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EGFHE I àsÎ�ÖÇÛDÙ=×Ðà2Û%×�ÑBÚpÑfÎ�ÖÇÜpípÒòà2èïÑKJ ÖÇÕ=× FLFKFLFMFKFLFKFLFKFLFLFKFMFKFLFKFLFLFKFLFKFMFKFLFLFKF E
EGFON I àsÙ=ßQPÞØ�×=Õ=ÍÊÑhÚpÑ�ÒòàsÎ�ÖÇÜpÒÊÑ�ÜpÕSR

SU(3) T FMFKFLFKFLFKFLFLFKFMFKFLFKFLFLFKFLFKFMFKFLFLFKF U
EGFOU I àsÙ=ßQPÞØ�×=Õ=ÍÊÑhÚpÑ�ÒòàsÙÐà�êïÑ�ÜpÕºÖÇÜ�V �HW)X � !ZY�*H[]\ 	 , FLFKFLFLFKFMFKFLFKFLFLFKFLFKFMFKFLFLFKF U
EGF ^ I ÑfÒòà2èLÕÐà2ÛpèLÍÊÑ�Û4ÚpÑM_K`�â FLFKFLFKFLFKFLFMFKFLFKFLFKFLFLFKFMFKFLFKFLFLFKFLFKFMFKFLFLFKF a
EGFOa I Ñ�ÙºÙ=ßQPÞØ�×=Õ=ÍÊÑ�ÙµÚpÑM_K`�âVÚDà2ÛDÙºÒòànÒäÍHPsÍä×�ÑhÎ�ÏpÍäÕÐà2ÒÊÑ FKFLFLFKFMFKFLFKFLFLFKFLFKFMFKFLFLFKF b
EGFOb I Ñ�ÙºÎ�ÖÇÜpÕÐà2Û%×�ÙºÑ�×µÒÊÑ�ÙµÎÐÏ�à2Õ=èïÑ�Ù�àÇÙ�ÙÐÖ%Î�ÍÊØ�ÙdcnÒòàÞÙ=ßePÞØ�×=Õ=ÍÊÑfÎÐÏpÍäÕÐà2ÒÊÑ FKFLFLFKFLFKFMFKFLFLFKF f

g hi�A�! .jk&) 43'j;5!�e3l"%$D5=&) 4� �k�
NmFHE I à�×=ÏDØ�ÖÇÕ=ÍÊÑhÑonÑ�Î�×=ÍäêïÑ FKFMFLFKFLFKFLFKFLFMFKFLFKFLFKFLFLFKFMFKFLFKFLFLFKFLFKFMFKFLFLFKF EGE
NmFON I ÑpJ ÖÇÕqP à2ÒäÍÊÙqPÞÑhÚpÑr`s`�tvu>à2ípípÒäÍxw�ÜDØrc�Òòày_K`�â FLFLFKFMFKFLFKFLFLFKFLFKFMFKFLFLFKF ESN
NmFOU I ÑfÒòà2èLÕÐà2ÛpèLÍÊÑ�Û4ÎÐÏpÍäÕÐà2ÒÔÑ�×5Òòà{zpÕ=ÍÊÙ�ÜpÕ�ÑfÚ}| ÍÊÙ�ÖLÙ=ípÍäÛ FLFKFLFLFKFMFKFLFKFLFLFKFLFKFMFKFLFLFKF ESU
NmF ^ I Ñ�ÙµípÕ�ÖÇípÕ=ÍÊØ�×�Ø�Ù�Ú¦Ü.Òòà2èLÕÐà2ÛpèLÍÊÑ�Û4ÎÐÏpÍäÕÐà2Ò FMFKFLFKFLFKFLFLFKFMFKFLFKFLFLFKFLFKFMFKFLFLFKF ESa
NmFOa I à{P à2×=Õ=ÍÊÎ�ÑhÚpÑ�Ù�Î�Ï�à)PsíDÙºÚpÑLPÞØ�Ù�ÖÇÛDÙ FMFKFLFKFLFKFLFLFKFMFKFLFKFLFLFKFLFKFMFKFLFLFKF ESb
NmFOb ~ nCÑ�×�ÚpÑ�Òòà{zpÕ=ÍÊÙ=ÜpÕ�ÑhÚ}| ÍÊÙ�ÖLÙ�ípÍäÛ FKFLFKFLFMFKFLFKFLFKFLFLFKFMFKFLFKFLFLFKFLFKFMFKFLFLFKF ES�

� ��*@���!5=:<72/2��/2�?/2Be�<5�3;:SBCjk&) m:<5!(+3��� 45!���=� g��
UmFHE I | ÍäÛ�×�Ñ�ÕÐàÇÎ�×=ÍÊÖÇÛ�J à2ÍHzpÒÊÑ FKFMFLFKFLFKFLFKFLFMFKFLFKFLFKFLFLFKFMFKFLFKFLFLFKFLFKFMFKFLFLFKF NGN
UmFON å�ÕÐà2ÛDÙ�J ÖÇÕqP à2×=ÍÊÖÇÛDÙ�ÚpÑ I ÖÇÕ�Ñ�Û�×=ñnÑ�×µÚpÑfí�à2Õ=Íä×�Ø FKFLFKFLFLFKFMFKFLFKFLFLFKFLFKFMFKFLFLFKF NGU
UmFOU I ÑhÎ�ÖÇÜpÕÐà2Û�×�Ï�àÇÚ¦Õ�ÖÇÛpÍxw�ÜDÑ

K`2
FKFLFKFLFMFKFLFKFLFKFLFLFKFMFKFLFKFLFLFKFLFKFMFKFLFLFKF N)^

UmF ^ I ÑhÎ�ÖÇÜpÕÐà2Û�×�Ï�àÇÚ¦Õ�ÖÇÛpÍxw�ÜDÑ
K`3

FKFLFKFLFMFKFLFKFLFKFLFLFKFMFKFLFKFLFLFKFLFKFMFKFLFLFKF NGb
UmFOa I ÑhÎ�ÖÇÜpÕÐà2Û�×�Ï�àÇÚ¦Õ�ÖÇÛpÍxw�ÜDÑ

K`4
FKFLFKFLFMFKFLFKFLFKFLFLFKFMFKFLFKFLFLFKFLFKFMFKFLFLFKF N��

amFHE � àÇÎ�×�Ñ�ÜpÕ�ÚpÑpJ ÖÇÕqPÞÑ�×�Ñ�ÛDÙ�ÖÇÕ=ÍÊÑ�Ò FLFMFKFLFKFLFKFLFLFKFMFKFLFKFLFLFKFLFKFMFKFLFLFKF NGf
UmFOb ìºØ�Ù=Ü.PÞØ FLFKFLFLFKFLFKFMFLFKFLFKFLFKFLFMFKFLFKFLFKFLFLFKFMFKFLFKFLFLFKFLFKFMFKFLFLFKF NGf

� hi��"� ./D&���/2�?:S&� C�. 45!��/D�
K`4

�}�
^4FHE I àsÎ�ÍäÛDØ�P à2×=Íxw%ÜDÑBÚpÑ

K`4
FKFLFKFLFKFLFMFKFLFKFLFKFLFLFKFMFKFLFKFLFLFKFLFKFMFKFLFLFKF UGN

^4FON I | Ø�ÒÊØ�PÞÑ�Û�×�ÚpÑpP à2×=Õ=ÍÊÎ�Ñ FLFKFLFKFLFKFLFMFKFLFKFLFKFLFLFKFMFKFLFKFLFLFKFLFKFMFKFLFLFKF U)^
^4FOU I Ñf×Ðà2Ü¦ë ÚpÑhÚpØ�Ù=ÍäÛ�×�Ø�èLÕÐà2×=ÍÊÖÇÛ FLFKFLFKFLFMFKFLFKFLFKFLFLFKFMFKFLFKFLFLFKFLFKFMFKFLFLFKF UGb

ê



^4F ^ I ÑhÚpØ�ípÏ�àÇÙÐà2èïÑfípÍÊÖÇÛ¦é³ípÍÊÖÇÛ FMFKFLFLFKFLFKFLFKFMFLFKFLFKFLFLFKFMFKFLFKFLFLFKFLFKFMFKFLF UGf
�

K`4
>@��� (+&�/D&)�?�!�?���!72� �D .� �+�

amFHE I ÑhÎ�à2Û�à2Ò
Î�Ï�à2Õ=èïØ
K+ → π+ π− `+ ν`

FLFKFMFLFKFLFKFLFLFKFMFKFLFKFLFLFKFLFKFMFKFLF ^G^
amFON I ÑhÎ�à2Û�à2Ò�ÛDÑ�Üp×=Õ�Ñ

K+ → πo πo `+ ν`
FKFLFKFMFLFKFLFKFLFLFKFMFKFLFKFLFLFKFLFKFMFKFLF ^e�

amFOU I ÑhÎ�à2Û�à2Ò8PsÍ ë¦×�Ñ
Ko → πo π− `+ ν`

FKFLFKFMFLFKFLFKFLFLFKFMFKFLFKFLFLFKFLFKFMFKFLF ^C�
amF ^ ì�Ø�Ù=Ü.PÞØfÑ�×µÛ%Ü.PÞØ�Õ=Íxw�ÜDÑ FKFMFKFLFLFKFLFKFLFKFMFLFKFLFKFLFLFKFMFKFLFKFLFLFKFLFKFMFKFLF a��

^4FHE ð%×Ðà2×=Üp×ºÑ�ë¦íCØ�Õ=ÍHPÞÑ�Û�×Ðà2Ò FLFLFKFLFKFLFKFMFLFKFLFKFLFLFKFMFKFLFKFLFLFKFLFKFMFKFLF amE
� �M(k&)&��e"G:<5!(+32� >@7232�?��(+72"C�!� Be�!�C"�:S&�(;*@ .j+32B�:<5!6872�C� ���

bmFHE Ì@ÖÇ×=ÍäêLà2×=ÍÊÖÇÛDÙ FLFKFLFLFKFLFKFMFKFLFLFKFLFKFLFKFMFLFKFLFKFLFLFKFMFKFLFKFLFLFKFLFKFMFKFLF aGa
bmFON ì�Ø�Ù=ÜpÒä×Ðà2×�ÙdcnÜpÛDÑKzCÖÇÜDÎ�ÒÊÑhÚpÑ�ípÏDÖÇ×�ÖÇÛ FKFLFKFMFLFKFLFKFLFLFKFMFKFLFKFLFLFKFLFKFMFKFLF a��

NmFHE � àÇÎ�×�Ñ�ÜpÕãÚpÑ J ÖÇÕqPÞÑh×�Ñ�ÛDÙ�ÖÇÕ=ÍÊÑ�Ò
T

FLFKFLFMFKFLFKFLFLFKFLFKFMFKFLFLFKFLFKFLFKFMF a��
NmFON � àÇÎ�×�Ñ�ÜpÕ�ÙãÚpÑ J ÖÇÕqPÞÑ

F
Ñ�×
G
FLFKFLFKFLFMFKFLFKFLFLFKFLFKFMFKFLFLFKFLFKFLFKFMF aG�

� hi�e�]"�(+&�&)�C"G:<5!(;3'� /	�x5!3;:S�e&� ."�:<5=(;3 � (k&�:S� � �
�QFHE âãÍòà2èLÕÐà)P PÞÑB×ÐàÇÚ¦í�ÖÇÒÊÑ FLFKFMFKFLFLFKFLFKFLFKFMFLFKFLFKFLFLFKFMFKFLFKFLFLFKFLFKFMFKFLF �%U
�QFON âãÍòà2èLÕÐà)P PÞÑ�Ù�Î�ÖÇÛ�×=Õ=ÍHzpÜ�à2Û�×�Ùfà2Ü¦ë.Î�ÖÇÕ=Õ�Ñ�Î�×=ÍÊÖÇÛDÙºÚ}| ÜpÛpÍä×Ðà2Õ=Íä×�Ø FKFMFKFLFKFLFLFKFLFKFMFKFLF �%a
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�mFHE `�à2ÒÊÎ�ÜpÒÔÚpÑ�ÙµÎ�ÖÇÛ�×=Õ�ÑB×�Ñ�ÕqPÞÑ�Ù FKFLFLFKFLFKFLFKFMFLFKFLFKFLFLFKFMFKFLFKFLFLFKFLFKFMFKFLF �mE

EGFHE `�ÖÇÛ%×=Õ=ÍHzpÜp×=ÍÊÖÇÛDÙ�à2Ü¦ë�J³àÇÎ�×�Ñ�ÜpÕ�ÙºÚpÑ J ÖÇÕqPÞÑ ��� ó Ñ�×µì FMFKFLFKFLFLFKFLFKFMFKFLF �)^
�mFON ì�Ñ�ÛDÖÇÕqP à2ÒäÍÊÙÐà2×=ÍÊÖÇÛ FLFKFLFKFMFKFLFLFKFLFKFLFKFMFLFKFLFKFLFLFKFMFKFLFKFLFLFKFLFKFMFKFLF �Ga

NmFHE ì�Ñ�ÛDÖÇÕqP à2ÒäÍÊÙÐà2×=ÍÊÖÇÛ4Ú¦ÜlÎÐÏ�à)PsílÑ�×ºÚpÑ�Òòà{P àÇÙÐÙ�Ñ FLFLFKFMFKFLFKFLFLFKFLFKFMFKFLF �Ga
NmFON Ì>àÇÙ�Ù�ÑfÑ�×5Õ�Ñ�ÛDÖÇÕqP à2ÒäÍÊÙÐà2×=ÍÊÖÇÛ>Ú¦Ü ípÍÊÖÇÛlÎÐÏ�à2Õ=èïØ FLFLFKFMFKFLFKFLFLFKFLFKFMFKFLF ���
NmFOU Ì>àÇÙ�Ù�ÑfÑ�×5Õ�Ñ�ÛDÖÇÕqP à2ÒäÍÊÙÐà2×=ÍÊÖÇÛ>Ú¦Ü�LàÇÖÇÛlÎ�Ï�à2Õ=èïØ FLFLFKFMFKFLFKFLFLFKFLFKFMFKFLF fmE
NmF ^ Ì>àÇÙ�Ù�ÑfÑ�×5Õ�Ñ�ÛDÖÇÕqP à2ÒäÍÊÙÐà2×=ÍÊÖÇÛ>Ú¦Ü ÒÊÑ�íp×�ÖÇÛ FKFLFKFLFLFKFMFKFLFKFLFLFKFLFKFMFKFLF fGa

�mFOU `�ÖÇÛ%×=Õ�Ñh×�Ñ�ÕqPÞÑ�Ù�Ñ�×5Õ�Ñ�ÛDÖÇÕqP à2ÒäÍÊÙÐà2×=ÍÊÖÇÛ4ÚpÑ�Ù�Î�Ï�à)PsíDÙ FLFKFLFLFKFMFKFLFKFLFLFKFLFKFMFKFLF fGb
UmFHE � ÛpÛ�ÜpÒòà2×=ÍÊÖÇÛ@ÚpÑ�ÙµÚ¦ÍäêïÑ�Õ=èïÑ�ÛDÎ�Ñ�ÙºÜpÒä×=ÕÐàKé³êuÍÊÖÇÒÊÑ�×=×�Ñ�Ù FLFKFMFKFLFKFLFLFKFLFKFMFKFLF f��

� hi�e�]/�5 �;�C&)jk�Q3'"��e�y5�3'� &� Q-0&)(+72jk�e� ���
fmFHE ~ PsÍÊÙ�Ù=ÍÊÖÇÛlÚpÑ�ípÏDÖÇ×�ÖÇÛDÙdPÞÖÇÜDÙ FLFLFKFLFKFLFKFMFLFKFLFKFLFLFKFMFKFLFKFLFLFKFLFKFMFKFLF fGf
fmFON � PsípÒäÍä×=ÜDÚpÑ

K`4
ÕÐàÇÚ¦Íòà2×=Í J FMFKFLFLFKFLFKFLFKFMFLFKFLFKFLFLFKFMFKFLFKFLFLFKFLFKFMFKFLF E����

fmFOU I Ñf×Ðà2Ü¦ëxÚpÑBÚpØ�Ù=ÍäÛ�×�Ø�èLÕÐà2×=ÍÊÖÇÛ
K`4

ÕÐàÇÚ¦Íòà2×=Í J FKFMFLFKFLFKFLFLFKFMFKFLFKFLFLFKFLFKFMFKFLF E��mE
UmFHE � Û�×�Ø�èLÕÐà2×=ÍÊÖÇÛ@Ú¦Ü.ípÏDÖÇ×�ÖÇÛ FLFKFLFKFLFKFMFLFKFLFKFLFLFKFMFKFLFKFLFLFKFLFKFMFKFLF E��GN

fmF ^ I àsÚ¦ÍäêïÑ�Õ=èïÑ�ÛDÎ�ÑhÍäÛmJ ÕÐàKé³Õ�ÖÇÜpèïÑhÚDà2ÛDÙ
dΓK`4

FKFMFLFKFLFKFLFLFKFMFKFLFKFLFLFKFLFKFMFKFLF E��)^
���A� 32 4�=18�S��3}7D*@Be&)5!6872� ��� �

E��mFHE Ì@ÖÇ×=ÍäêLà2×=ÍÊÖÇÛDÙºÑ�×5Õ�Ø�Ù=ÜpÒä×Ðà2×�Ù�Ö%zp×�Ñ�Û�ÜDÙ FLFKFLFKFMFLFKFLFKFLFLFKFMFKFLFKFLFLFKFLFKFMFKFLF E����
E��mFON�� Üp×=ÍäÒÊÙºí�ÖÇÜpÕ5ÒÊÑhÛ�Ü.PÞØ�Õ=Íxw%ÜDÑ FKFLFLFKFLFKFLFKFMFLFKFLFKFLFLFKFMFKFLFKFLFLFKFLFKFMFKFLF E��G�
E��mFOU å;à2Ü¦ë?cnÒòà�ÒäÍHPsÍä×�ÑhÚ}| ÍÊÙ�ÖLÙ=ípÍäÛ FKFLFLFKFLFKFLFKFMFLFKFLFKFLFLFKFMFKFLFKFLFLFKFLFKFMFKFLF EGE��



UmFHE � Ò | ÖÇÕ�Ú¦Õ�ÑhÒÊÑ�ípÒäÜDÙ z�àÇÙ FKFLFKFLFMFKFLFKFLFKFLFLFKFMFKFLFKFLFLFKFLFKFMFKFLFLFKF EGE��
UmFON � Ò | ÖÇÕ�Ú¦Õ�ÑBÚ}| ÜpÛDÑLz�ÖÇÜDÎ�ÒÊÑ FLFKFLFMFKFLFKFLFKFLFLFKFMFKFLFKFLFLFKFLFKFMFKFLFLFKF EGEGE

E��mF ^ çIÕ=ÍÊÙ�ÜpÕ�ÑhÚ}| ÍÊÙ�ÖLÙ=ípÍäÛlÑ�×µÎ�ÖÇÕ=Õ�Ñ�Î�×=ÍÊÖÇÛDÙãØ�ÒÊÑ�Î�×=Õ�Ö%P à2èLÛDØ�×=Íxw%ÜDÑ�Ù FMFKFLFKFLFLFKFLFKFMFKFLFLFKF EGESN
E��mFOa�I Ñ�ÙsJ³àÇÎ�×�Ñ�ÜpÕ�ÙµÚpÑpJ ÖÇÕqPÞÑ � Ñ�× ó FLFKFLFMFKFLFKFLFKFLFLFKFMFKFLFKFLFLFKFLFKFMFKFLFLFKF EGESU

amFHE `�Ö%PsíCÖÇÕ=×�Ñ�PÞÑ�Û�×�Ñ�Û�J ÖÇÛDÎ�×=ÍÊÖÇÛlÚpÑ
sπ

FKFLFKFLFLFKFMFKFLFKFLFLFKFLFKFMFKFLFLFKF EGE�^
amFON `�Ö%PsíCÖÇÕ=×�Ñ�PÞÑ�Û�×�Ñ�Û�J ÖÇÛDÎ�×=ÍÊÖÇÛlÚpÑ

s`
FKFLFKFLFLFKFMFKFLFKFLFLFKFLFKFMFKFLFLFKF EGESa

�M(+32"C��72�<5!(+32� �C:]�i�e&��S���C"G:<5=�+�e� �+� �
�k���}(+&)*A7D�= 45!&)� �+���

EGEGFHE ó à)P P à2ÒÊÖÇèLÍÊÑ FLFKFLFKFMFLFKFLFKFLFKFLFMFKFLFKFLFKFLFLFKFMFKFLFKFLFLFKFLFKFMFKFLFLFKF EGESf
EGEGFON � Û%×�Ø�èLÕÐà2ÒÊÑrc�âbÚ¦ÍHPÞÑ�ÛDÙ=ÍÊÖÇÛDÙ FLFKFLFKFLFMFKFLFKFLFKFLFLFKFMFKFLFKFLFLFKFLFKFMFKFLFLFKF EGESf
EGEGFOU�I à J ÖÇÛDÎ�×=ÍÊÖÇÛ ó à)P P à FMFLFKFLFKFLFKFLFMFKFLFKFLFKFLFLFKFMFKFLFKFLFLFKFLFKFMFKFLFLFKF EGESf
EGEGF ^ Ó;à2ÕÐà)PÞØ�×=Õ=ÍÊÙÐà2×=ÍÊÖÇÛ>ÚpÑ � Ñ�ßuÛ.P à2Û FLFKFLFMFKFLFKFLFKFLFLFKFMFKFLFKFLFLFKFLFKFMFKFLFLFKF ESN��
EGEGFOa�� ÖÇÕqPBÜpÒòà2ÍäÕ�ÑnÚ}| ÍäÛ�×�Ø�èLÕÐà2ÒÊÑ�Ùºé½ÍäÛ�×�Ø�èLÕÐà2×=ÍÊÖÇÛ@í�à2Õµí�à2Õ=×=ÍÊÑ�Ù FLFKFMFKFLFKFLFLFKFLFKFMFKFLFLFKF ESN��

� hi�e�]"�(;3'�S:S 43;:S�C�]/D� �Z:S&%72"G:<7'&)�?/D�
SU(3)
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� hi�e�]� (+32"G:<5!(+32� �.g �

` FHE I à J ÖÇÛDÎ�×=ÍÊÖÇÛ�cnÜpÛ.íCÖÇÍäÛ�× FLFKFLFKFLFKFLFMFKFLFKFLFKFLFLFKFMFKFLFKFLFLFKFLFKFMFKFLFLFKF ESNGf
` FON I à J ÖÇÛDÎ�×=ÍÊÖÇÛ�c�ÚpÑ�Ü¦ë í�ÖÇÍäÛ%×�Ù FLFKFLFKFLFMFKFLFKFLFKFLFLFKFMFKFLFKFLFLFKFLFKFMFKFLFLFKF ESU��

NmFHE I à J ÖÇÛDÎ�×=ÍÊÖÇÛ4Ù�Î�à2Òòà2ÍäÕ�Ñ FKFLFKFLFMFKFLFKFLFKFLFLFKFMFKFLFKFLFLFKFLFKFMFKFLFLFKF ESU��
NmFON ð%×=Õ=ÜDÎ�×=ÜpÕ�Ñnà2Û�à2Òäß%×=Íxw%ÜDÑhÚpÑfÒòàrJ ÖÇÛDÎ�×=ÍÊÖÇÛlÙ�Î�à2Òòà2ÍäÕ�Ñ FMFKFLFKFLFLFKFLFKFMFKFLFLFKF ESUmE
NmFOU I | ÍäÛ�×�Ø�èLÕÐà2ÒÊÑyêïÑ�Î�×�ÖÇÕ=ÍÊÑ�ÒäÒÊÑ FLFKFLFMFKFLFKFLFKFLFLFKFMFKFLFKFLFLFKFLFKFMFKFLFLFKF ESUGa
NmF ^ I | ÍäÛ�×�Ø�èLÕÐà2ÒÊÑy×�Ñ�ÛDÙ�ÖÇÕ=ÍÊÑ�ÒäÒÊÑ FLFKFLFMFKFLFKFLFKFLFLFKFMFKFLFKFLFLFKFLFKFMFKFLFLFKF ESUGa

` FOU I à J ÖÇÛDÎ�×=ÍÊÖÇÛ�cn×=Õ�ÖÇÍÊÙµíCÖÇÍäÛ�×�Ù FLFKFLFKFLFMFKFLFKFLFKFLFLFKFMFKFLFKFLFLFKFLFKFMFKFLFLFKF ESUGb
UmFHE I | ÍäÛ�×�Ø�èLÕÐà2ÒÊÑnÙ�Î�à2Òòà2ÍäÕ�Ñ FLFKFLFKFLFMFKFLFKFLFKFLFLFKFMFKFLFKFLFLFKFLFKFMFKFLFLFKF ESUGb
UmFON `�Ö%PsíCÖÇÕ=×�Ñ�PÞÑ�Û�×ãÍäÛmJ ÕÐàKé³Õ�ÖÇÜpèïÑ FMFKFLFKFLFKFLFLFKFMFKFLFKFLFLFKFLFKFMFKFLFLFKF ESUGb
UmFOU `�à2ÒÊÎ�ÜpÒ;ÚpÑ�Òòà�í�à2Õ=×=ÍÊÑfÍäÛmJ ÕÐàKé³Õ�ÖÇÜpèïÑ FLFKFLFKFLFLFKFMFKFLFKFLFLFKFLFKFMFKFLFLFKF ESU��
UmF ^ I | ÍäÛ�×�Ø�èLÕÐà2ÒÊÑyêïÑ�Î�×�ÖÇÕ=ÍÊÑ�ÒäÒÊÑ FLFKFLFMFKFLFKFLFKFLFLFKFMFKFLFKFLFLFKFLFKFMFKFLFLFKF ESUG�
UmFOa I | ÍäÛ�×�Ø�èLÕÐà2ÒÊÑy×�Ñ�ÛDÙ�ÖÇÕ=ÍÊÑ�ÒäÒÊÑ FLFKFLFMFKFLFKFLFKFLFLFKFMFKFLFKFLFLFKFLFKFMFKFLFLFKF ESUGf

` F ^	I à J ÖÇÛDÎ�×=ÍÊÖÇÛ�c{w�Ü�à2×=Õ�Ñhí�ÖÇÍäÛ%×�Ù FKFLFKFLFMFKFLFKFLFKFLFLFKFMFKFLFKFLFLFKFLFKFMFKFLFLFKF ESUGf
^4FHE I | ÍäÛ�×�Ø�èLÕÐà2ÒÊÑnÙ�Î�à2Òòà2ÍäÕ�Ñ FLFKFLFKFLFMFKFLFKFLFKFLFLFKFMFKFLFKFLFLFKFLFKFMFKFLFLFKF ESUGf
^4FON I Ñ�ÙºÚpØ�Î�Ö%PsíCÖLÙ=Íä×=ÍÊÖÇÛDÙµêïÑ�Î�×�ÖÇÕ=ÍÊÑ�ÒäÒÊÑyÑ�×µ×�Ñ�ÛDÙ�ÖÇÕ=ÍÊÑ�ÒäÒÊÑ FMFKFLFKFLFLFKFLFKFMFKFLFLFKF E�^Cb

� 5=����5!(kjk&) .��$25!� �Q� �
� 3'/D��� � �4�





��� @��� ���������� �

I às×=ÏDØ�ÖÇÕ=ÍÊÑnÚpÑfÒ | ÍäÛ�×�Ñ�ÕÐàÇÎ�×=ÍÊÖÇÛ�J ÖÇÕ=×�Ñ
	 E��;N�� Ñ�Ù=×ºÜpÛDÑB×=ÏDØ�ÖÇÕ=ÍÊÑBÚpÑµÝ=à2ÜpèïÑyÖ�.ÒÊÑ�ÙãàÇÎ�×�Ñ�ÜpÕ�Ù�� ÚpÑ�èLÕ�Ø�ÙãÚpÑfÒäÍHz�Ñ�Õ=×�Ø��
Ù�ÖÇÛ�×¥ÒÊÑ�Ù�w%Ü�à2Õ uÙIÑ�×½ÒÊÑ�Ù½èLÒäÜDÖÇÛDÙ F `�Ñ�×=×�Ñµ×=ÏDØ�ÖÇÕ=ÍÊÑ�Ñ�Ù=×½ÒòàfÎÐÏpÕ�Ö%PÞÖ2é7Ú¦ß%Û�à)PsÍxw%ÜDÑpw�Ü�à2Û%×=Íxw�ÜDÑ���� _K`�â�� F � Ï�à2Üp×�ÑØ�ÛDÑ�Õ=èLÍÊÑ���Õ�Ñ�Ù=íCÑ�Î�×=ÍäêïÑ�PÞÑ�Û�×µÎ�ÖÇÜpÕ=×�ÑfÚ¦ÍÊÙ=×Ðà2ÛDÎ�Ñ��IÜpÛDÑfà2ípípÕ�ÖuÎ�ÏDÑ�íCÑ�Õ=×=ÜpÕqz�à2×=ÍäêïÑhÑ�Û�J ÖÇÛDÎ�×=ÍÊÖÇÛ ÚpÑãÒ | ÍäÛ�×�Ñ�ÛDÙ=Íä×�ØBÚpÑ
Ò | ÍäÛ�×�Ñ�ÕÐàÇÎ�×=ÍÊÖÇÛ�� ÖÇÜ Î�ÖÇÛDÙ=×Ðà2Û%×�ÑãÚpÑ�Î�ÖÇÜpípÒòà2èïÑ J ÖÇÕ=×��"Õ�Ñ�ípÕ�ÖuÚ¦ÜpÍä×�ÜpÛÃèLÕÐà2ÛDÚÃÛDÖ%PrzpÕ�ÑãÚpÑãÕ�Ø�Ù=ÜpÒä×Ðà2×�Ù�Ñ�ë¦í�Ø�Õ=ÍHPÞÑ�Û¦é
×Ðà2Ü¦ë F `�Ñ5Õ�Ø�èLÍHPÞÑµíCÑ�Õ=×=ÜpÕqz�à2×=Í J
Ñ�Ù=×½êLà2ÒäÍÊÚpÑ5íCÖÇÜpÕ¥ÚpÑ�Ù¥Ú¦ÍÊÙ=×Ðà2ÛDÎ�Ñ�Ù�ÚpÑ5Ò | ÖÇÕ�Ú¦Õ�Ñ�Ú¦Ü Ú¦Í ëuÍÊæ�PÞÑ�ÚpÑ J Ñ�PB×�Ö%PÞæ�×=Õ�ÑãÖÇÜ
PÞÖÇÍäÛDÙ F � z�àÇÙ�ÙÐÑµØ�ÛDÑ�Õ=èLÍÊÑ���Õ�Ñ�Ù�í�Ñ�Î�×=ÍäêïÑ�PÞÑ�Û%×�ÒÊÖÇÛpèLÜDÑ�Ú¦ÍÊÙ=×Ðà2ÛDÎ�Ñ��½ÍäÒ�Ñ�Ù=×¥Ú¦Í�� Î�ÍäÒÊÑãÚ}| Ñ�ë¦×=ÕÐà2ÍäÕ�ÑºÒÊÑ�Ù¥ÍäÛmJ ÖÇÕqP à2×=ÍÊÖÇÛDÙ
Ñ�ëuíCØ�Õ=ÍHPÞÑ�Û�×Ðà2ÒÊÑ�Ù�ÚpÑr_K`�â F
I Ñ5Òòà2èLÕÐà2ÛpèLÍÊÑ�ÛxÚpÑ _K`�â ÙS| à2ípípÜpÍÊÑ�Ù=ÜpÕ"ÒÊÑµèLÕ�ÖÇÜpíCÑµÚpÑµÙ=ßQPÞØ�×=Õ=ÍÊÑ5ÒÊÖuÎ�à2ÒÊÑºÚpÑµÎ�ÖÇÜpÒÊÑ�ÜpÕ

SU(3) T èïØ�ÛDØ�Õ�Øµí�à2Õ½ÒÊÑ�ÙP à2×=Õ=ÍÊÎ�Ñ�ÙBÚpÑ ó Ñ�ÒäÒ é7Ì>à2ÛpÛ F8I Ñ�ÙMw�Ü�à2Õ ¦Ù�	 U�� Ù�ÖÇÛ%×hÚDà2ÛDÙhÒòàÃÕ�Ñ�ípÕ�Ø�Ù�Ñ�Û%×Ðà2×=ÍÊÖÇÛ@J ÖÇÛDÚDà)PÞÑ�Û�×Ðà2ÒÊÑÃÚpÑsÎ�Ñ�èLÕ�ÖÇÜpí�Ñ �ÒÊÑ�Ù5èLÒäÜDÖÇÛDÙµÚDà2ÛDÙºÒòànÕ�Ñ�ípÕ�Ø�Ù�Ñ�Û�×Ðà2×=ÍÊÖÇÛ�àÇÚ2Ý¶ÖÇÍäÛ%×�Ñ F âfà2ÛDÙ5Ò | Ñ�Ù=í�àÇÎ�ÑhÚpÑ�ÙºÙÐà�êïÑ�ÜpÕ�Ù���Ü � Ú � Ù FHFHF ×�� � Î�Ñ�Òòà2èLÕÐà2ÛpèLÍÊÑ�Ûí�ÖLÙÐÙ�æ�ÚpÑ�ÜpÛDÑfÙ=ßQPÞØ�×=Õ=ÍÊÑfèLÒÊÖ%z�à2ÒÊÑLw%ÜpÍ
Ñ�Ù=×µÚpØ�Î�Õ=Íä×�Ñfí�à2ÕµÒÊÑ�èLÕ�ÖÇÜpíCÑ
G ��� �"!$#&% = U(1) # × U(1) ' × . . .× U(1) ( .

ð%Í�ÒÊÑ�Ù ×=Õ�ÖÇÍÊÙ.ÙÐà�êïÑ�ÜpÕ�Ù ÒÊØ�èïæ�Õ�Ñ�Ù.Ù�ÖÇÛ%×.ÚpØ�èïØ�ÛDØ�Õ�Ø�Ñ�Ù � ÎG| Ñ�Ù=×¶é cKé7Ú¦ÍäÕ�Ñ@w%ÜDÑ@ÒÊÑ�Ù�P àÇÙ�Ù�Ñ�Ù ÚpÑ�Ù�w%Ü�à2Õ ¦ÙxÜ � Ú Ñ�×.ÙÖÇÛ�×sÚpÑ�Ù�êLà2ÒÊÑ�ÜpÕ�ÙnØ�è�à2ÒÊÑ�Ù � à2ÒÊÖÇÕ�Ù�à2Ü ÛpÍäêïÑ�à2ÜvÚ¦Ü Òòà2èLÕÐà2ÛpèLÍÊÑ�ÛvÚpÑ _K`�â¸ÍäÒµà2ípí�à2ÕÐà�)Ê×sÒòà@Ù=ßQPÞØ�×=Õ=ÍÊÑ
SU(3) �F ð%ÍµÚpÑxípÒäÜDÙ � ÛDÖÇÜDÙsÛDÖÇÜDÙ ípÒòà�*�ÖÇÛDÙÞÚDà2ÛDÙsÒòà@ÒäÍHPsÍä×�Ñ.Ö�vÒÊÑ�Ù{P àÇÙÐÙ�Ñ�ÙÞÚpÑ�Ùyw%Ü�à2Õ uÙ�ÒÊØ�èïÑ�Õ�Ù Ü � ÚmÑ�×ÞÙsÙ�ÖÇÛ�×Û�ÜpÒäÒÊÑ�Ù+��ÒäÍHPsÍä×�ÑBÎ�ÏpÍäÕÐà2ÒÊÑ��5à2ÒÊÖÇÕ�Ù5ÒÊÑ�Òòà2èLÕÐà2ÛpèLÍÊÑ�Û4ÚpÑM_K`�â Ñ�Ù�×5ÍäÛ�êLà2Õ=Íòà2Û�×ºÙ�ÖÇÜDÙµÒÊÑ�èLÕ�ÖÇÜpí�ÑfÚpÑfÙ=ßQPÞØ�×=Õ=ÍÊÑfÎ�ÏpÍäÕÐà2Ò

G = SU(3) , ×SU(3) - ×U(1) � � ÎÐÏ�à%w�ÜDÑ5Ù}à�êïÑ�ÜpÕ½ÚpÑ w�Ü�à2Õ ¦Ù;í�ÖLÙÐÙ�Ø�ÚDà2Û�×9ÜpÛDÑ5Ù=ßQPÞØ�×=Õ=ÍÊÑ�èLÒÊÖ%z�à2ÒÊÑ5ÚpÑIípÏ�àÇÙÐÑ
U(1) � F � ÒòàfÒäÍHPsÍä×�ÑµÎ�ÏpÍäÕÐà2ÒÊÑºÒÊÑ�Ù¥Ù�Ñ�Î�×�Ñ�ÜpÕ�Ù¥ÒÊØ�èïÑ�Õ�Ù½è�à2ÜDÎ�ÏDÑ�Ñ�×¥Ú¦Õ�ÖÇÍä×¥Ù�Ñ5ÚpØ�Î�ÖÇÜpípÒÊÑ�Û%× FeI | Ø�×Ðà2×iJ ÖÇÛDÚDà)PÞÑ�Û�×Ðà2Ò.��ÒÊÑ
ê%ÍÊÚpÑ��5Û8| Ñ�Ù=×ãí�àÇÙ�ÍäÛ%êÇà2Õ=Íòà2Û%×fÙ�ÖÇÜDÙ

G
Ñ�×ãÒòà Ù=ßQPÞØ�×=Õ=ÍÊÑnÎ�ÏpÍäÕÐà2ÒÊÑnÛ8| Ñ�Ù=×fà2ÒÊÖÇÕ�Ùºí�àÇÙfà2ípí�à2Õ�Ñ�Û�×�Ñ�ÚDà2ÛDÙãÒÊÑnÙ=í�Ñ�Î�×=Õ�Ñ

ÚpÑ�Ùãí�à2Õ=×=ÍÊÎ�ÜpÒÊÑ�Ù F âfà2ÛDÙãÎ�Ñ�Ù=íCÑ�Î�×=Õ�Ñ � ÖÇÛ>Î�ÖÇÛDÙ�×Ðà2×�Ñ w%ÜDÑnÒÊÑ�Ù PÞØ�Ù�ÖÇÛDÙãí�Ñ�ÜpêïÑ�Û%×0/�×=Õ�ÑyèLÕ�ÖÇÜpíCØ�ÙfÑ�Û�PBÜpÒä×=ÍäípÒÊÑ�×�Ù
w�Ü�àÇÙ�ÍHPÞÑ�Û�×sÚpØ�èïØ�ÛDØ�Õ�Ø�ÙÞÑ�Û P àÇÙ�Ù�Ñ � í�à2ÕsÑ�ë¦Ñ�PsípÒÊÑxÚpÑ�Ù{PyÜpÒä×=ÍäípÒÊÑ�×�ÙÞÚ}| ÍÊÙ�ÖLÙ=ípÍäÛvÎ�Ö%P PÞÑ

(π−, πo, π+)
F `�Ñ�Ù

PBÜpÒä×=ÍäípÒÊÑ�×�ÙÞÙÐÑ�Õ�Ñ�èLÕ�ÖÇÜpíCÑ�Û�×�ÚpÑ P�/�PÞÑ Ñ�ÛmÖuÎ�×�Ñ�×�Ù
(π,K, η)

ÖÇÜmÚpØ�Î�ÜpípÒÊÑ�×�Ù
(∆,Σ,Ξ,Ω)

F � Û Õ�Ñ�P à2Õ w%ÜDÑ
w�ÜDÑµÒòàhÙ=ßQPÞØ�×=Õ=ÍÊÑ

SU(3) � àfÚpÑ�Ù¥Õ�Ñ�ípÕ�Ø�ÙÐÑ�Û�×Ðà2×=ÍÊÖÇÛDÙ�ÍäÕ=Õ�Ø�Ú¦ÜDÎ�×=ÍHzpÒÊÑ�Ù5Ö%Î�×�Ñ�×�ÙIÑ�×IÚpØ�Î�ÜpípÒÊÑ�×�Ù F `�Ö%P PÞÑµÒÊÑ�Ù=íCÑ�Î�×=Õ�ÑÏ�àÇÚ¦Õ�ÖÇÛpÍxw�ÜDÑ�ÛDÑIÕ�Ñ21�æ�×�Ñ�í�àÇÙ
Òòà�Ù=ßQPÞØ�×=Õ=ÍÊÑ�ÎÐÏpÍäÕÐà2ÒÊÑ�Ú¦ÜyÒòà2èLÕÐà2ÛpèLÍÊÑ�ÛÞÚpÑs_K`�â � ÒÊÑIê%ÍÊÚpÑ�ÚpÑs_K`�â ÚDà2ÛDÙ;ÒòàµÒäÍHPsÍä×�ÑÎ�ÏpÍäÕÐà2ÒÊÑfÛ8| Ñ�Ù�×µí�àÇÙ5ÍäÛ�êLà2Õ=Íòà2Û�×ãÙ�ÖÇÜDÙ5ÒÊÑ�Ù5×=ÕÐà2ÛDÙqJ ÖÇÕqP à2×=ÍÊÖÇÛDÙãÑ�ÛpèïÑ�ÛDÚ¦Õ�Ø�Ñ�Ùµí�à2ÕµÒÊÑ�ÙºÎ�Ï�à2Õ=èïÑ�Ù�àKë¦Íòà2ÒÊÑ�ÙSR3	 ^ �+a��4b��

Qb4 |0〉 6= 0 b = 1, . . . 8

Ñ�×sÒòà>Ù=ßQPÞØ�×=Õ=ÍÊÑ Î�ÏpÍäÕÐà2ÒÊÑ
SU(3) , × SU(3) - Ñ�Ù=× zpÕ=ÍÊÙ�Ø�Ñ Ù=íCÖÇÛ�×Ðà2ÛDØ�PÞÑ�Û%× êïÑ�Õ�ÙsÒÊÑ ÙÐÖÇÜDÙsèLÕ�ÖÇÜpí�Ñ

SU(3) �Ñ�ÛpèïÑ�ÛDÚ¦Õ�Øfí�à2ÕµÒÊÑ�ÙµÎÐÏ�à2Õ=èïÑ�ÙºêïÑ�Î�×�ÖÇÕ=ÍÊÑ�ÒäÒÊÑ�Ù<R3	 ���4���

Qb5 |0〉 = 0 b = 0, . . . 8.

