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Introduction

Le but de cette these est de présenter quelques contributions dans le cadre du contrdle
des équations différentielles stochastiques en dimension finie ou infinie. Ce travail com-
porte quatre parties correspondant aux articles publiés ou soumis en vue de publication
dans des revues mathématiques :

(1) Contrdle stochastique non borné sous contraintes d’état (Non-compact-valued
stochastic control under state constraints)

(accepté a Bull. Sci. math (2006), doi :10.1016/ j.bulsci.2006.08.001) ;

Dans cette premiere partie, nous étudions une condition nécessaire sous laquelle les
solutions d’une équation différentielle stochastique régie par un processus de contrdle non-
borné restent dans un voisinage arbitrairement petit d’'un ensemble donné de contraintes.
On montre que, par rapport au probléme classique de contrdle sous contraintes avec des
processus de controle bornés, afin d’obtenir une condition nécessaire et suffisante de la
viabilité¢ en termes de solution de viscosité¢ de I’équation de Hamilton—Jacobi—Bellman
associée, on a besoin d’une hypothese supplémentaire sur la croissance du processus de
contrdle. Un exemple assez général illustre notre résultat principal.

(2) Controlabilité approchée pour des équations différentielles linéaires avec bruit
controlé (Approximate controllability for linear SDEs with control acting on the noise)
(publié dans Applied Analysis and Differential Equations, Iasi, Romania 4 - 9 September

2006, World Scientific Publishing) ;



Introduction 2

Dans cette deuxiéme partie, on s’intéresse a la propriété de controlabilité approchée
pour une équation différentielle stochastique linéaire. Pour le controle déterministe, il existe
une condition nécessaire et suffisante appelée condition de Kalman. Pour le cas stochas-
tique, des critéres sont connus soit dans le cas ou le contrdle agit pleinement sur le bruit,
soit dans le cas ou il n’y a aucun contréle sur le bruit. Nous proposons une généralisation
de la condition de Kalman pour le cas général.

(3) Controlabilité approchée pour des équations diftérentielles linéaires en dimension
infinie (Approximate Controllability for Linear Stochastic Differential Equations in Infinite
Dimensions) ;

La troisiéme partie est dédiée a 1’étude de la propriété de controlabilité approchée
pour un systéme stochastique linéaire dans un espace de Hilbert réel et séparable. En par-
ticulier, nous montrons 1’existence et unicité pour la solution de 1’équation différentielle
stochastique rétrograde duale associée au systéme initial. On doit souligner le fait que dans
cette équation rétrograde les opérateurs qui agissent sur Y et Z sont non-bornés. On montre
la dualité entre la propriété de controlabilité approchée pour le systéme initial et I’observa-
bilité de 1I’équation duale. Dans le cas d’un générateur infinitésimal d’un semi-groupe expo-
nentiellement stable, nous montrons que le test généralisé de Hautus donne une condition
nécessaire pour la controlabilité approchée. Ceci généralise en partie les résultats obtenus
dans la deuxiéme partie dans le cas fini-dimensionnel.

(4) Assurance, réassurance et paiement de dividendes (Insurance, Reinsurance and

Dividend Payment) ;
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Nous introduisons un modele d’assurance qui permet la réassurance et le paiement
des dividendes. Notre modele prend en compte plusieurs contrats homogenes ainsi que la
législation européenne en vigueur concernant les provisions des sociétés d’assurance. Ces
¢léments sont traduites par des restrictions sur le nombre (maximal) des contrats d’assu-
rance. On travaille avec un processus de saut controlé avec libre choix sur le niveau de
rétention et le montant des dividendes. La fonction valeur est donnée par la valeur maximi-
sée des dividendes escomptés. Nous montrons que cette fonction est la solution de viscosité
d’une inégalité variationnelle de Hamilton-Jacobi-Bellman de premier ordre. On obtient
¢galement un résultat d’unicité pour la solution de viscosité et nous discutons un exemple

numérique.



Chapitre 1
Controle stochastique non borné sous
contraintes d’état

1.1 Présentation du probléme

On considére I’équation différentielle stochastique suivante

{ dX=0O(t) = b(X=0O(t), v(t))dt + o(XT0O(t), v(t))dW (¢), t > 0, (1.1)
(0) '

X=v0(0) =z € R",
gouvernée par un processus de contrdle v () a valeurs dans un espace d’état de contrdle
non-borné. Etant donné un sous-ensemble fermé K de R™, on souhaite obtenir une condi-
tion nécessaire et suffisante sur les coefficients de I’équation sous laquelle, pour chaque
point de départ x € R", on trouve un processus admissible de contrdle tel que la trajectoire
associée reste dans ’ensemble K (ou, au moins dans un voisinage arbitrairement petit de
cet ensemble). Cette propriété est appelée viabilité (ou e-viabilité) et elle a été¢ beaucoup
étudiée pour les systemes déterministes ainsi que les systémes stochastiques.

Dans le cadre déterministe, la propriété de viabilit¢ d’un ensemble fermé a été étu-
diée pour la premicre fois par Nagumo en 1943. Aubin et Da Prato [3] et [4], ainsi que
Gauthier et Thibault [25], ont étendu le théoréme de viabilit¢ de Nagumo au cas des équa-
tions différentielles stochastiques. Le point clef dans leur travail est 1’utilisation du “cone
tangent stochastique” qui généralise le cone contingent de Bouligand utilisé dans le cadre

déterministe. Le théoréme de viabilité stochastique a été obtenu dans le cas des coefficients
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continus ainsi que pour des inclusions différentielles stochastiques dont le terme de droite

est de type Marchaud par Aubin et Da Prato [4].

Dans le cas des systémes stochastiques contr6lés dont 1’espace de controle est com-
pact, une approche qui utilise la notion de solution au sens de viscosité des EDP de se-
cond ordre a été développée par Buckdahn, Peng, Quincampoix et Rainer [9]. Leur résultat
principal donne comme condition nécessaire et suffisante pour la viabilité du fermé K la
condition que le carré de la fonction distance de K soit une sursolution de viscosité de
I’équation de Hamilton-Jacobi-Bellman associée. Dans Buckdahn, Quincampoix, Rainer,
Rascanu [12], la méme approche est utilisée pour 1’étude de la propriété de viabilité des en-
sembles dépendant du temps ; le systéme stochastique considéré ici est non contrdlé. Dans
Buckdahn, Cardaliaguet et Quincampoix [11], les résultats obtenus ont été étendus aux sys-
témes stochastiques contrdlés. Plus récemment, Buckdahn, Quincampoix et Tessitore [14]
ont utilisé cette méthode pour obtenir une caractérisation de la viabilité par rapport a des
systémes stochastiques infini dimensionnels controlés.

Michta [36] considere un probléme de viabilité ou le choix est restreint sur la condi-
tion initiale. Il étudie la propriété de “viabilité faible” (la condition de viabilité doit étre
satisfaite a chaque instant t avec une probabilité suffisamment grande). Le méme type de
viabilité est étudie par Mazliak [34].

Le Théoréme de Filippov pour les inclusions différentielles a été étendu au cas de in-
clusions différentielles stochastique dont le terme de droite a la propriété de Lipschitz par
Da Prato et Frankowska [17]. Ce résultat a été utilisé¢ par Aubin, Da Prato et Frankowska

[5] pour caractériser 1’invariance d’un ensemble par rapport a une inclusion différentielle
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stochastique ayant la propriété de Lipschitz. Bardi et Goatin [7] ont donné une caractérisa-
tion de I’invariance en utilisant les “cones normaux de second ordre” et des techniques de
solutions de viscosité pour des équations de Hamilton-Jacobi de second ordre.

Dans le contexte des solutions faibles des systémes stochastiques contrdlés, on rap-
pelle le travail de Da Prato, Frankowska [18] dont la méthode emploie une généralisation
de la transformée de Doss-Sussman.

Dans cette partie on utilise une approche basée sur la notion de solution de viscosité.
Plus précisément, on montre que la propriété de e-viabilité de I’ensemble K est équivalente

au fait que la fonction valeur
V(z) = inf B l / e~ d2 (X*0O(s))ds| , = € R, (1.2)
0

soit une sursolution de viscosité¢ de 1’équation de Hamilton-Jacobi-Bellman associée au
systéeme stochastique controlé.

Dans le cas d’un espace d’état de controle U compact (cf. [9]), afin de caractériser la
propriété de e-viabilit¢ d’un ensemble fermé K C R”, les auteurs de [9] ont introduit la

fonction valeur suivante

V(z) = 52£E {/000 e_CSd%(Xw’”(')(s))ds} . (1.3)

ainsi que I’équation de Hamilton-Jacobi-Bellman associée

0 = sup {— < Dyu(z)b(z,v) > —%TT[DixU(I)OU*(x,U)]} (1.4)

vel

+Cu(z) — d%(z), © € R™.

Leur résultat peut étre résumé par
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Théoréme 1 ([9], Th. 2) Sous les hypothéses

i) les fonctions b : R" x U — R" et 0 : R" x U — R™ ont une croissance au
plus linéaire,

ii) les coefficients b, o sont uniformément continus sur R" x U et ont la propriété de
Lipschitz en x € R", uniformément en u € U,

les assertions suivantes sont équivalentes :

a) pour tout x € K, V(z) = 0;

b) la fonction d3 est une sursolution de viscosité de (1.4).

Dans le cas d’un espace d’état de controle non-borné, nous montrons que, en général,
la propriété de e-viabilité n’implique pas nécessairement une condition de type sursolution
de viscosité. En effet, on peut montrer un exemple pour X = {0, 1} o, méme si la fonction
valeur V' s’annule sur K, pour une suite de processus de contrdle bien choisie, la solution
parcourt tout I’intervalle (—1,0), ce qui est loin de la propriété de viabilité. Cela peut
étre évité si on introduit une équation supplémentaire agissant comme terme régulateur,
équation interprétée comme cout li¢ au contrdle. Plus précisément, on étudie le systeme

controlé suivant

dX70O(t) = (X0 (1), v(t))dt + o (XT0O (L), v(t))dW (2);
dY=urO () = f(XTUO(t), YO (t), v(t))dt, t > 0; (1.5)
X*v0)(0) = 2 € R Y*¥rO(0) =y € R,

ou f(z,y,v) > |v|P — B(z), et 3 est une fonction continue.

1.2 Les résultats
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1.2.1 Contre-exemple dans le cas non-borné

L’exemple suivant montre que, dans le cas non-borné, sans hypothese supplémentaire, on
peut trouver un ensemble K tel que la fonction valeur s’annule sur K mais la fonction
distance carré d2. ne soit pas une sursolution de viscosité de I’équation de Hamilton-Jacobi-

Bellman associée.

Exemple 1 On considéered =n=k=1,0 : RxR — R, aveco(x,v) =0, z,v € R,
etb: R xR — R, avec b(x,v) = |z| + |v|, z,v € R. L’espace des processus de contréle
A = L2 (R, dt). On étudie la viabilité de I’ensemble K = {—1,0} C R. Pour cela, on

loc

définit

V(z) = inf / =2 (X740 (5))ds.
uceA 0

On montre facilement que V (0) = 0. En considérant les processus de contréle

v | v, ifte0,1ln 1::”));
u' () ‘{ 0, ift > In(%2),

v

on montre que V (—1) = 0 mais la solution X *'0) parcourt lintervalle [—1,0) et d%

n’est pas une sursolution de viscosité de I’équation de Hamilton-Jacobi-Bellman associée.

1.2.2 Controle stochastique dans L’

La famille de processus de contrdle {u? (), v > 0}est bornée dans L*(R, e~“*ds). Néan-
moins, pour tout p > 1, la famille {u? (-), v > 0} n’est plus bornée dans LP(R, e~ “*ds).

Ainsi, il est naturel d’introduire une équation additionnelle qui permettra d’obtenir une
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condition sur les processus de contrdle optimaux (ou c-optimaux)

dX=0(t) = b(XO (), v(t))dt + o (X0 (1), v(t))dW (1),
dy =50 () = f(X™O(t), Y2000 (8), o(b))dt, t > 0, (16)
X=0(0) =z € R™; Y0 (0) =y € R.

On se place sous les hypotheses suivantes

(A.1) I existe L > 0 tel que les coefficients b : R x RF — R", 0 : R" x R¥ —

R™ 4 f: R x R¥ — R satisfont

‘b<$7u) —b(m',u)\ < L‘:L‘—J?I’
|U($au) —O'(ZL‘/,U)| < L|JZ—I,|
|f(a:,y,u)—f(m,y’,u)\ < L(|y—y/|+’l’—l’,‘)

pour tous v, 7' € Ry, € R, u € R~

(A.2) b et o sont uniformément continus sur R" x R¥ et il existe L > 0 tel que

bz, u)l < L1+ || + |ul)

oz, u)] < L1+ [] + [ul)

pour tous v € R", u € R¥,
La fonction f est uniformément continue, sup,cgn ,cg | f(2,y,0)| < L, et, pour
tous v € R" et u € R*, f(x,-,u) est positive sur [I, o). En plus, il existe 3 : R* — R,
continue, telle que
f(.T, y?“’) > |u’p - B(SL’),

pourtous v € R", y € R, u € R,
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On désigne par A la famille des processus de controle admissibles, i.e. la famille des

processus progressivement mesurables v(+) a valeurs dans R” tels que

B[ [ wpas

On considére un ensemble fermé K C R™ et désignons par B; Iintervalle [, (] = {y € R,

< 00, pour tous 7" > 0.

ly| <1}, oul > 0 est fixé.

(4.3)

f(fL‘,y,U) = f(ﬂ'K(fL‘),y,U>,

pour une sélection mesurable i : R — K| telle que mx(z) € lg(x) = {y € K :
di(z) = |z — y|} pour tous x € R™, y > |, u € R,
Pour tout processus de controle admissible v(-) et tous (z,y) € R™ x R on introduit

la fonctionnelle de cout

J(z,y;0() = E [/OOO O (d%(X2°0 (s) A1) + dp, (Y240 (5))) ds (1.7)

pour C' > 0 assez grand, et

On obtient la régularité de la fonction valeur

Proposition 1 La fonction V' a la propriété de Lipschitz.

On montre facilement (cf [23]) que V' est I'unique solution de viscosité dans la

classe des fonctions de croissance au plus quadratique pour I’équation de Hamilton-Jacobi-
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Bellman associée

0 = sup{— < D,V(z,y),b(z,v) > —-D,V(z,y)f(z,y,v) (1.9)

vERF
1
—STrD2,V (w,9)00" (2, 0)]} + CV (@, ) — dhe() A1 = dp (y)
Motivé par les résultats de [9], on introduit F' : R” x R — R définie par F'(z,y) =

d%-(x) A1+ dp,(y). Notre théoréme principal est

Théoréme 2 Sous les hypotheses (A.1)-(A.3), les assertions suivantes sont équivalentes :
(i) L’ensemble K x By a la propriété de e-viabilité pour (1.6);
(ii) La fonction F : R" x R — R, F(z,y) = d%(z) N1 +dp,(y), (z,y) € R" x R,

est une sursolution de viscosité pour (1.4).

1.2.3 Un exemple

Exemple 2 On pose 7 : R" — R" la projection sur les n — 1 premiéres coordonnées
%(l’) = (xla T2y, Tn—1, 0)7 pour r = (3717 Loy« ;xn) e R"

et m, : R" — R la projection sur la derniére coordonnée, 7, ((x1, o, -+ ,T,)) = Tp.

On étudie la viabilité du cylindre K = {x € R" : |7(z)| < R}.

Proposition 2 Si |o(-,v)I|? est Lipschitz uniformément en v € R (o1 T = ( I”O_l 8 )

(n—1)

et I,,_1 est la matrice unité dans R x(n=1)) “alors K a la propriété de e-viabilité pour

[’équation (1.6) si et seulement si les conditions suivantes sont satisfaites simultanément :
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(a) Pour tout x € R™ tel que |7(x)| = R, il existe v € R* tel que
(1) o*(z,v)7(x) = 0;
(2) 2 < 7(x),b(z,v) > +|o*(z,v)I]* < 0;
(3) f(z,l,v) = 0.

(b) Pour tout x € R" tel que |7(x)| < R, il existe v € R tel que

f(z,l,v) = 0.

12



Chapitre 2
Controlabilité approchée pour des équations
différentielles linéaires avec bruit controlé

2.1 Présentation du probléme

Nous étudions la contrdlabilité approchée pour 1’équation différentielle stochastique li-
néaire

{ dy(t) = (Ay(t) + Bu(t)) dt + (Cy(t) + Du(t))dW(t), 0 <t < T,
y(0) =z € R",

(2.10)
gouvernée par un processus de controle u(-), ou A, C' € L(R™, R"), et B, D € L(R4, R").

On rappelle la définition de la contrélabilité approchée et de la 0-contrdlabilité ap-

prochée

Définition 1 L’équation (2.10) a la propriété de contrélabilité approchée si, pour tout
x € R, toutT > 0, toutn € L>(Q;Fr; P;R"), toute > 0, il existe un contréle admissible
u tel que

E [ly(T,z,u) —n|’] <e.
L’équation (2.10) a la propriété de 0-controlabilité approchée si la condition ci-dessus a

lieu pour n = 0.

Pour le cas ou le coefficient du processus de controle D est de rang plein, I’auteur de
[39] a montré que la propriété de controlabilité exacte pour (2.10) peut €tre caractérisée a

I’aide de conditions algébriques de type Kalman. Si la matrice D n’est pas de rang plein,

13
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I’équation (2.10) n’est pas exactement contrdlable. Dans ce cas on étudie la controlabilité
approchée. Cette propriété a été étudiée dans [13] pour le cas spécial D = 0. Les auteurs
généralisent la condition de Kalman pour obtenir un critére équivalent pour la contrdlabilité
approchée de (2.10).

Nous proposons une extension de ces résultats au cas général ou le contrdle peut
agir également sur le bruit (i.e. rang D > 0) sans forcément avoir D de rang plein. Plus
précisément, nous montrons I’équivalence entre la propriété de controlabilité approchée,
celle de 0-contrdlabilité approchée et une notion d’invariance conditionnelle. Cette derniere

notion est facilement calculable.

2.2 Les résultats

11 suffit de réduire I’étude a 1’équation suivante, qui est équivalente a (2.10)
dy(t) = (Ay(t) + B/ (t) + Bau" (t))dt + (Cy(t) + Dyu'(t))dW (¢), (2.11)

ou A, C € L(R",R"), By, D; € L(R",R"), B, € L(R¥", R") etrang D; = rang D = r.
En utilisant rang D; = r on peut trouver F' € L(R",R™) solution de D} F + B} = 0.

Nous utilisons la définition suivante

Définition 2 Etant donnés les opérateurs linéaires L, M, N € L(R" R") et les sous-
espaces vectoriels V. C R™ et U C R", on dit que V est (L; M)-strictement invariant

conditionnellement a (N, U) si pour tout v € V il existe w € V tel que

w—NveUetLv+MwelV.



2.2 Les résultats 15

Remarque 1 Etant donnés les sous-espaces vectoriels V.U C R", le plus grand sous-
espace de V' qui est (L; M)-strictement invariant conditionnellement a (N,U) peut étre

obtenu en considérant le schéma itératif suivant :

Vo=V; Vg = {v € Vi M((U+ No) V)N (Vi — Lv) # 6}, i € N.

2.2.1 L’équation différentielle stochastique rétrograde duale

Le premier résultat concerne la dualité qui existe entre la propriété de contrdlabilité ap-
prochée pour I’équation stochastique linéaire et une notion d’observabilité pour I’équation

rétrograde associée. Pour cela, on considere le systeme

{ dp(t) = [—(A* + C*F)p(t) — C*q(t)] dt 4 (Fp(t) + q(t))dW (1), (2.12)
p(T) =n. '

La dualité est donnée par

Proposition 3 L’équation (2.11) est approximativement-controlable si et seulement si,
pour tout T' > 0, chaque solution de (2.12) vérifiant Bip(s) = 0 et Diq(s) =0, P — p.s.,
pour tout s € [0, T est réduite a 0.

En plus, I’équation (2.11) est approximativement 0-controlable si et seulement si,
pour tout T' > 0, chaque solution de (2.12) vérifiant Bip(s) = 0 et Diq(s) = 0, P — p.s.,

pour tout s € [0, T] satisfait p(0) = 0.

On peut voir 1’équation (2.12) comme un systéme controlé

{ dp(t,q,0) = [—(A* + C*F)p(t,q,0) — C*q(t)| dt + (Fp(t, q,0) + q(t))dW (t);
p(0,q,0) =0 € R".

(2.13)

Dans ce cas, la proposition précédente s’écrit
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Proposition 4 L’équation (2.11) est approximativement-contrélable si et seulement si,
pour tous T > 0,0 € R™, et tout ¢ € L%([0,T), Ker D}) tel que Bip(s,q,0) = 0,
P —p.s.,pourtout s € [0,T], onaq(s) =0, dsdP-presque partout sur [0, T] x Q et § = 0.

L’équation (2.11) est approximativement 0-contrélable si et seulement si, pour tous
T > 0,0 € R" et tout ¢ € L3([0,T], Ker D) tel que Bip(s,q,0) = 0, P — p.s., pour

tout s € [0,T],ona 6 = 0.

2.2.2 Viabilité conditionnelle

Pour obtenir un critére calculable pour la contrdlabilité approchée, les auteurs de [13] ont
utilisé la notion de "viabilité locale en temps". Motivés par la proposition précédente et par

cette approche, on introduit la notion de viabilité locale en temps conditionnelle.

Définition 3 Soit U, V' C R" deux sous-espaces vectoriels de R". La famille de tous les
0 € V pour lesquels il existe T > 0 et g € L%([0,T],U) tels que p(s,q,0) € V, P — p.s.,
pour tout s € [0,T] est appellée noyau de viabilité de V conditionnellement a U par
rapport a I’équation (2.13) (on désigne cet ensemble par Viab(V/U)).

En plus, on dit que V est localement viable en temps conditionnellement a U par

rapport a (2.13) si Viab(V/U) = V.

Si U et V sont deux sous-espaces vectoriels de R”, on introduit II;;1 (respectivement
I1y,.) les projecteurs orthogonaux sur U+~ (respectivement V1). Pour N > 1, on considére

I’équation de Riccati a valeurs dans S™ (la famille des matrices symétriques, positive de
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type n X n ) suivante :
P (s) = —Py(s)(A*+ C*F) — (A+ F*C)Pn(s) + F*Py(s)F
— (F*Pn(s) — Px(s)C*)(I + NIy + Pn(s)) " (Py(s)F — CPy(s))
+ NH‘/L,
Pn(T) = 0;
(2.14)
Comme [+ NIl > 0et NII,. > 0 (i.e. NI, 1 estpositive), I’équation de Riccati
(2.14) admet une unique solution a valeurs dans S™ (cf [47], condition (4.23) et Théoréme
7.2).

Cette équation nous permet d’obtenir une caractérisation explicite du noyau de via-

bilité conditionnelle

Proposition 5 Le noyau de viabilité de V' conditionnellement a U par rapport a (2.13)

est donné par

Viab(V|U) = {9 €V:3r>0sz lim (Py(T),6) < oo} .

— 00

Ainsi, en utilisant ce résultat, on montre facilement

Proposition 6 Le noyau de viabilité d’un sous-espace vectoriel V- C R"™ conditionnelle-
ment au sous-espace vectoriel U C R™ par rapport a (2.13) est conditionnellement loca-
lement viable en temps. En particulier, le noyau de viabilité conditionnelle est localement

viable en temps.

