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Au leteur non-mathématiienC'est à toi, leteur urieux, qui a tourné la page des remeriements pour savoir e qu'est une�thèse de mathématiques�, et plus préisément ette thèse de �statistique�, que es deux pagessont dédiées.Cette thèse s'insrit dans le domaine de l'apprentissage statistique. Elle a pour objet prinipald'étudier une méthode statistique, le rééhantillonnage, ainsi qu'un problème statistique, la séle-tion de modèles. Plus préisément, il s'agit d'étudier omment l'on peut utiliser ette méthodepour résoudre au mieux e problème. Le restant de ette page a pour but d'expliquer es troistermes de manière simple.La statistique � d'après Littré � est la �siene qui a pour but de faire onnaître l'étendue,la population, les ressoures agrioles et industrielles d'un État�. En mathématique, le terme�statistique� désigne un domaine dont l'objet est d'étudier les proédés d'inférene : étant donnéesdes observations, que peut-on dire sur le proessus qui les a générées ?Par exemple, supposons que l'on dispose de mesures d'un indiateur de pollution1 en un pointde Paris à di�érents instants. Pour haque mesure, on dispose d'indiateurs quantitatifs de dif-férents phénomènes suseptibles d'expliquer2 le taux de pollution (par exemple, la température, lapression, la vitesse du vent, la diretion du vent, l'intensité du tra� automobile, l'ensoleillement,et. ; mais aussi les valeurs de es mêmes indiateurs et du taux de pollution au ours des joursqui ont préédé la mesure). L'ensemble de es données onstitue un éhantillon.Un problème statistique lassique est alors elui de la prédition : onnaissant toutes esovariables (température, et.), quel est le taux de pollution attendu ? Cei revêt un intérêt par-tiulier si l'on à aès plus failement aux ovariables qu'au taux de pollution. Et si l'on disposede prévisions pour toutes les ovariables, on pourra réellement prévoir le taux de pollution.Pour résoudre un tel problème, une idée naturelle est de �xer un modèle (i.e. un ensemblede règles de prédition, de �préditeurs� ; haun assoie une valeur du taux de pollution à unensemble de ovariables), puis d'�ajuster� le modèle aux données, i.e. déterminer le préditeurdu modèle qui se trompe le moins. Cependant, il existe de nombreuses manières de modéliser lelien entre le taux de pollution et ses ovariables, auune3 n'étant universellement �la meilleure�.Ainsi, un préditeur issu d'un modèle très simple (e.g. n'utilisant qu'une ou deux ovariables) nedépend que peu du bruit4, mais ommet inévitablement des erreurs de par sa struture simpliste(on parle de biais). À l'inverse, un modèle très omplexe (le as extrême étant l'ensemble de toutesles règles de prédition imaginables), n'est en général que peu biaisé, mais le préditeur qui enrésulte est beauoup trop dépendant du bruit (on dit d'un tel modèle qu'il a une forte variane).1Je préise que je n'ai jamais travaillé sur l'exemple du taux de pollution dans ette thèse.2Il ne s'agit pas ii de relation de ause à e�et, mais simplement d'une �orrélation�. Ce n'est que dans le adred'une expérimentation sienti�que qu'une étude statistique peut mettre en évidene la nature et la diretion d'unlien entre deux phénomènes.3en se limitant à des modèles �su�samment génériques�.4le bruit modélisant les erreurs de mesures et des inertitudes liées à tous les paramètres non-observés.



6 CHAPITRE 0. AU LECTEUR NON-MATHÉMATICIENDéterminer le niveau de omplexité adapté à l'éhantillon est la problématique de la séletionde modèles. Si l'on dispose de peu de données très bruité, le meilleur modèle est parmi les plussimples ; à l'inverse, ave beauoup de données peu bruitées, il vaut mieux hoisir un modèleomplexe. Dans les situations intermédiaires, il s'agit de réaliser un ompromis entre le biais etla variane. Cei néessite de quanti�er préisément l'éart qu'il y a entre la qualité d'ajustementaux données (qui mesure l'erreur ommise sur l'éhantillon du préditeur obtenu en utilisant emême éhantillon) et la qualité de généralisation (omment se omportera le préditeur ave denouvelles données). Cette di�érene est alors d'autant plus grande qu'un modèle est omplexe.On appelle pénalité toute estimation de ette quantité. Le prinipal objetif de ette thèse est laalibration préise de pénalités pour la prédition.Une méthode naturelle pour évaluer la qualité d'un modèle pour la prédition est de déouperl'éhantillon en deux parties : on n'utilise que la première (éhantillon d'entraînement) pour ajusterle modèle aux données. Ave la seonde partie (éhantillon de validation), on peut alors évaluerl'erreur ommise sur de nouvelles données. Il s'agit bien là d'une erreur de prédition et non d'unesimple qualité d'ajustement. Une telle méthode � appelée validation � peut être utilisée pourla séletion de modèles. En général, il est préférable de répéter au moins une dizaine de fois etteopération de déoupage en deux sous-éhantillons. On évalue alors plus préisément l'erreur deprédition. L'un des hapitres de ette thèse étudie les propriétés théoriques de ette méthode,très ouramment utilisée.On peut également penser utiliser ette tehnique de sous-éhantillonnage pour onstruireune pénalité. L'idée est la suivante : la pénalité doit re�éter l'éart qu'il y a entre l'éhantil-lon et la distribution de nouvelles données (par exemple, un nouvel éhantillon indépendant dupréédent). D'une ertaine manière, 'est déjà e que fait la validation, en supprimant une par-tie de l'éhantillon pour l'ajustement (l'éhantillon de validation), pour mieux l'utiliser ensuiteomme �nouvel éhantillon�. Le thème prinipal de ette thèse est l'idée de rééhantillonnage, quigénéralise elle de sous-éhantillonnage : au lieu de supprimer une partie de l'éhantillon, on s'au-torise notamment à donner un poids double ou triple à ertaines observations et à en supprimerd'autres. L'heuristique sous-jaente est alors que la distane entre l'éhantillon et le rééhantillon5est proportionnelle à la distane entre l'éhantillon et un nouveau jeu de données indépendant.

5i.e., e �faux nouvel� éhantillon.



AvertissementLa présente thèse réunit des travaux sur le rééhantillonnage et/ou la séletion de modèles, dupoint de vue non-asymptotique. Mise à part leur motivation ommune, es travaux ont des statutsquelque peu hétérogènes, allant du travail en ours à l'artile soumis ou publié. À l'exeption duChap. 10, fruit d'une ollaboration ave Gilles Blanhard et Étienne Roquain, tous les autreshapitres sont issus d'un travail personnel (et original, sauf indiation ontraire expliite).Chaque hapitre peut être lu indépendamment des autres (e qui est à l'origine de quelquesrépétitions), à l'exeption des hapitres 8 (qui est un appendie aux Chap. 5 à 7) et 11 (qui estla onlusion de e travail de thèse). Nous avons ependant souligné les liens qui unissent esdi�érents hapitres, en partiulier en utilisant des notations onsistantes (qui sont rassembléespour la plupart avant le Chap. 2, puis redé�nies dans haque hapitre où elles sont utilisées).Cette thèse est organisée omme suit :� Le Chap. 1 est une présentation générale des onnaissanes atuelles� Le Chap. 2 introduit et motive plus préisément les Chap. 3 à 9, qui visent tous à dé�nirdes proédures de séletion de modèles optimales.� Les Chap. 3 et 4 traitent de séletion de modèles par pénalisation, pas néessairement parrééhantillonnage.� Dans les Chap. 5 à 9, nous onsidérons plusieurs proédures de hoix de modèles par rééhan-tillonnage : la validation roisée V -fold au Chap. 5, la pénalisation V -fold et par rééhantil-lonnage aux Chap. 5 à 8, les omplexités par rééhantillonnage globales au Chap. 9. Alorsque les Chap. 5 et 6 sont sur le point d'être soumis, les trois derniers ontiennent soit desrésultats omplémentaires, soit des travaux enore à ompléter.� Le Chap. 10 traite également de rééhantillonnage, mais ave des objetifs di�érents, àsavoir les régions de on�anes et les tests multiples. C'est une version enrihie d'un artilepublié [ABR07℄.� Le Chap. 11 met en valeur les onlusions prinipales de e travail, sous di�érents points devue. Il rassemble également quelques problèmes ouverts qui mériteraient d'être l'objet dereherhes théoriques futures.À l'exeption du Chap. 1, l'ensemble de ette thèse est rédigé en anglais. C'est pourquoi nousavons fait prééder haque hapitre d'un ours résumé en français.Notons également que les adre de la régression sur de modèles d'histogrammes est onsidéréà plusieurs reprises, plusieurs preuves étant similaires et fondées sur les mêmes outils tehniques.Bien que nous avons essayé de rendre les hapitres aussi indépendants les uns des autres quepossible, il reste ertains liens entre hapitres (limités aux outils probabilistes et à des résultatstehniques). Ils sont organisés de la façon suivante. Mises à part quelques preuves tehniquesreportées au Chap. 8, le Chap. 5 peut être lu isolément. Les Chap. 3 et 6 ontiennent les preuvesomplètes de leurs résultats prinipaux, mais les preuves de plusieurs résultats intermédiairesrenvoient aux Chap. 5 et 8.





ForewordThe present dissertation ollets works on resampling and/or model seletion, from the non-asymptotial viewpoint. Apart from their ommon motivation, the status of these works aresomehow heterogeneous (published, to be submitted, or still in progress). Chap. 10 is a jointwork with Gilles Blanhard and Étienne Roquain, while all the other hapters are personal.Eah hapter an be read separately (this indues some redundany), exept Chap. 8 (whihis mainly an appendix to Chap. 5 to 7) and the onlusion (Chap. 11). However, we have puta great attention on highlighting the links between hapters, in partiular by using onsistentnotations (whih are summed up before Chap. 2, and rede�ned in eah hapter). This thesis isorganized as follows:
• Chap. 1 is a general presentation (in frenh), of both the state-of-the art and the ontri-butions of this thesis.
• Chap. 2 motivates more preisely Chap. 3 to 9, whih deal with optimal model seletion.
• Chap. 3 and 4 are about model seletion by penalization, not neessarily through resam-pling.
• In Chap. 5 to 9, we onsider several resampling model seletion proedures: V -fold ross-validation in Chap. 5, V -fold and resampling penalties in Chap. 5 to 8, global resamplingomplexities in Chap. 9. While Chap. 5 and 6 are about to be submitted, the last threeones ontain either additional material or works in progress.
• Chap. 10 is still about resampling, but with di�erent aims, i.e. on�dene regions andmultiple testing. It is the long version of a published paper [ABR07℄.
• Chap. 11 highlights the main onlusions of this thesis, from several viewpoints. It alsoollets some open problems, whih may deserve further theoretial researhes.Notie also that we onsider several times the regression histogram framework, making severalproofs similar and based upon the same tehnial tools. Although we have tried to make haptersas independent as possible, we ould not avoid some ross-referenes (limited to probabilisti toolsand tehnial results). They are organized as follows. Chap. 5 remains entirely self-ontained (upto some tehnial proofs reported to Chap. 8). Then, both Chap. 3 and 6 ontain the entire proofsof their main theorems, but several ingredients of these proofs an be found in Chap. 5 and 8.
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m 2078.2. Resampling and strutural onstraints on the penalties 2098.3. Other assumption sets for orale inequalities for RP 2118.4. Resampling Penalties with general weights 2138.5. Useful onentration inequalities 2158.6. Moments, Exponential moments and Conentration 2168.7. Expetation of inverses: symmetri ase 2188.8. Conentration of inverses of multinomials: proofs 2198.9. Moment inequalities for some U-statistis 2238.10. Approximation properties of histograms 225Chapter 9. On the onstant in front of global penalties 2339.1. Introdution 2339.2. Lower bounds on RZ(F) 2359.3. Upper bounds on RZ(F) 2379.4. Disussion 2399.5. Proofs 240Chapter 10. Resampling-based on�dene regions and multiple tests 24510.1. Introdution 24610.2. Con�dene region using onentration 24910.3. Con�dene region using resampled quantiles 25510.4. Appliation to multiple testing 25710.5. Simulations 26210.6. Disussion and onluding remarks 26610.7. Proofs 268Chapter 11. Conlusions, open problems and prospets 28111.1. Why should resampling be used? 281



1311.2. Advanes in the non-asymptoti theory of resampling 28411.3. Optimal alibration of penalties 28511.4. Con�dene regions and multiple testing 289Bibliographie 291





CHAPITRE 1IntrodutionLa théorie, 'est quand on sait tout et que rien ne fontionne. La pratique,'est quand tout fontionne et que personne ne sait pourquoi. Ii, nous avonsréuni théorie et pratique : rien ne fontionne. . . et personne ne sait pourquoi !Albert EinsteinDévelopper la théorie pour élairer l'utilisation pratique de proédures statistiques est l'undes prinipaux objetifs de ette thèse. Il y a en e�et un réel fossé entre utilisateurs et théoriiensde la statistique, qui semblent parfois ne joindre leurs e�orts que pour le reuser davantage. Onpeut modérer le pessimisme de e onstat en raison du développement de la théorie statistiquede l'apprentissage depuis les années 1960. Celle-i aborde en e�et le problème de l'inférene sansmodéliser exessivement les données (approhe non-paramétrique), et sans supposer la taille del'éhantillon très grande (approhe non-asymptotique). Cette dernière hypothèse est en partiulierdéraisonnable lorsque la dimension des données est supérieure à la taille de l'éhantillon1, e quiarrive fréquemment en pratique (par exemple les données de pues à ADN). Il y a don une ertaineonvergene entre théorie et pratique sur e qu'est une hypothèse �raisonnable�, de même que surles objetifs à atteindre (prédition, adaptation, identi�ation, et.). Toutefois, les points de vuedivergent sur e qu'est une �bonne� façon d'atteindre l'un de es objetifs.En pratique, une bonne méthode est simple à expliquer, peu oûteuse en temps de alul,valide dans un adre assez général, robuste2, stable3 et retourne un résultat failement utilisable4.Les méthodes de rééhantillonnage telles que la validation roisée �V -fold� et le bootstrap sontde bons andidats, trop mal onnus enore en théorie non-asymptotique.En général, pour un théoriien, une bonne méthode est avant tout simple à étudier, et seplae dans un adre aussi abstrait que possible. Par exemple, la validation (�hold-out�) reposesur un déoupage en deux partie indépendantes de l'éhantillon, e qui simpli�e grandement lespreuves (et, en général, les rend tout simplement possibles). Mais, qu'on l'utilise telle quelle ouave une méthode d'agrégation, la validation se fonde sur des estimateurs onstruits ave unepartie des données seulement. À taille d'éhantillon �xée, ses performanes risquent don d'êtremoins bonnes que elles d'une proédure fondée sur des estimateurs utilisant diretement toutesles données.Cette thèse se situe dans le adre de la théorie statistique de l'apprentissage, en proposantune étude non-paramétrique et non-asymptotique de diverses méthodes de rééhantillonnage.L'un de nos prinipaux axes d'étude est la séletion de modèles, dont nous introduisons pluspartiulièrement les enjeux au Chap. 2. Nous proposons tout d'abord une méthode pour alibrerdes pénalités à partir des données uniquement, en utilisant l'heuristique de pente (Chap. 3). Nous1On parle alors de ��éau de la dimension�.2n'est pas trop perturbée par la présene d'une petite proportion de points aberrants.3son résultat varie peu si une nouvelle donnée est ajoutée ou retirée. Voir à e sujet Bousquet et Elissee� [BE02℄.4une valeur prédite doit pouvoir être alulée rapidement ; en identi�ation, on veut pouvoir interpréter simplementun résultat.



16 CHAPITRE 1. INTRODUCTIONprouvons en partiulier qu'elle reste valide dans un adre hétérosédastique, où de nombreusespénalités lassiques (linéaires en la dimension) ne fontionnent plus (Chap. 4). Il apparaît donnéessaire de dé�nir des pénalités de forme plus générale, à partir des données.Nous dé�nissons alors une famille de pénalités par rééhantillonnage (Chap. 5 à 8), dont nousprouvons des qualités d'adaptation (notamment à la régularité en régression). Elles sont égalementrobustes à l'hétérosédastiité du bruit, là où les pénalité linéaires éhouent. En omparaisonave la validation roisée V -fold, elles sont plus �exibles, e qui se traduit par de meilleuresperformanes, en partiulier du point de vue non-asymptotique. Des éléments théoriques nousenouragent à penser que les bonnes propriétés mises en évidene dans un adre de régression sontvalables plus généralement, en partiulier en lassi�ation (Chap. 7). Leur alibration devra alorsêtre assurée par l'heuristique de pente, omme le souligne une étude théorique de la alibrationde ertaines pénalités globales par rééhantillonnage en lassi�ation (Chap. 9).En�n, nous montrons omment il est possible d'utiliser le rééhantillonnage pour onstruiredes régions de on�ane et des proédures de test multiple sur des données de grande dimension(Chap. 10). Il apparaît en partiulier que le rééhantillonnage �apprend� impliitement les or-rélations entre les oordonnées, qui n'ont don pas besoin d'être modélisées ou supposées simples.Cei nous permet de résoudre des problèmes qui se posent par exemple en imagerie érébrale (voirSet. 1.4.2).Loin de mettre un point �nal à toutes es questions, ette thèse se veut avant tout uneouverture vers de nombreuses voies de reherhe. Nous en esquissons quelques-unes au Chap. 11.1.1. RééhantillonnageRééhantillonner, 'est utiliser un jeu de données (l'éhantillon) pour onstruire un ou plusieursnouveaux éhantillons (les rééhantillons). Derrière une desription aussi simple se ahent denombreuses méthodes statistiques :� le sous-éhantillonnage onsiste dans la séletion (aléatoire ou non) d'une partie des donnéesinitiales. C'est le as du jakknife.� le bootstrap (non-paramétrique) onsiste dans la génération aléatoire un n-éhantillon i.i.d.,suivant la loi uniforme sur l'éhantillon initialement observé. Autrement dit, on e�etue ntirages ave remise dans les observations.Dans es deux as, on peut � entre autres � estimer le biais ou la variane d'un estimateur enomparant le(s) rééhantillon(s) à l'éhantillon initial, ou les rééhantillons entre eux.Une autre méthode de rééhantillonnage est la validation (ou hold-out). Elle onsiste à ouper(aléatoirement ou non) l'éhantillon en deux parties5. C'est don une forme de sous-éhantillonnageoù l'on utilise aussi les données �supprimées�. Le premier sous-éhantillon (éhantillon d'entraîne-ment ou d'apprentissage) est utilisé par exemple pour onstruire un estimateur. Le seond (éhan-tillon de validation) permet alors d'évaluer la qualité de et estimateur. Lorsqu'un tel déoupageest répété, on parle de validation roisée. Suivant les manières d'e�etuer es déoupages, onobtient par exemple le leave-one-out6 ou la validation roisée par blos (�V -fold�).Il existe bien d'autres formes de rééhantillonnages, et leur utilisation ne se limite pas àl'évaluation du biais et de la variane d'un estimateur. Nous ne verrons, dans ette introdutionpuis dans le reste de ette thèse, qu'un mine aperçu du vaste monde du rééhantillonnage enstatistique.5dans les appliations, lorsque l'éhantillon de validation sert à séletionner un estimateur parmi plusieurs hoix, ondéoupe souvent l'éhantillon en trois parties : les deux premières sont l'éhantillon d'entraînement et l'éhantillonde validation ; la troisième, dite éhantillon test, sert à évaluer (sans biais) l'erreur de l'estimateur �nal.6l'éhantillon de validation a alors un seul élément, et l'on dérit exhaustivement les n déoupages possibles.
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1...n )Fig. 1.1. L'heuristique de rééhantillonnage, selon Efron [Efr79℄. Shéma inspiréde la Fig. 1 de [Efr03℄.1.1.1. L'heuristique d'Efron. L'heuristique qui sous-tend la plupart des utilisations durééhantillonnage est le prinipe de �plug-in�, dérit par Efron au sujet du bootstrap [Efr79,Efr03℄. Une autre desription intuitive de ette heuristique se trouve dans l'introdution du livrede Hall [Hal92℄.Considérons la situation suivante : n observations ξ1, . . . , ξn ∈ Ξ ont été générées indépendam-ment ave une même loi P inonnue. On souhaite estimer un paramètre d'intérêt θ = t(P ) (parexemple la moyenne, la variane, un quantile ; mais aussi des paramètres plus omplexes tellesqu'une fontion de régression ou un préditeur). Pour ela, on dispose d'un estimateur θ̂(ξ1...n).La question qui se pose alors est : omment évaluer la qualité de et estimateur ? C'est-à-dire,évaluer son biais, sa variane, onstruire un intervalle de on�ane, ou � s'il s'agit d'un préditeur� déterminer son erreur de prédition.L'heuristique proposée par Efron est de onstruire un �monde bootstrap�, miroir du �monderéel� mais dans lequel auune quantité n'est inonnue (voir Fig. 1.1). La loi inonnue P est rem-plaée par une estimation P̂ . Le proessus d'éhantillonnage est remplaé par elui de rééhan-tillonnage. Dans le as du bootstrap, les proessus d'éhantillonnage et de rééhantillonnage sontidentiques (i.e. ξ⋆

1 , . . . , ξ
⋆
n sont i.i.d. de loi P̂ ). L'heuristique d'Efron se ramène don à un prinipede �plug-in� : on remplae P par son estimateur P̂ , les autres quantités en déoulant selon desproessus inhangés.La qualité d'un estimateur θ̂(ξ1...n) � de même que de nombreuses autres quantités � s'éritsous la forme R(P, ξ1...n). Cette quantité est inaessible ar P est inonnue, mais son équivalentdans le monde bootstrap R(P̂ , ξ⋆

1...n) ne dépend que des observations. On peut don le aluler,au besoin en faisant une approximation de type Monte-Carlo (voir Hall [Hal92℄, Appendie II etEfron et Tibshirani [ET93℄, Chap. 23). L'heuristique de rééhantillonnage se formalise don ainsi(L(X) désignant la loi de la variable aléatoire X) :
L (R (P, ξ1...n ) ) ≈ L

(
R
(
P̂ , ξ⋆

1...n

) ∣∣∣ ξ1...n

)
.L'un des prinipaux attraits du rééhantillonnage réside dans sa simpliité et sa généralité.En e�et, la plupart des problèmes statistiques (fréquentistes) ont pour origine le fait que la loiqui a généré les observations est inonnue. En onstruisant un �monde bootstrap� où toutes lesquantités sont aessibles (aux problèmes de temps de alul près), on peut penser avoir trouvéla solution à tous es problèmes. Il faut ependant garder à l'esprit que le rééhantillonnage ases limites. Contrairement à e que sous-entend le terme de bootstrap,7 le �monde bootstrap� ne7En anglais, l'expression �to pull oneself up by one's bootstraps� signi�e �réussir uniquement par ses proprese�orts ou apaités�. Son étymologie serait à trouver dans les aventures du baron de Münhhausen (relatées en1785 par Rudolph Erih Raspe, puis Gottfried August Bürger en 1786), lequel est ensé être sorti d'un maréage



18 CHAPITRE 1. INTRODUCTIONontient pas plus d'informations qu'il n'y en a dans les données. De plus, on onnaît un ertainnombre de situations dans lesquelles le bootstrap doit être modi�é ou ne fontionne pas du tout.Nous aborderons ette question plus loin dans ette introdution.Rééhantillonnage paramétrique ou non-paramétrique. Dans l'heuristique de la Fig. 1.1, onremplae la distribution P inonnue par un estimateur P̂ . Il y a deux atégories �lassiques�d'estimateurs P̂ :� dans un adre non-paramétrique, on ne dispose d'auune information a priori sur P . Onutilise alors la mesure empirique P̂ = Pn = n−1
∑n

i=1 δξi
. Il est également possible d'estimer

P à l'aide d'une version régularisée de Pn, on parle alors de �rééhantillonnage lisse�8.� dans un adre paramétrique, on suppose que P appartient à une famille (Qα)α∈A de distri-butions, ave A ⊂ R
d. Étant donné un estimateur α̂ du paramètre α0 tel que P = Qα0 (parexemple l'estimateur du maximum de vraisemblane), on pose alors P̂ = Qbα.Dans ette thèse, nous nous plaçons exlusivement dans un adre non-paramétrique, et nous neonsidérerons que le as où P̂ = Pn.Di�érents types de rééhantillonnages. Il existe une multitude de manières de rééhantillonner.Outre les méthodes déjà évoquées (jakknife, sous-éhantillonnage, validation roisée, leave-one-out, bootstrap), on peut ajouter :� le �delete d-jakknife� (équivalent au �leave-p-out�) est un as partiulier de sous-éhantil-lonnage : on supprime d = p < n données hoisies uniformément.� la validation roisée V -fold onsiste à partitionner les observations en V groupes. On enhoisit alors un aléatoirement uniformément9 : 'est l'éhantillon de validation. La réuniondes V − 1 groupes restants onstitue l'éhantillon d'entraînement.� le bootstrap �m out of n� est similaire au bootstrap, ave des rééhantillons de taille m < n.Nous nous sommes pour l'instant limités à des as où les rééhantillons peuvent s'érire

ξ⋆
1 , . . . , ξ

⋆
m pour un ertain m ∈ N\ {0} (éventuellement aléatoire). En général, on ne onsid-ère que des quantités (estimateurs, statistiques de tests, et.) qui ne dépendent que de la mesureempirique Pn = n−1

∑n
i=1 δξi

. On peut alors utiliser l'heuristique de la Fig. 1.1 en remplaçant lerééhantillon par une mesure de probabilité aléatoire P ⋆
n , dont la loi onditionnellement à ξ1...n estonnue. Dans les as préédemment ités, ela revient à poser P ⋆

n = m−1
∑m

i=1 δξ⋆
i
.En redé�nissant le rééhantillonnage ainsi, on augmente onsidérablement le nombre de façonsde rééhantillonner. Mason et Newton [MN92℄ et Præstgaard et Wellner [PW93℄ ont notammentintroduit la notion de �bootstrap à poids éhangeables�, où

P ⋆
n := PW

n :=
1

n

n∑

i=1

Wiδξioù il était embourbé uniquement en se tirant par les bottes, se propulsant ainsi dans les airs. Les �bootstraps� sontles anneaux, en uir ou en tissu, ousus sur le rebord des bottes et dans lesquels on passe les doigts pour s'aider àles en�ler. Le terme de �bootstrap� est désormais utilisé dans de nombreux domaines, notamment en informatiquepour désigner le proessus de démarrage d'un ordinateur.8Dans le as du bootstrap 'est le smooth bootstrap (Efron [Efr82℄, Silverman et Young [SY87℄, Hall, DiCiioet Romano [HDR89℄). Au sujet des avantages de elui-i par rapport au bootstrap pour des problemes liés àl'estimation de quantiles ou de densités, f. Falk et Reiss [FR89℄, Hall et Martin [HM88, HM89℄.9Dans la validation roisée V -fold �lassique� (en séletion de modèles), on parourt exhaustivement les V hoixpossibles.



1.1. RÉÉCHANTILLONNAGE 19ave W = (W1, . . . ,Wn) ∈ R
n un veteur de poids aléatoire, éhangeable10 et indépendant de

ξ1...n. Notons que l'on ne suppose pas néessairement que les Wi sont entiers, ni même positifs.Par ontre, il est en général préférable d'avoir E [Wi ] = 1. Parmi les poids lassiques et/ou utilisésdans ette thèse, on trouve11 :� Efron (m),m ∈ N\ {0} :mn−1W suit une loi multinomiale de paramètres (m;n−1, . . . , n−1).Lorsque m = n, 'est le bootstrap. Lorsque m < n, 'est le �m out of n� bootstrap.� Random hold-out12 (q), q ∈ {1, . . . , n− 1} : Wi = nq−1
1i∈I ave I un sous-ensemble aléa-toire de {1, . . . , n}, hoisi uniformément parmi les parties de ardinal q. Mise à part la on-trainte sur la loi de I, il s'agit de poids de sous-éhantillonnage (subsampling), égalementappelé �bootstrap without replaement�. Lorsque q = n− 1, on retrouve le leave-one-out.� Bootstrap à poids i.i.d.13 : Wi = Vi/V ave V1, . . . , Vn i.i.d. stritement positives et V =

n−1
∑

i Vi.Des hoix lassiques pour la distribution de Vi sont la loi exponentielle de paramètre 1 ('estle bootstrap bayésien de Rubin [Rub81℄) et la loi Gamma de paramètre 4 (Weng [Wen89℄).� Wild bootstrap : W1, . . . ,Wn sont indépendants, de même loi et véri�ent E [Wi ] = 1,
E
[
(Wi − 1)2

]
= 1 et E

[
(Wi − 1)3

]
= 1 (Wu [Wu86℄, Liu [Liu88℄, Härdle et Mammen[HM93℄).� Rademaher (p), p ∈ (0, 1) : pW1, . . . , pWn sont i.i.d., de loi Bernoulli de paramètre p. Lenom Rademaher provient du as p = 1/2 où les poids sont (à translation près) des variablesRademaher i.i.d. À la normalisation de PW

n près, il s'agit de poids de sous-éhantillonnage.� Poisson (µ), µ > 0 : µW1, . . . , µWn sont i.i.d. de loi Poisson de paramètre µ.On peut également onsidérer PW
n ave des poids non-éhangeables, en s'inspirant de la vali-dation ou de la validation roisée V -fold :� Hold-out (q) : I ⊂ {1, . . . , n} de ardinal q étant �xé, on pose Wi = nq−1

1i∈I .� Validation roisée �V -fold� : (Bj)1≤j≤V étant une partition �xe de {1, . . . , n}, on dé�nit
Wi = V

V −11i/∈BJ
ave J indépendant de ξ1...n et de loi uniforme dans {1, . . . , V }.L'intérêt de disposer de nombreuses manières de rééhantillonner est qu'on peut hoisir ellequi est la plus adaptée au problème que l'on se pose (Barbe et Bertail [BB95℄, Chap. 2).1.1.2. Un peu d'histoire. Bien qu'il ait onnu un essor sans préédent à partir des travauxfondateurs d'Efron [Efr79, Efr82℄, le rééhantillonnage a des origines plus aniennes. Toutd'abord, aux raines du bootstrap se trouve le jakknife, utilisé omme un moyen d'estimer le biais(Quenouille [Que49℄) ou la variane (Tukey [Tuk58℄) d'un estimateur. On peut également iterles tests par permutation, le sous-éhantillonnage (voir notamment Hartigan [Har69, Har75℄) etla validation roisée (Allen [All74℄, [Sto74℄) omme méthodes de rééhantillonnage antérieuresau bootstrap. D'autres référenes et d'autres travaux préurseurs ont également été reensés parHall [Hal03℄.De nombreux travaux ont suivi les artiles initiaux d'Efron, sur le bootstrap lui-même, puis surd'autres formes de rééhantillonnage. Ainsi, Mason et Newton [MN92℄ et Præstgaard et Wellner[PW93℄ ont introduit le bootstrap à poids éhangeables. Plus enore, le bootstrap a permis de10W ∈ R

n est éhangeable si et seulement si pour toute permutation σ de {1, . . . , n}, W a la même distributionque �Wσ(1), . . . , Wσ(n)

�. Voir par exemple Aldous [Ald85℄.11Dans ette énumération, nous indiquons en premier l'appelation utilisée dans ette thèse, qu'elle soit lassiqueou non.12que l'on peut traduire par �validation aléatoire�, à rapproher de la validation roisée.13Cette dénomination est lassique mais trompeuse, ar les poids Wi ne sont préisément pas i.i.d. ar de sommeégale à un. On parle parfois aussi de �i.i.d. generated weights�. Faire attention à ne pas la onfondre ave lewild bootstrap i-après. Notons toutefois que le wild bootstrap est souvent utilisé en imposant a posteriori lanormalisation Pi Wi = 1, auquel as il relève également du �Bootstrap à poids i.i.d.�.



20 CHAPITRE 1. INTRODUCTIONporter un regard neuf sur l'idée anienne de sous-éhantillonnage, omme le montre le livre dePolitis, Romano et Wolf [PRW99℄.Aujourd'hui, on peut voir l'impat des méthodes de rééhantillonnage par une simple reherhesur Google Sholar. On trouve 350 000 résultats pour �bootstrap�, 130 000 pour �ross validation�et 92 000 pour �resampling�.1.1.3. Champs d'appliation. De par sa formulation simple et très générale, le rééhan-tillonnage (en partiulier le bootstrap et la validation roisée) est désormais un outil statistiqueutilisé dans un grand nombre de domaines. Les évoquer tous dépasserait largement le adre deette introdution, nous nous limiterons à iter quelques exemples en relation ave le adre deette thèse. Nous renvoyons à Young [You94℄ et à [Cas03℄ pour un large éventail d'appliationsdu bootstrap. La validation roisée, quant à elle, s'applique au delà du monde de la statistique, enpartiulier depuis l'essor du �mahine learning� (voir par exemple Hastie, Tibshirani et Friedman[HTF01℄).À l'origine, l'objetif d'Efron se limitait à l'estimation du biais et de la variane d'un esti-mateur, suivant en ela les travaux antérieurs sur le jakknife. Le bootstrap a ensuite été utiliséfrutueusement pour onstruire des intervalles de on�ane (DiCiio et Efron [DE96℄), alulerdes p-valeurs pour des statistiques de test (voir notamment Boos [Boo03℄, Beran [Ber03℄ etGe, Dudoit et Speed [GDS03℄), estimer une erreur de prédition (Wu [Wu86℄, Efron et Tibshi-rani [ET97℄ et Molinaro, Simon et Pfei�er [MSP05℄), faire de la séletion de modèles (Efron[Efr83℄, Shao [Sha96℄), agréger des lassi�eurs ('est le �bagging�, ontration de �bootstrapaggregating� ; voir Bühlmann et Yu [BY02℄), et.Notons que l'on peut utiliser d'autres types de rééhantillonnage, en partiulier le sous-éhantillonnage, pour onstruire des intervalles de on�ane ou des tests (Politis, Romano etWolf [PRW99℄), et pour bien d'autres appliations enore. La validation (roisée ou non) nes'applique don pas que pour évaluer l'erreur de prédition ou séletionner des modèles.1.1.4. Avantages et limites. Comme nous l'avons déjà remarqué, le prinipal avantage durééhantillonnage est sa simpliité. Le bootstrap et la validation roisée peuvent être dérits trèsintuitivement, et sont d'autant plus failes à mettre en ÷uvre aujourd'hui que les apaités dealul des ordinateurs ont très signi�ativement augmenté. C'est notamment pour ela que lerééhantillonnage a de nombreux utilisateurs, bien au-delà du monde de la statistique.Un deuxième point fort est qu'il n'est pas néessaire de faire des hypothèses fortes a priori surla distribution des observations. Par exemple, on peut utiliser le rééhantillonnage pour onstruireun intervalle de on�ane sur une quantité qui est loin d'être gaussienne, par exemple pare quele nombre d'observations est insu�sant pour faire une telle approximation.En�n, utiliser plusieurs rééhantillons permet de �stabiliser� ou de �régulariser� un algo-rithme. Cei est partiulièrement utile en lassi�ation, où nombre d'algorithmes sont très sen-sibles à une perturbation par un petit nombre de données. Une partie des observations étantabsente dans haque rééhantillon, on peut ainsi obtenir un algorithme dont la sortie varie trèspeu si l'on supprime un petit nombre de données. Citons ii les forêts aléatoires (notamment util-isées pour stabiliser l'algorithme de lassi�ation CART, introduit par Breiman et al. [BFOS84℄)et le bagging, entre autres algorithmes �stabilisateurs�.La simpliité du rééhantillonnage le rend ependant faile à utiliser abusivement. Toutd'abord, rééhantillonner ne fournit pas de nouvelles observations, mais simplement plus d'infor-mations sur les mêmes observations. Cette onstatation peut sembler évidente, mais elle impliquenotamment une di�ulté à estimer les queues de distributions lorsque elles-i sont plus lourdes



1.1. RÉÉCHANTILLONNAGE 21que gaussiennes (voir par exemple Hall [Hal90℄). Cette di�ulté peut notamment être ontournéeen remplaçant le bootstrap d'Efron par le bootstrap �m out of n� pour un m ≪ n bien hoisi(Bretagnolle [Bre83℄).De plus, dans sa formulation non-paramétrique14, le rééhantillonnage (à poids éhangeables)donne le même poids à toutes les données. Il est don important que elles-i soient éhangeables.Si e n'est pas le as, il faut alors faire très attention à la manière d'appliquer l'heuristique derééhantillonnage. Par exemple, dans le adre de la régression sur un plan d'expériene (design)�xe, les données sont de la forme (X1, Y1), . . . , (Xn, Yn) ave X1...n déterministes, Yi = s(Xi) + ǫiet les ǫi sont i.i.d. On est don amené à rééhantillonner les résidus. L'idée est la suivante : onestime les résidus ǫ1, . . . , ǫn par ǫ̂1, . . . , ǫ̂n puis on �rééhantillonne�15 ( ǫ̂i )1≤i≤n en onstruisant
( ǫ̂⋆i )1≤i≤n. En�n, on dé�nit le rééhantillon (Xi, s(Xi)+ ǫ̂

⋆
i )1≤i≤n. Dans le as hétérosédastique, leniveau de bruit σi dépend de l'indie i et e sont les ǫi/σi qui sont i.i.d., ave (σi )1≤i≤n inonnu.Le problème devient alors enore plus déliat (Wu [Wu86℄), et il devient néessaire d'utiliserle wild bootstrap. L'alternative �bootstrapping pairs�16 ontre �bootstrapping residuals�17 estégalement onsidérée à la Set. 9.5 du livre d'Efron et Tibshirani [ET93℄.Lorsque les données sont dépendantes, l'inonsistane du bootstrap a rapidement été prou-vée (Singh [Sin81℄), mais une telle astue ne peut plus être appliquée. Le adre le plus étudiéjusqu'à présent est elui des séries temporelles (Politis [Pol03℄), et en partiulier les méthodesde rééhantillonnage par blos (�blok resampling�, où l'on ne rééhantillonne plus des donnéesindividuelles, mais des groupes de données, à l'intérieur desquels la dépendane des observationsest onservée).Notons également que le jakknife ne permet pas d'obtenir des intervalles de on�ane satis-faisants (e en quoi il a très vite été surpassé par le bootstrap). Pour le même genre de raisons,il est très périlleux d'utiliser le leave-one-out (ou jakknife) en faisant une approximation Monte-Carlo, ne serait-e que pare que l'on n'utilise pas toutes les données séparément. Cela onduiten général à perdre l'e�et stabilisateur du rééhantillonnage. On préfère alors utiliser la valida-tion roisée V -fold (ave un V notamment adapté au temps de alul disponible), ou bien faireune approximation Monte-Carlo ave le bootstrap ou le bootstrap éhangeable ave des poids�Rademaher� ou �Random hold-out� (dé�nis Set. 6.3.3).Cei n'est évidemment pas une liste exhaustive de limitations du rééhantillonnage. Pour leas du bootstrap, nous renvoyons en partiulier à Mammen [Mam92℄ et à [Cas03℄.1.1.5. Résultats théoriques. Tout omme pour e qui onerne les appliations, les étudesthéoriques sur le rééhantillonnage se sont multipliées depuis les travaux d'Efron. On peut iterpar exemple les livres d'Efron [Efr82℄, Efron et Tibshirani [ET93℄, Hall [Hal92℄, Shao et Tu[ST95℄ (sur le bootstrap), Barbe et Bertail [BB95℄ (sur le bootstrap à poids).Pour la majorité des as, on peut distinguer deux types de résultats : des aluls exats (d'e-spérane, de variane, de l'estimateur bootstrap, et.) et des résultats asymptotiques (onsistane,théorème entral limite, et.). Les premiers � quoi que très instrutifs sur les �bonnes� façonsde rééhantillonner � sont souvent limités à des as partiuliers, et peu utilisables dans d'autresadres. C'est pourquoi nous n'en mentionnerons pas ii.14dans le as paramétrique, tout dépend de l'estimateur bα.15ei ne peut pas être fait ave n'importe quel type de rééhantillonnage, ar on a besoin d'un vrai rééhantillonde taille n.16rééhantillonner les ouples de données (Xi, Yi).17rééhantillonner les résidus.



22 CHAPITRE 1. INTRODUCTIONRésultats asymptotiques. L'essentiel des résultats en dimension 1 sur le bootstrap peuvent êtretrouvés dans le livre de Hall [Hal92℄. Celui-i, grâe aux développements d'Edgeworth, met en év-idene la propriété �stabilisatrie� du bootstrap. Dans diverses ironstanes, en partiulier pouronstruire des intervalles de on�ane, le bootstrap fournit ainsi des quantités asymptotiquementorretes au seond ordre. Des résultats similaires au sujet du bootstrap à poids éhangeablespeuvent être trouvés dans le livre de Barbe et Bertail [BB95℄.Une approhe du bootstrap fondée sur les proessus empiriques est à trouver dans les arti-les de Giné et Zinn [GZ90℄ puis Arones et Giné [AG92℄. Dans le as du bootstrap à poidséhangeables, des énonés similaires sont énonés au Chap. 3.6 du livre de van der Vaart et Well-ner [vdVW96℄ (voir aussi le ours de Saint-Flour de Giné [Gin97℄). Ceux-i se fondent sur lesrésultats de Mason et Newton [MN92℄ (onsistane), Præstgaard et Wellner [PW93℄ (normalitéasymptotique), Hu²kova et Janssen [HJ93℄ (as des U-statistiques), ou enore Hall et Mammen[HM94℄ (propriétés du seond ordre).La lé de voûte de es résultats est sans doute le �Conditional Multiplier Central LimitTheorem�, que l'on trouve au Chap. 2.9 du livre de van der Vaart et Wellner [vdVW96℄. On endéduit alors le résultat suivant (où l'on a omis des onditions de mesurabilité sur F pour simpli�erl'énoné) :Théorème 1.1 (Théorème 3.6.13, van der Vaart et Wellner [vdVW96℄). Soit F une lassede Donsker de fontions mesurables. Pour tout n ∈ N, soit (Wn,1, . . . ,Wn,n) un veteur aléatoirepositif, éhangeable, indépendant de ξ1...n tel que
sup
n∈N

∥∥Wn,1 −Wn

∥∥
2,1

<∞ ave Wn = n−1
n∑

i=1

Wn,i et ‖Z‖2,1 :=

∫ ∞

0

√
P ( |Z| > t)dt

n−1/2
E

[
max
1≤i≤n

∣∣Wn,i −Wn

∣∣
]

(p)−−→ 0 et n−1
n∑

i=1

(
Wn,i −W n

)2 (p)−−→ c2 > 0 .Alors, lorsque n tend vers l'in�ni,
sup

h∈BL1

∣∣∣EW

[
h
(

Ĝn

)]
− E [h (cG) ]

∣∣∣ (p)−−→ 0ave Ĝn :=
1√
n

n∑

i=1

Wn,i (δξi
− Pn ) =

√
n
(
PW

n −WnPn

)
,

G étant un proessus gaussien de moyenne nulle et de fontion de ovariane cov(f, g) = P (fg)−
P (f)P (g) et BL1 l'ensemble des fontions 1-lipshitziennes et bornées par 1 (pour la norme ‖·‖∞).Résultats non-asymptotiques. Si la théorie probabiliste asymptotique du bootstrap à poidséhangeables est assez bien doumentée, e n'est pas le as de son pendant non-asymptotique.Au sujet du sous-éhantillonnage, on mentionnera les inégalités de onentration sur la somme deSer�ing [Ser74℄. Dans le adre de la séletion de modèles, voir aussi Györ� et al. [GKKW02℄ etvan der Laan, Dudoit et Keles [vdLDK04℄.Pour e qui est du bootstrap et du bootstrap à poids éhangeables, plusieurs inégalités enespérane sont disponibles. Lorsque les poids Wi − 1 sont i.i.d. symétriques, on peut utiliser uneinégalité de symétrisation lassique (voir par exemple Giné et Zinn [GZ84℄, ou le lemme 1 deFromont [Fro07℄) :Lemme 1.1 (Inégalité de symétrisation). Soit F une famille de fontions et W1, . . . ,Wn unesuite de variables aléatoires i.i.d. L1, symétriques ( i.e. W1 − 1 ∼ 1−W1), indépendantes de ξ1...n.
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E

[
sup
f∈F

(P − Pn)(f)

]
≤ 2

E |W1 − 1|E
[
sup
f∈F

(Pn − PW
n )(f)

]
.Lorsque les poids W1, . . . ,Wn sont éhangeables de somme onstante égale à n, la mêmeinégalité est prouvée par Fromont [Fro07℄, dans la preuve de sa Prop. 2. Mentionnons égalementl'inégalité de Poissonisation de Le Cam, qui permet de relier le bootstrap au bootstrap à poidsPoisson (µ) (ave µ = 1), qui ont l'avantage d'être indépendants.Lemme 1.2 (Lemme de Poissonnisation de Le Cam). Soit Nn une variable de Poisson demoyenne n, indépendante d'une suite (ξi)i≥1 de v.a.i.i.d ξ1...n de loi ommune P . Alors, pourtoute lasse de fontions F ,

(
1 − 1

e

)
E

[
sup
f∈F

n∑

i=1

(f(ξi) − P (f))

]
≤ E

[
sup
f∈F

Nn∑

i=1

(f(ξi) − P (f))

]
.Par ailleurs, Fromont [Fro07℄ prouve plusieurs inégalités de onentration (Prop. 1 et 2)fondées sur l'inégalité de MDiarmid [MD89℄ (rappelée ave la Prop. 8.7, Set. 8.5), d'où destermes de reste en n−1/2 :Proposition 1.3 (Fromont [Fro07℄, Prop. 1). Soit F une famille dénombrable de fontions

Ξ 7→ [0; 1] et W1, . . . ,Wn une suite de variables aléatoires i.i.d. L1, symétriques ( i.e. W1 − 1 ∼
1−W1), indépendantes de ξ1...n. Alors, pour tout x > 0, on a ave probabilité au moins 1− e−x :

sup
f∈F

(P − Pn)(f) ≤ 2

E |W1 − 1|E
[

sup
f∈F

(
Pn − PW

n

)
(f)

∣∣∣∣∣ ξ1...n

]
+ 3

√
x

2n
.La Prop. 2 de Fromont [Fro07℄ donne un résultat similaire lorsque les poids sont éhangeablesde somme n. Mais la majorité des résultats non-asymptotiques onernent les poids Rademaher,ar ils orrespondent aux omplexités de Rademaher bien onnues en théorie de l'apprentissage.Voir par exemple la revue de Bouheron, Bousquet et Lugosi [BBL05℄.1.2. Séletion de modèlesAprès l'idée de rééhantillonnage, le thème prinipal de ette thèse est la séletion de modèles,onsidérée d'un point de vue non-asymptotique. La prinipale référene de ette setion est le oursde Saint-Flour de Massart [Mas07℄. Nous ommençons par présenter le problème de la prédition,dans lequel les travaux de ette thèse s'insrivent plus partiulièrement (sans s'y restreindre). Nousdérivons ensuite la problématique de la séletion de modèles, di�érentes stratégies pour l'aborder,et quelques résultats théoriques sur es stratégies.1.2.1. Cadre de la prédition. Le problème de la prédition s'insrit dans la théorie statis-tique de l'apprentissage (pendant statistique du �mahine learning�), qui a notamment été initiéepar les travaux de Vapnik [Vap82, Vap98℄. On peut le dérire omme suit. On observe n réal-isations indépendantes ξ1 = (X1, Y1), . . . ξn = (Xn, Yn) ∈ Ξ = X × Y d'une variable aléatoire18

ξ ∈ (X,Y ) de loi inonnue P . Étant donnée une nouvelle réalisation ξn+1 = (Xn+1, Yn+1) de
(X,Y ), indépendante des préédentes, on aimerait pouvoir prédire Yn+1 à l'aide de Xn+1 (et des
n observations préédentes). Autrement dit, on herhe à onstruire un préditeur t : X 7→ Y. Typ-iquement, X est beauoup plus failement observable qu'une quantité d'intérêt Y , et un préditeurpermet d'y aéder à moindre oût, ou même de l'évaluer lorsque elle est inaessible.18La notation ξi = (Xi, Yi) indique que la prédition s'insrit dans le adre présenté en Set. 1.1. Dans la suite deette introdution, par soui de généralité, nous utiliserons la notation générale ξi aussi souvent que possible.



24 CHAPITRE 1. INTRODUCTIONPour mesurer la qualité d'un préditeur, on a besoin d'une mesure de �distane� entre t(Xn+1)et Yn+1. Notons S l'ensemble des préditeurs. Étant donné un ontraste γ : S × (X × Y ) 7→ R
+,la qualité d'un préditeur t est mesurée par son risque

Pγ(t, ·) := E(X,Y )∼P [γ (t, (X,Y )) ] = E [γ (t, (Xn+1, Yn+1)) | t ] .Dans la suite, on utilisera la notation fontionnelle Qγ(t) dé�nie i-dessus ave Q = P pourdi�érentes mesures de probabilités Q, et di�érents estimateurs t. En partiulier, nous insistons iisur le fait que si t est aléatoire (par exemple fontion de ξ1...n), alors Pγ(t) est lui-même aléatoire.Impliitement, l'intégration n'est réalisée que relativement à la nouvelle observation ξn+1 (dansle membre de droite de la dé�nition du risque).Le risque minimal n'étant pas nul en général, on préfère au risque la notion d'exès de risque
l(s, t) := Pγ(t) − inf

u∈S
{Pγ (u)} ≥ 0 .Le préditeur idéal s, lorsqu'il existe, est appelé préditeur de Bayes, est elui qui minimise lerisque, 'est-à-dire

s ∈ arg min
t∈S

{Pγ(t)} .Notons qu'il n'est pas néessairement unique.Exemples. Avant d'aller plus loin, nous présentons deux exemples, la régression et la lassi�-ation, dans lesquels se situent l'essentiel des résultats de ette thèse.Exemple 1.1 (Régression). La variable d'intérêt Y est un salaire et prend des valeurs on-tinues (i.e. Y est un intervalle de R). Par exemple, un indiateur du taux de pollution au entrede Paris. La variable expliative X peut être de nature assez générale, mais un as typique est
X ∈ X ⊂ R

d. Autrement dit, on herhe à prédire Y à l'aide de d paramètres salaires. Dansl'exemple du taux de pollution, les oordonnées de X peuvent par exemple être l'intensité du tra�automobile en di�érents endroits, la vitesse du vent, la température, la pression atmosphérique,et.Une autre manière de formuler un problème de régression est la suivante :
Y = η(X) + σ(X)ǫ ave η(X) = E [Y | X ] .La fontion η : X 7→ Y est la fontion de régression, ǫ est un terme de bruit (entré et de variane1 onditionnellement à X, mais pas forément indépendant de X), σ : X 7→ R

+ est le niveau debruit. Dans l'ériture i-dessus, on a séparé σ et ǫ pour insister sur la possibilité d'avoir un niveaude bruit variable. Nous nous plaerons dans un tel adre, dit hétérosédastique, dans plusieursrésultats de ette thèse.Un ontraste souvent utilisé en régression est le ontraste des moindre arrés
γ : (t, (x, y)) 7→ (t(x) − y )2 .Celui-i est naturel ar le préditeur de Bayes est alors la fontion de régression s = η. En e�et,pour tout préditeur t,

E(t(X) − Y )2 = E (t(X) − η(X) )2 + 2E [ (t(X) − η(X))E [ (η(X) − Y ) | X ] ] + E (η(X) − Y )2

= E (t(X) − η(X) )2 + E (η(X) − Y )2 ≥ E (η(X) − Y )2 .Par onséquent, l'exès de risque des moindre arrés est le arré de la distane L2 à s :
l(s, t) = E

[
( t(X) − s(X) )2

]
.



1.2. SÉLECTION DE MODÈLES 25Notons que le problème de régression dérit ii est aussi appelé régression sur un plan d'-expériene (design) aléatoire, l'objetif étant de prédire Yn+1 ave Xn+1 opie indépendantede X1. On peut également onsidérer le as du design �xe, où Xn+1 est hoisi uniformémentparmi X1, . . . ,Xn. Cei revient à onsidérer que X1, . . . ,Xn sont déterministes, ǫ1, . . . , ǫn i.i.d. et
Yi = η(Xi) + σ(Xi)ǫi. Pour la distintion entre es deux adres, on onsultera l'introdution deBreiman [Bre92℄, ou enore Baraud [Bar00, Bar02℄.Exemple 1.2 (Classi�ation binaire supervisée). En lassi�ation (supervisée19), la variabled'intérêt Y est disrète, 'est-à-dire Y est �ni. Autrement dit, à haque variable X, on assoie uneétiquette Y ∈ Y. Pour simpli�er, nous nous onentrerons sur le as de la lassi�ation binaire,'est-à-dire lorsque Y ne prend que deux valeurs : Y = {0, 1}.Cei orrespond à de nombreux problèmes réels, par exemple :� Aide au diagnosti médial : étant donnés les résultats (X) de di�érents examens, un patientest-il malade ou sain (Y ) ? Et s'il est malade, quelle est sa maladie ? En partiulier, onpeut utiliser les données de pues à ADN pour répondre à es questions (Tibshirani et al.[THNC03℄).� Bioinformatique : détetion de gènes dans une séquene ADN (X = {A,T,C,G}N), de sitesatifs dans une protéine (X = {aides aminés}N) ; atégorisation de protéines, et.� Reonnaissane et identi�ation de aratères manusrits : X est une image en niveaux degris, i.e. X = [0, 1]K où K est le nombre de pixels. L'étiquette Y indique si X représenteou non un aratère donné.� Classi�ation des e-mails entre spams et non-spams.� Catégorisation de textes : Y indique alors si le texte X relève ou non d'une thématiquedonnée.� Reonnaissane de paroles (X est une donnée sonore), de formes (X est une image digitale),et.En général, l'ensemble X est omplexe ou de grande dimension, si bien qu'il n'est pas envisageabled'estimer diretement la fontion de régression η(X) = P (Y = 1 | X ). La �simpliité� de Y enlassi�ation est ainsi ompensée par la grande omplexité de X .Il existe di�érents ontrastes lassiques en lassi�ation. Nous ne onsidérons ii que le on-traste 0-1, i.e.

γ : (t, (x, y)) 7→ 1t(x)6=y ,qui oïnide ave le ontraste des moindre arrés ar on a hoisi Y = {0, 1}. Ainsi, le risque de test le nombre moyen d'erreurs ommises par t.On peut alors exprimer le préditeur de Bayes à l'aide de la fontion de régression :
∀x ∈ X , s(x) = 1η(x)≥ 1

2
.En e�et, pour tout préditeur t,

Pγ(t) = Pγ(s) + E
[
1t(X)6=Y − 1s(X)6=Y

]

= Pγ(s) + E
[
1t(X)6=s(X)E

[
1s(X)=Y 6=t(X) − 1t(X)=Y 6=s(X)

∣∣ X
]]

= Pγ(s) + E
[
1t(X)6=s(X) |2η(X) − 1|

]
≥ Pγ(s) ,19On distingue trois types de lassi�ations : supervisée (lorsque l'on observe l'étiquette Yi pour toutes les données

Xi), non-supervisée (lorsque l'étiquette Yi n'est jamais observée ; on herhe alors uniquement à onstituer desgroupes ohérents, 'est le lustering), et semi-supervisée (où l'on n'observe l'étiquette Yi que pour une partie �en général petite � des données). Dans ette thèse, nous ne onsidérons que la lassi�ation supervisée.



26 CHAPITRE 1. INTRODUCTIONd'où
l(s, t) = E [ |t(X) − s(X)| |2η(X) − 1| ] . (1.1)Notons que s n'est pas néessairement unique, son risque ne dépendant pas des valeurs qu'il prendsur {x ∈ X t.q. η(x) = 1

2

}.Au sujet de la lassi�ation, on onsultera notamment la revue de Bouheron, Bousquet etLugosi [BBL05℄.Minimisation du risque empirique. Pour onstruire un préditeur à partir des données, uneméthode naturelle est de remplaer20 dans la dé�nition de s la distribution P inonnue par ladistribution empirique
Pn =

1

n

n∑

i=1

δξi
, soit ŝS ∈ arg min

t∈S
Pnγ(t, ·) = arg min

t∈Sm

{
1

n

n∑

i=1

γ (t, ξi )

}
.Remarquons que l'on a remplaé ii l'ensemble S de tous les préditeurs par un sous-ensemble Sarbitraire (appelé modèle). En e�et, en onservant la minimisation sur S tout entier, le minimumest atteint en toutes les fontions qui valent Yi en haun des Xi (si les Xi sont tous distints),si bien que s(x) n'est pas dé�ni de manière unique sur X\{X1, . . . ,Xn }. Le modèle S = S nefournit don pas de solution satisfaisante au problème de prédition.Si s /∈ S, on dé�nit

sS ∈ arg min
t∈S

Pγ(t)un minimiseur du risque dans S, auquel l'estimateur ŝS se ompare plus naturellement. En e�et,le risque de ŝS est néessairement supérieur à elui de sS, si bien qu'on peut le déomposer en lasomme de deux termes positifs :
l(s, ŝS) = l(s, sS) + (Pγ(ŝS) − Pγ(sS) ) .Le premier terme est appelé biais, il mesure la distane de s au modèle S. Le seond terme est unterme de variane, il quanti�e la di�ulté d'estimation de sS à l'aide de l'éhantillon (Xi, Yi)1≤i≤n.Nous revenons maintenant sur les deux exemples de la régression et de la lassi�ation.Exemple 1.3 (Régression, suite). En régression, on onsidère souvent des modèles qui sontdes sous-espaes vetoriels21 de S. Des exemples lassiques sont :� lorsque X = [0, 1]k, l'espae engendré par les premiers veteurs d'une base de Fourier,d'ondelettes, et.� lorsque X ⊂ R

k, l'espae engendré par les projetions sur un sous-ensemble de oordonnées.On essaie alors d'exprimer Y omme une ombinaison linéaire d'une partie des variablesontenues dans X, 'est la séletion de variables.� étant donnée une partition (Iλ )λ∈Λ de X , on appelle �modèle d'histogrammes assoié à lapartition (Iλ )λ∈Λ� l'espae des fontions X 7→ R onstantes sur haun des Iλ. On disposealors d'une base (1Iλ
)λ∈Λ, qui a l'avantage d'être orthogonale dans L2(µ) pour toute mesurede probabilité µ sur X . Par onséquent, il est partiulièrement simple d'exprimer sS et ŝSdans ette base :

sS =
∑

λ∈Λ

βλ1Iλ
ave βλ = E [Y | X ∈ Iλ ]20On peut don onsidérer la minimisation du risque empirique omme une appliation de l'heuristique de rééhan-tillonnage : si l'on note s = F (P ), on a bsS = F (Pn).21Ce qui suppose impliitement que Y = R

l pour un entier l ≥ 1 ; 'est le as le plus ourant, ar on ne peut pasdéterminer le support de Y ave un nombre �ni de données.
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ŝS =

∑

λ∈Λ

β̂λ1Iλ
ave β̂λ =

1

Card {Xi ∈ Iλ }
∑

Xi∈Iλ

Yien notant pλ := P (Iλ) = P(X ∈ Iλ) p̂λ := Pn(Iλ) =
CardXi ∈ Iλ

n
.Dans la suite de ette thèse, nous onsidérerons régulièrement et exemple, dans lequel lesaluls sont plus aisés.Un modèle S étant �xé, il existe de nombreux résultats sur le minimiseur du risque empirique.Voir par exemple le livre de Györ�, Kohler, Krzy»ak et Walk [GKKW02℄.Exemple 1.4 (Classi�ation binaire, suite). En lassi�ation, les modèles sont de la forme

{1A t.q. A ∈ A} pour un ertain ensemble A de parties de X . Des exemples lassiques d'ensembles
A sont les demi-espaes de X = R

k, les parties onvexes de X . Lorsque X = [0, 1], on peutégalement onsidérer les segmentations de X en k moreaux, 'est-à-dire
A :=





⋃

0≤i≤(k−1−ε)/2

[a2i+ε, a2i+1+ε ] t.q. 0 = a0 < a1 < · · · < ak = 1 et ε ∈ {0, 1}



 .Il est déliat de dé�nir une mesure de la omplexité des modèles en lassi�ation. Une premièremesure est la dimension de Vapnik-�ervonenkis [VC74℄, qui se dé�nit de la manière suivante :

V := sup
{
N ∈ N t.q. mA(N) = 2N

}
<∞ave mA(N) := sup

C⊂X ,Card(C)=N
{Card(A ∩ C) t.q. A ∈ A} .Son prinipal inonvénient est d'être indépendante de la distribution, et don souvent trop pes-simiste. D'autres mesures ont été introduites depuis, en termes d'entropie (entropie métrique,entropie à rohets, et. ; voir notamment Tsybakov [Tsy04℄) ou de proessus de Rademaher(voir par exemple Kolthinskii [Kol01℄, Bartlett, Bouheron and Lugosi [BBL02℄, Bartlett etMendelson [BM02℄).Comme en régression, de nombreux résultats existent sur le minimiseur du risque empiriquepour un modèle donné. On onsultera entre autres le livre de Lugosi [Lug02℄, et la revue deBouheron, Bousquet et Lugosi [BBL05℄ pour les ontributions les plus réentes. En partiulier,on peut prouver dans di�érents adres que le minimiseur du risque empirique a un risque optimal(à onstante près), au sens du minimax, pour un hoix adéquat de S (voir par exemple Massartet Nédéle [MN06℄). C'est don un bon andidat pour onstruire des proédures adaptatives.Un adre qui a reçu une attention partiulière es dernières années est elui où pour toutpréditeur t, la variane du proessus γ(t, ·)−γ(s, ·) peut être majorée en fontion de son espérane,i.e. de l'exès de risque l(s, t). Une telle inégalité, appelée ondition de marge, a été introduitepar Mammen et Tsybakov [MT99℄ et peut s'érire

varP (γ(t, ·) − γ(s, ·) ) ≤ w ( l(s, t))pour une fontion w : (0,∞) 7→ (0,∞), roissante, ave x 7→ w(x)/x déroissante. Par exemple,lorsque |2η(X) − 1| ≥ h > 0 p.s., la ondition de marge est satisfaite ave w(ǫ) = h−1/2ǫ (enutilisant (1.1)). Sous des hypothèses moins restritives, Tsybakov [Tsy04℄ onsidère des fontions
w de la forme w(ǫ) = cǫθ ave θ ∈ (0, 1].Lorsqu'une telle ondition est satisfaite, on peut prouver que le risque du minimiseur durisque empirique déroît ave une vitesse rapide, i.e. plus rapide que la vitesse minimax globaleen n−1/2 (Massart et Nédéle [MN06℄ ; Tsybakov [Tsy04℄). Une telle analyse repose sur l'idéede loalisation, qui tient ompte du fait que la variane du proessus γ(t, ·) − γ(s, ·) est faible en
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(b) Choix optimal : D = 7Fig. 1.2. Un éhantillon de taille n = 200 ave s(x) = sin(πx) et σ = 1 : di�érentshistogrammes réguliers pour estimer s.
t = ŝm. On mesure alors la omplexité du modèle S à l'aide d'une majoration du type
∀u ∈ S, ∀σ > 0 t.q. φm(σ) ≤ √

nσ2,
√
nE

[
sup

t∈S, varP [γ(u,·)−γ(t,·) ]≤σ2

{(Pn − P ) (γ(u) − γ(t) )}
]
≤ φ(σ) ,où φ est roissante, positive, ave x 7→ φ(x)/x déroissante (e adre, qui est elui de [MN06℄, estexposé plus en détails à la Set. 7.2). La quantité importante est alors l'unique solution stritementpositive ǫ⋆ de l'équation √

nǫ2 = φ(w(ǫ)). Massart et Nédéle [MN06℄ ont ainsi montré que l'onpeut majorer l'exès de risque du minimiseur du risque empirique sur S à l'aide de ǫ⋆ :
∀x > 0, P

(
l(s, ŝS) ≤ 2l(s, S) + κx (ǫ⋆ )2

)
≥ 1 − e−x ,pour une onstante absolue κ > 0.1.2.2. Séletion de modèles.Prinipe. D'après les résultats préédemment évoqués, le minimiseur du risque empirique estun bon andidat pour l'adaptativité, à ondition que l'on soit apable de hoisir onvenablementle modèle S.Par exemple, en régression, si l'on se limite aux modèles d'histogrammes réguliers (i.e. telsque les éléments Iλ de la partition sont tous de même taille), la question du hoix de modèlesrevient à hoisir le nombre D d'éléments de la partition. Ce hoix est ruial. En e�et, hoisir

D = 1 fournit un estimateur très peu sensible aux erreurs de mesures, mais de très faible qualitédès lors que s est loin d'être onstant. Le défaut d'un tel modèle est son grand biais, mesuré par
l(s, S) = l(s, sS) (autrement dit, la distane de s à S). À l'inverse, en hoisissant D de l'ordre de
n, on obtient un estimateur très sensible au bruit, et ertainement très mauvais (si le niveau debruit est non-nul) en prédition, même si s ∈ SD. Pour visualiser e problème, on a représenté lesminimiseurs du risque empirique sur des modèles d'histogrammes réguliers à la Figure 1.2. Leshoix extrémaux D = 1 et D = 37 sont lairement à éviter, en omparaison ave le hoix D = 7(appelé orale, ave la terminologie détaillée i-dessous).On peut mettre en lumière e problème en alulant l'espérane du risque de ŝS dans le asde la régression sur un design �xe (pour simpli�er, mais le même phénomène se produit lorsquele design est aléatoire), ave le ontraste des moindre arrés. En supposant le niveau de bruit σ



1.2. SÉLECTION DE MODÈLES 29onstant, et S un espae vetoriel de dimension D, on a
E [ l(s, ŝS) ] = l(s, S) +

σ2D

n
. (1.2)Le premier terme est le biais, le seond terme est appelé variane. Il montre pourquoi hoisir unmodèle de grande dimension fournit en général un mauvais préditeur. En d'autres termes, hoisirun bon modèle S revient à trouver un bon ompromis entre le biais et la variane.Une desription plus générale de la problématique de la séletion de modèles peut être trouvéedans le ours de Saint-Flour de Massart [Mas07℄. En partiulier, elle-i ne se limite pas au adrede la prédition, mais onerne aussi l'estimation de densité ou enore le problème de l'identi�-ation. Étant donnée une famille d'estimateurs22 (ŝm)m∈Mn (ou de résultats d'algorithmes), laquestion posée est elle du hoix dem. On aimerait déterminer un bon modèlem à l'aide des obser-vations uniquement, 'est-à-dire onstruire un estimateur m̂(ξ1...n). Les ŝm peuvent être obtenusen minimisant le risque empirique sur une famille de modèles (Sm)m∈Mn , mais la problématiquedu hoix de modèle ne se limite pas à e adre. Par exemple, en lassi�ation, on peut onsidérerla famille (ŝk)k≥1 la famille des estimateurs des k plus prohes voisins (voir notamment Devroyeet Wagner [DW77, DW78℄), ou enore la famille des estimateurs par Support Vetor Mahines(f. Sholkopf et Smola [SS01℄) ave di�érents noyaux (Km)m∈Mn . On onsultera également leChap. 7 du livre de Hastie, Tibshirani et Friedman [HTF01℄ à propos de la séletion de modèlesen apprentissage. Pour le adre plus spéi�que de la régression, voir le livre de Györ�, Kohler,Krzy»ak et Walk [GKKW02℄.Séletion de modèles idéale.Prédition. Une proédure idéale pour la prédition serait elle qui hoisirait l'orale

m⋆ ∈ arg min
m∈Mn

{ l(s, ŝm)} .Remarquons que l'orale m⋆ dépend de la vraie distribution P et des données. Cei à deuxonséquenes prinipales. D'une part, l'orale est inaessible en pratique, 'est le hoix idéal quel'on tente seulement d'approher. D'autre part, l'orale n'est pas forément le �vrai� modèle m̃, sielui-i existe. Par exemple, si s ∈ S em un modèle de grande dimension, ave une taille d'éhantillon
n petite ou un niveau de bruit σ élevé, m̃ ne réalisera pas le ompromis biais-variane à ausede son terme de variane23. Insistons également ii sur le fait qu'en prédition, on ne suppose pasque l'un des modèles est exat, 'est-à-dire que s ∈ ⋃m∈Mn

Sm.Une proédure de séletion de modèles est don bonne lorsqu'elle a des performanes ompa-rables à elles l'orale. Pour valider théoriquement une proédure, on herhe don à montrer :� L'optimalité asymptotique de m̂ :
P

(
l(s, ŝ bm)

infm∈Mn { l(s, ŝm)} −−−→
n→∞

1

)
= 1 . (1.3)C'est le ritère asymptotique le plus lassique.� Une inégalité orale (non-asymptotique) :

E [ l(s, ŝ bm) ] ≤ C inf
m∈Mn

{E [ l(s, ŝm) +R(m,n) ]} , (1.4)22La famille des indies Mn peut dépendre de n en toute généralité. C'est une des prinipales motivations pour lepoint de vue non-asymptotique que nous onsidérons ii.23C'est pourquoi il ne faut pas surinterpréter le hoix d'un modèle bm dans une proédure visant à une préditionoptimale. C'est simplement un modèle qui utilise au mieux les données disponibles pour prédire de nouvellesdonnées.



30 CHAPITRE 1. INTRODUCTIONpour une onstante C ≥ 1 (aussi prohe de 1 que possible), et un terme de reste R(m,n) ≥ 0éventuellement aléatoire, dans la mesure du possible petit devant l(s, ŝm). Notons qu'unetelle inégalité ompare m̂ au meilleur hoix déterministe dem, si bien qu'on pourrait trouverun adre où elle serait satisfaite ave C < 1. C'est pourquoi nous préférons dans ette thèsel'inégalité orale plus forte24 suivante, qui ompare m̂ à l'orale :
E [ l(s, ŝ bm) ] ≤ CE

[
inf

m∈Mn

{ l(s, ŝm) +R(m,n)}
]
. (1.5)Notons toutefois que (1.5) est plus rarement onsidérée que (1.4), prinipalement parequ'elle est plus di�ile à démontrer.� Une inégalité orale �trajetorielle� : ave grande probabilité (par exemple 1− Ln−2, où Lest une onstante),

l(s, ŝ bm) ≤ C inf
m∈Mn

{ l(s, ŝm) +R(m,n)} . (1.6)La di�érene ave (1.5) est que nous omparons ii m̂ à l'orale sur un événement de grandeprobabilité. C'est don une version non-asymptotique de l'optimalité asymptotique (1.3).Du point de vue de la prédition, il est plus naturel de onsidérer (1.6), qui donne unrésultat pour presque tout jeu de données, plut�t que (1.5) qui se limite à une omparaisonen moyenne25. Remarquons également que (1.6) implique (1.5) lorsque la fontion de perte
l(s, t) est uniformément bornée par B < ∞, au prix d'un terme de reste supplémentaire
BLn−2 (qui majore simplement l'espérane de l(s, ŝ bm) sur l'événement défavorable).Adaptativité. L'adaptation est également une qualité reherhée pour un estimateur ŝ bm obtenupar hoix de modèles (voir par exemple Birgé et Massart [BM97℄). De manière générale, onpeut dérire l'objetif de l'adaptation omme suit. Supposons que la vraie distribution P ∈ P =⋃

α∈A Pα, le paramètre inonnu α0 tel que P ∈ Pα0 représentant une propriété de P (par exemple,l'ordre de la régularité hölderienne de s en régression). On dit alors qu'un estimateur ŝ bm estadaptatif au paramètre α s'il n'utilise pas la onnaissane de α0 tout en étant aussi bon (parexemple en termes d'erreur de prédition) que tout estimateur ŝα0 qui utiliserait α0.On peut notamment évaluer l'adaptativité d'un estimateur en omparant son risque E [ l(s, ŝbm) ]ave le risque minimax. Nous rappelons ii rapidement la dé�nition de e dernier. Étant donnéeune famille P de lois de probabilités, le risque minimax de la famille P est
Rmin max(P) := infes sup

P∈P
E [ l(s, s̃) ] ,où l'inf est pris sur tous les estimateurs. Le risque minimax mesure don le pire as sur la lasse

P, si bien qu'un estimateur minimax26 pour une très grande famille P n'est pas néessairement unbon estimateur en pratique. On dira don d'un estimateur qu'il est adaptatif au sens du minimaxsi pour tout α0 ∈ A, pour toute vraie distribution P ∈ Pα0 ,
E [ l(s, ŝ bm) ] ≤ KRminmax (Pα0 )pour une onstante27 K > 0.En lassi�ation, le risque minimax global (ave P la famille des lois de probabilité sur X ×Ytelles que s ∈ S un modèle de dimension de Vapnik �ni) déroît en n−1/2, alors qu'ave uneondition de marge supplémentaire sur les P ∈ P, e même risque peut atteindre des vitesses24On a en e�et l'impliation (1.5) ⇒ (1.4), la réiproque étant fausse en général.25et don ne peut pas déteter une éventuelle sous-optimalité de bm si elle-i n'a lieu que pour des éhantillonstels que l(s, bsm⋆) est bien plus petite que son espérane.26i.e. un estimateur dont le risque est majoré par LRminmax(P) pour une onstante numérique L.27idéalement, une onstante absolue ; en général, L dépend de α0, mais jamais de P ni de la taille n de l'éhantillon.



1.2. SÉLECTION DE MODÈLES 31en n−α ave α ∈ (1/2; 1] (Tsybakov [Tsy04℄, Massart et Nédéle [MN06℄). C'est pourquoi l'onparle de �vitesses rapides�. Construire un estimateur s'adaptant à la ondition de marge est unproblème de reherhe de grand intérêt atuellement.En régression, les quantités auxquelles on aimerait s'adapter son notamment la régularité dela fontion de régression et le niveau de bruit σ : X 7→ [0,∞). Ainsi, supposons que X = [0, 1]k ,
σ est onstante et s appartient à une boule de Hölder d'ordre α, i.e.

s ∈ H(α,R) := {f : X 7→ R t.q. ∀x1, x2 ∈ X , |f(x1) − f(x2)| ≤ R ‖x1 − x2‖α
∞ } .Alors, le risque minimax est donné par (Stone [Sto80℄)

Rminmax ({P t.q. s ∈ H(α,R) et σ ≡ σ0 }) = L1(α)σ
4α

2α+k

0 R
2k

2α+kn−2α/(2α+k) ,pour une onstante L1(α) > 0. Par ailleurs, si k = 1 et σ n'est plus onstante mais régulière, alorsGalthouk et Pergamenshikov [GP05℄ ont montré que
Rminmax

({
P t.q. s ∈ H(α,R), σ régulière et ‖σ‖L2(Leb) ≤ σ0

})
= L2(α)σ

4α
2α+1

0 R
2

2α+1n−2α/(2α+1) ,pour une onstante absolue L2(α) > 0.Identi�ation. Déterminer le �vrai� modèle peut également être un objetif d'une proédurede séletion de modèles. On suppose alors que s ∈ ⋃m∈Mn
Sm, et l'on notem⋆

ident le �vrai modèle�,'est-à-dire le modèle m le moins omplexe28 tel que s ∈ Sm.Dans e adre, l'objetif est de déterminer m̂ tel que P(m̂ = m⋆
ident) soit maximale. Le pendantde l'optimalité asymptotique est alors la onsistane :

P (m̂ = m⋆
ident ) −−−→n→∞

1 . (1.7)Inompatibilité. Ces trois objetifs ne sont pas toujours ompatibles. En e�et, Yang [Yan05℄ amontré qu'un estimateur ne peut pas être simultanément asymptotiquement minimax (à onstantemultipliative près) et onsistant. Autrement dit, on ne peut pas utiliser les mêmes méthodespour l'adaptation et l'identi�ation. Le plus souvent, on prouve l'adaptativité d'une proédurepar le biais d'une inégalité-orale (par exemple ave AIC ou le Cp de Mallows), en prenant unefamille de modèles su�samment rihe. Dès lors, prédition et identi�ation sont inompatiblespour de telles familles de modèles. Des résultats similaires peuvent également être trouvés dans[Shi86, FG94, LP05℄.Dans le as de la séletion de modèles linéaires, Shao [Sha97℄ propose une lassi�ationdes prinipales méthodes de séletion de modèles en trois lasses. Ces méthodes fontionnentasymptotiquement ou non (au sens de (1.3) ou (1.7)), selon qu'il existe ou non des modèles orretsde dimensions �xes. Notons toutefois qu'il existe des onditions dans lesquelles prédition etidenti�ation reviennent au même (omme l'illustre la Prop. 1 de Shao [Sha97℄). Il est égalementpossible, dans de nombreuses situations, de ombiner les avantages de AIC et BIC (Yang [Yan03℄,van Erven, Grünwald et de Rooij [vEGdR07℄, et les référenes itées par Yang [Yan05℄).Dans ette thèse, nous nous foaliserons essentiellement sur les objetifs de prédition etd'adaptation, si bien que les proédures que nous établirons ne seront pas onsistantes en termesd'identi�ation. Nous verrons ependant dans la sous-setion suivante que les ritères de prédition(tel AIC) et d'identi�ation (tel BIC) sont reliés, si bien que l'on peut penser modi�er un ritèrede prédition pour obtenir un bon ritère d'identi�ation.28Lorsque les modèles sont emboîtés, ette notion de omplexité minimale ne pose pas de problème. En général, ilse peut que m⋆
ident ne soit pas unique.



32 CHAPITRE 1. INTRODUCTIONMéthodes de hoix de modèles. De même que l'on a remplaé la vraie loi P par la loi empirique
Pn pour dé�nir l'estimateur de minimisation du risque empirique, on pourrait utiliser la mêmesubstitution pour hoisir un modèle :

m̂ ∈ arg min
m∈Mn

{Pnγ ( ŝm )} .Le défaut de e ritère (appelé risque de resubstitution, ou erreur d'entraînement) est qu'il sous-estime fortement le risque. Par exemple, si ŝm minimise dans Sm le risque empirique, ela on-duirait systématiquement à hoisir le plus grand modèle (elui qui explique le mieux les données,et non elui qui les prédit le mieux). Plus généralement, l'utilisation des mêmes données pouronstruire ŝm et mesurer son risque risque de onduire à une forte sous-estimation du risque.Dans le as de la régression homosédastique sur un design �xe, on peut aluler l'espéranede e ritère (en notant Dm la dimension du modèle Sm omme espae vetoriel) :
E [Pnγ ( ŝm ) ] = Pγ (sm ) − σ2Dm

n
. (1.8)Celui-i sous-estime don le biais du modèle Sm, a fortiori le risque de ŝm.Validation. Pour éviter les éueils de l'erreur de resubstitution, une idée naturelle est de nepas utiliser les même données pour onstruire les estimateurs ( ŝm )m∈Mn

et pour évaluer leursrisques. La manière la plus simple d'utiliser e prinipe est de déouper les données en deux éhan-tillons. Ave le premier, appelé éhantillon d'entraînement, on onstruit une famille d'estimateurs(
ŝ
(e)
m

)
m∈Mn

(par exemple en minimisant le risque empirique sur l'éhantillon d'entraînement).Ave le seond (l'éhantillon de validation), on hoisit le modèle qui minimise l'estimateur natureldu risque P (v)
n γ

(
ŝ
(e)
m

), où P (v)
n désigne la mesure empirique assoiée à l'éhantillon de validation.Ainsi, le modèle

m̂ ∈ arg min
m∈Mn

{
P (v)

n γ
(
ŝ(e)m

)} (1.9)est obtenu en minimisant un estimateur sans biais du risque de ŝ(e)m , qui doit être prohe de eluide ŝm.Une telle méthode peut bien être généralisée à des déoupages aléatoires suessifs (qui relèventtous de l'idée de sous-éhantillonnage, don de rééhantillonnage). Nous reviendrons sur es proé-dures dans la Set. 1.3.1.Pénalisation. Une autre approhe onsiste à remarquer que l'erreur de resubstitution Pnγ ( ŝm )ne sous-estime le risque qu'à ause d'un terme de omplexité. Par exemple, en régression, e biaisest de l'ordre de 2σ2n−1Dm, où Dm désigne la dimension du modèle m. On peut don herherà obtenir un estimateur sans biais du risque Pγ ( ŝm ) en ajoutant au risque empirique de ŝm�pénalité� :
m̂ ∈ arg min

m∈Mn

{Pnγ ( ŝm ) + pen(m)}où pen : M 7→ R mesure la omplexité du modèle m. Ce dernier terme, le plus souvent positif,sert à pénaliser les grands modèles, qui s'adaptent �trop bien� aux données et sont don inadaptésà la généralisation. On parle alors de minimisation d'un ritère empirique pénalisé, ou enore depénalisation.Une telle proédure est également appelée minimisation du risque struturel par Vapnik[Vap82℄, la pénalité re�étant la struture du modèle m (via sa omplexité). Cependant, unebonne pénalité doit également tenir ompte des données (par exemple, en régression, à travers lenombre d'observations n et le niveau de bruit σ, étant donné (1.8)). En poussant e raisonnementjusqu'au bout, ei à onduit es dernières années à l'introdution de pénalités aléatoires, alulée



1.2. SÉLECTION DE MODÈLES 33en fontion des données (et pas uniquement à travers un estimateur de la variane σ̂2). Une bonnepartie des résultats de ette thèse étant reliés à des méthodes de pénalisation, nous reviendronsdessus plus en détails à la Set. 1.2.3.Agrégation. Une méthode onurrente de la séletion de modèles est l'agrégation, qui onsisteà dé�nir un estimateur agrégé de la forme
s̃agreg =

∑

m∈Mn

wm(ξ1...n)ŝm ,les poids (wm )m∈Mn
étant de somme 1 et déterminés à partir des données. Voir par exempleNemirovski [Nem00℄, et pour des résultats plus réents (notamment en lassi�ation, sous deshypothèses de marge) la thèse de Leué [Le07a℄.L'inonvénient d'une telle méthode est qu'elle suppose généralement les estimateurs ŝm don-nés, indépendants des observations ξ1...n, si bien que les poids sont alulés ave des donnéesindépendantes des estimateurs ( ŝm )m∈Mn

. En pratique, ei peut être fait en déoupant préal-ablement l'éhantillon en deux, la première moitié servant à onstruire les estimateurs, la seondemoitié à les agréger. Autrement dit, il faut reourir à la validation (�hold-out�), et il ne semblepas évident de limiter l'in�uene du hoix d'un déoupage omme ave la validation roisée enséletion de modèles.Ainsi, s'il peut être préférable d'agréger plut�t que de séletionner un modèle (Leué [Le07b℄),e n'est que lorsque la famille ( ŝm ) est préalablement donnée. La néessité de reourir à la val-idation laisse ouverte la question du hoix optimal du déoupage (au moins du point de vuepratique), et la omparaison ave une méthode de séletion de modèles n'est pas aisée. En e�et,les résultats onernant l'agrégation omparent s̃agreg au meilleur des ŝ(e)m , qui sont onstruits aveseulement ne données (la taille de l'éhantillon d'entraînement), tout en supposant que nv (la taillede l'éhantillon de validation) est assez grande (proportionnelle à n). Il est alors di�ile de savoirsi une inégalité orale ave onstante 1 en agrégation est meilleure qu'une inégalité orale aveonstante 1 + ǫn en séletion de modèles, où l'on se ompare au meilleur des ŝm (onstruits ave
n > ne données, don plus performants).Notons toutefois que l'agrégation permet d'obtenir des proédures adaptatives à la onditionde marge en lassi�ation binaire (Leué [Le07a℄), hose qui n'a pu être prouvée pour uneproédure de hoix de modèles que dans le as du hold-out (Blanhard et Massart [BM06d℄).Aux onstantes multipliatives près, l'agrégation permet d'obtenir des proédures optimales dansun tel adre.L'objetif prinipal de ette thèse est préisément de dérire des proédures pour lesquelleses onstantes multipliatives sont prohes de 1, au moins d'un point de vue pratique. Nousne nous ontenterons don pas de proédures de type validation, dont les faiblesses sont bienonnues des pratiiens (en partiulier la sensibilité au hoix d'un déoupage de l'éhantillon).Nous ne reviendrons pas sur les méthodes d'agrégation dans la suite, mais nous soulignons ii quela ompréhension �ne des méthodes de sous-éhantillonnage devrait aider à élaborer des stratégiesde déoupage d'éhantillons dans les proédures d'agrégation.1.2.3. Pénalisation. Rappelons que l'idée de la pénalisation est de hoisir un modèle

m̂ ∈ arg min
m∈Mn

{Pnγ ( ŝm ) + pen(m)} (1.10)où pen : M 7→ R est une �pénalité�, en général positive, qui mesure la omplexité du modèle
m. Nous dérivons dans ette setion la manière dont pen doit être hoisie, et nous indiquonsquelques pénalités lassiques. Cei dépendant de l'objetif à atteindre, nous distinguons les as



34 CHAPITRE 1. INTRODUCTIONde la prédition et de l'identi�ation (qui sou�rent d'inompatibilités, omme nous l'avons déjàremarqué ; f. Shao [Sha97℄ et Yang [Yan05℄).Prédition. En prédition, le ritère idéal (que l'orale m⋆ minimise) est Pγ ( ŝm ). Il existedon une pénalité idéale, qui est la di�érene entre e ritère et l'erreur de resubstitution :
penid(m) := Pγ ( ŝm ) − Pnγ ( ŝm ) . (1.11)L'heuristique de Akaike et Mallows est qu'une bonne pénalité doit être sans biais, i.e. telleque

∀m ∈ Mn, E [pen(m) ] = E [penid(m) ] .Cei a onduit notamment à l'introdution des ritères FPE29 (Akaike [Aka70℄), AIC30 (Akaike[Aka73℄), SURE31 (Stein [Ste81℄) et Cp de Mallows (Mallows [Mal73℄). Ce dernier, dans le asde la régression homosédastique sur un design �xe, est la somme du risque de resubstitution etde la pénalité
penMallows(m) :=

2σ2Dm

n
= E [penid(m) ] . (1.12)La seonde égalité provient de la ombinaison de (1.2) et (1.8). De tels ritères sont alors as-ymptotiquement optimaux sous di�érentes hypothèses, omme ela a été prouvé suessivementpar Shibata [Shi81℄, Li [Li87℄ et Baraud [Bar00, Bar02℄. On peut également onsidérer despénalités plus générales, de la forme λnσ̂2Dmn

−1, où σ̂2 est un estimateur de σ2. Shao [Sha97℄les appelle GICλn
32 et montre que λn ≡ 2 fontionne (asymptotiquement) en prédition, λn → ∞fontionne (asymptotiquement) en identi�ation, et 2 < λn < ∞ est un ompromis entre esdeux méthodes. Les pénalités AIC, Cp et SURE peuvent également entrer dans le adre généraldes pénalités ovariane (Efron [Efr04℄), qui estiment 2 cov (g(ŝm(Xi)), Yi ) pour une fontion gdépendant du ontraste utilisé pour mesurer le risque. Il est don possible de les adapter à desontrastes autre que elui des moindre arrés ou la log-vraisemblane.Depuis la mise en évidene du phénomène de onentration de la mesure (voir notammentLedoux et Talagrand [LT91℄, Talagrand [Tal96℄ et Ledoux [Led01℄), une analyse non-asymptoti-que des proédures de pénalisation a pu être développée, en partiulier ave les travaux de Massart[Mas07℄. Le point de départ en est le alul suivant, qui utilise uniquement les dé�nitions (1.10)de m̂ et (1.11) de penid. Pour tout modèle m ∈ Mn,
l(s, ŝ bm) = Pnγ ( ŝ bm ) + penid(m̂) − Pγ(s)

= Pnγ ( ŝ bm ) + pen(m̂) + (penid − pen) (m̂) − Pγ(s)

≤ Pnγ ( ŝm ) + pen(m) + (penid − pen) (m̂) − Pγ(s)

= l(s, ŝm) + (pen− penid ) (m) + (penid − pen) (m̂) ,soit
l(s, ŝ bm) + (pen− penid ) (m̂) ≤ inf

m∈Mn

{ l(s, ŝm) + (pen− penid ) (m)} . (1.13)Par onséquent, si pen ≥ penid uniformément sur m ∈ Mn, alors on a l'inégalité orale
l(s, ŝ bm) ≤ inf

m∈Mn

{ l(s, ŝm) + (pen− penid ) (m)}29Final Predition Error : erreur de prédition �nale.30Akaike Information Criterion : ritère d'information d'Akaike.31Stein's Unbiased Risque Estimate : estimateur non biaisé du risque.32Generalized Information Criterion.



1.2. SÉLECTION DE MODÈLES 35Ensuite, si la pénalité pen n'est pas beauoup plus grande que penid, le terme de reste de etteinégalité orale est négligeable. L'intérêt de e alul est de mettre en relief l'ordre des prioritéspour la alibration d'une pénalité :(1) Ne pas sous-pénaliser : pen ≥ penid uniformément en m ∈ Mn (ou du moins pour lesmodèles suseptibles d'être séletionnés).(2) Dans le mesure du possible, ne pas trop sur-pénaliser : pen ≤ (1 + ǫ) penid ave ǫ > 0petit.Une stratégie naturelle est don de prendre un estimateur sans biais de penid omme pénalité,et de montrer qu'il est prohe de penid uniformément sur m ∈ Mn, à l'aide d'inégalités deonentration. Cei tend don à justi�er l'heuristique de Mallows dans un adre assez général.Cependant, la hiérarhie entre les inégalités pen ≥ penid et pen ≤ (1 + ǫ) penid indique leslimites d'une telle heuristique.D'une part, lorsqu'il y a beauoup de modèles33, une omparaison uniforme de pen et penidest déliate. Il devient alors en général néessaire de prendre une pénalité telle que E [pen(m) ] >

E [penid(m) ], a�n de ompenser les �utuations de pen− penid uniformément en m ∈ Mn. Enrégression, ei a onduit à l'introdution de formes de pénalités plus générales que elle deMallows. On onsultera à e sujet les travaux de Baron, Birgé et Massart [BBM99℄, Birgé etMassart [BM01℄ et Sauvé [Sau06℄. Par exemple, lorsque la famille Mn ontient (n
D

) modèles dedimension D, Baron, Birgé et Massart [BBM99℄ proposent d'utiliser une pénalité de la forme
pen(m) =

K1Dm

n

(
1 +K2 log

(
n

Dm

))
, (1.14)où K1 et K2 sont des onstantes absolues à déterminer. Les travaux de Birgé et Massart [BM06℄ont montré que e terme supplémentaire en log(n/Dm) est inévitable. Cette néessité d'augmenterla pénalité peut être interprétée de la façon suivante. Tous les modèles de même dimension Dont une omplexité similaire, et doivent don être pénalisés de la même manière34. En érivant

pen(m) = pen(Dm), la proédure (1.11) revient don à minimiser le risque empirique sur haquemodèle agrégé
S̃D :=

⋃

Dm=D

Sm ⇒ ŝD ∈ arg min
t∈eSD

{Pnγ(t)} ,puis pénaliser haque modèle S̃D en fontion de sa omplexité. Lorsque le nombre de modèlesde dimension D est grand, la omplexité de S̃D est lairement plus grande que elle de l'un desmodèles Sm de dimension D. C'est pourquoi la pénalité (1.12) n'est plus su�samment grande.D'autre part, même lorsque la famille m ∈ Mn est de petite taille, il se peut qu'une pénalitédonne de moins bons résultats qu'une pénalité légèrement plus grande (voir par exemple lessimulations des Set. 5.4 et 6.5). Cei provient du fait que les �utuations de pen− penid peuventêtre importantes lorsque n est petit et σ grand, si bien qu'une pénalité sans biais risque de hoisirun modèle de trop grande dimension ave une probabilité non négligeable. À notre onnaissane,un tel phénomène n'a jamais été étudié en profondeur, alors qu'il nous semble important d'en tenirompte d'un point de vue non-asymptotique. Nous reviendrons sur ette question en onlusion.Pénalités minimales et heuristique de pente. Réemment, Birgé et Massart [BM01, BM06℄se sont intéressés à la question de la alibration optimale d'une pénalité. Se plaçant dans le as dela régression sur un design �xe ave un bruit gaussien homosédastique, ils montrent qu'il existeune pénalité minimale penmin(m), satisfaisant les propriétés suivantes.33par exemple, plus qu'un nombre polynomial cnα, pour toutes onstantes c, α > 0.34Notons que ei n'est pas valable en général dans un adre hétérosédastique, voir Chap. 4.



36 CHAPITRE 1. INTRODUCTION(1) Si pen : Mn 7→ [0,∞) véri�e pen(m) ≤ (1 − ǫ) penmin(m) pour tout modèle m ∈ Mn,ave ǫ > 0, alors le modèle m̂ dé�ni par (1.10) est ave grande probabilité de �grandedimension�, et de risque bien plus grand que l'orale, même si la ible s appartient à unmodèle de petite dimension.(2) Si pen(m) ≈ 2 penmin(m) pour tout modèle m ∈ Mn, alors la proédure (1.10) satisfaitune inégalité orale ave onstante presque 1.La onséquene du premier point est une illustration supplémentaire de la hiérarhie des inégalitésdans la omparaison entre pen et penid. Sous-pénaliser peut avoir des onséquenes dramatiques,alors que surpénaliser ne fait perdre qu'une onstante multipliative. En partiulier, Birgé et Mas-sart justi�ent la forme (1.14) de la pénalité lorsque la famille Mn est rihe. D'autres minorationsde la pénalité dans le as où la variane σ2 est inonnue ont été obtenus par Baraud, Giraud etHuet [BGH07℄.Le seond point (omparé au premier) a une onséquene enore bien plus intéressante pourla alibration de pénalités à l'aide des données. Se fondant sur l'heuristique de pente35 selonlaquelle 2 penmin est une pénalité optimale, Birgé et Massart proposent l'algorithme suivant (ons'est restreint ii au adre où la pénalité minimale est linéaire en Dm ; Birgé et Massart [BM06℄proposent une forme de pénalité plus générale, mais toujours ave pen(m) = F (Dm)) :(1) Caluler m̂(K) ∈ arg minm∈Mn {Pnγ ( ŝm ) +KDm } pour tout K > 0.(2) Déterminer Kmin = K̂ telle que D bm(K) est �grande� lorsque K < Kmin, et D bm(K) est�raisonnable� lorsque K > Kmin.(3) Choisir m̂ = m̂
(

2K̂
).Une telle méthode peut également être appliquée lorsque la pénalité minimale est de la forme(1.14). Lebarbier [Leb05℄ a ainsi pu l'utiliser ave suès en détetion de rupture, a�n de alibrerles onstantes K1 et K2. Dans le as où la pénalité de Mallows (1.12) fontionne, l'heuristique depente permet d'estimer la variane σ2, à travers le hoix de la onstante K̂ = σ̂2n−1.Le résultat théorique à la base de ette heuristique est la proximité des deux quantités suiv-antes :

p1(m) := P (γ ( ŝm ) − γ (sm )) ≈ Pn (γ (sm ) − γ ( ŝm ) ) =: p2(m) . (1.15)Le terme de droite représente (en espérane) l'éart entre le biais Pγ (sm ) et l'erreur de resub-stitution Pnγ ( ŝm ). En pénalisant moins que p2(m), on hoisit m̂ suivant un ritère inférieur aubiais de Sm (en espérane). Le modèle séletionné a don tendane a être de grande dimension,d'où une explosion du risque. Le terme de gauhe est l'éart entre le ritère idéal (le risque) etle biais. La pénalité idéale (elle qui onduit à une séletion de modèles optimale) est don �au moins en espérane � égale à p1(m) + p2(m). L'heuristique (1.15) implique don l'heuristiquede pente penopt = 2penmin, quelle que soit la forme de la pénalité minimale. C'est ainsi qu'auhapitre 3, nous avons étendu les résultats de Birgé et Massart dans un adre hétérosédastique,où la pénalité minimale ne dépend pas néessairement de la dimension.Prédition en lassi�ation. Nous nous sommes pour l'instant onentrés sur le as de larégression, où les méthodes de pénalisation sont plus simples à omprendre qu'en lassi�ation.Dans e dernier adre, on distingue deux types de pénalités.35Le nom de ette heuristique est lié au as où penmin(m) est linéaire en la dimension Dm. La onstant bK obtenuepar l'algorithme de Birgé et Massart peut alors être vue omme la valeur absolue de la pente de l'erreur deresubstitution Pnγ (bsm ), vue omme une fontion de Dm, qui est quasi-linéaire lorsque Dm est grand.



1.2. SÉLECTION DE MODÈLES 37Les pénalités globales. sont des estimations de
penid,g(m) := sup

t∈Sm

{(P − Pn) (γ (t))} ≥ (P − Pn) (γ ( ŝm )) = penid(m) .Le terme �global� renvoie au fait que l'on onsidère un sup sur Sm tout entier, sans herher àexploiter le fait que ŝm n'est pas situé n'importe où dans Sm.De façon générale, lorsque pen(m) ≥ penid,g(m) pour tout modèle m ∈ Mn, on peut montrer(Massart [Mas07℄, Thm. 8.1) que la proédure de hoix de modèles qui en résulte satisfait uneinégalité orale de la forme
E [ l(s, ŝ bm) ] ≤ inf

m∈Mn

{ l(s, sm) + pen(m)} +
K√
n
.Lorsque Sm est une lasse de Vapnik de dimension Vm, on peut par exemple prendre

pen(m) = K

√
Vm

n
,pour une onstante absolue K > 0, auquel as on peut obtenir une proédure adaptative à V dupoint de vue minimax global.Cei peut être amélioré en utilisant des mesures de omplexité prenant en ompte l'éhan-tillon ξ1...n, par exemple l'entropie ombinatoire de Sm (voir Massart [Mas07℄, Set. 8.2.1) oula omplexité de Rademaher (introduite indépendamment par Kolthinskii [Kol01℄ et Bartlett,Bouheron et Lugosi [BBL02℄)

R̂n(m) :=
1

n
E

[
sup
t∈Sm

n∑

i=1

ǫiγ (t, ξi )

∣∣∣∣∣ ξ1...n

]
,où ǫ1, . . . , ǫn sont des variables de Rademaher (valant ±1 ave même probabilité) indépendantesentre elles, et indépendantes de ξ1...n. D'autres pénalités globales ont également été introduites,notamment la omplexité gaussienne, la ontradition maximale (ou maximal disrepany, f.Bartlett et Mendelson [BM02℄), et les pénalités bootstrap globales (Fromont [Fro04℄). Dansla mesure où elles-i (de même que les omplexités de Rademaher) relèvent d'une forme derééhantillonnage, nous reviendrons dessus en Set. 1.3.2.Notons que malgré le fait que es pénalités globales prennent en ompte les données, ellesne permettent pas d'obtenir les vitesses de onvergene rapides qui déoulent de la ondition demarge. Il est pour ela néessaire d'utiliser l'approhe loale.Une pénalité loale. herhe à l'inverse à approher diretement penid(m), en tenant omptede la position de ŝm dans Sm. Jusqu'à présent, les pénalités loales en lassi�ation sont toutesdu type �omplexités de Rademaher loales� (Bartlett, Mendelson et Philips [BMP04℄ ; Lugosiet Wegkamp [LW04℄ ; Bartlett, Bousquet et Mendelson [BBM05℄ ; Kolthinskii [Kol06℄). Engénéral, elles estiment par rééhantillonnage (ave des poids Rademaher i.i.d.) une majorationde penid qui tient ompte de la loalisation (f. Set. 1.3.2). Au Chap. 7, nous proposons etétudions les propriétés de pénalités loales en lassi�ation, ne faisant pas intervenir de onstantesinonnues. Nous onjeturons que de telles pénalités induisent une proédure optimale en termesde prédition, qui serait don adaptative à la ondition de marge.Identi�ation. Lorsque l'on utilise la pénalisation pour identi�er le �vrai� modèle m⋆

ident on-tenant la ible s, la pénalité idéale n'est bien sûr plus penid. En e�et, l'objetif étant d'avoir
m̂ = m⋆

ident ave probabilité presque 1, une bonne pénalité doit empêher de séletionner un mod-èle m′ de dimension Dm⋆
ident

+ 1 et ontenant également s. Ave un ritère de type Cp, l'espérane



38 CHAPITRE 1. INTRODUCTIONde la di�érene crit (m′ ) − crit (m⋆
ident ) est σ2n−1, qui est de l'ordre des �utuations de ettemême di�érene.En revanhe, en utilisant une pénalité telle que BIC36 (Shwarz [Sh78℄), qui s'érit
penBIC(m) =

ln(n)σ2Dm

nen régression, on obtient une proédure d'identi�ation onsistante. Voir notamment à e sujetShao [Sha97℄, Burnham et Anderson [BA02℄ ou enore Yang [Yan06℄ (et les référenes qu'ilsontiennent). Parmi les autres pénalités lassiques pour l'identi�ation, on peut notamment iterMDL37 (Rissanen [Ris78℄).La onstrution de pénalités pour identi�er le vrai modèle n'est pas le thème entral de ettethèse, et le résultat d'inompatibilité de Yang [Yan05℄ montre qu'en visant à l'adaptation, onobtient des proédures inonsistantes. En revanhe, les pénalités BIC et et Mallows ne di�érantque par un fateur ln(n)/2, on peut raisonnablement penser qu'une méthode de pénalisationfontionnant dans le adre de la prédition peut être modi�ée pour identi�er le vrai modèle enmultipliant la pénalité par un fateur proportionnel à ln(n). Une telle �exibilité n'est ii possiblequ'ave la formulation en termes de pénalités, alors qu'une méthode direte de type validationroisée ne permet pas une telle modi�ation.1.2.4. Contributions de la thèse. Si ette thèse est prinipalement onsarée à l'étude deméthodes de rééhantillonnage, notamment en séletion de modèles, plusieurs résultats onernentla séletion de modèles de manière plus générale. Ils sont développés dans les Chap. 3 et 4.Heuristique de pente. Le premier résultat (Chap. 3) onerne l'heuristique de pente, énonéepar Birgé et Massart [BM06℄ sur la base de résultats limités au as de la régression sur undesign �xe, ave un bruit homosédastique. Nous nous plaçons dans le adre de la régression aveun design aléatoire et un bruit hétérosédastique, et nous montrons que l'heuristique de pentereste valide dans le as de modèles d'histogrammes. Ce résultat indique en partiulier que etteheuristique ne se restreint pas à des pénalités de la forme K̂Dm, ni même à des fontions de ladimension Dm.Plus préisément, nous dé�nissons la �pénalité minimale� suivante :
penmin(m) = E [Pn (γ (sm ) − γ ( ŝm )) ] .Lorsque pen ≤ (1− ǫ) penmin uniformément sur m ∈ Mn, la dimension séletionnée est de l'ordrede n ln(n)−1, tandis qu'elle est inférieure à n1−η ave η > 0 dès lors que pen ≥ (1 + ǫ) penmin(Thm. 3.2). Il y a don un saut de dimension au voisinage de pen = penmin. De plus, un hoix depénalité pen ≈ 2 penmin su�t pour obtenir une inégalité orale (non-asymptotique) ave onstantepresque 1 (Thm. 3.1).Si l'on onnaît (ou si l'on a estimé) la forme pen0(m) de la pénalité optimale à une on-stante multipliative près, nos résultats suggèrent un algorithme pour hoisir K̂ de telle sorteque pen(m) = K̂ pen0(m) fournisse une proédure de hoix de modèle optimale en prédition(algorithme 3.1) :(1) Estimer la forme optimale de pénalité pen0(m)(2) Pour tout K > 0, aluler

m̂(K) ∈ arg min
m∈Mn

{Pnγ ( ŝm ) +K pen0(m)}36Bayesian Information Criterion.37Minimum Desription Length.



1.3. SÉLECTION DE MODÈLES PAR RÉÉCHANTILLONNAGE 39(3) Trouver K̂min > 0 orrespondant au �saut de dimension�(4) Choisir le modèle m̂ = m̂
(

2K̂min

).La seonde étape de et algorithme peut être réalisée en temps polynomial en Card(Mn) (voirSet. 3.4), si bien que ette méthode peut réellement être utilisée en pratique.Quant à l'estimation de la forme optimale de pénalité, les Chap. 5 à 8 nous suggèrent d'utiliserl'une des pénalités par rééhantillonnage (V -fold ou éhangeable). En partiulier, les théorèmes 5.1et 6.1 justi�ent leur usage dans le as des histogrammes. Nous onjeturons que ela reste possibledans un adre bien plus général. Notons également que si l'on dispose d'un autre estimateur de
pen0, ou d'informations spéi�ques indiquant quelle doit être la forme de la pénalité, les résultatsdu Chapitre 3 restent appliables, quelle que soit ette forme de pénalité.Limites des pénalités linéaires. Le seond résultat (Chap. 4) souligne l'une des di�ultésinduites par l'hétérosédastiité du bruit. Nous montrons, en onsidérant un exemple partiulier(mais où s et σ ont des formes très simples), qu'une pénalité linéaire en la dimension Dm nepeut pas être asymptotiquement optimale en termes de prédition (Prop. 4.1). Ce résultat est fort,puisqu'il onerne également les pénalités de la forme K̂(Pn, P )Dm qui utiliseraient les donnéeset leur vraie distribution P .Une manière d'élairer les raisons de ette limite est de aluler expliitement l'espérane dela pénalité idéale, dans le as d'un modèle d'histogrammes (Set. 4.2) :
E [penid(m) ] =

1

n

∑

λ∈Λm

(2 + δn,pλ
)
(

E

[
(σ(X) )2

∣∣∣ X ∈ Iλ

]
+ E

[
(s(X) − sm(X) )2

∣∣∣ X ∈ Iλ
])ave limnp→∞ δn,p = 0. Celle-i n'est don pas linéaire en Dm lorsque le bruit est hétérosédastique,ou lorsque la ible s est su�samment irrégulière pour être éloignée de son approximation sm parun histogramme (e dernier terme n'apparaissant que pare que les Xi sont aléatoires).Les résultats du Chapitre 4 soulignent ainsi l'intérêt d'avoir étendu l'heuristique de pente à desformes de pénalités quelonques, au Chapitre 3. Ils montrent surtout le besoin réel de pénalitésapables de s'adapter à un bruit hétérosédastique ou à l'aléa des Xi ave s irrégulière. Unesolution possible à e dernier point est apportée par les pénalités par rééhantillonnage (Chap. 5à 8), en partiulier à travers l'algorithme 11.1.1.3. Séletion de modèles par rééhantillonnage1.3.1. Validation roisée. Le prinipe de la séletion de modèles par validation � quenous avons déjà dérit, voir (1.9) � est le suivant. On déoupe les données en un éhantillond'entraînement (e) de taille ne et un éhantillon de validation (v) de taille nv, puis l'on hoisit

m̂ ∈ arg min
m∈Mn

{
P (v)

n γ
(
ŝ(e)m

)}
.Blanhard et Massart [BM06d℄ (voir aussi Massart [Mas07℄, Set. 8.5) ont montré assez sim-plement que la validation permet d'obtenir l'adaptation à la ondition de marge, fait qui est trèsdéliat à prouver pour d'autres proédures. Ce résultat souligne l'éart entre la théorie (qui nepeut pas distinguer la validation de méthodes plus élaborées) et la pratique. En e�et, la validationest onnue pour être très variable, ar elle repose sur le hoix arbitraire d'un déoupage (qui n'apas de raison d'être dès lors que les données sont éhangeables).Pour réduire ette variabilité, un méthode onsiste à réaliser suessivement plusieurs dé-oupages. On parle alors de validation roisée. Du point de vue théorique, il est alors beauoupplus di�ile d'étudier les performanes d'une telle proédure, puisque l'on n'a plus deux jeux dedonnées indépendants servant à deux tâhes entièrement distintes.