â{| à2ípÕ�æ�Ù5ÒÊÑ�×=ÏDØ�ÖÇÕ�æ�PÞÑBÚpÑ ó ÖÇÒÊÚpÙ�×�ÖÇÛDÑ6	 f �}E���� � í�ÖÇÜpÕµÎÐÏ�à%w�ÜDÑBÎ�Ï�à2Õ=èïÑBÎ�ÖÇÛDÙÐÑ�Õ=êïØ�ÑBàÇÙ�Ù�ÖuÎ�ÍÊØ�ÑKcnÜpÛDÑhÙ=ßQPÞØ�×=Õ=ÍÊÑèLÒÊÖ%z�à2ÒÊÑ Î�ÖÇÛ%×=ÍäÛ�ÜDÑ�ÛDÑsÒòà2ÍÊÙ�ÙÐà2Û%×Bí�àÇÙhÒÊÑÞê%ÍÊÚpÑsÍäÛ%êÇà2Õ=Íòà2Û%× � ÍäÒ�à2ípí�à2ÕÐà�)Ê×yÚDà2ÛDÙhÒÊÑ Ù=í�Ñ�Î�×=Õ�Ñ ÚpÑsÒòà ×=ÏDØ�ÖÇÕ=ÍÊÑ ÜpÛDÑí�à2Õ=×=ÍÊÎ�ÜpÒÊÑºÚpÑ P àÇÙ�ÙÐÑ5Û�ÜpÒäÒÊÑãà�ß�à2Û�×IÒÊÑ�Ù P�/�PÞÑ�Ù½ÛDÖ%PrzpÕ�Ñ�Ù�w%Ü�à2Û�×=Íxw%ÜDÑ�Ù�w%ÜDÑ5ÒòàfÎÐÏ�à2Õ=èïÑºÑ�Ûyw%ÜDÑ�Ù=×=ÍÊÖÇÛ F�� Û à2ÜpÕÐà
� z�ÖLÙ�ÖÇÛDÙ9ÚpÑ ó ÖÇÒÊÚpÙ�×�ÖÇÛDÑ |πb(p)〉 w%ÜpÍQJ ÖÇÕqPÞÑ�Õ�ÖÇÛ%×"ÜpÛÞÖ%Î�×�Ñ�×"Ù�Ñ�ÒÊÖÇÛ�ÒÊÑ�èLÕ�ÖÇÜpíCÑ�ÚpÑ5Ù�ßePÞØ�×=Õ=ÍÊÑ�Õ�Ø�Ù=ÍÊÚ¦ÜDÑ�Ò SU(3) �w�ÜpÍ½Î�ÖÇÕ=Õ�Ñ�Ù�í�ÖÇÛDÚ cxÒòà Ù=ßQPÞØ�×=Õ=ÍÊÑsÛDÖÇÛ,zpÕ=ÍÊÙÐØ�Ñ � ípÜpÍÊÙ w%ÜDÑsÒÊÑ�ÙBÎÐÏ�à2Õ=èïÑ�ÙBêïÑ�Î�×�ÖÇÕ=ÍÊÑ�ÒäÒÊÑ�Ù�à2ÛpÛpÍäÏpÍäÒÊÑ�Û�×nÒÊÑsêuÍÊÚpÑ F â�ÑípÒäÜDÙ � Î�Ñ�ÙszCÖLÙ�ÖÇÛDÙµÙ�ÑfÎ�ÖÇÜpípÒÊÑ�Û%×ãà2Ü¦ë Î�ÖÇÜpÕÐà2Û�×�Ù�àKëuÍòà2Ü¦ëxí�à2ÕµÒòà�Õ�Ñ�Òòà2×=ÍÊÖÇÛ8R

〈0|Aa
µ(x)|πb(p)〉 = iδabFopµe

ip·x,
%$7�829;:�827�7�<.=�>@?BADCFEGEIHKJL>�7�7�CM7ONQP2R�S

Í ë



Ö�
Fo

� à2ípíCÑ�ÒÊØIí�à2ÕÐà)PÞæ�×=Õ�Ñ5Ú}| ÖÇÕ�Ú¦Õ�Ñ � Ñ�Ù�×;Òòà�êLà2ÒÊÑ�ÜpÕicµÒòà�ÒäÍHPsÍä×�Ñ5Î�ÏpÍäÕÐà2ÒÊÑ5ÚpÑ�Òòà�Î�ÖÇÛDÙ=×Ðà2Û�×�ÑºÚpÑIÚpØ�Ù=ÍäÛ%×�Ø�èLÕÐà2×=ÍÊÖÇÛ
Fπ

Ú¦Ü.ípÍÊÖÇÛ PÞÑ�Ù=ÜpÕ�Ø�ÑhÚDà2ÛDÙµÒÊÑ�ípÕ�Ö%Î�Ñ�Ù�Ù�ÜDÙ
π → µν

R

Fo = Fπ|mu,md,ms→0.

I Ñ�Ù¥í�à2ÕÐà)PÞæ�×=Õ�Ñ�Ù�Ú}| ÖÇÕ�Ú¦Õ�ÑºÎÐÏpÍäÕÐà2Ü¦ëÞí�Ñ�ÕqPÞÑ�×=×�Ñ�Û%×�Ú}| Ø�×=ÜDÚ¦ÍÊÑ�ÕIÒòàpzpÕ=ÍÊÙ=ÜpÕ�ÑºÙ�í�ÖÇÛ%×Ðà2ÛDØ�ÑHÚpÑ5ÒòàhÙ=ßePÞØ�×=Õ=ÍÊÑºÎ�ÏpÍäÕÐà2ÒÊÑ F
I Ñ�Ù�ÚpÑ�Ü¦ë�í�à2ÕÐà)PÞæ�×=Õ�Ñ�ÙµÚ}| ÖÇÕ�Ú¦Õ�ÑãÒÊÑ�Ù¥ípÒäÜDÙ�ÍäÛ�×�Ø�Õ�Ñ�ÙÐÙÐà2Û�×�Ù5Ù�ÖÇÛ%×

Fo
Ñ�×�ÒÊÑãÎ�ÖÇÛDÚpÑ�ÛDÙÐà2×5ÚpÑ w%Ü�à2Õ uÙ 〈qq〉 FQI àBÛDÖÇÛÛ%ÜpÒäÒäÍä×�Ø�ÚpÑ

Fo
Ñ�Ù=×�ÜpÛDÑyÎ�ÖÇÛDÚ¦Íä×=ÍÊÖÇÛ>ÛDØ�Î�Ñ�Ù�ÙÐà2ÍäÕ�ÑnÑ�×�Ù=Ü � ÙÐà2Û�×�ÑyíCÖÇÜpÕ�Òòà]zpÕ=ÍÊÙ=ÜpÕ�ÑnÙ=í�ÖÇÛ%×Ðà2ÛDØ�ÑyÚpÑyÒòàÞÙ�ßePÞØ�×=Õ=ÍÊÑ

ÎÐÏpÍäÕÐà2ÒÊÑ 	 EGE&� � à2ÒÊÖÇÕ�ÙMw�ÜDÑ�ÒòàxÛDÖÇÛ�Û%ÜpÒäÒäÍä×�Ø ÚpÑ�ÙBà2Üp×=Õ�Ñ�ÙBí�à2ÕÐà)PÞæ�×=Õ�Ñ�ÙBÚ}| ÖÇÕ�Ú¦Õ�Ñ ÛDÑ J ÖÇÜpÕ=ÛpÍä×Mw%Ü8| ÜpÛDÑsÎ�ÖÇÛDÚ¦Íä×=ÍÊÖÇÛÙ�Ü � ÙÐà2Û�×�Ñ F
Fo

Ù�ÍäèLÛ�à2ÒÊÑ�ÙÐà2ÛDÙ à)PMzpÍäèLÜ � ×�Ø�Òòà�zpÕ=ÍÊÙ=ÜpÕ�Ñ�ÚpÑ@Òòà�Ù=ßQPÞØ�×=Õ=ÍÊÑ@ÎÐÏpÍäÕÐà2ÒÊÑªÑ�× ÙÐà Õ�Ñ�Ù=×Ðà2ÜpÕÐà2×=ÍÊÖÇÛ FsI ÑÎ�ÖÇÛDÚpÑ�ÛDÙ}à2×�ÚpÑ w%Ü�à2Õ ¦Ù¥Ñ�Ù=×½ípÕ�Ø�ÙÐÑ�Û�×�ÚDà2ÛDÙ½Ò | Ñ�ë¦ípÕ�Ñ�Ù�Ù=ÍÊÖÇÛ�ÚpÑº×�ÖÇÜp×�Ñ�Ù½ÒÊÑ�ÙIÖ%zDÙ�Ñ�Õ=êÇà)zpÒÊÑ�Ù�à2Ü ×=ÕÐà�êïÑ�Õ�ÙIÚpÑ�Ù�P àÇÙ�Ù�Ñ�Ù
ÚpÑ�ÙdPÞØ�Ù�ÖÇÛDÙ

Fπ
2M2

π = −(mu +md)〈qq〉(2) + O(m2
q),

� E �
Ö� 〈qq〉(2) Ñ�Ù=×�ÒÊÑyÎ�ÖÇÛDÚpÑ�ÛDÙ}à2×�ÚpÑrw�Ü�à2Õ ¦Ù�ÚDà2ÛDÙºÒòà ÒäÍHPsÍä×�Ñ mu,md → 0
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Equations de Roy

Théorème de Watson 

Déphasage Pion−Pion

Longueur de diffusion Pion−Pion
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à�êïÑ�ÎfÜpÛ.ÒÊÖÇ×ºÚpÑ
U�������� Ø�êïØ�ÛDÑ�PÞÑ�Û�×�Ù F ìºÖLÙ�ÙÐÑ�ÒÊÑ�× ��� 	�*�� ÖÇÛ�×�Ö%zp×�Ñ�Û%Ü.ÜpÛ.×Ðà2Ü¦ë ÚpÑhÚpØ�Ù=ÍäÛ%×�Ø�èLÕÐà2×=ÍÊÖÇÛ

ΓKe4 = (3.26 ± 0.15) 103 Ù −1.

â�Ñ�ípÜpÍÊÙ � ÍäÒÛ8| ßxàní�àÇÙ5Ñ�ÜlÚpÑ�ÛDÖÇÜpêïÑ�ÒäÒÊÑ�Ù�ÚpÖÇÛpÛDØ�Ñ�ÙºàÇÎ�Î�Ñ�Ù�Ù=ÍHzpÒÊÑ�Ù"Ý0ÜDÙ w%Ü8|OcnÒ | Ñ�ë¦í�Ø�Õ=ÍÊÑ�ÛDÎ�Ñ ~��GbGa c�ç�Õ�Ö%Ö uÏ�à�êïÑ�ÛÑ�Û N����mE Ö� ^ ��������� Ø�êïØ�ÛDÑ�PÞÑ�Û%×�Ù
Ke4

ÖÇÛ�×ãØ�×�ØfÎ�ÖÇÒäÒÊÑ�Î�×�Ø�Ù+	 ESU �}E�^ ��F.I Ñf×Ðà2Ü¦ë ÚpÑhÚpØ�Ù=ÍäÛ�×�Ø�èLÕÐà2×=ÍÊÖÇÛ@Ñ�Ù=×
ΓKe4 = (3.321 ± 0.089) 103 Ù −1.

â{| à2ípÕ�æ�Ù�ÒÊÑ�ÙIêÇà2ÒÊÑ�ÜpÕ�Ù�ÚpÑ�Ù¥×�Ñ�PsíDÙ�ÚpÑ�ê%ÍÊÑ�Ú¦Ü LàÇÖÇÛ�Î�Ï�à2Õ=èïØ�Ñ�×IÛDÑ�Üp×=Õ�Ñ � Òòà.��������� N Õ�Ø�Ù=Ü.PÞÑºÒÊÑ�ÙIêLà2ÒÊÑ�ÜpÕ�ÙIÚpÑ�ÙÕÐà2ípíCÖÇÕ=×�Ù�ÚpÑ zpÕÐà2ÛDÎÐÏDÑ�PÞÑ�Û�×�ÙµÑ�×�ÚpÑ�Ù¥×Ðà2Ü¦ë ÚpÑ�ÚpØ�Ù=ÍäÛ�×�Ø�èLÕÐà2×=ÍÊÖÇÛDÙ
K`4

Ú¦Ü�� 	���� ����*+� � 	 � 	�� ��Y�( � 	 ^Cb���F `�Ñ�×=×�Ñ
`�à2Û�à2Ò

K`4
ÕÐà2ípí�ÖÇÕ=×ºÚpÑpzpÕÐà2ÛDÎÐÏDÑ�PÞÑ�Û�×�� E�� −5 � ×Ðà2Ü¦ë.ÚpÑfÚpØ�Ù=ÍäÛ�×�Ø�èLÕÐà2×=ÍÊÖÇÛ � Ù −1 �

K+ → π+π−e+νe
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I à _K`�âmÑ�Ù=×Òòà�×=ÏDØ�ÖÇÕ=ÍÊÑ J ÖÇÛDÚDà)PÞÑ�Û%×Ðà2ÒÊÑ¥ÚpÑ�Ù�ÍäÛ%×�Ñ�ÕÐàÇÎ�×=ÍÊÖÇÛDÙ8J ÖÇÕ=×�Ñ�Ù FZI | Ø�ÒÊØ�PÞÑ�Û%×;Î�ÒÊØ"ÚpÑ�_K`�â�Ñ�Ù�×Òòà�êÇà2Õ=Íòà)zpÍäÒäÍä×�ØÚpÑ�ÒòàfÎ�ÖÇÛDÙ=×Ðà2Û%×�ÑºÚpÑµÎ�ÖÇÜpípÒòà2èïÑ�Ñ�×"ÒÊÑµÎ�ÖÇÛDÎ�Ñ�íp×IÚpÑ5ÒäÍHzCÑ�Õ=×�ØºàÇÙ=ßQPsíp×�ÖÇ×=Íxw%ÜDÑ F � èLÕÐà2ÛDÚpÑ�Ú¦ÍÊÙ=×Ðà2ÛDÎ�Ñ � ÒÊÑµÎ�ÖÇÜpípÒòà2èïÑÑ�Ù=×sJ ÖÇÕ=×ºÑ�×ºÎ�ÖÇÛ � ÛDÑBÒÊÑ�Ùdw%Ü�à2Õ uÙ�ÚDà2ÛDÙµÒÊÑ�ÙµÏ�àÇÚ¦Õ�ÖÇÛDÙ F�� í�Ñ�×=Íä×�ÑyÚ¦ÍÊÙ=×Ðà2ÛDÎ�Ñ � Î�Ñ�×=×�ÑLP�/�PÞÑBÎ�ÖÇÛDÙ=×Ðà2Û%×�ÑyÚpÑhÎ�ÖÇÜ¦é
ípÒòà2èïÑ5ÚpÑ�ê%ÍÊÑ�Û%×½ípÒäÜDÙ�J³à2ÍHzpÒÊÑµÚpÑ5Ù�ÖÇÕ=×�Ñsw%ÜDÑ�ÒÊÑ�Ùiw%Ü�à2Õ uÙ"Ù�Ñ5Î�Ö%PsíCÖÇÕ=×�Ñ�Û�×�Î�Ö%P PÞÑµÚpÑ�Ù"í�à2Õ=×=ÍÊÎ�ÜpÒÊÑ�Ù�w�Ü�àÇÙ=Í é³ÒäÍHzpÕ�Ñ�Ù F
I ÖÇÕ�Ù w%ÜDÑµÚDà2ÛDÙIÒÊÑµÎ�àÇÚ¦Õ�ÑºÚpÑ5Òòàh×=ÏDØ�ÖÇÕ=ÍÊÑºÚpÑ�ÙIÎ�Ï�à)PsíDÙ�ÖÇÛ�Î�à2ÒÊÎ�ÜpÒÊÑµÜpÛDÑºÖ%zDÙ�Ñ�Õ=êÇà)zpÒÊÑºípÏ�ß¦Ù=Íxw%ÜDÑ

R
Î�Ö%P PÞÑºÜpÛDÑ

Ù�Ø�Õ=ÍÊÑhíCÑ�Õ=×=ÜpÕqz�à2×=ÍäêïÑ�ÚpÑ�ÙºípÜpÍÊÙÐÙÐà2ÛDÎ�Ñ�Ù�ÚpÑyÒòàÞÎ�ÖÇÛDÙ�×Ðà2Û�×�Ñ�ÚpÑyÎ�ÖÇÜpípÒòà2èïÑ � ÍäÒ9à2ípí�à2ÕÐà�)Ê×ãÚpÑ�Ùã×�Ñ�ÕqPÞÑ�ÙãÚ¦ÍäêïÑ�Õ=èïÑ�Û�×�ÙÚDà2ÛDÙ¥Ò | Ñ�ë¦ípÕ�Ñ�Ù�Ù=ÍÊÖÇÛÃÚpÑ
R
F `�Ñ�Ù�Ú¦ÍäêïÑ�Õ=èïÑ�ÛDÎ�Ñ�Ù�Ù�ÖÇÛ�×�Ø�ÒäÍHPsÍäÛDØ�Ñ�Ù�Ñ�Û Õ�Ñ�ÛDÖÇÕqP à2ÒäÍÊÙÐà2Û%×5ÒòàhÙ�Ø�Õ=ÍÊÑ F `�Ñ�×=×�ÑºÕ�Ñ�ÛDÖÇÕqP à2Ò éÍÊÙÐà2×=ÍÊÖÇÛlÍäÛ%×=Õ�Ö%Ú¦ÜpÍä×ãÜpÛDÑhØ�ÎÐÏDÑ�ÒäÒÊÑyÑ�Û@Ø�ÛDÑ�Õ=èLÍÊÑ

µ
� ÒÊÑfíCÖÇÍäÛ�×Kc�í�à2Õ=×=ÍäÕãÚ¦Ü4w�ÜDÑ�ÒÔÒòàÞÙ�ÖÇÜDÙ=×=ÕÐàÇÎ�×=ÍÊÖÇÛAw%ÜpÍ
Ñ�ÛpÒÊæ�êïÑhÒÊÑ�ÙÚ¦ÍäêïÑ�Õ=èïÑ�ÛDÎ�Ñ�Ù�Ñ�Ù�×µÑonCÑ�Î�×=ÜDØ�Ñ F ð%ÍÒ | Ö%zDÙ�Ñ�Õ=êÇà)zpÒÊÑ
R
ÚpØ�í�Ñ�ÛDÚ.ÚpÑhÒ | Ø�Î�ÏDÑ�ÒäÒÊÑBÑ�Û4Ø�ÛDÑ�Õ=èLÍÊÑ

Q
� ÒÊÑhÕ�Ø�Ù=ÜpÒä×Ðà2×ºÚpÑhÎ�Ñ�×=×�Ñ

Õ�Ñ�ÛDÖÇÕqP à2ÒäÍÊÙÐà2×=ÍÊÖÇÛvÑ�Ù=×{w�ÜDÑ
R
ÚpØ�íCÑ�ÛDÚ Ñ�Û J à2Íä×�ÚpÑ Q2

µ2

F `�Ñ�íCÑ�ÛDÚDà2Û�×
µ
Ñ�Ù=×nÜpÛ�í�à2ÕÐà)PÞæ�×=Õ�Ñ.à2ÕqzpÍä×=ÕÐà2ÍäÕ�Ñ Ñ�×

Û8| Ñ�Ù=×�í�àÇÙ�ÜpÛxØ�ÒÊØ�PÞÑ�Û%×µÚpÑºÒòày×=ÏDØ�ÖÇÕ=ÍÊÑ F.I ànÚpØ�íCÑ�ÛDÚDà2ÛDÎ�ÑfÚpÑ
R
í�Ñ�Üp× /�×=Õ�ÑãípÕ=ÍÊÙ�Ñ�Ñ�Û Î�Ö%Psíp×�Ñ�Ñ�ÛxÚpØ � ÛpÍÊÙÐÙÐà2Û�×

ÜpÛDÑ�Î�ÖÇÛDÙ�×Ðà2Û�×�ÑãÚpÑ�Î�ÖÇÜpípÒòà2èïÑ PÞÖ%zpÍäÒÊÑ�� ��()�������eW � Y (�� * ���eW � Y � ��� 	�� � Ñ�Û à2ÛpèLÒòà2ÍÊÙ�� �
αs(Q

2)
� w%ÜpÍ�ÚpØ�íCÑ�ÛDÚ�ÚpÑÒ | Ø�Î�ÏDÑ�ÒäÒÊÑ F `�Ñ�×=×�Ñ�êLà2Õ=Íòà2×=ÍÊÖÇÛÞÑ�Ù=×"ÚpØ�×�Ñ�ÕqPsÍäÛDØ�Ñ5í�à2Õ"Òòà�×=ÏDØ�ÖÇÕ=ÍÊÑµà2Üs×=ÕÐà�êïÑ�Õ�Ù¥Ú}| ÜpÛDÑ5ØZw�Ü�à2×=ÍÊÖÇÛ à2ípíCÑ�ÒÊØ�Ñ5ØZw�Ü�à2×=ÍÊÖÇÛÚ¦Ü èLÕ�ÖÇÜpí�ÑBÚpÑfÕ�Ñ�ÛDÖÇÕqP à2ÒäÍÊÙÐà2×=ÍÊÖÇÛ�	 ^e��� R

Q2∂αs(Q
2)

∂Q2
= β[αs(Q

2)].
� EGFHE �

I àrJ ÖÇÛDÎ�×=ÍÊÖÇÛ
β
Ñ�Ù=×5Î�à2ÒÊÎ�ÜpÒÊØ�Ñfí�à2Õ5ÜpÛ.ÚpØ�êïÑ�ÒÊÖÇípí�Ñ�PÞÑ�Û%×ºíCÑ�Õ=×=ÜpÕqz�à2×=Í J9Ñ�Û ípÜpÍÊÙÐÙÐà2ÛDÎ�ÑfÚ¦Ü.Î�ÖÇÜpípÒòà2èïÑpJ ÖÇÕ=× �

αs
R

β[αs(Q
2)] = −bαs

(
1 + b′αs + b′′αs

2 + . . .
)

E



à�êïÑ�ÎhÒÊÑ�ÙµÚpØ � ÛpÍä×=ÍÊÖÇÛDÙ�Ù=ÜpÍäêLà2Û�×�Ñ�ÙMR

b =
33 − 2ns

12π

b′ =
153 − 19ns

2π(33 − 2ns)

b′′ =
77139 − 15099ns + 325ns

2

288π2(33 − 2ns)

Ö�
ns
Ñ�Ù=×ºÒÊÑfÛDÖ%PMzpÕ�ÑyÚpÑBÙÐà�êïÑ�ÜpÕ�ÙºÚpÑLw%Ü�à2Õ uÙãàÇÎ�×=Í J Ù F4I àsÙ�ÖÇÒäÜp×=ÍÊÖÇÛ@ÚpÑfÒ | ØZw%Ü�à2×=ÍÊÖÇÛ � EGFHE � csÒ | ÖÇÕ�Ú¦Õ�ÑhÒÊÑfípÒäÜDÙ

z�àÇÙ�Ñ�Ù=×µØ�è�à2ÒÊÑMc9R

αs(Q
2) =

αs(µ
2)

1 + αs(µ2)33−2ns
12π ln Q2

µ2

� EGFON �

âfà2ÛDÙnÎ�Ñ�×=×�Ñ Ñ�ë¦ípÕ�Ñ�Ù�Ù=ÍÊÖÇÛ � Òòà Î�ÖÇÛDÙ=×Ðà2Û�×�ÑÃÚpÑ Î�ÖÇÜpípÒòà2èïÑ�ÚpØ�Î�Õ�Ö�)Ê×yÒÊÑ�Û%×�Ñ�PÞÑ�Û�×�êïÑ�Õ�Ùhñ�Ø�Õ�ÖlÒÊÖÇÕ�Ù w%ÜDÑ
Q2 � µ2 �ÎG| Ñ�Ù�×¶é cKé7Ú¦ÍäÕ�Ñ½Ý¶ÜDÙ=×�Ñ�PÞÑ�Û�×IÒòàfÒäÍHzCÑ�Õ=×�Ø�àÇÙ=ßQPsíp×�ÖÇ×=Íxw%ÜDÑ F�I àBÎ�ÖÇÛDÙ=×Ðà2Û�×�ÑãÚpÑµÎ�ÖÇÜpípÒòà2èïÑãÚ¦ÍäêïÑ�Õ=èïÑµíCÖÇÜpÕ¥ÒÊÑ�Ù¥í�Ñ�×=Íä×�Ñ�ÙêLà2ÒÊÑ�ÜpÕ�ÙBÚpÑ

Q2 < µ2 F}~ Û Ú}| à2Üp×=Õ�Ñ�Ùh×�Ñ�ÕqPÞÑ�Ù � Ò | à2ípípÒäÍÊÎ�à2×=ÍÊÖÇÛ Ú¦Ü�×=ÕÐà2Íä×�Ñ�PÞÑ�Û�×níCÑ�Õ=×=ÜpÕqz�à2×=Í J�íCÖÇÜpÕfÒÊÑÞÎ�à2ÒÊÎ�ÜpÒÚpÑ�ÙxÖ%zDÙ�Ñ�Õ=êLà)zpÒÊÑ�ÙÃípÏ�ß¦Ù=Íxw%ÜDÑ�Ù�Û8| Ñ�Ù�×�ípÒäÜDÙ�êÇà2Òòà)zpÒÊÑ F�� í�à2Õ=×=ÍäÕ ÚpÑ4Òòàª×=ÏDØ�ÖÇÕ=ÍÊÑ4í�Ñ�Õ=×=ÜpÕqz�à2×=ÍäêïÑ�ÚpÑA_K`�â � ÍäÒÑ�Ù�×�ÜpÛpÍxw%ÜDÑ�PÞÑ�Û�× íCÖLÙ�Ù=ÍHzpÒÊÑ@ÚpÑ4ÚpØ�×�Ñ�ÕqPsÍäÛDÑ�Õ Òòà@J³à�*�ÖÇÛÁÚpÖÇÛ%×xêÇà2Õ=ÍÊÑ4ÒÊÑ4Î�ÖÇÜpípÒòà2èïÑ�J ÖÇÕ=×xÑ�×�ÛDÖÇÛ ÙÐàªêÇà2ÒÊÑ�ÜpÕ
à)zDÙÐÖÇÒäÜDÑ F `�Ñ�×=×�Ñ½ÚpÑ�Õ=ÛpÍÊæ�Õ�ÑIÚpÖÇÍä× /�×=Õ�Ñ"ÚpØ�×�Ñ�ÕqPsÍäÛDØ�ÑIÑ�ë¦íCØ�Õ=ÍHPÞÑ�Û�×Ðà2ÒÊÑ�PÞÑ�Û�× F�� ÛBÎÐÏDÖÇÍÊÙ=ÍäÕÐà5èïØ�ÛDØ�ÕÐà2ÒÊÑ�PÞÑ�Û%×;Î�Ö%P PÞÑÕ�ØoJ Ø�Õ�Ñ�ÛDÎ�Ñ Òòà@êLà2ÒÊÑ�ÜpÕÞÚ¦Ü Î�ÖÇÜpípÒòà2èïÑ�PÞÑ�Ù=ÜpÕ�Ø�Ñ c@ÜpÛDÑlØ�ÛDÑ�Õ=èLÍÊÑ.Ù=Ü � ÙÐà)P PÞÑ�Û%×ÞèLÕÐà2ÛDÚpÑ���íCÖÇÜpÕsè�à2ÕÐà2Û�×=ÍäÕ ÒòàêLà2ÒäÍÊÚ¦Íä×�ØnÚpÑhÒ | à2ípípÕ�ÖuÎ�ÏDÑyí�Ñ�Õ=×=ÜpÕqz�à2×=ÍäêïÑ�� � í�à2Õ�Ñ�ëpÑ�PsípÒÊÑrcÞÒòà P àÇÙ�ÙÐÑhÚ¦ÜAu �

MZ = 91, 1882(22)
ó Ñ��

/
Î 2 �	 ^Cb��

αs(MZ) = 0, 1185(20).

� Ò�Ñ�Ù=×BÍäÛ%×�Ø�Õ�Ñ�Ù�ÙÐà2Û�×sÚpÑ�Õ�Ø�Ø�Î�Õ=ÍäÕ�Ñ � EGFON �hÑ�Û�×�Ñ�ÕqPÞÑ�Ú}| ÜpÛ�í�à2ÕÐà)PÞæ�×=Õ�Ñ
Λ
w�ÜpÍIÕ�Ñ�ípÕ�Ø�Ù�Ñ�Û�×�ÑÃÒ | Ø�ÎÐÏDÑ�ÒäÒÊÑ9clí�à2Õ=×=ÍäÕ

ÚpÑnÒòà%w%ÜDÑ�ÒäÒÊÑBÒ | Ø�êïÖÇÒäÜp×=ÍÊÖÇÛªÚpÑyÒòà êÇà2ÒÊÑ�ÜpÕ�Ú¦Ü�Î�ÖÇÜpípÒòà2èïÑnÚ¦ÍäêïÑ�Õ=èïÑ�ÕÐà2Íä×hÙ�ÍÔÑ�ÒäÒÊÑnØ�×Ðà2Íä×�Ñ�ë¦×=ÕÐà2íCÖÇÒÊØ�ÑnÑ�Û¦é7ÚpÑ�ÏDÖÇÕ�ÙfÚ¦Ü
ÚpÖ%P à2ÍäÛDÑhí�Ñ�Õ=×=ÜpÕqz�à2×=Í J F.I àyêÇà2ÒÊÑ�ÜpÕµÚpÑ

Λ
� ÚpØ�×�Ñ�ÕqPsÍäÛDØ�ÑBÑ�ëuíCØ�Õ=ÍHPÞÑ�Û�×Ðà2ÒÊÑ�PÞÑ�Û%× � Ñ�Ù=×5ÚpÑãÒ | ÖÇÕ�Ú¦Õ�ÑfÚpÑ N���� Ì4Ñ6� F

� ÍäÛDÙ=Í � íCÖÇÜpÕhÚpÑ�ÙfØ�Î�ÏDÑ�ÒäÒÊÑ�ÙhÚpÑnÒ | ÖÇÕ�Ú¦Õ�ÑsÚ¦Ü ó Ñ6� �!P àÇÙ�Ù�Ñ�Ú¦Ü>Û�ÜDÎ�ÒÊØ�ÖÇÛ � � Òòà�êÇà2ÒÊÑ�ÜpÕfÚ¦ÜªÎ�ÖÇÜpípÒòà2èïÑsÑ�Ù=×hàÇÙ�Ù�Ñ�ñÍHPsíCÖÇÕ=×Ðà2Û�×�ÑBí�ÖÇÜpÕ w�ÜDÑ�Òòà�×=ÏDØ�ÖÇÕ=ÍÊÑhí�Ñ�Õ=×=ÜpÕqz�à2×=ÍäêïÑBÛDÑfÙ�ÖÇÍä×µípÒäÜDÙºà2ípípÒäÍÊÎ�à)zpÒÊÑ F
� Ò | ÖÇÕ�Ú¦Õ�ÑBÚpÖ%PsÍäÛ�à2Û%×�Ñ�×µÑ�Û.ÍäÛ%×=Õ�Ö%Ú¦ÜpÍÊÙ}à2Û�×ºÒÊÑhí�à2ÕÐà)PÞæ�×=Õ�Ñ

Λ

Λ2 = µ2e−4π/bα(µ2),

ÒòàsêÇà2ÒÊÑ�ÜpÕºÚ¦Ü.Î�ÖÇÜpípÒòà2èïÑ cnÒ | Ø�Î�ÏDÑ�ÒäÒÊÑ
Q2 Ñ�Ù=×LR

αs(Q
2) =

1
33−2ns

12π ln Q2

Λ2

� EGFOU �

`�Ñ�×=×�ÑBÎ�ÖÇÛDÙ=×Ðà2Û�×�ÑhÚpÑfÎ�ÖÇÜpípÒòà2èïÑBÎ�Õ�Ö�)Ê×5ÒÊÖÇÕ�Ù w�ÜDÑ�ÒÊÑ�ÙºØ�ÛDÑ�Õ=èLÍÊÑ�ÙsPsÍÊÙ�Ñ�Ù5Ñ�Û�Ý=Ñ�Ü.Ù�ÖÇÛ�×5íCÑ�×=Íä×�Ñ�ÙµÎ�Ö%Psí�à2Õ�Ø�Ñ�Ù cyÜpÛDÑ
Ø�ÎÐÏDÑ�ÒäÒÊÑhÏ�àÇÚ¦Õ�ÖÇÛpÍxw%ÜDÑBÚpÑfÒ | ÖÇÕ�Ú¦Õ�ÑBÚ¦Ü ó Ñ�� F ð%Í
ÖÇÛ.Üp×=ÍäÒäÍÊÙÐÑ�Òòà J ÖÇÕqPyÜpÒÊÑ � EGFOU ��íCÖÇÜpÕ5ÒÊÑ�Ùsz�àÇÙ�ÙÐÑ�ÙµØ�ÛDÑ�Õ=èLÍÊÑ�Ù � í�à2ÕÑ�ëpÑ�PsípÒÊÑ a���� Ì@Ñ�� �!P àÇÙ�ÙÐÑfÚ¦Ü�ÇàÇÖÇÛ � � ÛDÖÇÜDÙ�Ö%zp×�Ñ�ÛDÖÇÛDÙ

αs(500
Ì4Ñ6�

) ∼ 1.

I ÑhÚpØ�êïÑ�ÒÊÖÇípí�Ñ�PÞÑ�Û%×�íCÑ�Õ=×=ÜpÕqz�à2×=Í J½Ñ�Û.ípÜpÍÊÙ�ÙÐà2ÛDÎ�ÑfÚpÑ
αs
Û8| Ñ�Ù=×µÚpÖÇÛDÎfí�àÇÙµíCÖLÙ�Ù=ÍHzpÒÊÑ F

N
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SU(3)

�
I à�_K`�â�Ñ�Ù=×�ÜpÛDÑ�×=ÏDØ�ÖÇÕ=ÍÊÑsÚpÑãÝ=à2ÜpèïÑ	�nÛDÖÇÛªà)z�Ø�ÒäÍÊÑ�ÛpÛDÑyz�àÇÙ�Ø�Ñ�Ù=ÜpÕ�ÒòàxÎ�ÖÇÜpÒÊÑ�ÜpÕ�
 F}I Ñ�ÙfÎ�Ï�à2Õ=èïÑ�ÙhÚpÑsÎ�ÖÇÜpÒÊÑ�ÜpÕÙ�ÖÇÛ�×síCÖÇÕ=×�Ø�Ñ�Ùsí�à2ÕÞ×=Õ�ÖÇÍÊÙ Ø�×Ðà2×�ÙÞÚpÑ�w�Ü�à2Õ ¦Ù{J ÖÇÕqP à2Û�×ÞÜpÛDÑ9z�àÇÙÐÑxí�ÖÇÜpÕsÒÊÑxèLÕ�ÖÇÜpíCÑ.ÚpÑnÝ�à2ÜpèïÑ

SU(3) T 	 U���F
`�Ö%P PÞÑ ×�ÖÇÜp×�Ñ.×=ÏDØ�ÖÇÕ=ÍÊÑ4ÚpÑ�Ý�à2ÜpèïÑ � Òòà,_K`�âdÑ�Ù=×{J ÖÇÛDÚpØ�Ñ.Ù=ÜpÕÞÜpÛ í�ÖLÙ=×=ÜpÒòà2×�Ú}| ÍäÛ�êLà2Õ=Íòà2ÛDÎ�Ñ F âfà2ÛDÙsÒÊÑ.Î�àÇÙípÕ�Ø�Ù�Ñ�Û�× � Ñ�ÒäÒÊÑsÑ�Ù=×�ÍäÛ�êLà2Õ=Íòà2Û�×�Ñ ÙÐÖÇÜDÙ�ÜpÛDÑs×=ÕÐà2ÛDÙ�J ÖÇÕqP à2×=ÍÊÖÇÛªÒÊÖ%Î�à2ÒÊÑsÚpÑ�ÒòàxÎ�ÖÇÜpÒÊÑ�ÜpÕ�CÒòàÃ×=ÕÐà2ÛDÙqJ ÖÇÕqP à2×=ÍÊÖÇÛ Ñ�Ù�×
ÒÊÖ%Î�à2ÒÊÑ � Î�à2ÕºÑ�ÒäÒÊÑBÚpØ�íCÑ�ÛDÚlÚpÑBÒ | Ñ�Ù=í�àÇÎ�Ñ�é³×�Ñ�PsíDÙ F;~ ÛA_K`�â � ÖÇÛ4àÞÚpÑ�Ù�Î�Ï�à)PsíDÙãÕ�Ñ�ípÕ�Ø�Ù�Ñ�Û�×Ðà2Û%×�ÒÊÑ�Ùdw%Ü�à2Õ uÙ�ÚpÑÎ�Ï�àÇÎ�ÜpÛDÑyÚpÑ�Ù5×=Õ�ÖÇÍÊÙµÎ�ÖÇÜpÒÊÑ�ÜpÕ�ÙO�

r
�
b
�
j
� F `�Ñ�Ü¦ëué7Î�Í�íCÑ�ÜpêïÑ�Û�×ºÙ<| Ø�Î�Õ=ÍäÕ�ÑhÙ�ÖÇÜDÙ5ÒòàrJ ÖÇÕqPÞÑhÚpÑfêïÑ�Î�×�Ñ�ÜpÕ�Ù�Î�ÖÇÒÊÖÇÛpÛDÑ�Ù
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I àn×=ÕÐà2ÛDÙ�J ÖÇÕqP à2×=ÍÊÖÇÛ � Ù�ÖÇÜDÙ5Òòà%w%ÜDÑ�ÒäÒÊÑfÒòàn×=ÏDØ�ÖÇÕ=ÍÊÑBÚpÖÇÍä× /�×=Õ�Ñ�ÍäÛ�êLà2Õ=Íòà2Û�×�ÑnÑ�Ù=×
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I ÑxêïÑ�Î�×�Ñ�ÜpÕÞÎ�ÖÇÒÊÖÇÛpÛDÑ ÍäÛDÚ¦ÍÊÎ�Ølà�êïÑ�Î ′ Õ�Ñ�ípÕ�Ø�ÙÐÑ�Û�×�Ñ ÒÊÑxêïÑ�Î�×�Ñ�ÜpÕÞ×=ÕÐà2ÛDÙqJ ÖÇÕqPÞØ Ñ�× U Ñ�Ù=×sÜpÛDÑ9P à2×=Õ=ÍÊÎ�Ñ
3 × 3ÜpÛpÍä×Ðà2ÍäÕ�Ñ � à � ÛÅÚpÑ4ípÕ�Ø�Ù�Ñ�Õ=êïÑ�ÕxÒÊÑ�Ù�ÚpÑ�ÛDÙ�Íä×�Ø�ÙÃÚpÑ4ípÕ�Ö%z�à)zpÍäÒäÍä×�Ø�ÚpÑ4ípÕ�Ø�Ù�Ñ�ÛDÎ�Ñ>Ú¦ÜÅÎÐÏ�à)PsíÅÕ�Ñ�ípÕ�Ø�ÙÐÑ�Û�×Ðà2Û�× ÒÊÑ�Ù

w�Ü�à2Õ ¦Ù F�� Û.ÚpÖÇÍä×ºÚpÖÇÛDÎyà�êïÖÇÍäÕ
U †U = 1

| ÚpÑ�× U | = 1

}
U(3) = SU(3) × U(1)

ð%Í�ÚpÑ�× ��� E�� à2ÒÊÖÇÕ�ÙµÖÇÛ.×=ÕÐà�êÇà2ÍäÒäÒÊÑBà�êïÑ�ÎhÒÊÑ�èLÕ�ÖÇÜpíCÑhÙ=íCØ�Î�Íòà2Ò
SU(3)

F
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âfà2ÛDÙ"Ò | Ñ�Ù=í�àÇÎ�ÑµÚpÑ�Ù½Ù}à�êïÑ�ÜpÕ�ÙL��Ü � Ú � Ù FHFHF ×�� � ÒÊÑ5Òòà2èLÕÐà2ÛpèLÍÊÑ�ÛÃÚpÑ _K`�â L '&(�) íCÖLÙ�Ù�æ�ÚpÑ�ÜpÛDÑµÙ�ßePÞØ�×=Õ=ÍÊÑ5èLÒÊÖ%z�à2ÒÊÑw�ÜpÍ�Ñ�Ù�×µÚpØ�Î�Õ=Íä×�Ñfí�à2ÕµÒÊÑ�èLÕ�ÖÇÜpíCÑ
G *�+-,�. �/+ = U(1) # × U(1) ' × . . . × U(1) ( .

