal formulation was described. Due
to the presence of special functions, we cannot obtain a simple analytical dependence of
the frequency w on the wavenumber k as in classical equations. Consequently the disper-
sion curve was obtained numerically by a Newton-type method. We made a comparison
between the phase velocity of the complete visco-potential problem and the corresponding
Boussinesq equations. The effect of the nonlocal term on the solitary wave attenuation
was investigated numerically with a Fourier-type spectral method.

What is the value of v to be taken in numerical simulations? There is surprisingly little
published information of this subject. What is clear is that the molecular diffusion is too
small to model true viscous damping and one should rather consider the eddy viscosity
parameter.

®Since the water is considered to be of infinite depth, they do not have the bottom boundary layer
phenomenon. Hence, the local viscous terms are very natural choice to model dissipation at Kolmogorov
scale.
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Direction for future research

Progress imposes not only new possibilities
for the future but new restrictions.

Norbert Wiener (1894 — 1964)

A useful direction for future research in the dynamics of tsunami waves is the three-
dimensional (3D) simulation of tsunami breaking along a coast. For this purpose, different
validation steps are necessary. First more simulations of a two-dimensional (2D) tsunami
interacting with a sloping beach ought to be performed. Then these simulations should be
extended to the case of a 2D tsunami interacting with a sloping beach in the presence of
obstacles. An important output of these computations will be the hydrodynamic loading
on obstacles. The nonlinear inelastic behaviour of the obstacles may be accounted for using
damage or plasticity models. The development of Boussinesq type models coupled with
structure interactions is also a promising task. Finally there is a need for 3D numerical
simulations of a tsunami interacting with a beach of complex bathymetry, with or without
obstacles. These simulations will hopefully demonstrate the usefulness of numerical simu-
lations for the definition of protecting devices or security zones. An important challenge
in that respect is to make the numerical methods capable of handling interaction problems
involving different scales: the fine scale needed for representing the damage of a flexible

obstacle and a coarse scale needed to quantify the tsunami propagation.
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Appendix A

Finite Volumes: Characteristic flux
approach

Most of the fundamental ideas of science are essentially simple, and may, as a rule, be expressed
in a language comprehensible to everyone.

Albert Einstein (1879 — 1955)

Contents
A.1 Discretization in the finite volume framework .. ... .. .. 198
A.1.1 The one dimensional case . . . . ... ... ... ... ...... 198
A.1.2 Extension to the multidimensional case . . .. ... .. .. ... 201
A.1.3 On the discretization of source terms . . . . . . . . .. ... ... 202
A.2 On the discretization of boundary conditions. . . . . ... .. 204

The VFFC! approach is based on a discretization of the continuous models throught
a cell-centered finite volume method. More precisely, we discretize space derivatives using
finite volumes and time derivatives by classical finite differences. So at a fixed time step,
the solution is represented by a collection of numbers which intend to approximate the
mean values of the physical solution on the control volumes. As it is well known, the heart
of the matter consists in computing from these degrees of freedom the values of the physical
fluxes on the boundaries of the control volumes.

These fluxes are of two different nature: convective fluxes and viscous (or diffusive)
fluxes. We know from many instances steaming from single phase fluid flows that the
discretization of these fluxes must be adapted to their physical origin. More precisely on

!Volumes Finis & Flux Caractéristiques
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the one hand, discretization of convective fluxes must take into account the wave phenom-
ena associated with convection, that is upwind based methods. On the other hand the
discretization of viscous fluxes can rely on centered methods.

In this chapter we are going only to deal with convective fluxes. Moreover we keep
the time-variable continuous in order to clearly separate the features of space and time
discretizations.

A.1 Discretization in the finite volume framework

In this section we present a method [GKC96, GKCO01] for the discretization of hyper-
bolic systems in the one dimensional case. The extension to the multidimensional case is
discussed in Section A.1.2.

A.1.1 The one dimensional case
Let us consider general systems that can be written as follows:

ov n of(v)

ot ox

~0, (A1)

where v € R™ and f : R™ — R™. We denote by A(v) the jacobian matrix 8];]”) and we
deal first with the case where (A.1) is smoothly hyperbolic that is to say: for every v there
exists a smooth basis (r1(v), ..., r,(v)) of R™ consisting of eigenvectors of A(v) : I\, (v) €
R such that A(v)ri(v) = Ag(v)ri(v). It is then possible to construct (I;(v),. .., (v)) such
that "A(v)lx(v) = A\ (v)lk(v) and lg(v) - 17, (V) = Ogp.