40 CHAPITRE 1. INTRODUCTIONNous dérivons dans ette setion di�érentes stratégies relevant de e même prinipe. S'il y apeu de résultats théoriques à leur sujet, en revanhe de nombreuses omparaisons expérimentalesont été réalisées. On onsultera par exemple Efron [Efr83, Efr86℄, Efron et Tibshirani [ET97℄,Zhang [Zha93℄ et Molinaro, Simon et Pfei�er [MSP05℄. L'un des objetifs de ette thèse estd'améliorer la ompréhension théorique de es proédés.Déoupages exhaustifs. Dans sa version initiale, la validation roisée (Allen [All74℄, Stone[Sto74℄, Geisser [Gei75℄) ou leave-one-out est prohe du jakknife. Elle onsiste à retirer sues-sivement haune des données ξi, et l'utiliser omme éhantillon de validation, le reste des donnéesservant à l'entraînement :
m̂loo ∈ arg min

m∈Mn

{
1

n

n∑

i=1

γ
(
ŝ(−i)
m ; ξi

)} où ŝ(−i)
m ∈ arg min

t∈Sm





1

n− 1

∑

j 6=i

γ (t; ξj )



 .On peut ensuite généraliser au leave-p-out, aussi appelé �delete-p CV�, de même que le �delete-

p jakknife� généralise le jakknife :
m̂lpo ∈ arg min

m∈Mn





1(n
p

)
∑

I⊂{1,...,n},Card(I)=p

P (I)
n γ

(
ŝ(I

c)
m

)


 (1.16)où P (I)

n := 1
Card(I)

∑
j∈I δξj

et ŝ(Ic)
m ∈ arg mint∈Sm

{
P

(Ic)
n γ (t)

}.Dans le as de modèles linéaires, Craven et Wahba [CW79℄ ont dé�ni la validation roiséegénéralisée38, qui est une version invariante par rotation de la validation roisée lassique. Enréalité, malgré son nom, la validation roisée généralisée est plus prohe des ritères Cp et CL deMallows que de la validation roisée elle-même (Efron [Efr86℄).Suivant la lassi�ation proposée par Shao [Sha97℄, on peut distinguer trois types de om-portements asymptotiques pour le leave-p-out en fontion de p :� lorsque p≪ n, le leave-p-out est asymptotiquement optimal (en prédition), mais inonsis-tant pour l'identi�ation. Lorsque p = 1, on trouve également e résultat dans un artilede Li [Li87℄, qui onsidère également la validation roisée généralisée ; les deux proéduressont asymptotiquement équivalentes au ritère Cp de Mallows.� lorsque p ∼ λn ave λ ∈ (0, 1), le leave-p-out est asymptotiquement équivalent au ritèreFPEα

critFPEα := Pnγ ( ŝm ) + α
σ̂2Dm

n
ave α = (2 − λ)/(1 − λ) > 2 ,

σ̂2 étant un estimateur du niveau de bruit (Zhang [Zha93℄). Le leave-p-out surestime donl'erreur de prédition, sans toutefois être onsistant pour l'identi�ation. La raison en estque l'estimateur leave-p-out estime le risque d'un estimateur onstruit ave n − p < ndonnées, qui est don plus grand que elui d'un estimateur onstruit ave n données. Enestimation de densité, le résultat de van der Laan, Dudoit et Keles [vdLDK04℄ indique lemême omportement.� Lorsque p ∼ n et n − p → ∞, le leave-p-out est onsistant pour l'identi�ation (Shao[Sha93, Sha97℄).Méthodes moins oûteuses. Lorsque le temps de alul est pris en ompte, il est rarementpossible de réaliser un leave-one-out exhaustif, et enore moins un leave-p-out ave p > 1. Plusieursautres méthodes ont alors été proposées, la première étant la validation roisée �V -fold� (Geisser38Generalized ross-validation.



1.3. SÉLECTION DE MODÈLES PAR RÉÉCHANTILLONNAGE 41[Gei75℄). L'idée est de déouper l'éhantillon en V blos39, et d'utiliser suessivement haun dees blos omme éhantillon de validation. Autrement dit, (Bj)1≤j≤V étant une partition �xée de
{1, . . . , n}, on hoisit le modèle

m̂VFCV ∈ arg min
m∈Mn





1

V

V∑

j=1

P
(Bj)
n γ

(
ŝ(−j)
m

)


 où ŝ(−j)

m ∈ arg min
t∈Sm

{
P

(Bc
j )

n γ (t)

}
.Dans le adre de l'estimation de densité, Celisse et Robin [CR06℄ ont montré que le hoix arbitraired'une partition (Bj)1≤j≤V induit une variabilité supplémentaire par rapport au V -fold (lorsque

p = n/V ), dont ils donnent une expression expliite.Une telle proédure sou�rant du même défaut que le leave-p-out pour p ∼ n/V , Burman[Bur89, Bur90℄ a proposé une orretion du biais de la validation roisée V -fold. Elle onsiste àremplaer le ritère V -fold lassique (noté critVFCV) par
critcorr.VFCV(m) := critVFCV(m) + Pnγ ( ŝm ) − 1

V

V∑

j=1

Pnγ
(
ŝ(−j)
m

)
,qui est asymptotiquement non biaisé (à un terme d'ordre (V − 1)n−2 près). Notons que etteorretion ressemble à une orretion du biais par rééhantillonnage (f. Hall [Hal92℄, Set. 1.3et 3.10).Une autre approhe est elle de méthodes d'apprentissage-test répété40 (Breiman, Friedman,Olshen et Stone [BFOS84℄). L'idée est d'utiliser (1.16) en ne onsidérant que B sous ensembles

I1, . . . , IB ⊂ {1, . . . , n} aléatoires indépendants, hoisis uniformément parmi les sous-ensemblesde taille p. En d'autres termes, on utilise une approximation de type Monte-Carlo pour le proes-sus de sous-éhantillonnage. Dans le as de la régression linéaire, Zhang [Zha93℄ montre queette méthode est asymptotiquement équivalente au leave-p-out, pourvu que B ≫ n2. En�n, demême que la validation roisée V -fold, ette méthode peut être orrigée pour son biais (Burman[Bur89℄). Sous ertaines hypothèses (Burman [Bur90℄), elle fournit alors une bonne estimationde l'erreur de prédition pourvu que n/(pB) reste borné quand n→ ∞.Choix de V , p, nv, et. Une question importante reste elle du hoix de la taille nv de l'éhan-tillon de validation (ou, de façon équivalente, le hoix de p ou de V ).Pour la prédition, au vu de [Zha93, Sha97, vdLDK04℄, il est néessaire d'avoir nv ≪ nepour obtenir l'optimalité asymptotique d'un estimateur par validation ou validation roisée, àmoins d'utiliser l'une des orretions proposées par Burman [Bur89℄ (mais pour lesquelles auunrésultat en séletion de modèles n'a enore été prouvé, mis à part le Chap. 5 de ette thèse).Malgré ela, on reprohe souvent au leave-one-out sa variabilité (Hastie, Tibshirani et Fried-man [HTF01℄, Set. 7.10 ; voir aussi Breiman [Bre96℄). En partiulier, lorsqu'il est utilisé pourévaluer l'erreur d'algorithmes instables (k plus prohes voisins, CART, minimisation du risque 0-1sur des modèles très rihes en lassi�ation, et. ; voir Breiman et Spetor [BS92℄), le leave-one-out fournit un estimateur variable de l'erreur de prédition. D'après Molinaro, Simon et Pfei�er[MSP05℄, un tel défaut disparaît lorsque les algorithmes utilisés sont su�samment stables. Pourorriger la variabilité du leave-one-out, plusieurs méthodes fondées sur le bootstrap ont été pro-posées par Efron [Efr83℄, auxquelles nous onsarons le paragraphe suivant.Le hoix de p repose don sur un ompromis entre le biais (qui est petit quand p est petit) etla variabilité (qui semble plus grande lorsque p = 1). En estimation de densité, un alul expliite39de tailles omparables, et hoisis aléatoirement pour éviter tout biais lié à un ordre partiulier des données.40Repeated learning testing methods.



42 CHAPITRE 1. INTRODUCTIONpermet à Celisse et Robin [CR06℄ de dé�nir un ritère de hoix de p, qui minimise la sommed'un terme de biais et d'un terme de variane. Voir aussi le Chap. 9 du livre de Politis, Romanoet Wolf [PRW99℄ à e sujet.À l'inverse, pour l'identi�ation, Shao [Sha93℄ a montré (dans un adre de régression paramé-trique) que la onsistane du leave-p-out néessitait p ∼ n et n − p → ∞. Autrement dit, il fautprendre un éhantillon d'entraînement de taille ne négligeable devant elle de l'éhantillon devalidation, e qui semble hautement ontre-intuitif. Les simulations de Zhang [Zha93℄ indiquentle même phénomène dans le as V -fold, puisque le vrai modèle est hoisi plus souvent lorsque
V est petit. C'est ainsi que Dietterih [Die98℄ puis Alpaydin [Alp99℄ ont proposé d'utiliser uneversion répétée de la validation roisée 2-fold pour identi�er le meilleur de deux algorithmes. Cephénomène est appelé le paradoxe de la validation roisée par Yang [Yan06, Yan07℄, qui l'étudieen régression et en lassi�ation lorsqu'il n'y a que deux proédures à omparer. Il donne alors desonditions su�santes plus générales sur ne et nv pour que la validation (ou la validation roisée)soit onsistante. Lorsque les deux proédures ont une vitesse de onvergene non-paramétrique, ils'avère que les onditions énonées par Shao ne sont plus toujours néessaires, et l'on peut avoir
ne > nv.Dans le as de la validation roisée V -fold, une ompliation supplémentaire vient du fait que
V gouverne simultanément la taille de nv = n/V , la variabilité de l'estimateur (lorsque V est petit,la variabilité diminue ave V qui orrespond au B des méthodes d'apprentissage-test répété ; en'est plus toujours le as lorsque V ≈ n, où l'on peut retrouver les défauts déjà évoqués du leave-one-out) et le temps de alul. D'après les aluls asymptotiques de la variane de l'estimateur
V -fold (orrigé ou non) de Burman [Bur89℄, il faut ependant hoisir V aussi grand que possible,du point de vue asymptotique. La valeur optimale de V (si le temps de alul ne pose pas deproblème) doit don tendre vers l'in�ni ave n, mais sans être trop prohe de n. L'estimationpréise de la variane du ritère V -fold critVFCV est ependant déliate, Bengio et Grandvaler[BG04℄ ayant montré qu'il n'en existe pas d'estimateur universellement non-biaisé.D'un point de vue pratique, le temps de alul doit rentrer en ligne de ompte. Il semble quebien des pratiiens onsidèrent �5 ≤ V ≤ 10 est optimal� omme une règle quasi-universelle41,en partiulier en lassi�ation où le leave-one-out demande un temps de alul plus important aurisque d'une plus grande variabilité.Le bootstrap .632. De même que l'on peut utiliser le bootstrap pour stabiliser un algorithme42,on peut l'utiliser pour diminuer la variabilité du leave-one-out en lassi�ation. C'est le leave-one-out bootstrap, dé�ni de la façon suivante. Pour tout i ∈ {1, . . . n}, en retirant la donnée i del'éhantillon ξ1...n, on dé�nit (W (i)

j

)
j 6=i

un veteur de poids bootstrap indépendant de ξ1...n et onnote ŝW (i)
m le minimiseur du risque empirique bootstrap orrespondant. L'estimateur leave-one-outbootstrap s'érit alors

critloo boot(m) :=
1

n

n∑

i=1

E

[
γ
(
ŝW (i)
m ; ξi

) ∣∣∣ ξ1...n

]
.41La reommandation V = 2 de Dietterih [Die98℄ n'a pas été suivie par les pratiiens, ar elle onduit à un hoixtrop onservatif, son erreur de première espèe étant basse (l'identi�ation du meilleur de deux algorithmes esten e�et une proédure de test). Ainsi, elle ne permet que trop rarement de montrer la supériorité d'une nouvelleproédure par rapport aux méthodes préexistantes...42en remplaçant la sortie A ( ξ1...n ) par la moyenne des sorties A ( ξ⋆

1...n ) obtenues ave di�érents éhantillonsbootstrap.



1.3. SÉLECTION DE MODÈLES PAR RÉÉCHANTILLONNAGE 43C'est une version régularisée de l'estimateur leave-one-out
critloo(m) :=

1

n

n∑

i=1

γ
(
ŝ(−i)
m ; ξi

)
,puisque l'on a remplaé haque terme par une moyenne sur les rééhantillons bootstrap de (ξj)j 6=i.L'inonvénient du leave-one-out bootstrap est qu'il estime sans biais le risque d'un estimateuronstruit ave environ (1 − e−1)n données en moyenne, don critloo boot(m) surestime le risque

Pγ ( ŝm ). Efron [Efr83℄ a don proposé l'estimateur .632 qui orrige e biais en utilisant le faitque l'erreur de resubstitution sous-estime le risque :
crit.632(m) := ω critloo boot(m) + (1 − ω)Pnγ ( ŝm ) , (1.17)ave ω = 1 − e−1 ≈ 0.632. Il apparaît ependant que l'estimateur .632 sous-estime légèrementle risque. C'est pourquoi Efron et Tibshirani [ET97℄ ont introduit l'estimateur .632+, qui a laforme (1.17) ave ω > .632 alulé à l'aide du �taux d'erreur non-informatif�43. Le prinipalinonvénient de es deux estimateurs est, omme le reonnaissent Efron et Tibshirani, la faiblessedes arguments théoriques qui sous-tendent leur onstrution. Des études de simulation montrenten revanhe la qualité des performanes de l'estimateur .632+ dans di�érents adres (Efron etTibshirani [ET97℄, Molinaro, Simon et Pfei�er [MSP05℄).1.3.2. Pénalités par rééhantillonnage. Notons que la distintion entre ritères pénaliséset ritères non-pénalisés est un peu arti�ielle, puisque l'on peut toujours érire

crit(m) = Pnγ ( ŝm ) + pen(m) ave pen(m) = crit(m) − Pnγ ( ŝm ) .Par exemple, les ritères .632 et .632+ peuvent être vus omme des ritères pénalisés44, ave lapénalité
pen.632(m) := ω (critloo boot(m) − Pnγ ( ŝm )) .Le hoix ω > .632 du ritère .632+ s'interprète alors omme une forme de surpénalisation.Dans le as de ritères par rééhantillonnage, ette distintion peut être fondée sur les quantitésque l'on herhe à estimer par rééhantillonnage. D'une part, les ritères de type �validationroisée� de la Set. 1.3.1 herhent à estimer diretement l'erreur de prédition Pγ ( ŝm ). Utiliserle bootstrap de ette manière onduirait à minimiser le ritère

EW

[
Pnγ

(
ŝW
m

)]
,mais elle-i donne d'assez mauvais résultats d'après Efron [Efr83℄ (Set. 8), qui les explique parun fort biais.D'autre part, les pénalités par rééhantillonnage herhent à estimer la pénalité idéale (P −

Pn)γ ( ŝm ) (ou son espérane, ou son majorant penid,g). Une quantité très semblable45 est égale-ment appelée �optimisme� par Efron [Efr83℄. Cette seonde approhe tient don plus de l'idéede rééhantillonnage itéré (Hall [Hal92℄, Set. 1.4), qui permet de diminuer le biais d'un ordre degrandeur.Pénalités bootstrap. Efron [Efr83℄ propose ainsi la pénalité bootstrap
penEfron(m) := EW

[
Pnγ

(
ŝW
m

)
− PW

n γ
(
ŝW
m

)]
,43no-information error rate. Voir la setion 3 de [ET97℄ pour une dé�nition préise de ω.44'est d'ailleurs de ette manière que l'introduit Efron [Efr83℄, Set. 6.45

E [Pγ (bsm ) ] − Pnγ (bsm )



44 CHAPITRE 1. INTRODUCTIONqui a une faible variabilité, mais peut sous-estimer fortement la pénalité idéale. Le même typede pénalité a été proposée, lorsque le ontraste est mesuré par la log-vraisemblane, par Ishig-uro, Sakamoto et Kitagawa [ISK97℄, qui l'appellent EIC (e ritère généralisant WIC proposépréédemment par Ishiguro et Sakamoto [IS91℄). Toujours ave la log-vraisemblane, pour laséletion de modèles à espaes d'états, Cavanaugh et Shumway [CS97℄ ont proposé le ritèreAICb suivant :
penAICb(m) := 2EW

[
Pn

(
γ(ŝW

m ) − γ(ŝm)
)]

.Il s'agit d'une estimation par rééhantillonnage de 2P (γ ( ŝm ) − γ (sm )), qui est prohe de
penid(m) d'après l'heuristique de pente (Birgé et Massart [BM06℄). L'équivalene asymptotiquede AIC et des pénalités bootstrap, WIC, EIC et AICb a été prouvée par Shibata [Shi97℄, dansle as de la log-vraisemblane. En partiulier, toutes es proédures sont alors asymptotiquementoptimales.Pour orriger le biais de penEfron, Efron [Efr83℄ a proposé une pénalité bootstrap double, quis'érit

penEfron double(m) = penEfron(m) + corr(m) ,où corr(m) est une estimation bootstrap de penid(m) − penEfron(m). Il s'agit ii de bootstrapitéré proprement dit. Le prinipal inonvénient d'une telle méthode est évidemment le temps dealul, puisque pour haque éhantillon bootstrap simulé, il faut onsidérer B sous-éhantillonsbootstrap, ave B aussi grand que possible.D'autres pénalités bootstrap, de type �pénalité ovariane�, ont été proposées par Efron[Efr04℄. Celles-i apparaissent omme des versions �stabilisées� du leave-one-out, e qui proposeune nouvelle illustration de la variabilité de e dernier.Pour l'identi�ation, Shao [Sha96℄ a montré que la pénalité bootstrap penEfron est inonsis-tante, dans le adre de la régression ave un ritère des moindre arrés. En revanhe, si l'on utilisele bootstrap �m out of n� ave n ≫ m → ∞, la même pénalité se révèle alors onsistante pourl'identi�ation, résultat que l'on peut rapproher de elui sur le leave-p-out (Shao [Sha93℄). Dansle adre de la séletion de variable (en régression sur un design �xe), on onsultera égalementBreiman [Bre92℄, qui dé�nit une proédure appelée �little bootstrap�.Dans la mesure où le jakknife est une approximation du bootstrap (Efron [Efr79℄), onpeut également onstruire une pénalité jakknife, qui est alors une approximation quadratiquede penEfron. Efron [Efr83℄ la dé�nit omme suit :
penjackknife(m) :=

1

n

n∑

i=1

[
γ
(
ŝ(−i)
m ; ξi

)
− Pnγ

(
ŝ(−i)
m

)]
.Le ritère qui en résulte est alors très prohe du ritère leave-one-out lassique.L'un des prinipaux apports de ette thèse onsiste dans une étude non-asymptotique d'unefamille de pénalités qui généralise la pénalité bootstrap d'Efron. C'est l'objet des Chap. 5 à 8.Nous dérivons es pénalités et les résultats prouvés à leur sujet dans la sous-setion suivante.Classi�ation. Dans le adre de la lassi�ation binaire, les pénalités dé�nies i-dessus peuventbien évidemment être utilisées. C'est d'ailleurs dans e adre qu'Efron les introduit [Efr83℄. Enpartiulier, l'estimateur .632 a été onstruit pour résoudre le problème de la variabilité du leave-one-out (voir notamment Efron [Efr83℄, remarque F).Il est également possible de dé�nir une pénalité bootstrap randomisée (Efron [Efr83℄), ommesuit. Au lieu de rééhantillonner à partir de l'éhantillon (X1, Y1), . . . , (Xn, Yn) ave des poidsuniformes, on rééhantillonne à partir de (X1, Y1), (X1, 1 − Y1), . . . , (Xn, Yn), (Xn, 1 − Yn), en



1.3. SÉLECTION DE MODÈLES PAR RÉÉCHANTILLONNAGE 45donnant un poids n−1π(Xi, ξ1...n) < n−1 à (Xi, Yi), et un poids n−1(1 − π(Xi, ξ1...n)) > 0 pour
(Xi, 1− Yi). On peut soit hoisir des poids π(Xi, ξ1...n) ≡ 0.9, soit les hoisir à partir des données(f. [Efr83℄).D'autres pénalités par rééhantillonnage ont été introduites depuis la �n des années 90, dans leadre de la théorie de l'apprentissage statistique. Celles-i ont notamment voation à s'appliquerau problème de la lassi�ation binaire.Ainsi, Kolthinskii [Kol01℄ et Bartlett, Bouheron, Lugosi [BBL02℄ ont introduit indépen-damment la pénalité de Rademaher globale

penRad,g(m) := R̂n(m) =
1

n
E

[
sup
t∈Sm

n∑

i=1

ǫiγ(t, ξi)

∣∣∣∣∣ ξ1...n

]
,ave ǫ1, . . . , ǫn des variables de Rademaher (i.e. uniformes sur {−1, 1}) i.i.d. indépendantes de

ξ1...n. Comme l'a remarqué Kolthinskii [Kol01℄, ette pénalité est un as partiulier de pénalitépar rééhantillonnage bootstrap à poids éhangeables. Suivant ette remarque, Fromont [Fro03,Fro07℄ a onstruit des pénalités bootstrap globales de la forme
penboot,g(m) :=

1

n
E

[
sup
t∈Sm

n∑

i=1

Ziγ(t, ξi)

∣∣∣∣∣ ξ1...n

]
= EW

[
sup
t∈Sm

{
(Pn − PW

n )γ (t)
}]ave Zi = 1−Wi. La deuxième formulation souligne que de telles pénalités ne sont rien d'autre quedes estimations par rééhantillonnage de la pénalité globale idéale penid,g(m). Fromont onsidèredeux as :� Z1, . . . , Zn sont i.i.d. symétriques, indépendantes de ξ1...n (par exemple, des variables deRademaher)� Z1, . . . , Zn éhangeables de somme p.s. égale à 0. Par exemple, le bootstrap, où les poids

W1, . . . ,Wn sont multinomiaux.Fromont [Fro03, Fro07℄ prouve alors des inégalités orale non-asymptotiques pour les proéduresfondées sur de telles pénalités, qui généralisent les résultats préédemment prouvés sur les pénalitésde Rademaher globales. En partiulier, es pénalités sont adaptatives à la dimension de Vapnikdu point de vue minimax global.La grande attention portée aux poids Rademaher plut�t qu'à des poids de rééhantillon-nage plus généraux a pour ause la possibilité d'utiliser des outils de symétrisation tels que leLemme 1.1. Les résultats de Fromont reposent sur une généralisation du Lemme 1.1 pour les deuxtypes de poids qu'elle onsidère46. La onstante 2 est alors remplaée par 1/E (Z1 )+.Les résultats théoriques ne justi�ent don l'usage de telles pénalités que si on les multiplie pare fateur 1/E (Z1 )+ > 1, alors que elui-i semble inutile en pratique (Lozano [Loz00℄, Fromont[Fro07℄). Nous montrons au Chap. 9 que e fateur est néessaire du point de vue théorique, si bienque la alibration de telles onstantes peut poser problème dans ertains as extrêmes. Cependant,les ontre-exemples onsidérés au Chap. 9 laissent penser que es limitations ne se produisent quedans les as �raisonnables�. Un résultat théorique ave de bonnes onstantes pourrait don êtreprouvé, au prix de l'ajout d'hypothèses minimes (par exemple, le meilleur lassi�eur du modèlen'est pas exessivement bon : Pγ (sm ) > n−1).Approhe loale. Cependant, omme es pénalités globales estiment un majorant large de lapénalité idéale, elles ne permettent pas d'obtenir l'adaptation dans un adre où une onditionde marge (dérite dans l'exemple 1.4) est véri�ée. Pour tenir ompte du fait que le minimiseur46Le deuxième ingrédient dans les preuves de Fromont est l'inégalité de onentration de MDiarmid, qui fontionnear le ontraste γ est borné.



46 CHAPITRE 1. INTRODUCTIONdu risque empirique ŝm n'est pas situé n'importe où dans Sm, diverses pénalités loales ont étéintroduites (Bartlett, Mendelson et Philips [BMP04℄ ; Lugosi et Wegkamp [LW04℄ ; Bartlett,Bousquet et Mendelson [BBM05℄ ; Kolthinskii [Kol06℄). On peut généralement les dé�nir47 àl'aide de points �xes de fontions de la forme
f̂(r) = E

[
sup

t∈Sm, c1r≤Pn(γ(t)−γ( bsm ) )≤c2r

{
1

n

n∑

i=1

ǫiγ(t; ξi)

}∣∣∣∣∣ ξ1...n

]
.Il s'agit enore une fois d'estimation par rééhantillonnage (ave des poids Rademaher (1/2), enutilisant la terminologie introduite en Set. 1.1) du point �xe r⋆ de

f(r) = sup
t∈Sm, c1r≤l(s,t)≤c2r

{(P − Pn) (γ (t) − γ (s) )} ,qui est une mesure de omplexité loale (ave c1 ≥ 0, c2 > 0 et au moins une onstante multi-pliative devant r⋆ à alibrer48 ; éventuellement, c1 = 0). Une vision uni�ée de es pénalités deRademaher loales est donnée par l'artile de Kolthinskii [Kol06℄ et la disussion qui le suit.Ce n'est ependant pas la seule stratégie envisageable pour onstruire des pénalités tenantompte du phénomène de loalisation. Dans la disussion de [Kol06℄, van de Geer [vdG06℄a ainsi proposé une pénalité onstruite par sous-éhantillonnage (de type �validation� simple),et utilisant l'expression exate de la fontion w intervenant dans la ondition de marge. Cettepénalité ne peut don pas être utilisée en pratique, mais elle ouvre une nouvelle piste en diretionde pénalités adaptatives à la ondition de marge.Rappelons également que la validation, telle quelle, permet d'obtenir l'adaptation à la on-dition de marge (Blanhard et Massart [BM06d℄). Ce sont prinipalement les défauts de etteméthode en pratique qui rendent néessaire la reherhe de pénalités loales préises. En l'é-tat atuel des reherhes, auune des deux stratégies évoquées i-dessus ne semble su�sammentperformante pour un pratiien.En�n, on peut onsidérer la pénalité bootstrap penEfron introduite par Efron omme un bonandidat à l'adaptation à la ondition de marge. Elle tient en e�et ompte de la position de ŝmdans le modèle Sm en onsidérant le proessus (Pn − PW
n )γ (t) en t = ŝW

m . En omparaison aveles pénalités de Rademaher loales, elle est non seulement beauoup plus simple à aluler (sansparler des problèmes de alibration, largement en faveur de la pénalité bootstrap), et en prinipeplus préise puisqu'elle herhe à estimer diretement penid, et non son majorant r⋆.L'objet des Chap. 5 à 8 de ette thèse est d'étudier les propriétés d'une grande lasse depénalités, dont penEfron n'est qu'un exemple. Le Chap. 7 onsidère en partiulier le as de lalassi�ation. Le résultat de onentration qui y est prouvé enourage à poursuivre les reherhesdans ette diretion.1.3.3. Contributions de la thèse.Un nouveau regard sur la validation roisée V -fold. Tout d'abord, le Chap. 5 propose un nou-veau regard sur la validation roisée V -fold. Comme nous l'avons indiqué dans la Set. 1.3.1, l'undes défauts de elle-i est son biais, ar elle estime l'erreur de prédition d'un estimateur onstruitave n(V − 1)/V données au lieu de n. Dans le adre de la régression sur des histogrammes, on47voir [Kol06℄ pour une dé�nition préise et rigoureuse.48dans de �bonnes� situations (e.g. Kolthinskii [Kol06℄, Set. 6.1, où l'on suppose que s appartient à l'un desmodèles), on dispose de très grandes bornes supérieures sur es onstantes ; en général, la pénalité fondée sur r⋆dépend de quantités inonnues telles que la fontion w intervenant dans la ondition de marge (e.g. Kolthinskii[Kol06℄, Set. 5.2).



1.3. SÉLECTION DE MODÈLES PAR RÉÉCHANTILLONNAGE 47peut alors aluler expliitement l'espérane du ritère orrespondant (Prop. 5.1) :
E [critVFCV(m) ] = Pγ(sm)+

V

(V − 1)n

∑

λ∈Λm

(
1 + δ(V )

n,pλ

) (
E
[
σ(X)2 + (s− sm ) (X)2

∣∣ X ∈ Iλ
])

,ave limnp→∞ δ
(V )
n,p = 0. Au vu des résultats de onentration prouvés à la �n du Chap. 5, e alulen espérane gouverne le omportement de la validation roisée V -fold dans e adre.En omparant e alul ave elui du ritère idéal (5.3), il apparaît don que la validationroisée V -fold présente des propriétés d'adaptation à l'hétérosédastiité du bruit. En revanhe,le terme de variane est surestimé ar V/(V − 1) > 1. Considérant critVFCV omme un ritèrepénalisé, le alul i-dessus montre que la pénalité orrespondante vaut en espérane

E [critVFCV(m) − Pnγ ( ŝm ) ] =

(
1 +

1

2(V − 1)
+ ǫ(n,m)

)
E [penid(m) ]ave limminλ∈Λm{npλ }→∞ ǫ(n,m) = 0. Ainsi, la validation roisée V -fold ave V borné surpénalise,et e fateur de surpénalisation est d'autant plus grand que V est petit.Cette vision des hoses est ohérente ave les résultats ités à la Set. 1.3.1, notamment euxde Burman [Bur89℄ et Zhang [Zha93℄. Mais elle permet également de mettre en relation le r�lede V ave l'idée qu'il est parfois avantageux de surpénaliser, en partiulier lorsque la taille del'éhantillon est petite ou le niveau de bruit élevé. Nous avons expliqué en Set. 1.2.3 que lesraisons de e fait sont essentiellement la variabilité du ritère utilisé pour le hoix de modèles.Dans le as V -fold, elle-i dépend ertes de V (V = 2 donnant toujours un ritère variable, et

V = n pouvant l'être, en partiulier en lassi�ation), mais aussi de n est σ. C'est pourquoi iln'est pas surprenant que les simulations de la Set. 5.4 indiquent que le meilleur hoix de V pourla prédition est parfois V = 2. Ce phénomène n'a � à notre onnaissane � jamais49 été mis enavant dans la littérature V -fold, e qui s'explique notamment par sa nature non-asymptotique.La onlusion de notre analyse est don que le hoix de V est enore plus di�ile qu'il n'yparaît. La règle �5 ≤ V ≤ 10 est optimal�, que bien des pratiiens onsidèrent omme quasi-universelle, est don à remettre en ause dans des situations �non-asymptotiques�.Une autre option : la pénalisation V -fold. En réponse à ette analyse quelque peu pessimistede la validation roisée V -fold, nous proposons à la Set. 5.3 la pénalisation V -fold omme méthodeonurrente de la validation roisée V -fold.Cette proédure peut être vue omme une version �validation roisée V -fold� de la pénalisationbootstrap penEfron. De façon générale, on dé�nir la pénalité V -fold omme suit. Soit (Bj)1≤j≤Vune partition de {1, . . . , n}, P (Bc
j )

n et ŝ(−j )
m dé�nis omme en Set. 1.3.1. Alors,

penVFCV(m) :=
C

V

V∑

j=1

(
Pn − P

(Bc
j )

n

)
γ

(
ŝ
(Bc

j )
m

)
,ave C ≥ V − 1.Lorsque C = V − 1, on retrouve le ritère de validation roisée V -fold orrigé par Burman[Bur89℄ (Remarque 5.2). L'intérêt de laisser C variable est de permettre une surpénalisation,dans les situations où ela semble néessaire, indépendamment de la valeur de V .De plus, nous prouvons (Thm. 5.1) une inégalité orale trajetorielle non-asymptotique, aveonstante presque 1, et sans terme de reste, dans le adre de la régression sur des histogrammes.49si e n'est dans un adre de test (Dietterih [Die98℄, Alpaydin [Alp99℄), qui s'apparente don plus à l'identi�-ation qu'à la prédition ; voir aussi Zhang [Zha93℄.



48 CHAPITRE 1. INTRODUCTIONMalgré la fore de la restrition aux histogrammes (uniquement motivée par la possibilité de al-uler expliitement la pénalité V -fold et la pénalité idéale), nous pouvons raisonnablement penserque le même type de résultat reste valide dans un adre beauoup plus large. Cette onjeture esten partiulier supportée par le fait que nos résultats ne néessitent que très peu d'hypothèses surle bruit. En partiulier, elui-i peut être fortement hétérosédastique et non-gaussien, sans queela ne perturbe la qualité de la proédure.D'un point de vue pratique, les pénalités V -fold semblent béné�ier des avantages de la vali-dation roisée V -fold (rapidité de alul, simpliité et généralité de la dé�nition, adaptation à unegrande lasse de problèmes, robustesse, et.), tout en étant plus �exible. En e�et, le paramètre Vne gouverne plus que le temps de alul et la variabilité de l'estimation, tandis que le paramètre Cpermet de hoisir un ritère sans biais ou légèrement surpénalisant. Les simulations de la Set. 5.4illustrent l'intérêt de es pénalités dans diverses situations �di�iles� : bruit hétérosédastique,fontion de régression présentant des sauts, et.Pénalisation par rééhantillonnage éhangeable. Au Chap. 6 (puis au Chap. 8 pour des résul-tats et ommentaires annexes), nous étudions une famille de pénalités par rééhantillonnage dontun as partiulier est la pénalité bootstrap proposée par Efron [Efr83℄. Étant donnés des poidsde rééhantillonnage W1, . . . ,Wn éhangeables, on dé�nit la pénalité
pen(m) = CEW

[(
Pn − PW

n

)
γ
(
ŝW
m

)]
,où C ≥ CW,∞, ette dernière ne dépendant que de la variabilité des poidsWi. Par exemple, dans leas des poids Efron (n), Random hold-out (n), Rademaher (1/2) et Poisson (1), on a CW,∞ = 1.Dans le as des poids Leave-one-out, on a CW,∞ = n − 1. Lorsque C = CW,∞, nous montronsque ette pénalité est non biaisée au premier ordre (dans le as des histogrammes), tandis que lehoix de C > CW,∞ permet de surpénaliser si ela est néessaire.Cette famille de pénalités omprend des proédures déjà étudiées dans d'autres adres, etfournit une expliation simple aux résultats qui les onernent. Ainsi, ave des poids Efron (n),on retrouve la pénalité penEfron proposée par Efron [Efr83℄ (ave un ontraste de type log-vraisemblane). Ave des poids Efron (m), on retrouve la proédure onsidérée par Shao [Sha96℄,pour laquelle il ne multiplie pas la pénalité par C. Notre alul de CW,∞ ≈ n/m permet dond'interpréter le hoix m ≪ n omme une surpénalisation, de même que le ritère BIC s'obtientà partir de AIC en multipliant la pénalité par ln(n)/2. Nos aluls permettent également deretrouver un analogue du résultat de Shibata [Shi97℄ à propos de penEfron et penAICb.Au delà d'un simple alul d'espérane, des inégalités de onentration (dérivées notammentdes inégalités de moments de Bouheron, Bousquet, Lugosi et Massart [BBLM05℄) nous per-mettent de prouver deux résultats théoriques sur es pénalités, toujours dans le adre de larégression sur des histogrammes. Le premier (Thm. 6.1) est une inégalité orale trajetoriellenon-asymptotique, analogue à elle onernant les pénalités V -fold. Au prix d'une preuve légère-ment plus longue, nous proposons plusieurs jeux d'hypothèses sous lesquels e résultat reste valide,soulignant ainsi la robustesse de la proédure.Le seond résultat (Thm. 6.2) est l'adaptation à la régularité hölder de la fontion de régression

s. En hoisissant la famille des histogrammes réguliers, nous prouvons que l'estimateur séletionnépar notre proédure atteint (à onstante multipliative près) le risque minimax non-asymptotique
Lα,kR

2α
2α+kn

−2α
2α+k ‖σ‖

4α
2α+k∞ ,lorsque X ⊂ R

k et s appartient à la boule de hölderH(α,R) pour α ∈ (0, 1] et R > 0, ave supX s−
infX s ≥ ǫ > 0. Un fait remarquable est que ette borne ne fait quasiment pas d'hypothèses sur



1.3. SÉLECTION DE MODÈLES PAR RÉÉCHANTILLONNAGE 49le niveau de bruit σ(X). Lorsque e dernier est supposé régulier, nous retrouvons (à onstantemultipliative près) le risque minimax hétérosédastique alulé par Galthouk et Pergamenshikov[GP05℄, ave la bonne dépendane en σ :
Lα,kR

2α
2α+kn

−2α
2α+k ‖σ‖

4α
2α+k

L2(Leb)
.Comme l'illustre une étude de simulations (Set. 6.5), es pénalités par rééhantillonnageéhangeable montrent tout leur intérêt fae à des problèmes di�iles. Comparées aux pénalités

V -fold, on observe un léger gain en préision à onsidérer des poids éhangeables, qui se traduitégalement par de meilleures bornes dans les résultats de onentration de pen dans le as éhange-able par rapport au as V -fold. Nous ne savons pas toutefois si es bornes sont du bon ordre degrandeur, si bien qu'il est di�ile de tirer des onlusions d'une telle omparaison. Il n'est enrevanhe pas ertain qu'en pratique l'utilisation de poids éhangeables soit réellement béné�que,son temps de alul étant prohibitif (à l'exeption peut-être du Leave-one-out). Il semble donraisonnable d'utiliser une approximation Monte-Carlo, le nombre B de veteurs de poids onsid-érés étant alors à rapproher du V du V -fold.Nos simulations, ainsi que des aluls supplémentaires, permettent également de omparer lesdi�érents poids éhangeables entre eux. Si toutes les pénalités sont équivalentes au premier ordre(lorsque C = CW,∞), il apparaît au seond ordre50 (6.15) quepenRad (1/2) ≈ penRho (n/2) > penLoo >> penEfr .Cei on�rme la onstatation d'Efron d'une légère sous-pénalisation ave penEfron. La pénalitéleave-one-out s'avère être la moins biaisée, si bien qu'elle a des performanes légèrement moinsbonnes dans un adre non-asymptotique (qu'une légère surpénalisation su�t à ompenser, viaune augmentation de C). En�n, les pénalités Rademaher et Random hold-out sont elles qui ontmontré les meilleures performanes dans nos simulations.Le bilan de ette étude est que le hoix des poids doit prinipalement être e�etué en fontiondu temps de alul (sahant qu'il faut exlure une approximation Monte-Carlo ave des poidsleave-one-out). Ensuite, en fontion des poids hoisis, on ajuste la onstante C pour surpénaliserau bon niveau. En partiulier, si l'objetif est l'identi�ation, il su�t de surpénaliser en prenant
C ≈ CW,∞ ln(n)/2. L'utilisation de poids Efron (m) ave m ≪ n n'est don en rien néessairepour l'identi�ation.L'utilisation de rééhantillonnage (V -fold ou éhangeable) pour onstruire des pénalités ouvreégalement une nouvelle piste pour déterminer à l'aide des données le bon niveau de surpénalisation.Dans la disussion de la Set. 6.6 (voir aussi Set. 11.3.3), nous proposons de ne plus utiliserl'espérane EW [ · ] mais des quantiles onditionnellement à ξ1...n ; il reste alors à hoisir le bon�niveau de on�ane� pour une prédition optimale.Premiers résultats en lassi�ation. Les résultat que nous venons de dérire sont limités à larégression sur un type partiulier de modèles, mais les pénalités V -fold et par rééhantillonnageéhangeable peuvent être dé�nis dans un adre beauoup plus général. Un as qui nous intéressepartiulièrement est elui de la lassi�ation binaire, où la dé�nition de pénalités adaptatives àla ondition de marge, alulables en pratique et su�samment peu variables, reste un problèmelargement ouvert. Le Chap. 7 indique e que nous sommes apable de montrer pour le moment,et e qu'il reste à faire.50dans la omparaison, � > � signi�e une petite di�érene et �>>� une di�érene plus grande. Il faut ependantse rappeler que es quatre pénalités sont toutes égales au premier ordre.



50 CHAPITRE 1. INTRODUCTIONSi le hemin restant est long, nous disposons d'ores-et-déjà d'un premier résultat enourageant(Thm. 7.1). Il s'agit d'une inégalité de onentration pour
p̂2(m) := EW

[
PW

n

(
γ ( ŝm ) − γ

(
ŝW
m

))]
,valide dès lors que le ontraste γ est borné et le proessus de rééhantillonnage de type �sous-éhantillonnage� (Random hold-out, Leave-one-out, V -fold). Ce résultat déoule diretementd'une inégalité de moments de Bouheron et Massart [BM04℄ pour Pn (γ (sm ) − γ ( ŝm )).Nous proposons ensuite deux pistes :� Si l'heuristique (1.15) est valide, alors 2CW,∞p̂2(m) pourrait être utilisée omme pénalité.� Si l'on peut prouver une inégalité de moments pour P (γ ( ŝm ) − γ (sm ) ) analogue à ellede Bouheron et Massart [BM04℄, alors, le même raisonnement fournirait un résultat deonentration sur la pénalité par rééhantillonnage omplète.Dans les deux as, il reste à savoir omparer la pénalité par rééhantillonnage et la pénalité idéaleen espérane, e qui semble loin d'être simple.Notons que la onstante CW,∞ dans le as de la lassi�ation n'a pas besoin d'être onnue demanière préise, puisque l'on peut utiliser l'heuristique de pente (voir Chap. 3) pour la déterminerà partir des données (sous réserve que ette heuristique reste valide en lassi�ation).Calibration des pénalités globales. En�n, au Chap. 9, nous présentons des remarques sur la al-ibration des pénalités globales dé�nies par Fromont [Fro04℄, dont les omplexités de Rademaherglobales sont un as partiulier.Si es résultats sont moins aboutis que eux des autres hapitres, ils indiquent toutefois que laalibration de es onstantes peut poser problème dans ertains adres un peu extrêmes. Il apparaîten e�et que la onstante 1/E (Z1 )+ exigée par la théorie est néessaire en toute généralité (d'unpoint de vue non-asymptotique, Set. 9.3), mais ne l'est plus sous une ondition de symétrie (tropontraignante en lassi�ation), ni d'un point de vue asymptotique (Set. 9.2). Les alibrations deLozano [Loz00℄ et Fromont [Fro07℄ sont don on�rmées �en général�, mais in�rmées du pointde vue théorique non-asymptotique.Cependant, les ontre-exemples que nous exhibons nous suggèrent que des bornes plus �nesde omparaison en espérane pourraient être obtenues, au prix d'une hypothèse empêhant deonsidérer des modèles où le meilleur préditeur sm aurait un risque Pγ (sm ) < n−1.Le phénomène qualitatif mis en lumière au Chap. 9 nous semble également être un argumentsupplémentaire en faveur de l'utilisation de l'heuristique de pente (voir Chap. 3) pour alibrer unepénalité. En e�et, si la �bonne onstante� devant la pénalité dépend de la loi inonnue P , il devientnéessaire de l'estimer à partir des données. Cette dépendane étant omplexe, l'heuristique depente présente l'avantage d'être assez simple à mettre en ÷uvre.Outils probabilistes. Les résultats que nous venons de dérire reposent sur des inégalités deonentration et des omparaisons d'espéranes entre pénalités idéales et pénalités par rééhan-tillonnage.Dans le as des histogrammes, le fondement de nos preuves est un alul expliite de penidet de sa version rééhantillonnée, lorsque les poids sont éhangeables (Lemme 5.7, Set. 5.7.2).Conditionnellement aux indies des Xi qui appartiennent à haun des éléments Iλ de la partitionassoiée au modèle Sm, es deux quantités sont des U-statistiques d'ordre 2. Nous montronsqu'elles se onentrent autour de leurs espéranes onditionnelles à l'aide d'inégalités de moments(Prop. 5.5, Set. 5.6.3) qui déoulent des résultats de Bouheron, Bousquet, Lugosi et Massart[BBLM05℄.



1.4. RÉGIONS DE CONFIANCE ET TESTS PAR RÉÉCHANTILLONNAGE 51Pour des raisons prinipalement tehniques (liées au fait que les Xi sont aléatoires), nousavons également besoin d'une inégalité de onentration pour Z =
∑

λ∈Λm
aλ

(
1

Xλ
∧ T

), ave
aλ ≥ 0 et (Xλ) un veteur multinomial (Lemme 5.4, Set. 5.6.2). Nous l'obtenons en évaluant lesmoments exponentiels d'inverses de binomiales, puis en utilisant la notion d'assoiation négativepour utiliser la méthode de Cramér-Cherno� (Dubhashi et Ranjan [DR98℄).Dans le as de la lassi�ation (Chap. 7), les inégalités de onentration obtenues déoulentd'une inégalité de onentration de Bouheron et Massart [BM04℄, qui repose sur des tehniquesde loalisation (inégalités maximales, onentration de proessus empiriques pondérés par peeling).Les résultats en espérane proviennent de deux méthodes distintes. D'une part, dans le asdes histogrammes, le alul expliite nous ramène à évaluer E [1/Z | Z > 0] pour une variablealéatoire Z qui suit une loi binomiale (Lemme 5.3, Set. 5.6.1), Poisson (Lemme 6.3, Set. 6.7) ouHypergéométrique (Lemme 6.2, Set. 6.7).D'autre part, dans le as de pénalités globales (Chap. 9 ; voir aussi Set. 10.2.2), nous nousappuyons sur une inégalité de symétrisation lassique (dans le as des poids i.i.d. symétriques) etla preuve d'une inégalité prouvé par Fromont dans le as de poids multinomiaux [Fro07℄.1.4. Régions de on�ane et tests par rééhantillonnageLe Chap. 10 de ette thèse étudie du point de vue non-asymptotique des régions de on�ane etdes proédures de test multiples onstruites par rééhantillonnage. Nous présentons ii rapidementes problématiques, plusieurs motivations pratiques et quelques stratégies pour les aborder (enpartiulier elles qui se fondent sur le rééhantillonnage). En�n, nous dérivons les ontributionsdu Chap. 10.1.4.1. Position du problème. Dans le as de la régression, nous avons dérit dans lesdeux setions préédentes diverses méthodes aboutissant à la onstrution d'un estimateur ŝ de lamoyenne s d'un signal bruité Y = s(X)+ǫ. À part dans le as déterministe, nous savons ependantque ŝ 6= s, même si ŝ est �optimal�. En e�et, l'optimalité ii signi�e juste que notre estimateur estl'un des moins faux parmi un ensemble d'estimateurs donné. Il nous est ensuite possible d'avoirune idée de l'erreur ommise, 'est-à-dire d'estimer51 E (s(X) − ŝ(X) )2. Cependant, une tellemesure ne nous donne pas d'informations sur la répartition de ŝ(X) autour de s(X).On peut par exemple aepter d'exlure un événement de petite probabilité α, sur lequel ŝest suseptible de se tromper beauoup, mais vouloir savoir préisément dans quelle zone se situe
s hors de et événement. Une réponse à ette question est appelée région de on�ane pour s deniveau52 α.Dans de nombreuses appliations, on n'a pas besoin de tant d'informations, et l'on veut sim-plement savoir si le signal s est nul ou non. Par exemple, si s est la di�érene entre l'ativitéérébrale du ortex visuel au repos et après une stimulation, un signal non-nul signi�e que leortex visuel est solliité en réponse à ette stimulation. Il s'agit alors d'un problème de test.Dans l'exemple de l'imagerie érébrale (de même que dans la plupart des problèmes pratiquesatuels, notamment en biologie), on dispose en général de données en de nombreux points duortex. Il est alors tentant de réaliser un test en haque point, et d'agglomérer es résultats en une�arte� des points du ortex qui répondent à la stimulation. L'erreur ommise ii est la suivante. Si51Si bs minimise le risque empirique sur un modèle Sm de dimension Dm, Pnγ (bsm )+2σ2Dmn−1 est un estimateurnon-biaisé du risque. En général (notamment si bs = bs bm a été obtenu par séletion de modèles), on peut estimere risque si l'on a pas utilisé toutes les données pour onstruire bs. Les observations restantes sont alors appeléeséhantillon test.52de manière équivalente, on parle de région de on�ane de probabilité de ouverture 1 − α.



52 CHAPITRE 1. INTRODUCTIONl'on réalise K = 10000 tests, haun ne se trompant53 qu'ave probabilité α = 0.05 (par exemple),alors en moyenne au moins 500 réponses des tests seront positives54, même si la stimulation n'aen réalité ativé auune zone du ortex. Pour ne pas ommettre e genre d'erreur, on réalise untest multiple plut�t que de juxtaposer les réponses de nombreux tests simples.Régions de on�ane. Soit θ ∈ Θ une quantité d'intérêt reliée à la loi P qui a généré desobservations ξ1...n. Par exemple, la moyenne µ ∈ R
K (ave K = 1, K grand ou K in�ni), lavariane σ2 (qui est un réel dans les as unidimensionnel et homosédastique, mais peut être degrande dimension en général), et.Définition 1.1. Soit α ∈ (0, 1). Une région de on�ane de probabilité de ouverture 1 − α(ou enore de niveau α) pour θ est une partie R (ξ1...n ) ⊂ Θ, telle que

P (θ ∈ R (ξ1...n )) ≥ 1 − α . (1.18)Lorsque Θ est muni d'une distane d, on herhe souvent R sous la forme d'une boule entréeautour d'un estimateur θ̂ de θ :
R (ξ1...n ) :=

{
x ∈ Θ t.q. d

(
x, θ̂ (ξ1...n )

)
≤ r̂α (ξ1...n )

}
. (1.19)Seul le rayon r̂α (ξ1...n ) est alors à déterminer. On parle de boule de on�ane, ou enore d'intervallede on�ane symétrique si Θ ⊂ R.Dans le as réel, on onsidère également souvent des intervalles de on�ane unilatères55

R (ξ1...n ) :=
[
θ̂ − ĝα (ξ1...n ) ,∞

)
,ou des intervalles de on�ane bilatères asymétriques

R (ξ1...n ) :=
[
θ̂ − ĝα (ξ1...n ) , θ̂ + d̂α (ξ1...n )

]
,ave ĝα (ξ1...n ) et d̂α (ξ1...n ) à dé�nir.Lorsque Θ ⊂ R

K ave K > 1, un hoix lassique est la distane induite par la norme Lp,
p ≥ 1, si les inertitudes sur les oordonnées θ1, . . . , θK sont du même ordre. Si e n'est pas leas, on dé�nit alors des ellipsoïdes de on�ane tenant ompte des di�érenes entre oordonnées.Quand p = ∞, on parle également d'intervalles de on�ane simultanés, puisque R (ξ1...n ) est leproduit de K intervalles de on�ane pour les oordonnées θ1, . . . , θK de θ, dont la validité estassurée simultanément.Si la distane d est onnue56, onstruire une boule de on�ane de la forme (1.19) revient àestimer le quantile d'ordre 1 − α de d(θ, θ̂ (ξ1...n )) :

qα := inf
{
t ≥ 0 t.q. P

(
d
(
θ, θ̂ (ξ1...n )

)
> t
)
≤ α

}
.On distingue essentiellement trois types d'approhes :� l'approhe paramétrique : on suppose la loi de θ̂ (ξ1...n ) onnue (par exemple gaussienneou poissonienne), ave un petit nombre de paramètres à estimer. On estime alors qα parplug-in (et éventuellement par simulations si l'on n'a pas de formule pour qα ; il s'agit alorsde rééhantillonnage paramétrique).53au sens de l'erreur de première espèe, voir la dé�nition plus bas.54i.e. 500 hypothèses nulles seront rejetées, voir plus bas.55one-sided, en anglais, par opposition aux intervalles de on�ane bilatères (two-sided).56e n'est pas forément le as, d pouvant par exemple dépendre des éarts-types (σk )1≤k≤K sur les oordonnées,qu'il faut alors estimer au préalable.



1.4. RÉGIONS DE CONFIANCE ET TESTS PAR RÉÉCHANTILLONNAGE 53� l'approhe asymptotique : on détermine la loi asymptotique de d(θ, θ̂ (ξ1...n )
) (onvenable-ment renormalisée), et on utilise le quantile d'ordre 1 − α de ette distribution limite pourestimer qα.� l'approhe par rééhantillonnage : on alule d( θ̂(ξ1...n), θ̂(ξ⋆

1...n)
) pour di�érents rééhan-tillons ξ⋆

1...n, et on estime qα à l'aide du quantile empirique d'ordre α. La justi�ation detelles proédures est en général asymptotique (Hall [Hal92℄).Mentionnons également qu'une approhe non-asymptotique (fondée sur la méthode de Lepski,qui n'est pas sans lien ave la séletion de modèles) a permis à Baraud [Bar04℄ de onstruire desboules de on�ane dans un adre de régression gaussienne.Au Chap. 10, nous proposons une justi�ation non-asymptotique de régions de on�aneonstruites par rééhantillonnage. Cei permet notamment de onsidérer un paramètre θ de grandedimension K, éventuellement plus grande que n.Tests d'hypothèses. L'un des prinipaux objets des sienes expérimentales est d'établir desrelations de ause à e�et ou, à défaut, des orrélations entre di�érents phénomènes. L'objet de lathéorie statistique des tests est de fonder mathématiquement une réponse à une question ferméetelle que : �Y a-t-il ou non un lien signi�atif ?� Plus généralement, et plus formellement, un testherhe à répondre à une question de la forme : �la distribution P qui a généré les données ξ1...npossède-t-elle une propriété P ?�Dans e but, on formule deux hypothèses57 :� une hypothèse nulle H0. En général, elle orrespond au as où il ne se passe rien, du moinsrien de �nouveau�. En un sens, elle modélise l'ensemble des onnaissane sienti�ques duprésent.� une hypothèse alternative H1. Elle orrespond aux �déouvertes� que l'on herhe à établir.Formellement, on peut voir H0 et H1 omme des parties de l'ensemble M des mesures de proba-bilité sur Ξn. Un as typique est H1 = M\H0, mais d'autres hoix sont possibles.Un test statistique est alors une appliation mesurable T : Ξn 7→ {0, 1}. Lorsque T (ξ1...n) = 1,on dit que l'hypothèse nulle est rejetée (on a fait une déouverte). Lorsque T (ξ1...n) = 0, on ditque l'on aepte l'hypothèse nulle (pas de déouverte). Un test peut don se tromper de deuxmanières :� on parle d'erreur de première espèe58 lorsque T (ξ1...n) = 1 alors que P ∈ H0, i.e. lorsque
H0 est rejetée à tort.� on parle d'erreur de seonde espèe59 lorsque T (ξ1...n) = 0 alors que P ∈ H1, i.e. lorsque H0est aeptée alors que H1 était orrete.L'approhe de Neyman-Paerson onsiste à ontr�ler d'abord la probabilité d'une erreur depremière espèe :

∀P ∈ H0, Pξ1...n∼P (T (ξ1...n ) = 1) ≤ α , (1.20)57Notons la disymétrie entre H0 (la onnaissane établie) et H1 (de nouvelles théories, andidates à remplaer lesthéories présentes). L'objetif d'un test est de déterminer si les onnaissanes présentes permettent d'expliquer lesdonnées observées, ou bien si es données réfutent les théories présentes. On peut ainsi rapproher ette formulationde la oneption poppérienne de la siene : �Une théorie qui n'est réfutable par auun événement qui se puisseonevoir est dépourvue de aratère sienti�que.� (Karl Popper, Conjetures et réfutations, Chap. 1, Set. 1).Mais ei est une autre histoire...58type I error.59type II error.



54 CHAPITRE 1. INTRODUCTIONpour un ertain α ∈ (0, 1) (appelé le niveau du test). Ce n'est qu'une fois e ontr�le établi (pourun α �xé) que l'on herhe à minimiser la probabilité d'une erreur de seonde espèe :
∀P ∈ H1, Pξ1...n∼P (T (ξ1...n ) = 0) ≤ 1 − β . (1.21)Lorsque (1.21) est satisfaite, on dit que T est de puissane β ∈ (0, 1). Cette disymétrie souligneque l'objetif d'un test est avant tout de garantir la validité d'un rejet. Dans un seond tempsseulement, on souhaite maximiser la puissane du test (sinon, T ≡ 0 pourrait onvenir parfaite-ment). Le fait d'aepter l'hypothèse nulle ne prouve don en rien que elle-i est valide, maissimplement que soit elle est valide, soit les données ne permettent pas de l'invalider (en généralpare que T n'est pas assez puissant, par exemple pare que n est trop petit, ou le niveau de bruittrop grand).Mentionnons en�n la notion de p-valeur, souvent utilisée pour formuler le résultat d'un testsans avoir à hoisir un niveau arbitraire (pourquoi α = 0.05 plut�t que α = 0.01 ?). Lorsque l'ondispose d'une famille (Tα)α∈[0,1] de tests de niveaux α, telle que α 7→ Tα est roissante et ontinueà droite (pour presque toute observation ξ1...n), alors

Tα (ξ1...n ) = 1p(ξ1...n )≤α ave p (ξ1...n ) := inf {α ∈ [0, 1] t.q. Tα (ξ1...n ) = 1}(voir [Roq07℄, Lemme 9.3). La variable aléatoire p est appelée p-valeur. On rejette l'hypothèsenulle lorsque p ≤ α (le niveau peut don être �xé a posteriori).La formulation i-dessus onduit à la stratégie générale suivante pour onstruire un test deniveau α :(1) Dé�nir une �statistique de test� S : Ξn 7→ R, telle que S a tendane à prendre de petitesvaleurs sous H0 ('est-à-dire des valeurs plus petites que elles qu'elle prend sous H1).(2) Évaluer le quantile qα(P ) d'ordre 1 − α de S sous P ∈ H0, puis qα := supP∈H0
qα(P ).(3) Poser T (ξ1...n ) := 1S(ξ1...n )≤qα

.Par exemple, lorsque Ξ = R, H0 =
{
N (µ0, σ

2)⊗n
} (�ξ1...n sont i.i.d. gaussiens de moyenne µ0 etde variane σ2�) et H1 =

{
N (µ, σ2)⊗n t.q. µ 6= µ0

} (�la moyenne n'est pas µ0�), une statistiquede test possible est S (ξ1...n ) = σ−1n−1/2 |∑i (ξi − µ0 )|. Sous H0, S est la valeur absolue d'unevariable normale entrée réduite. Notons Φ la queue de distribution supérieure d'une gaussiennestandard. Le test qui rejette H0 si et seulement si Φ
(
σ−1n−1/2

∑
i(ξi − µ0)

)
≤ α/2 est don deniveau α. Plus généralement, lorsque H0 = {P t.q. S(P ) = 0} pour une fontionnelle S régulière(e qui orrespond à de nombreux exemple, voir Bikel et Ren [BR01℄), une statistique de testnaturelle est S(Pn) (notée S (ξ1...n ) dans l'exemple préédent).Lorsque H0 est de la forme �θ = θ0�, on peut failement onstruire un test T de niveau α àpartir d'une région de on�ane R pour θ de probabilité de ouverture 1 − α :

T (ξ1...n ) = 1θ0∈R( ξ1...n ) .Lorsque H0 est de la forme �θ ∈ Θ0�, on peut appliquer le même prinipe en posant
T (ξ1...n ) = 1Θ0∩R( ξ1...n ) 6=∅ ,mais T risque d'être très peu puissant si la forme de R n'est pas adaptée à elle de Θ0. Notonsque pour obtenir un test de niveau α, le ontr�le de la probabilité de ouverture de R peut n'êtrevalide que lorsque P ∈ H0. Cei montre en quoi il peut être plus faile de onstruire un test qu'unerégion de on�ane.Le adre restreint de ette introdution ne nous permettant pas de poursuivre notre hemindans la théorie des tests (simples) d'hypothèses, nous renvoyons le leteur intéressé au livre de



1.4. RÉGIONS DE CONFIANCE ET TESTS PAR RÉÉCHANTILLONNAGE 55Lehmann et Romano [LR05℄. Nous mentionnons ependant ii qu'il est possible d'utiliser laséletion de modèles pour onstruire un test. L'idée de la séletion de tests est de onsidérer touteune famille d'alternatives (H1,m )m∈Mn
à l'hypothèse nulle H0, et de séletionner un test T bmparmi les plus performants de la famille (Tm)m∈Mn . Voir notamment à e sujet les artiles deBaraud, Huet et Laurent [BHL03, BHL05℄.Tests d'hypothèses multiples. Le problème qui nous intéresse plus partiulièrement ii est eluides tests multiples. Au lieu d'une seule hypothèse nulle, nous disposons désormais d'un ensemble

H d'hypothèses nulles que l'on souhaite tester60. Nous supposerons toujours ii que H est �ni, deardinal K :
H := {H0,1, . . . ,H0,K } .Par exemple, si Ξ = R

K , on peut souhaiter tester pour haque oordonnée k ∈ {1, . . . ,K } si
µk = µ0,k ou non. En supposant les données gaussiennes de matrie de ovariane Σ onnue, elaorrespond aux hypothèses nulles

H0,k :=
{
N (µ,Σ) t.q. µ ∈ R

K et µk = µ0,k

} pour 1 ≤ k ≤ K .Notons H0 l'ensemble des hypothèses nulles vraies. L'objetif d'un test multiple est alors dedéterminer l'ensemble Hc
0 des hypothèses nulles qui sont fausses. Une proédure de test multiplepeut don se formaliser omme une appliation R : Ξn 7→ P (H ), l'ensemble R (ξ1...n ) désignantl'ensemble des hypothèses nulles rejetées. La qualité d'une telle proédure dépend don, d'unepart, de la loi du nombre d'erreurs de première espèe (Card (R (ξ1...n ) ∩H0 ), et d'autre part,du nombre d'erreurs de seonde espèe (Card (R (ξ1...n )c ∩Hc

0 ).De même qu'en test simple, on impose d'abord à un test multiple un ontr�le sur le nombred'erreurs de première espèe, qui peut se mesurer de di�érentes manières :� Le Family-Wise Error Rate (FWER) est la probabilité de rejeter au moins une hypothèsenulle à tort :
FWER(R) := P (H0 ∩R (ξ1...n ) 6= ∅) . (1.22)� Le False Disovery Rate (FDR, introduit par Benjamini et Hohberg [BH95℄) est la propor-tion moyenne de �fausses déouvertes� (hypothèses nulles rejetées à tort) parmi l'ensembledes hypothèses rejetées :

FDR(R) := E

[
Card (H0 ∩R (ξ1...n ))

Card (R (ξ1...n ))
1Card(R( ξ1...n ) )>0

]
. (1.23)Notons que l'on a toujours FDR(R) ≤ FWER(R), si bien qu'un ontr�le du FWER aboutit àune proédure plus onservative. En revanhe, un ontr�le du FDR ne donne pas une réponsedé�nitive dans le adre d'une étude sienti�que rigoureuse, puisque parmi les �déouvertes� misesen évidene, il reste en moyenne une fration non-nulle de fausses déouvertes. Une proédureontr�lant le FDR est don avant tout utile pour mettre en évidene des hypothèses à tester pluspartiulièrement (par exemple, dans le as de pues à ADN, un petit nombre de gènes à étudierd'une autre manière). Pour la validation �nale d'un ertain nombre de déouvertes, un ontr�le duFWER est néessaire. D'autres mesures du nombre d'erreurs de première espèe (moins utiliséesen pratique) existent, nous renvoyons à [GDS03, Roq07℄ pour leurs dé�nitions.On dit que la proédure R a un FWER (resp. un FDR) ontr�lé au niveau α lorsque pourtoute distribution P ∈ ⋂H0,k∈H0

H0,k, FWER(R) ≤ α (resp. FDR(R) ≤ α). Un tel ontr�le estparfois appelé ontr�le fort, par opposition au ontr�le faible qui n'a lieu que lorsque H = H0. Ce60Par soui de simpliité, nous supposerons ii impliitement que les hypothèses alternatives sont toutes de la forme
H1,k = Hc

0,k.



56 CHAPITRE 1. INTRODUCTIONontr�le étant imposé, on herhe une proédure R qui minimise le nombre d'erreurs de seondeespèe, e.g. dont la puissane
E [Card (Hc

0 ∩R (ξ1...n )) ] (1.24)est maximale.L'approhe naïve pour dé�nir une proédure de test multiple onsiste à dé�nir K tests simples
T1,α, . . . , TK,α, haun de niveau α, et à poser

R (ξ1...n ) := {H0,k t.q. Tk,α (ξ1...n ) = 1} .Cependant, une telle proédure n'a en général61 qu'un FWER borné par Kα, en utilisant la borned'union
FWER(R) = Pξ1...n∼P (∃k, P ∈ H0,k et T (ξ1...n ) = 1) ≤

K∑

k=1

Pξ1...n∼P∈H0,k
(T (ξ1...n ) = 1) ≤ Kα .Pour obtenir un ontr�le au niveau α, on peut alors utiliser la orretion de Bonferroni, quionsiste à utiliser K proédures de test simple au niveau α/K :

R (ξ1...n ) :=
{
H0,k t.q. Tk,(α/K) (ξ1...n ) = 1

}
.L'avantage de ette orretion est qu'elle est valable quelle que soit la loi jointe des statistiques

Tk,α.On peut également voir la orretion de Bonferroni omme une manière d'�ajuster� des p-valeurs : on alule tout d'abord les p-valeurs p1, . . . , pK assoiés aux K tests simples de H0,kontre H1,k. Ensuite, on dé�nit les p-valeurs ajustées p̃k = min(Kpk, 1). En�n, l'ensemble deshypothèses rejetées est
R := {H0,k t.q. p̃k ≤ α} .Il existe d'autres manières d'ajuster des p-valeurs (par exemple step-down et step-up), dont lesvalidités sont prouvées sous di�érentes hypothèses sur la dépendane entre les p-valeurs p1, . . . , pK .Pour un aperçu plus détaillé du monde des tests multiples, nous renvoyons à la revue de Ge, Dudoitet Speed [GDS03℄, ainsi qu'à l'introdution de la Partie II de la thèse de Roquain [Roq07℄. Ausujet des méthodes step-down, on onsultera également Romano et Wolf [RW05℄.Notons en�n que l'on peut souvent onstruire une proédure de test multiple à partir derégions de on�ane. Par exemple, si H0,k est de la forme �θk = θk,0� pour un paramètre θk, onpeut tester simultanément (H0,k )1≤k≤K à l'aide d'intervalles de on�ane simultanés (Ik )1≤k≤Ksur les θk. Si leur probabilité de ouverture simultanée est supérieure à 1 − α, et si R (ξ1...n ) estl'ensemble des H0,k tel que θk,0 /∈ Ik, alors le FWER de R est majoré par α. Nous détaillons etutilisons ette méthode à la Set. 10.4.1.1.4.2. Motivations pratiques. Les appliations néessitant l'utilisation de régions de on-�ane ou de tests multiples sont nombreuses. Souvent, la dimension des paramètres d'intérêt oule nombre d'hypothèses à tester est très grand, alors que le nombre de répétitions indépendantesest beauoup plus modeste. Cei motive l'approhe non-asymptotique que nous avons empruntéeau Chap. 10. Nous avons plus partiulièrement en tête deux domaines de la biologie où de tellesproédures sont partiulièrement utiles. Nous les présentons dans ette setion.61il existe des as où ette borne d'union est atteinte, voir [Roq07℄ Set. 9.4.4.



1.4. RÉGIONS DE CONFIANCE ET TESTS PAR RÉÉCHANTILLONNAGE 57Imagerie érébrale. Nous dérivons ii un problème typique de magnétoenéphalographie(MEG). L'objetif est de omprendre quelles zones du erveau jouent un r�le dans di�érentesativités, par exemple la leture, le mouvement de la main [JLN+07℄, la vision onsiente ouinonsiente [SBD05, DBD07℄. Pour ela, on plae un sujet dans un dispositif d'imagerie (parexemple, de MEG), qui mesure le hamp magnétique en di�érents points de la surfae de son râneau ours d'une expériene faisant intervenir l'ativité étudiée. Il s'agit généralement d'une tâhepréise à aomplir : lire un texte, déplaer un urseur ave la main, regarder une série d'imagespuis répondre ensuite à une question à leur propos. Cette tâhe est souvent répétée, et haun dees �essais� est séparé du préédent par une période de repos (qui fournit des mesures témoins,en l'absene de stimulation). Dans le as de la MEG, la préision temporelle est très grande : ilest ainsi possible d'obtenir une image par milliseonde, au ours d'expérienes durant quelquesseondes.Les données subissent ensuite un pré-traitement (f. la thèse de Baillet [Bai98℄). À haqueinstant, il faut d'abord résoudre un problème inverse pour reonstruire l'ativité életrique à lasurfae du erveau. C'est un problème di�ile (Darvas et al. [DRP+05℄) : à partir d'une entainede senseurs, on herhe à déterminer l'ativité életrique en environ 15 000 points. On veut alorsomparer l'évolution temporelle de ette ativité en haque point entre les périodes de repos etles périodes de stimulation (généralement limitées à une fenêtre de 100 ms peu après le stimulus).Une manière de réaliser ei est de aluler la di�érene (en haque point) entre les deuxévolutions de l'ativité mesurée, puis de herher les points où elle-i est signi�ativement non-nulle. Étant donné le grand nombre de points et d'instants de mesures, on réduit souvent haqueourbe d'ativité à une seule donnée intégrée. Dans les deux as, on dispose désormais d'un veteur
ξ ∈ R

K ave K = E × T , où E ≈ 15 000 est le nombre de points et 1 ≤ T ≤ 1 000 est le nombrede mesures par point. Ainsi, typiquement, 104 ≤ K ≤ 107.Lorsque l'expériene n'est réalisée qu'ave un seul sujet, les répétitions proviennent du nombre
ness d'essais suessifs. Ce nombre ness est alors limité pour éviter tout phénomène d'adaptationdu sujet au dispositif. En général, on a 20 ≤ ness ≤ 100.L'expériene peut également être réalisée ave nsuj > 1 sujets (hoisis de façon aussi homogèneque possible, à moins que l'objetif ne soit de déterminer des di�érenes entre deux groupesdonnés). Dans e as, on réalise ness essais par sujet, et l'on fait la moyenne de es répétitionspour n'obtenir qu'une observation ξ par sujet. De ette façon, on diminue le niveau de bruit, et l'ondiminue fortement les orrélations temporelles. En e�et, l'évolution de l'ativité életrique en unpoint est souvent osillante, si bien que les perturbations de la phase de es osillations induisentde fortes orrélations temporelles lorsque ness = 1. Ave plusieurs essais, elles-i deviennentnégligeables (si ness est assez grand). Dans e seond as, on dispose don de nsuj répétitions. Engénéral, 15 ≤ nsuj ≤ 100. Il peut se produire que l'on dispose de plus de sujets (nsuj = 4000,Waberksi et al. [WGK+03℄), mais ela est malheureusement exeptionnel.Les données prétraitées ont don la forme suivante :

ξ1, . . . , ξn ∈ R
K i.i.d.ave n ≤ 100 ≪ 104 ≤ K. Nous nous trouvons don dans un adre hautement non-asymptotique.La loi de ξ est bien évidemment inonnue. Le problème posé est de déterminer

{1 ≤ k ≤ K t.q. µk := E [ξk ] 6= 0} .Il s'agit d'un problème de test multiple.



58 CHAPITRE 1. INTRODUCTIONL'une des di�ultés majeures de e problème est que les oordonnées de haque observation
ξ sont fortement orrélées, et que es orrélations sont totalement inonnues. Il n'est don pasenvisageable de dé�nir un modèle paramétrique simple pour la loi de ξ. En e�et, es orrélationsproviennent de fateurs multiples. D'une part, le prétraitement utilisant 150 valeurs pour enreonstruire 15 000, il est lair que le bruit de mesure en haun des 150 senseurs induit un bruitfortement orrélé spatialement dans les observations ξi. De plus, le bruit provient également defateurs environnementaux au ours des essais suessifs, ou de di�érenes entre sujets. Celui-i est don présent dans l'ativité érébrale réelle, et est fortement in�uené par les onnexionsneuronales à l'intérieur du erveau. Il y a don de nombreuses orrélations �à distane� entre lesdi�érents points du erveau. En�n, lorsque l'expériene est limitée à un sujet, il est impossible denégliger les orrélations temporelles, qui sont alors ertainement plus fortes que les orrélationsspatiales. On ne peut même pas exlure des orrélations spatio-temporelles, l'ativité en un pointn'in�uençant diretement l'ativité en un autre point qu'ave un ertain retard.Dans de telles onditions, les méthodes ouramment utilisées relèvent de la théorie des hampsaléatoires ou de tests par permutations ou par rééhantillonnage. Les deux premières méthodessont omparées par Pantazis et al. [PNBL05℄. L'inonvénient de la troisième reste le ara-tère généralement asymptotique de sa justi�ation. L'un des prinipaux intérêts des résultats duChap. 10 est don de fournir des résultats non-asymptotiques sur des proédures de test multiplepar rééhantillonnage.L'approhe la plus ommune en imagerie érébrale est de herher à ontr�ler la probabilitéde faire au moins une fausse déouverte (FWER, dé�ni par (1.22)). Cei est ertainement dû aufait que le FDR a été introduit plus réemment, et est moins onnu des neurobiologistes (bienque Perone Pai�o, Genovese et Verdinelli [PPGVW04℄ ont proposé un ontr�le du FDR dansle as de hamps aléatoires). Cependant, nous pouvons donner un autre argument en faveur duFWER dans ertains as. En e�et, la plupart des expérienes font intervenir le système visuelou le système moteur (voire les deux). Lorsque 'est le as, de grandes zones du ortex sontativées fortement, si bien que l'on s'attend à e qu'un grand nombre de moyennes µk soient non-nulles. Cependant, les régions du ortex visuel et du ortex moteur primaire sont bien onnues desneurobiologistes, et les déteter n'apporte que peu d'informations62. En général, la question quise pose porte surtout sur le reste du ortex : y a-t-il d'autres zones onernées par la leture, lemouvement de la main, la vision onsiente ? Si es zones existent mais sont petites, une approhede type FDR n'apportera pas toujours d'informations �ables supplémentaires : on ne pourra passavoir si la petite zone détetée fait partie des α = 5% (par exemple) de �fausses déouvertes�autorisées (en moyenne), ou si e sont de vraies déouvertes. En revanhe, ave un ontr�le duFWER, on obtient une proédure plus onservative, mais haque rejet d'hypothèse nulle apportede l'information, indépendamment de l'ativité dans le reste du erveau.Analyse de données de pues à ADN. Une pue à ADN mesure le niveau d'expression d'ungrand nombre de gènes (plusieurs milliers, et jusqu'à plus de 300 000, e qui représente souvent latotalité du génome de l'organisme étudié) dans des onditions expérimentales données. Elle permetainsi d'identi�er63 les gènes spéi�ques d'un type de ellule, ou bien eux qui ont un r�le dans unemaladie. Dans e dernier exemple, on ompare les niveaux d'expression des gènes dans une ellule62Si e n'est une on�rmation d'un fait attendu, et une information temporelle, raisons pour lesquelles on ne peutpas tout simplement �oublier� es régions.63En général, une fois es gènes identi�és, les biologistes poursuivent leurs études en se foalisant spéi�quementsur es gènes. C'est pourquoi un ontr�le du FDR a un sens dans e adre. Il s'agit surtout de mettre en évidenequelques gènes à étudier pour omprendre un méanisme ou une maladie.



1.4. RÉGIONS DE CONFIANCE ET TESTS PAR RÉÉCHANTILLONNAGE 59malade et dans une ellule saine (�le témoin�). Ces mesures étant naturellement variables64, esomparaisons relèvent d'une proédure de test multiple. Le nombre K d'hypothèses à tester estalors le nombre de gènes (don de 103 à 105), alors qu'on dispose en général de peu de répétitionsd'une même expériene (quelques dizaines en général, en raison du oût élevé des pues à ADN).Une manière de formuler le problème est de onsidérer la di�érene ξi
k de niveau d'expressionpour le gène k, entre les onditions expérimentales et le témoin, pour la i-ème pue à ADN.L'hypothèse nulleH0,k �le gène k s'exprime de la même manière dans les onditions expérimentaleset dans le témoin� peut don être reformulée : E

[
ξ1k
]

= 0 (les ξi ∈ R
K étant i.i.d., 1 ≤ i ≤ n).Comme dans le as des neuroimages, les K oordonnées de ξ1 sont orrélées, et es orrélationsont une forme générale (il n'y a d'ailleurs même plus de notion de distane naturelle, puisquehaque oordonnée orrespond ii à un gène), inonnue, et impossible à estimer.Pour un aperçu des méthodes de tests multiples utilisées dans l'analyse de pues à ADN,nous renvoyons aux revues de Dudoit, Sha�er et Boldrik [DSB03℄ et de Ge, Dudoit et Speed[GDS03℄, ainsi qu'aux référenes qui y sont indiquées.1.4.3. Méthodes par rééhantillonnage. Les prinipales utilisations du bootstrap sontla onstrution d'intervalles de on�ane et le alul de p-valeurs pour des statistiques de test(Boos [Boo03℄). Il existe don un tel nombre d'artiles et de livres entiers à e sujet que nous neprétendons pas à l'exhaustivité dans ette introdution. Nous nous bornerons à esquisser quelquesapprohes lassiques, et à donner quelques référenes, plus partiulièrement elles qui sont liéesaux travaux du Chap. 10.Régions de on�ane. Pour plus de simpliité, nous nous foalisons ii sur le as unidimen-sionnel, i.e. aux intervalles de on�ane. La plupart des résultats lassiques se limitent à e adre,et l'on peut noter qu'une fois une distane hoisie sur Θ, onstruire une région de on�ane seramène au as unidimensionnel puisque seul le rayon de la boule de on�ane est à déterminer.Lorsque Θ ⊂ R

K , une autre approhe est de onstruire des intervalles de on�ane simultanés. Àpropos de bootstrap et régions de on�ane en dimension plus grande que 1, voir notamment lasetion 4.2 du livre de Hall [Hal92℄, ainsi que l'artile de Beran [Ber03℄.Avant d'aller plus loin, itons quelques référenes sur les intervalles et régions de on�ane.Ave le bootstrap : Hall [Hal92℄, Efron et Tibshirani [ET93℄, Shao et Tu [ST95℄, DiCiio etEfron [DE96℄. Ave le bootstrap à poids éhangeables généraux, Hall et Mammen [HM94℄, Barbeet Bertail [BB95℄. Par sous-éhantillonnage : Politis, Romano et Wolf [PRW99℄, Chap. 7.Il y a deux types d'intervalles de on�ane lassiques par rééhantillonnage : les intervalles�bootstrap-t� et les intervalles �perentile�. Un intervalle bootstrap-t suppose onnus un estima-teur θ̂ (ξ1...n ) de θ, ainsi qu'un estimateur σ̂2 (ξ1...n ) de la variane de et estimateur. L'idée d'untel intervalle est d'estimer par rééhantillonnage la distribution de (θ̂ − θ)/σ̂. On onstruit donun intervalle de la forme
Ibootstrap−t :=

[
θ̂ (ξ1...n ) − σ̂ (ξ1...n ) ĝ(α) (ξ1...n ) ; θ̂ (ξ1...n ) − σ̂ (ξ1...n ) d̂(α) (ξ1...n )

]
,où ĝ(α) et d̂(α) sont des quantiles empiriques de

θ̂ (ξ⋆
1...n ) − θ̂ (ξ1...n )

σ̂ (ξ⋆
1...n )

,64entre deux instants de la journée, entre deux individus, ou entre deux répétitions légèrement di�érentes d'unemême expériene, sans même parler d'erreurs de mesure éventuelles ou de di�érenes de sensibilités de deux puesà ADN.



60 CHAPITRE 1. INTRODUCTIONonditionnellement à ξ1...n (en général alulés ave B éhantillons indépendants). Les niveaux dees quantiles sont �xés en fontion du type d'intervalle voulu : symétrique, ave une masse α/2de haque �té, de longueur minimale, et.À l'inverse, un intervalle bootstrap perentile ne néessite pas la onnaissane de σ̂2 (ξ1...n ). Ilrepose sur l'estimation de la distribution de (θ̂ − θ) :
Ipercentile :=

[
θ̂ (ξ1...n ) − ĝ(α) (ξ1...n ) ; θ̂ (ξ1...n ) − d̂(α) (ξ1...n )

]où ĝ(α) et d̂(α) sont des quantiles empiriques de θ̂ (ξ⋆
1...n )− θ̂ (ξ1...n ). De même, les niveaux de esquantiles sont hoisis en fontion du type d'intervalle demandé.La justi�ation de es méthodes est asymptotique, i.e. les intervalles de on�ane onstruits ontle niveau α requis lorsque la taille de l'éhantillon n tend vers l'in�ni. En poussant à l'ordre suivantl'étude asymptotique, il s'avère que les intervalles bootstrap-t sont plus préis que les intervallesbootstrap perentile (Hall [Hal92℄). La raison en est que le bootstrap estime mieux une statistiquepivotale65 telle que n1/2σ̂−1

(
θ̂ − θ

) qu'une statistique non-pivotale omme n1/2
(
θ̂ − θ

).Il est ependant possible de orriger les intervalles perentile pour leur biais, e sont lesintervalles BCa
66. Ils sont alors asymptotiquement aussi performants que les intervalles bootstrap-t, tout en étant plus robustes (en partiulier invariants par transformation monotone de Θ). Demanière générale, il est onseillé de passer par une statistique pivotale dans les as �simples�, etd'utiliser la orretion du biais dans les as plus di�iles.En�n, il est souvent possible d'approher les intervalles BCa analytiquement, e qui réduitonsidérablement le temps de alul de eux-i, en partiulier lorsque θ est de grande dimension.C'est la méthode ABC67.Tests, tests multiples. Nombre de proédures de test ou de test multiple reposent sur la on-strution de régions de on�ane, via l'argument mentionné en Set. 1.4.1. Il est également pos-sible de onstruire diretement des tests, soit en estimant un quantile à l'aide de l'heuristiquede rééhantillonnage (le niveau étant alors ontr�lé asymptotiquement, le plus souvent), soit enutilisant un argument d'invariane de la loi de l'éhantillon par ertaines transformations sousl'hypothèse nulle. Dans e dernier as, on parle de tests par randomisation (ou enore tests parpermutations ou par symétrisation, selon le type d'invariane en jeu), et le ontr�le du niveau esten général exat.Tests par rééhantillonnage diret. Considérons par exemple le as d'un test où

H0 = {P t.q. S(P ) = 0} ,pour une fontionnelle régulière S. Une proédure de test naturelle est alors
T (ξ1...n ) = 1S(Pn)≥tα( ξ1...n ) ,où tα est un seuil à déterminer. Le hoix idéal serait le quantile d'ordre 1 − α de S(Pn) =

S(Pn)−S(P ) sous H0. L'heuristique de rééhantillonnage suggère de l'estimer à l'aide du quantiled'ordre 1 − α de L
(
S(PW

n ) − S(Pn)
∣∣ ξ1...n

) :
t̂Wα (ξ1...n ) := inf

{
t > 0 t.q. P

(
S
(
PW

n

)
− S (Pn ) > t

∣∣ ξ1...n

)
≤ α

}
.65'est-à-dire dont la loi ne dépend pas (au moins asymptotiquement) de paramètres inonnus. Ii, la variane σ2de bθ.66�Bias Correted and Aelerated�, i.e. ave orretion du biais et aélération.67�Approximate Bootstrap Con�dene intervals�, intervalles de on�ane bootstrap approhés.



1.4. RÉGIONS DE CONFIANCE ET TESTS PAR RÉÉCHANTILLONNAGE 61Bikel et Ren [BR01℄ ont alors montré que ette stratégie fontionne ave le bootstrap pourune ertaine lasse de tests. Elle peut également fontionner ave des poids Efron (m), ave
n ≫ m → ∞, dans des as où le bootstrap ne fontionne pas. À propos du hoix de m à partirdes données, voir également Bikel et Sakov [BS05℄.Pour un aperçu des méthodes de test par rééhantillonnage, voir aussi Efron et Tibshirani[ET93℄, Chap. 16 (au sujet du bootstrap), Politis, Romano et Wolf [PRW99℄ (au sujet du sous-éhantillonnage), et en�n Hall et Mammen [HM94℄ et Janssen et Pauls [JP03℄ (au sujet dubootstrap à poids éhangeables).Tests par randomisation. Lorsque l'éhantillon ξ1...n possède ertaines propriétés d'invarianesous H0, on peut en tirer parti pour onstruire un test dont le niveau est ontr�lé préisément.L'idée, qui est anienne (elle remonte au moins aux années 1930 et R.A. Fisher [Fis35℄68), estla suivante. Soit G un groupe �ni de transformations de Ξn qui laissent invariante la loi del'éhantillon, i.e.

∀g ∈ G, L (ξ1...n ) = L (g (ξ1...n )) .Alors, pour toute statistique de test S : Ξn 7→ R, pour toute distribution P ∈ H0,
Pξ1...n∼P (Card {g ∈ G t.q. S (ξ1...n ) < S (g (ξ1...n ) )} < αCard(G) ) ≤ α .De plus, ette borne supérieure est exate à 1/Card(G) près, puisque ⌊αCard(G)⌋ /Card(G) estune borne inférieure. On en déduit que la proédure de test

T (ξ1...n ) := 1Card{g∈G t.q. S( ξ1...n )<S(g( ξ1...n ) ) }<α Card(G) (1.25)est de niveau α. On parle alors de �test exat� ar le niveau de T est égal à α (à 1/Card(G) près).Une telle formulation générale reouvre de nombreux tests lassiques, que l'on peut regrouperen deux lasses prinipales :� les tests par permutation : G est le groupe Σn des permutations de (ξ1, . . . , ξn). Par exemple,supposons que ξ1, . . . , ξm sont i.i.d. de loi Q1 et xm+1, . . . , xn dont i.i.d. de loi Q2, pour unertain 1 ≤ m < n. Sous l'hypothèse nulle �Q1 = Q2�, l'éhantillon ξ1...n est invariant sousl'ation de Σn. Le test (1.25) peut don être utilisé pour tester l'homogénéité.Lorsque Ξ = X × Y, on peut aussi onsidérer le groupe G = Σn,Y qui agit sur ξ1...n enpermutant les deuxièmes variables Y1...n uniquement. Par exemple, sous l'hypothèse nulle�X1...n est indépendant de Y1...n�, la loi de l'éhantillon est invariante sous G. On peut donutiliser (1.25) pour tester l'indépendane.� les tests par symétrisation : lorsque Ξ est un espae vetoriel (par exemple R), on peutonsidérer le groupe G = {−1, 1}n qui agit sur Ξn de la manière suivante :
∀g ∈ G, ∀ξ1...n ∈ Ξn, (g1, . . . , gn ) · (ξ1, . . . , ξn ) := (g1ξ1, . . . , gnξn ) .Sous l'hypothèse nulle69

H0 =
{
Q⊗n t.q. Q distribution symétrique et de moyenne nulle sur Ξ

}
,la loi de l'éhantillon est invariante sous l'ation de G.On peut également utiliser un test de symétrisation pour tester H0 : �µ = 0�, lorsque

ξ1, . . . , ξn sont i.i.d. de loi symétrique et de moyenne µ.Le ontr�le du niveau étant non-asymptotique et quasi-exat, les tests par randomisation ontde bonnes hanes d'être plus puissants que les tests fondés sur l'heuristique de rééhantillonnage.C'est pourquoi Efron et Tibshirani [ET93℄ (Chap. 15) onseillent d'utiliser les premiers lorsque68voir aussi Oden et Wedel [OW75℄ à propos du test de Fisher.69par �symétrique�, nous entendons : si ξ est de loi Q, alors 2E [ξ ] − ξ est de loi Q.



62 CHAPITRE 1. INTRODUCTIONela est possible. En revanhe, les seonds ont l'avantage de s'appliquer dans un adre beauoupplus général, où il n'y a rien à permuter ni à symétriser.Toutefois, ette omparaison doit être modérée. D'une part, les tests par randomisation re-posent plus fortement sur l'hypothèse d'invariane sous l'ation de G que les tests bootstrapéquivalents. Ces derniers sont don plus robustes, par exemple lorsque l'on ne veut tester qu'unparamètre (e.g. la moyenne d'un éhantillon), que les observations soient indépendantes ou non.Par ailleurs, dans un adre de tests multiples, nous montrons au Chap. 10 qu'un test multiplerééhantillonnage peut présenter des avantages sur un test multiple par symétrisation.Pour d'autres référenes sur les tests par randomisation, on onsultera par exemple Romano[Rom89, Rom90℄, Westfall et Young [WY93℄, Janssen et Pauls [JP03℄.Tests multiples. Les méthodes de test multiple par rééhantillonnage sont essentiellement detrois sortes :� on onstruit une région de on�ane par rééhantillonnage et on en déduit une proédurede test multiple (ei est possible lorsque H0,k s'érit �θk = θk,0�, par exemple). À e sujet,voir notamment Set. 10.4.1 et Pollard et van der Laan [PvdL03℄.� on onstruit K tests simples par rééhantillonnage, dont on ajuste ensuite les p-valeurs (parexemple par une méthode step-down ou step-up).� on utilise le rééhantillonnage pour onstruire une méthode d'ajustement des p-valeurs.Cei permet d'éviter d'avoir à faire trop d'hypothèses sur la loi jointe des p-valeurs. Voirpar exemple Yekutieli et Benjamini [YB99℄, et Ge, Dudoit, Speed [GDS03℄.Les deux premières approhes ont déjà été évoquées dans le reste de ette setion. La troisièmedemanderait de plus longs développements que ette introdution ne saurait aueillir. C'estpourquoi nous renvoyons le leteur intéressé aux référenes préitées, auxquelles nous ajoutonsWestfall et Young [WY93℄ et Romano et Wolf [RW05, RW07℄.1.4.4. Contributions de la thèse. Le Chap. 10 est le fruit d'une ollaboration ave GillesBlanhard et Étienne Roquain. Une version ourte de es travaux a été publiée dans les atesde Colt 2007 [ABR07℄. Nous y onstruisons des régions de on�ane par rééhantillonnage(notamment pour en déduire des proédures de test multiple), ave un ontr�le non-asymptotiquede la probabilité de ouverture.Problème onsidéré. Nous onsidérons des observations i.i.d. ξ1 = Y1, . . . , ξn = Yn ∈ Ξ =

R
K , de loi symétrique ou gaussienne, mais dont les oordonnées sont orrélées, et es orrélationssont générales. Le paramètre qui nous intéresse est leur moyenne ommune µ ∈ R

K , pour laquellenous herhons à onstruire des régions de on�ane de la forme
R (ξ1...n ) =

{
x ∈ R

K t.q. φ

(
1

n

n∑

i=1

(ξi − x)

)
≤ tα (ξ1...n )

}
,où φ est (par exemple) la norme Lp (p ≥ 1) et tα un seuil alulé à partir des données.L'une des appliations qui motive e travail est l'imagerie érébrale, où µ indique les régionsdu ortex qui répondent à une stimulation donnée (e sont les positions k telles que µk 6= 0),ainsi que l'intensité de ette réponse. Dans e adre omme dans beauoup d'autres, la dimension

K peut être beauoup plus grande que le nombre de répétitions n. Une approhe asymptotiqueest don à exlure. De plus, les orrélations n'ont pas de forme partiulière, si bien qu'une ap-prohe paramétrique n'est pas envisageable (il y aurait au moins K2 paramètres, ontre seulement
nK données pour les estimer). Dans un adre non-paramétrique, il est naturel d'estimer tα parrééhantillonnage. La prinipale nouveauté de notre approhe est que nous proposons un ontr�lenon-asymptotique de la probabilité de ouverture.



1.4. RÉGIONS DE CONFIANCE ET TESTS PAR RÉÉCHANTILLONNAGE 63Deux méthodes. Le seuil idéal est le quantile d'ordre 1−α de φ (n−1
∑n

i=1 ξi − µ
). Nous pro-posons deux méthodes, haune fondée sur l'heuristique de rééhantillonnage, a�n de l'approher.La première méthode repose sur plusieurs inégalités de onentration : φ (n−1
∑n

i=1 ξi − µ
)satisfaisant une inégalité de onentration sous-gaussienne (Prop. 10.4 (i)), on peut majorer leseuil idéal par un terme d'espérane

E

[
φ

(
1

n

n∑

i=1

(ξi − µ)

)]plus un terme de déviation ne dépendant que de σ = (var(ξk))1≤k≤K .En appliquant l'heuristique de rééhantillonnage, nous dé�nissons tα de la forme
t1,α (ξ1...n ) := B−1

W E

[
φ

(
1

n

n∑

i=1

(
Wi −

1

n

n∑

i=1

Wi

)
ξi

)∣∣∣∣∣ ξ1...n

]
+Rn(α, σ) ,ave BW expliite (voir (10.4)) et Rn un terme de reste (voir Thm. 10.1). Remarquons la présenede n−1

∑
iWi au lieu de 1, qui déoulerait d'une appliation direte de l'heuristique. On peut levoir omme une manière d'imposer ∑iWi = n, pour que le rééhantillon ressemble vraiment àun éhantillon. De façon équivalente, e terme revient à reentrer empiriquement les données :

1

n

n∑

i=1

(
Wi −

1

n

n∑

i=1

Wi

)
ξi =

1

n

n∑

i=1

Wi

(
ξi −

1

n

n∑

i=1

ξi

)
.Le point important ii est que ela permet à t1,α d'être indépendant de la vraie moyenne µ ∈ R

K .En partiulier, la présene de très grande oordonnées ne le perturbe pas, e qui est ruial entermes de puissane, pour une appliation en test multiple.Nous montrons alors (Thm. 10.1) que les régions de on�ane fondées sur le seuil t1,α ont uneprobabilité de ouverture ontr�lée pour tout n �xé. Cei est valable pour une grande lasse defontions φ (dont toutes les normes Lp, p ≥ 1), et pour des poids W éhangeables ou de type �V -fold�. Ce résultat repose notamment sur une inégalité de onentration (Prop. 10.4 (ii)) montrantque le seuil rééhantillonné t1,α (ξ1...n ) se onentre autour de son espérane plus rapidement70que φ (n−1
∑n

i=1 ξi − µ
). Ce fait remarquable permet notamment de ombiner t1,α ave un seuildéterministe sans perdre de niveau (Cor. 10.1).La deuxième approhe est de type �perentile� : on estime diretement par rééhantillonnagele quantile d'ordre 1 − α de φ (n−1

∑n
i=1 ξi − µ

), d'où le seuil
t2,α (ξ1...n ) := inf

{
t > 0 t.q. P

(
φ

(
1

n

n∑

i=1

(
Wi −

1

n

n∑

i=1

Wi

)
ξi

)
> t

∣∣∣∣∣ ξ1...n

)
≤ α

}que nous n'étudions que dans le as des poids Rademaher (1/2). Notre preuve repose en e�etsur des outils de symétrisation, qui ne sont valables que dans e adre. La nouveauté réside iidans le terme en n−1
∑

iWi, qui rend le seuil plus robuste à des moyennes µ élevées, mais rendla preuve plus ardue. C'est pourquoi le résultat que nous prouvons (Thm. 10.2) rend néessairel'ajout d'un terme de reste à t2,α. Ce dernier peut par exemple être obtenu à partir de t1,α, lepoint important étant qu'il est négligeable devant t2,α lorsque n est raisonnablement grand.D'après une étude de simulations (Set. 10.5), ette seonde méthode est plus performante quela première (dans le as φ = ‖·‖∞), sauf lorsque les oordonnées de ξ sont presques indépendantes(ar on peut alors ombiner la première méthode ave un seuil déterministe qui fontionne bienlorsqu'il y a peu de orrélations). Cependant, en termes de temps de alul, l'approhe perentile70à l'éhelle n−1 au lieu de n−1/2 lorsque W est éhangeable ; à l'éhelle V 1/2n−1 dans le as des poids V -fold.



64 CHAPITRE 1. INTRODUCTIONexige de onsidérer de nombreux rééhantillons, alors que la méthode par onentration garde unepréision raisonnable ave une approximation Monte-Carlo ou des poids V -fold.Appliation aux tests multiples. Nous étudions à la Set. 10.4 omment utiliser es régions deon�ane pour onstruire des proédures de test multiple. Deux problèmes peuvent être résolus :� test multiple bilatère : lorsque H0,k est �µk = 0�, on peut utiliser les seuils ti,α ave φ(x) =

supk |xk|.� test multiple unilatère : lorsque H0,k est �µk ≤ 0�, on peut utiliser les seuils ti,α ave
φ(x) = supk (xk )+.L'avantage d'avoir onstruit des seuils invariants par translation de la vraie moyenne µ est qu'ilsne sont pas sensibles aux grandes valeurs des oordonnées non-nulles de µ, ontrairement auxtests par symétrisation lassiques (f. Cor. 10.11). L'utilisation de proédures step-down permetde remédier à e problème, mais au prix d'un temps de alul allongé. Dans les appliations quenous avons en vue, ramener le temps de aluls de 48 heures à 24 heures est une améliorationonsidérable.Une étude de simulations (Set. 10.5) nous montre que nos deux approhes sont ompétitivesave les seuils lassiques (tels que Bonferroni), lorsque les orrélations entre les oordonnées sontsu�samment importantes. Le prix de l'adaptation à de fortes orrélations est une légère sous-optimalité dans le as indépendant.



NotationsConventions.
• the generi onstants (L, Lp1,...,pk

, L(A)) an hange from a line to another, or evenwithin the same line.
• a null indiator funtion always has priority over other terms. For instane, x−1

1x=0 isequal to 0 when x = 0.Abbreviations.a.e. almost everya.s. almost surely(BA)(m,p) Bounded assumption (Set. 10.1.4, p. 248)Bonf Bonferroni threshold ((10.11) p. 250)CV Cross-validation (Set. 2.2.2, p. 77)Efr, penEfr Efron's bootstrap weights, penalty (Set. 6.3.3, p. 154)FDR False Disovery Rate (Set. 10.6.2)FWER Family-Wise Error Rate (p. 258).(GA) Gaussian assumption (Set. 10.1.4, p. 248)Loo, penLoo Leave-one-out weights, penalty (Set. 6.3.3, p. 154)LOO Leave-one-out (Set. 2.2.2, p. 77)Lpo Leave-p-outMal Mallows' Cp penaltypenEfr+, penLoo+, Mal+, . . . penEfr, penLoo, Mal, . . .multiplied by a fator 5/4Poi Poisson i.i.d. weights (Set. 6.3.3, p. 154)Rad, penRad Rademaher i.i.d. weights, penalty (Set. 6.3.3, p. 154)Rho, penRho Random hold-out weights, penalty (Set. 6.3.3, p. 154)RP Resampling penalties (Set. 6.2, p. 151)(SA) Symmetry assumption (Set. 10.1.4, p. 248)s.t. suh thatVF, penVF V -fold weights, penalty (Set. 5.3.1, p. 123)VFCV V -fold ross-validation (Set. 2.2.2, p. 77)w.r.t. with respet toMathematial notations (Chap. 2 to 9).
L, L(p1, . . . , pk) = Lp1,...,pk

, L(A) generi onstants (resp. numerial, dependent from
p1, . . . , pk, dependent from the onstants appearingin the assumption set (A))

a ∨ b, (a)+ the maximum of a and b, the positive part of a (= a ∨ 0)
a ∧ b, (a)− the minimum of a and b, the negative part of a (= −a ∨ 0)
a ∝ b a is proportional to b (i.e. L1a ≤ b ≤ L2a)
a≪ b a is negligible in front of b



66 CHAPITRE 1. NOTATIONS
log = ln, ln2 natural logarithm, binary logarithm
⌊a⌋ largest integer smaller or equal to a
1E, Card(E), diam(E) indiator funtion, ardinality, diameter of the set E
Ec, conv(E) omplementary, onvex hull of the set E
P(E) set of all subsets of E
H(α,R), Hǫ(α,R) Hölderian balls (Set. 6.4.2, p. 158)
variaX s variation of the funtion s : X 7→ R over X ((6.14), p. 159)
P, E, varP (X), cov probability, expetation, variane of X ∼ P , ovariane
L, D, (d)

= law (=distribution), equality in distribution
Qγ(t) short for Eξ∼Q [γ(t, ξ) | t ] . Notie that if t is random(e.g. data-dependent), then ξ ∼ Q has to be independentfrom t, so that Qγ (t) is random itself.
‖·‖q moment of order q
Leb, δξ Lebesgue measure, Dira measure at ξ
U(E) Uniform distribution on the set E
N (µ,Σ) Gaussian distribution
B(n, p) Binomial distribution
M(n; p1, . . . , pk) Multinomial distribution
P(µ) Poisson distribution
H(n, r, q) Hypergeometri distribution
e+Z , e0Z expetations of inverses (Set. 6.7, p. 170)
X , Y, Ξ feature spae, label spae, observation spae (often X × Y)
(Xi, Yi)1≤i≤n, ξ1...n samples
ǫ1, . . . , ǫn error terms
S, S, SD, Sm, t set of all preditors, 3 subsets of S, generi preditor
γ, l(s, t), l(s, S) ontrast funtion, exess loss at t, bias of S (:= ∫t∈S l(s, t))
η, s regression funtion, Bayes preditor
σ(x) noise level at point X = x

w, φm, ε⋆,m margin ondition and omplexity measures in a generalframework, inluding binary lassi�ation (Set. 7.2.2, p. 196)
P , s unknown data distribution, Bayes preditor
sm best preditor over Sm

ŝ, s̃ estimators
Pn, ŝm empirial distribution, empirial risk minimizer over Sm

(Bj)1≤j≤V , I partition of {1, . . . , n}, subset of {1, . . . , n}
P

(I)
n , P (j)

n , P (Bj)
n , P (−j)

n , P (Bc
j )

n subsample empirial distributions
P

(v)
n , P (t)

n validation and training empirial distributions
ŝ
(I)
m , ŝ(−j)

m , ŝ(v)
m subsample empirial risk minimizers

W , ǫ1, . . . , ǫn resampling weight vetor, i.i.d. Rademaher variables
P ⋆

n , PW
n bootstrap or weighted bootstrap empirial distributions

ŝW
m weighted bootstrap empirial risk minimizer

EW [ · ] expetation w.r.t. W only
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(Sm )m∈Mn

, Dm family of models, dimension of the model m
m⋆ orale model (Set. 2.1.2, p. 71)
m⋆

lin linear orale model (Set. 4.3, p. 109)
m̂, m̂VFCV, m̂Loo, . . . seleted models
m̂(K) model seleted by penalization, aording to the multipliativefator K (with linear penalties, Set. 4.4.1, p. 109 or generalshapes, Set. 11.3.2, p. 286)
Cor, Cpath−or model seletion proedure benhmarks ((4.3), p. 110)
pen, penVFCV, penMallows, . . . penalty funtions
penid, penid,g ideal penalty, ideal global penalty ((2.13), p. 76)
pen′id other ideal penalty (Set. 5.7.3, p. 139)
penmin minimal penalty (Set. 3.3.2, p. 92)
p1, p̃1, p2, p̃2, δ, δ parts of the ideal penalty (Set. 5.7.2, p. 135)
p̂1, p̂2 parts of the Resampling Penalty ((5.32) and (5.33) , p. 138)
Ĉn(F), R̂n(F), Ĝn(F), B̂(Z)

n (F) global omplexities of the family of funtions F (Chap. 233)
crit, crit′, critVFCV, . . . model seletion minimization riteria
C, CW,∞ onstants in front of Resampling Penalties (Set. 6.2, p. 151)
RZ(F) onstant in front of global resampling omplexities ((9.5), p. 234)Histogram framework (Set. 6.3, p. 152 and Set. 6.8.1, p. 171).
(Iλ )λ∈Λm

partition of X
E

Λm [ · ] short for E

[
· | (1Xi∈Iλ

)1≤i≤n, λ∈Λm

]

σd
λ, σr

λ, σλ variability terms when X ∈ Iλ
pλ, p̂λ, p̂W

λ true, empirial, resampling empirial frequenies of X in Iλ
Wλ mean of the weights Wi suh that Wi ∈ Iλ
An(m), Bn(m) minimum of the empirial and true frequenies over (Iλ )λ∈Λm

βλ, β̂λ, β̂W
λ oordinates of sm, ŝm, ŝW

m in the basis (1Iλ
)λ∈Λm

R1,W , R2,W resampling weights onstants ((5.31), p. 138)
M̂ family of �pre-seleted� models
δn,pλ

, δ(V F )
n,pλ , δ(penW)

n,bpλ
quantities ≪ 1 when npλ → ∞Con�dene regions and tests (Chap. 10).

‖x‖p Lp norm of x ∈ R
K : if 1 ≤ p <∞, (∑K

k=1 |xk|
)1/pif p = ∞, sup1≤k≤K |xk|

Φ standard Gaussian upper tail funtion
B(n, η) Binomial upper tail funtion (p. 255)
Y K × n data matrix: eah olumn Yi is an individual observation
µ, Σ mean and ovariane matrix of Y1

Y empirial mean n−1
∑

i Y
i

W mean of the weights n−1
∑

iWi

Y[W ] weighted bootstrap empirial mean n−1
∑

iWiY
i

Ỹj mean of the blok j (in the V -fold ase) Card(Bj)
−1
∑

i∈Bj
Yi

AW , BW , CW , DW , EW onstants related to resampling weights (Set. 10.2, p. 249



68 CHAPITRE 1. NOTATIONSand Set. 10.7.5)
t...,α some threshold, at level α
H0 single null hypothesis
[x ] either |x| (two-sided ontext) or x (one-sided ontext)
H0,k null hypotheses (in a multiple testing setting)
R(Y) multiple testing proedure (i.e. data-dependent rejetion set)
H, H0 set of null hypotheses, set of true null hypotheses
t subset-based threshold (Set. 10.4.2, p. 259)
Ci (Y ) := {σ(j) s.t. j ≥ i} the set whih ontains the K − i+ 1 smaller oordinates of Y.