`�ÑxèLÕ�ÖÇÜpí�Ñ ÚpØ�Î�Õ=Íä× Òòà>Î�ÖÇÛDÙ�Ñ�Õ=êÇà2×=ÍÊÖÇÛHÚpÑ Î�Ï�àÇÎ�ÜpÛDÑ.ÚpÑ�ÙÞÙ}à�êïÑ�ÜpÕ�Ù F ð%Í5ípÒäÜDÙ=ÍÊÑ�ÜpÕ�Ù�ÙÐà�êïÑ�ÜpÕ�Ù ÚpÑ�w�Ü�à2Õ ¦ÙsÙ�ÖÇÛ�×ÚpØ�èïØ�ÛDØ�Õ�Ø�Ñ�Ù � à2ÒÊÖÇÕ�Ù¥Ò | ÖÇÕ�Ú¦Õ�ÑµÚ¦ÜsèLÕ�ÖÇÜpí�Ñ
G *�+-,�. �/+ à2ÜpèGPÞÑ�Û�×�Ñ FCI àfÙ=ßQPÞØ�×=Õ=ÍÊÑ SU(3) � à2ípí�à2ÕÐà�)Ê×¥ÚDà2ÛDÙ½ÒòàãÒäÍHPsÍä×�ÑÖ� ÒÊÑ�ÙsP àÇÙ�Ù�Ñ�ÙºÚpÑ�ÙµÙÐà�êïÑ�ÜpÕ�ÙºÒÊÑ�Ù5ípÒäÜDÙµÒÊØ�èïæ�Õ�Ñ�Ù � ÒÊÑ�Ù w%Ü�à2Õ uÙ5Ü � Ú Ñ�×�Ù � ÖÇÛ�×ºÚpÑ�ÙµêÇà2ÒÊÑ�ÜpÕ�Ù�Ø�è�à2ÒÊÑ�Ù F

I Ñ�ÙfÕ�Ñ�ípÕ�Ø�Ù�Ñ�Û%×Ðà2×=ÍÊÖÇÛDÙsàÇÙ�Ù�ÖuÎ�ÍÊØ�Ñ�ÙBà2ÜªèLÕ�ÖÇÜpíCÑ
SU(3) � � {3} Ñ�× {3} Õ�Ñ�ípÕ�Ø�ÙÐÑ�Û�×�Ñ�Û�×nÕ�Ñ�Ù=íCÑ�Î�×=ÍäêïÑ�PÞÑ�Û�×nÒÊÑ�Ù Uw�Ü�à2Õ ¦ÙhÑ�×fÒÊÑ�Ù U à2Û�×=Í é�w%Ü�à2Õ uÙnÚpÑÞÙÐà�êïÑ�ÜpÕ�ÙBÚ¦Í nØ�Õ�Ñ�Û�×�Ñ�Ù F2~ Û Î�Ö%PMzpÍäÛ�à2Û%×yÜpÛ�w�Ü�à2Õ �à�êïÑ�Î ÜpÛ à2Û�×=Í é�w%Ü�à2Õ  �ÛDÖÇÜDÙ�Ö%zp×�Ñ�ÛDÖÇÛDÙãÜpÛ>Ö%Î�×�Ñ�×ãÚpÑyÚ¦ÍHPÞÑ�ÛDÙ�ÍÊÖÇÛ {8} Ñ�×ºÜpÛ>Ù=ÍäÛpèLÜpÒÊÑ�× {1} F � Û@Ö%Î�×�Ñ�×�ÚpÑ SU(3) � Ñ�Ù=×�Î�ÖÇÛDÙ=×=Íä×=ÜDØÚpÑ�ÚpÑ�Ü¦ë�ÚpÖÇÜ.zpÒÊÑ�×�ÙsÚ}| ÍÊÙ�ÖLÙ=ípÍäÛ � Ú}| ÜpÛ ×=Õ=ÍäípÒÊÑ�×�Ú}| ÍÊÙÐÖLÙ=ípÍäÛ�Ñ�×sÚ}| ÜpÛ Ù=ÍäÛpèLÜpÒÊÑ�×sÚ}| ÍÊÙ�ÖLÙ=ípÍäÛ F ð%Í�ÛDÖÇÜDÙÞàÇÙ�Ù�ÖuÎ�ÍÊÖÇÛDÙ×=Õ�ÖÇÍÊÙLw%Ü�à2Õ uÙ � ÛDÖÇÜDÙyÖ%zp×�Ñ�ÛDÖÇÛDÙhÜpÛ Ù�ÍäÛpèLÜpÒÊÑ�× � ÚpÑ�Ü¦ë�Ö%Î�×�Ñ�×�ÙyÑ�×fÜpÛ ÚpØ�Î�ÜpípÒÊÑ�× F'I à$��������� EGFHE Õ�Ø�Ù=Ü.PÞÑsÒÊÑ�ÙÚ¦Í nCØ�Õ�Ñ�Û%×�Ñ�ÙhØ�×Ðà2×�ÙhÖ%zp×�Ñ�Û%ÜDÙBà�êïÑ�ÎsÒÊÑ�ÙKw%Ü�à2Õ ¦Ù�Ü � Ú�Ñ�×fÙfÑ�×fÒÊÑ�ÜpÕ�Ùhà2Û%×=Í é�w�Ü�à2Õ ¦Ù � à2ÍäÛDÙ=Íiw%ÜDÑnÒÊÑ�ÜpÕ�ÙfÛDÖ%PMzpÕ�Ñ�Ù

w�Ü�à2Û%×=Íxw�ÜDÑ�Ù�Ú}| ÍÊÙ�ÖLÙ=ípÍäÛ
(I, I3)

� Ú}| Ø�×=ÕÐà2ÛpèïÑ�×�Ø
S
Ñ�×µÒÊÑ�ÜpÕdP àÇÙ�Ù�Ñ F

I àLJ à2ÍHzpÒÊÑãÚ¦Í nØ�Õ�Ñ�ÛDÎ�ÑãÚpÑ P àÇÙ�Ù�Ñ�Ñ�Û�×=Õ�ÑãÒÊÑ�Ù�PÞÑ�PMzpÕ�Ñ�Ù5Ú}| ÜpÛ�P�/�PÞÑ PBÜpÒä×=ÍäípÒÊÑ�×�í�Ñ�Üp× /�×=Õ�ÑãÑ�ëuípÒäÍxw%ÜDØ�Ñãí�à2ÕÒ | ÍäÛ�êLà2Õ=Íòà2ÛDÎ�ÑBÙ�ÖÇÜDÙµÒÊÑ�èLÕ�ÖÇÜpí�Ñ
SU(2) � ÚpÑ�Ù5×=ÕÐà2ÛDÙ�J ÖÇÕqP à2×=ÍÊÖÇÛDÙºÚ}| ÍÊÙ�ÖLÙ=ípÍäÛ4Î�à2Õ

mu −md ∼ w%ÜDÑ�Òxw�ÜDÑ�ÙµÌ@Ñ��
.
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� �
3

ð P àÇÙ�Ù�Ñ

ð � � U �¶ÖuÎ�×�Ñ�×





1 1 0 π+ Ü Ú
140

1 −1 0 π−
Ú Ü

140

1 0 0 πo (
Ú Ú − Ü Ü )/√2 135

1/2 1/2 +1 K+ Ü Ù
494

1/2 −1/2 +1 Ko Ú Ù
498

1/2 −1/2 −1 K− ÜDÙ
494

1/2 1/2 −1 K
o ÜDÙ

498

0 0 0 η8 (
Ú Ú

+
Ü Ü − 2

Ù Ù
)/
√

6 549

ð � � U �¶Ù�ÍäÛpèLÒÊÑ�×
0 0 0 ηo (

Ú Ú
+
Ü Ü

+
Ù Ù

)/
√

6 958
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`�Ñ�×=×�ÑºÙ=ßePÞØ�×=Õ=ÍÊÑ5Ú}| ÍÊÙÐÖLÙ=ípÍäÛÞÑ�Ù=×"ípÕ�Ñ�Ù w%ÜDÑ�í�à2Õ�J à2Íä×�ÑµípÜpÍÊÙ w�ÜDÑ�ÒÊÑ�Ù"Ø�Î�à2Õ=×�Ù¥ÚpÑ�Ù P àÇÙ�Ù�Ñ�Ù9í�à2Õ½ÕÐà2ípíCÖÇÕ=×�cãÒòà P àÇÙ�Ù�Ñ
PÞÖ ßïÑ�ÛpÛDÑ cãÒ | ÍäÛ%×�Ø�Õ=ÍÊÑ�ÜpÕIÚ}| ÜpÛyP�/�PÞÑ PyÜpÒä×=ÍäípÒÊÑ�×IÙ�ÖÇÛ%×¥ÚpÑ�Ò | ÖÇÕ�Ú¦Õ�ÑµÚpÑ U
	�FGI àãípÕ�ÖÇèLÕ�Ñ�Ù�Ù�ÍÊÖÇÛ Ñ�Û P àÇÙ�Ù�Ñ�í�à2ÕqPsÍÒÊÑ�Ù PÞÑ�PrzpÕ�Ñ�Ù5Ú}| ÜpÛ�P�/�PÞÑ PBÜpÒä×=ÍäípÒÊÑ�×5ÒÊÖÇÕ�Ù w%ÜDÑãÒÊÑºÛDÖ%PrzpÕ�ÑKw�Ü�à2Û%×=Íxw�ÜDÑfÚ}| Ø�×=ÕÐà2ÛpèïÑ�×�Øhà2ÜpèGPÞÑ�Û%×�ÑfÑ�Ù=×5Ú¦ÜDÑ�à2Ü
J³à2Íä×dw%ÜDÑ�Òòà�Ú¦Í nCØ�Õ�Ñ�ÛDÎ�ÑyÚpÑpP àÇÙ�Ù�ÑfÑ�Û%×=Õ�ÑhÒÊÑKw%Ü�à2Õ ÃÙµÑ�×ºÒÊÑ�Ù w�Ü�à2Õ ¦Ù5Ü.Ñ�×ºÚ Ñ�Ù�×5ípÒäÜDÙ5ÍHPsí�ÖÇÕ=×Ðà2Û%×�Ñ

ms −mu,d ∼ ESa�� Ì@Ñ��
.

I Ñ�Ù½Ù=ßQPÞØ�×=Õ=ÍÊÑ�Ù"Ö%zDÙ�Ñ�Õ=êïØ�Ñ�Ù½ÚDà2ÛDÙ9ÒÊÑ�Ù=íCÑ�Î�×=Õ�Ñ5ÚpÑ�Ù�PÞØ�Ù�ÖÇÛDÙ"Ñ�×"ÚpÑ�Ù�z�à2Õ=ßïÖÇÛDÙ"ÒÊØ�èïÑ�Õ�Ù½ÖÇÛ�×½Ù�ÜpèLèïØ�Õ�Ø c ó Ñ�ÒäÒ é7Ì@à2ÛpÛÑ�× � ÑG| Ñ�P à2Û 	 ^C� �k^Cf�� w�ÜDÑyÒÊÑ�ÙãÏ�àÇÚ¦Õ�ÖÇÛDÙfØ�×Ðà2ÍÊÑ�Û�×fÚpÑ�Ùãí�à2Õ=×=ÍÊÎ�ÜpÒÊÑ�ÙfÎ�Ö%Psí�ÖLÙ�Íä×�Ñ�ÙãÚpÖÇÛ%×fÒÊÑ�Ù�Î�ÖÇÛDÙ�×=Íä×=Ü�à2Û�×�Ù � ÒÊÑ�Ù×=Õ�ÖÇÍÊÙxÙÐà�êïÑ�ÜpÕ�ÙxÚpÑ�w%Ü�à2Õ uÙ ��Ü � Ú � Ù��ÞÙ�ÖÇÛ�×ÃÒòà,P à2ÛpÍ J Ñ�Ù=×Ðà2×=ÍÊÖÇÛÁípÏ%ßuÙ=Íxw%ÜDÑ@Ú}| ÜpÛHèLÕ�ÖÇÜpíCÑ4ÚpÑ@Ù=ßQPÞØ�×=Õ=ÍÊÑ4ÚpÑÙ}à�êïÑ�ÜpÕBÚpÑs×Fß%íCÑ
SU(3) � F `�Ñ�×=×�ÑÞÙ=ßQPÞØ�×=Õ=ÍÊÑsÚpÑ�Òòà ÙÐà�êïÑ�ÜpÕ � V �HW)X � !ZY�*H[���	�,� �ãÑ�Ù=×KPÞÖÇÍäÛDÙhÑ�ëDàÇÎ�×�Ñyw�ÜDÑ�Òòà
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∆
P

(
Ì@Ñ��

/
Î 2) P�� ,��"!����&! ( Ì@Ñ�� / Î 2) 103∆

P
/
P

n− p 1.3 939 1.4
Σo − Σ+ 3.1 1190 2.6
Σ− − Σo 4.9 1195 4.1
Ξ− − Ξo 6.5 1318 4.9

Ö%Î�×�Ñ�×�ÚpÑpz�à2Õ=ßïÖÇÛDÙºÚpÑhÙ=ípÍäÛ E �%N
Ko −K± 4.0 495 8.1
π± − πo 4.6 140 33

ÖuÎ�×�Ñ�×ºÚpÑKPÞØ�ÙÐÖÇÛDÙµÚpÑfÙ=ípÍäÛ �
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Ù=ßQPÞØ�×=Õ=ÍÊÑÞÚ}| ÍÊÙ�ÖLÙ=ípÍäÛ � ípÜpÍÊÙ w�ÜDÑ Òòà.Ú¦Í nØ�Õ�Ñ�ÛDÎ�Ñ ÚpÑ]P àÇÙ�Ù�Ñ�ÙBÑ�Û%×=Õ�Ñ�Ú¦Í nØ�Õ�Ñ�Û�×�ÙrPBÜpÒä×=ÍäípÒÊÑ�×�Ù�Ñ�Ù=×nÚpÑsÒ | ÖÇÕ�Ú¦Õ�ÑÃÚpÑ
∆ �� ' 20 − 30%

� ��������� EGFHE Ñ�×�������� � EGFON � F
ced�� f������ g
	 ��� g� �������������
I�� _K`������! #"%$&�' !(&)�*,+!-.�0/%�21 � "%34�'$&*,$65 �87 ):9;-.�:$%$&� 7<� �=)��>��"%+
"%$&�'-;$@? � +!- � $&A��B9.*CA � 9.�'D � +
+ � D%DE*,+! � "6F
 !+ � $&�HGI*,+!J �  !-.*,$&�K/6"L3M+�*,"%DN�O/%�PA�*,"%9.�:"%+

SU(3) QORTS �U9 � 3M+ � $%3M-.�:$WV@"%-�/%)�A:+!-; X9.���X-;$@ ��:+ � A: !-.*,$&�KGY*,+! ����
���! �/%�'9 � GI*,+!JP�UZ\[M]8^`_

L '&(2) = L *�+ba , �:c + L dea:fHgih=c + L j:klfnmio-, ��p:q%rifHa *!q + L stfHp:p:q�qIuev;w ,!x ,`u .
S �y ��:+!JP� L *�+ba , �:c /%)�A:+!-; z9.���O3M9;"&*,$&�O�=�:"%9.� � AM{b���! }|~/6-;+���VC"&�yA��� ��:+!JP�����! z"%$�9 � 3M+ � $%3M-.�:$�/%�y `��DE�
� � $%3,5`��-;9;9.��� � $&��GY�:+!JU-.*,$&�
*,��9.���#3M9;"&*,$&��*,$@ 
$&*, � JUJP�:$@ �9 � DN*M����- 7 -;9;-; �)>/�{ -;$C ��:+ � 3M-;+ � ?4��AB�:"6FC5�JP�:JP���

L *�+ba , �:c = − 1

4
Ga

µν G
µν

a.

S �' ��:$&���:"%+�/%�BGY*,+�A��B���! 

Ga
µν = ∂µG

a
ν − ∂νG

a
µ + gfabcGb

µG
c
ν ,

*,�U9.����-;$&/6-.A����
a, b, c = 1, ...8

��*,$@ �9.����-;$&/6-.A����2/%�
A�*,"%9.�:"%+�/ � $&��9 � +��:D%+�)����:$C �  !-.*,$ � /81!*,-;$@ ���/%�
SU(3) Q8R

Gµ
��*,$@ �9.����A�( � JUD&�
/%��3M9;"&*,$}�: 

g
���! 29 � A�*,$&�� � $@ ��>/%��A�*,"%D%9 � 34�>"%$%-;?4�:+����:9;9.�>/6"O3M+�*,"%DE�

SU(3) Q8R@S ���A�*,$&�! � $@ �����/%�B�! !+!"&A: !"%+��
fabc ��*,$C � $@ !-.�!��JP): !+!-.V@"&����D � +
+ � D%DN*,+! �|�"%$&�>DE�:+!JX"% �  !-.*,$�VC"&�:9.A�*,$&VC"&�B/%�/%�:"6F�-;$&/6-.A����=� R

S �' ��:+!JP� L d=a�fHgih=c DN�:"% ��: !+��0/%)�A�*,JUDE*M��)0A�*,JUJP�M_

L dea:fHgih=c = L0d=a�fHg�hec + L � fHc�ciq`c ,
� ?4��A

V@" � +!�6�
9.*,"%+�/%� V@" � +!�6�
9.):34�:+��

L0d=a�fHg�hec =

︷ ︸︸ ︷∑

Q=c,b,t

Q
[
iγµDµ − MQ

]
Q +

︷ ︸︸ ︷∑

q=u,d,s

q iγµDµ q �H�MR �C�

L � fHcic�q�c = −
∑

q=u,d,s

mq q q . �H�MR [ �

S { -;$@ ��:+ � A: !-.*,$�/%����VC" � +!��� � ?4��AB9.���
3M9;"&*,$&� � D%D � + ���  �/ � $&��9 � /%):+!-;?4)��0A�*t? � +!- � $@ ��K/%�'9 � +��:D%+�)����:$@ �  !-.*,$GY*,$&/ � JP�:$C � 9.�X/%�
SU(3) Q

Dµ = ∂µ − ig Ga
µ T

a,

*,�y9.����J �  !+!-.A�����(&�:+!JU-; !-.�:$%$&���'/%�B !+ � A��0$C"%9;9.�
T a ��*,$C �9.����34):$&):+ �  ��:"%+��>/%� SU(3) Q / � $&��9 � +��:D%+�)����:$65 �  !-.*,$zGI*,$&/ � JP�:$@ � 9.� R<S ���#A�( � JUD&�
/%�>V@" � +!� Q � D%D � +! !-.�:$%$&�:$@ >|09 � +��:D%+�)����:$@ �  !-.*,$}GI*,$&/ � JP�:$@ � 9.�B/%�

SU(3) QKR&S �' ��:+!JP�XVC"%-E�%F%�'9 � 1 � "%34�B���� �/%*,$%$&)BD � +

L j:klfnm�o-, �2p:q%rifHa *!q = − 1

2λ
(∂µGa

µ)2

�: 
9.�B ��:+!JP�B !+ ���  � $C �/%���#G � $@ ��,JP���KZ\[ � ^����! 

L stfHplp:q�q�u=v.w ,!x ,�u = (∂µχa)Dab
µ χ

b,
�!�T�8�M�n�, �¡\¢H���

[



*,�
χ
���! 
"%$�A=( � JUD���A � 9 � -;+��B$&*,$yD%(C����-.V@"&� � ?4��A0/%���
D%+�*,D%+!-.): �)���GY�:+!JU-.*,$%-.VC"&�����: 

Dab
µ = δab∂µ − gfabcGc

µ

+��:D%+�)��=�:$@ ��09 � /%):+!-;?4)��0A�*t? � +!- � $@ ���/ � $&�
9 � +��:D%+�)����:$C �  !-.*,$ � /81!*,-;$@ ��K/%�
SU(3) Q�R�� $y$&*, ��0VC"&�

(T a)bc = −ifabc

S � GI*,+!JP� /6"X9 � 3M+ � $%3M-.�:$ ���! �):9.):3 � $C ����: �9 �  !(&)�*,+!-.�����! +��:$&*,+!J � 9;-.� �87 9.��Z\[�� � [���^ RtS { � 9;3�� 7 +���/%��� J �  !+!-.A����
T a ���! �/%*,$%$&)��BD � +�9.���
+��:9 �  !-.*,$&��/%�0A�*,JUJK"% �  !-.*,$

[T a, T b] = ifabcT c, �H�MR��4�
*,�

fabc +��:D%+�)����:$@ ��z9 � A�*,$&�� � $@ ��z/%� �! !+!"&A: !"%+��z/6" 3M+�*,"%DN� R�S � +��:D%+�)��=�:$@ �  !-.*,$ 9 � D%9;"&�BA�*,"%+ � $C ��z/%���
T a ���>G � -; ��:$�GI*,$&A: !-.*,$�/%���
J �  !+!-.A���� λa /%�
	B�:9;9 5`� � $%$ � ���:9.*,$�9 � +��:9 �  !-.*,$

T a =
1

2
λa

S ����J �  !+!-.A�����/%��	'�:9;9 5`� � $%$ � /%�' !+ � A��B$@"%9;9.�K�: 
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〈λaλb〉 = 2δab

[λa, λb] = 2ifabcλc �H�MR��M�
{λa, λb} =

4

3
δab + 2dabcλc.

S ���yA�*,$&�! � $@ ���� fabc �: 
dabc ��*,$C �9.���yA�*,$&�! � $C �����/%� �! !+!"&A: !"%+�� +�����DN��A: !-;?4�:JP�:$C � �*, � 9.�:JP�:$@ � $@ !- 5

���CJP): !+!-.VC"&�����: 
 �*, � 9.�:JP�:$C >�!��JP): !+!-.VC"&����/%�
��� � � � /%*,$@ �9.����? � 9.�:"%+����=*,$@ �/%*,$%$&)������:$ � D%DN�:$&/6-.A�� R

λ1 =




0 1 0
1 0 0
0 0 0


 λ2 =




0 −i 0
i 0 0
0 0 0


 λ3 =




1 0 0
0 −1 0
0 0 0


 λ4 =




0 0 1
0 0 0
1 0 0


 �H�MR��4�

λ5 =




0 0 −i
0 0 0
i 0 0


 λ6 =




0 0 0
0 0 1
0 1 0


 λ7 =




0 0 0
0 0 −i
0 i 0


 λ8 = 1√

3




1 0 0
0 1 0
0 0 −2
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qR
L

≡ 1

2
(1 ± γ5)q,
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"%$&�XA�*,J 7 -;$ � -.��*,$�/�{ "%$�A�( � JUD��������	��
��: �/�{ "%$�A�( � JUD��������� _

ψ(x) =
1

2
(1 + γ5)ψ(x) +

1

2
(1 − γ5)ψ(x)

= ψR(x) + ψL(x) . �H�MR��4�
�C-�9�{b*,$y�!"%D%DN*M�=�B/%���
J � �������
/%�0VC" � +!�6�

u, d
�: 
s
DN�: !-; ����
D � +�+ � D%DN*,+! �|�"%$&�0)�A=(&�:9;9.�B( � /6+�*,$%-.VC"&�

ΛH ��CD%-.VC"&��/%�P9�{b*,+�/6+��z/6" 	'��: � 9.�z ��:+!JP� Lmasses �H�MR [ � ���:+ � A�*,$&�!-./%):+�)OA�*,JUJP�z"%$&�zDN�:+! !"%+ 7<�  !-.*,$ R S �9 � 3M+ � $%3M-.�:$�/%��� � � �t{b)�A:+!-; � 9.*,+��t_

LQCD = L0
QCD + Lmasses

*,� L0
QCD = LQCD|mu=md=ms=0

S � D � +! !-.�0/6"y9 � 3M+ � $%3M-.�:$� !+ � -; � $@ �9.����V@" � +!�6�
9.):34�:+���/%�:?�-.�:$@ 
∑

q=u,d,s

qi 6Dq =
∑

q=u,d,s

qL i 6DqL +
∑

q=u,d,s

qR i 6DqR

Lmasses = −
∑

q=u,d,s

mq(qLqR + qRqL)
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�H�MR;� ] �
JP):9 � $%34�X9.���
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9 � 9;-;JU-; ��0A=(%-;+ � 9.�

mu = md = ms = 0.

�C-�$&*,"&�
+��:3M+�*,"%DN*,$&�
u
�
d
�: 
s
/ � $&��"%$� !+!-;D%9.�: 

ψ ≡




u
d
s


 ,

� 9.*,+�� ∑

q=u,d,s

qi 6Dq = ψL i 6DψL + ψR i 6DψR. �H�MR;�M� �

� � $&��9 �  !(&)�*,+!-.�O/%�OJ � �����z$@"%9;9.� � mu = md = ms = 0 � � *,$L+���/%)l�&$%-; U��):D � +�):JP�:$C 9.���X !+!-;D%9.�: ��U/%�
A=(%-;+ � 9;-; �)���3 � "&A=(&�X�: �/6+�*,-; ��

ψL(x) → VL ψL(x),

ψR(x) → VR ψR(x),

*,�
VL

�: 
VR

��*,$@ '/%���>J �  !+!-.A�����"%$%-; � -;+����
3 × 3

VC"%-�JP):9 � $%34�:$C B9.����/6-Si�):+��:$@ ����B� � ?4�:"%+��>" � /��: >�>/%�
JP�:JP�KA�(%-;+ � 9;-; �) R
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I1
�
I2
� R;R;R �6� 9.*,+��#-;9E�lF�-.�! ���"%$}�:$&���:J 7 9.�B/%�>A�*,"%+ � $@ ���A�*,$&�=�:+!?4)�� jµ1 (x)

�
jµ2 (x)

� R;R;R  ��:9.�#V@"&�9.���
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Ii =

∫
d3x j0i (x) i = 1, 2, ...
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SU(3)L × SU(3)R
� $&*,"&� � ����*�A:-.*,$&�
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Ja
R, µ = ψRγµ

λa

2
ψR

Ja
L, µ = ψLγµ

λa

2
ψL .
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SU(3)L × SU(3)R

[Qa
L, Q

b
L] = i fabc Q

c
L ,

[Qa
R, Q

b
R] = i fabc Q

c
R , �H�MR;� � �

[Qa
L, Q

b
R] = 0 .
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V a
µ = Ja

R, µ + Ja
L, µ = ψγµ

λa

2
ψ , �H�MR;� � �

Aa
µ = Ja

R, µ − Ja
L, µ = ψγµγ

5λ
a

2
ψ . �H�MR;�:�C�

� ?4��A
a, b = 1, . . . 8 R�� ����A�*,"%+ � $@ �����*,$@ �$ �  !"%+��:9;9.�:JP�:$@ >A�*,$&�=�:+!?4)��t_ ∂µV a

µ = 0, ∂µAa
µ = 0 R
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Vµ = ψγµψ, �H�MR;� [ �
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V a

µ

� ?4��A
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a
�:$�+ � 1!*,"% � $@ �9 � ? � 9.�:"%+

a = 0 R&S �0A�*,"%+ � $C �H�MR;� [ � �=�:+ � 9.�0A�*,"%+ � $@ V 0
µ

� ?4��A

λ0 =

√
2

3




1 0 0
0 1 0
0 0 1




h *,"% �����9.����D%+�*,D%+!-.): �)�� �H�MR��M� �!"%+
9.����J �  !+!-.A�����/%�
	'�:9;9 5`� � $%$y+����! ��:$C �? � 9 �87 9.��� � J � -.��-;9EG � "% 
+ � 1!*,"% ��:+

f0ab = fa0b = fab0 = 0 d0ab = da0b = dab0 =
√

2
3 δ

ab a, b = 0, . . . , 8

� � $&��9.�#A � ��/%����A�( � +!34��� �: �A�*,"%+ � $@ �� � F�- � "6F � 9.���T-;$&/6-.A����
a
�: 
b
$&��? � +!-.�:$C V@"&��/%� � | � � A � +�9.��A�*,"%+ � $C 

Aµ = ψγµγ5ψ
$ {b���! �D � ��A�*,$&���:+!?4) R � { � D%+9���>9.�0 !(&)�*,+9�:JP��/%� g>*C�: !(&�:+ � |P �*,"% �A�*,"%+ � $@ BA�*,$&���:+!?4)����! � �=��*CA:-.)��'"%$&�XA�( � +!34� R<S ����A�( � +!34����?4��A: �*,+!-.�:9;9.�����: � F6- � 9.������*,$C �/%)l�&$%-.����A�*,JUJP�

Qa
V ≡ Qa

R +Qa
L

�: 
Qb

A ≡ Qb
R −Qb

L

� ?4��A
a = 0, . . . 8, b = 1, . . . 8

�: �� �  !-.�HGI*,$@ �9.���
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[Qa
V , Q

b
V ] = i fabc Qc

V a, b = 0, . . . 8 �H�MR;� �4�
[Qa

V , Q
b
A] = i fabc Qc

A a = 0, . . . 8, b = 1, . . . 8

[Qa
A, Q

b
A] = i fabc Qc

V a = b = 1, . . . 8
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Y

I+ = Q1 + iQ2, I− = Q1 − iQ2, I3 = Q3,
�: 

Y =
2√
3
Q8.

Q6 − iQ7

Q4 + iQ5

Q1 − iQ2

Q4 − iQ5

Q1 + iQ2

Q6 + iQ7

Y

I3

�����$	�������	�H��W
�"!J`1%"*�%48d3O���4.�8d!X�/�K5S3A!:>�#&%4�:8�7��
SU(3) 


!:(1*T�J�/�'!:!:7�*,%"!_�,3F*,!_.�* �/7S3F`+8�31#&#\�Q�/���b3F8:��31*M(�
I3
9

5S3&�:8�(17S!:7	�"#&� ��(+#\-�(T!:31*+���]�/� 5�R 76!:(+!:-�76*�9��4�
Y
9�5 R a�>�-��"8��da�3F8�`1�19�!:(1*T�X5��'!X3Oe/�"!X�/�Q�4(�(18d�/(1*�*,%4�"!"L
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· · · ∼ O(1).
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m2

M2
W

log µ, m4

M4
W

log µ . . .

� ?4��A m "%$XD � + � J �: !+���V@"%-C$ {b���! �D � �T9�{b)�A�(&�:9;9.�#/%� +��:$&*,+!J � 9;-.� �  !-.*,$ R j�9@�t{ � 3M-; /�{ "%$&� � "% !+��2)�A�(&�:9;9.�#A�*,JUJP�"%$&�XJ � �����0/%�KV@" � +!��*,"y"%$�JP*,JP�:$@ '�lF� ��:+!$&� R S ����-;$C �):3M+ � 9.���>$&�0��*,$@ �D%9;"&��/�{b*,+�/6+�� O(1)
� J � -.����*,$C D%9;"&��DN�: !-; �����| A�*,$&/6-; !-.*,$�VC"&�

m�MW R
�0& � * � � ���$/���� �9+ / ��� �����
	 � ������ ��� ��1 �� �������
S8� D%9;"%D � +! �/6"� ��:JUD&� � *,$}DN�:"% #A�*,$&�! !+!"%-;+��'"%$�9 � 3M+ � $%3M-.�:$y�'iE��A: !- G �:$�D � +! � $C �/%�>9 �  !(&)�*,+!-.�'A�*,JUD%9��: ���: ��:$�G � -.� � $@ 
"%$y/%):?4�:9.*,D%DE�:JP�:$@ �DN�:+! !"%+ 7 �  !- G��!�6�! �):J �  !-.V@"&� R � � -.�
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G = SU(3)L × SU(3)R.

� �03M+�*,"%DN�0/%�B���CJP): !+!-.�0���� 7 +!-.��)0�!DE*,$@ � $&):JP�:$C �?4�:+��
9.�0�=*,"&�H5�3M+�*,"%DN�0?4��A: �*,+!-.�:9 � $&*,$ 7 +!-.��)
H = SU(3) u .
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G/H = SU(3)L × SU(3)R/SU(3) u ,
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Ξ(x) = eiX·π(x),
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 ���! �A�(&*,-.�!-.� R,S { � A: !-.*,$/�{ "%$&�B !+ � $&�HGI*,+!J �  !-.*,$y3M9.* 7 � 9.� g ∈ G

�!"%+
9 � J �  !+!-.A�� Ξ
/%*,$%$&�

Ξ(x) → g Ξ(x) h−1(g,Ξ(x)), � � R � �
*,�

g =

(
L 0
0 R

)
h =

(
h̃ 0

0 h̃

)
h̃ = L = R (h � D%D � +! !-.�:$@ � "�3M+�*,"%DE�B$&*,$65 7 +!-.��) )
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34):$&):+ �  ��:"%+�� 7 +!-.��)�� � 9.����34):$&):+ �  ��:"%+���/%� SU(3)L
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Ξ(x) =

(
eiT ·π 0

0 1

)
=

(
U(x) 0

0 1

)
,

�: 
9 � 9.*,- /%�B !+ � $&�HGI*,+!J �  !-.*,$����! 
U(x) → L U(x) R†. � � R � �
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F 2
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〈∂µU(x)∂µU(x)†〉. � � R �C�
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L q�� =
F 2

o

4
〈uµu

µ + χ+〉 + e2F 4
oZo〈Q q�L Q q��R 〉 − 1

4
FµνF

µν � � R [ �
+
∑

`

[`(i 6∂ + e 6A−m`)`+ ν`L
i 6∂ν`L

].
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S �0A�( � JUD�/6"yD%(&*, �*,$ Aµ
�: �A��:"6Fy/%���
9.�:D% �*,$&�

`, ν` (` = e, µ)
�=*,$@ �A�*,$@ ��:$C"&�'/ � $&�

uµ = i[u†R(x)(∂µ − irµ)uR(x) − u†L(x)(∂µ − ilµ)uL(x)] � � R��4�

*,� 9.���>? � +!- � 7 9.��� uR(x)
�: 
uL(x) � D%D � +! !-.�:$%$&�:$@ � " �=*,"&��3M+�*,"%DE� SU(3)L × SU(3)R/SU(3) u�RES ���/6-Si�):+��:$@ ��� ��:+!JP����/ � $&��A��: ! ��0�lF�D%+����=�!-.*,$y��*,$@ �/%*,$%$&)���D � +

lµ = vµ − aµ − eQ q��L Aµ +
∑

`

(`γµν`L
Q �L + ν`L

γµ`Q �
†

L ), � � R��M�
rµ = vµ + aµ − eQ q��R Aµ. � � R��4�

S ����VC" � $@ !-; �)�� aµ
�: 
vµ

��*,$@ �9.������*,"%+�A�����?4��A: �*,+!-.�:9;9.�K�: � F�- � 9.�0�lF6 ��:+!$&���
"&�!"&�:9;9.��� R �'�'D%9;"&� � *,$y/%)l�&$%-; 
Q q���� �L = u†LQ

q����
�

L uL
�: Q q�R = u†RQ

q��
R uR. � � R��4�
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�=*,$@ �-./%�:$C !- �<)���� � ?4��AX9 � J �  !+!-.A��X/%�BA=( � +!34�

Q
q��
L,R = Q

q�
=




2/3 0 0
0 −1/3 0
0 0 −1/3


 . � � R;� ] �

�: 

Q �L = −2
√

2GF




0 Vud Vus

0 0 0
0 0 0
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S(� 7 +!-.�!"%+��0/%�X�!�CJP): !+!-.�BA=(%-;+ � 9.�X���! �A�*,$C ��:$@"&��/ � $&�
9.�B ��:+!JP�0/%�0J � �����B/%)�A:+!-; �D � +
χ+ = 2Bo

{
u†R(x)MuL(x) + u†L(x)M †uR(x)

}

*,��9.�>G � A: ��:"%+ Bo
���! 
+��:9;-.) � "yA�*,$&/%�:$&� �  �/%�BVC" � +!��/ � $&��9 � 9;-;JU-; ��0A�(%-;+ � 9.�XD � +�9 � +��:9 �  !-.*,$

< 0|qq|0 >= −F 2
oBo.

S8� J �  !+!-.A��X/%�'J � ���=� M ���! 

M =




mu 0 0
0 md 0
0 0 ms


 . � � R;� � �

S8� A�*,$&�! � $@ ��B/%�'A�*,"%D%9 � 34� Zo
���! 
/%): ��:+!JU-;$&)��'D � +
9 � /6-SiE):+��:$&A��B/%�>J � ���=�>�:$C !+��'9.����D%-.*,$&��A�( � +!34)����: $&�:"% !+���� �

M2
π+ −M2

πo = 2e2ZoF
2
o .

� ?4��AB9.�BA=(&*,- F

uR(x) = u†L(x) = u(x),

9 � +��:9 �  !-.*,$ � � R��4� /%�:?�-.�:$@ 

uµ = i[u†(x)(∂µ − irµ)u(x) − u(x)(∂µ − ilµ)u†(x)]. � � R;� � �
�:�



� "�9;-.�:"�/%�' !+ � ? � -;9;9.�:+ � ?4��A u(x) � $&*,"&��"% !-;9;-.���:+�*,$&� U(x)
/%)l�&$%-.�0D � +

U(x) = uR u†L = u(x)2

U(x) = ei φ(x)
Fo ,

*,�
φ(x)

���! 
"%$&�BJ �  !+!-.A�� 3 × 3
V@"%- A�*,$C !-.�:$@ �9.����A�( � JUD&��D&���:"&/%*85`��A � 9 � -;+���� πa(x)

φ(x) =

8∑

a=1

πa(x)λa. � � R;�:�C�
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L q�� =

F 2
o

4
〈(∂µU)(∂µU)† + 2i(∂µU)U †rµ − 2iU †(∂µU)lµ − 2UlµU

†rµ

+rµr
µ + lµl

µ〉 +Bo
F 2

o

2
〈U † M + U M †〉

+e2F 4
oZo〈U Qem U † Qem〉 − 1

4
FµνF

µν +
∑

l

[l (i 6∂ + eA−ml) l + νlL i 6∂ νlL ]

=
F 2

o

4
〈DµUD

µU † + χ U † + χ† U〉 � � R;� [ �
+e2F 4

oZo〈U Qem U † Qem〉 − 1

4
FµνF

µν +
∑

l

[l (i 6∂ + eA−ml) l + νlL i 6∂ νlL ]

*,�
DµU = ∂µU − irµU + iUlµ.
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L =

∑

k

Lk = L2 + L4 + . . . ,

*,�}9�{ -;$&/6-.A��
k
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Λ = 4πFo ∼ 1
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∏
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√
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√
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√
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√
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U(Λ, 0) s(x) σµν u(x) U †(Λ, 0) = s(Λx) S(Λ) σµν S(Λ−1)︸ ︷︷ ︸ u(Λx) ,

(Λ−1)µρ(Λ
−1)νησ
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σµν =
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2
[γµ, γν ]

[σµν , γ5] = 0,

{γµ, γ5} = 0.
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µ′ Πν
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〈
p|Jµu�q�QIm �!g�obq�� |k〉 = Πµ

µ′

〈
Πp|Jµ′u�q�QIm��!giobq�� |Πk〉 ,

〈
p|Jµfnklo\f�� |k〉 = − Πµ

µ′

〈
Πp|Jµ′fnkeo\f�� |Πk〉 .
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p2 � � � � 9��:D
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K± → π+π−`±ν`(ν`)

K± → πoπo`±ν`(ν`)

Ko → πoπ−`+ν`

K
o → πoπ+`−ν`
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in
〈
p1, p2, pν , pl|S|k

〉in ≡ i V ∗
us

GF√
2
u(pν) γµ(1 − γ5) v(pl)

〈
p1, p2|Jµ� fHp:g����:obd=a:q |k〉.
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〈
p1, p2|Jµu�q`QIm��!giobq�� |k〉 = P µ F u (X) + Qµ G u (X) + Lµ R u (X) + εµνωσLν Pω Qσ H u (X),〈
p1, p2|Jµfnkeo\f�� |k〉 = P µ F f (X) + Qµ G f (X) + Lµ R f (X) + εµνωσLν Pω Qσ H f (X).
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〈
p1, p2|Jρo |k〉 =

(
Λ−1

)ρ
µ

〈
Λp1,Λp2|Jµo |Λk〉 i =

?%��A�
��
�
���:9 ��� � F+� � 9 .
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�� � �,� i =
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, � _

P ρ Fi(X) + Qρ Gi(X) + Lρ Ri(X) + ερνωσLν Pω Qσ Hi(X) =
(
Λ−1

)ρ
µ

[
(ΛP )µ Fi(ΛX) +

(ΛQ)µ Gi(ΛX) + (ΛL)µ Ri(ΛX) + εµνωσ ΛLν ΛPω ΛQσ Hi(ΛX)
]
,
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s = (p1 + p2)
2 , t = (k − p1)

2 ��

u = (k − p2)

2 .
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s+ t+ u = M 2

K + 2M2
π + sl
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sl = (k − p1 − p2)

2 = (pl + pνl
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〈
p1, p2|Jµu�q�QIm �!g�obq�� |k〉 = (−1)3 Πµ

µ′

〈
Πp1,Πp2|Jµ′u�q`QIm��!giobq�� |Πk〉 . � � R ��� �
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P ρ F u (s, t, u) + Qρ G u (s, t, u) + Lρ R u (s, t, u) + ερνωσ Lν Pω Qσ H u (s, t, u) =

(−1)3 Πρ
µ

[
(ΠP )µ F u (s, t, u) + (ΠQ)µ G u (s, t, u) + (ΠL)µ R u (s, t, u)

+ εµνωσ(ΠL)ν (ΠP )ω (ΠQ)σ H u (s, t, u)
]
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X u (s, t, u) = −X u (s, t, u) ��


X = F,G
��

R.
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 � � � �
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Π0
0 ε

0νωσ = ε0νωσ

Πa
a ε

aνωσ = − εaνωσ a ∈ [1, 3]
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〈
p1 p2|Jρu�q`QIm��!giobq�� |k〉 = ερνωσLν Pω Qσ H u (s, t, u) . � � R �M[ �
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〈
p1, p2|Jρfnkeo\f�� |k〉 = (−1)3

(
− Πρ

µ

)〈
Πp1,Πp2|Jµfnkeo\f�� |Πk〉.
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〈
p1, p2|Jρ

axial|k
〉

= P ρ F f (s, t, u) + Qρ G f (s, t, u) + Lρ R f (s, t, u).
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K`2 : Jµ WYXJZ[W � = kµA(M2
K)

K`3 : Jµ \Q]:^:_ �,` Za] � = V+(t)(p+ k)µ + V−(t)(p− k)µ

�  %�1# t = (k − p)2,
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K`4 : Jµ \Q]:^:_ �,` Za] � = ερνωσLνPωQσHv(s, t, u)

Jµ WYXJZ[W � = P ρFa(s, t, u) +QρGa(s, t, u) + LρRa(s, t, u)�  %�1# s = (p1 + p2)
2 , t = (k − p1)

2 ��

u = (k − p2)
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 s+ t+ u = M 2
K + 2M2

π + sl�  %�1# sl = (k − p1 − p2)
2 = (pl + pνl
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K+(k) → π+(p1) π−(p2) `+(p`) ν`(pν)  
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sπ = (p1 + p2)
2 , sl = (p` + pν)

2

cos θπ =
~v · ~p1

| ~p1 | , cos θ` = −~v · ~p`

| ~p` |
cosφ = ~c · ~d, sinφ = (~c× ~v) · ~d.  
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0 ≤ φ ≤ 2π.  
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P 2 = sπ, Q2 =
(P ·Q)2

sπ
− sπY

2, L2 = s`, N2 = 2m2
` − s`,

P ·Q = M2
1 −M2

2 ,

P · L =
1

2
(M2 − sπ − s`),

P ·N = z`(P · L) + (1 − z`)X cos θ`,

Q · L =
(P · L)(P ·Q)

sπ
+X Y cos θπ,  
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Q ·N = (P ·Q) cos θ`(1 − z`)
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sπ
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s`sπ
(P ·Q)(P · L) +
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sl
X Y cos θπ

+ (1 − z`)Y [(P · L) cos θπ cos θ` − (sπs`)
1/2 sin θπ sin θ` cosφ]
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< LNPQ > ≡ εµνρσL
µNνP ρQσ
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�  %�1#
z` = m2

`/s`

X = ((P · L)2 − sπs`)
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1

2
λ1/2(M2, sπ, s`)

Y =
1

sπ
λ1/2(sπ,M

2
1 ,M

2
2 )

