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Résumé:

Les résultats contenus dans ce mémoire de These concernent des prob-
lemes hyperboliques du premier ordre et se divisent en deux parties.

La premiere partie du mémoire porte sur des problemes de Cauchy
linéaires dont les coefficients sont discontinus au travers d’une interface
fixée, supposée non-caractéristique. De tels problemes n’ont en général pas
de sens classique. Ce type de problématique est bien connu et apparait
suite a la modélisation de certains phénomenes physiques. Nous choisissons
une approche a viscosité évanescente pour aborder la question. L’existence,
I'unicité et la stabilité de la solution a petite viscosité sont établies dans
divers cadres incluant des problemes scalaires et des systemes pour des opéra-
teurs hyperboliques formulés sous forme conservative ou non-conservative.
La nature de I'interface est analysée en termes de modes compressifs, expan-
sifs et traversants; chaque type de modes s’accompagnant d’un comporte-
ment qualitatif différent de la solution.

Dans la deuxieme partie du mémoire, la question abordée est celle de
I’approximation de solutions de problemes aux limites hyperboliques au
moyen de méthodes de pénalisation de domaine. Le principe des méthodes
de pénalisation de domaine est de remplacer un probleme avec conditions aux
limites par un probleme sans condition aux limites, défini sur un domaine
plus large, appelé domaine fictif. Deux types de problemes mixtes hyper-
boliques sont envisagés. Ces probléemes sont respectivement bien posés au
sens de Friedrichs et bien posés au sens de Kreiss. Pour les problemes bien
posés au sens de Friedrichs, deux méthodes de pénalisation sont proposées.
L’une d’entre elles a ’avantage de permettre 'approximation de la solution
du probleme aux limites hyperboliques considéré, sans formation de couches
limites. Nous montrons, en particulier, que si le probleme considéré est posé
sur un ouvert borné régulier, nous pouvons choisir comme domaine fictif un
ouvert borné parallélépipédique. Pour les problemes Kreiss-symétrisables,
dans un cadre plus restrictif, deux méthodes de pénalisation microlocales
sont données; chacune permet 'approximation de la solution du probleme
mixte hyperbolique considéré, sans phénomene de couches limites.

Mots-clefs: problemes hyperboliques a coefficients discontinus, probléemes
mixtes hyperboliques, problemes de perturbations singulieres, couches lim-
ites, méthodes de pénalisation de domaine, conditions spectrales de stabilité.
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Chapter 1

Introduction

Cette These s’articule autour de deux thémes:

1/ L’étude de problemes linéaires hyperboliques a coefficients disconti-
nus.

2/ L’approximation de solutions de problemes aux limites hyperboliques.

La premiere partie de cette These est consacrée a des problemes hy-
perboliques linéaires dont les coefficients sont discontinus. D’un point
de vue physique, de tels problemes apparaissent, par exemple, lorsque
I’on considere la propagation d’une onde, ou d’un fluide, sur un domaine
constitué de deux matériaux aux propriétés physiques différentes. En
général, la transition entre les deux milieux se manifeste par une dis-
continuité des coefficients au niveau de 'EDP modélisant le probleme.
D’un point de vue mathématique, ces problemes se révelent étre tres
semblables a des linéarisés d’ondes de chocs. Ce type de problématique
est néanmoins a distinguer des modélisations de chocs, dans lesquelles
la singularité de la solution apparait le long d’un front inconnu a priori.
Dans mon cas, je supposerai que les deux milieux sont situés de part
et d’autre d'une hypersurface connue : l'interface. L’hétérogénéité du
milieu impose alors la discontinuité du coefficient le long de cette in-
terface. On rencontre de tels problemes, par exemple, lorsque 'on fait
I’étude de I'écoulement d’un fluide dans un milieu poreux hétérogene
([Bac05]). Dans [LP60], les auteurs traitent d’un probleme issu de
I’acoustique, dont ’équation est de la forme:

Oyu + A(x)0,u = 0,

13



ou A est une matrice de My(R), discontinue de part et d’autre d’une
interface d’équation {x = a}. Méme s§'il parait naturel que de telles
équations existent, ’analyse mathématique du probléeme n’est pas évi-
dente. Ainsi, ’étude de telles équations constitue-t-elle une probléma-
tique tres intéressante.

Si d’une part on s’attend a des solutions discontinues, d’autre part
cette discontinuité crée des difficultés. En effet, si le coefficient A et
la solution u sont tous deux discontinus au travers de I'hypersurface
d’équation {z = «a}, le sens a donner au produit non-conservatif A(x)d,u
n’est plus du tout évident. Plagons-nous un intant dans le cas scalaire
1-D pour simplifier les choses. Je m’intéresserai a la fois a des prob-
lemes dans leur formulation non-conservative (l'opérateur s’écrit 9, +
a(t,x)0,) et conservative (I'opérateur s’écrit Oyu+0,(a(t, x).)). Comme
le souligne par exemple P. G. LeFloch dans [LeF90], les comportements
observés dans ces deux cas sont différents. En particulier, une difficulté
spécifique apparait dans le cadre non-conservatif : celle du sens a don-
ner au produit non-conservatif. Il est a noter que le premier article
d’analyse sur les produits non-conservatifs est [DMLM95] par G. Dal
Maso, P. G. LeFloch et F. Murat. D’autres définitions rigoureuses de
tels produits existent. On pourra par exemple se référer a la compara-
ison de ces définitions effectuée par P. G. LeFloch et A. E. Tzavaras
dans [LT99]. Cela aboutit en particulier a des résultats d’existence et
de stabilité ([LeF90]) pour des équations scalaires non-conservatives a
coeflicients discontinus. Les résultats de P. G. LeFloch dans [LeF90], en
ce qui concerne les problemes non-conservatifs, ont ensuite été général-
isés a des systemes 1-D par G. Crasta et P. G. LeFloch dans [CL02]. Des
résultats analogues pour des probléemes conservatifs a coefficients dis-
continus ont été prouvés dans [LeF90] (cas scalaire) par P. G. LeFloch
et dans [HLI6] (systemes 1-D) par J. Hu et P. G. LeFloch. Pour ma
part, le probléeme considéré est linéaire (comme dans [LeF90] et [CL02])
et je suppose que la discontinuité du coefficient a lieu le long d’une hy-
persurface non-caractéristique. Une approche a viscosité évanescente
se révele alors étre adaptée a I’étude du probleme.

La premiere partie de la These traite donc du theme des problemes

hyperboliques a coefficients discontinus et se divise en trois chapitres,
numérotés de 2 a 4, dont je vais maintenant résumer le contenu.
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Dans le chapitre 2 de cette These, je résous deux questions
ouvertes pour des problemes scalaires conservatifs monodimensionnels.
Le probleme considéré est le probleme de Cauchy hyperbolique a coef-
ficients discontinus suivant:

{&tu + 0 (a(t,x)u) = f, (t,x) € (0,T) x R,

u’t:O =h 5

ou T > 0 est fixé arbitrairement, une fois pour toutes. Le coefficient a
est supposé étre régulier par morceaux, discontinu seulement au travers
de I'hypersurface d’équation {z = 0}. f et h sont supposées C* et
bornées, ainsi que toutes leurs dérivées. Je suppose également que
a(t,0%) et a(t,07) gardent le méme signe pour tout ¢t € (0,7). Qual-
itativement, l'effet de la discontinuité du coefficient, sur la solution
u, dépend de la configuration des caractéristiques passant par la zone
de discontinuité, ici {z = 0}. Trois cas se dégagent tout naturellement :

1/ Sia(t,07) < 0eta(t,07) > 0, on appelle cela le cas rentrant ou com-
pressif. Dans ce cas, I'information contenue par la donnée de Cauchy
se propage le long des caractéristiques jusqu’au bord, et ce, de chaque
coté de celui-ci. Je montre la formation d’'une masse de Dirac concen-
trée sur {x = 0}, au passage a la limite visqueuse. Il est & noter que la
solution, ainsi obtenue, coincide avec la notion de solution généralisée
introduite par F. Poupaud et M. Rascle ([PR97]), en utilisant la no-
tion de caractéristiques généralisées au sens de Filippov. J'obtiens en
outre des résultats de stabilité (estimations d’énergie sur le probleme
visqueux).

2/ Si a(t,0") > 0 et a(t,07) < 0, on appelle cela le cas sortant ou
expansif. Dans ce cas, on voit facilement qu’il existe une infinité de
solutions faibles au probleme ; la question est donc celle du choix d’une
solution. Par exemple, il suffit d’imposer arbitrairement la trace u|,—g
pour construire une solution du probleme de Cauchy.

Pour les restrictions du probleme de part et d’autre de l'interface,
deux types de caractéristiques sont a distinguer : celles véhiculant
I'information donnée par la condition de Cauchy et celles transportant
I'information donnée par la trace u|,—o. Ces deux types de caractéris-
tiques sont séparés par les deux courbes caractéristiques issues du point
(t=0,z=0).
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FIGURE 1

Les courbes caractéristiques issues de 1'origine découpent ’espace-temps en quatre
sous-domaines : €, Qg, Qp, Q} sur lesquels je montrerai que la solution
généralisée naturelle du probleme ne présente pas de singularité.

Je prouve qu'une approche a viscosité évanescente permet de sélec-
tionner une unique solution a ce probleme. A ma connaissance, ’obten-
tion d’un résultat d’unicité pour le cas linéaire expansif semble nouveau.
De plus, comme dans le cas précédent, le résultat est accompagné d'un
théoréme de stabilité avec estimations d’énergie L2. La solution & petite
viscosité sélectionnée vérifie ul,—o = 0. En particulier, ce résultat est
indépendant de la viscosité choisie. Etant donné qu’il n’existe aucune
corrélation entre le choix de la donnée de Cauchy et la trace obtenue
a la limite visqueuse, des singularités de contact (sauts de la solution)
apparaissent le long des deux courbes caractéristiques passant par le
point (t =0,z = 0).

Le cas 3/ est le plus simple et n’est pas traité dans ce chapitre:

3/ Sia(t,0m) et a(t,07) ont le méme signe, on appelle cela le cas traver-
sant. Une approche a petite viscosité montre qu’il suffit de rajouter une
condition de raccord des flux a I'interface (continuité de a(t, x)u(t, z))
pour obtenir un probleme bien posé et stable par petite perturbation
visqueuse.
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Il est a noter qu’au cours de ce chapitre, les preuves de stabilité
(estimations d’énergie L?) sont effectuées par intégration par parties.
De plus, le cas expansif se préte mieux a ces estimations que le cas
compressif, pour lequel j’ai di procéder par intégration de I’'équation.

Dans le chapitre 3 de cette These, je m’intéresse a des systemes
hyperboliques linéaires a coefficients C*° par morceaux en plusieurs
dimensions d’espace. Comme précédemment, la discontinuité des co-
efficients est localisée sur une unique hypersurface fixe. Par souci de
simplicité, je suppose quune équation de cette hypersurface est donnée
par {xy = 0}. L’opérateur hyperbolique considéré est de la forme :

d
0,5 +ZAJ(t,y,x)8] s
j=1

avec 0; 1= 0, la variable y regroupant les variables d’espaces tan-
gentielles au bord: (z1,...,74.1) et = désignant la variable normale
au bord: z := x4. De plus, les matrices A; sont des matrices de

My (R). Un point important est que cette hypersurface est supposée
non-caractéristique, ce qui signifie que le coefficient de dérivée normale,
Ay, est inversible sur 'interface.

Il est a noter que, contrairement au probleme traité dans le chapitre
précédent, 'opérateur considéré se présente sous une forme non-conserv-
ative. En particulier, en ce qui concerne la solution généralisée naturelle
du probleme, les seules singularités observées ici sont des discontinuités
et aucune masse de Dirac ne se forme.

Dans ce travail, je m’inspire fortement des hypotheses dégagées
lors de I’étude des ondes de choc par petite perturbation visqueuse.
Ces dernieres ont fait récemment 'objet d’'une série d’articles par O.
Gues, G. Métivier, M. Williams et K. Zumbrun (voir par exemple
[GMWZ05]). Sous des hypotheses convenables de structure et de stabil-
ité, je démontre par ailleurs la convergence de la solution du probleme
visqueux vers une solution limite, ce qui constitue le résultat principal
de ce chapitre. La solution limite satisfait le probleme hyperbolique de
part et d’autre de l'interface et, de plus, des conditions de transmission
sur l'interface qui sont ’analogue des conditions de Rankine-Hugoniot
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dans le cas des chocs.

Ce chapitre comporte un autre résultat intéressant. Les hypotheses
de structure et de stabilité écartent de maniere naturelle la présence de
modes expansifs comme ceux étudiés lors du chapitre précédent. Néan-
moins, il m’a paru intéressant d’aborder la stabilité du cas expansif en
utilisant la notion de fonction d” Evans et de symétriseur, d’autant plus
que, dans le cadre non-conservatif, la méthode d’estimation par inté-
gration par parties ne fonctionne pas aussi bien. C’est ce que jai fait
dans la derniere partie de ce chapitre, en obtenant un résultat similaire
a celui du chapitre 2, cette fois dans le cas non-conservatif.

Il est a noter que la preuve des estimations d’énergie qui établissent
la stabilité L? du probléme visqueux est ici basée sur des estimations par
Symétriseur de type Kreiss effectuées sur une version Laplace-Fourier
du probleme. Cela reste vrai aussi bien pour mon étude des systemes
en plusieurs dimensions d’espace, que pour le cas scalaire expansif que
je traite a part, dans la section 3.3.

Dans Le chapitre 4 de cette These, je cherche a étendre le
cadre du chapitre 3 en y incluant la présence de modes expansifs.
La définition méme d’un mode expansif n’est pas tout a fait triviale.
Pour simplifier, je me suis restreint au cadre des systemes 1-D, avec
des coefficients constants par morceaux. Je considere ainsi le prob-
leme de Cauchy associé a l'opérateur hyperbolique 0; + A(z)0,, avec
A(x) = AT1,50 + A7 1,-0. L’inconnue du probleme u(¢,z) appartient
a RY et A* est une matrice inversible de My(R). Le cadre d’étude
est ici significativement élargi. Ma nouvelle étude englobe, en parti-
culier, le cas purement expansif pour lequel A1 a toutes ses valeurs
propres > 0 et A~ a toutes ses valeurs propres < 0. L’ingrédient clef de
ma démonstration réside dans l'identification d’un sous-espace de RV
sur lequel les comportements expansifs se polarisent. Pour les sytemes
traités dans le chapitre 3 de la These, ce sous-espace se résumait sys-
tématiquement au {Og~ }, de par mes hypotheses.

Etant donné la quantité et la complexité des hypotheses, il m’a paru

intéressant d’exhiber des exemples d’application de mes résultats. Je
m’y suis employé pour des systemes 2 x 2 non-triviaux.
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Je vais maintenant donner un court résumé de la partie pénalisa-
tion de cette These. Cette partie se divise en deux travaux exposés
respectivement dans les chapitres 5 et 6. Comme mentionné précédem-
ment, le but est d’approcher la solution de certains problemes mixtes
hyperboliques. Il existe deux grandes classes de probléemes mixtes hy-
perboliques bien posés : ceux bien posés au sens de Friedrichs et ceux
bien posés au sens de Kreiss. Ces deux classes de problemes séparent
respectivement les problemes symétrisables dans un sens classique de
ceux symétrisables au sens pseudo-différentiel. Beaucoup de problemes
issus de la physique s’inscrivent dans I'une de ces deux classes de prob-
lemes bien posés. Chaque chapitre traitera de ’approximation dun
type différent de probléemes mixtes hyperboliques.

Le chapitre 5 de cette These est dédié a 'approximation de
solutions de certains problemes mixtes hyperboliques semi-linéaires, a
bord caractéristique (a multiplicité constante), ou non-caractéristique,
bien posés au sens de Friedrichs. Ce chapitre contient un papier co-écrit
avec O. Gues. Pour étre plus précis, les méthodes de pénalisation de do-
maine, proposées dans ce papier, permettent d’approximer la solution
de probléemes mixtes hyperboliques semi-linéaires, dont la condition au
bord est strictement maximale dissipative.

Concretement, les problemes considérés sont:

Lu = F(t,xz,u) sur |0, T[x€2,
(1.0.1) upjo,rixo0 € N,
Ut=0 = 07

ot  est un ouvert de R? & bord C*, L est un systéme matriciel
symétrique hyperbolique du premier ordre, A est un fibré vectoriel
C> sur R x 0f) définissant les conditions au bord, et F' est une appli-
cation C'™ qui peut étre non-linéaire.

Nous montrons que nous pouvons adopter deux méthodes différentes
de pénalisation de domaine pour arriver a nos fins. La premiere méth-
ode que nous proposons est une extension d'un résultat de J. Rauch

([Rau79]) et d’'un résultat de C. Bardos et J. Rauch ([BR82]) au cas
non-linéaire. Notre preuve du résultat est originale et s’accompagne
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d’une analyse asymptotique de la convergence, a tout ordre. Nous
montrons ainsi que, pour cette méthode de pénalisation, des couches
limites se forment dans un voisinage du bord de €2, localisé a I'extérieur
de celui-ci.

Suite a cela, nous donnons une nouvelle méthode de pénalisation de
domaine, qui, elle, s’effectue sans formation de couches limites, a tout
ordre. Cela dénote, au regard de la premiere méthode proposée, d’une
amélioration de la qualité d’approximation.

Nos résultats ont été affinés dans la préoccupation de futures appli-
cations numériques. Par exemple, nous avons montré que le domaine
fictif pénalisé peut étre un ouvert assez quelconque contenant €.

Dans le chapitre 6 de cette These, je m’intéresse a ’approxima-
tion de problemes mixtes hyperboliques a coefficients constants, posés
sur un demi-espace, de la forme :

d
O+ Adu=f, {x>0},
j=1
Mulyeo =Ty,

U|t<0 =0

Les problemes auxquels je m’intéresse sont a bord (ici {x = 0}) non-
caractéristique et satisfont une condition de Lopatinski uniforme. Il est
a noter que les problemes ainsi considérés sont Kreiss-Symétrisables.

Je fournis deux méthodes différentes d’approximation de tels prob-
lemes. Il s’agit la, probablement, du premier résultat obtenu con-
cernant ’approximation de problemes mixtes hyperboliques Kreiss-
symétrisables par des méthodes de pénalisation de domaine.

Je propose deux méthodes différentes de pénalisation de domaine.
Ces deux méthodes n’engendrent pas de couches limites, a tout ordre.

La premiere méthode nécessite la construction d’'un symétriseur de
Kreiss. Il s’agit 1a d’un objet microlocal.
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La deuxieme méthode proposée parait plus simple, dans une per-
spective numérique, car elle n’utilise que des projecteurs assez naturels,
et ne nécessite pas la construction d’un symétriseur de Kreiss.

Les deux méthodes exposées dans ce chapitre different en profondeur
I'une de I'autre. Aussi, n’ai-je pas pu donner une preuve de stabilité
commune aux deux méthodes proposées, contrairement a ce qui avait
été fait au chapitre 5.

On va maintenant détailler davantage le contenu de chacun des
chapitres de cette These.

1.1 Problemes linéaires hyperboliques conservat-

ifs & coeflicients discontinus : le cas scalaire
1-D (Chapitre 2).

Je m’intéresse ici a des problemes linéaires hyperboliques de la forme :

(1.1.1) {at“ +Ou(alt,z)u) = f,  zER,

u‘t:O =h )

dans le cas ou le coefficient a est discontinu au travers de {x = 0}, et
régulier de part et d’autre.

En fait, I’étude d’une telle équation nécessite 'introduction d’une
nouvelle notion de solutions. Les problemes hyperboliques a coefficients
peu réguliers ont déja fait I'objet de plusieurs travaux : R.J. Diperna
et P.-L. Lions ([DL89]) ont défini une notion de solutions renormal-
isées pour ce genre de problemes; P. G. LeFloch a résolu un probleme
voisin dans [LeF90]; F. Bouchut et F. James ([BJ98]) ont introduit une
notion de solution faible adaptée, s’articulant autour de 1’étude paral-
lele du probleme pris dans sa version conservative et sa version non-
conservative. Ces résultats ont été étendus par F. Bouchut, F. James
et S. Mancini dans [BJMO05]. F. Poupaud et M. Rascle ([PR9I7]) ont
proposé une notion de solution basée sur les caractéristiques général-
isées au sens de Filippov.
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Pour ma part, je me focalise sur le cas ou le coefficient a est une

fonction réguliere par morceaux de part et d’autre de I'hypersurface
d’équation {x = 0}. L’approche choisie pour aborder le probleme est
une approche a viscosité évanescente. Soit T > 0 fixé arbitrairement;
le probleme sera étudié sur la fenétre temporelle (0,7).
Je choisis ensuite les hypotheses de maniere a me concentrer sur 'effet
provoqué par la discontinuité du coefficient. A cette fin, la fonction
(t,x) — a(t,z) est supposée C* de part et d’autre de la droite {x = 0},
plus précisément je prendrai

a € G2((0,T) x RY),

ou Cp° désigne l'espace des fonctions infiniment différentiables, bornées,
ainsi que chacune de leurs dérivées.

Il est a noter que, dans la définition, a|,—¢ n’est pas définie. En fait,
pour mon approche, la valeur de a en {z = 0} n’a pas d’importance.
De plus, je suppose que le terme source f appartient a ’ensemble des
fonctions C* a support compact C5°((0,7') x R) et que h appartient
a I'ensemble des fonctions tests C5°(R).

Je considere maintenant le probleme, parabolique a ¢ > 0 fixé,
obtenu par la perturbation visqueuse suivante du probleme de Cauchy
hyperbolique (1.1.1):

(1.1.2) { Opu® + 0y (alt, 2)u’) —ediu® = f, =z €R,

U6|t:0 =h

Or, les travaux précédents suggerent que, dans les cas dits rentrants,
la solution généralisée naturelle du probleme comporte une masse de
Dirac en {z = 0}, de sorte que le produit au n’a pas de sens classique.
Méme si le probleme (1.1.1) n’a pas toujours de solution naturelle au
sens des distributions, il n’en est pas de méme du probleme (1.1.2) pris
ae > 0 fixé ([Ike71]). Ceci est di au caracteére parabolique du probleme
considéré ou encore a 'effet régularisant du Laplacien.
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Ainsi, dans le cas présent, malgré la discontinuité du coefficient
aen {r = 0}, a e > 0 fixé, la solution u® de (1.1.2) appartient a
C°((0,T) x R). Plus précisément, si je note u®™ et u~ les restrictions
de u® respectivement a {z > 0} et {x < 0}, u® satisfait les conditions
de transmission a l'interface :

u€+|m:0+ — U =0~ =0,
(au"" — e0pu™) |pmor — (at®™ — €0pu"") |—o- =0

Ce chapitre comporte deux résultats principaux : 'un portant sur

le cas expansif (a(t,07) < 0, a(t,0%) > 0) et Pautre concernant le cas
compressif (a(t,07) > 0, a(t,07) < 0).
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FIGURE 2
Cas Expansif
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Représentation du champ de vecteurs 0; + a(t, )9, au voisinage de l'interface
pour un cas expansif

FIGURE 3
Cas Compressif
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Représentation du champ de vecteurs d; + a(t, )9, au voisinage de l'interface
pour un cas compressif
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1.1.1 Traitement du cas expansif.

Mon résultat principal montre que, dans le cas expansif, la solution
u® de (1.1.2) converge, quand ¢ — 0 vers u, définie par: u|,—o = 0,
Ulp>0 = Ug et u|,<0 = up ou (up,ug) est 'unique solution du probleme
hyperbolique suivant:

atuR + aa:(aRuR) = fRa {I’ > 0}7
(‘3tuL + &B(aLuL) = fL, {l’ < 0},
uR‘x:O = uL|x:0 = 0, Yt € (O, T),

UR|t:o = hg, UL|t:0 =hr

ou les indices "L” et "R” servent a indiquer les restrictions de la fonction
concernée respectivement a {x < 0} et {z > 0}. La fonction u ainsi
définie n’est pas dans C°((0,7) : H'(R)). Cela est tout a fait normal
puisque qu’aucune condition de compatibilité n’est exigée sur la donnée

de Cauchy h.

Enoncons maintenant mon résultat, qui est le Théoreme 2.2.3.

Théoreme 1.1.1. ] existe C > 0 tel que, pour tout 0 < e < 1, on ait
1
|u® — | oo jo,r7:02(m)) < Cet,
ou u® est la solution de (1.1.2).

Ce résultat montre que ’approche visqueuse proposée parvient a
sélectionner une unique solution, alors méme que le probleme consid-
éré initialement possédait une infinité de solutions faibles. Il est a
remarquer que ce résultat reste valable pour une viscosité de la forme:
—eg(t,)0?%, ou g désigne, par exemple, une fonction C'*°; uniformé-
ment définie positive et constante en dehors d’un compact.

]?’aprés ce Théoreme, la vitesse de convergence observée est en
O(ex). Cela est du a I'apparition de couches limites caractéristiques
le long des deux courbes caractéristiques issues de (¢,x) = (0,0), I', et
[g.
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FIGURE 4

Singularités de la solution a petite viscosité, dans le cas
scalaire expansif conservatif

0, u discontinue u discontinue sur I'g

\/

u discontinue sur I'y,

Les courbes caractéristiques situées au-dessus de I';, dans le demi-espace {x < 0}
et les courbes caractéristiques situées au-dessus de I'p dans le demi-espace
{z > 0} sont issues de {x = 0} et véhiculent donc I'information donnée par la
trace u|;—o. Les courbes caractéristiques situées au-dessous de I'y, dans le
demi-espace {z < 0} et les courbes caractéristiques situées au-dessous de I'p dans
le demi-espace {x > 0} sont issues de {t = 0}, et relaient donc I'information
fournie par la donnée de Cauchy. Les discontinuités de contact de la solution le
long de I';, et ' proviennent de cette disparité.

Pour tout € > 0 fixé, u® est continue le long de I'y, et I'g. La tran-
sition de u® = u%1,>0 + u71l,<0 vers u s’accompagne donc d'une for-
mation de couches limites qui peut étre décrite, a tout ordre (comme
je I’ai montré lors de la construction de la solution approchée du prob-
leme visqueux, dans la premiere partie de la preuve du Théoreme 2.2.3,
située dans la section 2.2) par des ansatz de la forme suivante :

ug(t, ) ~e_o+ Z Ug.,.(t, T)es

n>0

c QDR(tv I) c QDR(t’ w) n
+Z < Ron,+ (757 —5) Liayear + Unn - (t, — Liayen, | €2

n>0
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et

ZE) ~e—0t ZHL,n<t7‘r)€%

n>0
ZAGL)) pu(l, ) n
+Z< Ln+( T Ly oyear T ULn - taT Liayen; | €25
n>0
ou les termes avec un exposant ”c¢” (comme caractéristique) servent

a décrire les couches limites caractéristiques se formant, et décrois-
sent exponentiellement vite par rapport a leur deuxieme variable (vari-
able rapide). Introduisons maintenant quelques éléments géométriques
nécessaires a la compréhension de cet ansatz. Tout d’abord, Qf et Qﬁ
se définissent comme cela est illustré dans la figure 1. La courbe carac-
téristique séparant QFf, de Q5 sera notée I'g. De méme, je noterai I';, la
courbe caractéristique séparant 2 de Q. Des équations de ' et '
sont données par :

I'r={(t,z) € Qr : pr(t,z) =0},

I'y, = {(t,:c) S QL : gOL(t,l‘) = 0}

En introduisant ar qui est une extension C°° arbitraire de ap :=
alz~o au demi-espace {x < 0}, la fonction g se définit comme étant
la solution de:

{ (Oy + ar(t,x)0,)pr =0, (t,z) € (0,T) x R,
SOR|t:0 =T ,

et ¢, se définit symétriquement.

1.1.2 Traitement du cas compressif.

Je reprends le méme type d’analyse que précédemment. Cette fois,
I’analyse asymptotique montre 'apparition de couches limites de forte
amplitude se formant sur {z = 0}. De méme que précédemment, je
donne un ansatz qui décrit avec précision la formation de couches lim-
ites, a tout ordre :

U (t, ) ~egr € TU (t —) +Z( (t,z)+ U ( )) g",

n>0
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ot les fonctions avec I'exposant "*” décroissent exponentiellement vite

en leur deuxieme variable (variable rapide). Le calcul des profils U,, et
U’ est donné a la suite de la preuve de la Proposition 2.3.1. Le premier
terme de ce développement, d’ordre de grandeur :

_z
16 :,

-
converge vers une masse de Dirac localisée en {z = 0}.

Je prouve ainsi que, lorsque € tend vers zéro, u® converge au sens
des distributions vers une unique solution u, qui est une mesure de la
forme:

u(t,.) = C(t) =0 + uo(t,.),

olt uy appartient & L2((0,T) x R) et C est continue sur (0,7). Ce ré-
sultat de convergence, incluant la définition de C(t), est donné dans le
Corollaire 2.3.3.

Il est a noter que ug est donnée par: ug := url,~o + urlyco, OU UR
et uy, vérifient respectivement les problemes hyperboliques bien posés

suivants :
{&uR + 0.(agur) = fr, {z > 0},
Ugli—o = hg,
{@uL + 0.(arur) = fr, {z < 0},
uL’t:O = hr
On a alors :

Théoreme 1.1.2. [ existe C' > 0 tel que pour tout 0 < € < 1, on ait :
[ula>0 — urllz2(07)xrr) < C,
[uf]z<0 — urllz2(0,r)xr: ) < Ce.
1.2 Systemes linéaires hyperboliques a coefficients
discontinus (Chapitre 3).

Comme je I'ai déja mentionné auparavant, ce chapitre contient deux
résultats. Commencons par mon résultat portant sur des systemes
hyperboliques, C*> par morceaux, en plusieurs dimensions d’espace.
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1.2.1 Systeémes linéaires hyperboliques a coefficients discon-
tinus sans modes expansifs.

Ma préoccupation premiere a été de donner un sens au probléeme suiv-

ant:
{Hu:f7 (t7y7I)EQ7
u‘t<0 =0 )

ou

d
H:= 0, + ZAj(t, Yy, x)0;,
j=1
et avec Q = {(¢t,y,7) € (0,T) x R1 x R}, T > 0 étant fixé une fois
pour toutes. Je note :

d
H* =0, + Z Aj:(t, y,)0;,

Jj=1

ol A;-t est la restriction de A; a +z > 0.

L’inconnue du probléme, u(t,y, z) appartient & RY et les matrices A;
appartiennent a My (R). Je suppose que les coefficients A, sont con-
stants en dehors d’un compact, C'™° par morceaux, et que la disconti-
nuité du coefficient est localisée sur I’hypersurface d’équation x = 0.
Les matrices Bjj, dépendent de maniere C*° de (,y,x) et sont con-
stantes en dehors d'un compact.

Le terme source f appartient & H>((0,T)xR%), et est tel que f|;<o = 0.

L’une des difficultés majeures, vis-a-vis de 'interprétation du prob-
leme, réside dans la définition du produit non-conservatif: A,0,u, dans
le cas ol u est discontinue en {z = 0}. En revanche, ce probleme ne
se pose plus lorsque je considere le probleme visqueux, parabolique a
e > 0 fixé, suivant:

(1.2.1) {He =f Gyrel

ol la pertubation visqueuse de 'opérateur hyperbolique H que j’envisage
est donnée par:

d—1
R =0+ Y A0+ AaDe —€ ) 0;(B;0k)
=1 1<j,k<d
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Les hypotheses faites ici, inspirées de celles faites lors de 1’étude
visqueuse des chocs, se découpent en des hypotheses de structure et
des hypotheses géométriques. Commencons par les hypotheses struc-
turelles. Tout d’abord, précisons 1'hypothese d’hyperbolicité pour H,
ainsi que I'hypothese d’hyperbolicité-parabolicité qui assure la com-
patibilité entre la parabolicité de H® pour € > 0 et I'hyperbolicité de
H = Ha‘gzo.

Hypotheése 1.2.1 (Hyperbolicité a multiplicité constante de H).

Pour tout (t,y,x) € (0,T) x Rt x R* et (n,&) # Ora, la matrice

ZT]] t y Y, T +§Ad(t7yax>

doit étre diagonalisable sur R. De plus, ses valeurs propres ont une
multiplicité constante.

Le symbole de la partie parabolique, B, est défini par:

B(t,y,z,n,&) == Y nymBix(t,y,x)

J,k<d
+3 &ni(Bjalt,y, ) + Bay(t,y, 7)) + €Baalt,y, x).
j<d

Je suppose la condition de Majda et Pego ([MP85]) satisfaite ; on a
donc :

Hypothése 1.2.2 (Hyperbolicité-Parabolicité de H®).
Il existe ¢ > 0 tel que pour tout (t,y,z) € (0,T) x R x R* et (n,€) €
R?, les valeurs propres de la matrice

(Zm ity +£Ad(t,y,x)> + B(t,y,z,n.¢)

vérifient Re p > c(n|* + £2).
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Je suppose ensuite que 'hypersurface sur laquelle se produit la dis-
continuité du coefficient, d’équation z = 0, est non-caractéristique pour
I'opérateur H, ce qui signifie :

Hypotheése 1.2.3 (Bord non-caractéristique).
Vit € (0,7, det Aglo—o+(t) # 0 et det Ag|po—o-(t) # 0.

Les deux hypotheses géométriques (signe et transversalité) que je
vais introduire maintenant apparaissent naturellement dans 1’étude des
chocs qui est un probleme mathématiquement tres voisin. Dans le cas
que je traite, on verra que cette hypothese empéche 'apparition de
modes expansifs. La notion d’expansivité de la discontinuité pour des
systemes non diagonaux sera diment explicitée lors du chapitre suivant.
Je noterai AF la restriction de Ay & {£x > 0}.

Hypotheése 1.2.4 (Hypothese de signe).
1l existe p < N — 1 et q > 0 tels que :

o Les valeurs propres de la matrice A} (t,y,0), ordonnées par ordre
croissant notées par (A; (t,y))1<i<n, sont telles que A\, < 0 et
A1 > 0.

e Les valeurs propres de la matrice A} (t,y,0), ordonnées par or-
dre croissant notées par (N (t,y))i<i<n, vérifient Af,, < 0 et
Mg > 0.

L’Hypothese 1.2.4 interdit en particulier le cas ot A7 (¢,y,0) a toutes
ses valeurs propres positives et A (t,y,0) a toutes ses valeurs propres
négatives. Cette hypothese ne suffit pas a interdire 'apparition de
modes expansifs. Cette notion de modes expansifs est claire pour des
matrices diagonales (on est ramené dans ce cas a la définition donnée
lors du chapitre précédent pour des équations scalaires). On se place
par exemple dans le cas des systemes 2 x 2, avec B4 = Id (de méme
que pour la régularisation visqueuse des équations scalaires du chapitre
précédent) et on consideére un coefficient Ay := AT 1,50+ A; 1,0 diag-
onal et constant de part et d’autre de {z = 0}. Si A; et A} ont toutes
deux une valeur propre < 0 et une valeur propre > 0, I’hypothese de
signe est bien vérifiée. Pourtant, deux cas de figure satisfont ces hy-
potheses. Prenons, par exemple,

— 1 0
= %)
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Alors, si

2 0
A:{:(O —2>’

deux modes traversants sont présents. Par contre, si

~2 0
i=(72)

je me trouve dans le cas d’'un mode compressif et d’'un mode expansif.
L’hypothese de transversalité donnée ci-dessous interdit la présence de
modes expansifs dans I’exemple qui vient d’étre décrit.

Soit Gy = (Bgaq) " Ag4. L'espace vectoriel E_(Gy) [resp E,(Gy)] est
défini comme 'espace généré par les vecteurs propres associés aux
valeurs propres < 0 [resp > 0] de G4. L’hypothese de transversalité
s’écrit alors :

Hypothese 1.2.5 (Transversalité).
Les espaces E_(Gglp—o+) et By (Gyle—o-) s’intersectent transversale-
ment dans RN, ce qui s’exprime également ainsi:

E_(Gdloeo+) + E4 (Galpmo-) = RY.

Je vais maintenant donner I’hypothese de stabilité, qui est de na-
ture géométrique. Pour cela, je vais au préalable introduire quelques
notations. Dans ce qui suit, n := (11, ...,14-1) sera la variable Fourier
duale de y et & la variable Fourier duale de x. De plus, 7 servira a noter
un parametre > 0. Le parametre ¢ sera alors défini par ¢ := (7,7,n).
Notons A* la matrice de Moy (C) donnée par :

0 Id
ATy, 0) = ( ME(ty,55¢) At y,21) ) ’

avec
d—1

M:t(t7yax; C) = BCZCIIAZIE(ZS)ya )Ai(t Yy, x, g)+de t y Y, T Z 77ﬂ]kBg k(t Yy,x )7
j,k=1

ol A* est le symbole hyperbolique tangentiel défini par :

A*(ty, ;€)= (A7) (1) ((ZT+7 Id+2”73 (ty, @ )) .

j=1
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Finalement, notons :

ISH

-1

Ai(t7y7 Z; 77) = Bd_,cllAzll:(t’ ywr)_Bd_,;(ta ywx) ZTIJ (Bj,d(tv ?/»1‘) + Bd,j(tyyﬂ {L')) :
1

<.
Il

J'introduis le poids A(¢) utilisé pour une remise a l’échelle quand
j’étudie le comportement haute fréquence, c’est-a-dire pour |{| grand :

1
A = (L+72+7"+ )"
L’application Ju est définie de CV x CV dans CV x C¥ par :
(u,v) — (u, A™0).

Les espaces positifs et négatifs des matrices A% (¢, y, x; 1), remis a I'échelle
sont définis par : N
Ei(A%) := JAEL(AT).

L’hypothese de stabilité, de nature spectrale, s’écrit alors :

Hypotheése 1.2.6 (Condition d'Evans uniforme).
Supposons que pour tout (t,y) € (0,T) x R et ¢ = (1,m,7) € R4 x
R* — {Oga+1}, on a:

Dit,y,¢) = |det (B-(A*(1,5,0:0)), B+ (A~ (,9,0:0)) )| = € > 0.

Le déterminant de deux espaces vectoriels se calcule en choisissant
une base orthonormée directe pour chacun d’entre eux. L’hypothese
de stabilité introduite ci-dessus ne dépend pas, bien sur, du choix de
ces bases. Les zéros de D représentent les fréquences pour lesquelles le
probleme symbolique associé est instable. Ce type d’hypothese a été
dégagé lors de travaux sur les ondes de choc. On peut notamment se
référer aux travaux de D. Serre et K. Zumbrun ([SZ01],[ZS99]), de S.
Benzoni, D. Serre et K. Zumbrun ([BGSZ06],[BGSZ01]), de F. Rousset
[Rou03], ainsi qu’aux travaux de O. Gues, G. Métivier, K. Zumbrun et
M. Williams ([GMWZ05] par exemple), de G. Métivier et K. Zumbrun
([MZ05], [MZ04]) et au livre de G. Métivier ([Mét04]).

Sous ces hypotheses, pour tout € > 0 fixé, le probleme parabolique
(1.2.1) a une unique solution u°. Cette solution appartient a H*°((0,7") x
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R?! x R*); de plus, elle appartient globalement a C1((0,7) x R). Si
I'on note u** la restriction de u® & {£x > 0}, u® satisfait les conditions
de transmission a l'interface :

{ UE—WZ’ZO+ - ua_leO* = Oa

Oput | pmotr — Ot |yg—g- =0

Je montre que les conditions au bord résiduelles obtenues sur w
s’écrivent alors:
ulx:O"’ - u‘m:O— S EJ

oll ¥ est un sous-espace de RY, dépendant du choix du tenseur de
viscosité.
Le sous-espace ¥ est donné par :

2 = ((Gd’x:O-F)_l — (Gd|x:0—)_1) <E_<Gd|x:0+) mE—F(Gd‘m:O—)) .
Je prouve ainsi le Théoreme 3.2.9 de la These, que 'on rappelle ici:

Théoreme 1.2.1. [] existe C > 0 tel que, pour tout 0 < e < 1,
|u® — ullr2) < Cé,

ot u est la solution de 1.2.1 et u = u" 1,~0 + u 1,0 la solution du
probleme de transmission bien posé suivant:

H+Q+ = er? (t,y,l’) € (OvT) X Ria
Hu =f, (tyz)e(0,T)xR

u|a:—0+ _Q’xzo— € 27

Cette preuve se fait sans avoir recours au calcul pseudo-différentiel
dans le cas ou les coefficients sont constants de part et d’autre de
{z = 0}. Dans ce cas, je prouve d’abord des estimations, en variables
de Fourier, par symétriseur de Kreiss, qui donnent ensuite 1’estimation
voulue via le théoreme de Fourier-Plancherel.

Ce théoreme montre que, pour un tenseur de viscosité donné, I'appro-

che a viscosité évanescente sélectionne une solution. La dimension de
'espace vectoriel ¥ (indépendante des variables tangentielles) exprime

34



le nombre de modes compressifs présents dans la discontinuité.

Si la discontinuité n’a que des modes traversants, alors ¥ = {0},
et donc la solution u sélectionnée appartient a C°((0,7) x R?) mais
n’appartient pas & C1((0,7) x R%). Quand des modes compressifs sont
présents, u est en général discontinue sur 1'hypersurface d’équation
x=0.

Dans tous les cas, la solution u obtenue appartient a H*((0,7") x
R?~! x R*); on n’a donc aucune perte de régularité sur les demi-espaces
{z > 0} et {x < 0} en passant a la limite visqueuse. Cela montre que
les seules couches limites présentes se forment le long de I'hypersurface
non-caractéristique {z = 0}.

En I’'absence de modes compressifs, les couches limites formées sont de
faible amplitude.

Remarquons que 1’étude du probleme dans sa formulation non-
conservative fournit des résultats différents de ceux obtenus par ’étude
des problemes pris dans leur forme conservative. En effet, comme je
I’ai montré dans le chapitre précédent, pour une formulation conserva-
tive du probleme, la présence de modes compressifs induit la formation
d’une masse de Dirac, quand € — 0%. A contrario, les seules singular-
ités observées ici sont des sauts de la fonction ou de ses dérivées.

J’ai choisi d'imposer que uli<o = 0 et que f|;<o, afin que les condi-
tions de compatibilité soient trivialement satisfaites. Si ce n’était pas
le cas, pour chaque mode traversant, une singularité se formerait en
(t = 0,2 = 0) puis se propagerait le long des caractéristiques issues
de ce point. Supposer que les conditions de compatibilité sont satis-
faites permet d’isoler les singularités provoquées par les discontinuités
de coefficients.

1.2.2 Traitement du cas scalaire expansif.

Mon but a été d’obtenir un début de réponse concernant l'intégration
de modes expansifs a ’approche précédente. Un premier pas est en
effet d’étendre les techniques d’estimations d’énergie précédemment
employées (preuve par transformée de Fourier, puis construction d'un
symétriseur de type Kreiss) au cas expansif le plus simple : le cas
scalaire 1-D a coefficients constants par morceaux. Je ne suppose au-
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cune condition de compatibilité satisfaite lors de cette étude. Aupara-
vant, les conditions de compatibilité servaient a éviter I'apparition d’un
type de singularités non intrinsequement lié a la discontinuité du co-
efficient. Le résultat obtenu ici montre que, dans le cas expansif, ce
sont justement ces singularités-la qui sont induites par la discontinuité
du coefficient. Ainsi, j’étudie indirectement la structure des couches
limites se formant dans un cas traversant si les hypotheses de compat-
ibilité des données ne sont pas satisfaites.

Soit a(z) = aglyso+ arly<o, OU ag est une constante > 0 et ay, est
une constante < 0 (expansivité de la discontinuité).Considérons alors
le probleme visqueux, parabolique a € > 0 fixé, suivant :

(12.2) { o + a(z)0,u° — ed*u® = f, r € R,

u€|t:0 =h )

ou f et h désignent deux fonctions C'*° et a support compact; mon ré-
sultat, énoncé ci-apres, montre la convergence de u® vers une certaine
fonction u, quand ¢ — 07. Il s’agit la d’un résultat analogue & celui
établi lors du chapitre précédent, mais sa démonstration est tout a fait
différente.

La solution du probleme limite u est donnée par:
u = uplazo + urleco,
ol uy, est la solution du probléeme mixte hyperbolique suivant:
Owur, + ardyur, = fr, {z <0},
t
wrloso = hu(0) + /0 Flools) ds, Vi e (0.T).
upli=o = hr,
et ug est la solution du probleme mixte hyperbolique suivant:
Owur + arOyur = [g, {z > 0},

t

’LLR|;,;:0 = hR(O) + f‘x:()(s) d87 Yt € (O,T),
0

Ugli=o = hr
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avec fr [resp hg] désignant la restriction de la fonction f [resp h] au
demi-espace {x > 0}, et f, [resp hp] servant & noter la restriction de la
fonction f [resp h] au demi-espace {x < 0}. Mon résultat, qui constitue
le Théoreme 3.3.2 de la These, s’écrit:

Théoreme 1.2.2. [ existe C' > 0 tel que, pour tout 0 < e < 1, on ait:
|u® — w20, xr) < Cb,

ot u® désigne la solution de (1.2.2).

FIGURE 5

Singularités de la solution a petite viscosité, dans le cas
scalaire expansif non-conservatif

d2u discontinue O0,u discontinue sur I'p

0,u discontinue sur I'z,

La fonction u appartient ici & C°((0,7') x R) () L?((0,T) x R). Cependant u ¢
C([0,T) : H*(R)), Vs > 3. Ceci s’explique par les singularités de contact, localisées
le long des courbes caractéristiques T'r et T'z, issues du point (¢ = 0,z = 0).

Une fois de plus, le résultat obtenu montre que I’approche visqueuse
parvient a sélectionner une solution unique.
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1.3 Une approche visqueuse pour des systemes linéaires
hyperboliques a coefficients discontinus inclu-
ant des modes expansifs (Chapitre 4).

Je généralise ici les résultats exposés lors du chapitre précédent a des
discontinuités pouvant présenter des modes expansifs. Par souci de
simplicité, je me suis restreint a des sytemes a coefficients constants
par morceaux en une dimension d’espace. Dans le méme esprit que
le chapitre précédent, je me ramene au probleme de perturbation sin-
guliere suivant :

O + A(x)0,uf —ed*uf = f, (t,r) € (0,T) x R,
u8|t:0 =h )

ou f et g sont C* et a support compact. L’inconnue u®(¢, x) appartient
A RY et le coefficient A prend ses valeurs dans My (R).

Pour +x > 0, on a A(z) = A*.

Comparativement aux hypotheses exposées au chapitre précédent, les
hypotheses de signe et de transversalité sont remplacées ici par des
hypotheses plus faibles qui autorisent les modes expansifs. De plus,

dans le probleme considéré maintenant, je ne fais aucune hypothese de
compatibilité entre f et h.

En pratique, j’ai préféré travailler sur la reformulation du probleme
visqueux en tant que probléme de transmission.
La fonction u® = u*t1,-¢ + u°~ 1, est en effet solution du probleme
suivant :

(O™ + ATOu T — ed2utt = f, (t,x) € (0,T) x R,
O™ + A0 —ed?ut™ = f7, (t,z) € (0,T) x R*,

(1.3.1) Tl R e

Oy oo+ — Oy |p=o- = 0,

Uai |t:0 = h*

\

Je vais maintenant exposer les différentes hypotheses que j’ai faites
en commencant par écrire I'hypothese d’hyperbolicité pour I'opérateur

H:=0,+ A0, :

Hypothése 1.3.1 (Hyperbolicité).
Les matrices AT et A~ sont constantes et diagonalisables dans R.
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Les hypotheses de parabolicité sont ici trivialement satisfaites.
L’hypersurface {x = 0} est supposée non-caractéristique pour H,
ce qui s’écrit:

Hypothése 1.3.2 (Bord non-caractéristique).
Les matrices AT et A~ sont inversibles.

L’hypothese géométrique de stabilité s’écrit:

Hypothése 1.3.3 (Condition d’Evans uniforme).
Pour tout ¢ = (1,77) € R x RT — {0g2}, on a :

‘det (E,(A*(g)),l@(A*(g)))‘ >0 > 0.

Je rappelle brievement les notations employées ici. Les matrices AT
sont définies par :

At 0 1d
—\ (it+v)Id A* )

ot B, (A*) [resp E_(A¥*)] désigne l'espace vectoriel engendré par les
vecteurs propres généralisés de AT associés aux valeurs propres de A*
a partie réelle > 0 [resp < 0]. Le poids A({) est donné par:

1
AQ = (1472499},
L’application Jy de CV x CV dans CV x CV se définit par :
(u,v) — (u, A"v).

On a alors : B
Ei(A%) = JAEL(AT).

