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8
¨98
¨ ù ��yx¥§saj�wxq å   ¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�ö©ú¤õ

8
¨9i î�oPn�tkyxqmn�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�ö©ú3û
8
¨9i
¨xö � i(oP�=w��F�©�3q�wzsap¢në¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�ö©ú3û
8
¨9i
¨ ù � �3qmo=yxyxwxqmo�� å �3pkp¢o=y¦ Ds[{ko=y®¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�ö©ú�8
8
¨9i
¨ õ � wx Ntky��3q�wzsap¢nÌ¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�ö©ú!h

8
¨ h 	ísap¢�=yxt¢n�wzsap¢n ¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�ö©ú¤÷
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ì ¨xöØê�p[q�jms[{
t¢�=q�wzsap%¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�ö©ù!h
ì ¨ ù � �Awznmq�wxpk¥Tn�q�jmo©�3 ÿwxpk¥¬�3ikikjms§�a� å oPnu¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�ö©ù�5
ì ¨ õ ��jmsai(s¤nIoP{ � ñ 	�� saj�üAwz{koPsÿn�q�jmo©�3 ÿwxpk¥*¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�ö©õ
ö

ì�¨ õ
¨xö � o=p¢o=jI�3yhikjmsaiQs¤nmoP{�nm� å o= Do ¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�ö©õ
ö
ì�¨ õ
¨ ù � o=p¢o=jI�3q�wzsap^s��
q å o� Ntkyxq�wxikyzoNjmoP{
tkp¢{¢�3prq�jmo=ikjmoPnmo=prqI�3q�wzsap¢n�¨�¨�¨�ö©õ
ö
ì�¨ õ
¨ õ ��{
üa�3p[qI�3¥§oPn�s��
t¢n�wxpk¥Dq å o � ñ ìí��¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�ö©õ3û
ì�¨ õ
¨ û ì��anIo�{koPnm�=j�wxikq�wzsap¢n%¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�ö©õ�8
ì�¨ õ
¨98 ��j�wxp¢�=wxikyzoNs��
q å o ikjmsai(s¤nIoP{�nm� å o= Do ¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�ö©õ�i
ì�¨ õ
¨9i � o=j�ü§o=j�n�iQoP�=w��F�©�3q�wzsap¸¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�ö©õ!h

ì ¨ û î�oPn�tkyxqmn�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�ö©õ�5
ì ¨98 	ísap¢�=yxt¢n�wzsap¢n ¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�ö=û¢ö

� � �
� ������bd'>�e\Eb��T+_- bd�0���0����+.	T- � ��Y
	�¨xöáê� T�3¥§oPnZ¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�ö=ûrõ
	�¨ ù #�wz{koPs¤n ¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�ö=û_i
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ù
¨xö ä�å o�� å �3pkp¢o=y/n�ikyxwxq�q�wxpk¥Dikjmsavkyzo= �¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨ 5
ù
¨ ù ��� å wzo=ü¤�3vkyzo9jI�3qmoNjmo=¥¤wzsapZs�� (R1, R2)

iF�3wxjmn��an����]tkp¢�=q�wzsapZs���q å oN{
wzn �
qmsaj�q�wzsap^ü§oP�=qmsaj D = (D1, D2, D0)

¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨ ö¤ö
ù
¨ õ ä�å jmoPo¬�Po=p[q�jI�3y�iF�3j�q�wxq�wzsap¢nD�3p¢{ãwxp¢{ko�� �anmnmwx¥¤pk Do=prqmn�� saj.�^tkpkw��]saj� ÿyxþ

{
wzn�q�j�wxvktkqmoP{^nmsatkjm�Po�¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨ ö=û
õ
¨xö � o=p¢o=jI�3y � � å o= DoZ¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨Öù¤÷
õ
¨ ù � �k�3 ÿikyzo\s��N{
wxüAwzn�wzsap s���q å o �í�Pü§o=yzo=q n�tkvkvF�3p¢{kn8vQo=q ��oPo=pdikj�wx T�3j�þ

n�tkvkvF�3p¢{kn�� �¢p¢o=yxþ��PsA{koP{�
®�3p¢{ jmoP{
tkp¢{¢�3prq
n�tkvkvF�3p¢{kn��]�Ps§�3jmnmo=yxþ��PsA{koP{�

wxp�q å o�q �ísD{koPnm�=j�wxikq�wzsaph¨ ¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨Öù�5

õ
¨ õ ��yx¥§saj�wxq å   �]saj�q å o��Psa ÿiktkqI�3q�wzsap\s�� Ci,j
iF�3jI�3 Do=qmo=j©¨ÿ¨�¨N¨�¨�¨�¨�¨�¨�¨Öõ�5

õ
¨ û ��yzsavF�3yÐìíwxq���yxyzs[�©�3q�wzsap � jms[�PoP{
tkjmo ¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨Üûrù
õ
¨98 � wz{ko�� � è�î+ü
n 	ío=prq�jI�3y � � è�î9¨ 	ísa ÿiF�3j�wznmsap9s��
q å o
ikjmsaiQs¤nmoP{� Do=q å sA{

��wxq å q å o� Do=q å sA{ wxp�� ÷¤ù��ÿ¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨Üû_8
õ
¨9i � wz{ko�� � è�î+ü
n 	ío=prq�jI�3y � � è�î9¨ 	ísa ÿiF�3j�wznmsap9s��
q å o
ikjmsaiQs¤nmoP{� Do=q å sA{

��wxq å q å o� Do=q å sA{ wxp��xö©ú�i�� ¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨Üû_8
û¢¨xö 	ísa ÿikyzo=qmo 	ísA{
wxpk¥ � � å o= Do ¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨Üûr÷
û¢¨ ù ä jI�3p¢n � saj� �vF�anmoP{�wx T�3¥§o��Ps[{
wxpk¥DnI� å o= Do¤¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨ 83û
û¢¨ õ ������� wx T�3¥§o �PsA{koP{N�3qÐú
¨98�vkikih¨Ðì � 	¼� å �3pkp¢o=yA�3qÐú
¨ ú¤ú
ö�vQo=j©¨�� � è�î�� ù�5
¨ û¢ö �

8�5
û¢¨ û ������� wx T�3¥§o �PsA{koP{N�3q ö¤¨ ú�vkikih¨Ðì � 	¼� å �3pkp¢o=yA�3qÐú
¨ ú¤ú
ö�vQo=j©¨�� � è�î�� õ¤õ
¨ ÷�5

{kì�¨ ¨N¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨ 8�5
û¢¨98 ������� wx T�3¥§o �PsA{koP{N�3q ö¤¨ ú�vkikih¨Ðì � 	¼� å �3pkp¢o=yA�3qÐú
¨ ú
ö�vQo=j©¨�� � è�î�� ù3û¢¨95�5

{kì�¨ ¨N¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨ i¤ú
û¢¨9i �������\wx T�3¥§oÆ�PsA{koP{É�3qÆö¤¨ úãvkikih¨ ���3t¢nmn�w��3pÉ� å �3pkp¢o=yN�3q ú
¨ ú
ö\vQo=j©¨

� � è�î�� ù�8
¨ û_5D{kì ¨ ¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨ i¤ú
û¢¨ h ��������wx T�3¥§o �Ps[{koP{ �3qTú
¨98\vkikih¨ ���3t¢nmn�w��3p�� å �3pkp¢o=y��3q8ú
¨ ú¤ú
ö`vQo=j©¨

� � è�î�� õ
ö¤¨ ù!hÿ{kì ¨ ¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨ i
ö
û¢¨ ÷ ��������wx T�3¥§o �Ps[{koP{ �3q�ö¤¨ ú\vkikih¨ ���3t¢nmn�w��3p�� å �3pkp¢o=y��3q8ú
¨ ú¤ú
ö`vQo=j©¨

� � è�î�� õ3û¢¨95¤úD{kì ¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨ i
ö
û¢¨95 öPñ�ñ�� ä n�q�j�t¢�=q�tkjmo�t¢n�wxpk¥ÿq å o�yxw��]q�wxpk¥Tnm� å o= Do¤¨D¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨ i¤õ
û¢¨xö©ú � o©�3p � � è�î9óônÐs��¢o©�a� å �]jI�3 Do � saj ���Psa ÿi(sap¢o=p[q/s�� � 	íê �"!$#&%'�(��)®�Psayzsaj

ü[wz{koPs��Psa ÿikjmoPnmnmoP{9qms�ù¤ú¤ú �Avkwxqmn$*3n+� õ¤ú �]jI�3 DoPn$*3n$
@¨ ä jI�3p¢n� ÿwznmnmwzsap.s<ü§o=j
���3t¢nmn�w��3p�� å �3pkp¢o=yk�3q
ú
¨ ú¤ú
ö�vQo=j���� ê"è"%,� �-
@�hp¢s�p¢sawznmo �¤ñ���î % ì�ïhð��
�Bv�
@����jmsaiQs¤nmoP{ � ñ 	��.� � ïÐï é � �]�/
@� � ñ 	�¨`¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨ i�8
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û¢¨xö¤ö � o©�3p � � è�î9óônÐs��¢o©�a� å �]jI�3 Do � sajÐð��Psa ÿi(sap¢o=p[q/s�� � 	íê �"!$#&%'�(��)®�Psayzsaj
ü[wz{koPs��Psa ÿikjmoPnmnmoP{9qms�ù¤ú¤ú �Avkwxqmn$*3n+� õ¤ú �]jI�3 DoPn$*3n$
@¨ ä jI�3p¢n� ÿwznmnmwzsap.s<ü§o=j
���3t¢nmn�w��3p*� å �3pkp¢o=yí�3q�ú
¨ ú¤ú
öDvQo=j�� � ê"è"%ÿ�®p¢s p¢sawznIo ��ñu��î % ì�ïhð��u�
��jmsai(s¤nIoP{ � ñ 	�� � � ïhï é � � � ñ 	�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨ i�8

û¢¨xö©ù � o©�3p � � è�î9óônÐs��¢o©�a� å �]jI�3 Do � sajÐð��Psa ÿi(sap¢o=p[q/s�� � 	íê �"!$#&%'�(��)®�Psayzsaj
ü[wz{koPs��Psa ÿikjmoPnmnmoP{9qms�ù¤ú¤ú �Avkwxqmn$*3n+� õ¤ú �]jI�3 DoPn$*3n$
@¨ ä jI�3p¢n� ÿwznmnmwzsap.s<ü§o=j
���3t¢nmn�w��3p*� å �3pkp¢o=yí�3q�ú
¨ ú¤ú
öDvQo=j�� � ê"è"%ÿ�®p¢s p¢sawznIo ��ñu��î % ì�ïhð��u�
��jmsai(s¤nIoP{ � ñ 	�� � � ïhï é � � � ñ 	�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨ i�i

û¢¨xö©õ � 	íê � !�# % ����)��Psayzsaj�ü[wz{koPs9�Psa ÿikjmoPnmnmoP{TqmsNù¤ú¤ú �Avkwxqmn$*3n � õ¤ú �BjI�3 DoPn�*3n$
@¨
ä jI�3p¢n� ÿwznmnmwzsap s<ü§o=j ���3t¢nmn�w��3pë� å �3pkp¢o=yD�3q¼ú
¨ ú¤ú
ö v(o=j©¨$ð�n�wxpk¥ q å o
� ñ 	�� ä 	�¨ ¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨ i!h

û¢¨xö=û � 	íê � !�# % ����)��Psayzsaj�ü[wz{koPs9�Psa ÿikjmoPnmnmoP{TqmsNù¤ú¤ú �Avkwxqmn$*3n � õ¤ú �BjI�3 DoPn�*3n$
@¨
ä jI�3p¢n� ÿwznmnmwzsap`s<ü§o=j ���3t¢nmn�w��3p`� å �3pkp¢o=yh�3q�ú
¨ ú¤ú
ö�vQo=j©¨
ð�nmwxpk¥9q å o�ikjms��
i(s¤nmoP{ � ñ 	�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨ i¤÷

û¢¨xö�8 	íê � �

�� #��Nü[wz{koPs9�Psa ÿikjmoPnmnmoP{8qms9õ¤ú¤ú �[vkwxqmn$*3n � õ¤ú �]jI�3 DoPn$*3n$
@¨ ä jI�3p¢n �
 ÿwznmn�wzsap^s<ü§o=j����3t¢nmn�w��3pZ� å �3pkp¢o=y/�3q�ú
¨ ú¤ú
ö�v(o=j©¨�ð�n�wxpk¥Dq å o � ñ 	�� ä 	�¨ i�5

û¢¨xö�i 	íê � �

�� #��Nü[wz{koPs9�Psa ÿikjmoPnmnmoP{8qms9õ¤ú¤ú �[vkwxqmn$*3n � õ¤ú �]jI�3 DoPn$*3n$
@¨ ä jI�3p¢n �
 ÿwznmn�wzsapZs<ü§o=j ���3t¢nIn�w��3p^� å �3pkp¢o=y��3q�ú
¨ ú¤ú
öNv(o=j©¨íð�nmwxpk¥ÿq å o�ikjmsaiQs¤nmoP{
� ñ 	�¨Ã¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨ haú

û¢¨xö�h � o©�3p � � è�î9óônÿs�� o©�a� å �BjI�3 Do �]saj �Ö�Psa ÿi(sap¢o=p[q(� saj � 	íê � !$#&% ����)
�Psayzsaj�ü[wz{koPs`�Psa ÿikjmoPnmnIoP{¼qms�ù¤ú¤ú �[vkwxqmn$*3n � õ¤ú �]jI�3 DoPn$*3n$
@¨ ä jI�3p¢n� ÿwzn �
n�wzsap s<ü§o=j.ð �Zä � �¦oP{koPn�q�j�w��3p%� å �3pkp¢o=y��3q9ú
¨ ú
ö8vQo=j�� � ê"è"% � �-
@�9p¢s
p¢sawznmo � ñu��î % ì�ïhð�� �]�/
@� ��jmsaiQs¤nmoP{ � ñ 	�� � � ïhï é � �]{�
@� � ñ 	
��wxq å satkq�� å �3pkp¢o=y/�Ps[{
wxpk¥ �Fïhê � ' ä ì�ïhð�� �Bv�
@� � ñ 	�� ä 	�¨ ¨�¨�¨�¨�¨ hKû

û¢¨xö©÷ � o©�3p � � è�î9óônÿs�� o©�a� å �BjI�3 Do �]sajÿðÜ�Psa ÿi(sap¢o=p[q(� saj � 	íê � !$#&% ����)
�Psayzsaj�ü[wz{koPs`�Psa ÿikjmoPnmnIoP{¼qms�ù¤ú¤ú �[vkwxqmn$*3n � õ¤ú �]jI�3 DoPn$*3n$
@¨ ä jI�3p¢n� ÿwzn �
n�wzsap¬s<ü§o=j�ð �\ä � �/oP{koPn�q�j�w��3p�� å �3pkp¢o=y®�3q�ú
¨ ú
ö�v(o=j�� � ê�è %ÿ�[p¢s9p¢sawznmo �
ñu��î %Éì�ïhð���� ��jmsaiQs¤nmoP{ � ñ 	���� � ïhï é � � � ñ 	 ��wxq å satkq�� å �3pkp¢o=y
�Ps[{
wxpk¥ �¢ïÐê � ' ä ì�ïhð��u� � ñ 	�� ä 	�¨ ¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨ hKû

û¢¨xö�5 � o©�3p � � è�î9óônÿs�� o©�a� å �BjI�3 Do �]saj�#~�Psa ÿi(sap¢o=p[q(� saj � 	íê � !$#&% ����)
�Psayzsaj�ü[wz{koPs`�Psa ÿikjmoPnmnIoP{¼qms�ù¤ú¤ú �[vkwxqmn$*3n � õ¤ú �]jI�3 DoPn$*3n$
@¨ ä jI�3p¢n� ÿwzn �
n�wzsap¬s<ü§o=j�ð �\ä � �/oP{koPn�q�j�w��3p�� å �3pkp¢o=y®�3q�ú
¨ ú
ö�v(o=j�� � ê�è %ÿ�[p¢s9p¢sawznmo �
ñu��î %Éì�ïhð���� ��jmsaiQs¤nmoP{ � ñ 	���� � ïhï é � � � ñ 	 ��wxq å satkq�� å �3pkp¢o=y
�Ps[{
wxpk¥ �¢ïÐê � ' ä ì�ïhð��u� � ñ 	�� ä 	�¨ ¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨ h/8

û¢¨ ù¤ú � 	íê � !�# % ����)��Psayzsaj�ü[wz{koPs9�Psa ÿikjmoPnmnmoP{¬�3q�ù¤ú¤ú �Avkwxqmn$*3n � õ¤ú �BjI�3 DoPn�*3n$
@¨
ä jI�3p¢n� ÿwznmnmwzsap\s<ü§o=j�ð �Zä � ê�p¢{ksAsaj�� å �3pkp¢o=y��3q ú
¨ ú
ö�vQo=j©¨�ð�n�wxpk¥8q å o
� ñ 	���wxq å satkq�� å �3pkp¢o=y/�Ps[{
wxpk¥¢¨â¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨ h/i

û¢¨ ù
ö � 	íê � !�# % ����)��Psayzsaj�ü[wz{koPs9�Psa ÿikjmoPnmnmoP{¬�3q�ù¤ú¤ú �Avkwxqmn$*3n � õ¤ú �BjI�3 DoPn�*3n$
@¨
ä jI�3p¢n� ÿwznmnmwzsap\s<ü§o=j�ð �Zä � ê�p¢{ksAsaj�� å �3pkp¢o=y��3q ú
¨ ú
ö�vQo=j©¨�ð�n�wxpk¥8q å o
� ñ 	�� ä 	�¨ ¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨ h�h

û¢¨ ù¤ù � 	íê � !�# % ����)��Psayzsaj�ü[wz{koPs9�Psa ÿikjmoPnmnmoP{¬�3q�ù¤ú¤ú �Avkwxqmn$*3n � õ¤ú �BjI�3 DoPn�*3n$
@¨
ä jI�3p¢n� ÿwznmnmwzsap\s<ü§o=j�ð �Zä � ê�p¢{ksAsaj�� å �3pkp¢o=y��3q ú
¨ ú
ö�vQo=j©¨�ð�n�wxpk¥8q å o
ikjmsai(s¤nmoP{ � ñ 	�¨u¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨ ha÷

û¢¨ ù¤õ � 	íê � !�# % ����)��Psayzsaj�ü[wz{koPs9�Psa ÿikjmoPnmnmoP{¬�3q�ù¤ú¤ú �Avkwxqmn$*3n � õ¤ú �BjI�3 DoPn�*3n$
@¨
ä jI�3p¢n� ÿwznmnmwzsap¼s<ü§o=j�ð �\ä � �¦oP{koPnmq�j�w��3p¼� å �3pkp¢o=y �3q�ú
¨ ú
ö�vQo=j©¨uð�n�wxpk¥
q å o � ñ 	 ��wxq å satkq�� å �3pkp¢o=y/�Ps[{
wxpk¥¢¨ ¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨ h/5
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û¢¨ ù3û � 	íê � !�# % ����)��Psayzsaj�ü[wz{koPs9�Psa ÿikjmoPnmnmoP{¬�3q�ù¤ú¤ú �Avkwxqmn$*3n � õ¤ú �BjI�3 DoPn�*3n$
@¨
ä jI�3p¢n� ÿwznmnmwzsap¼s<ü§o=j�ð �\ä � �¦oP{koPnmq�j�w��3p¼� å �3pkp¢o=y �3q�ú
¨ ú
ö�vQo=j©¨uð�n�wxpk¥
q å o � ñ 	�� ä 	�¨ ¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨Ö÷¤ú

û¢¨ ù�8 � 	íê � !�# % ����)��Psayzsaj�ü[wz{koPs9�Psa ÿikjmoPnmnmoP{¬�3q�ù¤ú¤ú �Avkwxqmn$*3n � õ¤ú �BjI�3 DoPn�*3n$
@¨
ä jI�3p¢n� ÿwznmnmwzsap¼s<ü§o=j�ð �\ä � �¦oP{koPnmq�j�w��3p¼� å �3pkp¢o=y �3q�ú
¨ ú
ö�vQo=j©¨uð�n�wxpk¥
q å o�ikjmsai(s¤nIoP{ � ñ 	�¨±¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨Ö÷
ö

û¢¨ ù�i � 	íê � !�# % ����)��Psayzsaj�ü[wz{koPs9�Psa ÿikjmoPnmnmoP{¬�3q�ù¤ú¤ú �Avkwxqmn$*3n � õ¤ú �BjI�3 DoPn�*3n$
@¨
ä jI�3p¢n� ÿwznmnmwzsap¬s<ü§o=j�ð �Zä � �¦oP{koPn�q�j�w��3p`� å �3pkp¢o=y®�3q�ú
¨ ú¤ú
ö�v(o=j©¨�ð�n�wxpk¥
� ñ 	���wxq å satkq�� å �3pkp¢o=y/�Ps[{
wxpk¥¢¨â¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨Ö÷¤ù

û¢¨ ù!h � 	íê � !�# % ����)��Psayzsaj�ü[wz{koPs9�Psa ÿikjmoPnmnmoP{¬�3q�ù¤ú¤ú �Avkwxqmn$*3n � õ¤ú �BjI�3 DoPn�*3n$
@¨
ä jI�3p¢n� ÿwznmnmwzsap¬s<ü§o=j�ð �Zä � �¦oP{koPn�q�j�w��3p`� å �3pkp¢o=y®�3q�ú
¨ ú¤ú
ö�v(o=j©¨�ð�n�wxpk¥
� ñ 	�� ä 	�¨ ¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨Ö÷¤õ

û¢¨ ù¤÷ � 	íê � !�# % ����)��Psayzsaj�ü[wz{koPs9�Psa ÿikjmoPnmnmoP{¬�3q�ù¤ú¤ú �Avkwxqmn$*3n � õ¤ú �BjI�3 DoPn�*3n$
@¨
ä jI�3p¢n� ÿwznmnmwzsap¬s<ü§o=j�ð �Zä � �¦oP{koPn�q�j�w��3p`� å �3pkp¢o=y®�3q�ú
¨ ú¤ú
ö�v(o=j©¨�ð�n�wxpk¥
q å o�ikjmsai(s¤nIoP{ � ñ 	�¨±¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨Ö÷3û

û¢¨ ù�5 � sA{ko=yÐs��
q å o�ê�p[qmo=j�p¢o=q�� å �3pkp¢o=yX¨ � nmqI�3p¢{kn � saj�� � s[sA{���n�qI�3qmo��3p¢{�ì
�]saj��"ì��a{���n�qI�3qmo¤¨ ¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨Ö÷�8

û¢¨ õ¤ú � o©�3p � � è�î9óônus��
o©�a� å �]jI�3 Do"�]saj ���Psa ÿi(sap¢o=p[q�s�� � 	íê ��� ��� �
	 � �
�PsayzsajíüAwz{koPs.�Psa ÿikjmoPnmnmoP{ �3q�ù¤ú¤ú�% vki¢n � õ¤ú �BjI�3 DoPn�*3n$
@¨ ä jI�3p¢n� ÿwznmnmwzsap
s©ü§o=j�ê�p[qmo=j�p¢o=q�� å �3pkp¢o=yQn�t �®o=j�wxpk¥ �]jmsa �ö©ú
¨ ÷�5�� iF�a� �§o=q�yzs¤nmn<¨ � î���� è
� �-
@� � wxq å satkq jmo=q�jI�3p¢n� ÿwznmnmwzsap � ú�� iF�a�!�§o=q�yzs¤nmn$
 �Q�¦ü§o=jI�3¥§o ��� � � è�î
�Fõ¤ú
¨xö�iD{kì ¨¢ì�ïhð��,�Bv�
@�
��jmsaiQs¤nmoP{ � ñ 	��¢�Ðü§o=jI�3¥§o ��� � � è�î9�Fù
ö¤¨ ha÷
{kì�¨Fî � ñ �]�/
@� ð�n�wxpk¥ � ñ 	��¢�¦ü§o=jI�3¥§o���� � � è�î9�®ö�hA¨9i¤ùÿ{kì ¨�¨�¨�¨�¨�¨�¨Ö÷!h

û¢¨ õ
ö � o©�3p � � è�î9óônus��
o©�a� å �]jI�3 Do"�]saj ���Psa ÿi(sap¢o=p[q�s�� � 	íê ��� ��� �
	 � �
�PsayzsajíüAwz{koPs.�Psa ÿikjmoPnmnmoP{ �3q�ù¤ú¤ú�% vki¢n � õ¤ú �BjI�3 DoPn�*3n$
@¨ ä jI�3p¢n� ÿwznmnmwzsap
s©ü§o=j�ê"prqmo=j�p¢o=q � å �3pkp¢o=y�n�t �®o=j�wxpk¥ �Bjmsa  8�� iF�a�!�§o=q yzs¤nmn<¨ � î���� è
� �-
@� � wxq å satkq jmo=q�jI�3p¢n� ÿwznmnmwzsap � ú�� iF�a�!�§o=q�yzs¤nmn$
 �Q�¦ü§o=jI�3¥§o ��� � � è�î
�Fõ¤ú
¨ ûrúD{kì ¨¢ì�ïhð��,�Bv�
@�
��jmsaiQs¤nmoP{ � ñ 	��¢�Ðü§o=jI�3¥§o ��� � � è�î9�Fù�i
¨ hKû
{kì�¨Fî � ñ �]�/
@� ð�n�wxpk¥ � ñ 	��¢�¦ü§o=jI�3¥§o���� � � è�î9�¢ù
ö¤¨ õ�8ÿ{kì ¨ ¨�¨�¨�¨�¨Ö÷!h

û¢¨ õ¤ù � 	íê �
� ��� �
	 � ���PsayzsajhüAwz{koPsu�Psa ÿikjmoPnmnmoP{N�3qÐù¤ú¤ú % vki¢n�� õ¤ú��]jI�3 DoPn$*3n$
@¨
ä jI�3p¢n� ÿwznmnmwzsap.s<ü§o=j
�3p.ê�p[qmo=j�p¢o=q/n�wx 9tky��3qmsaj/nmt �Qo=j�wxpk¥ �Bjmsa J8��diF�a� �§o=q
yzs¤nmn©¨Ãð�n�wxpk¥ � ñ 	�¨ ��� � � è�îN��ù¤ú
¨98¤úã{kì �íð�� � � è�î9�íõ¤÷
¨953û%{kì ��#��
� � è�î9�kûrú
¨9i¤ùÿ{kì ¨+¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨Ö÷¤÷

û¢¨ õ¤õ � 	íê �
� ��� �
	 � ���PsayzsajhüAwz{koPsu�Psa ÿikjmoPnmnmoP{N�3qÐù¤ú¤ú % vki¢n�� õ¤ú��]jI�3 DoPn$*3n$
@¨
ä jI�3p¢n� ÿwznmnmwzsap.s<ü§o=j
�3p.ê�p[qmo=j�p¢o=q/n�wx 9tky��3qmsaj/nmt �Qo=j�wxpk¥ �Bjmsa J8��diF�a� �§o=q
yzs¤nmn©¨%ð�n�wxpk¥Æq å o`ikjmsai(s¤nIoP{ � ñ 	�¨ ��� � � è�îN� ù�i
¨ h/iÆ{kì ��ð � � � è�î9�
õ¤÷
¨ ÷¤ùD{kì � # � � � è�î9�
ûrú
¨98¤ùÿ{kì ¨ ¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨Ö÷�5

8
¨xö î�o=ikjmoPnmo=p[qI�3q�wzsap�s��uq å o8q �ís 	 	íñ�yxwxp¢o©�3j.�3j�jI�©þAn�s���� � � é�ä 8�q"þ[iQo
�a�P¡rtkwzn�wxq�wzsap\n�þ
n�qmo= �¨Z¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨ 5¤ù

8
¨ ù 	ísa NvkwxpF�3q�wzsapds�� �\iF�3wxjDs�� 	 	íñ~yxwxp¢o©�3jT�3j�jI�©þAnDwxp �¼¡rtkwxp¢�=tkp ���3j �
jI�3pk¥§o= Do=prqÆ¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨ 5¤õ

8
¨ õ ��tkwxp¢�=tkp �� Ntkyxq�wxjmoPnmsayxtkq�wzsapÆ�3pF�3yxþAnmwzn©¨ ¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨ 5�8
8
¨ û � ñ 	�� saju¡rtkwxp¢�=tkp � wx T�3¥§oPn©¨ � qI�3p¢{¢�3jm{ � ñ 	â Do=q å sA{®¨ ¨�¨�¨�¨�¨�¨�¨ 5�i
8
¨98 � ñ 	�� saju¡rtkwxp¢�=tkp � wx T�3¥§oPn©¨ ��jmsai(s¤nIoP{ � ñ 	  Do=q å sA{®¨ ¨�¨�¨�¨�¨�¨�¨ 5!h
8
¨9i ��yzsavF�3yÐìíwxq���yxyzs[�©�3q�wzsap � jms[�PoP{
tkjmo ¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�ö©ú3û
8
¨ h ä�å jmoPo �X¥§s[sA{`n�qI�3qmo¤£
n�wxpk¥¤yzo�o=j�jmsaj�n�qI�3qmo��kj�wxqm� å  T�3p  Ds[{ko=y � saj 40◦ iF�anmn©¨�ö©ú�8
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8
¨ ÷ ��# 	 ��!/wx T�3¥§ou�Psa ÿikjmoPnInmoP{ÿqmsNù�vkiki(� å o=p8�Psap¢n�wz{ko=j�wxpk¥Nq�jI�3p¢n� ÿwznIn�wzsap
�3q��3p¬o=yzo=üa�3q�wzsap �3pk¥¤yzo�s�� 30◦ � ú
¨ ú¤ú
ö�vQo=j$
@¨ � qI�3p¢{¢�3jm{ � ñ 	� Do=q å sA{®¨� wz{ko�{koP�Ps[{ko=j9ö¤¨ ¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�ö©ú�5

8
¨95 ��# 	 ��!/wx T�3¥§ou�Psa ÿikjmoPnInmoP{ÿqmsNù�vkiki(� å o=p8�Psap¢n�wz{ko=j�wxpk¥Nq�jI�3p¢n� ÿwznIn�wzsap
�3q��3p¬o=yzo=üa�3q�wzsap �3pk¥¤yzo�s�� 30◦ � ú
¨ ú¤ú
ö�vQo=j$
@¨ � qI�3p¢{¢�3jm{ � ñ 	� Do=q å sA{®¨� wz{ko�{koP�Ps[{ko=j�ù
¨ ¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�ö©ú�5

8
¨xö©ú���# 	 ��!/wx T�3¥§ou�Psa ÿikjmoPnInmoP{ÿqmsNù�vkiki(� å o=p8�Psap¢n�wz{ko=j�wxpk¥Nq�jI�3p¢n� ÿwznIn�wzsap
�3qí�3p8o=yzo=ü¤�3q�wzsap¬�3pk¥¤yzo�s�� 30◦ � ú
¨ ú¤ú
ö�v(o=j$
@¨ ��jmsaiQs¤nmoP{ � ñ 	� Do=q å sA{®¨� wz{ko�{koP�Ps[{ko=j9ö¤¨ ¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�ö¤ö©ú

8
¨xö¤ö���# 	 ��!/wx T�3¥§ou�Psa ÿikjmoPnInmoP{ÿqmsNù�vkiki(� å o=p8�Psap¢n�wz{ko=j�wxpk¥Nq�jI�3p¢n� ÿwznIn�wzsap
�3qí�3p8o=yzo=ü¤�3q�wzsap¬�3pk¥¤yzo�s�� 30◦ � ú
¨ ú¤ú
ö�v(o=j$
@¨ ��jmsaiQs¤nmoP{ � ñ 	� Do=q å sA{®¨� wz{ko�{koP�Ps[{ko=j�ù
¨ ¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�ö¤ö©ú

8
¨xö©ù���# 	 ��!/wx T�3¥§ou�Psa ÿikjmoPnInmoP{ÿqmsNù�vkiki(� å o=p8�Psap¢n�wz{ko=j�wxpk¥Nq�jI�3p¢n� ÿwznIn�wzsap
�3q��3p¬o=yzo=üa�3q�wzsap �3pk¥¤yzo�s�� 30◦ � ú
¨ ú¤ú
ö�vQo=j$
@¨ � qI�3p¢{¢�3jm{ � ñ 	� Do=q å sA{®¨
	ío=prq�jI�3y¦� å �3pkp¢o=yX¨ ¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�ö¤ö¤ö

8
¨xö©õ���# 	 ��!/wx T�3¥§ou�Psa ÿikjmoPnInmoP{ÿqmsNù�vkiki(� å o=p8�Psap¢n�wz{ko=j�wxpk¥Nq�jI�3p¢n� ÿwznIn�wzsap
�3qí�3p8o=yzo=ü¤�3q�wzsap¬�3pk¥¤yzo�s�� 30◦ � ú
¨ ú¤ú
ö�v(o=j$
@¨ ��jmsaiQs¤nmoP{ � ñ 	� Do=q å sA{®¨
	ío=prq�jI�3y¦� å �3pkp¢o=yX¨ ¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�ö¤ö¤ö

ì ¨xö � wx¥¤pF�3y¦{
wxüAwzn�wzsap wxprqms8n�tkv ��n�wx¥¤pF�3yznusaj�� jmsatki é � ��wz�=q�tkjmoPn � � é ��
 ¨�¨�ö©õ¤ù
ì ¨ ù�ñ�oPnI�=j�wxikq�wzsap¢n�jmoPn�tkyxqI�3p[q �]jmsa  � ñ ì�� ¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�ö©õ¤õ
ì ¨ õ �Í�Psa ÿiQsap¢o=prq.s���� 	íê � �¢sajmo= T�3p+üAwz{koPs�� saj�vkwxq�jI�3qmoPn �]jmsa  ö©ú¤ú`qms

8¤ú¤ú % vki¢n©¨uö©ú � ikjmsavF�3vkwxyxwxq"þ�s��/iF�a� �§o=q�yzs¤nmn<¨ ¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�ö©õ�i
ì ¨ û��Û�Psa ÿiQsap¢o=prq�s���� 	íê � �¢sajmo= T�3pãüAwz{koPs^�Psa ÿikjmoPnmnIoP{ �3q 8¤ú¤ú % vki¢n

�]saj�{
w��®o=jmo=prquikjmsavF�3vkwxyxwxq�wzoPnus��/iF�a�!�§o=quyzs¤nIn��BwX¨ôo¤¨ {
w��Qo=jmo=p[q rN
ü¤�3yxt¢oPn$
@¨

rN = 1  Do©�3p¢n å wx¥ å iF�a�!�§o=q�yzs¤nmnmoPn©¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�ö©õ!hì ¨98 � wxyzo=prq¼ü[wz{koPsâ�Psa ÿikjmoPnmnmoP{��3qÆù¤ú¤ú % vki¢n¼�3p¢{Ãq�jI�3p¢n� ÿwxq�qmoP{ s©ü§o=jÆ�
ð �\ä � n�wx 9tky��3qmsaj©¨Tïho �]qN�Psayxtk ÿph� ��wxq å satkq9jmoP{
tkp¢{¢�3p¢�=þã�a{¢�3ikqI�3vkwxy �
wxq�þ �¢îuwx¥ å q��Psayxtk ÿph� ��wxq å jmoP{
tkp¢{¢�3p¢�=þ��a{¢�3ikqI�3vkwxyxwxq"þ§¨ ¨N¨�¨�¨�¨�¨�¨�¨�ö=ûrú

	�¨xö 512 × 512 ikw �
o=yzn��������Twx T�3¥§o¤¨ ¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨�ö=ûrõ
	�¨ ù 352 × 360 ikw �
o=yzn 	íñ�ñ�ö�� # 	 �$!�wx T�3¥§o¤¨(¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨�ö=û¤û
	�¨ õ 352 × 360 ikw �
o=yzn 	íñ�ñ�ù�� # 	 �$!�wx T�3¥§o¤¨(¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨�ö=û¤û
	�¨ û ��tkwxp¢�=tkp ����# 	 ��! wx T�3¥§o¤¨ ¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�ö=û_8
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¨xö î�oP�Psap¢n�q�j�t¢�=q�wzsap\�Ps[{ko=vQs[s �
n � saj �¢¥¤tkjmoNù
¨ õ ¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨ ö=û
ù
¨ ù 	ío=prq�jI�3yh�3p¢{8nmwz{ko � � �uóôn � saj q å o��Po=prq�jI�3y(iF�3j�q�wxq�wzsap s�� �¢¥¤tkjmo�ù
¨ õ.�3p¢{

q å o��Ps[{ko=vQsAs �Anus��
qI�3vkyzoNù
¨xöÃ¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨ ö�8
û¢¨xö ��jmsavF�3vkwxyxwxq�þZ�3p¢{Z�anmnmsA�=w��3qmoP{`wxprqmo=j�ü¤�3y¦s��/o©�a� å n�þA NvQsayX¨ã¨N¨�¨�¨�¨�¨�¨�¨ 8�8
û¢¨ ù � � è�î üa�3yxt¢oPn"� saj �������ÿwx T�3¥§oÿ�Psa ÿikjmoPnmnmoP{\qms�ú
¨988vkikih£ � å o=p+�Psap �

n�wz{ko=j�wxpk¥8ì � 	â� å �3pkp¢o=yzn<¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨ 8¤÷
û¢¨ õ � o©�3p � � è�îÍjmoPn�tkyxqmn �]saj � 	íê � !�# % ����)��Psayzsaj�üAwz{koPs¼�Psa ÿikjmoPnmnmoP{*qms

ù¤ú¤ú��[vkwxqmn$*3n � õ¤ú �]jI�3 DoPn$*3n$
@£ � å o=p�� å �3pkp¢o=yhq�jI�3p¢n� ÿwznmn�wzsap��3q 0.001 v(o=j©¨[i3ûû¢¨ û � o©�3p � � è�î �]{kì 

jmoPnmtkyxqmn � saj � 	íê � !$#&%'�(��)��Psayzsaj�üAwz{koPsN�Psa ÿikjmoPnInmoP{
qms�ù¤ú¤ú �Avkwxqmn$*3n � õ¤ú �]jI�3 DoPn$*3n$
@¨
ð �\ä � � å �3pkp¢o=y¢q�jI�3p¢n� ÿwznIn�wzsapT�3q 0.01v(o=j©¨ ¨N¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨ haù
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jmoPnmtkyxqmn � saj � 	íê � !$#&%'�(��)��Psayzsaj�üAwz{koPsN�Psa ÿikjmoPnInmoP{
qms�ù¤ú¤ú �[vkwxqmn$*3n � õ¤ú �]jI�3 DoPn$*3n$
@¨�ð �\ä � � å �3pkp¢o=y�q�jI�3p¢n� ÿwznIn�wzsap¸�3q
0.001 v(o=j©¨%¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�¨�¨N¨�¨ haõ
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¨xö � � è�îÃü¤�3yxt¢oPn � saj � # 	 �$!�wx T�3¥§o � å o=p¼�Psap¢n�wz{ko=j�wxpk¥¬q�jI�3p¢n� ÿwznmn�wzsap¼�3q
�3p^o=yzo=üa�3q�wzsap\�3pk¥¤yzo�s�� 40◦ � ú
¨ ú¤ú¤ú�8�v(o=j$
@¨Ì¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�ö©ú!h

8
¨ ù � � è�îÃü¤�3yxt¢oPn � saj � # 	 �$!�wx T�3¥§o � å o=p¼�Psap¢n�wz{ko=j�wxpk¥¬q�jI�3p¢n� ÿwznmn�wzsap¼�3q
�3p^o=yzo=üa�3q�wzsap\�3pk¥¤yzo�s�� 30◦ � ú
¨ ú¤ú
ö�v(o=j$
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�.¨ õ # o å wz�=tky��3j�����ìâ Ntkyxq�wxiF�3q å � å �3pkp¢o=yÐiF�3jI�3 Do=qmo=jmn©¨
¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�ö©ù¤õ
�.¨ û�ì�wxq�jI�3qmoD�3p¢{¼ü§o=yzsA�=wxq�þ¼� å �3jI�a�=qmo=j�wznmq�wz�Pn � saj o©�a� å q�þAi(oÿs���ð �\ä � o=p �
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�.¨98 	ís å o=jmo=p¢�Po�vF�3p¢{^�3p¢{  T� �
wx T�3yhp[tk NvQo=j�s��/nIo=iF�3jI�3vkyzo�iF�3q å n � saj�q å o

õ � ��� qmoPn�q� Ds[{ko=yzn�ð �\ä � o=prüAwxjmsapk Do=prq©¨F¨�¨�¨�¨�¨�¨�¨�¨N¨�¨�¨�¨�¨�¨�¨�ö©ù�8
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#SB
� tkvkvF�3p¢{®óFnuprtk NvQo=j©¨

ai
��t¢saq�wzo=p[q�s��
q å o�n�w76©o�s��
q å o�n�tkvkvF�3p¢{�{
wxüAwz{koP{ v[þ8q å o�nmw76©o¤¨
s��
q å o � å sayzo�wx T�3¥§o �]o¤¨ ¥¢¨x£ ai = 1

22i
wxp q å o�{
þr�a{
wz���©�anmo/
@¨

	 	 å �3pkp¢o=y 	��3iF�a�=wxq�þ§¨
∆i

é ikq�wzsapF�3y ��o=wx¥ å q � saj �BjmoP¡[t¢o=p¢�=þ¬nIo=yzoP�=q�wzsaph¨
D ñ�wzn�qmsaj�q�wzsaph¨
D0

ñ�wzn�qmsaj�q�wzsap\�anmnmsA�=w��3qmoP{ ��wxq å q å o��Po=prq�jI�3y/{koP�Ps[{ko=j©¨
Dn,n∈N

ñ�wzn�qmsaj�q�wzsap\�anmnmsA�=w��3qmoP{ ��wxq å q å o n ��oPn�wx  � å �3pkp¢o=yX¨
D(R) ñ�wzn�qmsaj�q�wzsap � å o=pZ�ÿvkwxq�jI�3qmo�s�� R ¨
Di,j, (i, j ∈ N) ñ�wznmqmsaj�q�wzsapZ�anmnmsA�=w��3qmoP{ ��wxq å n�tkvkvF�3p¢{ i £¢�3p¢{�{koPnm�=j�wxikqmsaj j ¨
H(x)

� satkjm�Po�o=p[q�jmsairþ§¨
Hy(x) 	ísap¢{
wxq�wzsapF�3y¦o=p[q�jmsairþ�saj�oP¡[tkwxü§sA�©�3q�wzsaph¨
qi,j, (i, j ∈ N) ��tF�3prq�w76<�3q�wzsap¼n�qmo=i^�anmnmsA�=w��3qmoP{ ��wxq å n�tkvkvF�3p¢{ i £¢�3p¢{�{koPnm�=j�wxikqmsaj j ¨
N

� o=q�s��
pF�3q�tkjI�3yhp[tk NvQo=jmn©¨
rN

î�oP{
tkp¢{¢�3p¢�=þ`iF�3jI�3 Do=qmo=j©¨
R

� o=q�s��
jmo©�3yhp[tk NvQo=jmn©¨
R ìíwxqujI�3qmo¤¨
Rn,n∈N

ìíwxqujI�3qmo��anInms[�=w��3qmoP{ ��wxq å q å o n �Xq å � å �3pkp¢o=yX¨
R(D) ìíwxqujI�3qmo � å o=pZ�ÿ{
wznmqmsaj�q�wzsap^s�� D ¨
Ri,j, (i, j ∈ N) ì�wxq�jI�3qmo��anmnmsA�=w��3qmoP{ ��wxq å n�tkvkvF�3p¢{ i £¢�3p¢{^{koPnm�=j�wxikqmsaj j ¨
σ n�qI�3p¢{¢�3jm{^{ko=ü[w��3q�wzsaph¨
σ2 ü¤�3j�w��3p¢�Po¤¨
� bd\�\E�e����� +.� ��1����

wH 	 p[tk NvQo=j�s���ö¤óôn�wxp^����sajm{®¨
ç �����e\]
�\
� +.� ��1��

wmin =  ÿwxp {wH(c)|c ∈ C, c 6= 0}
� bd\�\E�e�����^�(-���bd�0�!+ ä�å o*prtk 9v(o=j+s��Tvkwxqmn�� å wz� å {
w��Qo=j¼vQo=q ��oPo=p�q ��sdvkwxpF�3j�þ

nmq�j�wxpk¥§n©¨ � sajmo"�]saj� T�3yxyxþ§£ dH(a, b) = wH(a⊕ b)


 ����� 	�)g3
H(X) =

∑

p(x)log2
1

p(x)
¨

��	����*� ����	��0bd'B+.�����
	T)g3
Hy(X) =

∑

x,y p(x, y)log(p(x, y)/p(x)p(y)) ¨
� ��+_�
b��T+ ç 
0��
0bd' ���
�C	��
\EbH���(	��

I(X;Y ) = H(X) −Hy(x) = H(Y )−Hx(Y ) ¨
� 1�bd����+.' ��bQ)�bQ�_�(� 3

C = max
p(x)

(H(x)−Hy(x)) ¨



�
wxü � � � � ����� � � ������� � � � � �

� ���
��'�+ '�+_����+_������+.'e�(� 3 d(xn, x̂n) = 1
n

∑n
i=1 d(xi, x̂i)

¨
� 
�
0bQ�
+_� +_�
� 	�� �*�(-���	T� ���(	��

d(x, x̂) = (x− x̂)2 ¨
���
	�� 10log10

σ2

MSE .

Z ���
	�� 10log10
2dyn−1
MSE

£ � å o=jmo dyn wzn.q å o`vkwxqmn�prtk 9v(o=jDo©�a� å ikw �
o=y�wzn��Ps[{koP{®¨
ìíþ`{ko � �3tkyxq ��o��Psap¢n�wz{ko=j dyn = 8 ¨
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õ � � � 3rd � o=p¢o=jI�3q�wzsap �/�3j�q�p¢o=jmn å wxi ��jms3ý�oP�=q
��î � ��tkqmsa T�3q�wz��î�o=iQo©�3q�jmo ��t¢oPn�q
� � � è ��{k{
wxq�wxü§o � å wxqmo ���3t¢nIn�w��3p�è�sawznIo
vkiki vkwxqmn�iQo=j�ikw �ko=y
vki¢nmn vkwxqmn�iQo=junmsatkjm�Po�nmþ[ 9v(say
ì � î ìíwxq���j�jmsaj�î��3qmo
ì � ñ 	 ì��3y��3p¢�PoP{ � tkyxq�wxikyzo�ñ oPnm�=j�wxikq�wzsap 	ísA{
wxpk¥
ì � 	 ìíwxpF�3j�þ � þ[ ÿ Do=q�j�wz� 	 å �3pkp¢o=y
�PsA{koP� ��p¢�PsA{ko=j��3p¢{�{koP�PsA{ko=j
	 	íñ 	 å �3j�¥§o 	ísatkikyzoP{Zñ o=ü[wz�Po
	íñ è 	ísap[qmo=prq�ñ o=yxwxü§o=j�þ è�o=q ��saj �
	íê � 	ísa ÿ Dsap^ê"prqmo=j� DoP{
w��3qmo �¢saj� T�3q
ñ 	 ä ñ�wznm�=jmo=qmo 	ís¤nmwxp¢o ä jI�3p¢n � saj� 
ñ � ä ñ�wznm�=jmo=qmo �¢tkp¢�=q�wzsapF�3y ä�å oPsaj�þ
ñ�� ä ñ�wznm�=jmo=qmo �ã�©ü§o=yzo=q ä jI�3p¢n �]saj� 
ñ �
	 � ñ�w��®o=jmo=prq�w��3y � tkyznmo 	ís[{ko � sA{
tky��3q�wzsap
� ì�	 é�ä �� 9v(oP{k{koP{Zìíyzs[� � 	ísA{
wxpk¥(��wxq å\é ikq�wx ÿw76©oP{ ä j�tkp¢�©�3q�wzsap
� ì+�dê 	 ���T�=wzo=p[q�ìíwxq��3yxyzsA�©�3q�wzsap �ã�Pü§o=yzo=q�ê� T�3¥§o 	ís[{ko=j
�
	 ��j�jmsaj 	ísaprq�jmsay
� ä � ê ��tkjmsaiQo©�3p ä o=yzoP�Psa ÿ Ntkpkwz�©�3q�wzsap � qI�3p¢{¢�3jm{�ê"p¢n�q�wxq�tkqmo
����� �� 9v(oP{k{koP{��(o=jmsaq�jmoPo �ã�©ü§o=yzo=q
� �
	 �¢saj ���3jm{ ��j�jmsaj 	ísaj�jmoP�=q�wzsap
�
ê"î �/wxpkwxqmo�ê" ÿiktkyznmo�î�oPnmi(sap¢nmo
� � � o=p¢o=jI�3yxw76©oP{ ���3t¢nmn�w��3p
� é � ��jmsatki é � ��wz�=q�tkjmoPn
� � � ��yzsavF�3y � þAn�qmo=  � saj � savkwxyzo��Psa ÿ Ntkpkwz�©�3q�wzsap¢n
'���� '�wx¥ å �/�anIn �/wxyxqmo=j
wX¨ wX¨ô{®¨ ê"p¢{ko=i(o=p¢{ko=p[q�wz{ko=p[q�wz�©�3yxyxþ`{
wznmq�j�wxvktkqmoP{
ê ä ð ê"prqmo=j�pF�3q�wzsapF�3y ä o=yzoP�Psa ÿ Ntkpkwz�©�3q�wzsap+ð�pkwzsap
ø ��� � ø§sawxp[q�� å saqmsa¥¤jI�3i å wz� � �
i(o=j�qmn�� jmsatki
% vki¢n % wxyzsÿvkwxqmnui(o=junmoP�Psap¢{
ï � é yzs � � � �3j�q å ��saj�vkwxq
ï é�ä ïÐ�3ikiQoP{ é j�q å sa¥§sapF�3y ä jI�3p¢n � saj� 
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ü[w � � � 	 
�� � � ����� � �

ï � � ïhs � �
�anmn �/wxyxqmo=j
� ��ê � tkyxq�wxikyzo����P�PoPnmnuê"prqmo=j � o=jmo=p¢�Po
� vki¢n � o=¥r�.vkwxqmnuiQo=junmoP�Psap¢{
� ñ � tkyxq�wxikyzo�ñ oPnm�=j�wxikq�wzsap
� ñ�� � � 	 � tkyxq�wxikyzo�ñ oPnm�=j�wxikq�wzsap�q å jmsatk¥ å �¢saj �í�3jm{ ��j�jmsaj�	ísaj�jmoP�=q�wzsapZ�PsA{koPn
� ñ ìí� � tkyxq�wxikyzo�ñ oPnm�=j�wxikq�wzsap^ìíwxq���yxyzs[�©�3q�wzsap
� ñ 	 � tkyxq�wxikyzo�ñ oPnm�=j�wxikq�wzsap�	ísA{
wxpk¥
� ñ ï #�� � tkyxq�wxikyzo�ñ oPnm�=j�wxikq�wzsap^ïÐ�3q�q�wz�Po # oP�=qmsaj���tF�3prq�w76©o=j
� ñ � ä � tkyxq�wxikyzo�ñ oPnm�=j�wxikq�wzsap�üAw�� �¦sayxþAi å �anmo ä jI�3p¢n � saj� 
� ñ � � � tkyxq�wxikyzo�ñ oPnm�=j�wxikq�wzsap � �©�3y��3j���tF�3p[q�w76<�3q�wzsap
� ñ ä 	 � tkyxq�wxikyzo�ñ oPnm�=j�wxikq�wzsap ä jI�3p¢n �]saj�  	ís[{
wxpk¥
� ���
� � s©üAwxpk¥ ��wz�=q�tkjmo � �AiQo=j�q���jmsatki
� î � tkyxq�wzî�oPnmsayxtkq�wzsap
� î�	 � � �Awx T�3yhî��3q�wzs 	ísa Nvkwxpkwxpk¥
� � � � o©�3p � ¡rtF�3jmo ��j�jmsaj
p¢nmoP� pF�3p¢s¤nmoP�Psap¢{kn
é �
ì é ü§o=jmnI�3 ÿikyzoP{ �/wxyxqmo=juì��3p��
iQ{ � ��jmsavF�3vkwxyxwxq"þ�ñ o=p¢n�wxq�þ �ktkp¢�=q�wzsap
� é 	 � ��jms3ý�oP�=q�wzsap é p[qms 	ísaprü§o�� � o=qmn
� � è�î �/o©��� � wx¥¤pF�3yhqmsDè�sawznmo�î��3q�wzs
� 	íê � ��tF�3j�qmo=j�	ísa ÿ Dsap\ê�p[qmo=j� DoP{
w��3qmo �¢saj� T�3q � 180 × 144 

��� � % ��tF�a{
jI�3q�tkjmo � å �anmo � å w��]q %�o=þ[wxpk¥
î é ê î�o=¥¤wzsap é �
ê"prqmo=jmoPn�q
� ì � tkvkvF�3p¢{kn
� ñ 	 � wxpk¥¤yzo�ñ oPnm�=j�wxikq�wzsap 	ís[{
wxpk¥
� è�î � wx¥¤pF�3yhqmsÿè�sawznmo�î��3q�wzs
� � ê ' ä � o=q��
�3j�q�wxq�wzsapkwxpk¥8wxp '�wzo=jI�3jm� å wz�©�3y ä jmoPoPn
ð � ñ 	 ð�prvF�3y��3p¢�PoP{ � tkyxq�wxikyzo�ñ oPnm�=j�wxikq�wzsap 	ís[{
wxpk¥
ð �Zä � ð�pkwxü§o=jmnI�3y � savkwxyzo ä o=yzoP�Psa ÿ 9tkpkwz�©�3q�wzsap¢n � þAn�qmo= 
# ï 	 # �3j�w��3vkyzo ��ïho=pk¥¤q å 	ísA{
wxpk¥
� 	íñ � � �âwz{ko=vF�3p¢{ 	ísA{ko�ñ�wxü[wzn�wzsap � tkyxq�wxikyzo����P�PoPnmn
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è�s �í�a{¢�©þAn<£§q å o å wx¥ å iQo=j �]saj� T�3p¢�Po�s��:wx T�3¥§o/*KüAwz{koPs��Ps[{
wxpk¥�qmoP� å pkwz¡rt¢oPn  T���§oPn�iQs¤nmn�w �
vkyzoínmo=ü§o=jI�3y
p¢o ���3ikikyxwz�©�3q�wzsap¢n
q å �3q)��o=jmoíwx ÿiQs¤nmn�wxvkyzo�v(o � sajmo {
t¢oíqms�q å o å wx¥ å vkwxq
jI�3qmoPn
wxprü§sayxü§oP{®¨ � sajmoPs©ü§o=j©£rqms[{¢�©þ(óôn
p¢o=q ��saj �
n��a� å wzo=ü§o å wx¥ å q�jI�3p¢n� ÿwznmn�wzsapDn�iQoPoP{kn��3p¢{ÿn�tki �
iQsaj�qí{¢�3qI�NjI�3qmoPn�nmt �T�=wzo=prq �]saj�ü[wz{koPs��3ikikyxwz�©�3q�wzsap¢n�o=ü§o=p¬wxp8 Dsavkwxyzo��Psa ÿ Ntkpkwz�©�3q�wzsap¢n©¨
ä�å oPnmo�q ��s��X�a�=qmn�qmsa¥§o=q å o=j�ikjmsa ÿwznmoN��� å sayzo�p¢o � �ísaj�yz{^s����Psa ÿ Ntkpkwz�©�3q�wzsap¢n©¨

ê"p �X�a�=q©£Awxp`q å o�y��an�q�{koP�©�a{ko�q å o�t¢nmo�s��Ð Dsavkwxyzo �Psa ÿ Ntkpkwz�©�3q�wzsap\�3p¢{¬ 9tkyxq�wx DoP{
w��
�Psa ÿ Ntkpkwz�©�3q�wzsap å �an�nmoPo=pZ�3p^o=p¢saj� Dsat¢n�wxp¢�=jmo©�anmo¤£ ��wxq å q å o ��wxjmo=yzoPnmn�� å �3pkp¢o=yzn��Psap �
n�wz{ko=jmoP{ÿ�an ��q�jI�3p¢n�iQsaj�q/ DoP{
wxtk  � saj/üa�3j�wzsat¢n
q"þ[iQoPn�s��F Ntkyxq�wx DoP{
w���wxp �]saj� T�3q�wzsaph¨�ñ�t¢o
qms�q å o å wx¥ å vkwxq9jI�3qmoPn.wxprü§sayxü§oP{ ��wxq å  9tkyxq�wx DoP{
w��
£�q å oTnm�©�3jm�=wxq"þãs�� ��wxjmo=yzoPnmn9vF�3p¢{ �
��wz{
q å £¤q å oíq�wx Do �Xü¤�3j�þ[wxpk¥�� å �3jI�a�=qmo=j�wznmq�wz�Pn s��:q å oí� å �3pkp¢o=yX£A�3p¢{9q å oíiQs �ío=j�yxwx ÿwxqI�3q�wzsap¢n
s��$��wxjmo=yzoPnmn�{ko=üAwz�PoPn©£A Ntkyxq�wx DoP{
w����Psa ÿ 9tkpkwz�©�3q�wzsap¢n©£Fn�iQoP�=w��3yxyxþDq å o ��wxjmo=yzoPnmn�sap¢oPn©£
�3jmo
�.q�jmo= Do=p¢{ksat¢n�� å �3yxyzo=pk¥§o¤¨

ä�å o�q�jI�3p¢nm ÿwznmn�wzsap^{ko=y��©þ¬wzn��3p�wx ÿi(saj�qI�3p[quikjmsavkyzo= �£Fnmi(oP�=w��3yxyxþ �]saj�jmo©�3y®q�wx DoN�3i �
ikyxwz�©�3q�wzsap¢n©£¦n�wxp¢�Po�wxp �]saj� T�3q�wzsapãq å �3q9�3j�j�wxü§oPn�qmsAs`y��3qmoD�3q�q å oD{koP�Ps[{ko=j�wznN�Psap¢n�wz{ko=jmoP{
�an�yzs¤n�q©¨)'�wx¥ å ü§sayxtk DoPn�s��Ð{¢�3qI��¥¤jmo©�3q�yxþTn�yzs �uní{ks ��p¬q�jI�3p¢n� ÿwznmnmwzsap¬�3p¢{®£[wxprü§sayxü§oPníq å o
t¢nmo8s��uyzs¤nmn�þ+�Psa ÿikjmoPnmn�wzsap%�3qNyzs �ÍvkwxqNjI�3qmoPn©¨ �¢saj9wxp¢nmqI�3p¢�Po¤£
ü[wz{koPs^q�jI�3p¢n� ÿwznmn�wzsap*wzn
n�iQoP�=w��3yxyxþ�{
w �T�=tkyxq�{
t¢oNqmsTq å o å tk¥§o9ü§sayxtk Do.s�� {¢�3qI�TjmoP¡rtkwxjmoP{\qmsT{koPnI�=j�wxv(o��ÿüAwz{koPsk¨
ì��3p¢{ ��wz{
q å yxwx ÿwxqI�3q�wzsap¢n�wznu�3p¢saq å o=j�ikjmsavkyzo=  jmoP¡[tkwxj�wxpk¥D�Psa ÿikjmoPnmn�wzsap�� saj�wx T�3¥§o��3p¢{
üAwz{koPsÿq�jI�3p¢n� ÿwznmn�wzsap�s<ü§o=j ��wxjmo=yzoPnmn�� å �3pkp¢o=yzn©¨

ñ oPn�ikwxqmo�q å o å wx¥ å i(o=j � saj� T�3p¢�Po�s��ÐqmsA{¢�Pþ
n��Ps[{
wxpk¥�qmoP� å pkwz¡rt¢oPn �ío��©�3pkp¢saq�wx¥¤p¢sajmo
o �T�=wzo=p¢�=þ§¨ ���T�=wzo=p[q.�PsA{koP�Pn �]o=p¢�Ps[{ko=j��3p¢{ã{koP�PsA{ko=j$
N�3jmoTü§o=j�þ\wx ÿiQsaj�qI�3prq�vQoP�©�3t¢nmo
q å o o=p¢�PsA{ko=j$*3{koP�Ps[{ko=jTsaiQo=jI�3q�wzsap¢nD�©�3pkp¢saqDvQo`s©ü§o=j�yxþ%�Psa ÿikyzo��®£ oPn�iQoP�=w��3yxyxþ � saj�jmo©�3y
q�wx DoN�3ikikyxwz�©�3q�wzsap¢n©¨

ä�å oNt¢nmo�s���tkpkjmo=yxw��3vkyzoN� å �3pkp¢o=yzn<£:n�t¢� å �an ��wxjmo=yzoPnInup¢o=q �ísaj �An�sajuq å o9�=tkj�jmo=prq�ê"p �
qmo=j�p¢o=q©£:wx ÿikyxwzoPn�q å �3q o=j�jmsaj � �BjmoPo9{ko=yxwxü§o=j�þ^s�� {¢�3qI�DiF�a� �§o=qmn �©�3pZsapkyxþ vQoN�a� å wzo=ü§oP{\vrþ
�3yxyzs ��wxpk¥.jmo=q�jI�3p¢n� ÿwznmnmwzsapTs��®yzs¤n�q saj {¢�3 T�3¥§oP{TiF�a�!�§o=qmn©£[q å jmsatk¥ å o=j�jmsaj �Psap[q�jmsayF DoP� å �
�3pkwzn� Dn�n�t¢� å �an���tkqmsa T�3q�wz�9î�o=i(o©�3q�jmo ��t¢oPn�q �]��î�� 
�qmsDo=p¢nmtkjmoNo=j�jmsaj � �]jmoPo9{ko=yxwxü§o=j�þ
� h/i���¨ ä�å oPnmo8qmoP� å pkwz¡[t¢oPn å �Pü§o¬vQoPo=p%n å s ��p�qmsZv(o8ü§o=j�þ o �®oP�=q�wxü§o �3p¢{ n�t¢�P�PoPnIn �Btkyxyxþ
� å o=pã�3ikikyxwzoP{¼qms ��wxjmo=yzoPnmn üAwz{koPs`q�jI�3p¢n� ÿwznmn�wzsap �95�i���¨�î�o=q�jI�3p¢n� ÿwznmn�wzsap+s��í�Psaj�j�tkikqmoP{
{¢�3qI�"�]jI�3 DoPn©£ å s ��o=ü§o=j©£Awxprq�jmsA{
t¢�PoPn��a{k{
wxq�wzsapF�3y({ko=y��Pþ§£ � å wz� å  ÿwx¥ å q vQo�tkpF�a�P�Po=ikqI�3vkyzo
� saj�jmo©�3y q�wx DoTq�jI�3p¢n� ÿwznmn�wzsap¢n9q å �3q.�3jmoD{ko=y��©þ+nmo=p¢n�wxq�wxü§o¤¨ � t¢� å �3ikikyxwz�©�3q�wzsap¢n��©�3pkp¢saq
o©�an�wxyxþ¬ T���§o�t¢nmo�s��
jmo=q�jI�3p¢n� ÿwznmn�wzsaph¨