2.2.3 Le résultat principal

On obtient un critére permettant d’exprimer la contrdlabilité approchée a I’aide du noyau

de viabilité
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Théoréme 3 Les assertions suivantes sont équivalentes :
(1) L’équation (2.11) est approximativement-controlable.
(2) L’équation (2.11) est approximativement (- contrélable.

(3) Le noyau de viabilité de Ker B; conditionnellement au Ker D7 est trivial.

Il reste encore a donner une condition facilement calculable équivalente a la condition

(3). En effet

Proposition 7 Le sous-espace vectoriel V- C R" est localement viable en temps condi-
tionnellement au sous-espace vectoriel U C R" par rapport a (2.13) si et seulement si V'

est (A*; C*)-strictement invariant conditionnellement a (F,U).

Ainsi, on obtient notre résultat principal

Théoreme 4 Les assertions suivantes sont équivalentes :
(1) L’équation (2.11) est approximativement-controlable.
(2) L’équation (2.11) est approximativement (- contrélable.
(3) Le plus grand sous-espace vectoriel de Ker By qui est (A*; C*)-strictement inva-

riant conditionnellement a (F, Ker D7) est le sous-espace {0}.

Cette dernicre condition est facilement calculable (voir remarque 1).



Chapitre 3
Controlabilité approchée pour des équations
différentielles linéaires en dimension infinie

3.1 Présentation du probleme

Nous nous intéressons a I’étude de la controlabilité approchée pour une équation différen-

tielle stochastique en dimension infinie avec bruit multiplicatif du type

Xo—zel (3.15)

{ dX5 = (AX® + Buy) dt + CXEUdW,, t > 0.
ou u est un processus de controle a valeurs dans U et I’espace d’état /1 ainsi que I’espace

de contrdle U sont des espace de Hilbert réels et séparables.

Définition 4 L’équation (3.15) a la propriété de contrélabilité approchée (au temps T >

0) si et seulement si, pour tout v € H, tout & > 0 et toute condition finalen € L* (Q, Fr, P; H)
il existe un processus de controle u. tel que la trajectoire partant de x et associée au pro-
cessus de controle u. vérifie

x5 =] <.

Pour les systémes controlés en dimension finie, la propriété de controlabilité est com-
plétement caractérisée par la condition de Kalman. Parfois, au lieu d’étudier la contrdlabi-
lit¢ du systéme initial, on étudie la propriété d’observabilité pour le systeme dual associé.
Pour cela, un outil trés important le constitue le test d’Hautus. Dans le cas des systémes

ayant comme espace d’état un espace de Hilbert, sous certaines conditions, Russell et Weiss

19
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[42] ont obtenu une condition nécessaire d’observabilité, condition qui généralise le test
d’Hautus dans le cas fini-dimensionnel. Jacob et Zwart [29] ont montré que la condition
de Russell et Weiss est un critére nécessaire et suffisant pour I’observabilité des systémes
diagonaux fortement stable dans le cas ou I’espace de contrdle est fini-dimensionnel.

Pour les systémes linéaires stochastique contrdlés dont I’espace d’état est fini-dimensionnel,
Buckdahn, Quincampoix et Tessitore [13] ont obtenu un critére de type Kalman équivalent
a la contrdlabilité approchée dans le cas ou le coefficient de diffusion n’est pas contrdlé. Ce
résultat a été généralisé par Goreac [26] au cas d’un bruit contrdlé (voir également Chapitre
2).

On souhaite généraliser I’approche utilisée dans le cas fini-dimensionnel aux sys-
témes controlés dont I’espace d’état est un espace de Hilbert réel et séparable. La premiére
difficulté réside dans le fait que 1’équation rétrograde associée peut ne pas étre bien po-
sée. Pour résoudre ce probléme, on doit imposer une condition de dissipativité jointe (ce
qui correspond a une propriété d’ellipticité déja classique pour une équation de la chaleur,
par exemple). L’équation duale ainsi obtenue est interprétée, dans le cas fini-dimensionnel,
comme une équation directe contrdlée et la suite du démarche est basée sur les méthodes
de Riccati algébriques. Cependant, dans le cas d’un systéme infini-dimensionnel, 1’équa-
tion duale admet seulement une solution au sens mild ce qui nous empéche de la considérer
comme équation directe contrélée. Ainsi, une fois la propriété de contrdlabilité réduite a
I’observabilité du systéme duale, on essaie d’étudier plutdt cette propriété duale a 1’aide

des conditions de type Kalman.
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3.2 Les résultats

3.2.1 Introduction

On consideére (H, (-,-) ), (U, (-,-)) » (E, (-, -)=) des espaces de Hilbert réels et séparables.
On introduit £(Z, H), I’espace des opérateurs linéaires bornés de = a valeurs dans H et
Ly (Z, H) le sous-espace des opérateurs Hilbert-Schmidt avec leur normes usuelles. On se
place sous les hypothéses suivantes

(A.0) 1) l'opérateur linéaire A : D(A) C H — H est le générateur d’un Cy-
semigroupe,

2) l'opérateur B € L(U; H),

3) l'operateur linéaire C : H — L(Z, H) est tel qu'il existe v € [0,3) et L > 0

tels que, pour tout t > 0,

a) eC € L (H; Ly(E, H)),

b) [e'C],, S L,

H;Lo(E,H)

4) l'espace (), F, F, P) est un espace de probabilité complet muni d’une filtration
qui satisfait les conditions usuelles,

5) le processus W est un processus de Wiener cylindrique (F;)—adapté a valeurs
dans = ;

(A.1) L'opérateur C' peut étre écrit comme somme de deux opérateurs linéaires C1,

C =0+ O,
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tels que :
1) Cy est borné de H sur Ly (Z; H),
2) pour tout t > 0, Crett € L (H; Ly (Z; H)). On suppose également qu’il existe

v e [0,%) et L > 0 tels que

< Lt

‘CletA‘E(H;Lg(E;H)) =

pour tout t > 0.

3) il existe a > % tel que
A+a (C’leM)* (CleM) est dissipatif,

pour une suite 6 "\, 0.
Si ) n’est pas I’opérateur trivial 0, on suppose

(A.2) — A2 est dissipatif-

Remarque 2 Si A est un opérateur linéaire dissipatif, auto-adjoint qui est le générateur
d’un semigroupe de contractions, alors (A.2) est vérifiée.

Si on suppose, de plus, que Cy prend ses valeurs dans Ly (Z; H) , alors (A.1) 3 peut
étre remplacée par

3’) il existe a > % tel que

A+ aCTCY est dissipatif.
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3.2.2 L’équation duale

On considére le systéme dual

{ dY, = — (AY, + C°Z) dt + Z,dW,, (3.16)

YT:§€L2(Q7FT7P7H)

Définition 5 On appelle solution au sens "mild" de I'équation (3.16) un couple (Y, Z) de
processus progressivement mesurables a valeurs dans H, respectivement Ls(Z, H), tel que
(Y,Z) e C([0,T];L*(Q H)) x L*([0,T] x Q; Ly (55 H))

T
sup E[|Yt|2]+E[/ | Z,|? dt| < oo,
t€[0,T] 0

T *
/ ‘ (C’e(s_t)A) A
0

T T
Y, = e 04¢ 4 / (Ce=DN)" Z,ds — / eI ZdW,, t € 10,T].
t t

ds < oo, P—a.s., et

Le premier résultat concerne I’existence et I’unicité de la solution au sens "mild" de

I’équation duale (3.16) :

Théoréme S Sous les hypotheéses A.1 et A.2, il existe une unique solution de 1’équation

différentielle stochastique rétrograde linéaire (3.16). En plus, cette solution satisfait

sup E[[Vi)’] + E {/T|Z$|2ds] <KkE[|€], (3.17)
0

te[0,7)

pour un k > 0.

Le lien entre la propriété de controlabilité approchée pour 1’équation directe (3.15) et

I’observabilité du systéme dual (3.16) est donné par
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Proposition 8 L’équation (2.11) est approximativement-contrélable si et seulement si,
pour tout T' > 0, chaque solution de (2.12) vérifiant Bip(s) = 0 et Diq(s) =0, P — p.s.,
pour tout s € [0, T est réduite a 0.

En plus, I’équation (2.11) est approximativement 0-contrélable si et seulement si,
pour tout T > 0, chaque solution de (2.12) vérifiant Bip(s) = 0 et Diq(s) = 0, P — p.s.,

pour tout s € |0, T satisfait p(0) = 0.

Une étape essentielle pour établir ce résultat est

Proposition 9 Si X*" est ['unique solution "mild" de (3.15) associée au processus de

contréle admissible u et si (Y, Z) est l'unique solution au sens "mild" du systeme dual

(3.16), alors on a
T
B ¥al] = Bl Yol + B | [ (5w i) as). 6.19)
0

Le résultat de dualité peut étre récrit a I’aide du noyau de viabilité rétrograde introduit

par Buckdahn, Quincampoix, Rascanu[ 10]. Rappelons ici cette notion

Définition 6 Soit K un sous-ensemble non-vide, convexe', fermé de H.

(i) Le processus stochastique {Y;, t € [0,T} est viable dans K si et seulement si
Y; € K, P-p.s., pour tout t € [0,T].

(i) L’ensemble K a la propriété de viabilité stochastique rétrograde au temps T

par rapport a (3.16) si pour toute condition finale n € L*(Q, Fr, P;K), la solution

{Y/", t € [0, T} de (3.16) est viable dans K.

' Rappelons que, d’aprés [ 10] un ensemble fermé viable pour I’équation (3.16) est nécessairement convexe.

Ceci justifie de se restreindre aux convexes.
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(iii) Le plus grand sous-ensemble convexe de K qui a la propriété de viabilité sto-

chastique rétrograde au temps T' est appelé noyau de viabilité stochastique rétrograde de

K.

En utilisant cette notion on obtient

Proposition 10 L’équation linéaire stochastique (3.15) est approximativement contro-
lable si et seulement si, pour tout temps fini T' > 0, le noyau de viabilité stochastique
rétrograde de Ker B* = {y € H: B*y =0} au temps T, par rapport a (3.16) est le

sous-espace trivial {0} .

Remarque 3 Si W est un mouvement Brownien uni-dimensionnel, B € L(H), et si C est
un opérateur linéaire sur H (qui peut étre non-borné) tels que A*B* = B*A* et B*C* =
C*B*, alors (3.15) a la propriété de controlabilité approchée si et seulement si [’espace

image R(B) est dense dans H.

3.2.3 Une condition nécessaire

On suppose, en plus de A.1 et A.2,

(A.3) Lopérateur linéaire A est le générateur d’un semi-groupe exponentiellement
stable d’opérateurs.

Dans le cas du systéme stochastique (3.15), on montre la condition nécessaire sui-

vante
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Proposition 11 Si (3.15) est approximativement contrélable, alors pour tout y € D (A*)

tel que y # 0, et tout o < 0,

|B*y| + [(A" — al)y| > 0. (N1)

Remarque 4 Si on suppose que A est le générateur d’'un Cy-semigroupe sur H, W est un
mouvement Brownien 1-dimensionnel, C' est un opérateur linéaire borné sur H, C' € L(H),
I’espace de controle U est un sous-espace borné, fermé d’un espace de Hilbert réel et
séparable V', et l'opérateur B € L (V; H), alors, on peut donner une autre condition
nécessaire pour la controlabilité approchée de (3.15). Plus précisément, si (3.15) est ap-

proximativement contrélable, alors
|B*y| + [(A* + AC* — al)y| >0, (3.19)

pour touty € D (A*) tel que y # 0, et tout (A, ) € R x R_.



Chapitre 4
Assurance, réassurance et paiement de
dividendes

4.1 Présentation du probléme

L’un des problémes principaux des compagnies d’assurances est de trouver une stratégie
permettant de satisfaire les demandes qui proviennent d’une part comme conséquence di-
recte des contrats d’assurance conclus et, d’autre part, des actionnaires. Pour réduire le
risque intrinséque du travail d’assurance et se protéger de grandes pertes, les sociétés d’as-
surances utilisent la réassurance. Ce processus consiste a céder une partie des primes d’as-
surance vers une tierce partie ; en échange, la société de réassurance s’oblige a couvrir un
certain niveau des pertes qui peuvent se produire. Il est évident que la société d’assurance
détient le contrdle a la fois sur le niveau de réassurance et sur le niveau des dividendes
payés aux actionnaires. Cela justifie le cadre du contrdle stochastique.

Les codes d’assurance spécifient qu’a chaque instant, les sociétés d’assurances doivent
étre capable de couvrir tout sinistre qui s’est produit ou qui peut étre raisonnablement
prévu. D’habitude, la marge de solvabilité est calculée par rapport aux primes d’assurances
ainsi qu’aux pertes moyennes. Les formules qui doivent étre prises en compte dépendent
des spécificités liées au type d’assurance concernée. Ainsi, il existe plusieurs méthodes.
Par exemple, le Code des Assurances frangais (R334-13) stipule que, dans le cas des

assurances-vie, la marge de solvabilité (remplacée par Solvency Capital Requirement pour

27
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Solvency II) doit étre supérieure au résultat obtenu en multipliant 0,3% du capital sous
risque avec le rapport entre le capital sous risque apres cession en réassurance et ce capi-
tal avant cession calculé pour I’exercice précédent. Ce rapport ne peut pas €tre inférieur a
50%. Du point de vue mathématique, cela signifie qu’a chaque instant ¢, le résultat obtenu
multipliant une constante (,(donnée par I’expérience et le type d’assurance pratiquée) par
la perte moyenne par contrat et par le nombre de contrats n; ne peut pas étre supérieur a la

fortune de la société d’assurance.
(o X my X perte moyenne < fortune au temps ¢. (4.20)

L’évolution du capital de la société d’assurance sera modélisée par une équation sto-
chastique par rapport a une mesure aléatoire y (qui correspond a un processus de Poisson

compos¢)

t t+ t
th’%L =z+ / nsp(us)ds - / / f(ns7 yA Us)ﬂ(dey) o / dLs. (4.21)
0 0 B 0

Dans I’équation ci-dessus u décrit un processus de contrdle de la réassurance, L le montant
des dividendes, p est la prime par contrat, et f décrit les dédommagements payés en tenant
compte du nombre des contrats et de la réassurance. Le but de cette partie est d’optimiser,
par rapport aux processus admissibles de réassurance et paiement de dividendes, la valeur

moyenne actualisée des dividendes payés aux actionnaires avant I’instant de ruine

V(z) =supE { /0 ' e—’"schS] .

u,L
On montre que la fonction valeur ainsi définie est la solution de viscosité de 1’inégalité va-
riationnelle de Hamilton-Jacobi-Bellman associée. On montre également un résultat d’uni-

cité de la solution de viscosité. Cette approche avait déja été utilisée par Mnif, Sulem [37]
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mais dans un modele de risque collectif ou un seul contrat d’assurance est retenu. On
montre par un simple exemple que, dans le cas ou un seul contrat est admis indépendam-
ment de la fortune de la société d’assurance, la fonction valeur est supérieure a une quantité
strictement positive (indépendamment du capital initial arbitrairement petit). L’originalité
de notre travail réside dans le fait de considérer plusieurs contrats d’assurances, et de tenir
compte des réglementations en vigueur en matiere d’assurance. Cela nous permet d’éviter
le comportement déviant décrit ci-dessus pour la fonction valeur. De plus, la régularité de
la fonction valeur obtenue dans ce cas nous permet de montrer, par un argument standard,

le principe de programmation dynamique, tandis que cela était une hypothése dans Mnif,

Sulem [37].

4.2 Les résultats

4.2.1 Introduction

On introduit un espace de probabilité complet (£2, F, P). Les sinistres seront modélisées
par un processus de Poisson composé donné par une mesure aléatoire p(dtdy) sur Ry x B,
ou B C R, \ {0}. On suppose également que le compensateur de 1 a la forme din(dy), ou
7(dy) = BG(dy) pour une mesure de probabilité G (dy) et pour une constante positive /3.
On introduit la variable aléatoire Y distribuée G(dy).
La filtration (F;);>¢ sera la filtration générée par la mesure aléatoire 1. On appelle

niveau de rétention, tout processus (F;)-adapté (u;)¢>o qui spécifie que, étant donné un
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sinistre d’intensité y au temps ¢ > 0, I’assureur direct doit couvrir y A u; tandis que la
société de réassurance couvrira I’exces de perte (y — u;) ™.
Si la société choisit le niveau de rétention u;, la prime par contrat est donnée comme

pour Asmussen, Hojgaard, Taksar [1],
plu) = (1 + k1)Bv — (14 ko) BE [f(1,(Y —w)T)] forallt >0, (4.22)

ou0 < ky <kyet

v= [ FGE) = EF0Y)L (4.23)
Si on pose
Lo L
B Cov’

alors, (4.20) implique 1’évolution suivante pour le capital de la société d’assurance

t t+ t
Xl —x—i-a/ Xj’“’Lp(us)ds—/ /f(aX;”;u’L,y/\us)u(dsdy)—/ dL,, (4.24)
0 o JB 0

ou L est le processus J;—adapté qui décrit les dividendes payés avant ¢. On considére la

fonctionnelle de coft

J(z,u,L) = E { / ' e_”dLs} , (4.25)
0

ou r est un facteur d’escompte et 7 est le temps de ruine
T:inf{tZO:Xf’u’LSO}.

La fonction V' sera définie comme le maximum sur les couples admissibles (u, L) de cette

fonctionnelle J.
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4.2.2 Hypotheses et résultats principaux

On travaille sous I’hypothése suivante sur la fonction f qui décrit les dédommagements a
payer en cas de sinistre

(A1) La fonction f : R, x R — R, vérifie :

- f(+, y) est convexe, non-décroissante et f(0,y) = 0 pour tout y € R, ;

- f(x,-) est croissante et f(x,0) = 0;

- f(x,y) >0siz>0ety >0;

- f est uniformément continue sur R, x R ;

- f(z,y) ala propriété de Lipschitz en z, uniformémenten y € R,.

(A2) Le facteur d’escompte r dans (4.25) satisfait

2(1+ k)8
Co

r>

Définition 7 On dit que le couple (u, L) est admissible si
i) u, L sont F,—adapté,
ii) up Zu ou p(u) = FE[f(LY Auw)],
iii) L est cadlag, non-décroissant, Ly = 0 et Ly — L;_ < th_’“’L pour presque tout

(t,w).

Remarque 5 La condition ii) décrit le fait que les primes d’assurance doivent étre suffi-
samment élevées pour couvrir le sinistre moyen, tandis que iii) permet a la société d’assu-
rance a l'instant t de payer aux actionnaires au plus le capital dont elle dispose au temps

t.

Le premier pas pour obtenir la régularité de la fonction valeur est
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Proposition 12 Si 0 < z < 2/ sont deux capitaux initiaux et si (u, L) est admissible pour

x, alors (u, L) est également admissible pour x'.

On utilise cette proposition pour obtenir

Proposition 13 La fonction valeur V' est non-décroissante, a la propriété de Lipschitz et
verifie
V(z) < Kz, (4.26)

pour une constante assez grande K.

Le résultat principal est le suivant

Théoréme 6 La fonction valeur est ['unique solution de viscosité de croissance au plus

linéaire de [’inégalité variationnelle de Hamilton-Jacobi-Bellman associée

(4.27)

{ max{H (z,V,V'(z)),1 - V'(z)} = 0inR%,
V(0) =0,

ou

H(z,V,q) (4.28)

= sup {—TV(:C) + axp(u)q + /

w>u Wz = faz,y Aw) - V()] w(dy)} .

On rappelle ici la notion de soussolution (respectivement sursolution, solution) de

viscosité de I’inégalité variationnelle (4.27) (voir, par exemple [43]) :

Définition 8 (i) Une fonction semi-continue inférieurement (respectivement supérieure-
ment semi-continue) v est appelée sursolution de viscosité (soussolution) de (4.27) si v(0) >
0(<0)et

max {H(z, ¢,¢'(z)),1 - ¢'(z)} <0,
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respectivement > 0) pour tout o € CY1(R.) telle que v — @ admet un minimum (maxi-
4 p 2 + q ¥
mum) global en x > 0.

(ii) Une fonction v est solution de viscosité de (4.27) si elle est simultanément surso-

lution st soussolution de viscosité pour (4.27).

Pour montrer le résultat principal, on utilise une approche standard. D’abord, la ré-
gularité de la fonction valeur V' nous permet de prouver qu’elle vérifie le principe de pro-
grammation dynamique associée. En suite, on utilise des fonctions test C'*'! et le principe
de programmation dynamique pour montrer que V' satisfait, au sens de viscosité, (4.27).
Pour I’unicité, on montre un lemme de substitution ainsi qu’un résultat de comparaison

entre les sur et soussolutions de viscosité de cette inéquation variationnelle.
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Abstract

In the present paper, we study a necessary condition under which the solutions of
a stochastic differential equation governed by unbounded control processes, remain
in an arbitrarily small neighborhood of a given set of constraints. We prove that,
in comparison to the classical constrained control problem with bounded control
processes, a further assumption on the growth of control processes is needed in order
to obtain a necessary and sufficient condition in terms of viscosity solution of the
associated Hamilton-Jacobi-Bellman equation. A rather general example illustrates
our main result.

Résumé

Dans cet article, nous étudions une condition nécessaire sous laquelle les solu-
tions d’une équation différentielle stochastique régie par un processus de controle
non-borné restent dans un voisinage arbitrairement petit d’'un ensemble donné de
contraintes. On montre que, par rapport au probléme classique de controéle sous con-
traintes avec des processus de controle bornés, afin d’obtenir une condition néces-
saire et suffisante de la viabilité en termes de solution de viscosité de 1’équation
de Hamilton-Jacobi-Bellman associée, on a besoin d’une hypothése supplémentaire
sur la croissance du processus de controle. Un exemple assez général illustre notre
résultat principal.
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1 Introduction

Let be given a complete filtered probability space (€2, F, (Ft)i>0, P) with
a filtration (F;):>o satisfying the usual conditions of completeness and right-
continuity, and a d-dimensional (F;)-Brownian motion W on this space. We
consider the following stochastic differential equation:

ax=+0(t) = b(X*0 (1), o(t)dt + o (X*O (1), o(B)aW (), 20,

(1)
X=v0)(0) = z € R,
which is governed by a control process v(-) taking its values in an unbounded
control state space.

Given a closed subset K of R, the objective of our paper is to obtain necessary
and sufficient conditions on the coefficients of equation (1) under which, for
every starting point x € R", there exists an admissible control process v(-)
that keeps the solution process X%*) inside the set K or, at least, in an
arbitrarily small neighborhood of K. This property is called viability of K
with respect to the control system (1) and has been extensively studied in [1],
3], [4], [5] and [7] for stochastic systems with compact-valued control processes
admitting strong solutions and in [9] for the context of weak solutions. The
methods used rely either on stochastic contingent cones (in [1], [12]), or on
viscosity solutions (in [3], [4], [5]). We also recall related works on invariance
property of K [13] for a study via contingent cones and [9] for an approach
through the generalization of Doss-Sussman transformation.