Je vais maintenant donner quelques notations et propriétés néces-
saires a la description de mon résultat principal.

Pour commencer, ¥ est I'espace vectoriel défini par:
2= (A1) = (A7) (B (AH) EL(47))
ol j’ai noté, par exemple,

E_(A") = @P ker (A" — X Id),

+
A <0
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avec les )\j+ représentant les valeurs propres de AT, qui sont réelles et
semi-simples de par I'’hypothese d’hyperbolicité.
Jintroduis maintenant I, qui est le sous-espace de RY défini par :

I:=E_(A7)[EL(AT).

Le sous-espace I, est, en ce qui concerne les modes expansifs, ’analo-
gue de ¥ pour les modes compressifs. En particulier, le nombre de
modes expansifs est donné par dim1.

Choisissons, une fois pour toutes, un sous-espace vectoriel V de RV
satisfaisant :

E_(A7) +E.(A") =1EPV.

Supposons que 1'on a la décomposition suivante de RY :

RY =1EPVEP*E.
Je note alors par Ilj, [Iy et Iy les projecteurs associés a cette dé-

composition de RY. L’application linéaire IIj est donc le projecteur sur
le sous-espace vectoriel I parallelement au sous-espace vectoriel VP 3.

Remarquons que, si 'on se replace dans le cadre des hypotheses
géométriques données au chapitre précédent, alors I = {0}. De plus,
sous les hypotheses du chapitre précédent, on avait bien:

RN:V@Z.

Sous mes nouvelles hypotheses, je prouve que, lorsque ¢ — 0%, la
suite (uf) converge vers u dans L*((0,7) X R), ot u := u1,50+u" 1,9
est la solution du probleme de transmission suivant :

(O™ + A Ou™ = f, (t,z) € (0,T) x R*,
ot + ATout = fH, (t,z) € (0,T) x RY,
U |pmg — U |20 € X,

OpIIpu™ |o—g — OpIlju™ |40 = 0,

\

Dans ce probleme, f* et h* désignent respectivement les restrictions
des fonctions f et h au demi-espace {£z > 0}.

40



L’objet de la Proposition 4.2.12 de la These est de montrer que ce
probleme est bien posé.

Une remarque s'impose: des lors que I = {0}, le probleme hy-
perbolique limite quand ¢ — 07 coincide avec celui identifié lors du
chapitre précédent.

Pour en revenir aux hypotheses, je fais une hypothese géométrique
concernant la discontinuité de la matrice A. L’Hypothese 1.3.4, que
je vais introduire ici, généralise les hypotheses de transversalité et de
signe du chapitre précédent.

Commencons par donner quelques notations préliminaires. De par
I’hypothese d’hyperbolicité, les matrices A* et A~ sont diagonalisables.
Il existe donc deux matrices de passage P et P~ et deux matrices diag-
onales D" et D~ telles que DT = (PT) 'ATPTet D~ = (P7) A" P~.

Je définis alors le sous-espace J de RY par
J:=E_(D)[)E(D").

Je choisis une fois pour toutes deux sous-espaces vectoriels de RY, V;
et Vo, vérifiant :

Vl @J = E+(D+)a
et

V.PI=E_(D).

Mon hypothese, portant sur la discontinuité du coefficient, s’écrit
alors:

Hypothese 1.3.4 (Structure de la discontinuité).
On a :

PV, P (PrI+P )PP V. P =RY
De plus, application

e (nrgr )

de JxJ dans Ix (P*J + P~J) définit un isomorphisme entre les espaces
IxJetlx (PtJ+P7J).
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Finalement, on a :
dim (E,(/ﬁ) ﬂE+(A‘)) = dim¥.

Etant donné que cette hypothese n’est pas vraiment aisée a véri-
fier, je présente ici une autre hypothese plus simple: I'Hypothese 1.3.5.
L’Hypothese 1.3.5 est une condition suffisante pour que I'Hypothese
1.3.4 soit vérifiée.

Hypotheése 1.3.5 (Structure de la discontinuité, version suffisante).
Supposons que :

o dim¥ = dim (E_(A*) N E4(47))
o A1=1

o« ATT=1

ker((A7)™' — (47)"HNI= {0}

E_((Id —1I)A~(Id — IIy)) D E4 ((Id — ) AT (Id — L)) P ¥ =
V.

Remarquons que, si A~ a toutes ses valeurs propres < 0 et A%
a toutes ses valeurs propres > 0 (cas totalement expansif), cette hy-
pothese se réduit tout simplement a :

ker ((A%)™' — (A7) (1= {o},

ce qui est ici équivalent a :

det ((AT)™ = (A7)™Y) #£0.

En effet, dans le cas purement expansif, on a : I =R,
Sous ces hypotheses, je prouve le résultat suivant (Théoréme 4.2.14) :

Théoreme 1.3.1. [l existe C' > 0 tel que, pour tout 0 < e < 1, on ait:

|u® — ul| 220,17y xr) < Ce,
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ou u® désigne la solution du probleme de transmission visqueuz (1.3.1)
et u est définie comme étant 'unique solution du probléme de trans-
mission hyperbolique suivant :

(Ou™ + A 0,u” = [, (t,z) € (0,T) x R*,
out + ATout = T, (t,z) € (0,T) x R,
Ut |pm0 — U |0 € Z,

OpIlyu™ |0 — OpIliu™ |40 = 0,

U_|t:0 =h",

ul o = h".

\

La preuve de ces estimations d’énergie est la méme qu’au chapitre
précédent. Pour obtenir ce résultat, ma principale préoccupation a
été de trouver une solution approchée du probleme de transmission
visqueux (1.3.1). Dans ce cadre, je fournis un ansatz décrivant avec
exactitude, a tout ordre, les couches limites se formant. Etant donné
qu’aucune condition de compatibilité entre f et h n’est satisfaite, des
couches limites caractéristiques se forment, en général, sur chacune des
courbes caractéristiques issues de (¢, z) = (0,0).
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FIGURE 6

Singularités de la solution a petite viscosité, dans le cas de
sytémes non-conservatifs

t

Q}

Q]

Ce dessin montre les zones ol u est réguliere dans le cas ot dimE_(A7) =2 et

Les couches limites se formant sur {z = 0} sont de forte amplitude
si E_(AT)NE; (A7) # {0}, et sont de faible amplitude dans le cas

contraire.

En général, puisqu’aucune hypothese de compatibilité des données
n’est faite, il y a des singularités de la solution u (sauts de J,u) local-
isées d'une part sur les courbes caractéristiques {(¢,z) € (0,T) x R* :
r — A"t = 0}, ou A~ désigne une valeur propre < 0 de A~ et d’autre
part sur les courbes caractéristiques d’équation {(¢,z) € (0,7) x R :
r — ATt =0}, ot AT représente une valeur propre > 0 de A*.

Supposons, de plus, pour simplifier, que toutes les valeurs propres
de AT et A~ sont distinctes (hypothese de stricte hyperbolicité de
lopérateur 0; + Ad,), alors la singularité se produisant par exemple
sur {(t,z) € (0,T) xR% : z— At = 0}, ou A > 0, est polarisée sur un
espace vectoriel de dimension 1. Je me trouve donc ramené, apres pro-
jection, a une analyse asymptotique semblable au cas scalaire expansif
menée lors du chapitre précédent.
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J’ai également explicité des exemples de systemes satisfaisant I'ens-
emble des hypotheses décrites. Ceci s’avere important dans le cas
présent, vu la quantité et la complexité des hypotheses mises en jeu.
Il est a noter que les exemples exhibés ont été construits de maniere a
intégrer un mode expansif. J’ai montré, par exemple :

Proposition 1.3.6. Soit P une matrice inversible de My(R), alors les
matrices A~ et AT définies par :

_fdy 0
A_P(Od2 P

df «
+ _ p-1 1
AT =P (O d;)P

avec di < 0, df > 0 et « € R — {0}, satisfont l’ensemble des hy-
potheses faites si et seulement si, ou bien dy et d, sont de méme signe
(strictement), ou bien dy < 0 et dj > 0.

La preuve de cette proposition requiert une étude de la fonction
d’Evans pour des sytemes 2 x 2. La section 4.3 est d’ailleurs dédiée a
cette étude.

Dans le cas ott d; > 0 et df < 0, avec a # 0, le probléme reste
ouvert. Il serait certainement intéressant de chercher a élucider ce cas.
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1.4 Pénalisation de problemes semi-linéaires avec
condition au bord strictement maximale dissi-
pative (Chapitre 5).

On s’intéresse ici a ’approximation de solutions de certains problemes
mixtes hyperboliques semi-linéaires, a bord caractéristique (& multiplic-
ité constante) ou non-caractéristique. Les problemes considérés sont
symétriques avec une condition au bord strictement maximale dissi-
pative. Ce travail fait l'objet d’'un article co-écrit avec O. Gues. Les
probléemes que nous étudions s’écrivent :

Lu = F(t,z,u), (t,z)€ (0,T) x £,
ul[jo,r[x00 € N,
u|t:0 =0 )

ou L = Ayo; + Z?Zl A;0; + B, les matrices A; sont symétriques, de
taille N x N et Ag est uniformément définie positive. On suppose, de
plus, que les matrices A; dépendent de maniere C'*° de leurs parametres
et sont constantes en dehors d’'un compact. La matrice B est aussi une
matrice de My (R), dans Cp° (il s’agit de l'ensemble des fonctions in-
finiment différentiables, bornées ainsi que toutes leurs dérivées),  est
un ouvert de R? & bord C™, N est un fibré vectoriel C> sur R x 9
définissant les conditions au bord, et F' est une application C'*° qui
peut étre non-linéaire.

Pour simplifier ’exposé, on va donner les résultats dans le cas ou le
probleme est posé sur le demi-espace {x; > 0}.
On notera alors par y la variable d’espace tangentielle donnée par
(x1,...,24-1); dans ce cas, le probleme mixte hyperbolique s’écrit alors

Lu=F(t,z,u), (t,z)€ (0,T)xR%,
Um0+ € N(t), V(t,y) € (0,T) x R
U|t:0 = 0.

Précisons les hypotheses concernant F : on prend F' € C> (R4
RY) telle que, pour tout @ € N**9+N g F est bornée sur R x K

pour tout compact K C RY; de plus, F(t,z,0) € H®(R*) et F|;.q =
0. Pour simplifier les choses, nous allons exposer nos résultats dans ce
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cadre.

On suppose que le bord {z; = 0} est a multiplicité constante :

Hypothese 1.4.1. La matrice de dérivée normale, Ag, a un rang con-
stant, N — dy, sur {zq; = 0}.

Basiquement dy := dimker Ayl,,—o. Si dy = 0, le bord est non-
caractéristique. Cette hypothese implique que Ag4|,,—0 garde un nombre
constant de valeurs propres > 0 et < 0. Onnoterad_ := dimE_(Ay,,—0)

et dy := dimE, (A4]s,=0). On a la décomposition suivante de RY :

RY = E_(As) (P E+(As) @D ker(Ay).

Dans ce qui suit, on notera respectivement P, P_ et Py les projecteurs
associés a cette décomposition.

On suppose, de plus, que la condition au bord est strictement max-
imale dissipative, ce qui s’écrit :

Hypotheése 1.4.2 (Stricte maximale dissipativité du bord).

N(t,y) est un sous-espace vectoriel de RY, de dimension N — d,
dépendant de manicre O de (t,y) € RY, et il eviste une constante
co > 0 telle que, pour tout v € RY et tout (t,y) € RY, on ait

v EN(t,y) = (Adlo—ao(t, y)v,v) < —co|(Id — Po)v]|>.

Comme O. Gues I'a prouvé dans [Gue90], sous ces hypotheses, il
existe Ty > 0 tel que le probleme mixte hyperbolique semi-linéaire con-
sidéré soit bien posé pour T' = Tj.

Nous montrons que la solution de ce probleme peut, par exemple,
étre approximée, quand ¢ — 0%, par la restriction & x4 > 0, de la
solution d'un probleme de Cauchy de la forme :

{ LAuf + IMufl, o = FA(t,z,uf), (t,z) € (0,T) x RY,
u€|t=0 =0 )

ot L* et F* désignent des extensions de L et F 4 R x R
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Ces extensions peuvent étre choisies relativement arbitrairement.
En fait, on peut prolonger les A; avec 1 < j < d — 1, et B par des
fonctions C'* jusqu’au bord pour {z; < 0}, éventuellement discontin-
ues en {zg; = 0}. Ces extensions seront notées respectivement Ag- et
B*. Concernant I'extension de L a L*, le point important est décrit par
I’hypothese suivante :

Hypotheése 1.4.3 (Continuité de AEl).

La matrice de dérivée normale, Aq, est la restriction a {xqy > 0}
d’une matrice A% qui appartient o C((0,T) x R x R*) (| CO(R*H1)
et qui est constante en dehors d’un compact.

Il est a noter que la discontinuité des coefficients ne pose pas de
difficultés comme c’était le cas dans les chapitres 3 et 4, car, dans le
cas présent, Ag est continue. Nous proposons deux approches :

e Dans la premiere approche, inspirée d'un travail de J. Rauch
([Rau79]) et d’un travail de C. Bardos et J. Rauch ([BR82]), la
matrice M est définie positive (il s’agit de la matrice R donnée par
(5.2.10)). Cela revient & pénaliser toutes les composantes. L’effet
d’une telle pénalisation est "I’écrasement” de la solution obtenue
sur {z4 < 0}. On obtient en effet,

alir(f)i U€|t<0 = 0.

D’un autre coté, nous avons choisi I'opérateur de pénalisation M

de fagon a obtenir la convergence de la suite u® vers une unique

limite u satisfaisant :

Im w = ul,,—0+.
zq—0T

Cela montre que méme si, a € > 0 fixé, u® est continue de part
et d’autre de {z4y = 0}, u est en général discontinue en {z; = 0}.
Cela est révélateur de la présence de couches limites. Nous don-
nons ici notre résultat qui montre que les couches limites se for-
mant sont localisées exclusivement sur le domaine fictif, ici a
gauche de {zy = 0} (pour x4 < 0). Dans le cadre de notre pre-
miere méthode, nous prouvons le résultat de convergence suivant
(Théoreme 5.2.6) :
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Théoreme 1.4.1. Il existe C > 0 et g > 0 tel que, pour tout
0<e<egon ait:

Vs >0, |[|u]s,>0 — UHHs((o,TO)xRi) < Ce

Pour la deuxieme approche, nous avons essayé de proposer une
méthode qui ne génere pas de couches limites. D’un point de
vue numérique, la présence de couches limites peut freiner la con-
vergence vers la solution recherchée. Par exemple, dans 'article
[PCLS05], A. Paccou, G. Chiavassa, J. Liandrat et K. Schnei-
der observent numériquement un défaut de vitesse de convergence
pour 'équation des Ondes. Dans 'annexe du chapitre 6 [section
6.6], je montre qu’il se forme effectivement des couches limites
pour ce probleme, ce qui répond a une question posée par les au-
teurs de [PCLS05], et explique la vitesse de convergence observée.

Le principe de la deuxieme méthode de pénalisation de domaine
que nous présentons ici est de "pénaliser exclusivement les modes
sortants”. Cela induit que l'opérateur de pénalisation M est ici
une matrice positive au sens large, son noyau contenant les com-
posantes de la solution qu’il n’est pas nécessaire de pénaliser
(modes rentrants). L’expression précise de cette matrice est don-
née par (5.2.15).

Par exemple, si d- = N (dans ce cas, tous les modes sont ren-
trants), alors N' = R¥. La condition au bord u|,,—o € N est alors
systématiquement satisfaite et le probleme considéré n’a pas be-
soin de condition au bord pour étre bien posé. Ce probleme n’a
alors aucune nécessité d’étre pénalisé. Cela signifie qu’il suffit
de considérer que le bord est transparent (ce qui correspond a
prendre M = 0) pour étendre notre probleme a un probleme de
Cauchy posé sur tout l'espace.

A Topposé, si dt = N, l'opérateur de pénalisation M que nous
proposons est, dans ce cas, inversible.
Plus généralement, pour la méthode exposée ici, on a :

dimker M = d_ + d,.
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Notre approche nait d’une remarque assez simple. Supposons que
N = E_(Ag) @ker Ay, alors, en prenant M = P, on obtient
le résultat suivant qui montre I’absence de formation de couches
limites, a tout ordre :

Théoreme 1.4.2. [l existe C > 0 et g > 0 tel que, pour tout
0 < e <eg, dune part on ait:

Vs >0, ”ua‘ﬂﬁd>0 - UHHS((O,TO)XRi) < Ce.

D’autre part, il existe une unique fonction u~, telle que

Vs >0, Hu€|zd<0 - WHHs((o,To)xR‘i) < Ce.

Cette fonction v~ vérifie u™|z,—0 = U]z —0-

Ce résultat reste vrai dans le cas général (Théoreme 5.2.7), méme
si N # E_(Ay) @ker Ay, car, par un changement d’inconnue,
on peut toujours se ramener au cas N' = E_(A,;) @ker A, (c’est
le lemme 5.2.4); 'opérateur de pénalisation M obtenu est alors
I'image inverse de P, par ce changement d’inconnue. Ce résultat
est meilleur que le précédent au point de vue de la qualité de con-
vergence. En effet, la formation de couches limites, qui est une
obstruction a la convergence, n’a pas du tout lieu ici, quel que
soit l'ordre considéré (voir section 5.4.2).

En pratique, il est plus commode de considérer un domaine fictif
borné plutét que le demi-espace {xy; < 0}. Soit [ un réel > 0; par
exemple, on peut approximer u par u®|,,~o, out u° est définie sur (0,7") x
R x [—1,00) par :

{ LAuf + IMufl ey c0 = FH(t,z,uf),  (t,3) € (0,T) x R x [—L, 00),
= 0.

u® |t:0

On choisit ici Ag de sorte que AZLE ,——r ait uniquement des valeurs
propres < 0. Aucune condition au bord supplémentaire en {xy = —L}
n’est donc nécessaire.

Comme cela est illustré ci-dessous, cette approche, consistant a in-

troduire un bord absorbant, s’applique également a des domaines fictifs
plus généraux, pouvant contenir des coins.
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FiGURE 7
Domaine fictif & bord absorbant

v

Ot

/A

Dans notre illustration, on a un mode sortant, un mode rentrant et un mode
caractéristique sur 0f).
On prolonge 'opérateur de maniere a ce que les trois modes soient sortants sur

0QF ; ainsi aucune condition au bord n’est nécessaire sur 9.

1.5 Pénalisation de problemes linéaires a coeffi-
cients constants satisfaisant une condition de
Lopatinski uniforme (Chapitre 6).

L’objectif de ce chapitre est analogue au précédent, mais dans le cadre
de conditions aux limites satisfaisant une condition de Lopatinski uni-
forme. Je considere un probleme mixte hyperbolique linéaire du pre-
mier ordre, posé sur le demi-espace {z; > 0}. En notant y := (xy,...,24-1)
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et x := x4, ce probleme s’écrit :

Hu=f, {z>0},
(1.5.1) l'ul,=0 =Ty,

u|t<0 =0 )

ott 'inconnue u(t, y, z) appartient & RY et I" est une application linéaire
de rang p. On fixe T > 0, une fois pour toutes. On notera QF :=
[0, 7] x R% et T :=[0,T] x R4 ot f désigne une fonction de H>®(Q)
et g est une fonction appartenant H°° (7). On suppose également que f
et g sont telles que f|;<o = 0 et gli<o = 0. L'opérateur H considéré est
de la forme 0; + Z;l:l A;0; ou les matrices A; appartiennent a My (R)
et sont constantes. Je fais ’hypothese d’hyperbolicité suivante sur H :

Hypotheése 1.5.1 (Hyperbolicité a multiplicité constante.).

Pour tout (n,€) € R¥™t x R — {0}, les valeurs propres de

d—1
D nidy+EA

j=1
sont réelles, semi-simples et de multiplicité constante.

Le bord, {z = 0}, est supposé non-caractéristique pour l'opérateur
hyperbolique H.

Hypotheése 1.5.2 (bord non-caractéristique).
d@tAd 7& 0.

Je suppose que 'opérateur de bord I' satisfait avec H une Condi-
tion de Lopatinski Uniforme. Il s’agit la d'une condition de stabilité
géométrique ([CP81]). H. O. Kreiss ([Kre70]) a prouvé que les prob-
lemes mixtes strictement hyperboliques satisfaisant cette hypothese
sont bien posés. La condition d’Evans uniforme introduite précédem-
ment est la version visqueuse de ce critere.
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Hypotheése 1.5.3 (Condition de Lopatinski Uniforme).

Pour tout ¢ tel que v >0, on a :
|det(E_(A),kerT")| > C > 0.

ou A est le symbole tangentiel de 'H, défini par :

d—1
A(Q) = — (Ag)™ ((i7+7)fd+ ZW!‘L‘) ,

=1

et C = (77 T? T])’

En particulier, j’ai montré, dans le chapitre 3, que la solution général-
isée naturelle d’'un probleme hyperbolique linéaire discontinu de part
et d’autre de {z = 0} s’écrit u = u™1,~0+u" 1,0 de telle maniére que
la fonction U, définie sur (0,7") x R% par :

U(t,y,x):( ut(t,y, ) )

u- (tv Y, _I>

soit la solution d’un probleme mixte hyperbolique satisfaisant une con-
dition de Lopatinski uniforme. Le point de vue est le méme que celui
du chapitre précédent.

Je vais montrer que l'on peut construire un multiplicateur de Fourier
M et une fonction 0, tels que u®|,~o approxime la solution u de (1.5.1),
quand € — 07, et ce, sans formation d’aucune couche limite; u® désigne
ici la solution d’un probleme de Cauchy, obtenu par perturbation sin-
guliere du probleme (1.5.1), de la forme :

1 1
(1.5.2) Hou® + gM(3)1x<ouE = ff+ 01, {z € R},

U6|t<0 =0

Dans ce probleme, f# et H* sont des extensions de f et H & {z < 0}.
En fait, étant donné que les coefficients de H sont constants, je prends
H* := H. De plus, je prolonge f par 0 pour z < 0. J’ai mentionné que
I'opérateur M de pénalisation est un multiplicateur de Fourier; cela
signifie qu'il existe une matrice M () telle que

F(M(@)u) = M(C)F (u),
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ou F désigne la transformée de Fourier tangentielle, c’est-a-dire par rap-
port aux variables (t,y). En s’inspirant des techniques utilisées lors du
chapitre précédent (5), afin d’obtenir une pénalisation sans formation
de couches limites, la matrice de M (() possede en général un noyau bien
choisi. Dans les approches présentées lors du chapitre précédent, nous
avons pu tirer parti de la symétrie du probleme assortie de I’hypothese
de dissipativité du bord afin de prouver mes estimations d’énergie.

Je présente ici deux solutions différentes au probleme de pénalisa-
tion de domaine. Deux pénalisations adaptées (M, 6;) (voir section
6.1.1) et (Mo, 62) (cf section 6.1.2) sont ainsi proposées. La deuxieme
maniere de pénaliser semble plus avantageuse, dans une perspective de
futures applications numériques, comme souligné ci-dessous. Ces deux
manieres de pénaliser, bien que tres différentes, ont comme point com-
mun de ne pas générer de couches limites, a tout ordre, ainsi qu’en
témoigne le résultat suivant :

Théoréme 1.5.1. Considérons le probléeme (1.5.2) avec (M, 0) = (M, 6;)
ou (M, 0) = (My, 0,). Alors, il existe C > 0, tel que, pour tout 0 < & < 1
et s >0, on ait :

||UE|$>0 — U||Hs(Q+) S Ci‘f.
De plus, il eziste une fonction u= € H®(Q27) et C" > 0 tels que pour
tout 0 <e<1lets>0, on ait :

|4 oo — U_HHS(Q—) < (e

On a en outre :
U|pmotr = U |p—o--

Premiere construction.

Une démarche tout a fait naturelle, dans le cas présent, est d’utiliser
les symétriseurs intoduits par Kreiss, qui symétrisent le probleme obtenu
par transformée de Fourier tangentielle, tout en introduisant, pour ce
probleme, une propriété de dissipativité du bord. Il s’agit la de I'idée
de base de ma premiere méthode de pénalisation de domaine.

Sous les hypotheses présentées ci-dessus, il est possible de construire

un symétriseur de Kreiss. Le probleme Kreiss-symétrisé, plus exacte-
ment sa transformée de Fourier-Laplace, est exactement analogue au
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probleme traité lors du chapitre précédent. A la différence du probleme
traité lors du chapitre précédent, le probleme obtenu ici a la fréquence
¢ comme parametre. Ma premiere approche se ramene en substance
a construire un opérateur de pénalisation pour ce probleme Fourier
Kreiss-symétrisé. Comme je le montre section 6.2.1, modulo un change-
ment de variable adéquat, 'opérateur de pénalisation est un projecteur
sur 'espace négatif d’'une matrice hermitienne, parallelement a son es-
pace positif.

L’orthogonalité de ce projecteur induit sa positivité, au sens large.
Il s’agit la d'un point important dans la preuve de mes estimations
d’énergie.

Le changement de variables évoqué passe par la construction d’une
"matrice de Rauch”, de méme que les deux méthodes proposées lors du
Chapitre 5 de la These. Celui-ci est détaillé dans la section 6.2.2. La
méthode de construction décrite ici se base sur la construction prélimi-
naire d’un symétriseur de Kreiss S et d’'une matrice de Rauch R, il est
également a noter qu’il faut calculer les projecteurs orthogonaux sur I’
espace E_(R7'SR™!). Ma premiere construction est détaillée dans la
section 6.1.1.

Tirant parti du fait que 'opérateur considéré est a coefficients con-
stants, mon résultat s’obtient finalement par le théoreme de Fourier-
Plancherel. 1l est a remarquer que les estimations d’énergie obtenues
ici sont prouvées en traitant le probleme pénalisé (1.5.2) comme un
probleme de Cauchy sur tout 'espace (voir section 6.3.2).

Deuxieéme construction.

Ma deuxieme construction est détaillée dans la section 6.1.2. Pour
cette construction, je montre que les estimations, pour le probleme
de perturbation singuliere considéré, résultent directement du fait que
le probleme de Cauchy (1.5.2) peut se reformuler comme un probléme
mixte hyperbolique satisfaisant une Condition de Lopatinski Uniforme.
Sous mes hypotheses, cette condition de Lopatinski est trivialement
vérifiée pour € > 0 fixé. Je montre que c’est aussi le cas de la condition
de Lopatinski obtenue asymptotiquement quand ¢ — 0% (voir section
6.4.2). Une fois de plus, la clef de I'approche se situe dans une étude
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du probleme faite sur la transformée de Fourier-Laplace de I’équation.
Le principe de mon approche est ici différent : au lieu de travailler a
arranger 'opérateur, on reformule ici la condition au bord de maniere
plus adéquate (c’est le Lemme 6.4.1).

En se basant sur le fait que le probleme considéré satisfait une con-
dition de Lopatinski uniforme, je montre que la condition au bord
TFul|,—o = g est équivalente, vis-a-vis de 'équation associée, a une
autre condition au bord, directement adaptée a une approche par pé-
nalisation de domaine. Pour le probleme obtenu par transformée de
Fourier-Laplace, I'opérateur de pénalisation alors prescrit, est le pro-
jecteur sur E_(A(()) parallelement a E, (A(()), ou il est a rappeler que
A est le symbole tangentiel de ‘H introduit précédemment. Ce pro-
jecteur sera noté P~((). Les "tildes” sont utilisés pour indiquer qu’il
s’agit des espaces étendus contintiment a {y = 0, (1,7) # 0} ([CP81]).
Contrairement a ’approche précédente, la positivité du projecteur n’est
pas ici un facteur important pour la stabilité du probleme. En revanche,
il est primordial que, pour tout ¢ # 0, le noyau et I'image du projecteur
P~ (() soient invariants par A(().

D’un point de vue numérique, cette deuxieme méthode de pénalisa-
tion présente l'avantage de nécessiter beaucoup moins de calculs que la
premiere, qui fait intervenir le symétriseur de Kreiss, en général prob-
ablement (tres?) difficile & calculer numériquement. II est & noter que
dans certains cas concrets (équation d’Euler par exemple), le symétriseur
de Kreiss est en fait tout-a-fait aisé a calculer ; on pourra se référer au
livre [BGS07] de S. Benzoni-Gavage et D. Serre.

De plus cette méthode est la seule méthode de pénalisation de la These
qui ne nécessite pas le calcul d’'une matrice de Rauch.

En contrepartie, afin d’obtenir la fonction € dans (1.5.2) pour ma deux-
ieme méthode, il est nécessaire de calculer au préalable la solution v
du probleme de Cauchy :

{Hﬁv = {zeR},

U|t<0 =0 5

ce qui n’est pas tellement contraignant, étant donné qu’aucun bord
n’est présent.
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Partie I:

Approches Visqueuses pour des Problemes
Hyperboliques a Coefficients Discontinus.
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Chapter 2

Problemes hyperboliques
scalaires conservatifs a
coeflicients discontinus.

Ce chapitre contient le papier [For07c¢] intitulé "Two Results concerning
the Small Viscosity Solution of Linear Scalar Conservation Laws with
Discontinuous Coefficients” soumis a publication en juillet 2007.

Abstract
In this paper, we consider the vanishing viscosity approach of the linear hyper-
bolic Cauchy problem in 1-D

{atu +0y(au) = f, {t>0,z € R},

Ut=0 = ha

when the coefficient a(t, z) is discontinuous across the line {x = 0} and smooth on
{z # 0}. Two cases are treated: the expansive (or completely outgoing) case where
sign (za(t,z)) > 0, for all (¢,x) in a neighborhood of {z = 0}, and the compres-
sive case (or completely ingoing) case where sign (za(t,z)) < 0, for all (¢,z) in a
neighborhood of {z = 0}. In both cases, we show that the solution of the viscous
problem converges and selects a well defined ’generalized solution’. In the expansive
case, our first result answers the open question of selecting a unique solution to the
hyperbolic problem, answering a question raised in paper [PR97]. In the compres-
sive case, we show the formation of a Dirac measure in the small viscosity limit.
Moreover, the considered problem does not need to be the linearized of a shock-
wave on a shock front. For both results, a detailed asymptotic analysis is made
via the construction of approximate solutions at any order, including a boundary
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layer analysis. Moreover, both results state not only existence and uniqueness of
the solution but its stability, and are new.
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2.1 Introduction.

Consider the conservative 1-D Cauchy problem:

(2.1.1) {iﬁ‘jjw}ia(w)w —f,  z€R,

If a is discontinuous through {z = 0}, problem (2.1.1) has no classical
sense and a new notion of solution has to be introduced. Several ap-
proaches have already been proposed. Among them, renormalized solu-
tions for this sort of problems have been introduced by Diperna and Li-
ons in [DL89]. A neighboring question is treated by LeFloch ([LeF90]),
then generalized to 1-D systems by Hu and LeFloch ([HL96]). In [BJ9S§]
and [BJMO05], Bouchut, James and Mancini define a notion of solution
around the parallel study of the conservative problem (2.1.1) and the
associated nonconservative problem:

{ Ou+ a(t, x)0,u = g, r e R,

2.1.2
(2.1.2) o = 1

In [PR97], Poupaud and Rascle propose a notion of solution based on
generalized characteristics in the sense of Filippov.

In this short paper, we will consider the vanishing viscosity approach
in the case where a(t, x) is a piecewise smooth function. Let us describe
our assumptions. Let 7" > 0 be fixed once for all. We will assume that
the coefficient a belongs to the space of infinitely differentiable func-
tions, bounded with all their derivatives: Cy°([0,7] x R*), with R* =
R—{0}. Furthermore, we assume that f belongs to Cg°([0, T|xR) and h
belongs to C3°(R). As a first step, let us take a(z) := aglyso+arli<o,
where a; and agr denote two constants in R*. Different cases have to
be considered depending on the sign of a; and agr. Among those cases,
the most interesting ones are when aj and ag are of opposite sign. If
ar, > 0 and ag < 0 [resp a; < 0 and ag > 0], the associated prob-
lem will fall into what we call the ’ingoing case’ [resp 'outgoing case’
or ’expansive case’]. Our two results state existence, uniqueness and
stability of the solution obtained by vanishing viscous perturbation of
(2.1.1). The first result deals with the expansive case where uniqueness
is the main concern whereas the second result deals with the ingoing
case where existence is the main concern. Let € denote a positive real
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number. Having in mind to make ¢ tends towards zero, we consider
the following viscous perturbation of (2.1.1):

(2.1.3) { o + 0, (a(t, v)uf) — e0?u® = f, r € R,

U5|t:0 = h

We prove then a convergence result stating that the solution u® of
(2.1.3) tends towards u deduced from an asymptotic analysis of the
problem. Naturally, u is then what could be called the small viscosity
solution of (2.1.1). In the ingoing case, u is a measure-valued solution
which coincides with the generalized solution introduced in the already
cited papers. But the interesting point is the asymptotic expansion
which gives a very precise description of the solution. In the expansive
case, the result seems to be completely new, since the main difficulty
was to ’select’ a solution among all possible weak solutions.

2.2 Viscous treatment of the expansive case.

For our first result, let us consider equation (2.1.3) in the case where
the coefficient a satisfies, for all ¢t € [0, 77,

a(t,0t) > 0,

a(t,07) < 0.

We will denote by ag the restriction of a to {x > 0} and by a, the
restriction of a to {x < 0}.

Remark 2.2.1. The value of al,—o is of no concern here. Moreover, by
taking f =0, a, = —1 and ar = 1, we recover the singular expansive
case given by Poupaud and Rascle as an example in [PRI7].

Let us define u by u := ugl,>o + url,<o, where (ug,ur) is the
unique solution of the following problem:

atuR + ax(aRuR) = me {1’ > 0}7
Owur, + Oy (arur) = fr, {z <0},
UR|emo = UL|s=0 = 0, ¥Vt € (0,T],

UR|t:o = hg, UL|t:0 =hr
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where fr [resp hr| denotes the restriction of f [resp h| to {z > 0},
and fg, [resp hy] denotes the restriction of f [resp h] to {z < 0}. Note
well that this problem has a unique solution in L?([0, 7] x R), which is
given on the side {z < 0} by:

Owur + Oz(arur) = fr,  {z <0},

uL|:c:D = 0, Vit € (O,T],

upli—o = hr
and on the side {z > 0} by:

8tuR + 8I(aRuR) = fR7 {l‘ > 0},

uR‘x:O = 0, Vt € (O,T],

ugli=o = hr
Remark that, in general, hg(0) = h,(0) # 0, and thus the corner
compatibilities are not satisfied. Let us compute u in the case where
f =0. We will first introduce some notations. Let Qg be (0,7) x R**.
Consider now the vector field defined through: (¢,z) — 0; + ag(t, z)0,.
We will denote by I'p the characteristic curve passing through ¢ =
0,z = 0 and tangent to this vector field. A parametrization of I'g is
given by: I'r = {(¢t,zr(t)),t € (0,7)}, where xp is the solution of the

equation:
dx R

W@) = CLR(t,iCR(t)), te (07T>7
2r(0) =0

Let us denote by ag an arbitrary smooth extension of ar to {x < 0}.
We define then ¢g as the solution of:

(0 + ar(t,2)0:)pr = 0, (t,z) € (0,T) x R,
{ PRlt=0 =
The obtained ¢g is in C*°((0,7") x R). Moreover, we have:
Ir={(t,z) € Qr: ¢r(t,x) = 0}.
Qp, 'y and ¢y, are defined in a symmetric way and there holds:
Iy =A{(t,x) € Q:ep(t,x) =0}.

Note well that, by construction of ¢y and ¢g, we have:
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Lemma 2.2.2. There is ¢ such that, for all (t,x) € T'g, there holds:
|0 0r(t, )| > >0, |0spL(t,x)| >c>0.

Proof.
Differentiating the equation with respect to x, we obtain that v :=
0:¢g is the solution of the following transport equation:

{ (815 + 'dRé)r)v + (@EER)U =0, (t, I) S (O, T) X R,
U|t=0 =1

v is solution of a linear homogeneous equation thus, it cannot cancel
without being identically equal to zero along the characteristic curve
and in particular for ¢t = 0, which achieves to prove our Lemma for ¢g.

The proof for ¢, is identical. O
We note for instance:

QF ={(t,x) € Q: or(t,x) > 0},

where the 'L’ stands for ’on left hand side of I';’ and the + is related
to the sign of oy (¢, z). We define in the same manner: Q7 , QF and Q.

t

Let us consider, as an example, the case where the coefficient is
piecewise constant and f = 0. Solving the limiting hyperbolic problem,
we get that, for all (¢,z) € QFf UQy U{z =0},

u(t,r) =0,
for all (¢,z) € QF,
u(t,x) = hr(x — agt),
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and for all (¢,z) € Q,
u(t,z) = hy(x — apt).

Observe that, in this case, the mass of uw remains constant for all
t € [0,7]. Moreover, this example shows clearly the discontinuity of
u through the lines {x — art = 0} and {x — art = 0}.

Although equation (2.1.1) trivially admits an infinite number of
solutions, we prove the following result:

Theorem 2.2.3. There is C' > 0 such that, for all 0 < € < 1, there
holds:

1
|u® — w|| oo po,):2(my) < Cet,
where u® is the solution of (2.1.3).
Proof.
We will begin by constructing an approximate solution of problem
(2.1.3). As a first step, we will reformulate problem (2.1.3) in an equiv-

alent manner. The restrictions of u® to {x > 0} and {z < 0}, denoted
respectively by v} and u3 satisfy the following transmission problem:

( Oousy + 0, (aguy) — e02u% = fr, {z >0},t€[0,T],
o5 + Oy (apus) — ed?us = fr, {z < 0},t€0,T],
[u]z=0 = 0,
la(z)u® — €0,u] 0 = 0,

u%‘t:o = hR7

(2.2.1)

\ UEL|t:0 - h/L

Let us introduce LS, = 0,4 9,(ag.) —20% and L5 = 0, + 0, (ar.) — %02
We perform the construction of the approximate solution separately on
the four domains Qp, QF, QF and Q. . We will denote by u,, ; | the
restriction of u,, to Qf and so on. Let us present the different profiles

and their ansatz:
M

€ c YL (t’ ZE) z
uapp,L,—i—(t? ZL‘) = Z (HL,n,Jr(t? CL’) + UL,n,—i— (t7 \/g )> €2,

n=0

where the profiles U, ; | belongs to H*(Q}) and the characteristic
boundary layer profiles U¢ | . (¢,2,6.) belongs to e LI H>((0,T) x
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*+t : Fn € €
R**), for some 0 > 0. We will take a similar ansatz for u, ; , u5,, p

and ug,, p , over their respective domains. Let us explain the different
steps of the construction of the approximate solution. We begin by
constructing the underlined profiles U,, in cascade, the boundary layer
profiles Uy, are then computed as a last step. We construct our profiles
such that, for all fixed e > 0, u,, belongs to C*([0,T] x R). In what
follows, we will note:

Up(t,z) :=Up; (6, 2)1 eqr + Ug; (6,2)1 4)cq- -

Moreover, we will note:

QOR(tvx) . @R(tvx) (pR(t,ZL‘)
%7‘7. (t, ./L‘7 \/E ) = U%’]’J’_ (t, _\/g 1(t,l‘)EQE+U0R,j,— t, —\/E 1(t,$C)EQE.

Note well that the dependence of Uf ; in z is a bit subtle. Actually,

R, 1s plecewise constant with respect to = on each side of I'g, which
explains that U7 ; . and Uy ; _ have no direct dependency in z. Due
to their particular meaning, we prefer denoting the profiles Uy, and

U, o by ug and ur. Let us note Hp the differential operator

HR = 8t -+ ax(CLR.)
and Pg the differential operator
Pr =0, + ard, — (0,)°0;, + Ozar.

We have

M+1
L5 0l - or(t, ) _ ZLR‘ . or(t, ) 5%
R “R,app y Ly \/g ~ ,J s by \/g

where
LR,O = HRUR + ’PRUIC%’O,

Lry =HrUpg, + PrUf; — (2(0:0)0:00, + (03¢0)0sy,) Ui
and, for 2 < 57 < M — 1, we get:

Lpj = HrUpg j4PrUf; i~ (2(0:0)0:00,, + (02¢)0s,) Ug ;1 —02Ug ;_o—02Uf s,
LR,M = PRUIC%,M_(2(axSO)8189R + (3390)893) UJC%,M—l_aigR,M—2_a§U§,M—2a
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Lrar = — (2(3:13@)8378913 + (8590)8913) Upm — 8§HR,M—1 - 8§U}62,M71-
Symmetrically, there holds:

€ € SOL(L Z’) - QOL(t, LE) J
LL uL,app t> z, \/g = Z LL,j t, xz, \/E €2
=0

where, for instance, Ly, 5 is given by:

Liy=HiUp o +PLU 5= (2(0001)0:00, + (02¢1)0p, ) U 1 —03ur—02U5
where H, is defined by:
Hp =0+ 0,(ayr.)
and Py, is given by:
Pr:=0,+ a0, — (8x<pL)283L + 0,ar.

Plugging ug, ,,, and ug,,, in the problem (2.2.1) and identifying
the terms with the same scale in e, making then |f;| and |fg| tend
to infinity, we obtain the profiles equations satisfied by the underlined
profiles. Let us begin by writing the equations satisfied by U, ; and
QRJ for all 0 < 57 < M — 1. Thanks to the transmission conditions we
had on the viscous problem, we get:

{ uL,+|m:0 - uR,—’x:O =0,
apur +|z—0 — QRUR —|z=0 = 0.

This linear system being invertible, we get then the homogeneous Dirich-
let boundary condition:

Ur|z=0 = UR|z=0 = 0.
We can split these equations into three well-posed problems:
8tuR,, + 8x(aRuR,,) = fR7,, (t, l’) € Q]}?

Owup 4+ + Ox(arur+) = fr 4, (t,x) € QF,

UL,+|2:O = UR,—l:v:O =0,

{ atuR,-‘r + 8ﬂf(aRuR7+) = fR,-H (t7 37) € QE»
URli—o = hr
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{@uL, + O (agur ) = fr—, (t,x) € Q,
ur|i=o = hr
Since these equations are well-posed, the function u is now perfectly
defined. Let us go on with the construction of the next profiles. Ug;
and Uy, ; are defined by:

OU, g+ 0x(arU, p_) =0, (t,z) € Qp,

8tHl,L,+ + aﬂ:(aLHLL,-i-) =0, (t,x) € QZ,

gl,L,+|x=0 = gl,R,—|x=0 =0

ThuS Hl,R,* — 0 and El,L,+ — 0

8Ifgl,R,+ + aﬁ(aRHLR7+) =0, (t, l‘) € QE,
U gili=o=0 ,

oYU, +0.(a U, ) =0, (t,r) € Qpp,
HI,L,Jt:O =0

Hence U, p, = 0 and U, ; = 0. Actually, we see by induction that
for all n € N, we have QQinH,R’i =0 and Uy, ; ;4 = 0. On the other
hand for n € N*, the profiles Uy, ; , and U,, p , are given by the
following well-posed hyperbolic problems.

0752271,1%,— + aCL‘(aRH%L,R, ) = a2[}277,—2,]%,—7 (t ) € Q; R
atg2n,L,+ + 8CC(GLHQ11,L,+> 82 2n 2,L,+> ( ) S QT L

((Gonsobmo ) g 0 )
QZn,R,—LB:O ) U2n 2,R,— |J: 0 axu2n,L,+|x:0)

where M = 1 ; remark that the matrix M is non-
aL|x =0 _aR‘x 0

singular since ar|,—o — ag|z=o0 < 0.

Uy, gy + 0c(arUy, g ) = a§H2n—2,R,+7 (t,r) € QT Ry
E2n R,+ |t =0
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atHQn,L,— + a’t(aLQ%’L,L—) = a§g2n—2,L,—7 (t,z) € Q;,L?
Hzn,L,—|t=0 =0

In conclusion, all the profiles U,, are constructed by induction.

We turn now to the construction of the boundary layer profiles
Ut j+(t,01) and Ug ; (¢, 0r). We will use the relations imposed on the
profiles by the transmission conditions: [u],|r, = 0, [Ozuf,|r, = 0,
[uglr, = 0, and [Opug,|r, = 0; [ug,,]r, stands for the jump of uf,,
through 'y defined, for all ¢ € [0, T] by:

t
[UZPP]FR (t) = hm (t) uflpp <t7 T, QPR( : x) ) _:EﬂxR hm ) upr (t7 xZ,

NG

where we recall that xg(t) is the unique z such that (t,z) € DIg.
[us,,]r, (t) is defined the same way. Because ug,,, belongs to C'((0,T') x
R*), for all 0 < j < M, we have:

[Uf,j]L - - [EL,j]FlJ

[Ulcz,j]R = _[HRJ]FR‘
Let [Ug,]r,, be given, for all t € (0,T), by:

z—zxR(t),x>TR (t),z<zp(t

[Ug,lra(t) = lim Upj(t,z) — lim Ug,-(t, )

z—xR(t),2>xR(t) z—xr(t),x<zr(t)

and [Uf ;]r be defined, for all ¢ € (0,7, by:

U Jalt) = i U, (0,00) = Tin U, (0,600).
To avoid writing the exact symmetric equations on {x > 0} and {z <
0}, let us only proceed with the construction of the boundary layer
profiles Up . .. Referring to the computations above, for all 1 < j <
M + 1, the following quantity must not have any Dirac measure in it:
C 1 C
0209, Up ;1 + max<ax(gR,j—2 + Uk j—2));
Our first boundary condition: [Uf ;] = —[Uy ;|r,, ensures that, even if
0:(Up j_o+Ug; ») is, in general, discontinuous on I'r, it has no Dirac
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Measure. 0,(9,(Ug; o + Uf; o)) is the derivative of such a function
and thus has a Dirac Measure. Let us describe this singularity: if we
fix t = ty, the Dirac measure forming is

([8mHR,j—2]‘w:wR(to) + [axUlc%,j—Q]R(tO)) 5:v:zR(to)-
Hence the Dirac measure forming in m@x(&g (Ug, o+ Ug; o)) is

1
2(020) o= (to)

([axHRJ'_Q(tO)”x:xR(to) + [axU]??,,j—2(t0)]R) 5I=$R(t0)‘

Where [(U] |g;:g;R(tO) - ]-imx—>a;R(t()),Z‘>l’R(t0) W= 1im1‘_>1'R(t0)7$<$R(t0) w.
On the other hand, if 95, Ug ;_, is discontinuous through I'g, 0, (89R Ufz’jfl)
has a Dirac measure given, for t = ¢y by:

[893(]1?273‘—1]1% Oz=xp(to)-

The game is to construct the boundary layer profiles such that the sum
of the two Dirac measures cancel. As a result, the second boundary
condition we get is that, V¢t € (0,7) :

1

D Uf i qr(t) = —————
[ OrY R,j JR() 2(8190)’:1::@?,(15)

([0:Upjalrp(t) + [0:Uf ;o(D)]r) -

The profiles Ug,, and Ug,  are solution of the following heat
equation:

(0,Uf 01 — (0upr)’0; Ufyo s + (0sar)Ugo . =0 t€(0,T), {0r > 0},
OWUfk o — (00pr)?05 Ufo - + (0par)Uf ;=0 t€(0,T), {0r <0},

[Ugolr(t) = —[urlr,, Vt e (0,T),

(09, Uz ;]r(t) =0, Vte (0,T),

Ulc%,j,+|t=0 =0,

Uzcz,j,f|t:0 =0

\

Note well that, since [ug]r, # 0, the profiles Uf, and Uf ; are not
equal to zero.
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For all 1 < j < M, the profiles Up, ; . and Uj ;  are given by:

[Uglr(t) = —=[Ug,lrg, Vt e (0,T),
1
2(8x§0)|x:zR(t)
Uf jtlt=0 = 0,

\ Uzc{,j,7|t=0 =0

Let us now prove the well-posedness of these problems. We take 9p
in H*° ((0,7) x R*) such that

[Wrjlr = —[Ug,lre,

and
1

(00, YR j]R(t) = 200,90 lement)

(0T 1 (D]rs () + [0:Uf -1 (1)) -
We can then compute Up ; := Up ;  1g.~0 + Up; _1gz<o by:

UIC%J- = ¢R,j + V}%j‘
Vi ; 1s then the solution of the classical heat equation:

WV — (agggoR)QagR)vg,j + (0par)VE,; = ¢,y (t.0r) € (0,T) xR,
V]%]|t:0 - 0

and ¢ ; is given by:

0r; = — (0br; — (0o0r)*0; VR + (Ocar)VR;) + (020R) 00, U ;1.

