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       « Ce n’est pas parce que les choses sont difficiles  
           que nous n’osons pas, c’est parce que nous 

n’osons pas qu’elles sont difficiles » 
 

Sénèque 
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	8ó��IÿIð¥�Cö�ð8ð§ødÿIð
�£ò øKôêþ�)�þ�ÿsõ§ö.	/�

× 3�ÿIð1	8ó4ô��Mÿ�þ�ÿ�ô�õ�ð>l�4m��lµú*�Iÿ��Kõ�ÿ�ø�	>4�ýtþ�þ^øKôg�z	�ÿ���	�ýtø��!ó4ô�õ�õ�ýtøKõ�ÿIð�ñ�ÿIðz�KýtôKôdúIÿIð;ÿ�ô�	�ÿ��<ö�ð§õ
	�úIÿIð1�!ó�	øKôêþ�)�þ�ÿ9	�ú*�Iÿ��Kõ�ÿ�ø�	/�

× 3�ÿIð>	8ó4ô��Mÿ�þ�ÿ�ô�õ�ðBKU%Ù��K1ýtöùô�õ�&W%êöùñùö�ÿ�øg�L	�ÿ���	�ýtø��!ó4ô�õ,õ�ýtøKõ�ÿIð;ñ�ÿIðT�KýtôKôdúIÿIð,÷�øKö%ýtô�õ�ñ�ÿ�þ�)�þ�ÿ �%ýtöùô�õ
þ�öùñùö�ÿ�ø ð§öùõ§ødú:�Eþ�ö#&W��ö�ð§õ8ó4ô��Iÿ^ÿ�ô�õ
	�ÿsñ)ó�ð8ýtø�	-�Iÿsÿ�õ�ñ�ÿ�	�ú*�Iÿ��Kõ�ÿ�ø�	/�

3�ó-ð�ö�ð§þ�ö�÷�ødÿ�ó�tIöùþ^øKõ8ó4ñ�ÿ;ÿIð§õ£øKôdÿ;ÿ��*õ�ÿ�ôdð§ö�ýtô��Kÿxñ)ó-ð§ö�ð§þ�ö�÷�ødÿ á îw�dó4ôdð£ñ)ót÷�ødÿ�ñùñ�ÿ�ñ�ÿU�Iýtø��Kñ�ÿ�ð�ýtø�	-�Iÿ�&�	�ú*�Iÿ��Kõ�ÿ�ø�	
ôÒòqÿIð§õ��!ótð
ð�ÿ�øKñ�ÿ�þ�ÿ�ô�õ;�&ó�	8ó���õ�ú�	§ö�ð�ú2�!ó�	�ñnòqý�"£ð�ÿ�õsþªó4ö�ð
ó4ødð�ð§ö1�!ó�	sñnòÎó�tIöùþmøKõ/�A3ÒÿIð
ó��I÷�øKö�ð�öùõ§ö�ýtôdð9�%ÿ�ø � ÿ�ô�õ
)�õ
	�ÿ ¼U�}Úu��¾��{ß/Û�Ý�ß ��	§ö � öùñ�ú��<ö)ó4ô�õQøKôdÿ;��ö.	�ÿ*��õ§ö�ýtô=�!ó�	§õ§ö8��øKñùö�ï�	�ÿ^ýtøêó4ø=�Iýtô�õ
	8ó4ö.	�ÿmþmøKñùõ§ö#&6ó�tIöùþmøKõ�ð0�

3ÒÿIð�öùô$��ý�	§þªó4õ§ö�ýtôdð9�Iýtñùñ�ÿ*��õ�úIÿIð:�p�!ó�	§õ§ö.	;�KÿIð���ö�ð
�%ý<ð�öùõ§ö#�¯ð��£òqú�þ�ö�ð�ð§ö�ýtô�ÿ�õ9�Kÿ�	�ú*�Iÿ��Kõ§ö�ýtô�ôdÿEð8ýtô�õ��!ótð
�Iýtô�õ§öùô�ødÿIð&ûxÿ�ñùñ�ÿIð:�Iý�	
	�ÿIð
�býtô��Kÿ�ô�õ�� øKô ú*�-,!ó4ô�õ§öùñùñ�ýtôKô!ó��MÿVÿ�ô ÿIð
�!ó��IÿR�KÿIð:�KýtôKôdúIÿIð/�z3�óC	�ú��<øKñ)ó�	§öùõ�ú��Kÿ
�Iÿ�õCú*�-,!ó4ô�õ§öùñùñ�ýtôKô!ó��Mÿ=�Kú��%ÿ�ô��¢��ø��bý<ð§öùõ§ö�ýtôKôdÿ�þ�ÿ�ô�õ��KÿIð^õ§ö.	�ðEÿ�õ��KÿIð��&ó��Kõ�ÿ�ø�	�ð/�54�ÿ�õ§õ�ÿ���ö�ðH��	�ú�õ§ö�ð8ó4õ§ö�ýtô
�KÿIð��KýtôKôdúIÿIðsÿ�ô ÿIð-�!ó��IÿEÿIð�õQõ
	�ïIð~öùþ2�bý�	§õ8ó4ô�õ�ÿ2�&ó�	sÿ�ñùñ�ÿ\�Iýtô���öùõ§ö�ýtôKôdÿCñ�ÿIð�ó4ñ.�Mý�	§öùõ
,Kþ�ÿIð9�KÿEõ
	8ó4öùõ�ÿ�þ�ÿ�ô�õ
ð§ö�ð§þ�ö�÷�ødÿ��

3ÒÿIðR�!ó�	8ó4þ�ï�õ
	�ÿIð��MúIýtþ�ú�õ
	§ö�÷�ødÿIð��KÿêñnòÎó��I÷�øKö�ð§öùõ§ö�ýtô¹?�ý�"£ð�ÿ�õ&û�öùô�õ�ÿ�	�&nõ
	8ó��Iÿ<û�õ�ÿ�þ2�dðR�£òqú*�IýtøKõ�ÿ��.�.��ÿ�õ-�<û
ð�ýtô�õQú�õ8ó � ñùö�ð ��ñ)ó�ð§øKöùõ�ÿ��£ò øKôdÿmú�õ§ø��Kÿ:�Kÿ9��ó4ö�ð8ó � öùñùöùõ�ú^÷�øKö�õ§ö�ÿ�ô�õ �Iýtþ2�Kõ�ÿ��Kÿ9�Kñùødð§ö�ÿ�ø�	�ð�ótð
�bÿ*��õ�ð-õ�ÿ�ñ1÷�ødÿ
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ñnòqÿ�ô � ö.	�ýtôKôdÿ�þ�ÿ�ô�õ\�dó4ôdð�ñ�ÿI÷�ødÿ�ñ;ó¬ñùö�ÿ�ø�ñnòÎó��I÷�øKö�ð§öùõ§ö�ýtôÒûbñ)ó��IýtôKô!ó4ö�ð8ð8ó4ô��IÿªóR��	§ö�ý�	§ö>�KÿEñ)ó��MúIýtñ�ý��<ö�ÿ��KÿCñ)ó
t&ýtôdÿ:�£ò öùô�õ�ú�	-)�õ&û%ñ�ÿIðµú�õ§ø��KÿIð�ó4ô�õ�ú�	§ö�ÿ�ø�	�ÿIð9�dó4ôdðQñ)ó\	�ú��<ö�ýtôÒû!ñnòÎó��*�IÿIð8ð§ö � öùñùöùõ�ú��Kÿmñ)ó2t&ýtôdÿ<û!ñ)ó���ö�ð
�býtôKö � öùñùöùõ�ú
��øêþªó4õ�ú�	§ö�ÿ�ñxÿ�õ � ö�ÿ�ô ð
ç�	µñ�ÿ;�Iý�çKõ~ú*�Iýtôdýtþ�ö�÷�ødÿ��Kÿ
ñnòqú�õ§ø��Kÿ��}<�ô=�¯ýtô���õ§ö�ýtôv��øêþ�öùñùö�ÿ�ø ý�è ð�ÿ;�Kú�	�ýtøKñ�ÿ�ô�õ
ñ�ÿIðEý��%ú�	8ó4õ§ö�ýtôdð&û|ñ)óêð§ö�ð§þ�ö�÷�ødÿp	�ú�Ò!ÿ���ö�ýtô ð8ÿp�!ó�	§õ8ó��Mÿ¬ÿ�ô¢�Kÿ�ø$�¢�&ó4õ�ú��Mý�	§ö�ÿIðC?Òñ)ó ð§ö�ð§þ�ö�÷�ødÿ�õ�ÿ�	
	�ÿIð§õ
	�ÿ ÿ�õ
ñ)ó�ð§ö�ð�þ�ö�÷�ødÿ�þªó�	§öùôdÿ��#î�ó4ôdðµñ)ó�ð§øKöùõ�ÿ<ûKôdýtødð �KýtôKôdÿ�	�ýtôdð �KÿIð+�KÿIð-��	§ö.�Kõ§ö�ýtôdðQð�ø��*��öùô���õ�ÿIð �KÿIð��Kÿ�ø$�Võ�f��bÿIð
�£òÎó��I÷�øKö�ð§öùõ§ö�ýtô|�

Ë!éWË|ésê=®�ë1³6°W­�°Ê©J°�§�¨Á©�ª�¯J¯Jªg­0©�¯Jª

<�ô ð§ö�ð§þ�ö�÷�ødÿ�õ�ÿ�	
	�ÿIð§õ
	�ÿ<ûdñ�ÿIð�ð8ýtø�	-�IÿIð�ð�ýtô�õ �KÿIð�ÿ��M�Kñ�ý<ð�ö#�¯ð�ýtøs�KÿIð��&ó4þ�ö�ýtôdð � ö � 	�ÿ�ø�	�ð/��3Òÿ9��ö�ð-�%ý<ð§öùõ§ö#�
�KÿB	�ú*�Iÿ��Kõ§ö�ýtô ÿIð§õU�Iýtþ2�bý<ð�ú+�KÿB�MúIý���,dýtôdÿIð�÷�øKö!ÿ�ô�	�ÿ��<ö�ð§õ
	�ÿ�ô�õ�ð�ýtöùõ�ñ)ó � öùõ�ÿIð�ð�ÿµð�ýtöùõ�ñnòÎó��*�Iú�ñ�ú�	8ó4õ§ö�ýtô���øªð�ýtñ
ó4ø � ýtö�ð§öùô!ó��Mÿ���ø�	�ú*�Iÿ��Kõ�ÿ�ø�	9DFE1ÿIð�ð§þªó4ô�G á�I �½y��<ø�	�ÿ2��^��.^0�
����4�ÿIð6�MúIý���,dýtôdÿIðL�bÿ�ø � ÿ�ô�õB)�õ
	�ÿN�Kÿ~õWfM�%ÿ~ð�ýtöùõ
þ�ýtôdý�&W�Iýtþ2�bý<ð8ó4ô�õ�ÿ�ôdÿEþ�ÿIð§ø�	8ó4ô�õ
÷�ødÿ^ñ�ÿ\�Kú��Kñ)ó��Iÿ�þ�ÿ�ô�õ � ÿ�	§õ§ö8�&ó4ñnû£ð8ýtöùõQþ^øKñùõ§ö#&W�Iýtþ2�%ý<ð8ó4ô�õ�ÿIð:�KýtôKô!ó4ô�õ
øKôdÿ;�KÿIð-��	§ö.�Kõ§ö�ýtô � ÿ*��õ�ý�	§ö�ÿ�ñùñ�ÿ:�Iýtþ2�Kñ�ï�õ�ÿ���ø=�Kú��Kñ)ó��Iÿ�þ�ÿ�ô�õ/�%îsó4ôdð-ñ�ÿ9��	�ÿ�þ�ö�ÿ�	 �&ótð�û��Iÿ
ð�ýtô�õ+��	§öùô���ö.�!ó4ñ�ÿ�&
þ�ÿ�ô�õsñ�ÿIð�ýtô��KÿIð9�Kÿ\�Iýtþ2��	�ÿIð�ð§ö�ýtô

P
÷�øKö|ð�ýtô�õmó��*�IÿIð�ð§ö � ñ�ÿIð&û£ó4ñ�ý�	�ð�÷�ødÿ��dó4ôdð�ñ�ÿ��Kÿ�ø$��ö�ï�þ�ÿ<ûbñ�ÿIðsýtô��KÿIð

�Kÿ;��ö�ð8ó4öùñùñ�ÿ�þ�ÿ�ô�õ
S
�bÿ�ø � ÿ�ô�õQó4ødð8ð§ö|)�õ
	�ÿ
ÿ��$�Kñ�ýtöùõ�úIÿIð/�

îsó4ôdð1ñ�ÿ6�&ótðz�Kÿ�ñ)óQð§ö�ð§þ�ö�÷�ødÿ Í î ýtø á îÓþ�ýtôdý�&6ó�tIöùþmøKõ&ûtñ)óµþ�ö�ð�ÿºÿ�ô^ý*ÿ�ø � 	�ÿ6��ø���ö�ð
�bý<ð§öùõ§ö#�dÿIð§õ|ð§öùþ2�Kñ�ÿ
�&ó�	~ñ�ÿIð~ð8ýtø�	-�IÿIð~ÿ�õ�ñ�ÿIðN	�ú*�Iÿ��Kõ�ÿ�ø�	�ðsð�ýtô�õ~ð§ø�	~ñ)ózþ�)�þ�ÿmñùö.�<ôdÿ��bîsó4ôdð~ñ�ÿ\�&ótðQþ^øKñùõ§ö#&6ó�tIöùþmøKõ�ð&û]�Kñùødð�ö�ÿ�ø�	�ð
ð-�H,dú�þªótðmð�ýtô�õ9�%ý<ð�ð�ö � ñ�ÿIð
óPydô@�£òqý � õ�ÿ�ôKö.	møKôdÿ2�Iýtø � ÿ�	§õ§ø�	�ÿ�ñ)ó��Kñùødð�	�ú��<øKñùö�ï�	�ÿp�%ý<ð8ð§ö � ñ�ÿ�?bñùö.�<ôdÿ�ð�ýtø�	-�Iÿ
�bÿ�	
�%ÿ�ô���ö8��øKñ)ó4ö.	�ÿ��¬ñ)ó¬ñùö.�<ôdÿ\	�ú*�Iÿ��Kõ�ÿ�ø�	�����	�ý<ð�ð
ð-��	�ÿ&ó����(ûÒú*�-,!ó4ô�õ§öùñùñ�ýtôKô!ó��Mÿ á î��KÿIð9��	§öùñùñ�ÿIð^ð�ýtø�	-�IÿIð
ÿ�õ
	�ú*�Iÿ��Kõ�ÿ�ø�	�ð/�.�.�qÿ�õ-�<û�DZ4�ý�	-�Kð�ÿ�ô�G Í û�%°ó�	§ö�G$^ I �

3�ò øKôdÿ:�KÿIðL��	§öùô���ö.�!ó4ñ�ÿIð+��ö#¡p��øKñùõ�úIðµÿ�ô[ð�ö�ð§þ�ö�÷�ødÿ~õ�ÿ�	
	�ÿIð§õ
	�ÿsÿIð�õ-ñ)ó � ó�	§ö)ó4õ§ö�ýtôV�Kÿ�ñ)óEõ�ý��bý���	8ó���,Kö�ÿ;�Kÿ
ñ)óRt&ýtôdÿCú�õ§ø���ö�úIÿ��}<�ñùñ�ÿ��bÿ�øKõsð&òÎó � ú�	�ÿ�	�õ
	�ïIð9�Iýtþ2�Kñ�ÿ��Kÿ\�dó4ôdð�ñ�ÿ��&ótð9�Kÿ���	�úIð�ÿ�ô��Iÿ\�Kÿ��¯ý�	§õ�ÿIð � ó�	§ö)ó4õ§ö�ýtôdð
�Kÿ^ñnòqú�ñ�ú � ó4õ§ö�ýtô£�½y��<ø�	�ÿC��^�� Í �
���|4�ÿ�õ§õ�ÿ � ó�	§ö)ó4õ§ö�ýtôíó�ôdýtô°ð�ÿ�øKñ�ÿ�þ�ÿ�ô�õ~øKô°öùþ2�!ó���õsð§ø�	Qñ)ó�ñ�ý��<ö�ð§õ§ö�÷�ødÿEñ�ý�	�ð
�KÿIðmý��bú�	8ó4õ§ö�ýtôdð��£òÎó��I÷�øKö�ð§öùõ§ö�ýtô þªó4ö�ð^ó4ødð8ð§ö;ñ�ý�	�ð���ø�õ
	8ó4öùõ�ÿ�þ�ÿ�ô�õ/�z
6ñ5��ó4ø��$	8ó ó����Kñùö�÷�ødÿ�	&ûz�dó4ôdð:�IÿR�&ótð&û
�KÿIð��Iý�	
	�ÿ*��õ§ö�ýtôdð~ð§õ8ó4õ§ö�÷�ødÿIðµóPydô=�Kÿ9�Iýtþ2�bÿ�ôdð�ÿ�	�ñ�ÿIð�ÿ�"£ÿ�õ�ð���ødðQó4ø$�C��ö#"£ú�	�ÿ�ô�õ�ÿIðµú�ñ�ú � ó4õ§ö�ýtôdð/�
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<�ôíð�ö�ð§þ�ö�÷�ødÿ^þªó�	§öùôdÿ<ûbñ�ÿIð�ð�ýtø�	-�IÿIðsð�ýtô�õ��KÿIð��&ó4ôdýtôdð;� ó4ö.	sýtø@�ªÿ&ó4ø|�!<�ñùñ�ÿIð��Mú�ôdï�	�ÿ�ô�õ;�KÿIðsýtô��KÿIð
ó��Iýtødð§õ§ö�÷�ødÿIð�÷�øKöbð8ÿ ��	�ý��!ó��Mÿ�ô�õ �£òÎó � ý�	-�C�dó4ôdð,ñnòqÿ&ó4øêó � ó4ô�õ+�Kÿ��bú�ôdú�õ
	�ÿ�	��dó4ôdð-ñ�ÿ�ð�ýtñbþªó�	§öùô|�dî~øC�*îtõ�ú
�KÿIðB	�ú*�Iÿ��Kõ�ÿ�ø�	�ð&û#ýtôV��ö�ð§õ§öùô��<ødÿ;�Kñùødð�ö�ÿ�ø�	�ð���ö�ð
�bý<ð§öùõ§ö#�¯ðµ÷�ødÿ�ñnòqýtô � ó\�Kú*��	§ö.	�ÿ;��ö#&W�KÿIð�ð8ýtødð/�

¿�ï�Â!ïu¿gïªÛ ºJð Óz�]ßP���0�u�%Üñ����¾��¯Ü1Ý º �#Ü}Ô%Ý�Ü}�0�u�#Ü|Ü1Ý�Ú�Ú{Ý

îsó4ôdðxñ�ÿIð�ó��I÷�øKö�ð�öùõ§ö�ýtôdð5�Iýtô � ÿ�ô�õ§ö�ýtôKôdÿ�ñùñ�ÿIð�ûMñ�ÿIð1	�ú*�Iÿ��Kõ�ÿ�ø�	�ð�ð�ýtô�õ5�KÿIð�,�fM�$	�ý���,dýtôdÿIð;÷�øKöKÿ�ô�	�ÿ��<ö�ð§õ
	�ÿ�ô�õ
ñ)ó � ó�	§ö)ó4õ§ö�ýtô=�Kÿ���	�ÿIð�ð§ö�ýtô=��øVþ�öùñùö�ÿ�øêñ�ý�	�ð���øC�!ótð�ð8ó��Mÿ;�£ò øKôdÿmýtô��Kÿ
ó��Iýtødð§õ§ö�÷�ødÿ��}4�ÿIðB	�ú*�Iÿ��Kõ�ÿ�ø�	�ðµð�ýtô�õ
ÿ�ô$��ÿ�	§þ�úIð;�dó4ôdð:�KÿIð;�/i � ñ�ÿIðmú�õ8ó4ô��-,dÿIðCó����%ÿ�ñ�úIð�Ò�çKõ�ÿIðmýtø�ð§õ
	�ÿ&ó4þ�ÿ�	�ð&û£ñ�ýtô��Mð:�Kÿ�÷�ødÿ�ñ�÷�ødÿIð9d*öùñ�ýtþ�ï�õ
	�ÿIð
�
5
�

10Km
���$3Òý�	�ðL�KÿQñnòÎó��I÷�øKö�ð�öùõ§ö�ýtôÒû�öùñ�ð�ð�ýtô�õL�Kú��Kñ�ý0fMúIð-ÿ�õºõ
	8óPO�ôdúIðL�Kÿ�	
	§ö�ï�	�ÿ~ñ�ÿ � ó4õ�ÿ&ó4øo�½y��<ø�	�ÿ2��^�� á �
���

3Òÿ�ø�	,öùþ�þ�ÿ�	�ð§ö�ýtô[ÿIð§õT�Mú�ôdú�	8ó4ñ�ÿ�þ�ÿ�ô�õ �KÿQñnòqý�	-�$	�ÿ��Kÿ
5− 10m

�$3ÒÿIð-ð�ýtø�	-�IÿIð,ð�ýtô�õ,ÿ�ñùñ�ÿIð�ó4ødð8ð§ö#õ§ö.	�úIÿIðT�!ó�	
ñ�ÿ�þ�)�þ�ÿ � ó4õ�ÿ&ó4ø ÿ�õ�ú�þ�ÿ�õ§õ�ÿ�ô�õB�:�KÿIð;öùô�õ�ÿ�	 � ó4ñùñ�ÿIðT	�ú��<øKñùö�ÿ�	�ð/�M3�ò öùô�õ�ú���	8ó4ñùöùõ�ú9��øR��ö�ð
�bý<ð§öùõ§ö#�A�£òÎó��I÷�øKö�ð§öùõ§ö�ýtô
ð�ÿ��Kú��Kñ)ó��IÿV� øKôdÿ � öùõ�ÿIð�ð�ÿ¬ð§ø����bý<ð�úIÿ��Iýtôdð§õ8ó4ô�õ�ÿ[ótð�ð�ø�	8ó4ô�õªó4öùôdð§ö,ñ)ós�Iýtôdð§õ8ó4ô��IÿC�Kÿ¬ñnò öùþ�þ�ÿ�	�ð§ö�ýtô£�KÿIð
ð�ýtø�	-�IÿIð�ÿ�õ �KÿIðLÒ�çKõ�ÿIð/�

îsó4ôdð1ñ�ÿ>�&ótðz�Kÿ�ñ)ó�ð�ö�ð§þ�ö�÷�ødÿ Í îCû�ýtô���ö�ð-�%ý<ð�ÿ6�£ò øKôdÿ;ð�ÿ�øKñ�ÿUÒ�çKõ�ÿºÿ�õz�£ò øKôdÿºð8ÿ�øKñ�ÿ;ð�ýtø�	-�Iÿºð�ÿ>�Kú��Kñ)ó�ò&ó4ô�õ
ñ�ÿzñ�ýtô��v�£ò øKôdÿzñùö.�<ôdÿv�½y��<ø�	�ÿo��^�� æ �
���z<�ô ð§ö�ð§þ�ö�÷�ødÿ á î ð�õ8ó4ô��dó�	-�£û�ñ�ÿ���ö�ð
�bý<ð§öùõ§ö#�µÿIð§õ��Iýtþ2�bý<ð�ú��£ò øKôdÿ
ýtø@�Kÿ�ø$�íð�ýtø�	-�IÿIð
ú�þ�ÿ�õ§õ8ó4ô�õ:�!ó�	mó4ñùõ�ÿ�	§ô!ó4ô��Iÿªÿ�õ;�Kÿ

4
�

12
ð�õ
	�ÿ&ó4þ�ÿ�	�ð/�|rQô�õ�ÿ�ñU��ö�ð
�%ý<ð�öùõ§ö#�T	�ÿIð§õ�ÿCõ
	�ïIð

�býtñ)ó�	§ö�ð�úC�&ó�	�ñnòÎó4ô��<ñ�ÿVþªóP��öùþªó4ñµÿ�ô�õ
	�ÿêñ�ÿIð�ð�ýtø�	-�IÿIð�ÿ�õªñ�ÿIð��&ó��Kõ�ÿ�ø�	�ðªÿIð§õ\�nó4ö � ñ�ÿ��½y��<ø�	�ÿ���^��~aP&6óJ�
���>3�ó
�Iýtø � ÿ�	§õ§ø�	�ÿ=�£ò øKôdÿVt&ýtôdÿ��%ÿ�øKõp)�õ
	�ÿVÿ�"£ÿ*��õ§ødúIÿ[ÿ�ô ô!ó � ö.��ó4ô�õªð§øKö � ó4ô�õp��ö#"£ú�	�ÿ�ô�õ�ð¬ó�tIöùþmøKõ�ð/�LYQô_�!ó�	§ñ�ÿ
ó4ñ�ý�	�ð��£òÎó��I÷�øKö�ð§öùõ§ö�ýtôVþmøKñùõ§ö#&6ó�tIöùþ^øKõ\�½y��<ø�	�ÿ���^��~aP& � �
���!î�ó4ôdð,ñ�ÿ9�&ótðB�Kÿ�ñ)óCð�ö�ð§þ�ö�÷�ødÿ á î ñ)ó�	
�Mÿ�&6ó�tIöùþmøKõ�ð�û
ýtô@��ö�ð
�bý<ð�ÿ2�Kÿ\�Kñùødð§ö�ÿ�ø�	�ð � ó4õ�ÿ&ó4ø$�°ð�ýtø�	-�IÿIð^ÿ�õ;�Kÿ\�Kñùødð§ö�ÿ�ø�	�ð � ó4õ�ÿ&ó4ø$�h	�ú*�Iÿ��Kõ�ÿ�ø�	�ð:�H,!ó���øKô�ô!ó � ö.��ó4ô�õ
öùô��Kú��bÿ�ô��dó4þ�þ�ÿ�ô�õ;�Kÿ^õ�ÿ�ñùñ�ÿmþªó4ôKö�ï�	�ÿ2�¬ó��I÷�ødú�	§ö.	~õ�ýtødðµñ�ÿIðsó4ô��<ñ�ÿIðN�bý<ð�ð§ö � ñ�ÿIð~ÿ�ô�õ
	�ÿ^ñ�ÿIð~ð8ýtø�	-�IÿIðQÿ�õ~ñ�ÿIð
	�ú*�Iÿ��Kõ�ÿ�ø�	�ð��½y��<ø�	�ÿ���^��~aP&W�0�
��DFlµÿ�d$�dó4ñ�G�� I �

3�óQ÷�ø!ó4ñùöùõ�ú>�KÿºñnòÎó��I÷�øKö�ð§öùõ§ö�ýtôCð§õ
	�ÿ&ó4þ�ÿ�	xÿIð§õÒõ
	�ïIð1�Kú��bÿ�ô��dó4ô�õ�ÿT�KÿIð��Iýtô���öùõ§ö�ýtôCþ�ú�õ�úIý�	�ýtñ�ý��<ö�÷�ødÿIð|ÿ�õ1�Kÿ
ñ)ó�,dýtøKñ�ÿ���3ÒÿIðB�Iýtø�	8ó4ô�õ�ð�þªó�	§öùôdðB�Mú�ôdï�	�ÿ�ô�õ+�KÿIðB�Kú�	§ö � ÿIð��KÿIðB�/i � ñ�ÿIðB�býtø � ó4ô�õµó4õ§õ�ÿ�öùô��$	�ÿ;�KÿIðB�Iÿ�ô�õ8ó4öùôdÿIð
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�1�8�A� f + »�+|g >�i4DM@B=6@l36@B0�2ªu�v�/ +

�Kÿ�þ�ï�õ
	�ÿIð��C�&ó4ødð�ÿ��Kÿ�ñ�ÿ�ø�	�ðmñ�ýtô��<ødÿ�ø�	�ð/��î�ÿ\�Kñùødð&ûA�Iÿ�	§õ8ó4öùôdÿIð:	�ú��<ö�ýtôdð��Iýtþ�þ�ÿ�ñ)óC% ÿ�	:��ø�[~ý�	-�íýtø
ñ�ÿVó�ýtñ#��ÿR�KÿVó~øKöùôdúIÿ ð�ýtô�õ���ý�	§õ�ÿ�þ�ÿ�ô�õ�ÿ��$�Kñ�ýtöùõ�úIÿIðV?1ñ)ós��	�úIð�ÿ�ô��Iÿ��Kÿzôdýtþ � 	�ÿ�ødð�ÿIð2�Kñ)ó4õ�ÿ���ý�	§þ�ÿIð\	�ÿ�ô��
ñ)ó�ô!ó � ö.��ó4õ§ö�ýtôíó � ÿ*�^øKôv��ö�ð
�bý<ð§öùõ§ö#��ñ�ýtô����Kÿ:�Kñùødð§ö�ÿ�ø�	�ðNd�öùñ�ýtþ�ï�õ
	�ÿIð���ö#¡p��öùñ�ÿ<û}�KÿIðµõ
	�ýtødð��Kÿ��Iýtø � ÿ�	§õ§ø�	�ÿ
�{õ
	8ó��IÿIð�þªó4ôd÷�ø!ó4ô�õ�ÿIð��L�bÿ�	�ð§ö�ð§õ�ÿ�ô�õ/�!î~ÿIð+��ö�ð
�%ý<ð�öùõ§ö#�¯ð�ó4ñùõ�ÿ�	§ô!ó4õ§ö#��ðµð�ýtô�õQó4ñ�ý�	�ðµó����!ó�	§ødð/�

¿�ï�Â!ï8Â!ïªÛ ºJð Óz�]ßP���0�u�%Ü �2�RôÌõ¥�2º Ý��dÜ � ���*�/�}� ô ÝM�{ß0��� º$ö

3�ó õ�ÿ*�H,Kôdýtñ�ý��<ö�ÿsYNn�7�ð8ÿp�bý<ð�ÿ��Iýtþ�þ�ÿ ó4ñùõ�ÿ�	§ô!ó4õ§ö � ÿ[ó4øÓð§õ
	�ÿ&ó4þ�ÿ�	2�dó4ôdðCñ�ÿIð�t&ýtôdÿIð�ÿ�ô��Iýtþ � 	�úIÿIð0�
'Qø[ñùö�ÿ�øê÷�ødÿsñ�ÿIðB	�ú*�Iÿ��Kõ�ÿ�ø�	�ð~ð�ýtö�ÿ�ô�õQõ§ö.	�úIð��!ó�	�ñ�ÿ � ó4õ�ÿ&ó4ø ð�ýtø�	-�Iÿ<ûKöùñ�ðQð�ýtô�õ��bý<ð§öùõ§ö�ýtôKôdúIð�ó4øC��ýtô��V�Kÿsñ)ó
þ�ÿ�	L�%ÿ�ô��dó4ô�õ-÷�øÒò øKôC�Kÿ�ø$��ö�ï�þ�ÿ � ó4õ�ÿ&ó4øVÿIð§õ-óP"£ÿ*��õ�úN�^ñ)ómô!ó � ö.��ó4õ§ö�ýtôV�KÿIð�ð8ýtø�	-�IÿIð/��'Qöùôdð§ö%ñ�ÿ ��ö�ð-�%ý<ð§öùõ§ö#�
�£òqú�þ�ö�ð�ð§ö�ýtô�ÿIð�õU�Kú*�Iýtø��Kñ�ú��KÿB�Iÿ�ñùøKö��Kÿ,ñ)óN	�ú*�Iÿ��Kõ§ö�ýtô|��4�ÿ*��ö��bÿ�	§þ�ÿ�õU�KÿIð;ó��I÷�øKö�ð§öùõ§ö�ýtôdð á î�ñ)ó�	
�Mÿ�&6ó�tIöùþmøKõ�ð
�dó4ôdð-ñ�ÿIð�÷�ødÿ�ñùñ�ÿIð�õ�ýtøKõ�ÿIð�ñ�ÿIð+��ñ)ótð�ð�ÿIðB�£òÎó�tIöùþ^øKõ�ð+�bÿ�ø � ÿ�ô�õN)�õ
	�ÿ�	�ÿ���	�úIð�ÿ�ô�õ�úIÿIð0�

î�ÿ5�Kñùødð&û�ñ�ÿIð|	�ú*�Iÿ��Kõ�ÿ�ø�	�ð|ú�õ8ó4ô�õ��Kñ)ó��IúIð|ó4ø9��ýtô��;�Kÿ�ñ)ó�þ�ÿ�	&ûIöùñ�ÿIð§õA�%ý<ð�ð�ö � ñ�ÿU�£òqÿ�ô�	�ÿ��<ö�ð§õ
	�ÿ�	|ñ�ÿIð � öùõ�ÿIð�ð�ÿIð
ýtø°ñ�ÿIðsó��*�Iú�ñ�ú�	8ó4õ§ö�ýtôdð:��ø�ð�ýtñ��}3Òÿ2��ö�ð
�bý<ð§öùõ§ö#�6�KÿEþ�ÿIð§ø�	�ÿCÿIð§õ9�Kýtô����¯ý�	§þ�ú\�£ò ,�f$�$	�ý���,dýtôdÿIð
ÿ�õ9�Kÿ��MúIý�&
��,dýtôdÿIð/��4�ÿIð��Kÿ�	§ôKö�ÿ�	�ð��%ÿ�ø � ÿ�ô�õ+)�õ
	�ÿ�þ�ýtôdý�&W�Iýtþ2�%ý<ð�ó4ô�õ�ÿmýtøVþ^øKñùõ§ö#&W�Iýtþ2�%ý<ð�ó4ô�õ�ÿIð/�g3�òqÿ�ô�	�ÿ��<ö�ð§õ
	�ÿ�þ�ÿ�ô�õ
ð&òqÿ�"£ÿ*��õ§ødÿ;�dó4ôdð-øKô[þ�öùñùö�ÿ�ø=�Kñùødð��&ó4ñùþ�ÿ9	�ú*��øKö�ð8ó4ô�õµñnò öùô$Òdødÿ�ô��Iÿ:�KÿIð+�Iýtô���öùõ§ö�ýtôdðµþ�ú�õ�úIý�	�ýtñ�ý��<ö�÷�ødÿIð/�

3�óQõ�ÿ*�H,Kôdýtñ�ý��<ö�ÿ+YNnB7^ð�ÿ6�!ó�	§õ8ó��Mÿ,ÿ�ô��Kÿ�ø$�EõWfM�%ÿIð1��ö�ð§õ§öùô���õ�ð1�£òÎó��I÷�øKö�ð§öùõ§ö�ýtôdðB?añ�ÿIðxó��I÷�øKö�ð§öùõ§ö�ýtôdðUYNn�4
ÿ�õ-ñ�ÿIðQó��I÷�øKö�ð§öùõ§ö�ýtôdð�[~ýM�Kÿ2DZ4,ó4ñ8�$cºÿ�ñùñ�G�G I �

Û ºJð Óz�{ß0�½�0�½�%Ü �2�R�÷õ¥�\º Ý��dÜ � ���*�/�g� � ��ø1Ú{Ý öpù

îsó4ôdðVñ�ÿo�&ótðV�Kÿ°ñnòZYNn�4~û-ñ�ÿIðV	�ú*�Iÿ��Kõ�ÿ�ø�	�ð{�u,�f$�$	�ý���,dýtôdÿIð ÿ�õC�MúIý���,dýtôdÿIð¥� ð�ýtô�õ=��ö�ð
�bý<ð�úIðV�w�KÿIð
öùô�õ�ÿ�	 � ó4ñùñ�ÿIð9	�ú��<øKñùö�ÿ�	�ðsñ�ÿEñ�ýtô��V�£ò øKôo�/i � ñ�ÿ��!3Òý�	�ð9�KÿEñnòÎó��I÷�øKö�ð§öùõ§ö�ýtôÒû£ñ�ÿ\�/i � ñ�ÿCÿIð§õ9�Kú��Kñ�ý/fMúp�R�!ó�	§õ§ö.	;��ø
� ó4õ�ÿ&ó4ø ÿ�õ2�Kú��%ý<ð8úzð§ø�	Cñ�ÿ ð�ýtñ�þªó�	§öùô£�Kÿ¬þªó4ôKö�ï�	�ÿV� ótð�ð�ø�	�ÿ�	Eñ�ÿ � ýtô_�Iýtø��Kñ)ó��MÿC�KÿIð��MúIý���,dýtôdÿIð0�53Òÿ
� ó4õ�ÿ&ó4øzð8ýtø�	-�Iÿ���	�ýM�Iï*�Kÿµÿ�ôdð§øKöùõ�ÿ~ó4ø$�Cõ§ö.	�ð6�Iýtþ�þ�ÿ�ñ�ÿµþ�ýtô�õ
	�ÿ�ñ)ó9y��<ø�	�ÿ���^��~�J����3�ósõ�ÿ*�H,Kôdýtñ�ý��<ö�ÿ+�bÿ�	§þ�ÿ�õ
ó4ø�x§ýtø�	-�£ò ,�øKö�ñ�ÿ:�Kú��Kñ�ýtö�ÿ�þ�ÿ�ô�õ �KÿIð �/i � ñ�ÿIð+�2�KÿIðB��	�ý���ýtô��Kÿ�ø�	�ð��býtø � ó4ô�õQó4õ§õ�ÿ�öùô��$	�ÿ 3000m

�
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3�òZYNn�4 ÿIð§õ5�Mú�ôdú�	8ó4ñ�ÿ�þ�ÿ�ô�õ�øKõ§öùñùö�ð�ú��dó4ôdð�ñ�ÿIðU��,!ótð�ÿIð>�KÿB�Kú � ÿ�ñ�ý����bÿ�þ�ÿ�ô�õ�ñ�ý�	�ð�÷�ødÿ,ñ)ósð§ö�ð§þ�ö�÷�ødÿB�Kÿ-ñ)ó
t&ýtôdÿ
ÿIð§õ��Kú�x-�\�IýtôKô�ødÿ��grµôC�KÿIðL��	�ÿ�öùôdð+�\�Iÿ�õ§õ�ÿsõ�ÿ*�H,Kôdýtñ�ý��<ö�ÿ:	�ÿIð�õ�ÿsð�ýtôV�Iý�çKõµú�ñ�ÿ � ú���3ÒÿIðµõ�ÿ�þ2�dð��Kÿ9�Kú�&
�Kñ�ýtö�ÿ�þ�ÿ�ô�õ�ó4öùôdð§ö�÷�ødÿ;ñ)ó,þ�ý � öùñùö�ð8ó4õ§ö�ýtô\�KÿU�Kñùødð§ö�ÿ�ø�	�ð � ó4õ�ÿ&ó4ø$�
þmøKñùõ§ö.�Kñùö�ÿ�ô�õ�ñ�ÿU�Iý�çKõz�Kÿ>�Iÿ�õ§õ�ÿ;õ�ÿ*�H,Kôdýtñ�ý��<ö�ÿ
�£ò øKôo�nó���õ�ÿ�ø�	 � ó�	§ö)ó4ô�õ:�Kÿ Í �Va ÿ�ô��Iýtþ2�!ó�	8ó4ö�ð�ýtô ó � ÿ*�ªøKôdÿªó��I÷�øKö�ð�öùõ§ö�ýtô ð§õ
	�ÿ&ó4þ�ÿ�	:�Iýtô � ÿ�ô�õ§ö�ýtôKôdÿ�ñùñ�ÿ
á îû��ó4ö � ñ�ÿ�&6ó�tIöùþ^øKõ/�z4�ÿ��bÿ�ô��dó4ô�õ&ûÒÿ�ôíð§ö�ð�þ�ö�÷�ødÿEñ)ó�	
�Mÿ�&6ó�tIöùþmøKõ�ð�ûÒñ�ÿ2�Iý�çKõ;�KÿEñnòZYNn�4 ÿIð§õ;�Iýtþ2�!ó�	8ó � ñ�ÿp�
�Iÿ�ñùøKöA�KÿIðµó��I÷�øKö�ð§öùõ§ö�ýtôdðQð§õ
	�ÿ&ó4þ�ÿ�	�ð+��øVþ�)�þ�ÿsõ�f��bÿ��

Û ºJð Óz�{ß0�½�0�½�%ÜjüC�!ý|Ý

3ÒÿIð�[~ý��KÿIð^ð�ýtô�õ��KÿIðmð§õ8ó4õ§ö�ýtôdðCó4øKõ�ýtôdýtþ�ÿIð��£òqÿ�ô�	�ÿ��<ö�ð�õ
	�ÿ�þ�ÿ�ô�õ��KÿIð:�KýtôKôdúIÿIð0�A
6ñ�ðmð�ýtô�õ��Iýtþ2�bý<ð�úIð
�£ò øKôdÿ2�!ó�	§õ§ö�ÿ¬ó��I÷�øKö�ð§öùõ§ö�ýtôÒû��<òqÿIð§õ�&��P&W��ö.	�ÿ�øKô@,�fM�$	�ý���,dýtôdÿ¬ÿ�õ:�KÿIð9�MúIý���,dýtôdÿIð�û�ÿ�õ:�£ò øKôdÿ¬ó4øKõ
	�ÿ2�!ó�	§õ§ö�ÿ
ó4ñùöùþ�ÿ�ô�õ8ó4õ§ö�ýtô¬ÿ�õ;ð§õ�ýM�-d<ó��MÿB�KÿIðU�KýtôKôdúIÿIð/��4�ÿIðU�Kÿ�ø$�\�!ó�	§õ§ö�ÿIðU�bÿ�ø � ÿ�ô�õ6)�õ
	�ÿL	�ÿ���	�ýtø��%úIÿIð6�dó4ôdð�øKô�þ�)�þ�ÿ
þ�ýM��øKñ�ÿ
ýtø[ð�ú��!ó�	�úIÿIð+�Iýtþ�þ�ÿ
ñ�ÿsþ�ýtô�õ
	�ÿmñ)ó�y��<ø�	�ÿp��^�� ¤ ���

3ÒÿT�bý<ð§öùõ§ö�ýtôKôdÿ�þ�ÿ�ô�õ6�KÿIð5[QýM�KÿIðxÿIð§õxótð8ð§ø�	�úT�!ó�	|øKô�	�ý � ýtõB��l�YBS9���Köùñ�ýtõ�úB� �!ó�	§õ§ö.	5��ø � ó4õ�ÿ&ó4ø|��'+ydô
�£òÎótð�ð§ø�	�ÿ�	�ñ�ÿ��Iýtø��Kñ)ó��Mÿ2�KÿIðN	�ú*�Iÿ��Kõ�ÿ�ø�	�ðmó4ø ð8ýtñ|þªó�	§öùôÒû%ñ�ÿIð��Iýtô�õ
	8ó���õ�ÿ�ø�	�ð;�MúIý���,�f�ð§ö�÷�ødÿIðsýtô�õsöùþªó��<öùôdú
��ö#"£ú�	�ÿ�ô�õ�ð
ð
f�ð§õ�ï�þ�ÿIð/�|4�ÿ�	§õ8ó4öùôdð
ýtô�õsøKôdÿ�ð§ø�	��nó��Iÿ2�Kÿ��Iýtô�õ8ó���õmú�õ§ø���ö�úIÿ2�dó4ôdð;�IÿCð�ÿ�ôdð2DFKxóP"bÿ�ô�,dýtñ.t0G�a I �
îCòÎó4øKõ
	�ÿIð^ð-f*ð§õ�ï�þ�ÿIð � ö � 	�ÿ�ô�õEñ�ý�	�ð��Kÿªñ�ÿ�ø�	:�bý<ð§öùõ§ö�ýtôKôdÿ�þ�ÿ�ô�õ�óPydô{�£òÎótð8ð§ø�	�ÿ�	^øKô � ýtô ó4ô���	8ó��Mÿ¬ó4ø ð�ýtñ
DZóN	8ó4ô��Mÿ�	HG�aP& � I �£î~ÿCõ�ÿ�ñ�ðmð
f*ð�õ�ï�þ�ÿIð��%ÿ�ø � ÿ�ô�õmý��%ú�	�ÿ�	����KÿIð���	�ý��¯ýtô��Kÿ�ø�	�ð:�%ýtø � ó4ô�õ^ó4õ§õ�ÿ�öùô��$	�ÿ 3000mDFlQó/f$G æ�I �
3�ó�õ�ÿ*�-,Kôdýtñ�ý��<ö�ÿ:�KÿIð+[QýM�KÿIð,õ
	�ýtø � ÿmó4ø�x§ýtø�	-�£ò ,�øKö�ð�ýtôêó����Kñùö8�&ó4õ§ö�ýtôv�dó4ôdðB�Kñùødð§ö�ÿ�ø�	�ð��Kýtþªó4öùôdÿIðµõ�ÿ�ñ�ð

÷�ødÿmñ�ÿIðN��ö�ð
�bý<ð§öùõ§ö#�¯ð �bÿ�	§þªó4ôdÿ�ô�õ�ðsÿ�õ~ó4øKõ
	�ÿIðsó����Kñùö8�&ó4õ§ö�ýtôdð
4D
�g<�ñùñ�ÿ��bÿ�øKõ~ó4ødð�ð�öz)�õ
	�ÿ^øKõ§öùñùö�ð�úIÿ��Iýtþ�þ�ÿ

�Iýtþ2�Kñ�ú�þ�ÿ�ô�õ��2�KÿIðµó��I÷�øKö�ð§öùõ§ö�ýtôdð�ð§õ
	�ÿ&ó4þ�ÿ�	QýtøsYNnB4Á�dó4ôdð��KÿIðBt&ýtôdÿIð-öùô!ó��*�IÿIð�ð�ö � ñ�ÿIð��!ó�	��IÿIð-õ�ÿ*�H,Kôdý�&
ñ�ý��<ö�ÿIð:DZó�	8ó4ô��Mÿ�	HG�aP&6óKû�lµýtôdÿ�ô�G áPI �

'Qø�xGýtø�	-�£ò ,�øKönû;ñ�ÿIðzõ�ÿ*�-,Kôdýtñ�ý��<ö�ÿIðVYNn�7Óð8ýtô�õªøKõ§öùñùö�ð8úIÿIðR�dó4ôdð��KÿIð�	�ú��<ö�ýtôdð¬ý�è�øKôdÿ ð§ö�ð§þ�ö�÷�ødÿVþªóP&
	§öùôdÿ��Iýtô � ÿ�ô�õ§ö�ýtôKôdÿ�ñùñ�ÿ ÿIð§õ���ö�ð-�%ýtôKö � ñ�ÿ<ûxÿ�ô¢�!ó�	§õ§ö8��øKñùö�ÿ�	Cÿ�ôw% ÿ�	���øw[Qý�	-�!�54�ÿ*��öT�%ÿ�	§þ�ÿ�õ2�KÿIðEú�õ§ø��KÿIð
�Iýtþ2�!ó�	8ó4õ§ö � ÿIð~ÿ�ô�õ
	�ÿsñ�ÿIð��Kÿ�ø$�Võ�ÿ*�H,Kôdýtñ�ý��<ö�ÿIð+�býtø�	-ñnò öùþªó��Mÿ�	§ö�ÿ:�KÿIð�ýtô��KÿIð PP �g4�ÿIð�ú�õ§ø��KÿIð-þ�ýtô�õ
	�ÿ�ô�õ÷�ødÿzñ�ÿIðEöùþªó��MÿIðpYNn�7 ð�ýtô�õ2�Kÿ¬þ�ÿ�öùñùñ�ÿ�ø�	�ÿV÷�ø!ó4ñùöùõ�ú¬÷�ødÿzñ�ÿIðCöùþªó��MÿIð�ð§õ
	�ÿ&ó4þ�ÿ�	CDFn,ó�	
	Hb ¤ & � û�n,ý*ÿ�ñùñ�ÿ/G�aKû
7*ýtø��dó4ôKö�G�aP& � û6kMý�,Kôdð§õ�ýtô�G æ ûL7�õ�ÿ�c�ó�	§õHG æ�I �>E|	�ýtö�ðR�býtöùô�õ�ð���ñ�úIðªð�ýtô�õzö8�Kÿ�ô�õ§ö#y!úIðp�býtø�	zÿ��$�Kñùö�÷�ødÿ�	��Iÿ�õ§õ�ÿ
ð§ø��bú�	§ö�ý�	§öùõ�ú�?



Ü�Ý Â�Þ*ÊùÉ{Ì6Å�ß0à+á�ÊjÇ§È~Ê�â-��ÅµÌ�ã½äxÅ�åaÊ��*� ^/a

× ñ)ó\�Iýtø � ÿ�	§õ§ø�	�ÿEó�tIöùþmøKõ8ó4ñ�ÿ�DFn,ý�ÿ�ñùñ�ÿ/G�a I û

× ñ�ÿN�Kÿ���	�úN�KÿN�Iýtø � ÿ�	§õ§ø�	�ÿ<û$�<òqÿIð§õ�&��P&W��ö.	�ÿ~ñ�ÿQôdýtþ � 	�ÿ9�KÿQõ
	8ó��IÿIðT�!ó�	§õ§ö8��ö.�!ó4ô�õ��dó4ôdð�øKô�K>%þ�¯ýtøp��ýtñ8�
ÿ�ô á î9�NDFn,ý*ÿ�ñùñ�ÿ/G�a I û

× ñ)ó+�Iýtþ � öùô!ó4ö�ð�ýtô\�KÿIðz�Kÿ�ø$��þ�ÿIð�ø�	�ÿIð���ø��-,!ó4þ2�\�£òqýtô��Kÿ;ö�ð�ð�ødÿIð|�Kÿ�ñnò ,�fM�$	�ý���,dýtôdÿ,ÿ�õ���ø:�MúIý���,dýtôdÿ
� ÿ�	§õ§ö8�&ó4ñ��

YQô
þ�ýtô�õ
	�ÿº÷�ødÿU�Iÿ�õ§õ�ÿU�Iýtþ � öùô!ó4ö�ð�ýtôEÿIð�õÒøKôdÿ�þ�ú�õ
,dýM�Kÿ�õ
	�ïIð�ÿ�¡p�&ó��Iÿ>�%ýtø�	�ñnòÎó4õ§õ�ú�ô�ø!ó4õ§ö�ýtô2�KÿIð£þmøKñùõ§ö.�Kñ�ÿIð
�Kÿ�ñ)ó;�Iýtñ�ýtôKôdÿ �£òqÿ&ó4øvDZ7�õ�ÿ�c�ó�	§õHG æ�I ��4�ÿ+�Kÿ�	§ôKö�ÿ�	T�%ýtöùô�õ6�Iýtôdð§õ§öùõ§ødÿµøKôR�KÿIð6��	§öùô���ö.�!ó4ø$� � ýtñ�ÿ�õ�ð6��øzõ
	8ó � ó4öùñ
�Kÿ9	�ÿ*�H,dÿ�	-�-,dÿm÷�ødÿLx§ÿN��	�úIð�ÿ�ô�õ�ÿ��dó4ôdð+�Iÿ9�KýM��øKþ�ÿ�ô�õ/�

rQô��KÿIðA�%ýtõ�ÿ�ô�õ§ö�ÿ�ñ�ðz�Kÿ;ñ)ó-õ�ÿ*�H,Kôdýtñ�ý��<ö�ÿLYNn�7sÿIð�õ�ñnòqÿ��$�Kñ�ýtöùõ8ó4õ§ö�ýtô��KÿIð|÷�ø!ó4õ
	�ÿ6�Iýtþ2�%ý<ð�ó4ô�õ�ÿIðz�Kú*��	§ö � ó4ô�õ
ñ)óN��	�ý��!ó���ó4õ§ö�ýtôp�býtø�	�ý � õ�ÿ�ôKö.	>�Iýtô�x§ýtöùô�õ�ÿ�þ�ÿ�ô�õL�KÿIðxöùþªó��MÿIð

PP
�¯ýtô��KÿIðº÷�øKöKð�ÿL��	�ý��!ó��Mÿ�ô�õ;ÿ�ô

P
ÿ�õ�÷�øKö

ð�ÿT	�ú�Ò!ú*�-,Kö�ð8ð�ÿ�ô�õ;ÿ�ô
P
�1ÿ�õ

PS
�¯ýtô��KÿIð�÷�øKö�ð8ÿ6��	�ý��!ó��Mÿ�ô�õ;ÿ�ô�ýtô��KÿIð

P
ÿ�õ�÷�øKöKð�ÿT	�ú�Ò!ú*�-,Kö�ð8ð�ÿ�ô�õ;ÿ�ô�ýtô��KÿIð

S
����4�ÿ*��ö|�bÿ�øKõ�ð&òÎó � ú�	�ÿ�	µõ
	�ïIðB��	�ú*��ö�ÿ�ø$�V�dó4ôdð��Iÿ�	§õ8ó4öùôdð+�Iýtô�õ�ÿ��*õ�ÿIð+�MúIýtñ�ý��<ö�÷�ødÿIð��Iýtþ�þ�ÿ
ñ�ÿIð��-,dÿ�þ�öùôdúIÿIð
�Kÿ���ó�t@�u��ótð�&W��ñ�ýtø����Cý�è ñ�ÿIð�ýtô��KÿIð2�KÿC�Iýtþ2��	�ÿIð�ð�ö�ýtô ð�ýtô�õ\��ý�	§õ�ÿ�þ�ÿ�ô�õzó4õ§õ�ú�ô�ødúIÿIðVDZ4,ó4ñ8�$cºÿ�ñùñ�G�G I �U4�ÿ�õ
ótð
�bÿ*��õ6�Kÿµñ)ó
õ�ÿ*�H,Kôdýtñ�ý��<ö�ÿQôdÿQð�ÿ�	8ó9�!ótð,ó � ý�	-�Kú �dó4ôdðT�Iÿ �KýM��øKþ�ÿ�ô�õ&û*ýtô ð&ò öùô�õ�ú�	�ÿIð�ð8ÿ�	8ó
øKôKö�÷�ødÿ�þ�ÿ�ô�õ�ó4ø
��	�ú�&nõ
	8ó4öùõ�ÿ�þ�ÿ�ô�õ��KÿIð�ýtô��KÿIð

P
�



Ü�Ý Â�Þ*ÊùÉ{Ì6Å�ß0à+á�ÊjÇ§È~Ê�â-��ÅµÌ�ã½äxÅ�åaÊ��*� ^/�



¦�¸>µ}±T°Ê©�¯Jª_ì

ÿ �
�;ë°�º� 	íë ì����ª� � 	��§é è 	�� � è ���a�;� �PÎêëí� � ���º� è �

3Òÿ � øKõL�Kÿ��Iÿ �H,!ó��Köùõ
	�ÿ�õ
,dúIý�	§ö�÷�ødÿ�ÿIð§õL�Kÿµþ�ýM�Kú�ñùö�ð�ÿ�	&û�ÿ�ô ð§ö�ð§þ�ö�÷�ødÿµþªó�	§öùôdÿ<û*ñ)ómþ�ÿIð§ø�	�ÿ���ø��H,!ó4þ2�
�£òqýtô��Kÿºó4ø^ôKö � ÿ&ó4ø��KÿIð��&ó��Kõ�ÿ�ø�	�ð/��YQô:�Iýtþ�þ�ÿ�ô��IÿT�!ó�	|	8ó����%ÿ�ñ�ÿ�	|ñ�ÿIð�ú�ñ�ú�þ�ÿ�ô�õ�ð1�Kÿ � ótð�ÿU�Kÿ;ñ)ó-þ�ú*�&ó4ôKö�÷�ødÿ
�KÿIð�þ�öùñùö�ÿ�ø$�2�Iýtô�õ§öùô�ødð/�MYQô � ÿ�	
	8ó9�Iýtþ�þ�ÿ�ô�õT�N�!ó�	§õ§ö.	>�KÿIð5�Iýtô�õ
	8ó4öùô�õ�ÿIð,ÿ�õU�KÿIð5�Kú��Kñ)ó��Iÿ�þ�ÿ�ô�õ�ð�ÿ��$��	§öùþ�úIð
ÿ�ôVøKô��%ýtöùô�õB�!ó�	§õ§ö8��øKñùö�ÿ�	 �£ò øKô[ð�ýtñùö8�Kÿ<û�ýtôêó � ýtøKõ§öùõ+�EñnòqúI÷�ø!ó4õ§ö�ýtôV�Kÿ���	�ý��!ó���ó4õ§ö�ýtôs�KÿIð-ýtô��KÿIð��dó4ôdð-øKô
þ�öùñùö�ÿ�øV,dýtþ�ý��Mï�ôdÿ��

YQôC�-,dÿ�	-�H,dÿ�	8óCÿ�ôdð§øKöùõ�ÿ9�;	�úIð8ýtø��$	�ÿN�Iÿ�õ§õ�ÿ�úI÷�ø!ó4õ§ö�ýtôC�dó4ôdðºñ�ÿ��&ótð,ý�è¬ñ�ÿµþ�öùñùö�ÿ�øV�Kÿ ��	�ý��!ó���ó4õ§ö�ýtô[ÿIð§õ
ð§õ
	8ó4õ§ö#y!úN,dý�	§ö.t&ýtô�õ8ó4ñ�ÿ�þ�ÿ�ô�õQÿ�õB�Iýtþ2�bý<ð�ú �Kÿ��Iýtø��H,dÿIðL,dýtþ�ý��Mï�ôdÿIð�ÿ�õ,ö�ð�ýtõ
	�ý��%ÿIð0��K|ýtø�	��Iÿ�ñ)ó�û�ýtô¬ÿ��$�Kñ�ýtö#&
õ�ÿ�	8ózñ�ÿ;��ý�	§þªó4ñùö�ð§þ�ÿ\�Kÿ�Åsÿ�ôKôdÿ�õ§õ�DFÅsÿ�ôKôdÿ�õH` á�I ?!ñnòqúI÷�ø!ó4õ§ö�ýtôíó4ø$�s�Kú�	§ö � úIÿIð��!ó�	§õ§ö�ÿ�ñùñ�ÿIð9�Kÿ���	�ý��!ó���ó4õ§ö�ýtô
ð�ÿ�	8ó��£òÎó � ý�	-� ÿ��M��	§öùþ�úIÿs�dó4ôdðªñ�ÿ ð
f*ð�õ�ï�þ�ÿV�Kÿ=�Iý*ý�	-�KýtôKôdúIÿIðR��f*ñùöùô��$	§ö�÷�ødÿIð&û>�KøKö�ðR�dó4ôdðªñ�ÿs�Kýtþªó4öùôdÿ
�KÿIð-ýtô��KÿIðL�Kñ)ó4ôdÿIðL,!ó�	§þ�ýtôKö�÷�ødÿIð&û��<òqÿIð§õ�&��P&W��ö.	�ÿ9�dó4ôdð�ñ�ÿ��Kýtþªó4öùôdÿ

(ω, p)
��4�ÿ*��ö]�bÿ�	§þ�ÿ�õ§õ
	8ó\�£òqÿ��M��	§öùþ�ÿ�	

�IÿIðmúI÷�ø!ó4õ§ö�ýtôdðmð8ýtødðsñ)ó���ý�	§þ�ÿp�£ò øKô�ð
f�ð§õ�ï�þ�ÿ��£òqúI÷�ø!ó4õ§ö�ýtôdð
þªó4õ
	§ö8��ö�ÿ�ñùñ�ÿIðCó4ø$�@�Kú�	§ö � úIÿIð:�!ó�	§õ§ö�ÿ�ñùñ�ÿIð���ø
��	�ÿ�þ�ö�ÿ�	Qý�	-�$	�ÿ;�!ó�	�	8ó����%ý�	§õ��Eñ)ó\��	�ý���ýtô��Kÿ�ø�	/�!îsó4ôdð�ñ�ÿ9�&ótð �£ò øKô[þ�öùñùö�ÿ�øêö�ð�ýtõ
	�ý��bÿ<û��Iÿsð
f�ð§õ�ï�þ�ÿ9�bÿ�øKõ
)�õ
	�ÿN�Kú*�Iýtø��Kñ�úsÿ�ô��Kÿ�ø$�zð8ýtødð�ð-f*ð§õ�ï�þ�ÿIð,ótð�ð�ýM��ö�úIðL�
ñ)ó:��	�ý��!ó���ó4õ§ö�ýtôV�KÿIð,ýtô��KÿIðT�Kÿ��Iýtþ2��	�ÿIð�ð�ö�ýtô¬ÿ�õB�Kÿ
��ö�ð8ó4öùñùñ�ÿ�þ�ÿ�ô�õ � ÿ�	§õ§ö8�&ó4ñ (P −SV )

�£ò øKôdÿL�!ó�	§õ;ÿ�õ;ó4ø$�Eýtô��KÿIð6�KÿB��ö�ð8ó4öùñùñ�ÿ�þ�ÿ�ô�õU,dý�	§ö.t&ýtô�õ8ó4ñ
(SH)

�£òÎó4øKõ
	�ÿ
�!ó�	§õ/�

YQô@�H,dÿ�	-�-,dÿ�	8ó[ÿ�ôdð�øKöùõ�ÿ��p	�úIð8ýtø��$	�ÿCñnòqúI÷�ø!ó4õ§ö�ýtô���ö#"£ú�	�ÿ�ô�õ§ö�ÿ�ñùñ�ÿ�þªó4õ
	§ö8��ö�ÿ�ñùñ�ÿ��KÿCñ)óR��	�ý��!ó���ó4õ§ö�ýtô{��ø
õWfM�bÿ

P − SV
ÿ�ô ÿ��M��	§öùþªó4ô�õCñ�ÿp�-,!ó4þ2�_�£òqýtô��KÿVó4ø�ôKö � ÿ&ó4øw�KÿIð�	�ú*�Iÿ��Kõ�ÿ�ø�	�ð/�z3�ó[ñùöùôdú&ó�	§ö�ð�ó4õ§ö�ýtôw�KÿIð

õ�ÿ�	§þ�ÿIð�ótð�ð�ýM��ö�úIð��^ñ)ó�	�ú � ÿ�	 � ú�	8ó4õ§ö�ýtôV�dó4ôdð,ñ)ó^õ
	8ó4ô��-,dÿ:�£òqÿ&ó4øC�%ÿ�	§þ�ÿ�õ§õ
	8ó\�£òqú*��	§ö.	�ÿ9�Iÿ��-,!ó4þ2�[ÿ�ô���ýtô���&
õ§ö�ýtô=�Kÿ�ñ)ó�ð8ýtø�	-�Iÿ<û��KÿIðµó�	
	§ö � úIÿIð���	§öùþªó4ö.	�ÿIðQÿ�õ+�KÿIðµó�	
	§ö � úIÿIðµþmøKñùõ§ö.�Kñ�ÿIð/�

�|öùô!ó4ñ�ÿ�þ�ÿ�ô�õ&û1ýtô��KýtôKôdÿ�	8ó ñnòqÿ��$��	�ÿIð�ð§ö�ýtô@�KÿCñ)ó¬þ�ÿIð§ø�	�ÿ2��ø{�-,!ó4þ2���£òqýtô��Kÿ�ÿ�ô�	�ÿ��<ö�ð�õ
	�úIÿ2�!ó�	sñnò ,�f�&
�$	�ý���,dýtôdÿ�ÿ�õ;ñ�ÿ �MúIý���,dýtôdÿ �dó4ôdð�ñ�ÿ �Kýtþªó4öùôdÿN�KÿIð�ýtô��KÿIð6�Kñ)ó4ôdÿIð6,!ó�	§þ�ýtôKö�÷�ødÿIð/��YQô��Iýtôdð�ö8�Kú�	�ÿ�	8ó��Kÿ�ø$�
�&ótðL�!ó�	§õ§ö8��øKñùö�ÿ�	�ð:?$�Iÿ�ñùøKöÒý�èVñ�ÿIðB�&ó��Kõ�ÿ�ø�	�ð�ð8ýtô�õ��dó4ôdð-øKô þ�öùñùö�ÿ�ø[ñùö�÷�øKö8�Kÿ�ÿ�õ-ñ�ÿ~ð8ÿ*�Iýtô��Vý�èVñ�ÿIðB�&ó��Kõ�ÿ�ø�	�ð
ð�ýtô�õ�ó4ø ôKö � ÿ&ó4øv��øs��ýtô��=�Kÿ^ñ)ó�þ�ÿ�	2�{þ�öùñùö�ÿ�ø°ð8ýtñùö8�Kÿ^ú�ñ)ótð§õ§ö�÷�ødÿ0���!YQô � ÿ�	
	8ózñnò öùô$Òdødÿ�ô��Iÿ\�KÿIðQýtô��KÿIð��Kÿ
�Iýtþ2��	�ÿIð�ð§ö�ýtô ÿ�õ+�Kÿ9��ö�ð8ó4öùñùñ�ÿ�þ�ÿ�ô�õ~ð§ø�	�ñ�ÿIð-þ�ÿIð�ø�	�ÿIð��Kÿ;�Kú��Kñ)ó��Iÿ�þ�ÿ�ô�õ � ÿ�	§õ§ö8�&ó4ñ�ÿ�õB,dý�	§ö.t&ýtô�õ8ó4ñ��

ì1éWË|é��hª�©�§A³U¯h­�³U¯o·�µ£©�¸	��§|¯�°Wª{¬>ªw·Wµ£±>¯�§|±>µ�
|µ}©J°�§A¨¹¬>µ]¨6­s·Wª�­CíÌ°W·�°�ª�³U«��g·�µ!­P©�°�ë1³Uª�­

3Òÿ � øKõ>�KÿB�IÿB	8ó����bÿ�ñdõ
,dúIý�	§ö�÷�ødÿµÿIð§õU�Kÿ��KýtôKôdÿ�	�ñ�ÿIð�ú�ñ�ú�þ�ÿ�ô�õ�ð>�bÿ�	§þ�ÿ�õ§õ8ó4ô�õT�£òqú�õ8ó � ñùö.	�ñnòqúI÷�ø!ó4õ§ö�ýtôR�Kÿ
��	�ý��!ó���ó4õ§ö�ýtô\�KÿIð1ýtô��KÿIð��dó4ôdð�øKô^þ�öùñùö�ÿ�ø^ú�ñ)ótð§õ§ö�÷�ødÿ���YQô��-,dÿ�	-�-,dÿºö8��öM��þ�ÿ�õ§õ
	�ÿ;ÿ�ôCó � ó4ô�õ�ñ�ÿIð�,�fM�býtõ
,dïIð�ÿIð
ÿ�õ�ñ�ÿIð5��	8ó4ô��Kÿ�ø�	�ð6��,�f�ð§ö�÷�ødÿIð;÷�øKöKöùô�õ�ÿ�	 � ö�ÿ�ôKôdÿ�ô�õL�dó4ôdð�ñ)ó�þ�ýM�Kú�ñùö�ð8ó4õ§ö�ýtô��Kÿ-ñ)óN��	�ý��!ó���ó4õ§ö�ýtô��KÿIð;ýtô��KÿIð/�



Ü�Ý Â�Þ*ÊùÉ{Ì6Å�
�à��ªÅ§Ç
�<Ì6ÅQÆ*�p� Ý ÂIÈ>ÞêÆ�� �*��Æ�Å�ÅH��Ç§ÊjÇ§ÈQÊ�âH��Å�ÈsÂIÌ§Ê.��Å ^/`

Â]ï�¿gïu¿gï��RÛ�¼U�#Ü1ß&Ýsý	�8Ó|ÜwÔg�}ÚuÓz�íÝ=Û�ÚuÛ���Ý�Ü}�/���u¾aÝ��@Ó|Ü�Ý ÝMÞ º �½�/�$�0�u�#Ü

YQô¢�Iýtôdð§ö8�Kï�	�ÿªñ�ÿ�þ�öùñùö�ÿ�ø¢�Kÿp��	�ý��!ó���ó4õ§ö�ýtô¢�Iýtþ�þ�ÿ¬ú�õ8ó4ô�õ^øKô�þ�öùñùö�ÿ�øw�Iýtô�õ§öùô�øw�Kÿ � ýtñùøKþ�ÿ V �Kú�&
ñùöùþ�öùõ�úh�!ó�	VøKôdÿ�ð§ø�	��nó��Iÿ

S
�Brµô¾õ�ÿ�ñ � ýtñùøKþ�ÿíÿIð§õC�Iýtôdð§ö8�Kú�	�úíó4øÁ	�ÿ��bý<ð ñ�ý�	�ð�÷�øÒò öùñsôdÿ ð�ø � öùõêó4ø���øKôdÿ

��ý�	-�Iÿzÿ���õ�ú�	§ö�ÿ�ø�	�ÿ���'Qø¢�!ótð�ð8ó��Mÿp�£ò øKôdÿ¬ýtô��Kÿ<û1�-,!ót÷�ødÿ � ýtñùøKþ�ÿ ú�ñ�ú�þ�ÿ�ô�õ8ó4ö.	�ÿ δV ÿIð§õ��Kú��Kñ)ó��IúVó4øKõ�ýtø�	
�Kÿ
ð8ó��bý<ð§öùõ§ö�ýtô=�£òqúI÷�øKöùñùö � 	�ÿ���rQôêú�ñ�ú�þ�ÿ�ô�õµöùôKöùõ§ö)ó4ñ�ÿ�þ�ÿ�ô�õ9�Cñ)ó��bý<ð§öùõ§ö�ýtô −→r �Eñnò öùôdð�õ8ó4ô�õ

t
ÿIð§õ��Kú��Kñ)ó��Iú��

ñ)ó��bý<ð§öùõ§ö�ýtô −→r + −→u (−→r , t) �|3Òÿ � ÿ*��õ�ÿ�ø�	 −→u = −→u (−→r , t) ÿIð§õmó����%ÿ�ñ�ú\� � ÿ*��õ�ÿ�ø�	:�Kÿ��Kú��Kñ)ó��Iÿ�þ�ÿ�ô�õ   �z
6ñ�Kú��bÿ�ô����Kÿ�ñnò öùôdð§õ8ó4ô�õU�£òqý � ð�ÿ�	 � ó4õ§ö�ýtô t ÿ�õ1�Kÿºñ)ó �%ý<ð�öùõ§ö�ýtôEöùôKöùõ§ö)ó4ñ�ÿL��ø\�býtöùô�õ −→r ��K1ýtø�	�øKô�ó4øKõ
	�ÿ,ú�ñ�ú�þ�ÿ�ô�õ��ø þ�)�þ�ÿ � ýtñùøKþ�ÿ;�^ñ)ó:�bý<ð§öùõ§ö�ýtô −→r + δ−→r û*ñ�ÿ � ÿ*��õ�ÿ�ø�	��KÿN�Kú��Kñ)ó��Iÿ�þ�ÿ�ô�õµð&òqú*��	§öùõ;? −→u (−→r + δ−→r )
�M<�ô

�Iýtôdð§ö8�Kú�	8ó4ô�õ
ñ�ÿIðsú�ñ�ú�þ�ÿ�ô�õ�ð �¯Ü��xÜz�½�/Û�ß0������ÓÒÞ û#ñ�ÿ\�Kú��Kñ)ó��Iÿ�þ�ÿ�ô�õ:�Kú � ÿ�ñ�ý����bú�ó4øo��	�ÿ�þ�ö�ÿ�	
ý�	-�$	�ÿCð&òqú*��	§öùõ
ð�ýtødð-ñ)ó���ý�	§þ�ÿ�DF' d�ö�G ÍPI ?

−→u (−→r + δ−→r ) ' −→u (−→r ) + (δ−→r .5)−→u � Í �.^0�

5 ÿIð§õ,ñnòqý��%ú�	8ó4õ�ÿ�ø�	�[�ó � ñ)ó$�$
�ñ£ð&òqú*��	§öùõ��dó4ôdð,ñ�ÿ�ð
f�ð§õ�ï�þ�ÿ��KÿIðB�Iý*ý�	-�KýtôKôdúIÿIð��&ó�	§õ�úIð§ö�ÿ�ôKôdÿIð�ð�ýtødð�ñ)ó���ý�	§þ�ÿ
(

∂
∂x
, ∂

∂y
, ∂

∂z

)T �|�
.   ÿIð�õ^ñ�ÿ���	�ýM��øKöùõCðH�&ó4ñ)ó4ö.	�ÿ��z3�ÿ¬ð8ÿ*�Iýtô���õ�ÿ�	§þ�ÿC�dó4ôdðEñ�ÿ��Kú � ÿ�ñ�ý����%ÿ�þ�ÿ�ô�õ�ñùöùþ�öùõ�úC�KÿñnòqúI÷�ø!ó4õ§ö�ýtô_� Í �.^0��þ�ÿ�õ�ÿ�ô ú � ö8�Kÿ�ô��IÿEñ�ÿ9�nó4öùõ~÷�ødÿ
ñ�ÿ � ýtñùøKþ�ÿCú�ñ�ú�þ�ÿ�ô�õ8ó4ö.	�ÿ�ÿIð§õQôdýtô°ð8ÿ�øKñ�ÿ�þ�ÿ�ô�õ9�Kú��Kñ)ó��Iú

þªó4ö�ðsó4ødð�ð§öz�Kú��¯ý�	§þ�ú��bîsó4ôdð~ñ�ÿmð
f�ð§õ�ï�þ�ÿ��KÿIðN�Iý*ý�	-�KýtôKôdúIÿIð��&ó�	§õ�úIð§ö�ÿ�ôKôdÿIð9�Kÿ��Iýtþ2�%ý<ð8ó4ô�õ�ÿIð
xi
û!ñ)óp�Kú�&

��ý�	§þªó4õ§ö�ýtôêð&òqú*��	§öùõµð�ýtødð�ñ)ó��¯ý�	§þ�ÿsõ�ÿ�ôdð8ý�	§ö�ÿ�ñùñ�ÿ�?

δui =
∑

j

∂ui

∂xj
δxj

� Í � Í �

YQôV�Kú�ydôKöùõ-ñ�ÿ�õ�ÿ�ôdð�ÿ�ø�	�ð-f�þ�ú�õ
	§ö�÷�ødÿ9�Kÿ��Kú��¯ý�	§þªó4õ§ö�ýtô
E
�Kýtô�õ�ñ�ÿIð-ú�ñ�ú�þ�ÿ�ô�õ�ð

ei,j
ð�òqÿ��M��	§öùþ�ÿ�ô�õ�ð�ýtødð

ñ)ó���ý�	§þ�ÿ�?

ei,j =
1

2

(
∂uj

∂xi
+
∂ui

∂xj

)
� Í � á �

7�ö�ñ�ÿ=�Iýtþ2�%ý�	§õ�ÿ�þ�ÿ�ô�õR��ø � ýtñùøKþ�ÿ ú�ñ�ú�þ�ÿ�ô�õ8ó4ö.	�ÿêÿIð�õªú�ñ)ótð§õ§ö�÷�ødÿ<û�öùñ-õ�ÿ�ô��$	8ó@�h	�ÿ � ÿ�ôKö.	R�íð�ýtô ú�õ8ó4õ
öùôKöùõ§ö)ó4ñ��13�ós�Kú��¯ý�	§þªó4õ§ö�ýtôw�Mú�ôdï�	�ÿ��KÿIð;��ý�	-�IÿIðEöùô�õ�ÿ�	§ôdÿIð�ó4ø � ýtñùøKþ�ÿz÷�øKö�ñnòÎó4þ�ï�ôdÿ�	�ýtô�õp�=	�ÿ � ÿ�ôKö.	\� ð8ó
�bý<ð§öùõ§ö�ýtô ó � ó4ô�õ¬ñ)óo�Kú���ý�	§þªó4õ§ö�ýtô|�63�ÿ � ÿ*��õ�ÿ�ø�	R�Kÿs�Iýtô�õ
	8ó4öùô�õ�ÿ −→

T (−→n )
ÿIð§õ�ñ�ÿ � ÿ*��õ�ÿ�ø�	R�KÿC��ý�	-�Iÿ[÷�øKö

ð&òqÿ��Kÿ�	-�Iÿ
ð§ø�	QøKôdÿsøKôKöùõ�ú:�Kÿ^ð§ø�	���ó��Iÿ
δS

�Kÿsôdý�	§þªó4ñ�ÿ −→n �Iýtþ�þ�ÿ
ñ�ÿmþ�ýtô�õ
	�ÿ
ñ)ó2y��<ø�	�ÿR� Í �.^0���g3�ó\��ý�	-�Iÿ
ú�ñ�ú�þ�ÿ�ô�õ8ó4ö.	�ÿE÷�øKöÒÿ�ôC	�úIð§øKñùõ�ÿ
ð&òqú*��	§öùõ:?

−→
δF =

−→
T (−→n ) δS

� Í � æ �

YQô@�Iýtôdð§ö8�Kï�	�ÿ�þªó4öùô�õ�ÿ�ô!ó4ô�õEøKô@��ø � ÿ�ú�ñ�ú�þ�ÿ�ô�õ8ó4ö.	�ÿp�Kú�ydôKö5�!ó�	sõ
	�ýtö�ð
øKôKöùõ�úIð;�Kÿ�ð§ø�	��nó��IÿIð
ú�ñ�ú�þ�ÿ�ô$&
õ8ó4ö.	�ÿIð/�13ÒÿIðEôdý�	§þªó4ñ�ÿIð�ð�ýtô�õCñ�ÿIð^õ
	�ýtö�ð � ÿ*��õ�ÿ�ø�	�ð2�Kÿ � ótð�ÿ��dó4ôdðCñ�ÿ¬ð
f*ð�õ�ï�þ�ÿR�KÿIð2�Iý*ý�	-�KýtôKôdúIÿIð2�&ó�	§õ�ú�&
ð§ö�ÿ�ôKôdÿIð/��YQôs�Kú�ydôKöùõ�ñ�ÿIðµú�ñ�ú�þ�ÿ�ô�õ�ð

τij
��øVõ�ÿ�ôdð�ÿ�ø�	 �Kÿ;�Iýtô�õ
	8ó4öùô�õ�ÿ

Σ
�Iýtþ�þ�ÿmð�øKöùõ;?

τij = Tj (x̂i)
� Í �~aJ�
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�1�8�A��p<+ f + ¤£5(>§365�DM?�:<5�>80�2436?GF&@B24365,F&��@j=9=6F�2a3�=6DM?�DM2M5�=6DM?6�)F�>�5��8JB�8r�5�2a3GF&@B?65 +

τij
ÿIð§õsñ)ó��Iýtþ2�bý<ð8ó4ô�õ�ÿ

j
��ø � ÿ*��õ�ÿ�ø�	��Kÿ2�Iýtô�õ
	8ó4öùô�õ�ÿ¬ó��<ö�ð�ð8ó4ô�õmð§ø�	søKôdÿ�ð§ø�	��nó��Iÿ�ú�ñ�ú�þ�ÿ�ô�õ8ó4ö.	�ÿ��Kÿ

� ÿ*��õ�ÿ�ø�	môdý�	§þªó4ñ x̂i
�|3Òÿ � ÿ*��õ�ÿ�ø�	��Kÿ��Iýtô�õ
	8ó4öùô�õ�ÿ ð&òqÿ��Kÿ�	-ò&ó4ô�õEð§ø�	
øKôdÿ�øKôKöùõ�úR�Kÿ�ð§ø�	��nó��Iÿªú�ñ�ú�þ�ÿ�ô�õ8ó4ö.	�ÿ

÷�ødÿ�ñ8�Iýtôd÷�ødÿ;�Kÿ � ÿ*��õ�ÿ�ø�	�ôdý�	§þªó4ñ −→n =
∑

j njx̂j
ð&òqú*��	§öùõ�?

−→
T (−→n ) =

∑

j

nj
−→
T (x̂j)

� Í �~�J�

<�ô ôdýtõ8ó4ô�õ −→
f
ñ)ó2��ý�	-�Iÿ;�!ó�	~øKôKöùõ�ú��Kÿ � ýtñùøKþ�ÿE÷�øKöz�Mú�ôdï�	�ÿmñ)óp��	�ý��!ó���ó4õ§ö�ýtôo�£ò øKôdÿ^ýtô��Kÿ��dó4ôdð~øKô

� ýtñùøKþ�ÿ V �Kÿ-ð§ø�	��nó��Iÿ
S
ÿ�õ�ÿ�ôªó����Kñùö�÷�ø!ó4ô�õ;ñ�ÿ�õ
,dúIý�	�ï�þ�ÿL�¯ýtô��dó4þ�ÿ�ô�õ8ó4ñ}�Kÿ,ñ)ó;�$f�ô!ó4þ�ö�÷�ødÿ�ýtô�ý � õ§ö�ÿ�ô�õN?

∂2

∂t2

∫ ∫ ∫

V
ρ.−→u .dV =

∫ ∫ ∫

V

−→
f .dV +

∫ ∫

S

−→
T (−→n ) dS

� Í � ¤ �

'+ydôV�Kÿ�ð§öùþ2�Kñùö#y!ÿ�	�ñnòqúI÷�ø!ó4õ§ö�ýtôC��	�ú*�Iú*�Kÿ�ô�õ�ÿ<ûdýtôV�H,dÿ�	-�-,dÿ:�Cÿ��$��	§öùþ�ÿ�	-ñ�ÿ�ð�ÿ*�Iýtô�� þ�ÿ�þ � 	�ÿ
ÿ�ô���ýtô���&
õ§ö�ýtôC�£ò øKôdÿ~öùô�õ�ú���	8ó4õ§ö�ýtôêð§ø�	,õ�ýtøKõ,ñ�ÿ � ýtñùøKþ�ÿ V �$K1ýtø�	��H,!ót÷�ødÿ��Iýtþ2�bý<ð8ó4ô�õ�ÿ i û�ñ�ÿIð,úI÷�ø!ó4õ§ö�ýtôdð;� Í �~aJ��ÿ�õ� Í �~�J�,ÿ�õ-ñ�ÿsõ
,dúIý�	�ï�þ�ÿ��£òZY~ð§õ
	�ý���	8ó��Kð
dMfvDF' � 	8ó4þ�ý � öùõ
t ¤tÍ�I �%ÿ�	§þ�ÿ�õ§õ�ÿ�ô�õ �£òqú*��	§ö.	�ÿ�?

∫ ∫

S
Ti (−→n ) dS =

∫ ∫

S

∑

j

τjinjdS =

∫ ∫ ∫

V

∑

j

∂τji
∂xj

dV
� Í �~`J�

�|öùô!ó4ñ�ÿ�þ�ÿ�ô�õ&û��£òÎó���	�ïIð�ñ�ÿIð�úI÷�ø!ó4õ§ö�ýtôdð+� Í � ¤ �xÿ�õ+� Í �~`J�(ûJ�%ýtø�	U�H,!ót÷�ødÿ��Iýtþ2�bý<ð8ó4ô�õ�ÿ
i
ûtñ)óN	�ú��%ýtôdð8ÿB�£ò øKô

� ýtñùøKþ�ÿ
ú�ñ�ú�þ�ÿ�ô�õ8ó4ö.	�ÿ��EøKôdÿ
ÿ�����öùõ8ó4õ§ö�ýtôêÿ���õ�ú�	§ö�ÿ�ø�	�ÿmð�ÿ�þ�ýM�Kú�ñùö�ð�ÿ��!ó�	�ñnòqúI÷�ø!ó4õ§ö�ýtôs��ö#"£ú�	�ÿ�ô�õ§ö�ÿ�ñùñ�ÿR?

ρüi = fi +
∑

j

∂τji
∂xj

� Í �~bJ�

ý�è
üi

ÿIð§õ�ñ)ó��Iýtþ2�%ý<ð8ó4ô�õ�ÿ
i
��ø � ÿ*��õ�ÿ�ø�	��£òÎó��*�Iú�ñ�ú�	8ó4õ§ö�ýtô|��YQôj	8ó����bÿ�ñùñ�ÿê÷�ødÿ=�Iÿ�õ§õ�ÿêúI÷�ø!ó4õ§ö�ýtô�ôÒòqÿIð§õ

� ó4ñ)ó � ñ�ÿ
÷�ødÿ��býtø�	�ñ�ÿIð � ýtñùøKþ�ÿIðQú�ñ�ú�þ�ÿ�ô�õ8ó4ö.	�ÿIðN�Kýtô�õ�ñ�ÿIð+�Kú��Kñ)ó��Iÿ�þ�ÿ�ô�õ�ð�ð�ýtô�õµöùô$ydôKöùõ�úIð§öùþªó4ø$�]�
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YQô_�Iýtôdð§ö8�Kï�	�ÿ¬þªó4öùô�õ�ÿ�ô!ó4ô�õ�ñ�ÿzþ�öùñùö�ÿ�ø ú�ñ)ótð�õ§ö�÷�ødÿ��Iýtþ�þ�ÿVú�õ8ó4ô�õ �{ß/���/¾���¼;Ý ûz�<òqÿIð§õ�&��P&W��ö.	�ÿ ÷�ødÿzñ�ÿIð
��	�ý���	§ö�ú�õ�úIðB��ø þ�öùñùö�ÿ�øzôdÿ��Kú��bÿ�ô��Kÿ�ô�õL�!ótðL�Kÿ~ñ)ó:��ö.	�ÿ*��õ§ö�ýtôoDZ7�,dÿ�	§ö#"|b$^ I �Ml:��ü~ý*ý�dMÿ�DF' d�ö�G ÍPI �KýtôKôdÿ~øKôdÿ
	�ÿ�ñ)ó4õ§ö�ýtôêÿ�ô�õ
	�ÿ
ñ�ÿIð-õ�ÿ�ôdð�ÿ�ø�	�ð �Kÿ9�Kú��¯ý�	§þªó4õ§ö�ýtô ÿ�õ��Kÿ;�Iýtô�õ
	8ó4öùô�õ�ÿ^ð8ýtødð-ñ)ó��¯ý�	§þ�ÿp?

Σ = λ5.−→u I + 2µE
� Í �.^/GJ�

ýtøêÿ�ô��Iý�	�ÿ�?

τij = λ5.−→u + 2µeijδij
� Í �.^�^0�

λ
ÿ�õ
µ
ð�ýtô�õ^ñ�ÿIð��!ó�	8ó4þ�ï�õ
	�ÿIð\�KÿR31ó4þ�ú<û

I
ÿIð§õ^ñ)ó[þªó4õ
	§ö8�Iÿ¬øKôKöùõ8ó4ö.	�ÿ<û

δij
ñ�ÿzð
f�þ � ýtñ�ÿ��Kÿ�Å�	�ýtôdÿ�dMÿ�	/�

<�ô[ÿ��$�Kñ�ýtöùõ8ó4ô�õN�IÿIðB	�ÿ�ñ)ó4õ§ö�ýtôdð&ûdýtôVþ�ýtô�õ
	�ÿ
÷�ødÿ�ñnòqúI÷�ø!ó4õ§ö�ýtô=�Kÿ9��	�ý��!ó���ó4õ§ö�ýtôs�dó4ôdð�øKôVþ�öùñùö�ÿ�ø[ö�ð�ýtõ
	�ý��bÿ
�Kÿ � ö�ÿ�ô�õ:?