CHAPTER 2Optimal model seletionRésumé. Ce hapitre a pour but d'introduire et de motiver une partie es-sentielle de ette thèse, qui regroupe les hapitres 3 à 9, et dont l'objet est laalibration �optimale� de proédures de séletion de modèles. Mettant en évi-dene les di�érentes formes d'optimalité (théorique ou pratique, asymptotiqueou non), nous montrons qu'il existe un réel fossé entre théoriiens et pratiienssur la manière de résoudre e problème. Ce travail de thèse herhe à réduire etéart, en étudiant une méthode de alibration de pénalités à l'aide des données(l'heuristique de pente, Chap. 3), e qui est néessaire dans ertaines iron-stanes (Chap. 9) ; en proposant des méthodes d'estimation de la forme de lapénalité (Chap. 5 à 8), qui sont plus robustes que les simples pénalités linéaires(Chap. 4) ; en proposant une étude théorique non-asymptotique de la validation-roisée V -fold et d'une méthode de pénalisation apparentée (Chap. 5).The aim of this hapter is to introdue and motivate the main part of this thesis, whih goesfrom Chap. 3 to 9.Our main motivation is to �ll in a gap between theory and pratie in model seletion. Onthe one hand, theoretial results onern proedures that are either untratable (beause theyneed a huge omputation time, or � worse � beause they make use of unknown parameters)or based upon a single data splitting. For instane, in binary lassi�ation, fast rates of on-vergene under margin onditions have only been obtained for loal Rademaher omplexities(Kolthinskii [Kol06℄), the hold-out (Massart [Mas07℄, Blanhard and Massart [BM06d℄) andsome aggregation proedures (Leué [Le07a℄). The �rst one makes use of unknown onstants(and is omputationally untratable), the last two ones rely on a single split of the data. More-over, hold-out and aggregation are proved to be optimal ompared to estimators built with a �rstpart of the data, provided that the seond part of the data is large enough. So, they may notbe optimal ompared with estimators built with all the data. The best hoie of the splittingremains another ruial open problem.On the other hand, pratial users often prefer V -fold ross-validation (VFCV), whih seletsan estimator built with all the data. This proedure has several advantages: it is very simpleto explain, omputationally feasible (sine V is mainly hosen between 5 and 10), quite stable(beause it does not rely on a single split) and it does not rely on strong assumptions. Simulationstudies always show that the hold-out has quite poor performanes, whereas VFCV does generallymuh better. Surprisingly, there are very few theoretial results on VFCV, whih is far lessunderstood than the hold-out. The reason for this is that a single data split allows to make useof the independene between the two parts of the sample. With VFCV, all the data is used forboth �t and seletion, making theoretial results very hard to prove.Our answer to this issue is two-fold. First, we suggest a pratial way of tuning penalizationproedures. This is based upon the �slope heuristis� from Birgé and Massart [BM06℄, for



70 CHAPITRE 2. OPTIMAL MODEL SELECTIONwhih we prove results in an heterosedasti framework (Chap. 3 and 4). Seondly, we study thenon-asymptoti performanes of VFCV and de�ne alternative penalization methods (V -fold orresampling penalties, Chap. 5 to 8). In partiular, we prove sharp orale inequalities for theseproedures in a regression framework, with heterosedasti noise (Chap. 5 and 6). These penaltiesdo not involve unknown onstants, exept maybe a multipliative one (like global resamplingpenalties, see Chap. 9), for whih we an use the slope heuristis idea of Chap. 3.The main drawbak of our theoretial evidene is that they often assume a partiular struturefor the models, sine expliit omputations an only be made with histogram models. However, weare able to make part of the way towards an orale inequality in a general framework, inludingbounded regression and binary lassi�ation (Chap. 7). We suggest to make the following useof our results. For theorists, our omplete proofs for histograms ould be a guideline towardssharp orale inequalities in a general framework. At least, they enlighten onjetures that arelikely to be true, and several di�ulties that will have to be solved. For pratial users, ouraurate desription of the histogram ase shows how resampling an be suessfully used formodel seletion, what does not work in general (without modi�ation), and whih modi�ationsould improve on the performane of resampling in model seletion.2.1. Model seletion for preditionThe ommon goal of users and theorists of model seletion is to build optimal model seletionproedures. In order to explain what this means, let us fous on the predition problem, whih isthe main framework of this thesis.2.1.1. The predition framework. The predition problem is part of statistial learningtheory, initiated by the works of Vapnik [Vap82, Vap98℄. It an be desribed as follows. Weobserve n independent realizations (X1, Y1), . . . , (Xn, Yn) ∈ X ×Y of a random variable (X,Y ) ofunknown distribution P . Given a new independent realization (Xn+1, Yn+1) of (X,Y ), we wouldlike to predit Yn+1 (a quantity of interest) thanks to Xn+1 (some feature parameters, easier tomeasure) and the past data (Xi, Yi)1≤i≤n. In other words, we would like to build a data-dependentpreditor t : X 7→ Y. We have in mind several frameworks among whih:
• regression: X ontains several feature parameters (e.g. X ⊂ R

k), and Y is a signalof interest belonging to a ontinuous spae (e.g. Y ⊂ R). We an then write Y =

η(X) + σ(X)ǫ where η(X) = E [Y | X ] is the regression funtion, and σ(X)ǫ a enterednoise term (with variane σ(X)2 onditionally to X; σ(x) thus quanti�es the noise-levelat X = x).
• binary lassi�ation: Y is a label (Y = {0, 1}), and X an be of various kinds (a DNAsequene, a digital image, a urve, to name but a few), generally high dimensional.In order to de�ne what is a good preditor, we need some measure of the �distane� between

t(Xn+1) and Yn+1. Let S be the set of preditors. Given a ontrast funtion γ : S× (X ×Y) 7→ R,the quality of a preditor t is measured by the predition loss
Pγ (t) := E(X,Y )∼P [γ (t, (X,Y )) | t ] = E [γ (t, (Xn+1, Yn+1) ) | t ] .In the following, we will often make use of the above funtional notation Pγ ( t) for expetations.The onditionning w.r.t. t means that the predition loss of a data-dependent preditor is alsodata-dependent. It is often onvenient to onsider the exess loss

l(s, t) = Pγ(t) − inf
t∈S

{Pγ(t)} ≥ 0



2.1. MODEL SELECTION FOR PREDICTION 71instead of the loss. When this in�mum is atually a minimum, we all Bayes preditor anypreditor s of minimal predition loss over S. Remark that the quantity l(s, t) is well-de�nedeven if s is not. In the following, we fous on some frameworks where s exists.For instane, in both regression and binary lassi�ation, a ommon ontrast funtion is
γ(t, (x, y)) = (t(x) − y )2 (in lassi�ation, this is the 0-1 loss 1t(x)6=y). Then, in regression, theBayes preditor s is equal to the regression funtion η and the exess loss an be written

l(s, t) = E

[
( t(X) − s(X) )2

]
.In binary lassi�ation, the Bayes preditor is s : x 7→ 1η(x)≥ 1

2
, and the exess loss is

l(s, t) = E [ |t(X) − s(X)| |2η(X) − 1| ] .A ommon way of de�ning a data-dependent preditor with a small exess loss is empirialrisk minimization. Given a set Sm of preditors (alled a model), the empirial risk minimizer isde�ned by
ŝm ∈ arg min

t∈Sm

{Pnγ (t)} where Pnγ (t) :=
1

n

n∑

i=1

γ ( t, (Xi, Yi))is the empirial risk. Of ourse, the exess loss of ŝm strongly depends on the hoie of the model
Sm. On the one hand, if one takes the whole set of preditors S as a model, there will be manypreditors with an empirial risk equal to zero, all with a large exess loss beause the data isnoisy. On the other hand, if Sm is small, it generally does not ontain s, so that

l(s, ŝm) ≥ inf
t∈Sm

{ l(s, t)} := l(s, Sm) = l(s, sm)whih an be large (sm denotes a minimizer of the predition loss over Sm, when it exists). Thislower bound l(s, Sm) is alled the bias of Sm.There is thus a trade-o� between bias and variane, and one has to balane these two termsin order to hoose a good model Sm:
l(s, ŝm) = l(s, sm) + P (γ ( ŝm ) − γ (sm )) . (2.1)The �rst term is the bias of Sm, the seond one is a variane term: it represents the di�ulty ofestimating sm beause of the noise. For instane, in the framework of homosedasti regressionon a �xed-design, its expetation is equal to σ2Dmn

−1, where Dm is the dimension of the model
m. 2.1.2. Sharp orale inequalities.Model seletion. We now ome to the model seletion problem: given a family of models
(Sm )m∈Mn

, whih model m gives the best preditor ŝm? That is, aording to (2.1), whihmodel ahieves the bias-variane trade-o�? Sine our goal is predition, an ideal proedure wouldselet the orale model
m⋆ ∈ arg min

m∈Mn

{ l(s, ŝm)} .However, the orale depends on the true distribution P , so that it an not be omputed in pratie.We would now like to make a few remarks:
• the Bayes preditor s is not assumed to belong to ⋃m∈Mn

Sm (think for instane ofthe regression framework, with a smooth target s and the family (SD )1≤D≤n of models,where SD is the set of regular histograms of size D).
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• the family Mn is allowed to depend on the sample size n, as in the above example. Thismotivates a non-asymptoti approah, in whih Card(Mn) (and sometimes the dimensionof the data X) an be muh larger than n, even if the sample size itself is large.
• even if s ∈ S em for some m̃ ∈ Mn, s does not neessarily belong to the orale model Sm⋆ .For instane, assume that S em has a large dimension, n is small and the noise-level σlarge. Then, m̃ does not realize the bias-variane trade-o�, and the orale m⋆ is a muhsmaller model (with very high probability). This shows that identi�ation (i.e. �nd m̃with high probability) and predition are quite di�erent goals (sometimes on�iting, seefor instane Yang [Yan05℄).A ommon model seletion tehnique is the so-alled strutural risk minimization (Vapnik[Vap82℄). Starting from the fat that the resubstitution error Pnγ ( ŝm ) underestimates thepredition loss Pγ ( ŝm ) (and would lead to always hoose the largest model), the idea is to�penalize� the models for their omplexity. More preisely, we hoose the model

m̂ ∈ arg min
m∈Mn

{Pnγ ( ŝm ) + pen(m)} , (2.2)where pen : Mn 7→ [0,∞) is a data-dependent omplexity measure of Sm. For instane, in ho-mosedasti regression, Mallows' Cp orresponds to the penalty 2σ2Dmn
−1. More on penalizationan be found in Massart's Saint-Flour leture notes [Mas07℄.Orale inequalities. The goal of model seletion is to hoose m̂ ((X1, Y1), . . . , (Xn, Yn)) ∈ Mnsuh that ŝ bm performs almost as well as the orale m⋆, while using only the data. There are atleast three theoretial ways of measuring the performane of suh a model seletion proedure:

• Asymptoti optimality:
P

(
l(s, ŝ bm)

infm∈Mn { l(s, ŝm)} −−−→
n→∞

1

)
= 1 . (2.3)

• A non-asymptoti orale inequality:
E [ l(s, ŝ bm) ] ≤ C inf

m∈Mn

{E [ l(s, ŝm) +R(m,n) ]} , (2.4)for some onstant C ≥ 1 (as lose to 1 as possible), and a remainder term R(m,n)that should be small in front of l(s, ŝm). Remark that (2.4) ompares m̂ to the bestdeterministi hoie of m, whih performs worse than the orale m⋆ (whih is data-dependent). This is why we will prefer the following kind of orale inequality, harder toprove, but more meaningful:
E [ l(s, ŝ bm) ] ≤ CE

[
inf

m∈Mn

{ l(s, ŝm) +R(m,n)}
]
. (2.5)

• A �pathwise� orale inequality: with high probability (e.g. 1 − Ln−2, for some onstant
L),

l(s, ŝ bm) ≤ C inf
m∈Mn

{ l(s, ŝm) +R(m,n)} . (2.6)The di�erene with (2.5) is that we here ompare m̂ to m⋆ for almost all the samples,whereas (2.5) only ompares their performanes in expetation. Sine in pratie thereis one sample, (2.6) provides a stronger guarantee of performane than (2.5). Notie alsothat (2.6) easily implies (2.5) when the ontrast is uniformly bounded by some onstant
B <∞ (up to a small enlargement of the remainder term).Adaptivity. Instead of an orale inequality, an appreiated property of a model seletion pro-edure is adaptivity (see for instane Birgé and Massart [BM97℄). Basially, assume that the



2.1. MODEL SELECTION FOR PREDICTION 73distribution P ∈ P =
⋃

β∈B Pβ , the parameter β representing some unknown property of P (e.g.,in the regression framework, one an assume that s belongs to some hölderian ball H(α,R) with-out knowing the true parameter β = (α,R) = β0). Then, we say that ŝ bm is adaptive to β if itperforms as well as any preditor ŝβ0 using the knowledge of the true parameter β0, while notusing it.A ommon way of measuring this performane is the minimax risk: given a family P ofprobability distributions, the minimax risk over P is de�ned as
Rmin max(P) := infes sup

P∈P
E [ l(s, s̃) ] ,where the in�mum is taken over the set of all estimators. The minimax risk thus measures theworst ase over the lass P. We an now give an aurate de�nition of a minimax adaptiveestimator ŝ bm: for every β0 ∈ B, for every true distribution P ∈ Pβ0 ,

E [ l(s, ŝ bm) ] ≤ KRminmax(Pβ0) (2.7)for some onstant1 K. Of ourse, the smaller K, the best performanes for the estimator ŝ bm.Margin adaptivity. In the regression setting, we have already mentioned the smoothness of sas a parameter to whih adaptation is often looked for. In the lassi�ation setting, a urrenttheoretial hallenge is the onstrution of margin adaptive proedures. We brie�y explain themeaning of this phrase. When P is the set of all distributions suh that s belongs to some �xedVapnik-�ervonenkis lass S of dimension V , the minimax risk over P is proportional to V 1/2n−1/2,and it is attained by the empirial risk minimizer over S (see for instane Lugosi [Lug02℄).This lower bound is over-pessimisti sine the lass P is huge (the above minimax risk isthus alled �global minimax risk�). It is possible to do better if P satis�es the margin onditionintrodued by Mammen and Tsybakov [MT99℄:
varP (γ(t, ·) − γ(s, ·) ) ≤ w ( l(s, t)) (2.8)for some nondereasing funtion w : (0,∞) 7→ (0,∞) suh that x 7→ w(x)/x is noninreasing.For instane, if (2.8) holds with w(ǫ) = h−1ǫθ for some θ ∈ (0, 1], then Tsybakov [Tsy04℄ showedthat fast rates of onvergene (i.e. n−α for α ∈ (1/2, 1) depending on θ and the model) ouldbe obtained by empirial risk minimization over S (with some additional omplexity assumptionon S in terms of entropy with braketing). Moreover, if |2η(X) − 1| ≥ h > 0 a.s., then (2.8)holds with w(ǫ) = h−1ǫ. Under this assumption, Massart and Nédéle [MN06℄ showed that theempirial risk minimizer over a VC-lass S of dimension V has a risk of order V/(nh), whih isthe minimax rate over

P(S, h) := {P s.t. s ∈ S and P ( |2η(X) − 1| ≥ h ) = 1} .A proedure is said to be margin adaptive when it adapts to the margin parameter h, or � moregenerally � to the unknown margin funtion w (in partiular the exponent θ). This is a quiteinteresting property sine it means to attain fast rates when they are available, and not only theglobal (pessimisti) rate n−1/2.What is a sharp orale inequality? By �sharp orale inequality�, we mean a non-asymptotipathwise orale inequality like (2.6) (or (2.5) if one an not do better), with a onstant C = 1+ ǫn(limn→∞ ǫn = 0, with an expliit upper bound on ǫn), and a remainder term R(m,n) ≪ l(s, ŝm)1in the best ase, K is an absolute onstant; in general, this an only be proved with K depending on β0 itself,but never on P or the sample size n.



74 CHAPITRE 2. OPTIMAL MODEL SELECTION(at least for the �good� models and with large probability). In other words, this is a non-asymptotiversion of asymptoti optimality (2.3).There are two main reasons why we want suh a result:
• predit as well as possible from the family of preditors ( ŝm )m∈Mn

, even when n is notlarge ompared to Card(Mn).
• use a well-hosen family (Sm )m∈Mn

in order to build an adaptive estimator ŝ bm. Sinewe know quite well how to hoose the model Sm when P satis�es some property likethe margin ondition, this is almost straightforward as soon as (2.6) holds. Moreover, ifthe onstant C in (2.6) is small and the remainder term R(m,n) negligible, then (2.7) islikely to hold with a onstant K lose to 1.However, a sharp orale inequality is not a su�ient ondition for non-asymptoti optimality,whih is what matters in pratie. When the sample size n is �xed, the optimal onstant C ina sharp orale inequality2 is C⋆
n > 1 (it may also depend on other parameters like the noise-level σ > 0 or the margin w). Thus, knowing that C ≤ 1 + ǫn →n→∞ 1 is neessary, but notsu�ient to show that C ≈ C⋆

n. Moreover, an asymptotially sub-optimal proedure (for instanean overpenalizing one) an be optimal for some sample size n (see e.g. the simulations of Chap. 5and 6).To our knowledge, this fat is seldom taken into aount, although it may be ruial forimproving model seletion tehniques in pratie. This is why we propose in this thesis �exibleproedures, in the sense that one an use them with any overpenalization fator. Although we willonly prove sharp orale inequalities when the overpenalization fator is lose to one, �exibilitymakes possible an optimal use in pratie. Sine theoretial results about non-asymptoti opti-mality would be quite hard to prove, it is ruial to ensure � at least � the potentiality for suhan optimality. Then, an empirial optimization by pratial users is likely to produe atuallyoptimal proedures.Nevertheless, non-asymptoti optimal model seletion remains a theoretial open problem,whih is of ruial interest for pratial appliations. This is probably a major reason for the gapbetween theory and pratie, to whih the next setion is devoted.2.2. A gap between theory and pratie2.2.1. Theory: hold-out, aggregation and loal Rademaher omplexities. In thissetion, we desribe three strategies for seleting a model m among Mn (or aggregating severalmodels), whih are �good for theorists�. This mainly means that some results an be proven (evenadaptivity to the margin), sometimes quite easily (e.g. for the hold-out). We thus have a deeptheoretial understanding of the reasons why they work well (at least, in theory).Hold-out. The simplest model seletion proedure is probably the hold-out. It relies on theidea that the downward bias of the resubstitution error omes from the dependene between ŝmand the data used to hoose a model m. Then, splitting the sample into two separate (thusindependent) parts should avoid this drawbak. The �rst part of the data (alled training sample,of size nt) is used to build a family of estimators ( ŝ(t)m

)
m∈Mn

. For instane, they may be empirialrisk minimizers over the training sample:
ŝ(t)m ∈ arg min

t∈Sm

P (t)
n γ (t) ,2the remainder term being �xed, for instane equal to zero or n−2, as well as the probability 1 − Ln−2 of thefavourable event.



2.2. A GAP BETWEEN THEORY AND PRACTICE 75where P (t)
n is the training empirial distribution. Then, we use the seond part of the data (alledvalidation sample, of size nv = n − nt) to estimate the predition loss of ŝ(t)m for eah m, andhoose the model m̂ with the smaller estimated loss:

m̂ ∈ arg min
m∈Mn

{
P (v)

n γ
(
ŝ(t)m

)}
,where P (v)

n denotes the validation empirial distribution.The idea behind validation is quite simple: sine ŝ(t)m is independent from P
(v)
n , m̂ minimizesan unbiased estimate of the predition loss of ŝ(t)m , so that it is likely to satisfy an orale inequalityof the form

l(s, ŝ
(t)bm ) ≤ inf

m∈Mn

{
l(s, ŝ(t)m ) +R(m,nt, nv)

} (2.9)with large probability. For instane, in the binary lassi�ation framework with a margin onditionsatis�ed, Blanhard and Massart [BM06d℄ (see also Massart [Mas07℄, Set. 8.5) gave a quitesimple proof of the margin adaptivity of the hold-out.However, hold-out has several drawbaks. First, looking again at (2.9), we see that m̂ isompared to the best preditor built with nt < n observations (and nt an not be taken too loseto n, otherwise R(m,nt, nv) may be too large). Even if we used ŝ bm as a �nal estimator, m̂ ishosen aording to a riterion whih is lose to the ideal one when the sample size is nt, not n.As a onsequene, hold-out may not satisfy sharp orale inequalities like (2.6), and the hoie ofan optimal splitting ratio nt/nv remains an open problem.Seond, pratial studies show that the hold-out proedure has poor performanes, beauseof the variability of the riterion P (v)
n γ

(
ŝ
(t)
m

). A ommon way of reduing variability is makingseveral data splits instead of only one (whih has to be hosen arbitrarily), i.e. use ross-validationinstead of hold-out. Unfortunately, this makes theory muh more di�ult, sine we no longer haveindependene between the estimators and the way they are hosen. We will ome bak to ross-validation strategies in Set. 2.2.2 and 2.4.Aggregation. Instead of seleting one preditor among (tm )m∈Mn
, aggregation produes aonvex ombination of them (Nemirovski [Nem00℄):

s̃agreg =
∑

m∈Mn

wmtm with ∑

m∈Mn

wm = 1 .The preditors tm are generally assumed to be �xed, and the weights wm are estimated from thedata. Then, most of the theoretial results ompare s̃agreg to the best preditor among (tm )m∈Mn
:with large probability,

l(s, s̃agreg) ≤ inf
m∈Mn

{ l(s, tm)} +Rn . (2.10)As for hold-out, these theoretial results rely on the independene between the weights wm andthe preditors tm. In pratie, this means that one will have to split the data into two parts: thepreditors tm = ŝ
(t)
m are built with the training sample, and the weights wm

(
P

(v)
n

) are omputedwith the validation sample.Several results like (2.10) about aggregation have been proved, with an �optimal� remainderterm Rn. In partiular, it an be used to de�ne a margin adaptive proedure (Leué [Le07a℄).Moreover, it an be better to use aggregation than model seletion, one ( tm )m∈Mn
is �xed (Leué[Le07b℄). However, this does not mean that aggregation is better than model seletion.The name �orale inequality� often given to (2.10) an indeed be misleading. First, thepreditors tm are generally built with nt < n data, so that they have a larger exess loss than ŝm.



76 CHAPITRE 2. OPTIMAL MODEL SELECTIONThe right-hand side in (2.10) is thus larger than the right-hand side of a �sharp orale inequality�like (2.6). So, we do not know whether an aggregated preditor performs better than modelseletion among estimator built with the whole data set.Moreover, s̃agreg belongs to the set conv
(
(tm )m∈Mn

) of onvex ombinations of the preditors
(tm )m∈Mn

, whih is muh larger than { tm s.t. m ∈ Mn }. There are some results whih om-pare s̃agreg to the best preditor in conv
(
(tm )m∈Mn

) (Juditsky and Nemirovski [JN00℄, Yang[Yan04℄):
l(s, s̃agreg) ≤ inf

t∈conv( ( tm )m∈Mn )
{ l(s, t)} +R′

n . (2.11)However, it is not lear whether (2.11) substantially improves (2.10), beause the remainder term
R′

n has to be larger than Rn.In addition, when tm = ŝ
(t)
m , the orale aggregation preditor should be the best preditor in

conv
(
( ŝm )m∈Mn

). To our knowledge, there is no general theoretial result about aggregationwith this last benhmark. Moreover, in this ase, one has to hoose a splitting ratio nt/nv, onwhih the performanes of aggregation may strongly depend. Sine the optimal ratio an dependon the data (partiularly in a non-asymptoti situation), it is quite unlear that one an obtain asharp orale inequality for pratial aggregation proedures.Finally, notie that the aggregated preditor s̃agreg an be quite omplex, e.g. if Card(Mn) islarge and the weights wm are all positive (whih is a ommon situation). It may thus be hard toompute in pratial appliations.Loal Rademaher omplexities. In lassi�ation, several model seletion proedures are builtupon �global penalties�, i.e. de�ned by (2.2) with an estimate of
penid,g(m) := sup

t∈Sm

{(P − Pn)γ (t)}as a penalty pen. For instane, one an use Rademaher omplexities (introdued independentlyby Kolthinskii [Kol01℄ and Bartlett, Bouheron and Lugosi [BBL02℄):
R̂n(m) := E

[
sup
t∈Sm

{
1

n

n∑

i=1

ǫiγ ( t, (Xi, Yi))

}∣∣∣∣∣ (Xi, Yi)1≤i≤n

] (2.12)(where ǫ1, . . . , ǫn are i.i.d. Rademaher variables), or other resampling estimates3 of penid,g(m),e.g. Fromont's bootstrap penalties [Fro07℄. Their main drawbak is that they are muh too large,ompared to the ideal penalty for predition (de�ned as the di�erene between the predition lossand the empirial risk), i.e.
penid(m) := (P − Pn)γ ( ŝm ) ≤ penid,g(m) . (2.13)In order to attain the fast rates available under the margin ondition, one has to take into aountthe loation of ŝm in Sm.This is why several loal Rademaher omplexities have been introdued in the last few years(Bartlett, Mendelson and Philips [BMP04℄; Lugosi and Wegkamp [LW04℄; Bartlett, Bousquetand Mendelson [BBM05℄; Kolthinskii [Kol06℄). Basially, they an be written in terms of thepositive �xed point r⋆ of

f̂(r) = E

[
sup

t∈Sm, c1r≤Pn(γ(t)−γ( bsm ) )≤c2r

{
1

n

n∑

i=1

ǫiγ(t, (Xi, Yi))

} ∣∣∣∣∣ (Xi, Yi)1≤i≤n

]
,3Efron's resampling heuristis is desribed in Set. 2.4.2. It produes estimators of quantities of the form F (P, Pn)like penid,g(m).



2.2. A GAP BETWEEN THEORY AND PRACTICE 77for some onstants c2 > c1 ≥ 0 (and at least a multipliative onstant in front of r⋆) to be tuned.Most of the results about loal Rademaher omplexities may be found in Kolthinskii [Kol06℄and the subsequent disussion. In partiular, they ould be margin adaptive penalties if one knewhow to alibrate them from the data.The main drawbak of these loal penalties lies in the onstants on whih they depend. Ina few �easy� frameworks (e.g. Kolthinskii [Kol06℄, Set. 6.1, where s is assumed to belong toone of the models), we only have huge upper bounds on all of them. Hene, they are ertainlynot optimally alibrated, and well alibrated global penalties may perform better in most ofthe pratial ases. In a more general framework (e.g. Kolthinskii [Kol06℄, Set. 5.2), all thepenalties based upon r⋆ for whih theoretial results are proven depend on unknown quantitiessuh as the funtion w in the margin ondition. This is why they an not be onsidered astruly adaptive penalties. Moreover, even if the alibration problem was solved, their pratialomputation would be quite long in general. Finally, it seems quite unnatural (at least for thepratial user) to onsider quantities as omplex as the loal Rademaher omplexities whereasthere are several more natural proedures, whih are quite e�ient in pratie, e.g. V -fold ross-validation and Efron's bootstrap penalties [Efr83℄ (see Set. 2.2.2 and 2.4). The main argumentin favour of loal Rademaher omplexities is theoretial: it is possible to use symmetrizationtriks. This may not be a su�ient argument for their use in pratie.2.2.2. Pratie: V -fold ross-validation. Despite the theoretial results detailed in theprevious setion, the most widely used model seletion tehnique (in partiular in lassi�ation)remains ross-validation, for whih theory is muh harder to derive. It is a basi improvement onthe hold-out idea, where the data split is repeated several times.The �ordinary ross-validation�, also alled leave-one-out (Allen [All74℄, Stone [Sto74℄, Geisser[Gei75℄) uses every single observation as validation sample:
m̂loo ∈ arg min

m∈Mn

{
1

n

n∑

i=1

γ
(
ŝ(−i)
m , (Xi, Yi)

)}where ŝ(−i)
m ∈ arg min

t∈Sm





1

n− 1

∑

j 6=i

γ ( t, (Xj , Yj))



 .Then, the �nal leave-one-out estimator is ŝ bmloo

. In regression, ross-validation has been proved tobe asymptotially optimal (Li [Li87℄), but it is often ritiized for its variability in lassi�ation(in partiular when the algorithm produing ŝm is unstable, e.g. CART; f. Hastie, Tibshirani,Friedman [HTF01℄ and Breiman [Bre96℄). Then, the leave-p-out has been suggested as a gen-eralization of leave-one-out, using every subset of size p of the sample as a validation sample(nv = p, nt = n− p).Sine an exat omputation with the leave-p-out requires a huge amount of time, several otherapproahes have been suggested, among whih V -fold ross-validation (VFCV, Geisser [Gei75℄).The idea is to split the sample into V bloks of (almost) equal sizes (Bj)1≤j≤V , and use eah ofthese bloks as a validation sample:
m̂VFCV ∈ arg min

m∈Mn





1

V

V∑

j=1

P
(Bj)
n γ

(
ŝ(−j)
m

)


 where ŝ(−j)

m ∈ arg min
t∈Sm

{
P

(Bc
j )

n γ (t)

}and P
(I)
n = Card(I)−1

∑
i∈I δ(Xi,Yi) for every I ⊂ {1, . . . , n}. The omputation time is thusredued to V empirial risk minimizations (instead of n or muh more).



78 CHAPITRE 2. OPTIMAL MODEL SELECTIONLike the hold-out, VFCV is very simple to explain, requires a small omputation time (at leastwhen V is hosen smaller than, say, 20), and it an be used in almost every framework. Moreover,VFCV is muh more stable than hold-out (at least if V ≥ 5 and not too lose to n), and reallybuilds an estimator with all the data.However, VFCV uses a biased estimate of the predition risk (Burman [Bur89℄). The preditor
ŝ
(−j)
m being built with a sample size around n(V −1)V −1 instead of n, VFCV slighlty overestimatesthe predition loss. In pratie, people usually4 say: �With V = 10, the bias is small enough tobe negleted�. Sine this may be wrong asymptotially, Burman proposed a way of orretingVFCV for its bias. Our viewpoint is between those two extreme views, beause overestimatingthe predition loss may be bene� in some situations (in partiular non-asymptoti predition andidenti�ation; see Set. 2.4 and Chap. 5).The main issue with VFCV is the hoie of V . It depends on three fators: bias (the larger
V , the smaller bias), variability (V = 2 is highly variable, V = n an also be too variable)and omputation time (whih is proportional to V ). Pratial users often hoose V = 5 or
V = 10, negleting the bias and onsidering that the variability is small enough. This is not trueasymptotially (V should go to in�nity to obtain sharp orale inequalities), but every pratialsituation is non-asymptoti. We shall see in the following that large values of V an be worsethan V = 2, even in situations where the leave-one-out is not more variable than 10-fold ross-validation. In the density estimation framework, Celisse and Robin [CR06℄ also proposed a wayof hoosing the optimal V from the data, aording to a bias-variability trade-o�. See also Politis,Romano and Wolf [PRW99℄, Chap. 9, on the hoie of V (and, similarly, the hoie of p inleave-p-out).There are few theoretial results on V -fold ross-validation (van der Laan, Dudoit and Keles[vdLDK04℄, Yang [Yan06, Yan07℄, and some referenes therein), and none is able to distin-guish it from leave-p-out (exept Celisse and Robin [CR06℄ in a partiular density estimationframework). As a onsequene, in theory, V an only be hosen aording to the bias, leading toan asymptotially optimal hoie of V .On the other hand, there are several simulation studies on VFCV and other resampling meth-ods used in pratie (e.g. the .632 bootstrap, Efron [Efr83℄, and the .632+ bootstrap, Efron andTibshirani [ET97℄). Apart from the referenes already mentioned, see for instane Efron [Efr86℄,Zhang [Zha93℄ and Molinaro, Simon and Pfei�er [MSP05℄. One purpose of this thesis is to usetheory to enlighten some onlusions of these studies.2.3. Aurate alibration of penaltiesThe main drawbak of theoretial penalization proedures is often their alibration. In theworst ases, they depend on so many parameters that simulations are neessary to suggest rea-sonable values of these parameters. This is of ourse unsatisfatory sine simulations an onlyonsider a few examples of distributions P , leading to poor performanes in pratial problemsfar from these simulations. In several other ases, the shape of the penalty is known, but not theoptimal multiplying fator. Think for instane of Mallows' Cp:

penMallows(m) =
2σ2Dm

n
,4exept when the goal is identi�ation (Zhang [Zha93℄) or testing (Dietterih [Die98℄, Alpaydin [Alp99℄) whihis muh loser to identi�ation than to predition.



2.3. ACCURATE CALIBRATION OF PENALTIES 79where Dm is the dimension of Sm as a vetor spae. In general, the (homosedasti) noise level
σ2 is unknown. In addition, Rademaher omplexities (2.12) require a fator 2 in theory whihdoes not seem neessary in pratie (Lozano [Loz00℄, Fromont [Fro07℄).2.3.1. A pratial algorithm for alibration of penalties. Reently, Birgé and Massart[BM06℄ proposed a pratial method for making suh a alibration (see their Set. 4, or also theSet. 2 of Blanhard and Massart [BM06d℄). Their idea relies on the following rule of thumb:�optimal� penalty ≈ 2 × �minimal� penalty . (2.14)Sine penalizing less than the minimal penalty implies that the largest models are seleted, it anbe estimated from the data (as soon as the shape pen0(m) of the optimal penalty is known). Thisleads to Algorithm 3.1, whih provides an optimal penalty using only the shape pen0 (whih anbe either known a priori or estimated by any other devie) and the data. Let us reall it now:(1) For every K > 0, ompute

m̂(K) ∈ arg min
m∈Mn

{Pnγ ( ŝm ) +K pen0(m)} .(2) Find K̂min > 0 suh that m̂(K) is very large for K < K̂min and of �reasonable size� for
K > K̂min.(3) Choose the model m̂ = m̂

(
2K̂min

).The omplexity of the �rst step being polynomial in Card(Mn), this algorithm is omputationallytratable. In Set. 3.4, we give more details on the hoie of K̂min in pratie.Notie that in (2.14), the �optimal� penalty is the one satisfying a sharp orale inequality like(2.6). It may not be the optimal one for a �xed sample size, in the sense of the end of Set. 2.1.2.When some overpenalization within a fator Cov > 1 is needed, one just has to replae the fator
2 in (2.14) by 2Cov. Algorithm 3.1 an thus be used to derive non-asymptoti optimal penalties(as soon as Cov an be obtained from the data). When the goal of model seletion is identi�ation,the optimal penalty is also muh larger than penid. Think for instane of BIC, whih is roughlyequal to the predition riterion AIC multiplied by ln(n)/2. Replaing the fator 2 by ln(n),(2.14) an then be used to alibrate identi�ation proedures.2.3.2. The slope heuristis. The reason why (2.14) works is the so-alled �slope heuristis�.If one uses

p2(m) := Pn (γ (sm ) − γ ( ŝm ))as a penalty, then the hosen model minimizes Pn (γ (sm )) whih is an estimate of the bias of
Sm. Then, m̂ belongs to the largest models with high probability. And a slight enlargement ofthe penalty is su�ient to hoose smaller models (whih ahieves a bias-variane trade-o�, withan underestimated but positive variane term). On the other hand, the optimal penalty is

penid(m) := (P − Pn)γ ( ŝm ) ≈ p1(m) + p2(m) where p1(m) := P (γ ( ŝm ) − γ (sm )) ,sine the resulting m̂ minimizes the predition loss Pγ ( ŝm ). The rule of thumb (2.14) an thusbe rewritten as
p1(m) := P (γ ( ŝm ) − γ (sm )) ≈ Pn (γ (sm ) − γ ( ŝm ) ) =: p2(m) , (2.15)whih is the �slope heuristis�5.5its name omes from the homosedasti regression ase, where both E [p1(m) ] and E [p2(m) ] are proportional tothe dimension Dm of Sm in expetation. Then, the empirial risk Pnγ (bsm ) appears to be linear in Dm when Dmis large enough, with a slope that is equal to the opposite of the minimal onstant bKmin.



80 CHAPITRE 2. OPTIMAL MODEL SELECTIONHaving in mind onentration results, the preeding argument shows that E [p1(m) + p2(m) ]is the optimal penalty, whereas E [p2(m) ] is the minimal one. In the homosedasti regressionframework on a �xed design, Mallows' heuristis relies on the fat that E [p1(m) ] = E [p2(m) ] =

σ2Dmn
−1, so that 2σ2Dmn

−1 should be an optimal penalty. These omputations also imply(2.15) (at least in expetation). Considering the gaussian ase, Birgé and Massart [BM06℄ wereable to prove (2.15) on a large probability set, and then justi�ed (2.14) in several ases (inludinglarge families Mn, for whih the optimal penalty involves an additional ln(n/Dm) fator).2.3.3. Our ontributions.Slope heuristis with general shapes of penalty. In Chap. 3, we prove results similar to thoseof Birgé and Massart (i.e. (2.15), and its onsequene (2.14)) for heterosedasti regression on arandom design, with a bounded noise. In partiular, the ideal penalty is no longer assumed tobe a funtion of the dimension Dm. However, we have to restrit to a partiular form of models(that is, histograms) so that expliit omputations an be done. The slope heuristis (2.15) thusremains an open problem in heterosedasti regression in general, but our results suggest thatAlgorithm 3.1 should be widely used, with any penalty shape.Di�ulty of alibration of global penalties in lassi�ation. In Chap. 9, we onsider severalglobal resampling omplexities in lassi�ation, among whih the well-known Rademaher om-plexities. It appears that their aurate alibration an be a serious problem in some partiularases. Atually, they should be multiplied by a onstant whih strongly depends on the unknowndistribution P (at least within a fator 2).While our results are only partial, they suggest two possible answers to this problem:
• prove a tight ontrol of the expetation of global omplexities with some additionalassumptions on P and the models (our ounterexamples suggest that �no lassi�er hasa predition risk smaller than n−1� may be su�ient). Then, if one believes that thisholds true, use these theoretial onstants to alibrate Rademaher omplexitites.
• use a data-dependent alibration proedure, for instane Algorithm 3.1. We do not havetheoretial evidene in favour of the slope heuristis in lassi�ation, but we onjeturethat it an still be used.Neessity of non linear shapes in heterosedasti regression. In Chap. 4, we prove that on-sidering general shapes for the penalty is neessary, even in regression, as soon as the noise isheterosedasti. The main reason for this di�ulty is that the ideal penalty is no longer linearin Dm when the noise level σ(X) is not onstant: if Sm is the set of histograms assoiated withsome partition (Iλ )λ∈Λm

of X , then
E [penid(m) ] =

1

n

∑

λ∈Λm

(
2 + δn,P(X∈Iλ)

)(
E
[
σ2(X)

∣∣ X ∈ Iλ
]
+ E

[
(s− sm )2 (X)

∣∣∣ X ∈ Iλ

])with limnp→+∞ δn,p = 0.More preisely, we prove that linear penalties of the form K(Pn, P )Dm an only selet a fewmodels in Mn, whih are all far from the orale in some ases. Then, even with the knowledge ofthe true distribution P , linear penalties are suboptimal! This strong negative result is on�rmedwith a simulation study. It motivates two kinds of theoretial researhes:
• aount for the slope heuristis with general shapes of penalties, following the �rst stepswe made in Chap. 3.
• propose penalization tehniques that an estimate the shape of the ideal penalty, andprove their adaptivity to heterosedastiity for instane.



2.4. V -FOLD AND OTHER RESAMPLING PROCEDURES 81In Chap. 5 to 8, we suggest an answer to the seond point, V -fold and Resampling penalties, andprove their adaptivity to heterosedastiity in the ase of histogram regression. Combined withthe slope heuristis, this leads to Algorithm 11.1.2.4. Contributions on V -fold and other resampling proedures2.4.1. Performanes of V -fold ross-validation. We have already mentioned in Set. 2.2.2the de�nition and main features of V -fold ross-validation in model seletion. In partiular, sineit overestimates the predition loss (it onsiders that n(V − 1)V −1 data are used instead of n), Vshould not be hosen too small. In the histogram regression framework, we make this statementmore aurate thanks to an expliit omputation of the expetation of the V -fold riterion
critVFCV(m) :=

1

V

V∑

j=1

P
(Bj)
n γ

(
ŝ(−j)
m

)
.Looking at VFCV as if it was a penalization proedure, we ompared it to the ideal penalty inexpetation:

E [critVFCV(m) − Pnγ ( ŝm ) ] =

(
1 +

1

2(V − 1)
+ ǫ(n,m)

)
E [penid(m) ] (2.16)with limminλ∈Λm{nP(X∈Iλ)}→∞ ǫ(n,m) = 0. Thus, V -fold ross-validation overpenalizes within afator 1 + 1/(2(V − 1)) > 1, and V has to go to in�nity with n in order to obtain asymptotioptimality in general.The non-asymptoti need for overpenalization. Equation (2.16) is onsistent with severalknown results, in partiular those of Burman [Bur89℄ (who suggests to add a orretion term,so that V -fold no longer overpenalizes) and Zhang [Zha93℄. However, we laim that it should berelated to the gain of overpenalization when the signal-to-noise ratio is large. Although this fatis seldom mentioned, we observed it in a simulation study in regression (Set. 5.4 and 6.5). Intu-itively, taking a slightly enlarged penalty allows to make sure that the large models are su�ientlypenalized to avoid their seletion, whih is likely to appear if the noise-level is high (beause theinrements of the penalized riterion crit(m) = Pnγ ( ŝm ) + pen(m) then have a large variane).If this overpenalization fator is not too large, the seleted model is only a bit smaller than theorale, whih indues a loss in performane muh smaller than if a huge model had been seleted.Notie that the same phenomenon arises when Card(Mn) grows exponentially with n. Indeed,

penid has to be multiplied by a fator roughly proportional to ln(n/Dm) (Birgé and Massart[BM06℄) if Card(Mn) ∝ ean, even asymptotially in n. Then, when n is �xed, it is tempting towrite nk = ean with a = k ln(n)/n > 0.The non-asymptoti need for overpenalization an also be seen in the lassial way of provingorale inequalities for penalization proedures. Using only (2.2), it is straightforward to derive
l(s, ŝ bm) + (pen− penid ) (m̂) ≤ inf

m∈Mn

{ l(s, ŝm) + (pen− penid ) (m)} . (2.17)This is for instane done in Set. 1.2.3 on page 34. In order to go from (2.17) to (2.6), it isthus muh more important to prove that pen(m̂) ≥ penid(m̂) (up to some remainder term, tobe ompared to l(s, ŝ bm)) than to ensure that pen(m) is not too large. Indeed, the onstant
C in (2.6) depends on the �rst point (and it an make C very large, if the remainder term isomparable to l(s, ŝ bm)), whereas the seond one only governs the remainder term R(m,n). Wedo not have theoretial evidene of the non-asymptoti optimality of a wise overpenalization, butwe believe that this should be deeply investigated. In Set. 6.6.1, we propose two natural waysto overpenalize from the data, both based on resampled-quantiles (6.17), but we do not know



82 CHAPITRE 2. OPTIMAL MODEL SELECTIONwhether it works, neither in theory nor in pratie. Further remarks on overpenalization are alsogiven in Set. 11.3.3.Non-asymptoti optimal hoie of V . We now ome bak to V -fold ross-validation. In a non-asymptoti framework, hoosing a small V an be better than a larger one. Even the pratialrule �V = 5 or V = 10 always work well� should be moderated sine we observed in several asesthat V = 2 performs better for predition6. This means that if V = n is asymptotially optimal,the non-asymptoti optimal hoie of V an be V = 2. There is thus a serious gap between theoryand pratie.2.4.2. V -fold and resampling penalties.
V -fold penalties. It is unsatisfatory to use two-fold ross-validation, whih is a poor improve-ment on hold-out in terms of variability, even if it sometimes appears to be the best among theVFCV proedures. Moreover, if one wants to identify the true model (i.e. the smallest one in

(Sm )m∈Mn
to whih s belongs), onsisteny requires to �overpenalize� within a fator of order

ln(n)/2 (this is the ratio between BIC and AIC). Shao [Sha97℄ thus showed that leave-p-out isonsistent for identi�ation only when n ∼ p. Having in mind onentration inequalities, V -foldross-validation is equivalent to the p = n/V ase, so that it is not onsistent for identi�ation,even with V = 2. Notie that VFCV is onsistent in some other frameworks (Yang [Yan07℄), butone ould rightfully want to use a V -fold like proedure for identi�ation in general.Dereasing the variability and providing a more �exible proedure are the main reasons why wepropose �V -fold penalization� in Set. 5.3. It has the same omplexity as V -fold ross-validation,and allows to tune separately the variability-omplexity trade-o� and the bias. It is built upon theresampling heuristis (Efron [Efr79℄), whih states that one an mimi the relationship between
P and Pn by building a �resample� from the sample distribution Pn. Sine the ideal penalty
(P−Pn)γ ( ŝm ) an be written F (P,Pn), we an estimate it by resampling. The V -fold resamplingsheme is a sort of subsampling (Politis, Romano, Wolf [PRW99℄): a subsample of the data ishosen uniformly7 among {(Xi, Yi)i/∈Bj

, 1 ≤ j ≤ V
}. Then, using the notations of Set. 2.2.2,we an de�ne the V -fold penalty (penVF) as

penVFCV(m) :=
C

V

V∑

j=1

(
Pn − P

(Bc
j )

n

)
γ

(
ŝ
(Bc

j )
m

)
, (2.18)where the onstant C has to be alibrated.In order to make V -fold penalties unbiased estimates of penid, we showed in the histogramase that one must take C = V −1. Interestingly, penVF then turns out to oinide with Burman'sorreted V -fold ross-validation (see Remark 5.2). The main novelty with penVF is that one anhoose to overpenalize within a fator Cov by taking C = (V − 1)Cov.In Chap. 5, we provide several evidene in favour of penVF. The �rst one is theoretial: inthe histogram regression framework, when C ∼ V − 1, it satis�es a sharp orale inequality similarto (2.6) (Thm. 5.1, Set. 5.3.3). In partiular, it is asymptotially optimal, even when the noiseis highly heterosedasti.The seond evidene omes from a simulation study. In several �di�ult� frameworks (het-erosedasti noise, regression funtion with jumps, to name but a few), it learly performs better6This is more surprising than for identi�ation or test, as already notied by Zhang [Zha93℄, Dietterih [Die98℄,Alpaydin [Alp99℄. See for instane Aerts, Claeskens and Hart [ACH99℄ about the need for overpenalization forontrolling the type I error in an identi�ation�testing framework.7and, as in lassial VFCV, we then ompute expetations w.r.t. this random hoie.



2.4. V -FOLD AND OTHER RESAMPLING PROCEDURES 83than Mallows' Cp and other linear penalties. Moreover, it outperforms VFCV as soon as the over-penalization fator is not taken too small (this is mainly due to the high signal-to-noise ratio).Considering that hoosing V for VFCV also needs to know the right overpenalization fator, wean onlude that penVF performs better8 than VFCV in general.Finally, the main arguments in favour of penVF should ome from their pratial use. Theyhave the advantages of both VFCV (simpliity, generality, small omputation time, robustness,adaptivity to heterosedastiity � and probably several other properties �, small variability if Vis large enough) and penalization proedures (�exibility, sine one may hoose between asymptotioptimality, overpenalization and identi�ation, through the tuning parameter C). So, onsideringthat penVF really use all the data for both �t and model seletion, we hope them to be non-asymptotially optimal (provided C is wisely hosen and V an be taken large enough).Resampling penalties. Using the resampling heuristis in order to build penalties has alreadybeen proposed by Efron [Efr83℄ (with a bootstrap resampling sheme) and Shao [Sha96℄ (with the�m out of n� bootstrap). A lose proedure, alled AICb, has also been proposed by Cavanaughand Shumway [CS97℄. Shibata [Shi97℄ showed, in the log-likelihood framework, that Efron'sbootstrap penalty, AIC and AICb are all asymptotially equivalent. Then, they are asymptotiallyoptimal for predition. On the ontrary, when the goal is identi�ation, Shao's result is theirinonsisteny, while the �m out of n� bootstrap with n≫ m→ ∞ is onsistent.In Chap. 6, we de�ne a muh broader lass of penalties, alled �Resampling Penalties� (RP),that generalizes Efron's and Shao's penalties. It relies on resampling like V -fold penalties, with anexhangeable weighted bootstrap resampling sheme (Mason and Newton [MN92℄, Præstgaardand Wellner [PW93℄). The resampling empirial distribution is written
PW

n :=
1

n

n∑

i=1

Wiδ(Xi,Yi) ,where W = (W1, . . . ,Wn) is an exhangeable weight vetor independent from the data. Theresampling heuristis then suggests the penalty:
pen(m) = CEW

[(
Pn − PW

n

)
γ
(
ŝW
m

)] where ŝW
m ∈ arg min

t∈Sm

{
PW

n γ ( t)
}
, (2.19)where C ≥ CW,∞ an expliit onstant whih only depends on the variability of the Wi. Up to thehoie of the weights, one an reover Efron's bootstrap penalties, Shao's m out of n penalties,Burman's orreted n-fold ross-validation (whih are n-fold penalties with C = n − 1). Wealso propose the use of i.i.d. Rademaher and Random hold-out resampling shemes, whih areompletely new, up to our best knowledge.Considering again the histogram regression ase, we are able to make expliit omputationsthat enlighten simultaneously several known results, from Efron [Efr83℄, Shao [Sha96℄ and Shibata[Shi97℄. We an indeed provide expliit non-asymptoti bounds on CW,∞ so that (2.19) givesan almost unbiased penalty. For instane, in the m out of n bootstrap ase, CW,∞ = m/n → 0in Shao's framework, while Shao keeps a onstant C = 1. We an thus onjeture that moregenerally, RP with C ≫ CW,∞ is onsistent for identi�ation.We then derive from several onentration inequalities two theoretial �optimality� results.The �rst one is a sharp non-asymptoti pathwise orale inequality (Thm. 6.1) under several sets ofassumptions, that allow heterosedasti and unbounded noises with general moment onditions.8at least, taking C = V − 1/2 leads to a riterion equal to critVFCV in expetation, thus similar performanes.



84 CHAPITRE 2. OPTIMAL MODEL SELECTIONRP thus appear to be theoretially robust (at least when C ∼ CW,∞). The seond one is adapta-tion9 to the smoothness of s (Thm. 6.2), even when the noise is heterosedasti. Moreover, when
s is Lipshitz, RP also appears to adapt to heterosedastiity.We also perform a simulation study showing that RP performs even better than penVF. As aonsequene, RP may be quite interesting in the same �di�ult ases�. Moreover, our simulationsallow us to make a omparison between exhangeable weights. If all the penalties are �rst-orderequivalent, seond-order terms (as well as non-asymptoti simulations) show the following order10between penalties:Rademaher ≈ Random hold-out (half-sampling) > Leave-one-out >> Efron's bootstrap ,whih is also the order of their performanes (remember that overpenalization is needed non-asymptotially). The less biased penalty is the Leave-one-out one, whih on�rms that Efron'sbootstrap penalty is underpenalizing, so performs worse than the other ones (but this is mainlydue to the hoie C = 1).Comparing RP to penVF, our simulation study shows a small gain in onsidering exhangeableweights (at the prie of a muh longer omputation time). This is on�rmed by our theoretialonentration results, whih show better bounds for exhangeable RP than penVF. However, ifomputational omplexity is a real problem, 10-fold or 20-fold penalties an be hosen withoutloosing too muh.Atually, the main problem for a non-asymptoti optimal tuning of RP appears to be theoverpenalization fator, not the hoie of V . With penalties de�ned by (2.19), we propose inSet. 6.6 to replae the expetation by a quantile at level α (α having to be hosen by the �naluser). We have neither theoretial nor simulation evidene for this new proedure, but we believethat it is an interesting researh prospet.Classi�ation. Although the results of Chap. 5 and 6 are restrited to regression on histograms,we expet penVF and RP to be good andidates for being margin adaptive in lassi�ation. Theyare indeed loal penalties, sine they take into aount the loation of ŝm in Sm by estimatingdiretly penid instead of penid,g. Compared to loal Rademaher omplexities, they have severaladvantages:

• a muh smaller omputation time (in partiular penVF).
• they are easier to alibrate aurately, sine they only involve a multipliative onstant
C. Even if one does not believe in CW,∞ (whih is known asymptotially, and non-asymptotially for histogram regression), the slope heuristis an be used to alibrate C(f. Set. 2.3 and Algorithm 11.1).

• they are more natural: both RP (inluding penVF) and loal Rademaher omplexitiesuse the resampling heuristis (with i.i.d. Rademaher weights for the latest, with moregeneral weights for RP). RP use it to estimate the ideal penalty. Loal Rademaherpenalties use it to estimate the �xed point r⋆ of
f(r) = sup

t∈Sm, c1r≤l(s,t)≤c2r
{(P − Pn) (γ (t) − γ (s) )} ,whih is an upper bound on penid. One an argue that overpenalizing by estimating r⋆instead of penid an be bene�, but enlarging C with RP or penVF would do the samemore naturally and more expliitly.9as soon as we have a lower bound on the variation of s : variaX s := supX s − infX s ≥ ǫ > 0.10in the omparison, �>� means a small di�erene, while �>>� means a larger one. Though, remember than thesefour penalties are all equal at �rst order.



2.4. V -FOLD AND OTHER RESAMPLING PROCEDURES 85In order to advoate for the use of penVF and RP in lassi�ation, we onsider in Chap. 7 ageneral framework that inludes binary lassi�ation. Using a onentration result of Bouheronand Massart [BM04℄ on one half of the ideal penalty (p2), we are able to show a similar onen-tration property for one half of the resampling penalty, in the ase of subsampling weights (i.e.
V -fold, leave-one-out and Random hold-out). However, there remains several open problems onthe way to sharp orale inequalities for penVF and RP in lassi�ation. From the omplete proofswe made in the histogram regression ase, we propose two ways towards a omplete result inlassi�ation (one of them inluding the extension of the slope heuristis (2.15) to lassi�ation).In both ases, we would need two di�ult results:

• the ideal penalty and its resampling estimates are proportional in expetation (the exatonstant may be unknown, if we use the slope heuristis for tuning the penalties).
• onentration inequalities on P (γ ( ŝm ) − γ (sm )), in partiular lower bounds with highprobability.





CHAPTER 3Slope heuristisRésumé. Ce hapitre est onsaré à l'étude d'une méthode de alibrationde pénalités à l'aide des données, proposée par Birgé et Massart [BM06℄ :l'heuristique de pente. Nous mettons en évidene l'existene de pénalités mini-males, dans un adre de régression héterosédastique. Nous prouvons ensuite quele double de la pénalité minimale est �optimal�, au sens où la proédure qui enrésulte satisfait une inégalité orale non-asymptotique ave onstante presque 1.Il s'ensuit que l'heuristique de pente peut également s'appliquer lorsque la formeoptimale de pénalité n'est pas linéaire en la dimension des modèles, ni mêmeune fontion de la dimension.3.1. IntrodutionModel seletion has reeived muh interest in the last deades. A very ommon approah ispenalization. In a nutshell, it hooses the model whih minimizes the sum of the empirial risk(how does the algorithm �ts the data) and some omplexity measure of the model (alled thepenalty). This is the ase of FPE (Akaike [Aka70℄), AIC (Akaike [Aka73℄) and Mallows' Cp or
CL (Mallows [Mal73℄).There is a huge amount of literature about the e�ieny of suh penalization proedures, i.e.that their quadrati risk is asymptotially equivalent to the risk of the orale. This property isoften alled asymptoti optimality. We mention here the works of Shibata [Shi81℄ about Mallows'
Cp and Akaike's FPE and AIC, followed by many other results under other assumptions. See theompanion paper of Barron, Birgé and Massart [BBM99℄ and more reent results by Baraud[Bar00, Bar02℄ for more referenes about this question.A related problem is how muh should we penalize at least? In other words, is there aminimal penalty? In the framework of Gaussian regression on a �xed-design, this question hasbeen addressed by Birgé and Massart [BM01, BM06℄, and Baraud, Giraud and Huet [BGH07℄(the latter onsidering the unknown variane ase).Apart from the theoretial understanding of penalization methods, this question is of muhinterest from the pratial viewpoint. In Set. 4 of [BM06℄, Birgé and Massart desribe theirso-alled �slope heuristis� (see also Massart [Mas07℄, Set. 8.5.2). It relies on the fat that twiethe minimal penalty is almost the optimal penalty. Then, if one knows that a good penalty hasthe form pen(m) = KF (Dm) (where Dm is the dimension of the model and K > 0 a tuningparameter), they propose the following strategy for hoosing K from the data. De�ne m̂(K) theseleted model as a funtion of K. First, ompute Kmin suh that D bm(K) is huge for K < Kminand reasonable when K ≥ Kmin. Seondly, de�ne m̂ := m̂(2Kmin).Suh a method has been suessfully applied for multiple hange points detetion by Lebarbier[Leb05℄. Appliations are also being developped in several frameworks: mixture models (Maugis



88 CHAPITRE 3. SLOPE HEURISTICSand Mihel [MM07℄), lustering (Baudry [Bau07℄), spatial statistis (Verzelen [Ver07℄), estima-tion of oil reserves (Lepez [Lep02℄) and genomis (Villers [Vil07b℄).However, all the results about minimal penalties onern the homosedasti �xed-design frame-work, where the penalty is a funtion of the dimension, often linear. In this hapter, we provethat a similar phenomenon ours in the heterosedati random-design ase. Our main advanehere is that penalties are neither assumed to be linear in the dimension, nor even funtions of thedimension.From the pratial viewpoint, this means that the slope heuristis may be applied when theideal penalty has a general shape. One an for instane use V -fold or general Resampling penaltiesde�ned in Chap. 5 and 6 for estimating the shape of the penalty. The interested reader shouldrefer to Chap. 4 for further onsiderations about this suggest.This hapter is organized as follows. We desribe our framework and give some notations inSet. 3.2. Our main theoretial results are stated in Set. 3.3. We then disuss their pratialonsequenes in Set. 3.4. All the proofs are given in Set. 3.5.3.2. Framework3.2.1. Regression. We observe some data (Xi, Yi) ∈ X × R, i.i.d. with ommon law P .Denoting by s the regression funtion, we have
Yi = s(Xi) + σ(Xi)ǫi (3.1)where σ : X 7→ R is the heterosedasti noise-level and ǫi are i.i.d. entered noise terms, possiblydependent from Xi, but with variane 1 onditionally to Xi. Typially, the feature spae X is aompat set of Rd. Throughout this hapter, we make two main assumptions:

• The data is bounded: ‖Y ‖∞ ≤ A <∞.
• Uniform lower-bound on the noise-level: σ(X) ≥ σmin > 0 a.s.Given a preditor t : X 7→ Y, its quality is measured by the (quadrati) predition loss

E(X,Y )∼P [γ(t, (X,Y )) ] =: Pγ(t) where γ(t, (x, y)) = (t(x) − y )2is the least-square ontrast. Then, the Bayes preditor1 is the regression funtion s, and we de�nethe exess loss as
l(s, t) := Pγ (t) − Pγ (s) = E(X,Y )∼P (t(X) − s(X))2 .Given a partiular set of preditors Sm (alled a model), we de�ne the best preditor over Sm

sm := arg min
t∈Sm

{Pγ(t)} ,and its empirial ounterpart
ŝm := arg min

t∈Sm

{Pnγ(t)}(when it exists and is unique), where Pn = n−1
∑n

i=1 δ(Xi,Yi). This estimator is the well-knownempirial risk minimizer, also alled least-square estimator sine γ is the least-square ontrast.3.2.2. Model seletion. We now assume that we have a family of models (Sm)m∈Mn , henea family of estimators (ŝm)m∈Mn . We are looking for some data-dependent m̂ ∈ Mn suh that
l(s, ŝ bm) is as small as possible. This is the model seletion problem. For instane, we would like1i.e. the minimizer of Pγ(t) over the set of all preditors.



3.2. FRAMEWORK 89to prove some orale inequality of the form
l(s, ŝ bm) ≤ C inf

m∈Mn

{ l(s, ŝm)} +Rnin expetation or on a set of large probability, with C lose to 1 and Rn = o(n−1).General penalization proedures an be desribed as follows. Let pen : Mn 7→ R
+ be somepenalty funtion, possibly data-dependent. Then, de�ne m̂ ∈ Mn whih minimizes

crit(m) = Pnγ(ŝm) + pen(m) .Throughout the hapter, we always assume that the penalty is non-negative. Otherwise, thequestion of minimal penalties would be ill-posed, sine for every c ∈ R, pen and pen−c lead tothe same model seletion proedure.With suh a level of generality, we an show that the alibration of a penalty redues to theestimation of an �ideal penalty�. Indeed, by de�nition of m̂,
∀m ∈ Mn, Pnγ(ŝ bm) ≤ Pnγ(ŝm) + pen(m) − pen(m̂) .For every m ∈ Mn, we de�ne

p1(m) = P (γ(ŝm) − γ(sm)) p2(m) = Pn (γ(sm) − γ(ŝm))

δ(m) = (Pn − P )γ(sm) δ(m) = δ(m) − (Pn − P )γ(s)so that
l(s, ŝm) = Pnγ(ŝm) + p1(m) + p2(m) − δ(m) − Pnγ(s) .We then have, for every m ∈ Mn,

l(s, ŝ bm) + (pen−p1 − p2 + δ)(m̂) ≤ l(s, ŝm) + (pen−p1 − p2 + δ)(m) . (3.2)In order to derive an orale inequality from (3.2), we have to give lower and upper bounds on
pen−p1 − p2 + δ in terms of l(s, ŝm). De�ne the ideal penalty2 as

penid(m) := Pγ(ŝm) − Pnγ(ŝm) = p1(m) + p2(m) − δ(m) .If we ould prove that pen is lose to penid, or equivalently3 that pen is lose to
pen′

id(m) := p1(m) + p2(m) − δ(m) = penid(m) + (Pn − P )γ (s) ,then (3.2) would lead to an orale inequality. Notie also that taking pen too large in (3.2) onlyenlarges the onstant C in the orale inequality, whereas allowing pen(m) to be muh smallerthan penid(m) an make (3.2) trivial.3.2.3. Histograms. We will often assume that models are made of histograms. This meansthat eah model in (Sm)m∈Mn is the set of pieewise onstant funtions (histograms) on somepartition (Iλ)λ∈Λm of X . It is thus a vetor spae of dimension Dm = Card(Λm), spannedby the family (1Iλ
)λ∈Λm . As this basis is orthogonal in L2(µ) for any probability measure on

X , omputations are quite easy. This is the only reason why we make suh an assumption inSet. 3.3. The following notations will be useful throughout this hapter.
pλ := P (X ∈ Iλ) p̂λ := Pn(X ∈ Iλ)

(σr
λ)2 := E

[
σ(X)2

∣∣ X ∈ Iλ
] (

σd
λ

)2
:= E

[
(s(X) − sm(X))2

∣∣ X ∈ Iλ
]2i.e. the penalty suh that bm minimizes the riterion Pγ (bsm ), whih is the ideal one for predition.3sine penid and pen′

id does not depend on m.
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sm := arg min

t∈Sm

Pγ(t) =
∑

λ∈Λm

βλ1Iλ
with βλ = EP [Y | X ∈ Iλ ]

ŝm := arg min
t∈Sm

Pnγ(t) =
∑

λ∈Λm

β̂λ1Iλ
with β̂λ =

1

np̂λ

∑

Xi∈Iλ

YiRemark that ŝm is uniquely de�ned if and only if eah Iλ ontains at least one of theXi. Otherwise,we will onsider that the model m an not be hosen. In order to make E [p1(m) ] well-de�nedand �nite, we hoose a onvention for p1(m) when minλ∈Λm p̂λ = 0 (see (3.13) in Set. 3.5).In order to understand the main di�erene between our framework and the homosedasti�xed-design, let us ompare the expetations of the ideal penalty.In the homosedasti �xed-design framework4, it is quite straightforward to show that
E [penid(m) ] =

2σ2Dm

n
. (3.3)On the other hand, in our framework, we an prove (f. Set. 5.7.2) the following. Denote by

E
Λm[·] the expetation onditionally to (1Xi∈Iλ

)1≤i≤n, λ∈Λm . If for every λ ∈ Λm, p̂λ > 0, then
E

Λm [penid(m) ] =
1

n

∑

λ∈Λm

(
pλ

p̂λ
+ 1

)((
σd

λ

)2
+ (σr

λ)2
)

. (3.4)Apart from the di�erene between pλ/p̂λ and 1 (whih does not matter with large probability,see Set. 3.5.4), there are two main di�erenes between (3.3) and (3.4). Firstly, the bias term(
σd

λ

)2, whih is due to the randomness of the design. If s is highly non-smooth, this term an besigni�ant. Seondly, the variane term (σr
λ)2 depends on λ ∈ Λm, whereas it is onstant equal to

σ2 in the homosedasti ase. When (pλ)λ∈Λm are far from the uniform weights, n−1
∑

λ∈Λm
(σr

λ)2is far from Dmn
−1

E
[
σ(X)2

]. As shown in Chap. 4, in suh ases, it may happen that any linearpenalization proedure is suboptimal.3.3. Theoretial resultsIn this setion, we restrit ourselves to the histogram regression ase. Remember that we donot onsider histograms as a �nal goal. We only make this assumption in order to make expliitomputations and obtain results from whih we an derive heuristis for pratial appliations.Let (Sm)m∈M be a family of histogram models suh that
(P1) Polynomial omplexity of Mn: Card(Mn) ≤ cMnαM .
(P2) Rihness of Mn: ∃m0 ∈ Mn s.t. Dm0 ∈ [

√
n, crich

√
n ].For any penalty funtion pen : Mn 7→ R

+, we de�ne the following model seletion proedure:
m̂ ∈ arg min

m∈Mn,minλ∈Λm{ bpλ }>0
{Pnγ(ŝm) + pen(m)} . (3.5)3.3.1. Optimal penalties. Our �rst result is an orale inequality. The following theoremshows that the penalization proedure (3.5) is e�ient provided that the penalty is large enough.Theorem 3.1. Assume that the data (Xi, Yi)1≤i≤n are i.i.d. and satisfy the following:

(Ab) Bounded data: ‖Yi‖∞ ≤ A <∞.
(An) Noise-level bounded from below: σ(Xi) ≥ σmin > 0 a.s.4Notie that the true distribution P gives weights n−1 to eah of the design points X1, . . . , Xn. The unknowndistribution is only the one of ( ǫi )1≤i≤n.
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(Ap) Polynomial dereasing of the bias: there exists β1 ≥ β2 > 0 and C+

b , C
−
b > 0 suh that

C−
b D

−β1
m ≤ l(s, sm) ≤ C+

b D
−β2
m .

(ArX
ℓ ) Lower regularity of the partitions for L(X): there exists cXr,ℓ > 0 suh that for every

m ∈ Mn, Dm minλ∈Λm pλ ≥ cXr,ℓ.Let c1, c2, C1, C2 ≥ 0 suh that c2 > 1 and assume that for every m ∈ Mn,
E [c1P (γ(ŝm) − γ(sm)) + c2Pn (γ(sm) − γ(ŝm) ) ] ≤ pen(m)

≤ E [C1P (γ(ŝm) − γ(sm) ) + C2Pn (γ(sm) − γ(ŝm)) ]
(3.6)with probability at least 1 − Ln−2.Then, if m̂ is de�ned by (3.5), there exists a onstant K1 and a sequene ǫn onverging to zeroat in�nity suh that, with probability at least 1 −K1n

−2,
l(s, ŝ bm) ≤

[
1 + (C1 + C2 − 2)+
(c1 + c2 − 1) ∧ 1

+ ǫn

]
inf

m∈Mn

{ l(s, ŝm)} . (3.7)Moreover, we have the orale inequality
E [ l(s, ŝ bm) ] ≤

[
1 + (C1 + C2 − 2)+
(c1 + c2 − 1) ∧ 1

+ ǫn

]
E

[
inf

m∈Mn

{ l(s, ŝm)}
]

+
A2K1

n2
. (3.8)The onstant K1 may depend on c1, c2 and onstants in (P1), (P2), (Ab), (An), (Ap) and

(ArX
ℓ ), but not on n. The small term ǫn depends only on n (it an for instane be upperboundedby ln(n)−1/5).A partiular ase is c1 + c2 = 2 − δn and C1 + C2 = 2 + δn for some absolute sequene δnonverging to zero at in�nity. Thm. 3.1 states that if pen is uniformly lose to E [penid(m) ],the model seletion proedure de�ned by (3.5) is asymptotially optimal. Notie that (3.6) anbe assumed only for the models of dimension larger than ln(n)ξ (with K1 depending on ξ). Inpartiular, resampling penalties de�ned in Chap. 6 satisfy suh a ondition.The rationale behind this theorem is that if pen is lose to c1p1 + c2p2, then crit(m) =

l(s, sm) + c1p1(m) + (c2 − 1)p2(m). If c1 = c2 = 1, this is exatly the ideal riterion l(s, ŝm). If
c1 + c2 = 2 with c1 ≥ 0 and c2 > 1, we obtain the same result beause p1(m) and p2(m) are quitelose (at least when Dm is large). This loseness between p1 and p2 is the keystone of the slopeheuristis. Notie that if maxm∈Mn Dm ≤ K ′

1(ln(n))−1n (for some onstant K ′
1 depending onlyon the assumptions of Thm. 3.1, like K1), one an replae the ondition c2 > 1 by c1 + c2 > 1and c1, c2 ≥ 0 .We now make a few omments about the assumptions of Thm. 3.1:

• (Ab) and (An) are rather mild. In partiular, they allow quite general heterosedastinoises. For results with a noise that an vanish or be unbounded, see Set. 6.4 and 8.3.
• (ArX

ℓ ) is satis�ed for �almost regular� histograms when X has a lower bounded densityw.r.t. Leb. It is for instane satis�ed in the example5 of Chap. 4, where we �nd out thatlinear penalties are suboptimal.
• The upper bound in (Ap) holds when (Iλ)λ∈Λm is regular and s α-hölderian with α ∈

(0, 1]. The lower bound is more surprising. Indeed, it is lassial to assume that l(s, sm) >

0 for everym ∈ Mn for proving the asymptoti optimality of Mallows' Cp (f. for instaneby Shibata [Shi81℄, Li [Li87℄ and Birgé and Massart [BM06℄). We need an expliitlower bound in order to obtain a non-asymptoti lower bound on the dimension of theorale and seleted models.5X in uniform on X = [0, 1] and Sm ontains histograms regular on [0, 1/2] and on [1/2, 1].



92 CHAPITRE 3. SLOPE HEURISTICSThe reason why this assumption is not too restritive is that non-onstant α-hölderianfuntions satisfy (Ap) when (Iλ)λ∈Λm is regular and X has a lower-bounded densityw.r.t. the Lebesgue measure on X ⊂ R
k (f. Set. 8.10 for more details). Notie thatStone [Sto85℄ used the same assumption in the density estimation framework.3.3.2. Minimal penalties. We now ome to the problem of minimal penalties. The follow-ing result needs slighlty less assumptions than Thm. 3.1.Theorem 3.2. Assume that the data (Xi, Yi)1≤i≤n are i.i.d. and satisfy the following:

(Ab) Bounded data: ‖Yi‖∞ ≤ A <∞.
(An) Noise-level bounded from below: σ(Xi) ≥ σmin > 0 a.s.

(Apu) Polynomial upper bound on the bias: there exists β2 > 0 and C+
b > 0 suh that

l(s, sm) ≤ C+
b D

−β2
m .

(ArX
ℓ ) Lower regularity of the partitions for L(X): Dm minλ∈Λm pλ ≥ cXr,ℓ.Let C2 ∈ [0; 1) and assume that

0 ≤ pen(m) ≤ E [C2Pn (γ(sm) − γ(ŝm) ) ] (3.9)with probability at least 1 − Ln−2.Then, if m̂ is de�ned by (3.5), there exists two onstants K2, K3 suh that, with probabilityat least 1 −K2n
−2,

D bm ≥ K3n ln(n)−1 . (3.10)On the same event,
l(s, ŝ bm) ≥ ln(n) inf

m∈Mn

{ l(s, ŝm)} . (3.11)The onstant K2 and K3 may depend on C1, C2 and onstants in (P1), (P2), (Ab), (An),
(Ap) and (ArX

ℓ ), but not on n.As in the results of Birgé and Massart [BM06℄, Thm. 3.2 points out two simultaneousphenomena when the penalty is too small. First, the dimension of the seleted model explodes(3.10). Seondly, the e�ieny of the model seletion strongly dereases (3.11). This oupling isquite interesting. Indeed, we want to avoid underpenalization beause of the seond phenomenon,while the blow up of the dimension allows us to detet it more easily.The minimal penalty pointed out by Thm. 3.2 is p2(m) = Pn (γ(sm) − γ(ŝm)). This is quiteintuitive sine crit(m) = l(s, sm)+pen(m)−p2(m), so that pen ≤ p2 make crit(m) dereases with
Dm.3.3.3. Comments. The omparison between Thm. 3.1 and 3.2 has two main onsequenes.First, the minimal penalty is

penmin(m) := E [p2(m) ] = E [Pn (γ(sm) − γ(ŝm)) ]whereas pen(m) = 2penmin(m) satis�es a non-asymptoti orale inequality with onstant almostone (take c1 = C1 = 0 and c2 = C2 = 2 in Thm. 3.1). In partiular, it is asymptotially optimal.Seond, without assuming any lower bound on the bias in (Ap), there is a blow up phenomenonfor the seleted dimension D bm. Indeed, when pen(m) is too small (Thm 3.2), D bm ≥ K3n ln(n)−1with probability 1 −K2n
−2. On the other hand, when pen(m) > penmin, the proof of Thm. 3.1(equations (3.16) and (3.17)) shows that for every α > (1 − β2 )+ /2, there is a set of probabilityat least 1 − K ′

1(α)n−2 on whih D bm ≤ n1/2+α. In other words, this means that the seleteddimension D bm has quite di�erent values when pen < penmin and when pen > penmin. This



3.4. PRACTICAL USE OF SLOPE HEURISTICS: DATA-DRIVEN PENALTIES 93dimension jump is a key phenomenon, whih an be used in pratie for determining the minimalpenalty. In simulation studies as on real data sets, we learly observe suh a dimension jump.Remark that we do not assume in this paragraph the lower bound in (Ap), so that the dimensionjump also ours when s belongs to one of the models.These two points may have great appliations for the pratial users of penalization riteria.This is the objet of the next setion.3.4. Pratial use of slope heuristis: data-driven penaltiesFollowing Set. 4 of Birgé and Massart [BM06℄, we an ombine the asymptoti optimalityof 2 penmin and the dimension jump around pen = penmin in order to build data-driven penalties.Algorithm 3.1 (Data-driven penalization with slope heuristis).(1) Choose a shape of penalty penshape : Mn 7→ R
+.(2) Compute the seleted model m̂(K) as a funtion of K > 0

m̂(K) ∈ arg min
m∈Mn

{
Pnγ(ŝm) +K penshape(m)

}
.(3) Find K̂min > 0 suh that D bm(K) is too large for K < K̂min and �reasonably small� for

K > K̂min.(4) Selet the model m̂ = m̂(2K̂min).3.4.1. Computation of K̂min. In the above proedure, step 2 an be made with a omplexitysmaller than Card(Mn)2, with the following algorithm (notie that Algorithm 3.2 an be stoppedearlier if the only goal is to identify K̂min.Algorithm 3.2 (Step 2 of Algorithm 3.1). For every m ∈ Mn, de�ne f(m) = Pnγ ( ŝm ) and
g(m) = penshape(m). Choose � any total ordering on Mn suh that g is non-dereasing.

• Init: K0 = 0, m0 = arg minm∈Mn {f(m)} (when this minimum is attained several times,
m0 is de�ned as the smallest one for �).

• Step i, i ≥ 1: Let
G(mi−1) := {m ∈ Mn s.t. f(m) > f(mi−1) and g(m) < g(mi−1)} .If G(mi−1) = ∅, then put Ki = +∞, imax = i and stop.Otherwise, de�ne

Ki := inf

{
f(m) − f(mi−1)

g(mi−1) − g(m)
s.t. m ∈ G(mi−1)

} (3.12)and mi the smallest element (for �) of
Fi := arg min

m∈G(mi−1)

{
f(m) − f(mi−1)

g(mi−1) − g(m)

}
.Proposition 3.1. If Mn is �nite, algorithm 3.2 terminates and imax ≤ Card(Mn). Usingthe notations of Algorithm 3.2, and de�ning m̂(K) as the smallest element (for �) of

E(K) := {f(m) +Kg(m) s.t. m ∈ Mn } ,

(Ki)0≤i≤imax is inreasing and ∀i ∈ {0, . . . , imax − 1}, ∀K ∈ [Ki,Ki+1), m̂(K) = mi.3.4.2. De�nition of K̂min. In the two algorithms above, the exat de�nition of K̂min isnot ompletely lear. Atually, we do not know exatly whih one should be the best one inpratie. Aording to some preliminary experiments, the dimension jump is often quite lear,
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(b) Two jumps, two values for K̂min.Figure 3.1. D bm(K) as a funtion of K for two di�erent samples. Data are simu-lated from experiment (S1). �Reasonable dimensions� are below n/(2 ln(n)) ≈ 19.with D bm(K) quite large for K > K̂min and muh smaller when K < K̂min. Fig. 3.1a gives anexample of suh a situation. In that ase, any de�nition (�large jump�, or �reasonable dimension�)gives the same value for K̂min. However, it sometimes happens that there is no lear jump, ortwo omparable jumps with the larger one between two models of large dimension (15% of thesamples in experiment S1). See for instane Fig. 3.1b. In those ases, the hoie of the de�nitionan in�uene the seleted model m̂(2K̂min) (6.5% of the samples in experiment S1).Moreover, if we �nally hoose the �reasonable dimension� de�nition, we should preise whatis a �reasonable� model. On Fig. 3.1b, we hoose that it is a model of dimension lower than
n/(2 ln(n)). Considering Thm. 3.2, in the histogram ase, a model is reasonable when it has adimension ≪ n ln(n)−1. This only means that we have more than the minimal amount of data toompute the empirial risk minimizer ŝm.In order to make easier the hoie of K̂min, we an suggest the following modi�ation of Mn,at least in the histogram ase. First, remove all the huge models (i.e. of dimension larger than,say n/ ln(n)) from Mn. This is often done in pratie, beause those models are obviously wrongand they only enlarge the omputation time. Then, add a few models of dimension ≈ n/2, sothat at least one6 has a well-de�ned ŝm. For instane, in the histogram ase, reorder the data
X(1) < · · · < X(n) and onsider the model of histograms adapted to the partition (Iλ)λ∈Λm withendpoints X(2),X(4), . . . ,Xn. Finally, let K̂min be the minimal value of K for whih none of thesehuge models is seleted.We do not exatly know whether this method really solves the problem of hoosing K̂min, andif we should prefer the �large jump� or the �reasonable dimension� de�nition. Further experimentalinvestigations should be done in order to suggest an answer to this problem.3.4.3. Shape of the penalty. Choosing a shape penshape for the penalty is not a simpleanswer. In the homosedasti regression on a �xed-design framework, penshape(m) = Dm worksprovided that Card(Mn) is polynomial in n. In our framework, penmin may have quite generalshapes, as shown for instane in Chap. 4. While this point is a main advane ompared to theresults of Birgé and Massart [BM06℄, we need to �nd a pratial answer to this new question.6several huge models may be neessary in pratie, in order to derease the variability of bKmin.



3.5. PROOFS 95Following a remark made after Thm. 3.1, penshape an be taken among the Resampling Penal-ties de�ned by algorithm 6.2 (in Set. 6.3.1) and the V -fold penalties de�ned by algorithm 5.2 (inSet. 5.3.1). Of ourse, in the histogram framework, we already know the optimal onstant 2Kmin,so that the use of algorithm 3.1 may not be neessary. However, in a general framework, the rightnon-asymptoti optimal onstant may di�er from the asymptoti one (or the non-asymptoti onederived from the histogram ase). Although we do not have theoretial evidene, we onjeturethat our results still holds in general �reasonable� frameworks.3.4.4. Large number of models. Finally, notie that we assume the olletion of modelsto be small, i.e. it size is polynomial in n. On that point, we di�er from Birgé and Massart[BM06℄ who onsider several other ases. In partiular, they show how the minimal penalty hasto be enlarged when Card(Mn) is exponential in n.Following (42) and the surrounding omments in [BM06℄, we suggest to group the modelsaording to some omplexity index Cm (for instane their dimensions): for C ∈
{

1, . . . , nk
},de�ne S̃C =

⋃
Cm=C Sm. Then, the model seletion with the family (Sm)m∈Mn should be similarto the seletion of a omplexity C, with the family of models ( S̃C

)
1≤C≤nk

. If we had a resultfor models of the form S̃C , the polynomial omplexity ase ould then be applied. Notie thatthe Sm all are histogram models, S̃C is not neessarily the model of histograms adapted to somepartition of X . We onjeture that suh a grouping of the models allows the use of slope heuristisfor tuning a penalization proedure. 3.5. ProofsIn the following, when we do not want to write expliitly some onstants, we use the letter
L. It means �some absolute onstant, possibly di�erent from a line to another, or even within thesame line�. When L is not numerial, but depends on some parameters p1, . . . , pk, it is written
Lp1,...,pk

of L(p1, . . . , pk). L(SH1) (resp. L(SH2)) denotes a onstant that depends only on the setof assumptions of Thm. 3.1 (resp. Thm. 3.2), inluding (P1) and (P2).Moreover, sine E [p1 ] is not well-de�ned (beause of the event {minλ∈Λm { p̂λ } = 0}), wehave to take the following onvention:
p1(m) = p̃1(m) :=

∑

λ∈Λm s.t. bpλ>0

pλ

(
βλ − β̂λ

)2
) +

∑

λ∈Λm s.t. bpλ=0

pλ

(
(σr

λ)2 +
(
σd

λ

)2
)

. (3.13)Remark that p1(m) = p̃1(m) when minλ∈Λm { p̂λ } > 0), so that this onvention has no onse-quenes on the �nal results (Thm. 3.1 and 3.2).3.5.1. Proof of Thm. 3.1. This proof is very similar to the one of Thm. 5.1 stated inSet. 5.3.3. We give it for the sake of ompleteness.From (3.2), we have for eah m ∈ Mn suh that An(m) := minλ∈Λm {np̂λ } > 0

l(s, ŝ bm) −
(
pen′

id(m̂) − pen(m̂)
)
≤ l(s, ŝm) +

(
pen(m) − pen′

id(m)
)
. (3.14)with pen′

id(m) = p1(m) + p2(m) − δ(m) = pen(m) + (P − Pn)γ(s). It is su�ient to ontrol
pen− pen′

id for every m ∈ Mn.We will thus use the onentration inequalities of Set. 3.5.4 with x = γ ln(n) and γ = 2+αM.De�ne Bn(m) = minλ∈Λm {npλ}. Let Ωn be the event on whih
• for every m ∈ Mn, (3.6) holds
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• for every m ∈ Mn suh that Bn(m) ≥ 1:

p̃1(m) ≥ E [ p̃1(m) ] − L(SH1)

[
ln(n)2√
Dm

+ e−LBn(m)

]
E [p2(m) ] (3.30)

p̃1(m) ≤ E [ p̃1(m) ] + L(SH1)

[
ln(n)2√
Dm

+
√
Dme

−LBn(m)

]
E [p2(m) ] (3.31)

• for every m ∈ Mn suh that Bn(m) > 0:
p̃1(m) ≥

(
1

2 + (γ + 1)Bn(m)−1 ln(n)
− L(SH1) ln(n)2√

Dm

)
E [p2(m) ] . (3.32)

|p2(m) − E [p2(m) ]| ≤ L(SH1) ln(n)√
Dm

[ l(s, sm) + E [p2(m) ] ] (3.29)
∣∣δ(m)

∣∣ ≤ l(s, sm)√
Dm

+ L(SH1)
ln(n)√
Dm

E [p2(m) ] (3.27)From Prop. 3.5 (for p̃1), Prop. 3.4 (for p2), Prop. 3.3 (for δ(m)), we have
P (Ωn ) ≥ 1 − L

∑

m∈Mn

n−2−αM ≥ 1 − L(cM)n−2 .For every m ∈ Mn suh that Dm ≤ LcX
r,ℓ
n ln(n)−1, (ArX

ℓ ) implies that Bn(m) ≥ L−1 ln(n) ≥
1. As a onsequene, on Ωn, if ln(n)7 ≤ Dm ≤ LcX

r,ℓ
n ln(n)−1:

max
{
|p̃1(m) − E [ p̃1(m) ]| , |p2(m) − E [p2(m) ]| ,

∣∣δ(m)
∣∣}

≤
L(SH1)E [ l(s, sm) + p2(m) ]

ln(n)Using (3.33) (in Prop. 3.6) and the fat that Bn(m) ≥ L−1 ln(n),
(c1 + c2)

(
1 − δ̃n

)

2
≤ E [pen(m) ] ≤

(C1 + C2)
(

1 + δ̃n

)

2
E [ p̃1(m) + p2(m) ]with 0 ≤ δ̃n ≤ L ln(n)−1/4. We dedue: if n ≥ L(SH1), for every m ∈ Mn suh that ln(n)7 ≤

Dm ≤ LcX
r,ℓ
n ln(n)−1, on Ωn,

[
(c1 + c2 − 2)− −

L(SH1)

ln(n)1/4

]
p1(m) ≤ (pen− pen′

id)(m)

≤
[
(C1 + C2 − 2)+ +

L(SH1)

ln(n)1/4

]
p1(m) .We need to assume that n is large enough in order to upper bound E [p2(m) ] in terms of p1(m),sine we only have

p1(m) ≥
[
1 −

L(SH1)

ln(n)1/4

]

+

E [p2(m) ]in general.Combined with (3.14), this gives: if n ≥ L(SH1),
l(s, ŝ bm)1ln(n)5≤D bm≤L

cX
r,ℓ

n ln(n)−1 ≤
[

1 + (C1 + C2 − 2)+
(c1 + c2 − 1) ∧ 1

+
L(SH1)

ln(n)1/4

]

× inf
m∈Mn s.t. ln(n)7≤Dm≤L

αM,cX
r,ℓ

n ln(n)−1
{ l(s, ŝm)} .

(3.15)



3.5. PROOFS 97De�ne the orale model m⋆ ∈ arg min { l(s, ŝm)}. We prove below that for any c > 0 and
α > (1 − β2 )+ /2, if n ≥ L(SH1),c,α, then, on Ωn:

ln(n)7 ≤ D bm ≤ n1/2+α ≤ cn ln(n)−1 (3.16)
ln(n)7 ≤ Dm⋆ ≤ n1/2+α ≤ cn ln(n)−1 . (3.17)The result follows sine L(SH1) ln(n)−1/4 ≤ ǫn = ln(n)−1/5 for n ≥ L(SH1). We �nally remove theondition n ≥ n0 = L(SH1) by hoosing K1 = L(SH1) suh that K1n

−2
0 ≥ 1.Proof of (3.16). By de�nition, m̂ minimizes crit(m) over Mn. It thus also minimizes

crit′(m) = crit(m) − Pnγ(s) = l(s, sm) − p2(m) + δ(m) + pen(m)over Mn.(1) Lower bound on crit′(m) for small models: let m ∈ Mn suh that Dm < ( ln(n) )7. Wethen have
l(s, sm) ≥ C−

b ( ln(n))−7β1 from (Ap)

pen(m) ≥ 0

p2(m) ≤ L(SH1)

√
ln(n)

n
+ L(SH1)

Dm

n
≤ L(SH1)

√
ln(n)

n
from (3.28)and from (3.27) (in Prop. 3.3),

δ(m) ≥ −LA

√
l(s, sm) ln(n)

n
+ LA

ln(n)

n
≥ −LA

√
ln(n)

n
.We then have

crit′(m) ≥ L(SH1) ( ln(n) )−L(β1) .(2) Lower bound for large models: let m ∈ Mn suh that Dm ≥ n1/2+α. From (3.6) and(3.28) (in Prop. 3.4),
pen(m) − p2(m) ≥ (c2 − 1) E [p2(m) ] − LA

√
ln(n)

n

≥ (c2 − 1)σ2
minDm

n
− LA

√
ln(n)

nand from (3.25),
δ(m) ≥ −L(SH1)

√
ln(n)

n
.Hene, if Dm ≥ n1/2+α and n ≥ L(SH1),α

crit′(m) ≥ pen(m) + δ(m) − p2(m) ≥ L(SH1),αn
−1/2+α .(3) There exists a better model for crit(m): from (P2), there exists m0 ∈ Mn suh that√

n ≤ Dm0 ≤ crich
√
n. If moreover n ≥ Lcrich,α, then

ln(n)7 ≤ √
n ≤ Dm0 ≤ crich

√
n ≤ n1/2+α .By (3.34) in Lemma 3.7, An(m0) ≥ 1 with probability at least 1 − Ln−2.Using (Ap),

l(s, sm0) ≤ C+
b c

β2

richn
−β2/2



98 CHAPITRE 3. SLOPE HEURISTICSso that, when n ≥ L(SH1),
crit′(m0) ≤ l(s, sm0) +

∣∣δ(m)
∣∣+ pen(m)

≤ L(SH1)

(
n−β2/2 + n−1/2

)
.If n ≥ L(SH1),α, this upper bound is smaller than the previous lower bounds for smalland large models.Proof of (3.17). Reall that m⋆ minimizes l(s, ŝm) = l(s, sm)+p1(m) over m ∈ Mn, with theonvention l(s, ŝm) = ∞ if An(m) = 0.(1) Lower bound on l(s, ŝm) for small models: let m ∈ Mn suh that Dm < ( ln(n))7. From

(Ap), we have
l(s, ŝm) ≥ l(s, sm) ≥ C−

b ( ln(n))−7β1 .(2) Lower bound on l(s, ŝm) for large models: let m ∈ Mn suh that Dm > n1/2+α. From(3.32), for n ≥ L(SH1),α,
p̃1(m) ≥




1

2 + (γ + 1)
(
cXr,ℓ

)−1
ln(n)

− L(SH1),α

n1/4


E [ p̃2(m) ]so that l(s, ŝm) ≥ p̃1(m) ≥ L(SH1),αn

−1/2+α .(3) There exists a better model for l(s, ŝm): let m0 ∈ Mn be as in the proof of (3.16) andassume that n ≥ Lcrich,α. Then,
p1(m0) ≤ L(SH1)E [p2(m) ] ≤ L(SH1)n

−1/2and the arguments of the previous proof show that
l(s, ŝm0) ≤ L(SH1)

(
n−β2/2 + n−1/2

)whih is smaller than the previous upper bounds for n ≥ L(SH1),α.Classial orale inequality. Let Ωn be the event on whih (3.7) holds true. Then,
E [ l(s, ŝ bm) ] = E [ l(s, ŝ bm)1Ωn ] + E

[
l(s, ŝ bm)1Ωc

n

]

≤ [2η − 1 + ǫn ] E

[
inf

m∈Mn

{ l(s, ŝm)}
]

+A2K1P (Ωc
n )whih proves (3.8).3.5.2. Proof of Thm. 3.2. Similarly to the proof of Thm. 3.1, we onsider the event Ω′

n, ofprobability at least 1 − L(cM)n−2, on whih:
• for every m ∈ Mn, (3.9) (for pen), (3.32) (for p̃1), (3.28)�(3.29) (for p2, with x = γ ln(n)and θ =

√
ln(n)/n) and (3.25)�(3.27) (for δ, with x = γ ln(n) and η =

√
ln(n)/n) holdtrue.

• for every m ∈ Mn suh that Bn(m) ≥ 1, (3.30) and (3.31) hold (for p̃1).Lower bound on D bm. By de�nition, m̂ minimizes
crit′(m) = crit(m) − Pnγ(s) = l(s, sm) − p2(m) + δ(m) + pen(m)over m ∈ Mn suh that An(m) ≥ 1. As in the proof of Thm. 3.1, we de�ne c = LcX

r,ℓ
> 0 suhthat for every model of dimension Dm ≤ cn ln(n)−1, Bn(m) ≥ L−1 ln(n) ≥ 1. Let d < 1 to behosen later.



3.5. PROOFS 99(1) Lower bound on crit′(m) for �small� models: assume thatm ∈ Mn andDm ≤ dcn ln(n)−1.Then, l(s, sm) + pen(m) ≥ 0 and from (3.25),
δ(m) ≥ −LA

√
ln(n)

n
.If Dm ≥ ln(n)4, (3.29) implies that

p2(m) ≤
(

1 +
L(SH2)

ln(n)

)
E [p2(m) ] ≤

L(SH2)Dm

n
≤
cdL(SH2)

ln(n)
.On the other hand, if Dm < ln(n)4, (3.28) implies that

p2(m) ≤ L(SH2)

√
ln(n)

n
.We then have

crit′(m) ≥ −dL(SH2) ( ln(n) )−1 .(2) There exists a better model for crit(m): let m1 ∈ Mn suh that
ln(n)4 ≤ cdn

crich ln(n)
≤ Dm1 ≤ cn

ln(n)
≤ n .From (P2), this is possible as soon as n ≥ Lcrich,c,d. By (3.34) in Lemma 3.7, An(m0) ≥ 1with probability at least 1 − Ln−2.We then have

l(s, sm1) ≤ L(SH2),c ln(n)β2n−β2 by (Ap)

p2(m1) ≤
(

1 +
L(SH2)

ln(n)

)
E [p2(m1) ] by (3.29)

pen(m1) ≤ C2E [p2(m1) ] by (3.9)
∣∣δ(m1)

∣∣ ≤ LA

√
ln(n)

n
by (3.25)so that

crit′(m1) ≤ L(SH2),c ln(n)β2n−β2 +

(
C2 − 1 −

L(SH2)

ln(n)

)
E [p2(m1) ] + LA

√
ln(n)

n

≤ (C2 − 1)σ2
minc

2 ln(n)if n ≥ L(SH2),c.We now hoose d suh that the onstant dL(SH2) appearing in the lower bound on
crit′(m) for �small� models is smaller than (1 −C2)σ

2
minc/2, i.e. d ≤ L(SH2),c. Then, weassume that n ≥ n0 = L(SH2),c,d = L(SH2). Finally, we remove this ondition as beforeby enlarging K2.Risk of D bm. The proof of (3.11) is quite similar to the one of (3.17). First, for every model

m ∈ Mn suh that An(m) ≥ 1 and Dm ≥ K3n ln(n)−1, we have
l(s, ŝm) ≥ p̃1(m) ≥ L(SH2)K3 ln(n)−2 by (3.32) .Then, the model m0 ∈ Mn de�ned previously satis�es An(m) ≥ 1, and

l(s, ŝm0) ≤ L(SH2)

(
n−β2/2 + n−1/2

)
.If n ≥ L(SH2), the ratio between these two bounds is larger than ln(n), so that (3.11) holds.



100 CHAPITRE 3. SLOPE HEURISTICS3.5.3. Proof of Prop. 3.1. First of all, by onstrution, g(mi) dereases with i, so that allthe mi ∈ Mn are distint. Hene, algorithm (3.2) terminates and imax ≤ Card(Mn).We now prove by indution the following property for every i ∈ {0, . . . , imax − 1}:
Pi : Ki < Ki+1 and ∀K ∈ [Ki,Ki+1), m̂(K) = mi .Notie also that Ki an always be de�ned by (3.12) with the onvention inf ∅ = +∞.

P0 holds true. By de�nition of K1, it is lear that K1 > 0 (it may be equal to +∞ if G(m0) =

∅). When K = K0 = 0, the de�nition of m0 is the one of m̂(0), so that m̂(K) = m0. When
K ∈ (0,K1), then Lemma 3.2 shows that either m̂(K) = m̂(0) or m̂(K) ∈ G(0). In the latterase, by de�nition of K1,

f(m̂(K)) − f(m0)

g(m0) − g(m̂(K))
≥ K1 > Kso that

f(m̂(K)) +Kg(m̂(K)) > f(m0) +Kg(m0)whih is ontraditory with the de�nition of m̂(K).
Pi ⇒ Pi+1 for every i ∈ {0, . . . , imax − 2}. Assume that Pi holds true. First, we have toprove that Ki+2 > Ki+1. Sine Kimax = +∞, this is lear if i = imax − 2. Otherwise, Ki+2 < +∞and mi+2 exists. Then, by de�nition of mi+2 and Ki+2 (resp. mi+1 and Ki+1), we have

f(mi+2) − f(mi+1) = Ki+2(g(mi+1) − g(mi+2)) (3.18)
f(mi+1) − f(mi) = Ki+1(g(mi) − g(mi+1)) . (3.19)Moreover, mi+2 ∈ G(mi+1) ⊂ G(mi), and mi+2 ≺ mi+1 (beause g is non-dereasing). Usingagain the de�nition of Ki+1, we have
f(mi+2) − f(mi) > Ki+1(g(mi) − g(mi+2)) (3.20)(otherwise, we would have mi+2 ∈ Fi+1 and mi+2 ≺ mi+1, whih is not possible). Combining thedi�erene of (3.20) and (3.19) with (3.18), we have

Ki+2(g(mi+1) − g(mi+2)) > Ki+1(g(mi+1) − g(mi+2)) ,so that Ki+2 > Ki+1 (sine g(mi+1) > g(mi+2)).Seond, we prove that m̂(Ki+1) = mi+1. From Pi, we know that for every m ∈ Mn, for every
K ∈ [Ki,Ki+1), f(mi) +Kg(mi) ≤ f(m) +Kg(m). Taking the limit when K goes to Ki+1, weobtain that mi ∈ E(Ki+1). By (3.19), we then have mi+1 ∈ E(Ki+1). On the other hand, if
m ∈ E(Ki+1), Lemma 3.2 shows that either f(m) = f(mi) and g(m) = g(mi) or m ∈ G(mi). Inthe �rst ase, mi+1 ≺ m (beause g is non-dereasing). In the seond one, m ∈ Fi+1, somi+1 � m.Sine m̂(Ki+1) is the smallest element of E(Ki+1), we have proven that mi+1 = m̂(Ki+1).Last, we have to prove that m̂(K) = mi+1 for every K ∈ (K1,K2). From the last statementof Lemma 3.2, we have either m̂(K) = m̂(K1) or m̂(K1) ∈ G(m̂(K)). In the latter ase (whih isonly possible if Ki+2 <∞), by de�nition of Ki+2,

f(m̂(K)) − f(mi+1)

g(mi+1) − g(m̂(K))
≥ Ki+2 > Kso that

f(m̂(K)) +Kg(m̂(K)) > f(mi+1) +Kg(mi+1)whih is ontraditory with the de�nition of m̂(K). �Lemma 3.2. Use the notations of Prop. 3.1 and its proof. If 0 ≤ K < K ′, m ∈ E(K) and
m′ ∈ E(K ′), then we have either



3.5. PROOFS 101(a) f(m) = f(m′) and g(m) = g(m′).(b) f(m) < f(m′) and g(m) > g(m′).In partiular, we have either m̂(K) = m̂(K ′) or m̂(K ′) ∈ G(m̂(K)).proof of Lemma 3.2. By de�nition of E(K) and E(K ′), we have
f(m) +Kg(m) ≤ f(m′) +Kg(m′) (3.21)

f(m′) +K ′g(m′) ≤ f(m) +K ′g(m) . (3.22)Summing (3.21) and (3.22) gives (K ′ −K)g(m′) ≤ (K ′ −K)g(m) so that
g(m′) ≤ g(m) . (3.23)Sine K ≥ 0, (3.21) and (3.23) give f(m) +Kg(m) ≤ f(m′) +Kg(m), i.e.
f(m) ≤ f(m′) . (3.24)Moreover, using (3.22), g(m) = g(m′), implies f(m′) ≤ f(m), i.e. f(m) = f(m′) by (3.24).In the same way, (3.21) and (3.23) show that f(m) = f(m′) imply g(m) = g(m′). In both ases,(a) is satis�ed. Otherwise, f(m) < f(m′) and g(m) > g(m′), i.e. (b) is satis�ed.The last statement follows by takingm = m̂(K) andm′ = m̂(K ′), beause g is non-dereasing,so that the minimum of g in E(K) is attained by m̂(K). �3.5.4. Conentration inequalities used in the main proofs. We do not always assumein this setion that models are made of histograms, but only that they are bounded by some �nite

A. First, we an ontrol δ(m) with general models and bounded data.Proposition 3.3. Assume that ‖Y ‖∞ ≤ A < ∞. Then for all x ≥ 0, on an event ofprobability at least 1 − 2e−x:
∀η > 0,

∣∣δ(m)
∣∣ ≤ ηl(s, sm) +

(
4

η
+

8

3

)
A2x

n
. (3.25)If moreover

Q(p)
m :=

nE [p2(m) ]

Dm
> 0 , (3.26)on the same event,

∣∣δ(m)
∣∣ ≤ l(s, sm)√

Dm
+

20

3

A2

Q
(p)
m

E[p2(m)]√
Dm

x . (3.27)Remark 3.1. In the histogram ase,
Q(p)

m =
1

Dm

∑

λ∈Λm

[
(σr

λ )2 +
(
σd

λ

)2
]
≥ (σmin )2 > 0 .Then, we derive a onentration inequality for p2(m) in the histogram ase from a generalresult of [BM04℄ (Thm. 2.2 in a preliminary version).Proposition 3.4. Let Sm be the model of histograms assoiated with the partition (Iλ )λ∈Λm

.Assume that ‖Y ‖∞ ≤ A and de�ne p2(m) = Pn (γ(sm) − γ(ŝm)).Then, for every x ≥ 0, there exists an event of probability at least 1− e1−x on whih for every
θ ∈ (0; 1),

|p2(m) − E [p2(m) ]| ≤ C

[
θl(s, sm) +

A2
√
Dm

√
x

n
+
A2x

θn

] (3.28)



102 CHAPITRE 3. SLOPE HEURISTICSfor some absolute onstant C. If moreover σ(X) ≥ σmin > 0 a.s., we have on the same event:
|p2(m) − E [p2(m) ]| ≤ C√

Dm

[
l(s, sm) +

A2
E [p2(m) ]

σ2
min

(√
x+ x

)]
. (3.29)Finally, we reall a onentration inequality for p1(m) that omes from Set. 5.7.4. Its proofis partiular to the histogram ase.Proposition 3.5 (Prop. 5.8, Set. 5.8). Let γ > 0 and Sm be the model of histograms asso-iated with the partition (Iλ )λ∈Λm

. Assume that ‖Y ‖∞ ≤ A < ∞, σ(X) ≥ σmin > 0 a.s. and
minλ∈Λm {npλ } ≥ Bn > 0. Then, if Bn ≥ 1, on an event of probability at least 1 − Ln−γ,

p̃1(m) ≥ E [ p̃1(m) ] − L(A,σmin, γ)

[
ln(n)2√
Dm

+ e−LBn

]
E [p2(m) ] (3.30)

p̃1(m) ≤ E [ p̃1(m) ] + L(A,σmin, γ)

[
ln(n)2√
Dm

+
√
Dme

−LBn

]
E [p2(m) ] . (3.31)If we only have a lower bound Bn > 0, then, with probability at least 1 − Ln−γ,

p̃1(m) ≥
(

1

2 + (γ + 1)B−1
n ln(n)

− L(A,σmin, γ) ln(n)2√
Dm

)
E [p2(m) ] . (3.32)Proof. We hanged a little the assumptions of Prop. 5.8. The result still holds sine P ℓ

m(q) ≤
4A2σ−2

min. �3.5.5. Additional results needed. A ruial result in the proofs of Thm. 3.1 and 3.2 isthat p1(m) and p2(m) are lose in expetation. This omes from Set. 5.7.2.Proposition 3.6 (Lemma 5.6, Set. 5.7.2). Let Sm be a model of histograms adapted to somepartition (Iλ )λ∈Λm
. Assume that minλ∈Λm {npλ } ≥ B > 0. Then,

(
1 − e−B

)2
E [p2(m) ] ≤ E [ p̃1(m) ]

≤
[
2 ∧

(
1 + 5.1 ×B−1/4

)
+ (B ∨ 1) e−(B∨1 )

]
E [p2(m) ] .

(3.33)Finally, we need the following tehnial lemma in the proof of the main theorems.Lemma 3.7. Let (pλ)λ∈Λm be non-negative real numbers of sum 1, (np̂λ)λ∈Λm a multinomialvetor of parameters (n; (pλ)λ∈Λm). Then, for all γ > 0,
min
λ∈Λm

{np̂λ } ≥ minλ∈Λm {npλ }
2

− 2(γ + 1) ln(n) (3.34)with probability at least 1 − 2n−γ.proof of lemma 3.7. By Bernstein inequality ([Mas07℄, Prop. 2.9), for all λ ∈ Λm,
P

(
np̂λ ≥ (1 − θ)npλ −

√
2npx− x

3

)
≥ 1 − e−x .Take x = (γ + 1) ln(n) above, and remark that √

2npx ≤ np
2 + x. The union bound gives theresult sine Card(Λm) ≤ n. �3.5.6. Proof of Prop. 3.3. Sine ‖Y ‖∞ ≤ A, we have ‖s‖∞ ≤ A and ‖sm‖∞ ≤ A. In fat,everything happens as if Sm ∪ {s} was bounded by A in L∞.We have

δ(m) =
1

n

n∑

i=1

(γ(sm, (Xi, Yi)) − γ(s, (Xi, Yi)) − E [γ(sm, (Xi, Yi)) − γ(s, (Xi, Yi))])



3.5. PROOFS 103and assumptions of Bernstein inequality ([Mas07℄, Prop. 2.9) are ful�lled with
c =

8A2

3n
and v =

8A2l(s, sm)

nsine
‖γ(sm, (Xi, Yi)) − γ(s, (Xi, Yi)) − E [γ(sm, (Xi, Yi)) − γ(s, (Xi, Yi))]‖∞ ≤ 8A2and
var (γ(sm, (Xi, Yi)) − γ(s, (Xi, Yi))) ≤ E

[
(γ(sm, (Xi, Yi)) − γ(s, (Xi, Yi)))

2
]

≤ 8A2l(s, sm) (3.35)beause ‖sm − s‖∞ ≤ 2A and
(γ(t, ·) − γ(s, ·))2 = (t(X) − s(X))2 (2(Y − s(X)) − t(X) + s(X))2and E

[
(Y − s(X))2

∣∣ X] ≤ (2A)2

4
= A .We obtain that, with probability at least 1 − 2e−x,

∣∣δ(m)
∣∣ ≤

√
2vx+ c =

√
16A2l(s, sm)x

n
+

8A2x

3nand (3.25) follows sine 2
√
ab ≤ aη + bη−1 for all η > 0. Taking η = D

−1/2
m ≤ 1 and using Q(p)

mde�ned by (3.26), we dedue (3.27).3.5.7. Proof of Prop. 3.4. We apply here a result from [BM04℄ (Thm. 2.2 in a preliminaryversion), in whih it is only assumed that γ takes its values in [0; 1]. This is satis�ed when
‖Y ‖∞ ≤ A = 1/2. When A 6= 1/2, we apply this result to (2A)−1Y and reover the general resultby homogeneity.First, we reall this result in the bounded least-square regression framework. For every t :

X 7→ R and ǫ > 0, we de�ne
d2(s, t) = 2l(s, t) and w(ǫ) =

√
2ǫ .Let φm belong to the lass of nondereasing and ontinuous funtions f : R

+ 7→ R
+ suh that

x 7→ f(x)/x is noninreasing on (0;+∞) and f(1) ≥ 1. Assume that for every u ∈ Sm and σ > 0suh that φm(σ) ≤ √
nσ2,

√
nE

[
sup

t∈Sm, d(u,t)≤σ
|γn(u) − γn(t)|

]
≤ φm(σ) . (3.36)Let ε⋆,m be the unique positive solution of the equation

√
nε2⋆,m = φm(w(ε⋆,m)) .Then, there exists some absolute onstant C suh that for every real number q ≥ 2 one has

‖p2(m) − E[p2(m)]‖q ≤ C√
n

[√
2q
(√

l(s, sm) ∨ ε⋆,m

)
+ q

2√
n

]
. (3.37)For every model Sm of histograms, of dimension Dm as a vetor spae, we an take

φm(σ) = 3
√

2
√
Dm × σ in (3.36). (3.38)The proof of this statement is made below. Then, ε⋆,m = 6

√
Dmn

−1/2.



104 CHAPITRE 3. SLOPE HEURISTICSCombining (3.37) with the lassial link between moments and onentration (Lemma 8.10in Set. 8.6.2), the �rst result follows. The seond result is obtained by taking θ = D
−1/2
m , as inProp. 3.3.proof of (3.38). Let u ∈ Sm and d(u, t) =

√
2 ‖u(X) − t(X)‖2 for every t : X 7→ R. De�ne

ψ : R
+ 7→ R

+ by
ψ(σ) = E

[
sup

d(u,t)≤σ, t∈Sm

|(Pn − P )(γ(u, ·) − γ(t, ·))|
]
.We are looking for some nondereasing and ontinuous funtion φm : R

+ 7→ R
+ suh that φm(x)/xis noninreasing, φm(1) ≥ 1 and for every u ∈ Sm,

∀σ > 0 suh that φm(σ) ≤ √
nσ2 , φm(σ) ≥ √

nψ(σ) .We �rst look at a general upperbound on ψ.Assume that u = sm. If this is not the ase, the triangular inequality shows that ψgeneral u ≤
2ψu=sm . Let us write

t =
∑

λ∈Λm

tλ1Iλ
u = sm =

∑

λ∈Λm

βλ1Iλ
.Computation of P (γ(t, ·) − γ(u, ·)). for some general t ∈ Sm:

P (γ(t, ·) − γ(u, ·)) = E
[
(t(X) − Y )2 − (u(X) − Y )2

]

= E
[
(t(X) − u(X))2

]
+ 2E [(t(X) − u(X))(u(X) − s(X))]

= E
[
(t(X) − u(X))2

]
=
∑

λ∈Λm

pλ(tλ − βλ)2sine for every λ ∈ Λm, E [s(X) | X ∈ Iλ ] = βλ.Computation of Pn(γ(t, ·) − γ(u, ·)). for some general t ∈ Sm: with ηi = Yi − u(Xi), we have
Pn(γ(t, ·) − γ(u, ·)) =

1

n

n∑

i=1

(t(Xi) − u(Xi))
2 − 2

n

n∑

i=1

[(t(Xi) − u(Xi))ηi]

=
1

n

n∑

i=1

∑

λ∈Λm

(tλ − uλ)21Xi∈Iλ
− 2

n

n∑

i=1

∑

λ∈Λm

(tλ − uλ)1Xi∈Iλ
ηi .Bak to (Pn − P ). We sum the two inequalities above and use the triangular inequality

|(Pn − P )(γ(t, ·) − γ(u, ·))| ≤

∣∣∣∣∣∣
1

n

n∑

i=1

∑

λ∈Λm

(tλ − uλ)2(1Xi∈Iλ
− pλ)

∣∣∣∣∣∣

+

∣∣∣∣∣∣
2

n

n∑

i=1

∑

λ∈Λm

(tλ − uλ)1Xi∈Iλ
ηi

∣∣∣∣∣∣

≤ 2A

n

∑

λ∈Λm

[
(
√
pλ |tλ − uλ|)

|∑n
i=1(1Xi∈Iλ

− pλ)|√
pλ

]

+
2

n

∑

λ∈Λm

[
(
√
pλ |tλ − uλ|)

|∑n
i=1 1Xi∈Iλ

ηi|√
pλ

]sine |tλ − uλ| ≤ 2A for every t ∈ Sm.