The profiles can thus be constructed by induction using the scheme
just introduced.

We will now prove stability estimates.

We define the error w® := ug,, — u®. Let us denote by w** the restric-
tion of w® to £z > 0. (w*",w*") is then solution of the transmission
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problem:

( 0w + Oy (agw™t) — ePuwt = MR, r>0,tel0,T],
O™ + Oy(apw®™) — ed*w*™ = MR, x <0,te|0,T],
W |p=ot — W o=~ =0,
apw |pmor — €0, W pmor = aLW |pmo- — €0,W |40,

W 4=o = 0, Vx>0,
W |4=0 = 0, Vo < 0.

\

By construction of our approximate solution, R® belongs to L>([0, 7] :
L*(R)). Multiplying by the solution and integrating by parts, we get,
for {z > 0} :

1d aRlz=o 2
5%|’w€+|’%2(m)+5"8xw€+||%2(m)— 9 (w€+|x:0) +ew ™ pw ™ [o—o
= &‘M/ Rtw™ dx — 2/ Opar(w™)? dx.

0 0
Note that:
——aR‘;:O (wa+\x:0)2 + ew* ™ O,w |10
aR|e— 2
= % (w€+|z=0) - wEJr‘ac:O (aRw€+|x:0 - 5amw€+|z:0) .
And, for {x < 0}, we have:
1d aple—o

_ _ _ 2 _ _
| w® H%Z(Rj)—i_g“ast ||%2(Rj)+ (W Jam0) " —ew™ pw [0

2dt 2
0 0
= SM/ R~ w®™ dx — 2/ Opar(w)? dx.
Note that:
CLL|x:0

2 (0o e O

- _% (w€_|x:0)2 + W om0 (aLw" |4=0 — £0,w [o=o) -

Thanks to our boundary condition, there holds:

Wt |amo (apw™ |omo — €0,w om) = W [amo (aLw" [s=0 — €05w" [4—0)
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Thus, by adding our estimates, we obtain:

1d aR|z=o _aL‘z 0 2
e + 0 g + (1)

st/ ngedx—Q/ Opar(w) /OaL 2 dx.
’/ R‘Swadx—Q/ Ozar(w™) /(?aL

where C' = £ + 2Max (sup(tvx)EQL |0z, sup ycap [Oxar]) -
Since agly—0 > 0 and ap|.—o < 0, by Gronwall Lemma, we get the
simplified estimate:

1
o) < SR (7@ +Cllwt |22

1 T s
sy ) < 52 [ €O INR g o) .

Constructing the profiles up to order M = 1, we get then that there is
¢ > 0, independent of e, such that:

Hw5||%°°([0,T]:L2(R)) < ce,

thus achieving our proof.

2.3 Treatment of the ingoing case.

Let us now introduce our second result. Our second result concerns the
case where, for all ¢ € [0, T, the coefficient a satisfies:

a(t,0") <0,
a(t,07) > 0.

During the study of a similar problem, Poupaud and Rascle show in
[PRI7] the formation of a Dirac measure on {z = 0} for their solution.
We show that a Dirac-measure also forms in the small viscosity limit.
We give an asymptotic expansion of the solution u® of (2.1.3), which
shows explicitely the convergence to the generalized measure-valued
solution u. The main result is stated in Corollary 2.3.3 . The problem
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we consider here appears as one very simple example of the arising
of a ’d-measure’ in the vanishing viscosity limit. Note that, by using
viscous approaches as well, Joseph ([Jos93]) and Tan, Zhang , Zheng
([TZZ94]) describe an analogous phenomenon, called d-shockwave. We
will denote by [0]]|.—o the jump of 6 through {x = 0} i.e

0(.,0%) —0(.,07).

A piecewise smooth u° is solution of (2.1.3) iff its restrictions to £z > 0
satisfies the equation on +x > 0 and

la(., z)u® — €0,u%]|p=0 = 0,

which is the corresponding Rankine-Hugoniot condition. The hyperbolic-
parabolic problem (2.1.3) reformulates then as the following transmis-
sion problem:

(2.3.1)
(O™ + O, (aTuft) — ed2uft = T, {z >0}t €[0;T],
O™ + Op(auT) — edPut = f, {z <0},t€[0;T],
u€+|x:0+ - u8_|z:0* =0,

at U | pmor — €0,U |pmor = @7 U |pmg- — E0,U° |p—o-,
u£+|t=0 = h+7

u€_|t:0 - h_ )

\

with u€+ = u€|x>07 a+ = a‘x>07 f+ = f|x>07 h+ = h’|x>0 and v~ =
U|pco, @~ = aly<o, [T = fleco, B~ = h|z<o. Problem (2.3.1) can be
reformulated as the doubled problem on a half-space:

(2.3.2)
O + 0, (AW — e0°T° = f(t, ), {z>0},te|0;T],
M |p—g = 0,
ﬂs‘tzo = ﬁ

Let us precise how problem (2.3.2) is deduced from problem (2.3.1): u®
is a two dimensional vector which first component [resp second compo-

nent] is ut (¢, z) [resp us (¢, —z)]. A is defined by:

~ a®(t,z) 0
A(t, .CE) = 0 —a_(t, —iIZ’) )
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and M, is given as follow:

1 -1
M. = at(t,0) —ed, —a (t,0) —ed,
In order to prove our main result, there will be two steps: first, we
will construct formally an approximate solution of the mixed parabolic
problem (2.3.2) then validate it through the adequate energy estimates.
Let us detail the form of our approximate solution, ug,, will be con-

structed as a WKB expansion up to order M of the form:

(2.3.3) w(tr) ~ Y " U, (tzafe),

e—0
n>—1

where U, belongs to the space of profiles P*. Let us define P* :
U,(t,z, z) (z is the fast variable x/¢) belongs to P* iff it writes:

U,(t,z,2z) =U,(t,z) + U.(t, 2)

with U, € H*([0,T] x R%) and Uj(t,2) € e *H>([0,T] x R%) for
some 0 > 0. In addition, we prescribe U_,(¢,x) = 0 for obvious rea-
sons. For our treatment, we will see that nonconservative hyperbolic
problems are easier to deal with than conservative ones. Moreover,
under our assumptions on f and h, a nonconservative hyperbolic prob-
lem can be obtained by integrating ours, yielding the desired energy
estimates.
We begin by introducing the integrated equation:

O + a(t, )0,0° — e = F, (t,x) € [0,T] x R,
'U€|t:0 = Ha

(2.3.4) {

where F' and H are given by:

T

FeFryF = | f(t,y)dyleo + / F(t,y)dy1 o,
+o0 —00

x T

H=H"+H" ::/ h(y)dyl,~o —l—/ h(y)dyl,<.

—+00 —00

Since f belongs to C§°([0,7] x R) and h belongs to C§°(R), we obtain
that F* belongs to H*°([0,7] x R%) and H* belongs to H*(R%). By
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[Ike71], for all fixed e > 0, the parabolic problem (2.3.4) has a unique
solution:

v* € C([0,T] : L*(R)).

As a result, the solution u® of (2.1.3) satisfies: u® = 0,v°.

We will now establish Stability estimates for the hyperbolic-parabolic
problem (2.1.3). These estimates will be proved by derivation of the
stability estimates holding true for (2.3.4). Take C, given by:

C, =1+ maz(||0,a" ||z, ||0pa || L)
We will now prove the following Proposition:

Proposition 2.3.1. Forall0 <e <1 andt € [0,T]:

T T
_ 1 _
/ e CatHuaH%g(R) dt S 2_5 (HH“%?(R) ‘I’/ e CatHFH%Q(R)dt)
0 0

Proof. The proof unfolds in two main steps. In a first step, stability
estimates are established for (2.3.4). In a second step, exploiting the
fact that the solution of problem (2.1.3) can be obtained by derivation
of the solution of problem (2.3.4), stability estimates on (2.1.3) are
easily deduced from the stability estimates obtained on (2.3.4). We will
rather work on the reformulation of the nonconservative hyperbolic-
parabolic problem (2.3.4) as the doubled problem on a half space:

O + A0 — ed%0° = F(t,z), x>0, tel0,T)
(235) Mnc@@’x=0 = 07

’178|t:[) = H7

with, for all x > 0 and ¢ € [0, T7:

v = (i ) P (e ) A
g:[a+(é’z> _a—@,_ )} and - Mae H 53]‘
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Multiplying (2.3.5) by ©° and integrating with respect to = between 0
and oo gives, abbreviating ||.||z2ry) by [|.[|z2

t
122 (t) < / eI (s, )| ads + €| H]| 2
0

This gives that v* € L>®([0,T] : L*(R)) for all finite time T > 0.
Moreover,

d, . ~ ~
N1 + 2201057172 < P72 + Call|I72

Hence, for all t € [0,7] and 0 < e < 1:

T T
[ 1 a
[} 0l < g (181 + [ P )

This concludes the proof of Proposition 2.3.1.
O
Let us now construct an approximate solution u; of equation (2.1.3).
We will construct an approximate solution of (2.1.3) at any order, ac-
cording to ansatz 2.3.3.
For all —1 <n < M, we adopt the following notations:

[U’:,]ZZO = U;+|z=0 - U;7|z:07

(@1 (0,U;))z=0 = (@) 710U ) ]o=0 — (a7) 73 U;) =0,
[Un]ﬂﬁzo = H;ﬂxzo - H; |x:07

[0:U,)) =0 = (0:U.})|s=0 — (0:U;,)|2=0,

[0:U,,]=0 = @HZ)\FO + (9.4, ) |2=o0,
[agn]mzo = CL+E:L_|$:0 - Cfﬂﬂm:o-

We will compute the M + 1 first U7 profiles and the M + 2 first U;

profiles. The boundary conditions M.u: |.—o = 0 are translated on

the profiles by:

app

[GUZ - azU;kL]z=0 = _[G’Hn - @cﬂn_l]x:o,
U:,+|z:0 - U:,_|z:0 = - (Q;szo - H;Lr:()) 5
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where [aun_axun_l]xz(] = a+gj{ ’xzo_azu;’z—fl ’:1:20_ (G_H; ’:Jc=0 + axﬂ;l |x=0)
and [aU;’;—@ZU;’;]Z:O = CL+U;+|Z:0—82U2+|Z:0—<CL—U;_‘Z:() + 82U2+|Z:0> .
Plugging (2.3.3) into the equation (2.3.2) and identifying the terms with

same powers in ¢ gives the following profiles equations: The profiles U,

satisfy

H_lzoa
and VO<n<M+1

0U, + 0,(AU,) = ¢ .
U, |i=0 = 0.

Notice that ¢ = = f being known, U, is deduced from it. ¢ := = 0°U,
is then known Wthh gives U, and so on. All the profiles U havmg
already be computed above, the profiles U} are deduced from them as
solution of the following Well—posed equations:

02U* | — 0,(AU",) =0,
[U*_l]zZO = 07
[a_l(atU*—l)]Z=0 = [ago]x=07

O?U; — 0.(AUS) = 8,U* |,
[US]Z=0 = _[Ho]x=07
[ail(atUS)]Z=0 = [aU, =0 — [0:Up)z=o,
and, for all 1 <n < M, we have:
02U, - 0.(AU}) = ,U;,
(U ):=0 = —[U,]z=0,
[a=(0,U})] =0 = [aU,, 4 1]e—0 — [0:U,,]a=0

To sum up, we have constructed ug,, as a finite expansion of the form
2.3.3 satisfying:

Oty + On(ATry,) — €010y, = [(t,2) + VR, (t,0) € [0;T] x RY,
MC app|ﬂ»‘:0 - 07
ﬂflpp|t:0 = h ;
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where M R¢ is the error we have generated, substituting u° by g
Let us denote

t,x,— ) =¢ U, (t,— U; (¢, — U,(t,z).
Ua<>$ - 1 - + Uy - + Uy(t, z)
This is an approximate solution for M = 1.

Theorem 2.3.2. Assume that f € C3°([0,7] x R) and h € C§°(R),
then there is a constant C' > 0, such that, for all 0 < e < 1:

T
/ e~ Ol ||uf — u2||%z(R) dt < Ce.
0

Proof. We denote by w**(t, ) = us:

o (t, £x)—u*(t, £x). By linearity,
w®* satisfies the equation:

Ow™ + aF 0w — c0Pw™= = MRE {£2 > 0},t € [0;T]
w6+|z:0 - we_’:vzo =0,
(atw™ — e0,w™) |po+ — ("W — €0,w°7) |,00- =0,

we:l: |t:0 — O

We denote I(R?) := [* R(t,y)dyloco + [ RE(t,y)dyl,o. We can
perform the construction of an approximate solution whose restriction
to

+2 > 0 belongs to H*([0, 7] xR%). I(R°) is a linear combination of the
profiles involved in this construction thus belonging to H* ([0, T] x R*).
As a consequence of Proposition 2.3.1 , there holds:

T
/0 e ot 2oy dt <

which achieves our proof. O
As a Corollary, we obtain the limit of u°. Let us note ug the function
defined by:

DN | —

T
M / & O | T(RE) 2o,

U/O(tu l‘) = Hg(ta x)1$>0 + Ea (ta _x)1$<07
and u_; the function defined by:
u-i(t, z) = UT(t, 2) 150 + UT(t, —2)1.co.

Note that u_; is continuous across {z = 0}.
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Corollary 2.3.3. When ¢ tends to zero, u® converges in D'((0,T) x R)
towards w which is a measure of the form

u(t,.) = C(t) =0 + uo(t,.),

where uy(t,.) is the reqular part of the measure, and C(t) 6,—¢ is the
singular part. The function C(t) is

ct) = [ wait.o) dy.

We observe that lim._o+ ||u®]|z2(jo,71xr) = 00, and thus there is no
constant C' > 0 such that:

|l z2o.myxr) < C (1 f1le20,m1x%) + Bl 22o.myxm)) » Ve > 0.

As a consequence, our parabolic problem does not satisfy the Uniform
Evans Condition (if it was the case, uniform L? estimates in & would
hold).
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Chapter 3

Approche Visqueuse pour
des Problemes Linéaires
Hyperboliques
Non-conservatifs avec des
Coefficients Discontinus.

Ce chapitre reprend le papier [For07d] intitulé ”"Viscous approach for
Linear Hyperbolic Systems with Discontinuous Coefficients” soumis a
publication en septembre 2007.

Abstract

In this paper, two main results are proved. We consider a nonconservative
linear Cauchy problem with discontinuous coefficients accross a noncharacteristic
hypersurface. The considered problems need not be the linearization of a shock-
wave on a shock front. We introduce then a viscous perturbation of the problem:;
the viscous solution u® depends of the small positive parameter . This problem,
obtained by small viscous perturbation, is parabolic for fixed positive . We prove
then, under stability assumptions, the convergence, when ¢ — 0%, of u® towards
the solution of a well-posed limit hyperbolic problem. Our first result is obtained,
in the multi-D framework, for piecewise smooth coefficients and states the conver-
gence of u® towards an unique solution. Our second result is the analogous of a
result we have proved in [For07c] in the conservative framework. It shows that,
in the expansive nonconservative scalar case, that is to say for sign(za(z)) > 0,
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our viscous approach successfully singles out a solution. Even for scalar, piece-
wise constant 1-D nonconservative hyperbolic equations, this result is new and not
treated during our analysis performed on systems. For both results, an asymptotic
analysis of the convergence is performed at any order, containing a boundary layer
analysis. Under our assumptions made for systems, only strong amplitude nonchar-
acteristic boundary layers can form, and are localized on the zone of discontinuity
of the coefficient, whereas, in our scalar expansive case, only some weak amplitude
characteristic boundary layers can form along some characteristic curves.
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3.1 Introduction.

Let us consider a linear hyperbolic system of the form:

d
Oru + Z At y,z)0u=f, (t,y,x) € Q
j=1

(3.1.1)

u|t:0 =h 9

where Q = {(t,y,z) € (0,T) x R x R}, with T" > 0 fixed once for all.
The unknown u(t, y, ) belongs to R" and the matrices A; are valued
in the set of N x N matrices with real coefficients My (R). Due to the
discontinuity of the coefficients, the solution w is, in general, awaited to
be discontinuous through {z = 0}. In such case, d,u has a Dirac mea-
sure supported on the hypersurface {x = 0}. Hence, if the coefficient
of the normal derivative A, is also discontinuous through {z = 0}, the
nonconservative product A,;0,u cease to be well-defined in the sense of
distributions; weak solutions for the considered problem thus cannot
be defined in a classical way.

The definition of such nonconservative product is of course crucial
for defining a notion of weak solutions for such problems. It is an inter-
esting question by itself, solved for instance in a quasi-linear framework
by Dal Maso, LeFloch and Murat in [DMLM95] and by LeFloch and
Tzavaras in [LT99]. Existence and stability results in a neighboring
framework of ours have been obtained by LeFloch ([LeF90]) in a 1-D
scalar case and by Crasta and LeFloch ([CL02]) for 1-D systems. The
equations studied in [LeF90] and [CL02] can be viewed as linear non-
conservative problems with discontinuous coefficients; in these works
the discontinuity of the coefficient is linked with a shockwave. Adopt-
ing a viscous approach will allow us to avoid the difficult question of
giving a sense to the nonconservative product in the linear framework.

The problematic investigated in this paper relates to many scalar
works on analogous conservative problems. We can for instance refer
to the works of Bouchut, James and Mancini in [BJ98], [BJMO5]; by
Poupaud and Rascle in [PR97] or by Diperna and Lions in [DL89]. We
can also refer to [For07c] by Fornet. The common idea is that another
notion of solution has to be introduced to deal with linear hyperbolic
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Cauchy problems with discontinuous coefficients. Note that almost all
the papers cited before use a different approach to deal with the prob-
lem. Like in [For07c] and [For07a], we will opt for a small viscosity
approach.

Let us now describe the first result obtained in this paper. We
consider the following viscous hyperbolic-parabolic problem:

{HEE:f7 (t7y7$)€Q7

(3.1.2) Elpn = 0,
where H® := 0, + 301 A;0; + AaDy — €312, 1<q 05(Bjx0k.), and the
coefficients A;, with 1 < j < d, are piecewise smooth and constant
outside a compact set. We assume that the discontinuity of the coef-
ficients occurs only through the hypersurface {x = 0}. The unknown
uf(t,y,r) € RY, the source term f belongs to H*((0,7) x RY), and
satisfies f|;<o = 0; this assumption allows to bypass the analysis of the
compatibility conditions. In this problem, ¢, commonly called viscosity,
stands for a small positive parameter. We stress that, if we suppress
the terms in —ed? from our differential operator, the obtained hyper-
bolic problem has no obvious sense.

We make the classical hyperbolicity and hyperbolicity-parabolicity
assumptions, plus we assume the boundary is noncharacteristic. Ad-
ditionally, we make a transversality assumption and an assumption
concerning the sign of the eigenvalues of A, on each side of {x = 0}.
Last, we suppose a spectral stability condition, which is a Uniform
Evans Condition for a related problem, is satisfied.

Under these assumptions, we prove that, when ¢ — 07, u° converges
towards u in L2((0,T) x R?), where u := ut1,5¢ + u~ 1,0 is solution
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of a transmission problem of the form:

( d
Out + ZAjajqu = f, (t,y,x) € QF

j=1

d
ou~ + ZAJOJU_ = f, (t,y,z) € Q~
7j=1
qu’x:O - Ui’xzo € Ea

L U+’t<0 =0, U_|t<0 =0

where Y is a linear subspace depending of the choice of the viscosity
tensor -,y g 05(Bjx0.); QF denotes Q({£x > 0} and the + super-
scripts are used to indicate the restrictions of the concerned functions
to QF.

A crucial remark is that, for fixed positive €, (3.1.2) can be put
on the form of a parabolic problem on the half-space {z > 0} with
boundary conditions on {z = 0} satisfying a Uniform Evans Condi-
tion. Moreover, the solution of this parabolic problem on a half-space
tends, when e goes to zero, towards the solution of a mixed hyperbolic
problem, defined on {z > 0}, satisfying a Uniform Lopatinski Con-
dition. An analogous theorem, in the nonlinear framework and for a
shockwave solution, was proved by Rousset ([Rou03]).

For our first result, with conciseness in mind, the proof of stabil-
ity is exposed only for 1-D systems with piecewise constant coefficients
and the artificial viscosity tensor B = Id. The goal is to check that the
methods introduced in [Mét04] does apply to our boundary conditions.
During this proof, accent is placed on the role played by the Uniform
Evans Condition in the proof of our stability estimates via Kreiss-type
Symmetrizers.

Let us now expose our second result, which concerns the sense to
give to the solution of:

{dgu + a(x)0,u = f, (t,z) € (0,T) x R,
u|t:0 = ha

in the case where a(x) = at1l,59 + @~ 1,-0, where a* is a positive
constant and a~ is a negative constant. The source term f belongs to
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Cs°((0,T) x R) and the Cauchy data h belongs to C§°(R). We assume
that the coefficient is piecewise constant in order to simplify the proof of
our stability estimates, which uses Kreiss-type symmetrizers. Referring
to the sign of the coefficient on each side of {x = 0}, we call such
discontinuity of the coefficient expansive. Note that such expansive case
was excluded from our previous study on systems by our assumptions.
An important point is that, compared to the cases studied for our first
result, the expansive case has a quite different qualitative behavior.
Indeed, for scalar equations, small amplitude characteristic boundary
layers only form in the expansive case.

Our second result states the convergence in the vanishing viscosity limit
and in L?((0,T) x R) of v, which is solution of:

{&ua + a(x)0puf — e0?u° = f, (t,x) € (0,T) x R,

U€|t:0 = h

towards u € L?((0,T) x R), where u := u 1,50 + u~ 1, is the unique
solution of the well-posed, even though not classical, transmission
problem:

(O’ +atout =, (t,x) € (0,T) xR,
ou” +a dyu = f7, (t,z) € (0,T) x R*,
om0 — U om0 =0,

Dot gm0 — gl [5=0 = 0,

\ Q+|t:0 = h+, 2_|t:0 =h"

Naturally, u is then what could be called the small viscosity solution
of (2.1.1). The result seems to be completely new, since the main
difficulty was to ’select” a solution among all possible weak solutions.
Remark that, this time, by performing explicit computations of the
Evans function, we prove that the Uniform Evans Condition holds for
our problem thus yielding the desired stability estimates.
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3.2 Some results for multi-D nonconservative sys-
tems with 'no expansive modes’.

3.2.1 Description of the problem.

We first expose our full set of assumptions for the problem involved in
our first result.

We note y := (x1,...,24-1) and x := x4 and consider the viscous
equation:

pan MR Gwoen

u6|t<0 = 07

where H® 1= 0, + Y11 A;0; + AaDy — €312 44 0i(BjiOr.), the un-
known

uf(t,y, ) € RN, the source term f belongs to H>*((0,T) x R%), and
satisfies fli<o = 0. All the matrices A;, 1 < j < d are assumed smooth
in (t,y,z) on £x > 0, discontinuous through {r = 0} and constant
outside a compact set. The matrices B;; also depends smoothly of
(t,y,z) and are constant outside a compact set. We will denote by Aff
the restriction of Ay to {£x > 0}. We assume that the boundary is
noncharacteristic:

Assumption 3.2.1 (Noncharacteristic boundary).
Aglz=o+ and Aglz—o- are two nonsingular N x N matrices with real
coefficients.

Moreover, we make the following structure assumption on the dis-
continuity of Ay through {x = 0} :

Assumption 3.2.2 (Sign Assumption).
o The eigenvalues of A;(t,y,0), sorted by increasing order are de-
noted by (A; (t,y))h<i<n, and are such that \; <0 and \,,; > 0.

e The eigenvalues of A} (t,y,0), sorted by increasing order are de-
noted by (N (t,y))i<i<n, and satisfy Ny, < 0 and X, ., > 0,
with ¢ > 0.
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We make the following hyperbolicity assumption on the operator

d
Hie=0+> A

J=1

Assumption 3.2.3 (Hyperbolicity with constant multiplicity).

For all (t,y,z) € (0,T) x R x R* and (n,€) # Oa,

277] t y Y, T +€Ad(t7y7x)

remains diagonalizable. Moreover, its eigenvalues keep constant multi-
plicities.

Let us now introduce the symbol of the parabolic part, B, defined
by:

B(t,y,z,n,€) = > _ nymBix(t,y, x)
7.k<d
+ Z fnj(Bj,d(ta Y, ZL‘) + Bd,j(t7 Y, ZL‘)) + €QBd,d(tv Y, ZE)
j<d

We make then the following hyperbolicity-parabolicity assumption:
Assumption 3.2.4 (Hyperbolicity-Parabolicity).

There is ¢ > 0 such that for all (t,y,z) € (0,T) x R¥1 x R* and
(n,€) € RY, the eigenvalues of

(ZT/J t Y, T +§Ad(tay7x)> +B(t7yaxvn7€)

satisfy Re p > c(|n|* + &)

In what follows, 7 := (91, ...,74-1) will denote the Fourier variable
dual to y and & the Fourier variable dual to x. Let us now introduce
some notations in view of writing the Uniform Evans Condition. A*
denotes the matrices of Moy (C) defined by:

0 1d
Aty 0) = ( M*E(ty,25¢)  A*(t,y, 2;m) ) ’
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where ¢ := (7,7,7),

d—1

M:t(t,y,l‘; C) = BngllAth(t>y7x)A (t y,l’ C)+de t y7 Z 77g77kB] k(t ?/7 )7

7,k=1

with A% standing for the symbol of the hyperbolic part defined by:

A*(ty, 7€) = (A7) (ty) ((ZT+7 Id+2“7g i(ty, @ )) .

j=1

and
d—1

Ai(ta Y, x; 77) = B;;A;(Zﬁ, Y, .I')-Bi;(t, Y, 33') Z an (Bj,d(ta Y, l’) + Bd,j(t> Y, .CI?)) .
j=1

We introduce the weight A(() used to deal with high frequencies:

1
AQ) =L+ +7"+ ")
Let Jx be the mapping from CV x CV to CV x CV given by
(u,v) — (u, A"v).

The scaled negative and positive spaces of the matrices A*(¢,y, z;n)
are defined by:
E.(AT) := JAE4(AY),

If E and F are two linear subspaces of C2" such that dimE + dimF =
2N, then det(E,F) stands for the determinant obtained by taking two
direct orthonormal bases of E and . Our stability assumption writes
then:

Assumption 3.2.5 (Uniform Evans Condition).

We assume that (7—75, ') satisfies the Uniform Evans Condition that is
to say that, for all (t,y) € (0,T) x R¥t and { = (1,7n,7) € R x Rt —
{Oga+1}, there holds:

Dit,9,€) = |det (E-(A*(t,9,0:0), B4 (A~ (15,0:0)) | = € > 0.
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D is called the scaled Evans function. The zeros of D track down
the instabilities of our problem.

Assumption 3.2.6 (Transversality).
E_(G}liz0) and E (G} |.=0) intersects transversally in RN | which means
that:

E_(G7le=0) +E+(Gjlo=o) = RY.

Let G4 denote the matrix Gy(t,y,z) = B;}lAd(t,y,x). We have
then the following Lemma:

Lemma 3.2.7. B, is nonsingular and its eigenvalues satisfy Jep >
¢ > 0. Moreover, Gg|z—o+ and Gg|,—o- have no eigenvalue on the imag-
wmary axis, furthermore

dim B (Galy=o+) = dimEx(Aj],—0)

and
dim Ey (Galo=o-) = dimE4 (A |.—0)-

Proof. This lemma is a consequence of the hyperbolicity-parabolicity
assumption. Fixing n = 0 and £ = & # 0 in the hyperbolicity-
parabolicity assumption gives that the eigenvalues of: &3 Bgg + i€ Aq
satisfy Reu > €2, for some ¢ > 0. Hence the eigenvalues of By 4+ gioAd
are such that Reu > c¢. Making &, tends to wards infinity, we check
that By 4 is nonsingular and that its eigenvalues does not come near the
imaginary axis. For all §, # 0 and ¢ € [0, 1], the eigenvalues of tBy 4 +

) . -1
(1—t)Id+£i0Ad are such that ®ep > 0. Thus (th’d +(1—-t)Id+ gLOAd> Ay
has no eigenvalue on the imaginary axis. Indeed, if it was the case,

it would mean that, for some &) # 0, tByq + (1 — t)Id + éAd has
also an eigenvalue on the imaginary axis. Since the eigenvalues of
, -1
(th,d + (1 —-t)Id+ gioAd) Ay do not cross the imaginary axis, mak-
ing & tends to infinity and considering in succession ¢ = 0 and ¢t =
1, we have then proved that G, has the same number of eigenval-
ues with positive [resp negative| real part than A,. In particular, we
get that dimEi(Gd’x:0+) = dlmEi(A;r‘xzo) and dim]Ei(Gd|$:0—) =
dimE, (A} |,—0)- O
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3.2.2 Construction of an approximate solution.

We will begin by reformulating the problem (3.2.1). This viscous prob-
lem can be recast as a ’doubled’ problem on a half space. Let the '+’
[resp -] superscript denote the restriction of the concerned function to
{z > 0} [resp {z < 0}]. We begin by introducing

ﬂs(t%%)z( uhy,2) >

ut (t,y, —x)

~ +
the new source term writes f(t,y,z) = ( fr(ty o) ) , and the new

f_ (ta Y, —Z’)
~ +
Cauchy data is h = hi (.9, 7) , the normal coefficient becomes:
h=(t,y, —x)

i _( Ailty,x) 0
Ad(tayv'x) - ( 0 —A;(t,y, —l')

We define then the tangential symbol A as follows:

N Aty 0) 0
Alt,y,z;¢) = ( 0 A= (t,y, —;C) ) '

Y

For 1 <j <d—1, we denote:

~ Af(t,y, o 0
] ) Y

Moreover, if both j # d, k # d or if j = k = d, we note:

- Bty x) 0
' _ ng ) ) N
B‘%k(t,y,x) ( 0 B;k(tyyﬁ —.’L') 7
and, if (j = d,k # d) or (j # d,k = d), we write:
N B (t,y, ) 0
A - ]’k ) )
B],k:(tvy’x) - ( 0 _B;k(tay7 _x) ‘

Finally, the new boundary condition is:
~ Id —1Id
(o a')
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we obtain then the following equivalent reformulation of the hyperbolic-
parabolic viscous problem (3.2.1):

How = f, {z >0},

(3.2.2) I%|y—0 =0,
a5|t<0 = 0.
where
—8t+ZA8 +Ag0y—2 > 0i(Bixlk);
1<j,k<N
we will also note .
Hi=0,+Y A0+ Ad,.
j=1

We construct an approximate solution of equation (3.2.2) along the
following ansatz:

M
(3.2.3) Ty (tys) = U, <t Y, 1, )5",
n=1

Un(tv y? x? z) = Qn(t’ y7 'CL‘) + U’;:(t7 y’ x? Z)?

with U, € H*((0,T) x R x R%) and U € e *H>®((0,T) x R*! x
R% xR% ), for some 6 > 0. Note that, due to our previous change of un-
knowns, we have U, (t,y,x) € R*" and U*(t,y,x, z) € R?*". Moreover,
we will note:

o Q:(tvyax) * o U:+(t7yaxa Z)
Unltoy,2) = (Q;(t,y,x) o Uty r A = gy )
Plugging our asymptotic expansion (3.2.3) into the doubled prob-

lem (3.2.2), we get the following profiles equations: to begin with, U
satisfies the following ODE in z :

gd(t Y, x>az[][>)'< - Ed,d(ta Y, x)agUS - 0,
U5+|(z,x):0 - U5_|(Z,x)=0 = - (Q(ﬂa::o - Q(ﬂx:o) s
a2'[j(3‘<—~_|(,z,x):0 + ang_‘(z@):() =0.
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Denote éd = é;}lgd, the profile Uj writes then:

Us(t,y,z,2z) = eéd(t’y’x)ng (t,y,z,0).

Going back to the transmission conditions satisfied by Uj, we obtain
that Up|(.,s)—0 satisfies the relations:

U(>)k+|(z,z)=0 - Ug_‘(Z,x)=0 = _UO(ta y)>

Gjl_(t7 Y, O)Ug+|(z,x)=0 - Gd_ (ta Y, O)U()_ (z,2)=0 — O;

Us ™ la=0 € E- (G4 (t,9,0))

US—|(Z»I):O € E+ (G;(t7 Y O)) ’
where og = Ug|s—0 — Uq =0, and Gi = BdéAi This algebraic
problem is Well—posed for a fixed og 1ff it satlsﬁes for all (t,y) €
(0,7) x R4

0-0<t’y) € E(t,y),

with the linear subspace ¥ defined by:

= ((G(—HIZO)_l - (Gﬂx:o)_l) (Ef(G:H:czo) mE+(G;’x=0)> .

The equation giving Uj has a unique solution iff:

[UEE G+ty, ﬂE+ 4 (ty, )),(G}(t,y,O)—G;(t,y,O))v:(J] = [v
which is equivalent to:
dim 3 = dim E_ (G |s=0) [ |E+(Gy lo=0).

This property results from our assumptions, as we will prove now. As
we shall see below, due to the Uniform Evans Condition holding, one
gets:

dimY = N —dimE_ (4] |,—0) — dimE (A} |.—0)-

Since Aj|,—o and A}|,—o are nonsingular, dimE_(A;|,—o) = N —
dimE, (A} ].,=0) and dimE, (A} |,—0) = N —dimE_(A}|,—o). Plus, by

Lemma 3.2.7, we have dim E_ (G} |.—o) = dimE_ (A} |.—0) and dim E, (G} |,—0) =

dimE, (A} |,—0). We obtain thus:
N +dimY = dimE, (G} |,—0) + dimE_ (G} |.=0).
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Thanks to our transversality assumption stated in Assumption 3.2.6,
there holds:

dim E., (G |p—o)+dim E_ (G |s=0) = N-+dim E_(GJ|a=0) [ |E+(Gy ls=0)-
This ends the proof of:
dim Y = dim E_(GJ |s=0) [ |E+(Gyla=o)-

We must however know oy (t,y) € X(¢,y) in order to obtain Uj.
0p is deduced from the computation of the profile U, which is solution
of the following mixed hyperbolic problem:

ﬁQO - (]?; {JZ > 0}7
(324) Q(T|J::O - Qa|x:0 € Za
Qo‘t<0 =0

We will now sketch a proof of the well-posedness of this equation. Some
elements of it will be proved afterwards, in another subsection.
The function U, is also solution of the mixed hyperbolic problem:

ﬁQO - }77 {x > 0}7
FHQO‘xZO = 07
Q0|t<0 - 07

where I' denotes a linear operator such that:

U*+ z,x)= * *—
ker ' = C(t,y) = {( US_IEZ7CU;:2 ) : U0+|(z,a:):0 - UO |(z,x):0 € Z’} )

note that C is the stable manifold for the dynamical system U is solu-
tion of. The Uniform Lopatinski Condition means that there is C' > 0,
such that, for all (¢,y) € (0,7) x R*! and ¢ with v > 0, there holds:

det(]Eﬁ-(ALr:O*)?]E—(A|;L’:O+))) >C >0,

where we recall that:
A(tvyax7C) = _(Ad)_l(t’yrr) ((ZT+’7 AO t y Y, T +ZZT]J t y Y, T ) .

94



In particular, taking v =1 and (7,7) = 0, it induces that:

E—(Ala=o) [ ) E+(Af li=o) = {0}.

We will prove in section 3.2.5 that this Uniform Lopatinski Condi-
tion holds. It is a result very similar to the one of Rousset in [Rou03],
established in the nonlinear framework, which states that the Uniform
Lopatinski Condition holds for the limiting hyperbolic problem as the
consequence of the Uniform Evans condition holding for the parabolic,
viscously perturbed, problem. We underline that, in our case, our
transversality assumption is necessary in order to prove this result.
Remark that the Uniform Lopatinski Condition holds iff there is C' > 0
such that, for all (¢,y) € (0,T) x R¥! and ¢ with v > 0, there holds:

det (E-i-(A':B:O*) @E—(A|:B:O+)(tv Y, C)a Z(tv y)) > ¢ >0.

It implies that dim ¥ = N —dimE_(A|,—¢+) —dimE, (A|,—¢-). Due to
our hyperbolicity assumption, dimE_(A|,—o+) = dimE, (A} |.—¢) and
dimE; (Al,—o-) = dimE_(A;|,—0). Hence dim¥ = N—dimE_(A; |,—0)—
dimE, (A}],=0). Remark that, in the case of a 1-D problem with a
piecewise constant coefficient, equal to A* on {£z > 0}, taking B = Id
as the viscosity tensor, the Uniform Lopatinski Condition writes:

A PE(AHEP T =R,

For the sake of completeness, we will now show that the construction
of the profiles can go on at any order. Let us assume the profiles up to
order n — 1, with n < M, have been computed. We will now proceed
with the construction of the profiles U,, and U;.

To begin with, U} satisfies the ODE in z :

gd(tv Y, x)@ZU; - Ed,d(ta Y, 15)33(]; - QO:U
U;:+|(z,x):0 - U;_|(z,x)=0 = —0p = — (Q;HJZO - Q;|x:0) )
azU;Jr’(z,z):O + azU;ti’(z,m):O = - (@Q:{,l!x:o + axgrll‘mzo) )

with

o ZA& 1+Za B, 40.U? )
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d

+ Z 0:(BarOhUy_q) + Z 9;(Bj kU, ).

k=1 j.k<d

As a consequence, there is v € e *H>((0,7) x R"! x R* x R?%) such
that:

U;zk (ta Y, x, Z) = eéd(t’y@)z (Urﬂz:O - U:L|Z:O> + U;(t, Yy, x, Z).

Some more computations show that the ODE giving U~ is well-posed
for fixed o,,, provided that o, belongs to ¥, where ¥, is an affine space
directed by X. More precisely, >,, writes:

EnZQn+Zy

with ¢, € H*((0,T) x RI1).
U,, is then solution of the mixed hyperbolic problem satisfying a Uni-
form Lopatinski Condition:

HU,= Y 0j(BjxdlU, ), {z >0}

(3.2.5) tsksd
o Q;Ha::O - Qr_1|m:0 S Ena
Qn|t<0 = 0.

Indeed, there is r, € H*((0,T) x R?"!), such that the problem writes
as well:

ﬁgn = Z aj(BJ}kaanfl)? {ZE > 0}7
1<5,k<d

FHQn|x:O = FHTna

Qn|t<0 = 0.

o, € Y, is deduced from this equation and thus U, can now be com-
puted.

3.2.3 Stability Analysis and Main Result.

The error equation writes, for w® = ug,, — u:
HEw® = EMRE,
(3.2.6) { .
wli<o = 0.
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Our goal here is to prove that the error w® converges towards zero as
the viscosity vanishes. To be more precise we will prove some uniform
energy estimates in L? norm. The proof of these stability estimates
is almost the same as the ones performed in [MZ05]. In [Mét04], Mé-
tivier gives a simplified version of the proof for constant coefficients.
Assuming the coefficients are constant, the energy estimates can then
be proved by performing a tangential Laplace-Fourier transform of the
problem. In this special case, the symmetrizers are Fourier Multipliers
hence avoiding the need of any pseudodifferential calculus. Moreover,
we emphasize that the analysis of the stability of the problem for frozen
coefficients is a crucial step in the proof of more general energy esti-
mates.

For our part, some elements of proof have to be given since our
assumptions differ of the ones in [Mét04] or in [MZ05]. In order to
shorten a not so original proof, we will rather focus on showing that
the scheme of proof exposed in [MZ05] works for our present problem.
We will proceed to do so on a very simplified example. In the process,
we will reinvestigate the link existing between the Uniform Evans Con-
dition holding and the construction of Kreiss-type symmetrizers.

Our proof will be performed in the 1-D framework, for piecewise con-
stant coefficients and for a viscosity tensor B = Id. Rather than giving
a proof more simple but also more specific to our example, we aim at
giving an easily generalized proof, which, even if exposed differently,
relates clearly to [Mét04], [MZ05] and [GMWZ05].

Note that a similar proof of stability can be proved in the multi-D
framework thanks to the Theorem 3.2.12, which states the existence of
a low frequency symmetrizer ([Mét04]), be it for 1-D or multi-D sys-
tems. Remark that, in our special case, no glancing modes (i.e eigen-
values which becomes, after a rescaling focused on a neighborhood of
¢ = 0, purely imaginary and not semi-simple) appear, which makes the
proof of Theorem 3.2.12 become a lot easier to perform.

These stability results can also be proved for multi-D systems with
piecewise smooth coefficients, constant outside a compact set, through
the use of pseudodifferential calculus.

Let us now state the results obtained under our initial assumptions:
choosing M big enough, we get:

Theorem 3.2.8 (Stability). There is C' > 0 such that, for all0 < e <
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1, there holds

€

[|[u® — gl L2 (0,1)xre) < Ce.

Let ube u := uT1,50+u" 1,<0, where (u™, u™) is the unique solution
of the well-posed transmission problem:

Hru® = f*, {z >0},
Hu =f", {z > 0},

3.2.7
( ) u+‘x=0 - U_‘xzo € Ea

U+|t<0 =0, U_|t<0 =0.

We obtain then the following convergence result, which is our main
result:

Theorem 3.2.9 (Convergence). There is C' > 0 such that, for all
0 < e <1, there holds:

|u® — | p2¢0,1)xre) < Ce.

3.2.4 Simplified proof of stability estimates.

We will prove stability estimates for the following viscous system in
one space dimension:
{atug + A(2)0uf — e0uf = f, (t,z) € (0,T) x £,
u€|t<0 — O
where the coefficient A is assumed piecewise constant, equal to AT

on {z > 0} and equal to A~ on {x < 0}. We still make the same
assumptions as before on this system. We have constructed

Uapp 7= ui;rp(tv 7)1as0 + Ui;,p(t, —z)1<0
such that, if we denote w® = w;,  — u®, there holds:

app
{ ot + A(z)0,w° — 0w = eMR7, (t,x) € Q,

wa‘t<0 - 0

where Q = (0,7) x R, R belongs to H*((0,T") x R*) and vanishes in
the past. Since our method of estimation comes from pseudodifferential
calculus, we have to perform a tangential Fourier-Laplace transform of
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the problem. To this aim, it is necessary to extend the definition of our
error, in order for it to be defined for all time ¢ € R. We denote by R°,
R extended by 0 outside (—o00,T") x R. Let us now proceed with the
extension of our error to ¢t > T'. We call by w® the unique solution of:
(t,z) e R xR,

==

(3.2.8)

@€|t<0 = 0.

{ Ha® — 0’0" = MR

Note well that the restriction of w® to Q is we. For the sake of simplicity,
we will still denote @° [resp R | by w® [resp R in what follows.

We now come back to our error equation (3.2.8). To begin with, let us
rewrite the problem (3.2.8) in a convenient form. w*® is solution of:

ow® + A(z)0,w° — ed?uw® = M R7, (t,z) € R x R,

Let v stand for a positive parameter. We denote then by Wt =
F(e "w ™) and R := F(e " R°*), where F stands for the tangential
Fourier transform (with respect to ¢) and the £ superscripts indicates
restrictions to {£z > 0}, we have then:

(i1 + )t + ATO 07 — Pt = MR, {z > 0},
(iT + )" + A”0,0° — ed?*™ = MR, {z <0},

W | g — W |0 = 0,
Op*t | pmo — Op0° | 3= = 0.

(3.2.9)

Remark that, by taking v big enough, the restrictions of the solution
w® of (3.2.8) to {£z > 0} are given by:

wsi — e’yt:,tfl<wsi)’

where (", w"™) are the solutions of the transmission problem (3.2.9).

Taking W (it + v, z) = , we have then:
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( D=t 0 11d wet 0
QW = = + .
0Pt (it +v) A" 0, eMRet
9 . 1 e
O, W° 0 =1d we 0
0,We™ = = + A
e0*F (it+7v) TA” €0, W~ eMRe~
(W oo = W om0 = 0.

We note ¢ = (7,7v) and Z = (e, 7). Multiplying the previous equation
by e gives:

QW — AT OWE =GT, {2 >0},

DWW —A~(OW =G, {z<0},

WEJrlz:O = WE?’Z:Oa

0 Id
(iT+7)Id A*
stands for the fast variable £. Note that the first energy estimates to

be proved will concern this equation.

where A%(() = ) and G* = ( 0 > , and z

€M+1Rsi

Proof of the error estimate by symmetrizers

We will now show how, thanks to the Uniform Evans condition holding,
stability estimates can be proved by symmetrizers for the three different
regimes of frequency: low, medium and high. In the construction of
symmetrizers, for the sake of simplicity, we will drop the tildes in our
notations and only introduce them back when needed.

An error estimate for medium frequencies

For 1 < |¢| < 2, we will prove here Proposition 3.2.10. Denote

A- = —A~, W == W= (t,—z) and G~ = G (t,—z), W° satisfies
then the following ODE in z:

azwa_ - &_wa_ - Q_a {Z > O}a
lim W™ = 0.

Z— 00
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It implies that W*™|,—o belongs to the stable manifold:
W =g lezo +E- (A7|0)

where g, is a bounded solution of the above ODE. Even if ¢, can be
chosen in several ways, the space W?*~ is uniquely defined.
In addition, W¢* is solution of:

lim Wet = 0.

{ LW — ATW =G*, {2 >0},
Therefore W&t|,_, belongs to the stable manifold:
WS+ = Q;HZZO + E_ (A+|z:0) .

We have
CN =E_(A") PEL(AT).

The projectors associated to this decomposition will respectively be 11}
and I . Under our structure assumptions, as in [Mét04], there is two
hermitian symmetric, uniformly bounded, matrices S;” and S; such
that:

e There is C' > 0 such that, for all ¢ € E,(AT),
(ReSTAq,q) > Claf,
and, for all ¢ € E_(A™),
—(ReSTAq,q) > Clgf.
e There is ¢/ > 0 and ¢, > 0 such that:
I < S < oI, ITI < Sy < o I

Note well that neither the Uniform Evans condition, nor our boundary
conditions intervene in the proof of this result. In what follows, x will
always denote a positive parameter. We define then S by

St=rS - 957.

K
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We will prove further that, provided that we choose k large enough,
ST is a suitable Kreiss-type symmetrizer for our system if the Uni-
form Evans Condition hold. For now, we have constructed a hermitian
symmetric, uniformly bounded matrix S;" and there is ¢; , > 0 such
that:

2ReSTAT > ¢ Id.

As we will see, our stability condition will play a role in the control of
the traces Wet|,_o and W*®™|,—, which is the crucial step in the proof
of our energy estimates. Those traces are linked together by the rela-
tions: Wet|,_g = W |,—o, with Wet|,_g € W and W |,_o € W*™.
Remark that there is uniqueness for the traces Wet|,_q = W*°7|._o,
satisfying the above relations, iff:

E_ (&) B (A7].0) = {0},

which is equivalent, for the range of frequencies we are presently con-
sidering, to our Uniform Evans Condition.

We perform an analogous construction of a potential symmetrizer
for W*¢~. The projectors associated to the decomposition:

CN =E_(A") P EL(A)

will respectively be IT; and I3 .
Under our structure assumptions, as in [Mét04], there is two hermi-
tian symmetric, uniformly bounded, matrices Sy and S, such that:

e There is C' > 0 such that, for all g € E+(1§_),
(ReSFA~g,q) > Clg|’,
and, for all ¢ € E_(A*),
—(ReS; Aq,q) > Clq|”
e There is ¢ > 0 and ¢, > 0 such that:

I3y < S < Ty, 37T < S5 < ey 1154115 .
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Like before, neither our stability condition, nor our boundary condi-
tions intervene here. We define then S by

S, =kSy —55.

K

The so constructed matrix S, is hermitian symmetric, uniformly bounded
and satisfies, for some ¢y, > 0 :

2%€S;A_ 2 Cgﬁld.

We recall that We*|,_g = W*|._o = ¢. For the sake of clarity, we
will drop the k subscripts. Let us now prove our energy estimates.

> d d
_ <S+W€+’Z:0, WE+|Z=O> — / <S+d_ws+’ W€+>+<S+W€+, _W€+> dz
0 z dz

- / (2ReSTATWT, W) dz + / (2ReSTGH W) d
0 0
thus

cl/ (Wer, Weth) dz < —<S+W5+|ZO,W€+|20>+‘/ <2%es+é+,W6+> dz
0 0

1
Denoting by |[ul| := [[ullr2@s) = (J5% (u,u) dz)?, we obtain then that
there are ¢, > 0 and C] > 0 such that:

AW < —(STWH 2o, W ]2p) + O |ReSTGH| .
Performing the same steps once again, we get that:
AW ? < = (STW [amg, W g + Co|ReS™G |,
Taking ¢ = min(c), &), and C' = min(C7, C}), we get then:
el[We 7o) + (ST +87)g,q) < C (Héreeyéw? + \mesfé*\y?) .