Let R = Ujez[:cj,l/Q, l'j+1/2] be a one dimensional mesh. Our goal is to discretize (A.1)
by a finite volume method. We set Azx; = xj11/2 — 2j_1/2, Aty = tpy1 — t, (We also have

Ry = UnEN[tn7tn+1]) and

. 1 [T+ _ 1 [t
%= X v(z,ty) dr, [l = E/ fo(xj41/2,1))dt.
J n

Tj-1/2 tn

With these notations, we deduce from (A.1) the ezact relation:

At, /= ~
~n—+1 ~n n n n
vit =05~ —Q%( 2~ fj—1/2> : (A-2)

Since the (f}',)jez cannot be expressed in terms of the (7})jez, one has to make an

approximation. In order to keep a compact stencil, it is more efficient to use a three points

scheme: the physical flux f;’.ﬁrl /o 18 approximated by a numerical flux g7 (v7, v}, ;). Let us
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show how we construct this flux here. We observe that since A(v)g—’; = ag—(t”) then according
to (A.1),
0f (v) 0f(v)
——— 4+ A(v)—/— =0. A.
5 +AW)—5—=0 (A-3)
This shows that the flux f(v) is advected by A(v) (like v since we also have 22+ A(v) 5 =

0). The numerical flux g7 (v, v}, ) represents the flux at an interface. Using a mean value
[} 1 /5 Of v at this interface, we replace (A.3) by the linearization:

&};(tv) + A(H?+1/2)%S}> =0. (A.4)

It follows that, defining the k-th characteristic flux component to be fi(v) = lp(u}, /2) .
f(v), we have

O fk(v) w0k
ot + )\k(/‘jﬂ/z)w =0. (A.5)
This linear equation can be solved explicitly now and we have:
Se() (@, 1) = fe(0)(@ = Ae(pfy o) (E = tn), tn) - (A.6)

From this equation it is then natural to introduce the following definition.

Definition 2 For the conservative system (A.1), at the interface between the two cells
(2172, %j412) and [x41/2,Tj43/0], the characteristic flux g°T is defined by the following
formula <we take (i, ;p = (ijv;‘ + Azj+1v;?+1)/(A$j + A:Ej+1)> sforke{l,...,m},
n CFn/ n . n n n n
lk(ﬂj+1/2) " 9; (Uj >Uj+1) = lk(#j+1/2) : f(vj)7 when )\k(/ij+1/2) >0,

lk(ﬂ?+1/2) : QjCF’n(U;lv U;'L+1) = lk(ﬂ?ﬂ/z) : f(“?ﬂ) , when Ak(ﬂ?—i—lﬂ) <0, (A7)

n ngmnon n flm )+ f(o7)
be(f1/2) gJCF (vf, vi1) = (s 2) - ( - 2 =,

when Ae(p5,, 5) = 0.

Remark 20 At first glance, the derivation of (A.3) from (A.1), is only valid for continuous
solutions since A(v)%;v) is a non conservative product. In fact equation (A.3) can be
gustified even in the case of shocks as is proved in [Ghi98]. Let us briefly recall here the
key point. Assuming that the solution undergoes a discontinuity along a family of disjoint
curves, we can focus on one of these curves that we parameterize by the time variable t.
Hence, locally, on each side of this curve, v(z,t) is smooth and jumps across the curve

x = X(t). The Rankine-Hugoniot condition implies that f(v(x,t)) — o(t)v(x,t), where

o(t) = diy), s smooth across the discontinuity curve and therefore A(v)—agg) can be defined
as A v)agiv) = A(v)a(f(g)x—av) + O_B(J;S;) ‘
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Proposition 1 Formula (A.7) can be written as follows: ng’"(v;L, olty) = g9t (s o o)

where

(lkw) () + f(w)

0P w) = S W) F@)ral) + L)

Ak (p)<0 (1)=0

+ ) k() - f@)ru(p) . (A8)

Ak (1)>0

Proof. This comes from the useful identity valid for all vectors ® and p in R™:
k=m