�¢sajÿ�3ikikyxwz�©�3q�wzsap¢nÿwxp[ü§sayxü[wxpk¥¼q�jI�3p¢n� ÿwznmnmwzsap t¢n�wxpk¥\tkpkjmo=yxw��3vkyzo`� å �3pkp¢o=yzn�q å o å wx¥ å

ö
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iQo=j �]saj� T�3p¢�Po��3p¢{Do �T�=wzo=p¢�=þÿs��®�PsA{ko=j wzn�p¢saq�o=p¢satk¥ å ¨�î�savkt¢n�q �Psa ÿikjmoPnIn�wzsapTnm� å o= DoPn
�3jmo\ü§o=j�þ�t¢nmo �]tky�oPnmi(oP�=w��3yxyxþ �]saj¬q�jI�3p¢n� ÿwznmn�wzsapÎ�3q¬yzs �Övkwxq¬jI�3qmoPn©¨ ä�å o=jmo � sajmo¤£�wxq¬wzn
wx ÿiQsaj�qI�3prquqmsÿ{ko=üAwznmo o=p¢�Ps[{
wxpk¥ *3{koP�PsA{
wxpk¥8nI� å o= DoPnuq å �3qu�©�3p  T���§o q å o��Psa ÿikjmoPnInmoP{
vkwxqmn�q�jmo©�3 ~jmoPn�wxyxwzo=p[q�qmsTq�jI�3p¢n� ÿwznmn�wzsapÆo=j�jmsajmn©¨�ê"q�wzn �3yznmsTp¢oP�PoPnInI�3j�þ qms8{koPnmwx¥¤pZikjmsaiQo=j
wxprqmo=j �X�a�=wxpk¥  DoP� å �3pkwznm Dn�v(o=q ��oPo=p+q å o��PsA{koP�ÿ�3p¢{Zq å o.p¢o=q ��saj �Q£hnms8q å �3q�q å o.�PsA{koP�
�©�3pZ�a{3ý&t¢n�q�wxqmnusaiQo=jI�3q�wzsap¢nuvF�anmoP{^sap q å o�p¢o=q �ísaj ���Psap¢{
wxq�wzsap¢n©¨
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ä�å ou¥§s§�3yQs��ho=j�jmsají�Psap[q�jmsay:wzn�qms� T���§o�q å o��Psa ÿikjmoPnInmoP{Dvkwxqmn�q�jmo©�3  jmoPn�wxyxwzo=p[q�qmsNq�jI�3p¢n �
 ÿwznmn�wzsapÆo=j�jmsajmn©¨ ä�å o�� å �3pkp¢o=y p¢sawznmo��©�3pÆsA�P�=tkj�wxp¼q å o�� saj� Ös�� jI�3p¢{ksa Övkwxq�o=j�jmsajmn©£
vktkjmn�q�vkwxq�o=j�jmsajmn�saj iF�a� �§o=q�yzs¤nmnIoPn©¨ � sajmoPs<ü§o=j©£[wxp8q å o��©�anmo�s��Ðê�p[qmo=j�p¢o=qísaj�wxpTq å o��©�anmo
s�� ��wxjmo=yzoPnmn �Psa ÿ Ntkpkwz�©�3q�wzsap¢n<£Qq å oNp¢o=q ��saj �Z�Psap¢{
wxq�wzsap¢n��3jmoNq�þAikwz�©�3yxyxþ^q�wx Do9üa�3j�þAwxpk¥¢¨
ä�å o¬�Ps[{koP�T Nt¢n�q©£
wxp*q å wzn9�©�anIo¤£¦vQoTnmþ[p¢� å jmsapkw76©oP{ ��wxq å q å o¬� å �3pkp¢o=y�n�qI�3qmo¤¨ #�wz{koPs
n�q�jmo©�3 Dn`ikjmsA{
t¢�PoP{dvrþân�qI�3p¢{¢�3jm{d�Ps[{koP�Pn��3jmo¼n�iQoP�=w��3yxyxþ nmo=p¢nmwxq�wxü§oZqms*q�jI�3p¢n� ÿwznIn�wzsap
o=j�jmsajmn©¨ � å o=pãt¢n�wxpk¥^n�qI�3p¢{¢�3jm{ �Ps[{koP�Pn©£Ðq å �3qNt¢nmoDikjmoP{
wz�=q�wxü§oT�PsA{
wxpk¥\�3p¢{Æü¤�3j�w��3vkyzo �
yzo=pk¥¤q å �Ps[{
wxpk¥ � # ï 	�
�wxp¬q å o�nIsatkjm�Po��PsA{ko=j©£k�.n�wxpk¥¤yzo o=j�jmsap¢oPsat¢n�yxþTjmoP�Ps<ü§o=jmoP{ nI�3 ÿikyzo
�©�3p yzo©�a{ qmsão=j�jmsajmn8wxpâq å o � sayxyzs ��wxpk¥�nI�3 ÿikyzoPnTwxpâq å o^n��3 Do^saj(� sayxyzs ��wxpk¥ �]jI�3 DoPn©¨
ï®w��§o ��wznmo¤£QvQoP�©�3t¢nmo�s�� q å o9t¢nmo�s�� #�ï 	ín©£h�Tnmwxpk¥¤yzo9vkwxq o=j�jmsaj��©�3pÆ�©�3t¢nmoNq å o�{koP�PsA{ko=j
qms¬yzs¤nmo�n�þAp¢� å jmsapkw76<�3q�wzsaph£ÐnIs8q å �3q�o=ü§o=p+n�t¢�P�PoPnIn�wxü§o��Psaj�jmoP�=q�yxþZjmoP�Po=wxü§oP{¼vkwxqmn vQoP�Psa Do
t¢nmo=yzoPnmn<¨

ä s9 T���§o�q å o��Psa ÿikjmoPnmnmoP{¬vkwxqmn�q�jmo©�3 ÛjmoPn�wxyxwzo=p[q�qmsNq�jI�3p¢n� ÿwznIn�wzsap o=j�jmsajmn�sap¢o� 9t¢n�q
�a{k{ÿjmoP{
tkp¢{¢�3p¢�=þ�qms q å oun�q�jmo©�3 �£rnms q å �3q wxq�wzn�iQs¤nmn�wxvkyzoíqms�{ko=qmoP�=q��3p¢{ÿ�Psaj�jmoP�=q�o=j�jmsajmn©¨
ä þAikwz�©�3yxyxþ§£¢q å wzn�wznu{ksap¢oN�3quq å oN� å �3pkp¢o=y/vrþ`t¢n�wxpk¥ �¢saj ���3jm{ ��j�jmsaj 	ísaj�jmoP�=q�wzsapZ�PsA{koPn
� � �
	�
��xö�i�ik£®ö=û¤û¢£:ù3û¢£¢ù¤õk£®ö�8�5
£d8¤õk£®ö�i¤ú ��¨�� �
	âwxp[ü§sayxü§oPnuq å o��a{k{
wxq�wzsap\s��/jmoP{
tkp¢{¢�3p[q
{¢�3qI��qms�q å o��Psa ÿikjmoPnmnmoP{ÿn�wx¥¤pF�3yX£ � å wz� å �3yxyzs �un q å o�{koP�Ps[{ko=j�qms �Psaj�jmoP�=q o=j�jmsajmn�tki�qms��
�Po=j�qI�3wxp�yzo=ü§o=yX¨ ä�å oí�=y��anIn�wz�©�3y � å �3pkp¢sapÿwxp �]saj� T�3q�wzsap�q å oPsaj�þ �xö�8�i �
n�qI�3qmoPn
q å �3q�sap¢oí�©�3p
nmo=iF�3jI�3qmo=yxþ¼{koPn�wx¥¤pÆq å oÿnmsatkjm�PoD�3p¢{Æ� å �3pkp¢o=y��PsA{ko=jmn©£Qqms��a� å wzo=ü§o8o=j�jmsaj � �BjmoPoÿ{ko=yxwxü§o=j�þ
s�� ���Psa ÿikjmoPnmnmoP{ vkwxqmn�q�jmo©�3 �£Fnms�yzsapk¥T�an�q å o�nmsatkjm�Po wznujmo=ikjmoPnmo=prqmoP{^vrþ �.jI�3qmo�v(o=yzs �
q å o.� å �3pkp¢o=y �©�3iF�a�=wxq�þ§¨ ä�å o=jmo � sajmo¤£Qq å o9nIsatkjm�Po9�PsA{ko=j�n å satkyz{Z�Psa ÿikjmoPnIn �8nmsatkjm�Po��an
 Nt¢� å �an�iQs¤nmn�wxvkyzo"�Bv(o=yzs � q å o`� å �3pkp¢o=y��©�3iF�a�=wxq"þ.
 � sajD�Znmi(oP�=w��FoP{%{
wzn�qmsaj�q�wzsaph£í�3p¢{
q å o=p*q å o¬� å �3pkp¢o=y��Ps[{ko=j��©�3p��a{k{ãjmoP{
tkp¢{¢�3p¢�=þ q å jmsatk¥ å � �
	ÌqmsZq å o8�Psa ÿikjmoPnInmoP{
n�q�jmo©�3 ÜqmsTo=pF�3vkyzo9q å o9�Psaj�jmoP�=q�wzsapÆs�� q�jI�3p¢n� ÿwznIn�wzsap\o=j�jmsajmn<¨ � wxp¢�Po¤£ � � 	Éwx ÿikyxwzoPn�q å o
�a{k{
wxq�wzsap9s��
jmoP{
tkp¢{¢�3prq/{¢�3qI��wxqhwxp¢�=jmo©�anmoPnÐq å o�qmsaqI�3y§p[tk NvQo=j¦s��
vkwxqmn®jmoP¡rtkwxjmoP{NjmoP{
t¢�=wxpk¥
�Psa ÿikjmoPnmn�wzsaph¨ ä�å o8nmqI�3p¢{¢�3jm{ � �
	�ikjmoPnmo=prqmn å wx¥ å i(o=j � saj� T�3p¢�PoPn�� å o=p*{ko=ü§o=yzsaiQoP{
� saj��Psap¢nmqI�3prq�� å �3pkp¢o=yzn��3p¢{ � å �3pkp¢o=yzn�q å �3qu{ks�p¢saq�ikjmoPnmo=prq�vktkjmn�quo=j�jmsajmn©¨�è�s �í�a{¢�©þAn
{
w��®o=jmo=prq��3j�q�w��X�a�=qmn��3jmoN�a{k{koP{`qms � �
	âqms�vQo��a{¢�3ikqmoP{ qmsÿn�t¢� å �[wxp¢{ s���� å �3pkp¢o=yzn<£F�an
��o�ikjmoPnmo=prquwxp^q å o �]sayxyzs ��wxpk¥¢¨

� �
	Í�PsA{ko` Nt¢nmqÿv(o {koPn�wx¥¤p¢oP{ ��wxq å �&��sajmn�qD�©�anIo � å �3pkp¢o=y�nI�Po=pF�3j�wzsÆwxp% ÿwxp¢{®¨
�¢saj`� å �3pkp¢o=yzn`q å �3q å �Pü§o¼� å wx¥ å yxþ üa�3j�w��3vkyzo\¡rtF�3yxwxq"þ§£�q å wzn ��sajmn�q`�©�anmoZ T�Pþ�wx ÿikyxþ
q å o¼p¢oPoP{ � saj �*ü§o=j�þ i(s ��o=j �]tkyN�PsA{ko=j©£��3p¢{ å o=p¢�Po+� å wx¥ å yxþâsaj�o=ü§o=pÉikjms å wxvkwxq�wxü§o
�3 Dsatkprq
s��kjmoP{
tkp¢{¢�3p¢�=þ§£�� å wz� å ��wxyxy[nmo=ü§o=jI�3yxyxþ jmoP{
t¢�Po q å o��Psa ÿikjmoPnmn�wzsap9i(o=j � saj� T�3p¢�Po¤¨
�ktkj�q å o=j� Dsajmo¤£:n�t¢� å ��nmþAn�qmo=  ��wxyxy �X�3wxyh�©�3qI�an�q�jmsai å wz�©�3yxyxþ � å o=p¢o=ü§o=juq å o � � 	â{koPn�wx¥¤p
yxwx ÿwxqDwznDo��k�PoPoP{koP{®¨ ä s+{ko©�3y ��wxq å q å wznDikjmsavkyzo=  p¢o ��n�þ
n�qmo= Dn�t¢nmo`ü¤�3j�w��3vkyzo � �
	
�PsA{koPnÿwxp¢n�qmo©�a{�s���n�qI�3p¢{¢�3jm{ � � � �
	Í�PsA{koPn©¨ ä�å o��¢jmn�q¬�3yx¥§saj�wxq å   t¢n�wxpk¥+ü¤�3j�w��3vkyzo
� �
	��PsA{koPn �í�an9ikjmsai(s¤nmoP{ãwxp��xö©ú�5���¨ ä�å wzn��3yx¥§saj�wxq å   �anIn�wx¥¤p¢n�tkp¢oP¡[tF�3y��3 Dsatkp[q.s��
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� �
	d{ko=iQo=p¢{
wxpk¥Tsap�q å o�wx ÿiQsaj�qI�3p¢�Po�s��
q å o�{¢�3qI�
¨
� å o=pã{ko©�3yxwxpk¥ ��wxq å � å �3pkp¢o=yzn ��wxq å vktkjmn�qNo=j�jmsajN� å �3jI�a�=qmo=j�wzn�q�wz�PnNq å oTo=j�jmsajN�Psaj �

jmoP�=q�wzsap8�©�3iF�3vkwxyxwxq�wzoPn�s�� � �
	��3jmous��]qmo=p8o��k�PoPoP{koP{Tsaj q å o�vkyzs[� �ÿwzn o=j�jmsaj � �]jmoPouwxp � å wz� å
�©�anmo��a{k{
wxq�wzsapF�3y¢jmoP{
tkp¢{¢�3p¢�=þ.wzn)�í�an�qmoP{®¨ ä s�s©ü§o=jm�Psa Do�q å wzn
yxwx ÿwxqI�3q�wzsaph£ � �
	 wzn�s��]qmo=p
o=p å �3p¢�PoP{ÿv[þ���qmoP� å pkwz¡rt¢o �[p¢s ��p8�an
wxprqmo=j�yzo©�©ü[wxpk¥¢¨��Fsaj vktkjmn�q o=j�jmsajmn©£¤q å wzn o �QoP�=q�wxü§o=yxþ
jmoP{
t¢�PoPnN�Psap¢�Po=p[q�jI�3q�wzsap%s���o=j�jmsajmnNwxpãn�wxpk¥¤yzoD�PsA{ko ��sajm{kn©£¦wX¨ôo¤¨x£
�¬vktkjmn�qNs�� b �Psap¢nIoP�=t �q�wxü§o.n�þ[ 9v(say/o=j�jmsajmn��©�3t¢nIoPn��D T� �Awx 9tk ~s�� b/M n�þA NvQsay¦o=j�jmsajmn�wxpZo©�a� å �PsA{ko ��sajm{®¨
ä�å satk¥ å wxprqmo=j�yzo©�PüAwxpk¥��©�3pNvQo wx ÿikyzo= Do=p[qmoP{ ��wxq å yzs ���Psa ÿikyzo��
wxq�þ�wxq
�3yznmsun�t �®o=jmn �]jmsa 
wxp¢�=jmo©�anmoP{+{ko=y��©þ§£Ð{ko=iQo=p¢{
wxpk¥�sapÆq å o�prtk 9v(o=jNs���wxprqmo=j�yzo©�©ü§oP{+vkyzsA�!�
n M ¨ ä�å o=jmo � sajmo
wxprqmo=j�yzo©�©ü[wxpk¥ÿwzn�� �]jmoP¡[t¢o=prq�yxþTt¢nIoP{DqmoP� å pkwz¡[t¢o �]saj�vktkjmn�q�� å �3pkp¢o=yzn�w��¦�a{k{
wxq�wzsapF�3y®{ko=y��Pþ
wzn��a�P�Po=ikqI�3vkyzo¤¨

ä�å o�q"þ[ikwz�©�3y/o=j�jmsaj��Psaprq�jmsay/qmoP� å pkwz¡[t¢oPn©£:��î��.£ � �
	Ésajuo=ü§o=pZv(saq å qmsa¥§o=q å o=j �95¤÷k£
h/i
£¦ù
ö���£
�©�3pkp¢saq.v(oTo©�an�wxyxþã�a{¢�3ikqmoP{+qms^jmo©�3y�q�wx DoTq�jI�3p¢n� ÿwznmn�wzsap¢n©¨ ä�å o=jmo � sajmo¤£:ý&sawxp[q
nmsatkjm�PoD�3p¢{Æ� å �3pkp¢o=y��PsA{
wxpk¥ wzn�s��Bqmo=pÆikjmo � o=j�jmoP{®¨ � t¢� å �Awxp¢{Æs��ínI� å o= DoT�3yxyzsA�©�3qmoPnN�
qmsaqI�3y��3 Dsatkp[q8s�� jmoP{
tkp¢{¢�3p¢�=þ%v(o=q ��oPo=p nIsatkjm�Po^�3p¢{�� å �3pkp¢o=y��Ps[{
wxpk¥¢¨ ä�å o�o=j�jmsaj �
jmoPn�wxyxwzo=p[q o=p¢�PsA{
wxpk¥` Do=q å s[{kn �ísaj �[wxpk¥`tkp¢{ko=j q å wzn�ikjmo= ÿwznmo.t¢nmo9q å wzn�jmoP{
tkp¢{¢�3p¢�=þ\qms
jmoP�Ps©ü§o=j �]jmsa Ío=j�jmsap¢oPsat¢n�saj� ÿwznmnmwxpk¥9vkwxqmn©¨ ä�å t¢n©£
o=j�jmsap¢oPsat¢n�saj� ÿwznIn�wxpk¥9vkwxqmn ��wxyxy(p¢saq
å �Pü§o9�ÿ{
wznI�an�q�jmsat¢nuo �®oP�=quwxp q å o�jmoP�Psap¢nmq�j�t¢�=qmoP{�üAwz{koPsÿ¡rtF�3yxwxq"þ§¨

�¢sajDo��¢�3 ÿikyzo¤£�wxp�o=j�jmsajD�Psap¢�Po©�3yx Do=p[q©£ � å o=p �3p%wx T�3¥§o sajD�\vkyzs[� �*s�� nI�3 ÿikyzoPn
�3jmo¬ ÿwznmn�wxpk¥¼{
t¢o¬qms^q�jI�3p¢n� ÿwznIn�wzsap%o=j�jmsajmn©£�q å o`{koP�Ps[{ko=jÿ�©�3p�oPn�q�wx T�3qmo`q å o=  vF�anmoP{
sapZnmtkj�jmsatkp¢{
wxpk¥8jmoP�Po=wxü§oP{ZnI�3 ÿikyzoPn©£¢v[þ  T���[wxpk¥8t¢nmo�s���wxp å o=jmo=prq��Psaj�jmo=y��3q�wzsapÆ�3 Dsapk¥
n�iF�3q�w��3yxyxþT�3p¢{8qmo= ÿi(sajI�3yxyxþT�a{3ým�a�Po=prq�nI�3 ÿikyzoPn � ÷
ö§£[÷�i
£:ö�5�8 ��¨ ��j�jmsaj��Psap¢�Po©�3yx Do=p[q å �an©£
wxp �Psaprq�jI�an�q�qms�o=j�jmsaj �XjmoPn�wxyxwzo=p[q��Ps[{
wxpk¥¢£Aq å o��a{
ü¤�3prqI�3¥§o�s��¦p¢saq�o= ÿikyzs<þ[wxpk¥ �Bp¢saj� T�3yxyxþ 

�3prþ.�a{k{
wxq�wzsapF�3ykvkwxq¦jI�3qmo¤£avktkq��a{k{kn
�Psa ÿiktkqI�3q�wzsapF�3yF�Psa ÿikyzo��Awxq"þ.�3q/q å o�{koP�PsA{ko=j©¨ ä�å wzn
wzn��.ikjmsavkyzo=  wxp jmo©�3yhq�wx Do��Psa ÿ Ntkpkwz�©�3q�wzsap¢n<¨

î�o©�3y�q�wx Do\�Psa ÿ Ntkpkwz�©�3q�wzsap¢n n å satkyz{â�Psa Nvkwxp¢o\saikq�wx ÿw76<�3q�wzsapÉs��Nnmsatkjm�Po^�PsA{
wxpk¥
�3p¢{¼� å �3pkp¢o=y �PsA{
wxpk¥¢£®n å satkyz{ZikjmoPnmo=prq�¥¤jmo©�3qmo=j jmsavkt¢n�q�p¢oPnmn��3p¢{Æ�a{¢�3ikqI�3vkwxyxwxq"þZqms`�a{ �
ü§o=jmnmoTq�jI�3p¢n� ÿwznmn�wzsap*�Psap¢{
wxq�wzsap*�3p¢{ãn å satkyz{+ T���§oTo �T�=wzo=p[q9t¢nIoTs���yxwx ÿwxqmoP{+p¢o=q ��saj �
jmoPnmsatkjm�PoPn©¨ ä�å oíjmsavkt¢n�q�p¢oPnmn��3p¢{ÿ�a{¢�3ikqI�3vkwxyxwxq�þ.qms��a{
ü§o=jmnmoíq�jI�3p¢n� ÿwznmn�wzsap�wzn
o=ü§o=p� Dsajmo
wx ÿiQsaj�qI�3prq/wxp ��wxjmo=yzoPnmn/�Psa ÿ Ntkpkwz�©�3q�wzsap¢n�n�wxp¢�Po wxp�q å wzn¦q�þAi(o�s��k�Psa ÿ 9tkpkwz�©�3q�wzsap¢n
q å o=jmo
�3jmo�p¢s�¥¤tF�3jI�3p[qmoPoPn�q å �3quq å o�iF�a�!�§o=qmn��3j�j�wxüAwxpk¥Dqmsÿq å o�{koP�PsA{ko=j��3jmo�tkp¢�Psaj�j�tkikqmoP{®¨
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� iF�3j�q�wz�=tky��3j�ý�sawxprq.nmsatkjm�Po8�3p¢{ � å �3pkp¢o=y��Ps[{
wxpk¥Z Do=q å s[{®£ �Ap¢s ��p��an � tkyxq�wxikyzo8ñ o �
nm�=j�wxikq�wzsap 	ísA{
wxpk¥�� � ñ 	�
@£ å �anDikjms<ü§o=p qms¼vQo��3p o �QoP�=q�wxü§o �í�Pþ%qms+ikjms©üAwz{ko�o=j�jmsaj
jmoPn�wxyxwzo=p¢�Po ��wxq å ��jmo=y��3q�wxü§o=yxþ*n� T�3yxy�jmoP{
t¢�=q�wzsap�wxp��Psa ÿikjmoPnIn�wzsap�jI�3q�wzsk¨ ä�å o¬wz{ko©�Zwxp
� ñ 	¸wzn�qms`¥§o=p¢o=jI�3qmo� Ntkyxq�wxikyzoDwxp¢{ko=i(o=p¢{ko=p[q�{koPnm�=j�wxikq�wzsap¢n�s���q å o�nmsatkjm�Poÿnmt¢� å q å �3q
o©�a� å {koPnI�=j�wxikq�wzsap*wxp¢{ko=iQo=p¢{ko=prq�yxþ�{koPnm�=j�wxvQoPn�q å o`nmsatkjm�Po ��wxq å �Z�Po=j�qI�3wxp�{koPn�wxjmoP{ � �
{ko=yxwxq�þ§¨ � å o=p¼ Dsajmo.q å �3pÆsap¢oÿ{koPnm�=j�wxikq�wzsap¼wzn��Pü¤�3wxy��3vkyzo¤£®q å o=þZ�©�3p¼vQo9�Psa 9vkwxp¢oP{Æqms
o=p å �3p¢�Po q å o�¡[tF�3yxwxq�þ§¨ è�saqmo�q å �3q � å wxyzo� 9tkyxq�wxjmoPnmsayxtkq�wzsap � � î 
í�3ikikjms§�a� å oPn��3jmo�nmo=p �
n�wxq�wxü§o qmsÿq å o iQs¤n�wxq�wzsap^s��
yzs¤nmnmoPn�wxp q å o�vkwxqmn�q�jmo©�3 �£kq å o� 9tkyxq�wxikyzoN{koPnm�=j�wxikq�wzsap¢n � � ñ 

n�q�jmo©�3  wzn�wxp¢nmo=p¢n�wxq�wxü§o¬qms¼q å o=  �3p¢{�q å t¢n å �an�q å o`{koPn�wxjmoP{ � o©�3q�tkjmo¬q å �3qÿ{ko=yxwxü§o=jmoP{
¡[tF�3yxwxq�þ`wznusapkyxþ`{ko=i(o=p¢{ko=p[q�sap�q å o"�]jI�a�=q�wzsap^s���{koPnm�=j�wxikq�wzsap¢n�{ko=yxwxü§o=jmoP{®¨

ê"p q å o � ñ 	Íikjmsavkyzo=  �BjmoP{
t¢�PoP{ qms+q å o\n�wx ÿikyzoPn�q8�©�anIo^s���q �ís*{koPnI�=j�wxikq�wzsap¢n$
@£
�Ænmsatkjm�Po�wznD{koPnm�=j�wxvQoP{%vrþ�q �ísã{koPnm�=j�wxikq�wzsap¢n ��wxq å n�wz{ko`jI�3qmoPn R1

�3p¢{ R2
¨ ä�å oPnmo
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q �ísÆ{koPnm�=j�wxikq�wzsap¢n�wxp¢{
wxüAwz{
tF�3yxyxþ yzo©�a{*qmsZjmoP�Psap¢n�q�j�t¢�=q�wzsap¢n ��wxq å n�wz{ko¬{
wzn�qmsaj�q�wzsap¢n D1�3p¢{ D2
£¢jmoPn�i(oP�=q�wxü§o=yxþ �:q å o�q �ís8{koPnI�=j�wxikq�wzsap¢n�qmsa¥§o=q å o=j�þ[wzo=yz{Z�ÿjmoP�Psap¢n�q�j�t¢�=q�wzsap&��wxq å

�Po=prq�jI�3y/{
wzn�qmsaj�q�wzsap D0 6 D1
�3p¢{ D0 6 D2

¨
� ñ 	Ãwzn�jmsavkt¢n�q.{
t¢oDqms q å oTjmoP{
tkp¢{¢�3p¢�=þãs���q å o � ñÛs���q å o8nI�3 DoTnIsatkjm�PoT�3p¢{

wxq  T�PþZv(o.nm�©�3y��3vkyzoD�an o©�a� å �Psaj�jmoP�=q�yxþZjmoP�Po=wxü§oP{Æ{koPnm�=j�wxikq�wzsapÆwx ÿikjms©ü§oPn�q å o�{koP�PsA{ko=j
iQo=j �]saj� T�3p¢�Po¤¨ ��yznmsk£ � ñ 	�{ks[oPn`p¢saq`jmoP¡[tkwxjmoZikj�wzsaj�wxq�w76©oP{dq�jI�3p¢nm ÿwznmn�wzsaph£��an o©�a� å
{koPnm�=j�wxikq�wzsapZwzn�wxp¢{ko=i(o=p¢{ko=p[q�yxþ^{koP�Ps[{¢�3vkyzo¤¨

ä�å o � ñ 	 �ío=jmo��=jmo©�3qmoP{TqmsNnmsayxü§o���ikjmsavkyzo= �jmo=y��3qmoP{ ��wxq å iF�a�!�§o=qíyzs¤nmnmoPn<¨ � sajmo �
s©ü§o=j©£¢�3yx Ds¤nmq��3yxyQ 9tkyxq�wxikyzo�{koPnm�=j�wxikq�wzsap��Ps[{koPníqms.{¢�3qmo��anmn�tk Do�q å o o��Awzn�qmo=p¢�Po s��Ð 9tky �
q�wxikyzo�wxp¢{ko=iQo=p¢{ko=prq�sap ��s�� � å �3pkp¢o=yzn v(o=q ��oPo=pTq å o�q�jI�3p¢nm ÿwxq�qmo=j �3p¢{�q å o�jmoP�Po=wxü§o=j �]o¤¨ ¥¢¨x�
ê"prqmo=j�p¢o=q$
@¨ � å o=p^�9yxwxp��Twzn�vkjms �§o=ph£¢�3yxyhs��¦q å o n�þA NvQsayzn�saj�iF�a�!�§o=qmn�iF�anIn�wxpk¥ÿq å jmsatk¥ å
q å �3q � å �3pkp¢o=yQ�3jmo�yzs¤nmq��3p¢{ � å o=pTwxq wzn �]tkp¢�=q�wzsapkwxpk¥NikjmsaiQo=j�yxþ§£§q å o�nmþ[ 9v(sayzn �3jmouq�jI�3p¢n �
 ÿwxq�qmoP{\o=j�jmsaj �]jmoPo¤¨ � t¢� å n�qI�3p¢{¢�3jm{ � ñ 	dikjmoPnIo=prqmn�p¢saj� T�3yxyxþZ�ÿy��3j�¥§o.s©ü§o=j å o©�a{Zwx  �
ikyxþAwxpk¥¬q å �3q � å o=pÆ� å �3pkp¢o=y�yzs¤nIn�jI�3qmo.wzn n� T�3yxyX£Qq å o9jmoP�Psap¢n�q�j�t¢�=q�wzsapÆi(o=j � saj� T�3p¢�Po�wxp
q å o¬o=j�jmsaj �]jmoPo8�©�anmo8{ksa ÿwxpF�3qmoPnÿ�3p¢{*�^n�wxpk¥¤yzo8{koPnI�=j�wxikq�wzsap*�PsA{
wxpk¥ � � ñ 	�
@£ ��wxq å satkq
� å �3pkp¢o=y¦�Ps[{
wxpk¥¢£AiQo=j �]saj� ÍvQoPn�q©¨ ä�å t¢n©£¢�.{
w��®o=jmo=prq � ñ 	 �3ikikjms§�a� å wzníp¢oPoP{koP{�� å o=p
{koPn�wx¥¤pkwxpk¥ � ñ 	*nm� å o= DoPn � saj�p¢o � �3ikikyxwz�©�3q�wzsap¢n��3p¢{DqmsA{¢�Pþ
n �Psa ÿ Ntkpkwz�©�3q�wzsap¢n©¨ ä�å wzn
o��
iky��3wxp*q å o¬jmoP{
t¢�PoP{��3 Dsatkp[qDs�� ��saj �*{koP{
wz�©�3qmoP{�qms � ñ 	��]saj���wxjmo=yzoPnmnÿ� å �3pkp¢o=yzn
q å �3q��3iki(o©�3jmn wxp\q å o.yxwxqmo=jI�3q�tkjmo¤¨ � sk£®�an��=wxqmoP{\wxp �xö�5�8 � �"�Ì� å �3yxyzo=pk¥¤wxpk¥�qI�an �^wzn å s �
qms^{koPnmwx¥¤pãq å o � ñ 	 �PsA{ko=jNq å �3q9�©�3p��3tkqmsa T�3q�wz�©�3yxyxþ �a{¢�3ikq.q å o8�3 Dsatkprq�s����a{k{koP{
jmoP{
tkp¢{¢�3p¢�=þ �a�P�Psajm{
wxpk¥*qmsÆtkp¢{ko=j�yxþAwxpk¥*� å �3pkp¢o=y�o=j�jmsaj¬� å �3jI�a�=qmo=j�wzn�q�wz�Pn �I¨¸ê�qDwznTq å wzn
� å �3yxyzo=pk¥§o ��o ��wxyxy¦�Psap¢n�wz{ko=juwxp�q å o ikjmoPnmo=p[q �ísaj �(¨

ê"p%q å wznÿq å oPn�wzn �ío ikjmsaiQs¤nmo^�8ý�sawxprqTnmsatkjm�Po��3p¢{ � å �3pkp¢o=y��PsA{
wxpk¥Æ Do=q å sA{%q å �3q
ikjmoPnmo=p[qmn�jmsavkt¢n�q�p¢oPnmn �3p¢{D�a{¢�3ikqI�3vkwxyxwxq"þ.qms � å �3pkp¢o=yF� å �3jI�a�=qmo=j�wzn�q�wz�Pní�3p¢{ÿn�qI�3qmo¤¨ ��wxü§o=p
wxqmn
�Psa ÿikjmoPnmn�wzsapD�3p¢{.n�þ[p¢� å jmsapkw76<�3q�wzsapD�©�3iF�3vkwxyxwxq�wzoPn
wxq¦wzn
n�tkwxqI�3vkyzo�� sajÐjmo©�3y
q�wx Do�q�jI�3p¢n �
 ÿwznmn�wzsaph¨ ê"pâq å o � ñ 	Ü�3ikikjms§�a� å ikjmoPnmo=p[qmoP{ÉwxpÉq å wzn���saj �âq å o¼wx ÿiQs¤nmoP{djmoP{
tkp �
{¢�3p¢�=þ*v(o=q ��oPo=p {koPnm�=j�wxikq�wzsap¢nTwzn å wx¥ å yxþ*{ko=iQo=p¢{ko=prq8sap�� å �3pkp¢o=y� DsA{ko=y��3p¢{%n�qI�3qmo¤¨
ä�å oÆ�a{
üa�3p[qI�3¥§oÆs��.n�t¢� å � ñ 	 nm� å o= DoPn`wzn¬q å �3q q å o=þ �3jmo&�ío=yxyN�a{¢�3ikqmoP{ �]saj �3i �
ikyxwz�©�3q�wzsap¢n.wxprü§sayxüAwxpk¥\{
w��®o=jmo=prq�� å �3pkp¢o=yí DsA{ko=yzn.�3p¢{ãq�wx DoTü¤�3j�þ[wxpk¥Zn�qI�3qmoPn©£
n�t¢� å �an
qmo=yzo ���Psap � o=jmo=p¢�=wxpk¥¢£�ü[wz{koPs¼qmo=yzo=i å sap[þ§£�üAwxj�q�tF�3y��=y��anmnmjms[sa Dn©£ ü[wz{koPsÆnmq�jmo©�3 ÿwxpk¥¢£�üAwz{koPs
{ks ��pkyzs§�a{
wxpk¥¢£Fo=qm�¤¨�è�s �í�a{¢�Pþ
n � ñ 	�wzn�p¢saq��N Do=q å s[{ � sajíê"prqmo=j�p¢o=q �]saj�saq å o=jísap ��s��
� å �3pkp¢o=yzn�
D�Psa ÿ 9tkpkwz�©�3q�wzsap¢n`vktkqTwxqDvQoP�Psa DoPn¬�Æ Do=q å s[{ n�tkwxqI�3vkyzo � saj8�3yxy �Awxp¢{knTs��
�Psa ÿ Ntkpkwz�©�3q�wzsap¢nNwxprü§sayxüAwxpk¥`tkpkjmo=yxw��3vkyzo.� å �3pkp¢o=yzn©¨ ä�å o9ikjmoPnmo=prq �ísaj � ��wxyxy �a{k{
jmoPnmnmo
nmsa Do�s��
q å oN�3vQs©ü§oN�3ikikyxwz�©�3q�wzsap¢n©¨
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�+oDn�qI�3j�q ��wxq å � � tkyxq�wxikyzoDñ oPnm�=j�wxikq�wzsap å wznmqmsaj�þ\wxp �
1�bQ)0��+.�E& ¨ ä�å oDn�qI�3qmoDs���q å o
�3j�qNs�� � ñ 	 � sajNn�iQoP�=w��F�T�3ikikyxwz�©�3q�wzsap¢n9wzn�ikjmoPnmo=p[qmoP{+wxp+q å oD� å �3ikqmo=jmn9{koP{
wz�©�3qmoP{ qms
q å oPnmoN�3ikikyxwz�©�3q�wzsap¢n<¨

é tkj �Psap[q�j�wxvktkq�wzsap¢n vQo=¥¤wxpÿwxp �
1�bQ)���+_��Y � å o=jmo ��o�ikjmoPnmo=p[q satkj � ñ 	��3ikikjms§�a� å ¨
é tkjÐ¥§s§�3y[wzn®qms �¢p¢{.�3pNsaikq�wx T�3yrq�jI�a{ko ��s��DvQo=q �íoPo=p.o �T�=wzo=p[q/�Psa ÿikjmoPnIn�wzsap��3p¢{�jmsavkt¢n�q �
p¢oPnmn$�Bjmsa Ãyzs¤nmnmoPn¦{
t¢o qms��Psa ÿ Ntkpkwz�©�3q�wzsap¢n t¢n�wxpk¥�tkpkjmo=yxw��3vkyzo�� å �3pkp¢o=yzn<¨ ä�å o ikjmsaiQs¤nmoP{
 Do=q å sA{ãt¢nmoPn.� � ñÛnm� å o= Do8vF�anmoP{*sapãq å o8ñ�wznI�=jmo=qmo �ã�Pü§o=yzo=q ä jI�3p¢n �]saj�  �]ñ�� ä 

�3p¢{��3p*o �T�=wzo=p[q.vkwxqÿ�3yxyzsA�©�3q�wzsap*qmoP� å pkwz¡rt¢o¤¨ ä�å o¬{
w��Qo=jmo=p[q � ñ��3jmo¬{ko �¢p¢oP{ � å o=p
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nmo=q�q�wxpk¥¼q å o¬vkwxqD�3yxyzs[�©�3q�wzsap%s���o©�a� å n�tkvkvF�3p¢{®¨ �+o¬pF�3 Do¬wxq � tkyxq�wxikyzo ñ oPnm�=j�wxikq�wzsap
ìíwxq���yxyzs[�©�3q�wzsap"� � ñ ì�� 
@¨ ä�å o�vkwxqí�3yxyzs[�©�3q�wzsap �]saj�q å o�n�t¢�P�PoPnIn�wxü§ounmo=qmn�s��Ð�Ps[o �T�=wzo=p[qmn
�©�3p%vQo8iQo=j � saj� DoP{ ��wxq å jmoPnmi(oP�=qÿqms¼o=wxq å o=jÿjI�3qmo sajÿ¡rtF�3yxwxq"þ*�Psap¢nmq�jI�3wxprqmn©¨�ê"p*vQsaq å
�©�anmoPn©£�q å o ¥§s§�3yuwznDqms��¢p¢{ �¼nmo=qTs���¡[tF�3prq�w76©o=jmnDqms �3ikikyxþ*wxp o©�a� å n�tkvkvF�3p¢{®£�n�t¢� å
q å �3q wxqmn�i(o=j � saj� T�3p¢�Po.yxwzoPn�sap\q å o��Psaprü§o�� å tkyxy�s�� q å o.¥¤yzsavF�3y
jI�3qmo ��{
wzn�qmsaj�q�wzsap+�=tkj�ü§o
�xö�i
ö§£¦ö=ûrùk£�83ûF£¦ö¤ö=û ��¨ ä s¬ Ds[{ko=y/q å oNjI�3qmo��3p¢{\{
wzn�qmsaj�q�wzsap���o9t¢nmo.�Dp¢sap �"�an�þA ÿikqmsaq�wz�
q å oPsajmo=q�wz�©�3y� DsA{ko=y�� sajNvQsaq å jI�3qmo �3p¢{*{
wzn�qmsaj�q�wzsap �xö©ù!h ��¨ ä�å oTjI�3qmo`�3p¢{�{
wzn�qmsaj�q�wzsap
{ko=iQo=p¢{kn�sapÆq å oÿ¡rtF�3p[q�w76<�3q�wzsap n�qmo=iÆvktkqN�3yznIs sapÆq å o�ikjmsavF�3vkwxyxwxq�þ+{ko=p¢n�wxq"þ �]tkp¢�=q�wzsap
� � ñ � 
�s��hq å o ���Pü§o=yzo=qu�PsAo �T�=wzo=prqmn©¨ ��nmnmtk ÿwxpk¥Nq å �3q�q å o�ikjmsavF�3vkwxyxwxq"þ¬{ko=p¢nmwxq�þD DsA{ko=y
wzn��a�P�=tkjI�3qmo¤£:q å wzn� Do=q å s[{^ikjms©üAwz{koPn�saikq�wx T�3y/jI�3qmo ��{
wzn�qmsaj�q�wzsap\i(o=j � saj� T�3p¢�PoPn©¨ �F�©ü§saj �
wxpk¥.q å o�t¢nmo�s��Ðñ�� ä wzn q å o � �a�=qíq å �3q�ùañ¸ñ�� ä �©�3p8vQo�o©�an�wxyxþ8o��Aqmo=p¢{koP{¬qms�õañ¸�3p¢{
q å t¢n��3ikikyxwzoP{�qmsÿüAwz{koPsD�PsA{
wxpk¥¢¨ � õañ � �©�3p ��ì��anmoP{^ñ�� ä üAwz{koPsD�PsA{ko=juwzn�ikjmoPnmo=p[qmoP{
wxp �xö©ù¤ú���¨ ä�å o t¢nmo�s����+õañ � �©�3p ��ì��anmoP{�ñ�� ä q�jI�3p¢n �]saj� ��3yxyzs �unDt¢nTqms+{ko=ü§o=yzsai
��n�q�j�wxiQo �XvF�anmoP{ � ñ 	~�3p¢{dqms�t¢nmo¼{
w��®o=jmo=prq�jmoP{
tkp¢{¢�3p¢�=wzoPn^qms�qI���§o¼wxprqms��a�P�Psatkp[q
� å �3pk¥§oPn�wxp�� å �3pkp¢o=y/n�qI�3qmo � å wxyzo��PsA{
wxpk¥¢¨ ä�å wzn�� å �3ikqmo=j�o=p¢{kn ��wxq å ���Psa ÿiF�3j�wznmsapZs��
q å o��Po=prq�jI�3y � � è�î¸ü§o=jmn�t¢nun�wz{ko � � è�î¸savkqI�3wxp¢oP{ ��wxq å q å o ikjmsai(s¤nmoP{ � ñ 	â�3p¢{`q å o
 Ds¤n�q o �T�=wzo=p[q � ñ 	 �[p¢s ��pDqms�{¢�3qmo¤¨ ä�å o ��saj �ÿsapDq å wzn � å �3ikqmo=j jmoPn�tkyxqmoP{DwxpDnmo=ü§o=jI�3y
iktkvkyxwz�©�3q�wzsap¢n©¨�ê�p"�xö©ù!h � ��o ikjmoPnmo=p[q�q å o � ñ ì�� � saj�wx T�3¥§o��Ps[{
wxpk¥¢¨�ê"p �xö©ù¤÷
£(ö©ù�5 � �ío
ikjmoPnmo=p[q��3pZo��
qmo=p¢n�wzsap �]sajuüAwz{koPsD�PsA{
wxpk¥¢¨�ê�p �xö©ù�5 �/��yzs � �Psa ÿikyzo��
wxq�þ�nm� å o= DoNs���q å o
 Do=q å sA{ wxp �xö©ù¤÷��hwzn�ikjmoPnmo=prqmoP{®¨��+o�ikjmsaiQs¤nmo q å oN�3tkqmsa T�3q�wz�.�Psaprq�jmsay¦s��
q å oN�3 Dsatkp[q
s���jmoP{
tkp¢{¢�3p¢�=þ+{
wzn�iF�3qm� å oP{ sapÆq å oD{
w��Qo=jmo=p[qN{koPnm�=j�wxikq�wzsap¢n9vrþ\qI���[wxpk¥^wxprqms^�a�P�Psatkp[q
q å o�� å �3pkp¢o=yÐ DsA{ko=yÐ�3p¢{�n�qI�3qmo¤¨

ê"p �/10bQ)���+_� � ��o¬o��Aiky��3wxp å s ��qms�t¢nmoD� å �3pkp¢o=y�wxp � saj� T�3q�wzsap*qms wxpaý&oP�=q9jmoP{
tkp �
{¢�3p¢�=þTwxp q å o {
w��®o=jmo=prq�{koPnI�=j�wxikq�wzsap¢n©¨ �+o�qI���§o wxprqmsD�a�P�Psatkp[quq å o � å �3pkp¢sap�q å oPsajmo= 
� ä�å oPsajmo=  ö©ú-
 �xö�8�i���£��3p¢{�ikjmsai(s¤nmo`qmsÆ{ko �¢p¢o`q å o`jmoP{
tkp¢{¢�3p¢�=þ�t¢n�wxpk¥¼q å o oP¡[tkwxü§s��
�©�3q�wzsap Hy(x) ¨\ê�p¢{koPoP{®£/wxp*q å wznNq å oPsajmo= �£ � å �3pkp¢sap%n�qI�3qmoPn9q å �3q.q å o8oP¡[tkwxü§s[�©�3q�wzsap
Hy(x) wzn�q å oT�3 Dsatkp[q.s���jmoP{
tkp¢{¢�3p¢�=þÆq å �3q9q å oT{koP�PsA{ko=jNp¢oPoP{kn�qmsZ�Psaj�jmoP�=qNq å oTjmo ��Po=wxü§oP{+ DoPnInI�3¥§o¤¨`ê�p+q å wzn.� å �3ikqmo=j���oTikjmoPnmo=prq.nmsa DoDjmoPnmtkyxqmn � sajN{
w��Qo=jmo=p[q �Awxp¢{knNs��
� å �3pkp¢o=yzn �]saj"� �koP{¼sajN�3pkwx T�3qmoP{Æwx T�3¥§oPn©¨ ä�å wzn ��saj �\jmoPn�tkyxq�wxpÆq å o �]sayxyzs ��wxpk¥�iktkv �
yxwz�©�3q�wzsap¢n �xö©õ
ö§£/ö©õ¤õk£/ö©õ3û ��¨ ä�å oPnmoNiF�3iQo=jmn ikjmoPnmo=p[q�q å oÿ�a{¢�3ikqI�3q�wzsap+s�� q å o9ikjmsaiQs¤nmoP{
� ñ�ì�� �]saj ��wxjmoP{ �xö©õ
ö(�¦saj ��wxjmo=yzoPnmn �xö©õ¤õ��/�Psa ÿ Ntkpkwz�©�3q�wzsap¢n©¨ ä�å oNiF�3i(o=jmn �xö©õ
ö��/�3p¢{
�xö©õ¤õ��hqmsa¥§o=q å o=j�þ[wzo=yz{koP{`q å o�ý�satkj�pF�3yhiktkvkyxwz�©�3q�wzsap �xö©õ3û ��¨

ê"p �
1�bQ)0��+.� 	 �ío�ikjmoPnmo=prq q å o.ikjmsai(s¤nIoP{ � ñ 	Ã�3p¢{¼�8p¢o ��sap¢o�{ko=ü§o=yzsai(oP{&� saj
�PsA{
wxpk¥`¡[tkwxp¢�=tkp �^wx T�3¥§oPn©¨��+o.ikjmoPnmo=p[q��3p¼�3ikikyxwz�©�3q�wzsap+s���nmt¢� å � ñ 	¸nm� å o= DoPn"� saj
nI�3qmo=yxyxwxqmo�q�jI�3p¢nm ÿwznmn�wzsaph¨

ä�å o¬¡rtkwxp¢�=tkp ���3j�jI�3pk¥§o= Do=prqÿwzn�� �í�©þ+qmsZwx ÿikjms©ü§o¬wx T�3¥§oTjmoPnIsayxtkq�wzsap*v[þ+�Psa  �
vkwxpkwxpk¥ �DiF�3wxj�s�� 	 	íñ yxwxp¢o©�3j��3j�jI�Pþ
n©¨�ì�oP�©�3t¢nmo.o©�a� å 	 	íñ��3j�jI�©þ�þ[wzo=yz{kn �8�=y��anmn�wz�©�3y
wx T�3¥§o��a�P�Psajm{
wxpk¥8qms`�Dnm¡[tF�3jmo�¥¤j�wz{Zq å oNn�þ
n�qmo= Dn�t¢n�wxpk¥8nmt¢� å �a�P¡[tkwzn�wxq�wzsap\ Ds[{ko=y
�3jmo
qmo= ÿikqmoP{�qms�q�jmo©�3q
o©�a� å wx T�3¥§oíwznmsay��3qmoP{®£§{
wzn�jmo=¥r�3jm{
wxpk¥�q å o å wx¥ å jmoP{
tkp¢{¢�3p¢�=þ9vQo=q �íoPo=p
q å o= �¨

�+o`ikjmsaiQs¤nmo`wxp%q å wznD� å �3ikqmo=j¬�Z Do=q å s[{ s�� ý�sawxprqTnmsatkjm�Po ��� å �3pkp¢o=y��PsA{
wxpk¥Æq å �3q
qI���§oPnÿwxp[qms+�a�P�PsatkprqDq å o`jmoP{
tkp¢{¢�3p¢�=þ�vQo=q ��oPo=p q å o`q ��s¼wx T�3¥§oPnDwxp�nmsatkjm�Po��3p¢{�*3saj
� å �3pkp¢o=y¦�Ps[{
wxpk¥¢¨ ä�å o ikjmsaiQs¤nmoP{` Do=q å sA{`t¢nmoPn�q å o�nI�3qmo=yxyxwxqmo�� å �3pkp¢o=yÐ� å �3jI�a�=qmo=j�wzn�q�wz�Pn
� å o=p iQo=j � saj� ÿwxpk¥ q å oZnmsatkjm�Po ��� å �3pkp¢o=y��PsA{
wxpk¥¢¨ ä s*�Psa ÿiF�3jmo ��wxq å q å o�ikjmsaiQs¤nmoP{
 Do=q å sA{ ��o`t¢nmo`q å o � ñ�ì���ikjmsai(s¤nmoP{�wxp%ikjmo=üAwzsat¢nÿ� å �3ikqmo=jmn<¨ � sajmo n�iQoP�=w��F�©�3yxyxþ§£
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��o�ikjms[�PoPnmnuq å o�¡rtkwxp¢�=tkp ��nI�3 ÿikyzoP{ wx T�3¥§o ��wxq å ����o=yxy ��n�tkwxqmoP{^q�jI�3p¢n � saj� ÛqmsÿjmoP{
t¢�Po
q å o�jmoP{
tkp¢{¢�3p¢�=wzoPn©¨ � �Bqmo=j�q å wzn�n�qmo=ih£ ��o�t¢nmo�q å o � ñ ìí�d Do=q å sA{DikjmsaiQs¤nmoP{8wxp¬� å �3i �
qmo=jmn�õ �3p¢{¼û��3p¢{���oD�a{¢�3ikq�wxq � saj q å oÿ�©�anmoÿs��ínI�3qmo=yxyxwxqmo� DsA{ko=yzn©¨.ê�p¼q å o.ikjmsaiQs¤nmoP{
 Do=q å sA{�q å o�jmoP{
tkp¢{¢�3p¢�=þ.vQo=q �íoPo=pDq å o�q �ís wx T�3¥§oPn�wzn
t¢nmoP{�qms �¢p¢{D��jmsavkt¢n�q nm� å o= Do¤¨
� sajmo�ikjmoP�=wznmo=yxþ�q å ou{
w��Qo=jmo=p[q {
þr�a{
wz��wx T�3¥§oPní�3jmo�t¢nmoP{�qms�¥§o=p¢o=jI�3qmo�q å ouq ��s9{
w��Qo=jmo=p[q
{koPnm�=j�wxikq�wzsap¢n�wxpÆ� � ñ 	ënm� å o= Do��3p¢{\q å o�{
w��®o=jmo=p¢�Po�v(o=q ��oPo=pÆq å oPnmo.q �ís`wx T�3¥§oPn wzn
ý�sawxp¢oP{^qmsTv(saq å {koPnm�=j�wxikq�wzsap¢n©¨ ä�å wzn�jmoPnmtkyxqmn�wxpÆ� å wx¥ å yxþ�jmsavkt¢nmq�nm� å o= Do¤¨���n �ío9o�� �
iQoP�=qmoP{®£rq å o�n�qI�3p¢{¢�3jm{D Do=q å sA{ �Bt¢nmwxpk¥Nq å o � ñ ìí� 

wzn v(o=q�qmo=jín�tkwxqmoP{ � saj yzs ��o=j�yzo=ü§o=yzn
s��Ðp¢sawznmo¤£ � å wxyzo q å o�ikjmsaiQs¤nmoP{¬ Do=q å s[{¬iQo=j �]saj�  v(oPnmq�� saj å wx¥ å o=jíyzo=ü§o=yzn�s��¦p¢sawznmo¤¨ �+o
ikjmoPnmo=p[quq å wzn �ísaj �¬wxp �xö©õ�8 ��¨

�/wxpF�3yxyxþ§£kwxp )�bQ� �c����� ��o�ikjmoPnmo=prqu¥§o=p¢o=jI�3y/�Psap¢�=yxt¢n�wzsap¢n��3p¢{�i(o=jmn�iQoP�=q�wxü§oPn©¨
�+oí�Psap¢�=yxt¢{ko q å �3q/q å o�ikjmsai(s¤nmoP{ � ñ�ì��%�3tkqmsa T�3q�wz�©�3yxyxþ.�a{¢�3ikqmoP{.qms�q å o�� å �3pkp¢o=y

 DsA{ko=yk�3p¢{ÿnmqI�3qmo¤£awzn�o �T�=wzo=prq)� saj/q�jI�3p¢nm ÿwznmn�wzsap�wxp¢{ko=i(o=p¢{ko=p[q�yxþÿs��:q å o�� å �3jI�a�=qmo=j�wzn�q�wz�Pn
s��
q å o�� å �3pkp¢o=yÐt¢nIoP{®¨�ê�p q å wzn�iQo=jmn�iQoP�=q�wxü§o¤£
q å o ikjmsai(s¤nIoP{  Do=q å s[{`wzn��3p^�3yxqmo=j�pF�3q�wxü§o
qms. Do=q å s[{knuq å �3q�t¢nmo o=j�jmsaju�Psaprq�jmsayÐnm� å o= DoPn©£kn�t¢� å �an � � 	âsaj���î��.£ � å o=p yxwx ÿwxqmoP{
{ko=y��Pþ
nN�3jmo�wx ÿiQs¤nmoP{Æsaj � å o=p+q�wx Do�ü¤�3j�þ[wxpk¥�� å �3jI�a�=qmo=j�wzn�q�wz�Pn.s���q å oÿ� å �3pkp¢o=yznN T���§o
{
w �T�=tkyxq�q å o t¢nIo�s��
n�t¢� å qmoP� å pkwz¡[t¢oPn©¨

� ñ 	�nm� å o= DoPn�{koPn�wx¥¤p¢oP{Tqms��3tkqmsa T�3q�wz�©�3yxyxþ �a{¢�3ikq�q å o �3 Dsatkprq�s��¦�a{k{koP{¬jmoP{
tkp �
{¢�3p¢�=þ �a�P�Psajm{
wxpk¥Dqms.tkp¢{ko=j�yxþ[wxpk¥T� å �3pkp¢o=yÐo=j�jmsaju� å �3jI�a�=qmo=j�wznmq�wz�Pn©£FsaiQo=p`p¢o � å saj�w76©sap¢n
� sajNq å o � ñ 	��Btkq�tkjmo¤¨ � ñ 	Ì�©�3p p¢s ��vQoDt¢nmoP{ � saj.�3yxy �[wxp¢{kn.s����3ikikyxwz�©�3q�wzsap¢n�{ko �
 T�3p¢{
wxpk¥ãyxwx ÿwxq8{ko=y��Pþ
n8�3p¢{�o=j�jmsaj8jmoPn�wxyxwzo=p¢�Po¤¨ � ñ 	 v(oP�Psa DoPn8�3p saikq�wzsap � sajÿp¢o �
��saj�yz{Z�Psa ÿ Ntkpkwz�©�3q�wzsap¢n©¨



� � 	 � �

��������� 	�
 ���
� �����

h





�  >��A>���d$ W

� ��
 � ��� 
�� 
��	� � 	 ��� � � � � � � �"� ��	 �


 ��� ���	��
���
�� ��������
���
����

ä�å o � ñÌikjmsavkyzo=  ���an�iQs¤nmoP{\vrþ � o=jmn å sk£ �âwxqmnmo=p å �3t¢nmo=ph£��+say��&£��Æþ[p¢o=j©£ �:wxü¼�3p¢{
é 6<�3jms �Ã�3qíq å o � o=ikqmo= 9v(o=jNö�5!h/5�ê ����� ê�p � saj� T�3q�wzsap ä�å oPsaj�þ �+saj �
n å sai �9i�5k£Q8¤ù �Ð�an
�^¥§o=p¢o=jI�3yxw76<�3q�wzsap�s�� � å �3pkp¢saphóôn9ikjmsavkyzo= �s���nIsatkjm�Po8�PsA{
wxpk¥ ��wxq å �F{ko=yxwxq�þ*�=j�wxqmo=j�wzsap
�xö�8!h ��¨ � sajmo�ikjmoP�=wznmo=yxþ§£hq å o�iQs¤nmoP{¼ikjmsavkyzo=  ���an�q å o��]sayxyzs ��¨����	��
�
 � ! ��
���
 # !��") �
! �(��� ��� �$!��
��#�
 ) # � � � � � !�) ����� ��!() #���
 � ��� �$! ! ) � ��� ��!�) #&��� ) # � � )�� � �������"��� ��	 	�� � # �
� � ) # � � � � )�
 ��� 
"!$# !$!%��	 � )�� � )+)�� � � � # ! �&��� � ��� � )�� � )�)��.��� �$!'� �$#(
 ) # � ��
 # %&%*) � % ��!�)+!
, � � � � � ��� �-
�� ! ����� )�
 �.� �$!'�
��#(
 ) #�� �.! � ���/� �%
.� )�� �-) � � � � � )��.� 	0
 #&% %	� � )�)�� � ���"�1�2!
3 ���'�4� �$!��
�$#(
 ) # � � !%� ��� %5��) � # �6� # 7/#����.� %&% �8� �����9!;: ��
��'7�� �%< # ��) � )��=� �()�)�� � �"���1�9< )��.���

��>
 # !%� )��.�>� � 	/)(# � �?��� �$!'� �$#(
 ) #�7�� # � � ��� 	 � ) # � � ) �&) � ��! %'����� � ��!@
 ��! !�#A)(%'�B!+C

ä�å wzn�ikjmsavkyzo=  wzn�n�tk ÿ T�3j�w76©oP{Zwxp �¢¥¤tkjmo.ù
¨xö¤¨ ä�å oN{
w �T�=tkyxq"þ�wxpZn�t¢� å �Dikjmsavkyzo= 
wzn¬q å �3q`¥§s[sA{ wxp¢{
wxüAwz{
tF�3y�{koPnm�=j�wxikq�wzsap¢n` 9t¢n�q`v(o\�=yzs¤nmo\qms*q å o^ikjmsA�PoPnmn©£�vrþ�üAwxj�q�t¢o
s���q å o=wxjN¥§sAs[{
p¢oPnIn©£¦�3p¢{ãp¢oP�PoPnmnI�3j�wxyxþÆ Nt¢nmqNvQo å wx¥ å yxþÆ{ko=i(o=p¢{ko=p[q©¨ ä�å t¢n©£�� �]qmo=j�q å o
jmoP�Po=ikq�wzsap s���q å o �¢jmn�qD{koPnm�=j�wxikq�wzsaph£�q å o nmoP�Psap¢{%{koPnm�=j�wxikq�wzsap ��wxyxyu�Psaprq�j�wxvktkqmo^yxwxq�q�yzo
o��
q�jI�`wxp �]saj� T�3q�wzsaph¨ é p q å oDsaq å o=j å �3p¢{®£¦q �ís�wxp¢{ko=iQo=p¢{ko=prq�{koPnm�=j�wxikq�wzsap¢nN 9t¢n�qNvQo
�X�3j��3iF�3j�q��3p¢{ q å t¢n��©�3pkp¢saquwxp�¥§o=p¢o=jI�3yhvQo wxp¢{
wxüAwz{
tF�3yxyxþ¬¥§sAsA{®¨

ñ oP�Ps[{ko=j9ö X̂1

��p¢�PsA{ko=j ø§sawxprq�ñ�oP�PsA{ko=j X̂0

ñ oP�Ps[{ko=j�ù X̂2

D ��ö-� D 

�Xù.� D 


�/wx¥¤tkjmoNù
¨xö¤� ä�å o�� å �3pkp¢o=y¦n�ikyxwxq�q�wxpk¥Tikjmsavkyzo= 


 ��
 � ��
�� �	
 ��	 
 � � � 
�� ��� ���

ä�å o �¢jmn�q9q å oPsajmo=q�wz�©�3y�jmoPn�tkyxqmnÿ�3ikiQo©�3j9wxpâö�5¤÷¤ú¼�3p¢{ãq�j�þÆqms\� å �3jI�a�=qmo=j�w76©o`q å o¬nmo=q9s��
�a� å wzo=ü¤�3vkyzo+¡[tkwxprq�tkikyzoPn (R1, R2, D1, D2, D0)

¨ ä�å o=þ ��o=jmo¼ikjmsaiQs¤nmoP{Évrþ �âwxqmnmo=p �
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å �3t¢nmo=p �xö©÷!h/��£ é 6<�3jms � �xö¤ö�8 ��£ ��y ���3 T�3yh�3p¢{ 	ís©ü§o=j �98¤ù �h�3p¢{ �+say���£ �ÆþAp¢o=j��3p¢{��:wxü
�xö©÷�5���¨ �+o ��wxyxyÐvkj�wzo��¢þ¬{koPnm�=j�wxvQo�q å o= �¨

ê"p �xö©÷!h�� �âwxqmnmo=p å �3t¢nmo=p¼ikjmoPnmo=p[q��Tyzs �ío=j�v(satkp¢{ � saj�n�wz{ko.{
wzn�qmsaj�q�wzsap�� å o=pÆ�Psap �
n�wz{ko=jmoP{ÿ�� Do= Dsaj�þ[yzoPnmn/vkwxpF�3j�þ.n�þ[ ÿ Do=q�j�wz�ínmsatkjm�Po��3p¢{9t¢nmoP{ ' �3 ÿ ÿwxpk¥�{
wzn�qI�3p¢�Po �BwX¨ôo¤¨x£
ikjmsavF�3vkwxyxwxq�þ�s���o=j�jmsaj$
��anu{
wznmqmsaj�q�wzsap^wxp ä�å oPsajmo= áö¤¨
� +��K��� ����	�� � ���B
�
 ��! � � )(% �B� 
 � � N = N1 + N2

)�# )&! � � ��	 � 	 �
	 � � � % �$! !�)(# ��� � �
! ��	 	 �() ��#�� ! ��� � � � # ! ����� �B� � � #&��) � )�
 � !�#5� � � % ! U � ��� V 
 #&)��
� �$!+
.� � ) #�7�� � % 
�� �9) �()
!$#��/��! 2N1 � ��� 2N2 !@# � � � ��#�7�� � � � )�� � 
 � # � (U, V ) # ! � )�%'� ) � � �?� � �.!() �%��� )�)��.� ! ����� � �
)�% �B� 
 XN

1

 #&)�� ��� ) �
� � ���B! , �.� � � ��� � )�
 � �-)�� � � � �?� ��#�7�� �$!�< � � � � � � ��#�7 #&� � U � � % �

� ���=
 � �����2� # � � � )(# ��� � � )�% �B� 
 Y N
1 = F (U) < � �6� )�� � �-)�� � � � �?� ��#�7 # � � V � � % � � ���


 � �B�����(#&� � )�� ��)�#&����� �4)�% �B� 
 ZN
1 = G(V ) !