Proposition 3.2.10. For x large enough, there is 6 > 0 such that, for
all g € C*N, there holds:

(3.2.10) ((Si +8:) 0.9) = 0{a,9)-

Moreover, there is ¢, 6 and C' positive such that, for all 0 < e < 1, we
have:

(3.2.11) el WelLo ) + 8 |=ol” < ClIGL2e)-
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Proof. As a preliminary, we have the next lemma:

Lemma 3.2.11. Suppose the uniform FEvans condition satisfied, then,
for all || # 0 and for all ¢ € C*N, we have either ¢ = 0 or II{ (¢)q # 0

or H;(C)g £ 0.

Proof. Indeed, fixing ¢ # 0, if there exists ¢ # 0 such that IT{ ¢ = 0
or H;g =0, we get:

(e =15 (9) = ¢
As a result ¢ is nonzero and belongs to E_(A1) (N E,(A"), which con-

tradicts our stability assumption. O
For ¢ = 0, the inequality is trivially satisfied. For ¢ € C?N such

that Hfg # 0, taking x large enough gives the result. Notice that,
for ¢ € C2V with II3 q # 0, taking r large enough also leads to the
result. Now Lemma 3.2.11 states that either ¢ = 0, either Hfg # 0

or H;Q # 0, which achieves the proof of the first part of Proposition
3.2.10, using the inequality (3.2.10), it follows that:

CHWEH%Q(R) +6|We|.—” < C <H§R68+G+”%Q(R+) + H§R€57Q_H%2(Rf)> ;

thus leading to the estimate (3.2.11).

An error estimate for high frequencies
At
U}i+ = ( azwa-l- > )

_ Ade~
wy = < 8312)57 >7

then, for A big enough, our problem is transformed in the study, for ( €
{I¢] = 1} U{~y > 0} of the same equations than for medium frequencies,
this time with unknown (wi",w]") instead of (W<*, W<"). We note
wi = w150 + wS 1,.0. We obtain, the same way as for medium
frequencies, that there are ¢, > 0 and 9, > 0 such that for for all
|| > 2 and for all 0 < € < 1, there holds:

Denote by

and
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(3.2.12)
e [ ) + 0l amol” < C (|| ReST G + | ReS™GTII)

An error estimate for low frequencies

For low frequencies, the study becomes much more delicate since
some eigenvalues of AT does not stay away from the imaginary axis,
asymptotically when ( tends to zero. As a result, the spectral pro-
jectors on the negative or positive eigenspaces of AT and A~, which
are needed in the construction of the symmetrizers are no longer well-
defined. Hence, an appropriate rescaling has to be introduced for (
in a neighborhood of zero, the important linear subspaces to consider
are then the positive and negative spaces of the rescaled versions of A™
and A~. After rescaling, the spectral projectors on these spaces become
perfectly well-defined, for 72 + 4% = 1 and ¥ > 0, where 7 = 7 and
= % are the frequencies rescaled for a low frequency analysis. A
logical idea would be to prove a continuous extension of these linear
subspaces to {# = 0}, in order to help with the construction of a low
frequency symmetrizers. However, what happens is the converse, since
the fact that those linear subspaces extends continuously to {¥ = 0} is
a consequence of the construction of a Kreiss-type symmetrizer for low
frequencies as defined by Theorem 3.2.12. This is shown in [MZ04].
Let us now give a brief overview of the low frequency analysis of the
problem. By a suitable change of basis, the matrix A* becomes block
diagonal. Constructing a symmetrizer for A* reduces to the construc-
tion of a symmetrizer for each diagonal blocks. We group together the
eigenvalues which do not come near the imaginary axis, forming what
we will call the parabolic block. For this block, our treatment does not
differ from the one previously described for medium frequencies. The
other eigenvalues can be grouped together in the hyperbolic block. As
explained in the beginning of this section, the construction of the sym-
metrizers for this hyperbolic block needs a specific approach. For 1-D
systems, which is our present case, the construction of a low frequency
symmetrizer is rather easy since all the eigenvalues in the hyperbolic
block are strictly hyperbolic, which means that, even if they do cross the
imaginary axis, they remain semi-simple. In general, for multi-D sys-
tems, glancing modes, that is to say purely imaginary, non semi-simple
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eigenvalues also do appear. Those need an elaborate analysis. For those
part of the analysis, we can rely on Theorem 3.2.12 proved for instance
in [Mét04]. Indeed, compared to the problems studied in [Mét04], we
make the same structure assumptions (hyperbolicity, parabolicity and
hyperbolicity-parabolicity), even though, our boundary conditions, and
therefore the expression of our Uniform Evans Condition differs. As a
consequence, the results of [Mét04], proved by using only the structure
assumptions, also holds here. It is in particular the case of Theorem
3.2.12.

Wet and W*™ satisfying almost the same equations, we will mostly
describe the proof of the energy estimates involving We*. Let us in-
troduce some notations and some important properties involved in the
low frequency study of the hyperbolic part. Using polar coordinates,
we define:

pim v+ 7.
There is a nonsingular N x N matrix v* and two N x N matrices H™
and P7, such that:

wan=a= (700 L0y )

with the eigenvalues of PT staying away from he imaginary axis and
the eigenvalues of H* vanishing for || = 0. Indeed, A* has got exactly
N hyperbolic eigenvalues and N parabolic eigenvalues as proved for
instance in [For07a]. In order to symmetrize properly H', we introduce
the polar rescaling:

¢ =pC = p(7,7),
we have thus || = 1. The rescaled version of H*, H* is then given by:
H*(¢) = pH™((, p)-
Hence, W5t = (v7)"'WeT satisfies the equation:
0.W5t — AfW5T = (v1)IGY, {2z >0},
Wstl.co = (V") g =g,

The symmetrizer for this problem will then be constructed by block,

as follows: o
! Q) )



The symmetrizer of P*, S} will not be detailed here since it is the
exact analogous of the symmetrizer for medium frequencies.
For the hyperbolic part, we have:

H*(C,0) = (i +7)(A")~".

For p > C > 0, H* has exactly N, eigenvalues with positive real part
and N{ eigenvalues with negative real part while Pt has exactly N
eigenvalues with positive real part and N, eigenvalues with negative
real part. For p > C > 0, we can construct S;;(¢) := pS;(C, p) the
same way (we have the same qualitative behavior as for the medium
frequencies previously treated). Under our assumptions, the following
result, asserting that we can construct S;; (¢, p), for (¢, p) in a neigh-
borhood of ({y,0) has been proved in [Mét04]:

Theorem 3.2.12. For all {|¢| = 1} {5 > 0}, there are two linear
subspaces Ff and F] of constant dimension satisfying:

(3.2.13) cN =Ff PF;.

with dim(Fy) = Ni°, dim(Fy) = Ny, and such that for all Ky > 1
there exists a neighborhood & of (¢,0) in R* x R, a C* mapping S},
from & to the space of N x N matrices, and a constant ¢ > 0 such that
for all (¢, p) € @,

SH(C,p) = (Si(C:p)
for all h € CN | denoting by IIT and 11| the projectors associated to the
decomposition (3.2.13) of CN :

(S7(Cs p)hy by > ma | AP — | A
and, for all (C,p) € @, with p >0 and 5 >0 :
2Re (S(C, p)H™(C, p)h, by > (5 + p)|hf?
Note that we have the analogous Theorem for W*¢™ :

Theorem 3.2.13. For all {|{| = 1} U{5 > 0}, there are two linear
subspaces By and B, of constant dimension satisfying:

(3.2.14) N =F; PF;.
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with dim(Fy) = N3, dim(Fy) = Ny, and such that for all ky > 1
there exists a neighborhood @ of (¢,0) in R? x R, a C™ mapping Sy
Jrom & to the space of N X N matrices, and a constant ¢ > 0 such that

for all (¢, p) € &,
Su(C.p) = (Su(C.p))
for all h € CN| denoting by II; and I, the projectors associated to the
decomposition (3.2.14) of CN :
(8u(C,p)h,h) > kol TS h[> — [T hf?
and, for all (C,p) € @, with p >0 and 5 > 0
2Re (S (¢, p)H ™ (C, p)hs h) = e(5 + p)|f?

We just expose here as a remark an important property linked to our
current analysis.

Remark 3.2.14. Let H((, p) be given by:
HY (¢, p) = HY(C, p)-

There exists et (7,7,&, p) polynomial in & with smooth coefficients in
(1,7, p) such that:

det ((m’ +y)Id+ iEAT + p[d) = et (1,7, &, p)det (2’5]61 —H" (1,7, p))

and et (7,7,&,0) # 0. This shows the important link, for p =0, existing
between the spectral study of H' and the spectral study of the symbol
of the hyperbolic part of our equation.

For p > 0, we have, for all h € CV:
2Re(SEP TR, h) > cp(y + p)|hf*.
As a result, For p > 0, we can construct §; satisfying:
2Re(S;TATh, h) > c(y + p*)|h|*.

Mimicking what has been done for medium frequencies, after choosing
for all 0 < X\ < 2¢(y + p?), we get that, for all v > 0, the following
estimate holds:

A 2 ~
(<6042 = 5 ) IS + (S5 o, W o) < I Re G
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Therefore, there are ¢; > 0 and Cy > 0 such that:

€ € £ C ~
(Y + P )W + (S W5 om0, W5 |omo) < 7+1p2HR€S+G+||2-

Adopting symmetric notations for W5~ and adding the two esti-
mates gives that there are ¢ > 0 and C' > 0, such that, for all v > 0,
there holds:

: ) c . &
kIS Wy (S 87) 80, < 5 (IReS TG + |1 Res~GTF)

Proposition 3.2.15. For all q € C?N, there is § > 0, &' > 0 and a set
of two symmetrizers S;" and S, such that:

((S"+87) ¢.q) > min(pd", 9) (¢, 9) -

Proof.  Denote by gy the N first coordinates of ¢ and by gp the N
last ones. We have then:

(S +8)a.9) = p{(Sh+ Sn) am an) + ((Sf + Sp) ar.ar)

The uniform Evans condition being satisfied, we get immediately the
analogous of Proposition 3.2.10 for the parabolic part: there are two
symmetrizers S}, Sp and a positive constant ¢ such that for all gp €

C", there holds:

<<3;5 + 5;) qp, (]P> > 6 {qp,qp) -

For p > C > 0, we obtain the same way that there is a positive constant
8’ such that, for all ¢z € CV,

p (S +Sy) amam) > 8 {qu, qur) -
Hence, for p > C' > 0, there holds:
((S"+87) ¢,9) = min(d',6) (¢, )

This inequality is true provided that the Evans Condition holds, even
if it is not uniformly. For p > C' > 0, due to our stability assumption
holding, we had the following decomposition of CV :

CY=E_(H")@E_(H).
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Remark that, for all p > 0, E_(H*) = E_(H*) and E,(H~) =
E,(H™). Moreover we had:

CY=E_(H")@PE(H") =E_(H )PE.(H").

For the frequencies in a neighborhood of zero, let us prove our result.
By Theorem 3.2.12 and 3.2.13, we have: CY = F; @F;, and CV =
F, @ F4. For fixed p > 0, and (7, %) such that ¥ +%2 = 1 with ¥ > 0,
thanks to the Evans Condition holding, we have:

CY=E_(H")@PE_(H).

As a corollary of Theorem 3.2.12 and Theorem 3.2.13, as proven in
[MZ04] and [Mét04], the vector bundles E_(HT)(¢, p) and E_(H~)(C, p),

defined for ¢ such that |¢| = 1, with ¥ > 0 and p > 0, extends contin-
uously to p = 0. As a matter of fact, these continuous extensions are
the previously introduced linear subspaces F; and [, . Since the Evans
Condition holds uniformly, and the extensions of E_(H*) to F; and

of E_(H™) to F5 are continuous, we have then:

Fy (F; = {0},

and therefore F; @ F, = CV
As a result, for all gz € CV, either gy = 0, or gy # 0 or
I} qi # 0. Moreover, by construction of Sffl ;

( VE(§7P)QH>QH> > k1| qu|® — 17 qu|?,

<Sﬁ(§7P)QH,QH> > ko|lLd qu|* — |15 g |

For gy = 0, the awaited inequality trivially holds. If it is not the case,

since either II{ gy # 0 or II] gy # 0, we obtain the desired result by

choosing the two positive parameters x; and ko large enough. O
We get then the following estimate:

Proposition 3.2.16. There are 6 > 0, ¢ > 0 and C > 0 such that, for
all nonzero frequencies, there holds:

€ € C
(3.2.15) c(y+p°)|Ws ||%2(R) + 6p| W5 amol® < m||G||%2(R)-

110



Note that this estimate needs that either v > 0 or p > 0 to properly
control our error. This shows the need to introduce the weight e~ with
v > 0.

The main error estimate

In the previous chapters, we have obtained three energy estimates,
each concerning a different regime of frequencies. We recall that the
frequencies were respectively divided in ¢ <1 for the low frequencies,
1 < ¢ < 2 for the medium frequencies and ( > 2 for the high fre-
quencies. In a first step, we will rewrite our estimates (all the positive
constants will be take equal to one) for the different regimes of frequen-

cies, this time for the original variables = and ( instead of z and E To
begin with, let us redefine here the notations |.|| and |.| as follows:

ol = [ [ s dodr

and

0P = [ . 5w

o0

We will integrate the previous estimations between —oo and oo with
respect to 7. There is C,,, > 0 such that, for all 1 < [e¢| < 2, the
energy estimate writes:

=172y + €*[10200° ([ L2g) + [0° om0l + €700t |omo|* < Crme™
There is C}, > 0 such that, for all |e¢| > 2, the following estimate holds:
(1+e7® + ey 0" Loy + & 10:9° |72 )
+ (14 em? + ey) |0f | pmo|? + 20p10| 0| < Cre®M.

There is C; > 0 such that, for all |e(| < 1, there holds:

(7 +€%0%) (0132 + 210w Wy ) + 0 (1 Lamol? + %1000 o )

and thus:
(3.2.16)

v+ 0%) (N e + e0ei ) + p (16 emol? + €l lamol) <
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Note that the estimates we proved for low frequencies were for the
unknown I/V2 We explain here briefly how to come back to estimates
on we. W5* are deduced from we by a change of basis described by

% There holds:
il ([ Id (Ai)*lB
V=m0 Id

v+ and v~ are continuous in ¢. Thus, recalling that W+ = V*vazajL
[resp W&~ = v W5 7], both W&t and WS satisfy estimates with coef-
ficients of the same scale in € and (. Thus, adjusting the symmetrizers

to match the constants allows to obtain the low frequency estimate
(3.2.16).

We have to keep in mind ¢ is destined to tend towards zero while
looking at our estimates.
Since w® is continuous through {x = 0}, w°|,—¢ is well-defined. Let us
write the simplified estimates, not involving the traces on the boundary:
There is C' positive such that, for all 0 < & < 1, there holds:

. C
[0 || L2(m) < ;éTM "

where v is a fixed positive parameter.

Recalling that @ (7, z) := [ _[e 7w (t, z)]e ™™ dt, and using Plancherel’s
Theorem, we get the following result: there is C' positive independent

of € and ~, such that for all function w smooth with compact support
satisfying our error equation, there holds:

C’

e " w N2 ryxr) < —
Therefore, since 7 is a positive parameter, by constructing our approx-

imate solution at an order M > 2, we obtain the following stability
result:

Theorem 3.2.17. There is C' > 0 such that, for all0 <e < 1:

|w®]| 20,1y xr) < Ce.
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3.2.5 Proof of the Uniform Lopatinski condition holding for
the mixed hyperbolic problem (3.2.4).

We will now prove, by a detailed analysis of the Evans condition for
low frequency, that the Uniform Lopatinski condition holds for (3.2.4)
thus proving the well-posedness of the transmission problem (3.2.7).

0 Id
Alty,@:0) = ( M(t,y,z;¢) Alt,y,z;n) )

To begin with, let us fix the values of (¢,y,z) := (to, yo, o) and study
the behavior of Ag(¢) := A(to, Yo, zo; () for |¢| in a neighborhood of

Zero.

Lemma 3.2.18. There is a nonsingular matriz v(¢), smooth on a
netghborhood wy, of 0 such that:

V() Al QIr(Q) = ( 1 o ) = Gol0).

At ¢ =0, we have P(0) = B~ Ay(to, yo, T0; 0) and H(0) = 0.

V(O) _ ( Iod (Ad)lB(;(;yOazO;O) ) — g(c)

H(() is often referred to as the hyperbolic block since it satisfies, for
C € wp:
H(¢) = Alto, yo, 703 ¢) + O(IC[?).

A proof of this Lemma can be found in [Mét04]. Remark that:
E_(Ao(Q)) = (OB (H(Q)) x E_(P(Q))

The Uniform Evans condition writes:
det (Ef(A+‘m:0),E+(Ai‘m:0)) Z C >0.

When the two linear subspaces E_(A™|,—¢) and E;(A~|,—) extends
continuously to ¢ # 0 with v > 0, and if we denote by E_(A™*|,—) and
E, (A~ |;=0) the extended spaces, the Uniform Evans Condition consists

in asking, for all { # 0 that:
E—(Aﬂx:O) m]ﬁ+(A_|x=0) - {O}
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Such extensions do exist in our case. Indeed in [MZ04], Métivier
and Zumbrun proves that, under our assumptions, the following re-
sult holds, as a direct consequence of the construction of a Kreiss-type
Symmetrizer. Let us denote p = |{|, we have then that { = pC. We
have then the following result:

Theorem 3.2.19. The linear bundle E(t,y,(, p) == E_(t,y, p{) has a
continuous extension to p =0, v > 0.

The Uniform Evans being satisfied for low frequencies, it implies
that:

’det (w (IE_(A+|$:O) X ]E_(P+|x:0)> s <E+(A‘|x:0) x E+(P‘|x:0)>>‘ > (> 0.
where, for |(] in a neighborhood of zero:

+\—-1 .
Ao = (TR0 ) o)

Let Dy denote the following determinant:
det (1= (B (A% azo) X B (P*lo=0=0) ) v im0 (B4(A”|azo) X B4 (P azo0)) )|
There is py > 0 such that for all ¢ such that || = po, there holds:

where P*|c_o = By A,
vHe=o (]E, (A']=0) X IE,(Pﬂx:O,CZO)) is the linear subset composed

+ -
of the ( :j+ ) such that there are v'" € E_(A*|,—) and v'" € E_(BdfcllA;r)

such that :
U+ - ,U/+

The same way, v~ |c—o (IE+(A*|$:0) X E+(P*|x:0£:0)> is the linear

subset composed of the ( Y > such that there are u'~ € I~E+(A_|m:0)
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and
V' e IEJF(B@A;) such that :

< u” ) _ < u'” + (A;)_l Ba.d|z=oV"~ )
v '

The low frequency Evans Condition rewrites then:

VL0 (E+(ALam0) % B+ (P Lmoc0)) ()7 lemo (B-(A¥]omo) X B-(P*loog—0) ) = {0},

which is equivalent to the following property:
if there is A € C — {0} such that

uT (G T = (T + (G) )
V't = '

with u'* € E_(A*],—0), v'" € E_(BJ}AT), w'~ € E4 (A [,—0) and
V't € ]EAB(;;A;), then this implies that ' = v/~ = v =o'~ = 0.
Easy algebraic considerations proves this is true iff:

(GG ™) (BAGH N EAGT)) DB (At m) DB (A1) = .

We recall Y denotes the space:

% = ((BusAD) " = (Bz3An) ™) (B-(BriAL lo=o) [V E+(BiiAzle=o)
Thus for all ¢ # 0, such that || < po, we have:

E_(A*]m0) PE(A .m0 PE =C".

Since both of the tangential symbols A™|,—¢ and A~ |,—¢ are homoge-
neous of order zero in (, this is equivalent to say that for all { # 0,
there holds:

B (A%m0) DB (A o) D =T,

which is an equivalent expression of the Uniform Lopatinski Condition
for the mixed hyperbolic problem (3.2.4). Due to the hyperbolicity
assumption, we get moreover that dimE_(A*|,—¢) = dimE, (A]],—o)
and dimE (A~ |,—0) = dimE_(A}|,—o).
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Remark 3.2.20. In the 1-D framework, the Uniform Lopatinski Con-

dition writes:
E(AD)EPE_(A;) P =R".

The role of our transversality Assumption, alongside the other struc-
ture assumptions, is to gquarantee X has the suitable dimension. This
Assumption is thus crucial since, if ¥ has not the right dimension, the
limaiting mixzed hyperbolic problem has no chance of satisfying a Lopatin-
ski Condition even though its parabolic perturbation satisfies a Uniform
Evans Condition.

3.3 An open scalar question: the scalar expansive
case.

For scalar hyperbolic problems of conservation laws with discontinuous
coefficients, we saw in [ForO7c| that the expansive case was quite special
to treat. This section is devoted to the open analogous nonconservative
problem. To begin with, let us detail the current problematic: we
have in mind to give a sense to the Cauchy problem for the hyperbolic
operator H = Oyu + a(x)d,u where a is piecewise constant, equal to a™
on {z > 0} and equal to a~ on {z < 0}, with a* >0 and a~ <0

{ Ou+ a(z)0,u = f, r €R,

U’|t:0 = h )

where f € C5°((0,7) x R) and h € C§°(R). By opting for a viscous
approach, we will see that a solution of the above problem can be ob-
tained in the vanishing viscosity limit. Moreover, our viscous approach
successfully select a unique solution. Our main result is stated in The-
orem 3.3.2.

Let us now describe our approach. We consider the viscous hyperbolic-
parabolic problem:

(3.3.1) { o + a(z)0,u° — ed?u® = f, r € R,

U= = h

The stability of problem (3.3.1) has to be established via Kreiss-type
Symmetrizers, thus explaining that we assume the coefficient to be

116



piecewise constant in order to avoid the use of pseudodifferential cal-
culus. We prove then a convergence result in L*((0,7) x R), stat-
ing that the solution u® of (3.3.1) tends towards u, deduced from an
asymptotic analysis of the problem. More precisely, v is given by
u = ugrly>o + url,<o, where (ug,ur) is the unique solution of the
following problem:

( Oyug + arOyur = fr, {z >0},
Owur, + ar0yur, = fr, {r <0},

uRlx:O - uL|ac:O =0,
amuR‘x:O - a:L"uL|av=0 = 0; Vt € (Oa T)7

. uR't:O = hR,UL|t:0 =hr

with fgr [resp hg| denoting the restriction of f [resp k] to {z > 0}, and
fr [resp hr] denoting the restriction of f [resp h] to {z < 0}. Note
well that u, deduced from this unusual, although well-posed, problem
belongs to C°((0,T) x R)( L*((0,T) x R). Indeed, as we shall prove
below, the restriction of u to the side {x < 0} is given by:

Opur, + ardyur, = fr, {z <0},
UL|e=0 = hr(0) + /Otf|x:0(s) ds, Vte (0,7).
UL|t=o = hyp,

and the restriction of u to the side {z > 0} satisfies:
Orur + ardyur = fr, {z >0},
Up|z=o0 = hr(0) + /Otf|mo(s) ds, Vte (0,7),
Uug|i=o = hr

Remark that, in general, the corner compatibilities are not satisfied
here, and that u ¢ C([0,T] : H*(R)) Vs > 2 for example, even though
the datas f and h are smooth.

Remark 3.3.1. u is also given by:
t
u(t.) = (o) + [ uls.2) ds,
0
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where v = vy 1,00 + vr1,>o s the solution of the well-posed classical
transmission problem.:

( atUR + aRaﬁcvR = atfRa {.Z' > 0}7
Owr, + ar0yvr, = O fr, {z <0},

1 1 1 1
_UR’:EZO - _UL|33:0 = _atfR|;c:0 - —8th|:c:07
aRr ar, ar ar,

VR|z=0 — U |z=0 = 0,
\ UR\t:o = fR — ar0zhng, UL’t:O = fL —ar0hy,

This problem is labeled as classical since it is equivalent to a mixed
hyperbolic problem satisfying a Uniform Lopatinski Condition.

As an illustration, let us compute w in the case where f = 0. We
will first introduce some notations. We denote for instance:

QF ={(t,x) € (0,T) x R* : x —art > 0},

where the 'L’ stands for 'on left hand side of {x = 0}’ and the + is
related to the sign of x — art. We define in the same manner: Q, Q},

and Q.

We get that, for all (¢,z) € QF UQz U{z =0},
u(t, ) = h(0),

for all (¢,z) € QF,
u(t, ) = hr(z — art),
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and for all (¢,z) € Q,
u(t,z) = hy(x — apt).

This example shows clearly the discontinuity of 0,u occurring across
the lines I'p = {(t,2) € (0,7) xR%, x—apt=0}and 'y = {(t,2) €
(0,7)xR*, x—art=0}. The following Theorem is our main result:

Theorem 3.3.2. There is C' > 0 such that, for all 0 < € < 1, there
holds:

[u® — ul[ 201y xm) < C,
where u® is the solution of (3.3.1).

Remark 3.3.3. The rate of convergence obtained here is better than the
one we had on the analogous conservative problem treated in [For07c].
This 1s directly explained by a boundary layer analysis of the two prob-
lems, which shows that, in [For07c], strong amplitude boundary layers
forms, whereas in our present case, only weak amplitude boundary lay-
ers form.

The proof of Theorem 3.3.2 is divided into two parts. First, we
will construct an approximate solution of (3.3.1) at any order. Then,
we will show that a Uniform Evans Condition holds for an equivalent
problem, hence yielding the desired stability estimates.

3.3.1 Construction of an approximate solution.

We shall begin by constructing an approximate solution of problem
(3.3.1). As a first step, we will reformulate problem (3.3.1) in an equiv-
alent manner. The restrictions of u° to {x > 0} and {x < 0}, denoted
respectively by uj and u% satisfy the following transmission problem:

( Oyus, + arOyusy — £0°uS = fr, {z >0},t € (0,7),

Owu + ar0,u; — 58§ui = fr, {r < 0},t € (0,7),
(332) { Url=o =il =0
Gqu’xzo - aﬂcuL|r:0 = 07

ui{|t:0 - hR7

Ui\t:o = hp,

119



Let us introduce L5, = 0; + agd, — €0? and L5 = 0, + ar0, — 0>
We perform the construction of the approximate solution separately
on the four domains Q7 , Qf, QF and Q. . We will denote by v, 1 ,
the restriction of uS ~to ] and so on. Let us present the different

app
profiles and their ansatz:

M

R r—art n
uapp,L,-&-(t’x) = Z (ULn+(t $) +ULn+ ( TL)) €2,

n=0

where the profiles U, , , belongs to H *(Q2}) and the characteristic
boundary layer profiles U§ , | (¢,01) belongs to e 12 H>((0,T) x R*T),
for some & > 0. We will take a similar ansatz for Ugpp 1 —» Ugpp g~ and
Ugp r+ Over their respective domains. Let us explain the different
steps of the construction of the approximate solution. We begin by
constructing the underlined profiles U,, in cascade; the boundary layer
profiles U¢ are then computed as a last step. We construct our profiles
such that, for all fixed € > 0, u,, belongs to C*((0,T) x R). In what

follows, we will note:
Ug,(t,z) =Upg; (¢, x)l(t,m)eﬂg +Ug, (¢ x)l(t,x)egg-

Next, we will write:

c T —apt . x — agt . T —apt
o (0 2 = U (1) B Vi (1557

Note well that the dependence of U ; in x is a bit subtle. Actually,
U%, ; 1s piecewise constant with respect to z on each side of I'g, which
explains that Uf ; , and Uf ;  have no direct dependency in . Due
to their particular meaning, we prefer denoting the profiles Uy, and
U, by ugr and ur. Let us note Hg the differential operator

Hpg := 0; + a0,
and Pg the differential operator
Pr =0, + ard, — 05,
We have

L% us (t x x—aRt) ]\fL ( aRt) o
R “R,app ) by R,j 5 77
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where
Lro=Hrur + PRU]%O,

LR71 — HRHRJ + PRUE,I - anaeRUE’O,
and, for 2 < 7 < M — 1, we get:
Lpj=MHrUpg; + PrUf; — 00 (200,Uf ;1 + 0:Ug ;o + DUR ;)
Lry = PrUR pp — O (289RUJC%,M—1 +0:Up p—o + aIUIC%,M—Q) )
LR7M+1 - —az (ZagRU}%M + azgR7M_1 + azU]%”Mil) .
Symmetrically, there holds:

- T —art peline T —art i
L, UL app | T T - Z Lpj(tz, NG €2
§=0

where, for instance, Ly, 5 is given by:
Lps=HiU,+ PrUs, — 0, (200, + Opur + 0:Uf )
with H; and and Py, defined by:

HL = 3t + CLLax

PL = 8,5 + aLax - (‘)gL

Plugging ug ,,, and ug,,, in the problem (3.3.2) and identifying
the terms with the same scale in e, making then |0, and |fg| tend
to infinity, we obtain the profiles equations satisfied by the underlined
profiles. Let us begin by writing the equations satisfied by U, ; and
QRJ. for all 0 < 7 < M — 1. Thanks to the transmission conditions we
had on the viscous problem (3.3.2), we get:

{UL,+|33—0 - uR,—|x:0 =0,
83&“L,+‘x:0 - aqu,szo = 07

and thus (ug_,ur ) satisfies the following transmission problem:

0tuR,_ + aRﬁzuR,_ = fR’_, (t, J]) - Q]_%,
Owur+ +ardyur+ = fr 4, (t,z) € QF,

(3.3.3)
UL+ |wm0 — UR —|z=0 = 0,

aazuL,—l-|ar::O - agvuR,—|m=0 =0
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As a result, the profile ug _ is the unique solution of:
OyuR, — + arOzur - = fr -, (t,z) € Qp,
UR,—|z—0 = h(0) + /Otf|xo(s) ds

and the profile uy,  is given by:
Owur g +ardpur v = fr 4, (t,z) € O,

oo = 10+ [ flucals) ds

Proof.  The first boundary condition of (3.3.3) gives: Ouur 1 |z—0 =
OyuR, —|z—0. Using then the equation, we obtain:

1
amuR,f|x:O = (fR,f‘xzo - 8tuR,flgc=0) )
aRr

and
1

aqu,+|w:0 = a_ (fL,+|x:0 - 8tuL,+|x:O) .
L

Using the second boundary condition, we have thus

ar, (fla=0 — Orur,—|s=0) = ar (fla=0 — Ortir,+]a=0) »

therefore
8tUL,+|x:0 = atUR,—\x:O = f‘x:O-

Hence, there holds:

t
wps oo = un oo = h(0) + / Floco(s) ds.
0

O
Moreover, as we could have forecasted, the profiles ug 4+ and uy,
satisfy the following well-posed hyperbolic problems:

{ Oup+ + arOyup+ = fra, (t,x) € QJ}E’
UR\tzo =hgr ,

{ 8tuL,_ + aLé?qu_ = fL7_, (t, iL‘) € QZ,

UL|t:o =hy
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Since these equations are well-posed, the function w is now perfectly
defined. Let us go on with the construction of the next profiles. Up,
and U, ; are given by:
O0Upy_ +ard,Up,_ =0, (t,z) € Qp,
OUp, +ard.Up, =0, (t,z) € Qp,
EL,1,+|$:0 - HR,L—|$:0 =0

ThuS HL,1,+ — 0 and HR,L* — 0

OUp 4+ ardelUp, =0, (t,z) € Q,
UR,l,-I—’t:O =0,

oUr,_+aLd, U, =0, (t,z) € Qp,
HL,L—|t=0 =0

Hence Ug, , =0 and U, ; = 0. Actually, we see by induction that

for all n € N, we have Q§,2n+1¢ =0 and Uy 5,1+ = 0. On the other

hand for n € N*, the profiles U, ,, . and Ug,, . are given by the
following well-posed hyperbolic problems. The first equation we get is:

hUpop— +ardsUpy, = 5 Upo, o, (t,z) €y,
Oy 5y +ar0:Up 5, , = 8§HL,2n—2,+a (t,z) € QF,
HR,zn,_‘x:O - HL,zn,Hx:O =0,

C%QR,M,,IJ;:O - axHL,Qn,Hz:O =0,

\ HRQn,—‘t:O =0, HL72n7+|t:0 =0

The same way as before, we obtain that Ug,, and U, ,, , are
the solutions of the following well-posed hyperbolic problems:

0tHR,2n,— + aRaﬂCHRQn,— = aigR,Qn—Z—? (ta .’I) € Q]_-]fa
t
HR,Zn,—‘mO :/ aigR,Qn—Q,—|I=0(S) ds
0
atHL,Qn,Jr + aLaa:QL,zn,Jr = OEHL,%L*Q,JH (t, 575) € QJLra

t
U, o oo = / U, o 4 loco(s) ds
0
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Moreover, there holds:

{ atHR,Qn,—i— + aRang,Qn,—&— = aiuR,Qn—Q,-H (t,x) € QE,

gR,2n,+|t=0 =0,

UL on_ +ar0:Up,, = aigLQn—Z—’ (t,x) € Qf,
HL,2n,f|t:0 =0

In conclusion, all the profiles U,, are constructed by induction.

We turn now to the construction of the boundary layer profiles
Ut j+(t,01) and Ug ; (¢, 0r). We will use the relations imposed on the
profiles by the transmission conditions: [uf, |r, = 0, [.ug,,Jr; = 0,
[uglr, = 0, and [Oyug,|r, = 0; [ug,,]r, stands for the jump of uf
through T'p defined, for all ¢t € (0,7T) by:

Tr — aRt xr — aRt
€ : &€ : &€
u T t) = hm u t,e, — | — llm u t.x .
[ app] R( ) r—apt,x>aprt app 7 \/g r—apt,x<apt app B \/g

[u,,]r, () is defined the same way. Because u;,, belongs to C'((0,T') x
R*), for all 0 < j < M, we have:
[Uf,j]L = _[HL,j]FL’
[Urjlr = —[Ug lrs-
Let [Ug ;|r, be given, for all t € (0,7, by:
[HR,j]FR<t) = lim HR,j,-l—(t?x) - lim HR,j,—(tvx)

r—agrt,x>aRrt r—agrt,xr<art

and [Uf ;]r be defined, for all ¢ € (0,7, by:

[Ulc%,j]R(t) = lim U§7j7+(t, QR) - hmi U}C%Jﬁ(t, QR)
Orp—0t 0r—0
To avoid writing the exact symmetric equations on {x > 0} and {z <
0}, let us only proceed with the construction of the boundary layer
profiles Up . .. Referring to the computations above, for all 1 < j <
M + 1, the following quantity must not have any Dirac measure in it:

(& 1 C
00 (0002 + (@0(Uny o+ Uy a) ).
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Our first boundary condition: [Uf, ;]r = —[Upg]ry, ensures that, even
if 0,(Up ;_»+Uf ;) is, in general, discontinuous on I'g, it has no Dirac
Measure. 0,(0,(Ug; o + Uf;_5)) is the derivative of such a function
and thus has a Dirac Measure. Let us describe this singularity: if we
fix t = ty, the Dirac measure forming is

([axHR,j72]|x:aRto + [afoZ,j—Q]R(to)) 5$:(1Rt07

where [w] |J::aRt0 - limw—>a3to,x>a3to W — hma}—>aRto,x<aRt0 w.

. b R : .
On the other hand, if 95, Ug ;_, is discontinuous through I'g, 0, (89R URJfl)
has a Dirac measure given, for t = ¢y by:

[893 U]C%,j—l] R 536:!1}#0 :

In order to ensure the sum of the two Dirac measure vanishes, the
second boundary condition we get is that, V¢t € (0,7T) :

(& 1 (&
[89RUR,j71}R(t) - _5 ([amHR,jfﬂrR(t) + [amUR,jfz(mR) :
The profiles Ug,, and Ug,  are solution of the following heat

equation:
(0.Uf o, — 05, Usor =0 t€(0,T), {0 >0},

OUfo_ — 05, Ufo_ =0 t€(0,T), {0r <0},

{UIC%,O]R@) = _[uR]FR7 vt € (OvT)a

00, Uk ;lr(t) =0, vt e (0,7),

Ulc%,j,+|t=0 =0,
\ UI%:j77|t:0 = O
Note well that, since [ug|r, = 0, the profiles Uf, and Uf , are both
equal to zero; this shows that the characteristic boundary layers form-

ing are of weak amplitude.
For all 1 < j < M, the profiles Ug, ; , and Uf ;  are given by:

(0Uf ;. — 03Uk =0 t€(0,T), {6z > 0},
U, — 05 Us,_ =0 te(0,T), {0 <0},
[Uzc%,j]R(t) = _[ERJ‘]FRa vt € (0,7),

1
00Uk sln(t) = =5 (02U ;1 (O]es (1) + [0:UR ;1 ()]w) - VE € (0,T),
Ulc%,j,-i-’t:(] =0,
Uzc%,j,—’t=0 =0

Ve
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Let us now prove the well-posedness of these problems. We take 9p
in H* ((0,7) x R*) such that

[Wrjlr = —[Ug,lre,

and

00 w(0) = 5 (0:Un o1 (]ea() + DU 1(1)]n)

We can then compute Uy, ; == Up ;. 1g,50 + U ; _1lop<o by:
UIC%J = /I/JRJ + Vé,j'
V. ; 1s then the solution of the classical heat equation:
(atv}%,j - 862R) V}%,j = (p*R,]W (ta HR) € (OvT) X Rv
Vﬁ,j‘t=0 =0
and ¢ ; is given by:

or; = — (Or; — 05, Vry) -

The profiles can thus be constructed by induction using the scheme
just introduced.

3.3.2 Stability estimates.

We will now prove stability estimates.

We define the error w® := ug,, — u®. Let us denote by w* the restric-
tion of w® to +x > 0. (w",w*") is then solution of the transmission
problem:

( O, + ard,w™ — c0Puwt = MR, x>0,te (0,7),
O™ + apdyw — edPw = MR, x <0,te€(0,7),
Wm0 — W |z=0 = 0,

Do 4= — O™ |40 = 0,

w€+|t:0 =0, w€_|t:0 = 0.

\

By construction of our approximate solution, R¢ belongs to L%((0,T) x
R).
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Like we have done previously for systems, we have to extend the
definition of w® to (t,z) € R?. In this paper, for the sake of simplicity,
we will make a slight abuse of notations and write:

(Ot + agdyu™ — 0wt = MR z>0,tEeR,

oW + a0, w — eﬁgwa_ =eMRe-, r<0,teR,
e+ e— _
w |x:0 —w |$:0 == 0,
e+ e— o
axw ‘m:O - axw ’:1:=0 - 07

w6+|t<0 =0, ZUE_|t<0 =0,

\

with R® belonging to L?*(R?) and vanishing in the past. We prove in
[For07a/, in a more general framework, that we can do so.

We will now reformulate this problem into an equivalent problem,

e+
posed on one side of the boundary. Defining w® := wlg—(gtj_xg) ) )

the error equation rewrites as the doubled problem on one side of the
boundary:

Hoaf =eMR, {z >0},
Fw€’x20 — O,

,[’Ds|t<[) — O

where HE = 8, + Ad, — ed?,
~ |ar O |1 —1
A—{ 0 _aL},andI‘—{am o, ]
Let us admit for now the following Proposition that will be proved
in the next section.

Proposition 3.3.4. (ﬁE,F) satisfies a Uniform Fvans Condition.

As established earlier in the paper, if our linear mixed parabolic
problem satisfies a Uniform Evans Condition, the following stability
estimate holds:

M—1
|u® — ug,, |l 220,y <) = O™ 2 ),

taking M large enough achieves then the proof of Theorem 3.3.2.

127



3.4 Proof of Proposition 3.3.4.

In this section we will prefer using the notations a™ and a~ instead of
ar and ar,. We refer to [For07a] for computations of the Evans function
for 2 x 2 systems. In our present case, we have:

A%(0) = ( Fi5 et )

3.4.1 Computation of the Evans function for medium fre-
quencies.

There holds:
E_(A*(()) = Span { < ;ﬁl(f) ) }

where " denotes the eigenvalue of A™ with negative real part and is
given by:

Q) = ot (@) + 49+ 167 <(1 ¥ %) + 1)

ey F\2 | qx2 ~2\ 1 1672 K
—i sign(7)~ (((a*)? + 49> +167°)* (1 - (1 + —————
4 47)
Moreover, we have:

E.(A™(C)) = Span { ( u;@) ) }

where p denotes the eigenvalue of A~ with positive real part and is
given by:

(((a")? +47)2 + 167) ¢ (1 - (1 + L)Q)Q>

+i sign(T)

e~ =
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If we consider ¢ such that 0 < ¢ < |¢| < €' < oo, an Evans function
is the modulus of the following determinant:

that is to say: |u;(§~“) — X (Q)], since 7 keeps a positive real part and

ut keeps a negative real part, for all ¢ such that 0 < ¢ < |Z| < C < o0,
there holds:

12 = 1 Q)] > 0.

Hence the Evans Condition is checked for medium frequencies.

3.4.2 Computation of the asymptotic Evans function when
¢ — oo
A is defined by:
AQ) = (1+7 +72)

We recall that the scaled eigenspaces for high frequencies write then:

E_(A%(C)) = Span { ( Aljt@ ) }

E(A"(C)) = Span { ( AI;J(Z) ) }

An asymptotic Evans function for high frequencies writes:

1 Q) — Q)|
A(Q)

lim

[¢]—o0

Since there is C' > 0 such that, for all p > C' > 0, %elf(g) > (' and
()
ReZD

< —C, making || — oo, we have:

10 - 1@
AQ)

Therefore, the Evans Condition is checked for high frequencies.

> > 0.
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3.4.3 Computation of the asymptotic Evans function when
| — 0F.

Remark that
N-T—lg:() =0,

As a result, the linear subspaces E_(AT(C)) and E4(A~(¢)) cease to

be well-defined. A*(¢) appears in an ODE of the form:
wt - wt
82 ( azwzl: ) = Ai(g) ( azwzl: ) +Fi7
We have then:
w* . 0 pld w* YT w*
0. ( p Lo wE ) ( p LT +7)d ot ) ( p~10,wE > 1= pA(C, p) ( p~10,wE ) )

where
L4 o 0 1
A (C?p> T ( p_l(ﬂv'-l-ﬁ) p—lai >

with 7 := % and 7 := 2.

As reviewed earlier, a continuous extension of some positive and nega-
tive spaces of AT has to be performed if we want to study the Evans
function for low frequencies. These extended spaces are noted E/™(A™)
and EY™ (A7), and are computed as follows:

B (AT) = E- (A")|r=1.5=0,0,

and

ES™ (A7) = E+(A7)lrm15-0pm0.

The asymptotic Evans condition for low frequency writes then:

B (A7) (EY™(AT) = {0}
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 Let us look at the negative eigenvalue of A*((, p) that we will note
AT((, p) and compute its associated eigenvector:

At vyt (9
(%) (%) ’

Vg = >\Ul7

We get:

and multiplying by p > 0 the second coordinate of our vector gives:
(7 + ¥)v1 4+ aTvy = pAvy

Making p — 0%, we obtain that:

As a result

lim B (A*(,p)) = Sp‘m{( e )}

p—0F

The same way, we have:

lim B, (G p) = Sp@n{( = >}

a

Taking ¥ = 0 and 7 = 1, since, by assumption, a~ < 0 and a™ >
0 (otherwise the stability analysis for low frequencies would differ of
the one we have just done), the Asymptotic Evans condition for low
frequencies holds. This ends the proof of Proposition 3.3.4.
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Chapter 4

Le Probleme de Cauchy pour
des Systemes Hyperboliques
Linéaires monodimensionnels
avec une Discontinuité de
coefficient pouvant présenter
des modes expansifs : une
approche visqueuse.

Ce chapitre reprend le papier [For07a] intitulé "The Cauchy Problem
for 1-D Linear Nonconservative Hyperbolic Systems with possibly Ex-
pansive Discontinuity of the coefficient: a Viscous Approach” soumis a
publication en septembre 2007.

Abstract

In this paper, we consider nonconservative Cauchy systems with discontinuous
coefficients for a noncharacteristic boundary. The considered problems need not
be the linearized of a shockwave on a shock front. We introduce then a viscous
perturbation of the problem; the viscous solution u° depends of the small positive
parameter €. This problem, obtained by small viscous perturbation, is parabolic for
fixed positive €. Under some assumptions, incorporating a sharp spectral stability
assumption, we prove the convergence, when ¢ — 07, of u® towards the solution of a

133



well-posed hyperbolic limit problem. Our result is obtained, in the 1-D framework,
for piecewise constant coefficients. Explicit examples of 2 x 2 systems satisfying our
assumptions are given. They rely on a detailed analysis of our stability assumption
(uniform Evans condition) for 2 x 2 systems.

The obtained result is new and generalizes the scalar expansive case solved in
[For07d], where the considered hyperbolic operator was 9, + a(x)9,, with a(z) =
at™>0if x >0 and a(x) =a~ < 0if x < 0. A complete asymptotic description of
the layer is given, at any order of approximation. In general, strong amplitude non-
characteristic boundary layers form, which are localized on the area of discontinuity
of the coefficient. Characteristic boundary layers, which appear along characteristic
curves, also forms. Both type of boundary layers are polarized on specific disjoint
linear subspaces.
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4.1 Introduction.

Let us consider the 1-D linear hyperbolic system:

{ Ou+ A(z)0,u = f, (t,z) € Q,

u5|t:0 = h

where Q = {(t,z) € (0,7) x R}, with 7" > 0 fixed once and for all.
The unknown u(t, z) belongs to RY and A belongs to the set of N x N
matrices with real coefficients My (R). A is assumed to satisfy:

A(-T) = A+]—x>0 + A 1x<07

where AT, A7) are constant matrices in My(R). As we will detail
later, since A is discontinuous through {z = 0}, this problem has no
obvious sense. This problematic relates to many linear scalar works
on analogous conservative problems. We can for instance refer to the
works of Bouchut, James and Mancini in [BJ98], [BJMO05]; by Poupaud
and Rascle in [PR97] or by Diperna and Lions in [DL89]. We can also
refer to [For07c] and [For07d] by Fornet. The common idea is that
another notion of solution has to be introduced to deal with linear
hyperbolic Cauchy problems with discontinuous coefficients. Note that
almost all the papers cited before use a different approach to deal with
the problem. Like in [For07c] and [For07d|, we will opt for a small
viscosity approach. Let us describe now the first result obtained in this
paper. We consider the following viscous hyperbolic-parabolic problem:

€ e _ 2,6
(4.1.1) {(%u + A(x)0,u° — e f (t,x) e,

U€|t=0 =h )

where ¢, commonly called viscosity, stands for a small positive pa-
rameter. Note well that, if we suppress the terms in —ed? from our
differential operator, the hyperbolic problem obtained has no obvious
sense, because of the nonconservative product A(x)0d,u not being well-
defined when both v and A are discontinuous through {z = 0}.

The definition of such nonconservative product is of course crucial
for defining a notion of weak solutions for such problems. It is an inter-

esting question by itself, solved for instance in a quasi-linear framework
by Dal Maso, LeFloch and Murat in [DMLM95] and by LeFloch and
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Tzavaras in [LT99]. Existence and stability results in a neighboring
framework of ours have been obtained by LeFloch ([LeF90]) in a 1-D
scalar case and by Crasta and LeFloch ([CL02]) for 1-D systems. The
equations studied in [LeF90] and [CL02] can be viewed as linear non-
conservative problems with discontinuous coefficients; in these works
the discontinuity of the coefficient is linked with a shockwave. Adopt-
ing a viscous approach allows us to avoid the difficult question of the
definition of the nonconservative product in the linear framework.

In problem (4.1.1), the unknown is u(¢, z) € RY the source term f
belongs to H*((0,7") x R) and the Cauchy data h belongs to H>°(R).
We make the classical hyperbolicity assumption, plus we assume the
boundary {x = 0} is noncharacteristic. In addition, we make a spec-
tral stability assumption, which is an Uniform Evans Condition for a
related problem. Last, we make an assumption ensuring that the limit
hyperbolic problem satisfied by u := lim,_,o+ u® is well-posed. The goal
of Proposition 4.2.10 is to give, for N = 2, examples of discontinuities
of the coefficient (AT, A7) satisfying all our Assumptions. This Propo-
sition relies on explicit algebraic computations of the Evans function
performed in the case N = 2.

Our assumptions do not forbid A to have only positive eigenvalues
and A~ of to have only negative eigenvalues. In this case, the dis-
continuity of the coefficient has a completely expansive setting. The
question of the selection of a unique solution through a viscous ap-
proach was open, for this case, even for N = 1, until [For07d]. Among
other things, the result obtained previously in the scalar framework
([For07d]) is generalized to N € N in this paper.