?A@ wCBEDGFIHGJ.KMLON�P>QEDGHGKMLOQEROKSH�T QEUOU$J.R(LVDGW.JYX[Z

���



S � %�  �)� � #��@#��.
�� �,+ � P ·Q = M2
1 −M2

2

����
 #�� � " �G0� ���	� � �X#�9 ������� % � � 2�S �G4 � � #�
	��� � λ(a, b, c)
���	
=" �

4 � � #�
	��� � #� ���&"8"  � 
�� 2��������#�
	�8"����)� � � � �¥# ��� �B" � �����
�� "����6 ��� � �&0 "���� �	� %/% "  + � � 
 � � � ���
tπ = k − p1)

2 t` = (k − p`)
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2 s1` = (p1 + p`)
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uπ = (k − p2)
2 u` = (k − pν)

2 t2` = (p2 − p`)
2 s2` = (p2 + p`)
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[ (P ·Q)(M 2 + sπ − s`) + 2sπX Y cos θπ ]
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t` − u` = m2
` − z`(M

2 − sπ + s`) − 2X(1 − z`) cos θ`
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` − P · L− P ·N

t1` − t2` = P ·Q− L ·Q−N ·Q
s1` + s2` = M2
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` + P · L+ P ·N
s1` − s2` = P ·Q+ L ·Q+N ·Q .
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��

v(p`)

�j) ���." �D4 � �,+ �
-  �  �~� "�� % ��� � ":9 �&+.% "���
	�$#�!� +.% "�� ) ��� � � � �	
 � � #�
	� � � 
�� � �)� � ���7"8"�� � #>#���
	��� �� �7"8"�� �	��� �

T =
GF√

2
V ?
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	�8"����  � % ��� � " � %���� 
	��� 
�� � ��� � ���7"8"��  
 2"!�!$# # ��� �$":9 �&+.% "���
	�$#�  
 2�� #!���	
 #���� � " �
%���� 
	�O#��/" ��� ��
  #��� #  �	� � 
  -��~� 
	��� � � K`4 % ��� � "���� ) ���7"8"���� �����/"�� " � #�� +A0 � ��� ����� � #��� � +.% �/"������ � � #���#���3I % ��� � � % ���
-#� �� � � � � 
��

�,+ �&#� ��� 
	� � �!
�� � ��� � ���7"8"��V2�� ���
����!"���� � �
 � ���!#�� + 0 � ��� ���)� � � �  %�1# "����� +.% �/"��	��� � �X#���� % � � � 0 "����%# ��� �!#����X#  �	� � 
  -��~� 
	��� � � � � 4 � �,+ � � 
 ) ��� #��� � 0 	 ��
�� ) ������ �~�&+  � � � 
 � �3I� �
 � ��� 4/� #�
���� � �¥#� 4 � �,+ �  ���
� � " 
 2"!$#J2�� �R4/� ��
B":9 ( U % ��
	(���)� ) ��� "�� � ���
 � � � �����	
 % � � � + � � 
 -S� � #�(��V2

ν`L (plµpνρσ
µρ) ` =

i

2
ν`L (6p` 6pν− 6pν 6 pl) ` = i ν`L (pl.pν) `

= i
sl

2
(1 − zl) ν`L `

= −i
sl

2ml
(1 − zl) ν`L γ

µ
` (k − p1 − p2)µ

⇒ R

ν`L (plµp1ρσ
µρ) ` =

i

2
ν`L (6p` 6p1− 6p1 6 pl) ` = iml ν`L 6p1` + iν`L (p1.pl)`

=
iml

2
(ν`L γ

µ
`)[(p1 + p2) + (p1 − p2)]µ

−
i

4ml
(P · L + P · N + Q · L + Q · N) (ν`L γ

µ
`) (k − p1 − p2)µ

⇒ F, G, R

ν`L (plµp2ρσ
µρ) ` =

i

2
ν`L (6p` 6p2− 6p1 6p2) ` = iml ν`L 6p2` + iν`L (p2.pl)`

=
iml

2
(ν`L γ

µ
`)[(p1 + p2) − (p1 − p2)]µ

−
i

4ml
(P · L + P · N − Q · L − Q · N) (ν`L γ

µ
`) (k − p1 − p2)µ

⇒ F, G, R

ν`L (pνµp1ρσ
µρ) ` = −i ν`L (p1.pν) `

=
i

4ml
(P · L − P · N + Q · L − Q · N) (ν`L γ

µ
`) (k − p1 − p2)µ

⇒ R

ν`L (pνµp2ρσ
µρ) ` = −i ν`L (p2.pν) `

=
i

4ml
(P · L − P · N − Q · L + Q · N) (ν`L γ

µ
`) (k − p1 − p2)µ

⇒ R

� 	�� 
	 &���������������������
�� !��"#�$����%�,
���&"��&�('�)*�+�,���!-.�/�,%0��12�����3�/45)!�/�.�$�&)6�/-7"#�+�,���$45�8-7�����,�$�8- ,
���
p1µp2νσ

µν 9���:-;���#�$�,�:-;�3�/4=<�%0�6��%>-,���6-?���/�6-@�$��45A����8�/�B���#C��D���3�,�8���$-;"�� �E�/�,45� �?F GH�3�JI 9
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���� � � ��������� ��� �
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������������

S��������3I % ���������7"�# �%# !#"��%$&�! - ��������'($)�#"�� # '($ $*! % ���

dΓ =
1

2M(2π)8

∑

spins

| T |2 d(k; p`, pν , p1, p2).  
 2"! � #

S+� ) �,��$-���%�! ∑
spins | T |2 �#"��.� $*� 4 '(� + � ) �,�[#/������� ) �*���%$  0�����1��$&��¥# �BS2'(��3$&��4@# ! % �3$$#*��$-�� # � F,G,R�3�

H
2tS��5��3� + �6$*'(�! d(k; p`, pν , p1, p2)

�� % �!#"��3$&��.":97!7"�! + �3$-��#�9 �%$&�! - ��������'($q2 � ".�#"�� % �' % '(������'($ $*�7" �":97�#" % �l##�@# �#" % 8 �("�#"�# �!"1�&# !#"��%$&�! - ��������'($q2 �9'(�*" % '(�/ :'($*";�� + ��� ) �*�3� ) �*�<�'(�*"="��#" % �'c#/� �%�";"Q#=�&"1���%��#"
% �3�/ :�3$&�9>3����?�JI % ��� + !#"��3$ 4 '($ #3����'($ # �#"6#3�%$ )  (�����1� 0 "��#"��%$$# ! % �3$$#*��$-��#" sπ, s`, θπ, θ`

�3�
φ @ ��7"�" ) �*�

∑

spins

| T |2 = 2G2
F | Vus |2M−2J5(sπ, s`, θπ, θ`, φ)  
 2"! � #

S�9 �%$&�! - ��������'($A"�7"�'($R"��#"
4 · 3 − 5 = 7

 0�����1� 0 "��#"���#"����$&��#"¥#*��$*"  
 2"! � # # '($ $*� �	��� �

dΓ5 = G2
F | Vus |2 N(sπ, sl)J5(sπ, sl, θπ, θl, φ)dsπdsld(cos θπ)d(cos θl)dφ  
 2"! 
 #

'(BE"1� 4 '(� + �?�JI % "%�O#3�%���# � J5
�#"�

J5 = |F |2
[
(P · L)2 − (P ·N)2 − sπs` +m2

`sπ

]

+ |G|2
[
(Q · L)2 − (Q ·N)2 −Q2s` +m2

`Q
2
]

+ |R|2 m2
`

[
s` −m2

`

]

+
1

M4
|H|2

[
(m2

` − s`)
[
Q2X2 + sπ(Q · L)2 + s`(P ·Q)2 − 2(P ·Q)(Q · L)(P · L)

]
− < LNPQ >2

]

+ (F ∗G+ FG∗)
[
(P · L)(Q · L) − (P ·N)(Q ·N) − (P ·Q)(s` −m2

l )
]

+ (F ∗R+ FR∗) m2
l [(P · L) − (P ·N)]

+
1

M2
(F ∗H + FH∗) [(Q ·N)(P · L)2 − (Q · L)(P · L)(P ·N) − sπs`(Q ·N) +m2

l sπ(Q · L)

− m2
l (P ·Q)(P · L) + s`(P ·Q)(P ·N)]

+ (G∗R+GR∗) m2
` [(Q · L) − (Q ·N)]

+
1

M2
(G∗H +GH∗)[(P · L)(Q · L)(Q ·N) − (P ·N)(Q · L)2 + s`(P ·N)Q2 −m2

l (P · L)Q2

+ m2
l (Q · L)(P ·Q) − s`(Q ·N)(P ·Q)]  
 2"!<' #

+
i

M2
< LNPQ > [−(F ∗G− FG∗)M2 + (F ∗H − FH∗)(P ·N)

+ (G∗H −GH∗)(Q ·N) + (R∗H −RH∗)m2
` ]

���



K`4

+
m`

2M
(FT ∗ + TF ∗)[sπ(Q ·N) − sπ(Q · L) + (P ·Q)(P · L) − (P ·Q)(P ·N)]

+
ml

2M
(GT ∗ + TG∗)[−Q2(P ·N) +Q2(P · L) − (P ·Q)(Q · L) + (P ·Q)(Q ·N)]

+
m`

2M
(RT ∗ + TR∗)[−(Q · L)(P ·N) + (P · L)(Q ·N)] +

im`

2M
(RT ∗ − TR∗) < LNPQ >

+
m`

2M3
(HT ∗ + TH∗)[−2(P · L)(P ·Q)(Q · L) + (P · L)(P ·Q)(Q ·N) +Q2(P · L)2

− Q2(P · L)(P ·N) + sπ(Q · L)2 − sπ(Q · L)(Q ·N) + (Q · L)(P ·Q)(P ·N) + s`(P ·Q)2

− (N · L)(P ·Q)2 − s`sπQ
2 +Q2sπ(N · L)]

+
1

8M2
|T |2 [s`sπQ

2 − s`(P ·Q)2 − 2(P · L)2Q2 + 4(P · L)(Q · L)(P ·Q) − 2sπ(Q · L)2 − sπN
2Q2

+ N2(P ·Q)2 + 2(P ·N)2Q2 − 4(P ·N)(Q ·N)(P ·Q) + 2sπ(Q ·N)2] .

� �3���� 4 '(� + �/"�� �)!3�! - !3$*!3���&"%��"!#� % '(� � � $ !7"�! + �3$-� # � + �������O##�  
 2�� #$##' +.% '(������$-�D"��#" 4 �l#3��3� �" # �
4 '(� + �M :�1#3�'(�����7" @ �oI/�1�&" @ "N#=�&"1���%��<�3� ��3$*"'(�����7":2 � "1�G"%� + �%��-#�9 ��"'0" % �%$  P ·Q = 0

#
�3� " ��$*" % �!#"�3$ ##�-#�9 � $
4 �l#3��3� � # � 4 '(� + � ��3$*"'(�����7"  T = 0

#�$*'(�*" ��3���'(�/ :'($*"$"1� 4 '(� + �/"���##'($ $-�*� #*��$*" � � � ��25ST97�#" % �l##�]# �#"
% 8 �("�#" # � K`4

�#"� + '�#/���,!V2 � "2�#"�� # '($ $*! % ���M"��G#=�&"O#3�/"�# � ":97!7"�! + �3$&�
dΦ = (2π)4δ(4)(p1 + p2 + p` + pν − k) × d3p1

(2π)32E1

d3p2

(2π)32E2

d3pl

(2π)32E`

d3pν

(2π)32|pν |
,

�1 :�1#H"��#"�!3$*�3� - ���#"¥# �#" % �������O#3�/"��#"
Ei =

√
p2

i + p2
i .

� �3��!7"�! + �3$&� % �3� ��" 97!1#3���%��G##' +.+ � �	��� �

dΦ =

∫
d4P

∫
d4L (2π)4δ(4)(P + L− k) × d3p1

(2π)32E1

d3p2

(2π)32E2
δ(4)(p1 + p2 − P ) ×

d3pl

(2π)32E`

d3pν

(2π)32|pν |
δ(4)(p` + pν − L) .

�<$ � ���8"%��"�H"1� ��7"1������'($
∫
d4P

∫
d4L =

∫
sπ

∫
s`

∫
d4P

∫
d4Lδ4(sπ − P 2)δ4(s` − L2)

�3�B"��#" 4 '(� + �/"��#"

δ[f(x)] =
∑

xo

δ(x− xo)

|f ′(xo)|
,

�1 :�1#
xo

"��#"�4=!3�'0" # � 4� I�# ,
∫
d4Pδ(4)(P 2 −M2) =

∫
1

2EP
d3P EP =

√
P 2 + P 2.

S2�#"��%$-�! - ��������'($*"<"�� #1##�#"�"��8 :�#" % ������� %/% '(���<���3I 4 '($ #3����'($*" δ # '($ $*�3$-�M"�� �!#"��/"%�����
∫
dΦ =

1

4M2
(2π)5

∫
dsπ

∫
dsl λ

1/2(M2, sπ, sl)Φππ Φlνl
,

�1 :�1#H":97�#" % �l##��# �#" % 8 �("�#"-#/� ",U "�� + �%#/� #/�P> % ��'($
Φππ =

∫
d3p1

(2π)32E1

d3p2

(2π)32E2
δ(4)(p1 + p2 − P )

=
1

(2π)5
1

8sπ
λ1/2(sπ,M

2
1 ,M

2
2 )

∫
d(cos θπ) ,  
 2"! � #

� �



�3�M":97�#" % �l##��# �#" % 8 �("�#"¥#/� ",U/"��� + �%#/� #/�P>:"�� % �'($ @
Φlνl

=

∫
d3pl

(2π)32E`

d3pν

(2π)32|pν |
δ(4)(p` + pν − L)

=
1

(2π)6
1

8
(1 − zl)

∫
dφ

∫
d(cos θl) .  
 2"! � #

�$9 � % ��#"  
 2"! � #;�3�  
 2"! � # @ ":97�#" % �l##�¤# �#" % 8 �("�#"¥# � K`4
�#"��

d5Φ = M3N(sπ, sl)dsπdsld(cos θπ)d(cos θl)dφ ,

�< :�1# @
N(sπ, sl) =

(1 − zl)Y X

213π6M5
.

� "."�3��� �%$-�!3��#""���$-� % '(� � ":9 �%$&�! - ��������'($�# �
J5

# � 4 ���%��6� %/% ������������$"��#"!##'($-����� 0 � ����'($*"���$ - �/"1���%��#"�#*��$*""1� 4 '(� + �/"�� % �!1##! # �3$-��V2TS�� 4 '(� + � �JI % "%�O#3�%��'# �#" % �'�#/� �%�" "Q#=�&"1���%��#" # '($ $*!#� % ���$"��#"6��7"1������'($*"  
 2 � #
% �3� + �3�6"1� # !1##' +.% '0"��%����'($ "� �8 (��$-��

J5 = 2(1 − z`)
[
I1 + I2 cos 2θ` + I3 sin2 θ` · cos 2Φ + I4 sin 2θ` · cos Φ + I5 sin θ` · cosΦ

+I6 cos θ` + I7 sin θ` · sinΦ + I8 sin 2θ` · sinΦ + I9 sin2 θ` · sin 2Φ
]
.  
 2"!�� #

�1 :�1#

I1 =
1

4

{
(1 + z`)|F1|2 +

1

2
(3 + z`)

(
|F2|2 + |F3|2

)
sin2 θπ + 2z`|F4|2

}
+

1

32
z`

{
2sπs`(1 + z`)

+ sin2 θπ

[
2X2(1 + 3z`) − sπs`(1 − z`)

]}
|F5|2 −

1

2
z`(P · L) sin2 θπRe(F2F

∗
5 )

−1

2
z`X sin2 θπRe(F3F

∗
5 ) − 1

2
z` cos θπ

√
sπs`Re(F1F

∗
5 ) ,

I2 = −1

4
(1 − z`)

{
|F1|2 −

1

2

(
|F2|2 + |F3|2

)
sin2 θπ

}
− 1

32
z`(1 − z`)

{
− 2sπs` cos2 θπ

+(2X2 + sπs`) sin2 θπ

}
|F5|2 ,

I3 = −1

4
(1 − z`)

(
|F2|2 − |F3|2

)
sin2 θπ +

1

16
sπs`z`(1 − z`) sin2 θπ|F5|2 ,

I4 =
1

2
(1 − z`)Re(F ∗

1 F2) sin θπ − 1

8
(1 − z`)z`(P · L)

√
sπs` cos θπ sin θπ|F5|2 ,

I5 = −
{
Re(F ∗

1 F3) + z`Re(F ∗
4 F2)

}
sin θπ +

1

2
z`

{
(P · L)Re(F4F

∗
5 ) +

√
sπs` cos θπRe(F3F

∗
5 )

+XRe(F1F
∗
5 )
}

sin θπ − 1

4
z2
`X

√
sπs` cos θπ sin θπ|F5|2 ,

I6 = −
{
Re(F ∗

2 F3) sin2 θπ − z`Re(F ∗
1 F4)

}
+

1

2
z`

{
X sin2 θπRe(F2F

∗
5 ) + (P · L) sin2 θπRe(F3F

∗
5 )

−√
sπs` cos θπRe(F4F

∗
5 )
}
− 1

4
z2
`X(P · L) sin2 θπ|F5|2 ,

I7 = −
{
Im(F ∗

1 F2) + z`Im(F ∗
4F3)

}
sin θπ − 1

2
z` sin θπ

{
XIm(F4F

∗
5 ) + (P · L)Im(F1F

∗
5 )

−√
sπs` cos θπIm(F2F

∗
5 )
}
,

I8 =
1

2
(1 − z`)Im(F ∗

1 F3) sin θπ ,

I9 = −1

2
(1 − z`)Im(F ∗

2 F3) sin2 θπ .

� �



K`4

'(B

F1 = XF + Y (P · L) cos θπG+
X

sπ
(P ·Q)G ,

F2 = Y
√
sπs` G ,

F3 = XY
√
sπs`

H

M2
,  
 2"!�� #

F4 = −(P · L)F − s`R−XY cos θπG− (P · L)(P ·Q)
1

sπ
G ,

F5 =
Y
√
sπs`

m`

T

M
.  
 2 � � #

� $*'(�/ :�=��� @ "��#" 4 '($ #3����'($*" Ii # �C"1� # !1##' +.% '0"�%����'($ ��$ - �/"1���%�� # � J5
"�'($&� + '�#/���,!#�#" % ���!"1� % �!#"�3$ ##�#/� ��3� + � $*'($3> $-�/"

P · Q  s0 ����"� �� #�9 ��"�'0" % �%$ #?�3� #/� 4 �l#3��3� � # � 4 '(� + � ��3$*"'(�����7" #*��$*"C":97!7"�! + �3$&� # �
+ �������O##�&# �#"-# !#"��%$&�! - ��������'($*" K`4

2�� ���9��� %/% '(��� �("1� # !1##' +.% '0"��%����'($ ##'($ $-�*� �("1�."%� + �%�� #�9 ��"'0" % �%$ �3�
"���$*" 4 �l#3��3� �¥# � 4 '(� + ����3$*"�'(�����7" � � � � @ $*'(�*"<�1 :'($*"<�%$&���'c#/� �%�!"1� ) �,��$-���%�! F5  
 2 � � # ) � �2$*'(�*" % �3� + �3�# � ��3$ �%�M##' +.% ��¤#/� 4 �l#3��3� �¥# � 4 '(� + � ��3$*"'(�����7"�#*��$*"M"1� # !1##' +.% '0"�%����'($ ��$ - �/"1���%��¤# � J5

2

� � � � � ������� ��	���� ���6�������� �����
ST9 � +.% "%�%���$# � # ��# !#"��%$&�! - ��������'($ K`4

�#"�+� $*� 4 '($ #3����'($ # � 4 �l#3��3� �"�# � 4 '(� + �V2 � �#"£# !#"��%$-�! - ��������'($*" "'($&�# !1#3���%��#" % ����# �3�3I  0�����1� 0 "��#"G#3�%$*! + ����� ) �*�#"��3� ���'(��"���$ - "��#"��%$-���'�#/� �%�" % ��� � � 0 � 0/0 ' �3� �)� � "QU + '
	 >�O#34 �	��� ��25S�� # ! % �3$$#*��$ ##� �3$
θπ �� # �#" 4 �l#3��3� �" # � 4 '(� + � % �3� � >3���� !1#3���%�� �JI % "%�O#3�%�� + �3$&� �3$ 4 ����"���$-�� $O# !7 :�7"�' %/% � + �3$-� �3$ '($$# �#" % ���������7"8"��#" �	� ����2 � �]# !7 :�7"�' %/% � + �3$-� % �3� �6>3���� ��#"����3�%$&� ���3I '($$# �#" "

 ` = 0
#5�3� %  ` = 1

#J2dS2� � 8 !#'(�� + �'# ���*�3� + �P>�� ���"'($ ����� @ � ����� +.% "%� ) �*� ) �*�D"��#" % 8 �("�#"��*��$*"$"��� !7 :�7"�' %/% � + �3$-� �3$ '($�� �#" % ���������7"8"��#" "'($-��"��#"�� ! % 8 �(" � - �#"�� �M"1���/��� �*"��'($ !7"1�("���� ) �*� % ��'($3> % ��'($q2 � � ) �*�":97'($ % �3� �<�JI/�������%���� � K`4 @
#V97�#"��M"1���/��� !3��3$ ##� �3$&����G"��#"�� ! % 8 �("�� - �#" % ��'($3> % ��'($ δ = δ00 − δ11 @

�1 :�1#
δI
`"���� ! % 8 �("�� - ��� � ":97!3����� ) �,��$-��� ) �*���/���/�P> % ��'($ (`, I)

'(B
I
�� % �!#"��3$&��G":9 ��"�'0" % �%$ �'(���&"��/� "QU "��� + ���3� `"�� + ' + �3$&� ��$ - �/"1���%���'(� 0 �%���&":2
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Ψ = α(
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'($�� �?" @ � . . .�
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'($�� �#" % . . .
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F = fse
iδs + fpe

iδp cos θπ + . . .

G = gpe
iδp + . . .

R = rse
iδs + rpe

iδp cos θπ + . . .

H = hpe
iδp + . . .
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|2 − 2〉 = |π−π−〉
|2 − 1〉 = 1√

2
(|π−πo〉 + |πoπ−〉)

�
= 2 |20〉 = 1√

6
(|π+π−〉 + 2|πoπo〉 + |π−π+〉) ",U + !3����� ) �*� % ����!1# 8 ��$ - ��� �#" � % ��'($*"

|21〉 = 1√
2
(|π+πo〉 + |πoπ+〉)

|22〉 = |π+π+〉

|1 − 1〉 = 1√
2
(|πoπ−〉 − |π−πo〉)

�
= 1 |10〉 = 1√

2
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|11〉 = 1√
2
(|π+πo〉 − |πoπ+〉)

�
= 0 |00〉 = 1√

3
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� �B":9 � +.% "%�%����� �� ���/��� �*"���'($ % ��'($3> % ��'($ ##'(����#" % '($��*��$-��V2TS2�#" % 8 �("�#"�� � "1���/��� �*"��'($ % ��'($3> % ��'($ "'($&� !7 0�&"%�*!#�#" � "1�
+ �(""� �%$; (�����1��$-����/���/�P> % ��'($ √

sπ
2��<'(�*"��< :'($*"

δs = δ00

δp = δ11 .

�$9 � % ��#"B"��#"���7"1������'($*"  
 2"!�� # @ "��#" 4 '($ #3����'($*" F1 @ F2 @ F3
�3�
F4
� �7 -���3$ $*�3$-� � �

F1 = X[fse
iδ0

0 +
P ·Q
sπ

gpe
iδ1

1 ] + cos θπ[Xfp + Y (P · L)gp]e
iδ1

1 + · · ·

F2 = Y
√
sπs`gpe

iδ1
1 + · · ·

F3 = XY

√
sπs`

M2
hpe

iδ1
1 + · · ·

F4 = [−(P · L)fse
iδ0

0 − s`rse
iδ0

0 − (P · L)(P ·Q)
1

sπ
gpe

iδ1
1 ]

− cos θπ[(P · L)fp + s`rp +XY gp]e
iδ1

1 + · · ·

� % ��#"9� $*�6�'(��������'($ ��9 ��$ - "���� � % 8 �("� δ11 �3���< :�1#$"1� $*'(��������'($
δ = δ00 − δ11 @

$*'(�*"�' 0 ��3$*'($*"��*��$*" "��#=�(",�/� #=��$,�&"j# 8 ��� - ! �
�

F1 = Xfse
iδ + cos θπ[Xfp + Y (P · L)gp] + · · ·  
 2 ��� #

F2 = Y
√
sπs`gp + · · ·

F3 = XY

√
sπs`

M2
hp + · · ·

F4 = −[(P · L)fs + s`rs]e
iδ − cos θπ[(P · L)fp + s`rp +XY gp] + · · · .

S��#� !3��3� + �%$,������'($ �JI % !3��� + �3$&���&"���� � fp
�3�
gp

�#"��!�/��" #3�8"�� @ #=��� fp @
##' + 0 �%$*! � gp @
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F1  
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gp
′ = gp +

X

Y (P · L)
fp,

���%$*"��
fp

"�3��� % �' % '(������'($ $*�7" � "1���/��� !3��3$ ##� �3$&����
gp

�3�
gp
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 #"�7"�'($("��#"� (�����1� 0 "��#" sπ @ s`
�3�

cos θπ
�3� '($-�L##' +.% ���!?"����!#"��/"%����� � "1���/��"������ 0 � ����'($ � �#" !7 :!3$*� + �3$-�" K`4�*��$*"B"�� % "1��$  cos θ`, φ

#��3$ � ���8"%��"���$&�M"��#"6##'-�*" #3���3$-�"

〈Ii〉 =

∫ ∫ ∫
Ii dsπds`d cos θπ
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F4
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�3�B"��#"��%$&�! - ���&"��#"9�(""'�#3��!#�#"�"'($&�

〈I4〉 =

∫ ∫
cos δ(1 − z`)XY

√
sπs`fsgp dsπds`

〈I7〉 = 2

∫ ∫
sin δ

[
XY

√
sπs`fsgp −XY

√
sπs`

M2
hp(P · Lfs + s`rs)

]
dsπds`

〈I5〉 = −2

∫ ∫
cos δ

[
X2Y

√
sπs`

M2
fshp − z`Y

√
sπs`(P · Lfs + s`rs)gp

]
dsπds`

〈I8〉 = −
∫ ∫

sin δ(1 − z`)X
2Y

√
sπs`

M2
fshp dsπds`.
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tan δ =
1

2

〈I7〉
〈I4〉

,

tan δ = 2
〈I8〉
〈I5〉

.
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ΓKe4 = (3.26 ± 0.15) 103s−1.
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ΓKe4 = (3.321 ± 0.089) 103s−1.
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K+ → π+π−e+νe
���A��+ ± �U�A��� � 7��a�

K+ → π+π−µ+νµ
�D� � ± �U�A� � �����

K+ → πoπoe+νe
7U��� ± �U� � � � ���

K+ → πoπoµ+νµ
	 	

Ko → πoπ−e+νe
�U����+ ± �U�87�� �����2�

Ko → πoπ−µ+νµ
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(Mπ,MK)† (Mπ,MK)†
W H]PgPgK[PRU	e���P�V��CM	K[P ‡ �	H�JLKNM	O(KNS$U	iNOQVLW7K[ZC\QH�JLK� a�_�K�_�K _0i[PgVXZC\�iSl`O^Hf\QVXa]Z h � ffj mu = md mu 6= md h fCi j

e = 0 e 6= 0

πoπoe+νe
i ��� i � g � � g g	�Dg�
� n k g	� ×10−9  � n k g	� ×10−9 

πoπoµ+νµ
g�
an g�
=g g;g�
 �� � k n`j ×10−10  � � k n`j ×10−10 

πoπ−e+νe
j i g j i g j;j;n g�
�
0g� f-k n;j ×10−9  � f-k n�
 ×10−9 

πoπ−µ+νµ
j`j j;j j � k � �� i-k � i ×10−10  � i-k n`n ×10−10 

†(Mπ,MK) = (135, 493.6)MeV
�3�

(137, 497.7)MeV
q '(� ��s��#"�� !#"��%$&�!Ay0��������'($*"

K`4
$*�3� ����;�3��v �Nx/��

��#"wq��Fo3�����:�Av �3$&���A+a�P���
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(Mπ,MK)†
�

� � ��
CBr®�D��FE GIH`JXK[M	OQP Z$M	WKiNOQV��CM	K1P _	K[P \QH`M�S _�KY_Di[PgVXZC\mi l`O^Hf\QVXa]Z KNZ
s−1 UFa`M-O JLK[P<dNH`Z-H�M	S Z-KNM�\QOgK7KT\<WYV�S$\gKY_�K

K`4
k�� H,\QOga]VLPgV��NWYK�JLVWl`Z	K
_�K
dTKR\^H�c	JLK[H`M OQKNU	Omi[PgKNZC\QK�J H dNa`Z��Hl`M	O^Hf\QVXa]Z a��7J � a]Z7dNa`Z-PgVL_��NOQK�JLK[P�K��FKN\QP _�KJ H"c	OQVLPgM	OQK _ � VLPga]PgU	VLZ

mu 6= md
KN\ JLK[P K�� KT\^P i[JXK1d>\QOga]WYH;l`Z0iN\gV��CM	K[P

e 6= 0
k�� a`M	O dTK[P _�K[M�S dNH�ZbH�M�S! VLJ,Z�� �;H�U-H`P"_	K dTa]Z]\QOgVLc	M�\QVXa]Z _�M 
 H`dT\gK[M	O*_�K 
&a`OQW7K \QKNZ-Pga`OQVLKNJ k"� K1P*d^e	V#�FOQK[P"KNZC\gOQK U-H`OgK[Z]\Qe��[PgK[POQKNU	Omi[PgKNZC\gK[ZC\�JLK \^H�M�S*_	K<_0i[PgVXZC\�iSl`O^Hf\QVXa]Z"JXa]OQP$�CM	K�\Qa`M-P(JLK[P 
 H]d>\gK[M	O^PR_	K 
&a]OgWYK Z	a`Z � Z$M	J P(P�a]Z]\(WYVLP �g k

(Mπ,MK)† (Mπ,MK)†
W H`PQP�K1PRU	e��$PgV��]M-K[P ‡ �	H`JXK[M	O
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�
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= (−i)(ie2)4GFV
∗
us

3Fo
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∫
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−B(−p+,mγ ,Mπ) +B1(−p+;mγ ,Mπ) + 2B1(p+ + p−;Mπ,Mπ)

}

δG
� ��

= −e2
{

2(sπ − 2Mπ)
[
C(−p+, p−;mγ ,Mπ,Mπ) − C1(−p+, p−;mγ ,Mπ,Mπ)

−C2(−p+, p−;mγ ,Mπ,Mπ)
]
−B(p−,mγ ,Mπ) +B1(p−,mγ ,Mπ)

−B(−p+,mγ ,Mπ) +B1(−p+,mγ ,Mπ)

}

� {T1As,1Av4�+�J!3- ��v���!$#$��o�� �*�%�%(	o+�,1 ��)M-/���ay'#��av�v4�=, ��.A���%!

−iM
��� �
fi = (−i)(−ie2)GFV

∗
us

3Fo

∫
dDq

(2π)
D
u(pν)(1 + γ5)γµ[(6p`+ 6q) −m`]γ

ν v(p`)

(2p+ − p− + k − 2q)µ(2p+ − q)ν

(q2 −m2
γ)[(p` + q)

2 −m2
` ][(p+ − q)

2 −M2
π]
.

�Q���C�%�+)[s,���|o�(*�2!$#$��~ ) !$�,(*��� ��)Uxpt(�Po+!%�+) #%�l- �ItK(*#wv4�
F

�+!
G

�%(*�2!l- (*� ��1����|q,��#}s,���]!%�+#wv4���

(6P+ 6Q)
{
6p` · p+ − 1

2
[(p` + q)2 −m2

` ] − 3[(p+ − q)2 −M2
π ]
}

+
{
m`(6P+ 6Q) + 2[(p` + q)2 −m2

` ]

−3

2
sπ − 3

2
Q2 − 12p` · p+

}
6q

� 7



�3�G!$#%(*)[�0� ���"���$�,s,���Jo�(*#$#%�Fo+!$�,(*���l�$) �������J!%���

δF
� � �

= δG
� � �

=
e2

3

{
6(M2

π +m2
` − t1`)C(−p`, p

+;mγ ,m`,Mπ) + 2m2
`C1(−p`, p

+;mγ ,m`,Mπ)

−6(2M2
π +m2

` − t1`)C2(−p`, p
+;mγ ,m`,Mπ) −B(p+;mγ ,Mπ)

−6B(−p`;mγ ,m`) + 2B1(p+;mγ ,Mπ)

}

��{T1As,1Av4�+�J!\- �Kv���!$#$��o�� �*�%��(Ho+�,1 ��)M-/���ay'#��av�v4� ,X'). ����) !

−iM
� � �
fi = (−i)(ie2)GFV

∗
us

3Fo

∫
dDq

(2π)
D
u(pν)(1 + γ5)γµ[(6p`+ 6q) −m`]γ

ν v(p`)

(k + 2p+ − p− + q)µ(2p− − q)ν

(q2 −m2
γ)[(p` + q)

2 −m2
` ][(p− − q)

2 −M2
π ]

�H���}o�(*�2!$#$��~ ) !$�,(*��� z F �+!
G

�%(*�J!3- (*� ��1����|q,��#
6P
{
6p` · p− − 1

2
[(p` + q)2 −m2

` ] − 3[(p− − q)2 −M2
π± ] + 3q2

}
+ 6Q

{
6p` · p− − 5

2
[(p` + q)2 −m2

` ]

−3[(p− − q)2 −M2
π± ] + 3q2

}
+
{
m`(6P− 6Q) + 3 6P 6Q− [(p` + q)2 −m2

` ] − 3(sπ − 2M2
π)
}
6q

�3(*)��C(P~ !%�+��(*���r&
δF

� � �
= −e

2

3

{
6(M2

π +m2
` − t2`)C(−p`, p

−;mγ ,m`,Mπ) + 2m2
`C1(−p`, p

−;mγ ,m`,Mπ)

−6M2
πC2(−p`, p

−;mγ ,m`,Mπ) −B(p−;mγ ,Mπ) − 6B(−p`;mγ ,m`)

−B1(p−;mγ ,Mπ) + 6B(p` + p−;m`,Mπ)

}

δG
� � �

= −e
2

3

{
6(M2

π +m2
` − t2`)C(−p`, p

−;mγ ,m`,Mπ) − 2m2
`C1(−p`, p

−;mγ ,m`,Mπ)

−6M2
πC2(−p`, p

−;mγ ,m`,Mπ) − 5B(p−;mγ ,Mπ) − 6B(−p`;mγ ,m`)

+B1(p−;mγ ,Mπ) + 6B(p` + p−;m`,Mπ)

}
.

�H���|s��ay'#����[y'�,�+��� �*�%�%(	o+�,1�� ��)Ux -/���ay'#��av�v4���[- �Ks�� �
	��  ���u�U���R�%(*�2!C#%���wqS�Fo+!$���0�Av4�+�J!

(l) (m)(k)

`+

π−

π+

`+

π−

π+ π+

π−

`+

ν` ν`
ν`

K+ K+K+
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L
��� �

= ...+
1

6F 2
o

(
− π−π+∂µK−∂µK+ + 2K+π+∂µK−∂µπ− −K−π+∂µK+∂µπ−

−K+π−∂µK−∂µπ+ + 2K−π−∂µK+∂µπ+ −K−K+∂µπ−∂µπ+
)

+
{Bom̂

2F 2
o

(1 +
1

6R
) +

Boms

6F 2
o

(1 − 1

2R
) +

8

3
e2Zo

}
K−K+π+π−

+2ie (ν`Lγµ `) FoGFV
∗
usA

µK+ + ieAµ(K−∂µK+ −K+∂µK−)

L
��� �

= ...+
2ieAµ

3F 2
o

(
−K+π−π+∂µK− +K−π−π+∂µK+ −K−K+π+∂µπ− +K−K+π−∂µπ+

)

+2ie (ν`Lγµ `) FoGFV
∗
usA

µK+

L
��� �

= ...+
2ieAµ

3F 2
o

(−K+π−π+∂µK− +K−π−π+∂µK+ −K−K+π+∂µπ− +K−K+π−∂µπ+)

+2 (ν`Lγµ `) FoGFV
∗
us∂

µK+ + e `γµ` Aµ

� �Po��,���J!}�2)�� Bom̂
2F 2

o
(1 + 1

6R ) + Boms

6F 2
o

(1− 1
2R ) + 8

3e
2Zo = 1

6F 2
o
(M2

K± +M2
π± + 6∆π)

&	s.{T1As,1Av4�+�J!l- �Kv���!$#$��o��
�*���%(Ho+�,1 ��)V-/���ay'#��av�v4�=, � .A��{T1Fo+#$�"!Z&,�F�0�Fo

νπ = tπ − uπ

−iM
��� �

fi = (−i)(ie2)GFV
∗
us

12Fo

∫
dDq

(2π)
D
u(pν)(1 + γ5)γµ v(p`) (2k − q)µ

−[(k − q)2 −M2
K ] − [(L− q)2 −M2

K ] + 6q ·Q+ 3(sπ + νπ)]

(q2 −m2
γ)[(k − q)

2 −M2
K ][(k − p+ − p− − q)

2 −M2
K ]

−iM
��� �

fi = ie2
GFV

∗
us

6Fo
u(pν)(1 + γ5) v(p`)

{3

2
(sπ + νπ)

[
2(6L+ 6P )C(k, L;mγ ,MK ,MK) − (6L+ 6P )C1(k, L;mγ ,MK ,MK)

− 6LC2(k, L;mγ ,MK ,MK)
]
− 1

2

[
2( 6L+ 6P )B(p` + pν ;mγ ,MK)− 6LB1(p` + pν ;mγ ,MK)

]

−1

2
(6L+ 6P )

[
2B(MK ;mγ ,MK) −B1(MK ;mγ ,MK)

]

+3Qρ

{
2(6L+ 6P )

[
kρC1(k, L;mγ ,MK ,MK) + LρC2(k, L;mγ ,MK ,MK)

]

−kρ(6L+ 6P )C11(k, L;mγ ,MK ,MK) − Lρ 6LC22(k, L;mγ ,MK ,MK)

−
[
kρ 6L+ Lρ(6L+ 6P )

]
C12(k, L;mγ ,MK ,MK) + ηµργµC00(k, L;mγ ,MK ,MK)

}}

).��) !$��s"�,�����J!�s�� - 1Fo�(Pv�qc('�$�"!$�,(*� ,  �����/.d&�s,���Zo�(*#$#%�Fo+!$�,(*���M�%) #us,����t-�Po+!%�+) #%�M- � t`(*#wv4� �*�%��(Ho+�,1�� z o��-/���ay'#��av�v4�5- �A�2�,�+� ���+�2!
δF

��� �
= −e

2

6

{
6(sπ + νπ)C(k, L;mγ ,MK ,MK) − 3(sπ + 3νπ)C1(k, L;mγ ,MK ,MK)

−6νπC2(k, L;mγ,MK ,MK) + 3νπC11(k, L;mγ ,MK ,MK)

+3νπC12(k, L;mγ ,MK ,MK) − 2B(L;mγ ,MK) − 2B(k;mγ ,MK) +B1(k;mγ ,MK)
}

δG
��� �

= e2C00(k, L;mγ ,MK ,MK)
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��{T1As,1Av4�+�J!\- �Kv���!$#$��o�� �*�%��(Ho+�,1 ��)M-/���ay'#��av�v4� , s�.�����) !
−iM

��� �

fi = (−i)(i2e2)GFV
∗
us

3Fo

∫
dDq

(2π)D
u(pν)(1 + γ5)γµ v(p`)

(2k − 2p− − q)µ

(q2 −m2
γ)[(k − p+ − p− − q)

2 −M2
K ]

= (i2e2)
GFV

∗
us

3Fo
u(pν)(1 + γ5) v(p`)

[
2( 6k− 6p−)B(L;mγ ,MK)− 6LB1(L;mγ ,MK)

]

� i	k g 
k'�0�Fo'&

B1(L;mγ ,MK) =
1

2

(A(M2
K)

M2
K

+
1

16π2

)
− 1

16π2

M2
K

2s`
+

1

32π2

(
1 − M2

K

s`

)2
ln
( M2

K

M2
K − s`

)

�H���}o�(*#$#%�Fo+!$�,(*��� ��)Uxrt(�Po+!%�+) #%�l- �ItK(*#wv4�O�%(*�2!

δF
��� �

= δG
��� �

= −4e2

3
B(L;mγ ,MK)

��{T1As,1Av4�+�J!\- �Kv���!$#$��o�� �*�%��(Ho+�,1 ��)M-/���ay'#��av�v4� , v=.<���$!

−iM
��� �

fi = (−i)(−ie2)2GFV
∗
us

3Fo

∫
dDq

(2π)
D
u(pν)(1 + γ5)γµ[6p`− 6q −m`]γ

ν v(p`)

(k − p+ − p− − q)µ(2k − 2p− − q)ν

(q2 −m2
γ)[(k − p+ − p− − q)

2 −M2
K ][(p` − q)

2 −m2
` ]

�3(*)��C(P~ !%�+��(*���}qc(*) #}s,���|o�(*#$#%�Fo+!$�,(*��� ��)Ux�t(�Po+!%�+) #%�C- �KtK(*#wv4�
F

�+!
G

δF
��� �

= δG
��� �

=
4e2

3

{
m2

`C1(L, p`;mγ ,MK ,m`) +m2
`C2(L, p`;mγ ,MK ,m`) +B(L;mγ ,MK)

}
.

�H���|s��ay'#����[y'�,�+��� �*�%�%(	o+�,1�� ��)Ux - �+)Ux -/���ay'#��av�v4���[- ��s����
	������� �U���E�%(*�J!C�,- �+�2!$���J)����[�+!����as,�+�J!
L

��� �����
= ...+

1

6F 2
o

(−π−π+∂µK−∂µK
+ + 2K+π+∂µK−∂µπ

− −K−π+∂µK+∂µπ
− −K+π−∂µK−∂µπ

+

+2K−π−∂µK+∂µπ
+ −K−K+∂µπ−∂µπ

+) +
{Bom̂

2F 2
o

(1 +
1

6R
) +

Boms

6F 2
o

(1 − 1

2R
)

+
8

3
e2Zo

}
K−K+π+π− + 2ie (ν`Lγµ `) FoGFV

∗
usA

µK+ + ieAµ(π−∂µπ+ − π+∂µπ−)

(n) (o)

`+

π−

`+

π−

ν` ν`

π+
π+

K+ K+
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� {T1As,1Av4�+�J!3- ��v���!$#$��o�� �*�%�%(	o+�,1 ��)M-/���ay'#��av�v4�=, ��.A���%!