(λ+ 2µ)∇.∇−→u − µ∇∧∇ ∧ −→u +
−→
f = ρ

−→̈
u

� Í �.^ Í �

∧ ÿIð§õ-ñ�ÿ;��	�ý���øKöùõ � ÿ*��õ�ý�	§ö�ÿ�ñ��
3�òqúI÷�ø!ó4õ§ö�ýtô(�Kÿh��	�ý��!ó���ó4õ§ö�ýtô�� Í �.^ Í �¬ÿIð§õ � ó4ñ)ó � ñ�ÿh�býtø�	Vñ�ÿIð þ�öùñùö�ÿ�ø$� ú�ñ)ótð§õ§ö�÷�ødÿIðVÿ�õVñ�ý��&ó4ñ�ÿ�þ�ÿ�ô�õ
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YQôVõ
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,dïIð�ÿ��Iýtô���øKöùõ+�mñ)ó�	�úIð�ýtñùøKõ§ö�ýtôV�£òqúI÷�ø!ó4õ§ö�ýtôdð���ö#"£ú�	�ÿ�ô�õ§ö�ÿ�ñùñ�ÿIð���øC�Kÿ�ø$��ö�ï�þ�ÿsý�	-�$	�ÿ
ÿ�ôC��ýtô���õ§ö�ýtô=�Kÿ�ñ)ó\��	�ý���ýtô��Kÿ�ø�	

z
ÿ�õL�nó4öùõ-öùô�õ�ÿ�	 � ÿ�ôKö.	��IÿIðB�býtõ�ÿ�ô�õ§ö�ÿ�ñ�ð/�

Åsÿ�ôKôdÿ�õ§õCDFÅsÿ�ôKôdÿ�õH` á�I �KýtôKôdÿ¬øKôdÿ���ý�	§þmøKñ)ó4õ§ö�ýtô þªó4õ
	§ö8��ö�ÿ�ñùñ�ÿC�[ñnòqúI÷�ø!ó4õ§ö�ýtôw�KÿIðEýtô��KÿIðCÿ�ô���ó4ö�ð8ó4ô�õ
öùô�õ�ÿ�	 � ÿ�ôKö.	9��ö.	�ÿ*��õ�ÿ�þ�ÿ�ô�õ~ñ�ÿIð � ÿ*��õ�ÿ�ø�	�ð��Kÿ:�Iýtô�õ
	8ó4öùô�õ�ÿ�ÿ�õ �Kÿ��Kú��Kñ)ó��Iÿ�þ�ÿ�ô�õ/�A4�ÿ*��ö��%ÿ�	§þ�ÿ�õ��£òÎó � ýtøKõ§ö.	9�
ñ)ó=	�úIð�ýtñùøKõ§ö�ýtô¢�£òqúI÷�ø!ó4õ§ö�ýtôdð2��ö#"£ú�	�ÿ�ô�õ§ö�ÿ�ñùñ�ÿIðCþªó4õ
	§ö8��ö�ÿ�ñùñ�ÿIð2��ø���	�ÿ�þ�ö�ÿ�	�ý�	-�$	�ÿ¬ÿ�ô

z
�|îsó4ôdðmñ)ó ð§øKöùõ�ÿ��Kÿ

�Iÿ9�-,!ó��Köùõ
	�ÿ<ûdôdýtødð-øKõ§öùñùö�ð�ÿ�	�ýtôdð��IÿN��ý�	§þªó4ñùö�ð§þ�ÿmóPydôV�£òqÿ��$��	§öùþ�ÿ�	�ñ)ó���	�ý��!ó���ó4õ§ö�ýtôêÿ�õ-ñ�ÿ9�H,!ó4þ2�=�£òqýtô��Kÿ
þ�ÿIð§ø�	�úmó4øVôKö � ÿ&ó4øv�KÿIð��&ó��Kõ�ÿ�ø�	�ð/�

ì1é½ì5é�!2ë1³Uµ}©J°�§A¨¹¬Uªw±6¯J§|±>µ�
|µ}©J°�§�¨´¬>µ!¨>­v³>¨ÃíÌ°W·�°�ª�³Ä­P©�¯Jµ}©J°#"$�¢¸>§|¯�°&%�§�¨A©�µ!·�ªgíñªg¨A©

'´�!ó�	§õ§ö.	��Kÿsþªó4öùô�õ�ÿ�ô!ó4ô�õ&û%ýtôv�Iýtôdð§ö8�Kï�	�ÿm÷�ødÿ
ñ�ÿ
þ�öùñùö�ÿ�øv�Kÿ9��	�ý��!ó���ó4õ§ö�ýtô°ÿIð§õ~ð§õ
	8ó4õ§ö#y!ú;,dý�	§ö.t&ýtô�õ8óP&
ñ�ÿ�þ�ÿ�ô�õ�ÿ�õB�Iýtþ2�bý<ð�ú��Kÿ��Iýtø��-,dÿIðB,dýtþ�ý��Mï�ôdÿIð�ÿ�õ,ö�ð�ýtõ
	�ý��bÿIð/��YQôC�-,dÿ�	-�H,dÿ;�dó4ôdð,ñ)óEð§øKöùõ�ÿ9�^ÿ��$�Kñ�ýtöùõ�ÿ�	-ñ�ÿ
��ý�	§þªó4ñùö�ð§þ�ÿ��Kÿ�Åsÿ�ôKôdÿ�õ§õ6�%ýtø�	�þ�ýM�Kú�ñùö�ð�ÿ�	�ñ)ósþ�ÿIð§ø�	�ÿ+��øp�H,!ó4þ2�R�£òqýtô��Kÿ�ÿ�ô�	�ÿ��<ö�ð�õ
	�úIÿ��!ó�	;ñ�ÿB��ö�ð-�%ý<ð§öùõ§ö#�
�£òÎó��I÷�øKö�ð§öùõ§ö�ýtô|�P<�ô^þªó�	§öùôdÿ<û4ñ�ÿIð�	�ú*�Iÿ��Kõ�ÿ�ø�	�ð|ð8ýtô�õ1�KÿIðA,�fM�$	�ý���,dýtôdÿIðxþ�ÿIð§ø�	8ó4ô�õ1ñ)ó+��	�ÿIð�ð§ö�ýtô|�aîsó4ôdð1ñ�ÿ6�&ótð
�KÿsñnòZYNn�4~ûdýtô=��ö�ð-�%ý<ð�ÿ^ó4ødð�ð§ö|�Kÿ9�MúIý���,dýtôdÿmþ�ÿIð§ø�	8ó4ô�õ~ñ)ó � öùõ�ÿIð8ð�ÿ;�Kÿ;�Kú��Kñ)ó��Iÿ�þ�ÿ�ô�õ/�]YQô � ÿ�	
	8ó��!ó�	�ñ)ó
ð§øKöùõ�ÿº÷�ødÿ>�!ó�	��Iýtô�õ§öùô�øKöùõ�ú<ûtñ)óB��	�ÿIð�ð�ö�ýtô^ÿIð§õ�ú���ó4ñ�ÿL�-ñ)ó+�Iýtþ2�%ý<ð�ó4ô�õ�ÿ � ÿ�	§õ§ö8�&ó4ñ�ÿ6��ø � ÿ*��õ�ÿ�ø�	z�Kÿ6�Iýtô�õ
	8ó4öùô�õ�ÿ
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ó��<ö�ð�ð8ó4ô�õ|ð�ø�	�øKôdÿ>��ó��Iÿ�õ§õ�ÿ6,dý�	§ö.t&ýtô�õ8ó4ñ�ÿB��øEð�ú*��öùþ�ÿ�ô�õ/�tîsó4ôdð�ñ�ÿT�&ótðz�Kÿ;ñnòZYNn�4~ûañ�ÿIðA�MúIý���,dýtôdÿIð|þ�ÿIð§ø�	�ÿ�ô�õ
ñ�ÿIð � öùõ�ÿIð�ð8ÿIð5�!ó�	§õ§ö8��øKñ)ó4ö.	�ÿIðB��øzð�ýtñz�¯ð�ú*��öùþ�ÿ�ô�õ¥����YQôR�H,dÿ�	-�-,dÿ�	8ó\�9	�úIð8ýtø��$	�ÿ�ñnòqúI÷�ø!ó4õ§ö�ýtô��Kÿ+��	�ý��!ó���ó4õ§ö�ýtô
óPydô=�£òqÿ��$��	§öùþ�ÿ�	�ñ�ÿ � ÿ*��õ�ÿ�ø�	+�Kÿ:�Iýtô�õ
	8ó4öùô�õ�ÿEÿ�õ��Kÿ;�Kú��Kñ)ó��Iÿ�þ�ÿ�ô�õ~ó4ø[ôKö � ÿ&ó4ø=�KÿIð�	�ú*�Iÿ��Kõ�ÿ�ø�	�ð/�

Â]ï�Â!ïu¿gï Æ �.Û ð Ó��$�0�u�#Üñý1Ýs¼�¾���¼z�'���$�0�u�%Ü�Ý*Ü º �!�g¾Pýz�#Ü|ÜAÛ�Ý�ß º)( Ú��¯Ü�ý�¾�� ð Ó�Ý�ß

3Òÿµþ�öùñùö�ÿ�øR�Kÿ+��	�ý��!ó���ó4õ§ö�ýtô¬ÿIð§õ;ö8��ö!öùô � ó�	§ö)ó4ô�õT�!ó�	>	�ýtõ8ó4õ§ö�ýtô ó4øKõ�ýtø�	T�Kÿ�ñnòÎóP��ÿ � ÿ�	§õ§ö8�&ó4ñ��MYQôzð8ÿB�Kñ)ó��Iÿ
�dó4ôdð~ñ�ÿ^ð-f*ð§õ�ï�þ�ÿ��KÿIðN�Iý�ý�	-�KýtôKôdúIÿIð9��f*ñùöùô��$	§ö�÷�ødÿIð�ý�è

(êr, êφ, êz)
ð�ýtô�õ~ñ�ÿIð � ÿ*��õ�ÿ�ø�	�ð��Kÿ � ótð�ÿ��!YQô°ôdÿ

�Kú�õ8ó4öùñùñ�ÿ�	8ó��!ótð,ö8��ö£õ�ýtødð,ñ�ÿIðL�&ó4ñ8��øKñ�ð&û�þªó4ö�ð-ýtô ôdÿN��ó�	-�Kÿ�	8óC÷�ødÿ~ñ�ÿIð,ö8�KúIÿIðL��	§öùô���ö.�!ó4ñ�ÿIð�÷�øKöbþ�ï�ôdÿ�ô�õ �^ñ)ó
	�úIð�ýtñùøKõ§ö�ýtô@�KÿEñnòqúI÷�ø!ó4õ§ö�ýtô@�Kÿ���	�ý��!ó���ó4õ§ö�ýtô|�A3ÒÿEñ�ÿ*��õ�ÿ�ø�	
ÿIð§õ 	�ÿ�ô � ý/fMúp�vDFÅsÿ�ôKôdÿ�õH` á�I �býtø�	�ñ�ÿIð��Kú�õ8ó4öùñ�ð
�Kÿ;�&ó4ñ8��øKñ��

îsó4ôdð�øKô þ�öùñùö�ÿ�øêú�ñ)ótð§õ§ö�÷�ødÿ<û!ýtô=�H,dÿ�	-�-,dÿ\��ótð�ð§ø�	�ÿ�	µñ)ó��Iýtô�õ§öùô�øKöùõ�ú<û#ÿ�ôV�¯ýtô���õ§ö�ýtôv�Kÿsñ)ó2��	�ý���ýtô��Kÿ�ø�	
z
û}��ø � ÿ*��õ�ÿ�ø�	9�Kÿ:�Kú��Kñ)ó��Iÿ�þ�ÿ�ô�õ
ÿ�õN�Kÿ��Iýtô�õ
	8ó4öùô�õ�ÿ2�&ó�	�ýtôêôÒòÎó4øKõ�ý�	§ö�ð8ÿ^ôKöz�Kú*�Iýtñùñ�ÿ�þ�ÿ�ô�õsôKöz�<ñùö�ð�ð�ÿ�þ�ÿ�ô�õ
�KÿIð5�Iýtø��-,dÿIð0�J3Òÿ,ð�ÿ�øKñ$�<ñùö�ð�ð�ÿ�þ�ÿ�ô�õºó4øKõ�ý�	§ö�ð�ú-ÿIð§õxñ�ý�	�ð�÷�øÒò øKôdÿB�Iýtø��-,dÿ-ú�ñ)ótð§õ§ö�÷�ødÿ-ÿIð§õ�ÿ�ô2�Iýtô�õ8ó���õºó � ÿ*�,øKôdÿ
�Iýtø��-,dÿ�ñùö�÷�øKö8�Kÿ��tî�ó4ôdð1�IÿT�&ótð&û4ýtô^ôdÿ6�%ÿ�øKõz�!ótð�ó � ýtö.	5�KÿT�Iýtô�õ§öùô�øKöùõ�úB�KÿIð1�Iýtþ2�bý<ð8ó4ô�õ�ÿIð1,dý�	§ö.t&ýtô�õ8ó4ñ�ÿIðU�Kÿ
�Kú��Kñ)ó��Iÿ�þ�ÿ�ô�õ~ÿ�õ��Kÿ9�Iýtô�õ
	8ó4öùô�õ�ÿ<û#ýtôV�H,dÿ�	-�-,dÿ�	8óp�Cótð�ð�ø�	�ÿ�	-ñ)ó\�Iýtô�õ§öùô�øKöùõ�ú��KÿIð��Iýtþ2�bý<ð8ó4ô�õ�ÿIð � ÿ�	§õ§ö8�&ó4ñ�ÿIð
�KÿIð � ÿ*��õ�ÿ�ø�	�ð����&ó�	�öùñ£ôÒò f[ó��!ótð��Kÿ;�Kú*�Iýtñùñ�ÿ�þ�ÿ�ô�õ¥���

3Òÿ � ÿ*��õ�ÿ�ø�	��Kÿ=�Kú��Kñ)ó��Iÿ�þ�ÿ�ô�õ[ð�òqú*��	§öùõR�dó4ôdðzñ�ÿ ð
f�ð§õ�ï�þ�ÿV�Kÿv�Iý*ý�	-�KýtôKôdúIÿIð���f*ñùöùô��$	§ö�÷�ødÿIðzð�ýtødðzñ)ó
��ý�	§þ�ÿ�?

−→u = ur
−→er + uφ

−→eφ + uz
−→ez

� Í �.^ á �

3Òÿ � ÿ*��õ�ÿ�ø�	��Kÿ��Iýtô�õ
	8ó4öùô�õ�ÿmó��<ö�ð�ð8ó4ô�õ�ð§ø�	�øKôdÿ+�nó��Iÿ�õ§õ�ÿN,dý�	§ö.t&ýtô�õ8ó4ñ�ÿ
ð�òqú*��	§öùõL�dó4ôdð,ñ�ÿ~þ�)�þ�ÿ�ð
f�ð§õ�ï�þ�ÿ
ð�ýtødð-ñ)ó���ý�	§þ�ÿ�?

−→
T (êz) = τrzêr + τφzêφ + τzzêz

� Í �.^ æ �

3�òqúI÷�ø!ó4õ§ö�ýtôÄ� Í �.^ Í �^ÿ��M��	§öùþ�úIÿR�%ýtø�	\�-,!ó���øKôdÿ��KÿIðEõ
	�ýtö�ð\�Iýtþ2�%ý<ð�ó4ô�õ�ÿIð\�KÿR�Kú��Kñ)ó��Iÿ�þ�ÿ�ô�õ�ÿ�õ^ñnòqÿ��M&
��	�ÿIð�ð§ö�ýtôo�KÿEñ)ózñ�ýtö5�KÿEü~ý*ý�dMÿ�� Í �.^�^0�N�dó4ôdð�ñ�ÿEð
f�ð§õ�ï�þ�ÿ\�Kÿ��Iý*ý�	-�KýtôKôdúIÿIð9��f*ñùöùô��$	§ö�÷�ødÿIð9�Iýtô���øKö�ð�ÿ�ô�õ��
øKô�ð
f�ð§õ�ï�þ�ÿ��Iýtø��Kñ�úR�Kÿ�ôdÿ�ø$��úI÷�ø!ó4õ§ö�ýtôdð0�A'+ydô��Kÿ�ñ�ÿIðmð�öùþ2�Kñùö#y!ÿ�	&û�üQø��Kð�ýtôjDFÅsÿ�ôKôdÿ�õH` á�I öùô�õ
	�ý���øKöùõEñ�ÿ
�-,!ó4ô��Mÿ�þ�ÿ�ô�õN�Kÿ � ó�	§ö)ó � ñ�ÿIð�ð�øKö � ó4ô�õ:?

uV = r−1

[
∂(rur)

∂r
+

∂(uφ)
∂φ

]

τV z = r−1

[
∂(rτrz)

∂r
+

∂(τφz)
∂φ

]

fv = r−1

[
∂(rfr)

∂r
+

∂(fφ)
∂φ

]
� Í �.^/aJ�

'Qöùôdð§öÒ÷�ødÿ�ñ�ÿ:�-,!ó4ô��Mÿ�þ�ÿ�ô�õ�ð§øKö � ó4ô�õ:?

uH = r−1

[
∂(ruφ)

∂r
− ∂(ur)

∂φ

]

τHz = r−1

[
∂(rτφz)

∂r
− ∂(τrz)

∂φ

]

fH = r−1

[
∂(rfφ)

∂r
− ∂(fr)

∂φ

]
� Í �.^/�J�
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óN	Hi��Iÿ��C�IÿIð:�H,!ó4ô��Mÿ�þ�ÿ�ô�õ�ð\�Kÿ � ó�	§ö)ó � ñ�ÿIðmÿ�õ��Iÿ�	§õ8ó4öùôdð��&ó4ñ8��øKñ�ð&û1ýtô ó � ýtøKõ§öùõ^ÿ�ô��Iý*ý�	-�KýtôKôdúIÿIð���f�&
ñùöùô��$	§ö�÷�ødÿIð+�^øKô[ð
f*ð�õ�ï�þ�ÿN�Kÿsð�ö#�¬úI÷�ø!ó4õ§ö�ýtôdðµó4ø$���Kú�	§ö � úIÿIðB�!ó�	§õ§ö�ÿ�ñùñ�ÿIðN�Eð§ö#�zöùô��IýtôKô�ødÿIð:? (uz, uV , uH)ÿ�õ

(τz, τV z, τHz)
��YQô��nó4öùõ�ó����!ó�	8óPO�õ
	�ÿ;�dó4ôdð,ñ�ÿIð�õ�ÿ�	§þ�ÿIð��KÿN��ó4ø��-,dÿ<û��Kÿ��Iÿ�ð
f�ð§õ�ï�þ�ÿ<û*ñ�ÿIðT�Kú�	§ö � úIÿIð+�KÿIð

� ÿ*��õ�ÿ�ø�	�ð −→u ÿ�õ −→
T
�!ó�	B	8ó����%ý�	§õN�

z
?

∂uz

∂z
= −λ (λ+ 2µ)−1 uV + (λ+ 2µ)−1 τzz

∂uV

∂z
= −52

1 uz + µ−1τVz

∂τzz

∂z
= ρ∂2uz

∂t2
− τV z − ρfz

∂τV z

∂z
= ρ∂2uV

∂t2
− ρv52

1 uV − λ (λ+ 2µ)−1 52
1 τzz − ρfV

∂τV z

∂z
= ρ∂2uV

∂t2
− ρv52

1 uV − λ (λ+ 2µ)−1 52
1 τzz − ρfV

∂τHz

∂z
= ρ∂2uH

∂t2
− µ52

1 uH − ρfH

� Í �.^ ¤ �

ó � ÿ*�

ρv = (λ+ 2µ) − λ2

(λ+ 2µ)
ÿ�õ-ñ�ÿ;3�ó��Kñ)ó���ö�ÿ�ôs,dý�	§ö.t&ýtô�õ8ó4ñ 52

Hψ
�Kú�ydôKö|�!ó�	:?

52
Hψ = r−1 ∂

∂r

(
r
∂ψ

∂r

)
+ r−2∂

2ψ

∂φ2
.

lQÿIð§õ�ÿ�ô�õ2�dó4ôdð2�IÿIðCúI÷�ø!ó4õ§ö�ýtôdð2��ö#"£ú�	�ÿ�ô�õ§ö�ÿ�ñùñ�ÿIðp�KÿIð��Kú�	§ö � úIÿIð\�!ó�	§õ§ö�ÿ�ñùñ�ÿIð��!ó�	�	8ó����bý�	§õ�ó4ø õ�ÿ�þ2�dð tÿ�õVó4ø$� � ó�	§ö)ó � ñ�ÿIðR,dý�	§ö.t&ýtô�õ8ó4ñ�ÿIð r ÿ�õ φ ÿ��$��	§öùþ�úIÿIð��!ó�	 ñ�ÿs31ó��Kñ)ó���ö�ÿ�ôÁ,dý�	§ö.t&ýtô�õ8ó4ñ���îsó4ôdð¬ñ)ó ð§øKöùõ�ÿ<û
ýtôÄ�-,dÿ�	-�H,dÿ�	8ó£� ð&òÎóP"]	8ó4ô��-,Kö.	V�Kÿo�IÿIðC�Kú�	§ö � úIÿIð=� ñnòÎó4ö8�Kÿo�Kÿ°õ
	8ó4ôdð���ý�	§þªó4õ§ö�ýtôdðV�Kÿ°õ�f��bÿ*�dýtø�	§ö�ÿ�	êÿ�õ
�dýtø�	§ö�ÿ�	�&�ü�ó4ô�dMÿ�ñ��

Â]ï�Â!ï8Â!ï,+>¾��dÜ1ß.-W�g¾����$�0�½�%Ü£ý|Ý0/!�}ÓA¾��{Ý�¾2143C�dÜ65!Ý�Ú

YQô2	8ó����bÿ�ñùñ�ÿ-÷�ødÿ,ñ�ÿ � øKõ�ÿIð§õ5�£òqý � õ�ÿ�ôKö.	>�KÿIð�úI÷�ø!ó4õ§ö�ýtôdðU��ö#"£ú�	�ÿ�ô�õ§ö�ÿ�ñùñ�ÿIð6�KÿL��	�ý��!ó���ó4õ§ö�ýtôp��ø2��	�ÿ�þ�ö�ÿ�	
ý�	-�$	�ÿ�ÿ�ô

z
øKôKö�÷�ødÿ�þ�ÿ�ô�õ/��YQô:�H,dÿ�	-�-,dÿ�ö8��öM�,ð&òÎóP"}	8ó4ô��H,Kö.	��KÿIð|�Kú�	§ö � úIÿIðA�!ó�	§õ§ö�ÿ�ñùñ�ÿIðA�!ó�	A	8ó����%ý�	§õ1ó4øsõ�ÿ�þ2�dð

ÿ�õ-ó4ø$� � ó�	§ö)ó � ñ�ÿIðT,dý�	§ö.t&ýtô�õ8ó4ñ�ÿIð r ÿ�õ φ �{ñ�ÿIð6��	�ý���	§ö�ú�õ�úIðL��øzþ�öùñùö�ÿ�ø��Kÿ+��	�ý��!ó���ó4õ§ö�ýtô ôdÿN�Kú��%ÿ�ô��Kÿ�ô�õL�!ótð�Kÿ;�IÿIð � ó�	§ö)ó � ñ�ÿIð¥���
3�òqú�ñùöùþ�öùô!ó4õ§ö�ýtô��KÿIð>�Kú�	§ö � úIÿIð>�!ó�	§õ§ö�ÿ�ñùñ�ÿIð>�!ó�	>	8ó����%ý�	§õºó4øªõ�ÿ�þ2�dð;ð&òqý � õ§ö�ÿ�ô�õºÿ�ôªó����Kñùö�÷�ø!ó4ô�õ�ñ)ó~õ
	8ó4ôdð�&

��ý�	§þ�úIÿ>�Kÿ /!�}ÓA¾��{Ý�¾ ÿ�ô
t
�/3�òqú�ñùöùþ�öùô!ó4õ§ö�ýtô\�KÿIðA�Kú�	§ö � úIÿIð��!ó�	§õ§ö�ÿ�ñùñ�ÿIðA�!ó�	|	8ó����bý�	§õ|ó4ø$� � ó�	§ö)ó � ñ�ÿIð�ð
�!ó4õ§ö)ó4ñ�ÿIð

ð&òqý � õ§ö�ÿ�ô�õ
ÿ�ô�ó����Kñùö�÷�ø!ó4ô�õmñ)óªõ
	8ó4ôdð
�¯ý�	§þ�úIÿ2�Kÿ 3C�dÜ65!ÝMÚ �£òqý�	-�$	�ÿ
m
�}3�òqÿ��M��	�ÿIð8ð§ö�ýtôo�Mú�ôdú�	8ó4ñ�ÿ2�Kÿ\�Iÿ�õ§õ�ÿ

õ
	8ó4ôdð���ý�	§þªó4õ§ö�ýtôs�Kÿ /!�}ÓA¾��{Ý�¾2143C�dÜ65!Ý�Ú ÿIð§õ-ñ)ó�ð§øKö � ó4ô�õ�ÿ�DFnT	8ó��Iÿ�cºÿ�ñùñ�b�b I ?

ψ̂ (k,m, ω) =
1

2π

∫ +∞

−∞

exp (iωt) dt

∫ +∞

0
rJm (kr) dr

∫ π

−π
ψ (r, φ, t) dφ

� Í �.^/`J�

ψ̂
�KúIð§ö.�<ôdÿVñ)óíõ
	8ó4ôdð��¯ý�	§þ�úIÿs�Kÿ7�dýtø�	§ö�ÿ�	�&�ü�ó4ô�dMÿ�ñN�Kÿ[ñ)óh��ýtô���õ§ö�ýtô

ψ
û
Jm

ñ)óh�¯ýtô���õ§ö�ýtôm�KÿVn,ÿIð�ð�ÿ�ñ
�£òqý�	-�$	�ÿ

m
&
m
ÿIð§õQó4ødð8ð§ö�ó����%ÿ�ñ�úsý�	-�$	�ÿ^ó�tIöùþmøKõ8ó4ñ#&-ÿ�õ

k
ñ�ÿ � ÿ*��õ�ÿ�ø�	+�£òqýtô��Kÿ;,dý�	§ö.t&ýtô�õ8ó4ñ��

YQôÓþ�ýtô�õ
	�ÿV�dó4ôdð�ñnòÎó4ôKôdÿ��Kÿ@^<ûx÷�ødÿC�Iÿ�õ§õ�ÿ õ
	8ó4ôdð���ý�	§þªó4õ§ö�ýtô�ÿIð§õ�úI÷�øKö � ó4ñ�ÿ�ô�õ�ÿV� øKôdÿC�Kú*�Iýtþ2�bý<ð§ö#&
õ§ö�ýtô¾ÿ�ô�ýtô��KÿIð��Kñ)ó4ôdÿIð�,!ó�	§þ�ýtôKö�÷�ødÿIð��!ó�	��Kýtø � ñ�ÿ õ
	8ó4ôdð���ý�	§þªó4õ§ö�ýtôÌ�Kÿ��dýtø�	§ö�ÿ�	Vÿ�ô ÿIð-�!ó��Iÿ ÿ�õzøKôdÿ
õ
	8ó4ôdð���ý�	§þªó4õ§ö�ýtô_�Kÿ,�dýtø�	§ö�ÿ�	�ÿ�ô�õ�ÿ�þ2�dð0��<�ôw�£òÎó4øKõ
	�ÿIðEõ�ÿ�	§þ�ÿIð&û1ñnòÎó����Kñùö8�&ó4õ§ö�ýtôw�Kÿzñ)óVõ
	8ó4ôdð
�¯ý�	§þ�úIÿ��Kÿ
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�dýtø�	§ö�ÿ�	�&�ü�ó4ô�dMÿ�ñ�óo�%ýtø�	��Iýtôdð�úI÷�ødÿ�ô��Iÿs�KÿVõ
	8ó4ôdð
�bý<ð�ÿ�	�ñ�ÿ=��	�ý � ñ�ï�þ�ÿ=�dó4ôdð�ñ�ÿ=�Kýtþªó4öùôdÿIð��KÿIðzýtô��KÿIð
�Kñ)ó4ôdÿIð9��f*ñùöùô��$	§ö�÷�ødÿIðN,!ó�	§þ�ýtôKö�÷�ødÿIð/�|7�øKöùõ�ÿ\�ªñnòqúI÷�øKö � ó4ñ�ÿ�ô��Iÿ2�Kÿ^ñnòÎó4ôKôdÿ���ÿ�^<û%ýtôh�!ó�	§ñ�ÿ�	8óp�!ó�	só � ødð9�Kÿ
ñ)ó4ô���ó��Mÿ9�Kÿ9�Kú*�Iýtþ2�bý<ð§öùõ§ö�ýtô[ÿ�ôVýtô��KÿIðB�Kñ)ó4ôdÿIðL,!ó�	§þ�ýtôKö�÷�ødÿIð0��<�ôC�%ý<ð�ó4ô�õ

k = ωp
û*ñ�ÿN��	�ý � ñ�ï�þ�ÿ9�Kÿ�ñ)ó

��	�ý��!ó���ó4õ§ö�ýtô ð�òqÿ��M��	§öùþ�ÿ;�dó4ôdð�ñ�ÿ;�Kýtþªó4öùôdÿ
(ω, p)

�
3�òqú�ñùöùþ�öùô!ó4õ§ö�ýtô´�KÿIðVõ�ÿ�	§þ�ÿIðV�KÿIðV�Kú�	§ö � úIÿIðV�!ó�	§õ§ö�ÿ�ñùñ�ÿIðV�!ó�	C	8ó����bý�	§õêó4ø$� � ó�	§ö)ó � ñ�ÿIðC,dý�	§ö.t&ýtô�õ8ó4ñ�ÿIð

�dó4ôdð�ñ�ÿIðºúI÷�ø!ó4õ§ö�ýtôdð+� Í �.^ ¤ ��ÿIð§õ�ý � õ�ÿ�ô�ødÿ+��	Hi��Iÿ+�~ñ)ó���	�ý���	§ö�ú�õ�ú�ð�øKö � ó4ô�õ�ÿ+�Kÿ,ñ)ó�õ
	8ó4ôdð���ý�	§þ�úIÿ��Kÿ-ü�ó4ô�dMÿ�ñ
ó����Kñùö�÷�ødúIÿmó4ø=3�ó��Kñ)ó���ö�ÿ�ôs,dý�	§ö.t&ýtô�õ8ó4ñ6?

5̂2
1ψ = −k2ψ̂

� Í �.^/bJ�

3ÒÿIðxôdýtø � ÿ�ñùñ�ÿIð � ó�	§ö)ó � ñ�ÿIð|þªó4öùô�õ�ÿ�ô!ó4ô�õ>�Kÿ6�Iýtô�õ
	8ó4öùô�õ�ÿ<ûJ�Kÿ � öùõ�ÿIð�ð�ÿT�Kÿ6�Kú��Kñ)ó��Iÿ�þ�ÿ�ô�õ;ÿ�õz�Kÿ>��ý�	-�Iÿºð�ýtô�õ
�Kú�ydôKö�ÿIð+�dó4ôdð�ñ�ÿ;�Kýtþªó4öùôdÿ;�KÿIðµýtô��KÿIð��Kñ)ó4ôdÿIð�,!ó�	§þ�ýtôKö�÷�ødÿIð+�£òÎó���	�ïIð�ñ�ÿIðµÿ��M��	�ÿIð�ð�ö�ýtôdð;DFÅsÿ�ôKôdÿ�õH` á�I ?

Z = ωûz , P = τ̂zz

X = −ωk−1ûV , S = −k−1τ̂V z

Y = −ωk−1ûH , T = −k−1τ̂Hz

� Í � Í GJ�

ÿ�õ;?

Fz = ρf̂z

FV = −ρk−1f̂V

FH = −ρk−1f̂H

� Í � Í ^0�

3ÒÿIðxõ�ÿ�	§þ�ÿIðxÿ�ô
k−1 ð�ýtô�õ|öùô�õ
	�ýM��øKöùõ�ð�óPydô�÷�ødÿT�-,!ót÷�ødÿT��	�ýtø��%ÿL�KÿIð1ôdýtø � ÿ�ñùñ�ÿIð1��	8ó4ô��Kÿ�ø�	�ð (Z,X, Y )

û
(P, S, T )

ÿ�õ
(Fz, FV , FH)

ûKý � õ�ÿ�ô�ødÿIð~ó���	�ïIð�ñ�ÿ9�Kÿ�	§ôKö�ÿ�	 �H,!ó4ô��Mÿ�þ�ÿ�ô�õ��Kÿ � ó�	§ö)ó � ñ�ÿ
ð�ýtöùõB,dýtþ�ý��Mï�ôdÿ��
îsó4ôdðzñ�ÿ=�&ótðp�£ò øKô�þ�öùñùö�ÿ�ø ð�õ
	8ó4õ§ö#y!ú=,dý�	§ö.t&ýtô�õ8ó4ñ�ÿ�þ�ÿ�ô�õ[ÿ�õR�Iýtþ2�bý<ð�ús�Kÿ=�Iýtø��-,dÿIð�,dýtþ�ý��Mï�ôdÿIð ÿ�õ

ö�ð�ýtõ
	�ý��bÿIð&û�ñnòqý�	-�$	�ÿ~ó�tIöùþ^øKõ8ó4ñ
m
�Kú��%ÿ�ô����KÿIð6��	�ý���	§ö�ú�õ�úIðB�Kÿµñ)ó^ð�ýtø�	-�Iÿ~÷�øKög�Mú�ôdï�	�ÿµñ�ÿ � ÿ*��õ�ÿ�ø�	B�Kÿ���ý�	-�Iÿ

−→
f
�U7�ö��Iÿ�õ§õ�ÿV�Kÿ�	§ôKö�ï�	�ÿVÿIð§õ2�býtô���õ§ødÿ�ñùñ�ÿ[ÿ�õCö�ð�ýtõ
	�ý��bÿ<ûxñnòqý�	-�$	�ÿêó�tIöùþmøKõ8ó4ñ�ÿ

m
ÿIð�õ\�Iýtôdð�õ8ó4ô�õªÿ�õ � ó4øKõ 0DFÅsÿ�ôKôdÿ�õH` á û�n,ÿ�ô$&W% ÿ�ô!ó�,dÿ�þpG�G I �

3�òÎó����Kñùö8�&ó4õ§ö�ýtô¢�KÿEñ)óªõ
	8ó4ôdð
�¯ý�	§þ�úIÿ2�Kÿ8�dýtø�	§ö�ÿ�	�&�ü�ó4ô�dMÿ�ñN� Í �.^/`J�~ÿ�õ�ñ�ÿIð9�-,!ó4ô��Mÿ�þ�ÿ�ô�õ�ð:�Kÿ � ó�	§ö)ó � ñ�ÿIð
� Í � Í GJ�Qÿ�õ�� Í � Í ^0�µð�ø�	Qñ�ÿIð�úI÷�ø!ó4õ§ö�ýtôdð�� Í �.^ ¤ ���bÿ�	§þ�ÿ�õ§õ�ÿ�ô�õ;�£òqý � õ�ÿ�ôKö.	;�KÿIð�úI÷�ø!ó4õ§ö�ýtôdð9��ö#"bú�	�ÿ�ô�õ§ö�ÿ�ñùñ�ÿIð;��ø
��	�ÿ�þ�ö�ÿ�	µý�	-�$	�ÿ^ÿ�ô

z
�

Â]ï�Â!ï.Ç|ï�� ð Ó��$�0�u�#Ü1ß�ý1��Ö6Û�¾4Ý�Ü}�0�{Ý�Ú�Ú{Ý�ß�ý|Ý=¼z¾���¼z�'���$�0�u�#Ü�Ý�Ü
z

<�ôêöùô�õ
	�ýM��øKö�ð8ó4ô�õQñ)óEñ�ÿ�ô�õ�ÿ�ø�	�,dý�	§ö.t&ýtô�õ8ó4ñ�ÿ
p
õ�ÿ�ñÒ÷�ødÿ

k = ωp
û*ñ�ÿIð�úI÷�ø!ó4õ§ö�ýtôdð+��ö#"bú�	�ÿ�ô�õ§ö�ÿ�ñùñ�ÿIð�� Í �.^ ¤ �

ð&òqú*��	§ö � ÿ�ô�õ �dó4ôdð-ñ�ÿ;�Kýtþªó4öùôdÿ (ω, p)
ð8ýtødð-ñ)ó��¯ý�	§þ�ÿ
þªó4õ
	§ö8��ö�ÿ�ñùñ�ÿmð§øKö � ó4ô�õ�ÿ�?

∂BP−SV

∂z
= ωAP−SVBP−SV + FP−SV

� Í � Í<Í �

∂BSH

∂z
= ωASHBSH + FSH
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�z�8���Kp<+qp<+ uº2�:M5�=�:<5->�0ar�AM?65(=6=6@B0�2
P
5�3;:M5,>8@B=9F&@BJBJl5�r~5�2439=

SV
5�3
SH

+

B = [BP−SV , BSH ]T = [Z,X, P, S, Y, T ]T
ÿIð§õ�ñ�ÿ � ÿ*��õ�ÿ�ø�	;�Kÿ2�Iýtô�õ
	8ó4öùô�õ�ÿ�& � öùõ�ÿIð�ð�ÿR�Kÿ2�Kú��Kñ)ó��Iÿ�&

þ�ÿ�ô�õ;�IýtôKô�ø�ó4ødð�ð§ö1�Iýtþ�þ�ÿCñ�ÿ � ÿ*��õ�ÿ�ø�	;�Kÿ + » �}�íß/�%Ü9143V�Kß.5!ÝMÚuÚ Dqü~ótð-dMÿ�ñùñ�a á�I �g3�ÿIð�þªó4õ
	§ö8�IÿIð Ap−SVÿ�õ
ASH

ð&òqÿ��M��	§öùþ�ÿ�ô�õ[ÿ�ôj��ýtô���õ§ö�ýtôÁ�Kÿêñ)ó�ñ�ÿ�ô�õ�ÿ�ø�	C,dý�	§ö.t&ýtô�õ8ó4ñ�ÿ
p
û6�Kÿ ñ)ó � öùõ�ÿIð8ð�ÿ α =

√
λ+2µ

ρ

�Kÿ
��	�ý��!ó���ó4õ§ö�ýtô��KÿIð�ýtô��KÿIð

P
ûJ�Kÿ,ñ)ó � öùõ�ÿIð�ð8ÿ β =

√
µ
ρ

�KÿB��	�ý��!ó���ó4õ§ö�ýtôR�KÿIðºýtô��KÿIð
S
û���ø�	8ó����bý�	§õ

γ = α
βÿ�ô�õ
	�ÿ�ñ�ÿIð � öùõ�ÿIð�ð�ÿN�KÿIð,ýtô��KÿIð P ÿ�õL�KÿIð,ýtô��KÿIð

S
ÿ�õB�Kÿ

v = 4β2
(
1 − γ−2

) ��4�ÿIðºþªó4õ
	§ö8�IÿIð-ð�òqú*��	§ö � ÿ�ô�õ;?

AP−SV =




0 p
(
1 − 2γ2

) (
ρα2

)
−1

0

−p 0 0
(
ρβ2

)
−1

−p 0 0 p
0 ρ

(
vp2 − 1

)
−p

(
1 − 2γ2

)
0


 , ASH =

[
0

(
ρβ2

)
−1

ρ
(
β2p2 − 1

)
0

]

� Í � Í<á �
3ÒÿIð � ÿ*��õ�ÿ�ø�	�ð FP−SV

ÿ�õ
FSH

ð�ýtô�õµñ�ÿIð � ÿ*��õ�ÿ�ø�	�ð+�Kÿ
ð8ýtø�	-�Iÿsõ�ÿ�ñÒ÷�ødÿ FP−SV = [0, 0, Fz , FV ]T
ÿ�õ

FSH = [0, FH ]T
�


6ñ�ÿIð§õ9��ñ)ó4ö.	&û!�£òÎó���	�ïIðsñnòqúI÷�ø!ó4õ§ö�ýtôñ� Í � Í<Í �(ûÒ÷�ødÿ��dó4ôdð
ñ�ÿ2�&ótð�ö�ð�ýtõ
	�ý��%ÿ<ûbñ)ó�	�úIð8ýtñùøKõ§ö�ýtô���øh��	�ý � ñ�ï�þ�ÿ
�Kÿ^ñ)ó���	�ý��!ó���ó4õ§ö�ýtôo�bÿ�øKõN)�õ
	�ÿEð�ú��!ó�	�úEÿ�ôv�Kÿ�ø$� ð�ýtødð+��	�ý � ñ�ï�þ�ÿIð9��ö�ð�õ§öùô���õ�ð/�g3�ÿ���	�ÿ�þ�ö�ÿ�	9�Iýtô��Iÿ�	§ôdÿEñ)ó
��	�ý��!ó���ó4õ§ö�ýtôV�KÿIð-ýtô��KÿIðL��ø õWfM�%ÿ

P −SV
û$�<òqÿIð§õ�&��P&W��ö.	�ÿ�ñ�ÿIð,ýtô��KÿIðB�KÿN�Iýtþ2��	�ÿIð�ð§ö�ýtô

P
ÿ�õT�Kÿ���ö�ð8ó4öùñùñ�ÿ�&

þ�ÿ�ô�õ � ÿ�	§õ§ö8�&ó4ñ SV ��3�òÎó4øKõ
	�ÿQð8ýtødð�&���	�ý � ñ�ï�þ�ÿ �Iýtô��Iÿ�	§ôdÿQñ)ó9��	�ý��!ó���ó4õ§ö�ýtôC��øzõWfM�%ÿ SH û��<òqÿIð§õ�&��P&W��ö.	�ÿµñ�ÿIð
ýtô��KÿIð+�Kÿ9��ö�ð�ó4öùñùñ�ÿ�þ�ÿ�ô�õ+,dý�	§ö.t&ýtô�õ8ó4ñL�½y��<ø�	�ÿR� Í � Í �
���

îsó4ôdðQñ)ó�ð§øKöùõ�ÿ:��øs�-,!ó��Köùõ
	�ÿ<ûbýtô ó � ý�	-�Kÿ�	8ó�øKôKö�÷�ødÿ�þ�ÿ�ô�õ�ñ�ÿ;�&ótð+�Kÿmñ)ó\��	�ý��!ó���ó4õ§ö�ýtô
P − SV

��3ÒÿIð
ð�ýtø�	-�IÿIðsó��Iýtødð§õ§ö�÷�ødÿIðsÿ�ô�ð§ö�ð§þ�ö�÷�ødÿmþªó�	§öùôdÿCÿ�õ�ñ)ó���	�ý��!ó���ó4õ§ö�ýtô@�dó4ôdð�ñ�ÿIð~þ�öùñùö�ÿ�ø$�°ð§õ
	8ó4õ§ö#y!úIð�,dý�	§ö.t&ýtô$&
õ8ó4ñ�ÿ�þ�ÿ�ô�õR�Iýtþ2�%ý<ð�úIðp�KÿC�Iýtø��-,dÿIð�,dýtþ�ý��Mï�ôdÿIðªÿ�õ�ö�ð�ýtõ
	�ý��%ÿ��bÿ�	§þ�ÿ�õ§õ�ÿ�ô�õªøKôKö�÷�ødÿ�þ�ÿ�ô�õªñnòqý � ð�ÿ�	 � ó4õ§ö�ýtô
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�KÿIð�ýtô��KÿIðR�KÿV�Iýtþ2��	�ÿIð�ð§ö�ýtô�ÿ�õ��KÿV��ö�ð8ó4öùñùñ�ÿ�þ�ÿ�ô�õ � ÿ�	§õ§ö8�&ó4ñ��U
6ñ�ôÒò fÓóh�!ótð&û�ð�ýtødð��IÿIðp,�fM�%ýtõ
,dïIð8ÿIð&ûU�Kÿ
��	�ý��!ó���ó4õ§ö�ýtôs�£òqýtô��KÿIð

SH
��31óCôdýtõ8ó4õ§ö�ýtô

S
�KúIð§ö.�<ôdÿ�	8óp�\�!ó�	§õ§ö.	+�Kÿ�þªó4öùô�õ�ÿ�ô!ó4ô�õQñ�ÿIðµýtô��KÿIð

SV
�

ì1é�:5é��*��­�§A·W³U©J°�§A¨´¬Uª_·<;=��ë1³Uµ}©J°�§A¨´¬Uªw±>¯�§|±>µ�
|µ}©J°�§A¨Ã¬>µ!¨>­=·Wª¢®$µ!­�>@?2ACB

3�ó:	�úIð�ýtñùøKõ§ö�ýtôC�KÿQñnòqúI÷�ø!ó4õ§ö�ýtôC��ö#"£ú�	�ÿ�ô�õ§ö�ÿ�ñùñ�ÿ~þªó4õ
	§ö8��ö�ÿ�ñùñ�ÿ9��øR��	�ÿ�þ�ö�ÿ�	,ý�	-�$	�ÿ�ÿ��M��	§öùþ�úIÿN�dó4ôdð9� Í � Í<Í �
ôÒòqÿIð§õz�!ótð�öùþ�þ�ú*��ö)ó4õ�ÿ-ó4ø���	�ÿ�þ�ö�ÿ�	xó � ý�	-�!��4�ÿ��%ÿ�ô��dó4ô�õ&ûtöùñ�ð§ø$¡�õ1�Kÿ>	�ÿ�þªó�	�÷�ødÿ�	x÷�ødÿºñ)ó-þªó4õ
	§ö8�Iÿ

AP−SVÿIð§õ���ö)ó��Mýtô!ó4ñùö�ð8ó � ñ�ÿRDF'µþ^øKô��Kð�ÿ�ô�b�aP& � I ÿ�õB�%ÿ�øKõµð�òqÿ��M��	§öùþ�ÿ�	�ð�ýtødð�ñ)ó��¯ý�	§þ�ÿ2?

Ap = DΛD−1 � Í � Í4æ �

ó � ÿ*� D ñ)óEþªó4õ
	§ö8�Iÿ��Kÿ���	�ý���	§ö�ú�õ�úIð ��øVþ�öùñùö�ÿ�øs�Kÿ9��	�ý��!ó���ó4õ§ö�ýtô{?

D =




−iqp p iqp p
p −iqs p iqs

2µp2 − ρ −2iµpqs 2µp2 − ρ 2iµpqs
−2iµpqp 2µp2 − ρ 2iµpqp 2µp2 − ρ




� Í � Í aJ�

ÿ�õ
Λ
ñ)óCþªó4õ
	§ö8�Iÿ;��ö)ó��Mýtô!ó4ñ�ÿ��KýtôKôdúIÿ9�!ó�	:?

Λ =




iqp 0 0 0
0 iqs 0 0
0 0 −iqp 0
0 0 0 −iqs




� Í � Í �J�

qp =
√

1
α2 − p2

ÿ��$��	§öùþ�ÿ ñ)óíñ�ÿ�ô�õ�ÿ�ø�	 � ÿ�	§õ§ö8�&ó4ñ�ÿo�KÿIðzýtô��KÿIð P ÿ�õ
qs =

√
1
β2 − p2

ñ)óíñ�ÿ�ô�õ�ÿ�ø�	
� ÿ�	§õ§ö8�&ó4ñ�ÿ:�KÿIðµýtô��KÿIð S �

<�ô=�%ý<ð8ó4ô�õ
V = D−1B

û*ñnòqúI÷�ø!ó4õ§ö�ýtôv�Kÿ���	�ý��!ó���ó4õ§ö�ýtô¢� Í � Í<Í ��ð8ó4ôdð�ð�ÿ*�Iýtô�� þ�ÿ�þ � 	�ÿ:�Kÿ � ö�ÿ�ô�õ�?

∂V

∂z
= ωΛV

� Í � ÍJ¤ �

3�ó�ð�ýtñùøKõ§ö�ýtô=�KÿsñnòqúI÷�ø!ó4õ§ö�ýtô=��ö#"£ú�	�ÿ�ô�õ§ö�ÿ�ñùñ�ÿmÿIð�õ+�Kýtô��;�Kÿ�ñ)ó���ý�	§þ�ÿ2?

V (z) = PR (z, z1)V (z1)
� Í � Í `J�

3�ó�þªó4õ
	§ö8�Iÿ
PR

ûdó����bÿ�ñ�úIÿ9��	�ý��!ó���ó4õ�ÿ�ø�	&û!ð&òqÿ��$��	§öùþ�ÿ
ð�ýtødð�ñ)ó��¯ý�	§þ�ÿ�?

PR (z, z1) =




eiωqp(z−z1) 0 0 0

0 eiωqs(z−z1) 0 0

0 0 e−iωqp(z−z1) 0

0 0 0 e−iωqs(z−z1)




� Í � Í bJ�
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�1�8����p<+ � + /1L�F&r�AE582436?GF&243�5�3;=60�?639F�243x:K� DM2CH�0aJlD�r~5-:<��Jl@Br�@k39�-A�F&?�JB5�=x2�@lHa5�F&DM7
z1
5�3
z2
+

3Òÿ � ÿ*��õ�ÿ�ø�	 V ÿ��$��	§öùþ�ÿCö8��ö�ñ�ÿIð9�-,!ó4þ2�dðEótð�ð�ýM��ö�úIð
ó4ø$�°ýtô��KÿIð
P
ÿ�õ
S
�dó4ôdðsñ�ÿ�ð�ÿ�ôdð�þ�ýtô�õ8ó4ô�õCÿ�õ

�KÿIð-�Iÿ�ô��dó4ô�õ/��
6ñ!�%ÿ�øKõ�ð&òqú*��	§ö.	�ÿmð�ýtødð-ñ)ó���ý�	§þ�ÿ2?

V = [ΦU ,ΨU ,ΦD,ΨD]T = [VU , VD]T
� Í � á GJ�

3ÒÿIð�öùô���ö8�IÿIð
U
ÿ�õ
D
öùô���ö�÷�ødÿ�ô�õ�ñ�ÿ-ð�ÿ�ôdð�þ�ýtô�õ8ó4ô�õ��{ø��g�|ýtø��KÿIð-�Iÿ�ô��dó4ô�õ����Ký/c-ôg�5�Kÿ,ñ)óN��	�ý��!ó���ó4õ§ö�ýtô|�

Φ
ÿ�õ

Ψ
ð�ýtô�õ;�KÿIð;�-,!ó4þ2�dðEð-�&ó4ñ)ó4ö.	�ÿIðmótð8ð�ý���ö�úIð��¬ñ)ó���	�ý��!ó���ó4õ§ö�ýtô{�KÿIð
ýtô��KÿIð

P
ÿ�õ
S
�!
�ñ�ðsð8ýtô�õ^ó4ødð�ð�ö

�IýtôKô�ødðQð�ýtødð-ñ�ÿsôdýtþ �Kÿ;�%ýtõ�ÿ�ô�õ§ö�ÿ�ñ�ð/�
îsó4ôdðsñ�ÿ\�&ótð;�KÿIðsýtô��KÿIðsôdýtôo,dýtþ�ý��Mï�ôdÿIðR�¯ýtô��KÿIð;�Kÿ�ð§ø�	��nó��Iÿ\�!ó�	
ÿ���ÿ�þ2�Kñ�ÿ0�(ûbñ�ÿIð�ñ�ÿ�ô�õ�ÿ�ø�	�ð

qp
ýtø

qs
�%ÿ�ø � ÿ�ô�õ��Kÿ � ÿ�ôKö.	Eöùþªó��<öùô!ó4ö.	�ÿIð��Kø�	�ÿIð/�z3�óVþªó4õ
	§ö8�Iÿ���ö)ó��Mýtô!ó4ñ�ÿ PR �Iýtþ2�%ý�	§õ�ÿ<ûz�dó4ôdð��Iÿp�&ótð&û��KÿIð

ÿ��$�%ýtôdÿ�ô�õ§ö�ÿ�ñùñ�ÿIð��Vó�	
�<øKþ�ÿ�ô�õ�ð��bý<ð§öùõ§ö#�¯ð0�!4�ÿ*��ö>�Mú�ôdï�	�ÿ��KÿIð9��	�ý � ñ�ï�þ�ÿIð
ô�øKþ�ú�	§ö�÷�ødÿIð:�%ýtø�	sñ�ÿIð;��	8ó4ô��KÿIð
� ó4ñ�ÿ�ø�	�ð��Kÿ z ýtø=�Kÿ ω �

'+ydô=�Kÿ9�Iýtô�õ�ýtø�	§ôdÿ�	��Iÿ���	�ý � ñ�ï�þ�ÿmÿ�õB�!ó�	§õ8ó4ô�õ �KÿsñnòqúI÷�ø!ó4õ§ö�ýtô�?

[
VU (z2)
VD (z2)

]
= PR (z1, z2)

[
VU (z1)
VD (z1)

]
� Í � á ^0�

Åsÿ�ôKôdÿ�õ§õ\DFÅsÿ�ôKôdÿ�õH` á�I ��	�ý��%ý<ð�ÿmøKôdÿ
ôdýtø � ÿ�ñùñ�ÿEú*��	§öùõ§ø�	�ÿ;�nó4ö�ð8ó4ô�õ�ó����!ó�	8óPO�õ
	�ÿ^ñ�ÿ:�H,!ó4þ2�h�£òqýtô��Kÿ^ÿ�ô$&
õ
	8ó4ô�õ,ÿ�õºð8ý�	§õ8ó4ô�õL�£ò øKô � ýtñùøKþ�ÿN�Kú�ñùöùþ�öùõ�ú+�!ó�	ºñ�ÿIð;ôKö � ÿ&ó4ø$� z1 ÿ�õ z2 �Iýtþ�þ�ÿ�ñ�ÿµþ�ýtô�õ
	�ÿ~ñ)óNy��<ø�	�ÿ\� Í � á ���3ÒÿIðL�-,!ó4þ2�dð+�£òqýtô��KÿIð�ð8ýtô�õ-ÿ��M��	§öùþ�úIð-ÿ�ôR��ýtô���õ§ö�ýtô��Kÿ~ð�ýtødð�þªó4õ
	§ö8�IÿIðB�&ó�	
	�úIÿIðB�KÿN��öùþ�ÿ�ôdð§ö�ýtôC�Kÿ�ø$�zõ�ÿ�ñ
÷�ødÿ2?

[
VU (z1)
VD (z2)

]
=

[
RD TU

TD RU

] [
VD (z1)
VU (z2)

]
� Í � á<Í �

R
ÿ�õ
T
ð�ýtô�õ1	�ÿIð
�bÿ*��õ§ö � ÿ�þ�ÿ�ô�õ�ñ�ÿIðxþªó4õ
	§ö8�IÿIð5�KÿL	�ú�Ò!ÿ���ö�ýtô�ÿ�õU�Kÿ�õ
	8ó4ôdð§þ�ö�ð�ð§ö�ýtô2��ø��-,!ó4þ2�dð�þ�ýtô�õ8ó4ô�õ

�
U
�ºýtø��KÿIð-�Iÿ�ô��dó4ô�õ:�

D
����î�ó4ôdð�ñ�ÿ��&ótðL�£ò øKôdÿsð�ÿ�øKñ�ÿN�Iýtø��-,dÿ�,dýtþ�ý��Mï�ôdÿ<û�öùñbôÒòqÿ��*ö�ð�õ�ÿ+�!ótðB�KÿN�Iýtô�õ
	8ótð§õ�ÿ

�£ò öùþ2�bú*�dó4ô��IÿIð/�!3ÒÿIð�ýtô��KÿIðsð�ýtô�õ�øKôKö�÷�ødÿ�þ�ÿ�ô�õsõ
	8ó4ôdð§þ�ö�ð8ÿIð/�]3�òqÿ��M��	�ÿIð8ð§ö�ýtôo�KÿIðQþªó4õ
	§ö8�IÿIð9�Kÿ�	�ú�Ò!ÿ���ö�ýtô
ÿ�õ��Kÿsõ
	8ó4ôdð§þ�ö�ð8ð§ö�ýtô=�Kÿ � ö�ÿ�ôKôdÿ�ô�õ�?
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�1�8�A�KpM+ ¦�+ /1L�F�r�AC:d� 0a2�:<5-F&DC2M@BH�5(F&DC:K� D�2M5-@l243958?6�)F�>�5 +

RD = RU =

[
0 0
0 0

]
, TU = TD =

[
eiωqp(z2−z1) 0

0 eiωqs(z2−z1)

]
� Í � á<á �

TU
ÿ�õ
TD

ÿ��$��	§öùþ�ÿ�ô�õQñ)óCõ
	8ó4ôdð§þ�ö�ð�ð§ö�ýtôs�KÿIð�ýtô��KÿIð
P
ÿ�õ
S
�£ò øKôêôKö � ÿ&ó4øs�CøKôêó4øKõ
	�ÿ��

îsó4ôdðEñ�ÿp�&ótðCý�è�ñ�ÿ � ýtñùøKþ�ÿ��Kú�ñùöùþ�öùõ�úR�!ó�	 z1 ÿ�õ z2 �Iýtô�õ§ö�ÿ�ô�õ2�Kñùødð§ö�ÿ�ø�	�ð\�Iýtø��-,dÿIðC�½y��<ø�	�ÿo� Í � á �
�(ûñ�ÿ\�-,!ó4þ2�íþ�ýtô�õ8ó4ô�õ
VU (z1)

ÿIð§õ��Mú�ôdú�	�ú�ð�ýtöùõ��!ó�	�ñ�ÿIð9��ö#"bú�	�ÿ�ô�õ�ÿIð9	�ú�Ò!ÿ��*ö�ýtôdð9��ø@�H,!ó4þ2�@�KÿIð-�Iÿ�ô��dó4ô�õ
VD (z1)

�mñnò öùô�õ�ú�	§ö�ÿ�ø�	B��ø � ýtñùøKþ�ÿ~ð�ýtöùõ>�!ó�	�ñ)ósõ
	8ó4ôdð�þ�ö�ð�ð§ö�ýtôR��ø��-,!ó4þ2���£òqýtô��Kÿ VU (z2)
ÿ�ô�õ
	8ó4ô�õB�dó4ôdð

ñ�ÿ � ýtñùøKþ�ÿ��}3�ÿ��H,!ó4þ2�°ÿ�ô�õ
	8ó4ô�õ
ÿ�õ�ð�ý�	§õ8ó4ô�õ9��ø � ýtñùøKþ�ÿ��%ÿ�øKõ�)�õ
	�ÿ��Iÿ�ñùøKö1�KÿIð�ýtô��KÿIð P ýtøh�KÿIð�ýtô��KÿIð
S
�
K�ñùødðA�Mú�ôdú�	8ó4ñ�ÿ�þ�ÿ�ô�õ&û�Åsÿ�ôKôdÿ�õ§õ>DFÅsÿ�ôKôdÿ�õH` á�I �KýtôKôdÿ;ñ�ÿIð!	�ÿ�ñ)ó4õ§ö�ýtôdð�ÿ�ô�õ
	�ÿ�ñ�ÿIð£þªó4õ
	§ö8�IÿIð��Kÿ5	�ú�Ò!ÿ��*ö�ýtô$&nõ
	8ó4ôdð�þ�ö�ð�ð§ö�ýtô

�Iý�	
	�ÿIð
�býtô��dó4ô�õ��Eõ
	�ýtö�ð�ôKö � ÿ&ó4ø$�[÷�ødÿ�ñ8�Iýtôd÷�ødÿIð A û B ÿ�õ
C
��<�ñùñ�ÿ
ð&òqú*��	§ö � ÿ�ô�õ�?

TAC
D = TBC

D

[
I −RAB

U RBC
D

]
−1
TAB

D

RAC
D = RAB

D + TAB
U RBC

D

[
I −RAB

U RBC
D

]
−1
TAB

D

TAC
U = TAB

U

[
I −RBC

D RAB
U

]
−1
TBC

U

RAC
U = RBC

U + TBC
D RAB

U

[
I −RBC

D RAB
U

]
−1
TBC

U

� Í � á4æ �

YQô � ýtöùõ;ö8��ö#÷�ødÿ�ñ�ÿ��¯ý�	§þªó4ñùö�ð�þ�ÿ+�Kÿ+Åsÿ�ôKôdÿ�õ§õT�bÿ�	§þ�ÿ�õ;øKôdÿQó�����	�ýM�-,dÿ 	�ú*��ø�	�ð§ö � ÿ �dó4ôdð;ñ)ó;	�úIð�ýtñùøKõ§ö�ýtô
�KÿQñnòqúI÷�ø!ó4õ§ö�ýtôC�KÿN��	�ý��!ó���ó4õ§ö�ýtô|�Kîsó4ôdðT�Iÿ�õ§õ�ÿsó�����	�ýM�-,dÿ<û*ñ�ÿIð�õ
	�ýtö�ð�ôKö � ÿ&ó4ø$� A û B ÿ�õ

C
ó����!ó�	§õ§ö�ÿ�ôKôdÿ�ô�õ

ð�ýtöùõB�^øKô¬ð�ÿ�øKñbþ�öùñùö�ÿ�ø�,dýtþ�ý��Mï�ôdÿ����dó4ôdðB�IÿN�&ótðºñnòqÿ��$��	�ÿIð�ð§ö�ýtôC�KÿIð�þªó4õ
	§ö8�IÿIð��Kÿ 	�ú�Ò!ÿ��*ö�ýtôVÿ�õB�KÿQõ
	8ó4ôdð�&
þ�ö�ð�ð§ö�ýtô ÿIð§õ �KýtôKôdúIÿ��!ó�	µñnòqúI÷�ø!ó4õ§ö�ýtô_� Í � á<á �
�(û#ð�ýtöùõ����Kÿ�ø$�[þ�öùñùö�ÿ�ø$�s��ö�ð�õ§öùô���õ�ð���ó4ød÷�ødÿ�ñ��&ótð&û!öùñ|�nó4ø��$	8ó
��	�ÿ�ô��$	�ÿ
ÿ�ô=�Iýtþ2�Kõ�ÿ
ñ�ÿIð�ÿ�"bÿ�õ�ð �Kÿ�ñnò öùô�õ�ÿ�	��nó��Iÿmð�ú��!ó�	8ó4ô�õµñ�ÿIð��Kÿ�ø$� þ�öùñùö�ÿ�ø$�����

Â]ï8Ç|ïu¿gï�DµÞ|¼z¾4Ý�ß&ß0�u�%Ü£ý1Ó º�» ����¼jýE�#�%ÜAý|Ý7�@Úu�h�/¾��JÔ#Ý�¾aß0Û�Ývý	�8Ó|Ü�Ý=�¯Ü}�&Ý�¾F-�� º Ý

3�ó[þ�ý��Kú�ñùö�ð�ó4õ§ö�ýtô{�Kÿ�ñ)óVõ
	8ó � ÿ�	�ð�úIÿ��£ò øKôdÿ�öùô�õ�ÿ�	���ó��Iÿ¬ó4ø�ôKö � ÿ&ó4ø z ÿ�ô�õ
	�ÿp�Kÿ�ø$�íþ�öùñùö�ÿ�ø$����ö�ð�õ§öùô���õ�ð
(1)

ÿ�õ
(2)

ð&òqÿ�"£ÿ*��õ§ødÿ
ÿ�ô[ÿ��$��	§öùþªó4ô�õ~ñ�ÿ9�-,!ó4þ2�v�£òqýtô��Kÿmÿ�ô�õ
	�ÿ:�Kÿ�ø$���býtöùô�õ�ðµöùô$ydôKöùþ�ÿ�ô�õN��	�ý��H,dÿIð�þªó4ö�ð
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�-,!ó���øKôVó����!ó�	§õ�ÿ�ô!ó4ô�õ��
øKôªþ�öùñùö�ÿ�øp,dýtþ�ý��Mï�ôdÿN��ö#"£ú�	�ÿ�ô�õ9�½y��<ø�	�ÿ�� Í � æ �
���M3�ó;�Iýtô�õ§öùô�øKöùõ�ú���ø � ÿ*��õ�ÿ�ø�	L�Kÿ
EL,dýtþ�ð�ýtô$&�ü�ótð
dMÿ�ñùñ

B
ó4ø[ôKö � ÿ&ó4ø z �Kÿ
ñnò öùô�õ�ÿ�	��nó��Iÿ;�bÿ�	§þ�ÿ�õ+�£òqú*��	§ö.	�ÿ�?

B
(
z−
)

= B
(
z+) = D1V

(
z−
)

= D2V
(
z+)

D1
ÿ�õ
D2

ð8ýtô�õµñ�ÿIðQþªó4õ
	§ö8�IÿIð��Kÿ;��	�ý���	§ö�ú�õ�úIð9�Kÿ��-,!ót÷�ødÿmþ�öùñùö�ÿ�ø|�}3Òÿ��-,!ó4þ2�h�£òqýtô��Kÿ���ñnò öùô�õ�ÿ�	��nó��Iÿ
ð&òqú*��	§öùõ:?

V
(
z−
)

= D−1
1 D2V

(
z+) = QV

(
z+) � Í � á aJ�

4�ÿ�õ§õ�ÿ@�Kÿ�	§ôKö�ï�	�ÿ ú*��	§öùõ§ø�	�ÿ�ó ñnòÎó � ó4ô�õ8ó��Mÿ{�Kÿo	�ú*��øKö.	�ÿ�ñ)ó õ
	8ó � ÿ�	�ð�úIÿ��£ò øKôdÿ�öùô�õ�ÿ�	���ó��Iÿ�ÿ�ô�õ
	�ÿ��Kÿ�ø$�
þ�öùñùö�ÿ�ø$�=�EøKôdÿsþmøKñùõ§ö.�Kñùö8�&ó4õ§ö�ýtô þªó4õ
	§ö8��ö�ÿ�ñùñ�ÿ9�nó4ö�ð8ó4ô�õ�öùô�õ�ÿ�	 � ÿ�ôKö.	Qñ�ÿIðB��	�ý���	§ö�ú�õ�úIð �Kÿ9�H,!ót÷�ødÿ��Iýtø��-,dÿ��

<�ô2	�ÿ���	�ÿ�ô!ó4ô�õ�ñnòqÿ��$��	�ÿIð�ð§ö�ýtô\��	�ú*�Iú*�Kÿ�ô�õ�ÿQÿ�ô���ýtô���õ§ö�ýtô���ø2�-,!ó4þ2��ÿ�ô�õ
	8ó4ô�õºÿ�õ�ð�ý�	§õ8ó4ô�õU�Kÿ�ñnò öùô�õ�ÿ�	��nó��Iÿ
�½y��<ø�	�ÿp� Í � æ �
�(û#ýtôVõ
	�ýtø � ÿ�?

[
VU (z−)
VD (z+)

]
=

[
R12

D T 12
U

T 12
D R12

U

] [
VD (z−)
VU (z+)

]
� Í � á �J�

3�óV�Kú*�Iýtþ2�%ý<ð§öùõ§ö�ýtô
V = [ΦU ,ΨU ,ΦD,ΨD]T = [VU , VD]T

ð&òqÿ��$��	§öùþ�ÿp���!ó�	§õ§ö.	:�KÿIð:�%ýtõ�ÿ�ô�õ§ö�ÿ�ñ�ð
ð-�&ó4ñ)ó4ö.	�ÿIð�ótð�ð�ýM��ö�úIðCó4ø$� ýtô��KÿIð

P
ÿ�õ
S
�z3ÒÿIðEþªó4õ
	§ö8�IÿIð��Kÿzõ
	8ó4ôdð§þ�ö�ð�ð�ö�ýtô ÿ�õ�	�ú�Ò!ÿ���ö�ýtô¢�Kú*��	§ö � ÿ�ô�õ�ñ�ÿIð

þ�ú*�&ó4ôKö�ð§þ�ÿIðL�KÿN�Iýtô � ÿ�	�ð§ö�ýtôV�sñnò öùô�õ�ÿ�	���ó��Iÿ2�½y��<ø�	�ÿ2� Í �~aJ�
����4�ÿIð;þªó4õ
	§ö8�IÿIðT�bÿ�ø � ÿ�ô�õB)�õ
	�ÿQú*��	§öùõ�ÿIð,ð�ýtødðºñ)ó
��ý�	§þ�ÿ�?

R12
I =

[
r12

PP

I r12
PS

I

r12
SP

I r12
SS

I

]
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I =

[
t12

PP

I t12
PS

I

t12
SP

I t12
SS

I

]
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3ÒÿIð�öùô���ö8�IÿIð
I
öùô���ö�÷�ødÿ�ô�õ,ñ�ÿQð�ÿ�ôdð6�Kÿ+��	�ý��!ó���ó4õ§ö�ýtôC��øR�-,!ó4þ2�C�£òqýtô��Kÿ\�

I = U,D
���M3ÒÿIðºÿ��$�bý<ð8ó4ô�õ�ð

�KýtôKôdÿ�ô�õsñ�ÿ^õWfM�bÿ��£òqýtô��KÿC�
P
ýtø

S
�-öùô���ö8�Kÿ�ô�õp�¯ð�ÿ*�Iýtô��êõ�ÿ�	§þ�ÿ\�KÿEñnòqÿ��$�%ý<ð8ó4ô�õ¥��ÿ�õ9��ö#"]	8ó���õ�úC�u��	�ÿ�þ�ö�ÿ�	

õ�ÿ�	§þ�ÿ0���M3�ó�y��<ø�	�ÿ�� Í �~aJ��öùñùñùødð§õ
	�ÿµõ�ýtødð;ñ�ÿIð6�&ótð>�bý<ð�ð§ö � ñ�ÿIð>�%ýtø�	ºøKôdÿµýtô��Kÿµöùô���ö8�Kÿ�ô�õ�ÿ�ð§ø�	�øKôR	�ú�Ò!ÿ*��õ�ÿ�ø�	/�
3�òÎó4ôKôdÿ��Kÿ æ û��Kú�õ8ó4öùñùñ�ÿ�ñnòqÿ��$��	�ÿIð�ð§ö�ýtôw�KÿIð:�Iý*ÿ�¡p��ö�ÿ�ô�õ�ð\�Kÿ�	�ú�Ò!ÿ���ö�ýtô ÿ�õ:�Kÿ�õ
	8ó4ôdð§þ�ö�ð8ð§ö�ýtôw�Vñnò öùô�õ�ÿ�	��nó��Iÿ
ÿ�ô�õ
	�ÿ��Kÿ�ø$���Iýtø��H,dÿIð�,dýtþ�ý��Mï�ôdÿIð~ÿ�ô��¯ýtô���õ§ö�ýtôv�KÿIðB��	�ý���	§ö�ú�õ�úIð+�KÿIð+�Kÿ�ø$� þ�öùñùö�ÿ�ø$�!�

îsó4ôdðÒñ�ÿ5�&ótð|�!ó�	§õ§ö8��øKñùö�ÿ�	1ý�è
ñnò öùô�õ�ÿ�	���ó��Iÿ�ÿIð�õÒñ�ÿz�¯ýtô��9�Kÿ�ñnòqÿ&ó4øÒûIñ�ÿIð£þªó4õ
	§ö8�IÿIðA�KÿU	�ú�Ò!ÿ��*ö�ýtô$&nõ
	8ó4ôdð§þ�ö�ð8ð§ö�ýtô
ð�ÿ~ð§öùþ2�Kñùö#y!ÿ�ô�õ��&ó�	�ñ�ÿIð,ýtô��KÿIð

S
ôdÿ~ð�ÿ ��	�ý��!ó��Mÿ�ô�õB�!ótðL�dó4ôdð,ñ�ÿIð�þ�öùñùö�ÿ�ø$�ªñùö�÷�øKö8�KÿIð/�$3ÒÿIðL�Iý�ÿ�¡p��ö�ÿ�ô�õ�ð��Kÿ

	�ú�Ò!ÿ���ö�ýtô ÿ�õL�KÿQõ
	8ó4ôdð§þ�ö�ð�ð§ö�ýtô ñùö�úIð-ó4ø$�zýtô��KÿIðL�Kÿ���ö�ð8ó4öùñùñ�ÿ�þ�ÿ�ô�õ��dó4ôdð�ñ�ÿQþ�öùñùö�ÿ�øVó��Iýtødð�õ§ö�÷�ødÿ�ð�ýtô�õºô�øKñ�ð/�
3ÒÿIð^þªó4õ
	§ö8�IÿIðCð�ÿ�	�ýtô�õEôdýtõ�úIÿIð\�dó4ôdð��IÿR�&ótð��!ó�	§õ§ö8��øKñùö�ÿ�	Cÿ�ô þ�öùô�ødð-��øKñ�ÿIðCÿ�õ^ð�òqÿ��M��	§öùþ�ÿ�ô�õ\�Kÿªñ)óC�nó�òIýtô
ð§øKö � ó4ô�õ�ÿ�?

rU =

[
rPP
U rPS

U

rSP
U rSS

U

]
rD =

[
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D 0
0 0

]
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tU =

[
tPP
U tPS

U

0 0

]
tD =

[
tPP
D 0
tSP
D 0

]
� Í � á bJ�
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3Òÿ,ñ�ÿ*��õ�ÿ�ø�	;õ
	�ýtø � ÿ�	8ó�ûJ�dó4ôdð�ñnòÎó4ôKôdÿ��Kÿ æ ûtñ�ÿIð�ÿ��M��	�ÿIð�ð�ö�ýtô��KÿB�IÿIðxõ�ÿ�	§þ�ÿIð�ÿ�ô\�¯ýtô���õ§ö�ýtô��KÿIðU��	�ý���	§ö�ú�õ�úIð
�KÿIð��Kÿ�ø$�Vþ�öùñùö�ÿ�ø$�!�

3ÒÿIð �Kú � ÿ�ñ�ý����%ÿ�þ�ÿ�ô�õ�ð+��	�ú*�Iú*�Kÿ�ô�õ�ð+	�ÿ��bý<ð�ÿ�ô�õµð§ø�	-ñ)ó2�Iýtô�õ§öùô�øKöùõ�ú���ø � ÿ*��õ�ÿ�ø�	 B ��4�ÿ*��öÒÿIð§õ�õ�ýtø�x§ýtø�	�ð� ú�	§ö#y!ú
ð8ó4ø$��ó4ø � ýtö�ð§öùô!ó��Mÿ:�Kÿ�ñ)ó�ð�ýtø�	-�Iÿ��

Â]ï8Ç|ï8Â!ï�DµÞ|¼z¾4Ý�ß&ß0�u�%Ü£ý1Ó º�» ����¼jýE�#�%ÜAý|ÝV��ÓjÔg�}�]ßP�{Ü��'�!Ýsý1ÝvÚu��ß/�gÓ�¾ º Ý

3�òqÿ��$�Kñ�ý<ð§ö�ýtô��Kÿxñ)ó-ð�ýtø�	-�Iÿ�ó4ø
ôKö � ÿ&ó4ø zS �Mú�ôdï�	�ÿ�øKôdÿU��ö�ðH�Iýtô�õ§öùô�øKöùõ�úT�dó4ôdð£ñ�ÿ � ÿ*��õ�ÿ�ø�	��KÿUEL,dýtþ�ð�ýtô$&�ü�ótð
dMÿ�ñùñ��<�ñùñ�ÿ
ð�òqÿ��M��	§öùþ�ÿ
ð8ýtødð-ñ)ó��¯ý�	§þ�ÿp?

Bdis (zS) = B
(
z+
S

)
−B

(
z−S

) � Í � æ GJ�

3Òÿ � ÿ*��õ�ÿ�ø�	 �£òqýtô��Kÿ;�Kÿ � ö�ÿ�ô�õ:?

V
(
z+
S

)
− V

(
z−S

)
= D−1Bdis = Σ

� Í � æ ^0�

ý�è

Σ = [ΣU ,ΣD]T

Σ
ÿ��M��	§öùþ�ÿEñ)ó���ö�ð-�Iýtô�õ§öùô�øKöùõ�ú���ø � ÿ*��õ�ÿ�ø�	;�£òqýtô��KÿEöùô�õ
	�ýM��øKöùõ�ÿ\�!ó�	Qñ)ó¬ð�ýtø�	-�Iÿ��|4�ÿ�ñùñ�ÿ�&W��ö1�Mú�ôdï�	�ÿCøKô

�-,!ó4þ2�Vþ�ýtô�õ8ó4ô�õ
ΣU

ÿ�õ�øKô��H,!ó4þ2�V�KÿIð-�Iÿ�ô��dó4ô�õ
ΣD

�Iýtþ�þ�ÿ~ñ�ÿ~þ�ýtô�õ
	�ÿ�ñ)ó;y��<ø�	�ÿ�� Í �~�J���*îsó4ôdð�ñ�ÿ��&ótð
�£ò øKôdÿµó��I÷�øKö�ð§öùõ§ö�ýtôªþªó�	§öùôdÿ<û�ñ)ó�ð�ýtø�	-�Iÿ�ÿIð§õ;öùþ�þ�ÿ�	
�MúIÿ+�dó4ôdð�ñnòqÿ&ó4ø|��3ÒÿIð�õ�ÿ�	§þ�ÿIð

ΣU
ÿ�õ

ΣD
ð�ÿL	�ú*��øKö�ð�ÿ�ô�õ

�\�KÿIðµðH�&ó4ñ)ó4ö.	�ÿIðµótð�ð�ýM��ö�úIð+�EøKôdÿ
ú�þ�ö�ð�ð�ö�ýtôV�£òqýtô��Kÿ:�Kÿ9�Iýtþ2��	�ÿIð�ð§ö�ýtô
P
�
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3�òqÿ��$��	�ÿIð�ð§ö�ýtô2��ø��-,!ó4þ2�2�£òqýtô��KÿL�Iýtþ2�Kñ�ÿ�õ1��	�úIú6�!ó�	|øKôdÿºð�ýtø�	-�IÿT�dó4ôdð1øKô^þ�öùñùö�ÿ�ø�ð§õ
	8ó4õ§ö#y!úT�Kú��%ÿ�ô���?

× �KÿIðEý��bú�	8ó4õ�ÿ�ø�	�ð^ú�õ8ó � ñùö�ð���	�ú*�Iú*�Kÿ�þ�þ�ÿ�ô�õ�ÿ�õ:�Kú*��	§ö � ó4ô�õEñ)óC��	�ý��!ó���ó4õ§ö�ýtô_�dó4ôdð^øKô ÿ�þ2�Köùñ�ÿ�þ�ÿ�ô�õ�Kÿ:�Iýtø��-,dÿIð�,dýtþ�ý��Mï�ôdÿIðQÿ�õ�ö�ð�ýtõ
	�ý��bÿIð&û

× �Kÿ
ñ)ó\��ö�ð-�Iýtô�õ§öùô�øKöùõ�úmöùô�õ
	�ý���øKöùõ�ÿ:�!ó�	-ñnòqÿ��M�Kñ�ý<ð§ö�ýtôv�Kÿ�ñ)óCð�ýtø�	-�Iÿ<û

× �KÿIðN�Iýtô���öùõ§ö�ýtôdð
ó4ø$�[ñùöùþ�öùõ�ÿIð&û}�<òqÿIð§õ�&��P&W��ö.	�ÿEñ)óp�Iýtô���öùõ§ö�ýtô@��ñ)óªð§ø�	��nó��Iÿ
ñùö � 	�ÿEÿ�õ~ñ)óp�Iýtô���öùõ§ö�ýtôo�Kÿ	8ó���ö)ó4õ§ö�ýtô°ó4øVôKö � ÿ&ó4øs��øV�Kÿ�þ�ö�ÿIð-�!ó��Iÿsöùô$ydôKö�ð§ø�	-ñ�ÿI÷�ødÿ�ñ|	�ÿ��bý<ð�ÿ�ô�õ�ñ�ÿIð+��ö#"bú�	�ÿ�ô�õ�ÿIð+�Iýtø��-,dÿIð0�
4�ýtþ�þ�ÿsñ�ÿsþ�ýtô�õ
	�ÿ
ñ)ó�y��<ø�	�ÿp� Í � ¤ �(û!ýtô=��ö�ð§õ§öùô��<ødÿ
÷�ø!ó4õ
	�ÿsôKö � ÿ&ó4ø$�C�!ó�	§õ§ö8��øKñùö�ÿ�	�ð �dó4ôdð+�Iÿ�þ�ý��Kï�ñ�ÿ�?

^��
z0
�Iý�	
	�ÿIð
�%ýtô��dó4ô�õ~ó4ø[ôKö � ÿ&ó4øs�Kÿsñ)óCð§ø�	��nó��Iÿ�ñùö � 	�ÿHG

Í �
zS
�Iý�	
	�ÿIð
�býtô��dó4ô�õ��Eñ)ó���	�ý��¯ýtô��Kÿ�ø�	N�Kÿsñ)óCð�ýtø�	-�IÿHG

á �
zR
�Iý�	
	�ÿIð
�býtô��dó4ô�õ9�Eñ)ó���	�ý���ýtô��Kÿ�ø�	 �KÿIðB	�ú*�Iÿ��Kõ�ÿ�ø�	�ðIG

æ �
zN

�Iý�	
	�ÿIð
�býtô��dó4ô�õ�ó4ø[ôKö � ÿ&ó4ø=��øV�Kÿ�þ�ö�ÿIð-�!ó��Iÿsöùô$ydôKöJG
YQôÓð§ø����bý<ð�ÿ�	8ó[õ�ýtø�x§ýtø�	�ð�÷�ødÿ

z0 < zS < zR < zN
�5YQôw�H,dÿ�	-�-,dÿ�	8óo�dó4ôdðEñ)ó ð§øKöùõ�ÿ��êÿ��$��	§öùþ�ÿ�	�ñ�ÿ

� ÿ*��õ�ÿ�ø�	B�£òqýtô��Kÿ<û�	�ÿIð-�%ÿ*��õ§ö � ÿ�þ�ÿ�ô�õ-ñ�ÿ � ÿ*��õ�ÿ�ø�	L�Kÿ �Iýtô�õ
	8ó4öùô�õ�ÿ�& � öùõ�ÿIð�ð�ÿ9�KÿN�Kú��Kñ)ó��Iÿ�þ�ÿ�ô�õµó4ø¬ôKö � ÿ&ó4ø zR �

� �#Ü�ý1���0�u�%Ü£ý|ÝV¾P��ý1�u�$�0�u�#Ü Ý�Ü
z∞

YQô ð�ÿ2�Kñ)ó��Iÿªÿ�ô�õ
	�ÿªñ�ÿIðmôKö � ÿ&ó4ø$� z+
S

ÿ�õ
z+
N

�1YQôo��ó4öùõmö8��ö;ñnò ,�fM�býtõ
,dïIð�ÿ�ô!ó4õ§ø�	�ÿ�ñùñ�ÿ¬÷�øÒò öùñ;ôÒò f�ó��!ótð
�£òqú�ôdÿ�	
�<ö�ÿ
÷�øKö!��	�ý � ö�ÿ�ô�õN�Kÿ�ñnò öùô$ydôKö|�Iýtþ�þ�ÿsñ�ÿ�þ�ýtô�õ
	�ÿmñ)ó�y��<ø�	�ÿ�� Í �~`J���gYQôVôdýtõ�ÿ;�dó4ôdð-ñ)óCð§øKöùõ�ÿ�öùô���ö#�u&
��ú�	�ÿ�þ�þ�ÿ�ô�õ

zN
ýtø

z∞
�{ñ�ÿsôKö � ÿ&ó4ø zN ÿIð§õB	�ÿ�x§ÿ�õ�ú;�Cñnò öùô$ydôKö½���

3�òqúI÷�ø!ó4õ§ö�ýtô¢� Í � á<Í �L�%ÿ�	§þ�ÿ�õ+�£òqú*��	§ö.	�ÿR?
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+

[
VU

(
z+
S

)
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]
=


 R∞

D

(
z+
S

)
T∞

U

(
z+
S

)

T∞

D

(
z+
S

)
R∞

U

(
z+
S

)


[
VD

(
z+
S

)

0

]
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3ÒÿIð~þªó4õ
	§ö8�IÿIð
R∞

(
z+
S

)
T∞

U

(
z+
S

) ÿ��M��	§öùþ�ÿ�ô�õ�ñ�ÿIð+	�ú�Ò!ÿ���ö�ýtôdð�ÿ�õµñ�ÿIðQõ
	8ó4ôdð§þ�ö�ð�ð§ö�ýtôdð��dó4ôdðQõ�ýtøKõ�ÿIð
ñ�ÿIð��Iýtø��H,dÿIð � ødÿIðB��ø[ôKö � ÿ&ó4ø=�Kÿsñ)óCð8ýtø�	-�Iÿ z+

S

�gYQô[ý � õ§ö�ÿ�ô�õ�ó4ñ�ý�	�ð�ñ)ó�	�ÿ�ñ)ó4õ§ö�ýtô¢?

VU

(
z+
S

)
= R∞

D

(
z+
S

)
VD

(
z+
S

) � Í � æ�á �

î�ÿ9�Kñùødð&ûdñnòqúI÷�ø!ó4õ§ö�ýtôw� Í � æ ^0�,ÿ��M��	§öùþ�ÿmñ)ó�	�ÿ�ñ)ó4õ§ö�ýtô ÿ�ô�õ
	�ÿ
ñ�ÿIð � ÿ*��õ�ÿ�ø�	�ð �£òqýtô��Kÿ^ó4ø$� ôKö � ÿ&ó4ø$� z+
S

ÿ�õ
z−S
ûdÿ�ñùñ�ÿ��bÿ�	§þ�ÿ�õ+�£ò öùô�õ
	�ýM��øKö.	�ÿ
ñ)ó���ö�ð-�Iýtô�õ§öùô�øKöùõ�ú��Kÿ�ñ)ó�ð8ýtø�	-�Iÿ��gYQô[ý � õ§ö�ÿ�ô�õ�?

VU

(
z−S

)
= R∞

D

(
z+
S

)
VD

(
z−S

)
+R∞

D

(
z+
S

)
ΣD − ΣU

� Í � æ<æ �

� �#Ü�ý1���0�u�%Ü£ý|Ý[ß0Ó�¾F-�� º ÝsÚ��uø�¾4Ý[Ý*Ü
z0

YQô¬ð�ÿ��Kñ)ó��Iÿµþªó4öùô�õ�ÿ�ô!ó4ô�õ-ÿ�ô�õ
	�ÿµñ)ómð�ýtø�	-�Iÿµÿ�õºñ)ó
ð§ø�	��nó��Iÿ�ñùö � 	�ÿ<û��<òqÿIð§õ�&��P&W��ö.	�ÿ �dó4ôdðºøKôªþ�öùñùö�ÿ�øR�Kø�	�ÿ�&
þ�ÿ�ô�õ�ó��Iýtødð§õ§ö�÷�ødÿR�½y��<ø�	�ÿR� Í �~bJ�
���g3ÒÿIðQþªó4õ
	§ö8�IÿIð+�Kÿ;	�ú�Ò!ÿ���ö�ýtô$&nõ
	8ó4ôdð§þ�ö�ð�ð�ö�ýtô ÿ�ô�õ
	�ÿ:�IÿIð+�Kÿ�ø$�VôKö � ÿ&ó4ø$�
ð�ÿ>	�ú*��øKö�ð�ÿ�ô�õU� �KÿIð1ð-�&ó4ñ)ó4ö.	�ÿIðz�KøKö�ð�÷�øÒò öùñ*ôÒò fmó��!ótð1�KÿU��	�ý��!ó���ó4õ§ö�ýtô��£òqýtô��KÿIð

S
��K|ó�	xð�ýtø���ö$�Kÿºð�öùþ2�Kñùö8��öùõ�ú

�£òqú*��	§öùõ§ø�	�ÿ<û!ýtôs�Iýtô�õ§öùô�ødÿ�	8óp�Kÿ9��	�ÿ�ô��$	�ÿsñ�ÿIðµôdýtõ8ó4õ§ö�ýtôdð�þªó4õ
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õ�ÿ�	§þ�ÿIð:��ø{�-,!ó4þ2��þ�ýtô�õ8ó4ô�õ��Iý�	
	�ÿIð
�%ýtô��dó4ô�õ\�¬ñ)óC	�ú � ÿ�	 � ú�	8ó4õ§ö�ýtô¢�Kÿ�ñ)ó ð�ýtø�	-�Iÿ�ð�ýtô�õ
ó����bÿ�ñ�úIð��dó4ôdð�ñ)óEñùöùõ§õ�ú�	8ó4õ§ø�	�ÿ��KÿIð-þmøKñùõ§ö.�Kñ�ÿIð ¼�ÝQ��1¥Ú{ÝQ�!ßJï

3ÒÿN�Kú � ÿ�ñ�ý����bÿ�þ�ÿ�ô�õ��KÿQñ)ómð�ú�	§ö�ÿ �Kÿµñ)ó:	�ú � ÿ�	 � ú�	8ó4õ§ö�ýtô���ø��-,!ó4þ2� þ�ýtô�õ8ó4ô�õ��dó4ôdð�ñ)ó;�Iýtñ�ýtôKôdÿ��£òqÿ&ó4ø
��	�úIúIÿ9�!ó�	�øKôdÿ
ó�	
	§ö � úIÿ:��	§öùþªó4ö.	�ÿ
ð&òqú*��	§öùõ:?