In order to describe our main result, let us introduce some notations.
First, X is the linear subspace:

2= (A1) = (A7) (B (Ah) (EL(47)
where, for instance,

E_(A%) = @B ker (A" — A\ Id) |

+
Aj <0
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with )\;r denoting the eigenvalues of AT, which are real and semi-simple
due to the hyperbolicity of the corresponding operator. I denotes the
linear subspace given by:

I:=E_(A7)[EL(AT).
We choose, once for all, a linear subspace V such that:
E_(A7) +E(AT) =IEPV.

We assume the following;:

RY =1 VEPr.

I} stands then for the linear projector on I parallel to V& 3.

Note that, in [For07d], as a consequence of our assumptions, we had

RY=E_(A")PE.(A") P,

which is the expression of our above assumption in the case I = {0}
and also the expression of the uniform Lopatinski Condition in this
special case.

This paper is mainly devoted to the proof of the following result:
when ¢ — 07, u® converges towards v in L*((0,7) x R), where u :=
ut 1,50 + u 1,0 is the solution of the following well-posed, even
though not classical, transmission problem:

(Ou™ + A 0,u” = [, (t,z) € (0,T) x R*,
ot + ATout = fT, (t,z) € (0,T) x R%,
Ut |pm0 — U |sm0 € X,

O Iliu™ |4 — Op It |4 = 0,
U =0 = h7,
| uFli=o = A"

(4.1.2)

f* and h* denotes respectively the restrictions of f and h to
{xz > 0}

The proof of our convergence result splits into two parts. First, we
construct an approximate solution of our viscous problem (4.1.1), then,
we prove L? stability estimates via Kreiss-type Symmetrizers.
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4.2 Nonconservative hyperbolic Cauchy problem
with piecewise constant coefficients.

Let us recall the viscous parabolic problem (4.1.1):

{ s + A(x)0,uf — ed*uf = f, (t,x) € Q,

U5|t:0 =h
We assume that A(x) = AT1,59 + A" 1,9, with

Assumption 4.2.1. [Hyperbolicity and Noncharacteristic boundary/
AT and A~ are real diagonalizable constant matrices in My (R), detA~ #
0 and detA*™ # 0.

Since the solution of the parabolic problem (4.1.1) is continuous,
Oyu® will not behave as a Dirac measure on {x = 0}. Moreover, since:

e02uf = f — 0w — A(x)0,u°,

02u® got no Dirac measure on {x = 0}, thus implying the continuity of
0,uf through {x = 0}. As a consequence, we get that u® is solution of
(4.1.1) iff (u%,u5) is solution of the following transmission problem:

( Ousy, + AT O,us, — c0%uS, = fr, {z >0},t€(0,7),
Opus, + A" Oy — ediuy = fr,  {x <0}t € (0,7),
Uplemo — UL le=0 =0, € (0,T),

Optla—o — Opu7 om0 =0,  t€(0,T),
Ugli=o = hr(z), {z >0},
( ULli=0 = hr(x), {x <0}

(4.2.1)

The subscripts 'L’ [resp 'R’] are used for the restrictions of the con-
cerned functions to the Left-hand side [resp Right-hand side| of the
boundary {z = 0}. We could refer to {x = 0} as a boundary since the
transmission problem (4.2.1) can be recast as the doubled problem on
a half-space (4.2.2):

OF + AD, i — 0% = {x >0}t € (0,T)
(4.2.2) MiE|—g =0

Womo = h

138



where (
~ _ uR(t,
Wb ) = ( u (1, ) )
The new source term writes f: fr(t,z) , and the new Cauchy
fL (t7 —l’)
hi(t, ) the new coefficient belongs to Myy(R)
hi(t,—x) ) w

~ At 0
(5 )
and the boundary operator writes

~ Id —Id

M= ( 9 0, ) '
Note that the classical parabolicity and hyperbolicity-parabolicity as-

sumptions, see [Mét04] are trivially satisfied here.
Let A* denote the matrices defined by:

At 0 Id
“\ (it +9)Id A )"

We recall that we denote by E,(A*) [resp E_(A¥)] the linear sub-
space spanned by the generalized eigenvectors of AT associated to the
eigenvalues of A* with positive [resp negative| real part and

det (E_(A(¢)), B+ (A(0)))

is the determinant obtained by taking orthonormal bases for both
E_(A*(¢)) and E; (A (¢)). We introduce the weight A(() used to deal
with high frequencies:

data is h = (

and writes:

A(Q) = (1—1—7‘2+72)%.

Let J, be the mapping from CV x CV to CN x CV (u,v) — (u, A"'v).
We can introduce now the scaled negative and positive spaces of ma-
trices AT : N

Ei(A%) := JLEL(AT).

Our stability assumption writes:

139



Assumption 4.2.2 (Uniform Evans Condition).

(ﬁE,M) satisfies the Uniform Evans Condition which means that, for
all ¢ = (1,7) € R x Rt — {0Og2}, there holds:

det (E_(A%(0), B (A(0)))| = € >0,

In a different framework than ours, the study of such stability as-
sumption has been done in many papers. For example, we can refer the
reader to the paper of Gardner and Zumbrun ([GZ98]), Gues, Métivier,
Williams and Zumbrun ([GMWZ05]), Métivier and Zumbrun ([MZ05]),
Rousset ([Rou03]) and finaly Serre ([Ser05]) . A more recent reference
is [BGSZ06] by Benzoni-Gavage, Serre and Zumbrun.

Assumption 4.2.3. There holds:
(E_(A7) +E4(A")) P =R".

Keeping in mind that the linear subspace I is defined by I :=
E_(A7)NE;+ (A1), Assumption 4.2.3 also writes:

(4.2.3) RY=1EPVEP=E.

We introduce then the projectors associated to this decomposition, that
we respectively note: IIy, Iy and Ily.

After introducing the necessary notations, we will formulate an as-
sumption concerning the structure of the discontinuity (A=, A™).

By assumption 4.2.1, there are two nonsingular matrices Pt, P~
and two diagonal matrices DT and D~ such that DT = (P*)"1AT P
and D~ = (P7)"'A"P~. We denote then J := E_(D")E,(D™").
Let us choose two linear subspaces of RY, V; and V, such that:

Vi @«U = E+(D+)7

and

V.@PI=E_(D).
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Assumption 4.2.4 (Structure of discontinuity).
There holds:

PV, (PI+P )PP V. P =RY

Moreover, the mapping

M= ( Hﬂp+]g?+)—1 —HHP_—P()D—>—1 >

from J x J into I x (P*J 4+ P~J) defines an isomorphism between J x J
and Ix(PTJ + P~J). Finally, we assume that: dimE_(AT)NE, (A7) =
dim X.

Remark 4.2.5. IfdimI = dim J, then Assumption 4.2.4 implies that
PT] = P].

Let us make a remark concerning 2 x 2 strictly hyperbolic systems.

__(d; 0 L (di « o

We take A —( 0 dg)andA —( 0 df , with di < 0 and
1 1

df > 0and o € R*. We have P~ = Id, P* = 0 i | D™= A"

—Q

and Dt = 0 at | As a consequence, J = Span 0 ) More-
2

over Vo = {0} because J = E_(A7). Since E,(D") = R?, we take
V, = Span ( (1) ) . Moreover, E_(AT) N E; (A7) = {0} thus ¥ = {0}.
We check then easily that, like before, if we take d; > 0 and dy < 0,
Assumption 4.2.4 is not satisfied for any a # 0. More general examples
of this form will be analyzed thanks to a new assumption about the
structure of the discontinuity, that will be introduced now.

The general assumption is Assumption 4.2.4. However, we also state
a special set of sufficient conditions, which are easier to check in some
cases. They write:

Assumption 4.2.6 (Structure of discontinuity, sufficient version).
We assume that:

e dimY =dimE_(AT)NE;(A).
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e AT1=1I

AT =1

ker((A*)™! = (A7)") N1 = {0}

E_((Id — ) A~(Id — 1) @ E. ((Id — Th) A*(Id — TT) @ % =
VX

e dimE_(AT)NE; (A7) = dim 2.

Assumption 4.2.6 is a sufficient condition for Assumption 4.2.4 to
hold. While this assumption is less general than Assumption 4.2.4, it
is in general easier to check.

If A~ has only negative eigenvalues and A" has only positive eigen-
values (totally expansive case), this assumption reduces to:

ker ((A*)™" — (A7) (I = {0}.
Since I = RY in the totally expansive case, the assumption also writes:
det ((AJF)_1 — (A_)_l) # 0.

Moreover, if both AT and A~ are diagonal or if we make the same
assumptions as in [For07d], this assumption trivially holds.
Let us now give an example for which Assumption 4.2.4 holds for

strictly hyperbolic 2 x 2 systems. Let us take A~ = ( dol_ dO_ )
2
+ di « . — — + +

a € R*. We assume moreover that the eigenvalues of A~ and A" are all
distinct. Note well that there is no lack of generality in considering A~
diagonal since, by change of basis, we can diagonalize either A~ or A™.

We have then E_(A~) = Span < (1) ) and E, (A") = R? which im-

plies that: T = Span ( L

0 ) . We have moreover ATI = A~I = L. Since

E_(A*T)={0} and E,(A~) = Span ( ¥

1 ) , we get that ¥ = {0}.

142



11
Moreover, ((AT)™t—(A7)™1) ( (1) > = ( dy 0 dy ) , which implies
that:

Ker((A")™ = (A7)™) (1= {o}.

Let us take V = I+ = Span 0 ) . There holds: TPV = R% We can

1
make this choice whenever ¥ = {0}. We have now to check that:

E_(IlyA™Ily) P B4 (IyATIly) = V.

Let us take v € V, we have then v = Ilyv. Ily writes:

0 0
=i 1)

Actually ITyA~Ily = ( 8 do, ) and Iy ATIly = ( g d0+ ) thus
2 2

E_(IIyA~Ily) = {0} and E, (IIyA*Ily) = V, hence we have checked
that Assumption 4.2.4 holds for the considered matrices A~ and A™.
Let us discuss this example further. Firstly, this example works more
generally for sign(d;) = sign(dy). Secondly, if we took d; > 0 and
dy < 0 Assumption 4.2.4 is not satisfied for any « # 0, but is satisfied
for a = 0 independently of the signs of di and dj . Finally, Assumption
4.2.4 is satisfied in the completely outgoing case i.e if we take d; < 0
and dj > 0.

Remark 4.2.7. The uniform Evans condition is a criterion of stability
that seems difficult to check. This stability assumption has been studied
in several papers as it is central, among other things, in the study of the
stability of shockwaves. As mentioned in [GZ98], a sufficient condition
for the Evans condition to hold begins difficult to establish for systems
with N > 3. However, for large systems, computational methods have
been proposed for this purpose, see [HSZ0G6] for a recent approach.

We will now state some of our results concerning the study of the
Evans Condition. For N = 2, we will give very simple sufficient condi-
tions for Evans-stability and Evans-instability.

Without lack of generality, we can assume that A~ is diagonal. We
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Z and ( cci ) the normalized eigenvectors of AT.

Let us define ¢ := dim ..

denote then by (

Proposition 4.2.8. For N = 2, i.e for 2 x 2 systems, and whether
q=0,q=1, orq =2, the problem associated to the choice of matrices
(AT, A7) satisfying: sign(ad) = —sign(bc) or ad = 0 or be = 0 is
Fvans-Stable (but not necessarily uniformly Evans-stable).

In the following Proposition, A and Af denote the two eigenvalues of
A%,

Proposition 4.2.9. Provided that the matrices (A%, A™) are such that:
a,b,c,d > 0,bc > ad and \] = —)\J <0, \] = =\, < 0; the associated
problem is strongly Evans-unstable, in the sense that the Fvans function
vanishes for some (7,7) with 7 € R and v > 0.

As a consequence of the stability analysis performed in section 4.3,

there holds:

Proposition 4.2.10. Let P denote a nonsingular matriz in Ma(R),
then the matrices A~ and At defined by:

_fdy 0
A_P(Od2 P

and

di «
b e 1
AT =P (O d;)P

with di < 0, df > 0 and o € R — {0} satisfy all our assumptions iff
either dy and dy have the same sign or dy <0 and dy > 0.

4.2.1 Construction of an approximate solution as a BKW
expansion.

We will construct an approximate solution of problem (4.2.1) at any
order. This construction will show that, if E_(A7)E,(A") # {0},
weak amplitude characteristic boundary layers forms similarly to [For07c].
Moreover, if E_(AT)E;(A™) # {0}, large noncharacteristic bound-

ary layers forms on the area of discontinuity of the coefficients: {x = 0}.
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Let us note Qp = {(t,z) € (0,7) x R*"} and Qr = {(t,x) €
(0,T) x R**}. g, 1 [resp ug,, z] denotes the restriction of the solution
to Qp [resp Qg]. We will construct ug,,, € C*(Qz)(L*(QL) and
ug,, r € C'(Qr) N L*(Qg). To that aim, let us first introduce some
notations. The matrix A~ [resp AT] has N_ [resp N, | negative [resp

positive] eigenvalues. Let py, ..., uy  be the negative eigenvalues of A~
sorted by increasing order and u, ..., ujfu be the positive eigenvalues
of A™ sorted by decreasing order. We introduce the following partition

of QL .
N_
O, =0l | (Uﬂi) :
j=0

N_

CL::U{(t,x)EQL:x—,uj’t:O},

j=1
Q) == {(t,x) €Q:x— p;t <0},
and forall 1 <j < N_ -1

where

QF = {(t,z) € Qp:pjt <x < pj,t <0},

and
QY- = {(t,x) €EQrix—pyt> O} :

On the right hand side, we do the analogous partition:

Qp = Cr| | (J];J)Qg .
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T

THIS DRAWING SHOWS THE CASE WHERE N_ =2 AND N, = 1.

Remark 4.2.11. Note that the boundary layer profiles serve the pur-
pose of correcting singularities possibly forming in the small viscosity
limit on {x = 0}, Cg, and Cr,. We will give an ansatz incorporating
such terms. We do not assume that any compatibility condition is
checked, thus, generally speaking, each line composing Cr and Cy, sup-
ports singularities of u := lim,_o+ u®. A natural question is to localize
the singularities linked with the expansive modes of the discontinuity.
If e; € Vo, (e; is the j™ vector of the canonical basis of RN ), then the
possible singularities of u on {(t,r) € Qp 1 x — A\t = 0}, where A}
stands for the j*" diagonal coefficient of D™, are not induced by any
expansive mode. The same way, if e; € Vy, then the possible singular-
ities of u on {(t,x) € Qp : x — X\t = 0}, where X stands for the j*
diagonal coefficient of DT, are not induced by any expansive mode.

Let us introduce the different profiles and their ansatz. We will
construct separately the restriction u,? ; of ug,, ; to each Q for 0 <
J < N_ so that, the different pieces of approximate solution glued back
together gives the approximate solution u,, ; € C'(Qr) (N L*(Qy).

M
e . . * . x n
uigta) = Y (U ta) + U, (1.2)) Ve

n=

) — T T— by t
+Uf;fL<t,x mt oo “N—)\/g"

Ve Ve

Actually, depending on the value of j, the ansatz can be written in a
simplified manner, but we rather give here a generic ansatz valid for all
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J. Somewhat related ansatzs can be found in [For07c| and [For07d]. The
Uy, ; belongs to H> (©2}) . Given that U, = 0 except for j = N_, we

will denote UZ”JX’ by U}, . The noncharacteristic boundary layer pro-
files Uy, |, (t, z) belongs to e H>*((0,T) x R*), for some § > 0. Let us

review the characteristic boundary layer profiles UZJL n (t, 01,..., OZLV’

For j = 0, we can use the simplified ansatz U, | (t,0}) with Ufz’g; N
belonging to €2 H>((0,T) x R*), for some & > 0. For j = N_ we can
adopt the simplified ansatz U;JZ‘+ (t, 01LV‘> with U;ZZ‘JF belonging to
e*‘sQILtHOO((O,T) x R*), for some § > 0. For 1 < j < N_ — 1, we have
also the simplified ansatz: U’ (t, 91, 92“) . Let us denote by Eu;

n,L,+
the eigenspace of A~ associated to the eigenvalue ;. We have then
the following decomposition of RV :

N_
RN = @Euj_ PE. (A7),
j=1

we have thus the associated equality on the projectors:

N_

Id=> TI; + g, (4.

J=1

(4.24) UL (40,007 =T1;U, L (4,07) + 11, UL (6001

where II; U belongs to to e“sgjiHoo((O,T) x R%), for some 6 > 0,

117, , U*! belongs to to e H>((0,T) x R*), for some § > 0. This
means that on each subset, after projection, the involved layer profile
depends only of one fast characteristic dependent variable.

In a similar way, we have:

U (%) = f: (Q{m(t, ) + UL, (t, f)) NG

+ .
o Tz — utt T — ppn, Tt
+Un’7jR <t7 ! PRI \/ENJF ) \/g"



with an ansatz identical to the one exposed before.

Let us explain the different steps of the construction of the ap-
proximate solution. We begin by constructing the profiles (U}, U,) in
cascade, the characteristic profiles U7 are then computed as a last step.

Plugging the approximate solution into the equation an identifying
the terms with the same power in €, we obtain our profiles equations.
(Uj0. Ui ) is solution of the following ODE in z:

A+62U*R,D - aEIJ*R,O =0, {Z > 0}7
A_aZUz,O - agUz,O = 07 {Z < 0}7

*R,0|z:0 - U*L,0|z:0 = _(HR,0|3£:0 - HL,0|9::0)7
8ZUE,O|z:0 - azUE,0|z:0 = 0.

Since we search for U, ; and U7} , tending towards zero when z — £o00,
it is equivalent to solve:

aZIJ*R,O o AJFUE,O =0, {Z > 0}7
aZ[J'*L,O - AiU*L,O =Y {Z < 0}7

E,o‘z=0 - 2,0|z=0 = _(HR,o|x=0 - HL,O‘UE=0)7
aZU}!},0|Z=0 - azUz,()’z:O =0.

Applying ITy to our equations on Uy, and U7 , we get that:
U} o = e 11 U% g|.—0, with

U7 glsm0 € E- (A7) (| E- (A7) [ E+(47) = {0},
and Uj = e? *I[[U} (|.—o, with

U} glaco € B (A7) (VB (A7) ()B4 (4") = {0},

We obtain then that 1I;U7 o = II;U% ; = 0. The same argument apply
at any order, giving that, for all 0 < j < M, there holds:

U} ; = I;Uy; = 0.

We have just proved that Uy, = (Ily + Ils) Uy, and that U7, =
(Ily + 1) U7 . Moreover Uy = AT Role=0, with Up, .o € E_(AT)
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and Uj , = e* *Uj |.—o, with U} ¢|.-o € E;(A™). From the second
boundary condition, by using the equation, we get that:

AU glimo = ATU] om0 € B (A7) () E4 (A7),

let us denote by o this quantity. Returning to the first boundary
condition, this leads to:

uR,O|9€:0 - HL,0|9&:O - — ((A+)_1 — (A_)_l) 06 = 0y,
with oy € E_(A") (E;(A™), which gives:
HR,Ol:v:O - HL,OLK:O € 2.

For fixed o¢ € ¥, the equations giving the profiles U} , and Up, are
well-posed since we have assumed that dim ¥ = dimE_(A") N E, (A7),
which is equivalent to ker (AT)™ — (A7) )N (E_(AT)NE,(A7)) =
{0}

We shall now introduce the solution (U ;, Ug,) of the following
hyperbolic problem, which is also the limiting hyperbolic problem as ¢
goes to zero:

( atHL,O + AiaxHL,() = fL7 (t7 m) € QL7
atHR,O + A+a{2HR’0 = fR7 (t7 .T) € QR;
Ugole=0 — Up gle=o € %,
8xHHHR70’x:0 - axH]IHLO‘x:O = 07
HL,0|t:O = hL;

\ H1‘2,0|t:0 = hR

(4.2.5)

Under our assumptions, this problem is well-posed, as we will prove
now. The profiles H]LO for 0 < j < N_ are the restriction of Uy , to

QJL The same way, the profiles Q‘}%O for 0 < j < N, are the restriction
of Up( to Q.

Proposition 4.2.12. If Assumption 4.2.4 is checked, which means
there holds

PV, (PI+P )PP V. P =RY,
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dimE_(A")(E4 (A7) = dim %,
and the mapping

e(rier )

from J x J into I x (PTJ 4+ P~J) defines an isomorphism between J x J
and T x (PTJ+ P~J), then the transmission problem (4.2.5) has a
unique solution.

Proof. For the sake of simplicity let us denote u; := U, and
ur := Upy. Given our assumptions, there are two nonsingular ma-
trices P™, P~ and two diagonal matrices D™ and D~ such that D =
(PT) APt and

D~ = (P7)"'A~P~. Taking vy := (P") tug and vy, := (P7) luy, we
obtain that (vy,vg) is solution the equivalent transmission problem:

( Gth + D+8va = (PJr)ilfR, {LE > 0},

8tUL + DiaxUL = (Pi)ilfL, {.T < O},

P vp|e—0 — P"vL|s—0 € X,

Ol P vR|p—o — Ol P~ v |4—0 = 0,

vLli—o = (P7) "y,

UR|t:0 = (P+)_1hR.

\

Let us denote by Ilg_(p+) and Ilg, (p+) the projector associated to the
decomposition:

RN = E_(D") @E (DY),

we define likewise ITg_(p-y and Ilg, (p-). We recall that we have as well
the decomposition (4.2.3). Equation

(9th + D*@va = (PJr)ilfR, {x > 0},

splits into:
VR = HE+(D+)"UR + HIE,(D+)UR7

8t(H]E+(D+)UR> + D+az(HE+(D+)UR) = HE+(D+)(P+)_1fR7 {x > 0}7

and

8t(H]E7(D+)UR) + D+ax(H]E7(D+)UR) = HEi(DJr)(PJr)_lfR, {$ > 0}
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These problems being diagonal, they are tantamount to NV scalar, eas-

ily solved, independent equations; which shows that: IIg_(p+)vg and

g, (p-yvr are directly computed from the equation without bound-

ary conditions. Contrary to them, Ilg_(p+)vg and Ilg, (p-yvr can be
computed only when the traces Ilg_(p+vg|s—0 and Ilg, (p-)vr|.—0 are
known. The well-posedness of our problem reduces to the algebraic
well-posedness of a linear system whose equations are our boundary
conditions and the unknowns are the traces Ilg_ D+)vR]x:0 and Ig, (p-yvr | z=0-
The boundary condition states that there is ¢ € Y such that:

P+HE+(D+)UR — P7HE_(D—)UL +o0o = —P+HE_(D+)UR + P7H]E+(D—)UL.

Let us recall a piece of Assumption 4.2.4:

(4.2.6) PV (PTI+P L) PP V. T =R,

By (4.2.6) and since Pt and P~ are nonsingular, we get the value of
the traces on the boundary of:

I Ig, (p+)vr,

ILITE_(p-yvr,

and
P+HJH]E+(D+)'UR — P_HJHEi(Df)UL,

as well as the value of . To compute the traces ur|,—o and ur|.—o, we
only lack the knowledge of IIjllg, (p+)vgr|e=o and Hjllg_(p-yvL|z—0. By
the equation, there holds:

dpvg = (D)7} ((PJr)flfR — 3tUR) ;

axUL = (D_)_l ((P_)_lfL — ﬁtvL) .

The boundary condition Ij0,vg|s=0 — 10,0 |e=0 = 0 gives then a
relation of the form:

IL P (DY) ' Ig, (p+)0ivR|eeo — IiP™ (D7) g (p-)0pvr]eeo = ¢

where ¢ is a known continuous function of ¢ € (0,7"), with values po-
larized on the linear subspace I. Since we have as well

P IIIg, (p+00R|e—0 — PTIIIE_(p-)0ivL]e—0 = ¢
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where ¢’ is a known continuous function of ¢ € (0,7"). By Assump-
tion 4.2.4, for all fixed ¢ there is only one O/IIjllg, (p+)vr|e—o(t) and
OdIpIlg_(p-yvr|a=o(t) solution of this linear system of two equations
with two unknowns. Moreover, ¢ and ¢’ depending continuously of ¢ €
(0,7T), it is also the case for O 1111k, (p+)VR|z—0 and OdIIlg_(p-yvL|a=o-
We have thus:

t
HJHE+(D+)UR|.Z‘:0 = HJHE+(D+)]'L(O) ‘I—/ atHJHE+(D+)UR|x:0(S) dS,
0
and
t
HJHIE_(D*)UL|35:O = HJHE_(D*)ha)) +/ atHJ]H]E_(D*)ULh:O(S) ds,
0

which achieves the computation of the traces g := vp|,—0 and gr =
Vg|z—0. We obtain then that the hyperbolic problem (4.2.5), which sat-
isfies nonclassical transmission conditions on the boundary, is actually
equivalent to solve two classical well-posed mixed hyperbolic problem

with Dirichlet boundary conditions. ur = PTvg, where vg is solution

of:
8th + D+8xUR = (P+)_1fR, {x > 0},

UR|33:0 = JR,

UR|t:0 = (P+)_1hR.

This problem is well-posed because Ilg_(p+)gr is incidentally the trace
Ig_(p+)VR|s=0 computed from the equation without boundary condi-
tion. As a consequence, this problem also rewrites:

atUR + D+8va = (PJr)ilfR, {37 > 0},
HE+(D+)'UR|x:O = HE+(D+)9R-

Uth:() = (P+)_1hR.

which is a mixed hyperbolic problem satisfying a Uniform Lopatinski
condition. The same way vy, is the solution of the following mixed
hyperbolic problem satisfying a Uniform Lopatinski condition:

at'UL + Dia;EUL = (Pi)ilflj, {iIZ' < O},
HIE,(D*)UL|m:O = HE,(D*)gL-
vpli—o = (P7) "Iy,

152



and wuy, is obtained by: u;, = Ptvy, which shows that problem (4.2.5)
is well-posed.
O

Proof of the well-posedness of the transmission problem
(4.2.5) under Assumption 4.2.6

There holds:
(4.2.7)
(O U, + A 0,ILU, , = I f* — A9, (Iy + 1Ix)U, ,, {z <0}

MU+ A0 U g = i f T — A0, (Iy + [x)Ugy,  {z > 0}.
U g olamo — ThU  glo—o = 0,
011U g g o—0 — uTT1U  glomo = 0,
;U oli—o = Hih,
| iU g oli—o = IIzh ™.

Hence, by Assumption 4.2.6, we have:
(4.2.8)
(0, U, o+ A 9,ILU, , = I f* — A0, (Ily + x)U, o, {z <0}

O Ug o+ AT0, U o = I f7 — IAT O, (Iy + Hs)Ug,,  {z > 0}.
Upgole=0 — U olz=0 = 0,

0 IU R olz=0 — 0:11U f ¢|z=0 = 0,

LU, oli—o = A",

MU gli=0 = ;A"

Let us now introduce V; o = (Id — ly)U; 4, Vi = (Id — 1)Uy,

applying then (Id — IIj) to our equation, we get the following:

(O V o+ (Id—T)M -0,V o = (Id —1Iy) f*, {x < 0},
WVpo+ (Id—T)MT0, Vg, = (Id—TIy) fF, {z > 0}.
MR,O|IE=0 - XL,O|Z=0 €,

Vi oli=o = (Id — )",

( Virolizo = (Id — II)A".

Referring the reader to the analysis performed in the multi-D case
treated in [For07d] for further details, this mixed hyperbolic problem is
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well-posed provided that it satisfies the Uniform Lopatinski Condition
stating that

E_((Id—T) M) P E((Id-T)MH ) P =V

As we will see, we can now compute the solution of (4.2.8). Indeed
there is an unique

g(t) = 3tHHHR,o|x=0 = 3tHHgL,o|x:0>

which depends continuously of ¢ € (0,7"), satisfying our boundary con-
ditions provided that

Ker((A")™ = (A7) ™) (I = {0}.

Indeed, by using the equation, we get that 9,II1U, ¢|o—0—0,I11U ¢|o—0 =
0 writes as well:

((AJr)fl - (Af)fl) atHHHR,o‘mO =4,

where ¢” stands for a known function continuous in t. As a result, we
obtain that:

t
U ola=0(t) = HiUp glo=o(t) = [1A(0) +/ g(s) ds,
0

which proves the well-posedness of the hyperbolic problem (4.2.5) un-
der Assumption 4.2.6.

Since Assumption 4.2.4 being checked is a sufficient but also nec-
essary condition in order for problem (4.2.5) to be well-posed, we get
then that:

[Assumption 4.2.6 = Assumption 4.2.4].

Since the problem (4.2.5) is well-posed, ur|,—0 — UR|z—0 := 09 € X
is known and thus U7 ; and Uy, as well. This scheme of construction
can be carried out at any order. Let us show how the the other profiles
are constructed:

AJF&ZU);%J - 8§U*R,1 = 07 {Z > 0}7
A"0.U;, — 07U}, =0, {z <0},

U*R,1|z:0 - U*L,1|a::0 = _(HR,lLr:O - HL,1|06:0)7
aZIJTLZ,1|Z:0 - 62U211|Z:0 = 0.

154



A+8ZUE72 - 83U*R,2 - _at *R,07 {Z > 0},
A_GZU*L72 - 822 *L,Q - _atU;/,(), {Z < 0},
Uk ole=0 = UL ole=0 = =(Ugle=o — Uy s|e=0),

8ZU*R72|Z:0 - azUz72|z:0 - - (aacuR70|z:O - 8acuL70|w:O) .
U} 5 = Uy, = 0, which does not contradict our previous com-

putations since I, (E)J;HR’OLC:O — 8IHL’O|QE:0) = 0. Actually for n > 2,
we have:

AJraZU*R,n - azUE,n = _at >'It:i,n—27 {Z > 0}7
A_aZUz,n - 822 >kL,n - _atUz,nf% {Z < 0}7

>kR,n|ZZO - Uz,n|1‘:0 - _<ER,n|CE:0 - EL,n|CE:0)7
azUE7n|z=0 - azU*L7n|z:O = - (axHRm,_Q‘x:O - axHLVn—2‘1=O) .

(Uy..,Ug,) are given by:

( atuL,n + A_aIHL,n = 8§HL,TL—27 {ZL‘ < O}
8tHR,n + A+aﬂﬁHR,n = 8523,71_27 {JT > 0}

(4.2.9)
a$H2HR,n|:E=0 - arH2HL,n|x:0 - O,
Uy ,li=0 =0,
UR,?’L’t:O - O

\ —

where p,, is computed using the equations on Uy, and Uj . This
mixed hyperbolic problem is well-posed for the same reasons as the
mixed hyperbolic problems giving (U o, Ug,). The profiles U7, for
0 < 5 < N_ are the restriction of HLJL to QJL The same way, the
profiles Q{M for 0 < j < N, are the restriction of Ug, to Q}%.

Referring to (4.2.4), we have actually to compute the profiles IT; Us7, | (t,67)
and ITF U, (¢, 0%). Since the profiles equations satisfied by IT; U7, .
and HjUfL: r.+ are of the same form, we will only focus on the compu-
tation of the profiles Ui’i(t, z;) 1= H;UZJL L (t,6%) for some j. Observe
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that, the pieces of solutions (U ;, Uy ;) glued together compose in gen-
eral a function belonging to C°((0,7) x R) but not to C*((0,7) x R).
Since the characteristic profiles allow the glued together approximate
solution to belong to C'((0,T') xR), computing the characteristics layer
profiles amounts to solve equations of the form:

(U7, —02U =0, {z >0},

a,uy, -2 Uy, =0, {z; <0},

Us(0) = ~[Up e, (0. Ve e (0.7),

0,05, 1,(6) = —5 (0:UpiJr, (0 + U5 1,(1) . Vi€ 0.7)
U li=0 = 0,

c— —
\ UL,n|t:0 =0,

where [w];(t) = lim, o+ w(t, zj) — lim,, _o- w(t, 2;) and [W']p,(t) =
hmxﬂu}t,xw;t W' (t, x) _hmxap;t,x<u;t W'(t, x). These profiles equations
are clearly well-posed, using the same argument used in [For07d]. To
sum up, we have constructed

3 «—— 3 3 .
Ugpp = UR apple>0 + UT, 4, Leco sSuch that:

x app

{ O, + A2) 0y, — 026, = [+ MR, (t,2) € Q,

U/pr |t:0 = h

4.2.2 Stability estimates.

This time, we will rather note

£

U, = ufl;p(t, 2) 1m0 + U (t, —2) 1,0

app
By linearity, the error equation writes, for w® = Ugpp — U
Ow + A(x)0,w® — ed*w® = eMR*, (t,x) € Q,
U)E|t:0 = 0.

Since our method of estimation comes from pseudodifferential cal-
culus, we have to perform a tangential Fourier-Laplace transform of the
problem. For this purpose, it is necessary to extend the definition of
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our error, in order for it to be defined for all time t € R. We first per-
w® on (0,7)

. c .
form an extension of w® to {t < 0} as follows: w® := { Oont<0

but, for fixed positive ¢,

w® € C((0,T) : L*(R)) and w®|;—¢ = 0 thus @* belongs to

C((—o00,T] : L*(R)). Moreover, 9,w° has no Dirac measure on {t = 0}
and thus w® is solution of:

0" + A(2)0,0° — 0?0 = MR, (t,2) € (—00, T] x R,.

= REaf t e (O,T),
where R := { 0 on t < 0.

Finally, we denote by B¢, k¢ extended by 0 outside (0,7) x R. Let us
now proceed with the extension of our error to t > T. We call by w®
the unique solution of:

~& 2 ~¢ _ M
(4.2.10) { Hw” —edw” =e"R,  (t,z) eRXR,

@E‘Ko =0.

Note well that the restriction of w® to €2 is w®. For the sake of simplicity,
we will still denote @° [resp R | by w® [resp R in what follows.

To begin with, let us rewrite the problem (4.2.10) in a convenient
form. w® is solution of:

o + A(x) 0w — ed*uw® = M Re, (t,z) € R x R,

We denote then by @ := F(e~"w™F) and R** := F(e " R**), where
F stands for the tangential Fourier transform (with respect to ¢) and
the + superscripts indicates restrictions to {+x > 0}, we have then:

(it + )t + AT — 0?0t = MR, {z > 0},
(iT + )™ + A”0,0° — 0?0 = MR, {x <0},
wa+|x:0 - 7vbg_|x:0 = 07

Opti™t |y — Opts™ oo = 0.

(4.2.11)

Remark that, by taking v big enough, the restrictions of the solution
we of (4.2.10) to {£x > 0} are given by:

wai — evt;-—l(,u}si)’
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where (W, @) are the solutions of the transmission problem (4.2.11).

WET
Taking W& (it + v, 2) = ,
£0,W°F
( Dy 0 lrd et 0
O,Wet = = + A
e0% T (it +7) LA £0, W eM et
9 o ! .
O, W° 0 =1d we 0
O W = = + A
e0?w°~ (iT+7) 1A 20, eMRe~
\ WEJF’JE:O - W57|x:[] =0.

We note ¢ = (7,7) and Z‘ = (e, 7). Multiplying the previous equation
by e gives:

QW — ATOW =Gt {2z >0},
AW — A (OW =G, {z<0},
WE+|Z:O = WE_'Z:Oa

0
G* = ( EM—HRE:I: )a

and z stands for the fast variable £. From this point onwards, since

nothing differs from the proof of stability by symmetrizers done in
[For07d], we give the result:

where

Proposition 4.2.13. There is C > 0 such that for all0 < e < 1, there
holds:
||UE — uzppHp(Q) S C{SM_l.

4.2.3 The main result.

We recall that u® stands for the solution of the viscous problem (4.1.1)
and u := uT 1,50 +u" 1,9, where (u™,u™) is solution of the well-posed
transmission problem (4.1.2) or (4.2.5).
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Theorem 4.2.14. u° converges towards u in L*()) as € tends to zero.
More precisely, there is C > 0, independent of € such that:

HUE — UHL2((O,T)><R) S OE.

£

app> We have:

Proof. By construction of our approximate solution u
||U,8 — U,HLQ(Q) = O(S)

Hence, by constructing our approximate solution at a sufficient order
M, Proposition 4.2.13 ends the proof. O

4.3 Stability study for 2 X 2 nonconservative sys-
tems.

In this chapter, our goal is to analyze the uniform Evans condition
for 2 x 2 systems. We limit ourselves to this framework due to the
fast increasing complexity of the computations with the size of the
systems. This analysis is not trivial to perform, as witness, even for
2 x 2 systems, a sufficient and necessary reformulation of the Evans
Condition, not involving any frequencies, has yet to be found out. Our
point here is to give a brief overview of the link existing between the
matrices A~ and A" and the uniform Evans condition being checked.
As a result of our study, the uniform Evans Condition does not appear
as a very restrictive assumption, but, on the other hand, is not always
satisfied. The uniform Evans Condition writes as the nonvanishing of
an Evans function for a given range of frequencies. This Evans function
is a determinant that can be written in several equivalent ways. D and
D are two equivalent Evans functions iff, for all ( # 0,

D(¢) =0« D(¢) =0.

We will begin by giving the expression of an Evans function for medium
frequencies, then we will introduce asymptotic Evans functions for
|C| — oo (high frequencies) and |(| — 0" (low frequencies). Our re-
sults for 2 x 2 systems are divided the same way. The study of the low
frequency behavior is the more technical, since some arguments break
down due to eigenvalues crossing the imaginary axis. The specific anal-
ysis for low frequencies involves the continuous extension of some linear
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subspaces intervening in the formulation of the Evans function. A part
of our analysis is devoted to the computation of these extensions for
some 2 X 2 systems. During our study, we achieve the proof of Propo-
sition (4.2.10).

4.3.1 Spectral analysis of the symbol A*.

The expression of an Evans function relies on the computation of the
linear subspaces E_(A™) and E, (A™). An important point is that, ex-
cept for low frequencies, the eigenvalues of AT and A~ do not cross
the imaginary axis. At and A~ have both N eigenvalues with positive
real part and N eigenvalues with negative real part. As a consequence,
if the Evans condition holds, for all { in an open subset not contain-
ing {0}, there holds: E_ (AT)@PE, (A~) = C*. We will now show
that the eigenvectors of A* can be deduced from the eigenvectors of
A%, Denote by v [resp v; Jthe normalized eigenvector associated to the
eigenvalue \;” of AT [resp A\, of A~]. The eigenvectors of AT associated
to the eigenvalues with negative real parts, denoted by (i )i<i<n, are

given by:
"
(W;_)1<i<N = ( + o+ ) :
- Hi U 1<i<N

Likewise, the eigenvectors of A1 associated to the eigenvalues with
positive real parts, noted (u;)ny1<i<on, are given by:
Jr
+ - Yy
W, . = + + ) .
( ? )N+1Sl§2N ( /’LN—‘,—i/Ui N41<i<2N

The family (w;F ) is a basis of E_(A™"). Moreover, y; satisfy:

1<i<N

=N = (it + ) =0.

Proof. Denote p an eigenvalue of AT and v = < Xl ) an eigenvector
2

associated to p.
Vo = [IV]
2 .
— (T +
A+V1 — /"L ( 7>V
1
Since vi = Ogy = v = Oc2n, vy is an eigenvector of A* associated to
2_ (s . -
the eigenvalue w Hence there is 1 < j < N such that )\;r =

1
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W. We will show here that, for all (7,7) # 0, the eigenvalues of
AT are all semi-simple and that N of them have positive real part and
N of them have negative real part. This result is deduced from the fact
that we can associate to each eigenvalues of A1 two eigenvalues of A™:
one with positive real part and one with negative real part. Moreover,
for each eigenvalue of A" the associated eigenvector can be directly
constructed by using the eigenvector associated to the corresponding
eigenvalue of A" as stated above. The eigenvalues of AT are the roots

of P defined by:
P(p) = p = A — (i + 7).
Note that the roots of PT are:

1 , Z.
p-=3 (/\ — sign (cos(67/2))Vrte (9+/2)> ,

1 .
e =5 ()\ + sign (cos(67/2)) r+e’(9+/2)> :

where r* = /(A2 +47)2 + 1672 and 0t = arctan ﬁlﬂ/. The + sub-
scripts in the right above notations relates to the sign of the real part
of the concerned eigenvalues. There holds:

sign (sin(67/2)) = sign(r) x sign (cos(67/2)) .

We deduce from it that:

1.1 1 1672\ 2
o = 5)\ - Z((A2 + 47)% + 167%)1 ((1 + ﬁ) + 1)

and
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Notice that we have:
f] (r7)=(0,0) = A

Taking into account that, due to the noncharacteristic boundary as-
sumption, A # 0, there are two constants C; and Cy such that, for all
7 € R and v > 0, there holds:

Re(py) > Cy >0, Re(p-) < Cy < 0.

Indeed, studying the sign of Re(ul) and Re(u”) all amounts to the
study of the sign of the following expression:

2A((N? + 47)% 4+ 1672)7 — sign()) ()\2 F Ay + (A2 +49)% + 1672)%) :

which has the same sign as:
1 1\ 2
sign(A) <4A2((A2 +479)? +167%)2 — (v Ay + (A +49)° + 1672)5) )

= —sign(}) ((/\2 F49)? 4+ (A2 4 49)% + 1672) + (87 — 202 (N + 49)* + 16#)%)

Using that v > 0, we have:

[NIES

(N2 4 49)? + (X + 47)> + 1677) + (87 — 2X%)((X* + 47)* + 167%)
> (A2 4+ 47)? 4+ (A% 4 49)% +1672) + (=87 — 2A%) (N2 + 47)2 + 167%)2
Noticing that
()\2—1—47)2—1—(()\2+47)2+1672)+(—87—2/\2)((/\2—1—47)2—%167'2)% = (/\2—|—47—(()\2—|—47)2+167'2)%)2 >
with the equality only holding for (7,v) = 0, it gives that, if (7,v) #
(0,0):
sign(2A (A2 447)?+1672)7 —sign()) ()\2 + 4y + (N +49)° + 1672)%>) = —sign(\)

Hence we have:

o If A < 0, then Re(puy) > 0, with the equality holding only for
(1,7v) = 0. Moreover Re(u_) < 0 for all (7,7) € R x R*.

e If A\ > 0 then Re(uy) > 0 for all (7,7) € R x R*. In addition,
Re(p—) <0, with the equality holding only for (7,v) = 0.
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(]
The same way, the eigenvectors of A~ associated to the eigenvalues
with positive real parts denoted by (u; )i1<i<ny are given by:

- ._ v
(Wi )1§i§N = o '
Hi Vi ) i<icn

The eigenvectors of A~ associated to the eigenvalues with negative real
parts denoted by (4; )nt1<i<on are given by:

; N o .
N+1<i<2N HN+iY ) Nii<i<on

The family (w;")
satisfy:

L<icn 18 a basis of E.(A™). Moreover the p; (7,7)

- _ IT 4y
A=y (1) — ———-
Mi (Ta ’7)
4.3.2 Expression of an Evans function.

For medium frequencies, that is to say for { belonging to a bounded
open subset of R x R* not containing 0, an Evans function is given by:

o vy v vy Un
D(<) -—' wf (vt . @(év)va py (Qoy - ufv(év)v?v

For the asymptotic Evans function, when |(| — oo, we take:

+ + - -

~ vy vy N Uy

D)= w + WO+ slQ A, — PG
AG U A VN A (©vn AQ) UN

Due to its specificity, the asymptotic Evans function for low fre-
quencies will be introduced in the section right below, along with the
needed material.

4.3.3 Introduction to a low frequency Evans function.
We will now perform here a detailed analysis of the Evans function for

low frequencies. Since some eigenvalues, that we will call hyperbolic,
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of A* vanishes for ¢ = 0, the associated positive or negative space of
A7 cease to be well-defined for low frequencies. Although it is the case,
we will show we can extend the definition of those spaces in a continu-
ous way. We will later provide explicit computations of those limiting
spaces in section 4.3.7. The associated asymptotic Evans function will
be computed during section 4.3.8, its nonvanishing meaning that the
uniform Evans Condition becomes equivalent to the Evans Condition.
The main idea behind our proof is that only the hyperbolic eigenvalues
and the associated eigenvectors have to be recomputed for low frequen-
cies. In a first step, we will introduce the appropriate scaling for the
low frequency analysis of what corresponds to the hyperbolic block.
We recall that A* denotes the following 4 x 4 sized matrix:

450 = ( R A ) 7

Moreover, it intervenes in an ODE of the form:

+ - +
az ( azuw:t > = Ai(g) ( aiuw:t ) +Fi7

We have then:

w* . 0 pld w s
0, ( pflazwi ) = ( pfl(i’f—f—i)fd At ) ( p—lazwi > = pA(C7P) ( p

where

with 7:=Z and 7 := %.

For v > 0,
E_(A") =E"(A") PE"(AT),

where EX (AT) is the space generated by the generalized eigenvectors
of AT associated to the the hyperbolic eigenvalues of AT with negative
real part. The same way, EF(AT) stands for the space generated by
the generalized eigenvectors of AT associated to the the parabolic eigen-
values of A" with negative real part. By opposition to the hyperbolic
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eigenvalues, the parabolic eigenvalues does not cross the imaginary axis
even for ¢ = 0. Remark that the dimensions of E¥ (A*) and EF(A')
are constant. Viewing temporarily ¢ as a parameter, we introduce the
following decomposition:

E_(A*) = E"(A") DEP(A"),

like before, we call an eigenvalue of At hyperbolic if it vanishes for
¢ = 0 an parabolic otherwise. Remark well that, in this case, these
denominations are sort of artificial since, by definition, |¢| = 1. EH(AT)

and EP(A™) are then defined like before. The extended linear subspace
Elm (A1) is then given by:
E'™(AT) = EY (AT) |21 520,=0 D EX(A) =0,

where B (A*)|;21 5=0 =0 stands for lim_o+ 24 52— lim, o+ EH(A+)(C p).

The same way, E,(A™) extends continuously to E{™ (A7) as ¢ goes to
zero, with:

Eim(A™) = E¥ (A~ ITmopo@E Tle=o-

The following Proposition shows the strong interest raised by the
ability of computing explicitly E“™(A") and E{™(AT).

Proposition 4.3.1. Let us assume that the (H5, M) satisfies the Evans
Condition which means that, for all { = (1,7v) € R x Rt —{0g2}, there

holds: B B
det (E- (A" (). E (A7) | > 0.
Then the four following properties are equivalent:
° (ﬁs,ﬂ) satisfies the Uniform Evans Condition.

e There is pg > 0 such that, for all { = (1,7) € R x Rt — {0g2},
with || < po, there holds:

|det (E_(A™(()),E+(A(Q)))| = C > 0.

o |det (B (%), Eim(A7))] > 0.
o EMM(AT)NEI™(AT) = {0}.
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Remark 4.3.2. If we take N = 1 that is to say a scalar system, the
uniform FEvans condition is always satisfied. As a consequence, the
uniform Evans condition also holds if AT and A~ are diagonalizable in
the same basis.

4.3.4 Analysis of the medium and high frequencies Evans
function for 2 x 2 systems.

The bases in which AT and A~ are diagonal differ in general from
each other. However, making the right change of basis, we can always
assume that A~ is diagonal without loss of generality. Let us fix a
positive real number K, for the Evans condition to hold, it is necessary
that, for all 0 < || < K, the real and imaginary part of following
determinant do not vanish simultaneously:

a C 1 0

b d 0 1

DO= aut(©) ent© w0) 0
bt () duz (¢) 0 pz(Q)

where ( Z ) is the normalized eigenvector associated to ], which

denotes the smallest eigenvalue of A* and < ; ) is the normalized

eigenvector associated to A, which is the greatest eigenvalue of A*. We
have thus a® +b? = 1, ¢ +d? = 1 and ad — bc # 0. Some computations
show that:

D(C) = (ad—be)(pi py +py pa ) —ad(py py + pig gl ) +be(pg py +py pf)

Notice first that Im(D(()) does vanish for 7 = 0, thus a necessary
condition in order for the Evans condition to hold is that Re(D(0,7))
does not vanish for all v positive. So, We will now study the sign of

ReD(C) = D1(¢) — Dy(C)

where

Di(¢) := ad(Re(n]) — Re(uy ) (Re(py ) — Re(py )
+be(Re(py ) — Re(uy ) (Re(py ) — Re(uy))-
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and
D5(¢) := ad(Im(ui) — Im(py))(Im(pg ) — Im(ps )

+be(Im(py ) — Im(py ) (Im(py ) — Im(py)).