3.5. PROOFS 105We now assume that d(u, t) ≤ σ for some σ > 0, i.e.
d(u, t)2 = 2

∑

λ∈Λm

pλ(tλ − uλ)2 ≤ σ2 .From Cauhy-Shwarz inequality, we obtain for every t ∈ Sm suh that d(u, t) ≤ σ

|(Pn − P )(γ(t, ·) − γ(u, ·))| ≤ 2Aσ√
2n

√√√√∑

λ∈Λm

(
∑n

i=1(1Xi∈Iλ
− pλ))2

pλ

+

√
2σ

n

√√√√∑

λ∈Λm

(
∑n

i=1 1Xi∈Iλ
ηi)

2

pλBak to ψ. The upper bound above does not depend on t, so that the left-hand side of theinequality an be replaed by a supremum over {t ∈ Sm s.t. d(u, t) ≤ σ}. Taking expetationsand using Jensen's inequality (√· being onave), we obtain an upper bound on ψ:
ψ(σ) ≤ 2Aσ√

2n

√√√√∑

λ∈Λm

E

[
(
∑n

i=1(1Xi∈Iλ
− pλ))2

pλ

]

+

√
2σ

n

√√√√∑

λ∈Λm

E

[
(
∑n

i=1 1Xi∈Iλ
ηi)

2

pλ

] (3.39)For every λ ∈ Λm, we have
E

(
n∑

i=1

(1Xi∈Iλ
− pλ)

)2

=

n∑

i=1

E (1Xi∈Iλ
− pλ )2 = npλ (1 − pλ ) (3.40)whih simpli�es the �rst term. For the seond term, notie that

∀i 6= j, E
[
1Xi∈Iλ

1Xj∈Iλ
ηiηj

]
= E [1Xi∈Iλ

ηi ] E
[
1Xj∈Iλ

ηj

]and ∀i, E [1Xi∈Iλ
ηi ] = E [1Xi∈Iλ

E [ηi | 1Xi∈Iλ
] ] = 0sine ηi is entered onditionally to 1Xi∈Iλ

. Then,
E

(
n∑

i=1

1Xi∈Iλ
ηi

)2

=
n∑

i=1

E
[
1Xi∈Iλ

η2
i

]
≤ npλ ‖η‖2

∞ ≤ npλ(2A)2 . (3.41)Combining (3.39) with (3.40) and (3.41), we dedue that
ψ(σ) ≤ 2Aσ√

2
√
n

√
Dm − 1 +

2
√

2Aσ√
n

√
Dm

≤ 3A
√

2

√
Dm√
n

× σ .As already notied, we have to multiply this bound by 2 so that it is valid for every u ∈ Sm andnot only u = sm.The resulting upper bound (multiplied by √
n) has all the desired properties for φm sine

6A
√

2
√
Dm = 3

√
2Dm ≥ 1. The result follows. �





CHAPTER 4Limitations of linear penaltiesRésumé. Dans e hapitre, nous mettons en défaut les méthodes de séle-tion de modèles par pénalisation qui utilisent une pénalité linéaire en la dimen-sion des modèles. C'est le as de nombreux ritères lassiques omme Cp deMallows, AIC ou BIC. Dans un adre partiulier de régression hétérosédas-tique, il s'avère que tout modèle hoisi par pénalisation linéaire (éventuellementdépendant des données) a un risque bien supérieur à elui de l'orale. Une telleproédure est don sous-optimale (au moins asymptotiquement), e qui montrela néessité de proposer des méthodes d'estimation de la forme de la pénalité àl'aide des données. 4.1. IntrodutionA penalization proedure hooses a model that minimizes the sum of the empirial risk (howdoes the model �t the data) and some omplexity measure of the model (alled the penalty).The simplest ones are linear penalties, where the penalty is a linear funtion of the dimension ofthe models. By �dimension�, we mean any intrinsi omplexity measure, e.g. the dimension of avetor spae, a number of parameters, the Vapnik-�ervonenkis dimension (for sets of lassi�ers),to name but a few. This is for instane the ase of AIC (Akaike [Aka73℄) and Mallows' Cp or CL(Mallows [Mal73℄). The latter penalty an be written
penMallows(m) =

2σ2Dm

nor 2σ̂2Dm

n
where σ̂2 is an estimator of the homosedasti noise level σ2 .The main pratial advantage of suh proedures is that they do not need muh more omputationsthan minimizing the empirial risk over eah model. Their omplexity is thus redued to itsminimum.Linear penalties are e�ient in several frameworks, i.e. in homosedasti regression. See forinstane the works of Shibata [Shi81℄, Li [Li87℄, Baraud [Bar00, Bar02℄ and referenes therein.In a reent work, Birgé and Massart [BM06℄ suggest some data-driven alibration of penaltiesof the form K × Dm. Using the �slope heuristis�, they propose an algorithm that omputes aonstant K̂slope from the data. Following a remark that we made in Set. 3.4, this algorithmstill has a rather small omplexity, ompared to other lassial model seletion proedures (e.g.ross-validation).All the above penalties are linear, in the sense that we an write

pen(m) = K̂Dm



108 CHAPITRE 4. LIMITATIONS OF LINEAR PENALTIESfor some data-dependent onstant K̂. The aim of this hapter is to show that linear penaltiesmay fail in some heterosedasti regression framework. This fat an be onjetured from theomputation of the �ideal penalty� made in Chap. 5. Then, we prove that this indues thesuboptimality of any linear penalization proedure in some partiular framework. This resultmotivates the introdution of a �slope heuristis� algorithm with non-linear shapes for the penalty,based upon the results of Chap. 3. In view of Chap. 5 and 6, these non-linear shapes an beobtained with V -fold or Resampling penalties.This hapter is organized as follows. The non-linearity of the ideal penalty is realled inSet. 4.2. Then, the suboptimality of linear penalties is takled in Set. 4.3. Finally, a preliminarysimulation study is reported in Set. 4.4. The proofs are made in Set. 4.5.4.2. Non-linearity of the ideal penalty in the histogram frameworkIn this hapter, we onsider the least-square regression framework, and we assume that eahmodel Sm is the set of histograms adapted to some partition (Iλ)λ∈Λm of the feature spae X . Seee.g. Set. 3.2 for the preise framework and some notations. We only reall that the n observations
(Xi, Yi) ∈ X × Y are i.i.d. and satisfy

Yi = s(Xi) + σ(Xi)ǫiwith E
[
ǫ2i
∣∣ Xi

]
= 1. The noise-level σ : X 7→ R

+ is unknown and may be heterosedasti.A penalization proedure hooses the model
m̂ ∈ arg min

m∈Mn

{Pnγ(ŝm) + pen(m)} ,so that the ideal penalty is
penid(m) := (P − Pn ) γ(ŝm) .Of ourse, this quantity is unknown from the user, so it an not be used as a pratial penalty.However, aording to Thm. 3.1 in Set. 3.3.1, m̂ satis�es an orale inequality when pen(m) islose to E [penid(m) ] for every m ∈ Mn (provided Mn is not too large). Then, the shape of

E [penid(m) ] is likely to be the �optimal� shape for a penalty.In the histogram ase, we an ompute expliitly this quantity: from (6.6),
E [penid(m) ] =

1

n

∑

λ∈Λm

(
1 + e0B(n,P(X∈Iλ))

)(
(σr

λ)2 +
(
σd

λ

)2
) (4.1)where

e0B(n,p) := npE
[
Z−1

1Z>0

] with Z ∼ B(n, p)

(σr
λ)2 := E

[
(Y − s(X))2

∣∣∣ X ∈ Iλ

]
= E

[
(σ(X) )2

∣∣∣ X ∈ Iλ

]

(
σd

λ

)2
:= E

[
(s(X) − sm(X) )2

∣∣∣ X ∈ Iλ

]
.There are three di�erenes with the homosedasti �xed-design ase, where E [penid(m) ] =

2σ2Dmn
−1:(1) ∑λ∈Λm

(σr
λ)2 6= DmE

[
σ(X)2

]. Hene, when the noise is highly heterosedati and theweights (pλ)λ∈Λm are far from uniform weights, this part of the penalty is far frombeing linear in Dm. This holds for instane in experiments S2 and HSd2 (desribed inSet. 4.4.2).(2) (σd
λ

)2 6= 0. This term may be large when s is far from sm, i.e. when s is highly non-smooth or when m has a small dimension. This may happen for instane when s is the



4.4. SIMULATION STUDY 109HeaviSine or the Doppler funtions (de�ned by Donoho and Johnstone [DJ95℄; see alsoSet. 4.4.2).(3) e0B(n,P(X∈Iλ)) 6= 1. However, aording to Lemma 5.3 in Set. 5.6.1, this term is uniformlylose to 1 when minλ∈Λm {nP(X ∈ Iλ)} is large enough.We have identi�ed two main reasons why penalties should not be taken linear in the dimensionin some partiular framework. The next setion onsider a ase where the �rst situation holds. Itindeed turns out that linear penalization proedures are suboptimal in this partiular framework.4.3. Suboptimality of linear penalizationWe onsider in this setion the following partiular framework:
Y = X + 1X≥ 1

2
ǫwith ǫ suh that E

[
ǫ2
∣∣ X

]
= 1 a.s. and X ∼ U([0; 1]). Then, s(X) = X. For every k1, k2 ∈

N\ {0}, S(k1,k2) denotes the model of histograms adapted to a regular partition of [0, 1/2] with k1piees, and a regular partition of [1/2, 1] with k2 piees. Then, onsider the �regular with two binsizes� family (Sm)m∈Mn :=
(
S(k1,k2)

)
1≤k1,k2≤Dmax

with Dmax = ⌊n/(2 ln(n))⌋. In the following,for every m = (k1, k2) ∈ Mn, Dm,1 := k1 and Dm,2 := k2 denote the two omponents of thedimension Dm = Dm,1 +Dm,2 of the model m.The following proposition shows that any linear penalty is suboptimal with suh data, if weonly onsider expetations.Proposition 4.1. Let (Xi, Yi)1≤i≤n and Mn be de�ned as above. For any m ∈ Mn and
K > 0, we de�ne

critlin(m,K) = E [Pnγ(ŝm) ] +KDm − Pγ(s)the expeted linear penalized riterion. For any ǫ ≥ 0, we de�ne
Mlin,ǫ =

{
m̃ ∈ Mn s.t. ∃K > 0, critlin(m̃,K) ≤ inf

m∈Mn

{critlin(m,K) + ǫE [ l(s, ŝm) ]}
}

.Then, there are absolute onstants n0 and κ > 0 suh that for every n ≥ n0 and ǫ > 0,
inf

m∈Mlin,ǫ

{E [ l(s, ŝm) ]} ≥
(

1 + κ (ǫ ∨ 1)−2
)

inf
m∈Mn

{E [ l(s, ŝm) ]} . (4.2)Having in mind onentration results (similar to those of Set. 5.7.4), the linear riterion
Pnγ ( ŝm )+KDm−Pγ (s) is lose to critlin with high probability, up to a remainder smaller than
ǫE [ l(s, ŝm) ], for some ǫ < ∞. Then, the following optimal linear penalization algorithm has tobelong to Mlin,ǫ:

m⋆lin = m̂(K⋆) where K⋆ = arg min
K>0

{
Pγ(ŝ bm(K))

}
.So, Prop. 4.1 shows that seleting m⋆lin is suboptimal.This is a quite strong result: no linear penalization method an be asymptotially optimalin this ase-example, even a method using the data and the knowledge of s and σ ! This relyon the fat that linear penalties an only selet a small number of models, whih was alreadynotied by Breiman [Bre92℄ (in its Set. 5, Breiman araterizes what those models, alled �RSS-extreme submodels�). Whereas Breiman states that this limitation an be bene� in some ases,our Prop. 4.1 shows that it also indues suboptimality in some heterosedasti frameworks.4.4. Simulation study
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(b) Ideal penalty vs. Dm.Figure 4.1. s(x) = x, σ(x) = 1x≥ 1
2
, n = 200.4.4.1. Framework of Prop. 4.1. We onsider in this setion data generated as in Prop. 4.1,with a sample size n = 200. An instane of data sample is reported on Fig. 4.1a. The orre-sponding ideal penalty penid(m) is reported as a funtion of Dm on Fig. 4.1b. It is obviouslynon-linear.For eah sample, we ompared the orale model

m⋆ ∈ arg min
m∈Mn

{ l(s, ŝm)}with the models (m̂(K))K≥0 that an be hosen by a linear penalty, de�ned by
m̂(K) ∈ arg min

m∈Mn

{Pnγ ( ŝm ) +KDm } .The results are reported on Fig. 4.2: the broken lines represent (D bm(K),1,D bm(K),2)K>0 for 250samples, and the stars (on the bottom right) are the 250 orresponding orale models. Notie that250 broken lines and 250 stars are superposed, so that we an not distinguish individual paths
(D bm(K),1,D bm(K),2)K>0. However, we an onlude that the �RSS-extreme submodels� (followingBreiman's terminology) are far from the orale model for eah sample.We observe that the orale model an never be seleted, i.e. m⋆ 6= m⋆lin. Moreover, on the250 experiments of Fig. 4.2, we evaluate the benhmarks

Cor :=
E [ l(s, ŝ bm) ]

E [ infm∈Mn l(s, ŝm) ]
Cpath−or := E

[
l(s, ŝ bm)

infm∈Mn l(s, ŝm)

]
. (4.3)Basially, Cor is the onstant that should appear in an orale inequality like (5.12), and Cpath−ororresponds to a pathwise orale inequality like (5.11). We estimate Cpath-or(m⋆lin) ≈ 2.87 ± 0.12and Cor(m⋆lin) ≈ 2.14 ± 0.06. So, the distane between m⋆lin and m⋆ has serious onsequenes onthe risk.Intuitively, this means that penalizing low-noise and high-noise regions with the same onstant

K leads to hoosing the bin size as if the noise had a high-level everywhere. In the exampleabove, any linear penalization method has thus an additive bias term in its risk, making themodel seletion suboptimal.4.4.2. Twelve more experiments. We now onsider twelve experiments, under whih wealso study V -fold and Resampling penalties in Set. 5.4 and 6.5.
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Figure 4.2. Simulation results (n = 200): no linear penalty an selet the oraleon 250 independent samples.Data are generated aording to
Yi = s(Xi) + σ(Xi)ǫiwith Xi i.i.d. uniform on X = [0; 1] and ǫi ∼ N (0, 1) independent from Xi. The experimentsdi�er from the regression funtion s (smooth for S, see Fig. 4.3; smooth with jumps for HS, seeFig. 4.4; Sqrt, His6 and Doppler are represented on Fig. 4.13, 4.15 and 4.17), the noise type(homosedasti for S1 and HSd1, heterosedasti for S2 and HSd2) and the number n of data.Instanes of data sets are given in Fig. 4.5 to 4.18. Their last di�erene lies in the families ofmodels. De�ne

Mn ⊂ (N\ {0}) ∪ (N\ {0})2where ∀k, k1, k2 ∈ N\ {0} , (Iλ )λ∈Λk
=

([
j

k
;
j + 1

k

))

0≤j≤k−1

and
(Iλ )λ∈Λ(k1,k2)

=

([
j

2k1
;
j + 1

2k1

))

0≤j≤k1−1

∪
([

1

2
+

j

2k2
;
1

2
+
j + 1

2k2

))

0≤j≤k2−1and the following four families of models:
• �regular�: regular histograms with 1 ≤ D ≤ n

ln(n) piees, i.e.
Mn =

{
1, . . . ,

⌊
n

ln(n)

⌋}

• �2 bin sizes�: histograms regular on [0; 1
2

] and on [ 1
2 ; 1
], with D1 (resp. D2) piees,

1 ≤ D1,D2 ≤ n
2 ln(n) . The model of onstant funtions is added to Mn, i.e.

Mn = {1} ∪
{

1, . . . ,

⌊
n

2 ln(n)

⌋}2

• �dyadi�: dyadi regular histograms with 2k piees, 0 ≤ k ≤ ln2(n) − 1, i.e.
Mn =

{
2k s.t. 0 ≤ k ≤ ln2(n) − 1

}
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Figure 4.3. s(x) = sin(πx)
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Figure 4.4. s(x) =
HeaviSine(x) (see [DJ95℄)
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Figure 4.5. S1: s(x) =
sin(πx), σ ≡ 1, n = 200
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Figure 4.6. S2: s(x) =
sin(πx), σ(x) = x, n = 200

• �dyadi, 2 bin sizes�: dyadi regular histograms with bin sizes 2−k1 and 2−k2 , 0 ≤ k1, k2 ≤
ln2(n) − 2 (dyadi version of S2). The model of onstant funtions is added to Mn, i.e.

Mn = {1} ∪
{

2k s.t. 0 ≤ k ≤ ln2(n) − 2
}2

.For eah experiment, s, σ(x), n and Mn are given in Tab. 4.1.We then ompare the following proedures:
• Mal: Mallows' penalty, pen(m) = 2σ̂2Dmn

−1 where σ̂2 is the lassial variane estimator
σ̂2 =

d2
(
Y1...n, S⌊n/2⌋

)

n− ⌊n/2⌋(where S⌊n/2⌋ is any model of dimension ⌊n/2⌋, d the Eulidean distane on R
n and

Y1...n = (Y1, . . . , Yn) ∈ R
n) used by Baraud [Bar00℄, Set. 6.

• Mal+: Mallows' penalty multiplied by 5/4

• Opt. lin.: Optimal linear penalty m⋆
lin

• L.S.H. jump: The linear slope heuristis algorithm of Birgé and Massart [BM06℄, i.e.algorithm 3.1 with penshape(m) = Dm and K̂min orresponding to the largest dimensionjump.
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Figure 4.7. HSd1: HeaviSine,
σ ≡ 1, n = 2048
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Figure 4.8. HSd2: HeaviSine,
σ(x) = x, n = 2048
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Figure 4.9. S1000: sin, σ ≡
1, n = 1000
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Figure 4.10. S√0.1: sin, σ ≡√
0.1, n = 200
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Figure 4.11. S0.1: sin, σ ≡
0.1, n = 200
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Figure 4.12. Svar2: sin,
σ(x) = 1x≥ 1

2
, n = 200
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Figure 4.13. s(x) =
√
x
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Figure 4.14. Sqrt, σ ≡ 1, n = 200
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Figure 4.15. s(x) = His6(x)
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Figure 4.16. His6, σ ≡ 1, n = 200
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Figure 4.17. s(x) =
Doppler(x) (see [DJ95℄) 0     0.5     1
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Figure4.18. DopReg=Dop2bin,
σ ≡ 1, n = 2048

• L.S.H. reas.: The linear slope heuristis algorithm with K̂min orresponding to the �rea-sonable dimension� riterion, i.e. the minimal K suh that D bm(K) ≤ Dmax/2.
• penLoo: Leave-one-out Resampling penalty (de�ned as in Set. 6.5).
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penLoo+ : D = 160 ; C
or

 = 1.21

(b) penLoo+Figure 4.19. Seleted estimators for one sample of experiment HSd2 (for whihthe dimension of the orale is 192). The onstant Cor reported here is the ratio
l(s, ŝ bm)/l(s, ŝm⋆) for this partiular sample.
• penLoo+: penLoo multiplied by 5/4.In eah experiment, for eah simulated data set, we �rst remove the models with less than

2 data points in one piee of their assoiated partition. Then, we ompute the least-squareestimators ŝm for eah m ∈ M̂n. Finally, we selet m̂ ∈ M̂n using eah algorithm and omputeits true exess risk l(s, ŝ bm) (and the exess risk of eah model m ∈ Mn). Sine we simulate Ndata sets (N = 1000 in the four �rst experiments, N = 250 for the eight other ones), we an thenestimate Cor and Cpath−or. As Cor and Cpath−or approximatively give the same rankings betweenalgorithms, we only report Cor in Tab. 4.1.It appears that m⋆
lin has a better performane for 11 experiments. This is not surprising in�easy� situations, where Mallows' is almost optimal, sine m⋆

lin is always better than Mallows' Cp.It is less intuitive for Svar2 and Dop2bin, whih are more di�ult, beause of heterosedastiityor bias. Considering that m⋆lin uses the knowledge of the true distribution P , one an understandthat it is su�ient to keep a good performane for �intermediate� problems.However, in experiment HSd2, the ideal linear penalization has a onstant Cor = 1.18 ± 0.01.This is worse than resampling penalization, for whih Cor ≤ 1.11. Thus, the most di�ult problemof Set. 6.5 (with a omplex family of models, heterosedastiity and bias) gives another examplewhere linear penalties are de�nitely not adapted. On Fig. 4.19, we ompared on one sample theestimators seleted by (a) the ideal linear penalty and (b) the leave-one-out penalty multiplied by
1.25. Their main di�erene relies in the estimation of the jump at X = 0.3. Whereas the ideallinear penalty splits this jump into two parts, the penLoo+ estimator has only one large jumpnear X = 0.3 (the dyadi partitioning does not allow to �nd the exat position of the jump).This makes penLoo+ better for predition than any linear penalization proedure (as shown bythe omparison of the predition risks, see Fig. 4.19.The results onerning the linear slope heuristis are more di�ult to understand. It appearsthat Mallows' Cp is often better than L.S.H. in frameworks where linear penalties are reasonable.On the ontrary, when Mallows' strongly fails, L.S.H. is slighlty better, but worse than non-linearpenalties like Leave-one-out penalties. The point here is that we know the asymptotially optimalonstant in front of Mallows' penalty in the homosedasti ase. Then, L.S.H. an not do better



116 CHAPITRE 4. LIMITATIONS OF LINEAR PENALTIESTable 4.1. Auray indexes Cor for eah algorithm in twelve experiments, ± arough estimate of unertainty of the value reported (i.e. the empirial standarddeviation divided by √
N). In eah olumn, the more aurate algorithms (takingthe unertainty into aount) are bolded.Experiment S1 S2 HSd1 HSd2

s sin sin HeaviSine HeaviSine
σ(x) 1 x 1 x
n (data) 200 200 2048 2048
Mn regular 2 bin sizes dyadi, regular dyadi, 2 bin sizesMal 1.928 ± 0.04 3.864 ± 0.02 1.606 ± 0.015 1.487 ± 0.011Mal+ 1.800 ± 0.03 4.047 ± 0.02 1.606 ± 0.015 1.487 ± 0.011Opt. lin. 1.472 ± 0.02 1.747 ± 0.02 1.000 ± 0.002 1.180 ± 0.005L.S.H. jump 2.008 ± 0.04 3.289 ± 0.04 1.606 ± 0.015 1.487 ± 0.011L.S.H. reas. 1.882 ± 0.03 3.565 ± 0.04 1.606 ± 0.015 1.487 ± 0.011penLoo 2.080 ± 0.05 2.593 ± 0.06 1.034 ± 0.004 1.105 ± 0.004penLoo+ 1.844 ± 0.03 2.215 ± 0.05 1.004 ± 0.003 1.096 ± 0.004Experiment S1000 S√0.1 S0.1 Svar2
s sin sin sin sin

σ(x) 1 √
0.1 0.1 1x≥1/2

n (data) 1000 200 200 200
Mn regular regular regular 2 bin sizesMal 1.667 ± 0.04 1.611 ± 0.03 1.400 ± 0.02 3.520 ± 0.03Mal+ 1.619 ± 0.03 1.593 ± 0.03 1.426 ± 0.02 3.672 ± 0.03Opt. lin. 1.414 ± 0.03 1.373 ± 0.02 1.253 ± 0.01 1.980 ± 0.05L.S.H. jump 1.764 ± 0.05 1.644 ± 0.03 1.602 ± 0.03 2.286 ± 0.10L.S.H. reas. 1.710 ± 0.04 1.598 ± 0.03 2.238 ± 0.05 2.227 ± 0.11penLoo 1.776 ± 0.05 1.641 ± 0.04 1.379 ± 0.02 2.656 ± 0.15penLoo+ 1.626 ± 0.03 1.587 ± 0.03 1.401 ± 0.02 2.349 ± 0.13Experiment Sqrt His6 DopReg Dop2bin
s

√· His6 Doppler Doppler
σ(x) 1 1 1 1
n (data) 200 200 2048 2048
Mn regular regular dyadi, regular dyadi, 2 bin sizesMal 2.295 ± 0.11 1.969 ± 0.11 1.130 ± 0.011 1.469 ± 0.013Mal+ 1.989 ± 0.08 1.799 ± 0.09 1.130 ± 0.011 1.459 ± 0.014Opt. lin. 1.405 ± 0.04 1.266 ± 0.06 1.000 ± 0.005 1.009 ± 0.004L.S.H. jump 2.517 ± 0.11 2.034 ± 0.10 1.130 ± 0.011 1.403 ± 0.016L.S.H. reas. 2.368 ± 0.13 1.899 ± 0.09 1.130 ± 0.011 1.375 ± 0.016penLoo 2.695 ± 0.14 2.063 ± 0.12 1.026 ± 0.005 1.058 ± 0.006penLoo+ 2.152 ± 0.10 1.858 ± 0.10 1.082 ± 0.005 1.048 ± 0.006



4.5. PROOFS 117when penid(m) is indeed linear, and L.S.H. has the faults of linear penalties in more omplexframeworks.Moreover, when the situation of Fig. 3.1b (see Set. 3.4) ours, L.S.H. behaves very bad. Sinethis holds approximatively on 6% of the samples in experiment S1, this problem is su�ient tosigni�antly enlarge the risk of L.S.H. As a onsequene, we do not suggest to use slope heuristisin �easy� situations (where the optimal onstant is almost known), but only in a priori hardframeworks. Notie also that we did not tried to overpenalize L.S.H. within a fator 5/4. In mostof the experiments, this may improve a little the performanes of the method, as it does withMallows' and penLoo. 4.5. Proofsproof of Prop. 4.1. We �rst introdue the following relevant dimension indexes:
Dm,1 = Card

{
λ ∈ Λm s.t. Iλ ∩

[
0;

1

2

]
6= ∅
}

Dm,2 = Dm −Dm,1 .For every m ∈ Mn and every λ ∈ Λm, we have
(
σd

λ

)2
=

Leb(Iλ)2

12
=

1Iλ⊂[0; 12 ]

12D2
m,1

+
1Iλ⊂[ 1

2
;1 ]

12D2
m,2

and (σr
λ)2 = 1Iλ⊂[ 1

2
;1 ] .Combining this with (4.1) (and its proof, see Set. 5.7.2), we have

E [p2(m) ] = n−1
∑

λ∈Λm

[(
σd

λ

)2
+ (σr

λ)2
]

=
1

n

(
1

12Dm,1
+Dm,2 +

1

12Dm,2

)

E [ p̃1(m) ] = n−1
∑

λ∈Λm

e+B(n,pλ)

[(
σd

λ

)2
+ (σr

λ)2
]

= n−1



e+B(n,D−1

m,1)

12Dm,1
+ e+B(n,D−1

m,2)

(
1

12Dm,2
+Dm,2

)


=
1

n

(
1

12Dm,1
+Dm,2 +

1

12Dm,2

)
+
δn(m)

nwith limn→∞ supm∈Mn
δn(m) = 0. This last fat uses Lemma 5.3 (Set. 5.6.1) and nD−1

m,i ≥
nDmax ≥ ln(n). Moreover,

l(s, sm) =
∑

λ∈Λm

(
σd

λ

)2
=

1

24

(
1

D2
m,1

+
1

D2
m,2

)
.Then, taking the onvention p1(m) = p̃1(m) in the de�nition of Pγ(ŝm), we have

E [ l(s, ŝm) ] = l(s, sm) + E [ p̃1(m) ]

=
1

24

(
1

D2
m,1

+
1

D2
m,2

)
+

1

n

(
1

12Dm,1
+Dm,2 +

1

12Dm,2

)
+
δn(m)

n
. (4.4)Taking

Dm,1 = Dmax and Dm,2 =
( n

12

)1/3
,we dedue that for n ≥ L,

inf
m∈Mn

E [ l(s, ŝm) ] ≤ κ1n
−2/3 +

(
n−1

) (4.5)



118 CHAPITRE 4. LIMITATIONS OF LINEAR PENALTIESwith κ1 = 2−4/33−2/3 + 2−2/33−1/3.On the other hand, for any K > 0 and m ∈ Mn,
critlin(m,K) = l(s, sm) − E [p2(m) ] +KDm

= KDm,1 −
1

12nDm,1
+

1

24D2
m,1

+

(
K − 1

n

)
Dm,2 +

1

24D2
m,2

− 1

12nDm,2
. (4.6)Sine max(Dm,1,Dm,2) ≤ n ln(n)−1, critlin(m,K) is minimal over m ∈ Mn when

Dm,1 ≈ D̂1(K) := 1 ∨
[(

1

12K

)1/3

∧Dmax

]

Dm,2 ≈ D̂2(K) := 1 ∨
[(

1

12(K − n−1)+

)1/3

∧Dmax

]
.By onvention, when K ≤ n−1, D̂2(K) = Dmax.Let m(K) be the model of dimensions (D̂1(K), D̂2(K)). Then, for every m ∈ Mlin,ǫ, thereexists some K = K(m) > 0 suh that

critlin(m,K) ≤ critlin(m(K),K) + ǫE
[
l(s, ŝm(K))

]

≤ critlin(m(K),K) + Lǫ
(
n−2/3 +K2/3

)
. (4.7)We �rst assume that K ≤ 1/(2n). Then, Dm(K) ≥ D̂2(K) = Dmax and

critlin(m(K),K) ≤ 32/32−5/3K2/3 +

(
K − 1

n

)
Dmax +

1

24D2
max

≤ − 1

3 ln(n)when n ≥ L. As a onsequene, when n ≥ L,
−Dm,2

n
− 1

12nDm,2
≤ critlin(m,K) ≤ − 1

3 ln(n)
+ Ln−2/3 ≤ − 1

4 ln(n)
.When n ≥ L, this implies Dm,2 ≥ n/(5 ln(n)) ≥ 2κ1n

1/3. Aording to (4.5), Dm,2 ≥ 2κ1n
1/3implies that for n ≥ L,

E [ l(s, ŝm) ] ≥ 3

2
inf

m∈Mn

{E [ l(s, ŝm) ]} .We now only have to onsider m ∈ Mlin,ǫ suh that Dm,2 < 2κ1n
1/3 and for whih K(m) >

1/(2n). Starting from (4.6) and (4.7), we have (if n ≥ L)
KDm,1 − κ1n

−2/3 ≤ critlin(m,K)

≤ critlin(m(K),K) + L× ǫ
(
n−2/3 +K2/3

)

≤ 32/32−2/3K2/3 + L× ǫ
(
n−2/3 +K2/3

)so that
Dm,1 ≤ L (1 + ǫ)K−1

(
n−2/3 +K2/3

)
≤ κ2(ǫ)n

−1/3where κ2(ǫ) = L (1 + ǫ) depends only on ǫ. Then, (4.4) implies
E [ l(s, ŝm) ] ≥ inf

1≤Dm,2≤Dmax

{
1

12D2
m,2

+
1

12nDm,2
+
Dm,2

n

}
+

(
n−2/3

24κ2
2

+
n−4/3

12κ2

)
+
δn(m)

n

≥
(

1 +
(
25κ1κ

2
2

)−1
)

inf
m∈Mn

{E [ l(s, ŝm) ]}for n ≥ L, and the result follows. �



CHAPTER 5
V -fold ross-validationRésumé. Ce hapitre est onsaré à la validation-roisée �V -fold� � quiest très utilisée en pratique � et à une nouvelle méthode de séletion de modèlespar pénalisation, que nous appelons la pénalisation V -fold.Nous montrons tout d'abord que la validation-roisée �V -fold� (VFCV)surpénalise d'autant plus que V est petit. Du point de vue asymptotique, il fautdon faire tendre V vers l'in�ni ave n pour obtenir une proédure optimale.En revanhe, lorsque le rapport signal sur bruit est �xé, il peut être béné�quede surpénaliser. On observe alors que le hoix optimal de V n'est pas toujoursla plus grande valeur possible ompte-tenu du temps de alul. Des simulationsmontrent ainsi un exemple où V = 2 est meilleur que les hoix lassiques V = 5ou V = 10.A�n de simpli�er le hoix de V et d'améliorer les performanes de la VFCV,nous dé�nissons la pénalisation V -fold. Cette proédure se fonde sur l'heuris-tique de rééhantillonnage (Efron [Efr79℄), et présente une omplexité similaireà la VFCV. En revanhe, elle permet de hoisir le niveau de surpénalisation sé-parément de V . Dans le adre de la régression sur des modèles d'histogrammes,nous prouvons une inégalité-orale non-asymptotique trajetorielle, ave uneonstante presque 1. On peut en partiulier en déduire un résultat d'adapta-tion à la régularite hölder de la fontion de régression, en présene d'un bruithétérosedastique assez général.Une étude de simulation on�rme les études théoriques de la VFCV etde la pénalisation V -fold. En partiulier, ette dernière permet e�etivementd'améliorer les performanes de la VFCV.5.1. IntrodutionThere are typially two kinds of model seletion riteria. On the one-hand, penalized riteriaare the sum of an empirial loss and some penalty term, often measuring the omplexity of themodels. This is the ase of AIC (Akaike [Aka73℄), Mallows' Cp or CL (Mallows [Mal73℄) and BIC(Shwarz [Sh78℄), to name but a few. On the other hand, ross-validation (Allen [All74℄, Stone[Sto74℄, Geisser [Gei75℄) and related riteria are based on the idea of data splitting. Part of thedata (the training set) is used for �tting eah model, and the rest of the data (the validation set)is used to measure the performane of the models. There are several versions of ross-validation(CV), e.g. leave-one-out (LOO, also alled ordinary CV), leave-p-out (LPO, also alled delete-pCV) and generalized CV (Craven and Wahba [CW79℄).In pratial appliations, ross-validation is often omputationally very expensive. This is whyless greedy CV algorithms have been proposed, among whih V -fold ross-validation (VFCV,Geisser [Gei75℄) and repeated learning testing methods (Breiman et al. [BFOS84℄). In this



120 CHAPITRE 5. V -FOLD CROSS-VALIDATIONhapter, we fous on VFCV, whih seems to be the most widely used nowadays. A major problemfor the pratial user is the hoie of V . Basially, V has to be hosen small for omplexity reasons,but not too small for dereasing the variability of the algorithm. However, there is a third issue,whih is bias: VFCV with V bounded gives an asymptotially biased estimate of the risk, so thatit has to be orreted (Burman [Bur89, Bur90℄). Moreover, when the aim of model seletion ismodel identi�ation rather than predition, a good riterion should not be an unbiased estimateof the risk. For instane, we basially obtain the BIC riterion by multiplying the exat varianeterm by ln(n)/2.The properties of CV (in partiular leave-p-out) for predition and model identi�ation havebeen widely studied from the asymptotial viewpoint, in partiular in regression. It basiallydepends on the splitting ratio, i.e. the ratio between the sizes of the validation and trainingsets (p/(n − p) in the leave-p-out ase; f. [vdLDK04, Yan06℄ and the referenes therein).For instane, when p = 1, the leave-one-out is equivalent to AIC and Mallows' Cp (Li [Li87℄),i.e. it is asymptotially optimal for predition and inonsistent for model identi�ation. Inaddition, Shao [Sha93℄ showed that p ∼ n and n − p → ∞ are neessary for leave-p-out to beonsistent for identi�ation. Several other asymptoti results about CV in regression an be foundin [Zha93, Sha97, GKKW02℄.The hoie of p (in leave-p-out) or V (in V -fold CV) is thus ruial and depends on the goalof model seletion: predition or identi�ation. If Shao's result an be extended to VFCV with
p = n/V , it follows that VFCV an not be used for a onsistent identi�ation1. On the otherhand, optimal predition for VFCV without orretion term needs V to go to in�nity (or p ≪ nfor leave-p-out). In a reent work in the density estimation framework, Celisse and Robin [CR06℄propose a way of hoosing p that realizes the optimal trade-o� between bias and variane. Whenomputational issues arise, taking V small is often ontraditory with the above requirements.An alternative would be to use the orreted V -fold ross-validation (Burman [Bur89℄), but itsproof is only asymptotial for eah model. The pratial user of VFCV really needs some help atthis point, either for hoosing V or for orreting V -fold.Our main goal in this hapter is to provide suh an help. This an be split into two kinds ofresults. First, we investigate the properties of the unorreted VFCV from the non-asymptotiviewpoint. We obtain in Set. 5.2 results that on�rms the asymptoti suboptimality of VFCV fora predition purpose. Although we assume a partiular struture for the models (where expliitomputations are possible), we allow the noise to be highly heterosedasti. We then expet thatthe behavior of VFCV is similar in muh more general regression settings. For instane, ourresults explain a strange non-asymptoti behavior of VFCV pointed out in a simulation study(Set. 5.4). Then, the heuristis we derive about VFCV should be helpful for pratial users inany framework.Seondly, we propose in Set. 5.3 a penalized riterion (alled �V -fold penalization�, penVF)based upon Efron's resampling heuristis [Efr79℄ (following Fromont's bootstrap penalties [Fro04℄)and V -fold ideas. To our knowledge, it has never been proposed in the literature, although it �nallyturns out to be a generalization of Burman's orreted VFCV [Bur89℄. Thanks to its penaliza-tion form, our riteria is muh more �exible than VFCV and orreted VFCV. This advantage ison�rmed by a simulation study (Set. 5.4).This hapter is organized as follows: Set. 5.2 gives non-asymptoti results about the �lassial�VFCV in a non-asymptoti framework. Then, we de�ne V -fold penalties and prove their e�ieny1in the same way, Dietterih [Die98℄ and Alpaydin [Alp99℄ proposed the hoie V = 2 in order to minimize theprobability of a type I error (see also Zhang [Zha93℄).



5.2. PERFORMANCE OF V -FOLD CROSS-VALIDATION 121in Set. 5.3. It is ompared with VFCV in a simulation study in Set. 5.4. Finally, our resultsare disussed in Set. 5.5. The two remaining setions are devoted to some probabilisti tools(Set. 5.6) and proofs (Set. 5.7).5.2. Performane of V -fold ross-validationIn this setion, we provide a non-asymptoti study of V -fold ross-validation (VFCV) in theleast-square regression framework. In order to make expliit omputations possible, we fous onthe ase where all the models are histograms (although we do not assume that the regressionfuntion itself is an histogram). This is only a �rst theoretial step. We use it to derive heuristis,that should help the pratial user of VFCV in any framework.5.2.1. General framework. First onsider the general predition setting: X ×Y is a mea-surable spae, P an unknown probability measure on it and we observe some data (X1, Y1), . . . ,

(Xn, Yn) ∈ X ×Y of ommon law P . Let S be the set of preditors (measurable funtions X 7→ Y)and γ : S × (X × Y) 7→ R a ontrast funtion. Given a family (ŝm)m∈Mn of data-dependent pre-ditors, our goal is to �nd the one minimizing the predition loss Pγ(t). We will extensively usethis funtional notation Qγ(t) := E(X,Y )∼Q[γ(t, (X,Y ))], for any probability measure Q on X ×Y.Notie that the expetation here is only taken w.r.t. (X,Y ), so that Qγ(t) is random when t = ŝmis random. Assuming that there exists a minimizer s ∈ S of the loss (the Bayes preditor), wewill often onsider the exess loss l(s, t) = Pγ(t) − Pγ(s) ≥ 0 instead of the loss.We assume that eah preditor ŝm may be written as a funtion ŝm(Pn) of the empirialdistribution of the data Pn = n−1
∑n

i=1 δ(Xi,Yi). The ase-example of suh a preditor is theempirial risk minimizer ŝm ∈ arg mint∈Sm {Pnγ(t)}.In the lassial version of VFCV, we �rst de�ne some partition (Bj)1≤j≤V of the indexes
{1, . . . , n}. Then, we de�ne

P (j)
n =

1

Card(Bj)

∑

i∈Bj

δ(Xi,Yi) ŝ(j)m = ŝm

(
P (j)

n

)

P (−j)
n =

1

n− Card(Bj)

∑

i/∈Bj

δ(Xi,Yi) ŝ(−j)
m = ŝm

(
P (−j)

n

)
.The �nal VFCV estimator is ŝ bmVFCV

(Pn) with
m̂VFCV ∈ arg min

m∈Mn

{critVFCV(m)} and critVFCV(m) :=
1

V

V∑

j=1

P (j)
n γ

(
ŝ(−j)
m

)
. (5.1)We often assume that the partition (Bj)1≤j≤V is regular, i.e. that

Card(Bj) ∈ {⌊n/V ⌋ , ⌊n/V ⌋ + 1} .When V divides n, this an be done exatly, i.e. we an have Card(Bj) = n/V for every j.5.2.2. The histogram regression ase. In this hapter, our theoretial results takle theregression framework. The data (Xi, Yi) ∈ X × R are i.i.d. of ommon law P . Denoting by s theregression funtion, we have
Yi = s(Xi) + σ(Xi)ǫi (5.2)where σ : X 7→ R is the heterosedasti noise-level and ǫi are i.i.d. entered noise terms, possiblydependent from Xi, but with variane 1 onditionally to Xi. Throughout this hapter, we always



122 CHAPITRE 5. V -FOLD CROSS-VALIDATIONassume that there is some noise:
‖σ‖2

2 = ‖σ(X)‖2
2 = E

[
σ(X)2

]
= E

[
ǫ2
]
> 0 .The feature spae X is typially a ompat subset of R

d. We use the least-square ontrast
γ : (t, (x, y)) 7→ (t(x)−y)2 to measure the quality of a preditor t : X 7→ Y. As a onsequene, theBayes preditor is the regression funtion s, and the exess loss is l(s, t) = E(X,Y )∼P (t(X) − s(X))2.To eah model Sm, we assoiate the empirial risk minimizer

ŝm := ŝm(Pn) = arg min
t∈Sm

{Pnγ(t)}(when it exists and is unique).Eah model in (Sm)m∈Mn is the set of pieewise onstant funtions (histograms) on somepartition (Iλ)λ∈Λm of X . It is thus a vetor spae of dimension Dm = Card(Λm), spanned by thefamily (1Iλ
)λ∈Λm . As this basis is orthogonal in L2(µ) for any probability measure on X , we anmake expliit omputations. The following notations will be useful throughout this hapter.

pλ := P (X ∈ Iλ) p̂λ := Pn(X ∈ Iλ) sm := arg min
t∈Sm

Pγ(t)

(σr
λ)2 := E

[
σ(X)2

∣∣ X ∈ Iλ
] (

σd
λ

)2
:= E

[
(s− sm)2(X)

∣∣ X ∈ Iλ
]

(σλ)2 := E

[
(Y − s(X) )2

∣∣∣ X ∈ Iλ

]
= (σr

λ)2 +
(
σd

λ

)2
.Remark that ŝm is uniquely de�ned if and only if eah Iλ ontains at least one of the Xi.Prop. 5.1 below ompares the V -fold riterion and the ideal riterion Pγ(ŝm) in expetation.Proposition 5.1. Let Sm be the model of histograms assoiated with the partition (Iλ)λ∈Λm .Then, the expetation of the ideal riterion is equal to

E [Pγ(ŝm) ] = Pγ(sm) +
1

n

∑

λ∈Λm

(1 + δn,pλ
)

((
σd

λ

)2
+ (σr

λ)2
) (5.3)where δn,p only depends on (n, p) and is small when the produt np is large: limnp→∞ δn,p = 0.Assume that the bloks (Bj)1≤j≤V have approximately the same size:

n−1 max
j

Card(Bj) ≤ cB < 1 and sup
j

{∣∣∣∣
Card(Bj)

n
− 1

V

∣∣∣∣
}

≤ ǫreg
n −−−→

n→∞
0 . (Areg,VF)Then, the expetation of the V -fold riterion is equal to

E [critVFCV(m) ] = Pγ(sm) +
V

V − 1
× 1

n

∑

λ∈Λm

(1 + δn,pλ
)(V F )

((
σd

λ

)2
+ (σr

λ)2
) (5.4)where δ(V F )

n,p only depends on (n, p, cB , ǫ
reg
n ) and satis�es limnp→∞ δ

(V F )
n,p = 0.In the proof of Prop. 5.1, we give expliit non-asymptoti upper bounds on δn,p and δ(V F )

n,p .Remark 5.1. Sine we deal with histograms, ŝm is not de�ned when minλ∈Λm p̂λ = 0, whihours with positive probability. We then have to take a onvention for omputing the expetationof the ideal riterion, and the same kind of problem our with critVFCV. See the proof of Prop. 5.1for more details.Prop. 5.1 is onsistent with Burman's estimate of the bias of VFCV [Bur89℄. The majoradvane here is that it is non-asymptoti, and we have expliit upper bounds on the remainder



5.3. AN ALTERNATIVE V -FOLD ALGORITHM: V -FOLD PENALTIES 123terms. The lassial V -fold ross-validation is thus �overpenalizing� within a fator2 1+1/(2(V −
1)) beause it estimates the generalization ability of ŝ(−j)

m , whih is built upon less data than ŝm.This interpretation is onsistent with the results of van der Laan, Dudoit and Keles [vdLDK04℄ inthe density estimation framework. Aording to the onentration inequalities proven in Set. 5.7,the asymptoti behaviour of VFCV is given by the expetation of its riterion critVFCV (underthe assumptions of Thm. 5.1). Assuming moreover that the bias term Pγ(sm) is slowly varying(e.g. if s is pieewise C1 and X is uniform on X ), we an derive that VFCV is suboptimal in thefollowing sense: If V = O(1) , lim inf
n→∞

l(s, ŝ bmVFCV
)

infm∈Mn { l(s, ŝm)} > 1 a.s. (5.5)This enlightens some lues for the hoie of V :
• omputational issues: the smaller V , the faster will be the algorithm.
• variability of the algorithm: V = 2 is known to be quite variable beause of the singlesplit, see Burman [Bur89℄ for an asymptoti study of the variane. If moreover ŝm isunstable, then V = n (i.e. the leave-one-out) is known to be quite variable, e.g. inlassi�ation with CART (Hastie, Tibshirani and Friedman [HTF01℄; see also Breiman[Bre96℄). It seems to disappear when ŝm is more stable (Molinaro, Simon and Pfei�er[MSP05℄). Thus, the optimum V for variability is large (and goes to in�nity with n),but not neessarily equal to n.
• overpenalization: V/(V − 1) should not be too far from 1.Notie that the variability does not matter asymptotially (it is only a seond order term), whereasit is ruial to take it into aount in pratial (thus non-asymptoti) appliations. It is also a quitedi�ult problem, sine �there is no universal (valid under all distributions) unbiased estimator ofthe variane of V -fold ross-validation� (Bengio and Grandvalet [BG04℄).Moreover, from the non-asymptoti viewpoint (n small and σ large, or s irregular), it isknown that overpenalization (i.e. positively biased penalties) gives better results (f. Set. 2.4.1,6.6.1 and 11.3.3). This means that the better V may not always be large for lassial V -fold,independently from omputational issues. For instane, in the simulation experiment HSd1 (seeSet. 5.4, Tab. 5.1), V = 2 is better than V ∈ {5, 10, 20, n }.The onlusion of this setion is that hoosing V for V -fold is a omplex issue in pratie. Evenindependently for omputational issues, the non-asymptoti trade-o� between bias and varianeis not that lear. We refer to Celisse and Robin [CR06℄ for an interesting approah to thisquestion. When omplexity omes on balane, nothing's ertain exept that our hoie of V willbe suboptimal. Moreover, it is impossible to hoose V so that critVFCV overpenalizes as muhas the BIC riterion. This implies that VFCV is not well suited for the general identi�ationsetting (although it an sometimes be used for identi�ation, see Yang [Yan06, Yan07℄). Thenext setion suggests an answer to these issues.5.3. An alternative V -fold algorithm: V -fold penaltiesAording to the previous setion, the main drawbak of VFCV is that overpenalization (i.e.bias), variane and omplexity depend on the same parameter V . We propose below a way ofdeoupling the overpenalization issue from the two other ones. It relies on the penalization idea.5.3.1. De�nition of V -fold penalties.2the ideal penalty being of order 2n−1P

λ∈Λm

�
(σr

λ)2 +
�
σd

λ

�2 �, the overpenalization fator is the ratio between
1 + V/(V − 1) and 2.



124 CHAPITRE 5. V -FOLD CROSS-VALIDATIONGeneral ase. We ome bak to the general setting of Set. 5.2.1. Reall that eah pre-ditor ŝm an be written as a funtion ŝm(Pn) of the empirial distribution of the data Pn =

n−1
∑n

i=1 δ(Xi,Yi).Sine our goal is predition, the ideal hoie for m̂ is the one whih minimizes over Mn thetrue predition risk Pγ(ŝm(Pn)) = Pnγ(ŝm(Pn)) + penid(m) where the ideal penalty is equal to
penid(m) = (P − Pn)γ(ŝm(Pn)) . (5.6)Of ourse, the ideal penalty, whih depends both on the unknown distribution P and the data(through Pn), is unknown from the statistiian.The resampling heuristis (introdued by Efron [Efr79℄) gives a way of estimating suh quan-tities. Basially, it says that one an mimi the relationship between P and Pn by building a

n-sample of ommon distribution Pn (the �resample�). PW
n denoting the empirial distribution ofthe resample, then the pair (P,Pn) should be lose (in distribution) to the pair (Pn, P

W
n ). Then,any funtional F (P,Pn) is estimated by EW

[
F (Pn, P

W
n )
], where EW [ · ] denotes expetationw.r.t. the resampling randomness. This heuristis has then been generalized to other resamplingshemes, with the exhangeable3 weighted bootstrap (Mason and Newton [MN92℄, Præstgaardand Wellner [PW93℄), where

PW
n :=

1

n

n∑

i=1

Wiδ(Xi,Yi) with W ∈ R
n an exhangeable weight vetor,independent from the data. Fromont [Fro04℄ used it suessfully to build bootstrap penalties inthe lassi�ation framework. Considering VFCV as a subsampling sheme (whih is a partiularase of resampling), we followed the same priniples to build the V -fold penalties below.Algorithm 5.1 (V -fold penalization).(1) Choose a partition (Bj)1≤j≤V of {1, . . . , n} and de�ne Wi = V

V −11i/∈BJ
with J ∼

U({1, . . . , V }) independent from the data (U(E) denotes the uniform distribution overthe set E).(2) Choose a onstant C ≥ CW,∞ = V − 1.(3) Compute the following resampling penalty for eah m ∈ Mn:
pen(m) = CEW

[
Pnγ

(
ŝm

(
PW

n

))
− PW

n γ
(
ŝm

(
PW

n

))]
.(4) Minimize the penalized empirial riterion to hoose m̂ and thus ŝ bm:

m̂ ∈ arg min
m∈Mn

{Pnγ(ŝm(Pn)) + pen(m)} .At step 1, the partition (Bj)1≤j≤V should be taken as regular as possible.Remark 5.2. There is a onstant C 6= 1 in front of the penalty, although there isn't anyin Efron's heuristis, beause we did not normalize W . Indeed, eah Wi has a mean 1 but avariane (V − 1)−1 6= 1. If the weights W were exhangeable, the asymptotial value of the rightnormalizing onstant CW,∞ ould be derived from Theorem 3.6.13 in [vdVW96℄:
CW,∞ ∼n→∞

(
n−1

n∑

i=1

E (Wi − 1)2
)−1

∼n→∞ V − 1 .In the ase example of histograms, we show that V − 1 works in a non-asymptoti framework.3A random vetor W ∈ R
n is alled exhangeable when for every permutation τ , (Wτ(1), . . . , Wτ(n)) has the samedistribution as W .



5.3. AN ALTERNATIVE V -FOLD ALGORITHM: V -FOLD PENALTIES 125Although we built algorithm 5.1 upon Efron's heuristis and Fromont's idea of bootstrap penal-ties, it turns out to be a generalization of Burman's orreted V -fold ross-validation [Bur89℄.Indeed, with our notations, Burman's riterion (formula (2.3) in [Bur89℄) is
critcorr.VF(m) := critVFCV(m) + Pnγ ( ŝm ) − 1

V

V∑
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(
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= Pnγ ( ŝm ) +
1
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[(
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)
γ
(
ŝ(−j)
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)]
.On the other hand, our V -fold penalized riteria with C = V − 1 is equal to

critpenVF(m) := Pnγ ( ŝm ) +
V − 1
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j=1

[(
Pn − P (−j)

n

)
γ
(
ŝ(−j)
m

)]sine PW
n = P

(−J)
n with J ∼ U {1, . . . , V }. Assuming for the sake of simpliity that all the bloksof the partition have the same size n/V , we have, for every j ∈ {1, . . . , V }, Pn = V −1P

(j)
n +(V −

1)V −1P
(−j)
n . We dedue

P (j)
n − Pn =

V − 1
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(
P (j)

n − P (−j)
n

)
= (V − 1)

(
Pn − P (−j)

n

)
,i.e. critcorr.VF(m) = critpenVF(m) when C = V − 1.The main advane with V -fold penalization (penVF) is that one an hoose a onstant C >

V − 1, e.g. for predition in a non-asymptoti framework, or for model identi�ation (C ∝
(V − 1) ln(n) should be onvenient). This solves one drawbak of V -fold ross-validation, whihan not overpenalize more than within a fator 3/2 (by taking V = 2, as suggested by Zhang[Zha93℄, Dietterih [Die98℄ and Alpaydin [Alp99℄).Moreover, the hoie of C is deoupled from the one of V , whih has now to be hosenaording to the omplexity-variane trade-o�. Further omments about the hoie of C and Vare made in Set. 5.5.The histogram ase. Assuming that Sm is the model of histograms assoiated with somepartition (Iλ )λ∈Λm

, we an make algorithm 5.1 more expliit. Then, we will be able to studyits performane, via Prop. 5.2 and Thm. 5.1. We reall that histograms are not our �nal goal,but only a onvenient setting for whih we an derive heuristis for pratial use of penVF in anyframework. We �rst introdue some more notations:
βλ = E(X,Y )∼P [Y | X ∈ Iλ ] so that sm =

∑

λ∈Λm

βλ1Iλ

β̂λ =
1

np̂λ

∑

Xi∈Iλ

Yi so that ŝm =
∑

λ∈Λm

β̂λ1Iλ

p̂W
λ := PW

n (X ∈ Iλ) = p̂λWλ with Wλ :=
1

np̂λ

∑

Xi∈Iλ

Wi

ŝW
m := arg min

t∈Sm

PW
n γ(t) =

∑

λ∈Λm

β̂W
λ 1Iλ

with β̂W
λ :=

1

np̂W
λ

∑

Xi∈Iλ

WiYi .



126 CHAPITRE 5. V -FOLD CROSS-VALIDATIONAssuming that minλ∈Λm p̂λ > 0 (otherwise, the model m should learly not be hosen), wean ompute the ideal penalty (see (5.19) and (5.26) in Set. 5.7.2):
penid(m) = (P − Pn)γ(ŝm) =

∑

λ∈Λm

(pλ + p̂λ )
(
β̂λ − βλ

)2
+ (P − Pn)γ(sm) .Aording to the resampling heuristis, penid(m) is estimated (up to some normalizing onstant)by

pen(m) = EW

[
(Pn − PW

n )γ(ŝW
m )
]

=
∑

λ∈Λm

EW

[(
p̂λ + p̂W

λ

) (
β̂W

λ − β̂λ

)2
]

+ EW

[
(Pn − PW

n )γ(ŝm)
]

=
∑

λ∈Λm

(
EW

[
p̂λ

(
β̂W

λ − β̂λ

)2
]

+ EW

[
p̂W

λ

(
β̂W

λ − β̂λ

)2
]) (5.7)sine ∑i E[Wi] = 1. Indeed, EW

[
(Pn − PW

n )γ(ŝm)
] estimates the expetation of (P − Pn)γ(sm)whih is entered. The penalty (5.7) is well-de�ned if and only if ŝW

m is a.s. uniquely de�ned,i.e. Wλ > 0 for every λ ∈ Λm a.s. This is why we modi�ed the de�nition of the weights inalgorithm 5.1, so that this problem does not our.Algorithm 5.2 (V -fold penalization for histograms).(1) Replae Mn by
M̂n =

{
m ∈ Mn s.t. min

λ∈Λm

{np̂λ} ≥ 3

}
.(2) Choose a onstant C ≥ CW,∞ = V − 1.(3) For every m ∈ M̂n, hoose a partition (Bj)1≤j≤V of {1, . . . , n} suh that

∀λ ∈ Λm, ∀1 ≤ j ≤ V, Card (Bj ∩ { i s.t. Xi ∈ Iλ }) ∈
{⌊

np̂λ

V

⌋
,

⌊
np̂λ

V

⌋
+ 1

}
.Then, de�ne the weights Wi = V

V −11i/∈BJ
with J ∼ U({1, . . . , V }) independent from thedata.(4) Compute the following resampling penalty for eah m ∈ Mn:

pen(m) = CEW

[
Pnγ

(
ŝm

(
PW

n

))
− PW

n γ
(
ŝm

(
PW

n

))]
. (5.8)(5) Minimize the penalized empirial riterion to hoose m̂ and thus ŝ bm:

m̂ ∈ arg min
m∈Mn

{Pnγ(ŝm(Pn)) + pen(m)} .Notie that we hoose here a di�erent partition for eah model. This is onsistent with theproposal of Breiman et al. (see also Burman [Bur90℄, Set. 2) to stratify the data and hoosea partition whih respets the stratas. Other modi�ations of algorithm 5.1 are possible. Forinstane, replae the de�nition of pen(m) by the following:
pen(m) = C

(
EW

[
p̂λ

(
β̂W

λ − β̂λ

)2
∣∣∣∣ Wλ > 0

]
+ EW

[
p̂W

λ

(
β̂W

λ − β̂λ

)2
])

+ ∞1nbpλ≤1 . (5.9)This is what we did in the simulations of Set. 5.4. A short theoretial study of these V -foldweigths is done in Set. 8.4.1. See also algorithm 6.2 in Set. 6.3. In pratial appliations, bothalgorithms should give the same results.5.3.2. Expetations. We are now in position to ompute the expetation of the penVFriterion.



5.3. AN ALTERNATIVE V -FOLD ALGORITHM: V -FOLD PENALTIES 127Proposition 5.2. Let Sm be the model of histograms assoiated with some partition (Iλ )λ∈Λmand pen be de�ned as in algorithm 5.2. Then, if minλ∈Λm {np̂λ } ≥ 3,
E

Λm [Pnγ(ŝm) + pen(m) ] = Pγ(sm) +
1

n

∑

λ∈Λm

(
2C

V − 1
− 1 +

C

V − 1
δ
(penV)
n,bpλ

)((
σd

λ

)2
+ (σr

λ)2
)(5.10)with E

Λm [ · ] = E
Λm

[
·
∣∣∣ (1Xi∈Iλ

)1≤i≤n, λ∈Λm

] and
2

np̂λ − 2
≥ δ

(penV)
n,bpλ

≥ 0 so that lim
nbpλ→∞

δ
(penV)
n,bpλ

= 0 .Thus, taking C = V −1 in algorithm 5.2 leads to an almost unbiased proedure. Indeed, when
minλ∈Λm {npλ } goes to in�nity faster than some onstant times ln(n), so does minλ∈Λm {np̂λ }with a large probability. Moreover, following the proof of Lemma 5.3, we an show that

E

[
δ
(penV)
n,bpλ

1nbpλ≥3

]
≤ κ

(
1 ∧ (npλ)−1/4

)
−−−−−→
npλ→∞

0for some absolute onstant κ > 0. This is onsistent with the asymptoti omputations of Burman[Bur89℄.Moreover, the �exibility of hoie of the onstant C > 0 allows to overpenalize within anyfator. This may be ruial in the non-asymptoti framework. Moreover, for an identi�ationpurpose, C = (V − 1) ln(n)/2 gives a riterion analogous to BIC in the least-square regressionframework.5.3.3. Theoretial results for histograms. In this setion, we prove that penVF (algo-rithm 5.2) is asymptotially optimal for predition. We assume the existene of some non-negativeonstants αM, cM, crich, η suh that:
(P1) Polynomial omplexity of Mn: Card(Mn) ≤ cMnαM .
(P2) Rihness of Mn: ∃m ∈ Mn s.t. Dm ∈ [

√
n; crich

√
n ].

(P3) The onstant C is well hosen: η(V − 1) ≥ C ≥ V − 1.Theorem 5.1. Assume that the (Xi, Yi)'s satisfy the following:
(Ab) Bounded data: ‖Yi‖∞ ≤ A <∞.
(An) Noise-level bounded from below: σ(Xi) ≥ σmin > 0 a.s.
(Ap) Polynomial dereasing of the bias: there exists β1 ≥ β2 > 0 and C+

b , C
−
b > 0 suh that

C−
b D

−β1
m ≤ l(s, sm) ≤ C+

b D
−β2
m .

(ArX
ℓ ) Lower regularity of the partitions for L(X): Dm minλ∈Λm pλ ≥ cXr,ℓ.Let m̂ be the model hosen by algorithm 5.2 (under restritions (P1 − 3)). Then, there existsa onstant K1 and a sequene ǫn onverging to zero at in�nity suh that, with probability at least

1 −K1n
−2,

l(s, ŝ bm) ≤ [ 2η − 1 + ǫn ] inf
m∈Mn

{ l(s, ŝm)} . (5.11)Moreover, we have the orale inequality
E [ l(s, ŝ bm) ] ≤ [2η − 1 + ǫn ] E

[
inf

m∈Mn

{ l(s, ŝm)}
]

+
A2K1

n2
. (5.12)The onstant K1 may depend on V and onstants in (Ab), (An), (Ap), (ArX

ℓ ) and (P1 − 4),but not on n. The small term ǫn depends only on n (it an for instane be upperbounded by
ln(n)−1/5).



128 CHAPITRE 5. V -FOLD CROSS-VALIDATIONThm. 5.1 implies the asymptoti optimality of the V -fold penalization (algorithm 5.2) as soonas limn→∞C = V − 1 and V is �xed. Aording to the omputations of Set. 5.2.2, this is notalways the ase for the lassial V -fold ross-validation. Atually, we even have a muh strongerresult with (5.11) when C = V − 1: an orale inequality with onstant almost one on a set oflarge probability.Moreover, our result an handle several kinds of heterosedasti noises, while algorithm 5.2does not use any knowledge about σ, ‖Y ‖∞ or the smoothness of s. As a onsequene, as long as
Mn allows adaptation, V -fold penalization is a naturally adaptive algorithm.Remark 5.3. • In Thm. 5.1, we assume that V is �xed when n grows. A areful lookat the proof shows that we only need V ≤ ln(n) for n large enough. With some morework, we ould go up to V of order nǫ for some ǫ > 0 depending on the assumptions ofThm. 5.1, but we an not handle the leave-one-out ase (V = n). In Chap. 6, we provea result similar to Thm. 5.1 for several exhangeable weights, inluding leave-one-out.

• Assumptions (Ab) and (An) an be relaxed. Several alternative assumptions are givenin Chap. 6.
• Assumption (ArX

ℓ ) is satis�ed if X has a lower bounded density w.r.t. Leb and thehistograms are �almost regular�. For instane, all the simulation experiments of Set. 5.4satisfy this assumption, even S2 or HSd2 in whih the histograms are quite irregular.
• The lower bound in (Ap) seems a bit surprising. It is not too restritive beause non-onstant hölderian funtions satisfy (Ap) with

β1 = k−1 + α−1 − (k − 1)k−1α−1 and β2 = 2αk−1when X has a lower-bounded density w.r.t. the Lebesgue measure on X ⊂ R
k (f.Set. 8.10 for more details).It is quite lassial to assume that l(s, sm) > 0 for every model m in the proofof the asymptoti optimality (for predition) of Mallows' Cp and ross-validation (e.g.by Shibata [Shi81℄, Li [Li87℄, Birgé and Massart [BM06℄). In our non-asymptotiframework, we need an expliit lower bound on D bm (whih has to go to in�nity atleast at the speed ln(n)7). The polynomial dereasing (Ap) is a onvenient su�ientondition for suh a lower bound. For the same kind of reasons, Stone [Sto85℄ used thisassumption in the density estimation framework (see also Burman [Bur02℄, Lemma 3,for the multidimensional ase).5.4. SimulationsAs an illustration of the results of the two previous setions, we ompare the performanes ofpenVF (for several values of V ), Mallows' Cp and VFCV on some simulated data.5.4.1. Experimental setup. In the following simulation study, we onsider the same datasets as in Set. 4.4.2. We brie�y desribe them again below. First, we fous on four mainexperiments, alled S1, S2, HSd1 and HSd2. Data are generated aording to (5.2) with Xi i.i.d.uniform on X = [0; 1] and ǫi ∼ N (0, 1) independent from Xi. The experiments di�er from theregression funtion s (smooth for S, see Fig. 4.3; smooth with jumps for HS, see Fig. 4.4), thenoise type (homosedasti for S1 and HSd1, heterosedasti for S2 and HSd2), the number n ofdata and the families of models (see the top of Tab. 6.2; �regular�, �with two bin sizes�, �dyadi�and �dyadi, 2 bin sizes� are de�ned on page 111). Instanes of data sets are given in Fig. 4.5to 4.8 (in Set. 4.4.2).We ompare the following algorithms:



5.4. SIMULATIONS 129Mal Mallows' Cp penalty: pen(m) = 2σ̂2Dmn
−1 where σ̂2 is the lassial variane estimator

σ̂2 =
d2
(
Y1...n, S⌊n/2⌋

)

n− ⌊n/2⌋(where S⌊n/2⌋ is any model of dimension ⌊n/2⌋, d the Eulidean distane on R
n and

Y1...n = (Y1, . . . , Yn) ∈ R
n) used by Baraud [Bar00℄, Set. 6.VFCV Classial V -fold ross-validation, de�ned by (5.1), with V ∈ {2, 5, 10, 20}.LOO Classial Leave-one-out (i.e. VFCV with V = n).penVF V -fold penalty, with V ∈ {2, 5, 10, 20}. C = CW,∞ = V −1. The partition (Bj) is hosenone, as in algorithm 5.1. Then, we do not take into aount realizations of W suh that

minλ∈Λm p̂
W
λ = 0, as in (5.9). In pratie, this is almost the same as algorithm 5.2.penLoo V -fold penalty, with V = n. C = CW,∞ = n− 1.For Mal, penLoo and penVF, we also onsider the same penalties multiplied by 5/4 (denoted bya + symbol added after its shortened name). This intends to test for overpenalization.In eah experiment, for eah simulated data set, we �rst remove the models with less than

2 data points in one piee of their assoiated partition. Then, we ompute the least-squareestimators ŝm for eah m ∈ M̂n. Finally, we selet m̂ ∈ M̂n using eah algorithm and omputeits true exess risk l(s, ŝ bm) (and the exess risk of eah model m ∈ Mn). Sine we simulate
N data sets (N = 1000 in the four main experiments), we an then estimate the two followingbenhmarks:

Cor =
E [ l(s, ŝ bm) ]

E [ infm∈Mn l(s, ŝm) ]
Cpath−or = E

[
l(s, ŝ bm)

infm∈Mn l(s, ŝm)

]Basially, Cor is the onstant that should appear in an orale inequality like (5.12), and Cpath−ororresponds to a pathwise orale inequality like (5.11). As Cor and Cpath−or approximatively givethe same rankings between algorithms, we only report Cor in Tab. 5.1.5.4.2. Results and omments. First of all, the experiments of Tab. 5.1 show the interestof VFCV (or penVF) in a non-asymptoti framework. Although it an not ompete with simpleproedures suh as Mallows' Cp from the omputational viewpoint, it is muh more e�ient indi�ult situations. This is for instane the ase when the noise is heterosedasti (S2 and HSd2)or when the regression funtion is non-smooth4 (HSd1 and HSd2). On the other hand, it is slighltyworse than Mallows' for easy problems (S1), but this is only the prie for robustness.Seondly, in the four experiments, the best proedures are always the overpenalizing ones. Thisis mainly due to the small sample size ompared to the high noise-level, sine this is no longer thease when σ is smaller (see S0.1, Tab. 5.2), and less obvious when n is larger (see S1000, Tab. 5.2).We would like to enlighten this phenomenon, sine it vanishes in the asymptoti framework, andit is quite hard to �nd in theoretial results. For instane, in Thm. 5.1, the onstant K1 is toolarge, so that one an not use (5.11) or (5.12) to �nd the �optimal� non-asymptoti value of theonstant C.Moreover, the need for overpenalization is quite important for understanding VFCV, beauseit an in�uene the hoie of V . For instane, in HSd1, V = 2 is signi�antly better than
V ∈ {5, 10, 20, n}, whih is highly non intuitive. In S1 and S2, the better V is not quite obvious,but it is ertainly not V = 20 or n. On the ontrary, V = 20 and V = n are the best hoies in4In the partiular ase of HSd1, we must add that Mallows' Cp performs quite better when σ2 is known (Cor ≈
1.044 ± 0.004 for Mal, whih is still worse than VFCV and penVF for any V ; and Cor ≈ 1.606 ± 0.015 for Mal+).This is mainly due to the di�ulty of estimating σ2 aurately when even large models an have a large bias.However, this is no longer the ase for HSd2, in whih the knowledge of σ2 does not improve Mal and Mal+.



130 CHAPITRE 5. V -FOLD CROSS-VALIDATIONTable 5.1. Auray indexes Cor for eah algorithm in four experiments, ± arough estimate of unertainty of the value reported (i.e. the empirial standarddeviation divided by √
N). In eah olumn, the more aurate algorithms (takingthe unertainty into aount) are bolded.Experiment S1 S2 HSd1 HSd2

s sin(π·) sin(π·) HeaviSine HeaviSine
σ(x) 1 x 1 x
n (data) 200 200 2048 2048
Mn regular 2 bin sizes dyadi, regular dyadi, 2 bin sizesMal 1.928 ± 0.04 3.864 ± 0.02 1.606 ± 0.015 1.487 ± 0.011Mal+ 1.800 ± 0.03 4.047 ± 0.02 1.606 ± 0.015 1.487 ± 0.011

2−FCV 2.078 ± 0.04 2.542 ± 0.05 1.002 ± 0.003 1.184 ± 0.004
5−FCV 2.137 ± 0.04 2.582 ± 0.06 1.014 ± 0.003 1.115 ± 0.005
10−FCV 2.097 ± 0.05 2.603 ± 0.06 1.021 ± 0.003 1.109 ± 0.004
20−FCV 2.088 ± 0.04 2.578 ± 0.06 1.029 ± 0.004 1.105 ± 0.004LOO 2.077 ± 0.04 2.593 ± 0.06 1.034 ± 0.004 1.105 ± 0.004pen2−F 2.578 ± 0.06 3.061 ± 0.07 1.038 ± 0.004 1.103 ± 0.005pen5−F 2.219 ± 0.05 2.750 ± 0.06 1.037 ± 0.004 1.104 ± 0.004pen10−F 2.121 ± 0.05 2.653 ± 0.06 1.034 ± 0.004 1.104 ± 0.004pen20−F 2.085 ± 0.04 2.639 ± 0.06 1.034 ± 0.004 1.105 ± 0.004penLoo 2.080 ± 0.05 2.593 ± 0.06 1.034 ± 0.004 1.105 ± 0.004pen2−F+ 2.175 ± 0.05 2.748 ± 0.06 1.011 ± 0.003 1.106 ± 0.004pen5−F+ 1.913 ± 0.03 2.378 ± 0.05 1.006 ± 0.003 1.102 ± 0.004pen10−F+ 1.872 ± 0.03 2.285 ± 0.05 1.005 ± 0.003 1.098 ± 0.004pen20−F+ 1.898 ± 0.04 2.254 ± 0.05 1.004 ± 0.003 1.098 ± 0.004penLoo+ 1.844 ± 0.03 2.215 ± 0.05 1.004 ± 0.003 1.096 ± 0.004experiment HSd2. The main onlusion here should be that one has to take into aount both biasand variane for hoosing an optimal V . Then, the optimal proedure is the one whih (almost)never underpenalize, while overpenalizing as few as possible. It is not always the larger V , so thata larger omputation time does not always improve the auray!Notie also that the variability of the proedures an be ompared thanks to the uner-tainty estimates reported in Tab. 5.1 to 5.3 (i.e. the empirial standard deviations of the ratio
l(s, ŝ bm)/ infm∈Mn l(s, ŝm)). It appears that the leave-one-out is not learly more variable than
V -fold ross-validation with V = 10. The bias (whih an be either a need or a drawbak) is thusthe main point for hoosing V in this least-square regression framework.Finally, these results on�rm the strength of penVF, both against simple proedures as Mal-lows' Cp (in hard situations) and against the lassial VFCV. In three over four experiments,penVF+ with any V ∈ {5, 10, 20, n} does better than the best hoie of V in VFCV; and itis almost the ase in the fourth one. This omes from the overpenalizing ability of V -fold pe-nalization. Indeed, in the same experiments, penVF (whih oinides with Burman's orretedross-validation) performs worse than penVF+, and sometimes even worse than VFCV. Remarkthat this phenomenon is not universal, and strongly non-asymptoti. In partiular, the right over-penalization onstant depends on the sample size n and the noise-level σ. When n beomes large,



5.5. DISCUSSION 131Table 5.2. Auray indexes Cor for more experiments (N = 250).Experiment S1000 S√0.1 S0.1 Svar2
s sin sin sin sin

σ(x) 1 √
0.1 0.1 1x≥1/2

n (data) 1000 200 200 200
Mn regular regular regular 2 bin sizesMal 1.667 ± 0.04 1.611 ± 0.03 1.400 ± 0.02 3.520 ± 0.03Mal+ 1.619 ± 0.03 1.593 ± 0.03 1.426 ± 0.02 3.672 ± 0.03

2−FCV 1.668 ± 0.04 1.663 ± 0.04 1.394 ± 0.02 2.960 ± 0.15
5−FCV 1.756 ± 0.07 1.693 ± 0.04 1.393 ± 0.02 2.950 ± 0.16
10−FCV 1.746 ± 0.04 1.664 ± 0.04 1.385 ± 0.02 2.681 ± 0.14
20−FCV 1.774 ± 0.05 1.645 ± 0.03 1.382 ± 0.02 2.742 ± 0.16LOO 1.768 ± 0.05 1.639 ± 0.04 1.379 ± 0.02 2.641 ± 0.15pen2−FCV 2.066 ± 0.08 1.809 ± 0.05 1.390 ± 0.02 3.209 ± 0.18pen5−FCV 1.816 ± 0.05 1.638 ± 0.04 1.400 ± 0.02 2.749 ± 0.15pen10−FCV 1.783 ± 0.05 1.706 ± 0.04 1.374 ± 0.02 2.598 ± 0.15pen20−FCV 1.801 ± 0.05 1.657 ± 0.03 1.385 ± 0.02 2.684 ± 0.15penLoo 1.776 ± 0.05 1.641 ± 0.04 1.379 ± 0.02 2.656 ± 0.15pen2−FCV+ 1.809 ± 0.05 1.714 ± 0.04 1.416 ± 0.02 2.808 ± 0.16pen5−FCV+ 1.683 ± 0.04 1.616 ± 0.03 1.399 ± 0.02 2.460 ± 0.14pen10−FCV+ 1.627 ± 0.04 1.613 ± 0.03 1.385 ± 0.02 2.398 ± 0.14pen20−FCV+ 1.644 ± 0.04 1.583 ± 0.03 1.390 ± 0.02 2.316 ± 0.13penLoo+ 1.626 ± 0.03 1.587 ± 0.03 1.401 ± 0.02 2.349 ± 0.13orreted ross-validation (i.e. penVF) is of ourse optimal for predition. The main point hereis that overpenalization may be needed, and V -fold penalization allows to hoose to overpenalize.Then, ontrary to VFCV, hoosing the optimal V for penVF or penVF+ is muh more simple.In all the experiments, the more aurate V is the larger one. For the pratial user, the hoieof V thus redues to a trade-o� between omplexity and variability.5.4.3. Additional experiments. We report the results of eight more experiments in Tab. 5.2and 5.3. They are quite similar to the �rst four ones, sine we only hanged a few parametersamong n, σ and s (s and instanes of data sets are reported in Fig. 4.9 to 4.18, in Set. 4.4.2).Remark that we simulated only N = 250 data sets.The hoie of V is still di�ult for VFCV: V = 2 is optimal in S1000 and Sqrt and V = 20 inthe six other ones. On the ontrary, V = n is (almost) always better for penVF and penVF+, andoverpenalization often improves the quality of the algorithm (but not always: see DopReg andS0.1). These eight experiments mainly show that the assumptions of Thm. 5.1 are not neessaryfor penVF to be e�ient. 5.5. DisussionTime has ome for us to give an aurate answer to this pratial (but quite hard) question:how to use V -fold?First of all, the lassial V -fold ross-validation is biased and asymptotially suboptimal forpredition. It thus has to be orreted, and we suggest a V -fold penalization algorithm that



132 CHAPITRE 5. V -FOLD CROSS-VALIDATIONTable 5.3. Auray indexes Cor for more experiments (N = 250).Experiment Sqrt His6 DopReg Dop2bin
s

√· His6 Doppler Doppler
σ(x) 1 1 1 1
n (data) 200 200 2048 2048
Mn regular regular dyadi, regular dyadi, 2 bin sizesMal 2.295 ± 0.11 1.969 ± 0.11 1.130 ± 0.011 1.469 ± 0.013Mal+ 1.989 ± 0.08 1.799 ± 0.09 1.130 ± 0.011 1.459 ± 0.014

2−FCV 2.489 ± 0.12 2.788 ± 0.13 1.097 ± 0.005 1.165 ± 0.009
5−FCV 2.777 ± 0.16 2.316 ± 0.12 1.064 ± 0.005 1.049 ± 0.006
10−FCV 2.571 ± 0.13 2.074 ± 0.11 1.043 ± 0.005 1.051 ± 0.006
20−FCV 2.561 ± 0.12 2.071 ± 0.11 1.034 ± 0.005 1.053 ± 0.006LOO 2.695 ± 0.14 2.059 ± 0.12 1.026 ± 0.005 1.058 ± 0.006pen2−FCV 4.088 ± 0.23 3.210 ± 0.14 1.048 ± 0.006 1.062 ± 0.006pen5−FCV 3.024 ± 0.18 2.485 ± 0.13 1.033 ± 0.005 1.055 ± 0.006pen10−FCV 3.009 ± 0.18 2.192 ± 0.12 1.029 ± 0.005 1.056 ± 0.006pen20−FCV 2.723 ± 0.14 2.150 ± 0.12 1.031 ± 0.006 1.056 ± 0.006penLoo 2.695 ± 0.14 2.063 ± 0.12 1.026 ± 0.005 1.058 ± 0.006pen2−FCV+ 3.015 ± 0.17 2.728 ± 0.12 1.084 ± 0.004 1.084 ± 0.008pen5−FCV+ 2.409 ± 0.13 2.080 ± 0.09 1.080 ± 0.005 1.063 ± 0.007pen10−FCV+ 2.305 ± 0.11 1.869 ± 0.09 1.082 ± 0.005 1.050 ± 0.006pen20−FCV+ 2.180 ± 0.10 1.832 ± 0.09 1.079 ± 0.005 1.052 ± 0.006penLoo+ 2.152 ± 0.10 1.858 ± 0.10 1.082 ± 0.005 1.048 ± 0.006provides suh a orretion. This algorithm is asymptotially optimal in theory, quite e�ient onsome simulated data, and has the same omputational ost as VFCV.Seondly, a non-asymptoti phenomenon is likely to arise, that make the problem harder:when the sample size is small and the noise-level large, overpenalizing proedures are more e�ientthan unbiased ones. Then, our V -fold penalization method allows to hoose an overpenalizingfator, whereas VFCV imposes it (through V ) and a orreted VFCV forbids it. This �exibilityis the main reason why we suggest to use penVF instead of VFCV or Burman's orreted VFCV.Otherwise, V has to be hosen very arefully, taking into aount the bias and the possible needfor some bias.We shall now explain how to use V -fold penalties. It depends on two tuning parameters,the number V of folds and the overpenalization fator C/(V − 1). The hoie of V depends onthe trade-o� between variability of the algorithm and omputational omplexity. If the latterone does not matter, the optimal hoie is lose to V = n (e.g. in least-squares regression; theoptimal V is a little smaller for �unstable� algorithms suh as CART in lassi�ation). Otherwise,the hoie has to be done by the �nal user. We refer to asymptoti omputations of Burman[Bur89, Bur90℄ and the reent work of Celisse and Robin [CR06℄ for quantitative measures ofvariability aording to V . Further researh in that diretion would be very useful for pratialuse of V -fold model seletion riteria.The question of hoosing the overpenalization fator is probably harder to solve. Aordingto our simulation study, the optimal one depends at least on the sample size, the noise level andthe smoothness of the regression funtion. Sine the �rst riterion is that the penalty almost



5.6. PROBABILISTIC TOOLS 133never underestimates the ideal one, a wise hoie of C depends on the �utuations of both the
V -fold penalty and the ideal penalty. We thus need a better understanding of the variability ofpenVF. Another idea would be to replae the onditional expetation in (5.6) by a quantile. Ifthe omputation time does not matter, one ould also think of using V -fold ross-validation againfor hoosing the overpenalization fator. We refer to Set. 6.6 and 11.3.3 for further disussionsabout overpenalization.We foused in this hapter on predition, but one often uses model seletion for identi�ation.Overpenalization is then needed, even from the asymptoti viewpoint (think of the BIC penalty;see also Aerts, Claeskens and Hart [ACH99℄). As a onsequene, V -fold ross-validation may beinonsistent in general for any V (V = 2 being the better hoie, as remarked by Zhang [Zha93℄,Dietterih [Die98℄ and Alpaydin [Alp99℄), whereas V -fold penalties ould work. Indeed, followingthe idea of the BIC riterion, we onjeture that an overpenalization fator proportional to ln(n)implies the onsisteny of V -fold penalization (see Set. 11.3.1).5.6. Probabilisti toolsIn this setion, we give some results that may be interesting independently from the resamplingpenalization method.5.6.1. Expetations of inverses of binomials. When we ompare

E [P (γ ( ŝm ) − γ (sm )) ] and E [Pn (γ (sm ) − γ ( ŝm )) ] ,the quantity
e+Z = e+L(Z) := E [Z ] E

[
Z−1

∣∣ Z > 0
]appears, for some random variables Z with Binomial laws. Suh quantities have been onsideredseveral times (for instane Lew [Lew76℄ onsider general Z, and Znidari [�ni05℄ investigates thease of Binomial random variables). However, these results are either asymptoti or too generalto be aurate. In this setion, we give some non-asymptoti bounds on e+Z , from whih we anreover some of the well-known asymptoti results.It is useful to notie the following general lower bound, whih is a straightforward onsequeneof Jensen's inequality: if P(Z > 0) > 0, then

e+Z ≥ P (Z > 0) . (5.13)We used non-asymptoti onentration inequalities to derive the following upper bound.Lemma 5.3. For any n ∈ N\ {0} and p ∈ (0; 1], B(n, p) denotes the binomial law withparameters (n, p). Denote κ3 = 5.1 and κ4 = 3.2. Then, if np ≥ 1,
κ4 ∧

(
1 + κ3(np)

−1/4
)
≥ e+B(n,p) ≥ 1 − e−np . (5.14)As a onsequene,

lim
np→+∞

e+B(n,p) = 1 . (5.15)5.6.2. Conentration of inverses of multinomials. The onentration inequalities ofLemma 5.4 below are useful to show that E
Λm [ p̃1(m) ] is lose to its expetation when Sm isan histogram model (we refer to (5.22) for a rigorous de�nition of p̃1(m), whih is equal to

p1(m) := P (γ ( ŝm ) − γ (sm )) as soon as minλ∈Λm p̂λ > 0; this allows to onsider the expetationof p̃1(m)). To our knowledge, suh results do not exist in the literature. In this setion, we usethe following notations for every x, T ≥ 0:
ϕ(x) = xe−x ϕ1(x) = ϕ (x ∨ 1) fT (x) =

1

x
∧ T



134 CHAPITRE 5. V -FOLD CROSS-VALIDATIONwith the onvention f(0) = 1 and fT (0) = T .Lemma 5.4. Let (Xλ)λ∈Λm ∼ M(n; (pλ)λ∈Λm) be a multinomial random vetor suh that
minλ∈Λm {npλ } ≥ Bn ≥ 1. Let (aλ)λ∈Λm be a family of non-negative real numbers. We de�ne

Zm,T =
∑

λ∈Λm

aλfT (Xλ ) .(1) Lower deviations: let c1 = 0.184. For all x ≥ 0, with probability at least 1 − e−x,
E [Zm,1 ] − Zm,1 ≤ ϕ1(c1Bn)

c1

∑

λ∈Λm

aλ

npλ

+ 3
√

2

√√√√
∑

λ∈Λm

a2
λ

(npλ)2

√
4Dm exp(−c1Bn) + x

(5.16)(2) Upper deviations: for all T ∈ (0; 1] and x ≥ 0, with probability at least 1 − e−x,
Zm,T − E [Zm,T ] ≤ ϕ1 (c2Bn)

c2

∑

λ∈Λm

(
aλ

npλ

)

+

√√√√∑

λ∈Λm

(
aλ

npλ

)2

(Dm exp(−c4Bn) + x)

× c3 ∨




c5T
√
x+ exp (−c4Bn )

nminλ∈Λm

{
pλ
aλ

}√∑
λ∈Λm

(
aλ
npλ

)2




(5.17)
where c2 = 0.28 c3 = 9.6 c4 = 0.09 c5 = 10.5 .This lemma is proven in Set. 8.8.5.6.3. Moment inequalities for some U-statistis. Our expliit omputations of bothideal and resampling penalties show that onditionally to (1Xi∈Iλ

)(i,λ∈Λm), they are U-statistisof order 2. Moreover, they are all of the form (5.18) below. This is why we prove in this setionmoment inequalities for suh U-statistis. This result may be derived from [GLZ00℄ (possiblywith smaller powers of q if more information is available on the variables ξλ,i). In Set. 8.9, wegive a simple proof of it, based on moment inequalities of [BBLM05℄.Proposition 5.5. Let (aλ)λ∈Λm and (bλ)λ∈Λm be two families of real numbers, (rλ)λ∈Λm afamily of integers. For all λ ∈ Λm, let (ξλ,i)1≤i≤rλ
be independent entered random variablesadmitting 2q-th moments m2q,λ,i for some q ≥ 2. We de�ne Sλ,1, Sλ,2 and Z as follows:

Z =
∑

λ∈Λm

(
aλSλ,2 + bλS

2
λ,1

) with Sλ,1 =

rλ∑

i=1

ξλ,i and Sλ,2 =

rλ∑

i=1

ξ2λ,i . (5.18)Then, for every q ≥ 2,
‖Z − E[Z]‖q ≤ 4

√
κ
√
q

√√√√∑

λ∈Λm

(
(aλ + bλ)2

rλ∑

i=1

m4
2q,λ,i

)

+ 8
√

2κq

√√√√√
∑

λ∈Λm


b2λ

∑

1≤i6=j≤rλ

m2
2q,λ,im

2
2q,λ,j


.



5.7. PROOFS 1355.7. Proofs5.7.1. Notations. Before starting the proofs, we introdue some notations. In the following,when we do not want to write expliitly some onstants, we use the letter L. It means �somepositive absolute onstant, possibly di�erent from a line to another, or even within the same line�.When L is not numerial, but depends on some parameters p1, . . . , pk, it is written Lp1,...,pk
of

L(p1, . . . , pk). When L depends on the onstants that appear in a set (A) of assumptions, it iswritten L(A).For every model m ∈ Mn, λ ∈ Λm and q > 0,
p1(m) := P (γ(ŝm) − γ(sm)) p2(m) := Pn (γ(sm) − γ(ŝm))

δ(m) := (Pn − P )γ(sm) δ(m) := (Pn − P ) (γ(sm) − γ(s) ) .For any non-negative random variable Z and q > 0, we de�ne
e+L(Z) := E [Z ] E

[
Z−1

∣∣ Z > 0
]

e0L(Z) := E [Z ] E
[
Z−1

1Z>0

]and ∀x ≥ 0, ϕ(x) = xe−x ϕ1(x) = ϕ(x ∨ 1) .In the histogram ase, we also de�ne, for any random variable Z, q > 0, m ∈ Mn and λ ∈ Λm:
E

Λm [Z ] := E

[
Z | (1Xi∈Iλ

)1≤i≤n, λ∈Λm

]

mq,λ := ‖Y − sm(X)‖q,λ := (E [|Y − sm(X)|q | X ∈ Iλ])1/q

‖Z‖(Λm)
q := E

Λm [ |Z|q ]1/q = E [ |Z|q | (1Xi∈Iλ
)1≤i≤n, λ∈Λm ]1/q

Sλ,1 :=
∑

Xi∈Iλ

(Yi − βλ ) and Sλ,2 :=
∑

Xi∈Iλ

(Yi − βλ)2 .It is onvenient to replae p2(m) by
p̃2(m) := p2(m) +

1

n

∑

λ∈Λm

((
σd

λ

)2
+ (σr

λ)2
)
1nbpλ=0so that, if minλ∈Λm {np̂λ} ≥ 1 (whih will always be assumed in pratie),

p2(m) = p̃2(m) and E
Λm [p2(m) ] = E

Λm [ p̃2(m) ] = E [ p̃2(m) ] .Inside expetations, we will often write p2 instead of p̃2(m) by onvention. When minλ∈Λm {npλ }is large, this does not make muh di�erene (see Lemma 5.6).5.7.2. Expetations.Ideal penalties and lassial V -fold.proof of Prop. 5.1.Ideal riterion. We only have to ompute E [p1(m) ]. Sine sm minimizes Pγ(t) over t ∈ Sm,we have (provided that ŝm is well-de�ned)
p1(m) =

∑

λ∈Λm

pλ

(
βλ − β̂λ

)2
=
∑

λ∈Λm

1

n2p̂λ

pλ

p̂λ
S2

λ,1 . (5.19)Thus,
E

Λm [p1(m) ] =
1

n

∑

λ∈Λm

pλ

p̂λ

((
σd

λ

)2
+ (σr

λ)2
)

. (5.20)



136 CHAPITRE 5. V -FOLD CROSS-VALIDATIONBefore omputing a omplete expetation, we must preise what we do when minλ∈Λm p̂λ = 0.This is why we introdue the following alternative de�nitions for p1(m):
p̃1

(0)(m) =
∑

λ∈Λm s.t. bpλ>0

1

n2p̂λ

pλ

p̂λ
S2

λ,1 (5.21)
p̃1(m) = p̃1

(0)(m) +
∑

λ∈Λm s.t. bpλ=0

pλ

((
σd

λ

)2
+ (σr

λ)2
) (5.22)

p̃1
(T )(m) =

∑

λ∈Λm

nbpλ≥T−1

1

n2p̂λ

pλ

p̂λ
S2

λ,1 +
∑

λ∈Λm

nbpλ<T−1

Tpλ

[
(σd

λ)2 + (σr
λ)2
] (5.23)for every T ∈ (0;∞). Notie that if minλ∈Λm{np̂λ} ≥ T−1 ≥ 1, all the de�nitions of p1 oinide.Then,

E
Λm

[
p̃1

(0)(m)
]

=
∑

λ∈Λm s.t. bpλ>0

1

n

pλ

p̂λ

[
(σd

λ)2 + (σr
λ)2
] (5.24)

E
Λm

[
p̃1

(T )(m)
]

=
∑

λ∈Λm

[(
1

np̂λ

)
∧ T

]
pλ

[
(σd

λ)2 + (σr
λ)2
]
. (5.25)If we hoose p1(m) = p̃1(m), (5.3) holds with δn,pλ

= e0B(n,pλ) − 1 + npλ(1− pλ)n ≤ e0B(n,pλ) −
1 + npλ exp(−npλ). Taking p1(m) = p̃1

(0)(m), (5.3) follows with δ0n,pλ
= e0B(n,pλ) − 1 instead of

δn,pλ
. The ontrol of those two small terms when npλ is large omes from Lemma 5.3.
V -fold riterion. By de�nition (5.1), if ŝ(−j)

m is a.s. well-de�ned for every j,
critVFCV(m) =

1

V

V∑

j=1

P (j)
n γ

(
ŝ(−j)
m

)

= Pγ (sm ) +
1

V

V∑

j=1

[
P (j)

n γ
(
ŝ(−j)
m

)
− Pγ (sm )

]so that
E [critVFCV(m) ] = Pγ (sm ) +

1

V

V∑

j=1

E

[
P (j)

n γ
(
ŝ(−j)
m

)
− Pγ (sm )

]

= Pγ (sm ) +
1

V

V∑

j=1

E

[
Pγ
(
ŝ(−j)
m

)
− Pγ (sm )

]

= Pγ (sm ) +
1

V

V∑

j=1

∑

λ∈Λm

e0B(n−Card(Bj),pλ)

(σr
λ)2 +

(
σd

λ

)2

n− Card(Bj)

= Pγ (sm ) +
V

(V − 1)n

∑

λ∈Λm

(
1 + δ(V F )

n,pλ

)(
(σr

λ)2 +
(
σd

λ

)2
)with

δ(V F )
n,pλ

=
1

V

V∑

j=1

n− n/V

n− Card(Bj)

(
e0B(n−Card(Bj),pλ) − 1

)
.We here hoose to take the seond term equal to zero for every λ ∈ Λm with p̂λ = 0, as in thede�nition (5.21) of p̃1

(0)(m). The advantage of this onvention is that it does not involve anyunknown quantities.



5.7. PROOFS 137From Lemma 5.3, we dedue that if n−1 maxj Card(Bj) ≤ cB < 1, then
−(V − 1)

V (1 − cB )
exp [−npλ (1 − cB ) ] ≤ δ(V F )

n,pλ
≤ κ3(V − 1)

(1 − cB )5/4 V
× (npλ)−1/4 .This implies limnpλ→∞ δ

(V F )
n,pλ = 0. Another hoie (e.g. onditioning on p̂λ > 0) would lead to thesame asymptotis for δ(V F )

n,pλ . �Computations for p2(m) are similar to those for p1(m). We obtain the following lemma.Lemma 5.6. If Sm is the model of histograms assoiated with the partition (Iλ )λ∈Λm
, then,

p2(m) =
∑

λ∈Λm

p̂λ

(
βλ − β̂λ

)2
=
∑

λ∈Λm

S2
λ,11nbpλ>0

n2p̂λ
(5.26)Thus, if minλ∈Λm {np̂λ } ≥ 1,

E
Λm [p2(m) ] = E [ p̃2(m) ] =

1

n

∑

λ∈Λm

((
σd

λ

)2
+ (σr

λ)2
)

. (5.27)As a onsequene, if minλ∈Λm {npλ } ≥ B, then
(

1 + inf
np≥B

δ0n,p

)
E [ p̃2(m) ] ≤ E

[
p̃1

(0)(m)
]
≤ E [ p̃1(m) ] ≤

(
1 + sup

np≥B
δn,p

)
E [ p̃2(m) ] (5.28)with δ0n,p = e0B(n,p) − 1 ≥ e−np and δn,p ≤ e0B(n,p) − 1 + npe−np .If np ≥ 1, we have δn,p ≤ L(np)−1/4. The same kind of inequality holds with p2(m) instead of

p̃2(m) inside the expetations.
V -fold penalties. We onlude this setion by the omputations related to V -fold penalties.proof of Prop. 5.2. First notie that

E [Pnγ ( ŝm ) + pen(m) ] = Pγ(sm) − E [p2(m) ] + E [pen(m) ] .For E [p2(m) ], we use Lemma 5.6.For E [pen(m) ], we �rst use a weight modi�ation trik. Until the end of the proof, we workonditionally to (1Xi∈Iλ
)1≤i≤n, λ∈Λm

. Let σ be a random permutation of {1, . . . , n}, independentfrom W and Dn, and uniform over the permutations that leave (1Xi∈Iλ
)1≤i≤n, λ∈Λm

unhanged(i.e. for every λ ∈ Λm, σ permutes the Xi ∈ Iλ together). De�ne W̃ =
(
Wσ(i)

)
1≤i≤n

. Then,
E

Λm [penW (m) ] = E
Λm
[
penfW (m)

]sine the penalty does not depend on the order of (Xi, Yi)Xi∈Iλ
and (Xi, Yi)Xi∈Iλ

is exhangeable.Moreover, for every λ ∈ Λm, (W̃i)Xi∈Iλ
is exhangeable and independent from (Xi, Yi)Xi∈Iλ

. Wean thus use Lemma 5.7 to ompute penfW (m). Notiing that
E [Sλ,2 | p̂λ ] = E

[
S2

λ,1

∣∣ p̂λ

]
= np̂λ

[
(σr

λ)2 +
(
σd

λ

)2
]
,we derive

E
Λm [pen(m) ] =

C

n

∑

λ∈Λm

(
R

1,fW (n, p̂λ) +R
2,fW (n, p̂λ)

)(
(σr

λ)2 +
(
σd

λ

)2
)

.It now remains to ompute R
1,fW and R

2,fW . If V divides np̂λ, then Wλ = 1 a.s. and
R

1,fW = R
2,fW = (V − 1)−1. For the general ase, sine (W̃i)Xi∈Iλ

is exhangeable and W̃i takes
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Wλ = EW [Wi | Wλ ] =

V

V − 1
P

(
Wi =

V

V − 1

∣∣∣∣ Wλ

)
.Thus,

L (Wi | Wλ ) =
V

V − 1
B(κ−1Wλ)so that

R2,W (n, p̂λ) =
1

V − 1
and R1,W (n, p̂λ) =

V

V − 1
E

(
W̃−1

λ

)
− 1 .There exists a, b ∈ N suh that 0 ≤ b ≤ V − 1 and np̂λ = aV + b. Then,

P

(
W̃λ =

V (a(V − 1) + b)

(V − 1)(aV + b)

)
=
V − b

V
and P

(
W̃λ =

V (a(V − 1) + b− 1)

(V − 1)(aV + b)

)
=

b

Vso that
E

[
W̃−1

λ

]
=
V − b

V

(V − 1)(aV + b)

V (a(V − 1) + b)
+
b

V

(V − 1)(aV + b)

V (a(V − 1) + b− 1)

= 1 − b

V (a(V − 1) + b)
+

(V − 1)(aV + b)b

V 2(a(V − 1) + b− 1)(a(V − 1) + b)
.We dedue

R
1,fW (n, p̂λ) =

1

V − 1
− b

(V − 1)(a(V − 1) + b)
+

(aV + b)b

V (a(V − 1) + b− 1)(a(V − 1) + b)
.The result follows with

δ
(penV)
n,bpλ

=
b

np̂λ − a

(
V − 1

V
× np̂λ

np̂λ − a− 1
− 1

)
∈
[
0;

2

np̂λ − 2

]
.

�In the proof above, we used the following lemma. We state it for a general weight vetor W ,for whih we may have P (Wλ = 0) > 0. Hene, we annot use de�nition (5.8) for the penalty,and we replae it by (5.9). We assume here that np̂λ > 1 for every λ ∈ Λm and m ∈ Mn, so thatthe last term disappears.Lemma 5.7. Let Sm be the model of histograms adapted to some partition (Iλ )λ∈Λm
. Let

W ∈ [0;∞)n be a random vetor suh that for every λ ∈ Λm, (Wi)Xi∈Iλ
is exhangeable andindependent from (Xi, Yi)Xi∈Iλ

. De�ne the Resampling Penalty for histograms as (5.9):
pen(m) = C

(
EW

[
p̂λ

(
β̂W

λ − β̂λ

)2
∣∣∣∣ Wλ > 0

]
+ EW

[
p̂W

λ

(
β̂W

λ − β̂λ

)2
])

.Then,
pen(m) =

C

n

∑

λ∈Λm

(R1,W (n, p̂λ) +R2,W (n, p̂λ))
np̂λSλ,2 − S2

λ,1

np̂λ − 1
(5.29)with R1,W (n, p̂λ) = E

[
(W1 −Wλ)2

W 2
λ

∣∣∣∣ X1 ∈ Iλ,Wλ > 0

] (5.30)and R2,W (n, p̂λ) = E

[
(W1 −Wλ)2

Wλ

∣∣∣∣ X1 ∈ Iλ

]
. (5.31)proof of Lemma 5.7. First, split the penalty (without the onstant C) into these two terms:

p̂1(m) =
∑

λ∈Λm

EW

[
p̂λ

(
β̂W

λ − β̂λ

)2
∣∣∣∣ Wλ > 0

] (5.32)
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p̂2(m) =

∑

λ∈Λm

EW

[
p̂W

λ

(
β̂W

λ − β̂λ

)2
]
. (5.33)This split into two terms is the equivalent of the split of penid into p1 and p2 (plus a enteredterm).We �rst ompute this quantity, whih appears in both p̂1 and p̂2: let λ ∈ Λm and Wλ > 0,

EW

[
p̂λ

(
β̂W

λ − β̂λ

)2
∣∣∣∣ Wλ

]
= EW


 p̂λ


 1

np̂λ

∑

Xi∈Iλ

(Yi − βλ)

(
1 − Wi

Wλ

)


2 ∣∣∣∣∣∣
Wλ




=
1

n2p̂λ

[
∑

Xi∈Iλ

(Yi − βλ)2 EW

[(
1 − Wi

Wλ

)2
∣∣∣∣∣ Wλ

] (5.34)
+

1

n2p̂λ

∑

i6=j,Xi∈Iλ,Xj∈Iλ

(Yi − βλ)(Yj − βλ)EW

[(
1 − Wi

Wλ

)(
1 − Wj

Wλ

) ∣∣∣∣ Wλ

]]
.Sine the weights are exhangeable, (Wi)Xi∈Iλ

is also exhangeable onditionally to Wλ and
(Xi)1≤i≤n. Thus, the �variane� term

RV (n, np̂λ,Wλ,L(W )) := EW

[
(Wi −Wλ )2

∣∣∣ Wλ

]does not depend from i (provided that Xi ∈ Iλ), and the �ovariane� term
RC(n, np̂λ,Wλ,L(W )) := EW [ (Wi −Wλ ) (Wj −Wλ ) | Wλ ]does not depend from (i, j) (provided that i 6= j and Xi,Xj ∈ Iλ). Moreover,

0 = EW




 ∑

Xi∈Iλ

(Wi −Wλ )




2 ∣∣∣∣∣∣
Wλ




= np̂λRV (n, np̂λ,Wλ,L(W )) + np̂λ (np̂λ − 1)RC(n, np̂λ,Wλ,L(W ))so that, if np̂λ ≥ 2,
RC(n, np̂λ,Wλ,W ) =

−1

np̂λ − 1
RV (n, np̂λ,Wλ,L(W )) and RV (n, 1,Wλ,L(W )) = 0 .(5.35)Combining (5.34) and (5.35), we obtain

EW

[
p̂λ

(
β̂W

λ − β̂λ

)2
∣∣∣∣ Wλ

]
=
RV (n, np̂λ,Wλ,L(W ))

Wλn2p̂λ
1nbpλ≥2 (5.36)

×
[

np̂λ

np̂λ − 1
Sλ,2 −

1

np̂λ − 1
S2

λ,1

]Combining (5.36) and (5.32) (resp. (5.36) and (5.33)), we have the following expressions for
p̂1 and p̂2:

p̂1(m) =
∑

λ∈Λm

R1,W (n, p̂λ)1nbpλ≥2

n2p̂λ

[
np̂λ

np̂λ − 1
Sλ,2 −

1

np̂λ − 1
S2

λ,1

] (5.37)
p̂2(m) =

∑

λ∈Λm

R2,W (n, p̂λ)1nbpλ≥2

n2p̂λ

[
np̂λ

np̂λ − 1
Sλ,2 −

1

np̂λ − 1
S2

λ,1

]
. (5.38)Remark that the terms of the sum for whih np̂λ = 1 are all equal to zero, whih an be ensuredwith the onvention 0 ×∞ = 0 sine R1,W (n, n−1) = R2,W (n, n−1) = 0. The result follows. �



140 CHAPITRE 5. V -FOLD CROSS-VALIDATION5.7.3. Proof of Thm. 5.1. In this setion, L(VF) denotes a onstant that depends only onthe set of assumptions of Thm. 5.1, inluding V . For eah m ∈ Mn, we have
l(s, ŝm) = Pnγ(ŝm) + p1(m) + p2(m) − δ(m) − Pγ(s) .By de�nition of m̂, for every m ∈ M̂n,

Pnγ(ŝ bm) + pen(m̂) ≤ Pnγ(ŝm) + pen(m) ,so that
l(s, ŝ bm) −

(
pen′

id(m̂) − pen(m̂)
)
≤ l(s, ŝm) +

(
pen(m) − pen′

id(m)
) (5.39)with pen′

id(m) = p1(m) + p2(m) − δ(m) = penid(m) + (P − Pn)γ(s). It is su�ient to ontrol
pen− pen′

id for every m ∈ Mn. We will thus use the onentration inequalities of Set. 5.7.4,whih need to ontrol the two following quantities:
P ℓ

m(q) :=

√
Dm

∑
λ∈Λm

m4
q,λ∑

λ∈Λm
m2

2,λ

≤ ‖Y − sm(X)‖2
∞

minλ∈Λm

{(
σr

λ

)2} ≤ 4A2

σ2
min

Q(p)
m :=

1

Dm

∑

λ∈Λm

[
(σr

λ )2 +
(
σd

λ

)2
]
≥ σ2

min > 0 .For every m ∈ Mn, de�ne
An(m) = min

λ∈Λm

{np̂λ } and Bn(m) = min
λ∈Λm

{npλ} .We now de�ne the event Ωn on whih,
• for every m ∈ Mn suh that Bn(m) ≥ 1 and An(m) ≥ 1:

p̃1(m) ≥ E [ p̃1(m) ] − L(VF)

[
ln(n)2√
Dm

+ e−LBn

]
E [p2(m) ] (5.43)

p̃1(m) ≤ E [ p̃1(m) ] + L(VF)

[
ln(n)2√
Dm

+
√
Dme

−LBn

]
E [p2(m) ] (5.44)

|p2(m) − E[p2(m)]| ≤ L(VF)
ln(n)√
Dm

E [p2(m) ] (5.45)
∣∣δ(m)

∣∣ ≤ l(s, sm)√
Dm

+ L(VF)
ln(n)√
Dm

E [p2(m) ] (5.47)
∣∣pen(m) − E

Λm[pen(m)]
∣∣ ≤ L(VF)

ln(n)√
Dm

E
Λm [p2(m) ] (5.49)

• for every m ∈ Mn suh that Bn(m) > 0 and An(m) ≥ 1:
p̃1(m) ≥

(
1

2 + (γ + 1)Bn(m)−1 ln(n)
−
L(VF) ln(n)2√

Dm

)
E [ p̃2(m) ] . (5.46)

• for every m ∈ Mn:
An(m) ≥ Bn(m)

2
− 2(3 + αM) ln(n) (5.58)The equations above have the same tags as in Set. 5.7.4 where they are aurately stated andproven. From Prop. 5.8 (for p̃1 and p2), Lemma 5.9 (for δ(m)), Prop. 5.10 (for pen), Lemma 5.12(for An(m)), we have

P (Ωn ) ≥ 1 − L
∑

m∈Mn

n−2−αM ≥ 1 − L(cM)n−2 .



5.7. PROOFS 141For every m ∈ Mn suh that ln(n)7 ≤ Dm ≤ LαM,cX
r,ℓ
n ln(n)−1, (ArX

ℓ ) implies that
Bn(m) ≥ [L ∨ (1 + 4(αM + 3)) ] ln(n) .As a onsequene, on Ωn:

An(m) ≥ ln(n)

max
{
|p̃1(m) − E [ p̃1(m) ]| , |p2(m) − E [p2(m) ]| ,

∣∣δ(m)
∣∣ ,
∣∣pen(m) − E

Λm [pen(m) ]
∣∣}

≤ L(VF)E [ l(s, sm) + p2(m) ]

ln(n)Using Prop. 5.2, (5.28) (in Lemma 5.6) and the fat that minλ∈Λm {np̂λ } ≥ ln(n),
E [pen(m) ] =

C

V − 1

(
2 + δ̃n

)
E [ p̃1(m) + p2(m) ]with ∣∣∣δ̃n∣∣∣ ≤ L ln(n)−1/4. We dedue: if n ≥ L(VF), for every m ∈ Mn suh that ln(n)7 ≤ Dm ≤

LαM,cX
r,ℓ
n ln(n)−1, on Ωn,

−L(VF)

ln(n)1/4
p1(m) ≤ (pen− pen′id)(m) ≤

[
2(η − 1) +

L(VF)

ln(n)1/4

]
p1(m) .We need to assume that n is large enough in order to upper bound E [p2(m) ] in terms of p1(m),sine we only have

p1(m) ≥
[
1 − L(VF)

ln(n)1/4

]

+

E [p2(m) ]in general.Combined with (5.39), this gives: if n ≥ L(VF),
l(s, ŝ bm)1ln(n)7≤D bm≤L

αM,cX
r,ℓ

n ln(n)−1 ≤
[
2η − 1 +

L(VF)

ln(n)1/4

]

× inf
m∈Mn s.t. ln(n)7≤Dm≤L

αM,cX
r,ℓ

n ln(n)−1
{ l(s, ŝm)} .

(5.40)De�ne the orale model m⋆ ∈ arg min { l(s, ŝm)}. We prove below that for any c > 0, if n ≥
L(VF),c, then, on Ωn:

ln(n)7 ≤ D bm ≤ cn ln(n)−1 (5.41)
ln(n)7 ≤ Dm⋆ ≤ cn ln(n)−1 . (5.42)The result follows sine L(VF) ln(n)−1/4 ≤ ǫn = ln(n)−1/5 for n ≥ L(VF). We �nally remove theondition n ≥ n0 = L(VF) by hoosing K1 = L(VF) suh that K1n

−2
0 ≥ 1.Proof of (5.41). By de�nition, m̂ minimizes crit(m) over M̂n. It thus also minimizes

crit′(m) = crit(m) − Pnγ(s) = l(s, sm) − p2(m) + δ(m) + pen(m)over M̂n.(1) Lower bound on crit′(m) for small models: let m ∈ Mn suh that Dm < ( ln(n) )7. Wethen have pen(m) ≥ 0,
l(s, sm) ≥ C−

b ( ln(n))−7β1

p2(m) ≤ L(VF)
ln(n)Dm

n
≤ L(VF)

( ln(n))8

n



142 CHAPITRE 5. V -FOLD CROSS-VALIDATIONand from (5.48) (in Lemma 5.9),
δ(m) ≥ −LA

√
l(s, sm) ln(n)

n
+ LA

ln(n)

n
≥ −LA

√
ln(n)

n
.As a onsequene,

crit′(m) ≥ L(VF) ( ln(n))−L(β1) .(2) Lower bound for large models: let m ∈ M̂n suh that Dm > cn ( ln(n) )−1. Sine
An(m) ≥ 3, Prop. 5.2 shows that

E
Λm [pen(m) − p2(m) ] ≥ E

Λm [p2(m) ] .Then, on Ωn, (5.45), (5.49) and (5.47) imply
pen(m) − p2(m) ≥

(
1 − L(VF),cn

−1/4
)

E [p2(m) ]

≥ Lc,σmin
ln(n)−1 when n ≥ L(VF),cand δ(m) ≥ −L(VF),c

√
ln(n)

n
,so that

crit′(m) ≥ pen(m) + δ(m) − p2(m) ≥ Lc,(VF) ln(n)−1when n ≥ L(VF),c.(3) There exists a better model for crit(m): aording to (P2), there exists m0 ∈ Mn suhthat √n ≤ Dm0 ≤ crich
√
n. If n ≥ Lcrich,c,

ln(n)7 ≤ √
n ≤ Dm0 ≤ crich

√
n ≤ cn

ln(n)
.Using (Ap),

l(s, sm0) ≤ C+
b n

−β2/2so that, when n ≥ L(VF),
crit′(m0) ≤ l(s, sm0) +

∣∣δ(m)
∣∣+ pen(m)

≤ L(VF)

(
n−β2/2 + n−1/2

)
.If n ≥ L(VF),c, this upper bound is smaller than the previous lower bounds for small andlarge models. �Proof of (5.42). Reall that m⋆ minimizes l(s, ŝm) = l(s, sm)+p1(m) over m ∈ Mn, with theonvention l(s, ŝm) = ∞ if An(m) = 0.(1) Lower bound on l(s, ŝm) for small models: let m ∈ Mn suh that Dm < ( ln(n))7. From

(Ap), we have
l(s, ŝm) ≥ l(s, sm) ≥ C−

b ( ln(n))−7β1 .(2) Lower bound on l(s, ŝm) for large models: let m ∈ Mn suh that Dm > cn(ln(n))−1 and
An(m) = minλ∈Λm {np̂λ} ≥ 1. From (5.46), for n ≥ L(VF),c,

p̃1(m) ≥




1

2 + (γ + 1)
(
cXr,ℓ

)−1
ln(n)

− L(A,σmin, αM, c)n−1/4


E [ p̃2(m) ] ≥ L(VF),c

ln(n)2so that l(s, ŝm) ≥ L(VF),c ln(n)−2 .