R
′

(1 + rD exp (2iωqwzR))2
' R

′ − 2rD exp (2iωqwzR)R
′

+

3r2D exp (4iωqwzR)R
′

+ ...
� Í � ¤�¤ �

× 3�ÿsõ�ÿ�	§þ�ÿ;�£òqý�	-�$	�ÿ9t&ú�	�ý�ÿIð�õ��Iÿ�ñùøKöA�KÿsñnòÎó�	
	§ö � úIÿ9��	§öùþªó4ö.	�ÿ��

× 3�ÿCõ�ÿ�	§þ�ÿ��£òqý�	-�$	�ÿCøKôíÿ�ô rD ÿIð§õ9�Iÿ�ñùøKö>�KÿIð�þmøKñùõ§ö.�Kñ�ÿIð^÷�øKö�ýtô�õ � ó4õ§õ§øíøKôdÿ�ð�ÿ�øKñ�ÿ���ýtö�ð9�dó4ôdðsñ)ó
�Iýtñ�ýtôKôdÿ:�£òqÿ&ó4øÒû#ó4öùôdð§ö|�Kÿ
ð�øKöùõ�ÿ��
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3ÒÿIð,õ�ÿ�	§þ�ÿIðB�£òqý�	-�$	�ÿIð-ð§ø��bú�	§ö�ÿ�ø�	�ð��:t&ú�	�ý���øC�Kú � ÿ�ñ�ý����bÿ�þ�ÿ�ô�õ+��øC�H,!ó4þ2�Vþ�ýtô�õ8ó4ô�õ���	�úIúN�!ó�	,ñ)ó�	�ú � ÿ�	�&
� ú�	8ó4õ§ö�ýtô=�KÿsñnòÎó�	
	§ö � úIÿ;��	§öùþªó4ö.	�ÿ^ð�ýtô�õ~ó����%ÿ�ñ�úIðµþmøKñùõ§ö.�Kñ�ÿIð ¼�ÝQ��1¥Ú]ÝR�!ß ��31ó�y��<ø�	�ÿp� Í �.^ ¤ �L	�ú*�&ó��Köùõ§øKñ�ÿmñ�ÿIð
��ö#"£ú�	�ÿ�ô�õ�ð+�&ótð��%ý<ð�ð�ö � ñ�ÿ��%ýtø�	�ñ)ó�	�ú � ÿ�	 � ú�	8ó4õ§ö�ýtôs�£òqý�	-�$	�ÿ:t&ú�	�ýKûKøKô[ÿ�õ+�Kÿ�ø$�!�

7*ÿ�ñ�ýtôÓñ�ÿIð\�Kú � ÿ�ñ�ý����bÿ�þ�ÿ�ô�õ�ð���	�ú*�Iú*�Kÿ�ô�õ�ð&û�ýtô_�Iýtôdð§õ8ó4õ�ÿV÷�øÒò~�êñnòqÿ����Iÿ��Kõ§ö�ýtô£�KÿzñnòÎó�	
	§ö � úIÿ���	§öùþªó4ö.	�ÿ<û
õ�ýtødð�ñ�ÿIð,ó4øKõ
	�ÿIð�õ�ÿ�	§þ�ÿIðT��øR�H,!ó4þ2�zþ�ýtô�õ8ó4ô�õ-ð�ýtô�õ>�KÿIð;þ^øKñùõ§ö.�Kñ�ÿIðT�%ÿ���&nñ�ÿ��Mð/��3�òqÿ��M�bý<ð8ó4ô�õT��ø�õ�ÿ�	§þ�ÿN��ø
�Kú�ôdýtþ�öùô!ó4õ�ÿ�ø�	+�Kÿ R

′

(1+rD exp(2iωqwzR))2
� ó4øKõ 2

��4�ÿ*��öÒð&ò öùô�õ�ÿ�	
��	�ï�õ�ÿ��!ó�	�ñ�ÿ �nó4öùõ-÷�ødÿ��dó4ôdð,ñ�ÿN�&ótðB�£ò øKôdÿ
ó�	
	§ö � úIÿ;��	§öùþªó4ö.	�ÿ<û#ñ�ÿIð�þ^øKñùõ§ö.�Kñ�ÿIðN�%ÿ���&nñ�ÿ��Mð �Iý�	
	�ÿIð
�%ýtô��Kÿ�ô�õ����KÿIð � ó4õ§õ�ÿ�þ�ÿ�ô�õ�ð�ó4ødð8ð§ö � ö�ÿ�ôs��øv�*îtõ�ú:�Kÿ
ñ)óCð�ýtø�	-�Iÿ
÷�ødÿ9��ø=�*îtõ�ú;�KÿIð�	�ú*�Iÿ��Kõ�ÿ�ø�	�ð/�

YQô ÿIð§õmó�	
	§ö � ú�ö8��ö6�Vñnòqÿ��M��	�ÿIð�ð�ö�ýtô���ø{�H,!ó4þ2�{�£òqýtô��Kÿ<ûÒþ�ýtô�õ8ó4ô�õCÿ�õ:�KÿIð-�Iÿ�ô��dó4ô�õ&û|ó4øíôKö � ÿ&ó4ø¢�KÿIð
�&ó��Kõ�ÿ�ø�	�ð

zR
�P4�ÿU�-,!ó4þ2�EÿIð§õA��ö.	�ÿ*��õ�ÿ�þ�ÿ�ô�õ1ñùö�ú�ó4ø � ÿ*��õ�ÿ�ø�	�ð��Kÿ�ñ)ó,þ�ÿIð§ø�	�ÿU�Kÿ;ñ)ó � öùõ�ÿIð8ð�ÿ5�KÿU�Kú��Kñ)ó��Iÿ�þ�ÿ�ô�õ

ÿ�õ6�Kÿµñ)ó;�Iýtô�õ
	8ó4öùô�õ�ÿ
BP−SV

��
6ñ!ð&òÎó��<öùõºþªó4öùô�õ�ÿ�ô!ó4ô�õL�£òqÿ��$��	§öùþ�ÿ�	�ñ)ó;�Iýtô�õ
	§ö � øKõ§ö�ýtôC��ø��-,!ó4þ2� þ�ýtô�õ8ó4ô�õ
ÿ�õC�KÿIð-�Iÿ�ô��dó4ô�õ&ûL��	§öùþªó4ö.	�ÿIðêÿ�õzþ^øKñùõ§ö.�Kñ�ÿIð��½��ó4ô�õ-îtþ�ÿIð[ÿ�õ��%ÿ���&nñ�ÿ��Mð¥�(ûL�dó4ôdð ñnòqÿ��$��	�ÿIð�ð§ö�ýtôÁ��ø � ÿ*��õ�ÿ�ø�	
BP−SV

�
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YQôm�-,dÿ�	-�-,dÿ þªó4öùô�õ�ÿ�ô!ó4ô�õV�o�KýtôKôdÿ�	ªñnòqÿ��$��	�ÿIð�ð§ö�ýtôm��ø � ÿ*��õ�ÿ�ø�	R�Kÿêñ)ó°þ�ÿIð§ø�	�ÿV�Kÿêñ)ó � öùõ�ÿIð8ð�ÿV�Kÿ
�Kú��Kñ)ó��Iÿ�þ�ÿ�ô�õ,ÿ�õU�Kÿ-ñ)ó��Iýtô�õ
	8ó4öùô�õ�ÿ~ÿ�ô2�¯ýtô���õ§ö�ýtôR��ø��-,!ó4þ2�R�£òqýtô��Kÿ���<�ô�ð§ö�ð§þ�ö�÷�ødÿ-þªó�	§öùôdÿ<û<ñ�ÿIð;ÿ�ô�	�ÿ��<ö�ð�&
õ
	�ÿ�þ�ÿ�ô�õ�ð+�%ÿ�ø � ÿ�ô�õ+)�õ
	�ÿ
ÿ�"£ÿ*��õ§ødúIð��dó4ôdð-øKôVþ�öùñùö�ÿ�ø[ñùö�÷�øKö8�Kÿ
ýtø=�Eñnò öùô�õ�ÿ�	���ó��Iÿ
ÿ�ô�õ
	�ÿsøKôVþ�öùñùö�ÿ�ø[ñùö�÷�øKö8�Kÿ
ÿ�õ�øKô�þ�öùñùö�ÿ�øíð�ýtñùö8�KÿC��YNn�4B���£î�ó4ôdð�ñ�ÿ\��	�ÿ�þ�ö�ÿ�	;�&ótð�û%ð8ÿ�øKñ�ÿCñ)óp��	�ÿIð8ð§ö�ýtô�ÿ�õsñ)óR�Iýtþ2�bý<ð8ó4ô�õ�ÿ � ÿ�	§õ§ö8�&ó4ñ�ÿ
��ø � ÿ*��õ�ÿ�ø�	��Kÿ � öùõ�ÿIð�ð�ÿ:�Kÿ:�Kú��Kñ)ó��Iÿ�þ�ÿ�ô�õsð�ýtô�õ�ó��*�IÿIð8ð§ö � ñ�ÿIð/�!îsó4ôdðµñ�ÿ:�Kÿ�ø$��ö�ï�þ�ÿ��&ótð&ûdõ�ýtøKõ�ÿIðQñ�ÿIð �Iýtþ\&
�bý<ð8ó4ô�õ�ÿIð���ø � ÿ*��õ�ÿ�ø�	��Kÿ � öùõ�ÿIð�ð8ÿ;�Kÿ��Kú��Kñ)ó��Iÿ�þ�ÿ�ô�õ
ÿ�õ �Kÿ��Iýtô�õ
	8ó4öùô�õ�ÿ�ð8ýtô�õ~þ�ÿIð§ø�	8ó � ñ�ÿIð/�!4�ÿ��%ÿ�ô��dó4ô�õ&û
ñ)ó;�Iýtô�õ§öùô�øKöùõ�ú9�KÿIðT�Iýtþ2�%ý<ð�ó4ô�õ�ÿIð � ÿ�	§õ§ö8�&ó4ñ�ÿIðB�sñ)ó
õ
	8ó � ÿ�	�ð�úIÿ��KÿQñnò öùô�õ�ÿ�	��nó��IÿQÿIð§õ-ótð�ð§ø�	�úIÿ���îsó4ôdð;ñ)ó^ð§øKöùõ�ÿ<û
ýtô[õ
	8ó4öùõ�ÿ�	8óCñ�ÿIð+�Kÿ�ø$�C�&ótð0�

Â]ï.ÈAï#ÈAï�DµÞ|¼z¾4Ý�ß&ß0�u�%Ü£ý|ÝsÚu�@�íÝ�ß0ÓA¾4Ý[Ý*Ü
z−R

3�óv	�ÿ�ñ)ó4õ§ö�ýtô ÿ�ô�õ
	�ÿVñ�ÿ � ÿ*��õ�ÿ�ø�	p�Kÿ¬ñ)ó þ�ÿIð§ø�	�ÿ@���Iýtô�õ
	8ó4öùô�õ�ÿ�&W�Kú��Kñ)ó��Iÿ�þ�ÿ�ô�õ¥� ÿ�õCñ�ÿ � ÿ*��õ�ÿ�ø�	p�£òqýtô��Kÿ
ð&òqú*��	§öùõµð8ýtødð-ñ)ó��¯ý�	§þ�ÿp?

BP−SV = DV

D
ÿIð§õ-ñ)óCþªó4õ
	§ö8�Iÿ;�Kÿ���	�ý���	§ö�ú�õ�ú���øVþ�öùñùö�ÿ�øs�dó4ôdð-ñ�ÿI÷�ødÿ�ñÒð&òqÿ�"£ÿ*��õ§ødÿsñ)óEþ�ÿIð§ø�	�ÿ��g4�ÿ�õ§õ�ÿsþªó4õ
	§ö8�Iÿ��Kÿ

��	�ý���	§ö�ú�õ�úmð�òqÿ��M��	§öùþ�ÿ
ð8ýtødð,ñ)ó��¯ý�	§þ�ÿ2?

D =

[
mU mD

nU nD

]

3Òý�	�ð8÷�ødÿ�ñ)ó^þ�ÿIð§ø�	�ÿ�ð&òqÿ�"£ÿ*��õ§ødÿ9�dó4ôdð,øKô þ�öùñùö�ÿ�øVñùö�÷�øKö8�Kÿ<û*ñ�ÿIð,þªó4õ
	§ö8�IÿIð
m
ÿ�õ
n
ð�ÿN	�ú*��øKö�ð�ÿ�ô�õ+���KÿIð

ð-�&ó4ñ)ó4ö.	�ÿIð/��3�óCþªó4õ
	§ö8�Iÿ;�Kÿ9��	�ý���	§ö�ú�õ�ú
D
��ø[þ�öùñùö�ÿ�ø=�Kÿ � ö�ÿ�ô�õ�?

D =

[
−iqPw iqPw

−ρw −ρw

]
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3�ò öùô���ö8�Iÿ
w
�nó4öùõT	�ú���ú�	�ÿ�ô��Iÿmó4øVþ�öùñùö�ÿ�ø[ñùö�÷�øKö8�Kÿ��uc�ó4õ�ÿ�	¥���g3Òÿ � ÿ*��õ�ÿ�ø�	+�Kÿ�þ�ÿIð§ø�	�ÿ BP−SV

ð�ÿN	�ú*��øKöùõ
���Kÿ�ø$��õ�ÿ�	§þ�ÿIð;�Iý�	
	�ÿIð
�býtô��dó4ô�õCó4ø � öùõ�ÿIð8ð�ÿ\�Kÿ��Kú��Kñ)ó��Iÿ�þ�ÿ�ô�õ � ÿ�	§õ§ö8�&ó4ñºÿ�õ:�¬ñ)ó���	�ÿIð�ð�ö�ýtôj���Iýtô�õ
	8ó4öùô�õ�ÿ
� ÿ�	§õ§ö8�&ó4ñ�ÿ0�9?

BP−SV

(
z−R

)
=


 Z

(
z−R

)

P
(
z−R

)

 =

[
−iqPw iqPw

−ρw −ρw

] 
 VU

(
z−R

)

VD

(
z−R

)

 � Í � ¤ `J�

3Òý�	�ð+�KÿQñnòqÿIð�õ§öùþªó4õ§ö�ýtô=�Kÿ~ñ)ó � öùõ�ÿIð�ð�ÿ��Kÿ��Kú��Kñ)ó��Iÿ�þ�ÿ�ô�õ � ÿ�	§õ§ö8�&ó4ñnû�ñ�ÿIð-ð§ö.�<ôdÿIðB�KÿIðB�-,!ó4þ2�dð�þ�ýtô�õ8ó4ô�õ�ð
ÿ�õ��KÿIðH�Iÿ�ô��dó4ô�õ�ðCð�ýtô�õEý����%ý<ð8úIð&û1ó4ñ�ý�	�ð^÷�ødÿp�%ýtø�	^ñ�ÿ�õ�ÿ�	§þ�ÿR�KÿR�Iýtô�õ
	8ó4öùô�õ�ÿ<û1ñ�ÿIð��Kÿ�ø$�@�-,!ó4þ2�dðCýtô�õEñ�ÿ
þ�)�þ�ÿCð§ö.�<ôdÿ��!4�ÿ*��ö|ð&òqÿ��$�Kñùö�÷�ødÿ:�!ó�	~ñ�ÿ;�nó4öùõ�÷�ødÿ^ñ)ó�þ�ÿIð§ø�	�ÿ\�Kÿ^ñ)ó � öùõ�ÿIð�ð�ÿ^ÿIð§õ�ð�ÿ�ôdð§ö � ñ�ÿ\��ñ)óp��ö.	�ÿ*��õ§ö�ýtô
�Kÿ���	�ý��!ó���ó4õ§ö�ýtô õ8ó4ô���ö�ð�÷�ødÿ�ñ)ó��Iýtô�õ
	8ó4öùô�õ�ÿEð�ýtþ�þ�ÿ�ñ�ÿIð��H,!ó4þ2�dð �£òqýtô��KÿIðµð8ó4ôdð��Iýtôdð§ö8�Kú�	�ÿ�	�ñ�ÿmð�ÿ�ôdð��Kÿ
��	�ý��!ó���ó4õ§ö�ýtô|�|Kxó�	;�Iýtô � ÿ�ô�õ§ö�ýtôÒû£ñ�ÿ\�-,!ó4þ2��þ�ýtô�õ8ó4ô�õmÿIð§õ��KÿCð§ö.�<ôdÿEôdú���ó4õ§ö#��ÿ�õ�ñ�ÿ\�-,!ó4þ2�@�KÿIð-�Iÿ�ô��dó4ô�õ
ÿIð§õ��Kÿ
ð�ö.�<ôdÿ��%ý<ð§öùõ§ö#�
��3Òÿsõ�ÿ�	§þ�ÿ:�Kÿsñ)ó � öùõ�ÿIð8ð�ÿ � ÿ�	§õ§ö8�&ó4ñ�ÿ
ð&òqú*��	§öùõ:?

Z
(
z−R

)
= −iqPw

[
rD − 1

(1 + rD exp (2iωqwzR))
+

R
′

(1 + rD exp (2iωqwzR))2
(1 + exp (2iωqwzR))

]
So

� Í � ¤ bJ�
3Òÿ
õ�ÿ�	§þ�ÿ;�Kÿ9��	�ÿIð�ð§ö�ýtô[ÿIð�õ+�KýtôKôdú9�!ó�	-ñnòqÿ��$��	�ÿIð�ð§ö�ýtô�?

P
(
z−R

)
= −ρw

[
rD + 1

(1 + rD exp (2iωqwzR))
+

R
′

(1 + rD exp (2iωqwzR))2
(1 − exp (2iωqwzR))

]
So

� Í �~`�GJ�
YQô ý � õ§ö�ÿ�ô�õ�ó4öùôdð§öºñ�ÿIðEÿ��$��	�ÿIð�ð§ö�ýtôdð��KÿIð^þ�ÿIð§ø�	�ÿIð��Kÿ � öùõ�ÿIð�ð�ÿp�KÿR�Kú��Kñ)ó��Iÿ�þ�ÿ�ô�õ � ÿ�	§õ§ö8�&ó4ñ-ÿ�õ��Kÿzñ)ó

��	�ÿIð�ð§ö�ýtô ÿ�ôV��ýtô���õ§ö�ýtôv�KÿIðµõ�ÿ�	§þ�ÿIð �Kÿ:	�ú � ÿ�	 � ú�	8ó4õ§ö�ýtôo�Kÿmñ)ó�ð�ýtø�	-�Iÿ^ÿ�õ �KÿIð�ó�	
	§ö � úIÿIð+��	§öùþªó4ö.	�ÿIð/�%îsó4ôdð
ñ�ÿV�&ótðR�Kÿ[ñnòZYNn�4~û�þ�)�þ�ÿêð�ö�ñ�ÿIðªÿ�ô�	�ÿ��<ö�ð§õ
	�ÿ�þ�ÿ�ô�õ�ð ð�ýtô�õ¬ÿ�"bÿ*��õ§ødúIð¬ó4ø ôKö � ÿ&ó4øm��ø ð�ú*��öùþ�ÿ�ô�õ

z+
R

û�ñ)ó
�Iýtô�õ§öùô�øKöùõ�úL�Kÿ�ñ)óB�Iýtþ2�bý<ð8ó4ô�õ�ÿ � ÿ�	§õ§ö8�&ó4ñ�ÿ>�KÿIð � ÿ*��õ�ÿ�ø�	�ðz�Kÿ � öùõ�ÿIð�ð�ÿ�ÿ�õA�Kÿ6�Iýtô�õ
	8ó4öùô�õ�ÿ>�bÿ�	§þ�ÿ�õ��£òqÿ��$�Kñ�ýtöùõ�ÿ�	
�IÿIð�úI÷�ø!ó4õ§ö�ýtôdðsð�öùþ2�Kñ�ÿIð/�]4�ÿ��bÿ�ô��dó4ô�õ&û]�býtø�	�ý � õ�ÿ�ôKö.	sñnòqÿ��M��	�ÿIð�ð�ö�ýtôv�KÿIð��Iýtþ2�bý<ð8ó4ô�õ�ÿIð9,dý�	§ö.t&ýtô�õ8ó4ñ�ÿIð&ûböùñ
ÿIð§õ-ôdú*�IÿIð�ð�ó4ö.	�ÿ;�£òqÿ��M��	§öùþ�ÿ�	Qñ)óEþ�ÿIð§ø�	�ÿmó4øVôKö � ÿ&ó4øv��ø[ð�ú*��öùþ�ÿ�ô�õ~ÿ�ô z+

R

�

Â]ï.ÈAï8É!ï�DµÞ|¼z¾4Ý�ß&ß0�u�%Ü£ý|ÝsÚu�@�íÝ�ß0ÓA¾4Ý[Ý*Ü
z+
R

YQô¬ð�ÿB�Kñ)ó��Iÿ-ö8��ö}�dó4ôdð�ñ�ÿ��&ótð6�KÿIðºó��I÷�øKö�ð§öùõ§ö�ýtôdðTYNn�4N��3�ÿIðU	�ú*�Iÿ��Kõ�ÿ�ø�	�ð�ð�ýtô�õ6�Kñ)ó��IúIð>�dó4ôdðºøKô�þ�öùñùö�ÿ�ø
ð�ýtñùö8�Kÿ°ÿ�ô

z+
R

�íñnò öùô�õ�ÿ�	���ó��Iÿíó � ÿ*�°øKô�þ�öùñùö�ÿ�ø¾ñùö�÷�øKö8�Kÿ��B3�ó þªó4õ
	§ö8�Iÿ
D
�Iýtô�õ§ö�ÿ�ô�õ[ñ�ÿIð���	�ý���	§ö�ú�õ�úIðV�Kÿ

��	�ý��!ó���ó4õ§ö�ýtô��KÿIðºýtô��KÿIð
P
ÿ�õ
S
�dó4ôdð;ñ�ÿ�ð8ú*��öùþ�ÿ�ô�õ�x9ødð§õ�ÿµÿ�ô$&W�KÿIð�ð�ýtødðT��ø2�¯ýtô��R�Kÿ-ñ)ósþ�ÿ�	/��3ÒÿIð�õ�ÿ�	§þ�ÿIð

�Kÿ;�Iÿ�õ§õ�ÿsþªó4õ
	§ö8�Iÿmð&òqú*��	§ö � ÿ�ô�õQþªó4öùô�õ�ÿ�ô!ó4ô�õ\?

mU =

[
−iqP p
p −iqS

]
, mD =

[
iqP p
p iqS

]

nU =

[
2µp2 − ρ −2iµpqS
−2iµpqS 2µp2 − ρ

]
, nD =

[
iqP p
p iqS

]
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3�òqúI÷�ø!ó4õ§ö�ýtôj� Í �~� æ � �bÿ�	§þ�ÿ�õ��£òÎó�	
	§ö � ÿ�	;�zøKôdÿ��¯ý�	§þ^øKñ)ó4õ§ö�ýtôíð§öùþ2�Kñ�ÿ\�KÿIð9�Iýtþ2�%ý<ð�ó4ô�õ�ÿIð9��ø � ÿ*��õ�ÿ�ø�	
�Kÿ~ñ)óEþ�ÿIð§ø�	�ÿsÿ�ô�	8ó4þ�ÿ�ô!ó4ô�õ�ñ)óCð8ýtø�	-�Iÿ�ó4øVôKö � ÿ&ó4ø z−R

��YQôV�H,dÿ�	-�-,dÿ�	8óp�Eÿ��$��	§öùþ�ÿ�	-ö8��ö£øKôKö�÷�ødÿ�þ�ÿ�ô�õ�ñ)ó
� öùõ�ÿIð�ð�ÿ � ÿ�	§õ§ö8�&ó4ñ�ÿ
ÿ�õ�	8ó���ö)ó4ñ�ÿ���3�ó\��	�ÿIð�ð§ö�ýtô ÿIð§õB�Mú�ôdú�	8ó4ñ�ÿ�þ�ÿ�ô�õ~þ�ÿIð§ø�	�úIÿmó4øVôKö � ÿ&ó4ø z−R

?

[
Z
(
z+
R

)
, X

(
z+
R

)]T
= mUVU

(
z+
R

)
+mDVD

(
z+
R

)

=
[
mUR

∞

D

(
z+
R

)
+mD

] [
I − rUR

∞

D

(
z+
R

)]
−1
tDVD

(
z−R

)

<�ô���	�ÿ�ô!ó4ô�õ�ÿ�ô��Iýtþ2�Kõ�ÿ�ð�ÿ�øKñ�ÿ�þ�ÿ�ô�õ,ñ)ó:�!ó�	§õ§ö�ÿµñùöùôdú&ó4ö.	�ÿ���ø¬õ�ÿ�	§þ�ÿ [
I − rUR

∞

D

(
z+
R

)]
−1 ÿ�ôo� Í �~���J�(û

�<òqÿIð§õ�&��P&W��ö.	�ÿ^ÿ�ôVôdú��<ñùö.�Mÿ&ó4ô�õ~ñ�ÿIð-þmøKñùõ§ö.�Kñ�ÿIðµöùô�õ�ÿ�	§ôdÿIð&û#ýtô[õ
	�ýtø � ÿ�?

[
Z
(
z+
R

)
, X

(
z+
R

)]T
=
[
mD +mUR

∞

D

(
z+
R

)
+mDrUR

∞

D

(
z+
R

)]
tDVD

(
z−R

) � Í �~`$^0�

îsó4ôdð-ñ)ó�ð§øKöùõ�ÿ<ûKýtôêôdýtõ�ÿ�	8óCñ)óCþªó4õ
	§ö8�Iÿ�?

R∞

D

(
z+
R

)
=


 PP

(
z+
R

)
PS

(
z+
R

)

SP
(
z+
R

)
SS

(
z+
R

)



ý�è{�½y��<ø�	�ÿp� Í �.^/`J�
�9?

× SS
(
z+
R

) ÿ��M��	§öùþ�ÿ�ñ)ó�	�ú�Ò!ÿ���ö�ýtô=�KÿIð-ýtô��KÿIð
S
�Eñnòqÿ�ô�õ
	�úIÿ:��ø � ýtñùøKþ�ÿ;�Kú�ñùöùþ�öùõ�ú9�!ó�	-ñ�ÿIð,ôKö � ÿ&ó4ø$�

z+
R

ÿ�õ
z+
N

ÿ�õB	�ú�Ò!ú*�-,Kö�ÿmÿ�ô ýtô��KÿIð
S
�Cñ)óCð�ý�	§õ§ö�ÿ;��ø � ýtñùøKþ�ÿ��

× PS
(
z+
R

) ñ)ó�	�ú�Ò!ÿ��*ö�ýtôs�KÿIðµýtô��KÿIð
S
÷�øKöÒð�ÿ9�Iýtô � ÿ�	§õ§ö�ð8ð�ÿ�ô�õ�ÿ�ô[ýtô��Kÿ P �Cñ)óCð8ý�	§õ§ö�ÿ;��ø � ýtñùøKþ�ÿ��

× PP
(
z+
R

) ñ)ó�	�ú�Ò!ÿ��*ö�ýtôs�KÿIðµýtô��KÿIð
P
ÿ�ôêýtô��KÿIð

P
�

× SP
(
z+
R

) ñ)ó�	�ú�Ò!ÿ���ö�ýtôC�KÿIð-ýtô��KÿIð
P
÷�øKöbð�ÿ��Iýtô � ÿ�	§õ§ö�ð8ð�ÿ�ô�õµÿ�ôVýtô��Kÿ S �^ñ)óEð�ý�	§õ§ö�ÿ9��ø � ýtñùøKþ�ÿ��

YQôV��	�ú*��ö�ð�ÿ<ûg�2�IÿsôKö � ÿ&ó4øÒû!÷�ødÿ�ñ�ÿIð�ôdýtõ8ó4õ§ö�ýtôdð �Kÿ;Åsÿ�ôKôdÿ�õ§õ�DFÅsÿ�ôKôdÿ�õH` á�I ð�ýtô�õ+��ö#"bú�	�ÿ�ô�õ�ÿIð �Kÿ:�Iÿ�ñùñ�ÿIð+�Kÿ
' d�öÒÿ�õ�lµö8�-,!ó�	-�Kð:DF' d*ö�G ÍPI ��3ÒÿIðB	�ÿ�ñ)ó4õ§ö�ýtôdðQÿ�ô�õ
	�ÿ
ñ�ÿIð+�Kÿ�ø$�¬ôdýtõ8ó4õ§ö�ýtôdð~ð�ýtô�õ;?

PP → P̀ Ṕ

SS → S̀Ś

PS → S̀Ṕ

SP → P̀ Ś

3�ó¬ôdýtõ8ó4õ§ö�ýtô
S̀Ṕ

�KúIð§ö.�<ôdÿCñ�ÿIðsýtô��KÿIð
S
�KÿIð-�Iÿ�ô��dó4ô�õ�ÿIð��¬ñnòqÿ�ô�õ
	�úIÿp��ø � ýtñùøKþ�ÿ (z+

R , z
+
N

) ÷�øKö5�Kÿ�&
� ö�ÿ�ôKôdÿ�ô�õ P þ�ýtô�õ8ó4ô�õ�ÿIð��Cñ)óCð�ý�	§õ§ö�ÿmó���	�ïIð���	�ý��!ó���ó4õ§ö�ýtôs�dó4ôdð�ñ)óCð�õ
	8ó4õ§ö#y��&ó4õ§ö�ýtô|�

3�óCð�öùþ2�Kñùö#y��&ó4õ§ö�ýtô=�Kÿ~ñnòqÿ��M��	�ÿIð�ð�ö�ýtô��Kÿ � öùõ�ÿIð�ð�ÿsó4ø ôKö � ÿ&ó4ø z+
R

�Kú��%ÿ�ô�����øVþ�ýM�Kï�ñ�ÿQøKõ§öùñùö�ð8ú��%ýtø�	,ñ)ó
��	�ÿ�þ�ö�ï�	�ÿ;�Iýtø��H,dÿ
ú�ñ)ótð§õ§ö�÷�ødÿsÿ�ôV�Iýtô�õ8ó���õQó � ÿ*��ñ�ÿ�þ�öùñùö�ÿ�øêó��Iýtødð§õ§ö�÷�ødÿ���3�ó\�Iýtô � ÿ�	�ð§ö�ýtôs�KÿIð-ýtô��KÿIð P ÿ�ô
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�1�8�A��pM+ f(� + /1L�F&r�AC:K� 0�2�:<5-5�2436?95�JB5�=x2�@lHa5�F&DM7
z+

R

5�3
z+

N

+

ýtô��KÿIð
S
��ñ)óCõ
	8ó � ÿ�	�ð�úIÿ���øC��ýtô��V�Kÿsñnòqÿ&ó4øêÿ�õ+�Kýtô����Cñnòqÿ�ô�õ
	�úIÿ���ø � ýtñùøKþ�ÿ:�Kú�ñùöùþ�öùõ�ú:�!ó�	�ñ�ÿIð-ôKö � ÿ&ó4ø$�

z+
R

ÿ�õ
z+
N

�Kú��bÿ�ô�����ø�õ�ÿ�	§þ�ÿ
tSP
D

�Kÿ-ñ)ó�þªó4õ
	§ö8�Iÿ+�Kÿ�õ
	8ó4ôdð§þ�ö�ð�ð§ö�ýtô
tD
� Í � á bJ����3�ó�y��<ø�	�ÿ�� Í �.^/bJ�|þ�ýtô�õ
	�ÿ

ñ)ó � ó�	§ö)ó4õ§ö�ýtôh��øs�Iý*ÿ�¡p��ö�ÿ�ô�õ��Kÿ
õ
	8ó4ôdð§þ�ö�ð�ð�ö�ýtô tSP
D

ÿ�ô=�¯ýtô���õ§ö�ýtôv�KÿIð � öùõ�ÿIð�ð�ÿIð vp
�KÿIðQýtô��KÿIð

P
ÿ�õN�KÿIð

� öùõ�ÿIð�ð�ÿIð vS
�KÿIð
ýtô��KÿIð

S
�AYQôo	�ÿ�þªó�	�÷�ødÿ�÷�ødÿCñ�ÿ\��	8ó���ö�ÿ�ô�õ��Kÿ

tSP
D

ÿIð�õ9�Kñùødð��¯ý�	§õ;�dó4ôdð
ñ)ó���ö.	�ÿ*��õ§ö�ýtô
vS

÷�ødÿ9�dó4ôdð�ñ)ó\��ö.	�ÿ*��õ§ö�ýtô
vP
�Kî�ÿ��Kñùødð&ûKñ�ý�	�ð�÷�ødÿ�ñ)ó � ó4ñ�ÿ�ø�	+�Kÿ vS

ÿIð§õ-öùô$��ú�	§ö�ÿ�ø�	�ÿ��
600m/s

û
tSP
D

ÿIð§õ
öùô$��ú�	§ö�ÿ�ø�	B�

0.05
��4�ÿ*��ö£ð§ö.�<ôKö#y!ÿ~÷�ødÿQñ�ý�	�ðT�Kÿµñ)ómõ
	8ó � ÿ�	�ð�úIÿ���øR�¯ýtô����KÿQñnòqÿ&ó4øÒû�ñ)ó��Iýtô � ÿ�	�ð§ö�ýtôC��ø��-,!ó4þ2�

�KÿIð-�Iÿ�ô��dó4ô�õ
P
ÿ�ôv�-,!ó4þ2�s�KÿIðH�Iÿ�ô��dó4ô�õ

S
ÿIð§õ�õ
	�ïIð���ó4ö � ñ�ÿ��g7*ÿ�øKñ�ÿIðQñ�ÿIð�ýtô��KÿIðN�Kÿ;�Iýtþ2��	�ÿIð�ð§ö�ýtô

P
ð�ýtô�õ

�Iýtôdð§ö8�Kú�	�úIÿIðN�Cñnòqÿ�ô�õ
	�úIÿ���ø � ýtñùøKþ�ÿ;�Kú�ñùöùþ�öùõ�ú;�!ó�	 z+
R

ÿ�õ
z+
N

��YQô[ôdú��<ñùö.�Mÿ
ñ�ÿIð-õ�ÿ�	§þ�ÿIð �Kÿ9	�ú�Ò!ÿ���ö�ýtô=�KÿIð
ýtô��KÿIð

S
?
SP (z+

R )
ÿ�õ
SS(z+

R)
�

îsó4ôdð
ñ�ÿIð:�&ótð9	�úIÿ�ñ�ð&û|�IÿIð � ó4ñ�ÿ�ø�	�ð
ð�ýtô�õ:��ö.	�ÿ*��õ�ÿ�þ�ÿ�ô�õEñùö�úIÿIðmó4ø��Iýtô�õ�ÿ��*õ�ÿ��MúIýtñ�ý��<ö�÷�ødÿR�KÿCñ)ó�	�ú��<ö�ýtô
ú�õ§ø���ö�úIÿ��T<�ôm% ÿ�	R��øÌ[~ý�	-��ýtøÌ�dó4ôdðªñ�ÿhó�ýtñ#�¯ÿs�Kÿhó�øKöùôdúIÿ<û;ñ�ÿIð � ó4ñ�ÿ�ø�	�ð��Kÿ vS

�dó4ôdð¬ñ�ÿIðR�Iýtø��H,dÿIð
ð§ø��bÿ�	�y���ö�ÿ�ñùñ�ÿIð�ð�ýtô�õ��nó4ö � ñ�ÿIð�ÿ�õEð8ýtô�õ2�Kÿ¬ñnòqý�	-�$	�ÿC�Kÿ

100m/s
�U4�ÿIð � ó4ñ�ÿ�ø�	�ðCð�ýtô�õ�ó��*�IÿIð�ð§ö � ñ�ÿIðCñ�ý�	�ð2�Kÿ

ñnòqú�õ§ø��Kÿ\�KÿIðQð�õ8ó4õ§ö�÷�ødÿIð
PS

�#î�ó4ôdð~ñ)ózð§øKöùõ�ÿ<û%ýtô ð&ò öùô�õ�ú�	�ÿIð�ð�ÿ�	8ózøKôKö�÷�ødÿ�þ�ÿ�ô�õ
ó4øv�&ótð�ý�è ñ)ó � öùõ�ÿIð�ð�ÿIð vSÿIð§õL�nó4ö � ñ�ÿ��
3�ó
þªó4õ
	§ö8�Iÿ+�Kÿ-õ
	8ó4ôdð�þ�ö�ð�ð§ö�ýtô

tD
ð�ÿB	�ú*��øKöùõL��øKôªð-�&ó4ñ)ó4ö.	�ÿ �Iý�	
	�ÿIð
�býtô��dó4ô�õB�

tPP
D

�J3ÒÿIðºÿ��M��	�ÿIð8ð§ö�ýtôdð
�Kÿsñ)ó � öùõ�ÿIð�ð�ÿ � ÿ�	§õ§ö8�&ó4ñ�ÿ
ÿ�õ+	8ó���ö)ó4ñ�ÿ
ð�ÿsð§öùþ2�Kñùö#y!ÿ�ô�õQÿ�õ+�Kÿ � ö�ÿ�ôKôdÿ�ô�õ�?

Z
(
z+
R

)
=

[
iqP +

[
iqP

(
rPP
U − 1

)
+ prSP

U

]
PP

(
z+
R

)
+[

iqP r
PS
U + p

(
1 + rSS

U

)]
SP

(
z+
R

)]
tPP
D VD

(
z−R

) � Í �~` Í �

X
(
z+
R

)
=

[
p+

[
p
(
1 + rPP

U

)
+ iqSr

SP
U

]
PP

(
z+
R

)
+[

prPS
U − iqS

(
1 − rSS

U

)]
SP

(
z+
R

)]
tPP
D VD

(
z−R

) � Í �~` á �

4�ÿ��bÿ�ô��dó4ô�õ&û%ñ�ÿ:��ó4öùõN�£òF)�õ
	�ÿ���ñnò öùô�õ�ÿ�	��nó��IÿEÿ�ô�õ
	�ÿmøKô ñùö�÷�øKö8�Kÿmÿ�õ~øKô ð�ýtñùö8�Kÿ^öùþ2�%ý<ð8ÿm÷�ødÿ
rSS
U = −1

û
�&ó�	xöùñKôÒò f^óN�!ótð5�Kÿ�õ
	8ó4ôdð§þ�ö�ð�ð§ö�ýtô2�£òqýtô��Kÿ

S
�dó4ôdðxñ�ÿ,ñùö�÷�øKö8�Kÿ��4îsó4ôdð5�IÿB�&ótð&û4ñ�ÿIðxúI÷�ø!ó4õ§ö�ýtôdð5��	�ú*�Iú*�Kÿ�ô�õ�ÿIð

ð�ÿsð§öùþ2�Kñùö#y!ÿ�ô�õQÿ�ô��Iý�	�ÿ
ÿ�õ �Kÿ � ö�ÿ�ôKôdÿ�ô�õ�?

Z
(
z+
R

)
=

[
iqP +

[
iqP

(
rPP
U − 1

)
+ prSP

U

]
PP

(
z+
R

)
+[

iqP r
PS
U

]
SP

(
z+
R

)]
tPP
D VD

(
z−R

) � Í �~` æ �
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vs (m/s)

vp
 (m

/s
)

200 400 600 800 1000 1200 1400
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0.2
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0.3

0.35

0.4

�1�8�A��p<+ f e�+ ¤ÒF�?6@jFI39@l0a2E:M5
tSP
D

582E��0�2�>§36@B0�2�:<5
vP

5�3
vS

A*0�D�?
p = 0.2ms/m

+

X
(
z+
R

)
=

[
p+

[
p
(
1 + rPP

U

)
+ iqSr

SP
U

]
PP

(
z+
R

)
+[

prPS
U − 2iqS

]
SP

(
z+
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�&ó�	8ó���õ�ú�	§ö�ð�ÿsñ�ÿIðQó�	
	§ö � úIÿIðB��	§öùþªó4ö.	�ÿIðµÿ�õ-ñ�ÿ�ø�	�ð-þ^øKñùõ§ö.�Kñ�ÿIð��½�nó4ô�õ-îtþ�ÿIðQÿ�õB�%ÿ���&nñ�ÿ��Mð¥���½y��<ø�	�ÿIð�� Í �.^ æ û Í �.^/��û
Í �.^/a�û Í �.^ ¤ �
����<�ôV�£òÎó4øKõ
	�ÿIð�õ�ÿ�	§þ�ÿIð&ûKýtô[ÿ�ô�	�ÿ��<ö�ð§õ
	�ÿmð§ø�	-ñ�ÿ��MúIý���,dýtôdÿ � ÿ�	§õ§ö8�&ó4ñ�ÿ�õ�ð�ø�	-ñnò ,�f$�$	�ý���,dýtôdÿ
ñ)ó
�Iýtô�õ
	§ö � øKõ§ö�ýtô¢�KÿCñ)ó¬ð�ýtø�	-�Iÿ<û|�KÿIð
ó�	
	§ö � úIÿIð9��	§öùþªó4ö.	�ÿIð^ÿ�õ��KÿIð
þmøKñùõ§ö.�Kñ�ÿIðR�½�nó4ô�õ-îtþ�ÿIðmÿ�õ9�%ÿ���&nñ�ÿ��Mð¥��ó4ø$�
� öùõ�ÿIð�ð�ÿIðB�Kÿ;�Kú��Kñ)ó��Iÿ�þ�ÿ�ô�õ~ÿ�õ+�Cñ)ó � ó�	§ö)ó4õ§ö�ýtô=�Kÿsñ)ó���	�ÿIð8ð§ö�ýtô|�

3�òqý � x§ÿ*��õ§ö#�:��ø õ
	8ó4öùõ�ÿ�þ�ÿ�ô�õR�KÿIðp�KýtôKôdúIÿIð�YNn�4��Iýtôdð§ö�ð§õ�ÿ=�íð�ú��!ó�	�ÿ�	�ñ�ÿIð�þ^øKñùõ§ö.�Kñ�ÿIðR�KÿIðzó�	
	§ö � úIÿIð
��	§öùþªó4ö.	�ÿIð/�Kîsó4ôdð�øKô���	�ÿ�þ�ö�ÿ�	-õ�ÿ�þ2�dð&û�ýtô ð8ÿ���ý��&ó4ñùö�ð8ÿ�	8ómøKôKö�÷�ødÿ�þ�ÿ�ô�õQð§ø�	ºñ�ÿIð�ó�	
	§ö � úIÿIðL��	§öùþªó4ö.	�ÿIð0��3ÒÿIð
	�ú � ÿ�	 � ú�	8ó4õ§ö�ýtôdðN�KÿmñnòÎó�	
	§ö � úIÿ���ö.	�ÿ*��õ�ÿ^ð�ÿ�	�ýtô�õ��Iýtôdð§ö8�Kú�	�úIÿIðQøKô=�bÿ�øV�KñùødðQñ�ýtöùôs�dó4ôdðN�Iÿ;�-,!ó��Köùõ
	�ÿ��bîsó4ôdð
ñ)óEð§øKöùõ�ÿ<û�ýtô ôdý�	§þªó4ñùö�ð�ÿ�ñ�ÿIð-ÿ��M��	�ÿIð8ð§ö�ýtôdð,ÿ�ôR��ýtô���õ§ö�ýtôV�Kÿ~ñ)ó��Kÿ�ôdð§öùõ�ú

ρw
�$3ÒÿIð-úI÷�ø!ó4õ§ö�ýtôdðB�Kÿ~ñ)ó^þ�ÿIð§ø�	�ÿ

�Kÿsñ)ó � öùõ�ÿIð�ð�ÿ9�Kÿ9�Kú��Kñ)ó��Iÿ�þ�ÿ�ô�õ � ÿ�	§õ§ö8�&ó4ñ|ÿ�õ��Kÿsñ)ó���	�ÿIð�ð§ö�ýtô=�Kÿ � ö�ÿ�ôKôdÿ�ô�õ�?

ρw

iqPw
Z (p) = − R

′

(1+r exp(2iωqwzR))2
(1 + exp (2iωqwzR))So

P (p) = − R
′

(1+r exp(2iωqwzR))2
(1 − exp (2iωqwzR))So

� á � á �

ý�è�?
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�1�8��� � + f +x¸ @l¡*��?65�2439=,0�A*�8?GFI3958DM?G=º@l24365�?6Ha582�F�243,:MF�2�=�J]� 5�7<AM?95�=9=6@l0a2ª:<5�JBFEr�5�=6DM?95Q5�2Vu�v�/ +
� 0�DM�a5 ¿ 3658?9r�5^:<5E=�0aDM?G>�5 + ¤£58?63 ¿ F&?9?9@lHa�85sAM?9@lrsF�@l?95 + ú�0a@l? ¿ 0aA���?9F&365�DM?��)F�2a39À�r�5 + v|Jl5�D ¿

0�A*�8?GFI3958DM?xA*58���{JB58� +

× So
ÿ��$��	§öùþ�ÿsñ�ÿsõ�ÿ�	§þ�ÿ;�Kÿsð8ýtø�	-�Iÿ
ÿ�õµð�ýtô��nó4ô�õ-îtþ�ÿ��

× 3�ÿIðmõ�ÿ�	§þ�ÿIð (1 − exp (2iωqwzR))
ÿ�õ

(1 + exp (2iωqwzR))
ð�ýtô�õ�ó����bÿ�ñ�úIð ��¼>Û�¾��$�&Ý�Ó�¾aß�-W�dÜI1

�.K}�íÝ�ß ýtøñ� � » �!ß*�&ß   �6
6ñ�ðªþ�ýM�Kú�ñùö�ð�ÿ�ô�õ¬ñ)ó{	�ú�Ò!ÿ���ö�ýtôÄ�íñ)ó ð§ø�	��nó��Iÿêñùö � 	�ÿ � ødÿs��ø¾ôKö � ÿ&ó4øÁ�KÿIð
	�ú*�Iÿ��Kõ�ÿ�ø�	�ð0�

× 3�ÿQõ�ÿ�	§þ�ÿ (1 + r exp (2iωqwzR))
ÿIð§õ�ó����%ÿ�ñ�ú �g¼UÛ�¾��$�&Ý�Ó�¾�¼�ÝR�'1¥Ú{ÝQ� ?�öùñ]�Iý�	
	�ÿIð
�býtô��[ó4ø þ�ú*�&óP&

ôKö�ð�þ�ÿ2�Kÿ2	�ú�Ò!ÿ��*ö�ýtô��%ÿ���&nñ�ÿ��=�¬ñnò öùô�õ�ú�	§ö�ÿ�ø�	��KÿCñ)ó¬õ
	8ó4ô��H,dÿp�£òqÿ&ó4øñ�u	�ú�Ò!ÿ���ö�ýtô{�¬ñ)ó ð§ø�	��nó��IÿCñùö � 	�ÿ
ð�øKö � ö�ÿ9�£ò øKôdÿ9	�ú�Ò!ÿ���ö�ýtôêð§ø�	µñ�ÿsð�ú*��öùþ�ÿ�ô�õ¥�:�½y��<ø�	�ÿp� á �.^0�
���

× 3�ÿzõ�ÿ�	§þ�ÿ R′ �Iýtô�õ§ö�ÿ�ô�õ�õ�ýtødðEñ�ÿIðCú � ï�ôdÿ�þ�ÿ�ô�õ�ðp��	§öùþªó4ö.	�ÿIð\	�ú�Ò!ú*�-,Kö�ð�ÿ�ô_�KÿIð�ð�ýtødð\��ø¢��ýtô��{�Kÿ¬ñ)ó
þ�ÿ�	/�

3�òqý � x§ÿ*��õ§ö#�z��ø¬õ
	8ó4öùõ�ÿ�þ�ÿ�ô�õ�ÿIð§õL�£òqú�ñùöùþ�öùôdÿ�	,ñnòqÿ�"bÿ�õL�KÿIð,ý��%ú�	8ó4õ�ÿ�ø�	�ðT�nó4ô�õ-îtþ�ÿIð,ÿ�õL�bÿ���&nñ�ÿ��Mð�ð�ø�	;ñ�ÿIð,ÿ�ô�	�ÿ�&
�<ö�ð§õ
	�ÿ�þ�ÿ�ô�õ�ð/�

<�ôV��ó4ö�ð8ó4ô�õ�ñ�ÿ9�Kú � ÿ�ñ�ý����bÿ�þ�ÿ�ô�õ��Kÿ;E1ó/f�ñ�ý�	+�KÿIðQúI÷�ø!ó4õ§ö�ýtôdð�� á � á �(û!ýtô[ý � õ§ö�ÿ�ô�õ�?

ρw

iqPw
Z (p) ' −R′

[
1 + (1 − 2r) exp (2iωqwzR) + r (3r − 2) exp (2iωqwzR)2 +

r2 (3 − 4r) exp (2iωqwzR)3 + ...
]
So

P (p) ' −R′

[
1 − (1 + 2r) exp (2iωqwzR) + r (3r + 2) exp (2iωqwzR)2 −

r2 (3 + 4r) exp (2iωqwzR)3 + ...
]
So

� á � æ �

îCòÎó���	�ïIð+�Iÿ9�Kú � ÿ�ñ�ý����bÿ�þ�ÿ�ô�õ&û%ýtôV�bÿ�øKõL��ó4ö.	�ÿ�ñ�ÿIð+	�ÿ�þªó�	�÷�ødÿIð�ð�øKö � ó4ô�õ�ÿIð:?

× 3;òÎó�	
	§ö � úIÿ ��	§öùþªó4ö.	�ÿ9�Iý�	
	�ÿIð-�%ýtô�� ó4øzõ�ÿ�	§þ�ÿ��£òqý�	-�$	�ÿNt&ú�	�ý��M3ÒÿIð-ó�	
	§ö � úIÿIð,þmøKñùõ§ö.�Kñ�ÿIð&û��nó4ô�õ-îtþ�ÿIð-ÿ�õ�bÿ���&nñ�ÿ��Mð&û��Iý�	
	�ÿIð-�%ýtô��Kÿ�ô�õ~ó4ø$�Vý�	-�$	�ÿIðµð§ø��bú�	§ö�ÿ�ø�	�ð/�
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�1�8��� � + pM+�� ?GF�>85ª=��t2436L���36@ji4DM5¬r~0<:<��Jl@j=9F&243^J{� @B2�>8@B:<5�2�>�5V:K� DM2M5¬0�2�:<5ªAMJjF&2�5zHa58?636@j>8F&JB5z=6DM?
J{� L4�<:<?90�A�LM0�2M5Q5�3-JB5~�a�80aAMLM0�2�5µH�5�?�39@B>�F&J +

zR = 100
�
r = 0.35

+*� � 0a2�:<58JB5�36365s=60�DM?G>�5Q5�=�3,D�2
� @B>G a58?�:K� 0�?G:<?95 pM+

× 3�ÿIð��Iý�ÿ�¡p��ö�ÿ�ô�õ�ð+�dó4ôdð,ñ�ÿ9�Kú � ÿ�ñ�ý����bÿ�þ�ÿ�ô�õN�Iý�	
	�ÿIð
�%ýtô��Kÿ�ô�õQó4ø$�[ó4þ2�Kñùöùõ§ø��KÿIð�	�ÿ�ñ)ó4õ§ö � ÿIð��KÿIð-þ^øKñ#&õ§ö.�Kñ�ÿIð+�!ó�	B	8ó����%ý�	§õN�CñnòÎó�	
	§ö � úIÿ9��	§öùþªó4ö.	�ÿ��

× 3;òÎó4þ2�Kñùöùõ§ø��Kÿo��øm��	�ÿ�þ�ö�ÿ�	 þ^øKñùõ§ö.�Kñ�ÿ�ð§ø�	zñnò ,�fM�$	�ý���,dýtôdÿ�ÿIð�õ¬ð§ø��bú�	§ö�ÿ�ø�	�ÿh�{�Iÿ�ñùñ�ÿv�Kÿ ñnòÎó�	
	§ö � úIÿ��	§öùþªó4ö.	�ÿ���4�ÿ*��ödð�òqÿ��M�Kñùö�÷�ødÿT�!ó�	|ñ�ÿ6�nó4öùõ�÷�ødÿºñ)óQþ�ÿIð§ø�	�ÿB�Kÿ�ñnò ,�f$�$	�ý���,dýtôdÿ�ÿIð§õ|ôdýtô���ö.	�ÿ*��õ§ö�ýtôKôdÿ�ñùñ�ÿ<û
ñ�ÿIð[þmøKñùõ§ö.�Kñ�ÿIð=��ó4ô�õ-îtþ�ÿIðêÿ�õC�bÿ���&nñ�ÿ��Mð=��øÄ��	�ÿ�þ�ö�ÿ�	êý�	-�$	�ÿ�ð&òÎó�����öùõ§ö�ýtôKôdÿ�ô�õ&û�ó4ñ�ý�	�ð[÷�ødÿíð§ø�	Vñ�ÿ
�MúIý���,dýtôdÿ � ÿ�	§õ§ö8�&ó4ñnû�ñ�ÿIð6�nó4ô�õ-îtþ�ÿIð-ÿ�õ,ñ�ÿIðT�%ÿ���&nñ�ÿ��Mð-ð8ýtô�õB�KÿQð�ö.�<ôdÿIð-ý����%ý<ð�úIðL�&ó�	,öùñ�ð�ôÒòqýtô�õL�!ótð,ñ�ÿ
þ�)�þ�ÿmð�ÿ�ôdð��Kÿ9��	�ý��!ó���ó4õ§ö�ýtô|�

3�ó�y��<ø�	�ÿC� á � Í �-öùñùñùødð§õ
	�ÿEð§ø�	��KÿIðµõ
	8ó��IÿIð�ð
f*ô�õ
,dú�õ§ö�÷�ødÿIð�ñ)ó�þ�ÿIð�ø�	�ÿ��£ò øKôdÿCó�	
	§ö � úIÿ���	§öùþªó4ö.	�ÿCÿ�õN�Kÿ^ð�ÿIð
þmøKñùõ§ö.�Kñ�ÿIð~ÿ�ôVõ�ÿ�þ2�dð/�

îsó4ôdð~ñ�ÿ\�Kýtþªó4öùôdÿ��KÿIð ��	�úI÷�ødÿ�ô��IÿIð�û#ñ�ÿIð~ý��bú�	8ó4õ�ÿ�ø�	�ðN��ó4ô�õ-îtþ�ÿIð9��	�úIÿ�ô�õ;�KÿIðNt&ú�	�ý<ð��dó4ôdðQñ�ÿCð
�bÿ*��õ
	�ÿ
�KÿIð��KýtôKôdúIÿIðR�KÿVñnò ,�f$�$	�ý���,dýtôdÿêÿ�õp��øj�MúIý���,dýtôdÿ � ÿ�	§õ§ö8�&ó4ñ��T4�ýtþ�þ�ÿVñ�ÿ[þ�ýtô�õ
	�ÿ[ñ)ósy��<ø�	�ÿ¢� á � á �(û�ñ�ÿ
ð
�bÿ*��õ
	�ÿ=�KÿIð��Kÿ�ø$��ð§ö.�<ô!ó4ø$�j�Iýtþ2��	�ÿ�ô��m�KÿIðpt&ú�	�ý<ð��Iý�	
	�ÿIð
�býtô��dó4ô�õV��ñnòÎó4ôKô�øKñ)ó4õ§ö�ýtôÌ�KÿIð¬ý��bú�	8ó4õ�ÿ�ø�	�ð
(1 − exp (2iωqwzR))

�%ýtø�	,ñnò ,�fM�$	�ý���,dýtôdÿ
ÿ�õ
(1 + exp (2iωqwzR))

�býtø�	,ñ�ÿ �MúIý���,dýtôdÿ � ÿ�	§õ§ö8�&ó4ñ���4�ÿIð
t&ú�	�ý<ðµð8ýtô�õ+�bú�	§ö�ýM��ö�÷�ødÿIðQÿ�ôC�u	�úI÷�ødÿ�ô��Iÿmÿ�õµñ)ó2�bú�	§ö�ý��Kÿ

∆f
�Kú��bÿ�ô��=�Kÿ
ñ)ó\��	�ý��¯ýtô��Kÿ�ø�	��KÿIð�	�ú*�Iÿ��Kõ�ÿ�ø�	�ð

õ�ÿ�ñ�÷�ødÿ2?

∆f =
1

2zRqw
=

Vw

2zR
√

1 − p2V 2
w

� á �~aJ�

4�ÿ��bÿ�ô��dó4ô�õ&û�ñ�ÿIð�t&ú�	�ý<ð
ð§ø�	sñ�ÿ�ð
�bÿ*��õ
	�ÿ2�KÿIð9�KýtôKôdúIÿIð:�KÿCñnò ,�fM�$	�ý���,dýtôdÿzÿ�õ;��øo�MúIý���,dýtôdÿ � ÿ�	§õ§ö8�&ó4ñ
ôdÿ;�Iýon�ô���ö8�Kÿ�ô�õ+�!ótð�ÿ�õµð8ýtô�õ+�Kú*�&ó4ñ�úIð��£ò øKôdÿ:�Kÿ�þ�ö|�%ú�	§ö�ýM�Kÿ��
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�1�8��� � + � + wtA*5�>�36?95^>80�?9?65(=�A*0�2�:�F&243µ��DM2M5EF&?9?6@BH���5�AM?6@BrsF&@B?65m5�3~=65�=µrµDMJl36@BAMJB5�=Q582M?958�a@B=�36?9��=
=6DM?QJ]� Lt�t:M?60aAMLM0�2�5
5�3~Jl5^���80aAMLM0a2M5sH�5�?�39@B>�F&J + ¢Ò?90&��0a2�:<58D�?Q:<5^J]� 5�F�D f�o�o r\�!?9��â�5(>§36@BHt@k39�^:<D

��0�2�:E:M5�JjF�r�58? o + � +

îsó4ôdð�ñ�ÿ �&ótðT�KÿQñ)ómð§ö�ð�þ�ö�÷�ødÿµþªó�	§öùôdÿN�Iýtô � ÿ�ô�õ§ö�ýtôKôdÿ�ñùñ�ÿ;��ø¬õWfM�bÿQð§õ
	�ÿ&ó4þ�ÿ�	&û�ñ�ÿIð6Ò�çKõ�ÿIð,ð�ýtô�õ�öùþ�þ�ÿ�	�&
�MúIÿIð9�p�KÿIð ��	�ý���ýtô��Kÿ�ø�	�ð � ó�	§ö)ó4ô�õ�ÿ�ô�õ
	�ÿ 5 − 10m

�]<�ô ð�ø����%ý<ð8ó4ô�õ~÷�ødÿ^ñ)ó � ó4ô��Kÿ��!ótð�ð8ó4ô�õ�ÿEð�ö�ð§þ�ö�÷�ødÿ
öùô�õ�ú�	�ÿIð8ð8ó4ô�õ�ÿ
ð�òqú�õ�ÿ�ô��C�Kÿ

0
�

100Hz
ûKñ�ÿIðLt&ú�	�ý<ð��KÿIð-ý��bú�	8ó4õ�ÿ�ø�	�ðL�nó4ô�õ-îtþ�ÿIðµð8ýtô�õB	�ÿ�x§ÿ�õ�úIð��Eñnòqÿ��*õ�ú�	§ö�ÿ�ø�	

�Kÿ�ñ)ó � ó4ô��Kÿp�!ótð8ð8ó4ô�õ�ÿ��54�ÿ��%ÿ�ô��dó4ô�õ&ûxÿ�ô ð§ö�ð§þ�ö�÷�ødÿ�YNn�4~û�ñ)óV��	�ý���ýtô��Kÿ�ø�	��KÿIð��/i � ñ�ÿIð��Iý�	
	�ÿIð
�%ýtô��w�
�Iÿ�ñùñ�ÿ���ø2��ýtô���þªó�	§öùô|�J<�ôªþ�ÿ�	>��ø�[~ý�	-��ýtøªÿ�ô�ósýtñ#�¯ÿB�Kÿ ó�øKöùôdúIÿ<û��Iÿ�õ§õ�ÿB��	�ý���ýtô��Kÿ�ø�	ºÿIð§õU�Kÿ�ñnòqý�	-�$	�ÿ+�Kÿ
100m

��3ÒÿIðBt&ú�	�ý<ð��KÿIð-ý��bú�	8ó4õ�ÿ�ø�	�ðB�nó4ô�õ-îtþ�ÿIðµýtô�õ&û��dó4ôdð��Iÿ9�&ótð�û�øKôdÿ;�%ú�	§ö�ýM�Kÿ��Kÿ
∆f = 7.5Hz

�u�býtø�	
øKôdÿ
ýtô��Kÿ:�Eöùô���ö8�Kÿ�ô��Iÿ � ÿ�	§õ§ö8�&ó4ñ�ÿ0��óP"£ÿ*��õ8ó4ô�õQó4öùôdð�öÒñnò öùô�õ�ú���	8ó4ñùöùõ�ú��Kÿsñ)ó � ó4ô��Kÿ;�!ótð�ð�ó4ô�õ�ÿ��

YQô � ýtöùõ�÷�ødÿªñ�ÿp��	�ý � ñ�ï�þ�ÿ��KÿIðEþmøKñùõ§ö.�Kñ�ÿIð��nó4ô�õ-îtþ�ÿIðCÿIð§õCð
�bú*��ö#y!÷�ødÿ��VñnòZYNn�4N�1
�ñºôdú*�IÿIð�ð§öùõ�ÿ��KÿIð
ó�����	�ýM�-,dÿIð>�KÿBydñùõ
	8ó��Mÿµ÷�øKöKôÒòqÿ��*ö�ð§õ�ÿ�ô�õU�!ótð>�dó4ôdð�ñ�ÿ��&ótðU��ø�õ
	8ó4öùõ�ÿ�þ�ÿ�ô�õT�KÿIðU�KýtôKôdúIÿIð;þªó�	§öùôdÿIð>�Iýtô � ÿ�ô$&
õ§ö�ýtôKôdÿ�ñùñ�ÿIð/��4�ÿ�õ
	8ó4öùõ�ÿ�þ�ÿ�ô�õ � ö�ð�ÿB�N	�ú�õ8ó � ñùö.	�ñ�ÿIð1�u	�úI÷�ødÿ�ô��IÿIð�ó4õ§õ�ú�ô�ødúIÿIð>�!ó�	�ñ�ÿIð�þmøKñùõ§ö.�Kñ�ÿIð;ÿ�ô�ÿ��M�Kñ�ýtöùõ8ó4ô�õ
ñ�ÿ+��ó4öùõ�÷�ødÿQñ�ÿIðTt&ú�	�ý<ð�ð�ø�	;ñ�ÿ �MúIý���,dýtôdÿ � ÿ�	§õ§ö8�&ó4ñ£ÿ�õ,ð§ø�	;ñnò ,�fM�$	�ý���,dýtôdÿ�ôdÿN�Iýon�ô���ö8�Kÿ�ô�õB�!ótð0�$YQô��!ó�	§ñ�ÿ�	8ó
ó4ñ�ý�	�ð:�Kÿzð�ýtþ�þªó4õ§ö�ýtô

PZ
ý�è

P
öùô���ö�÷�ødÿªñ�ÿIð:�KýtôKôdúIÿIð��Kÿ�ñnò ,�f$�$	�ý���,dýtôdÿzÿ�õ

Z
�Iÿ�ñùñ�ÿIð:��ø@�MúIý���,dýtôdÿ

� ÿ�	§õ§ö8�&ó4ñ��

Ç!ï�¿gï8Â!ïªÛp¼z¼z¾P� º�» ÝV� » Û���¾�� ð Ó1Ý=ý|ÝsÚh�.�$�*�/Û�Ü!Ó��$�0�u�#Ümý|Ý�ßp�hÓzÚ��0�u¼1Ú{Ý�ß�Ý�Ü �\�R�

3ÒÿIðCúI÷�ø!ó4õ§ö�ýtôdðC� á � á �:�Kÿzñ)óêþ�ÿIð§ø�	�ÿR�Kÿzñ)ó=��	�ÿIð�ð§ö�ýtô ÿ�õ��Kÿªñ)ó � öùõ�ÿIð�ð�ÿ��KÿR�Kú��Kñ)ó��Iÿ�þ�ÿ�ô�õ � ÿ�	§õ§ö8�&ó4ñ
ð�ýtô�õ�ú�õ8ó � ñùö�ÿIðL�dó4ôdð�ñ�ÿ+�Kýtþªó4öùôdÿ��KÿIð,ýtô��KÿIð>�Kñ)ó4ôdÿIðT,!ó�	§þ�ýtôKö�÷�ødÿIð

(ω, p)
�M3�òqÿ�"£ÿ�õT�KÿQñ)ó;�Iýtñ�ýtôKôdÿ��£òqÿ&ó4ø

ð§ø�	��IÿIð��KýtôKôdúIÿIðQð§ö�ð§þ�ö�÷�ødÿIð YNn�4¾ÿIð§õL��ý�	§þªó4ñùö�ð�ú9�!ó�	-ñ�ÿIðQý��%ú�	8ó4õ�ÿ�ø�	�ðL�nó4ô�õ-îtþ�ÿIð~ÿ�õB�bÿ���&nñ�ÿ��Mð/�

'+ydô��£òqú�ñùöùþ�öùôdÿ�	��Iÿ�õ
ÿ�"£ÿ�õ&û£ñ)ó���	�ÿ�þ�ö�ï�	�ÿ�ö8�KúIÿ�ÿIð§õ;�£òÎó����Kñùö�÷�ødÿ�	mñ�ÿIð
ý��bú�	8ó4õ�ÿ�ø�	�ð
öùô � ÿ�	�ð�ÿIð/��4�ÿ��bÿ�ô$&
�dó4ô�õ&ûxøKôdÿ¬õ�ÿ�ñùñ�ÿ ð�ýtñùøKõ§ö�ýtô ôÒòqÿIð§õ\�!ótð�ó��dó��Kõ�úIÿ[ó4ø$��þmøKñùõ§ö.�Kñ�ÿIð2��ó4ô�õ-îtþ�ÿIð2�&ó�	Eñ�ÿIð�ydñùõ
	�ÿIðEöùô � ÿ�	�ð�ÿIð��Kÿ
(1 − exp (2iωqwzR))

ÿ�õ��Kÿ
(1 + exp (2iωqwzR))

ð8ýtô�õ¬öùôdð§õ8ó � ñ�ÿIð��dó4ôdðzñ)ó � ó4ô��Kÿs�!ótð�ð8ó4ô�õ�ÿ��LrQôdÿ
ð�ýtñùøKõ§ö�ýtô��Kñùødð-ð§õ8ó � ñ�ÿ��Iýtôdð§ö�ð§õ�ÿ9�Eÿ��$�Kñ�ýtöùõ�ÿ�	�ñnòqý����bý<ð§öùõ§ö�ýtôV�Kÿ�ð§ö.�<ôdÿ~ÿ�ô�õ
	�ÿ�ñ�ÿIð-ý��bú�	8ó4õ�ÿ�ø�	�ðT��ó4ô�õ-îtþ�ÿIð��Kÿ
ñnò ,�f$�$	�ý���,dýtôdÿmÿ�õ ��øC�MúIý���,dýtôdÿ � ÿ�	§õ§ö8�&ó4ñ��
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Û��*�/Û�Ü!Ó��$�0�u�#Ümý|Ý�ßp�hÓzÚ��0�u¼1Ú{Ý�ß@-W�dÜ}�.K}�íÝ�ß
<�ô2	�ÿ���	�ÿ�ô!ó4ô�õ�ñ�ÿIð�úI÷�ø!ó4õ§ö�ýtôdð�� á � á �(ûtÿ�õ�ÿ�ô�ð�ýtþ�þªó4ô�õ�ñ�ÿIð|õ�ÿ�	§þ�ÿIð5�Kÿ�ñnò ,�f$�$	�ý���,dýtôdÿ�ÿ�õ5��ø��MúIý���,dýtôdÿ

� ÿ�	§õ§ö8�&ó4ñÒôdý�	§þªó4ñùö�ð�ú��¯ð�ýtþ�þªó4õ§ö�ýtô PZ ��ýtôêý � õ§ö�ÿ�ô�õ�?

PZ (p) = P (p) +
ρw

iqPw
Z (p) = − 2R

′

(1 + r exp (2iωqwzR))2
� á �~�J�

4�ÿ*��ö|	�ÿ � ö�ÿ�ô�õ�ÿ�ô��nó4öùõ+�Cÿ��$��	§öùþ�ÿ�	-ñ�ÿ9�-,!ó4þ2�[þ�ýtô�õ8ó4ô�õN���!ó�	§õ§ö.	��KÿIðµÿ�ô�	�ÿ��<ö�ð§õ
	�ÿ�þ�ÿ�ô�õ�ðN�Kÿ�ñnò ,�f$�$	�ý�&
��,dýtôdÿ
ÿ�õ+��øC�MúIý���,dýtôdÿ � ÿ�	§õ§ö8�&ó4ñA�&ó�	+�£òÎó���	�ïIðµñnòqúI÷�ø!ó4õ§ö�ýtô{� Í � ¤ `J��ýtôêó�?

VU (p) = P (p) + ρw

iqPw
Z (p)

VD (p) = P (p) − ρw

iqPw
Z (p)

� á � ¤ �

VU (p)
ÿ�õ
VD (p)

ÿ��$��	§öùþ�ÿ�ô�õsö8��önû£ó4ø°ð§ö.�<ôdÿ���	�ïIð&û!ñ�ÿ\�H,!ó4þ2� þ�ýtô�õ8ó4ô�õmÿ�õ��KÿIð-�Iÿ�ô��dó4ô�õmó4ø ôKö � ÿ&ó4ø
�KÿIðU	�ú*�Iÿ��Kõ�ÿ�ø�	�ðT�býtø�	�øKôdÿ�ñ�ÿ�ô�õ�ÿ�ø�	

p
�KýtôKôdúIÿ��$YQô ó�þ�ýtô�õ
	�úN�dó4ôdð;ñ)ó9�!ó�	§õ§ö�ÿ�� Í � æ � Í �;÷�ødÿ-ñ�ÿIð;þmøKñùõ§ö.�Kñ�ÿIð

�nó4ô�õ-îtþ�ÿIð��Iýtþ2�%ý<ð8ÿ�ô�õ¬ñ�ÿ=�-,!ó4þ2�Á�KÿIð-�Iÿ�ô��dó4ô�õ��Mú�ôdú�	�ú=�!ó�	zøKôdÿ ó�	
	§ö � úIÿs��	§öùþªó4ö.	�ÿ��63�ÿVydñùõ
	8ó��Mÿv�KÿIð
þmøKñùõ§ö.�Kñ�ÿIðz�nó4ô�õ-îtþ�ÿIðz	�ÿ � ö�ÿ�ô�õ5�+�Kú*�Iýtþ2�bý<ð�ÿ�	|ñ�ÿIð��KýtôKôdúIÿIðxÿ�ô\�-,!ó4þ2�Cþ�ýtô�õ8ó4ô�õ��u��	§öùþªó4ö.	�ÿIð�ÿ�õA�bÿ���&nñ�ÿ��Mð¥�
ÿ�õ��-,!ó4þ2�v�KÿIð-�Iÿ�ô��dó4ô�õ\�{þmøKñùõ§ö.�Kñ�ÿIð+��ó4ô�õ-îtþ�ÿIð¥�B�dó4ôdð�ñ�ÿ9�Kýtþªó4öùôdÿ:�KÿIð�ýtô��KÿIð+�Kñ)ó4ôdÿIð/�

Û��*�/Û�Ü!Ó��$�0�u�#Ümý|Ý�ßp�hÓzÚ��0�u¼1Ú{Ý�ß2¼�ÝR�'1¥Ú{ÝQ�#ß
3Òÿ{�-,!ó4þ2� þ�ýtô�õ8ó4ô�õ ÿ��$��	§öùþ�ú@�!ó�	 ñnòqúI÷�ø!ó4õ§ö�ýtô�� á �~�J�VÿIð§õ[õ�ýtø�x§ýtø�	�ð óP"£ÿ*��õ�ú@�!ó�	êñ�ÿIð[þmøKñùõ§ö.�Kñ�ÿIð

�bÿ���&nñ�ÿ��Mð/�}YQô ð§ø����%ý<ð8ÿsö8��ö1÷�ødÿ
ñ)ó�	�ú�Ò!ÿ*��õ§ö � öùõ�ú���øV��ýtô��=�Kÿ
ñ)ó�þ�ÿ�	Qÿ�õQñ)ó\��	�ý��¯ýtô��Kÿ�ø�	��KÿIð 	�ú*�Iÿ��Kõ�ÿ�ø�	�ð
ð�ýtô�õ+�IýtôKô�ødÿIð/�

<�ôVó����Kñùö�÷�ø!ó4ô�õ-ñ�ÿBydñùõ
	�ÿ
(1 + r exp (2iωqwzR))2

ó4ø��-,!ó4þ2� þ�ýtô�õ8ó4ô�õ&ûKýtô¬ý � õ§ö�ÿ�ô�õ,ñ)ó;	�ú�Ò!ÿ*��õ§ö � öùõ�ú
R

′ �5YQôÓú�ñùöùþ�öùôdÿ ó4öùôdð�öºñnò öùô$Òdødÿ�ô��IÿC�Kÿzñ)ó õ
	8ó4ô��-,dÿ��£òqÿ&ó4øÓð§ø�	^ñ�ÿIð\�KýtôKôdúIÿIð/�13�ó=y��<ø�	�ÿh� á � æ �möùñùñùødð§õ
	�ÿ
ñ�ÿIð�ú�õ8ó��bÿIð-õ
,dúIý�	§ö�÷�ødÿIð��Kÿ�ñnòÎó4õ§õ�ú�ô�ø!ó4õ§ö�ýtôh�KÿIð,þmøKñùõ§ö.�Kñ�ÿIðN�dó4ôdð-ñ�ÿ9�&ótð-ð§öùþ2�Kñ�ÿ;�£ò øKôdÿsð8ÿ�øKñ�ÿ
ýtô��Kÿ��Kñ)ó4ôdÿ
� ÿ�	§õ§ö8�&ó4ñ�ÿR� p = 0

����YQô ý � õ§ö�ÿ�ô�õµøKôdÿsú�ñùöùþ�öùô!ó4õ§ö�ýtôv�Iýtþ2�Kñ�ï�õ�ÿ:��øC��	�ý � ñ�ï�þ�ÿ��KÿIð-þmøKñùõ§ö.�Kñ�ÿIðN��ø��¯ýtô��=�Kÿ
ñ)óEþ�ÿ�	/�


6ñ-ÿIð§õCöùþ2�%ý�	§õ8ó4ô�õ��Kÿ¬ð�ö.�<ô!ó4ñ�ÿ�	�÷�ødÿzñnòÎó�����	�ý��H,dÿVõ
,dúIý�	§ö�÷�ødÿVú�õ8ó � ñùö�ÿC��ö#&W�KÿIð�ð§ødðEôÒòqÿIð§õ � ó4ñ)ó � ñ�ÿV÷�ødÿ
�býtø�	;ñ�ÿIðºþmøKñùõ§ö.�Kñ�ÿIðB�KÿIð,ó�	
	§ö � úIÿIð6��	§öùþªó4ö.	�ÿIð0�M<�ñùñ�ÿµôÒòqÿIð§õ6�Kñùødð � ó4ñùö8�Kÿ+�%ýtø�	�ñ�ÿIð;þ^øKñùõ§ö.�Kñ�ÿIðL�Kÿµñ)ómð�ýtø�	-�Iÿ��
3�òqý��bú�	8ó4õ�ÿ�ø�	 �KÿIð-þ^øKñùõ§ö.�Kñ�ÿIð+�bÿ���&nñ�ÿ��Mð��Kÿsñ)óCð8ýtø�	-�Iÿ
ÿIð§õ���ö#"£ú�	�ÿ�ô�õ �Kÿ9�Iÿ�ñùøKö��KÿIðQó�	
	§ö � úIÿIð���	§öùþªó4ö.	�ÿIð0�

<�ôêó����Kñùö�÷�ø!ó4ô�õµñ)óEþ�ú�õ
,dý��Kÿ�õ
,dúIý�	§ö�÷�ødÿ���	�ú*�Iú*�Kÿ�ô�õ�ÿ:�Eõ�ýtøKõ�ÿIð,ñ�ÿIð�ó�	
	§ö � úIÿIð:?Kð�ýtø�	-�Iÿ�ÿ�õB��	§öùþªó4ö.	�ÿIð&û
�¯úI÷�ø!ó4õ§ö�ýtôdð�� á �.^0�,ÿ�õ:� á � Í �
�(û!ñ�ÿ9�-,!ó4þ2�êþ�ýtô�õ8ó4ô�õ~ý � õ�ÿ�ô�ø ð�òqú*��	§öùõ+�dó4ôdð��Iÿ;�&ótð;?

PZ (p) = P (p)+
ρw

iqPw
Z (p) = −

[
2r

(1 + r exp (2iωqwzR))
+

2R
′

(1 + r exp (2iωqwzR))2

]
So

� á �~`J�

3�ó�ð�ø�����	�ÿIð�ð§ö�ýtôV�KÿIð�þ^øKñùõ§ö.�Kñ�ÿIð��bÿ���&nñ�ÿ��Mð+�KýtôKôdÿ
ÿ�ôdð�øKöùõ�ÿ�?