The viscosity approach expresses the viability property by a criterion involving
the value function

V(z) = inf E [ / T O (Xm0 (5))ds |, @ € RY, )
0

where dj is the distance function to the closed set K C R™ and the in-
fimum is taken over the family of all admissible control processes defined
over (0, F,(F)i>0, P). In order to guarantee the existence of an optimal

control in a weak sense for (2), the authors of [3] supposed that the set

{(%O‘U’(.I, u), b(x, u)) , u € U} is convex and compact for all z € R™. In the

case of viability it is this optimal control which keeps the process X%*() inside
of K. If one has only e-optimal controls which are keeping X®*() in an arbi-
trary small neighborhood of K, one is speaking about the so-called e-viability.
In both cases, in the framework of a compact control state space, it has been
shown in the papers cited above, that the viability property of K with respect
to the control system (1) is equivalent to the fact that d2 is a viscosity super-
solution of the Hamilton-Jacobi-Bellman equation associated to the control
problem (2).
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In the case of an unbounded control state space, without any assumption of LP-
boundedness of the control process, things look quite different. In our paper,
we discuss an example with K = {—1,0} C R where, although the value
function V' is null on K, we are far from a situation which could be called
e-viability. Indeed, we show that for every ¢ > 0 there exists an e-optimal
control process v¢(-) for (2) which pushes X 5*°C) from —1 to the point 0
of K. Recall that the interval (—1,0) does not belong to K. This example
shows that some supplementary assumption is needed in order to guarantee
e-viability for the case that d2% is a viscosity supersolution. Observing that the
above mentioned family of control processes {v°(-), ¢ > 0} is only bounded in
L' but not in L?, for p > 1, we introduce an additional equation to the control
system (1). This equation acts as a regulatory term and can be interpreted
as supplementary running cost related to the control. It has the consequence
that we can construct families {v°(:), ¢ > 0} of e-optimal controls that are
bounded in L? (for some p > 1). To be more precise, we study the following
stochastic control system:

dX=VO () = b(XTO(t), v(t))dt + o(X=VO (), v(t))dW (2);
dY =20 (1) = f(X=VO(t), Y=ueO(t), u(t))dt, t > 0; (3)
X0 (0) = 2z € R Y290()(0) =y € R,

with f(x,y,v) > |v|P — B(z), where ( is a continuous function. We character-
ize the e-viability for this system with the help of the associated Hamilton-
Jacobi-Bellman equation. Our results will be illustrated by an example of
an unbounded cylinder K. The necessary and sufficient condition for the e-
viability of K looks similar to that of the compact-valued control case. But
in this example, it turns out that, by a suitable choice of the coefficients, the
feedback control process is necessarily unbounded. We obtain, therefore, an
example where the classical methods using the compactness of the control
state space fail to hold, while it is covered by our approach.

We now focus on the structure of the paper. The first section illustrates, by
means of a deterministic control system, why, in general, the e—viability prop-
erty does not imply a viscosity-type condition in the case of unbounded control
processes. The second section is devoted to the study of the e-viability property
of the system (3) for unbounded control processes. A sufficient and necessary
criterion of e-viability is given in terms of the associated Hamilton-Jacobi-
Bellman equation. The paper is closed by the study of explicit conditions for
the e-viability in the case of a cylinder.
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2 Existence of stochastic control under state constraints
2.1 Preliminaries

Let v = (Q, F, (Fi)t>0, P, W) be a reference probability system consisting of
a complete probability space (2, F, P), a filtration satisfying the usual as-
sumptions of completeness and right-continuity, and a d-dimensional (F})¢>o-
Brownian motion W defined on this space. We consider the following stochas-
tic differential equation:

dX70O (1) = (XD O (1), 0(t))dt + o (X5O), v(t))dW (1), t > 0,

(4)
X7v0)(0) =z € R,

where v(-) is a control processes taking its values in a metric space U.
We recall the definitions of viability, respectively e-viability:

Definition 1 A closed set K C R"™ enjoys the viability property with re-
spect to (4) if, for all x € K, there exist a probability space (2, F,P), a
d-dimensional (F)i>o— Brownian motion W defined on this space and a U-

valued (F;)-progressively measurable control processes u(+), such that, P—a.s.,
Xm’“(')(t) € K, forallt > 0.

Moreover, we say that K is e—wviable with respect to (4) if, for alle > 0,z € K,
there exist a probability space (0, F, P), a d-dimensional (F)i>o— Brownian
motion W defined on this space and a U-valued (F;)-progressively measurable
control processes u°(-), such that, P — a.s., dg(X®" O (t)) < e, for all t > 0.

In the case where U is compact (see [3]), in order to characterize the e-viability
property for a closed set K C R", the following value function has been
introduced:

V(z) = 5I€1£E [/OOO e~ d2 (X0 (5))ds| . (5)

where C' = (L + 1)? (L beeing the Lipschitz constant for the coefficients). The
infimum in (5) is taken over the family A of U-valued (F;)-progressively mea-
surable control processes. We also introduce the associated Hamilton-Jacobi-
Bellman equation

0= 21615 {— (Dyu(z),b(x,v)) — ;TT[Dfmu(x)aa*(x, v)]} (6)

+Culz) - d(x), « € R,

under the following assumptions on the coefficient functions b : R* x U — R"
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and o : R" x U — R
(i) The functions b, o are of at most linear growth,

(ii) The coefficients b, o are uniformly continuous on R™ x U and Lipschitz in
x € R”, uniformly in v € U.

The result in [3] may be resumed as follows:

Proposition 2 (/3] Theorem 2) Under (i) and (ii), the following conditions
are equivalent:

(i) For allx € K, V(z) =0;

(1i) The function d%(-) is a viscosity supersolution for (6).

2.2 Viability for unbounded control: a counter example.

Let us now concentrate on the case U = R* and see by means of a simple exam-
ple which the difficulties encountered are when trying to obtain an analogous
assertion:

Example 3 We considerd=n=k=1,0:R xR — R, with o(z,v) =0,
z,v €ER, and let b: R x R — R, with b(z,v) = |z| + |v|, z,v € R. As space
of admissible controls we choose A = L (R, dt).

loc

We deal with the following deterministic control system

AX*O(t) = (X0 (0)| + [o(t) )t

7
X=0(0) =, v

z € R, v(-) € A. We consider the set K = {—1,0} C R and we define the
following value function

V(z) = inf ooe_csd%((Xx’“(')(s))ds.
ueA Jo

Then, the associated Hamilton-Jacobi-Bellman equation (6) takes the follow-
ing form:

inf {DV(2)(|z| + |v])} + di(x) — CV(z) = 0. (8)
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It can be easily seen that V' (0) = 0. Furthermore, we shall prove that V' (—1) =
0. For this end, for any v > 0, let us define the following admissible control:

iy =4 e
0, if ¢ > In(+£2).

(2

{U, ift e [0,ln(1i”));

Then, the solution associated with the control u(-) and starting at —1 has
the following evolution:

. v—(1+wv)e?, if t €0, In(1Y)),
oo _ 700 0.1n(2))
0 , if £ > In(11Y).

(2

Taking into account that for ¢ € [0, In(1t2)), X~1#"0)(¢) € [-1,0), we deduce

that
1+wv

))-
o) X~1uw'0)(¢) = 0 € K. Consequently, for

(2

v 1
A(X10(0) < e [0,In
1

On the other hand, for ¢t > In(
all v > 0,
1. 14w

—1
411( )

V(-1) < /0 T e Ot (XTI O (1)) dt < )

We let now v — +o0o to get V(—1) = 0.

Although V' = 0 on K, d% is not a viscosity supersolution for (8). To see this,
it suffices to take the test function p(y) = (y + 1)?, ¥y € R and to compare
it to V. Indeed, ¢ is of class C? and in spite of the fact that d%(y) — ¢(y) =
(y+1)* Ay? — (y+1)* admits a local minimum at yo = —1 + &7 (recall that
C > 1) we have

- ggﬂg(Dso(yo)(lyd + v])) = d% (o) + Co(yo) = — <0.

C+1

This example shows that we should not expect the Proposition 2 to hold true
in the general case of an unbounded control. On the other hand, recall that,
for any v > 0, we have defined

v, if t € [0, In(1E2));
uv(t) — v
0, if ¢ > In(1t2).

(2

Therefore, we may infer

(14 v)¢ —o°

* —Cs|, v _E
/06 (s)lds = &= o0

44



Let us emphasize that the family of controls {u"” : v > 0} is bounded in
LY(R, e~%*ds). Furthermore, for any p > 1, the family of controls {u® : v >
0} is no longer bounded in LP(R,e~“*ds). Therefore it is straightforward to
consider an additional equation allowing to obtain a condition to be (locally)
assimilated to L? bound, where p > 1 is chosen great enough (in our proof,

for technical arguments, we need p such that we may find a > 2 satisfying

p > maX{Ba,Z—f;}; we may choose, for example, p > g) Thus, it seems

to be natural to impose further conditions on the coefficients as well as on
the control to get an assertion analogous to the result for the compact-valued
control processes. This will be done in the next section.

3 LP? stochastic controls

Following the remarks in the previous example, from now on, we consider the
following extended stochastic control system:

dX™O(t) = (X O(t), v(t))dt + o (X0 (t),v(t))dW (t),
dy = vrO(t) = fXP00(), Yo O(t), o(t))dt, t > 0, 9)
X=v0)(0) = z € R Y2900 (0) = y € R,

where we make the following standard assumptions on the coefficients:
(A.1) There exist a constant L > 0 such that the coefficients b : R" x
RF — R, 0 : R" x RF — R™4 f:R" x R x R¥ — R satisfy

b, u) — b(a',u)| < Llz — |
oz, u) — (2, u)| < Llz — /|
|f(x,y,u) - f(:z:’,y',u)| < L(|y - y/| + |£E - l',|)

for any z,2' € R™, y,y' € R, u € R*.

(A.2) b and o uniformly continuous on R™ x R¥and they have at most
linear growth, i.e. there exists some L > 0 such that

for any x € R", u € R*,

The function f is uniformly continuous, sup,cgn ,eg | f(7,y,0)| < L, and,
for all x € R™ and u € R*, f(x,-,u) is nonnegative on [l,00). Moreover, for
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some continuous function : R"™ — R and p > 2 great enough,
f(m,y,u) > |u|p - 6($),

for all x € R, y € R, u € R¥.

Let A denote the class of all admissible control processes, that is the class of
the R*—valued progressively measurable processes v(+) satisfying

< oo, forall T > 0.

B[ bpas

In fact, this integrability condition is needed in order to give a meaning to our
control system (9). Let K be an arbitrary closed subset of R”. We denote by
By the interval [—[,l] = {y € R, |y| <[}, where | > 0 is fixed.

Furthermore, we assume that

(A.3)
f(z,y,0) = f(7K(2),y,0),
for some measurable selection T : R" — K, such that mx(z) € Hg(x) =
{ye K:dg(z)=|r—vy|} forall z e R* y > 1, u € R*.

Remark 4 If f(z,y,v) = f(y,v), the previous condition is obviously satisfied.

For any admissible control process v(-) and any pair (z,y) € R® x R we
introduce the associated cost functional

Ty o() = E| [T (X 0(9) AL+ dg (y7r O (s) ds| - (10)

for some large enough C' > 0, and we wish to minimize the cost functional
over the family of admissible controls:

V(z,y) = nf J(z,y;0()). (11)
Essential properties of the value function V' are given by the following
Proposition 5 The function V is real-valued and enjoys the Lipschitz prop-

erty.

PROOF. The fact that the function V' does not take the value infinity follows
easily from the observations that

Vi(z,y) < J(z,y;0), (z,y) € R" xR,
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and
J(z,y;0) < CL (dp,(y) + 1), (z,y) € R" xR,
where the latter inequality is obtained by standard estimates for solutions of

(9)-

To prove the second assertion we remark that, for (z,y), (z/,y) € R" x R,

[T (2 g5 0() — J (@, y;0(-))]

< (B[O - Xm0 pas) )

\E { [ e prres) - Y””"y/’”(')(s)|ds] .
0

[

Thus, applying the It6 formula and then the Gronwall inequality, we obtain
[J(@' g5 0() = I,y 0())] < Cp(la’ — 2 + [y = yl).

Here C, > 0 denotes a constant depending only on L. This leads to the
property of V.[J

Let us now consider the following Hamilton-Jacobi-Bellman equation

0=sup{— < D,V(z,y),b(z,v) > —-D,V(z,y)f(z,y,v) (12)

vERK

_;TT[DixV(w, oo™ (z,v)]} + CV(z,y) — dic(z) AL —dp,(y) -

The reader is referred to [11] for further literature on the origin of this type
of equation as well as its connection with the stochastic control system (9).
Furthermore, it is well-known that V' is the unique viscosity solution for the
Hamilton-Jacobi-Bellman equation in the class of continuous functions with
polynomial growth (cf [11]).

We introduce the function F' : R™ x R — R defined by F(z,y) = d%(x) A
1+ dBl (y)

We state now the main result of our paper.

Theorem 6 Under (A.1)-(A.3), the following assertions are equivalent:

(i) The set K x By enjoys the e-viability property for (9);

(ii) The function F : R" x R — R, F(x,y) = d%(z) A1+ dp,(y), (z,y) €

R™ x R, is a viscosity supersolution for (12).
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In order to prove this Theorem, we need a property of the control processes
in (11) which is discussed in the following Remark.

Remark 7 Let € R", y € R and v(-) € A be such that J(z,y;v(-)) <
V(x,y) + 1. Then, from (10) and (A2) it follows that

E { /0 ” ecs|v(s)|pds] - <E [ /O ” ecs|v(5)|pds]>p (13)
SC’(V(QJ,y)—l—l)—l—l—y—i—ﬂg)—l—l—i— |z|

(where the constant C' is chosen great enough). Indeed, for any control process
v(-) such that J(x,y;v(:)) < V(z,y) + 1, we have

LB [T e Xm0(s) — alds| + B | [T e lu(s)pds| - *B(C‘C)

< _LE [ | e X s) — afds| + { e~ f(2, Y90 (5), u(s))ds
0

< B[ [T e O 0(s), Yo s), o(s)ds|
<CV(x,y)+1)+1—y. (14)

(Recall that L is the Lipschitz constant introduced in (A1)). We may apply
standard arguments to estimate

E { / " e Os x 0 (g )—:c]ds \/ % s X)) —:c|2ds} (15)
0

< \/15 ((1 +lz])? + 6E [/0 eCLS|U(s>\2dS]>é

and, from Holder’s inequality,

o[ eeworad s (e[ "ot

(Cr, and C" stand for real constants that only depend on L and C'). Substituting
the latter inequality in (15), we obtain

E Uow e 08| X500 (5) —x]ds} < \/16 (1 2| + (E U:’ e=C5 (s )\pds]);> .

(16)
Finally, we substitute (16) in (14) to get the announced inequality (13).

Consequently, V (x,y) may be regarded as the infimum over the family A'(z,y)
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of controls from A satisfying (13). Furthermore, it follows that if r < p then

lim sup EU 6_08|U(3)|T1{\v(8)\>n} =0,
0

70 pe Al (z,y)
i.e. AY(z,y) is uniformly r-integrable, for all r < p.

We now come to the proof of Theorem 6:

PROOF. We first show that () implies (ii).
For this we consider arbitrary (z,y) € R” x R and ¢ € C?*(R™ x R) such that

F—p>F(z,y) —¢(r,y) =0, (17)

and we claim that

0 sup{~ < Daplr, ), b(z,v) > =Dyl y)f (. ,0)
ve

S TrID2 ()00 (0]} + CF(,y) — die(r) AL~ di(y)

The proof of this claim will be divided in three cases, given by D,¢(x,y) < 0,
Dyp(z,y) =0 and Dyp(z,y) > 0.

(a) We first suppose Dyp(x,y) < 0. The hypothesis of linear growth in v
for the coefficients, assumption (A2) on f and the fact that p > 2 allow to
conclude that

+oo= Suﬂg{_ < Dmgo(l’,y),b(l’,l)) > —Dycp(x,y)f(x,y,v)
ve

_;TT[D:%;E@(% y)oo*(z,v)]} + CF(z,y) — di(z) A1 —dp,(y).

From this, our claim follows easily.

(b) Next we suppose Dy¢(z,y) = 0. This can only happen if y € B;. For
any real-valued function g : R" x R — R, we denote by g, : R" — R the
function given by

gy(z') = g(2',y)
for any 2’ € R™. With this notation we have

Fy—¢, > Fy(z) —¢,(r) =0on R" x R, (18)
D,p,(x) = Dyp(z,y) and D2 o, (x) = D2 ¢(x,y). Set T = mg(x). Since

y € By, y coincides with its projection onto B;.
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For any arbitrarily given € > 0 let v* € A be such that

J(Z,y;0°()) < €.

For the sake of simplicity we introduce the following abbreviated notations
Xe(t) = X2°O(1), Xo(t) = X5 0(@1), ¢ >0,
and we put
E=inf{t>0:|X°(t) — x| >1}Anf{t >0: | X(t)—F > 1},
TE=sAT, 0<s< 1.
Then, we get from (18)
Fy(X5(75) — Fy(x) = ¢, (X°(75)) — ¢, ().

Hence,

| B = B@)ds > [ Ble,(X5(r2) = ¢, ()lds. (19)

The left-hand term in (19) can be estimated as follows:

| EIR(X(9) - By @) ds
< [ B[IXe(r9) = (9P A 1] ds - (d(a) AD)e

+C, /O B [dic(X5(r9) A 1] ds (20)
<C, [ Bldi(X5(s) A 1Jds + C, [ B[R (s) = X(75) Loy Jds

/OE E[|X%(7%) — X (D) A 1] ds — (@ (2) A D)e,

where C, is a constant depending only on x. We denote the four terms on
the right hand of the above inequality with Iy, I5, I3, respectively I, and give
appropriate estimates for each one. The choice of the admissible control v°(+)
allows us to write, for all £ < 1,

ot

/OEE[dKQ“{a(s)) A1]ds < € /0°° e~C Bl (X°(s)) A 1]ds < eCj@

In order to evaluate the term I in (20), we give two simple but useful Lem-
mata:

e2. (21)

20



Lemma 8 With the previous notations we have, for all € > 0 small enough
and all 1 < a < p,

P(rf<e) < Ae'w

where A is a constant independent of €.

Lemma 9 Let p > q > 2. Under the above assumptions, for any s > 0 small

enough, we have
p—gq

E[|IX(s) —al] < Cys7

and
E[|X%(s) = &7 < Cys7,

where Cy is constant independent of s.

Let us now continue the proof of Theorem 6. The proof of the two Lemmata
will be given afterward.

At this point we shall consider the term /5 in (20). A simple application of
Holder’s inequality provides

/05 E[|X®(s) — X°(r)|1ye<c]ds
= (/OaE“YE(s) - ;?e<7g>|2]d3)2 P(r < o).

Further, for ¢ < 1 we apply Lemma 9 to obtain

| EIXE ) - X s <2 [ ( |X€ — &)+ B[ X(r%) - &) ds

<CQ€ P .

This combined with Lemma 8 permits writing

(6+a)p—a—4

/O CE[|Xe(s) — Xo(r9)[Lyecd]ds < Coe 5", (22)

In order to estimate the term I3 in (20), we use standard methods based on
Ito’s formula and Gronwall’s Lemma. This yields

[ B[XG) = XEDP AL ds < (@) A0 (2)

Then, substituting (21), (22) and (23) in (20) gives
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| EIR(C(D) - By@)ds 24)

< e

(6+a)p—a—4

ef 4+ Coe W+ (dk(x) Al)e (eFHE— 1)

1
v

To conclude the proof of (b) we have to provide an adequate estimate for
Js Ele,(X4(73)) — ¢, ()]ds. For simplicity, for 2’ € R” and u € C?, we write

1
L wyu(@') =< Dyu(z'),b(z’,v) > —|—§T7“ [Dizu(x’)aa*(a:', v)} :

Using It6’s formula for ¢, (X*(75)) we have

| Ble,(X2(79) = ¢, (@)ds

:/O FE [/0 ’ ﬁ(Xs(T)?Ua(r))goy(XE(T))d?“] ds

= /o E [/0 E(me(r))@y(x)dr} ds —0(¢e),

where the rest 0(¢) is defined by the last equality. On the other hand, the
inequalities

| < Dap(X5(r), y), b(X"(r), v°(r)) > — < Dap(a, y), bz, v°(r)) > | (25)
< LIDyp(X5(r), y)[[ X5 (r) — 2] +
+Dep(X5(r),y) = Dop(@, y)[(L + Liz[ + L]v*(r)]).

and

ST [P (X (), p)o” (X4, 7)) — D)oo (a0 (1)|
< CLl D2, (X4 (), |1+ |l + |X5(r) — o] + [ ())IX(r) —al  (26)
O D2, (X (1), 9)I(1+ Jo] + [ (1) LX) — o

+HOL D2, (X (1), ) — D, )1+ Jo] + [o? (1))

give an estimation for the rest
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6(e) :/OE E [/OTi < Dyp(z,y),b(x,v°(r)) > dr| ds (27)

—KEAﬁ<mwFMyMM%%NM>st

+/0€ E /0 S ;TT {DixSD(:B,y)OU*(L vg(r))} dr] ds

_KEﬁgyﬂmwawmwﬁwwmwmmh&

Indeed, in order to evaluate (), we first apply Lemma 9 with ¢ = 2 to obtain,
for any £ > 0 small enough, that

/ / E|X®(r) — x|drds < C/ / o dr = C'e (28)

Here C' and C" are constants independent of ¢.

For estimating [; [y E[|X°(r) — z||v®(r)|]drds, we use Holder’s inequality and
write

| [ BIxe) = alle () )ards (29)
(// [| Xe(r) drds) (// [|o® (r aldrds).

Consequently, Lemma 9 gives (5 [g E[|X°(r) — z|* ]drds) < C/E @ . On the
other hand, from (13) we have

(/ / (0% (r)]71] drds) < C’égzap;ipia, (30)

allowing us to obtain an estimation for the first two terms in (27).

Applying an analogous method to estimate the difference of the terms involv-
ing D? ¢ in (27) leads us to the conclusion that, for some v > 0,

0(c) < Cpe*t”, (31)

for all € > 0 small enough. We now substitute (24) and (31) in (19). This
yields
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1 g (6+a)p—a—4 2 (L2+2L)s
Nl +Che 4 (di () Al)e (e ~1)

,TE

> /8 E| / ’ Lz e ()P, ()dr]ds — Che*tv (32)
>/ lds x 111f L) <,0y( x) — Coe*™.

C,e¢

Moreover, it can be easily seen that
s>FE[ti|>s—s <P{Sup|X€( ) — 2| > 1} + P{sup | X°(t) — &| > 1}) :
t<s

An argument similar to the one exploited to estimate P(7° < ¢) allows to

prove that s > E[7S] > s — C,s'* % W , so that we may deduce

(6+a)p—a—4

f 4 Coe W+ Co® 4 (d(w) A)e (2D 1)

C 1
e
I ap—2a

24BN
>(2 Clet m )l&fk L(z0)0,(2).

We recall that the constants C,, C,, C! are independent of €. Thus, we may
divide by & and let & — 0. This yields

inf Ly, (2) < (L2 +2L)(d () A1)
<CF(a,y) - de(x) AL - dg,(y). (33)

It now suffices to use the fact that D,p(x,y) = 0 and F(z,y) = ¢(z,y) to
conclude

inf {E ew)?y(T) + Dyo(x,y) f (7, y,v)} — CF(x,y) + d%(x) A1 +dp(y) <O0.

vERFK

Thus, the proof of (b) is achieved.

c) Let us now suppose Dyp(z,y) > 0. Then, in particular, we can find ann > 0
such that, for any (2/,y') € A, = {(2/,v/) e R* xR : |2’ — 2|+ |¢ —y| < 2}
the inequality Dyp(2’,y’) > 6 holds true for 6 = %Dygo(a:, y) > 0.