−iM
����

fi = (−i)(−ie2)GFV
∗
us

6Fo

∫
dDq

(2π)
D
u(pν)(1 + γ5)γµ v(p`) (2p+ + q)µ

3(M2
π − sπ + s` − tπ) −

[
(p+ + q)

2 −M2
π

]
−
[
(k − p+ − p− − q)

2 −M2
K

]

(q2 −m2
γ)[(p+ + q)2 −M2

π][(k − p+ − p− − q)2 −M2
K ]

�+�t`(*#wv4�e-/)M�J)[v41+#���!%�+) #3�%��v�q[s"�N�q��s,��o��as�o+)[sQ�+!C��(*)��C!$#%(*)[�0(*���
−iMfi = (−ie2)GFV

∗
us

6Fo
u(pν)(1 + γ5)γµ v(p`)

×
{
6p+

µ (M2
π − sπ + s` − tπ) C(−p+, L;mγ ,Mπ,MK)

+3(M2
π − sπ + s` − tπ) Cµ(−p+, L;mγ ,Mπ,MK) − 2p+

µ

[
B(L;mγ ,MK)

+ B(−p+;mγ ,Mπ)
]
−Bµ(L;mγ ,MK) −Bµ(−p+;mγ ,Mπ)

}

�Q���|o�(*�J!$#$��~ ) !$�,(*��� ��)Uxpt-�Po+!%�+) #%�3- �It`(*#wv4�O�;{T1Fo+#$���0�+�J!

δF
�����

= δG
����

=
e2

6

{
6(M2

π − sπ + s` − tπ) C(−p+, L;mγ ,Mπ,MK)

−3(M2
π − sπ + s` − tπ) C1(−p+, L;mγ ,Mπ,MK) − 2B(L;mγ,MK)

−2B(−p+;mγ ,Mπ) +B1(−p+;mγ ,Mπ)

}

� {T1As,1Av4�+�J!3- ��v���!$#$��o�� �*�%�%(	o+�,1 ��)M-/���ay'#��av�v4�=,`( .A���%!

−iM
�����

fi = (−i)(ie2)GFV
∗
us

6Fo

∫
dDq

(2π)
D
u(pν)(1 + γ5)γµ v(p`) (2p− + q)µ

×
3
2 (s` − sπ −M2

K − νπ) −
[
(k − p+ − p− − q)

2 −M2
K

]
+ 2
[
(p− + q)

2 −M2
π

]
− 6q · k

(q2 −m2
γ)[(p− + q)2 −M2

π ][(k − p+ − p− − q)2 −M2
K ]

�Q���|o�(*�J!$#$��~ ) !$�,(*��� ��)Uxpt-�Po+!%�+) #%�3- �It`(*#wv4�O�;{T1Fo+#$���0�+�J! ���"���$���

δF
�����

=
e2

6

{
3(νπ + sπ +M2

K − s`) C(−p−, L, 0;Mπ,MK)

−9(M2
K +M2

π − uπ)C1(−p−, L, 0;Mπ,MK) + 6(M2
K − sπ + s`)C2(−p−, L, 0;Mπ,MK)

+3(M2
K +M2

π − uπ)C11(−p−, L, 0;Mπ,MK) − 3(M2
K − sπ + s`)C12(−p−, L, 0;Mπ,MK)

+12C00(−p−, L, 0;Mπ,MK) − 4B(L;mγ ,MK) + 2B(−p−;mγ ,Mπ) −B1(−p−;mγ ,Mπ)

}

δG
�����

= −e
2

6

{
3(νπ + sπ +M2

K − s`) C(−p−, L, 0;Mπ,MK)

−9(M2
K +M2

π± − uπ)C1(−p−, L, 0;Mπ,MK) + 6(M2
K − sπ + s`)C2(−p−, L, 0;Mπ,MK)

+3(M2
K +M2

π± − uπ)C11(−p−, L, 0;Mπ,MK) − 3(M2
K − sπ + s`)C12(−p−, L, 0;Mπ,MK)

−4B(L;mγ ,MK) + 2B(−p−;mγ ,Mπ) −B1(−p−;mγ ,Mπ)

}
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�H���|s��ay'#����[y'�,�+��� �*�%�%(	o+�,1�� ��)Ux -/���ay'#��av�v4���[- �Ks�� �
	��  ���u�U�A+R�%(*�2!C#%���wqS�Fo+!$���0�Av4�+�J!

L
�����

= ...+
1

6F 2
o

(−π−π+∂µK−∂µK
+ + 2K+π+∂µK−∂µπ

− −K−π+∂µK+∂µπ
− −K+π−∂µK−∂µπ

+

+2K−π−∂µK+∂µπ
+ −K−K+∂µπ−∂µπ

+) +
{Bom̂

2F 2
o

(1 +
1

6R
) +

Boms

6F 2
o

(1 − 1

2R
)

+
8

3
e2Zo

}
K−K+π+π− + ieAµ(K−∂µK+ −K+∂µK−) + 2 (ν`Lγµ `) FoGFV

∗
us∂

µK+ + e `γµ` Aµ

= · · · + L � ����� ���
	�� ���� � ���

+ ieAµ(K−∂µK+ −K+∂µK−) + 2 (ν`Lγµ `) FoGFV
∗
us∂

µK+ + e `γµ` Aµ

L
��� �

= · · · + L � ����� ���
	�� ���� � ���

+ ieAµ(π−∂µπ+ − π+∂µπ−) + 2 (ν`Lγµ `) FoGFV
∗
us∂

µK+ + e `γµ` Aµ

L
��� �

= · · · + L � ����� ���
	�� ���� � ���

+ ieAµ(π−∂µπ+ − π+∂µπ−) + 2 (ν`Lγµ `) FoGFV
∗
us∂

µK+ + e `γµ` Aµ .

��{T1As,1Av4�+�J!\- �Kv���!$#$��o�� �*�%��(Ho+�,1 ��)M-/���ay'#��av�v4� , q�.<���$!

−iM
����

fi = (−i)(−ie2)GFV
∗
us

12Fo

∫
dDq

(2π)
D
u(pν)(1 + γ5) v(p`)

{
3(sπ + νπ) −

[
(k − q)

2 −M2
K

]
−
[
(k − p+ − p− − q)

2 −M2
K

]
+ 6q ·Q

}

×
(
6L− 6q

)(
6p`− 6q −m`

)(
2 6k− 6q

)

(q2 −m2
γ)[(k − q)

2 −M2
K ][(p` − q)

2 −m2
` ][(k − p+ − p− − q)

2 −M2
K ]

�H�Jo��as�o+)[sg���$! q[s")���o�(Pv�q[s"���J)�1K�2)��}q #%1Fo�1�- �Av�v4�+�2!Z&[o���#�s,���A� xUq #%���%�$�,(*���<�%(*�J!�s,(*�[y')������	�H�[�J)[v41+#���!%�+) #
�%�e�$��v�q[s"�N�q�O�+!C- �A�6�,�+�J!

(
− 2m2

` − [(p` − q)
2 −m2

` ]
)
6q − 2m` 6P 6q + 2[(p` − q)

2 −m2
` ] 6P +

(
4p` · k + [(p` − q)

2 −m2
` ]

+2[(k − q)
2 −M2

K ]
)
6L.

��{ �av�q[s"�"!$)�- ��o%���+#�o���1��Kt-���"! �aq[q,��#��ba,!$#%�Ks,���A�"�J!%1Ay'#��as,���
Dµ

�+!
Dµν

&6- (*�J!�s,���<- 1Fo�(Pv�qc('�%�"!$�,(*���<,  ���a�:.o�+!
,  ���D�/.<�%(*�2!l- (*� ��1����l�+� �aq[qS�+��-/��o��D�R�H���}o�(*�J!$#$��~ ) !$�,(*��� ��)Uxrt(�Po+!%�+) #%�C- �KtK(*#wv4�O��{T1Fo+#$���0�+�2! ���"���$�

(p) (q) (r)

π+

`+ `+

π−

π+

`+

π−

π+

ν`ν`ν`
π−

K+K+K+

©�ª�«R¬��B ��D
	FE � K1P �=l]M	OgK1P � U   � �  KN\ � O  OgK[U	O�i1P�K[ZC\gKNZC\ JLK[P�_�V H�l`O^H�WYWYK[P H �`K[d(M-Z iT\^Hf\ VLZC\gK[OgWKi[_	VLH`VXOQK � �fH`a`Z   ]a��JLH7cFa`M-dNJXK�_�K�U-e	a�\Qa`Z OgK[JXVLK<M	Z _�K[P
WKi1P�a]Z-P
d^e-H�Oml;i1P�H`M8JLKNU	\ga`Z k
� �



δF
����

=
e2

6

{
6(sπ + νπ)C(k, L;mγ ,MK ,MK) − 3(sπ + 3νπ)C1(k, L;mγ ,MK ,MK)

−6νπC2(k, L;mγ ,MK ,MK) + 6m2
`(sπ + νπ)D2(k, p`, L;mγ ,MK ,m`,MK)

+6m2
`(sπ + νπ)D3(k, p`, L;mγ,MK ,m`,MK) − 2m2

`C1(p`, L;mγ ,m`,MK)

−2m2
`C2(p`, L;mγ ,m`,MK) − 2m2

`C2(k, p`;mγ ,MK ,m`) + 3νπC11(k, L;mγ,MK ,MK)

+3νπC12(k, L;mγ ,MK ,MK) + 6m2
`(t2` − t1`)D22(k, p`, L;mγ ,MK ,m`,MK)

−6m2
`νπD33(k, p`, L;mγ,MK ,m`,MK) − 6m2

`νπD12(k, p`, L;mγ ,MK ,m`,MK)

−6m2
`νπD13(k, p`, L;mγ,MK ,m`,MK) + 6m2

`(t2` − t1` − νπ)D23(k, p`, L;mγ ,MK ,m`,MK)

−2B(L;mγ ,MK) − 2B(k;mγ ,MK) +B1(k;mγ ,MK)

}

δG
����

= −e2
{

2m2
`D00(k, p`, L;mγ,MK ,m`,MK) + C00(k, L;mγ,MK ,MK)

}

� {T1As,1Av4�+�J!3- ��v���!$#$��o�� �*�%�%(	o+�,1 ��)M-/���ay'#��av�v4�=, ��.A���$!

−iM
��� �

fi = (−i)(ie2)GFV
∗
us

6Fo

∫
dDq

(2π)
D
u(pν)(1 + γ5) v(p`)

{
3(uπ −M2

π −M2
K) −

[
(p+ + q)

2 −M2
π

]
−
[
(k − p+ − p− − q)

2 −M2
K

]}

×
(
6L− 6q

)(
6p`− 6q −m`

)(
6P+ 6Q+ q

)

(q2 −m2
γ)[(p+ + q)2 −M2

π ][(p` − q)2 −m2
` ][(k − p+ − p− − q)2 −M2

K ]

�Q�e�J)[v41+#���!%�+) #[- �O�$��v�q[s"�N�q�O�+!�����) !

−m`(6P+ 6Q) 6q + [(p` − q)2 −m2
` ](6q+ 6P+ 6Q) +

(
2q2 + 4p` · p+ − [(p` − q)2 −m2

` ] − 2[(p+ + q)2 −M2
π ]
)
6L.

�Q���|o�(*�J!$#$��~ ) !$�,(*��� ��)Uxpt-�Po+!%�+) #%�3- �It`(*#wv4�O�;{T1Fo+#$���0�+�J!Z&

δF
��� �

= δG
��� �

= −e
2

6

{
3
(
uπ −M2

π± −M2
K±

)[
2 C(−p+, L;mγ ,Mπ,MK)

−C1(−p+, L;mγ,Mπ,MK)
]

−2m2
`

[
C1(p`, L;mγ ,m`,MK) + C2(p`, L;mγ ,m`,MK)

+ C2(−p+, p`;mγ ,Mπ,m`)
]

+6m2
`

(
uπ −M2

π± −M2
K±

)[
D2(−p+, p`, L;mγ ,Mπ,m`,MK)

+ D3(−p+, p`, L;mγ ,Mπ,m`,MK)
]

+B1(−p+;mγ ,Mπ) − 2B(−p+;mγ ,Mπ) − 2B(L;mγ ,MK)

}

� {T1As,1Av4�+�J!3- ��v���!$#$��o�� �*�%�%(	o+�,1 ��)M-/���ay'#��av�v4�=, #6.A���%!
��+



−iM
��� �

fi = (−i)(−e2)GFV
∗
usFo

∫
dDq

(2π)
D
u(pν)(1 + γ5)γρ

[
6p`− 6q −m`

]
γµ v(p`)

π−(p− + q)

K+(k − p+ − p− − q)

π+(p+)

K+(k)
}

×
{

×
(
k − p+ − p− − q

)
ρ

(
2p− + q

)
µ

(q2 −m2
γ)[(p− + q)2 −M2

π± ][(p` − q)2 −m2
` ][(k − p+ − p− − q)2 −M2

K± ]

�F(*) # s,���0�+#$!%� x z �J),��!$#%�|o��,�av�q��Z&0��s�� x/�,�$!%��q[s")��%�,�+) #%��tK(*#wvN)[s���!$�,(*���A1F�J) �����as,�+�J!%�����=�"�Kv4�+��s�s,�+) #%��tK(*#wvN) 	s���!$�,(*�V���$!Jo��As�s,� �2) �H��� o�(Pv�qS(*#$!%��q,�*�3- �e!%�+#wv4�5�+�
q2

���"���$�H��(*)��l1A�6�"!%(*���Js.{ ) !$��s"�,����!$�,(*�V- ���}t`(*��o+!$�,(*���
C(p1, p2, p3;M1,M2,M3)

���"��tK(*#wvN)[s���!$�,(*� �2) �H�%�+#��E) !$��s"�,�%1���qS(*) #|o����0�+#$!%� xG���$!�s��j�$) �������J!%�
i

6F 2
o

{
3uπ − 3M2

π± − 3s` + 2[(L− q)2 −M2
K± ] − [(p− + q)2 −M2

π± ] − 6p+ · q
}

k}q #)(��C�%��v�q[s"�N�Ro���!$�,(*�V-/)G�2)[v41+#���!%�+) #Z&���(*)��l(P~ !%�+��(*���

−iM
��� �

fi = (−i)(−ie2)GFV
∗
us

6Fo

∫
dDq

(2π)
D
u(pν)(1 + γ5) v(p`)

{
3(uπ −M2

π − s`) + 2[(L− q)2 −M2
K± ] − [(p− + q)2 −M2

π± ] − 6p+ · q
}

× [(p` − q)
2 −m2

` ]
(
6P− 6Q+ 6q

)
−m`

(
6P− 6Q

)
6q

(q2 −m2
γ)[(p− + q)2 −M2

π± ][(p` − q)2 −m2
` ][(k − p+ − p− − q)2 −M2

K± ]

�H���}o�(*�2!$#$��~ ) !$�,(*��� ��)Uxpt-�Po+!%�+) #%�3- �It`(*#wv4�N��{T1Fo+#$���0�+�J!Z&

δF
��� �

=
e2

6

{
6(uπ − s` −M2

π)C(−p−, L;mγ,Mπ,MK)

−3(uπ − s` + 3M2
π − 2sπ)C1(−p−, L;mγ ,Mπ,MK) − 6(M2

π +M2
K − sπ − tπ)C2(−p−, L;mγ ,Mπ,MK)

+4m2
`C2(−p−, p`;mγ ,Mπ,m`) − 2m2

`

[
C1(p`, L;mγ ,m`,MK) + C2(p`, L;mγ ,m`,MK)

]

−3(sπ − 2M2
π)C11(−p−, L;mγ ,Mπ,MK) + 3(M2

π +M2
K − sπ − tπ)C12(−p−, L;mγ ,Mπ,MK)

−6C00(−p−, L;mγ,Mπ,MK)

+6(uπ − s` −M2
π)m2

`

[
D2(−p−, p`, L;mγ ,Mπ,m`,MK) +D3(−p−, p`, L;mγ ,Mπ,m`,MK)

]

+6m2
`(sπ − 2M2

π)

[
D12(−p−, p`, L;mγ ,Mπ,m`,MK) +D13(−p−, p`, L;mγ,Mπ,m`,MK)

]

−6m2
`(s1` −M2

π −m2
` )D22(−p−, p`, L;mγ ,Mπ,m`,MK)

−6m2
`(M

2
K − sπ − tπ + s1` −m2

`)D23(−p−, p`, L;mγ ,Mπ,m`,MK)

−6m2
`(M

2
π +M2

K − sπ − tπ)D33(−p−, p`, L;mγ ,Mπ,m`,MK)

−2B1(−p−;mγ ,Mπ) + 4B(−p−;mγ ,Mπ) − 2B(L;mγ ,MK)

���



δG
��� �

= −e
2

6

{
6(uπ − s` −M2

π)C(−p−, L;mγ ,Mπ,MK)

−3(uπ − s` + 3M2
π − 2sπ)C1(−p−, L;mγ ,Mπ,MK) − 6(M2

π +M2
K − sπ − tπ)C2(−p−, L;mγ,Mπ,MK)

+4m2
`C2(−p−, p`;mγ ,Mπ,m`) − 2m2

`

[
C1(p`, L;mγ ,m`,MK) + C2(p`, L;mγ ,m`,MK)

]

−3(sπ − 2M2
π)C11(−p−, L;mγ ,Mπ,MK) + 3(M2

π +M2
K − sπ − tπ)C12(−p−, L;mγ ,Mπ,MK)

+6C00(−p−, L;mγ ,Mπ,MK)

+6(uπ − s` −M2
π)m2

`

[
D2(−p−, p`, L;mγ ,Mπ,m`,MK) +D3(−p−, p`, L;mγ ,Mπ,m`,MK)

]

+6m2
`(sπ − 2M2

π)

[
D12(−p−, p`, L;mγ ,Mπ,m`,MK) +D13(−p−, p`, L;mγ,Mπ,m`,MK)

]

−6m2
`(s1` −M2

π −m2
`)D22(−p−, p`, L;mγ ,Mπ,m`,MK)

−6m2
`(M

2
K − sπ − tπ + s1` −m2

`)D23(−p−, p`, L;mγ ,Mπ,m`,MK)

−6m2
`(M

2
π +M2

K − sπ − tπ)D33(−p−, p`, L;mγ ,Mπ,m`,MK)

−2B1(−p−;mγ ,Mπ) + 4B(−p−;mγ ,Mπ) − 2B(L;mγ ,MK)

� ������o��9o%�,�aq �"!$#%�'&F��(*)�� ���0(*���N!$#��ba,!%1�s,���N-/���ay'#��av�v4���E- �����+*6�[v�����o�(*�2!%�+�,���J!j) � q ��(*!%(*���2�"#$!$)��Asm&oD{T���%!�	 z 	 -/�"#%�3) ���}~c(*)�oAs,�[- �|q ��(*!%(*���U�H����o�(*#$#%�Fo+!$�,(*��� ��)Ux�t-�Po+!%�+) #%�<- �|t`(*#wv4�
F

�+!
G

(*�2!A1+!%1Io��as�o+)[s,1����qS(*) # o��,�Po+) ���I- ���O!%(PqS(Ps,(Py'�,���=, �
	������� �U���0. � �[(*)��e#%�Av���#��2)�(*��� �2)���s,���e#%1��$)[s"!���!%��o�(Pv�qc(*#$!%�+�2!5- ���
-/���0�+#wy0�+��o����L)[s"!$#�� 	.�6�,(Ps,�+!$!%���I�+!R�"�Ut`#�� 	m#%(*)[y0�������H���4-/���0�+#wy0�+��o����I)[s"!$#�� 	.�2�,(Ps,�+!$!%��� �aq[q,��#��ba �%�%�+�2!I�%(*)���s��tK(*#wv4�O- ��s���tK(*��o+!$�,(*� z ) �ZqS(*�"�J! A(M2)

,  ���/.<(*^
A(M2) = −2M2λ− µM

µM =
M2

16π2
ln
M2

µ2

λ =
1

16π2

{ 1

D − 4
− 1

2

[
ln(4π) + 1 − γE

]}
.

� ��#wvR�g!%(*) !%����s,��� t`(*��o+!$�,(*���<- 1Fo+#$�"!%���C-.������s.{ �aq[qS�+��-/��o��e�W- �Io��+!$!%�[!$� (��%�'&/�%�+)[s,����s,����t`(*��o+!$�,(*��� z - �+)UxqS(*�"�J!%�\��o��as����"#%� ,  ��� �0.d&B�0�Fo+!%(*#$�,�As�s,� ,  ��� � . ���"���$�%�J)���s.{ ) ���E- ���|tK(*��o+!$�,(*���[!%�+���%(*#$�,�As�s,���\- � s���t`(*��o+!$�,(*�
z !$#%(*�,�rqc(*�"�2!%� ,  ���2�0.ro�(*�2!$�,�+� ���+�J! ) ���U-/���0�+#wy0�+�J!%�U)[s"!$#�� 	.�2�,(Ps,�+!$!%�D�]�\� q[s")��rqS(*) #ro��,�Po+) ��� - ��o����tK(*��o+!$�,(*���|s��4-/���0�+#wy0�+��o��N���$!

A(M2) : −2M2 λ

B(p2;M2
1 ,M

2
2 ) : −2 λ

� i-k n�
B1(p

2;M2
1 ,M

2
2 ) : −λ

C00(p1, p2, 0;M2
1 ,M

2
2 ,m

2) : −1

2
λ.

� ������s,��o%�,�aq �"!$#%� +/&g��(*)��e!$#����"!%�+#%(*���E�+�P- 1+!�����s o���o�(Pv�qS(*#$!%�Av4�+�J!E)[s"!$#�� 	.�2�,(Ps,�+!E�+!O��(*)���v4(*�2!$#%�+#%(*���o�(Pv�v4�+�2!Io����l-/���0�+#wy0�+��o����l��{ ��� �2)[s,�+�J!��
�Q���9o�(*#$#%�Fo+!$�,(*���I- � ! *HqS��q ��(*!%(*� �2�"#$!$)��As�y01+� (+#%�+�2! ��)��%�%�<- ���I-/���0�+#wy0�+��o����R�"�Ut #�� 	m#%(*)[y0���;���H���4-/���0�+#�	y0�+��o���� �"�Ut`#�� 	m#%(*)[y0��� �%(*�2! -/)���� z - ���pqc�+!$�"!%���p���as,�+) #%� - ��s.{ ��v�q )[s,�%�,(*� -/)(q ��(*!%(*���+! - ��o���t(���"! z) ����v��*�%�%�L-/) q ��(*!%(*���2)[s�s,�'&

mγ = 0
�  ���N-/���0�+#wy0�+��o����q #%(��6�,�+� ���+�J!R� x[oAs")��$���0�Av4�+�J!j- ����tK(*��o+!$�,(*���

�$�



��o��as����"#%��� z !$#%(*�,�l�+!}�J),��!$#%�KqS(*�"�J!%�r&�-.�����l- ���|o�(*�U��y') #���!$�,(*���J~ �,�+�Zq #%1Fo+�,�%���-,  �87a�:.<�+!-,  ���D�/. �
�3(*)��J�0�+#$#%(*���Z&S-.�����Ks,�o%�,�aq �"!$#%� ���/&B�J)��o����\-/���0�+#wy0�+��o�����qc�+)[�0�+�2! �+!$#%�5#%1Ay')[s���#$�,��1����e�+�U- (*� �,���2! ��)q ��(*!%(*�I) ���}v��*�%�%�C�"�U��� �"!%1��%��v��as,�D�  ���A-/���0�+#wy0�+��o���� qS�+)[�0�+�J! �aq[q,��#��ba,!$#%�Js,(*#%�o- ��� q #%(Ho����%�%)�� z q ��(*!%(*��2�"#$!$)��As��+!���(*) s,(*#%�e- � q #%(	o����%�$)��Iv4�+!$!����J!5�+� '$�+)Y- ���Kq ��(*!%(*���e#%1��As,��� �H(*#%���2)�� s.{T(*�Y�%(Pv�v4��o����e- �+)Uxo�(*�J!$#$��~ ) !$�,(*����qc(*) #4(P~ !%�+� �"#�s,�p!���)Ux - �L!$#������%�"!$�,(*� !%(*!��asm&�v4���$) #%1 -.����� s,���R� xUqc1+#$�,�+��o����Z&�s,���R-/���0�+#�	y0�+��o����O�"�Ut`#�� 	m#%(*)[y0���5-/�,��q,��#��ba �%�%�+�J!j�+!�s,��q,��#��av�(+!$#%�I- �4#%1Ay')[s���#$�,����!$�,(*� ,

mγ
.KqS�+) ! �+!$#%��vR�,� z 0

�  �
#%1��$)[s"!���!l���$!|o�(*� �2) o�(Pv�v4��s,�\!$��1�(*#)(Av4�5- ���*2�� =����-23�9!	� ���T����
"!$? ���t�N�10�p�A+D�a�Q�+!��A+D�P���

� �
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� �������	��
� �

� ��� ������� � ��������� � � � ��� � � �����������	� ����� � �

�! #"$"&%('*),+ -
.0/ 1203545673,898;:=<>3,?A@CBEDF:G.H.I.I.H.I.H.I.I.H.I.H.I.I.H.J.I.H.I.H.I.I.H.I.H.I.I.

-5K
� KML H]d>\gK[M	O
\Qa`UFa`JLaON`V��CM	K a`M _�K P �$WJPT\QOgVLK k�k<k�k�k k�k<k�k<k�k�k<k�k<k�k k �7Q-

.SR 1203545673,898;:UTHVOB	WX<Y672[Z]\^3,WX<_T`3,\bacVOBE6>67:dVe<>20B	WbT`?Cfg\^W^2[<_3,6h20<_ij.H.I.H.I.I.
-Ek

kml #on�� �7p0(*�"#�1hp��Uq")�1A!%(*)��Cq,��� -/���Ur'#��UsGs4���utl) ���Mvc(*)xwhq,�A- �Ml ��(*!%(*�Gw�(*�J!$#$�yv ),���J! ��)Xz|{-�dw+!%�+) #%� - �}{K(*#~s4�
F

�+!
G
&q�yq({-��) !Itl #%1��%�+�J![1hp��Uq")��+#3!%(*)���q,��� ��) !$#%���[-/���Ur'#��UsGs4���3-/);s �hs4�N(*#%-/#%�O-.�����mq��j!$��1�(*#$�,�N- ���lc�+#$!$) #~v,��!$�,(*���Cw%� �"#��Uq,���e���H���H-/���Ur'#��UsGs4��� �7p0�7wuvc(*)xwhq,��- ��l ��(*!%(*�H&�w��Uq[w+)�q,1��+�ep0�7w�q,��q��Ur'#�����r'�,�+�tMq*�T(*#%-/#%�q,�Il�q")���v,�*�Z&/�%(*�J!C-(�T(*#%-/#%�

p2e2
�x� �dw%�,���2!H�2)��

e2 ∼ p2 &/��(*)��]- �hp0(*����w�(*���$�,- 1+#%�+#mq,���]-/���Ur'#��UsGs4��� �7p0�7wvc(*)xwhq,���A- ��s41���(*���}�2) �q�%(*�2!A-(�T(*#%-/#%�
p4 &�s����,� ��)��%�$�Aq,���A-/���Ur'#��UsGs4���<�+� ��#~v #%�l) !$�yq"�,�����J!Mq,��q��Ur'#�����r'�,�+�

-(�T(*#%-/#%�
p4 - �M� �*�%�%�+#Q�+!C�H�+) !����	q,�+#M���U�d���U�A�+!$!%�i- �+#$� �[n+#%�i1+!��UlS�.�%�+#��C�dfS�7w+!$)�1��o-.������q,�uw��,�Ul �"!$#%�i�$) �yp����J!e���q��O� �Ur'�"#��e- ��w��Uq[w+)�q,�+#uq,���uw�(*�J!$#%�C!%�+#~s4���uq"�,1�� ��)Gl #%(	w����%�$)��

K`4
�J�F(*) #}q,��s4(ds4�+�J!Z&	w�(*�J!%�+�2!%(*�����m��(*)��<- �w��Uq[w+)�q,�+#Cq,���F-/���Ur'#��UsGs4��� �7p0�7w}vc(*)xwhq,�o- ��s41��%(*���O�O��qJ�>z6�,�%!%�i- �+)XzO!��	lS�i- �uw�(*�2!$#$�yv ) !$�,(*��� �Uq,�i-/���Ur'#��UsGs4�

!��*-Xlc(dq,�N�+!�q,���C-/���Ur'#��UsGs4���3- ���mw�(*#$#%�7w+!$�,(*���3-(� ) � �"!���#$�"!%1��
�I�Y� � =%@����S@m� ��� ;>@ $�&L9�¡��

K+

π−π+

ν``+

¢�£[¤A¥x¦�§9¨	© �dª,«u¬SeN�®¯O°J°I± ²�O³ �´Eµ�¶ ±

L = ...+
GFV

∗
us

F 3
o

(ν`Lγµ `)
{ 1

18

(
7K+π−π+η∂µη − 10ηηπ−π+∂µK+

+ 8ηηK+π+∂µπ− − ηηK+π−∂µπ+ − 6KoK
o
π−π+∂µK+

+ 6KoK
o
K+π+∂µπ− + 6KoK

o
K+π−∂µπ+ + 6K+π−π+Ko∂µK

o

+ 6K+π−π+K
o
∂µKo + 6πoπoK+π+∂µπ− − 3πoπoK+π−∂µπ+

+ 3K+π−π+πo∂µπo
)

− 1

12R

(
4K+π−π+η∂µη − ηηπ−π+∂µK+ − ηηK+π+∂µπ−

− ηηK+π−∂µπ+ + πoπoπ+π−∂µK+ + πoπoK+π+∂µπ−

+ πoπoK+π−∂µπ+ − 4K+π−π+πo∂µπo
)}

·3(*)��we¸Uq[w+)�q,(*���=q,���E-/�sfg1+#%�+�J!%���¹w�(*�J!$#$�yv ) !$�,(*���ºt;w��I-/�0¸Ur'#Y¸UsGs4���!�#¸;w�(*�����+#~pd¸�!$�,(*�X- �ºq0¸9w��A¸�#~r0�p�ys¹�l�q"�[�J)��;�J)��»q,�;s41��%(*� -x¸����¼q0¸cvS(*)xwhq,�9lS�+) ! �+!$#%�G��� �ysGlS(*#$!%�;�2)��hq�s41��%(*�- �»q*�T(Ew+!%�+!p- ���ºlA¸�#$!$�[w+)�q,���l��%�+)�- (U� �owe¸Uq0¸��"#%���e�
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�Q���A-/�0¸Ur'#Y¸UsGs4���<- �3!��	lc�l!Y¸*-Xlc(dq,�m{K(*�J!A�"�J!%�+#~p0�+� �"#<) � {*¸dw+!%�+) #A!%(dlc(dq,(dr'�[�2)��+**��,d&E�J) �S���$!A- 1.-�� �^w�(dsGs4�

�
=

��(ds=v #%�N- �e-/�0¸Ur'#Y¸UsGs4���3!%(dlS(dq,(dr'�[�J)��hs4�+�2!3�,- �+�2!$�[�J)����
��(ds=v #%�5- �e�ow%��1hs ¸*�3- �en��[w0/ ¸UsGs4�+�A¸��2!Jt¹w��+!$!%�O!%(dlc(dq,(dr'�,�

�Q�c{ ¸dw+!%�+) #M!%(dlc(dq,(dr'�[�2)��h�%�+#Y¸X��(*#~s ¸Uq"�,�%1�t21cq,(*#%�o�2)�� !%(*) !%���9q,���»lA¸�#$!$�[w+)�q,���V-(� ) ���Y!%(dlc(dq,(dr'�,�P�%(*�J!
�>z/!%�+#$�����e���A�7w+� �>z	l�q"�[�2)��=q0¸ºl #%1��%�+�xw��j-/)U- 1+��(dsR�"�A¸�!%�+) #O-x¸����Hq0¸º{`(*#~s5)�q,�E- �

S
�433� p01+#$�5-q��J)��E-x¸����q,�Hwe¸*�i- �mq0¸e!%(dlS(dq,(dr'�,�H¸7p0�7wI�2)A¸�!$#%��lA¸�#$!$�[w+)�q,���A�>z6!%�+#$�����Z&5q,�C��(ds�v #%�3- �3-/�0¸Ur'#Y¸UsGs4���o!%(dlS(dq,(dr'�[�2)��hs4�+�J!

�,- �+�2!$�[�J)����3���$!
4!

�+!�q,�3��(ds�v #%�O- �e�ow���1hs ¸*�C- �[n��[w0/ ¸Us4�+�A¸��2!Ht¹w��+!$!%�\!%(dlc(dq,(dr'�,�e���%!
4!
¸�)��%�%�m&	w��`�2) �

- (*� ���=v �,�+�
S = 1

�

(a) (b)

πo
πo

π−π+

πo
πo

πoπo π+πo

¢�£[¤b¥x¦�§»¨X© 6	ª
647�±_° ´5¶ ±.8�³�±�³�¬SeNO®�e°J°J±98�³�± ²;: ´ ± ²¯�³ ´Eµ�¶ ±=<�>�?A@

�`¸����Gq,� p0�+#$!%�>zB* ¸C,E- �»q0¸'DFE�GIH�J4K ½	���/&��yq�� ¸c�2)A¸�!$#%�»w%�A¸UsGl��
πo �u�A�+!$!%�»lA¸�#$!$�[w+)�q,�V���$!4�Y¸ l #%(dl #%�¸��2!$�S�*lA¸�#$!$�[w+)�q,���x��qc�>z/�,�$!%�+#Y¸5- (*�xw

4× 3× 1
lS('�%�$�yv �yq"�"!%1��Mlc(*) # w+#%1��+# q0¸O!%(dlS(dq,(dr'�,�L*NMO,>�2�[) lc(*�"�2!]- �mp6)��

- ���}w�(*�J!$#Y¸dw+!$�,(*���<- �]n�[wP/S&'��(*)���lS(*)�p0(*���.�yqyq")��%!$#%�+#}w��+!$!%�]!%(dlS(dq,(dr'�,��lA¸�#
πoπoπoπoπoπoπoπo �,��q��>z6�,�$!%�

- (*�xw
4×3×2×1 = 4!

-/�sfg1+#%�+�J!%�o�ow%��1hs ¸*�o- ��w�(*�J!$#Y¸dw+!$�,(*���A- �<n��[w0/lS(*) #u¸�#$#$�yp0�+#}tIq0¸[!%(dlS(dq,(dr'�,�Q*NMO,>�
�`¸����¼q,�9we¸*�I-/) p0�+#$!%�>zR* v�,d&uw��T���$!I-/�sfg1+#%�+�J!e���A�+!$!%�»{K(*�,�Z&�(*�-/�,�$!$�"��r')��G) ���;lA¸�#$!$�[w+)�q,�M- �M��(*� ¸��J!$�S�lA¸�#$!$�[w+)�q,���b��qg�>z/�,�$!%�e- (*�xwJs4(*�"���l- �`w���(*�Sz lS('�%�$�yv�q,��� lS(*) #�w+#%1��+#�q0¸E!%(dlS(dq,(dr'�,�S*NMO, ¸7p0�7wO) ���Jvc(*)xwhq,�O- �l �,(*����w��A¸�#~r01��

π±
�	��qq���T�>z/�,�$!%�J�2)��

2× 1× 1
lc('�%�%�yv �yq"�"!%1��e�E�Q���Mw�(*�2!$#Y¸dw+!$�,(*���l- �3n��[w0/ �2) �^w+#%1��+�2!�w��+!$!%�

!%(dlS(dq,(dr'�,�R�%(*�2!`lA¸�#\�>z �hsGl�q,�j- �q0¸º{K(*#~s4�
π+π−πoπo π+π−πoπo �^��q�� ¸p- (*�xw

1 × 1 × 2 × 1 = 2
�Yw%��1hs ¸*�l- �=w�(*�J!$#Y¸dw+!$�,(*���[- �en��[w0/¼lS('�%�$�yv�q,����lc(*) #]#%�hl #%(6-/) �"#%�|q,�\#%1��$)�q"!Y¸�!+* v�,>�
�2��-x¸����Jq0¸¼vS(*)xwhq,�E- �E!%(dlS(dq,(dr'�,�T*NMO,d&]q0¸ºlA¸�#$!$�[w+)�q,�4���%![�Y¸ l #%(dl #%�º¸��J!$�S�*lA¸�#$!$�[w+)�q,�'&C¸Uq,(*#%�

S = 1
2

&S�$�"��(*�
S = 1

�
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�H�e-/�0¸Ur'#Y¸UsGs4�O!Y¸*-XlS(dq,� DFE�G H%J4K;½	� 1'&�- 1.-�� ��l #%17w�1�- �hsGs4�+�2!Z&>�O�T17w+#$�"!l- (*�xw'&
−iMfi = (i)

GFV
∗
us u(pν)γµ(1 − γ5) v(p`)

6F 3
o

{
−
(
k + p+ + p−

)µ
∫
dDqKo

(2π)D

−i
qKo2 −M2

Ko

[
(−5

3
+

1

4R
)kµ − (

4

3
+

1

4R
)p+µ

+ (
1

6
− 1

4R
)p−

µ
] ∫ dDqη

(2π)
D

−i
qη2 −M2

η

+
1

2

[
− 1

2R
kµ −

(
2 − 1

2R

)
p+µ

+
(
1 +

1

2R

)
p−

µ
] ∫ dDqπo

(2π)
D

−i
qπo2 −M2

πo

−2

∫
dDqπ+

(2π)
D

−i
(
2p+ − p− + 3qπ+

)µ

qπ+
2 −M2

π±

+ 2

∫
dDqK+

(2π)
D

−i
(
2p− − 4p+ − k − 5qK+

)µ

qK+
2 −M2

K±

}

= (i)
GFV

∗
us

3F 3
o

u(pν)(1 + γ5)γµ v(p`)

×
{
6P
[
− 9

8
A(M2

η ) −A(M2
Ko) − 1

8
A(M2

πo) − 1

2
A(M2

π±) −A(M2
K±)

]

+ 6Q
[
− 3

8
A(M2

η ) − 3

8
A(M2

πo) − 3

2
A(M2

π±) − 3

2
A(M2

K±)
]

+ 6L
[
(−5

6
+

1

8R
)A(M2

η ) − 1

2
A(M2

Ko) − 1

8R
A(M2

πo) − 1

2
A(M2

K±)
]}
.

�H����w�(*�2!$#$�yv ) !$�,(*���J¸�)Xz {*¸dw+!%�+) #%�C- �J{K(*#~s4�O�%(*�J!Z&

δF T = − 1

12F 2
o

1

16π2

{
9M2

η ln(
M2

η

µ2
) + 8M2

Ko ln(
M2

Ko

µ2
) +M2

πo ln(
M2

πo

µ2
) + 4M2

π± ln(
M2

π±

µ2
)

+8M2
K± ln(

M2
K±

µ2
)

}
− 1

3F 2
o

(
14M2

K +M2
π + 6∆π

)
λ

δGT = − 1

4F 2
o

1

16π2

{
M2

η ln(
M2

η

µ2
) +M2

πo ln(
M2

πo

µ2
) + 4M2

π± ln(
M2

π±

µ2
) + 4M2

K± ln(
M2

K±

µ2
)

}

− 1

6F 2
o

{
16M2

K + 14M2
π + 24∆π − 6

R
(M2

K −M2
π)
}
λ

�H�\!%�+#~s4�
λ
w�(*#$#%���~lS(*��-;tq0¸E-/�yp0�+#~r0�+�xw��O)�q"!$#Y¸��*p6�,(dq,�+!$!%�O- 1.-�� �,�O-x¸�����q0¸�{`(*�xw+!$�,(*�;tE) �»lS(*�"�J!Q**�I� �,<�+!

- (*�J!C��(*)��l#Y¸Ul�lc�hq,(*����q0¸{`(*#~s5)�q0¸�!$�,(*� w+�S� - ���%��(*)��
A(M2) = −2M2λ− M2

16π2
ln
M2

µ2

λ =
1

16π2

{ 1

D − 4
− 1

2

[
ln(4π) + 1 − γE

]}
.