PZdepeg (p) = −2
[
r (1 + r exp (2iωqwzR)) +R

′
]
So

� á �~bJ�
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�1�8��� � + ¦�+x� 39F�A�5(=�:K� F&3�39�82tD�FI39@l0a2 :<5(=ErµDMJl36@BAMJB5�=C582Óu�v�/ =�5�Jl0a2�J{� F�AMAM?90<>GLM5�39LM�80a?6@ji4DM5 +
g AMAMJB@j>8FI39@l0a2�=�DM?�D�2M5-F&?9?6@BH���5ºAM?9@Br�F�@l?95,=�5�DMJl5 +

YQôw�Iýtôdð§õ8ó4õ�ÿ ÷�ødÿªñnòÎó�����	�ý��H,dÿ¬õ
,dúIý�	§ö�÷�ødÿ¬ôdÿR�!ó�	 � ö�ÿ�ô�õ��!ótð\� ú�ñùöùþ�öùôdÿ�	Eñ�ÿp��	�ÿ�þ�ö�ÿ�	CþmøKñùõ§ö.�Kñ�ÿC�Kÿ
ñnòÎó�	
	§ö � úIÿ:��ö.	�ÿ*��õ�ÿ
þªó4ö�ð-øKôKö�÷�ødÿ�þ�ÿ�ô�õN�CñnòÎó4õ§õ�ú�ô�ødÿ�	��½y��<ø�	�ÿp� á �~aJ�
���

îsó4ôdð�ñ)ó���	8ó4õ§ö�÷�ødÿ<û��Iÿ*��öÒôÒòqÿIð�õB�Mú�ôdú�	8ó4ñ�ÿ�þ�ÿ�ô�õN�!ótðB��	8ó � ÿ:�%ýtø�	��KÿIðB��	�ý���ýtô��Kÿ�ø�	�ð+�£òqÿ&ó4øs�Kÿsñnòqý�	-�$	�ÿ
�Kÿ

100m
�&ó�	¬ñ�ÿIð ý � xGÿ*��õ§ö#��ð ð§ö�ð§þ�ö�÷�ødÿIð¬ð8ýtô�õ���	�ý��¯ýtô��Kð0�63ÒÿIð�	�ú�Ò!ÿ���ö�ýtôdð���	§öùþªó4ö.	�ÿIðVñ�ÿIð��Iýtô��Iÿ�	§ô!ó4ô�õ

ó�	
	§ö � ÿ�ô�õ � ö�ÿ�ô ó���	�ïIð
ñ)óC	�ú � ÿ�	 � ú�	8ó4õ§ö�ýtô¢�Kÿ�ñ)ó ð�ýtø�	-�Iÿ���4�ÿ��bÿ�ô��dó4ô�õ&û1ñ�ÿIð9	�úIð§ö8��ødð��KÿIðsþmøKñùõ§ö.�Kñ�ÿIð��Kÿ�ñ)ó
ð�ýtø�	-�Iÿ��bÿ�ø � ÿ�ô�õ+)�õ
	�ÿ
õ
	�ïIðL�%ú�ô!ó4ñùö�ð8ó4ô�õ+�dó4ôdð-ñ�ÿ9�&ótð�ý�èVñ)ó���	�ý���ýtô��Kÿ�ø�	+�Kÿ�ñ)óEþ�ÿ�	�ÿIð§õ-öùþ2�bý�	§õ8ó4ô�õ�ÿ���3Òÿ
õ�ÿ�þ2�dð��Kÿ � ó4õ§õ�ÿ�þ�ÿ�ô�õ\�KÿIð^þmøKñùõ§ö.�Kñ�ÿIð\�dó4ôdðEñ)óV�Iýtñ�ýtôKôdÿ��£òqÿ&ó4øw�Kÿ � ö�ÿ�ô�õ\�êð�ýtô�õ�ýtø�	Eöùþ2�%ý�	§õ8ó4ô�õ/�13ÒÿIð
þmøKñùõ§ö.�Kñ�ÿIðT�Kÿ,ñ)ósð�ýtø�	-�Iÿ��%ÿ�ø � ÿ�ô�õ�öùô�õ�ÿ�	���ú�	�ÿ�	6�dó4ôdð6�IÿB�&ótðºó � ÿ*�+�KÿIð;ó�	
	§ö � úIÿIð>��	§öùþªó4ö.	�ÿIð>	�ú�Ò!ú*�-,Kö�ÿIðT�dó4ôdð
ñ)ó�t&ýtôdÿ;��øV	�úIð8ÿ�	 � ýtö.	/�

Ç!ï�¿gï.Ç|ï�ÕV��p º ÓzÚ½�/Û�ß2ý|ÝsÚh�.��¼�¼z¾P� º�» ÝC� » Û���¾�� ð Ó�Ý

3�ó¬þ�ú�õ
,dýM�KÿEõ
,dúIý�	§ö�÷�ødÿ2�£òÎó4õ§õ�ú�ô�ø!ó4õ§ö�ýtô��KÿIð�þmøKñùõ§ö.�Kñ�ÿIð:��øs��ýtô��h�KÿEñ)óªþ�ÿ�	sð§ø����bý<ð�ÿ\�£ò øKôdÿ��!ó�	§õ
÷�ødÿCñnòqÿ�ô�	�ÿ��<ö�ð§õ
	�ÿ�þ�ÿ�ô�õ\�KÿIð;�KýtôKôdúIÿIðmð�ö�ð§þ�ö�÷�ødÿIðsð�òqÿ�"bÿ*��õ§ødÿ��dó4ôdð:�KÿIð;�Iýtô���öùõ§ö�ýtôdðmö8�Kú&ó4ñ�ÿIð�û£ÿ�õ:�£òÎó4øKõ
	�ÿ
�!ó�	§õ�÷�øÒò øKô��Iÿ�	§õ8ó4öùô�ôdýtþ � 	�ÿ��KÿL�!ó�	8ó4þ�ï�õ
	�ÿIð;ÿIð§õU�IýtôKô�ø=?4ñ�ÿIð5	�ú��býtôdð�ÿIðxöùþ2�KøKñ�ð§ö�ýtôKôdÿ�ñùñ�ÿIð6�KÿIð�ð
f�ð§õ�ï�þ�ÿIð
�Kÿ~þ�ÿIð§ø�	�ÿ�ð�ýtô�õ�ð�ø����%ý<ð�úIÿIð�ö8�Kÿ�ô�õ§ö�÷�ødÿIð&û�ñ�ÿ��Iýtø��Kñ)ó��Mÿ9��ø��MúIý���,dýtôdÿ � ÿ�	§õ§ö8�&ó4ñÒÿ�õ-ð�ýtô ý�	§ö�ÿ�ô�õ8ó4õ§ö�ýtôêð�ýtô�õ
�Iýtôdð§ö8�Kú�	�úIðB�!ó�	��nó4öùõ�ð-ÿ�õ-ñ�ÿ � 	§øKöùõµó � ð�ÿ�ô�õ��Kÿ�ñ)ó^þ�ÿIð§ø�	�ÿ��Kî�ÿ~õ�ÿ�ñùñ�ÿIðB,�f��býtõ
,dïIð�ÿIð-ð�ýtô�õ-õ
	�ïIð-ú�ñ�ýtö.�<ôdúIÿIð+�Kÿ
ñ)ó�	�ú&ó4ñùöùõ�ú:�KÿIðQó��I÷�øKö�ð§öùõ§ö�ýtôdðQð§ö�ð§þ�ö�÷�ødÿIð/�

3�òÎó�����	�ýM�-,dÿ^õ
,dúIý�	§ö�÷�ødÿ;	�ÿ��bý<ð�ÿsð§ø�	+�KÿIðQúI÷�ø!ó4õ§ö�ýtôdðQú�õ8ó � ñùö�ÿIð+�dó4ôdð�ñ�ÿ:�Kýtþªó4öùôdÿ:�KÿIð�ýtô��KÿIð+�Kñ)ó4ôdÿIð/�

6ñxÿIð�õ~ôdú*�IÿIð8ð8ó4ö.	�ÿ�ó4øo��	�ú&ó4ñ)ó � ñ�ÿ��Kÿ�ð�ÿ��Kñ)ó��Iÿ�	;�dó4ôdðsñ�ÿ2�Kýtþªó4öùôdÿ

(τ, p)
�|3�ó¬ôdý�	§þªó4ñùö�ð8ó4õ§ö�ýtô ÿ�"bÿ*��õ§ødúIÿ

ÿ�ôÀ� á � á ���Kú��%ÿ�ô��Ì�Kÿ ñ)ó ñ�ÿ�ô�õ�ÿ�ø�	 � ÿ�	§õ§ö8�&ó4ñ�ÿ qw ��4�ÿ�õ§õ�ÿ ôdý�	§þªó4ñùö�ð�ó4õ§ö�ýtô(�KýtöùõC)�õ
	�ÿ � ødÿh�Iýtþ�þ�ÿ øKôdÿ�&ó4ñùö � 	8ó4õ§ö�ýtôñ�KÿIðR�KýtôKôdúIÿIðªÿ�ô£�Mú�ôdú�	8ó4ñnûºÿ�õ���ø£�MúIý���,dýtôdÿ � ÿ�	§õ§ö8�&ó4ñ~ÿ�ô£�!ó�	§õ§ö8��øKñùö�ÿ�	/�T4�ÿ=�Kÿ�	§ôKö�ÿ�	p�Kýtöùõ
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ÿ��$��	§öùþ�ÿ�	møKôdÿ2��	8ó4ô��Kÿ�ø�	�,dýtþ�ý��Mï�ôdÿ��V�Iÿ�ñùñ�ÿ��Kÿ�ñnò ,�fM�$	�ý���,dýtôdÿ��zrµôdÿzó�����	�ý��H,dÿs^Iî ð§ø����bý<ð8ó4ô�õ
øKôdÿ
��	�ý��!ó���ó4õ§ö�ýtô � ÿ�	§õ§ö8�&ó4ñ�ÿ��KÿIð�ýtô��KÿIð�ôÒòqÿIð�õ��Kýtô��9�!ótð�ð8ó4õ§ö�ð��nó4ö�ð8ó4ô�õ�ÿ9�%ýtø�	µñ)ó\�&ó4ñùö � 	8ó4õ§ö�ýtôs�KÿIð��KýtôKôdúIÿIð/�

rQôdÿ���ýtö�ðºñ�ÿIð6�KýtôKôdúIÿIðB�&ó4ñùö � 	�úIÿIð&û�ñ)ó^ð�ýtþ�þªó4õ§ö�ýtô
PZ

õ
,dúIý�	§ö�÷�ødÿN�bÿ�	§þ�ÿ�õT�£òqú�ñùöùþ�öùôdÿ�	,ñ�ÿIðºþmøKñùõ§ö.�Kñ�ÿIð
�nó4ô�õ-îtþ�ÿIð ÿ�ô}ð�ú��!ó�	8ó4ô�õ ñ�ÿIðs�-,!ó4þ2�dð þ�ýtô�õ8ó4ô�õ�ð�ÿ�õs�KÿIð-�Iÿ�ô��dó4ô�õ�ð/�94�ÿ�õ§õ�ÿ�ð8ú��!ó�	8ó4õ§ö�ýtô}ôdÿ�ôdú*�IÿIð8ð§öùõ�ÿ
ó4ø���øKôdÿC�!ó�	8ó4þ�ú�õ
	§ö�ð8ó4õ§ö�ýtô ýtø£�IýtôKô!ó4ö�ð�ð8ó4ô��Iÿ[óv��	§ö�ý�	§ö��KÿIð��&ó�	8ó���õ�ú�	§ö�ð§õ§ö�÷�ødÿIð���øw��ýtô�� þªó�	§öùô|�>4�ÿ�õ§õ�ÿ
��	�ý���	§ö�ú�õ�úmÿIð�õ-öùô�õ�ú�	�ÿIð�ð8ó4ô�õ�ÿ;�KøKö�ð�÷�øÒòqÿ�ñùñ�ÿ9�bÿ�	§þ�ÿ�õ�øKô[õ
	8ó4öùõ�ÿ�þ�ÿ�ô�õ+	�ý � ødð§õ�ÿ;�KÿIð�þmøKñùõ§ö.�Kñ�ÿIð+��ó4ô�õ-îtþ�ÿIð/�

<�ô$ydôÒû%ñ)óªð§ø�����	�ÿIð�ð§ö�ýtôh�KÿIðµþ^øKñùõ§ö.�Kñ�ÿIð��%ÿ���&nñ�ÿ��Mð�ð§ø����bý<ð�ÿ^÷�ødÿmñnòqýtôv��ö�ð
�bý<ð�ÿ��Kÿmñ)ó���	�ý��¯ýtô��Kÿ�ø�	9�Kÿ
ñ)ó�þ�ÿ�	¬ÿ�õR�Kÿêñ)óo	�ú�Ò!ÿ*��õ§ö � öùõ�ús��ø�ð�ýtñ�þªó�	§öùô|�T%s)�þ�ÿ ð§ö�ñnòÎó��*�IïIð���ñ)óo��	�ý���ýtô��Kÿ�ø�	��Kÿ[ñ)ó°þ�ÿ�	�	�ÿIð§õ�ÿ
	�ÿ�ñ)ó4õ§ö � ÿ�þ�ÿ�ô�õ:��ó���öùñ�ÿ<û%ñ)óR	�ú�Ò!ÿ*��õ§ö � öùõ�ú�ÿ�ñùñ�ÿ<û£ÿIð§õ�öùô��IýtôKô�ødÿ�ÿ�õ9�Kýtöùõ9)�õ
	�ÿ�ÿIð§õ§öùþ�úIÿ2�R�!ó�	§õ§ö.	;�KÿIð9�KýtôKôdúIÿIð
ÿ�ô�	�ÿ��<ö�ð§õ
	�úIÿIð/�]YQô=��	�ú*��ö�ð�ÿmö8��ö|ó4ødð�ð�ö�÷�øÒò øKôdÿEó�����	�ý��H,dÿR^Iî ôÒòqÿIð�õ+�!ótðµð�ø$¡ªð8ó4ô�õ�ÿ��&ó�	µñ�ÿ:�Iý*ÿ�¡p��ö�ÿ�ô�õ��Kÿ
	�ú�Ò!ÿ���ö�ýtô=��øC��ýtô��C�Kÿsñ)óEþ�ÿ�	+�Kú��bÿ�ô��V�Kÿ�ñnòÎó4ô��<ñ�ÿ:�£ò öùô���ö8�Kÿ�ô��Iÿ��KÿIðµó�	
	§ö � úIÿIð/�

îCòÎó���	�ïIð��IÿIðB	�ÿ�þªó�	�÷�ødÿIð&û�ñnòÎó�����	�ýM�-,dÿsõ
,dúIý�	§ö�÷�ødÿ9�KÿNydñùõ
	8ó��Mÿ9�KÿIð-þ^øKñùõ§ö.�Kñ�ÿIðB�nó4ô�õ-îtþ�ÿIð�ÿ�õB�bÿ���&nñ�ÿ��Mð
�bÿ�øKõ�)�õ
	�ÿ9	�úIð§øKþ�úIÿ
ÿ�ô[õ
	�ýtö�ð��%ýtöùô�õ�ð:?
^��{4,ó4ñùö � 	8ó4õ§ö�ýtôv�KÿIð+�KýtôKôdúIÿIð+��øC�MúIý���,dýtôdÿ � ÿ�	§õ§ö8�&ó4ñ��
Í �@',õ§õ�ú�ô�ø!ó4õ§ö�ýtôv�KÿIð-þ^øKñùõ§ö.�Kñ�ÿIð��nó4ô�õ-îtþ�ÿIð0�
á �@',õ§õ�ú�ô�ø!ó4õ§ö�ýtôv�KÿIð-þ^øKñùõ§ö.�Kñ�ÿIð+�bÿ���&nñ�ÿ��Mð/�

:1é½ì5é0qr��©J¸>§1¬>ª�­v®�·�µ!­�­�°�ë1³Uª�­V¬>ª�©�¯Jµ!°�©�ªgíñªg¨A©=¬>ª�­Ví£³6·Ê©J°�±T·�ª�­�ª�¨s`�as¦

3Òÿ���	�ý � ñ�ï�þ�ÿ���øhydñùõ
	8ó��Mÿ��KÿIð�þmøKñùõ§ö.�Kñ�ÿIð^ð§ø�	sñ�ÿIð9�KýtôKôdúIÿIð�YNn�4 ÿIð§õmó����!ó�	§ø@�KïIð
ñ�ÿIð9�Kú � øKõ�ð:�Kÿ
�Iÿ�õ§õ�ÿ�õ�ÿ*�H,Kôdýtñ�ý��<ö�ÿ��UYQôíõ
	�ýtø � ÿR�dó4ôdðmñ)óVñùöùõ§õ�ú�	8ó4õ§ø�	�ÿ���ö#"bú�	�ÿ�ô�õ�ÿIðEó�����	�ýM�-,dÿIðC÷�øKö�õ�ÿ�ô�õ�ÿ�ô�õ��KÿR�KýtôKôdÿ�	
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�KÿIðT	�úIð§øKñùõ8ó4õ�ð,ð8ó4õ§ö�ð��nó4ö�ð8ó4ô�õ�ðB���Iÿ+��	�ý � ñ�ï�þ�ÿ\DFn-ó�	
	Hb ¤ &6ó I �M3ÒÿIðT�!ó�	8ó���	8ó���,dÿIðL��	�ú*�Iú*�Kÿ�ô�õ�ð�þ�ýtô�õ
	�ÿ�ô�õ�÷�ødÿ
ñ)ós�&ó4ñùö � 	8ó4õ§ö�ýtô£�KÿIð��KýtôKôdúIÿIð�ÿIð�õ^ôdú*�IÿIð�ð�ó4ö.	�ÿ¬ó � ó4ô�õ\�Kÿ��Iýtþ � öùôdÿ�	�ñ�ÿIð��KýtôKôdúIÿIð\�Kÿ¬ñnò ,�f$�$	�ý���,dýtôdÿVÿ�õ
��ø��MúIý���,dýtôdÿ � ÿ�	§õ§ö8�&ó4ñ���4�ÿ�õ§õ�ÿN�&ó4ñùö � 	8ó4õ§ö�ýtôV�Kýtöùõ�õ�ÿ�ôKö.	L�Iýtþ2�Kõ�ÿ��KÿIð-ó4ô��<ñ�ÿIðL�£ò öùô���ö8�Kÿ�ô��IÿIðB�KÿIð-ó�	
	§ö � úIÿIð/�
rQôdÿ°ó�����	�ýM�-,dÿ_^Iî ÿIð§õ öùôdð§ø$¡ªð8ó4ô�õ�ÿo��øÁ�%ýtöùô�õC�Kÿ � ødÿ õ
,dúIý�	§ö�÷�ødÿ��-î�ÿ þ�)�þ�ÿ<û,ñnòÎó4õ§õ�ú�ô�ø!ó4õ§ö�ýtô´�KÿIð
þmøKñùõ§ö.�Kñ�ÿIðN�bÿ���&nñ�ÿ��Mð+	�ÿ��bý<ð�ÿ^ð§ø�	�øKôdÿmÿIð�õ§öùþªó4õ§ö�ýtôv�Kÿmñ)ó2	�ú�Ò!ÿ*��õ§ö � öùõ�ú���ø ð�ýtñÒþªó�	§öùô|�!4�ÿ�õ§õ�ÿ:	�ú�Ò!ÿ*��õ§ö � öùõ�ú
�Kú��bÿ�ô�� ó4ødð�ð§ö|�KÿIð~ó4ô��<ñ�ÿIð �£ò öùô���ö8�Kÿ�ô��IÿIð0�#î�ÿ9�Kñùødð&ûdñ�ÿIð+�KýtôKôdúIÿIð 	�úIÿ�ñùñ�ÿIðµð�ýtô�õ+�Mú�ôdú�	8ó4ñ�ÿ�þ�ÿ�ô�õ
óP"£ÿ*��õ�úIÿIð
�!ó�	\�KÿIð � 	§øKöùõ�ð�ÿ�õEôdÿ¬ð8ó4õ§ö�ð���ýtô�õ��!ótð^õ�ýtø�x§ýtø�	�ðEñ�ÿIð�,�fM�%ýtõ
,dïIð�ÿIðEõ
,dúIý�	§ö�÷�ødÿIð/�1
�ñ,ÿIð§õ\�Kýtô��ªôdú*�IÿIð8ð8ó4ö.	�ÿ
÷�ødÿzñnòÎó�����	�ýM�-,dÿ=�Kÿ��Iýtþ � öùô!ó4ö�ð�ýtô

PZ
ð�ýtöùõ\	�ý � ødð§õ�ÿVÿ�õ�ð§õ8ó � ñ�ÿ ÷�ø!ó4ô�� ñ)ó ÷�ø!ó4ñùöùõ�ú��KÿIð2�KýtôKôdúIÿIðªÿIð§õ

þªó4ø � ó4ö�ð�ÿ��
îsó4ôdð9�Iÿ�õ§õ�ÿ\�!ó�	§õ§ö�ÿ<û£ýtôo��ö�ð-��øKõ�ÿ2��ö#"£ú�	�ÿ�ô�õ�ÿIðmó�����	�ýM�-,dÿIð;�Kÿ\�Iýtþ � öùô!ó4ö�ð�ýtô

PZ
�|4�ÿ�	§õ8ó4öùôdÿIð;�Kÿ\�IÿIð

þ�ú�õ
,dýM�KÿIðµð�ýtô�õ�øKõ§öùñùö�ð�úIÿIð��£ò øKôdÿsþªó4ôKö�ï�	�ÿ^ð§õ8ó4ô��dó�	-�V�dó4ôdð-ñ�ÿIðµð�úI÷�ødÿ�ô��IÿIð �Kÿ�õ
	8ó4öùõ�ÿ�þ�ÿ�ô�õ~öùô���ødð§õ
	§ö�ÿ�ñ��

Ç!ï�Â!ïu¿gï�t²Û�� » �!ý|Ývý1Ý � ��¾�¾vu ô �dÜ�ý1Ý�¾aß

4�ÿ�õ§õ�ÿ^þ�ú�õ
,dý��Kÿ��Kú � ÿ�ñ�ý����búIÿ��dó4ôdð\DFn-ó�	
	H`�b I ÿIð�õ�ñnò øKôdÿ��KÿIð ��	�ÿ�þ�ö�ï�	�ÿIðsó�����	�ý��H,dÿIð��Kÿmõ
	8ó4öùõ�ÿ�þ�ÿ�ô�õ
�KÿIð�þ^øKñùõ§ö.�Kñ�ÿIð�ÿ�ôvYNn�4N��<�ñùñ�ÿ���ýtô��Kÿ
ñ�ÿ;��	§öùô���ö.�%ÿ��Kÿ;�Iýtþ � öùô!ó4ö�ð�ýtôh�KÿIð+�KýtôKôdúIÿIðN�Kÿsñnò ,�fM�$	�ý���,dýtôdÿCÿ�õ
��øC�MúIý���,dýtôdÿ � ÿ�	§õ§ö8�&ó4ñ��!î�ó4ôdð�ñ�ÿ�ø�	L�¯ý�	§þªó4ñùö�ð§þ�ÿ:��øC��	�ý � ñ�ï�þ�ÿ:�KÿIð-þ^øKñùõ§ö.�Kñ�ÿIð&ûKñ�ÿIðµó4øKõ�ÿ�ø�	�ð+��	�ý��%ý<ð�ÿ�ô�õ
�Kÿ��&ó4ñùö � 	�ÿ�	^ñ�ÿIð:�KýtôKôdúIÿIð���ø@�MúIý���,dýtôdÿ � ÿ�	§õ§ö8�&ó4ñ,ó � ÿ*�ªñ�ÿ��Iý�ÿ�¡p��ö�ÿ�ô�õEðH�&ó4ñ)ó4ö.	�ÿ��Kÿ��&ó4ñùö � 	8ó4õ§ö�ýtô calBSð§øKö � ó4ô�õ:?

calBS =
ρw

iqPw

1 + r

1 − r

3�ó���	�ÿ�þ�ö�ï�	�ÿ2��ö#¡p��øKñùõ�ú�ÿIð�õ��£òqÿIð�õ§öùþ�ÿ�	sñ�ÿ��Iý*ÿ�¡p��ö�ÿ�ô�õ
calBS

�&ó�	~öùñ5�Kú��bÿ�ô��h�Kÿ^ñ)óR	�ú�Ò!ÿ*��õ§ö � öùõ�ú���ø
��ýtô��ñ�Kÿ ñ)óíþ�ÿ�	/�T'+ydôm�£òqÿIð§õ§öùþ�ÿ�	��Iÿ ð-�&ó4ñ)ó4ö.	�ÿ<ûLn,ó�	
	 ÿ�õV7�ó4ô��Kÿ�	�ðR��	�ý��bý<ð�ÿ�ô�õ��£òqÿ��$�Kñ�ýtöùõ�ÿ�	 ñnòÎó�	
	§ö � úIÿ
��ö.	�ÿ*��õ�ÿEÿ�ô�	�ÿ��<ö�ð§õ
	�úIÿCð§ø�	µñnò ,�fM�$	�ý���,dýtôdÿ�ÿ�õ~ñ�ÿ;�MúIý���,dýtôdÿ � ÿ�	§õ§ö8�&ó4ñ��]<�ôv	�ÿ���	�ÿ�ô!ó4ô�õ�ñ�ÿIðQúI÷�ø!ó4õ§ö�ýtôdð2� á � Í û
á �.^0�(ûxýtô¢�Iýtôdð�õ8ó4õ�ÿ¬÷�ødÿzñ�ÿp	8ó����bý�	§õ�ÿ�ô�õ
	�ÿ¬ñnòÎó4þ2�Kñùöùõ§ø��KÿC�Kÿªñnò ,�fM�$	�ý���,dýtôdÿêÿ�õ���ø¢�MúIý���,dýtôdÿ � ÿ�	§õ§ö8�&ó4ñ
�&ó4ñ8��øKñ�ú�ð§ø�	�ñnòÎó�	
	§ö � úIÿ���ö.	�ÿ*��õ�ÿ � ó4øKõsÿ��dó���õ�ÿ�þ�ÿ�ô�õ calBS

�!3ÒÿIðmó4øKõ�ÿ�ø�	�ð9��	�ý��bý<ð�ÿ�ô�õ;�£òqÿIð�õ§öùþ�ÿ�	
øKôíð�ÿ�øKñ
ð-�&ó4ñ)ó4ö.	�ÿ9�Kÿ9�&ó4ñùö � 	8ó4õ§ö�ýtôV�býtø�	,õ�ýtøKõ�ÿIð-ñ�ÿIðB�KýtôKôdúIÿIð+���!ó�	§õ§ö.	��£ò øKôdÿsð�ÿ�øKñ�ÿ
ó�	
	§ö � úIÿ�ö�ð8ýtñ�úIÿsÿ�õ,ð�ø����%ý<ð�ÿ�ô�õ
÷�ødÿ
ñ)óp��	�ý��!ó���ó4õ§ö�ýtô°ÿIð�õ�^Iî\�#î�ÿ:�Kñùødð&ûg�dó4ôdðQñ�ÿ��&ótðQý�è ñ�ÿ;�MúIý���,dýtôdÿ � ÿ�	§õ§ö8�&ó4ñ�ð�ýtø$"]	�ÿ:�Kÿ���	�ý � ñ�ï�þ�ÿIð
�Kÿ;�Iýtø��Kñ)ó��Mÿ<ûKñnòqÿIð�õ§öùþªó4õ§ö�ýtôs�Kÿ

r
ÿ�õ+��ø[ð-�&ó4ñ)ó4ö.	�ÿ;�Kÿ;�&ó4ñùö � 	8ó4õ§ö�ýtô ÿIð§õ � ö)ó4ö�ð�úIÿ��

rQôdÿ���ýtö�ðºñ�ÿ �Iý*ÿ�¡p��ö�ÿ�ô�õ��KÿN�&ó4ñùö � 	8ó4õ§ö�ýtôVÿIð§õ§öùþ�ú<û�ñ�ÿIð-ó4øKõ�ÿ�ø�	�ðT��	�ý��bý<ð�ÿ�ô�õB�KÿN�Iýtþ � öùôdÿ�	-ñ�ÿIðT�KýtôKôdúIÿIð
�Kÿsñnò ,�fM�$	�ý���,dýtôdÿ^ÿ�õ���øV�MúIý���,dýtôdÿmð§øKö � ó4ô�õµñ)ó�	�ÿ�ñ)ó4õ§ö�ýtô{?

PZBS (p) = P (p) +
ρw

iqPw

1 + r

1 − r
Z (p)

<�ô ó����Kñùö�÷�ø!ó4ô�õ��Iÿ�õ§õ�ÿzó�����	�ý��H,dÿzð§ø�	sñ�ÿIð��KýtôKôdúIÿIðmþ�ýM�Kú�ñùö�ð�úIÿ��dó4ôdðmñ�ÿIðmúI÷�ø!ó4õ§ö�ýtôdð�� á � Í û á �.^0�sýtô
õ
	�ýtø � ÿ�?

PZBS (p) = P (p) +
ρw

iqPw

1 + r

1 − r
Z (p) = −R′ 2ρw

(1 + r exp (2iωqwzR))

� á �.^/GJ�

4�ÿ�õ§õ�ÿC�Kÿ�	§ôKö�ï�	�ÿVÿ��$��	�ÿIð�ð§ö�ýtô þ�ýtô�õ
	�ÿê÷�ødÿ¬ñ)ó þ�ú�õ
,dý��KÿC�Kÿ�n-ó�	
	�ÿ�õp7�ó4ô��Kÿ�	�ð2	�ú�ødð�ð§öùõ�� ú�ñùöùþ�öùôdÿ�	
ñ�ÿIð;	�ú � ÿ�	 � ú�	8ó4õ§ö�ýtôdð\�Kÿ�ñ)óVð8ýtø�	-�Iÿ�þªó4ö�ð
ôdÿp�!ó�	 � ö�ÿ�ô�õ��!ótð���ydñùõ
	�ÿ�	^õ�ýtødð
ñ�ÿIð
þ^øKñùõ§ö.�Kñ�ÿIð��%ÿ���&nñ�ÿ��Mð��KÿIð
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�1�8��� � + »M+�¼ ��39LM0<:<5-:<5�vxF&?9?x5�3ºw<F�2�:<58?G=xF&AMA�Jl@ji4DM�85�=6DM?�DM2M5�39?9Fa>�5-=��t2436L���36@ji4DM5�=6@lr�AMJB5 +

ó�	
	§ö � úIÿIð���	§öùþªó4ö.	�ÿIð����&ó�	�øKôVõ�ÿ�	§þ�ÿ
ÿ�ô 1
(1+r exp(2iωqwzR))

�bÿ�	�ð§ö�ð§õ�ÿ0����4�ÿ*��ö�ÿIð§õ��Iýtô$y�	§þ�ú;�!ó�	�ñ)ó�y��<ø�	�ÿ
� á �~�J�,÷�øKö£þ�ýtô�õ
	�ÿmøKôêÿ���ÿ�þ2�Kñ�ÿ:�Kÿ9�KýtôKôdúIÿIðQó � ó4ô�õ~ÿ�õµó���	�ïIð�ñ�ÿ�õ
	8ó4öùõ�ÿ�þ�ÿ�ô�õ/�
3�òqú*�H,dÿ*�h�Kÿ[ñ)ó°þ�ú�õ
,dýM�Kÿs�Kÿ=n,ó�	
	¬ÿ�õ�7�ó4ô��Kÿ�	�ð��hydñùõ
	�ÿ�	zõ�ýtødðªñ�ÿIðªþmøKñùõ§ö.�Kñ�ÿIð ð&òqÿ��$�Kñùö�÷�ødÿ=�!ó�	ªñ�ÿ

�nó4öùõ�÷�ødÿsñ�ÿIðQó4øKõ�ÿ�ø�	�ð�ôdú��<ñùö.�Mÿ�ô�õQñ�ÿIð-þmøKñùõ§ö.�Kñ�ÿIð �bÿ���&nñ�ÿ��Mð���ø=�*îtõ�ú;�KÿIðB	�ú*�Iÿ��Kõ�ÿ�ø�	�ð0�g4�ýtþ�þ�ÿ
ñ�ÿ�þ�ýtô�õ
	�ÿ
ñnòÎó4ôKôdÿ��Kÿ:a�ûdÿ�ôC�nó4ö�ð8ó4ô�õQøKôdÿsõ�ÿ�ñùñ�ÿ9,�f��býtõ
,dïIð�ÿ<ûdýtôV�!ó�	 � ö�ÿ�ô�õ���ó4õ§õ�ú�ô�ødÿ�	~õ�ýtødð-ñ�ÿIðµþmøKñùõ§ö.�Kñ�ÿIð+��ó4ô�õ-îtþ�ÿIð
ÿ�õ9�bÿ���&nñ�ÿ��Mð/�A4�ÿ��%ÿ�ô��dó4ô�õ&ûA�Iÿ*��ö�ôÒòÎó��!ótð;�Kÿ���ýtô��Kÿ�þ�ÿ�ô�õ�ð:��,�f�ð§ö�÷�ødÿIð�?bôdú��<ñùö.�Mÿ�	
ñ�ÿIð��bÿ���&nñ�ÿ��Mð;��ø@�*îtõ�ú
�KÿIð�	�ú*�Iÿ��Kõ�ÿ�ø�	�ðC	�ÿ � ö�ÿ�ô�õV����ö.	�ÿ°÷�ødÿêñ)ó�	�ú�Ò!ÿ*��õ§ö � öùõ�úo��øj��ýtô��Ì�Kÿêñ)ó þ�ÿ�	 r ÿIð§õ¬ôdú��<ñùö.�Mÿ&ó � ñ�ÿ��+4�ÿ*��ö
öùþ2�Kñùö�÷�ødÿ�	8ó4öùõ~÷�ødÿ
þ�)�þ�ÿ^ñ�ÿIðµþ^øKñùõ§ö.�Kñ�ÿIðN�%ÿ���&nñ�ÿ��MðN��øs�*îtõ�ú��Kÿ
ñ)óªð�ýtø�	-�Iÿ^ð8ýtô�õµôdú��<ñùö.�Mÿ&ó � ñ�ÿIð0�]4�ÿ*��öxÿIð§õ
ÿ�ô=�Iýtô�õ
	8ó���ö8��õ§ö�ýtô ó � ÿ*�mñ)óEþ�ú�õ
,dý��Kÿm÷�øKöA�H,dÿ�	-�-,dÿ���ó4õ§õ�ú�ô�ødÿ�	 �IÿIðµþmøKñùõ§ö.�Kñ�ÿIð/�

rQô ó4øKõ
	�ÿ:�KúIð�ó � ó4ô�õ8ó��Mÿ:�Kÿ:�Iÿ�õ§õ�ÿ
þ�ú�õ
,dýM�KÿmÿIð§õ�÷�øÒòqÿ�ñùñ�ÿ
þ�ú�ñ)ó4ô��Mÿmñ�ÿ;�Iý�ÿ�¡p��ö�ÿ�ô�õ �Kÿsñ)ó��&ó4ñùö � 	8ó4õ§ö�ýtô
ó � ÿ*�µñ)ó�	�ú�Ò!ÿ*��õ§ö � öùõ�úQó4ñ�ý�	�ð;÷�øÒòqýtôzó � ø���	�ú*�Iú*�Kÿ�þ�þ�ÿ�ô�õ�÷�ødÿ���ø��býtöùô�õT�Kÿ � ø�õ
,dúIý�	§ö�÷�ødÿ<ûMñ)ó;�&ó4ñùö � 	8ó4õ§ö�ýtô
ôdÿ;�Kú��bÿ�ô��V÷�ødÿ:�KÿIð-ñ�ÿ�ô�õ�ÿ�ø�	�ðQÿ�õ+�Kÿ�ñ)ó2�Kÿ�ôdð§öùõ�ú;�dó4ôdð�ñ�ÿsþ�öùñùö�ÿ�ø[ñùö�÷�øKö8�Kÿ��

Ç!ï�Â!ï8Â!ï,/B��Ú��/¾��'�!Ývý|Ý � � º 5|Ó1ß

'+ydôC�Kÿ �KýtôKôdÿ�	-øKôdÿ~ð�ýtñùøKõ§ö�ýtô��KñùødðL��	�ú*��ö�ð�ÿsó4ø$�p��	�ý � ñ�ï�þ�ÿ9�KÿIð�þmøKñùõ§ö.�Kñ�ÿIð&û!DFKxóP"£ÿ�ô�,dýtñ.t0b�a I �Iýtôdð§ö#&
�Kï�	�ÿ,ñnòqÿ��$��	�ÿIð�ð§ö�ýtô��Iýtþ2�Kñ�ï�õ�ÿB�Kÿ,ñnò ,�f$�$	�ý���,dýtôdÿ�ÿ�õU��ø2�MúIý���,dýtôdÿ � ÿ�	§õ§ö8�&ó4ñ�� á � Í û á �.^0����3;ò ö8�KúIÿL��	§öùô���ö.�!ó4ñ�ÿ
�Kÿ;�Iÿ�õ§õ�ÿsþ�ú�õ
,dýM�Kÿ
ÿIð§õ-õ
	�ïIð���	�ý��H,dÿ;�Kÿsñ)ó�	�úIð�ýtñùøKõ§ö�ýtô õ
,dúIý�	§ö�÷�ødÿ���
6ñÒð&òÎó��<öùõ+�Kÿ2?

× �&ó4ñùö � 	�ÿ�	µñ�ÿIð+�KýtôKôdúIÿIð&û

× ð8ú��!ó�	�ÿ�	µÿ�ôV�-,!ó4þ2� þ�ýtô�õ8ó4ô�õ�ÿ�õ��KÿIð-�Iÿ�ô��dó4ô�õ&û

× ó����Kñùö�÷�ødÿ�	�ñnòqý��bú�	8ó4õ�ÿ�ø�	
(1 + r exp (2iωqwzR))2

�IýtôKô�ø£�dó4ôdðCñ)ó ñùöùõ§õ�ú�	8ó4õ§ø�	�ÿVð�ýtødðEñ�ÿ¬ôdýtþÙ�Kÿ
ydñùõ
	�ÿ:�Kÿ;n-ó��-d*ødð;DFn-ó��-d*ødðHa�b I �
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4�ÿ�õ§õ�ÿ�þ�ú�õ
,dý��Kÿ�ð�ÿ6,dÿ�ø�	§õ�ÿ-ó4ø$�
þ�)�þ�ÿIð1��	�ý � ñ�ï�þ�ÿIð�÷�ødÿT�Iÿ�ø$���Kÿºñ)ó�	�úIð�ýtñùøKõ§ö�ýtôCõ
,dúIý�	§ö�÷�ødÿ<û��<òqÿIð§õ�&��P&W��ö.	�ÿ
ñnòqÿIð§õ§öùþªó4õ§ö�ýtôs	�ý � ødð§õ�ÿ
ÿ�ô Í îÃ��ø[ð-�&ó4ñ)ó4ö.	�ÿ;�Kÿ:�&ó4ñùö � 	8ó4õ§ö�ýtô ÿ�õ��Kÿsñ)ó�	�ú�Ò!ÿ*��õ§ö � öùõ�ú:��ø���ýtô��V�Kÿ�ñ)óCþ�ÿ�	/�

îsó4ôdð��Iÿ�õ§õ�ÿ�ó�����	�ý��H,dÿ<û#ñ)óR�&ó4ñùö � 	8ó4õ§ö�ýtôíÿIð§õ~ÿ�"bÿ*��õ§ødúIÿCð�ÿ�ñ�ýtô ñ)ó�þ�ú�õ
,dýM�Kÿ���	�ý��%ý<ð8úIÿ:�!ó�	�îN	8ó��Mý<ð�ÿ�õ
�dó4ôdðpDqîN	8ó��Mý<ð�ÿ�õHb æJI �|<�ñùñ�ÿp�Iýtôdð�ö�ð§õ�ÿp�C�Kú�õ�ÿ�	§þ�öùôdÿ�	Eñ�ÿ�ð-�&ó4ñ)ó4ö.	�ÿ��Kÿp�&ó4ñùö � 	8ó4õ§ö�ýtô ÿ�ô�ð�òÎó����Kø�f�ó4ô�õCð§ø�	
ñ)ó
ð§ö�ð§þ�ö�÷�ødÿ���'²�!ó�	§õ§ö.	+�Kÿ�ñnòÎó4øKõ�ý��Iý�	
	�ú�ñ)ó4õ§ö�ýtôv�KÿIð��KýtôKôdúIÿIðQó���	�ïIðQð�ýtþ�þªó4õ§ö�ýtôÒûdýtôV�H,dÿ�	-�-,dÿ\�Eþ�öùôKöùþ�ö�ð�ÿ�	
ñnòÎó4þ2�Kñùöùõ§ø��Kÿ���ø�	�ÿ � ýtô����Iý�	
	�ÿIð
�býtô��dó4ô�õ�ó4ø$�íþ^øKñùõ§ö.�Kñ�ÿIð���ø��¯ýtô��{�Kÿ�ñ)ó[þ�ÿ�	/�14�ÿ�õ§õ�ÿ ó�����	�ý��H,dÿ��nó4öùõ
ñnò ,�fM�býtõ
,dïIð�ÿ-÷�ødÿ,ñ)óN��	�ý��!ó���ó4õ§ö�ýtôzÿIð§õ�^Iî ÿ�õU�Iýtô���øKöùõT�µñnòqÿIð�õ§öùþªó4õ§ö�ýtôp�£ò øKôªð�ÿ�øKñKð-�&ó4ñ)ó4ö.	�ÿB�býtø�	xõ�ýtøKõ�ÿ-ñ)ó
ð�ÿ*��õ§ö�ýtô|�Kî�ÿ��Kñùødð&û$�Iÿ�õ§õ�ÿ�þ�ú�õ
,dýM�Kÿ;�Kÿ��&ó4ñùö � 	8ó4õ§ö�ýtôêÿIð§õ-õ
	�ïIðB�Kú��bÿ�ô��dó4ô�õ�ÿ;�Kÿ�ñ)óE÷�ø!ó4ñùöùõ�ú9�KÿIð��KýtôKôdúIÿIð/�

rQôdÿN�¯ýtö�ð,ñ�ÿIð+�KýtôKôdúIÿIð��&ó4ñùö � 	�úIÿIð&ûdýtô[ð�ú��!ó�	�ÿ�ñ�ÿIð+�-,!ó4þ2�dð-þ�ýtô�õ8ó4ô�õ�ð~ÿ�õ��KÿIð-�Iÿ�ô��dó4ô�õ�ð+�!ó�	�ð�ýtþ�þªóP&
õ§ö�ýtô�ÿ�õ~ð8ýtødð§õ
	8ó���õ§ö�ýtô@�KÿIð��KýtôKôdúIÿIð/�|YQô�ó����Kñùö�÷�ødÿCÿ�ôdð§øKöùõ�ÿEñnòqý��%ú�	8ó4õ�ÿ�ø�	

(1 + r exp (2iωqwzR))2
�}3�ó

�Iýtôdð§õ
	§ø���õ§ö�ýtô��Kÿ2�Iÿ2�Kÿ�	§ôKö�ÿ�	môdú*�IÿIð�ð§öùõ�ÿCñ)ó��IýtôKô!ó4ö�ð�ð8ó4ô��Iÿp�KÿCñ)ó���	�ý��¯ýtô��Kÿ�ø�	:�£òqÿ&ó4øÒû!�KÿIð^ó4ô��<ñ�ÿIð;�£ò öùô$&
��ö8�Kÿ�ô��IÿIð��KÿIðsó�	
	§ö � úIÿIð~ÿ�õQñ)ó�	�ú�Ò!ÿ*��õ§ö � öùõ�ú\��ø=��ýtô��=�Kÿ^ñ)ó�þ�ÿ�	/�1DFKxóP"bÿ�ô�,dýtñ.t0b�a I ð�öùþ2�Kñùö#y!ÿmñ�ÿ:��	�ý � ñ�ï�þ�ÿ
ÿ�ôh�Iýtôdð§ö8�Kú�	8ó4ô�õsñ)óp��	�ý��!ó���ó4õ§ö�ýtôí÷�ø!ótð�ö � ÿ�	§õ§ö8�&ó4ñ�ÿ�?%ýtô ôdÿEð&ò öùô�õ�ú�	�ÿIð8ð�ÿC÷�øÒòÎó4ø$� ý�"£ð�ÿ�õ�ðN�Iýtø�	§õ�ðsýtø°ó4ø$�
õ�ÿ�þ2�dð\���!ó�	§õ§ö.	��KÿIð�÷�ødÿ�ñ�ð^ñ�ÿIð^ó4ô��<ñ�ÿIð��£ò öùô���ö8�Kÿ�ô��Iÿzð�ýtô�õ:�bÿ�õ§öùõ�ð/��YQô¢�&ó4ñ8��øKñ�ÿ�ñ)óC��	�ý���ýtô��Kÿ�ø�	\�£òqÿ&ó4ø¢�
�!ó�	§õ§ö.	B�Kÿ~ñ)ó���	�ý<ð8ð�&W�Iý�	
	�ú�ñ)ó4õ§ö�ýtô[ÿ�ô�õ
	�ÿ~ñ�ÿ��-,!ó4þ2�Vþ�ýtô�õ8ó4ô�õµÿ�õ�ñ�ÿ��-,!ó4þ2�V�KÿIð-�Iÿ�ô��dó4ô�õ/�'�1öùô!ó4ñ�ÿ�þ�ÿ�ô�õ&ûdýtô
ÿIð§õ§öùþ�ÿzñ)óC	�ú�Ò!ÿ*��õ§ö � öùõ�ú���ø���ýtô����Kÿzñ)óVþ�ÿ�	Cÿ�ô¢�H,dÿ�	-�-,!ó4ô�õ��dó4ôdð^øKô öùô�õ�ÿ�	 � ó4ñùñ�ÿ��KýtôKôdúªñ)ó � ó4ñ�ÿ�ø�	\��ø
ð-�&ó4ñ)ó4ö.	�ÿ;�Kÿ�ñ)ó2	�ú�Ò!ÿ*��õ§ö � öùõ�ú
÷�øKöÒþ�öùôKöùþ�ö�ð�ÿ
ñnòqú�ôdÿ�	
�<ö�ÿ;��øêð§ö.�<ô!ó4ñ�ð�øKö � ó4ô�õ:?

E = [P (p) + scal.Z (p)] (1 + r exp (2iωqwzR))2

3�òqú�ôdÿ�	
�<ö�ÿ
E
ÿIð�õ�þ�öùôKöùþªó4ñ�ÿ^÷�ø!ó4ô��[ñ�ÿ;	�úIð§øKñùõ8ó4õ~ó���	�ïIð�ydñùõ
	8ó��Mÿ
ôdÿ:�Iýtô�õ§ö�ÿ�ô�õN�Kñùødðµ÷�ødÿsñ�ÿIðQó�	
	§ö � úIÿIð

��	§öùþªó4ö.	�ÿIð/��4�ÿ��bÿ�ô��dó4ô�õ&û*ñ�ÿ�ydñùõ
	�ÿN�KÿNn,ó��Hd�ødð�û*ó4öùôdð§ö%ÿIð§õ§öùþ�ú<û*ôÒòqÿIð§õ � ó4ñ)ó � ñ�ÿ~÷�ødÿN�dó4ôdð�ñ�ÿ+�&ótðL�Kÿµñ)ó;��	�ý�&
�!ó���ó4õ§ö�ýtô � ÿ�	§õ§ö8�&ó4ñ�ÿ��Kî�ÿ+�Kñùødð&û�øKôdÿQõ�ÿ�ñùñ�ÿ�ó�����	�ýM�-,dÿ�ÿIð§õ�õ
	�ïIðL�Kú��%ÿ�ô��dó4ô�õ�ÿ9�Kÿµñ)ó^÷�ø!ó4ñùöùõ�ú �KÿIðL�KýtôKôdúIÿIð9?
ñnòqÿIð§õ§öùþªó4õ§ö�ýtô_��ø ðH�&ó4ñ)ó4ö.	�ÿR�Kÿ��&ó4ñùö � 	8ó4õ§ö�ýtôÓÿ�õ���ø{ydñùõ
	�ÿR�Kÿ�n-ó��-d*ødð:�bÿ�øKõ��dó4ôdð��Iÿ��&ótð�)�õ
	�ÿ���ö#¡p��öùñ�ÿ��
�|öùô!ó4ñ�ÿ�þ�ÿ�ô�õ&û�øKôdÿ-õ�ÿ�ñùñ�ÿµó�����	�ýM�-,dÿ-ôdú*�IÿIð�ð�öùõ�ÿ-øKôdÿL�!ó�	8ó4þ�ú�õ
	§ö�ð8ó4õ§ö�ýtôR��ö#"£ú�	�ÿ�ô�õ�ÿ+�%ýtø�	U�H,!ót÷�ødÿ�	�ú*�Iÿ��Kõ�ÿ�ø�	
óPydôC�Kÿ9�-,dýtö�ð§ö.	-ñ)ó:��ÿ�ô�)�õ
	�ÿ��Kÿ9�&ó4ñ8��øKñ]�KÿIðB�Iý*ÿ�¡p��ö�ÿ�ô�õ�ð0�g4�ÿ*��ö£ÿIð§õ,õ
	�ïIð,ñùöùþ�öùõ8ó4ô�õµÿ�ô��!ó�	§õ§ö8��øKñùö�ÿ�	�ñ�ý�	�ð�÷�ødÿ
ñnòqýtô=��ö�ð
�bý<ð�ÿ9�£ò øKôdÿ9��	8ó4ô��Kÿm÷�ø!ó4ô�õ§öùõ�ú:�Kÿ9�KýtôKôdúIÿIð/�

Ç!ï�Â!ï.Ç|ï,/B��Ú��/¾��'�!Ýv¼z��¾pýzÛ º �}�@¼U�#ß0�½�0�½�%Ü£ÛMÚ½�Kß/�0� ð Ó1Ý

3�ó+�Kú*�Iýtþ2�%ý<ð�öùõ§ö�ýtô��dó4ôdð1øKômþ�öùñùö�ÿ�ø^ñùö�÷�øKö8�Kÿ6�KÿIð��KýtôKôdúIÿIð|ÿ�ô��H,!ó4þ2�^þ�ýtô�õ8ó4ô�õ1�%ÿ�	§þ�ÿ�õz�Kÿ;ð&òÎóP"]	8ó4ô$&
�-,Kö.	xøKôKö�÷�ødÿ�þ�ÿ�ô�õU�KÿIð|þmøKñùõ§ö.�Kñ�ÿIð5��ó4ô�õ-îtþ�ÿIð/�J4�ÿ��%ÿ�ô��dó4ô�õ&û<ÿ�ôCó��Ký��Kõ8ó4ô�õ�øKôdÿT�Kú*�Iýtþ2�bý<ð§öùõ§ö�ýtô�ú�ñ)ótð§õ§ö�÷�ødÿ<û
�<òqÿIð§õ�&��P&W��ö.	�ÿ<û#ÿ�ôêð§ø����bý<ð8ó4ô�õ�ñ�ÿIð�	�ú*�Iÿ��Kõ�ÿ�ø�	�ð~ó4ø[ôKö � ÿ&ó4ø z+

R

�½y��<ø�	�ÿR� Í �.^�^�& � �
�(û!ñ�ÿ;�-,!ó4þ2� þ�ýtô�õ8ó4ô�õ~ôdÿ
�Iýtô�õ§ö�ÿ�ô�õêôKö�ñ�ÿIð þmøKñùõ§ö.�Kñ�ÿIðV��ó4ô�õ-îtþ�ÿIð&û,ôKösñ�ÿIð��bÿ���&nñ�ÿ��MðC��øÄ�*îtõ�úo��øm	�ú*�Iÿ��Kõ�ÿ�ø�	/�+K|ó�	§õ8ó4ô�õs�Kÿh�Iÿ�õ§õ�ÿ
��	�ý���	§ö�ú�õ�ú<û5DF'QþmøKô��Kð�ÿ�ô�b�aP&W��û!7M�H,!ó4ñ.d�c-ö x�d�G$^Mû]%êøKö x§ðHG æ�I ��	�ý��%ý<ð�ÿ�ô�õsøKôdÿEþ�ú�õ
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,dúIý�	§ö�÷�ødÿ��&ó�	�ÿ�ñùñ�ÿ~ÿIð§õ
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	�ÿ ñ�ÿIð\	�ú��býtôdð�ÿIð
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,dýM�Kÿ:�Kÿ:�&ó4ñùö � 	8ó4õ§ö�ýtô
÷�øKö�ÿ��$�Kñ�ýtöùõ�ÿ¬øKôdÿR�!ó�	§õ§ö�ÿ��KÿIð\�KýtôKôdúIÿIð=�½��ÿ�ô�)�õ
	�ÿ ÿ�ô õ�ÿ�þ2�dð¥�^ÿ�õEôdýtôw�KñùødðCøKôdÿzð�ÿ�øKñ�ÿVó�	
	§ö � úIÿ��1K|ýtø�	
�Iÿ�ñ)ó�û1öùñºöùô�õ
	�ý���øKöùõ2�dó4ôdðEñ�ÿp�&ótð\�Kÿzñ)óC��	�ý��!ó���ó4õ§ö�ýtô � ÿ�	§õ§ö8�&ó4ñ�ÿ<û1�Kÿ�ø$��ôdýtø � ÿ�ñùñ�ÿIð���	8ó4ô��Kÿ�ø�	�ð�÷�ødÿªñnòqýtô
�Mú�ôdú�	8ó4ñùö�ð�ÿsö8��ö��dó4ôdð-ñ�ÿ;�Kýtþªó4öùôdÿ;�KÿIðQýtô��KÿIðB�Kñ)ó4ôdÿIð�,!ó�	§þ�ýtôKö�÷�ødÿIð:?

Z̃ (p) = Z (p) (1 − exp (2iωqwzR))
� á �.^�^0�

P̃ (p) = P (p) (1 + exp (2iωqwzR))

P̃ (p)
ÿIð�õmó����%ÿ�ñ�ú���	�ý<ð8ð�&���,dý<ð§õ:�KÿCñnò ,�fM�$	�ý���,dýtôdÿ¬ÿ�õ

Z̃ (p)
��	�ý<ð�ð�&���,dý<ð�õ;��ø@�MúIý���,dýtôdÿ��z4�ýtôKô!ó4ö�ð�&

ð8ó4ô�õ
ñ)ó���	�ý���ýtô��Kÿ�ø�	��KÿIð;	�ú*�Iÿ��Kõ�ÿ�ø�	�ð�ûÒñ�ÿ���	�ý<ð�ð
&���,dý<ð§õ;	�ÿ � ö�ÿ�ô�õ��êó����Kñùö�÷�ødÿ�	^ñnòqý��%ú�	8ó4õ�ÿ�ø�	:��ó4ô�õ-îtþ�ÿp��ø
�MúIý���,dýtôdÿ���ñnò ,�f$�$	�ý���,dýtôdÿ^ÿ�õ � ö8�Iÿ � ÿ�	�ð8ó$�g3ÒÿIð+�Kÿ�ø$�Vôdýtø � ÿ&ó4ø$�êð§ö.�<ô!ó4ø$�[ýtô�õ�ñ)ó2��	�ý���	§ö�ú�õ�ú��£òF)�õ
	�ÿmÿ�ô
��,!ótð�ÿ�ð8ó4ø$�A�býtø�	�ñnòÎó�	
	§ö � úIÿ9��ö.	�ÿ*��õ�ÿN�Iýtþ�þ�ÿ~ñ�ÿ~þ�ýtô�õ
	�ÿ�ñ)ó;y��<ø�	�ÿ�� á � ¤ �6�dó4ôdð�ñ�ÿN�&ótðL�£ò øKôdÿ�ýtô��KÿN�Kñ)ó4ôdÿ
� ÿ�	§õ§ö8�&ó4ñ�ÿ��

<�ô ð�ÿB	8ó����bÿ�ñ)ó4ô�õ,ñ�ÿIð�úI÷�ø!ó4õ§ö�ýtôdð�� á � Í û á �.^0�(û��IÿIðT�Kÿ�ø$��ôdýtø � ÿ&ó4ø$�zð§ö.�<ô!ó4ø$���bÿ�ø � ÿ�ô�õL)�õ
	�ÿ+�Iýtþ � öùôdúIð
�Iýtþ�þ�ÿ
ð§øKöùõ�?

S̃o (p) = P̃ (p) − ρw

iqPw
Z̃ (p) = −2So

� á �.^ Í �
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YQôm�!ó�	§ñ�ÿ�	8ó�ó4ñ�ý�	�ð���ø_� �&Ý�¾��íÝ ß/�}ÓA¾ º Ý   S̃o �&ó�	ªñ)ó@�Iýtþ � öùô!ó4ö�ð�ýtô¾ñùöùôdú&ó4ö.	�ÿ=��	�ú*�Iú*�Kÿ�ô�õ�ÿh�KýtôKôdÿ
��ö.	�ÿ*��õ�ÿ�þ�ÿ�ô�õmñ�ÿmõ�ÿ�	§þ�ÿ\�KÿEñnòÎó�	
	§ö � úIÿ2��ö.	�ÿ*��õ�ÿ��]<�ñùñ�ÿ���ó4öùõ9��ö�ð
�!ó�	8óPO�õ
	�ÿEõ�ýtøKõ�ÿIð�ñ�ÿIðsó4øKõ
	�ÿIð
ó�	
	§ö � úIÿIð/�|4�ÿ*��ö
	�ÿ � ö�ÿ�ô�õ=�w��ö.	�ÿ<û-÷�ødÿv�dó4ôdð[ñ�ÿv�&ótð[ö8�Kú&ó4ñnû-ÿ�ôÁ��	�ÿ�ô!ó4ô�õ[øKôdÿs��ÿ�ô�)�õ
	�ÿo�dó4ôdðVñ�ÿ õ�ÿ�þ2�dð[ð§ø$¡ªð8ó4þ�þ�ÿ�ô�õ
��	�ý���ýtô��Kÿ<ûMñ�ÿ-õ�ÿ�	§þ�ÿ �Kÿ�ð�ýtø�	-�Iÿ�ÿIð§õ;ô�øKñg�Iýtþ�þ�ÿ�ñ�ÿ-þ�ýtô�õ
	�ÿQñ)óNy��<ø�	�ÿ�� á � ¤ ����î�ó4ôdð6�Iÿ��&ótð&û<ñ�ÿ+�Iý�ÿ�¡p��ö�ÿ�ô�õ
�Kÿ;�&ó4ñùö � 	8ó4õ§ö�ýtôv��øC�MúIý���,dýtôdÿ � ÿ�	§õ§ö8�&ó4ñ�ÿIð§õ ρw

iqPw

�
îsó4ôdð�ñ)ó;	�ú&ó4ñùöùõ�ú<û � ÿ&ó4ø��Iýtø����Kÿ+�nó���õ�ÿ�ø�	�ð�öùô�õ�ÿ�	 � ö�ÿ�ôKôdÿ�ô�õ+�dó4ôdð�ñ)ó��&ó4ñùö � 	8ó4õ§ö�ýtô@?Mñ)ó���ö#"£ú�	�ÿ�ô��Iÿ~ÿ�ô�õ
	�ÿ

ñ�ÿIðU	�ú��býtôdð�ÿIð;öùþ2�KøKñ�ð§ö�ýtôKôdÿ�ñùñ�ÿIð6�KÿIð6��ö�ð
�bý<ð§öùõ§ö#�¯ð>�Kÿ�þ�ÿIð§ø�	�ÿ<û<ñ�ÿ+�Iýtø��Kñ)ó��Mÿ �KÿIð>�MúIý���,dýtôdÿIð�ó4øªð8ýtñdþªó�	§öùôÒû
ñnòqý�	§ö�ÿ�ô�õ8ó4õ§ö�ýtô{�KÿIð9�&ó��Kõ�ÿ�ø�	�ð&û5�.�.�qÿ�õ-�CDZóN	8ó4õ8ó��Iý<ðHG æ û|ósó4ö�ð8ÿ�	Hb�` I �%îsó4ôdð9�Iÿ\�&ótð&û%ñ�ÿEõ�ÿ�	§þ�ÿ2�Kÿ\�&ó4ñùö � 	8ó4õ§ö�ýtô
�KÿIð��KýtôKôdúIÿIð �Kú��%ÿ�ô��V�Kÿ
ñ)ó��u	�úI÷�ødÿ�ô��Iÿ��

<�ô ôdýtõ8ó4ô�õ
G (ω, p)

ñnòqý��bú�	8ó4õ�ÿ�ø�	=�Kÿo�&ó4ñùö � 	8ó4õ§ö�ýtôÒû-ñnòqÿ��$��	�ÿIð�ð§ö�ýtôÄ��ø õ�ÿ�	§þ�ÿo�Kÿ�ð�ýtø�	-�Iÿo�dó4ôdðVñ�ÿ
�Kýtþªó4öùôdÿ

(ω, p)
�Kÿ � ö�ÿ�ô�õ�?

S̃o (p) = P̃ (p) −G (ω, p) Z̃ (p)
� á �.^ á �

3�ò ö8�KúIÿQÿIð§õ>�£òqÿIð§õ§öùþ�ÿ�	ºñnòqý��%ú�	8ó4õ�ÿ�ø�	T�Kÿ+�&ó4ñùö � 	8ó4õ§ö�ýtô
G (ω, p)

ÿ�ôªþ�öùôKöùþ�ö�ð8ó4ô�õ;ñnòqú�ôdÿ�	
�<ö�ÿN��ø�õ�ÿ�	§þ�ÿ+�Kÿ
ð�ýtø�	-�Iÿ

S̃o
�dó4ôdð�øKôdÿ:��ÿ�ô�)�õ
	�ÿ�ÿ�ô°õ�ÿ�þ2�dð

[Ta, Tb]
�|4�ÿ�õ§õ�ÿ���ÿ�ô�)�õ
	�ÿCôdÿ��Kýtöùõ��!ótð9�Iýtô�õ�ÿ�ôKö.	sñnòÎó�	
	§ö � úIÿ���ö#&

	�ÿ*��õ�ÿ���3�òqý��%ú�	8ó4õ�ÿ�ø�	�ó4öùôdð§ö$�&ó4ñ8��øKñ�ú6�Kÿ � 	8ó��Iýtþ2�bÿ�ôdð�ÿ�	1ñ)ó+��ö#"£ú�	�ÿ�ô��Iÿºÿ�ô�õ
	�ÿ;ñ�ÿIð�	�ú��býtôdð�ÿIðÒöùþ2�KøKñ�ð§ö�ýtôKôdÿ�ñùñ�ÿIð
�KÿIð��&ó��Kõ�ÿ�ø�	�ð^ÿ�õ��£òqú � ÿ�ô�õ§ødÿ�ñ�ðCþªó4ø � ó4ö�ð��Iýtø��Kñ)ó��Mÿ¬ýtø�þªó4ø � ó4ö�ð�ÿªý�	§ö�ÿ�ô�õ8ó4õ§ö�ýtô_��ø��MúIý���,dýtôdÿ � ÿ�	§õ§ö8�&ó4ñ
DZóN	8ó4õ8ó��Iý<ðHG æJI �]YQôv��	�ÿ�ô��êñnò ,�fM�$	�ý���,dýtôdÿ2�Iýtþ�þ�ÿ�	�ú���ú�	�ÿ�ô��Iÿ��dó4ôdðQñ)óR�&ó4ñùö � 	8ó4õ§ö�ýtôh�&ó�	~öùñz��	�úIð�ÿ�ô�õ�ÿ��Mú�&
ôdú�	8ó4ñ�ÿ�þ�ÿ�ô�õQøKôdÿ�þ�ÿ�öùñùñ�ÿ�ø�	�ÿ
÷�ø!ó4ñùöùõ�ú;�Kÿ��KýtôKôdúIÿIð/�dî�ÿ��Kñùødð&û�öùñ£ôÒòqÿIð§õL�!ótð��Iýtô��Iÿ�	§ôdú9�!ó�	-ñ�ÿIð���	�ý � ñ�ï�þ�ÿIð
�Kÿ9�Iýtø��Kñ)ó��Mÿ�DZ7*ýtø � ó�	8ótðHb��P&6ó I �$3ÒÿNydñùõ
	�ÿ;�Kÿ9�&ó4ñùö � 	8ó4õ§ö�ýtôêÿIð§õB�&ó4ñ8��øKñ�ú
ÿ�ôVþ�öùôKöùþ�ö�ð�ó4ô�õ�ñ)ó���ýtô���õ§ö�ýtôV�Iý�çKõ
ð§øKö � ó4ô�õ�ÿ�?

E
S̃o

= min[Ta,Tb]

∥∥∥P̃ (p) −G (ω, p) Z̃ (p)
∥∥∥
2 � á �.^ æ �

3�ó2�¯ýtô���õ§ö�ýtôs�Iý�çKõ+�Kú��%ÿ�ô��s�KÿIð-õ�ÿ�	§þ�ÿIð+�Kÿ:��	�ý<ð�ð�&���,dý<ð§õ/�g4�ÿIðQð§ö.�<ô!ó4ø$�V�Kú��%ÿ�ô��Kÿ�ô�õN�Cñ�ÿ�ø�	µõ�ýtø�	 �Kÿ
ñ)ó:��	�ý��¯ýtô��Kÿ�ø�	B�KÿIðL�&ó��Kõ�ÿ�ø�	�ð/��ó�ú�ôdú�	8ó4ñ�ÿ�þ�ÿ�ô�õ&û��Iÿ�õ§õ�ÿ ��	�ý���ýtô��Kÿ�ø�	�ÿIð§õ;þ�ÿIð§ø�	�úIÿN�bÿ�ô��dó4ô�õ,ñnòÎó��I÷�øKö�ð§öùõ§ö�ýtô
þªó4ö�ðB	�ÿIð§õ�ÿ^ó�����	�ý*��öùþªó4õ§ö � ÿ���
6ñÒÿIð§õ-ôdú*�IÿIð�ð8ó4ö.	�ÿ;�£òqÿIð�õ§öùþ�ÿ�	+�Iÿ9�!ó�	8ó4þ�ï�õ
	�ÿ���K|ýtø�	+�Iÿ�ñ)ó�ûKñ�ÿ�õ�ÿ�	§þ�ÿmð�ýtø�	-�Iÿ
ÿIð§õ+�&ó4ñ8��øKñ�ú;�%ýtø�	+��ö#"£ú�	�ÿ�ô�õ�ÿIð ��	�ý���ýtô��Kÿ�ø�	�ð+��	§ö�ð�ÿIð+�dó4ôdð�øKô[öùô�õ�ÿ�	 � ó4ñùñ�ÿ��KýtôKôdú��}YQô[ôdÿ9��ó�	-�Kÿ^ó4øCydô!ó4ñ
÷�ødÿºñ�ÿT�Iýtø��Kñ�ÿL��	�ý���ýtô��Kÿ�ø�	�&�ý��%ú�	8ó4õ�ÿ�ø�	>�KÿL�&ó4ñùö � 	8ó4õ§ö�ýtô�÷�øKö�þ�öùôKöùþ�ö�ð�ÿ-ó4øEþ�ö�ÿ�ø$�Eñ)ó+�¯ýtô���õ§ö�ýtô2�Iý�çKõ/�J4�ÿ*��ö
	�ÿ � ö�ÿ�ô�õN��þªóP�*öùþ�ö�ð�ÿ�	Qñ�ÿ:�Iý*ÿ�¡p��ö�ÿ�ô�õN�Kÿ:�Iý�	
	�ú�ñ)ó4õ§ö�ýtô°ÿ�ô�õ
	�ÿ
ñ�ÿIð �Kÿ�ø$�[õ�ÿ�	§þ�ÿIð+�Kÿ���	�ý<ð�ð�&���,dý<ð§õQó���	�ïIðQñ)ó
�&ó4ñùö � 	8ó4õ§ö�ýtô|�zYQô ó����Kñùö�÷�ødÿzÿ�ôdð§øKöùõ�ÿ�ñ�ÿ\ydñùõ
	�ÿªó4öùôdð�ö;ÿIð§õ§öùþ�úªó4ø$�@�KýtôKôdúIÿIð:��ø��MúIý���,dýtôdÿ � ÿ�	§õ§ö8�&ó4ñº÷�ødÿ
ñnòqýtô[ôdýtõ�ÿ

Zcal (p)
�

'´�Iÿ
ð§õ8ó��Kÿ<ûKýtô=��ö�ð-�%ý<ð�ÿ9�Kÿ9�Kÿ�ø$�Vöùô$��ý�	§þªó4õ§ö�ýtôdð+�Kÿ;�Iýtô�õ
	-îtñ�ÿ:�Kÿ�ñ)ó�÷�ø!ó4ñùöùõ�ú;��øVõ
	8ó4öùõ�ÿ�þ�ÿ�ô�õ�?
× � ¾��½�.��¾4Ý ð Ó���Ú��½�/�$�0��- ù|
�ñÒð�òÎó��<öùõ �£òÎó4ô!ó4ñ.f�ð�ÿ�	�ñ�ÿIð�õ
	8ó��IÿIð ��ø[õ�ÿ�	§þ�ÿmð8ýtø�	-�Iÿ��g7�öA�KÿIðQó�	
	§ö � úIÿIð+��	§ö#&þªó4ö.	�ÿIð-ð8ýtô�õ-ý � ð�ÿ�	 � úIÿIðL�dó4ôdðB�Iÿ �Kÿ�	§ôKö�ÿ�	&û��Iÿ*��öbð§ö.�<ôKö#y!ÿ�÷�ødÿµñ)ó��&ó4ñùö � 	8ó4õ§ö�ýtôVôÒòqÿIð§õT�!ótð,ý��Kõ§öùþªó4ñ�ÿ��

× � ¾��½�.��¾4Ý ð ÓA�dÜ}�0�½�/�$�0�b- ù�
6ñMð&òÎó��<öùõA��ø;�Iý*ÿ�¡p��ö�ÿ�ô�õ��Kÿ>�Iý�	
	�ú�ñ)ó4õ§ö�ýtô^ÿ�ô�õ
	�ÿ�ñ�ÿIð|�KýtôKôdúIÿIðA�KÿU��	�ý<ð8ð�&���,dý<ð§õó���	�ïIð:�&ó4ñùö � 	8ó4õ§ö�ýtô|�AE1ó4ô�õ^÷�ødÿ2�Iÿ2�Iý�ÿ�¡p��ö�ÿ�ô�õEó¬øKôdÿ � ó4ñ�ÿ�ø�	9��	�ýM�-,dÿ��Kÿ�ñnò øKôKöùõ�ú<ûÒñ)ó��&ó4ñùö � 	8ó4õ§ö�ýtô
ÿIð�õ �Iýtôdð§ö8�Kú�	�úIÿ\�Iýtþ�þ�ÿ � ýtôKôdÿ��}' ñnòqý����%ý<ð�ú<û#øKôdÿ:��ó4ö � ñ�ÿ � ó4ñ�ÿ�ø�	���øv�Iý*ÿ�¡p��ö�ÿ�ô�õ9�Kÿ��Iý�	
	�ú�ñ)ó4õ§ö�ýtô
ð�ö.�<ôKö#y!ÿ�øKôdÿ�þªó4ø � ó4ö�ð�ÿ��&ó4ñùö � 	8ó4õ§ö�ýtô{�KÿIð��KýtôKôdúIÿIð/�|3Òÿ��MúIý���,dýtôdÿp�&ó4ñùö � 	�ú�ÿ�õ
ñnò ,�fM�$	�ý���,dýtôdÿzôdÿ
ð8ýtô�õ��!ótð��dó4ôdð �Iÿ9�&ótð�ð§ø$¡ªð8ó4þ�þ�ÿ�ô�õ+	�ÿIð�ð8ÿ�þ � ñ)ó4ô�õ�ð0�}YQôV�bÿ�øKõ�õ�ÿ�ô�õ�ÿ�	 �Kÿsþ�ý���ö#y!ÿ�	µñ)ó\�!ó�	8ó4þ�ú�&
õ
	§ö�ð�ó4õ§ö�ýtôêÿ�ô2x§ýtø!ó4ô�õµð§ø�	-ñ)ó�õ8ó4öùñùñ�ÿ;�Kÿ�ñnòqý��%ú�	8ó4õ�ÿ�ø�	&û!ñ)óCñ�ýtô��<ødÿ�ø�	µÿ�õ�ñ)ó��bý<ð§öùõ§ö�ýtôêÿ�ôVõ�ÿ�þ2�dð �Kÿsñ)ó
��ÿ�ô�)�õ
	�ÿ;�Kÿ9�&ó4ñ8��øKñxóPydôV�£òÎó4þ�ú�ñùö�ý�	�ÿ�	µñ�ÿIð�	�úIð�øKñùõ8ó4õ�ð/�
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Ç!ï8Ç|ï8Â!ï��+�/��¼;ÝhÂ ù Û��*�/Û*Ü!ÓA�$�0�u�#Ümý|Ý�ßp�hÓzÚ½�0�½¼1Ú{Ý�ß@-��dÜ}�.Kg�íÝ�ß

rQôdÿ\��ýtö�ðsñ�ÿ\�MúIý���,dýtôdÿ � ÿ�	§õ§ö8�&ó4ñT�&ó4ñùö � 	�ú<ûÒñ�ÿIðsþ^øKñùõ§ö.�Kñ�ÿIð;�nó4ô�õ-îtþ�ÿIð^ð�ýtô�õ9ydñùõ
	�úIð:�!ó�	:�Iýtþ � öùô!ó4ö�ð8ýtô
ñùöùôdú&ó4ö.	�ÿ:�KÿIð+�KýtôKôdúIÿIð �Kÿsñnò ,�fM�$	�ý���,dýtôdÿ^ÿ�õ+��øV�MúIý���,dýtôdÿ��&ó4ñùö � 	�ú��}4�ÿ*��ö|	�ÿ � ö�ÿ�ô�õ��Cð�ú��!ó�	�ÿ�	µñ�ÿ9�H,!ó4þ2�
�£òqýtô��Kÿ�ÿ�ô��H,!ó4þ2� þ�ýtô�õ8ó4ô�õ�ÿ�õL�KÿIð-�Iÿ�ô��dó4ô�õ-ó4ø¬ôKö � ÿ&ó4øC�KÿIð>	�ú*�Iÿ��Kõ�ÿ�ø�	�ð;�¯úI÷�ø!ó4õ§ö�ýtô á � ¤ ���$4�ÿIðL�H,!ó4þ2�dð
�bÿ�ø � ÿ�ô�õµð&òqú*��	§ö.	�ÿp?

VU (p) = P (p) + Zcal (p) = −2ρw

[
r

(1+r exp(2iωqwzR)) + R
′

(1+r exp(2iωqwzR))2

]

VD (p) = P (p) − Zcal (p) = −2ρw

[
1

(1+r exp(2iωqwzR)) −
R

′

exp(2iωqwzR)

(1+r exp(2iωqwzR))2

] � á �.^/aJ�


6ñ1ÿIð§õ+�%ý<ð�ð�ö � ñ�ÿ;�£òqý � õ�ÿ�ôKö.	9�KÿIð�	�úIð§øKñùõ8ó4õ�ð~ð§öùþ�öùñ)ó4ö.	�ÿIð �%ýtø�	QñnòÎó4õ§õ�ú�ô�ø!ó4õ§ö�ýtôo�KÿIðµþ^øKñùõ§ö.�Kñ�ÿIð ��ó4ô�õ-îtþ�ÿIð
�KÿIð^ó�	
	§ö � úIÿIð���	§öùþªó4ö.	�ÿIð����Kÿ�ø$�*ö�ï�þ�ÿªõ�ÿ�	§þ�ÿp�Kÿ�ñ)ó[ð�ýtþ�þ�ÿ0�sÿ�ô��H,dýtö�ð§ö�ð�ð8ó4ô�õmñ)ó=�Iýtþ � öùô!ó4ö�ð�ýtô ñùöùôdú&ó4ö.	�ÿ
ð§øKö � ó4ô�õ�ÿ�?

V
′

U (p) = − [P (p) − Zcal (p)] exp (−2iωqwzR)

V
′

D (p) = − [P (p) + Zcal (p)] exp (2iωqwzR)

4�ÿ
÷�øKö!�bÿ�	§þ�ÿ�õ+�£òÎó � ýtö.	�?

V
′

U (p) = −ρw

[
−2 exp (−2iωqwzR)

(1 + r exp (2iωqwzR))
+

2R
′

(1 + r exp (2iωqwzR))2

]

V
′

D (p) = −ρw

[
−2r exp (2iωqwzR)

(1 + r exp (2iωqwzR))
− 2R

′

exp (2iωqwzR)

(1 + r exp (2iωqwzR))2

]
� á �.^/�J�

YQôÁ�!ó�	§ñ�ÿ�	8ó_�Kÿh�dð8ÿ�ø��Ký_�-,!ó4þ2� þ�ýtô�õ8ó4ô�õ ÿ�õV�KÿIðH�Iÿ�ô��dó4ô�õ�?�ñ�ÿIðVõ�ÿ�	§þ�ÿIðC	�ÿ�ñ)ó4õ§ö#��ðêó4ø$� ó�	
	§ö � úIÿIð
��	§öùþªó4ö.	�ÿIðN�dó4ôdð�ñ�ÿIðµúI÷�ø!ó4õ§ö�ýtôdð�� á �.^/a�û á �.^/�J�-ð�ýtô�õµð§öùþ�öùñ)ó4ö.	�ÿIð�ó4ñ�ý�	�ðµ÷�ødÿsñ�ÿIð�õ�ÿ�	§þ�ÿIð �Kÿ9	�ú � ÿ�	 � ú�	8ó4õ§ö�ýtô
�Kÿ�ñ)ó-ð8ýtø�	-�Iÿ�ð�ýtô�õz��ö#"bú�	�ÿ�ô�õ�ð/�03�ÿIðA�-,!ó4þ2�dð1þ�ýtô�õ8ó4ô�õ�ðxÿ�õA�KÿIð-�Iÿ�ô��dó4ô�õ�ðAydô!ó4ø$�9�%ÿ�ø � ÿ�ô�õ1ð&òqú*��	§ö.	�ÿ6�Iýtþ�þ�ÿ
øKôdÿ;�Iýtþ � öùô!ó4ö�ð�ýtôêñùöùôdú&ó4ö.	�ÿ;�KÿIð �-,!ó4þ2�dðQÿ��Kó���õ�ð�ÿ�õ �KÿIðB�dð�ÿ�ø��Ký��H,!ó4þ2�dð+�£òqýtô��KÿIð�õ�ÿ�ñùñ�ÿm÷�ødÿ2?

V tot
U (p) = αVU (p) + (1 − α) V

′

U (p)

V tot
D (p) = αVD (p) + (1 − α) V

′

D (p)

� á �.^ ¤ �

α
ÿIð§õºøKô��Iý*ÿ�¡p��ö�ÿ�ô�õB�Kÿ �%ýtô��Kú�	8ó4õ§ö�ýtô���	§ö�ðL�dó4ôdð;ñnò öùô�õ�ÿ�	 � ó4ñùñ�ÿ [0, 1]

�MK5,�f�ð§ö�÷�ødÿ�þ�ÿ�ô�õ&û$�Iÿ�õ§õ�ÿ �%ýtô��Kú�&
	8ó4õ§ö�ýtô�	�ÿ � ö�ÿ�ô�õL��ÿ��M�Kñ�ýtöùõ�ÿ�	�ñ�ÿB��ó4öùõ�÷�ødÿ,ñ�ÿIð�þ^øKñùõ§ö.�Kñ�ÿIð5�nó4ô�õ-îtþ�ÿIðºôdÿ-ð�ýtô�õ;÷�øÒò øKôdÿ � ÿ�	�ð§ö�ýtôR�Kú*�&ó4ñ�úIÿ��£ò øKô
õ�ÿ�þ2�dð+�Kÿ � ó4õ§õ�ÿ�þ�ÿ�ô�õ ��ø=�H,!ó4þ2�êþ�ýtô�õ8ó4ô�õ/��
6ñ|�Kÿ � ö�ÿ�ô�õ��bý<ð�ð§ö � ñ�ÿ9�£òqÿIð§õ§öùþ�ÿ�	Qñ�ÿ9�-,!ó4þ2� þ�ýtô�õ8ó4ô�õQõ�ýtøKõ
ÿ�ôíÿ��$�Kñ�ýtöùõ8ó4ô�õmñ�ÿ\�H,!ó4þ2�{�KÿIð-�Iÿ�ô��dó4ô�õmÿ�õ � ö8�Iÿ � ÿ�	�ð�ó$�AYQô���ö�ð§õ§öùô��<ødÿ2�Kÿ�ø$� � ó4ñ�ÿ�ø�	�ð9�!ó�	§õ§ö8��øKñùö�ï�	�ÿIð���ø
�Iý*ÿ�¡p��ö�ÿ�ô�õ9�Kÿ:�býtô��Kú�	8ó4õ§ö�ýtô|�£îsó4ôdðµñ�ÿ��&ótð�ý�è

α = 1
û!ñ�ÿ��-,!ó4þ2�o�KÿIð-�Iÿ�ô��dó4ô�õsôÒòqÿIð§õ �!ótð~øKõ§öùñùö�ð�ú��býtø�	

�Iýtôdð§õ
	§øKö.	�ÿ~ñ�ÿN�-,!ó4þ2�Vþ�ýtô�õ8ó4ô�õ:�¯ÿ�õ � ö8�Iÿ � ÿ�	�ð8óJ���*î�ó4ôdð�ñ�ÿ��&ótð,ý�è α = 0.5
û*ñ�ÿIðT�Kÿ�ø$���-,!ó4þ2�dðB�£òqýtô��KÿIð

�Iýtô�õ
	§ö � ødÿ�ô�õ9�£ò øKôdÿsþªó4ôKö�ï�	�ÿmú���ó4ñ�ÿ��Eñ)ó2�Iýtôdð§õ
	§ø���õ§ö�ýtôh�KÿIð��-,!ó4þ2�dðQþ�ýtô�õ8ó4ô�õ�ð~ÿ�õ �KÿIð-�Iÿ�ô��dó4ô�õ�ð/�]4�ÿ*��ö
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ó��býtø�	
ÿ�"bÿ�õ;�£òÎó4þ�ú�ñùö�ý�	�ÿ�	
ñ�ÿ\	8ó����bý�	§õmð§ö.�<ô!ó4ñ�ð�ø�	 � 	§øKöùõ;�&ó�	sñ)ó � ó�	§ö)ó4ô��Iÿ���ø � 	§øKöùõ^ÿIð§õ�	�ú*��øKöùõ�ÿ��£ò øKô
�nó���õ�ÿ�ø�	 √

2
��'µø�ydô!ó4ñnûdñ�ÿIð+�Kÿ�ø$�C�-,!ó4þ2�dð+�£òqýtô��KÿIðQð&òqú*��	§ö � ÿ�ô�õ�?

V tot
U (p) = −2ρw

[
rα− (1 − α) exp (−2iωqwzR)

(1 + r exp (2iωqwzR))
+

R
′

(1 + r exp (2iωqwzR))2

]

V tot
D (p) = −2ρw

[
α− (1 − α) r exp (2iωqwzR)

(1 + r exp (2iωqwzR))
− R

′

exp (2iωqwzR)

(1 + r exp (2iωqwzR))2

]
� á �.^/`J�

'+ydô=�Kÿsð§öùþ2�Kñùö#y!ÿ�	Qñnòqÿ��M��	�ÿIð�ð�ö�ýtôV�KÿsñnòqúI÷�ø!ó4õ§ö�ýtô¢� á �.^/`J�(ûdýtôV��	�ÿ�ô��Vñ)óCôdýtõ8ó4õ§ö�ýtô ð§øKö � ó4ô�õ�ÿ�?

V tot
U (p) = V tot

UD
(p) + V tot

UP
(p)

V tot
D (p) = V tot

DD
(p) + V tot

DP
(p)

� á �.^/bJ�

ý�è¬ñnò öùô���ö8�Iÿ
D
öùô���ö�÷�ødÿµñ�ÿ �-,!ó4þ2�C�£òqýtô��Kÿ �Mú�ôdú�	�ú+�!ó�	�ñ)ó;	�ú � ÿ�	 � ú�	8ó4õ§ö�ýtô��KÿµñnòÎó�	
	§ö � úIÿN��ö.	�ÿ*��õ�ÿ��dó4ôdð

ñ)ó\�Iýtñ�ýtôKôdÿ:�£òqÿ&ó4ø ÿ�õ-ñnò öùô���ö8�Iÿ
P
ñ�ÿ9�-,!ó4þ2�s�Mú�ôdú�	�úIð��!ó�	�ñ�ÿIð���	§öùþªó4ö.	�ÿIð/�

Ç!ï8Ç|ï.Ç|ï��+�/��¼;ÝvÇ ù Û��*�/Û*Ü!ÓA�$�0�u�#Ümý|Ý�ßp�hÓzÚ½�0�½¼1Ú{Ý�ß2¼�ÝR�'1¥Ú{ÝQ�#ß

3Òÿ��-,!ó4þ2� þ�ýtô�õ8ó4ô�õ2	�úIð§øKñùõ8ó4ô�õ\�Kÿzñnòqú�õ8ó��bÿp��	�ú*�Iú*�Kÿ�ô�õ�ÿVÿIð§õmõ�ýtø�x§ýtø�	�ð�óP"bÿ*��õ�úR�!ó�	^ñ�ÿIð^þmøKñùõ§ö.�Kñ�ÿIð
�bÿ���&nñ�ÿ��Mð/�|3�óêð�ýtñùøKõ§ö�ýtô�õ
,dúIý�	§ö�÷�ødÿ���	�ú*�IýtôKö�ð�ÿªñ�ÿ��&ó4ñ8��øKñ6��ø�ydñùõ
	�ÿp�Kÿ�n-ó��Hd�ødð^ÿ�õ^ð�ýtô ó����Kñùö8�&ó4õ§ö�ýtôÓó4ø
�-,!ó4þ2�¬þ�ýtô�õ8ó4ô�õ;� á �.^/`J����3�ó;��	�ý��¯ýtô��Kÿ�ø�	L�Kÿ�ñ)ó
þ�ÿ�	ºú�õ8ó4ô�õ�ÿIð§õ§öùþ�úIÿ �dó4ôdð;ñ)ó;��	�ÿ�þ�ö�ï�	�ÿQú�õ8ó��bÿ<ûMöùñ%ð&òÎó��<öùõ
þªó4öùô�õ�ÿ�ô!ó4ô�õ+�£òqÿIð§õ§öùþ�ÿ�	,ñ�ÿN�Iý�ÿ�¡p��ö�ÿ�ô�õL�Kÿ 	�ú�Ò!ÿ*��õ§ö � öùõ�ú~ÿ&ó4ø$&�ð8ú*��öùþ�ÿ�ô�õ/��rQôdÿQð�ýtñùøKõ§ö�ýtôVÿIð§õL�KÿQþ�öùôKöùþ�ö�ð�ÿ�	
ñ)ó���ýtô���õ§ö�ýtôs�Iý�çKõ�ð§øKö � ó4ô�õ�ÿ
ÿ�ôV�¯ýtô���õ§ö�ýtô=��ø ð-�&ó4ñ)ó4ö.	�ÿ r ?

Sdepeg = min
∥∥∥V tot

U (p) (1 + r exp (2iωqwzR))2
∥∥∥
2 � á � Í GJ�

YQô ó � ýtøKõ§öùõ�� øKôm�%ýtñ.f*ô�îtþ�ÿh��ø õ
	�ýtö�ð§ö�ï�þ�ÿ°ý�	-�$	�ÿ°ÿ�ô
r
�Kýtô�õVñ�ÿIð��Iý�ÿ�¡p��ö�ÿ�ô�õ�ðC�Kú��%ÿ�ô��Kÿ�ô�õV�Kÿ

ñnòÎó4øKõ�ýM�Iý�	
	�ú�ñ)ó4õ§ö�ýtôv��øV�H,!ó4þ2�êþ�ýtô�õ8ó4ô�õ/�
rQôdÿEó4øKõ
	�ÿ�ó�����	�ýM�-,dÿ��bý<ð�ð§ö � ñ�ÿ<ûdþªó4ö�ð�ð�ýtødð
&�ý��Kõ§öùþªó4ñ�ÿ<û}�Iýtôdð�ö�ð§õ�ÿ��ªñùöùôdú&ó�	§ö�ð�ÿ�	~ñ�ÿ:��	�ý � ñ�ï�þ�ÿCÿ�ô°ú�ñùö#&

þ�öùô!ó4ô�õCñ�ÿIð^þmøKñùõ§ö.�Kñ�ÿIð\�bÿ���&nñ�ÿ��Mð���ø¢��	�ÿ�þ�ö�ÿ�	Cý�	-�$	�ÿ���3Òÿ��Kú � ÿ�ñ�ý����bÿ�þ�ÿ�ô�õ��KÿpE|ó*f*ñ�ý�	2�KÿIðmõ�ÿ�	§þ�ÿIð\�Kÿ
	�ú � ÿ�	 � ú�	8ó4õ§ö�ýtôs�KÿIðµó�	
	§ö � úIÿIð+��	§öùþªó4ö.	�ÿIð V tot

UP
(p)

ÿ�õ
V tot

DP
(p)

�Kÿp� á �.^/bJ�B�KýtôKôdÿ�?

V tot
UP

(p) ' 2R
′

[1 − 2r exp (2iωqwzR)+

3r2 exp (2iωqwzR)2 + 4r3 exp (2iωqwzR)3 + ...
]
So

V tot
DP

(p) ' 2R
′

[
exp (2iωqwzR) − 2r exp (2iωqwzR)2 +

3r2 exp (2iωqwzR)3 + 4r3 exp (2iωqwzR)4 + ...
]
So

� á � Í ^0�

YQôo�Iýtôdð§õ8ó4õ�ÿC÷�ødÿmñnòqýtôv�%ÿ�øKõ�ú�ñùöùþ�öùôdÿ�	sñ�ÿIð~þmøKñùõ§ö.�Kñ�ÿIð��bÿ���&nñ�ÿ��Mð���øv��	�ÿ�þ�ö�ÿ�	sý�	-�$	�ÿCÿ�ôh�Iýtþ � öùô!ó4ô�õ
ñ�ÿIð��H,!ó4þ2�dðµþ�ýtô�õ8ó4ô�õ�ð~ÿ�õ��KÿIð-�Iÿ�ô��dó4ô�õ�ðN�Iýtþ�þ�ÿ
ð§øKöùõ:?
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��óJ� � � �

���0�

�1�8��� � + � +x¨ JBJlD�=�36?GFI39@l0a2~:M5�=£rQDMJk39@lA�Jl5(=£�)F&2439À�r�5�=b583ÒA�5��&�¯Jl5��a=£:<DsAM?958r�@B58?£0a?9:<?95 + y]Fa�%¢b58���{JB58�
>8À&39��=�0aDM?9>85 + y�¶*�|¢%5��&�¯Jl5��s>�À&39�,?6�(>�58AM3658D�? + y]>�� ¼ DMJl36@BAMJB5,�)F&2436Àar�5 +

VDepegP
(p) ' V tot

UP
(p) − 2rV tot

DP
(p)

� á � Í<Í �

3Òÿ �Iý�ÿ�¡p��ö�ÿ�ô�õT�Kÿ+	�ú�Ò!ÿ*��õ§ö � öùõ�ú~ý��Kõ§öùþªó4ñbÿIð§õ;ÿIð§õ§öùþ�úQÿ�ôªþ�öùôKöùþ�ö�ð8ó4ô�õºñnòqú�ôdÿ�	
�<ö�ÿN��øp�-,!ó4þ2��	�úIð§øKñùõ8ó4ô�õ
�Kÿ�ñ)ó�ð�ýtødð§õ
	8ó���õ§ö�ýtô���ø��-,!ó4þ2�^þ�ýtô�õ8ó4ô�õ1�!ó�	1ñ�ÿU�-,!ó4þ2�\�KÿIð-�Iÿ�ô��dó4ô�õ1�&ó4ñùö � 	�ú���4�ÿ*��ö�	�ÿ � ö�ÿ�ô�õz��þ�öùôKöùþ�ö�ð�ÿ�	
ñ)ó���ýtô���õ§ö�ýtôs�Iý�çKõ�ð§øKö � ó4ô�õ�ÿ�?