We now fix an arbitrarily small € > 0. Then there exists an admissible control
ve(+) satisfying
J(Z,1;0°(+)) < €%,

where T = 1 (z).

As before we use the notations
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Xe(t) = X"7O(t), Xo(t) = X5 0(1),
V() =Y5 U O(), V() = Y5O, for t > 0.

Now, observing that D,¢(z,y) > 0 implies that y > [, we deduce that

E/Ooo e Cs /08 f(ya, 175(7“), v (r))drds < €°,

and Fubini’s theorem yields

E /0 T e p(XE, VR (), o5 (F))dr < O (34)

Let
—inf{t > 0:|X5(t) — 2| V|X(t) — & V |[Y°(t) = 1] > n/2},
TE=s5AT,0<s< 1.

Then, from our assumption (17) that F' — ¢ achieves a global minimum at
(x,y), we have:

| EIFGEE),Y(9) = Flay)lds = [ Eo(X(r5), V¥ (79) = ol ) ds.

In order to estimate the left side, we remark that, due to the Lipschitz property
of f and the nonnegativity of f ( v') on [, +oo) for all 2’ € R™, v' € U,

E i, (V(r9) i) < BIY*(r9)
< | [ 100 )]

<EkE

/OT‘E f(ys(r)ye(r),ve(r))dr] +LE [/072 Ve(r) — ?E(T)Hdrl
< Edp,(Y*(r%) + LE VOT Ve(r) — ?6(7“)|d7“] ,
and
B[ve0) = V)] < o) + 1 [ B[V 0) = @ du,

for all s, > 0. Then, taking into account that dp, (Ye(79)) < 1 and Ye(r2) <
Ye(s), s > 0 (recall that f(a',y',v") > 0 for ¢ > 1), we get

Elds,(Y¥(79)) = dp,(y)] < E\/dp,(Y¥(s)) + 2Lsdp,(y), s > 0.
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Consequently,

| B9, Y5(75) = Fla, )] ds

<, [ Bldic(X7(s)) A1+ /i (V< (5))ds

+C, /05 EHX/E(S) - X/\E(Ti)|1{75<a}]d8 + /OEE [|X6(T§) . 5(“8(7_2”2 A 1} s
—(d%(x) A L)z + Ledp, (y). -

We observe that

—_

P{sup Ye(t) — 1] >n} < Elsup Yo (t) — 1]
<= [ FX0), V007 ()i < D,

where D is a constant independent of ¢ (see (32)). This allows to obtain, as

in Lemma 8,
ap

P(r° <e) < Ae 2
Therefore, as for the case Dyp(z,y) = 0,

—a
P .

/05 E [F(X5(7§)7Y€(T§)) _ F(l’,y)] ds < (d%(l‘) A 1)5(6(L2+2L)6 o 1)
+De* + Letdp,(y), (36)

where v > 0 is some constant independent of e.

To end the proof of (c¢) we still have to provide a lower bound of the expression

Jo Elp(Xe(75),Ye(15) — v(z,y)]ds . With the notation

E(xljxmy,’v)u(x/, y) =< Dyu(2',y'),b(z',v) > +Dyu(z’, y') f (2", ¥, v)
1
+§TT[D§$U(ZL‘/, y/)O'O'* ({lf/, U)]’

for (2/,9') € R" x R, v € R* and u € C?. We have from It6’s formula that

| Ele(x (9. Y5(0) — el ds (37

:/0 El/o L xer) Ko (ryye (e () P (X (1), X5(r), YE(r))dr | ds.
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We remark that since Dyp(z,y) > d > 0, we have
not .
c=inf L5, ,p(,y) > —o0.

vERFK

Moreover, recalling that A4, = {(z/,¥') € R" xR : |2/ — 2| + ¢/ — y| < 25}
and B, = {|2" — Z| < n} are compact sets, we can find a constant D > 0
(1ndependent of €) such that |D,p(2,y')| < D and |D2,¢(2',y')| < D on A,.
Obviously,

[v]—o00

lim {—DL(l +n+ [v]) + 6P -6 sup B(a") — DL*(1 +n+ |v|)2} = 00.
z'"eBy

Consequently, we can find a constant D such that, for any (z,y) € A,
2" € B, and any |v| > D

E(w/,x//,y/’v)u(l'/, y/) > C.

We return to (37) and, with the help of the above estimate, we can write

/()EE[QO(XE(Ti),YE(TZ)) o(z,1) ds > E V / |>Ddrds]

+E Uo /0 £ (x2( Ze v ey o) (K Y ey <Ddrd81 '

For the last term we have

b /0 /0 | E(XE(T)’)N(E(T)ﬂys(r),vs(r))(Xe(r)vYE(T))llvs |<Dd7”d8]
= E /0 /O ﬁ(x,%,y,vs(r)) (‘/EJ y)llvs(r)gﬁdrd8‘| — 9(5)

> | cl|va(r)|§5drds]—6’(e),

where 0(¢) is defined by the above equality. Therefore, from the definition of
C7

| Blelx (2, Y4 (7)) - ol )] ds (39)
>/ TSlds x mfﬁzxw)(p(a: y) — 0(e).

When evaluating 6(¢) we use (28) and (29) which reduces the problem to
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estimating terms of the form

E/O /0 Y2 (r) = yllo* (1)1, . ) < pilrds

which can obviously be estimated from above by

E/ / YVe(r) — yl]o(F)]91, ~drds§5qE/ / V= (r) — y|drds
< De".

First, combining (36) and (38), then dividing by % and, finally, taking the
limit as ¢ — 0 we obtain

OSSIGIB{< Dyp(x,y), c(x,v) > +Dyp(z,y) f(T,y,v)

45 Tr D2l )o0" (@, 0)]} + Clpl, ) — die(a) A1~ dp, 1),

Finally, it suffices to recall the assumption f(Z,y,v) = f(z,y,v) and the
conclusion follows.

The proof that (i) implies (i) is now complete.
For the converse, suppose that F' is a viscosity supersolution for (12). Then,
using the fact that V' is a viscosity subsolution of (12) and that ' and V' enjoy

the Lipschitz property, we get V(x) < F(z) for all z € R™. In particular, it is
obvious that V(z) =0 for z € K.OO

We now turn our attention to the proof of Lemmata 8 and 9.

PROOF. (of the Lemma 8). By the definition of the hitting time 7¢, it is
straight-forward that

P(rf<e) < P(sup | X°(t) —z| > 1) + P(Stl<11€3 |Ya(t) -z >1) (39)

t<e

< Elsup |X°(t) — 2|"] + Elsup |X°(1) — 7).
t<e t<e
We also notice that the following inequality holds true:
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X5(0) = 2l < [ (L o+ Llal + LX) = ] + Lo (1))

+ /OtJ(XE(r),UE(r))dW(r)

Moreover, there exists a constant C, (depending on a,  and L but not on ¢)
such that

t a + a
X5(0) — o < Cut 4 ot ([ 1x5() = wldr )+ ot ([ e (r)lar)
0 0

JREES ORI

a

+C,

Hence,

t<e

E lsup | X (t) — x|

<Cue” + Cue"E lsup | X< (t) — a:|“] (40)

v ([ )]

+C E lsup /Oto(XE(r), ve(r))dW (r)

t<e

Further, applying Holder’s inequality we find that

E K/O \UE(T)\dr)a] <erlp UO yqf(r)\adr}
<l (E [/Oa |UE(7’)|pd’F:|>; .

The choice of v* and the Remark 7 on the 1—optimal controls guarantee that
v°(-) € A(Z,7y). Consequently, for some constant C’, only depending on a, &

and v,
E K/ \Us(r)\dr> ] <Ol
0

We return to the inequality (40) that can now be written in the following form

E lsup | X< (t) — x|

t<e

<O + Cue"E lsup | X*(t) — a:|“]
t<e

ap—a

+C,Cle™r

+C.E lsup

t<e

[ o), ) ()

Finally, we apply the Burkholder-Davis-Gundy inequality to the last term on

the right side to obtain
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E [sup | X (t) — x|

t<e

<Cu(e" +62) + Co(c” +2)E [sup | Xe(t) — x|"’]
t<e

a a ap—2a

—I—C’aepT_ + Che 2,

where C, is again a constant independent of €. The conclusion of our Lemma
now follows easily.l]

PROOF. (of the Lemma 9). Applying It6’s formula to | X¢(s) —z|? we obtain
E(1X5(s) = al?) < qLE | [ 1X5(r) = a1+ fol + 1X°(r) = o] + [o°(r) )
I UVES) XY = 2 ol 4 1XE) — al + o))
2 0 ‘

We recall that, for any b, c > 0, we have

—1 1 —2 2
i le < qu + =¢? and p722 < qu + —c1.
q q q q
With these inequalities and Gronwall’s Lemma we obtain, for s < 1,
E([X%(s) = al?] < Cyl1 +|al)ts + CE | [ 0¥ (]|
0

Finally,

aq
P p—gq
X s P .

E UO yv€<7~)|qczr] <E [/0 [ (r)Pdr

The conclusion of our Lemma follows easily.[]

4 An illustrating example

We now concentrate our attention on a simple but illustrating example. We
consider the case of an unbounded cylinder in R" and calculate explicitly
the necessary and sufficient condition for e-viability given by Theorem 6. We
exhibit, for a particular choice of the coefficient functions, a necessarily un-
bounded feedback control process which cannot be managed by the compact
control state space framework.

Example 10 Let 7 : R" — R"™ be the linear projection on the n — 1 first
coordinates

7(x) = (21,29, ,2p_1,0), for x = (z1,29,--+ ,2,) € R"
and m, : R" — R the projection on the last component, m,((z1,x2, -+ ,x,)) =

T

60



As set K we consider the cylinder K = {z € R" : |7(z)| < R}.

Then,
di(z) = ([7(x)] = R)",
F@IR2 2, if |7(z)] > R,
D, d3(x) = |7 ()]
0, if [7(2)| < R,
and
oFWIRT L 9 Bz @#(z) |, if |7(z)] > R,
D (z) =~ @ )P
0, if |7(x)| < R,
(I, 0 _ _
where [ = , and I,,_; denotes the unit matrix of type (n—1)x(n—1).
0 0

Proposition 11 Suppose that \a(‘,v)f |> is Lipschitz uniformly with respect
tov € R¥. Then K enjoys the e-viability property for the equation (9) if and
only if the following conditions hold true simultaneously:

(a) For all x € R™ with |7(z)| = R, there exists v € R* satisfying

(1) o*(z,v)7T(x) = 0;
(2) 2 < 7(x), ( v) > +|o*(z, v)I? < 0;
(3) flz,lv) =

(b) For all z € R™ such that |7(x)| < R, there exists v € R* satisfying

f(z,l,v) =0.

Remark 12 For the particular case f(z,y,v) = |[v|P — |7, (2)||, we notice
that every feedback control v = v(x) that satisfies (a) must also satisfy |v(z)| =

1

| ()7

Let us emphasize that the feedback control process is necessarily unbounded in
x € R™. This shows that the above example cannot be covered by the exist-
ing results in the literature on wviability of controlled stochastic systems with
bounded control state space.

PROOF. (of Proposition 11). Let us first suppose that F' is a viscosity su-
persolution of (12).
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For any |z| > R and any y > [, the fact that F is a viscosity supersolution of
(12) implies:

)R @R
g {2 a0 000,04 P o
ol R + o)}

<(C -1y -1+ (7@@)] - R)* A1].

Let us fix an arbitrary zo € R™ such that |7(zo)| = R. As f(z,y,v) > |v|P —
B(z), we deduce that, for any z € R™ with |z| > R, y > [, and any € > 0 there
is some v5%Y € R* such that

0 (@, R + Sy, )

|7 ()]

<(C =Dy -1+ (7@)] - R?>A1] +-¢,

and the family {|v="Y|, (¢,z,y) € [0,1] x Bi(zo) x [I,I + 1]} is uniformly
bounded.

Thus, by choosing sequences (x,,)m>1 C Bi(xo) with z,,, — x¢ and |7 (z,)| >
R, Y = 1+ (|7(zp)]| — R)* — [, and 1 > &,, = (|7(z)| — R)* \\ 0, and we
obtain the existence of a bounded sequence v = v *m¥m guch that

|ﬁ(im)| (2 < 7 (@), b, ™) > o (@ 0™ T2)
e (el o R+ o)

Moreover, there exists a subsequence (still denoted v™) and some v € R* such
that lim,, v = v. Consequently, letting m — oo in the above inequality we

obtain
1

10" (20, ) (w0)* + f (0,0, v) <0

and A
2 < 7(w0), b(wo, v) > +|0* (20, v)I|* < 0.
Finally, since f(xo,l,v) > 0 we get condition (a) of the statement.

To prove the second condition in the statement, we remark that for any
|7(z)] < R and any y > [, the fact that F' is a viscosity supersolution for
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(12) implies:
Uleank f(x,y, U) < (O - 1>(y - l)

We fix x € R" such that |7(x)| < R. As f(z,y,v) > |v]? — (z), we deduce
that, for any y > [, and any ¢ > 0 there exists |[v°¥| such that

f(xayavs7y> < (C - 1)(y - l) +e
and |[v=¥| is uniformly bounded on (g,y) € [0,1] x [I,1 + 1].

We choose ¥, \, [ and ¢,,, — 0, and letting m — oo yields the second assertion
in the statement.

We now prove the sufficiency of the conditions (a) and (b).
For any x € K and any y > [, the Lipschitz property of f yields
f([E,y,U) < f(*ra l,U) + L(y - l)u

and we may choose v € R satisfying f(z,l,v) = 0 to get

f(l‘,y,U) < (C - 1)(y - l)

Let us now consider = € R" such that |7(x)| > R. Then, obviously,

@) R R@)

Using this remark and the Lipschitz property of the coefficient functions b and
o, we obtain that the following inequalities hold true for all z € R™ such that
R<|z|<R+1,y>1landallveRF:

R R R
7TK(£17$27"' 7$n) = X1, To, - Tp—1,Tpn | -

=)

L 0000 = (R @) b)) ) < LRG| -

1 - 1
()|

L(|#(x)| — R).

=1
q*
|

Moreover, for some v € R™ for which (a) holds true, we have:

R

WW(%UW(@“)F + flz.y,v) < L(|7(x)| = R)* + Ly — 1).

Therefore,



(#(x),b(x,v)) + Ww*(:p,v)ﬂ? (41)

We consider test functions p € C?*(R" xR) and (z,y) € R" xR local minimum
for F' — ¢ and wish to prove

0 < sup{— < Duip(2,y),0(x,v) > =Dyp(x,y) f(x,y,v) (42)

vERK

—;Tr[Dixw(w, Yoo (z,0)]} + CF(z,y) — 2 (x) Al — dg,(y) -

This is obvious enough for |z| < R or y < —I (see Theorem 6 for the latter).
The inequality (41) allows us to deal with points (z,y) such that R < |z| and
| < y and condition (b) in the statement gives the result for the remaining
case. We obtain that F' is a viscosity supersolution for (12). The conclusion
follows from Theorem 6.[]
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Abstract

In this paper we study approximate controllability for a linear stochastic differential
equation
dy(t) = (Ay(t) + Bu(t)) dt + (Cy(t) + Du(t)) dW (t),

for the case when the control acts also on the noise. This may be considered as
a generalization of the work of Buckdahn, Quincampoix and Tessitore where the
problem is solved for D = 0 and of Peng for D of full rank. We prove, using the
dual BSDE and Riccati methods that approximate controllability is equivalent to
the local in time viability for a suitable set. Finally, an invariance criterion is given.

Key words: Stochastic Control, Controllability, Controllability under Constraints,
Backward Stochastic Differential Equation, Riccati Equation.

Introduction and statement of the main result

Given a complete probability space (£, F, P) and a standard Brownian mo-
tion (W (t),t > 0) on this space, we consider the natural complete filtration
(Fi)i=0 generated by W. We let A= A(Q, F, P;W) be the set of all (F)-
progressively measurable processes v(-) taking their values in R? and such
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that E(ngT |v(s)|2ds] < oo for all T > 0. A process v(-) € A will be referred
as an admissible control process.

We consider the following linear stochastic differential equation
dy(t) = (Ay(t) + Bu(t))dt + (Cy(t) + Du(t))dW(t), 0 <t <T, (1)

governed by the control process u(-) € A, where A,C € L(R",R"), and B, D €
L(R? R"). The initial condition is

y(0) =z € R". (2)

For all z € R™ and all admissible control u(-), the equation (1) admits an
unique predictable solution y(-, z,u) with continuous trajectories such that
y(0, z,u) = x. Furthermore, this solution satisfies, for all 7" > 0,

< Q.

E [ sup [y(s)]?
s€[0,7

In [7] and [5], Peng (respectively Liu and Peng) have studied the "exact con-
trollability" and "exact terminal controllability" for (1). They show that exact
terminal controllability is equivalent with the condition that D has full rank.
Moreover, algebraic conditions of Kalman type give a characterization of exact
controllability. The case where the control u(-) does not act on the noise (i.e.
D = 0 ) has been studied by Buckdahn, Quincampoix and Tessitore in [4].
Since D is not of full rank, exact terminal controllability must be weakened to
"approximate controllability". Algebraic Riccati equation methods are used
in [4] in order to obtain a characterization of approximately-controllable sto-
chastic linear equations. This criterion says that, in order to have approximate
controllability, the only locally in time viable subset of a certain linear space
has to be the trivial set.

The objective of our paper is to extend the results in [4] and [7] to the general
case where the control is allowed to act on the noise (i.e. rank(D) > 0) without
necessarily having D of full rank. We give a characterization of approximate
controllability using the notion of local in time viability of a linear space V' C
R™ conditioned to another linear space U C R"(a generalization of the concept
of local in time viability (Li.t.v.)) introduced in [4]). An easily computable
criterion is given.

We prove that the study of the linear stochastic differential equation (1) can
be reduced to an equation of the form

dy(t) = (Ay(t) + Biu/(t) + Bou"(t))dt + (Cy(t) + Dy (1)) dW(t),  (3)
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where A,C € L(R",R"), B;,D; € L(R",R"), B, € L(R¥",R") and rank
D1 =T.

The main result of the present paper is

Theorem 1 We have equivalence between the following assertions:
1. The equation (3) is approximately controllable.

2. The equation (3) is approximately null controllable.

3. The viability kernel of Ker Bj conditioned to Ker D7 is trivial.

1 Preliminaries

Let us recall the following definition of approximate controllability

Definition 2 We say that the equation (1) is approximately controllable if,
forallz € R", all T >0, alln € L*(Q;Fr ; P;R"), and all € > 0, there exists
an admissible control u such that

E||y(T,x,u) —n)’| <e.

Moreover, we say that the equation (1) is approximately null controllable if the
above condition holds for the particular case n = 0.

In order to obtain computable algebraic conditions for approximate control-
lability in the case where the control is not allowed to act on the noise (i.e.
D = 0), the authors of [4] use the notion of strict invariance. This concept
(slightly modified) had already been used in [9] to obtain, by algebraic Riccati
equation methods, a characterization of stochastic linear equations admitting
a feedback that stabilizes the system for all noise intensities.

Definition 3 Given m + 1 linear operators L; My;...; M,, € L(R",R"), a
linear subspace V. C R™ is said to be (L;My;...; M,,)-strictly invariant if
LV C Span{V; M1V ...; M,V }.

We notice that a linear subspace V' C R" is (L; Mj; ...; M,,,)-strictly invariant
if and only if there exist operators K1, ..., K, € L(R™ R") such that K;V C V
and (L + M1 Ky + ... + M,,K,,)V C V or, equivalently, if and only if for all
v € V there exist wy, ..., w,, € V such that Lv + Mjw; + ... + M,,w,, € V.
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Since we allow the control to act on the noise, we have to require a stronger
property than strict invariance. Namely, we give the following Definition,
which extends the notion of strict invariance used in [4] to establish a charac-
terization of Li.t.v.

Definition 4 Given the linear operators L, M, N € L(R",R") and two linear
subspaces V. C R" and U C R™, we say that V' is (L; M)-strictly invariant
conditioned to (N,U) if for allv € V there exists w € V' such that

w—NveU and Lv+ Mw € V.

Remark 5 It is easy to see that V is (L; M)-strictly invariant conditioned to
(N, U) if and only if there exists a linear operator K € L(R", R"™) such that
KVCcV,(K-=N)VcUand (L+MK)V CV .

Remark 6 For all N it can be easily observed that V' is (L; M)-strictly in-
variant conditioned to (N,R™) if and only if it is (L; M)-strictly invariant
(i.e., if U = R" is the full space we find the notion of strict invariance).

Remark 7 For arbitrary linear subspaces V,U C R"™, the largest subspace of
V' which is (L; M)-strictly invariant conditioned to (N,U) can be obtained in
at most n iterations by considering the following schema

Vo=V; Vipp={veVi: M((U+Nv)nV;)n(Vi— Lv) # ¢}, i € N.

2 The dual equation

We consider the following backward stochastic differential equation

dp(t) = — (A*p(t) + Cq(t)) dt + g* (AW (1), 0 <t < T,

(4)
p(T) =n € L3, Fr, P;R").

It has been established in [6] that for all T > 0 and all n € L*(Q2, Fr, P;R")
(4) admits an unique solution (p,q) € M?(0,T;R") x M?(0,T;R"™) (where
M?(0, T; R™) stands for the set of R"-valued processes which are F;-progressively
measurable and square integrable over 2 x [0, T'] with respect to P ®dt). More-

over, p has continuous trajectories and E [supse[oﬂ |p(s)|2} < 00.

We are able at this point to prove the connection between approximate con-
trollability for (1) and the backward stochastic differential equation (4):

Proposition 8 The equation (1) is approximately-controllable if and only if,
for all T > 0, every solution of (4) such that B*p(s) + D*q(s) =0, P — a.s.,
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for all s € [0,T] is trivial.

Moreover, the equation (1) is approximately null controllable if and only if,
for all T > 0, every solution of (4) such that B*p(s) + D*q(s) =0, P — a.s.,
for all s € [0,T] satisfies p(0) = 0.

PROOF. Let us fix T' > 0. Using It6’s formula for (p(T), y(T, z,u)) we have

E (1), y(T. 2. u))] = E[(p(0).)) = E [ [ B p(s) + Da(s).us)) ds| (3

We denote by L%([0,7],R?) the space of all predictable processes u : Q X
[0, 0o[— R satisfying £ { i \u(s)|2ds} < 00 and consider the linear operator
My given by

My : L3([0, T],RY) — L*(Q, Fr, P;R™), Mgpu = y(T,0,u). (6)

It is straightforward that (1) is approximately-controllable if and only if, for
all T > 0, My (L%([O,T],Rd)) is dense in L2(, Fr, P; R™). The equality (5)
implies M7n = B*p+ D*q. We use the fact that the image of a linear operator
is dense if and only if the kernel of its adjoint is trivial and the uniqueness
and the continuity of the solution of (4) to get n = 0 if and only if p(s) = 0,
P —a.s., for all s € [0,7] and ¢(s) = 0 dsdP-almost everywhere on [0, 7] x 2.