� ��� � �9����)�# ) 
 ��!$# ) # � � k(1 6 k 6 N) <+)��.� ! ����� �$��)�# ) Xk
# !-� � 	$
.��� �?��
 # )�� )��.�

� � � �B� � � )�#&)&! Yk
� ��� Zk

!�� �	��� � )�� � �
� � ���;
 � �9) �9)�#&% # ) # ��!

pk
u = Pr{Xk 6= Yk}, pk

v = Pr{Xk 6= Zk}

� 1�+_	�� +V\ ��
 � �.!$#A� � � pk
u
� ��� pk

v
��! � �	� � � � # ��� �	� � # ) #�� ��
9! � ��� � %&% k < )��.� 
 � #&��)

(pk
u, pk

v)
% # �$! #&� )�� � � �A� # � � � � )�� � (pu, pv)


�%'� � �8� �	� � � �.) � 0 6 pu 6 1 < 0 6 pv 6 1� ���
(

pu +
1

2

)(

pv +
1

2

)

≥ 1

2
� ��
 ���() #��'� %'����<�# � pu = pv

<�)�� ��� pu ≥
√

2−1
2

��yznms�wxp �xö©÷!h ��q å o&� sayxyzs ��wxpk¥�ikjmsavkyzo= ±wzn`i(s¤nIoP{®� �.# 	 � 	 ��� � %'�$!$! ! ��� � � � # !
����� �B� � � ��7�� � n �'� � � � �(% ! �-) � � ) �$! Ri(i = 1, ..., n) ! , � � � � ��� � 2n − 1 � � � �B� �
� !%<
� � � � ��� � ����� � � � 7 � #A� !���)$! �() � �/��� � � � ��% !B! � ��� �.� #�7���� � # !�) ���() # � � 	 � ��!�� � �%< )��.�

 � �9)�% � 	 # ! ) ��� ��� )��.� � � ��!$# )�% � � ��	�)�#&��� ) # � � � � � # !�) ���() # � � � �-) �$!�!+C ä�å oÆ�3tkq å saj
�Psap¢�=yxt¢{koP{¼q å �3q"�]saj��¬�Po=j�qI�3wxp¼üa�3yxt¢o�s�� k, 0 < k < n £(w��í�3p[þ k �]saj"�]o �ío=j$
�� å �3pkp¢o=y
vkjmo©���
nu{ks ��ph£ R = 1

n−k
wzn�q å o�jI�3qmo�jmoP¡rtkwxjmoP{ qmsÿsavkqI�3wxpZo=j�jmsaj � �BjmoPo9sai(o=jI�3q�wzsaph¨

ê"p �xö©÷�5���£��+say��&£��Æþ[p¢o=j �3p¢{ �:wxüQ£:�3yznmsD�Psap¢nmwz{ko=jmoP{^q å oNvkwxpF�3j�þ�n�þ[ ÿ Do=q�j�wz�N Do=  �
saj�þAyzoPnmn9nIsatkjm�Po8�3p¢{ q å o ' �3 ÿ ÿwxpk¥\{
wznmqI�3p¢�Po¬�an9{
wzn�qmsaj�q�wzsaph¨ ä�å o=þÆikjms<ü§oP{*q å �3q©£¦w��
(R1, R2, D0, D1, D2)

wzn��a� å wzo=ü¤�3vkyzo¤£kq å o=p R1 + R2 ≥ 2− h(D0)− h(d1 + 2d2)
�3p¢{

R1 + R2 ≥ 2− h(D0)− h(2d1 + d2),
� å o=jmo

h(λ) =







0, λ = 0
−λlog2λ− (1− λ)log2(1− λ), 0 < λ 6 1/2
1, λ > 1/2.

� ù
¨xö/


�kjmsa Öq å wzn�q å oPsajmo= Öwxq � sayxyzs �un�q å �3q � ��wxq å R1 = R2 = 1/2, D0 = 0), D1 = D2 ≥
1/6 ¨

�kjmsa �q å oPsajmo= �ö¤£ � å o=p R1 = R2 = 1/2 £ D0 = 0 �3p¢{ D1 = D2
£�q å o¬jI�3qmo

{
wzn�qmsaj�q�wzsap¼vQsatkp¢{Zwx ÿikyxwzoPn�q å �3q 1 − h(D1) 6 R1 = 1/2 £®saj D1 ≥ 0.11 ¨ '�s ��o=ü§o=j©£q å oDq å oPsajmo=  s�� �+say���£��ÆþAp¢o=j��3p¢{ �:wxü(£/þAwzo=yz{kn h(3D1) ≥ 1 £/saj©£ D1 ≥ 1/6 ¨ ä�å o�3tkq å sajmn��Psap¢�=yxt¢{ko�q å �3q�q å o�v(satkp¢{`tkp¢{ko=j�q å o � å �3pkp¢sap\�anmn�tk ÿikq�wzsap¢nuwznu{ko �¢p¢oP{ vrþ
q å o8qI�3pk¥§o=prqmn.qms^q å o å þAi(o=j�vQsay��\�3qNq å o8q ��s\iQsawxprqmn � å o=jmoTwxq��=tkqmn9q å o8�PsAsajm{
wxpF�3qmo
� �
wzn©¨



� � � � ����
���	 
 ����� � � 	 
 ���
� ��� ö¤ö

�+saj �Zvrþ � y����3 T�3y��3p¢{ 	ís<ü§o=j �98¤ù � å �an�n å s ��pÆq å �3q©£Qtkp¢{ko=j�q å o � å �3pkp¢sapã�an �
n�tk ÿikq�wzsap¢n©£��3yxy�iQsawxprqmn �3v(s<ü§o^q å o å þAi(o=j�vQsay��*�3jmoZ�a� å wzo=ü¤�3vkyzo¤¨ ä�å o å þ[iQo=j�v(say��+wzn
�Ap¢s ��pã�an q å oD�a� å wzo=ü¤�3vkyzoÿjI�3qmo.jmo=¥¤wzsapãs�� (R1, R2)

iF�3wxjmn��an�� �Btkp¢�=q�wzsap+s��íq å oÿ{
wzn �
qmsaj�q�wzsap ü§oP�=qmsaj D = (D1, D2, D0)

�]nmoPo �¢¥¤tkjmo�ù
¨ ù-
@£ �]saju�9 Do= Dsaj�þ[yzoPnInunmsatkjm�Po��3p¢{��
n�wxpk¥¤yzo �Xyzo=q�qmo=j �F{ko=yxwxq�þ �=j�wxqmo=j�wzsap\�an�ikjms<ü§oP{�wxp ä�å oPsajmo= ~ù
¨

0 1 2(D   , D   ,D   )

Rate Region for a given

2R

R1

�/wx¥¤tkjmo ù
¨ ù
�Ð��� å wzo=üa�3vkyzo jI�3qmo�jmo=¥¤wzsap9s�� (R1, R2)
iF�3wxjmn¦�an¦� �Btkp¢�=q�wzsapNs��kq å o {
wznmqmsaj�q�wzsap

ü§oP�=qmsaj D = (D1, D2, D0)
¨

ä�å o9q å oPsajmo= ~ùT�©�3p^vQo�t¢nmoP{^qmsTn å s �ëq å �3q ��o.�©�3p^ T���§o D1 = D2 =
√

2−1
2 ≈

0.207 ¨
� 1�+_	�� +V\ & ���() X1, X2, ...

) � � ! ���'� ����� � � � #A! # ! �9! ��� #&) � � % 
	� �9) �() � � ��� ��	 7����$#��
�9)�% �$! ��� ��
 � ���?� ��� � # � � ) � �@
 � � ) �9)�#&% # )�� 	 ��! ! �%� ��� ) # � � p(x) !���� ) di(., .)

) � ) ��� ��� � �9!
# � ����� # ��7 �9)(%'� � � ) � � �A� # � � � ���$� # !�) ���() # � � D = (D1, D2, D0)

# ! � #�7���� ) � )�� ��� � � 7����
�9� % %�� � � %&% (R1, R2)

!��2�'� )�� � )

R1 > I(X; X̂1),

R2 > I(X; X̂2),

R1 + R2 > I(X; X̂1, X̂2, X̂0) + I(X̂1; X̂2),

� ��� ! ��	 ��
 � �9) �9)(# % #&)�� 	 ��!$! ��� �6� ) #�� � p(x̂, x̂0, x̂1, x̂2) = p(x)p(x̂0, x̂1, x̂2|x) !%�����
)�� � )

D0 ≥ Ed0(X; X̂0),

D1 ≥ Ed1(X; X̂1),

D2 ≥ Ed2(X; X̂2).

é 6<�3jms � wxp,�xö¤ö�8����Psap¢n�wz{ko=jmoP{ q å oZ�©�anIo � å o=jmo^q å oZnmsatkjm�PoPn`�3jmo����3t¢nmnmw��3p �3p¢{
q å o {
wzn�qmsaj�q�wzsap wzn�q å o�nm¡[tF�3jmoP{ ��o=j�jmsajT�=j�wxqmo=j�wzsaph¨ ä�å o^�a� å wzo=üa�3vkyzo^jI�3qmo`jmo=¥¤wzsap �Bq å o
å þAiQo=j�v(say��-
D{ko=j�wxü§oP{�wxp �98¤ù ��£ ���anTikjms<ü§oP{ qmsÆvQo¤£íwxp �X�a�=q©£íq å o jI�3qmo^{
wzn�qmsaj�q�wzsapâjmo �
¥¤wzsap��]saj¬q å oZnIsatkjm�Po¤¨ ä�å wzn¬wzn`{ksap¢o^v[þ savkqI�3wxpkwxpk¥�q å o¼�Psaprü§o=jmnmo\q å oPsajmo= �¨ ä�å wzn
q å oPsajmo=  n�qI�3qmoPn\q å �3q¼q å o*�a� å wzo=üa�3vkyzo%nIo=q\s��8¡[tkwxprq�tkikyzoPn (R1, R2, D1, D2, D0)

wzn
¥¤wxü§o=p¸v[þdq å o+nmo=q^s��ÿiQsawxprqmn^n��3q�wzn �BþAwxpk¥ D1 ≥ e−2R1 £ D2 ≥ e−2R2 �3p¢{ D0 ≥
e−2(R1+R2) 1

1−(
√

(1−D1)(1−D2)−
√

D1D2−e−2(R1+R2))2
.
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�âwxqmnmo=p å �3t¢nmo=p8�3p¢{ �Æþ[p¢o=j �xö©÷¤÷�� å �©ü§o�savkqI�3wxp¢oP{T�3p8satkqmo=j v(satkp¢{�� saj�q å ou�©�anmo�s��
��vkwxpF�3j�þ�n�þA ÿ Do=q�j�wz�ínmsatkjm�Po ��wxq å q å o�' �3 ÿ ÿwxpk¥�{
wzn�qmsaj�q�wzsap��3p¢{ å �Pü§oí�Psa ÿiF�3jmoP{9wxqÐwxp
sap¢o �©�anmo�qms9q å o��a� å wzo=üa�3vkyzo jmo=¥¤wzsap�s����98¤ù ��£Avktkq�q å o�v(satkp¢{kn�o��k�PoPoP{kníq å o��a� å wzo=ü¤�3vkyzo
iQsawxprq©¨

ì�o=j�¥§o=j��3p¢{ � å �3pk¥¬wxp �xö=û �
{ko �¢p¢oP{ d = inf{D : ( 1
2 , 1

2 , D,D, 0) wzn��a� å wzo=ü¤�3vkyzo }
� saj� Do= Dsaj�þ[yzoPnmn�vkwxpF�3j�þ nmsatkjm�PoPn©¨ ä�å o=þ`ikjms©ü§o�q å �3q d = (

√
2− 1)/2 ¨� å yzn ��oP{kouwxp � õ �¢ikjms<ü§oP{ÿq å o�q�wx¥ å q�p¢oPnIn s��:q å o å þ[iQo=j�v(say���vQsatkp¢{�wxp �98¤ù �FsapD� �©�anmo

s��¢p¢s�o��k�PoPnmnÐjI�3qmoí�3q D0
� R1+R2 = R(D0)


@£ �]saj¦q å o vkwxpF�3j�þNnmþ[ ÿ Do=q�j�wz�� Do= Dsaj�þ[yzoPnIn
nmsatkjm�Po���wxq å �3p\o=j�jmsaj"�]jmoP¡rt¢o=p¢�=þ\{
wzn�qmsaj�q�wzsapÆ�=j�wxqmo=j�wzsaph¨ � å �3pk¥��3p¢{¼ìío=j�¥§o=j wxp �xö�5�5��
{
wzn�ikjms<ü§oDq å oÿ�Psapaý�oP�=q�tkjmoDq å �3q�q å oT�a� å wzo=üa�3vkyzoTjI�3qmoÿjmo=¥¤wzsap+¥¤wxü§o=p+wxp��98¤ù � �Psawxp¢�=wz{koP{
��wxq å q å o�jI�3qmou{
wznmqmsaj�q�wzsapDjmo=¥¤wzsap �Bwzn�q�wx¥ å q$

wxpD�©�anmo�s��QvkwxpF�3j�þÿn�þ[ ÿ Do=q�j�wz��nmsatkjm�Po ��wxq å
' �3 ÿ ÿwxpk¥T{
wzn�qmsaj�q�wzsap^ Do©�anmtkjmo¤¨

ä�å o=jmo å �Pü§o�vQoPo=pTp¢s�jmoPnmtkyxqmn�qms9{¢�3qmo � saj ikjmoP�=wznIo=yxþT{ko=qmo=j� ÿwxpkwxpk¥�q å o�jI�3qmo�{
wzn�qmsaj �
q�wzsap¼jmo=¥¤wzsap&�]saj�p¢sap � ���3t¢nmn�w��3pÆnmsatkjm�PoPn��3p¢{ � saj�nmsatkjm�PoPn"��wxq å  Do= Dsaj�þ§¨ ä�å o.y��3qmoPn�q
jmoPn�tkyxqmn � saj p¢sap � ���3t¢nmn�w��3p nmsatkjm�PoPnN�3jmo��]jmsa  �Q�3 ÿwxj �xö�5�ik£�ö�5!h/��¨ �Q�3 ÿwxjN{ko=ü§o=yzsai �3p
satkqmo=j/v(satkp¢{��3p¢{.�3p.wxpkp¢o=j/v(satkp¢{ �]saj¦q å o � ñ�jmo=¥¤wzsap � saj/��¥§o=p¢o=jI�3y[ Do= Dsaj�þAyzoPnmn/jmo©�3y
nmsatkjm�Po ��wxq å nm¡[tF�3jmoP{ ��o=j�jmsaj�{
wzn�qmsaj�q�wzsaph¨ ä�å oPnmoTjmoPn�tkyxqmn��3jmo¬�3p*o��Aqmo=p¢n�wzsap*s�� � å �3p �
p¢sap+vQsatkp¢{knNsap+jI�3qmo8{
wzn�qmsaj�q�wzsap �]tkp¢�=q�wzsapãs����`jmo©�3y nIsatkjm�Poÿvrþ¼q å oÿjI�3qmo8{
wzn�qmsaj�q�wzsap
�]tkp¢�=q�wzsap^s��/q å o ���3t¢nmn�w��3p�nmsatkjm�Po ��wxq å q å o�nI�3 Do�ü¤�3j�w��3p¢�Po *.o=prq�jmsai[þ§¨

# o=p��¤�3qI�3jI�3 T�3pkwX£ % jI�3 Do=j �3p¢{ � s<þr�3y å �Pü§o � satkp¢{%v(satkp¢{kn¬sap�q å o\�a� å wzo=ü¤�3vkyzo
iQo=j �]saj� T�3p¢�Po�jmo=¥¤wzsap �]saj � ñ �Ps[{
wxpk¥ ��wxq å  Dsajmo�q å �3p�q �ísT{koPnm�=j�wxikq�wzsap¢n �xö�h/5���¨

��pZwx ÿiQsaj�qI�3prq�n�iQoP�=w��3y
�©�anmo9s���q å o � ñ ikjmsavkyzo=  �í�an ikjmoPnIo=prqmoP{\wxp � ûrõ ���3p¢{Zwzn
�Ap¢s ��p8�an�q å ouikjmsavkyzo= �s��®n�t¢�P�PoPnmn�wxü§o�jmo �¢p¢o= Do=p[qís��Qwxp �]saj� T�3q�wzsap¬saj� Ntkyxq�wxjmoPnmsayxtkq�wzsap
� � î 
@¨ ä�å o�n�t¢�P�PoPnIn�wxü§oNjmo �¢p¢o= Do=p[q�ikjmsavkyzo= ~wzn��8n�iQoP�=w��3y/�©�anmo.s�� q å o � ñÌikjmsavkyzo= 
wxp � å wz� å q å o=jmoTwznNp¢sZ�Psap¢n�q�jI�3wxp[q.sap Ed(X, X̂1)

�3p¢{+wxp � å wz� å R2 = R(D2)
�3p¢{

R1+R2 = R(D0)
wzn/jmoP¡[tkwxjmoP{®¨�ê�p.q å wzn �3j�q�wz�=yzo¤£[��p¢oP�PoPnmn��3j�þ.�3p¢{�n�t �T�=wzo=prq �Psap¢{
wxq�wzsap

wzn�{ko=j�wxü§oP{®£(n�t¢� å q å �3q©£Fq å o�jI�3qmoN{
wznmqmsaj�q�wzsapZikjmsavkyzo= Üwzn�n�t¢�P�PoPnIn�wxü§o=yxþ jmo �¢pF�3vkyzo¤¨ ä�å o
jmoPn�tkyxq � sayxyzs �un �]jmsa Íq å o�q�wx¥ å q�p¢oPnmnus��/q å o �a� å wzo=üa�3vkyzo�jmo=¥¤wzsap`oPnmqI�3vkyxwzn å vrþ ��y����3 T�3y
�3p¢{ 	ís<ü§o=j �98¤ù�� � saj�q å o�p¢sDo��k�PoPnmn�jI�3qmo�n�tk  �©�anmo � õ ��¨

��qDq å wznT Dsa Do=prq¬q å o=jmo�wznT�Æi(saqmo=p[q�w��3y � saj8�3ikikyxwz�©�3q�wzsap¢n`s�� � ñÖnmsatkjm�Po��PsA{koPn
wxpÆn�iQoPoP� å �3p¢{¼ü[wz{koPs`�PsA{
wxpk¥ s©ü§o=j�iF�a�!�§o=q ��n!��wxqm� å oP{+p¢o=q ��saj �
n � å o=jmo�iF�a�!�§o=qNyzs¤nmnmoPn
�©�3p�jmoPn�tkyxq�wxp��Z{ko=¥¤jI�a{¢�3q�wzsap%wxp%n�wx¥¤pF�3y�¡[tF�3yxwxq�þ§¨ ��p¢saq å o=j�iQs¤nmn�wxvkyzo �3ikikyxwz�©�3q�wzsap%wzn
�Psa ÿ Ntkpkwz�©�3q�wzsap%s<ü§o=j �X�a{
wxpk¥^ Ntkyxq�wxiF�3q å � å �3pkp¢o=yzn�� å o=jmo8{
wxü§o=jmn�wxq�þÆqmoP� å pkwz¡rt¢oPn��3jmo
�Psa ÿ Dsapkyxþ`t¢nmoP{ �xö©õ�5 ��¨
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é p¢o�s��
q å o �¢jmn�q�ikjI�a�=q�wz�©�3y/�Ps[{ko=ju{koPn�wx¥¤p¢n �]saj� 9tkyxq�wxikyzoN{koPnm�=j�wxikq�wzsap¢n��3iki(o©�3jmn�wxp q å o
�Psaprqmo��
q s��:n�iQoPoP� å �PsA{
wxpk¥¢¨/ê�p ö�5¤÷
ö�ør�Pþr�3p[q��3p¢{ 	 å j�wzn�qmo=p¢nmo=ph£�� ÷¤ú
£a÷
ö���£r�Psap¢n�wz{ko=j � ñ
�PsA{
wxpk¥Ns��Qñ �
	 � n�iQoPoP� å �]saj �Psa 9vF�3q�wxpk¥9n�iQoPoP� å �Ps[{
wxpk¥N{ko=¥¤jI�a{¢�3q�wzsap`{
t¢o�qms iF�a� �§o=q
yzs¤nmnmoPn<¨ÿê�p � saj� T�3q�wzsapãvkwxqmn��Psaj�jmoPnmi(sap¢{
wxpk¥Zqms�o=ü§o=p �3p¢{+sA{k{+nI�3 ÿikyzoPnN�3jmoDiky��a�PoP{+wxp
nmo=iF�3jI�3qmoNiF�a�!�§o=qmn©¨�ê ��sapkyxþ o=ü§o=p �]s[{k{�
�nI�3 ÿikyzo�iF�a� �§o=qmn��3jmo�yzs¤nmq©£¢{¢�3qI�ÿ�PsaprqI�3wxp¢oP{Zwxp
q å o�s[{k{"�]o=ü§o=p�
�iF�a� �§o=q�wzn t¢nIoP{Tqms.oPn�q�wx T�3qmo�q å o� ÿwznmnmwxpk¥.nI�3 ÿikyzoPnít¢n�wxpk¥.q å o�p¢o©�3jmoPn�q
p¢o=wx¥ å vQsaj�wxp[qmo=j�i(say��3q�wzsaph¨

è�s ���a{¢�Pþ
n �ío��©�3p �¢p¢{Z{
w��Qo=jmo=p[q��3ikikjms§�a� å oPn s�� � tkyxq�wxikyzo9ñ oPnm�=j�wxikq�wzsap 	ísA{ko=jmn©¨
�+o ��wxyxy¢ikjmoPnIo=prq o©�a� å sap¢ous��Qq å o=  wxpDq å ousajm{ko=j q å �3q q å o=þD�3iki(o©�3j wxpÿq å ouyxwxqmo=jI�3q�tkjmo¤�
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• � tkyxq�wxikyzo�ñ oPnm�=j�wxikq�wzsap � �©�3y��3j ��tF�3prq�w76<�3q�wzsaph¨

• � tkyxq�wxikyzo�ñ oPnm�=j�wxikq�wzsap ä jI�3p¢n � saj�  	ís[{
wxpk¥¢¨
� � ¡[tF�3jmo � ä jI�3p¢n �]saj� Üì��anIoP{®¨
� �¢jI�3 DoNì��anmoP{®¨

• ä�å o�p¢o �Ã�3ikikjms§�a� å oPn�s�� � tkyxq�wxikyzo�ñ oPnm�=j�wxikq�wzsap�	ísA{
wxpk¥¢¨
ä�å o=jmo�wzn��3yznms � ñd�PsA{
wxpk¥�t¢n�wxpk¥ � saj �í�3jm{Do=j�jmsaj �Psaj�jmoP�=q�wxpk¥ � � � 	�

�Ps[{koPn<¨¦ð�pkyxw��§o

saq å o=jmn � ñ 	É�3ikikjms§�a� å oPn�q å wzn�sap¢oN�a� å wzo=ü§oPn � ñëikjmsaiQo=j�q�þ ��wxq å satkq� Ds[{
w��]þAwxpk¥Dq å o
nmsatkjm�Po��PsA{
wxpk¥8�3yx¥§saj�wxq å  �¨íî��3q å o=j©£¢�Psaj�jmo=y��3q�wzsapZwznujmo=wxp[q�jms[{
t¢�PoP{^wxprqmsDq å o�q�jI�3p¢n� ÿwxq �
qmoP{9vkwxqmn�q�jmo©�3  vrþ9�3ikikyxþAwxpk¥�{
w��®o=jmo=prq �3 Dsatkp[qmn�s��:o=j�jmsaj¦ikjmsaqmoP�=q�wzsap�qms�q å o�nIoP�=q�wzsap¢n/s��
q å ouvkwxq�n�q�jmo©�3 ÌikjmsA{
t¢�PoP{Dv[þ.q å o�nmsatkjm�Pou�PsA{ko=j©£A�3p¢{Dq å o=p8�Psa Nvkwxpkwxpk¥.q å oPnmo�nmoP�=q�wzsap¢n
wxprqms oP¡[tF�3yxyxþ^wx ÿiQsaj�qI�3prq�{koPnI�=j�wxikq�wzsap¢n©¨ � s å j��3q��3yX¨�ikjmsaiQs¤nmo.q å o.t¢nmo�s���o=j�jmsaj��Psaj �
jmoP�=q�wxpk¥ÿ�Ps[{koPn�s��Ð{
w��®o=jmo=prq�n�q�jmo=pk¥¤q å n��3ikikyxwzoP{¬qms9{
w��®o=jmo=prq�iQsaj�q�wzsap¢n�s��¦��ikjmsa¥¤jmoPnIn�wxü§o
vkwxqmn�q�jmo©�3  n�t¢� å �an/q å �3q�¥§o=p¢o=jI�3qmoP{ÿvrþ � � ê ' ä �Ps[{ko=j �xö©ú�5 ��¨
��yznms �xö=ûrú��¢�Psap¢n�wz{ko=jmn
q å o
t¢nmo�s���� �
	âwxp � ñ 	�¨¢ê"p�q å oPnmo � ñ � �
	dn�þ
n�qmo= Dn©£¢q å o�jmoP{
t¢�=q�wzsapZs�� {
wzn�qmsaj�q�wzsap¼�an �
nmsA�=w��3qmoP{ ��wxq å �3prþ8{koPnm�=j�wxikq�wzsap��a�=q�tF�3yxyxþ8{ko=iQo=p¢{knísap å s �d T�3prþ8saq å o=j�{koPnI�=j�wxikq�wzsap¢n
�3jmo�jmoP�Po=wxü§oP{®¨ ä�å t¢n �ío ��wxyxyhp¢saqu�Psap¢nmwz{ko=j�q å oPnmo  Do=q å sA{knuwxp�q å o � ñ 	d�3ikikjms§�a� å oPn
��o ��wxyxyhikjmoPnmo=prq�wxp�q å o"�]sayxyzs ��wxpk¥¢¨
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ä�å o �¢jmnmq��3ikikjms§�a� å £QpF�3 DoP{ � tkyxq�wxikyzo.ñ oPnm�=j�wxikq�wzsap � �©�3y��3j ��tF�3p[q�w76<�3q�wzsap � � ñ � � 
@£
�í�an�ikwzsap¢oPo=jmoP{8vrþ�# �3wzn å �3 ÿiF�Pþr�3p`wxp �xö�haõ ��¨ ä�å o � ñ � �Éwxp �xö�haõ��FikjmsaiQs¤nmoPn�q å �3q q å o
jI�3qmous��Qq å o�{koPnm�=j�wxikq�wzsap¢n �©�3pTv(o�q�jI�a{koP{Ds��h�3¥r�3wxp¢n�q q å o�nmwz{kou{
wzn�qmsaj�q�wzsap¢n©¨ ä�å wzn ¡[tF�3p �
q�w76©o=j wzn savkqI�3wxp¢oP{Tvrþÿ��n�qI�3p¢{¢�3jm{DnI�©�3y��3j ¡rtF�3p[q�w76©o=j � sayxyzs �íoP{Dvrþÿ�3pDwxp¢{ko��T�anmn�wx¥¤pk Do=p[q
q å �3q�n�ikyxwxqmn.q å o8n�wx¥¤pF�3yíwxprqmsZq �ísÆ{koPnm�=j�wxikq�wzsap¢n©¨\ê�p q å wzn��í�Pþ§£ wxq.nmo=p¢{kn9wxp � saj� T�3q�wzsap
�]jmsa Ío©�a� å nI�3 ÿikyzo�s©ü§o=j�vQsaq å � å �3pkp¢o=yznus��/q å o {
wxü§o=jmn�wxq�þ`n�þ
n�qmo= �¨
ìío=yzs � ��o�o��
iky��3wxp
q å o � ñ � � �an�ikjmoPnmo=prqmoP{^wxp �xö�haõ���¨ ä�å wzn�{koPn�wx¥¤p�ikjmsavkyzo=  wzn�iQs¤nmoP{^�an��3p�saikq�wx ÿw76<� �
q�wzsap`ikjmsavkyzo=  �3p¢{Tp¢oP�PoPnmn��3j�þT�Psap¢{
wxq�wzsap¢n �]saj�saikq�wx T�3yxwxq�þ �3jmo�{ko=j�wxü§oP{`wxp �xö�haõ ��¨���yznmsk£
�`{koPn�wx¥¤p �3yx¥§saj�wxq å   �]saj�¡[tF�3prq�w76©o=j.{koPn�wx¥¤ph£hwzn�{ko=ü§o=yzsaiQoP{®¨Dð�pkyxw��§oD� n�wxpk¥¤yzoÿ� å �3pkp¢o=y
nm�©�3y��3j¬¡rtF�3p[q�w76©o=j©£uq å o�iQo=j � saj� T�3p¢�PoZs��9� � ñÀnI�©�3y��3j8¡[tF�3prq�w76©o=j¬wzn8{ko=iQo=p¢{ko=prq sap
q å o�wxp¢{ko��ã�anmn�wx¥¤pk Do=p[q©¨ ä�å oT�3tkq å sajN�a{k{
jmoPnmnmoPn�q å oDikjmsavkyzo= $s���wxp¢{ko��ã�anmn�wx¥¤pk Do=p[q
�3p¢{\{koPnm�=j�wxv(oPn�q ��s � �3 ÿwxyxwzoPn s�� wxp¢{ko��\�anIn�wx¥¤pk Do=prq  T�3q�j�wz�PoPn�wxp � å wz� å q å oN T� �
wx T�3y
{
wzn�qmsaj�q�wzsap`vQo=q ��oPo=p q ��s.wxp¢{
wz�PoPn�n å �3j�wxpk¥D�N{koPnI�=j�wxikq�wzsap¬wzn� ÿwxpkwx ÿw76©oP{®¨ �/o=j � saj� T�3p¢�Po
jmoPn�tkyxqmn��3p¢{¼nI�3 ÿikyzo�¡[tF�3prq�w76©o=j�{koPn�wx¥¤p¢n��3jmo.ikjmoPnmo=p[qmoP{&�]saj��8 Do= Dsaj�þ[yzoPnmn ���3t¢nmn�w��3p
nmsatkjm�Po¤¨
ç � �
	 ��p (M1,M2)

�Xyzo=ü§o=y � tkyxq�wxikyzoãñ oPnm�=j�wxikq�wzsap � �©�3y��3j ��tF�3p[q�w76©o=jZ T�3i¢n^q å o
nIsatkjm�PoNnI�3 ÿikyzo x qmsÿq å oNjmoP�Psap¢n�q�j�t¢�=q�wzsapZyzo=ü§o=yzn x̂0, x̂1, x̂2 q å �3q�qI���§o�ü¤�3yxt¢oPnuwxp
q å o9�Ps[{ko=vQsAs �An©£ χ̂0 = {x̂0

i,j, (i, j) ∈ C}, χ̂1 = {x̂1
i , i ∈ I1} �3p¢{ χ̂2 = {x̂2

j , i ∈
I2} £�jmoPn�iQoP�=q�wxü§o=yxþ§£ � å o=jmo I1 = {1, 2, ...,M1}, I2 = {1, 2, ...,M2} �3p¢{ C wzn�¼nmtkv¢nmo=qDs�� I1 × I2 ¨%��p � ñ � �Ü�©�3p v(o¬vkjms �§o=p�wxp[qmsÆq �ís+n�wz{ko o=p¢�PsA{ko=jmn©£
f1 : R → I1 �3p¢{ f2 : R → I2 � å wz� å nmo=yzoP�=qNq å oTwxp¢{ko��
oPn i �3p¢{ j £/jmoPn�iQoP� �q�wxü§o=yxþ§£(�3p¢{�q å jmoPo9{koP�Ps[{ko=jmn©£ g0 : C → R

�]�Po=p[q�jI�3y¦{koP�PsA{ko=j$
@£ g1 : I1 → R
�3p¢{

g2 : I2 → R
�]n�wz{ko�{koP�Ps[{ko=jmn$
@£ � å s¤nIo.satkq�iktkqmn9�3jmo9q å o.jmoP�Psap¢n�q�j�t¢�=q�wzsapãyzo=ü§o=yzn
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��wxq å wxp¢{ko��koPn ij, i �3p¢{ j �Bjmsa ~q å oÿ�PsA{ko=v(sAs �
n χ̂0, χ̂1 £Ð�3p¢{ χ̂2 £QjmoPn�iQoP�=q�wxü§o=yxþ§¨ä�å oZjI�3qmo^s���q å o\o=p¢�PsA{ko=j fm
wznT¥¤wxü§o=pâvrþ Rm = log2Mm bpss,m = 1, 2 ¨ä�å oDq ��sZo=p¢�Ps[{ko=jmn�wx ÿi(s¤nmo8�¬iF�3j�q�wxq�wzsap A = {Ai,j , (i, j) ∈ C} sap R

£ � å o=jmo
Ai,j = {x : f1(x) = i, f2(x) = j} ¨ ä�å o � ñ � ��wzn��Psa ÿikyzo=qmo=yxþ^{koPnm�=j�wxvQoP{^v[þ
A, χ̂0, χ̂1, �3p¢{ χ̂0 ¨ ä�å o�o=p¢�PsA{ko=j�wznujmo �]o=jmoPoP{^�an f = (f1, f2)

£
q å o�{koP�Ps[{ko=j��an
ð = (g0, g1, f2)

£ A �an�q å o��Po=prq�jI�3y�iF�3j�q�wxq�wzsaph£Ð�3p¢{\q å o�o=yzo= Do=prqmn�s�� A �an�q å o
�Po=p[q�jI�3y(�Po=yxyzn<¨ ä�å o�{ko=qmo=j� ÿwxpF�3q�wzsap¬s��®q å ou�Po=p[q�jI�3yFiF�3j�q�wxq�wzsapTwzn��=j�t¢�=w��3yX¨ � o=ü§o=jI�3y
 Do=q å sA{knuv[þ � å wz� å q å wznu�©�3p^v(o�{ksap¢oN�3jmo�ikjmoPnmo=prqmoP{^wxp � û_8���¨
ê �¦vQsaq å wxp¢{ko��koPn��3jmo�jmoP�Po=wxü§oP{®£kq å o��Po=p[q�jI�3y¦{koP�PsA{ko=j g0

wzn�t¢nmoP{`qmsDjmoP�Psap¢n�q�j�t¢�=q
q å o�nmsatkjm�Poÿn��3 ÿikyzo¤¨ é p¼q å o.saq å o=j å �3p¢{®£Qw���sapkyxþ i(j) wzn�jmoP�Po=wxü§oP{®£®q å o=p+nmwz{ko{koP�PsA{ko=j g1(g2)

wznut¢nmoP{`qmsÿjmoP�Psap¢n�q�j�t¢�=quq å oNnI�3 ÿikyzo¤¨
ä�å oÿ�Po=p[q�jI�3y �3p¢{¼n�wz{ko � � �uóôn q å �3q��©�3p¼vQoÿ�a� å wzo=ü§oP{+�3jmoÿ{ko=qmo=j� ÿwxp¢oP{¼vrþZq å o
wxp¢{ko��Æ�anmn�wx¥¤pk Do=p[q©¨ �/wx¥¤tkjmoDù
¨ õDikjmoPnmo=p[qmnN�8n�wx ÿikyzo�o��k�3 ÿikyzo.qms¬wxyxyxt¢n�q�jI�3qmo.q å o
wxp¢{ko�� �anIn�wx¥¤pk Do=prq©¨ ä �3vkyzoPn ù
¨xöZ�3p¢{ ù
¨ ù+ikjmoPnmo=prq¬q å o�jmoP�Psap¢nmq�j�t¢�=q�wzsapd�PsA{ko �
vQsAs � �3p¢{*q å o¬�Po=p[q�jI�3y��3p¢{�n�wz{ko � � ��� saj.q å o`�Po=p[q�jI�3y�iF�3j�q�wxq�wzsap �3p¢{ wxp¢{ko��
�anIn�wx¥¤pk Do=prqmn�s�� �¢¥¤tkjmo.ù
¨ õ
¨
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¨ õ
� ä�å jmoPo+�Po=p[q�jI�3yNiF�3j�q�wxq�wzsap¢n¼�3p¢{Éwxp¢{ko��Î�anmn�wx¥¤pk Do=prqmn � saj^�*tkpkw��]saj� ÿyxþ
{
wzn�q�j�wxvktkqmoP{Znmsatkjm�Po
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ä �3vkyzo9ù
¨xö¤��î�oP�Psap¢n�q�j�t¢�=q�wzsapZ�PsA{ko=v(sAs �
n �]saj �¢¥¤tkjmo.ù
¨ õ
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E(d0) E(d1) E(d2)

� �-
 1/16 1/4 13/16

�Bv�
 1/16 1/4 1

�]�/
 1/9 1/3 1/3

ä �3vkyzo ù
¨ ù
��	ío=prq�jI�3yh�3p¢{Tnmwz{ko � � �uóôn � saj q å o��Po=prq�jI�3y(iF�3j�q�wxq�wzsap s�� �¢¥¤tkjmo ù
¨ õN�3p¢{Tq å o
�PsA{ko=v(sAs �An�s��
qI�3vkyzoNù
¨xö

��nmn�tk ÿwxpk¥ q å �3q X wznDtkpkw�� saj� ÿyxþ�{
wzn�q�j�wxvktkqmoP{ds©ü§o=j8q å o^wxp[qmo=j�üa�3y (−
√

3,
√

3)�3p¢{ q å �3q R1 = R2 = 1 vki¢n©¨�	ísap¢nmwz{ko=j9q å o � ñ � ��{koPn�wx¥¤p¢n.wxyxyxt¢n�q�jI�3qmoP{*wxp
�¢¥¤tkjmo8ù
¨ õ �3p¢{ ä �3vkyzoPn9ù
¨xöD�3p¢{+ù
¨ ù
¨�ê"pÆ�©�anmoPn � �-
 �3p¢{��Bv�
@£ho©�a� å s��íq å o�� satkj
�PsA{ko ��sajm{kn (1, 1), (1, 2), (2, 1), (2, 2) wzn�q�jI�3p¢n� ÿwxq�qmoP{®¨�è�saqmo �]jmsa  ä �3vkyzo�ù
¨ ù
q å �3qD�©�anIo � �-
Nwznÿ�=yzo©�3j�yxþ nmtki(o=j�wzsaj�qms¼�©�anmo �Bv�
@£�vktkq�q å �3q�wxp*vQsaq å �©�anmoPn.q å o
{koPnI�=j�wxikq�wzsap¢n �3jmo9tkprvF�3y��3p¢�PoP{Æ�3p¢{\sap¢oNs�� q å o= Üwzn�iQsAsaj©£¢wX¨ôo¤¨x£:wxq å �an �3p � � �
�=yzs¤nIoÿqms 1 ¨ÿê�pÆq å oÿq å wxjm{ã�©�anmo �]�/
@£hq å oÿ�PsA{ko ��sajm{ (2, 1) wzn�p¢saq�q�jI�3p¢n� ÿwxq�qmoP{®¨'�o=jmo¤£¢q å o9{koPnm�=j�wxikq�wzsap¢n �3jmo�vF�3y��3p¢�PoP{®¨ ä�å oN{
wznmqmsaj�q�wzsap¼�a� å wzo=ü§oP{^v[þ¬q å ouý&sawxp[q
{koPnI�=j�wxikq�wzsap\wzn�y��3j�¥§o=j�q å �3p\wxp\�©�anmo � �-
��3p¢{ �Bv�
@£ å s ��o=ü§o=j©£QvQsaq å {koPnI�=j�wxikq�wzsap¢n
wxp¢{
wxüAwz{
tF�3yxyxþ��a� å wzo=ü§o.�ÿn� T�3yxy � � �u¨

# �3wzn å �3 ÿiF�©þr�3p+�3p¢{^ñ sa T�an 6©o ��wz� 6�wxp �xö�h/8��
o��Aqmo=p¢{koP{Zq å o �ísaj � wxp �xö�haõ��/qmsDo=p �
q�jmsairþd�Psap¢n�q�jI�3wxp¢oP{É¡[tF�3prq�w76©o=jmn©¨ ä�å o=þd�3yznms*t¢nmoP{düa�3j�w��3vkyzo\yzo=pk¥¤q å �PsA{koPn � # ï 	ín$

wxp¢n�qmo©�a{%s�� � �
oP{�yzo=pk¥¤q å �PsA{koPn©¨ � wxq å # ï 	ínÿvQo=q�qmo=jÿi(o=j � saj� T�3p¢�PoPnT�3jmo��a� å wzo=ü§oP{®£
å s �ío=ü§o=j©£ # ï 	ín��3jmo.ü§o=j�þ^nmo=p¢n�wxq�wxü§o.qms`o=j�jmsajmn �]{
t¢o�qms8n�þAp¢� å jmsapkw76<�3q�wzsapãikjmsavkyzo= Dn$
@¨
ê"p � haú��/q å o.�3tkq å sajmn��3pF�3yxþ
nmoNq å o.{ko=iQo=p¢{ko=p¢�=wzoPn�vQo=q �íoPo=pÆq å o�ü¤�3j�w��3vkyzoPn�wxprü§sayxü§oP{¼wxp
q å o � ñ � � �PsA{
wxpk¥�� å �3wxpT�3p¢{ÿ{koPn�wx¥¤pD�3pÿoPn�q�wx T�3q�wzsapDn�q�jI�3qmo=¥¤þ. T���[wxpk¥ t¢nmo�s��(iF�3j�q
s��
q å o�¥¤yzsavF�3yA DsA{ko=y
s��F{ko=i(o=p¢{ko=p¢�=wzoPn�o©�a� å q�wx Do¤¨
ìíþN�3pF�3yxþV6Pwxpk¥�q å o � ñ 	+n�þ
n�qmo= ëq å o=þ
o=üAwz{ko=p¢�Po�q å o� Ds¤n�q��3ikikjmsaikj�w��3qmo �]saj�  s��
jmoP{
tkp¢{¢�3p¢�=þ�sap¢o�n å satkyz{ wxp[q�jms[{
t¢�PoNwxp q å o
�Psaprqmo��
q�s�� # ï 	��Psa ÿikjmoPnmnmoP{8n�q�jmo©�3 Dn wxp8sajm{ko=j qms �¢¥ å q��3¥r�3wxp¢n�q {ko ��n�þAp¢� å jmsapkw76<�3q�wzsap
� å o=p�wx ÿiF�3wxjmoP{^vrþ`� å �3pkp¢o=yÐp¢sawznIo¤¨

ê"p �xö�hKû-� # �3wzn å �3 ÿiF�Pþr�3pZ�3p¢{`ì��3q�yxyzs.ikjmoPnmo=prq��3p��an�þA ÿikqmsaq�wz���3pF�3yxþAn�wzn�s�� � ñ � �
ikjmoPnmo=p[qmoP{`wxp �xö�haõ ��¨ � i(oP�=w��F�©�3yxyxþ§£¢o��
ikjmoPnmn�wzsap¢nu�3jmo {ko=j�wxü§oP{ � saj�q å o �©ü§o=jI�3¥§o�n�wz{ko��3p¢{
�Po=prq�jI�3y�{
wzn�qmsaj�q�wzsap¢nD�3p¢{ � saj.o=p[q�jmsairþ � å o=p*q å o¬prtk 9v(o=jÿs���¡[tF�3prq�w76<�3q�wzsap%yzo=ü§o=yzn.wzn
y��3j�¥§o¤¨íê�p�q å wzn ��saj �`q å o=þ �Psa ÿiF�3jmoNq å oN{
wzn�qmsaj�q�wzsap^ikjmsA{
t¢�=q D0D1

s���q å o�saikq�wx 9tk 
yzo=ü§o=y ���Psap¢n�q�jI�3wxp¢oP{�¡[tF�3prq�w76©o=j �]saju�9tkpkwxq �Xüa�3j�w��3p¢�Po ���3t¢nmn�w��3p nmsatkjm�Po ��wxq å q å o�sap¢o�sap
q å o`�Psaprü§o=jmnmo¬q å oPsajmo= �¨ �¢jmsa Øq å o`�Psap[ü§o=jmnmo`q å oPsajmo= �£�wxqÿ�©�3p vQo¬n å s ��p%q å �3q.q å o
 Ntkyxq�wxikyzo�{koPnI�=j�wxikq�wzsap jI�3qmo�{
wznmqmsaj�q�wzsap¬vQsatkp¢{ �3q�y��3j�¥§o�jI�3qmoPn�wzní¥¤wxü§o=p��3ikikjms �
wx T�3qmo=yxþ
vrþ D0D1 ≈ 1

42−4R.
ä�å o iQo=j � saj� T�3p¢�Poís��¢q å oísaikq�wx Ntk  yzo=ü§o=y ���Psap¢n�q�jI�3wxp¢oP{ÿ¡[tF�3prq�w76©o=j

wzn¦¥¤wxü§o=pNvrþ D0D1 ≈ 3π2

16 2−4R �3p¢{.s��¢q å o saikq�wx 9tk �o=prq�jmsairþ ���Psap¢n�q�jI�3wxp¢oP{ÿ¡[tF�3prq�w76©o=j
vrþ D0D1 ≈ π2e2

144 2−4R.
ä�å oPnmo��3jmo�wx ÿiQsaj�qI�3prq�jmoPn�tkyxqmn�vQoP�©�3t¢nmo�q å o=þ`n å s �¸q å �3q �]saj

� ñ � �Év(saq å £[q å o�n�wz{ko��3p¢{8q å o��Po=p[q�jI�3yX£A{
wznmqmsaj�q�wzsap �3q�qI�3wxp¬q å o�saikq�wx T�3yQo��
i(sap¢o=p[q�w��3y
jI�3qmoÿs��í{koP�©�©þ (D0 ≈ 2−2R, D1 ≈ 2−2R) ¨ ä�å o�sapkyxþ¼n�tkv ��saikq�wx T�3yxwxq�þÆs�� � ñ � �Í�3q
å wx¥ å jI�3qmoPn�wzní{
t¢o�qmsNq å o�t¢nmo�s��¦�Nnm�©�3y��3j�¡[tF�3prq�w76©o=j � å wz� å iF�3j�q�wxq�wzsap¢n�q å o�n�iF�a�Po�wxp[qms
�=tkvkwz��jmo=¥¤wzsap¢n�wxp¢nmqmo©�a{Ds��®�3pÿwz{ko©�3yFü§oP�=qmsaj ¡rtF�3p[q�w76©o=j q å �3q �ísatkyz{Dsaikq�wx T�3yxyxþ�iF�3j�q�wxq�wzsap
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q å o�n�iF�a�Po wxp[qmsTn�i å o=jmoPn<¨
ê"p � hAö(�Aq å oí�3tkq å sajmn
�Psap¢n�wz{ko=j/q å o t¢n��3¥§o�s�� � tkyxq�wxikyzo�ñ oPnm�=j�wxikq�wzsap�ð�pkw��]saj�  � �©�3y��3j

��tF�3prq�w76<�3q�wzsap � � ñ ð � � 
 �]saj�jmsavkt¢n�qu�3p¢{`ikjmsa¥¤jmoPnmn�wxü§o q�jI�3p¢nm ÿwznmn�wzsap s��¦wx T�3¥§oPnus<ü§o=j
tkpkjmo=yxw��3vkyzo�� å �3pkp¢o=yzn©¨ ä�å o=þÿ{ko=ü§o=yzsai¬�3pDwxp¢{ko��T�anmnmwx¥¤pk Do=prq�� å wz� å �3yxyzs �un qms�wx ÿikjms<ü§o
q å o�jI�3qmo ��{
wznmqmsaj�q�wzsap iQo=j �]saj� T�3p¢�Po¼�3¥r�3wxp¢n�q8ikjmo=ü[wzsat¢nTikjmsai(s¤nmoP{ wxp¢{ko�� �anmn�wx¥¤pk Do=p[qmn
wxp�q å o`�Psaprqmo��
qDs���ikjmsa¥¤jmoPnmn�wxü§o �3p¢{�o= NvQoP{k{koP{%vkwxqÿn�q�jmo©�3 Dn©¨ ä�å t¢n©£ q å o � ñ�ð � �
ikjmsaiQs¤nmoP{Nwzn$��o=yxy¢�a{¢�3ikqmoP{ �]saj¦p¢sap.n�qI�3q�wzsapF�3j�þ �Bü¤�3j�þAwxpk¥�vF�3p¢{ ��wz{
q å 
¦�Psa ÿ Ntkpkwz�©�3q�wzsap
o=prüAwxjmsapk Do=prqmn<¨

ì�o=j�¥§o=j � �+say��D�3p¢{âî�o=wxpk¥§sayz{dwxp,�xö�8 �"� satkp¢{É�3pdwxp¢{ko��d�anmn�wx¥¤pk Do=p[q^�3p¢{É�ãiQo=j �
� saj� T�3p¢�Po^vQsatkp¢{ � saj � ñÀnm�©�3y��3j8¡[tF�3prq�w76<�3q�wzsap�� sajT Dsajmo�q å �3pâq �ís {koPnI�=j�wxikq�wzsap¢n©¨
ä�å o¬wxp¢{ko�� ikjmsavkyzo= �wzn � saj� Ntky��3qmoP{��anD�Z�Psa NvkwxpF�3qmsaj�w��3y�saikq�wx ÿw76<�3q�wzsap%ikjmsavkyzo=  s��
�3j�jI�3pk¥¤wxpk¥¼prtk 9v(o=jmnÿwxp%�^ T�3q�j�w �ãqms^ ÿwxpkwx ÿw76©o¬q å o¬ T� �
wx Ntk �{
w��Qo=jmo=p¢�Po¬vQo=q �íoPo=p
q å o.y��3j�¥§oPn�q��3p¢{Zq å o�n� T�3yxyzoPnmq�p[tk NvQo=j�wxp¼�3p[þ^jms ��saj �Psayxtk ÿph¨�ê"pZq å o.�©�anmo�s�� q �ís
{koPnm�=j�wxikq�wzsap¢n.q�jI�3p¢n� ÿwxq�qmoP{%�3q�oP¡rtF�3yíjI�3qmoPn©£/q å oTvQsatkp¢{kn �Byzs �ío=jÿ�3p¢{ tkikiQo=j9vQsatkp¢{�

�Psawxp¢�=wz{ko¤£§q å t¢n�¥¤wxüAwxpk¥N�3p�saikq�wx T�3y(�3yx¥§saj�wxq å   �]saj�q å oíwxp¢{ko��D�anmn�wx¥¤pk Do=prq�ikjmsavkyzo= �¨�ê"p
q å o��©�anIo�s��hq å jmoPo�saj  Dsajmo�oP¡[tF�3yQ� å �3pkp¢o=yzn©£Aq å ouvQsatkp¢{kn��3jmo ��wxq å wxp �� Ntkyxq�wxikyxwz�©�3q�wxü§o
�Psap¢n�qI�3p[q©¨

ør� �X�3j � å �3pkw¦�3p¢{ ä �3jms � å wxp � h/5 �/�Psap¢n�q�j�t¢�=qmoP{ � ñëq�jmo=yxyxwzn��Ps[{koP{^¡rtF�3p[q�w76©o=jmn©¨
# �3wzn å �3 ÿiF�©þr�3p wxp �xö�haù �({koPnm�=j�wxvQoPn��3p8wxqmo=jI�3q�wxü§o��3yx¥§saj�wxq å  Ûn�wx ÿwxy��3jíqmsNq å o�¥§o=p¢o=j �

�3yxw76©oP{Tïhyzs©þ
{T�3yx¥§saj�wxq å  �q å �3q  ÿwxpkwx ÿw76©oPn q å ouï¦�3¥¤jI�3pk¥¤w��3p¬s��Qq å o�jI�3qmoPn��3p¢{To��AiQoP�=qmoP{
{
wzn�qmsaj�q�wzsap¢n R1, R2, D1, D2, D0

�3p¢{8�3ikikyxwzoP{8wxq qmsNq å o�saikq�wx ÿw76<�3q�wzsap s��h Ntkyxq�wxikyzo�{ko �
nm�=j�wxikq�wzsap�ü§oP�=qmsaj�¡rtF�3p[q�w76©o=jmn©¨ è�sap �XvF�3y��3p¢�PoP{ � ñÃü§oP�=qmsaj�¡[tF�3prq�w76<�3q�wzsap �í�an�n�q�t¢{
wzoP{
vrþ �/yzo= ÿwxpk¥\�3p¢{ ���Qjms¤n � ûr÷ � wxp¢�=yxt¢{
wxpk¥\ DsajmoDq å �3p+q ��s\{koPnm�=j�wxikq�wzsap¢n©¨ ä�å wznNiF�3iQo=j
ikjmoPnmo=p[qmn.�`p¢o �ÌikjI�a�=q�wz�©�3y��3yx¥§saj�wxq å  �£/vF�anmoP{+sap��`qmo=j�pF�3j�þ¼q�jmoPoTn�q�j�t¢�=q�tkjmo¤£ � saj�q å o
{koPn�wx¥¤p s��ÐvQsaq å � �
oP{`�3p¢{¬üa�3j�w��3vkyzo�jI�3qmo� Ntkyxq�wxikyzo�{koPnm�=j�wxikq�wzsap ü§oP�=qmsaj�¡[tF�3prq�w76©o=jmn � saj
�3pZ�3j�vkwxq�jI�3j�þ`prtk 9v(o=j�s��
� å �3pkp¢o=yzn©¨

� sa Do ��saj �
n ikjmsaiQs¤n�wxpk¥9q å o�{koPn�wx¥¤p`s�� � ñdy��3q�q�wz�Po�ü§oP�=qmsají¡[tF�3prq�w76©o=jmn � � ñ ï #�� 

�3jmo �xö�8�8k£ ö�ha÷
£Ðõ¤÷�� � ��oTikjmoPnmo=prq��`vkj�wzo �u{koPnm�=j�wxikq�wzsap s���q å o � ñ ï #�� vQo=yzs � 
@¨ ä�å o
��saj ��wxp � õ¤÷ � å �an q å o�iF�3j�q�wz�=tky��3j�wxq�þ8s��Q�Psap¢n�wz{ko=j�wxpk¥��an�þA ÿ Do=q�j�wz� � ñâ�Psap[q�jI�3j�þÿqms q å o
� saj� Do=j � å o=jmo q å o � ñ¸�Psap¢n�wz{ko=jmoP{��3jmo��3y����Pþ
nun�þA ÿ Do=q�j�wz�¤¨�ê�p �9i
ö¤£Qi¤ù �Ð�N Do=q å sA{¬wzn
wxprq�jmsA{
t¢�PoP{�� saj���q ��s�� å �3pkp¢o=y � ñ �PsA{
wxpk¥ q å �3q�¥§o=p¢o=jI�3yxw76©oPn
q å o � ñ ï #�� {ko=ü§o=yzsaiQoP{
wxp �xö�8�8���¨ ä�å wznDy��an�qÿsap¢o`t¢nmoPnÿ� �¢p¢o8y��3q�q�wz�Po Λ �3p¢{��\�Ps§�3jmnmo`n�tkvky��3q�q�wz�Po Λ′ ¨ ä�å o
� saj� Do=jTt¢nmoPnTq å o�wxp¢{ko�� �anmn�wx¥¤pk Do=p[q¬s�� �xö�8�8�� �3p¢{ �+�Ps§�3jmnIo�y��3q�q�wz�Po Λ ¨ � wxq å q å o
n�yxwx¥ å q¦wxp¢�=jmo©�anmo�wxp��Psa ÿikyzo��Awxq"þ§£¤q å o �Psap[ü§o�� å tkyxy
s��¢q å oísai(o=jI�3q�wxpk¥�i(sawxp[qmn/wznÐwx ÿikjms<ü§oP{®¨
ä�å wzn�o��Aqmo=p¢nmwzsap¬s��Ðq å o �3yx¥§saj�wxq å  Íwxp �xö�8�8 �:ikjms©üAwz{koPnu�NqmoP� å pkwz¡[t¢o � sají Dsajmo�q å �3p¬q �ís
{koPnm�=j�wxikq�wzsap¢n©¨
ç ����� 	 � � tkyxq�wxikyzo\ñ�oPnI�=j�wxikq�wzsapâïÐ�3q�q�wz�Po # oP�=qmsaj ��tF�3prq�w76©o=j¬wzn¬�+q�j�wxikyzo=q Q =

(Λ,Λ′, l) � å o=jmo¤�

• Λ wznu��y��3q�q�wz�Po¤¨
• Λ′ wzn��8nmtkvky��3q�q�wz�Poÿq å �3q�wzn ¥§oPsa Do=q�j�wz�©�3yxyxþÆn�wx ÿwxy��3j�qms Λ � ä �ís y��3q�q�wz�PoPn Λ�3p¢{ Λ′ �3jmo\nI�3wz{âqmsãvQo !$# 	 # %'���ÿw��¸q å o=jmo\wzn � c ∈ R, c > 0 �3p¢{É�3p
saj�q å sa¥§sapF�3y  T�3q�j�w � A ∈ Rn×n £Qn�t¢� å q å �3q Λ′ = cΛA £QwX¨ôo¤¨x£Qw�� Λ �3p¢{ Λ′
{
w��®o=j�sapkyxþ¬vrþ��.jmsaqI�3q�wzsap\�3p¢{��D� å �3pk¥§oNs���nm�©�3yzo � õ�8��&
@¨

• � �a� å y��3q�q�wz�Po`i(sawxp[q λ ∈ Λ ¥§o=qmn� T�3ikiQoP{ v[þ l qmsÆ�^iF�3wxjDs���n�tkvky��3q�q�wz�PoiQsawxprqmn (λ′
red, λ

′
green) q å �3q tkpkwz¡[t¢o=yxþâwz{ko=p[q�w��FoPn λ �9wX¨ôo¤¨x£ l  Nt¢nmq^vQo+�3p
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wxpaý�oP�=q�wzsaph�
Λ

1−1←→ l(Λ) ⊂ Λ′ × Λ′.

l wzníjmo �]o=j�jmoP{¬qmsÿ�an�q å o # ��� ��� ��!$!$# � � 	 ����) £k�3p¢{¬q å o�iF�3wxj�s��Ði(sawxp[qmn�wxp¬q å o
wx T�3¥§o�vrþ l s����.i(sawxp[q λ �3jmo�jmo � o=j�jmoP{`qmsD�an � � �N�3p¢{ � � � �(�¬{koPnm�=j�wxikq�wzsap¢n<¨

ä�å o��3 Dsatkp[qTs�� jmoP{
tkp¢{¢�3p¢�=þ wxp �\y��3q�q�wz�Po ¡[tF�3prq�w76©o=jDwznÿ�Psap[q�jmsayxyzoP{�v[þ N =
|Λ/Λ′| £uq å o^wxp¢{ko��ds�� Λ′ wxp Λ ¨ � wxü§o=pd�3p[þ n�tkvky��3q�q�wz�Po\iQsawxprq λ′ ∈ Λ′ £ �ío
jmoP¡[tkwxjmo�q å �3q l wzn nmt¢� å q å �3q q å ouqmsaqI�3y¢prtk 9v(o=jís��Q{
wzn�q�wxp¢�=q y��3q�q�wz�PouiQsawxprqmn λ ∈ Λ� saj � å wz� å Λ′ wzn�t¢nIoP{`qmsÿ{koPnm�=j�wxv(o λ wznuo��¢�a�=q�yxþ N �kwX¨ôo¤¨x£

|{λ : πred(l(λ)) = λ′}| = |{λ : πgreen(l(λ)) = λ′}| = N,

� å o=jmo¤£ πred(πred, πgreen) = πred
£¦�3p¢{ n�wx ÿwxy��3j�yxþ��]saj πgreen

¨¬ïÐ�3q�q�wz�PoTi(sawxp[qmn
�3jmo^y��3v(o=yzoP{ ��wxq å iF�3wxjmnTs���n�tkvky��3q�q�wz�Po^i(sawxp[qmn �BwxqDwznDq å oPnmo�n�tkvky��3q�q�wz�Po^i(sawxp[qmn
q å �3q��a�=q�tF�3yxyxþÿ¥§o=qíq�jI�3p¢n� ÿwxq�qmoP{8s<ü§o=jío©�a� å � å �3pkp¢o=y 
@£k�3p¢{Dq å �3q�o©�a� å n�tkvky��3q�q�wz�Po
iQsawxprq�wzn�t¢nmoP{`o��k�a�=q�yxþ N q�wx DoPn��
q å o y��3j�¥§o=juwzn N £Aq å o å wx¥ å o=juq å o tkp¢�Po=j�qI�3wxprq"þ
�3vQsatkquq å o�saj�wx¥¤wxpF�3yÐy��3q�q�wz�Po�i(sawxp[q � å o=p^sap¢o�s��
q å o�� å �3pkp¢o=yzn �X�3wxyX¨
� �§o=þTikjmsaiQo=j�q�þ`s��¦¥§sAs[{8wxp¢{ko����anmn�wx¥¤pk Do=prqmn l wzníq å �3q�q å o nmo=q�s��/�Po=prq�jI�3y¦�Po=yxyznq å �3q�n å �3jmo �N¥¤wxü§o=p¬y��3vQo=y( Nt¢n�q�vQo��an�yzs[�©�3yxw76©oP{¬wxp n�iF�a�Po �aníi(s¤nmnmwxvkyzo¤£rwxp`sajm{ko=j
qms8�a� å wzo=ü§o9yzs �ë{
wznmqmsaj�q�wzsap^wxp�q å o9�©�anmo�s���� å �3pkp¢o=y � �3wxyxtkjmo¤¨ ä�å wznuwzn��3pF�3yzsa¥§sat¢n
qmsZq å oDwz{ko©�^q å �3q �]saj���nm�©�3y��3j�¡rtF�3p[q�w76©o=j�q å o ! 
 � � �9�`s�����n�wz{ko8�Po=yxy� 9t¢n�q9vQo
 ÿwxpkwx ÿw76©oP{ �xö�haõ���¨