Sdepeg2 = min
∥∥∥V tot

UPrimaires
(p) − 2rV tot

DPrimaires
(p)
∥∥∥
2 � á � Í<á �

YQô��!ó�	§ñ�ÿ �dó4ôdðT�Iÿ+�&ótðT�Kÿµð8ýtødð§õ
	8ó���õ§ö�ýtô ó��dó��Kõ8ó4õ§ö � ÿ���ø��-,!ó4þ2�C�KÿIð-�Iÿ�ô��dó4ô�õ�ó4ø��-,!ó4þ2�¬þ�ýtô�õ8ó4ô�õ/�
K5,�f*ð§ö�÷�ødÿ�þ�ÿ�ô�õ&ûz�Iÿ�õ§õ�ÿªð8ýtødð§õ
	8ó���õ§ö�ýtô�	�ÿ � ö�ÿ�ô�õ2�C��ö.	�ÿ�÷�øÒòÎó4ø���	�ÿ�þ�ö�ÿ�	Eý�	-�$	�ÿ<ûÒñ�ÿIð
þ^øKñùõ§ö.�Kñ�ÿIð���ó4ô�õ-îtþ�ÿIð
ð�ýtô�õVö8�Kÿ�ô�õ§ö�÷�ødÿIðêó4ø$�ñ�bÿ���&nñ�ÿ��j� ñ)ó{��ö#"£ú�	�ÿ�ô��Iÿí÷�ødÿ ñ�ÿIðC�Kÿ�ø$�*ö�ï�þ�ÿIðVýtô�õ[ð§ø � ö;�Kÿ�ø$�ñ	�ú�Ò!ÿ���ö�ýtôdðêó4ø
ôKö � ÿ&ó4øo��ø=��ýtô�� þªó�	§öùôh�Iýtþ�þ�ÿEñnò öùñùñùødð§õ
	�ÿEñ)ó�y��<ø�	�ÿ�� á �~`J���]<�ôo�Iý�	
	§ö.�Mÿ&ó4ô�õsñ�ÿ��H,!ó4þ2�h�KÿIðH�Iÿ�ô��dó4ô�õ;�Kÿ
�IÿIðT�Kÿ�ø$�p	�ú�Ò!ÿ��*ö�ýtôdð9�{ö8��ö

2r
�(û�ñ�ÿIð6�Kÿ�ø$�zõWfM�%ÿIðT�Kÿµþ^øKñùõ§ö.�Kñ�ÿIðL�Kÿ � ö�ÿ�ôKôdÿ�ô�õ-ö8�Kÿ�ô�õ§ö�÷�ødÿIð�ÿ�õT�bÿ�ø � ÿ�ô�õL�Kýtô��

ð�ÿsð�ýtødð�õ
	8ó4ö.	�ÿ��

3�ówy��<ø�	�ÿj� á �~bJ�¬öùñùñùødð§õ
	�ÿ°ñ)ó ð�ýtødð�õ
	8ó���õ§ö�ýtô}ó��dó��Kõ8ó4õ§ö � ÿ�ð§ø�	VøKôdÿíõ
	8ó��Iÿ�ð
f�ô�õ
,dú�õ§ö�÷�ødÿ��Iýtô�õ�ÿ�ô!ó4ô�õ
ñnòÎó�	
	§ö � úIÿ\��ö.	�ÿ*��õ�ÿ<û%ñnòÎó�	
	§ö � úIÿ���	§öùþªó4ö.	�ÿEÿ�õ~ñ�ÿ�ø�	�ðQþ^øKñùõ§ö.�Kñ�ÿIð/�|YQôv�Iýtôdð�õ8ó4õ�ÿ^÷�ødÿmñ�ÿIðQþmøKñùõ§ö.�Kñ�ÿIð�	�úIð�ö8��ødÿ�ñ�ð
�Kÿ�ñnòÎó�	
	§ö � úIÿ���	§öùþªó4ö.	�ÿ ð�ýtô�õmõ
	�ïIð�ó4õ§õ�ú�ô�ødúIð/�z3�óêñùöùôdú&ó�	§ö�ð8ó4õ§ö�ýtô_��ø���	�ý � ñ�ï�þ�ÿ��Iýtô���øKöùõ2�[øKô{	�úIð§øKñùõ8ó4õ
ð8ó4õ§ö�ð��nó4ö�ð8ó4ô�õ/�

4�ÿ�õ§õ�ÿ¬þ�ú�õ
,dýM�KÿR�£òÎó4õ§õ�ú�ô�ø!ó4õ§ö�ýtô£�KÿIð^þ^øKñùõ§ö.�Kñ�ÿIð\�%ÿ���&nñ�ÿ��MðEôÒòqÿIð§õ � ó4ñ)ó � ñ�ÿz÷�ødÿ��býtø�	^ñ�ÿIð^þmøKñùõ§ö.�Kñ�ÿIð
�KÿIð�ó�	
	§ö � úIÿIðL��	§öùþªó4ö.	�ÿIð/��
6ñ%ÿIð�õ�öùþ2�bý�	§õ8ó4ô�õ��£òqÿIð�õ§öùþ�ÿ�	-ñnòqý��%ú�	8ó4õ�ÿ�ø�	��KÿN	�ú�Ò!ÿ*��õ§ö � öùõ�úsÿ�ô��H,dýtö�ð§ö�ð�ð8ó4ô�õ-øKôdÿ
��ÿ�ô�)�õ
	�ÿ;�dó4ôdð�ñ)ót÷�ødÿ�ñùñ�ÿsöùñÒôÒò fVó\�!ótð��Kÿsþ^øKñùõ§ö.�Kñ�ÿIð �Kÿ
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��,dú�	§ö�÷�ødÿ<û � ÿ�	�ð�ñ�ÿ �Kýtþªó4öùôdÿ9�KÿIð,ýtô��KÿIð
�Kñ)ó4ôdÿIð

(τ, p)
�$4�ÿIð>�Kÿ�ø$��þ�ú�õ
,dýM�KÿIð6�Kú��bÿ�ô��Kÿ�ô�õL��ö.	�ÿ*��õ�ÿ�þ�ÿ�ô�õB�Kÿ-ñ)ó
ô!ó4õ§ø�	�ÿ+��øp��	�ý�ydñ%ð§ö�ð§þ�ö�÷�ødÿ��Iýtôdð§ö#&

�Kú�	�ú
ÿ�õ��Kÿsñnò ,�f��býtõ
,dïIð�ÿ9��	§ö�ð8ÿsð§ø�	�ñ)óCð�ýtø�	-�Iÿ��
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YQôm�Iýtôdð§ö8�Kï�	�ÿ[ñ�ÿêþ�öùñùö�ÿ�øñ�KÿV��	�ý��!ó���ó4õ§ö�ýtô¾ð§õ
	8ó4õ§ö#y!ú=,dý�	§ö.t&ýtô�õ8ó4ñ�ÿ�þ�ÿ�ô�õ[ÿ�õR�Iýtþ2�%ý<ð�ús�Kÿ=�Iýtø��H,dÿIð
,dýtþ�ý��Mï�ôdÿIðsÿ�õ~ö�ð�ýtõ
	�ý��%ÿIð0�grQô õ�ÿ�ñ|þ�öùñùö�ÿ�ø�ÿIð§õ~öùô � ó�	§ö)ó4ô�õ9�!ó�	N	�ýtõ8ó4õ§ö�ýtô�ó4øKõ�ýtø�	9�Kÿ^ñnòÎóP��ÿ � ÿ�	§õ§ö8�&ó4ñ��|YQô
�Iýtôdð§ö8�Kï�	�ÿ
ó4ødð�ð�ö%÷�ødÿ~ñ)ó^ð8ýtø�	-�IÿsÿIð§õ6�býtô���õ§ødÿ�ñùñ�ÿ
ÿ�õ,ö�ð�ýtõ
	�ý��bÿ�ú�þ�ÿ�õ§õ8ó4ô�õ+�KÿIð,ýtô��KÿIð�ð
��,dú�	§ö�÷�ødÿIðB�dó4ôdð,ñ�ÿ
þ�öùñùö�ÿ�ø|��îsó4ôdð6�IÿN�&ótð&û�ýtô ý � õ§ö�ÿ�ô�õ,øKôdÿQöùô � ó�	§ö)ó4ô��Iÿ��Iýtþ2�Kñ�ï�õ�ÿN��øzþ�ý��Kï�ñ�ÿ �!ó�	T	8ó����%ý�	§õB�
ñnòÎó�tIöùþ^øKõ/�$<�ô
	�ÿ���	�ÿ�ô!ó4ô�õ�ñnòqúI÷�ø!ó4õ§ö�ýtô£� Í �.^/`J�(û!ñnòqý�	-�$	�ÿ�ó�tIöùþmøKõ8ó4ñ

m � ó4øKõ�ð�ýtødð �IÿIð ,�fM�býtõ
,dïIð�ÿ 0
�}3�óR�Kú*�Iýtþ2�%ý<ð�öùõ§ö�ýtô

�dó4ôdð-ñ�ÿ;�Kýtþªó4öùôdÿ:�KÿIðµýtô��KÿIðB�Kñ)ó4ôdÿIð+,!ó�	§þ�ýtôKö�÷�ødÿ��£ò øKôdÿ��¯ýtô���õ§ö�ýtô
ψ
�Kÿ � ö�ÿ�ô�õ�?
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ψ̂ (k, ω) =

∫ +∞

−∞

exp (iωt) dt

∫ +∞

0
rJ0 (kr)ψ (r, t) dr

<�ôw�Kú � ÿ�ñ�ý����!ó4ô�õ��Iÿ�õ§õ�ÿR�Kÿ�	§ôKö�ï�	�ÿ úI÷�ø!ó4õ§ö�ýtô ÿ�õ^ÿ�ô ÿ��M�Kñ�ýtöùõ8ó4ô�õEñ�ÿIð���	�ý���	§ö�ú�õ�úIð\�Kÿ�ñ)óV�¯ýtô���õ§ö�ýtôw�Kÿ
n,ÿIð�ð�ÿ�ñnûKýtôêý � õ§ö�ÿ�ô�õµøKôdÿsÿ��$��	�ÿIð�ð§ö�ýtô=�Kÿ�ñ)ó�õ
	8ó4ôdð��¯ý�	§þªó4õ§ö�ýtô

(τ, p)
ð8ýtødð-ñ)ó���ý�	§þ�ÿ2?

u (p, τ) = 1
π

∫ p
0

y(τ,q)√
p2

−q2
dq

y (τ, q) =
∫+∞

0 s (x, τ − qx)xdx

� á � Í4æ �

s
ÿIð�õ�ñ�ÿVð§ö.�<ô!ó4ñ��dó4ôdð�ñ�ÿ��Kýtþªó4öùôdÿ[ý�"£ð�ÿ�õ�&nõ�ÿ�þ2�dð

(x, t)
ÿ�õ
u
ð8ó õ
	8ó4ôdð���ý�	§þ�úIÿV�dó4ôdð�ñ�ÿC�Kýtþªó4öùôdÿ

öùô�õ�ÿ�	-�Iÿ��Kõ�&nñ�ÿ�ô�õ�ÿ�ø�	
(τ, p)

��3�ÿsñ�ÿ*��õ�ÿ�ø�	µÿIð§õB	�ÿ�ô � ý/fMú\�EñnòÎó4ôKôdÿ���ÿ Í �%ýtø�	-ñ�ÿIð��Kú�õ8ó4öùñ�ð �Kÿ;�Iÿ9�&ó4ñ8��øKñ��
3�òqúI÷�ø!ó4õ§ö�ýtô{� á � Í4æ �ºþ�ýtô�õ
	�ÿs÷�ødÿ~ñ)ó��Kú*�Iýtþ2�%ý<ð�öùõ§ö�ýtôV�KÿIðB�KýtôKôdúIÿIð��dó4ôdð,ñ�ÿ��Kýtþªó4öùôdÿ

(τ, p)
	�ÿ � ö�ÿ�ô�õ

�
ÿ�"£ÿ*��õ§ødÿ�	;øKôdÿQð�ýtþ�þªó4õ§ö�ýtô��%ýtô��Kú�	�úIÿ �KÿIð6�KýtôKôdúIÿIðºñ�ÿ-ñ�ýtô��\�Kÿ��$	�ýtöùõ�ÿIð6�Kú�ydôKö�ÿIðT�!ó�	ºñnò öùô�õ�ÿ�	-�Iÿ��Kõ
τ
ÿ�õ

ñ)ó2�bÿ�ô�õ�ÿ
p
�g4�ÿ�õ§õ�ÿ;�býtô��Kú�	8ó4õ§ö�ýtô�ó2�býtø�	 � øKõ �Kÿ:�Iýtþ2�%ÿ�ôdð�ÿ�	Qñ�ÿIðQÿ�"£ÿ�õ�ð+�Kÿmñ)ó���ö � ÿ�	
�Mÿ�ô��IÿEð
��,dú�	§ö�÷�ødÿIð

�KÿIðCýtô��KÿIð/�1<�ñùñ�ÿ��Kú��%ÿ�ô�� ôdýtôÓð�ÿ�øKñ�ÿ�þ�ÿ�ô�õ��Kÿzñnòqý�"£ð�ÿ�õEþªó4ö�ð�ó4ødð�ð§öL�Kÿªñ)ó ð�ýtþ�þªó4õ§ö�ýtô_�býtô��Kú�	�úIÿ��KÿIð
�$	�ýtöùõ�ÿIð9�Kÿ��%ÿ�ô�õ�ÿIð�öùô$�¯ú�	§ö�ÿ�ø�	�ÿIðpDqîQö�ÿ�õ
	§ö8�H,�b�G I �}K�ñùødð§ö�ÿ�ø�	�ðsöùþ2�Kñ�ú�þ�ÿ�ô�õ8ó4õ§ö�ýtôdð:�Kÿ\�Iÿ�õ§õ�ÿEõ
	8ó4ôdð���ý�	§þªó4õ§ö�ýtô
ð�ýtô�õ��%ý<ð8ð§ö � ñ�ÿIð;D |�ó4ô���b ¤PI ûKÿ�ôV�!ó�	§õ§ö8��øKñùö�ÿ�	��\�&ó4ødð�ÿ;�Kÿ�ñ)ó\��	�úIð8ÿ�ô��Iÿ;�Kÿsð§öùô��<øKñ)ó�	§öùõ�úIðQô�øKþ�ú�	§ö�÷�ødÿIð/�

3�òqÿ��$��	�ÿIð�ð§ö�ýtô � á � Í4æ ���Kÿ°ñ)ó õ
	8ó4ôdð��¯ý�	§þ�úIÿo�Kÿ�ü�ó4ô�dMÿ�ñ
ÿIð§õC	§ö.�Mýtø�	�ÿ�ødð�ÿo��øÁ�býtöùô�õV�Kÿ � ødÿo�Kÿ°ñ)ó
��	�ý��!ó���ó4õ§ö�ýtô|�U4�ÿ��%ÿ�ô��dó4ô�õ&û1�dó4ôdð^ñ�ÿR�&ótð\�Kÿ���	�úIð�ÿ�ô��Iÿ��Kÿ � 	§øKöùõCýtø{�£òÎó4þ2�Kñùöùõ§ø��KÿIð�ó4ôdýtþªó4ñùö�÷�ødÿIð&ûxÿ�ô
�!ó�	§õ§ö8��øKñùö�ÿ�	Qð�ø�	-ñ�ÿIð-ñ�ýtô��Mðµý�"£ð�ÿ�õ�ð&û�ñ�ÿIðB�býtô��Kú�	8ó4õ§ö�ýtôdðµð-�!ó4õ§ö)ó4ñ�ÿIðQó4þ2�Kñùö#y!ÿ�ô�õN�IÿIðB��,dú�ôdýtþ�ï�ôdÿIð/�

3�ó\�Kÿ�ø$��ö�ï�þ�ÿmó4ñùõ�ÿ�	§ô!ó4õ§ö � ÿ;�Kÿ9�Kú*�Iýtþ2�bý<ð§öùõ§ö�ýtô=�KÿIðB�KýtôKôdúIÿIðµÿ�ô[ýtô��KÿIðB�Kñ)ó4ôdÿIð�ÿIð§õ,ñ)óEõ
	8ó4ôdð���ý�	§þªóP&
õ§ö�ýtô=�Kÿ9l~ó��Kýtô[ñùöùôdú&ó4ö.	�ÿ
ýtø��6ð§ñ)ó4ô�õ�&�ð§õ8ó��-d   �
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YQô¾ð�ÿV�Kñ)ó��Iÿ<ûºö8��ösó4ødð�ð§önû>�dó4ôdðzñ�ÿ=�&ótð��£ò øKô�þ�öùñùö�ÿ�ø�ð�õ
	8ó4õ§ö#y!ú=,dý�	§ö.t&ýtô�õ8ó4ñ�ÿ�þ�ÿ�ô�õêÿ�õ��Iýtþ2�%ý<ð�úv�Kÿ
�Iýtø��-,dÿIðz,dýtþ�ý��Mï�ôdÿIðxÿ�õ�ö�ð8ýtõ
	�ý��%ÿIð/��YQô��Iýtôdð§ö8�Kï�	�ÿ�÷�ødÿ�ñ�ÿU��	�ý�ydñ�ð§ö�ð§þ�ö�÷�ødÿU�Kýtô�õ|ýtô\��ö�ð
�bý<ð�ÿU�Iý�	
	�ÿIð
�býtô��
�EøKôdÿsñùö.�<ôdÿ
ð�ö�ð§þ�ö�÷�ødÿ Í î\�g7*ÿ�øKñ�ÿ
ñnò öùô$�¯ý�	§þªó4õ§ö�ýtô ð�ÿ�ñ�ýtôVñnòÎóP��ÿ

Ox
ÿIð§õµó��*�IÿIð8ð§ö � ñ�ÿ��

'+ydô=�Kÿ9	�ÿ�þ�ú*��ö�ÿ�	�ó4øC��ó4öùõQ÷�ødÿ�ñnòqýtô[ôÒòÎó��!ótðµó��*�IïIð ��ñnò öùô$�¯ý�	§þªó4õ§ö�ýtô ð�ÿ�ñ�ýtô[ñnòÎóP�Kÿ
Oy

ûKýtôêð§ø����bý<ð�ÿ
÷�ødÿêñ)ó ð�ýtø�	-�Iÿ°ÿIð§õ¬ñùöùôdú�ö�÷�ødÿ<û�öùô$ydôKö�ÿ°ÿ�õVú�þ�ÿ�õC�KÿIð¬ýtô��KÿIðC��f*ñùöùô��$	§ö�÷�ødÿIð¬ð8ÿ�ñ�ýtô�ñnòÎóP�Kÿ

Oy
��îsó4ôdðC�Iÿ

�&ótð&û1ñ)óV��	�ý��!ó���ó4õ§ö�ýtô ÿIð�õ^öùô � ó�	§ö)ó4ô�õ�ÿ��!ó�	^õ
	8ó4ôdð§ñ)ó4õ§ö�ýtôÓð�ÿ�ñ�ýtôw�Iÿ�õ�óP��ÿ¬ÿ�õ��%ÿ�øKõ\)�õ
	�ÿp	8ó4þ�ÿ�ôdúIÿC�êøKôdÿ
��	�ý��!ó���ó4õ§ö�ýtô ð§õ
	§ö8��õ�ÿ�þ�ÿ�ô�õ Í î\��YQô�þ�ýtô�õ
	�ÿN�dó4ôdð�ñnòÎó4ôKôdÿ��Kÿ Í ÷�ødÿ-ñ)ó;�Kú*�Iýtþ2�%ý<ð§öùõ§ö�ýtô ÿ�ôªýtô��KÿIð>�Kñ)ó4ôdÿIð
�£ò øKô�õ�ÿ�ñ>��	�ý�ydñºð&òqý � õ§ö�ÿ�ô�õ^ÿ�ô ð8ýtþ�þªó4ô�õmñ�ÿIð��KýtôKôdúIÿIð^ð�ø�	:�KÿIð:�$	�ýtöùõ�ÿIð��£ò öùô�õ�ÿ�	-�Iÿ��Kõ

τ
ÿ�õ:�Kÿ2�bÿ�ô�õ�ÿ

pð�ÿ�ñ�ýtô[ñnòqúI÷�ø!ó4õ§ö�ýtô�?

u (τ, p) =

∫ +∞

−∞

s (x, τ − px) dx
� á � Í aJ�

4�ÿ�õ§õ�ÿ;�¯ý�	§þ^øKñ)ó4õ§ö�ýtô ÿIð§õµöùô�õ�ú�	�ÿIð�ð8ó4ô�õ�ÿ:�KøKö�ð8÷�øÒòqÿ�ñùñ�ÿ
ÿIð�õµð§õ8ó � ñ�ÿsô�øKþ�ú�	§ö�÷�ødÿ�þ�ÿ�ô�õ�ÿ�õ+��ó���öùñ�ÿ��Cþ�ÿ�õ§õ
	�ÿ
ÿ�ôVý�ÿ�ø � 	�ÿ���4�ÿ��%ÿ�ô��dó4ô�õ&û�ñnò ,�fM�%ýtõ
,dïIð�ÿ���	§ö�ð8ÿQð§ø�	,ñ)ó^ð�ýtø�	-�Iÿ~ôÒòqÿIð§õL�!ótðT	�ú&ó4ñùö�ð§õ�ÿ��$3ÒÿIð-ð�ýtø�	-�IÿIð,ð§ö�ð§þ�ö�÷�ødÿIð
ð�ýtô�õ|ôdýtôCð�ÿ�øKñ�ÿ�þ�ÿ�ô�õU�Kÿ6��öùþ�ÿ�ôdð§ö�ýtô�ydôKö�ÿ�þªó4ö�ð�ó4ødð�ð§ö$�Iýtôdð§ö8�Kú�	�úIÿIð1�Iýtþ�þ�ÿL�%ýtô���õ§ødÿ�ñùñ�ÿIð0�P3�òÎó����Kñùö8�&ó4õ§ö�ýtô
�Kÿ��Iÿ�õ§õ�ÿ�õ
	8ó4ôdð���ý�	§þªó4õ§ö�ýtô[ð§ø�	B�KÿIðL��	�ý�ydñ�ð Í î}ý � õ�ÿ�ô�ødðµó � ÿ*�9�KÿIð-ð�ýtø�	-�IÿIðL�býtô���õ§ødÿ�ñùñ�ÿIðB�Iýtô���øKöùõ+�^øKôdÿ
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��ö�ð§õ�ý�	�ð§ö�ýtôw�KÿIð�ó4þ2�Kñùöùõ§ø��KÿIð�ÿ�õ��KÿIð���,!ótð�ÿIð�DFE|	�ÿ�öùõ�ÿ�ñ�`�G!û�î~ö�ÿ�õ
	§ö8�-,�b�G I ��'+ydôw�£òqú � öùõ�ÿ�	\�IÿIð���	�ý � ñ�ï�þ�ÿIð&û
DF'QþmøKô��Kð�ÿ�ô�b æ û.|�ó��bÿ�ô!ó<ó�	Hb Í�I ��	�ý��bý<ð�ÿ�ô�õz�£òÎó����Kñùö�÷�ødÿ�	z�KÿIðAydñùõ
	�ÿIð1�Kÿ>�Iýtþ2�bÿ�ôdð8ó4õ§ö�ýtô\�Kÿ;ñ)ó+��ö � ÿ�	
�Mÿ�ô��Iÿ
ð
��,dú�	§ö�÷�ødÿ��býtø�	;ñ)ó�	�ÿ�ô��$	�ÿN��f*ñùöùô��$	§ö�÷�ødÿ��$4�ÿ*��ö%ó9�býtø�	;ÿ�"£ÿ�õ6�Kÿµþ�ý��Kú�ñùö�ð�ÿ�	ºøKôdÿµð�ýtø�	-�Iÿµñùöùôdú�ö�÷�ødÿµöùô$ydôKö�ÿ
�:�!ó�	§õ§ö.	L�£ò øKôdÿ�ð�ýtø�	-�IÿN�býtô���õ§ødÿ�ñùñ�ÿ���î�ó4ôdð�ôdýtõ
	�ÿ��&ótðL�Kÿµõ
	8ó4öùõ�ÿ�þ�ÿ�ô�õ+�KÿIð�þmøKñùõ§ö.�Kñ�ÿIðB��øR�¯ýtô����KÿQñnòqÿ&ó4øÒû
�Iÿ�õ§õ�ÿ
ú�õ8ó��bÿsôÒòqÿIð§õB�!ótð-ôdú*�IÿIð8ð8ó4ö.	�ÿ��

<�ô}ÿ�"bÿ�õ&û�ñ�ÿIð�ydñùõ
	�ÿIðV�Kÿo�Iýtþ2�bÿ�ôdð8ó4õ§ö�ýtô þ�ÿ�ô�õ§ö�ýtôKôdúIðs��ö#&W�KÿIð�ð�ødðC�Iýtô��Iÿ�	§ôdÿ�ô�õêñ)ów��ö�ð�õ�ý�	�ð§ö�ýtôÄ�KÿIð
ó4þ2�Kñùöùõ§ø��KÿIðz	�ÿ�ñ)ó4õ§ö � ÿIð�ÿ�ô�õ
	�ÿ6��	§öùþªó4ö.	�ÿIðLD |�ó��%ÿ�ô!ó<ó�	Hb Í�I ��4�ÿ��bÿ�ô��dó4ô�õ&û4ñnòÎó4ñ.�Mý�	§öùõ
,Kþ�ÿB�Kÿ;ð�ýtþ�þªó4õ§ö�ýtô PZ÷�ødÿ�ôdýtødð-ó � ýtôdðT��	�úIð�ÿ�ô�õ�ú 	�ÿ��bý<ð�ÿ~ð§ø�	;ñnòqÿ��dó���õ§öùõ§ø��Kÿ��KÿIð�ó4þ2�Kñùöùõ§ø��KÿIðL	�ÿ�ñ)ó4õ§ö � ÿIð,ÿ�ô�õ
	�ÿQñ�ÿIð6��	§öùþªó4ö.	�ÿIð-ÿ�õ
ñ�ÿ�ø�	�ðxþmøKñùõ§ö.�Kñ�ÿIð;÷�øKöKýtô�õ � ó4õ§õ§ø2�dó4ôdðxñnòqÿ&ó4ø|��4�ÿIð5�Kÿ�	§ôKö�ÿ�	�ð�ýtô�õ�ð§ø � ö�øKôdÿB�Kú*��	�ýtö�ð�ð8ó4ô��Iÿ,ð§ø����Kñ�ú�þ�ÿ�ô�õ8ó4ö.	�ÿ
ÿ�ô¬ó4þ2�Kñùöùõ§ø��Kÿ~ÿ�ô

1/r
�!ó�	>	8ó����bý�	§õT�sñnòÎó4þ2�Kñùöùõ§ø��Kÿ �KÿµñnòÎó�	
	§ö � úIÿ+��	§öùþªó4ö.	�ÿN��ødÿ+�sñ)ó9��	�ý��!ó���ó4õ§ö�ýtô��dó4ôdð

øKôêþ�öùñùö�ÿ�øv,dýtþ�ý��Mï�ôdÿ�DF[Qÿ�c-þªó4ô ¤tá�I �]4�ÿ�õ§õ�ÿ��Kú*��	�ýtö�ð�ð8ó4ô��IÿEð&òqú*��	§öùõ~ÿ�ô��Iý�	�ÿEÿ�ôV��ýtô���õ§ö�ýtôh�KÿIðµõ�ÿ�þ2�dð��Kÿ
õ
	8óPx§ÿ�õzÿ�õR�Kÿ[ñ)ó � öùõ�ÿIð�ð�ÿV�dó4ôdðzñnòqÿ&ó4ø ð�ýtødðªñ)óv��ý�	§þ�ÿ�?

1/(tVw)
�>'+ydôñ�Kÿ=	�ÿ�ô��$	�ÿ=�Iÿ�õ§õ�ÿ=��ö � ÿ�	
�Mÿ�ô��Iÿ

��f*ñùöùô��$	§ö�÷�ødÿzÿ�ô
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	8ó��Iÿ+��õ
	8ó��Iÿ���3�ó�þ�ú�õ
,dýM�Kÿ+�Kÿ�ð�ýtþ�þªó4õ§ö�ýtô¬ÿIð§õ
ó����Kñùö�÷�ødúIÿ�öùô��Kú��bÿ�ô��dó4þ�þ�ÿ�ô�õ\�%ýtø�	��-,!ót÷�ødÿ�ñ�ÿ�ô�õ�ÿ�ø�	

p
�AYQô � ÿ�	
	8ó��Kñùødðmñ�ýtöùô{�dó4ôdðmñ�ÿ��-,!ó��Köùõ
	�ÿ<û�øKôdÿ

�Kÿ�ø$��ö�ï�þ�ÿsþ�ú�õ
,dý��Kÿm÷�øKö�ÿ��$�Kñ�ýtöùõ�ÿsñ)ó�	�ÿ*�Kýtô��dó4ô��Iÿ��Kÿsñnò öùô$�¯ý�	§þªó4õ§ö�ýtôv�dó4ôdð-ñ�ÿ9�Kýtþªó4öùôdÿ
(τ, p)

�

� ��Ú��uø�¾��$�0�u�#Ü£ý1Ó��gÛ��g¼ » �#Ü1ÝVÔ%Ý�¾P�0� º ��Ú
3ÒÿIð��KýtôKôdúIÿIðmð
f*ô�õ
,dú�õ§ö�÷�ødÿIð��Kýtô�õmýtô���ö�ð-�%ý<ð�ÿCö8��öºð§öùþmøKñ�ÿ�ô�õ^øKô@�Iýtø��Kñ)ó��Mÿp�!ó�	���ó4öùõ:��ø��MúIý���,dýtôdÿ��

EL,dúIý�	§ö�÷�ødÿ�þ�ÿ�ô�õ&û1ñ)óC�&ó4ñùö � 	8ó4õ§ö�ýtô{�KÿIð;�KýtôKôdúIÿIð���ø@�MúIý���,dýtôdÿªÿIð�õsøKô�ð-�&ó4ñ)ó4ö.	�ÿ��|
6ñU�Iýtþ2�%ÿ�ôdð8ÿ�ñ)ó���	�ý�&
x§ÿ*��õ§ö�ýtôs�KÿIðN�KýtôKôdúIÿIð~ð�ø�	µñ)ó � ÿ�	§õ§ö8�&ó4ñ�ÿEÿ�õ �Kÿmñnò öùþ2�%ú*�dó4ô��Iÿ\�Kÿmñnòqÿ&ó4øw�¯úI÷�ø!ó4õ§ö�ýtôw� á �.^ Í �
���}<�ôv�£òÎó4øKõ
	�ÿIð
õ�ÿ�	§þ�ÿIð&û�ÿ�ô���	�ÿ�ô!ó4ô�õ�ñnò ,�f$�$	�ý���,dýtôdÿ �Iýtþ�þ�ÿ+	�ú��¯ú�	�ÿ�ô��Iÿ<û�ñ�ÿ�ð-�&ó4ñ)ó4ö.	�ÿ �Kÿ��&ó4ñùö � 	8ó4õ§ö�ýtô � ó�	§ö�ÿ�ÿ�ô ρwVw√

1−p2V 2
w

�

îsó4ôdð-ñ)ó���	8ó4õ§ö�÷�ødÿ<ûKýtôV�Iýtþ�þ�ÿ�ô��Iÿ9�!ó�	�ÿIð§õ§öùþ�ÿ�	-ñ�ÿIð-õ�ÿ�	§þ�ÿIð+�KÿN��	�ý<ð8ð�&���,dý<ð§õ��Kú�ydôKö�ðB�!ó�	-ñ�ÿIð�úI÷�ø!óP&
õ§ö�ýtôdð:� á �.^�^0�;?

Z̃ (p) = Z (p) (1 − exp (iω∆T (p)))

P̃ (p) = P (p) (1 + exp (iω∆T (p)))

K|ýtø�	��Iÿ�ñ)ó�û|öùñ,ÿIð�õ^ôdú*�IÿIð�ð�ó4ö.	�ÿC�KÿR�IýtôKô!óPO�õ
	�ÿ��býtø�	2�-,!ót÷�ødÿzñ�ÿ�ô�õ�ÿ�ø�	
p
ñ)óV�bú�	§ö�ý��Kÿ��Kÿ � ó4õ§õ�ÿ�þ�ÿ�ô�õ

�dó4ôdð�ñ)ó@�Iýtñ�ýtôKôdÿ=�£òqÿ&ó4ø|�T4�ÿ�õ§õ�ÿ=�%ú�	§ö�ýM�KÿVôdÿV�Iý�	
	�ÿIð-�%ýtô��j�!ótðzó4ø õ�ÿ�þ2�dðR�KÿV�!ó�	-�Iýtø�	�ðp�£ò øKôdÿ ýtô��Kÿ
�£òÎó4ô��<ñ�ÿ9�£ò öùô���ö8�Kÿ�ô��Iÿ

θ
�dó4ôdð,ñnòqÿ&ó4øÒû�þªó4ö�ð,ñ�ÿ�õ�ÿ�þ2�dð-÷�ødÿ~þ�ÿ�õ��Iÿ�õ§õ�ÿ�ýtô��Kÿ��býtø�	T�!ó�	-�Iýtø�	§ö.	µñ)ó���ö�ð�õ8ó4ô��Iÿ

2∆z = 2zR cos θ
�½y��<ø�	�ÿ_� á �.^ æ �
���+4�ýtôKô!ó4ö�ð�ð8ó4ô�õ ñ)ó���	�ý���ýtô��Kÿ�ø�	C�KÿIð�	�ú*�Iÿ��Kõ�ÿ�ø�	�ð&û�ñ)ó{�%ú�	§ö�ýM�Kÿs�KÿIð

þmøKñùõ§ö.�Kñ�ÿIðN�Kÿ�ñ)ó2�Iýtñ�ýtôKôdÿ;�£òqÿ&ó4ø=�%ýtø�	+�H,!ót÷�ødÿ
ñ�ÿ�ô�õ�ÿ�ø�	
p
ÿIð�õ�ý � õ�ÿ�ô�ødÿmð8ÿ�ñ�ýtôVñnòqúI÷�ø!ó4õ§ö�ýtô¢?

∆T (p) = 2qwzR =
2zR
Vw

√
1 − p2V 2

w

� á � ÍJ¤ �
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�1�8��� � + f »M+ /10�r�A�F&?GF&@j=60�2�:<5µJjFsHIF&?9@jFI36@B0�2C39LM�80a?6@ji4DM5�583ºJjFsHIF&?9@BF&36@B0�2�5�=�36@Br��85~:<Dª=9>8F&JjF&@B?95
:<5�>�F&JB@l¶�?9F&36@B0�2m5�2E��0�2�>�36@B0�2C:<5

p
+

YQôh�Kú�ydôKöùõ~ÿ�ôdð�øKöùõ�ÿmøKôdÿ:�¯ÿ�ô�)�õ
	�ÿEÿ�ô õ�ÿ�þ2�dð �dó4ôdð~ñ�ÿ:�Kýtþªó4öùôdÿ
(τ, p)

�Kÿmõ�ÿ�ñùñ�ÿmþªó4ôKö�ï�	�ÿ2�ªÿ��$��ñùø�	�ÿ
ñnòÎó�	
	§ö � úIÿ>��ö.	�ÿ*��õ�ÿ���4�ÿ�õ§õ�ÿ5��ÿ�ô�)�õ
	�ÿ�ÿ�����ñùøKõ|ó4ødð�ð§ö<ñ�ÿIð � 	§øKöùõ�ðA�Kÿ�ñ)ó-õ
	8ó4ôdð��¯ý�	§þ�úIÿ>��	�úIð�ÿ�ô�õ�ðz�dó4ôdðÒñ�ÿIð|��	8ó4ô��KÿIð
� ó4ñ�ÿ�ø�	�ð��Kÿ p �Iýtþ�þ�ÿsñ�ÿsþ�ýtô�õ
	�ÿsñ)ó�y��<ø�	�ÿp� á �.^/aJ���

K�øKö�ð�û%ýtôo�&ó4ñ8��øKñ�ÿCñ�ÿ�ydñùõ
	�ÿCýtø°ñ�ÿ^ð-�&ó4ñ)ó4ö.	�ÿ2�Kÿ��&ó4ñùö � 	8ó4õ§ö�ýtô�ÿ�ô°þ�öùôKöùþ�ö�ð8ó4ô�õ;�dó4ôdð�ñ)ó2��ÿ�ô�)�õ
	�ÿ�ð�ú�ñ�ÿ*��&
õ§ö�ýtôKôdúIÿsñ�ÿsõ�ÿ�	§þ�ÿ:�Kÿ
ð�ýtø�	-�Iÿ9�Kú�ydôKö�ÿ;�!ó�	;?

E
S̃o

= min[Ta,Tb]

∥∥∥P̃ (p) −G (ω, p) Z̃ (p)
∥∥∥
2

3�ó y��<ø�	�ÿ�� á �.^/�J�1þ�ýtô�õ
	�ÿ-ñ)ó � ó�	§ö)ó4õ§ö�ýtô���ø�ð-�&ó4ñ)ó4ö.	�ÿB�KÿL�&ó4ñùö � 	8ó4õ§ö�ýtôzÿ�ô���ýtô���õ§ö�ýtô��Kÿ p ��YQô��Iýtôdð�õ8ó4õ�ÿ÷�ødÿµñ)ó � ó�	§ö)ó4õ§ö�ýtôVÿIð§õ§öùþ�úIÿ�ð§øKöùõ�ñ)ó��Iýtø�	 � ÿ~õ
,dúIý�	§ö�÷�ødÿ~ð�ó4ø$�A�%ýtø�	�ñ�ÿIðT��	8ó4ô��Kð p �$4�ÿ*��ö£ð&òqÿ��$�Kñùö�÷�ødÿ �!ó�	,ñ�ÿ�nó4öùõ�÷�ødÿµñnò öùô�õ�ÿ�	 � ó4ñùñ�ÿsð�ø�	ºñ�ÿI÷�ødÿ�ñ£ýtôzþ�öùôKöùþ�ö�ð�ÿ~ñ�ÿQõ�ÿ�	§þ�ÿ��Kÿ~ð8ýtø�	-�IÿQÿIð§õT�bÿ�õ§öùõ�ÿ�õB�Iýtþ2��	�ÿ�ô����KÿIð � 	§øKöùõ�ð
�Kÿsõ
	8ó4ôdð���ý�	§þ�úIÿsöùô�õ
	�ý���øKö�ð8ó4ô�õ �KÿIð�ÿ�	
	�ÿ�ø�	�ð �dó4ôdð-ñnòqÿIð§õ§öùþªó4õ§ö�ýtô|�

3�óVy��<ø�	�ÿo� á �.^ ¤ �sþ�ýtô�õ
	�ÿ ñ)ó[ð�ÿ*��õ§ö�ýtô
(τ, p)

��ø õ�ÿ�	§þ�ÿ��Kÿzð�ýtø�	-�Iÿ¬ÿIð§õ§öùþ�ú��5YQô � ú�	§ö#y!ÿ � ö�ÿ�ô ÷�ødÿ
�Iÿ�õ§õ�ÿ
ð�ÿ*��õ§ö�ýtôs�Iýtþ2��	�ÿ�ô��êÿIð�ð�ÿ�ô�õ§ö�ÿ�ñùñ�ÿ�þ�ÿ�ô�õQñnòÎó�	
	§ö � úIÿ:��ö.	�ÿ*��õ�ÿ��

3�ó � ö�ð§ø!ó4ñùö�ð8ó4õ§ö�ýtô2��øEõ�ÿ�	§þ�ÿT�Kÿ�ð�ýtø�	-�IÿL�Iýtôdð§õ§öùõ§ødÿ�øKô\�Iýtô�õ
	-îtñ�ÿB�Kÿºõ
	8ó4öùõ�ÿ�þ�ÿ�ô�õ/��4�ÿºõ�ÿ�	§þ�ÿT�%ÿ�øKõ1)�õ
	�ÿ
� øR�Iýtþ�þ�ÿQñ�ÿ�	�úIð§ö8��ø��Kÿ�ñ)ó��&ó4ñùö � 	8ó4õ§ö�ýtôÒû��<òqÿIð§õ�&��P&W��ö.	�ÿ~ñ�ÿIð6�KýtôKôdúIÿIð6��	�úIð8ÿ�ô�õ�ÿIðL�dó4ôdð;ñnò øKôdÿN�KÿIðºþ�ÿIð§ø�	�ÿIð
ÿ�õª÷�ødÿVñnòqýtô ôÒòÎó�	
	§ö � ÿ=�!ótðR��ÿ��$�Kñùö�÷�ødÿ�	p�!ó�	�ñ)óo�&ó4ñùö � 	8ó4õ§ö�ýtô|�TE1ó4ô�õ¬÷�ødÿ=�IÿC	�úIð§ö8��ø ôdÿV�Iýtô�õ§ö�ÿ�ô�õ��!ótð
�£òÎó�	
	§ö � úIÿIðT�Iý�,dú�	�ÿ�ô�õ�ÿIðT�Iý�	
	�ÿIð
�%ýtô��dó4ô�õL�;�KÿIð;ýtô��KÿIð P ûtñ)ó;�&ó4ñùö � 	8ó4õ§ö�ýtô¬ÿIð§õºð8ó4õ§ö�ð��nó4ö�ð8ó4ô�õ�ÿ���4�ÿ��bÿ�ô��dó4ô�õ&ûöùñ]�%ÿ�øKõB�Iýtô�õ�ÿ�ôKö.	+�KÿIð � 	§øKöùõ�ðB�Iý�,dú�	�ÿ�ô�õ�ð+�Iý�	
	�ÿIð-�%ýtô��dó4ô�õµó4ø$�¬ÿ�"£ÿ�õ�ðB�KÿQõ
	�ýtô��&ó4õ§ø�	�ÿ9�Iýtþ�þ�ÿ�ñ�ÿ~þ�ýtô�õ
	�ÿ
ñ)ó�y��<ø�	�ÿR� á �.^ ¤ ���

<�ô ÿIð§õ§öùþªó4ô�õ^øKô ý��bú�	8ó4õ�ÿ�ø�	��Kÿ��&ó4ñùö � 	8ó4õ§ö�ýtôÒû|ýtô ó�	
	§ö � ÿ��V�KÿIð9	�úIð§øKñùõ8ó4õ�ð^õ
	�ïIðmð�öùþ�öùñ)ó4ö.	�ÿIð��C�Iÿ�ø$�
ý � õ�ÿ�ô�ødð��!ó�	EøKô ðH�&ó4ñ)ó4ö.	�ÿ��z31ósy��<ø�	�ÿh� á �.^/`J�^þ�ýtô�õ
	�ÿVñnòÎó4ñùñùø�	�ÿC�Kÿ¬ñnòqý��%ú�	8ó4õ�ÿ�ø�	��Kÿ��&ó4ñùö � 	8ó4õ§ö�ýtô£�býtø�	
��ö#"£ú�	�ÿ�ô�õ�ÿIð � ó4ñ�ÿ�ø�	�ð��Kÿ p ó4öùôdð§ö,÷�ødÿp�býtø�	 p = 0

�5YQôw�Iýtôdð§õ8ó4õ�ÿz÷�ødÿzñnòqý��%ú�	8ó4õ�ÿ�ø�	�ÿIð§õEð§õ8ó � ñ�ÿR�£ò øKôdÿ
� ó4ñ�ÿ�ø�	z�Kÿ p ��ñnòÎó4øKõ
	�ÿ�ð�ó4ø$���%ýtø�	|ñ�ÿIðA��	8ó4ô��KÿIð|ñ�ÿ�ô�õ�ÿ�ø�	�ð/��K1ýtø�	5�IÿIð � ó4ñ�ÿ�ø�	�ð&ûañ)ó � ó�	§ö)ó4õ§ö�ýtô\�Kÿ;ñnòÎó4þ2�Kñùöùõ§ø��Kÿÿ�õ��Kÿsñ)ó���,!ótð�ÿ:�KÿIð�ý��%ú�	8ó4õ�ÿ�ø�	�ðµôÒòqÿIð§õ��Kñùødð��Iýtôdð�ö�ð§õ8ó4ô�õ�ÿ��£ò øKôdÿsõ
	8ó��Iÿ:�EñnòÎó4øKõ
	�ÿ��
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��óJ� � � �

�1�8��� � + f Nt+x¥ =�36@BrsFI39@l0a2 :<D 3958?9r~5�:<5�=60�DM?G>�5C=6DM?sJl5(=s:<0�2�2M�85(=s=��t2436LM�836@ji4DM5�=�y]Fa� � 5�?6r�5
=60�DM?G>�5,:MF&2�=xJl5�:<0arsF&@B2M5

(τ, p)
y)¶�� � 58?9r~5-:<5-=60�DM?G>�5,A*0�DM?

p = 0.

Û��*�/Û�Ü!Ó��$�0�u�#Ümý|Ý�ßp�hÓzÚ��0�u¼1Ú{Ý�ß@-W�dÜ}�.K}�íÝ�ß
rQôdÿ��¯ýtö�ð�ñ�ÿIð��KýtôKôdúIÿIð;��øh�MúIý���,dýtôdÿ � ÿ�	§õ§ö8�&ó4ñU�&ó4ñùö � 	�úIÿIð&ûbñnòÎó4õ§õ�ú�ô�ø!ó4õ§ö�ýtô{�KÿIð�þmøKñùõ§ö.�Kñ�ÿIð9��ó4ô�õ-îtþ�ÿIð

ð&òqÿ�"£ÿ*��õ§ødÿsÿ�ôV�Iýtþ � öùô!ó4ô�õQñ�ÿIðB�KýtôKôdúIÿIðµõ
	8ó��Iÿ;�Eõ
	8ó��IÿmóPydôV�Kÿ�ñ�ÿIðB�Kú*�Iýtþ2�%ý<ð8ÿ�	µÿ�ôV�-,!ó4þ2�dðµþ�ýtô�õ8ó4ô�õ�ð
ÿ�õ��KÿIð-�Iÿ�ô��dó4ô�õ�ð/�64�ÿ�õ§õ�ÿC�Iýtþ � öùô!ó4ö�ð8ýtô�ÿ��M��	§öùþ�úIÿ��!ó�	�ñnòqúI÷�ø!ó4õ§ö�ýtô²� á �.^/`J���Kú��bÿ�ô��_��ø£�Iý�ÿ�¡p��ö�ÿ�ô�õp�Kÿ
�býtô��Kú�	8ó4õ§ö�ýtô

α
�TYQô�ôdÿêð&ò öùô�õ�ú�	�ÿIð�ð�ÿ ö8��ö~÷�øÒòÎó4ø$�j�Kÿ�ø$� � ó4ñ�ÿ�ø�	�ð α = 1

ÿ�õ
α = 0.5

�L3�ó@��	�ÿ�þ�ö�ï�	�ÿ
�Iý�	
	�ÿIð
�býtô��m�íøKôdÿ ð8ýtþ�þªó4õ§ö�ýtô¾ð�öùþ2�Kñ�ÿs�KÿIð��KýtôKôdúIÿIð��Kÿ[ñnò ,�f$�$	�ý���,dýtôdÿ�ÿ�õR��øm�MúIý���,dýtôdÿh�&ó4ñùö � 	�ú��
3�óR�Kÿ�ø$�*ö�ï�þ�ÿ��býtô��Kú�	8ó4õ§ö�ýtôh��ó4öùõQöùô�õ�ÿ�	 � ÿ�ôKö.	sñ�ÿIð~þmøKñùõ§ö.�Kñ�ÿIð9�Kÿ^ñnòqý�	-�$	�ÿCð§ø��bú�	§ö�ÿ�ø�	sóPydôh�£òÎó4þ�ú�ñùö�ý�	�ÿ�	sñ�ÿ
	8ó����bý�	§õQð§ö.�<ô!ó4ñ|ð§ø�	 � 	§øKöùõ/�!îsó4ôdðµñ�ÿ9��	�ÿ�þ�ö�ÿ�	N�&ótðQý�è

α = 1
û!ñ)ó�ð�ú��!ó�	8ó4õ§ö�ýtô°ÿ�ô=�-,!ó4þ2�dðQþ�ýtô�õ8ó4ô�õ�ðsÿ�õ

�KÿIð-�Iÿ�ô��dó4ô�õ�ðQÿIð§õ�ÿ�"£ÿ*��õ§ødúIÿ
ð�ÿ�ñ�ýtôêñ)ó�	�ÿ�ñ)ó4õ§ö�ýtô�?

VU (p) = P (p) + Zcal (p)

VD (p) = P (p) − Zcal (p)

îsó4ôdð,ñ�ÿ9�&ótð-ý�è
α = 0.5

û�ñ)óCð�ú��!ó�	8ó4õ§ö�ýtô[ÿ�ôC�-,!ó4þ2�dðµþ�ýtô�õ8ó4ô�õ�ðµÿ�õB�KÿIð-�Iÿ�ô��dó4ô�õ�ðQð&òqý � õ§ö�ÿ�ô�õB��	Hi��Iÿ;�Eñ)ó
�Iýtþ � öùô!ó4ö�ð8ýtô{?

VU (p) =
1

2
[1 − exp (−2iωqwzR)]P (p) +

1

2
[1 + exp (−2iωqwzR)]Zcal (p)
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��óJ� � � �

�1�8��� � + f�� + uºA*�8?GFI3958DM?G=�:<5�>�F&JB@l¶M?GFI39@l0a2 ¿ y)F4�x>8F&Jj>�D�Jl�(=�=�D�?;>GL�F�i4DM5,39?9Fa>�5-:MF�2�=�JB5µ:<0�rsF�@l2M5
(τ, p)

y)¶��|0�A*�8?GFI3958DM?�:<5�>�F&JB@l¶M?GFI39@l0a2mA*0�DM?
p = 0

+

VD (p) =
1

2
[1 − exp (2iωqwzR)]P (p) − 1

2
[1 + exp (2iωqwzR)]Zcal (p)

<�ô��Iýtþ2�!ó�	8ó4ô�õ,ñ�ÿIð6	�úIð§øKñùõ8ó4õ�ðL�Kÿ�ñ)ó:�Kú*�Iýtþ2�%ý<ð§öùõ§ö�ýtô��býtø�	ºñ�ÿIðT�Kÿ�ø$� � ó4ñ�ÿ�ø�	�ðT�Kÿ��býtô��Kú�	8ó4õ§ö�ýtôC�dó4ôdð
ñ)ó y��<ø�	�ÿ:� á �.^/bJ�(û<ýtôp�Iýtôdð�õ8ó4õ�ÿ-÷�ødÿ,ñ�ÿIðU��ö#"£ú�	�ÿ�ô��IÿIð�ð§ø�	�ñ�ÿB�H,!ó4þ2��þ�ýtô�õ8ó4ô�õºÿ�õU�KÿIð-�Iÿ�ô��dó4ô�õ6�Iýtô��Iÿ�	§ôdÿ�ô�õ
ñnòÎó�	
	§ö � úIÿ:��ö.	�ÿ*��õ�ÿmÿ�õµð�ÿIðB	�ú � ÿ�	 � ú�	8ó4õ§ö�ýtôdð&û#ó4öùôdð�öÒ÷�ødÿsñ�ÿIð � 	§øKöùõ�ð+�Kÿsñ)óEõ
	8ó4ôdð���ý�	§þ�úIÿ��}4�ÿ��bÿ�ô��dó4ô�õ&û!öùñÒôdÿ
�Iýtô��Iÿ�	§ôdÿ��!ótðEñ�ÿIðCó�	
	§ö � úIÿIð���	§öùþªó4ö.	�ÿIð�ÿ�õEñ�ÿ�ø�	�ðEþmøKñùõ§ö.�Kñ�ÿIð/�>4�ÿ*��ö � ÿ�øKõ2��ö.	�ÿz÷�ødÿR�Iÿ�õ§õ�ÿR�býtô��Kú�	8ó4õ§ö�ýtô
ôÒòÎóP"£ÿ*��õ�ÿ9�!ótð-ñ�ÿsõ
	8ó4öùõ�ÿ�þ�ÿ�ô�õ �KÿIð�ýtô��KÿIð+��	§öùþªó4ö.	�ÿIð/�

' �IÿCð§õ8ó��Kÿ2��ø�õ
	8ó4öùõ�ÿ�þ�ÿ�ô�õ&û�ñ�ÿIðsþmøKñùõ§ö.�Kñ�ÿIð;��ó4ô�õ-îtþ�ÿIð
ð�ýtô�õ:	�ÿ�xGÿ�õ�úIð9�dó4ôdðsñ�ÿ2�H,!ó4þ2���KÿIð-�Iÿ�ô��dó4ô�õ/�
3Òÿ;�H,!ó4þ2�êþ�ýtô�õ8ó4ô�õ+	�ÿIð�õ�ÿmóP"bÿ*��õ�ú��!ó�	µñ�ÿIð-þmøKñùõ§ö.�Kñ�ÿIð �%ÿ���&nñ�ÿ��Mð��½y��<ø�	�ÿR� á � Í GJ�
���

Û��*�/Û�Ü!Ó��$�0�u�#Ümý|Ý�ßp�hÓzÚ��0�u¼1Ú{Ý�ß2¼�ÝR�'1¥Ú{ÝQ�#ß
3�òÎó4õ§õ�ú�ô�ø!ó4õ§ö�ýtôÀ�KÿIð[þ^øKñùõ§ö.�Kñ�ÿIðs�bÿ���&nñ�ÿ��Mð ÿIð§õêÿ�"£ÿ*��õ§ødúIÿ@�!ó�	 ð8ýtødð§õ
	8ó���õ§ö�ýtô ó��dó��Kõ8ó4õ§ö � ÿ ÿ�ô�õ
	�ÿ ñ�ÿ

�-,!ó4þ2�Á�KÿIð-�Iÿ�ô��dó4ô�õzþ^øKñùõ§ö.�Kñùö�úv�!ó�	��Kÿ�ø$�_��ýtö�ðªñ)ó@	�ú�Ò!ÿ*��õ§ö � öùõ�úv��øñ�¯ýtô���þªó�	§öùô¹�¯úI÷�ø!ó4õ§ö�ýtô á � Í<Í �ªÿ�õ
ñ�ÿN�-,!ó4þ2�Vþ�ýtô�õ8ó4ô�õ/��4�ÿ�õ§õ�ÿN	�ú�Ò!ÿ*��õ§ö � öùõ�úN�bÿ�øKõT)�õ
	�ÿ�ð�ýtöùõ�øKô¬ý��bú�	8ó4õ�ÿ�ø�	-ð�ýtöùõ�øKô¬ð-�&ó4ñ)ó4ö.	�ÿ��$3�òqÿIð�õ§öùþªó4õ§ö�ýtô
ÿIð§õ�ÿ�"bÿ*��õ§ødúIÿQÿ�ôzþ�öùôKöùþ�ö�ð8ó4ô�õºñnòqú�ôdÿ�	
�<ö�ÿN�Kÿ�ñ)ómð�ýtødð§õ
	8ó���õ§ö�ýtôVó��dó��Kõ8ó4õ§ö � ÿ�ð§ø�	;øKôdÿ��¯ÿ�ô�)�õ
	�ÿ+��	§ö�ð�ÿµð§ø�	ºñ�ÿIð
�KýtôKôdúIÿIðµð8ÿ�ñ�ýtô[ñ)ó�	�ÿ�ñ)ó4õ§ö�ýtô{�¯úI÷�ø!ó4õ§ö�ýtô¢� á � Í<á �
��?

Sdepeg[Ta,Tb]
= min ‖VU (p) − 2rVD (p)‖2

3ÒÿIðªõ�ÿIð§õ�ð�ð§ø�	�ñ�ÿIð��KýtôKôdúIÿIðzð
f*ô�õ
,dú�õ§ö�÷�ødÿIð�þ�ýtô�õ
	�ÿ�ô�õz÷�ødÿ ñnòqÿIð§õ§öùþªó4õ§ö�ýtôñ�Kÿ ñ)óv	�ú�Ò!ÿ*��õ§ö � öùõ�úV�býtø�	
�-,!ót÷�ødÿ � ó4ñ�ÿ�ø�	p�Kÿ p ÿIð§õ��Kú�ñùö8�&ó4õ�ÿêÿ�õR�Kú��bÿ�ô��j�Kÿêñ)óv��ÿ�ô�)�õ
	�ÿ=�Kÿ=�&ó4ñ8��øKñ��T3�óoy��<ø�	�ÿ{� á � Í ^0�Cöùñùñùødð�õ
	�ÿ
ñ)ó � ó�	§ö)ó4õ§ö�ýtôíõ
,dúIý�	§ö�÷�ødÿªÿ�õ
ÿIð§õ§öùþ�úIÿ���ø@�Iý*ÿ�¡p��ö�ÿ�ô�õ��Kÿ\	�ú�Ò!ÿ���ö�ýtô���øh��ýtô��°þªó�	§öùô|��YQô@�Iýtôdð§õ8ó4õ�ÿ�÷�ødÿ
ñnòqÿIð§õ§öùþªó4õ§ö�ýtôíÿIð§õ�öùôdð§õ8ó � ñ�ÿ2�£ò øKôdÿ � ó4ñ�ÿ�ø�	9�Kÿ p �zñnòÎó4øKõ
	�ÿ��!3Òý�	�ð8÷�ødÿCñnòqýtô�ÿIð§õ§öùþ�ÿCøKô�ý��bú�	8ó4õ�ÿ�ø�	;�£ò øKôdÿ�Iÿ�	§õ8ó4öùôdÿVñ�ýtô��<ødÿ�ø�	&ûU�IÿC�Kÿ�	§ôKö�ÿ�	zÿIð§õ�öùôdð§õ8ó � ñ�ÿ ôdýtô ð�ÿ�øKñ�ÿ�þ�ÿ�ô�õzÿ�ô�ó4þ2�Kñùöùõ§ø��KÿVþªó4ö�ðªó4ødð8ð§ö�ÿ�ô_��,!ótð�ÿ
�Iýtþ�þ�ÿsñ�ÿsþ�ýtô�õ
	�ÿ
ñ)ó�y��<ø�	�ÿp� á � Í<Í ���

4�ÿIð~öùôdð§õ8ó � öùñùöùõ�úIðsð&òqÿ��$�Kñùö�÷�ødÿ�ô�õ��!ó�	�ñ�ÿ;�nó4öùõ~÷�ødÿ^ñ�ÿIð ��	8ó4ô��KÿIð � ó4ñ�ÿ�ø�	�ð��Kÿ p ð�ýtô�õsóP"£ÿ*��õ�úIÿIðN�!ó�	�ñ�ÿIð� 	§øKöùõ�ð5�Kÿ,ñ)óQõ
	8ó4ôdð���ý�	§þªó4õ§ö�ýtô
(τ, p)

�<î�ÿT�Kñùødð&û4ñ)ó+�¯ÿ�ô�)�õ
	�ÿB�Iýtô�õ�ÿ�ô!ó4ô�õºñ�ÿ�ð�ö.�<ô!ó4ñ*øKõ§öùñ�ÿL�býtø�	xñnòqÿIð§õ§öùþªó4õ§ö�ýtô
�KÿEñ)ó�	�ú�Ò!ÿ*��õ§ö � öùõ�ú�ð�ÿ�	�ú*��øKöùõsÿ�ôs��ýtô���õ§ö�ýtôo�Kÿ p �%îsó4ôdð�ñ�ÿ��&ótð�ý�èo�KÿIðsó�	
	§ö � úIÿIð���	§öùþªó4ö.	�ÿIðsöùô�õ�ÿ�	���ï�	�ÿ�ô�õ
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�1�8��� � + f e�+x¸ ��>80�r�A*0a=6@k39@l0a2C:M5�=�:<0a2M2M��5�=�5�2C>GL�F&r�ACr~0a2439F&243��¯AM?958r�@l·�?65,JB@l�a2M5��15�3;>GL�F�r~A
:M5�=9>�582�:MF&243%�¯:<5�D<7<@l·�r�5|JB@B��2M58�K:�F&2�=bJB5�:<0�rsF&@B2M5

(τ, p)
+ y)Fa�%>80458¹
>�@B58243Ò:<5xA�0a2�:<�8?GFI39@l0a2

α =
0.5
y�¶��->80t5�¹
>�@B58243Q:<5mA�0a2�:<�8?GFI39@l0a2

α = 1
y)>(��:<@l¡��8?9582�>85ªy)F4�¯�§y�¶��-:�F&2�=µJBF�:M��>�0ar�A�04=�@l36@B0�2

A�F�?�Jl5(=�:<58D<7C>�0t5�¹
>8@l5�2a3G= +
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ó � ÿ*�R�KÿIð^ó�	
	§ö � úIÿIðmþmøKñùõ§ö.�Kñ�ÿIð\�dó4ôdð:�KÿIð9�bÿ�õ§öùõ�ÿIð9��ÿ�ô�)�õ
	�ÿIð:�Kÿp�&ó4ñ8��øKñnûÒñnòqÿIð§õ§öùþªó4õ§ö�ýtô¢�Kÿ�ñ)ó�	�ú�Ò!ÿ*��õ§ö � öùõ�ú
ð&òqÿ�"£ÿ*��õ§ødÿªÿ�ô þ�öùôKöùþ�ö�ð8ó4ô�õCñnòqú�ôdÿ�	
�<ö�ÿ��Kÿ�ñnò öùô�õ�ÿ�	���ú�	�ÿ�ô��Iÿ¬öùô�õ
	�ýM��øKö�ð8ó4ô�õCøKô � ö)ó4ö�ð��dó4ôdð^ñ)ó � ó4ñ�ÿ�ø�	\�Kÿ r���&ó�	,ð�ÿ�øKñ�ÿµñnòqú�ôdÿ�	
�<ö�ÿ��KÿIðºþmøKñùõ§ö.�Kñ�ÿIðB�KýtöùõL)�õ
	�ÿµþ�öùôKöùþ^øKþR����YQô � ýtöùõ�ö8��ö#ñ�ÿIð�ñùöùþ�öùõ�ÿIðL��øªõ
	8ó4öùõ�ÿ�þ�ÿ�ô�õ��KÿIð
�KýtôKôdúIÿIð|õ
	8ó��IÿT��õ
	8ó��Iÿ6�dó4ôdð1ñ�ÿT�Kýtþªó4öùôdÿ

(τ, p)
�&ó�	1øKôdÿ;õ�ÿ�ñùñ�ÿ,ó�����	�ýM�-,dÿºôÒòqÿ��M�Kñ�ýtöùõ�ÿT�!ótð1ñ)óB	�ÿ*�Kýtô��dó4ô��Iÿ

�Kÿsñnò öùô$��ý�	§þªó4õ§ö�ýtô=�£ò øKôdÿ
ñ�ÿ�ô�õ�ÿ�ø�	 �CñnòÎó4øKõ
	�ÿ��

%°ó4ñ.��	�ú;ñ�ÿIð1öùôdð§õ8ó � öùñùöùõ�úIð1�Kÿºñ)óB	�ú�Ò!ÿ*��õ§ö � öùõ�ú�ÿIð�õ§öùþ�úIÿ<û�ñ)óµð�ýtødð§õ
	8ó���õ§ö�ýtô�ó��dó��Kõ8ó4õ§ö � ÿT�%ÿ�	§þ�ÿ�õz�£òqý � õ�ÿ�ôKö.	
øKôdÿ � ýtôKôdÿ
ó4õ§õ�ú�ô�ø!ó4õ§ö�ýtôh�KÿIð-þmøKñùõ§ö.�Kñ�ÿIð �bÿ���&nñ�ÿ��Mð+�Iýtþ�þ�ÿsñ�ÿ�þ�ýtô�õ
	�ÿ
ñ)ó�y��<ø�	�ÿp� á � Í<á &W�0���

3�ó���ö#"bú�	�ÿ�ô��Iÿ
ÿ�ô�õ
	�ÿ
ñ�ÿ�	�úIð§øKñùõ8ó4õ�ydô!ó4ñ1ó���	�ïIðQó4õ§õ�ú�ô�ø!ó4õ§ö�ýtôs�KÿIð-þ^øKñùõ§ö.�Kñ�ÿIðQÿ�õ�ñnò ,�fM�$	�ý���,dýtôdÿmöùôKöùõ§ö)ó4ñ
ð§ø�	�ñ)óhy��<ø�	�ÿ¢� á � Í<á &W�����Iýtô$y�	§þ�ÿê÷�ødÿ[ñ)ó°þ�ú�õ
,dýM�Kýtñ�ý��<ö�ÿs�KÿCydñùõ
	8ó��Mÿs�KÿIðªþmøKñùõ§ö.�Kñ�ÿIð��Kÿ[ñ)ó°õ
	8ó4ô��H,dÿ
�£òqÿ&ó4øÒû���	�úIð�ÿ�ô�õ�úIÿ:�dó4ôdð��Iÿ:�-,!ó��Köùõ
	�ÿ<û���	�úIð8ÿ�	 � ÿsñnòÎó4þ2�Kñùöùõ§ø��Kÿ:�KÿIðµó�	
	§ö � úIÿ:��	§öùþªó4ö.	�ÿIð/�

ô�( Ü}� » ��ß&Ý=ý|Ý�ß�ýz�#Ü|Ü�Û�Ý�ß2ýz�dÜ1ßpÚ{Ý=ýz�g�@���¯Ü1Ý
(x, t)

ù

3ÒÿIð~ó4øKõ
	�ÿIð�ú�õ8ó��bÿIð���ø[õ
	8ó4öùõ�ÿ�þ�ÿ�ô�õN�KÿIð��KýtôKôdúIÿIðNYNn�4 õ�ÿ�ñ�÷�ødÿ�ñ)óEþ�ö.��	8ó4õ§ö�ýtô ð8ýtô�õB�Mú�ôdú�	8ó4ñ�ÿ�þ�ÿ�ô�õ
ÿ�"£ÿ*��õ§ødúIÿIð;�dó4ôdð�ñ�ÿ2�Kýtþªó4öùôdÿ

(x, t)
�!
6ñ�ÿIð§õ�ôdú*�IÿIð�ð8ó4ö.	�ÿ2�Kÿ�÷�ø!ó4ô�õ§ö#y!ÿ�	
ñnòqÿ�¡p�&ó���öùõ�úp��ø õ
	8ó4öùõ�ÿ�þ�ÿ�ô�õ��KÿIð

�KýtôKôdúIÿIð��dó4ôdð~ñ�ÿ:�Kýtþªó4öùôdÿEöùôKöùõ§ö)ó4ñ��g31ó2y��<ø�	�ÿ�� á � Í4æ ���Iýtþ2�!ó�	�ÿEñ�ÿIð 	�úIð§øKñùõ8ó4õ�ðsó���	�ïIð~ó4õ§õ�ú�ô�ø!ó4õ§ö�ýtô@�KÿIð
þmøKñùõ§ö.�Kñ�ÿIð���øj�¯ýtô��ñ�Kÿ[ñnòqÿ&ó4ø ó4ø$�j�KýtôKôdúIÿIðªöùôKöùõ§ö)ó4ñ�ÿIð���øj�MúIý���,dýtôdÿ � ÿ�	§õ§ö8�&ó4ñ�ÿ�õ��Kÿêñnò ,�f$�$	�ý���,dýtôdÿ��
4�ÿ�õ§õ�ÿ�y��<ø�	�ÿ;�Iýtþ2�!ó�	�ÿEó4ødð�ð§ö£ñ�ÿIðB	�úIð�øKñùõ8ó4õ�ð+��øVõ
	8ó4öùõ�ÿ�þ�ÿ�ô�õsó4ø$�C�KýtôKôdúIÿIð+�Kÿ9	�ú���ú�	�ÿ�ô��Iÿ
ý � õ�ÿ�ô�ødÿIð+�!ó�	
þ�ýM�Kú�ñùö�ð8ó4õ§ö�ýtô ÿ�ô ð§ø�����	§öùþªó4ô�õªñnòqÿ�"bÿ�õ��Kÿ¬ñ)ó°ð§ø�	��nó��Iÿ¬ñùö � 	�ÿ��53ÒÿIð�þmøKñùõ§ö.�Kñ�ÿIðzýtô�õ�ú�õ�úVó4õ§õ�ú�ô�ødúIÿIðªõ�ýtøKõ
ÿ�ôC��	�úIð�ÿ�	 � ó4ô�õ�ñnòÎó4þ2�Kñùöùõ§ø��Kÿ:�KÿIðµó�	
	§ö � úIÿIðB��	§öùþªó4ö.	�ÿIð/�g4�ÿ��bÿ�ô��dó4ô�õ&ûdñ�ÿIð-þmøKñùõ§ö.�Kñ�ÿIð �Kÿ�ñnòÎó�	
	§ö � úIÿ;��ö.	�ÿ*��õ�ÿ
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(τ, p)

y�¶��|0aA���?9F&365�DM?�:<5,?6�8â�5�>�36@BHt@k39�-A�0aDM?
p = 0

+
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(τ, p)
+ y]Fa�Aæ���0�AML�0�2M5ºH�58?636@j>8F�J�@B2M@l36@jF&J + y)¶����;�<:<?60aAMLM0a2M5�@B2M@k39@BF�J + y)>(�

/1L�F&r�A r~0a2439F&243 + y):���/1L�F�r�A¬r�0a2a3GF&243,��Jl36?9�
:<5�=,A*58���{JB58�4= + �%JB·�>GLM5(=C��F&DM2M5(= ¿ AM?9@lrsF�@l?95 +
�%J��(>GLM5�=xHa58?6365�= ¿ rµDMJl36@BAMJB5�= +
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ð�ýtô�õ;øKôKö�÷�ødÿ�þ�ÿ�ô�õ-ó4õ§õ�ú�ô�ødúIðT�Iýtô$y�	§þªó4ô�õ�ñ�ÿIðU	�úIð§øKñùõ8ó4õ�ðºõ
,dúIý�	§ö�÷�ødÿIð�ý � õ�ÿ�ô�ødð,ó4øp�Kú � øKõT�Kÿ+�Iÿ��H,!ó��Köùõ
	�ÿ��

:1é��5ésêh±>±6¯J§5®�¸>ª�
�·�§Iw6µ]·Wª{¬>ªw·Wµj­�§AíÌímµg©J°W§A¨
PZ

¬Uµ!¨>­v·�ªw¬U§Aímµ!°W¨>ª
(τ, p)

3�òÎó4ñ.�Mý�	§öùõ
,Kþ�ÿ��KÿQð�ýtþ�þªó4õ§ö�ýtôR��	�úIð8ÿ�ô�õ�ú���	�ú*�Iú*�Kÿ�þ�þ�ÿ�ô�õ-õ
	8ó4öùõ�ÿ�ñ�ÿIð;õ
	8ó��IÿIð6�dó4ôdðºñ�ÿ��Kýtþªó4öùôdÿ
(τ, p)öùô��Kú��bÿ�ô��dó4þ�þ�ÿ�ô�õ[ñ�ÿIð¬øKôdÿIðC�KÿIðVó4øKõ
	�ÿIð/�L
�ñQôdÿh�-,dÿ�	-�-,dÿh�!ótðV� ÿ��$�Kñ�ýtöùõ�ÿ�	¬ñ)ó{	�ÿ*�Kýtô��dó4ô��Iÿo�Kÿ ñnò öùô$&

��ý�	§þªó4õ§ö�ýtô�ð§ø�	2�KÿIð�õ
	8ó��IÿIð�ð§ø��*�IÿIð8ð§ö � ÿIð/�>4�ÿ*��ö�ð&òqÿIð§õªó � ú�	�úC�!ó�	§õ§ö8��øKñùö�ï�	�ÿ�þ�ÿ�ô�õ���	�ú�xGø���ö8��ö)ó � ñ�ÿVñ�ý�	�ð��Kÿ
ñnòqÿIð§õ§öùþªó4õ§ö�ýtôm�KÿVñ)óh	�ú�Ò!ÿ*��õ§ö � öùõ�úV��ø�ð�ýtñ�þªó�	§öùô´�½y��<ø�	�ÿ{� á � Í ^0�
���>'+ydô£�KÿVþ�öùôKöùþ�ö�ð�ÿ�	zñ�ÿIð�ú�õ8ó��bÿIðp�Kÿ
�&ó4ñ8��øKñnû�ñ)ó9��	�ÿ�þ�ö�ï�	�ÿQö8�KúIÿ+�Iýtôdð§ö�ð§õ�ÿ��9�Kú�ydôKö.	�øKôdÿ���ýtô���õ§ö�ýtôR�Iý�çKõ�øKôKö�÷�ødÿ��býtø�	;õ�ýtøKõ�ÿQñ)ó
ð�ÿ*��õ§ö�ýtô

(τ, p)
�

4�ÿ�õ§õ�ÿsôdýtø � ÿ�ñùñ�ÿ;�¯ýtô���õ§ö�ýtôêð�òqú*��	§öùõ�ÿ�ô[õ�ÿ�þ2�dðµð�ýtødð�ñ)ó��¯ý�	§þ�ÿ�?

Cout[Ta,Tb]p =
∑

p

‖s1 (p) − g(p) ? s2(p)‖2 � á � Í `J�

ý�è
?
ÿIð§õ|ñ�ÿU��	�ýM��øKöùõ5�Kÿ6�Iýtô � ýtñùøKõ§ö�ýtô�ÿ�õ s1 ÿ�õ s2 ð�ýtô�õxñ�ÿIð��Kÿ�ø$�^ð�ö.�<ô!ó4ø$�möùô�õ�ÿ�	 � ÿ�ô!ó4ô�õ>�dó4ôdð�ñnòqÿIð�õ§öùþªó4õ§ö�ýtô�KÿIðVý��bú�	8ó4õ�ÿ�ø�	�ð/�B
�ñ�ð��bÿ�ø � ÿ�ô�õs)�õ
	�ÿ�ð�ýtöùõ ñ�ÿIðVð§ö.�<ô!ó4ø$�Ì��	�ý<ð8ð�&���,dý<ð§õ&û,ð�ýtöùõVñ�ÿIðC�-,!ó4þ2�dð[þ�ýtô�õ8ó4ô�õ�ð ÿ�õ

�KÿIð-�Iÿ�ô��dó4ô�õ�ð/�
g
ÿIð§õ�ñ�ÿLydñùõ
	�ÿ �Kÿ��&ó4ñùö � 	8ó4õ§ö�ýtô¬÷�ødÿ-ñnòqýtôp�H,dÿ�	-�-,dÿ��sÿIð§õ§öùþ�ÿ�	6�%ýtø�	>�H,!ót÷�ødÿ � ó4ñ�ÿ�ø�	6�Kÿ p ��
6ñÿIð§õ;ð8ýtöùõ�ñnòqý��%ú�	8ó4õ�ÿ�ø�	T�Kÿ��&ó4ñùö � 	8ó4õ§ö�ýtô���ø��MúIý���,dýtôdÿ � ÿ�	§õ§ö8�&ó4ñbð�ýtöùõ�ñnòqý��bú�	8ó4õ�ÿ�ø�	T�KÿB	�ú�Ò!ÿ*��õ§ö � öùõ�ú�� [Ta, Tb]pÿIð§õ-ñ)ó���ÿ�ô�)�õ
	�ÿsÿ�ô[õ�ÿ�þ2�dð �dó4ôdð-ñ)ót÷�ødÿ�ñùñ�ÿmýtô=�-,dÿ�	-�H,dÿ��Eþ�öùôKöùþ�ö�ð�ÿ�	Qñ)ó��¯ýtô���õ§ö�ýtô=�Iý�çKõ+�<ñ�ý � ó4ñ�ÿ��

YQô¬þ�ýtô�õ
	�ÿ9�dó4ôdð�ñnòÎó4ôKôdÿ��KÿN�^÷�ødÿ �Iÿ�õ§õ�ÿ~ôdýtø � ÿ�ñùñ�ÿ+��ýtô���õ§ö�ýtô��Iý�çKõ,ÿIð�õºð§õ
	§ö8��õ�ÿ�þ�ÿ�ô�õ�úI÷�øKö � ó4ñ�ÿ�ô�õ�ÿsó4ø
õ
	8ó4öùõ�ÿ�þ�ÿ�ô�õQõ
	8ó��Iÿ;�Eõ
	8ó��Iÿ
ÿ�õ-ôÒòqÿ��$�Kñ�ýtöùõ�ÿ9�!ótð,ñ)ó�	�ÿ*�Kýtô��dó4ô��Iÿ:�Kÿ�ñnò öùô$��ý�	§þªó4õ§ö�ýtôêÿ�ô

p
��'+ydôV�Kÿ�	�ÿ�ô��$	�ÿ

ñ)ó���ýtô���õ§ö�ýtôw�Iý�çKõ � 	8ó4öùþ�ÿ�ô�õ\�<ñ�ý � ó4ñ�ÿ<û��<òqÿIð�õ�&��P&W��ö.	�ÿ<û1ÿ�ô{��ó4ö�ð�ó4ô�õmöùô�õ�ÿ�	 � ÿ�ôKö.	Cõ�ýtøKõ�ÿªñ)óêð�ÿ*��õ§ö�ýtô¢�dó4ôdð^ñ�ÿ
�&ó4ñ8��øKñ��KÿL�-,!ót÷�ødÿ-ý��%ú�	8ó4õ�ÿ�ø�	&û�ýtô�ó����Kñùö�÷�ødÿ,øKôdÿT	�ú��<øKñ)ó�	§ö�ð8ó4õ§ö�ýtôp��øCõWfM�bÿBE,ö.d�,dýtôdý � ��3�ó+��ýtô���õ§ö�ýtô��Iý�çKõ
ÿIð§õ-þ�ýM��ö#y!úIÿ
ÿ�õ+�Kÿ � ö�ÿ�ô�õ:?

Cout[Ta,Tb]p =
∑

p

‖s1 (p) − g(p) ? s2(p)‖2 + ξ

∥∥∥∥
∂g

∂p

∥∥∥∥
2 � á � Í bJ�

4�ÿ�õ§õ�ÿp	�ú��<øKñ)ó�	§ö�ð8ó4õ§ö�ýtô�	�ÿ � ö�ÿ�ô�õ��V��ö.	�ÿ�÷�ødÿ�ñnòqýtô{�-,dÿ�	-�-,dÿ�� þ�öùôKöùþ�ö�ð�ÿ�	
ñ)ó��¯ýtô���õ§ö�ýtô��Iý�çKõEó4øíð�ÿ�ôdð
�KÿIð�þ�ýtöùô��$	�ÿIð6�&ó�	
	�úIð�õ�ýtøKõ;ÿ�ôzó4øKõ�ý�	§ö�ð�ó4ô�õ;øKôdÿ � ó�	§ö)ó4õ§ö�ýtôR�Kÿ,ñnòqý��bú�	8ó4õ�ÿ�ø�	6�£ò øKôdÿ � ó4ñ�ÿ�ø�	>�Kÿ p �sñnòÎó4øKõ
	�ÿ��îCòÎó���	�ïIð
ñnòÎó4ñùñùø�	�ÿªõ
,dúIý�	§ö�÷�ødÿ��Kÿ�ñ)ó�	�ú�Ò!ÿ*��õ§ö � öùõ�úªþ�ýtô�õ
	�úIÿR�dó4ôdð
ñ)óRy��<ø�	�ÿs� á � Í ^0�(ûA�Iÿ�õ§õ�ÿ � ó�	§ö)ó4õ§ö�ýtô�ÿIð§õ
ñùö�ð�ð�ÿ��

ξ
�Kýtöùõ�)�õ
	�ÿsöùô�õ�ÿ�	
��	�ú�õ�ú:�Iýtþ�þ�ÿsñ�ÿ��%ýtö8�Kð+�Kÿ�ñ)ó��IýtôKô!ó4ö�ð8ð8ó4ô��Iÿmó���	§ö�ý�	§öA�dó4ôdð-ñnòqÿIð�õ§öùþªó4õ§ö�ýtô=�Kÿ�ñ)ó

	�ú�Ò!ÿ*��õ§ö � öùõ�ú��A4�ÿ��!ó�	8ó4þ�ï�õ
	�ÿ\�bÿ�	§þ�ÿ�õ9�Kÿ:	�ú��<øKñ)ó�	§ö�ð8ÿ�	
ÿ�õN�KÿEñùö�ð�ð�ÿ�	~ñ)ó � ó�	§ö)ó4õ§ö�ýtôo�Kÿ r �g3Òÿ\�H,dýtö#�v�Kÿ\�Iÿ�!ó�	8ó4þ�ï�õ
	�ÿ2�bÿ�øKõ
ð&òÎó � ú�	�ÿ�	;��ö#¡p��öùñ�ÿ��A
�ñxôdÿ2�Kýtöùõ��!ótð;)�õ
	�ÿCõ
	�ý��h�nó4ö � ñ�ÿEð�öùôdýtôíýtôo	�ÿ�õ�ýtþ � ÿ�	8ó4öùõ:�dó4ôdðsñ�ÿ
�&ótð+�Kÿ�ñ)ó\�¯ýtô���õ§ö�ýtôv�Iý�çKõ�� á � Í `J����
6ñÒôdÿ;�Kýtöùõ��!ótð�)�õ
	�ÿmôdýtôV�Kñùødð-õ
	�ý�� ú�ñ�ÿ � ú;�&ó�	�ñ)ó2�Iýtô�õ
	8ó4öùô�õ�ÿ^ñ�ý�	�ð+�Kÿ
ñ)óEþ�öùôKöùþ�ö�ð8ó4õ§ö�ýtô ð�ÿ�	8ó4öùõ�õ
	�ý��C��ý�	§õ�ÿsÿ�õ+�Iýtô���øKö.	8ó4öùõN�EøKôêþªó4ø � ó4ö�ðB	�úIð�øKñùõ8ó4õ/�

%v)�þ�ÿCð§ö5�Iÿ�õ§õ�ÿ^þ�ú�õ
,dýM�Kÿ\�bÿ�	§þ�ÿ�õ��£òÎó � ýtö.	søKôdÿ��¯ýtô���õ§ö�ýtôo�Iý�çKõ��<ñ�ý � ó4ñ�ÿ<ûbñ�ÿEôdýtþ � 	�ÿ2�Kÿ � ó�	§ö)ó � ñ�ÿIð
	�ÿIð§õ�ÿEõ
	�ïIðsú�ñ�ÿ � ú��AYQô@�-,dÿ�	-�H,dÿp�¬ÿIð§õ§öùþ�ÿ�	søKô�ý��%ú�	8ó4õ�ÿ�ø�	;�£ò øKôdÿ2�Iÿ�	§õ8ó4öùôdÿ�ñ�ýtô��<ødÿ�ø�	 L �!ó�	~õ
	8ó��Iÿ��!<�ôôdýtõ8ó4ô�õ

NP
ñ�ÿ¬ôdýtþ � 	�ÿC�Kÿ¬õ
	8ó��IÿIð2�dó4ôdðCñ�ÿ��Kýtþªó4öùôdÿ

(τ, p)
ûxñnòqÿIð§õ§öùþªó4õ§ö�ýtô£�KÿIðCý��bú�	8ó4õ�ÿ�ø�	�ð2	�ÿ � ö�ÿ�ô�õ

�=	�úIð�ýtø��$	�ÿªøKô ð
f�ð§õ�ï�þ�ÿzñùöùôdú&ó4ö.	�ÿ��Kÿ
L × NP � ó�	§ö)ó � ñ�ÿIð/�|îsó4ôdðEñ�ÿp�&ótð\�KÿIð\�KýtôKôdúIÿIðEð-f�ô�õ
,dú�õ§ö�÷�ødÿIð

��	�úIð�ÿ�ô�õ�úIÿIð2��	�ú*�Iú*�Kÿ�þ�þ�ÿ�ô�õ&û
NP = 1200

�64�ÿ*��ö��Iýtôdð§õ§öùõ§ødÿ øKô õ
	�ý��_��	8ó4ô�� ôdýtþ � 	�ÿV�Kÿ��Kÿ���	�úIð��Kÿ
ñùö � ÿ�	§õ�ú��
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��óJ� � � �

���0� �����

�1�8��� � +qpI¦�+ /10ar~A�F&?GF&@j=�0a2^:<5(=�?6�(=�D�Jk3GFI39=�:MDC36?GF&@l3658r�5�2a3;:�F&2�=xJB5µ:<0ar�F�@l2�5
(x, t)

+ y]Fa�Uæ���0&�
A�LM0�2M5-Ha58?636@j>8F�J*@B2M@l36@jF&J + y�¶*�x���<:<?90�AMLM0a2M5,@l2�@k39@BF�J + y]>���wt5(>§39@l0a2^¢|ÕzF�AM?6·(=|36?GF&@l365�r~5�243 +
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�1�8��� � +qp�.M+ ¤ÒF�?6@jFI39@l0a2^:<5-J{� 5(=n39@lrsF&36@B0�2C:<5,JBF�?9��â�5(>§39@lHt@l36�-:<DE��0�2�:E:<5-J{� 5(F&DE582E��0�2�>§36@B0�2C:<5
JjF�Jl5�243658D�?

p
+�� 0�DM�a5 ¿ 5(=n39@lrsF&36@B0�2~36?GF�>85x�º39?9Fa>�5 + v|JB58D ¿ 5(=n39@lrsFI39@l0a2QA�F&?£¶MJB0<>8=£:<5 p o 39?9Fa>�5(= +

rQôdÿmó4ñùõ�ÿ�	§ô!ó4õ§ö � ÿ:�Cñ)ó�	�ú��<øKñ)ó�	§ö�ð�ó4õ§ö�ýtô ð�ÿ�ñ�ýtôVE,ö.dM,dýtôdý � ÿIð§õ��Kÿ;��öùþ�öùô�ødÿ�	µñ�ÿ�ôdýtþ � 	�ÿ:�Kÿ � ó�	§ö)ó � ñ�ÿIð
�dó4ôdð ñ�ÿv��	�ý � ñ�ï�þ�ÿo�Kÿ ñnòqÿIð§õ§öùþªó4õ§ö�ýtôÄ�KÿIð ý��%ú�	8ó4õ�ÿ�ø�	�ð/�+YQôm�nó4öùõzñnò ,�f��býtõ
,dïIð�ÿ�÷�ødÿ ñ)ó � ó�	§ö)ó4õ§ö�ýtôÄ�KÿIð
ý��bú�	8ó4õ�ÿ�ø�	�ðºÿIð§õºñùöùôdú&ó4ö.	�ÿ+�!ó�	ºþ�ý�	-�Iÿ&ó4ø$�zÿ�ô2��ýtô���õ§ö�ýtô��Kÿ

p
��4�ÿ*��ö�	�ÿ � ö�ÿ�ô�õB�
ÿIð�õ§öùþ�ÿ�	;ñ�ÿIð>ydñùõ
	�ÿIðºð§ø�	;øKôdÿ

��	§öùñùñ�ÿT�Kñùødð|ñ�i��-,dÿ-÷�ødÿ;ñ)ó+��	§öùñùñ�ÿ�öùôKöùõ§ö)ó4ñ�ÿ���óN	Hi��IÿB�+�Iÿ�õ§õ�ÿ�ôdýtø � ÿ�ñùñ�ÿT��	§öùñùñ�ÿ<ûtñ�ÿIð1�KýtôKôdúIÿIð�ð�ýtô�õz�!ó�	§õ8ó��MúIÿIð�ÿ�ô
øKô2�Iÿ�	§õ8ó4öùô�ôdýtþ � 	�ÿ��Kÿ � ñ�ýM�Ið5�dó4ôdðxñ�ÿL�Kýtþªó4öùôdÿ

(τ, p)
��3ÒÿIð;ý��%ú�	8ó4õ�ÿ�ø�	�ð�ð�ýtô�õ�ÿIð§õ§öùþ�úIðxøKôKö�÷�ødÿ�þ�ÿ�ô�õ;ð§ø�	

ñ�ÿIð-ð�ýtþ�þ�ÿ�õ�ðB�Kÿ��Iÿ�õ§õ�ÿN��	§öùñùñ�ÿ���3ÒÿIð-ý��bú�	8ó4õ�ÿ�ø�	�ð��mñnò öùô�õ�ú�	§ö�ÿ�ø�	+�KÿIð � ñ�ýM�Ið�ð8ýtô�õ,ñùöùôdú&ó4ö.	�ÿ�þ�ÿ�ô�õQöùô�õ�ÿ�	
�býtñ�úIð/�
4�ÿ�õ§õ�ÿsôdýtø � ÿ�ñùñ�ÿ;�¯ýtô���õ§ö�ýtô=�Iý�çKõQð&òqú*��	§öùõ�ð�ýtødð-ñ)ó���ý�	§þ�ÿ2?