In order to prove the second assertion in our statement, we introduce the linear
operator

Ly :R" — L*(Q, Fr, P;R"), Lyx = y(T,x,0). (7)
It is obvious that approximate null controllability is equivalent to the fact
that for all T > 0, Ly[R"] € Mr[L%([0,T],R%)] (or Ker (M}) C Ker (L}))
. To conclude the proof of this second part, we use (5) for u = 0 and obtain
L¥n = p(0). The conclusion follows.

In [7], for the case where D is a full rank matrix, the author was able to
transform the equation into the equivalent form

dy(t) = (Ay(t) + Ard (t) + Bu'(t))dt + o/ ()dW(t), 0<t<T.  (8)

Using this idea, for the case where 0 < rank D =r < n, we get the following
linear stochastic differential equation, which is in fact equivalent to (1):

dy(t) = (Ay(t) + Biu/(t) + Bou”(t))dt + (Cy(t) + Dy (t))dW (2),
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where A,C € L(R",R"), B;,D; € L(R",R"), B, € L(R¥",R") and rank
D; = r. Since rank D; = r we establish the existence of F € L(R" R™)
solution of D} F 4 B} = 0. In this case, the dual equation becomes

{ dp(t) = [=(A" + CF)plt) = Ca®)dt + (Fplt) + aO)aW (O,

p(T) =

From [6], Theorem 4.1, we have that for all T > 0 and all € L?(2, Fr, P; R™),the
backward stochastic differential equation (9) admits an unique solution (p, ¢) €
M?(0, T;R™) x M?(0,T;R") such that p has continuous trajectories and

E [ sup |p(s)]*| < oo.

s€[0,7T

As before, using It6’s formula we show that

E<p(T),y(T) >= E < p(0),y(0) >

?

+E [ /0 (< Bip), (1) > + < Diq(t), () >) dt

and, with the same arguments as for the previous Proposition we can prove

Proposition 9 The equation (3) is approximately-controllable if and only if,
for all T > 0, every solution of (9) such that Bip(s) = 0 and Diq(s) = 0,
P —a.s., for all s € [0,T)] is trivially reduced to 0.

Moreover, the equation (3) is approximately null controllable if and only if,
for all T > 0, every solution of (9) such that Bip(s) = 0 and Dijq(s) = 0,
P —a.s., for all s € [0,T)] satisfies p(0) = 0.

Approximate controllability property for (3) can be expressed with the help
of the following quadratic cost function

T
J(07Q()):E{/O [< H(Ker B;)ip(tacbe)?p(taqyg) >
+< H(Ker D{)LQ(t% Q<t> >]dt}

Indeed, let us consider the Stochastic Linear Quadratic optimal control prob-
lem

Problem 10 (SLQ)
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For each 0 € R" find an admissible control G(-) such that
J(6,3(-)) = inf J(6,q()) = V(6)
Definition 11 The (SLQ) problem is said to be

(1) solvable at 0 € R™ if there exists an admissible control G(-) such that
J(0,q(-)) =V (0). In this case, q(-) is called an optimal control.

(2) pathwise uniquely solvable at 0 € R™if it is solvable at 0 and, whenever
q1(+) and go(+) are two optimal controls on the same space, it holds

P({q1(t) = q2(t), for almost every t € [0,T]}) = 1.

The following proposition gives the connection between approximate control-
lability, approximate null controllability and the (SLQ) problem.

Proposition 12 We have equivalence between the following assertions:
(i) The equation (3) is approximately-controllable.

(ii) For all T > 0, all € R, and all ¢ € LA([0,T), Ker Dj) such that
Bip(s,q,0) =0, P —a.s.., for all s € [0, T] it must hold that q(s) = 0 dsdP-
almost everywhere on [0,T] x Q and 6 = 0;

(i a) The (SLQ) problem is pathwise uniquely solvable at 0=0;
i .
b)The equation (3) is approximately null controllable.

PROQOF. We only have to prove the equivalence between the last two asser-
tions. Let us suppose that (ii) holds true. It is obvious that (SLQ) is solvable
at # = 0 and that g(-) = 0 is an optimal control process. If we consider ¢(-) to
be another optimal control at § = 0, we must have

J(0,q()) = 0.

Therefore, we get ¢ € L%([0,T], Ker Df) and Bjp(s,q,0) =0, P —a.s., for all
s € [0,T]. We now use (i) to obtain that ¢(s) = 0 dsdP-almost everywhere
on [0,7] x © and the condition (i) in the statement is proved.

For the converse, let us fix T > 0, § € R", and ¢ € L%([0,7], Ker Dj) such
that Bsp(s,q,0) =0, P — a.s., for all s € [0,T)]. Since (3) is approximately
null controllable we get # = 0 and

J(0,4(-)) = 0.
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Thus, ¢(+) is an optimal control for (SLQ) at # = 0 and the pathwise uniqueness
yields
q(s) = 0 dsdP-almost everywhere on [0,7] x €.

The proof is now complete.

Remark 13 The previous Proposition shows that, in order for (3) to be ap-
proximately -controllable, (SLQ) must be pathwise uniquely solvable at 0.

The backward stochastic differential equation (9) may be interpreted as the
following forward differential equation

{ dp(t) = [=(4° + C*Fp(t) = Calt)) e+ (Fplt) + aODaW (e |

p(0) =6 € R"™.

Therefore, for all § € R™, all linear subspace V' C R", and all ¢ € L%([0,T],V)
there exists an unique predictable solution p(-,q, ) of (10) with continuous
trajectories such that F {Supse[oﬂ Ip(s, q, Q)PL < 00. The approximate con-
trollability conditions given by Proposition 9 become

Proposition 14 The equation (8) is approzimately-controllable if and only
if, for all T > 0, all 6 € R™, and all ¢ € L3([0,T], Ker D) such that
Bp(s,q,0) =0, P — a.s., for all s € [0,T], it holds q(s) = 0, dsdP-almost
everywhere on [0,T] x Q and =0 .

The equation (8) is approximately null controllable if and only if, for allT > 0,
all 0 € R™ and all g € L5([0,T], Ker D) such that Bip(s,q,0) =0, P —a.s.,
for all s € [0, T, it holds 8 = 0.

3 Conditional local in time viability

In order to give a computable criterion for approximate controllability, the
authors of [4] have introduced the notion of "local in time viability". Motivated
by Proposition 14 and by the approach in [4], we extend the notion of "local
in time viability" to "conditional local in time viability".

Definition 15 Let U, V' C R" be two linear subspaces of R™. The family of
all & € V' for which there exists a T > 0 and q € L3([0,T],U) such that
p(s,q,0) € V, P —a.s., for all s € [0,T] is called the viability kernel of V
conditioned to U with respect to (10) (we denote this set by Viab(V/U)).

Moreover, we say that V' is local in time viable conditioned to U with respect

to (10) if Viab(V/U) = V.
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If U and V' are two linear subspaces of R", we denote by II;;1 (respectively
IIy,.) the orthogonal projections on U~ (respectively V+). For all N > 1, let
us consider the following Riccati equations with values in 8™ (the family of
symmetric, non-negative matrix of n x n type):
Pi(s) = =Py(s)(A* 4+ C*F) — (A+ F*C)Pn(s) + F*Py(s)F
— (F*Py(s) — Pn(s)C*)(I + NTly1 + Py(s)) Y (Pn(s)F — CPy(s))
+ NH‘/L,
Pn(T) =0

(11)
Ito’s formula applied to (Py (7 — t)p(t), p(t)) yields

BUPT = 00000 = B | [ (VTusp(o) 4 [osa)P) + o)) s
(19)
—E [ [ (e [ (Pa(s)] (Pa(s) F — CPa(s)p(s) — as)] ds]

where fy(Pn(s)) =1+ NIy + Pn(T — s).
Since I + NTI;;1 > 0 (that is [ + NII;;. is positive) and NTIy» > 0 (that is
NIIy, . is nonnegative), the Riccati equation (11) admits an unique solution

with values in 8™ (see [10], condition (4.23) and Theorem 7.2).

Proposition 16 The viability kernel of V' conditioned to U with respect to
(10) has the following representation:

Viab(V|U) = {9 €V: 3T >0 st Jim (Py(T)0.6) < oo}.

PROOF. Let us consider # € Viab(V|U). Then, there exist T > 0 and
q € L%([0,7],U) such that p(s,q,0) € V, P —a.s., for all s € [0, T]. We recall
that (12) holds true and get E [(Py(T)8,0)] < E [} |q(s)|?ds.

For the converse, we may choose, for all N, the optimal control process Gy €
L%(]0, T],R™) and, again by (12), we have

oo > E[(Py(T)0,0)]

=B [/OT (N(’HVLP@@M 0))? + [Ty qn(s)]?) + WN(S)P) ds] _

The sequence (Gy) v, is bounded in L3 ([0, 7], R™), and there exists a suitable
subsequence (still denoted by (qy)y~,) such that gy converges to g weakly in
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L%(]0, T),R™). Since (10) is affine in g, we get the convergence p(s,qy,0) —
p(s,q,0). Therefore, we have Il 1 p(s,q,0) =0 P — a.s., for all s € [0,7]. On
the other hand, it can be easily seen that

T
P [ [ NIy (s) s < i (P (T)0,6).
0

which leads to £ [fOT ‘HULQN<8)|2>d$} — 0 when N — oo. Let us notice the
fact that

o[ [ imeatpa] =2 [ [ 0 am000)
= lim E l/OT <HULQ<S)7QN(S)>‘|

< lim F l/OT\HULqN(S)FFE [/tT \q(S)IQ]
=0

We deduce that g € L%(]0,7],U). The proof of our Proposition is now com-
plete.

As in [4], one can show that

Proposition 17 The viability kernel of the linear subspace V- C R™ condi-
tioned to the linear subspace U C R™ with respect to (10) is conditional locally
in time viable. In particular, the conditional viability kernel is locally in time
viable.

PROOF. Let us consider § € Viab(V|U). Then, there exist T > 0 and
q € L%([0,77,U) such that p(s,q,0) € V, P—a.s., for all s € [0, T]. Therefore,

using (12), we have
4 2
[ la() dr] .

Thus, by a monotone convergence argument and Proposition 16, we infer that
p(s,q,0) € Viab(V|U) P — a.s.

E[(Px(T — s)p(s,q,0),p(s,q,0))] < E

4 The main result

We are now able to prove our main result:
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Theorem 18 We have equivalence between the following assertions:
(1) The equation (3) is approzimately-controllable.
(2) The equation (3) is approzimately null controllable.

(8) The viability kernel of Ker B} conditioned to Ker Df is trivial.

PROOF. We only have to prove (3)==(1). In order to establish the result,
suppose that Viab(Ker Bj|Ker Dj) is trivial and let ¢ € L%([0,T], KerD5)
such that p(s,q,0) € Ker B;, P — a.s., for all s € [0,T]. We get 6 = 0, and
p(s,q,0) € Viab(Ker Bj|Ker Dy). Therefore, p(s,q,0) =0, P — a.s., for all
s € [0,T]. Recall that p(-,q,0) is the solution of (10) to conclude ¢(s) = 0,
dsdP-almost everywhere on [0, 7] x 2.

The following Theorem gives a method to obtain conditional local in time via-
bility using conditional strict invariance, thus providing an algebraic criterion
for approximate controllability.

Theorem 19 The linear subspace V- C R™ s local in time viable conditioned
to the linear subspace U C R™ with respect to (10) if and only if V is (A*; C*)-
strictly invariant conditioned to (F,U).

PROOF. Let us first suppose that V' is (A*; C*)-strictly invariant conditioned
to (F,U). We wish to prove that V' is local in time viable conditioned to U.
In order to prove this, it suffices to notice that there exists a linear operator
K € L(R",R") such that KV C V, (K — F)V C U and (A*+ C*K)V C V.
Indeed, for any 6 € V., we consider the linear stochastic differential equation
dp(t) = —(A* + C*K)p(t)dt + Kp(t)dW (t),
p(0) = 6.

Obviously, the solution of this equation is in V. Moreover, if we set ¢(t) =
(K — F)p(t) € U, we notice that p(t, q(t),0) =p(t) € V for all t > 0.

For the converse let us fix § € V. We suppose that p(s,q,0) € V, P — a.s., for
all s € [0,T], for some T' > 0 and ¢ € L5([0,7],U). We multiply (10) with
(I —IIy) to obtain
d(I —Ty)p(t) = (I = y) [—(A* + C*F)p(t) — C*q(t)] dt
+(I = Iy )(Fp(t) + q(t))dW (),
p(0) = 0.

7



Since we have supposed that p(s,q,0) € V, P —a.s., the quadratic variation of
(I —1IIy)p is zero (i.e. Fp(t)+q(t) € V, dtdP-almost everywhere on [0, 7] x §2).
Moreover, we have (I — IIy) [—(A* + C*F)p(t) — C*q(t)] = 0, dtdP-almost
everywhere on (0,77 x €.

At this point, we consider the linear subspace W C V'
W={0eVst.dacV: a-—FlecU A0+ C*'a e V}.

It is straightforward that p(¢, q, ) € W, dtd P-almost everywhere on [0, 7] x €2.
We use the continuity of the trajectories of p to finally get # € W. This implies
that V =W (i.e. V is (A*; C*)-strictly invariant conditioned to (F,U)).

Since the viability kernel of Ker B3 conditioned to Ker Dj is locally in time
viable conditioned to Ker Dji, we deduce that Viab(KerBs|KerD7y) is the
largest space which is (A*; C*)-strictly invariant conditioned to (F, KerDy)
for some F' solution for the equation DjF' + B} = 0. Thus, we can state our
final result

Theorem 20 We have equivalence between the following assertions:
(1) The equation (3) is approximately-controllable.
(2) The equation (3) is approximately null controllable.

(8) The largest linear subspace of KerBj which is (A*; C*)-strictly invariant
conditioned to (F, KerD?) is the trivial subspace {0}.

The latter assertion is easily computable as seen in the Remark 7.
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Abstract The objective of the paper is to investigate the approximate
controllability property of a linear stochastic control system with values in
a separable real Hilbert space. In a first step we prove the existence and
uniqueness for the solution of the dual linear backward stochastic differ-
ential equation. This equation has the particularity that in addition to an
unbounded operator acting on the Y-component of the solution there is still
another one acting on the Z-component. With the help of this dual equation
we then deduce the duality between approximate controllability and observ-
ability. Finally, under the assumption that the unbounded operator acting
on the state process of the forward equation is an infinitesimal generator
of an exponentially stable semigroup, we show that the generalized Hau-
tus test provides a necessary condition for the approximate controllability.
The paper generalizes former results by Buckdahn, Quincampoix and Tes-
sitore (2006) and Goreac (2007) from the finite dimensional to the infinite
dimensional case.

1 Preliminaries

This paper is concerned with the study of approximate controllability of an
infinite dimensional stochastic equation with multiplicative noise

dX]" = (AX]" + Bug) dt + CX"dW,, (1)
XO =x c H,
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where u is a U-valued stochastic control process, and the state space H as
well as the control state space U are separable real Hilbert spaces. We say
that the above equation enjoys the approximate controllability property if,
for any initial data = € H, and all finite time horizon T > 0, one can find a
control process u which keeps the solution X7* arbitrarily close to a given
square integrable final condition.

For deterministic control systems with finite dimensional state space
C™, controllability is completely characterized by the well-known Kalman
condition. Often, it is convenient to study the observability of the adjoint
system rather than the controllability of the initial system. Indeed, whenever
dealing with a deterministic control system

dX® = (AX®" 4 Buy) dt, -
Xo=x € Cn’

controllability is equivalent to the observability of the dual system

ayy = —A*YYdt, O} = B*Y/, 3)
Yy =v.

A very powerful tool for this approach is the Hautus test. According to this
test, observability of (3) (and, thus, controllability for (2)) is equivalent to

sl — A*

rank { B

} =n, for all s € C.

In the case of separable Hilbert state space, whenever A generates an expo-
nentially stable semigroup, Russell and Weiss [20] have obtained a necessary
condition for observability which generalizes the Hautus criterion. They have
also conjectured that this condition is even sufficient. Jacob and Zwart [14]
proved that the above conjecture holds true for the class of diagonal sys-
tems satisfying the strong stability condition whenever the output space is
finite dimensional. Similar arguments allow to obtain in [13] a character-
ization of approximate controllability of a deterministic controlled system
with 1-dimensional input.

In the stochastic framework, Kalman-type characterizations of approx-
imate controllability have been obtained, for the finite-dimensional case, by
Buckdahn, Quincampoix and Tessitore [3] when the noise term is not con-
trolled, and by Goreac [11] when the control is allowed to act on the noise.
The method they use relies on the duality between approximate controllabil-
ity and approximate observability for the dual equation. Riccati algebraic
arguments allow to obtain in [3] and [11] an invariance criterion for the
approximate controllability of the initial system.

In the case of controlled stochastic systems with infinite-dimensional
state space, we cite Barbu, Riscanu, Tessitore [1], Fernandez-Cara, Garrido-
Atienza, Real [8], and Sirbu, Tessitore [21]. In [21], the authors character-
ize the property of (null) controllability with the help of singular Riccati
equations. They also provide a Riccati characterization using the duality
approach.
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In this paper, we prove the duality between approximate controllability
for the forward system and some approximate observability for the dual
system, and we use this approach to show that the generalized Hautus test
is a necessary condition for approximate controllability whenever A is the
generator of an exponentially stable semigroup.

The paper is organized as follows: In the first section we introduce the
standard notations and assumptions which will be used in what follows. Af-
ter, in the second section, we investigate the existence and the uniqueness of
the mild solution of the following backward stochastic differential equation
which is associated as dual equation to the controlled system (1):

dY, = — (A*Y, + C*Z,) dt + Z,dWy,
Yy =¢€ L2 (Q,Fr, Py H).

We emphasize that the drift term in our dual backward equation contains
not only the unbounded operator A* acting on Y but also the unbounded
operator C* that acts on Z. To overcome the difficulties related with, we
make a joint dissipativity hypothesis which corresponds, in the case of gen-
eral heat equations, to the usual joint ellipticity condition. Under these
minimal assumptions we are able to prove the existence and the uniqueness.
Moreover, we provide a duality result between approximate controllability
for the forward equation and the approximate observability of the dual sys-
tem. The third section proves that, whenever A generates an exponentially
stable semigroup, the Russell and Weiss generalization of the Hautus test is
a necessary condition for approximate controllability of stochastic systems.
Finally, we discuss as example the general heat equation.

2 Introduction

Let us begin by introducing some basic notations and standard assumptions.
The spaces (H,(-,-)y), (U,{-,")y),(Z,(-,-)z) are separable real Hilbert
spaces. We let £(=Z, H) denote the space of all bounded H-valued linear
operators on =, and Ls(Z, H) be the subspace of Hilbert-Schmidt oper-
ators. Both spaces are endowed with the usual norms. Moreover, we con-
sider a linear dissipative operator A : D(A) C H — H which generates
a Cyp-semigroup of linear operators (etA) >0+ & linear bounded operator
B € L(U,H) and a linear operator C' : H — L(Z, H) such that, for all
t>0,

a) eYC € L(H; Ly(5, H)),

tA -
b) |e C|£(H;L2(E,H)) <Lt
for some constants vy € [0, %) and L > 0.
Let (£2,F,P) be a complete probability space endowed with a filtra-
tion (F}),~, which is supposed to satisfy the usual assumptions of com-
pleteness and right-continuity. We denote by W a cylindrical (F;)—Wiener
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process that takes its values in =. Finally, we let & denote the space of all
(Fi) —progressively measurable processes u : Ry x 2 — U such that

E

T
/ Jue|? dt] < 00, for all T > 0.
0

The aim of this paper is to give an easy and verifiable criterion for
approximate controllability for the following linear stochastic differential
equation

dX7" = (AX]" + Buy) dt + CX["dWy, t > 0. @)
Xo=x € H.

Given an admissible control process u € U, an (F;)-progressively measurable
process X* " with

E

sup |X;c’“|2 < o0, forall T >0,
s€[0,T]

is a mild solution of (4) if, for all ¢ > 0,

t t
X, =z + / e*A Bu,ds + / SACX AW, (5)
0 0

P-a.s. Under the standard assumptions given above, there exists a unique
mild solution of (4). For further results on mild solutions, the reader is
referred to Da Prato, Zabczyk [5], and Fuhrman, Tessitore [9].

3 The dual equation

Let us now consider the following backward stochastic differential equation
Yr :fe L? (“QafTapaH)

Since C' : H — L(Z,H), also Cet4 : H — L(Z, H), for all t > 0. Let us

assume that, for all ¢ > 0, all the values of Ce!? are in Lo (55 H),
Ce:H — Ly (5;H).

Then, of course, the linear operator (CetA)* maps Lo (55 H) into H and we
can introduce the notion of a mild solution for equation (6). A mild solution
of (6) is a couple (Y, Z) of progressively measurable processes with values
in H, respectively Lo(=, H), such that

(Y,Z) € C([0,T); L2 (2; H)) x L ([0, T] x 2; Ly (Z; H)),
supreo,r) B [Vil?] + B [Jo 122 dt] < oo,
foT ‘(Ce(s_t)A)* Zs‘ ds < o0, P—a.s.,

Y = eT=04%¢ 4 [T (Cels=94)" Z,ds — [ =04 Z,aw,, t € [0,T].
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If C is a bounded linear operator, then it has been shown in Confortola [[4],
Th. 2.2] that (6) admits a unique mild solution. Let us suppose that
(A1) The operator C may be written as sum of two linear operators Cq,
Cs
C=0C+0Cy,

satisfying the following properties:
1) Cs is a bounded operator from H to Lo (55 H),
2) for all t > 0, C1et* € L(H; Ly (Z;H)). Moreover, we suppose that
1

there exist some v € [0, 5) and some positive constant L > 0 such that

‘Cle S Lt_’y7

tA‘
L(H;Ly(Z;H))
for all t > 0.

3) There exists some constant a > % such that

A+a (Cle‘m)* (C’le‘m) is dissipative,

for some sequence § \, 0.
If C is different of zero, we shall also assume that
(A2) —A? is dissipative.

Remark 1 If A is a self-adjoint, dissipative operator which generates a con-
traction semigroup, then (A.2) is obviously satisfied.

Moreover, if we suppose that Cy takes its values in Lo (55 H), then we
may replace (A1) 3) by

3’) there exists some constant a > % such that

A+ aCyCy is dissipative.

Indeed, in this case e*** is a bounded operator which commutes with the

self-adjoint positive operator —A and also with its square root \/—A. Thus,
for all x € D(A),

<626A(7A)I’, z) = )2

A4V —Ax| < ‘\/ —Azx

It follows that A—e®* Ae??” is dissipative. Therefore, also A+ae®?” C;Cped4
is dissipative.

— (~A)z,2).

’ 2

We now can state the main result of this section.

Theorem 1 Under the assumptions (A1) and (A2), there exists a unique
mild solution of the backward linear stochastic differential equation (6).
Moreover, this solution satisfies
T
/ | Z,|? ds
0

where k > 0 is some constant that doesn’t depend on the particular choice
of & but only on the operators A,C and the time horizon T.

sup E [|Yt\2} +E
te[0,T]

<kE[j¢f], (7)




86 D. Goreac

Remark 2 1. The existence and uniqueness of the solution for equation (6)
has been studied by Tessitore [22] for the case in which A generates an an-
alytic semigroup of contractions of negative type; the Brownian motion was
supposed to be finite-dimensional. His main assumption, the joint dissipa-
tivity condition, was justified by its necessity for the "well-posedness” and
coercivity of the forward system. The approach is fundamentally different
from ours and relies on duality methods. However, let us point out that the
author obtains, for his analytic case, stronger space regularity properties for
the solution of the BSDE.