Let us denote by A\ < AJ the two eigenvalues of AT and A\ < \;
the two eigenvalues of A~ we have then, for ¢ € {1;2} :

_1
1672 2
1+ — +1
( (Af2+47)2>

_1
o 1 1 1672 ’
—1 SZgn(T)A_L(()\?—Z + 4’}/)2 + 16’7‘2)4 1-— <1 + m)

1672 K
1+L2 +1
()\i_2—|—47)

2 _%
(A7 +49)

As a consequence, restricting ourselves to 7 = 0 we have:

N

1 1
p = 5)? - ;l(()\i+2 + 47)? 4 167%)

1 1
e =A + (7 +49)° +1677)

NI

1
4

N

+i sign(t)~((A\;? + 47)* + 167%)

1 1
+ I + _ {r2 2\ 5
il = 5 (N = (12 +49))3)

im0 =5 (7 + (O 4 49)3).

Remark that, because AT and A~ are nonsingular, for all positive -,
there holds:
Mz—"— |7—:0 <0,

ty |r=0 > 0.

However, as «y vanishes, p; |,—o or p1; |,—o may vanish too depending on
the sign of A} and \; .
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4.3.5 Some sufficient assumptions for the Evans Condition
to hold.

A necessary condition for the uniform Evans condition to hold is that,
for all v > 0, |D(0,v)| > 0, which means that the sign of the following
quantity remains strictly the same for all positive ~:

Q = ad(p [r=0 — 17 |7=0) (113 lr=0 — 115 |r=0)
+bc(p3 [r=0 — 17 lr=0) (3 lr=0 — 111 lr=0) := Q1 + Q2.
For all v > 0, we have thus

sign(Q1) = sign(ad)

and
sign(Qs) = —sign(bc).

Therefore, alternative sufficient conditions in order to obtain | D(0, v)| >
0, Vv > 0 are sign(ad) = —sign(bc) or ad = 0 or be = 0. Indeed, as
highlighted previously, for all nonzero ¢, ;' |;—0 < 0 and p; |,—o >
0. Our idea is, restricting ourselves to the cases where sign(ad) =
—sign(bc) or ad = 0 or bc = 0, to search for sufficient conditions on
the eigenvalues and eigenvectors of AT and A~ in order to ensure that
Re(D(()) keeps the same sign as D;(() for all ¢ # 0. Take notice that,
for all nonzero ¢, D;(¢) keeps strictly the same sign as Di|,—o(7), for
v > 0. Since Re(D(C)) = D1(¢) — D2((), if, for some ¢, Ds(¢) is of
opposite sign of D;(¢), we have to prove that |Dy(¢)| < [D1(¢)]. The
following lemma is useful in the study the sign of ReD(() :

Lemma 4.3.3. Seeing u™ and pu~ as two functions of (¢, \), for all
¢ # 0, we have:

]m(/ﬁ_(Ca /\)) = Im(:u-i—(C? _/\)) = _]m(:u_<C7 A)) = _Im(/“’,’_(C’ _)‘))

Moreover
[Tm (" (¢, N)] < [Re(u™ (G, M)
[Im(p (¢, A)] < [Re(u™ (¢, )],
for all T #0 and v > 0.
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Proof.  The first part of this lemma is trivial, so let us prove the
second part. For this purpose, let us fix v = vy, we will then prove by
an argument of comparative increasing speed in |7| that for all |7| > 0,
we have

[T (i (7,90, )| < [Re (1™ (7,90, N)I-
Let us begin by the study of ™. For all ~,, there holds

[Re (1 (0, 90, A))| = [Tm (17 (0,70, A))| = 0,

and |Re(p (7,70, A))|, considered as a function of |7, is increasing
strictly quicker in |7| than [Im(u™ (7,70, A))|, for all admissible value
of (70, A), which proves the desired result. Indeed, we have:

1

4((A+2+4y)2+1672)i+

1 1 1672 B
[Re(u)] = =52+ (\F2449)241672) <1 + —T>

(A2 + dy)”

I,

SIS

1 1 1 1672 N
[Im(h)] = (V247" +1672) T = (\2447)*+167%)F (1 - —T>

(A2 + 47)°
If we fix the growth of $((A™2 + 4v)% + 1672)7 for increasing |7| as a

RNy

comparison state, the term ((A*?447)? + 1672)1 <1 + (Affiy)z)ii 1s

accelerating the growth of |Re(u™)| as |7| gets bigger, but is delaying
the growth of |Im(u™)| . Noticing that:

=

1 167’2 B
A2 47)241672)1 (1 + —)
(W) 16m) (14 s

(1 N 1672 )
(A2+49)°)

o |

1 1 1
|Re(p™)| = §A_+Z((A_2+4'y)2+1672)1+

N

1
4

PN

[Im(p™)] (()\_2+47)2+167'2)% —i(()\_2+4v)2+1672)

Reasoning the same way, we have thus proved that:
[Im (™ (¢ A))] < [Re(u™ (6, )]
O

Theorem 4.3.4. For sign(ad) = —sign(bc) or ad = 0 or bc = 0, the
FEvans condition always holds.
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Proof.  We will begin by treating the case of medium frequencies.
For 7 = 0, it has already been proven that the real part of the Evans
function never vanishes and more precisely keeps the sign of ad or
—be (take the non-null one by default). As a direct consequence of
lemma 4.3.3, for all 7 # 0, there holds: |7| > 0 Re(uy ) > [Im(uy)| >
0, —Re(uz) > [Im(pz)| > 0, Re(uy) > [Im(py)] > 0, —Re(uy) >
|Im(u)| > 0. Thus, we have:

Re(uy )Re(py ) —Im(py ) Im(py ) > Re(py )Re(py ) —[Im(py )[[Im(py )| > 0,

Re(py ) (—Re(uz))+Im(uy ) Im(ug) > Re(py ) (—Re(uz ) —[Im(py )| Im(pg )| > 0,
(=Re(p))Re(ug )+Im(p ) Im(uy ) > (=Re(u ) Re(uy )= [Im(puy ) [[ITm(py)] > 0,
(=Re(py ) (—Re(pz ) —Im(py ) Im(ps ) > (=Re(pi)(=Re(us )= Im(pd ) [[Im(ps )] > 0.

As a consequence, ad has the same sign as:

ad(Re(py ) —Re(p))(Re(uy )—Re(pz ) —(Im(py ) —Im(puy))(Im(pg ) —Im(us ).

The same way, for all 7 # 0, —bc has the same sign as:

be(Re(py )—Re(py ) (Re(py ) —=Re(py ) —be(Im(py ) =Im(us ) (Im(py ) —Im(py)).

Hence, assuming sign(ad) = —sign(bc) or ad = 0 or be = 0, ReD(()
and thus D(¢) does not vanish for all nonzero frequencies. The analysis
performed here also works for high frequencies, where the eigenvalues
p* of AT have to be replaced by %, with A > 0, which ends our proof.
O

We have proved here Proposition 4.2.8 stated at the beginning of the
paper. Remark that this Proposition states that the Evans Condition
holds in some cases, without concern for the uniformity.

4.3.6 Some instances for which the uniform Evans condition
does not hold.

This section is devoted to the proof of Proposition 4.2.9. We have
shown during last section that the Evans condition always holds if
sign(ad) = —sign(bc). Consider (a,b,c,d) such that ad — bec # 0,
a> + 0 =+ d® =1, and sign(ad) = sign(be) ; \] < Ay, \] < AJ.
We shall search here for some (a, b, ¢,d, A\, \], Ay, Ay ), inducing strong
Evans-instabilities. More precisely, we will see that, upon correct choice
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of these parameters, D|,— can vanish for some positive . To construct
our example, we begin by making some sign assumptions on the eigen-
values corresponding to ¢ := dim > = 0:

AL <0, Ay >0, AN <0, A >0

For the sake of simplicity, we will assume that a, b, ¢, d are positive.
Denoting by

D) := ad(Re(pf |=o) — Re(uiy [r=0)) (Re(pif |r=0) — Re(113 o)),

Dy(7) = be(Re(pif [r—0) = Re(ui |r—0))(Repet [r—0) — Re(n3 |—0));

we have D|,—g = D, — D,. Note that sign(D,) = sign(Dy). Thus,
D|,—o does not vanish for some vy > 0 if and only if we have either
D, > D, for all positive v, or D, < D, for all positive . Observe that:

Dq(0) = ad(Af = [AT] = Ay = ATAT = A5 = Ay = [Az])

Dy(0) = be(A3 = [A5] = AT = AT = AT = Ay = [A7])

Due to the assumption we have made on the sign of the eigenvalues,
we have:

D,(0) = dad|A| |2z ],
Dy(0) = 0.

As a result, by continuity of D, and D, with respect to -y, we obtain that
D, > Dy for 7y in a positive neighborhood of zero. The interesting fact is
that this inequality does not need any strong assumption to hold. Our
goal will then be to prove that, for some 79 > 0, we have D, < D, by
continuity of D, and D, with respect to v, this will prove the existence
of a positive v canceling the Evans function for 7 = 0. Remarking that
D, and D, share some similarities in their constructions, we will take
AT = —)\J and \] = —)\, in order to build our example. By doing so,
we have the simplified expressions of D, and Dy:

D, = ad (87 T+ 2/ )2 + 43/ (A9)? + 4y + QA;A;)
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D, = be <87 2 O + 47 (09 )2 + 4y — 2A2+)\2) .

Now take bc = 2ad, (bc > ad would be sufficient to construct the
example) denoting by 7o := max <@, @) , there holds Dy(7yo) >
D,(70). Indeed,

Dy, — D, = bc (87 + 2\/(A;)2 + 4w\/()\5)2 +4y - 6)@)5) ,

and 24/(A\5)2 + 47/ (A )2 + 4y—6AF A5 > 0 for all v > ~,. Thus, there
is 0 < y1 < 7 such that the Evans function vanishes for ¢ = (0,v1).

4.3.7 Computation of the extension of the linear subspaces
EZ(A*) and EY (A7) in the case A* and A~ belongs to
M,(R).

Let us now inquire on a way to compute EZ(AT) and EX(A~) for
2 X 2 systems. Due to the symmetry of the problem, we will only
investigate the calculus of E# (At). For small p, corresponding to ¢ in
a neighborhood w of 0, let us look for an ’hyperbolic’ eigenvalue of
A" that we will note A*({,p) in a generic manner, and compute its
associated eigenvector:

01 0
K+(F ) 3 U2
NSO I I
V4 V4

Adopting the notation:

AT — ( ai ai? )
(1 a2
we get, by multiplying some equations by p > 0 the following system:

Vs = )\+U1,
Vg4 = )\+’U2,

SR + TS oS
(iT + Y)v1 + ajjvs + afvs = pATus,

(7 + 7)vy 4+ afyvs + afyvs = pAtoy
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Making p — 07 gives then, the following limiting system for low fre-
quencies: §
V3 = )\+Ul,

Vyg = )\+U2,
(i7 + 7 + af; Aoy + af, A Tw, = 0,
ap Aoy 4 (iF + 4 4+ ago Aoy = 0

Take notice that, in the above equation, A is also an unknown. In
addition A* = 0 is not an eigenvalue since it would imply that v; =
vy = v3 = vy = 0. To study the Asymptotic Evans function for low
frequency in order to ensure that the Evans Condition holds uniformly,
several cases would have to be treated. We will focus here, for some
cases, on giving the way to compute the continuous extension of the
subspaces to v = 0, allowing then to check easily whether the uniform
Evans Condition holds or not.

The dimension of the linear subspace E (A*) is also p,, the number of

negative eigenvalues of A*. We have then Ef (A*) = Span {w{, ..., w,,

The diagonal case where af, = 0 and ag; = 0.

If \J = af; is a positive eigenvalue of A, then then one of the

eigenvectors generating EX (A1) is ( [Lije' ) , where e; is the j™ vector

7 7
Ty

of the canonical basis of C* and i; = —=37.
J

The triangular case where o}, = 0 and aJ; # 0.

=\
= Aty
(iT + 5 + all)\+)vl =0,
afi ANTvy + (iF + 5 + ag, AT )vg = 0
If \J = a3, is a positive eigenvalue of A, then one of the eigen-
vectors generating EX (A1) is ( [562 ) , where e is the second vector

of the canonical basis of C? and jij = —ZT\T is one of the eigenvalues
2
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with negative real part of A*. If \J = af] is a positive eigenvalue of

AT then fif = —"i\f* is one of the eigenvalues with negative real part
1

of AT. The equation giving the associated eigenvectors is:

( _ -t
Vg = Wy V1,

_ ot
Vg = [y V2,
v, € C,
+ ot
vy = — (o1 My .
=X + ot
\ UT Y+ Qgafly

0T+ 7+ agnyfif
_aﬁﬂT
i (i 4+ + agyfi )
—af; (if)’

Hence one of the eigenvectors generating B (A*) is

The triangular case where af, # 0 and a3, = 0.

This case behaves similarly to the other triangular case just treated.
If A\ = aj; is a positive eigenvalue of AT, then we can take

€1
wi = .+
Hi €1

where e is the first vector of the canonical basis of C? and i = —%
If \J = a3, is a positive eigenvalue of AT, then one of the eigenvectors
. _VCLB%: i,
generating Ef (A1) is T z +i1152 , where i = =47 ig
012 (Mz ) A2

3 (if + 5+ afi i)
one of the eigenvalues with negative real part of A*.
These computations will allow us to conclude quickly the proof Propo-
sition 4.2.10 done next section.

4.3.8 End of the proof of Proposition 4.2.10.

In view of the results proved until this section, we only lack the proof
of the uniform nonvanishing of the Evans function as the frequencies
come in a neighborhood of zero. For the examples given in Proposition
4.2.10, modulo a change of basis, we take:
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R
(5 2)

di  «
+ . 1
A '_(o d;)

where d, d,, df, dj and « are such that:
a#0d <0,df >0,d; #d,, and df # dj. Following Proposition
4.2.10 we will split our low frequency analysis of the Evans function
into three parts depending on the signs of d; and dj .

The case d; <0 and dj > 0.

Note first that we are now considering a completely outgoing or ex-
pansive case, which implies that all the eigenvalues of A* and A~ are
hyperbolic. The computation of the asymptotic Evans function for
low frequencies need the extension of the linear subspaces E_(A™) and
E, (A7), which ceases to be well-defined as |(| — 0. Our problem satis-
fies our stability assumption (Uniform Evans Condition) iff the function
D,,,, does not vanish for ¥ = 0,7 = 1. Dy,,, is defined as the modulus
of the following determinant:

1 —afiy 1 0
0 vy 0 1
i —o(iz)* iy 0
0 fpvy 0 iy

We have thus:
Dlow - |V;_H/12_ - /1;”[21_ - [LT‘

from which we get, since |i7 + §| = 1, that:

a1 1

“ulE

Y

1 1

—— 4+ —|>0.
d;+d1+

Dlow =

Note well that, surprisingly D;,,, does not even depend of (.

The case d; <0 and dj < 0.

We proceed like we have just done in the case where d; < 0 and
dy > 0. This time, thanks to the sign of dj, A" has one hyper-
bolic eigenvalue with negative real part that we will note i and one
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parabolic eigenvalue with negative real part that we will note ji3. i}
vanishes for ¢ = 0, whereas fiJ | im0 = df. A* has two eigenvalues with
negative real parts:

R T+
Q) = =4
i (C) = di.

As a consequence, we get that our problem satisfies our stability as-
sumption (Uniform Evans Condition) iff the function D, does not
vanish for ¥ = 0,7 = 1. Dy, is defined as the modulus of the following
determinant:

1 o 1 0
0 dy —df 0 1
fif dja fiy 0
0 di(dg—df) 0 ji

We have thus:
Dlow - ‘/1; - ﬂf"d; - dIrH/l; - d2+‘7

from which we get, since |i7 + 5| = 1, that:
F\° 2
|df — dy | ((d—_) + (¥ +d7) > :
2

The case d;, >0 and dj > 0.

1

1
Dow: - -
l ’ & df

Hence Djpy|7=15=0 > 0.

This time At has two eigenvalues with negative real parts:

i+

/“LT(C)__ dT
1

s T+
2

As a consequence, we get that our problem satisfies our stability
assumption (Uniform Evans Condition) iff the function Dy, does not

176



vanish for ¥ = 0 and 7 = 1. Dy, is defined as the modulus of the
following determinant:

1 —ajiy 1 0
0 vy 0 1
i —a(iz)* iy 0
0 fpvy 0 iy

We have thus:
Dlow = ‘V;H/jbf - /11+||/15 - /12+‘7

hence, since [i7 + 4| = 1, we obtain:

Diow = |i7 + 5 + di i3 ||y — if [|dy — /i3]

and then
5 2 2\ 2
dy + — — > 0.
(( ”d;) +(d;)>

1 1

1,1
dy df

Dow: 1——
l ’ ds
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Partie II:

Approximation de Solutions de Problemes
aux Limites Hyperboliques par des Méth-
odes de Pénalisation de Domaine.
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Chapter 5

Pénalisation de problemes
semi-linéaires symétriques
hyperboliques avec des
conditions au bord
dissipatives

Ce chapitre reprend le papier [FGO7] intitulé "Penalization approach of
semi-linear symmetric hyperbolic problems with dissipative boundary
conditions”, co-écrit avec Olivier Gues, soumis a publication en Juillet

2007.

Abstract
In this paper, we introduce a penalization method in order to approximate the
solutions of the initial boundary value problem for a semi-linear first order sym-
metric hyperbolic system, with dissipative boundary conditions. The penalization
is carefully chosen in order that the convergence to the wished solution is sharp,
does not generate any boundary layer, and applies to fictitious domains.
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5.1 Introduction

In this paper we consider the initial boundary value problem for a sym-
metric first order hyperbolic system ([Fri58]), with maximally strictly
dissipative boundary conditions, on a characteristic boundary. Typi-
cally the problem writes

Lu= F(t,z,u) in |0, T[x
(5.1.1) upo,rixo0 € N
Ut=0 = 0.

where ( is a suitably regular open set of R? with smooth boundary, L
is the first order symmetric hyperbolic system, N is a smooth bundle
on R x 02 defining the boundary conditions, and F' a smooth map that
can be non linear.

The subject of the paper is mainly motivated by numerical analysis:
we want to approximate the solution u of (5.1.1) by the solution v¢ of
a well chosen Cauchy problem (instead of a boundary value problem),
where the complementary part of €2 will be penalized, using a large
parameter 1/e :

(5.1.2) { LA + L1p e Mu® = FH(t, 2, 07) in |0, T[xR?

Ult=0 = 0.

where L, F* are extensions of L and F to the whole space R x R?, and
M(t, x) is a suitable symmetric and > 0 matrix. We solve this problem
under general assumptions, the main point being the existence of the
matrix M. We give two solutions for the matrix M.

1/ The first solution is a positive definite matrix which was intro-
duced by J. Rauch [Rau79] in the study of the linear case, related to
the work by J. Rauch an C. Bardos [BR82| on singular perturbations.
We show that for this approach v converges to u, and that a boundary
layer forms close to €2, on the side of 2¢. This is Theorem 5.2.6. In
the linear non-characteristic case, the occurrence of boundary layers
has been already observed in [Dro97].

2/ The second solution contains an improvement of the previous one,
and in this case the matrix M is no more invertible. In this approach
the convergence of v° is better because there are no boundary layers at
all, at any order. This result is stated in Theorem 5.2.7. In the two
results, the key point is the use of Rauch’s matrix ([Rau79]).
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Let us also mention other interesting features of our results:

3/ Still motivated by concrete applications we show that one can
chose the operator L* in a such a way that, instead of solving the
Cauchy problem (5.1.2), one needs only to solve the problem
(5.13) { LAv® + Tlgyqe Mo = Fﬁ(t,_x,'us) in ]0, T[xQF

Uj=oyx0t = 0,
with no boundary conditions on R x 09F, where QF is an open set
containing €. No regularity is assumed on ¥ and it can be a polyhedral
domain. When €2 is bounded, Qf can be taken bounded. This is the
subject of the Corollary 5.2.8.

4/ If uw € H*([0,T] x ), the convergence of v* towards u will hold
on [0,7] x Q.

In the paper, to simplify the proof, we treat the case where 2 is
a half space RY = {z € R% z; > 0}, but we give the extension to
the general case in a short section, without proof. We also restrict
ourselves to the case where u;.g = 0 in order to avoid the problem
of compatibility conditions for the Cauchy problem. The section 2 is
devoted to the precise statement of the assumptions and results in the
case {2 = R’. The section 3 describes the extension to the practical
case when (2 is bounded. Section 4 is devoted to the proof of Theorem
5.2.7. Section 5 contains the proof of theorem 5.2.6.

5.2 Main results

Let us consider a symmetric hyperbolic operator

d
L= Ag(t, )0, + Y Aj(t,2)0; + B(t, x)
j=1

where A;, j = 0,---,d and B are N x N real matrices defined on
R = {z € Rz, > 0} (RE is defined by R = {z € Rz, <
0}). We assume that all the entries of A;, j = 0,---,d and B are in
C2°(R™9), the set of smooth functions bounded with bounded deriva-
tives of all order. We also assume that all the matrices are constant out
of a bounded subset of R and that for j = 0,---d, A; is symmetric,
Ay being uniformly positive definite on R'*¢.
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Assumption 5.2.1. The matriz Aq(t,y,0) has a constant rank on R?.

When the rank of A, is N, the boundary is non characteristic for
L, and when rankA; < N, the boundary is characteristic of constant
multiplicity. In the sequel of the paper, if M is a symmetric N x N
matrix we will note:

By (M) =Y ker(M — ),

A>0

and
E_(M)=> ker(M — AI).
A<0
Let us call d; the dimension of E, (A4(t,y,0)), which is independent
of (t,y) and is also the number of > 0 eigenvalues of A, (counted with
their multiplicities). For all T > 0 we note

Qr 22] — 1,T[XRd, Q; =QrnN {xd > O}, Q; =QrnN {Slid < O}

and 'y := {(t,z) e R | —1 <t < T, z4=0} We are inter-
ested in the initial boundary value problem in {x, > 0} with boundary
conditions

(5.2.1) u€N(ty)

where N (t,y) defines a smooth vector bundle on the boundary. Let us
denote by Py(t,y) the orthogonal projector of RY onto KerAg(t,y,0).

Assumption 5.2.2. N(t,y) is a linear subspace of RY depending
smoothly on (t,y) € R with dim N (t,y) = N — d,, and there exists a
constant ¢y > 0 such that for all v € RY and all (t,y) € R4:

(5.22) veN(ty) = (At y,0)v,v) < —co /(I —Polt,y))v|>.

This kind of boundary conditions (5.2.1) were introduced by K. O.
Friedrichs and are called 'maximally strictly dissipative’ (see [Maj84]).
Let us consider a smooth mapping F' € C®(R!4+N . RY) such that
for all o € NN g F is bounded on R'"" x K for any compact

K C RY, such that F(t,z,0) € H*(R'"*%) and Fj;o = 0.
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It follows from the results of [Rau85] and [Gue90] that there exist
Ty > 0 and a unique v € H*(Q, ) such that

Lu = F(t,z,u) in QJTFO,
(5.2.3) u(t,y,0) € N(t,y) on Ty,
U|F0 =0.

From now on, the real Ty > 0 and u € H*>(Qy, ) are fixed once for all.

Let us now describe our main result. We want to approximate u by
the solution of a singularly perturbed Cauchy problem in the domain
Qr,, where the subdomain {2, is penalized. The first step is to extend
the operator L to an operator defined on —oo < x4 < 400. Let us
consider an operator

j=d
(5.2.4) L= Ai(t,2)0; + B(t, x)
7=0

where the matrices Ag» and Bf are N x N and are defined on Rt
and coincide with the matrices A; and B if 24 > 0. We assume that

the restrictions A§|x <o and fod <o are in C(RY?), constant outside

a bounded subset of R™™. For all (t,z) € R the matrices Ag(t,x)

j =0,...,d are symmetric and Ag(t, x) is uniformly positive definite
on R An important point is that we assume continuity of Afl:

Assumption 5.2.3. The matrix Aﬁl is continuous on R'T.

Hence the matrices Ag are allowed to be discontinuous across {z4 =

0} excepted for A%. For example on {z4 < 0}, one can take A% = I,
Aj=0forj=1---,d—-1, B* =0, and such an extension is obtained
by taking simply

(525) Lﬁ = 875 -+ Ad(t, Yy, 0)8d on {.I’d < O},

which satisfies our assumptions.

Now the problem is to find a matrix M (t,x) with C*> coefficients,
constant out of a compact set in R'*¢, such that the hyperbolic Cauchy
problem

(5.2.6) { LA 4+ 114, co)Mv® = 1gy,50y F(8,2,0%) in Qr

€ J—
U, = 0.
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admits a unique piecewise smooth solution v* which converges to u in
QJTFO, as € > 0 goes to 0. First of all, it’s worth emphasizing that the

problem (5.2.6) makes sense, although the matrices Ag-, j=0,---,d-1,
could be discontinuous across the hyperplane {xy; = 0}. The point is
that Ay is continuous so that one can write the principal part of the
differential operator in a conservative form. We refer to the appendix
for a more detailed discussion of this point, with a proof of the well-
posedness.

We will give two solutions to this problem of penalization. Let us
begin with a preliminary lemma.

Lemma 5.2.4. For all point p = (t,y,0) € RY there exist a neighbor-
hood V(p) in R and ¥ € C*(V, GLy(R)) satisfying

0<c<|detU(t,z)|<ct, V(tz)eV

for some constant ¢, and such that: E (\IftAal‘I/)L = U IN on {z4 =
0}NVy.

Proof. Let us note ;1; = VAU and Eq (:{Td) =E, (%)L, which can
also be defined by

E<o(Ag) = Y ker(Ag — AI).

A<0

There holds E< (Ad) = U 'E, (\IJ \IftAd). Hence the claimed result
is equivalent to find ¥ which satisfies N'(¢,y) = E<o(¥ ¥'A4,) for all
x = (t,9,0) € R? x {0}. Now, we know from a lemma by J. Rauch in
[Rau79] that there exists a smooth symmetric definite and positive ma-
trix E(t,y) such that N'(t,y) = E<o(E(t, y)Aa(t, y,0)) which concludes
the proof by taking ¥ = OE'Y2, where O is any orthogonal matrix. As
the proof shows, Lemma 5.2.4 is nothing but Rauch’s result, expressed
in a different way. Note that Rauch’s result has been extended recently
by F. Sueur ([Sue05]) to the case of general dissipative boundary con-
ditions (not necessarily strictly dissipative). O

To simplify the presentation we will make the following assumption
which enables one to use only one mapping ¥ to reduce the problem,
as we will see in section 5.4.1. Nevertheless, this assumption is not a
real restriction, as explained in the following comment.
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Assumption 5.2.5. We assume that one can take V(p) = R in
Lemma 5.2.4.

Let us fix for all the sequel a mapping ¥ as in the lemma with
Vip) = R1+d

Example 5.2.1. We show that in the general case when the Assump-
tion 5.2.5 is not satisfied, one can introduce an extended system (by
using a suitable partition of unity) which satisfies the assumption 5.2.5.
By compactness there exist a finite number of open set Vy,--- Vi with
the corresponding functions of Lemma 5.2.4 V¥; € C™ (Vj,GLN(R)),
j = 1,---k and associated cut-off functions x; € CF(RM!) j =

.k such that suppx; C V; and Y. x; = 1 in R For all
Jj € {1,---,k} the function U;(t,x) = x;(t,z)u(t,z) satisfies the
following system where we have noted for (t,x) € R* ¢ e R

L(t,2:8) = Y & A

LU; = L(t, x; dx;)u + x; F(t, z,u) in QF |
(5.2.7) U; (t y,0) € N( y) on I'zy |
Uj|ro = 0.

It follows that the function
U(t7 ZL’) = (Ul(t7 l’), o 7Uk(t7 l’))
satisfies a larger kN x kN hyperbolic system

LU =F(t,z,U) in QF,
(5.2.8) U(t,y,0) € B(t,y) on I'y, ,
Ur, =0,

where B=N X --- x N,
(529) F(t,l’, U) = L<t7$7dX]) Zj Uj + XjF(t7$’Zj UJ)

and

LU,
LU = :
LU,
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This 1s again an semi-linear symmetric hyperbolic system with mazi-
mally dissipative boundary conditions, satisfying the assumptions 5.2.1,
5.2.2 and the assumption 5.2.5.

We will state two theorems. The second one is 'better’ than the first
one, because it gives a kind of sharp result as long as one is interested
in the quality of the convergence of v® towards u. Let us begin by
introducing the matrix

(5.2.10) R(t,z) = (U (t,z) U (t,x), V(t,x) € R™,

which is, for fixed (¢,x), a symmetric and uniformly positive definite
matrix (it is the matrix introduced by Rauch in [Rau79], and used
in the proof of Lemma 5.2.4). The matrix R gives a good answer to
the problem of penalization and our first result concerns the following
problem:

(5.2.11) { Lhuf +O§1{xd<o}Rw5 = 1,50y F(t, 2, 0%) in Qp
w = U.
ITo

Theorem 5.2.6. There is g > 0 such that, for all ¢ €]0,&0|, the
problem (5.2.11) has a unique solution w® € L*(Qg,) N L>®(Qr,) on

Qr,. Moreover wfﬂi € HOO(Q%O) and the following estimates hold
To

(5.2.12) lu — wf9¥0| o) = O(e), Vs € R,
and

€ —S 1
(5.2.13) ||w|Q;O| i) = O(e7°%2), Vs € R,

Let us comment on two points. First, we insist on the fact that the
solution w® converges to u on the whole set QJTFO which was fixed in
the preliminaries and where u was defined. Second, the convergence
in (5.2.12) holds for all s, which means that there is no singularity
with respect to € in Q}FO, although the perturbation is singular. How-
ever, the estimates (5.2.13) indicates that the behavior of w* is singular
(with respect to ¢) in 2. Indeed, the proof of the theorem gives a
more precise result, and shows the existence of a boundary layer in the
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domain 2., and more precisely an asymptotic expansion ( we note
Yy = (xla T 7Id—1)):

(5.2.14) we(t,x) = W(t,y,xza/c) + 0(¢)
where W (t,y, z) is a boundary layer profile in the sense that

lim W(t,y,z) =0
(see section 5.5). This is very natural since the problem is a singular
perturbation problem. Furthermore, this is not surprising since bound-
ary layers already appeared in the work by J. Droniou devoted to the
linear noncharacteristic case ([Dro97]), which can be seen as a special
case of our result.

Let us now state our second result. Denote by P the orthogonal
projector of RY onto (U™'A)+, and note

(5.2.15) M(t,z) = (U7t 2)P(t, 2) ¥ (¢, )
which is a symmetric matrix, depending smoothly of (¢, z) € R4,

Theorem 5.2.7. Let us chose the matriz M defined by (5.2.15). There

exists €9 > 0 such that, for all € €]0,e0], the problem (5.2.6) has a

unique solution v € L*(Qr,) N L¥(Qg,) on Qp,. Moreover v¢ . €
To

I8
H*>(Q3,) and

(5.2.16) l|lu — UIEQ%l o) = O(e), Vs e R.
The restriction of v® to Sy, also converges in LZ(Q}O) towards a

Junction noted u~ defined on Qg . More precisely, the following esti-
mate holds:

lu™ HA(g) = O(e), Vs € R.

_ (9
Vo, |

Moreover, the behavior of v°¢ is not singular with respect to € in the
sense that

(5.2.17) 0% 20z ) = O(1), Vo e N
0

+
o,
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In that case, the convergence holds on each side Q7 in H*(Q;)
respectively for all s € R , which means that there is no singularity
with respect to e, although the perturbation is singular. In particular
there are no boundary layers (at any order) and the convergence
rate is optimal. In QF the limit of v is u, and in Qg the limit of
v® is a smooth function in H>°(€27, ) which is described precisely in the
section 5.4.

The theorem 5.2.7 is proved in section 5.4. The theorem 5.2.12 is
proved in section 5.5.

Application: fictive boundary and absorbing layer. In prac-
tice one has a lot of freedom in the choice of the matrices Ag(t, x) in
g < 0 as we have already said. A very interesting choice for numerical
applications is to chose this matrices in order that all the eigenvalues

of Agl(t,x) are < 0 when xq = —0 for some fixred § > 0. For example,
one can take
(5.2.18)

# Td Tdq
At y,xq) = (1 + ?> Ad(t,y,0)+71d, for —0 < x4 < 0,t €]—1,Tp]
and
(5.2.19) Alt,x) =0, forzg<0, j=1,---,d—1.

Then, instead of considering the Cauchy problem (5.2.6), one intro-
duces the domain

O = {(t,x) e R™| —1 <t < Tp,—6 < 24}
and consider the problem

{ Live + %1{xd<0}MUE = 1p,50p F(t,2,0%) in QﬁTO

(5.2.20) .
Ur, = 0.

for which no boundary condition is needed precisely because Agjy,—_s
is negative definite.
Corollary 5.2.8. There exist ¢g > 0 such that, for all € €]0,¢g0], the
problem (5.2.20) has a unique solution v° € Lz(QﬁTO) N LOO(QﬁTO). Fur-
thermore, vi,, o € H> (QﬁTO N{xzy > 0}), and UTQ% — w in H*(Qpy)
foralls € R ase — 0 and

||8OL,UE

|za<0 ” 12 (QﬁTO m{:cd<0})

= 0O(e).
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Proof. The problem (5.2.20) is well posed since the boundary {z; =
—6} is a maximal strictly negative subspace for A%(t,y, —6). On the
other hand, the restriction to QﬁTO of the solution of the Cauchy problem
(5.2.6) is a solution of (5.2.20). Hence, the two solutions coincide and
the result is a consequence of the Theorem 5.2.7. O

This result shows that it is enough to solve the problem without
any boundary condition on QﬁTO and for € small enough this will give a
good approximation (up to 0(¢)) of the solution u of the original mixed
problem. The region —) < x4 < 0 is a layer which "absorbs’ the energy
of the outgoing waves is such a way that the behavior of the solution
in the domain {z4 > 0} is arbitrarily close to that of u, as € goes to 0.

5.3 More general domains

The result of this paper can be easily extended to the case of more
general domains. For example, if €2 is a bounded connected open subset
of R?, with smooth boundary 952, and locally on one side of 91, the
two theorems can be extended to the mixed problem in [0,77] x Q. In
that case the matrix A4(t,y,0) has to be replaced by the matrix

i=d

At x) = vi(x) Ailt, z)

=1

where v(z) = (11(z), -+ ,va(z)) is the outgoing unitary normal at z €
09). Instead of Assumption 5.2.1, we assume that .4 has a constant rank
on R x 99, and d denotes the constant dimension of E, (A(z)), = €
0Q. Instead of assumption 5.2.2, we assume that A is a real C* bundle
on 0f) of dimension N — d,, and that for every x € 9, the quadratic
form v — (A(t, z)v,v) is definite negative on A'(z) Nker A(z)". In the
Lemma 5.2.4, the conclusion is that

(5.3.1)

B, (U'(t,2)Alt, 2)U(t,2))" = U(t,2)'N(z), Y(tz) e (RxINNV(p).

where ¥ € C®(V(p)), for p € R x 9. Finally, Instead of the As-
sumption 5.2.5 one assumes on can take) containing R x  (or simply
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10, To[x 2 which is enough). Concerning the extension Lf of the opera-
tor to the exterior of R x € one requires that the extension of A

d
ZVZ Aﬁ t,x)
i=1

is continuous across R x 9§ (and this corresponds to the Assumption
5.2.3). In particular, one can take an extension on a thin neighborhood
of R x Q of the form R x QFf. If one chooses f to be a regular open
set with completely outgoing eigenvectors for A%(t,z) when x € 9QF,
we will have again to solve a Cauchy problem in [0,Tp] x QF (with-
out boundary conditions on Q) and the solution u° will converges in
[0, Th] x € to the solution u of the mixed problem in 2 with boundary
conditions . The set Qf \ Q plays the role of an ’absorbing layer’
which enables one to completely forget about the boundary conditions
on 0f, while still solving a problem on the bounded domain . As a
matter of fact, having in mind numerical applications, it is interesting
to emphasize the fact that one can take for Qf a polyhedral domain,
with boundaries parallel to the coordinate axes for example.

192



Ot

/A

The picture: on the boundary of 0f2 the characteristic modes can be ingoing,
outgoing, or tangent to 9. But on the boundary of the extended domain QF, all
the fields are outgoing: hence none boundary condition is needed.

5.4 Proof of Theorem 5.2.7

5.4.1 Step 1: reduction of the problem

From now on, to simplify the notations, we will forget the symbol f
of the extended matrices to x4 < 0, and simply note A;, B, and L
instead of Ag, B* L*. There is no risk of confusion since, initially, all
the matrices were not defined for x4 < O.

The main idea in the proof of Theorem 5.2.7 is to change the un-
known in order to replace the problem (5.2.3) by a new (equivalent)
one of the same type, but where the space N is exactly the subspace
orthogonal to E4 (A4(t,y,0)) in RV,

Let us consider a matrix ®(¢,z), N x N, with entries C*° on R,
constant outside a compact set, and such that

0<c<|det®(t,n)| <c', V(t,z)ecR™M
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for some constant c. Let us define u(t,z) := ®71(¢,2)u(t,x), which
satisfies the new system

Lu = F(t,z,u) in QJTrO,
(5.4.1) U, €N on T,

where L = Y. A;0; + B with A; := ®'A;®, B = &' B + S'L(d), F =
®'F, and N(t,y) := ®~1(t,y,0)N(t,y). The new system (5.4.1) is still
a symmetric hyperbolic system which satisfies the same assumptions
5.2.1 and 5.2.2.

From now on, we fix a function ® as in Lemma 5.2.4. We can define
our penalization matrix on the formulation (5.4.1). Let us introduce

the orthogonal projector P, (¢, z) of R onto E, (Z;(t, z)), P_(t,z) the
orthogonal projector onto E_ (Ad(t,:v)), and Py(t,z) the orthogonal
projector onto ker (A4(t, z)):

(5.4.2) [ =P, (t,2) +P_(t,z) + Po(t,z), V(tz)e R
Taking ® := ¥, the boundary condition of Equation (5.4.1) becomes:

~ \L
iy, € (E4(A0)
We will show that a solution of the problem is given by considering
the following Cauchy problem

(5.4.3) { ;[:56 + 5711{1d<0}ﬁ+:{7€ = 1{z,>0) ﬁ(t, z,0%) in Qg

€ _
Vig, = 0.

and that the solution v° of (5.4.3) exists on €z, and converges to .
Going back to the original unknown u = Wo, this will prove the main
result.

5.4.2 Step 2: an approximate solution

In this section we construct an approximate solution of (5.4.3) of the
form

(5.4.4) vi(tx) = eVt z),
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where the ‘7] € H*(Qq,) for all j = 0,--- , M. In order to solve the
problem (5.4.3) we solve the equation in the half space x4 > 0 and in
xq < 0 coupled with the transmission condition

(5.4.5) [(Id — o)) (4,=0) = 0.

This transmission condition (5.4.5) splits into the following two equa-
tions:

(5.4.6) Py [0 ym0) =0, P_[0](sy—0) = 0.

In general, if v(¢, z) is a function defined on Q7 we will note v :=
Vjzy>0 and v 1= vy, <. Substituting v} of the form in 5.4.4 for v° in
5.4.3 gives, at the order ¢!, and in 24 < 0,

(5.4.7) P.V; =0 inQp
which implies by the first equation of (5.4.6) that

(5.4.8) (P+ Vs )iey, =0 on Iy,

On the side x; > 0, at the order €° one gets the equation 217(;“ =

F (t,z, ‘70+). Therefore, ‘70+ is defined as the unique solution of the
mixed problem

Z\Z;“ = ﬁ’(t,x, ‘70+) in Or,,
(5.4.9) GPJrVoJr)\FTO =0 on g,
V2, = 0.

and by uniqueness, 170+ = u as desired. On the side x4 < 0 the term of
order €° is

(5.4.10) LVy +P.Vy =0.

Let us call li(t,as);i P_(t, x) + Po(t, z) = (I - P.). Since ENDJFVO_ =0,
there holds V- = 11V, ", and applying II on the left to Equation (5.4.10)
leads to

(5.4.11) NLI(IIVy) = 0 in Qf,

195



where TI LI is a symmetric hyperbolic operator acting on the space
(5.4.12) E:={ue X0, RY)|(I -Tu=0},

that is on the space of functions polarized on ker P, . For instance, this
kind of hyperbolic operator appears naturally in the context of weakly
non linear geometric optics (see [MJR99]) where it is a usual tool. Now
the second part of the transmission relations (5.4.6) can be written

(5.4.13) P_IIV; joy=0 = (P_Vg")mymo

which is a boundary condition for the unknown ﬁ‘N/O_ because ‘70+ in the
right hand side is already known (\N/O = u). This boundary condition
for HVO is maximally dissipative for the operator L H hence HVO =
Vo is uniquely defined by (5.4.11), (5.4.13), and the initial condition
(HV0 )‘Qf = (. Since the problem is linear, VO is actually defined on
Qr,-

Going back to Equation (5.4.10) shows that P,V,” is determined
(as was PV, by the e~! terms),

(5414) I’p;_i_f/il_ - —I’EP;_‘_Z‘A//E)_,

and Equation (5.4.10) is now entirely satisfied.

The construction follows by induction. For example, let us continue
the construction in order to determine V; completely. The equation for
the ¢! terms in the side {z4 > 0} is

(5.4.15) LV = Fy(t,z, VOV,

and the functions \7? and \71’ are linked by the transmission conditions
(5.4.6) which writes at the order e':

(5.4.16) PVt ey, = BaVi i,
and
(5417) [F)—‘Z_WTO = I’E)—‘ZﬂFTO'

Since the right hand side of (5.4.16) is known (from (5.4.14)), the func-
tion V" is the unique solution of the well posed mixed problem (5.4.15),
(5.4.16), with the initial condition V;" ;<o = 0.
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It remains to determine (Id — P, )V, = IIV;". The equation for the
terms of order &' in {zy < 0} is

(5.4.18) LV, +P,V; =0.

We first apply II to the equatlon in order to cancel the term in V2

which is unknown, and replace Vl = HVl + IP’+V1 = HV’ - IP’JFLV’
which leads to the equation

(5.4.19) MLII(IIV,") = ILP.LV; in Qp

This is again a symmetric hyperbolic system in the space £ and Equa-
tion (5.4.17) appears to be a boundary condition for this system since

the right hand side of (5.4.17) is known. Hence IIV;™ is the unique
solution of the mixed problem (5.4.19), (5.4.17), with the initial con-

dition HV1 it<o = 0. In conclusion, Vl is completely determined, and

going back to Equation (5.4.18) we see that P, V, is also determined,
and that Equation (5.4.18) is entirely satisfied. The next steps of the
construction are completely analogous.

5.4.3 Step 3: estimations

We have constructed an approximate solution o5 of the form (5.4.4) of
the problem (5.4.3), satisfying
(5.4.20)

{ Ea}; + 5_11{zd<0}f§’+’6§ = 1,501 f(t, x,05) +eFrf in Qg

~e _ )
Ua|Q0 = O

where the error term r° is piecewise smooth:
(5.4.21)
Il z2@ry) = O)s - Irfeasollams ) = O(), (e = 07, ¥m € N).

We look for an exact solution v of the form
(5.4.22) V¢ =7 +ew®
where w°® is defined by the system

L@ + e ()P @ = 1pgn0) G(E, @, T, e0°)T° + £5717° in QO
@0, = 0.
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where G is the C* function defined by the Taylor formula:
(5.4.23) G(t, x,v,ew)w = afl(ﬁ(t, z,v+ew) — F(t,x,v) ).

This is a semi-linear hyperbolic system, and we will solve it by using

a standard Picard’s iterative scheme, where we note 1_ = 1y,,.0y and
1, =14,50p
(5.4. 24)
Lasv Tt 4 e 11 PLaevtt — 1, G(t, o, 05, e )wev ! = ehb=lpe,
s 1/+1|Q — O
o )

In order to show the convergence of the sequence w*" we need estima-
tions for the following linear problem

(54.25) v+ e Bov = 1,G(T, cb)v = 54
h V|QO = 07

where G(7¢,eb) = G(t,z,7%,eb) where b is a given function, which

plays the role of w®” when solving the system for the unknown v =
5 wv+1

Let us introduce some notations. We Will denote by Z; the vector
fields Z; = 0;it j=0,...,d—1and Z; := o T4, with < 24 >= (1 +
)12 We will note Z¢ := Z§°Z{ -+ Z34 for a = (g, - -+ , aq) € NIF4,
For A > 0 we will note

[v]jo == ( / e PMo(t, )| dtdx )1/2
T

Qi

and for me Nand A > 0

ollmae == D A" I(VEZ) 0o

lal<m

We will also need the following norms, corresponding to the same def-
inition but where the domain of integration is replaced by €.

Vlimae— =D A" e ™ (VEZ) V] 2y s
jal<m

and |[.|[me+ the norm where Q7 is replaced by Q. We denote by
H'(Qr,) the subspace of all v € LQ(QTO) such that ||V|]m,\a is finite.
We will also note |ufe 1= [ul|z=(0y,)-
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Proposition 5.4.1. Let G be the function defined in (5.5.21). For all
b,v € HZ(Qp,)NL>®(Qp,) valued in RN, the function 1(,,~0yG(t, z, U5, eb)v
is also in HZ(Qr,) N L>®(Qg,). Moreover, for all R > 0 there ezists
C(R) > 0 such that, if ||b||z(qy,) < R there holds:

(5.4.26)

112501 G (8 2, 5, D)V e < C(R)([[Vllmas + [V]oo [Bllmae),
for all e > 0.

Proof. This is a 'Moser’ type estimate, which follows in a classical way
from the corresponding weighted Gagliardo-Nirenberg estimates proved
in the appendix of [Gue90], and the Holder estimate. O

Let us introduce a new notation. We will denote by HL(Qr) the
space of functions u € L*(Qr) such that ugy € H'(Q7) and v €

H'(Q2}). We can now prove the following estimate on the linear prob-
lem:

Proposition 5.4.2. Let R > 0 and m € N. There are constants
cm(R) > 0 and A\, (R) > 1 such that the following holds true. For all
b € H(Qr,) N L>®(Qr,) such that |ble < R, for all f € HZ(Qp,) N
HY(Qg,), with fico = 0, the problem (5.4.25) has a unique solution
v € H™(Qgp) N HL(Qr,). Moreover, it follows that v € L>(Qg,) and
the following estimate holds

(5.4.27)

NPV ete P IBV-llmace— < em(B) A ([Ellm e DllmaclvIoo)-
for all X > A\, (R), and all € > 0.

Proof. In all the proof we will note P instead of ﬂﬁr to simplify.
1/ The first step is the L? estimate. Let us call f the right hand
side of Equation (5.4.25), and note v = e~*v so that v satisfies

(5.4.28) { LV + MV + 71, PV = eV,
V‘QO = 0,

Taking the scalar product of the equations with v and integrating by
parts in Qp, leads to the following L? estimate where we note v_ =

V‘Q;O:
5.4.29 A2y LBV lor- S —5 ]
(5.4.29) [vllo + m“ V_lfor- S iz oA
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for all A > Ag.