�¢saj�jmo©�3y �ísaj�yz{Ænmsatkjm�PoPn�n�t¢� å �an�n�i(oPoP� å �3p¢{\ü[wz{koPsk£®wxq wzn wx ÿiQsaj�qI�3prq�qms`o��
ikyzsawxq
q å o¬�Psaj�jmo=y��3q�wzsap*wxp�sajm{ko=j.qms^vktkwxyz{*o �T�=wzo=prqÿ�PsA{ko=jmn©¨ � ñ ¡[tF�3prq�w76©o=jmn��©�3p*v(o8t¢nmoP{
o �T�=wzo=prq�yxþ � sajínmsatkjm�PoPn ��wxq å  Do= Dsaj�þDv[þTt¢n�wxpk¥�n�qI�3p¢{¢�3jm{`{koP�Psaj�jmo=y��3q�wxpk¥Dq�jI�3p¢n � saj� Dn©¨
ì��3q�yxyzs9�3p¢{ # �3wzn å �3 ÿiF�Pþr�3p¬pF�3 Dou Ntkyxq�wxikyzo�{koPnm�=j�wxikq�wzsapTq�jI�3p¢n �]saj�  �Ps[{
wxpk¥�wxp �xö©õ��Fqms
�3pZsaj�q å sa¥§sapF�3y¦q�jI�3p¢n � saj�  � sayxyzs ��oP{Zvrþ � ñ � �Ãqms8�3ikikyxþ`q å o9¡rtF�3p[q�w76©o=jmn�qms8nmsatkjm�PoPn
��wxq å  Do= Dsaj�þ§¨�ê"p �xö�8¤ù¢£Aö�8¤õ � � o=j�ü§o=q�qmsk£[î��3 D� å �3p¢{
jI�3ph£ # �3wzn å �3 ÿiF�©þr�3p¬�3p¢{ÿè � å jmn�q �
oP{
q t¢nIouq å o � ñ 	*wxp �xö©õ �(qmsN{koPn�wx¥¤p`� �í�©ü§o=yzo=q�vF�anmoP{Dwx T�3¥§o��Ps[{ko=j©¨ �ã�©ü§o=yzo=qí�PsA{
wxpk¥
å �anuvQoPo=p^n å s ��pZqms8�a� å wzo=ü§o9v(o=q�qmo=j��Psa ÿikjmoPnIn�wzsap^q å �3p\ñ�wznI�=jmo=qmo 	ís¤n�wxp¢o ä jI�3p¢n � saj� 
�]ñ 	 ä 
D�PsA{
wxpk¥*�3p¢{  DsajmoPs©ü§o=j �3yxyzs �un`nm�©�3y��3vkwxyxwxq"þ§¨ � sa Do\s���q å o� Ds¤n�q¬n�t¢�P�PoPnmn �]tky
�í�©ü§o=yzo=qu�Ps[{ko=jmn � ù�5
£k÷¤õ
£H5�5k£(ö�8¤úk£:ö�8
ör£:ö�83ûF£(ö�8¤÷
£Qö�5¤ú �h{ko=j�wxü§o�q å o=wxj å wx¥ å �PsA{
wxpk¥.iQo=j �
� saj� T�3p¢�Po �Bjmsa  q å o=wxj �3vkwxyxwxq�þ.qms wz{ko=prq�w��]þ�nmo=qmn
s��(�PsAo �T�=wzo=prqmn ��wxq å {
w��®o=jmo=prq nmqI�3q�wzn�q�wz�Pn
��wxq å wxpÆwx T�3¥§oÿn�tkvkvF�3p¢{kn©£h�3p¢{¼q å o=pÆ�PsA{
wxpk¥�o©�a� å s�� q å oPnIo.nIo=qmn ��wxq å jmoPnmi(oP�=q qms��3p
�3ikikjmsaikj�w��3qmo¬n�qI�3q�wzn�q�wz�©�3y  DsA{ko=yX¨ � wxp¢�Poÿq å oPnIoDnmo=qmn�q"þ[ikwz�©�3yxyxþã�3jmoÿwx T�3¥§oT{ko=i(o=p¢{ko=p[q©£
q å wzn
wxp � saj� T�3q�wzsapDwzn
p¢saq)�[p¢s ��p8��ikj�wzsaj�wX£r�3p¢{�q å o=jmo �]sajmo� 9t¢n�q�vQoínIsa Do å s � �Psap[ü§o=þ§oP{
qms q å o8{koP�Ps[{ko=j©¨ ä�å wznN�©�3p v(oD{ksap¢oTo=wxq å o=j9o��
ikyxwz�=wxq�yxþ§£+� ÷¤õ
£ ö�8¤úk£ ö�83û¢£ ö�8¤÷k£ ö�5¤ú���saj
wx ÿikyxwz�=wxq�yxþ � ù�5
£g5�5¢£/ö�8
ö���¨Nê�p¼q å o�o��Aikyxwz�=wxq��©�anIo¤£®n�wz{ko.vkwxqmn�{koPnm�=j�wxvkwxpk¥ q å oPnmo�nmo=qmn��3jmo
wxp¢�=yxt¢{koP{�wxpZq å o�vkwxqmn�q�jmo©�3  �:q å oPnmoN�3jmo�vkwxqmn�q å �3q�{ksÿp¢saq��Psaprü§o=þ wxp � saj� T�3q�wzsap¼�3vQsatkq
q å oDü¤�3yxt¢oDs��un�tkvkvF�3p¢{*�Ps[o �T�=wzo=p[qmn©£/vktkqNwxp¢n�qmo©�a{ �Psap �¢¥¤tkjmoTq å oT{koP�Ps[{ko=j��3ikikjmsaikj�w �
�3qmo=yxþDqms9{koP�Ps[{ko�n�t¢� å ü¤�3yxt¢oPn©¨�ê�p8q å o�wx ÿikyxwz�=wxq��©�anmo¤£Aq å o�wxp �]saj� T�3q�wzsap¬jmo=¥r�3jm{
wxpk¥ÿnmo=qmn
s��®�Ps[o �T�=wzo=p[qmn wzn {koP{
t¢�PoP{Tsapkyxþ �]jmsa  {¢�3qI���3y����Pþ
n��Pü¤�3wxy��3vkyzo��3q�q å o�{koP�Ps[{ko=j©£[nms q å �3q
p¢sDo��
ikyxwz�=wxqun�wz{ko�vkwxqmn��3jmo�jmoP¡rtkwxjmoP{®¨

��n�t¢n�tF�3yxyxþTwxp q å o yxwxqmo=jI�3q�tkjmo ��o t¢nmo�q å o pF�3 Do  Ntkyxq�wxikyzo9{koPnm�=j�wxikq�wzsap q�jI�3p¢n � saj� 
�PsA{
wxpk¥ � � ñ ä 	�
�� saj�q å o�nmoP�Psap¢{^�3p¢{�q å wxjm{^�3ikikjms§�a� å oPn©¨
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ê"p q å o` 9tkyxq�wxikyzo {koPnm�=j�wxikq�wzsap%q�jI�3p¢n � saj�  �Ps[{
wxpk¥�� � ñ ä 	�
.�3ikikjms§�a� å yxwxp¢o©�3j�q�jI�3p¢n �
� saj� Dn �3jmout¢nmoP{�qms�wxprq�jmsA{
t¢�Po����Psap[q�jmsayxyzoP{¬�3 Dsatkp[q�s��®�Psaj�jmo=y��3q�wzsap`�3 Dsapk¥�q å ouq�jI�3p¢n �
� saj� DoP{��Ps[o �T�=wzo=p[qmn©¨

�+o��©�3p �¢p¢{�q ��s�{
w��Qo=jmo=p[q � ñ ä 	¼ Do=q å s[{ksayzsa¥¤wzoPn©¨ ä�å o �¢jmn�qÐsap¢o¤£a�©�3yxyzoP{Nnm¡[tF�3jmo �
q�jI�3p¢n � saj� ëvF�anIoP{9t¢nIoPnÐp¢sap ��s<ü§o=j�y��3ikikwxpk¥�yxwxp¢o©�3j
q�jI�3p¢n �]saj� Dn � å wxyzoíq å oínmoP�Psap¢{ � ñ ä 	
 Do=q å sA{ksayzsa¥¤þ§£F�©�3yxyzoP{��]jI�3 Do�vF�anmoP{®£
t¢nmoPn�s©ü§o=j�y��3ikikwxpk¥¬q�jI�3p¢n �]saj� Dn<¨

ä�å oPnmo�q ��s8{
w��Qo=jmo=p[qu Do=q å sA{ksayzsa¥¤wzoPn��3jmo�n�iQoP�=w��FoP{ vQo=yzs ��¨

ç � � � � tkyxq�wxikyzo�ñ oPnm�=j�wxikq�wzsap ä jI�3p¢n � saj�  	ís[{
wxpk¥�s��Ð��nmsatkjm�Po�ü§oP�=qmsaj x wzn {ksap¢o�wxpq å o �]sayxyzs ��wxpk¥8n�qmo=i¢n©�
ö¤¨uð�nmo���{koP�Psaj�jmo=y��3qmoNq�jI�3p¢n �]saj�  T1

�]o¤¨ ¥¢¨ %�ï ä £Fñ 	 ä £®¨x¨x¨ 
 �
ù
¨���tF�3p[q�w76©o�q å o�q�jI�3p¢n �]saj� DoP{��PsAo �T�=wzo=prqmn �
õ
¨ ä jI�3p¢n � saj� �q å o�¡[tF�3prq�w76©oP{�ü§oP�=qmsaj)��wxq å �3p.wxp[ü§o=j�q�wxvkyzo¤£§{
wznm�=jmo=qmoíq�jI�3p¢n � saj� 

T2 : Cn → Cm � m = n wxp�q å oNnm¡rtF�3jmo �Xq�jI�3p¢n �]saj�  � ñ ä 	â Do=q å sA{ksayzsa¥¤þ
�3p¢{ m > n wxp q å o �BjI�3 Do�vF�anIoP{ � ñ ä 	â Do=q å sA{ksayzsa¥¤þ.
 �

û¢¨�� prq�jmsairþZ�Ps[{ko q å o�jmoPnmtkyxqI�3prq��Psa ÿiQsap¢o=prqmn��
8
¨uê �hq å o�prtk NvQo=jus��hü§oP�=qmsaj m wzní¥¤jmo©�3qmo=j�q å �3p8q å o�prtk 9v(o=j�s��¦{koPnm�=j�wxikq�wzsap¢n

k £k¥¤jmsatki^q å o=  qms�v(o�nIo=prq�s<ü§o=j�q å o k � å �3pkp¢o=yzn©¨
� å o=p �3yxyu�Psa ÿiQsap¢o=prqmn¬�3jmo jmoP�Po=wxü§oP{®£íq å o`jmoP�Psap¢n�q�j�t¢�=q�wzsap ikjmsA�PoPnmnÿwznÿqmsÆo�� �
�a�=q�yxþ*wxprü§o=j�qÿq å o`q�jI�3p¢n �]saj� �¨ ä�å o`{
wzn�qmsaj�q�wzsap�wzn�ikjmoP�=wznmo=yxþ q å o ¡rtF�3p[q�w76<�3q�wzsap
o=j�jmsaj©¨�ê � nmsa Do9�Psa ÿi(sap¢o=p[qmn��3jmoNyzs¤n�q©£Fq å o=þZ�3jmoNoPnmq�wx T�3qmoP{ �]jmsa �q å o9jmoP�Po=wxü§oP{
�Psa ÿiQsap¢o=prqmnut¢n�wxpk¥9q å o n�qI�3q�wznmq�wz�©�3y(�Psaj�jmo=y��3q�wzsap wxp[q�jms[{
t¢�PoP{`v[þTq å o��Psaj�jmo=y��3q�wxpk¥
q�jI�3p¢n �]saj� �¨ ä�å oDoPn�q�wx T�3q�wzsap wzn�q å o=p+¥§o=p¢o=jI�3qmoP{ãvrþ¼wxprü§o=j�q�wxpk¥\q å oÿq�jI�3p¢n � saj� 
�anuv(o � sajmo¤¨
ê"qÿwznÿü§o=j�þ�wx ÿiQsaj�qI�3prqTqms¼p¢saqmo�q å �3q(��oZ�©�3p �¢jmn�qT¡[tF�3prq�w76©oZ�3p¢{�q å o=p t¢nmo^�
{
wznI�=jmo=qmo�q�jI�3p¢n � saj� �¨dê �N�Æ�Psap[q�wxprt¢sat¢n`q�jI�3p¢n � saj�  wzn¬�3ikikyxwzoP{ �¢jmn�q8�3p¢{ q å o=p
¡[tF�3prq�w76©oP{®£íq å o`t¢nmo`s���p¢sap¢saj�q å sa¥§sapF�3y�q�jI�3p¢n � saj� �yzo©�a{�qms¼p¢sap��=tkvkwz�`iF�3j�q�w �
q�wzsap��Po=yxyzn©£ � å wz� å �3jmoTwxp å o=jmo=prq�yxþ nmtkv(saikq�wx T�3y��3 Dsapk¥Zq å o¬�=y��anmn.s���iF�3j�q�wxq�wzsap
�Po=yxyzn�savkqI�3wxpF�3vkyzo(��wxq å nI�©�3y��3j ¡[tF�3prq�w76<�3q�wzsap��983û ��¨ ä�å o��Psap �¢¥¤tkjI�3q�wzsap+wxp �xö¤ö©ù��
�3yxyzs �unNq å oDt¢nmoÿs���{
wznI�=jmo=qmoDq�jI�3p¢n � saj� DnN{ko=j�wxü§oP{��]jmsa Àp¢sap ��saj�q å sa¥§sapF�3yíyxwxp¢o©�3j
q�jI�3p¢n �]saj� Dn©£:�3p¢{ q å t¢n�savkqI�3wxp�v(o=q�qmo=j�iQo=j � saj� T�3p¢�Po¤¨
ä�å o � ñ ä 	 n�þ
n�qmo= Dn"� s[�=t¢nIoPn�sap+q å oÿnmo©�3jm� å � saj�saikq�wx T�3y jmoP{
tkp¢{¢�3p¢�=þÆjI�3qmo �
{
wznmqmsaj�q�wzsap^iQsawxprqmn�v[þ`{koPnmwx¥¤pkwxpk¥Dq å o��Psaj�jmo=y��3q�wxpk¥Tq�jI�3p¢n �]saj�  T2

¨

W��(X�� � :���� �
	 F��*;"�g$!��
 ��$!��I>F
� ��$�� �>��F
�TD
ä�å o nI¡rtF�3jmo �Xq�jI�3p¢n � saj� ÃvF�anmoP{ � ñ ä 		�í�an¦ikwzsap¢oPo=jmoP{Nv[þ �ã�3pk¥¢£ é jm� å �3jm{®£§�3p¢{9î�o=wxv �
 T�3pTwxp �xö©÷¤õ
£Fö©÷3û ��¨ � ñÎ¡rtF�3p[q�w76©o=jmní�3jmo��Psap¢n�q�j�t¢�=qmoP{8vrþDnmo=iF�3jI�3qmo=yxþD{koPnm�=j�wxvkwxpk¥ �BwX¨ôo¤¨x£
¡[tF�3prq�w76Pwxpk¥ �3p¢{^�PsA{
wxpk¥ 
�q å o N �PsAo �T�=wzo=prqmn s����3p N ×N vkyzsA�!� yxwxp¢o©�3j�q�jI�3p¢n �]saj� �£
� å wz� å å �anÿv(oPo=p�{koPnmwx¥¤p¢oP{%qms¼wxprq�jmsA{
t¢�Po^�¼�Psaprq�jmsayxyzoP{â�3 Dsatkprq¬s����Psaj�jmo=y��3q�wzsap vQo �
q �íoPo=pÆq å o.q�jI�3p¢n �]saj� Ö�PsAo �T�=wzo=prqmn©¨Nê�p\q å wzn �í�©þ§£®w���sap¢o.s�� q å o�{koPnm�=j�wxikq�wzsap¢n�wzn�yzs¤n�q©£
q å o�saq å o=jusap¢o��©�3p vQo�nmqI�3q�wzn�q�wz�©�3yxyxþ¬oPnmq�wx T�3qmoP{`t¢n�wxpk¥ÿq å o wxprq�jmsA{
t¢�PoP{�{ko=iQo=p¢{ko=p¢�=wzoPn©¨
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ä sÿ�=wxjm�=tk 9ü§o=prq�q å o {
w �T�=tkyxq�þ���wxq å {koPn�wx¥¤pkwxpk¥T�.q�jI�3p¢n � saj�  � saj N ≥ 2 üa�3j�w��3vkyzo¤£
q å o�3tkq å sajmn�ikjmsai(s¤nmoP{Tqms�q�jI�3p¢n � saj� Ìq ��s9üa�3j�w��3vkyzoPn��3q���q�wx Do¤¨ ä�å o=þ��Btkj�q å o=jí�Psap¢n�wz{ko=jmoP{
å s �Íqms � saj� ØiF�3wxjmn.¥¤wxü§o=p �Znmo=q�s�� N ü¤�3j�w��3vkyzoPnD�3p¢{ å s �Íqms¼�3yxyzsA�©�3qmo¬q å o¬jmoP{
tkp �
{¢�3p¢�=þZ�3 Dsapk¥`{
w��Qo=jmo=p[q iF�3wxjmn�nIsDq å �3q�q å o�jmoP�Psap¢n�q�j�t¢�=q�wzsap+{
wzn�qmsaj�q�wzsap\wzn� ÿwxpkwx ÿw76©oP{
� saj9�¬¥¤wxü§o=pãqmsaqI�3y jmoP{
tkp¢{¢�3p¢�=þãjI�3qmo¤¨ ä�å oPnmoT�3j�q�wz�=yzoPn��3yznms��a{k{
jmoPnmnIoPnNnmo=ü§o=jI�3y wznIn�t¢oPn
jmo=y��3qmoP{Æqms¬q å oÿsaikq�wx T�3yxwxq�þÆs���q å o�q�jI�3p¢n � saj� Dn t¢nmoP{&�]saj�o=p¢�PsA{
wxpk¥¢£¦�3p¢{¼wxq�wzn�n å s ��p
q å �3qDp¢sap¢saj�q å sa¥§sapF�3y�q�jI�3p¢n �]saj� DnDi(o=j � saj� �v(o=q�qmo=jÿq å �3p saj�q å sa¥§sapF�3y�q�jI�3p¢n � saj� Dnÿwxp
qmo=j� Dn�s��
jmoP{
tkp¢{¢�3p¢�=þ`jI�3qmo ��{
wzn�qmsaj�q�wzsap^¥r�3wxph¨

ê"p �xö¤ö©ù � é jm� å �3jm{do=q¬�3yX¨Î{
wznI�=t¢nmn � ñÀ�PsA{
wxpk¥ s���q �ís {
wx Do=p¢nmwzsapF�3y ���3t¢nmn�w��3p
ü§oP�=qmsajmnít¢n�wxpk¥.q�jI�3p¢n �]saj� �qmoP� å pkwz¡[t¢oPn©¨ ä�å wzn ��saj �Twxprq�jmsA{
t¢�PoPn��NiQo=j �]saj� T�3p¢�Po� Do=q�j�wz�
�©�3yxyzoP{ � � ��� ���-� �6� � � � ) ��� # !�) � ��) # � � ��� ��� ) # � �F£ � å o=jmo�q å oujmoP{
tkp¢{¢�3p¢�=þ.jI�3qmouwzn {ko �¢p¢oP{
�an�q å o.prtk NvQo=jNs���o��
q�jI�8vkwxqmn jmoP¡rtkwxjmoP{\qms¬ T�3qm� å �8¥¤wxü§o=pÆ�PsA{
wxpk¥`{
wznmqmsaj�q�wzsaph£h�Psa  �
iF�3jmoP{ qmsT��nmwxpk¥¤yzo�{koPnm�=j�wxikq�wzsapZ�PsA{
wxpk¥ � � ñ 	�
�n�þ
n�qmo= �£¢�3p¢{ q å oN{
wzn�qmsaj�q�wzsap�jmo � o=jmnuqms
q å o8jmoP�Psap¢n�q�j�t¢�=q�wzsap%{
wzn�qmsaj�q�wzsaph¨ � sajmoDikjmoP�=wznmo=yxþ§£
p¢saqmo8q å �3q.q å oTiQo=j �]saj� T�3p¢�Po¬s����
� ñ 	În�þ
n�qmo= ��©�3p^vQo� Do©�anmtkjmoP{ ��wxq å q å jmoPoNiF�3jI�3 Do=qmo=jmn©��q å oNvkwxq�jI�3qmo¤£:q å oN�PsA{
wxpk¥
{
wzn�qmsaj�q�wzsaph£í�3p¢{�q å o`jmoP�Psap¢n�q�j�t¢�=q�wzsap�{
wzn�qmsaj�q�wzsaph¨ ä�å o �Ps[{
wxpk¥+{
wzn�qmsaj�q�wzsap%jmo � o=jmn�qms
q å o o=j�jmsaj�v(o=q ��oPo=p q å o saj�wx¥¤wxpF�3y®n�wx¥¤pF�3yh�3p¢{8q å o {koP�PsA{koP{`sap¢o �]jmsa Û�3yxyQ{koPnI�=j�wxikq�wzsap¢n©£
� å wxyzo�q å o�jmoP�Psap¢n�q�j�t¢�=q�wzsap {
wzn�qmsaj�q�wzsap`wzní{ko �¢p¢oP{ �an q å o�o=j�jmsaj�tkp¢{ko=j��N¥¤wxü§o=p¬� å �3pkp¢o=y
yzs¤nmn9ikjms��¢yzo¤¨ �âwxq å �Psap[ü§o=prq�wzsapF�3y � ñ 	�£¦q å oT¥§s§�3yíwznNqms^ T� �Awx ÿw76©o¬q å o8�Ps[{
wxpk¥¼o � �
�=wzo=p¢�=þ�� å wz� å wzn oP¡[tkwxüa�3yzo=p[q qms� ÿwxpkwx ÿw76©o�q å ouvkwxq jI�3qmo � saj�� ¥¤wxü§o=p8�Ps[{
wxpk¥.{
wzn�qmsaj�q�wzsaph£
sajuüAwz�Po ü§o=jmnI�
¨ �âwxq å � ñ 	�£¢wxp^sajm{ko=juqmsÿjmoP{
t¢�Po�q å o�jmoP�Psap¢n�q�j�t¢�=q�wzsap\{
wznmqmsaj�q�wzsaph£kq å o
�PsA{ko=j� 9t¢n�q�wxprq�jmsA{
t¢�PoD�¬�Po=j�qI�3wxp+�3 DsatkprqNs����Psaj�jmo=y��3q�wzsap*�3 Dsapk¥�nmo=iF�3jI�3qmo�{koPnm�=j�wxi �
q�wzsap¢n©£ � å wz� å ��wxyxyíjmoP{
t¢�PoTq å o¬�PsA{
wxpk¥Zo �T�=wzo=p¢�=þ �Psa ÿiF�3jmoP{ qmsZq å �3q��a� å wzo=üa�3vkyzo¬vrþ
� ñ 	�¨

ê"p �9i¤õk£ i�8
£ i3û � q å o+�3tkq å sajmn�¥§o=p¢o=jI�3yxw76©oÆq å oÆ�Psap¢n�q�j�t¢�=q�wzsapÎikjmsaiQs¤nmoP{dwxp �xö¤ö©ù��
vrþÆ{ko©�3yxwxpk¥ ��wxq å �3j�vkwxq�jI�3j�þÆè���{
wx Do=p¢n�wzsapF�3y�ü§oP�=qmsajmn©£
�3p¢{ÆvrþÆo��
iF�3p¢{
wxpk¥^q å oDnmo=q�s��
q�jI�3p¢n � saj� Dn � å wz� å �3jmo��Psap¢n�wz{ko=jmoP{®¨

ê"p � õ¤õ�� q å o¬�3tkq å sajmn�{ko=ü§o=yzsai(oP{*� � ñ 	�o=p¢�Ps[{ko=j9q å �3q9¥§o=p¢o=jI�3qmoPn9 Ntkyxq�wxikyzo¬{ko �
nm�=j�wxikq�wzsap¢n�v[þ n�ikyxwxq�q�wxpk¥¼q å o`�Ps[o �T�=wzo=p[qÿvkyzs[� �Anÿs�� �Z�Psap[ü§o=prq�wzsapF�3y�ï é�ä �XvF�anmoP{%o=p �
�PsA{ko=j©¨��Î T� �
wx T�3yxyxþ¬n� DsAsaq å wx T�3¥§o �XjmoP�Ps©ü§o=j�þ` Do=q å sA{`wzn�{ko=ü§o=yzsai(oP{Z�an�iF�3j�q�s��/q å o
� ñ 	¸{koP�PsA{ko=j©£ � å wz� å �©�3p\jmoP�Ps<ü§o=j q å o9saj�wx¥¤wxpF�3y�n�wx¥¤pF�3y �]jmsa ~�3p\wxp¢�Psa ÿikyzo=qmo�nmo=q�s��
�PsAo �T�=wzo=prq�vkyzsA�!�
n©¨ ä�å oN�3yx¥§saj�wxq å  � T���§oPn�t¢nmo�s��
q å o��Psap¢n�q�jI�3wxprqmn �3 Dsapk¥Tq å oNï é�ä
�PsAo �T�=wzo=prqNvkyzsA�!�
n��3p¢{Æq å oÿn� DsAsaq å p¢oPnmn�ikjmsaiQo=j�q�þ¼s���q�þAikwz�©�3y wx T�3¥§oPnN�3p¢{+�Psap[ü§o=j�qmn
q å oPnmoí�Psap¢n�q�jI�3wxprqmn wxprqms��3pÿo=p¢o=j�¥¤þ� ÿwxpkwx ÿw76<�3q�wzsapDikjmsavkyzo= �£§n�wx ÿwxy��3j
qms�q å oíqmoP� å pkwz¡[t¢oPn
ikjmo=üAwzsat¢n�yxþ8{ko=ü§o=yzsaiQoP{�� saj�ñ 	 ä vF�anmoP{ �PsA{ko=jmn �xö©÷�8��Ð�3p¢{ �]saj�q å o � ñ 	 �PsA{ko=j�t¢n�wxpk¥
n�iF�3q�w��3yÐnmtkv¢nI�3 ÿikyxwxpk¥ �xö©÷¤ù���¨

ê"p � ÷¤ù ��q å o%�3tkq å sajmn\ikjmsai(s¤nmo�� q ��sÉnmqI�3¥§oãq�jI�3p¢n � saj�  {koPn�wx¥¤p qmoP� å pkwz¡[t¢o � saj
� ñ ä 	�£
wX¨ôo¤¨x£ín�q�j�t¢�=q�tkjmo {koPn�wx¥¤pâ�3p¢{� T�3¥¤pkwxq�t¢{ko�{koPn�wx¥¤ph¨ ä�å o` Dsaq�wxü¤�3q�wzsap�wzn�q å �3q
ikjmsaqmoP�=q�wzsap%ikjmsaiQo=j�q�wzoPnÿs���� � ñ ä 	 nmþAn�qmo=  �©�3p*v(o¬� å �3jI�a�=qmo=j�w76©oP{%v[þ+q å o`satkq�iktkq
�Psaj�jmo=y��3q�wzsapÎ T�3q�j�w �®£�wX¨ôo¤¨x£ � å wz� å {koPnm�=j�wxikq�wzsap¢nZ�3jmoÆ�Psaj�jmo=y��3qmoP{ �]n�q�j�t¢�=q�tkjmo/
 �3p¢{dqms
� å �3qÿo��Aqmo=p[q�q å o=þ*�3jmo`�Psaj�jmo=y��3qmoP{ �B T�3¥¤pkwxq�t¢{ko/
@¨ � å wxyzo8q å o¬ T�3¥¤pkwxq�t¢{ko`wxp � saj� T� �
q�wzsap%�©�3p�p¢saq©£�wxp�¥§o=p¢o=jI�3yX£ vQo8¡[tF�3prq�w��FoP{ � saj�n�i(oP�=w��F�¬jmoP{
tkp¢{¢�3p¢�=þ%�3p¢{�{
wzn�qmsaj�q�wzsap
�Psap¢n�q�jI�3wxp[qmn©£�q å o¼n�q�j�t¢�=q�tkjI�3y�wxp � saj� T�3q�wzsapÎ�©�3pâv(o\wxp � o=j�jmoP{ �]jmsa  n�iQoP�=w��F�Z� å �3pkp¢o=y
�Psap¢{
wxq�wzsap¢n�saj ikjmsaqmoP�=q�wzsapÆjmoP¡[tkwxjmo= Do=prqmn©¨ 	ísap¢nmoP¡rt¢o=p[q�yxþ§£®q å o�n�q�j�t¢�=q�tkjmo�{koPn�wx¥¤p���wxyxy
�¢p¢{^�a{
 ÿwznmnmwxvkyzo�q�jI�3p¢n � saj� Dn �]o=wx¥§o=pk T�3q�j�wz�PoPn s��/q å o�satkq�iktkq��Psaj�jmo=y��3q�wzsap^ T�3q�j�w ��
ít¢n �
wxpk¥Æ� � �©�3yxwxpk¥ ��î�saqI�3q�wzsap �X�a�=qmsaj�w76<�3q�wzsap��3p¢{ãq å o8 T�3¥¤pkwxq�t¢{ko`{koPn�wx¥¤p ��wxyxyínmo©�3jm� å � saj
q å o�saikq�wx T�3y®q�jI�3p¢n � saj�  �Bjmsa Ûq å oPnIo��a{
 ÿwznmn�wxvkyzo q�jI�3p¢n � saj� Dn©¨ � t¢� å �9{koPnmwx¥¤p�o=pF�3vkyzoPn
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q å o�iQs¤nmn�wxvkwxyxwxq"þ�s�� �¢p¢{
wxpk¥.� nmq�j�t¢�=q�tkjmoP{Dq�jI�3p¢n � saj� Ìnmsayxtkq�wzsapDt¢nmwxpk¥9�Pü¤�3wxy��3vkyzo�� å �3pkp¢o=y
wxp � saj� T�3q�wzsap^q å t¢n�jmoP{
t¢�=wxpk¥DvQsaq å q å o�{koPn�wx¥¤pZ�3p¢{ wx ÿikyzo= Do=p[qI�3q�wzsap\�Psa ÿikyzo��
wxq�wzoPn©¨
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ä�å o �]jI�3 Do vF�anmoP{ � ñ ä 	��í�anuikwzsap¢oPo=jmoP{^vrþ � s<þr�3yX£ %�s<üa�a�Po=üAwz�¤£:�3p¢{ # o=q�qmo=j�yxwX£ � ñ
¡[tF�3prq�w76©o=jmn �3jmoí�Psap¢n�q�j�t¢�=qmoP{.vrþ9nIo=iF�3jI�3qmo=yxþN{koPnm�=j�wxvkwxpk¥ q å o N �PsAo �T�=wzo=prqmn�s��Q�3p.s<ü§o=j �
�Psa ÿikyzo=qmo N ×K q�wx¥ å q �]jI�3 Do9o��
iF�3p¢n�wzsap �9i�i ��¨ '�o=jmo¤£(�Tyxwxp¢o©�3j�q�jI�3p¢n �]saj�  �Bjmsa 

Rk

qms
Rn £��]sayxyzs ��oP{ vrþ�nm�©�3y��3jT¡[tF�3prq�w76<�3q�wzsaph£�wznDt¢nmoP{�qms+¥§o=p¢o=jI�3qmo n {koPnI�=j�wxikq�wzsap¢n8s��

� k ��{
wx Do=p¢nmwzsapF�3yunmsatkjm�Po¤¨ ä�å o n {koPnm�=j�wxikq�wzsap¢nD�3jmo¬n�t¢� å q å �3qD�^¥§s[sA{ãjmoP�Psap¢nmq�j�t¢� �
q�wzsap �©�3p%vQo �Psa ÿiktkqmoP{ �]jmsa  �3prþ k {koPnm�=j�wxikq�wzsap¢n©£ívktkq8�3yznmsÆ{koPnI�=j�wxikq�wzsap¢nDvQo=þ§sap¢{
q å o k q å �3jmo t¢nmo �Btky®�3p¢{`jmoP�Psap¢n�q�j�t¢�=q�wzsap¢n �Bjmsa ÍyzoPnmn�q å �3p k {koPnm�=j�wxikq�wzsap¢n��3jmo�o©�an�þ8qms�Psa ÿiktkqmo¤¨�ê"p �9i�8 �
ikjmo=yxwx ÿwxpF�3j�þZwx T�3¥§o��Psa ÿ 9tkpkwz�©�3q�wzsapão��AiQo=j�wx Do=prqmn��3jmo9ikjmoPnmo=p[qmoP{
t¢n�wxpk¥Æq å o  Do=q å sA{kn �9i¤õk£"i�i ��¨%ê"p � ù!h ��� � é 	 � �XvF�anIoP{ � ��jms3ý�oP�=q�wzsap é prqms 	ísaprü§o��
� o=qmn$
��3yx¥§saj�wxq å   �]saj �Psap¢n�wzn�qmo=p[q�jmoP�Psap¢nmq�j�t¢�=q�wzsap��Bjmsa  � ñÌs���s©ü§o=jm�Psa ÿikyzo=qmoÿo��
iF�3p �
n�wzsap¢n�wzn9{ko=ü§o=yzsai(oP{®¨ ä�å o � é 	 � �3yx¥§saj�wxq å  $ikjmsA{
t¢�PoPnN�Psap¢n�wzn�qmo=p[qNjmoP�Psap¢n�q�j�t¢�=q�wzsap¢n<¨
	ísap¢n�wzn�qmo=p[qujmoP�Psap¢n�q�j�t¢�=q�wzsap¢n å �Pü§o9n� T�3yxyzo=j�o��
i(oP�=qmoP{ nm¡[tF�3jmoP{�o=j�jmsaj�{
wznmqmsaj�q�wzsap�q å �3p
wxp¢�Psap¢n�wzn�qmo=p[qTjmoP�Psap¢n�q�j�t¢�=q�wzsap¢n"�9i¤÷ ��¨ ä�å oZ�3tkq å sajmnT�Psap¢nmq�j�t¢�=qTq å o��]jI�3 Do��]jmsa  q �ís
�Psa ÿikyzo=qmouq�jI�3p¢n �]saj�  vF�anIoPn©¨
ê�pDq å wzn �í�Pþ§£k�3yxy¢ikjms3ý�oP�=q�wzsap¢n �©�3pTv(ouo��
ikjmoPnmnmoP{DwxpDqmo=j� Dn
s�� � saj �í�3jm{\saj�wxp[ü§o=jmnmoNq�jI�3p¢n �]saj� Dn©¨ � wxp¢�Po9n�t¢� å q�jI�3p¢n �]saj� Dn��3jmo�t¢nmtF�3yxyxþ^o �T�=wzo=prq qms
�Psa ÿiktkqmo¤£®q å o=þ^�©�3p¼iQo=j �]saj� ~q å o.jmoP�Psap¢n�q�j�t¢�=q�wzsapÆ 9t¢� å �X�an�qmo=j�q å �3p���wxq å ikjmo=üAwzsat¢n
 Do=q å sA{kn©¨

� sa Do¬�3tkq å sajmnN{koP{
wz�©�3qmoP{+q å o=wxj ��saj �Æqms`q å oT�Psap¢nmq�j�t¢�=q�wzsap*�3p¢{ã�3pF�3yxþ
n�wzn�s�� �¢y �
qmo=j�vF�3p��
n �]saj � ñ ä 	dsaj� Dsajmo�¥§o=p¢o=jI�3yxyxþ � saj�wx T�3¥§o��Ps[{
wxpk¥¬�3p¢{`q�jI�3p¢n� ÿwznmn�wzsap^s<ü§o=j
o=jI�an�tkjmoÆ� å �3pkp¢o=yzn©¨ �¢saj�o��¢�3 ÿikyzo¤£�wxp �xö©ù ��� ��wxp¢{ks ��oP{ �¢satkj�wzo=j� Do=q å sA{dwzn t¢nmoP{
� saj�� � ñ 	ëvF�anmoP{¼sap+s©ü§o=jm�Psa ÿikyzo=qmoDo��
iF�3p¢n�wzsap¢n©£®wxp �xö�53û � �3p¢{ � ûrú � q å o=þ\{koPn�wx¥¤p¢oP{
vkwzsaj�q å sa¥§sapF�3y �¢yxqmo=j vF�3p��An)� saj � ñâ�PsA{
wxpk¥�s������3t¢nmn�w��3pDnmsatkjm�PoPn<£ ��wxq å q å ou{
w��®o=jmo=p¢�Po
q å �3q�wxp �xö�53û �(q å o=þ8t¢nmo�q å o��Psaj�jmo=y��3q�wxpk¥Tq�jI�3p¢n �]saj� ÍvQo �]sajmo�¡[tF�3prq�w76<�3q�wzsaph£:�3p¢{¬wxp"� õ¤÷��
q å oN¡[tF�3prq�w76<�3q�wzsap¼n�qmo=iZwznuiQo=j �]saj� DoP{^v(o � sajmo�q å oNq�jI�3p¢n �]saj� ~�3p¢{Z�3ikikjms	�Awx T�3qmoP{Zq å o
�Psaprq�wxp[t¢sat¢n q�jI�3p¢n �]saj�  ��wxq å � {
wznm�=jmo=qmousap¢o¤¨
ê�p �xö©õ!h/�Q� n�q�t¢{
þ.s��Qq å o�iQo=j �]saj� T�3p¢�Pous��
n�þ
n�qmo= Dn�q å �3qut¢nmo�tkpkwxqI�3j�þ �¢yxqmo=juvF�3p��
n �xö�hAö(� � saj�q å o wxprq�jmsA{
t¢�=q�wzsapZs����Psaj�jmo=y��3q�wzsap�wzn
ikjmoPnmo=p[qmoP{®¨�ê�p �xö©ú
ö(�¢s©ü§o=jmn��3 ÿikyzoP{ÿvkyzs[� �Nq�jI�3p¢n � saj� �yxw��§o�q å o�ñ�wznm�=jmo=qmo �¢satkj�wzo=j ä jI�3p¢n �
� saj�  �]ñ�� ä 
/�PsA{koPn å �Pü§o�vQoPo=pD�Psap¢n�wz{ko=jmoP{�� saj � ñ 	�¨¤ê"q
wzn�n å s ��pÿwxp �xö=ûrõ��¢q å �3q ñ � ä
�PsA{koPn��3jmo��a�=q�tF�3yxyxþ\�Tn�i(oP�=w��3y
�©�anmo.s�� �BjI�3 DoPn<¨ �/wxyxqmo=j�vF�3p�� �BjI�3 Do.o��AiF�3p¢nmwzsap¢n å �©ü§o
�3yznmsÿvQoPo=pZnmq�t¢{
wzoP{�qmsT�a� å wzo=ü§oNjmoPn�wxyxwzo=p¢�Po9qmsDo=jI�an�tkjmo �95¤úk£Fõ�5
£�i!hA£hö©ú¤ù���¨íê�p �xö¤ö©ú �Ðq �ís
� å �3pkp¢o=y®s<ü§o=jmnI�3 ÿikyzoP{ �¢yxqmo=j�vF�3p��
n � é �
ì�n$
��3p¢{Tq�jmoPo ��nmq�j�t¢�=q�tkjmoP{¬s<ü§o=jmnI�3 ÿikyzoP{ �¢yxqmo=j
vF�3p��
n � å wz� å wx ÿikyzo= Do=p[q �BjI�3 Doÿ{koP�Psa ÿiQs¤n�wxq�wzsapã�3jmoÿ�Psap¢n�wz{ko=jmoP{%¨ ä jmoPo ��n�q�j�t¢�=q�tkjmoP{
é �
ì�nuikjms©üAwz{koN��pF�3q�tkjI�3y$�BjI�3 Do �ísaj ���]saj�tkp¢oP¡rtF�3yhyzs¤nIn�ikjmsaqmoP�=q�wzsaph¨���nunIoPo=pZ�3v(s<ü§o¤£
�]jI�3 Do�o��AiF�3p¢nmwzsap¢n�wxprq�jmsA{
t¢�Po�jmoP{
tkp¢{¢�3p¢�=þ wxp�n�wx¥¤pF�3yÐjmo=ikjmoPnmo=prqI�3q�wzsaph¨

� o=ü§o=jI�3y�s���q å oÆ�3ikikjms§�a� å oPn` Do=p[q�wzsap¢oP{Î�3v(s<ü§oZwxp[ü§sayxü§o\q å oZ{koPn�wx¥¤pds��9n�iQoP�=w��F�
q�jI�3p¢n � saj� Dn�sají¡[tF�3prq�w76©o=jmn�q å �3q å �Pü§o�qms9v(o� T�3qm� å oP{`qms9q å o�{koPn�wxjmoP{8yzo=ü§o=yQs��ÐikjmsaqmoP� �
q�wzsaph¨Dê"p¼q å oPnmoDnm� å o= DoPn©£¦�a{¢�3ikq�wxpk¥�qms^� å �3pk¥¤wxpk¥^p¢o=q ��saj �+�Psap¢{
wxq�wzsap¢n ��satkyz{ão=p[qI�3wxy
å �PüAwxpk¥To=p¢�PsA{ko=j��3p¢{�{koP�PsA{ko=j�v(saq å � å �3pk¥§o�q å o�q�jI�3p¢n � saj� ��3p¢{�*3saj�¡[tF�3prq�w76©o=jmnuq å o=þ
t¢nmo¤¨ ä�å oPnmo �3ikikjms§�a� å oPn8�3jmo¬q å t¢n�yxwx ÿwxqmoP{�wxp�q å o=wxjD�3vkwxyxwxq�þ*qmsÆ�a{¢�3ikq.qms¼� å �3pk¥¤wxpk¥
q�jI�3p¢n� ÿwznmnmwzsap��Psap¢{
wxq�wzsap¢n©¨ ä�å o y��an�q��3ikikjms§�a� å s�� � ñ 	 q�j�wzoPn�qmsÿs©ü§o=jm�Psa DoNq å wzn�yxwx  �



� ��� ��� �
� ��� � ��
 � 
 � � 	 � ������� � ��	 � � � � ��	 � ��� � � � � ù
ö

wxqI�3q�wzsaph¨

W��(X�� � : ;>=R�!@CAB=?�#D"�TF/GH$_@CA"�!@?��I GH�KD>@NI"LM;>F/@CI>LO�dP*A =C@NGQ@R�S$!�TD>;BI>D>�gIBGVU
ä�å o9p¢o � � ñ 	¸�3ikikjms§�a� å £®o��Aikyzsawxqmn�q å o9pF�3q�tkjI�3y��Psaj�jmo=y��3q�wzsapÆv(o=q ��oPo=pÆn�þA NvQsayzn � saj
jmoP�Psap¢n�q�j�t¢�=q�wzsaph¨ ä�å wzn��3ikikjms§�a� å wzn�n�wx ÿwxy��3juqmsTq å o�nm¡[tF�3jmo �Xq�jI�3p¢n � saj� �vF�anmoP{ � ñ ä 	
�3ikikjms§�a� å �3vQs©ü§o¤£�o��k�Po=ikqTq å �3qTq å o�q�jI�3p¢n �]saj� �wznDp¢saq`�a�=q�wxü§o=yxþ�{koPn�wx¥¤p¢oP{®¨d��p o�� �
�3 ÿikyzo�wzn q å o � tkyxq�wxikyzo ñ�oPnI�=j�wxikq�wzsap¬üAw�� �¦sayxþAi å �anmo ä jI�3p¢n � saj�  � � ñ � ä 
�{ko=ü§o=yzsaiQoP{
vrþ�ø¤w��3pk¥ �3p¢{ é j�qmo=¥r��� ÷¤ù ��¨ ä�å o=wxj � ñ � ä wznT�3p�o��
qmo=p¢n�wzsap%qms � � ê ' ä �PsA{ko=jÿvrþ
nmo=iF�3jI�3q�wxpk¥ �(o=jmsaq�jmoPoPn�wxprqms\iQsayxþ[i å �anIo8�Psa ÿiQsap¢o=prqmn©¨ ä�å o � � ê ' ä �PsA{ko=j ���an��¢jmn�q
ikjmoPnmo=p[qmoP{¼wxp��xö�8¤ú ��¨ ä�å wzn � � ê ' ä �3yx¥§saj�wxq å  Öt¢nmoPn q å o.ikj�wxp¢�=wxikyzoPn�s��íiF�3j�q�w��3y sajm{ko=j �
wxpk¥�v[þÆ T�3¥¤pkwxq�t¢{ko¤£/nIo=q�iF�3j�q�wxq�wzsapkwxpk¥Zv[þÆn�wx¥¤pkw��F�©�3p¢�Po8s��� T�3¥¤pkwxq�t¢{koPn ��wxq å jmoPn�iQoP�=q
qmsT�ÿnIoP¡rt¢o=p¢�Po�s���sA�=qI�Pü§o=yxþ�{koP�=jmo©�an�wxpk¥8q å jmoPn å sayz{kn©£Fsajm{ko=jmoP{^vkwxquiky��3p¢o�q�jI�3p¢n� ÿwznIn�wzsap
�3p¢{*nmo=y�� ��nmwx ÿwxy��3j�wxq�þ*�a�=jms¤nIn.nI�©�3yzoTwxp%�3p wx T�3¥§o �í�©ü§o=yzo=qÿq�jI�3p¢n � saj� �¨ ä�å oPnIo¬�3jmo8q å o
ikj�wxp¢�=wxikyzoPnNs���o= NvQoP{k{koP{ 6©o=jmsaq�jmoPo ���Pü§o=yzo=q � ����� 
��Ps[{
wxpk¥�wxp[q�jms[{
t¢�PoP{+vrþ � å �3ikwxjms
wxp �xö�8¤÷���¨�ê"p �xö�8¤ú��/q å o9jmo©�3yxw76<�3q�wzsap+s�� q å oPnmo.ikj�wxp¢�=wxikyzoPn wxp\ T�3qm� å oP{Æ�PsA{
wxpk¥`�3p¢{\{ko �
�PsA{
wxpk¥`�3yx¥§saj�wxq å  Dn wzn�ikjmoPnmo=prqmoP{®¨ ê"q�wzn�n å s ��p¼q å �3q�q å o � � ê ' ä �3yx¥§saj�wxq å  ~wzn� Dsajmo
o �®oP�=q�wxü§o�q å �3p8q å ouikjmo=üAwzsat¢n wx ÿikyzo= Do=p[qI�3q�wzsap�s��hq å o �������PsA{
wxpk¥¢¨�î�sa¥§o=jmn�o=qí�3yX¨
wxp
�xö=û.h �(ikjmsai(s¤nmo�qms9jmo©�3j�jI�3pk¥§o�vkwxqmn��3qíq å o�satkq�iktkq�s��Ðsap¢o��Psap �¢¥¤tkjI�3q�wzsap�s��Ðq å o � � ê ' ä
�PsA{ko=j©£rwxp¬n�t¢� å � �í�©þDq å �3q q å o�yzs¤nmn s��hsap¢ouiF�a� �§o=q�jmoPn�tkyxqmn wxp`�3p8o=j�jmsaj q å �3qí{ks[oPn p¢saq
ikjmsaiF�3¥r�3qmo�vQo=þ§sap¢{ q å o wx T�3¥§oNjmo=¥¤wzsap^�PsaprqI�3wxp¢oP{^wxp�q å �3q�iF�a�!�§o=q©¨

� wx¥¤t¢o=yX£ � s å j �3p¢{Zî�wzn �[wxpZikjmsai(s¤nIoP{\�Tnm� å o= Do.t¢n�wxpk¥ � � ê ' ä wxp¼�D¥§o=p¢o=jI�3yxw76©oP{
 Ntkyxq�wxikyzo^{koPnm�=j�wxikq�wzsap �BjI�3 Do �ísaj � �xö©ú�i ��£��©�3yxyzoP{ � ñ�� � � ê ' ä ¨ ä�å wzn��ísaj � wznÿ�Z¥§o=p �
o=jI�3yxw76<�3q�wzsap s���q å o ��saj �*wxp � ÷¤ù ��¨�ê"p �xö©ú!h �uq å o��3tkq å sajmnTo��
qmo=p¢{�q å o tkp¢oP¡[tF�3y�yzs¤nmn
ikjmsaqmoP�=q�wzsap �BjI�3 Do �ísaj �ãs�� � ñ�� � � ê ' ä �xö©ú�i���v[þÆ�a{k{
wxpk¥\ DsajmoDjmoP{
tkp¢{¢�3p¢�=þãqms q å o
î é êNq å �3p qmsÆsaq å o=jDiF�3j�qmnTs�� q å o`wx T�3¥§o¤¨�ê"p%q å wzn(�í�©þ�q å o=þ ikjmoPnmo=p[q¬�3p�o �T�=wzo=p[q
nm� å o= Do �]saj�ikjmsaqmoP�=q�wxpk¥`��jmo=¥¤wzsap^s��
wxprqmo=jmoPn�q �]î é ê 
@¨

ä�å o`�3ikikjms§�a� å oPn � ÷¤ùk£�ö©ú�i ���3jmo8jmo=y��3qmoP{ãqmsZo©�3j�yxwzo=j �ísaj �ãsap*�3t¢{
wzs\�Ps[{
wxpk¥ � haõ���¨
ê"p\q å oPnIo9qmoP� å pkwz¡rt¢oPn<£ho��Aikyxwz�=wxq�jmoP{
tkp¢{¢�3p¢�=þ¼wzn�wxprq�jmsA{
t¢�PoP{®£ÐnIs8q å �3q�o©�a� å nI�3 ÿikyzo�wxp
q å o�wxpkiktkq � � saj�o��¢�3 ÿikyzo9o©�a� å ���Pü§o=yzo=q��Ps[o �T�=wzo=p[q$
�wzn�q�jI�3p¢n� ÿwxq�qmoP{Z DsajmoNq å �3p\sap¢�Po
�3p¢{Æ�PsA{koP{���wxq å {
w��Qo=jmo=p[q9�a�P�=tkjI�a�=þ¼o©�a� å q�wx Do¤¨ ä�å wzn�n�q�jI�3qmo=¥¤þ å �an�q å oÿ{
jI� ��vF�a�!�
s���yzo©�a{
wxpk¥TqmsTq�jI�3p¢n� ÿwznmn�wzsap\s��
 Dsajmo9nI�3 ÿikyzoPnuq å �3pZwxpkwxq�w��3yxyxþ�ikjmoPnmo=p[q�wxp^q å oNnmsatkjm�Po¤£
�3p¢{ q å t¢nuwxp¢o �T�=wzo=p¢�=þ`wxp�q å o��©�anmo�s���o=j�jmsaj � �]jmoPo�q�jI�3p¢n� ÿwznmn�wzsaph¨

ê"p��xö=ûr÷���£ � �3¥§o=qmsapk¥¼�3p¢{ é j�qmo=¥r��{ko= Dsap¢n�q�jI�3qmo å s � q å oPnmoDo��
ikyxwz�=wxq�jmoP{
tkp¢{¢�3p¢�=þ
qmoP� å pkwz¡[t¢oPn å �Pü§o�q å o9�a{k{
wxq�wzsapF�3y/�a{
ü¤�3prqI�3¥§o.s��/ikjms<ü[wz{
wxpk¥8ü§o=j�þ`nmwx ÿikyzo� DoP� å �3pkwzn� Dn
� saj��a{¢�3ikqI�3q�wzsap�qms.� å �3pk¥¤wxpk¥Tp¢o=q ��saj �`�Psap¢{
wxq�wzsap¢n©¨ ä�å o"�§o=þ¬sav¢nmo=j�üa�3q�wzsap`wzníq å �3q�q å o
yzo=ü§o=yQs��QjmoP{
tkp¢{¢�3p¢�=þ¬�©�3pTvQo�nmo=yzoP�=qmoP{8vrþD{ko=qmo=j� ÿwxpkwxpk¥�q å o�prtk NvQo=j�s��hq�wx DoPní��¥¤wxü§o=p
nI�3 ÿikyzo��]saj)�í�Pü§o=yzo=q �PsAo �T�=wzo=prq$
Ðwzn/q�jI�3p¢n� ÿwxq�qmoP{®£r�3p¢{ å s �� T�3p[þNvkwxqmn
n å satkyz{9v(o�t¢nmoP{
� saj�o©�a� å s���q å o�jmoP{
tkp¢{¢�3prq�jmo=ikjmoPnmo=p[qI�3q�wzsap¢n©¨uê"p�q å wzn�iF�3iQo=j�q å o.�3tkq å sajmn�n å s � å s �
� vkwxqÿ�3yxyzsA�©�3q�wzsap ikjmsavkyzo=  �©�3p vQoT{ko �¢p¢oP{®£)� å o=jmo8q å oD¥§s§�3yíwzn9qms^� å sAs¤nmo8q å oDvQoPn�q
{
wzn�q�j�wxvktkq�wzsapTs��(jmoP{
tkp¢{¢�3p¢�=þ��]saj ��¥¤wxü§o=pDiF�a� �§o=q yzs¤nmn
jI�3qmo¤¨ ä�å o=þ9ikjms<ü[wz{kouqmoP� å pkwz¡[t¢oPn
qmsDnmsayxü§o�q å wznuikjmsavkyzo= Ü�3p¢{^n å s � å s �¸wxp¢{koPoP{Z{
w��Qo=jmo=p[q�yzs¤nmn�jI�3qmoPn�jmoP¡rtkwxjmo9{
w��Qo=jmo=p[q
yzo=ü§o=yzn�s���jmoP{
tkp¢{¢�3p¢�=þ§¨ÿè�saqmo�q å �3qNvrþ\t¢n�wxpk¥ vkwxqN�3yxyzs[�©�3q�wzsapãqms {ko=qmo=j� ÿwxp¢oÿq å o�yzo=ü§o=y
s���jmoP{
tkp¢{¢�3p¢�=þ§£Ðp¢saq�sapkyxþ^q å o�o=p¢�PsA{ko=j��©�3pã�a{3ý�t¢n�q wxqmnmo=y��íwxp+�8nmwx ÿikyzo� T�3pkp¢o=j©£®vktkq
wxpÆ�a{k{
wxq�wzsap\q å o.{koP�PsA{ko=j��©�3p å �3p¢{
yzo.iF�a�!�§o=qmn"��wxq å {
w��®o=jmo=prq yzo=ü§o=yzn s�� jmoP{
tkp¢{¢�3p¢�=þ
��wxq å satkq�jmoP¡rtkwxj�wxpk¥`�3prþ�n�wx¥¤pkw��F�©�3p[q�� å �3pk¥§oPn�qmsTwxqmn�n�q�j�t¢�=q�tkjmo �]o¤¨ ¥¢¨�q å oNnI�3 Do�q�jI�3p¢n �
� saj� �£(o=p[q�jmsairþ\�Ps[{
wxpk¥¢£Qo=qm� ��wxyxy¦vQoNt¢nIoP{�
@¨ � sajmo9nmi(oP�=w��F�©�3yxyxþ§£(q å o � ñ 	ÉqmoP� å pkwz¡[t¢o
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t¢nmoP{ÿwxpÿq å wzn iF�3i(o=j�¥§o=p¢o=jI�3qmoPn�q å o�ü¤�3j�wzsat¢n {koPnm�=j�wxikq�wzsap¢n�q å jmsatk¥ å � iQsayxþ[i å �anIo�q�jI�3p¢n �
� saj� �¨ 	ísap¢n�wz{ko=j � saj�o��k�3 ÿikyzo�q å oÿ�©�anmo�s����8nI�©�3y��3j nIsatkjm�Po¤¨ ä�å wzn iQsayxþ[i å �anIo �XvF�anmoP{
� ñ 	 ��wxyxy�{
wxü[wz{koÿq å wzn9nmsatkjm�Poÿwxp[qms�o=ü§o=p �3p¢{+sA{k{+nI�3 ÿikyzoPn �]sajN DsajmoDnmo=qmn�w��� Dsajmo
q å �3p�q �ís�{koPnI�=j�wxikq�wzsap¢n �3jmo q�jI�3p¢n� ÿwxq�qmoP{�
@£[�3p¢{ ��wxyxyk�Psa ÿikjmoPnmn
o©�a� å nI�3 ÿikyzo�t¢n�wxpk¥�q �ís
{
w��®o=jmo=prq�¡[tF�3prq�w76<�3q�wzsap¬nm�©�3yzoPn �]�Ps§�3jmnIo��3p¢{��¢p¢o/
@¨ ä�å o=pDq å wzn �3ikikjms§�a� å ��wxyxyFq�jI�3p¢n� ÿwxq
¥¤jmsatki¢n.s���nI�3 ÿikyzoPn � å o=jmo8��nmo=qNs��u�Ps§�3jmnmo=yxþÆ¡rtF�3p[q�w76©oP{ sA{k{+nI�3 ÿikyzoPnNwznN�Psa 9vkwxp¢oP{
��wxq å �¬nmo=q�s����¢p¢o=yxþ¼¡rtF�3p[q�w76©oP{+o=ü§o=pÆnI�3 ÿikyzoPn � �3p¢{¼üAwz�Po.ü§o=jmnI�
£®wX¨ôo¤¨ �¢p¢oÿsA{k{&��wxq å
�Ps§�3jmnmo�o=ü§o=p�
@¨ ä�å oÿ{koP�PsA{ko=j�sai(o=jI�3qmoPn v[þ^¥r�3q å o=j�wxpk¥ q å oÿ�Pü¤�3wxy��3vkyzo�wxp �]saj� T�3q�wzsap�� saj
o©�a� å n��3 ÿikyzo��3p¢{.q å o=pDnmo=yzoP�=q�wxpk¥"� saj�o©�a� å iQsayxþ[i å �anmo��Psa ÿiQsap¢o=prq�wxqmn å wx¥ å oPn�q�¡[tF�3yxwxq�þ
�Psairþ¼qms`vQo.t¢nmoP{ÆwxpÆq å oÿ{koP�PsA{
wxpk¥ �Ðq å oÿjmo= T�3wxpkwxpk¥Z�PsaikwzoPn9�3jmoÿ{
wznm�©�3jm{koP{®¨Dê"p �xö=û_5��
q å oN�3tkq å sajmn�wx ÿikjms©ü§o�q å oNn�þAnmqmo= Ûvrþ`t¢n�wxpk¥T�-
 ��# ���$# )�� !'� � % #&� � � ��� ) ���¸qms�wxprq�jmsA{
t¢�Po
jmoP{
tkp¢{¢�3p¢�=þ wxp�o©�a� å {koPnm�=j�wxikq�wzsaph¨

ä�å o��PsA{ko=jmnDikjmsaiQs¤nmoP{ �3vQs©ü§oZ�3jmo�{koPn�wx¥¤p¢oP{ � sajÿwz{ko©�3y � ñ 	 � å �3pkp¢o=y o=prüAwxjmsap �
 Do=prqmn<¨\ê"p*�3p*wz{ko©�3y � ñ 	Ì� å �3pkp¢o=y�o=prüAwxjmsapk Do=prq©£ q å o`� å �3pkp¢o=yznD�3jmo8wxp¢{ko=i(o=p¢{ko=p[q
�3p¢{�{¢�3qI� sapÿo©�a� å � å �3pkp¢o=yFwzn/o=wxq å o=j �Psa ÿikyzo=qmo=yxþ.yzs¤n�q�saj
jmoP�Po=wxü§oP{�wxprqI�a�=q©¨�ê"p���iF�a� �§o=q
p¢o=q �ísaj �ÿo=prüAwxjmsapk Do=prq q å oPnIo�wz{ko©�3y¢�Psap¢{
wxq�wzsap¢n  T�Pþ9p¢saq å sayz{�q�j�t¢o �§iF�a�!�§o=q yzs¤nmnmoPn
�©�3p
vQoD�Psaj�jmo=y��3qmoP{ �3p¢{+sapkyxþ¼iF�3j�q�w��3yí{¢�3qI� �]s��uo=wxq å o=j9{koPnm�=j�wxikq�wzsap�
� T�Pþ¼v(oDjmoP�Po=wxü§oP{ �3q
q å o�{koP�PsA{ko=j©¨

ä�å o=jmo å �an�v(oPo=pÎyxwx ÿwxqmoP{ ��saj �Q£�sap � ñØüAwz{koPs%�Ps[{ko=jmn �]saj�iF�a� �§o=q�p¢o=q �ísaj �An<¨
# �3wzn å �3 ÿiF�©þr�3p+t¢nmoP{ � ñ 	ënm�©�3y��3j�¡[tF�3prq�w76©o=jmn �xö�haù��
qms`{ko=ü§o=yzsaiÆjmsavkt¢n�q�wx T�3¥§oÿ�3p¢{
üAwz{koPs\�PsA{ko=jmn�� saj.iF�a� �§o=qDyzs¤nmn�o=prüAwxjmsapk Do=prqmn<¨*î�oP�Po=prq�yxþ§£�î�o=wxvk T�3p �xö=û_8 � å �an�ikjms��
iQs¤nmoP{^� � ñ üAwz{koPsT�PsA{ko=j � sajuiF�a�!�§o=q�p¢o=q �ísaj �An�vF�anmoP{Zsap\��jI�3qmo.�3yxyzs[�©�3q�wzsap\ikj�wxp¢�=w �
ikyzoDn�wx ÿwxy��3j9qms q å oTsap¢oTikjmoPnmo=prqmoP{ãwxp�� õ3û ��¨¬ê�p�� õ3û � q å o=þÆikjmsai(s¤nIoP{ã�3pãtkp[vF�3y��3p¢�PoP{
� ñ 	 �]ð � ñ 	�
.n�þ
n�qmo=  �]saj�q�jI�3p¢n� ÿwznIn�wzsap�s���üAwz{koPsÆ{¢�3qI�¼s©ü§o=jÿvQoPn�qÿo �Qsaj�q�iF�a� �§o=q
p¢o=q �ísaj �An<¨ ä�å oTn�þAnmqmo= Àwzn�tkp[vF�3y��3p¢�PoP{ãvQoP�©�3t¢nmoÿq å oTjI�3qmoD{
wzn�q�j�wxvktkq�wzsap*�3 Dsapk¥Zq å o
ü¤�3j�wzsat¢n�{koPnm�=j�wxikq�wzsap¢n wzn�p¢saq�o=ü§o=p � å o=p¢�Po.sap¢o9{koPnI�=j�wxikq�wzsap å �an å wx¥ å jI�3qmo � å wx¥ å jmoPn �
sayxtkq�wzsap�*3¡[tF�3yxwxq�þ 
��3p¢{¼q å oÿsaq å o=j©£hyzs � jI�3qmo �Byzs �ÌjmoPnmsayxtkq�wzsap�
@¨ � s¤nmq ��saj �\wxp � ñ 	
å �an vQoPo=p8sap8vF�3y��3p¢�PoP{8nmþAn�qmo= Dn<£§wX¨ôo¤¨x£ � å o=jmo�o©�a� å {koPnm�=j�wxikq�wzsap¬wzn oP¡[tF�3yxyxþÿwx ÿi(saj�qI�3p[q©£
vktkq � saj�yzs �ëiF�a� �§o=q yzs¤nmnujI�3qmo.�Psap¢{
wxq�wzsap¢n��Dð � ñ 	ÉnmþAn�qmo=  ��satkyz{Zv(oN DsajmoNt¢nmo �]tkyX¨
ä�å wzn�wzn vQoP�©�3t¢nmo�q å o�s<ü§o=j å o©�a{8wxp8 T���[wxpk¥�{koPnm�=j�wxikq�wzsap¢n�vF�3y��3p¢�PoP{®£ � å wz� å wzn�iF�3j�q�wz�=t �
y��3j�yxþ`n�wx¥¤pkw��F�©�3prq�w��¦q å o�{koPnm�=j�wxikq�wzsap¢n��3jmo qms�v(o��PsA{koP{`wxp^��n�qI�3p¢{¢�3jm{�nmþ[p[qI� �Q£ �ísatkyz{
�a{
ü§o=jmnmo=yxþ�� �®oP�=q�q å o�i(o=j � saj� T�3p¢�Po�s��
vF�3y��3p¢�PoP{^n�þ
n�qmo= Dn � sajuyzs �¸iF�a�!�§o=q�yzs¤nIn�jI�3qmoPn©¨