5.7. PROOFS 143(3) There exists a better model for l(s, ŝm): let m0 ∈ Mn be as in the proof of (5.41) andassume n ≥ Lcrich,c. Then,
p1(m0) ≤ L(VF)E [p2(m) ] ≤ L(VF)n

−1/2and the arguments of the previous proof show that
l(s, ŝm0) ≤ L(VF)

(
n−β2/2 + n−1/2

)whih is smaller than the previous upper bounds for n ≥ L(VF),c.Classial orale inequality. Let Ωn be the event on whih (5.11) holds true. Then,
E [ l(s, ŝ bm) ] = E [ l(s, ŝ bm)1Ωn ] + E

[
l(s, ŝ bm)1Ωc

n

]

≤ [2η − 1 + ǫn ] E

[
inf

m∈Mn

{ l(s, ŝm)}
]

+A2
P (Ωc

n )

≤ [2η − 1 + ǫn ] E

[
inf

m∈Mn

{ l(s, ŝm)}
]

+
A2K1

n2whih proves (5.12). �5.7.4. Conentration results. In the proof of Thm. 5.1, we used the following onentra-tion results. We always assume that Sm is the model of histograms assoiated with some partition
(Iλ )λ∈Λm

. We also use some additional notations: for every q > 0,
P ℓ

m(q) :=

√
Dm

∑
λ∈Λm

m4
q,λ∑

λ∈Λm
m2

2,λ

Q(p)
m :=

nE [ p̃2(m) ]

Dm
=

1

Dm

∑

λ∈Λm

[
(σr

λ )2 +
(
σd

λ

)2
]
.Ideal penalties.Proposition 5.8. Let γ > 0. Assume that minλ∈Λm {npλ} ≥ Bn ≥ 1 and

∀q ≥ 2, P ℓ
m(q) ≤ aℓq

ξℓ . (Am,ℓ)Then, on an event of probability at least 1 − Ln−γ,
p̃1(m) ≥ E [ p̃1(m) ] − L(aℓ, ξℓ, γ)

[
ln(n)ξℓ+2

√
Dm

+ e−LBn

]
E [p2(m) ] (5.43)

p̃1(m) ≤ E [ p̃1(m) ] + L(aℓ, ξℓ, γ)

[
ln(n)ξℓ+2

√
Dm

+
√
Dme

−LBn

]
E [p2(m) ] (5.44)

|p2(m) − E[p2(m)]| ≤ L(aℓ, ξℓ, γ)D
−1/2
m ln(n)ξℓ+1

E [p2(m) ] . (5.45)If we only have a lower bound Bn > 0, then, with probability at least 1 − Ln−γ,
p̃1(m) ≥

(
1

2 + (γ + 1)B−1
n ln(n)

− L(aℓ, ξℓ, γ) ln(n)ξℓ+2

√
Dm

)
E [ p̃2(m) ] . (5.46)Remark 5.4. We fous here on the histogram ase, whereas it is possible to prove momentinequalities for p2 in general in the bounded ase (see the proof of Prop. 3.4 in Set. 3.5.4).However, to our knowledge, the lower deviations of the exess risk p1(m) have never been ontrollednon-asymptotially.It now remains to ontrol δ(m) = (P − Pn) (γ(sm) − γ(s)). Sine the data is bounded,Bernstein inequality gives the following:



144 CHAPITRE 5. V -FOLD CROSS-VALIDATIONLemma 5.9 (Prop. 3.3, Set. 3.3). Assume that ‖Y ‖∞ ≤ A < ∞. Then for all x ≥ 0, on anevent of probability at least 1 − 2e−x:
∣∣δ(m)

∣∣ ≤ l(s, sm)√
Dm

+
20

3

A2

Q
(p)
m

E
Λm [ p̃2(m) ]√

Dm
x (5.47)and ∀η > 0,

∣∣δ(m)
∣∣ ≤ ηl(s, sm) +

(
4

η
+

8

3

)
A2x

n
. (5.48)

V -fold penalties.Proposition 5.10. Let Sm be the model of histograms assoiated with some partition (Iλ )λ∈Λm
.Let pen(m) be de�ned by (5.8) with the weights W de�ned in algorithm 5.2. Let γ > 0 and assumethat

∀q ≥ 2, P ℓ
m(q) ≤ aℓq

ξℓ . (Am,ℓ)Then, there exists an event of probability at least 1 − n−γ suh that
∣∣pen(m) − E

Λm [pen(m) ]
∣∣1minλ∈Λm{nbpλ }≥1

≤ C

(
1

minλ∈Λm {np̂λ}
∨ 1

V

)
L(aℓ, ξℓ, γ)D

−1/2
m ln(n)ξℓ+1

E [p2(m) ] .
(5.49)Proofs.proof of Prop. 5.8. Aording to the expliit expressions (5.19) and (5.26), p̃1(m) and

p2(m) are both U-statistis of order 2 onditionally to (1Xi∈Iλ
)(i,λ). Then, we use Prop. 5.5, with

ξi,λ = Yi − βλ, aλ = 0 and
bλ =

pλ

n2p̂2
λ

for p̃1 and bλ =
1

n2p̂λ
for p2 .This proves, for all q ≥ 2,

∥∥p̃1(m) − E
Λm [p̃1(m)]

∥∥(Λm)

q
≤ max

λ∈Λm

{
pλ

p̂λ
1bpλ>0

}
L(aℓ, ξℓ)D

−1/2
m qξℓ+1

E [p2(m) ] (5.50)
‖p2(m) − E[p2(m)]‖(Λm)

q ≤ L(aℓ, ξℓ)D
−1/2
m qξℓ+1

E [p2(m) ] . (5.51)We dedue onditional onentration inequalities with Lemma 8.10 (Set. 8.6.2), taking x =

γ ln(n). Sine x is deterministi, this implies unonditional onentration inequalities. We thenuse Lemma 5.11 to replae E
Λm [p1(m) ] by E [ p̃1(m) ]. Finally, we use the rough inequality belowand the �rst result follows.

P

(
max
λ∈Λm

{
pλ

p̂λ
1bpλ>0

}
≤ L× (γ + 1) ln(n)

)
≥ 1 − n−γ . (5.52)In order to prove (5.46), we start from (5.50) ombined with Lemma 8.10 with x = γ ln(n).Then, instead of using Lemma 5.11, we remark that

E
Λm [ p̃1(m) ] ≥ min

λ∈Λm

{
pλ

p̂λ

}
E

Λm [p2(m) ] ,and the result follows sine
P

(
min
λ∈Λm

{
pλ

p̂λ

}
≥ 1

2 + (γ + 1)B−1
n ln(n)

)
≥ 1 − n−γ . (5.53)

�



5.7. PROOFS 145proof of (5.52). For every λ ∈ Λm, Bernstein inequality gives
∀κ > 0, P

(
pλ

p̂λ
≤ 1(

1 −
√

2κ − κ
3

)
+

)
≥ 1 − e−κnpλ .If npλ ≥ 8(γ + 1) ln(n), take κ = 1/8 in this inequality. Otherwise, sine np̂λ ≥ 1, we have thedeterministi upperbound 1minλ∈Λm bpλ>0pλp̂

−1
λ ≤ npλ ≤ 8(γ + 1) ln(n). A simple union boundgives (5.52) sine Dm ≤ n. �proof of (5.53). For every λ ∈ Λm, Bernstein inequality gives

∀κ > 0, P

(
pλ

p̂λ
≥ 1

1 +
√

2κ+ κ
3

)
≥ 1 − e−κnpλ .With κ = B−1

n (γ + 1) ln(n) and the union bound, the result follows. �proof of Prop. 5.10. By de�nition (5.8), pen(m) = EW [Z ] with
Z =

∑

λ∈Λm

(
p̂λ + p̂W

λ

) (
β̂λ − β̂W

λ

)2

=
∑

λ∈Λm

p̂λ (1 +Wλ )



∑

Xi∈Iλ

(
1 − Wi

Wλ

)
(Yi − βλ )

np̂λ




2

=
∑

λ∈Λm

1 +Wλ

n2p̂λW
2
λ


 ∑

Xi∈Iλ

(Wλ −Wi ) (Yi − βλ )




2

. (5.54)By Jensen inequality, for every q ≥ 1,
∥∥pen(m) − E

Λm [pen(m) ]
∥∥(Λm)

q
≤
∥∥Z − E

Λm [Z | W ]
∥∥(Λm)

q

=
(

EW

[
E

Λm

[∣∣Z − E
Λm [Z | W ]

∣∣q
∣∣∣ W

]])1/q

≤ sup
W0∈supp(W )

{
E

Λm

[∣∣Z − E
Λm [Z | W = W0 ]

∣∣q
∣∣∣ W = W0

]}1/q

= sup
W0∈supp(W )

{∥∥Z − E
Λm [Z | W = W0 ]

∥∥(W0,Λm)

q

} (5.55)where supp(W ) is the support of the resampling weight vetor W and ‖·‖(W0,Λm)
q denotes the q-thmoment onditionally to (1Xi∈Iλ

)(i,λ) and W = W0.Then, we an assume that W ∈ R
n is deterministi, and try to ontrol ∥∥Z − E

Λm [Z ]
∥∥(W,Λm)

q
.Aording to (5.54), this an be done by Prop. 5.5. We denote by X(1,λ), . . . ,X(nbpλ,λ) the datasuh that Xi ∈ Iλ, and take

ξi,λ =
(
W(i,λ) −Wλ

) (
Y(i,λ) − βλ

) so that mq,λ,i =
∣∣Wλ −W(i,λ)

∣∣mq,λ

rλ = np̂λ aλ = 0 bλ =
1 +Wλ

n2p̂λW
2
λ

.



146 CHAPITRE 5. V -FOLD CROSS-VALIDATIONWe obtain, for every W0 ∈ R
n,

∥∥Z − E
Λm [Z ]

∥∥(W,Λm)

q
≤ L

√
q

√√√√∑

λ∈Λm

b2λm
4
2q,λ

rλ∑

i=1

(
W(i,λ) −Wλ

)4

+ Lq

√√√√∑

λ∈Λm

b2λm
4
2q,λ

(
rλ∑

i=1

(
W(i,λ) −Wλ

)2
)2

.Now �x some λ ∈ Λm and write np̂λ = aV + b with a, b ∈ N and 0 ≤ b ≤ V − 1. For anyrealization of W , there is some ǫ ∈ {0, 1} suh that
{Wi s.t. Xi ∈ Iλ } =

{
0 repeated a+ ǫ times, V

V − 1
repeated rλ − a− ǫ times}

Wλ =
V

V − 1
× rλ − a− ǫ

rλ
= 1 +

b− V ǫ

(V − 1)(aV + b)so that, if rλ ≥ 1,
rλ∑

i=1

(
W(i,λ) −Wλ

)2
= (a+ ǫ)W 2

λ + (rλ − a− ǫ)

(
Wλ − V

V − 1

)2

≤ (a+ 1)

(
1 +

1

rλ

)2

+ (rλ − a)

(
1

V − 1
+

1

rλ

)2

≤ L×
[
1 ∨ rλ

V

]
.Then, we have for every q ≥ 2,

∥∥pen(m) − E
Λm [pen(m) ]

∥∥(Λm)

q
≤ Lq

√√√√∑

λ∈Λm

(
1 +Wλ

n2p̂λW
2
λ

)2

m4
2q,λ

[
1 ∨ (np̂λ)2

V 2

]

≤ Laℓq
ξℓ+1

[
1

minλ∈Λm {np̂λ}
∨ 1

V

]
E

Λm [p2(m) ] .The result follows with the lassial link between moment and onentration inequalities (e.g.Lemma 8.10 in Set. 8.6.2). �5.7.5. Tehnial lemmas.For onentration results. We need the following tehnial lemma, in order to prove that
E

Λm [p1(m) ] is lose to E [p1(m) ] with several onventions for p1.Lemma 5.11. We assume that minλ∈Λm {npλ } ≥ Bn ≥ 1.(1) Lower deviations: let c1 = 0.184. For all x ≥ 0, with probability at least 1 − e−x,
E

Λm [ p̃1(m) ] ≥ E [ p̃1(m) ] − θ−(x,Bn,Dm, P
ℓ
m(2)) × E [p2(m) ] (5.56)with θ− := L

[
ϕ1(c1Bn) + P ℓ

m(2)

√
e−c1Bn +

x

Dm

](2) Upper deviations: let c2 = 0.28 and c4 = 0.09. For all T ∈ (0; 1] and x ≥ 0, withprobability at least 1 − e−x,
E

Λm

[
p̃1

(T )(m)
]
≤ E

[
p̃1

(T )(m)
]

+ θ+(x,Dm, Bn, T )E [p2(m) ] (5.57)with θ+ := L

[
ϕ1 (c2Bn) + P ℓ

m(2)

√
xD−1

m + e−c4Bn

(
1 ∨ T

√
x+Dme−c4Bn

)]
.



5.7. PROOFS 147Proof. From (5.22) and (5.23), we have expliit expressions for p̃1 and p̃1
(T ). We then applyLemma 5.4 in Set. 5.6.2, with aλ = pλ (σλ)2 ≥ 0. For θ+, we used the general upper bound

max
λ∈Λm

(σλ )4


 ∑

λ∈Λm

σ4
λ




−1

≤ 1 .

�Remark 5.5. If Bn ≥
(
c−1
1 ∨ c−1

4

)
ln(n), for every γ > 0 and T ∈ (0; 1),

θ− ∨ θ+
(
γ ln(n), Bn,Dm, P

ℓ
m(2)

)
≤ LγP

ℓ
m(2)D−1/2

m ln(n)sine Dm ≤ n.Empirial and expeted frequenies. Finally, we have to ontrol empirial frequenies np̂λ inthe proof of Thm. 5.1.Lemma 5.12. Let (pλ)λ∈Λm be non-negative real numbers of sum 1, (np̂λ)λ∈Λm a multinomialvetor of parameters (n; (pλ)λ∈Λm). Then, for all γ > 0,
min
λ∈Λm

{np̂λ } ≥ minλ∈Λm {npλ }
2

− 2(γ + 1) ln(n) (5.58)with probability at least 1 − 2n−γ.proof of lemma 5.12. By Bernstein inequality ([Mas07℄, Prop. 2.9), for all λ ∈ Λm,
P

(
np̂λ ≥ (1 − θ)npλ −

√
2npx− x

3

)
≥ 1 − e−x .Take x = (γ + 1) ln(n) above, and remark that √

2npx ≤ np
2 + x. The union bound gives theresult sine Card(Λm) ≤ n. �5.7.6. Expetation of inverses of binomials. In this setion, we prove Lemma 5.3. Let

Z ∼ B(n, p). We have
P(Z > 0) = 1 − (1 − p)n ≥ 1 − e−npso that the lower bound omes from (5.13). We introdue another interesting quantity loselyrelated to e+Z :

e0L(Z) := E [Z ] E
[
Z−1

1Z>0

]
= e+ZP(Z > 0) , (5.59)so that we only have to give an upper bound on e0B(n,p).Firstly, using Lemma 4.1 in [GKKW02℄, we have for every n ∈ N and p ∈ [0; 1]

e0B(n,p) ≤
2np

(n + 1)p
≤ 2 . (5.60)The upper-bound by κ4 follows, sine κ4 ≥ 2(1 − e−1)−1.Seondly, using that P(1 > Z > 0) = 0, we have

∀α > 0, e0B(n,p) = npE
[
Z−1

1αE[Z]>Z>0

]
+ npE

[
Z−1

1Z≥αE[Z]

]

≤ npP (αnp > Z > 0) + α−1 .With Bernstein inequality ([Mas07℄, Prop. 2.9):
∀θ > 0, P

(
Z ≤

(
1 −

√
2θ − θ

3

)
np

)
≤ e−θnp ,



148 CHAPITRE 5. V -FOLD CROSS-VALIDATIONwe obtain, for every 0 < θ ≤ h+ =
3(

√
5−

√
3)

2

2 ,
e0B(n,p) ≤

1

1 −
√

2θ − θ
3

+
1

θ

(
θnpe−θnp

)
.As ϕ : x 7→ xe−x is maximal on R at x = 1, and dereases on [1,∞), we have for every A ≥ 0,

sup
np≥A, n∈N, p∈[0;1]

{
e0B(n,p)

}
≤ inf

0<θ≤h+

{
1

1 −
√

2θ − θ
3

+
ϕ((θA) ∨ 1)

θ

}
. (5.61)For every A ≥ A0 > h

−1/2
+ , taking θ = A−1/2 < h+ in (5.61) leads to

sup
np≥A

{e+B(n,p)} ≤
[

1

1 −
√

2A−1/4 − 1
3A

−1/2
+Ae−

√
A

]
1

1 − e−A
.One an prove that if A0 = 29.17, this upper bound is smaller than 1 + κ3A

−1/4 with κ3 = 5.03.When A < A0, notie that 1 + κ3A
−1/4 ≥ κ4, so the upper bound in (5.14) still holds.Remark 5.6. (1) Taking θ = 3 ln(A)/A in (5.61) leads to an upper bound

1 + κ5

√
ln(A)

A
≥ sup

np≥A

{
e+B(n,p)

}for some numerial onstant κ5.(2) We an also take θ = 0.16 in (5.61) and obtain an absolute upper bound κ4 = 7.8. Thus,the proof only needs P(0 < Z < cZ) = 0 for some cZ > 0 and that Z satis�es Bernsteininequality or a similar onentration inequality. Suh a result an be obtained for a quitelarge lass of random variables Z.



CHAPTER 6Resampling penaltiesRésumé. Nous étudions dans e hapitre une nouvelle famille de pénalitéspar rééhantillonnage (RP), généralisant les pénalités bootstrap proposées parEfron [Efr83℄. Celles-i sont onstruites omme les pénalités V -fold dé�niesau Chap. 5. Dans le adre de la régression sur des modèles d'histogrammes,nous prouvons une inégalité-orale non-asymptotique trajetorielle, ave uneonstante presque 1. On peut en partiulier en déduire un résultat d'adapta-tion à la régularite hölder de la fontion de régression, en présene d'un bruithétérosedastique assez général. Ces résultats apportent également un nouvelélairage aux résultats asymptotiques de Shibata [Shi97℄ sur les pénalités boot-strap dans un autre adre, ainsi que sur la onsistane de pénalités �m out of n�lorsquem≪ n (Shao [Sha96℄). De plus, leurs preuves reposent sur de nouveauxrésultats non-asymptotiques nouveaux sur le rééhantillonnage à poids éhange-able en général. Une étude de simulation illustre les bonnes performanes de espénalités, notamment dans un adre hétérosédastique. Elle indique égalementun léger avantage à utiliser des poids éhangeables �random hold-out� plut�tque des poids V -fold (étudiés au Chap. 5) ou bootstrap.6.1. IntrodutionPenalization is a lassial tool in model seletion theory. Basially, it states that a good hoiebetween several algorithms an be made by minimizing the sum of the empirial risk (how doalgorithms �t the data) and some omplexity measure of the algorithms (alled the penalty). Theideal penalty for predition is of ourse the di�erene between the true and empirial risks of theoutput, but it is unknown in general. It is thus ruial to obtain tight estimates of suh a quantity.Many penalties or omplexity measures have been proposed, both in the lassi�ation andregression frameworks. Consider for instane regression and least-square estimators on �nite-dimensional vetor spaes (the models). When the design is �xed and the noise-level onstantequal to σ, Mallows' Cp penalty [Mal73℄ (equal to 2n−1σ2D for a D-dimensional spae, and it anbe modi�ed aording to the number of models [BM01, Sau06℄) has some optimality properties[Shi81, Li87, Bar02℄. However, suh a penalty linear in the dimension may be terrible in anheterosedasti framework (as shown by (6.6) and Set. 6.6.2).In lassi�ation, the VC-dimension has the drawbak of being independent of the underlyingmeasure, so that it is adapted to the worst ase. It has been improved with data-dependentomplexity estimates, suh as Rademaher omplexities [Kol01, BBL02℄ (generalized by Fromontwith resampling ideas [Fro04℄), but they may be too large beause they are still global omplexitymeasures. The loalization idea then led to loal Rademaher omplexities [LW04, BBM05,Kol06℄ whih are tight estimates of the ideal penalty, but involve unknown (or muh too large)



150 CHAPITRE 6. RESAMPLING PENALTIESonstants and may be very di�ult to ompute in pratie. On the other hand, the V -fold ross-validation (VFCV) is very popular for suh purposes, but it is still poorly understood from thenon-asymptoti viewpoint. Some results about VFCV and hold-out, mainly asymptoti, are givenby Györ� et al. [GKKW02℄ in the regression ase. More general ross-validation shemes arestudied by van der Laan, Dudoit and Keles [vdLDK04℄ in the density estimation framework.For referenes about ross-validation in regression or density estimation, see Chap. 5 and thereferenes therein (in partiular [vdLDK04, Yan06, CR06℄). For the lassi�ation ase, see thereent results of Yang [Yan07℄ and referenes therein.In this hapter, we propose a new family of model seletion algorithms by penalization, alledResampling Penalization (RP). RP is based on Efron's bootstrap heuristis [Efr79℄ (generalizedto exhangeable weighted bootstrap, i.e. resampling, by Mason and Newton [MN92℄ and Præst-gaard and Wellner [PW93℄) and generalizes Efron's bootstrap penalty [Efr83℄ (whih is quitesimilar to EIC proposed by Ishiguro, Sakamoto and Kitagawa [ISK97℄ and studied by Shibata[Shi97℄). It is a loalized version of Fromont's penalties [Fro04℄, whih does not involve anyunknown onstant, and is easy to ompute in its leave-one-out version. For similar algorithmswith a smaller omputational omplexity, we refer to Chap. 5, where we de�ned a V -fold ver-sion of RP. There are many resampling-based model seletion algorithms in the literature, forpredition error (or variane) estimation (Wu [Wu86℄, Efron and Tibshirani [ET97℄, Molinaro,Simon and Pfei�er [MSP05℄), model identi�ation (Shao [Sha96℄) or orretion of AIC (Shibata[Shi97℄ and referenes therein) to name but a few. Though, to our knowledge, RP has never beenproposed with suh a generality, neither in theoretial studies nor in pratial situations. We alsowant to emphasize that RP is de�ned in a muh general framework, so that it may have a widerange of pratial appliations.As a �rst theoretial step, we prove the e�ieny of these algorithms in the ase exampleof least-square regression on histograms. In this framework, the i.i.d. data (Xi, Yi)1≤i≤n an bewritten
Yi = s(Xi) + σ(Xi)ǫiwhere s is the regression funtion, σ(·) the heterosedasti noise-level and ǫi a noise term withunit variane. Assuming that the models (Sm)m∈M are histogram models, RP satis�es oraleinequalities with onstant almost one and is asymptotially optimal (Thm. 6.1), under severalreasonable sets of assumptions. Moreover, we prove some kind of adaptivity to the regularity ofthe regression funtion (Thm 6.2), even when the noise is highly heterosedasti. These resultsome from expliit omputations that allow us to deeply understand why these penalties areworking well. A major advane of this hapter is its non-asymptoti theoretial approah, whihis unusual in the resampling literature. Although our proofs are restrited to a partiular ase,we believe that RP has a similar behaviour in a far more general framework. We explain why inSet. 6.6 and Chap. 7. So, our extensive study of the toy model of histograms is made to deriveheuristis for the general ase. Our main goal here is to help pratial users.As already notied, several similar results for other algorithms exist in the literature, for in-stane for Mallows' (for homosedasti noise only) and lassial ross-validation algorithm (i.e.leave-one-out). The interest of RP is both its generality (ontrary to Mallows' Cp) and its �exi-bility.We ondut an extensive simulation experiment (Set. 6.5) with small sample sizes. RP isshown to be ompetitive with Mallows' Cp for �easy� problems, and muh better for some harderones (e.g. with a variable noise-level). On the other hand, a well-alibrated RP has almost alwaysbetter performanes than lassial VFCV. Thus, RP may be of great interest in situations where



6.2. A GENERAL MODEL SELECTION ALGORITHM 151no a priori information is known about the data. It is an e�ient alternative to VFCV, whih isable to deal with di�ult problems, while being lose to the best proedures that are �tted foreasier problems.This hapter is organized as follows. The general Resampling Penalization algorithm (RP) isde�ned in Set. 6.2. We fous on the histogram regression ase in Set. 6.3, for whih we statesome theorems in Set. 6.4. We then present an extensive simulation experiment in Set. 6.5.A disussion about pratial implementation of RP and a omparison with other model sele-tion proedures is made in Set. 6.6. The remaining setions are devoted to probabilisti tools(Set. 6.7) and proofs (Set. 6.8).6.2. A general model seletion algorithmWe onsider the following general setting: X × Y is a measurable spae, P an unknownprobability measure on it and (X1, Y1), . . . , (Xn, Yn) ∈ X × Y some data of ommon law P .Let S be the set of preditors (measurable funtions X 7→ Y) and γ : S × (X × Y) 7→ R aontrast funtion. Given a family (ŝm)m∈Mn of data-dependent preditors, our goal is to �ndthe one minimizing the predition loss Pγ(t). We will extensively use this funtional notation
Qγ(t) := E(X,Y )∼Q[γ(t, (X,Y ))], for any probability measure Q on X × Y. Notie that theexpetation here is only taken w.r.t. (X,Y ), so that Qγ(t) is random when t = ŝm is random.Assuming that there exists a minimizer s ∈ S of the loss (the Bayes preditor), we will oftenonsider the exess loss l(s, t) = Pγ(t) − Pγ(s) ≥ 0 instead of the loss.Assume that eah preditor ŝm may be written as a funtion ŝm(Pn) of the empirial distrib-ution of the data Pn = n−1

∑n
i=1 δ(Xi,Yi). The ideal hoie for m̂ is the one whih minimizes over

Mn the true predition risk Pγ(ŝm(Pn)) = Pnγ(ŝm(Pn)) + penid(m) where the ideal penalty isequal to
penid(m) = (P − Pn)γ(ŝm(Pn)) . (6.1)The resampling heuristis (introdued by Efron [Efr79℄) states that the expetation of any fun-tional F (P,Pn) is lose to its resampling ounterpart EWF (Pn, P

W
n ), where

PW
n =

1

n

n∑

i=1

Wiδ(Xi,Yi)is the empirial distribution Pn weighted by an independent random vetor W ∈ [0;+∞)n, with∑
i E[Wi] = n. The expetation EW [·] means that we only integrate w.r.t. the weights W . Wesuggest here to use this heuristis for estimating penid(m), and plug it into the penalized riterion

Pnγ(ŝm) + pen(m). This de�nes m̂ ∈ Mn as follows.Algorithm 6.1 (Resampling penalization).(1) Choose a resampling sheme, i.e. the law L(W ) of a weight vetor W .(2) Choose a onstant C ≥ CW,∞ ≈
(
n−1

∑n
i=1 E (Wi − 1)2

)−1.(3) Compute the following resampling penalty for eah m ∈ Mn:
pen(m) = CEW

[
Pnγ

(
ŝm

(
PW

n

))
− PW

n γ
(
ŝm

(
PW

n

))]
. (6.2)(4) Minimize the penalized empirial riterion to hoose m̂ and thus ŝ bm:

m̂ ∈ arg min
m∈Mn

{Pnγ(ŝm(Pn)) + pen(m)} .



152 CHAPITRE 6. RESAMPLING PENALTIESRemark 6.1. (1) Applying the resampling heuristis as we do in Set. 6.2, with thebootstrap resampling sheme, leads to Efron's bootstrap penalty [Efr83℄. In the log-likelihood framework, this is also alled the EIC proedure by Ishiguro, Sakamoto andKitagawa [ISK97℄.(2) There is a onstant C 6= 1 in front of the penalty, although there isn't any in Efron'sheuristis, beause we did not normalize W . The asymptotial value of the right nor-malizing onstant CW,∞ may be derived from Thm. 3.6.13 of van der Vaart and Wellner[vdVW96℄. In the ase example of histograms, we give a non-asymptoti expressionfor it in Tab. 6.1. In general, we suggest to use some data-driven method to hoose
C, whereas the resampling penalty only estimates the shape of the ideal one (see algo-rithm 11.1).(3) We allowed C to be larger than CW,∞ beause overpenalizing may be fruitful in a non-asymptoti viewpoint, e.g. when there is few noisy data. The simulation study ofSet. 6.5 provides experimental evidene for this fat. See also Set. 11.3.3.(4) Sine m̂ is omputed through a plug-in method, algorithm 6.1 seems to be reasonableonly if Mn is not too large. Otherwise, we an for instane group the models of similaromplexities and redue Mn to a polynomial family.6.3. The histogram regression aseAs studying algorithm 6.1 in general is a rather di�ult question, we fous in this hapteron the ase example of least-square regression on histograms. Although we do not onsiderhistograms as a �nal goal, this �rst theoretial step is useful to derive heuristis making thegeneral algorithm 6.1 work.6.3.1. A modi�ed algorithm for histograms. We �rst preise the framework and somenotations. The data (Xi, Yi) ∈ X × R are i.i.d. of ommon law P . Denoting by s the regressionfuntion, we have

Yi = s(Xi) + σ(Xi)ǫi (6.3)where σ : X 7→ R is the heterosedasti noise-level and ǫi are i.i.d. entered noise terms, possiblydependent from Xi, but with variane 1 onditionally to Xi. Throughout this hapter, we alwaysassume that there is some noise:
‖σ‖2

2 = ‖σ(X)‖2
2 = E

[
σ(X)2

]
= E

[
ǫ2
]
> 0 .The feature spae X is typially a ompat subset of R

d. We use the least-square ontrast
γ : (t, (x, y)) 7→ (t(x)−y)2 to measure the quality of a preditor t : X 7→ Y. As a onsequene, theBayes preditor is the regression funtion s, and the exess loss is l(s, t) = E(X,Y )∼P (t(X) − s(X))2.To eah model Sm, we assoiate the empirial risk minimizer ŝm = ŝm(Pn) = arg mint∈Sm{Pnγ(t)}(when it exists and is unique).Eah model in (Sm)m∈Mn is the set of pieewise onstant funtions (histograms) on somepartition (Iλ)λ∈Λm of X . It is thus a vetor spae of dimension Dm = Card(Λm), spanned by thefamily (1Iλ

)λ∈Λm . As this basis is orthogonal in L2(µ) for any probability measure µ on X , wean make expliit omputations in order to understand algorithm 6.1. The following notationswill be useful throughout this hapter.
pλ := P (X ∈ Iλ) p̂λ := Pn(X ∈ Iλ) p̂W

λ = p̂λWλ := PW
n (X ∈ Iλ)
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sm := arg min

t∈Sm

Pγ(t) =
∑

λ∈Λm

βλ1Iλ
βλ = EP [Y | X ∈ Iλ ]

ŝm := arg min
t∈Sm

Pnγ(t) =
∑

λ∈Λm

β̂λ1Iλ
β̂λ =

1

np̂λ

∑

Xi∈Iλ

Yi

ŝW
m := arg min

t∈Sm

PW
n γ(t) =

∑

λ∈Λm

β̂W
λ 1Iλ

β̂W
λ =

1

np̂W
λ

∑

Xi∈Iλ

WiYiRemark that ŝm is uniquely de�ned if and only if eah Iλ ontains at least one of the Xi, andthe same problem arises for ŝW
m . This is why we will slightly modify the general algorithm forhistograms.Assuming that minλ∈Λm p̂λ > 0 (otherwise, the model m should learly not be hosen), wean ompute the ideal penalty (see (5.19) and (5.26) in Set. 5.7.2):

penid(m) = (P − Pn)γ(ŝm) =
∑

λ∈Λm

(pλ + p̂λ )
(
β̂λ − βλ

)2
+ (P − Pn)γ(sm) .Aording to the resampling heuristis, penid(m) an be estimated (up to some normalizing on-stant) by

pen(m) = EW

[
(Pn − PW

n )γ(ŝW
m )
]

=
∑

λ∈Λm

EW

[(
p̂λ + p̂W

λ

) (
β̂W

λ − β̂λ

)2
]

+ EW

[
(Pn − PW

n )γ(ŝm)
]

=
∑

λ∈Λm

(
EW

[
p̂λ

(
β̂W

λ − β̂λ

)2
]

+ EW

[
p̂W

λ

(
β̂W

λ − β̂λ

)2
]) (6.4)sine ∑i E[Wi] = 1 (EW

[
(Pn − PW

n )γ(ŝm)
] indeed estimates the expetation of (P − Pn)γ(sm)whih is entered). Uniqueness issues1 for ŝW

m make the �rst term badly de�ned: with positiveprobability, we have p̂W
λ = 0 and β̂W

λ unde�ned, even if p̂λ > 0 and β̂λ is well-de�ned. This iswhy we modi�ed step 3 in algorithm 6.1, whih leads to the following.Algorithm 6.2 (Resampling penalization for histograms).0. Replae Mn by
M̂n =

{
m ∈ Mn s.t. min

λ∈Λm

{np̂λ} ≥ 3

}
.1. Choose a resampling sheme L(W ).2. Choose a onstant C ≥ CW,∞ where CW,∞ is de�ned in Tab. 6.1.3'. Compute the following resampling penalty for eah m ∈ M̂n:

pen(m) = C
∑

λ∈Λm

(
EW

[
p̂λ

(
β̂W

λ − β̂λ

)2
∣∣∣∣ Wλ > 0

]
+ EW

[
p̂W

λ

(
β̂W

λ − β̂λ

)2
])

. (6.5)4. Minimize the penalized empirial riterion to hoose m̂ and thus ŝ bm:
m̂ ∈ arg min

m∈Mn

{Pnγ ( ŝm ) + pen(m)} .6.3.2. Expliit formulas. When the resampling weights are exhangeable (see de�nitionin Set. 6.3.3), we are able to ompute pen expliitly (see Lemma 5.7 in Set. 5.7.2). It isenlightening to ompare it with penid in expetation, onditionally to (1Xi∈Iλ
)1≤i≤n, λ∈Λm (we1This question is studied more deeply in Set. 8.1.
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L(W ) Efr(q) Rad(p) Poi(µ) Rho(q) Loo

R2,W (n, p̂λ) n
q

(
1 − 1

nbpλ

)
1
p − 1 1

µ

(
1 − 1

nbpλ

)
n
q − 1 1

n−1

CW,∞ q/n p/(1 − p) µ q/(n − q) nTable 6.1. CW,∞ for several resampling shemes.denote by E
Λm [ · ] this onditional expetation):
E

Λm [penid(m) ] =
1

n

∑

λ∈Λm

(
1 +

pλ

p̂λ

)(
(σr

λ)2 +
(
σd

λ

)2
)
1nbpλ>0 (6.6)

E
Λm [pen(m) ] =

C

n

∑

λ∈Λm

(R1,W (n, p̂λ) +R2,W (n, p̂λ))

(
(σr

λ)2 +
(
σd

λ

)2
) (6.7)with (σr

λ)2 := E
[
σ(X)2

∣∣ X ∈ Iλ
] ; (

σd
λ

)2
:= E

[
(s(X) − sm(X))2

∣∣ X ∈ Iλ
]and R1,W (n, p̂λ) = E

[
(W1 −Wλ)2

W 2
λ

∣∣∣∣ X1 ∈ Iλ,Wλ > 0

] (6.8)
R2,W (n, p̂λ) = E

[
(W1 −Wλ)2

Wλ

∣∣∣∣ X1 ∈ Iλ
]
. (6.9)One an thus hoose C = CW,∞ suh that when minλ∈Λm {np̂λ } is large, pen is lose to penidin expetation:

E
Λm [pen(m) ] =

2

n

∑

λ∈Λm

(
1 + δ

(penW)
n,bpλ

)(
(σr

λ)2 +
(
σd

λ

)2
)

≈ 2

n

∑

λ∈Λm

(1 + δn,pλ
)

(
(σr

λ)2 +
(
σd

λ

)2
)

= E [penid(m) ] (6.10)with limnp→∞ δn,p = 0 (Lemma 5.6 in Set. 5.7.2) and limnp→∞ δ
(penW)
n,p = 0 for several resamplingweights (Prop. 6.5). Hene, ontrary to Mallows' penalty 2σ2Dmn
−1, Resampling Penalties reallytake into aount the heterosedastiity of the noise (σr

λ depends on λ) and the bias terms (σd
λ

)2.A more detailed omparison with Mallows' Cp is made in Set. 6.6.2.6.3.3. Examples of resampling weights. In this hapter, we onsider resampling weights
W = (W1, . . . ,Wn) ∈ [0;+∞)n suh that E[Wi] = 1 for all i and E[W 2

i ] <∞. We mainly onsiderthe following exhangeable weights (i.e. suh that for any permutation τ , (Wτ(1), . . . ,Wτ(n))
(d)
=

(W1, . . . ,Wn)).(1) Efron (q), q ∈ N\{0} (Efr): ((q/n)Wi)1≤i≤n is a multinomial vetor with parameters
(q;n−1, . . . , n−1). A lassial hoie is q = n.(2) Rademaher (p), p ∈ (0; 1) (Rad): (pWi) are independent, with a Bernoulli (p) distribu-tion. A lassial hoie is p = 1/2.(3) Poisson (µ), µ ∈ (0,∞) (Poi): (µWi) are independent, with a Poisson (µ) distribution.A lassial hoie is µ = 1.(4) Random hold-out (q), q ∈ {1, . . . , n} (Rho): Wi = (n/q)1i∈I with I uniform randomsubset (of ardinality q) of {1, . . . , n}. A lassial hoie is q = n/2.(5) Leave-one-out (Loo) = Rho (n− 1).In the following, when the parameter is not mentioned, it has its �lassial� value.



6.3. THE HISTOGRAM REGRESSION CASE 155In eah ase, we an ompute R2,W (n, p̂λ) (see Tab. 6.1) and show that R1,W ≈ R2,W (seeProp. 6.5; we assumed that nq−1 = O(1) for Efr, and n(n−q)−1 = O(1) for Rho). We then de�ne
CW,∞ ∼ R−1

2,W as in Tab. 6.1.Remark 6.2. The terminology above is made to give expliit links with some lassial re-sampling shemes. See [MN92, HM94, vdVW96℄ for more details about lassial resamplingweights names.
• The name �Efron� omes from the lassial hoie q = n for whih Efron weights atuallyare Efron's bootstrap weights.
• The name �Rademaher� for the i.i.d. Bernoulli weights omes from the lassial hoie
p = 1/2 for whih (Wi − 1)i are i.i.d. Rademaher random variables. As notied byFromont [Fro04℄, using the resampling heuristis to estimate the left-hand side of

sup
t∈Sm

{(P − Pn)γ(t)} ≥ (P − Pn)γ(ŝm) = penid(m)leads to Rademaher omplexities. Remark that this upper-bound is in�nite in theunbounded regression ase. Its use is only appropriate when γ is bounded, e.g. in thebinary lassi�ation ase with the 0-1 loss.
• Poisson weights are often used as approximations to Efron weights, via the so-alled�Poissonization� tehnique (f. [vdVW96℄, Chap. 3.5, and [Fro04℄). They are knownto be e�ient for estimating several non-smooth funtionals (Barbe and Bertail [BB95℄,Chap. 3; see also Mammen [Mam92℄, Set. 1.4).
• The Leave-one-out weights also refer to the jakknife (sometimes alled ross-validation).The Random hold-out (q) weights an also be alled �delete-(n− q) jakknife�. They areboth resampling shemes without replaement ([vdVW96℄, example 3.6.14), more oftenalled subsampling weights (see e.g. Politis, Romano and Wolf [PRW99℄ on subsam-pling). They are thus very lose to the idea of splitting the data into a training set and avalidation set (e.g. leave-one-out, hold-out and ross-validation). Indeed, if one de�nesthe training set as

{(Xi, Yi) s.t. Wi 6= 0}and the validation set as its omplementary, there is a one-to-one orrespondene betweenthe two ideas.Nevertheless, we do not mean that the Loo penalization algorithm is idential to thelassial ross-validation model seletion algorithm. Aording to Chap. 5, when C =

n− 1, it is idential to Burman's n-fold orreted ross-validation [Bur89℄.Remark 6.3. With the expliit omputation of R1,W and R2,W for several resampling weights,we an enlighten several known results.
• In the maximum log-likelihood framework, Shibata [Shi97℄ showed the asymptotialequivalene of two bootstrap penalization methods. The �rst penalty, denoted by B1,is Efron's bootstrap penalty [Efr83℄. It is de�ned by (6.2) with C = 1 and Efron (n)weights. The seond penalty, denoted B2, was proposed by Cavanaugh and Shumway[CS97℄. It is the equivalent of

2p̂1(m) = 2EW

[
Pn

(
γ(ŝW

m ) − γ(ŝm)
)]



156 CHAPITRE 6. RESAMPLING PENALTIESin the log-lokelihood framework. In the least-square regression framework (with his-togram models), we have just shown that
E

Λm [2p̂1(m) ] =
2

n

∑

λ∈Λm

R1,W (n, p̂λ)

(
(σr

λ)2 +
(
σd

λ

)2
)

≈ E
Λm [pen(m) ]for several resampling shemes, inluding Efron's bootstrap (for whih CW,∞ = 1). Theonentration results of Set. 6.8 show that this remains true without expetations.Our result is thus a non-asymptoti version of Shibata's [Shi97℄, for general resamplingweights, in the least-square regression framework.

• With Efron (qn) weights (and a bootstrap seletion proedure lose to RP), Shao [Sha96℄showed that qn = n leads to an inonsistent model seletion proedure for identi�ation.On the ontrary, when qn → ∞ and qn ≪ n, the bootstrap seletion proedure beomesonsistent. Considering that identi�ation needs overpenalization within a fator thatgoes to in�nity, (6.7) gives a simple explanation to this phenomenon sine R2,W ≈ n/qn.6.4. Main resultsIn this setion, we prove that RP (algorithm 6.2) has some optimality properties. We assumethe existene of some non-negative onstants αM, cM, crich, η suh that:
(P1) Polynomial omplexity of Mn: Card(Mn) ≤ cMnαM .
(P2) Rihness of Mn: ∃m0 ∈ Mn s.t. Dm0 ∈ [

√
n; crich

√
n ].

(P3) The onstant C is well hosen: ηCW,∞ ≥ C ≥ CW,∞.
(P4) The weight vetorW is hosen among Efr, Rad, Poi, Rho and Loo (de�ned in Set. 6.3.3).6.4.1. Orale inequalities.Theorem 6.1. Assume that the (Xi, Yi)'s satisfy the following:
(Ab) Bounded data: ‖Yi‖∞ ≤ A <∞.
(An) Noise-level bounded from below: σ(Xi) ≥ σmin > 0 a.s.
(Ap) Polynomial dereasing of the bias: there exists β1 ≥ β2 > 0 and C+

b , C
−
b > 0 suh that

C−
b D

−β1
m ≤ l(s, sm) ≤ C+

b D
−β2
m .

(ArX
ℓ ) Lower regularity of the partitions for L(X): Dm minλ∈Λm pλ ≥ cXr,ℓ.Let m̂ be the model hosen by algorithm 6.2 (under restritions (P1 − 4)). Then, there existsa onstant K1 and a sequene ǫn onverging to zero at in�nity suh that, with probability at least

1 −K1n
−2,

l(s, ŝ bm) ≤ [ 2η − 1 + ǫn ] inf
m∈Mn

{ l(s, ŝm)} . (6.11)Moreover, we have the orale inequality
E [ l(s, ŝ bm) ] ≤ [2η − 1 + ǫn ] E

[
inf

m∈Mn

{ l(s, ŝm)}
]

+
A2K1

n2
. (6.12)The onstant K1 may depend on onstants in (Ab), (An), (Ap), (ArX

ℓ ) and (P1 − 4), butnot on n. The small term ǫn depends only on n (it an for instane be upperbounded by ln(n)−1/5).Thm. 6.1 implies the a.s. asymptoti optimality of algorithm 6.2 in this framework, when
C ∼n→∞ CW,∞. This means that if Mn ontains a model that takes well into aount thesmoothness of s and the shape of the noise σ(X), the Resampling Penalization algorithm doesas well as this orale model for estimation. Sine this does not require any knowledge about the



6.4. MAIN RESULTS 157smoothness of s, the heterosedastiity of σ or any other property satis�ed by P , it is a naturallyadaptive algorithm.Remark 6.4 (Resampling penalty vs. ideal deterministi penalty). It follows from the proofof Thm. 6.1 (see Prop. 6.8 and Remark 6.9) that the resampling penalties are muh loser to
E [penid(m) ] than penid(m) itself. This means that the (ideal) penalization algorithm whihuses pen(m) = E [penid(m) ] as a penalty does not outperform muh the resampling penalizationalgorithm. Up to the onstant 1 + ǫn (that is lose to 1 when n is large enough; we assumed herethat C = CW,∞), they perform equally well on a set of probability 1 −K1n

−2.Remark 6.5 (Assumptions of Thm. 6.1). Let us emphasize that no onstant in the assump-tions of Thm. 6.1 has to be known when omputing m̂. This is the main reason why theseassumptions are not quite restritive. We now give a few more omments.
(Ab) forbids gaussian noises, but this is not a main onern from the pratial viewpoint, sinepratial data are often trunated, thus bounded.
(An) ensures that the noise ontributes for the main part of the penalty, so that the �utuationsof the penalty are negligible in front of its expetation. It is not at all neessary, and wegive several alternatives for this ondition below.

(ArX
ℓ ) is satis�ed if we onsider �almost regular� histograms and if X has a lower boundeddensity w.r.t. Leb. For instane, all the simulation experiments of Set. 6.5 satisfy thisassumption, even S2 or HSd2 in whih the histograms are quite irregular. In general,it means that models in Mn should be hosen harmoniously with the law L(X) of thedesign. This is possible if one has some a priori knowledge on the design. Notie thatwe only use this assumption to prove that D bm and Dm⋆ are neither very small nor verylarge (see Set. 6.8.5).

(Ap) on the bias may seem strange, in partiular the lower bound. It is related to our way ofproving the orale inequality (6.11). Indeed, the keystone of our proof is that resamplingpenalties are lose to the ideal ones for all su�iently large models (i.e. with Dm ≥
ln(n)χ, for some χ > 0 depending on the assumptions). We thus have to prove that theseleted model (and the orale) are large, whih needs that s does not belong to any modelin Mn. This is a quite lassial assumption, used for instane by [Shi81, Li87, BM06℄for proving the asymptoti optimality of Mallows' Cp.In our non-asymptoti framework, we need an expliit lower bound on D bm and Dm⋆(whih have to go to in�nity at the speed ln(n)χ). The polynomial dereasing (Ap) isa onvenient su�ient ondition for suh a lower bound. For the same kind of reasons,Stone [Sto85℄ used this assumption in the density estimation framework (see also Bur-man [Bur02℄, Lemma 3, for the multidimensional ase). Other su�ient onditions maybe derived from a areful look at the proof of Thm 6.1.Non-onstant hölderian funtions satisfy (Ap) with

β1 = k−1 + α−1 − (k − 1)k−1α−1 and β2 = 2αk−1when X has a lower-bounded density w.r.t. the Lebesgue measure on X ⊂ R
k (f.Thm. 6.2 and Set. 8.10 for more details). This is why (Ap) is not too restritive.The result of Thm. 6.1 may also be proved under other assumptions, whih are detailed inSet. 8.3. Atually, if our proof works for E [penid(m) ] under some set of assumption, then it stillworks for RP. Then, RP may work under any �reasonable� assumption set.For instane, one an remove σ(X) ≥ σmin > 0 (An) and add that X ⊂ R

k is bounded,equipped with ‖·‖∞, and
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(Ard

u) Upper regularity of the partitions:
max
λ∈Λm

{diam(Iλ)} ≤ cdr,uD
−αd
m diam(X) .

(Aru) Upper regularity of the partitions for Leb:
max
λ∈Λm

{Leb(Iλ)} ≤ cr,uD
−1
m Leb(X) .

(Aσ) σ is pieewise Kσ-Lipshitz with at most Jσ jumps.The boundedness assumption (Ab) an also be removed, at the prie of adding the following:
X ⊂ R is bounded measurable and
(Agauss) The noise is sub-gaussian: there exists cgauss > 0 suh that

∀q ≥ 2, ∀x ∈ X , E [ |ǫ|q | X = x ]1/q ≤ cgauss
√
q .

(Aσmax) Noise-level bounded from above: σ2(X) ≤ σ2
max < +∞ a.s.

(Asmax) Bound on the target funtion: ‖s‖∞ ≤ A.
(Al) s is B-Lipshitz, pieewise C1 and non-onstant: ±s′ ≥ B0 > 0 on some interval J ⊂ Xwith Leb(J) ≥ cJ Leb(X ) and cJ > 0.

(Arℓ,u) Regularity of the partitions for Leb:
∀λ ∈ Λm, cr,ℓD

−1
m Leb(X ) ≤ Leb(Iλ) ≤ cr,uD

−1
m Leb(X ) .

(Adℓ) Density bounded from below: ∃cmin
X > 0, ∀I ⊂ X , P(X ∈ I) ≥ cmin

X Leb(I) Leb(X )−1.Finally, it is possible to remove simultaneously (An) and (Ab). See Set. 8.3 for more details.Thus, for most �reasonably� di�ult problems, the results of Thm. 6.1 hold true.6.4.2. Adaptivity to the hölderian regularity. The main example where assumption
(Ap) is satis�ed is when s is non-onstant and hölderian. The following result states that re-sampling penalization has some adaptivity to the hölderian smoothness of s in an heterosedastiframework, sine it attains the minimax rate of onvergene n−2α/(2α+k) (see Stone [Sto80℄ forthe homosedasti ase ; the heterosedasti one with k = 1 and α = 1 is studied by Galthoukand Pergamenshikov [GP05℄, Thm. 2.2 with a �xed-design).Algorithm 6.3 (Resampling penalization for histograms, regular ase).Let (Sm)m∈Mn :=

(
Sm(D)

)
1≤D≤Leb(X )−1/kn1/k , where Sm(D) is the model of regular2 histogramswith pae D−1.0. Replae Mn by
M̂n =

{
m ∈ Mn s.t. min

λ∈Λm

{np̂λ} ≥ 3

}
.1. Choose a resampling sheme L(W ) among Efr, Rad, Poi, Rho and Loo.2. Choose a onstant C ∈ [CW,∞; ηCW,∞ ].3. For eah m ∈ M̂n, ompute pen(m) de�ned by (6.5).4. Minimize the penalized empirial riterion to hoose m̂ and thus ŝ bm:

m̂ ∈ arg min
m∈Mn

{Pnγ(ŝm) + pen(m)} .Theorem 6.2. Let Y ⊂ R and X be some non-empty losed ball of (Rk, ‖·‖∞). Assume that
(Xi, Yi) satisfy2the �regular� partition of X and pae D−1 is the olletion of non-empty intersetions between X and the family�Qk

i=1[
ji

D
; ji+1

D
)
�

j1,...,jk∈Z

. It has a dimension ≈ Leb(X )Dk if X ⊂ R
k.
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(Ab) Bounded data: ‖Yi‖∞ ≤ A <∞.
(An) Noise-level bounded from below: σ(Xi) ≥ σmin > 0 a.s.

(Adℓ) Density bounded from below: ∃cmin
X > 0, ∀I ⊂ X , P (X ∈ I) ≥ cmin

X Leb(I) Leb(X )−1.
(Ah) Hölderian regression funtion: there exists α ∈ (0; 1] and R > 0 s.t.

s ∈ H(α,R) i.e. ∀x1, x2 ∈ X , |s(x1) − s(x2)| ≤ R ‖x1 − x2‖α
∞ .Let m̂ be the model hosen by algorithm 6.3. Denote σmax = supX |σ| ≤ 2A. Then, thereexists onstants K2 and K3 and a sequene ǫn onverging to zero at in�nity suh that,

E [ l(s, ŝ bm) ] ≤ K2 (1 + ǫn )R
2k

2α+kn
−2α
2α+kσ

4α
2α+k
max +K3n

−1 . (6.13)Assume moreover that the noise-level is smooth:
(Aσ) σ is pieewise Kσ-Lipshitz with at most Jσ jumps.Then, (6.13) holds with ‖σ‖L2(Leb) instead of σmax.The onstant K2 depends only on η, α and k. The onstant K3 depends only on k, η, onstantsin (Ab), (An), (Adℓ), (Ah) (and (Aσ) for the last result) and s through its variation over X :

variaX (s) := sup
X
s− inf

X
s . (6.14)The small term ǫn depends only on n, and an for instane be upperbounded by ln(n)−1/5.Remark 6.6.(1) The minimax rate of estimation under some heterosedasti noise has already beenadressed by Galthouk and Pergamenshikov [GP05℄ (Thm. 2.2) in the �xed designase, with X ⊂ R (see also Efromovih and Pinsker [EP96℄). They assume lower andupper bounds on the noise-level ((An)+(Aσmax)), some regularity ondition (σ2 on-tinuous, with Riemann sums that onverges to its L2(Leb) norm), and onsider moreregular target funtions (s ∈ H(α,R) with α ∈ N\ {0}, where we onsider α ∈ (0; 1]).Then, they show that the minimax rate of estimation over H(α,R) is indeed

R
2

2α+1n
−2α
2α+1 ‖σ‖

4α
2α+1

L2(Leb)
.As a onsequene, when α = 1 and k = 1, the estimation rate in (6.13) is optimal up tosome fator independent from n, R and σ.(2) In (6.13), the onstant K3 is not uniform over the hölderian ball H(α,R), but only onits subsets

Hǫ(α,R) := {s ∈ H(α,R) s.t. variaX (s) ≥ ǫ} .for ǫ > 0. Indeed, the lower bound in (Ap) annot be made uniform without ensuringthat s is su�iently non-onstant.This is probably a tehnial restrition, sine we also prove (6.13) with K3 uniformover the set of onstant funtions. Moreover, in the minimax viewpoint, the harderfuntions to estimate are ertainly not the almost onstant ones. If this issue was solved,then ŝ bm would be proved to attain the minimax rate overH(α,R) with an heterosedastinoise ‖σ‖L2(Leb), up to some fator independent from n, R and σ.(3) If s is only pieewise α-hölder, with at most Js jumps (of height bounded by 2A), thenthe same results hold. This requires the additional assumption that s is non-onstant onsome ball B of (Rk, ‖·‖∞) on whih it is ontinuous. The onstant K3 then also dependson Js, variaB(s) and Leb(B)/Leb(X ).



160 CHAPITRE 6. RESAMPLING PENALTIES(4) As for Thm. 6.1, the boundedness of the data and the lower bound on the noise level anbe replaed by other assumptions.6.5. SimulationsTo illustrate the results of Set. 6.4, we ompare the performanes of algorithm 6.2 (withseveral resampling shemes), Mallows' Cp and VFCV on some simulated data.6.5.1. Experimental setup. In the following simulation study, we onsider the same datasets as in Set. 4.4.2 and 5.4. We brie�y desribe them again below. First, we fous on fourmain experiments, alled S1, S2, HSd1 and HSd2. Data are generated aording to (6.3) with Xii.i.d. uniform on X = [0; 1] and ǫi ∼ N (0, 1) independent from Xi. The experiments di�er fromthe regression funtion s (smooth for S, see Fig. 4.3; smooth with jumps for HS, see Fig. 4.4),the noise type (homosedasti for S1 and HSd1, heterosedasti for S2 and HSd2), the number
n of data and the families of models (see the top of Tab. 6.2; �regular� refers to the family ofalgorithm 6.3; �with two bin sizes� means regular on [0; 1/2] and on (1/2; 1]; �dyadi� means thatwe limit ourselves to bin sizes of the form 2−k, k ∈ N). Instanes of data sets are given in Fig. 4.5to 4.8 (in Set. 4.4.2).We ompare the following algorithms:Mal Mallows' Cp penalty: pen(m) = 2σ̂2Dmn

−1 where σ̂2 is the variane estimator (6.18)used in [Bar00℄, Set. 6.VFCV Classial V -fold ross-validation, with V ∈ {2, 5, 10, 20} (de�ned by (5.1) in Set. 5.2.1).LOO Classial Leave-one-out (i.e. VFCV with V = n).penEfr Efron (n) penalty, C = CW,∞ = 1.penRad Rademaher penalty, C = CW,∞ = 1.penRho Random hold-out (n/2) penalty, C = CW,∞ = 1.penLoo Leave-one-out penalty, C = CW,∞ = n− 1.For eah of these, we also onsider the same penalties multiplied by 5/4 (denoted by a + symboladded after its shortened name). This intends to test for overpenalization.In eah experiment, for eah simulated data set, we �rst remove the models with less than
2 data points in one piee of their assoiated partition. Then, we ompute the least-squareestimators ŝm for eah m ∈ M̂n. Finally, we selet m̂ ∈ M̂n using eah algorithm and omputeits true exess risk l(s, ŝ bm) (and the exess risk of eah model m ∈ Mn). Sine we simulate
N data sets (N = 1000 in the four main experiments), we an then estimate the two followingbenhmarks:

Cor =
E [ l(s, ŝ bm) ]

E [ infm∈Mn l(s, ŝm) ]
Cpath−or = E

[
l(s, ŝ bm)

infm∈Mn l(s, ŝm)

]Basially, Cor is the onstant that should appear in an orale inequality like (6.11), and Cpath−ororresponds to a pathwise orale inequality like (6.12). As Cor and Cpath−or approximatively givethe same rankings between algorithms, we only report Cor in Tab. 6.2.6.5.2. Results and omments. We observe that penRad and penRho are always ompet-itive with Mallows and muh better for more �di�ult� problems (S2 is heterosedasti; jumpsin HSd13 and HSd2 indue muh bias). Notie that in the ase of HSd2, penRad and penRho3In the partiular ase of HSd1, we must add that Mallows' Cp performs quite better when σ2 is known (Cor ≈
1.044 ± 0.004 for Mal, whih is still worse than VFCV and penRP; and Cor ≈ 1.606 ± 0.015 for Mal+). This ismainly due to the di�ulty of estimating σ2 aurately when even large models an have a large bias. However,this is no longer the ase for HSd2, in whih the knowledge of σ2 does not improve Mal and Mal+.



6.5. SIMULATIONS 161Table 6.2. Auray indexes Cor for eah algorithm in four experiments, ± arough estimate of unertainty of the value reported (i.e. the empirial standarddeviation divided by √
N ; N = 1000). In eah olumn, the more aurate algo-rithms (taking the unertainty into aount) are bolded.Experiment S1 S2 HSd1 HSd2

s sin sin HeaviSine HeaviSine
σ(x) 1 x 1 x
n (data) 200 200 2048 2048
Mn regular 2 bin sizes dyadi, regular dyadi, 2 bin sizesMal 1.928 ± 0.04 3.864 ± 0.02 1.606 ± 0.015 1.487 ± 0.011Mal+ 1.800 ± 0.03 4.047 ± 0.02 1.606 ± 0.015 1.487 ± 0.011

2−FCV 2.078 ± 0.04 2.542 ± 0.05 1.002 ± 0.003 1.184 ± 0.004
5−FCV 2.137 ± 0.04 2.582 ± 0.06 1.014 ± 0.003 1.115 ± 0.005
10−FCV 2.097 ± 0.05 2.603 ± 0.06 1.021 ± 0.003 1.109 ± 0.004
20−FCV 2.088 ± 0.04 2.578 ± 0.06 1.029 ± 0.004 1.105 ± 0.004LOO 2.077 ± 0.04 2.593 ± 0.06 1.034 ± 0.004 1.105 ± 0.004penEfr 2.597 ± 0.07 3.152 ± 0.07 1.067 ± 0.005 1.114 ± 0.005penRad 1.973 ± 0.04 2.485 ± 0.06 1.018 ± 0.003 1.102 ± 0.004penRho 1.982 ± 0.04 2.502 ± 0.06 1.018 ± 0.003 1.103 ± 0.004penLoo 2.080 ± 0.05 2.593 ± 0.06 1.034 ± 0.004 1.105 ± 0.004penEfr+ 2.016 ± 0.05 2.605 ± 0.06 1.011 ± 0.003 1.097 ± 0.004penRad+ 1.799 ± 0.03 2.137 ± 0.05 1.002 ± 0.003 1.095 ± 0.004penRho+ 1.798 ± 0.03 2.142 ± 0.05 1.002 ± 0.003 1.095 ± 0.004penLoo+ 1.844 ± 0.03 2.215 ± 0.05 1.004 ± 0.003 1.096 ± 0.004do better than any linear penalty (possibly with a slope that depends on both the data and theunknown law P ; see Set. 6.6.2). On the other hand, VFCV is a little worse than Mal for easyproblems (S1) and better for more di�ult ones, but never better than penRad or penRho.The best resampling shemes (not taking overpenalization into aount) are Rad and Rho,in view of S1 and S2 (dyadi models do not indue muh di�erenes between them in HSd1 andHSd2). Looking more arefully at the values of the penalties, it appears that Loo is slightlyunderpenalizing and Efr strongly over�ts. The omparison penRad ≈ penRho > penLoo ≫penEfr an also be derived from Set. 6.3 and 6.6.1. Moreover, when variability is onsidered (itis measured through the empirial variane of l(s, ŝ bm)/ infm∈Mn l(s, ŝm) and reported in Tab. 6.2to 6.4), the order of the weights is unhanged. Contrary to what is usually stated, the bootstrap(penEfr) an thus be more variable than the leave-one-out (penLoo).In the four experiments, overpenalizing within a fator 5/4 leads to better results, mainlybeause n is quite small for the noisy (S1, S2) or irregular (HSd1, HSd2) signals observed. Thisis no longer the ase for some larger n or smaller σ.Finally, we report the results of eight more experiments in Tab. 6.3-6.4. They are quite similarto the �rst four ones, sine we only hanged a few parameters among n, σ and s (instanes ofdata sets and regression funtions are plotted on Fig. 4.9 to 4.18; see Set. 4.4.2). Remark thatwe simulated only N = 250 data sets. The omparison between Mallows', VFCV and ResamplingPenalization is quite the same: in �easy� homosedasti frameworks (S1000, S√0.1, S0.1), their



162 CHAPITRE 6. RESAMPLING PENALTIESTable 6.3. Auray indexes Cor for more experiments (N = 250).Experiment S1000 S√0.1 S0.1 Svar2
s sin sin sin sin

σ(x) 1 √
0.1 0.1 1x≥1/2

n (data) 1000 200 200 200
Mn regular regular regular 2 bin sizesMal 1.667 ± 0.04 1.611 ± 0.03 1.400 ± 0.02 3.520 ± 0.03Mal+ 1.619 ± 0.03 1.593 ± 0.03 1.426 ± 0.02 3.672 ± 0.03

2−FCV 1.668 ± 0.04 1.663 ± 0.04 1.394 ± 0.02 2.960 ± 0.15
5−FCV 1.756 ± 0.07 1.693 ± 0.04 1.393 ± 0.02 2.950 ± 0.16
10−FCV 1.746 ± 0.04 1.664 ± 0.04 1.385 ± 0.02 2.681 ± 0.14
20−FCV 1.774 ± 0.05 1.645 ± 0.03 1.382 ± 0.02 2.742 ± 0.16LOO 1.768 ± 0.05 1.639 ± 0.04 1.379 ± 0.02 2.641 ± 0.15penEfr 1.813 ± 0.05 1.888 ± 0.05 1.417 ± 0.02 3.451 ± 0.20penRad 1.748 ± 0.05 1.609 ± 0.03 1.405 ± 0.02 2.510 ± 0.15penRho 1.748 ± 0.05 1.619 ± 0.03 1.404 ± 0.02 2.518 ± 0.15penLoo 1.776 ± 0.05 1.641 ± 0.04 1.379 ± 0.02 2.656 ± 0.15penEfr+ 1.636 ± 0.04 1.670 ± 0.04 1.407 ± 0.02 2.614 ± 0.16penRad+ 1.619 ± 0.03 1.574 ± 0.03 1.417 ± 0.02 2.232 ± 0.12penRho+ 1.619 ± 0.03 1.578 ± 0.03 1.417 ± 0.02 2.243 ± 0.12penLoo+ 1.626 ± 0.03 1.587 ± 0.03 1.401 ± 0.02 2.349 ± 0.13performanes are similar. An harder problem suh as Svar2 (whih is heterosedasti but di�erentfrom S2) make Mallows' fail whereas the two others only get a bit worse.As expeted, taking n larger (S1000) or σ smaller (S√0.1 and S0.1) make the onstant Corloser to 1. Notie also that the overpenalization fator 5/4 is generally not optimal, and evennot always better than 1. We have for instane Cor(penLoo) < Cor(penRho) < Cor(penRho+) inS0.1 (with only small di�erenes), although penLoo may slightly underpenalize.In Tab. 6.4, we onsider several other target funtions s (plotted on Fig. 4.13, 4.15 and 4.17; seeSet. 4.4.2). In Sqrt, s is not Lipshitz but only 1/2-hölderian. In His6, s is even not ontinuous,sine it belongs to the model of regular histograms with 6 piees. The results obtained with thesetwo funtions strengthen the fat that the assumptions of our theorem are not atual restritionsfor algorithm 6.2.On the other hand, with DopReg and Dop2bin, we use the lassial funtion Doppler of thethresholding literature (see [DJ95℄). Dyadi histograms approximate it with a large bias, andthis bias is not homogeneous in spae (sine Doppler is muh more variable on the left of the unitinterval). In suh a framework, taking into aount the σd

λ terms (see (6.6)) in the penalty seemsneessary (in partiular in Dop2bin, where the histograms have two di�erent bin sizes), so thatMallows' Cp an fail even with homosedasti data. This fault is avoided by both VFCV andresampling penalties whih behave quite well.6.6. Disussion6.6.1. Pratial implementation.Computation time. An exat omputation (without using our formulas (5.37) and (5.38) forhistograms) would be either impossible or very greedy. So, we reommend to make a Monte-Carlo



6.6. DISCUSSION 163Table 6.4. Auray indexes Cor for more experiments (N = 250).Experiment Sqrt His6 DopReg Dop2bin
s

√· His6 Doppler Doppler
σ(x) 1 1 1 1
n (data) 200 200 2048 2048
Mn regular regular dyadi, regular dyadi, 2 bin sizesMal 2.295 ± 0.11 1.969 ± 0.11 1.130 ± 0.011 1.469 ± 0.013Mal+ 1.989 ± 0.08 1.799 ± 0.09 1.130 ± 0.011 1.459 ± 0.014

2−FCV 2.489 ± 0.12 2.788 ± 0.13 1.097 ± 0.005 1.165 ± 0.009
5−FCV 2.777 ± 0.16 2.316 ± 0.12 1.064 ± 0.005 1.049 ± 0.006
10−FCV 2.571 ± 0.13 2.074 ± 0.11 1.043 ± 0.005 1.051 ± 0.006
20−FCV 2.561 ± 0.12 2.071 ± 0.11 1.034 ± 0.005 1.053 ± 0.006LOO 2.695 ± 0.14 2.059 ± 0.12 1.026 ± 0.005 1.058 ± 0.006penEfr 3.468 ± 0.22 2.721 ± 0.16 1.030 ± 0.007 1.064 ± 0.006penRad 2.396 ± 0.11 1.884 ± 0.10 1.043 ± 0.006 1.055 ± 0.006penRho 2.448 ± 0.12 1.907 ± 0.11 1.043 ± 0.006 1.055 ± 0.006penLoo 2.695 ± 0.14 2.063 ± 0.12 1.026 ± 0.005 1.058 ± 0.006penEfr+ 2.205 ± 0.11 1.924 ± 0.11 1.056 ± 0.006 1.057 ± 0.006penRad+ 2.036 ± 0.09 1.746 ± 0.09 1.092 ± 0.004 1.058 ± 0.007penRho+ 2.053 ± 0.09 1.747 ± 0.09 1.091 ± 0.004 1.059 ± 0.007penLoo+ 2.152 ± 0.10 1.858 ± 0.10 1.082 ± 0.005 1.048 ± 0.006simulation of a few number of weight vetors, in order to approah the exat resampling penaltywe are dealing with here. Pratial methods for this are addressed by Hall [Hal92℄, appendixII. In addition, we proved in Set. 10.2.5 a non-asymptoti estimation of the auray of Monte-Carlo approximation (Prop. 10.5). In our framework, a similar proof (based upon MDiarmid'sinequality, Prop. 8.7 in Set. 8.5) would give a pratial way of hoosing the number of weightvetors to onsider (at least for Rad, Rho and Loo weights).An alternative to Monte-Carlo approximation would be the use of V -fold ross-validationweights. The resulting V -fold penalties are de�ned and studied in Chap. 5.Choie of the weights. Aording to the simulations of Set. 6.5, the best weights (for aurayof predition and for the variability of this auray) are Rho and Rad. On the other hand, Looweights are muh better from the omputational viewpoint (without Monte-Carlo approximation),and they indue only a small underpenalization. Notie that from both auray and variabilityviewpoints, Efron's bootstrap weights appear to perform worse than Rho, Rad, and even Loo.Thus, if an exat omputation of Loo penalties is possible, we suggest to hoose these weightsand enlarge the onstant C (we explain why below). Otherwise, Monte-Carlo approximation withLeave-one-out weights is known to be quite variable. Then, Rho or Rad weights should be preferedto Loo.In a more general framework, this analysis may be slightly hanged: when the empirialminimization algorithm ξ1...n 7→ ŝm is unstable, the leave-one-out is known to be highly variable.Then, Rho and Rad weights are likely to be muh better.About the hoie of the weights, we also refer to Barbe and Bertail [BB95℄, Chap. 2, where anasymptoti analysis of a large family of exhangeable weights is proposed, based upon Edgeworthexpansions.
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Figure 6.4. δn,pλ
>

δ
(penRho(n/4))
n,pλ for npλ ≥ 9.Seond-order terms. In this paragraph, we intend to understand the omparisonpenRad ≈ penRho > penLoo >> penEfr (6.15)observed in the simulations of Set. 6.5. This is done by a more aurate omputation of theexpetation of pen(m), taking into aount seond order terms. We then ompare numeriallythese terms for the lassial weights.In Set. 6.3, we showed that penid(m) and pen(m) have the same expetation, up to smallterms δn,pλ

and δ(penW)
n,bpλ

. We dedue that
E [pen(m) − penid(m) ] =

1

n

∑

λ∈Λm

(
δ(penW)
n,pλ

− δn,pλ

)
(σλ)2 (6.16)with δ(penW)

n,pλ
:= E

[
δ
(penW)
n,bpλ

∣∣∣ p̂λ > 0
]
.We omputed δn,pλ

and δ(penW)
n,pλ for several resampling shemes, when n = 200. The resultsare given on Fig. 6.1 to 6.6 (with straight lines for δn,pλ

and dots for δ(penW)
n,pλ ). Loo is the mostaurate. On the ontrary, Rho (n/2) and Rad give overestimations of δn,pλ

. The bias of Rho(q) is a dereasing funtion of q, as shown by Figure 6.4. Finally, Efr and Poi are stronglyunderestimating the ideal penalty, beause of the 1 − (np̂λ)−1 term.
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Figure 6.6. δn,pλ
>

δ
(penRad(1/2))
n,pλ for npλ ≥ 6.This may explain (6.15): Efr and Poi are learly underpenalizing. The strong auray of Looin expetation make it underpenalize a bit. Indeed, the �utuations of pen and penid around theirexpetations are probably as important as these seond-order terms. Then, being too auratein expetation may lead to underestimation with positive probability. Finally, Rad and Rhooverpenalize in expetation, so that they underpenalize less often in our simulations.We also observe that δ(penRho)

n,pλ ∝ δn,pλ
when npλ is large enough. Then, Loo and Rho arealmost equivalent, up to the hoie of C. If a wise tuning of C is possible, we just have to hoosebetween Loo and Rho aording to omputation issues (see the disussion above).Choie of the onstant C.Optimal onstant. The optimal onstant C⋆ is the one for whih pen is an unbiased estimatorof the ideal penalty penid (at least for the �reasonable� models). Thus, C = CW,∞ is asymptotiallyoptimal. In the histogram ase, we even proved non-asymptoti orale inequalities for C = CW,∞.However, a areful look at the proofs shows that suh a result holds for any onstant C > C⋆/2.Then, CW,∞ may not be exatly equal to C⋆ when the sample size n is small. Moreover, we donot have exat non-asymptoti expressions for CW,∞ for the general algorithm 6.1. Using theasymptotial value of CW,∞ may lead to an unorret algorithm if the size of Mn depends on nor is in�nite, even for large n!In order to solve this issue, we suggest to hoose C with the so-alled �slope heuristis�,proposed by Birgé and Massart [BM06℄ for penalties linear in dimension. Their laim is thatthe optimal penalty is twie the minimal penalty, i.e. the one under whih the seleted model isobviously too large. With Massart, we extended this result to any shape of the ideal penalty (f.Chap. 3). This leads to estimating the shape of penid by resampling, and the onstant C withthe slope heuristis. The resulting algorithm 11.1 is desribed in Set. 11.3.2.Overpenalization. When n is small, σ is large, or when s is non-smooth, it may be neessaryto overpenalize. The simulations of Set. 6.5 showed that overpenalization may greatly improvethe quality of predition (e.g. in the experiments of Tab. 6.2).This problem would appear even if we knew the �optimal� onstant C⋆ suh that pen is non-asymptotially unbiased. Indeed, C⋆ does not take into aount the deviations of pen(m) aroundits expetation E[penid(m)], neither the deviations of penid(m) around its expetation. To avoidthe possible over�t indued by these �utuations, we have to slightly enlarge C.The fator 5/4 taken in our simulations is obviously not a universal one (e.g. it is worse than 1in experiments S0.1 and DopReg). Our proposal is to modify de�nition (6.2) of pen by replaing



166 CHAPITRE 6. RESAMPLING PENALTIESthe expetation by an α-quantile, as follows:
pen(m) = C inf

{
t ∈ R s.t. PW

n

[
Pnγ

(
ŝm

(
PW

n

))
− PW

n γ
(
ŝm

(
PW

n

))
> t
]
≤ α

}
. (6.17)Of ourse, the level α remains to be hosen. With α = 0.5 (i.e. take the median), we obtainalmost the same penalty as (6.2). We do not have any theoretial result nor heuristis for thehoie of α: the amount of overpenalization orresponding to any partiular α depends on howthe variane of penid(m) inreases or dereases with m. The onstant C an still be taken equalto CW,∞, or estimated by the slope heuristis.Resampling quantiles of the form (6.17) an also be used to derive a (two-sided) on�deneregion for the predition error (Pγ ( ŝm ))m∈Mn

. Then, we may dedue a �on�dene set for m⋆�instead of a single model m̂, and hoose the more parimonious model as m̂. Suh an algorithmwould �overpenalize� more and more when the level α of the on�dene region goes to zero.Suh modi�ations are of ourse impossible with Mallows' penalty. This shows one moredrawbak of Mallows' Cp for di�ult problems. On the ontrary, the lassial V -fold ross-validation an be modi�ed in suh a way. Further omments on overpenalization are given inSet. 2.4.1 and 11.3.3.6.6.2. Comparison with other proedures. In this hapter, we have shown that Resam-pling Penalization should work well in almost all �reasonable� frameworks. This robustness is akey property of RP, whih may be used in almost every situation. However, omputing the re-sampling penalties may be quite long, even with a Monte-Carlo approximation, when minimizing
PW

n γ(t, ·) over t ∈ Sm is hard. In suh ases, we need some lues for hoosing between simpleproedures (e.g. Mallows') and RP. In partiular, for �easy� problems, RP an behave worsethan Mallows', simply beause it is more general. We would like to know what are those �easy�problems, for whih we an avoid long omputations.Mallows' Cp. Mallows' penalty is equal to 2σ2Dmn
−1 for a model m of dimension Dm. Non-asymptoti results about Mallows'-like penalties an be found in [BBM99, Bar00, Bar02℄.They imply that Mallows' penalty is asymptotially optimal in the homosedasti framework,when Mn is not too large.When the (onstant) noise-level σ is unknown, one has to estimate it. Introduing arti�iallya model S⌊n/2⌋ of dimension ⌊n/2⌋, Baraud [Bar00, Bar02℄ suggests to estimate σ2 with

σ̂2 =
d2
(
Y1...n, S⌊n/2⌋

)

n− ⌊n/2⌋ , (6.18)where Y1...n = (Yi)1≤i≤n ∈ R
n and d the Eulidean distane on R

n. He then showed that thisdata-driven model seletion proedure has some adaptivity property in both the �xed-design andrandom-design frameworks.Assume for the sake of simpliity that n is even, and hoose Sn/2 suh that eah piee of theassoiated partition ontains exatly two data points. Reordering the (Xi, Yi) aording to Xi,we then have
σ̂2 =

2

n

n/2∑

i=1

((
Y2i−1 −

Y2i−1 + Y2i

2

)2

+

(
Y2i −

Y2i−1 + Y2i

2

)2
)

=
1

n

n/2∑

i=1

(Y2i − Y2i−1)
2hene, penMallows(m) =

2Dm

n2

n/2∑

i=1

(Y2i − Y2i−1)
2 .
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E

[
(Y2i − Y2i−1)

2
∣∣∣ X2i,X2i−1] = σ(X2i)

2 + σ(X2i−1)
2 + (s(X2i) − s(X2i−1))

2we obtain that
E

Λm [penMallows(m) ] =
2

n

∑

λ∈Λm

(Dmp̂λ ) (σr
λ)2 +

2Dm

n2

n/2∑

i=1

(s(X2i) − s(X2i−1))
2 .When s is smooth, the seond term is negligible in front of 2n−1

∑
λ∈Λm

(
σd

λ

)2 (see (6.6) inSet. 6.3.2). This means that Mallows' penalty does not take into aount the bias omponent of
penid.On the other hand, the variane omponent of penid (whih is the main one in general) isdeformed in penMallows. The penalty part orresponding to Iλ is multiplied by Dmp̂λ, whih maynot be lose to 1 when the model m is not regular w.r.t. L(X). This happens for instane in theexperiments S2 and HSd2 in Set. 6.5.These two main di�erenes between Mallows' Cp and Resampling Penalization enlightensseveral �hard� problems:

• heterosedasti noise, with irregular histograms and X uniform (e.g. S2, HSd2 or Svar2of Set. 6.5),
• heterosedasti noise, with regular histograms and X highly non-uniform on X ,
• regression funtion s with jumps (e.g. HeaviSine) or non-smooth areas (e.g. Doppler).In either of those ases, one should avoid the use of Mallows'-like penalties, and we suggest RPas an e�ient alternative. We show below that the �rst lass of problems an make any linearpenalty une�ient.Linear penalties. The simpliity of Mallows' Cp omes from the fat that its shape is �xed apriori as linear in the dimension Dm of the models. Thus,

pen(m) = K̂Dmand there is only one onstant K̂ to determine. In the ase of Mallows', we take
K̂Mallows = 2σ2n−1 or 2σ̂2n−1if the mean variane level σ is unknown. Following the slope heuristis of Birgé and Massart[BM06℄, one an also de�ne a data-dependent onstant K̂slope with steps 3 and 4 of algorithm 3.1(and penshape(m) = Dm).However, in view of (6.6), the ideal penalty is not linear in general, even in expetation. Weshow in Chap. 4 that these linear penalties an fail, in the sense that they an not satisfy an oraleinequality with a onstant smaller than some κ > 1. See Set. 4.3 for a theoretial result, andSet. 4.4 for experimental evidene. In partiular, we onsider in Set. 4.4.2 the experiments ofSet. 6.5, and it appears that in experiment HSd2, even a linear penalty using both the data andthe unknown distribution P is less e�ient than all the V -fold and Resampling Penalties. In HSd2,linear penalties are even worse than the lassial V -fold ross-validation with V ∈ {5, 10, 20}.Thus, in di�ult situations suh as HSd2, Resampling Penalization is an e�ient alternativeto linear penalization.Re�ned versions of Mallows'. In least-square regression and other frameworks, several penal-ties have been de�ned as re�nements of Mallows' Cp, in Gaussian frameworks (Barron, Birgé andMassart [BBM99℄) as in non-Gaussian ones (Baraud [Bar02℄). Basially, when Card(Mn) is



168 CHAPITRE 6. RESAMPLING PENALTIESpolynomial in n, these penalties are linear in Dm. So, they have at least the same drawbaks asthe optimal linear penalty above.When Card(Mn) is larger (e.g. exponential in n), one has to take a larger penalty of the form
pen(m) = KDm

(
1 + c ln

(
n

Dm

))
,as in Birgé and Massart [BM06℄ or Sauvé [Sau06℄. With suh a family of models, one an not useResampling Penalization without modi�ations. Indeed, uniform deviations for pen(m)−penid(m)derived from the union bound may be too large, so that the model seletion proedure an fail.In order to solve this issue, we propose to apply algorithm 6.1 to (S̃D)1≤D≤n instead of

(Sm)m∈Mn , with
S̃D :=

⋃

Dm=D

Sm .This new model seletion problem satis�es the polynomial omplexity assumption. By groupingmodels aording toDm (or any other natural index of omplexity of Sm), we allow the Resamplingproedure to detet the omplexity of Mn through the omplexity of eah S̃D. However, ourresults for histograms annot be extended to this ase sine S̃D is not an histogram model, butonly a union of histogram models with the same number of piees. Results in this frameworkwould be very interesting, sine they ould be applied to CART algorithm (de�ned by Breimanet al. [BFOS84℄; f. also [ST06℄).Ad ho proedures. One of the main points of Thm. 6.1 and 6.2 is that Resampling Penalizationworks in an heterosedasti framework, ontrary to Mallows' Cp. However, it is possible toadapt Mallows' penalty to heterosedastiity, for instane by splitting X into disjoint subsets
(Xk)1≤k≤Kn . Then, replae σ2Dm by ∑Kn

k=1 σ
2
kDm,k, where σk and Dm,k are loal indexes forthe noise and the omplexity of Sm. Choosing Kn suh that both Kn and nK−1

n go to in�nitywith n, we obtain a proedure that is (asymptotially) optimal in the histogram ase if σ isLipshitz with a �nite number of jumps. In the least-square regression framework, Galthouk andPergamenshikov [GP05℄ de�ned another proedure that is minimax in the heterosedasti ase.Those two proedures may perform a little better than resampling penalization. We all them�ad ho� beause they are speially designed for the heterosedasti ase and a partiular familyof estimators. On the ontrary, Resampling Penalization is a general-purpose devie. It wasneither built to be adaptive to heterosedasti noises, nor to take advantage of a spei� model(regression, histograms).When no information is available on the data, or when no known algorithm an make use ofsuh informations, we suggest the use of RP. Moreover, it may happen that informations availableare partial or wrong. Then, using an ad ho proedure may be atastrophi, whereas a generaldevie like RP would still work. In a nutshell, hoose RP if you have no useful information or ifyou do not trust them.Other model seletion proedures by resampling. The most well-known resampling-based modelseletion proedure is ross-validation. For pratial reasons, it is often used in its V -fold version,whih may have some triky behaviors, in partiular when V has to be hosen [Yan07℄. This analso be shown in our simulation experiments (Set. 6.5, Tab. 6.2): in HSd1, V = 2 is better than
V ∈ {5, 10, 20}. In Chap. 5, we explain this phenomenon by some bias of the V -fold riterion,that strongly depends on V . We also use Resampling Penalization for de�ning an alternative to
V -Fold Cross-Validation whih does not have this drawbak. This enlightens one of the mainbene�t of using a penalization method like RP, that is �exibility.



6.6. DISCUSSION 169There also exist some bootstrap model seletion proedures [Sha96, Shi97℄. As notied inRemark 6.3, the ones studied in [Shi97℄ are quite lose to RP, although stated in a less generalform. In partiular, they are restrited to Efron(n) weights, whih have been shown to be the worstones in our simulations. A seond main improvement of RP is the use of a parameter C in front ofthe penalty. This allows to disonnet the hoie of the weights from the overpenalization problem.For instane, inonsisteny results of Shao [Sha96℄ with Efron(q) weights an be prevented by awise hoie of C, without hanging q.6.6.3. General frameworks, inluding lassi�ation. Our results on Resampling Penal-ization are restrited to the histogram ase, so that we an wonder whether it still works in generalframeworks. First, notie that algorithm 6.1 an be applied (maybe up to some little modi�a-tions, like for histograms) to any model seletion problem. Then, it relies on the resampling idea,whih is known to be quite robust in a wide variety of situations. Our Thm 6.1 and 6.2 show thatRP is atually robust to heterosedastiity in regression, whereas it has not been built for this.These are the main reasons why we expet RP to have suh robustness properties in many otherframeworks: least-square regression on general models, binary lassi�ation (e.g. with marginonditions), and so on.In the lassi�ation ase, there is another reason why RP should work. Indeed, when somemargin ondition holds (introdued by Mammen and Tsybakov [MT99℄), penalization methodsbased upon global penalties suh as Rademaher omplexities are muh too large, beause theyestimate
penid,g(m) := sup

t∈Sm

{(P − Pn)γ(t)} instead of penid(m) = (P − Pn)γ(ŝm) .This is no longer the ase with loalized penalties (e.g. loal Rademaher omplexities), that takeinto aount the loseness of ŝm and s. Reent results [LW04, BBM05, Kol06℄ have shown thatthese loalized penalties really estimate penid(m) and not its global upper bound penid,g(m), sothat the resulting algorithms an bene�t of the margin ondition.With RP, we preisely try to improve Fromont's bootstrap penalties [Fro04℄ by estimating
penid(m) instead of penid,g(m). Then, RP an be onsidered as loal penalties. One majordrawbak of loal Rademaher omplexities is their dependene on huge or unknown onstants(see Set. 2.2.1, page 77; in partiular, they are not margin adaptive, as notied by Kolthinskii[Kol06℄). This alibration problem seems muh easier for RP, sine C an be hosen as desribedin Set. 6.6.1. As a onsequene, we an onjeture that RP (e.g. ombined with the slopeheuristis, as in Algorithm 11.1) is adaptive to the margin ondition. A rigorous proof of thisfat would of ourse be of muh interest. We draw in Chap. 7 some possible ways towards suh aproof.Remark also that the omputational ost of RP is muh smaller that the one of loal Radema-her omplexities. Considering that the V -fold penalties introdued in Chap. 5 also belong tothe RP family, we have built some loal penalties whih greatly improves on loal Rademaherpenalties from the omputational viewpoint.6.6.4. Conlusion. This hapter intends to help the pratial user to answer the followingquestion: when shall we use Resampling Penalization? To sum up, we list below the advantagesand drawbaks of RP vs. the lassial methods.Advantages of RP.

• generality: well-de�ned in almost any framework.
• robustness and versatility: perfet for the autious user.
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• adaptivity: to several properties, e.g. heterosedastiity and smoothness of the target.
• �exibility: possibility of overpenalization, either for non-asymptoti predition or foridenti�ation.Drawbaks of RP.
• omputation time: one may prefer V -fold algorithms, VFCV or penVFCV (see Chap. 5).
• possibly suboptimal in easy ases (against Mallows' Cp) or in some partiular frameworks(against ad ho proedures).6.7. Probabilisti tools: expetations of inversesIn this setion, we give some results that may be interesting independently from the resamplingpenalization method. When omputing the resampling penalty for some lassial resamplingshemes, the quantity

e+Z = e+L(Z) := E [Z ] E
[
Z−1

∣∣ Z > 0
]appears (in R1,W ), for some random variables Z with Binomial, Poisson or Hypergeometri laws.The binomial ase also appears for a omparison between

E [P (γ ( ŝm ) − γ (sm )) ] and E [Pn (γ (sm ) − γ ( ŝm )) ] .Suh quantities have been onsidered several times (for instane [Lew76℄ onsider general Z,and [JZ04, �ni05℄ investigate the ase of Binomial and Poisson random variables). However,these results are either asymptoti or too general to be aurate. In this setion, we give somenon-asymptoti bounds on e+Z , from whih we an reover some of the well-known asymptotiresults.We �rst introdue another interesting quantity losely related to e+Z :
e0Z = e0L(Z) := E [Z ] E

[
Z−1

1Z>0

]
= e+ZP(Z > 0) . (6.19)It is useful to notie the following general lower bound, whih is a straightforward onsequeneof Jensen's inequality: if P(Z > 0) > 0, then

e+Z ≥ P (Z > 0) . (6.20)We used non-asymptoti onentration inequalities to derive the following upper bounds.6.7.1. Binomial ase.Lemma 6.1 (Lemma 5.3 in Set. 5.6.1). For any n ∈ N\ {0} and p ∈ (0; 1], B(n, p) denotesthe binomial law with parameters (n, p). Denote κ3 = 5.1 and κ4 = 3.2. Then, if np ≥ 1,
κ4 ∧

(
1 + κ3(np)

−1/4
)
≥ e+B(n,p) ≥ 1 − e−np . (6.21)As a onsequene,

lim
np→+∞

e+B(n,p) = 1 . (6.22)Notie that when p = 1/2, we an improve a little this result (see Lemma 8.14 in Set. 8.7).This is useful for estimating R1,Rad.6.7.2. Hypergeometri ase. Reall that an hypergeometri random variableX ∼ H(n, r, q)is de�ned by
∀k ∈ {0, . . . , q ∧ r} , P(X = k) =

(r
k

)(n−r
q−k

)
(n

q

) .Lemma 6.2. Let n, r, q ∈ N suh that n ≥ r ≥ 1 and n ≥ q ≥ 1.



6.8. PROOFS 171(1) General lower-bound:
e+H(n,r,q) ≥ 1 − 1r≤n−q exp

(
−qr
n

)
. (6.23)(2) General upper-bound: Let ǫ ∈ (0; 1) and κ5(ǫ) = 0.9 + 1.4 × ǫ−2.If r ≥ 2 and n

q
≤ (1 − ǫ)

2r

2 +
√

3(r + 1) ln(r)Then, e+H(n,r,q) ≤ 1 + κ5(ǫ)
n

q

√
ln(r)

r
. (6.24)(3) �Rho� ase: if n ≥ 2,

sup
r≥1

{
e+H(n,r,⌊n

2
⌋)

}
≤ 14.3 and sup

r≥26

{
e+H(n,r,⌊n

2
⌋)

}
≤ 3 . (6.25)(4) �Loo� ase:

1 +
1r≥2

n(r − 1)
≥ e+H(n,r,n−1) = 1 +

1

n

(
(n− 1)r

n(r − 1)
1r≥2 − 1

)
≥ 1 − 1r=1

n
. (6.26)(5) �Lpo� ase: if n ≥ r ≥ n− q + 1 ≥ 2,

rnn−q

(r − n+ q)n · · · (q + 1)
≥ e+H(n,r,q) ≥ 1 . (6.27)In partiular, if supk

{
nkq

−1
k ∧ (nk − qk)

}
< +∞ and nk ≥ rk → +∞, we have

lim
k→+∞

{
e+H(nk ,rk,qk)

}
= 1 . (6.28)6.7.3. Poisson ase.Lemma 6.3. For every µ > 0, P(µ) denotes the Poisson law with parameter µ. Then,

1µ≥1.61 ∨
(
1 − e−µ

)
≤ e+P(µ) ≤

(
2 − 2e−2µ

)
∧
(

1 +
2(1 + e−3)

(µ− 2)+

)
. (6.29)As a onsequene,

lim
µ→+∞

e+P(µ)
= 1 . (6.30)6.7.4. Numerial illustration. For those three ases, we omputed numerially e+Z forseveral values of the parameters. The results are given on Fig. 6.7 (binomial ase), 6.8 (hypergeo-metri ase) and 6.9 (Poisson ase). It seems that the true absolute upper bounds are quite loseto 1 (maybe lower than 1.4), and the asymptoti behaviour appears for rather small values of n.6.8. ProofsIn the following, when we do not want to write expliitly some onstants, we use the letter

L. It means �some positive absolute onstant, possibly di�erent from a line to another, or evenwithin the same line�. When L is not numerial, but depends on some parameters p1, . . . , pk, itis written Lp1,...,pk
of L(p1, . . . , pk). When L depends on the onstants that appear in a set (A)of assumptions, it is written L(A).6.8.1. General framework. We �rst need to introdue some notations and assumptions.
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Figure 6.9. Inverse moment e+P(µ)
of a Poisson variable for µ ∈ [0; 100 ].Notations. When m ∈ Mn, q > 0 and Z is an arbitrary random variable, we de�ne

p1(m) = P (γ ( ŝm ) − γ (sm )) p2(m) = Pn (γ(sm) − γ(ŝm))

mq,λ := ‖Y − sm(X)‖q,λ := (E [|Y − sm(X)|q | X ∈ Iλ])1/q

‖Z‖(Λm)
q := E

Λm [ |Z|q ]1/q = E [ |Z|q | (1Xi∈Iλ
)1≤i≤n, λ∈Λm ]1/qand ∀x ≥ 0, ϕ(x) = xe−x ϕ1(x) = ϕ(x ∨ 1) .In the histogram ase, it is onvenient to replae p2(m) by

p̃2(m) := p2(m) +
1

n

∑

λ∈Λm

((
σd

λ

)2
+ (σr

λ)2
)
1nbpλ=0 .Then, if minλ∈Λm {np̂λ } ≥ 1 (whih will always be assumed in pratie),

p2(m) = p̃2(m) and E
Λm [p2(m) ] = E

Λm [ p̃2(m) ] = E [ p̃2(m) ] .Inside expetations, we will often write p2 instead of p̃2(m) by onvention. When minλ∈Λm {npλ }is large, this does not make muh di�erene.



6.8. PROOFS 173In a similar way, we de�ne p̃1(m) as an alternative de�nition to p1(m) (see Set. 5.7.2, whereother onventions p̃1
(T ), T ≥ 0, are also de�ned). This is more ruial than for p2(m), sine p1(m)is not well-de�ned when minλ∈Λm {np̂λ } = 0.Bounded assumption set (Bg).There is some noise: ‖σ(X)‖2 > 0.

(P1) Polynomial omplexity of Mn: Card(Mn) ≤ cMnαM .
(P2) Rihness of Mn: ∃m0 ∈ Mn s.t. Dm0 ∈ [

√
n; crich

√
n ].

(P3) The onstant C is well hosen: ηCW,∞ ≥ C ≥ CW,∞.
(P4) The weights are exhangeable, among Efr, Rad, Poi, Rho and Loo.
(Ab) Bounded data: ‖Yi‖∞ ≤ A <∞.

(Am,ℓ) Loal moment assumption: there exists aℓ, ξℓ ≥ 0 suh that for every q ≥ 2, for every
m ∈ Mn suh that Dm ≥ D0,

P ℓ
m(q) :=

√
Dm

∑
λ∈Λm

m4
q,λ∑

λ∈Λm
m2

2,λ

≤ aℓq
ξℓ .

(Ap) Polynomial dereasing of the bias: there exists β1 ≥ β2 > 0 and C+
b , C

−
b > 0 suh that,for every m ∈ Mn,

C−
b D

−β1
m ≤ l(s, sm) ≤ C+

b D
−β2
m .

(AQ) For every m ∈ Mn suh that Dm ≥ D0,
Q(p)

m :=
nE [p2(m) ]

Dm
=

1

Dm

∑

λ∈Λm

[
(σr

λ )2 +
(
σd

λ

)2
]
≥ c−Q > 0

(ArX
ℓ ) Lower regularity of the partitions for L(X): there exists cXr,ℓ > 0 suh that for every

m ∈ Mn, Dm minλ∈Λm pλ ≥ cXr,ℓ.Unbounded assumption set (Ug). We remove (Ab) from (Bg), and add
(Aσmax) Noise-level bounded from above: σ2(X) ≤ σ2

max < +∞ a.s.
(Asmax) Bound on the target funtion: ‖s‖∞ ≤ A.
(A+

m,ℓ) Upper bound on the loal moments: there exists a+
ℓ , ξ

+
ℓ ≥ 0 suh that for every m ∈ Mn

max
λ∈Λm

{mq,λ } ≤ a+
ℓ q

ξ+
ℓ .

(Ag,ǫ) Global moment assumption for the noise: there exists a, ξ ≥ 0 suh that for every q ≥ 2,
P gǫ(q) := ‖ǫ‖q ≤ agǫq

ξgǫ

(Aδ) Global moment assumption for the bias: there is a onstant cg∆,m > 0 suh that, forevery m ∈ Mn of dimension Dm ≥ D0,
‖s− sm‖∞ ≤ cg∆,m ‖s(X) − sm(X)‖2General result.Lemma 6.4. Let n ∈ N\ {0}, γ0 > 0 and m̂ given by algorithm 6.2. Assume that either (Bg)or (Ug) holds with onstants independent from n.Then, there exists a onstant K1 (that depends on γ0 and all the onstants in (Bg) (resp.

(Ug)), but not on n) suh that
l(s, ŝ bm) ≤

[
2η − 1 + ln(n)−1/5

]
inf

m∈Mn

{ l(s, ŝm)} (6.31)
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−γ0 .The proof of this lemma is made in Set. 6.8.5.Remark 6.7. In the in�mum in (6.31), there may be some m ∈ Mn suh that ŝm is not wellde�ned. We took by onvention l(s, ŝm) = ∞ in those ases.From the proof, there is a onstant c > 0 (that depend on αM, γ0 and cXr,ℓ) suh that everymodel of dimension smaller than cn ( ln(n))−1 belongs to M̂n on the event where (6.31) holds.For eah of these models,

l(s, ŝm) = l(s, sm) + p̃1
(0)(m) = l(s, sm) + p̃1(m) = l(s, sm) + p̃1

(A−1)(m)so that we an then restrit the in�mum to models of dimension lower than cn ( ln(n))−1 withany of these onventions for l(s, ŝm).6.8.2. Proof of Thm. 6.1. We apply Lemma 6.4 with γ0 = 2. In order to dedue (6.11),it remains to show that (Am,ℓ) and (AQ) are satis�ed. This is true with D0 = 1 sine for every
m ∈ Mn,

P ℓ
m(q) :=

√
Dm

∑
λ∈Λm

m4
q,λ∑

λ∈Λm
m2

2,λ

≤ ‖Y − sm(X)‖2
∞

minλ∈Λm

{(
σr

λ

)2} ≤ 4A2

σ2
min

Q(p)
m :=

1

Dm

∑

λ∈Λm

[
(σr

λ )2 +
(
σd

λ

)2
]
≥ σ2

min .Let Ωn be the event on whih (6.11) holds true. Then,
E [ l(s, ŝ bm) ] = E [ l(s, ŝ bm)1Ωn ] + E

[
l(s, ŝ bm)1Ωc

n

]

≤ [2η − 1 + ǫn ] E

[
inf

m∈Mn

{ l(s, ŝm)}
]

+A2K1P (Ωc
n )whih proves (6.12).Remark that (6.12) also holds with Mn replaed by

{
m ∈ Mn s.t. Dm ≤ c(αM, cXr,ℓ)n ln(n)−1

}and the onvention p1(m) = p̃1
(0)(m).6.8.3. Proof of Thm. 6.1: alternative assumptions.Without (An). When σ(X) is allowed to be zero, we only need another proof for (Am,ℓ) and

(AQ).
P ℓ

m(q) =

√∑
λ∈Λm

m4
q,λ

√
DmQ

(p)
m

≤ ‖Y − sm(X)‖2
∞

Q
(p)
m

≤ 4A2

Q
(p)
m

Q(p)
m ≥

‖σ‖2
L2(Leb)

2cr,u
−
K2

σ

(
cdr,u
)2

diam(X )2

D2αd
m

− Jσ ‖σ(X)‖2
∞

2Dm
(f. Lemma 6.13).Thus, (Am,ℓ) and (AQ) hold true uniformly on models m ∈ Mn suh that Dm ≥ D0 = L(Bg).Unbounded ase. We still use Lemma 6.4, but the proof is a little longer.Pathwise orale inequality. We prove it for a general γ0 (sine we need it for the lassialorale below). We have to prove (Am,ℓ), (AQ), (A+

m,ℓ), (Ag,ǫ) and (Aδ). The four �rst ones are



6.8. PROOFS 175almost straightforward: for every m ∈ Mn,
P ℓ

m(q) =

√∑
λ∈Λm

m4
q,λ

√
DmQ

(p)
m

≤
(
2A+ cgauss

√
qσmax

)2

Q
(p)
m

≤ Lcgauss,σmax,Aq
2

Q
(p)
m

Q(p)
m ≥ σ2

min

max
λ∈Λm

{mq,λ } ≤ ‖s− sm‖∞ + σmaxcgauss
√
q ≤ (2A+ cgaussσmax )

√
q

P gǫ(q) ≤ σmaxcgauss
√
q .For the last one, we use Lemma 6.14 (with (Al), (Arℓ,u) and (Adℓ)) whih shows that

cg∆,m ≤ L(Ug) if Dm ≥ D0 = L(Ug) .Classial orale inequality. Let Ωn be the event on whih (6.11) holds true with γ0 = 6+αM.As in the bounded ase, we only have to upper bound
E

Λm
[
l(s, ŝ bm)1Ωc

n

]
≤
√

P(Ωc)
√

EΛm [l(s, ŝ bm)2] by Cauhy-Shwartz
≤
√
K1n

−γ0/2

√
EΛm

[
2 ‖s‖2

∞ + 2p1(m̂)2
]

≤ L(Ug)n
−γ0/2


1 +

√√√√EΛm

[
∑

m∈Mn

p1(m)21
m∈Mn

]
 .For every m ∈ M̂n, we have to ompute E

Λm[(p1(m))2] (and derive a bound on it, even verypoor). Starting from (5.19) in Set. 5.7.2, we have
E

Λm
[
p1(m)2

]
=

1

n2

∑

λ∈Λm

(
pλ

p̂λ

)2

E
Λm

[
S4

λ,1

(np̂λ)2

]
+

1

n2

∑

λ6=λ′

[
pλ

p̂λ

pλ′

p̂λ′

m2
2,λm

2
2,λ′

]

≤
∑

λ∈Λm

E
Λm

[
S4

λ,1

(np̂λ)2

]
+
∑

λ6=λ′

(
σ2

max + (2A)2
)2 ≤ D2

mL(Ug) ≤ n2L(Ug)sine
E

Λm

[
S4

λ,1

(np̂λ)2

]
= E

Λm




(∑
Xi∈Iλ

(Yi − βλ)
)4

(np̂λ)2


 =

m4
4,λ

np̂λ
+

6(np̂λ − 1)m4
2,λ

np̂λand Dm

∑

λ∈Λm

m4
q,λ ≤

(
aℓq

ξℓ

)2 (
σ2

max + (2A)2
)2

.Using that Card(Mn) ≤ cMnαM , we obtain
E

Λm
[
l(s, ŝ bm)1Ωc

n

]
≤ L(Ug)n

1+(αM−γ0)/2whih proves (6.12).6.8.4. Proof of Thm. 6.2.Non-onstant regression funtion. First assume that s is non-onstant, i.e. variaX s > 0. Westart from the lassial orale inequality of Thm. 6.1, with Mn redued to models suh that
Dm ≤ cn ln(n)−1 (f. the remark at the end of the proof of Thm. 6.1). This is possible sine (P2)holds with crich = 2k, (ArX

ℓ ) holds with cXr,ℓ = cXmin and (Ap) holds with
C−

b = L(α,R,diam(X ), k, variaX (s)) > 0 C+
b = R2



176 CHAPITRE 6. RESAMPLING PENALTIES
β1 = k−1 + α−1 − (k − 1)k−1α β2 = 2αk−1(see Lemma 8.20 in Set. 8.10). Thus,

E [ l(s, ŝ bm) ] ≤ [2η − 1 + ǫn ] inf
m∈Mn,Dm≤ cn

ln(n)

{
l(s, sm) + E

[
p̃1

(0)(m)
]}

+A2K1n
−2 .Let T ∈ N and m = m(T ) ∈ Mn be the model of dimension Dm ≈ Leb(X )T k. Then,

l(s, sm) ≤ R2T−2α

E

[
p̃1

(0)(m)
]
≤ sup

np≥0
e0B(n,p) ×

1

n

∑

λ∈Λm

(
(σr

λ)2 +
(
σd

λ

)2
)

≤ 2

n


R2T 1−2α +

∑

λ∈Λm

(σr
λ)2


 ≤ 2R2T 1−2α

n
+

2σ2
maxDm

nwhere the bound on e0B(n,p) omes from (5.60).We now take
T k ≈ R

2k
2α+kn

k
2α+kσ

−2k
2α+k
maxwhih is smaller than cn(ln(n))−1 if n ≥ Lk,α,σmax,c. Sine E [ l(s, ŝ bm) ] ≤ A2, we obtain (6.13) byhoosing K3 = K1 ∨ (A2Lk,α,σmax,c).When (Aσ) holds, when m = m(T ), for every λ ∈ Λm suh that there is no jump of σ on Iλ,

(σr
λ)2 ≤ max

Iλ

σ2 ≤
(
Kσ

T
+

√
1

Leb(X )

∫

X
σ2(t) Leb(dt)

)2

≤
(
1 + θ−1

) K2
σ

T 2
+

1 + θ

Leb(X )

∫

X
σ2(t) Leb(dt)for every θ > 0.If σ jumps on Iλ (and there are at most Jσ suh λ), we simply bound maxIλ

σ2 by σ2
max. Asa onsequene, taking θ = T−1, we get

E

[
p̃1

(0)(m(T ))
]
≤ 2

n


R2T 1−2α +

∑

λ∈Λm

(σr
λ)2




≤ 2R2T 1−2α

n
+

2Dm ‖σ‖2
L2(Leb)

n
+
L(Bg)

nand the end of the proof does not hange.Constant funtions. The ase of onstant funtions has to be onsidered separately, sine
(Ap) is no longer satis�ed. Indeed, onstant funtions are too well approximated by histogramsand thus lead to selet models of rather small dimension (the optimal dimension being one). Wewill show that they are estimated at the rate (ln(n))χn−1 for some χ > 0, whih is faster than
n−β for any β < 1.Upper bound on D bm. Consider Ωn,γ0 de�ned in the proof of Lemma 6.4 (see Set. 6.8.5) with
γ0 = 2. As in the proof of (6.34), we have for every m ∈ M̂n suh that Dm ≥ ln(n)ξ+1,

crit(m) = pen(m) − p2(m)

≥
(

1

4
− L(Bg) ln(n)−ξ

)
Q(p)

m ln(n)ξ+1n−1



6.8. PROOFS 177and δ(m) ≥ −LAγ ln(n)

n
.Let m1 be the model of dimension 1 (it belongs to M̂n on Ωn,γ0). Then,

crit(m1) = pen(m1) − p2(m1) ≤ L(Bg) ln(n)ξℓ+1
E [p2(m1) ] ≤ L(Bg) ln(n)ξσmaxn

−1 .Then, if n ≥ L(Bg), D bm ≤ ln(n)ξ+1.We now have
E [ l(s, ŝ bm) ] = E

[
l(s, ŝ bm)1Ωn,γ0

]
+ E

[
l(s, ŝ bm)1Ωc

n,γ0

]

≤
∑

1≤Dm≤ln(n)ξ+1

E

[
p̃1

(0)(m)1Ωn,γ0

]
+A2

P(Ωc
n,γ0

)

=
∑

1≤Dm≤ln(n)ξ+1

LDm

(
A2 + σ2

max

)

n
+K1A

2n−2

≤ L(Bg) ln(n)ξ+1n−1 ≤ R
2k

2α+kn
−2α
2α+kσ

4α
2α+k
max + L(Bg)n

−1 .if n ≥ L(Bg). Otherwise, we enlarge the onstant K3 so that K3n
−1 ≥ A2.6.8.5. Proof of Lemma 6.4. We �rst give the omplete proof in the bounded ase. Then,we will explain how it an be extended to the unbounded ase.Bounded ase. For eah m ∈ Mn, we have

l(s, ŝm) = Pnγ(ŝm) + p1(m) + p2(m) − δ(m) − Pγ(s) .By de�nition of m̂, for every m ∈ M̂n,
Pnγ(ŝ bm) + pen(m̂) ≤ Pnγ(ŝm) + pen(m) ,so that

l(s, ŝ bm) −
(
pen′

id(m̂) − pen(m̂)
)
≤ l(s, ŝm) +

(
pen(m) − pen′

id(m)
)
. (6.32)with pen′

id(m) = p1(m) + p2(m) − δ(m) = pen(m) + (P − Pn)γ(s).Let γ = γ0 + αM. For every m ∈ Mn, de�ne
An(m) = min

λ∈Λm

{np̂λ } and Bn(m) = min
λ∈Λm

{npλ} .We now de�ne the event Ωn,γ0 on whih the following hold:
• for every m ∈ Mn suh that Dm ≥ D0, An(m) ≥ 1 and Bn(m) ≥ 1:

∣∣pen(m) − E
Λm[pen(m)]

∣∣ ≤ Lγ0,(Bg)
ln(n)ξℓ+1

√
An(m)Dm

E [p2(m) ] (6.57)
p̃1(m) ≥ E [ p̃1(m) ] − Lγ0,(Bg)

[
ln(n)ξℓ+2

√
Dm

+ e−LBn

]
E [p2(m) ] (6.58)

p̃1(m) ≤ E [ p̃1(m) ] + Lγ0,(Bg)

[
ln(n)ξℓ+2

√
Dm

+
√
Dme

−LBn

]
E [p2(m) ] (6.59)

|p2(m) − E[p2(m)]| ≤ Lγ0,(Bg)
ln(n)ξℓ+1

√
Dm

E [p2(m) ] (6.60)
∣∣δ(m)

∣∣ ≤ l(s, sm)√
Dm

+ Lγ0,(Bg)
ln(n)√
Dm

E [p2(m) ] (6.62)
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• for every m ∈ Mn suh that Dm ≥ D0, An(m) ≥ 1 and Bn(m) > 0:

p̃1(m) ≥
(

1

2 + (γ + 1)Bn(m)−1 ln(n)
− L(aℓ, ξℓ, γ) ln(n)ξℓ+2

√
Dm

)
E [ p̃2(m) ] (6.61)

• for every m ∈ Mn,
An(m) ≥ Bn(m)

2
− 2(γ + 1) ln(n) (6.67)From Prop. 6.9 (for p̃1 and p2), Lemma 6.10 (for δ(m)), Prop. 6.8 (for pen), Lemma 6.12 (for

An(m)), we have
P (Ωn,γ0 ) ≥ 1 − L

∑

m∈Mn

n−γ0−αM ≥ 1 − L(cM)n−γ0 .If Dm ≤ Lγ,cX
r,ℓ
n ln(n)−1, then, (ArX

ℓ ) implies that Bn(m) ≥ L−1 ∨ (1 + 4(γ + 1)) ln(n). Asa onsequene, on Ωn,γ0 , for every m ∈ Mn suh that D0 ∨ (ln(n))2ξℓ+7 ≤ Dm ≤ Lγ,cX
r,ℓ
n ln(n)−1:

max
{
|p̃1(m) − E [ p̃1(m) ]| , |p2(m) − E [p2(m) ]| ,

∣∣δ(m)
∣∣ ,
∣∣pen(m) − E

Λm [pen(m) ]
∣∣}

≤ Lγ0,(Bg)E [ l(s, sm) + p2(m) ]

ln(n)and An(m) ≥ ln(n). Using Prop. 6.5 (and the non-asymptoti bounds given within its proof,sine minλ∈Λm {np̂λ} ≥ ln(n)) and (6.10) (f. Lemma 5.6 in Set. 5.7.2),
(

2 − L ln(n)−1/4
)

E [p2(m) ] ≤ E
Λm [pen(m) ] ≤

(
2η + Lη ln(n)−1/4

)
E [p2(m) ]

(
1 − Ln−1

)
E [ p̃1(m) ] ≤ E [p2(m) ] ≤

(
1 + L ln(n)−1/4

)
E [ p̃1(m) ] .We dedue: if n ≥ Lγ0,(Bg), for every m ∈ Mn suh that ln(n)2ξℓ+7 ≤ Dm ≤ Lγ,cX

r,ℓ
n ln(n)−1, on

Ωn,γ0 ,
−Lγ0,(Bg)

ln(n)1/4
p1(m) ≤ (pen− pen′

id)(m) ≤
[
2(η − 1) +

Lγ0,(Bg)

ln(n)1/4

]
p1(m) .We need to assume that n is large enough in order to upper bound E [p2(m) ] in terms of p1(m),sine we only have

p1(m) ≥
[
1 − Lγ0,(Bg)

ln(n)

]

+

E [p2(m) ]in general.Combined with (6.32), this gives: if n ≥ Lγ0,(Bg),
l(s, ŝ bm)1ln(n)2ξℓ+7≤D bm≤L

γ,cX
r,ℓ

n ln(n)−1 ≤
[
2η − 1 +

Lγ0,(Bg)

ln(n)1/4

]

× inf
m∈Mn s.t. ln(n)2ξℓ+7≤Dm≤L

γ,cX
r,ℓ

n ln(n)−1
{ l(s, ŝm)} .