�`¸����¹q0¸V�%) �"!%�'&F��(*)��R17w+#$�"#%(*���j!%(*)��j��('�j#%1��%)�q"!Y¸�!%�4�+� 17w+#$�ypd¸��2!4�>z	l�q"�[w+�"!%�hs4�+�2! w����j!%�+#~s4���R-/�yp0�+#~r0�+�J!
)�q"!$#Y¸��*p2�,(dq,�+!e�
�I� � � =%@����S@m� ����D "_9CB3;A�S=�� �E@CB3;>D @ ��� "_9��b� ��"Q;>=%9CBED $����EB5=$;>@��S= ; �
�H��� -/�0¸Ur'#Y¸UsGs4���M- � q0¸ DFE�G H%J4K ½	��¾ w�(*�J!$#$�yv )��+�J! ¸�)Xz&w�(*#$#%�7w+!$�,(*���M-(� ) � �"!Y¸�#$�"!%1��m��q\�O��¸Ur'�"! - ���M-/�0¸��r'#Y¸UsGs4���l-(�T(*#%-/#%�

p4 tE) ���`vc(*)xwhq,�|¸ep0�7wN- �+)Xz p0�+#$!%�>z]�
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(a)
(b) (c)

K+

`+
π+

π− π−

π+

K+
ν`

`+

K+

π−

π+

ν`

`+

ν`

¢�£[¤b¥x¦�§»¨X©��	ª,«}¬ ONO®�e°J°J±98�³ � µ ®�³�®¯± p4 ����� ±�� µ ��	 ¶ ±��
O± 	 ³�± � 7�
�±Y®�²�±07 @
_(*) #mq,�=�I�������)� $ $ ��� ���[- �Jq0¸SDFE�GIH�J4K9½	��¾/&�q,�`q0¸Ur'#Y¸���r'�,�+�V�%�e- 17w�(dsGlc('���O�+�M- �+)Xz lA¸�#$!$�,���Z&
L1 = ...+

GFV
∗
us

Fo
(ν`Lγµ `)

{
(1 − 1

2R
)
(
ηK+∂µη − ηη∂µK+

)
+

1

2R

(
K+πo∂µπo − πoπo∂µK+

)

+
1√
3
(1 +

1

2R
)
(
K+πo∂µη − 2ηπo∂µK+ + ηK+∂µπo

)
+

1

3

(
− 2K

o
K+∂µKo + 4KoK+∂µK

o

− 4K+K+∂µK− − 2KoK
o
∂µK+ + 4K−K+∂µK+ − πoπo∂µK+ + 2π−π+∂µK+ +K+πo∂µπo

− 4K+π+∂µπ− + 2K+π−∂µπ+
)}

L2 = ...+
1

6F 2
o

{
π−π+∂µKo∂µK

o − π−π+∂µK−∂µK
+ + 2π−π+∂µπo∂µπ

o − 2K
o
π+∂µKo∂µπ

−

+ Koπ+∂µK
o
∂µπ

− + 2K+π+∂µK−∂µπ
− −K−π+∂µK+∂µπ

− − 2πoπ+∂µπo∂µπ
− + π+π+∂µπ−∂µπ

−

+ K
o
π−∂µKo∂µπ

+ − 2Koπ−∂µK
o
∂µπ

+ −K+π−∂µK−∂µπ
+ + 2K−π−∂µK+∂µπ

+ − 2πoπ−∂µπo∂µπ
+

+ KoK
o
∂µπ−∂µπ

+ −K−K+∂µπ−∂µπ
+ + 2πoπo∂µπ−∂µπ

+ − 2π−π+∂µπ−∂µπ
+ + π−π−∂µπ+∂µπ

+
}

+
1

4
√

3RF 2
o

{
− 2π−π+∂µη∂µπ

o + πoπ+∂µη∂µπ
− + ηπ+∂µπo∂µπ

− + πoπ−∂µη∂µπ
+ + ηπ−∂µπo∂µπ

+

− 2ηπo∂µπ−∂µπ
+
}
− Bom̂

3F 2
o

(ηηπ−π+ + πoπoπ−π+ − π−π−π+π+) − Bom̂

2F 2
o

(1 − 1

6R
)KoK

o
π+π−

+
Bom̂

2F 2
o

(1 +
1

6R
)K−K+π−π+ +

Boms

6F 2
o

(1 − 1

2R
)K−K+π−π+

− 1

3
√

3F 2
oR

(Bom̂−Boms)ηπ
oπ−π+ − Boms

6F 2
o

(1 +
1

2R
)KoK

o
π−π+

+
e2Zo

3

{
−KoK

o
π−π+ + 8K−K+π−π+ − 2πoπoπ−π+ + 4π−π−π+π+ +

√
3

R
ηπoπ−π+

}
.����¸UsGl�q"�"!$)�- �O!%(*!Y¸Uq,�O�O�T17w+#$�"!H¸Uq,(*#%�Z&

−iMfi = (−i)GFV
∗
us

6F 3
o

u(pν)γµ(1 − γ5) v(p`)

×
{
M2

π

(
1 − 1

2R

)(
2L+ 3P

)
µ

1

2

∫
dDqη

(2π)D

−i
(q2η −M2

η )[(qη − p+ − p−)
2 −M2

η ]

−
(1
3

+
1

2R

)(
2L+ 3P

)
µ

1

2

∫
dDqπo

(2π)
D

(−i)
[
2q2πo − 2qπo · (p+ + p−) + 2M2

π± − 2sπ −M2
π − 2∆π

]

(q2πo −M2
πo)[(qπo − p+ − p−)2 −M2

πo ]

−1

3

∫
dDqKo

(2π)
D

(−i)
[
q2Ko + 2qKo · (p− − 2p+) − sπ −M2

K± + ∆π − 1
R (M2

K −M2
π)
]

(q2Ko −M2
Ko)[(qKo − p+ − p−)

2 −M2
Ko ]

(L+ 3qKo)µ

− 1

2R
(2L+ 3P )µ

∫
dDqπo

(2π)
D

(−i)
[
− q2πo + qπo · (p+ + p−) + sπ − 1

3 (5M2
π − 2M2

K)
]

(q2πo −M2
πo)[(qπo − p+ − p−)2 −M2

η ]

+
2

3

∫
dDqπ+

(2π)
D

(−i)
[
− q2π+ + 2qπ+ · (2p− − p+) + sπ +M2

π± + 6∆π

]

(q2π+ −M2
π±)[(qπ+ − p+ − p−)2 −M2

π± ]
(L+ 3qπ+)µ

+
2

3

∫
dDqK+

(2π)
D

(−i)
[
− q2K+ + 2qK+ · (2p− − p+) + sπ +M2

K± + 6∆π

]

(q2K+ −M2
K±)[(qK+ − p+ − p−)

2 −M2
K± ]

(L+ 3qK+)µ

}
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= (−i)GFV
∗
us

6F 3
o

u(pν)γµ(1 − γ5) v(p`)

{
M2

π

2

(
1 − 1

2R

)(
2L+ 3P

)
µ
B(p+ + p−;Mη,Mη)

−1

2

(1
3

+
1

2R

)(
2L+ 3P

)
µ

[
2A(M2

πo) + (−3sπ + 3M2
πo)B(p+ + p−;Mπo ,Mπo)

]

−1

3
Lµ

[
A(M2

Ko) +
(
− sπ −M2

K± + ∆π +M2
Ko − 1

R
(M2

K −M2
π)
)
B(p+ + p−;MKo ,MKo)

−sπB1(p+ + p−;MKo ,MKo)
]
− PµA(M2

Ko) +
[
sπ +M2

K± − ∆π −M2
Ko

+
1

R
(M2

K −M2
π)
]
PµB1(p+ + p−;MKo ,MKo) − 2(p− − 2p+)

ν
Bνµ(p+ + p−;MKo ,MKo)

− 1

2R
(2L+ 3P )µ

[
− 1

2
A(M2

η ) − 1

2
A(M2

πo) +
(3
2
sπ − 1

2
M2

η − 5

3
M2

π +
2

3
M2

K − 1

2
M2

πo

)
B(p+ + p−;Mπo ,Mη)

]

+
2

3
Lµ

[
−A(M2

π±) + (sπ + 6∆π)B(p+ + p−;Mπ± ,Mπ±) + sπB1(p+ + p−;Mπ± ,Mπ±)
]

+2
[
−A(M2

π±)Pµ + (sπ + 6∆π)PµB1(p+ + p−;Mπ± ,Mπ±) + 2(2p− − p+)νBνµ(p+ + p−;Mπ± ,Mπ±)
]

+
2

3
Lµ

[
−A(M2

K±) + (sπ + 6∆π)B(p+ + p−;MK± ,MK±) + sπB1(p+ + p−;MK± ,MK±)
]

+2
[
−A(M2

K±)Pµ + (sπ + 6∆π)PµB1(p+ + p−;MK± ,MK±)

+2(2p− − p+)νBνµ(p+ + p−;MK± ,MK±)
]}

���¸Ul #on��mq0¸j- 17w�(dsGlc('�%�"!$�,(*� **�I� 1��C,d&�q,����w�(*#$#%�7w+!$�,(*���J¸�)Xz { ¸dw+!%�+) #%�3- �I{`(*#~s4�
F

�+!
G

- �hp2�,�+� ���+�2!

δF (a) =
1

6F 2
o

{
− 2(1 +

3

4R
)A(M2

πo) +
6

4R
A(M2

η ) − 4A(M2
π±) − 4A(M2

K±) − 2A(M2
Ko)

+3
(
sπ −M2

πo +
3

2R
(sπ −M2

π)
)
B(p+ + p−;Mπo ,Mπo) + 3M2

πo(1 − 1

2R
)B(p+ + p−;Mη,Mη)

− 3

R
(
3

2
sπ − 2M2

π)B(p+ + p−;Mπ,Mη) + 8(
1

2
sπ + 3M2

π± − 3M2
πo)B1(p+ + p−;Mπ± ,Mπ±)

+2sπB1(p+ + p−;MKo ,MKo) + 8(
1

2
sπ + 3M2

π± − 3M2
πo)B1(p+ + p−;MK± ,MK±)

+2sπB11(p+ + p−;MKo ,MKo) + 2B00(p+ + p−;MKo ,MKo) + 4sπB11(p+ + p−;Mπ± ,Mπ±)

+4B00(p+ + p−;Mπ± ,Mπ±) + 4sπB11(p+ + p−;MK± ,MK±) + 4B00(p+ + p−;MK± ,MK±)
}

δG(a) =
1

F 2
o

{
B00(p+ + p−;MKo ,MKo) − 2B00(p+ + p−;Mπ± ,Mπ±) − 2B00(p+ + p−;MK± ,MK±)

}

½�½
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L1 = ...+
GFV

∗
us

Fo
(ν`Lγµ `)

{√2

3

(
−Koπ+∂µη + 2ηπ+∂µKo − ηKo∂µπ+

)
+

√
3

2

1

2R

(
−Koπ+∂µη

+ ηKo∂µπ+
)

+
1√
2R

πoπ+∂µKo +
2

3

(
π−π+∂µK+ − 2K+π+∂µπ− +K+π−∂µπ+

)

+
(√

2 − 1

2
√

2R

)
Koπ+∂µπo −

(√
2 +

1

2
√

2R

)
Koπo∂µπ+

}

L2 = ...+
1

2F 2
o

{ 1√
6

(
K+π−∂µη∂µK

o
+K

o
π−∂µη∂µK

+ − 2ηπ−∂µK
o
∂µK

+ + ηK
o
∂µK+∂µπ

−

+ ηK+∂µK
o
∂µπ

− − 2K
o
K+∂µη∂µπ

−)+
1

4R
√

2

(
−
√

3K+π−∂µη∂µK
o
+
√

3K
o
π−∂µη∂µK

+

−
√

3ηK
o
∂µK+∂µπ

− +
√

3ηK+∂µK
o
∂µπ

− − 2πoπ−∂µK
o
∂µK

+ +K+π−∂µK
o
∂µπ

o

+ K
o
π−∂µK+∂µπ

o +K+πo∂µK
o
∂µπ

− +K
o
πo∂µK+∂µπ

− − 2K
o
K+∂µπo∂µπ

−)

+
1√
2

(
K+π−∂µK

o
∂µπ

o −K
o
π−∂µK+∂µπ

o −K+πo∂µK
o
∂µπ

− +K
o
πo∂µK+∂µπ

−)

− 1

3

(
π−π+∂µK−∂µK

+ +K−π+∂µK+∂µπ
− +K+π−∂µK−∂µπ

+ − 2K−π−∂µK+∂µπ
+

+ K−K+∂µπ−∂µπ
+ − 2K+π+∂µK−∂µπ

−) }

+
Bom̂

2F 2
o

{ 2

3
√

6
ηK

o
K+π− +

1

2
√

2R
K

o
K+πoπ− + (1 +

1

6R
)K−K+π−π+

}

− Boms

2F 2
o

{ 2

3
√

6
ηK

o
K+π− +

1

2
√

2R
K

o
K+πoπ− − 1

3
(1 − 1

2R
)K−K+π−π+

}

− 1√
2
e2Zo

{( 1√
3
−

√
3

4R

)
ηK

o
K+π− +

(
1 +

1

4R

)
K

o
K+πoπ− − 8

√
2

3
K−K+π−π+

}

����¸UsGl�q"�"!$)�- �N�e�T17w+#$�"!Z&
−iMfi = (i)

GFV
∗
us

2F 3
o

u(pν)γµ(1 − γ5) v(p`)

×
{∫

dDqπo

(2π)
D

1

2

[
− qπo − p− +

1

4R

(
3qπo + 2p+ − 2k − p−

)]
µ

[
q2πo − 2qπo · k +M2

K± − tπ

−∆π +
1

4R

[
q2πo + 2qπo · (k + 2p+) + 4M2

π − 3M2
K − tπ

]] (−i)
(q2πo −M2

πo)[(qπo + p+ − k)
2 −M2

Ko ]

+

∫
dDqπ−

(2π)D

1

9

(−i)
[
− q2π− + 2qπ− · (p+ + 2k) −M2

K± + 2M2
π± + tπ + 6∆π

][
− L+ 3qπ−

]
µ

(q2π− −M2
π±)[(qπ− + p+ − k)

2 −M2
K± ]

+

∫
dDqη

(2π)
D

1

6

[
q2η + 2qη · (k + 2p+) + 2M2

π± −M2
K± − tπ − ∆π +

2

3
(M2

π −M2
K)

+
3

4R

[
− q2η + 2qη · k −M2

K + tπ
]]

×
[
2p+ − 2k − (1 − 3

4R
)p− + 3(1 +

1

4R
)qη

]
µ

× −i
(q2η −M2

η )[(qη + p+ − k)2 −M2
Ko ]

}

·[(*)��N- 1hp0�hq,(dl�lS(*���w��4#%1��$)�q"!Y¸�!E�+� { ¸��,�_¸��J!¸Ul�lA¸�#Y¸ba,!$#%�¼q,���=w�(*�2!$#$�yv ) !$�,(*���G¸�)XzP-/�sfS1+#%�+�2!%�|{*¸dw+!%�+) #%�5- �{K(*#~s4���(·[(*)��\#%1�-/) �,�%(*���`q,���\�"�J!%1hr'#Y¸Uq,���N!%�+���%(*#$�,�hqyq,���O�+�Y�"�2!%1hr'#Y¸Uq,���O�owe¸Uq0¸��"#%���O�+�Y) !$�yq"�,�Y¸��2!`q,���\#%1��$)�q"!Y¸�!%�
- �|q*��¸Ul�lc�+��-/�[w����b�H����w�(*#$#%�7w+!$�,(*���J¸�)Xz¼{*¸dw+!%�+) #%�C- �J{K(*#~s4�

F
�+!
G

��(*�J!
½��



δF
����

= − 1

12F 2
o

{
− 6
[1
2
M2

K± − 1

2
M2

π± − 1

2
tπ +M2

πo +
1

2R
(2M2

π − tπ)
]
B(k − p+;Mπo ,MKo)

−3
[
M2

K± −M2
π± + 3M2

πo −M2
η − tπ +

1

4R
(−4M2

K − 5M2
π + 4tπ +M2

η )
]
B(k − p+;Mη,MKo)

−6
[
M2

πo − tπ +
1

2R
(−3

2
M2

K +
1

2
M2

π − 1

2
tπ)
]
B1(k − p+;Mπo ,MKo)

+3
[
− 2M2

K± −M2
η + 2M2

π± + 3M2
πo +

1

R
(
1

2
M2

K − 1

2
M2

π −M2
η − 1

2
tπ)
]
B1(k − p+;Mη,MKo)

+4(
7

2
M2

π± − 1

2
M2

K± − 3M2
πo +

1

2
tπ)B1(k − p+;Mπ± ,MK±)

+6(2 − 5

2R
)B00(k − p+;Mπo ,MKo) + 12(2 +

5

4R
)B00(k − p+;Mη,MKo) + 20B00(k − p+;Mπ± ,MK±)

+3
[
M2

K± −M2
π± + tπ +

1

2R
(−3M2

K + 3M2
π − tπ)

]
B11(k − p+;Mπo ,MKo)

+3
[
3M2

K± − 3M2
π± − tπ +

1

2R
(3M2

K − 3M2
π + tπ)

]
B11(k − p+;Mη,MKo)

+2(tπ − 3M2
π± + 3M2

K±)B11(k − p+;Mπ± ,MK±) − 6A(M2
Ko) − 2A(M2

K±)
}

δG
����

=
1

12F 2
o

{
− 6
[1
2
M2

K± − 1

2
M2

π± − 1

2
tπ +M2

πo +
1

2R
(2M2

π − tπ)
]
B(k − p+;Mπo ,MKo)

−3
[
M2

K± −M2
π± + 3M2

πo −M2
η − tπ +

1

4R
(−4M2

K − 5M2
π + 4tπ +M2

η )
]
B(k − p+;Mη,MKo)

−6
[
M2

πo − tπ +
1

2R
(−3

2
M2

K +
1

2
M2

π − 1

2
tπ)
]
B1(k − p+;Mπo ,MKo)

+3
[
− 2M2

K± −M2
η + 2M2

π± + 3M2
πo +

1

R
(
1

2
M2

K − 1

2
M2

π −M2
η − 1

2
tπ)
]
B1(k − p+;Mη,MKo)

+4(
7

2
M2

π± − 1

2
M2

K± − 3M2
πo +

1

2
tπ)B1(k − p+;Mπ± ,MK±)

+
12

4R
B00(k − p+;Mπo ,MKo) − 12(1 +

1

4R
)B00(k − p+;Mη,MKo) − 4B00(k − p+;Mπ± ,MK±)

+3
[
M2

K± −M2
π± + tπ +

1

2R
(−3M2

K + 3M2
π − tπ)

]
B11(k − p+;Mπo ,MKo)

+3
[
3M2

K± − 3M2
π± − tπ +

1

2R
(3M2

K − 3M2
π + tπ)

]
B11(k − p+;Mη,MKo)

+2(tπ − 3M2
π± + 3M2

K±)B11(k − p+;Mπ± ,MK±) − 6A(M2
Ko) − 2A(M2

K±)
}
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L = ...+
2GFV

∗
us

3Fo
(ν`Lγµ `)

{
π−π+∂µK+ − 2K+π+∂µπ− +K+π−∂µπ+

}

+
1

6F 2
o

{
− π−π+∂µK−∂µK

+ + 2K+π+∂µK−∂µπ
− −K−π+∂µK+∂µπ

−

− K+π−∂µK−∂µπ
+ + 2K−π−∂µK+∂µπ

+ −K−K+∂µπ−∂µπ
+
}

+
1

F 2
o

{Bom̂

2

(
1 +

1

6R

)
+
Boms

6

(
1 − 1

2R

)
+

8

3
e2F 2

oZo

}
K−K+π−π+

½ �
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−iMfi = (−i)2GFV

∗
us

9F 3
o

u(pν)γµ(1 − γ5) v(p`)

×
∫
dDqK+

(2π)D

[
q2K+ − qK+ · (k − p−) +M2

K± +M2
π± − uπ + 3∆π

](
2p+ − p− + k

)
µ

(q2K+ −M2
K±)[(qK+ + p− − k)

2 −M2
π± ]

= (−i)GFV
∗
us

9F 3
o

u(pν)γµ(1 − γ5) v(p`)
(3

2
P +

3

2
Q+ L

)
µ{[

2M2
K± +M2

π± − uπ + 3∆π

]
B(k − p−;MK± ,Mπ±) − uπB1(uπ;M2

K± ,M2
π±) +A(M2

π±)
}

�+!�q,����w�(*�J!$#$�yv ) !$�,(*���`¸�)Xz { ¸dw+!%�+) #%�C- �`{`(*#~s4�
F

�+!
G

�%(*�J!Z&
δF = δG =

1

6F 2
o

{
A(M2

π±) +A(M2
K±) + 3(3M2

π± − 2M2
πo +M2

K± − uπ)B(k − p−;Mπ± ,MK±)
}
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F
�+!
G
l #%(ep0�+�A¸��J!\- ���

-/�0¸Ur'#Y¸UsGs4���|t4) ���|vS(*)xwhq,�N- ��s41��%(*���e�]�A���3-/�0¸Ur'#Y¸UsGs4���IlS('�%�on�- �+�J![- ���3-/�yp0�+#~r0�+�xw����[)�q"!$#Y¸��*p6�,(dq,�+!$!%����2) �o��(*�J!j- (*� ��1�����lA¸�#q,���5!%�+#~s4���=l #%(dlS(*#$!$�,(*� ���hq,�ºt
λ
-x¸�����q,���|{K(*#~sN)�q,���e��·[(*)���¸ep0(*����p6)H&Q-x¸����q,�w��A¸Ul �"!$#%�l #%17w�1�- �+�J!Z&]�J)��|q,����{*¸dw+!%�+) #%�3- �|{`(*#~s4�

F
�+!
G
l #%(Op0�+�A¸��J!e- ���l-/�0¸Ur'#Y¸UsGs4���|¸ep0�7w|vS(*)xwhq,�5- �l ��(*!%(*�4��(*�J!�-/�yp0�+#~r0�+�J!%��)�q"!$#Y¸��*p6�,(dq,�+!%�e�,�A��� -/�yp0�+#~r0�+�xw����.- (*�yp0�+�J!.�O��¸�� �J)�q,�+#�q,(*#%�o�2)��}q*�T(*�Gw�(*���$�,-�n+#%�A!%(*)��q,���5-/�0¸Ur'#Y¸UsGs4���=lS('�%�%1�-x¸��2!|q,�Gs �hs4�¼w�(dsGl !Y¸Ur0�I- �Gl ) �,�%�_¸��xw���� F(*) #�q,�Gs4(ds4�+�J!Z&F��(*)��O���ºlc(*)�p0(*���lA¸*�Mp01+#$�5-q�+#�w��hq0¸�we¸�#<�yqA{*¸�) !Mwe¸Uq[w+)�q,�+# q,���<-/�0¸Ur'#Y¸UsGs4����w�(*#$#%���~lS(*��-x¸��J!%�m¸�)Xz w�(*�J!$#%�[!%�+#~s4���]�+!M�2) �S�%(*�J!

-(�T(*#%-/#%�
p4 ¸�)��%�$�*�A�A�+!$!%�O1+!Y¸UlS�O�%�+#Y¸j�dfg�7w+!$)�1��O-x¸����mq,�`w%�A¸Ul �"!$#%�N�%) �ypd¸��2!e�

kjw��M� �yp0�e¸�)H&A��(*)�� lS(*)�p0(*���p�>z/!$#Y¸��"#%� q0¸ w�(*�2!$#$�yv ) !$�,(*��!%(*!Y¸Uq,� - ���¼lA¸�#$!$�,��� )�q"!$#Y¸��*p6�,(dq,�+!$!%��� - ��� -/�S{F�{K1+#%�+�J!%�e-/�0¸Ur'#Y¸UsGs4���O�^�Q���[-/�yp0�+#~r0�+�xw����O)�q"!$#Y¸��*p2�,(dq,�+!$!%���Z&]�2) ��¸Ul�lA¸�#Y¸ba ���%�+�J!e-x¸����Iq,���H{`(*�xw+!$�,(*���`tI) � �+!
- �+)XzºlS(*�"�J!%�r&'���l- 1hlS�+��- �+�J!MlA¸*�i- ��q0¸e#%1hr'�,(*�¼w+�"��1hs ¸�!$�[�2)��3(*^I���%!uwe¸Uq[w+)�q,1��mq*� �"�2!%1hr'#Y¸Uq,���X�I�T���%!uq0¸JlA¸�#$!$�,�
-�� �,�»�2) �C�+� - 1hlS�+��-(���#¸ lA¸�#$!$�,� -/�yp0�+#~r0�+�J!%�M)�q"!$#Y¸��*p2�,(dq,�+!$!%�G���%!l #%(dlS(*#$!$�,(*� ���hqyq,�;tU) � lS(dqy�2���ds4� �+�
�ysGl )�q,�%�,(*���H¸Uq,(*#%�m�2)��Jq0¸¹lA¸�#$!$�,� -�� �,�N���$!�l #%(dlc(*#$!$�,(*� ���hqyq,�tE) �9q,(dr5¸�#$�"!$��s4���
�Q���O�%�+)�q,���I{K(*�xw+!$�,(*���|�J) ��p0(*�2!|w�(*�J!$#$�yv )��+#�¸�)XzY-/�yp0�+#~r0�+�xw����e)�q"!$#Y¸��*p6�,(dq,�+!$!%���N�%(*�2!\-(��¸Ul #on��|q,���|¸Ul�lc�+�X�
-/�[w����

A(M2) : −2M2 λ

B(p2;M2
1 ,M

2
2 ) : −2 λ

**½	� 1 ,
B1(p

2;M2
1 ,M

2
2 ) : −λ

C00(p1, p2, 0;M
2
1 ,M

2
2 ,m

2) : −1

2
λ�Q���l-/�yp0�+#~r0�+�xw����3)�q"!$#Y¸��*p2�,(dq,�+!$!%���3- ��� { ¸dw+!%�+) #%�3- �I{`(*#~s4�

F
�+!
G
lS�+)�p0�+�J!3���Js4�+!$!$#%�O�%(*)���q0¸�{K(*#~s4�

X ��� = X ���
� ���@���
	 ?@	 A����F� ��

+X ���
� ���@���
	 ?@	 �	��� �� ¸7p0�7w

X = F,G.

.�;w�(*�xwhq")��$�,(*�H& ��(*)��l!$#%(*)�p0(*���m�2)��Jq,���C-/�yp0�+#~r0�+�xw����l)�q"!$#Y¸��*p6�,(dq,�+!$!%����lS(*) #

F
�+!
G

�%(*�J!

F ��� = 5e2λ− λ

2F 2
o

[
7sπ − 2tπ − 2uπ + 6M2

K + 2M2
π + 2∆π − 3

R
(M2

K −M2
π)
] **½	���C,

G ��� = 5e2λ− λ

2F 2
o

[
sπ + 4tπ − 2uπ + 10∆π

] **½	��¾C,
���
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·IN+OQPROTSVUyqWUXPZY1[=N+\QP�OT\»q0¸Ur][Y¸(\�r]UXY1\^Y`_aY7w1SVUS{�tq*�bN+[=cd[=Y

p4 �X��q]{ ¸(OTSRS=N+OTSGc(��¸UvJN+[=c9w7N+\QPVSV[VOTUW[=YeOT\»q0¸Ur][Y¸(\�r]UXY1\cTN+\fSHq0¸gSV[Y¸(\QP�{hN+[~s ¸(SVUXN+\icTYGj~¸(O�rkY|wZlTUW[Y¸UqXYm[=YhlT[=N�cdOTUWSIq*��¸(\QNds ¸UqWUXY¼�b�nY|q0¸Ur][Y¸(\�r]UXY1\c¸po1S=o|w7N+\QPVSV[VOTUWSIlA¸([qrY7P=PgY1StsuO�sgUW\QN � �U�d����3I\ we¸Uq[w1O�qXY»qXY7PGr][Y¸UlTlQY7Pvc(�bN+[=cd[=Y
p4 ¸+PZP=NEw1UXo7P¼¸(O q0¸Ur][Y¸(\�r]UXY1\ L2

* �X� 1 �C,>� 3I\cTo1S=Y1[~sgUW\QYIY1\QP=OTUWS=Y�qXY�q0¸Ur][Y¸(\�r]UXY1\wY`_JY7w1SVUS{(qXY�l�qWOQP}rko1\Qo1[Y¸UqxUW\Epd¸([VU0¸(\4SncTYyj~¸(O�rkYzc(�bN+[=cd[=Y
p4 { \QN+S=o L4

���U�,����nYIq0¸Ur][Y¸(\�r]UXY1\;t|q*�bN+[=cd[=YJqXYIl�qWOQPMvA¸+P *|Y1\9¸([~vT[=Y ,y\QN+OQPM{hN+OT[V\TUW[Y¸�qXY7PRcdU0¸Ur][Y¸UsGsvY7PGcTYJw7N+\fSV[=YeS=Y1[~svY7P��4OTU[=Y1\QN+[~s ¸UqWUXP=Y1\fSHqXY7PGcdUypkY1[~rkY1\xw7Y7PI[=Y1\xw7N+\fSV[=o7Y7P}cx¸(\QP�qXY7P�r][Y¸UlTlQY7PIt.OT\QY`vLN+OxwhqXY|¸+PZP=NEw1UXo7PHt L2
�

·IN+OQP pkN+O�qXN+\QPp[=Y1\QN+[~s ¸UqWUXPZY1[ qXY7P~cdUypkY1[~rkY1\xw7Y7PwcTY7P r][Y¸UlTlQY7P t�OT\QY;vLN+OxwhqXY �fOQY^\QN+OQP ¸epkN+\QP¼we¸Uq[w1O�qXo7PlT[=o7w7o7cTYhsGsvY1\fSe� 
D\ q*��¸UvQP=Y1\xw7Y}cTY�lTlQN+S=N+\QP}p4UW[VSVOQYhqXPRY1S�cTYmqXYhlTS=N+\QP { qXYmq0¸Ur][Y¸(\�r]UXY1\9t`q*�bN+[=cd[=Y p4 Y7PVSuw7YhqWOTUrko1\Qo1[=o=lA¸([|�`¸+P=PZY1[IY1SH��Y1OTS����	qXY1[¹���U�,��¸7pkY7w�qXY7PeP=N+OT[ow7Y7P}Y>z�S=Y1[V\QY7PIrko1\Qo1[Y¸UqWUXP=o7Y7P
lµ
Y1S
rµ
cTo.-Q\TUXY7P}cx¸(\QP

* �X� ½
,RY1SQ* �X� �C,RY1S
uµ

cTo.-Q\TUXYmcx¸(\QP * �X� 1e¾C,`�
Lp4 = L1〈uµu

µ〉2 + L2〈uµu
ν〉〈uµuν〉 + L3〈uµu

µuνu
ν〉 + L4〈uµu

µ〉〈χ+〉 + L5〈uµu
µχ+〉

+L6〈χ+〉2 + L7〈χ−〉2 +
1

4
(2L8 + L12)〈χ2

+〉 +
1

4
(2L8 − L12)〈χ2

−〉 − iL9〈f+µνuµuν〉

+
1

4
(L10 + 2L11)〈f+µνf+

µν〉 − 1

4
(L10 − 2L11)〈f−µνf−

µν〉

� 1



¸7pkY7w
χ± = u†χu† ± uχ†u,

χ = 2BoM, (Bo
±98�²u³�P�� � ¬A³, � 8 <���� ? )

f±
µν = uF µν

L u† ± u†F µν
R u,

F µν
L = ∂µ`ν − ∂ν`µ − i[`µ, `ν ],

< �C@ � ?
F µν

R = ∂µrν − ∂νrµ − i[rµ, rν ],
< �C@ $ ?

?N+OT[ qXY»we¸Uq[w1O�q}cTY7Pºw7N+\fSV[=Y^S=Y1[~svY7Pv\Qo7w7Y7P=P_¸(UW[=Y7P¼t
K`4

c(�bN+[=cd[=Y
p4 { \QN+OQPg\���¸7pkN+\QP¼lA¸+PGvJY7P=N+UW\;cTY»q0¸lT[=o7PZY1\xw7YmcdO»lTlQN+S=N+\����IUW\QPVU { qXY7P {hN+[~smO�qXY7P+* �X� ½
, { * �X� �C, { * �X� 1 ,RY1S+* �X���C,RcTYhp4UXY1\T\QY1\4SIPVUysGl�qXYhsvY1\4S

lµ =
∑

`

ν`Lγµ`Q �
†

L ,
< �C@ , ?

rµ = 0
< �(@ Q ?

F µν
L = ∂µ`ν − ∂ν`µ − i [`µ, `ν ]︸ ︷︷ ︸,

� ± 	 µ � ²�®¯¬�� � ± ´  8� � ´ ® µ 	 ±.8�8 � 8 K`4

F µν
R = 0,

�4U`qXYclTlQN+S=N+\ Y7PVS9w7N+\QPVUXcTo1[=o w7NdsGsvY�OT\ cTYhr][=o�cTY qWUyvLY1[VS=o { Uyq|{ ¸(OTS [Y¸ jVN+OTS=Y1[;¸(O q0¸Ur][Y¸(\�r]UXY1\
p4 OT\q0¸Ur][Y¸(\�r]UXY1\

e2p2 ��¾�¾ { �,½ { � ��� { N	� QL,R 
��
Y1S�qXY7P�s ¸(SV[VU[w7Y7P

Q 
��L,R

P=N+\fSIcTo.-Q\TUXPzcx¸(\QPQ* �X� �C,RY1S+* �X� 1 �C,`�

Le2p2 = e2F 2
o

{
1

2
K1〈(QL �� )2 + (QR �� )2〉〈uµu

µ〉 +K2〈QL �� QR �� 〉〈uµu
µ〉

+K3

[
〈QL �� uµ〉〈QL �� uµ〉 + 〈QR �� uµ〉〈QR �� uµ〉

]
+K4〈QL �� uµ〉〈QR �� uµ〉

+K5〈
[
(QL �� )2 + (QR �� )2

]
uµu

µ〉 +K6〈
(
QL �� QR �� + QR �� QL ��

)
uµu

µ〉

+
1

2
K7〈(QL �� )2 + (QR �� )2〉〈χ+〉 +K8〈QL �� QR �� 〉〈χ+〉

+K9〈
[
(QL �� )2 + (QR �� )2

]
χ+〉 +K10〈

(
QL �� QR �� + QR �� QL ��

)
χ+〉

−K11〈
(
QL �� QR �� −QR �� QL ��

)
χ−〉 − iK12〈

[(
∇̂µQL ��

)
QL �� −QL �� ∇̂µQL ��

−
(
∇̂µQR ��

)
QR �� + QR �� ∇̂µQR ��

]
uµ〉

+K13〈
(
∇̂µQL ��

)(
∇̂µQR ��

)
〉 +K14〈

(
∇̂µQL ��

)(
∇̂µQL ��

)
+
(
∇̂µQR ��

)(
∇̂µQR ��

)
〉
}

¸7pkY7w
∇̂µQL �� = ∇µQL �� +

i

2
[uµ,QL �� ]

∇̂µQR �� = ∇µQR �� − i

2
[uµ,QR �� ]

�C¸ lT[=o7P=Y1\xw7YwcTY qXYhlTS=N+\QPGp4UW[VSVOQYhqXPgcx¸(\QP�* �X��¾C, \Qo7w7Y7PZPVUWS=YwOT\�q0¸Ur][Y¸(\�r]UXY1\ qXYhlTS=N+\TU[�fOQY � ���d��N	� \QN+OQPg\QYw7N+\QP=UXcTo1[=N+\QP �4OQY¼qXY7P S=Y1[~svY7P �fOA¸+cd[Y¸(SVU[�4OQY7Pvcx¸(\QPGqXY7PGwZlA¸UsGlQPvcTY7PGqXYhlTS=N+\QPvY1Sº¸(O l�qWOQP¹qWUW\Qoe¸(UW[=Y7PGlA¸([[Y¸Ul�lJN+[VSHt¹q0¸¹w7N+\QP=SY¸(\fS=YmcTY��QY1[~sgU
GF

�
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= e2

∑

`

{
F 2

o

[
X1`γµν`L〈uµ

{
QR �� ,QL �

}
〉 +X2`γµν`L〈uµ

[
QR �� ,QL �

]
〉

+X3m``ν`L〈QL � QR �� 〉 + iX4`γµν`L〈QL � ∇̂µQL �� 〉

+iX5`γµν`L〈QL � ∇̂µQR �� 〉 + h.c.

]
+X6`(i 6∂ + e 6A)`+X7m```

}
,

N	�
h.c.

Y7PVSJqXY S=Y1[~svYglQY1[~sgUWSVU[�fOQY w7N+\+j O�r]OQo��(� Y7P=w7N+\QPVSY¸(\fS=YvcTYGw7N+O�l�q0¸UrkYpcTY¹vA¸+P=P=Ygo1\QY1[~r]UXY
Li,Ki

Y1S
Xi

P=N+\4S cTY7P`�fOA¸(\4SVUWS=o7P cdUypkY1[~rkY1\fS=Y7P { PY¸(OX{ L3, L7,K7,K13,K14
Y1S
X1

�#�nY7P`�4OA¸(\fSVUWS=o7P=¸UvQP=N+[~vJY1\fS`qXY7PcdUypkY1[~rkY1\xw7Y7PGO�qWSV[Y¸��*p�UXNdqXY1SVS=Y7PmlT[=NOpkY1\A¸(\fSecTY7P�r][Y¸UlTlQY7PHt.OT\QY|vLN+OxwhqXY`p�U0¸q0¸.[=Y1\QN+[~s ¸UqWUXPY¸(SVUXN+\

Li(µ) = Lr
i (µ) + Γiλ, i = 1, ..., 12

Ki(µ) = Kr
i (µ) + Σiλ, i = 1, ..., 14

Xi(µ) = Xr
i (µ) + Ξiλ, i = 1, ..., 8

�
�± 	 λ =
1

16π2

[ 1

D − 4
− 1

2

[
ln(4π) + 1 − γE

]]
.

< �C@b' ?

� Y7P=w7N�Y� w1UXY1\fS=P
Γi
Y1S

Σi
N+\4Smo1S=opcTo1S=Y1[~sgUW\Qo7P�lA¸([�`¸+P=PZY1[mY1S=� Y1OTS����EqXY1[ ���U����Y1S��I[=Y7w=l&��¾�¾���[=Y7P~lJY7w>�SVUypkYhsvY1\fSe��� Y7P�w7N�Y� w1UXY1\fS
Ξi
N+\fSGo1S=oISV[=N+O�pko7P�lA¸([��e\QY7w=l4SGY1S�¸Uq*�]� �������X� Y7P w7N+\QPVSY¸(\4S=Y7PGcTYJw7N+O�l�q0¸UrkY cTYvA¸+P=P=Ygo1\QY1[~r]UXY~cTohlLY1\QcTY1\4SmO�� OT\QYpo7wZlQYhqyqXYpcTYvPZN+OQPVSV[Y¸dw1SVUXN+\

µ
���`¸(\QP=w7YgSV[Y¸epd¸(UyqncTYgSVlxn7P=Y { q*�bo7wZlQYhqyqXYpY7PVSlT[VUXP=Y|tq0¸¹s ¸+P=PZY cdO

ρ
�
µ �

½�½ ��� Y��¹�

Γ1 = 3
32 Γ2 = 3

16 Γ3 = 0 Γ4 = 1
8 Γ5 = 3

8 Γ6 = 11
144

Γ7 = 0 Γ8 = 5
48 Γ9 = 1

4 Γ10 = − 1
4 Γ11 = − 1

8 Γ12 = 5
24

Σ1 = 3
4 Σ2 = Zo Σ3 = − 3

4 Σ4 = 2Zo Σ5 = − 9
4 Σ6 = 3

2Zo

Σ7 = 0 Σ8 = Zo Σ9 = − 1
4 Σ10 = 1

4 + 3
2Zo Σ11 = 1

8 Σ12 = 1
4

Σ13 = 0 Σ14 = 0

Ξ1 = 0 Ξ2 = − 3
4 Ξ3 = −3 Ξ4 = − 3

2 Ξ5 = 3
2 Ξ6 = −5

Ξ7 = −1 Ξ8 = − 4
3

< �C@ � ?

� Y1UW\QY1[ { ����qyqXY1[GY1SJ�4S=Y1UW\TUW\�rkY1[�� � ����N+\4SzcTN+\T\Qo`qXY7P�p�¸UqXY1OT[=P�w7N+[V[=Y7w1S=Y7P}cTY7P�w7N+\QPVSY¸(\fS=Y7P
Σ15,16,17
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p4

−iMfi = i
GFV

∗
us

F 3
o

×
{
(ν`L 6P `)

[
− 32(sπ − 2M2

π±)L1 − 8(2M2
K± + 2M2

π± − uπ − tπ)L2

−4(2sπ − tπ − 3M2
π± +M2

K±)L3 +
32

3
(−15

4
M2

π − 3

2
M2

K)L4

+
4

3
(−3M2

K± − 6M2
π + 3∆π)L5 − 2s`L9

]

+(ν`L 6Q `)
[
− 8(tπ − uπ)L2 + 4(M2

K± +M2
π± − tπ)L3 − 8(M2

π + 2M2
K)L4

+4(−M2
K± − 2M2

π + ∆π)L5 − 2s`L9

]

+(ν`L 6L `)
[
− 32(sπ − 2M2

π±)L1 − 8(sπ − 2M2
π±)L3 −

16

3
(7M2

π + 2M2
K)L4

−4

3
(4M2

K± + 6M2
π − 4∆π)L5 + 2(M2

K± +M2
π± − tπ − sπ)L9

]}

% �)���)�
e2p2

−iMfi = ie2
GFV

∗
us

Fo
×
{

(ν`L 6P `)
2

9

[
− 12K1 − 84K2 − 19K5 − 37K6 − 9K12

]

+(ν`L 6Q `)
2

9

[
− 12K1 − 12K2 − 36K3 − 18K4 − 7K5 − 25K6 − 9K12

]

+(ν`L 6L `)
4

27

[
− 12K1 − 120K2 − 19K5 − 73K6 − 9K12

]}

& �('�	��)� �I��	 ���('%! ���(��	��)' �����%�!