�+o��¢pkwzn å q å wzn � ñ å wzn�qmsaj�þ�jmo= T�3j �Awxpk¥�q å �3q¦q å o�y��an�q � ñ��PsA{ko=jmn��3jmo®ý�sawxprq
nmsatkjm�Po
� å �3pkp¢o=y��PsA{ko=jmn¬q å �3q8t¢nmoZjmoP{
tkp¢{¢�3p¢�=þâ�a{¢�3ikqI�3vkwxyxwxq"þ qms v(o\�a{¢�3ikqmoP{âqms � å �3pk¥¤wxpk¥
p¢o=q �ísaj �%�Psap¢{
wxq�wzsap¢n©¨ ä�å o`o��
wzn�q�wxpk¥¼ Do=q å s[{kn�t¢n�wxpk¥¼q å wznD�3ikikjms§�a� å �3jmo`{koP{
wz�©�3qmoP{
 Ds¤n�q�yxþ+qmsZwz{ko©�3y � ñ 	Ì� å �3pkp¢o=y�o=prüAwxjmsapk Do=prq©£í�3p¢{ãq å o8y��an�q�sap¢oPn9qmsZiF�a�!�§o=q�yzs¤nmnmþ
� å �3pkp¢o=yzn<¨

ä�å o � ñ 	 ikjmsai(s¤nIoP{ wxp�q å wzn� T�3p[t¢nm�=j�wxikq�vQo=yzsapk¥§nuqmsÿq å o�p¢o � � ñ 	É�3ikikjms§�a� å ¨
��n�wxp�q å o �ísaj �An�s��
ø¤w��3pk¥¢£ � �3¥§o=qmsapk¥¬�3p¢{ é j�qmo=¥r�
£Fq å o�ikjmsaiQs¤nmoP{ � ñ 	d�a{¢�3ikqmn�q å o
o��
ikyxwz�=wxq�jmoP{
tkp¢{¢�3p¢�=þ\qms`� å �3pk¥¤wxpk¥�p¢o=q ��saj �
n�q�jI�3p¢n� ÿwznmnmwzsaph¨���yznIsk£:wxp¼q å o.ikjmsaiQs¤nmoP{
� ñ 	 q å wzn�wznN{ksap¢oTvrþÆvkwxq9�3yxyzsA�©�3q�wzsap%�3yxyzs ��wxpk¥\q å oT�3tkqmsa T�3q�wz�¬�a{3ý&t¢n�q� Do=p[q.s���q å o
o=p¢�PsA{ko=j��3p¢{ p¢saq�p¢oPoP{
wxpk¥¬�3p[þ � å �3pk¥§oPnuqmsDq å o�{koP�Ps[{ko=j©¨

ä�å o �a{
ü¤�3prqI�3¥§o s��uq å o¬ikjmsai(s¤nIoP{  Do=q å sA{*s©ü§o=jÿq å o �]saj� Do=j � ñ 	Ìs���q å o8p¢o �
�3ikikjms§�a� å wzn.q å �3q�wxp�q å o¬ikjmsai(s¤nmoP{ � ñ 	Ìq å o¬o��Aikyxwz�=wxq�jmoP{
tkp¢{¢�3p¢�=þ*wzn�{ko=i(o=p¢{ko=p[q
s���q å oD� å �3pkp¢o=y� Ds[{ko=y��3p¢{ãn�qI�3qmo¤¨Tê"pÆq å wzn �í�©þ§£/wxq�wzn�iQs¤nmn�wxvkyzo�qms�{ko=ü§o=yzsai � � ñ 	
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q å �3q`i(o=j � saj� Dn ��o=yxy�wxpd{
w��Qo=jmo=p[q�� å �3pkp¢o=yzn�o=p[ü[wxjmsapk Do=p[qmnZ�3p¢{âq å �3q �©�3pdv(oZt¢nmoP{
o=ü§o=p ��wxq å q�wx Do ü¤�3j�þ[wxpk¥D� å �3pkp¢o=yzn©¨ ä�å t¢n�q å o ikjmsai(s¤nIoP{ � ñ 	 wzn�p¢saqusapkyxþ � saj�wz{ko©�3y
� ñ 	ë� å �3pkp¢o=y o=prüAwxjmsapk Do=prq�p¢o=wxq å o=j�sapkyxþ �]saj iF�a� �§o=q�yzs¤nmn�þZ� å �3pkp¢o=yznN�an q å o�saq å o=j
 Do=q å sA{kn wxprqms`q å wzn��3ikikjms§�a� å ¨ é tkj ¥§s§�3y ���an qms`{koPn�wx¥¤p+� � ñ 	¸ Do=q å s[{\q å �3q��©�3p
�3tkqmsa T�3q�wz�©�3yxyxþ8�a{¢�3ikq qms9�3prþD� å �3pkp¢o=yQ�3p¢{Tn�qI�3qmo¤¨ ä�å t¢n©£§q å o�ikjmsai(s¤nmoP{ � ñ 	��©�3pDvQo
t¢nmoP{ �]saj �3prþZ�3ikikyxwz�©�3q�wzsap¼wxprü§sayxüAwxpk¥`q�jI�3p¢n� ÿwznmn�wzsap¢n�s©ü§o=j�tkpkjmo=yxw��3vkyzo�� å �3pkp¢o=yzn©¨�ê�q�wzn
n�iQoP�=w��3yxyxþ.nmtkwxqmoP{ � saj�jmo©�3y¢q�wx Do��3ikikyxwz�©�3q�wzsaph£ � å o=jmo�q�þAikwz�©�3y:o=j�jmsaj��Psaprq�jmsay(qmoP� å pkwz¡[t¢oPn©£
��î �.£ � �
	Ésaj�o=ü§o=p�vQsaq å qmsa¥§o=q å o=j �95¤÷
£Th/ik£¢ù
ö���£¢�©�3pkp¢saq�v(o�o©�an�wxyxþ �a{¢�3ikqmoP{®¨

ä�å o�ikjmsaiQs¤nmoP{ � ñ 	 wzn��3p�saikq�wzsap � saj�q å o p¢o � �ísaj�yz{^�Psa ÿ Ntkpkwz�©�3q�wzsap¢n<¨
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ä�å wzn�� å �3ikqmo=j�ikjmoPnmo=prqmn�q å o�{koPnmwx¥¤p�s��Ðq å o ikjmsai(s¤nIoP{ � ñ 	 �Ps[{ko=j©¨�ê"q�v(o=yxyzs �un�qms.q å o
p¢o �Û�3ikikjms§�a� å s�� � ñ 	�¨¦ê"pãq å wznÿ�3ikikjms§�a� å s�� � ñ 	�q å o8jmoP{
tkp¢{¢�3p¢�=þ*wzn9o��
ikyxwz�=wxq©¨
ä�å o`p¢s©ü§o=yxq"þ�wzn�q å �3qÿq å o8ikjmsaiQs¤nmoP{ � ñ 	Ì�©�3p �3tkqmsa T�3q�wz�©�3yxyxþ��a{¢�3ikqÿq å o��3 Dsatkp[q
s��í�a{k{koP{¼jmoP{
tkp¢{¢�3p¢�=þ\{
wzn�iF�3qm� å oP{+sap\q å o�{
w��Qo=jmo=p[q�{koPnm�=j�wxikq�wzsap¢nN�a�P�Psajm{
wxpk¥ qms8q å o
o=j�jmsajÿ� å �3jI�a�=qmo=j�wzn�q�wz�PnTs��uq å o8tkp¢{ko=j�yxþAwxpk¥Æ� å �3pkp¢o=y�¨ ä�å t¢n©£ q å o8ikjmsaiQs¤nmoP{ � ñ 	 wzn
��o=yxy¦n�tkwxqmoP{�� saj�q�jI�3p¢n� ÿwznmn�wzsap¢n�t¢n�wxpk¥ÿtkpkjmo=yxw��3vkyzoN� å �3pkp¢o=yzn©¨

�+o¼n�qI�3j�q q å wzn � å �3ikqmo=j ikjmoPnmo=prq�wxpk¥�q å o\ikjmsaiQs¤nmoP{ � ñ 	 wxpÎnmoP�=q�wzsapÎõ
¨ ù
¨Ì��p
wx ÿiQsaj�qI�3prq�iF�3j�q s��:n�t¢� å � ñ 	ãwzn/q å oívkwxq �3yxyzs[�©�3q�wzsapÿikjmsA�PoP{
tkjmo¤¨
ê�q ��wxyxykv(o�ikjmoPnmo=p[qmoP{
wxp nIoP�=q�wzsap*õ
¨ õ
¨ ê"p+q å wznNnmoP�=q�wzsap ��o8ü§o=j�w��Bþ¼q å �3q9q å oDikjmsaiQs¤nmoP{ � ñ 	 wzn�v[þÆpF�3q�tkjmo
tkprvF�3y��3p¢�PoP{®¨	'�s �ío=ü§o=j©£ ��o¬�©�3p* T���§o8wxq9vF�3y��3p¢�PoP{*vrþ+wxp[q�jms[{
t¢�=wxpk¥+�3p%�a{k{
wxq�wzsapF�3y
�Psap¢n�q�jI�3wxp[q^�an���wxyxy�vQo\ikjmoPnmo=prqmoP{dwxpdq å wzn nmoP�=q�wzsaph¨ ä�å o\ikjmsai(s¤nmoP{Î�3yx¥§saj�wxq å   � saj
q å wzn�vkwxq��3yxyzs[�©�3q�wzsap wzn�ikjmoPnmo=p[qmoP{ãwxp nmoP�=q�wzsap*õ
¨ û¢¨ ä�å oDvkwxq��3yxyzs[�©�3q�wzsap ikjms[�PoP{
tkjmoTwzn
vF�anmoP{.sap�q å o p¢sap �"�an�þA ÿikqmsaq�wz��jI�3qmoí{
wzn�qmsaj�q�wzsapÿ Ds[{ko=yzn/ikjmoPnmo=p[qmoP{.wxp.nmoP�=q�wzsapDõ
¨98
¨ �+o
�Psa ÿiF�3jmoNsatkj��3ikikyxwz�©�3q�wzsap ��wxq å q å o�v(oPn�q � tkyxq�wxikyzoNñ oPnm�=j�wxikq�wzsap 	ís[{
wxpk¥8qmoP� å pkwz¡[t¢oPn
jmo=iQsaj�qmoP{`qms.{¢�3qmo wxp nmoP�=q�wzsap^õ
¨9i
¨ ä�å o ikjmsaiQs¤nmoP{ � ñ�ì��ës©ü§o=jm�Psa DoPn�q å o jmo � o=jmo=p¢�PoP{
� ñ 	�¨

� ��� � ��� � � � ��
 �
	����
ä�å o�ikjmsaiQs¤nmoP{ � ñ 	âwzn�� ý&sawxp[q�nmsatkjm�Po.�3p¢{�� å �3pkp¢o=y
�Ps[{
wxpk¥8 Do=q å s[{�q å �3q�ikjmoPnmo=p[qmn
o=j�jmsajíjmoPn�wxyxwzo=p¢�Po�t¢n�wxpk¥9jmoP{
tkp¢{¢�3p¢�=þ`�a{¢�3ikqI�3vkwxyxwxq�þ¬qmsNvQo �a{¢�3ikqmoP{8qms.� å �3pkp¢o=y®� å �3jI�a� �
qmo=j�wzn�q�wz�Pn©¨

ä�å o^ikjmsai(s¤nmoP{  Do=q å s[{ t¢nmoPn8� � ñÖnI� å o= DoZvF�anmoP{�sap q å oZñ�wznm�=jmo=qmo �ã�©ü§o=yzo=q
ä jI�3p¢n �]saj�  �]ñ�� ä 
��3p¢{\�3p¼o �T�=wzo=prq�vkwxq��3yxyzs[�©�3q�wzsap¼qmoP� å pkwz¡rt¢o¤¨ ä�å o.{
w��Qo=jmo=p[q � ñ
�3jmo {ko �¢p¢oP{ � å o=p9nmo=q�q�wxpk¥�q å o vkwxq
�3yxyzs[�©�3q�wzsap.s��ko©�a� å nmtkvkvF�3p¢{®¨��+o�pF�3 Do�wxq � tkyxq�wxikyzo
ñ oPnm�=j�wxikq�wzsapTìíwxq���yxyzsA�©�3q�wzsap � � ñ�ì�� 
@¨ ä�å o�vkwxq �3yxyzs[�©�3q�wzsap � saj
q å o�n�t¢�P�PoPnmn�wxü§o�nmo=qmn�s��
�PsAo �T�=wzo=prqmn��©�3p�v(o iQo=j � saj� DoP{ ��wxq å jmoPn�iQoP�=quqmsDo=wxq å o=j�jI�3qmo�saj�¡[tF�3yxwxq�þ �Psap¢n�q�jI�3wxprqmn<¨
ê"p\vQsaq å �©�anmoPn©£Qq å o.¥§s§�3y�wzn�qms �¢p¢{Æ�8nIo=q s���¡rtF�3p[q�w76©o=jmn�qms �3ikikyxþZwxpÆo©�a� å n�tkvkvF�3p¢{
� å s¤nmo¬iQo=j �]saj� T�3p¢�Po¬yxwzoPnÿsap*q å o¬�Psap[ü§o�� å tkyxy�s���q å o¬¥¤yzsavF�3y�jI�3qmo ��{
wzn�qmsaj�q�wzsap��=tkj�ü§o
�xö�i
ö§£¦ö=ûrùk£�83ûF£¦ö¤ö=û ��¨ ä s¬ Ds[{ko=y/q å oNjI�3qmo��3p¢{\{
wzn�qmsaj�q�wzsap���o9t¢nmo.�Dp¢sap �"�an�þA ÿikqmsaq�wz�
q å oPsajmo=q�wz�©�3y� DsA{ko=y�� sajNvQsaq å jI�3qmo �3p¢{*{
wzn�qmsaj�q�wzsap �xö©ù!h ��¨ ä�å oTjI�3qmo`�3p¢{�{
wzn�qmsaj�q�wzsap
{ko=iQo=p¢{kn�sapÆq å oÿ¡rtF�3p[q�w76<�3q�wzsap n�qmo=iÆvktkqN�3yznIs sapÆq å o�ikjmsavF�3vkwxyxwxq�þ+{ko=p¢n�wxq"þ �]tkp¢�=q�wzsap
�BiQ{ ��
�s�� q å o �í�©ü§o=yzo=q��Ps[o �T�=wzo=p[qmn©¨ ��nmnmtk ÿwxpk¥8q å �3q�q å oNikjmsavF�3vkwxyxwxq"þ\{ko=p¢nmwxq�þ� DsA{ko=y

ù!h
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wzn��a�P�=tkjI�3qmo¤£Fq å wzn� Do=q å s[{�ikjms©üAwz{koPn�saikq�wx T�3yhjI�3qmo ��{
wzn�qmsaj�q�wzsap\iQo=j �]saj� T�3p¢�PoPn©¨

� ��
 ���	��
���
�� ��������
���
����

ä�å o¬ikjmsai(s¤nIoP{ � ñ 	�nm� å o= Do � s[�=t¢n�sap�q å o`n�i(oP�=w��3y��©�anmo8wxp � å wz� å q å o=jmo �3jmo¬q �ís
� å �3pkp¢o=yzn s���oP¡[tF�3y��©�3iF�a�=wxq"þ�vQo=q ��oPo=pÎ�ãq�jI�3p¢n� ÿwxq�qmo=j �3p¢{â�+jmoP�Po=wxü§o=j©¨ ä�å t¢n<£�q å o
ikjmsaiQs¤nmoP{ � ñ 	%nm� å o= Do�wzn���vF�3y��3p¢�PoP{ � ñ 	 �]ì � ñ 	�
@¨r�dì � ñ 	 �BjI�3 Do �ísaj �D¥§o=p �
o=jI�3qmoPní{koPnm�=j�wxikq�wzsap¢n�s��®oP¡[tF�3yFjI�3qmo �3p¢{Dwx ÿiQsaj�qI�3p¢�Po¤¨ ä�å wzn�ikjmsai(o=j�q"þDwzn �ío=yxy: T�3qm� å oP{
qms^�Psa ÿ 9tkpkwz�©�3q�wzsap¢nDn�þ
n�qmo= Dn ��wxq å p¢s^ikj�wzsaj�wxq"þ+ DoP� å �3pkwznm Dn � saj9{¢�3qI�^{ko=yxwxü§o=j�þ§£ �an
� sajuo��k�3 ÿikyzo�ê"prqmo=j�p¢o=q©¨

ê"p n�t¢� å �^nm� å o= Do¤£���nmoP¡[t¢o=p¢�Po8s���nIsatkjm�PoTn�þA NvQsayzn.wzn�¥¤wxü§o=p�qmsZ�3p�o=p¢�Ps[{ko=j.qms
ikjmsA{
t¢�Po9q ��s`wxp¢{ko=iQo=p¢{ko=prq�vkwxqmn�q�jmo©�3 Dn�s�� oP¡[tF�3y
jI�3qmoÿ�3p¢{^wx ÿiQsaj�qI�3p¢�Po¤¨ ä�å oPnmo9vkwxq �
n�q�jmo©�3 Dn �3jmo�q�jI�3p¢nm ÿwxq�qmoP{ÿqms�q å jmoPou{koP�Ps[{ko=jmn�s<ü§o=j q �ís�p¢sawzn�þ.� å �3pkp¢o=yzn©¨ é p¢o�{koP�PsA{ko=j
�Bq å o �Po=prq�jI�3yh{koP�PsA{ko=j$
�jmoP�Po=wxü§oPn�wxp �]saj� T�3q�wzsap�nIo=prqus©ü§o=j�vQsaq å � å �3pkp¢o=yzn � å wxyzo�q å o jmo �
 T�3wxpkwxpk¥¼q �ís\{koP�PsA{ko=jmn �Bq å o8nmwz{koT{koP�PsA{ko=jmn$
�jmoP�Po=wxü§o¬wxp � saj� T�3q�wzsap%sapkyxþ��Bjmsa Øq å o=wxj
jmoPn�iQoP�=q�wxü§o�� å �3pkp¢o=y �]nmoPo"�¢¥¤tkjmoNõ
¨xö/
@¨

channelnoisy

RT

DecoderCentral

Side Decoder

DecoderSide

,( DM )

,( R t )Dm

,( R1 )D1

,( R0 )D0

,( )R2 D2

or Rate
MDC

Wavelet

coefficients

BER

bitstream

bitstream

Quality

Control

�/wx¥¤tkjmoNõ
¨xö¤� ��o=p¢o=jI�3y � � å o= Do

ê"p�q å o�ikjmsaiQs¤nmoP{� Do=q å sA{®£r�an
wxp�q å o�saq å o=j � ñ 	ã Do=q å s[{kn wxp.q å oíp¢o � �3ikikjms§�a� å £
o��
ikyxwz�=wxqÐjmoP{
tkp¢{¢�3p¢�=þ�wzn¦wxprq�jmsA{
t¢�PoP{®£¤nmsuq å �3q/o©�a� å nI�3 ÿikyzo wxp9q å o wxpkiktkq��]o©�a� å �í�©ü§o=yzo=q
�PsAo �T�=wzo=prq©£kwxp�satkj��©�anmo/
�wzníq�jI�3p¢n� ÿwxq�qmoP{  Dsajmo q å �3p�sap¢�Po��3p¢{`�PsA{koP{���wxq å {
w��Qo=jmo=p[q
�a�P�=tkjI�a�=þ�o©�a� å q�wx Do¤¨�ê"p�q å o�ikjmsaiQs¤nmoP{  Do=q å sA{�q å oNñ�� ä wzn�iQo=j �]saj� DoP{\�3p¢{ q å o=ph£
q å o"�í�©ü§o=yzo=q��PsAo �T�=wzo=prqmn��3jmo�jmo=iQo©�3qmoP{`wxp¬vQsaq å q å o�{koPnm�=j�wxikq�wzsap¢n©¨ � å o=p��.n�tkvkvF�3p¢{
wzn �¢p¢o=yxþ^�Ps[{koP{^wxp\sap¢o.{koPnm�=j�wxikq�wzsap\wxq ��wxyxy¦v(o.�Ps§�3jmnmo=yxþ��PsA{koP{^wxpZq å o9saq å o=j©¨�ê�pZq å o
� sayxyzs ��wxpk¥ �ío ��wxyxyr�©�3yxy§ikj�wx T�3j�þ�n�tkvkvF�3p¢{knÐq å o)�¢p¢o=yxþ �Ps[{koP{�nmtkvkvF�3p¢{kn¦�3p¢{�jmoP{
tkp¢{¢�3p[q
n�tkvkvF�3p¢{kn�q å o��Ps§�3jmnmo=yxþ �Ps[{koP{�nmtkvkvF�3p¢{kn©¨

�+oÆ�©�3p¸nIoPoZwxp �¢¥¤tkjmo+õ
¨ ù��3pÎo��k�3 ÿikyzoÆs��ÿ{
wxüAwzn�wzsapÎs��.q å oÆnmtkvkvF�3p¢{kn wxpÉq å o
{koPnm�=j�wxikq�wzsap¢n©¨
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Coarsely coded subband

Finely coded subband

Description 2

Description 1
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LH

LL

�/wx¥¤tkjmoNõ
¨ ù
� � �k�3 ÿikyzo9s��
{
wxüAwzn�wzsap^s��
q å o �í�©ü§o=yzo=q�nmtkvkvF�3p¢{knuvQo=q ��oPo=pZikj�wx T�3j�þ�n�tkv �
vF�3p¢{kn � �¢p¢o=yxþÆ�PsA{koP{�
 �3p¢{ÆjmoP{
tkp¢{¢�3prq.n�tkvkvF�3p¢{kn �]�Ps§�3jmnmo=yxþÆ�PsA{koP{�
�wxp+q å o�q �ís�{ko �
nm�=j�wxikq�wzsaph¨

� wxp¢�Poíq å oí{
wxü[wzn�wzsapÿs��¢q å o�n�tkvkvF�3p¢{kn/wxprqms�ikj�wx T�3j�þ��3p¢{9jmoP{
tkp¢{¢�3p[q n�tkvkvF�3p¢{kn ��wxyxy
� �®oP�=q�q å oÿ Do=q å sA{knNiQo=j �]saj� T�3p¢�PoDwxq ��wxyxy vQo�iF�3j�q9s���q å oDikjmsavkyzo= �¨ é q å o=jNiF�3j�qNs��
q å o�ikjmsavkyzo= �wzn�q å ou{koP�=wzn�wzsap¬s��(q å o��3 Dsatkp[q�s��®jmoP{
tkp¢{¢�3p¢�=þ���o�ikjmo=qmo=p¢{Dqms�{
wzn�iF�3qm� å
sap q å o�{
w��®o=jmo=prq�{koPnm�=j�wxikq�wzsap¢n©¨ ä�å wznu{koP�=wznmwzsap ��wxyxyhvQo�{ksap¢o�vrþ¬qI���[wxpk¥TwxprqmsT�a�P�Psatkp[q
q å o�� å �3pkp¢o=yQ Ds[{ko=yQ�3p¢{8nmqI�3qmo �]saj�ì�wxq ��j�jmsaj�î��3qmo��/ì � î 
@¨ ä�å ou¥§o=p¢o=jI�3y®nm� å o= Do �ío
�Psap¢n�wz{ko=juwznuikjmoPnmo=prqmoP{^wxp��¢¥¤tkjmoNõ
¨xö¤¨

��wxü§o=p`��qmsaqI�3y:vkwxq�jI�3qmo RT
�3p¢{¬�  T� �
wx T�3yQn�wz{ko�{
wzn�qmsaj�q�wzsap DM

£§q å o�¥§o=p¢o=jI�3q�wzsap
s�� q å o9q �ís¬{koPnI�=j�wxikq�wzsap¢n wzn��Psap¢nmq�jI�3wxp¢oP{Zqms8q å jmoPo.�Psap¢{
wxq�wzsap¢n�q å �3q �ío�{ko=qI�3wxy¦wxp\q å o
� sayxyzs ��wxpk¥¢¨
��	����*� ����	�� � ä�å o��Po=p[q�jI�3y
{koP�PsA{ko=j å �an/qms�jmoP�Psap¢n�q�j�t¢�=q�q å oísaj�wx¥¤wxpF�3yknmoP¡[t¢o=p¢�Po��]jmsa 

q å o�q ��s8{koPnm�=j�wxikq�wzsap¢n ��wxq å  ÿwxpkwx T�3yÐ�Po=prq�jI�3y/{
wzn�qmsaj�q�wzsap D0
�

��	����*� ����	�� & ��vF�3y��3p¢�PoP{ � ñ 	ã�Ps[{ko=j
 Nt¢nmq/¥§o=p¢o=jI�3qmo�q ��s�{koPnm�=j�wxikq�wzsap¢n o©�a� å ��wxq å
�Dn�wz{ko jI�3qmo R1 = R2 = RT /2 �

��	����*� ����	��2Y � å o=p�q å o�� å �3pkp¢o=ykwzn/p¢sawznmo=yzoPnmn©£3q å o�n�wz{koí{koP�Ps[{ko=jmn
 9t¢n�q
jmoP�Psap¢n�q�j�t¢�=q
q å o�saj�wx¥¤wxpF�3y:nmoP¡[t¢o=p¢�Po �]jmsa Ì��n�wxpk¥¤yzou{koPnm�=j�wxikq�wzsap ��wxq å � n�wz{kou{
wznmqmsaj�q�wzsap D1 6
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DM
�3p¢{ D2 6 DM

¨
ä�å o ikjmsavkyzo= ¸wzn®q å o=p9qms� ÿwxpkwx ÿw76©o q å o��Po=prq�jI�3y[{
wznmqmsaj�q�wzsap D0

�]�Psap¢{
wxq�wzsap`ö/
 � å o=p
�Psap¢{
wxq�wzsap ù �3p¢{+õ �3jmo�ü§o=j�w��FoP{®¨ ä�å �3q�wzn©£ � saj N £hq å o�prtk NvQo=jNs���n�iF�3q�wzs��Xqmo= ÿi(sajI�3y
n�tkvkvF�3p¢{kn©£ �ío å �©ü§o�qms �¢p¢{8q å o�nmo=qmnís��ÐvkwxqíjI�3qmoPn {Ri,1}, {Ri,2} q å �3q� ÿwxpkwx ÿw76©oPníq å o�Po=prq�jI�3yu{
wznmqmsaj�q�wzsap D0

£ � å o=jmo Ri,j
wzn.q å o¬vkwxq.jI�3qmo`s���nmtkvkvF�3p¢{ i ∈ {1, .., N} � saj{koPnm�=j�wxikq�wzsap j ∈ {1, 2} ¨ � sajmo�ikjmoP�=wznmo=yxþ§£ �ío å �Pü§o�qms �¢p¢{¼q å oÿnmo=q�s���¡rtF�3p[q�w76<�3q�wzsapn�qmo=i¢n {qi,1}, {qi,2} q å �3q¦ikjms[{
t¢�PoPnÐq å o nmo=qmnhs��
vkwxqhjI�3qmoPn {Ri,1}, {Ri,2} ¨ ä�å wznÐikjmsavkyzo= wzn �Ap¢s ��p^�an�q å o�)�# )�� %&% ��� � ) # � �/
 � �9)(%'� 	~�3p¢{ ��o ikjmsaiQs¤nmo��.nmsayxtkq�wzsap wxp�nmoP�=q�wzsap�õ
¨ õ
¨

� ��� ���	� � ����
 � 
 	 � ������� 
 ���
	 ��� � � � � ���

��� ��� � �
I��/$_�*DB;>GV�!@?��I ����� �gL�$!��I>L�� ��A �d$!������$_F
ä�å oDikjmsavkyzo=  wznNqms �¢p¢{®£ �]saj�� ¥¤wxü§o=p*jmoP{
tkp¢{¢�3p¢�=þ+vQo=q ��oPo=p�q å o8{koPnm�=j�wxikq�wzsap¢n©£/q å o
�Psa NvkwxpF�3q�wzsapDs��(nm�©�3y��3j/¡[tF�3prq�w76©o=jmn��a�=jms¤nmn/q å o ü¤�3j�wzsat¢n �í�Pü§o=yzo=q �PsAo �T�=wzo=prqmn�nmtkvkvF�3p¢{kn
q å �3q ��wxyxy:ikjmsA{
t¢�Po�q å o� ÿwxpkwx Ntk ÛqmsaqI�3y®�Po=prq�jI�3y®{
wzn�qmsaj�q�wzsap � å wxyzo nI�3q�wzn �]þAwxpk¥Nq å o n�wz{ko
vkwxqujI�3qmoPn��3p¢{^n�wz{ko�{
wzn�qmsaj�q�wzsap¢n��Psap¢nmq�jI�3wxprqmn©¨

�¢saj ��n�þ
n�qmo= ë�Psap¢n�wz{ko=j�wxpk¥ N n�tkvkvF�3p¢{kn�s��:� �í�©ü§o=yzo=qmn {koP�Psa ÿiQs¤n�wxq�wzsaph£ ��o�wxprqmo=p¢{
qms� ÿwxpkwx ÿw76©o�q å o��Po=prq�jI�3y®{
wzn�qmsaj�q�wzsap D0

�]�Psap¢{
wxq�wzsapÆö/
 � sají�NqmsaqI�3y(vkwxq jI�3qmo RT
�]�Psap �

{
wxq�wzsapTù-
@¨ ä�å t¢n©£§q å o�iktkj�i(s¤nmo�s��Qsatkj�vkwxq �3yxyzs[�©�3q�wzsap � saj � ñânm� å o= Do�wzn
qms {ko=qmo=j� ÿwxp¢o
q å oNsaikq�wx T�3y�nmo=qmn�s�� ¡rtF�3p[q�w76<�3q�wzsapÆn�qmo=i¢n {qi,1}, i = 1, ..., N £ {qi,2}, i = 1, ..., N � saj
{koPnm�=j�wxikq�wzsap¢n 1 �3p¢{ 2 ¨ ä�å wzn�¥§s§�3y/n å satkyz{�vQo� Do=q � å wxyzoNq å o9n�wz{koN{
wznmqmsaj�q�wzsapZwzn �§o=ikqvQo=yzs �Û�`¥¤wxü§o=p*{
wznmqmsaj�q�wzsap DM

�]�Psap¢{
wxq�wzsap�õ-
@¨ ä�å oDiF�3jI�3 Do=qmo=jmn RT
�3p¢{ DM

�3jmo
¥¤wxü§o=p � saj�q å o�vkwxq��3yxyzsA�©�3q�wzsap � �/wx¥¢¨ õ
¨xö/
@¨

� sa Do9{ko �¢pkwxq�wzsap¢n��3p¢{��Psap¢nmwz{ko=jI�3q�wzsap¢n �3jmo�p¢oPoP{koP{�qms�� saj� Ntky��3qmo.satkjuvkwxq��3yxyzsA�©� �
q�wzsap�ikjmsavkyzo= �¨ ä�å o=þ`�3jmo�ikjmoPnIo=prqmoP{�wxp q å o �]sayxyzs ��wxpk¥¢¨
� +��K��� ����	�� & � �() � �	� � � )�� � ��� �6� ) #�� �.! f : R 7→ R

� ��� g : R 7→ R
��!

f(x) = x− RT

2
. � õ
¨xö/


g(x) = x−DM . � õ
¨ ù-


ä�å o RT
iF�3jI�3 Do=qmo=j¬{ko=p¢saqmoPnTq å o qI�3j�¥§o=q¬satkq�iktkqDvkwxqDjI�3qmo\�3p¢{ DM

jmo �]o=jmnDqmsÆq å o
 T� �
wx T�3yÐn�wz{ko�{
wzn�qmsaj�q�wzsapZwx ÿi(s¤nmoP{®¨

�kjmsa  ��jmsaiQs¤n�wxq�wzsap ö�wxp
�xö©ù¤ù�� � saj¬�ã¥§o=p¢o=jI�3yxw76©oP{ ���3t¢nmn�w��3pâ{
wzn�q�j�wxvktkq�wzsap���wxq å
n�qI�3p¢{¢�3jm{+{ko=üAw��3q�wzsap σ �3p¢{+n å �3i(oÿiF�3jI�3 Do=qmo=j α q å oÿvkwxq�jI�3qmo R �3p¢{+¡[tF�3prq�w76<�3q�wzsap
{
wzn�qmsaj�q�wzsap D �©�3p\vQo ��j�wxq�qmo=p\{ko=iQo=p¢{
wxpk¥`sapkyxþ�sap α �3p¢{Zq å o�jI�3q�wzs q

σ
�anuikjmoPnmo=p[qmoP{

wxp�oP¡[tF�3q�wzsap¢n � õ
¨ õ-
��3p¢{ � õ
¨ û 
@¨

R = R
(

α,
q

σ

) � õ
¨ õ-


D = σ2D
(

α,
q

σ

)

. � õ
¨ û 
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ö

ê"p¼sajm{ko=j qms`n�wx ÿikyxw��]þ^q å o.p¢saqI�3q�wzsaph£ �íoÿo��
�=yxt¢{ko �]jmsa Öq å o � saj� Ntky��an q å oÿn å �3i(o9iF� �
jI�3 Do=qmo=j��3p¢{ ��o9�Psap¢n�wz{ko=j q̃i = qi

σi

¨ ��jmsaiQs¤n�wxq�wzsap�ö�s�� �xö©ù¤ù��Ðwzn�{koPnm�=j�wxv(oP{^v(o=yzs ��£ � saj
ikjmsAs��
saj�{ko=qI�3wxyzn��3v(satkquq å wznuikjmsai(s¤n�wxq�wzsapZnmoPo �xö¤ö©÷ ��¨
Z[�
	T)"	�-��(����	��M��� � � � 	�� 
����
	���
4� �(� pα,σ

# ! �/� ��� � � � % # � � ��� �"� !$!$# � � � # !�) ��#A)�� ) # � �

 # )�� !�) � �6�-��� ��� ��7/# � ) # � � σ � ��� !%� �%
.� 
 ��� ��	 �() � � α < )�� � � � # !�� �(��	 #&% � � � �%� ��� ) # � �.!
)�� � ) 7�� ��# � �$!��

∫ q/2

q/2
xnpα,σ(x)dx = σnfn,0

(

α,
q

σ

)

, � õ
¨98-


∫ (m+1/2)q

(m−1/2)q
xnpα,σ(x)dx = σnfn,m

(

α,
q

σ

)

∀m > 0 � õ
¨9i-


 # )��

fn,0

(

α,
q

σ

)

=

∫ +(1/2)(q/σ)

−(1/2)(q/σ)
xnpα,1(x)dx, � õ
¨ h 


fn,m

(

α,
q

σ

)

=

∫ +(m+1/2)(q/σ)

m−(1/2)(q/σ)
xnpα,1(x)dx � õ
¨ ÷-


, � � � � � ��� �%< )��.��)�#&)�� � ) � R � ��� )�� � �'�.� ��) #�� � ) # � � � # !�) ���() # � � D � �+
.���6� � � % � � � )�� �
!�� �%
.�;
 ��� ��	 �() � � α � ��� )�� � � � ) # � q

σ
!

R = R
(

α,
q

σ

) � õ
¨95-


D = σ2D
(

α,
q

σ

) � õ
¨xö©ú-


 # )���<

R
(

α,
q

σ

)

= −f0,0

(

α,
q

σ

)

log2f0,0

(

α,
q

σ

)

− 2

+∞
∑

m=1

f0,m

(

α,
q

σ

)

log2f0,m

(

α,
q

σ

)

,

� õ
¨xö¤ö/


D
(

α,
q

σ

)

= 1− 2

+∞
∑

m=1

f1,m

(

α, q
σ

)2

f0,m

(

α, q
σ

)

� õ
¨xö©ù-


ð�n�wxpk¥`q å o�{ko �¢pkwxq�wzsapãù8�3p¢{\ikjmsaiQs¤n�wxq�wzsap�ö�satkj�vkwxq��3yxyzsA�©�3q�wzsap¼ikjmsavkyzo= À�©�3p\vQo
jmoPn�tk DoP{^�an<�

(P )























\����
D0 ({qi,1, qi,2})

��	��0-����
bd�e����-
f(R1) 6 0 �3p¢{ f(R2) 6 0

Z +.��bd'(� 3
g(D1) 6 0 �3p¢{ g(D2) 6 0

� õ
¨xö©õ-


� å o=jmo¤£ Rj , j = 1, 2 £(wzn�{ko �¢p¢oP{Zwxp¼oP¡rtF�3q�wzsap�� õ
¨xö=û 
��3p¢{ Dj , j = 1, 2 £Qwzn�{ko �¢p¢oP{ZwxpoP¡[tF�3q�wzsap � õ
¨xö�8-
@¨

Rj =
N
∑

i=1

aiRi,j (q̃i,j) , � saj��3yxy j ∈ {1, 2} � õ
¨xö=û 
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ä�å oÿiF�3jI�3 Do=qmo=j ai
wxpãoP¡[tF�3q�wzsap � õ
¨xö=û 
�wzn�q å oTn�w76©oÿs���q å oDn�tkvkvF�3p¢{�� i 
 {
wxü[wz{koP{ãvrþq å o n�w76©o s��¦q å o�nmoP¡[t¢o=p¢�Po¤£k�3p¢{ Ri,j(q̃i,j)

£
wzn�q å o�satkq�iktkq�vkwxq�jI�3qmo wxp`vkwxqmn�iQo=j�n��3 ÿikyzo
� saj�q å o i q å n�tkvkvF�3p¢{®¨

Dj =

N
∑

i=1

∆iwiσ
2
i,jDi,j (q̃i,j) , � saj��3yxy j ∈ {1, 2} � õ
¨xö�8-


ê"p\oP¡[tF�3q�wzsap � õ
¨xö�8-
@£ ∆i
wzn��3pÆsaikq�wzsapF�3y)��o=wx¥ å q �]saj �]jmoP¡rt¢o=p¢�=þ\nmo=yzoP�=q�wzsap+�3p¢{ wiq å o �ío=wx¥ å qmn�t¢nmoP{`qmsÿqI���§o wxprqms¬�a�P�Psatkprq�q å o p¢sap¢saj�q å sa¥§sapF�3yxwxq�þ^s�� �¢yxqmo=juvF�3p�� �xö�h/��¨

ä�å o σ2
i,jDi,j(q̃i,j)

� saj j = 1, 2 wzn�q å o � o©�3p � ¡[tF�3jmo ��j�jmsaj � � � ��
 � saj�q å o i q ån�tkvkvF�3p¢{�s���{koPnm�=j�wxikq�wzsap j £kwxp q å o��©�anmo�s�� � � o=p¢o=jI�3yxw76©oP{ ���3t¢nmn�w��3p�{
wzn�q�j�wxvktkq�wzsaph¨ä�å o��3yxyzsA�©�3q�wzsap¬ikjmsavkyzo=  � õ
¨xö©õ-
 wzn��N�Psap¢nmq�jI�3wxp¢oP{`ikjmsavkyzo=  � å wz� å �©�3p`v(o�nmsayxü§oP{
vrþ8wxprq�jmsA{
t¢�=wxpk¥Dq å o ïÐ�3¥¤jI�3pk¥§o�saiQo=jI�3qmsajmn©¨ ä�å o ïÐ�3¥¤jI�3pk¥¤w��3p �]tkp¢�=q�wzsapF�3y �]sajíq å o �Psap �
n�q�jI�3wxp¢oP{�saikq�wx ÿw76<�3q�wzsapZikjmsavkyzo= �wzn�¥¤wxü§o=p^vrþ`oP¡rtF�3q�wzsap � õ
¨xö�i-
@¨

J ({qi,1, qi,2}) = D0 +

2
∑

j=1

λj f(Rj) +

2
∑

j=1

µj g(Dj).
� õ
¨xö�i-


ê"p oP¡[tF�3q�wzsap � õ
¨xö�i-
 λj
wznTq å o�ïÐ�3¥¤jI�3pk¥¤w��3pâiF�3jI�3 Do=qmo=j¬�3p¢{ µj

wznÿq å o iQo=pF�3yxq�þ
iF�3jI�3 Do=qmo=j©¨

ä�å wzn.ïÐ�3¥¤jI�3pk¥¤w��3p �Btkp¢�=q�wzsapF�3y�õ
¨xö�i
£/t¢nmoPn.oP¡rtF�3q�wzsap¢n � õ
¨xö/
N�3p¢{ � õ
¨ ù-
�{ko �¢p¢oP{ wxp
{ko �¢pkwxq�wzsap ù
¨ �¢sají�Nnmsatkjm�Po ��wxq å ¥§o=p¢o=jI�3yxw76©oP{ ���3t¢nmn�w��3p8{
wznmq�j�wxvktkq�wzsap �9i���£rq å o��Po=p[q�jI�3y
{
wzn�qmsaj�q�wzsaph£ D0

wxpToP¡[tF�3q�wzsap � õ
¨xö�i-
 �©�3pDv(o ��j�wxq�qmo=p¬�an ikjmoPnIo=prqmoP{8wxpToP¡rtF�3q�wzsap"� õ
¨xö�h 
@¨

D0 =

N
∑

i=1

∆iwiσ
2
i,0Di,0 (q̃i,1, q̃i,2) . � õ
¨xö�h 


ä�å o σ2
i,0Di,0(q̃i,1, q̃i,2)

wznNq å oT�Po=prq�jI�3y � o©�3p � ¡[tF�3jmo ��j�jmsaj � � � �+
 � saj�q å o i q ån�tkvkvF�3p¢{ wxp q å o��©�anIo�s��
� � o=p¢o=jI�3yxw76©oP{ ���3t¢nmn�w��3p�{
wzn�q�j�wxvktkq�wzsaph¨ ä�å o�o��AiQoP�=qmoP{ �Po=p �
q�jI�3y[{
wznmqmsaj�q�wzsap9wzn/oPn�q�wx T�3qmoP{9vF�anmoP{Nsap.q å o � å �3pkp¢o=yzn/nmqI�3qmoPn/�3p¢{Nq å oí�uikj�wzsaj�wA� å �3pkp¢o=yzn
 DsA{ko=yzn��an ��o ��wxyxyÐnmoPo wxp�q å o�p¢o��
qunmoP�=q�wzsaph¨
��� ���(W � �TI��/$_�g= DB@CF ����$��!@?�0I �O�*D>�T=C@NI"L

î�oP�©�3yxy�q å �3q�q å oÿ�Po=p[q�jI�3y {
wzn�qmsaj�q�wzsap+wzn q å oÿ{
wznmqmsaj�q�wzsap+s���q å oÿ{koP�PsA{koP{Æwx T�3¥§o�� å o=p
t¢n�wxpk¥`vQsaq å {koPnI�=j�wxikq�wzsap¢nN�3q�{koP�Ps[{
wxpk¥¢¨ � å o=p¼q å o�{koP�Ps[{ko=j�jmoP�Po=wxü§oPn vQsaq å {koPnm�=j�wxi �
q�wzsap¢n©£ko©�a� å n�tkvkvF�3p¢{^�3ikiQo©�3jmn�q ��wz�Po¤£���wxq å {
w��®o=jmo=prquvkwxqujI�3qmoPn �]{
w��Qo=jmo=p[q��anmnmsA�=w��3qmoP{
¡[tF�3prq�w76<�3q�wzsap+n�qmo=i¢n$
@¨�ê"p\q å wzn��©�anIo¤£Qw�� q å o.nmtkvkvF�3p¢{kn��3jmo9p¢sawznIo=yzoPnmn©£(q å o��Po=prq�jI�3y�{ko �
�PsA{ko=j �]saj o©�a� å �Psatkikyzous��hn�tkvkvF�3p¢{kn�� å sAs¤nmoPn�q å ousap¢o ��wxq å q å oun� T�3yxyzo=j�¡rtF�3p[q�w76<�3q�wzsap
n�qmo=i��3p¢{8q å o�saq å o=j©£
q å o�jmoP{
tkp¢{¢�3p[qun�tkvkvF�3p¢{®£
wzn�sapkyxþ8�Psap¢n�wz{ko=jmoP{ � saj�nmwz{ko�{koP�PsA{ko=j©¨
'�o=p¢�Po¤£���o��©�3pZ�©�3yz�=tky��3qmo�q å o��Po=prq�jI�3y/{
wzn�qmsaj�q�wzsap^s��
q å o�{koP�PsA{koP{ wx T�3¥§oN�an

Di,0(q̃i,1, q̃i,2) =

N
∑

i=1

 ÿwxp (σ2
i,1Di,1(q̃i,1), σ

2
i,2Di,2(q̃i,2)),

� õ
¨xö©÷-


� å o=jmo Di,1, Di,2
�3jmoTq å o¬{
wzn�qmsaj�q�wzsap¢n�s���n�tkvkvF�3p¢{ i � saj9{koPnI�=j�wxikq�wzsap¢n 1 �3p¢{ 2 £
jmo �n�iQoP�=q�wxü§o=yxþ§¨uê"p�q å oN¥§o=p¢o=jI�3y
�©�anmo ��o å �©ü§oNqmsTqI���§oNwxp[qms¬�a�P�Psatkp[q�� å �3pkp¢o=y
p¢sawznmo¤¨ � sk£

��o��©�3pkp¢saqíwx¥¤p¢sajmouq å o�jmoP{
tkp¢{¢�3prq�n�tkvkvF�3p¢{kn��an wxp8q å oup¢sawznmo=yzoPnmní�©�anmo¤¨
���=q�tF�3yxyxþ§£Aq å o
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yzo=ü§o=yFs��QjmoP{
tkp¢{¢�3p¢�=þDn å satkyz{ÿwxp¢�=jmo©�anmo � å o=pTq å ouì � î wxp¢�=jmo©�anmoPn©£rnmt¢� å �an�wxpTq å ou�©�anmo
s���ü§o=j�þZp¢sawzn�þZ� å �3pkp¢o=yzn � å o=jmo�q å o�jmoP{
tkp¢{¢�3prq9n�tkvkvF�3p¢{knN�3jmoÿ�an wx ÿi(saj�qI�3p[q9�an�q å o
saq å o=jmn©¨ ê"p q å wzn�y��an�qu�©�anIo�q å o��Po=prq�jI�3y/{
wzn�qmsaj�q�wzsapZ�©�3p�n�wx ÿikyxþ`vQo ��j�wxq�qmo=pZ�an

Di,0(q̃i,1, q̃i,2) =

N
∑

i=1

1

2

(  ÿwxp (σ2
i,1Di,1(q̃i,1), σ

2
i,2Di,2(q̃i,1))

+  T� � (σ2
i,1Di,1(q̃i,1), σ

2
i,2Di,2(q̃i,2))

)

=

N
∑

i=1

1

2

(

σ2
i,1Di,1(q̃i,1) + σ2

i,2Di,2(q̃i,2)
)

. � õ
¨xö�5-


�¢saj�q å o9¥§o=p¢o=jI�3y/�©�anmo¤£ ��o9wxprq�jmsA{
t¢�Poÿ� �ío=wx¥ å q�wxpk¥ iF�3jI�3 Do=qmo=j rN
qmsDq å o9jmoP{
tkp �

{¢�3prq.n�tkvkvF�3p¢{kn©£$��oT�©�3yxy wxq � � �"� ��� � ��� ��
 ��� ��	 �() � �=£��3p¢{	��oTikjmsai(s¤nmo�qms ��j�wxqmoÿq å o
�Po=prq�jI�3y/{
wzn�qmsaj�q�wzsap � saj��ÿn�tkvkvF�3p¢{^�anuikjmoPnmo=prqmoP{^wxp�oP¡rtF�3q�wzsap � õ
¨ ù¤ú-
@¨

Di,0 (q̃i,1, q̃i,2) =
1

σ2
i,0

1

rN + 1

[  ÿwxp (σ2
i,1Di,1 (q̃i,1) , σ2

i,2Di,2 (q̃i,2)
)

+rN ×  T� �
(

σ2
i,1Di,1 (q̃i,1) , σ2

i,2Di,2 (q̃i,2)
)] � õ
¨ ù¤ú-


� ¡[tF�3q�wzsap � õ
¨ ù¤ú-
��©�3p v(o�nmwx ÿikyxw��FoP{^�an�ikjmoPnmo=p[qmoP{�vQo=yzs ��¨


















σ2
i,1

σ2
i,0

1
rN+1Di,1(q̃i,1) +

σ2
i,2

σ2
i,0

rN

rN+1Di,2(q̃i,2),
w�� σ2

i,1Di,1(q̃i,1) 6 σ2
i,2Di,2(q̃i,2)

σ2
i,2

σ2
i,0

1
rN+1Di,2(q̃i,2) +

σ2
i,1

σ2
i,0

rN

rN+1Di,1(q̃i,1),
saq å o=j ��wznmo¤¨

� õ
¨ ù
ö/

ä ���[wxpk¥8wxp^�Psap¢n�wz{ko=jI�3q�wzsap&� å �3q ��o9nI�3wz{^�3vQs©ü§o¤£¢wxq�wzn�o©�an�þ¬qmsT�Psap¢�=yxt¢{koNq å �3quq å o

jmoP{
tkp¢{¢�3p¢�=þÆiF�3jI�3 Do=qmo=j�{ksa T�3wxp+wzn [0, 1] ¨ �Fsaj rN = 0 oP¡[tF�3q�wzsap � õ
¨ ù¤ú-
 n�wx ÿikyxw��FoPn
oP¡[tF�3q�wzsap � õ
¨xö©÷-
@£k�3p¢{¬wznít¢nmoP{ � å o=p¬q å o�� å �3pkp¢o=y®wzníp¢sawznmo=yzoPnIn©¨ �¢saj rN = 1 oP¡[tF�3q�wzsap� õ
¨ ù¤ú-
9n�wx ÿikyxw��FoPn.wxp*oP¡[tF�3q�wzsap � õ
¨xö�5-
@£ �3p¢{ãwzn9t¢nmoP{ � å o=p���ü§o=j�þÆp¢sawzn�þ � å �3pkp¢o=y�wzn
o��
i(oP�=qmoP{®¨ ä�å o�ikjmsavkyzo= �wzn å s � qms�� å s[s¤nIo�wxprqmo=j� DoP{
w��3qmo�jmoP{
tkp¢{¢�3p¢�=wzoPn©£
�3p¢{ÿwx ÿikyxwz� �
wxq�yxþ`wxprqmo=j� DoP{
w��3qmo.ü¤�3yxt¢oPn�s�� rN

iF�3jI�3 Do=qmo=j©¨ �+o �í�3p[q�q å o.�3 Dsatkprq s���jmoP{
tkp¢{¢�3p¢�=þ§£
wX¨ôo¤¨x£¤q å o�wx ÿiQsaj�qI�3p¢�Po�s��:q å o�jmoP{
tkp¢{¢�3p[q n�tkvkvF�3p¢{kn©£¤qms�{ko=iQo=p¢{�sapÿq å o�� å �3pkp¢o=yk DsA{ko=y
�3p¢{ n�qI�3qmo �]ì � î�
@¨kê�p q å o p¢o��
qu� å �3ikqmo=j ��o�ikjmsaiQs¤nmo��. Do=q å sA{ qmsÿ�Psa ÿiktkqmo�q å o rNiF�3jI�3 Do=qmo=j�t¢nmwxpk¥D� å �3pkp¢o=y¦� å �3jI�a�=qmo=j�wzn�q�wz�Pn©¨
��� ��� � � @?�^$!�����#GH�0IBF �/$_�g@NI��

�/wxp¢{
wxpk¥%q å o¼v(oPnmq¬vkwxq��3yxyzsA�©�3q�wzsap¸�©�3pdv(o¼n�qI�3qmoP{Î�an��*�Psap¢n�q�jI�3wxp¢oP{¸saikq�wx ÿw76<�3q�wzsap
ikjmsavkyzo= �£ � å o=jmo�q å o Ri

å �Pü§ouqms� ÿwxpkwx ÿw76©ouq å ou�Po=p[q�jI�3y:{
wzn�qmsaj�q�wzsap¬n�tkv
ý&oP�=q qms�� qmsaqI�3y
vkwxq�jI�3qmo.�Psap¢nmq�jI�3wxprq©¨ ä�å o.qmsaqI�3y¦vkwxq jI�3qmo.�Psap¢n�q�jI�3wxprq�wzn�iQs¤nmoP{�wxpÆ�Psap¢{
wxq�wzsap+ù
¨ ä�å wzn
�Psap¢{
wxq�wzsap � Rj 6 RT /2, j = 1, 2 
 å �an�qms¬v(o�{ko �¢p¢oP{&� saj�o©�a� å {koPnm�=j�wxikq�wzsaph¨Nð�n�wxpk¥oP¡[tF�3q�wzsap � õ
¨xö=û 
@£ ��o ��j�wxqmo��Psap¢{
wxq�wzsap¬ù��an ���Psap¢nmq�jI�3wxprq Fj

¥¤wxü§o=pÿwxpDoP¡[tF�3q�wzsap � õ
¨ ù¤ù-
@£
� saj�q å o�{
w��Qo=jmo=p[q�{koPnm�=j�wxikq�wzsap¢n j = 1, 2 ¨

Fj =

(

N
∑

i=1

aiRi,j (q̃i,j)−RT /2

)

, � saj��3yxy j ∈ {1, 2} � õ
¨ ù¤ù-
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�+o å �©ü§o n�qI�3qmoP{�o©�3j�yxwzo=j¦q å �3qhq å o�n�tkvkvF�3p¢{kn¦�3jmo {
wxü[wz{koP{�wxp[qmsuikj�wx T�3j�þ��3p¢{�jmoP{
tkp¢{¢�3p[q
n�tkvkvF�3p¢{kn©¨
ê �:��nmtkvkvF�3p¢{�wzn¦ikj�wx T�3j�þ9wxp.sap¢o�{koPnm�=j�wxikq�wzsapÿwxq/wzn/jmoP{
tkp¢{¢�3prq wxp.q å o�saq å o=j
�3p¢{*ü[wz�Po¬ü§o=jmnI�
¨ ä�å o`{
wzn�q�wxp¢�=q�wzsap%vQo=q �íoPo=p%jmoP{
tkp¢{¢�3prq8�3p¢{*ikj�wx T�3j�þ*n�tkvkvF�3p¢{kn�wzn
vF�anmoP{�sap�q å o jmoP{
tkp¢{¢�3p¢�=þ�iF�3jI�3 Do=qmo=j©¨ ä�å o {koP�=wznmwzsapNs�� � å wz� å ��wxyxy§vQo
q å o�jmoP{
tkp¢{¢�3p[q
n�tkvkvF�3p¢{kn�wxp o©�a� å {koPnm�=j�wxikq�wzsap ��wxyxy®v(o {ksap¢o�vrþ¬ ÿwxpkwx ÿw76Pwxpk¥Dq å o �Po=prq�jI�3y¦{
wzn�qmsaj�q�wzsaph¨
ä�å t¢n<£ wxq wzn`pF�3q�tkjI�3yNq å �3q wxpÎnmsa Do+�©�anIoPn`q å oÆjmoPn�tkyxqI�3prqZ{koPnm�=j�wxikq�wzsap¢nZ�3jmoÆp¢saq�s��
oP¡[tF�3yFwx ÿiQsaj�qI�3p¢�Po¤¨��¢saj�nmsa Do��3ikikyxwz�©�3q�wzsap¢n�q å wzn�wzn p¢saq���{
jI� ��vF�a�!�"� �an � saj�o��¢�3 ÿikyzo
q�jI�3p¢n� ÿwznmnmwzsap¢n(��wxq å yzs ��yzs¤nmnÿjI�3qmoPn�
@¨�� å o=p�vF�3y��3p¢�PoP{ {koPnm�=j�wxikq�wzsap¢n`�3jmo wx ÿiQs¤nmoP{
vrþ\q å oD�3ikikyxwz�©�3q�wzsap+q å o � ñ 	Îwzn9�3q�qmo=p¢{koP{®£ ��o å �©ü§oÿqms9ý&sawxpã�¬iQo=pF�3yxq�þ\qms satkj vkwxq
�3yxyzsA�©�3q�wzsap�ikjmsavkyzo= �¨ ê�n�q å �3quq å o�jmo©�anmsapZs��
�Psap¢{
wxq�wzsap¼õ
¨

	ísap¢{
wxq�wzsapÆõ � Dj 6 DM , j = 1, 2 
�wzn � sajm�PoP{�t¢n�wxpk¥`��i(o=pF�3yxq"þ � å wz� å\å �anuqmsTv(o{ko �¢p¢oP{�� saj
o©�a� å {koPnm�=j�wxikq�wzsaph¨ ä�å o�n�wz{ko�{
wzn�qmsaj�q�wzsap¢n D1
£ D2

�3jmo�{ko �¢p¢oP{ÿwxpÿoP¡[tF�3q�wzsap
� õ
¨xö�8-
�� saj���¥§o=p¢o=jI�3yxw76©oP{����3t¢nmn�w��3p�{
wzn�q�j�wxvktkq�wzsaph¨

ä�å o8i(o=pF�3yxq"þÆ Do=q å s[{ wznNnmwx ÿikyzo8�3p¢{*o �T�=wzo=prq©¨�	ísap¢nmwz{ko=j��^�Psap¢n�q�jI�3wxprq x > 0 ¨ä�å o�iQo=pF�3yxq�þ`wzn ��j�wxq�qmo=pZ�an

P (x) =

( |x| − x

2

)2

. � õ
¨ ù¤õ-


ê �íq å o8�Psap¢n�q�jI�3wxprq.wzn�ü§o=j�w��FoP{ãq å o=p x > 0 �3p¢{ P (x) = 0 ¨ é q å o=j ��wznmo¤£ x < 0 �3p¢{
P (x) = x2 ¨ 	ísap¢n�wz{ko=j�wxpk¥�q å oZn�wz{ko¼{
wzn�qmsaj�q�wzsap¢n D1

£ D2
{ko �¢p¢oP{âvrþ � õ
¨xö�8-
@£�q å o

�Psap¢n�q�jI�3wxp[q�wzn
(Dj −DM ) 6 0. � õ
¨ ù3û 


ä�å o�iQo=pF�3yxq�þ`wzn�q å o=p ��j�wxq�qmo=p\�an Pj
wxp�oP¡rtF�3q�wzsap � õ
¨ ù�8-
@¨

Pj =

[ |Dj −DM |+ (Dj −DM )

2

]2

, � saj��3yxy j ∈ {1, 2} � õ
¨ ù�8-

ä�å o9i(o=pF�3yxq"þ �]tkp¢�=q�wzsap � õ
¨ ù�8-
��3yxyzs �un�t¢n�qms(�¢p¢{¼�Dnmsayxtkq�wzsap&��wxq å Dj 6 DM

£(saj
 Dsajmo�ikjmoP�=wznmo=yxþ§£¢t¢n�wxpk¥ToP¡[tF�3q�wzsap � õ
¨xö�8-
@£

N
∑

i=1

∆iwiσ
2
i,jDi,j (q̃i,j) 6 DM . � õ
¨ ù�i-


� å o=p^oP¡rtF�3q�wzsap � õ
¨ ù�i-
íwzn�ü§o=j�w��FoP{ �ío�nI�Pþ`q å �3q�q å o�iQo=pF�3yxq�þ`wzn�ü§o=j�w��FoP{®¨
ê"pã�©�anmoDs���tkp[vF�3y��3p¢�PoP{ � ñ 	 �]ð � ñ 	�
"��o8�©�3p+wx¥¤p¢sajmoDq å wznNi(o=pF�3yxq"þ§¨`ê�p+n�t¢� å

�©�anmo9q å o DM
n å satkyz{Zv(o � �koP{ ��wxq å �Tüa�3yxt¢o å wx¥ å o=j�saj oP¡[tF�3y/qms σ2 wxp\nmt¢� å �(���Pþ

q å o�iQo=pF�3yxq�þ^wzn��3y����Pþ
n�ü§o=j�w��FoP{ã�3p¢{\q å oÿsaikq�wx ÿw76<�3q�wzsap+ikjmsavkyzo= Öwzn�sapkyxþZi(o=j � saj� DoP{
wxp%qmo=j� DnTs����Po=prq�jI�3y�{
wzn�qmsaj�q�wzsap �3p¢{%qmsaqI�3y�vkwxqÿjI�3qmo¤¨ � wxq å ð � ñ 	 ��o^�©ü§sawz{%q å o
s©ü§o=j å o©�a{^wxp� T���Awxpk¥T{koPnm�=j�wxikq�wzsap¢nuvF�3y��3p¢�PoP{Z�an�ikjmoPnmo=prqmoP{^wxp � õ3û ��¨