(6.33)De�ne the orale model m⋆ ∈ arg min { l(s, ŝm)}. We prove below that for any c > 0, if n ≥
Lγ0,(Bg),c, then, on an event Ω′

n,γ0
of probability at least 1 − L(cM)n−γ0 ,

ln(n)ξ ≤ D bm ≤ cn ln(n)−1 (6.34)
ln(n)ξ ≤ Dm⋆ ≤ cn ln(n)−1 with ξ = 2ξℓ + 7 . (6.35)The result follows sine Lγ0,(Bg) ln(n)−1/4 ≤ ǫn = ln(n)−1/5 for n ≥ Lγ0,(Bg). We �nally removethe ondition n ≥ n0 = Lγ0,(Bg) by hoosing K1 = Lγ0,(Bg) suh that K1n

−γ
0 ≥ 1.



6.8. PROOFS 179Bounded ase: ontrol of D bm and Dm⋆ . We �rst state three additional onentration inequal-ities:(1) From the proof of Prop. 6.9 (f. Set. 5.7.4), we have for every m ∈ Mn and q ≥ 2,
∥∥p2(m) − E

Λm [p2(m)]
∥∥(Λm)

q
≤ Lq

n

√∑

λ∈Λm

m4
2q,λ

≤ L
√
Dmq

n
max
λ∈Λm

{
m2

2q,λ

}
≤ LA

√
Dmq

n
.Hene, on an event of probability at least 1 − Ln−γ,

p2(m) ≤ E
Λm [p2(m) ] +

LA,γ

√
Dm ln(n)

n
≤ LA,γDm ln(n)

n
. (6.36)(2) From (6.63) with η =

√
ln(n)/n, for every m ∈ Mn, there is an event of probability atleast 1 − Ln−γ on whih

∣∣δ(m)
∣∣ ≤

(
l(s, sm) + LγA2

)
√

ln(n)

n
≤ LA,γ

√
ln(n)

n
. (6.37)We then de�ne Ω′

n,γ0
the subset of Ωn,γ0 on whih (6.36) and (6.37) hold for every m ∈ Mn.Sine γ = γ0 + αM and Card(Mn) ≤ cMnαM , P(Ω′

n,γ0
) ≥ 1 − L(cM)n−γ0 .proof of (6.34). By de�nition, m̂ minimizes crit(m) over M̂n. It thus also minimize

crit′(m) = crit(m) − Pnγ(s) = l(s, sm) − p2(m) + δ(m) + pen(m)over M̂n.(1) Lower bound on crit′(m) for small models: let m ∈ Mn suh that Dm < ( ln(n))ξ. Wethen have, on Ω′
n,γ0

,
l(s, sm) ≥ C−

b ( ln(n))−β1ξ by (Ap)

pen(m) ≥ 0

p2(m) ≤ Lγ0,(Bg)
ln(n)ξ+1

n
by (6.36)

δ(m) ≥ −Lγ0,(Bg)

√
ln(n)

n
by (6.37)so that

crit′(m) ≥ L(Bg),γ0
( ln(n))−L(β1,ξ) if n ≥ Lγ0,(Bg) .(2) Lower bound for large models: let m ∈ M̂n suh that Dm > cn ( ln(n) )−1. Sine

An(m) ≥ 3, Lemma 6.6 shows that
E

Λm [pen(m) − p2(m) ] ≥ E [p2(m) ]

4
.Then, on Ω′

n,γ0
, (6.57), (6.60) and (6.62) imply

pen(m) − p2(m) ≥
(

1

4
− Lγ0,(Bg),cn

−1/4

)
E [p2(m) ]

≥ Lc,c−Q
ln(n)−1 when n ≥ Lγ0,(Bg),cand δ(m) ≥ −L(Bg),c

√
ln(n)

n
,
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crit′(m) ≥ pen(m) + δ(m) − p2(m) ≥ Lc,(Bg) ln(n)−1when n ≥ Lγ0,(Bg),c.(3) There exists a better model for crit(m): From (P2), there exists m0 ∈ Mn suh that√

n ≤ Dm0 ≤ crich
√
n. If moreover n ≥ Lcrich,c,ξ,

ln(n)ξ ≤ √
n ≤ Dm0 ≤ crich

√
n ≤ cn

ln(n)
.Using (Ap),

l(s, sm0) ≤ C+
b n

−β2/2so that, when n ≥ Lγ0,(Bg),
crit′(m0) ≤ l(s, sm0) +

∣∣δ(m)
∣∣+ pen(m)

≤ Lγ0,(Bg)

(
n−β2/2 + n−1/2

)
.If n ≥ Lγ0,(Bg),c, this upper bound is smaller than the previous lower bounds for smalland large models.

�proof of (6.35). Reall that m⋆ minimizes l(s, ŝm) = l(s, sm) + p1(m) over m ∈ Mn, withthe onvention l(s, ŝm) = ∞ if An(m) = 0.(1) Lower bound on l(s, ŝm) for small models: let m ∈ Mn suh that Dm < ( ln(n))ξ. From
(Ap), we have

l(s, ŝm) ≥ l(s, sm) ≥ C−
b ( ln(n) )−β1ξ .(2) Lower bound on l(s, ŝm) for large models: let m ∈ Mn suh that Dm > cn(ln(n))−1 and

An(m) = minλ∈Λm {np̂λ} ≥ 1. From (6.61), for n ≥ Lγ,(Bg),c,
p̃1(m) ≥




1

2 + (γ + 1)
(
cXr,ℓ

)−1
ln(n)

− L(aℓ, ξℓ, γ, c)n
−1/4


E [ p̃2(m) ] ≥ L(Bg),c

ln(n)2so that l(s, ŝm) ≥ L(Bg),c ln(n)−2 .(3) There exists a better model for l(s, ŝm): let m0 ∈ Mn be as in the proof of (6.34) andassume that n ≥ Lcrich,c,ξ. Then,
p1(m0) ≤ L(Bg),γ0

E [p2(m) ] ≤ L(Bg),γ0
n−1/2and the arguments of the previous proof show that

l(s, ŝm0) ≤ L(Bg),γ0

(
n−β2/2 + n−1/2

)whih is smaller than the previous upper bounds for n ≥ L(Bg),γ0,c.
�Unbounded ase. The proof of the bounded ase has to be slightly modi�ed. In the de�nitionof Ωn,γ0 , we replae (6.62) by

∣∣δ(m)
∣∣ ≤

L
(
agǫ, ξgǫ, c

g
∆,m

)
xξgǫ+1/2

√
Dm

[
l(s, sm) +

σ2
max

Q
(p)
m

E[p2(m)]

] (6.64)whih holds with probability at least 1 − Ln−γ beause of Lemma 6.11.



6.8. PROOFS 181In the proof of (6.34), we replae (6.36) by
p2(m) ≤ E

Λm [p2(m) ] +
La+

ℓ ,ξ+
ℓ ,γ

√
Dm ln(n)2ξ+

ℓ +1

n
≤
L(Ug)Dm ln(n)2ξ+

ℓ +1

n
. (6.38)To prove that (6.38) holds with the same probability, we use (A+

m,ℓ) instead of (Ab) to upperbound
max
λ∈Λm

{
m2

2q,λ

}
≤
(
a+

loc

)2
22ξ+

ℓ q2ξ+
ℓand (Aσmax) and (Asmax) instead of (Ab) to upper bound

E
Λm [p2(m) ] ≤ Dm

(
σ2

max + 4A2
)

n
.Then, we replae (6.64) by

∣∣δ(m)
∣∣ ≤ L (agǫ, ξgǫ, A, σmax, γ ) ln(n)ξgǫ+1/2 (6.65)whih omes from Lemma 6.11 (and does not use (Aδ)).The proof of (6.35) remains unhanged.6.8.6. Resampling onstants. In this setion, we prove the statements of Set. 6.3.3, inpartiular the ones of Tab. 6.1. Using Lemma 5.7 of Set. 5.7.2, this gives ompletely expliitformulas for the penalty in the histogram ase:

pen(m) =
C

n

∑

λ∈Λm

(R1,W (n, p̂λ) +R2,W (n, p̂λ))
np̂λSλ,2 − S2

λ,1

np̂λ − 1
(6.39)with Sλ,k =

∑

Xi∈Iλ

(Yi − βλ )k for k = 1, 2 . (6.40)Proposition 6.5. LetW be an exhangeable resampling weight vetor among Efr(qn), Rad(p),Poi(µ), Rho(qn) and Loo and CW,∞ de�ned as in Tab. 6.1. Let Sm be the model of histogramsassoiated with some partition (Iλ )λ∈Λm
of X and pen(m) de�ned as in (6.5).Then, there exist real numbers δ(penW)

n,bpλ
(depending on the resampling sheme hosen) suh that

E
Λm [pen(m) ] =

C

CW,∞n

∑

λ∈Λm

(
2 + δ

(penW)
n,bpλ

)((
σd

λ

)2
+ (σr

λ)2
)

. (6.41)If lim supn→∞ qnn
−1 < ∞ (Efr), p ∈ (0; 1) (Rad), µ > 0 (Poi) or 0 < lim inf qnn

−1 ≤
lim sup qnn

−1 < 1 (Rho), then
lim

n≥nbpλ→∞
δ
(penW)
n,bpλ

= 0and expliit non-asymptoti bounds are given by (6.42) to (6.47).proof of Prop. 6.5. From (6.39), we obtain (6.41) with
δ
(penW)
n,bpλ

= CW,∞ (R1,W (n, p̂λ) +R2,W (n, p̂λ)) − 2 .Expliit formulas for δ(penW)
n,bpλ

in eah ase ome from Lemma 6.7 below. Combining it withLemma 6.1 (for Efr and Rad), Lemma 8.14 in Set. 8.7 (for Rad(1/2)), Lemma 6.2 (for Rho andLoo) and Lemma 6.3 (for Poi), we obtain the following non-asymptoti bounds:(1) Efron (qn): let κ3 = 5.1 and κ4 = 3.2,
(κ4 − 1) ∧

(
κ3

(qp̂λ )1/4

)
≥ δ

(penEfr(qn))
n,bpλ

≥ −2

np̂λ
− e−qbpλ . (6.42)
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2

1 − p
× (κ4 − 1) ∧

(
κ3

(npp̂λ )1/4

)
≥ δ

(penRad(p))
n,bpλ

≥ −2e−pnbpλ

1 − p
(6.43)

(
1 + 3 × 10−4

)
∧
(
κ3 × 21/4

(np̂λ )1/4

)
≥ δ

(penRad(1/2))
n,bpλ

≥ −1nbpλ≤2 . (6.44)(3) Poisson (µ):
1 ∧ 2

(
1 + e−3

)

(µnp̂λ − 2)+
≥ δ

(penPoi(µ))
n,bpλ

≥ −2

np̂λ
−
(
e−µnbpλ ∧ 1µnbpλ<1.61

)
. (6.45)(4) Random hold-out (qn): let κ5(ǫ) = 0.9 + 1.4 × ǫ−2.If np̂λ ≥ 2 and n

q
≤ (1 − ǫ)

2r

2 +
√

3(r + 1) ln(r)
with ǫ ∈ (0; 1)Then, κ5(ǫ)

n2

qn(n− qn)

√
ln(np̂λ)

np̂λ
≥ δ

(penRho(qn))
n,bpλ

≥ −ne−qbpλ

n− q
. (6.46)(5) Leave-one-out:

1nbpλ≥2

np̂λ − 1
≥ δ

(penLoo)
n,bpλ

≥ −1nbpλ=1 . (6.47)Notie that the lower bound in (6.46) does not require the assumption above. �A byprodut of the proof of Prop. 6.5 (ombined with Lemma 5.6 in Set. 5.7.2), is thefollowing:Lemma 6.6. Assume that W is a weight vetor among Efr, Rad, Poi, Rho and Loo. Let Smbe the model of histograms assoiated with the partition (Iλ)λ∈Λm , p2(m) = Pn (γ(sm) − γ(ŝm) )and pen(m) be de�ned by (6.39) with C = CW,∞ ( f. Tab. 6.1). Then, if minλ∈Λm {np̂λ } ≥ 3,
E

Λm [pen(m) ] ≥ 5

4
E

Λm [p2(m) ] . (6.48)Remark 6.8. For another exhangeable resampling sheme, we would de�ne CW,∞ suh thatit satis�es:
• (6.48) with a onstant κ > 1 instead of 5/4

• limnbpλ→0 δ
(penW)
n,bpλ

= 0 as in Prop. 6.5.In Tab. 6.1, CW,∞ always satis�es the seond ondition, but not neessarily the �rst one. Onean then hange ondition (6.48) by replaing the threshold 3 by T , and use the same value T inthe de�nition of M̂n in algorithm 6.2.In the proof of Prop. 6.5, we use the following lemma.Lemma 6.7. Let n ∈ N and p̂λ ∈ [0, 1] suh that np̂λ ∈ {1, . . . , n}. Then, for every q ∈ N\{0}(and q ≤ n for the Rho ase), p ∈ (0; 1] and µ > 0,
R1,Efr(q) =

n

q
e+B(q,bpλ)

(
1 − 1

np̂λ

)
R2,Efr(q) =

n

q

(
1 − 1

np̂λ

) (6.49)
R1,Rad(p) =

1

p
e+B(nbpλ,p) − 1 R2,Rad(p) =

1

p
− 1 (6.50)

R1,Poi(µ) =
1

µ
e+P(nbpλµ)

(
1 − 1

np̂λ

)
R2,Poi(µ) =

1

µ

(
1 − 1

np̂λ

) (6.51)
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R1,Rho(q) =

n

q
e+H(n,nbpλ,q) − 1 R2,Rho(q) =

n

q
− 1 (6.52)

R1,Loo =
np̂λ

n(np̂λ − 1)
1nbpλ≥2 R2,Loo =

1

n− 1
(6.53)where B, P and H are respetively the Binomial, Poisson and Hypergeometri distributions, and

e+µ = E [Z ] E
[
Z−1

∣∣ Z > 0
] with Z ∼ µ.proof of lemma 6.7. Sine the randomness of W is independent from the data, we anassume that the observations with Xi ∈ Iλ are the np̂λ �rst ones: (X1, Y1), . . . , (Xnbpλ

, Ynbpλ
).The random vetor (Wi)1≤i≤nbpλ

is then exhangeable (sine W is). By de�nition of Wλ =

(np̂λ)−1
∑nbpλ

i=1 Wi, we dedue
∀i ∈ {1, . . . , np̂λ}, EW [Wi | Wλ ] = Wλ . (6.54)Then, the quantity

RV (n, np̂λ,Wλ,L(W )) = RV (Wλ) = E

[
(Wi −Wλ )2

∣∣∣ Wλ

]appearing both in R1,W and R2,W is the variane of the weight Wi onditionally to Wλ.Exhangeable subsampling weights. We all subsampling weight any resampling weight W suhthat Wi ∈ {0, κ} a.s. for every i. Suh weights an be written Wi = κ1i∈I for some random
I ⊂ {1, . . . , n}. Rad and Rho are the two main examples of suh weights, and they are bothexhangeable. In their example 3.6.14, van der Vaart and Wellner [vdVW96℄ all this kind ofweights �bootstrap without replaement�. Using (6.54), we derive that

Wλ = EW [Wi | Wλ ] = κP (Wi = κ | Wλ )and thus
L (Wi | Wλ ) = κB(κ−1Wλ) and RV (Wλ) = Wλ(κ−Wλ) .We then apply this result to Rad, for whih κ = p−1 and L(Wλ) = (np̂λp)

−1 ×B(np̂λ, p) anddedue (6.50). In the Rho ase, we have κ = (n/q) and L(Wλ) = (qp̂λ)−1H (n, np̂λ, q ), so that(6.52) follows. The Loo is a partiular ase of Rho (with q = n − 1), so that we only have toompute e+H(n,nbpλ,n−1). This is done with (6.26) in Lemma 6.2.Efron (q). Efron weights may also be written
Wi =

n

q
Card {1 ≤ j ≤ q s.t. Uj = i} (6.55)with (Uj)1≤j≤q a sequene of i.i.d. random variables, uniform in {1, . . . , n}. From this, we dedue

L(Wλ) = (qp̂λ)−1B(q, p̂λ) and L (Wi | Wλ ) =
n

q
B
(
qp̂λWλ,

1

np̂λ

)
.Thus,

RV (Wλ) =
n

q
Wλ

(
1 − 1

np̂λ

)and (6.49) follows.Poisson (µ). It is easy to hek that the weights de�ned by (6.55), with q = Nn ∼ P(µn)independent from the (Uj)j≥1, are atually Poisson (µ) weights. This is the lassial poissonizationtrik. Moreover, onditionally to Wλ and Nn = q, the same reasoning as for Efron (q) (with amultipliative onstant µ−1 instead of n/q) leads to (6.51). �6.8.7. Conentration inequalities.



184 CHAPITRE 6. RESAMPLING PENALTIESResampling penalties. Aording to (5.19) and (5.26), the ideal penalty is a U-statistis oforder 2, onditionally to (1Xi∈Iλ
)(i,λ∈Λm). From the asymptoti viewpoint, this is su�ient toshow that resampling gives a onsistent estimate of it ([AG92℄ treated the bootstrap ase; [HJ93℄extended it to general resampling weights). In our non-asymptoti framework, we need moreaurate results, that really use the expliit omputations (5.29).Proposition 6.8. Let W be an exhangeable weight vetor and pen(m) the orrespondingResampling Penalty de�ned by (6.39). Let γ > 0 and An ≥ 2. Assume that
∀q ≥ 2, P ℓ

m(q) ≤ aℓq
ξℓ . (Am,ℓ)Then, on an event of probability at least 1 − Ln−γ,

∣∣pen(m) − E
Λm [pen(m)]

∣∣1minλ∈Λm{nbpλ }≥An
≤ CL(aℓ, ξℓ, γ)

× sup
np≥An

{R1,W (n, p) +R2,W (n, p)} ln(n)ξℓ+1

√
AnDm

E [p2(m) ]
(6.56)where R1,W and R2,W are de�ned by (6.8) and (6.9).If moreover W satis�es the assumptions of the seond part of Prop. 6.5 and CW,∞ is de�nedas in Tab. 6.1, then

∣∣pen(m) − E
Λm[pen(m)]

∣∣1minλ∈Λm{nbpλ }≥An
≤ C

CW,∞
L(aℓ, ξℓ, γ)

×L(W ) × ln(n)ξℓ+1

√
AnDm

E [p2(m) ] .

(6.57)with L(Rad(p)) = L× (1 − p)−1 and L(W ) = L for the other resampling shemes.Remark 6.9. With the A−1/2
n fator, we obtain better bounds for resampling penalties thanfor ideal penalties. In our partiular framework, this is due to the better onentration propertiesof Sλ,2 ompared to S2

λ,1 − Sλ,2.This phenomenon is lassial with bootstrap and may be understood in the asymptoti view-point through Edgeworth expansions (Hall [Hal92℄). In a non-asymptoti gaussian framework,[ABR07℄ (see Set. 10.2.3) show the same property for resampling estimators, whih onentratesat the rate n−1 instead of n−1/2 (n being the amount of data). As An plays the role of n in ourase, it is reasonable to believe that the gain A
−1/2
n may not be improved without some moreassumptions.This stresses the fat that resampling penalties do not estimate the ideal penalties themselvesbut their expetations. Thus, our proedure annot take into aount the fat that penid(m) maybe far from its expetation.proof of Prop. 6.8. Aording to (6.39), pen(m) is a U-statistis of order 2 onditionallyto (1Xi∈Iλ

)(i,λ). Then, we use either Prop. 5.5 (in Set. 5.6.3), with
aλ =

R1,W (n, p̂λ) +R2,W (n, p̂λ)

n(np̂λ − 1)
bλ =

− (R1,W (n, p̂λ) +R2,W (n, p̂λ))

n2p̂λ(np̂λ − 1)or results from [GLZ00℄. This proves, for all q ≥ 2,
∥∥pen(m) − E

Λm [pen(m)]
∥∥(Λm)

q
≤ L(aℓ, ξℓ)D

−1/2
m A−1/2

n

× sup
np≥An

{R1,W (n, p) +R2,W (n, p)} qξℓ+1
E [p2(m) ] .We dedue onditional onentration inequalities with Lemma 8.10 (Set. 8.6.2), taking x =

γ ln(n). Sine x is deterministi, this implies unonditional onentration inequalities.



6.8. PROOFS 185The seond statement follows from the proof of Prop. 6.5, where we an �nd non-asymptotiupper bounds on
2 + δ

(penW)
n,bpλ

= CW,∞ × (R1,W (n, p̂λ) +R2,W (n, p̂λ)) .

�Ideal penalty. We split the ideal penalty into three terms: p1(m), p2(m) and δ(m). Conen-trations inequalities for the two �rst ones are proven in Set. 5.7.4, we reall themProposition 6.9 (Prop. 5.8, Set. 5.7.4). Let γ > 0. Assume that minλ∈Λm {npλ } ≥ Bn ≥ 1and
∀q ≥ 2, P ℓ

m(q) ≤ aℓq
ξℓ . (Am,ℓ)Then, on an event of probability at least 1 − Ln−γ,

p̃1(m) ≥ E [ p̃1(m) ] − L(aℓ, ξℓ, γ)

[
ln(n)ξℓ+2

√
Dm

+ e−LBn

]
E [p2(m) ] (6.58)

p̃1(m) ≤ E [ p̃1(m) ] + L(aℓ, ξℓ, γ)

[
ln(n)ξℓ+2

√
Dm

+
√
Dme

−LBn

]
E [p2(m) ] (6.59)

|p2(m) − E[p2(m)]| ≤ L(aℓ, ξℓ, γ)D
−1/2
m ln(n)ξℓ+1

E [p2(m) ] . (6.60)If we only have a lower bound Bn > 0, then, with probability at least 1 − Ln−γ,
p̃1(m) ≥

(
1

2 + (γ + 1)B−1
n ln(n)

− L(aℓ, ξℓ, γ)

[
ln(n)ξℓ+2

√
Dm

+ e−LBn

])
E [ p̃2(m) ] . (6.61)We now ome to δ(m) = (P − Pn)γ(s) + δ(m). When the data is bounded, we use Prop. 3.3in Set. 3.3:Lemma 6.10 (Prop. 3.3, Set. 3.3). Assume that ‖Y ‖∞ ≤ A <∞. Then for all x ≥ 0, on anevent of probability at least 1 − 2e−x:

∣∣δ(m)
∣∣ ≤ l(s, sm)√

Dm
+

20

3

A2

Q
(p)
m

E
Λm [p2(m)]√

Dm
x (6.62)and ∀η > 0,

∣∣δ(m)
∣∣ ≤ ηl(s, sm) +

(
4

η
+

8

3

)
A2x

n
. (6.63)In the unbounded ase, we need another onentration inequality for δ(m). There are manystrategies for this, sine it is a sum of i.i.d. entered random variables. In our framework, thefollowing result is su�ient.Lemma 6.11. Assume that

∀q ≥ 2, P gǫ(q) ≤ agǫq
ξgǫ (Ag,ǫ)

‖σ(X)‖∞ ≤ σmax (Aσmax)
‖s− sm‖∞ ≤ cg∆,m ‖s(X) − sm(X)‖2 . (Aδ)Then, for every x ≥ 0, there exists an event of probability at least 1 − e−x on whih

∣∣δ(m)
∣∣ ≤ Tδ,m(x)√

Dm

[
l(s, sm) +

σ2
max

Q
(p)
m

E[p2(m)]

] (6.64)with Tδ,m(x) ≤ L
(
agǫ, ξgǫ, c

g
∆,m

)
xξgǫ+1/2.



186 CHAPITRE 6. RESAMPLING PENALTIESOn the other hand, if
∀q ≥ 2, P gǫ(q) ≤ agǫq

ξgǫ (Ag,ǫ)
‖σ(X)‖∞ ≤ σmax (Aσmax)

‖s‖∞ ≤ A , (Asmax)then, for every x ≥ 0, there exists an event of probability at least 1 − e−x on whih
∣∣δ(m)

∣∣ ≤ L (agǫ, ξgǫ, A, σmax )xξgǫ+1/2 . (6.65)proof of Lemma 6.11. From Lemma 8.18, we have
∥∥δ(m)

∥∥
q
≤ 2

√
κ
√
q√

n
‖Fm − E[Fm]‖qwith Fm = (Y − sm(X))2 − (Y − s(X))2

= (sm(X) − s(X))2 − 2ǫσ(X)(sm(X) − s(X)) .Notie that ǫσ(X)(sm(X) − s(X)) is entered onditionally to X ∈ Iλ for all λ ∈ Λm. We thushave
∥∥δ(m)

∥∥
q
≤ 2

√
κ
√
q√

n

(
‖s− sm‖2

∞ + 2σmax ‖s− sm‖∞ ‖ǫ‖q

)
. (6.66)We now use assumptions (Ag,ǫ) and (Aδ). Then, for all q ≥ 2,

∥∥δ(m)
∥∥

q
≤ 2

√
κ
√
q
(
(cg∆,m)2l(s, sm) + 2cg∆,m

√
l(s, sm)P gǫ

m (q)σmax

) 1√
n

= S
(1)
δ,m(q)

l(s, sm)√
n

+ S
(2)
δ,m(q)

√
l(s, sm)σ2

max

n

≤
(

1√
n
S

(1)
δ,m(q) + θS

(2)
δ,m(q)

)
l(s, sm) +

S
(2)
δ,m(q)

4θ

σ2
max

n
for all θ > 0with

S
(1)
δ,m(q) = 2

√
κ(cg∆,m)2

√
q S

(2)
δ,m(q) = 4

√
κcg∆,m

√
qP gǫ

m (q) .We take θ = D
−1/2
m and dedue the onentration inequality (6.64) with the lassial link betweenmoments and onentration (see for instane Lemma 8.10 in Set. 6.1).For the seond statement, start bak from (6.66) and remark that ‖s− sm‖∞ ≤ 2A. �6.8.8. Tehnial lemmas.Empirial and expeted frequenies.Lemma 6.12. Let (pλ)λ∈Λm be non-negative real numbers of sum 1, (np̂λ)λ∈Λm a multinomialvetor of parameters (n; (pλ)λ∈Λm). Then, for all γ > 0,

min
λ∈Λm

{np̂λ } ≥ minλ∈Λm {npλ }
2

− 2(γ + 1) ln(n) (6.67)with probability at least 1 − 2n−γ.proof of lemma 6.12. By Bernstein inequality ([Mas07℄, Prop. 2.9), for all λ ∈ Λm,
P

(
np̂λ ≥ (1 − θ)npλ −

√
2npx− x

3

)
≥ 1 − e−x .Take x = (γ + 1) ln(n) above, and remark that √

2npx ≤ np
2 + x. The union bound gives theresult sine Card(Λm) ≤ n. �



6.8. PROOFS 187Bounds for Q(p)
m .Lemma 6.13. Reall that

Q(p)
m :=

1

Dm

∑

λ∈Λm

[
(σr

λ )2 +
(
σd

λ

)2
]
.(1) If σ(X) ≥ σmin > 0 (An), then

Q(p)
m ≥ σ2

min > 0 .(2) If X ⊂ R
k, maxλ∈Λm {diam(Iλ)} ≤ cdr,uD

−αd
m diam(X) (Ard

u), maxλ∈Λm {Leb(Iλ)} ≤
cr,uD

−1
m Leb(X ) (Aru), and σ is pieewise Kσ-Lipshitz with at most Jσ jumps (Aσ),then

Q(p)
m ≥

‖σ‖2
L2(Leb)

2cr,u
−
K2

σ

(
cdr,u
)2

diam(X )2

D2αd
m

− Jσ ‖σ(X)‖2
∞

2Dm
.(3) We also have the upper bound:

Q(p)
m ≤ ‖σ(X)‖2

∞ + ‖s‖2
∞ .Remark 6.10. In 3., ‖σ(X)‖2 > 0 and σ is pieewise Lipshitz so that ‖σ‖L2(Leb) > 0. Thus,the lower bound for Q(p)

m is positive when Dm is large enough.proof of Lemma 6.13. The �rst and last results are straightforward. For the seond one,remark that for every λ ∈ Λm suh that σ does not jump on Iλ,
(σr

λ)2 ≥ min
x∈Iλ

{
σ(X)2

}
≥ 1

2Leb(Iλ)

∫

Iλ

σ(x)2 Leb(dx) − (Kσ diam(Iλ))2sine (a− b)2 = a2 − 2ab + b2 ≥ a2

2 − b2 and σ is Kσ Lipshitz. There is at most Jσ other λ, forwhih
(σr

λ )2 ≥ 0 ≥ 1

2Leb(Iλ)

∫

Iλ

σ(x)2 Leb(dx) − ‖σ(X)‖2
∞

2
.This implies

∑

λ∈Λm

(σr
λ )2 ≥ Leb(X )

2maxλ∈Λm {Leb(Iλ)} ‖σ‖2
L2(Leb) −DmK

2
σ max

λ∈Λm

{
diam(Iλ)2

}
− Jσ ‖σ(X)‖2

∞
2

.

�Su�ient ondition for (Aδ).Lemma 6.14. Assume that X ⊂ R is bounded and:
(Al) s : X 7→ R is B-Lipshitz, pieewise C1 and non-onstant ( i.e. ±s′ ≥ B0 > 0 on someinterval J ⊂ X with Leb(J) ≥ cJ Leb(X ), with cJ > 0).

(Arℓ,u) Regularity of the partitions for Leb:
∀λ ∈ Λm, cr,ℓD

−1
m Leb(X ) ≤ Leb(Iλ) ≤ cr,uD

−1
m Leb(X ) .

(Adℓ) Density bounded from below: ∃cmin
X > 0, ∀I ⊂ X , P (X ∈ I) ≥ cmin

X Leb(I) Leb(X )−1.Then,
‖s− sm‖∞ ≤ cg∆,m ‖s(X) − sm(X)‖2 (Aδ)holds with

cg∆,m =

(
cr,u
cr,ℓ

)3/2 B
√

24

B0

√
cmin
X cJ

if Dm ≥ 4cr,uc
−1
J .



188 CHAPITRE 6. RESAMPLING PENALTIESproof of Lemma 6.14. From (Al) and the upper bound in (Arℓ,u),
‖s− sm‖∞ ≤ B max

λ∈Λm

{diam(Iλ)} = B max
λ∈Λm

{Leb(Iλ)} ≤ Bcr,u Leb(X )D−1
m . (6.68)For the lower bound, let ΛJ

m be the set of λ ∈ Λm suh that Iλ ⊂ J ,
sλ,Leb = Leb(Iλ)−1

∫

Iλ

s(x) Leb(dx)and µ = L(X). Then, using (Adℓ),
‖s− sm‖2

L2(µ) ≥
∑

λ∈ΛJ
m

∫

Iλ

(s(x) − sm(x))2 cmin
X Leb(X )−1 Leb(dx)

≥ cmin
X Leb(X )−1

∑

λ∈ΛJ
m

∫

Iλ

(s(x) − sλ,Leb)
2 Leb(dx) .For any λ ∈ ΛJ

m, sine s is ontinuous on Iλ, there is some xλ ∈ Iλ suh that sλ,Leb = s(xλ).By (Al), for every x ∈ Iλ,
(s(x) − s(xλ))2 ≥ B2

0 (x− xλ)2so that
‖s− sm‖2

L2(µ) ≥ cmin
X Leb(X )−1

∑

λ∈ΛJ
m

B2
0 Leb(Iλ)3

12
≥
cmin
X B2

0c
3
r,ℓ Leb(X )2

12D3
m

Card
(
ΛJ

m

)

≥
cmin
X B2

0c
3
r,ℓ Leb(X )2

12D3
m

(
cJDm

cr,u
− 2

)

+

.Combined with (6.68), this gives the result. �6.8.9. Expetations of inverses. There is no tight general upper bound, but the followingdeomposition may be useful if Z satis�es some appropriate onentration inequality around itsexpetation and if there exists cZ > 0 suh that P(cZ > Z > 0) = 0:
∀α > 0, e0Z = E

[
Z−1

1Z>0

]
E[Z]

= E
[
Z−1

1αE[Z]>Z>0

]
E[Z] + E

[
Z−1

1Z≥αE[Z]

]
E[Z]

≤ P (αE[Z] > Z > 0) E[Z]c−1
Z + α−1 . (6.69)Hypergeometri ase.proof of Lemma 6.2. Let Z ∼ H(n, r, q). It has an expetation E [Z] = qr

n .General lower bound. We �rst use (6.20) and
P (Z = 0) ≤

(
1 − r

n

)q
≤ exp

(
−qr
n

)
.Moreover, if r ≥ n− q + 1, P(Z > 0) = 1.A general upper bound. Aording to (6.19) and the lower bound for P(Z > 0) above, it issu�ient to upper bound e0H(n,r,q). We �rst prove the following general result, that holds for every

n ≥ r, q ≥ 1:
e+H(n,r,q) ≤

inf q
n

>β≥ 2
r

{
qr
n exp

[
−2(βr−1)2

r+1

]
+ 1

1−nβ
q

}

1 − exp
(
− qr

n

) (6.70)



6.8. PROOFS 189The idea of the proof is to use (6.69) with cZ = 1, E[Z] = qrn−1. For this, we need thefollowing onentration result by Hush and Sovel [HS05℄: for all x ≥ 2,
P (E(Z) − Z > x)

< exp

(
−2(x− 1)2

[(
1

r + 1
+

1

n− r + 1

)
∨
(

1

q + 1
+

1

n− q + 1

)])Taking α = 1 − nβ
q with q

n > β ≥ 2
r , we obtain

e0H(n,r,q) ≤
qr

n
exp

[
−2 (βr − 1)2 (n+ 2)

(r + 1)(n − r + 1)

]
+

1

1 − nβ
q

≤ qr

n
exp

[
−2(βr − 1)2

r + 1

]
+

1

1 − nβ
q

.As a onsequene, (6.70) holds.Bak to (6.24). With the supplementary onditions on n, r and q, we an take β =
1+
q

3
4

ln(r)(r+1)

rin (6.70). Hene
e0H(n,r,q) ≤

1

2
√
r

+
1

1 − n
q

(
1+
q

3
4

ln(r)(r+1)

r

) ≤ 1 +
n

q
K(ǫ)

√
ln(r)

rwith K(ǫ) =
1

2
√

ln(2)
+

1

ǫ2

(√
ln(3)

3
+

3

4

)
.We then dedue (6.24) with

κ5(ǫ) = 0.9 + 1.4 × ǫ−2 ≥ 1.02 ×K(ǫ) + 0.03sine r ≥ 2 and
e+H(n,r,q) ≤

(
1 + CnK(ǫ)

√
ln(r)

r

)(
1 − exp

(
−rq
n

))−1

≤
(

1 +
n

q
K(ǫ)

√
ln(r)

r

)(
1 − exp

[
−(2 +

√
3 ln(r)

√
r + 1)

])−1

≤
(

1 +
n

q
K(ǫ)

√
ln(r)

r

)(
1 +

e−2r−3

(1 − e−2−3 ln(2))2

)
.�Rho� ase. We now assume that q = ⌊n

2 ⌋ so that n
q = 2 + 1

⌊n
2
⌋ ≤ 3 and onverges to 2 when

n goes to in�nity.For r ≥ 6, we an take β = 2
r in (6.70) and we obtain:

e+H(n,6,q) ≤ 9.68 e+H(n,7,q) ≤ 7.61 e+H(n,8,q) ≤ 7.46 e+H(n,9,q) ≤ 7.32For r ≥ 10, taking β = 1
4 + 1

r in (6.70), we derive
sup
r≥10

e+H(n,r,q) ≤ 7.49 sup
r≥26

e+H(n,r,q) ≤ 3 .Small values of r. must be treated appart. For r = 1, it is easy to ompute e+H(n,1,q) = qn−1 ≤
1. When n = r, we have

e+H(n,n,q) = 1 = e0H(n,r,n).



190 CHAPITRE 6. RESAMPLING PENALTIESOtherwise, using the fat that for all n ≥ r + 1, n!
(n−r)! ≥

(r+1)!
(r+1)rn

r,
e0H(n,r,q) ≤

r

R

(r + 1)r

(r + 1)!Rr

(
r∑

k=1

(
r

k

)
(R− 1)r−k

k

)with R = n
q ∈ [1;+∞).For r = 2, this upper bound is lower than 1.6. If n

q ≤ 3 (this holds in the �Rho� ase),
e+H(n,3,q) ≤ 4.67 e+H(n,4,q) ≤ 8.15 e+H(n,5,q) ≤ 14.29�Loo� ase. We now have q = n − 1. We �rst onsider r = 1. The onditionning make Zdeterministi and equal to 1, so that

e+H(n,1,n−1) = E[Z] =
n− 1

n
= 1 − 1

n
.Now, if r ≥ 2, Z > 0 holds a.s. sine it only take two values:

Z = r − 1 with probability r

n
and Z = r with probability n− r

n
.As a onsequene,

e+H(n,r,n−1)
=

(n− 1)r

n

(
r

(r − 1)n
+
n− r

nr

)
= 1 +

1

n

(
(n− 1)r

n(r − 1)
− 1

)
.The lower bound is straightforward sine n ≥ r.�Lpo� ase. As notied in Lemma 6.7, we have

∀r ≥ p+ 1, e+H(n,r,n−p) ≥ 1 .Moreover, when r ≥ p+ 1, H(n, r, n − p) has its support in {r − p, . . . , r} and thus
e+H(n,r,n−p) =

(n− p)r

n

r∑

j=r−p

(r
j

)( n−r
n−p−j

)

j
( n
n−p

)

=
(n− p)r

n

p∑

k=(p+r−n)∨0

(
r
k

)(
n−r
p−k

)

(r − k)
(
n
p

) .More preisely, the k-th term of the sum is equal to
(n− p)r

n

(r
k

)(n−r
p−k

)

(r − k)
(n

p

)

=
( r
n

)k (
1 − r

n

)p−k
(
p

k

)
n− p

n

r

r − k

r(r − 1) · · · (r − k + 1)

rk

× (n− r) · · · (n− r − (p− k) + 1)

(n− r)p−k

np

n · · · (n− p+ 1)

≤
( r
n

)k (
1 − r

n

)p−k
(
p

k

)
r

r − p

np

n · · · (n− p+ 1)
.As a onsequene, we have

e+H(n,r,n−p) ≤
p∑

k=(p+r−n)∨0

( r
n

)k (
1 − r

n

)p−k
(
p

k

)
r

r − p

np

n · · · (n− p+ 1)

≤ rnp

(r − p)n · · · (n− p+ 1)
.The result follows. �



6.8. PROOFS 191Remark 6.11 (Asymptotis). If for some α > 0, qkr1/2−α
k n−1

k −−−−→
k→+∞

+∞, then the asymp-toti result (6.28) holds. The upper bound is obtained by taking
β =

1 +
√

(r + 1) ln
( qr

n

)

rin (6.70) (it's possible for r su�iently large). The lower bound is straightforward.A partiular ase is when supk nkq
−1
k < +∞ and nk ≥ rk → +∞.Poisson ase.proof of Lemma 6.3. Let Z ∼ P(µ), and de�ne g : [0;∞) 7→ R by g(0) = 0 and for every

µ > 0

g(µ) := e+P(µ) = µE
[
Z−1

∣∣ Z > 0
]

=
µe−µ

1 − e−µ

+∞∑

k=1

µk

k × k!
=

µ

eµ − 1

∫ µ

0

ex − 1

x
dx .The funtion g is ontinuous at 0 and has a �rst derivative g′(0) = 1. For every x ≥ 0, we de�ne

h(x) =
ex − 1

x
H(x) =

∫ x

0
h(t)dt a(x) =

h′(x)
h(x)

= 1 − ex − 1 − x

x(ex − 1)
.where the last equality holds if x > 0, and a(0) = 1/2. Then, g(u) = H(u)/h(u) satis�es thefollowing ordinary di�erential equation:

g(0) = 0 ∀u ≥ 0, g′(u) = 1 − a(u)g(u) .Sine
∀u ≥ 0,

1

2
≤ a(u) ≤ 1 and lim

u→+∞
a(u) = 1 ,

g satis�es a di�erential inequation
1 − g

2
≤ g′ ≤ 1 − g g(0) = 0 .Then, for every x ≥ x0 ≥ 0,

2

[
1 − e2(x0−x)

(
1 − g(x0)

2

)]
≥ g(x) ≥ 1 + (g(x0) − 1)ex0−x . (6.71)Lower bound. The general lower bound (6.20) gives

g(µ) ≥ P(Z > 0) = 1 − e−µ .We an do better: remark that if g(x0) ≥ 1, (6.71) shows that g(x) ≥ 1 for every x ≥ x0. Sine
g = H/h and for every u ≥ 0,

H(u) ≥ u+
u2

4
+
u3

18
,we dedue that

g(u) ≥
u
(
u+ u2

4 + u3

18

)

eu − 1
.Then, g(1.61) ≥ 1, so that g(x) ≥ 1 for every x ≥ 1.61.Upper bound. Using (6.71) with x0 = 0 gives

∀x ≥ 0, g(x) ≤ 2 − 2e−2x ≤ 2.Moreover, for every ǫ ∈ (0; 1), 1− ǫ ≤ a(x) ≤ 1 as soon as x ≥ ǫ−1. Then, on [ǫ−1;∞), g satis�esthe di�erential inequation
g′ ≥ 1 − (1 − ǫ)g .



192 CHAPITRE 6. RESAMPLING PENALTIESIntegrating this between ǫ−1 and 2ǫ−1, we obtain that
g(2ǫ−1) ≤ 1

1 − ǫ

[
1 +

(
g(ǫ−1)(1 − ǫ) − 1

)
exp

(
−ǫ−1(1 − ǫ)−1

)]
.For every x > 2, ǫ = 2x−1 ∈ (0; 1) so that

g(x) ≤ 1 +
2 + (x− 4) exp

(
− x2

2(x−2)

)

x− 2
≤ 1 +

2(1 + e−3)

x− 2
.The result follows. �



CHAPTER 7The lassi�ation ase
Résumé. Ce hapitre est onsaré à l'étude des pénalités par rééhantil-lonnage dé�nies aux Chap. 5 et 6 dans un adre général, inluant la lassi�-ation binaire et la régression bornée. Ces pénalités peuvent être vues ommeune version loalisée des pénalités bootstrap globales de Fromont [Fro04℄, enpartiulier des omplexités de Rademaher. Elles sont plus simples à aluleret beauoup plus failes à alibrer que les omplexités de Rademaher loales.Nous prouvons des résultats intermédiaires en vue d'obtenir une inégalité-oralenon-asymptotique pour es pénalités. Nous dérivons ensuite le hemin restantà parourir pour omprendre théoriquement ette proédure, et disutons lamanière de l'appliquer en pratique et de la alibrer.

7.1. IntrodutionIn the two previous hapters, we foused on the regression framework. However, in manypratial appliations, the outome Y takes only a �nite number of values (often two; then, wetake the onvention Y ∈ Y = {0, 1}), and we would like to predit it on new data with as fewerrors as possible. For instane, in genomis, given a DNA sequene X ∈ {A,T,C,G}N, we wouldlike to know whether it an be transripted or not. In pattern reognition, we are given a N ×Nbitmap image X ∈ [0, 1]N
2 and we would like to know whih harater (e.g. a �gure or a letter) itrepresents. This is the lassi�ation framework (alled �binary lassi�ation� when Y = {0, 1}).Then, we do not aim at estimating the regression funtion η(x) = P (Y = 1 | X = x), but only theBayes preditor s(x) = 1η(x)≥1/2. More preisely, we want to build a preditor t : X 7→ Y = {0, 1}whih minimizes the predition loss (also alled �0-1 loss�)

Pγ(t) := P (t(X) 6= Y ) where γ(t, (x, y)) = 1t(x)6=y .As in the regression setting, given a set of preditors Sm (a model), this an be done byempirial risk minimization:
ŝm ∈ arg min

t∈Sm

{Pnγ(t)} with Pnγ(t) :=
1

n

n∑

i=1

1t(Xi)6=Yi
.In general, several models an be onsidered, and the model seletion problem ours. A lassialanswer is the penalization method (also alled Strutural Risk Minimization), initially introduedby Vapnik [Vap82, Vap98℄. Basially, it states that one should hoose the model m̂ ∈ Mn whihminimizes the sum of the empirial risk and some omplexity term (the �penalty�):

m̂ ∈ arg min
m∈Mn

{Pnγ ( ŝm ) + pen(m)} .



194 CHAPITRE 7. THE CLASSIFICATION CASEThere has been many papers on this topi sine the works of Vapnik, usually based on upperbounds on the �ideal penalty�
penid(m) := (P − Pn ) γ ( ŝm ) . (7.1)We an distinguish between two main kinds of results. First, the global viewpoint onsists inbounding penid(m) by the supremum of (P − Pn)γ(t) over t ∈ Sm. This leads to penalties whihmeasure the omplexity of the entire model Sm, alled global penalties or global omplexities. Forinstane, one an build penalties upon the VC-dimension (see e.g. Lugosi [Lug02℄), Rademaheromplexities (independently introdued by Kolthinskii [Kol01℄ and Bartlett, Bouheron and Lu-gosi [BBL02℄) or bootstrap (global) penalties (Fromont [Fro04℄). Notie that the VC-dimensionhas the drawbak of being independent from the distribution P of the data, so that it is adaptedto the worst ase. On the other hand, Rademaher omplexities and bootstrap (global) penaltiesare measure dependent and lead to sharper bounds.A seond approah has been used more reently. It relies on the fat that the empirialrisk minimizer is likely to have a small loss, so that a global upper bound on penid(m) is over-pessimisti. This is the loalization idea. Using for instane a link between variane and loss (the�margin ondition�, �rst introdued by Mammen and Tsybakov [MT99℄), one an obtain muhsmaller bounds on the loss of the empirial risk minimizer (f. Tsybakov [Tsy04℄ and Massartand Nédéle [MN06℄). Then, several loalized omplexity measures (often based on Rademaherproesses and alled Loal Rademaher Complexities) have been proposed, e.g. by Lugosi andWegkamp [LW04℄, Bartlett, Bousquet and Mendelson [BBM05℄ and Kolthinskii [Kol06℄.However, to our knowledge, none of these penalties an be used in pratie sine they dependon unknown quantities, or beause they involve absolute onstants on whih we only know largeupper bounds (see Set. 2.2.1, page 77). In addition, the omputational ost of loal Rademaheromplexities is prohibitive in general. This is why the most widely used model seletion proeduresin lassi�ation are based upon data splitting, in partiular ross-validation. We refer to Yang[Yan07℄ and the referenes therein for the use of ross-validation in lassi�ation. In addition,Massart [Mas07℄ (Set. 8.5) has shown that a simple method like hold-out (whih is a primitiveversion of ross-validation) is naturally adaptive to Tsybakov's margin ondition. It is thendesigned to ompete with loal penalties.In Chap. 5 and 6, we propose new penalties (resp. alled V -fold and Resampling penalties)whih are a loalized version of Fromont's bootstrap (global) penalties (and Rademaher om-plexities, sine these are a partiular ase of bootstrap penalties). Indeed, while the bootstrappenalties are estimating supt∈Sm
(P −Pn)γ(t), V -fold and Resampling penalties aim at estimatingthe ideal penalty penid(m) itself.In a nutshell, their onstrution is the following. Aording to (7.1), the ideal penalty is afuntion F (P,Pn) of the true distribution P and the empirial distribution Pn = n−1

∑n
i=1 δ(Xi,Yi).Then, the resampling heuristis (introdued by Efron [Efr79℄) states that we an mimi thepair (P,Pn) with the pair (Pn, P

W
n ), where PW

n is the empirial distribution of a n-sample withdistribution Pn (�the resample�). EW [ · ] denoting the expetation w.r.t. the randomness of theresampling (whih is independent from the sample), the ideal penalty should be lose to
pen(m) := EW

[
F
(
Pn, P

W
n

)]
= EW

[(
Pn − PW

n

)
γ
(
ŝW
m

)] with ŝW
m ∈ arg min

t∈Sm

{
PW

n γ ( t)
}
.(7.2)



7.2. FRAMEWORK 195This heuristis has then been generalized to other resampling shemes with the exhangeableweighted bootstrap (Mason and Newton [MN92℄ and Præstgaard and Wellner [PW93℄), where
PW

n :=
1

n

n∑

i=1

Wiδ(Xi,Yi) with W ∈ R
n an exhangeable weight vetor,independent from the data.In Chap. 5 and 6, we prove that the penalization proedure based on pen(m) proportional tothe one of (7.2) satis�es orale inequalities with onstant almost one, in the least-square regressionframework, when all the models are made of histograms. Of ourse, histograms were not our �nalgoal, and we would like to investigate the properties of Resampling Penalties in the lassi�ationase.The main result of this hapter is a onentration inequality for

p̂2(m) := EW

[
PW

n

(
γ ( ŝm ) − γ

(
ŝW
m

))]
, (7.3)whih is the resampling estimate of

p2(m) := Pn

(
γ ( ŝm ) − γ

(
ŝW
m

))
.The keystone of the slope heuristis (see Birgé and Massart [BM06℄ and Chap. 3) is that

p2(m) is the �minimal penalty�, whereas the ideal penalty is lose to 2p2(m). If this holds in thelassi�ation ase, we would only have to prove that
E [p2(m) ] ∝ E [ p̂2(m) ]in order to derive orale inequalities for the Resampling Penalization proedure desribed inSet. 7.4.The rest of the hapter is organized as follows. We preise the framework and some notationsin Set. 7.2. Our main results are stated in Set. 7.3, where we also explain what remains to beproven about Resampling Penalization in lassi�ation. Then, Set. 7.4 takles pratial issues.The proofs are given in Set. 7.5. 7.2. FrameworkThe framework of this hapter is the general statistial learning framework, as in Chap. 8 ofMassart [Mas07℄ (see also Massart and Nédéle [MN06℄, Set. 2). It is slightly more generalthan binary lassi�ation, and inludes the bounded regression framework.7.2.1. General framework. We observe i.i.d. variables ξ1, . . . , ξn ∈ X × Y with ommondistribution P , where X × Y is some measurable spae and Y ⊂ [0, 1] (in binary lassi�ation,

Y = {0, 1}). Our goal is to build a preditor t : X 7→ Y suh that given a new data ξ = (X,Y )(with Y unobserved), t(X) is a good predition for Y . The set of all preditors is denoted by S.The quality of a preditor t is measured by its predition loss Pγ(t) := Eξ∼P [γ(t, ξ) ] where
γ : S × (X × Y) 7→ [0, 1] is some ontrast funtion. A popular hoie is γ(t, (x, y)) = ( t(x) − y )2,whih oinides with the 0-1 ontrast γ(t, (x, y)) = 1t(x)6=y in binary lassi�ation. The bestpreditor is then the Bayes preditor s, whih minimizes Pγ(t) over S. Instead of the preditionloss, we often onsider the exess loss

l(s, t) := Pγ(t) − Pγ(s) .De�ning the regression funtion as η(x) = E [Y | X = x ] for every x ∈ X , we have
∀x ∈ X , s(x) = 1η(x)≥ 1

2



196 CHAPITRE 7. THE CLASSIFICATION CASEin the binary lassi�ation ase.As desribed in Introdution, given a set of preditors Sm (a model), we de�ne the empirialrisk minimizer on Sm as
ŝm ∈ arg min

t∈Sm

{Pnγ(t)} = arg min
t∈Sm

{
1

n

n∑

i=1

γ(t, ξi)

} where Pn =
1

n

n∑

i=1

δξi
.Given a family of models (Sm )m∈Mn

, the purpose of model seletion is to hoose a (data-dependent) m̂ ∈ Mn suh that ŝ bm is a good preditor, or at least as good as the best preditoramong the family ( ŝm )m∈Mn
.We now assume that m̂ is hosen aording to some penalization proedure:
m̂ ∈ arg min

m∈Mn

{Pnγ ( ŝm ) + pen(m)} (7.4)where the penalty is any funtion pen : Mn 7→ [0,∞), possibly data-dependent. From thisde�nition of m̂, we an prove that
l(s, ŝ bm) + (pen− penid)(m̂) ≤ inf

m∈Mn

{ l(s, ŝm) + (pen− penid)(m)} , (7.5)where the ideal penalty penid is de�ned by (7.1). We an thus obtain an orale inequality byproving that pen is lose to penid for every model m ∈ Mn. Obviously, (7.5) also holds with
pen′

id = penid +(Pn −P )γ(s) instead of penid. This alternative �ideal penalty� is more onvenientfor the proof (it has better onentration properties), and an be split into pen′
id = p1 + p2 − δwith

p1(m) := P (γ(ŝm) − γ(sm)) p2(m) := Pn (γ(sm) − γ(ŝm))and δ(m) := (Pn − P ) (γ(sm) − γ(s)) .7.2.2. Main assumptions. Remember that the �rst assumption in this hapter is that theontrast γ takes its values in [0, 1]. Then, we assume that there exists some pseudo-distane d on
S (whih may depend on P ) suh that

∀t ∈ S, varP [γ(t, ·) − γ(s, ·) ] ≤ d2(s, t) . (7.6)Let C1 be the set of nondereasing and ontinuous funtions ψ : R
+ 7→ R

+ suh that x 7→
ψ(x)/x is noninreasing on (0,+∞) and ψ(1) ≥ 1. Our third assumption is that there is a funtion
w ∈ C1 suh that for every ǫ > 0,

sup
t∈S,l(s,t)≤ǫ2

d(s, t) ≤ w(ǫ) . (7.7)Combined with (7.6), this margin ondition generalizes the one introdued by Tsybakov. It linksthe variane of the proess γ(t, ·) − γ(s, ·) with its expetation (whih is equal to the exess lossat t).Finally, we need an assumption in order to ontrol the sizes of the models Sm. This is thefollowing: for every m ∈ Mn, there is a funtion φm ∈ C1 suh that for every u ∈ Sm and every
σ > 0 suh that φm(σ) ≤ √

nσ2,
√
nE

[
sup

t∈Sm, d(u,t)≤σ
{(Pn − P ) (γ(u) − γ(t))}

]
≤ φm(σ) . (7.8)Remark that when Sm is unountable, measurability issues may our in (7.8). We refer toSet. 2.2 in [MN06℄ where a separability ondition is introdued for this purpose.



7.2. FRAMEWORK 197We an then de�ne ε⋆,m (or ε⋆,m,(n), when we want to emphasize the dependene on the samplesize n) as the unique positive solution of the equation
√
nε2⋆,m = φm(w(ε⋆,m)) . (7.9)Aording to Massart and Nédéle [MN06℄, this quantity measures the quality of an estimator

ŝm. As we shall see in the following, it also appears in the remainder terms of some onentrationinequalities.7.2.3. Binary lassi�ation. The main example of this hapter is binary lassi�ation. Wethen have Y = {0, 1} and onsider the 0-1 ontrast γ(t, (x, y)) = 1t(x)6=y, whih takes its valuesin [0, 1]. In (7.6), the pseudo-distane d an be hosen as the L2(L(X)) distane
d2(t, s) = E

[
( t(X) − s(X) )2

]
,sine for every t ∈ S,

∀(x, y) ∈ X × Y, |γ(t, (x, y)) − γ(s, (x, y))| =
∣∣1t(x)6=y − 1s(x)6=y

∣∣ ≤ |t(x) − s(x)| .We an derive (7.7) with w(ǫ) = h−1/(2θ)ǫ1/θ from Tsybakov margin ondition
l(s, t) ≥ h (E |s(X) − t(X)| )θ = hd(s, t)2θ for some θ ≥ 1 and h ≤ 1 .Notiing that the exess loss is equal to

l(s, t) = E [ |2η(X) − 1| |s(X) − t(X)| ] ,so that (7.7) holds with w(ǫ) = h−1/2ǫ under the simpler margin ondition
P ( |2η(X) − 1| ≥ h > 0) = 1 .Then, we only have to ompute some φm satisfying (7.8) for eah model Sm. This is doneunder several assumptions in Set. 2.4 in [MN06℄.7.2.4. Bounded regression. In addition, bounded regression �ts with the above generalframework. We then have Y = [0, 1] (up to some resaling of the data) and hoose the least-square ontrast γ(t, (x, y)) = (t(x) − y)2, so that the Bayes preditor s is the regression funtion

η. Notie that γ has its values in [0, 1].It is straightforward to ompute
l(s, t) = E

[
(t(X) − s(X) )2

] and d2(s, t) = 2E

[
(t(X) − s(X) )2

]whih satis�es (7.6). As a onsequene, the margin ondition (7.7) automatially holds in boundedregression with w(ǫ) =
√

2ǫ.In the partiular ase of histograms (that we have onsidered in the previous hapters), wean show that (7.8) holds with
φm(σ) = σ

(
1 +

√
Dm√
2

)
. (7.10)This fat omes from (3.38) in Set. 3.5.7, where it is ompletely proven. It is then straightforwardto ompute

ε⋆,m =

√
2 +

√
Dm√

n
. (7.11)See also Set. 2.3 in [MN06℄ for omputations in the �binary images� framework.



198 CHAPITRE 7. THE CLASSIFICATION CASE7.2.5. Resampling shemes. In introdution, we de�ned two resampling quantities by (7.2)and (7.3). They depend on some resampling weight vetor W ∈ R
n, assumed to be independentfrom the data.In the following, we will often assume that W is a subsampling weight vetor. This means thatwe an write Wi = κ1i∈I for some random subset I of {1, . . . , n}, with κ = n/card(I). Up tosome multipliative onstant, this oinides with the �Bootstrap without replaement� de�ned byvan der Vaart and Wellner [vdVW96℄ (see Example 3.6.14). On subsampling, see also the bookfrom Politis, Romano and Wolf [PRW99℄. In other words, the �resample� is a subsample of theentire data set. The main examples or subsampling weights are the following:

• Random hold-out (q), q ∈ {1, . . . , n}: I is hosen uniformly among subsets of {1, . . . , n}of size q, and κ = nq−1. A lassial hoie is q = n/2.
• Hold-out (q), q ∈ {1, . . . , n}: I ⊂ {1, . . . , n} is deterministi with ardinality q, and
κ = nq−1.

• V -fold ross-validation, V ∈ {1, . . . , n}: let (Bj)1≤j≤V be a partition of {1, . . . , n},then I = {1, . . . , n} \BJ with J ∼ U({1, . . . , n}) independent from the data, and κ =

n/(n − Card(BJ)). It is lassial to assume that the partition is regular, and then
κ = V/(V − 1).We have already de�ned these weights (with κ = V/(V − 1) even if the partition is not regularin the VFCV ase) in Chap. 5 and 6, where we explain the links between V -fold penalties (whenthe partition is regular) and the lassial V -fold ross-validation proedure. Notie that the smalldi�erene between the above VFCV weights and the ones of Set. 5.3.1 is small if the partition is�almost regular�. We an then expet the resulting V -fold penalties to have the same behaviourin pratie.The partiular shape of subsampling weights allows us to write the resampling proedure ina di�erent way. The resampling empirial distribution PW

n is equal to
PW

n =
1

n

n∑

i=1

Wiδξi
=
κ

n

∑

i∈I

δξi
=

1

Card(I)

∑

i∈I

δξi
=: P (I)

nthe empirial distribution of the subsample (ξi)i∈I . Moreover, sine I is hosen independently fromthe sample, the subsample (ξi)i∈I is an i.i.d. sample of size Card(I) with ommon distribution P .This is the key property that we will use to prove our onentration inequality for p̂2.7.3. Main results7.3.1. A reipe of orale inequalities. As notied in Set. 7.2.1, it is su�ient to provethat pen is lose to pen′
id = p1 + p2− δ in order to derive some orale inequality for the proedurede�ned by (7.4). Following the proof of Thm. 3.1 in Set. 3.3 (or equivalently Thm. 6.1 in Set. 6or Thm. 5.1 in Set. 5), we an desribe a reipe for proving orale inequalities for penalizationproedures:(1) Conentration inequality for δ(m) around its expetation.(2) Conentration inequality for p2(m) around its expetation.(3) Conentration inequality for pen(m) around its expetation.(4) E [pen(m) ] ≈ E [2p2(m) ].(5) With large probability, p2(m) is lose to p1(m).(6) All the remainder terms are negligible in front of l(s, sm) + E [p2(m) ].



7.3. MAIN RESULTS 199In this hapter, we prove the three �rst steps for a resampling penalty pen(m) = 2CW p̂2(m) withsubsampling weights (the onstant CW should only depend on the resampling sheme L(W ), sothat step 4 holds true). This is the objet of the next subsetion.7.3.2. Conentration inequalities. It is not new that steps 1 and 2 an be solved in suha general framework. First, we only need Bernstein's inequality to derive onentration propertiesfor δ(m). We reall below this lassial result, whih is proven for instane in Set. 3.5.6.Proposition 7.1 (Prop. 3.3, Set. 3.3). Assume that γ has its values in [0, 1]. Then for all
x ≥ 0, on an event of probability at least 1 − 2e−x:

∀η > 0,
∣∣δ(m)

∣∣ ≤ ηl(s, sm) +

(
1

η
+

2

3

)
x

n
. (7.12)The seond step is quite harder to solve, but all the work has been done reently by Bouheronand Massart [BM04℄ (with Thm. 2.2 in a preliminary version).Proposition 7.2. Let γ : S × (X × Y ) 7→ [0, 1] be a ontrast funtion, (ξi)1≤i≤n ∈ (X ×Y)nsome i.i.d. data with ommon distribution P , and (Sm)m∈Mn be a family of models. Make all theassumptions of Set. 7.2.2, i.e. (7.6), (7.7) and (7.8). As in (7.9), de�ne ε⋆,m the unique positivesolution of the equation √

nε2⋆,m = φm(w(ε⋆,m)) .Let p2(m) = Pn (γ(sm) − γ(ŝm)).Then, there is a onstant C > 0 suh that, for every x ≥ 0, there exists a set of probability atleast 1 − e1−x on whih
|p2(m) − E[p2(m)]| ≤ C√

n

[√
2exw

(√
l(s, sm) ∨ ε2⋆,m

)
+ 2exw

(
w(ε⋆,m)√
nε⋆,m

)]
. (7.13)The third step is the main result of this hapter. In a few words, its proof is based uponProp. 7.2 and the key remark that (ξi)i∈I is an i.i.d. sample of size Card(I) with ommondistribution P (see the end of Set. 7.2.5).Theorem 7.1. Let γ : S × (X × Y ) 7→ [0, 1] be a ontrast funtion, (ξi)1≤i≤n ∈ (X × Y)nsome i.i.d. data with ommon distribution P , and (Sm)m∈Mn be a family of models. Make allthe assumptions of Set. 7.2.2, i.e. (7.6), (7.7) and (7.8). Moreover, we assume that for every

m ∈ Mn, φm is independent from n (in the sense that (7.8) holds for any sample size q ≤ n). Asin (7.9), de�ne ε⋆,m the unique positive solution of the equation
√
nε2⋆,m = φm(w(ε⋆,m)) .Let p̂2(m) be de�ned by (7.3), with some subsampling weights W . Let B > 0 suh that

B ≥ n

Card {1 ≤ i ≤ n s.t. Wi 6= 0} a.s. .Then, there is a onstant C > 0 suh that for every x ≥ 0, there exists an event of probability atleast 1 − e1−x on whih
|p̂2(m) − E [ p̂2(m) ]| ≤ C√

n

[
B
√

2exw
(√

l(s, sm) ∨ ε2⋆,m

)
+ 2exw

(
w(ε⋆,m)√
nε⋆,m

)]
. (7.14)Remark 7.1.

• The assumption that φm is independent from n is rather mild, beause of the saling√
n. Indeed, omputations made by Massart and Nédéle ([MN06℄, Set. 2.4) show that

φm an be bounded independently from n, with the universal metri entropy (e.g. when
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Sm is a VC-lass) or the L1(L(X)) entropy with braketing. The resulting bounds for
ε⋆,m are sharp sine they are equal (up to some logarithmi fator) to the minimax lowerbounds.Notie that this assumption is also satis�ed in regression when Sm is an histogram (seeSet. 7.2.4) or in the binary image ase when Sm is a �nite dimensional vetor spae (see[MN06℄, Set. 2.3).

• The onstant B appearing in the upper bound is smaller than 2 for V -fold ross-validation(with partitions suh that maxj Card(Bj) ≤ n/2), hold-out (q) and Random hold-out(q) if q ≥ n/2 (e.g. Leave-one-out).Thm. 7.1 thus shows that p̂2 onentrates almost as well as p2. However, our remainderterm an not be used for hoosing a resampling sheme, sine we showed in Set. 6.8.7that p̂2 onentrates better than p2 when the weights are exhangeable.
• A similar result with Rademaher weights (i.e. 2Wi i.i.d. binomial with parameter 1/2)may be proven, up to some small additional work. These are indeed almost subsamplingweights (the only di�erene is that I := {1 ≤ i ≤ n s.t. Wi 6= 0} has a random ardinal-ity). Another tehnial issue is that Card(I) an be very small (and even equal to zero)with a positive probability, so that B de�ned in Thm. 7.1 would be in�nite.In order to evaluate the goodness of these onentration inequalities, let us onsider theframework of least-square regression on histogram models. Remember that we assume Y ∈ [0, 1]a.s. (this an be done with any bounded histogram by translating and resaling Y ). Aording toSet. 7.2.4, w(ǫ) = ǫ

√
2 and ε⋆,m ≤ L

√
Dm/n for some absolute onstant1 L. As a onsequene,the remainder terms in (7.13) and (7.14) an be bounded as follows:

C√
n

[√
2exw

(√
l(s, sm) ∨ ε2⋆,m

)
+ 2exw

(
w(ε⋆,m)√
nε⋆,m

)]
≤ L

√
xl(s, sm)

n
+ L

x+
√
xDm

n

≤ Lθ

(
l(s, sm) +

Dm

n

)
+ L

(
1 + θ−1

) x
n(7.15)for every θ > 0.Assume moreover that E [p2(m) ] ≥ Q

(p)
m Dmn

−1 for some Q(p)
m > 0 (f. Lemma 6.13 inSet. 6.8.8). Then, taking θ = D

−1/2
m in (7.15), this remainder term is smaller than
l(s, sm)√
Dm

+
1 + x

Q
(p)
m

√
Dm

E [p2(m) ] ,whih is negligible in front of l(s, sm) + E [p2(m) ] if Dm ≥ ln(n)3 and x ≤ L ln(n).Under the same assumptions, taking η = D
−1/2
m in Prop. 7.1 gives a similar remainder term.We thus reover part of the results from Chap. 5 and 6 in the bounded ase, under di�erentassumptions on the resampling weights. This shows that step 6 (in the reipe of Set. 7.3.1) islikely to be satis�ed with these remainder terms.7.3.3. Program for further researh. In Set. 7.3.1, we desribed a reipe for provingorale inequalities, partially solved with the onentration inequalities stated in Set. 7.3.2. Wegive here some omments on the remaining points.1In the following, L denotes some absolute onstant, possibly di�erent from a line to another, or even within thesame line



7.4. PRACTICAL APPLICATION 201Asymptotially, for every �xed model m, steps 3 and 4 (with pen = 2p̂2) are onsequenesof Thm. 3.6.13 of van der Vaart and Wellner [vdVW96℄. This is not su�ient here, even foran asymptoti orale inequality, beause the olletion of models Mn is allowed to depend on n.Notie that it is su�ient to onsider exhangeable weights at step 4 beause of Lemma 8.4 inSet. 8.4.1. In the ase of subsampling weights, it is thus su�ient to onsider Random hold-out(q) weights for every q ∈ {1, . . . , n}.The �fth step is the keystone of the slope heuristis of Birgé and Massart (f. Chap. 3, Birgéand Massart [BM06℄ and [Mas07℄, Set. 8.5.2). To our knowledge, this points remains an openproblem in the general ase (and in partiular for binary lassi�ation). A major di�ulty herewould be to prove lower bounds on p1(m) = Pγ ( ŝm )−Pγ (sm ) with large probability (up to thebias term, whih is deterministi, p1(m) is equal to the exess loss l(s, sm)).The last step is also an open question, even for the onentration results stated in Set. 7.3.2. If
E [p2(m) ] ≫ ln(n)n−1, one an hoose η in Prop. 7.1 so that step 6 holds for δ. For the deviationsof p2(m) and p̂2(m), the remainder terms an always be hosen negligible in front of ε⋆,m. Itseems to be a sharp omplexity measure, at least in binary lassi�ation (Massart and Nédéle[MN06℄), but we do not know if these remainder terms are atually small enough. Moreover, inthe ase of p̂2(m), remember that the remainders will be multiplied by some onstant CW like
2p̂2. If this multipliative term is large (and this may our for Random hold-out (q) when q ∼ n,aording to omputations of Chap. 6), Thm. 7.1 may not be su�ient for step 6 to hold with
pen = 2CW p̂2.Finally, we propose an alternative to the reipe of Set. 7.3.1 without step 5. Instead, assumethat we an prove a moment inequality for p1 similar to the one for p2 (see [BM04℄, or the proofof Prop. 7.2). Then, the proof of Thm. 7.1 an be adapted in order to prove a onentrationinequality for

p̂1(m) := EW

[
Pn

(
γ
(
ŝW
m

)
− γ ( ŝm )

)]very similar to (7.14). Thus, the remaining open problems are the following:(2′) a moment inequality for p1 similar to the one of Bouheron and Massart [BM04℄ for p2.(4′) a omparison of ideal and resampling penalties in expetations:
E [p1(m) ] ≈ CW,1E [ p̂1(m) ] E [p2(m) ] ≈ CW,2E [ p̂2(m) ]for some CW,1 and CW,2 depending only on the resampling sheme L(W ).(6′) show that all the remainders are negligible in front of l(s, ŝm) = l(s, sm) + p1(m) ≈

l(s, sm) + E [p1(m) ].and the resampling penalty would be pen = CW,1p̂1 + CW,2p̂2. Aording to asymptoti results[vdVW96℄ and histogram omputations (Set. 6.8.6), it is likely that CW,1 ≈ CW,2 ≈ CW,∞.Remark that the two suggested penalties CW,∞(p̂1 + p̂2) and 2CW,∞p̂2 are quite lose as soonas p1 ≈ p2. Moreover, in the maximum-log-likelihood framework, Shibata [Shi97℄ showed thatthose two approahes (with bootstrap weights) are asymptotially equivalent. See Remark 6.3in Set. 6.3.3 for more details. However, aording to our omputations and simulation studiesin the histogram regression ase, p1 is slightly larger than p2, and similarly p̂1 is slightly largerthan p̂2 (di�erenes whih disappear when n goes to in�nity). Then, it is possible that 2CW,∞p̂2has to be slightly enlarged in order to avoid underpenalization, at least from the non-asymptotiviewpoint. 7.4. Pratial appliationThe (partial) results of Set. 7.3 lead to the following algorithm.



202 CHAPITRE 7. THE CLASSIFICATION CASEAlgorithm 7.1 (Resampling penalization).(1) Choose a resampling sheme, i.e. the law L(W ) of a weight vetor W .(2) Choose a onstant C ≥ CW,∞ ≈
(
n−1

∑n
i=1 E (Wi − 1)2

)−1.(3) Compute the following resampling penalty for eah m ∈ Mn:
pen(m) = 2Cp̂2(m) = 2CEW

[
PW

n

(
γ ( ŝm ) − γ

(
ŝW
m

))]
. (7.16)(4) Minimize the penalized empirial riterion to hoose m̂ and thus ŝ bm:

m̂ ∈ arg min
m∈Mn

{Pnγ(ŝm(Pn)) + pen(m)} .Aording to Set. 7.3.3 above, an alternative penalty shape ould be
pen(m) = C ( p̂1(m) + p̂2(m)) ,as in algorithm 6.1 of Set. 6.2.Notie that algorithm 7.1 is a plug-in method, so that it should not be used when Card(Mn)is too large (i.e. larger than any power of n). We refer to Set. 6.6.2 for an answer to this problem.7.4.1. Tuning parameters. There are two parameters in algorithm 7.1: the resamplingsheme and the onstant C.Choie of C. First, notie that there has to be a onstant C in front of the penalty, even ifit does not appear in Efron's resampling heuristis. Indeed, as show asymptotially by van derVaart and Wellner [vdVW96℄ (in their Thm. 3.6.13), the variane of the weights has to be takeninto aount for the resampling estimates to be unbiased. The approximation
CW,∞ ≈

(
n−1

n∑

i=1

E (Wi − 1)2
)−1omes from their asymptoti result.However, this asymptoti value for C may not be the right one when the sample size n issmall, or even for large n beause Mn may depend on n. We suggest two ways of omputing

CW,∞ non-asymptotially:
• use the onstant CW,∞ omputed in the histogram regression framework (see also Tab. 6.1in Set. 6.3.3 and Prop. 6.5 in Set. 6.8.6; for non-exhangeable weights, see Lemma 8.4in Set. 8.4.1).
• use Birgé and Massart �slope heuristis� (for instane algorithm 3.1 in Set. 3.4).In both ases, we do not have enough theoretial evidene to prove that any of these methodswork in lassi�ation (most of our proofs being restrited to histogram regression). We an onlynotie that the �rst one gives results very similar to the �asymptoti� alibration for most weights(i.e. all the lassial ones exept leave-one-out).A seond problem (whih is also a major interest of our penalization method ompared to

V -fold ross-validation, see Set. 5.5) is that an unbiased penalty is not neessarily optimal in anon-asymptoti framework. It is often better to overpenalize a little, so that the �utuations of
pen− penid does not make it negative with a signi�ant probability (f. Set. 2.4.1 and 6.6.1).The problem of overpenalization thus remains to estimate aurately these �utuations, thendeide a on�dene level α, and �nally hoose C suh that for every m ∈ Mn, P(pen(m) <

penid(m)) ≤ α. This needs at least a variane estimate of pen− penid.Using the fat that our penalty is omputed by resampling, we also propose in Set. 6.6.1two methods using a onditional (1 − α) quantile instead of an expetation in (7.16). The main



7.4. PRACTICAL APPLICATION 203advantage of this idea is that it does not need more omputations2, sine we already have toonsider several weight vetors in order to ompute an expetation w.r.t. W .Of ourse, there remains the question of hoosing α, and we have no lear idea about this. Webelieve that this hoie should anyway depend on eah partiular problem (there is no universallyoptimal hoie for α), but simulation studies and theoretial results would be helpful for pratialusers. Further remarks on overpenalization and related problems are given in Set. 11.3.3.Choie of a resampling sheme. As for hoosing C, we have no theoretial evidene in thelassi�ation framework about the hoie of L(W ). Indeed, the upper bound (7.14) in Thm. 7.1is not sharp, sine it does not show that resampling estimates (with exhangeable weights) on-entrate better than the original quantities (p2 in this ase). This phenomenon is well-knownasymptotially (see e.g. Hall [Hal92℄), and appears in some non-asymptoti results (Prop. 6.8 inSet. 6.8.7 and Prop. 10.4 in Set. 10.2.3).Even if our results are limited to subsampling weights, it is very likely that exhangeableweights (like Efron and Rademaher weights, see Set. 6.3.3) are at least as e�ient as subsamplingones.In view of the results from Chap. 5 and 6 in the histogram ase, we an sum up this question asfollows. On the one hand, exhangeable weights are e�ient but need a long omputation time (atleast n di�erent weight vetors). Then, a lassial method is to make a Monte-Carlo approximation(but then, do not use Leave-one-out weights). On the other hand, non-exhangeable weights suhas hold-out and V -fold ross-validation ones need far less omputation time. The hoie of V isthen quite similar the hoie of the number of Monte-Carlo samples with the previous method:the larger V , the more aurate pen.In both ases, the problem is to �nd the optimal trade-o� between omplexity (the number ofresampling weight vetors to onsider) and auray (measured by the �utuations of the penaltyaround its expetation). See the simulation study of Set. 5.4 (and the disussion of Set. 5.5) forfurther lues on this question.7.4.2. Comparison with other penalties. By onstrution, Resampling penalties aresmaller than Fromont's bootstrap (global) penalties [Fro04℄. Indeed,
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[(
Pn − PW

n

) (
γ
(
ŝW
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))]
≤ EW

[
sup
t∈Sm

(
Pn − PW

n

)
(γ (t))

]
. (7.17)In partiular, when W is a Rademaher resampling weight vetor, this upper bound is equalto the well-known (global) Rademaher omplexities (see [Fro07℄, Set. 2.2):
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n
E

[
sup
t∈Sm

n∑

i=1

ǫi1t(Xi)6=Yi

∣∣∣∣∣ ξ1...n

] where (ǫi)1≤i≤n are independent Rademaher variables.As a onsequene, all the upper bounds on Rademaher omplexities, for instane when the modelsare VC-lasses, are still upper bounds on Resampling Penalties. This shows that algorithm 7.1 isnot overpenalizing from the global viewpoint.Moreover, inequality (7.17) highlights the reason why we an onsider resampling penaltiesas �loal� penalties, as ompared to the global Rademaher omplexities. Sine loal Rademaheromplexities are resampling estimates of a �loalized� upper bound on penid(m), ResamplingPenalties are likely to be even smaller (while being more natural, and easier to ompute). It isthen reasonable to think that algorithm 7.1 is e�ient from the loalized viewpoint (i.e. whenthe unknown distribution P has some good properties, suh as Tsybakov's margin ondition).2whereas using (V -fold) ross-validation for tuning C would generally have a prohibitive omputational ost.



204 CHAPITRE 7. THE CLASSIFICATION CASE7.5. Proofs7.5.1. Proof of Prop. 7.2. Aording to Thm. 2.2 in [BM04℄, there exists some absoluteonstant C suh that for every real number q ≥ 2 one has
‖p2(m) − E[p2(m)]‖q ≤ C√
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[√
qw
(√

l(s, sm) ∨ ε2⋆,m

)
+ qw

(
w(ε⋆,m)√
nε⋆,m

)]
. (7.18)With Markov inequality, it is lassial to derive onentration inequalities from suh momentinequalities. See for instane Lemma 8.10 in Set. 8.6.2 for a omplete proof. The result follows.

�7.5.2. Proof of Thm. 7.1.General resampling weights. We �rst state a simple inequality (7.19) that is valid for anyresampling sheme (only assumed to be independent from the sample ξ1...n). It is quite similar to(5.55) (in Set. 5.7.4). Let ‖·‖q be the q-th moment, and for everyW ∈ R
n and ξ1, . . . , ξn ∈ X ×Y,

F (W ; ξ1...n) := PW
n

(
γ ( ŝm ) − γ

(
ŝW
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))
.By Jensen inequality, for every q ≥ 1,

‖p̂2(m) − E [ p̂2(m) ]‖q
q = E ( |EW [F (W ; ξ1...n) ] − E [F (W ; ξ1...n) ]|q )
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} (7.19)As a onsequene, it is su�ient to prove moment inequalities for p̂2(m)−E [ p̂2(m) ] when Wis deterministi (equal to some W0 ∈ R
n. The result follows only by taking a supremum over thesupport of W .Remark that (7.19) would be valid for any measurable funtion F : R

n × (X × Y )n 7→ R. Itan for instane be applied to p̂1(m) = Pn

(
γ
(
ŝW
m

)
− γ ( ŝm )

).Subsampling weights. We now assume thatW is a subsampling weight vetor, i.e. Wi = κ1i∈Ifor some random I ⊂ {1, . . . , n} and κ = n/Card(I). Aording to (7.19), we only have toonsider deterministi subsampling weights, i.e. suh that I is deterministi.Then, F (W ; ξ1...n) is equal to p2(m; (ξi )i∈I , i.e. p2(m) omputed with the subsample (ξi )i∈Iinstead of the whole sample ξ1...n. Sine (ξi )i∈I has the distribution of an i.i.d. sample of size
Card(I) with ommon distribution P , we an apply (7.18) from the proof of Prop. 7.2 (whihomes from Bouheron and Massart [BM04℄):
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.Sine φm an also be used with a sample size Card(I) ≤ n, we an use (7.21) from Lemma 7.3(in Set. 7.5.3):
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7.5. PROOFS 205Sine n/Card(I) ≤ B a.s., the result follows (see e.g. Lemma 8.10 in Set. 8.6.2 for the linkbetween moment and onentration inequalities). �7.5.3. ε⋆,m as a funtion of n and m. In this setion, we show how ε⋆,m depends on thesample size n and the models m. Sine the funtion φmow belongs to the lass C1, this is aonsequene of the following lemma.Lemma 7.3. For any n ∈ N and f ∈ C1, i.e. f : R
+ 7→ R

+ nondereasing suh that x 7→ f(x)/xis noninreasing, de�ne ǫ(n, f) the unique positive solution of the equation √
nǫ2 = f(ǫ).Then, for any λ > 0,
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ǫ(n, f) . (7.21)In partiular, n 7→ ε⋆,m,(n) is dereasing.proof of Lemma 7.3. We �rst prove (7.20). Assume for instane that λ ≥ 1 (the ase λ < 1is a onsequene of it). The mapping x 7→ f(x)

x2 is noninreasing on (0,∞). It is equal to √
n when

x = ǫ(n, f) and √
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CHAPTER 8Appendix on resampling penaltiesRésumé. Nous avons réuni dans et appendie des ommentaires ou résul-tats additionnels à eux des trois hapitres préédents, ainsi que des lemmes oupreuves tehniques que nous y utilisons. Les notations utilisées ii sont elles dees trois hapitres.This hapter is dependent from Chap. 5 to 9, and should not be read apart from them, exeptfor some tools that may be used in other frameworks. Throughout this hapter, we use severalnotations de�ned in Chap. 5 and 6.It is organized as follows. Set. 8.1 and 8.2 provide some omments and suggestions about theway of using RP, and the reason why it may work in general. Then, we give a few more resultsabout Resampling Penalization in Set. 8.3 and 8.4. Set. 8.5 to 8.9 ontain several probabilistitools and proofs of probabilisti results used in the previous hapters. Finally, we state and provesome tools that belongs to approximation theory in Set. 8.10.8.1. Uniqueness and existene of ŝW
mIn Set. 5.3.1 and 6.2, we de�ned general penalization algorithms based on the resamplingheuristis (algorithms 5.1 and 6.1). In the ase of least-square regression on histograms, we haveto modify these general algorithms beause

ŝm
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)
= arg min

t∈Sm
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n γ (t, ·)
}is not uniquely de�ned for a.e. weight vetor W . This leads to algorithms 5.2 and 6.2. In thissetion, we try to give a more general answer to this issue.8.1.1. Existene. In the histogram ase, there always exists a minimizer of PW

n γ ( t, ·) in
Sm. If suh an existene issue happened, we may replae ŝm
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) by a ρ-minimizer of PW
n γ (t, · )in Sm, for instane with ρ = n−2.8.1.2. Uniqueness: histogram ase. In the histogram ase, ŝm
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) is well-de�ned ifand only if for every λ ∈ Λm, p̂W
λ > 0, i.e. Wλ = (np̂λ)−1
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Wi > 0. This has a positiveprobability for any resampling sheme among Efron (q) (q ≥ 1), Rademaher(p) (p ∈ (0, 1)),Poisson(µ) (µ > 0) and Random hold-out (q) (q ≤ n−np̂λ). We thus have to �nd a way to de�ne
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n ))−PW
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n )) by its supremum over all possible values of ŝm(PW
n )would lead to in�nite penalties when the models are not bounded, and very large ones in thebounded ase. For the same reason, hoosing a �xed arbitrary value β0

λ for ŝm(PW
n ) on Iλ suhthat PW

n (Iλ) = 0 is not relevant. A good alternative to this may be β0
λ equal to EP W

n
(Y ) or

EP W
n

(Y | d(X, Iλ) ≤ h ). However, a wise hoie of h may be quite a di�ult problem.



208 CHAPITRE 8. APPENDIX ON RESAMPLING PENALTIESAnother natural answer to this problem may be �onsider only weight vetors suh that noproblem arises�. However, if minλ∈Λm {np̂λ } is not very large, this may be a onsiderable on-straint and the weight vetorW is no longer exhangeable under this onditionning. Our proposalhere is to adapt this idea under the light of the following ruial remark. Like the ideal penalty,
Pnγ(ŝm(PW

n )) − PW
n γ(ŝm(PW

n )) is the sum over λ ∈ Λm of terms that only depend on whathappens on Iλ (see (5.7) in Set. 5.3.1). Thus, the penalty may also be written as
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n γ(ŝm(PW

n ))
]

=
∑

λ∈Λm

EW

[
penλ,W (m,Pn)

]
.Now, eah term penλ,W (m,Pn) is well-de�ned if and only if ∑Xi∈Iλ

Wi > 0. Computing eahexpetation separately and onditionally to Wλ > 0, the following andidate penalty is at leastwell-de�ned:
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 (8.1)and suh �loal onditionnings� are quite mild onstraints on the weights. This is the strategyof algorithm 6.2. Notie that (8.1) leads to a penalty slightly larger than the previous proposedone when β0

λ = EPn [Y | X ∈ Iλ]. Indeed, this remains to posing penλ,W (m,Pn) = 0 for eah Wsuh that Wλ = 0, whih may lead to underpenalization if minλ∈Λm {np̂λ} is small. However, theresults of Set. 6.4 are valid for both penalties.8.1.3. Uniqueness: general ase. We now propose another natural modi�ation of thepenalty, that is modify the law of the weight vetor W . When the weights do not have to beexhangeable (as in the V -fold ase), this leads to algorithm 5.2. When we would like to keep theexhangeability of the weights, we propose the following. Let ǫ > 0 and PW (0)
n , . . . , P

W (k)
n , . . . beindependent opies of the resampling empirial distribution. Then, replae PW

n in the de�nitionof the penalty by
PWǫ

n =
1

1 − ǫ

∑

k≥0

ǫkPW (k)
n =

1

n

n∑

i=1

(
1

1 − ǫ

∞∑

k=0

ǫkW
(k)
i

)
δ(Xi,Yi) .Sine eahWi is square-integrable, this is well de�ned for every ǫ ∈ [0; 1) sine for all i ∈ {1, . . . , n},

W ǫ
i :=

∑
k ǫ

kW
(k)
i onverges a.s. Moreover, for every ǫ > 0, P(W ǫ

i > 0) > 0 so that W ǫ
i > 0 a.s.This ensures that suppPWǫ

n = suppPn. Then, in the histogram ase, the penalty
penǫ(m,Pn) = EW

[
Pnγ(ŝm(PWǫ

n )) − Pnγ(ŝm(Pn))
]is well-de�ned if and only if minλ∈Λm {np̂λ } > 0. Our suggest (whih may be applied in moregeneral ases than histograms) is to take

pen(m,Pn) = lim sup
ǫ→0

penǫ(m,Pn) . (8.2)As shown in the lemma below, this is the same as de�nition (8.1) in the histogram ase.Lemma 8.1. If Sm is an histogram model, the de�nitions (8.1) and (8.2) oinide.Proof. As Sm ontains all pieewise onstant funtions on some �xed partition (Iλ)λ∈Λm ,
penǫ may be written as the sum over λ ∈ Λm of terms that only depend on the restritions of Pn
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n to Iλ:

penǫ(m,Pn) =
∑

λ∈Λm

EW

[
penǫ,λ,W (m,Pn)

]with penǫ,λ,W (m,Pn) =
(
p̂λ + p̂Wǫ

λ

) (
β̂λ − β̂Wǫ

λ

)2
.We an thus treat eah term penǫ,λ,W (m,Pn) separately.Conditionally to W , the value β̂Wǫ

λ of ŝm(PWǫ
n ) on Iλ is the mean (weighted by the ǫk) of the

β̂
W (k)
λ suh that PW (k)

n (Iλ) > 0. Thus, onditionally to the set Kλ = {k ∈ N s.t. P
W (k)
n (Iλ) > 0},the restrition to Iλ of PWǫ

n and Z−1
ǫ

∑
k∈Kλ

ǫkP
W (k)
n are equal (where Zǫ =

∑
k∈Kλ

ǫk). When
ǫ goes to 0, the �rst term is dominating the other ones, whih are of order at most ǫ a.s. Sine
penǫ,λ,W (m,Pn) is a bounded ontinuous funtion of PWǫ

n , we obtain that onditionally to Kλ,
(
p̂λ + p̂Wǫ

λ

) (
β̂λ − β̂Wǫ

λ

)2
⇀ǫ→0 (p̂λ + p̂

W (k0)
λ )

(
β̂λ − β̂

W (k0)
λ

)2 with k0 = minKλ.Sine the restrition of PW (minKλ)
n to Iλ has the same law as PW

n onditionally to PW
n (X ∈ Iλ) > 0,restrited to Iλ , we thus have

lim
ǫ→0

EW

[
penǫ,λ,W (m,Pn)

]
= EW

[
penλ,W (m,Pn)

∣∣ PW
n (X ∈ Iλ) > 0

]and the result follows. �8.2. Resampling and strutural onstraints on the penaltiesOne of the �rst onsequenes of the resampling heuristis is that the Resampling Penaltieshave the same strutural properties as the ideal penalty.For instane, in the histogram ase, with the notations of Set. 5.7, we have
penid(m) := (P − Pn)γ ( ŝm ) =

1

n

∑

λ∈Λm




(∑
Xi∈Iλ

(Yi − βλ )
)2

np̂λ

(
1 +

pλ

p̂λ

)

aording to (5.19) and (5.26) in Set. 5.7.2. Then, ( (Xi, Yi)1≤i≤n, P ) 7→ penid(m) satis�es thefollowing:

• It is the sum of Card(Λm) terms desribing depending on what happens on Iλ:
penid =

∑

λ∈Λm

Fλ ( p̂λ, (Yi)Xi∈Iλ
, βλ, pλ ) . (8.3)

• Eah term is exhangeable: for every permutation σ of { i s.t. Xi ∈ Iλ },
Fλ ( p̂λ, (Yi)Xi∈Iλ

, βλ, pλ ) ≡ Fλ

(
p̂λ, (Yσ(i))Xi∈Iλ

, βλ, pλ

)
. (8.4)

• Eah term is translation invariant: for every c ∈ R and λ ∈ Λm,
Fλ ( p̂λ, (Yi)Xi∈Iλ

, βλ, pλ ) ≡ Fλ ( p̂λ, (Yi + c)Xi∈Iλ
, βλ + c, pλ ) . (8.5)

• Eah term is a polynomial in (Yi)Xi∈Iλ
, homogeneous of order two:

Fλ ( p̂λ, (Yi)Xi∈Iλ
, βλ, pλ ) =

∑

Xi∈Iλ,Xj∈Iλ

ai,j(p̂λ, pλ)YiYj . (8.6)The last point beomes lear by remarking that one an translate Y so that βλ = 0 aording tothe previous point.Let us stress here on the fat that translation invariane and homogeneity of order 2 areneessary onditions for any good penalty in the least-square regression framework. Otherwise,



210 CHAPITRE 8. APPENDIX ON RESAMPLING PENALTIESthe seleted model m̂ an be hanged by replaing Y by λ (Y + c), whereas the orale model isunhanged, and the exess loss of every model is multiplied by λ2. Then, making a partiularhoie for c and λ (e.g. depending on n), one an prove that m̂ is neessary an not satisfy ageneral non-asymptoti orale inequality with onstant almost one (and moreover, the onstantmay go to in�nity when c and λ go to in�nity). Condition (8.3) is only a onsequene of thepartiular struture of the histogram models. We an expet that other models lead to otherpartiular strutures for reasonable penalties. Finally, the exhangeability ondition (8.4) is thequite natural onsequene of the exhangeability of the data.We now ome bak to the histogram regression ase. The resampling heuristis automatiallyensures that pen(m) satis�es properties (8.3), (8.4), (8.5) and (8.6). Aording to the lemmabelow, this is a su�ient ondition for pen(m) to be of the form
∑

λ∈Λm

aλ(p̂λ)


 ∑

Xi∈Iλ

(Yi − βλ )2 − 1

np̂λ − 1

∑

Xi∈Iλ, Xj∈Iλ,i6=j

(Yi − βλ ) (Yj − βλ )


 .As a onsequene, up to the onstants R1,W (n, p̂λ)+R2,W (n, p̂λ), Resampling Penalties are theonly reasonable penalties in the least-square histogram regression framework. We an onjeturethat this strutural preservation is a key property of RP in general frameworks, whih may besu�ient to ensure its e�ieny (up to the hoie of the onstant C in front of the penalty).Lemma 8.2. Let r ∈ N\ {0} and f : (Yi)1≤i≤r 7→ R satisfying(8.4) f is exhangeable, i.e. for every permutation σ of {1, . . . , r} and Y ∈ R, f ((Yσ(i))1≤i≤r

)
=

f(Y ).(8.5) for every c ∈ R and Y ∈ R
r, f ((Yi + c)1≤i≤r ) = f(Y ).(8.6) f is a polynomial and for every λ ∈ R and Y ∈ R

r, f ((λYi)1≤i≤r ) = λ2f(Y ).Then, there exists α ∈ R suh that for every Y ∈ R
r,

f(Y ) = a




r∑

i=1

Y 2
i − 1

r


 ∑

1≤i≤r

Yi




2
 .proof of Lemma 8.2. Aording to (8.6), there exists (ai,j )1≤i,j≤r ∈ Rr2 suh that forevery Y ∈ R

r,
f(Y ) =

∑

1≤i,j≤r

ai,jYiYj .From (8.4), ai,j an only depend on 1i=j, i.e. for every Y ∈ R
r,

f(Y ) = α
r∑

i=1

Y 2
i + 2β

∑

1≤i<j≤r

YiYj = (α− β)
r∑

i=1

Y 2
i + β

(
r∑

i=1

Yi

)2with a1,1 = α and a1,2 = β. Using now (8.5), we have for every c ∈ R and Y ∈ R
r,

f(Y + c) = f(Y ) + (α+ (r − 1)β)

(
2c
∑

i

Yi + rc2

)
.We then must have α+ (r − 1)β = 0, and the result follows. �



8.3. OTHER ASSUMPTION SETS FOR ORACLE INEQUALITIES FOR RP 2118.3. Other assumption sets for orale inequalities for RPIn this setion, we onsider alternative assumption sets for the results of Set. 6.4 aboutResampling Penalization. Sine Thm. 6.1 relies on a general result (Lemma 6.4), giving alternativeassumptions for Thm. 6.1 remains to give su�ient onditions for (Bg) or (Ug).8.3.1. Bounded ase. We already suggested one way of removing (An) in Set. 6.4. It isatually possible to replae it in the assumptions of Thm. 6.1 by(1) (Agauss) the noise is sub-gaussianand (ArX
u ) the partition is �upper-regular� for L(X), i.e. Dm maxλ∈Λm pλ ≤ cXr,u.(2) X ⊂ R

k, (Agauss) the noise is sub-gaussian,
(Aru) the partition is �upper-regular� for Leb: Dm maxλ∈Λm Leb(Iλ) ≤ cr,u Leb(X )and the density of X w.r.t. Leb is bounded from above:

∀I ⊂ X , P(X ∈ I) ≤ cmax
X

Leb(I)

Leb(X )
. (Adu)Proof. Following the proof given in Set. 6.8.3, we only have give a lower bound on

Q(p)
m :=

1

Dm

∑

λ∈Λm

[
(σr

λ )2 +
(
σd

λ

)2
]
.In the �rst ase, we have

Q(p)
m ≥ 1

Dm

∑

λ∈Λm

(σr
λ )2 =

∑

λ∈Λm

pλ (σr
λ )2

Dmpλ

≥
∑

λ∈Λm

pλ (σr
λ )2

maxλ∈Λm {Dmpλ }
≥ ‖σ(X)‖2

2

cXr,u
.The seond ase is a onsequene of the �rst one sine

max
λ∈Λm

{pλ } ≤ cmax
X max

λ∈Λm

{
Leb(Iλ)

Leb(X )

}
≤ cmax

X cr,uD
−1
m .

�Moreover, in all the assumption sets above and in those of Set. 6.4, the sub-gaussian assump-tion on the noise (Agauss) an be replaed by a general moment inequality:
(Aǫ) Pointwise moment inequality for the noise: there exists P pt growing as some power of qsuh that

∀q ≥ 2, ∀x ∈ X , E [ |ǫ|q | X = x ]1/q ≤ P pt(q)σ(x) .For instane, when P pt(q) ≤ cq for every q ≥ 2 for some onstant c, this means that ǫ is sub-poissonian.8.3.2. Unbounded ase. In Set. 6.4, we also give a set of assumptions for Thm. 6.1 in theunbounded ase. One an atually remove both (Ab) and the lower bound on the noise (An)from the assumptions of Thm. 6.1, at the prie of adding
(Agauss) The noise is sub-gaussian: there exists cgauss > 0 suh that

∀q ≥ 2, ∀x ∈ X , E [ |ǫ|q | X = x ]1/q ≤ cgauss
√
qσ(x) .
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(Aδ) Global moment assumption for the bias: there is a onstant cg∆,m > 0 suh that, forevery m ∈ Mn of dimension Dm ≥ D0,

‖s− sm‖∞ ≤ cg∆,m ‖s(X) − sm(X)‖2

(Aσmax) Noise-level bounded from above: σ2(X) ≤ σ2
max < +∞ a.s.

(Asmax) Bound on the target funtion: ‖s‖∞ ≤ A.and one among the following(1) (ArX
u ) the partition is �upper-regular� for L(X), i.e. Dm maxλ∈Λm pλ ≤ cXr,u.(2) X ⊂ R

k,
(Aru) the partition is �upper-regular� for Leb: Dm maxλ∈Λm Leb(Iλ) ≤ cr,u Leb(X )and the density of X w.r.t. Leb is bounded from above:

∀I ⊂ X , P(X ∈ I) ≤ cmax
X

Leb(I)

Leb(X )
. (Adu)(3) X ⊂ R

k is bounded, equipped with ‖·‖∞,
(Ard

u) the partition is �upper-regular�: maxλ∈Λm {diam(Iλ)} ≤ cdr,uD
−αd
m diam(X)

(Aru) the partition is �upper-regular� for Leb: maxλ∈Λm {Leb(Iλ)} ≤ cr,uD
−1
m Leb(X)and (Aσ) σ is pieewise Kσ-Lipshitz with at most Jσ jumps.Proof. In Set. 6.8.3, we made this proof with (An) as last additional assumption. It isatually only used to give a lower bound on Q(p)

m . The two �rst ases thus follows from the proofgiven in Set. 8.3.1 above. The last one follows from Lemma 6.13. �As in the bounded ase, the sub-gaussian assumption on the noise (Agauss) an be replaedeverywhere by the more general moment assumption (Aǫ).Su�ient onditions for (Aδ) an be derived either from Lemma 6.14 or from Lemma 8.3below.8.3.3. Su�ient ondition for (Aδ). In Set. 6.4, we give a su�ient ondition for (Aδ)thatrelies on the regularity of s, a lower bound on the density of X w.r.t. Leb and the regularity ofthe partition (Lemma 6.14). We state below a lemma whih gives a more aurate estimation ofthe onstant cg∆,m when X ⊂ R is bounded.Lemma 8.3. Let s be a CLip-Lipshitz fution on X ⊂ R and µ a probability measure on X .We assume that µ and Leb are mutually absolutely ontinuous. Let ((Iλ)λ∈Λmk

)
k∈N

be a sequeneof partitions of X . We assume that their sizes Dmk
are going to in�nity and

max
λ∈Λm

{diam (Iλ )} ≤ cdr,uD
−1
m diam(X ) . (Ard

u)Then, there exists a onstant cg∆,m (depending on s, µ and cdr,u) suh that for every k ∈ N,
‖s− sm‖∞ ≤ cg∆,m ‖s− sm‖L2(µ) .Proof. If s is onstant, the result is obvious. Otherwise, both ‖s− sm‖∞ and ‖s− sm‖2 arepositive.Sine s is Lipshitz, with onstant CLip, we have

‖s− sm‖∞ ≤ CLip max
λ∈Λm

{diam (Iλ )} ≤ D−1
m diam(X )cdr,uCLip .On the other hand, ‖s− smk

‖2
L2(µ) is equivalent to ‖s′‖2

L2(µ)

12D2
mk

as long as the Riemann sums of s′ areonverging. The result follows. �



8.4. RESAMPLING PENALTIES WITH GENERAL WEIGHTS 213Remark 8.1. If one assumes more regularity onditions on s, then the di�erene between
‖s− smk

‖2
L2(µ) and its limit when k → ∞ an be ontrolled. Then, the onstant cg∆,m onlydepends on s through ‖s′‖2

L2(µ) and these regularity onditions, at least for k ≥ k0 for some k0depending on the same onditions.8.4. Resampling Penalties with general weightsIn Chap. 6, we fous on RP with exhangeable weights, whereas Chap. 5 studies a partiularkind of non-exhangeable weights. In this setion, we state results that are valid for any resamplingweight vetor. As in the two aforementioned hapters, we an use them to derive orale inequalitiesfor RP with general weights, under some mild onditions on the weights. See the proofs of Thm. 5.1and 6.1 for more details.8.4.1. Expetations. When the resampling weights are exhangeable, we are able to om-pute expliitly the Resampling Penalties pen(m) in the histogram ase (Lemma 5.7). WithProp. 5.2, we extended this result in expetation to general weights. However, this last resultseems very partiular to histograms, and may not always be easy to handle. With Lemma 8.4below, we state it in a more general form, whih will be sometimes easier to use.General result.Lemma 8.4. Let W be a resampling weight vetor, (Xi, Yi)1≤i≤n some exhangeable data,
Pn =

1

n

n∑

i=1

δ(Xi,Yi) and PW
n =

1

n

n∑

i=1

Wiδ(Xi,Yi) .We de�ne
FL(W )((Xi, Yi)1≤i≤n) = E

[
G(Pn, P

W
n )

∣∣ (Xi, Yi)1≤i≤n

]for some measurable funtion G, and
W σ =

(
Wσ(1), . . . ,Wσ(n)

) with σ uniform in Σn = Σ ({1, . . . , n})and independent from W and (Xi, Yi)1≤i≤n.Then, (W σ
i )1≤i≤n is exhangeable and

E
[
FL(W )(Pn)

]
= E

[
FL(W σ)(Pn)

]
. (8.7)Remark 8.2. In the histogram ase, (8.7) also holds true onditionally to (p̂λ)λ∈Λm .proof of Lemma 8.4. Notiing that the data is exhangeable, we have

E
[
FL(W ) ((Xi, Yi)1≤i≤n )

]
=

1

n!

∑

τ∈Σn

E
[
FL(W )

(
(Xτ(i), Yτ(i))1≤i≤n

)]

=
1

n!