Coutfen =
∑

p

‖s1 (p) − gGrille(p) ? s2 (p)‖2 � á � á GJ�

õ�ÿ�ñ�÷�ødÿ2?

gGrille(p) = µg (pM ) + (1 − µ) g (pM+1)
� á � á ^0�

ý�è
g (pM)

ÿIð�õ�ñnòqý��%ú�	8ó4õ�ÿ�ø�	T�Kú�ydôKö!ð§ø�	�ñ)óN��	§öùñùñ�ÿ+��ñ)óN�bý<ð§öùõ§ö�ýtô
M

ÿ�õ
µ
ñ�ÿIðU�Iý*ÿ�¡p��ö�ÿ�ô�õ�ðT�KÿL�%ýtô��Kú�	8ó4õ§ö�ýtô

�Kÿ�ñnò öùô�õ�ÿ�	
�býtñ)ó4õ§ö�ýtô�ñùöùôdú&ó4ö.	�ÿL��	§ö�ð5�dó4ôdðxñnò öùô�õ�ÿ�	 � ó4ñùñ�ÿ [0, 1]
�MYQôCý � õ§ö�ÿ�ô�õºó4öùôdð§ö�øKôdÿ6�¯ýtô���õ§ö�ýtô2�Iý�çKõ5�<ñ�ý � ó4ñ�ÿ

�dó4ôdð-ñ)ót÷�ødÿ�ñùñ�ÿsñ�ÿ�ôdýtþ � 	�ÿ��Kÿ � ó�	§ö)ó � ñ�ÿIðµÿIð§õB	�ú*��øKöùõ+�£ò øKôC�nó���õ�ÿ�ø�	 NT õ�ÿ�ñÒ÷�ødÿ
NT

ÿIð§õ-ñ�ÿ�ôdýtþ � 	�ÿ��Kÿ
õ
	8ó��IÿIð+�Iýtô�õ�ÿ�ô�øv�dó4ôdð+�-,!ót÷�ødÿ � ñ�ýM���

3ÒÿIð+�Kú�õ8ó4öùñ�ðB��øV�&ó4ñ8��øKñ|�KÿQñ)ó^þ�öùôKöùþ�ö�ð8ó4õ§ö�ýtôs�KÿQñ)ó���ýtô���õ§ö�ýtôV�Iý�çKõ-ð�ýtô�õ��Kú � ÿ�ñ�ý����búIð��dó4ôdð,ñnòÎó4ôKôdÿ��Kÿ
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rQôdÿv�¯ýtö�ð[ñ�ÿIðC�KýtôKôdúIÿIð[õ
	8ó4ôdð���ý�	§þ�úIÿIðV�dó4ôdðVñ�ÿo�Kýtþªó4öùôdÿ
(τ, p)
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ó4ø$���KýtôKôdúIÿIð-öùôKöùõ§ö)ó4ñ�ÿIð+�Kÿ�ñnò ,�fM�$	�ý���,dýtôdÿ��


6ñU�Iýtô�õ§ö�ÿ�ô�õ^ñnòÎó�	
	§ö � úIÿ���ö.	�ÿ*��õ�ÿ<ûÒð�ýtôo��	�ÿ�þ�ö�ÿ�	 � ó4õ§õ�ÿ�þ�ÿ�ô�õ��KøKö�ð;��ø � 	§øKöùõ/�|3�óR��ÿ�ô�)�õ
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�(ûÒýtô@�Iýtôdð�õ8ó4õ�ÿ�÷�ødÿCñnòqý��bú�&
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(τ, p)
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õ
	�ý��C�nó4ö � ñ�ÿ��
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α = 1
ûºñ�ÿs�H,!ó4þ2�m�KÿIð-�Iÿ�ô��dó4ô�õ ôÒò öùô�õ�ÿ�	 � ö�ÿ�ô�õ
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p = 0

+ y)F4�µuºA*�8?GFI365�DM?µ:<5^>8F&JB@B¶M?9F&36@B0�2¬582
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�!ótð9�dó4ôdð�ñnòqÿIð§õ§öùþªó4õ§ö�ýtô@��øo�-,!ó4þ2��þ�ýtô�õ8ó4ô�õ&û1ó4ñ�ý�	�ðs÷�ødÿ\�dó4ôdð�ñ�ÿ\�&ótð�ý�è
α = 0.5

ñ�ÿIð9�Kÿ�ø$�h�-,!ó4þ2�dð
	�ÿ�ô�õ
	�ÿ�ô�õ9�dó4ôdðµñnòqÿIð§õ§öùþªó4õ§ö�ýtôo��øv�-,!ó4þ2�°þ�ýtô�õ8ó4ô�õ�ÿ�õN�KÿIð-�Iÿ�ô��dó4ô�õ/�|4�ÿ*��ö�ó2�býtø�	Qÿ�"£ÿ�õ �£òÎó4þ�ú�ñùö�ý�	�ÿ�	�ñ�ÿ
	8ó����bý�	§õ~ð§ö.�<ô!ó4ñxð§ø�	 � 	§øKöùõ/�g3�ÿIð+y��<ø�	�ÿIð2� æ �.^/G�û æ �.^�^0�+�Iýtþ2�!ó�	�ÿ�ô�õsñ�ÿIðN	�úIð§øKñùõ8ó4õ�ð��Kÿmñ)óR�Kú*�Iýtþ2�bý<ð§öùõ§ö�ýtô
�KÿIðz�KýtôKôdúIÿIð��býtø�	

α = 0.5
ÿ�õ
α = 1

��YQô��Iýtôdð§õ8ó4õ�ÿ�ð§ø�	1ñ�ÿIðz��ö#"£ú�	�ÿ�ô��IÿIð|÷�ødÿ�ñ�ÿIðz�Kÿ�ø$� � ó4ñ�ÿ�ø�	�ð��KýtôKôdÿ�ô�õ
�KÿIð�	�úIð§øKñùõ8ó4õ�ðEõ
	�ïIð^ð�öùþ�öùñ)ó4ö.	�ÿIðEð�ó4ø$���%ýtø�	EñnòÎó�	
	§ö � úIÿ���ö.	�ÿ*��õ�ÿ¬ÿ�õCð�ÿIð^þmøKñùõ§ö.�Kñ�ÿIð/�U4�ÿ�õ§õ�ÿ¬ð§öùþ�öùñùöùõ§ø��Kÿ ÿIð§õ
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ð�ø�	-ñ�ÿIð��KýtôKôdúIÿIðQó���	�ïIðµñnòÎó4õ§õ�ú�ô�ø!ó4õ§ö�ýtôh�KÿIð-þmøKñùõ§ö.�Kñ�ÿIð �%ÿ���&nñ�ÿ��Mð0�
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ð�úI÷�ødÿ�ô��Iÿ+�Kÿµõ
	8ó4öùõ�ÿ�þ�ÿ�ô�õ
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øKôdÿ
ó4ô!ó4ñ.f�ð�ÿ9�Kÿ � öùõ�ÿIð�ð8ÿ
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��	�ý � ñ�ï�þ�ÿIð�	�ÿ�ô��Iýtô�õ
	�úIðµñ�ý�	�ð ��øVõ
	8ó4öùõ�ÿ�þ�ÿ�ô�õ/�

3�ó
ð�úI÷�ødÿ�ô��Iÿ+�Kÿ-õ
	8ó4öùõ�ÿ�þ�ÿ�ô�õ,ÿIð§õ;ó����Kñùö�÷�ødúIÿµÿ�ôp�Iýtñùñ�ÿ*��õ§ö�ýtôR	�ú*�Iÿ��Kõ�ÿ�ø�	6�Iýtþ�þmøKô óPydôp�£òqÿ��$�Kñ�ýtöùõ�ÿ�	;ñ)ó
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	8ó4ôdð��¯ý�	§þªó4õ§ö�ýtô
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PZ
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�%ÿ*��õ
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ó����Kñùö�÷�ø!ó4ô�õµøKôdÿ
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3Òÿmõ
	8ó4öùõ�ÿ�þ�ÿ�ô�õ9�KÿIð+�KýtôKôdúIÿIð~ö�ð�ð�ødÿIð��Kÿ
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,Kþ�ÿmÿ�õ �£òÎó4øKõ
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(τ, p)
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	8ó4öùõ�ÿ�þ�ÿ�ô�õ:��øKôdÿ^ð8úI÷�ødÿ�ô��Iÿ^öùô���ødð§õ
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�Kú��bÿ�ô��Kÿ�ô�õ=�KÿIð � öùõ�ÿIð�ð�ÿIðC�dó4ôdð ñ�ÿ°þ�öùñùö�ÿ�øÄ�Kÿv��	�ý��!ó���ó4õ§ö�ýtô|�µîsó4ôdð ñ�ÿh�&ótð[ý�è¾ñ�ÿIð��Kñ)ó4ôdð � ÿ�	§õ§ö8�&ó4ø$�
ð�ýtô�õ:�Kú��%ý�	§õ�úIð:�!ó�	;	8ó����bý�	§õEó4ø@	�ú*�Iÿ��Kõ�ÿ�ø�	&û�ñ�ÿIð;�Iýtø�	 � ø�	�ÿIð��KÿIðEó�	
	§ö � úIÿIðmð§ö�ð�þ�ö�÷�ødÿIð;�Kú��bÿ�ô��Kÿ�ô�õ^ôdýtô
ð�ÿ�øKñ�ÿ�þ�ÿ�ô�õ �KÿIð � öùõ�ÿIð�ð�ÿIð-þªó4ö�ðQó4ødð�ð§ö|��ø=�Kú��bý�	§õ:�½y��<ø�	�ÿR�Êa$� Í & � �
���

S1é½ì5é0^+°�íÌ°Ê©�ª�­C¬>³²©�¯Jµ!°Ê©�ª�ímª�¨�©=í£³6·Ê©J°�?/ì9x ¬>µ]¨6­=·Wª¢®$µ!­�:9x

k<ødð8÷�øÒò~����	�úIð8ÿ�ô�õ&ûÒñ�ÿ\��	�ú�&nõ
	8ó4öùõ�ÿ�þ�ÿ�ô�õEÿ�ô ð§ö�ð§þ�ö�÷�ødÿCþªó�	§öùôdÿ á î�ð�ÿ���ó4öùõ^ÿ�ô@�Iýtôdð§ö8�Kú�	8ó4ô�õ^ñ�ÿIð;�Kýtô$&
ôdúIÿIð1�Iýtþ�þ�ÿ,ú�õ8ó4ô�õ|þmøKñùõ§ö#& Í îCû��<òqÿIð§õ�&��P&W��ö.	�ÿ,÷�ødÿºñ�ÿIðxó4ñ.�Mý�	§öùõ
,Kþ�ÿIð�ð�ýtô�õ�ó����Kñùö�÷�ødúIð1ñùö.�<ôdÿ6�!ó�	|ñùö.�<ôdÿ���'+ydô
�£ò öùñùñùødð§õ
	�ÿ�	�ñ�ÿIðxñùöùþ�öùõ�ÿIð>�£ò øKôdÿ,õ�ÿ�ñùñ�ÿ�ó�����	�ý��H,dÿ<ûMýtô��Iýtôdð§ö8�Kï�	�ÿ,ñ�ÿT��	�ý � ñ�ï�þ�ÿ��KÿIð�þ^øKñùõ§ö.�Kñ�ÿIðU�Kÿ,ñ)ó��Iýtñ�ýtôKôdÿ
�£òqÿ&ó4ø|�J3�òÎó4ñ.�Mý�	§öùõ
,Kþ�ÿ�ó4ô�õ§ö#&nþ^øKñùõ§ö.�Kñ�ÿIðL��	�úIð�ÿ�ô�õ�úIð6�dó4ôdð�ñ�ÿB�H,!ó��Köùõ
	�ÿ á ýtøªÿ�ô��Iý�	�ÿ�ñ)ó9�Kú*�Iýtô � ýtñùøKõ§ö�ýtô���	�ú�&
��ö8��õ§ö � ÿ~ð&òÎó����KøKö�ÿ�ô�õ-ð§ø�	ºñ�ÿB�nó4öùõ�÷�ødÿ�ñ)ó;��	�ý��!ó���ó4õ§ö�ýtô�	�ÿIð�õ�ÿ �dó4ôdðºñ�ÿ��Kñ)ó4ô � ÿ�	§õ§ö8�&ó4ñg�!ótð8ð8ó4ô�õT�!ó�	ºñ)ó
ñùö.�<ôdÿ
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�KÿIð,ð�ýtø�	-�IÿIð�ÿ�õT�KÿIðT	�ú*�Iÿ��Kõ�ÿ�ø�	�ð/��îsó4ôdð;øKô¬þ�öùñùö�ÿ�ø�,dýtþ�ý��Mï�ôdÿ<û*ö�ð�ýtõ
	�ý��%ÿ~ÿ�õ,ð§õ
	8ó4õ§ö#y!ú+,dý�	§ö.t&ýtô�õ8ó4ñ�ÿ�þ�ÿ�ô�õ&û
ñ)ó��%ú�	§ö�ýM�KÿN�KÿIðºþ^øKñùõ§ö.�Kñ�ÿIðL�nó4ô�õ-îtþ�ÿIð-ÿ�õL�%ÿ���&nñ�ÿ��Mð-ÿIð�õT�Iýtôdð§õ8ó4ô�õ�ÿ��%ýtø�	L�-,!ót÷�ødÿ�ñ�ÿ�ô�õ�ÿ�ø�	L,dý�	§ö.t&ýtô�õ8ó4ñ�ÿ

p
�

<�ñùñ�ÿ��Kú��bÿ�ô��R�KÿQñ)ó;��	�ý���ýtô��Kÿ�ø�	B�£òqÿ&ó4øVÿ�õT�KÿQñnòÎó4ô��<ñ�ÿ �£ò öùô���ö8�Kÿ�ô��Iÿ9�KÿIð,ýtô��KÿIðT�Kñ)ó4ôdÿIð-ó4ø$�p	�ú*�Iÿ��Kõ�ÿ�ø�	�ð/�
îsó4ôdð�ñ�ÿ9�&ótðµý�è[øKôdÿsñùö.�<ôdÿ Í î ÿIð§õ��Kú��bý�	§õ�úIÿ<û��<òqÿIð§õ�&��P&W��ö.	�ÿm÷�ødÿsñnòqý�"£ð�ÿ�õ���	�ý<ð�ð
&nñùöùôdÿsôÒòqÿIð§õB�Kñùødð�ô�øKñnû

öùñdôÒòqÿIð§õ>�KñùødðU�bý<ð�ð§ö � ñ�ÿ��Kÿ��Kú*�Iýtþ2�bý<ð�ÿ�	ºñ�ÿIð>�KýtôKôdúIÿIð�ÿ�ôªýtô��KÿIðU�Kñ)ó4ôdÿIðT�Iýtþ�þ�ÿ���	�ú*�Iú*�Kÿ�þ�þ�ÿ�ô�õ/�M%v)�þ�ÿ
ð&ò öùñ!ÿIð�õ�õ�ýtø�xGýtø�	�ð6�bý<ð�ð§ö � ñ�ÿ��£òÎó����Kñùö�÷�ødÿ�	;øKôdÿµõ
	8ó4ôdð��¯ý�	§þªó4õ§ö�ýtô��!ó�	ºð�ñ)ó4ô�õ�&�ð§õ8ó��Hd%û�ñ�ÿµð�ÿ�ôdð>��,�f�ð§ö�÷�ødÿ+�Kÿ�ñ)ó
ð�ÿ*��õ§ö�ýtô

(τ, p)
ý � õ�ÿ�ô�ødÿ^ôÒòqÿIð§õ+�Kñùødðµñ�ÿ
þ�)�þ�ÿ��!î�ÿ9�Kñùødð�ûdñ)ó2��	�ý���	§ö�ú�õ�ú��Kÿ:�Iýtôdð�ÿ�	 � ó4õ§ö�ýtôh�Kÿsñ)ó2�bú�	§ö�ý��Kÿ

�KÿIð~þmøKñùõ§ö.�Kñ�ÿIð9�býtø�	9�-,!ót÷�ødÿEñ�ÿ�ô�õ�ÿ�ø�	
p
ôÒòqÿIð§õ��Kñùødð � 	8ó4ö�ÿ��]<�ôh�!ó�	§õ§ö8��øKñùö�ÿ�	9�%ýtø�	~ñ�ÿIð���	8ó4ô��Kð9�Kú��bý�	§õ�ð/�

îsó4ôdð��Iÿ��&ótð�û#öùñ|ôÒòqÿIð§õ��!ótð��bý<ð�ð§ö � ñ�ÿ��£òÎó����Kñùö�÷�ødÿ�	sñnòÎó4ñ.�Mý�	§öùõ
,Kþ�ÿ�ó4ô�õ§ö#&nþmøKñùõ§ö.�Kñ�ÿIðEýtø ñ)ó��Kú*�Iýtô � ýtñùøKõ§ö�ýtô
��	�ú*��ö8��õ§ö � ÿ��

' õ
	8ó � ÿ�	�ðsñnòqÿ��Kÿ�þ2�Kñ�ÿ�ð§ø�	�ñ�ÿIð�þmøKñùõ§ö.�Kñ�ÿIð&û�ýtô � ýtöùõ�ñ�ÿIð�ñùöùþ�öùõ�ÿIð;��ø°õ
	8ó4öùõ�ÿ�þ�ÿ�ô�õ
þmøKñùõ§ö#& Í î\�|
��<ôdý�	�ÿ�	
ñ)ó � ó�	§ö)ó � ñ�ÿzó�tIöùþ^øKõ8ó4ñ�ÿ��dó4ôdðmñ�ÿR�&ótð:�£ò øKôdÿR��	�ý��!ó���ó4õ§ö�ýtô á î �Kú�õ�ú�	§ö�ý�	�ÿp��ý�	-�Iú�þ�ÿ�ô�õEñ�ÿIð:	�úIð§øKñùõ8ó4õ�ð���ø
��	�ú�&nõ
	8ó4öùõ�ÿ�þ�ÿ�ô�õ/�


6ñ+�Kÿ � ö�ÿ�ô�õ�ôdú*�IÿIð�ð�ó4ö.	�ÿ=�Kÿ��nó4ö.	�ÿ[ú � ýtñùødÿ�	�ñ�ÿIð¬ó4ñ.�Mý�	§öùõ
,Kþ�ÿIðzÿ�õ�ñ�ÿIðªð�úI÷�ødÿ�ô��IÿIðR�KÿC��	�ú�&nõ
	8ó4öùõ�ÿ�þ�ÿ�ô�õ
óPydô��£òqÿ��$�Kñ�ýtöùõ�ÿ�	Eó4øíþ�ö�ÿ�ø$��ñ�ÿIð9�bý<ð�ð§ö � öùñùöùõ�úIðmý�"bÿ�	§õ�ÿIð:�!ó�	
ñ�ÿIðmó��I÷�øKö�ð§öùõ§ö�ýtôdð á î\��4�ÿ�õ§õ�ÿzú � ýtñùøKõ§ö�ýtô�ôdÿ
�Iýtô��Iÿ�	§ôdÿT�!ótð1ð8ÿ�øKñ�ÿ�þ�ÿ�ô�õ�ñ�ÿIðxó4ô�õ§ö#&nþmøKñùõ§ö.�Kñ�ÿIð�û<ÿ�ñùñ�ÿT�Iýtô��Iÿ�	§ôdÿ,ó4ødð�ð§ö*ñ�ÿ>ydñùõ
	8ó��Mÿ6�Kÿ � 	§øKöùõ&û�ñnò öùô�õ�ÿ�	
�%ýtñ)ó4õ§ö�ýtô
�KÿIð��KýtôKôdúIÿIð&ûdñnòÎó4ô!ó4ñ.f*ð�ÿ:�Kÿ � öùõ�ÿIð8ð�ÿIð&û�ÿ�õ-���.�.�

S1é�:5ésêo¨Uµ!·&�5­�ª_¬g;½³>¨¹¯J��®$ª�±U©�ª�³U¯h®$§AíÌí£³6¨�:9x ¯J��ª�·

3ÒÿR	�ú*�Iÿ��Kõ�ÿ�ø�	2�Iýtþ�þmøKô øKõ§öùñùö�ð�ú��dó4ôdð��Iÿ��-,!ó��Köùõ
	�ÿ ÿIð§õ^ö�ð�ð§ø¢�£ò øKôdÿR�&ó4þ2�!ó��<ôdÿ ð§ö�ð§þ�ö�÷�ødÿ á î\��3�ó
,!ó4øKõ�ÿ�ø�	 �£òqÿ&ó4ø ÿIð§õ�ú���ó4ñ�ÿ:�

71m
��3�òqú*�-,!ó4ô�õ§öùñùñ�ýtôKô!ó��Mÿ�ÿ�ôC�%ýtöùô�õ�ð+�Kÿsõ§ö.	�ðµÿIð§õ-õ
,dúIý�	§ö�÷�ødÿ�þ�ÿ�ô�õ 	�ú��<øKñùö�ÿ�	

ÿ�õ � ó4øKõ 50m
�dó4ôdð�ñ�ÿIðL�Kÿ�ø$�R��ö.	�ÿ*��õ§ö�ýtôdðL,dý�	§ö.t&ýtô�õ8ó4ñ�ÿIð0��3�ó:y��<ø�	�ÿ\�Êa$� á ��öùñùñùødð§õ
	�ÿ~ñ�ÿIðT�%ý<ð�öùõ§ö�ýtôdð6�MúIý���	8óP&

��,Kö�÷�ødÿIðL	�úIÿ�ñùñ�ÿIðT�KÿIð,õ§ö.	�ð0��3�ó^ô!ó � ö.��ó4õ§ö�ýtô[ÿIð§õ�ö8��ö!�dó4ôdð�ñ�ÿ~ð8ÿ�ôdð�ð�ø��M&�ÿIð§õºôdý�	-�M&�ýtødÿIð�õ/��YQô��Iýtôdð�õ8ó4õ�ÿ~÷�ødÿ
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ñ�ÿIð-õ§ö.	�ð�ð8ýtô�õB�Mú�ôdú�	8ó4ñ�ÿ�þ�ÿ�ô�õN	�ú��<øKñùö�ÿ�	�ð�ð8ó4ø$�1�!ó�	�ÿ�ô��$	�ýtöùõ�ðµý�èVñnòqýtôV�Iýtôdð�õ8ó4õ�ÿsøKôVþªó4ôd÷�ødÿ:�Kÿ9�KýtôKôdúIÿIð/�
4�ÿ*��ö�ÿIð§õ-ñùö�ú��Eñ)ó���	�úIð�ÿ�ô��Iÿ:�£ò øKôdÿ9�Kñ)ó4õ�ÿ�&Ê��ý�	§þ�ÿ9�bú�õ
	�ýtñùö�ï�	�ÿ��
%v)�þ�ÿmð§ö£ñnòqú*�H,!ó4ô�õ§öùñùñ�ýtôKô!ó��Mÿ�ð
�!ó4õ§ö)ó4ñz�Kÿ;�IÿIð+�KýtôKôdúIÿIðQÿIð§õ�ñnò øKôv�KÿIð��Kñùødð�	�ú��<øKñùö�ÿ�	�ð~ÿ�õ��Kñùødð �Kÿ�ôdð�ÿIð

�Kýtô�õ�ýtô{�KøKö�ð�ð�ÿ���ö�ð
�%ý<ð8ÿ�	&ûÒñ�ÿR	�ÿ��Kñùö�ÿ�þ�ÿ�ô�õ�ð
�bÿ*��õ
	8ó4ñºð
�!ó4õ§ö)ó4ñT	�ÿIð§õ�ÿzõ
	�ïIðmöùþ2�bý�	§õ8ó4ô�õ/�53�ÿIð � öùõ�ÿIð�ð�ÿIð^ñ�ÿIð
�KñùødðQñ�ÿ�ô�õ�ÿIð~ð�ýtô�õ��Kÿsñnòqý�	-�$	�ÿ��Kÿ

1500m/s
�g<�ñùñ�ÿIð �Mú�ôdï�	�ÿ�ô�õ9�KÿIð�	�ÿ��Kñùö�ÿ�þ�ÿ�ô�õ�ðsð
�%ÿ*��õ
	8ó4ø$�=���!ó�	§õ§ö.	N�Kÿ

15Hz
��3�òÎó����Kñùö8�&ó4õ§ö�ýtô{�KÿIðmõ
	8ó4ôdð���ý�	§þªó4õ§ö�ýtôdðmð
�!ó4õ§ö)ó4ñ�ÿIðmôÒòqÿIð§õ;�!ótðsöùþ�þ�ú*��ö)ó4õ�ÿ����!ó�	§õ§ö.	:�KÿIð;�KýtôKôdúIÿIð

öùôKöùõ§ö)ó4ñ�ÿIð/�
3Òÿ2�&ó��Kõ�ÿ�ø�	
ú�õ§ø���ö�úCö8��ö�ÿIð�õ~þ^øKñùõ§ö#&W�Iýtþ2�%ý<ð�ó4ô�õ�ÿIð&û|�Iÿ*��ö;óR�bÿ�	§þ�ö�ð�ñ)ó � ú�	§ö#y��&ó4õ§ö�ýtô�ÿ�õ�ñ)ó��Iý�	
	�ÿ*��õ§ö�ýtô

�Kÿsñnòqý�	§ö�ÿ�ô�õ8ó4õ§ö�ýtôs�KÿIð+�&ó��Kõ�ÿ�ø�	�ðQð�ÿ�ñ�ýtôVñnòÎó4ñ.�Mý�	§öùõ
,Kþ�ÿ:�Kÿmî~ÿ�ñùñùöùô��Mÿ�	�Dqî~ÿ�ñùñùöùô��Mÿ�	HG$^ I �

îsó4ôdð,ñ)óEð§øKöùõ�ÿ<û�ýtô¬ð�ò öùô�õ�ú�	�ÿIð�ð�ÿ�øKôKö�÷�ødÿ�þ�ÿ�ô�õ+�^ñnò ,�fM�$	�ý���,dýtôdÿsÿ�õ�ó4ø��MúIý���,dýtôdÿ � ÿ�	§õ§ö8�&ó4ñ���3�ó:y��<ø�	�ÿ
�Êa$� æ �,þ�ýtô�õ
	�ÿ:��ö#"£ú�	�ÿ�ô�õ�ÿIð~ð�ÿ*��õ§ö�ýtôdð+�KÿIð �KýtôKôdúIÿIðµöùôKöùõ§ö)ó4ñ�ÿIð �dó4ôdðµñ)ó���ö.	�ÿ*��õ§ö�ýtôs�Kÿsô!ó � ö.��ó4õ§ö�ýtô_�{öùôKñùöùôdÿ0�
ó4öùôdð§ö�÷�ødÿU�dó4ôdð1ñ)óB��ö.	�ÿ*��õ§ö�ýtô��%ÿ�	
�bÿ�ô���ö8��øKñ)ó4ö.	�ÿ ����	�ý<ð�ð�ñùöùôdÿ0����YQô��Iýtôdð�õ8ó4õ�ÿ;ð§ø�	Òñ�ÿIð��KýtôKôdúIÿIð���ø:�MúIý���,dýtôdÿ
� ÿ�	§õ§ö8�&ó4ñg�KÿIð � 	§øKöùõ�ð;ñùöùôdú&ó4ö.	�ÿIðN�½Ò!ï*�-,dÿIð�ôdýtö.	�ÿIð>�Kÿ�ñ)ó�y��<ø�	�ÿ:�Êa$�~aJ�
���$4�ÿIð � 	§øKöùõ�ð�ð�ýtô�õ>��ö#"£ú�	�ÿ�ô�õ�ðT�Kÿ+�Iÿ�ø$�
ý � ð�ÿ�	 � úIð �dó4ôdð�ñ�ÿ9�-,!ó��Köùõ
	�ÿ���	�ú*�Iú*�Kÿ�ô�õN�&ó�	�ñ�ÿ�ø�	+�Iýtô�õ�ÿ�ô�øs�u	�úI÷�ødÿ�ô�õ§ö�ÿ�ñ|ÿIð§õ-ö8��ö|�Kñùødð-öùþ2�bý�	§õ8ó4ô�õ�ÿ�õ-ñ�ÿ�ø�	
ú�ôdÿ�	
�<ö�ÿ9�Kñùødð���ó4ö � ñ�ÿ��

3Òÿ���ó4öùõ
÷�øÒò øKôdÿp�&ó4þ2�!ó��<ôdÿzð§ö�ð§þ�ö�÷�ødÿ á î ð&òqú�õ8ó4ñ�ÿ�ð�ø�	
øKôdÿ���ø�	�úIÿ��Kÿªñnòqý�	-�$	�ÿ��£ò øKô�þ�ýtö�ð&ûÒñ�ÿIð;�&óP&
	8ó���õ�ú�	§ö�ð§õ§ö�÷�ødÿIð ��ø � 	§øKöùõ~ó4þ � ö)ó4ô�õ � ó�	§ö�ÿ�ô�õ �£ò øKôdÿ^ñùö.�<ôdÿ:�Kÿsô!ó � ö.��ó4õ§ö�ýtôo�CøKôdÿ^ó4øKõ
	�ÿ��g3ÒÿIðN�Iýtô���öùõ§ö�ýtôdð
þ�ú�õ�úIý�	�ýtñ�ý��<ö�÷�ødÿIð&û�ñ�ÿIðT��,dú�ôdýtþ�ï�ôdÿIðB�Kÿ+,dýtøKñ�ÿ�ÿ�õ,ñnòÎó���õ§ö � öùõ�ú�ð§ö�ð�þ�ö�÷�ødÿ �dó4ôdð,ñ�ÿIð>	�ú��<ö�ýtôdð � ýtö�ð§öùôdÿIðL�Kÿ~ñ)ó
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t&ýtôdÿ�ú�õ§ø���ö�úIÿ � ó�	§ö�ÿ�ô�õmõ�ýtødð
ñ�ÿIðBxGýtø�	�ð��nó4ö�ð8ó4ô�õEó4öùôdð§ö � ó�	§ö�ÿ�	mñ�ÿCôKö � ÿ&ó4ø¢�Kÿ � 	§øKöùõ/�Òî�ÿ2�Kñùødð&û£ñ�ÿIðmñùö.�<ôdÿIð
�KÿCõ§ö.	�ð�ôdÿ�ð�ýtô�õ9�!ótð
ó��I÷�øKö�ð�ÿIð9�dó4ôdð�ñnòqý�	-�$	�ÿ�þªó4ö�ðsÿ�ôh�¯ýtô���õ§ö�ýtô@�KÿCñ)ózõ
	8óPx§ÿ*��õ�ýtö.	�ÿ��KÿCô!ó � ö.��ó4õ§ö�ýtô���ø
� ó4õ�ÿ&ó4ø[ð�ýtø�	-�Iÿ���4�ÿ*��öÒÿ��$�Kñùö�÷�ødÿ~ñ�ÿIð-ð§õ
	§ö�ÿIð-÷�ødÿ�ñnòqýtôVý � ð�ÿ�	 � ÿsð§ø�	,ñ�ÿIð-ð�ÿ*��õ§ö�ýtôdð���	�ý<ð8ð§ñùöùôdÿ�ð§ø�	,ñ�ÿIð,õ�ÿ�þ2�dð
ó � ó4ô�õ�ñnòÎó � ï�ôdÿ�þ�ÿ�ô�õ��Kÿ�ñ)ó;��	�ÿ�þ�ö�ï�	�ÿ~ó�	
	§ö � úIÿ\�½Ò!ï*�-,dÿIð � ÿ�	§õ�ÿIðL�Kÿ�ñ)ó9y��<ø�	�ÿ��Êa$�~aJ�
�;ÿ�õºð§ø�	ºñ�ÿIð;õ§öùþ�ÿQð§ñùö8�IÿIð
�Kÿsñ)ó�y��<ø�	�ÿp�Êa$�~�J���}4�ÿIð � 	§øKöùõ�ðµð�ýtô�õ���	�úIð�ÿ�ô�õ�ð�õ�ýtøKõQó4ø[ñ�ýtô����Kÿ
ñnòqú*�IýtøKõ�ÿ��

YQô � ýtöùõCð§ø�	��IÿIð\�KýtôKôdúIÿIð á îCû1÷�øÒòqÿ�ôw�Kñùødð���øw��	�ý � ñ�ï�þ�ÿ��KÿIðEþmøKñùõ§ö.�Kñ�ÿIð2�Kÿzñ)ó[õ
	8ó4ô��H,dÿC�£òqÿ&ó4øÒû
ÿ�ñùñ�ÿIðCð�ýtô�õ�óP"£ÿ*��õ�úIÿIð��£ò øKôdÿR�!ó�	§õ��!ó�	���ö#"£ú�	�ÿ�ô�õ�ðCõ�f��bÿIð��Kÿ � 	§øKöùõ�ð&ûz�Iý�,dú�	�ÿ�ô�õ�ð�ÿ�õ^ôdýtô¢�Iý�,dú�	�ÿ�ô�õ�ð&û�ÿ�õ
�£òÎó4øKõ
	�ÿ\�!ó�	§õ��!ó�	�ñ�ÿ^þªó4ôd÷�ødÿ\�KÿEõ§ö.	�ð9�dó4ôdðN�Iÿ�	§õ8ó4öùôdÿIð;t&ýtôdÿIð/�]3�ó¬ð�úI÷�ødÿ�ô��Iÿ\�KÿEõ
	8ó4öùõ�ÿ�þ�ÿ�ô�õ^÷�ødÿ^ñnòqýtô
�Kÿ � 	8ó2�Kú�ydôKö.	��býtø�	��IÿIð��KýtôKôdúIÿIð+�Kýtöùõ�õ�ÿ�ôKö.	 �Iýtþ2�Kõ�ÿ:�Kÿ9�IÿIð���ö#"£ú�	�ÿ�ô�õ�ð�ótð
�bÿ*��õ�ð/�

S1éML>é0xN�'"L¨>°�©�°W§A¨´¬Uª_·�µj­z��ë1³>ª�¨>®$ª_¬Uª¢©�¯Jµ!°Ê©�ª�ímª�¨�©

3�ó ð�úI÷�ødÿ�ô��Iÿ=�Kÿêõ
	8ó4öùõ�ÿ�þ�ÿ�ô�õV÷�ødÿêñnòqýtôm�Kú�ydôKöùõ��dó4ôdðzñ)óíð§øKöùõ�ÿ óo�býtø�	zý � x§ÿ*��õ§ö#�:�£òÎó4õ§õ�ú�ô�ødÿ�	 ñ�ÿIð
þmøKñùõ§ö.�Kñ�ÿIðCñùö�úIð2�êñ)ó=�Iýtñ�ýtôKôdÿ��£òqÿ&ó4ø õ�ýtøKõCÿ�ôÓó4þ�ú�ñùö�ý�	8ó4ô�õ�ñ)óê÷�ø!ó4ñùöùõ�ú��KÿIð��KýtôKôdúIÿIð0�54�ÿ�õ§õ�ÿ¬ð�úI÷�ødÿ�ô��Iÿ
ÿIð§õCñ)óv�Mú�ôdú�	8ó4ñùö�ð8ó4õ§ö�ýtôj�Kÿ ñ)ó þ�ú�õ
,dýM�Kýtñ�ý��<ö�ÿ<û�ÿ��$�%ý<ð8úIÿ��dó4ôdð�ñ�ÿ��H,!ó��Köùõ
	�ÿ æ û�ó4ø£�&ótð��Kÿ¬ñ)ó°ð§ö�ð§þ�ö�÷�ødÿ
ñ)ó�	
�Mÿ�&6ó�tIöùþmøKõ�ð0��<�ñùñ�ÿ�ÿIð§õR�¯ýtô��KúIÿ°ð§ø�	 ñ)ó¢�Kú*�Iýtþ2�bý<ð§öùõ§ö�ýtôÄ�KÿIð��KýtôKôdúIÿIðVöùôKöùõ§ö)ó4ñ�ÿIðVÿ�ô ýtô��KÿIð��Kñ)ó4ôdÿIð/�
3�òÎó4ô!ó4ñ.f�ð�ÿ��KÿIð��KýtôKôdúIÿIð\��ø��!ó�	8ó���	8ó���,dÿ���	�ú*�Iú*�Kÿ�ô�õEþ�ýtô�õ
	�ÿ ÷�ødÿªñ)ó=�Kú*�Iýtþ2�bý<ð§öùõ§ö�ýtô ôÒòqÿIð§õ:�!ótð^öùþ\&
þ�ú*��ö)ó4õ�ÿ��}4�ÿ*��ö|ÿIð§õ���	§öùô���ö.�!ó4ñ�ÿ�þ�ÿ�ô�õN�$çh�Cñnò öùôdð§ø$¡ªð8ó4ô��Iÿ��Kÿsñnòqú*�-,!ó4ô�õ§öùñùñ�ýtôKô!ó��Mÿ��KÿIð+�%ýtöùô�õ�ð �Kÿ
õ§ö.	�ðµÿ�ô
ÿIð
�!ó��Iÿ��

3ÒÿIð+��	8ó4ô��KÿIð�ñùö.�<ôdÿIð��Kÿ
ñ)óCð�úI÷�ødÿ�ô��Iÿ:�Kÿsõ
	8ó4öùõ�ÿ�þ�ÿ�ô�õN��ø=l�4 á î ð8ýtô�õ:?

× lQÿIð§õ8ó4ø�	8ó4õ§ö�ýtô=�KÿIð-õ§ö.	�ðµþªó4ôd÷�ø!ó4ô�õ�ð/�
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× ',õ§õ�ú�ô�ø!ó4õ§ö�ýtôv�KÿIð � 	§øKöùõ�ðQó4ñ�ú&ó4õ�ýtö.	�ÿIð/�

× 
6ô�õ�ÿ�	
�býtñ)ó4õ§ö�ýtôs�KÿIð�õ§ö.	�ðµóPydô=�£òqú � öùõ�ÿ�	�ñ�ÿIðB��	�ý � ñ�ï�þ�ÿIðQñùö�úIð+�EñnòÎó4ñùö)ótð§öùô��ªð
�!ó4õ§ö)ó4ñ��

× ',õ§õ�ú�ô�ø!ó4õ§ö�ýtôv�KÿIð�þmøKñùõ§ö.�Kñ�ÿIðN�Kÿ�ñ)ó2�Iýtñ�ýtôKôdÿ;�£òqÿ&ó4ø|�

× ',õ§õ�ú�ô�ø!ó4õ§ö�ýtôv�KÿIð � 	§øKöùõ�ð�ñùöùôdú&ó4ö.	�ÿIð/�

× 7�f*ô�õ
,dïIð8ÿ;�KÿIð��KýtôKôdúIÿIð+�dó4ôdðµñ�ÿ9�Kýtþªó4öùôdÿ
öùôKöùõ§ö)ó4ñ��
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3Òÿ2ydñùõ
	8ó��Mÿp�KÿIð � 	§øKöùõ�ðsöùô��Iý�,dú�	�ÿ�ô�õ�ðCÿ�õsñ)ó�	�ÿIð§õ8ó4ø�	8ó4õ§ö�ýtô{�KÿIðsõ
	8ó��IÿIðmþªó4ôd÷�ø!ó4ô�õ�ÿIð^ð8ýtô�õ
ñ�ÿIð;�Kÿ�ø$�
��	�ÿ�þ�ö�ï�	�ÿIð�ú�õ8ó��bÿIð5�Kÿ,ñ)ó~ð�úI÷�ødÿ�ô��IÿB�Kÿ�õ
	8ó4öùõ�ÿ�þ�ÿ�ô�õ/��î~ø\�%ýtöùô�õU�Kÿ � ødÿ-ó4ñ.�Mý�	§öùõ
,Kþ�ö�÷�ødÿ<û��IÿIðU�Kÿ�ø$�Eú�õ8ó��bÿIð
ð�ýtô�õ�ú�õ
	�ýtöùõ�ÿ�þ�ÿ�ô�õ-ñùö�úIÿIðT�&ó�	,ÿ�ñùñ�ÿIðT	�ÿ��%ý<ð8ÿ�ô�õ,ð§ø�	ºñnòqÿIð�õ§öùþªó4õ§ö�ýtô��KÿIð>ydñùõ
	�ÿIðL�Kÿ+��	�ú*��ö8��õ§ö�ýtôVÿ�ô ÿIð
�!ó��Iÿ��M3�ó
	�ÿIð§õ8ó4ø�	8ó4õ§ö�ýtô¢�KÿIðsõ
	8ó��IÿIð
þªó4ôd÷�ø!ó4ô�õ�ÿIðEÿIð§õ9�bý<ð�ð§ö � ñ�ÿ2��	Hi��Iÿp�¬ñnòqÿIð�õ§öùþªó4õ§ö�ýtô{�Kÿ�ñ)ó��!ó�	§õ§ö�ÿ���	�ú*��ö8��õ§ö � ñ�ÿ
��øíð§ö.�<ô!ó4ñ��]3Òÿ�ydñùõ
	8ó��Mÿ2�KÿIð � 	§øKöùõ�ðsöùô��Iý�,dú�	�ÿ�ô�õ�ðmÿIð§õsÿ�"£ÿ*��õ§ødú�ÿ�ôh	�ÿ�xGÿ�õ8ó4ô�õ
ñ)óR�!ó�	§õ§ö�ÿCôdýtôo��	�ú*��ö8��õ§ö � ñ�ÿ
�KÿIð��KýtôKôdúIÿIð/�

K|ýtø�	ºøKôdÿ��u	�úI÷�ødÿ�ô��IÿBy��KúIÿ<ûMñ�ÿIð6�KýtôKôdúIÿIð,ð§ö�ð§þ�ö�÷�ødÿIð�öùôKöùõ§ö)ó4ñ�ÿIð
d(f, x, y)

�dó4ôdð;ñ�ÿ �Kýtþªó4öùôdÿ
(f, x, y)ð&òqÿ��$��	§öùþ�ÿ�ô�õ,ÿ�ô���ýtô���õ§ö�ýtôR�£ò øKô¬ð§ö.�<ô!ó4ñ���	�ú*��ö8��õ§ö � ñ�ÿ�ÿ�ôzÿIð-�!ó��Iÿ

s(f, x, y)
ÿ�õ6�£ò øKô¬ð§ö.�<ô!ó4ñ%ó4ñ�ú&ó4õ�ýtö.	�ÿQôdýtô

��	�ú*��ö8��õ§ö � ñ�ÿ
b(f, x, y)

õ�ÿ�ñÒ÷�ødÿ�?

d(f, x, y) = s(f, x, y) + b(f, x, y)
�Êa$�.^0�

3�òqÿIð�õ§öùþªó4õ§ö�ýtô£�KÿIðEý��bú�	8ó4õ�ÿ�ø�	�ð\�Kÿ���	�ú*��ö8��õ§ö�ýtôw�Iýtôdð�ö�ð§õ�ÿ��êþ�öùôKöùþ�ö�ð�ÿ�	Cñnòqú�ôdÿ�	
�<ö�ÿC�Kÿzñ)ó=��ö#"£ú�	�ÿ�ô��Iÿ
ÿ�ô�õ
	�ÿ,ñ�ÿ,ð§ö.�<ô!ó4ñ$��	�ú*��ö8��õ§ö � ñ�ÿ-ÿIð§õ§öùþ�ú

ŝ(f, x, y)
ÿ�õxñ�ÿIðz�KýtôKôdúIÿIð�öùôKöùõ§ö)ó4ñ�ÿIð/��3�ó+�¯ýtô���õ§ö�ýtô��Iý�çKõU�Qþ�öùôKöùþ�ö�ð�ÿ�	

ð&òqú*��	§öùõµð8ýtødð-ñ)ó��¯ý�	§þ�ÿp?

Cout(f) =
∑

x,y

‖d(f, x, y) − ŝ(f, x, y)‖2 �Êa$� Í �

îsó4ôdð øKôÁ��	�ÿ�þ�ö�ÿ�	Võ�ÿ�þ2�dð&ûT�býtø�	VøKôdÿ=��	�úI÷�ødÿ�ô��Iÿ
f
y��KúIÿ<û�ýtô ð&ò öùô�õ�ú�	�ÿIð�ð�ÿ@� øKô ð�ýtødð�&W��ø � ÿh�Kÿ

�KýtôKôdúIÿIð+�Kÿ:��öùþ�ÿ�ôdð§ö�ýtô
N2 �}YQô���ó4öùõ&û��dó4ôdð+�Iÿ
ð�ýtødðB��ø � ÿsñ�ÿIðB,�fM�býtõ
,dïIð�ÿIð�ð§øKö � ó4ô�õ�ÿIð�DZ4,ó4ô!ó4ñ�ÿIðH` æJI ?

× 3�ÿIð��KýtôKôdúIÿIðµð�ýtô�õ�	�ú��<øKñùö�ï�	�ÿ�þ�ÿ�ô�õ�ú*�-,!ó4ô�õ§öùñùñ�ýtôKôdúIÿIðsÿ�ô[ÿIð
�!ó��Iÿ��

× 3�ÿVð�ýtødð�&W��ø � ÿ��Iýtô�õ§ö�ÿ�ô�õzøKô ð�ö.�<ô!ó4ñB��	�ú*��ö8��õ§ö � ñ�ÿVñùöùôdú&ó4ö.	�ÿV�Iý�	
	�ÿIð
�býtô��dó4ô�õR� øKô ú � ï�ôdÿ�þ�ÿ�ô�õªð�ÿ
��	�ý��!ó��Mÿ&ó4ô�õ�� � öùõ�ÿIð�ð�ÿ9�Iýtôdð�õ8ó4ô�õ�ÿ��

× 3;òqýtô��Kÿ�ñ�ÿ�õ§õ�ÿ:�Kÿ;�Iÿ�õµú � ï�ôdÿ�þ�ÿ�ô�õµôdÿ;�Kú��bÿ�ô����!ótð+�KÿIð � ó�	§ö)ó � ñ�ÿIð�ð-�!ó4õ§ö)ó4ñ�ÿIð x ÿ�õ y �
3Òÿ
ð�ö.�<ô!ó4ñ!��	�ú*��ö8��õ§ö � ñ�ÿmð&òqú*��	§öùõµð8ýtødð-ñ)ó���ý�	§þ�ÿ2?

s(f,m∆x, n∆y) = a(f) exp


i2πf

√(
m

∆x

V

)2

+

(
n

∆y

V

)2

 �Êa$� á �

V
ÿIð§õ�ñ)ó � öùõ�ÿIð�ð8ÿ�ó����!ó�	�ÿ�ô�õ�ÿ��Kÿ-ñnòqú � ï�ôdÿ�þ�ÿ�ô�õ�ñùöùôdú&ó4ö.	�ÿ<û ∆x ÿ�õ ∆y

ð�ýtô�õ;ñ�ÿIðU�!ótð6�£òqú*�-,!ó4ô�õ§öùñùñ�ýtôKô!ó��Mÿ
�dó4ôdðxñ�ÿIð1�Kÿ�ø$����ö.	�ÿ*��õ§ö�ýtôdð�öùôKñùöùôdÿ,ÿ�õ5��	�ý<ð�ð§ñùöùôdÿ<û

m
ÿ�õ
n
ð�ýtô�õ5�KÿIð|ÿ�ô�õ§ö�ÿ�	�ð/�<îsó4ôdð5�IÿL�&ótð&û�ñnòqÿIð�õ§öùþªó4õ§ö�ýtôp��ø



Ü�Ý Â�Þ*ÊùÉ{Ì6Å��0à�Á<Ì9ÂIÊùÉ�Å�ÈsÅ-��É|ÆaÅ§ÇµÆ0�/���$ã9Å�Ç�i�j Ü c4� ^ Í b

ð§ö.�<ô!ó4ñ
ŝ(f, x, y)

ð&òqÿ�"£ÿ*��õ§ødÿmÿ�ôs�&ó4ñ8��øKñ)ó4ô�õ9�KÿIðBydñùõ
	�ÿIð
P (f, n,m)

�Kÿ:��	�ú*��ö8��õ§ö�ýtôh�p�Kÿ�ø$�=��öùþ�ÿ�ôdð§ö�ýtôdð
ÿ�õ���øV��	�ÿ�þ�ö�ÿ�	~ý�	-�$	�ÿ�?!DZ7��Köùõ
t0b$^Mû'|�ó4ô���G Í�I ?

ŝ(f,m∆x, n∆y) =
L∑

j=1

F∑

k=1

P (f, j, k) dm−j,n−k (f) m = L+ 1, ...N n = F + 1, ...N
�Êa$� æ �

ŝ∗(f,m∆x, n∆y) =
L∑

j=1

F∑

k=1

P (f, j, k) d∗m+j,n+k (f) m = 1, ...N − L n = 1, ...N − F
�Êa$�~aJ�

ý�è
c∗
�KúIð§ö.�<ôdÿ~ñ�ÿN�Iýtô�xGø��<ødú9��ø ôdýtþ � 	�ÿ;�Iýtþ2�Kñ�ÿ��Kÿ

c
��4�ÿIðL�Kÿ�ø$�Vÿ��M��	�ÿIð8ð§ö�ýtôdðL�Iý�	
	�ÿIð
�%ýtô��Kÿ�ô�õ �^ñ)ó

��	�ú*��ö8��õ§ö�ýtô@��ö.	�ÿ*��õ�ÿCÿ�õ 	�ú�õ
	�ý���	8ó��Kÿ2��ø°ð§ö.�<ô!ó4ñ��
L
ÿ�õ
F
ð�ýtô�õ~ñ�ÿIð~ñ�ýtô��<ødÿ�ø�	�ð9�KÿIð ydñùõ
	�ÿIð��Kÿ:��	�ú*��ö8��õ§ö�ýtô

�dó4ôdð,ñ�ÿIðL�Kÿ�ø$����ö.	�ÿ*��õ§ö�ýtôdð/��3�ÿIðL��	�ý���	§ö�ú�õ�úIð�ð
�bÿ*��õ
	8ó4ñ�ÿIðB�KÿIð�ý��bú�	8ó4õ�ÿ�ø�	�ð��KÿN��	�ú*��ö8��õ§ö�ýtô[ð�ýtô�õL��ö�ðH��øKõ�úIÿIð
�dó4ôdðBDZ4ºñ)ótÿ�	 � ýtøKõHb Í ûJó~øKñùøKô!ó*f�G á�I ��3ÒÿIð�ó4øKõ�ÿ�ø�	�ðxþ�ýtô�õ
	�ÿ�ô�õ;÷�ødÿL�dó4ôdð|ñ�ÿL�&ótðxý�èEñnòqý��bú�	8ó4õ�ÿ�ø�	�óQñ)ó���ý�	§þ�ÿ
ð
f*þ�ú�õ
	§ö�÷�ødÿ+�Kÿ-ñ)óNy��<ø�	�ÿ:�Êa$� ¤ �(ûJ�Iÿ+�Kÿ�	§ôKö�ÿ�	ºÿIð§õ>����,!ótð8ÿ-ô�øKñùñ�ÿ �dó4ôdð�ñ�ÿB�Kýtþªó4öùôdÿ+�KÿIð;ôdýtþ � 	�ÿIðT�£òqýtô��Kÿ��

3Òÿ9ydñùõ
	8ó��Mÿ:��ø � 	§øKöùõQó4ñ�ú&ó4õ�ýtö.	�ÿ^ð&òqÿ�"bÿ*��õ§ødÿmÿ�ôV�Kÿ�ø$� õ�ÿ�þ2�dð:?

^��@<�ð�õ§öùþªó4õ§ö�ýtôs�KÿIðLydñùõ
	�ÿIð �Kÿ9��	�ú*��ö8��õ§ö�ýtô|�

Í �@' ���Kñùö8�&ó4õ§ö�ýtôp�KÿIðzydñùõ
	�ÿIð�ð§ø�	xñ�ÿIð5�KýtôKôdúIÿIð;óPydô��Kÿ�ôÒòqÿ�ô2��ó�	-�Kÿ�	�÷�ødÿºñ)ó �!ó�	§õ§ö�ÿL��	�ú*��ö8��õ§ö � ñ�ÿ�ÿ�õ1	�ÿ�x§ÿ�õ�ÿ�	
ñ�ÿIð � 	§øKöùõ�ð~ó4ñ�ú&ó4õ�ýtö.	�ÿIð/�

K�ñùødð§ö�ÿ�ø�	�ðíó�����	�ýM�-,dÿIðo�Kÿw�&ó4ñ8��øKñ2�KÿIðsydñùõ
	�ÿIð°ð�ýtô�õh�bý<ð�ð§ö � ñ�ÿIð/�94�ÿ�	§õ8ó4öùôdÿIð°þ�ú�õ
,dý��KÿIðo�&ó4ñ8��øKñ�ÿ�ô�õ�ñ�ÿIð
ý��bú�	8ó4õ�ÿ�ø�	�ð:�dó4ôdðsñ�ÿ��Kýtþªó4öùôdÿ�öùôKöùõ§ö)ó4ñ

(x, y, t)
DZ4ºñ)ótÿ�	 � ýtøKõHb Í�I û!�£òÎó4øKõ
	�ÿIðmÿ�ôo��	�úI÷�ødÿ�ô��IÿCDZó~øKñùøKô!ó*f�G á û

|�ó4ô���G Í�I �LDZ7*ýtø � ó�	8ótðHG�G I ÿ��$�Kñ�ýtöùõ�ÿ¬ñ�ÿIð�ý��%ú�	8ó4õ�ÿ�ø�	�ð2�Kú�ydôKö�ð\��	�ú*�Iú*�Kÿ�þ�þ�ÿ�ô�õ��%ýtø�	2�Kú�ydôKö.	CøKôdÿVó4øKõ
	�ÿ
�&ó4õ�ú��Mý�	§ö�ÿC�KÿRydñùõ
	�ÿIð�ó����%ÿ�ñ�úIð���ydñùõ
	�ÿIð2�Kÿ���	�ý�x§ÿ*��õ§ö�ýtô   �bÿ�	§þ�ÿ�õ§õ8ó4ô�õ�øKôdÿ¬þ�ÿ�öùñùñ�ÿ�ø�	�ÿ[ó4õ§õ�ú�ô�ø!ó4õ§ö�ýtôj�KÿIð� 	§øKöùõ�öùô��Iý�,dú�	�ÿ�ô�õ/�

3�óv	�ÿIð�õ8ó4ø�	8ó4õ§ö�ýtô£�KÿIðCõ
	8ó��IÿIð�þªó4ôd÷�ø!ó4ô�õ�ÿIð�ÿIð§õ2��ö.	�ÿ*��õ�ÿ�þ�ÿ�ô�õªñùö�úIÿV�êñ)ó þ�ú�õ
,dýM�KÿC�Kú*��	§öùõ�ÿ���	�ú*�Iú�&
�Kÿ�þ�þ�ÿ�ô�õ/�z3ÒÿIð;ydñùõ
	�ÿIð:�Kÿ2��	�ú*��ö8��õ§ö�ýtô ð�ÿ�	 � ÿ�ô�õ��Iÿ�õ§õ�ÿ2��ýtö�ð:����	�ú*��ö.	�ÿR�KÿIð
õ
	8ó��IÿIðm÷�øKö�ôÒòqÿ���ö�ð§õ�ÿ�ô�õ��!ótð/�

îsó4ôdð-ñ)ó\	�ú&ó4ñùöùõ�ú<ûdñ�ÿIð��KýtôKôdúIÿIðµð§ö�ð�þ�ö�÷�ødÿIð-ôdÿsð8ýtô�õ��!ótð-ñùöùôdú&ó4ö.	�ÿIðµþªó4ö�ðB,�fM�bÿ�	 � ýtñùö�÷�ødÿIð/��'+ydôV�Kÿsð�ÿ
�Kñ)ó��Iÿ�	��dó4ôdðmñ�ÿ��&ó��$	�ÿp�KÿIð:,�fM�%ýtõ
,dïIð8ÿIð;��	�ú*�Iú*�Kÿ�ô�õ�ÿIð�û�ñ�ÿIð��KýtôKôdúIÿIð^ð�ýtô�õ:��ö � ö�ð�úIÿIðmÿ�ô�ð8ýtødð:��ø � ÿIð:�Kÿ
õ8ó4öùñùñ�ÿ
ð§ø$¡ªð�ó4þ�þ�ÿ�ô�õ+�bÿ�õ§öùõ�ÿIðB�býtø�	µ÷�ødÿ2?

× 3�ÿIð�ú � ï�ôdÿ�þ�ÿ�ô�õ�ð�ð�ýtö�ÿ�ô�õµ÷�ø!ótð�ö£ñùöùôdú&ó4ö.	�ÿIð/�

× 3;òqýtô��Kÿ�ñ�ÿ�õ§õ�ÿ:�Kÿ;�H,!ót÷�ødÿ
ú � ï�ôdÿ�þ�ÿ�ô�õ~ð8ýtöùõ��Iýtôdð§õ8ó4ô�õ�ÿ��

6ñ�ÿIð§õ��%ý<ð�ð�ö � ñ�ÿ>�£òÎó����Kñùö�÷�ødÿ�	1øKôdÿT�Iý�	
	�ÿ*��õ§ö�ýtô2�$f�ô!ó4þ�ö�÷�ødÿ>�Kÿ � öùõ�ÿIð8ð�ÿIð6��[N%hY9�!��	�ý<ð�ð§ö�ï�	�ÿ,óPydô��Kÿ6	�ÿ�ô��$	�ÿ
ñ�ÿIð;ó�	
	§ö � úIÿIð5,�f��bÿ�	 � ýtñùö�÷�ødÿIð�ñ�ÿIðU�Kñùødð�ñùöùôdú&ó4ö.	�ÿIð5�bý<ð�ð§ö � ñ�ÿ���4�ÿ*��ö��bÿ�	§þ�ÿ�õ;ó4ødð�ð§önû��dó4ôdð�ñ�ÿB�&ótð5�KÿIðºó�	
	§ö � úIÿIð
õ
	�ïIð-ñ�ÿ�ô�õ�ÿIð&û��Kÿ�	�ú*��øKö.	�ÿsñnòqÿ�"£ÿ�õ+��øV	�ÿ��Kñùö�ÿ�þ�ÿ�ô�õQð
�bÿ*��õ
	8ó4ñ��

3ÒÿIðµþ�ú�õ
,dý��KÿIð �Kÿ�ydñùõ
	8ó��Mÿ;��ø � 	§øKöùõ�ó4ñ�ú&ó4õ�ýtö.	�ÿ
ÿ�õ+�Kÿ9	�ÿIð�õ8ó4ø�	8ó4õ§ö�ýtôs�KÿIð-õ
	8ó��IÿIðµþªó4ôd÷�ø!ó4ô�õ�ÿIðQð�ýtô�õ
ó����Kñùö�÷�ødúIÿIðmð§ø�	sñ�ÿIð;�KýtôKôdúIÿIðmöùôKöùõ§ö)ó4ñ�ÿIð;��ø@�MúIý���,dýtôdÿ � ÿ�	§õ§ö8�&ó4ñ�ÿ�õ;�KÿCñnò ,�f$�$	�ý���,dýtôdÿ���31óRy��<ø�	�ÿ=�Êa$�~`J�
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�1�8���;.M+qN<+ ¢Ò?9��:M@B>�36@B0�2�:<Dí=6@B��2�F�Jº>�0a?6?95�=6A*0�2�:MF�243s�[JBFVA*0a=6@l36@B0�2
m,n

+�¥ 2�?90�DM�a50�ÒA�F�?�39@l5
?9��36?90��a?9Fa:<5;:<5-JjF~AM?9��:<@j>§39@l0a2 +M¥ 2C¶MJB58D���A�F&?636@B5-:<@l?95�>�365-:<5-JjF~AM?6�(:<@j>§36@B0�2 +

�Iýtþ2�!ó�	�ÿ�ñ�ÿIð6�KýtôKôdúIÿIðºó � ó4ô�õ�ÿ�õºó���	�ïIð;õ
	8ó4öùõ�ÿ�þ�ÿ�ô�õ,ð§ø�	�øKôdÿ�ð8ÿ*��õ§ö�ýtôp��	�ý<ð�ð§ñùöùôdÿQÿ�õ�øKôdÿ�ð�ÿ*��õ§ö�ýtô��~õ�ÿ�þ2�dð
�Iýtôdð§õ8ó4ô�õ/�g3�òÎó4ô!ó4ñ.f�ð�ÿ���ø � 	§øKöùõsó4ñ�ú&ó4õ�ýtö.	�ÿ�ydñùõ
	�ú
þ�ýtô�õ
	�ÿC÷�ødÿ
ñ�ÿ^ð§ö.�<ô!ó4ñ��Iý�,dú�	�ÿ�ô�õ��Iý�	
	�ÿIð-�%ýtô��dó4ô�õsó4ø$�
ó�	
	§ö � úIÿIðµð�ö�ð§þ�ö�÷�ødÿIð�ôÒòqÿIð§õB�!ótð��Kú�õ�ú�	§ö�ý�	�ú��

S1é��5é��P¨�©�ª�¯J±B§�·�µ}©J°�§A¨´¬Uª�­s¬U§A¨6¨_��ªg­0:9x

3�ós�Kÿ�ôdð§öùõ�úR�KÿIðmõ§ö.	�ð��Kÿ
50m × 50m

ôdÿp�%ÿ�	§þ�ÿ�õ��!ótð��£òÎó����Kñùö�÷�ødÿ�	\�KÿIðmõ
	8ó4ôdð���ý�	§þ�úIÿIðEð
�!ó4õ§ö)ó4ñ�ÿIð
�Iýtþ�þ�ÿ
ñ)ó��Kú*�Iýtþ2�%ý<ð§öùõ§ö�ýtô ÿ�ôêýtô��KÿIð��Kñ)ó4ôdÿIð0��rµôêõ�ÿ�ñ�ú*�-,!ó4ô�õ§öùñùñ�ýtôKô!ó��Mÿ��&ó4ødð8ÿ;�KÿIð�	�ÿ��Kñùö�ÿ�þ�ÿ�ô�õ�ðQð
�bÿ*��&
õ
	8ó4ø$�¬ð8ú � ï�	�ÿIð/��3�ò ö8�KúIÿsÿIð§õB�£ò öùô�õ�ÿ�	
�býtñ�ÿ�	�ñ�ÿIðB�KýtôKôdúIÿIð��dó4ôdð,ñ�ÿIðB�Kÿ�ø$����ö.	�ÿ*��õ§ö�ýtôdðµð
�!ó4õ§ö)ó4ñ�ÿIð x ÿ�õ y óPydô�Kÿ��Kÿ�ôdð§ö#y!ÿ�	Cñ)óV��	§öùñùñ�ÿ��KÿIðEõ§ö.	�ð/�|î�ó4ôdðEñ�ÿ��&ótð\�KÿIð��KýtôKôdúIÿIð2�Kýtô�õCýtôw��ö�ð
�bý<ð�ÿ<û1ñ�ÿIð � öùõ�ÿIð�ð�ÿIð^ñ�ÿIð��Kñùødð
ñ�ÿ�ô�õ�ÿIð�ð�ýtô�õ>�Kÿ�ñnòqý�	-�$	�ÿ �Kÿ

1500m/s
�$4�ÿ*��ö��Mú�ôdï�	�ÿ �KÿIðU	�ÿ��Kñùö�ÿ�þ�ÿ�ô�õ�ð�ð-�%ÿ*��õ
	8ó4ø$�p�

15Hz
��K|ýtø�	>	�ÿ�x§ÿ�õ�ÿ�	

�Iÿ�õ§õ�ÿ\��	�úI÷�ødÿ�ô��Iÿzó4ø��Kÿ�ñ��C�Kÿ
60Hz

û�ñ)ó���	§öùñùñ�ÿ��Kÿ�õ§ö.	�ð:�Kýtöùõ:)�õ
	�ÿªó4øíþ�öùôKöùþ^øKþ
12.5m × 12.5m

�A3�ó
y��<ø�	�ÿp�Êa$�.^/GJ��þ�ýtô�õ
	�ÿ:�Iÿ�õµÿ�"£ÿ�õ�ð§ø�	��KÿIðµõ
	8ó��IÿIð�ð
f*ô�õ
,dú�õ§ö�÷�ødÿ Í îÃ�dó4ôdð-ñ�ÿ;�Kýtþªó4öùôdÿ

(x, t)
ÿ�õ

(f, k)
�

K�ñùødð�ö�ÿ�ø�	�ð�þ�ú�õ
,dýM�KÿIð+�£ò öùô�õ�ÿ�	
�býtñ)ó4õ§ö�ýtôs�KÿIð+�KýtôKôdúIÿIðµð§ö�ð§þ�ö�÷�ødÿIð�ð�ýtô�õ���ö�ð
�býtôKö � ñ�ÿIð/�|DF' � þªó�G�a I ��ö�ð�&
��øKõ�ÿ���ö#"bú�	�ÿ�ô�õ�ÿIð�þ�ú�õ
,dý��KÿIð9�dó4ôdð~ñ�ÿ��&ótð Í î\�}3ÒÿIðN	�úIð§øKñùõ8ó4õ�ðsý � õ�ÿ�ô�ødð��bÿ�ø � ÿ�ô�õ9)�õ
	�ÿEú�õ�ÿ�ô���ødðsÿ�ô á î\�
îsó4ôdð¬ñ�ÿs�&ótð¬ñ�ÿs�Kñùødð¬ð�öùþ2�Kñ�ÿ ý�è�ñ�ÿIð��KýtôKôdúIÿIðzôdÿ ð�ýtø$"]	�ÿ�ô�õ��!ótð��Kÿ=	�ÿ��Kñùö�ÿ�þ�ÿ�ô�õ[ð
�bÿ*��õ
	8ó4ñnû;ñ)ó�þ�ú�&
õ
,dýM�Kÿp�£ò öùô�õ�ÿ�	
�býtñ)ó4õ§ö�ýtô¢�!ó�	^ð§öùô�ødð:�&ó�	-��öùô!ó4ñ,ÿIð§õmÿ�¡p�&ó��Iÿ��A<�ñùñ�ÿp�Iýtôdð§ö�ð§õ�ÿ�� õ
	8ó4ôdð���ý�	§þ�ÿ�	mñ�ÿIð��KýtôKôdúIÿIð
�dó4ôdð�ñ�ÿ\�Kýtþªó4öùôdÿ2�Kÿ@�dýtø�	§ö�ÿ�	9�KøKö�ð9�£òÎó����Kñùö�÷�ødÿ�	sñ)óªõ
	8ó4ôdð
�¯ý�	§þªó4õ§ö�ýtôíöùô � ÿ�	�ð�ÿ�ÿ�ôíó4ø��<þ�ÿ�ô�õ8ó4ô�õmñ�ÿ��!ótð
�£òqú*�-,!ó4ô�õ§öùñùñ�ýtôKô!ó��Mÿ\�KÿIð��KýtôKôdúIÿIð:D {�öùñùþªó�t0` ¤�I �

îCòÎó4øKõ
	�ÿIð~þ�ú�õ
,dý��KÿIð��Iýtôdð§ö�ð�õ�ÿ�ô�õ9���Kú�õ�ÿ*��õ�ÿ�	�ÿ�õ~ÿIð§õ§öùþ�ÿ�	~ñ)ó���ö.	�ÿ*��õ§ö�ýtôh�KÿIð~ú � ï�ôdÿ�þ�ÿ�ô�õ�ð9�Iý�,dú�	�ÿ�ô�õ�ð
ÿ�ôÓð�ýtþ�þªó4ô�õªñ�ý��&ó4ñ�ÿ�þ�ÿ�ô�õ�ñ�ÿIð2�KýtôKôdúIÿIð�ð�ÿ�ñ�ýtô£�KÿIð2�Iýtø�	 � ÿIð�ÿ�ô Í î÷DFn-ó�	-�dó4ô�` ¤PI ýtø_�KÿIð�ð§ø�	��nó��IÿVÿ�ô
á îXDqüQýon��H,�õHG áJI �53�òÎó � ó4ô�õ8ó��Mÿs��	§öùô���ö.�!ó4ñ �Kÿ=�Iÿ õWfM�%ÿV�£òÎó�����	�ýM�-,dÿIð¬ÿIð§õ�÷�øÒòqÿ�ñùñ�ÿIð�ôÒò öùþ2�bý<ð�ÿ�ô�õp�!ótð�øKô
ú*�-,!ó4ô�õ§öùñùñ�ýtôKô!ó��MÿC	�ú��<øKñùö�ÿ�	\�KÿIð��KýtôKôdúIÿIð/�54�ÿ��bÿ�ô��dó4ô�õ&ûxÿ�ñùñ�ÿIðEõ
	�ýtø � ÿ�ô�õCñ�ÿ�ø�	�ðmñùöùþ�öùõ�ÿIð\�dó4ôdð^ñ�ÿp�&ótðCý�è
�KÿIð�ú � ï�ôdÿ�þ�ÿ�ô�õ�ðQð�ÿ9��	�ýtö�ð8ÿ�ô�õ/�

rQôdÿQó4øKõ
	�ÿ���ó4þ�öùñùñ�ÿ��Kÿµþ�ú�õ
,dý��KÿIð6�£ò öùô�õ�ÿ�	
�býtñ)ó4õ§ö�ýtôC�Iýtôdð§ö�ð§õ�ÿ+�:��	�úIÿ�	6�KÿIð�õ
	8ó��IÿIð>�!ó�	>��	�ú*��ö8��õ§ö�ýtôh?��
�!ó�	§õ§ö.	B�KÿIðL�KýtôKôdúIÿIð,öùôKöùõ§ö)ó4ñ�ÿIð&û�ýtô��H,dÿ�	-�-,dÿ;����	�úIÿ�	L�KÿQôdýtø � ÿ�ñùñ�ÿIð-õ
	8ó��IÿIð,ÿ�ô ÿIð§õ§öùþªó4ô�õ��KÿIð6ydñùõ
	�ÿIðL�£ò öùô$&
õ�ÿ�	
�býtñ)ó4õ§ö�ýtô|��4�ÿIð1ydñùõ
	�ÿIð5�bÿ�	§þ�ÿ�õ§õ�ÿ�ô�õ>�KÿB�&ó4ñ8��øKñ�ÿ�	6�Kÿ,ôdýtø � ÿ�ñùñ�ÿIð�õ
	8ó��IÿIð>���KÿIð5�bý<ð§öùõ§ö�ýtôdð�÷�øKöKôÒòqÿ��*ö�ð§õ�ÿ�ô�õ
�!ótð�ð§ø�	-ñ�ÿIð+�KýtôKôdúIÿIð�öùôKöùõ§ö)ó4ñ�ÿIð�DZ7��Köùõ
t0b$^ I �
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��óJ� � � � ���0�

����� �¯ÿ0� �½���

�1�8����.M+ � +x� ��=6DMJk3GFI3#:MD���Jl36?GF&�a5Ò:<5�=#¶M?9DM@k3G=#F�Jl�(FI390�@B?65(=d=�D�?!JB5�=!=65�>�36@B0�2�=%>�?90a=9=6Jl@B2M5 + y)Fa�!���<:<?90&�
A�LM0�2M5-@B2M@l36@jF&J + y�¶*�x���<:<?90�AMLM0a2M5-F&AM?9·�=|��Jk39?9F���5 + y]>���v|?9DM@k3G=|��Jl36?9��= + y):��5æ���0�AML�0�2M5,H�5�?�39@B>�F&J
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��óJ� � � � ���0�

����� �¯ÿ0� �½���

�1�8���K.<+ eM+�� �(=�DMJl39F&3;:<DE��Jl36?GF&��5�:M5�=�¶M?9DM@l39=�F�Jl�(FI390�@B?65(=|=6DM?�JB5�=�=65�>�36@B0�2�=;�µ3958r�A�=º>�0�2�=n3GF&243 +
y]Fa�%���<:<?90�A�LM0�2M5|@B2M@k39@BF�J + y)¶��b���<:<?90�A�LM0�2M5xF&A�?6·(=!��Jk39?9F���5 + y)>(�bv|?6DM@l39=#��Jl36?9��= + y):��!æ��80�A�LM0�2M5

Ha58?636@j>8F�J*@B2M@l36@jF&J + y�5��5æ��80aAMLM0�2�5�Ha58?636@j>8F�J�F�AM?9·�=|��Jl36?GF&�a5 + y)>(�xv1?9DM@l39=x��Jk39?6�(= +
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��óJ� � � �

���0� �����

�1�8���£.<+ f�o +|¨ JBJBD�=n39?9F&36@B0�2 :<DVAM?90�¶MJB·8r�5s:<DV?958AMJB@B58r�58243µ=6A�5(>§36?GF&J1:MF&2�=,JB5�=Q:<0�rsF�@l2M5(=
(x, t)583

(f, k)
A*0�DM?-DM2z�8Ha·82M5�r~5�243�JB@l2���F&@B?95~=6�t2a39LM��39@Bi4DM5�=6@lr�AMJB5~:M5~Ht@l365(=6=65

1500m/s
5�3,A*0�DM?

:M@k¡��8?9582439=dA�F�=
∆x

:d� �(>GL�F&2436@BJBJl0a2M2�F&�a5b582-5�=6A�Fa>�5 + y]Fa�
∆x = 50m

5�2
(x, t)

+ y�¶��
∆x = 12.5m5�2

(x, t)
+ y)>��

∆x = 50m
582

(f, k)
+ y)¶��

∆x = 12.5m
582

(f, k)
+K� � FI7<5µHa58?636@j>8F�J%:MF�2�=ºJl5(=

���aDM?65�y)>(�x5�3�y]:��x5�=�3�582
1e−3Hz

+
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YQô ð�ÿ�	�ÿ��Kñ)ó��Iÿ��dó4ôdðEñ�ÿ�þ�)�þ�ÿ��&ó��$	�ÿz÷�ødÿ��býtø�	mñ�ÿpydñùõ
	8ó��Mÿ��KÿIð � 	§øKöùõ�ð�ó4ñ�ú&ó4õ�ýtö.	�ÿIð\�Kÿªñ)óV�!ó�	§õ§ö�ÿ
��	�ú*�Iú*�Kÿ�ô�õ�ÿR?

× q>�-,!ó4ô�õ§öùñùñ�ýtôKô!ó��Mÿ�	�ú��<øKñùö�ÿ�	N�KÿIð��KýtôKôdúIÿIðµÿ�ô[ÿIð
�!ó��Iÿ��

× 3�ÿIð�ð§ö.�<ô!ó4ø$�C��	�ú*��ö8��õ§ö � ñ�ÿIðQð8ýtô�õ-ñùöùôdú&ó4ö.	�ÿIð~ÿ�õ��£òqýtô��Kÿ�ñ�ÿ�õ§õ�ÿ:�Iýtôdð§õ8ó4ô�õ�ÿ:�dó4ôdð-ñnòqÿIð
�!ó��Iÿ��
3Òÿ � øKõ �Kÿsñnò öùô�õ�ÿ�	
�býtñ)ó4õ§ö�ýtô ÿIð�õ��Kÿ;��ö � ö�ð8ÿ�	-ñ�ÿ9�!ótð��£òqú*�-,!ó4ô�õ§öùñùñ�ýtôKô!ó��Mÿ2�dó4ôdð��-,!ót÷�ødÿ:��ö.	�ÿ*��õ§ö�ýtôs�!ó�	�øKô
�nó���õ�ÿ�ø�	

λ
�UDZ7��Köùõ
t0b$^ I �KýtôKôdÿ�øKôdÿ�	�ÿ�ñ)ó4õ§ö�ýtô ÿ�ô�õ
	�ÿªñ�ÿIð9ydñùõ
	�ÿIð��£ò öùô�õ�ÿ�	
�býtñ)ó4õ§ö�ýtô

P̃ (f)
ÿ�õ^ñ�ÿIð�ydñùõ
	�ÿIð��Kÿ

��	�ú*��ö8��õ§ö�ýtô
P (f)

ú�õ8ó � ñùö�ð �dó4ôdð-ñ)ó\�!ó�	§õ§ö�ÿp�Êa$�~aJ���g4�ÿ�õ§õ�ÿ;	�ÿ�ñ)ó4õ§ö�ýtô ð�ÿ�þ�ÿ�õµð8ýtødð,ñ)ó��¯ý�	§þ�ÿ2?

P̃ (f) = P

(
f

λ

) �Êa$�~�J�

4�ÿ�õ§õ�ÿ5	�ÿ�ñ)ó4õ§ö�ýtô^þ�ýtô�õ
	�ÿº÷�ødÿxñ�ÿIðÒý��bú�	8ó4õ�ÿ�ø�	�ðA�KÿU��	�ú*��ö8��õ§ö�ýtô^ÿIð§õ§öùþ�úIð�ó4ø$� � ótð�ð8ÿIð}�u	�úI÷�ødÿ�ô��IÿIð�ð�ÿ�	 � ÿ�ô�õ
� ñnò öùô�õ�ÿ�	
�býtñ)ó4õ§ö�ýtô¹�KÿIð õ
	8ó��IÿIð ó4ø$�m�u	�úI÷�ødÿ�ô��IÿIðVþmøKñùõ§ö.�Kñ�ÿIð0�+
6ñ�ÿIð�õV�Kýtô���öùþ2�%ý�	§õ8ó4ô�õ ÷�ødÿ°ñ)ó � ó4ô��Kÿ
�!ótð�ð8ó4ô�õ�ÿQð8ýtöùõ;ñ)ó9�Kñùødðºñ)ó�	
�Mÿ��bý<ð�ð§ö � ñ�ÿ ��øR�*îtõ�úN�KÿIð � ótð�ð8ÿIðU��	�úI÷�ødÿ�ô��IÿIð,óPydôR�Kÿ+�%ýtø � ýtö.	L�Iýtôdð§õ
	§øKö.	�ÿQñ�ÿIð
ydñùõ
	�ÿIðB�£ò öùô�õ�ÿ�	
�býtñ)ó4õ§ö�ýtô|��3�òÎó4ñ.�Mý�	§öùõ
,Kþ�ÿ9�£ò öùô�õ�ÿ�	
�%ýtñ)ó4õ§ö�ýtô=�!ó�	T��	�ú*��ö8��õ§ö�ýtô���ýtô���õ§ö�ýtôKôdÿ�ÿ�ô õ
	�ýtö�ð-ú�õ8ó��%ÿIð�?