��� ���(X �*�0=C;"�!@?�0IJ���[�! >��AB$!� �B=C� �

	ísap¢n�wz{ko=j�wxpk¥Dq å o �Po=p[q�jI�3yÐ{
wzn�qmsaj�q�wzsap�¥¤wxü§o=p v[þ � õ
¨ ù¤ú-
íq å o �Psap¢n�q�jI�3wxp[q � õ
¨ ù¤ù-
��3p¢{¬q å o
iQo=pF�3yxq�þ � õ
¨ ù�8-
@£[q å o�ïÐ�3¥¤jI�3pk¥¤w��3p �]tkp¢�=q�wzsapF�3y � õ
¨xö�i-
 �©�3pTvQo�jmo ��j�wxq�qmo=p`�an wxp8oP¡[tF�3q�wzsap
� õ
¨ ù!h 
@¨
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J ({qi,1, qi,2}) =
N
∑

i=1

∆iwiσ
2
i,0Di,0 (q̃i,1, q̃i,2)

+

2
∑

j=1

λj

(

N
∑

i=1

aiRi,j (q̃i,j)−RT /2

)

� õ
¨ ù!h 


+

2
∑

j=1

µj

[ |Dj −DM |
2

+
(Dj −DM )

2

]2

ä�å o�nIsayxtkq�wzsap^s���� õ
¨ ù!h 
�wznusavkqI�3wxp¢oP{ � å o=p

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

























































∂J ({qi,1, qi,2})
∂qi,1

= 0, (a)

∂J ({qi,1, qi,2})
∂qi,2

= 0, (b)

∂J ({qi,1, qi,2})
∂λ1

= 0, (c)

∂J ({qi,1, qi,2})
∂λ2

= 0. (d)

� õ
¨ ù¤÷-


ä�å oÿ{ko=j�wxü¤�3q�wxü§oDs��íï¦�3¥¤jI�3pk¥¤w��3p	�Btkp¢�=q�wzsapF�3y � õ
¨ ù!h 
 ��wxq å jmoPn�i(oP�=q qms λj, j = 1, 2�]oP¡[tF�3q�wzsap � õ
¨ ù¤÷ÿ�/
��3p¢{�oP¡[tF�3q�wzsap � õ
¨ ù¤÷ÿ{�
�
�wzn�ikjmoPnmo=prqmoP{^wxp^oP¡rtF�3q�wzsap � õ
¨ ù�5-
@¨

∂J ({qi,1, qi,2})
∂λj

= 0⇐⇒
N
∑

i=1

aiRi,j (q̃i,j)−RT /2 = 0 � õ
¨ ù�5-


ê"p�q å o � sayxyzs ��wxpk¥¬q å oN{ko=j�wxü¤�3q�wxü§oNs�� ïÐ�3¥¤jI�3pk¥¤w��3p&�]tkp¢�=q�wzsapF�3y+� õ
¨ ù!h 
 ��wxq å jmoPn�iQoP�=q
qms qi,1

�]oP¡[tF�3q�wzsap,� õ
¨ ù¤÷*�-
 
�wznT¥¤wxü§o=ph¨ ä�å o^{ko=j�wxü¤�3q�wxü§oZs���ïÐ�3¥¤jI�3pk¥¤w��3p �]tkp¢�=q�wzsapF�3y
� õ
¨ ù!h 
 ��wxq å jmoPnmi(oP�=q�qms qi,2

�]oP¡[tF�3q�wzsap � õ
¨ ù¤÷ �Bv�
 
íwzn�n�wx ÿwxy��3j©¨

∂J ({qi,1, qi,2})
∂qi,1

= ∆iwiσ
2
i,0

∂

∂qi,1
Di,0 (q̃i,1, q̃i,2)

+ λ1ai
∂

∂qi,1
Ri,1 (q̃i,1)

+ µ1
∂

∂qi,1

[ |D1 −DM |
2

+
(D1 −DM )

2

]2

= 0 � õ
¨ õ¤ú-


���P�Psajm{
wxpk¥¼qms^oP¡[tF�3q�wzsap � õ
¨ ù
ö/
@£ ∂
∂qi,1

Di,0 (q̃i,1, q̃i,2)
wxp oP¡[tF�3q�wzsap � õ
¨ õ¤ú-
N�©�3pãvQo

n�wx ÿikyxw��FoP{^�anuikjmoPnmo=prqmoP{^wxp^oP¡rtF�3q�wzsap � õ
¨ õ
ö/
@¨
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 � � 	 � ������� � � � � � � ��� � � ����� �



























σ2
i,1

σ2
i,0

1

rN + 1

∂

∂qi,1
Di,1(q̃i,1),

w�� σ2
i,1Di,1(q̃i,1) 6 σ2

i,2Di,2)(q̃i,1)

σ2
i,1

σ2
i,0

rN

rN + 1

∂

∂qi,1
Di,1(q̃i,1),

saq å o=j ��wznmo¤¨
� õ
¨ õ
ö/


ê"p q å wzn �í�Pþ§£uq å oZ{ko=j�wxü¤�3q�wzsap s���q å oZïÐ�3¥¤jI�3pk¥¤w��3p �Btkp¢�=q�wzsapF�3y � õ
¨ õ¤ú-
ÿjmoPn�tkyxqmn8wxp
oP¡[tF�3q�wzsap � õ
¨ õ¤ù-
@¨

∂J ({qi,1, qi,2})
∂qi,1

=
Ci,1

1 + rN
∆iwiσ

2
i,1

∂

∂qi,1
Di,1(q̃i,1)

+ λ1ai
∂

∂qi,1
Ri,1(q̃i,1)

� õ
¨ õ¤ù-


+ µ1
∂

∂qi,1

[ |D1 −DM |
2

+
(D1 −DM )

2

]2

= 0 £

ä�å o Ci,j
iF�3jI�3 Do=qmo=j�wxp8oP¡rtF�3q�wzsap"� õ
¨ õ¤ù-
 �Psa DoPn �Bjmsa  n�þAnmqmo=  � õ
¨ õ
ö/
 �3p¢{ÿwzn��Psa  �

iktkqmoP{^�an�ikjmoPnIo=prqmoP{�wxp�oP¡[tF�3q�wzsap � õ
¨ õ¤õ-
@¨

Ci,j =







1, w��
 ÿwxp (σ2
i,1Di,1(q̃i,1), σ

2
i,2Di,2(q̃i,1)) = σ2

i,jDi,j(q̃i,j)

rN , saq å o=j ��wznIo¤¨
� õ
¨ õ¤õ-


�ktkj�q å o=j� Dsajmo¤£ut¢n�wxpk¥ãoP¡[tF�3q�wzsap � õ
¨xö�8-
 ∂
∂qi,1

P1
�©�3p v(o���j�wxq�qmo=pd�anÿwxp oP¡[tF�3q�wzsap

� õ
¨ õ3û 
@¨















0, w�� D1 6 DM

2× (D1 −DM ) ∆iwiσ
2
i,1

∂

∂qi,1
Di,1(q̃i,1),

saq å o=j ��wznIo§¨
� õ
¨ õ3û 


	ísap¢n�wz{ko=j�wxpk¥`�3p E1
iF�3jI�3 Do=qmo=j��Psa ÿiktkqmoP{ �]jmsa  n�þAnmqmo=  � õ
¨ õ3û 
@£

Ej =







2× (Dj −DM ) , w�� Dj > DM

0 saq å o=j ��wznmo
� õ
¨ õ�8-


ä�å o=p^oP¡[tF�3q�wzsap � õ
¨ õ¤ù-
ívQoP�Psa DoPn©�
∂J ({qi,1, qi,2})

∂qi,1
=

Ci,1

1 + rN
∆iwiσ

2
i,1

∂

∂qi,1
Di,1(q̃i,1)

+ λ1ai
∂

∂qi,1
Ri,1(q̃i,1)

+ µ1E1∆iwiσ
2
i,1

∂

∂qi,1
Di,1(q̃i,1) = 0, � õ
¨ õ�i-




� ��� � � 	 � � � � 
�� � � � � � ����� � ����� � � ��	 ��� � õ!h

ä�å o=ph£Qq å o�{ko=j�wxü¤�3q�wxü§o.s��íoP¡rtF�3q�wzsap � õ
¨ ù!h 
 ��wxq å jmoPn�iQoP�=q�qms qi,1
�]oP¡[tF�3q�wzsap�� õ
¨ ù¤÷

�-
 
íþAwzo=yz{kn©�
(

Ci,1

1 + rN
+ µ1E1

)

∆iwiσ
2
i,1

∂

∂qi,1
Di,1(q̃i,1) + λ1ai

∂

∂qi,1
Ri,1(q̃i,1) = 0 ¨ � õ
¨ õ!h 


� ¡[tF�3q�wzsap � õ
¨ õ!h 
��©�3p v(o�nmwx ÿikyxw��FoP{ qms

∂Di,1

∂Ri,1
(q̃i,1) =

−λ1ai

∆iwiσ
2
i,1

(

Ci,1

1+rN
+ µ1E1

)

� õ
¨ õ¤÷-


��n ��o�nI�3wz{ÿ�3v(s<ü§o¤£¤q å oí{ko=j�wxüa�3q�wxü§o�s��:oP¡[tF�3q�wzsap � õ
¨ ù!h 
$��wxq å jmoPn�i(oP�=q
qms qi,2
�]oP¡[tF� �

q�wzsap � õ
¨ ù¤÷�v�
 
�wzn�n�wx ÿwxy��3j©¨ ê"q�þ[wzo=yz{kn©�

∂Di,2

∂Ri,2
(q̃i,2) =

−λ2ai

∆iwiσ2
i,2

(

Ci,2

1+rN
+ µ2E2

)

� õ
¨ õ�5-


ê"p jmoPn�tk Do¤£kq å o�nIsayxtkq�wzsap^s�� � õ
¨ ù!h 
@£kwzn�q å o�n�þ
n�qmo=  � õ
¨ ûrú-
íq å �3q�jmo=ikjmoPnmo=prqmn �.q �ís
� å �3pkp¢o=y/nm� å o= Do¤¨

� ¡[tF�3q�wzsap � õ
¨ ûrú9�-
��Psa DoPn �Bjmsa  � õ
¨ õ¤÷-

q å �3q wzn q å o�{ko=j�wxü¤�3q�wxü§o�s��hoP¡rtF�3q�wzsap"� õ
¨ ù!h 

��wxq å jmoPn�iQoP�=q�qms qi,1

�]oP¡[tF�3q�wzsap � õ
¨ ù¤÷D�-
 
@¨
� ¡[tF�3q�wzsap � õ
¨ ûrú�v�

�Psa DoPn �]jmsa  � õ
¨ õ�5-
/q å �3q�wzn�q å ou{ko=j�wxü¤�3q�wxü§o�s��®oP¡rtF�3q�wzsap"� õ
¨ ù!h 


��wxq å jmoPn�iQoP�=q�qms qi,2
�]oP¡[tF�3q�wzsap � õ
¨ ù¤÷�v�
 
@¨

�/wxpF�3yxyxþ§£hoP¡[tF�3q�wzsap¢n � õ
¨ ûrú8v�
��3p¢{�� õ
¨ ûrú¬�/
��3jmo�{ko=j�wxü§oP{&�Bjmsa  � õ
¨ ù�5-
�q å �3q wzn�q å o
{ko=j�wxü¤�3q�wxü§o8s���oP¡[tF�3q�wzsap � õ
¨ ù!h 
 ��wxq å jmoPn�iQoP�=qNqms λj

� saj j = 1 �]oP¡rtF�3q�wzsap � õ
¨ ù¤÷^�/
 

�3p¢{ j = 2 � õ
¨ ù¤÷ÿ{�
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

∂Di,1

∂Ri,1
(q̃i,1) =

−λ1ai

∆iwiσ2
i,1

(

Ci,1

1 + rN
+ µ1E1

) (a)

∂Di,2

∂Ri,2
(q̃i,2) =

−λ2ai

∆iwiσ
2
i,2

(

Ci,2

1 + rN
+ µ2E2

) (b)

∑N
i=1 aiRi,1(q̃i,1)−RT /2 = 0 (c)

∑N
i=1 aiRi,2(q̃i,2)−RT /2 = 0 (d)

� õ
¨ ûrú-


î�oPnmsayxtkq�wzsapNs��
q å o n�þ
n�qmo=  � õ
¨ ûrú-
 � å wz� åNå �an 2×(N+1) oP¡[tF�3q�wzsap¢n¦�3p¢{ 2×(N+1)tkp��Ap¢s ��p¢n¦¥¤wxü§oPnÐt¢n®q å o�saikq�wx T�3y[nmo=qmn¦s��¢¡rtF�3p[q�w76<�3q�wzsap.n�qmo=i¢n {qi,1} £ {qi,2} £ �]saj¦��¥¤wxü§o=p
rN
¨
ä�å o�ikjmsaiQs¤nmoP{Æ�3yx¥§saj�wxq å  Àwzn�vF�anmoP{Æsap¼ Ds[{ko=yxwxpk¥�s�� R �3p¢{ D �Btkp¢�=q�wzsap¢n��an �ío

��wxyxyÐn å s �Îwxp�nmoP�=q�wzsapZõ
¨ û¢¨



õ¤÷ ����������
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�� � �
� ��� � ��
 � 
 � � 	 � ������� � � � � � � ��� � � ����� �

��� �����
Ci,j

A>�g$!� �O�Q���d$
ä�å o Ci,j

iF�3jI�3 Do=qmo=j ��wxyxy�{ko �¢p¢o�� å wz� å n�tkvkvF�3p¢{kn��3jmo.ikj�wx T�3j�þ\saj�jmoP{
tkp¢{¢�3p[qNn�tkv �
vF�3p¢{kn � saj9�`n�iQoP�=w��F�D{koPnm�=j�wxikq�wzsaph¨ Ci,j = 1 {ko �¢p¢oPn�q å �3q.n�tkvkvF�3p¢{ i wzn9�`ikj�wx T�3j�þn�tkvkvF�3p¢{âwxpd{koPnm�=j�wxikq�wzsap j £uq å t¢n¬wxq ��wxyxy vQo\�ãjmoP{
tkp¢{¢�3prq�n�tkvkvF�3p¢{âwxpdq å o\saq å o=j
{koPnm�=j�wxikq�wzsaph¨ Ci,j = rN

{ko �¢p¢oPn9q å �3q�n�tkvkvF�3p¢{ i wzn�� jmoP{
tkp¢{¢�3p[q�nmtkvkvF�3p¢{ãwxp*{ko �nm�=j�wxikq�wzsap j £kq å t¢n�wxq ��wxyxyhv(o��ÿikj�wx T�3j�þ`nmtkvkvF�3p¢{ wxp q å o�saq å o=j�{koPnm�=j�wxikq�wzsaph¨ä�å oÿ{
wxüAwzn�wzsapÆs�� q å o�ikj�wx T�3j�þ\�3p¢{¼jmoP{
tkp¢{¢�3p[qNn�tkvkvF�3p¢{kn vQo=q �íoPo=p+q å o�{koPnm�=j�wxi �
q�wzsap¢nÿ�©�3p�v(o`{ksap¢o¬jI�3p¢{ksa ÿyxþ§¨ �+o8ikjmoPnIo=prqÿwxp*q å o`jmoPn�tkyxqmnÿ�Zo��¢�3 ÿikyzo�� å o=jmo¬q å o
{
wxüAwzn�wzsap ���anTq å o\sap¢o�ikjmoPnmo=p[qmoP{ wxp �¢¥¤tkjmo\õ
¨ ù
¨ '�s �ío=ü§o=j���o�wxp[qmo=p¢{âqms	�¢p¢{ � saj
� å wz� å {
wxü[wzn�wzsap	�ío å �Pü§oDq å oÿ ÿwxpkwx Ntk $�Po=p[q�jI�3y�{
wzn�qmsaj�q�wzsap D0

¨ �Fsaj�q å �3q ��o å �©ü§o
qmsÿ�Psa ÿiktkqmo�q å o Ci,j

iF�3jI�3 Do=qmo=j��anu{ko �¢p¢oP{ wxpZoP¡rtF�3q�wzsap � õ
¨ õ¤õ-
@¨
ê"p^oP¡[tF�3q�wzsap � õ
¨ õ¤õ-
�q å o Ci,j

iF�3jI�3 Do=qmo=j�{ko=iQo=p¢{kn�sap σ2
i,1Di,1

�3p¢{ σ2
i,2Di,2

¨ é p¢o
ikjmsavkyzo= �£/wzn�q å �3q9q å oT{
wzn�qmsaj�q�wzsap¢n9wxprü§sayxü§oP{��3jmoDtkp��Ap¢s ��p*v(o � sajmoDn�þ
n�qmo= �� õ
¨ ûrú-
�wzn
nmsayxü§oP{�{
t¢o�qms�q å o=wxj�{ko=i(o=p¢{ko=p¢�Po9sap�q å o�¡[tF�3prq�w76<�3q�wzsap\n�qmo=i¢n {qi,1} £ {qi,2} ¨ �Ãnmsayxt �
q�wzsapTwzn qms�iQo=j �]saj� �q å o��3yx¥§saj�wxq å   �]saj��3yxyFiQs¤nmn�wxvkyzou�Psa 9vkwxpF�3q�wzsap¢nís�� Ci,j

üa�3yxt¢oPn©£A�3p¢{
q å o=p^� å s[s¤nmo�q å o��Psa NvkwxpF�3q�wzsap\q å �3qu¥¤wxü§oPn�vQo=q�qmo=jujmoPn�tkyxqmn©¨

Y � Y������e� � )�bQ�
bd\ +_��+_��� 	�)0���e\Ebd'B-�	�'e
�����	��

• 	ísa ÿiktkqmoNq å o � ñ ì�� � saj��3yxy®iQs¤nmn�wxvkyzo��Psa 9vkwxpF�3q�wzsap¢n��

• 	 å sAs¤nmo�q å o��Psa 9vkwxpF�3q�wzsapZq å �3qujmoPnmtkyxqmn�wxp�q å o  ÿwxpkwx T�3y¦�Po=p[q�jI�3y¦{
wzn�qmsaj�q�wzsaph¨
� N = 10 � è�v iterations = 1024 �

� N = 40 � è�v iterations = 1099511627776 ¨

'�s �ío=ü§o=j9q å wzn9nmsayxtkq�wzsap+wzn�p¢saq9o �T�=wzo=prq �Bwxq9wzn�q�wx DoD�Psap¢n�tk ÿwxpk¥¼�3p¢{ã{ko=iQo=p¢{
wxpk¥
s���q å o�prtk NvQo=jTs�� n�tkvkvF�3p¢{knDwxqÿ�©�3p�vQoP�Psa Do`ikjms å wxvkwxq�wxü§o/
@¨ ä�å t¢n(��o ikjmsaiQs¤nmo��3p
�3yx¥§saj�wxq å   q å �3q©£ � saj�q å o qmoPn�qmoP{¬wx T�3¥§oPn�¥¤wxü§oPnun�wx ÿwxy��3j�jmoPn�tkyxqmn�qms.q å o��3yx¥§saj�wxq å   iQo=j �
� saj� ÿwxpk¥8�3yxyhiQs¤nmn�wxvkyzo��Psa NvkwxpF�3q�wzsap¢n<¨

Y � Y������ & Z[� 	�)"	T-�+_�2bd' ��	T�/� ��1�\
ä�å o�ikjmsaiQs¤nmoP{��3yx¥§saj�wxq å   wxpkwxq�w��3yxw76©oPnÆq å o Ci,j

iF�3jI�3 Do=qmo=jmnÆqms 1 £ � saj i = 1..N�3p¢{ j = 1, 2 £ �3p¢{dwxqmo=jI�3q�wxü§o=yxþd DsA{
w��FoPn`q å o=wxj�ü¤�3yxt¢oPn��a�P�Psajm{
wxpk¥�qms*q å oÆ�=tkj�jmo=prq
σ2

i,1Di,1
�3p¢{ σ2

i,2Di,2
¨

� sajmo ikjmoP�=wznmo=yxþ§£3w�����oí{ko �¢p¢o S �anÐq å o�nmo=qÐs��F�3yxyriQs¤nmn�wxvkyzo n�tkvkvF�3p¢{kn¦s��F{koPnI�=j�wxikq�wzsap
1 �3p¢{ 2 �ío�i(o=j � saj�  q å o"� sayxyzs ��wxpk¥¬n�qmo=i¢n©�
ö¤¨ �ío�wxpkwxq�w��3yxw76©o Ci,j = 1 £��]saj i = 1..N �3p¢{ j = 1, 2 �

ù
¨ �ío��Psa ÿiktkqmo qi,j
£ �]saj i = 1..N �3p¢{ j = 1, 2 �

õ
¨ �ío��Psa ÿiktkqmo Di,j(q̃i,j)
£��]saj i = 1..N �3p¢{ j = 1, 2 �

û¢¨ �ío�nmo©�3jm� å q å o�n�tkvkvF�3p¢{ k wxp S ��wxq å q å o å wx¥ å oPn�q�{
wzn�qmsaj�q�wzsaph¨
8
¨ �ío�nmo=q�q å o��Psaj�jmoPnmi(sap¢{ko=p[q Ck,j

ü¤�3yxt¢o�qms rN
¨
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i
¨ �íoNjmoP{ko �¢p¢oNq å o9nIo=q S £Fo��k�=yxt¢{
wxpk¥Tq å o9n�tkvkvF�3p¢{kn k s�� {koPnm�=j�wxikq�wzsap j = 1 �3p¢{
j = 2 ¨

hA¨�w�� S wzn�p¢saq�o= ÿikq�þ���o�¥§sDqmsÿn�qmo=i^ù
¨

ê"q�wzn�o©�an�wxyxþ¼ü§o=j�w��FoP{ãq å �3q N wxqmo=jI�3q�wzsap¢n.�3jmoT�3y����Pþ
nNiQo=j � saj� DoP{+qms��Psa ÿiktkqmo`�3yxy
Ci,j

ü¤�3yxt¢oPn � N wzn�q å oTqmsaqI�3y p[tk NvQo=j.s��un�tkvkvF�3p¢{kn.s���� �í�©ü§o=yzo=qmn�{koP�Psa ÿi(s¤n�wxq�wzsap�
@¨
ä�å wzn��3yx¥§saj�wxq å   wznu{ko=qI�3wxyzoP{�wxp �/wx¥¢¨ õ
¨ õ
¨

� + �����

� �(�
-�� �(��+_�
bH����	��
ê�pkiktkq

Ci,j i = 1 ¨x¨x¨ i = k − 1 i = k i = k + 1 ¨x¨x¨ i = N

j = 1 ö ¨x¨x¨ ö ö ö ¨x¨x¨ ö
j = 2 ö ¨x¨x¨ ö ö ö ¨x¨x¨ ö� o©�3jm� å

k1, l1,
nmt¢� å q å �3q Dk1,l1 ≥ Di,j, i ∈ {1, ..., N}, j = 1, 2� o=q

Ck1,l1 = rN

� +_�!	��0�O� ��+.� bH����	��
ê�pkiktkq

Ci,j i = 1 ¨x¨x¨ i = k1 − 1 i = k1 i = k1 + 1 ¨x¨x¨ i = N

j = l1
ö ¨x¨x¨ ö rN

ö ¨x¨x¨ ö
j = {1, 2} \ l1

ö ¨x¨x¨ ö ö ö ¨x¨x¨ ö� o©�3jm� å
k2, l2,

n�t¢� å q å �3q Dk2,l2 ≥ Di,j , i ∈ {1, ..., N} \ {k1}, j = 1, 2� o=q
Ck2,l2 = rN

��	������e��
�+ � � �

N
�(��+.� bH����	��
� o©�3jm� å

kN , lN , n�t¢� å q å �3q DkN ,lN ≥ Di,j , i ∈ {1, ..., N}\{k1, k2, ..., kN−1}, j = 1, 2� o=q
CkN ,lN = rN


 �0�
�/wx¥¤tkjmoNõ
¨ õ
� ��yx¥§saj�wxq å   � saj�q å o��Psa ÿiktkqI�3q�wzsap\s�� Ci,j

iF�3jI�3 Do=qmo=j©¨
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Y � Y������ Y ��	�\ )�bQ�/�(-�	���� � )�����\Ebd'>-�	�'e
�����	�� ��-��[Z[�
	T)>	T-�+.�2bd' �T	��
�(��1�\

• é ikq�wx T�3y/nmsayxtkq�wzsap
� N = 10 � è�v iterations = 1024 �

∗ PSNR = 40.39 {kì £ �]sajuïÐo=pF�ÿê� T�3¥§o9�3q�ö�vkiki �
� N = 40 � è�v iterations = 1099511627776 ¨

• ��jmsaiQs¤nmoP{^�3yx¥§saj�wxq å  
� N = 10 � è�v iterations = 10 �

∗ PSNR = 40.38 {kì £ �]sajuïÐo=pF�ÿê� T�3¥§o9�3q�ö�vkiki �
� N = 40 � è�v iterations = 40 ¨

ä�å oTikjmsai(s¤nmoP{*�3yx¥§saj�wxq å   ikjmoPnmo=prqmn.n�wx ÿwxy��3j.jmoPn�tkyxqmn�qms^q å oTsaikq�wx T�3y��3yx¥§saj�wxq å  �¨
� o=ü§o=jI�3yÐsaq å o=juqmoPnmqmn ��o=jmo�iQo=j �]saj� DoP{ ��wxq å n�wx ÿwxy��3jujmoPn�tkyxqmn©¨�ê"p q å o�n�tkwxqmo �ío�t¢nmo�q å o
ikjmsaiQs¤nmoP{^�3yx¥§saj�wxq å   � saj�q å o��Psa ÿiktkqI�3q�wzsap¼s�� Ci,j

iF�3jI�3 Do=qmo=j©¨

� ��� ���	� � ����
 � ��� ������	 �����
ä�å o ikjmsaiQs¤nmoP{ �3yx¥§saj�wxq å  Ûwzn�ikjmoPnmo=prqmoP{ wxp �¢¥¤tkjmo�õ
¨ û¢¨���n��©�3p v(o nmoPo=p`wxp`q å wzn �¢¥¤tkjmo
��o9�Psa ÿiktkqmo Ri,j

t¢nmwxpk¥Tq å o�¥¤wxü§o=pZiF�3jI�3 Do=qmo=jmn Ci,j
£ λj

£ µj
£ rN

£¢oP¡[tF�3q�wzsap � õ
¨ ûrúT�-

�3p¢{ ∂D

∂R
�Btkp¢�=q�wzsaph¨�ê � q å o�{ko=vkwxq��Psap¢n�q�jI�3wxprq � õ
¨ ûrú8v�
uwzn�p¢saq�ü§o=j�w��FoP{��ío.jmoP�Psa ÿiktkqmo

q å o Ri,j
t¢n�wxpk¥*�+p¢o � λj

¨Îê ��wxqTwzn8ü§o=j�w��FoP{ �íoZ�Psa ÿiktkqmo¤� qi,j
�]jmsa  Ri,j

�3p¢{ î
�]tkp¢�=q�wzsap � Di,j(qi,j)

� Dj
t¢n�wxpk¥ Di,j(qi,j)

�F�3p¢{��¢pF�3yxyxþ Ci,j
t¢nmwxpk¥ Di,j(qi,j)

¨
ä�å o¼�3v(s<ü§oZnmqmo=i¢n8�3jmoZi(o=j � saj� DoP{ N q�wx DoPn©¨Î� �]qmo=j N wxqmo=jI�3q�wzsap¢n �3yxy Ci,j

�3jmo
�Psa ÿiktkqmoP{Z�3p¢{�q å o��3yx¥§saj�wxq å   �©�3p�ikjmsA�PoPoP{®¨

ä�å o¬y��an�q�n�qmo=i�s���vkwxqD�3yxyzs[�©�3q�wzsap�wzn.q å o¬ü§o=j�w��F�©�3q�wzsap�s���q å o¬i(o=pF�3yxq"þ�� õ
¨xö�8-
@¨+ê �
q å wzn�wzn�p¢saqNü§o=j�w��FoP{ �íoÿjmoPn�qI�3j�q9q å oT�3yx¥§saj�wxq å   �]jmsa Àq å oDvQo=¥¤wxpkpkwxpk¥ ��wxq å �`p¢o � µiF�3jI�3 Do=qmo=j��Psa ÿiktkqmoP{^t¢n�wxpk¥DoP¡[tF�3q�wzsapZõ
¨ û¢ö¤¨

µnew
j = µold

j + ηkdj
� õ
¨ û¢ö/


� å o=jmo dj = Dj −DM
¨ ä�å wzn�wzn���n�tkv �X¥¤jI�a{
wzo=p[q� Do=q å sA{®£ � saju{ko=qI�3wxyzn�nmoPo �xö©ú¤÷ ��¨

ê �(q å o�i(o=pF�3yxq"þÿwzn ü§o=j�w��FoP{Tq å o��3yx¥§saj�wxq å   nmqmsai¢n��3p¢{Dq å o�satkq�iktkq�s��®vkwxqí�3yxyzsA�©�3q�wzsap
¥¤wxü§oPn�q å o�saikq�wx T�3y/¡rtF�3p[q�w76<�3q�wzsapZn�qmo=i¢n qi,j

¨
ä sT�Psa ÿiktkqmo ∂D

∂R
£ R �3p¢{ D �]tkp¢�=q�wzsap¢n �ío�t¢nmoN�ÿ Ds[{ko=yhvF�anIoP{ wx ÿikyzo= Do=prqI�3q�wzsaph¨

ä�å wzn9�3ikikjms§�a� å wznNü§o=j�þ¼nmwx ÿikyzo¤¨ �+oDsapkyxþ¼p¢oPoP{Æq å oDnmqI�3q�wzn�q�wz�ÿiF�3jI�3 Do=qmo=jmn �]sajNo©�a� å
n�tkvkvF�3p¢{®¨ 	ísaprq�jI�3j�þ+qms\saq å o=j9wx ÿikyzo= Do=p[qI�3q�wzsaph£��an �]saj9wxp¢n�qI�3p¢�PoDq å o¬n�wx¥¤pF�3yívF�anmoP{
wx ÿikyzo= Do=prqI�3q�wzsapÆt¢nIoP{�vrþ�ø ���
��ù¤ú¤ú¤ú �xö�i!h
£�h�h/��£Fq å oN DsA{ko=yÐvF�anIoP{�wx ÿikyzo= Do=prqI�3q�wzsap
wzn��a{¢�3ikqmoP{ qms�q å o�iF�3jI�3yxyzo=yxw76<�3q�wzsapZs��
q å o�¡rtF�3p[q�w76<�3q�wzsap\�3p¢{��PsA{
wxpk¥Tn�qmo=i�s����3yxyÐn�tkv �
vF�3p¢{kn©¨ ä�å o� Ds[{ko=y®vF�anmoP{�wx ÿikyzo= Do=prqI�3q�wzsap\wznun�iQoP�=w��FoP{ wxp�nmoP�=q�wzsapZõ
¨98
¨
����� � � � @?�^��=C=?�KGH���!@?�0I GH� �OAB=C�QP"@R��U
ä�å o��Psa ÿikyzo��Awxq"þTs��Ðsatkj��3yx¥§saj�wxq å   wzn�q å o��Psa ÿikyzo��
wxq�þTs��hq å o�� ì+�dê 	%vkwxq��3yxyzsA�©�3q�wzsap
ikjmoPnmo=p[qmoP{Zwxp �xö©ù!h
£/ö©ù¤ù ��¨ ä�å o.�Psa ÿikyzo��
wxq�þZs���q å wzn��PsA{ko=j�wzn�ikjmoPnmo=p[qmoP{\wxp �xö©ù¤ù����3p¢{
{ko=qI�3wxyzoP{%wxp �xö¤ö©÷���¨ ê�p�q å wzn���saj �*q å o��3tkq å sajmnD�Psap¢�=yxt¢{ko`q å �3qÿq å o å wx¥ å oPn�qD�Ps¤nmq�s��



� ��� � � 	 � � � � 
�� � � � ��	 � � � � û¢ö

 DsA{ko=y/vF�anIoP{\�3yxyzsA�©�3q�wzsapÆ Do=q å s[{¼�Psaj�jmoPn�iQsap¢{kn�qms¬q å o.�Psa ÿiktkqI�3q�wzsap+s���¥§o=p¢o=jI�3yxw76©oP{
���3t¢nmnmw��3p`{
wznmq�j�wxvktkq�wzsap�iF�3jI�3 Do=qmo=jmn � saj�o©�a� å n�tkvkvF�3p¢{®¨ ä�å o=þ8p¢oPoP{ �]satkj�saiQo=jI�3q�wzsap¢n
�Bq �ís.�a{k{
wxq�wzsap¢n��3p¢{Dq ��sN Ntkyxq�wxikyxwz�©�3q�wzsap¢n$
 � saj �í�©ü§o=yzo=qí�PsAo �T�=wzo=prqíqmsN�Psa ÿiktkqmo�q å o σ�3p¢{ α iF�3jI�3 Do=qmo=jmn©¨���nIn�tk ÿwxpk¥Tq å �3q�q å oN�Psa ÿikyzo��
wxq�þ^s�� q å oNjmo= T�3wxpkwxpk¥¬iF�3j�q�s���q å o
�3yx¥§saj�wxq å  Ûwzníyzs �ío=juq å �3pÆö�saiQo=jI�3q�wzsap��]saj�o©�a� å wx T�3¥§o�ikw �ko=yX¨ ä�å o��3tkq å sajmn��Psap¢�=yxt¢{ko
q å �3q q å o��Psa ÿikyzo��
wxq�þÿs��®n�t¢� å �3yxyzsA�©�3q�wzsapD Do=q å sA{ÿwzn
yzoPnmn�q å �3p��¢ü§ounmwx ÿikyzou�3j�wxq å  Do=q�wz�
saiQo=jI�3q�wzsap¢n � sajuo©�a� å wx T�3¥§oNikw �
o=yX¨

�+o9�©�3p�q å o=pZ�Psap¢�=yxt¢{ko9q å �3quq å oN�Psa ÿikyzo��
wxq�þ�s�� satkj�vkwxq��3yxyzs[�©�3q�wzsap\wznuyzoPnIn�q å �3p
�¢ü§o�saiQo=jI�3q�wzsap¢n � sajuo©�a� å wx T�3¥§o�ikw �
o=yX¨
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ê"pkiktkq
• {Ci,j , i = 1..N, j = 1, 2}
• λ1, λ2

• µ1, µ2, η0

• rN

	ísa ÿiktkqmo
• Ri,j

t¢n�wxpk¥ � õ
¨ ûrú �-
ã�3p¢{ ∂D
∂R�]tkp¢�=q�wzsap

	ísa ÿiktkqmo
• λnew

j
£
vrþ`{
wz� å saqmsa 9þ

ê"n f(Rj) 6 0 è�s

	ísa ÿiktkqmo
• qi,j

�Bjmsa  Ri,j
�3p¢{ R �]tkp¢�=q�wzsap

• Di,j(q̃i,j)
• Dj

�3p¢{ Ci,j
�]jmsa  Di,j(q̃i,j)

� oPn

Cnew
i,j

� Cold
i,j

�

è�s
	ísa ÿiktkqmo
• dj = Dj −DM

• µnew
j = µold

j + ηkdj

ê"n g(Dj) 6 0
�

� oPn

è�s

é tkq�iktkq
• {qi,j, i = 1..N, j = 1, 2}

� oPn

�/wx¥¤tkjmoNõ
¨ û¢�
��yzsavF�3y¦ì�wxqu��yxyzsA�©�3q�wzsap ��jmsA�PoP{
tkjmo
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� ��� � � � 
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 � 	 � � ��
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ä s¼ DsA{ko=y�q å o`jI�3qmo��3p¢{�{
wzn�qmsaj�q�wzsap ��o`t¢nIo`�Zp¢sap �"�an�þA ÿikqmsaq�wz� q å oPsajmo=q�wz�©�3y� DsA{ko=y
�xö©ù¤ú���¨ ä�å o`jI�3qmo �3p¢{%{
wzn�qmsaj�q�wzsap�{ko=iQo=p¢{knÿsap%q å o`¡rtF�3p[q�w76<�3q�wzsap n�qmo=i�vktkqT�3yznms¼sap
q å oZikjmsavF�3vkwxyxwxq�þd{ko=p¢n�wxq�þ �Btkp¢�=q�wzsap �BiQ{ ��
ÿs��Nq å o&�í�©ü§o=yzo=q��Ps[o �T�=wzo=p[qmn©¨���nmn�tk ÿwxpk¥
q å �3q�q å o¬ikjmsavF�3vkwxyxwxq�þ�{ko=p¢n�wxq�þ* Ds[{ko=yíwznD�a�P�=tkjI�3qmo¤£ q å wzn. Do=q å sA{*ikjms©üAwz{koPnDsaikq�wx T�3y
jI�3qmo ��{
wzn�qmsaj�q�wzsaph¨ ê"p`o©�a� å n�tkvkvF�3p¢{¬q å o�ikjmsavF�3vkwxyxwxq"þ8{ko=p¢n�wxq"þ �Btkp¢�=q�wzsap s��hq å o �í�©ü§o=yzo=q
�PsAo �T�=wzo=prqmn��©�3p¼vQo.�3ikikjms	�Awx T�3qmoP{	��wxq å ¥§o=p¢o=jI�3yxw76©oP{ ���3t¢nIn�w��3p �9i ��¨ ä�å o=jmo �]sajmo¤£ � saj
��n å �3iQo α �3p¢{Z�.üa�3j�w��3p¢�Po σ £¢q å o i({ �
wzn�¥¤wxü§o=p�v[þ`oP¡[tF�3q�wzsapZõ
¨ ûrù
¨

pα,σ(x) = ae−|bx|α � õ
¨ ûrù-

��wxq å

b =
1

σ

√

Γ(3/α)

Γ(1/α)
�3p¢{ a =

bα

2Γ(1/α)
.

�¢saj��T¥¤wxü§o=pÆn�tkvkvF�3p¢{®£Qq å o��Ps[{ko=j�satkq�iktkq vkwxq jI�3qmo R ikjms[{
t¢�PoP{¼v[þ�q å o�¡rtF�3p[q�w �
6<�3q�wzsap^n�qmo=i q £k�©�3p vQo��3ikikjms �
wx T�3qmoP{^v[þ`q å o�o=prq�jmsairþ�nmt¢� å q å �3q

R = −
+∞
∑

m=−∞
Pr(m)log2Pr(m) £ � õ
¨ ûrõ-


� å o=jmo
Pr(m) =

∫ mq+ q
2

mq− q
2

pα,σ(x)dx

wzn�q å o�ikjmsavF�3vkwxyxwxq"þ�s��/q å o�¡[tF�3prq�w76<�3q�wzsap\yzo=ü§o=y m ¨
���P�Psajm{
wxpk¥\qms �xö�i3û ��£¦q å oÿvQoPn�qN{koP�PsA{
wxpk¥^ü¤�3yxt¢o¤£$� å o=p t¢n�wxpk¥�q å o � o©�3p � ¡[tF�3jmo

��j�jmsaj � � � ��
��anuq å o�{
wzn�qmsaj�q�wzsap� Do©�an�tkjmo¤£��]sajuq å o�¡[tF�3prq�w76<�3q�wzsap\yzo=ü§o=y m £
wzn

x̂ =

∫mq+ q
2

mq− q
2

xpα,σ(x)dx

Pr(m)
.

ä�å o=ph£kq å o � � ���©�3p�vQo�o��
ikjmoPnmnmoP{^�an©�

D =

+∞
∑

m=−∞

∫ mq+ q
2

mq− q
2

(x− x̂)2pα,σ(x)dx � õ
¨ û¤û 


� o=q�q�wxpk¥ q̃ =
qi,j

σi,j

£�wxq å �an¬v(oPo=pÉn å s ��pdwxp,�xö©õ
ö§£�ö©ù¤ù � q å �3q ∂Di,j

∂Ri,j
(q̃) �©�3pâvQo

�©�3yz�=tky��3qmoP{Z�an<�

∂Di,j

∂Ri,j
(q̃) =

∑+∞

m=1

2
∂f1,m

∂q̃
(α,q̃)f1,m(α,q̃)f0,m(α,q̃)−f1,m(α,q̃)2

∂f0,m

∂q̃
(α,q̃)

f0,m(α,q̃)2

pα,1(q̃/2)
2 [ ��� f0,0(α, q̃) + 1] +

∑+∞

m=1
∂f0,m

∂q̃ (α, q̃) [ ��� f0,m(α, q̃) + 1]
ln2

����� �
	��
��wxq å
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∂fn,m

∂q̃
(α, q̃) =

[

(

m +
1

2

)n+1

pα,1

(

mq̃ +
q̃

2

)

−
(

m− 1

2

)n+1

pα,1

(

mq̃ − q̃

2

)

]

q̃n �
����� ���
�

ä�å o ∂D
∂R
£ R �3p¢{ D �]tkp¢�=q�wzsap¢n��3jmo\p¢saq o©�an�wxyxþ wxp[ü§o=j�q�wxvkyzo¤¨ '�s �ío=ü§o=j©£ � saj¬q å o

¥§o=p¢o=jI�3yxw76©oP{ ���3t¢nIn�w��3p` Ds[{ko=yQwxq å �an�v(oPo=p n å s ��p wxp �xö¤ö�5��®q å �3q ∂D
∂R
£ R �3p¢{ D �]tkp¢� �

q�wzsap¢n��©�3p¼v(o.qI�3vktky��3qmoP{¼wxpÆsajm{ko=j qms`n�wx ÿikyxw��Bþ^q å o�wxprü§o=jmn�wzsaph¨ ä�å o9qI�3vkyzoPn"� saj q å oPnmo
�]tkp¢�=q�wzsap¢nD�©�3p%v(o � satkp¢{�wxp �xö¤ö�5
£�ö©ù¤ù � �]sajÿ{
w��®o=jmo=prqD¥§o=p¢o=jI�3yxw76©oP{ ���3t¢nmn�w��3p�n å �3iQo
iF�3jI�3 Do=qmo=jmn α nI�3 ÿikyzoP{�wxp ]0, 2] ¨ ä�å oNqI�3vktky��3qmoP{ ∂D

∂R
�3p¢{ R �Btkp¢�=q�wzsap¢n �3jmo�t¢nmoP{^wxp

q å o�ikjmsaiQs¤nmoP{��3yx¥§saj�wxq å  �q å �3q�wzn�ikjmoPnmo=prqmoP{^wxp q å o�ikjmo=üAwzsat¢n�nmoP�=q�wzsap^õ
¨ û¢¨

� ��� � 
��
� � ���

������� � � �TI��/$_�g=��^���
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�¢saj¬öDvkiki �Po=p[q�jI�3y�vkwxq9jI�3qmo¬�3p¢{ 512 × 512 �������Twx T�3¥§o¤£
�Po=prq�jI�3y � � è�îÌü
n©¨`n�wz{ko
� � è�îâwzn ikyzsaq�qmoP{8wxp �/wx¥¢¨�õ
¨989�3p¢{ �/wx¥¢¨
õ
¨9i � saj ü¤�3j�wzsat¢n ü¤�3yxt¢oPn�s�� rN

vQo=q �íoPo=p 0 �3p¢{
1 ¨

��n�nI�3wz{*�3vQs©ü§o¤£ rN = 0 jmo=ikjmoPnIo=prqmn�p¢s\jmoP{
tkp¢{¢�3p¢�=þ§£ q å �3q.wx ÿikyxwzoPn�q å o å wx¥ å o=j
�Po=prq�jI�3y � � è�î �3p¢{�q å o�yzs ��oPn�q/n�wz{ko�� � è�îN¨Pê"prü§o=jmnIo=yxþ§£ rN = 1 jmo=ikjmoPnmo=p[qmnhq å o å wx¥ å oPnmqjmoP{
tkp¢{¢�3p¢�=þ �Bq å o=jmo9wznup¢s8{
w��Qo=jmo=p¢�PoNv(o=q ��oPo=p¼ikj�wx T�3j�þ^�3p¢{�jmoP{
tkp¢{¢�3p[q nmtkvkvF�3p¢{kn$
@£
q å �3quwx ÿikyxwzoPn�q å o yzs ��oPnmq��Po=prq�jI�3y � � è�îë�3p¢{ q å o å wx¥ å oPnmqun�wz{ko � � è�îN¨

�+oí�Psa ÿiF�3jmo�satkj��3ikikyxwz�©�3q�wzsap���wxq å q å o�v(oPn�q � tkyxq�wxikyzo�ñ oPnm�=j�wxikq�wzsap 	ísA{
wxpk¥�qmoP� å �
pkwz¡[t¢oPn ��o �[p¢s � qms�{¢�3qmo�q å �3qí�3jmo�ikjmoPnmo=prqmoP{8wxp �xö©ú�i
£r÷¤ù ��¨ �+o�ikjmoPnIo=prq q ��s.{
w��Qo=jmo=p[q
jmoPn�tkyxqmn©¨�ê"p`q å o �¢jmn�q�sap¢o¤£ ��wxq å satkq Ci,j

saikq�wx ÿw76<�3q�wzsaph£Fq å o�vkwxq��3yxyzs[�©�3q�wzsap ikjmsA�PoP{
tkjmo
�í�anNi(o=j � saj� DoP{	��wxq å C1 = {1, rN , 1, rN , ...} �3p¢{ C2 = {rN , 1, rN , ...} £/jmoPn�tkyxq�wxpk¥wxp �¬ü§o=j�þÆn�wx ÿikyzo � ñ 	 nm� å o= Do¤¨8ê�pÆq å oTnmoP�Psap¢{+sap¢o¤£ ��wxq å Ci,j

saikq�wx ÿw76<�3q�wzsaph£ �ío
� satkp¢{ q å o v(oPnmqunmo=qus�� Cj

t¢n�wxpk¥ÿq å oN�3yx¥§saj�wxq å  Üs��
nmoP�=q�wzsap\õ
¨ û¢¨
ä�å o�ikjmsaiQs¤nmoP{  Do=q å sA{ ��wxq å Ci,j

saikq�wx ÿw76<�3q�wzsapZikjms©üAwz{koPnuq å o�vQoPn�q�jmoPn�tkyxqmn<¨
�¢saj å wx¥ å rN

ü¤�3yxt¢oPn �Bp¢o©�3jTö/
�q å o�iQo=j �]saj� T�3p¢�PoPn�s��íq å oÿ{
w��Qo=jmo=p[q� Do=q å sA{knN�3jmo
n�wx ÿwxy��3j©¨ �+oíp¢saqmoíq å �3q rN ≈ 1  Do©�3p¢n
q å o å wx¥ å oPn�q�jmoP{
tkp¢{¢�3p¢�=þ§¨ ä�å wzn/ Do©�3pkwxpk¥�q å �3qq å o � ñ 	ëi(o=j � saj� T�3p¢�Po�� saj�q å wzn�üa�3yxt¢oPn9�3ikikjms �
wx T�3qmoPnNq å o�iQo=j �]saj� T�3p¢�PoTsavkqI�3wxp¢oP{
� å o=p t¢n�wxpk¥T�3p � ñ 	d�3p¢{�{ksatkvkyzo q å o�jmoPnmtkyxqI�3prquvkwxqmn�q�jmo©�3 �¨ �+o��©�3p q å o=p��Psap¢�=yxt¢{ko
q å �3q�q å oÿ�PsA{koP�9iQo=j � saj� T�3p¢�PoDs���q å o�{
w��®o=jmo=prq� Do=q å sA{kn�t¢nmoP{ � saj �Psa ÿiF�3j�wznIsap¢nN�3jmo
n�wx ÿwxy��3j©¨
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Jiang & Ortega 1999.

Proposed without Ci
optimization.

Proposed with Ci
optimization.

�/wx¥¤tkjmoNõ
¨98
� � wz{ko � � è�îÎü
n�	ío=p[q�jI�3y � � è�îN¨ 	ísa ÿiF�3j�wznmsapZs��/q å o�ikjmsaiQs¤nmoP{` Do=q å sA{
��wxq å q å o� Do=q å sA{ wxp�� ÷¤ù �
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Miguel & Riskin 1999.

Proposed without Ci
optimization.

Proposed with Ci
optimization.

�/wx¥¤tkjmoNõ
¨9i
� � wz{ko � � è�îÎü
n�	ío=p[q�jI�3y � � è�îN¨ 	ísa ÿiF�3j�wznmsapZs��/q å o�ikjmsaiQs¤nmoP{` Do=q å sA{
��wxq å q å o� Do=q å sA{ wxp��xö©ú�i��
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ê"p*q å wznT� å �3ikqmo=j8�8ý�sawxprqDnmsatkjm�PoZ�3p¢{%� å �3pkp¢o=y � ñ 	�wzn�ikjmoPnmo=prqmoP{®¨ �+o���wxyxyun å s �
p¢o��
q�� å �3ikqmo=j�q å �3quwxqu�©�3pZ�3tkqmsa T�3q�wz�©�3yxyxþ^�a{¢�3ikquq å oN�3 Dsatkp[q�s�� �a{k{koP{�jmoP{
tkp¢{¢�3p¢�=þ
�a�P�Psajm{
wxpk¥Tqms�tkp¢{ko=j�yxþAwxpk¥8� å �3pkp¢o=y¦o=j�jmsaj�� å �3jI�a�=qmo=j�wzn�q�wz�Pn©¨

ä�å o^ikjmsai(s¤nmoP{  Do=q å s[{ t¢nmoPn8� � ñÖnI� å o= DoZvF�anmoP{�sap q å oZñ�wznm�=jmo=qmo �ã�©ü§o=yzo=q
ä jI�3p¢n �]saj�  �]ñ�� ä 
��3p¢{\�3p¼o �T�=wzo=prq�vkwxq��3yxyzs[�©�3q�wzsap¼qmoP� å pkwz¡rt¢o¤¨ ä�å o.{
w��Qo=jmo=p[q � ñ
�3jmo {ko �¢p¢oP{ � å o=p9nmo=q�q�wxpk¥�q å o vkwxq
�3yxyzs[�©�3q�wzsap.s��ko©�a� å nmtkvkvF�3p¢{®¨��+o�pF�3 Do�wxq � tkyxq�wxikyzo
ñ oPnm�=j�wxikq�wzsap^ìíwxq���yxyzs[�©�3q�wzsap � � ñ ì���
@¨

ä�å oÆjmoPnmtkyxqmn ikjmoPnmo=prqmoP{ën å s �$q å �3q q å oÆikjmsai(s¤nIoP{ � ñ 	Üs<ü§o=jm�Psa DoPn^ikjmo=üAwzsat¢n
� ñ 	ânI� å o= DoPnuwxp^q å o jmo=y��3q�wzsapZn�wz{ko � � è�îÎü
n©¨��Po=p[q�jI�3y � � è�îN¨

ä�å o���saj �\sapZq å wzn�� å �3ikqmo=j jmoPn�tkyxqmoP{\wxp¼nIo=ü§o=jI�3y/iktkvkyxwz�©�3q�wzsap¢n<¨�ê�p �xö©ù!h �)��o.ikjmo �
nmo=p[qmoP{ãq å o � ñ ì�� �]saj9wx T�3¥§o8�PsA{
wxpk¥¢¨�ê"p��xö©ù¤÷k£�ö©ù�5 � �íoDikjmoPnmo=p[qmoP{%�3p o��
qmo=p¢n�wzsap
� saj�ü[wz{koPs��PsA{
wxpk¥¢¨Tê"p��xö©ù�5�� �íoÿikjmoPnmo=prq��¬yzs � �Psa ÿikyzo��Awxq"þ+nm� å o= DoDs���q å oÿ Do=q å sA{
ikjmsaiQs¤nmoP{`wxp �xö©ù¤÷��®q å �3q�wxp¢�=yxt¢{koPn�q å o Ci,j

�Psa ÿiktkqI�3q�wzsap^ikjmoPnmo=p[qmoP{ wxp nmoP�=q�wzsap^õ
¨ õ
¨9i
¨
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ê"p.q å wzn
� å �3ikqmo=j ��o� T�a{koíq å o � ñ�ì��%ikjmoPnIo=prqmoP{�wxp�ikjmo=ü[wzsat¢n � å �3ikqmo=j �3tkqmsa T�3q�wz�©�3yxyxþ
�a{¢�3ikqmoP{*qmsZ� å �3pkp¢o=y� Ds[{ko=y��3p¢{*n�qI�3qmo¤¨ �¢saj9q å wzn��ío8t¢nIo8� å �3pkp¢o=yíwxp � saj� T�3q�wzsap%qms
wxpaý�oP�=q�jmoP{
tkp¢{¢�3p¢�=þ^wxpZq å o9{
w��®o=jmo=prq {koPnm�=j�wxikq�wzsap¢n©¨ � sajmoNikjmoP�=wznmo=yxþ§£ ��o9t¢nmoN� å �3pkp¢o=y
wxp � saj� T�3q�wzsap � å o=p8�Psa ÿiktkq�wxpk¥.q å o rN

iF�3jI�3 Do=qmo=jíikjmoPnmo=prqmoP{TwxpTikjmo=üAwzsat¢n � å �3ikqmo=j�õ
¨
�+o�qI���§o�wxp[qmsN�a�P�Psatkprq q å o � å �3pkp¢sapTq å oPsajmo=  � ä�å oPsajmo= �ö©ú-
+�xö�8�i���£r�3p¢{�ikjmsaiQs¤nmo

qms {ko �¢p¢o�q å o�jmoP{
tkp¢{¢�3p¢�=þ¼iF�3jI�3 Do=qmo=j�t¢n�wxpk¥ q å oÿoP¡[tkwxü§s[�©�3q�wzsap Hy(x) ¨.ê�p¢{koPoP{®£Ðwxpq å wzn¬q å oPsajmo= �£ � å �3pkp¢sapÉn�qI�3qmoPn¬q å �3q¬q å o\oP¡[tkwxü§sA�©�3q�wzsap Hy(x) wzn8q å oÆ�3 Dsatkprq s��jmoP{
tkp¢{¢�3p¢�=þ q å �3quq å o�{koP�PsA{ko=jup¢oPoP{knuqmsÿ�Psaj�jmoP�=q�q å o jmoP�Po=wxü§oP{� DoPnmn��3¥§o¤¨
ä�å o�� å �3ikqmo=jíwzn�saj�¥r�3pkw76©oP{`�an��]sayxyzs ��¨ � oP�=q�wzsap8û¢¨ ùNikjmoPnmo=prqmnínmsa Do�s��®q å o�o��
wzn�q�wxpk¥

� ñ 	ãnm� å o= DoPn¦q å �3q��3jmo��a{¢�3ikqmoP{9qms�� å �3pkp¢o=y
 DsA{ko=yzn � å wz� å �3jmo p¢saq
sap ��s��8� å �3pkp¢o=yzn<¨
ê"p`nIoP�=q�wzsap û¢¨ õ���o�o��
i(s¤nIo å s �Éq å o jmoP{
tkp¢{¢�3p¢�=þ`iF�3jI�3 Do=qmo=juwznu�Psa ÿiktkqmoP{®¨ ê"q�wzn�q å wzn
iF�3jI�3 Do=qmo=j�q å �3q��3yxyzs �un�q å o � ñ ìí�ÃikjmoPnmo=p[qmoP{^wxp^ikjmo=ü[wzsat¢n�� å �3ikqmo=j�qmsDvQoN�a{¢�3ikqmoP{
qms {
w��®o=jmo=prqN� å �3pkp¢o=y  Ds[{ko=yzn9�3p¢{Æn�qI�3qmoPn©¨ ä�å wzn�nmoP�=q�wzsapÆwzn"� sayxyzs ��oP{+vrþ¼nmoP�=q�wzsapÆû¢¨ û
q å �3q�ikjmoPnmo=p[qmn��Psap¢�=wznmo=yxþZq å o�� å �3pkp¢o=y  Ds[{ko=yzn t¢nIoP{Zwxp¼q å wzn �ísaj �¼�3p¢{¼ikjmoPnmo=p[qmn q å o
n�iQoP�=w��F� jmoP{
tkp¢{¢�3p¢�=þ��Psa ÿiktkqI�3q�wzsap � sajuo©�a� å s��/q å o�ikjmoPnIo=prqmoP{�� å �3pkp¢o=yÐ DsA{ko=yzn©¨

� oP�=q�wzsapÆû¢¨988ikjmoPnmo=p[qmn�q å o.¥§o=p¢o=jI�3y � ñ 	ë�3p¢{Æo��Aiky��3wxp¢n å s �Ãwxq��©�3pÆvQoNt¢nIoP{ � saj
wx T�3¥§o�saj"�]saj�ü[wz{koPs¬�PsA{
wxpk¥¢¨ � wx Ntky��3q�wzsapÆjmoPn�tkyxqmn � saj nmq�wxyxy¦wx T�3¥§oÿ�3p¢{ �]saj�üAwz{koPsk£ � saj
{
w��®o=jmo=prqN� å �3pkp¢o=y  Ds[{ko=yzn9�3jmo�ikjmoPnmo=prqmoP{ãwxp+nmoP�=q�wzsapÆû¢¨9i �3p¢{¼û¢¨ hA¨ �+oD�Psap¢�=yxt¢{koÿwxp
nmoP�=q�wzsap�û¢¨ ÷
¨

� ��� � ��� � � � ��
 �
	����

�"��� å �3yxyzo=pk¥¤wxpk¥ qI�an!� wzn å s � qms8{koPn�wx¥¤p¼� � ñ 	Îq å �3q��©�3p¼�3tkqmsa T�3q�wz�©�3yxyxþ\�a{¢�3ikq�q å o
�3 Dsatkprq�s��í�a{k{koP{ZjmoP{
tkp¢{¢�3p¢�=þ\�a�P�Psajm{
wxpk¥`qms8tkp¢{ko=j�yxþ[wxpk¥ � å �3pkp¢o=y
o=j�jmsaj�� å �3jI�a�=qmo=j �
wzn�q�wz�Pn � �xö�5�8 ��¨

�+o`�Psap¢n�wz{ko=j�q å �3qÿ� å �3yxyzo=pk¥§o wxp�q å o¬ikjmoPnmo=p[q�� å �3ikqmo=j©¨ �+o¬ikjmoPnmo=p[qT�� Do=q å sA{
qmsD�Psap[q�jmsay¦�3tkqmsa T�3q�wz�©�3yxyxþ�q å o��3 Dsatkprq�s��/jmoP{
tkp¢{¢�3p¢�=þ�{
wznmiF�3qm� å oP{^sap^q å o�{
w��Qo=jmo=p[q
{koPnm�=j�wxikq�wzsap¢n¬s���q å o�vF�3y��3p¢�PoP{ � ñ ì���ikjmoPnIo=prqmoP{ wxp q å o�ikjmo=üAwzsat¢nT� å �3ikqmo=j©¨ ä�å o
ikjmsaiQs¤nmoP{  Do=q å sA{ qI���§oPnuwxp[qms8�a�P�Psatkprq�q å oN� å �3pkp¢o=yÐ DsA{ko=y¦�3p¢{�n�qI�3qmoN�3p¢{^�©�3p^{ko©�3y
��wxq å q�wx Do�ü¤�3j�þAwxpk¥Dn�qI�3qmo�� å �3pkp¢o=yzn �]nmoPo �¢¥¤tkjmo�û¢¨xö/
@¨
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Sequence

Rt

{q i,1 }

{q i,2 }

RT ,(  )DM

, )D1( R1

,( R2 )D2

Scalar

Quantization Coder

Entropy

Scalar

Quantization Coder

Entropy

Side

Decoder

Central

Decoder

Side

Decoder

,( R0 )D0

,( R1 )D1

,( R2 )D2

,(  )Dm

Video
BasedScan

DWT

2D / 3D
N
O

S
E

IControlRate

ControlQuality
or channel 2

channel 1

NrNr BER

Estimation

Allocation

MD Bit

�/wx¥¤tkjmo�û¢¨xö¤�

	ísa ÿikyzo=qmo

	ísA{
wxpk¥ �� åo= Do
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ä s�vQo+�3tkqmsa T�3q�wz�©�3yxyxþë�a{¢�3ikqmoP{Îqms�� å �3pkp¢o=yzn^ DsA{ko=y9�3p¢{ÎnmqI�3qmoÆq å oÆikjmsaiQs¤nmoP{
 Do=q å sA{Dt¢nmoPn q å o�� å �3pkp¢o=yQ�©�3iF�a�=wxq�þ¬�3p¢{Dq å o�o=p[q�jmsairþTs��®q å o�wxpkiktkq�� å �3pkp¢o=yQn�þA NvQsayzn
qmsÆ�Psa ÿiktkqmo q å o`jmoP{
tkp¢{¢�3p¢�=þ�iF�3jI�3 Do=qmo=jDwxp[q�jms[{
t¢�PoP{%wxp�nIoP�=q�wzsap õ
¨ õ
¨ ù¼s���� å �3ikqmo=j
õ
¨ ä�å oPnIoD� å �3pkp¢o=y�iF�3jI�3 Do=qmo=jmn �]� å �3pkp¢o=yí�©�3iF�a�=wxq"þã�3p¢{+o=prq�jmsai[þ+s���q å oDwxpkiktkq$
��3jmo
�Ap¢s ��p �]saj�nmo=ü§o=jI�3y¦� å �3pkp¢o=y/ DsA{ko=yzn©¨uê"p�q å o9ikjmoPnmo=prq � å �3ikqmo=j"��o9ikjmoPnmo=p[q�nmsa Do.�3i �
ikyxwz�©�3q�wzsap¢n`s���wx T�3¥§o�q�jI�3p¢n� ÿwznmnmwzsap s©ü§o=j`ì � 	�£ ���3t¢nIn�w��3p � å �3pkp¢o=yzn©¨ ä�å o� Do=q å sA{
�©�3p�vQo o �T�=wzo=prq�yxþ�o��
qmo=p¢{koP{ qmsÿsaq å o=j�� å �3pkp¢o=yzn � å o=p q å o� DsA{ko=y®q å �3qu T�3qm� å oPn�q å o
� å �3pkp¢o=y¦v(o å �©ü[wzsaj�wzn �[p¢s ��ph¨