¢ = Z(lk(u) - ®)r(p). We also observe that (A.8) can be written under the following
k=1

condensed form:

fw) + fw)
2

f(w) — f(v)

CF(
2 )

9" (s v,w) = = U(p;v,w) (A.9)

where U(u;v,w) is the sign of the matrix A(p) which is defined by
sign(A(p)® =Y _ sign(A) (I (1) - @)ri(p).
k=1

The form (A.9) refers to what we have called a numerical flux leading to a flux scheme
([Ghi9g]). o

Remark 21 Let us discuss the relation, in the conservative case, between the characteristic
numerical fluz g°* and the numerical fluz leading to Roe’s scheme [Roe81]. This later
scheme relies on an algebraic property of the continuous fluz f(v) which is as follows. It
is assumed that for all admissible states v and w, there exists a m x m matriz AROE (v, w)
such that f(v) — f(w) = AROE(v,w)(v — w) (Roe’s identity). Then the numerical fluz
leading to Roe’s scheme is given by:

90, ) = LILTW) yror 4 0 (A10)
But using Roe’s identity, we obtain that
g"OF (v, w) = w — sign(AROF (v, w))w , (A.11)

which is of the form (A.9): Roe’s scheme is also a flur scheme. The characteristic flux
proposed in this paper is more versatile than Roe’s scheme in the sense that it does not rely
on an algebraic property of the flur. Hence for complex systems (like those encountered
in the context of two phase flows) this scheme appears like an efficient generalization of
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Roe’s scheme. Moreover, as we shall see below, this scheme has a natural generalization
to arbitrary non conservative systems. Finally, the fact that the numerical fluz is a linear

combination of the two fluxes induces a quite weak dependance on the state p which appears
in formula (A.8), see [CGO0].

Combining (A.2) and (A.7), we arrive to the explicit scheme:

’UjH YT AL (gj i) g (”jfv“j)) : (A.12)
J

A.1.2 Extension to the multidimensional case

Let us consider a system of m balance equations: (v = (vy,...,v,) € R™))

%—l—V-F(v) =0, (A.13)

here V - F(v) = Z?il 61;;;), where F7 maps G into R™, where G is an open subset of
R™ corresponding to the physically admissible states. This equation is posed in a nd-
dimensional domain € (nd = 1,2 or 3 in practice).

We assume that the computational domain 2 is decomposed in smaller volumes (the
so-called control volumes) K : Q) = Uge7 K and consider first the case where 2 = Uger K
is “conformal” i.e. that it is a finite element triangulation of 2. In practice one can use
triangles for nd = 2 and tetrahedrons for nd = 3. The cell-centered finite volume approach

for solving (A.13) consists in approximating the means

v (t) = voltK) /KU(:(:,t) dx , (A.14)

where vol(K) denotes the nd-dimensional volume of K and area(A) stands for the (nd—1)-
dimensional volume of an hypersurface A. Integrating (A.13) on K makes the normal
fluxes, Fj,, appear

Fi(t) = /aK F(v(o,t)).v(o)do,

where 0K is the boundary of K, v(o) the unit external normal on 0K and do denotes the
(nd-1)-volume element on this hypersurface.

The heart of the matter in finite volume methods consists in providing a formula for the
normal fluxes Fj, in terms of the {v; }rer. Assuming that the control volumes K are poly-
hedra, as is most often the case, the boundary 0K is the union of hypersurfaces KN L where
L belongs to the set N(K), the set of L € T, L # K, such that K'N L has positive (nd—1)-

measure. We can therefore decompose the normal flux as a sum: Fj, = E Fk 1, where
LeN(K)
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(Vi points into L): Fg f = / F(v(o,t)).vk, do . Inspired by the 1D-case, we take an
KL
approximation of F 1 in terms of vgx and v: Fr ~ area(K N L) ®(vk,vr; K, L), where

® is the numerical flux that we construct by the following formula.

Definition 3 The numerical flux of the Finite Volume method with characteristic flux is
obtained by the formula

F(v) 4+ F(w)

F
O(v,w; K, L) = vk, — U(v,w; K, L) ) ‘UKL, (A.15)

when we take:
U, w; K, L) = sign(Ay,., (1(v,w; K, L)), (A.16)

where (v, w; K, L) is a mean between vk and vy which only depends on the geometry of

K and L:
vol(K)v + vol(L)w

vol(K) 4+ vol(L)

p(v,w; K, L) = (A.17)

and A, (v) = aFa(Z)'V.