2/ In order to estimate higher order derivatives, we need to prepare
the system and change again of unknown. Since the spaces E (Ad(t, Y, O)) )
E_ (Ad(t, v, O)) and ker Ay(t,y,0) have constant rank, there exist for all
(t9,4°) € R? a neighborhood V(t°, 4°) of (t°, 4°) in R? and a smooth ma-
trix U(t,y) € C*(V(°,y"), Myxn(R)) , U = Id such that ¥ (¢, y)E. (¢, y,0),
U(t,y)E_(t,y,0) and WU(t, y) ker A4(t,y,0) are constant linear subspaces
of RY (=independant of (¢,%)). Let us note these spaces respectively:
V_, V. and Vy. To simplify the proof, we also assume that one can
take V(0,0) = R%, so that one has just to work with one change of vari-
able. (In the general case, one would have to introduce a finite number
of local coordinate patches). We introduce the unknown defined by
u(t,z) ;= V(t,y)v(t, ). The system satisfied by u is

d
1
(54.30)  Qu+ Y VA TOu+ Loy VP W'u + B(eb)u = Uf,
1

with
B(eb) = W(9,¥' + Y A;0,U") + UBY' +1_U G(7;, b) V'

The matrix WP W! is constant, and is the matrix of the orthogonal pro-
jector of RY onto V.. We will make a first order Taylor expansion
around xg = 0 of the matrix WA,;¥!. The matrix WAy(t,y,0)¥" has
constant kernel Vy and constant range Vi. We denote by Il the (ma-
trix of) the orthogonal projector of RY onto Vi, and II := WP ¥’
There exists a smooth symmetric matrix S(t,y), uniformly regular
(that is 0 < ¢ < |detS| < C on R?), such that [II,S] = 0 and:
U(t,y)Aa(t,y,0) W (t,y) = IpSTH(= SIy). With these notations, the
system (5.4.30) takes the form

d
1
(54.31) S+ > A;Zju+TSTdgu + —Lizy<oTu+ B(eb)u = Uf.
1

We note L® the first order operator defined by the left hand side of
(5.4.31). The function u satisfies also the L? estimate (5.4.29) with

ITu instead of Pv. Let us now apply to Equation (5.4.31) the operator
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(VeZ)* = s Z°, where || < m. The energy estimate gives
(5.4.32)

m—|x (03 1 m—|x e
e [VE% ulloa+ A NL(veZ) uloa- S

1 m—|x € [e%
W(HJCHWA,NL)‘ “ILE, (VEZ) Tullo,),

and one is lead to control the commutator in the right hand side. An
important point is that II and II; commute with Z%. Hence
L2, Z°] = "[A;Z;, Z°] + T[Sy, Z°o + [B(eb), 2°]
(5.4.33) = Y B2+ Y €2 Tydu+[B(eb), 2°]
|B1<]a <l -1

where Bz and C, are smooth N x N matrices. Hence

AmlLe, (VEZ) ullon S

(5.4.34)
[aflme + 1VeToOgullm-15e + [Bllmae oo

Expressing 11,0,u by Equation (5.4.31) leads to
(5.4.35)

1
IVellodaullm-1x S VElulmae + %Hﬂufl\mfl,x* + VElflm-1.e
+ \/E ||b||m—1,)\,e|u|oo'
By replacing in (5.4.34) and (5.4.33) one gets
(5.4.36)
1
)\mfla|+1/2H(\/EZ)auHO’)\_i_%)\mflalHH<\/EZ)au7HO’)\ﬁ <

1 1
7z (IEllme + hallmae + %HHU—Hm,)\@— +[bllmse o)

Summing all inequalities (5.4.36) for |a| < m, and taking A\ large

enough to absorb in the left hand side the terms |jul|,, - and \/LE 1T || e—
yields the inequality (5.4.27) for u and hence for v. O

We need now to estimate the normal derivative of u, the method is
classical. We keep the notations of the proof of the previous proposition
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and work with the unknown u and Equation (5.4.31). By (5.4.35) we
already have an estimate of ||\/20,Ilpu||;n—1. . It remains to estimate
Oa(Id — IIp)u. Let us denote u; := (Id — Ilp)u, us; := Ilyu and

X =) (Id — Iy)A;(Id — TI) Z;.

J=0

By applying (Id — IIy) on the left to the system (5.4.31), since (Id —
IIp)IT = 0 we get the equation

d
Xu; =Y C;Zuy — (Id — o) B(b)u + f;
0

and applying the derivation d,; leads to an equation of the form

Xouy = Y MoZ°u+ Y NsZPo,up
(5.4.37) lal<1 18]<1
+04fr — 04((Id — 1) B(b)u).
The energy estimate for the operator X, applied to Equation (5.4.37)on
QJTFO and on {17, respectively, implies
10207 ln—20.2 S AT (Mllm-1e + 10007 100 + [0afF 2.1
+e(R)([[ullm-2c + [Bllm-2ac0ls) ),
and by (5.4.35) we get
(5.4.38)
c(R)
A

1047 lm—20e S

1
([[allmre + g||Hu—||m—1,A,e,— +[bllm-1xelufo
+ [l m—1ne + [[0afF lm—2re )-

We now recall an adapted version of Sobolev embeddings. There
exist £ > 0 and p > 0 such that, if u € H™(Qy,) is such that du* €
H%(Q7,), the following estimate holds (see [Sue06b], [Gue92]):
(5.4.39)

1 _
[U]oo < /ig—peAT( lullmre + [[VEOau™ || m—2.e + [|VE04u ||m—2,)\,a)

for all A > 0O,and all ¢ > 0. In fact, p = (d + 1)/4, but his has
no importance in the proof. Let us recall that k is the order of the
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approximate solution appearing in the right hand side of (5.4.20). We
can now prove that the sequence w*" is bounded, under the assumption
that £ —1 > p.

Lemma 5.4.3. Let w®" be the solution of Equation (5.4.24), there exist
A>0,a>0 and ey > 0 such that:
(5.4.40) |0 ||mare < ac®h 0| <1, Vv € N, Ve €]0, ).

Proof. We show the lemma by induction, so we assume that w*" sat-
isfies (5.4.40) (m is fixed). The proposition 5.4.2 gives two constants
Cin(1) and A, (1) associated to the choice R = 1. Taking first A large
enough in the estimate (5.4.27) we obtain

1
A2 ™ o et = 0™ e, <

(5.4.41) el/” N

5 Ek_l + Cm(l))\_l/Qask_l |wu+1,a|oo_
The parameter A > 1 is now fixed. Replacing the estimates (5.4.35)
and (5.4.38) in the L*>° imbedding (5.4.39) gives, for some constant xo:

‘ws,u—‘rl ’oo < Ro

1 —
e (P e | R A A

+ef ).
and for € > 0 small enough we obtain (for some constant x)
(5.4.42)

K 1 . _

|ws,z/+1‘oo < M (Hw&wrl”m,)\,s + —HHw_’ +1“m*1,>\,677 + Ek 1 )
gp €

Replacing now (5.4.42) in (5.4.41), and taking again ¢ small enough so

that all the terms [|w™" ||, and Hl‘[w‘f_’wrl lm—1.1¢— can be absorbed

in the left hand side (because k —1 > p+ 3), yields the estimate

1 _
(5.4.43) [ [ r e + munwi”ﬂum,&_ <aegh!

which implies in particular the first estimate of (5.4.40) at the rank
v + 1. We conclude the proof by replacing (5.4.43) in the inequality
(5.4.42) which gives, by taking once more ¢ small enough, the second
part of (5.4.40) for w1, O
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Before ending the proof, let us sum up its main steps. By a first
change of unknown, we show that the proof of our Theorem can be
reduced, without lack of generality, to its proof in the particular case
of the penalized problem (5.4.3) (which has boundary conditions well-
fitted for a domain penalization approach). So, focusing on the proof of
a convergence result, as e — 0T, for the solution v° of (5.4.3), we first
construct an approximate solution then prove the needed energy esti-
mates. Our energy estimates aim at controlling the error w® between
v° and the constructed approximate solution v;. Due to the nonlinear-
ity of the problem, we use a Picard’s iterative scheme. We have noted
w*” the ™" iterate of the sequence. As usual, we proceed by induction
on v and control, at each step v, the derivatives of w*" (at step v,
w1 is assumed to be known) and the commutators. An important
point in the proof is a change of unknown that fixes the kernel, nega-
tive space and positive space of the normal coefficient. By projection,
elements polarized on the kernel of the normal coefficient (correspond-
ing to the characteristic components) of the new unknown are then
treated separately. Lemma 5.4.3 just above allows us to achieve the
proof, as it shows that the sequence w®" converges in L?({2r) towards
w € HT(Qr), satisfying the same estimates as w™" (it is a classical
argument ([Maj84], [Gue90])).

5.5 Proof of Theorem 5.2.6

This section is devoted to the proof of the other main theorem of our
paper. Instead of the problem (5.4.3), we will replace the penalization

matrix P, by merely Idy and consider the new simpler problem

(5.5.1) { ?175 + %_11{md<0}55 =150 F(t,z,7°) in Qp,,
v, = 0.
120

Indeed, by performing once again the change of unknown described in
Subsection 5.4.1, it is exactly the problem we obtain. The first step
is to find an approximate solution of the problem, and this section is
exactly analogous to the preceding section 3.2, but for the new problem
(5.5.1). The main difference is that the construction of the approximate
solutions shows the existence of boundary layers for this problem. This
is not surprising since boundary layers already appeared in the work
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by J. Droniou devoted to the linear, non characteristic case ([Dro97]),
which can be seen as a special case of our result.
We look for an approximate solution of the form

M
(5.5.2) vi(t,x) = ZsjVj(t, T, x4/€),

=0
where the V;(t,z,z) for all j = 0,---, M are functions which writes

Vilt,z,z) = Vj+(t,x,z) if vg > 0and z > 0, and Vj(t,z,2) = V; (¢, 2, 2)
if x4 < 0 and z < 0 with respectively

+ _ S Vas *,1
(553) V; (t7$72) - Vj (t7$) +V; (t,y,z)

with Vji € H>*(Qz,) and V;-*’i € e %FH>(T3; x Ry) for some §; > 0
depending on V}i. Hence, after substitution of z with z4/e the terms
in Vj*’i(t, y,2q/c) are ’boundary layer terms’ which go to 0 in L*(2;)
as ¢ — 0, and are exponentially decaying to zero as |z4| — oc.

We solve the equation in the half space x4 > 0 and in x4 < 0 coupled
with the transmission condition

[(Id — Pg)o] (2 —0y = 0.
which can be also written
(5.5.4) ED, [55]{%:0} = 0, and ]:’PSJF [55]{$d:0} =0.

In fact the study of the equations shows that all the Vj terms vanish
when 24 < 0 and all the V" terms vanish when z > 0. Hence, in order to
simplify the redaction we will directly look for an approximate solution
of the form

M
(5.5.5) vi(t,w) = &V (t,z), onzg >0,
j=0
and
M
(5.5.6) vi(t,x) =Y eV (ty,xq/e), on zq < 0.
7=0

The first profile V? is now determined by the following three steps.
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Step 1. Order e, size < 0. The equation for the terms in e~* on

the side x4 < 0 is
(5.5.7) Ag(t,y, 000, Ve~ + V™ =0,
which requires the polarization condition

(5.5.8) Vo~ € Eq(Ag(t,y,0)

in order to get the exponential decay as z — —o0.

Step 2. Order £°, size > 0. The equation for the terms of order
O(1) on the side z4 > 0 is just
(5.5.9) LV, = F(V}).

Step 3. The boundary condition (5.5.4) at the order £° gives the
two conditions (taking (5.5.8) into account):

(5.5.10) PV jam0 = 0,
and

S .
(5.5.11) IP)_VO |Z:O — _]P)_VO |xd:0‘

Now, the system (5.5.9) together with the boundary condition (5.5.10)
(and the understood conditions that Var >0 = 0) is exactly the desired
original mixed problem (after the reduction of section 5.4.1), which

is well posed, and so Var = u. Then, the second condition (5.5.11)
together with the ODE (5.5.7) determines completely Vi~ .
The construction can be continued by induction and all the terms

VT, V;r are determined, for allj € N. The equation for V;" (in the
side z < 0) is:

(5.5.12) Z;(t, y,000. V" +VI"T + LV + 3(12:1(15, y,0)20.V,"" =0,
and the equation for VIF (in the side z4 > 0) is:
(5.5.13) LV, =F(VHv,.

More generally for V>~ j > 1

—~

(5.5.14) Aa(t,y, 000V + Vi =g,
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where the function ¢;(t,y,2) € ¢*H*(T'z, x R_) depends only of the
V>~ for 0 < i < k. Equation (5.5.14) can be viewed as an ODE in z, the
coordinates (¢, y) being parameters. For all (¢,y), this equation admits
at least a solution in the space e’ H*(I'z, x R_) and two solutions in
this space differ from a solution of the homogenous equation (5.5.7). Let
us fix a particular solution of the equation Yy(z) € e H*(T'y;, x R_),
then all the solutions are of the form

Vj*’_ =Yo+tw

where w is a solution of (5.5.7) with w(0) = PLw(0). Consequently, w
will be completely determined by its initial value w(z = 0). Now the
profile equation for the terms of order & is

~— —
(5.5.15) LV, =Q,_y,

where the functions Q,(t,z) € H C’O(QJTFO) depend only on the functions

V;r for 4 < k. The transmission condition which links Vj*’f and V;r
writes

~ K ~ —+
(I — IP)O)V;' T e=0 = (I — ]P)O)Vj lza=0
which splits into

(5.5.16) P_V] oymo = P_Yo.00
and
(5517) @+w|z:0 == I,E)_A'_ijd:o — @—F}/O‘Z:O'

As for the step of order 0, the equation (5.5.15) and the boundary
condition (5.5.16) determines uniquely V;L. Then, the equation (5.5.14)
and the initial condition (5.5.17) determines uniquely w and hence V.

This shows that one can construct an approximate solution v;, of
the problem at any given order of approximation, in the sense that
v satisfies now an equation like (5.4.20), but with Id in place of P,.
Then the estimations of the exact solution and the justification of the
asymptotic behavior are proved exactly as in the case of Theorem 5.2.7,
in Subsection 4.3. For the sake of clarity, we will sketch the proof
of this result assuming that the reader is familiar with the proof of
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our other main Theorem. The goal is to point out the minor changes
existing between the two proves.

We have constructed an approximate solution o7 of the form (5.4.4)
of the problem (5.5.1), satisfying

)

(5.5.18) { LT, + 6;)11{xd<0}'172 — 1(ays0) F(t,2,05) + €1° in Qg
Vg9 = Y-

where the error term r° is piecewise smooth:
(5.5.19)
Il 2@y = O)s - Mrfeasollamor ) = O1), (e = 07, ¥m € N).

We look for an exact solution v° of the form
(5.5.20) v° =1, + euw®
where w°® is defined by the system

La® + <€_11{$d<0}{ﬁ‘€ = 1,50 é(t, 2,05, ew®)w® + e 1rf in Qp,
W g, = 0.

where G is the C* function defined by the Taylor formula:

(5.5.21) G(t,z,v,ew)w = ' (F(t,z,v+ew) — F(t,z,v)).

We use a standard Picard’s iterative scheme:

(5.5.22)
LusvH + e 11wt — 1, G(t, 2, 05, ew™ w1 = eb~1re,
wa,u-‘rlmo =0.

In order to show the convergence of the sequence w*" we need estima-
tions for the following linear problem

L -1 — (e _ ~k—1,¢
(5.5.23) {Lv+s 1.v—1,G@%,eb)v = eh1p2,

V‘QO = 0,

where CNJ('ﬁa,eb) = é(t,x,'ﬁf,eb) where b is a given function, which
plays the role of w®" when solving the system for the unknown v =
w&,l/#*l.

Proposition 5.4.1 still holds for the current problem. We can now
prove the following estimate on the linear problem:
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Proposition 5.5.1. Let R > 0 and m € N. There are constants
cm(R) > 0 and A\, (R) > 1 such that the following holds true. For all
b € H(Qr,) N L®(Qr,) such that [ble < R, for all £ € HZ(Qp,) N
HY(Qq,), with fuo = 0, the problem (5.5.23) has a unique solution
v € H™(Qp) N HL(Qr,). Moreover, it follows that v € L>(Qr,) and
the following estimate holds

(5.5.24)

)‘1/2HVHm,/\,6+571/2 [V-llmae— < em(R) A2 (Hme,A,s"i"Hme,A,EIVIOO)'

for all A\ > A\, (R), and all € > 0.

For the problem at hand, we have the following analogous of Equa-
tion (5.4.31):

d
1
(5.5.25) du+ > A;Zju+TpSTledgu + Lz copu + B(eb)u = Wf.
1

We need now to estimate the normal derivative of u, the method
remains classical. We keep the notations of the proof of the previous
proposition and work with the unknown u and Equation (5.5.25). Hav-
ing proceeded the same way as before, we have already an estimate of
|vedallpul|—1.2c. The remaining part to estimate is 9;(Id — IIp)u.
Denoting u; := (Id — IIy)u, us := lpu and

X =) (Id — Iy)A;(Id — TI) Z;.

=0

By applying (Id — IIj) on the left to the system (5.5.25), we get the
equation

d
1
Xuy + E(Id —Mp)ul,,o = Z CjZyayr — (Id — o) B(b)u + f;
0

and applying the derivation 0, leads to an equation of the form (Il is
fixed after our change of unknowns)

(5.5.26)
1
X + —(1d — o) Oguly,<o = > M,Z%u+ Y NgZPouy

o<1 [BI<1

+0uf; — 04((1d — L) B(b)u).
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The operator (Id — IIy) is an orthogonal projector thus nonnegative
(note well that this argument differs from before), the following esti-
mate holds true:

10007 -2 S A7 (llm-1ne + 102077 lm-10e + [10af™ 2.1

+e(R)(lullm-2re + [bllm—2acul) ).

hence

(5.5.27)

c(R
||adu}t||m—2,)\,s< ( )

1
~ Ty “h”hm%6+‘gnu—nm—L%a—_FHme—Lhehﬂx

1 lfm1ne + [[0aFFlm_2ne ).

By using, like before, an adapted version of Sobolev embeddings,
we obtain then:
(5.5.28)

1 _
|u|oo S K)E—p@/\T( ||u||m,)\,5 + |’\/gadu+”m—2,)\,€ + H\/gadu ||m—2,)\,a)

for all A > 0,and all ¢ > 0. We can now prove that the sequence w®"
is bounded, under the assumption that £ — 1 > p.

Lemma 5.5.2. Let w®" be the solution of Equation (5.5.22), there exist
A>0,a>0 and ey > 0 such that:

(5.5.29) [0 ||mae < ac®l 0| <1, Vv € N, Ve €]0, ).

Lemma 5.5.2 just above allows us to conclude the proof, as it shows
that the sequence w*” converges in L?(Qr) towards w € H™(Qr),
satisfying the same estimates as w®".

5.6 Appendix: about hyperbolic systems with dis-
continuous coefficients.

Let us consider the system (5.2.6) with a fixed ¢ > 0. The system can
be written

d j=d—1
(5.6.1) > 9j(Aw)+e  LpcqpMv— Y (9,40 = 1y, F (t, 7, 0)
0 j=0
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which is meaningful for u € L*(Qr). To see that the system is well
posed, one shows that it is equivalent to a well posed transmission
problem (or initial boundary value problem). Let us note v = vj;,50
and v~ = v|3,50, and let us denote by B(t,y) the matrix such that

(Aglv+)\rd=+0 - (Aﬁdv_)\xd=—0 =: B ( Z—&- )
|zq=0

Lemma 5.6.1. Let v € L*(Qr), v satisfies the system (5.2.6) if and
only if (v, v™) satisfies the transmission problem

Liv= + e Mo~ = 0 in Q5
(5.6.2) = Lt = F(t,z,v") in Q;
v
|Tr

Proof. If v is solution of (5.6.1), then by restriction on QF., v™ satisfies
the corresponding equation in the distributional sense, and that Livt €
L2(5). Tt follows that the trace (A%v™)a,—o exists in H,,"*(Pr). The
same is true for v~ in (2. Finally, since there is no Dirac measure in
the right hand side of the equation, the transmission condition follows.

Conversely assume that (v™,v") € L?(Q;) x L?(2}.) satisfies (5.6.2)
and introduce the function v € L?(7) equal to v* on Q7. The trans-
mission conditions imply that v satisfies the equation (5.6.1) and the
lemma is proved. In fact the point is that sz is continuous across
{ZEd = 0}

A e C(R,, - H,*(Tr)).

loc

H;ance there is no Dirac measure which appears when applying d; to
A, O]

The problem (5.6.2) is an initial boundary value problem with max-
imally dissipative boundary conditions (see [Ali89],[Sue06a]). Hence,
because of this lemma, the results on the non linear mixed hyper-
bolic problem with characteristic boundary and maximally dissipative
boundary conditions can be applied ([Rau85], [Gue90], [SueO6b]), and
they show the existence of the solution to the semi-linear problem
(5.2.6).
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Chapter 6

Pénalisation de problemes
mixtes hyperboliques
satisfaisant une condition de
Lopatinski Uniforme.

Ce chapitre reprend le papier [For07b] intitulé "Penalization approach
for mixed hyperbolic systems with constant coefficients satisfying a
Uniform Lopatinski Condition”, soumis a publication en Avril 2007.

Abstract
In this paper, we describe a new, systematic and explicit way of approximat-
ing solutions of mixed hyperbolic systems with constant coefficients satisfying a
Uniform Lopatinski Condition via different Penalization approaches.
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6.1 Introduction.

In this paper, we describe a new, systematic and explicit way of ap-
proximating solutions of mixed hyperbolic systems with constant co-
efficients satisfying a Uniform Lopatinski Condition via different Pe-
nalization approaches. In applied Mathematics like, for instance, in
the study of fluids dynamics, the method of penalization is used to
treat boundary conditions in the case of complex geometries. By re-
placing the boundary condition by a singular perturbation of the PDE
extended to a larger domain, this method allows the construction of
an approximate, often more easily computable, solution. We consider
mixed boundary value problems for hyperbolic systems:

d
0+ A,
j=1

on {xy > 0}, with boundary conditions on {z4 = 0}. The n x n real
valued matrices A; are assumed constant. Of course, we assume the
coefficients to be constant as a first approach, aiming to generalize the
results obtained here in future works. We assume that the boundary
{z4 = 0} is noncharacteristic, which means that detA; # 0. We denote
by

y = (z1,...,24-1) and x := x4. The problem writes:
Hu = f, {z >0},
(611) Fu‘z:O = Fga
u|t<0 = O )

where the unknown u(t,z) € R*, I' : R — RP is linear and such that
rg I' = p; which implies that I" can be viewed as a p x n real valued

constant matrix. Let us fix 7" > 0 once and for all for this paper. Let
QF denotes the set [0,7] x R% and T7 denote the set [0,7] x R4,
[ is a function in H*(Q}), g is a function in H*(T7), where k € N
with & > 3 or k = oo, such that: f|;<o = 0 and g|;<o = 0. We make
moreover the following Hyperbolicity assumption on H :
Assumption 6.1.1. For all (n,&) € R x R — {0}, the eigenvalues
of

-1
Z njAj + §Aa

J=1
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are real, semi-simple and of constant multiplicity.

Let us introduce now the frequency variable ¢ := (v, 7,7n), where
1T + 7, with v > 0, and 7 € R stands for the frequency variable dual
totand n = (m,...,n4—1) where n; € R is the frequency variable dual
to x;. We note:

A(C) = = (Ad)_1 <(ZT + ’Y)Id—f- i“?jA]> .

=1

Denote by M a N x N, complex valued, matrix; E_ (M )[resp E;(M)] is
the linear subspace generated by the generalized eigenvectors associated
to the eigenvalues of M with negative [resp positive|] real part. If F
and G denote two linear subspaces of C" such that dimF + dimG =
N, det(F, G) denotes the determinant obtained by taking orthonormal
bases in each space. Up to the sign, the result is independent of the
choice of the bases. We shall now explicit the Uniform Lopatinski
Condition assumption:

Assumption 6.1.2. (H,T) satisfies the Uniform Lopatinski Condition
i.e for all ¢ such that -y > 0, there holds:

(6.1.2) |det(E_(A),ker")| > C' > 0.

The mixed hyperbolic system (6.1.1) has a unique solution in
H*(92}), and, since H is hyperbolic with constant multiplicity, for all
positive, the eigenvalues of A stay away from the imaginary axis. More-
over, as emphasized for instance by Chazarain and Piriou in [CP81] and
Métivier in [Mét04], there is a continuous extension of the linear sub-
space E_(A) to {y = 0,(r,n) # Oga} that we will denote by E_(A).
INE+(A) extends as well continuously to {y = 0, (7,7) # Or«} and we
will denote E, (A) this extension. Moreover, there holds:

E_(A)PE.(4) =cC.

We can refer the reader to [CP81], [GMWZ05], [Kre70], or [Mét04] for
detailed estimates concerning mixed hyperbolic problems satisfying a
Uniform Lopatinski Condition. Moreover, we can refer to [MZ04] for
the proof of the continuous extension of the linear subspaces mentioned
above in the hyperbolic-parabolic framework.
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Remark 6.1.3. As a consequence of the uniform Lopatinski condition,
there holds, for all ( #0:

rg T =p=dimE_(A(¢)).

6.1.1 A Kreiss Symmetrizer Approach.
The main result.

We will now describe a penalization method involving a Kreiss Sym-
metrizer and a matrix constructed by Rauch in [Rou03], in the con-
struction of our singular perturbation. Note well that we have some
freedom in both the choice of the Kreiss Symmetrizer and of Rauch’s
matrix. Let us denote respectively by 4, f, and ¢ the tangential Fourier-
Laplace transform of u, f, and g. Since the Uniform Lopatinski Con-
dition is holding for the mixed hyperbolic system (6.1.1), there is, see
[MZ05] a Kreiss symmetrizer S for the problem:

6.1.3) {axa:Amf, {z > 0},

life—0 = T'g,

That is to say there exists a matrix S(¢), homogeneous of order zero
in ¢, C* in RT x R? — {Ogat1 } and there are A > 0, § > 0 and C; such
that:

e S is hermitian symmetric.
e R(SA) > \d.
e S>0ld— CiI™T.

An algebraic result proved by Rauch in [Rou03] can be reformulated
as follow:

Lemma 6.1.4. There is a hermitian symmetric, uniformly definite
positive, N x N matriz B such that:

kerI' =E, ((S)'B).

Moreover B depends smoothly of (.
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Remark 6.1.5. This result is proved by constructing explicit matrices
satisfying the desired properties. Thus, it is not merely an existence
result and we can use the explicitly known matriz B in our construction
of a penalization operator.

Let us denote by R := B2 and Sk := R-'SR~!. We will denote by
P~ the projector on E_(Sg) parallel to E, (Sg) and by P* the projec-
tor on E, (Sg) parallel to E_(Sg); P~ and P denoting the associated
Fourier multiplier. We recall that, denoting by F the tangential Fourier
transform, the Fourier multiplier P~ (9;, d,,7) [resp P* (9}, 9,, )] is then
defined, for all w € H*(R41), and v > 0, by:

F (B (0, 0y, v)w) =P~ () F (w),

[resp

F (B0, 0y, v)w) = PH(O)F (w)],

in the future we will rather write:
F (B0, 0y, y)w) = P*(Q) F(w).

We fix, once and for all, v > 0 big enough. Let us consider then
the solution u® of the well-posed Cauchy problem on the whole space
(6.1.4):

1 1
(6.1.4) Mo + M Loco = floso + 0loco, {7 €R},

28|t<0 = 07

where

M := —¢"A;ST'RP™ Re ™,
0 :=—e"AyST'RPLg,

and S(0y, 0,) [resp R(0, 0,)] denotes the Fourier multiplier associated
to S(C) [resp R(()]. Let us define g by:

~ 2

g:=e"g.

In what follows, g will denote the Fourier-Laplace transform of g. Let
us denote by

Ui=u lyco+ulyso = u 1o + ulyso.
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u denotes the solution of (6.1.1), and thus belongs to H*(QF). u™ is
a function belonging to H*(Q;) and such that 4™ |,—¢ = u|.,=o. More
precisely, u~ can be computed by: e F~! (R_l(@_ + IP’_FQ)) , where
v~ is the solution of the problem:

{ Spdy0~ — P*SpARi™ = PtSpAgPTg, {z <0},

@_ ’1’:0 = ]P)—’_R’&‘x:Oa

and @ denotes the Fourier-Laplace transform of the solution u of (6.1.1).

Theorem 6.1.6. For all k € N, if f € H*(QF) and g € H*(Yr), then
there holds:

= w™ sz + 105 =l gesor, = O(e),

where v denotes the solution of the Cauchy problem (6.1.4) and u
denotes the solution of the mixed hyperbolic problem (6.1.1). If g =0
then:

= O(e).

€

Of course, since uf is defined for all {x € R}, its limit as ¢ — 0T,
u is can be viewed as an ’extension’ of w on the fictive domain {z <
0}. The ’extension’ resulting from our method of penalization gives a
continuous u across {x = 0}, while the method used in [BR82] gave
simply: @|,<o = 0. We have the following Corollary:

Corollary 6.1.7. If f belongs to L*(21) and g = 0 then:
Jim [Ju® = Ull 207y = 0.

Moreover there holds:

Corollary 6.1.8. Assume for example that f € H*(Q2}) and
g € H*(Y7) then

[u* = ull goiop) = Ole); Vs > 0.

Remark 6.1.9. The restriction of the source term of the Cauchy prob-
lem (6.1.4) to {x < 0} can be chosen with a lot of freedom.
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One of the interest of this first approach lies in the rate of con-
vergence of u® towards u. Indeed, in general, a boundary layer will
form near the boundary in this kind of singular perturbation problem.
For example in the paper by Bardos and Rauch [BR82], as confirmed
by Droniou [Dro97], a boundary layer forms. It is also the case in
[PCLS05], as analyzed in our Appendix. There are also boundary lay-
ers phenomena in the parabolic context: see the approach proposed
by Angot, Bruneau and Fabrie [ABF99] for instance. However, sur-
prisingly, and like in the penalization method proposed by Fornet and
Gues in [FGOT7], our method allows the convergence to occur without
formation of any boundary layer on the boundary. As a result, this
leads to the kind of sharp stability estimate given in Theorem 6.1.6.

A complementary result.

If we assume that f € L*(Q}.) and g € L*(Y7), for now, we do not
know whether u® converges towards @ in L?(Qr). Approximating the
source term and Cauchy data by smooth functions, we propose here
another way of penalization that conducts to a Theorem of convergence
in L?(Q7). By the same process, we can prove the following Proposition:

Proposition 6.1.10. If f € H (Q}) and g € H'(Y7), then

e _
lim [lu® = ull z2ozy = 0.

Let us precise that the method of penalization we introduce now is the

same as the previously exposed one in the case where g = 0. We define
g € L*(Q), as follow:

~ 2
g(t,y,r) :=e " gt y).

For all 0 < € < &g, there are f. in H*(QF), g. in H®(Yr), . := e *’g,,
and a continuous function v of € such that:

51110n+ V<€) =9,

1fe = fHL2(Q;) < v(e),

and
19 — Il rzp) + 192 = 9l 2oz + 19: = gllrzerey < vle).
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We denote by u® := (v° + gF) 1,50 + (v°~ + - )1z<0, where
v° =0 0 + 07 Loco,
is defined as the solution of the Cauchy problem:
(6.1.5)
Hy® + éMflmo = (fe = HG ) laso — HG- laco, {7 € R},
Qg|t<0 = 0.

Theorem 6.1.11. For some v, there is a function u, continuous across
{z = 0}, and satisfying u|.>0 = u, such that:

e _
lim lu® — @l r2r) = 0.

There also holds:

Theorem 6.1.12. If f € H(Q2}) and g € H (Y1), then, for some v,
there is u, continuous across {x = 0}, and salisfying u|,>0 = wu, such
that:

slirtr){*- lu” — uHHl(QT) = 0.

6.1.2 A second Approach.

In the first approach we have just introduced, it is necessary to com-
pute a Kreiss’s Symmetrizer and a Rauch’s matrix. In view of future
numerical applications, we will now introduce another method prevent-
ing the computation of these matrices. The price to pay is that we need
the preliminary computation of v, which is by definition the solution
of the Cauchy problem on the free space:

{Hv:f7 (t7yaI)EQT7

6.1.6
( ) Vo =0 V(y,z) € R

The main result.

Let us denote P~(¢) the spectral projector on E_(A(¢)) parallel to
E. (A(C)), and PT(¢) the spectral projector on E.(A(C)) parallel to
IE,(A(C ). Let us introduce P*(9,, dy,7), the Fourier multiplier associ-
ated to P*(¢). Let us denote by IT the projector on E_(A(¢)) parallel
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to Kerl', which has a sense because of the Uniform Lopatinski Condi-
tion and denote IT the associated Fourier multiplier. We define then h
by: N

hi=e (P~ (e7"0|4—0) + e (g — v4—0)) ,
where g denotes the function involved in the boundary condition of the

mixed hyperbolic problem (6.1.1). Now, let us consider the following
singularly perturbed Cauchy problem on the whole space:

1 o 1 _
(6.1.7) Hu” + gAde’YtB e U e = flaso + gAdeﬂ’thngO,

U€|t<0 =0
Let us denote by
:ZL/ = u71x<0 + u].xzo = Uilzgo + U/]-:L'>0'

u denotes the solution of (6.1.1) thus belonging to H*(Q2}) and u~ is
a function belonging to H*(Q;) and such that v~ |,—¢ = u|.,—o. More
precisely, u~ can be computed by: e F~1(F(h)+©7), where 9~ is the
solution of the problem:

0:(PT07)— AP*0o7) =0, {z <0},
P07 |,=0 = P i 4—0.

and @ denotes the Fourier-Laplace transform of the solution u of (6.1.1).

The problem (6.1.7) is well-posed and, for all ¢ > 0, there exists a

unique

u® € H*(Qr) solution. We will fix v adequately big beforehand. We
observe then the following result:

Theorem 6.1.13. For all k € N, if f € H*(QF) and g € H*(Y7),
then there holds:

||u8 — u_||§{,c,3m;) + ||u‘E - u”?{k—sm;) = 0(52)7

where u® denotes the solution of the Cauchy problem (6.1.7) and u
denotes the solution of the mized hyperbolic problem (6.1.1).

The singular perturbation involved in the definition of u® does not
depend either of Kreiss’s Symmetrizer or Rauch’s matrix. As a result,
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for this method of penalization far less computations are necessary in
order to obtain our singular perturbation. Note well that the proof of
the energy estimates in Theorem 6.1.13 is completely different from the
proof of the energy estimates in Theorem 6.1.6. Indeed, for our first
approach our singularly perturbed problem was treated as a Cauchy
problem, contrary to our second approach where it was interpreted as
a transmission problem.

Corollary 6.1.14. Assume for example that f € H®(Q}) and
g € H®(Y7) then

[u® = ul| o opy = Ole); Vs > 0.

Remark 6.1.15. In the case where f = 0, then the solution v of (6.1.6)
is v =0 and thus, the perturbed cauchy problem (6.1.7) rewrites:

1 1
Hu + ~Ayge""P e "1, o = —Ade"’te_f"’2 (Ee‘”tg) 1.c0, {z€R}
€ €

UE’t<0 =0

A complementary result.
For all 0 < ¢ < &, there are f. in H®(2}), h. in H>*(Y7), ?LE = e h,,
and a continuous function v of ¢ such that:

Jiy ) =0

1fe = fHLZ(Q;) < v(e),

and
7 = Bl gy + 5 = Bl oy + e = Bllaeg) < 1),
There is m, such that
P (8, 0,,7)e "m. = h..
We can take for instance:

m. =" F[P™F (e "e]pmo) + ILF (e77(g: — Velao))]
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Where v, is the solution of the Cauchy problem:
Hoe = [, (t,y,7) € O,
{ Veli<o = 0
and g. belongs to H*(Yr) and is such that:
lim [|ge — gl (rp) = 0.
We define then m., for all (t,y,z) € Qr by:
me = mee_””2

The restrictions of m. to £z > 0 will be denoted by mZ. Now consider

wt = w6+1x20 -+ W 1x<0

is defined as the solution of the Cauchy problem:

1 ~ -
Hw® + gAde”E_e_'ytwleo = (f. — HMm )10 — HM- 1,0,
Wa|t<0 =0
Theorem 6.1.16. For some v, there is a function u, continuous across
{z =0}, and satisfying t|,>0 = u, such that:

e
Tim o = @120, = 0.

Of course, there also holds:
Theorem 6.1.17. If f € H'(Q}) and g € H (Y7), then, for some v,
there is w, continuous across {x = 0}, and satisfying ul,>0 = u, such

that:
lim {|u” — @l er) = 0.

6.2 Underlying approach leading to the proof of
Theorem 6.1.6.
6.2.1 Some preliminaries.

Since the Uniform Lopatinski Condition holds, there is .S, homogeneous
of order zero in (, and such that there are A > 0, 6 > 0 and C} and
there holds:
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e S is hermitian symmetric.
o R(SA) > \d.
e S>4ld—CiI"T.

S is then called a Kreiss Symmetrizer for the problem:

621) {axa:Amf, {z >0},

[0 = I'g,

where f and ¢ denotes respectively the Fourier-Laplace transforms of
f and g; and @ denotes the Fourier-Laplace transform of the solution u
of the well-posed mixed hyperbolic problem (6.1.1). @ is also solution,
for all fixed ¢ # 0 of the following equation:

622) { S8,i = SAi+ S(A)" f, {x >0},

['t|z—0 = I'g,

Remark 6.2.1. Following our current assumptions, I' is independent
of ¢ # 0, however, more general boundary conditions, of the form:

T'(Q)ttle=o = T'(¢)9;
can be treated. It would imply taking as boundary condition for (6.1.1):
Coulp—0 = Ty,
with for v big enough,
L, :=T0(0,0,)e ",

where, L'(0,0,) denotes the Fourier multiplier associated to I'((), that
18 to say is defined by:

F(LEQr 9y)u) = T(O)F ().

Referring for example to [CP81] and [Kre70], Kreiss has proved that
the existence of a Kreiss symmetrizer for the symbolic equation is suf-
ficient to prove the well-posedness of the associated pseudodifferential
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equation (here (6.1.1)). Indeed, multiplying by @ and integrating by
parts the equation:

S8,0 = SAU+ S(Ag) " f

leads to the desired a priori estimates. For all ¢ # 0, S(() is hermitian
symmetric and definite positive on kerI'. Let us sum up the properties
crucial in the proof of the well-posedness of our problem:

Proposition 6.2.2. For all ¢ = (1,7,n) such that 7% +~*+ Z?g 0 =
1, there holds:

e S(¢) is hermitian symmetric.
o R(SA)(C) := 3(SA+ (SA)*)(C) is positive definite.

e —S5(() is definite negative on ker I' and ker I is of same dimension
as the number of negative eigenvalues in —S(C).

Note that, by homogeneity of S, it is equivalent for the properties in
Proposition 6.2.2 to hold for |(| = 1 or for |¢| > 0. As a consequence
of the first point and third point of Proposition 6.2.2 and thanks to an
algebraic result proved by Rauch in [Rou03], there holds:

Lemma 6.2.3. There is a hermitian, uniformly definite positive, N x N
matriz B such that:

kerI'=E,(S'B).
Moreover B depends smoothly of (.

The following chapter contains a proof of Lemma 6.2.3 assorted of a
detailed construction of B.

6.2.2 Detailed proof of Lemma 6.2.3: Construction of the
matrices B solving Lemma 6.2.3.

As we will emphasize in next chapter, Lemma 6.2.3 is a crucial feature
in our first method of Penalization. The aim of this chapter is to give a
more complete proof rather than simply recalling Rauch’s result and, in
the process, to precise how the matrices B solving Lemma 6.2.3 are con-
structed. For all ¢ # 0, S(¢) is hermitian symmetric, uniformly definite

positive on E. (A(C)), and uniformly definite negative on E_(A(¢)); as
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a consequence, S(() keeps exactly p positive eigenvalues and N —p neg-
ative eigenvalues for all ( # 0. Basically, knowing that S is uniformly
definite positive on ker I'; we search to express ker I' in a way involving
S. Consider ¢ € ker I, since, for all ¢ # 0, E_(S(¢)) @ E,(S(¢)) = CV,
we can split ¢ in:

qg:=q +q
with ¢ € E4(S(¢)) and ¢~ € E_(S()).
Since dim kerl" = dimE, (5(¢)) = p, these two linear subspaces are in
bijection. Let us give the two main ideas behind this proof: one idea
is to detail the bijection between ¢ € kerl’ and ¢ € E(S(()) as it
satisfies some constraints, the other is to come down to the model case
where the eigenvalues of S are either 1 or —1. Let us denote:

=1 [ —Idy., ©
S —{ 0 Id, |’

In a first step, we will prove the following result:

Proposition 6.2.4. If we assume that V is a linear subspace of CV
of dimension p, and that there is C' > 0 such that, for all ¢ € V, there
holds:

(S71q,q) > Cq,q),

then the two following equivalent properties hold:

e There is a hermitian symmetric, positive definite matrix E, such
that:

g€V [R g e B, (RSB,

which is equivalent to:
V=E(&3).
o There is a hermitian symmetric, positive matrix E, such that:
lqeV] e [Rqe E+(é§—11§)] ,
which is equivalent to:

V=E,(S'R?).
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Moreover, we can link the two properties by taking:

= ~D o~
R*=SRS.

Proof. 1In this proof, we will show how to construct some matrices R
satisfying the required properties. There is a (N — p) X p matrix X of
rank N — p such that ||R]| <1 and:

V={qgeC", ¢ =g},

where g™ [resp g~] denotes the projector onE, ((S)™1) [resp E_((S)1)]parallel
to E_((S)™1) [resp E,((S)™})]. Indeed, dimV = p = dimE((S)™?),

and CV = E_((S)") PE.((S)™). Moreover, there ic C' > 0 such
that, for all ¢ € V, there holds:

(S)"q.q) = —(a7.q7) + (¢*.¢") = Cla,q).

and thus

la" " = IRg*|* = Claf”,
which implies that [|R| < 1. We will show now that, for R constructed
as follow: i

D I N—p —N

k= { X Id, } ’
there holds: B o

[qeV] [Rq c E+(RS—1R)] .

First,we see that the constructed R is trivially hermitian symmetric
and positive definite since ||X|| < 1. First, we have:

B = { —Idy_,+ NN* 0 } |

0 Id, — N*N

S q—_Nq-i-

Thus, since ||R|| < 1, there holds:

and

Rq € E+(}N%§_1}~%)} S [¢—Ngt=0] & [geV].
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We will now prove that we have:
(R)'E,(RS'R) =E,(S'R?).

Since RS™'R is hermitian symmetric, the linear subspace E, (RS R)
is generated by the eigenvectors of RS™'R associated to positive eigen-
values. A basis of (R)E_(RS™'R) is thus given by ((ﬁ)*lvj)j where
v; denotes an eigenvector of RS™'R associated to a positive eigenvalue
Aj. We have:

Iﬁ%g’lﬁvj = \jv;.

Let us denote w; = (R) 'v;, we have then:
§§71E2w]’ = )\jéw]’ = 571E2w]’ = )\jwj.

As a result, w; is an eigenvector of ~1R2 associated to the eigenvalue
A; hence we obtain that:

(R)'E.(RS™'R) =E_ (5 'R?).
We can also prove, the same way, that:
RE.(RSE) = E,(E'3).
Now, taking
~ ~ D~
R*= SRS,
we can check that: L o
E,(ST'R*) =E.(R S),

which concludes the proof. O
Lemma (6.2.3) is a Corollary of the following Proposition:

Proposition 6.2.5. If S~ denotes a smooth in ¢ # 0, matriz-valued
function in the space of hermitian symmetric matrices with p positive
eigenvalues and N — p negative eigenvalues and ker I' denotes a linear
subspace of dimension p and there is C > 0 such that, for all ¢ € ker T,
there holds:

(S7'q,q) > Clq,q),

then the two following equivalent properties hold:
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e There is a smooth in ¢ # 0, matriz-valued function R, in the space
of hermitian symmetric, positive matrices such that:

[g € KerT] & [VC#0, R (g € EL(R()SRQ)],

which is equivalent to:
VC#0, Kerl = EL (R*(O)S(0)).

e There is a smooth in ¢ # 0, matriz-valued function R, in the space
of hermitian symmetric, positive matrices such that:

[g € KaT] & [VC #0, R(C)g € EL(R(Q)ST(OR))],

which is equivalent to:

V(#0, Kel =E, (S (QRQ).

Moreover, for all ( # 0, these two properties can be linked by taking:

(R(€))* = S(O)(R(C))*S(¢)-

Proof. We will show here that Proposition 6.2.5 can be deduced
from Proposition 6.2.4. For all { # 0, S(¢) is a hermitian symmetric
matrix, moreover S depends smoothly of (. As a consequence S~ is
also a hermitian symmetric matrix depending smoothly of (, and as
such, there is a nonsingular matrix V' such that:

STt=vr(sTHV.

Let us denote A the diagonalized version of S~! with eigenvalues sorted
by increasing order, then there is Z depending smoothly of ( such that,
for all ¢ # 0, we have:

and
AQ) = Z7(¢) (=571) () Z(¢)-
As a consequence, V' depends smoothly of { since, for all { # 0:

V() = (A(Q)2Z(0),
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where A is the diagonal matrix obtained by taking the absolute value
of each eigenvalue of A. For the sake of simplicity, let us omit the
dependence in ¢. Now, for all ¢ € V~1ker T, there is C > 0, such that:

(S7'q,q) = (V*S™'WVaq,q) = (S (Vq), (Vq)) > C{(Vq), (V).

Moreover V' is nonsingular, thus there is C’ > 0, such that, for all
q € V7lkerT', there holds:

(S71q,q) > C'{q,q).

Moreover dim V=1 ker I' = p, using Proposition 6.2.4, for all fixed ¢ # 0,
there is a hermitian symmetric, positive definite matrix R((), such that:

VO ker T = EL((R(C))*S(C)) = RIOE+(R(C)S(QR)(Q).

We will now prove that we can construct E depending smoothly of (.
First there is a (N —p) X p matrix R of rank N —p, depending smoothly
of ¢, such that fore all ( # 0 ||[R(¢)|| <1 and:

Vi (QkerT ={qgeC", ¢ =X()q"},

where g*[resp ¢~ | denotes the projector on E, ((S)~!) [resp E_((S)~")]parallel
to E_((S)™1) [resp E,((S)™1)]. R is given, for all ¢ # 0, by:

R(¢) = /51O R(0)F(0),
with R given by:

Bo-| e

Since S—1 = V* (S~1) V, there holds: S = V*SV, and, as a consequence:
(VR) 'kerT' = E, (RV*SVR).

As EV*SVE is hermitian symmetric, a basis of the linear subspace
E,(RV*SVR) is given by the eigenvectors of RV*SV R associated to
positive eigenvalues. This leads us to consider v; = (VR) 'u; satisfy-
ing:

EV*SVE’U] = )\jvj .
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We have: _ o B
RV*SVR(VR) 'u; = X\;(VR) 'u;.

hence: o
(VE)EV*SU] = Ajuj-

Since (VR)RV* = (RV*)*(RV*) is hermitian symmetric and positive
definite, we can then define its square root. We define R by:

R=\/(RV*)*(RV*).

Since both E and V' depends smoothly of (, so does R. Moreover, there
holds:
E2SUJ' = )\jUj,

which gives:
kerI' = VRE, (RV*SVR) = E, (R%S).

We have thus proved there is a smooth in ¢ # 0, matrix-valued function
R, in the space of hermitian symmetric, positive matrices such that:

[g € KerT] & [V¢#£0, R'(¢)g € EL(R(QS(QOR)],

which is equivalent to:

V¢ #0, Kel =E,(B*(()S(C))-
Now consider R defined, for all { # 0, by:

R(¢) = V/S(O(R(0))25(0),

R(¢) = (RIOVHOSOY(ROVHO)S(C)).

¢ — R(C) is smooth and, for all {, R({) is a hermitian symmetric,
positive definite matrix. Moreover, there holds:

g € KerT] < [VC #0,  R(¢)g € E4(R(¢)ST(Q)R(Q)]

which is equivalent to:

Y #0, Kal =E(ST(ORYQ)).
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Let us detail the computation of R(().

R(Q) = /S(OVOR(OV(OS().

Moreover

we have thus:

which gives:

~ * ~

B(Q) = (ROSQV(©80) (ROSHOV(OSQ)
We recall that R is given, for all ¢ # 0, by:

Ro=[ ey O

and that for all ¢ # 0, V(() is given by:

where

AQ) =27(0) (=57 (OZ(¢)
with A is a diagonal matrix with real coefficients: (A1,...,Ax), and A
denotes the diagonal matrix with diagonal coefficients (|A1], ..., |[An]).

Remark 6.2.6. In the construction of B the only freedom we have
resides in the choice of N.

O

6.2.3 A change of dependent variables.
Let us denote by R := Bz and © := Ri. ¥ is hence solution of (6.2.3):

(62.3) RT'SR7'9,0 = RT'SAR™ 0 + R7'S(Ay)"'f, {z >0},
B T'R™"0|,—0 =T,
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We will adopt the following notations: Sg := R™1VSR™!, Ag := RAR™!,
and I'p := 'R~'. We first observe tat:

kerI'r = RkerI' = RE, ((S) ' R?).
but Slgl = RS™'R thus
kerT'r = RE, (R'SgR) = E,(SR).

This is where Lemma 6.2.3 is used in a crucial manner. Let us denote
by P~ the projector on E_(Sg) parallel to E, (Sg) and by by P* the
projector on E,(Sg) parallel to E_(Sg); P~ and P" denoting the as-
sociated Fourier multiplier. Since Sg is hermitian symmetric, P~ is in
fact the orthogonal projector on E_(Sg). The problem (6.2.3) can then
be written:

{ SpOy0 = SpAgpt + RIS(A))""f, {z >0},

P 9|,—0 =PIy,

This problem is well-posed because, as a direct Corollary of Proposition

6.2.2, we have:

Proposition 6.2.7. For all ¢ such that 7%+~ + |n|*> = 1, there holds:
e Sr(C) is hermitian symmetric.

e R (SrAR) () is positive definite.

e —Sgr(() is definite negative on ker I'g and the dimension of ker I'g
is the same as the number of negative eigenvalues of —Sg(().