2. Ma, Yong [17] treated a particular linear, degenerate BSPDE. Their
method relies on a parabolicity assumption and a priori estimates that al-
lowed the authors to get the well-posedness of the problem, the existence,
the uniqueness as well as reqularity properties. Later the same technique
was used by Hu, Ma, Yong [12] for further extensions.

Proof (of Theorem 1). We begin by proving the existence: The main dif-
ficulty to prove the existence and the uniqueness for a BSDE in infinite
dimensions with unbounded linear operators consists in the fact that Itd’s
formula can’t be applied directly to this equation because it is defined only
in the mild sense. To overcome this difficulty, we have to reduce the prob-
lem with the help of two different approximations to BSDEs that allow the
application of It6’s formula. We first approximate our original BSDE by the
following one:
dYP = —A*Y2dt — (C1e®A)* Z8dt — C3 Z0dt + Z2 dWy, g
{YI‘E:Q“GL?(Q,FT,P;H) (8)
For this approximating equation we know that, due to the results of Con-
fortola [4], there exists a unique mild solution (Y?, Z?) for every § > 0.

In a first step we prove that

Step 1. There is a positive constant k independent of § > 0 and & such

that
T
/ 22| ds
0

Indeed, we introduce the Yosida approximation of the dissipative op-
erator A*, A* = n(nl — A*)71A* = J*A*, and we consider the following
approximating BSDE:

sw E[|Y/["] + B < kB¢ 9)

t€[0,T]

{dYt”"; = — AYV0dt — T (CLe®M) 200 dt — Cy 20 dt + 20 AW,
Y® = ¢ e L2(02, Fr, P; H).

It is well known that the above equation admits a unique solution (Y”"S, Z ”"5).
Let 1 < a < 2a and 8 > 0 be such that é + % < 1. Then, by applying Ito’s
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512 .
formula to |Y”’5’ we obtain

E|§|2 :E }/tn,&

T
/ <A;’;st767}/sn’5>
t

—

2
}—QE

T *
—92E / <J;{ (CleéA) Z;I,,é’ Y'Sn,6>
t
T T 9
—9F / <C;Z;L’6, Y'Sn,é> / ‘Z;L,6| d8‘|
t t
2 11 T a2
}—k(l—a—B)E /t |Z17°]" ds
[ T
* a * * n n
—2E /t (45 + 57 (Cre™)™ (Cre™) ) Y30, v

) T
[ zeral, 10

On the other hand, with the help of assumption (A.2) we can prove that

+E

> E Y;n,ti

I —

- BIC51PE

A+ 575 (Cref ) (Cre™) g,
= T AL AL+ T (AT S (Gt ) (et )

is a dissipative operator. It then follows from (10) that
2 11 T
} + (1 - ) E / |Z29|* ds
a B t
T
/ |st76‘2d‘91 ,
¢

T
/ |z ds
0

Notice that the constant k here is independent of » > 1, > 0 and of &; it
denotes a generic constant whose value can change from line to line. From
the above estimate we can conclude that there is a subsequence, still denoted
(Y""s, Z”"s)n, such that Y™9 — Y?° weakly * in L™ ([O,T];LQ(Q;H)) and
Zm° — 79 weakly in L? (2 x [0,T]; L2(Z; H)) . Tt can be easily proved the
limit (Y%, Z°) is the unique mild solution of (8). This allows to consider for
Y its version in C ([O7T}; LQ(Q;H)) . Finally, from Mazur’s theorem we
obtain that (Y?, Z%) satisfies the estimate announced in step 1.

E l:‘}/tn,é

< B¢ + B|Co|*E

and Gronwall’s inequality yields

sup 1 |y <kEEP. ()

t€[0,T]

2
|+
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In preparation of the next step we observe that, since (Y, Z%)5+¢ is
bounded in L ([0,T; L*(£2; H)) x L? (2 x [0,T]; L2(Z; H)), we get the
existence of some subsequence, again denoted by (Y?, Z%)s¢, such that
Y% =Y weak * in L> ([0, T]; L?(£2; H)) and Z° — Z weakly in
L2 (2 x [0,T); La(Z; H)), as § — 0.

We want to prove that the couple (Y, Z) obtained above is a mild solution
of our BSDE:

* T *
Y, = eT-04%¢ | / (Ole(s’t)A) Zds
t

T T
+ / e 05 Zods — / eI Z dw,. (12)
¢ t

For this we notice that, since (Y%, Z%) is a mild solution of (8), we have

T
}/;55 _ e(T—t)A*§+/ e(s—t)A* (016514)* ngs
t

T T
+ / e Cr Z0ds — / eSO Z8qw, (13)
t

t

and we show the following:

Step 2 The process
T . .
M} :/ els—t4 (Cle‘m) Z%ds, t € [0,T),
t

belongs to L> ([0,77]; L?(£2; H)) and converges weakly * in

) L T2(0)- 1_ (T (s—t)A\*
L2 ([0, T]; L3(2; H)) to MY = (f1 (Crels=04) sts)tem].

Indeed, by using that
A (C1€6A)* = (016(5+6/)A)*7

for all 6,5l > 0, we have
2

T
B / e(S—t)A* (016614)* ngs

t

T . 2
<E SA™ C (s—t)A Z5 d
< | ([ (o 2o
T T )
/ (s—t)_hds/ ‘Zg’ ds]
t t

< kB¢,

<kE
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which implies that { M1, 6 > 0} c L* ([0, T]; L*(£2; H)) is bounded. More-
over, for all ¢ € L? (£2; H) and t € [0,T],

[ (s 2 -]

B [(i%e)] -

+E /tT <(cle<H>A)* A ¢> ds] =P+ I, (14)
where
=F /T <(cle<s—t>f“)* 72, (4~ 1) 0) ds 1
t
<l -a)d [ (o) 2o
(e[ emorma ]} (e -]y
t t

<k(E|e))* (E U(ew - 1) qﬂ)é .

Consequently, due to the dominated convergence theorem,
I - 0asé—0.

For the second term we have

[ ey zna)al = [ (@ (e ]
t t

and since (Cle(s_t)A) ¢ € L?(2x[0,T]; Lo(Z;H)), it follows from the

weak convergence of Z° to Z that
T *
[ ey sy
t

[ (e 220

and from (14) we then get

IL=E =F

IL=E —FE

E KM}'S, ¢>} — E[(M}, )] as 5 — 0.

In order to prove that M9 converges in the weak * topology on L>([0,77;
L*(£2; H)) to M*, we consider ¢ € L' ([0,T]; L*(§2; H)), and use the fact
that, for all ¢ € [0,7] for which &; € L?(§2; H), the previous convergence
holds with &; at the place of ¢. We then apply a dominated convergence
argument and get the statement of step 2.
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Step 3. The couple (Y, Z) is a solution of the BSDE
* T *
Y, = e(T-DA §+/ (Cle(s—t)A) Z.ds
t

- T
+/ DA Cx Z ds */ A Zdw. (15)
t

t

T
/ |Z,)? ds
0

To prove the above statement we write Y2, ¢t € [0, 7], as

Moreover,

sup E {|Yt|2} B <kEE. (16)

te[0,T)

}/t(s — e(Tft)A*§+ MtL(s +Mt2,5 +Mt3,5.

While we have already studied the convergence of M in the preceding
step, it is an immediate consequence of the boundedness of the operator Cs

that M2 = ftT e(s=DA" 5 Z%ds converges weakly * in L ([0, T]; L*(£2; H))
to M2 = [ =04 C5 Z ds.

For the noise term M’ = ftT e(s=DA” Z0qW, we notice that since Z°
converges weakly in L2 (£2 x [0,T]; Ly(5; H)) to Z, el=94"Z% also con-
verges weakly to e( 94" Z. We apply the martingale representation theo-
rem to get that
ftT eC=DA” Z9dW, converges weakly in L? (£2; H) to ftT e Z dW,. Us-
ing, as before, the dominated convergence, we get that

T
Nt‘S = / els=HA ngWs converges in the weak* topology on
t
T *
L>= ([0,T]; L*(£2; H)) to Ny :/ eDA Z AW,
t

We now pass to the L> ([0,T]; L?(£2; H)) weak * limit in the approx-
imating mild equation (13). This yields the statement of step 3, with the
only difference, that for the BSDE which has been got by a weak limit, we
only know for the moment that this equation is satisfied dtdP-a.e. To obtain
that the BSDE is satisfied by (Y, Z) for all time points of the interval [0, T,
P-a.s., we need the following auxiliary statement:

Lemma 1 The process
B, = T 4 (Crer=D4)" Zodr + [ DA C3 Z, dr

- ftT e =0A" Z dW,., t € [0,T), is mean-square continuous.

Proof We return to the proof of our theorem. The proof of the lemma will
be given afterwards.

The above result allows to conclude the proof of step 3. Indeed, the
above lemma guarantees the existence of a version of the solution (Y, Z) in
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C([0,T];L* (2, H)) x L* (2 x [0,T); Lo(Z; H)) . For this version we have
(15) for all ¢ € [0,T7.

Let us prove now the uniqueness of the solution of our BSDE. In virtue
of the linearity of the equation it suffices to prove the following:

Step 4. The only solution (Y, Z) of the BSDE

dYy = —A*Y,dt — C* Zydt + Z,dWy,
Yr =0.

is the trivial one: (Y, Z) = (0,0).
To prove this, we have to transform the BSDE into an equation which

allows to apply It6’s formula. For this reason we put, for all n > 1 and
0 >0,

Y= JeY,

and we observe that the such introduced process Y satisfies the following
backward equation:

{di = AVt — J: (C1e84)" Zydt — JEeDA Cy Zydt + JieP A Z,dW,
Yo = 0.

To this equation we can apply Itd’s formula (Indeed, notice that A*Y. =
(Jxel4” A*)Y., where the operator J;e®4” A* is bounded). This yields:

| [ (v za

—2F /tT (T (Cre")" 2, ¥, ) ds

0=F

.2
JredA Yt‘ } —2E

T * ~ * 2
9B / <J;;ef”“ c;zsyys> ds| + E JEeSA 7| ds
t

2
] .y

T
/ Y, [2ds

t
1 1 r o
—-+=)F Zs|"d

(5+3)8 | 12ra
To be able to go ahead with the above estimate we need the dissipativity of

the operator A* + $J;; (Cle‘m)* (C1e°4) .
For this end we notice that

T
/
/tT <(A* + %J;; (CleéA)* (CleéA) Jn) 375,373> s

/

; (17)

> E||J:Y,

1

—BICy)* E +F

L2
Jr e 7, ’ ds]

(nI — A*) A* (n] — A) —n?A* = —nA*A* —nA*A+ A*A*A
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and apply this relation to the operator (nl — A)_1 . To the relation we then
apply (nI — A*)_l. So we obtain the following equality:

A — JEA T, = —n VT (A% T — n VTR AT AT, 4 n T2 TEAR AR AL,

which proves that the operator A* — J*A*J, is dissipative. It now follows
eagsily that also the operator

AT+ S0 (Cre™)” (Cre) g,

= A — AT, + JEAT T, + %J; (C1edM)" (Cre®) g,

is dissipative if the parameters «, 5 are chosen as in (10).
This dissipativity allows to go ahead in (17) and to conclude that

T *
E[ / Tt 7,
t
2 T e 11 L
<B|CPE / V.2 ds +<+>E / 12, % ds
t a B t

Recall that (Y,Z) € L? (2 x [0,T]; H x Ly (Z; H)). Thus, letting n — oo
and then § — 0 in the above estimate, we get
T
[ vpas
t

2 11 e
WP+ (1-=-5)B|[ 12l ds
a B t
Finally, we take the supremum over ¢ € [0,7] and apply Gronwall’s inequal-

ity. Thus we obtain
T
/ | Z,|? ds
0

and the claimed uniqueness follows as immediate consequence.g

2
ds

. 12
JredA Yt‘ } Vv E

<kBICo E

sup E [|Yt\2} +E =0,

t€[0,T]

In order to really complete the proof of the theorem we still have to give
the proof of Lemma 1.
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Proof (of Lemma 1) A standard estimate for the process @ defined in Lemma
1 gives the following for all s,¢ > 0:

E[1#, - o] <k (E U (el — 1) @y,

]

sVt * 2
+E / (Cret=24) ZT’
sAt
sVt 2 sVt 2
+E / e(r—s)A” CSZT +E [/ e(r—t)A” ZT‘ dr:|>
SAL sAt

IN

k (E U (e‘t*S‘A* . I) Brs 1
+(1+t-s) E [/:Vt ZT|2er . (18)

Nt

Here k denotes a generic constant that is independent of s,¢ € [0,7] and
can change from line to line.

Since Z € L? (2 x [0,T]; L2 (Z; H)), it is a direct consequence of the
dominated convergence theorem that

sVt
lim [/ |Zr|2dr} =0.

Nt

. . 2
It remains to show that also F [| (e't_S|A — I) @t\/s| } converges to zero, as

s — t. We first consider this limit for ¢ > s T ¢. In this case

E U (e‘tfs‘A* - I) Divs

IRICE

1

and the wished convergence follows from the dominated convergence theo-
rem.
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Let us now study the case in which ¢ < s ™\ ¢. For this end we notice
that, for all s > ¢,
2}

e o

<c (E U (e(sft)A* _ I) (T=9)A"¢

]

B 2
T *
+E / (e<5*t>A* - I) (Cle“*S)A) Z.dr
- . 5
+E / (e(sft)A* - I) eI CE Z,dr
- 2
+E / (e<H>A* - I) AT 7w

For the first term we get from the dominated convergence theorem that

I (s) <kE U(e(St)A* — I) 5‘2} —0as s\ t.

Next,

T
I (s) < (/ (r—s)" %" dr) X
T . * 2
X E/ Ly (r) ‘(r— s)” (e(s_t)A —I) (Cle(T_S)A) ZT.‘ dr. (20)
t
We let ¢ < r < T and choose an arbitrary so € |¢,7[. Then, for all t < s < s,
o - ey
— ‘(eu—t)A* _ [) o(s0—5) A" ((016(7‘—80)A>* Zr)‘
<k ’ (e(S*t)A* . I) (Cle(rfso)A>* Z7‘ .
Obviously, the latter expression converges to 0 as s \, t. Consequently
v [ (s—t) A" (r—s)A* s o |2
Ly (r) ‘(r —9) (e s - I) e C; ZT‘ = 0, for all r > ¢,

and from the dominated convergence theorem it follows that

Ir(s) — 0 as s\, t.
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A similar argument yields I3(s) — 0 as s\, t. Finally, for the last term, we

have
T * * 2
/ ‘(e(s—t)A —I) o(r—s)A Z’r" dr

S

[l ryafa]

S

14(8) S E

<F

and, again by the dominated convergence theorem,
Ii(s) = 0as s\t

Therefore, returning to (19) we get

(e‘tfs‘A* _ I) @tVs

This concludes the proof of our lemma.g

lim F {
s\t

1m0

After having studied the existence and unique for the BSDE adjoint to
our forward stochastic control problem we are able now to characterize their
duality.

For the sake of simplicity, we shall assume from now on that C; takes
its values in Lo (5 H) .

Proposition 1 Let X** be the unique mild solution of (4) associated to an
admissible control u, and let (Y, Z) be the unique mild solution of (6). Then
the following duality relation holds true

(21)

E[(X2" V)] = E [(z,Yo)] + E / (Bua, Ya) ds

Proof For the proof of the duality relation we have the same difficulty as
in the proof of Theorem 1: we can’t apply I[t6’s formula directly to our
forward SDE and our BSDE in infinite dimensions. This is why we consider
the following approximating equations

ax]" = (A X7 4 Bug) dt + (CrePA, + Co) X[ dW,
Xy =x€H,

and

Ayt = = (AnY 4 TN Cr 2 4 Ci 20 ) dt + 2 AW,
Y0 =¢e L2 (Q,Fr,P;H).

Recall that A} = n(nl — A*)~'A* = JrA*. To the above approximating
equations we now can apply Itd’s formula, and we get

E(Y! X! =E <Yt"’5,Xt”’5> +E U (Bu,,Y;"°) dr] : (22)
t
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for all 0 <t < s < T. Moreover, standard SDE and BSDE estimates show
that there exists some positive constant k (not depending on ¢ and n), such
that

n,0 2 2
E | sup ‘Xt’ Sk(l—l—m ) and
te[0,7)
5|? g 2 2
sup EUY[L ]—i—E / 279" ds| < kE [|§| ]
t€[0,T) 0

It follows that there exists some subsequence, still denoted (X o yn.d 7 ”’5) ,
which converges weakly to some limit (X ', Y', Z) in

L2 (2x[0,T;P®dt;Hx H) xL? (2 x [0,T]; P®dt; Ly (Z; H)) asn —
00, § \, 0. We denote by X the continuous version of X ,; it is the unique
mild solution of equation (4). Moreover, we let Y be the dtd P-version of Y,
which belongs to C ([0,7]; L? (Z; H)), and is, together with the process Z,
the unique mild solution of (6). Moreover, from the above estimates satisfied
by (X™°,Y™9, Z™9) we get with the help of Mazur’s theorem estimate (7)
and

E

sup |X| <k (1+1]af?).
t€[0,T]

Moreover, if we take the weak limit as n — oo and § \, 0 in (22) we get
E{Y! X\)=E{/, X))+ F {/S (Bu,., Y, dr] , dtds-a.e., 0 <t <s<T.
t
Consequently,
E{Y, X,)=E(Y, X})+FE [/S (Bur,Yr>dr} ,forall 0 <t <s<T.
t

Finally, by taking s = T and ¢t = 0, we get the assertion. The proof is
complete.g

The connection between equation (6) and the approximate controllabil-
ity of (4) is given by the following result that generalizes those of the finite
dimensional case.

Proposition 2 (i) The linear stochastic equation (4) is approximately con-
trollable if and only if, for every finite time horizon T > 0, any solution of
the dual equation (6) that satisfies B*Y; = 0 dP-a.s., for all0 < s < T,
necessarily vanishes dsdP — a.s., i.e. Ys =0 dP-a.s., for all0 < s <T.

(ii) The linear stochastic equation (4) is approximately null-controllable
if and only if, for all finite time horizon T > 0, any solution of the dual
equation (6) satisfying B*Ys; = 0 dP-a.s., for all 0 < s < T, is such that
Yp =0 dP-a.e.
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Proof For any arbitrarily fixed time horizon 7" > 0 we get from the previous
proposition that
BUXE", ¥r)] = El{z, Vo) + E

T
/ (Buy.Y,) ds (23)
0

We introduce the linear operator M : U — L?* (2, Fr, P; H) which asso-
ciates to every admissible control w the mild solution of (4) starting from
z =0

T T

M(u) = X" = / e*A Bu,ds + / eSACX O dW,.

0 0
Obviously, the approximate controllability (at time T') for (4) is equivalent
to the condition that M has an image space dense in L?(§2, Fr, P; H). This
allows to deduce from (23) the form of the dual operator of M,

M*¢ = B*Y.
On the other hand, since the density of the value domain of the bounded
linear operator M € L (LQ(Q,]-'T, P; H)) is equivalent with the condition
that the kernel of its adjoint operator M™ is trivial, we obtain from the
above relation the first assertion.
For the proof of the second assertion we introduce the operator L :

H — L? (2, F, P; H) which associates to each initial state z € H the mild
solution of (4) corresponding to the control u =0 :

T
L(z) = etz + / eSACX0aw,.
0
From the relation X" = L(x) + M(u) we deduce easily that the approxi-
mate null-controllability of X is equivalent to the condition that Im(L) C
Im(M) (Im(L),Im(M) are the closures of the image spaces of L and M,

resp.) and hence also to the following condition:

Ker (M*) C Ker(L").

On the other hand, from (23) we get L*¢ = Yj. This relation together with
M*¢ = B*Y = 0 allow now to see the equivalence between the approximate
null-controllability of X and the condition given in the second assertion.g

In what follows we will need the notion of the backward viability kernel
introduced by Buckdahn, Quincampoix, Ridgcanu [2]

Definition 1 Let K be a nonempty, convex, closed subset of H.

(i) A continuous stochastic process {Yy, t € [0,T]} is called viable in K
if and only if Y € K, P-a.s., for allt € [0,T).

(ii) We say that the set K enjoys the backward stochastic viability prop-
erty at time T with respect to (6) if for every K-valued terminal condition
n € L? (2, Fr, P;K), the solution {Y}", t € [0,T]} of (6) is viable in K.

(iii) The largest closed, convex subset of K enjoying the backward sto-
chastic viability property is called the backward stochastic viability kernel of
K.
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The notion of the stochastic viability kernel allows to reformulate the
criterion for the approximate controllability, stated in Proposition 2:

Proposition 3 The linear stochastic equation (4) is approzimately control-
lable if and only if, for every finite time horizon T > 0, the backward sto-
chastic viability kernel of Ker B* = {y € H: B*y =0} at time T with
respect to (6) is the trivial subspace {0} .

Remark 3 In the finite dimensional case, the backward equation (6) may be
interpreted as a forward controlled equation. Therefore, instead of studying
the backward viability kernel, one may choose to investigate approrimate
controllability with the help of the (forward) viability kernel. Riccati methods
are well adapted to control problems and allow nice characterizations of
the (forward) viability kernel. The authors of [3] use these methods and
show that approzimate controllability of (4) is equivalent to the following
tnvariance condition:

The largest (A*; C™)-strictly invariant linear subspace of Ker B* is {0}.

We recall that a linear subspace V. C R™ is said to be (A*;C*)-strictly
invariant if A*V C Span{V;C*V} ={ v+ pw:veV, we C*V}

If H is infinite dimensional, and A is a generator of a strongly contin-
uous group, similar arguments apply.

Remark 4 Let us suppose that the Brownian motion W is 1-dimensional,
B e L(H), and C is a linear (possibly unbounded) operator on H such that
A*B* = B*A* and B*C* = C*B*. Then (4) is approzimately controllable
if and only if the image space Im(B) is dense in H.

Indeed, let us notice that if (Y, Z) is the mild solution of (6) and satisfies
(7), then

T T
Y, =T 047¢ 4 / DA C 7 ds — / DA Z aw,,

t t

and, from the commutativity of B* with A* and with C*,

T T
B*Y,; = (T-94" gr¢ +/ DA C*B* 7 ds — / e B* 7 dW,.
t t

Thus, B*Y; is the unique mild solution of the following BSDE:

dY; = —A*Y,dt — C* Z,dt + Z,dWs,
Yr = B*¢.

Obviously, Y =0 if and only if B*¢ = 0 P-a.s.. Thus, from Proposi-
tion 2 it follows that Eq. (4) is approximately controllable if, for all £ €
L? (02, Fr, P; H), the relation B*¢ =0, P—a.s., implies that £ =0, P—a.s.
This is, of course, equivalent with the density of the image space Im(B) in
H.
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4 A necessary condition for approximate controllability

We have seen that approximate controllability for the forward controlled
equation (4) is equivalent to the following (approximate) observability con-
dition on the dual equation (6) :

"B*Y; =0, dP — a.s., for all t € [0,T], implies Yr =0, dP — a.s.” (24)

In the deterministic case, Russell and Weiss [20] generalized the Hautus test
of observability for infinite dimensional equations with an operator A that
is supposed to generate an exponentially stable semigroup. In what follows
we assume besides (A1) and (A2) the following additional condition:

(A3) The linear operator A generates an exponentially stable, strongly
continuous semigroup of operators.