This allows us to generalize the explicit scheme (A.12) to the multidimensional case as
follows.

Definition 4 The explicit multidimensional characteristic flux for the approximation of
equation (A.13) reads as follows:

At
n+1 I n
K YK Dol (K)

Z area(K N L)P(vy,v; K, L). (A.18)
LeN(K)

A.1.3 On the discretization of source terms

Let us return to the 1D setting. Instead of (A.1), we want to solve

v  Of(v)
— =5 A.19
ot " ar (4.19)
by the numerical scheme:
n n At'ﬂ n n n
,Uj +1 fr— Uj - A{L‘J ( j+1/2 B j71/2) + Atn E] . (A20)

Equation (A.20) can be obtained by integration of (A.19) on the rectangle [t,,t,41] X
[asj,l/g, xjﬂ/g} and this leads to the following form for Z?:

1 Tjt1/2
=3 / S(x)dx. (A.21)

j i ,
Ax; 212
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Actually, this formula is not suitable when the source term is large and one must modify

(A.21) according to the expression of the numerical flux g; where 7, , = g;(v},,,v}) and

glo) =TI, S0 = J0)

where U(+,) is a matrix to be specified.

(A.22)

Due to the fact that the numerical flux is not centered (upwind bias) one can observe
large errors on the permanent solution under investigation. Let us introduce the notion of

enhanced consistency as follows. Denoting by

b= ¢ (2) = / " S(y)dy. (A.23)

we say that 27 satisfies, with respect to the numerical flux g, the enhanced consistency
property when we have: if at some time-step, v} is such that

1 Tjt1/2
f) = — o< (z)dr, VjeEL, (A.24)
J A.Z'j T 1
then v;-”rl given by (A.20) must be equal to v7. This condition can be equivalently formu-
lated as . .
s Ltz Jic1j2 A25
] Am ) ( )

J
if v} satisfies (A.24).
In [AGT99], the following results are shown.

Theorem 3 Let g be given in the form (A.22) and denote by U? = U(v},v7,). The
enhanced consistency will be satisfied if we discretize the forcing term S according to the

following formula

1
D—
J ZAJIJ {

Corollary 1 Assuming that S is given by a piecewise constant function: S(x) = S; for

xT

/IM S(y)dy — U}’ /W S(y)dy + U, j S(y)dy} : (A.26)

Tj—1 T Tj—1

T € ]xj,l/g,:pjﬂ/g [, the formula (A.20) reads
n _ I + U}lfl Al'j_l I - an + anfl I - an A:L'j+1
J 4 Ax; 2 4 Ax

J
In order to illustrate this formula, let us show what it means in the case of a single

Siv1. (A.27)

Sj1+ S +

J

linear equation v; + ¢ v, = S where e.g. ¢ > 0 and v € R. Here the usual upwind scheme
amounts to take U = 1, i.e. g(v,w) = c v and (A.27) reads as:
s _ lAmj_l
T2 Ax;
These results were one of the key points in the solution to the simulation of a boiling
tube (see [TF98]).

1
Sj-1+ 35 (A.28)
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A.2 On the discretization of boundary conditions

So far we have not discussed the implementation of boundary conditions. This is a
very important topic since they actually determine the solution. Let us consider the space
discretization of the system (A.1) by our cell centered finite volume method. For instance
for the time explicit discretization we have the scheme (A.18). Of course this formula
is not valid when K meets the boundary of €. When this occurs, we have to find the
numerical flux ® (v}, K,00Q). In practice, this flux is not given by the physical boundary
conditions and moreover, in general, (A.1) is an ill-posed problem if we try to impose
either v or F'(v) - v on 9. This can be understood in a simple way by using the following
linearization of this system:

ov ov
—+A —=0 A.29
ot T ov ’ ( )
where v represents the direction of the external normal on K N 902, A, is the advection
matrix:
OF(v)-v
= =05 A.30
4= (4.30)

and v is the state around which the linearization is performed. When (A.1) is hyperbolic,
the matrix A, is diagonalizable on R and by a change of coordinates, this system becomes

an uncoupled set of m advection equations:

/3" &y,

W Ck@, k’zl,...,m. (AS].)