× <;ð§õ§öùþªó4õ§ö�ýtô��KÿIðNydñùõ
	�ÿIð9�Kÿ���	�ú*��ö8��õ§ö�ýtô���ø�ð§ö.�<ô!ó4ñU�Iýtþ�þ�ÿ2�dó4ôdð�ñ�ÿ\�&ótð9��øvydñùõ
	8ó��Mÿ��KÿIð � 	§øKöùõ�ðó4ñ�ú&ó4õ�ýtö.	�ÿIð0�

× <;ð§õ§öùþªó4õ§ö�ýtôs�KÿIðLydñùõ
	�ÿIð �£ò öùô�õ�ÿ�	
�býtñ)ó4õ§ö�ýtô=��	Hi��Iÿ:��ñnòqúI÷�ø!ó4õ§ö�ýtô{�Êa$�~�J�

× ' ���Kñùö8�&ó4õ§ö�ýtô ð�ø�	-ñ�ÿIð��KýtôKôdúIÿIð�öùôKöùõ§ö)ó4ñ�ÿIð/�
4�ÿ�õ§õ�ÿ+�Kÿ�	§ôKö�ï�	�ÿµþ�ú�õ
,dý��Kÿ �£ò öùô�õ�ÿ�	
�býtñ)ó4õ§ö�ýtô á î ÿIð�õ�õ�ÿIð§õ�úIÿ�ð§ø�	;ñ�ÿIðU�KýtôKôdúIÿIð>	�úIÿ�ñùñ�ÿIð�óPydôR�Kÿ��Kÿ�ôdð�ö#y!ÿ�	;ñ)ó
��	§öùñùñ�ÿ:�KÿIðµõ§ö.	�ð/�!îsó4ôdðµñ)ó � ÿ�	�ð§ö�ýtôêöùô���ødð�õ
	§ö�ÿ�ñùñ�ÿ��Kÿ;�Iÿ�õ�ó4ñ.�Mý�	§öùõ
,Kþ�ÿ<û!öùñ1ôÒòqÿIð§õ��!ótð+�%ý<ð�ð�ö � ñ�ÿ:�Kÿsþ�ýM��ö#y!ÿ�	
ñ)ó õ8ó4öùñùñ�ÿC�KÿIðCý��%ú�	8ó4õ�ÿ�ø�	�ð á î �£ò öùô�õ�ÿ�	
�býtñ)ó4õ§ö�ýtô|�U3ÒÿIð\	�úIð�øKñùõ8ó4õ�ð�ý � õ�ÿ�ô�ødð�ôdÿ ð�ýtô�õ2�!ótð�ð8ó4õ§ö�ð��nó4ö�ð8ó4ô�õ��
�&ó4ødð�ÿ��Kÿ:�Iÿ�õ§õ�ÿ^ñùöùþ�öùõ8ó4õ§ö�ýtô|�grQôdÿ^ó�����	�ýM�-,dÿ���öùõ�ÿ
þ^øKñùõ§ö#& Í î ÿIð§õ~ó��Ký��Kõ�úIÿ��g<�ñùñ�ÿ��Iýtôdð§ö�ð§õ�ÿ��ªó����Kñùö�÷�ødÿ�	&û
ó4ñùõ�ÿ�	§ô!ó4õ§ö � ÿ�þ�ÿ�ô�õB�dó4ôdð6�-,!ót÷�ødÿ���ö.	�ÿ*��õ§ö�ýtôÒû�ñ�ÿIðºó4ñ.�Mý�	§öùõ
,Kþ�ÿIð6�£ò öùô�õ�ÿ�	
�%ýtñ)ó4õ§ö�ýtô¬ñùö.�<ôdÿ��!ó�	�ñùö.�<ôdÿµÿ�ô�ôdú��<ñùö#&
�Mÿ&ó4ô�õ�ð§ø��*�IÿIð�ð§ö � ÿ�þ�ÿ�ô�õºøKôdÿ+�KÿIð>�Kÿ�ø$� � ó�	§ö)ó � ñ�ÿIð;ð
�!ó4õ§ö)ó4ñ�ÿIð/�$4�ÿ�õ§õ�ÿQó�����	�ýM�-,dÿQÿIð§õºó����Kñùö�÷�ødúIÿµÿ�ôª÷�ø!ó4õ
	�ÿ
ú�õ8ó��bÿIð~ð�ø��*�IÿIð�ð§ö � ÿIð�óPydôh�Kÿ��!ótð�ð�ÿ�	��£ò øKôdÿ���	§öùñùñ�ÿ��Kÿ^õ§ö.	�ð��Kÿ 50m × 50m

�
12.5m × 12.5m

�Iýtþ�þ�ÿ
ñ�ÿ�þ�ýtô�õ
	�ÿmñ)ó�y��<ø�	�ÿp�Êa$�.^�^0���

3�òÎó4ñ.�Mý�	§öùõ
,Kþ�ÿh�£ò öùô�õ�ÿ�	
�%ýtñ)ó4õ§ö�ýtôÄ�Kú*��	§öùõR��	�ú*�Iú*�Kÿ�þ�þ�ÿ�ô�õ[ÿIð§õp�Iý�çKõ�ÿ�ø$� ôdýtô ð�ÿ�øKñ�ÿ�þ�ÿ�ô�õ¬ÿ�ô õ�ÿ�þ2�dð
þªó4ö�ðCó4ødð�ð§öºÿ�ô ÿIð
�!ó��Iÿ�þ�ú�þ�ýtö.	�ÿ��z'�ñ)ó�ydô¢�Kÿp�Iÿ�õ§õ�ÿR��,!ótð�ÿ<ûÒñ�ÿ � ýtñùøKþ�ÿR�KÿIð��KýtôKôdúIÿIðEÿIð§õmþ^øKñùõ§ö.�Kñùö�ú
�!ó�	

16
�%ýtø�	N�-,!ót÷�ødÿ:	�ú*�Iÿ��Kõ�ÿ�ø�	/�}3Òÿ:�Kú�yh��ø=��	�ú�&nõ
	8ó4öùõ�ÿ�þ�ÿ�ô�õ��KÿIðN�KýtôKôdúIÿIð á î�ôÒòqÿIð§õ+�!ótðQð�ÿ�øKñ�ÿ�þ�ÿ�ô�õ

ó4ñ.�Mý�	§öùõ
,Kþ�ö�÷�ødÿ
þªó4ö�ðµó4ødð�ð�ö£þªó4õ�ú�	§ö�ÿ�ñ��
3ÒÿIð;y��<ø�	�ÿIðp�Êa$�.^ Í ��ÿ�õR�Êa$�.^ á ��þ�ýtô�õ
	�ÿ�ô�õ^ñ�ÿIð9	�úIð§øKñùõ8ó4õ�ð;�Kÿ�ñnò öùô�õ�ÿ�	
�býtñ)ó4õ§ö�ýtô{�KÿIð;�KýtôKôdúIÿIðmöùôKöùõ§ö)ó4ñ�ÿIð

ð§ø�	T�KÿIðºð�ÿ*��õ§ö�ýtôdðºöùôKñùöùôdÿ~ÿ�õL�
õ�ÿ�þ2�dð6�Iýtôdð§õ8ó4ô�õ/�$3ÒÿIðºú � ï�ôdÿ�þ�ÿ�ô�õ�ð-ð§ö�ð§þ�ö�÷�ødÿIðºð8ýtô�õ � ö�ÿ�ô¬öùô�õ�ÿ�	
�býtñ�úIð�ôdýtô
ð�ÿ�øKñ�ÿ�þ�ÿ�ô�õ ��øC�býtöùô�õ+�Kÿ � ødÿ9��öùôdú�þªó4õ§ö�÷�ødÿ
þªó4ö�ðµó4ødð�ð�ö|�$f�ô!ó4þ�ö�÷�ødÿ��

<�ôo�Iýtþ2�!ó�	8ó4ô�õ
ñ�ÿIð�ð
�%ÿ*��õ
	�ÿIð��KÿIð9�KýtôKôdúIÿIð
ó � ó4ô�õ
ÿ�õ�ó���	�ïIð�ñnò öùô�õ�ÿ�	
�%ýtñ)ó4õ§ö�ýtô�ð�ø�	Qñ)ópy��<ø�	�ÿC�Êa$�.^ æ �(û
ýtôR�Iýtôdð�õ8ó4õ�ÿQ÷�ødÿ�ñnòÎó4ñùñùø�	�ÿ~ÿIð§õ>�<ñ�ý � ó4ñ�ÿ�þ�ÿ�ô�õB	�ÿIð
�bÿ*��õ�úIÿµð8ó4ø$�1ó4ø$��,!ó4øKõ�ÿIð

(70− 100Hz)
ÿ�õºõ
	�ïIð � ótð�ð8ÿIð

��	�úI÷�ødÿ�ô��IÿIð
(6−8Hz)

��îsó4ôdð�ñ�ÿ+��	�ÿ�þ�ö�ÿ�	6�&ótð&ûMñnò öùô�õ�ÿ�	
�býtñ)ó4õ§ö�ýtô¬öùô�õ
	�ý���øKöùõL��ø � 	§øKöùõT�&ó�	;ñ�ÿ�ð§ö.�<ô!ó4ñ]�9�IÿIð
��	�úI÷�ødÿ�ô��IÿIð-ómøKôdÿ+�KøKö�ð�ð�ó4ô��Iÿµõ
	�ïIð6�nó4ö � ñ�ÿ���K|ýtø�	-ñ�ÿIð � ótð8ð�ÿIð6�u	�úI÷�ødÿ�ô��IÿIð&û�ñnòÎó4ñ.�Mý�	§öùõ
,Kþ�ÿN�£ò öùô�õ�ÿ�	
�%ýtñ)ó4õ§ö�ýtô
ôdÿ��!ó�	 � ö�ÿ�ô�õ9�!ótð9�p	�ÿ*�Iýtôdð�õ
	§øKö.	�ÿ2�IÿIð+��	�úI÷�ødÿ�ô��IÿIð9�&ó�	�ýtô°ôdÿ\��ö�ð
�bý<ð�ÿ��!ótðN�KÿCð§ö.�<ô!ó4ñ�ó4ø$�s�u	�úI÷�ødÿ�ô��IÿIð
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�1�8����.M+ faf +x¸ 5�D<7[��3GF&A*5�=µ=6D�>�>�5�=9=6@lHa5�=µ:d� @B243658?9A*0�JjFI36@B0�2[:M5
36@B?G= + ú�0a@l? ¿ :M0�2M2M��5�=µ@l2M@l36@jF&JB5�= +
� 0�DM�a5 ¿ 39@l?G=;>8?6����=ºF&AM?9·�=;JBFsA�?65�r~@B·8?95��839F&A*5 + ¤£58?63 ¿ 36@B?G=;>�?9�8�(=;F�AM?6·(=�JjF
:<5�D<7<@l·�r~5Q��3GF&A*5 +

æ�?9@lJBJl5,@B2M@l36@jF&JB5 ¿
50m× 50m

�a?6@BJBJl5º��2�F�Jl5
25m× 25m

+

þ�ýtöùõ§ö�ú
(3−4Hz)

�býtø�	>�bÿ�	§þ�ÿ�õ§õ
	�ÿ�ñnòqÿIð§õ§öùþªó4õ§ö�ýtô��KÿIð;ý��bú�	8ó4õ�ÿ�ø�	�ðT�Kÿ���	�ú*��ö8��õ§ö�ýtôo�¯úI÷�ø!ó4õ§ö�ýtô�a$�~�J���M4�ÿ�õ
ÿ�"£ÿ�õmôdú���ó4õ§ö#� �Kÿªñnò öùô�õ�ÿ�	
�býtñ)ó4õ§ö�ýtô ð�ø�	mñ�ÿIð � ótð�ð�ÿIð9��	�úI÷�ødÿ�ô��IÿIð:�bÿ�øKõ�)�õ
	�ÿ¬ú � öùõ�úzÿ�ô ÿ��$�Kñ�ýtöùõ8ó4ô�õCñ�ÿ2�nó4öùõ
÷�ødÿQñ�ÿ��&ó4ñ8��øKñÒÿIð§õ-ÿ�"£ÿ*��õ§ødúN�u	�úI÷�ødÿ�ô��Iÿ��!ó�	T�u	�úI÷�ødÿ�ô��Iÿ���YQô��%ÿ�øKõ-öùô�õ�ÿ�	
�%ýtñ�ÿ�	-ñ�ÿIðB�KýtôKôdúIÿIð�ôdýtôêó4ñùö)ótð�úIÿIð
�!ó�	�ñ)ó�þ�ú�õ
,dýM�Kÿ\�KÿIð�ð§öùô�ødð9�&ó�	-��öùô!ó4ø$�_�¯ð§öùô��0��ÿ�õ
ó��Ký��Kõ�ÿ�	�ñnòÎó�����	�ýM�-,dÿ2�Kÿ�DZ7��Köùõ
t0b$^ I �%ýtø�	~ñ�ÿIðsó4øKõ
	�ÿIð
��	�úI÷�ødÿ�ô��IÿIð/�

S1é��zé0�N¯Jµ!¨>­zy�§|¯�ímµ}©J°�§A¨
(τ, p)3D

3�ó��Kÿ�ôdð§ö#y��&ó4õ§ö�ýtô=�Kÿ�ñ)ó���	§öùñùñ�ÿ9�KÿIð-õ§ö.	�ðB�Kÿ
(50m× 50m)

�
(12.5m × 12.5m)

�bÿ�	§þ�ÿ�õ��Kÿ�	�ÿ�xGÿ�õ�ÿ�	
ñ)ó=�u	�úI÷�ødÿ�ô��IÿC�Kÿ�	�ÿ��Kñùö�ÿ�þ�ÿ�ô�õ¬ð
�%ÿ*��õ
	8ó4ñ�ÿ��býtø�	�ñ�ÿIð � öùõ�ÿIð8ð�ÿIðEñ�ÿIð\�KñùødðCñ�ÿ�ô�õ�ÿIð=� 1500m/s ��ó4ø£�Kÿ�ñ��h�Kÿ
60Hz

�1îCòÎó4øKõ
	�ÿIð;�!ó�	§õ&û�ýtô���	�ý��Iï*�Kÿp�Vñ)ó þ�ö�ð�ÿp��t&ú�	�ý=�Kÿ�ñnòÎó�	
	§ö � úIÿp��ö.	�ÿ*��õ�ÿ¬óPydô��Kÿ2	�ú*��øKö.	�ÿªÿ�ô��Iý�	�ÿ
�Kñùødð-ñnòqÿ�"£ÿ�õ+�KÿsñnòÎó4ñùö)ótð§öùô����

'm�!ó�	§õ§ö.	>�Kÿ-ñ���û�ýtô��%ÿ�øKõ�ó����Kñùö�÷�ødÿ�	T�KÿIð�õ
	8ó4ôdð���ý�	§þªó4õ§ö�ýtôdðºð-�!ó4õ§ö)ó4ñ�ÿIðºóPydôp�Kÿ��Kú*�Iýtþ2�bý<ð�ÿ�	ºñ�ÿIðU�Kýtô$&
ôdúIÿIð-ÿ�ôVýtô��KÿIðB�Kñ)ó4ôdÿIð/��YQôC	8ó����bÿ�ñùñ�ÿ~÷�ødÿ~ñ�ÿ � øKõ-ÿIð§õB�Kÿ �Mú�ôdú�	8ó4ñùö�ð8ÿ�	�ñ)ó^þ�ú�õ
,dý��Kýtñ�ý��<ö�ÿ9�Kÿ�õ
	8ó4öùõ�ÿ�þ�ÿ�ô�õ
ú�õ8ó � ñùö�ÿ;�dó4ôdðµñ�ÿ9�-,!ó��Köùõ
	�ÿ æ ó4øV�&ótð��KÿIðQó��I÷�øKö�ð§öùõ§ö�ýtôdð á î\�

3Òÿ ñùö�ÿ�ô ÿ�ô�õ
	�ÿVñ)ó õ
	8ó4ôdð���ý�	§þªó4õ§ö�ýtô
(f, kx, ky)

ÿ�õ�ñ)óh�Kú*�Iýtþ2�%ý<ð§öùõ§ö�ýtô ÿ�ô ýtô��KÿIð��Kñ)ó4ôdÿIð
(τ, p)3DÿIð§õ9�Kú � ÿ�ñ�ý����bú2�dó4ôdð�ñnòÎó4ôKôdÿ���ÿ á �|YQô°þ�ýtô�õ
	�ÿ�÷�ødÿ��dó4ôdð�ñ�ÿ\�&ótð9�KÿEñ)óR��	�ý��!ó���ó4õ§ö�ýtô��dó4ôdð�øKô°þ�öùñùö�ÿ�ø

,dýtþ�ý��Mï�ôdÿ<û#ö�ð�ýtõ
	�ý��%ÿ^ÿ�õQð§õ
	8ó4õ§ö#y!ú�,dý�	§ö.t&ýtô�õ8ó4ñ�ÿ�þ�ÿ�ô�õ&û£ÿ�õ �dó4ôdðQñ�ÿ:�&ótð~ý�èêñ)óªð�ýtø�	-�IÿmÿIð§õ �%ýtô���õ§ødÿ�ñùñ�ÿ<û#ñ)ó
�Kú*�Iýtþ2�bý<ð§öùõ§ö�ýtôzÿ�ôªýtô��KÿIðU�Kñ)ó4ôdÿIð>�KÿIð>�KýtôKôdúIÿIð;öùôKöùõ§ö)ó4ñ�ÿIð;ð&òqý � õ§ö�ÿ�ô�õ6�dó4ôdð;ñ�ÿ-ð
f*ð�õ�ï�þ�ÿB�KÿIð>�Iý*ý�	-�KýtôKôdúIÿIð
�&ó�	§õ�úIð§ö�ÿ�ôKôdÿIðQð�ÿ�ñ�ýtô[ñnòqúI÷�ø!ó4õ§ö�ýtô�?

d (τ, px, py) =

∫ +∞

−∞

∫ +∞

−∞

d (τ − pxx− pyy) dxdy
�Êa$� ¤ �
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:M?60aAMLM0�2�5

(50m × 50m)
+ y)¶��m�;�<:<?60aAMLM0a2M5
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+
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?958243G=ºy]Fa�|���<:<?90�AML�0�2M5

(50m× 50m)
+ y)¶��|���<:<?90�AMLM0a2M5
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+ y)>��1æ���0�AMLM0a2M5
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(50m× 50m)

+ y]:��5æ��80aAMLM0�2�5�Ha58?636@j>8F�J
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+



Ü�Ý Â�Þ*ÊùÉ{Ì6Å��0à�Á<Ì9ÂIÊùÉ�Å�ÈsÅ-��É|ÆaÅ§ÇµÆ0�/���$ã9Å�Ç�i�j Ü c4� ^ á `

0 10 20 30 40 50 60 70 80 90 100
−50

−40

−30

−20

−10

0

10

20

30

40

50

Frequences (Hz)

A
m

pl
itu

de
 (d

B
)

Donnes initiales
Donnes interpolees
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px
ÿ�õ
py
ð�ýtô�õ|ñ�ÿIðxñ�ÿ�ô�õ�ÿ�ø�	�ð5,dý�	§ö.t&ýtô�õ8ó4ñ�ÿIð;ð�ÿ�ñ�ýtôCñ�ÿIð5�Kÿ�ø$�CóP�KÿIð�,dý�	§ö.t&ýtô�õ8ó4ø$��ÿ�õ

τ
ñnò öùô�õ�ÿ�	-�Iÿ��Kõ/�M4�ÿ�õ§õ�ÿ

õ
	8ó4ôdð���ý�	§þªó4õ§ö�ýtô ð&òqú*��	§öùõ��dó4ôdðµñ�ÿsð
f�ð§õ�ï�þ�ÿ9�KÿIð+�Iý*ý�	-�KýtôKôdúIÿIð+��f*ñùöùô��$	§ö�÷�ødÿmð�ýtødð-ñ)ó���ý�	§þ�ÿ�?

d (τ, p, φ) =

∫ +∞

−∞

d (τ − pr, φ) rdr
�Êa$�~`J�

ý�è
φ
ÿIð§õ-ñnòÎó�tIöùþ^øKõQÿ�õ

p
ñ)óEñ�ÿ�ô�õ�ÿ�ø�	+	8ó���ö)ó4ñ�ÿ9,dý�	§ö.t&ýtô�õ8ó4ñ�ÿEó � ÿ*��?

px = p cos (φ)
py = p sin (φ)

�Êa$�~bJ�

3�ó£�Kú*�Iýtþ2�%ý<ð§öùõ§ö�ýtô ÿ�ô ýtô��KÿIðV�Kñ)ó4ôdÿIðV�Iýtôdð§ö�ð§õ�ÿ@� ð�ýtþ�þ�ÿ�	Vñ�ÿIð=�KýtôKôdúIÿIðVñ�ÿ°ñ�ýtô��£�Kÿh�Kñ)ó4ôdð[ÿ�ô
á î��£ò öùô�õ�ÿ�	-�Iÿ��Kõ

τ
û!�Kÿ��%ÿ�ô�õ�ÿ

p
ÿ�õ;�£òÎó�tIöùþmøKõ

φ
�!3ÒÿIðmúI÷�ø!ó4õ§ö�ýtôdð��Êa$� ¤ �~ÿ�õR�Êa$�~`J�~ð�ýtô�õ��Kÿ�ø$� þªó4ôKö�ï�	�ÿIð

�bý<ð�ð§ö � ñ�ÿIðp�Kÿ � ýtö.	ªñ)óíõ
	8ó4ôdð��¯ý�	§þªó4õ§ö�ýtô|�T3Òý�	�ð�÷�øÒò öùñQð�òÎó��<öùõR�Kÿ[ñnò öùþ2�Kñ�ú�þ�ÿ�ô�õ8ó4õ§ö�ýtôÄ�Kÿ[ñnòÎó4ñ.�Mý�	§öùõ
,Kþ�ÿ<û�öùñ
ÿIð§õ\�Kñùødð��nó���öùñ�ÿC�Kÿzþªó4ôKö.�KøKñ�ÿ�	ªñ�ÿIð2�KýtôKôdúIÿIð��dó4ôdðCñ�ÿIð2�Iý�ý�	-�KýtôKôdúIÿIðp�&ó�	§õ�úIð§ö�ÿ�ôKôdÿIð��&ó�	�ñnòÎó��I÷�øKö�ð§öùõ§ö�ýtô
ÿIð§õ�ÿ�"£ÿ*��õ§ødúIÿêð§øKö � ó4ô�õ��IÿV	�ú��¯ú�	�ÿ�ô�õ§ö�ÿ�ñ��>3Òý�	�ð�÷�øÒò öùñµð&òÎó��<öùõR�KÿVõ
	8ó4öùõ�ÿ�þ�ÿ�ô�õ&û;öùñµÿIð§õ2�Kñùødð�öùô�õ�ú�	�ÿIð�ð8ó4ô�õ��Kÿ
�bÿ�ôdð�ÿ�	\� ñ)óêõ
	8ó4ôdð���ý�	§þªó4õ§ö�ýtô£�dó4ôdð^ñ�ÿ ð
f�ð§õ�ï�þ�ÿ��KÿIð\�Iý�ý�	-�KýtôKôdúIÿIð���f*ñùöùô��$	§ö�÷�ødÿIð��&ó�	2�Iÿ��Kÿ�	§ôKö�ÿ�	�ÿIð§õ
�KñùødðB��,�f*ð§ö�÷�ødÿ��gYQôV�!ó�	§ñ�ÿ�	8óªó4ñ�ý�	�ð+�Kÿ�õ
	8ó4öùõ�ÿ�þ�ÿ�ô�õsó�tIöùþmøKõ8ó4ñz�KÿIð��KýtôKôdúIÿIð/�

îsó4ôdðQñ)ó�ð§øKöùõ�ÿ<ûKñ)óp�Kú*�Iýtþ2�%ý<ð�öùõ§ö�ýtô ÿ�ô ýtô��KÿIð+�Kñ)ó4ôdÿIð~ÿIð§õµý � õ�ÿ�ô�ødÿ^ÿ�ô°ó����Kñùö�÷�ø!ó4ô�õQøKô°ó4ñ.�Mý�	§öùõ
,Kþ�ÿ
öùõ�ú�	8ó4õ§ö#�:�dó4ôdð�ñ�ÿI÷�ødÿ�ñ�ñ)óíõ
	8ó4ôdð��¯ý�	§þªó4õ§ö�ýtôm�dó4ôdðªñ�ÿ=�Kýtþªó4öùôdÿ

(τ, px, py)
ÿIð§õp�&ó4ñ8��øKñ�úIÿ=�!ó�	�öùô � ÿ�	�ð§ö�ýtô

DqüQø��MýtôKôdÿ�õHb�` I �53�ò ö8�KúIÿC��	§öùô���ö.�!ó4ñ�ÿ=�KÿV�Iÿ�õªó4ñ.�Mý�	§öùõ
,Kþ�ÿVöùõ�ú�	8ó4õ§ö#�
ÿIð§õ��£òqý � õ�ÿ�ôKö.	�ñ�ÿIð��KýtôKôdúIÿIðR�dó4ôdð�ñ�ÿ
�Kýtþªó4öùôdÿ

(τ, px, py)
÷�øKöMÿ��M�Kñùö�÷�ødÿ�ô�õ�ó4ø
þ�ö�ÿ�ø$�sñ�ÿIðA�KýtôKôdúIÿIð1öùôKöùõ§ö)ó4ñ�ÿIð/�P'¢�H,!ót÷�ødÿ;öùõ�ú�	8ó4õ§ö�ýtôÒû�ýtô��-,dÿ�	-�-,dÿ

�mþ�öùôKöùþ�ö�ð�ÿ�	-ñnòqÿ�	
	�ÿ�ø�	�ÿ�ô�õ
	�ÿ~ñ�ÿIðB�KýtôKôdúIÿIð-ý�	§ö.�<öùô!ó4ñ�ÿIð-ÿ�õ,ñ�ÿIðL�KýtôKôdúIÿIð-ð
f�ô�õ
,dú�õ§ö�ð�úIÿIðB�Kÿ��KøKö�ð,ñ�ÿ��Kýtþªó4öùôdÿ
(τ, px, py)

��4�ÿ*��öÒó;�býtø�	L�Iýtôdð�úI÷�ødÿ�ô��IÿIðL�Kÿ~þ�öùôKöùþ�ö�ð�ÿ�	,ñ�ÿIð � 	§øKöùõ�ðB��ødð,ó4ø$�¬ÿ�"bÿ�õ�ðT�Kÿ � ý�	-���&ó4ødð�úIð6�!ó�	
ñ)óEñùöùþ�öùõ8ó4õ§ö�ýtôs�Kÿ
ñnòÎó��I÷�øKö�ð§öùõ§ö�ýtô ÿ�ôêý�"bð8ÿ�õ/�

3�ó � ö�ð�ø!ó4ñùö�ð8ó4õ§ö�ýtô��KÿIð:�KýtôKôdúIÿIð��dó4ôdð
ñ�ÿp�Kýtþªó4öùôdÿ (τ, px, py)
ÿIð§õmð§öùþ�öùñ)ó4ö.	�ÿ��C�Iÿ�ñùñ�ÿ���ø¢�Kýtþªó4öùôdÿ

(x, y, t)
?|ýtô ÿ�"£ÿ*��õ§ødÿ��KÿIð��Iýtø��bÿIð��dó4ôdð^ñ�ÿR��ø � ÿ��KÿIð��KýtôKôdúIÿIð\�

px
ýtø

py
�Iýtôdð�õ8ó4ô�õ�ýtø ÿ�ô��Iý�	�ÿC�

õ�ÿ�þ2�dð+�Iýtôdð�õ8ó4ô�õ/�
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�1�8���x.<+ f .<+�g JlJBDM?95C>8@l2��8rsFI39@Bi4DM5�:K� DM2M5�F�?6?9@lHa�85E=�@j=�r�@ji4DM5C582
3D

+ y]Fa� ¸ F�2�=�JB5�:<0�rsF&@B2M5
(x, y, t)

+ y�¶�� ¸ F&2�=�Jl5-:<0ar�F�@l2�5
(τ, px, py)

+

'´�Iÿ�ôKö � ÿ&ó4øV��øVõ
	8ó4öùõ�ÿ�þ�ÿ�ô�õ&û!ñ)óEõ
	8ó4ôdð��¯ý�	§þªó4õ§ö�ýtô (τ, px, py)
�bÿ�øKõ�)�õ
	�ÿsÿ��M�Kñ�ýtöùõ�úIÿ9�býtø�	��Iýtô�õ
	-îtñ�ÿ�	

ñ�ÿIðÒú�õ8ó��bÿIðA�£ò öùô�õ�ÿ�	
�%ýtñ)ó4õ§ö�ýtôCÿ�õA�Kÿ�õ
	8ó4ôdð���ý�	§þªó4õ§ö�ýtô
(τ, p)3D

�0K1ýtø�	z�Iÿ�ñ)ó�û�ýtômó����Kñùö�÷�ødÿ�øKôdÿ�õ
	8ó4ôdð���ý�	§þªóP&
õ§ö�ýtôp��ö.	�ÿ*��õ�ÿ�ð�ø�	�ñ�ÿIðU�KýtôKôdúIÿIð�öùô�õ�ÿ�	
�%ýtñ�úIÿIðT�dó4ôdð�ñ)óN��	§öùñùñ�ÿ

(12.5m×12.5m)
�$K�øKö�ð&û<ýtô2�nó4öùõ�ñ)ósð
f*ô�õ
,dïIð8ÿ

�KÿIð��KýtôKôdúIÿIð9�dó4ôdð~ñ�ÿ��Kýtþªó4öùôdÿ
(x, y, t)

ð�ÿ�ñ�ýtô°ñ)ó���	§öùñùñ�ÿEöùôKöùõ§ö)ó4ñ�ÿ\�Kÿ
(50m × 50m)

�]<�ôo�&ó4ñ8��øKñ)ó4ô�õsñ)ó
��ö#"£ú�	�ÿ�ô��Iÿ-ÿ�ô�õ
	�ÿ,ñ�ÿIð5�KýtôKôdúIÿIð�öùôKöùõ§ö)ó4ñ�ÿIð�ÿ�õxñ�ÿIð5�KýtôKôdúIÿIð�ð-f�ô�õ
,dú�õ§ö�ð�úIÿIð&û<ýtô�ó�	
	§ö � ÿ��N�Iýtô�õ
	-îtñ�ÿ�	�ñ�ÿIð�ú�õ8ó��bÿIð
�Kÿsñnò öùô�õ�ÿ�	
�%ýtñ)ó4õ§ö�ýtô ÿ�õ+�Kÿ9�Kú*�Iýtþ2�%ý<ð�öùõ§ö�ýtô ÿ�ô[ýtô��KÿIð��Kñ)ó4ôdÿIð0�

3ÒÿIðCú�õ8ó��bÿIð��Kÿ��Iÿp�Iýtô�õ
	-îtñ�ÿVð�ýtô�õEþ�ýtô�õ
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þ�ýtô�õ
	�ÿ�ô�õ�÷�ødÿªñ�ÿIðEó�	
	§ö � úIÿIðCð§ö�ð�þ�ö�÷�ødÿIðmñ�ÿIð:�KñùødðEñ�ÿ�ô�õ�ÿIðCð�ýtô�õ��Kú�õ�ú�	§ö�ý�	�úIÿIð/�U4�ÿ*��ö,ÿIð§õ��$ç ó4ø��nó4öùõ^÷�ødÿ
�IÿIðVó�	
	§ö � úIÿIðVð�ýtô�õ õ�ýtø�x§ýtø�	�ðVó4ñùö)ótð�úIÿIð/��YQôm�Iýtôdð�õ8ó4õ�ÿíó4ødð�ð§öµøKôdÿh��ö#"£ú�	�ÿ�ô��Iÿh�dó4ôdð ñ�ÿIð��Iýtþ2�bý<ð8ó4ô�õ�ÿIð
� ótð�ð�ÿIð���	�úI÷�ødÿ�ô��IÿIð0��4�ÿ*��öKÿIð§õ5��ö.	�ÿ*��õ�ÿ�þ�ÿ�ô�õ�ñùö�ú-ó4ø���	�ý � ñ�ï�þ�ÿB�Kÿ�ñnò öùô�õ�ÿ�	
�%ýtñ)ó4õ§ö�ýtôp�KÿIð � ótð8ð�ÿIð��u	�úI÷�ødÿ�ô��IÿIð
��	�úIð�ÿ�ô�õ�úT�dó4ôdð|ñ)óQð�ÿ*��õ§ö�ýtôC�Êa$�~�J�Òÿ�õ|ñ�ÿIðxð
�%ÿ*��õ
	�ÿIðz�Kÿºñ)óBy��<ø�	�ÿ9�Êa$�.^ æ ����<�ô�ydñùõ
	8ó4ô�õ5�IÿIð � ótð�ð�ÿIðA�u	�úI÷�ødÿ�ô��IÿIð
�½y��<ø�	�ÿp�Êa$�.^/�P&W���
��ýtô=�Iýtôdð§õ8ó4õ�ÿ
÷�ødÿ�ñ�ÿIð���ö#"£ú�	�ÿ�ô��IÿIðµð§ø�	-ñ�ÿIðµó4øKõ
	�ÿIð��u	�úI÷�ødÿ�ô��IÿIð�ð�ýtô�õ�õ
	�ïIðB�nó4ö � ñ�ÿIð/�
4�ÿ�õ§õ�ÿQþ�ú�õ
,dý��KÿN�Kÿ+�Iýtô�õ
	-îtñ�ÿN�%ÿ�	§þ�ÿ�õT�Kÿ � ó4ñùö8�Kÿ�	ºñ)ó;��,!ótð�ÿ+�£ò öùô�õ�ÿ�	
�%ýtñ)ó4õ§ö�ýtôVÿ�õ6�Kÿµõ
	8ó4ôdð���ý�	§þªó4õ§ö�ýtô

�dó4ôdð,ñ�ÿ9�Kýtþªó4öùôdÿ
(τ, px, py)

��3;ò öùþ2�!ó���õ��Kÿ�ñnò ,�fM�%ýtõ
,dïIð�ÿ��bý�	§õ8ó4ô�õ�ð�ø�	�ñ)ó�	�ú��<øKñ)ó�	§öùõ�ú9�Kÿ�ñnòqú*�H,!ó4ô�õ§öùñùñ�ýtô$&
ô!ó��Mÿ,ð
�!ó4õ§ö)ó4ñ��KÿIðxõ§ö.	�ð|ôÒòqÿIð§õ1�!ótð1öùþ2�bý�	§õ8ó4ô�õU�&ó�	xñ�ÿIð�ó�	
	§ö � úIÿIð�ð§ö�ð�þ�ö�÷�ødÿIð|öùô�õ�ú�	�ÿIð8ð8ó4ô�õ�ÿIð5�býtø�	|ñnò öùþªó��Mÿ�	§ö�ÿ
��øêð�ýtødð
&�ð�ýtñ£ôdÿsð�ýtô�õ+�!ótð��Kú�õ�ú�	§ö�ý�	�úIÿIð/�

S1é��5éNAz§�ímímµ}©J°�§A¨�>��r:9x

3�óVþ�ú�õ
,dý��KÿR�Kÿ�ð�ýtþ�þªó4õ§ö�ýtô
PZ

�KÿIð:�KýtôKôdúIÿIð\YNn�4´��	�úIð�ÿ�ô�õ�úIÿR�dó4ôdð
ñ�ÿ��H,!ó��Köùõ
	�ÿ á ÿIð�õ
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6ñdÿIð§õU�Kýtô��-ô!ó4õ§ø�	�ÿ�ñg�KÿB��	�ýtñ�ýtô��Mÿ�	>�Iÿ�õ§õ�ÿ-þ�ú�õ
,dýM�Kÿ
�dó4ôdðQñ�ÿ;�&ótð �KÿIð �KýtôKôdúIÿIð á î õ8ó4ô�õ�÷�ødÿ��Iÿ�õ§õ�ÿ:�Kú*�Iýtþ2�bý<ð§öùõ§ö�ýtô ÿIð�õ��%ý<ð8ð§ö � ñ�ÿ��}YQôs�Mú�ôdú�	8ó4ñùö�ð�ÿ
ñ�ÿIðQõ
	�ýtö�ð
ú�õ8ó��bÿIðT�KÿQõ
	8ó4öùõ�ÿ�þ�ÿ�ô�õµóPydôC�£òÎó4õ§õ�ú�ô�ødÿ�	-ñ�ÿIð�ÿ�"£ÿ�õ�ðL�Kÿµñ)ó��Iýtñ�ýtôKôdÿ��£òqÿ&ó4øo?�ñ)ó��&ó4ñùö � 	8ó4õ§ö�ýtôV�KÿIðL�KýtôKôdúIÿIð&û
ñnòÎó4õ§õ�ú�ô�ø!ó4õ§ö�ýtôh�KÿIð-þ^øKñùõ§ö.�Kñ�ÿIð��nó4ô�õ-îtþ�ÿIð+�KøKö�ð-ñnòÎó4õ§õ�ú�ô�ø!ó4õ§ö�ýtôh�KÿIð-þmøKñùõ§ö.�Kñ�ÿIð �bÿ���&nñ�ÿ��Mð/�

rQôdÿB�KÿIð5��	§öùô���ö.�!ó4ñ�ÿIð>��ö#¡p��øKñùõ�úIðºÿ�ô á î¾ÿIð§õxñ�ÿT��ó4öùõ�÷�ødÿ,ñ)ó��Iýtþ2�Kñ�ÿ���öùõ�ú��Kÿ-ñnòÎó4ñ.�Mý�	§öùõ
,Kþ�ÿµÿIð�õxÿ�ô
N2 �


6ñ%ÿIð§õ-ú � ö8�Kÿ�ô�õ-÷�ødÿQñnòqýtô ôdÿN�bÿ�øKõT�Kñùødð,ð�ÿN�bÿ�	§þ�ÿ�õ§õ
	�ÿ��£òqÿ�"bÿ*��õ§ødÿ�	-øKô õ
	8ó4öùõ�ÿ�þ�ÿ�ô�õµõ
	8ó��Iÿ��^õ
	8ó��Iÿ�ý�è ñ�ÿIð
ý��bú�	8ó4õ�ÿ�ø�	�ð�ð�ýtô�õ1ÿIð§õ§öùþ�úIð�öùô���ö � ö8��ødÿ�ñùñ�ÿ�þ�ÿ�ô�õ��býtø�	A�-,!ót÷�ødÿ � ó4ñ�ÿ�ø�	A��ø:�Iýtø��Kñ�ÿ (px, py)

�P4�ÿ*��ö��Iýtô���øKö.	8ó4öùõ
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��óJ� � � �

���0� �����

�1�8���#.M+ f »M+ /10�r�A�F�?9F�@B=60�2�:<5(=º:<0a2M2M��5�=º@l2M@l36@jF&JB5�=�F�HIF&243º@B24365�?6A*0�JjFI39@l0a2�5�3-:<5�=�:<0�2�2M�85(=;?95��
>80�2�=�36?9DM@l365(=;F&A�?6·(=�@B2a3958?9A�0aJBF&36@B0�2�583;36?GF&2�=n��0a?6rsFI39@l0a2

(τ, px, py)
=6DM?ºDM2M5Q=65�>�36@B0�2�@B2MJB@l2�5Q:<5

J{� L4�<:<?90�A�LM0�2M5 + y)Fa� ¸ 0�2M2��85�=b@B2M@l36@jF&JB5�=£F�HIF&243b@l243958?9A�0aJBF&36@B0�2 + y�¶*� ¸ 0a2M2M�85(=b?65(>�0a2�=n39?6D�@k395�= + y]>��
¸ @l¡*��?65�2�>�5 + y):�� ¸ @l¡*��?65�2�>�5,��Jl36?9�85-:MF�2�=xJjF�¶�F&2�:M5�A�F�=9=6F�2a395

10− 65Hz
+
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�ªñ)ó�	�úIð�ýtñùøKõ§ö�ýtôo��øv��	�ý � ñ�ï�þ�ÿCÿ�ô þ�öùôKöùþ�ö�ð8ó4ô�õsøKôdÿ;��ýtô���õ§ö�ýtôh�Iý�çKõN�!ó�	~õ
	8ó��Iÿ^öùô��Kú��%ÿ�ô��Kÿ�þ�þ�ÿ�ô�õ:�KÿIð
õ
	8ó��IÿIð � ýtö�ð�öùôdÿIð/�64�ÿ�ñ)óíó4ø�	8ó4öùõ��býtø�	ªÿ�"£ÿ�õ��£òÎó4ø��<þ�ÿ�ô�õ�ÿ�	��£ò øKôdÿ[þªó4ôKö�ï�	�ÿ[ð�ö.�<ôKö#y��&ó4õ§ö � ÿêÿ�õ�öùô�øKõ§öùñ�ÿ[ñ�ÿ
ôdýtþ � 	�ÿ2�Kÿ��Kÿ���	�úIð9�KÿEñùö � ÿ�	§õ�ú\�&ó�	�ýtô°ôÒòqÿ��M�Kñ�ýtöùõ�ÿ�	8ó4öùõ9�!ótð~ñ)óR	�ÿ*�Kýtô��dó4ô��Iÿ2�Kÿmñnò öùô$��ý�	§þªó4õ§ö�ýtô@�dó4ôdð�ñ�ÿ
�Kýtþªó4öùôdÿ

(τ, px, py)
�

É]ïM |ïu¿gï�t²�!ý1��� º �$�0�½�%Üjý|Ý�ß,-W�#Ü º �0�u�#Ü1ß�¡ º �P¢|�¤£hýz�dÜ1ßpÚ{Ý º �KßpÇ�Õ

'+ydôV�KÿN	�ú*��øKö.	�ÿsñ�ÿ~ôdýtþ � 	�ÿ;�Kÿ��Kÿ���	�úIð��Kÿ�ñùö � ÿ�	§õ�ú���øC��	�ý � ñ�ï�þ�ÿ;�Kÿ~ñnòqÿIð§õ§öùþªó4õ§ö�ýtô=�KÿIð-ý��bú�	8ó4õ�ÿ�ø�	�ð
�Kÿp�&ó4ñùö � 	8ó4õ§ö�ýtô ÿ�õ��Kÿp	�ú�Ò!ÿ*��õ§ö � öùõ�ú<û|ýtô{�H,dÿ�	-�-,dÿC�[ú�õ�ÿ�ô��$	�ÿzñnòÎó�����	�ýM�-,dÿR�<ñ�ý � ó4ñ�ÿR�Kú � ÿ�ñ�ý����búIÿR�dó4ôdð^ñ�ÿ
�-,!ó��Köùõ
	�ÿ á ó4ø_�&ótð\�KÿIð2�KýtôKôdúIÿIð á î\�5YQô_�H,dÿ�	-�-,dÿ=�=	�ú*��øKö.	�ÿ ñ�ÿ¬ôdýtþ � 	�ÿC�Kÿ��Kÿ���	�úIð2�Kÿ¬ñùö � ÿ�	§õ�ú ÿ�ô
ÿIð§õ§öùþªó4ô�õsøKôKö�÷�ødÿ�þ�ÿ�ô�õ
øKô@�Iÿ�	§õ8ó4öùô�ôdýtþ � 	�ÿ��£òqý��bú�	8ó4õ�ÿ�ø�	�ð&ûbñ�ÿIðsý��bú�	8ó4õ�ÿ�ø�	�ðsþªó4ôd÷�ø!ó4ô�õmð�ýtô�õsÿ�ôdð§øKöùõ�ÿ
öùô�õ�ÿ�	
�býtñ�úIð/�|YQô°ÿ��M�Kñ�ýtöùõ�ÿEñ)óp	�ÿ*�Kýtô��dó4ô��Iÿ2�Kÿmñnò öùô$��ý�	§þªó4õ§ö�ýtôíÿ�ôv�Kú�ydôKö�ð8ð8ó4ô�õ�øKôdÿEð�ÿ�øKñ�ÿ��¯ýtô���õ§ö�ýtôh�Iý�çKõ
�<ñ�ý � ó4ñ�ÿ9�býtø�	�õ�ýtøKõ�ñ�ÿ�	�ú*�Iÿ��Kõ�ÿ�ø�	N�Iýtþ�þmøKô á î\�

<�ôíð�ò öùôdð
�Kö.	8ó4ô�õ:�KÿCñ)ózþ�ú*�&ó4ôKö�÷�ødÿ<û£ñnòqÿIð§õ§öùþªó4õ§ö�ýtô��KÿIðsý��bú�	8ó4õ�ÿ�ø�	�ð;�dó4ôdðsñ)ó¬ð�ýtþ�þªó4õ§ö�ýtô
PZ

�bÿ�øKõ
)�õ
	�ÿ\��ý�	§þmøKñ�úIÿ��Iýtþ�þ�ÿªøKôo��	�ý � ñ�ï�þ�ÿp�KÿCþ�ýM�Kú�ñùö�ð8ó4õ§ö�ýtô��!ó�	
ú�ñ�ú�þ�ÿ�ô�õ�ð;ydôKö�ð0�!
�ñ�ð&òÎó��<öùõ��Kÿ2�Kú�ydôKö.	møKô
þªó4öùñùñ)ó��Mÿíÿ�ô ÿIð-�!ó��Iÿ�ð§ø�	[ñ�ÿo��ø � ÿo�Kÿ@�KýtôKôdúIÿIð&û��H,!ót÷�ødÿ�þªó4öùñùñ�ÿ��Iýtô�õ§ö�ÿ�ô�õ øKô(�Iÿ�	§õ8ó4öùô ôdýtþ � 	�ÿ��Kÿ
õ
	8ó��IÿIð/��<�ñùñ�ÿ-ÿIð�õ1�Kú�ydôKö�ÿ��!ó�	�÷�ø!ó4õ
	�ÿ,ôdý*ÿ�ø��Kð/�J46,!ót÷�ødÿ,ôdý*ÿ�ø��2�Iý�	
	�ÿIð
�býtô���ó4ø$���bý<ð§öùõ§ö�ýtôdð5�KÿL	�ú���ú�	�ÿ�ô��Iÿ
ó4ø$�K÷�ødÿ�ñùñ�ÿIð~öùñ���ó4ø��$	8ózÿIð§õ§öùþ�ÿ�	~ñ�ÿIðQý��bú�	8ó4õ�ÿ�ø�	�ð/�]3�òqÿ��$��	�ÿIð�ð§ö�ýtôh�KÿIð � ó4ñ�ÿ�ø�	�ð9��ñnò öùô�õ�ú�	§ö�ÿ�ø�	;�Kÿmñ)óªþªó4öùñùñ�ÿ
ÿ�ôC��ýtô���õ§ö�ýtô=�KÿIð � ó4ñ�ÿ�ø�	�ðµó4ø$� ôdý�ÿ�ø��KðQð&òqÿ��M��	§öùþ�ÿmð�ÿ�ñ�ýtôVñ)ó -W�%Ü º �0�½�%Ül-���¾��íÝ

ϕ
ð§øKö � ó4ô�õ�ÿ�?

ϕ (x, y) = −x− y + xy + 1
�Êa$�.^/GJ�

4�ÿ�õ§õ�ÿ��¯ýtô���õ§ö�ýtô ÿ��M��	§öùþ�ÿ �dó4ôdð�ñ�ÿB	�ú���ú�	�ÿ�ô�õ§ö�ÿ�ñ}	8ó4þ�ÿ�ôdú���øKôdÿ�þªó4öùñùñ�ÿQú�ñ�ú�þ�ÿ�ô�õ8ó4ö.	�ÿ<û*ñ)ó9�Iýtô�õ
	§ö � øKõ§ö�ýtô
�Kÿsñ)ó � ó4ñ�ÿ�ø�	+��ø[ôdý*ÿ�ø��V�Cñ)ó��bý<ð§öùõ§ö�ýtô (0, 0)

�dó4ôdð�ñ�ÿ�	�ÿ�þ2�Kñùö�ð�ð�ó��Mÿ:�Kÿ�ñnòqú�ñ�ú�þ�ÿ�ô�õ/�}3�ó � ó4ñ�ÿ�ø�	+�Kÿ9�Iÿ�õ§õ�ÿ
�Iýtô�õ
	§ö � øKõ§ö�ýtô°ÿIð§õ�ú���ó4ñ�ÿ;�

1
�Eñ)ó��bý<ð§öùõ§ö�ýtô=��øVôdý*ÿ�ø��[ÿ�õ � ó4øKõ 0

�dó4ôdð�ñ�ÿIðB�bý<ð§öùõ§ö�ýtôdð��KÿIðB,�øKöùõ�ôdý*ÿ�ø��Kð
� ýtö�ð§öùôdð/�}3�ópy��<ø�	�ÿC�Êa$�.^ ¤ �µöùñùñùødð§õ
	�ÿmñnòÎó4ñùñùø�	�ÿ\�KÿEñ)ó -W�#Ü º �0�u�#ÜÌý|Ýoøz�Kß&Ý ÷�øKöxÿ��$��	§öùþ�ÿ^ñ)óR�Iýtô�õ
	§ö � øKõ§ö�ýtô
�£ò øKôVôdý*ÿ�ø����^ñnòqÿ��$��	�ÿIð�ð§ö�ýtôV�KÿIð � ó4ñ�ÿ�ø�	�ð��^ñnò öùô�õ�ú�	§ö�ÿ�ø�	+�KÿIð,þªó4öùñùñ�ÿIðB�Kÿ�ñ)ó���	§öùñùñ�ÿ���YQô ôdýtõ�ÿ φk,l(px, py)�Iÿ�õ§õ�ÿ -W�%Ü º �0�u�%ÜÃý1Ýjø��Kß&Ý ñùö�úIÿ¬ó4ø ôdý*ÿ�ø��

(k, l)
�
(k, l)

ð8ýtô�õCñ�ÿIðEöùô��Kÿ��{�KÿIðEôdý�ÿ�ø��Kð\�dó4ôdðCñ)ó=��	§öùñùñ�ÿ
�Kú�ydôKö�ÿ
ð§ø�	-ñ�ÿIð �KýtôKôdúIÿIð/�

<�ôVôdýtõ8ó4ô�õ��!ó�	
s1
ÿ�õ
s2
ñ�ÿIð-ð§ö.�<ô!ó4ø$�¬öùô�õ�ÿ�	 � ÿ�ô!ó4ô�õ �dó4ôdð-ñ�ÿ��&ó4ñ8��øKñ|�KÿIðTydñùõ
	�ÿIð g �dó4ôdð-øKôdÿ ��ÿ�ô�)�õ
	�ÿÿ�ô[õ�ÿ�þ2�dð&û�ñnòqÿ��$��	�ÿIð�ð§ö�ýtôs�Kÿsñ)ó��¯ýtô���õ§ö�ýtôs�Iý�çKõ��<ñ�ý � ó4ñ�ÿ
ð&òqú*��	§öùõµð8ýtødð-ñ)ó��¯ý�	§þ�ÿp?

cout3D =
∑

px

∑

py

‖s2 (px, py) − g (px, py) ? s1 (px, py)‖2 �Êa$�.^�^0�

<�ô[öùô�õ
	�ý���øKö�ð�ó4ô�õµñ)ó\�¯ý�	§þ^øKñ)ó4õ§ö�ýtô=�!ó�	�ú�ñ�ú�þ�ÿ�ô�õ�ð+ydôKö�ð&ûKñ)ó���ýtô���õ§ö�ýtô=�Iý�çKõ+�Kÿ � ö�ÿ�ô�õ�?

cout3D =
∑

px,py

∥∥∥∥∥∥
s2 (px, py) −

∑

M,N

φM,N (px, py)gM,N ? s1 (px, py)

∥∥∥∥∥∥

2

�Êa$�.^ Í �

3�óªþ�öùôKöùþ�ö�ð8ó4õ§ö�ýtôo�Kÿmñ)ó���ýtô���õ§ö�ýtôv�Iý�çKõN	�ÿ � ö�ÿ�ô�õ;�zó4ôKô�øKñ�ÿ�	�ð�ó��Kú�	§ö � úIÿ��%ýtø�	��-,!ót÷�ødÿ � ó4ñ�ÿ�ø�	��Kÿ gI,J
�

'+ydôR�£òÎó4ñùñ�ú��Mÿ�	�ñ�ÿIð>�&ó4ñ8��øKñ�ð&û
gI,J

ð�ýtô�õ�ö8��ög�KÿIðºð-�&ó4ñ)ó4ö.	�ÿIð/��3�ÿIð6�Kú�õ8ó4öùñ�ðL��øR�&ó4ñ8��øKñ � ÿ*��õ�ý�	§ö�ÿ�ñ%ð8ýtô�õ,ÿ��M�bý<ð�úIð
�dó4ôdð-ñnòÎó4ôKôdÿ��Kÿ��$�Kîsó4ôdð��Iÿ;�&ótð�û�ñ)óEþ�öùôKöùþ�ö�ð8ó4õ§ö�ýtôs�Kÿsñ)ó���ýtô���õ§ö�ýtô=�Iý�çKõ���	�ÿ�ô��[ñ)ó��¯ý�	§þ�ÿp?
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�1�8���!.M+ f Nt+ �M0�2�>§36@B0�2z:<5µ¶�Fa=�5Q:MF&2�=;Jl5Q?65�r�AMJl@j=9=6F���5�:<5(=;rsF&@BJBJl5(=�582���0�2�>�36@B0�2ª:<5QJBFmHIF&JB58DM?
:MD^2M0t5�D�:C�QJjF�A*0a=6@k39@l0a2

(0, 0)
+

∂cout3D

∂gI,J
=
∑

px,py


s2 (px, py) −

∑

M,N

φM,N (px, py)gM,Ns1 (px, py)


φI,J(px, py)s1 (px, py)

�Êa$�.^ á �
<�ôV	�ÿ���	�ýtø��!ó4ô�õ �KÿIðµõ�ÿ�	§þ�ÿIð&û��Iÿ�õ§õ�ÿ;�Kÿ�	§ôKö�ï�	�ÿmúI÷�ø!ó4õ§ö�ýtôêð&òqú*��	§öùõ�?

∂cout3D

∂gI,J
=
∑

px,py


s2 (px, py) s1 (px, py) −

∑

M,N

φM,N (px, py)φI,J(px, py)gM,Ns
2
1 (px, py)




�Êa$�.^ æ �
3Òÿh��	�ýM��øKöùõ

φM,N (px, py)φI,J(px, py)
ÿIð§õ ô�øKñ:�!ó�	§õ�ýtøKõ[ð8ó4ø$���býtø�	Vñ�ÿIðV÷�ø!ó4õ
	�ÿ°þªó4öùñùñ�ÿIð ó*f�ó4ô�õ

ÿ�ô@�Iýtþ�þmøKô�ñ�ÿCôdý�ÿ�ø��
(I, J)

��4�ÿ*��ö�öùþ2�Kñùö�÷�ødÿª÷�ødÿEõ�ýtødðsñ�ÿIð�ôdý*ÿ�ø��Kð;��ö.	�ÿ*��õ�ÿ�þ�ÿ�ô�õ � ýtö�ð§öùôdð;�Kÿ (I, J)öùô�õ�ÿ�	 � ö�ÿ�ôKôdÿ�ô�õ5�dó4ôdð1ñnòqÿIð§õ§öùþªó4õ§ö�ýtô2�Kÿ�ñ)ó � ó4ñ�ÿ�ø�	1���Iÿ�ôdý*ÿ�ø��!�031ó-þ�öùôKöùþ�ö�ð8ó4õ§ö�ýtô2�Kÿ�ñ)óB�¯ýtô���õ§ö�ýtô��Iý�çKõA�nó4öùõ
ó����!ó�	8óPO�õ
	�ÿ�ñnò öùô � ÿ�	�ð§ö�ýtô{�£ò øKôdÿ�þªó4õ
	§ö8�Iÿp��	�ÿ�ødð�ÿ��Iýtþ2��	�ÿ�ô!ó4ô�õ���ö#"£ú�	�ÿ�ô�õ�ÿIð���ö)ó��Mýtô!ó4ñ�ÿIð��Iý�	
	�ÿIð-�%ýtô��dó4ô�õ
ó4ø$��,�øKöùõµôdý*ÿ�ø��Kð � ýtö�ð§öùôdð�öùô�õ�ÿ�	 � ÿ�ô!ó4ô�õ��dó4ôdð�ñ)ó�	�úIð8ýtñùøKõ§ö�ýtôs��ø[ð
f�ð§õ�ï�þ�ÿ�ñùöùôdú&ó4ö.	�ÿR��ó4ôKôdÿ��Kÿ:�J���

É]ïM |ï8Â!ï � ��Ú��½øz¾��$�0�½�%Üjý1Ó��gÛ��g¼ » �#Ü1ÝCÔ#Ý�¾0�0� º ��Ú

[~ýtødð�ó � ýtôdð � ø_�dó4ôdðCñ�ÿ��H,!ó��Köùõ
	�ÿ á ÷�ødÿ¬ñ)óv�&ó4ñùö � 	8ó4õ§ö�ýtôj��øw�MúIý���,dýtôdÿ � ÿ�	§õ§ö8�&ó4ñ�ÿIð§õ � ótð�úIÿ ð§ø�	
ñnòqÿIð§õ§öùþªó4õ§ö�ýtôw��øíõ�ÿ�	§þ�ÿp�Kÿªð�ýtø�	-�Iÿ��AK|ýtø�	��Iÿ�ñ)ó�ûÒöùñºÿIð§õ
ôdú*�IÿIð8ð8ó4ö.	�ÿ��Kÿp�IýtôKô!óPO�õ
	�ÿªñ)óC�bú�	§ö�ý��Kÿp�Kÿ � ó4õ�&
õ�ÿ�þ�ÿ�ô�õ��býtø�	R�-,!ót÷�ødÿ õ
	8ó��Iÿ=�dó4ôdðzñ�ÿ=�Kýtþªó4öùôdÿ

(τ, p)
óPydôñ�£òqÿIð§õ§öùþ�ÿ�	zñ�ÿIðzð§ö.�<ô!ó4ø$�j��	�ý<ð8ð�&���,dý<ð§õR�Kÿ

ñnò ,�f$�$	�ý���,dýtôdÿmÿ�õ���ø=�MúIý���,dýtôdÿ � ÿ�	§õ§ö8�&ó4ñ��}4�ÿ*��öÒÿIð§õB	�ÿ�ô���ø=�%ý<ð�ð�ö � ñ�ÿ���	Hi��Iÿ:�Eñ)ó�	�ÿ�ñ)ó4õ§ö�ýtôêð§øKö � ó4ô�õ�ÿ
÷�øKö
ñùö�ÿ;�Iÿ�õ§õ�ÿ9�bú�	§ö�ýM�Kÿ;�Eñ)óCñ�ÿ�ô�õ�ÿ�ø�	 ,dý�	§ö.t&ýtô�õ8ó4ñ�ÿp?

∆T(τ,p)(p) =
H
√

1 − V 2
wp

2

Vw

�Êa$�.^/aJ�
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�1�8����.M+ f(� + ¤ÒF&?9@BF&36@B0�2[:<5^JBFªH�F�?6@jF&2�>�5m:<5(=µ0aA���?9F&365�DM?9=µ:<5^>�F&JB@l¶M?GFI39@l0a2V582V��0a2�>§39@l0a2ê:<5^JBF
JB5824365�DM?�?9Fa:<@jF&JB5�583�:<5-J]� F&��@lrQD<3 +

Y è
H

ÿIð§õsñ)ó���	�ý��¯ýtô��Kÿ�ø�	��£òqÿ&ó4ø�ÿ�õ
Vw

ñ)ó � öùõ�ÿIð8ð�ÿ\�Kÿ\��	�ý��!ó���ó4õ§ö�ýtô{�KÿIð
ýtô��KÿIð;�Kÿ2�Iýtþ2��	�ÿIð8ð§ö�ýtô
�dó4ôdð~ñnòqÿ&ó4ø|�#îsó4ôdð~ñ�ÿ��&ótð á îCû#ñ)ó�ñ�ÿ�ô�õ�ÿ�ø�	�,dý�	§ö.t&ýtô�õ8ó4ñ�ÿ

p
ÿIð�õQñ)óªñ�ÿ�ô�õ�ÿ�ø�	�	8ó���ö)ó4ñ�ÿC÷�øKöxð&òqÿ��$��	§öùþ�ÿEó4ødð8ð§ö

ð�ýtødð�ñ)ó ��ý�	§þ�ÿ
p =

√
p2

x + p2
y

��3�óN�Mú�ôdú�	8ó4ñùö�ð8ó4õ§ö�ýtôR�KÿIð�õ�ÿ�	§þ�ÿIðU�Kÿ���	�ý<ð�ð�&���,dý<ð�õ§öùô��mó4øp�&ótð á î¾ÿIð§õU�Kýtô��
öùþ�þ�ú*��ö)ó4õ�ÿ��

3�ó��&ó4ñùö � 	8ó4õ§ö�ýtô���ø;�MúIý���,dýtôdÿ � ÿ�	§õ§ö8�&ó4ñ�ÿIð§õÒÿ�"£ÿ*��õ§ødúIÿ�ÿ�ô:�&ó4ñ8��øKñ)ó4ô�õ�ñ�ÿIðÒý��bú�	8ó4õ�ÿ�ø�	�ð1ð8ÿ�ñ�ýtôsñnòÎó�����	�ý��H,dÿ
�<ñ�ý � ó4ñ�ÿ:�Kú�ydôKö�ÿ^ÿ�ô{�Êa$�~`$�.^0���}4�ÿ��bÿ�ô��dó4ô�õ&û!ñ�ÿsþªó4öùñùñ)ó��Mÿ:��øs��ø � ÿ;�Kÿ:�KýtôKôdúIÿIðµôÒòqÿIð§õB�!ótðQÿ�"bÿ*��õ§ødú^ð�ÿ�ñ�ýtô
�KÿIð-þªó4öùñùñ�ÿIð+	�ÿ*��õ8ó4ô��<øKñ)ó4ö.	�ÿIðµþªó4ö�ðµñùöùôdú&ó4ö.	�ÿIð/�

îsó4ôdð^ñ�ÿ��&ótðmý�è ñ�ÿIð:�Iýtô���öùõ§ö�ýtôdð\�£òqÿ�ô�	�ÿ��<ö�ð§õ
	�ÿ�þ�ÿ�ô�õ�ð�ýtô�õ:�!ó�	��nó4öùõ�ÿIð&û£ñ)ó � ó�	§ö)ó4ô��IÿR�KÿIðmý��bú�	8ó4õ�ÿ�ø�	�ð
� ó�	§ö�ÿ�ô�õ�ÿ�ô (ρw

qw

)2 ÿ�õxôdÿL�Kú��%ÿ�ô����!ótð1�Kÿ�ñnòÎó�tIöùþmøKõ/��4�ÿ��bÿ�ô��dó4ô�õ&ûJ�£òÎó���	�ïIðxñ)ó�y��<ø�	�ÿ;�Êa$�.^/`J�(ûtýtô2�Iýtôdð§õ8ó4õ�ÿ
øKôdÿ��Kú��%ÿ�ô��dó4ô��IÿCó�tIöùþmøKõ8ó4ñ�ÿ\�Kÿ:�Iÿ�õ§õ�ÿ � ó�	§ö)ó4ô��Iÿ��]4�ÿ*��öxð&òqÿ��$�Kñùö�÷�ødÿ:�!ó�	µñ�ÿ:��ó4öùõ~÷�ødÿmñ�ÿIð+�Iýtô���öùõ§ö�ýtôdð9�Kÿ
�Iýtø��Kñ)ó��MÿT�KÿIð|�MúIý���,dýtôdÿIðxó4ø^ð�ýtñMþªó�	§öùô��Kú��%ÿ�ô��Kÿ�ô�õ1ôdýtô^ð�ÿ�øKñ�ÿ�þ�ÿ�ô�õ1�Kÿ�ñnòÎó4ô��<ñ�ÿ6�£ò öùô���ö8�Kÿ�ô��Iÿ;þªó4ö�ð|ó4ødð�ð§ö
�KÿCñnòÎó�tIöùþmøKõ��KÿIðmó�	
	§ö � úIÿIð
ð§ö�ð§þ�ö�÷�ødÿIðmó4ø$�v	�ú*�Iÿ��Kõ�ÿ�ø�	�ð/��4�ÿ*��öU�Iýtô$y�	§þ�ÿ�ñnò öùþ2�bý�	§õ8ó4ô��Iÿp��ø�õ
	8ó4öùõ�ÿ�þ�ÿ�ô�õ
ó�tIöùþmøKõ8ó4ñz�dó4ôdð�ñ)ó���,!ótð�ÿ:�Kÿ9�&ó4ñùö � 	8ó4õ§ö�ýtô|�

îCòÎó���	�ïIð
ñnòÎó4ô!ó4ñ.f�ð�ÿ���ø{�Iý�ÿ�¡p��ö�ÿ�ô�õ��Kÿ��Iý�	
	�ú�ñ)ó4õ§ö�ýtô¢�Kÿ�ñ)óRy��<ø�	�ÿs�Êa$�.^/bJ�(û|�Iÿ�ñùøKö#&W��ö�ÿIð§õ
ð§ø��bú�	§ö�ÿ�ø�	��
0.60

�%ýtø�	xñ�ÿIðxñ�ÿ�ô�õ�ÿ�ø�	�ð�öùô$�¯ú�	§ö�ÿ�ø�	�ÿIð6�
0.3ms/m

��4�ÿ��bÿ�ô��dó4ô�õ&û<öùñdð8ÿ6�Kú���	8ó��KÿB�býtø�	xñ�ÿIð1��	8ó4ô��KÿIð � ó4ñ�ÿ�ø�	�ð
�Kÿ
p
�$4�ÿ*��ö%ÿIð�õ6�$çVó4ø$� � 	§øKöùõ�ðT�Kÿµñ)ó;�Kú*�Iýtþ2�bý<ð§öùõ§ö�ýtô

(τ, p)3D
ÿ�õL�
ñ)ó;�Kú*��	�ýtö�ð�ð8ó4ô��IÿN�KÿQñ)ósõ8ó4öùñùñ�ÿN�Kÿµñ)ó

��ÿ�ô�)�õ
	�ÿ��Kÿ��&ó4ñ8��øKñg�KÿIðºý��%ú�	8ó4õ�ÿ�ø�	�ðºÿ�ô���ýtô���õ§ö�ýtôp�Kÿ
p
��YQôR��ö�ð
�%ý<ð8ÿB�Kÿ-þ�ýtöùôdðºÿ�ôªþ�ýtöùôdð>�Kÿ�ð§ö.�<ô!ó4ñ!øKõ§öùñ�ÿ

�býtø�	�ñ)ó��&ó4ñùö � 	8ó4õ§ö�ýtôV�býtø�	,ñ�ÿIðL��	8ó4ô��KÿIð � ó4ñ�ÿ�ø�	�ðB�Kÿ p �dó4ôdð,ñ)ó���ÿ�ô�)�õ
	�ÿ��Kÿ�þ�öùôKöùþ�ö�ð8ó4õ§ö�ýtôV��øVõ�ÿ�	§þ�ÿ9�Kÿð�ýtø�	-�Iÿ��

3�ó2y��<ø�	�ÿR�Êa$� Í GJ���Iýtþ2�!ó�	�ÿ
ñ�ÿIð+�KýtôKôdúIÿIðQöùôKöùõ§ö)ó4ñ�ÿIðN�Kÿsñnò ,�f$�$	�ý���,dýtôdÿ^ÿ�õ ��ø=�MúIý���,dýtôdÿ � ÿ�	§õ§ö8�&ó4ñ�ó4ø
õ�ÿ�	§þ�ÿêð8ýtø�	-�Iÿ[ÿ�õzó4ø£�MúIý���,dýtôdÿs�&ó4ñùö � 	�ú��TYQôj�Iýtôdð§õ8ó4õ�ÿ ÷�ødÿ[ñnòqú�ôdÿ�	
�<ö�ÿ=��ø õ�ÿ�	§þ�ÿ ð�ýtø�	-�Iÿ[ÿIð§õ2�nó4ö � ñ�ÿ
�Iýtô$y�	§þªó4ô�õ~øKôdÿ � ýtôKôdÿ;�&ó4ñùö � 	8ó4õ§ö�ýtôs�KÿIð��KýtôKôdúIÿIð0�
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�1�8���M.<+ f e�+ /10t58¹s>8@l5�243�:<5;>8F�Jl@B¶M?GFI39@l0a2~:<Ds�a�80aAMLM0�2�5|Ha58?636@j>8F�J<A�0aDM?ÒJjF-=�5(>§36@B0�2�5�2
(τ, p)3D

+

É]ïM |ï.Ç|ïªÛ��*�/Û�Ü!Ó��$�0�u�#ÜÌý|Ý�ß��hÓ�Ú½�0�u¼1Ú]Ý�ß@-W�dÜ}�.K}�íÝ�ß

3ÒÿIðN�KýtôKôdúIÿIðN�Kÿsñnò ,�f$�$	�ý���,dýtôdÿCÿ�õ+��ø=�MúIý���,dýtôdÿ � ÿ�	§õ§ö8�&ó4ñz�&ó4ñùö � 	�ú^ð�ýtô�õ~ÿ�ôdð§øKöùõ�ÿ:�Iýtþ � öùôdúIÿIð �býtø�	
�-,!ót÷�ødÿ � ó4ñ�ÿ�ø�	���øV�Iýtø��Kñ�ÿ (px, py)

��4�ÿ�õ§õ�ÿ:�Iýtþ � öùô!ó4ö�ð�ýtôs�%ÿ�	§þ�ÿ�õ��Kÿsð�ú��!ó�	�ÿ�	µñ�ÿIð��KýtôKôdúIÿIð�ÿ�ôV�-,!ó4þ2�
þ�ýtô�õ8ó4ô�õ|ÿ�õ��KÿIð-�Iÿ�ô��dó4ô�õ/�P3�óTy��<ø�	�ÿ+�Êa$� Í ^0�£þ�ýtô�õ
	�ÿ�ñnòqÿ�¡p�&ó���öùõ�ú6�KÿU�Iÿ�õ§õ�ÿ�ð�ú��!ó�	8ó4õ§ö�ýtô|�ZYQô��%ÿ�øKõ1ý � ð�ÿ�	 � ÿ�	
ð§ø�	N�Iÿ�õ§õ�ÿ;y��<ø�	�ÿE÷�øÒò øKôdÿCó�	
	§ö � úIÿ\�dó4ôdðµñ�ÿ��-,!ó4þ2�o�KÿIð-�Iÿ�ô��dó4ô�õ�ÿIð�õµøKôdÿ � ÿ�	�ð§ö�ýtôv�Kú*�&ó4ñ�úIÿ\�£ò øKô õ�ÿ�þ2�dð
�Kÿ � ó4õ§õ�ÿ�þ�ÿ�ô�õT�dó4ôdðºñnòqÿ&ó4øR��ø��-,!ó4þ2�¬þ�ýtô�õ8ó4ô�õ/�$YQô��Iýtôdð§õ8ó4õ�ÿQó4ødð�ð�ö#÷�ødÿB��	Hi��Iÿ �:�Iÿ�õ§õ�ÿ+�Iýtþ � öùô!ó4ö�ð8ýtôÒû
ñ�ÿ � 	§øKöùõ�ñùö�ú:�EñnòÎó4ñùö)ótð�öùô��zð
�!ó4õ§ö)ó4ñ£öùô�õ
	�ý���øKöùõ �!ó�	�ñnò ,�f$�$	�ý���,dýtôdÿmÿIð§õµó4õ§õ�ú�ô�ødú��

É]ïM |ï#ÈAïªÛ��*�/Û�Ü!Ó��$�0�u�#ÜÌý|Ý�ß��hÓ�Ú½�0�u¼1Ú]Ý�ß2¼�ÝQ��1¥Ú{ÝQ�!ß

3�ó+�Mú�ôdú�	8ó4ñùö�ð8ó4õ§ö�ýtô\�Kÿ�ñ)óµð�ýtødð§õ
	8ó���õ§ö�ýtô�ó��dó��Kõ8ó4õ§ö � ÿ6��ø��-,!ó4þ2�Eþ�ýtô�õ8ó4ô�õ1�!ó�	1ñ�ÿ>�-,!ó4þ2�\�KÿIð-�Iÿ�ô��dó4ô�õ
�Kú � ÿ�ñ�ý����búIÿ��dó4ôdð�ñ�ÿB�H,!ó��Köùõ
	�ÿ á ÿIð§õU��ö.	�ÿ*��õ�ÿB��	Hi��Iÿ �~ñ)ó��Kú*�Iýtþ2�%ý<ð§öùõ§ö�ýtô��KÿIðU�KýtôKôdúIÿIð;ÿ�ô�ýtô��KÿIðU�Kñ)ó4ôdÿIð
�!ó�	�ñ)óµõ
	8ó4ôdð���ý�	§þªó4õ§ö�ýtô

(τ, p)3D
��4�ÿ��bÿ�ô��dó4ô�õ&û4öùñ�ÿIð§õ1ôdú*�IÿIð�ð8ó4ö.	�ÿT�£òqÿIð§õ§öùþ�ÿ�	|ñnòqý��%ú�	8ó4õ�ÿ�ø�	1�Kÿ>	�ú�Ò!ÿ*��õ§ö � öùõ�ú

�:�!ó�	§õ§ö.	T�KÿIðT�KýtôKôdúIÿIð/��4�ÿ�õ§õ�ÿQÿIð�õ§öùþªó4õ§ö�ýtô¬ÿIð§õ,ÿ�"£ÿ*��õ§ødúIÿQð�ÿ�ñ�ýtô¬ñnòÎó�����	�ýM�-,dÿN�<ñ�ý � ó4ñ�ÿ��Kú�ydôKö�ÿQÿ�ôo�Êa$�~`$�.^0���
4�ýtþ�þ�ÿp�dó4ôdðmñ�ÿ��&ótð:�Kÿ�ñ)óC�&ó4ñùö � 	8ó4õ§ö�ýtôÒû1ýtô{�Kú�ydôKöùõ:�KÿIð
þªó4öùñùñ�ÿIð^ñùöùôdú&ó4ö.	�ÿIð;�býtø�	
ñ�ÿ��&ó4ñ8��øKñT��øoydñùõ
	�ÿ
�KÿR	�ú�Ò!ÿ*��õ§ö � öùõ�ú��z3�óVy��<ø�	�ÿh�Êa$� Í<Í �
þ�ýtô�õ
	�ÿ¬ñ)ó � ó�	§ö)ó4ô��Iÿ��Kÿ�ñnòqý��bú�	8ó4õ�ÿ�ø�	2�Kÿp	�ú�Ò!ÿ*��õ§ö � öùõ�ú¬ÿ�ô���ýtô���õ§ö�ýtô
�KÿEñnòÎó�tIöùþmøKõ/�AYQôo�Iýtôdð§õ8ó4õ�ÿEøKôdÿ\�Kú��%ÿ�ô��dó4ô��Iÿ�ó�tIöùþ^øKõ8ó4ñ�ÿ��KÿEñ)ó�	�ú�Ò!ÿ*��õ§ö � öùõ�ú\�býtø � ó4ô�õ�)�õ
	�ÿEñùö�úIÿ2���KÿIð
,dú�õ�ú�	�ý��Mú�ôdú�öùõ�úIðN��øC�¯ýtô�� þªó�	§öùô|�

3ÒÿIðUy��<ø�	�ÿIðN�Êa$� Í<á ��ÿ�õ �Êa$� Í4æ �5�Iýtþ2�!ó�	�ÿ�ô�õºñ�ÿIðU�KýtôKôdúIÿIðºöùôKöùõ§ö)ó4ñ�ÿIð>�Kÿ�ñnò ,�f$�$	�ý���,dýtôdÿQÿ�õ>��øp�MúIý���,dýtôdÿ
� ÿ�	§õ§ö8�&ó4ñµó4ø$�{	�úIð�øKñùõ8ó4õ�ðªó���	�ïIð�ó4õ§õ�ú�ô�ø!ó4õ§ö�ýtôm�KÿIðCþmøKñùõ§ö.�Kñ�ÿIð2�nó4ô�õ-îtþ�ÿIðªÿ�õ��bÿ���&nñ�ÿ��Mð\�býtø�	���ö#"bú�	�ÿ�ô�õ�ÿIð
� ó4ñ�ÿ�ø�	>�Kÿ py

�J3�ÿIð1Ò!ï*�-,dÿIð;ôdýtö.	�ÿIðU�býtöùô�õ�ÿ�ô�õT�KÿIð�þmøKñùõ§ö.�Kñ�ÿIð0�MYQôp�Iýtôdð§õ8ó4õ�ÿ�ñnòqÿ�¡p�&ó���öùõ�ú+�KÿB�Iÿ-õ
	8ó4öùõ�ÿ�þ�ÿ�ô�õ
ó�tIöùþmøKõ8ó4ñ1��ó4õ§õ�ú�ô�ødÿ�	~ñ�ÿIð��Kÿ�ø$� õWfM�%ÿIð��Kÿ;	�ú � ÿ�	 � ú�	8ó4õ§ö�ýtôdð �dó4ôdð�ñ)ó\�Iýtñ�ýtôKôdÿ:�£òqÿ&ó4ø|�
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��óJ� � � �

���0� �����

�1�8���K.<+qp o + /10ar~A�F&?GF&@j=�0a2^:<5(=�:<0�2�2M�85(=x@l2M@l36@jF&JB5�=;F�H�5�>�JB5,365�?6r�5�:<5�=60�DM?G>�5,583�Jl5-�a�80�A�LM0�2M5
Ha58?636@j>8F�J�>8F�Jl@B¶M?9��A*0�DM?

py = 0
+ y)F4���;�<:<?60aAMLM0a2M5�@B2M@k39@BF�J + y)¶��Aæ���0�AMLM0a2M5;Ha58?636@j>8F�J�@B2M@k39@BF�J + y)>(�

� 5�?6r�5-:<5�=60�DM?G>�5 + y]:��Uæ���0�AMLM0a2M5,H�5�?�39@B>�F&JK>8F�Jl@B¶M?9� +
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��óJ� � � �

�1�8���t.<+qp f + wt��A�F&?GFI39@l0a2Q:<5(=£:<0�2M2��85�=
3D

5�2~>GL�F�r�AQr�0�243GF&243xy]Fa�%583£>GL�F&r�A~:M5�=9>�582�:MF&243(y)¶��
A*0�DM?
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JB5824365�DM?�?9Fa:<@jF&JB5�583�:<5-J]� F&��@lrQD<3 +
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��óJ� � � �

���0� �����

�1�8���!.M+ p � + /10�r�A�F&?GF&@j=60�2C:<5�=�:<0�2�2M�85(=;��39?9F�Ha58?G=�:<@k¡��8?95824395�=º��39F�A�5(=;:<5µ36?GF&@l365�r~5�243;A�0aDM?
py = 0ms/m

+�� 5(=dâ�·(>GLM5�=#A*0�@B2a3958243£:<5�=#rµDMJl36@BAMJB5�= + y)Fa�#���<:<?90�A�LM0�2M5�@l2M@l36@jF&J + y�¶��]æ���0�AMLM0a2M5
Ha58?636@j>8F�J<@l2M@l36@jF&J + y]>�� ¸ 0�2M2M��5�=b¢|Õ^F�AM?6·(=£FI3636�82tD�F&36@B0�2�:<5�=ÒrµDMJl36@BAMJB5�=b�)F�2a39À�r�5�= + y)>(� ¸ 0a2M2M��5�=

¢xÕªF�AM?9·�=�FI3636��24D�FI36@B0�2C:<5(=xrµDMJl36@BAMJB5�=�A*58���{JB58�4= +
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��óJ� � � �

���0� �����

�1�8���!.M+ p&¦�+ /10�r�A�F&?GF&@j=60�2C:<5�=�:<0�2�2M�85(=;��39?9F�Ha58?G=�:<@k¡��8?95824395�=º��39F�A�5(=;:<5µ36?GF&@l365�r~5�243;A�0aDM?
py = 0.25ms/m

+<� 5(=xâ�·(>GLM5�=�A*0�@B24365�2a3�:<5�=�rQDMJl36@BAMJl5(= + y)F4�����<:<?90�AML�0�2M5-@B2M@l36@jF&J + y�¶��6æ��80��
A�LM0�2M5~H�5�?�39@B>�F&J#@l2M@l36@jF&J + y)>(� ¸ 0�2M2��85�=º¢|Õ[F&AM?9·�=�FI3636�82tD�F&36@B0�2ª:M5�=�rµDMJl36@BAMJB5�=;�)F&2436Àar�5�= + y]>��

¸ 0�2�2M�85(=
PZ

F&AM?9·�=xFI3636��24D�FI36@B0�2C:<5(=�rµDMJl36@BAMJB5�=�A*58���{JB58�4= +
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��óJ� � � �

�1�8����.<+qp�.M+|� ?9F�2�=���0�?9r~��5
(τ, p)3D

:K� DM2�>�À�2�5¬y]Fa�
/1À�2�5C:�F&2�=�JB5�:<0�rsF&@B2M5
(x, y, t)

+ y�¶��
36?GF&2�=n��0a?6r��85

(τ, p)3D
:<DE>8À�2M5�:M0�2M2M5,DM2�>858?G>�JB5,:�F&2�=xJB5-:<0�rsF&@B2M5

(τ, px, py)
+

<�ôR�Kñùødð>�KÿIðºú�õ8ó��%ÿIð6�£òÎó4õ§õ�ú�ô�ø!ó4õ§ö�ýtôC�KÿIð�þmøKñùõ§ö.�Kñ�ÿIðL�Kÿ-ñ)ó;�Iýtñ�ýtôKôdÿ+�£òqÿ&ó4øR�Kú*��	§öùõ�ÿIð6��	�ú*�Iú*�Kÿ�þ�þ�ÿ�ô�õ&û
öùñ�ÿIð§õ��%ý<ð8ð§ö � ñ�ÿ\�£òÎó����Kñùö�÷�ødÿ�	:�£òÎó4øKõ
	�ÿIð
õWfM�%ÿIð9�£òÎó4ô�õ§ö#&nþmøKñùõ§ö.�Kñ�ÿIð^õ�ÿ�ñ�÷�ødÿEñ)ó��Kú*�Iýtô � ýtñùøKõ§ö�ýtô{��	�ú*��ö8��õ§ö � ÿ
ÿ�ô á î��%î~ø=�býtöùô�õ9�Kÿ � ødÿmõ
,dúIý�	§ö�÷�ødÿ<û%ñ)óR�Kú*�Iýtô � ýtñùøKõ§ö�ýtô�ôdÿ��%ý<ð�ÿ��!ótðN�Kÿ:��	�ý � ñ�ï�þ�ÿ��|4�ÿ��bÿ�ô��dó4ô�õ&ûbñ)ó
��ö#¡p��øKñùõ�ú�ÿIð§õ;ñùö�úIÿ��mñ)ó;�Iýtþ2�Kñ�ÿ���öùõ�úN�KÿQñnòÎó4ñ.�Mý�	§öùõ
,Kþ�ÿ�ÿ�ô

N2 ÿ�õL�
ñ)óm÷�ø!ó4ô�õ§öùõ�ú��£òqý��%ú�	8ó4õ�ÿ�ø�	�ð��mÿIð§õ§öùþ�ÿ�	
ñ�ý�	�ð;�KÿCñ)ó��Kú*�Iýtô � ýtñùøKõ§ö�ýtô|��3�òÎó�����	�ýM�-,dÿp�<ñ�ý � ó4ñ�ÿ��Kú � ÿ�ñ�ý����búIÿ2�%ýtø�	sñnòqÿIð�õ§öùþªó4õ§ö�ýtô��KÿIð
ý��bú�	8ó4õ�ÿ�ø�	�ð:�Kÿ
�&ó4ñùö � 	8ó4õ§ö�ýtô ÿ�õC�Kÿv	�ú�Ò!ÿ*��õ§ö � öùõ�úh�bÿ�øKõC)�õ
	�ÿíó����Kñùö�÷�ødúIÿíó4øÁ�&ótðC�Kÿ ñnòqÿIð§õ§öùþªó4õ§ö�ýtôÄ�KÿIðVý��bú�	8ó4õ�ÿ�ø�	�ðV�Kÿ
�Kú*�Iýtô � ýtñùøKõ§ö�ýtô|�!YQôV	�ú*��øKöùõQó4öùôdð�ö£ñ�ÿIð+�Kÿ���	�úIð��Kÿsñùö � ÿ�	§õ�ú;��øC��	�ý � ñ�ï�þ�ÿ��

S1é�¥5ésêC©�©)��¨1³Uµ}©J°�§�¨²¬>ª�­7w6¯�³>°�©�­=·W°W¨	��µ!°�¯Jªg­¦:Ix

4�ýtþ�þ�ÿR�dó4ôdð
ñ�ÿ��&ótð Í îEû£ýtô{�Iýtôdð§õ8ó4õ�ÿp�KÿIð � 	§øKöùõ�ðmð§ø�	sñ)óC�Iýtþ2�bý<ð8ó4ô�õ�ÿ � ÿ�	§õ§ö8�&ó4ñ�ÿp��ø��MúIý���,dýtôdÿ
�dó4ôdð�ñ�ÿ\�Kýtþªó4öùôdÿ

(x, y, t)
�A4�ÿIð � 	§øKöùõ�ð��!ó�	8ó4ö�ð�ð�ÿ�ô�õ
ñùöùôdú&ó4ö.	�ÿIð
ð§ø�	~ñ�ÿIð�ñùö.�<ôdÿIð9�!ótð�ð8ó4ô�õ:�zñnòÎó��Kñ�ýtþ � ��ø

	�ú*�Iÿ��Kõ�ÿ�ø�	�ÿ�õ\,�fM�%ÿ�	 � ýtñùö�÷�ødÿIðCð§ø�	Eñ�ÿIðEñùö.�<ôdÿIð\�Kú��%ý�	§õ�úIÿIð/�54�ÿIðCú � ï�ôdÿ�þ�ÿ�ô�õ�ð2�bÿ�ø � ÿ�ô�õ2)�õ
	�ÿ¬þ�ýM�Kú�ñùö�ð�úIð
�!ó�	R�KÿIð��*îtôdÿIð��Kýtô�õ¬ñ�ÿ[ð�ýtþ�þ�ÿ�õ ÿIð§õR��ñnòqý�"£ð�ÿ�õzô�øKñQÿ�õ��Kýtô�õ¬ñ)óo�bÿ�ô�õ�ÿv�Kú��%ÿ�ô��ñ�Kÿ[ñ)ó � öùõ�ÿIð�ð8ÿV�KÿIð
ú � ï�ôdÿ�þ�ÿ�ô�õ�ð0�

3�ó¬õ
	8ó4ôdð
�¯ý�	§þ�úIÿ
(τ, p)3D

�£ò øKô@�*îtôdÿ � ÿ�	§õ§ö8�&ó4ñU�Kýtô�õsñ�ÿ�ð�ýtþ�þ�ÿ�õ
ÿIð§õ
ó4ø�õ�ÿ�þ2�dð T ÿIð§õ�øKô@�Iÿ�	-��ñ�ÿ
�Kýtô�õµñ�ÿ9�Iÿ�ô�õ
	�ÿmÿIð�õ-ó4øêõ�ÿ�þ2�dð

T
ÿ�õ+�Eñ�ÿ�ô�õ�ÿ�ø�	�ô�øKñùñ�ÿ���3Òÿ�	8ó/fMýtô=��ø=�Iÿ�	-��ñ�ÿ9�dó4ôdðµñ�ÿ9�Kýtþªó4öùôdÿ

(τ, p)3DÿIð§õ
ú���ó4ñ6�¬ñ)óVñ�ÿ�ô�õ�ÿ�ø�	:	8ó���ö)ó4ñ�ÿp�Kÿ�ñnòqú � ï�ôdÿ�þ�ÿ�ô�õ��IýtôKö�÷�ødÿ=�½y��<ø�	�ÿv�Êa$� Í aJ�
���Òîsó4ôdðsñ�ÿ��&ótð;�KÿIð:�KýtôKôdúIÿIð
	�úIÿ�ñùñ�ÿIð&ûtñ�ÿIð � 	§øKöùõ�ð;ð�ýtô�õU�&ó�	8ó���õ�ú�	§ö�ð�úIðU�!ó�	�øKôdÿ � öùõ�ÿIð8ð�ÿ�ñ�ÿ�ô�õ�ÿ��Kÿ�ñnòqý�	-�$	�ÿ��Kÿ 1500−1800m/s

��3ÒÿB	8ó*fMýtô
�KÿIð��Iÿ�	-��ñ�ÿIð��dó4ôdð�ñ�ÿ9�Kýtþªó4öùôdÿ

(τ, p)3D
ÿIð§õB��	8ó4ô��[ÿ�õ�ÿIð�õ��Kÿ�ñnòqý�	-�$	�ÿ;�Kÿ

0.5 − 0.66ms/m
�g3�ó�y��<ø�	�ÿ

�Êa$� Í �J�,þ�ýtô�õ
	�ÿ^ð�ø�	�øKôdÿmð�ÿ*��õ§ö�ýtôv��õ�ÿ�þ2�dð+�Iýtôdð�õ8ó4ô�õ��dó4ôdð�ñ�ÿ;�Kýtþªó4öùôdÿ
(τ, p)3D

�Kÿsñnò ,�fM�$	�ý���,dýtôdÿCÿ�õ
��øv�MúIý���,dýtôdÿ � ÿ�	§õ§ö8�&ó4ñ5� 2s

�g3ÒÿIð��KýtôKôdúIÿIðsÿ�õ~ñ�ÿIð � 	§øKöùõ�ð�ñùöùôdú&ó4ö.	�ÿIðsð�ýtô�õ9��ö.	-��øKñ)ó4ö.	�ÿIð�þªó4ö�ð~ñnòqý�	-�$	�ÿ2�Kÿ
��	8ó4ô��Kÿ�ø�	;�KÿIð�	8ó*fMýtôdðsÿIð�õ���ö#"£ú�	�ÿ�ô�õ/�!31ó¬ñ�ÿ�ô�õ�ÿ�ø�	sþªóP��öùþªó4ñ�ÿ2�KÿIð~ýtô��KÿIð

PP
�Kú*��	�ý�O�õmó � ÿ*�Eñ�ÿ^õ�ÿ�þ2�dð0�

4�ÿIðµó�	
	§ö � úIÿIð�ð8ýtô�õB��	�úIð�ÿ�ô�õ�ÿIð�ð§ø�	-ñ�ÿIðB�Kÿ�ø$�C�Iýtþ2�%ý<ð8ó4ô�õ�ÿIð/�g4�ÿ��bÿ�ô��dó4ô�õ&ûdýtô[ý � ð8ÿ�	 � ÿsð§ø�	-ñ�ÿN�MúIý���,dýtôdÿ
� ÿ�	§õ§ö8�&ó4ñ��Kÿ;ñnòqú�ôdÿ�	
�<ö�ÿºð�ø�	Òñ�ÿIð|��	8ó4ô��KÿIð � ó4ñ�ÿ�ø�	�ð��Kÿ p �½Ò!ï*�H,dÿIð�ôdýtö.	�ÿIð�����4�ÿ�õ§õ�ÿ;ú�ôdÿ�	
�<ö�ÿºôÒòqÿIð§õ|�!ótð���	�úIð�ÿ�ô�õ�ÿð§ø�	-ñnò ,�fM�$	�ý���,dýtôdÿ��}<�ñùñ�ÿ;�Iý�	
	�ÿIð
�býtô��êó4ø$� � 	§øKöùõ�ð+�IýtôKö�÷�ødÿIð/�
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��óJ� � � �

�1�8����.<+qp&»M+xg 2�F&JB�t=65-:<5�=|¶M?9DM@l39=�>80�2M@ji4DM5�=x=6DM?�DM2M5-=65�>§39@l0a2E�µ365�r�A�=�>�0a2�=n3GF&243�y p =9�1:MF&2�=xJl5
:<0arsF&@B2M5

(τ, p)3D
+ y)Fa�x�;�<:<?60aAMLM0a2M5,@l2M@l36@jF&J + y�¶*�Uæ��80aAMLM0�2�5�Ha58?636@j>8F�J*@B2M@l36@jF&J +

3ÒÿIð � 	§øKöùõ�ð\�IýtôKö�÷�ødÿIðEð�ýtô�õmöùô�õ
	�ýM��øKöùõ�ð��!ó�	^ñ�ÿp�MúIý���,dýtôdÿ � ÿ�	§õ§ö8�&ó4ñ�ñ�ý�	�ð��Kÿ�ñ)óV�Kú*�Iýtþ2�bý<ð§öùõ§ö�ýtôÓÿ�ô
�-,!ó4þ2�êþ�ýtô�õ8ó4ô�õ~ÿ�õ��KÿIð-�Iÿ�ô��dó4ô�õN�KÿIð��KýtôKôdúIÿIð/��3�ÿNydñùõ
	8ó��Mÿ;�Kÿ9�IÿIð � 	§øKöùõ�ð�ð�ÿ �nó4öùõ�ÿ�ôV�Kú�ydôKö�ð�ð8ó4ô�õ�øKôdÿ
ñ�ýtö>�Kÿªþ�ö�ð�ÿp��t&ú�	�ý¢�{þmøKõ�ÿ0�sÿ�ô á î ÿ�ôo��ýtô���õ§ö�ýtô{�Kÿ�ñ)ó ñ�ÿ�ô�õ�ÿ�ø�	/�14�ÿ�õ§õ�ÿªñ�ýtöU	�ÿ�x§ÿ�õ§õ�ÿ�ñ�ÿ � 	§øKöùõ^õ�ýtøKõ^ÿ�ô
��ó�	-�dó4ô�õQñ�ÿsð§ö.�<ô!ó4ñÒøKõ§öùñ�ÿ;�Iý�	
	�ÿIð-�%ýtô��dó4ô�õ~ó4ø$�[ó�	
	§ö � úIÿIðµð§ö�ð§þ�ö�÷�ødÿIð��KÿIð�ýtô��KÿIð PP �

S1éWË�§5éNAC�5¨�©J¸_¨g­Pª£¬>ª�­C¯J�g­�³6·Ê©�µ}©J­V¬Uµ!¨>­v·�ª¢¬U§Aímµ!°W¨>ª
(x, y, t)

3�óêð
f*ô�õ
,dïIð�ÿR�KÿIð;	�úIð§øKñùõ8ó4õ�ð��dó4ôdðmñ�ÿp�Kýtþªó4öùôdÿ
(x, y, t)

ÿIð�õ^ÿ�"£ÿ*��õ§ødúIÿªÿ�ô@	�ÿ�õ�ýtø�	§ô!ó4ô�õ2�[ñ)ó���	§öùñùñ�ÿ
öùôKöùõ§ö)ó4ñ�ÿªó � ó4ô�õsöùô�õ�ÿ�	
�býtñ)ó4õ§ö�ýtô{�Kÿ (50m × 50m)

�zYQô�ó¬þ�ýtô�õ
	�ú�ÿ�ô£�Êa$�~�J��÷�ødÿ^ñ�ÿIð�õ
	�ïIð � ótð�ð�ÿIð�ÿ�õsñ�ÿIð
,!ó4øKõ�ÿIðT��	�úI÷�ødÿ�ô��IÿIð,ð�ýtô�õ-ó4ñùõ�ú�	�úIÿIðL�!ó�	,ñnòqú�õ8ó��bÿ��Kÿµñnò öùô�õ�ÿ�	
�%ýtñ)ó4õ§ö�ýtô|��3�ÿIð-ð�ÿ*��õ§ö�ýtôdð,ð�ýtô�õTydñùõ
	�úIÿIðB�dó4ôdð,ñ)ó
� ó4ô��Kÿ9�!ótð�ð�ó4ô�õ�ÿ

10 − 70Hz
óPydôV�Kÿ;�Iýtþ2�!ó�	�ÿ�	Qñ�ÿIð��KýtôKôdúIÿIðQó � ó4ô�õµÿ�õQó���	�ïIð-õ
	8ó4öùõ�ÿ�þ�ÿ�ô�õ/�

3ÒÿIð6y��<ø�	�ÿIð9�Êa$� ÍJ¤ �;ÿ�õ��Êa$� Í `J�>�Iýtþ2�!ó�	�ÿ�ô�õ,ñ�ÿIðT	�úIð§øKñùõ8ó4õ�ðT�KÿµñnòÎó4õ§õ�ú�ô�ø!ó4õ§ö�ýtôV�KÿIð;þ^øKñùõ§ö.�Kñ�ÿIðT��ó4ô�õ-îtþ�ÿIð
�KøKö�ð\�bÿ���&nñ�ÿ��Mð�ó4ø$�{�KýtôKôdúIÿIð�öùôKöùõ§ö)ó4ñ�ÿIð/�U4�ÿIð2�Iýtþ2�!ó�	8ó4ö�ð�ýtôdð�ð8ýtô�õ�ÿ�"bÿ*��õ§ødúIÿIð�ð�ø�	EøKôdÿ¬ñùö.�<ôdÿ��!ótð�ð8ó4ô�õ
�!ó�	sñ)ó � ÿ�	§õ§ö8�&ó4ñ�ÿ2��øo	�ú*�Iÿ��Kõ�ÿ�ø�	9�KøKö�ðsð§ø�	�øKôdÿCñùö.�<ôdÿ2�Kú��%ý�	§õ�úIÿ2�Kÿ 1500m

�|3ÒÿIðNÒ!ï*�-,dÿIð;�%ýtöùô�õ�ÿ�ô�õ:�KÿIð
þmøKñùõ§ö.�Kñ�ÿIð:�Kÿ^ñ)ó��Iýtñ�ýtôKôdÿ2�£òqÿ&ó4ø|�]3�ózþ�ú�õ
,dýM�Kÿ2�Kú � ÿ�ñ�ý����%úIÿ�ÿ�ô á îû�bÿ�	§þ�ÿ�õ�øKôdÿ � ýtôKôdÿ�ó4õ§õ�ú�ô�ø!ó4õ§ö�ýtô
�Kÿ;�IÿIð-þ^øKñùõ§ö.�Kñ�ÿIð/�

3ÒÿIðVy��<ø�	�ÿIð��Êa$� Í b�û+a$� á GJ�¬þ�ýtô�õ
	�ÿ�ô�õ ñnò öùþ2�!ó���õ=�Kÿ�ñnòÎó4õ§õ�ú�ô�ø!ó4õ§ö�ýtô´�KÿIð � 	§øKöùõ�ð=�IýtôKö�÷�ødÿIð ð§ø�	Vñ�ÿIð
�KýtôKôdúIÿIðºó���	�ïIð;ð�ýtþ�þªó4õ§ö�ýtô

PZ
��YQô��Iýtôdð§õ8ó4õ�ÿ�÷�ødÿ-ñ�ÿTydñùõ
	8ó��Mÿµó4þ�ú�ñùö�ý�	�ÿQð§ö.�<ôKö#y��&ó4õ§ö � ÿ�þ�ÿ�ô�õ�ñ)ó�÷�ø!ó4ñùöùõ�ú

��øh	�úIð§øKñùõ8ó4õ/�AYQôo�Iýtôdð§õ8ó4õ�ÿ�ó4ødð�ð§ö�ð§ø�	~ñ)ópy��<ø�	�ÿV�Êa$� á GP&W�0�~÷�ødÿ��IÿIð � 	§øKöùõ�ð9�Kÿ � ö�ÿ�ôKôdÿ�ô�õ;,�fM�bÿ�	 � ýtñùö�÷�ødÿIð
ð§ø�	>�KÿIð�ð�ÿ*��õ§ö�ýtôdð6�Kú��%ý�	§õ�úIÿIð/��3�ó;��ö�ð�õ§öùô���õ§ö�ýtô¬ÿ�ô�õ
	�ÿµñ�ÿIð�ó�	
	§ö � úIÿIð PP ÿ�õ6�IÿIð � 	§øKöùõ�ð6��	Hi��Iÿ�øKôKö�÷�ødÿ�þ�ÿ�ô�õ
ó4ø$�C�Iýtø�	 � ø�	�ÿIðQÿIð§õ-öùþ2�bý<ð�ð§ö � ñ�ÿ��
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	§ö � úIÿêõ�ýtøKõ¬ÿ�ô£��	�úIð�ÿ�	 � ó4ô�õzñ�ÿIðzó4øKõ
	�ÿIð ó�	
	§ö � úIÿIð
��	§öùþªó4ö.	�ÿIðµ÷�øKö£öùô�õ�ÿ�	���ï�	�ÿ�ô�õsó � ÿ*�mÿ�ñùñ�ÿ��

3ÒÿIðCó4ñ.�Mý�	§öùõ
,Kþ�ÿIð\�£òÎó4õ§õ�ú�ô�ø!ó4õ§ö�ýtô_�KÿIð � 	§øKöùõ�ð^öùô��Iý�,dú�	�ÿ�ô�õCÿ�õ��£ò öùô�õ�ÿ�	
�%ýtñ)ó4õ§ö�ýtôÓð§ø����bý<ð�ÿ�ô�õ^÷�ødÿ�ñ�ÿIð
�KýtôKôdúIÿIðsð�ýtô�õ&ûÒó4øv��	�ú&ó4ñ)ó � ñ�ÿ<û]	�ú��<øKñùö�ï�	�ÿ�þ�ÿ�ô�õ^ú*�H,!ó4ô�õ§öùñùñ�ýtôKôdúIÿIðEÿ�ô°ÿIð-�!ó��Iÿ��!4�ÿ�õ§õ�ÿ\,�f��býtõ
,dïIð�ÿCÿIð§õ�	8óP&
	�ÿ�þ�ÿ�ô�õ � ú�	§ö#y!úIÿ��$
6ñ#ôÒòqÿ���ö�ð§õ�ÿ �!ótð-ó4ø�xGýtø�	-�£ò ,�øKö|�Kÿµþ�ú�õ
,dýM�KÿIð-ÿ�¡p�&ó��IÿIðB�Kÿ+	�ú��<øKñ)ó�	§ö�ð�ó4õ§ö�ýtôC�%ÿ�	§þ�ÿ�õ§õ8ó4ô�õ
�Kÿ9��	�úIð�ÿ�	 � ÿ�	µñnòÎó4þ2�Kñùöùõ§ø��Kÿ:�KÿIð��KýtôKôdúIÿIð/�

3�ósþ�ú�õ
,dý��Kÿ��£ò öùô�õ�ÿ�	
�%ýtñ)ó4õ§ö�ýtô��KÿIðU�KýtôKôdúIÿIðº÷�ødÿ,ôdýtødð�ó � ýtôdðU��	�úIð8ÿ�ô�õ�úIÿ+�KýtôKôdÿ+�Kÿ � ýtôdð5	�úIð�øKñùõ8ó4õ�ð/�
4�ÿ��bÿ�ô��dó4ô�õ&ûxÿ�ñùñ�ÿp�Kÿ�þ�ÿ�ø�	�ÿ Í î\�z4�ÿ�õ§õ�ÿªú�õ8ó��bÿp�Kÿªñ)óVþ�ú�õ
,dýM�Kýtñ�ý��<ö�ÿ��Kÿ�õ
	8ó4öùõ�ÿ�þ�ÿ�ô�õ�ÿIð§õ���	§öùþ�ý�	-��ö)ó4ñ�ÿ
�býtø�	;õ
	8ó4ôdð���ý�	§þ�ÿ�	ºñ�ÿIðT�KýtôKôdúIÿIðL�dó4ôdð�ñ�ÿ+�Kýtþªó4öùôdÿ

(τ, p)
�M3Òý�	�ðL��øzõ
	8ó4öùõ�ÿ�þ�ÿ�ô�õ&û$��ö#"bú�	�ÿ�ô�õ�ÿIðºþ�ú�õ
,dýM�KÿIð

�£ò öùô�õ�ÿ�	
�býtñ)ó4õ§ö�ýtô á î ýtô�õzú�õ�ú õ�ÿIð§õ�úIÿIð/�1<�ñùñ�ÿIð�ôÒòqýtô�õ��!ótð2�KýtôKôdúV�Kÿ�	�úIð§øKñùõ8ó4õ�ð�ð8ó4õ§ö�ð
��ó4ö�ð8ó4ô�õ�ð/�5rQôÓóP�Kÿ
�Kÿ�	�ÿ*�-,dÿ�	-�H,dÿ��zÿ��$�Kñ�ý�	�ÿ�	��%ýtø�	��Iÿ���	�ý � ñ�ï�þ�ÿ�ÿIð§õ��Iÿ�ñùøKö1�Kÿ^ñ)ózõ
,dúIý�	§ö�ÿ\��ø°ð�ö.�<ô!ó4ñ1ôdýtôh	�ú��<øKñùö�ï�	�ÿ�þ�ÿ�ô�õ
ú*�-,!ó4ô�õ§öùñùñ�ýtôKôdúEó����Kñùö�÷�ødúIÿ��Eñ)ó�ð§ö�ð§þ�ö�÷�ødÿ��

3ÒÿIð~ó��I÷�øKö�ð�öùõ§ö�ýtôdð�YNn�4Á�2�Iýtø � ÿ�	§õ§ø�	�ÿEó�tIöùþmøKõ8ó4ñ�ÿ��Iýtþ2�Kñ�ï�õ�ÿmð�ýtô�õ+	�ú*�Iÿ�ô�õ�ÿIð/��3Òÿmõ
	8ó4öùõ�ÿ�þ�ÿ�ô�õ��Kÿ;�Iÿ
õWfM�bÿ��Kÿ+�KýtôKôdúIÿIðBYNn�4 á î ÿIð§õ�øKôzôdýtø � ÿ&ó4øR�Kýtþªó4öùôdÿN�KÿB	�ÿ*�-,dÿ�	-�H,dÿ��MK�ñùødð§ö�ÿ�ø�	�ðºú�õ8ó��bÿIðU�bÿ�ø � ÿ�ô�õT)�õ
	�ÿ
�Mú�ôdú�	8ó4ñùö�ð�úIÿIðQÿ�ô á î õ�ÿ�ñùñ�ÿIð�÷�ødÿ�ñ�ÿIðQó4ô!ó4ñ.f*ð�ÿIð+�Kÿ � öùõ�ÿIð8ð�ÿIð�óPydô=�£ò ö8�Kÿ�ô�õ§ö#y!ÿ�	Qñ�ÿIð � ó�	§ö)ó4õ§ö�ýtôdðQó�tIöùþmøKõ8ó4ñ�ÿIð
�Kÿ;�Iÿ�ñùñ�ÿIð�&W��ö��

<�ô$ydôÒûbñ�ÿIð9��ö#"£ú�	�ÿ�ô�õ�ð�õ�ÿIð�õ�ð�þ�ÿ�ôdúIð9�dó4ôdð�ñ�ÿ��&ó��$	�ÿ\�Kÿ\�IÿIð�õ
	8ó � ó4ø$�v�Kÿ�	�ÿ*�H,dÿ�	-�-,dÿ��Iýtô��Iÿ�	§ôdÿ�ô�õ
ñ�ÿIð
�KýtôKôdúIÿIð+YNn�4 ý�è¬ñ)ó:��	�ý��¯ýtô��Kÿ�ø�	B�£òqÿ&ó4øVÿIð§õ6�KÿQñnòqý�	-�$	�ÿ��Kÿ

100m
�$
�ñbð�ÿ�	8ó4öùõ�öùô�õ�ú�	�ÿIð�ð�ó4ô�õ��KÿQõ�ÿIð§õ�ÿ�	T�IÿIð

ôdýtø � ÿ�ñùñ�ÿIð�õ�ÿ*�H,KôKö�÷�ødÿIðN�Kÿ�õ
	8ó4öùõ�ÿ�þ�ÿ�ô�õ�ð§ø�	��KÿIð��KýtôKôdúIÿIð+�!ó�	���	8ó4ô�����ýtô��@� 1000 − 2000m
���
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�
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^+°Wª�¨´ª�¨�©�¯Jª¢·Wµ_©�¯Jµ!¨>­zy�§|¯�ímµ}©J°�§A¨¹¬Uª®­5§A³>¯�°�ª�¯hì9x ª�©s·Wµ_©�¯Jµ!¨>­zy�§|¯�ímµ}©J°�§A¨¹¬Uª®¯{µ]¨	°|ª�·

7*ýtöùõ
s(t, x, y)

øKô ð§ö.�<ô!ó4ñ£÷�øKö}�Kú��%ÿ�ô�����ø¬õ�ÿ�þ2�dð
t
ÿ�õL�KÿIð � ó�	§ö)ó � ñ�ÿIð,ð
�!ó4õ§ö)ó4ñ�ÿIðT,dý�	§ö.t&ýtô�õ8ó4ñ�ÿIð (x, y)�dó4ôdð�øKô�ð
f�ð§õ�ï�þ�ÿ\�&ó�	§õ�úIð§ö�ÿ�ô|�!3�òqÿ��$��	�ÿIð�ð§ö�ýtô@�Kÿ\�IÿCð§ö.�<ô!ó4ñ�ÿ�ôv�u	�úI÷�ødÿ�ô��IÿCð&òqú*��	§öùõ
ð�ÿ�ñ�ýtô°ñ)ó��Iýtô � ÿ�ô�õ§ö�ýtô

ð§øKö � ó4ô�õ�ÿ�?