−iMfi = ie2
GFV

∗
us

6Fo
×
{
(ν`L 6P `)20X1 − (ν`L 6Q `)4X1 + (ν`L 6L `)8(

5

3
X1 + 2X2 − 2X3)

}

�?UW\A¸UqXYhsvY1\4S { q0¸gP=NdsGsvYmcTY`w7Y7P�w7N+\fSV[VUyvTOTSVUXN+\QPIlJN+OT[�qXY7PGcdU"_Jo1[=Y1\4S=P�{*¸dw1S=Y1OT[=PGcTYJ{hN+[~svY Y7PVS
δF =

2

F 2
o

{
16(sπ − 2M2

π±)L1 + 4(sπ − s` +M2
K±)L2 + 2(2sπ − tπ − 3M2

π± +M2
K±)L3

+4(2M2
K + 5M2

π)L4 + 2(M2
K± + 2M2

π − ∆π)L5 + s`L9 +
e2F 2

o

9
(12K1 + 84K2 + 19K5

+37K6 + 9K12) − e2F 2
o

10

3
X1

}

δG =
2

F 2
o

{
4(tπ − uπ)L2 − 2(M2

K± +M2
π± − tπ)L3 + 4(M2

π + 2M2
K)L4

+2(M2
K± + 2M2

π − ∆π)L5 + s`L9 +
e2F 2

o

9
(12K1 + 12K2 + 36K3 + 18K4 + 7K5

+25K6 + 9K12) + e2F 2
o

2

3
X1

}

δR =
4

F 2
o

{
16(sπ − 2M2

π±)L1 + 4(sπ − 2M2
π±)L3 +

8

3
(7M2

π + 2M2
K)L4

+
2

3
(4M2

K± + 6M2
π − 4∆π)L5 − (M2

K± +M2
π± − tπ − sπ)L9 +

2e2F 2
o

27
(12K1

+120K2 + 19K5 + 73K6 + 9K12) −
4

9
e2F 2

o (5X1 + 6X2 − 6X3)
}
.
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3I\tOTSVUyqWUXPZYJq0¸m[=Y1\QN+[~s ¸UqWUXP_¸(SVUXN+\^cTY7P�w7N+\QPVSY¸(\fS=Y7PzcTYIw7N+O�l�q0¸UrkY cTYJvA¸+PZP=YIo1\QY1[~r]UXY * �X� �C,nY1SR\QN+OQP�NdvTS=Y1\QN+\QP
δF =

2

F 2
o

{
16(sπ − 2M2

π±)Lr
1 + 4(sπ − s` +M2

K±)Lr
2 + 2(2sπ − tπ − 3M2

π± +M2
K±)Lr

3

+4(2M2
K + 5M2

π)Lr
4 + 2(M2

K± + 2M2
π − ∆π)Lr

5 + s`L
r
9 +

e2F 2
o

9
(12Kr

1 + 84Kr
2 + 19Kr

5

+37Kr
6 + 9Kr

12) − e2F 2
o

10

3
Xr

1

}

+
1

2F 2
o

{
6sπ − 3(uπ + tπ) + s` + 10M2

π± + 13M2
K± + 8∆π +

2

R
(M2

K −M2
π) − 14e2F 2

o

}
λ

δG =
2

F 2
o

{
4(tπ − uπ)Lr

2 − 2(M2
K± +M2

π± − tπ)Lr
3 + 4(M2

π + 2M2
K)Lr

4 + 2(M2
K± + 2M2

π − ∆π)Lr
5

+s`L
r
9 +

e2F 2
o

9
(12Kr

1 + 12Kr
2 + 36Kr

3 + 18Kr
4 + 7Kr

5 + 25Kr
6 + 9Kr

12) + e2F 2
o

2

3
Xr

1

}

+
1

2F 2
o

{
3(tπ − uπ) + s` + 4M2

π± + 7M2
K± + 4∆π +

2

R
(M2

K −M2
π) − 14e2F 2

o

}
λ

δR =
4

F 2
o

{
16(sπ − 2M2

π±)Lr
1 + 4(sπ − 2M2

π±)Lr
3 +

8

3
(7M2

π + 2M2
K)Lr

4 +
2

3
(4M2

K± + 6M2
π − 4∆π)Lr

5

−(M2
K± +M2

π± − tπ − sπ)Lr
9 +

2e2F 2
o

27
(12Kr

1 + 120Kr
2 + 19Kr

5 + 73Kr
6 + 9Kr

12)

−4

9
e2F 2

o (5Xr
1 + 6Xr

2 − 6Xr
3)
}

+
1

3F 2
o

{
21sπ + 3tπ + 7M2

π± + 17M2
K± + 36∆π

+
4

R
(M2

K −M2
π) − 100e2F 2

o

}
λ.

�nY [=o7PVO�qWSY¸(Sv\��bY7PVS lA¸+Pºw7NdsGl�qXY1Se�u��q { ¸(OTS¼w7N+\QPVUXcTo1[=Y1[ qXY7Pºw7N+\4SV[VUyvTOTSVUXN+\QP lT[=NepkY1\A¸(\fSwcTY»q0¸ [=Y1\QN+[~s ¸UqWUS�PY¸(SVUXN+\ cTY7Pºw=lA¸UsGlQPºsvo7P=N+\TU[�fOQY Y1SGqXYhlTS=N+\TU[�4OQY { w��bY7PVS���t�� cdUW[=Y»�4O�� Uyq {*¸(OTS¹w7N+\T\A¸��XSV[=Y9qXY7PGw7N+\QPVSY¸(\fS=Y7P~cTY[=Y1\QN+[~s ¸UqWUXPY¸(SVUXN+\^cTY7P�wZlA¸UsGlQPm�4OTUJPZN+\fSGcTY7P {hN+\xw1SVUXN+\QPGcTY7P
Li,Ki

Y1S
Xi
���nY7w1U Y7P=S�qXYHvTOTSGcTYJq0¸.P=Y7w1SVUXN+\PVOTUyp�¸(\fS=Y��

8 � � � BDF.E��(� : ¡��=C : H��=EGF
� ��� #c+��� �)E" %���'��U%(��'� �� ��� �	�u%]"�
 + ���u+��*% "&%�� ��+
� YJlT[=NdlA¸Ur5¸(S=Y1OT[IqWUyvT[=Y cdO»svo7P=N+\^Y7PVSGcTo.-Q\TUCw7NdsGsvY`q0¸{hN+\xw1SVUXN+\

g(p2) =
i

p2 −M2[0]
.

< �C@ *�?
�nY|lT[=NdlA¸Ur5¸(S=Y1OT[IlLN]P=PYn7cTY OT\;l �dqXYmY1\

p2 = M2[0] �A·}N+OQP�pkN+O�qXN+\QPIw7N+\T\A¸��XSV[=Y=qXY|lT[=NdlA¸Ur5¸(S=Y1OT[Jw7NdsGl�qXY1ScdO»svo7P=N+\^cTN+\4SGOT\^PowZlQohs ¸gcdU0¸Ur][Y¸UsGs ¸(SVU[�fOQY.Y7PVSGcTN+\T\Qo cx¸(\QP�q0¸SDFE�GIH�J4K �X� 1��

� �



�����
�����
�����

�����
�����
�����

propagateur libre

{�� · · · � �

� �

� �

1
i Σ 1

i Σ≡ � � � · · ·

≡
� � � · · ·

1
i Σ

= g(p2)

��� �
	
���
�����������
����� ����� ����� ���������������  �� �!�
}

< µ ®�³�®¯± λ2 ?�

� · · ·1
i Σ(p) =

� �

< µ ®�³�®�± λ ?

i
p2−M2[0]

i
p2−M2[0]

Σ
i

i
p2−M2[0]

i
p2−M2[0]

Σ
i

i
p2−M2[0]

Σ
i

i
p2−M2[0]

¢�£[¤b¥x¦�§#"�©�$dª&% 	&% PY°`I³�¬ ONO®�e°J°`7²¯¬ ! � ±�° µ � ²¯®¯ � ² ¶ ± ´ ® µO´ ON�e²�± � ® 	 µ ° ´5¶ ±Y²�³�' � � 	&% e° ´ ³�±M°JP98 µ � @�(x±u²�±_®�°J±
Σ
±98�² ¶ ' P � ±Y®¯NO¬ ± ´ ® µ�´ ®�±�³ � °JP98 µ � @

��Y`lT[=NdlA¸Ur5¸(S=Y1OT[Hw7NdsGl�qXY1SzPO�bo7w1[VUWSH¸UqXN+[=P

G(p2) = g(p2) + g(p2)
Σ(p2)

i
g(p2) + g(p2)

Σ(p2)

i
g(p2)

Σ(p2)

i
g(p2) + · · ·

= g(p2)
[
1 +

Σ(p2)

i

(
g(p2) + g(p2)

Σ(p2)

i
g(p2) + g(p2)

Σ(p2)

i
g(p2)

Σ(p2)

i
g(p2) + · · ·

)]

= g(p2) + g(p2)
Σ(p2)

i
G(p2) .

3I\AY1\icTo7cdOTUWSH¸UqXN+[=P

G−1(p2) = g−1(p2) − Σ(p2)

i
.

< �C@ � ?
�IUW\QPVU { c(��¸UlT[on7P+* �X� ½
, { \QN+OQP�SV[=N+O�pkN+\QP

G(2)(p) =
i

p2 −M2[0] − Σ(p2)

�C¸s ¸+P=P=Y Y7PVSGcTo.-Q\TUXY { Y1\^SVlQo7N+[VUXY|�fOA¸(\4SVU[�fOQYmcTY7P�w=lA¸UsGlQP { w7NdsGsvY o1SY¸(\fS�q0¸GlLN]PVUWSVUXN+\AcdO»l �dqXY cx¸(\QP�q0¸{hN+\xw1SVUXN+\~cTYmw7N+[V[=ohq0¸(SVUXN+\ tecTY1OXzGlLN+UW\4S=Pe� �IUW\QPVU { q0¸IlJN]PVUWSVUXN+\pcdOºl �dqXY�Y7PVS�cTN+\T\Qo7Y�lA¸([�q0¸Js ¸+P=P=Y lTlE��P=U[�fOQY
M2 = M2[0]

+ Σ(p2)|p2=M2 .
< �C@ / ?

��Yp[=o7PVUXcdO cdO l �dqXYtcx¸(\QPq0¸»{hN+\xw1SVUXN+\ cTY¼w7N+[V[=ohq0¸(SVUXN+\ PO� UXcTY1\fSVU5-xY9t;q0¸A\QN+[~s ¸UqWUXPY¸(SVUXN+\ cdO�w=lA¸UsGl���3I\cTohpkYhqXNdl�lJY|q0¸�{hN+\xw1SVUXN+\
Σ(p2)

¸(OTS=N+OT[IcdO9l �dqXY
p2 = M2 �

Σ(p2) = Σ(M2) + (p2 −M2)
d

dp2
Σ(p2)|p2=M2 +

1

2
(p2 −M2)2

d2

d(p2)2
Σ(p2)|p2=M2 + · · · .

� �



�mqXN+[=P { qXY|lT[=NdlA¸Ur5¸(S=Y1OT[+* �X� �C,RcTYhp�UXY1\fS

G(p2) =
i

p2 −M2[0] −
[
Σ(M2) + (p2 −M2) d

dp2 Σ(p2)|p2=M2 + 1
2(p

2 −M2)2 d2

d(p2)2 Σ(p2)|p2=M2 + · · ·
]

±Y²�³ '  ´ ® �.8 ¶ I®¯± ¶ 7²¯¬ µ � < �C@ / ?
=

i

p2 −M2 − (p2 −M2) d
dp2 Σ(p2)|p2=M2 − 1

2(p
2 −M2)2 d2

d(p2)2 Σ(p2)|p2=M2 − · · ·
]

=
i

(p2 −M2)
[
1 − d

dp2 Σ(p2)|p2=M2

]
− 1

2(p
2 −M2)2 d2

d(p2)2 Σ(p2)|p2=M2 − · · ·

�X¸dw=lA¸(\fSJ�4OQY
∫
d4x eip·x < 0|T{Φ(x)Φ†(0)}|0 >=

√
Z
√
Z

i

p2 −M2
,

\QN+OQP NdvTS=Y1\QN+\QP�fOQYºq0¸»w7N+\QPVSY¸(\fS=YtcTYv[=Y1\QN+[~s ¸UqWUXP_¸(SVUXN+\ cdO w=lA¸UsGl Powe¸Uq0¸(UW[=YvY7PVS�qXYg[=o7PVUXcdO cdO l �dqXY~Y1\
M2 ��·}N+OQPGNdvTS=Y1\QN+\QP

Z−1 = 1 − d

dp2
Σ(p2)|p2=M2 ,

< �C@ ��� ?
Z = 1 +

d

dp2
Σ(p2)|p2=M2 .

� N+[=P cTY7Pwe¸Uq[w1O�qXP cTY7P.cdU0¸Ur][Y¸UsGsvY7PgcTY �xYh�4\�s ¸(\T\ { \QN+OQPlT[=Y1\Qcd[=N+\QP¹qXYºl �dqXY~cdO lT[=NdlA¸Ur5¸(S=Y1OT[gPVOT[q0¸s ¸+P=P=YIlTl5�dPVU[�4OQYecTo.-Q\TUXYJlA¸([Q* �X� �C,>��� Y}[=o7PVO�qWSY¸(SGcdOAcdU0¸Ur][Y¸UsGsvY P=Y1[Y¸¹t�smO�qWSVUyl�qWUXY1[�lA¸([�OT\ {*¸dw1S=Y1OT[ √
Z* �X� 1 �C,�¸(OTSY¸(\fS}cTYI{|N+UXPm�fOQY cTY`lA¸(SVS=Y7PzY>z�S=Y1[V\QY7Pmsvo7P=N+\TU[�fOQY7PO�
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�#¸�w7N+\QP=Y1[~p�¸(SVUXN+\ cTY�q0¸�w=lA¸([~rkY�ohqXY7w1SV[VU[�4OQY�Y1S cTY�q0¸�w=lA¸([~rkY�c(�bo1SV[Y¸(\�rkY1S=o�\���¸(OTS=N+[VUXP=Y}�fO�� OT\�w7Y1[VSY¸(UW\ \QNds=vT[=YcTYIlLN]P=P=UyvTUyqWUWS=o7P}lJN+OT[ qXYecdU0¸Ur][Y¸UsGsvYeSY¸+cXlLNdqXY����#¸Q-xr]OT[=Y`w1US� cTY7P=PZN+OQP svN+\fSV[=YJqXY7P�cdU0¸Ur][Y¸UsGsvY7Pm¸(OTS=N+[VUXP=o7P�fOQYe\QN+OQPH¸7pkN+\QPHtvohpd¸UqWOQY1[e�

� �
π+π+

η � πo � Ko � π+ � K+
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��Y`q0¸Ur][Y¸(\�r]UXY1\ ¸+P=PZNEw1UXo`tGw7Y1SVS=Y S=NdlJNdqXNdr]UXY Y7PVS
L(p2) = ...+

1

6F 2
o

{
π−π+∂µKo∂µK

o − 2 K
o
π+∂µKo∂µπ− +Koπ+∂µK

o
∂µπ− +K

o
π−∂µKo∂µπ+

− 2Koπ−∂µK
o
∂µπ+ +KoK

o
∂µπ−∂µπ+ − π−π+∂µK−∂µK+ + 2K+π+∂µK−∂µπ− −K−π+∂µK+∂µπ−

− K+π−∂µK−∂µπ+ + 2K−π−∂µK+∂µπ+ −K−K+∂µπ−∂µπ+ + 2π−π+∂µπo∂µπo − 2πoπ−∂µπo∂µπ−

− 2πoπ−∂µπo∂µπ+ + 2πoπo∂µπ−∂µπ+ + π+π+∂µπ−∂µπ− − 2π−π+∂µπ−∂µπ+ + π−π−∂µπ+∂µπ+

− 2Bom̂ηηπ
−π+ − [Bo(3m̂+ms) −

Bo

2R
(m̂−ms) + 2e2F 2

oZo] K
oK

o
π−π+

+ [Bo(3m̂+ms) +
Bo

2R
(m̂−ms) + 16e2F 2

oZo] K
−K+π−π+

− [2Bom̂ + 4e2F 2
oZo] π

oπoπ−π+ + [2Bom̂ + 8e2F 2
oZo] π

−π+π−π+
}

��Y7P�w1UW\x� pkY1[VS=Y>z w7N+\4SV[VUyvTOA¸(\fS|tq*�bo1\QY1[~r]UXY`lT[=NdlT[=YmcdO»lTUXN+\ w=lA¸([~rkomPZN+\fSzcTY7P=P=UW\Qo7P�w1US� cTY7P=P=N+OQP

(a) (b) (c) (d) (e)

� �
π+

η η

π+




� �
π+

πo πo

π+




� �
π+

Ko Ko

π+




� �

π+

π+ π+

π+




� �

π+

K+ K+

π+




Y1S�qXY1OT[mpd¸UqXY1OT[zY7P=SGcTN+\T\Qo7Y [=Y7P~lJY7w1SVUypkYhsvY1\fSIlA¸([
V(a) =

2iBom̂

3F 2
o

,

V(b) =
i

3F 2
o

[2Bom̂ + 4e2F 2
oZo − 2(q2 + p2)],

V(c) =
i

6F 2
o

[Bo(3m̂+ms) −
Bo

2R
(m̂−ms) + 2e2F 2

oZo − p2 − q2 + 6p.q],

V(d) =
i

6F 2
o

[Bo(3m̂+ms) +
Bo

2R
(m̂−ms) + 16e2F 2

oZo − p2 − q2 − 6p.q],

V(e) =
i

3F 2
o

[4Bom̂+ 16e2F 2
oZo − p2 − q2 − 6p.q].

��Y={*¸dw1S=Y1OT[eS=NdlLNdqXNdr]U[�4OQY.UW\fS=Y1[~p�UXY1\fSmcx¸(\QPIqXY7PecdU0¸Ur][Y¸UsGsvY7P=¸epkY7w OT\QY�vJN+OxwhqXY cTY=svo7PZN+\ \QY1OTSV[=Y�*
η { πoY1S

Ko ,>� �IUW\QPVU { qXY cdU0¸Ur][Y¸UsGsvY�tq*�bN+[=cd[=Y p2 w7N+\fSV[VUyvTOA¸(\4SJtq*�bo1\QY1[~r]UXY=lT[=NdlT[=Y cdO9lTUXN+\;wZlA¸([~rko Y7PVS

� � =
ip2

6F 2
o

[
2A(M2

πo) +A(M2
Ko) +A(M2

K±) + 2A(M2
π±)
]
− iM2

πo

6F 2
o

[
A(M2

η )

−A(M2
πo) +A(M2

Ko) +A(M2
K±) + 2A(M2

π±)
]
− ie2Zo

3

[
2A(M2

πo)

+A(M2
Ko) + 7A(M2

K±) + 14A(M2
π±)
]
.

·}N+OQP¼¸epkN+\QP»t�ohpd¸UqWOQY1[ qXYAcdU0¸Ur][Y¸UsGsvY�cTY9q*�bo1\QY1[~r]UXY lT[=NdlT[=Y^cdO lTUXN+\ wZlA¸([~rkoicTN+\T\Qo lA¸([ qXYiPow=lQohs ¸P=OTUypd¸(\4S

�
π+

�
π+

�
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Y1SGcTN+\fSHqXYJq0¸Ur][Y¸(\�r]UXY1\iP=Ye[=o7cdOTUWSHt
L(p2) = ...+

{
− ieπ+∂µπ− + ieπ−∂µπ+

}
.���bohp�¸UqWOA¸(SVUXN+\icTY`w7Y cdU0¸Ur][Y¸UsGsvY cTN+\T\QY`qXYe[=o7PVO�qWSY¸(S

−ie2
{
2(p2 +M2

π±)B(p2;m2
γ ,M

2
π±) −A(p,M2

π±) + 2A(m2
γ)
}
.

��qR[=Y7PVS=Y9t�ohp�¸UqWOQY1[GqXY7PgcdU0¸Ur][Y¸UsGsvY7P¼t q*�bN+[=cd[=Y
p4 �4OTU�[=YhlT[=o7P=Y1\fS=Y1\4S qXY7PGw7N+\4SV[=Y S=Y1[~svY7P ¸+P=P=N	w1UXo7Pº¸(OXzcdUypkY1[~rkY1\xw7Y7PzcTY`q*�bo1\QY1[~r]UXY|lT[=NdlT[=YmcdO»lTUXN+\;wZlA¸([~rko��
�����
�����
�����
����� π+

��

π+

� Y¼q0¸Ur][Y¸(\�r]UXY1\ \Qo7w7Y7P=PY¸(UW[=Y»t ¸(O�we¸Uq[w1O�q�cTY¼w7YwcdU0¸Ur][Y¸UsGsvY Y7PVS.cTN+\T\Qo lA¸([qXY7P.S=Y1[~svY7P c(�bN+[=cd[=Y
p4 cdOq0¸Ur][Y¸(\�r]UXY1\^cTY��`¸+PZP=Y1[GY1S�� Y1OTS����	qXY1[IY1S�qXY7PGS=Y1[~svY7Pzc(�bN+[=cd[=Y

e2p2 cdO9q0¸Ur][Y¸(\�r]UXY1\ic(� �I[=Y7w=l�� �`¸(\QP�\QN+SV[=Ywe¸+P { w7Y7P�S=Y1[~svY7PIP=N+\fS
L(p4) = ...−

{16Bo

F 2
o

[
(2m̂+ms)L4 + m̂L5

]
+

4e2

9

[
6(K1 +K2) + 5(K5 +K6)

]}
∂µπ+∂µπ−

+
{64B2

om̂

F 2
o

[
(2m̂+ms)L6 + m̂L8

]
+

8e2Bo

9

[
6m̂K7 + 3(3ms + 8m̂)K8 + 5m̂K9

+
3

2R
(m̂−ms)K9 + 23m̂K10 +

3

2R
(m̂−ms)K10 + 18m̂K11

]

+
4

3
e4F 2

o (2K15 +K16)
}
π+π−

�zUW\QPVU { qXYmcdU0¸Ur][Y¸UsGsvYmcTN+\T\A¸(\fSHq0¸¹w7N+\fSV[VUyvTOTSVUXN+\�cTY7P�w7N+\fSV[=YmS=Y1[~svY7P�p�¸(OTS
8ip2

F 2
o

[
(M2

π + 2M2
K)L4 +M2

πL5

]
+

4ie2p2

9

[
6(K1 +K2) + 5(K5 +K6)

]

−16iM2
π

F 2
o

[
(M2

π + 2M2
K)L6 +M2

πL8

]
− 4ie2M2

π

9

[
6K7 + 15K8 + 5K9 +

3

R
K9

+23K10 +
3

R
K10 + 18K11

]
− 4ie2M2

K

9

[
18K8 −

3

R
K9 −

3

R
K10

]
.

·IN+OQP�¸7pkN+\QPnS=N+OQPMqXY7PRohqXohsvY1\fS=PR\Qo7w7Y7P=P_¸(UW[=Y7P t=q*�bY>zXlT[=Y7P=PVUXN+\wcTYmq*�bo1\QY1[~r]UXYIlT[=NdlT[=Y`t|q*�bN+[=cd[=Yec(� OT\QYIvJN+OxwhqXYlLN+OT[�qXY|lTUXN+\9w=lA¸([~rko��
Σπ±(p2) = − p2

6F 2
o

[
2A(M2

πo) +A(M2
Ko) +A(M2

K±) + 2A(M2
π±)
]
+
M2

π

6F 2
o

[
A(M2

η ) −A(M2
πo)

+A(M2
Ko) +A(M2

K±) + 2A(M2
π±)
]

+
∆π

6F 2
o

[
2A(M2

πo) +A(M2
Ko) + 7A(M2

K±) + 14A(M2
π±)
] < �C@ � � ?

+e2
[
2(p2 +M2

π)B(p2;m2
γ ,M

2
π±) −A(M2

π)
]
− 8p2

F 2
o

[
(M2

π + 2M2
K)L4 +M2

πL5

]

−4e2p2

9

[
6(K1 +K2) + 5(K5 +K6)

]
+

16M2
π

F 2
o

[
(M2

π + 2M2
K)L6 +M2

πL8

]

+
4e2M2

π

9

[
6K7 + 15K8 + 5K9 + 23K10 + 18K11

]
+ 8e2M2

KK8

� �



�¹��¸UlT[on7Pmq0¸.[=Yhq0¸(SVUXN+\ * �X� 1 �C, { \QN+OQPGNdvTS=Y1\QN+\QP

Zπ± = 1 − 1

6F 2
o

[
2A(M2

πo) +A(M2
Ko) +A(M2

K±) + 2A(M2
π±)
]
+ e2

[
2B(M2

π± ;m2
γ ,M

2
π±)

+4M2
π±

∂B(p2;m2
γ ,M

2
π±)

∂p2
|p2=M2

π±

]
− 8

F 2
o

[
(M2

π + 2M2
K)L4 +M2

πL5

]
− 4e2

9

[
6(K1 +K2)

+5(K5 +K6)
]

�¹��¸UlT[on7Pmq0¸.[=Yhq0¸(SVUXN+\
∂B(p2;m2

γ ,M
2
π±)

∂p2
|p2=M2

π±
= − 1

16π2M2
π±

− 1

32π2M2
π±

ln
m2

γ

M2
π±

,

q0¸¹w7N+\QP=SY¸(\fS=YmcTY [=Y1\QN+[~s ¸UqWUXPY¸(SVUXN+\icdO;wZlA¸UsGl^cdO9lTUXN+\;wZlA¸([~rkomY7PVS

Zπ± = 1− 1

6F 2
o

[
2A(M2

πo) +A(M2
Ko) +A(M2

K±) + 2A(M2
π±)
]
+ 2e2

[A(M2
π±)

M2
π±

− 1

16π2
(1 + ln

m2
γ

M2
π±

)
]
− 8

F 2
o

[
(M2

π + 2M2
K)L4 +M2

πL5

]
− 4e2

9

[
6(K1 +K2)
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]
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+
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µ2
− 12

M2
π±
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+
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+

8

F 2
o

[
(M2

π + 2M2
K)(2Lr

6 − Lr
4)

+M2
π(2Lr
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π
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+
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]
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A(a) = e
GFV

∗
us

3Fo
u(pν)(1 + γ5) v(p`) (6k + 2 6p+− 6p− + 2 6q) (2p+ + q) · ε

(p+ + q)2 −M2
π±

A(b) = −eGFV
∗
us

3Fo
u(pν)(1 + γ5) v(p`) (6k + 2 6p+− 6p−− 6q) (2p− + q) · ε

(p− + q)2 −M2
π±

A(c) = e
GFV

∗
us

3Fo
u(pν)(1 + γ5) v(p`) (6k + 2 6p+− 6p−)

(6p`+ 6q) 6ε−m` 6ε
(p` + q)2 −m2

`

A(d) = e
GFV

∗
us

3Fo
u(pν)(1 + γ5) v(p`) (6k + 2 6p+− 6p−− 6q) (2k − q) · ε

(k − q)2 −M2
K±
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AK`4γ = eAK`4

{ p+ · ε
p+ · q +

m2
γ

2

− p− · ε
p− · q +

m2
γ

2

+
p` · ε

p` · q +
m2

γ

2

− k · ε
k · q − m2

γ

2

}
,

¸JikY7w
AK`4 =

GFV
∗
us

3Fo
u(pν)(1 + γ5) v(p`) (6k + 2 6p+− 6p−).
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� U
q · a = q · b = 0

�srXN+[=P ∑

ε

(ε · a)(ε · b) = −a · b.

∑
� ��� �
����� �

|AK`4γ |2 = − e2
∑

�
�	� �

|AK`4 |2
{ M2

π±

(p+ · q +
m2

γ

2 )2
+

M2
π±

(p− · q +
m2

γ

2 )2
+

m2
`

(p` · q +
m2

γ

2 )2

+
M2

K±

(k · q − m2
γ

2 )2
− 2

p+ · p−
(p+ · q +

m2
γ

2 )(p− · q +
m2

γ

2 )
+ 2

p+ · p`

(p+ · q +
m2

γ

2 )(p` · q +
m2

γ

2 )

−2
p− · p`

(p− · q +
m2

γ

2 )(p` · q +
m2

γ

2 )
− 2

k · p`

(k · q − m2
γ

2 )(p` · q +
m2

γ

2 )

� /! $#"
−2

p+ · k
(p+ · q +

m2
γ

2 )(k · q − m2
γ

2 )
+ 2

p− · k
(p− · q +

m2
γ

2 )(k · q − m2
γ

2 )

}

h Y S��(OXz cdU"_ao1[=Y1\fSVUXY[r!qJN+OT[�r�� cTo7PVUW\4S=o[k][��(SVUXN+\
K`4γ

rXN+[=P x OQY@rutbN+\^UW\fS��[k][=YmP=OT[�rutbY7Plq$�dw7Y cTY:qTl$�+P=YmcdOqTlQN+S=N+\^Y7PVSGcTN+\T\Qo:q$�([
dΓK`4γ

=
(2π)4

2MK
dΦK`4γ

∑
�&%
� �
����� '

|AK`4γ |2. ( � z�)!*

��+��



K`4

hytbY7Plq$�dw7YmcTY7P�qTl$�+PZY7PGcTY
K`4γ

Y7PVSGcTN+\T\Qo�q$�([
dΦK`4γ

= δ4(k − p+ − p− − p` − pν − q)
d3~p+

(2π)32Ep+

d3~p−
(2π)32Ep−
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≈ −e2 (2π)4

2MK
δ4(k − p+ − p− − p` − pν − q)

d3~p+

(2π)32Ep+

d3~p−
(2π)32Ep−
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(2π)32Eq

∑

�
� � �
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{ M2
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γ
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+
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+
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+
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(p+ · q +
m2

γ
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Iij = 4π

αpipj

(αpi)2 − p2
j

{
1

2
ln

(αpi)
2

p2
j

ln
4∆E2

m2
γ

+

[
1

4
ln2 uo − |u|

uo + |u| +
haU

2

(
1 − uo + |u|

v

)
+
h U

2

(
1 − uo − |u|

v

)]u=αpi

u=pj

}
, ( � z�� *

�JikY7w
v =

(αpi)
2 − p2

j

2(αpio − pjo)
.
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α
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α2p2
i − 2αpipj + p2

j = 0
αpio − pjo

pjo
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h Y7PGP=NXrWOTSVUXN+\QPIP=N+\fS
α± =

pipj ±
√

(pipj)2 − p2
i p

2
j

p2
i

.

h N+[=P x OQY pi = pj = p { r���m|N+[lv OorXY ( � z�� * P=Y P=UjvSqorWUB|xYV��� �  
Iii = 2π

{
ln

4∆E2

m2
γ

+
po

|p| ln
po − |p|
po + |p|

}
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ij = π

pi · pj√
(pi · pj)2 −m2

im
2
j

ln
pi · pj −

√
(pi · pj)2 −m2

im
2
j

pi · pj +
√

(pi · pj)2 −m2
im

2
j

,

= π τ(pi, pj ,mi,mj),
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dΓ 
��K`4γ
≈ −e2 (2π)4

2MK
δ4(k − p+ − p− − p` − pν)

d3~p+

(2π)32Ep+

d3~p−
(2π)32Ep−

d3~p`

(2π)32Ep`

d3~pν

(2π)32Epν
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�
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|AK`4 |2 1

8π2

{
− 4 − τ(p+, p−,Mπ± ,Mπ±) + τ(p+, p`,Mπ± ,m`) − τ(p−, p`,Mπ± ,m`)

−τ(k, p`,MK± ,m`) − τ(p+, k,Mπ± ,MK±) + τ(p−, k,Mπ± ,MK±)
}
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8π2
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− 4 − τ(p+, p−,Mπ± ,Mπ±) + τ(p+, p`,Mπ± ,m`) − τ(p−, p`,Mπ± ,m`)

−τ(k, p`,MK± ,m`) − τ(p+, k,Mπ± ,MK±) + τ(p−, k,Mπ± ,MK±)
}
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π+
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ν` ν`
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π−
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������������������� ( �"!$#&%(')%*!+')��, a.-/,10202%*!43657098�5.-&#:,.;<#='>%*!=')��?.%*-`a7%@;A3@%*!4�B; 
�-:, 6C-:5.D~a7%*!� 
�6t��sqT[��7P6rXY7P [=o7P=OorWS��(S=P (u}?z � 	!* { rXY7P6i �srXY1OT[=P cTY7PgcdUjikY1[lkkY1\xw7Y7PgUW\Ym|[��fn [=N+OokkY7P6qT[=N ikY1\$�(\fS~cTY w7Y7P cdU��fnk][��svSvvY7P}P=N+\4S ( c �(\QP�rutbN+[=cd[=Y cTY7PIcdU��sk][��svSvvY7P *

')�", a7-:,.0902%
δF 
 � = δG 
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(e) e2

16π2 τ(k, p−,MK ,Mπ) lnm2
γ

(f) − e2

16π2 τ(k, p+,MK ,Mπ) lnm2
γ

(g) − e2

16π2 τ(k, p`,MK ,m`) lnm2
γ

(h) e2

16π2 τ(p+, p−,Mπ,Mπ) lnm2
γ

(i) − e2

16π2 τ(p+, p`,Mπ,m`) lnm2
γ

(j) e2

16π2 τ(p−, p`,Mπ,m`) lnm2
γ

(k) − e2

4π2 lnm2
γ

�JikY7w
τ(p1, p2,M1,M2) =

1√
(p1 · p2)2 −M2

1M
2
2

ln
{p1 · p2 −

√
(p1 · p2)2 −M2

1M
2
2

p1 · p2 +
√

(p1 · p2)2 −M2
1M

2
2

}
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=

(2π)4

2MK
dΦ
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(2π)4

2MK
dΦ 2G2
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2 1

M2
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J5(sπ, s`, θπ, θ`, φ). ( � z ��+ *
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F =
MK√
2Fo

(1 + δF )
Y1S

G =
MK√
2Fo

(1 + δG). ( � z � � *
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F
N+O

G
P=N+\4S

J5 ≡ |F |2 [PL2 − PN2 − sπs` +m2
`sπ] + |G|2 [QL2 −QN2 −Q2s` +m2

`Q
2]

+(F ∗G+ FG∗) [(PL)(QL) − (PN)(QN)].
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|F |2 =

M2
K

2F 2
o

(1 + 2 δF )

|G|2 =
M2

K

2F 2
o

(1 + 2 δG)

F ∗G = FG∗ =
M2

K

2F 2
o

(1 + δF + δG).
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K`4
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q$�([VSVUXY UW\Ym|[��fn [=N+OokkY
δF IR = δGIR,cTN+\xw

J5 =
M2

K

2F 2
o

(1 + 2 δF IR)
{
PL2 − PN2 − sπs` +m2

`sπ +QL2 −QN2 −Q2s` +m2
`Q

2

+(PL)(QL) − (PN)(QN)
}

=
M2

K

2F 2
o

(1 + 2 δF IR)
{
16(p+ · p`)(p+ · pν) − 8M2

πp` · pν

}
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dΓK`4
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(2π)4

MK
dΦG2

FV
∗
us

2 1

2F 2
o

(1 + 2 δF IR)
{
16(p+ · p`)(p+ · pν) − 8M2

πp` · pν

}
.
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2 1
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{
16(p+ · p`)(p+ · pν) − 8M2

πp` · pν
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dΓK`4

� ikY7w
PL2 − PN2 − sπs` + m2

`sπ +QL2 −QN2 −Q2s` +m2
`Q

2 + 2(PL)(QL) − 2(PN)(QN)

= 16(p+ · p`)(p+ · pν) − 8M2
πp` · pν .
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dΦG2

FV
∗
us

2 1

2F 2
o

{
16(p+ · p`)(p+ · pν) − 8M2

πp` · pν

} 1

8π2

{
− 4

−τ(p+, p−,Mπ± ,Mπ±) + τ(p+, p`,Mπ± ,m`) − τ(p−, p`,Mπ± ,m`)

−τ(k, p`,MK± ,m`) − τ(p+, k,Mπ± ,MK±) + τ(p−, k,Mπ± ,MK±)
}
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2

µ2
− MK±
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2
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+
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π
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K`4 / (�2k\^bCjtbCU0(]UN3>(eaTS��Bw^S 6�\^aTS w :n\^QTSqgXWYaTjt[]g (]UVS2U ~�UXWCSLjdU (Kw#�dbY[]SYadbCU j'2 []SC\mS.3d[eQ�UXW�jdU<(�2kgF(]U��XWYbC\A-nwBImQTgXWY[]S�-qU�jDwRQTS0(]UVS:��wRQBwRa
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3dbC\ �VUVSCSYaTS
K`4γ
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wRb �dbCU 6 C UVSEU ~�UXWCSEjdUVS �V\^bYbCU��XWY[]\^QTSEb�w^jt[KwRWY[1:nUVSOSC\^Q�WEjdU (�2k\^bCjtbCU)jdU 0.9%
W�wRQTjt[]S,KiaTU��VUXa
	fjdU (Kw��dbY[]SYadbCU
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1.6% 6

� G �cF���G���=@?���G�F
5 UlWYb�w :�wR[1("jdUlWYuPGVSCUljd\^[eW "XWYbCU �V\A-@3>(]gXWCgN3BwRbhadQfWYb�w��]WCUF-qUXQiW%�V\A-@3>(]UXW�jdUH(Kw�jdgVSY[eQ�WCgFImb�wRWY[]\^Q

Ke4γ 6  Q
Ke4

w :nU��hadQ<3duT\^WC\^Q QT\^Q!" jdgXWCU��XWCg�Q�2kUVSYW#3Bw^SyWYb�GVSBjt[0~�gXbCUXQ�WBj'2 adQ
Ke4γ 6 P�[KwB-nwRQiW " 9>UXb.InUXbg2 u �'4 wZUVSYWY[1-qgK�aTU�(]Uvb�wB3>3�\^bYWHjdUVSHgF:ngXQTUF-qUXQiWCS

Ke4
SYadb (]UVS(gF:ngXQTUF-qUXQ�WCS

Ke4γ
3�\^adbHjdUVS 3duT\^WC\^QTS(j'2kgXQTUXb.Im[]UBSCa>3cgXbY[]UXadbCU

/ 30
� U $����4gXW�wR[eWhjdU

ΓKe4γ ,Eγ>30MeV

ΓKe4

∼ 1.0 ± 0.5%.
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γµγ

µ = D

γµγ
νγµ = (2 −D)γν � ��� 6 � �

γµ 6p 6qγµ = 4p · q − (4 −D)p 6q

�����ml n	o)p%	�
 �qbgf2k>rts u�j2dVk�o�vwjihxoyv
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∫
dDq =

∫ ∞

0
dρρD−1

∫ π

0
dθD−1(sin θD−1)

D−2 . . .

∫ π

0
dθ2 sin θ2

∫ 2π

0
dθ1

∫ π

0
dθ(sin θ)m =

√
π

Γ(m+1
2 )

Γ(m+2
2 )� (Z�,�i�

∫
dDq

(2π)D

q2r

(q2 +M2)s
=

1

(16π2)D/4
(M2)r−s+ D

2
Γ(r + D

2 )Γ(s− r − D
2 )

Γ(D
2 )Γ(s)

� ��� 698��
������� ��b �8hxo ��p?jihgo ��bxdedVb

Γ(z) =

∫ ∞

0
dt tz−1 exp−t w;: �8z

Re(z) > 0
3��,~��5(KwSz8�,|D: ���.I ��|�z8�y��| � 6

zΓ(z) = Γ(z + 1) → 3��i�A(Z�,|>I �F-:��|�} wQ|BwB( �$}��LK$~�� 3��,~��
Re(z) < 0.

� ��� 6����
Γ(n) = (n− 1)!

3��,~���|K��|�}��Z���
��� +



 
  Calculus and Analysis     Special Functions     Gamma Functions   
  Calculus and Analysis     Special Functions     Named Integrals   
  Calculus and Analysis     Special Functions     Product Functions   

Gamma Function

 

The complete gamma function  is defined to be an extension of the factorial

complex and real number arguments. It is related to the factorial by 

analytic everywhere except at z = 0, -1, -2, ..., and the residue at  is 

There are no points z at which . The gamma function is implemented in

Mathematica as Gamma[z]. 

The gamma function can be defined as a definite integral for  (Euler’s integral

form) 

 

or 

�x|��gwQ~�}��i� *H�,�.-y~>(Z�HK�~��\�i����w�~�}��1(Z� �8��}
Γ(−n+ ε) =

(−1)n

n!

{1

ε
+ Ψ(n+ 1) +

ε

2

[π2

3
+ Ψ2(n+ 1) − Ψ′(n+ 1)

]
+ O(ε2)

} � ��� 6 u �
� : �8z

Ψ(z) =
Γ′(z)

Γ(z)

Ψ(n+ 1) = 1 +
1

2
+ · · · + 1

n
− γE

Ψ′(n+ 1) =
π2

6
−
(
1 + frac122 + · · · + 1

n2

)

Ψ(1) = −γE ≈ 0.5772
�Hz8�,|���}�wQ|�}i���'2 ��~>(Z��� �

� ����� � b	��bxd 	 p$��jivwb pqjihgo u�k ��k�� o�dVbxo

1

Aα1
1 . . . Aαn

n
=

Γ(α1 + · · · + αn)

Γ(α1) . . .Γ(αn)

∫ 1

0
dx1 . . .