�F�©ü§saj�wxpk¥`q å oNt¢nmo9s�� ñ�� ä wzn�q å o �X�a�=q�q å �3q�ùañÌñ�� ä �©�3p\vQoNo©�an�wxyxþ�o��
qmo=p¢{koP{
qms�õañÛ�3p¢{Æq å t¢n9�3ikikyxwzoP{Æqms üAwz{koPs �Ps[{
wxpk¥¢¨ÿ�Íõañ � �©�3p ��ì��anIoP{+ñ�� ä ü[wz{koPs��PsA{ko=j
wzn ikjmoPnmo=p[qmoP{+wxp��xö©ù¤ú���¨�ê"p\q å wznN� å �3ikqmo=j �ío�ikjmoPnmo=prq.�3p+o��Aqmo=p¢n�wzsap s���q å o�ikjmsaiQs¤nmoP{
� ñ�ì�����wxq å �3tkqmsa T�3q�wz�ÿ�a{¢�3ikqI�3q�wzsap\qmsT� å �3pkp¢o=y¦ DsA{ko=y/�3p¢{\n�qI�3qmo¤£�� sajuüAwz{koPsk¨ ä�å o
õañ � �©�3p ��ì��anmoP{¼ñ�� ä q�jI�3p¢n �]saj� À�3yxyzs �un�t¢n�qms¬{ko=ü§o=yzsai+�Tn�q�j�wxiQo �XvF�anmoP{ � ñ 	¸�3p¢{
qms t¢nmo^{
w��®o=jmo=prq`jmoP{
tkp¢{¢�3p¢�=wzoPn`qms qI���§o^wxp[qms*�a�P�Psatkp[q`� å �3pk¥§oPn`wxpâ� å �3pkp¢o=yzn n�qI�3qmo
� å wxyzo¬�Ps[{
wxpk¥¢¨ � sa Do¬�3ikikyxwz�©�3q�wzsap¢n�s��uüAwz{koPs^q�jI�3p¢n� ÿwznIn�wzsap*s<ü§o=j ���3t¢nmn�w��3ph£
ð �\ä �
�3p¢{�ê"prqmo=j�p¢o=q�� å �3pkp¢o=yzn��3jmo�ikjmoPnmo=prqmoP{®¨

� ��
 �
	 	�� ��	�� � � ��� � � � 
�������� 
�� ��� ��
������ 	�� 
 � 
�� � � � � �
����
 ��� 
�������� 
�� �

��yx Ds¤n�q �3yxy/ Ntkyxq�wxikyzoÿ{koPnI�=j�wxikq�wzsap¼�PsA{koPn�qms8{¢�3qmo��anmn�tk Do9q å o.o��Awzn�qmo=p¢�Po�s��  9tkyxq�wxikyzo
wxp¢{ko=iQo=p¢{ko=prq sap ��s��¬� å �3pkp¢o=yzn�vQo=q ��oPo=pÿq å oíq�jI�3p¢n� ÿwxq�qmo=j �3p¢{.q å o�jmoP�Po=wxü§o=j �]o��Q�¦ê�p[qmo=j �
p¢o=q$
@¨ � å o=p���yxwxp��8wzn�vkjms �§o=ph£¢�3yxyQs��/q å o n�þ[ 9v(sayzn�saj�iF�a�!�§o=qmnuiF�anmn�wxpk¥�q å jmsatk¥ å q å �3q
� å �3pkp¢o=y��3jmoÿyzs¤n�q�� � å o=p+wxq�wzn �]tkp¢�=q�wzsapkwxpk¥^ikjmsaiQo=j�yxþ§£hq å oDnmþ[ 9v(sayznN�3jmo�q�jI�3p¢nm ÿwxq�qmoP{
o=j�jmsaj �]jmoPo¤¨ � sa Do�o��k�Po=ikq�wzsap¢n��3jmo�ikjmoPnmo=p[qmoP{�wxp q å o � sayxyzs ��wxpk¥¢¨

ê"p � ÷�8 �
q å oÿ�3tkq å sajmn jmo=iky��a�Po�q å o�sap ��s��*� å �3pkp¢o=y� Ds[{ko=y)��wxq å ��wxjmo=yzoPnmn�� å �3pkp¢o=yX£
� å o=jmo q å o=þ¬�anIn�tk Do q å �3q�q å o n�þAnmqmo=  ��wxyxyho= ÿikyzs<þ8 9tkyxq�wxikyzo�q�jI�3p¢n� ÿwxq��3p¢{` 9tkyxq�wxikyzo
jmoP�Po=wxü§oã�3p[qmo=pkpF�an©¨Íê�pdq å wzn iF�3iQo=j q å o=þ sav¢nmo=j�ü§o¼q å �3q wxq wzn`iQs¤nmn�wxvkyzo\qms�wx ÿikjms<ü§o
�Pü§o=jI�3¥§oãq�jI�3p¢n� ÿwznmn�wzsapëo=j�jmsaj�ikjmsavF�3vkwxyxwxq�þÉv[þd��ikjmsaiQo=j^� å sawz�Po+s��.q å oã�Psaj�jmo=y��3q�wxpk¥
q�jI�3p¢n � saj� �¨8ê"p��xö¤ö(� q å o=þ¼wxp[q�jms[{
t¢�Po(� �a{
wxpk¥� DsA{ko=yzn©£/n�t¢� å �anNî��©þ[yzo=wx¥ å £/îuwz�=w��3ph£/saj
è ���a�3¥r�3 ÿw�� å �3pkp¢o=yX£"��wxq å wxpÉq å oÆ�Psap[qmo��Aq�s�� � ñ 	�¨ ä�å o=wxj�n�wx Ntky��3q�wzsap¢n�n å s �~q å o
o �T�=wzo=p¢�=þ s�� � ñ 	 �]saj � �a{
wxpk¥D� å �3pkp¢o=yzn ��wxq å  9tkyxq�wxikyzo9�3p[qmo=pkpF�an©¨

# �3wzn å �3 ÿiF�©þr�3p`wxp �xö�5¤õ��:n å s ��oP{8q å �3q � saj q�jI�3p¢n� ÿwxq�q�wxpk¥.wxp �]saj� T�3q�wzsap �]jmsa   Do=  �
saj�þAyzoPnmn
���3t¢nmnmw��3pDnmsatkjm�Po�s©ü§o=j�� î��PþAyzo=wx¥ å �X�a{
wxpk¥�� å �3pkp¢o=yX£[q å o� Ntkyxq�wxikyzo�{koPnm�=j�wxikq�wzsap
�3ikikjms§�a� å jmoPnmtkyxqmn
wxp.¥§sAsA{NiQo=j �]saj� T�3p¢�PoPn �3q
yzs �*wxp[qmo=j�yzo©�PüAwxpk¥N{ko=y��Pþ
n �an��Psa ÿiF�3jmoP{�qms
n�qI�3p¢{¢�3jm{¼� å �3pkp¢o=y �PsA{
wxpk¥ �3ikikjms§�a� å oPn©¨ ä�å wzn �Psap¢�=yxt¢n�wzsap����an�o��Aqmo=p¢{koP{Zqms`nmsatkjm�PoPn
��wxq å  Do= Dsaj�þÿwxp � ÷�5 � � å o=jmo¤£Asap8�3pToP¡[tF�3yFwxprqmo=j�yzo©�©ü[wxpk¥�{ko=y��PþÿvF�anmwzn©£rn�wx¥¤pkw��F�©�3p[q�iQo=j �
� saj� T�3p¢�Po�wx ÿikjms©ü§o= Do=prqmn��3jmo�savkqI�3wxp¢oP{ÿs©ü§o=j�� å �3pkp¢o=yF�PsA{koPn �]saj�n�iQoPoP� å q�jI�3p¢n� ÿwznIn�wzsap
sap^î��PþAyzo=wx¥ å � �a{
wxpk¥T� å �3pkp¢o=yzn©¨

ä�å o ¥¤jmo©�3qu�3 Dsatkprq�s��¦jmoPnmo©�3jm� å {koP{
wz�©�3qmoP{ qms � ñ 	 �]saj�sap ��s��¼� å �3pkp¢o=yzn�ü
n©¨/q å o
ü§o=j�þ jmoP{
t¢�PoP{Æ�3 Dsatkprq�s�� jmoPnmo©�3jm� å {koP{
wz�©�3qmoP{\qms � ñ 	 � saj�saq å o=j"�Awxp¢{Zs�� � å �3pkp¢o=yzn
wznío��Aiky��3wxp¢oP{8vrþÿq å o�jmo=y��3q�wxü§o=yxþDy��3j�¥§o�s©ü§o=j å o©�a{ �anmnmsA�=w��3qmoP{(��wxq å o��Awznmq�wxpk¥ � ñ 	%q å �3q
wx ÿikyxwzoPnuq å �3q � å o=p^� å �3pkp¢o=y¦yzs¤nmn�jI�3qmo�wznunm T�3yxyX£
q å o�jmoP�Psap¢n�q�j�t¢�=q�wzsap^iQo=j � saj� T�3p¢�Po�wxp
q å o o=j�jmsaj��]jmoPo¬�©�anIo {ksa ÿwxpF�3qmoPn8�3p¢{��\n�wxpk¥¤yzo {koPnm�=j�wxikq�wzsap �PsA{
wxpk¥ � � ñ 	�
 ��wxq å satkq
� å �3pkp¢o=y/�Ps[{
wxpk¥Ti(o=j � saj� Dn�vQoPn�q©¨

�+o��Psatkyz{9nmoPo wxpNq å o ikjmo=ü[wzsat¢n/� å �3ikqmo=j/q å �3q¦q å o ikjmsai(s¤nIoP{ � ñ�ì���wzn¦�Psa ÿiF�3jI�3vkyzo
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��wxq å q å o � ñ 	���wxq å satkqu� å �3pkp¢o=y/�Ps[{
wxpk¥�� å o=p^� å �3pkp¢o=yhyzs¤nmn�jI�3qmo wzn�n� T�3yxyX¨ ä�å t¢n©£kwxq
wznín�tkwxqI�3vkyzo �]saj�q�jI�3p¢n� ÿwznmn�wzsap¢n�o=ü§o=p �]sají{
w��Qo=jmo=p[q�� å �3pkp¢o=yzn �]jmsa �q å o�sap ��s��\� å �3pkp¢o=yzn
t¢n�tF�3yxyxþ�t¢nmoP{ wxp � ñ 	 �3ikikyxwz�©�3q�wzsap¢n©¨ �+o ��wxyxy�n å s � p¢o��Aq©£ å s � ��o^t¢nmo�� å �3pkp¢o=y
wxp � saj� T�3q�wzsap+qms�{
wzn�iF�3qm� å jmoP{
tkp¢{¢�3p¢�=þ¼v(o=q ��oPo=pãq å oT{koPnm�=j�wxikq�wzsap¢n©¨ÿê"pÆq å wzn �í�©þ&�ío
�©�3p+�a{¢�3ikq q å o.�PsA{ko=j qms �3prþZ� å �3pkp¢o=y n�wxp¢�Po.q å o. Ds[{ko=y
q å �3q  T�3qm� å oPn�q å o�� å �3pkp¢o=y
vQo å �PüAwzsajuwzn �Ap¢s ��ph¨

� ��� � � � � ��
�� ��� ��� ������	���� � � �	� � � � � 
 � ����������
�� �����	� � 


 ��
 �

� � ��� � :�� ��� $!��GH�g=N=

î�o= T�3j ��q å �3q�wxp �¢¥¤tkjmouû¢¨xö�q å o=jmo��3jmo�q ��s9 T�3wxpTiF�3j�qmn©�¦q å o � ñÉìíwxq ��yxyzsA�©�3q�wzsapTvkyzsA�
q å �3q �í�anN{ko=qI�3wxyzoP{Æwxp¼ikjmo=ü[wzsat¢n�� å �3ikqmo=j9õ �¦�3p¢{¼q å o rN

� n�q�wx T�3q�wzsap+vkyzsA�.q å �3q ��wxyxy
vQo�{ko=qI�3wxyzoP{�wxp q å wznunmoP�=q�wzsaph¨

�+o å �Pü§o�n å s ��p¼wxp¼� å �3ikqmo=jNõDq å �3q q å o rN
iF�3jI�3 Do=qmo=jN� �®oP�=qmn�q å o.�Po=p[q�jI�3y {
wzn �

qmsaj�q�wzsaph¨ ä�å wzn��Po=prq�jI�3y¦{
wznmqmsaj�q�wzsap �í�an�{ko �¢p¢oP{ wxp�ikjmo=üAwzsat¢nu� å �3ikqmo=j õD�an

Di,0

(

qi,1

σi,1
,
qi,2

σi,2

)

=
1

σ2
i,0

1

rN + 1

[

min

(

σ2
i,1Di,1

(

qi,1

σi,1

)

, σ2
i,2Di,2

(

qi,2

σi,2

))

+rN ×max

(

σ2
i,1Di,1

(

qi,1

σi,1

)

, σ2
i,2Di,2

(

qi,2

σi,2

))]

�Bû¢¨xö/


� å o=jmo rN
wzn.q å o¬jmoP{
tkp¢{¢�3p¢�=þ iF�3jI�3 Do=qmo=jT�3p¢{ σ2

i,jDi,j(
qi,j

σi,j
) wzn�q å o � o©�3p � ¡[tF�3jmo

��j�jmsaj � saj�q å o i q å nmtkvkvF�3p¢{®£kwxp�q å o��©�anmo�s�� �.¥§o=p¢o=jI�3yxw76©oP{����3t¢nmn�w��3p�{
wzn�q�j�wxvktkq�wzsaph¨���=q�tF�3yxyxþ§£Qq å o.yzo=ü§o=y
s�� jmoP{
tkp¢{¢�3p¢�=þZn å satkyz{\wxp¢�=jmo©�anmo � å o=p¼q å o9ì � î wxp¢�=jmo©�anIoPn©£
n�t¢� å �aníwxp¬q å o �©�anmo�s��¦ü§o=j�þTp¢sawzn�þT� å �3pkp¢o=yzn � å o=jmo q å o�jmoP{
tkp¢{¢�3p[q�n�tkvkvF�3p¢{kn��3jmo��an
wx ÿiQsaj�qI�3prq��anuq å o�saq å o=jmn©¨

ä�å o �3 Dsatkprq�s��hjmoP{
tkp¢{¢�3p¢�=þ§£AwX¨ôo¤¨x£rq å o�wx ÿi(saj�qI�3p¢�Po s��®q å oujmoP{
tkp¢{¢�3p[q�nmtkvkvF�3p¢{kn©£
{ko=iQo=p¢{kn�sapZq å o�� å �3pkp¢o=y� DsA{ko=y �3p¢{¼ì � î � �an��©�3p¼vQo9nIoPo=p\wxp �¢¥¤tkjmo.û¢¨xö/
��3p¢{ �ío
ikjmsaiQs¤nmo wxp�q å o � sayxyzs ��wxpk¥TnIsa Do�n�q�jI�3qmo=¥¤wzoPn � saj�q å o�� å sawz�Po9s�� rN

¨

� � ���(W 	]�TDB;>IBD"��I>GVU GH� �OAB;"�/���!@?��I
ä ���Awxpk¥�wxpÎ�Psap¢n�wz{ko=jI�3q�wzsap � å �3q�wzn nI�3wz{Î�3vQs©ü§o¤£�wxq wzn�o©�an�þ qms%�Psap¢�=yxt¢{koÆq å �3q q å o
jmoP{
tkp¢{¢�3p¢�=þ iF�3jI�3 Do=qmo=j {ksa T�3wxp^wzn [0, 1] ¨ �/�3jI�3 Do=qmo=j rN = 0 � å o=p^q å oN� å �3pkp¢o=y/wznp¢sawznmo=yzoPnmn��3p¢{ iF�3jI�3 Do=qmo=j rN = 1 � å o=p%� ü§o=j�þÆp¢sawzn�þ+� å �3pkp¢o=y�wzn9o��
i(oP�=qmoP{®¨ ä�å o
ikjmsavkyzo= Ãwzn å s �*qms�� å s[s¤nIo wxprqmo=j� DoP{
w��3qmoíjmoP{
tkp¢{¢�3p¢�=wzoPn©£§�3p¢{9wx ÿikyxwz�=wxq�yxþ�wxprqmo=j� DoP{
w��3qmo
ü¤�3yxt¢oPn9s�� rN

¨ ä ���[wxpk¥\wxprqmsÆ�a�P�Psatkp[q.q å o � å �3pkp¢sap*q å oPsajmo=  � ä�å oPsajmo=  ö©ú-
 �xö�8�i���£
��o\ikjmsaiQs¤nmo\qms nIsayxü§oZq å wzn¬ikjmsavkyzo=  t¢n�wxpk¥�q å o¼oP¡[tkwxü§s[�©�3q�wzsap Hy(x) ¨�ê"p¢{koPoP{®£�wxp
q å wzn¬q å oPsajmo= �£ � å �3pkp¢sapÉn�qI�3qmoPn¬q å �3q¬q å o\oP¡[tkwxü§sA�©�3q�wzsap Hy(x) wzn8q å oÆ�3 Dsatkprq s��jmoP{
tkp¢{¢�3p¢�=þ q å �3quq å o�{koP�PsA{ko=jup¢oPoP{knuqmsÿ�Psaj�jmoP�=q�q å o jmoP�Po=wxü§oP{� DoPnmn��3¥§o¤¨

�+o�ikjmsaiQs¤nmo qmsÿt¢nIo�oP¡rtF�3q�wzsap �Bû¢¨ ù-
�qmsD�Psa ÿiktkqmo�q å o�jmoP{
tkp¢{¢�3p¢�=þ`iF�3jI�3 Do=qmo=j©¨

rN =
Hy(x)

max
p(x)

(H(x))
£ �Bû¢¨ ù-
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ê"p¬oP¡[tF�3q�wzsap �Bû¢¨ ù-
@£ p(x) n�qI�3p¢{kn�� saj�q å o�{
wzn�q�j�wxvktkq�wzsap s��Ðq å o�wxpkiktkq�� å �3pkp¢o=y®n�þA  �vQsayzn��3p¢{ H(x) �]sajuq å o�o=p[q�jmsairþ�s��
q å o�wxpkiktkq©¨
Hy(x) wznítkp��Ap¢s ��p��3qío=p¢�PsA{
wxpk¥¢£ å s �ío=ü§o=j ��o �©�3p �¢p¢{¬nmsa Do�v(satkp¢{kn�� sajíoP¡[tkwxü �sA�©�3q�wzsap�vrþ`n�qI�3q�wxpk¥Dq å o � sayxyzs ��wxpk¥8ikjmsai(s¤nmwxq�wzsapZù
¨

Z[�
	T)"	�-��(����	��2&

min
p(x)

(Hy(x)) 6 max
p(x)

(H(x)) − C 6 max
p(x)

(Hy(x)) �Bû¢¨ õ-



 � � � � C # ! )�� �=��� � ��� ��% � ��
 ���(# )��&� �	� � � ��) � ���'�.� ) # � � ��� ! � �"!

C = max
p(x)

(H(x)−Hy(x)). �Bû¢¨ û 


Z[�
	�	�� �
ì�o=wxpk¥

C = max
p(x)

(H(x) −Hy(x))

�ío��©�3p�wxp � o=juq å �3q

C 6 max
p(x)

(H(x))−min
p(x)

(Hy(x)).

ä�å t¢n©£
min
p(x)

(Hy(x)) 6 max
p(x)

(H(x))− C.

�Fsajuq å o�j�wx¥ å q�v(satkp¢{®£��ío�n�qI�3j�q��3yznIs��Bjmsa  q å o�� å �3pkp¢o=y¦�©�3iF�a�=wxq"þ�{ko �¢pkwxq�wzsaph£

C = max
p(x)

(H(x) −Hy(x))

�3p¢{ ��o�wxp � o=juq å �3q

C ≥ max
p(x)

(H(x)−max
p(x)

(Hy(x))) = max
p(x)

(H(x))−max
p(x)

(Hy(x)).

ä�å t¢n©£��ío��©�3p^�Psap¢�=yxt¢{ko�q å �3q

max
p(x)

(Hy(x)) ≥ max
p(x)

(H(x))− C.

ä�å o=jmo � sajmo¤£/vrþÆikjmsaiQs¤n�wxq�wzsap*ù
£/wxp¢n�qmo©�a{ s�� �Bû¢¨ ù-
@£ �íoDt¢nmo �Bû¢¨98-
 qms^�Psa ÿiktkqmoTq å o
jmoP{
tkp¢{¢�3p¢�=þ iF�3jI�3 Do=qmo=j©¨

rN =

max
p(x)

(H(x))− C

max
p(x)

(H(x))
¨ �Bû¢¨98-


�+o �Ap¢s �ëq å �3q 0 6 Hy(x) 6 H(x) ¨ ä�å t¢n<£ 0 6 C 6 max
p(x)

(H(x)) ¨�ð�n�wxpk¥ �Bû¢¨98-
 ��o
�©�3p^�Psap¢�=yxt¢{ko�q å �3q 0 6 rN 6 1 �an�ikjmo=qmo=p¢{koP{®¨�+o ��wxyxy¢n å s ��wxpÿnmoP�=q�wzsapDû¢¨ û�q å �3q�q å o�� å �3pkp¢o=yF�©�3iF�a�=wxq�þ�wzn)�Ap¢s ��p � saj�nmo=ü§o=jI�3y¢wxp �
qmo=jmoPn�q�wxpk¥�� å �3pkp¢o=y¢ Ds[{ko=yzn<¨ ä�å t¢n©£§ Dsajmo�{ko=qI�3wxyzn �3vQsatkq�q å o��©�3yz�=tkyxw¢s�� rN

iF�3jI�3 Do=qmo=jmn
� saju{
w��Qo=jmo=p[q�� å �3pkp¢o=y¦ Ds[{ko=yzn ��wxyxyhv(o�{ksap¢o�wxp q å �3q�nmoP�=q�wzsaph¨
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��
ä þAikwz�©�3y � å �3pkp¢o=y� Ds[{ko=yznTt¢nmoP{�wxp q å oZ�3pF�3yxþ
n�wznTs�� ��wxjmo=yzoPnmn8q�jI�3p¢n� ÿwznmn�wzsap wxp¢�=yxt¢{ko
 Do= Dsaj�þAyzoPnmnÐ� å �3pkp¢o=yX£3nmþ[ ÿ Do=q�j�wz� � å �3pkp¢o=yX£¤�a{k{
wxq�wxü§o � å wxqmo
���3t¢nmnmw��3p�p¢sawznmo �]� � � è�

� å �3pkp¢o=y
�3p¢{`vktkjmn�q�� å �3pkp¢o=yX¨�'�o=jmo ��o�¥¤wxü§oN�. Dsajmo�{ko=qI�3wxyzoP{Z{koPnm�=j�wxikq�wzsap^s���o©�a� å s��
q å oPnmo� DsA{ko=yzn©¨
ç +.\ 	���30'�+.-�-c�/10bd���0+V' wzn
�3yznIs �Ap¢s ��pD�an���jI�3p¢{ksa �vkwxq/o=j�jmsaj�� å �3pkp¢o=y:�3p¢{.wzn/� å �3j �

�a�=qmo=j�w76©oP{^vrþ o=j�jmsajmn�q å �3q��3jmo�wxp¢{ko=i(o=p¢{ko=p[q �]jmsa  sap¢o�n�þA NvQsayhqms�q å o�p¢o��
q��
� 30\E\ +_���
��� �/10bd����+.' �]sajD�3yxyíüa�3yxt¢oPnÿs�� i �3p¢{ j £ q å o8ikjmsavF�3vkwxyxwxq"þ*s���jmoP�Po=wxü§o�� j� å o=pTq�jI�3p¢n� ÿwxq�qmoP{ÿq å o�n�þA NvQsay i wzn�q å o�nI�3 Do�s��QjmoP�Po=wxü§o�� i � å o=pÿq�jI�3p¢n� ÿwxq�qmoP{q å o�n�þA NvQsay j ¨
�d�Psa ÿ DsapkyxþDo=p¢�Psatkprqmo=jmoP{`o��k�3 ÿikyzouwzn q å ouìíwxpF�3j�þ � þA ÿ Do=q�j�wz�

	 å �3pkp¢o=y �]ì � 	�
 ��wxq å �.ikjmsavF�3vkwxyxwxq�þ p s��
vkwxq�o=j�jmsaj��
� �����(��� ��+�� 1�� ��+�� bd
�-�-���bd� � 	���-�+ � ����� � 	 �/1�bd����+.' wznÐ�í Do= Dsaj�þAyzoPnmn¦� å �3p �p¢o=y(wxp � å wz� å q å o�q�jI�3p¢n� ÿwxq�qmoP{¬n�wx¥¤pF�3y(nmt �Qo=jmn �Bjmsa �q å o��a{k{
wxq�wzsap s�� ��wz{ko �XvF�3p¢{

p¢sawznIo � å s¤nmo �3 ÿikyxwxq�t¢{ko�wzn���p¢saj� T�3yxyxþ8{
wzn�q�j�wxvktkqmoP{TjI�3p¢{ksa  ü¤�3j�w��3vkyzo¤¨���� � è
wznuq å o� Ds¤n�qu�Psa ÿ Dsap � saj�  s�� �� Do= Dsaj�þ[yzoPnInu� å �3pkp¢o=y �

� 
0�
-�� �/10bd���0+V' wzn`q å o+� å �3pkp¢o=y � å o=jmo+o=j�jmsajmn^�3jmo+� å �3jI�a�=qmo=j�w76©oP{ÎvrþdiQo=j�wzs[{kn s��
jmo=y��3q�wxü§o=yxþ å wx¥ å n�þ[ 9v(say�o=j�jmsaj.jI�3qmo¬nIo=iF�3jI�3qmoP{ v[þ+iQo=j�wzs[{kn.s���jmo=y��3q�wxü§o=yxþãyzs ��£
saj 6©o=jmsk£
o=j�jmsajNjI�3qmo¤¨`� vktkjmn�q9o=j�jmsaj9 Do©�3p¢nNq å �3q9q å oDikjmsavF�3vkwxyxwxq�þ s���o=j�jmsaj9wzn
{ko=iQo=p¢{ko=prq �Bjmsa  sap¢o�n�þ[ 9v(sayÐqms�q å o�p¢o��Aq©¨

ä�å o.q �ís¬ T�3wxp\o=yzo= Do=p[qmn � å wz� å {koPnm�=j�wxvQo.�8� å �3pkp¢o=y �3jmo.q å o9q�jI�3p¢n� ÿwznmn�wzsap\jI�3qmo
�3p¢{�q å o`� å �3pkp¢o=y��©�3iF�a�=wxq"þ§¨ ä�å o¬q�jI�3p¢n� ÿwznmn�wzsap%jI�3qmo����anD{ko �¢p¢oP{�vrþ � å �3pkp¢sap �an
ikjmoPnmo=p[qmoP{�wxp�oP¡[tF�3q�wzsap�û¢¨9i�� saju{
wznm�=jmo=qmo�saj��Psap[q�wxprt¢sat¢n�� å �3pkp¢o=yzn©¨

R = H(x)−Hy(x) �Bû¢¨9i-

� å o=jmo H(x) wzn�q å o�o=prq�jmsai[þ^s���q å o�wxpkiktkq��3p¢{ Hy(x) q å oN�Psap¢{
wxq�wzsapF�3y
o=prq�jmsai[þsaj q å oÿoP¡rtkwxü§sA�©�3q�wzsaph¨ ä�å o�� å �3pkp¢o=y �©�3iF�a�=wxq�þ C wzn {ko �¢p¢oP{+�an q å o9 T� �
wx Ntk ás�� R� å o=p`q å o�wxpkiktkq�ü¤�3j�wzoPn�s©ü§o=ju�3yxy:iQs¤nmn�wxvkyzo��PsayxyzoP�=q�wzsap �]oP¡rtF�3q�wzsap �Bû¢¨ û 
 
@¨ ä�å wzn�� å �3pkp¢o=y

�©�3iF�a�=wxq�þ����an {ko �¢p¢oP{ÿvrþ � å �3pkp¢sap � saj
q å ouì � 	��3p¢{�q å o ���3t¢nmn�w��3pD�©�anmoPn<¨ '�s �ío=ü§o=j©£
wxp` Ds¤n�q� Dsavkwxyzo jI�a{
wzsÿn�þ
n�qmo= Dn©£Aq å o � å �3pkp¢o=yÐo�� å wxvkwxqmn�î��©þ[yzo=wx¥ å �X�a{
wxpk¥¢£¢�3¥¤¥¤jI�Pü¤�3qmoP{
vrþÆq"þ[ikwz�©�3yxyxþãyzsa¥ �Xp¢saj� T�3yxyxþã{
wzn�q�j�wxvktkqmoP{*n å �a{ks ��wxpk¥Æsaj9nmyzs � �X�a{
wxpk¥¢£/jmoPn�tkyxq�wxpk¥\wxp*�
q�wx DoÆü¤�3j�w��3prq^� å �3pkp¢o=y9�©�3iF�a�=wxq"þ§¨ ïhoPo �95¤õ �N{ko=j�wxü§oP{ë�3pÎoPn�q�wx T�3qmo+s���q å o+� å �3pkp¢o=y
�©�3iF�a�=wxq�þ wxp�î��PþAyzo=wx¥ å �X�a{
wxpk¥To=prüAwxjmsapk Do=prqmn©¨

ê"pdq å wzn` T�3prt¢nm�=j�wxikq �ío&�]sA�=t¢n`sapÎìíwxpF�3j�þ � þA ÿ Do=q�j�wz���]ì � 	�
@£ ���3t¢nmn�w��3pÎ�3p¢{
î��©þ[yzo=wx¥ å � å �3pkp¢o=yh DsA{ko=yzn©¨ �+o ikjmoPnmo=prq�v(o=yzs �Éq å o��Psa ÿiktkqI�3q�wzsap^s��¦q å o rN

iF�3jI�3  �
o=qmo=j � saj�q å oPnmo�� å �3pkp¢o=y¦ Ds[{ko=yzn<¨

� ��� � � � @NI"�g$�UJF U � �O�Q��$_@CG G. "��I>I>�T=

�¢saj�q å o¬ì � 	��©�anmo ��o å �©ü§o8q ��s\iQs¤nmn�wxvkyzo¬n�þ[ 9v(sayzn�o©�a� å ��wxq å �^ikjmsavF�3vkwxyxwxq�þ p s��
�Psa ÿwxpk¥�q å jmsatk¥ å tkp¢{
wzn�q�tkj�v(oP{®£k�3p¢{ (1− p) s��hvQo=wxpk¥.� å �3pk¥§oP{`wxprqms.q å o�saq å o=jís��hq å oiF�3wxj©¨ ä�å oT�©�3iF�a�=wxq"þ��B Do©�an�tkjmoP{ãwxpãvkwxqmn$*3n�þA NvQsay 
��©�3p v(o ��j�wxq�qmo=p*�an9ikjmoPnmo=prqmoP{ wxp
oP¡[tF�3q�wzsap �Bû¢¨ h 
��xö�8�i���¨
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C = 1 + plog2p + (1− p)log2(1− p) vkwxqmn$*3n�þA NvQsay �Bû¢¨ h 

�¢saj9q å wznN� å �3pkp¢o=y� DsA{ko=y max(H(x)) = 1 ¨ ä�å t¢n9q å oDjmoP{
tkp¢{¢�3p¢�=þÆiF�3jI�3 Do=qmo=j��o�ikjmoPnmo=prquwxpZnmoP�=q�wzsap�û¢¨ õ��©�3p�vQo�oPn�q�wx T�3qmoP{�v[þ¬oP¡[tF�3q�wzsap �Bû¢¨ ÷-
@¨

rN =

max
p(x)

(H(x))− C

max
p(x)

(H(x))
= 1− C = plog2p + (1− p)log2(1− p) �Bû¢¨ ÷-


� ��� �(W �,D>DB@R�!@ �0���, >@?����� �g;BF/F
@C��I I"�0@NF � G. "��I>I>�T=

�¢saj�� vF�3p¢{Dyxwx ÿwxqmoP{8��{k{
wxq�wxü§o � å wxqmo����3t¢nmnmw��3pTè�sawznIo �]��� ��è�
/q å o�� å �3pkp¢o=yQ�©�3iF�a� �
wxq�þ§£¢wxp�vkwxqmn$*3n�þA NvQsayX£¢�©�3p vQo�o��AikjmoPnmnIoP{^�an�wxp�oP¡[tF�3q�wzsap �Bû¢¨95-
��xö�8�i���¨

C

B
= log2(1 + γ) vkwxqmn$*3nmþ[ 9v(say �Bû¢¨95-


ê"pDoP¡rtF�3q�wzsap �Bû¢¨95-
 B wzn
q å o�� å �3pkp¢o=y:vF�3p¢{ ��wz{
q å wxpDn�þA NvQsay *3n �3p¢{ γ wzn
q å o�nmwx¥¤pF�3yqmsDp¢sawznIoNjI�3q�wzs � � è�î�
@¨ ä�å o � è�î γ wzn�{ko �¢p¢oP{Æ�an γ = S
N
£ � å o=jmo S wzn�q å o9jmoP�Po=wxü§oP{

n�wx¥¤pF�3yíi(s ��o=jÿ�3p¢{ N wzn9q å o8� � � èÍiQs �ío=j���wxq å wxp*q å o¬� å �3pkp¢o=y�vF�3p¢{ ��wz{
q å ¨ �Fsaj
q å wzn�� å �3pkp¢o=yÐ Ds[{ko=y max(H(x)) {ko=iQo=p¢{kn�sap q å o  Ds[{
tky��3q�wzsaph¨ �¢saj�wxp¢n�qI�3p¢�Po¤£
w�� �ío�Psap¢n�wz{ko=j � ��� � %� Ds[{
tky��3q�wzsap max(H(x)) = 2 �3p¢{�wxp^q å wzn��©�anmoNq å o�jmoP{
tkp¢{¢�3p¢�=þiF�3jI�3 Do=qmo=j�wxp�nIoP�=q�wzsap�û¢¨ õ�wznuoPn�q�wx T�3qmoP{�vrþ oP¡rtF�3q�wzsap �Bû¢¨xö©ú-
@¨

rN =

max
p(x)

(H(x)) − C

max
p(x)

(H(x))
=

2−B log2(1 + S
N )

2
= 1− B log2(1 + S

N )

2
�Bû¢¨xö©ú-


� ��� � � 	]�QU"=C�T@?L0 G_ >��I>I"��=

ê"p�q å o^�©�anmo^s���î��PþAyzo=wx¥ å  DsA{ko=yzn©£��3p tkikiQo=jDvQsatkp¢{ �3ikikjms �
wx T�3q�wzsap��]saj8q å o p¢saj �
 T�3yxw76©oP{�� å �3pkp¢o=yÐ�©�3iF�a�=wxq�þ��í�anuwxprq�jmsA{
t¢�PoP{�vrþ¬ïhoPo¤óôn �95¤õ �¦�an�ikjmoPnIo=prqmoP{ wxp�oP¡[tF�3q�wzsap
�Bû¢¨xö¤ö/
@¨

C

B
≈ log2e.e

−1
γ (−e + lnγ +

1

γ
) vkwxqmn$*3nmþ[ 9v(say �Bû¢¨xö¤ö/


�¢sajTq å wznD� å �3pkp¢o=y� Ds[{ko=y max(H(x)) {ko=i(o=p¢{knT�3yznIsÆsap% Ds[{
tky��3q�wzsaph¨ �¢sajDwxp �n�qI�3p¢�Po¤£
w�� ��o��Psap¢n�wz{ko=j�� ��� � %ÿ£ max(H(x)) = 2 �3p¢{`q å o�jmoP{
tkp¢{¢�3p¢�=þ¬iF�3jI�3 Do=qmo=j�©�3p�vQo ��j�wxq�qmo=pZ�anuoP¡[tF�3q�wzsap �Bû¢¨xö©ù-
@¨

rN =

max
p(x)

(H(x))− C

max
p(x)

(H(x))
= 1− B log2e.e

−N
S (−e + ln S

N + N
S )

2
�Bû¢¨xö©ù-
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� qI�3p¢{¢�3jm{�q�jI�3p¢n � saj� ëvF�anIoP{9wx T�3¥§o��PsA{
wxpk¥ �3yx¥§saj�wxq å  Dn �Psap¢n�wzn�q
s��Fq å jmoPo�nmqI�3¥§oPn©�¦��yxwxp �
o©�3j�{koP�Psaj�jmo=y��3q�wxpk¥ÿq�jI�3p¢n � saj� �£ �]sayxyzs ��oP{`vrþ`�N¡[tF�3prq�w76<�3q�wzsapZn�qI�3¥§o¤£k�3p¢{ �¢pF�3y®o=p[q�jmsairþ
�PsA{
wxpk¥Ts��/q å o�¡[tF�3prq�w76©oP{Z{¢�3qI�
¨

�/wx¥¤tkjmoÿû¢¨ ù`n å s �un�q å oÿ�PsA{
wxpk¥^nm� å o= Do ��oÿt¢nIo¤¨ �+oTn�qI�3j�q ��wxq å �`ñ�� ä ¨ ä�å o=p
q å o � ñ ì��¸ikjmoPnmo=p[qmoP{^wxp\� å �3ikqmo=jmn õD�3p¢{�ûTwznuikjmsA�PoPnmnmoP{®¨ ä�å wzn�sap¢oNwzn � sayxyzs ��oP{Zvrþ
�¬n�wx ÿikyzoÿnm�©�3y��3j�¡[tF�3prq�w76<�3q�wzsap*�3p¢{\q å oÿo=p¢�PsA{
wxpk¥�s��ío©�a� å n�tkvkvF�3p¢{¼t¢nmoPn��¬�Psaprqmo��
q
vF�anmoP{^�3j�wxq å  Do=q�wz�9�Ps[{ko=j �xö¤ö�5¢£®ö�i!h ��¨

R l( Dl ),

R1( D1),

R2( D2),

Allocation

Scalar

Quantization

Entropy

Coder

Entropy

Coder

Scalar

Quantization

Wavelet

coefficient

subband

Bit

BER

�/wx¥¤tkjmo�û¢¨ ù
� ä jI�3p¢n �]saj�  vF�anmoP{`wx T�3¥§o��PsA{
wxpk¥Tnm� å o= Do¤¨

� �(X�� � � I���$!��A�UJGH�KD>@NI"L

��p[q�jmsairþ��PsA{
wxpk¥Dwzn���jmo=ü§o=jmn�wxvkyzo�ikjms[�PoPnmn<£kq å t¢n�q å o=jmo�wzn�p¢sT�3ikikjms	�Awx T�3q�wzsap\ikjmsavkyzo= 
�an�wxp+¡[tF�3prq�w76<�3q�wzsaph¨D� �]qmo=j�¡rtF�3p[q�w76<�3q�wzsapãq å o�ü¤�3j�w��3vkyzoPn�qI���§oÿü¤�3yxt¢oPn�{
jI� ��p �]jmsa $�
�¢pkwxqmoTnIo=q {ai} ¨ ä�å oÿwz{ko©� wznNqms �¢p¢{*�`jmo=ü§o=jmn�wxvkyzoD T�3ikikwxpk¥ M qmsZ�`p¢o � nmo=q {bi}n�t¢� å q å �3q�q å o��Pü§o=jI�3¥§o p[tk NvQo=jus��Ðvkwxqmn$*3n�þA NvQsayzn�wzní ÿwxpkwx ÿw76©oP{®¨ ä�å o�iF�3jI�3 Do=qmo=jmn�wxp
nmo©�3jm� å wxpk¥��]saj�q å o� T�3ikikwxpk¥ M �3jmo�q å o�ikjmsavF�3vkwxyxwxq�wzoPnus��/sA�P�=tkj�jmo=p¢�Po�s��Ðq å o n�þA NvQsayzn
ai, p(ai)

¨
��j�wxq å  Do=q�wz�¼�Ps[{
wxpk¥��Psaprü§o=j�qmn��ãüa�3j�w��3vkyzo\p[tk NvQo=j`s��.nI�3 ÿikyzoPn¬wxprqms��+ü¤�3j�w��3vkyzo

yzo=pk¥¤q å �Ps[{ko �ísajm{®¨�ê"pZq å wzn"�í�©þ^wxq �©�3p+�3ikikjms§�a� å q å o�o=prq�jmsai[þ^vQsatkp¢{Z Dsajmo��=yzs¤nmo=yxþ
q å �3p�'�t �Q T�3p\�PsA{
wxpk¥ �]saj��Psa ÿ Dsap¼nmwx¥¤pF�3yzn©¨uê"p '�t �( T�3p¼�Ps[{
wxpk¥`o©�a� å nI�3 ÿikyzo �]saj
¥¤jmsatkiãs��unI�3 ÿikyzoPn$
 t¢nmoPnN�3q�yzo©�an�q�sap¢oDvkwxq©¨ ä�å o=jmo � sajmo¤£ � saj9�¬ü§o=j�þÆn� T�3yxy��3yxi å �3vQo=q©£
q å o�vkwxq�jI�3qmo��©�3pkp¢saq�v(o�yzs ��o=j�q å �3p+ö�vkwxq$*3nI�3 ÿikyzo¤£kwxp�q å oN�©�anmo�s��
nI�©�3y��3j��Ps[{
wxpk¥¢¨

é tkju�PsA{ko=j�t¢nmoPnu�3j�wxq å  Do=q�wz���PsA{
wxpk¥¢¨ �+o�o��
ikyzsajmo q å wzn��Ps[{
wxpk¥ÿq å jmsatk¥ å � å �3q �ío
�©�3yxyu� � 	 ����)$# ��# )�� 	 �() #�� 
 �B� #&� �¬qms\ikjms©üAwz{ko n�þ[p¢� å jmsapkw76<�3q�wzsap �3p¢{* ÿwxpkwx ÿw76©o`q å o
o=j�jmsajuikjmsaiF�3¥r�3q�wzsapZwxp q å o��©�anmo�s��/� å �3pkp¢o=y¦o=j�jmsajmn©¨ ê�p`q å o � sayxyzs ��wxpk¥(�ío�ikjmoPnmo=p[quq å o
vF�an�wzn s��h�3j�wxq å  Do=q�wz���Ps[{
wxpk¥�p¢oPoP{koP{Dqms�tkp¢{ko=jmn�qI�3p¢{Dq å ouikjmsai(s¤nmoP{�� 	 ����) # �$# )�� 	 �() #A�

 �B� #&� � ikjmoPnIo=prqmoP{�wxp�nIoP�=q�wzsap�û¢¨98
¨xö¤¨ õ
¨

��� 	 ��� �e� � �/�(��1�\E+!�����^�!	��*�e���

ä�å oÿwz{ko©�¬wxpã�3j�wxq å  Do=q�wz�8�Ps[{
wxpk¥�wzn qms`jmo=ikjmoPnIo=prq.�`nIoP¡rt¢o=p¢�Poÿs���n�þA NvQsayzn�vrþÆ�3p+wxp �
qmo=j�ü¤�3y�wxp\q å o�yxwxp¢oÿnIo=¥¤ Do=prq �]jmsa Àú¬qmsÆö¤£ ��wxq å yzo=pk¥¤q å oP¡rtF�3y
qms`q å o�ikjmsavF�3vkwxyxwxq"þ¼s��
q å o.nmoP¡rt¢o=p¢�Po¤¨�ìíoP�©�3t¢nIoNq å o9ikjmsavF�3vkwxyxwxq�wzoPn�s����3yxyÐiQs¤nmn�wxvkyzo9nmoP¡rt¢o=p¢�PoPn n�tk  qms^ö¤£:q å o
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wxprqmo=j�ü¤�3yzn �Psaj�jmoPn�iQsap¢{
wxpk¥¬qms`�3yxy/i(s¤nmnmwxvkyzoNnmoP¡[t¢o=p¢�PoPn"��wxyxy$�¢yxy/tkiZq å o.o=prq�wxjmo.yxwxp¢o.nmo=¥ �
 Do=prq©¨ ä�å o9�Ps[{ko�vkwxqmn �]saj��ÿnmoP¡[t¢o=p¢�PoN�3jmoNoPnmnIo=prq�w��3yxyxþ q å o�vkwxpF�3j�þ jmo=ikjmoPnmo=p[qI�3q�wzsap\s��
�3prþ`iQsawxprquwxp q å o�wxprqmo=j�ü¤�3yÐ�Psaj�jmoPn�iQsap¢{
wxpk¥Tqmsÿq å o�nmoP¡[t¢o=p¢�Po¤¨

�+o ¥¤wxü§o�wxp�q å o�� sayxyzs ��wxpk¥*�+n�wx ÿikyzo�o��¢�3 ÿikyzo�s����3j�wxq å  Do=q�wz�Z�Ps[{
wxpk¥ {ko=qI�3wxyxwxpk¥
q å o�iF�3jI�3 Do=qmo=jmn�p¢oPoP{koP{�� saj q å oD�3yx¥§saj�wxq å  �¨ ä�å wzn�o��k�3 ÿikyzo ��wxyxy��Psap[q�j�wxvktkqmoDqms¬q å o
tkp¢{ko=jmn�qI�3p¢{
wxpk¥�s��.q å oZikjmsaiQs¤nmoP{ân� T�3j�q��3j�wxq å  Do=q�wz�Æ�Ps[{
wxpk¥%ikjmoPnIo=prqmoP{dwxpdnmoP�=q�wzsap
û¢¨98
¨xö¤¨ õ
¨

��� 	 ��� � & 
 ��bd\E)�'�+
	ísap¢n�wz{ko=j�q å ouiF�3jI�3 Do=qmo=jmn��3p¢{Dq å ouqI�3vkyzouikjmoPnmo=prqmoP{8v(o=yzs ��¨ ä�å wzn qI�3vkyzo�ikjmoPnmo=prqmn�q å o
ikjmsavF�3vkwxyxwxq�þ^�3p¢{Z�anmnmsA�=w��3qmoP{`wxprqmo=j�ü¤�3y¦s���o©�a� å n�þA NvQsayX¨
Z bQ� bd\E+!��+_�
- �

� 	ísA{
wxpk¥ÿwxprqmo=j�ü¤�3y �
����� ê"prqmo=j�ü¤�3y¦�anmnIs[�=w��3qmoP{`qmsDo©�a� å n�þA NvQsay
� �!	�� ê"prqmo=j�ü¤�3yhjmo=ikjmoPnmo=prq�wxpk¥8q å o��PsA{
wxpk¥Ts�����nmi(oP�=w��F��nIoP¡rt¢o=p¢�Po�s���n�þA NvQsayzn

� þA NvQsay ��jmsavF�3vkwxyxwxq�wzoPn ê�p[q
� 0.2 [0; 0.2]ì 0.4 [0.2; 0.6]
	 0.2 [0.6; 0.8]ñ 0.1 [0.8; 0.9]* 0.1 [0.9; 1.0]

ä �3vkyzo�û¢¨xö¤� ��jmsavF�3vkwxyxwxq"þZ�3p¢{��anmnmsA�=w��3qmoP{ wxp[qmo=j�üa�3yÐs���o©�a� å n�þA NvQsayX¨

ä�å o��PsA{
wxpk¥Ts��
q å o�nmoP¡[t¢o=p¢�Po � � � � / wzn�{ksap¢oN�an�ikjmoPnmo=p[qmoP{�vQo=yxyzs ���

� qI�3j�q�wxpk¥DiQsawxprq I = [0; 1]
	ísA{
wxpk¥Tn�þA NvQsay 	 I = [0.2; 0.6]
	ísA{
wxpk¥Tn�þA NvQsayhñ I = [0.44; 0.52]
	ísA{
wxpk¥Tn�þA NvQsay 	 I = [0.456; 0.488]
	ísA{
wxpk¥Tn�þA NvQsayhì I = [0.456; 0.4624]
	ísA{
wxpk¥Tn�þA NvQsay / I = [0.46176; 0.4624]

ä�å t¢n<£kwxp�q å o�o=p¢{�s��
q å oN�3j�wxq å  Do=q�wz�N�PsA{
wxpk¥ÿikjmsA�PoPnmn ��o å �Pü§o

Icod = [0.46176; 0.4624]

ê"p ikjI�a�=q�wz�Po satkjT�3yx¥§saj�wxq å  �q å t¢n�p¢saq.t¢nIo8q å o¬wxp[qmo=j�üa�3y I = [Imin; Imax] vktkq.t¢nIoPnsapkyxþ Imin
�3p¢{ÿq å oun�w76©ous��Qq å o�wxp[qmo=j�üa�3y:q å �3q ��o��©�3yxy¢wxpDq å o � sayxyzs ��wxpk¥9q å o # � � � # !() � �=¨
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�¢saju{koP�PsA{
wxpk¥���o�n�qI�3j�q �]jmsa Íq å o�n��3 Do�nmqI�3j�q�wxpk¥ÿi(sawxp[qus��Ðq å o �Ps[{
wxpk¥ÿikjmsA�PoP{
tkjmo
�3p¢{��]jmsa  Icod ¨ �+o�nmo©�3jm� å {I|Icod ⊂ I} ¨ �+o �¢pkwzn å � å o=p Icod = I �

I = [0; 1]
� qI�3j�q�wxpk¥TiQsawxprq

Icod ⊂ I = [0.2; 0.6] ñ oP�Ps[{
wxpk¥8n�þ[ 9v(say 	
Icod ⊂ I = [0.44; 0.52] ñ oP�Ps[{
wxpk¥Tnmþ[ 9v(sayÐñ

Icod ⊂ I = [0.456; 0.488] ñ�oP�PsA{
wxpk¥Tn�þA NvQsay 	
Icod ⊂ I = [0.456; 0.4624] ñ�oP�PsA{
wxpk¥Tn�þA NvQsayÐì

Icod = I = [0.46176; 0.4624] ñ oP�PsA{
wxpk¥Tn�þA NvQsay /

è�saqmo�q å �3q©�

• q å o.qmo=j� ÿwxpF�3q�wzsapã�Psap¢{
wxq�wzsap+�Psatkyz{\vQo Icodmax = I £Qn�wxp¢�Po.q å o��PsA{
wxpk¥`s���q å oqmo=j� ÿwxpF�3y/n�þA NvQsayh{ks[oPn�p¢saq�� å �3pk¥§o Imax
�

• q å o�{koP�PsA{
wxpk¥DikjmsA�PoP{
tkjmo�sapkyxþ`p¢oPoP{kn�q å o Icodmax
qmsÿo��
oP�=tkqmo �

• �3p¢{��¢pF�3yxyxþ§£hq å oÿwxprqmo=j�ü¤�3y n�w76©o.wxpÆq å oDo=p¢{Æs��íq å oD�3j�wxq å  Do=q�wz�T�PsA{
wxpk¥^�3p¢{Æ{ko ��PsA{
wxpk¥DikjmsA�PoPnmn�wzn�q å oNnI�3 Do¤¨
ê"p �X�a�=q©£¢q å oN�3j�wxq å  Do=q�wz�.�Ps[{
wxpk¥ ��saj �
n�oPnmnIo=prq�w��3yxyxþ ��wxq å q ��s8jmo=¥¤wzn�qmo=jmn©£:sap¢o�jmo=i �

jmoPnmo=p[q�wxpk¥8q å o Icodmin
�3p¢{�q å o9saq å o=j©£F�©�3yxyzoP{�# � � � # !() � �ujmo=ikjmoPnmo=p[q�wxpk¥8q å oNwxprqmo=j�ü¤�3y

ê�n�w76©o¤¨ ä�å o �3j�wxq å  Do=q�wz��{koP�PsA{
wxpk¥���saj �
ní�3yznms ��wxq å q ��s9jmo=¥¤wzn�qmo=jmn©¨ é p¢o�jmo=ikjmoPnmo=p[q�wxpk¥
q å o Icodmax

�3p¢{�q å o�saq å o=j©£kwzn��3yznms�q å o=# � �A� # !�) �
�@¨

��� 	 ��� � Y Z[� 	�)"	T-�+_�2- \ bQ� � bQ�/�(��1�\E+!�����^�!	��*�e���

ê"pZsajm{ko=j�qms8ikjms©üAwz{ko.n�þ[p¢� å jmsapkw76<�3q�wzsap+�3p¢{� ÿwxpkwx ÿw76©o9q å o9o=j�jmsaj�ikjmsaiF�3¥r�3q�wzsap\wxpZq å o
�©�anmo¼s��9� å �3pkp¢o=y�o=j�jmsajmn©£�o©�a� å n�iF�3q�wzs��Xqmo= ÿi(sajI�3y�nmtkvkvF�3p¢{dwzn¬{
wxüAwz{koP{âwxprqms�vkyzsA�!�
n©¨
ä�å o=ph£
�3j�wxq å  Do=q�wz���PsA{
wxpk¥�wzn iQo=j �]saj� DoP{TsapTo©�a� å vkyzs[� �.wxp¢{ko=iQo=p¢{ko=prq�yxþ§¨ ìíoP�©�3t¢nIo�q å o
vkyzsA�!�Æ{
wxü[wznmwzsap+jmoP¡rtkwxjmoPn9n�wz{koÿwxp � saj� T�3q�wzsaph£Ðq å oDvkyzs[� � ��n�w76©oT Nt¢n�qNv(oÿjmo=y��3qmoP{+qms q å o
� å �3pkp¢o=y(ì � î nmt¢� å q å �3q å wx¥ å ì � î�wx ÿikyxwzoPn�n� T�3yxy¢vkyzsA�!� ��n�w76©oPn©¨ �¢saj o=j�jmsaj�{ko=qmoP�=q�wzsaph£
� å o=pãq å oTprtk 9v(o=j�s��u�Ps[{koP{ �Ps[o �T�=wzo=p[qmnNwzn �[p¢s ��ph£¦wxq9wzn�iQs¤nmn�wxvkyzoÿqms�ü§o=j�w��Bþ¼w���q å o
�3j�wxq å  Do=q�wz�.�Ps[{ko=j�n�qmsai¢n��Psaj�jmoP�=q�yxþ§¨�ê�p^�©�anIoNs�� o=j�jmsaj��3p¢{^w�� q å o9�3j�wxq å  Do=q�wz�.�Ps[{ko=j�wzn
 ÿwzn�iky��a�PoP{TwxpDq å o�vkwxqmn�q�jmo©�3  ��o�nmþ[p¢� å jmsapkw76©ouq å ou{koP�PsA{ko=j qmsNnmqI�3j�q��3q q å o�vQo=¥¤wxpkpkwxpk¥
s��
p¢o��Aq�vkyzsA�!�Q¨

ê"quwzn �ío=yxy �Ap¢s ��pZq å �3q�q å wzn�t¢n�tF�3yÐ Do=q å sA{^s�� o=j�jmsaj�{ko=qmoP�=q�wzsapZwzn�y��3j�¥§o=yxþ wxp¢n�t � �
�=wzo=prq©¨�ê"quwznup¢saq�jI�3jmo�qms å �©ü§o�q å o9�Psaj�jmoP�=q�prtk 9v(o=j s�� �Ps[o �T�=wzo=p[qmn {koP�Ps[{koP{\�3p¢{ q å o
�3j�wxq å  Do=q�wz�D�PsA{ko=j ��o=yxy iky��a�PoP{®£hvktkq ��jmsapk¥^�Ps[o �T�=wzo=p[qmnN{koP�PsA{koP{®¨ ä�å wzn ikjmsavkyzo= Àwzn
 Dsajmo.{
w �T�=tkyxq�qms¬nmsayxü§o¤¨ � sa Do9 Do=q å sA{kn�q�j�þ qms8t¢nmo�q å o9wxp � saj� T�3q�wzsap\s�� q å o9p¢o=wx¥ å �
vQsaj�vkyzs[� �An�vktkquq å o=wxj�o �®oP�=q�wxü§o=p¢oPnmnuwzn�p¢saq�saikq�wx T�3yX¨�'�o=jmo¤£���o�ikjmsaiQs¤nmo�qms�t¢nIo�nmsa Do
wxprqmo=j�pF�3y¦wxp �]saj� T�3q�wzsapZwxp¢�=yxt¢{koP{ wxp�q å o��3j�wxq å  Do=q�wz�9�Ps[{ko¤¨

��n�o��
iky��3wxp¢oP{`�3v(s<ü§o�q å o �3j�wxq å  Do=q�wz� �Ps[{ko=j ��saj �
n ��wxq å q ��s. T�3wxp¬jmo=¥¤wzn�qmo=jmn©�/q å o
�PsA{ko.nmq�j�wxpk¥¬q å �3q jmo=ikjmoPnmo=p[qmn�q å o ) ��! � � � )�� � # ��) � �%7�� % � Imin


��3p¢{Zq å o #&��) � ��7 � %�� #
� �A� # !�) � � 
@¨ �âwxq å o©�a� å vkwxpF�3j�þ+{koP�=wzn�wzsap q å o8�=tkj�jmo=p[q9ikjmsavF�3vkwxyxwxq"þãwxp[qmo=j�üa�3y�wzn9n�tkvQ{
w �
üAwz{koP{ wxprqmsÿq ��s8n�tkv �Xwxprqmo=j�ü¤�3yzn©£:�3p¢{�q å o jmo=¥¤wzn�qmo=jmn��3jmo� DsA{
w��FoP{ wxpZ�a�P�Psajm{¢�3p¢�Po¤¨ ä�å o
n�qI�3qmoPn�s���jmo=¥¤wzn�qmo=jmn9{ko=i(o=p¢{+sapkyxþ¼sap+q å oÿikjmsavF�3vkwxyxwxq"þ+s��íq å oDwxp¢{
wxü[wz{
tF�3y o=ü§o=p[qmn©¨Tê"p
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satkj�nI� å o= Do¤£ ��ouwxp¢�=yxt¢{ko�q å o n y��an�q vkwxqmn�s��®q å o�wxprqmo=j�ü¤�3y � # � �A� # !�) �
� 
 wxp¢n�wz{kouq å o �¢pF�3y
vkwxqmn�q�jmo©�3  �Bwxp�satkj�o��AiQo=j�wx Do=prqmn n = 8 
@¨ �+o��Psatkyz{^nmoPo�wxp�q å o�o��¢�3 ÿikyzoN�3vQs©ü§o�q å �3qq å wzn�wxprqmo=j�ü¤�3y å �an�q å oNnI�3 DoNüa�3yxt¢o9wxpZ�PsA{
wxpk¥¬�3p¢{ZwxpZ{koP�PsA{
wxpk¥¬ikjms[�PoP{
tkjmo¤¨ ä�å o9{ko �
�PsA{ko=jín�wx ÿikyxþÿü§o=j�w��FoPn�w��hwxqmn��¢pF�3yQwxprqmo=j�ü¤�3y:jmo=¥¤wznmqmo=j��Psaj�jmoPnmi(sap¢{kníqms�q å o�sap¢o�wxp¢�=yxt¢{koP{
vrþTq å o��PsA{ko=j�wxp¢nmwz{ko�q å o å o©�a{ko=j�s��hq å o�vkwxqmn�q�jmo©�3 �¨�ê �hq å wzníwzn�p¢saq�q å o��©�anmo¤£[wxqí Do©�3p¢n
�3p^o=j�jmsaj�sA�P�=tkj�jmoP{ wxp q å o�vkyzsA�!� �3p¢{ wxquwzn�{
wznm�©�3jm{koP{®¨
� �(X��(W ��� �TGV�,��� I>�0@CF
� @CIJ�! "�  "�d��D"�T$_F
ä�å o�ikjmsaiQs¤nmoP{�n� T�3j�q �3j�wxq å  Do=q�wz�u�PsA{ko=j �Pü§sawz{kn n�þAp¢� å jmsapkw76<�3q�wzsapTikjmsavkyzo= Dn �3p¢{� ÿwxp �
wx ÿw76©oNo=j�jmsaj�ikjmsaiF�3¥r�3q�wzsaph¨ � wxq å q å wznu Do=q å sA{Z�3pZo=j�jmsaj�wxp�p¢saj� T�3y¦{¢�3qI�T�©�3p^vQo�{ko �
qmoP�=qmoP{®£Awxp � å wz� å �©�anmo�q å ouvkyzsA�!� ��wxyxy(v(o�{koP�Ps[{koP{8t¢n�wxpk¥�6©o=jms¤nísaj q å o��Pü§o=jI�3¥§o s��®q å o
vkyzsA�!� �Bw��
{koP�PsA{
wxpk¥Dq å o�ïhï*n�tkvkvF�3p¢{�
@¨

��j�jmsajmn�wxp`q å o å o©�a{ko=jmnun�iQoP�=w��]þ[wxpk¥��=j�t¢�=w��3y®wxp �]saj� T�3q�wzsap��©�3p å �©ü§o�n� T�3yxy®o �QoP�=q�saj
vQoT�©�3qI�an�q�jmsai å wz�¤¨\ê�p q å o � sayxyzs ��wxpk¥���o¬{ko=qI�3wxyíq å o å o©�a{ko=jmn9wxp �]saj� T�3q�wzsap�t¢nmoP{*�3p¢{
q å o�o=j�jmsajuqmsayzo=jI�3p¢�PoNs��
n�t¢� å�å o©�a{ko=jmn©¨
��\ b���+,�e���N	T�/\ bH����	�� �]�PsayzsajZn�iF�a�Po¤£ wx T�3¥§o n�w76©o¤£"�í�©ü§o=yzo=q\{koP�Psa ÿiQs¤n�wxq�wzsaph£�vkyzsA�!�

iF�3j�q�wxq�wzsaph£�o=qm�/
@¨ ä�å wzn å o©�a{ko=jÿwzn�wxprq�jmsA{
t¢�PoP{�wxp�vQsaq å {koPnm�=j�wxikq�wzsap¢n©¨�ê ��wxq�wzn
yzs¤nmq wxpÉv(saq å {koPnm�=j�wxikq�wzsap¢n^q å o¼wx T�3¥§o/*Kü[wz{koPs%jmoP�Psap¢nmq�j�t¢�=q�wzsapÎwzn wx ÿiQs¤nmn�wxvkyzo¤£
saq å o=j ��wznIo�q å o wx T�3¥§o/*KüAwz{koPsDjmoP�Psap¢n�q�j�t¢�=q�wzsapZwzn�p¢saj� T�3yX¨

� ���_+ � �e�a`*�(��- 	 	�� b `�'�	���� ä�å wzn å o©�a{ko=j8wznTt¢nmoP{ � å o=p nmsa DoZo=j�jmsaj¬sA�P�=tkjmn8wxpâ�
vkyzsA�!�Q¨�ê"pZn�t¢� å �©�anIoNq å o�{koP�PsA{
wxpk¥¬ikjmsA�PoPnmn n�qI�3j�qmn {koP�PsA{
wxpk¥¬q å o9p¢o��
q�vkyzsA�!�Q¨
ê � nmsa Do9o=j�jmsaj�sA�P�=tkjmn�wxp\q å wzn å o©�a{ko=j©£:wxp\q å oN{¢�3qI�8s�� q å o9vkyzs[� �^�3p¢{\�3q nI�3 Do
q�wx Do�q å o��3j�wxq å  Do=q�wz�^{koP�PsA{
wxpk¥	�¢pkwzn å oPnÿwxp%q å o���jmsapk¥+iQs¤n�wxq�wzsaph£���o å �©ü§o^�
nmþ[p¢� å jmsapkw76<�3q�wzsapZikjmsavkyzo= �¨