S (ω, x, y) =

∫ +∞

−∞

s(t, x, y) exp (−iωt) dt

YQô^ð�ò öùô�õ�ú�	�ÿIð�ð�ÿ6�dó4ôdð�ñ)óµð§øKöùõ�ÿ;ó4øEð§ö.�<ô!ó4ñ
S (x, y) = S (ω, x, y)

�/3�ó+�Kýtø � ñ�ÿ;õ
	8ó4ôdð���ý�	§þªó4õ§ö�ýtô\�Kÿ	�dýtø�	§ö�ÿ�	
�Kÿ;�Iÿsð§ö.�<ô!ó4ñA�!ó�	B	8ó����%ý�	§õQó4ø$� � ó�	§ö)ó � ñ�ÿIð�ð
�!ó4õ§ö)ó4ñ�ÿIð �KýtôKôdÿ�?

S (kx, ky) =

∫ +∞

−∞

∫ +∞

−∞

S(x, y) exp (−ikxx) exp (−ikyy) dxdy

3Òÿ9�!ótð8ð8ó��Mÿ9�dó4ôdð-ñ�ÿIð��Iý*ý�	-�KýtôKôdúIÿIð��býtñ)ó4ö.	�ÿIðµð&òqÿ�"£ÿ*��õ§ødÿsð�ÿ�ñ�ýtô[ñ�ÿ9�H,!ó4ô��Mÿ�þ�ÿ�ô�õ��Kÿ � ó�	§ö)ó � ñ�ÿmð§øKö � ó4ô�õ:?

x = r cos θ, x = r sin θ

kx = k cosϕ, x = k sinϕ

ý�è
r = x2 + y2 ÿ�õ k = k2

x + k2
y

��31ó��Kýtø � ñ�ÿ
õ
	8ó4ôdð
�¯ý�	§þªó4õ§ö�ýtôh�Kÿ±�dýtø�	§ö�ÿ�	~ð
�!ó4õ§ö)ó4ñ�ÿ:�Kÿ � ö�ÿ�ô�õsó � ÿ*�mñ�ÿIð
ôdýtø � ÿ�ñùñ�ÿIð � ó�	§ö)ó � ñ�ÿIð:?

S (kx, ky) = S (k, ϕ) =

∫ +∞

0

∫ +π

−π
S(r, θ) exp (−ikr cos (ϕ− θ)) rdrdθ

4�ÿ�õ§õ�ÿ��Kÿ�	§ôKö�ï�	�ÿ�úI÷�ø!ó4õ§ö�ýtô�ÿIð§õ5�bú�	§ö�ý���ö�÷�ødÿL�!ó�	5	8ó����bý�	§õ6�~ñ)ó � ó�	§ö)ó � ñ�ÿ ϕ �J<�ñùñ�ÿ-ÿIð�õU�Kýtô����Kú*�Iýtþ2�%ý<ð�ó � ñ�ÿÿ�ôêð�ú�	§ö�ÿ9�Kÿ±�dýtø�	§ö�ÿ�	:?

S (k, ϕ) =
+∞∑

−∞

Sm (k) exp (−imϕ)

ó � ÿ*�p?

Sm (k) =
1

2π

∫ +π

−π

∫ +π

−π

∫ +∞

0
S(r, θ) exp [−ikr cos (ϕ− θ) − imϕ] rdrdθdϕ



e6����Å�åtÅ�ß ^/� æ

YQøêÿ�ô��Iý�	�ÿ�?

Sm (k) =
1

2π

∫ +π

−π

∫ +∞

0
S(r, θ)

[∫ +π

−π
exp [−ikr cos (ϕ− θ) − imϕ] dϕ

]
rdrdθ

<�ôC�nó4ö�ð8ó4ô�õ�ñ�ÿ9�-,!ó4ô��Mÿ�þ�ÿ�ô�õN�Kÿ � ó�	§ö)ó � ñ�ÿ (ϕ− θ) → ϕ
ð§ø�	�ñ)ó���ýtô���õ§ö�ýtô[ñ)ó\�Kñùødð-öùô�õ�ÿ�	§ôdÿmýtôVõ
	�ýtø � ÿR?

Sm (k) =
1

2π

∫ +π

−π

∫ +∞

0
S(r, θ)

[∫ +π

−π
exp [−ikr cosϕ− imϕ] dϕ

]
exp (−imθ) rdrdθ

3�ó���ýtô���õ§ö�ýtô[öùô�õ�ÿ�	§ôdÿmð&òqú*��	§öùõµó4ødð�ð�öÒð�ýtødð-ñ)ó���ý�	§þ�ÿ2?

∫ +π

−π
exp [−ikr cosϕ− imϕ] dϕ = 2

∫ π

0
exp [−ikr cosϕ] cos (mϕ) dϕ

<�ô[øKõ§öùñùö�ð�ó4ô�õ�ñnò ö8�Kÿ�ô�õ§öùõ�ú^ð§øKö � ó4ô�õ�ÿpDF' � 	8ó4þ�ý � öùõ
t ¤tÍ�I ?

Jm (z) =
i−m

π

∫ +π

0
exp (iz cosϕ) cos (mϕ) dϕ

ÿ�õ;?

Jm (−z) = (−1)m Jm (z)

ýtô ó�	
	§ö � ÿ:�Eñ)ó2	�ÿ�ñ)ó4õ§ö�ýtô�?

imSm (k) =

∫ +π

−π

∫ +∞

0
S(r, θ)Jm (kr) exp (−imθ) rdrdθ

îsó4ôdð��IÿIðQúI÷�ø!ó4õ§ö�ýtôÒû
Jm

ÿIð�õQñ)ó��¯ýtô���õ§ö�ýtôh�Kÿ�n�ÿIð8ð�ÿ�ñz�Kÿ���	�ÿ�þ�ö�ï�	�ÿCÿIð
�bï*�Iÿ:�£òqý�	-�$	�ÿ
m
�g<�ôv	�ÿ���	�ÿ�ô!ó4ô�õ

ñ�ÿIð-ôdýtõ8ó4õ§ö�ýtôdð ��ø=�-,!ó��Köùõ
	�ÿ Í û��Iÿ�õ§õ�ÿ;�Kÿ�	§ôKö�ï�	�ÿmúI÷�ø!ó4õ§ö�ýtôêÿIð§õ;?

imSm (k) = Ŝ(k,m)

ý�è
Ŝ(k,m)

ÿIð§õµñ)ó�õ
	8ó4ôdð��¯ý�	§þªó4õ§ö�ýtôo�Kÿ^ü~ó4ô�dMÿ�ñz�£òqý�	-�$	�ÿEó�tIöùþ^øKõ8ó4ñ
m
�Kÿ
ñ)ó\��ýtô���õ§ö�ýtô

S
��3�óp	�ÿ�ñ)ó4õ§ö�ýtô

ÿ�ô�õ
	�ÿmñ)óEõ
	8ó4ôdð���ý�	§þªó4õ§ö�ýtôs�Kÿ��dýtø�	§ö�ÿ�	
2D

ÿ�õ�ñ)óEõ
	8ó4ôdð���ý�	§þªó4õ§ö�ýtôs�Kÿsü�ó4ô�dMÿ�ñ�ð&òqú*��	§öùõ�?

S (kx, ky) = S (k, ϕ) =
+∞∑

m=−∞

i−mŜ(k,m) exp (−imϕ)

î�ÿ
þªó4ôKö�ï�	�ÿ\�Iýtþ2�Kñ�ï�õ�ÿ�þ�ÿ�ô�õ
ð§öùþ�öùñ)ó4ö.	�ÿ<û#ýtô°ó�	
	§ö � ÿ���ñ)ó2	�ÿ�ñ)ó4õ§ö�ýtô�ÿ�ô�õ
	�ÿ^ñ)ó�õ
	8ó4ôdð
�¯ý�	§þ�ú��Kÿmü�ó4ô�dMÿ�ñ
ÿ�õ-ñ�ÿIð+�KýtôKôdúIÿIðµöùôKöùõ§ö)ó4ñ�ÿIð+�dó4ôdð-ñ�ÿmð
f*ð�õ�ï�þ�ÿN�Kÿ:�Iý�ý�	-�KýtôKôdúIÿIð+�%ýtñ)ó4ö.	�ÿIð�?

S(r, θ) =
1

(2π)2

∫ +∞

0

+∞∑

m=−∞

Ŝ(k,m)Jm (kr) exp (imθ) kdk



e6����Å�åtÅ�ß ^/��a

¦Rµ!­V±6µ]¯�©J°W®�³>·�°�ª�¯s¬g;�³6¨Uª®y�§A¨>®M©J°�§�¨´°�¨�¶}µ]¯�°Wµ]¨�©�ª�±6µ]¯v¯�µ}±6±B§|¯�©�²m·<;8µ�%�°�í£³5©

YQôêð8ÿ �Kñ)ó��Iÿ
þªó4öùô�õ�ÿ�ô!ó4ô�õN�dó4ôdð-ñ�ÿ9�&ótðB�!ó�	§õ§ö8��øKñùö�ÿ�	µý�èVñ)ó���ýtô���õ§ö�ýtô
S
ÿIð§õ-öùô � ó�	§ö)ó4ô�õ�ÿ;�!ó�	B	8ó����bý�	§õ

�EñnòÎó�tIöùþmøKõ
θ
û�ñ)óEõ
	8ó4ôdð���ý�	§þªó4õ§ö�ýtôs�Kÿ
ü�ó4ô�dMÿ�ñ|�£òqý�	-�$	�ÿ^ó�tIöùþ^øKõ8ó4ñ

m
ð&òqú*��	§öùõ+�dó4ôdð+�Iÿ;�&ótð;?

imSm (k) = Ŝ(k,m) =

∫ +∞

0
S(r)Jm (kr)

[∫ +π

−π
exp (−imθ) dθ

]
rdr

3�óEõ
	8ó4ôdð���ý�	§þªó4õ§ö�ýtôV�Kÿ�ü~ó4ô�dMÿ�ñÒÿIð�õL�Kýtô��~ô�øKñùñ�ÿsð8ó4ø$���býtø�	,ñnòqý�	-�$	�ÿ
ó�tIöùþmøKõ8ó4ñ
m = 0

��îsó4ôdðB�Iÿ9�&ótð&û*ñ)ó
	�ÿ�ñ)ó4õ§ö�ýtôêÿ�ô�õ
	�ÿ
ñ)óEõ
	8ó4ôdð���ý�	§þªó4õ§ö�ýtôs�Kÿ��!ýtø�	§ö�ÿ�	

2D
ÿ�õ-ñ)ó�õ
	8ó4ôdð��¯ý�	§þªó4õ§ö�ýtôs�Kÿ
ü~ó4ô�dMÿ�ñ��Kÿ � ö�ÿ�ô�õ:?

S (kx, ky) = S (k) = Ŝ(k, 0) =

∫ +∞

0
S(r)J0 (kr) rdr

îsó4ôdðxñ�ÿB�&ótð5�!ó�	§õ§ö8��øKñùö�ÿ�	;ý�è�øKôdÿT��ýtô���õ§ö�ýtô�ÿIð§õxöùô � ó�	§ö)ó4ô�õ�ÿ+�!ó�	5	8ó����%ý�	§õ>�~ñnòÎó�tIöùþ^øKõ&ûMð8óQõ
	8ó4ôdð���ý�	§þªó4õ§ö�ýtô
�Kÿ³�dýtø�	§ö�ÿ�	

2D
ÿIð§õxð§õ
	§ö8��õ�ÿ�þ�ÿ�ô�õ�úI÷�øKö � ó4ñ�ÿ�ô�õ�ÿ��Qð8ó�õ
	8ó4ôdð
�¯ý�	§þªó4õ§ö�ýtô��Kÿ,ü�ó4ô�dMÿ�ñ$�£òqý�	-�$	�ÿ-ó�tIöùþ^øKõ8ó4ñ�t&ú�	�ý��



U è�è �NÑ � �

êo·&
A§|¯�°Ê©J¸6íñªg­�¬>ª�©�¯Jµ!¨6­Fy�§|¯�íñµ}©J°�§�¨
(τ, p)

¬Uªg­V±>¯�§9"T·�­V­�°W­�íÌ°Wë1³Uª�­
2D

YQô¾ð�ÿs�Kñ)ó��Iÿêö8��ö��dó4ôdð¬ñ�ÿs�&ótð��KÿIð¬ð§ö.�<ô!ó4ø$� ð§ö�ð§þ�ö�÷�ødÿIð
2D
�BYQô¾ó{�dó4ôdð��Iÿs�&ótðzñnò öùô$�¯ý�	§þªó4õ§ö�ýtô

øKôKö�÷�ødÿ�þ�ÿ�ô�õ�ð�ÿ�ñ�ýtômñnòÎóP�Kÿ>�KÿIðxó � ð-��ö�ð�ð8ÿIð
Ox
��YQô��-,dÿ�	-�-,dÿB� �Kú*�Iýtþ2�%ý<ð8ÿ�	�ñ�ÿIðz�KýtôKôdúIÿIðz�dó4ôdð1ñ�ÿT�Kýtþªó4öùôdÿ

(τ, p)
�g<�ô=�¯ýtô���õ§ö�ýtôh�KÿIð ,�fM�%ýtõ
,dïIð�ÿIð~öùôKöùõ§ö)ó4ñ�ÿIð~÷�ødÿmñnòqýtôs��	�ÿ�ô��£û}�Kÿ�ø$� ó�����	�ýM�-,dÿIð��Kÿ��Kú*�Iýtþ2�bý<ð§öùõ§ö�ýtô

ð�ýtô�õ|�%ý<ð8ð§ö � ñ�ÿIð>?*�Kú*�Iýtþ2�bý<ð§öùõ§ö�ýtô:�!ó�	1õ
	8ó4ôdð���ý�	§þªó4õ§ö�ýtô��Kÿ�ü�ó4ô�dMÿ�ñ�ÿ�õA�Kú*�Iýtþ2�bý<ð§öùõ§ö�ýtô:�!ó�	|�6ð§ñ)ó4ô�õ1ð§õ8ó��-d   �

+6¾P�dÜ1ß.-W�g¾����$�0�u�#Ü£ý|Ý03V�dÜ�5#Ý�Ú

YQô ó � ø@�dó4ôdðsñnòÎó4ôKôdÿ��Kÿ2��	�ú*�Iú*�Kÿ�ô�õ^ñ)ó�	�ÿ�ñ)ó4õ§ö�ýtô�ÿ�ô�õ
	�ÿ�ñ)ó¬õ
	8ó4ôdð��¯ý�	§þªó4õ§ö�ýtô¢�Kÿ@�dýtø�	§ö�ÿ�	 2D
ÿ�õ
ñ)ó

õ
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�g4�ÿ��bÿ�ô��dó4ô�õ&û}�dó4ôdðQñ�ÿ:�&ótð���	�úIð8ÿ�ô�õ&û%ýtôêôdÿ:�Kú�õ§ö�ÿ�ô�õQñnò öùô$��ý�	§þªó4õ§ö�ýtô°÷�ødÿ^ð�ÿ�ñ�ýtô

øKôêð�ÿ�øKñ|óP��ÿ��gYQô=��ó4öùõ~ó4ñ�ý�	�ð�ñnò ,�fM�býtõ
,dïIð�ÿm÷�ødÿsñ�ÿsþ�öùñùö�ÿ�ø ÿIð§õ�öùô � ó�	§ö)ó4ô�õN�!ó�	�	�ýtõ8ó4õ§ö�ýtô°ó4øKõ�ýtø�	 �Kÿ
ñnòÎóP�Kÿ
� ÿ�	§õ§ö8�&ó4ñnûz�<òqÿIð§õ�&��P&W��ö.	�ÿp�!ó�	�	8ó����bý�	§õ��VñnòÎó�tIöùþ^øKõ/�UYQô ó � ø ÷�ødÿp�dó4ôdð��Iÿp�&ótð�ûÒñ)óVõ
	8ó4ôdð
�¯ý�	§þªó4õ§ö�ýtô_�Kÿ
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ü�ó4ô�dMÿ�ñ|�£òqý�	-�$	�ÿ^ó�tIöùþ^øKõ8ó4ñ�ô�øKñ��}YQôV	8ó����%ÿ�ñùñ�ÿm÷�ødÿ9�Iÿ�õ§õ�ÿ9	�ÿ�ñ)ó4õ§ö�ýtô ð&òqú*��	§öùõ;?

Ŝ(k) =

∫ +∞

0
S(r)J0 (kr) rdr

ý�è
k
ÿIð§õ�ñ�ÿ � ÿ*��õ�ÿ�ø�	��£òqýtô��Kÿ ,dý�	§ö.t&ýtô�õ8ó4ñnû r ñ)ó���ö�ð§õ8ó4ô��Iÿsð�ýtø�	-�Iÿ�&�	�ú*�Iÿ��Kõ�ÿ�ø�	�ÿ�õ J0

ñ)ó:�¯ýtô���õ§ö�ýtôC�KÿNn,ÿIð�ð�ÿ�ñ
�Kÿ���	�ÿ�þ�ö�ï�	�ÿ�ÿIð
�bï*�Iÿ��£òqý�	-�$	�ÿNt&ú�	�ý��MYQô�	8ó����bÿ�ñùñ�ÿµ÷�ødÿ�ñ�ÿIð�ð§ö.�<ô!ó4ø$�

S
ð�ýtô�õºÿ��$��	§öùþ�úIð�ö8��ö#ÿ�ô���	�úI÷�ødÿ�ô��Iÿ��

<�ôCöùô�õ
	�ýM��øKö�ð8ó4ô�õ�ñ)óQñ�ÿ�ô�õ�ÿ�ø�	U,dý�	§ö.t&ýtô�õ8ó4ñ�ÿ
p
�!ó�	�ñ�ÿL�H,!ó4ô��Mÿ�þ�ÿ�ô�õ6�Kÿ � ó�	§ö)ó � ñ�ÿ k = ωp

ÿ�õ�ÿ�ô�ó����Kñùö�÷�ø!ó4ô�õ
ñ)óEõ
	8ó4ôdð���ý�	§þªó4õ§ö�ýtôs�Kÿ��!ýtø�	§ö�ÿ�	�öùô � ÿ�	�ð�ÿ:�!ó�	B	8ó����%ý�	§õ~ó4ø[õ�ÿ�þ2�dð&ûKñ)ó���ýtô���õ§ö�ýtô Ŝ(k)

�Kÿ � ö�ÿ�ô�õ�?

s(τ, p) =
1

p

∫ +∞

0
s(τ, r) ? J̃0

(
τ

pr

)
dr

õ�ÿ�ñ!÷�ødÿ
s
ÿIð§õ�ñ�ÿ-ð�ö.�<ô!ó4ñ!ÿ�ô�õ�ÿ�þ2�dð&û

J̃0
ÿIð§õ�ñ)ó~õ
	8ó4ôdð���ý�	§þ�úIÿ+�Kÿ��dýtø�	§ö�ÿ�	ºöùô � ÿ�	�ð�ÿQÿ�ô�õ�ÿ�þ2�dð>�Kÿ-ñ)ó ��ýtô���õ§ö�ýtô

�Kÿ2n,ÿIð�ð�ÿ�ñ�ÿ�õ
?
ÿIð§õ�ñ�ÿ\��	�ý���øKöùõ;�Kÿ2�Iýtô � ýtñùøKõ§ö�ýtôm��YQôíÿ��$�Kñ�ýtöùõ�ÿCö8��ö�ñ�ÿ���ó4öùõs÷�øÒò øKôdÿCþmøKñùõ§ö.�Kñùö8�&ó4õ§ö�ýtô ÿ�ô

��	�úI÷�ødÿ�ô��Iÿ
ÿIð�õ-øKôC��	�ý���øKöùõ+�Kÿ:�Iýtô � ýtñùøKõ§ö�ýtô°ÿ�ôVõ�ÿ�þ2�dð¥���
3�óR��ýtô���õ§ö�ýtô@�Kÿ\n,ÿIð�ð�ÿ�ñ�ÿ�ô°õ�ÿ�þ2�dð

J̃0
ð�òqÿ��M��	§öùþ�ÿ�ÿ�ôv��ýtô���õ§ö�ýtô@�Kÿ^ñnòqú*�H,dÿ�ñ�ýtô��KÿCüQÿ&ó � ö�ð�ö8�Kÿ H õ�ÿ�ñ

÷�ødÿ2?
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J̃0(t) =
H(t+ 1) −H(t− 1)

π
√

1 − t2

ýtøêÿ�ô��Iý�	�ÿ�?

J̃0(t) =
H(t+ 1) −H(t)

π
√

1 − t2
− H(t− 1) −H(t)

π
√

1 − t2

<�ô[öùô�x§ÿ*��õ8ó4ô�õN�Iÿ�õ§õ�ÿ;�Kÿ�	§ôKö�ï�	�ÿ9	�ÿ�ñ)ó4õ§ö�ýtôv�dó4ôdð-ñnòqÿ��M��	�ÿIð8ð§ö�ýtô=�Kÿ
s(τ, p)

ýtôVõ
	�ýtø � ÿR?

u(τ, p) =
1

π

∫ +∞

0



∫ τ

τ−px

s(r, t)√
p2r2 − (t− τ)2

dt+

∫ τ+px

τ

s(r, t)√
p2r2 − (t− τ)2

dt


 rdr

<�ô ó����Kñùö�÷�ø!ó4ô�õ�ñ�ÿ��-,!ó4ô��Mÿ�þ�ÿ�ô�õp�Kÿ � ó�	§ö)ó � ñ�ÿ q = ± t−τ
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�dó4ôdðCñ�ÿ

�Kýtþªó4öùôdÿ
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	8ó4ôdð���ý�	§þªó4õ§ö�ýtôs�Kÿsü�ó4ô�dMÿ�ñ>?

u(τ, p) = 1
π

∫ p
0

y(τ,q)√
p2

−q2
dq

y(τ, q) =
∫ +∞

0 [s(τ − qr, r) + s(τ + qr, r)] rdr
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s�u�býtô��Kú�	�ú9�!ó�	
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�ºñ�ÿ�ñ�ýtô��p�Kÿ;�$	�ýtöùõ�ÿIð��£ò öùô�õ�ÿ�	-�Iÿ��Kõ

τ
ÿ�õ+�Kÿ��bÿ�ô�õ�ÿ

p
�

3�ómð
f*ô�õ
,dïIð�ÿ��dó4ôdð�ñ�ÿ��Kýtþªó4öùôdÿ
(x, t)

ð�ÿT�nó4öùõ>�Kÿ-þªó4ôKö�ï�	�ÿ�ð�öùþ�öùñ)ó4ö.	�ÿµÿ�ô��!ó�	§õ8ó4ô�õ6�Kÿ-ñ)ó�õ
	8ó4ôdð
�¯ý�	§þªóP&
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��'QøVydô!ó4ñ|ýtô ý � õ§ö�ÿ�ô�õ\?

s(τ, p) =
1

4π3
F−1

{
ω2
}
?

∫ r

0

f(t, l)√
r2 − l2

dl

f(t, l) =

∫ +∞

0
[u(t− pl, p) + s(t+ pl, p)] pdp

ý�è
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ω2
} ÿIð§õ
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û]�<òqÿIð§õ�&��P&W��ö.	�ÿ2�dó4ôdð�ñ�ÿ2�Kýtþªó4öùôdÿ
(x, t)

�!'�ydôo�Kÿ
�Iýtþ2�bÿ�ôdð�ÿ�	�ñ�ÿ^þªó4ôd÷�ødÿ2�Kÿ��KýtôKôdúIÿIð;�dó4ôdð�ñ)óp��ö.	�ÿ*��õ§ö�ýtô
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ð&òqÿ��$��	§öùþ�ÿ~øKôKö�÷�ødÿ�þ�ÿ�ô�õµÿ�ô��¯ýtô���õ§ö�ýtôC��ø õ�ÿ�þ2�dð
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ÿ�õB�KÿµñnòÎó � ðH��ö�ð�ð�ÿ

x
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	8ó4ôdð���ý�	§þ�úIÿ9�Kÿ��dýtø�	§ö�ÿ�	�ÿ�ô

õ�ÿ�þ2�dðµÿ�õ�ÿ�ô ÿIð
�!ó��Iÿ9�Kÿ
s
�KýtôKôdÿp?

S(k, ω) =

∫ +∞

−∞

∫ +∞

−∞

s(x, t) exp (−iωt− ikx) dxdt =

∫ +∞

−∞

S(x, ω) exp (−ikx) dx

<�ô öùô�õ
	�ýM��øKö�ð8ó4ô�õzñ)ó�ñ�ÿ�ô�õ�ÿ�ø�	R,dý�	§ö.t&ýtô�õ8ó4ñ�ÿs�!ó�	ªñ�ÿV�H,!ó4ô��Mÿ�þ�ÿ�ô�õC�Kÿ � ó�	§ö)ó � ñ�ÿ k = ωp
ûxñnòqÿ��$��	�ÿIð�ð§ö�ýtô

��	�ú*�Iú*�Kÿ�ô�õ�ÿ��Kÿ � ö�ÿ�ô�õ�?

U(ω, p) =

∫ +∞

−∞

S(x, ω) exp (−iωpx) dx

<�ôíó����Kñùö�÷�ø!ó4ô�õ�ñ)ó�õ
	8ó4ôdð
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��	�ÿIð�ð§ö�ýtô{?

u(τ, p) =

∫ +∞

−∞

s(x, τ + px)dx =

∫ +∞

0
[s(x, τ + px) + s(x, τ − px)] dx

4�ÿ�õ§õ�ÿ:�Kÿ�	§ôKö�ï�	�ÿ^ÿ��M��	�ÿIð8ð§ö�ýtô[þ�ýtô�õ
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(τ, p)

�£ò øKôdÿ;�¯ýtô���õ§ö�ýtô
öùô � ó�	§ö)ó4ô�õ�ÿ��!ó�	�	8ó����bý�	§õN�Cñ)ó � ó�	§ö)ó � ñ�ÿ^ð
�!ó4õ§ö)ó4ñ�ÿ y ð&òqý � õ§ö�ÿ�ô�õ~ÿ�ôêð�ýtþ�þªó4ô�õ��Iÿ�õ§õ�ÿ���ýtô���õ§ö�ýtôêñ�ÿsñ�ýtô����Kÿ�$	�ýtöùõ�ÿ;�£ò öùô�õ�ÿ�	-�Iÿ��Kõ

τ
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�
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s(t, x) =
1

2π
F−1 {|ω|} ?

∫ +∞

−∞

u(p, t+ px)dp

ý�è
F−1 {|ω|} ÿIð§õ�ñ)ó^õ
	8ó4ôdð���ý�	§þªó4õ§ö�ýtôV�Kÿd�!ýtø�	§ö�ÿ�	�öùô � ÿ�	�ð�ÿ9�Kÿ~ñ)ó9��ýtô���õ§ö�ýtô |ω| ��<�ñùñ�ÿsÿIð§õ,ó4ødð8ð§öbó����bÿ�ñ�úIÿ��ydñùõ
	�ÿ
ρ   ÿ�õz�Iýtþ2�bÿ�ôdð�ÿ;ñ�ÿIðz��ö�ð�õ�ý�	�ð§ö�ýtôdð���øCð§ö.�<ô!ó4ñ�öùô�õ
	�ýM��øKöùõ�ÿIð1�!ó�	1ñ�ÿIð|ð�ýtþ�þªó4õ§ö�ýtôdð|ñ�ÿ;ñ�ýtô����Kÿ>�$	�ýtöùõ�ÿIð0�
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YQô�ð�ø����%ý<ð�ÿ¬ö8��ö�÷�ødÿ ñ�ÿVð§ö.�<ô!ó4ñ�ð§ö�ð§þ�ö�÷�ødÿ
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ÿIð§õ
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û5�<òqÿIð§õ�&��P&W��ö.	�ÿ[÷�øÒò öùñ�ð2�Kú��%ÿ�ô��j�KÿIð � ó�	§ö)ó � ñ�ÿIð
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�!ó4õ§ö)ó4ñ�ÿIð
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õ
	8ó4ôdð���ý�	§þªó4õ§ö�ýtôC�Kÿ��!ýtø�	§ö�ÿ�	L�KÿIðL�KýtôKôdúIÿIð,ð�ÿ�ñ�ýtô¬ñ)ó � ó�	§ö)ó � ñ�ÿQõ�ÿ�þ2�%ý�	�ÿ�ñùñ�ÿ t ÿ�õºñ�ÿIð� ó�	§ö)ó � ñ�ÿIðµð
�!ó4õ§ö)ó4ñ�ÿIð x ÿ�õ y �KýtôKôdÿp?

S(kx, ky, ω) =

∫ +∞

−∞

∫ +∞

−∞

∫ +∞

−∞

s(x, y, t) exp (−iωt− ikxx− ikyy) dtdxdy

=

∫ +∞

−∞

∫ +∞

−∞

S(x, y, ω) exp (−ikxx− ikyy) dxdy

<�ôEöùô�õ
	�ýM��øKö�ð8ó4ô�õ�ñ�ÿIð1ñ�ÿ�ô�õ�ÿ�ø�	�ð1,dý�	§ö.t&ýtô�õ8ó4ñ�ÿIð�ð�ÿ�ñ�ýtôEñ�ÿIð��Kÿ�ø$����ö.	�ÿ*��õ§ö�ýtôdð
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ÿ�õ
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kx = ωpx

ÿ�õ
ky = ωpy

û
�Iÿ�õ§õ�ÿ;�Kÿ�	§ôKö�ï�	�ÿ^úI÷�ø!ó4õ§ö�ýtô=�Kÿ � ö�ÿ�ô�õ�?

U(ω, px, py) =

∫ +∞

−∞

∫ +∞

−∞

S(x, y, ω) exp (−iωpxx− iωpyy) dxdy

3�óCõ
	8ó4ôdð
�¯ý�	§þ�úIÿ;�Kÿ±�dýtø�	§ö�ÿ�	�öùô � ÿ�	�ð8ÿ;�!ó�	B	8ó����bý�	§õQó4ø[õ�ÿ�þ2�dðB�bÿ�	§þ�ÿ�õ+�£òqý � õ�ÿ�ôKö.	�?

u (τ, px, py) =

∫ +∞

−∞

∫ +∞

−∞

s (τ − pxx− pyy, x, y) dxdy

3�ózõ
	8ó4ôdð���ý�	§þªó4õ§ö�ýtô
(τ, px, py)
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ð&òqý � õ§ö�ÿ�ô�õ;�Kýtô��Eÿ�ô�ð�ýtþ�þªó4ô�õ�ñ�ÿIð9�KýtôKôdúIÿIð9�Kÿ
s
ñ�ÿ

ñ�ýtô��p�Kÿ9�$	�ýtöùõ�ÿIð �Kú�ydôKö�ÿIð��!ó�	�ñ�ÿ�ø�	�ð-öùô�õ�ÿ�	-�Iÿ��Kõ�ð
τ
ÿ�õ�ñ�ÿ�ø�	�ð��%ÿ�ô�õ�ÿIð

p =
√
p2

x + p2
y

�
3�óíõ
	8ó4ôdð���ý�	§þªó4õ§ö�ýtô öùô � ÿ�	�ð�ÿêð&òqý � õ§ö�ÿ�ô�õ¬ð8ÿ�ñ�ýtôj�KÿIðp�Kú � ÿ�ñ�ý����bÿ�þ�ÿ�ô�õ�ð ð§öùþ�öùñ)ó4ö.	�ÿIð¬÷�øKö+�%ÿ�	§þ�ÿ�õ§õ�ÿ�ô�õ

�£òÎó � ýtøKõ§ö.	 �CñnòqúI÷�ø!ó4õ§ö�ýtô�?

s(x, y, t) = F−1
{
ω2
}
?

∫ +∞

−∞

∫ +∞

−∞

u(p, t− px− py)dpxdpy

ý�è
F−1

{
ω2
} ÿIð�õ�ñ�ÿ ��ydñùõ
	�ÿ

ρ   �
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3�ó�þªó4õ
	§ö8�Iÿ��Kÿ;��	�ý���	§ö�ú�õ�ú
D
�£ò øKôêþ�öùñùö�ÿ�øs,dýtþ�ý��Mï�ôdÿ^ÿ�õQö�ð�ýtõ
	�ý��%ÿ:�Kú�ydôKö�ÿ^ÿ�ô{� Í � Í aJ��ð&òqú*��	§öùõQð8ýtødð

ñ)ó���ý�	§þ�ÿ�?

D =




−iqp p iqp p
p −iqs p iqs

2µp2 − ρ −2iµpqs 2µp2 − ρ 2iµpqs
−2iµpqp 2µp2 − ρ 2iµpqp 2µp2 − ρ




�Êa$�.^/�J�

7�óCþªó4õ
	§ö8�Iÿsöùô � ÿ�	�ð�ÿ
ð�ÿ�þ�ÿ�õQð�ýtødð-ñ)ó���ý�	§þ�ÿ�?

D−1 =
1

2ρ
diag

(
1

qp
,

1

qs
,

1

qp
,

1

qs

)



−i
(
2µp2 − ρ

)
2µpqp −qp ip

2µpqs −i
(
2µp2 − ρ

)
ip −qs

i
(
2µp2 − ρ

)
2µpqp −qp −ip

2µpqs i
(
2µp2 − ρ

)
−ip −qs




ýtøêÿ�ô��Iý�	�ÿ�?

D−1 =
1

2ρ
diag

(
1

qp
,

1

qs
,

1

qp
,

1

qs

)
M

ý�è
diag

ÿIð�õ-ñ)óCþªó4õ
	§ö8�Iÿ;��ö)ó��Mýtô!ó4ñ�ÿ��
<�ô¢	�ÿ���	�ÿ�ô!ó4ô�õEñ�ÿIðEúI÷�ø!ó4õ§ö�ýtôdð�� Í � á aJ�sñùö)ó4ô�õ^ñ�ÿp�-,!ó4þ2�_�£òqýtô��Kÿzó4ø ôKö � ÿ&ó4ø¢�£ò øKôdÿzöùô�õ�ÿ�	��nó��Iÿzÿ�ô�õ
	�ÿ

�Kÿ�ø$� þ�öùñùö�ÿ�ø$��,dýtþ�ý��Mï�ôdÿIð~ÿ�õ-ö�ð�ýtõ
	�ý��bÿIð&ûKñ)óEþªó4õ
	§ö8�Iÿ
Q
ð&òqÿ��$��	§öùþ�ÿsð�ýtødð-ñ)ó���ý�	§þ�ÿ2?

Q =

[
Q11 Q12

Q21 Q22

]
= D1

0D1 =
1

2ρ1
diag

(
1

qp1
,

1

qs1
,

1

qp1
,

1

qs1

)
M1D2

õ�ÿ�ñº÷�ødÿ
D1
ÿIð§õmñ)ó þªó4õ
	§ö8�IÿR�Kÿ���	�ý���	§ö�ú�õ�úR��ø þ�öùñùö�ÿ�ø ó4ø$&W�KÿIð�ð§ødð^ÿ�õ

D2
ñ)ó[þªó4õ
	§ö8�Iÿp�Kÿ���	�ý���	§ö�ú�õ�ú���ø

þ�öùñùö�ÿ�ø ó4ø$&W�KÿIð�ð8ýtødð/��[~ýtõ�ýtôdð;?

N = M1D2



e6����Å�åtÅH� ^ ¤ ^

4�ÿ�õ§õ�ÿ^ôdýtø � ÿ�ñùñ�ÿmþªó4õ
	§ö8�Iÿ��Kÿ
õ8ó4öùñùñ�ÿ 4 × 4
ð&òqÿ��M��	§öùþ�ÿ\��ð8ýtôêõ�ýtø�	Qÿ�ôs��ýtô���õ§ö�ýtôs�KÿIð~ð�ýtødðµþªó4õ
	§ö8�IÿIð

Lij�Kÿsõ8ó4öùñùñ�ÿ
2 × 2

õ�ÿ�ñÒ÷�ødÿ�?

N =

[
L11 L12

L21 L22

]

<�ô=�Kú�ydôKö�ð8ð8ó4ô�õ�ñ�ÿIð���	8ó4ô��Kÿ�ø�	�ðQð§øKö � ó4ô�õ�ÿIð �Iýtþ�þ�ÿ
ð§øKöùõ;?

l13 = 2p2∆µ(qp1 − qp2) − (ρ1qp2 − ρ2qp1)
l14 = ip

[
2∆µ(qp1qs2 − p2) + ∆ρ

]

l23 = ip
[
2∆µ(qs1qp2 − p2) + ∆ρ

]

l24 = 2p2∆µ(qs1 + qs2) − (ρ1qs2 − ρ2qs1)
l33 = 2p2∆µ(qp1 − qp2) + (ρ1qp2 + ρ1qp1)
l34 = ip

[
2∆µ(qp1qs2 + p2) − ∆ρ

]

l43 = ip
[
2∆µ(qs1qp2 + p2) − ∆ρ

]

l44 = 2p2∆µ(qs1 − qs2) + (ρ1qs2 + ρ2qs1)

ó � ÿ*�p?

∆µ = µ1 − µ2, ∆ρ = ρ1 − ρ2

3ÒÿIðµþªó4õ
	§ö8�IÿIð
Lij
�Kÿ � ö�ÿ�ôKôdÿ�ô�õ�?

L11 =

[
l33 −l34
−l43 l44

]
L12 =

[
l13 l14
l23 l24

]

L12 =

[
l13 −l14
−l23 l24

]
L11 =

[
l33 l34
l43 l44

]

YQôV�Iýtôdð§ö8�Kï�	�ÿ�øKôdÿ�ýtô��Kÿ9�KÿIð-�Iÿ�ô��dó4ô�õ�ÿ
VD (z−)

û$�Iÿ�ñùñ�ÿ�&W��ö!�bÿ�øKõ-ð�ýtöùõ-ð�ÿN	�ú�Ò!ú*�-,Kö.	µð�ýtöùõ-ð�ÿ~õ
	8ó4ôdð§þ�ÿ�õ§õ
	�ÿ��
YQôêý � õ§ö�ÿ�ô�õ�?

VU

(
z−
)

= Q12VD

(
z+)

VD

(
z−
)

= Q22VD

(
z+)

ÿ�õ;?

VU

(
z−
)

= R12
D VD

(
z+)

VD

(
z+) = T 12

D VD

(
z−
)

îCòqý�è�?



e6����Å�åtÅH� ^ ¤tÍ

R12
D = Q12Q

−1
22

T 12
D = Q−1

22ð�ýtöùõ;?

R12
D =

1

2qp1qs1

[
qs1 0
0 qp1

]
L12L

−1
22

[
qp1 0
0 qs1

]

T 12
D = L−1

22

[
2ρ1qp1 0

0 2ρ1qs1

]

<�ôV�bý<ð8ó4ô�õ:?

R12
D =

[
R12PP

D R12PS

D

R12SP

D R12SS

D

]

ÿ�õ��Kÿªþ�)�þ�ÿp�býtø�	
T 12

D

û�ýtô ó�	
	§ö � ÿ ó4ø$��ÿ��$��	�ÿIð�ð§ö�ýtôdðEð-�&ó4ñ)ó4ö.	�ÿIð��KÿIð��Iý*ÿ�¡p��ö�ÿ�ô�õ�ð\�Kÿp	�ú�Ò!ÿ���ö�ýtô ÿ�õ\�Kÿ
õ
	8ó4ôdð§þ�ö�ð�ð�ö�ýtôV�%ýtø�	-ñ�ÿ:�-,!ó4þ2�

P
ýtø

S
�KÿIð-�Iÿ�ô��dó4ô�õ�ó � ÿ*�p?

R12PP

D =
l13l44 − l14l43
l33l44 − l43l34

T 12PP

D = 2ρ1qp1
l44

l33l44 − l43l34

R12SP

D =
qp1

qs1

l23l44 − l24l43
l33l44 − l43l34

T 12SP

D = 2ρ1qp1
−l43

l33l44 − l43l34

R12PS

D =
qs1
qp1

l14l33 − l13l34
l33l44 − l43l34

T 12SP

D = 2ρ1qs1
−l34

l33l44 − l43l34

R12SS

D =
l24l33 − l23l34
l33l44 − l43l34

T 12SS

D = 2ρ1qs1
l33

l33l44 − l43l34
YQôV�Iýtôdð§ö8�Kï�	�ÿ�þªó4öùô�õ�ÿ�ô!ó4ô�õQøKô��H,!ó4þ2�Vþ�ýtô�õ8ó4ô�õ

VU (z+)
��7�ö£ýtô��%ÿ�	§þ^øKõ�ÿsñ�ÿIð�öùô���ö8�IÿIð

1
ÿ�õ

2
�KÿIð

þ�öùñùö�ÿ�ø$� ÿ�õCð§ö�ýtô öùô � ÿ�	�ð�ÿ¬ñ)ó=�Iýtô � ÿ�ô�õ§ö�ýtôj��øw�-,!ó4þ2� þ�ýtô�õ8ó4ô�õ�ÿ�õ2�KÿIð-�Iÿ�ô��dó4ô�õV��4�ÿ*��öL	�ÿ � ö�ÿ�ô�õ2�Kýtô��
�V��õ�ýtø�	§ôdÿ�	Cñ)óêõ-)�õ�ÿ   �Kÿ 180◦

�(û|ýtô¢	�ÿ�õ�ýtþ � ÿVÿ��dó���õ�ÿ�þ�ÿ�ô�õ��dó4ôdðCñ�ÿ¬þ�)�þ�ÿ��&ótðE÷�ødÿ��%ýtø�	EøKôdÿ ýtô��Kÿ
�KÿIð-�Iÿ�ô��dó4ô�õ�ÿ

VD (z−)
�Kú � ÿ�ñ�ý����%ú9��	�ú*�Iú*�Kÿ�þ�þ�ÿ�ô�õ/�]YQô ý � õ§ö�ÿ�ô�õ�?

R12PP

U =
− (l13l44 + l34l23)

l33l44 − l43l34
T 12PP

U = 2ρ2qp2
l44

l33l44 − l43l34

R12SP

U =
qp2

qs2

l13l44 + l24l34
l33l44 − l43l34

T 12SP

U = 2ρ2qp2
−l34

l33l44 − l43l34

R12PS

U =
qs2
qp2

l13l43 + l23l33
l33l44 − l43l34

T 12SP

U = 2ρ2qs2
−l43

l33l44 − l43l34

R12SS

U =
− (l14l43 + l24l33)

l33l44 − l43l34
T 12SS

U = 2ρ2qs2
l33

l33l44 − l43l34
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YQôªð�ø����%ý<ð�ÿ�þªó4öùô�õ�ÿ�ô!ó4ô�õ,÷�ødÿ,ñ�ÿ,þ�öùñùö�ÿ�ø

1
ÿIð�õ|ñùö�÷�øKö8�Kÿ:�{ôdýtõ�ú

w
����3Òÿ-þ�öùñùö�ÿ�ø

2
ÿIð§õ�õ�ýtø�x§ýtø�	�ð�ð�ýtñùö8�Kÿ��

îsó4ôdð1�IÿT�&ótð�û
µ1 = 0

ÿ�õxöùñ�ôÒò f^ó �!ótð1�Kÿ6��	�ý��!ó���ó4õ§ö�ýtôp�£òqýtô��KÿIð1�KÿT��ö�ð�ó4öùñùñ�ÿ�þ�ÿ�ô�õ/��YQô2�-,dÿ�	-�H,dÿ��~ótð8ð§ø�	�ÿ�	
ñ)ó��Iýtô�õ§öùô�øKöùõ�úp�KÿEñ)ó � öùõ�ÿIð�ð�ÿ\�Kÿ\�Kú��Kñ)ó��Iÿ�þ�ÿ�ô�õ � ÿ�	§õ§ö8�&ó4ñºÿ�õ��KÿCñ)ó���	�ÿIð8ð§ö�ýtôíó4ø�ôKö � ÿ&ó4ø@�KÿCñnò öùô�õ�ÿ�	��nó��Iÿ��
4�ÿ�õ§õ�ÿ;�Iýtô�õ§öùô�øKöùõ�úEð&òqÿ��M��	§öùþ�ÿmð�ýtødð-ñ)ó���ý�	§þ�ÿsþªó4õ
	§ö8��ö�ÿ�ñùñ�ÿmð§øKö � ó4ô�õ�ÿp?

[
−iqpw iqpw

−ρ −ρ

] [
V P

U (z−)
V P

D (z−)

]
=

[
iqp2 p iqp2 p

2µp2 − ρ −2iµpqs2 2µp2 − ρ 2iµpqs

]



V P
U (z+)
V S

U (z+)
V P

D (z+)
V S

D (z+)




îsó4ôdð��Iÿ;�&ótð&û�þªó4õ
	§ö8�Iÿ
Q
�Kÿ � ö�ÿ�ô�õ�?

Q =

[
−iqpw iqpw

−ρ −ρ

]
−1 [

iqp2 p iqp2 p
2µp2 − ρ −2iµpqs2 2µp2 − ρ 2iµpqs

]
=

[
Q11 Q12

Q21 Q22

]

ý�è
Qij

ð�ýtô�õ[þªó4öùô�õ�ÿ�ô!ó4ô�õs�KÿIð � ÿ*��õ�ÿ�ø�	�ðs�Kÿv��öùþ�ÿ�ôdð�ö�ýtô 1 × 2
�B<�ôÌ��ó4ö�ð8ó4ô�õV�KÿIðV�Kú � ÿ�ñ�ý����bÿ�þ�ÿ�ô�õ�ð

ð§öùþ�öùñ)ó4ö.	�ÿIð��h�Iÿ�ø$�_��øj�!ó�	8ó���	8ó���,dÿV��	�ú*�Iú*�Kÿ�ô�õ¬ÿ�õªÿ�ô£	�ÿ���	�ÿ�ô!ó4ô�õªñ�ÿIð�ôdýtõ8ó4õ§ö�ýtôdðR��øj�-,!ó��Köùõ
	�ÿ Í û�ýtô
ý � õ§ö�ÿ�ô�õQñ�ÿIð��Iý*ÿ�¡p��ö�ÿ�ô�õ�ðN�Kÿ�	�ú�Ò!ÿ��*ö�ýtôêÿ�õ �Kÿ�õ
	8ó4ôdð§þ�ö�ð�ð§ö�ýtô ó4øêôKö � ÿ&ó4ø=��ø��¯ýtô��=�Kÿ�ñ)óCþ�ÿ�	:?

rPP
D =

[
4µ2

2p2qpwqp2qs2+qpw(2µ2p2
−ρ2)

2
−ρwρ2qpw

]

D

tPP
D =

−2qpwρw(2µ2p2
−ρ2)

D

tSP
D =

4iµ2pqpwqp2ρw

D

tPP
U =

−2qp2ρ2(2µ2p2
−ρ2)

D

rPP
U =

[
4µ2

2p2qpwqp2qs2−qpw(2µ2p2
−ρw)

2
+ρwρ2qpw

]

D

rSP
U =

4iµ2pqpwqp2(2µ2p2
−ρ2)

D

tPS
U =

4iµ2pqs2qp2ρ2

D

rPS
U =

4iµ2pqpwqs2(2µ2p2
−ρ2)

D

rSS
U =

[
4µ2

2p2qpwqp2qs2−qpw(2µ2p2
−ρ2)

2
−ρwρ2qpw

]

Dó � ÿ*�p?

D =

[
4µ2

2p
2qpwqp2qs2 + qpw

(
2µ2p

2 − ρ2

)2
+ ρwρ2qpw

]

3ÒÿIð-þªó4õ
	§ö8�Iÿ��Kÿ�	�ú�Ò!ÿ��*ö�ýtô$&nõ
	8ó4ôdð�þ�ö�ð�ð§ö�ýtô ó4øV�¯ýtô��C�Kÿsñ)óEþ�ÿ�	Qð&òqÿ��M��	§öùþ�ÿ^ó4ñ�ý�	�ð�ð�ýtødð-ñ)ó���ý�	§þ�ÿ2?

rU =

[
rPP
U rPS

U

rSP
U rSS

U

]
tU =

[
tPP
U tPS

U

0 0

]

rD =

[
rPP
D 0
0 0

]
tD =

[
tPP
U 0
tSP
D 0

]

3ÒÿIð �Iý�ÿ�¡p��ö�ÿ�ô�õ�ðµô�øKñ�ð �KÿIð-þªó4õ
	§ö8�IÿIð~ð�ýtô�õµñùö�úIðµó4ø=��ó4öùõ�÷�ødÿsñ�ÿIðµýtô��KÿIð �Kÿ;��ö�ð8ó4öùñùñ�ÿ�þ�ÿ�ô�õQôdÿ
ð8ÿ9��	�ý��!ó��Mÿ
�!ótð��dó4ôdðµñ�ÿ�þ�öùñùö�ÿ�ø[ñùö�÷�øKö8�Kÿ��
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YQôV	�ÿ���	�ÿ�ô��[ö8��öÒñ�ÿIð-ôdýtõ8ó4õ§ö�ýtôdð+��øV�H,!ó��Köùõ
	�ÿ á �gYQôV�H,dÿ�	-�-,dÿ��Cþ�ýtô�õ
	�ÿ�	~÷�ødÿ�ñ)óEþ�ú�õ
,dýM�Kÿ;�Kÿ9n-ó�	
	
ÿ�õ�7�ó4ô��Kÿ�	�ðR�!ó�	 � ö�ÿ�ô�õC�íú�ñùöùþ�öùôdÿ�	R�Iýtþ2�Kñ�ï�õ�ÿ�þ�ÿ�ô�õVñ�ÿIðªÿ�"£ÿ�õ�ðp�Kÿêñ)ó�õ
	8ó4ô��-,dÿv�£òqÿ&ó4øÌ�dó4ôdð�ñ�ÿ=�&ótð¬ý�è
ñ�ÿIð�þmøKñùõ§ö.�Kñ�ÿIð:�%ÿ���&nñ�ÿ��Mð9��ø@�*îtõ�ú\�KÿIð�	�ú*�Iÿ��Kõ�ÿ�ø�	�ð^ð�ýtô�õ�ôdú��<ñùö.�MúIð/�!3�òqý��bú�	8ó4õ�ÿ�ø�	;�bÿ���&nñ�ÿ��dû!�dó4ôdð9�Iÿ2�&ótð&û
�Kÿ � ö�ÿ�ô�õC��øñ��	�ÿ�þ�ö�ÿ�	Vý�	-�$	�ÿ��T3ÒÿIð ÿ��M��	�ÿIð8ð§ö�ýtôdð��Kÿêñ)ó�þ�ÿIð§ø�	�ÿv�Kÿêñ)ó���	�ÿIð�ð§ö�ýtô¾ÿ�õ��Kÿêñ)ó � öùõ�ÿIð�ð�ÿv�Kÿ
�Kú��Kñ)ó��Iÿ�þ�ÿ�ô�õ � ÿ�	§õ§ö8�&ó4ñA�Kÿ � ö�ÿ�ôKôdÿ�ô�õ�?

U
(
z−R

)
' −iqPw

[
r − 1

(1 + r exp (2iωqwzR))
+

R
′

(1 + r exp (2iωqwzR))
(1 + exp (2iωqwzR))

]
So

�Êa$�.^ ¤ �

P
(
z−R

)
' −ρw

[
r + 1

(1 + r exp (2iωqwzR))
+

R
′

(1 + r exp (2iωqwzR))
(1 − exp (2iωqwzR))

]
So

�Êa$�.^/`J�

3ÒÿIð��Kÿ�ø$��ö�ï�þ�ÿIð�õ�ÿ�	§þ�ÿIð �Kÿsñ)óCð�ýtþ�þªó4õ§ö�ýtôs�%ÿ�ø � ÿ�ô�õµð�ÿsð§öùþ2�Kñùö#y!ÿ�	���	Hi��Iÿ
ñnòqÿ��M��	�ÿIð�ð�ö�ýtôêð§øKö � ó4ô�õ�ÿ�?

R
′ (1 + exp (2iωqwzR))

(1 + r exp (2iωqwzR))
= R

′ (1 + exp (2iωqwzR) + r exp (2iωqwzR) − r exp (2iωqwzR))

(1 + r exp (2iωqwzR))

= R
′

[
1 +

(1 − r) exp (2iωqwzR)

(1 + r exp (2iωqwzR))

] �Êa$�.^/bJ�

�Kÿsþ�)�þ�ÿ
ýtôVõ
	�ýtø � ÿm÷�ødÿ�?

R
′ (1 − exp (2iωqwzR))

(1 + r exp (2iωqwzR))
= R

′

[
1 − (1 + r) exp (2iωqwzR)

(1 + r exp (2iωqwzR))

] �Êa$� Í GJ�

3ÒÿIð�úI÷�ø!ó4õ§ö�ýtôdð+�Kÿ
ñ)óEþ�ÿIð§ø�	�ÿ;�Kÿ � ö�ÿ�ôKôdÿ�ô�õ�?

U
(
z−R

)
= −iqPw

[
r − 1

(1 + r exp (2iωqwzR))
+R

′

[
1 +

(1 − r) exp (2iωqwzR)

(1 + r exp (2iωqwzR))

]]
So

�Êa$� Í ^0�



e6����Å�åtÅg� ^ ¤ a

P
(
z−R

)
= −ρw

[
r + 1

(1 + r exp (2iωqwzR))
+R

′

[
1 − (1 + r) exp (2iωqwzR)

(1 + r exp (2iωqwzR))

]]
So

�Êa$� Í<Í �

3�òÎó4õ§õ�ú�ô�ø!ó4õ§ö�ýtô��KÿIðµþ^øKñùõ§ö.�Kñ�ÿIðN��ó4ô�õ-îtþ�ÿIðsÿ�õ �bÿ���&nñ�ÿ��Mð�ð&òqý � õ§ö�ÿ�ô�õsÿ�ôh�Iýtþ � öùô!ó4ô�õsñ�ÿIðN�KýtôKôdúIÿIð��Kÿ^ñnò ,�f�&
�$	�ý���,dýtôdÿmÿ�õ���ø=�MúIý���,dýtôdÿ � ÿ�	§õ§ö8�&ó4ñA�Iýtþ�þ�ÿ
ð�øKöùõ:?

PZBS

(
z−R

)
= P

(
z−R

)
+

ρw

iqPw

1 + r

1 − r
U
(
z−R

)
=

2ρw

1 − r
R

′ �Êa$� Í<á �

îCòÎó���	�ïIð;�Iÿ�õ§õ�ÿ2�Kÿ�	§ôKö�ï�	�ÿ�úI÷�ø!ó4õ§ö�ýtôÒûÒýtôo�Iýtôdð§õ8ó4õ�ÿ�÷�ødÿEñnòqýtôo	�ú�ødð�ð�öùõ:�zú�ñùöùþ�öùôdÿ�	;�Iýtþ2�Kñ�ï�õ�ÿ�þ�ÿ�ô�õmñnòqÿ�"£ÿ�õ
�Kÿsñ)óEõ
	8ó4ô��H,dÿ:�£òqÿ&ó4ø|�
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YQôp��ö�ð-�%ý<ð�ÿ,ö8��ö��Kÿ+�Kÿ�ø$�Cð§ö.�<ô!ó4ø$�=�
2D

ýtø
3D
�
d
ÿ�õ
m
÷�ødÿ,ñnòqýtôªð�ø����%ý<ð�ÿB�dó4ôdð�ñ�ÿ��Kýtþªó4öùôdÿ

(τ, p)
�

YQô=�H,dÿ�	-�-,dÿ2��ÿIð§õ§öùþ�ÿ�	Qñ�ÿIðBydñùõ
	�ÿIð
g
÷�øKöA�%ÿ�	§þ�ÿ�õ§õ�ÿ�ô�õN�Kÿsþ�öùôKöùþ�ö�ð8ÿ�	µñnòqú�ôdÿ�	
�<ö�ÿ��Kÿsñ)ó2��ö#"£ú�	�ÿ�ô��Iÿ^ÿ�ô�õ
	�ÿ

ñ�ÿIð��Kÿ�ø$�[ð§ö.�<ô!ó4ø$�Vð§ø�	-øKôdÿ���ÿ�ô�)�õ
	�ÿ;�KýtôKôdúIÿ��gYQô=�Kú�ydôKö�ÿ
ñ)ó��¯ýtô���õ§ö�ýtôs�Iý�çKõµð§øKö � ó4ô�õ�ÿ�?

Cout = ‖d− g ? m‖2

K�ñùødð§ö�ÿ�ø�	�ðªð§õ
	8ó4õ�ú��<ö�ÿIð�ð�ýtô�õ2�%ý<ð�ð�ö � ñ�ÿR�býtø�	�ÿIð§õ§öùþ�ÿ�	�ñ�ÿIð�ydñùõ
	�ÿIð
g
�>YQô_�bÿ�øKõ�ó��Ký��Kõ�ÿ�	ªøKôdÿ ó�����	�ýM�-,dÿ

õ
	8ó��Iÿ\��õ
	8ó��Iÿ<û}�<òqÿIð§õ�&��P&W��ö.	�ÿC÷�ødÿ^ñnòqýtô þ�öùôKöùþ�ö�ð�ÿEñ)ó\��ýtô���õ§ö�ýtôh�Iý�çKõN�býtø�	N�H,!ót÷�ødÿ^ñ�ÿ�ô�õ�ÿ�ø�	
p
�!YQôs�bÿ�øKõ

ó4ødð�ð§ö6�&ó4ñ8��øKñ�ÿ�	^ñ�ÿIð:ydñùõ
	�ÿIð^ÿ�ô{�Kú�ydôKö�ð�ð8ó4ô�õEøKôdÿªð8ÿ�øKñ�ÿ2��ýtô���õ§ö�ýtô{�Iý�çKõ��%ýtø�	
õ�ýtøKõ�ÿzñ)ó[ð8ÿ*��õ§ö�ýtôm�
2D

ýtø
3D
���

ÛR¼�¼z¾P� º�» ÝC�/¾P� º Ý0�h�/¾�� º Ý

rQôdÿN�¯ýtô���õ§ö�ýtôs�Iý�çKõ�ÿIð§õ��Kú�ydôKö�ÿsö8��ö!�býtø�	��-,!ót÷�ødÿ � ó4ñ�ÿ�ø�	��Kÿ p ÷�ødÿ�ñnòqýtôV�-,dÿ�	-�H,dÿ��Eþ�öùôKöùþ�ö�ð�ÿ�	Qð§ø�	øKôdÿ���ÿ�ô�)�õ
	�ÿ;�KýtôKôdúIÿ���3�ó\�¯ýtô���õ§ö�ýtô=�Iý�çKõQð&òqú*��	§öùõ:?

Coutp = ‖dp(τ) − gp(τ) ? mp(τ)‖2 =
∑

k


dp(k) −

N∑

l=−N

gp(l)mp(k − l)




2

3�ò öùô���ö8�Iÿ
k
ÿIð�õ+�Iÿ�ñùøKöA�KÿIð�ú*�H,!ó4ô�õ§öùñùñ�ýtôdð�ÿ�ô[õ�ÿ�þ2�dð��KÿIðQð§ö.�<ô!ó4ø$� ÿ�õµñnò öùô���ö8�Iÿ

l
�Iÿ�ñùøKöA�KÿIðLydñùõ
	�ÿ;�Kÿ
õ8ó4öùñùñ�ÿ

2N + 1
÷�ødÿEñnòqýtôo�-,dÿ�	-�-,dÿR�zÿIð�õ§öùþ�ÿ�	/�!%êöùôKöùþ�ö�ð�ÿ�	sñ)óp��ýtô���õ§ö�ýtôo�Iý�çKõ9	�ÿ � ö�ÿ�ô�õ:�zÿIð�õ§öùþ�ÿ�	sñ�ÿIð t&ú�	�ý<ð:�Kÿ

ð8ó\�Kú�	§ö � úIÿIð+�!ó�	�	8ó����%ý�	§õ~ó4ø$�¬öùô��IýtôKô�ødÿIðQ÷�øKöÒð�ýtô�õµö8��ö£ñ�ÿIð+�Iý*ÿ�¡p��ö�ÿ�ô�õ�ð+��øVydñùõ
	�ÿ g �gYQô[ý � õ§ö�ÿ�ô�õ�?

∂Cot

∂g(n)
= −2

∑

k


dp(k) −

N∑

l=−N

gp(l)mp(k − l)


mp(k − n) = 0 n ∈ [−N,N ]

<�ôEú*��	§ö � ó4ô�õ��Iÿ�õ§õ�ÿ>�Kÿ�	§ôKö�ï�	�ÿºúI÷�ø!ó4õ§ö�ýtôEÿ�ô9��ýtô���õ§ö�ýtô��KÿIð�ð�ö.�<ô!ó4ø$�9�£òÎó4øKõ�ýM�Iý�	
	�ú�ñ)ó4õ§ö�ýtô Γm
p

ÿ�õA�KÿIð�ð§ö.�<ô!ó4ø$�
�Kÿ;��	�ý<ð�ð
&W�Iý�	
	�ú�ñ)ó4õ§ö�ýtô

Φdm
p

ýtôêý � õ§ö�ÿ�ô�õ�?

N∑

l=−N

gp(l)Γ
m
p (n− l) = Φdm

p (n)
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4�ÿ�õ§õ�ÿ;�Kÿ�	§ôKö�ï�	�ÿ:	�ÿ�ñ)ó4õ§ö�ýtôV�%ÿ�øKõQð�ÿ�þ�ÿ�õ§õ
	�ÿ
ð�ýtødð-ñ)ó���ý�	§þ�ÿsþªó4õ
	§ö8��ö�ÿ�ñùñ�ÿR?

Tm
p gp = Φdm

p

ý�è
Tm

p

ÿIð§õVñ)ó þªó4õ
	§ö8�Iÿ@�Kÿ@E1ý�ÿ����Kñùöùõ
t��Iý�	
	�ÿIð-�%ýtô��dó4ô�õ ó4ø � ÿ*��õ�ÿ�ø�	=�£òÎó4øKõ�ýM�Iý�	
	�ú�ñ)ó4õ§ö�ýtô Γm
p

û
gp =

[gp(−N), ..., gp(N)]T
ñ�ÿ � ÿ*��õ�ÿ�ø�	V�Kÿs�Iý*ÿ�¡p��ö�ÿ�ô�õ�ðC��øñydñùõ
	�ÿ°ÿ�õ Φdm

p =
[
Φdm

p (−N), ...,Φdm
p (N)

]T
ñ�ÿ � ÿ*��õ�ÿ�ø�	\�Kÿ���	�ý<ð�ð
&W�Iý�	
	�ú�ñ)ó4õ§ö�ýtô|�53�òqÿIð§õ§öùþªó4õ§ö�ýtô_��ø¢ydñùõ
	�ÿ g 	�ÿ � ö�ÿ�ô�õ2�Kýtô��C�V	�úIð�ýtø��$	�ÿ¬øKô ð
f�ð§õ�ï�þ�ÿ
ñùöùôdú&ó4ö.	�ÿ��

3ÒÿL�&ó4ñ8��øKñ��KÿIð�ydñùõ
	�ÿIðxÿIð§õ|ÿ�"£ÿ*��õ§ødú�ö8��öKÿ�ô��Kú�ydôKö�ð�ð�ó4ô�õxøKôdÿ6�¯ýtô���õ§ö�ýtô2�Iý�çKõz�!ó�	|õ
	8ó��Iÿ,ð8ó4ôdðz�-,dÿ�	-�H,dÿ�	6�
ÿ��$�Kñ�ýtöùõ�ÿ�	|ñ�ÿIðxõ
	8ó��IÿIð � ýtö�ð�öùôdÿIð/�P3;ò ö8�KúIÿ-ÿIð§õz�£òqÿ��$�Kñ�ýtöùõ�ÿ�	�ñ)ó 	�ÿ*�Kýtô��dó4ô��IÿB�Kÿ�ñnò öùô$�¯ý�	§þªó4õ§ö�ýtô�ÿ�ô2�Kú�ydôKö�ð�ð8ó4ô�õ
øKôdÿCð�ÿ�øKñ�ÿ:�¯ýtô���õ§ö�ýtôo�Iý�çKõ��%ýtø�	�õ�ýtøKõ�ÿEñ)ózð�ÿ*��õ§ö�ýtô£�

2D
ýtø

3D
���]3�ó���	�ÿ�þ�ö�ï�	�ÿCö8�KúIÿCÿIð§õ��Kÿ��Kú�ydôKö.	sñ)ó

��ýtô���õ§ö�ýtôêð§øKö � ó4ô�õ�ÿ�?

Coutp =
∑

p

‖dp(τ) − gp(τ) ? mp(τ)‖2 =
∑

p

∑

k


dp(k) −

N∑

l=−N

gp(l)mp(k − l)




2

4�ÿ��bÿ�ô��dó4ô�õ&ûMÿ�ô��nó4ö�ð8ó4ô�õxñ�ÿL�Kú � ÿ�ñ�ý����%ÿ�þ�ÿ�ô�õ>�Iýtþ�þ�ÿL��	�ú*�Iú*�Kÿ�þ�þ�ÿ�ô�õ&û�ýtô�ó � ýtøKõ§öùõU�Qñ)ó 	�úIð�ýtñùøKõ§ö�ýtô��£ò øKô
ð
f�ð§õ�ï�þ�ÿ~ñùöùôdú&ó4ö.	�ÿ9�dó4ôdð,ñ�ÿI÷�ødÿ�ñbñnòqÿIð§õ§öùþªó4õ§ö�ýtôs�KÿQñnòqý��bú�	8ó4õ�ÿ�ø�	��Kÿ9�-,!ót÷�ødÿ�õ
	8ó��IÿsÿIð§õL�Kú*�Iýtø��Kñ�úIÿ;�Kÿ��Iÿ�ñùñ�ÿ
�KÿIðµó4øKõ
	�ÿIðµõ
	8ó��IÿIð/�g4�ÿ*��ö�ÿIð§õ��Kýtô��mð§õ
	§ö8��õ�ÿ�þ�ÿ�ô�õ~úI÷�øKö � ó4ñ�ÿ�ô�õ ��ñ)óCð�ýtñùøKõ§ö�ýtô[õ
	8ó��Iÿ:�Eõ
	8ó��Iÿ��

ÛR¼�¼z¾P� º�» Ý7�gÚu��øz��Ú{Ý=ýE�ùÝ�ß*�0���@�$�0�u�%Üjý|Ý�ß��g¼UÛ�¾��$�&Ý�Ó�¾4ß

YQô�ð�ÿ��Kñ)ó��Iÿ=�dó4ôdðªñ�ÿV�&ótð��Mú�ôdú�	8ó4ñN�KÿIðªð�ÿ*��õ§ö�ýtôdð
3D

û�ýtô � ÿ�	
	8ó�÷�ødÿ[ñnòqÿIð§õ§öùþªó4õ§ö�ýtôj�<ñ�ý � ó4ñ�ÿs�KÿIð
ydñùõ
	�ÿIð-ÿ�ô

2D
ÿIð§õ-ð§öùþ2�Kñ�ÿ�þ�ÿ�ô�õ-øKô��&ótðT�!ó�	§õ§ö8��øKñùö�ÿ�	/��3ÒÿIðB�KýtôKôdúIÿIð

3D
ð�ýtô�õB��ö � ö�ð�úIÿIð,ð�ÿ�ñ�ýtô¬øKôdÿQþªó4öùñùñ�ÿ

	�ÿ*��õ8ó4ô��<øKñ)ó4ö.	�ÿ��½y��<ø�	�ÿp�Êa$� á aJ�
���g46,!ót÷�ødÿsþªó4öùñùñ�ÿmýtø[ú�ñ�ú�þ�ÿ�ô�õQÿIð§õ+�Kú�õ�ÿ�	§þ�öùôdú:�!ó�	�÷�ø!ó4õ
	�ÿ
ôdý�ÿ�ø��Kð/��3ÒÿIð
ý��bú�	8ó4õ�ÿ�ø�	�ðsð�ÿ�	�ýtô�õ9�&ó4ñ8��øKñ�úIð�øKôKö�÷�ødÿ�þ�ÿ�ô�õ
ó4ø$�=�bý<ð§öùõ§ö�ýtôdð��KÿIðQôdý*ÿ�ø��Kð/�]3ÒÿIð�ý��bú�	8ó4õ�ÿ�ø�	�ð;��ñnò öùô�õ�ú�	§ö�ÿ�ø�	
�KÿIðQþªó4öùñùñ�ÿIð~ð8ÿ�	�ýtô�õ�ÿ��M��	§öùþ�úIð�ÿ�ôs�¯ýtô���õ§ö�ýtôh�KÿIðQý��bú�	8ó4õ�ÿ�ø�	�ð��KÿIðQ÷�ø!ó4õ
	�ÿ^ôdý�ÿ�ø��KðN�Kú�ydôKö�ð�ð8ó4ô�õ��Iÿ�õ~ú�ñ�ú�&
þ�ÿ�ô�õµõ�ÿ�ñ�÷�ødÿ2?

gij =
∑

n=1,4

αn
ijg

n
ij

ý�è
gn
ij

ð�ýtô�õ|ñ�ÿIðxý��%ú�	8ó4õ�ÿ�ø�	�ð1�Kÿºñ�ýtô��<ødÿ�ø�	
2l+1

�Kú�ydôKö�ð�ó4ø$�mð�ýtþ�þ�ÿ�õ�ð1�Kÿ;ñnòqú�ñ�ú�þ�ÿ�ô�õ;ó4ød÷�ødÿ�ñKó����!ó�	§õ§ö�ÿ�ô�õ
ñ)ó�õ
	8ó��IÿQÿ�ô

ij
�½y��<ø�	�ÿ��Êa$� á �J�
�(û

αn
ij

ð�ýtô�õ6�KÿIðU�býtö8�Kð>�&ó4ñ8��øKñ�úIðL���!ó�	§õ§ö.	6�Kÿµñ)ó��%ý<ð�öùõ§ö�ýtôp�Kÿ�ñ)ó�õ
	8ó��Iÿ �dó4ôdð
ñnòqú�ñ�ú�þ�ÿ�ô�õ/�
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�1�8���K.<+ � .<+ wt��A�F&?GFI39@l0a2^:<5(=�:<0�2M2��85�=x5�2�:<@k¡��8?958243G=x¶MJl0<>�= +

3�ó��Iýtô�õ
	§ö � øKõ§ö�ýtôh�Kÿsñ)óEõ
	8ó��Iÿ
ÿ�ô
ij
�Eñ)ó��¯ýtô���õ§ö�ýtôs�Iý�çKõµð&òqú*��	§öùõ:?

Coutij =
∑

k


dij(k) −

N∑

l=−N

4∑

n=1

αn
ijg

n
ij(l)mij(k − l)




2

3�ó���ýtô���õ§ö�ýtô=�Iý�çKõ��<ñ�ý � ó4ñ�ÿmð&òqú*��	§öùõµð�ýtødð-ñ)ó���ý�	§þ�ÿ�?

Cout =
∑

ij

coutij

3�ó2�Iýtô�õ
	§ö � øKõ§ö�ýtôv�Kÿ�ñ)ó�õ
	8ó��Iÿ
ij
ó4øC��	8ó���ö�ÿ�ô�õ �Kÿsñ)ó���ýtô���õ§ö�ýtô=�Iý�çKõ��<ñ�ý � ó4ñ�ÿ^ÿIð§õ��KýtôKôdú9�!ó�	:?

∂coutij
∂gv

ij(r)
= −2

∑

k


dij(k) −

N∑

l=−N

4∑

n=1

αn
ijg

n
ij(l)mij(k − l)


αv

ijmij(k − r)

<�ô øKõ§öùñùö�ð8ó4ô�õEñ�ÿIð:�¯ýtô���õ§ö�ýtô¢�£òÎó4øKõ�ý��Iý�	
	�ú�ñ)ó4õ§ö�ýtô
Γm

ij

ÿ�õ��Kÿp��	�ý<ð�ð�&W�Iý�	
	�ú�ñ)ó4õ§ö�ýtô
Φdm

ij

�dó4ôdð^ñnòqÿ��M��	�ÿIð8ð§ö�ýtô
��øV��	8ó���ö�ÿ�ô�õ&û��Iÿ9�Kÿ�	§ôKö�ÿ�	 �Kÿ � ö�ÿ�ô�õ�?

∂coutij
∂gv

ij(r)
= −2


αv

ijΦ
dm
ij − αv

ij

4∑

n=1

αn
ij

N∑

l=−N

gn
ij(l)Γ

m
ij (r −m)




3Òÿ ��	8ó���ö�ÿ�ô�õB�Kÿ�ñ)ó9�¯ýtô���õ§ö�ýtô��Iý�çKõT�<ñ�ý � ó4ñ�ÿ~ÿIð�õ6�Kýtô���øKô � ÿ*��õ�ÿ�ø�	L�Kÿ ��öùþ�ÿ�ôdð§ö�ýtô (2N +1)F
õ�ÿ�ñb÷�ødÿ

FÿIð§õ~ñ�ÿmôdýtþ � 	�ÿ2�Kÿmôdý*ÿ�ø��Kð9�Kú�ydôKö�ð�ð8ó4ô�õ�ñ�ÿ��Kýtþªó4öùôdÿ��!3�ózþ�öùôKöùþ�ö�ð8ó4õ§ö�ýtôo�KÿEñ)ó��¯ýtô���õ§ö�ýtôo�Iý�çKõ��<ñ�ý � ó4ñ�ÿ
÷�øKöM�Iýtô���øKöùõU�µñnòqÿIð§õ§öùþªó4õ§ö�ýtô2�Kÿºõ�ýtødð|ñ�ÿIðxý��bú�	8ó4õ�ÿ�ø�	�ð�	�ÿ � ö�ÿ�ô�õ5�£òÎó���	�ïIðxñ)ó �Kÿ�	§ôKö�ï�	�ÿ,úI÷�ø!ó4õ§ö�ýtô��+	�úIð�ýtø��$	�ÿ
øKôêð
f�ð§õ�ï�þ�ÿ�ñùöùôdú&ó4ö.	�ÿ;�Kÿ
ñ)ó��¯ý�	§þ�ÿ�?
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�1�8���K.<+ � »�+1¥ =�36@BrsFI39@l0a2�:<5�=x��Jk39?65(=�A�F&?;r�F�r��836LM0<:<5-�aJl0a¶�F&JB5 ¿ /10�2439?6@B¶MD<39@l0a2E:K� DM2M5�36?GF�>�5
��JBF~rsFI39?6@j>�5

K
5�3;F�D^Ha5�>�3658D�?

F
+

KG = C

K|ýtø�	µøKôdÿ�õ
	8ó��Iÿ
ð�ö�ð§þ�ö�÷�ødÿ
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Résumé 
 
Le travail de recherche présenté dans ce mémoire est dédié au filtrage des multiples de la tranche d’eau 
sur les données sismiques OBC (Ocean Bottom Cable). Ces multiples générés par les réflexions 
successives entre la surface de l’eau et le fond marin détériorent considérablement la qualité des images 
sismiques. Nous proposons dans ce document une méthode robuste de filtrage de ces multiples par 
"sommation PZ"  dans le domaine (τ,p). Nous commençons par modéliser les enregistrements de 
l’hydrophone et du géophone en OBC dans le domaine des ondes planes harmoniques. Nous montrons que 
ces modèles s’expriment en fonction des arrivées primaires et des multiples de la colonne d’eau. Cette 
modélisation nous permet de proposer un algorithme de filtrage des multiples qui tient compte non 
seulement de la physique de propagation des ondes mais aussi des caractéristiques de l’acquisition : 
couplage et orientation des géophones, réponses impulsionnelles des capteurs, bruits. 
Après la validation  sur des données synthétiques, la nouvelle approche est appliquée sur des données 
réelles 2D dans le cadre d’une séquence de traitement. Nous montrons que cette approche est robuste en 
présence de bruit et donne de meilleurs résultats en comparaison avec des séquences standards. 
Nous généralisons à la fin de ce document la séquence de traitement au cas des acquisitions OBC 3D 
grâce à la transformation (τ,p)3D. Cette généralisation n’est pas immédiate et nécessite des étapes 
supplémentaires dans la séquence de traitement tel que l’interpolation des données en 3D. La comparaison 
de la séquence 3D aux séquences standards révèle que la nouvelle approche améliore significativement les 
résultats.     
 
 

 
 
 

Abstract 
 

The following PhD thesis deals with methods of water-layer multiple attenuation in OBC (Ocean Bottom 
Cable) data. These multiples are created by the reverberation of primary arrivals in the water column. The 
multiples have a strong negative impact on the final structural image obtained from OBC processing. In 
this document, we propose a new methodology for multiple attenuation by developing a new PZ 
summation algorithm in the (τ,p) domain. We start by expressing the hydrophone and geophone 
measurements in the plane wave domain. We show that these measurements can be expressed in terms of 
primary and water-layer multiple arrivals. These expressions allow us to establish a new algorithm based 
on the physics of wave propagation in elastic media. The new algorithm also takes into account the 
properties of OBC acquisitions such as geophone coupling and orientation, impulse response of the 
sensors and noise characteristics. 
The new algorithm was first validated on synthetic data and then applied on a real 2D dataset as one step 
of a processing workflow. This processing sequence results in attenuation of water-layer multiples and 
noise, thus improving image quality in comparison with standard processing approaches. 
Finally, we extend the processing methodology to 3D datasets through the 3D(τ,p) transform. This 
application is not straightforward and necessitates additional steps in the workflow because, in this 
context, 3D data interpolation becomes crucial. The final results of the 3D methodology show an 
important improvement of data quality in comparison with the standard processing sequences. 
 