∫ 1

0
dxnδ(1 −

n∑

i=1

xi)

xα1−1
1 . . . xαn−1

n

(x1A1 + . . . xnAn)α1+···+αn

� ��� 6����

1

ab
=

∫ 1

0
dx

1

[ax+ b(1 − x)]2
� ��� 6 r��

1

abc
=

∫ 1

0
dx

∫ 1

0
dy

2y

{y[xA+ (1 − x)B] + (1 − y)C}3

� ��� 6 s��
� ��� � ��h	� d���fibgj ��k u�� jio)p%	�
	��bgfik�v
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∫
Ax+B

ax2 + 2bx+ c
dx =

A

2a
lnC(ax2 + 2bx+ c) +

aB − bA

a

∫
dx

ax2 + 2bx+ c

� ��� 6 t��
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∫
dx

ax2 + 2bx+ c
=

1

2
√
b2 − ac

lnC1
ax+ b−

√
b2 − ac

ax+ b+
√
b2 − ac

(Z�,�i��K$~��
b2 − ac > 0

=
1√

ac− b2
arctan

ax+ b√
ac− b2

+ C2
(Z�,�i��K$~��

b2 − ac < 0

= − 1

ax+ b
+ C3

(Z�,�i��K�~��
b2 − ac = 0
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SU (3)

	 �8��
 ��| ����wQ}i��~��i� �4~�
P�i�,~�q� ��� ����� ��}����Z�
SU(3)

��wQ}��Z��� �,|�}��Z�8�g�i���KwQ}��Z�,|�� ��� z8�����y~�}�wQ}��Z�,| ��~�����wQ|�}i�8�
[Qa, Qb] = i fabc Qc

	 �8� z8�,|��i}�wQ|�}i�8� ���x��}���~�z�}�~��i�
fabc �i�,|�} }i�,}�w��Z���:��|�};wQ|$}��Z����� ��}�������~��8� �DwQ|����Z�8� � | �4�Zz8�8� �!	 �8� z8�,|���}�wQ|�}i�8�|��,| |�~����Z�8�(�i�,|�}��Z�8�)��~�����wQ|�}i�8� "

f123 = 1

f147 = f246 = f257 = f345 = −f156 = −f367 =
1

2

f458 = f678 =

√
3

2

$ � �$#4�Z��}i� ���8���i���KwQ}��Z�,|����&% wQ|$}��Zz8������~�}�wQ}��Z�,|��nw,�2�i�$z�� �8�8�mwQ~'#(�nwQ}����Zz8�8����� � ����� "*) wQ|�|,+-��~�� �i�,|�}y~�|��
. w,�i� ���/�0% w���
!1 . �i� ���2	 �Z� ���

SU(3)

{λi, λj} =
4

3
δij + 2dijkλk

$ �pw��BwQ��w43Z}����8�5��w,z�}i��~��i�x}i�,}�w��Z���:��|�}(���6� ��}������$~��8�
dijk

+ ���,|�}7�Z�8�x�i��~��Z��|��,| |�~��Z�)�i�,|�}
d118 = d228 = d338 = −d888 =

1√
3

d146 = d157 = −d247 = d256 = d344 = d355 = −d366 = −d377 =
1

2

d448 = d558 = d668 = d778 = − 1√
3
.
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L>^�W
	zJ�f�U��'WYOBehS[^�jehO#U�\�����P�S���U�f�W�e�J(k�f�U�e

k = (MK ,~0) (p1 + p2) = (

√
sπ + ~P 2, ~P ) (p` + pν) = (

√
s` + ~P 2,−~P )

J(k�Sj]

|~P | =
λ1/2(M2

K , sπ, s`)

2MK

~P = |~P |(1, 0, 0)

McJ�UYe % S[P���l���P�S�U�\&O#S % ^�STP�S�Z%f'e[I
Σπ

L>^�S % JRZYJ�O�P�S[^�STZ�O#f�UYe�^�S %�� �$\�J�\��YUYJ %

p1 = (
√
M2

1 + ~p2, ~p) p2 = (
√
M2

2 + ~p2,−~p)

~p = |~p|(cos θπ, sin θπ, 0)

|~p| =
λ1/2(sπ,M

2
1 ,M

2
2 )

2
√
sπ

�BJX\&PdJ�U�e l@f'P&Q Jz\�O�f'U�^�S��Bf�P�S�U�\��[^�S I
Σπ

L��mI
ΣK

L`H
(ΛπK)µ

ν

^�f'O \���\&P�Sc\�S %$% S���W�S

(ΛπK)




√
sπ

0
0
0


 =




M2
K+sπ−s`

2MK

λ1/2(M2
K ,sπ,s`)

2MK

0
0




] � S_eh\ ��� ��^�O#P&S

ΛπK =




M2
K+sπ−s`

2MK
√

sπ

λ1/2(M2
K ,sπ,s`)

2MK
√

sπ
0 0

λ1/2(M2
K ,sπ,s`)

2MK
√

sπ

M2
K+sπ−s`

2MK
√

sπ
0 0

0 0 1 0
0 0 0 1




McJ�UYe % S[P���l���P�S�U�\&O#S % ^�STP�S�Z%f'e[I
Σ`
L>^�S % JRZYJ�O#P&S[^�S % S�Z�\�f�UYe,^�S %�� �$\dJz\��YUYJ %

p` = (

√
m2

` + ~L2, ~L) pν = (

√
m2

` + ~L2,−~L)

|~L| =
s` −m2

`

2
√
s`

~L = |~L|(− cos θ`, sin θ`, 0)

� 8 �



��J1\&PdJ�U�e l@f'P&Q Jz\�O�f'Um^�S �Df'P&S_U'\ �[^�SqI
Σ`
L�� I

ΣK
L[H

(Λ`K)µ
ν

^�f�O�\ ��\&P�S[W�U ��������� ehWYO�k�O�^ � W�UYS/P&f�\�J�\&O#f�U ^ � J�U � % S
−φ J�W�\�f�W�P�^�S %�� J	��S

0x
��\�S %$% S���W�S

(Λ`K)




√
s`

0
0
0


 =




M2
K+s`−sπ

2MK

−λ1/2(M2
K ,sπ,s`)

2MK

0
0




] � Sje \�� � � ^�O�P�S

Λ`K =




1 0 0 0
0 1 0 0
0 0 cosφ sinφ
0 0 − sinφ cosφ







M2
K+s`−sπ

2MK
√

s`
−λ1/2(M2

K ,sπ,s`)
2MK

√
s`

0 0

−λ1/2(M2
K ,sπ,s`)

2MK
√

s`

M2
K+s`−sπ

2MK
√

s`
0 0

0 0 1 0
0 0 0 1




=




M2
K+s`−sπ

2MK
√

s`
−λ1/2(M2

K ,sπ,s`)
2MK

√
s`

0 0

−λ1/2(M2
K ,sπ ,s`)

2MK
√

s`

M2
K+s`−sπ

2MK
√

s`
0 0

0 0 cosφ sinφ
0 0 − sinφ cosφ




M;J�U�e % STP �$l��_P&S_U'\�O�S % I
ΣK

L ��\&f'W�\&Sje % Sje>O�Q1Z�W % e&O�f'UYe�e � �j]$P�O�k'S�U�\

kµ = (MK , 0, 0, 0)

pµ
1 = 1

4MKsπ

(
(M2

K + sπ − s`)(sπ +M2
1 −M2

2 ) + λ1/2(M2
K , sπ, s`)λ

1/2(sπ ,M
2
1 ,M

2
2 ) cos θπ,

λ1/2(M2
K , sπ, s`)(sπ +M2

1 −M2
2 ) + λ1/2(sπ,M

2
1 ,M

2
2 )(M2

K + sπ − s`) cos θπ,

2MK
√
sπλ

1/2(sπ ,M
2
1 ,M

2
2 ) sin θπ, 0

)

pµ
2 = 1

4MKsπ

(
(M2

K + sπ − s`)(sπ +M2
2 −M2

1 ) − λ1/2(M2
K , sπ, s`)λ

1/2(sπ ,M
2
1 ,M

2
2 ) cos θπ,

λ1/2(M2
K , sπ, s`)(sπ +M2

2 −M2
1 ) − λ1/2(sπ,M

2
1 ,M

2
2 )(M2

K + sπ − s`) cos θπ,

−2MK
√
sπλ

1/2(sπ,M
2
1 ,M

2
2 ) sin θπ, 0

)


 % f'P�e>UYf�WYe�^�j^�W�O:ehf'UYe % S_e�Z�P�f�^�W�O�\�e�e�]�J % J�O�P�S_eNO#U�kzJ�P&O:J�U�\�e>^�S��Bf�P�S�U�\��[e&W�O�kzJ�U'\
(p1 + p2)

2 = sπ (≡ P 2)

(p1 − p2)
2 =

(M2
1 −M2

2 )2

sπ
− λ(sπ,M

2
1 ,M

2
2 )

sπ
(≡ Q2)

(p1 + p2)(p1 − p2) = M2
1 −M2

2 (≡ PQ)

(p1 + p2)(k − p1 − p2) =
1

2
(M2

K − sπ − s`) (≡ PL)

(p1 − p2)(k − p1 − p2) =
M2

1 −M2
2

2sπ
(M2

K − sπ − s`) +
λ1/2(sπ,M

2
1 ,M

2
2 )λ1/2(M2

K , sπ, s`)

2sπ
cos θπ

(≡ QL)

McS[Z % WYe���U�f�W�e>f ��\�S�U�f'UYe>Z�f'W�P % S_e�O#Q1Z�W % ehO#f�UYe % S�Z�\&f�UYO ��W�Sje

pµ
` = 1

4MKs`

(
(M2

K + s` − sπ)(s` +m2
`) + λ1/2(M2

K , sπ, s`)(s` −m2
`) cos θ`,

−λ1/2(M2
K , sπ, s`)(s` +m2

`) − (s` −m2
`)(M

2
K + s` − sπ) cos θ`,

2MK
√
s`(s` −m2

` ) cosφ sin θ`,−2MK
√
s`(s` −m2

`) sinφ sin θ`

)

� 8 r



pµ
ν`

= 1
4MKs`

(
(M2

K + s` − sπ)(s` −m2
`) − λ1/2(M2

K , sπ, s`)(s` −m2
`) cos θ`,

−λ1/2(M2
K , sπ, s`)(s` −m2

`) + (s` −m2
`)(M

2
K + s` − sπ) cos θ`,

−2MK
√
s`(s` −m2

` ) cosφ sin θ`, 2MK
√
s`(s` −m2

`) sinφ sin θ`

)


 % f�Pde
(p` + pν`

)2 = s` (≡ L2)

(p` − pν`
)2 = 2m2

` − s` (≡ N2)

(p` + pν`
)(p` − pν`

) = m2
` (≡ LN)

(k − p` − pν`
)(p` − pν`

) =
m2

`

2s`
(M2

K − sπ − s`) + (1 − m2
`

s`
)
1

2
λ1/2(M2

K , sπ, s`) cos θ` (≡ PN)

(p1 − p2)(p` − pν`
) =

m2
`(M

2
1 −M2

2 )

2sπs`
(M2

K − sπ − s`)

+
m2

`

2sπs`
λ1/2(M2

K , sπ, s`)λ
1/2(sπ,M

2
1 ,M

2
2 ) cos θπ

+
(M2

1 −M2
2 )(s` −m2

`)

2sπs`
λ1/2(M2

K , sπ, s`) cos θ`

+
λ1/2(sπ ,M

2
1 ,M

2
2 )(s` −m2

`)

2sπs`
cos θπ cos θ`(M

2
K − sπ − s`)

−λ
1/2(sπ ,M

2
1 ,M

2
2 )(s` −m2

`)√
sπs`

sin θπ sin θ` cosφ (≡ QN)

εµνρσL
µNνP ρQσ = ε0123 [(p1 + p2)

0(p` + pν)1 − (p1 + p2)
1(p` + pν)0]

×[(p` − pν)2(p1 − p2)
3 − (p` − pν)3(p1 − p2)

2]

= −λ
1/2(M2

K , sπ, s`)

2

√
sπs`

λ1/2(sπ,M
2
1 ,M

2
2 )

sπ
(1 − m2

`

s`
) sin θπ sin θ` sinφ

(≡< LNPQ >)
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� � � ��b �8hgo���p?jihgoAr �yo��Ghgjio)p
{
A,Aµ, Aµν

}
(M2) = −iµ4−D

∫
dDq

(2π)D

{
1, qµ, qµν

}

(p− q)
2 −M2 + iε

� S$\&\&S[O#U�\�� �'P�J % STe&ST]�f�Q1Z%f�P&\&S[]$f'QRQ1S ∫
dq qD−1q−2 S�\,^�f�U�][]$f�U�k'S�P ��Sce&O D < 2

a
� UVP&S_QRZ % J']$S % S_e�O#U�\�����PdJ % S_e�S_U �'W�Jz\&P�S/^�O#Q1S�UYe&O�f'UYe�ZYJ�Pc^�Sje�O#U�\�� �'P�J % Sje>S�U ^�O#Q1S�UYe&O#f�U

D = 4 − ε
��W�S % ]�f�U ��W�S'a

� U ]���S�Pd]���S�^�J�U�e ��W�S % ^�f�Q J�O#U�S�^�S
D
]�S$\h\�S�O�U�\ � ��PdJ % S�]$f'U�k'S�P ��S �jZYW�O#e�f�URlKJ�O�\ % S�Z�P&f % f'U ��S_Q1S�U�\�J�UYJ %�� \&O ��W�S�k�S_P�e

D = 4
�
D
�$\dJ�U�\�W�U�S[kzJ�P&O:J � % ST]$f�U�\�O�U�W�S'a

� � O�U�\ � ��PdJ % S �
D

^�O#QRS_UYe&O�f'UYe/e&Sq^�_]�f�Q1Z%f'e&Sg]$f�Q1Q1S
dq0dD−1−→q a � � O�U�\ � ��PdJ % Sge&W�P q0 Sje \X^�S −∞ �

+∞ a �BJZ�P�S�Q1O �_P&S �$\�J�Z�S ]$f'UYehO:eh\&S �3lKJ�O#P&S7W�U�SnP�f�\dJz\�O�f'U ^�S	� O:] 	 Z�f'W�P�P�S�Q1Z % J�]�S�P %�� O�U�\ � ��PdJz\�O�f'U ehW�P %�� J	��S7P��_S % ZYJ�P
%�� O#U'\ � �'P�J�\&O#f�U e&W�P %�� J���SbO#Q J ��O#UYJ�O�P�S��%]�J�P;f�UnU�SXP�S�U�]$f�U�\�P&S/Z�J�eT^�SbZ�
 % S % f'P�e ��W�S %�� f'U lKJ�O�\ % JqP&f�\�Jz\�O�f'Un^�S�� O#] 	ia

 O#UYe&O���UYf�WYe>f ��\&S_U�f�UYe % S_eN\�P�J�UYehl@f�P�Q1J�\&O#f�UYe>e&W�O#k(J�U�\&S_e

������������������ ������� �"! ���#��$�%����&�������=q0

<q0

����#�������(')�)���*�"! ������$�%����&�������
+ ��,�� �������-��.�, +0/ ��.�,

q0

q0 = ±(
√−→q 2 +m2 − iε)

qµ(q0, q1, . . . , qD−1) → q̃µ(iq0,q1, . . . ,qD−1)
I � a$#jL

q2 → − q̃2

dDq → idD q̃
�BJXl@f�U�]`\&O#f�U��RW�UVZ�f'O�U�\,e � �j]$P�O \��RZ�P �_e&S�U�\/IKJ�Z�P��je�]��YJ�U ��S�Q1S_U'\�^�S[kzJ�P�O:J � % S

q − p→ q
L>]$f�Q1Q1S

A(M2) = −µ4−D

∫
dDq

(2π)
D

1

(p− q)2 +M2
.

� U�W�\&O % O:ehS % JXl@f�P�QbW % S I #,#�a�1�LoS$\�f'Uq\�P&f'W�k�S

A(M2) = −µ4−D (M2)
D
2 −1

(16π2)D/4
Γ(1 − D

2
)

� 8 +



� J�]��YJ�U'\���W�S
D = 4 − ε

�YU�f�WYe>P � �j]$P�O�k'f�UYe % Jbl@f'P&QXW % S;ZYP��j] �_^�S�U�\&S[]$f'Q1QRS

A(M2) = − M2

(4π2)

(4πµ2

M2

)ε/2

Γ(
ε

2
− 1).

M � J�Z�P �_e % J1P&S % J�\&O#f�U I #*#'a ��L ��U�f'WYeN\&P�f�WYk�f�U�e

A(M2) = − M2

16π2

{
− 2

ε
− 1 + γE − ln(4π) + ln

M2

µ2
+ O(ε)

}
.

I � a�1�L
�,f�WYe��_]$P�O#P&f'UYeNZYJ�P % J ehW�O�\&S % JRl@f�UY]$\&O#f�U��RW�UVZ�f'O�U�\,]$f'Q1QRS

A(M2) = −2M2λ− µM

µM =
M2

16π2
ln
M2

µ2

I � a �'L

λ =
1

16π2

{ 1

D − 4
− 1

2

[
ln(4π) + 1 − γE

]}
.

�
&,���P7

�
Y?&

���J % O#Q1O \�SbehWYO�kzJ�U�\�STe&S�PdJXW�\&O % O:e���S/^�J�UYe % S/]_J % ]$W % ^�S/]$S�P&\�J�O�U�eN^�O#J���PdJ�Q1Q1S_e
% O#Q

M2
1→M2

2

A(M2
1 ) −A(M2

2 )

M2
1 −M2

2

=
A(M2)

M2
− 1

16π2
.

I � a ��L
� �ml ��b �8hgo�� pqjihgo reu�k ��� �<hgjio)p?v
	�
� ��� �������
������� "������� �����

B(p;M2
1 ,M

2
2 ) = −iµ4−D

∫
dDq

(2π)D

1

(q2 −M2
1 )[(p− q)2 −M2

2 ]

I � a ��L

 Z�P �_e�ZYJ�P�J�Q �$\&P�O:e&J�\&O#f�Uq^�S �YS � U�Q J�U I #,#�a !'L ��U�f�WYe>f ��\&S_U�f�U�e

B(p;M2
1 ,M

2
2 ) = −iµ4−D

∫
dDq

(2π)
D

∫ 1

0

dx1

∫ 1

0

dx2δ(1 − [x1 + x2])
I � a !'L

× 1

x1(q2 −M2
1 ) + x2[(p− q)2 −M2

2 ]

= −iµ4−D

∫
dDq

(2π)
D

∫ 1

0

dx
1[

(q2 −M2
1 )x+ [(p− q)2 −M2

2 ](1 − x)
]

= −iµ4−D

∫ 1

0

dx

∫
dD q̃

(2π)
D

1

(q̃2 −R2)2

R2 = M2
2 (1 − x) +M2

1x− xp2(1 − x)

q̃ = q − p(1 − x)


 Z�P �_e�P�f�\dJz\&O#f�Um^�S � O:] 	nI � a$#jLNS�\�W�\&O % O:e�Jz\&O#f�UV^�S % JXl@f�P�QbW % S I #*#'a 1'L ��U�f'WYe>f ��\&S�UYf�UYe

B(p;M2
1 ,M

2
2 ) =

∫ 1

0

dx
1

16π2
(4πµ2)ε/2Γ(

ε

2
)

1

(R2)ε/2
.

� � W�\&O % O:e&J�\&O#f�U ^�S % JRl@f�P�QbW % S I #*#'a ��Lp^�f�U�U�S

B(p;M2
1 ,M

2
2 ) =

1

16π2

{2

ε
+ Γ′(1) + ln(4π) −

∫ 1

0

dx ln
R2

µ2

}
.

" % U�f�WYe>P�S_eh\&S�� ��kzJ % W�S_P %�� O#U'\ � �'P�J % S
∫ 1

0

dx ln
M2

2 (1 − x) +M2
1x− xp2(1 − x)

µ2
.

� � �



� � J�P ��W�Q1S_U'\�^�W % f��'J�P&O�\ �YQRS;Z%f'e�e �j^�S[^�S�W �mP�J']$O#U�S_e
x± =

−(M2
1 −M2

2 − p2) ± λ1/2

2p2

I � a���L
λ ≡ λ(M2

1 ,M
2
2 , p

2) = M4
1 +M4

2 + p4 − 2M2
1M

2
2 − 2M2

1 p
2 − 2M2

2 p
2 I � a �'L

�BJXl@f�U�]`\&O#f�U
λ(M2

1 ,M
2
2 , p

2)
Sje \ % JXl@f�UY]$\&O#f�U ^�S���� %$% ��U��	��a� % WYe&O#S�W�Pde�]�J'e>ZYJ�P&\&O:]$W % O#S�PdeNe&f�U�\��RU�f�\�S�P

B(0;M2
1 ,M

2
2 ) =

A(M2
1 ) −A(M2

2 )

M2
1 −M2

2

B(0;M2,M2) =
A(M2)

M2
− 1

16π2

I � a 
'L

B(m;m2
γ ,m

2) =
A(m2)

m2
+

1

16π2

I � a$#��'L

B(0; 0,m2) = B(0;m2, 0) =
A(m2)

m2�BJXl@f�U�]`\&O#f�U��1^�S�W ��Z%f�O#U'\de>Z�S_W�\ ��\&P�ST^ �_]$f'Q1Z�f�e �_S;S_U�WYU�S[ZYJ�P&\&O#S �YU�O#S[S$\ % STZ 
 % S �Y]$f'QRQ1S
B(p;M2

1 ,M
2
2 ) = B(p;M2

1 ,M
2
2 ) + B(0;M2

1 ,M
2
2 )

= B(p;M2
1 ,M

2
2 ) +

A(M2
1 ) −A(M2

2 )

∆12
,

I � a$#*#jL
J(k�Sj]

∆12 = M2
1 −M2

2

a
	 
 	 � � �� ��
�  ��� ��� � �� �����  ��� � ��� �������
������� "���� ��� �����

��U�� ��U �_P�J % � % S_eBZ�P&f'Z�P�O ��\��_eBJ�UYJ %�� \&O ��W�S_e�^ � W�U�S�O#U�\�� �'P�J % S�^�S���S � UYQ1J�Ube&f�U�\F\&P�f�Z/]�f�Q1Z % O ��W �_S_eFZ%f�W�P �$\�P&S ��\&WY^�O �_S_eZYJ�PTW�UYS O�U�\�����PdJz\�O�f'U S ��Z % O#]�O \�S�a � O W�U�Sge&O�U �'W % J�P�O \ �RJ�Z�Z�P�f�]��YS % S ]$f�U�\�f�W�P[^ � O�U�\ � ��PdJz\�O�f'UnS�\[e&O % Sg]$f�U�\�f�W�P;Z�S_W�\
�$\�P&S[^��l@f�P�Q �TZ%f�W�P %�� ��k�O \�S�P ��J % f�Pde %�� O�U�\ � ��PdJ % STP&Sje \�S[J�UYJ %�� \&O ��W�S�a
�BJ l@f'UY]`\�O�f'U �6^�S�W � Z%f�O#U'\de I � a !'LgJ6^�S_e�ehO#U ��W % J�P&O�\��je�a���� �_]�P&O#k�f'UYe ]$S�\h\�S O�U�\ � ��PdJ % S ^�S lKJ��$f�U Z % WYe ����U ��PdJ % S]$f'QRQ1S

B(p2;M2
1 ,M

2
2 ) = −iµ4−D

∫
dDq

(2π)
D

∫ 1

0

dx1

∫ 1

0

dx2δ(1 − [x1 + x2])

× 1

x1[(p1 − q)2 −M2
1 ] + x2[(p2 − q)2 −M2

2 ]

I � a$# 1�L
f��m^YJ�UYe>U�f�\&P�S[]�J�e�^�S � ��W�P�S��

p1 = 0
S�\

p2 = p.
��f'WYe>]$f�U�e \dJz\&f'UYe ��W�ST^�SjeNe&O#U ��W % J�P�O�\��_eNJ�ZYZYJ�PdJ��@e&e&S�U�\ % f�Pde �'WYS % S;^�_U�f�Q1O#UYJz\�S�W�P�^�S %�� O#U�\�� �'P�J�UY^ge � J�U�U�W % S���] � S_eh\ �
� ��^�O#P&S

(pi − q)2 −M2
i = 0

f�W
xi = 0 i = 1, 2.M � J�W�\&P�S_e�e&O�U ��W % J�P�O \ �_e�J�Z�ZYJ�P�J��~e�ehS_U�\ % f�Pde �'WYS % S,^ ��U�f'QRO#UYJ�\&S�WYPp^�S %�� O#U�\�����PdJ�UY^RU�S;^��Z%S�UY^1Z�J�e�S ��Z % O:]$O�\&S_Q1S�U�\o^�S

q

∂

∂q

2∑

i=1

xi[(pi − q)2 −M2
i ] = 0

] � S_eh\ ��� ��^�O�P�S 2∑

i=1

xi(pi − q) = 0


 Z�P �_e1Z�J�PdJ�Q �$\�P&O:e&J�\&O#f�U ^�S ��S � U�Q J�U S�\gP&f�\�Jz\�O�f'U ^�S � O:] 	 ��U�f'WYe J(k�f'UYeRf ��\�S�U�W % J7l@f�P�QbW % Jz\�O�f'U ]�f�Q1ZYJ']`\&SehWYO�kzJ�U�\�S;Z%f�WYP % JXl@f�U�]`\&O#f�U �1^�S_W ��Z%f�O#U�\�e
B(p;M2

1 ,M
2
2 ) =

1

16π2

{2

ε
+ Γ′(1) + ln(4π) −

∫ 1

0

dx ln
R2

µ2

}
,

R2 = M2
2 (1 − x) +M2

1x− xp2(1 − x)

q̃ = q − p(1 − x)
���

λ(a, b, c) = a2 + b2 + c2 − 2a.b − 2a.c − 2b.c

� � �



�pUq\�S�P�QRS[^�S
R2 � % S_e�����WYJ�\&O#f�UYe ��W�OF^�$\�S�P�Q1O�U�S_U�\ % S_e>e&O�U ��W % J�P�O \ �_eNehf'U�\>^�f'U�U �_S_eoZYJ�P % S_e ����WYJ�\&O#f�UYeN^�S��BJ�UY^�J�WI��������	��
����
��������
 ��� � � � ^�J�UYe�� # � ���BS�\	����
����
��������
 ��� � � � ^�J�UYe�� # � !��@L

R2 = 0
S$\ { xi = 0f'W

∂
∂xi

R2 = 0

�pU J�Z�Z % O �'W�J�U�\�]$S_e�� ��WYJz\�O�f'UYe�� % JXl@f�U�]`\&O#f�U�� ^�S_W �qZ%f�O#U'\de�U�f'WYeN\&P�f�W�k'f�UYe % J1ehf % W�\�O�f'U

x0 =
1

2p2
(p2 −M2

1 +M2
2 )

�f'W�P>\&P�f�W�k'S�P % S_e�kzJ % S�WYP�e>^�S
p
��W�ODe&f�U�\�ehO#U �'W % O ��P�S_e���U�f'WYe�]�J % ]�W % f'UYe

R2(x0) = 0
a � S���W�OD^�f'U�U�S % JRP&S % J�\&O#f�U

^�O:e&]�P&O#Q1O�U�J�U�\�^�S
R2 ≡ λ(M2

1 ,M
2
2 , p

2) = 0.

�BS_e�e&f % W�\�O�f'UYe�� ]$S$\&\&S ����WYJ�\&O#f�UV^�f�UYU�S�U�\ % S_e�e&O�U �'W % J�P�O \ �_e>^�S % Jbl@f'UY]`\�O�f'U �R^�S�W �mZ�f'O�U�\�e>S_U
p2
0 = (M1 ±M2)

2

� � � �� � � �� � � �� � � �� � � �� � � �� � � �� � � �� � � �� � � �� � � �� � � �� � � �� � � �� � � �� � � �� � � �� � � �� � � �� � � �

� � � �� � � �� � � �� � � �� � � �� � � �� � � �� � � �� � � �� � � �� � � �� � � �� � � �� � � �� � � �� � � �� � � �� � � �� � � �� � � �
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% % % %
% % % %
% % % %
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% % % %
% % % %
% % % %
% % % %
% % % %
% % % %

(M2
1 − M2

2 )2

(M1 − M2)2

&'&

M2
1 + M2

2

λ(M2
1 , M2

2 , p2)

(M1 + M2)2

p2

& &'&'&�( &'&'&*)

+-,/.�021436587:9<;>=@?�ACB ��DE?FD�B�? ��GHD�IKJ�ACIKJ % DML�NOGFPQ?FNSRTNUI�ACIKJVL�D %�� A�?��*W�RTD�IKJ
R2 L�W %UX �KAC?FNYJ&��RTDEL�ACI>G % A[Z X I�P�JFN X I �

L�D�W �\B X NSIKJ�G�] � I[^ X NSJ_ACB�B>AC?�A��OJH?FD`JF? X NUG�� X I�D�GaL�A�I�G % D�G �KW�D %$% D�GbN % ^ATZ:A % %UX NU?_P�A % P�W % D�? % AVZ X I�PQJHN X I
�TL�D�W �cB X NUIKJFG�]

d_egfKh�i�j�kmlon�n
p@ACI>GqP�DQJrJFD`? � �*N X I � % D`L�NUGFPQ?FNSRTNUI�ACIKJ-L�D %�� A�?��*W�RTD�IKJqL�W %SX �*A�?HNSJ ��RTDaL�A�I�G % AsZ X I�PQJHN X I �8L�D�W �tB X NUIKJFGqD�GrJqI ���*AJFNYZ
L X I�P

R2 I � � B X GFG ��L�D�B�A�GbL�D	?�A�P�NSI�D�G�] � IMBuD�W�J`L X I�P�L�NU?HD�P�JFD�RTD�IKJbNSIKJ � ��?FD�?bB>AC?-B�AC?HJHNUD�G
∫ 1

0

dx ln
R2

µ2
= ln

M2
1

µ2
− 2 +

∫ 1

0

dx
(M2

1 −M2
2 − p2)x + 2M2

2

p2x2 + (M2
1 −M2

2 − p2)x+M2
2

� X W�GaW�JHN % NOG X I�G % D	?���GrW % J�AJsv #,#�] �*wxDQJ % D�Z:ACNSJ �*W�D
arctan(−x) = − arctan(x)

B X W�? X�y JHD�I�NS?
∫ 1

0

dx ln
R2

µ2
= ln

M2
1

µ2
− 2 +

M2
1 −M2

2 − p2

2p2
ln(

M2
1

µ2

µ2

M2
2

)

+
1

p2

√
−λ(M2

1 ,M
2
2 , p

2) ×
{

arctan
p2 +M2

1 −M2
2√

−λ(M2
1 ,M

2
2 , p

2)
+ arctan

p2 −M2
1 +M2

2√
−λ(M2

1 ,M
2
2 , p

2)

}

zC{ 8



p � ACB�?���G % A8Z X ?FR W % Dtv � ] �*w ��I X W�G-?HD�RTB % A�� X I�G % D�G-D ��B�?FD�GFGrN X I�G

− 1

16π2
ln
M2

µ2
=

A(M2)

M2
− 2

16π2

{1

ε
+

1

2
[ln 4π + 1 + Γ′(1)]

}
.

� X W�G JH? X W�^ X I�G ��I>A % D�RTD�IKJ��KW�D

B(p2,M2
1 ,M

2
2 )
�������	�
�

=
1

16π2
+
p2 +M2

1 −M2
2

2p2

A(M2
1 )

M2
1

+
p2 −M2

1 +M2
2

2p2

A(M2
2 )

M2
2

− 1

16π2

1

p2

√
−λ(M2

1 ,M
2
2 , p

2)
{

arctan
p2 +M2

1 −M2
2√

−λ(M2
1 ,M

2
2 , p

2)
+ arctan

p2 −M2
1 +M2

2√
−λ(M2

1 ,M
2
2 , p

2)

}
.

d��� f*h>i�j�k�l�[n���� n*n�n
p`A�I�G	PQD�G�L�D�W � ?�����N X I�G�� % DtL�NOGHP�?HNURTNSI>ACIKJ�L�D %�� AC? ��W�RTD�IKJ	L�W %SX �*A�?HNSJ ��RTDVL�ACI�G % AcZ X I�PQJHN X I �cL�D�W ��B X NUIKJFG�D�G�J
B X GrNSJHNSZ�] � D % AcGHN ��I�N ��D �*W�D %�� A�?��*W�RTD�IKJ@L�W %UX �*A�?HNSJ ��RVD8B X GHG���L�DVL�D�W � ?�A�PQNUI�D�G8v � ] ��w�]�" % I X W>GaZ:A�W�J	RTA�NSIKJFD�I�A�I*J
P X I�I�A��OJH?FD % AVB X GHNYJFN X I\L�D�P�D�Gb?�A�P�NSI�D�G B�AC?b?�ACB�B X ?rJbACW[L X RTA�NSI�D�L � NUIKJ�� �*?FACJHN X I2]
� A�P��>ACIKJ��KW�D

R2(x) = p2(x− x+)(x − x−),
I X W>GxP X I�GrJFAJ X I�G �*W�D % D`GHN �*I�D_L�D

p2 ^A���JH?FD_P X I�P % W�A�I*J �*W>ACIKJ � % AsB X GHNYJFN X I L�D�Gq?�A�PQNUI�D�G x+
D�J
x−

B�AC?q?FA�B�B X ?rJ
ACW � y>X ?HI�D�G�� � �d#Q� L�D %�� NSIKJ�����?�AJFN X I2] � X W>G-?HD�RTA�? �KW X I�G��KW�D

R2(0) = M2
2

D�J
R2(1) = M2

1

]

R2(x) = p2[x2 − (x+ + x−)x + x+x−]

∂R2(x)

∂x
= 0

B X W�?
xo =

x+ + x−
2

R2(xo) = −p2(
x− − x−

2
)2

�2D ��?�ACB ��DtL�D
R2(x)

DQJ %�� W�JFN % NOGHACJHN X I L�W J � � X ? ��RTDtL�D�G	^A % D�W�?FG�NUIKJHD�?HR ��L�NUA�NS?FD�G@B X W�? % D�GsL X RtACNUI�D�G
[0, xo]

DQJ
[xo, 1]

I X W�GbL X I�I�D % D�GbL�D�W �MP�A*G-GrW�NU^ACIKJFG�;
�

!
1
&
/ � p2 < 0�2D�Gb?FA*PQNUI�D�G

x+
DQJ
x−

G X I*JaD�I L�D�� X ?�GaL�W L X RTA�NSI�DsL � NUIKJ�����?�AJHN X I ] � IMBuD�W�J`NUI*J � �*?HD�?aL�NS?FD�PQJHD�RVD�IKJaD�I L��P X R��
B X GHA�IKJ % D %SX �*A�?HNSJ ��RTD*] 
 NSI>GrN % AVZ X I>P�JHN X I��TL�D�W �cB X NUI*J�G-B�?FD�I�L % A Z X ?HRTD

B(p2;M2
1 ,M

2
2 ) =

1

16π2

{2

ε
+ Γ′(1) + ln(4π) + 2 − ln

p2(1 − x+)(1 − x−)

µ2

+x+ ln(1 − 1

x+
) + x− ln(1 − 1

x−
)
}

� Ic?FD�RTB % A�P�D % D�G-?FA*PQNUI�D�G B�A�? % D�W�?FG-D ��B�?HD�GHGHN X I�G�]

B(p2;M2
1 ,M

2
2 ) =

1

16π2

{2

ε
+ Γ′(1) + ln(4π) + 2 − ln

M2
1

µ2

+
−(M2

1 −M2
2 − p2) +

√
λ

2p2
ln
[ −p2 −M2

1 +M2
2 +

√
λ

−(M2
1 −M2

2 − p2) +
√
λ

]

+
−(M2

1 −M2
2 − p2) −

√
λ

2p2
ln
[ p2 +M2

1 −M2
2 +

√
λ

(M2
1 −M2

2 − p2) +
√
λ

] }


 B�? ��GbGHNURVB % N �>P�ACJHN X I�G���I X W�G X�y JFD�I X I�G

B(p2;M2
1 ,M

2
2 ) =

1

16π2

{2

ε
+ Γ′(1) + ln(4π) + 2 − ln

M2
2

µ2
− 1

2
ln
M2

1

M2
2

− 1

2p2
(M2

1 −M2
2 ) ln

M2
1

M2
2

+

√
λ

2p2
ln

(p2 −
√
λ)2 − (M2

1 −M2
2 )2

(p2 +
√
λ)2 − (M2

1 −M2
2 )2

}
.

zC{�{



p � ACB�? ��G % AM?HD % ACJHN X I v � ] �*w �2I X W>G�B X W�^ X I�G@Z:ACNU?HDtA�B�B�AC?�A��OJH?FD % D�G�Z X I�PQJHN X I�G��\W�I B X NUIKJ L�ACI>G % Dt? ��GHW % JFAJsL�D % A
Z X I�P�JFN X I �VL�D�W �MB X NSIKJFG

B(p2;M2
1 ,M

2
2 )
��� � ���

=
1

16π2
+
A(M2

2 )

M2
2

+
1

32π2
ln
M2

2

M2
1

+
1

32π2

M2
1 −M2

2

p2
ln
M2

2

M2
1

+
1

16π2

√
λ

2p2
ln
[ (p2 −

√
λ)2 − (M2

1 −M2
2 )2

(p2 +
√
λ)2 − (M2

1 −M2
2 )2︸ ︷︷ ︸

] v � ] # �*w

↪→ a(p2)

�

!
1
&
/�/�/ � p2 > 0� D�G ?FA*PQNUI�D�G�Z X IKJsB�AC?HJHNUDEL�W6L X RtACNUI�D L � NSIKJ�����?�AJFN X I2] " % ^A\Z:A % %UX NU?�Z:ACNU?FD W�I6L��^�D %UX B�B>D�RVD�IKJ ACI�A %�� JHN �KW�D L�D % A

Z X ?HR8W % DTv � ] # �*wQ] � X NSJ
a(p2)

%�� AC? ��W�RVD�IKJbL�W %UX �KAC?FNYJ&��RTD@L�ACI�GbP�DQJrJFD�Z X ?FR W % D�]

a(p2) =
(p2 −

√
λ)2 − (M2

1 −M2
2 )2

(p2 +
√
λ)2 − (M2

1 −M2
2 )2

,

λ ≡ [p2 − (M1 −M2)
2][p2 − (M1 +M2)

2]

� X W�GbL�D�^ X I>G���^A % W�D�?
a(p2 + iε)

] � � D�G�JbW�I[L��^�D %UX B�B>D�RVD�IKJ % NURVNSJ��*]

∂a(p2)

∂p2
= − 8M2

1M
2
2

(p2 −M2
1 −M2

2 +
√
λ)2

√
λ︸ ︷︷ ︸
.

↪→> 0
L�A�I�G % D�G-?�����N X I�G�v "rw DQJ v " ""rw X � % DsL�NOGHP�?HNURTNSI>ACIKJbD�GrJ-B X GHNSJHNSZ�]

� DsGrN ��I�D�L�DsPQDQJHJHD	L��?HNU^���D@I X W�GbL X I�I�D % ATB�?HD�GHP�?HNUB�JFN X I ±iε ] 
 NSI>GrN���I X W�G-B X W�^ X I�G-P X I�P % W�?FD �KW�D

a(p2 + iε) = a(p2)−iε.

�mNUI�A % D�RTD�I*J �

ln{a(p2 + iε)} = lim
ε→0

{ln[a(p2)−iε]}

= ln |a(p2)| + iπΘ[−a(p2)]
G��

(−ε) + 2iπ Θ[a(p2)] [1 − Θ(−ε)]
" % I X W�G`Z:ACW�J % DVGHN �*I�D8L�D

a(p2)
B X W�?	P X I�P % W�?FD�] � I�AML��� �EJH? X W�^ � �KW�D % AML��?FNU^���DVL�D

a(p2)
��JFACNSJ	G�JF?HNOP�JFD�RTD�IKJ

I � �*ACJHNU^�D*]�p X I�P
a(p2)

L��P�? X �UJ�]�p_D	B % W�G�� X IMJF? X W�^�D`Z:A�P�N % D�RTD�IKJ �KW�D

lim
p2→+∞

a(p2) = 0+

lim
p2→0

a(p2) =
M2

1 +M2
2 + |M2

1 −M2
2 |

M2
1 +M2

2 − |M2
1 −M2

2 |

 %SX ?FG���N % ?HD�G�JFD

ln{a(p2 + iε)} = ln a(p2) + 2iπ

��A8Z X I�PQJHN X I �TL�D�W �MB X NSIKJ�GbL�ACI�G % D�Ga?�����N X I�G
0 < p2 < (M1 −M2)

2 DQJ p2 > (M1 +M2)
2 D�G�J

B(p2;M2
1 ,M

2
2 )
��� � ���
�
�

=
1

16π2
+
A(M2

2 )

M2
2

+
1

32π2
ln
M2

2

M2
1

+
1

32π2

M2
1 −M2

2

p2
ln
M2

2

M2
1

+
1

16π2

√
λ

2p2

{
ln
[(p2 −

√
λ)2 − (M2

1 −M2
2 )2

(p2 +
√
λ)2 − (M2

1 −M2
2 )2

]
+ 2iπ

}

zC{��



	 
�� ����� ���	��
 ��� ������ ��� � ���� ���

Bµ(p;M2
1 ,M

2
2 ) = −iµ4−D

∫
dDq

(2π)D

qµ

(q2 −M2
1 )[(p− q)2 −M2

2 ]

v � ]$# �Kw
� AC?bNUIK^A�?HNOACI�P�D@L�D � X ?FD�IKJ���I X W�G X�y JHD�I X I�G % ATL��P X RTB X GrNSJHN X I\GHW�NS^A�I*JFD

Bµ(p;M2
1 ,M

2
2 ) = pµB1(p;M

2
1 ,M

2
2 ).

v � ]$# ��w
� X ?FG �KW�D %�� X I\P X IKJF?FA*P�JHDTv � ]$# �*w B�AC?

pµ
��I X W�G X�y JFD�I X I�G % AT?FD % AJFN X I

−2p2B1(p;M
2
1 ,M

2
2 ) = A(M2

1 ) −A(M2
2 ) − (p2 + ∆12)B(p;M2

1 ,M
2
2 ).

v � ]$# !*w
p � ACB�?���G	v � ]$#*#�w �

2B1(p;M
2
1 ,M

2
2 ) = (1 +

∆12

p2
)B(p;M2

1 ,M
2
2 ) +

A(M2
1 ) −A(M2

2 )

∆12
.

v � ]$#��Cw
�2D�GbP�A�G-B>AC?HJHNOPQW % NSD�?FG-GHW�NU^ A�IKJFG-BuD�W�^*D�IKJ��QJF?HD�W�JFN % D�G

B1(p;M
2,M2) =

1

2
B(p;M2,M2)

B1(M ; 0,M2) =
A(M2)

2M2

	 
�� ����� ���	��
 ��� ������ �#" � ���� ���

Bµν(p;M2
1 ,M

2
2 ) = −iµ4−D
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D�J P � D�GrJ % A[L�NSRTD�I>GrN X I

D
�*W�NxGrD�?FA % D

B>AC?�ACR �QJF?HD�L�D % A8? � �*W % AC?FNUGFAJFN X I � ����T# � ���

D = 4 + εir
A ^�D�P

εir > 0.


 ^�D�P % ATB�A�?FA�R �QJH?FNOGHACJHN X IEL�D ��D � I�RtACI v #,#�]��Cw X �

A = (p1 − q)2 −M2
1 ,

B = (p2 − q)2 −M2
2 ,

C = q2,
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∫
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=
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f(x) = p2
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2 − x(p2
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A ^�D�P
x± = 1

2p2
21

[
p2
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λ(p2
21,M

2
1 ,M

2
2 ) = 4

[
(p1 · p2)

2 −M2
1M

2
2

]
,

X IcJH? X W�^*D �KW�D

(
1 − x−
1 − x+

)(
x+
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√
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√
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√
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√
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]
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]
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[
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]

+2 ln
[
1 − β(r2,m`,m)2

]
+ ln(z2) + ln[β(Q2,m,MK±)2]
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16π

1
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λ1/2(r2,m2
` ,m
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− ln(
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γ

M2
K±
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−2 ln
( M2

K±

M2
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+ χ
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π

∫ ∞
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dr′
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.
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+
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=
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+
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y

x
) + Sp

(1 − x

1 − y

)
− Sp

(y
x

1 − x

1 − y

)
− π2

6

+ ln(x)
[
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x

)
+ ln(1 − y)

]

− ln
(y
x

1 − x

1 − y

)[
ln
( x− y
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+
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+ 2 ln
( M2

K±
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Dµ(p1, p2, p3, 0;M2
1 ,M

2
2 ,M

2
3 ,M

2) =
∫

dDq

(2π)D

qµ
(q2 −M2) [(p1 − q)2 −M2

1 ] [(p2 − q)2 −M2
2 ] [(p3 − q)2 −M2

3 ]

= p1µD1 + p2µD2 + p3µD3
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Dµν(p1, p2, p3, 0;M2
1 ,M

2
2 ,M

2
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∫
dDq

(2π)D

qµqν
(q2 −M2) [(p1 − q)2 −M2

1 ] [(p2 − q)2 −M2
2 ] [(p3 − q)2 −M2

3 ]

= p1µp1νD11 + p2µp2νD22 + p3µp3νD33
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p1µp2ν + p2µp1ν
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p1µp3ν + p3µp1ν

]
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+
[
p2µp3ν + p3µp2ν

]
D23 + ηµνD00
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