∑

τ∈Σn

E
[
G(Pn, P

W,τ
n )

]with PW,τ
n =

1

n

n∑

i=1

Wiδ(Xτ(i),Yτ(i)) =
1

n

n∑

j=1

Wτ−1(j)δ(Xj ,Yj) = PWoτ−1

nand Woτ−1 = (Wτ−1(j))1≤j≤n. By de�nition of W σ (d)
= Woτ−1 (if τ has a uniform law in Σn), theresult follows. �
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V -fold ase. In algorithm 5.2 in Set. 5.3.1, we modify the general V -fold weights so that they�t well to the partitions (Iλ)λ∈Λm of X . It is also possible to �x a priori the bloks (Bj)1≤j≤V(e.g. approximatively of the same sizes), and then ompute the Resampling Penalties as in (6.5).Aording to Lemma 8.4 above, we have to determine the law of the exhangeable weight W σ.If the bloks all have the same size, W σ is the Rho (n−n/V ) sheme. If the bloks have di�erentsizes, the law of W σ is some kind of generalized Rho sheme, with a sample size that is not �xed.Its law an be desribed as follows:(1) Pik up a sample size Q at random aording to the distribution

V −1
V∑

j=1

δn−Card(Bj) .(2) Independently from Q, hoose a subset I of {1, . . . , n} uniformly among those of size Q.The weights are then equal to Wi = V
V −11i∈I .The onstant V/(V − 1) apart, one an see this resampling sheme as a generalized Rho, with arandom sample size.We obtain the onstants R1,W σ and R2,W σ in the general VFCV ase:

R1,W σ(n, p̂λ) =
1

V

V∑

j=1

V (n − Card(Bj))

(V − 1)n

(
n

n− Card(Bj)
e+H(n,nbpλ,n−Card(Bj))

− 1

)

=


 1

V − 1

V∑

j=1

e+H(n,nbpλ,n−Card(Bj))


− 1 (8.8)

R2,W σ(n, p̂λ) =
1

V

V∑

j=1

(
n

n− Card(Bj)
− 1

) (8.9)Indeed, onditionally to Q, the quantity (Wi − Wλ)2W−α
λ (for α ∈ {1, 2}) has already beenomputed in the Rho(Q) ase (up to the multipliative onstant V Q

(V −1)n when α = 1). Then, weonly have to integrate w.r.t. Q.We now assume that n−1 maxj Card(Bj) ≤ cB < 1 and npλ ≥ Bn and that the partition isquasi-regular:
sup

j

{∣∣∣∣
Card(Bj)

n
− 1

V

∣∣∣∣
}

≤ ǫreg
n −−−→

n→∞
0 . (Areg,VF)Then,

R1,W σ(n, p̂λ) = R2,W σ(n, p̂λ)
(

1 + δ
(penV )
n,bpλ

) with δ
(penV )
n,bpλ

−−−−−→
nbpλ→∞

0 .Expliit bounds an be derived from Lemma 6.2.8.4.2. Conentration inequality. We have proved onentration inequalities in the his-togram ase for Resampling Penalties when the weights are exhangeable (Prop. 6.8 in Set. 6.8.7)and for V -fold weights (Prop. 5.10 in Set. 5.7.4). In this setion, we extend this last result tomore general non-exhangeable weights.Proposition 8.5. Let Sm be the model of histograms assoiated with some partition (Iλ )λ∈Λm
.Let pen(m) be de�ned by

pen(m) = C

(
EW

[
p̂λ

(
β̂W

λ − β̂λ

)2
∣∣∣∣ Wλ > 0

]
+ EW

[
p̂W

λ

(
β̂W

λ − β̂λ

)2
])

. (8.10)and W ∈ [0;∞) a random vetor suh that, onditionally to (1Xi∈Iλ
)1≤i≤n, λ∈Λm

:
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• W is independent from (Xi, Yi)1≤i≤n.
• maxiWi − miniWi ≤MW <∞ a.s.
• minλ∈Λm Wλ ≥ mW > 0 a.s.The onstants MW and mW may depend on (1Xi∈Iλ

)1≤i≤n, λ∈Λm
. Let γ > 0 and assume that

∀q ≥ 2, P ℓ
m(q) ≤ aℓq

ξℓ . (Am,ℓ)Then, there exists an event of probability at least 1 − n−γ suh that
∣∣pen(m) − E

Λm [pen(m) ]
∣∣1minλ∈Λm{nbpλ }≥2

≤ CM2
W

(
m−1

W +m−2
W

)
L(aℓ, ξℓ, γ)D

−1/2
m ln(n)ξℓ+1

E [p2(m) ] .
(8.11)proof of Prop. 8.5. In the proof of Prop. 5.10 (f. Set. 5.7.4), we have shown that forgeneral weights W , for every q ≥ 2,

∥∥pen(m) − E
Λm [pen(m) ]

∥∥(Λm)

q

≤ sup
W



Lq

√√√√∑

λ∈Λm

(
1 +Wλ

n2p̂λW
2
λ

)2

m4
2q,λ

(
rλ∑

i=1

(
W(i,λ) −Wλ

)2
)2




≤ sup
W




Lq

n

(
max

i
Wi − min

i
Wi

)2
(

1

minλ∈Λm {Wλ }
+

1

minλ∈Λm

{
W 2

λ

}
)√ ∑

λ∈Λm

m4
2q,λ



where the supremum holds over the support of W .The result follows with (Am,ℓ) and the lassial link between moment and onentrationinequalities (Lemma 8.10 in Set. 8.6.2). �8.5. Useful onentration inequalitiesWe reall in this setion some basi onentration inequalities that we often use in this thesis.Complete proofs (and many other onentration inequalities) are to be found in Massart's Saint-Flour leture notes [Mas07℄.Proposition 8.6 (Hoe�ding's inequality ([Mas07℄, Lemma 2.6 and Prop. 2.7)). If Y ∈ [a; b]a.s., then for every µ ∈ R,

E [exp (µ(Y − E[Y ]))] ≤ exp

(
µ2(b− a)2

8

)
.Let X1, . . . ,Xn be independent random variables suh that Xi takes values in [ai, bi] almostsurely for all i ≤ n. Then for any positive x, we have

P

(
n∑

i=1

(Xi − E [Xi ] )

)
≤ exp

(
− x2

2
∑n

i=1(bi − ai)2

)
.Proposition 8.7 (MDiarmid's inequality ([Mas07℄, Thm. 5.1)). Let X1 ∈ X1, . . . ,Xn ∈ Xnbe some independent random variables, X n = X1 × · · · × Xn and ζX n 7→ R be some measurablefuntional satisfying for some positive onstants (ci)1≤i≤n, the bounded di�erene ondition

∀x ∈ X n, ∀y ∈ X n, ∀i ∈ {1, . . . , n} , |ζ(x1, . . . , xi, . . . , xn) − ζ(x1, . . . , xi, . . . , xn)| ≤ ci .Then, the random variable Z = ζ(X1, . . . ,Xn) satis�es, for every x ≥ 0,
P (Z − E [Z ] ≥ x) ≤ exp

(
− 2x2

∑n
i=1 c

2
i

)
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P (E [Z ] − Z ≥ x) ≤ exp

(
− 2x2

∑n
i=1 c

2
i

)
.This result is due to MDiarmid [MD89℄. It is also known as the �bounded di�ereneinequality�.Proposition 8.8 (Bernstein's inequality ([Mas07℄, Prop. 2.9)). Let X1, . . . ,Xn be indepen-dent random variables. Assume that there exists some positive numbers v and c suh that Xi ≤ 3calmost surely and ∑n

i=1 E
[
X2

i

]
≤ v. Then for every positive x,

P

(
n∑

i=1

(Xi − E [Xi ] ) ≥
√

2vx+ cx

)
≤ exp(−x) .For instane, if X ∼ B(n, p), Prop. 8.8 with c = 1

3 and v = np(1 − p) gives that for everypositive x,
P

(
X ≥ E(X) +

√
2np(1 − p)x+

x

3

)
≤ e−x

P

(
X ≤ E(X) −

√
2np(1 − p)x− x

3

)
≤ e−x .Theorem 8.1 (Gaussian onentration theorem ([Mas07℄, Thm. 3.4)). Let X1, . . . ,Xn be in-dependent random variables with distribution N (0, 1), and ζ : R
n 7→ R be some Lipshitz funtion(Rn being equipped with the anonial Eulidean norm) with Lipshitz onstant L ≥ 0. Then, therandom variable Z = ζ(X1, . . . ,Xn) satis�es, for every x ≥ 0,

P ( |Z −M | ≥ x) ≤ 2 exp

(
− x2

2L2

)and P (Z ≥M + x) ≤ exp

(
− x2

2L2

)where M denotes either the mean or the median of Z.When M is the mean, this result is due to Cirel'son, Ibragimov and Sudakov [CIS76℄ (andthe upper bound on the probabilities an be replaed by 4Φ(x/L), resp. 4Φ(x/L), where Φ isthe standard Gaussian upper tail funtion). See Massart [Mas07℄, Set. 3.2 for further referenesand results. 8.6. Moments, Exponential moments and ConentrationIn this setion, we reall several lassial results giving links between moments, exponentialmoments and onentration inequalities.8.6.1. Exponential moments ⇒ onentration. This link relies on Markov inequality.Lemma 8.9. Let Z be a random variable suh that
∀µ > 0,E

[
eµZ
]
≤ exp

(a
4
µ2 + bµ+ c

)
,then, for all x ∈ R,

P(Z ≥ x) ≤ inf
µ>0

{
exp

(a
4
µ2 + (b− x)µ+ c

)}
≤ exp

(
c− (b− x)2−

a

)
.Proof. We apply Markov inequality to eµZ . If b−x ≥ 0, the in�mum is ahieved with µ = 0.Otherwise, it is ahieved for µ = 2(x−b)

a . �



8.6. MOMENTS, EXPONENTIAL MOMENTS AND CONCENTRATION 2178.6.2. Moments ⇒ onentration. This link relies on the same idea, with x 7→ xq insteadof x 7→ exp(λx).Lemma 8.10. Let λ1, . . . , λN ≥ 0, µ1, . . . , µN > 0 and X be a random variable suh that forall q ≥ q0 > 0,
‖X‖q ≤

N∑

i=1

λiq
µi .Then for every y ≥ 0,

P

(
|X| ≥

N∑

i=1

[
λi

(
ey

minj µj

)µi
])

≤ eq0 minj{µj}e−y .Proof. First notie that for every t ≥ 0 and q ≥ q0,
P ( |X| ≥ t) ≤ P ( |X|q ≥ tq ) ≤

‖X‖q
q

tq
≤
(∑N

i=1 λiq
µi

t

)q

.We take
t = min

i

{
Nλi

(
ye

minj µj

)µi
}

≤
N∑

i=1

[
λi

(
ye

minj µj

)µi
]
,and if

q = q̃(t) = e−1 min
1≤i≤N

{(
t

Nλi

)1/µi
}is larger than q0, the result follows. Otherwise, eq0 minj{µj}e−y ≥ 1 so that the result is obvious. �Remark 8.3. If there is a onstant term in the bound on the moments, one an upper bound

λ0 by λ0q
−µ1
0 qµ1 for instane. The same trik an be used if minj µj is too small.8.6.3. Moments vs. Exponential moments. In general, moment inequalities give betteronentration results than exponential moments. The �rst reason for this is simply that a randomvariable may have q-th moments for 1 ≤ q ≤ q1 ≤ ∞ but not exponential moments. As remarkedby Chatterjee [Cha04℄ (Set. 3.8), there is also a seond reason: if one uses an optimized Markovinequality to derive onentration bounds, moments always give a better result than exponentialmoments. This is shown by Lemma 8.11 below, with Z = (X − E[X])+ or Z = (X − E[X])−.Lemma 8.11. Let Z be a non-negative random variable suh that E [exp(λ0Z)] <∞ for some

λ0 > 0. Then, for every x ≥ 0,
inf
q∈N

E (Zq )

xq
≤ inf

0≤λ≤λ0

E
(
eλZ

)

eλx
.Proof. Let λ ∈ [0;λ0]. Then,

E

(
eλZ
)

=

+∞∑

q=0

λq

q!
E(Zq) ≥

+∞∑

q=0

(λx)q

q!
inf
q∈N

E (Zq)

xq
= eλx inf

q∈N

E (Zq)

xq
.

�8.6.4. Conentration ⇒ moments. It is sometimes useful to go bak to a moment in-equality from a onentration result. Basially, this is an integration.Proposition 8.12. Let Y be a random variable suh that
P (Y ≥ ay) ≤ b exp (−yα)



218 CHAPITRE 8. APPENDIX ON RESAMPLING PENALTIESwith a > 0, b > 0, α > 0. Then, for every q ≥ α ∨ 1,
‖Y ‖q ≤ ae

[
1 ∨

(
eb

α3/2

)]( q

αe

)1/α
. (8.12)Proof. This relies on the following integration by parts formula:

E(|X|) =

∫ ∞

0
P(|X| ≥ x)dx.We apply it to |Y/a|q and dedue (up to a hange of variable)

E(|Y |q) ≤ aq

∫ ∞

0
b exp

(
−xα/q

)
dx = aq bq

α

∫ ∞

0
tq/α−1e−tdt = aq bq

α
Γ
( q
α

)
.The result follows by Lemma 8.13 (with β = qα−1) and the following inequalities: for every q ≥ 1,

q3/(2q) ≤ e3/(2e) ≤ e and (
eb

α3/2

)1/q

≤ 1 ∨
(

eb

α3/2

)
.

�Lemma 8.13. For every β ≥ 1,
Γ(β) :=

∫ ∞

0
tβ−1e−tdt ≤ e

(
β

e

)β√
β .Proof. It's true for β ∈ [1; 2] sine the right-hand side is non-dereasing and Γ ≤ 1 onthis interval. We dedue the result by indution sine the right-hand side grows faster than theleft-hand side:

Γ(β + 1)

Γ(β)
= β ≤ e−1

(
β + 1

β

)β+3/2

β .Indeed, for every β ≥ 1,
(
β + 1

β

)β+3/2

≥ e sine g : x 7→
(
x+

3

2

)
ln

(
1 +

1

x

)dereases on [1;+∞) and goes to 1 at in�nity. �8.7. Expetation of inverses: symmetri aseWhen p = 1/2, we an improve the result of Lemma 5.3 in Set. 5.6.1. This relies on thefollowing general argument.Let X be a nonnegative symmetri random variable, i.e. suh that L(X) = L(2−X). Reallthe de�nition
e+L(X) := e+X := E

[
1

X

∣∣∣∣ X > 0

]
.De�ne p0 = P(X = 0) = P(X = 2). Then,

e+X =
P (X = 2 | X > 0)

2
+ E

[
1

X

∣∣∣∣ 0 < X < 2

]
P(0 < X < 2)

P(X > 0)

=
p0

2(1 − p0)
+

1 − 2p0

1 − p0
E

[
1

2

(
1

X
+

1

2 −X

) ∣∣∣∣ 0 < X < 2

]

=
p0

2(1 − p0)
+

1 − 2p0

1 − p0

(
1 + E

[
(X − 1)2

X(2 −X)

∣∣∣∣∣ 0 < X < 2

])
. (8.13)Lemma 8.14. Let n ∈ N\ {0}. Then,

2 + 3 × 10−4 ≥ e+B(n, 1
2 )

≥ 1n≥3 . (8.14)



8.8. CONCENTRATION OF INVERSES OF MULTINOMIALS: PROOFS 219Proof. Let Z ∼ B
(
n, 1

2

). Sine X = 2n−1Z is nonnegative and symmetri, we an applythe above result with p0 = P(Z = 0) = 2−n.Lower bound. We here assume that n ≥ 3. For every x ∈ (0; 2), de�ne
T (x) =

(x− 1)2

x(2 − x)
. In partiular, T

(
2

n

)
=

(n− 2)2

4(n− 1)so that
(1 − 2p0)E [T (X) | 0 < X < 2] ≥ P

(
X =

2

n
or X = 2 − 2

n

)
T

(
2

n

)

≥ 2n

2n

(n− 2)2

4(n− 1)
=

n(n− 2)2

2n+1(n− 1)sine 2/n 6= 2 − 2/n for n ≥ 3.Putting this inequality into (8.13) we obtain:
e+B(n, 1

2 )
≥ 1

1 − 2−n

(
2−n−1 + 1 − 21−n +

n(n− 2)2

2n+1(n− 1)

)

≥ 1

1 − 2−n

(
2−n−1 + 1 − 21−n + 2−n−1

)
= 1 .Small values of n. We easily ompute the following values:

n 1 2 3 4 5 6 7 8
e+B(n, 1

2 )
1
2

5
6

29
28

103
90

887
744

1517
1260

18239
15240 ≤ 1,18Then, for n = 1, 2, e+B(n, 1

2 )
≤ 1 and for 3 ≤ n ≤ 8,

1 ≤ e+B(n, 1
2 )

≤ e+B(6, 1
2 )

≤ 1,21 .Upper bound. The omputations above give the upper bound for n ≤ 8. For n ≥ 9, we use(6.19) and (5.60). �8.8. Conentration of inverses of multinomials: proofsIn this setion, we prove Lemma 5.4 whih is stated in Set. 5.6.2. We will make use of thefollowing onstant:
h+ =

3
(√

5 −
√

3
)2

2
≈ 0.38 .proof of Lemma 5.4. As the oordinates of X are not independent, we annot apply herelassial tools of onentration in produt-spaes. The point here is that (Xλ)λ∈Λm are negativelyassoiated [JDP83℄, so dereasing funtions of the Xλ as (aλf1(Xλ))λ∈Λm are still negativelyassoiated. In suh situations, one an still apply Cramér-Cherno� method in order to obtainonentration for Zm,T [DR98℄.
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E

[
eµ(E[Zm,1]−Zm,1)

]
= E


 ∏

λ∈Λm

exp (µaλ (E[f1(Xλ)] − f1(Xλ)))




≤
∏

λ∈Λm

E [exp (µaλ (E[f1(Xλ)] − f1(Xλ)))]beause of the negative assoiation property.These exponential moments are bounded by Lemma 8.15 sine Xλ ∼ B(n, pλ). Thus, for all
µ ≥ 0,

E

[
eµ(E[Zm]−Zm)

]
≤
∏

λ∈Λm

[
exp

(
c′1a

2
λµ

2

(npλ)2
+

aλµ

c1 × (npλ)
ϕ(c1 × npλ)

)
+ exp(−c1 × npλ)

]

≤
∏

λ∈Λm

[
exp

(
c′1a

2
λµ

2

(npλ)2
+

aλµ

c1 × (npλ)
ϕ(c1 × npλ)

)
(1 + exp(−c1 × npλ))

]

= exp

(
Am

4
µ2 +Bmµ+ Cm

)with
Am = 4c′1

∑

λ∈Λm

a2
λ

(npλ)2

Bm =
1

c1

∑

λ∈Λm

aλϕ(c1 × npλ)

npλ

Cm =
∑

λ∈Λm

ln (1 + exp(−c1 × npλ))The result follows from obvious upper bounds on Bm and Cm and Lemma 8.9.Upper deviations. We use the negative assoation of the fT (Xλ) and bounds on exponentialmoments given by Lemma 8.16 with aλµ instead of µ. Thus, as soon as
0 ≤ µ ≤ min

λ∈Λm

{
(1 − η)h+npλT

−1

aλ

}
,

E

[
eµ(Zm,T −E[Zm,T ])

]
≤ exp


 ∑

λ∈Λm

(
a2

λµ
2β2

ηζ
2
0

2(npλ)2
+

aλµ

npλγη
ϕ (npλγη) + exp(−npλδη)

)


= exp

(
A′

mµ
2

4
+B′

mµ+ C ′
m

) (8.15)with
A′

m = 2β2
ηζ

2
0

∑

λ∈Λm

(
aλ

npλ

)2

B′
m =

∑

λ∈Λm

(
aλ

npλγη
ϕ (npλγη)

)
≤ ϕ (Bnγη)

γη

∑

λ∈Λm

(
aλ

npλ

)

C ′
m =

∑

λ∈Λm

exp(−npλδη) ≤ Dm exp(−Bnδη) .



8.8. CONCENTRATION OF INVERSES OF MULTINOMIALS: PROOFS 221We an then derive a deviation inequality for Zm,T if and only if
2(y −B′

m)+
A′

m

≤ min
λ∈Λm

{
(1 − η)h+npλT

−1

aλ

} with y = B′
m +

√
A′

m(C ′
m + x)i.e. if

x ≤ A′
m

(
(1 − η)h+

2

)2

(nT−1)2
(

min
λ∈Λm

{
pλ

aλ

})2

− C ′
m .This ondition always holds when

ζ2
0 = 1 ∨

√√√√√
(x+ C ′

m ) 4T 2

2β2
η

(∑
λ∈Λm

(
aλ
npλ

)2
)

(1 − η)2h2
+n

2 minλ∈Λm

{(
pλ
aλ

)2
} .Finally, we take η = 1

2 so that
c2 ≤ γη c3 ≥

√
2βη c4 ≤ δη c5 ≥ 2

(1 − η)h+

�Remark 8.4. Taking ζ0 = 1, (5.17) only holds when
0 ≤ x ≤ A′

m

(
(1 − η)h+

2

)2

(nT−1)2
(

min
λ∈Λm

{
pλ

aλ

})2

− C ′
m .Otherwise, we have, on a set of probability at least 1 − e−x,

Zm ≤ E(Zm) +B′
m +

C ′
m + x

µ0
+
A′

mµ0

4
≤ E(Zm) +B′

m + 2
C ′

m + x

µ0with µ0 = (1 − η)h+nT
−1 min

λ∈Λm

{
pλ

aλ

}
.Indeed, when y is too large, we take

µ = µ0 = (1 − η)h+nT
−1 min

λ∈Λm

{
pλ

aλ

}instead and thus obtain
P (Zm − E(Zm) ≥ y) ≤ exp

(
A′

mµ
2
0

4
− (B′

m − y)µ0 + C ′
m

)whih an be rewritten as
P

(
Zm − E(Zm) ≥ B′

m +
C ′

m + x

µ0
+
A′

mµ0

4

)
≤ e−x .In the proof above, we used the two following lemmas.Lemma 8.15 (Exponential moments for the inverse of a binomial). Let X ∼ B(n, p) a binomialrandom variable with parameters n ∈ N\{0} and p ∈ (0; 1].Let c1 = 0.183 and c′1 = 4.5. Then, for all µ > 0,

E [exp(µ(E[f1(X)] − f1(X)))] ≤ exp

(
c′1µ

2

(np)2
+

µ

c1 × (np)
ϕ(c1 × np)

)
+ exp(−c1 × np)

≤ exp

(
c′1µ

2

(np)2
+

µ

c1e× (np)

)
+ 1 .Lemma 8.16 (Exponential moments for the inverse of a binomial). Let X ∼ B(n, p) a binomialrandom variable with parameters n ∈ N\{0} and p ∈ (0; 1]; T ∈ (0; 1]. For all η ∈ (0; 1), there



222 CHAPITRE 8. APPENDIX ON RESAMPLING PENALTIESexists βη > 1, γη, δη > 0, suh that for all ζ0 ≥ 1 and 0 ≤ µ ≤ (1 − η)h+npT
−1,

E

[
eµ(f(X)−E[f(X)])

]
≤ exp

(
µ2β2

ηζ
2
0

2(np)2
+

µ

npγη
ϕ (npγη) + exp(−npδη)

)
. (8.16)proof of Lemma 8.15. Let Z = f1(X) and ψ−(µ) = E[eµ(E(Z)−Z)].Split of ψ−. Let α ≥ 0, and Zα = f1(X) ∧ α. We have

ψ−(µ) = E [exp (µ(E[Z] − Z))1Z≤α] + E [exp (µ(E[Z] − Z))1Z>α]

≤ exp (µ(E[Z] − E[Zα])) E [exp (µ(E[Zα] − Zα))] + exp (µ(E[Z] − α)) P(Z > α) .Sine Z ∈ [0; 1],
E[Z] = E[Zα1Z≤α] + E[Z1Z≥α] ≤ E[Zα] + P(Z ≥ α) ,and by Hoe�ding's lemma ([Mas07℄, Lemma 2.6), we obtain

ψ−(µ) ≤ inf
α≥E[Z]

{
exp

(
µ2α2

2
+ µP(Z ≥ α)

)
+ P(Z ≥ α)

}
.The idea of the proof is to take α = β(np)−1 ≥ E[Z]. By Lemma 5.3 in Set. 5.6.1, this holdsas soon as

β ≥ sup
np≥Bn

{
e0B(n,p) + (1 − p)n

}
.Deviation bound. For all α > 0,

P(Z ≥ α) = P

(
X ≤ 1

α

)and Bernstein inequality ([Mas07℄, Prop. 2.9) applied to X gives for all x ≥ 0

P

(
X ≤ np−

√
2np(1 − p)x− x

3

)
≤ e−x .For all β ∈ (1;+∞) we de�ne

L(β) =
9

2

(√
1 +

2

3
(1 − β−1) − 1

)2

∈ (0;h+) (8.17)so that
P
(
Z ≥ β(np)−1

)
≤ e−npL(β) =: e−xβ .Notie that L is inreasing on (1;+∞). If 0 < c1 ≤ L(β) and c′1 = β2

2 for some β large enough,we obtain
ψ−(µ) ≤ exp

(
c′1µ

2

(np)2
+

µ

c1 × (np)
ϕ(c1 × np)

)
+ exp(−c1 × np)

≤ exp

(
c′1µ

2

(np)2
+

µ

c1e× (np)

)
+ 1beause ϕ is maximal for x = 1.For instane, we an take β = 3 (using (5.60)), so

L(3) =
(
√

13 − 3)2

2
≥ 0.183 = c1 and c′1 =

32

2
=

9

2
.

�Remark 8.5. In our proof, we obtain a more general upper bound whih allows to hoose βdepending on µ, n and p.



8.9. MOMENT INEQUALITIES FOR SOME U-STATISTICS 223proof of Lemma 8.16. We start as in the proof of lemma 8.15: let Z = fT (X), Zα =

fT (X) ∧ α and ψ+(µ) = E[eµ(Z−E(Z)] for all µ ≥ 0. We split ψ+, take α = β(np)−1 with β > 1and dedue
ψ+(µ) ≤ exp

(
µ2α2

2
+ µP(Z ≥ α)

)
+ E

[
eµ(Z−E[Z])

1Z>α

]

≤ exp

(
µ2β2

2(np)2
+ µ exp(−npL(β))

)
+ E

[
eµ(Z−E[Z])

1
Z> β

np

]with L(β) de�ned by (8.17).In order to ontrol the remaining term, we use that Z ≤ T :
E

[
eµ(Z−E[Z])

1
Z> β

np

]
≤ eTµ

P

(
Z >

β

np

)
≤ eTµ−npL(β) .For all η ∈ (0; 1), there exists βη suh that L(βη) ≥

(
1 − η

2

)
h+. Hene, for all 0 ≤ µ ≤ (1 −

η)h+npT
−1,
ψ+(µ) ≤ exp

(
µ2β2

η

2(np)2
+ µ exp(−npL(βη))

)
+ e−

npηh+
2

≤ exp

(
µ2β2

ηζ
2
0

2(np)2
+ µ exp

(
−np

(
1 − η

2

)
h+

)
+ exp

(
−npηh+

2

))
.The result follows with

β−1
η = 1 −

√
h+(2 − η) − h+

(
1 − η

2

)

3
∈ (0; 1) γη =

(
1 − η

2

)
h+ δη =

ηh+

2
.

�8.9. Moment inequalities for some U-statistisIn this setion, we prove Prop. 5.5 whih is stated in Set. 5.6.3.proof of Prop. 5.5. We split Z − E[Z] into two parts:
Z − E[Z] =

∑

λ∈Λm

(aλ + bλ)(Sλ,2 − E[Sλ,2]) +
∑

λ∈Λm

bλ(S2
λ,1 − Sλ,2) = Z1 + Z2.Moments of Z1. It is a sum of entered independent random variables. Aording toLemma 8.18,

‖Z1‖q ≤ 2
√
κ
√
q

√∑

λ∈Λm

∑

1≤i≤rλ

(aλ + bλ)2
∥∥∥ξ2λ,i −m2

2,λ,i

∥∥∥
2

q

= 4
√
κ
√
q

√√√√∑

λ∈Λm

(
(aλ + bλ)2

rλ∑

i=1

m4
2q,λ,i

)sine ∥∥ξ2λ,i −m2
2,λ,i

∥∥
q
≤ 2

∥∥ξ2λ,i

∥∥
q

= 2m2
2q,λ,i .Moments of Z2. It is a degenerated U -statisti of order 2:

S2
λ,1 − Sλ,2 =

∑

1≤i6=j≤rλ

ξλ,iξλ,j ,
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‖Z2‖q ≤ 2

√
κ
√
q
√

‖V2‖q/2

V2 =
∑

λ∈Λm

rλ∑

i=1

(Z2 − E(Z2 | (ξλ′,j)(λ′,j)6=(λ,i))
)2

= 4
∑

λ∈Λm

b2λ

rλ∑

i=1

(Sλ,1 − ξλ,i)
2 ξ2λ,iThe triangular inequality gives

‖V2‖q/2 ≤ 4
∑

λ∈Λm

b2λ

rλ∑

i=1

∥∥ξ2λ,i(Sλ,1 − ξλ,i)
2
∥∥

q/2

≤ 2
∑

λ∈Λm

b2λ

rλ∑

i=1

∥∥∥ηλ,iξ
4
λ,i + η−1

λ,i (Sλ,1 − ξλ,i)
4
∥∥∥

q/2

≤ 2
∑

λ∈Λm

b2λ

rλ∑

i=1

(
ηλ,im

4
2q,λ,i + η−1

λ,i ‖Sλ,1 − ξλ,i‖4
2q

)

≤ 2
∑

λ∈Λm

b2λ

rλ∑

i=1


ηλ,im

4
2q,λ,i + η−1

λ,i2
6κ2q2


 ∑

1≤j≤rλ, j 6=i

m2
2q,λ,j




2
 .for any ηλ,i > 0, the last inequality oming from Lemma 8.18. Taking

ηλ,i =
8qκ

∑
1≤j≤rλ, j 6=im

2
2q,λ,j

m2
2q,λ,i

,we obtain
‖V2‖q/2 ≤ 32κq

∑

λ∈Λm


b2λ

∑

1≤i6=j≤rλ

m2
2q,λ,im

2
2q,λ,j


 .Hene,

‖Z2‖q ≤ 8
√

2κq

√√√√√
∑

λ∈Λm


b2λ

∑

1≤i6=j≤rλ

m2
2q,λ,im

2
2q,λ,j


 .

�In the proof above, we need the following two orollaries of Thm. 2 in [BBLM05℄.Lemma 8.17. Let (X1, . . . ,Xn) be n independent random variables, f a measurable funtion
R

n 7→ R and
Z = f(X1, . . . ,Xn) .Then, there exists κ ≤ 1.271 suh that for every q ≥ 2,

‖Z − E[Z]‖q ≤ 2
√
κ

√√√√q

∥∥∥∥∥

n∑

i=1

(Z − E [Z | (Xj)j 6=i ] )
2

∥∥∥∥∥
q/2

. (8.18)



8.10. APPROXIMATION PROPERTIES OF HISTOGRAMS 225Lemma 8.18. Let (X1, . . . ,Xn) be n independent random variables admitting q-th momentsfor some q ≥ 2: mi,q = E[|Xi|q]1/q. Let S =
∑s

i=1Xi. Then,
‖S‖q ≤ 2

√
κ
√
q

√√√√
s∑

i=1

m2
i,q.proof of Lemma 8.18. Apply Lemma 8.17 to S:

‖S − E[S]‖q ≤ 2
√
κ

√√√√q

∥∥∥∥∥

s∑

i=1

E [(S − E[S | Xi])2 | X1...n]

∥∥∥∥∥
q/2

= 2
√
κ

√√√√q

∥∥∥∥∥

s∑

i=1

X2
i

∥∥∥∥∥
q/2

≤ 2
√
κ

√√√√q

s∑

i=1

‖Xi‖2
q .

�8.10. Approximation properties of histogramsIn Chapt. 6, Thm. 6.1, we need the following assumption:
(Ap) Polynomial dereasing of the bias: there exists β1 ≥ β2 > 0 and C+

b , C
−
b > 0 suh that

C−
b D

−β1
m ≤ ‖s− sm‖L2(µ) ≤ C+

b D
−β2
m .where µ = L(X) and sm is the L2(µ) projetion onto some histogram model (Sm)m∈M. It issomehow unintuitive, sine it assumes that s is not too well approximated by histograms. Forinstane, it exludes the ase of onstant funtions, whih are both α-hölderian (for any α) andhistogram funtions. Lemma 8.19 below shows that it is the only exluded funtion among thehölderian ones. On approximation theory, we refer to the book of DeVore and Lorentz [DL93℄.8.10.1. Results. Let (X , d) be a metri spae. For every α ∈ (0; 1], δ, ǫ,R > 0, we de�ne

Hδ,ǫ(α,R) the set of α-hölderian funtions f on X , i.e.:
∀x, y ∈ [0; 1], |s(x) − s(y)| ≤ Rd(x, y)αsuh that there exists x1, x2 ∈ X suh that

d(x1, x2) ≤ δ and |s(x1) − s(x2)| ≥ ǫ .When X is bounded, we also de�ne
Hǫ(α,R) := Hdiam(X ),ǫ(α,R) .Regular histograms in [0; 1]. We �rst investigate the simplest ase, where (X , d) = ([0; 1], ‖·‖∞)and regular histograms.Lemma 8.19. Let α ∈ (0; 1], δ, ǫ,R > 0 and s ∈ Hδ,ǫ(α,R).For every D ∈ N, denote by sD the L2(Leb) projetion of s on the spae of regular histogramswith D piees. Then, there exists a onstant

C1 = L(α)R−α−1
ǫ2+α−1 |x1 − x2|−1−α−1

> 0and C2 = R2 β1 = 1 +
1

α
β2 = 2αsuh that for all D > 0,

C1

Dβ1
≤ ‖s− sD‖2

L2(Leb) ≤
C2

Dβ2
. (8.19)



226 CHAPITRE 8. APPENDIX ON RESAMPLING PENALTIESRemark 8.6. The upper bound holds with any probability measure µ on X instead of Leb,sine
l(s, sm) ≤ ‖s− sm‖2

∞ ≤ R2D−2α
m .If (Adℓ) holds, then

l(s, sm) ≥ cXmin Leb(X )−1 ‖s− sm‖2
L2(Leb) ≥ c ‖s− sDm‖2

L2(Leb)and thus the lower bound is still valid.Remark 8.7. The lower bound in (8.19) annot be improved, as shown in Set. 8.10.1: forevery α,R, δ, ǫ > 0, there exists C ′
1 suh that for every D,

inf
s∈Hδ,ǫ(α,R)

{
‖s− sD‖2

L2(Leb)

}
≤ C ′

1

D1+α−1 .Regular histograms in R
k. We now generalize the previous result to subsets of R

k. For the sakeof simpliity, we assume that X is a ball of (Rk, ‖·‖∞). Otherwise, if o
X is onnex and non-empty,any non-onstant ontinuous funtion s on X is non-onstant on some ball B(s) ⊂ X . Then, wean apply Lemma 8.20 on B(s) in order to derive (Ap). The onstants δ, ǫ > 0 have to take intoaount the restrition x1, x2 ∈ B(s) ⊂ X in the de�nition of Hδ,ǫ(α,R). When X is a ball, thisondition is automatially satis�ed.Lemma 8.20. Let X be a non-empty losed ball of (Rk, ‖·‖∞) and s ∈ Hδ,ǫ(α,R). Let D ∈

N\ {0} and onsider the �regular� partition (Iλ) of X of pae D−1, i.e. the olletion of non-empty intersetions between X and the family (∏k
i=1[

ji
D ; ji+1

D )
)

j1,...,jk∈Z

. Let sD be the pieewiseonstant funtion, de�ned on eah piee Iλ of this partition by
sD ≡ 1

Leb(Iλ)

∫

Iλ

s(t)dt .Then,
∫

X
(s(t) − sD )2 dt ≥ Lk,αǫ

2+kα−1
δ−1−kα−1

R1−k(1+α−1)

×
(
D ∨ δ−1

)−1−kα−1+(k−1)α
.

(8.20)Remark 8.8. (1) The number of piees in the partition is not D but (approximatively,depending on the shape of X ) Leb(X )Dk. Then, if X has a lower bounded densityw.r.t. Leb on X , under the assumptions of Lemma 8.20, (Ap) is satis�ed with β1 =

k−1 + α−1 − (k − 1)k−1α.(2) The following upper bound on the bias is straightforward:
1

Leb(X )

∫

X
(s(t) − sD )2 dt ≤ ‖s− sD‖2

∞ ≤ R2D−2α .(3) When X is not a ball of R
k, we an use a general argument assuming only that for every

x1, x2 ∈
o
X , there is a path from x1 to x2 that has an η-enlargement in X for some η > 0.We then obtain (8.21) instead of (8.20), but this still implies (Ap).Optimality of the lower bound in [0; 1]. When X is a non-empty ompat interval of R, theexponent 1 + α−1 in Lemma 8.19 is unimprovable in the following sense. Without any loss ofgenerality, we assume that X = [0; 1].



8.10. APPROXIMATION PROPERTIES OF HISTOGRAMS 227Lemma 8.21. Let X = [0; 1], R > 0, α ∈ (0; 1], 1 ≥ δ ≥ (1 + η)D−1 (for some η > 0) and
L(α)R⌊Dδ⌋D−1 ≥ ǫ > 0.

inf
s∈Hδ,ǫ(α,R)

{∫

X
(s(t) − sD(t) )2 dt

}
≤ L(α, η)R−α−1

ǫ2+α−1
δ−1−α−1

D−1−α−1
.Remark 8.9. If D ≥ 2δ−1, one an replae η by 1 and this upper bound is (up to some fator

L(α)) the same as the lower bound in Lemma 8.19.Thus, the exponent β1 = 1 +α−1 annot be improved as long as we look for a uniform boundonHδ,ǫ(α,R). However, this does not mean that there exists a funtion s ∈ H(α,R) approximatedby regular histograms at the rate D−1−α−1 . To our knowledge, this question remains unsolved.Some referenes about this problem (and the equivalent one when the knots of the partition areno longer �xed) may be found in Burhard and Hale [BH75℄. See also the book of DeVore andLorentz [DL93℄, in partiular Chap. 12.8.10.2. Proofs.Regular histograms in [0; 1].proof of Lemma 8.19. The upper bound diretly follows from
l(s, sD) ≤ ‖s− sD‖2

∞ ≤ R2D−2αso that
β2 = 2α C2 = R2 .The lower bound needs some more work. As s ∈ Hδ,ǫ(α,R), there exists x1 < x2 in [0; 1] suhthat |s(x2) − s(x1)| ≥ ǫ > 0. The interval [x1, x2] intersets N(D) ≤ 2 + D |x2 − x1| ≤ 2 +Dδintervals Iλ of the regular histogram of size D (denote by ΛD(x1, x2) this set). On eah of the

(Iλ)λ∈ΛD(x1,x2), the variation
variaIλ

(s) = sup
Iλ

s− inf
Iλ

sof s may be at most RD−α sine s ∈ H(α,R), and the sum of the N(D) variations variaIλ
(s) islarger or equal to ǫ.From lemma 8.22, we have

‖s− sD‖2
2 ≥

∑

λ∈ΛD(x1,x2)

∫

Iλ

(s(t) − sD(t) )2 dt

≥
∑

λ∈ΛD(x1,x2)

R−α−1
2−4−2α−1

variaIλ
(s)2+α−1

≥ R−α−1
2−4−2α−1


 ∑

λ∈ΛD(x1,x2)

variaIλ
(s)




2+α−1

N(D)−1−α−1

≥ R−α−1
2−4−2α−1

ǫ2+α−1
N(D)−1−α−1where we used Hölder inequality in the last but one line, sine 2 + α−1 ≥ 1.When D ≥ (2δ)−1, we dedue that

‖s− sD‖2
2 ≥ L(α)R−α−1

ǫ2+α−1
δ−1−α−1

D−1−α−1
.Sine for every k,D ∈ N\ {0}, ‖s− sD‖2 ≥ ‖s− skD‖2, we get for every D ≥ 1 that

‖s− sD‖2
2 ≥ L(α)R−α−1

ǫ2+α−1
δ−1−α−1 (

D ∨ δ−1
)−1−α−1

.

�



228 CHAPITRE 8. APPENDIX ON RESAMPLING PENALTIESLemma 8.22. Let s be an (α,R) hölderian funtion on a ompat interval I. Denote by
variaI(s) := supI s− infI s the variation of s on I and sI the mean of s on I. Then,

∫

I
(s(x) − sI)

2 dx ≥ variaI(s)
2+ 1

α

Rα−1
24+2α−1 .proof of Lemma 8.22. Let T = variaI(s). One among supI s and infI s must be at distaneat least T

2 of sI . By symmetry, we an assume that it is the supremum. As s is ontinuous,
supI s = s(x0) for some x0 ∈ I. As s ∈ H(α,R), there is an interval J around x0, of size

Leb(J) ≥
(

supI s− sI

2R

)α−1

≥
(
T

4R

)α−1and on whih
s ≥ sI + supI s

2
≥ T

4
.As a onsequene,

∫

I
(s(x) − sI)

2 dx ≥
∫

J
(s(x) − sI)

2 dx ≥
(
T

4R

)α−1

T 2

16
.

�Regular histograms in R
k.proof of Lemma 8.20. A �rst simple reasoning leads to a large exponent in the lowerbound, that is su�ient to derive (Ap) and may be easier to generalize to other metri spaes.In the ase of R

k, we get a more aurate result.General argument. Let x1, x2 ∈ X that omes from s ∈ Hδ,ǫ(α,R) (de�ned at the beginningof Set. 8.10.1), and
A = B∞

(
x1 + x2

2
,
‖x1 − x2‖∞

2

)
.Sine X is a ball, A ⊂ X . There exists a path from x1 to x2 in A that rosses

N(D) ≤ 2 +D ‖x1 − x2‖∞ ≤ 2 +Dδpiees of the regular partition. Denote by J1, . . . , JN(D) those piees.Along this path, s is varying at least of ǫ, so that
N(D)∑

i=1

variaJi(s) ≥ ǫ .From (8.24), we have
∫

A
(s− sD )2 ≥

N(D)∑

i=1

∫

Ji

(s− sD )2 ≥
∑N(D)

i=1 (variaJi(s) )2+kα−1

144 × 4kα−1
Rkα−1 .Sine 2 + kα−1 > 1, we an apply Hölder inequality to dedue

N(D)∑

i=1

(variaJi(s) )2+kα−1 ≥




N(D)∑

i=1

variaJi(s)




2+kα−1

N(D)−1−kα−1

≥ ǫ2+kα−1
(2 +Dδ )−1−kα−1

.



8.10. APPROXIMATION PROPERTIES OF HISTOGRAMS 229Thus, for every D ≥ (2δ)−1,
∫

A
(s− sD )2 ≥ L(k, α)ǫ2+kα−1

δ−1−kα−1
R−kα−1

D−1−kα−1
. (8.21)Improved lower bound. In the previous argument, we only used the existene of one path from

x1 to x2 in A ⊂ X that rosses
N(D) ≤ 2k +D ‖x1 − x2‖1 ∝ kDδpiees of the regular partition. We did not atually need that the whole ball A is in X . Usingthis fat, we an �nd ∝ Dk−1 suh paths, �su�iently� distint, so that we obtain a better lowerbound. We will show that it is possible with at most Nc(D) ≤ 2

3ǫR
−1Dα points in eah path thatmay be shared with the union of the other paths.Consider the spheres S1 = S(x1,

Dα−1

3R ) and S2 = S(x2,
Dα−1

3R ) for the norm ‖·‖1. Denote alsoby O1 (resp. O2) the orthant of R
k that ontains x2 (resp. x1), taking the origin at x1 (resp. x2).The idea of the proof is to build monotoni paths from x1 to x2 (eah oordinate is monotoni)that goes from x1 to S1 ∩O1, then from S1 ∩O1 to S2 ∩O2, and �nally from S2 ∩O2 to x2. Thepoint here is that the seond step an be made with Card(S1 ∩O1) = Card(S2 ∩O2) ompletelydisjoint paths, in the sense that they ross disjoint piees of the regular partition. This is doneby translating S1 ∩O1 onto S2 ∩O2 in Dǫ− 2

3R
−1Dα steps.On eah path, we have an inequality like (8.21), with

ǫ−RD−α × 2Dα−1

3R
≥ ǫ

3instead of ǫ (we remove the paths from x1 to S1 ∩ O1, and from S2 ∩ O2 to x2, using that thevariation of s on eah of piee of the partition is at most RD−α. Sine
Card(S1 ∩O1) ≥ L

(
Dα

3R

)k−1

,we obtain, for every D ≥ (2δ)−1,
∫

A
(s− sD )2 ≥ Lk,αǫ

2+kα−1
δ−1−kα−1

R−kα−1−(k−1)D−1−kα−1+(k−1)α . (8.22)
�We now prove the analogous of Lemma 8.22 needed in the proof of Lemma 8.20. We prove itin a more general ase, assuming only that X is a measurable metri spae.Lemma 8.23. Let (X , d, µ) be a measurable metri spae, I ⊂ X measurable with µ(I) ∈

(0;∞), and s a measurable funtion I 7→ R. Assume that s is (α,R) hölderian, i.e.
∀x1, x2 ∈ I, |s(x1) − s(x2)| ≤ Rd(x1, x2)

α .Assume that
sI :=

1

µ(I)

∫

I
sdµ and variaI(s) := sup

I
s− inf

I
sboth exist and are �nite. Then, there exists some x0 ∈ I suh that

∫

I
(s− sI )2 dµ ≥

(variaI(s) )2 µ

(
I ∩Bd

(
x0,
(

variaI(s)
4R

)1/α
))

144
. (8.23)proof of Lemma 8.23. There must be some point x0 ∈ I suh that s(x0) is at a distanelarger than variaI(s)

3 from sI (otherwise, we must have variaI(s) = 0 and any x0 ∈ I is onvenient).



230 CHAPITRE 8. APPENDIX ON RESAMPLING PENALTIESIf x ∈ I and d(x, x0) ≤
(

variaI(s)
4R

)1/α, then |s(x) − s(x0)| ≤ variaI(s)
4 sine s is (α,R) hölderian.By de�nition of x0, we have |s− sI | ≥ variaI(s)

12 uniformly in I ∩ Bd

(
x0,
(

variaI(s)
4R

)1/α
). Theresult follows. �In Lemma 8.20, we use Lemma 8.23 in the following framework. Let X = R

k, d = ‖·‖∞,
µ = Leb and I = Bd(c, rI) for some c ∈ X and r ≥ 0, we have for any x0 ∈ I and any s ≥ 0,

µ (Bd(x0, s) ∩ I ) ≥ (rI ∧ s)k .As a onsequene, if s : R
k 7→ R is (α,R) hölderian (for the norm ‖·‖∞), we have sI < ∞,

variaI(s) ≤ R(2rI)
α <∞ and
∫

I
(s(x) − sI )2 µ(dx) ≥

(variaI(s) )2
(
rI ∧

(
variaI(s)

4R

)α−1
)k

144

=
(variaI(s) )2+k/α

144 × 4kα−1
Rkα−1 . (8.24)Optimality of the lower bound in [0; 1]. We �rst have to prove the �optimality� of Lemma 8.22.Lemma 8.24. Let I be a ompat interval of R. Let R > 0, α ∈ (0; 1], T ∈ [ 0;Raα ]. Then,there exists an inreasing funtion s ∈ H(α,R) suh that variaI(s) = T and ∫I (s(t) − sI )2 dt ≤

L(α)R−α−1
T 2+α−1 .proof of lemma 8.24. Let a be the length of I; up to a translation, we an assume that

I = [0; a].Consider s(x) = R (x ∧ ǫ)α with ǫ = (T/R)α
−1 ≤ a, we have s ∈ H(α,R) and variaI(s) = T .Straigthforward omputations show that

sI = a−1

∫ ǫ

0
Rtαdt+ a−1

∫ a

ǫ
Rǫαdt =

Rǫα+1

a(α+ 1)
+Rǫα

a− ǫ

a

= Rǫα − αRǫα+1

a(α+ 1)
= Rǫα

(
1 − α

α+ 1

ǫ

a

)
∈
[
Rǫα

α+ 1
;Rǫα

]

∫ ǫ

0
(s(t) − sI )2 dt =

∫ ǫ

0
(Rtα − sI )2 dt =

R2ǫ2α+1

2α+ 1
− 2sIR

ǫα+1

α+ 1
+ ǫs2I

=
R2ǫ2α+1

2α+ 1
− 2Rǫα

(
1 − α

α+ 1

ǫ

a

)
R
ǫα+1

α+ 1
+R2ǫ

(
ǫα − α

α+ 1

ǫα+1

a

)2

= R2ǫ2α+1

(
1

2α+ 1
− 2

α+ 1

(
1 − α

α+ 1

ǫ

a

)
+

(
1 − α

α+ 1

ǫ

a

)2
)

≤ R2ǫ2α+1

(
1

2α+ 1
+ 1

)
.Moreover, we have

∫ a

ǫ
(s(t) − sI )2 dt = (a− ǫ) (Rǫα − sI )2 = (a− ǫ)

(
Rα

α+ 1

)2 ǫ2α+2

a2

≤ (Rǫα − sI )2 =

(
Rα

α+ 1

)2 ǫ2α+2

a
≤
(

Rα

α+ 1

)2

ǫ2α+1 .
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∫

I
(s(t) − sI )2 dt ≤ R2ǫ2α+1

(
1

2α+ 1
+ 1 +

α2

(α+ 1)2

)
= L(α)R−α−1

T 2+α−1
.

�proof of lemma 8.21. We use here Lemma 8.24, and base our proof upon the one ofLemma 8.19. Let x1 = 0 and x2 = ⌊Dδ⌋D−1 ∈ X (beause δ ∈ (0; 1]). Then, δ − D−1 <

|x1 − x2| ≤ δ and both x1, x2 are limit points of the regular partition of X with D piees. Thereare exatly
N(D) = |x1 − x2|D = ⌊Dδ⌋ > Dδ − 1 ≥ η

1 + η
Dδintervals of the partition between x1 and x2.Let T ∈ [0;RD−α] to be hosen later. De�ne s0 as the ontinuous funtion on X suh that:

• s0(0) = 0,
• for every k = 0, . . . , ⌊Dδ⌋ − 1, on [kD−1; (k + 1)D−1), s0 − s0(kD

−1) is equal to theinreasing funtion of Lemma 8.24 with a variation T ,
• s0 is onstant on [x2; 1].The resulting funtion s0 is inreasing, so that |s0(x1) − s0(x2)| = TN(D). It is more di�ult toshow that s0 ∈ H(α,R), we will do it last.From Lemma 8.24, we also have

∫

X
(s0(t) − s0,D(t) )2 dt ≤ N(D)L(α)R−α−1

T 2+α−1Taking T = ǫN(D)−1 ≤ ǫδ−1D−1, we have |s0(x1) − s0(x2)| ≥ ǫ and
∫

X
(s0(t) − s0,D(t))2 dt ≤ L(α)R−α−1

ǫ2+α−1
N(D)−2−α−1

≤ L(α)R−α−1
ǫ2+α−1

(
ηδ

1 + η

)−1−α−1

D−1−α−1
.It remains to prove s0 ∈ H(α,R). Given 0 ≤ y1 ≤ y2 ≤ 1, we want to prove: |s0(y1) − s0(y2)| ≤

R |y1 − y2|α. If y1 and y2 belong to the same interval of the regular partition, this is satis�ed byonstrution of s0. Otherwise, we must use the exat de�nition of s0 that follows from the proofof Lemma 8.24.Let p = D−1 be the size of an interval of the regular partition. For every x ∈ [kp; (k + 1)p)(with 0 ≤ k ≤ D − 1 an integer), we have s0(x) = kT + (R(x− kp)α ) ∧ T . Sine the inrementsof s0 are periodi with period p, we an assume that y1 belongs to the �rst interval of the regularpartition. Then,
s0(y1) = (Ryα

1 ) ∧ T and s0(y2) = s0(kp+ h2) = kT + (Rhα
2 ) ∧ Tand |y1 − y2| = kp + h2 − y1. Sine s0(y2) does not inrease when Rhα

2 > T whereas |y1 − y2|does, we an assume that Rhα
2 ≤ T .When Ryα

1 > T , it su�es to onsider y1 = p (it is not in the �rst interval of the partition,but it belongs to its losure and s0 is ontinuous). A previous remark (�periodiity�) remains thisase to y1 = 0. Finally, the only ase to onsider is when 0 ≤ Ryα
1 ≤ T and 0 ≤ Rhα

2 ≤ T . Wethen have
|s0(y1) − s0(y2)| = kT +R (hα

2 − yα
1 ) and |y1 − y2| = kp+ h2 − y1 .
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Figure 8.1. The funtion s of the proof of Lemma 8.21, with D = 6, α = 0.5,
R = 1, δ = 0.9, ǫ = 0.5.We dedue the following ondition on T : for every 1 ≤ k ≤ D − 1 and 0 ≤ t1, t2 ≤ 1 (with

t2 = (R/T )α
−1
h2 and the same for t1 and y1):

T (k + (tα2 − tα1 )) ≤ R
(
kp+ Tα−1

R−α−1
(t2 − t1 )

)α
.Let z = (T/R)α

−1 . This may be written as
z (k + (tα2 − tα1 ))α

−1 ≤ kp+ z (t2 − t1 )whih is equivalent to
z ≤ inf

1≤k≤D−1, 0≤t1,t2≤1

{
kp

(k + ( tα2 − tα1 ) )α
−1 − (t2 − t1 )

}
.Keeping k ≥ 1 �xed, the in�mum is attained when the denominator (k + (tα2 − tα1 ))α−1−(t2 − t1 )is maximal, i.e. when t1 = 0 and t2 = 1 (it is inreasing in t2, and dereasing then inreasing in

t1; thus, the maximum is attained either at (0, 1) or at (1, 1); sine α−1 ≥ 1, it is at (0, 1)). Weobtain the following ondition on T :
(
T

R

)α−1

≤ inf
1≤k≤D−1

{
kp

(k + 1)α−1 − 1

}
.Sine α−1 ≥ 1, x 7→ xα−1 is onvex, so (k+1)α−1−1

(k+1)−1 is inreasing in k. Thus, the in�mum isattained for k = D − 1, and the ondition beomes
T ≤

(
D − 1

Dα−1 − 1

)α

Rpα ≤ L(α)RD−1so that the hoie T = ǫN(D)−1 is possible as soon as ǫ ≤ L(α)RD−1⌊Dδ⌋. �



CHAPTER 9On the onstant in front of global penalties
Résumé. Ce hapitre aborde la question de la alibration de pénalités glob-ales par rééhantillonnage, telles que les omplexités de Rademaher ou les pé-nalités dé�nies par Fromont [Fro04℄. Il y a un fateur au moins 2 entre la bornethéorique �pessimiste� et la borne observée dans di�érentes études de simu-lations. Nous montrons que la borne observée est valable sous une hypothèseadditionnelle de symétrie, tandis que la borne �pessimiste� est atteinte dans unas asymétrique limite. Il s'agit d'un phénomène hautement non-asymptotique,qui indique que la théorie ne peut rejoindre la pratique qu'au prix d'hypothèsessupplémentaires, sans doute beauoup moins restritives que la symétrie. Ces ré-sultats indiquent également qu'il peut être néessaire de alibrer de telles pénal-ités en utilisant les données. On ne peut pas se ontenter des bornes théoriquesgénérales pour obtenir une proédure optimale.9.1. IntrodutionIn this hapter, we onsider global resampling penalties in lassi�ation. Following the intro-dution of Chap. 7 (and using the same notations), the ideal global penalty is

penid,g(m) := sup
t∈Sm

(P − Pn)γ(t) ≥ (P − Pn)γ(ŝm) . (9.1)We then all global penalty any estimator of penid,g(m). De�ning
Fm := {ξ ∈ X × Y 7→ γ(t, ξ) s.t. t ∈ Sm} ,the ideal global penalty an be written

Ĉn(F) := sup
f∈F

{(P − Pn)(f)}for some lass F of funtions. Global penalties are thus global omplexity measures of the lasses
(Fm)m∈Mn .The Rademaher omplexity (independently introdued by Kolthinskii [Kol01℄ and Bartlett,Bouheron and Lugosi [BBL02℄) is now a ommon global omplexity measure in learning theory.It an be de�ned as follows:̂

Rn(F) := E

[
sup
f∈F

{
1

n

n∑

i=1

ǫif(ξi)

} ∣∣∣∣∣ ξ1...n

] (9.2)where ǫ1, . . . , ǫn are i.i.d. Rademaher variables (i.e. equally distributed between +1 and −1),independent from the sample ξ1...n. A similar omplexity measure is the Gaussian omplexity (see



234 CHAPITRE 9. ON THE CONSTANT IN FRONT OF GLOBAL PENALTIES[BM02℄ and the referenes therein), de�ned as
Ĝn(F) := E

[
sup
f∈F

{
1

n

n∑

i=1

Gif(ξi)

}∣∣∣∣∣ ξ1...n

] (9.3)where G1, . . . , Gn are i.i.d. standard gaussian variables, independent from the sample ξ1...n.More reently, Fromont [Fro04, Fro07℄ de�ned more general omplexities, alled bootstrappenalties, whih are based upon Efron's resampling heuristis. They an be written
B̂(Z)

n (F) := E

[
sup
f∈F

{
1

n

n∑

i=1

Zif(ξi)

} ∣∣∣∣∣ ξ1...n

] (9.4)where (Z1, . . . , Zn) ∈ R
n is any random vetor independent from the sample ξ1...n. With thenotations of Set. 7.1, the weights Zi would be written 1−Wi. Notie that Fromont's results arerestrited to some partiular weight vetors: i.i.d. symmetri, or exhangeable with ∑i Zi = 0(for instane Efron's bootstrap (Efr): Wi = 1 − Zi multinomial). The �rst ase inludes theRademaher and Gaussian omplexity ases:
R̂n(F) = B̂(Rad)

n (F) Ĝn(F) = B̂(N )
n (F) .In order to use these omplexities in penalization proedures, we would have to show that theyare lose to penid,g(m) for every m ∈ Mn with large probability (see (7.4) and (7.5) in Set. 7.2.1).Assuming that they satisfy onentration inequalities (like the ones of Fromont [Fro07℄, or thoseof Chap. 7), we need a omparison of their expetations. This is why, in this hapter, we areinterested in the ratio

RZ(F) :=
E

[
B̂

(Z)
n (F)

]

E

[
Ĉn(F)

] =
E
[
supf∈F {∑n

i=1 Zif(ξi)}
]

E
[
supf∈F {∑n

i=1 (E [f(ξi) ] − f(ξi))}
] . (9.5)If we knew exatly RZ(F), we would be able to use RZ(F)−1B̂

(Z)
n (F) as a penalty, whihis unbiased. Then, the resulting penalization proedure would be asymptotially optimal (andsatisfy an orale inequality with onstant almost one).However, in most ases, we only know that RZ(F) belongs to some interval [a, b] of (0,∞).With this knowledge, the most reasonable hoie of penalty is a−1B̂
(Z)
n (F), whih ensures thatthe penalty is larger than penid,g with large probability. Then, we are able to derive an oraleinequality, in whih the variane term is overestimated within a fator RZ(F)a−1. If this fatoris small in most ases, this does not matter. But if b/a > 1 (even asymptotially) and RZ(F) islose to b, then we have a suboptimal model seletion proedure (in the sense of Set. 5.2).The aim of this hapter is to investigate whether this may happen or not, in partiular inbinary lassi�ation. It appears that the values taken by RZ(F) an di�er from a fator at leasttwo aording to the lass P and the distribution of the sample. This phenomenon ours withboth Rademaher omplexities and Efron's boostrap omplexities B̂(Efr)
n , but it is highly non-asymptoti. Moreover, the lasses F and distributions P we onsider have a very �asymmetri�design. We an then onjeture that RZ(F) should be onstant over a wide set of lasses F anddistributions P , whih are the most used in pratie.Another interest of studying the ratio RZ(F) is that it appears in the on�dene balls builtin Chap. 10. In partiular, we prove that we an not drop entirely the symmetry assumption onthe data distribution.



9.2. LOWER BOUNDS ON RZ (F) 235The rest of the hapter is organized as follows. We �rst give several lower bounds on RZ(F)in Set. 9.2. Then, we give upper bounds in partiular frameworks in Set. 9.3. We ompare theselower and upper bounds in Set. 9.4. Finally, the proofs are given in Set. 9.5.9.2. Lower bounds on RZ(F)9.2.1. A fator 2 between theory and pratie. We �rst reall all the bounds used byFromont [Fro07℄ in order to build bootstrap penalties with several weights.When Z1, . . . , Zn are i.i.d. symmetri (e.g. Rademaher or Gaussian as in R̂n(F) and Ĝn(F)),a lassial symmetrization tool shows that
RZ(F) ≥ E |Z1|

2
= E (Z1 )+ (9.6)(see for instane Lemma 1 in [Fro07℄ and the referenes therein). In the Rademaher ase, theright-hand side is equal to 1/2, so that Rademaher penalties should be equal to 2R̂n(F).When the weights (Zi)1≤i≤n are exhangeable and∑i Zi = 0 a.s., another lower bound omesfrom the proof of Prop. 2 of [Fro07℄:

RZ(F) ≥ E (Z1 )+ . (9.7)In the bootstrap ase, (1 − Zi)1≤i≤n ∼ M(n;n−1, . . . , n−1) so that 1 − Z1 is binomial withparameters (n, n−1). The right-hand side is then equal to (1 − n−1)n ∼n→∞ e−1, so that Efron'sbootstrap penalties should be equal to eB̂(Efr)
n (F).However, in simulation experiments, Lozano [Loz00℄ and Fromont [Fro07℄ prefer to use R̂n(F)as Rademaher penalty, and B̂(Efr)

n (F) as Efron's (global) boostrap penalty. In addition, Fromontgives two arguments in favour of these onstants (in Rk. 3, following Thm. 3 of [Fro07℄): anexperimental omputation of the ratio RZ(F), and the asymptoti results of Giné and Zinn[GZ90℄ and Præstgaard and Wellner [PW93℄ whih suggest that
RZ(F) ≈

(
1

n

n∑

i=1

Z2
i

)1/2

. (9.8)In both Rademaher and Efron's bootstrap ases, the right-hand side of (9.8) is lose to 1.There is thus a gap between the theoretial lower bounds (9.6) and (9.7) and the experimentalvalues of RZ(F), whih are within a fator 2 or more. On the one hand, using the theoretialbounds will often lead to overpenalization and suboptimal model seletion. On the other hand,using the experimental values may lead to a strong over�tting if the theoretial bounds happento be sharp. The next subsetion shows that aurate theoretial bounds an be obtained withsome assumptions on P and F .9.2.2. Tight theoretial bounds. In Chap. 10, we are interested in quantities of the form
E

[
φ

(
1

n

n∑

i=1

ZiY
i

)∣∣∣∣∣ ξ1...n

] for estimating φ

(
1

n

n∑

i=1

(
Yi − E

[
Yi
])
)with Y1, . . . ,Yn ∈ R

K , φ : R
K 7→ R satisfying some properties and Z ∈ R

n independent from
Y. For instane, we an take φ : x ∈ R

K 7→ supk {−xk } in the results of Set. 10.2.2 (Prop. 10.2and 10.3) to obtain bounds on RZ(Π) with
Π =

{
πk : x ∈ RK 7→ xk ; 1 ≤ k ≤ K

} and ξi = Yi .



236 CHAPITRE 9. ON THE CONSTANT IN FRONT OF GLOBAL PENALTIESNotie that in Chap. 10, we use these bounds for building on�dene balls. This is why wereally need a tight estimate of RZ(Π). With the results of Set. 9.2.1, we would obtain muh lesspowerful on�dene regions for eah given on�dene level.Gaussian lasses. We now extend these results to more general families F . First, if (f(ξ))f∈Fis a gaussian proess suh that supf∈F {f(ξ) − E [f(ξ)]} is measurable and has �nite expetation,then for any random Z ∈ R
n independent from ξ1...n,

RZ(F) = E



√√√√ 1

n

n∑

i=1

Z2
i


 . (9.9)When F is �nite, this is exatly Prop. 10.2. Otherwise, it follows from the araterization ofgaussian proesses by their ovariane struture.Equation (9.9) thus gives an example in whih (9.8) is attained. Of ourse, this assumptionnever holds in lassi�ation where f(ξ) ∈ {0, 1} (with the 0-1 loss) or at least bounded. Its maininterest is when ξ ∈ R

K is gaussian and F is a lass of linear forms.Symmetri lasses. Seondly, following Prop. 10.3, we obtain tight bounds on RZ(F) undera symmetry assumption on F .Proposition 9.1. Let ξ1, . . . , ξn be i.i.d. random variables with values in some measurablespae Ξ and F a lass of measurable funtions Ξ 7→ R suh that
(f(ξ1) − E [f(ξ1) ] )f∈F

(d)
= (E [f(ξ1) ] − f(ξ1))f∈F . (9.10)Let Z ∈ R

n be some random vetor independent from ξ1...n, suh that ∑i Zi = 0 a.s. Then, wehave the following:(i)
RZ(F) ≥ 1

n

n∑

i=1

E |Zi| . (9.11)(ii) if moreover |Zi − x0(Z1, . . . , Zn)| = a a.s. for some a ∈ R and some measurable x0 :

R
n 7→ R, then

RZ(F) ≤ a+ E |x0(Z1, . . . , Zn)| . (9.12)Remark 9.1.(1) When the weights are exhangeable, (9.11) improves (9.7), sine the lower bound E (Z1 )+is replaed by E |Z1| = 2E (Z1 )+.(2) The assumption that∑i Zi = 0 forbids the use of i.i.d. Rademaher or gaussian weights.However, we an use Prop. 9.1 with �entered Rademaher weights� (entRad) Zi =

ǫi−n−1
∑n

j=1 ǫj (for some i.i.d. Rademaher variables ǫ1...n independent from ξ1...n). Wedenote by R̂′
n(F) := B̂

(centRad)
n (F) the resulting omplexity measure. Notie that (9.12)an be applied with x0 = n−1

∑
i Zi and a = 1, showing that (9.11) is sharp:

1 + n−1/2 ≥ RcentRad(F) ≥ 1 − n−1/2 .This is also the ase with Random hold-out weights (see Set. 10.2).(3) When for every f ∈ F , f(ξ) ∈ [0, 1 ] a.s., the entered Rademaher omplexity an beompared to the lassial Rademaher omplexity (see Set. 9.5 for a omplete proof):
∣∣∣E
[
R̂′

n(F)
]
− E

[
R̂n(F)

]∣∣∣ ≤ 1

4
√
n
. (9.13)



9.3. UPPER BOUNDS ON RZ(F) 237When F is the loss lass of a model with VC-dimension V , global omplexities are oforder √V/n so that the remainder terms in (9.13) an be negleted. In partiular,
RRad(F) ≈ 1, whih improves on the lassial bound (9.6).However, the symmetry assumption is quite strong. In the lassi�ation ase, eah variable

f(ξ) belongs to {0, 1} a.s., so that it is binomial with parameter P (f). Then, (9.10) is equivalentto
P (f) ∈

{
0,

1

2
, 1

} for every f ∈ F .In other words, this an only be applied to lasses of perfetly true, perfetly wrong and uninfor-mative lassi�ers. In partiular, when the lassi�ation problem is ill-posed, any lassi�er satis�es
P (f) = 1/2 and the symmetry assumption holds.Binary lassi�ation. As a onlusion to this �rst setion, let us fous on the binary las-si�ation framework, with the 0-1 loss. In Set. 9.2.1, we realled theoretial lower bounds on
RZ(F) that an be applied for most model seletion problems. They have the drawbak of beingtwie smaller than experimental and asymptoti estimates of RZ(F). In Set. 9.2.2, we gave tightbounds that avoid this fator 2, but the �rst one an't be applied to binary lassi�ation, and theseond one is limited to a toy framework.However, even if Prop. 9.1 is restrited to very partiular lasses F , it gives theoretial evideneof the drawbaks of the bounds of Set. 9.2.1, even non-asymptotially. It is then tempting toonjeture that this fator 2 is never neessary, at least when f(ξ) ∈ {0, 1} a.s. In Set. 9.3, weshow that this onjeture would be wrong.9.3. Upper bounds on RZ(F)In view of Prop. 9.1 above, lasses suh that (9.6) and (9.7) are tight have to be asymmetri.We start with a very simple ase, when F is redued to two opposite points.9.3.1. Two points lasses.Proposition 9.2. Let F = {f0, 1 − f0} suh that f0(ξ) is a Bernoulli variable with parameter
p ∈ (0, 1). Let Z ∈ R

n a random vetor independent from ξ1...n suh that ∑i Zi = 0.Then, for every n ∈ N,
(1 − np)+

1

2n

n∑

i=1

E |Zi| ≤ RZ(F) ≤ (1 + n(n− 1)p)
1

2n

n∑

i=1

E |Zi| . (9.14)As a onsequene, when p goes to zero and n is �xed,
RZ(F) ∼ 1

2n

n∑

i=1

E |Zi| . (9.15)Remark 9.2. The assumption ∑i Zi = 0 is unneessary if one onsiders the lass F = {f0 }and omplexities of the form supf∈F |·|. We an then apply Prop. 9.2 to �symmetri� Rademaheromplexities
R̂sym

n (F) := E

[
sup
f∈F

∣∣∣∣∣
1

n

n∑

i=1

ǫif(ξi)

∣∣∣∣∣

∣∣∣∣∣ ξ1...n

]and the following �symmetri� ideal global omplexity
Ĉsym

n (F) := sup
f∈F

|(P − Pn)(f)| .



238 CHAPITRE 9. ON THE CONSTANT IN FRONT OF GLOBAL PENALTIESAlthough the example of Prop. 9.2 seems somehow arti�al, (9.14) gives an example where(9.7) is sharp. Its main onsequene is that the bounds of Set. 9.2.2 an not be generalizedwithout additional assumptions on F and P .There may seem to be a ontradition between (9.15) and the asymptoti omparison (9.8).Atually, this is beause the phenomenon of Prop. 9.2 is highly non-asymptoti. For a givensample size n, it only ours when 0 < P (f0) ≪ n−2. Moreover, an experimental study showedthat RZ(F) is lose to its asymptoti value when p is not too lose to 0 or 1, and the �minimaldistane to 0� seems to be of order n−1.9.3.2. Independent lasses. The example of the previous setion is somehow disappointing,sine it is limited to very small lasses. We now extend it to some �nite lasses, under anindependeny assumption. The main example to have in mind here is a partiular ase of Chap. 10:
Ξ = {0, 1}K and F is the set Π of oordinates projetions.Proposition 9.3. Let F = {f, 1 − f s.t. f ∈ F1 } suh that F1 is �nite and (f(ξ))f∈F1 areindependent Bernoulli variable with parameters pf ∈ (0, 1/2]. Let Z ∈ R

n a random vetorindependent from ξ1...n suh that ∑i Zi = 0.Then, for every n ∈ N, if ∑f pf ≤ (4n)−1,
∑

f pf − n
(∑

f pf

)2

supf pf +
∑

f pf + n2
(∑

f pf

)2 ≤ RZ(F)

n−1
∑n

i=1 E |Zi|
≤

∑
f pf + n2

(∑
f pf

)2

supf pf +
∑

f pf − 3n
(∑

f pf

)2 .(9.16)As a onsequene, when ∑f pf goes to zero and n is �xed,
RZ(F) ∼

∑
f∈F1

pf

supf∈F1
(pf ) +

∑
f∈F1

pf
× 1

n

n∑

i=1

E |Zi| . (9.17)Remark 9.3. The proof of Prop. 9.3 an be extended to funtions φ : R
Card(F1) 7→ R moregeneral than sup |·|, under assumptions made in Chap. 10. Moreover, like Prop. 9.2, we an dropthe assumption ∑i Zi = 0 by onsidering diretly omplexities of the form supf∈F1

|·| and thelass F1.Notie that when Card(F1) = 1, we reover Prop. 9.2 (up to some small enlargement of theremainder terms).We now give some omments on the onsequenes of Prop. 9.3:(1) Taking one of the (pf )f∈F1 equal to p, and the other ones negligible in front of p, weobtain a larger family of examples for whih (9.7) is sharp. In partiular, ontrary toProp. 9.2, we no longer assume that Card(F) = 2, but only that it is �nite.(2) In lassi�ation, the independeny assumption is valid when F1 = {f0 }, or in somepartiular ases, e.g. X = [0, 1]K , X uniform on X , Y ≡ 0 and
F1 = {fk : x 7→ 1xk≤p s.t. 1 ≤ k ≤ K } .Thus, (9.11) an not be generalized to all lasses of any �nite ardinality.(3) When all the pf are equal to some p ∈ (0, 1/2], the limit value of RZ(F) when p → 0in (9.17) is Card(F)/(1 + Card(F)). There is thus some hope that the 1/2 fator isunneessary when Card(F) is large enough and the variables f(ξ) not too asymmetri.(4) As in Prop. 9.2, this ounter-example is highly non-asymptoti, sine we have to assumethat ∑f pf ≪ n−2.



9.4. DISCUSSION 2399.3.3. Rademaher omplexities. In Prop. 9.2 and 9.3, we assume that∑i Zi = 0, whihforbids the use of Rademaher weights. We here onsider this partiular ase, for whih thebehavior of RRad(F) when p→ 0 is quite di�erent.Proposition 9.4. Let F = {f0, 1 − f0} suh that f0(ξ) is a Bernoulli variable with parameter
p ∈ (0, 1). Let Z ∈ R

n be a random vetor independent from ξ1...n suh that E (
∑

i Zi )+ > 0 (forinstane, i.i.d. Rademaher variables).Then, for every n ∈ N,
RZ(F) ≥ E

(
n∑

i=1

Zi

)

+

1 − np

2np
−
∑n

i=1 E |Zi|
2

. (9.18)As a onsequene, when p goes to zero and n is �xed,
RZ(F) −→ +∞ . (9.19)Remark 9.4. A similar phenomenon ours with the framework of Prop. 9.3, where Card(F)an take any �nite value.When E (

∑
i Zi )+ = 0 but E (

∑
i Zi )− > 0, we have the same behaviour when p→ 1.The behaviour of Rademaher omplexities with highly asymmetri lasses is thus very dif-ferent from Efron's bootstrap penalties, or entered Rademaher omplexities. This omes fromthe fat that ∑i Zi is not a.s. equal to zero: the Rademaher omplexity stays away from zero,whereas the true omplexity Ĉn(F) ∼ 2p goes to zero.9.4. DisussionIn the binary lassi�ation framework, we have thus found instanes of lasses F and distri-butions P for whih RZ(F) is very far from its asymptoti value. When ∑i Zi = 0 a.s. (forinstane Efron's bootstrap and �entered Rademaher� omplexities), the ratio RZ vary within afator at least two, between symmetri and asymmetri families. As a onsequene, the lassialbound (9.7) is unimprovable, but not always tight, even non-asymptotially. On the other hand,when P(

∑
i Zi 6= 0) > 0, the ratio RZ an be in�nitely larger with asymmetri families than withsymmetri ones.The �rst onsequene of these fats is that for every �xed sample size n, no global resamplingomplexity B̂(Z)

n is proportional in expetation to the omplexity Ĉn over all lasses F and alldistributions P (even if we restrit to binary lassi�ation and 0-1 loss lasses).However, from the pratial viewpoint, it appears that REfr and RRad is (almost) always loseto 1. In addition, this always holds asymptotially. This is why we an hope to generalize (9.11)to lasses F and distributions P satisfying mild assumptions.In view of Set. 9.3, we an onjeture that a limitation of the �asymmetry� of the lass (e.g.∑
f pf ≥ n−1) may be su�ient. In lassi�ation, this means that we would assume that thelassi�ers in F are not uniformly good, whih may be unintuitive. Sine suh lasses have auniformly small risk, underestimating their omplexity an not have serious onsequenes on therisk. Thus, a proof of (9.11) under this mild �non-asymmetry assumption� would be of greatinterest.On the ontrary, Rademaher omplexities overestimate the omplexities of these �too good�lasses, whih may enlarge the risk of a model seletion proedure based upon them. Added to thefat that global penalties an be muh larger than the ideal one, this may be a serious limitationof global Rademaher penalties.



240 CHAPITRE 9. ON THE CONSTANT IN FRONT OF GLOBAL PENALTIESAlternatively, if the ratio RZ(Fm) is unknown but almost onstant over the family of models
m ∈ Mn, we an try to estimate it from the data. This an be done for instane with the �slopeheuristis� (algorithm 3.1 in Set. 3.4). But if the ratio RZ(Fm) is strongly dependent from m, thebootstrap omplexity B̂(Z)

n (Fm) does not even estimate the shape of Ĉn(Fm), and this methodwill not work.In this hapter, we foused on global penalties, as opposed to loal penalties, whih estimate
(P − Pn)(ŝm). For instane, in Chap. 5, 6 and 7, we proposed resampling penalties of the form

E
[
(Pn − PW

n )(ŝW
m )
∣∣ ξ1...n

]
.It would be interesting to determine whether these loal penalties have the same drawbak asglobal resampling penalties.Finally, in the on�dene region and multiple testing framework of Chap. 10, our results havemore straightforward onsequenes. Indeed, we have shown that the onentration thresholdsde�ned in Set. 10.2 an not be used with any bounded data. However, the symmetry assumption(SA) is probably too restritive. We ould hope to generalize (9.11) when the sample size is largerthan some n0, whih may quantify the �asymmetry� of the sample.9.5. Proofsproof of Prop. 9.1. (i) Sine Z1, . . . , Zn is independent from ξ1...n, for every sample ξ1...n,(

1

n

n∑

i=1

E |Zi|
)
Ĉn(F) = sup

f∈F

{
E

[
1

n

n∑

i=1

|Zi| (P (f) − f(ξi))

∣∣∣∣∣ ξ1...n

]}
.Then, using Jensen inequality and integrating w.r.t. ξ1...n,(

1

n

n∑

i=1

E |Zi|
)

E

[
Ĉn(F)

]
≤ E

[
sup
f∈F

{
1

n

n∑

i=1

|Zi| (P (f) − f(ξi))

}]
.We now use the symmetry assumption (9.10) and the independene of the ξi to derive

(
1

n

n∑

i=1

E |Zi|
)

E

[
Ĉn(F)

]
≤ E

[
sup
f∈F

{
1

n

n∑

i=1

Zi (f(ξi) − P (f))

}]

≤ E

[
sup
f∈F

{
1

n

n∑

i=1

Zif(ξi)

}
+ sup

f∈F

{
1

n

n∑

i=1

Zi (−P (f))

}]

= B̂(Z)
n (F) + E



(

1

n

n∑

i=1

Zi

)

+


 sup

f∈F
{−P (f)}

+ E



(

1

n

n∑

i=1

Zi

)

−


 sup

f∈F
{P (f)} .When ∑i Zi = 0 a.s., this upper bound is equal to B̂(Z)

n and the result follows.(ii) omes from similar arguments and the additive assumption:
B̂(Z)

n (F) = E

[
sup
f∈F

{
1

n

n∑

i=1

Zi (f(ξi) − P (f))

}]
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n (F) ≤ E

[
sup
f∈F

{
1

n

n∑

i=1

(Zi − x0(Z1...n)) (f(ξi) − P (f))

}]

+ E

[
sup
f∈F

{
1

n

n∑

i=1

x0(Z1...n) (f(ξi) − P (f))

}]

= (a+ E |x0(Z1...n)| ) Ĉn(F) .

�proof of (9.13). De�ne ǫ = n−1
∑

i ǫi. Then,
E

[
R̂′

n(F)
]

:= E

[
sup
f∈F

{
1

n

n∑

i=1

(ǫi − ǫ) f(ξi)

}]
≤ E

[
R̂n(F)

]
+ E

[
sup
f∈F

{−ǫPn(f)}
]

= E

[
R̂n(F)

]
+ E

[
(ǫ)− sup

f∈F
Pn(f)

]
≤ R̂n(F) + E (ǫ)−and similarly

E

[
R̂′

n(F)
]
≥ E

[
R̂n(F)

]
− E (ǫ)− .Notie that the same reasoning an be applied to any Z. Then, using that the ǫi are symmetriand i.i.d., we have

E (ǫ)− =
1

2
E |ǫ| ≤ 1

2

√
Eǫ2 =

1

4
√
n
.

�proof of Prop. 9.2. Let B be some binomial variable with parameters (n, p). Beause ofthe partiular form of F , we have
E

[
Ĉn(F)

]
= E |(P − Pn)(f0)| =

E |np−B|
n

=
2

n
E [ (np−B )1B≤np ]

≥ 2pP (B = 0) = 2p(1 − p)n ≥ 2p(1 − pn)+ .When moreover np ≤ 1, the �rst inequality is an equality so that
2p(1 − pn) ≤ E

[
Ĉn(F)

]
= 2p(1 − p)n ≤ 2p . (9.20)On the other hand,

E

[
B̂(Z)

n (F)
]

= E

[
max

{
1

n

n∑

i=1

Zif0(ξi);
1

n

n∑

i=1

Zi −
1

n

n∑

i=1

Zif0(ξi)

}]
= E

∣∣∣∣∣
1

n

n∑

i=1

Zif0(ξi)

∣∣∣∣∣

= E

[∣∣∣∣∣
1

n

n∑

i=1

Zif0(ξi)

∣∣∣∣∣1
P

i f0(ξi)=1

]
+ E

[∣∣∣∣∣
1

n

n∑

i=1

Zif0(ξi)

∣∣∣∣∣1
P

i f0(ξi)≥2

]

≤ P(B = 1)
1

n

n∑

i=1

∣∣∣∣
Zi

n

∣∣∣∣+ P(B ≥ 2)
1

n

n∑

i=1

E |Zi|

≤
[
p(1 − p)n−1 +

(
1 − (1 − p)n − np(1 − p)n−1

)] 1

n

n∑

i=1

E |Zi|

≤
[
p+ n(n− 1)p2

] 1

n

n∑

i=1

E |Zi|
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E

[
B̂(Z)

n (F)
]
≥ P(B = 1)

1

n

n∑

i=1

∣∣∣∣
Zi

n

∣∣∣∣ = p(1 − p)n−1 1

n

n∑

i=1

E |Zi| ≥ p(1 − (n− 1)p)
1

n

n∑

i=1

E |Zi| .Combining this with (9.20), we derive
(1 − np)+

1

2n

n∑

i=1

E |Zi| ≤ RZ(F) ≤ (1 + n(n− 1)p )
1

2n

n∑

i=1

E |Zi| .

�proof of Prop. 9.3. For Ĉn(F), we start as in the proof of Prop. 9.2:
E

[
Ĉn(F)

]
= E

[
sup
f∈F1

|(P − Pn)(f)|
]

=
1

n
E

[
sup
f∈F1

|npf −Bf |
]where (Bf )f∈F1 are independent binomial variables with parameters (n, pf )f∈F1 . Hene, usingthat supf∈F1pf ≤ 1/(2n),

E

[
Ĉn(F)

]
=

1

n
E

[
sup
f∈F1

|npf |1∀f, Bf =0

]
+

1

n
E

[
sup
f∈F1

|npf −Bf |1P
f Bf =1

]

+
1

n
E

[
sup
f∈F1

|npf −Bf |1Pf Bf≥2

]

=

(
sup

f
pf

)
P (∀f, Bf = 0) +

1

n

∑

f

[
(1 − npf )P

(
Bf = 1 and ∀f ′ 6= f, Bf ′ = 0

)]

+
1

n
E

[
sup
f∈F1

|npf −Bf |1Pf Bf≥2

]

= sup
f
pf

∏

f

(1 − pf )n +
∑

f


pf (1 − npf )(1 − pf )n−1

∏

f ′ 6=f

(
1 − pf ′

)n



+
1

n
E

[
sup
f∈F1

|npf −Bf |1Pf Bf≥2

]
.Using repeatedly that for every a, b ≥ 0, (1 − a)(1 − b) ≥ 1 − a− b, we have

∏

f

(1 − pf )n ≥ 1 − n
∑

f

pfand for every f ∈ F1,
(1 − npf )(1 − pf )n−1

∏

f ′ 6=f

(
1 − pf ′

)n ≥ 1 − (n− 1)pf − n
∑

f ′

pf ′ .As a onsequene,
E

[
Ĉn(F)

]
≥ sup

f
pf


1 − n

∑

f

pf


+

∑

f


pf


1 − (n− 1)pf − n

∑

f ′

pf ′






≥ sup
f
pf +

∑

f

pf − n
∑

f

pf sup
f
pf − (n− 1)

∑

f

p2
f − n


∑

f

pf




2 (9.21)
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E

[
Ĉn(F)

]
≤ sup

f
pf +

∑

f

pf + P


∑

f

Bf ≥ 2




≤ sup
f
pf +

∑

f

pf + 1 −


1 − n

∑

f

pf


− n

∑

f


pf


1 − (n− 1)pf − n

∑

f ′ 6=f

pf ′






≤ sup
f
pf +

∑

f

pf + n2


∑

f

pf




2

. (9.22)
We now fous on B̂n(F). As in the proof of Prop. 9.2,

E

[
B̂n(F)

]
= E

[
sup
f∈F1

∣∣∣∣∣
1

n

n∑

i=1

Zif(ξi)

∣∣∣∣∣

]

=

n∑

i=1

∑

f∈F1

E
|Zi|
n

P
(
f(ξi) = 1 and ∀(j, f ′) 6= (i, f), f ′(ξj) = 0

)

+ E

[
sup
f∈F1

∣∣∣∣∣
1

n

n∑

i=1

Zif(ξi)

∣∣∣∣∣1
P

f

P
i f(ξi)≥2

]

=

n∑

i=1

∑

f∈F1

E
|Zi|
n
pf (1 − pf )n−1

∏

f ′ 6=f

(1 − pf ′)n

+ E

[
sup
f∈F1

∣∣∣∣∣
1

n

n∑

i=1

Zif(ξi)

∣∣∣∣∣1
P

f

P
i f(ξi)≥2

]
.Using the same inequalities as for Ĉn, we obtain

E

[
B̂n(F)

]
≥
(

1

n

n∑

i=1

E |Zi|
)
∑

f

pf − n


∑

f

pf




2
 (9.23)and

E

[
B̂n(F)

]
≤
(

1

n

n∑

i=1

E |Zi|
)
∑

f

pf + P


∑

f

∑

i

f(ξi) ≥ 2






≤
(

1

n

n∑

i=1

E |Zi|
)
∑

f

pf + n2


∑

f

pf




2
 . (9.24)

We now ombine (9.21) with (9.24) to obtain
RZ(F) ≤

(
1

n

n∑

i=1

E |Zi|
)

×
∑

f pf + n2
(∑

f pf

)2

supf pf +
∑

f pf − 3n
(∑

f pf

)2
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RZ(F) ≥

(
1

n

n∑

i=1

E |Zi|
)

×
∑

f pf − n
(∑

f pf

)2

supf pf +
∑

f pf + n2
(∑

f pf

)2 .

�proof of Prop. 9.4. From (9.20) in the proof of Prop. 9.2, we know that if np ≤ 1,
2p(1 − pn) ≤ E

[
Ĉn(F)

]
= 2p(1 − p)n ≤ 2p .We now onsider the Bootstrap omplexity. De�ne Z = n−1

∑
i Zi.

E

[
B̂(Z)

n (F)
]
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sup
f∈F

{
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n

n∑
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Zif(ξi)
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(
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�



CHAPTER 10Resampling-based on�dene regions and multiple testsThis hapter is a joint work with Gilles Blanhard1 and Étienne Roquain2. A short version ofit has been published in the Proeedings of Colt'07 [ABR07℄.Résumé. Ce hapitre est onsaré à l'étude de régions de on�ane parrééhantillonnage pour la moyenne d'un veteur aléatoire, dont les oordonnéesont une struture de dépendane inonnue. La dimension de e veteur peutêtre bien plus grande que le nombre d'observations, et nous herhons un on-tr�le non-asymptotique du niveau de on�ane. Le veteur aléatoire est supposésoit gaussien, soit symétrique et borné. Nous onsidérons deux approhes, lapremière fondée sur des inégalités de onentration, la seonde sur l'estimationdirete de quantiles par rééhantillonnage. Dans la première, nous onsidéronsune très grande famille de poids de rééhantillonnage, alors que les résultats de laseonde sont limités aux poids Rademaher. Ces résultats sont appliqués ensuiteau problème de test multiple unilatéral ou bilatéral, pour lequel nous obtenonsplusieurs proédures step-down par rééhantillonnage d'où déoule un ontr�ledu Family-Wise Error Rate. Nous omparons es di�érentes proédures dansune étude de simulation, et nous montrons qu'elles peuvent s'avérer meilleuresque les méthodes de Bonferroni ou de Holm dès lors que le veteur observé ades oordonnées su�samment orrélées.Abstrat. We study generalized bootstrapped on�dene regions for themean of a random vetor whose oordinates have an unknown dependene stru-ture. The dimensionality of the vetor an possibly be muh larger than thenumber of observations and we fous on a non-asymptoti ontrol of the on�-dene level. The random vetor is supposed to be either Gaussian or to have asymmetri bounded distribution. We onsider two approahes, the �rst basedon a onentration priniple and the seond on a diret bootstrapped quantile.The �rst one allows us to deal with a very large lass of resampling weightswhile our results for the seond are spei� to Rademaher weights. We presentan appliation of these results to the one-sided and two-sided multiple test-ing problem, in whih we derive several resampling-based step-down proeduresproviding a non-asymptoti FWER ontrol. We ompare our di�erent proe-dures in a simulation study, and we show that they an outperform Bonferroni'sor Holm's proedures as soon as the observed vetor has su�iently orrelatedoordinates.1Fraunhofer FIRST.IDA, Berlin, Germany.2INRA Jouy-en-Josas, unité MIG, Jouy-en-Josas, Frane



246 CHAPITRE 10. RESAMPLING-BASED CONFIDENCE REGIONS10.1. Introdution10.1.1. Goals and motivations. In this hapter, we assume that we observe a sample
Y := (Y1, . . . ,Yn) of n ≥ 2 i.i.d. observations of an integrable random vetor Yi ∈ R

K with adimension K possibly muh larger than n. Let µ ∈ R
K denote the ommon mean of the Yi ; ourmain goal is to �nd a non-asymptoti (1 − α)-on�dene region for µ , of the form:

{
x ∈ R

K s.t. φ
(
Y − x

)
≤ tα(Y)

}
, (10.1)where φ : R

K → R is a measurable funtion �xed in advane by the user (measuring a kindof distane), α ∈ (0, 1), tα :
(
R

K
)n → R is a measurable data-dependent threshold, and Y =

1
n

∑n
i=1 Yi is the empirial mean of the sample Y.The form of the on�dene region (10.1) is motivated by the following multiple testing problem:when we want to test simultaneously for all 1 ≤ k ≤ K the null hypotheses H0,k: � µk ≤ 0� against

H1,k: �µk > 0, a lassial proedure onsists in rejeting the H0,k orresponding to
{

1 ≤ k ≤ K s.t. Yk > tα(Y)
}
. (10.2)The error of suh a multiple testing proedure an be measured by the Family-Wise Error Rate(FWER) de�ned by the probability that at least one hypothesis is wrongly rejeted. Denotingby H0 = {k s.t. µk ≤ 0} the set of oordinates orresponding to the true null hypotheses, theFWER of the proedure de�ned in (10.2) an be ontrolled as follows:

P
(
∃k s.t. Yk > tα(Y) and µk ≤ 0

)
≤ P

(
∃k ∈ H0 s.t. Yk − µk > tα(Y)

)

= P

(
sup
k∈H0

{
Yk − µk

}
> tα(Y)

)
.Sine µk is unknown under H0,k, ontrolling the above probability by a level α is equivalent toestablish a (1−α)-on�dene region for µ of the form (10.1) with φ(x) = supk∈H0

(xk). Similarly,the same reasoning with φ = supH0
|·| in (10.1) allows us to test H0,k: �µk = 0� against H1,k:�µk 6= 0�, by hoosing the rejetion set {1 ≤ k ≤ K s.t.

∣∣Yk

∣∣ > tα(Y)
}.In our framework, we emphasize that:

• we aim at obtaining a non-asymptotial result valid for any �xed K and n, with Kpossibly muh larger than the number of observations n.
• we do not want to make any assumptions on the dependeny struture of the oordinatesof Yi (although we will onsider some general assumptions over the distribution of Y,for example that it is Gaussian).In the Gaussian ase, a traditional parametri method based on the diret estimation of theovariane matrix to derive a on�dene region would not be appropriate in the situation where

K ≫ n , unless the ovariane matrix is assumed to belong to some parametri model of lowerdimension, whih we expliitly don't want to postulate here. In this sense our approah is loserin spirit to non-parametri or semiparametri statistis.Our viewpoint is motivated by pratial appliations, espeially neuroimaging (Pantazis et al.[PNBL05℄, Darvas et al. [DRP+05℄, Jerbi et al. [JLN+07℄). In a typial magnetoenephalog-raphy (MEG) experiment, eah observation Yi is a two or three dimensional brain ativity map3of 15 000 points, or a time series of length T of suh data, 50 ≤ T ≤ 1 000. The dimensionality
K thus goes from 104 to 107. Suh observations are repeated n = 15 up to 4 000 times, butthis upper bound is very hard to attain (see Waberski et al. [WGK+03℄ for an experiment with3atually, Yi is the di�erene between brain ativities with and without some stimulation. Then, non-zero meansare loations at whih the stimulation has a signi�ant e�et.
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n ≥ 4 000). Typially, n ≤ 100 ≪ K. In suh data, there are strong dependenies betweenloations (the 15 000 points are obtained by pre-proessing data of 150 sensors) whih are highlyspatially non-uniform, as remarked by Pantazis et al. [PNBL05℄. Moreover, there may be distantorrelations, e.g. depending on neural onnetions inside the brain, so that we annot make useof a simple parametri model.Another �eld of appliations for this work is genomis, partiularly miroarray data analysis,where it is ommon to observe samples of limited size (e.g. less than 100) of a vetor in highdimension (e.g. more than 20 000, eah oordinate orresponding to a spei� gene), and where thedependeny struture an be quite arbitrary (Dudoit, Sha�er and Boldri [DSB03℄, Ge, Dudoitand Speed [GDS03℄).10.1.2. Two approahes to our goal. The ideal threshold tα in (10.1) is obviously the
1−α quantile of the distribution of φ (Y − µ

). However, this quantity depends on the unknowndependeny struture of the oordinates of Yi and is therefore itself unknown.We propose here to approah tα by some resampling sheme: the heuristis of the resamplingmethod (introdued by Efron [Efr79℄, generalized to exhangeable weighted bootstrap by Masonand Newton [MN92℄ and Præstgaard and Wellner [PW93℄) is that the distribution of Y − µ is�lose� to the one of
Y[W−W ] :=

1

n

n∑

i=1

(Wi −W )Yi =
1

n

n∑

i=1

Wi(Y
i − Y) =

(
Y − Y

)
[W ]

,onditionally to Y, where (Wi)1≤i≤n are real random variables independent of Y alled theresampling weights, and W = n−1
∑n

i=1Wi . We emphasize that the family (Wi)1≤i≤n itself neednot be independent.Following this general idea, we investigate two di�erent approahes to obtain non-asymptotion�dene regions:(1) �Conentration approah�: the expetations of φ (Y − µ
) and φ(Y[W−W ]

) an be pre-isely ompared, and the proesses φ (Y − µ
) and E

[
φ
(
Y[W−W ]

) ∣∣Y
] onentrate wellaround their expetations.(2) �Quantile approah�: the 1−α quantile of the distribution of φ(Y[W−W ]

) onditionallyto Y is lose to the one of φ (Y − µ
) .The �rst approah above is losely related to the notion of Rademaher omplexity in learningtheory, and our results in this diretion are heavily inspired by the work of Fromont [Fro04℄, whostudies general resampling shemes in a learning theoretial setting. It may also be seen to someextent as a generalization of ross-validation methods. For what onerns the seond approah, wewill restrit ourselves spei�ally to Rademaher weights in our analysis, beause we rely heavilyon a symmetrization priniple.10.1.3. Relation to previous work. Using resampling to onstrut on�dene regions (seee.g. Efron [Efr79℄, Hall [Hal92℄, Hall and Mammen [HM94℄) or multiple testing proedures (seee.g. Westfall and Young [WY93℄, Yekutieli and Benjamini [YB99℄, Pollard and van der Laan[PvdL03℄, Ge, Dudoit and Speed [GDS03℄, Romano and Wolf [RW07℄) is a vast �eld of studyin statistis. Roughly speaking, we an mainly distinguish between two main kinds of results:

• asymptoti results, whih are based on the fat that the bootstrap proess is asymptoti-ally lose to the original empirial proess (see van der Vaart and Wellner [vdVW96℄).
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• exat randomized tests (see e.g. Romano [Rom89, Rom90℄, Romano andWolf [RW05℄),whih are based on an invariane of the null distribution under a given transformation;the underlying idea an be traed bak to Fisher's permutation test (see Fisher [Fis35℄).Beause we fous on a non-asymptoti viewpoint, the asymptoti approah mentioned above isnot adapted to the goals we have �xed.Our �onentration approah� of the previous setion is not diretly related to either type of theabove previous results, but, as already pointed out earlier, is strongly inspired by results omingfrom learning theory. On the other hand, what we alled our �quantile approah� in the previoussetion is strongly related to exat randomization tests. Namely, we will only onsider symmetridistributions: this is a spei� instane of an invariane with respet to a transformation andwill allow us to make use of distribution-preserving randomization via sign-�ipping. The maindi�erene with traditional exat randomization tests is that, beause our �rst goal is to derivea on�dene region, the vetor of the means is unknown and therefore, so is the exat invarianttransformation. Our ontribution to this point is essentially to show that the true vetor of themeans an be replaed by the empirial one in the randomization, for the prie of additionalterms of smaller order in the threshold thus obtained. To our knowledge, this gives the �rst non-asymptoti approximation result on resampled quantiles with an unknown distribution mean.10.1.4. Notations. Let us now de�ne a few notations that will be useful throughout thishapter.
• A boldfae letter indiates a matrix. This will almost exlusively onern the K×n datamatrix Y . A supersript index suh as Yi indiates the i-th olumn of a matrix.
• If µ ∈ R

K , Y − µ is the matrix obtained by subtrating µ from eah (olumn) vetor of
Y. If c ∈ R and W ∈ R

n, W − c = (Wi − c)1≤i≤n ∈ R
n.

• If X is a random variable, D(X) is its distribution and var(X) is its variane.
• We denote by EW [ · ] , the expetation operator over the distribution of the weight vetor
W only, i.e., onditional to Y . We use a similar notation PW for the orrespondingprobability operator and EY ,PY for the same operations onditional to W . Sine Yand W are always assumed to be independent, the operators EW and EY ommute byFubini's theorem.

• The vetor σ = (σk)1≤k≤K is the vetor of the standard deviations of the data: ∀k, 1 ≤
k ≤ K, σk = var1/2(Y1

k).
• Φ is the standard Gaussian upper tail funtion: if X ∼ N (0, 1), ∀x ∈ R, Φ(x) = P(X ≥
x).Several properties may be assumed for the funtion φ : R

K → R:
• Subadditivity: ∀x, x′ ∈ R

K , φ (x+ x′ ) ≤ φ(x) + φ (x′ ).
• Positive-homogeneity: ∀x ∈ R

K , ∀λ ∈ R+, φ (λx) = λφ(x).
• Bounded by the p-norm, p ∈ [1,∞]: ∀x ∈ R

K , |φ (x)| ≤ ‖x‖p, where ‖x‖p is equal to
(
∑K

k=1 |xk|p)1/p if p <∞ and maxk{|xk|} otherwise.Finally, di�erent assumptions on the generating distribution of Y an be made:(GA) The Gaussian assumption: the Yi are Gaussian vetors.(SA) The symmetry assumption: the Yi are symmetri with respet to µ i.e. Yi−µ ∼ µ−Yi.(BA)(p,M) The bounded assumption: ∥∥Yi − µ
∥∥

p
≤M a.s.



10.2. CONFIDENCE REGION USING CONCENTRATION 249In this hapter, our primary fous is on the Gaussian framework (GA), beause we obtain moreaurate results under this assumption. In addition, we always assume that we know some upperbound on a p-norm of σ for some p > 0.The hapter is organized as follows. We �rst build on�dene regions with two di�erenttehniques: Set. 10.2 deals with the onentration method with general weights, and Set. 10.3with a quantile approah with Rademaher weights. We then fous on the multiple testing problemin Set. 10.4. Finally, we illustrate our results on both on�dene regions and multiple testingin Set. 10.5 by a simulation study. Set. 10.6 gives disussions and onluding remarks. All theproofs are given in Set. 10.7.10.2. Con�dene region using onentration10.2.1. Main result. We onsider in this hapter a general resampling weight vetor W ,that is, a R
n-valued random vetor W = (Wi)1≤i≤n independent of Y and satisfying the followingproperties: for all i ∈ {1, . . . , n} E

[
W 2

i

]
<∞ and n−1

∑n
i=1 E

∣∣Wi −W
∣∣ > 0. In this setion, wemainly onsider an exhangeable resampling weight vetor, that is, a resampling weight vetor Wsuh that (Wi)1≤i≤n has an exhangeable distribution (i.e. invariant under any permutation ofthe indies). Several examples of exhangeable resampling weight vetors are given in Set. 10.2.4,where we also takle the question of hoosing a resampling. Non-exhangeable weight vetors arestudied in Set. 10.2.5.Four onstants that depend only on the distribution of W appear in the results below (thefourth one is de�ned only for a partiular lass of weights). They are de�ned as follows andomputed for lassial resamplings in Tab. 10.1:

AW := E
∣∣W1 −W

∣∣ (10.3)
BW := E



(

1

n

n∑

i=1

(
Wi −W

)2
) 1

2


 (10.4)

CW :=

(
n

n− 1
E

[(
W1 −W

)2]
) 1

2 (10.5)
DW := a+ E

∣∣W − x0

∣∣ if ∀i, |Wi − x0| = a a.s. (with a > 0, x0 ∈ R) . (10.6)Note that these quantities are positive for an exhangeable resampling weight vetor W :
0 < AW ≤ BW ≤ CW

√
1 − 1/n.Moreover, if the weights are i.i.d., we have CW = var(W1)

1
2 . We an now state the main result ofthis setion:Theorem 10.1. Fix α ∈ (0, 1) and p ∈ [1,∞]. Let φ : R

K → R be any funtion subadditive,positive-homogeneous and bounded by the p-norm, and let W be an exhangeable resampling weightvetor.(1) If Y satis�es (GA), then
φ
(
Y − µ

)
<

EW

[
φ
(
Y[W−W ]

)]

BW
+ ‖σ‖p Φ

−1
(α/2)

[
CW

nBW
+

1√
n

] (10.7)holds with probability at least 1 − α. The same bound holds for the lower deviations, i.e.with inequality (10.7) reversed and the additive term replaed by its opposite.



250 CHAPITRE 10. RESAMPLING-BASED CONFIDENCE REGIONS(2) If Y satis�es (BA)(p,M) and (SA), then
φ
(
Y − µ

)
<

EW

[
φ
(
Y[W−W ]

)]

AW
+

2M√
n

√
log(1/α) (10.8)holds with probability at least 1 − α . If moreover the weights satisfy the assumption of(10.6), then

φ
(
Y − µ

)
>

EW

[
φ
(
Y[W−W ]

)]

DW
− M√

n

√
1 +

A2
W

D2
W

√
2 log(1/α) (10.9)holds with probability at least 1 − α .Inequalities (10.7), (10.8) and (10.9) give thresholds suh that the orresponding regions ofthe form (10.1) are on�dene regions of level at least 1 − α.In spei� situations, it an be the ase that an alternate analysis of the problem an leadto deriving a deterministi threshold tα suh that P(φ

(
Y − µ

)
> tα) ≤ α . In this ase, wewould ideally like to take the �best of two approahes� and onsider the minimum of tα andthe resampling-based thresholds onsidered above. In the Gaussian ase, the following orollaryestablishes that we an ombine the onentration threshold orresponding to (10.7) with tα toobtain a threshold that is very lose to the minimum of the two.Corollary 10.1. Fix α, δ ∈ (0, 1), p ∈ [1,∞] and take φ andW as in Theorem 10.1. Supposethat Y satis�es (GA) and that tα(1−δ) is a real number suh that P

(
φ
(
Y − µ

)
> tα(1−δ)

)
≤

α(1 − δ). Then with probability at least 1 − α, φ (Y − µ
) is upper bounded by the minimumbetween tα(1−δ) and

EW

[
φ
(
Y[W−W ]

)]

BW
+

‖σ‖p√
n

Φ
−1
(
α(1 − δ)

2

)
+

‖σ‖pCW

nBW
Φ
−1
(
αδ

2

)
. (10.10)Remark 10.1. (1) Cor. 10.1 is more preisely a onsequene of Prop. 10.4 (ii).(2) The important point to notie in Corollary 10.1 is that, sine the last term of (10.10)beomes negligible with respet to the rest when n grows large, we an hoose δ to bequite small (for instane δ = 1/n), and obtain a threshold very lose to the minimumbetween tα and the threshold orresponding to (10.7). Therefore, this result is moresubtle than just onsidering the minimum of two testing thresholds eah taken at level

1 − α
2 , as would be obtained by a diret union bound.(3) For instane, if φ = sup(·) (resp. sup |·|), Cor. 10.1 may be applied with tα equal to thelassial Bonferroni threshold (obtained using a simple union bound over oordinates)

tBonf,α :=
1√
n
‖σ‖∞ Φ

−1
( α
K

)(resp. t′Bonf,α :=
1√
n
‖σ‖∞ Φ

−1
( α

2K

))
.We thus obtain a on�dene region almost equal to Bonferroni's for small orrelationsand better than Bonferroni's for strong orrelations (see simulations in Set. 10.5).The proof of Thm. 10.1 involves results whih are of self interest: the omparison between theexpetations of the two proesses EW

[
φ
(
Y[W−W ]

)] and φ (Y − µ
) and the onentration ofthese proesses around their means. This is examinated in the two following subsetions. Then,we give some elements for a wise hoie of resampling weight vetors among several lassialexamples. The last subsetion takles the pratial issue of omputation time, and proposes twoways of solving it.