Here the ¢;, are the eigenvalues of A, and according to the sign of these numbers, waves
are going either into the domain Q (¢; < 0) or out of the domain €2 (¢, > 0). Hence
we expect that it is only possible to impose p conditions on K N 9S) where p = §{k €
{1,...,m} such that ¢, < 0}.

Let us consider now a control volume K which meets the boundary 0€). We take v = v}
and write the previous linearization. We denote by x the coordinate along the outer normal

so that (A.29) reads:

ov ov

LA

ot T4 Ox
which happens to be the linearization of the 1D (i.e. when nd = 1) system. First we label

0, (A.32)

the eigenvalues ci(v) of A, by increasing order:

c(v) <e(v) <. <) <0< cpr1(v) ... <cplv). (A.33)
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(i) The case p = 0. In this case information comes from inside 2 and therefore we take:
O(vig, K,00) = F(vg) - vk . (A.34)

In the Computational Fluid Dynamics literature this is known as the “supersonic

b

outflow” case.

(ii) The case p = m. In this case information come from outside (2 and therefore we take:
(I)(’U?(v Ka aQ) = (I)given ) (A35)

where @, are the given physical boundary conditions. In the Computational Fluid
Dynamics literature this is known as the “supersonic inflow” case.

(iii) The case 1 < p <m — 1. As already discussed, we need p scalar information coming
from outside of 2. Hence we assume that we have on physical ground p relations on
the boundary:

gv)=0, l=1,...,p. (A.36)

Remark 22 The notation g;(v) = 0 means that we have a relation between the components
of v. However, in general, the function g; is not given explicitly in terms of v. For example
g1(v) could be the pressure which is not, in general, one of the components of v.

Since we have to determine the m components of ®(vj, K,0f2), we need m — p
supplementary scalar conditions. Let us write them as

hi(v)=0, l=p+1,....,m. (A.37)

In general (A.36) are named as “physical boundary conditions” while (A.37) are
named as “numerical boundary conditions”.
Then we take:

O(viy, K,00) = F(v) - v, (A.38)

where v is solution to (A.36)-(A.37) (see however Remark 25 and (A.44)).

Remark 23 The system (A.36)-(A.37) for the m unknownsv € G is a m X m nonlinear
system of equations. We are going to study its solvability, see Theorem /.

Let us first discuss the numerical boundary conditions (A.37). By analogy with what
we did on an interface between two control volumes K and L, we take (recall that v = v}%):

lk(y)(F(v)VK):Zk(Q)(F<U?()VK)a k:p+1a7m (A39)
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In other words, we set hy(v) = I(v}) - (F(v) - vk) — L(v}) - (F(v2) - vk). We have
denoted by (I1(v), ..., (v)) a set of left eigenvectors of A,: ‘A I,(v) = cpli(v) and by
(r1(v),...,rm(v)) a set of right eigenvectors of Ay: Aym(y) = ¢ri(v). Moreover the
following normalization is taken: [ (v) - 7,(v) = 6pp-

According to [GP05] we have the following result on the solvability of (A.36)-(A.37).

Theorem 4 In the case 1 <p < m — 1, assume that c,11(v) > 0, and

lgfltgp (Z ri(ﬂ)%(@) #£0. (A.40)

With the choice (A.39) the nonlinear system (A.36)-(A.37) has one and only one solution
v, for v—uv and g,(v) sufficiently small.

Remark 24 [n this result we exclude the case where the boundary is characteristic i.e. the
case where one of the ¢ is equal to 0. This case cannot be dealt at this level of generality.
On the other hand, wall boundary conditions belong to this category. They can be discussed
and handled directly on the physical system under consideration, see [GP05].

Remark 25 In practice, (A.36)-(A.37) are written in a parametric way. We have a set of
m physical variables w (e.g. pressure, densities, velocities,. .. ) and we look for w satisfying:

gw)=0, I=1,...p, (A.41)
ik(ﬂ) P = ik(ﬂ) : (F(U?() : VK) ) (A-42)
= F(w)- vk, (A.43)
and then we take:
O(vf, K,00)=d. (A.44)

The system (A.41)-(A.42)-(A.43) is then solved by Newton’s method.
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