Proof. For the sake of simplicity, let us omit the dependence in ( in
our notations.

e Sp := R'SR™! and both S and R are hermitian thus Sy is

hermitian.
o SpAr = R7'SAR™!, thus for all ¢ € CV, there holds:
2(R(SrAR), q) = (SrARY, 9)+(q, SkARG) = (RT'SAR™'q,q)+(q, R"'SAR ),
since R~! is hermitian, we have then:
= (SAR'q,R ') + (R™'q, SAR 'q) = 2(R(SA)R"'q, R 'q).
Since R(SA) is positive definite and R is invertible, R (SgAg) is

thus positive definite.
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e By construction of R, it satisfies ker I'p = E | (Sg), with Sk her-
mitian. As a consequence —Sg is definite negative on ker I'g and
the dimension of ker 'y is the same as the number of negative
eigenvalues of —Skg.

O Let us mention that, since R and S remains uniformly bounded in
¢#0, fand R71S(Ay)~! f belongs to the same space. In a same spirit
as [FGO7], this suggests the following singular perturbation of (6.2.3):

SRrO;0° — éIP’_@EIKO = SpARV" — %IP’_FQLKO + RIS(A))7Y, {z eR},
This is equivalent to perturb (6.2.2) as follow:

S0,0° — ERPRQEIKO = SAW — éRPPQlKO +S(A)7f, {z eR},
Finally, this induces the following perturbation for (6.1.1):

1 1
(6.2.4) Mo + M loco = floso + 0loco, {7 €R},

let<0 = 07
where
M = —"AgS ' RP™Re ",
0 = —¢" AT RPIT,

and S(0;, 0,) [resp R(0, 0,)] denotes the Fourier multiplier associated
to S(C) [resp R(C)].

6.3 Proof of Theorem 6.1.6, Theorem 6.1.11 and
Theorem 6.1.12.

First, we construct an approximate solution of equation (6.2.4) (which
is also equation (6.1.4)), then prove suitable energy estimates that en-
sures u° and its approximate solution both converges towards the same
limit as

e — 07. Finally, we use the stability estimates previously established
in order to prove Theorem 6.1.11 and Theorem 6.1.12.
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6.3.1 Construction of the approximate solution.

u® is the solution of the well-posed Cauchy problem:

1 1
HQE + gMﬂslx<0 - f1x>0 + gelx<07 {.7} € R}7
u|t<0 = 0.
u® is moreover the solution of the well-posed Cauchy problem:
1 1
SA; MY + —SA MU Loco = SA fliso + —5A;'01,c0,  {z € R},
u|i<0 = 0.

The associated equation after tangential Fourier-Laplace transform writes

1 1 5
SO, 0° — ERP—R@ﬂKO — SAW = —ERIF’_FglKO + S(A9)  fles0, {x €R}.

or alternatively:

QE — Rfl,&s
1 1 R
SR + EP‘ﬁalKo = SRARD® + E]P"FQIKO + R7'S(Ag)Yf, {zr €R},

We will use the following formulation as a transmission problem in our
construction of an approximate solution:

SrO. 07" = SRARITT + RTIS(Ag) ", {z >0},
1 1

SrO 0T + =P 0°" = SRAR("™ + =P Tg, {x <0},
g £

@€+|x:O+ - ®€_|m=0_-

For Q an open regular subset of R¥*! and p € N, let us introduce the
weighted spaces H¢((2) defined by:

Hﬁ(Q) ={w e " L*(), ||wHH$(Q) < 00};
where
||WH12H$(Q) = Z 7p_|a‘||6_7taaw|’%2(sz)'

a,lal<e
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We will construct an approximate solution ug,,, of u*. ug ,, will be con-
structed as follow:

5 e+
gapp - Qapp]‘$>0 _'_ uapp133<07

et
where ugz,

ansatz:

is an approximate solution of u** satisfying the following

U, wa,,

where the profiles U7 belong to Hﬁ_aj(Q%), where Q7 stands for [0, 7] x
R%. Denote

'yt € _ et
Vgpp = BF (€77 ;) 1= U5 1as0 + U5 La<o-

vapp is then an approximate solution of v** and is of the form:

= VG0
where
+ —ytrrE
Vj = RF(e 7tQj),

and conversely

U = ' (RVE).
The profiles U j[ can be constructed inductively at any order. Let us
show how the first profiles are constructed: Identifying the terms in
L gives:
PV, =P Tg.
Hence, PTV;~ remains to be computed in order to obtain the profile

Uy =e"FH(RV).

Identifying the terms in €° gives then that V" is solution of the well-
posed problem:

(63.1) Spd. V" = SrARVy" + RT'S(A0) ' f,  {z >0},
- Pivoﬂxzo =P Tg.
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The associated profile
QS— — e'ytffl (Rfl‘/oJr)

belongs then to HZ (). Moreover, the problem (6.3.1) is Kreiss-Symmetrizable
and thus the trace of the profile U, see [CP81] for instance, satisfies:

Ugla=o € HY(T7).

Since V" has just be computed, Vj |,—o is given by: Vo' |.=0—Vy |e=o0 =
0 and thus, there holds:

P Vo om0 = PV |o=o-
Moreover
SRaxVb_ — P_Vl_ = SRARVO_, {ZE < 0}
Projecting this equation on E, (Sg) collinearly to E_(Sg) gives then:
SRﬁxIPﬂ/O_ — IPH_SRAR‘/O_ =0, {ZL‘ < 0},

Since
]P”LSRARVO_ = IP*SRARIP”LVO_ +PtSRrARP T,
we have then:

SRaIOPH_Vb_) — IP+SRAR(P+‘/O_) = ]PH_SRAR]P)_FQ, {Zlf < 0},

and as a consequence, PTV;™ is solution of the following problem:
(6.3.2)
SRaZ(PJr‘/(;) — PJFSRAR(]P)JF‘/(;) = P+SRAR]P)7F.§ {$ < 0},
]Pﬁ_‘/o_|ac=0 = P+%+|x:0~

Let us precise how (6.3.2) has to be interpreted: we denote w = P*V".
w is then totally polarized on E, (Sg), and satisfies the problem:

Ptw =w
(633) SROxw — ]PH_SRARUJ = ]PH_SRAR]P)_FQ {1’ < 0},
w’x:O - IFﬂ_‘/o—i_|m:0'
As we will see, the problem (6.3.3) is Kreiss-Symmetrizable and thus

well-posed. Indeed, for all ¢ such that 72 + +% + |n|> = 1, we have,
omitting the dependencies in ¢ in our notations:
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e For all ¢ € C¥, there holds:

(Srq,q) = (¢, Srq).

e Since Re(SrAR) is positive definite and P* is an orthogonal pro-
jector, there is C' > 0 such that, for all ¢ € E,(Sg), there holds:

(PTSRARPTq, ) + (g, PTSRARP ) > C{q. q).
Indeed, for all ¢ € E,(Sg), there holds:
(PtSRARPTq, q) = (PTSRARPTq,Ptq) = (SRARPTq, PYq).

e —Sg is definite negative on ker P* that is to say, that there is
¢ > 0 such that, for all ¢ € ker P*, there holds:

(=Srq,q) < —c{q,q).

Moreover ker P* has the same dimension as the number of nega-
tive eigenvalues in —Sg.

The profile U, can then be computed by:
Uy =e"F (R (w+PTg))

belongs to Hj(Q}), moreover its trace Uy |,—o belongs
to H¥(Y7). Consider now the equation:

P_Vi_ = SR&CVO_ — SRAR‘/O_a {$ < O}
Since PV, |,—0 = P~ V;" | =0, V;" is solution of the well-posed problem:

{SRafoL = SRAR‘/{’_? {ZE > 0},
P~V sm0 = SrOLVy |zm0 — SRARVy |1=0-

Due to the loss of regularity in the boundary condition, the associated

profile
Qii- — e’ytJT_'—l (R—1‘G+)

3
belongs to Hj 2(Q2F), moreover its trace U |,—o belongs
3

to HA]:_?(TT). Moreover, applying P* to the equation:
]P)_‘/Z_ + SRAR‘/l_ = SRGIVf, {1‘ < 0},
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we obtain:

SR@CIP’JFVl_ = ]P)+SRAR]P>+‘/1_ + P+SRARP_‘/1_, {I < 0},
PV lo=0 = PTV) om0

As before, let us take PTV]™ as the unknown of the well-posed problem:

SR81<P+‘/17> — PJFSRAR(]P)JF‘/f) = IED+SRAR (SR(‘?I‘/(; — SRAR‘/(;) s {l’ < 0},
(P+‘/1_)|x:0 = P+V1+|x:0'

This problem is Kreiss-Symmetrizable since, for all { such that
72 +~2 + |n|? = 1, there holds:

e For all ¢ € CV, there holds:
(Sra, @) = (¢, Srq)-
e There is C' > 0 such that for all ¢ € E,(Sg), there holds:

(PTSrARPYq, q) + (¢, PTSrARPq) > C(q,q).

e —Sg is definite negative on ker P* that is to say, that there is
¢ > 0 such that, for all ¢ € ker P*, there holds:

(=Srq,q) < —c{q,q).

Moreover ker P* has the same dimension as the number of nega-
tive eigenvalues in —Sg.

However, due to a loss of regularity in both the source term and the
boundary condition, the associated profile

Uy =e"F (R (PTVy + Sgo.Vy — SrARrVy))

3
belongs to Hj 2(Q7). The construction of the following profiles can be
pursued at any order the same way. In practice, we take:

e+ _ g7+
Uapp = Uy,

u, =Uy +eU7.

app
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e+ .
As aresult, the approximate solution writes ug,, := uapp1x>0 +ug,, Le<o;

where ugt belongs to HF(Q7) and ug,, belongs to H : Q7). w5, is

—app —app app
then solution of a Well—posed problem of the form:

1
Hus +Mu

(6.3.4) “app Ugppla<o = flaso + 91:1:<D +erf, {z R},

Qapp|t<0 - 0
Where 7¢ := r®T 1,0 + r° 1,0, with 7" € HA]:_E(QJTF) and
€ HE3(Q7).

Remark 6.3.1. In the case where g = 0, the loss of regularity in the
profiles is delayed by one step. As a result, in this case we obtain:

a k

ugy, € HY(Q7),

u;,,, € HY (),

rt e HEQ),
3

e Hy 2(Q).

6.3.2 Stability estimates

We will begin by proving energy estimates on the following equation:
1

(6.3.5) SrARE" — SRO,E° + P~ ¢ 1, =cr°, {x € R},
€

where ¢ = R (F(e"uf) — F(eug,,)) = 0% with w® = u® —ug .
Refering to (6.3.4), w*® is the solution of the Cauchy problem:

1
Hw® + -Muwl, o = er’,
(6.3.6) Wt ¥ Lo = 6L

w€’t<0 =0

For a fixed positive e, the perturbation is nonsingular and thus the
principal part of the pseudodifferential operator H + %M is the same as
the principal part of H. Hence, there is a unique solution of the Cauchy
problem (6.3.6): w® which belongs to H¥~3(Q7). In order to simplify
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the notations, in this chapter we shall denote by L? and H 2 the spaces:
L2(QT> and H$(QT>
We recall the definition of the weighted spaces: H¢(Qr) for p € N.

H(Qr) = {w € "L (1), @]l aeap) < 00};
where

||WH?{$(QT): Z ’Ypfla‘HeﬂtaawH%Z(QT)-

a,lal<e

For fixed positive ¢, there holds:

/ Ou(Sré, &) 2 da = 0.

o0

<:>/ 2Re(Sr0.€%,€6%) 2 dx = 0.

Using the equation, we have then:

0 1
/ Re(SpApé® + P76 — e, &) 12 do = 0.

o0

which is equivalent to:

00 -1 0
/ Re(SpAné®,é) 2 de = — [ Re(P~&ei®, é),» du

o0 € —00

o)
+€/ Re(r¢, €%) 2) du.

But Re(SpAgés, é®) = (Re(SgpAg)é®,é°) and Re (SpAg) is positive
definite, hence there is C' > 0, independent of £ such that:

1 o o
Cy|lé¥]]32 +g/ Re(P~é°, é°) §/ Re(er® é%) 2 dx.

—00 [e.9]

Thus, because P~ is an orthogonal projector, for all positive A, there
holds:

. | 1/v,. Ay
O + 21 < 5 (T + S0l )
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Choosing A big enough we have C'— 5 > 0 and the following energy
estimate:

. N
(0= ) el + 2Pl < 5 17l

This shows that é° converges towards zero in L? when ¢ tends to zero,
with a rate in O(g). We recall that é° is given by:

=RF (e ’Yt( app—f))?

and 7° is given by:

= RF (e‘”tf) )

Moreover, since R and P~ are two uniformly bounded, uniformly def-
inite positive matrices, there are two positive real numbers o and

such that, for all ( # 0 and x € R, there holds:
o aflF (e (ug,, — ) 172 < [l€°)1Z..
o a|P"F (e (g, — ) 172 < [IP7€°|12,
o [[F°)I72 < BIF (e7x%) |17

Applying then Plancherel’s equality we obtain then:

(0= ) Mty = g+ I (i — ) P < & S0 oo

We have thus proved there are two positive constants ¢ and C' such
that:

Ce?
C’YHU’app —u ||e’YtL2 + _||M (—app E) || evt[2 < THT ||e”/tL2
._ 2
Let us denote by ||.[|5, = \/H HHQ @+ ]|.HH$(Q;). More generally,

when r € H?, there is two positive constants ¢, and C, such that:
ol — w3 + M (i, — ) 3% < 2211712
P Il1=app = I HY € =app = HY — v - H5

As we have seen during the construction of the profiles, o = k — 3 in
general and p =k — % in the case where g = 0.
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6.3.3 End of the proof of Theorem 6.1.6.

As a consequence of our stability estimate, there holds:

i]k—3(§2;) + ”szp o

[T | =0(e?).

2
=app HF=3(Q1)

Moreover, by construction of ug ,, there holds:
3

||gapp - g_||i]k73(g;) + ||g2pp - u”?{ka(Q;) = 0(62)’

Hence, we have proved that:

[|u®

B u7|’i]"—3(ﬁ;) + ||gE - uH?-[k—S(Q;) = 0(52)-
By the same arguments, if g = 0, there holds:

+ |lu — ulf} =0(e).

e _ 2
Ju =] o

- =3 ()

This completes the proof of Theorem 6.1.6.

6.3.4 Proof of Theorem 6.1.11 and Theorem 6.1.12.
We recall that, by Assumption, there holds:

f e H(QF),

and
g € Hk(TT)

We denote then g the function defined by:

~ 22
g(t,y,x) :==e " g(t,y),

and by g* the restrictions of § to &2 > 0. For all 0 < v < 1, there is
f, in H*(QF) and §, := e *"g,, such that:

1fv = fllks < v,

and

19 = 9l + 19, = Gllarr) + 19w = gllmreen) < v,
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with §F|,—0 = ¢,. We denote then by u, the solution of the mixed
hyperbolic problem:

Hu, = f,, {z >0},

Fw,|e=0 = Tgu,
U, li<o =0
Let us denote v, := u, — g}, v, is solution of the mixed hyperbolic
problem:
HQV:fV_Hg;ru {LU>0},
F2y|x:0 =0,
yy|t<0 - O

and by ug, := (07" + ¢ )1uz0 + (07 + G, ) Luco, Where
v, =00 1,50 + 05 1aco

is defined as the solution of the Cauchy problem:

1 - -
Hu;, + EMQiLKo = (fy = Hg/)1lis0 — HG, Loco, {z €R},
Qi’t<0 = 0.

As a consequence of the result we have just proved, we have then, for
all fixed v > 0, Vs > 0:

3
14

< 01,52

|v5 — vy | ism;) +[Jvf — v, ismp 7

with v} |,—0 = v, |s=0. Let us define: w, := v, + ¢, 1,0, we have thus:

2

Hs(Q7) + [lug, — w,| 2

He ()

)

||Ey S CV€2’

—u, |
with u |s—0 = Uy |e—0. u, = v, + 7, , with v := e F (R0 ) and
w,, is solution of the Kreiss-symmetrizable problem:

v

SRawa; — ]P)+SRARw; = —R’lS(Ad)*lf(eﬂtH:(j,j), {.CE < 0},
@;L{::O = P+R@V|$:O7

where 0, stands for the Fourier-Laplace transform of v,. In this equa-

tion, w, depends from v only through its boundary condition. More-

over, since v, is solution of a mixed hyperbolic problem satisfying a Uni-
form Lopatinski Condition, there is Cy > 0 such that: |2, — 9| gr(r,) <
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Civ, and as a result: |, — 0| grq-) < Cov. Using the properties of
g, , there is some function u™ such that.

lu, = u” [ gr oz < Cav,

moreover it satisfies:
Q_’xzo = u’az:O'

Considering now the difference u, — u, it is solution of the well-posed
mixed hyperbolic problem:

H(u, —u)=f,— f, {z >0},
F(Z_LV - U’)|CC=0 = F(gV - 9)7
(w, — u)lt<o =0

Since this problem satisfies a uniform Lopatinski condition, and ex-
ploiting the definition of f, and g,, there is ¢ > 0 such that:

lw, — UHHk(Q;) < cv.
Moreover we have:
s — Pty < 5 = 20 gy + = e
and
[|us, _Q_Hi]k(g;) < lu;, —u, HHk + u, —u” ||Hk Q7)’

hence there are two positive constants ¢ and C, such that:

s = gy + 55— Brngey < 0+ Cuc®
Let us fix § > 0, we obtain then, for small enough ¢ > 0:

lup — Gy + s — 2 oy <6,

by taking for instance 1> = 2. Considering now v as a continuous

2c
function of ¢ yields:

2
Huu(s U’Hf’—[k(Q;) + Hﬂzex( —u HHk(Q )< c(v(e)) '{'Cl/(a)g2
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So, considering the functions v such that:

511%1+ V<€) =9,

and
lim Cy(€)€2 = 0,

e—0t
we obtain Theorem 6.1.11 and Theorem 6.1.12. Note that the Assump-
tion
lim Cy(s)ez =0

e—0t

ensures the rate of convergence of v towards 0, is not too fast.

6.4 Proof of Theorem 6.1.13, Theorem 6.1.16, and
Theorem 6.1.17.

Like in the proof of Theorem 6.1.6, we begin by constructing formally
an approximate solution of equation (6.1.7). We prove then suitable
energy estimates that ensures both u® and its approximate solution
converges towards u as € — 0. We establish then Theorem 6.1.16 and
Theorem 6.1.17 relying on the proved stability estimates.

6.4.1 Construction of an approximate solution.

The goal of this Lemma is to replace the boundary condition I'u|,—¢ =
I'g of problem (6.1.1) by a condition of the form P~ (e ""u)|,—o = h
with a suitable h € H*( 7).

Lemma 6.4.1. Let u denote the unique solution in H*(QL) of the
mized hyperbolic problem (6.1.1), P (0, 0,,7) (e ") does not depend

of the choice of the boundary operator I' and of g. Let us introduce the
function h of H*(Yr) defined by:

P~ (e7"]sm0) + IL (e7"(g — v]s=0)) -

The solution u of the mixed hyperbolic problem (6.1.1) is the unique
solution of the following well-posed mized hyperbolic problem (6.4.1):

Hu=f, {z >0},
(6.4.1) P (8, 0y,7) (e " ulsmo) = h,

u|t<0 =0
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In addition, the mapping (f, g) — h is linear continuous from
H*(QE) x H¥(Yr) to H*(Y7).

Proof. Let v denote a solution in H*(Qr) of the equation:
{Hv =f, (t,y,z) € Qr,
V]t<o =0

We introduce then U which is, by definition, the solution of the follow-
ing mixed hyperbolic problem:

HU=0, {z>0},

E(ata 83/7 7)U|LE:0 - £(8t7 ay7 7)9 - E(ah 8@/7 ’Y)le:Ou

[U‘t<0 =0

The right hand side of the boundary condition is, a priori,

1 1

in H*=2(T7). Hence the solution U belongs to H*~2(2}.). By construc-
tion we have:

(6.4.2) u="U+w.
Hence, since u € H*(2}) and v € H*(Q2}), in fact we have:
U c H*QF).

Let U denote the Fourier-Laplace transform in (¢,y) of U (Fourier-
Laplace transform tangential to the boundary) given by: F(e 7*U). It
satisfies the following symbolic equation:

{ 8,U =AU, {z >0},
L(¢)Ulam0 = T(¢)g — T(C)dlumo,

where g and v denotes respectively the tangential Fourier-Laplace trans-
form of g and v. Since A(() is independent of x, projecting the above
equation on E, (A(()) gives then:

9,PTU = A(C)PTU.
Moreover PTU|,—o € E_(A(C)) NEL(A(()) since lim, .. PTU = 0.
Hence, there holds: R
PTU =0,
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and thus

A~ ~

U=P U
The boundary condition:
L(¢)Ule=o = T(€)§ — T(¢)0loo

is equivalent to: R
Ulz=0 € § — V|p=0 + KerT".

We have thus: R
P Ul|,—0 € § — 0]y=0 + kerT.

Let us denote by IT the projector on E_ (A) parallel to ker I', which has
a sense because the Uniform Lopatinski Condition holds.

Since Ul,—o € E_(A), and of the Uniform Lopatinski Condition, the
above boundary condition is equivalent to:

IIP U], = TL(§ — 6]a—).
and thus, because P~U|,—o belongs to E_(A), we have:
P U, = II(§ — b]s—0)-
As a consequence, we obtain:
Pl = P il + T1(§ — ],0).
Hence, there holds:
P~ (eﬂtubzo) =P (eﬂtU’x:O) +1I (eﬂt(g - U|x:0)) = h.

P(0,,0,,7) (e ") = P*(d,,0,,7) (ev), thus it does not depend
of the choice of the boundary operator I' and of g. Moreover, since
Ulp—o € H*(Y7), it follows that

g € H*(Tr). Now, since the Uniform Lopatinski Condition holds, u
satisfies the following energy estimate:

1
;HuHithZ(Q;) + ||u|x:0||gth2(TT) < 7”][”;@2(9;) + HgHeWLQ(TT)v
More generally, we have:

1 2 2 2
;HUHH];(Q;) + Hu’I=0|’H’§(TT) < 'YHfHijc(Q;) + |‘9HH§(TT)'
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where ||w||§{k = Z|a| O'Vk |a\||aaw||67%2
h=P" (e‘”tu\xzo) hence
HhH%Z(TT) < CHe*”tu\ﬁoH%a(m = CHu‘I=0H§WL2(TT);
and for 0 < 7 < d — 1, there holds:
105h 1172 vy < 5l P~ F (e w)lamoll < fllulamollirzray.
More generally, we have:

1 e ey < Corll F Iy + Collglaeer
@7) B

But 7 is a positive real number fixed once and for all at the beginning of
the paper, hence this proves that the mapping (f,g) — h is continuous
from

H*(QE) x H*(Y7) to H*(Tr). O As we
will see, Lemma 6.4.1 is central in our construction of an approximate
solution. We will construct an approximate solution

€ . e+
uapp T uapp1$>0 + uapp1$<07

along the following ansatz:

app : Zgj t Y, T

_3 -3
with uf € Hy (), uf |o—o € Hy *'(T7); and

app Z 5] t Y, T

with u; € H 2](Q )s Uy |z=0 € H 2j(TT). As usual, we will refer to
the terms uj[ as profiles. We will rather work on the reformulation of
problem (6.1.7) as the transmission problem (6.4.3):

(Hut = f, {z >0},
1 1 ~
e— - VNPp— =7t e— — _ vt

(6.4.3) Hu™ + gAde P ey gAde h, {x <0},

U | — U om0 = 0,

U8i|t<0 =0
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Plugging u;} and u;,, in (6.4.3) and identifying the terms with same

power in €, we obtain the following profiles equations:

e Identification of the terms of order ¢! :

(6.4.4) Age"P e Mg = Age’h,  {x <0}

e Identification of the terms of order £ :

(6.4.5) Huy + Age”P e Muy =0, {z <0}

(6.4.6) Hud = f, {z >0},

e Identification of the terms of order &/ for j > 1:

(6.4.7) Hu; + Age"P e ur,, =0, {z <0}

(6.4.8) Huf =0, {z>0},

e Translation of the continuity condition over the boundary on the
profiles:

For all 1 < j < M, there holds:
(6.4.9) Uy =0 — U} |20 = 0.
Denote by @; := F(e u;) . We have then:
ug =" FNa).

We will now give the equations satisfied by the Fourier-Laplace trans-
form of the profiles: ﬁj[ First, equation (6.4.4) is equivalent to:

P-a; = F(h), {z <0}
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We deduce from this equation that there holds:
P iy oo = .
Then, using (6.4.9) for j = 0, and (6.4.6) gives that, for v big enough,
o = Fle i),
where g is the solution of the well-posed first order ODE in z:
{&cﬂé — Aug = F(e"(Ag) f), {z >0},
P4 |,—0 = h,
Thus ug is solution of:

{Hu(—)‘r:fa {$>O}’

'"P e " ud | =0 = h.

Thanks to Lemma 6.4.1, we recognize ug as the solution of our starting
mixed hyperbolic problem (6.1.1). Once ug is known, so is @7 and thus
Uy |z=0 is given by:
Uy o0 = a(—)i_’xzo'
Moreover,
Ug la=0 = U la=0 € HY(Tr).

By (6.4.5), there holds:
Opig — Aty +P7uy =0, {x <0}
As a consequence, P4y is given by the well-posed ODE:

0x(PTig) — A(PTig) =0, {z <0},
P+/Ila‘x:0 = P+’&S_’x=0'

Indeed, since ker P*({) = E_(A(()), this problem satisfies the Uniform
Lopatinski Condition: for all ( # 0, there holds:

E_(A(Q) D E+(A()) = C.

For v big enough, by linearity of the inverse Fourier transform, u, can
then be computed by:

uy = e"F P Tag) + " F (P ag).
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Following up with that process of construction, we can go on with the
construction of the profiles at any order. Indeed, assume that all the
profiles (uj, u; ) up to order j have been computed. Then consider the
equation obtained through identification:

P i, = —0,u; + Auy, {r <0}

J

We see there is a loss of regularity between 4, and ;.
Let us say that u]i € HY7 (7). Considering the traces, we have then:

777)—l . . .
u}t\x:o € H,” *(Yr). We will show in this part how the Sobolev
regularity of the profiles ujﬁrl, which is by definition m;,;, can be

computed knowing m;. To begin with P~ u ., ; belongs to H;nj_l(QT).
’m—§ . —
P u} ) |x—0, Which belongs to Hy” *(Ty), is known by P™u}\|,—0 =
' FHPTU 4 |o—0), with:
P il lomo = Pl a0

Hence, @}, , := F(e "u;,,) is the solution of the first order ODE in x :

Optify, — Auf, =0, {x >0},
P=if 1 |omo = P71 oo

Since ker P~({) = E, (A(()), this problem satisfies the Uniform Lopatin-
ski Condition: for all { # 0, there holds:

E_(A(Q) D E+(A()) = C.

3
As a consequence, this problem is well-posed and, u,, € HY" 72 ().
Moreover, there holds:

m;j—3

uj-i-ll:v:O = Ujy1la=0 € Hy” *(T1).

3
Indeed, P*af,, € H*(RY") hence P*ul, |.—o € Hy’ *(Tr) and thus

3
3
U 1|e—0 € Hy' ?(Yr). Furthermore, we have:

u;+1 |x:0 = u;r+1‘x:0-
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Applying P* on the following equation:
P iy, = =005, + Aty,y, {x <0}
we obtain then the equation:

dx(P*ay,,) — APTa;,, =0, {z<0}.

Remark 6.4.2.
P iy, = =005, + Aty,,, {r <0}

shows that the "Fourier profile’ i, must be so that —0yi;,, + At

is polarized on E_(A). It is indeed the case because we search for i},

satisfying:

0, (P i

o) — APt =0, {z <0}

u;,q is given by:
Uiy o= e”’tf_l(P_ﬂ;H) + 67tf_1<P+@;+1)-

3
with Ptuy,, = e F ' (P*a;,,) belongs to Hy’ *(Qf) and is the
unique solution of the well-posed first order ODE:

a€L“<]‘:)+7:Lj7—|-1) o A(P+a;—|—1) = 07 {l’ < 0}7
P oo = PTil oo
3
The profile u;, ; belongs to H." "2 (7). This achieves to show that the
knowledge of (u},u; ), allows us to compute (u};,u; ;).
Moreover mji; = m; — %, that is to say that a construction of each

supplementary profile consummate % of Sobolev regularity. In practice,
we take:

UZ;p = u(J)r7
U, = Ug + €U
As aresult, the approximate solution writes ug,, := ufgplwo +ug,, Le<o;
where ugf belongs to H¥(Q2}) and uj,, belongs to Hflyﬁf%(Q;). The so

defined ug,, is solution of a well-posed problem of the form:
(6.4.10)

Hu®

app

1 1 ~
+ gAdeth_e_vtus ]-a:<0 = f]-a:>0 + gAdefyth]-a:<0 + gra’

app

€ —
uapp|t<0 =0
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_5
Where 7€ := r®T 1,0+ r° 1,0, with 7" € Hj ?(Q7) and
e e Hi(Qr).

6.4.2 Asymptotic Stability of the problem as ¢ tends towards
Zero.

Denote by v* = ug,,

following Cauchy problem:

— u®. By construction of ug, , v® is solution of the

1 -
(6.4.11) Ho® + ZAae P e 0 o = e,

UE’KO =0

For all positive e, this problem is well-posed. In order to investigate
the stability of this problem as e goes to zero, we will reformulate
it as a transmission problem. The restrictions of v* to {x > 0} and
{z < 0}, respectively denoted by v** and v*~ are solution the following
transmission problem:

((Hot =ert, {2 >0},

1
(6.4.12) H™ + A" Pre T = e, (o < 0h,

UE+|$:O - Us_lz:O - 07

L U5i|t<0 =0

Let us denote by V¢ the function, valued in R?", defined for all {z > 0}
and (t,y) € [0,T] x R¢1 by:

: _( V(@)
Vit =yl )
v° is solution of the Cauchy problem (6.4.11) iff V¢ is solution of the
mixed hyperbolic problem on a half space (6.4.13) given below:

HVE + BVE =eR°, {z> 0},
(6.4.13) TVeloeo = 0,
V€|t<0 =0 )

where o
~ — A0 A; 0
H=8t+2( J Aj)8j+( 0 _Ad)aw’
j=1
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. (0 0
B = ( 0 %Ademfg_e”'5 ) ’

Rs(ty,w):( o ha,) )

e (tv Y, —T )

and _

F=(Id —Id).
Returning5to the construction of our approximate solution, we have
R € Hy *(QF) x HF#(QF) and is such that RB|i<o = 0.
In fact R° € Hjl(fﬁ) with & = k — 3. For all positive ¢, there exists
a unique solution V¢ in HA’/“(Q}L) to the above problem. We will prove
here that this solution converges, uniformly in ¢, towards 0 in Hﬂ’f'(QJTr ),
as € vanishes. As in the proof of Kreiss Theorem, see [CP81] for in-
stance, existence of solution for mixed hyperbolic systems like (6.1.7)
or (6.4.13), are obtained through the proof of both direct and ’dual” a
priori estimates on an adjoint problem. This estimates results in the
constant coefficient case of estimates on the Fourier-Laplace transform
of the solution. Additionally, if this ’Fourier’ estimate can be proved,
both direct and 'dual” energy estimates are deduced from it. In a first
step, let us recall formally how to conduct the Fourier-Laplace trans-
form of a mixed hyperbolic problem:

Mu=f, {o>0),
Fu‘x:O =49,

u|t<0 =0 y

Denote by u, := e "u, u, is in particular a solution of the following
problem:

{Hu* +qu, = e "f, {z >0},
Fu*|x:0 =g

We take then the tangential (with respect to (t,y)) Fourier transform
of this equation, which gives:

-1
AgOytiy + (77 +97) Uy + ) Z A, =F (e‘”tf) , {x >0},
j=1

~

Fu*‘z:O = §7
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Multiplying this equation by A", we obtain that u* is solution of the
following ODE in z:

Oplly — Al = (Ag) " F (e7'f), {z >0},
Fa* ’x:O = g
Note that, @, and u can be freely deduced from each other through the

formulas:
i = Fe ")

and
u =" F(a,).

We shall now introduce a rescaled solution V¢ of the solution V¢ of
(6.4.13) defined as follows: V°(t,y,x) := Ve(t,y,ex), and the rescaled
remainder: R°(t,y, ) := R*(t,y,ex). Denoting by V' = F(e V), the
associated equation writes then:

0,V —eAV + MV = 2R, {z > 0},
f26’x20 =0

where 0 .
M(Q) = ( I ) |

eA(C) = A(e€) = A(Q),
with ¢ = (7,%,m) := (. Moreover P~ is homogeneous of order zero in
¢. Let us denote R(C, ) := R°(¢,z) and Ee(é,x) .= V°(¢, x). Hence
Eg is solution of the following problem:

We remark that

~ A

oV + [-AQ) + MOV =2 (a), o >0},
fiﬂr:ﬂ =0

As a consequence, the Uniform Lopatinski Condition for problem (6.4.13)
writes: For all ¥ > 0,

~ ~

det(E_(A() — M((),ker )| > C > 0.

In view of the proof of the Proposition (6.4.3), we recall that the spaces
E4(A) have to be considered in the extended sense defined above.
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Proposition 6.4.3. Since H satisfies the hyperbolicity Assumption in
Assumption 6.1.1, the Uniform Lopatinski Condition is satisfied for
our present problem; that is to say that, for all { such that v > 0 there
holds:

~ ~

|det(E_(A(C) — M((),kerI')| > C > 0.

Proof.  We will begin to show that the Uniform Lopatinski Condition
writes as well that for all { # 0 there holds:

(6.4.14) E+(A(¢) = PT(O)[ E-(A(Q) = {0}

This notation keeps a sense for QA' such that 4 = 0 because we will prove
a posteriori that the involved linear subspaces continuously extends
from {(,5 > 0} to {¢,5 = 0}. Then we will prove that, for all {, the
property 6.4.14 holds true. The Uniform Lopatinski Condition writes
actually, for all ( # 0 :

E(A(¢) — M) (ker T = {0}.

and thus, since we have:

~

E_(A(C) — M(C)) = E_(A()) x E+(A({) — P~(()),

and by definition of f, the Uniform Lopatinski Condition writes then
that, for all ¢ # 0, there holds:

E (AQ) — P () (E-(A(S) = {0}.
Lemma 6.4.4.
E (AQ) -P () =E- (A(0),
Ey (A0 - P(0) =E4 (AQ).

Proof. For allg # 0, there is an invertible N x N matrix with complex
coefficients P({) such that: P~'AP is trigonal and the diagonal coeffi-
cients are sorted by increasing order of their real parts. Let us denote
by v the dimension of E_ (A) . The above matrix P traduces the change
of basis from the canonical basis of CV into (vi,..., 0, Vpi1,...,0n),
where

Span ((vk)1<k<r) = E— (A),
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and
Span ((vk)v+1<k<n) = E4 (A) .

Moreover, there holds
P'PP=D

where D is the diagonal matrix whose v first diagonal terms are equal
to 1 and the N — v last diagonal terms are null.

HA-P)P=P'AP - D.

P~ 'AP — D is also trigonal, with the same eigenvalues with positive
real part as P~'AP and the same eigenvalues with negative real part
as P71AP — Id. As a consequence, for all ¢ # 0, there holds:

E (AQ)-P () =E- (A(0),
Es (AQ) - P (0) =B (4Q) .

O

As a consequence of Lemma 6.4.4, the rescaled Uniform Lopatinski

Condition for ¢ > 0,& — 0 happens to be exactly the same as the one
written for bigger positive . Indeed, it writes, for all { #£ 0 :

O E- ={0}.

O The Lopatinski condition is satisfied, and, as
a result, the following, uniform in e, energy estimate holds for V*, for
all Y Z V! > 0:

VIV W oty + I Lol ) < HEREHH;« @)
which is equivalent to:
(6415) 2V Byg gy + IV amollrgery < 1R o

This proves the convergence of V¢ towards zero in H¥' (). The weight
7 is fixed beforehand thus, in fact, the solution of (6.4.13) tends to zero
in H¥(Q7) at a rate at least in O(e).
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6.5 End of proof of Theorem 6.1.13.

Let us consider V¢ defined by:
(b, @) —u (t,y, ) )
Ve(t,y,x) = Uapp o )
( Y ) ( app(t Y, — ) u (t7y7 —LE)

This notation is perfectly fine because the so-defined function is solution
of an equation of the form (6.4.13). Moreover, thanks to the stability
estimate (6.4.15), there is 7y positive such that, for all v > ~;, we have:

’YHUpr_uEH?{,’$—3(Q+)+ry||uapp EHHk 3( +||uapp u6||§{,’$—3(’rT ||€RE+||H’€ 3 Q+)

Hence, it follows that:

)

||uapp - U“a”?{ka(Q;) + ||u2pp - u5||§{k73(97—1) = 0(52)‘

Moreover, by construction of ug,,, we have:

||u2pp - u||§{k73(9¥) + ||u2pp - u_||§_[k73(ﬂ;) - 0(52)‘
As a result, we obtain that there holds:

HUE - uH?{k—S(Q;) + HUE - uiHiﬂf—:ﬂ(Q;) = 0(52)-

This concludes the proof of Theorem 6.1.13.

6.5.1 Proof of Theorem 6.1.16 and Theorem 6.1.17.

As we have proves in Lemma 6.4.1, the solution u of the mixed hyper-
bolic problem (6.1.1) is also solution of the equivalent mixed hyperbolic
problem:

Hu=f, {z >0},
£7<8t7 ay77) (G_Vtu|1’:0) = h)

uli<o =0
We recall that, by Assumption, there holds:
f € HYQf),
and
g < Hk(TT),
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and that h is defined by:

h:= e_x2h,
with h = P (e "v|,—0) + e (g — v|y=o). For all 0 < v < 1, there is
f, in H*(QF) and h, € H*(Qr) such that:
1o = ks < v,
and
17w = Bl grazy + 1he = Bl grgy + 1A = hllgeeeg) < v,
We denote then by u, the solution of the mixed hyperbolic problem:
Hu, = f,, {z >0},
B_ (at7 ayu fy) (ei’ytuV’fEZO) = h‘l/7

Uu|t<0 =0
There is m,, such that
P (0;,0,,7)e "m, = h,.
Indeed, we can take:
m, = e F! [P_]: (e"ytv,,|$:o) +ILF (e_vt(gy — Uu|z:0>)]
Where v, is the solution of the Cauchy problem:
Hu, = f,, (t,y,z) € Qr,
{ Uu|t<0 =0

and g, belongs to H*(Yr) and is such that:
lim 190 — 9ll vy = 0.

We define then m,, for all (¢,y,x) € Qp by:

~ 2
m, = mye ~

The restrictions of m, to £z > 0 will be denoted by m¥. u, is then
also the solution of the mixed hyperbolic problem:

Hu, = f,, {z >0},
Fuulx:O = ng,

Uu|t<0 =0
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Now consider w, defined for {x > 0} by:
W, =u, —m},

w, is the solution of the following mixed hyperbolic problem satisfying
a Uniform Lopatinski Condition:

Hw, = f, — Hfﬁj, {z > 0},
P~ (atu ay’ 7) (e_vtwu|z:0) =0,

and by us = (Wit + m} ) 1,50 + (Wi~ + M, )1z<0, where
wy = Wy a0 + w1
is defined as the solution of the Cauchy problem:
1 ~ ~
Hwe + = Age"P e "Wileg = (f¥ — Hm ) 1aso — Hm, Loco,
3
Wy lt<o =0

As a consequence of the stability estimates we have just proved, we
have then, for all fixed v > 0, Vs > 0:

£

2
y <ceE

oy = w, |

?{S(Q;) + leg/ - wl/‘ )

2

H*(Q7)

with W |z—0 = Wy|z=0- Let us define: u, := w; + m;, we have thus:
3

||uz/ - u;”2 $(Q57) + “ui - uu”?qsm}r) < Cu527

with u|,—0 = Uy|s—0. w, can be computed by: w, = e F1(Q)),
where w; = Pt is the solution of the Kreiss-symmetrizable problem:

{am@; — AL, = —(A)) '\ F(e " Hm,), {x <0},

P+L‘Ajy_’x:0 = P+("AJZ/|CC:O7

where @, stands for the Fourier-Laplace transform of w,. Since w, is
solution of a mixed hyperbolic problem satisfying a Uniform Lopatinski
Condition, there is C > 0 such that: ||&, — @ gx(r,) < Civ, and as a
result:

[ ‘DHHk(Q;) < Cor.
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Using the properties of m;,, there is some function v~ such that:
lw, = w ez < Csv,
moreover it satisfies:
u_’w:O - u|x:0‘

Considering now the difference u, — u, it is solution of the well-posed
mixed hyperbolic problem:

H(Uy_u):fu_f7 {ZL‘>O},
I'uy — w)|em0 = T'(90 — 9),
(uy — u)|t<o =0

Since this problem satisfies a uniform Lopatinski condition, and ex-
ploiting the definition of f, and h,, there is ¢ > 0 such that:

[y — UHH’v(Q;) < cv.
Moreover we have:
5 = sy < s = 0l ) + e = e

and
hence there are two p051tive constants ¢ and C, such that:

||U uHHk Q+ + ||u1€/ - u_“i[k(g;) < CV2 + Cu€2-
Let us fix § > 0, we obtain then, for small enough ¢ > 0:

ey — el sy + s — v oy <6,

by taking for instance 1v? = %. Considering now v as a continuous

function of ¢ yields:
2
ey = ullin sy + o) — 0 o) < € (#()” + Cuee?
So, considering the functions v such that:

lig (0 =0
and
lim C,,(E =0,

e—0t

we obtain Theorem 6.1.16 and Theorem 6.1.17.

262



6.6 Appendix: Answer to a question asked in [PCLSO05].

Penalization methods are frequently used in numerical simulation of
fluid dynamics, when a boundary is involved, for example we can re-
fer to [ABF99] by Angot, Bruneau and Fabrie. Roughly speaking, the
main idea of this kind of approach is to immerse the original domain
into a geometrically bigger an simpler one called fictitious domain. The
main interest is that, for the obtained singularly perturbed problem,
the discretization is not boundary-fitted to the original domain.

In [FGO7], written with Gues, in view of future applications, the au-
thors give two results concerning the penalization of mixed semi-linear
hyperbolic problems with dissipative boundary conditions. The qual-
ity of the two methods proposed in [FGO7] are compared based on the
boundary layers they generate. However, it was not clear whether the
boundary layers forming were really detrimental in a numerical point
of view.

The goal of this note is then, taking as a basis the numerical study
of the convergence made in [PCLS05], to show that the numerical rate
of convergence, not as good as awaited, observed in [PCLS05] can be
explained by the formation of boundary layers.

Like in [PCLSO05], we will invistigate the quality of the approxi-
mation of the solution U of the 1-D wave equation (6.6.1) by a given
method of penalization.

OuU — 20,,U =0, (z,t) €)0, 7[xRT,
Ula=0 = Ulo=r = 0,

Uli=o(x) = sin(x),

8,Uli—o = 0.

(6.6.1)

As e — 07, we analyze the approximation of U by U¢ on the half-
space {x > 0}, where U¢ = U 1,-9+U® 1, is defined as the solution
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of the following hyperbolic transmission problem :

(0, U — 20,,UT =0, (1) €]0, [ xR*,
1

OpUT™ — 0, U™ + U =0, (z,t) €] — 00, 0[xRT,
€

U6+‘z:0 - U€7|x=0 = 07

aa:U8+|:L‘:O - aan—|x:0 = 07

U€+|z:7r = 07

Ut |—o(x) = sin(x), {Fz >0},

U™ |—o =0, {Zxz >0}

(6.6.2)

\

We prove the following result, observed numerically in [PCLS05] :
Theorem 6.6.1. For all0 < e <1 and T > 0 there holds:
).

The proof of this theorem incorporates an asymptotic analysis of
the boundary layers forming, at any order.

VI

1U° = Ullzgorp22(-00mp = Ol€

6.6.1 Proof of Theorem 6.6.1

We will now construct formally an approximate solution (U, Cf;p, Usop) of
the solution (U, U¢™) of the transmission problem (6.6.2). We shall
construct this approximate along the following ansatz:

M
Uiy = Z U (t,x)e,
=0

M
£— - z j
Uspp = Z U; (t,x, g) e,
=0
where the profiles U; (¢, z,2) := U; (t,z) + U; ™ (¢, 2), with

lim e U™ =0,

Z——00

for some a > 0. The layer profiles U™ serve the purpose of describing
quick fluctuations of the solution as e — 0.
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Since the stability estimates are trivial here, we will only focus on
the construction of

Uz, = Ush 1o + Ul Loco.

app

Plugging UsE into problem (6.6.2) and identifying the terms with

app
same power of £, we obtain the following equations:

U, =0,
moreover, U)~ = 0 as it is the only solution of the problem:

Ug~ —c0..U;” =0, {z<0},

azUE)ki’zzo = 07
lim Uy~ =0.

The function Ugf converges towards Uy as e — 07. As awaited, Uy is
the solution of the well-posed 1-D wave equation:

( 0uUy — 0,,Uy =0, (x,t) €0, 7[xRT,
Uy o= = Ug |o=0 + U3 ™ |2=0 = 0,
US_|$:7T = 07
Ug i=o(x) = sin(z), {z >0},

L O U i=0 =0, {z > 0}.

Let us now proceed with the construction of the next profiles. First,
remark that, not only U, = 0, but for all j > 1, there holds:

U; =0,

The profile U;™ satisfies the well-posed equation:

Ul_ - C2azzU1_ = _attUO_ = 07 {Z < O}a
8;:[Jik7|z:0 = aon+|z=07
lim U7~ =0,

as a result, we get that:

— z
U™ = cO,Uy | o=oe®.
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We will now prove, by induction, that the the construction of the
profiles can go on at any order, which means that for all M € N fixed

beforehand, we are able to construct Uy, satisfying :

(0,UsF — 20,,UsH = MR, (x,t) €]0, n[xRY,

app app
_ _ 1. B
OulUspp — C2a’mU§pp + ?Uspp =R, (x,t) € — 00, 0[xRY,
Uen |x:0 - U, |a::0 =0

< app app
e+ £— o
US| = 0.

app

Ut |i—o(z) = sin(x), {+z >0},

app

L (915[]5i |t:0 = O, {:Ex > 0},

app

where R°T € L?(]0, 7[xRT) and R*~ € L*(] — oo, O[xR™).

Let us assume that U~ has been computed. The profile U f is then
defined as the unique solution of the following 1-D wave equation:
( (9ttUj+ - C2aerj+ = O, (I,t) 6]0, W[XR+,
UH|oer =0,
Ulli=o(z) =0, {z >0},
(9tU(T|t:0 = O, {I’ > O}

We can thus compute the profile U/}, since it is the unique solution
the following well-posed equation:

Usry — 20U = —0uUr -, {2 <0},
azU;_;1|z:O = axUﬂz:o,
lim U =0.

z——co 7

Constructing the approximate solution at an order M large enough
achieves the proof of Theorem 6.6.1.

266



6.6.2 Conclusion and perspectives

Let us answer the question asked in [PCLS05]: U¢~ presents a boundary
layer behavior in {x = 07} since its approximate solution is composed
exclusively of boundary layer profiles, which describes quick transi-
tions at the boundary using a fast scale in €. As a result of the loss
in convergence induced by the boundary layers forming, we get the
estimate stated in Theorem 6.6.1. In [PCLSO05], the chosen small pa-
rameter is p = €2, hence, adopting the same notations as them, our
estimate writes: |[[U* — Ul|| Lo (j0,7:02(—oc0x]) = O(u1), which is in agree-
ment with the estimates given in [PCLS05]. Like in the penalization
approach proposed by Rauch in [Rau79] and used by Bardos and Rauch
in [BR82], as underlined by Droniou in [Dro97], boundary layers form
on one side of the boundary. The approximation Ut of U, is com-
puted by taking U¢"|,—o = U |,—0, thus, in numerical applications,
the boundary layer phenomenon also affects the rate of convergence of
U™ towards U, as € — 0T. In order to sharpen penalization methods
used in numerical applications, an interesting question would be, in the
same line of mind as in [FGO7], to see whether there is some alterna-
tive method of penalization preventing or minimizing the formation of
boundary layers.
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