Under the assumptions (A1)-(A3) we can prove the following statement:

Proposition 4 A necessary condition for the approximate controllability of
(4) is that, for every y € D (A*) and every a < 0,

|B*y| + |(A* — al)y| > 0, whenever y # 0. (N1)

Proof In order to prove the claim, let us first notice that H; = D (A)
endowed with the norm |h|, = [(A* — o) h|,; is a Hilbert space. It is well
known that, under the above assumptions, the family of norms indexed by
a < 0 are equivalent with the usual graph norm on H;. For every y € D (A*)
we let (Y'Y, ZY) denote the unique mild solution in H of the BSDE

dYY = —A*YPdt — C*Z{dt + Z{ dW,
YT =Y.

Since all data of this BSDE is deterministic it is immediate that YV is
deterministic and Z¥ = 0. In particular, we see that VY = eT=D4% is a
classical solution (in H) of

dyY = —aYdt — T4 (A* — al) ydt,
Yy =y,

and the function B*YY is a classical solution of the following equation:

d(B*YY) = —a (B*YY)dt — B*e(T=94" (A* — al) ydt
B*Y} = B*y.

It follows easily from this equation that B*YY =0, for all ¢ € [0,7], if and
only if
B*y =0,
{B*em* (A* —al)y =0, forall t € [0,T].

Consequently, the condition (24) gives the following necessary condition for
the approximate controllability of (4):

"B*YY =0, for all t € [0,T], implies y =0.”
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Obviously, the two latter conditions allow to conclude that

{B*y=0,

B*etA” (A* —al)y =0, for all t € (0,77, implies y =0, (25)

and the estimate
‘B*em* (A" —al)y| <k|(A" —al)y|,
in combination with (25) allows to complete the proof.m

Remark 5 Jacob, Partington [13] studied the approximate controllability for
a deterministic system. They supposed

(JP) A is an infinitesimal generator of an exponentially stable, strongly
continuous semigroup which possesses a sequence of normalized eigenvectors
{ei} corresponding to the eigenvalues {\;} such that sup; A; < 0. Moreover,
they considered the case of a 1-dimensional input space, i.e. B € L (R; H).

In this particular case, the necessary and sufficient condition for approx-
imate controllability of the deterministic system

AXP" = (AXP" + Buy) dt,
XQ =xc H,

found by the authors, says that for all y € Hy and all a < 0,

|B*y|” + |(A* — al) y|* > 0 whenever y # 0.

Remark 6 For the case in which H is n-dimensional Euclidean space (sto-
chastic) approxzimate controllability was studied by Buckdahn, Quincampoiz,
Tessitore [3] and Goreac [11]. The equivalent condition for approximate con-
trollability reads

The largest (A*; C™)-strictly invariant subspace of Ker B* is {0}. (26)

Let us suppose that, for the framework studied by these authors, there
exists a bounded linear operator D € L(U) such that B*C* = DB*. Then
we get that Ker B* is C*- invariant, and thus (26) can be written as follows:

The largest A*-invariant subspace of Ker B* is {0}. (27)

Moreover, under the assumptions of Jacob, Partington [13] (JP), it is
obvious that (N1) is equivalent to (27). Indeed, if (N1) holds true, then

B*e; #0, forall 1 <1 <n,
Ai#F N, forall1 <d,5 <n, i#j.

(see Jacob, Partington [18], Theorem 4.1). Let V denote the largest A*-
invariant subspace of Ker B*, and let us suppose that there exists some
linear combination v = Y\, vi.e;, such that v € V, where m <
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n,ir € {1,2,...,n} and v;, # 0, for all 1 < k < m. Then, for all
Jg=m—1,3" M v e, € V. Thus, since

i = H Uik H ()\ZJ — )\Zk) 7é 0,

J o,
det {)\ikvlk} .
1<k<m 1<k<j<m

)

we get that
span{e;,, 1 <k<m} CV.

It follows that V. = span{e; ,1 <k < N}, for some N < n. But then
B*e;, =0, and this contradicts our assumption and we have that V = {0} .
For the converse, if (27) holds true and y € Hy such that

|B*y|2 + (A" - 0J)y|2 =0 for some a < 0,

then V = span {y} is A*-invariant and included in Ker B*. It follows that
y = 0, and we get (N1). This latter argument applies also when H has
infinite dimension.

Let us now make the following assumptions:

(B) W is supposed to be a 1-dimensional Brownian motion, the control
state space U is a bounded closed subspace of some separable real Hilbert
space V., B € L(V; H), A is a self adjoint operator which generates a semi-
group of contractions on H, and the operator C admits a decomposition

C =C1+ Oy,

of two linear operators Ci, Cy which are supposed to have the following
properties:
1) Cy is a bounded operator from H to H;
2) for all t > 0, C1et, eACy € L (H). Moreover, we suppose that there
erist some v € [O, %) and some positive constant L > 0 such that
|Cle

+ |6tA01 S Ltiry,

“ | L(H) | L(H)

for all t > 0.
3) There exists some constant a > % such that

A+ aC7Cy is dissipative.
We recall the following

Definition 2 Let A be the generator of a Cy—semigroup on the Hilbert space
H and C is a linear operator on H. We say that C is a class-P perturbation
of A if C is closed,

1
D (C) D Upsoe! (H) and / |CetA‘ dt < oco.
0
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Obviously, under the above assumptions, the operator C' is a class-P
perturbation of A. It follows that A+ AC is the generator of a Cp-semigroup
(et(A“‘C))DO for all A € R (cf. Davies [7] Theorem 3.5).

For the study of the main result of this section we will need the following
estimates:

Lemma 2 Under our standard assumptions we have that, for some constant
k,
‘Clet(AJr/\C) ‘ T
L(H)

e“"‘“C)Cl‘ <kt +1),
L(H)
for allt €10,T].

Proof From the theory of general perturbation of generators it follows that

t
SHATAO) etAx+)\/ (=9 A1 5(A+AC)
0

t
+)\/ e(tfs)1461265(A+>\C'):L,7
0

for all x € H. Then, by applying on both sides of the above relation the
bounded operator Cs, we get the following norm estimate:

t
Clet(A'H‘c)x‘ <t 7|z + )\/ (t—s)" ‘C’les(AJrAC)x ds
0

¢
+ k/ (t—s) " |z|ds,
0

for all ¢ € [0, T]. Here k denotes again a generic constant which can depend
on A and 7. Thus, applying Cauchy-Schwarz inequality yields

t
C1et(A+AC)x’2 <k <(t27 + t2727) |x|2 + tl*%/ ‘C&es(‘“)‘c)xr ds)
0

<k <(t27 +1) lz|” + /Ot ‘0165(A+)‘C)x‘2d3) ,
and from Gronwall’s inequality we finally get
‘Clet(AH‘C)a:‘Q <k(tT7+ 1)2 E
It follows that Ce!A+A) ¢ £ (H) and

‘Clet(A-&-)\C)‘ <k (t—'y + 1) ,
L(H)

for all t € [0, 7. Using a similar argument we can prove that e!(A+*X)C; €
L (H) and

et(AH‘C)Cl‘ <k(t7+1),
£

forallt € [0,7] .m
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To establish the main result of this section we shall further introduce
the following set standing for the joint dissipativity condition on A, C:

1
A= {/\ eR:da> 3 such that A+ ACy 4+ aC7C] is dissipative} .

Remark 71.If C € L (H) is a bounded operator, then A4 =R.
2. A contains at least the origin {0}.
3. If C; is dissipative and the assumption (B) holds true, then Ry C A.

We now can state our main result of this section.

Theorem 2 Under assumption (B), a necessary condition for the approxi-
mate controllability of (4) is

|B*y| + |[(A* + AC* —ad)y| >0, for ally # 0, and all (\,a) € A x R_.
(28)

The above necessary condition is an immediate consequence of Proposi-
tion 4 and a A-wise application of the following result:

Theorem 3 If (4) is approximately controllable, then the system

Xo=zx € H,
which ts governed by the control process v € L%_— ([0,T];V) is also approxi-
mately controllable.

Proof Step 1. Approximation of (29) by an equation with bounded operators
admitting the application of It6’s formula.

For all w € L% ([0,T];U), we denote by X5 the unique mild solution
of the controlled forward equation

dX,5 () = Ap X 5 (H)dt + Bu (t) di + J3e A Ce? A, X (1) dW,
Xy5(0) =z € H,

where J,, = (I — n*lA)f1 and A, = J,A. This approximation of the oper-
ators A (by A,) and C (by J:e?4 Ce?4.J,,) explains by the same difficulties
we have already met in the proof of Theorem 1. Our special choice of the
approximation allows to conserve the joint dissipativity condition also for
the approximating operators and allows now to apply It6’s formula.

Let £ (A\W) denote the Doléan-Dade exponential of AW, i.e., £ (AW), :=

e’\Wf*ATQt, t € [0, 7). Then, from Ito’s formula applied to & (AW), X (¢) it
follows that
d (5 (W), X;j;j;(t)) = (An + AJESA CedAT,) (5 (AW), Xg;j;(t)) dt
+B(E(AW),u(t)dt
+ (JEePAT AT, + M) (5 (W), Xj;};(t)) AW,
X24(0) = o € H.
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After the above application of 1t6’s formula we would like to take the
limit as n — 400 and then as § | 0 in order to get an equation which
coincides with that we would get if we applied formally 1t6’s formula to
E(AW), X™"(t), where X™" denotes the unique mild solution of (4). For
taking these limits we need the following result whose proof will be given
later.

Proposition 5 Under the assumptions on Theorem 2 and with the nota-
tions introduced above we have that, for oll x € H,

* SA* S5A SA* SA
hﬁnoquT et(A”Jr/\Jne Ce J")m_et(AJr)\e Ce )z — 0,550, (30)
<t<
and
SA* ~ A
li(Isn sup et(AH‘e ce >w—et(A+)‘C)x =0. (31)
0<t<T

We continue the

Proof of our theorem. With the help of the above proposition we are now
able to prove

Step 2. Let X** denote the unique mild solution of (4). Then the process
E(AW), X% (-) is the unique mild solution of (29). Moreover,

sup B(lE W), X7 (O] < ¢ (1 +[a). (32)

For proving this statement we first notice that from standard estimates,
for all p > 2,

P
E{ sup ‘g(AW)tXTf’f;(t)‘ } <, (1+|zf"), and
0<t<T ’

E [ sup ’Xﬁ’g(t)’p} <, (1+ |z[");
0<t<T ’

¢, denotes a generic constant independent of n, § and u € L% ([0,T];U).
Then, for any § > 0, there exists a subsequence of

(5 (AW), X224 (), ij;j;(.)) , still denoted by (5 (AWV). X2, X::;};(.))
,which converges in the weak topology on

LP ([0,T) x £2; H) x L* ([0,T] x £;H) to some limit (X} (-), X} (-)).
With the help of Proposition 5 we can show that X§ is a unique mild
solution of

dX}(t) = (A+ AP Ced4) Xf(t)dt
+ B(E(AW), u(t))dt + (54" Ce®A + XI) X} (t)dWr,
X5(0) =z € H,
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and Xj is a mild solution of

{ dXY(t) = (AXY(t) + Buy) dt + 24 CedA XY (t)dW,, (33)

X§(0) =z € H.

On the other hand, it follows from the general theory of SDEs in infinite
dimensions that these mild solutions are unique and that

sup B [|X5 ()] < e (14 [a]"). (34)
0<t<T

Moreover, taking into account that
2p

EW).C(-) € L= T ([0,T] x 2; H), for all ¢ € L7 1 ([0,T] x £2; H),
we get

E

[ oo dt] i | [ (0w, X520.C0) dt}

=limFE

/OT (Xo3,€ W), ¢ () dt]

=K

T
| e <AW>tX3'<t>,<<t>>dt] .

This relation allows to identify the processes Xj (-) and € (AW.) X ()
as elements of L? ([0,T] x §2; H). Moreover, if X" denotes the continuous

version of X and X}"“the continuous version of X}, we have
X2 () = EMW), XP" (), dP-as, for all ¢t € [0,T7],
and inequality (34) takes the form

sup F [\5 (AW), X5 (t)|p] <cp (14 |z|").
0<t<T

By repeating the argument for letting 6 — 0 we get the result stated in step
2.

After having related equation (4) with equation (29) we can prove now
the theorem in its proper sense.

Step 3. Conclusion.
If ¢ € L?(2,Fr,P; H), then, for every ¢ > 0 there exists some £° €
L (2, Fp, P; H) such that
E g —¢f] <.

It follows from (32) that the family
{le QW) x=0(T) = €, we Ly ([0,7150)
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is uniformly integrable. Consequently, there exists M. > 0 such that
: 2
E[|E W)y X5 (T) = € Ug (), oy <&

for all uw € L% ([0,77;U). If the equation (4) is approximately controllable,
then there exists u. € L% ([0,T];U) such that

E UXT“ _e€ (AW)Tlﬂ <.

€

and we get
2, U, € - 2
B [le oWy x5 - 6] < a2 || x5 - s oy ||

+E [|g (AW) X0 (T) — €2 1{5(/\W)T>Ma}:|
< 2e.

Therefore, also (29) is approximately controllable. The proof of our theorem
is now complete.ng

However, the proof of Proposition 5 still remains open:

Proof (of Proposition 5). Due to the definition of the approximation of the
operators A and C given in step 1 of the proof of the above theorem we
have for all z € D (A + )\e‘SA*Ce‘SA),

h’{n (An + )\J;e‘SA*Ce‘SAJn) x = (A + A C’e‘m) x. (35)

For all n, the operator A, + )\J;e‘SA*Ce‘SAJn is bounded. Therefore, it

. t(An+ATESAT CePA .
generates a Cp-semigroup (e ( ntAne c ") and the application
t

et(An-&-)\J:e‘;A*Ce‘SAJn)

t — is continuous. From the general theory of

perturbation of generators, we have
* SA
ot (AntAT CO M) o A,

t N * SA* SA
—l—)\/ e(t_s)A”J;;e‘SA C’le‘SAJneS(A"+AJ”e Ce J">xds
0
t N « SA* ~ SA
+>\/ e(tfs)A"J;eM Cge5AJnes(A"+’\J"Le Ce J">9:ds.
0
It follows that, for n great enough

¢ Y san
et(Ar,LJr/\J:Ce‘SAJ,,L)’ < 1+)\/ (5774-]6) es(An+)\Jne‘;A CeéAJn) dS,
0
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where k > 0 is a generic constant (which may depend on § but not on n),
and Gronwall’s inequality yields

et(Arrf’)\J:eéA CE‘;AJn> <M (36)

for all ¢ > 0, and all n € N. Then, from (35) and (36) we get (cf. Davies [7]
Th. 3.17) that (30) holds true, for all § > 0 and all x € D(A).
To prove the second assertion, we notice that

* t N
t(A+re® Ceot _ « (A4rSAT CetA
e (4ret" ce >x =tz [ eltm94)e04 Cle‘SAeé‘( +tae™" Ce )xds
0
t * .
- * A4re?AT CelA
+/ (t=9)A4 ) ;64 C2€5Aes( e e )xds,
0

for all z € H. Then, recalling that A is self adjoint,we obtain

t
S|x|+/\/
0

t
+k/
0

(k is again a generic constant independent of §). Thus, with the notation

et(AJr)\e‘SA* Ce‘SA>x es(AJr)\e‘SA*Ce‘SA)m

(t—s) "ds

6s (A—i—)\e‘SA* CeéA)

x| ds

et(A+Ae5A* Ce“) -

()=

)

the latter estimate takes the form

f(t)§|a:\+)\/0 £(s) (t—s)—7d5+k/0 F(3)ds.

Then, by Cauchy-Schwarz inequality,

1—

() < Jal + (fm +t%> ( / t f2<s>ds)é (37)

2

<z +k (T% v 1) (/Ot f?(s)ds> : (38)

and, consequently,

F2(t) <2 <|:c|2 +k(TV1) /Ot f2(5)d5> :

To the latter estimate we apply Gronwall’s inequality and take the square
root after. This yields

f(t) < \/§|l‘| ek(T\/l)t.
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Therefore, from the definition of f(t) it follows that

SA* 5A
sup et<A+)\e e ) < Me“, (39)

6>0

for all t < T, where M and c are positive constants that are independent of
d > 0. On the other hand, for all z € D (A + AC) we have

lim (A + Ae“*oef“) z=(A+\0) . (40)
The second assertion follows (cf. Davies [7] Th. 3.17).m

In the following we discuss tow examples to illustrate the results of this
section.

Ezample 1 Given a regular domain @ C RY we consider the following sto-
chastic partial differential equation
A XU (t) =30 05 (i (2)9; X" (t,2)) dt +u (t) b(z)dt
+ 3N (@) di XU (L, ) dW, (41)
X"(t,x) =0, Y (t,x) € [0,T] x 00,
X"(0,z) = ¢&(x), Yx € O,

where u is an admissible control process taking its values in R . We sup-
pose that a(z) (= (a; j(z)) o(z)o*(x) for some C7y matrix o of N x N-type,
c=(c1,...,en) € Oy (O;RY),be H' (O)and € € L? (2, Fr, P; L* (0)) .
Moreover, we suppose that the couple of coefficients (a, ¢) satisfies the stan-
dard ellipticity condition

N

D (aij(@) = aci(@)cj(x) Aid; >0, (42)

4,j=1

for some o > % and for all A € RY. Then, if we put

H=1(0),
N
D(A) = H* (0) N Hy (0), A=Y 0 (ai;(x)d;¢ (x))
ij=1

D(C)=H'(0), C{=c-VC,

we get that

N
D(C*)=H'(0), C*¢(=—c-V(—=(>_ dic;.

i=1
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The ellipticity condition (42) insures that the dual backward stochastic
partial differential equation

4 (t,2) = = (Do) 0 (i@ (t,2)) db + (D, ()0:2(¢,0) ) dt
+ (XX, die(@) 2t 2) ) dt + Z (1) AW,

Y(t,z)=Z(t,x) =0, V(¢ z) €[0,T] x 00,

Y(T,z) =n(z), Yz € O,

(43)
has a unique mild solution. Thus we know that the approximate controlla-
bility of (41) is equivalent to the approximate observability of (43).

From (N1) it follows that, if (41) is approximately controllable and if
¢, (z) is a complete orthonormal base consisting of eigenvectors for A, then
every coefficient of b in this base must be non null.

Remark 8 The problem of controllability for the deterministic version of (41)
has been treated by Carleman estimates method in Fursikov, Imanuvilov
[10].

The condition (N2) is non trivially more general then (N1) as proven by
the following
Ezxample 2 We consider the following equation
A X" (t,z) = AX" (t,x)dt + u (t) b(z) dt
+ (2 sin (7x) fol X (t,y)sin (my) dy) AW,

X¥(t,0) = X“(t,1) =0, Vt € [0,T].
X" (0,z) =& (x), Yz €(0,1),

(44)

where u is an admissible real-valued bounded control process and b €
L?(0,1). This equation can be expressed as an infinite dimensional linear
equation. For this we put

H=1L7(0,1), D(A) = H”(0,1) N H; (0,1),
A¢ = A¢, for all ¢ € D(A),

1
C¢ () = 2sin (7T~)/0 ¢ (y) sin (my) dy, for all ¢ € H.

Obviously C' is a self-adjoint bounded linear operator on H. Furthermore,
suppose that

by = \/5/0 b(y) sin (ry) dy # 0,

for all n > 1. Then (N1) is obviously satisfied. However, if we choose A\ =
=312, a= —4rn? and ( (-) = —% sin (7-) 4 v/2sin (27-), we have
(A" +XC" = al) ¢ + |B*¢|* = 0.

It follows that (N2) is not satisfied which implies that the equation (44)
cannot be approximately controllable.
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Abstract

The aim of this paper is to introduce an insurance model allowing reinsurance and
dividend payment. Our model deals with several homogeneous contracts and takes
into account the legislation regarding the provisions to be justified by the insurance
companies. This translates into some restriction on the (maximal) number of con-
tracts the company is allowed to cover. We deal with a controlled jump process in
which one has free choice of retention level and dividend amount. The utility func-
tion is given as the maximized expected discounted dividends. We prove that this
value function is a viscosity solution of some first-order Hamilton-Jacobi-Bellman
variational inequality. Moreover, a uniqueness result is provided.

Key words: Stochastic control, jump diffusion, viscosity solution, insurance,
reinsurance

1 Preliminaries

A common problem of the insurance companies is to find a strategy allowing
to satisfy the claims appearing either from the insured parties as consequence
to specified peril or from the shareholders in terms of dividends. To reduce
their risks and protect themselves from very large losses, the companies usually
choose to pay some of the premiums to a third party. This process is called
reinsurance, and it commits the third party (the reinsurance company) to
cover a certain part of the claims. It is obvious that the insurance company
controls the contracts to be reinsured as well as the dividends to be paid to
the shareholders. These elements justify the framework of stochastic control.

Preprint submitted to Elsevier Science 1 February 2008



This paper considers a utility function given as the maximized expected dis-
counted dividends. In the literature, this approach has been first used by
Jeanblanc, and Shiryaev (1995). In their model, the capital of an insurance
company is described with the help of a standard Brownian motion and the
dividend payment strategy is understood as control process. More precisely,
they deal with the following model

dXt = ,udt + Uth - th

where ;1 and o are arbitrary constants, I is a 1-dimensional standard Brown-
ian motion and Z is an adapted, non decreasing, right-continuous process
which represents the dividend payment strategy.

In Asmussen et al. (2000), a model concerning excess-of-loss reinsurance and
dividend payment has been studied. They use diffusion and proportional rein-
surance for their model. More exactly, they take as model of the capital of the
insurance company the process given by the following equation

dXt = Q¢ ([I,dt ‘I— Uth) — dZt,

where 0 < q; < 1 stands for the retention level. In the case where the rate of
dividend pay-out is unrestricted, they characterize the value function as the
(classical) solution of some associated Hamilton-Jacobi-Bellman equation.