	 + ����-���+.� � ä�å wzn å o©�a{ko=j�wzn�t¢nmoP{ qmsDü§o=j�w��Bþ`q å �3q��3j�wxq å  Do=q�wz�9{koP�Ps[{
wxpk¥¬n�t¢�P�PoPoP{koP{®¨
ê"p+�©�anmo�s���o=j�jmsajmn�wxpÆq å wzn å o©�a{ko=j�q å o� Ds¤n�q�ikjmsavF�3vkyzoÿwzn�q å �3q�q å oD�3j�wxq å  Do=q�wz�
{koP�PsA{
wxpk¥ qmo=j� ÿwxpF�3qmoPn ��wxq å ��p¢saq�n�t¢�P�PoPoP{koP{��I£ho=ü§o=p¼w�� wxq n�t¢�P�PoPoP{kn©¨ � t¢� å wx  �
ikjmsavF�3vkyzo�wznhq å �3qÐq å o��3j�wxq å  Do=q�wz�í{koP�Ps[{
wxpk¥�qmo=j� ÿwxpF�3qmoPn$��wxq å �"n�t¢�P�PoPoP{koP{�� � å o=p
wxq�p¢saqun�t¢�P�PoPoP{koP{®¨ ê"p q å wzn�y��an�qu�©�anmo ��o å �©ü§oN�ÿn�þAp¢� å jmsapkw76<�3q�wzsapZikjmsavkyzo= �¨

� 	�� +.bQ�
1 `�'�	������K& �E`*�(��- �C	T� -���bH����-������!bd' �e���N	T�/\ bH����	�� �BwxpÉq å oÆ�©�anmo¼s�����ïÐï
nmtkvkvF�3p¢{®£
ûrú�vkwxqmn � sajínmqI�3q�wzn�q�wz�©�3yQwxp �]saj� T�3q�wzsap�
@¨ ä�å wzn å o©�a{ko=j�wzníwxprq�jmsA{
t¢�PoP{`wxp
vQsaq å {koPnm�=j�wxikq�wzsap¢n©¨�ê �Fwxq�wzn
yzs¤n�q�wxpÿvQsaq å {koPnm�=j�wxikq�wzsap¢n q å o�vkyzsA�!�.wxq��Psaj�jmoPn�iQsap¢{kn
wzn�{koP�Ps[{koP{�o=j�jmsap¢oPsat¢nmyxþ¬wxp^v(saq å {koPnm�=j�wxikq�wzsap¢n<¨

� 	�� +.bQ�
1 `�'�	������B� � `*�(��- �C	T� ��10+ 
�
0bd�������!bH����	��2-���+.) ê �
q å wzn å o©�a{ko=jhwzn®yzs¤nmq®q å o
vkyzsA�!�`wxqu�Psaj�jmoPn�iQsap¢{knuwzn�{koP�Ps[{koP{�o=j�jmsap¢oPsat¢nmyxþ§¨

�+o9p¢saqmo.q å �3q�q å o9 Ds¤n�q nmo=p¢n�wxq�wxü§o å o©�a{ko=jmn��3jmoNjmo=iQo©�3qmoP{\wxpZvQsaq å {koPnI�=j�wxikq�wzsap¢n©¨
ä�å o^saq å o=j å o©�a{ko=jmn �3jmo yzoPnmnTnIo=p¢n�wxq�wxü§o^n�wxp¢�Po^jmoP�Psap¢n�q�j�t¢�=q�wzsapâwzn8n�q�wxyxy�i(s¤nmnmwxvkyzo^�3p¢{
o=j�jmsajmn�{ks�p¢saq�ikjmsaiF�3¥r�3qmo�qmsÿsaq å o=juvkyzsA�!�
n©¨

ê"pÆq å oÿiQo=j �]saj� DoP{+nmwx Ntky��3q�wzsap¢n9q å o å o©�a{ko=jmn �ío=jmoDikjmsaqmoP�=qmoP{��Bq å o=þÆ�3jmoÿp¢saq9� � �
�¢wz�=qmoP{Dv[þÿp¢sawznmo/
@¨�ê"p �Btkq�tkjmo ��saj � �íouwxprqmo=p¢{8qms�ikjmsaqmoP�=qíq å ou Ds¤nmq nmo=p¢n�wxq�wxü§o å o©�a{ko=jmn
��wxq å � �
	�óôn©¨
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�¢saj n�iF�3q�w��3y:{koP�Psa ÿi(s¤n�wxq�wzsap8satkj �Ps[{ko=j�t¢nmoPn � 5 � h�vkwzsaj�q å sa¥§sapF�3y �¢yxqmo=j �9i �:�3p¢{D��q å jmoPo
yzo=ü§o=yÐ{koP�Psa ÿiQs¤n�wxq�wzsaph¨

�¢saj�n�wx 9tky��3q�wzsap¢n ��oít¢nmoíq å o 512×512 ikw �ko=yzn � ������wx T�3¥§o¤¨/ïÐo=pF��wx T�3¥§oíqmsaqI�3y
vkwxqjI�3qmo �í�an�nmo=q�qms`ö vkiki �BwX¨ôo¤¨ R1 ≈ R2 ≈ 0.5 vkiki�
�sajuú
¨98.vkiki �BwX¨ôo¤¨ R1 ≈ R2 ≈ 0.25vkiki�
@¨
� ����� � �,� � �gIBD �]��;BF
F/@C�gI G. "��I>I>�T=CF

�/wx¥¤tkjmoPn�û¢¨ õ
£Qû¢¨ û¢£®û¢¨98
£®û¢¨9i
£hû¢¨ h8�3p¢{¼û¢¨ ÷`n å s � nmsa Do.üAwzn�tF�3y
jmoPn�tkyxqmn�s���q�jI�3p¢n� ÿwznIn�wzsap
s�� ����� ��wx T�3¥§o¼�3q^ö�vkikid�3p¢{ ú
¨98ãvkiki s<ü§o=j8ì � 	 �3p¢{ ���3t¢nmn�w��3p � å �3pkp¢o=yzn ��wxq å
BER = 0.001 �3p¢{Tì � î = 0.01 ¨ ä�å ou Do©�3p � � è�î ��o�savkqI�3wxp¢oP{(� saj�ì � 	�� å �3pkp¢o=yzn
�3p¢{ t¢n�wxpk¥ � ������wx T�3¥§oN�3q�ú
¨98�vkikiZ�3jmo qI�3vktky��3qmoP{^wxp�qI�3vkyzo�û¢¨ ù
¨

��n��3yxjmo©�a{
þ  Do=prq�wzsap¢oP{®£ ��o9�©�3p �¢p¢{^��¥¤jmo©�3q �3 Dsatkprq s��/jmoPnIo©�3jm� å {koP{
wz�©�3qmoP{Zqms
� ñ 	��]saj/sap ��s��T� å �3pkp¢o=yzn/vktkq/ü§o=j�þ�jmoP{
t¢�PoP{.�3 Dsatkp[q/s��¢jmoPnmo©�3jm� å {koP{
wz�©�3qmoP{.qms � ñ 	
� saj�� å �3pkp¢o=yzn��an�ì � 	 saj����3t¢nmn�w��3ph¨�ê"p �xö�i¤ù��®q å o��3tkq å sajmnu�Psap¢n�q�j�t¢�=qmoP{��3p � ñ 	 � saj
p¢o=q �ísaj �An ��wxq å iF�a� �§o=q�yzs¤n�q��3p¢{ / saj�vkwxquo=j�jmsajmn<¨ ä�å o=þ¬ikjms©üAwz{ko9�. DoP� å �3pkwznm  � saj�vkwxq
�3yxyzsA�©�3q�wzsap vQo=q ��oPo=p q å o jmoP{
tkp¢{¢�3p¢�=þ%wxp�qmo=j� Dn8s�� � �
	Û�3p¢{�jmoP{
tkp¢{¢�3p¢�=þ%q å �3qDwzn
 Do©�3prq.qms��Psaj�jmoP�=q �]saj�iF�a� �§o=q9yzs¤nIn©¨Tê"p+q å wzn �ísaj �Æq å o=þ¼ikjmoPnmo=prq�nmsa DoÿjmoPn�tkyxqmn ��wxq å
���(���\wx T�3¥§oT�Psa ÿikjmoPnmnIoP{ �3q.ú
¨98�vkikih¨ �¢saj.ì � 	Ãq�jI�3p¢nm ÿwznmn�wzsap ��wxq å ì � î = 0.001q å o�� � è�îdwzn�ù!hA¨989{kì �3p¢{ �]saj��Nì � î = 0.01 q å o�� � è�îÉsavkqI�3wxp¢oP{8wzn�ù¤ú
¨ ù.{kì ¨ ä�å wzn
 Do©�3p¢n�q å �3q�satkj � ñ 	 satkq�iQo=j �]saj� Dn q å wzn�sap¢o��]nIoPo�qI�3vkyzo�û¢¨ ù-
@¨ � sajmoPs©ü§o=j©£rq å o�jmoPn�tkyxqmn
s�� �xö�i¤ù�� � å o=jmousavkqI�3wxp¢oP{ ��wxq å nmo=ü§o=pDyzo=ü§o=yzn�s��Q{koP�Psa ÿiQs¤n�wxq�wzsap¬�3p¢{8�anmn�tk ÿwxpk¥�q å ouïÐï
vF�3p¢{ tkp¢�Psaj�j�tkikqmoP{®¨

ì � 	d� å �3pkp¢o=yzn
ì � î ú
¨ ú
ö ú
¨ ú¤ú
ö

��jmsai(s¤nIoP{  Do=q å s[{ ù3û¢¨ h/5D{kì ù¤÷
¨9i¤ùD{kì
� o=q å s[{�wxp �xö�i¤ù�� ù¤ú
¨ ùÿ{kì ù!hA¨98�{kì

ä �3vkyzo�û¢¨ ù
��� � è�î*ü¤�3yxt¢oPn � saj � ����� wx T�3¥§o��Psa ÿikjmoPnmnIoP{Nqms�ú
¨98�vkikih£ � å o=p��Psap¢n�wz{ko=j�wxpk¥
ì � 	d� å �3pkp¢o=yzn<¨
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�/wx¥¤tkjmo¸û¢¨ õ
� � �����¸wx T�3¥§oë�PsA{koP{ �3qÉú
¨98�vkikih¨ ì � 	�� å �3pkp¢o=y¼�3qÉú
¨ ú¤ú
ö¸vQo=j©¨
� � è�î � ù�5
¨ û¢ö �

�/wx¥¤tkjmo¸û¢¨ û¢� � �����¸wx T�3¥§oë�PsA{koP{ �3q ö¤¨ ú�vkikih¨ ì � 	�� å �3pkp¢o=y¼�3qÉú
¨ ú¤ú
ö¸vQo=j©¨
� � è�î � õ¤õ
¨ ÷�5ÿ{kì ¨
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�/wx¥¤tkjmo�û¢¨98
� � ����� wx T�3¥§o �PsA{koP{$�3q ö¤¨ úÍvkikih¨ ì � 	 � å �3pkp¢o=y*�3q¸ú
¨ ú
ö�vQo=j©¨
� � è�î � ù3û¢¨95�5ÿ{kì ¨

�/wx¥¤tkjmo*û¢¨9i
�,���(��� wx T�3¥§o*�PsA{koP{��3q%ö¤¨ ú�vkikih¨ ���3t¢nIn�w��3pÃ� å �3pkp¢o=yT�3q+ú
¨ ú
ö vQo=j©¨
� � è�î � ù�8
¨ û_5ÿ{kì ¨
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�/wx¥¤tkjmoÆû¢¨ hA��� �����¼wx T�3¥§o+�PsA{koP{¸�3q^ú
¨98�vkikih¨ ���3t¢nmn�w��3pÎ� å �3pkp¢o=y.�3qZú
¨ ú¤ú
öÆvQo=j©¨
� � è�î � õ
ö¤¨ ù!h�{kì ¨

�/wx¥¤tkjmoÆû¢¨ ÷
��� �����¼wx T�3¥§o+�PsA{koP{¸�3q+ö¤¨ ú�vkikih¨ ���3t¢nmn�w��3pÎ� å �3pkp¢o=y.�3qZú
¨ ú¤ú
öÆvQo=j©¨
� � è�î � õ3û¢¨95¤úÿ{kì ¨
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ä�å o � ñ 	 ikjmoPnmo=p[qmoP{ �]saj�wx T�3¥§oPn��©�3p vQo�o��
qmo=p¢{koP{`qms.ü[wz{koPsÿ�a{k{
wxpk¥T�¬öPñ¸ñ�� ä wxp
q å ouq�wx Do�{
wxjmoP�=q�wzsapTqmsNq å o�ùañÉñ�� ä ¨ ä�å wzn�wzn pF�3 DoP{¬��õañÎñ�� ä ¨ ä�å o�õañÉn�tkvkvF�3p¢{
�PsA{
wxpk¥Zs��uüAwz{koPs � ÷!h
£ ö©õ�i¢£hû.hA£ ö©÷
ör£ ö�5¤ù ��ikjms<ü[wz{koPn�o=p¢�PsatkjI�3¥¤wxpk¥\jmoPn�tkyxqmn.�Psa ÿiF�3jmoP{
��wxq å � ���
� � ù�ik£®ö�i�5k£F÷¤÷
£hö¤ö¤ö���¨
�ktkj�q å o=j� Dsajmo�q å o=jmo9o��Awznmquo �T�=wzo=prq�õañ�nI�©�3p �XvF�anmoP{
ñ�� ä �3p¢{�õañ nI�©�3p �XvF�anmoP{% Dsaq�wzsap��Psa ÿiQo=p¢nI�3qmoP{%yxw��]q�wxpk¥¼ñ � ä � sajÿü[wz{koPs¼�PsA{
wxpk¥
�xö©ù¤úk£Aö©ù
ö¤£[ö©ù¤ù¢£[ö�5¤ù
£Aö�i¤÷k£Aö©ú¤õ
£
8
£Aö©÷��[q å �3q �3jmo���o=yxykn�tkwxqmoP{ � sajÐjmo©�3y
q�wx Doí�3ikikyxwz�©�3q�wzsap¢n<¨

ê"p q å o\ikjmoPnmo=p[q���saj � �ío\t¢nmo\q å o\õañØnm�©�3p �XvF�anmoP{dñ�� ä ikjmoPnmo=prqmoP{dwxp
�xö©ù¤ú���£
��wxq å satkqN Dsaq�wzsap*�Psa ÿi(o=p¢n��3q�wzsaph¨ ä�å o¬õañÛnm�©�3p �XvF�anmoP{ ñ�� ä q�jI�3p¢n � saj� á�3yxyzs �un9t¢n
qmsD{ko=ü§o=yzsai¼�ÿn�q�j�wxiQo �XvF�anmoP{ � ñ 	�¨ � sajmo�nmi(oP�=w��F�©�3yxyxþ§£ � å o=p�t¢n�wxpk¥8�Dõañ�nI�©�3p �XvF�anmoP{
ñ�� ä £Ðq å o¬vkwxqÿ�3yxyzs[�©�3q�wzsap � sajNq å o`n�t¢�P�PoPnmnmwxü§oTnmo=qmn�s��uqmo= ÿiQsajI�3yxyxþ �Ps å o=jmo=prqÿ�PsAo � �
�=wzo=prqmnN�©�3pÆv(o�iQo=j �]saj� DoP{���wxq å jmoPnmi(oP�=q�qms o=wxq å o=j�jI�3qmoÿsaj�¡[tF�3yxwxq�þ¼�Psap¢n�q�jI�3wxprqmn �]nmoPo
�xö©ù¤ù�� �]saj�{ko=qI�3wxyzn$
@¨ ä�å t¢n<£ �ío9�©�3p¼� å �3pk¥§o9q å oNjmoP{
tkp¢{¢�3p¢�=þ^iF�3jI�3 Do=qmo=j o©�a� å q�wx Do��
vkwxqÿ�3yxyzs[�©�3q�wzsap�n�qI�3j�qmn �]saj�� p¢o �Ínmo=q9s��uqmo= ÿiQsajI�3yxyxþã�Ps å o=jmo=prqÿ�PsAo �T�=wzo=prqmn©¨Zê�p q å wzn
�í�©þ ��o¬�©�3p%�a{¢�3ikq9q å o8jmoP{
tkp¢{¢�3p¢�=þ+iF�3jI�3 Do=qmo=j�qms^q å o8� å �3pkp¢o=y�n�qI�3qmo � å wxyzo8�PsA{ �
wxpk¥¢¨ ä�å t¢n©£ q å o8ikjmsaiQs¤nmoP{� Do=q å sA{��3tkqmsa T�3q�wz�©�3yxyxþ��a{¢�3ikqmnÿq å o`�Ps[{
wxpk¥ÆikjmsA�PoPnmn�qms
q�wx Douü¤�3j�þAwxpk¥Nn�qI�3qmoPn©¨ ä�å ouikjmsaiQs¤nmoP{ � ñ ì�� wzn q å o=pTn�tkwxqI�3vkyzo �]saj q�jI�3p¢nm ÿwznmn�wzsap8s<ü§o=j
q�wx Do �Xü¤�3j�þ[wxpk¥T� å �3pkp¢o=yzn©¨

� �e% � � �KGH��I�
 �B��F ��D �S� �0�T=C�Q�^��$!��I>F
� ��$��

� �©�3p �XvF�anmoP{ �í�©ü§o=yzo=qÿq�jI�3p¢n � saj� ��3yx¥§saj�wxq å  DnD�3jmo8 Do©�3prqÿqmsZikjmsa¥¤jmoPnmn�wxü§o=yxþ*�Psa ÿiktkqmo
q å oÆñ�� ä qms*¥§o=q yzs �Ö Do= Dsaj�þâwx ÿikyzo= Do=prqI�3q�wzsap¢n\s�� �í�©ü§o=yzo=q^q�jI�3p¢n � saj� Dn©¨ ä�å wzn
ikjmsavkyzo=  ���an �¢jmn�qN�a{k{
jmoPnmnIoP{¼wxp �xö©÷¤ú � � å wz� å sapkyxþ\�Psap¢n�wz{ko=jmoP{ öPñ�q�jI�3p¢n �]saj� Dn©¨ÿê"p
� õ¤ú��Fq å o��3tkq å sajmníikjmoPnmo=prq���yxwxp¢o�vF�anmoP{(���Pü§o=yzo=q�wx T�3¥§o��Psa ÿikjmoPnmnmwzsaph¨ ê�pTq å wzn�nm� å o= Do
q å ouyxwxp¢oPn��3jmo�jmo©�a{Tyxwxp¢o�vrþDyxwxp¢o��3p¢{8sapkyxþÿq å o� ÿwxpkwx Ntk ÍjmoP¡[tkwxjmoP{Dprtk 9v(o=j�s��hyxwxp¢oPn�wzn
�§o=ikq�sap8 Do= Dsaj�þ§¨ ä�å wzn �Awxp¢{8s��¦�3yx¥§saj�wxq å  Dn�sapkyxþTp¢oPoP{kn�qms.n�qmsajmo �Nnm T�3yxy:p[tk NvQo=j�s��
�PsAo �T�=wzo=prqmn �3qÐq å oínI�3 Do�q�wx Doí�3p¢{.�3yxyzs ����n�wx¥¤pkw��F�©�3prq
 Do= Dsaj�þNnI�©ü[wxpk¥¢¨ '�wzn�qmsaj�wz�©�3yxyxþ§£
�¢jmn�q�tkpkiktkvkyxwzn å oP{^ikjmsai(s¤n��3y �]saj�ùañÃwx T�3¥§oPnu�©�3p�vQo"� satkp¢{`wxp � ù¤ù���¨ é q å o=juikjmsaiQs¤nI�3yzn
�3jmo �xö©ù3ûF£Qö©ù¤ú
£Qö©ù¤ù
£(ö¤ö©õ ��¨���p`o©�an�þ(���Pþ¬qms9wx ÿikyzo= Do=p[q��.nm�©�3p`vF�anmoP{ �í�©ü§o=yzo=q�q�jI�3p¢n �
� saj� Ü�3yx¥§saj�wxq å  ~�©�3p^vQo�{ko=j�wxü§oP{ �]jmsa �q å oNyxw��Bq�wxpk¥¬nm� å o= Do¤¨ � sa Do��3yx¥§saj�wxq å  Dn�t¢n�wxpk¥
q å o�yxw��]q�wxpk¥Dnm� å o= Do.�3jmo � õ
ö§£®ö�5
ö§£®ö�5¤ùk£®ö©ù
ö ��¨

� �e% �(W �  "� =N@?� �!@CI"L F
G. "� �O�

ä�å o�yxw��]q�wxpk¥Tnm� å o= Do å �an�v(oPo=p^wxprq�jmsA{
t¢�PoP{^v[þ � ��o=yz{ko=p¢n �xö�i�8
£:õ!h/�/�an���yxwx¥ å q � �ío=wx¥ å q
�Psa ÿiktkqI�3q�wzsapT Do=q å sA{�� saj/iQo=j � saj� ÿwxpk¥N�3prþ��í�Pü§o=yzo=q�q�jI�3p¢n � saj� �vF�anmoP{ÿsapT��vkwzsaj�q å sa¥ �
sapF�3y �¢yxqmo=j�vF�3p��(¨ ä�å o�t¢n�tF�3yFyzs � �XiF�anmn$* å wx¥ å �XiF�anmn��¢yxqmo=j�iF�3wxj wzn�jmo=iky��a�PoP{DvrþT��y��a{k{ko=j
n�q�j�t¢�=q�tkjmoN�an�n å s ��p�wxp �¢¥¤tkjmo�û¢¨95
¨
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x[k] 1P U1 nP Un

x[2k] +

+

+ −
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+ −

x[2k+1] 

hight−pass

low−pass

�/wx¥¤tkjmo�û¢¨95
�uöPñ ñ�� ä n�q�j�t¢�=q�tkjmo�t¢n�wxpk¥ÿq å o�yxw��Bq�wxpk¥TnI� å o= Do¤¨
ä�å oÿyxw��]q�wxpk¥�nm� å o= DoDn�qI�3j�qmn�v[þ¼� ��y��
6Pþ � ���Pü§o=yzo=q.q�jI�3p¢n � saj� À�Psap¢n�wzn�q�wxpk¥^s���n�ikyxwxq �

q�wxpk¥\q å o8wxpkiktkq.ü§oP�=qmsaj x[k] wxprqms\q �ís\nmtkv¢nI�3 ÿikyzoP{*ü§o=jmn�wzsap¢n xeven[k] = x[2k] �3p¢{
xodd[k] = x[2K + 1] ¨ � o=ü§o=jI�3yuo=yzo= Do=prqI�3j�þ*q�jI�3p¢n � saj� T�3q�wzsap n�qmo=i¢nÿ�3jmo��3ikikyxwzoP{�qmsq å oPnmo�q ��sÿü§oP�=qmsajmn<�
'e� �?���e���E-���+_)�- �Psap¢n�wznmq�s���n�tkvkq�jI�a�=q�wxpk¥��]jmsa  xodd[k] �3p�oPn�q�wx T�3qmoP{ �]sajÿikjmoP{
wz�=qmoP{�


nmwx¥¤pF�3y�vF�anmoP{*sap xeven[k] ¨�� n�q�wx T�3q�wzsap¢nD�3jmo¬�Psa ÿiktkqmoP{*vrþ �3ikikyxþAwxpk¥\q å o Pi�¢yxqmo=jmn�qms xeven[k] ¨
�*
0bd' 'e� �C���e��� -���+_)�- �Psap¢n�wzn�q
s��¢tkiQ{¢�3q�wxpk¥ xeven[k] vrþ9�a{k{
wxpk¥ q å o�jmoPn�tkyxq
s�� Ui

�¢yxqmo=jmn
� å o=p\�3ikikyxwzoP{�qms xodd[k] ¨

� �Bqmo=j9nmo=ü§o=jI�3y�yxw��]q�wxpk¥ *3{
tF�3yíyxw��Bq�wxpk¥\n�qmo=i¢n�q å o8{ko=qI�3wxyí�3p¢{ �3ikikjms	�Awx T�3q�wzsap%�PsAo � �
�=wzo=prqmn s��(q å o�öPñâñ�� ä s�� x[k] wzn savkqI�3wxp¢oP{®¨ ä�å o�yzs � �XiF�anIn �PsAo �T�=wzo=prqmn��3jmo�savkqI�3wxp¢oP{� �]qmo=j q å o�y��an�q {
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ikjmoPnmo=p[qmoP{®¨"�+o¬�Psa ÿiF�3jmo¬wxq���wxq å q å o8�©�anmo ��wxq å satkq�p¢sawznmo¤¨ �+o¬�©�3p�nIoPoTq å �3q.q å o
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saj�¥r�3pkw76<�3q�wzsaph¨ ä�å wzn saj�¥r�3pkw76<�3q�wzsap8 T�a{kou�3pTo �®saj�q�qms yzs[s � �]saj�q å o�jmoP�Psa ÿ Do=p¢{¢�3q�wzsap¢n
�3p¢{+q å oTn�qI�3p¢{¢�3jm{kn.�3yxyzs ��wxpk¥Zqms �Btkq�tkjmoT¥§o=p¢o=jI�3q�wzsap¢n9s��� Dsavkwxyzo8�Psa ÿ Ntkpkwz�©�3q�wzsap%qms
�3p¢n �ío=juqms�q å o�p¢o �¸{ko= T�3p¢{kn�s��/n�þ
n�qmo=  �©�3iF�a�=wxq�þ^�3p¢{`iQo=j � saj� T�3p¢�Po¤¨ ä�å wznuo �®saj�q�wzn
n�tk ÿ T�3j�w76©o ��wxq å q å o�pF�3 Do��� Dsavkwxyzo��Psa ÿ Ntkpkwz�©�3q�wzsap¢n s��
q å wxjm{ ¥§o=p¢o=jI�3q�wzsap � õ � 
 �I¨

ð �Zä � � å �3pkp¢o=y��`ikjmoPnmo=p[qmn`q å jmoPoZ{
w��®o=jmo=prq` DsA{ko=yzn©�¼wxp¢{ks[saj©£�i(oP{koPnmq�j�w��3ph£��3p¢{
ü§o å wz�=tky��3j©¨ ä�å o=þ`�3jmo�{ko �¢p¢oP{¬wxp � û¤û ��£k�3p¢{ ��o�vkj�wzo��¢þ8o��
iQs¤nmo�q å o= Íwxp ��iki(o=p¢{
w �8�.¨

�¢saj9n�wx Ntky��3q�wzsap¢n ��oÿt¢nmoDõanIoP�Psap¢{knNs�� � 	íê � !$#&%'�(��) �Psayzsaj�ü[wz{koPs��Psa ÿikjmoPnInmoP{Æqms
ù¤ú¤ú��Avkwxqmn$*3n � õ¤ú��BjI�3 DoPn$*3n�
@¨8��yxy � å �3pkp¢o=yín�wx Ntky��3q�wzsap¢n ��o=jmo8iQo=j �]saj� DoP{Æqmo=pãq�wx DoPn©¨
è�saqmo�q å �3q� Do©�3p�� � è�îëü¤�3yxt¢oPn��3jmo��Psa ÿiktkqmoP{Zvrþ��Pü§o=jI�3¥¤wxpk¥ {koP�PsA{koP{ � � � ü¤�3yxt¢oPn
�3p¢{ q å o=p^�Psap[ü§o=j�q�wxpk¥Tq å o� Do©�3p � � � qmsÿq å o��Psaj�jmoPn�iQsap¢{
wxpk¥ � � è�îÎü¤�3yxt¢oPn©¨ #�wzn�tF�3y
jmoPn�tkyxqmn s���üAwz{koPs8ikjmoPnmo=prqN�3y����Pþ
n q å o �]jI�3 DoPn�ö¤£�ö¤ö¤£®ù
ö¤£hõ
ö¤£:û¢ö¤£�8
ö¤£�i
ö¤£�hAö¤£h÷
ö��3p¢{
5
ö�s��
q å o ü[wz{koPsk¨

�¢saj��Psa ÿiF�3j�wznIsaph£ ��o�ikjmoPnmo=p[q�jmoPn�tkyxqmn�savkqI�3wxp¢oP{	��wxq å q å o�ikjmsaiQs¤nmoP{ � ñ 	 ��wxq å
�3p¢{ ��wxq å satkq�p¢sawznmo¤¨ ä�å o�jmoP{
tkp¢{¢�3p¢�=þDiF�3jI�3 Do=qmo=j �í�an��Psa ÿiktkqmoP{¬wxpTq å wzní�©�anmo�t¢n�wxpk¥
oP¡[tF�3q�wzsap^û¢¨xö©ù
¨ ä�å t¢n� Do©�3p �íoN�Psap¢n�wz{ko=j�q å oNî��PþAyzo=wx¥ å  DsA{ko=yhqms8�3ikikjms	�Awx T�3qmo9q å o
ð �Zä � � å �3pkp¢o=yÐvQo å �PüAwzsaj©¨

�+oZikjmoPnmo=prq��3yznms nmsa DoZjmoPn�tkyxqmn8savkqI�3wxp¢oP{�� sajTq å oZq�jI�3p¢n� ÿwznmn�wzsapds��.�ãn�wxpk¥¤tky��3j
{koPnm�=j�wxikq�wzsap �PsA{ko=j � � ñ 	�
 ��wxq å �Nn�wx ÿwxy��3jí�PsA{koP�¤¨ �+o��3yznIsNt¢nmo�� � ñ 	 ��wxq å � ä tkj�vQs
	ísA{ko=j�� � ñ 	�� ä 	d�3p¢{ � ñ 	�� ä 	����+
���wxq å �NvkwxqíjI�3qmo�s��/ù¤ú¤ú��Avkwxqmn$*3níwxp¢�=yxt¢{
wxpk¥�q å o
� å �3pkp¢o=y�jI�3qmo¤¨ ä�å o�{
w��®o=jmo=p¢�Po vQo=q ��oPo=p q å o � ñ 	�� ä 	Û�3p¢{%q å o � ñ 	�� ä 	�����wzn
q å �3q�wxp q å o y��an�q�sap¢o ��o9�a{¢�3ikq�q å o jmoP{
tkp¢{¢�3p¢�=þ`s��/q å o ä 	 vF�anmoP{ n�þ
n�qmo= Ívrþ¬t¢n�wxpk¥
�.iktkp¢�=q�tkj�wxpk¥T DoP� å �3pkwzn� �¨

ä �3vkyzo�û¢¨ ûT�3p¢{ qI�3vkyzo û¢¨98.ikjmoPnmo=p[quq å o  Do©�3p � � è�î�� sajuì � î = 0.01 �3p¢{ ì � î =
0.001 £rjmoPn�iQoP�=q�wxü§o=yxþ§£ � saj/q å o�ikjmsaiQs¤nmoP{ � ñ 	�¨ �+o��Psa ÿiF�3jmo�wxq)��wxq å q å o��©�anmo ��wxq å satkqp¢sawznmoN�3p¢{���wxq å q å o � ñ 	�� ä 	É�3p¢{ q å o � ñ 	�� ä 	����/¨

ä�å oíikjmsaiQs¤nmoP{ � ñ 	ãikjmoPnmo=prqmn
vQo=q�qmo=j�jmoPn�tkyxqmn©¨ ä�å o�{
w��Qo=jmo=p¢�PoPn
wxpÿ�©�anmo�s��:ì � î =
0.01 �3jmo�n� T�3yxyzo=j©£ å s ��o=ü§o=j�q å o.ì � î wxpZjmo©�3y
ð �\ä � q�jI�3p¢n� ÿwznmn�wzsap¢n�wzn å wx¥ å o=j�q å �3p
0.01 ¨

�/wx¥¤tkjmoPn
û¢¨xö�hA£¤û¢¨xö©÷��3p¢{.û¢¨xö�5�ikjmoPnmo=prq�q å o� Do©�3p � � è�î�s��:{
w��®o=jmo=prq �BjI�3 DoPn � saj �ÿ£
ð.£a�3p¢{�#â�Psa ÿi(sap¢o=p[q jmoPn�iQoP�=q�wxü§o=yxþ§¨/ê"p�q å oPnmo�n�wx Ntky��3q�wzsap¢n���o��Psap¢n�wz{ko=j�q�jI�3p¢n� ÿwznIn�wzsap
s©ü§o=j�i(oP{koPn�q�j�w��3pZð �\ä � � å �3pkp¢o=y/�3p¢{�ì � î � 0.01 ¨

�/wxpF�3yxyxþ���o8n å s � nmsa DoÿüAwzn�tF�3y jmoPn�tkyxqmn � saj � ñ 	�£ � ñ 	�� ä 	Ì�3p¢{Æq å oÿikjmsaiQs¤nmoP{
� ñ 	dwxp��¢¥¤tkjmoPnuû¢¨ ù¤ú
£¢û¢¨ ù
ö¤£¢û¢¨ ù¤ùD�3p¢{ wxp �¢¥¤tkjmoPn�û¢¨ ù¤ú
£kû¢¨ ù
ö¤£¢û¢¨ ù¤ù�� saj��ÿì � î�� 0.01 ¨ê"p�q å o �¢jmn�q8¥¤jmsatki s�� �¢¥¤tkjmoPn ��o^�Psap¢nmwz{ko=jTq�jI�3p¢n� ÿwznmnmwzsap s©ü§o=j �3p ð �\ä � ê�p¢{ksAsaj
� å �3pkp¢o=y �3p¢{�wxp�q å o nmoP�Psap¢{%¥¤jmsatki s�� �¢¥¤tkjmoPn ��o��Psap¢n�wz{ko=jTq�jI�3p¢n� ÿwznmn�wzsap�s<ü§o=j¬�3p
ð �Zä � �/oP{koPn�q�j�w��3pÉ� å �3pkp¢o=yX¨¸��n8�Psatkyz{�vQo�nmoPo=p wxp qI�3vkyzo�û¢¨ û��3p¢{�qI�3vkyzo�û¢¨98+q å o
ê"p¢{ks[sají� å �3pkp¢o=yzn��3jmo�q å o�sap¢o�q å �3q�wx ÿikyxwzoPníq å o ��sajmnmq � � è�îâüa�3yxt¢oPn��3p¢{Dq å o��/oP{koPn �
q�j�w��3pÆ� å �3pkp¢o=y�q å o.vQo=q�qmo=j�� � è�î�ü¤�3yxt¢oPn �Bwxp\vQsaq å �©�anmoPn � ñ 	�£ � ñ 	ësaj � ñ 	�� ä 	
n�wx 9tky��3q�wzsap¢n$
@¨

ê"p �¢¥¤tkjmoPn û¢¨ ù�i
£�û¢¨ ù!hA£�û¢¨ ù¤÷ �íoÆ�Psap¢n�wz{ko=j^��ì � î � 0.001 �3p¢{dê"p¢{ks[saj�ð �Zä �
� å �3pkp¢o=yX¨���n. Do=prq�wzsap¢oP{%wxp�� å �3ikqmo=j^ö¬q å o � �
	 �PsA{ko¬ Nt¢n�qÿvQo`{koPn�wx¥¤p¢oP{ ��wxq å �
��sajmnmq �©�anIo.� å �3pkp¢o=y nm�Po=pF�3j�wzs`wxp\ ÿwxp¢{®¨ ä�å wzn�jmo��FoP�=qmn�q å o.vF�a{\i(o=j � saj� T�3p¢�Po�s�� q å o
� ñ 	�� ä 	âwxp^�©�anmo�s��
yzs �Ãì � îN¨

�������
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���
���	���������	��� !�"�#�%$��% %��&(')���+*����-,.�0/�����1�	��32543��67����&���$0	8
����



haù
����
����

��
	
��

����
��
��

��
�
�
����

��
��
�
�
�����

��

�

��	���

������
���
�
��
�

� � � ���� �

�	 
 �	 
 �	 
 �	 


�� � � �� 
 � � �� � � �

10−2 �

10−2 �
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10−2

�� �� � � ���� � � � �� � � � �� � � � �� �� ����  � ����   � �� � � !"$# %&

�� �� � �� ' � �� � � �  � � ����  � � �� � � � �� � � ���� � � � �� �� !($# ) )

* � � � �+ � � � �

' + �, �- � � �� � �  � � � � �� � � � �� � � ���� � � � �� � � � �� � � � �� � � !"$# ) !

�� �� � � ���� � � ����  � � �� � � � �� � � ����  � ����   � �� � � !"$# ( "

�� �� � �� ' � �� � � �  � � � ����  � � �� � � � �� � � ���� � � � �� �� !($# ( )

'�� �.� - � + /� � � � � �
' + �, �- � � �� � �  � � � ���� � � � �� � � ���� � � � �� � � � �� � � � �� � � !0$# 0 !

�� �� � � ���� � � ���� � � � �� � � � �� �� ����  � ����   � �� � � !"$# !&

�� �� � �� ' � �� � � �� � � ����  � � ��  � � �� � � ���� �� � �� �� !($# 1"

�� � /324 
� + � � � �

' + �, �- � � �� � �  � � � � �� � � � �� � � ���� �� � �� � � � �� �� � �� � � !"$# & "

�� 5 
� �� �76 � �� � ' �8 
 9 � � : + � -4 
 � - ; �+ < � *= > ? @7AB C 2 � 
 �+ D / �.� � 2 �E , + � - - � � � � � � � F 5 / � - G - 9 � � ;+� E � - G - :�� � � � 2 � � � �� 
 � +� �- E /3- - / � �� �

0.01
5 � +�
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�� �� � �� ' � �� � � � �� � � ����  � � �� � � � �� � � � �� � � � �� �� !"$# % 1

* � � � �+ � � � �

' + �, �- � � �� � �  � � � � �� �� � ��   � �� � � � �� � � � �� � � � �� �  ! )# " %

�� �� � � ���� � � ���� � � � �� � � � �� � � ����  � ����  � � �� � � !"$# " !

�� �� � �� ' � �� � � � �� � � ����  � � �� � � � �� � � � �� � � � �� �� !"$# 1&

'�� �.� - � + /� � � � � �
' + �, �- � � �� � �  � � � �  � � � � ��   ���� � � � �� � � � �� � � � �� �  ! )# & !

�� �� � � ���� � � ���� � � � �� � � � �� � � ����  � ����  � � �� � � !"$# " !

�� �� � �� ' � �� � � �� � � ����  � � �� � � � �� � � � �� � � � �� �� !0$# � 0
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�� 5 
� �� � 6 � �� � ' �8 
 9 � � : + � -4 
 � - ; �+ < � *= > ? @7AB C 2 � 
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∂J ({qi,1, qi,2, qi,ε})
∂λj

= 0⇐⇒
N
∑

i=1

ai (Ri,j (q̃i,j) + Ri,ε (q̃i,ε))−RT /2 = 0 3 #�B�*�� 5

5 �J)!5��Fq='����/'��Y���#" �M� �#��)
�&���a)!5�� �#���!���.�&)!���*��'�q AA�&".�
�&�#".�3�&� q,7#����)!�/' �0��� 3 #�BMn 5 �Y��)!5
���+�!1c�+��)Y)�' qi,k, k = 1, 2, ε 3k�43G70�&)!�/' ���43 #�B $<� 5;- 3 #�B $)� 5]�&��� 3 #�B $<� 5	5\B

∂J ({qi,1, qi,2, qi,ε})
∂qi,k

= ∆iwiσ
2
i,0

∂

∂qi,k
Di,0 (q̃i,1, q̃i,2, q̃i,ε)

+ λ1ai
∂

∂qi,k
(Ri,1 (q̃i,1) + Ri,ε (q̃i,ε))

+ λ2ai
∂

∂qi,k
(Ri,2 (q̃i,2) + Ri,ε (q̃i,ε)) = 0 3 #�B�*/* 5

7Y�+�+' �������#"@)�'4�43F70�&)!�/' � 3 #�B # 5;- ∆iwiσ
2
i,0

∂
∂qi,k

Di,0 (q̃i,1, q̃i,2, q̃i,ε)
���&�?�c�`����$E1!����+0�
�

� �

∆iwiσ
2
i,kCk

∂

∂qi,k
Di,k(q̃i,k)

3 #�B�*.- 5

�Y��)!5�-

Ck =







1, � q k = 1, 2

2rN

1+rN
, � q k = ε

3 #�B�*.( 5

5 �?)!5#�/�
�M�4.�-�)!5�� �#���!���.�&)!�/' �8'�q^)!5�� AA�&".�
�&�#".�3�&�rq 7#����)!�/' �0��� 3 #�B�*/* 5E���+�!7!��)��J���
�43F70�&)!�/' � 3 #�B�*(l 5\B

∂J ({qi,1, qi,2, qi,ε})
∂qi,k

= ∆iwiσ
2
i,kCk

∂

∂qi,k
Di,k(q̃i,k)

+ λ1ai
∂

∂qi,k
(Ri,1 (q̃i,1) + Ri,ε (q̃i,ε))

+ λ2ai
∂

∂qi,k
(Ri,2 (q̃i,2) + Ri,ε (q̃i,ε)) = 0 3 #�B�*(l 5

� 5��$�#���!���.�&)!���*� λ1ai
∂

∂qi,k
(Ri,1 (q̃i,1) + Ri,ε (q̃i,ε))
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







λ1ai
∂

∂qi,k
(Ri,1 (q̃i,1))

� q k = 1

0 � q k = 2

λ1ai
∂

∂qi,k
(Ri,ε (q̃i,ε))

� q k = ε

3 #�B�*�# 5
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�&�����!��$E���3�&� �>.�-M)!5����#���!���.�&)!���*� λ2ai
∂

∂qi,k
(Ri,2 (q̃i,2) + Ri,ε (q̃i,ε))

��� 3 #�B�*(l 5X���&���c�
�!��$E1!����+0�
�N� �







































0 � q k = 1

λ2ai
∂

∂qi,k
(Ri,2 (q̃i,2))

� q k = 2

λ2ai
∂

∂qi,k
(Ri,ε (q̃i,ε))

� q k = ε

3 #�B�* � 5

� 5F7���-#)!5����#���!���.�&)!�/' �N'�qf)!5���AV�&".�
�&�#".�3�&� q,7#����)!�/' �0��� 3 #�B�*(l 5M���+�!7!��)��Y���D�43F70�&)!�/' �
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∂J ({qi,1, qi,2, qi,ε})
∂qi,k

= ∆iwiσ
2
i,kCk

∂

∂qi,k
Di,k(q̃i,k)

+ Akai
∂

∂qi,k
Ri,k (q̃i,k) = 0 3 #�B�* " 5

�Y��)!5

Ak =







λk,
� q k = 1, 2

λ1 + λ2,
� q k = ε

3 #�B�*�n 5

"f���0�����>.�- �M�^���&� �Y�!��)���)!5��#�#���!���.�&)!���*� 3 #�B�* " 5]'�q )!5��#AA�&".�
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∆iwiσ
2
i,kCk

∂

∂qi,k
Di,k (q̃i,k) + Akai

∂

∂qi,k
Ri,k (q̃i,k) = 0 3 #�B�*�$ 5

)!50�&)4���&���c���!��$E1!����+0�
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∂Di,k

∂Ri,k
(q̃i,k) =

−Akai

∆iwiσ
2
i,kCk

3 #�B -�� 5

5 �[���+�!7#$<�9-���'���7#)!�/' �Q'�q 3 #�BMn 5;-#�/��".���*�����?.:)!5��[q='����/'��Y���#"J� .R�!)���$ 3 #�B - * 5\B
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�&�#".�3�&�Gq 7#����)!�/' �0��� 3 #�BMn 5��Y��)!5����+�!1c�+��)4)�'
qi,k, k = 1, 2, ε 3,�43G70�&)!�/' � 3 #�B $<� 5;-#�43G70�&)!�/' � 3 #�B $)� 5Y�&���D�43F70�&)!�/' � 3 #�B $E� 5 5\B

� 3F70�&)!�/' ��� 3 #�B - *D�25��&��� 3 #�B - *<� 5��+' $<� q ��' $ 3 #�B�*�� 5@)!50�&)^�/�^)!5��:�#���!��� �&)!���*�<'�q
AA�&".�
�&�#".�3�&�oq 7#����)!�/' �0��� 3 #�BMn 5��Y��)!5L���+�!1c�+��)�)�' λj , j = 1, 2 3,�43F70�&)!�/' � 3 #�B $ �252�&���
�43F70�&)!�/' � 3 #�B $E� 5 5\B
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∂Di,1

∂Ri,1
(q̃i,1) =

−A1ai

∆iwiσ2
i,1C1

(a)

∂Di,2

∂Ri,2
(q̃i,2) =

−A2ai

∆iwiσ2
i,2C2

(b)

∂Di,ε

∂Ri,ε
(q̃i,ε) =

−Aεai

∆iwiσ2
i,εCε

(c)

∑N
i=1 ai (Ri,1 (q̃i,1) + Ri,ε (q̃i,ε))−RT /2 = 0 (d)

∑N
i=1 ai (Ri,2 (q̃i,2) + Ri,ε (q̃i,ε))−RT /2 = 0 (e)

3 #�B - * 5

� �+��'���7#)!�/' �I'�q;� .��!)���$ 3 #�B - * 5 �Y5#�/�
5I50� � 3 ×N + 2 �43F70�&)!�/' ���^�&��� 3 × N + 2
7#�	uR��'��Y���k".���*�+�f7�� )!5��]' 1#)!��$%���#����)�� '�q�3F70�&�G)!��� �&)!�/' �<�!)���1�� {qi,1} - {qi,2} �&��� {qi,ε} -q=' �4�K".���*��� rN

B

� 5��X1#��' 1c'.���
�I����"*' �!��)!5#$ �/�E�0� ���
�I' �h$<'��#�������#"D'�q R �&��� D q 7#����)!�/' ���^� ���M�
�Y�����A�!5�'�� ���D���+��)!�/' � #�B #�B -�B

��� ����� � ��� �*
 � � ���

7@�W���&�?�c�k���+���^���?"f��"�B (�B l��;�;�+' $E1#7#)�� Ri,k, k = 1, 2, ε 7��!���#"4)!5��k".���*���P10�&�
�&$<��)������
λj
- rN

-a�43G70�&)!�/' � 3 #�B - *K�$- ��-0� 59�&��� ∂D
∂R

q 7#����)!�/' �WB 5 qk)!5��P�
�&)����+' ���!)!�
�&���F) 3 (�B l � �G-
� 5K�/�E��' ):�*���!��+0�
� �;�D���+�+' $E1#7#)��N)!5�� Ri,k

7��!���#"T����� � λj
B 5 q2��)<�/���*���!��+0�
� �M�

�+' $E1#7#)��.g qi,k
q,��' $ Ri,k

�&��� � q,7#����)!�/' �WB � 5��2����"*' �!��)!5#$ ��)�' 1��]�&���J)!5��@' 7#)!1#7#)]'�q
�#��)9�����/'R���&)!�/' �D".���*�+�Y)!5��^' 1#)!��$%��� 3G70�&�F)!��� �&)!�/' �Q�!)���1�� qi,k

B

� '[�+' $E1#7#)�� ∂D
∂R

- R �&��� D q,7#����)!�/' �����;�K7����9-W� �@���h)!5��)� � +%7b1#���+�����F)��
�I���
��50�&1#)���� ($-�)!5���$<''�#���F�0� ���
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�&)!�/' �I�!1c�+����+0�
�:���N�
50�&1#)����E(X���+��)!�/' � (�B #�B



*���l ��������������� ��� ������������� ���������	��������
�� ��
 � � �	� � 
�������� ��� ����� ��� � �����

5 �#1#7#)
• λ1, λ2

• rN

�M' $E1#7#)��
• Ri,j

7��!���#" 3 (�B l � � 5S�&��� ∂D
∂Rq,7#����)!�/' �

�M' $E1#7#)��
• λnew

j
- �?.9���/��5�' )�' $ .

5 � f(Rj) 6 0 � '

�M' $E1#7#)��
• qi,j

q ��' $ Ri,j
�&��� � q 7#����)!�/' �

6 �+�

 97#)!1#7#)
• {qi,j, i = 1..N, j = 1, 2}

"f��".7#����#�B ��g +E�/'��0��� +;��)$73���/'R���&)!�/' � �k��'R�+�
��7#���

= ��� � � � 
 � A �
��������� � � ���(��� � ��������� �
"�' �k�!10�&)!�3��� �#�+�+' $E1a'.����)!�/' ��-.���X)!5�� +����!)f$<��)!5�''�G-.)!5��;�+''�#��� 7����+��3 �$- - 5W��' ���
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� �+��7#�
�&)��X$�7!��)!�����+�
'���7#)!�/' �T�&�0���>.R���/�2� �2)!5��X����10�&�
���!�/�X' ���.B � 5F7���-c)!5��������H���������+�K'�q
���+��'���7#)!�/' �6�c��)��M�+���Z)��;'S�!7��+�+�+���!���*� �/���*���/�X50� �X)!5��=� ����7�� -Q���6)!5�� �#�@����$<�������/' �0���
����10�&�
���!�/�I��� ���9-@�&��� � �.����7�� √2 ���j)!5�����' ������10�&�
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����.[)!5��P�!7#$ '�q N − k �;2R1c' �����G)!�3���/� B � 5��2�#���!���*�
�
)!�
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0.9995
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0.2499

0.2999

0.4196

0.995 0.9329

0.0005

0.00005

0.0305
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50�&�#����� �!)
�&)����&)`)!��$<� t−b - S(t−b) -
�/�2uF��'��Y�WB
5 ���!l�]e�!)
�&)��;���&�?u*' �N��50�&�#����� $<''�#���>B � 5���)!�
�&������)!�/' �Q1#��'��0���#������)I.
$%�&)!�!��2

P
�+' ���!�@�#�����
� �Y�����8�c�E)!5��-' ���<1#���+�����F)��
�S��� 3 #�B -/- 5
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�&����$E�/���!�/' ���&�#"/�/�K'�q 30◦ 10� ��� B�~L�2�#�;+����^)!5��P�!)
�&)��^1#��'��0���#������)I.
πn(k|S(t− b)) � �])!5��21#��'��0���#������)1.:)!50�&)�)!5�����50�&�#�����W�/�]���D��)
�&)�� sn�&)Y)!��$<� k ".���*���D)!5�����50�&�#�����f�!)
�&)��^'�������� �.�&)!�/' � S(t− b) B

P =









0.995 0 0 0.0005
0 0.9995 0 0.00005
0 0 0.9329 0.0677
0.2499 0.2999 0.4196 0.0305









3 #�B -/- 5

P =









0.9989 0 0 0.0011
0 0.9999 0 0.0001
0 0 0.9139 0.0861
0.5294 0.2299 0.2102 0.0304








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7 �*�+��)�' �4'�qk�!)
�&)���1#��'��0���#������)!�/�+�9���&���a���Y�!��)!)����h� �

π(k|S(t− b)) = [π1(k|S(t− b)), π2(k|S(t− b)),

π3(k|S(t− b)), π4(k|S(t − b))] .

� 5��P���#��)!�3��� �!)
�&)��^1#��'��0���#������)I. π(t− b|S(t− b)) �&)4)!��$<� t− b ���&�
�c������)Y7#1Q� �

πn(t−b|S(t−b)) =

{

1, �Y5���� S(t− b) = sn;
0, ' )!5���� �Y�/�
�.B , ∀n ∈ {1, 2, 3, 4}.

3 #�B -�l 5
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� �

π(k|S(t− b)) = π(k − 1|S(t− b)).P. 3 #�B - # 5
+�.X���+��7#���!���*���>.E7��!���#"K�43G70�&)!�/' � 3 #�B - # 5;-���50�&�#�����c�!)
�&)��Y1#��'��0���#������)!�/�+�
�&)2)!��$<� k - �Y5������ k > t − b -c���&�I)!5���� �c�P�����/��7!�3�&)��
� q,��' $ π(t −
b|S(t− b)) �&���

P
� �

π(k|S(t− b)) = π(t− b|S(t− b)).Pk−t+b. 3 #�B - � 5
5 �b' 7#�L��50�&�#�����E$<''�#���@-X10� ��u*��)��S�&���6)!�
�&����$E��)!)��
�b�+' �!���+��) �>.(3 C̄
�#��)��O�&���Z)!�
�&���!$E��)!)��
�25 �Y5���� ��50�&�#�����-�/�I��� ��)
�&)�� s1, s2

' � s3
-

�Y5#���/�J���!��' �K'R�+��7#���&3 ���#��)��K�&���%)!�
�&���!$E��)!)��
�25��Y5����T��50�&�#�����M�/�P���
��)
�&)�� s4

B � 5������;q=' ���9- π1(k) + π2(k) + π3(k) �/�<)!5��N1#��'��0���#������)1.
'�q@�+' �!���+��)K)!�
�&����$E�/���!�/' ���&)X)!��$<� k B � 5��:�;2�1a�+��)��
�O��50�&�#�����Y�
�&)��
E[C(k)|S(t− b)] ".���*���:)!5��9'����
��� � �&)!�/' �D'�qV�
50�&�#�����W�!)
�&)�� S(t− b)
���&�>�a�������/��7!�3�&)��
��� �

E[C(k)|S(t − b)] = C̄ × (π1(k) + π2(k) + π3(k)) . 3 #�B - " 5

��������� ������� � ���	� ��� �
~L�;7����M� 352×704 3F7#������7#�$2 - )!50�&)f�/�V"*�������
�&)��
�X7��!���#"9)��;' �$.G�����/� 352×352 � )�: -*'
��$%�&"*�+��->q,' ��)!5��E1#��' 1c'.���
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�&�����&���<$<��)!5�'��HB �`� �
5%)��+�!) �]� �_1c����q,' �!$<�
�>*��2)!��$<�+��B � ���!�/�Dl�B l^1#���+�����G)��`)!5��
�
�*���
�&"*� �;U � � '��#)
�&�����
�2�?.2)!5��_�!�@�#�8�#�+�+'��#����� �&����)!5��_�+���F)!�
���'�#�+�+''�#����-�q=' �W$<��)!5�''�
5 �&��� 5�5 �&) �����c�������F) �#��)f�
�&)��+�k�&��� q=' � �����H�������G)k)!�
�&���!$E�/�
�!�/' �X�&�#"/�/�+� 3������H�������G) �c���*5\B
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CJNhG[VXBDCiEJBD]j_�\�kXl>N�BDC;Q�B"]DW�Q$IOgUB1Y$IMG[QhBDCJ]^GJkXYhEHkXWU\�CFmnN�VoEHkXY�VpB^C"qsrutwvFxTy
z;WUNhCwY�GJWOY0WUC&WU\�C;N�\�Bnm{S^EJ_�WdQhBRqsrftw|~}1x�Q�Bn]^WdQ$IMgUB5rutwv�C&WUN�G&]DBL��]eIO\$IMV

]DWO\��&WUkp\bE1G&WU��N�C�EHB�IOQ�IOYhEHS^B5��V�I{EHGHIM\�CJm{kpC&CJkpWO\�Q���kpm)IOgUBDC;B^E"Q�BnK�kXQ�SDWUC�CJN�G1Q�B^C
]eIM\$IONdP�\�WU\�C&EHIMEHkXWU\�\$IMkpGJB^CDy�A�B�Y�G&kp\�]^kpY$IOV;IeKMIO\bEjIOgUB�QhB�]DBTEJEHB�m{S^EJ_�W�Q�B�BDC�E
l>N���BDVpVXB�BDC�Eu��kXBD\�IOQ$IMYhEHS^B�YZWUN�GcQ�B^CuIMY�Y�VpkX]eIMEJkpWU\hC�Q�B�EHGJIO\�C&m)kXCJCJkXWU\�CJN�GcQ�B^C
]eIM\$IONdP�Y0B^N���IO��VXBDCnBTEnKMIOGJkpIO��VpB^C9Q$IM\�C5VpB{EHBDm{Y�C^y�t;BRY�VpN�C^��gUGH�M]DBR��C&BDC5]eI-�
Y$IO]^kXEJSDC9QhB�]DWUm{Y�G&BDCJC&kpWU\�BTEnQ�B�C&��\�]j_�G&WU\�kpCJIMEHkXWU\���B^VpVpB{YZBDGJm{B^E9Q�B��+IOkXGJB{Q�B�VpI
EHGJIO\�C&m)kXCJCJkXWU\RBD\cEHB^m)YhC[G&SDB^Vsy
z;WUNhC1m)WU\bEJGJWU\�C1l>N�B�VpI�m)STEH_�W�Q�B5Y�G&WUYZWUCJS^B5Y�GJS^CJBD\bEJB)VXBDC1m{BDkpVXVpB^N�GJC[GJS^CJN�V��

EjI�EHC[BD\uEJBDGJm{B9QhB�GJIOY�YZWUG&E;CJkXgU\$IOV��)�hGJN�koE�BTE�Q�B�l>N$IOVpkoEHS1K�kpC&N�BDVXVpBaVpWUG&CJl>N���WU\uVpI
]DWOm)Y$IMGJB1IeKUB^]"Q���IMNhEHG&BDC�m)STEH_�W�Q�B^CFQ�B1Q�BDC&]DG&kpYhEJkpWU\�C~mnN�VXEJkpY�VXBDC
kpCJC&N�BDC�Q�B1V�� STEjIME
Q�B)Vs� IOG&EDyut�B�Y�VpN�C^��BDVXVpB{CD� IeKU`DG&B���kXBD\�IOQ�IOYhEHS^B�YZWUN�GaQ�BDC5IMY�Y�VpkX]eIMEJkpWU\hCaWO¡�VpB^C
m{S^EH_hWdQ�B^CiC&EHIO\�Q$IMGJQRQ�Bw]^WU\bEHG&¢UVpBwQ£� B^GJGJB^N�Gi\�B1C&WU\bEFY$IOC~]eIOY$IM��VpB^CiQ�BwC^��IOQ�IOYhEHB^G
�+IO]^kpVpB^m)B^\bE�IONdPc]DIOGHIM]^EHS^GJkXC&EHkXl>N�BDC�Q�N¤]eIO\�IOVsy
A¥I�m{S^EJ_�W�Q�BwBDC�E�KOIMVpkpQhSDBwC&N�GFQ�kX¦0SDG&BD\bEHC�m{WdQh`DVpB^CiQ�B1]DIO\$IOV4q+|F§�v��$}¥¨�©"z��

ª«\bEHB^GJ\�BTEe��¬�rf­[§0�dCHIMEJBDVpVXkXEJBLx/Q$IO\hC
VXB;]DIOQ�GJB;Q�B[V�I1EHGHIM\�CJm{kpC&CJkpWO\)Q�®�kpm)IOgUB^C4B^E
Q�B
K�kpQ�S^WUCDy
A¥Ifm{S^EH_hWdQ�B�rutw|
}�Y�G&WUY0WOCJSDB)BDC�En��kXBD\�IMQ$IOYhEJSDB�YZWUN�GaQ�B^CnIOY�YhVpkp]DIMEHkXWU\�C

l>N�k�WU\bE��ZBDC&WUkp\fQ�® Nh\�]DW�Q�BDNhG;l>N�k�NhEHkXVpkXCJB1Vs®�kp\d�¯WUGJm)IMEHkXWU\�KOBD\$IO\bE1Q£® N�\f]eIO\�IOV¥Q�B
° �¯B^BDQ���IO]j±U²u]^WUm{m)B¤Y$IOG{BTPdBDm{Y�VXB ° Y0B^BDG��sEHWM�#Y0B^BDG�K�kpQ�B^W³]DWO\h�¯BDG&BD\�]^kp\�gM²H�~K�kpQ�S^W
CHIM\�C�´$V��0BTEH]O�£m�IOkXC;C^®�IeKO`DGJB5kX\�CJNdµ)CJIO\bEHBnl>N$IM\�Q�WU\uKOBDNhEw�+IMkpGJB�Q�N ° C&EHG&BeIOm{kp\hgM²
K�kpQ�S^W�y4v�®�BDC�EiYZWUN�G4]DBTEJEHB[GHIMkpCJWO\)l>N�B[\�WUN�C
IeKUWU\hC~Q�STKUBDVXWUY�YZS;Nh\�C&��C�EH`Dm{B�QhSDQ�kXS
ION ° C&EJGJBeIMm)kX\�gM²�Q�B~K�kXQ�SDW�y�}�kX\�CJkd]DBim)IO\>N�C&]DGJkoE/EJBDGJm{kp\hB~IeKUB^]FN�\�BiB¶P�EHBD\hCJkpWO\5Q�B
V�I"m{S^EH_hWdQ�B;Y0WON�G��+IMkpGJB[Q�N�·^C&EJGJBeIMm)kX\�g�·iKdkXQ�SDW9GJWU��NhC&EHB�IONdP)BDG&GJB^N�GJCiQhN�]eIO\�IOVsy
A¥IRm)STEH_�W�Q�BnY�G&WUYZWUCJS^B{YZBDG&m)BTE"�RV�I)�¯WOkpCwQ�B�C^®�IOQ�IOYhEHB^G"�R�$IO\�Q�B5Y�IOCJCJIO\bEHB{Q�N
]eIM\$IOV~q+Q�S^��kXE;KOIMGJk�IM��VpBexFBTE1Q�B�CD® IOQ$IOYhEJBDG1IMNdPfBDGJG&BDN�G&C1Q�B�EJGHIO\hCJm{kpCJC&kpWU\fVpkXSDC;ION
\�koKUBeIMNfQ�B"��G&N�kXE�YhGJSDC&BD\bE;CJN�G�VpB1]DIO\$IOV�y
¸�¹ �LºT»j¼b½ �>¾«ºO¿ rut1v��UIOQ$IOYhEHIO��kXVpkXEJSO��CJ]DIOV�IO�hkpVpkoEHSM�M]^WdQ$IMgUB~G&WU��N�C�EHBO�UEJGHIO\hCJm{kpC��

CJkXWU\�CiKMIOG&k�IO��VXBDC^��WU\�Q�B^VpBTEJEHB^CD��IO\�IOVX��CJB"mnNhVXEHkXGJS^CJWUVXNhEHkXWU\���IOVpVXWd]DIMEHkXWU\�QhBaQhSD��koEHCDy
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GJBDIOV�EHkXm)B;EHGHIM\�CJm{kpC&CJkpWO\�CDy
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BDVXViIOQ�IOYhEHB^Q��¯WUGnIOYhY�VpkX]eIMEJkpWU\�C���_�B^GJB�EH_hBRC&EjIM\�Q$IOG&Q�m)BTEH_�W�Q�CnWO�[B^GJGJWOG
]DWO\>EJGJWUV�]DIO\�\�WME�BeIOC&kpVX��IOQ$IOYdE[EJW5EH_�B"]j_$IOGJIO]^EJBDG&kpC&EJkp]^CFWO�8EJ_�B"]j_$IO\�\hBDVsy
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