10.2. CONFIDENCE REGION USING CONCENTRATION 25110.2.2. Comparison in expetation. In this setion, we ompare E

[
φ
(
Y[W−W ]

)] and
E
[
φ
(
Y − µ

)]. We note that these expetations exist in the Gaussian and the bounded aseprovided that φ is measurable and bounded by a p-norm. Otherwise, in partiular in Prop. 10.2and 10.3, we assume that these expetations exist. In the Gaussian ase, these quantities areequal up to a fator that depends only on the distribution of W :Proposition 10.2. Let Y be a sample satisfying (GA) and W a resampling weight vetor.Then, for any measurable positive-homogeneous funtion φ : R
K → R, we have the followingequality:

BW E
[
φ
(
Y − µ

)]
= E

[
φ
(
Y[W−W ]

)]
. (10.11)Remark 10.2. (1) In general, we an ompute the value of BW by simulation. For somelassial weights, we give bounds or exat expressions (see Tab. 10.1 and Set. 10.7.4).(2) In a non-Gaussian framework, the onstant BW is still relevant, at least asymptotially:in their Thm. 3.6.13, van der Vaart and Wellner [vdVW96℄ use the limit of BW when

n goes to in�nity as a normalizing onstant.(3) If the weights satisfy ∑n
i=1(Wi −W )2 = n a.s., then (10.11) holds for any funtion φ(and BW = 1).When the sample is only symmetri we obtain the following inequalities:Proposition 10.3. Let Y be a sample satisfying (SA), W an exhangeable resampling weightvetor and φ : R

K → R any subadditive, positive-homogeneous funtion.(i) We have the general following lower bound:
AW E

[
φ
(
Y − µ

)]
≤ E

[
φ
(
Y[W−W ]

)]
. (10.12)(ii) Moreover, if the weights satisfy the assumption of (10.6), we have the following upperbound

DW E
[
φ
(
Y − µ

)]
≥ E

[
φ
(
Y[W−W ]

)]
. (10.13)Remark 10.3. (1) The bounds (10.12) and (10.13) are tight for Rademaher and Ran-dom hold-out (n/2) weights, but far less optimal in some other ases like Leave-one-out(see Set. 10.2.4 for details).(2) When Y is not assumed to be symmetri and W = 1 a.s., Prop. 2 of Fromont [Fro07℄shows that (10.12) holds with E(W1 −W )+ instead of AW . Therefore, the symmetryof the sample allows us to get a tighter result (for instane twie sharper with Efronor Random hold-out (q) weights). Aording to Chap. 9 (in partiular Prop. 9.2, 9.3and 9.4), (10.12) does not hold in general. However, we onjeture that (10.12) ould begeneralized (up to some small additional term) when Y is not �too asymmetri�.10.2.3. Conentration around the expetation. In this setion we present onentrationresults for the two proesses φ (Y − µ

) and EW

[
φ
(
Y[W−W ]

)] in the Gaussian framework.Proposition 10.4. Let p ∈ [1,+∞], Y a sample satisfying (GA) and φ : R
K → R be anysubadditive funtion, bounded by the p-norm.(i) For all α ∈ (0, 1), with probability at least 1 − α the following holds:

φ
(
Y − µ

)
< E

[
φ
(
Y − µ

)]
+

‖σ‖p Φ
−1

(α/2)
√
n

, (10.14)and the same bound holds for the orresponding lower deviations.
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(
1 − 1

n

)n
= AW ≤ BW ≤

√
n−1

n CW = 1Efr., n→ +∞ 2
e = AW ≤ BW ≤ 1 = CWRademaher 1 − 1√

n
≤ AW ≤ BW ≤

√
1 − 1

n CW = 1 ≤ DW ≤ 1 + 1√
nRad., n→ +∞ AW = BW = CW = DW = 1R. h.-o. (q) AW = 2

(
1 − q

n

)
BW =

√
n
q − 1

CW =
√

n
n−1

√
n
q − 1 DW = n

2q +
∣∣∣1 − n

2q

∣∣∣R. h.-o. (n/2) (2|n) AW = BW = DW = 1 CW =
√

n
n−1Leave-one-out 2

n = AW ≤ BW = 1√
n−1

CW =
√

n
n−1 DW = 1Table 10.1. Resampling onstants for lassial resampling weight vetor.(ii) Let W be some exhangeable resampling weight vetor. Then, for all α ∈ (0, 1), withprobability at least 1 − α the following holds:

EW

[
φ
(
Y[W−W ]

)]
< E

[
φ
(
Y[W−W ]

)]
+

‖σ‖pCW Φ
−1

(α/2)

n
, (10.15)and the same bound holds for the orresponding lower deviations.The bound (10.14) with a remainder in n−1/2 is lassial. The last one (10.15) is muh moreinteresting sine it it illustrates one of the key properties of resampling: the �stabilization e�et�.Indeed, the resampling quantity EW

[
φ
(
Y[W−W ]

)] onentrates around its expetation at therate CWn−1 = o
(
n−1/2

) for most of the weights (see Set. 10.2.4 and Tab. 10.1 for more details).Thus, ompared to the original proess, it is almost deterministi and equal to BW E
[
φ
(
Y − µ

)].In an asymptoti viewpoint, this may be understood through Edgeworth expansions. Indeed, it iswell-known (see for instane Hall [Hal92℄) that when φ is smooth enough, the �rst non-zero termin the Edgeworth expansion of EW

[
φ
(
Y[W−W ]

)]
− Eφ

(
Y[W−W ]

) is at least of order n−1.Remark 10.4. Combining expression (10.11) and Prop. 10.4 (ii), we derive that for a Gaussiansample Y and any p ∈ [1,∞], the following upper bound holds with probability at least 1 − α:
E
∥∥Y − µ

∥∥
p
<

EW

[∥∥∥Y[W−W ]

∥∥∥
p

]

BW
+

‖σ‖pCW

nBW
Φ
−1

(α/2) , (10.16)and a similar lower bound holds. This gives a ontrol with high probability of the Lp-risk of theestimator Y of the mean µ ∈ R
K at the rate CWB−1

W n−1.10.2.4. Resampling weight vetors. In this setion, we onsider the question of hoosingsome appropriate exhangeable resampling weight vetor W when using Thm. 10.1 or Cor. 10.1.We de�ne the following lassial weights:(1) Rademaher: Wi i.i.d. Rademaher variables, i.e. Wi ∈ {−1, 1} with equal probabili-ties.(2) Efron: W has a multinomial distribution with parameters (n;n−1, . . . , n−1).(3) Random hold-out (q) (R. h.-o.), q ∈ {1, . . . , n}: Wi = n
q 1i∈I , where I is uniformlydistributed on subsets of {1, . . . , n} of ardinality q. These weights may also be alledross validation weights, or leave-(n−q)-out weights. A lassial hoie is q = n/2 (when

2|n). When q = n− 1, these weights are alled leave-one-out weights.For these lassial weights, exat or approximate values for the quantities AW , BW , CW and
DW (de�ned by equations (10.3) to (10.6)) an be easily derived (see Tab. 10.1). Proofs are given
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W (auray) Card (suppL(W )) (omplexity)Efron ≤ 1

2

(
1 − 1

n

)−n −−−→
n→∞

e
2

(2n−1
n−1

)
∝ n−

1
2 4nRademaher ≤

(
1 − n−1/2

)−1 −−−→
n→∞

1 2nR. h.-o. (n/2) =
√

n
n−1 −−−→

n→∞
1

( n
n/2

)
∝ n−1/22nLeave-one-out =

√
n

n−1 −−−→
n→∞

1 nTable 10.2. Choie of the resampling weight vetors: auray-omplexity tradeo�.in Set. 10.1, where several other weights are onsidered. Now, to use Thm. 10.1 or Cor. 10.1,we have to hoose a partiular resampling weight vetor. In the Gaussian ase, we propose thefollowing auray and omplexity riteria:
• �rst, relation (10.7) suggests that the quantity CWB−1

W an be proposed as auray indexfor W . Namely, this index enters diretly in the deviation term of the orrespondingupper bound and the smaller the index is, the sharper the bound.
• seond, an upper bound on the omputational burden to ompute exatly the resamplingquantity is given by the ardinality of the support of D(W ), thus providing a omplexityindex.These two riteria are estimated in Tab. 10.2 for lassial weights. For any exhangeable weightvetor W , we have CWB−1

W ≥ [n/(n− 1)]1/2 and the ardinality of the support of D(W ) is greaterthan n. Therefore, the leave-one-out weights satisfy the best auray-omplexity trade-o� amongexhangeable weights.Remark 10.5 (Link to leave-one-out predition risk estimation). Consider using Y for pre-diting a new data point Yn+1 ∼ Y1 (independent of Y = (Y 1, . . . , Y n)). The orresponding
Lp-predition risk is given by E

∥∥Y − Yn+1
∥∥

p
. For Gaussian variables, this predition risk isproportional to the Lp-risk: E

∥∥Y − µ
∥∥

p
= (n+ 1)

1
2 E
∥∥Y − Yn+1

∥∥
p
, so that the estimator of the

Lp-risk proposed in Remark 10.4 leads to an estimator of the predition risk. In partiular, usingleave-one-out weights and denoting by Y
(−i) the mean of the (Yj, j 6= i, 1 ≤ j ≤ n) , we havethen established that the leave-one-out estimator

1

n

n∑

i=1

∥∥∥Y(−i) − Yi
∥∥∥

porretly estimates the predition risk (up to the fator (1 − 1/n2)
1
2 ∼ 1).10.2.5. Pratial omputation of the thresholds. In pratie, the exat omputation ofthe resampling quantity EW

[
φ
(
Y[W−W ]

)] an still be too omplex for the weights de�ne above.To address this issue, we onsider here two possible ways: �rst, we an use non-exhangeableweights with a lower omplexity index and for whih the exat omputation is tratable. Alter-natively, we propose to use a Monte-Carlo approximation, as is often done in pratie to omputeresampled quantities. In both ases, the thresholds have to be made slightly larger in order tokeep the level larger than 1 − α. This is detailed in the two paragraphs below.
V -fold ross-validation weights. In order to redue the omputation omplexity, we an use�pieewise exhangeable� weights instead: onsider a regular partition (Bj)1≤j≤V of {1, . . . , n}(where V ∈ {2, . . . , n} and V |n), and de�ne the weights Wi = V

V −11i/∈BJ
with J uniformlydistributed on {1, . . . , V }. These weights are alled the (regular) V -fold ross validationweights (VFCV).



254 CHAPITRE 10. RESAMPLING-BASED CONFIDENCE REGIONSApplying our results to the proess (Ỹj)1≤j≤K where Ỹj = V
n

∑
i∈Bj

Yi is the empirial meanof Y on blok Bj, we an show that Thm. 10.1 an be extended to (regular) V -fold ross validationweights with the following resampling onstants 4:
AW =

2

V
BW =

1√
V − 1

CW =

√
n

V − 1
DW = 1 .With VFCV weights, the omplexity index is only V , but we loose a fator [(n−1)/(V −1)]1/2in the auray index. The most aurate weights are leave-one-out ones (V = n), whereas the

2-fold ones are the best from the omputational viewpoint. The hoie of V thus relies on thebalane between those two terms and depends on the partiular features of eah problem.More general non-exhangeable weights are studied in Set. 10.7.5. In this setion, we fousedon regular V -fold ross-validation weights beause of they are both simple and e�ient.Monte-Carlo approximation. When we use a Monte-Carlo approximation to evaluate
EW

[
φ
(
Y[W−W ]

)]
,we draw randomly a small number B of i.i.d. weight vetors W 1, . . . ,WB and ompute

1

B

B∑

k=1

φ

(
Yh

W k−W k
i) .This method is quite standard in the bootstrap literature and an be improved in several ways(see for instane [Hal92℄, appendix II). In Prop. 10.5 below, we propose an expliit orretion ofthe onentration thresholds that takes into aount B <∞ for bounded weights.Proposition 10.5. Let B ≥ 1 and W 1, . . . ,WB be i.i.d. exhangeable resampling weightvetors suh that W 1

1 −W 1 ∈ [a; b] a.s. Let p ∈ [1,+∞], φ : R
K → R be any subadditive funtion,bounded by the p-norm.If Y is a �xed sample and for every k ∈ {1, . . . ,K }, Mk is a median of (Yi

k

)
1≤i≤n

, then,for every β ∈ (0; 1),
1

B

B∑

k=1

φ

(
Yh

W k−W k
i) ≥ EW

[
φ
(
Y[W−W ]

)]

− b− a

n

√
ln(β−1)

2B

∥∥∥∥∥

(
n∑

i=1

∣∣Yi
k −Mk

∣∣
)

k

∥∥∥∥∥
p

(10.17)holds with probability at least 1 − β.If Y is generated aording to a distribution satisfying (GA), then, for every β ∈ (0; 1) andany deterministi ν ∈ R
K ,

∥∥∥∥∥

(
n∑

i=1

∣∣Yi
k −Mk

∣∣
)

k

∥∥∥∥∥
p

≤ E

∥∥∥∥∥

(
n∑

i=1

∣∣Yi
k − νk

∣∣
)

k

∥∥∥∥∥
p

+ ‖σ‖p Φ
−1

(β/2)
√
n (10.18)holds with probability at least 1 − β.For instane, with Rademaher weights, we an use (10.17) with b − a = 2 and β = δα(δ ∈ (0, 1)). Then, in the thresholds built upon Thm. 10.1 and Cor. 10.1, one an replae

EW

[
φ
(
Y[W−W ]

)] by its Monte-Carlo approximation at the prie of hanging α into (1 − δ)α,4When V does not divide n and the bloks are no longer regular, Thm. 10.1 an also be generalized, but theonstants have more omplex expressions. See Set. 10.7.5.
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2

BWn

√
ln(1/(δα))

2B

∥∥∥∥∥

(
n∑

i=1

∣∣Yi
k −Mk

∣∣
)

k

∥∥∥∥∥
p

(10.19)to the threshold.Note that (10.17) holds onditionally to the observed sample (hene independently from theunknown law of Y), so that B an be hosen in funtion of Y in (10.19). Therefore, we an hoose
B with the following strategy: �rst, ompute a rough estimate test,α of the �nal threshold (e.g. if
φ = ‖·‖∞ and Y is gaussian, take the Bonferroni threshold ‖σ‖∞ n−1/2Φ

−1
(α/(2K)) or the singletest threshold ‖σ‖∞ n−1/2Φ

−1
(α/2)). Seond, hoose B suh that (10.19) is muh smaller than

test,α.Remark 10.6. In the Gaussian ase, (10.18) gives a theoretial upper bound on the additiveterm (if one an bound the expetation term). This is only useful to ensure that the orretion(10.19) is negligible for reasonable values of B.10.3. Con�dene region using resampled quantilesIn this setion, we onsider a di�erent approah to onstrut on�dene regions, diretly basedon the estimation of the quantile via resampling. Remember that our setting is non-asymptoti,so that the standard asymptoti approahes annot be applied here. For this reason, we basedour approah on ideas oming from exat randomized tests and onsider here the ase where Y1has a symmetri distribution and where W is an i.i.d Rademaher weight vetor, that is, Wi i.i.d.with W1 ∈ {−1, 1} with equal probabilities.10.3.1. Main result. The idea here is to approximate the quantiles of the distribution
D
(
φ
(
Y − µ

)) by the quantiles of the orresponding resampling-based distribution:
D
(
φ
(
Y[W−W ]

) ∣∣∣ Y
)
. (10.20)For this, we take advantage of the symmetry of eah Yi around its mean. Let us de�ne for afuntion φ the resampled empirial quantile by:

qα(φ,Y) := inf
{
x ∈ R s.t. PW

[
φ(Y[W ]) > x

]
≤ α

}
.The following lemma, lose in spirit to exat test results, easily derives from the �symmetrizationtrik�, i.e. from taking advantage of the distribution invariane of the data via sign-�ipping.Lemma 10.6. Let Y be a data sample satisfying assumption (SA). Then the following holds:

P
[
φ(Y − µ) > qα (φ,Y − µ)

]
≤ α. (10.21)Of ourse, sine qα (φ,Y − µ) still depends on the unknown µ, we annot use this thresholdto get a on�dene region of the form (10.1). Therefore, following the general philosophy ofresampling, we propose to replae µ by Y in qα (φ,Y − µ). The main tehnial result of thissetion quanti�es the prie to pay to perform this operation:Theorem 10.2. Fix δ, α0 ∈ (0, 1). Let Y be a data sample satisfying assumption (SA).Let f :

(
R

K
)n → [0,∞) be a nonnegative measurable funtion on the set of the data sample.Let φ : R

K → R be a nonnegative, subadditive, positive-homogeneous funtion. Denote φ̃(x) =

max (φ(x), φ(−x) ) . The following holds:
P
[
φ(Y − µ) > qα0(1−δ)

(
φ,Y − Y

)
+ γ1(α0δ)f(Y)

]
≤ α0 + P

[
φ̃(Y − µ) > f(Y)

]
, (10.22)
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γ1(η) =

2B
(
n, η

2

)
− n

nand
B(n, η) = max

{
k ∈ {0, . . . , n}

∣∣∣∣2
−n

n∑

i=k

(
n

i

)
≥ η

}
,is the upper quantile funtion of a Binomial (n, 1

2) variable.Remark 10.7. Note that from Hoe�ding's inequality, we have
n

2B
(
n, αδ

2

)
− n

≥
(

n

2 ln
(

2
αδ

)
)1/2

.We an use this in (10.22) to derive a more expliit (but slightly less aurate) inequality.By iteration of Thm. 10.2 we obtain the following orollary:Corollary 10.7. Fix J a positive integer, (αi)i=0,...,J−1 a �nite sequene in (0, 1) and β, δ ∈
(0, 1) . Let Y be a data sample satisfying assumption (SA). Let φ : R

K → R be a nonnegative,subadditive, positive-homogeneous funtion and f :
(
R

K
)n → [0,∞) be a nonnegative funtion onthe set of data samples. Then the following holds:

P

[
φ(Y − µ) > q(1−δ)α0

(φ,Y −Y) +

J−1∑

i=1

γiq(1−δ)αi
(φ̃,Y − Y) + γJf(Y)

]

≤
J−1∑

i=0

αi + P

[
φ̃(Y − µ) > f(Y)

]
, (10.23)where, for k ≥ 1, γk = n−k

k−1∏

i=0

(
2B
(
n,
αiδ

2

)
− n

)
.The rationale behind this result is that the sum appearing inside the probability in (10.23)should be interpreted as a series of orretive terms of dereasing order of magnitude, sine weexpet the sequene γk to be sharply dereasing. Looking at Hoe�ding's bound, this will be thease if the levels are suh that αi ≫ exp(−n) .Looking at (10.23), we still have to deal with the trailing term on the right-hand-side toobtain a useful result. We did not sueed in obtaining a self-ontained result based on thesymmetry assumption (SA) alone. However, to upper-bound the trailing term, we an assumesome additional regularity assumption on the distribution of the data. For example, if the dataare Gaussian or bounded, we an apply the results of the previous setion (or apply some otherdevie like Bonferroni's bound (10.11)). Expliit formulas for the resulting thresholds are givenin Set. 10.4 and 10.5 (with J = 1). We want to emphasize that the bound used in this last stepdoes not have to be partiularly sharp: sine we expet (in favorable ases) γJ to be very small,the trailing probability term on the right-hand side as well as the ontribution of γJf(Y) to theleft-hand side should be very minor. Therefore, even a oarse bound on this last term shouldsu�e.10.3.2. Pratial omputation of the resampled quantile. Sine the above results useRademaher weight vetors, the exat omputation of the quantile qα requires in priniple 2niterations and thus is too omplex as n beomes large. Therefore, it might be relevant to onsidera blok-wise Rademaher resampling sheme. For this, let (Bj)1≤j≤V be a regular partition of
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{1, . . . , n} and for all i ∈ Bj, Wi = WB

j , where (WB
j )1≤j≤V are i.i.d. Rademaher. This isequivalent to applying the previous method to the blok-averaged sample (Ỹ1, . . . , ỸV ) , where Ỹjis the average of the (Yi)i∈Bj . Beause the Ỹj are i.i.d. variables, all of the previous results arryover when replaing n by V . However, this results in a loss of auray in Theorem 10.2 (andthen in Corollary 10.7).Another way to address this omputation omplexity issue is to onsider Monte-Carlo quantileapproximation: let W denote a n × B matrix of i.i.d. Rademaher weights (independent of allother variables), and de�ne

q̃α(φ,Y,W) = inf



x ∈ R s.t.

1

B

B∑

j=1

1
φ
�
Y[Wj ]

�
≥x

≤ α



 ,that is, q̃α is de�ned just as qα exept that the true distribution PW of the Rademaher weightvetor is replaed by the empirial distribution onstruted from the olumns of W , P̃W =

B−1
∑B

j=1 δWj . The following result then holds:Proposition 10.8. Consider the same onditions as in Thm. 10.2 exept the funtion f annow be a funtion of both Y and W. We have:
P
[
φ(Y − µ) > q̃α0(1−δ)

(
φ,Y − Y,W

)
+ γ(W, α0δ)f(Y,W)

]

≤ α̃0 + P

[
φ̃(Y − µ) > f(Y,W)

]
,where α̃0 = ⌊Bα0⌋+1

B+1 ≤ α0 + 1
B+1 and

γ(W, η) := max



y ≥ 0 s.t.

1

B

B∑

j=1

1|W j|≥y
≥ η



 .is the (1 − η)-quantile of ∣∣W ∣∣ under the empirial distribution P̃W .Note that for pratial purposes, we an hoose f(W,Y) to depend on Y only and useanother type of bound to ontrol the last term on the right-hand side, see disussion in theprevious setion. The above result tells us that if we replae in Theorem 10.2 the true quantileby an empirial quantile based on B i.i.d. weight vetors, and the fator γ1 is similarly replaedby an empirial quantile of |W |, then we lose at most (B + 1)−1 in the orresponding overingprobability. Furthermore, it an be seen easily that if α0 is taken to be a positive multiple of

(B + 1)−1 , then there is no loss in the �nal overing probability (i.e. α̃0 = α0 ).10.4. Appliation to multiple testingIn this setion, we desribe how the results of Set. 10.2 and 10.3 an be used to derive multipletesting proedures. We fous on the two following multiple testing problems:
• One-sided problem: test simultaneously the null hypothesesH0,k : �µk ≤ 0� against H1,k :�µk > 0�, 1 ≤ k ≤ K

• Two-sided problem: test simultaneously the null hypotheses H0,k : �µk = 0� against
H1,k : �µk 6= 0�, 1 ≤ k ≤ K.In this ontext, we preise the link between on�dene regions and multiple testing, and explainhow to improve our resampling-based thresholds. We �rst introdue a few more notations:
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• H := {1, . . . ,K }, H0 := {1 ≤ k ≤ K s.t. H0,k is true} and Hc

0 its omplementary in H.Note that H0 is ourse unknown sine the goal of multiple testing is in fat preisely toestimate this set.
• For any x ∈ R, the braket [x ] denotes either x in the one-sided ontext or |x| in thetwo-sided ontext.
• Reordering the oordinates of Y

[
Yσ(1)

]
≥
[
Yσ(2)

]
≥ · · · ≥

[
Yσ(K)

]with a permutation σ ofH, we de�ne for every i ∈ {1, . . . ,K }, Ci (Y ) := {σ(j) s.t. j ≥ i}the set whih ontains the K − i+ 1 smaller oordinates of Y. In partiular, C1 = H.
• For any C ⊂ {1, . . . ,K },

T (C) := sup
k∈C

[
Yk − µk

]
T ′(C) := sup

k∈C

[
Yk

]We remark that T (H) ≥ T (H0) ≥ T ′(H0) in general and T (H0) = T ′(H0) in the two-sided ontext.10.4.1. Multiple testing and onnetion with on�dene regions. A multiple testingproedure is a (measurable) funtion of Y,
R (Y ) ⊂ H ,that rejets the null hypotheses H0,k with k ∈ R(Y). For suh a multiple testing proedure

R, a type I error arises as soon as R rejets at least one hypothesis whih is in fat true. Thefamily-wise error rate of R is then the probability that at least one type I error ours:
FWER(R) := P (R (Y ) ∩H0 6= ∅) .Given a level α ∈ (0, 1), our goal is then to build a multiple testing proedure R with

FWER(R) ≤ α. (10.24)Of ourse, hoosing the proedure R = ∅ (i.e. the proedure whih rejets no null hypothesis),satis�es trivially the problem. Therefore, provided that (10.24) holds, we want the average numberof rejeted false null hypotheses, that is
E [R (Y ) ∩Hc

0 ] , (10.25)to be as large as possible.A ommon way to build a multiple testing proedure is to rejet the null hypotheses H0,korresponding to
R (Y ) =

{
1 ≤ k ≤ K s.t.

[
Yk

]
> t
}
, (10.26)where t is a (possibly data-dependent) threshold. From now on, we will restrit our attention tomultiple testing proedures of the previous form. In this ase, the deterministi threshold thatmaximises (10.25) provided that (10.24) holds is obviously the 1 − α quantile of the distributionof T ′(H0). However, the latter quantile annot be diretly aessed, beause it depends both onthe unknown dependeny struture between the oordinates of Yi and on the unknown set H0.The aim of the following setions (10.4.2, 10.4.3, 10.4.4) will be to approah this quantity.This should be ompared to the on�dene region ontext, where the smallest deterministithreshold for whih (10.1) holds with φ = sup [ · ] is the (1 − α) quantile of the distribution of

T (H). Sine T (H) ≥ T ′(H0), we observe following:



10.4. APPLICATION TO MULTIPLE TESTING 259(1) The thresholds that give on�dene regions of the form (10.1) with φ = sup [ · ] alsogive multiple testing proedures with a FWER smaller than α (following the thresh-olding proedure (10.26)). Therefore, we an diretly derived from Set. 10.2 and 10.3resampling-based multiple testing proedures that ontrol the FWER.(2) One might expet to be able to �nd better (i.e. smaller) thresholds in the multiple testingframework than in the on�dene region framework. Therefore, when Hc
0 is �large�, T (H)is �signi�antly larger� than T ′(H0) and then proedures based on upper bounding T (H)are onservative. A method ommonly used to address this issue is to onsider step-downproedures. This is examinated in the following setion.10.4.2. Bakground on step-down proedures. We review in this setion known fatson step-down proedure (see Romano and Wolf [RW05℄). We onsider here thresholds t of thefollowing general form:

t : C ⊂ H 7→ t(C) ∈ R .We all suh a threshold a subset-based threshold sine it gives a value to eah subset of H. Asubset-based threshold is said to be non-dereasing if for all subsets C and C′, we have
C ⊂ C′ ⇒ t(C) ≤ t(C′) .In our setting, a non-dereasing subset-based threshold is easily obtained by taking a supre-mum over a subset C of oordinates. In partiular, the thresholds derived from Set. 10.2(resp. Set. 10.3) de�ne non-dereasing subset-based thresholds, by taking φ = supC [ · ] (resp.

φ = 0 ∨ supC [ · ]).Definition 10.1 (Step-down proedure with subset-based threshold). Let t be a non-dereasingsubset-based threshold and note for all i, ti = t(Ci). The step-down proedure with threshold trejets {
1 ≤ k ≤ K s.t.

[
Yk

]
≥ tℓ̂

}where ℓ̂ = max
{

1 ≤ i ≤ K s.t. ∀j ≤ i,
[
Yσ(j)

]
≥ tj

} when the latter maximum exists, and theproedure rejets no null hypothesis otherwise.A step-down proedure of the above form an be omputed using the following iterativealgorithm:Algorithm 10.1.(1) Init: de�ne R0 := ∅, E0 := H.(2) Iteration i ≥ 1: put Ei := Ei−1\Ri−1 and Ri =
{
k ∈ Ei s.t.

[
Yk

]
≥ t(Ei)

}.If Ri = ∅, stop and rejet the null hypotheses orresponding to:
R (Y ) := {σ(k) s.t. k ∈ ∪j≤i−1Rj } .Otherwise, go to iteration i+ 1.We reall here Thm. 1 of Romano and Wolf [RW05℄, adapted to our setting:Theorem 10.3 (Romano and Wolf, 2005). Let t be a non-dereasing subset-based threshold.Then the step-down proedure R of threshold t satis�es,

FWER(R) ≤ P(T (H0) ≥ t(H0)). (10.27)As a onsequene, Algorithm 10.1 with any threshold derived from Set. 10.2 (resp. Set. 10.3)with φ = supH0
[ · ] (resp. φ = 0∨ supH0

[ · ]) gives a multiple testing proedure with ontrol of theFWER. We detail this in the following setion.



260 CHAPITRE 10. RESAMPLING-BASED CONFIDENCE REGIONS10.4.3. Using our on�dene regions to build step-down proedures. Using Thm. 10.3and Cor. 10.1 (wherein we use the Bonferroni threshold), we derive:Corollary 10.9. Fix α, δ ∈ (0, 1). Let W be an exhangeable resampling weight vetor andsuppose that Y satis�es (GA). Then, in the one-sided ontext, the step-down proedure with thefollowing subset-based threshold ontrols the FWER at level α:
C 7→ min


 ‖σ‖∞√

n
Φ
−1
(
α(1 − δ)

Card(C)

)
,
EW

[
supk∈C

{(
Y[W−W ]

)
k

}]

BW
+ ε(α, δ, n)


where ε(α, δ, n) =

‖σ‖∞√
n

Φ
−1
(

α(1−δ)
2

)
+

‖σ‖∞CW

nBW
Φ
−1 ( αδ

2

).Using Thm. 10.3 and 10.2 (with α0 = α(1 − γ) and f equal to the Bonferroni threshold atlevel αγ/2), we derive:Corollary 10.10. Fix α, γ, δ ∈ (0, 1). Let W be a Rademaher weight vetor and supposethat Y satis�es (GA). Then, in the one-sided ontext, the step-down proedure with the followingsubset-based threshold ontrols the FWER at level α:
C 7→ qα(1−δ)(1−γ)

(
0 ∨ sup

C
(·),Y − Y

)
+ ε′(α, δ, γ, n,Card(C))where ε′(α, δ, γ, n, k) = 2B(n,α(1−γ)δ/2 )−n

n
‖σ‖∞√

n
Φ
−1 ( αγ

2k

).Of ourse, analogues of Cor. 10.9 and 10.10 an also be derived for the two-sided problem.Remark 10.8. (1) Note that the above (data-dependent) subset-based thresholds aretranslation-invariant beause Y − Y is. Therefore, large values of non-zero means µkwill not enlarge these thresholds.(2) Both subset-based thresholds of Cor. 10.9 and 10.10 are built in order to improve �Bon-ferroni's subset-based threshold�
C 7→ ‖σ‖∞√

n
Φ
−1
(

α

Card(C)

)
.Therefore, the orresponding step-down proedures are expeted to perform better thanHolm's proedure (i.e. the step-down version of Bonferroni's proedure, see [Hol79℄).10.4.4. Unentered quantile approah for two-sided testing. We now fous spei�allyon the two-sided multiple testing problem. A fundamental onsequene of Thm. 10.3 is that onlya weak ontrol (i.e., when C = H0) of T ′(C) = supk∈C

∣∣Yk

∣∣ is needed to obtain a step-downproedure with a strong ontrol (i.e., for arbitrary mean µ ∈ R
K) of the FWER. In this situation,the main problem dealt with in Set. 10.3 disappears: namely, under the hypothesis that H0 = C ,by de�nition all the oordinates ontributing to the supremum in T ′(C) are assumed to have zeromean, and therefore, following the reasoning in Lemma 10.6, a diret exat quantile approah ispossible.Corollary 10.11. Let W be a Rademaher weight vetor and suppose that Y satis�es (SA).Then for two-sided testing, the step down proedure with the subset-based threshold

C 7→ qα

(
sup
C

| · |,Y
)ontrols the FWER at level α.Note the di�erenes of this result with our main approah (i.e., the analogue of Cor. 10.10 inthe two-sided setting):
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• there is no additional trailing term ε′ and no �shrinking� in the level of the omputedempirial quantile.
• the data is not reentered around the empirial expetation to ompute the quantile.In the following, we will all the threshold qα (supC | · |,Y ) the �unentered quantile�, while thethreshold built using our main approah (inluding the additional term) will be alled �reenteredquantile threshold� for brevity.To understand the pratial onsequenes of these di�erenes, let us onsider an informal andqualitative argumentation.
• if C = H0 , then the empirial mean Y should be lose to 0. Hene, if we assume thatreplaing Y by 0 does not hange the entered quantile signi�antly, we onlude that theunentered quantile threshold will be smaller (hene better) than the reentered quantilethreshold, sine the latter has the same form but at a slightly shrunk level and has anadditional term ε′ . In this situation the unentered quantile will atually ahieve theexat level (up to 2−n) .
• if on the other hand there are some oordinates with a large non-zero mean in the set C(by whih we mean having a large signal-to-noise (SNR) ratio), then these oordinateswill on average have a large absolute value and hene make the unentered quantilesigni�antly larger; in this ase the signal will ontribute to the unentered quantile morethan the noise. By ontrast, and as remarked earlier, the reentered quantile threshold istranslation invariant and thus not a�eted by the relative strength of the signal. Hene,in this situation, it is likely that the reentered quantile threshold will be smaller.While the seond situation above appears to be detrimental to the unentered quantile, thisdisadvantage will in some sense be �automatially orreted� by the step-down proedure. Namely,if some oordinates have a large SNR, they will ertainly ontribute signi�antly to the unenteredquantile threshold at the �rst step of the step-down proedure; however even if this threshold isrelatively large, it will still allow to eliminate at the �rst step preisely those oordinates havinga very large mean. This will result in an important improvement of the threshold at the seonditeration, and so on, until all oordinates with a large SNR have been weeded out, so that in theend we atually end up very lose to the situation desribed in the �rst point.Hene, the onlusion from this qualitative disussion is that, in a situation where some of theoordinates have a large SNR, we expet that the unentered quantile will be less aurate (i.e.,larger) than the entered quantile threshold in the �rst iteration(s) of the step-down proedure,but that it will then improve along the iterations and eventually prevail in the rae. (This behaviorwill be on�rmed by our simulations in the next setion.)At this point, it seems that the step-down using the unentered quantile is both simpler andmore e�etive than our main approah and thus should always be preferred. However, this quali-tative disussion also gives us another insight: the step-down proedure based on the unenteredquantile may need more iterations to onverge sine the �rst steps result in an inaurate thresh-old. In order to �x this drawbak, we propose to use the leverage of the reentered quantile forthe �rst step in order to weed out in one single step most of oordinates having a large SNR, andthen ontinue subsequently with the unentered threshold in the next steps for more auray.We thus obtain the following algorithm:Algorithm 10.2.(1) Rejet the null hypotheses orresponding to:

R0 :=
{
k s.t.

∣∣Yk

∣∣ ≥ qα(1−δ)(1−γ)(‖·‖∞ ,Y − Y) + ε′(α, δ, γ, n,K)
}
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Figure 10.1. Left: example of a 128x128 pixel image obtained by onvolutionof Gaussian white noise with a (toroidal) Gaussian �lter with width b = 18 pixels.Right: average thresholds obtained for the di�erent approahes, see text.(2) If R0 = H then stop.Otherwise, onsider the set of the remaining oordinates H\R0 and apply on it thestep-down Algorithm 10.1 with the subset-based threshold
C 7→ qα(1−γ)

(
sup
C

|·| ,Y
)

.Proposition 10.12. Fix α, γ, δ ∈ (0, 1). Let W be a Rademaher weight vetor and sup-pose that Y satis�es (GA). In the two-sided ontext, the Algorithm 10.2 gives a multiple testingproedure with a FWER smaller than α.What we expet is that the above algorithm will yield essentially the same �nal result as theone of Cor. 10.11 (up to some small loss in the level), while requiring less iterations. In numerialappliations suh as neuroimaging with a large number of images, where one iteration an takeup to one day, this an result in a signi�ant improvement.10.5. SimulationsFor simulations we onsider data of the form Yt = µt + Gt , where t belongs to an m ×mdisretized 2D torus of K = m2 �pixels�, identi�ed with T
2
m = (Z/mZ)2 , and G is a enteredGaussian vetor obtained by 2D disrete onvolution of an i.i.d. standard Gaussian �eld (�whitenoise�) on T

2
m with a funtion F : T

2
m → R suh that ∑t∈T2

m
F 2(t) = 1 . This ensures that G isa stationary Gaussian proess on the disrete torus, it is in partiular isotropi with E

[
G2

t

]
= 1for all t ∈ T

2
m .In the simulations below we onsider for the funtion F a �Gaussian� onvolution �lter ofbandwidth b on the torus:

Fb(t) = Cb exp
(
−d(0, t)2/b2

)
,where d(t, t′) is the standard distane on the torus and Cb is a normalizing onstant. Note that foratual simulations it is more onvenient to work in the Fourier domain and to apply the inverseDFT whih an be omputed e�iently. We then ompare the di�erent thresholds obtained bythe methods proposed in this work for varying values of b . Remember that the only informationavailable to the algorithms is the bound on the marginal variane; the form of the funtion Fbitself is of ourse unknown.



10.5. SIMULATIONS 26310.5.1. Con�dene balls. On Fig. 10.1 we ompare the thresholds obtained when φ =

sup |·|, whih orresponds to L∞ on�dene balls. Remember that these thresholds an be alsodiretly used in the two-sided multiple testing situation (see Set. 10.4). We use the di�erentapproahes proposed in this work, with the following parameters: the dimension is K = 1282 =

16384, the number of data points per sample is n = 1000 (muh smaller than K, so that wereally are in a non-asymptoti framework), the width b takes even values in the range [0, 40], theoverall level is α = 0.05.Reall that the Bonferroni threshold is
t′Bonf,α :=

1√
n
‖σ‖∞ Φ

−1
( α

2K

)
.For the onentration threshold (10.7)

tconc,α :=
EW

[
φ
(
Y[W−W ]

)]

BW
+ ‖σ‖p Φ

−1
(α/2)

[
CW

nBW
+

1√
n

]
,we used Rademaher weights. For the �ompound� threshold of Cor. 10.1 (with Bonferroni asdeterministi referene threshold)

tconc∧bonf ,α := min



 t

′
Bonf,α,

EW

[
φ
(
Y[W−W ]

)]

BW
+

‖σ‖p√
n

Φ
−1
(
α(1 − δ)

2

)
+

‖σ‖pCW

nBW
Φ
−1
(
αδ

2

)
 ,we used δ = 0.1. For the quantile approah (10.23)

tquant+bonf,α := qα0(1−δ)

(
φ,Y − Y

)
+

2B
(
n, α0δ

2

)
− n

n
t′Bonf ,α−α0

tquant+conc,α := qα0(1−δ)

(
φ,Y − Y

)
+

2B
(
n, α0δ

2

)
− n

n
tconc,α−α0 (Y ) ,we used J = 1 , α0 = 0.9α (= (1 − γ)α with γ = 0.1), δ = 0.1 and took f either equal tothe Bonferroni or the onentration threshold, respetively (these values of α0, α, γ, δ will stayunhanged for all the experiments presented here, inluding in the next setion). Finally, foromparison purposes, we inluded in the �gure the threshold orresponding to K = 1 (estimationof a single oordinate mean)

tsingle,α :=
1√
n
‖σ‖∞ Φ

−1
( α

2

)
,and an estimation of the true quantile (atually, an empirial quantile over 1 000 samples), i.e.

tideal,α the 1 − α quantile of the distribution of φ (Y − µ).Eah point represents an average over 50 experiments (exept of ourse for t′Bonf,α, tsingle,αand tideal,α). The quantiles or expetation with Rademaher weights were estimated by Monte-Carlo with 1 000 draws (without the additional term introdued in Set. 10.2.5). On the �gurewe did not inlude standard deviations: they are quite low, of the order of 10−3 , although it isworth noting that the quantile threshold has a standard deviation roughly twie as large as theonentration threshold (we did not investigate at this point what part of this variation is due tothe MC approximation).We also omputed the quantile threshold qα(φ,Y − Y) without seond-order term: it is solose to tideal,α that we would not distinguish them on Fig. 10.1.The overall onlusion of this �rst preliminary experiment is that the di�erent thresholdsproposed in this work are relevant in the sense that they are smaller than the Bonferroni threshold
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quantFigure 10.2. Multiple testing problem with µ de�ned by (10.28) for di�erentapproahes, see text. Left: average thresholds. Right: power, de�ned by (10.30).provided the vetor has strong enough orrelations. As expeted, the quantile approah appearsto lead to tighter thresholds. (However, this might not be always the ase for smaller samplesizes beause of the additional term ε′.) One advantage of the onentration approah is that the�ompound� threshold (10.10) an �fall bak� on the Bonferroni threshold when needed, at theprie of a minimal threshold inrease.10.5.2. Multiple testing. We now fous on the multiple testing problem. We present hereonly the two-sided ase beause the one-sided ase gives similar results, exept that we an notuse the �unentered quantile� method of Cor. 10.11.We onsider the experiment of the previous setion, with the following hoie for the vetorof means:

∀(i, j) ∈ {0, . . . , 127}2 , µ(i,j) =
(64 − j )+

64
× 20t′Bonf ,α . (10.28)In this situation, note that the half of the null hypotheses are true while the non-zero means areinreasing linearly from 0 to 20t′Bonf ,α. The thresholds obtained are given on Figure 10.2 (100simulations). The ideal threshold tideal,α is now derived from the 1−α quantile of the distributionof T ′(H0) = supH0

∣∣Y
∣∣. We did not report tconc,α and tconc∧bonf,α in order to simplify Fig. 10.2(their values are unhanged, sine these thresholds are translation invariant). In addition to theprevious thresholds, we onsider:

• the unentered quantile:
tquant.uncent.,α := qα (sup |·| ,Y ) (10.29)and its step-down version ts.d.quant.uncent.,α (see Cor. 10.11).

• the step-down version ts.d.quant+bonf ,α of tquant+bonf ,α.
• Holm threshold tHolm,α (i.e. the step-down version of the Bonferroni proedure).On the right-hand-side of Fig. 10.2, we evaluated the powers of the di�erent thresholds tα(Y),de�ned as follows:

Power(tα) :=
Card {1 ≤ k ≤ K s.t. µk 6= 0 and |Yk| > tα(Y)}

Card {1 ≤ k ≤ K s.t. µk 6= 0} . (10.30)This experiment shows that:(1) for single-step resampling-based proedures:
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• the single-step proedure based on our quantile approah (�quant+bonf�) an out-perform Holm's proedure as soon as the the oordinates of the vetor are su�ientlyorrelated.
• the single-step proedure based on the unentered quantile (�quant. unent�) hasbad performane.(2) for step-down resampling-based proedures:
• the step-down proedure based on our quantile approah (�s.d. quant+bonf�) anoutperform Holm's proedure as soon as the the oordinates of the vetor are su�-iently orrelated (obvious from the point 1).
• the step-down proedure based on the unentered quantile (�s.d. quant+bonf�)seems to be the most e�ient thresholds of the step-down proedures onsideredhere.However, when K and n are large, eah iteration of the step-down algorithm for the unenteredquantiles may be quite long to ompute5 while our quantile approah (�quant+Bonf�) provides inonly one step a quite good auray. Following Set. 10.4.4, these two methods an be ombined(see Algorithm 10.2, alled here �mixed approah�), resulting in a speed-auray trade-o�.We illustrate this with a spei� simulation study: onsider the same simulation frameworkas above unless that the bandwidth b is now �xed at 30, the size of the sample is n = 100 andthe means are given by: ∀(i, j) ∈ {0, . . . , 127}2 , µ(i,j) = f(i+ 128j), where

∀k ∈ {0, . . . , 8 192} , f(k) = 50t′Bonf ,α × exp

(
−(8 192 − k)+

8 192
log(100)

)
, (10.31)and f(k) = 0 for the other values of k. In this situation, the non-zero means are inreasinglog-linearly from 0.5 t′Bonf,α to 50 t′Bonf,α. With 100 simulations, we omputed in Tab. 10.3 theaverage number of iterations in the step-down algorithm 10.1 for the above step-down proedures.Additionally, on Fig. 10.3, the power is given as a funtion of the number of iterations in thestep-down algorithm for the di�erent approahes.We an read the following results:

• The �mixed approah� needs on average signi�antly less iterations to onverge.
• In the ase of a very strit omputation time onstraint, it is possible to stop the step-down proedures early after a �xed number of iterations. Stopping the mixed approahproedure after only 2 iterations results in an average power that is virtually undistin-guishable from the power obtained without early stopping. By ontrast 3 iterations areneeded for the step-down with unentered quantile threshold.While these results are ertainly spei� to the partiular simulation setup we used, theyillustrate that the informal and qualitative analysis we presented in Set. 10.4.4 appears to beorret. In partiular, the fat that the mixed approah appears to give already very satisfatoryresults after the two �rst iterations reinfores the interpretation that the �rst step (using thereentered quantile threshold with remainder term) rules out at one all oordinates with a largeSNR while the seond step (using the exat, unentered quantile) improves the preision onethese high-SNR oordinates have been eliminated.Therefore, this mixed approah an be an interesting alternative to the unentered quantileapproah when several long iterations in the step-down algorithm are expeted. This situationarises typially when the signal (non-zero means) has a wide dynami range (in our above simu-lation, the signal-to-noise ratio for non-true null hypotheses varies between 0.25 and 25).5typially one day in the neuroimaging framework.



266 CHAPITRE 10. RESAMPLING-BASED CONFIDENCE REGIONSHolm's proedure � s.d. quant+bonf� �s.d. quant. unent.� �mixed approah�3.25 3.13 4.92 3.94Table 10.3. Multiple testing problem with µ orresponding to (10.31) for dif-ferent step-down approahes. Average number of iterations in the step-down algo-rithm.
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Figure 10.3. Multiple testing problem with µ orresponding to (10.31) fordi�erent step-down approahes. Power as a funtion of the number of iterationsin the step-down algorithm.10.6. Disussion and onluding remarks10.6.1. Con�dene regions and tests. In this paper we have �rst onstruted on�deneregions of the form (10.1) and presented an appliation of this result to (multiple) testing. Beauseof the duality between on�dene regions and tests, a natural question is whether onversely, oneould onstrut tests �rst and dedue on�dene regions. In partiular, testing the (single) nullhypothesis Hµ0 : µ = µ0 is very simple using an exat symmetrization test: using diretly Lemma10.6 we know that the test Tµ0,φ rejeting Hµ0 if φ(Y−µ0) > qα(φ,Y−µ0) has signi�ane levelbounded by α . We an onstrut from this the on�dene region
Fφ(Y, 1 − α) =

{
µ0 ∈ R

K s.t. Tµ0,φ does not rejet Hµ0

}
.This method avoids ompletely the problems linked to the diret onstrution of a on�deneregion that we faed in Set. 10.3; furthermore, the above on�dene region is almost exatly oflevel 1−α (up to 2−n) , while the region onstruted in Set. 10.3 is ertainly more onservative.Nevertheless, argue that the approah developed in Set. 10.3 is muh more pratially relevant:

• the region Fφ(Y, 1 − α) onstruted above by test inversion is not of the form (10.1),that is, it is not a �φ-ball� around the empirial mean. However, it might be required byexternal ontraints, for example for further analysis, that the on�dene region shouldbe of this form.
• more generally, it does not seem lear at all what shape the above region would takeor even if would enjoy some desirable properties suh as onvexity. This seems very



10.6. DISCUSSION AND CONCLUDING REMARKS 267impratial, partiularly in high dimension, where regions whih annot be desribedunder a simple form seem very di�ult to handle. In fat, it seems atually very di�ultto obtain any expliit desription of this region short of alulating Tµ0,φ for every point
µ0 on a disretized grid of R

K , whih beomes intratable for both omputational burdenand memory usage as soon as K is large.10.6.2. FWER versus FDR in multiple testing. It an legitimately be asked if theFWER is in fat an appropriate measure of type I error. Namely, the false disovery rate (FDR),introdued in Benjamini and Hohberg [BH95℄ and de�ned as the average proportion of wronglyrejeted hypotheses among all the rejeted hypotheses, appears to have reently beome a de fatostandard, in partiular in the setting of a large number of hypotheses to test as we onsider here.One reason for the popularity of FDR is that it is a less strit measure of error as the FWER andto this extent, FDR-ontrolled proedures rejet more hypotheses than FWER-ontrolled ones.We give two reasons why the FWER is still a quantity of interest to investigate. First, the FDRis not always relevant, in partiular for neuroimaging data. Indeed, in this ontext the signal isoften strong over some well-known large areas of the brain (e.g. the motor and visual ortex).Therefore, if for instane 95 perent of the deteted loations belong to these well-known areas,FDR ontrol (at level 5%) does not provide evidene for any new true disovery. On the ontrary,FWER ontrol is more onservative, but eah deteted loation outside these well-known areasis a new true disovery with high probability. Seondly, assuming the FDR or a related quantityis nevertheless the endgoal, it an be very useful to onsider a two-step proedure, where the�rst step onsists in a FWER-ontrolled multiple test. Namely, this �rst step an be used as ameans to estimate the FDR or the FDP (false disovery proportion) of another proedure usedin the seond step and thus �ne-tune the parameters of this seond step for the desired goal.This approah has been for example advoated by Perone Pai�o et al. [PPGVW04℄ withappliation to neuroimaging data as well.10.6.3. About the varianes of the oordinates. In the onentration approah andin the Gaussian ase, the derived thresholds depend expliitly on the p-norm of the vetor ofstandard deviations σ = (σk)k (an upper bound on this quantity an be used as well). Whilewe have left aside the problem of determining this parameter if no prior information is available,there is at least a simple solution available: build (using standard tehniques) an individual upperon�dene bound for eah σk , then ombine these di�erent on�dene bounds with the Bonferronimethod. While this naive method will not take into aount the possible dependene between theoordinates for the estimation of σ itself, it will generally only ontribute a lower order term inthe �nal threshold de�ned by (10.7).A seond and potentially more ruial problem is that, sine the on�dene regions proposedin this paper are balls rather than ellipsoids, these regions will � inevitably � be onservativewhen the varianes of the oordinates are very di�erent. The standard way to address this issueis to onsider studentized data. While this would solve this heterosedastiity issue, it also voidsthe assumption of independent datapoints � a ruial assumption in all of our proofs. Therefore,generalizing our approah to studentized observations is an important (and probably hallenging)diretion for future researh.10.6.4. Conlusion. In this hapter, we proposed two approahes to build non-asymptotiresampling-based on�dene regions for a orrelated random vetor:
• The �rst one is strongly inspired by results oming from learning theory and is based ona onentration argument. An advantage of this method is that it allows to use a very



268 CHAPITRE 10. RESAMPLING-BASED CONFIDENCE REGIONSlarge lass of resampling weights. However, these onentration-based thresholds haverelatively onservative deviation terms and they are better than the Bonferroni thresholdonly if there are very strong orrelations in the data. Therefore, using this method whenwe do not have any prior knowledge on the orrelations an be too risky. To addressthis issue, we propose (under the Gaussian assumption) to ombine the orrespondingonentration threshold with the Bonferroni threshold to obtain a threshold very lose tothe minimum of the two (using the so-alled �stabilization property� of the resampling).
• The seond method is loser to the idea of randomization tests: it estimates diretlythe quantile of φ(Y − µ) using a symmetrization argument (it is therefore restrited toRademaher weights). The point is that an exat approah is not possible beause wehave to replae the unknown parameter µ by the empirial mean Y. Therefore, thederived thresholds have a remainder term, but it is quite small when n is su�ientlylarge (typially n ≥ 1 000).Our simulations have shown that for on�dene regions in supremum norm, the on�deneballs obtained with the seond method are better than the regions based on the Bonferroni thresh-old, when there are important orrelations between the oordinates. Moreover, it seems that thequantile threshold without the remainder term is very lose to the ideal quantile, so that we mayonjeture that the additional term is unneessary (or at least too large).Finally, we have used the two previous methods to derive step-down multiple testing proe-dures that ontrol the FWER when testing simultaneously the means of a (Gaussian) randomvetor (in the one-sided or two-sided ontext). Beause these proedures use translation-invariantthresholds, the number of iterations in the step-down algorithm is generally small. Moreover, theyan outperform Holm's proedure when the oordinates of the observed vetor has strong enoughorrelations. However, these proedures are somewhat too onservative beause of the remain-der terms (in the quantile approah, the remainder terms arise as a onsequene of empiriallyreentering the data).In the two-sided ontext, an exat step-down proedure based on the resampled quantiles ofthe unentered data is valid and turns out to be more aurate than the above methods (beauseno remainder term is then neessary). However, this exat method needs generally more iterationsin the step-down algorithm. Therefore, we propose to ombine our quantile approah with thelatter exat method to get a faster proedure with (almost) the same auray.Again, we may onjeture that the step-down proedure using the reentred quantile withoutthe additional term (or at least with a smaller term) still ontrols the FWER for a �xed n.This would give an aurate proedure in both two-sided and one-sided ontexts, and the latterwould be faster than the exat step-down proedure in the two-sided ontext. This is ertainlyan interesting diretion for future work. 10.7. Proofs10.7.1. Con�dene regions using onentration. In this setion, we prove all the state-ments of Set. 10.2 exept omputations of resampling weight onstants (made in Set. 10.7.4)and statements with non-exhangeable resampling weights (made in Set. 10.7.5).Comparison in expetation.



10.7. PROOFS 269Proof of Prop. 10.2. Denoting by Σ the ommon ovariane matrix of the Yi, we have
D(Y[W−W ]|W ) = N

(
0, (n−1

∑n
i=1(Wi −W )2)n−1Σ

), and the result follows beause D(Y−µ) =

N (0, n−1Σ) and φ is positive-homogeneous. �Proof of Prop. 10.3. (i). By independene between W and Y, exhangeability of W andthe positive homogeneity of φ, for every realization of Y we have:
AWφ

(
Y − µ

)
= φ

(
EW

[
1

n

n∑

i=1

∣∣Wi −W
∣∣ (Yi − µ

)
])

.Then, by onvexity of φ,
AWφ

(
Y − µ

)
≤ EW

[
φ

(
1

n

n∑

i=1

∣∣Wi −W
∣∣ (Yi − µ

)
)]

.We integrate with respet to Y, and use the symmetry of the Yi with respet to µ and againthe independene between W and Y to show �nally that
AW E

[
φ
(
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)]
≤ E

[
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(
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φ
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)]
.(ii) omes from:
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(Wi −W )(Yi − µ)

)
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(
1
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(Wi − x0)(Y
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)
+ Eφ

(
1

n

n∑

i=1

(x0 −W )(Yi − µ)

)
.Then, by symmetry of the Yi with respet to µ and independene between W and Y, we get

Eφ
(
YW−W

)
≤ Eφ

(
1

n

n∑

i=1

|Wi − x0|
(
Yi − µ

)
)

+ Eφ

(
1

n

n∑
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∣∣x0 −W
∣∣ (Yi − µ

)
)

≤
(
a+ E

∣∣W − x0

∣∣)Eφ
(
Y − µ

)
.

�Conentration inequalities.Proof of Prop. 10.4. We use here onentration priniples applied to a supremum of Gauss-ian random vetors, following losely the approah in Massart [Mas07℄, Set. 3.2.4. The essentialingredient is the Gaussian onentration theorem of Cirel'son, Ibragimov and Sudakov [CIS76℄(and realled in [Mas07℄, Thm. 3.8; see also Thm. 8.1 in Set. 8.5), stating that if F is a Lip-shitz funtion on R
N with onstant L , then for the standard Gaussian measure on R

N we have
P [F ≥ E [F ] + t ] ≤ 2Φ(t/L) .Let us denote by A a square root of the ommon ovariane matrix of the Yi. If G is a K×nmatrix with standard entered i.i.d. Gaussian entries, thenAG has the same distribution asY−µ .We let for all ζ ∈

(
R

K
)n, T1(ζ) := φ

(
1
n

∑n
i=1 Aζi

) and T2(ζ) := E
[
φ
(

1
n

∑n
i=1(Wi −W )Aζi

)].From the Gaussian onentration theorem realled above, to reah the onlusion we just needto prove that T1 (resp. T2) is a Lipshitz funtion with onstant ‖σ‖p /
√
n (resp. ‖σ‖pCW /n) with
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)n. Let ζ, ζ ′ ∈ (RK

)n and denote by (ak)1≤k≤Kthe rows of A. Using that φ is 1-Lipshitz with respet to the p-norm (beause it is subadditiveand bounded by the p-norm), we get
|T1(ζ) − T1(ζ

′)| ≤
∣∣∣∣
∣∣∣∣
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n
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.For eah oordinate k, by Cauhy-Shwartz's inequality and sine ‖ak‖2 = σk, we dedue∣∣∣∣∣
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.Therefore, we get
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,using the onvexity of x ∈ R

K 7→ ‖x‖2
2, and we obtain (i). For T2, we use the same method as for

T1:
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. (10.32)Note that sine (∑n
i=1(Wi −W )

)2
= 0, we have E(W1 − W )(W2 − W ) = −C2
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.Consequently,
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. (10.33)Combining expression (10.32) and (10.33), we �nd that T2 is ‖σ‖pCW/n-Lipshitz. �Remark 10.9. The proof of Proposition 10.4 is still valid under the weaker assumption (in-stead of exhangeability of W ) that E

[
(Wi −W )(Wj −W )

] an only take two possible valuesdepending on whether or not i = j.Main results.Proof of Thm. 10.1. The ase (BA)(p,M) and (SA) is obtained by ombining Prop. 10.3and MDiarmid's inequality (Prop. 8.7 in Set. 8.5). The (GA) ase is a straightforward onse-quene of Prop. 10.2 and the proof of Prop. 10.4. �



10.7. PROOFS 271Proof of Cor. 10.1. From Prop. 10.4 (i), with probability at least 1−α(1−δ), φ (Y − µ
) isupper bounded by the minimum between tα(1−δ) and E

[
φ
(
Y − µ

)]
+

‖σ‖pΦ
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(beausethese thresholds are deterministi). In addition, Prop. 10.2 and Prop. 10.4 (ii) give that withprobability at least 1−αδ, E
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)]
≤ EW [φ(Y−µ) ]

BW
+
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BW n Φ
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(αδ/2). The result followsby ombining the two last expressions. �Monte-Carlo approximation.proof of Prop. 10.5. The idea of the proof is to apply MDiarmid's inequality ondition-ally to Y. For any realizations W and W ′ of the resampling weight vetor and any ν ∈ R
k,
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psine φ is sub-additive and bounded by the p-norm and Wi −W ∈ [a; b] a.s.The sample Y being deterministi, we an take ν = M whih realizes the in�mum. Sine

W 1, . . . ,WB are independent, MDiarmid's inequality (Prop. 8.7, Set. 8.5) gives (10.17).When Y satis�es (GA), a proof very similar to the one of (10.14) in Prop. 10.4 an be appliedto the remainder term with any deterministi ν. We then obtain (10.18). �Remark 10.10. When the weights are unbounded, one an replae (10.19) by any upperbound on √
ln(1/(δα))

2B
sup

W,W ′

{
φ
(
Y[W−W ′−W+W ′]

)}
,whih is data-dependent but hard to ompute in general.10.7.2. Quantiles. Remember the following inequality oming from the de�nition of thequantile qα : for any �xed Y

PW

[
φ
(
Y[W ]

)
> qα(φ,Y)

]
≤ α ≤ PW

[
φ
(
Y[W ]

)
≥ qα(φ,Y)

]
. (10.34)Proof of Lemma 10.6. We introdue the notation Y • W = Y.diag(W ) for the matrixobtained by multiplying the i-th olumn of Y by Wi , i = 1, . . . , n . We have

PY

[
φ(Y − µ) > qα(φ,Y − µ)

]
= EW

[
PY

[
φ
(
(Y − µ)[W ]

)
> qα(φ, (Y − µ) •W )

]]

= EY

[
PW

[
φ
(

(Y − µ)[W ]

)
> qα(φ,Y − µ)

]]
≤ α . (10.35)The �rst equality is due to the fat that the distribution of Y satis�es assumption (SA), henethe distribution of (Y − µ) invariant by reweighting by (arbitrary) signs W ∈ {−1, 1}n . In theseond equality we used Fubini's theorem and the fat that for any arbitrary signs W as above

qα(φ, (Y − µ) •W ) = qα(φ,Y − µ) ; �nally the last inequality omes from (10.34). �Proof of Thm. 10.2. Put γ1 = γ1(α0δ) for short and de�ne the event
Ω =

{
Y s.t. qα0(φ,Y − µ) ≤ qα0(1−δ)(φ,Y − Y) + γ1f(Y)

}
.Then we have using (10.35):

P
[
φ(Y − µ) > qα0(1−δ)(φ,Y − Y) + γ1f(Y)

]
≤ P

[
φ(Y − µ) > qα0(φ,Y − µ)

]
+ P [Y ∈ Ωc ]

≤ α0 + P [Y ∈ Ωc ] . (10.36)



272 CHAPITRE 10. RESAMPLING-BASED CONFIDENCE REGIONSWe now onentrate on the event Ωc . Using the subadditivity of φ, and the fat that
(Y − µ)[W ] = (Y − Y)[W ] +W (Y − µ) , we have for any �xed Y ∈ Ωc:
α0 ≤ PW

[
φ((Y − µ)[W ]) ≥ qα0(φ,Y − µ)

]
≤ PW

[
φ((Y − µ)[W ]) > qα0(1−δ)(φ,Y − Y) + γ1f(Y)

]

≤ PW

[
φ((Y − Y)[W ]) > qα0(1−δ)(φ,Y − Y)

]
+ PW

[
φ(W (Y − µ)) > γ1f(Y)

]

≤ α0(1 − δ) + PW

[
φ(W (Y − µ)) > γ1f(Y)

]
.For the �rst and last inequalities we have used (10.34), and for the seond inequality the de�nitionof Ωc. From this we dedue that

Ωc ⊂
{
Y s.t. PW

[
φ(W (Y − µ)) > γ1f(Y)

]
≥ α0δ

}
.Now using the homogeneity of φ, and the fat that both φ and f are nonnegative:

PW

[
φ(W (Y − µ)) > γ1f(Y)

]
= PW

[∣∣W
∣∣ > γ1f(Y)

φ(sign(W )(Y − µ))

]
≤ PW

[
∣∣W
∣∣ > γ1f(Y)

φ̃(Y − µ)

]

= 2PW

[
1

n
(2Bn, 1

2
− n) >

γ1f(Y)

φ̃(Y − µ)

]
,where Bn, 1

2
denotes a binomial (n, 1

2) variable (independent of Y). From the two last displaysand the de�nition of γ1 , we onlude
Ωc ⊂

{
Y s.t. φ̃(Y − µ) > f(Y)

}
,whih, put bak in (10.36), leads to the desired onlusion. �Proof of Cor. 10.7. De�ne the funtion

g0(Y) = q(1−δ)α0
(φ,Y − Y) +

(
J−1∑

i=1

γiq(1−δ)αi
(φ̃,Y − Y) + γJf(Y)

)
,and for k = 1, . . . , J ,

gk(Y) = γ−1
k

(
J−1∑

i=k

γiq(1−δ)αi
(φ̃,Y − Y) + γJf(Y)

)
,with the onvention gJ = f . For 0 ≤ k ≤ J−1, applying Thm. 10.2 with the funtion gk+1 yieldsthe relation

PW

[
φ(Y − µ) > gk(Y)

]
≤ αk + PW

[
φ(Y − µ) > gk+1(Y)

]
.Therefore,

PW

[
φ(Y − µ) > g0(Y)

]
≤

J−1∑

i=0

αi + P

[
φ̃(Y − µ) > f(Y)

]
,as announed. �Proof of Prop. 10.8. Let us �rst prove that an analogue of Lemma 10.6 holds with qα0replaed by q̃α0 . First, we have

EWPY

[
φ(Y − µ) > q̃α0(φ,Y − µ,W)

]

= EW ′EWPY

[
φ
(
(Y − µ)[W ′]

)
> q̃α0(φ, (Y − µ) •W ′,W)

]

= EYPW,W ′

[
φ
(
(Y − µ)[W ′]

)
> q̃α0(φ,Y − µ,W ′ •W)

]
,



10.7. PROOFS 273where W ′ denotes a Rademaher vetor independent of all other random variables and W ′ •W =diag(W ′).W denotes the matrix obtained by multiplying the i-th row of W by W ′
i , i = 1, . . . , n .Note that (W ′,W ′ • W) ∼ (W ′,W). Therefore, by de�nition of the quantile q̃α0 , the latterquantity is equal to

EYPW,W ′


 1

B

B∑

j=1

1
φ((Y−µ)[Wj ])≥φ((Y−µ)[W ′])

≤ α0


 ≤ ⌊Bα0⌋ + 1

B + 1
,where the last step omes from Lemma 10.13 taken from Romano and Wolf [RW05℄ (see below).The rest of the proof is similar to the one of Thm. 10.2, where PW is replaed by the empirialdistribution based on W , P̃W = 1

B

∑B
j=1 δWj . Thus, (10.34) beomes for any �xed Y,W:

P̃W

[
φ
(
Y[W ]

)
> q̃α0(φ,Y,W)

]
≤ α0 ≤ P̃W

[
φ
(
Y[W ]

)
≥ q̃α0(φ,Y,W)

]
.Then, the role of Ω is taken by

Ω̃ :=
{
Y,W s.t. q̃α0(φ,Y − µ,W) ≤ q̃α0(1−δ)(φ,Y − Y,W) + γf(Y,W)

}
,where we put γ = γ(W, α0δ) for short. We then have similarly to (10.36):

PY,W

[
φ(Y − µ) > q̃α0(1−δ)(φ,Y − Y) + γf(Y,W)

]
≤ ⌊Bα0⌋ + 1

B + 1
+ PY,W

[
Ω̃c
]
,and following further the proof of Theorem 10.2, we obtain

Ω̃c ⊂
{

Y,W

∣∣∣∣∣ P̃W

[
|W | > γf(Y,W)

φ̃
(
Y − µ

)
]
≥ α0δ

}
,whih gives the result. �We have used the following Lemma:Lemma 10.13 (Essentially Lemma 1 of Romano and Wolf [RW05℄). Let Z0, Z1, . . . , ZB beexhangeable real-valued random variables. Then for all α ∈ (0, 1),

P


 1

B

B∑

j=1

1Zj≥Z0 ≤ α


 ≤ ⌊Bα⌋ + 1

B + 1
≤ α+

1

B + 1
.The �rst inequality beomes an equality if Zi 6= Zj a.s. For example, it is the ase if the Zis arei.i.d. variables from a distribution without atoms.We provide a proof for ompleteness.Proof of Lemma 10.13. Let U denote a random variable uniformly distributed in {0, . . . , B }and independent of the Zis. We then have

P


 1

B

B∑

j=1

1Zj≥Z0 ≤ α


 = P




B∑

j=0

1Zj≥Z0 ≤ Bα+ 1




= PUP(Zi)




B∑

j=0

1Zj≥ZU
≤ Bα+ 1




= P(Zi)PU




B∑

j=0

1Zj≥ZU
≤ ⌊Bα⌋ + 1


 ≤ ⌊Bα⌋ + 1

B + 1
.Note that the last inequality is an equality if the Zis are a.s. distint. �



274 CHAPITRE 10. RESAMPLING-BASED CONFIDENCE REGIONS10.7.3. Multiple testing.proof of Thm. 10.3, from Romano and Wolf [RW05℄. We use the notations of Def. 10.1.If the proedure rejets at least one true null hypothesis, we may onsider j0 = min{j ≤
ℓ̂ s.t. Hσ(j) is true }. By de�nition of a step-down proedure, we have [Yσ(j0)] ≥ tj0 . By def-inition of j0, we have H0 ⊂ Cj0 so that, sine t is non-dereasing, t(Cj0) ≥ t(H0). Finally, we anobtain (10.27) as follows:

FWER(R) ≤ P
(
∃j0 s.t. Hσ(j0) is true and [Yσ(j0)

]
≥ t(H0)

)

≤ P
(
T ′(H0) ≥ t(H0)

)

≤ P (T (H0) ≥ t(H0) ) .

�proof of Prop. 10.12. First note that
qα(1−γ)

(
sup
H0

|·| ,Y
)

≤ qα(1−γ)(‖·‖∞ ,Y − µ) .Reall that from the proof of Thm. 10.2, with probability larger than 1 − αγ we have
qα(1−γ)(‖·‖∞ ,Y − µ) ≤ qα(1−δ)(1−γ)

(
‖·‖∞ ,Y − Y

)
+ ε′(α, δ, γ, n,K) .Take Y in the previous event, where the above inequality holds. If the global proedure rejetsat least one true null hypothesis, we note j0 the �rst time that this ours (j0 = 0 if it is in the�rst step). There are two ases:

• if j0 = 0 then we have
T (H0) ≥ qα(1−δ)(1−γ)

(
‖·‖∞ ,Y − Y

)
+ ε′(α, δ, γ, n,K) ≥ qα(1−γ)

(
sup
H0

|·| ,Y
)

• if j0 ≥ 1, all the null hypotheses rejeted at the �rst step are false. Following the proofof Thm. 10.3, T (H0) ≥ qα(1−γ)

(
supH0

|·| ,Y
).In both ases, T (H0) ≥ qα(1−γ)

(
supH0

|·| ,Y
), whih ours with probability smaller than α(1 −

γ). �10.7.4. Exhangeable resampling omputations. In this setion, we ompute onstants
AW , BW , CW and DW (de�ned by (10.3) to (10.6)) for some exhangeable resamplings. Thisimplies all the statements in Tab. 10.1. We �rst de�ne several additional exhangeable resamplingweights:

• Bernoulli (p), p ∈ (0; 1): pWi i.i.d. with a Bernoulli distribution of parameter p. Alassial hoie is p = 1
2 .

• Efron (q), q ∈ {1 . . . , n}: qn−1W has a multinomial distribution with parameters
(q;n−1, . . . , n−1). A lassial hoie is q = n.

• Poisson (µ), µ ∈ (0;+∞): µWi i.i.d. with a Poisson distribution of parameter µ. Alassial hoie is µ = 1.Notie that Y [W−W ] and all the resampling onstants are invariant under translation of theweights, so that Bernoulli (1/2) weights are ompletely equivalent to Rademaher weights in thishapter.



10.7. PROOFS 275Lemma 10.14. (1) Let W be Bernoulli (p) weights with p ∈ (0, 1). Then,
2(1 − p) −

√
1 − p

pn
≤ AW ≤ BW ≤

√
1

p
− 1

√
1 − 1

n

CW =

√
1

p
− 1 and DW ≤ 1

2p
+

∣∣∣∣
1

2p
− 1

∣∣∣∣+
√

1 − p

np
.(2) Let W be Efron (q) weights with q ∈ {1, . . . , n}. Then,

AW ≤ BW ≤
√
n− 1

n
and CW = 1 .Moreover, if q ≤ n,

AW = 2

(
1 − 1

n

)q

.(3) Let W be Poisson (µ) weights with µ > 0. Then,
AW ≤ BW ≤ 1√

µ

√
1 − 1

n
and CW =

1√
µ
.Moreover, if µ = 1,

2

e
− 1√

n
≤ AW .(4) Let W be Random hold-out (q) weights with q ∈ {1, . . . , n}. Then,

AW = 2
(
1 − q

n

)
BW =

√
n

q
− 1

CW =

√
n

n− 1

√
n

q
− 1 and DW =

n

2q
+

∣∣∣∣1 − n

2q

∣∣∣∣ .proof of Lemma 10.14.General ase. We �rst only assume that W is exhangeable. Then, from the onavity of √·and the triangular inequality, we have
E |W1 − E[W1]| −

√
E
(
W − E[W1]

)2 ≤ E |W1 − E[W1]| − E
∣∣W − E[W1]

∣∣

≤ AW ≤ BW ≤
√
n− 1

n
CW . (10.37)Independent weights. We now assume that the Wi are i.i.d. Then,

E |W1 − E[W1]| −
√

var(W1)√
n

≤ AW and CW =
√

var(W1) . (10.38)Bernoulli. These weights are i.i.d. with var(W1) = p−1 − 1, E[W1] = 1 and
E |W1 − 1| = p

(
p−1 − 1

)
+ (1 − p) = 2(1 − p) .With (10.37) and (10.38), we obtain the bounds for AW , BW and CW . Moreover, Bernoulli (p)weights satisfy the assumption of (10.6) with x0 = a = (2p)−1. Then,

DW =
1

2p
+ E

∣∣∣∣W − 1

2p

∣∣∣∣ ≤
1

2p
+

∣∣∣∣1 − 1

2p

∣∣∣∣+ E
∣∣W − 1

∣∣ ≤ 1

2p
+

1

p

∣∣∣∣
1

2
− p

∣∣∣∣+
√

1 − p

np
.



276 CHAPITRE 10. RESAMPLING-BASED CONFIDENCE REGIONSEfron. We have W = 1 a.s. so that
CW =

√
n

n− 1
var(W1) = 1 .If moreover q ≤ n, then Wi < 1 implies Wi = 0 and

AW = E |W1 − 1| = E [W1 − 1 + 21W1=0 ]

= 2P(W1 = 0) = 2

(
1 − 1

n

)q

.The result follows from (10.37).Poisson. These weights are i.i.d. with var(W1) = µ−1, E[W1] = 1. Moreover, if µ ≤ 1, Wi < 1implies Wi = 0 and
E |W1 − 1| = 2P(W1 = 0) = 2e−µ .With (10.37) and (10.38), the result follows.Random hold-out. These weights are suh that {Wi }1≤i≤n is deterministi, with W = 1.Then, AW , BW and CW an be diretly omputed. Moreover, they satisfy the assumption of(10.6) with x0 = a = n/(2q). The omputation of DW is straightforward. �10.7.5. Non-exhangeable weights. In Set. 10.2.5, we onsider non-exhangeable weightsin order to redue the omplexity of omputation of expetations w.r.t. the resampling random-ness. Then, we are mainly interested in non-exhangeable weights with small support. This iswhy we fous on the two following ases:(1) deterministi weights(2) V -fold weights (V ∈ {2, . . . , n}): let (Bj)1≤j≤V be a partition of {1, . . . , n} and WB ∈

R
V an exhangeable resampling weight vetor of size V . Then, for any i ∈ {1, . . . , n}with i ∈ Bj, de�ne Wi = WB

j .We will often assume that the partition (Bj)1≤j≤V is �regular�, i.e. that V divides n and
Card(Bj) = n/V for every j ∈ {1, . . . , V }. When V does not divide n, the Bj an be ho-sen approximatively of the same size. Remember that we always assume in this paper that W isindependent from the data Y, even in the non-exhangeable ase.In the following, we make use of �ve onstants that depend only on the resampling sheme:
BW and DW stay unhanged (see de�nitions (10.4) and (10.6)), we modify the de�nitions of AWand CW (notie that we stay onsistent with (10.3) and (10.5) when W is exhangeable), and weintrodue a �fth onstant EW (whih is equal to AW in the exhangeable ase):

AW :=
1

n

n∑

i=1

E
∣∣Wi −W

∣∣ (10.39)
CW :=

√
nBW if W is deterministi (10.40)

CW :=
√

max
j

Card(Bj)CW B +
√
nE

∣∣∣WB −W
∣∣∣ if W is V -fold (10.41)

EW :=

√√√√ 1

n

n∑

i=1

(
E|Wi −W )|

)2
. (10.42)We an now state the main theorem of this setion.



10.7. PROOFS 277Theorem 10.4. Let W be either a deterministi or V -fold resampling weight vetor, andde�ne the onstants AW , BW , CW , DW and EW by (10.39), (10.4), (10.40), (10.41), (10.6) and(10.42).Then, all the results of Thm. 10.1 and Cor. 10.1 hold, with only a slight modi�ation in (10.8):
φ
(
Y − µ

)
<

E

[
φ
(
Y[W−W ]

) ∣∣Y
]

AW
+
M√
n

√
1 +

A2
W

E2
W

√
2 log(1/α) .proof of Thm. 10.4. In the Gaussian ase, we use the same proof as Thm. 10.1 and Cor. 10.1,but we replae the onentration result (10.15) by the one of Prop. 10.15.In the bounded ase, the proof is idential (it relies on MDiarmid's inequality), but we nolonger have AW = EW beause the weights are non-exhangeable. �When V divides n, we an ompute the onstants for regular V -fold weights:

AW = EW = AW B BW = BW B CW =

√
n

V
CW B .We now give two natural examples of non-exhangeable weights:(1) Hold-out (q): Wi = n

q 1i∈I for some deterministi subset I ⊂ {1, . . . , n} of ardinality
q. A lassial hoie is q = ⌊n/2⌋.(2) V -fold ross validation, V ∈ {2, . . . , n}: V -fold weights with WB leave-one-out(whih is often alled ross-validation). More preisely, Wi = V

V −11i/∈BJ
, J uniformon {1, . . . , V }), (Bj)1≤j≤V partition of {1, . . . , n}.The terms �hold-out�, �ross-validation� and �V -fold ross-validation� refer to slightly di�erentproedures whih inspired these weights. In these two ases, we an ompute the resamplingonstants:(1) Hold-out (q):

AW = 2
(

1 − q

n

)
BW = EW =

√
n

q
− 1

CW =

√
n

(
n

q
− 1

) and DW =
n

2q
+

∣∣∣∣1 − n

2q

∣∣∣∣ .(2) V -fold ross validation (possibly non-regular):
AW =

2

V − 1

V∑

j=1

Card(Bj)

n

(
1 − Card(Bj)

n

)

BW =
1

V − 1

V∑

j=1

√
Card(Bj)

n

(
1 − Card(Bj)

n

)

CW =
√

max
j

Card(Bj)

√
V

V − 1
+

√
n

V − 1

V∑

j=1

∣∣∣∣
Card(Bj)

n
− 1

V

∣∣∣∣

DW =
1

V − 1

V∑

j=1

(
1

2
+

∣∣∣∣
1

2
− Card(Bj)

n

∣∣∣∣
)

EW =
2

V − 1

√√√√
V∑

j=1

Card(Bj)

n

(
1 − Card(Bj)

n

)2

.



278 CHAPITRE 10. RESAMPLING-BASED CONFIDENCE REGIONSWhen the partition (Bj)1≤j≤V is almost regular, i.e. maxj

∣∣Card(Bj) − nV −1
∣∣ ≤ 1 and n≫ V ≥

3, then CWB−1
W ≤

√
n/(V − 1) (1 + o(1)) whih is lose to its value in the �regular� ase. Thismeans that the onentration thresholds behave as in the regular ase provided that n is largeenough. The proofs of these results are given at the end of this setion. Before this, we giveanalogues of the results of Set. 10.2.2 and 10.2.3 in the non-exhangeable ase.Expetations. Although we stated the results of Set. 10.2.2 with exhangeable weights, theproofs of Prop. 10.2 and 10.3 remain unhanged with non-exhangeable weights, with AW de�nedby (10.39). Moreover, Lemma 8.4 in Set. 8.4.1 shows how to generalize any result on expetationsfrom exhangeable to non-exhangeable weights.Conentration inequalities. Whereas Prop. 10.4 deals only with exhangeable weights, we anderive a similar result for deterministi and V -fold exhangeable weights. This is the objet ofthe following result.Proposition 10.15. Let p ∈ [1,+∞], Y a sample satisfying (GA) and φ : R

K → R anysubadditive funtion, bounded by the p-norm. Let W be some resampling weight vetor among(i) Deterministi weights.(ii) V -fold exhangeable resampling weight for some V ∈ {2, . . . , n}.Then, for all α ∈ (0, 1), (10.15) and the orresponding lower bound hold with CW de�ned by(10.40) (deterministi ase) or (10.41) (V -fold ase).proof of Prop. 10.15.(i) Deterministi weights. We an use (10.14) and the orresponding lower bound with BWσinstead of σ sine
Y[W−W ] =

1

n

n∑

i=1

(
Wi −W

)
Yi (d)

= BW (Y − µ) .The result follows with CW =
√
nBW .(ii) V -fold weights. The proof is widely inspired from the one of Prop. 10.4. We have toompute the Lipshitz onstant of T2 de�ned by

T2(ζ) = Eφ

(
1

n

n∑

i=1

(
Wi −W

)
Aζi

)
.For all ζ, ζ ′ ∈ R

K , we use the triangular inequality and the same arguments as in the proof ofProp. 10.4:
∣∣T2(ζ) − T2(ζ

′)
∣∣ ≤ E

∥∥∥∥∥
1

n

n∑

i=1

(
Wi −W

)
A(ζi − ζ ′i)

∥∥∥∥∥
p

≤ E

∥∥∥∥∥
1

n

n∑

i=1

(
Wi −WB

)
A(ζi − ζ ′i)

∥∥∥∥∥
p

+ E

∣∣∣WB −W
∣∣∣
∥∥∥∥∥

1

n

n∑

i=1

A(ζi − ζ ′i)

∥∥∥∥∥
p

≤
‖σ‖p

n

√√√√
E

∥∥∥∥∥

n∑

i=1

(Wi −WB)(ζi − ζ ′i)

∥∥∥∥∥

2

2

+ E

∣∣∣WB −W
∣∣∣
‖σ‖p√
n

∥∥ζ − ζ ′
∥∥

2,Kn
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E

∥∥∥∥∥

n∑

i=1

(Wi −WB)(ζi − ζ ′i)

∥∥∥∥∥

2

2

= E

∥∥∥∥∥∥

V∑
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�Computation of the onstants. We �rst remark that the following statements are straightfor-ward:
• if W is deterministi, BW = EW .
• if W is regular V -fold exhangeable,

AW = EW = AW B BW = BW B CW =

√
n

V
CW B .In the hold-out (q) ase, we ompute AW , BW and DW exatly as in the Random hold-out(q) ase.In the general V -fold ross-validation ase, we use the following trik: onditionally to theindex J of the removed blok, W is a deterministi hold-out (n−Card(BJ)) weight multiplied bya fator c(J) = V (n−Card(BJ ))

(V −1)n . This allows to ompute AW , BW and DW from the hold-out ase:for instane,
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.If moreover V −1 + n−1 ≤ 1/2 and the partition is almost regular, we have:
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CHAPTER 11Conlusions, open problems and prospetsBut my father's mind took unfortunately a wrong turn in the investigation;running, like the hyperritik's, altogether upon the ringing of the bell and therap upon the door,�measuring their distane, and keeping his mind so intentupon the operation, as to have power to think of nothing else,� ommon-plaein�rmity of the greatest mathematiians! working with might and main at thedemonstration, and so wasting all their strength upon it, that they have noneleft in them to draw the orollary, to do good with.The Life and Opinions of Tristram Shandy, Gentleman, Chapter 1, XXXVLaurene SterneRésumé. En guise de onlusion, nous revenons dans e hapitre sur plusieursdes avanées prinipales de e travail de thèse. Envisageant quatre points de vuedistints, nous tentons � pour ne pas suivre l'exemple de Walter Shandy �de dégager les prinipales onséquenes des résultats des hapitres préédents.Nous proposons également une vingtaine de problèmes ouverts suggérés par esmêmes résultats. Les quatre points de vues onsidérés sont les suivants : l'in-térêt du rééhantillonnage en général et des diverses façons de rééhantillonnerentre elles ; l'étude non-asymptotique de proessus empiriques rééhantillonnés ;la alibration optimale de méthode de séletion de modèles par pénalisation ;les régions de on�ane et les tests multiples.In this hapter, we sum up some of the ontributions of this thesis, and several open problemsthat are raised by our results. To do this, we propose four di�erent approahes: resampling theoryfrom the statistial (Set. 11.1) and probabilisti (Set. 11.2) viewpoints, aurate alibration ofpenalties in pratie (Set. 11.3) and on�dene regions and multiple testing (Set. 11.4). Notiethat some of the open problems below are losely linked together.11.1. Why should resampling be used?11.1.1. A general purpose devie. Disussing a paper of Wu [Wu86℄, Efron realls themain di�erene between resampling and ad ho proedures:�The jakknife and bootstrap are general-purpose devies, not spei�ally adaptedto take advantage of a speial model like
y = Xβ + e, var(e) = Σ = diag(σ2

1 , . . . , σ
2
n) .Comparisons with speially adapted methods (. . . ) are misleading if this is notmade lear.�Indeed, the resampling heuristis is so general that it an be applied in most of the frameworks,and it often works (unfortunately, not always, the reason why a theoretial study of resampling



282 CHAPITRE 11. CONCLUSIONS, OPEN PROBLEMS AND PROSPECTSis useful). When omparing resampling proedures to other ones in a partiular framework, onehas to aept a small loss in performane as the prie for generality.For instane, for model seletion in least-square regression, linear penalties like Mallows' Cpare muh easier to ompute and perform better for some �easy� problems (homosedasti datawith s smooth). The interest of Resampling and V -fold penalties (resp. RP and penVF) is thatthey are robust to heterosedastiity, ontrary to linear penalties (Chap. 4). Of ourse, one oulddesign a speial heterosedasti penalty, adapted from Mallows' Cp (e.g. based upon an estimateof σ by a pieewise onstant funtion on X , with a bin size allowed to go to zero). This ad hoproedure may outperform RP, but it is less general and robust.For on�dene regions and multiple testing, the resampling proedures de�ned in Chap. 10need muh longer omputations than Bonferroni's ((10.11), whih assumes that eah oordinate isgaussian), but they are far less onservative when the data have orrelated oordinates. Moreover,the omputational simpliity of (10.11) omes from the gaussian assumption, whereas resampling(either used in eah single test with a �nal Bonferroni orretion, or as we do in Chap. 10) aremore robust to non-gaussianity.In both ases, resampling proedures seem to be more robust than ad ho ones. Consideringthat real data may ontain di�ulties whih have not been imagined by the statistiian, ouronlusion would be: use a well-alibrated ad ho proedure if you trust your strong assumptions,prefer resampling proedures if you are more autious.11.1.2. A naturally adaptive devie. Our results show that resampling naturally adaptsto some features of the unknown distribution P . In least-square regression on histograms, penVFand RP are adaptive to the smoothness of s even if the noise is heterosedasti (Chap. 5 and 6,in partiular Thm. 6.2). Moreover, results about RP are proven under several quite general setsof assumptions (f. Set. 6.4.1 and 8.3). The main points remaining are the following:Open Problem 1. V -fold and Resampling penalties are adaptive to thesmoothness of s when it is α-hölder with α > 1 (this would need orale inequal-ities for pieewise polynomial models instead of histograms).Open Problem 2. When s is α-hölder with 0 < α < 1, V -fold and Re-sampling penalties are adaptive to heterosedastiity of the noise (i.e. extend[GP05℄ to α < 1 and any dimension k > 1, sine Thm. 6.2 already provides anupper bound on the risk).In binary lassi�ation, Fromont's results [Fro07℄ show that global resampling penalties areminimax adaptive from the global viewpoint. Sine penVF and RP are loal penalties, we anonjeture the following.Open Problem 3. In binary lassi�ation, V -fold and Resampling penal-ties are margin adaptive.We provide partial arguments in this diretion in Chap. 7, together with a detailed way towardsa omplete proof (in partiular Set. 7.3.3).In Chap. 10, our simulation study suggests that the onentration and quantile thresholdsadapt to the unknown orrelation matrix of the data, at least when they are gaussian:Open Problem 4. The on�dene regions built in Chap. 10 are adaptiveto the unknown orrelation matrix Σ, i.e. they attain the minimax separationrate for every given Σ, without using the knowledge of Σ.



11.1. WHY SHOULD RESAMPLING BE USED? 283In Set. 8.2, we show that adaptation of resampling proedures may ome from struturalreasons. Indeed, resampling estimates F (P,Pn) by EW

[
F (Pn, P

W
n )
], whih has automatiallythe same struture through F . We an wonder whether this is a more general phenomenon:Open Problem 5. Is there a link between the struture of F and theproperties to whih resampling adapts when estimating F (P,Pn)?11.1.3. Choie of the resampling sheme. For both RP (Chap. 6, and Chap. 5 for penVF)and onentration-based thresholds (Set. 10.2), we provide a uni�ed vision of many resamplingweights, inluding all exhangeable weights and V -fold ones. In both frameworks, it appears thatall the resampling shemes have the same estimation properties, i.e. there exists a multipliativeonstant CW,∞ or B−1

W (depending only on L(W )) making them unbiased (at �rst order). In par-tiular, Chap. 6 enlightens Shao's results [Sha96℄ about identi�ation with Efron (m) penalties:when they are not multiplied by CW,∞, resampling penalties are onsistent (for identi�ation)when CW,∞ → 0. This should be ompared to the ratio between AIC (asymptotially optimalfor predition) and BIC (onsistent for identi�ation). Our onlusion is that one an a prioriuse any resampling sheme for either predition or identi�ation, up to an adapted hoie of amultipliative onstant.As a onsequene, there remains three ways for omparing resampling shemes:
• omputational omplexity: it is large with exhangeable weights (the leave-one-out be-ing optimal), muh smaller with V -fold weights or Monte-Carlo approximations withexhangeable weights.
• variability of the estimates: either measured by the variane of the resampling penalty,or by the remainder term in the onentration-based thresholds (i.e. CWB−1

W , seeSet. 10.2.4; see also Prop. 10.5 for the variability of Monte-Carlo approximations).
• bias at seond-order: Set. 6.6.1 shows that Efron's bootstrap penalties are slightly biaseddownwards, whereas Rad and Rho slightly biased upwards, and Loo is the more aurate.The seond point, whih seems to be quite important aording to our simulation studies,needs more theoretial results. We give in Set. 10.2 some upper bounds for the onentration-based thresholds. However, in the ase of penVF and RP, we are neither able to ompare thevariability of the resampling shemes nor to quantify the loss of variability indued by a Monte-Carlo approximation. We onsider this as a major issue, sine theory should at least be able todistinguish1 between the hold-out (highly variable in pratie) and the exhangeable resamplingshemes (far less variable). Moreover, this would allow to quantify more preisely the auray-omplexity trade-o� involved for hoosing V , as we do in Set. 10.2.5 for onentration-basedthresholds. Some results in that sense have also been proven by Celisse and Robin [CR06℄, inthe density estimation framework.Open Problem 6. Provide a sharp2 non-asymptoti theoretial aount forthe variability of EW

[
F (Pn, P

W
n )
] aording to the distribution of W (at least,in the ase of RP and penVF, distinguish exhangeable, V -fold and deterministiweights).The di�ulty of this problem is highlighted by a negative result of Bengio and Grandvalet [BG04℄:�there exists no universal (valid under all distributions) unbiased estimator of the variane of V -fold ross-validation�.1In the ase of a partiular randomized algorithm, Blum, Kalai and Langford [BKL99℄ proved that V -fold ross-validation is more e�ient than hold-out. However, this does not apply to the predition error sensu strito.2that is, prove both lower and upper bounds on the variability, sine upper bounds alone an be misleading.



284 CHAPITRE 11. CONCLUSIONS, OPEN PROBLEMS AND PROSPECTSOpen Problem 7. Provide a non-asymptoti theoretial estimate of theloss of auray when using a Monte-Carlo approximation instead of an exatomputation with exhangeable weights. For instane, generalize Prop. 10.5 tomore general resampling estimates, inluding RP.As a �rst step, we ould fous on the least-square regression ase. Then, keep in mind that thepiture may be di�erent in lassi�ation for instane, sine empirial risk minimization algorithmsan be less stable. In partiular, the leave-one-out should appear more stable with least-squareregression than it is with unstable algorithms.11.2. Advanes in the non-asymptoti theory of resamplingAs we have notied in Introdution, the non-asymptoti theory of resampling is still far lessdevelopped than the asymptotial one (in partiular in Chap. 3.6 of the book of van der Vaartand Wellner [vdVW96℄). Though, the non-asymptoti understanding of resampling is ruial:the resampling heuristis being non-asymptoti, it should give better proedures than the usualasymptotial approximations. This onjeture is both supported by Edgeworth expansions (Hall[Hal92℄), large deviations (Hall [Hal92℄, Appendix 5) and simulation studies, but there is still agap between non-asymptoti theory and pratie.In this thesis, our non-asymptotial approah allows us to deal with two partiular statistialframeworks of interest:
• model seletion when the family of models Mn depends on n, has a size possibly muhgreater than n, and ontains models of dimension going to in�nity with n (Chap. 2 to 9).
• on�dene regions when the data belongs to R

K with K ≫ n (Chap. 10).11.2.1. Conentration results. We prove several non-asymptoti onentration results onresampling in this thesis. Aording to the way they are proven, we an split them into fourategories:
• exat omputations in the histogram ase, ombined with moment inequalities (Bouheron,Bousquet, Lugosi and Massart [BBLM05℄): Prop. 5.10 in Set. 5.7.4, Prop. 6.8 inSet. 6.8.7, Prop. 8.5 in Set. 8.4.2.
• in a general framework, a moment inequality for p2 by Bouheron and Massart [BM04℄,with a restrition to subsampling weights: Thm. 7.1 in Set. 7.3.2.
• Gaussian onentration theorem (Thm. 8.1 in Set. 8.5): Prop. 10.4 in Set. 10.2.3.
• MDiarmid's inequality (Prop. 8.7 in Set. 8.5): (10.8) and (10.9) in Thm. 10.1, Set. 10.2.3.Prop. 1 and 2 of Fromont [Fro07℄ rely on the same inequality.However, they are not ompletely satisfatory, beause of their lak of generality (the �rstthree assuming either a partiular framework, a partiular kind of resampling or a partiulardistribution for the noise), or beause they are not aurate enough (MDiarmid's inequality istoo rough to attain fast rates). This is why the following generalizations of our results would bequite interesting:Open Problem 8. Generalize Thm. 7.1 to exhangeable weights, or atleast to Efron (m) weights.Open Problem 9. Prove a non-asymptoti onentration inequality for p̂1in a general framework (e.g. the one of Thm. 7.1).



11.3. OPTIMAL CALIBRATION OF PENALTIES 285In the ase of subsampling, Problem 9 an be derived as Thm. 7.1 from a moment inequality on p1similar to the result of Bouheron and Massart [BM04℄ (see Problem 14). In the ase of generalweights, this may be related to Problem 8.Open Problem 10. Generalize Prop. 10.4 to sub-gaussian variables (or,more generally, under moment assumptions).In order to obtain suh general results, several tehniques an be onsidered: moment inequalities(e.g. Bouheron, Bousquet, Lugosi and Massart [BBLM05℄), optimal transport (e.g. Villani[Vil03, Vil07a℄), oupling (e.g. Chen and Lo [CL97℄), strong approximation (e.g. Berthet andMason [BM06b℄ and referenes therein), to name but a few.11.2.2. Expetations. The main lak of theory probably relies in the omparison between aquantity F (P,Pn) and its resampling estimate in expetation, from the non-asymptoti viewpoint.In this thesis, we use three kinds of tehniques for proving suh results:
• expliit omputations using the spei�ity of the histogram framework (Prop. 5.2 inSet. 5.3.2, Lemma 5.7 in Set. 5.7.2, and Set. 6.3.3 for expliit omputation of theonstants for several partiular resampling shemes).
• a gaussian assumption, when F has some homogeneity properties (Prop. 10.2 in Set. 10.2.2)
• symmetrization-like inequalities, adapted from Fromont [Fro07℄, when the data is sym-metri (Prop. 10.3 in Set. 10.2.2). Notie that Fromont obtains less tight bounds withoutassumptions on the data.It then seems that there is no general method for omparing E [F (P,Pn) ] to E

[
F (Pn, P

W
n )
]non-asymptotially (whereas Thm. 3.6.13 of van der Vaart and Wellner [vdVW96℄ provides anasymptoti omparison). However, in Set. 8.4.1, we prove that it is su�ient to onsider the aseof exhangeable weights, when the data is exhangeable (Lemma 8.4). The expetation problemis thus redued to the following:Open Problem 11. Prove non-asymptoti bounds on E [F (P,Pn) ] /E

[
F (Pn, P

W
n )
]for general exhangeable weights, and quite general funtions F .In partiular, this inludes Problem 19 on global resampling omplexities, and a similar ques-tion on onentration-based thresholds (see Set. 11.4.3).11.3. Optimal alibration of penaltiesThe main point developped in Chap. 2 is the need for theoretial results helping pratialusers to design optimal model seletion proedures. Chapters 3 to 9 provide several answers tothis question, with penalization proedures, while raising several new open problems.11.3.1. Flexibility of penalization. A main argument in favour of penalization is that it is�exible. This is not new: AIC and BIC are the same penalty with a di�erent multipliative fator.Indeed, identi�ation generally needs to overpenalize for onsisteny, or even only to ontrol theprobability of a type I error (Aerts, Claeskens and Hart [ACH99℄). This is one of the drawbaksof V -fold ross-validation, whih an not overpenalize more than within a fator 3/2 (by taking

V = 2, as suggested by Zhang [Zha93℄, Dietterih [Die98℄ and Alpaydin [Alp99℄). Sine wehave de�ned resampling penalties that work in a more general framework than linear penaltiesfor predition, we an also expet to use penVF and RP for identi�ation:Open Problem 12. V -fold and Resampling penalties, with a multipliativefator C = ln(n)CW,∞/2 (or, more generally, C ≫ CW,∞), are onsistent for



286 CHAPITRE 11. CONCLUSIONS, OPEN PROBLEMS AND PROSPECTSidenti�ation. In view of the assumption m → ∞ in [Sha96℄, CW,∞ ≫ n−1may also have to be assumed.This would enlighten the result of Shao [Sha96℄ about �m out of n� bootstrap, sine n≫ m→ ∞an also be written C = 1 ≫ CW,∞ ∼ m/n ≫ n−1. Moreover, this would show that one anatually use (almost) any kind of resampling sheme for identi�ation, ontrary to what Shao'sresult seems to mean.It is also known that when the bias of the models deay fast (e.g. exponentially fast in thenumber of parameters), BIC performs better than AIC for predition. If Problem 12 holds true,it is likely that BIC-like penalties are the best one in suh a ase. When ideal penalties arelinear, it is known that one an ombine the strengths of AIC and BIC in several3 situations(Yang [Yan03℄, van Erven, Grünwald et de Rooij [vEGdR07℄, and referenes quoted by Yang[Yan05℄). It is then legitimate to ask whether one an ombine the strengths of AIC-like andBIC-like penalties for predition or estimation. From the non-asymptoti viewpoint, this is loselyrelated to Problems 16 and 15.11.3.2. Calibration of resampling penalties with the slope heuristis. In order toalibrate the onstant C in front of RP or V -fold penalties with real data, the use of CW,∞ (whihis justi�ed theoretially in the histogram regression ase, or when n goes to in�nity) may seemhazardous. This is why we also propose to use the so-alled slope heuristis. Whereas Birgé andMassart [BM06℄ only onsider penalties that are a funtion of the dimension (mainly linear,when Mn has a polynomial omplexity), the results of Chap. 3 show that they are valid withgeneral shapes of penalties, in the histogram regression ase. This lead us to propose Algorithm 3.1in Set. 3.1, in whih the shape of the penalty an be estimated from the data.Moreover, aording to Chap. 5 and 6, it appears that RP and penVF provide e�ient esti-mates of the shape of the penalty. We then suggest the use of Algorithm 11.1 below.Algorithm 11.1 (Resampling penalization with slope heuristis).(1) Choose a resampling sheme, i.e. the law of a weight vetor W .(2) Compute the following resampling penalty for eah m ∈ Mn:
penshape(m) = EW

[
Pnγ

(
ŝm

(
PW

n

))
− PW

n γ
(
ŝm

(
PW

n

))]
.(3) Compute the seleted model m̂(K) as a funtion of K > 0

m̂(K) ∈ arg min
m∈Mn

{
Pnγ(ŝm(Pn)) +K penshape(m)

}
.(4) Find K̂min > 0 suh that D bm(K) is too large for K < K̂min and �reasonably small� for

K > K̂min.(5) Selet the model m̂ = m̂
(

2K̂min

).The detailed onstrution of penshape an be found in Chap. 5 and 6. Remarks about theexat de�nition of K̂min and e�ient ways of omputing it an be found in Set. 3.1.The main drawbak of Algorithm 11.1 is that its theoretial justi�ation is restrited to thehistogram regression ase. First of all, one an wonder whether the slope heuristis itself staysvalid in a general framework:Open Problem 13. Generalize the slope heuristis ((2.15), p1 ≈ p2) andits onsequenes ((2.14), i.e. Thm. 3.2: existene of a minimal penalty penmin,3but not always, sine there is a on�it between identi�ation and adaptation, see e.g. Yang [Yan05℄.



11.3. OPTIMAL CALIBRATION OF PENALTIES 287dimension jump around penmin; and Thm. 3.1: optimality of 2 penmin) in ageneral framework.Sine Problem 13 may be quite hard to solve, we would like to insist on a major part of it,whih is probably the most di�ult one:Open Problem 14. In a general framework (more general than histogramregression), prove a lower bound on p1 with high probability, that may be om-pared to p2 or E [p2 ].It may seem strange that Problem 14 is di�ult, whereas there exists some onentration resultsfor p2 (Prop. 7.2, whih diretly ome from a moment inequality of Bouheron and Massart[BM04℄). The main di�erene between p1 and p2 is that p2 an be written as
p2(m) = sup

t∈Sm

{Pnγ (sm ) − Pnγ (t)} ,thus Talagrand's inequality (or moment inequalities from Bouheron, Bousquet, Lugosi and Mas-sart [BBLM05℄) an be diretly applied. In the ase of p1, we an not get rid of the randomnessof ŝm inside Pγ ( ·) with the same trik. In the lassi�ation framework, there may be a startingpoint in Thm. 3.1 of Bartlett and Mendelson [BM06a℄. We do not have found any other lowerbound on p1 in the literature, exept the one we prove in the histogram regression ase (Prop. 5.8in Set. 5.7.4). Notie that in the histogram regression framework, the onentration inequalityfor p1 is also muh more di�ult to obtain that the one for p2.11.3.3. Need for overpenalization. We have already pointed out in Set. 2.4.1 a majorproblem in pratie: overpenalization is neessary for the non-asymptoti optimality of a penalty,when the goal is predition. We observe this in the simulation studies (Set. 5.4 and 6.5; seealso Fig. 11.1), where we onsidered large signal-to-noise ratios. Moreover, the theoretial bound(2.16) suggests that the need for overpenalization is linked with the variability of pen− penid.This raises the following questions:Open Problem 15. How muh shall we overpenalize? In partiular, isthe non-asymptoti optimal overpenalization fator related to the variability of
(pen− penid)(m) (at least for m among the models �likely to be seleted�)?Sine the variability of pen− penid may be related to the one of pen (when it is data-dependent,e.g. obtained by resampling), Problem 15 is also related to Problem 6.Even if the above problem was solved, designing non-asymptoti optimal penalties in pratiewould still be an issue. When pen is resampling-based, we propose an answer, that is the followingproblem: Open Problem 16. Provide an aurate and pratial overpenalizationmethod. We make to proposals:(1) Would an empirial (1−α) quantile of PW

n

(
γ ( ŝm ) − γ

(
ŝW
m

)) be e�ientin pratie?(2) Alternatively, these empirial quantiles may be used to derive a on�deneregion at level α on the predition errors, and then a on�dene set for theorale m⋆. Would the �more parimonious4 model� in this set be a goodhoie for m̂?In both ases, how to hoose the �on�dene level� α?4e.g. de�ned as the one with the smallest penalty.
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Figure 11.1. How to hoose the optimal overpenalization fator? Performaneof Mallows' Cp (measured by Cor de�ned by (4.3)) as a funtion of the overpe-nalization fator Cov. Taking into aount the unertainty of estimation of Cor(standard deviations are smaller than 0.04), the optimal overpenalization fatorbelongs to [1.25; 1.75 ] in this ase. The data and the family of models are the oneof experiment (S1) (Set. 4.4.2). A similar behaviour is observed with experiments(S2), (HSd1) and (HSd2), and Resampling Penalties instead of Mallows' Cp.Remark that for method (1), overpenalization may not neessarily math with the smaller valuesof α. The ruial point here is: �how does the variability of pen− penid varies with Dm?�. Onthe ontrary, in method (2), sine the on�dene set for m⋆ is a non-inreasing funtion of α,overpenalization orresponds to the smaller values of α.The presene of a �on�dene level� α in the two above proposals makes our suggest lose toa testing proedure for making model seletion. This may be related to the link between FDRontrol and model seletion, by Abramovih, Benjamini, Donoho and Johnstone [ABDJ06℄. Seealso Aerts, Claeskens and Hart [ACH99℄ whih quanti�es the �level� of AIC in an identi�ationsetting, and suggests to overpenalize in order to ontrol this level. Another interesting referenefor Problem 16 may be Birgé [Bir06℄, where a theoretial model seletion proedure by testingis de�ned (as an alternative to penalization).As an alternative to Problem 16, one ould think of using (V -fold) ross-validation again forhoosing the overpenalization fator Cov. Apart from its prohibitive omputational ost, thismethod would probably work well, at least at �rst order.11.3.4. Larger families of models. All along this thesis, we only onsider model sele-tion among a polynomial family Mn (assumption (P1)). With our de�nition of RP and V -foldpenalties, this is probably neessary, sine too large families of models need larger penalties thanpolynomial families (Birgé and Massart [BM01, BM06℄, Baraud [Bar02℄, Sauvé [Sau06℄).When there are muh more models, for instane in the segmentation problem (i.e. lassi�a-tion with the entire family of histogram models) or in the hange-points detetion problem (i.e.regression with the entire family of histogram models, see Lebarbier [Leb05℄), we have to makeanother proposal for using resampling penalties. Massart [Mas07℄ suggests to replae the rihfamily (Sm)m∈Mn by the polynomial family ( S̃D

)
1≤D≤n

, where S̃D =
⋃

Dm=D Sm and Dm isany omplexity measure of the model m (for instane, its dimension as a vetor spae). In otherwords, we ome bak to the polynomial ase with a di�erent family of models. Notie that even



11.4. CONFIDENCE REGIONS AND MULTIPLE TESTING 289if eah Sm is a model of histograms, neither are the S̃D, so that our results an not be appliedto hange points detetion. In the lassi�ation ase, proving a result on the use of resamplingfor segmentation would be quite interesting, sine it is losely related to the use of resampling forstabilizing CART. In other words, we would like to prove:Open Problem 17. Extend Thm. 6.1 to more general models, in partiularfor the hange-point detetion and segmentation problems.When the noise is heterosedasti, another problem arises, beause the natural omplexitymeasure (if there is one) depends on the unknown funtion σ(·). For instane, when σ(x) = 1x≥1/2,the omplexity of an histogram modelm is measured by the number of jumps in [1/2, 1], whih maybe muh smaller than its dimension Dm. Sine grouping the models aording to Dm impliitlyassumes that they should be penalized in the same way, the resulting proedure may then besuboptimal. We do not have yet suggestions for the following problem:Open Problem 18. When the noise is heterosedasti, how to group his-togram regression models? More generally, is there a �natural� way of groupingthe models, possibly a data-dependent one?An alternative to grouping may ome from an answer to Problem 15, sine the need for largerpenalties when Card(Mn) is large is linked with the uniform �utuations of pen− penid.11.3.5. Global penalties. In Chap. 9, we highlighted the di�ulty of alibration of globalresampling penalties. There may be two answers for this, whih are the two following problems:Open Problem 19. With an additional assumption (for instane, that thebest estimator in Sm has a risk larger than n−1), prove tight theoretial boundson the ratio RZ(Fm), similar to the ones of Set. 9.2.2.Open Problem 20. Can we alibrate global penalties with a slope heuris-tis algorithm, sine these penalties estimate penid,g whih may not have theshape of penid?11.4. Con�dene regions and multiple testingIn Chap. 10, we de�ne several resampling-based on�dene regions, with a non-asymptotiontrol of the level. A simulation study shows their performane when the oordinates are or-related: our thresholds seem to �adapt� to the unknown orrelation matrix of the data. We anthus onjeture that the answer to Problem 4 is positive.11.4.1. Quantiles without additional term. Moreover, the quantile thresholds de�ned inSet. 10.3 seem to involve a too large additive term, maybe unneessary in the gaussian framework.A ontrol of the level of these thresholds without the additive term would result in a proedureuniformly more powerful than the �unentered quantile�:Open Problem 21. The remainder term in Thm. 10.2 an be removed (ormade muh smaller), while keeping the level smaller than α (possibly with anadditional assumption on the distribution of the data).Otherwise, is it possible to build a self-ontained quantile threshold?The interest of the last statement is that we would have a threshold valid for any symmetrivariable, not only the gaussian or bounded symmetri ones.



290 CHAPITRE 11. CONCLUSIONS, OPEN PROBLEMS AND PROSPECTS11.4.2. Unknown noise-level. When applying our proedures to real data sets, the esti-mation of the noise-level σ an be an issue, as pointed out in Set. 10.6.3. In neuroimaging, someindependent data are often available, thanks to whih we an estimate (at least roughly) thenoise-level σ, and even loal estimates of the variane, allowing some global heterosedastiity.However, in general, σ has to be estimated with the same data. This raises a two-fold problem:Open Problem 22. In the homosedasti ase, should the resampling-based thresholds take into aount the estimation of σ, i.e. estimate a quantileof σ̂−1φ
(
Y − µ

) instead of a quantile of σ−1φ
(
Y − µ

)? In the heterosedastiase, what an be done?This problem may in partiular be related to the (single) test built by Baraud, Huet and Laurent[BHL03℄ upon onentration inequalities, with an unknown noise-level.11.4.3. Non-gaussian or asymmetri data. In pratie, gaussian or symmetry assump-tions are often questionable. In our approah, we really use symmetry, for ontrolling expetations(in the onentration approah) and through the symmetrization trik (in the quantile approah).Results from Chap. 9 show that without symmetry, it may be di�ult to obtain a general tightalibration of the onentration-based thresholds. However, the resampling heuristis is not linkedwith the symmetry of the noise, so that it seems somehow unnatural to restrit our results to thisase.For the onentration-based thresholds, solving Problem 10 would allow to onsider sub-gaussian symmetri variables, instead of gaussian or bounded ones (reall that the thresholds inthe bounded ase are quite onservative, and make use of the bound A on the data). Sub-gaussianasymmetri variables would then require tight results in expetation (e.g. through Problem 19,whih is part of Problem 11).For the quantile approah, proving results without symmetrization trik seems quite hard: upto our best knowledge, all the non-asymptoti results on quantiles rely on symmetrization. Sineasymptotial results show that general exhangeable weights an be used (Hall and Mammen[HM94℄), as well as asymmetri data (as soon as it is not too far from gaussian), we an rightfullyask the following:Open Problem 23. Control the level of the quantile thresholds with eitherasymmetri data or general exhangeable weights.
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Rééhantillonnage et Séletion de modèlesRésumé : Cette thèse s'insrit dans les domaines de la statistique non-paramétrique et de lathéorie statistique de l'apprentissage. Son objet est la ompréhension �ne de ertaines méthodesde rééhantillonnage ou de séletion de modèles, du point de vue non-asymptotique.La majeure partie de e travail de thèse onsiste dans la alibration préise de méthodes deséletion de modèles optimales en pratique, pour le problème de la prédition. Nous étudions lavalidation roisée V -fold (très ouramment utilisée, mais mal omprise en théorie, notamment poure qui est de hoisir V ) et plusieurs méthodes de pénalisation. Nous proposons des méthodes dealibration préise de pénalités, aussi bien pour e qui est de leur forme générale que des onstantesmultipliatives. L'utilisation du rééhantillonnage permet de résoudre des problèmes di�iles,notamment elui de la régression ave un niveau de bruit variable. Nous validons théoriquementes méthodes du point de vue non-asymptotique, en prouvant des inégalités orale et des propriétésd'adaptation. Ces résultats reposent entre autres sur des inégalités de onentration.Un seond problème que nous abordons est elui des régions de on�ane et des tests multiples,lorsque l'on dispose d'observations de grande dimension, présentant des orrélations générales etinonnues. L'utilisation de méthodes de rééhantillonnage permet de s'a�ranhir du �éau de ladimension, et d'�apprendre� es orrélations. Nous proposons prinipalement deux méthodes, etprouvons pour haune un ontr�le non-asymptotique de leur niveau.Mots-lés : Statistique non-paramétrique, apprentissage statistique, rééhantillonnage, non-asymptotique,validation roisée V -fold, bootstrap, séletion de modèles, pénalisation, régression non-paramétrique,adaptation, hétérosédastique, régions de on�ane, tests multiples.�������������-Resampling and Model SeletionAbstrat:This thesis takes plae within the theories of non-parametri statistis and statistial learning.Its goal is to provide an aurate understanding of several resampling or model seletion methods,from the non-asymptoti viewpoint.The main advane in this thesis onsists in the aurate alibration of model seletion proe-dures, in order to make them optimal in pratie for predition. We study V -fold ross-validation(very ommonly used, but badly known in theory, in partiular for the question of hoosing V ) andseveral penalization proedures. We propose methods for alibrating aurately some penalties,for both their general shape and the multipliative onstants. The use of resampling allows tosolve hard problems, in partiular regression with a variable noise-level. We prove non-asymptotitheoretial results on these methods, suh as orale inequalities and adaptivity properties. Theseresults rely in partiular on some onentration inequalities.We also onsider the problem of on�dene regions and multiple testing, when the data arehigh-dimensional, with general and unknown orrelations. Using resampling methods, we anget rid of the urse of dimensionality, and �learn� these orrelations. We mainly propose twoproedures, and prove for both a non-asymptoti ontrol of their level.Keywords: Non-parametri statistis, statistial learning, resampling, non-asymptoti, V -foldross-validation, bootstrap, model seletion, penalization, nonparametri regression, adaptivity,heterosedasti, on�dene regions, multiple testing.�������������-AMS Classi�ation: 62G09, 62M20, 62G08, 62J02, 62G15, 62G10.
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