The same problem is studied by Mnif, Sulem (2005), but the claims are rep-
resented by a compound Poisson process. In their collective risk model, a
retention level is an adapted process a; which specifies that, for a claim y, the
direct insurer covers y A o, while the reinsurance company covers the remain-
ing (y — at)+. They consider a single insurance contract and the reserve of
the insurance company satisfies

dX; = p(ay)dt — /B (y A ay) p(dtdy) — dLy,

where p is the random measure associated to the compound Poisson process,
p(ay) is the actual premium of the insurance company given the retention level
«, after reinsurance of the excess of loss, and L, is an adapted, cadlag process
such that L; — L, < X;_ for all ¢ > 0. The process L describes the pay-out
of dividends for shareholders. The value function is defined as the maximized
expected discounted dividends until the ruin time 7,

9

V(z)=sup E {/T e "*dLs
(u,L) 0

here r is some positive discount factor. The authors proved that, under the as-
sumption that the value function satisfies the dynamic programming principle,
V' is a viscosity solution of the associated Hamilton-Jacobi-Bellman variational
inequality.
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In the present paper we consider the problem of optimal reinsurance and
dividend pay-out with several insurance contracts. We will prove that in the
framework of the collective risk model, even if the invested initial capital
is arbitrarily small, one can expect a gain which exceeds an a priori fixed
positive constant. Indeed, this comes from the fact that, independently of its
initial capital, the model allows the insurance company to sell one contract.
However, as it is precised in section 2, in the case of insurance companies, the
codes of law impose that, at any time, these companies should be able to justify
enough resources to cover the obligations contracted towards their clients. This
condition imposes an upper limit for the number of contracts the company
can have. In the work we present here, several contracts are considered. We
obtain a stochastic differential equation with respect to a random measure
and introduce the utility for the shareholders as in Mnif, Sulem (2005) to be
the maximized discounted flow of dividends. We prove that the value function
is regular enough (enjoys the Lipschitz property) and satisfies the associated
Hamilton-Jacobi-Bellman Variational Inequality in the viscosity sense. We also
provide an uniqueness result for the viscosity solution in the class of continuous
functions of at most linear growth. We emphasize that the limitation of the
number of contracts which comes from the codes of insurance, allows us to get
the Lipschitz property of the value function V. This property insures that an
initial capital close to 0 will induce a zero-expected gain (unlike the collective
risk model). Moreover, in this case, the dynamic programming principle follows
in a standard way, while it was only assumed by the authors of [9].

The paper is organized as follows. In the first section we present a simple
example showing the limits of the collective risk model. The second section
is concerned with the insurance problem with several contracts. We introduce
the model, the basic assumptions and prove some elementary properties of
the value function V. In the third section, we show that the value function
is a viscosity solution of the associated Hamilton-Jacobi-Bellman variational
inequality. The fourth section provides a comparison result which allows to
obtain the uniqueness of the viscosity solution for the given variational in-
equality. A numerical example is given in the last section.

2 The limits of the collective risk model. A counter example

We consider the following special case of the collective risk model introduced
by Mnif, Sulem (2005). We assume that the claims are generated by a Poisson
process N with intensity 1 on a complete probability space (2, F, P). We
denote by (F;),, the filtration generated by the random measure associated
to N, completed by the family of P-null sets. Given an F;—adapted process
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a; € [0, 1] (retention level), the premium rate is
play) = k1 — ko + (1 + k) oy, for all t > 0,

where 0 < k; < ky are proportional factors. Moreover, if L denotes the Fj-
adapted process of cumulative dividends, then the reserve of the insurance
company satisfies the equation

t t
vaa’L =z +/ plas)ds — Ny — / dL,.
0 0

The process L should be right-continuous, non-decreasing and such that Ly =
0 and L, — Ly < X" for all ¢ > 0. We introduce the first jump time for
the Poisson process N

T =inf{t >0: N, =1}.

Obviously, 71 is of exponential law with intensity 1, and, in particular,
P(ri>1)=e¢el.

If we consider the strategy («, L) given by

a=1,

Ly (W) = Iz (@) 121y (1),
then (a, L) is admissible and the ruin time

75k > 1on {r; > 1}.

Indeed,
XPF = g+ (14 k)t — N, — /OtdLu,
and on {7; > 1} we have that
XPot =+ (14 k) t,
for all ¢ < 1.

It follows that

Tz,a,L

V(z)>E l /0 edL,

>F [e_rl{71>1}} > 6—(7“4-1)7

for all z > 0. Obviously

V(04) > e ) > 0.
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Therefore, investing an arbitrarily small capital in the insurance company, we
expect to gain more than e~ 1. This contradicts theorem 3.3 in [9]. This
problem is due mainly to the fact that, independent of the initial capital, the
insurance company is allowed to hold one contract.

However, the insurance law requires that, at any moment, the companies
should be able to cover any liabilities that have been incurred on insur-
ance contracts as far as can be reasonably foreseen. Experience of similar
claim development trends is of particular relevance. Usually, the solvency
margin is computed with respect to both the premium rates and the aver-
age claim. According to the current Solvency I prudence regime, "the life
insurance capital requirements are arrived at by multiplying a factor of 4%
to the mathematical reserves of participating business (for unit-linked busi-
ness the factor is reduced to 1%) plus a factor of 0.3% to the sum-at-risk"
(CEA and Mercer Oliver Wyman, Solvency Assessment Models Compared,
http://www.cea.assur.org/cea/download /publ/article221.pdf).

The suitable formulae should take into account the specificities of life, non-life
and reinsurance business. Various methods are, therefore, available. To give
an example, according to the French legislation (Code des Assurances, R334-
13) for the life insurance, the solvency margin (to be replaced by the Solvency
Capital Requirement for Solvency II) should be superior to the result obtained
by multiplying 0,3% of the capital under risk with the ratio between the capital
under risk after reinsurance and the capital under risk before reinsurance
computed for the previous exercise. The latter ratio cannot be inferior to 50%.
To keep it simple, at time ¢ the result obtained by multiplying a constant ¢,
(depending on previous experience and the type of insurance business) by
the average claim per contract and by the number of contracts n; should not
exceed the fortune of the insurance company:

(o X ny X average claim < fortune at time ¢. (1)
Corroborating these elements, it appears obvious that the simple collective risk
model should be improved to a model involving several contracts. We empha-

size the fact that only quantitative requirements are taken into consideration
(therefore, the model covers only part of Solvency II Pillar 1 requirements).

3 The insurance problem with several contracts

We introduce a complete probability space (2, F, P). In order to model the
claims, as for Mnif, Sulem (2005), we use a compound Poisson process given
by a random measure pu(dtdy) on Ry x B, with B C R, \ {0}. Moreover,
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we assume that the compensator of u takes the form dtm(dy) and that the
measure 7 is finite 7(dy) = SG(dy) for some probability measure G(dy) on B
and some positive constant /3.

Throughout the section, we let Y denote a generic random variable distributed
according to G(dy).

We consider the natural filtration (F;);>o generated by the random measure
w. We call retention level any (F;)-adapted process (u;);>o which specifies
that, given a claim y at time ¢ > 0, the direct insurer covers y A u; while the
reinsurance company covers the excess of loss (y — u;)™.

Since we are going to consider several insurance contracts, we introduce a
function f depending both on the number of insurance contracts and on the
risk taken by the company to model the claims f : R,y x R — R,. If the

company chooses some retention level u;, then the actual premium rate per
contract is given as in Asmussenet al. (2000), or, again, in Mnif, Sulem (2005)

p(ur) = (1+k)Br — (1+ k)BE [f(1,(Y —u)")| forallt >0, (2

where k; are real constants satisfying 0 < k; < kg and
v = [ FLy)Gy) = BFLY)) 3)

The first term in (2) is the premium received from the client, while the second
term is the quantity paid to the reinsurer.

Given the initial fortune z > 0 and the retention level u, if L stands for the
(F:)—adapted process representing the cumulative dividends paid up to the

time ¢, ny; denotes the number of contracts of the insurance company at time
t, and X" the fortune of the company , then we must have

t t+ t
ch,u,L = ‘|‘/0 nsp(us)ds - /0 /B f<n57y A Us)ﬂ(dey) - /0 dLS (4)

If we denote by a the quantity

then, from (1) we get that the maximum number of insurance contracts is
nmx = o X7""  We have the following equation

x,u,L t L t+ x,u,L t
Xpvt —ata [ Xevtp(u)ds = [ [ f@X2y A uldsdy) - [ dL,,
0 0 B 0
(5)
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and introduce the cost functional
J(z,u,L) = E [ /0 ’ e”dLs] , (6)
where r is some discount factor and 7 is the ruin time
T:inf{tZO:Xf’"’LSO}.

Our value function V' will be defined as the maximum over some family of
admissible couples (u, L) of the cost functional J.

In practice, whenever the solvency condition is not satisfied, one of the follow-
ing two events may occur. In the first case, a capital infusion from the share-
holders intervenes. In the second one, an external referee solves the problem:
either by transferring some of the contracts to other insurance companies, or
by dissolving the contracts in final phase. The Solvency II framework states
that as soon as the Solvency Capital Requirement (SCR) is not satisfied, su-
pervisory action will be triggered. However, if the Minimum Capital Require-
ment (MCR) is not satisfied, the control authority can invoke severe measures
(including closure of the company). From the mathematical point of view, we
do not allow capital infusions, these being obtained by taking a larger initial
reserve. On the contrary, the latter events may appear and they allow the
variation of the number of contracts.

Let us now return to the function f modelling the claims. It is natural to
suppose that the claims increase with the number of contracts and are null if
the company has no contract. Moreover, the claims should increase with the
risks covered and should be 0 if dealing with no risk. If the number of contracts
is positive and the risk covered by these contracts is not null, then the claims
are expected to be strictly positive. An utility function is usually supposed to
be concave. If we are given a concave function v such that v(0) = 0, then

v(Ax) > v(z),

for any A < 1. Since any nonlinearity in (5) may only come from f, in order
to obtain the previous property for our utility function V', one should assume
that f is convex in the first variable. These assumptions give

Assumption 1 (A1) Suppose that the function f: R, xR — R, satisfies:
- f(-,y) is convex, non decreasing and f(0,y) =0 for ally € R, ;

- f(x,-) is increasing and f(z,0) = 0;

- f(z,y) >0 4if x>0 and y > 0;

- [ 1s uniformly continuous on Ry x R;
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- f(z,y) is Lipschitz in z, uniformly in y € R,.
One expects to cover expenditures through the premium received

plue) = BE[f(LY Au)].

Recall that p(0)—BE[f(1,0)] < 0and that lim, . (p(u) — BE[f(1,Y Au)]) >
0 (recall the definitions (2) and (3) of p and v, respectively) and we obtain
the existence of some v > 0 such that

p(u) = BE[f(LY Au)], (7)

for all v > w. Thus, we are going to consider only the retention levels u;
satisfying
Up > U. (8)

One should impose that the dividends paid at some time ¢ do not exceed the
reserve at the same time. Therefore, we call admissible strategy the couple of
(F:)—adapted processes (u, L) such that u satisfies (8) and L is cadlag, non
decreasing, Lo_ = 0 and L, — L, < X" for almost every (¢,w). We should
first prove the existence of such admissible strategies.

Remark 2 Ifl is an (F;)—adapted processes which is cadlag, non decreasing,
lo— = 0, then, for any initial condition x > 0, and any (F;)—adapted processes
u which satisfies (8), there exists a unique F;— adapted right-continuous process
X2 with left-hand limits which satisfies the equation

t t+ t
XP = wba [ Xeetplu)ds— [ [ f@XI yna)dsdy) - [l (9)
0 0 B 0

(see also Ikeda, Watanabe (1989) IV, Theorem 9.1). We define the ruin time
7 = inf {t >0 X5 < 0}. Obviously, on {t < 17} we have Al; =1l — l;_ <
X! Let us define the process

Lt - lt]-{t<7'} + (Alt N X,::E_’UJ) 1{,5:7}.

We get an (F;)— adapted process which is cadlag, non decreasing, and Lo = 0.
Let X®%L denote the solution of (9) with L instead of l. We notice that (u, L)
is admissible in the sense that Ly — Li— < X" for almost every (t,w).

For all initial reserve > 0, we denote by A(z) the set of admissible strategies
described above. The value function is defined by

V(z)= sup J(z,u,L).
(u,L)eA(x)

Proposition 3 (Comparison for solutions of (9)) Given two (F;)—adapted
processes u and | such that u satisfies (8) and l is cadlag, non decreasing, and
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lo_ = 0, and two initial states 0 < x < a', the solutions of (9) X>*! and X* !
starting from x (respectively x') and associated with the pair (u,l) satisfy

Xpul < XE for all t, P —a.s.

PROOF. Let us consider the sequence of functions ¢, € C'(R) such that
¢,(@") =0forall z” <0,0< ¢ (2") <1, for all z” € R, and ¢, (2") T (2")"
as n — oo. A simple application of It6’s formula yields

on, (th’ul - thl’u’l) = 1) + I, (10)

where

1= [ ap(ug) (X = X g, (e - X d,

L=
/OH /B by, (XfL“J —xrel_f (aXf;“’l, YA us) + f (aXfi’“’l, YA u5>) w(dsdy)

_ /0 " /B 0, (X2 — XY p(dsdy),

It is obvious that
t ru\ T
Lo [ (Xt X s,
0

where C'is a constant independent of = and z’. Since a can be chosen arbitrarily
small (for that, it is enough to recall a = Co% and then choose an arbitrarily
small monetary unit such that the quantity v becomes large), we may assume
that aKy < 1 (here Ky denotes the Lipschitz constant for f). Then the function

x+—— x — f(ax,y) is increasing for all y € R, . Therefore, we get
I, <0.

Combining the two estimates for I; and I, we have

Bls, (xpv = xp )] <c | 'E [(Xj’“’l — X7 s,

We allow n — oo to obtain

(- x| <cf 'E (et = x| s

Finally, Gronwall’s inequality yields

B [(va“’l — x| =o.

The proof of our Proposition is complete.
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If the initial fortune is fixed, then the company has to make a choice over
some family of admissible strategies. One may naturally wonder whether the
same strategies are valid when dealing with a greater initial reserve or not.
The answer is affirmative as proven by the following Proposition.

Proposition 4 If 0 < x < 2/ are two initial capitals and if (u,L) is an
admissible strateqy for z, then (u, L) is also admissible for x’.

PROOF. Indeed, if X" (respectively X{ ") denote the solutions of (9)
starting from z (respectively ) associated with the control pair (u, L), then
the comparison result yields

xpel < xpwl dtdP — a.e. on [0, 00) x Q.
Now, since L is admissible for x, we have
L, — L, < X" < XxZL qtdp — aee.,

. . .. . . . L
and L is again admissible for 2’. Moreover, if 7 denotes the ruin time for X"

and 7' denotes the ruin time for X7 ™%, then, obviously

7<7, P—as.

As one expects, using the previous results, we find that the utility function of
the insurance company increases with the initial reserve. Since our strategy
involves a dynamic programming approach, we would like to have finite value
function. We suppose that the following assumption holds true

Assumption 5 (A2) The discount factor r in (6) satisfies

2(1+ k)8
Co

Given an economic framework in which the discount factor r is fized, the above
assumption says that the time between two claims is great enough to justify
the demand for small solvency translated in the small constant ().

r>

Under this Assumption, we provide an upper bound estimate as well as Lip-
schitz regularity of the value function.

Proposition 6 The value function V' is non decreasing, enjoys the Lipschitz
property and satisfies
V(z) < K, (11)

for some large enough positive constant K.
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PROOF. The first assertion is straightforward from the previous Proposition.
In order to establish the upper bound (11), we notice that

1+ k t
Xf’“’LSeri( + k1) / Xl ds,
Co 0

for all t > 0. Gronwall’s inequality yields

(A+k1)B

Xpul < ge @ (12)

We write Ito’s formula for e " X" and use (12) together with (A2) to
obtain

J(x,u, L) < Cx.
Here C' is a constant which may change from line to line. Let us fix x, x’ > 0.
Suppose that (u, L) € A(z + 2’) and notice that, in this case, ( L) €
A(z). Indeed,

7 + /

t !
xrteel — (g 4 o) —|—a/0 Xrtewlyy)ds

t+ z+z' u,L t
— [ HaxE g Augtdsdy) - [ dL,

and, by multiplying the latter equality by -, we get

T / t T
X“m’"’L:x—l—/ ap(u
4+ 0 o S>x—|—x’

s z z+z u,
_/ /B.I'—{—ZCl ij_ L7y/\us> ,u(dey)

./ (x%—x s)'

On the other hand,

ru,—L t ru,—2 L
X, ot :aj+/ ap(ug)Xs “* ds
0
t+ ' u,—E L
= [ L (ax 2Ty A ldsdy)

_/ (x+x Q'

Now, let the functions ¢,, € C*(R) be such that ¢,,(z”) = 0 for all 2" < 0, and
0< ¢ (z") <1, forall 2" € R, and ¢,(z") 1 (") as n — oo. We make the
following notation

T /
Xl =y,

T+
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We apply Itd’s formula to have
zu,—E L
¢n (Yt - Xt e ) - ]1 + -[2) (13)
where

t xu,—E— L , zu,—E L

I, = / ap(ug) (YS — X Tt ) o, (YS — X5 ) ds,
0

I =

i+ ru,—L xr ’ zu,——~L
L Lo (Y= X2 - oy (axzte g a) + f (aXIUT y a,) ) aldsdy)

tf z,u,—— L
[ [ (vo= XEUE) tasay)

It is obvious that

t zu,—E L +
]1§O/ <YS—X5 = ) ds.
0

where C' is a constant independent of x and z’, and we use the convexity of f
in the first variable and f(0,-) = 0, together with the monotonicity of ¢,, to
get (as in the proof of the comparison result),

I, <0.

Thus we obtain, as in the comparison result,

T

, z,u,——L 00
Xprrmt < XU dtdP — ace. on [0, 00) x Q.
x4+

Obviously, (u, P ) is an admissible strategy for the initial reserve x. If 7
is the ruin time for the strategy (u, L) for the initial reserve = + z’, then the
above inequality states that the ruin time for the strategy (u, ﬁL) when

the initial reserve is x is greater than or equal to 7. Therefore, we have

’ - /
V(z+a') = vy sup FE [/ e_md< ° Ls)] LT V(z).
y Lo

T (uL)eA(sta’ xr+a Tz

and (11) gives the Lipschitz property of V. The proof of the Proposition is
complete.

4 Hamilton Jacobi Bellman Variational Inequality

We have already seen that our value function V' is increasing and Lipschitz
continuous. These properties allow us to prove in a standard way that V'
satisfies the following Dynamic Programming Principle
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Principle 7 (DPP)

tAT
V(z)= sup E eIy (x5l +/ e_TSdLS] :
(u,L)eA(z) 0

forallt >0, z > 0.

For further literature on the subject, the reader to referred to Fleming, Soner
(1993), Krylov (1980), or Yong, Zhou (1999) (theorem 4.3.3), for diffusion
state processes or to Pham (1998) in the case of jump diffusion processes.

We consider at this point the following HJB variational inequality:

max{H(z,V,V'(x)),1 = V'(x)} = 0in RY,

, (14)
V(0) = 0.
where
H(z,V,q) (15)
= sup {=rV(2) +aap(uyg + [ IV(x = flaz,y Au) = V()] m(dy)}.

Let us recall that C™' (IR ) stands for the class of all real-valued, differentiable
functions on R, such that the derivative is locally Lipschitz.

We also recall the definition of the viscosity supersolution, respectively viscos-
ity subsolution.

Definition 8 (i) Any lower semi-continuous (respectively upper semi-continuous)
function v is a viscosity supersolution (subsolution) of (14) if v(0) >0 (<0)
and

max {H (z, ¢, ¢'(x)),1 — ¢'(2)} <0,
(respectively > 0) whenever ¢ € CY(R,) is such that v — ¢ has a global
minimum (mazimum) at x > 0.

(ii) A function v is a viscosity solution of (14) if it is both super and subsolu-
tion.

Theorem 9 The value function V' is a viscosity solution for the associated
Hamilton-Jacobi-Bellman Variational Inequality (14).

PROOF. First, we prove that V' is a viscosity supersolution for (14). In
order to do this, let us consider z € R* and a C' test function ¢ such that
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V(a')—p(a') > V(xz)—p(x) = 0, for all 2’ € R*.. Moreover, consider 0 < h < x
and the admissible strategy (u, L) € A(x) where Ly = h, for all s > 0 and u
is admissible and arbitrarily chosen. We have

p(x)=V(z) > E { /0 " ersar, + e T (X EmE
>ht B e o(Xgeh)
for all £ > 0. We take the limit as t — 0+ and get
p(x) = h+ oz —h).
This latter inequality yields
1-¢(z) <0. (16)
In order to prove H (x, ©,¢'(x)) <0, we consider the admissible pair Ly = 0,

us = ug, for all s > 0 (here ug > w is arbitrarily chosen). We apply 1to’s
formula to e‘T(MT)ap(XfAZ ) to obtain

B [ (X5 — p(a)
tAT
= F [/0 (—re‘rscp(Xf’“’L) + e_TSaX;”’“’Lp(uO)go’(sz’“’L)) ds}

+FE UOMT /B e " (gp (Xf’,“’L —f (aX;E;“’L, y A u0)> - (Xf;“’L» /L(dsdy)] :

Recalling that p(z) > F [e"’(“T)V(Xf,(Z’L)] , and dividing by ¢ > 0, we have

0> B 1/;”( reTSp(XENL) 4 e X T hp(y 0)¢/(X§,U,L)) ds}
+E1 /OW [ (o (X — 1 (X0, h ) — i (XE24)) sy
> B[ [ (cre) + e amu)e! @) ds|
ce[H [ (ew (0= f (az,y A ) — ¢ (2) ()

—Trs

sup e
s<tAT

|—|O\H~
>
\]

xeet ), a7)

~o(s

where O(6) — 0 whenever 6 — 0.

We wish to prove that £ {supsgtw e s | Xl xH — 0, when ¢t — 0. In

order to do this, we use
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S
)Xf’"’L — x‘ S/ ap(ue) X5 ds'
0

s+
+ /0 /B FaXEE y A ug)p(ds'dy).

Therefore, with the notation Cy = %, we have, for some constant C),
Xok x‘ <z (ecos - 1)
st Cos/ /
+C / / e u(ds'dy)
o JB

for all 0 < s <t A7 (we use the Lipschitz property of f in = uniformly in vy,
£(0,-) = 0 and the upper bound for X%"" given by (12)) . We multiply the
last inequality by e, take the supremum over all 0 < s < ¢ A 7, then the
expectation with respect to P to obtain

t—0+ s<tAT

lim F [sup S G x” =0. (18)

Notice that
E[t NT]

>1—-P(r<t)>1—P(n, <t),

where 7, is the first time a claim occurs (it follows the exponential law).

Consequently,
im Elt A7) =1 (19)
t—0-+ t

Returning to (17) we let ¢ — 0+ and use (18) and (19) to get

02 (~r(e) + arp(uo)¢/ (@) (20)
[ o= £ (ary nuo) — o (@)} mldy)

Combining (20) and (16), we prove that V' is a viscosity supersolution for (14).

In order to prove that the value function is a viscosity subsolution for (14),
we fix # > 0 and consider an arbitrary test function ¢ € C*! such that
V(2" — p(2') < V(z) — p(x) =0, for all ' € R,. Let us suppose that the
subsolution inequality does not hold. Therefore, there exists d > 0 such that

max {H (z, ¢, ¢ (x)),1 = ¢'(x)} < —0.

We use the continuity of H and of ¢’ to obtain the existence of some 7 €
(0, x A\ &) , where K, denotes the Lipschitz constant for ¢ on [0, e"z], such
that

max {H(2', ¢, ¢ (e')),1 - (@)} < =6, if ' € Bla,m).  (21)
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Let us consider an arbitrary strategy (u, L) € A(z) and let X**¥ denote the
solution of (9) for (u, L) instead of (u,). We define the stopping time

o=inf{t >0: X" ¢ B(z,n)}.

Obviously ¢ < 7 (the ruin time). We apply Ito’s formula to e~ ") p( X%5)
and write

E [e (Xt - pla) = (2
E { /0 " (—rem (X2 ) + e aX T Ep(ug) @ (X2 ) ds}
+E :/Om /B e (90 (Xf’_“’L —f (aXi“’L, y A uo)) — (X;”L“’L)) u(dsdy)]
= '/t/\U e sy (X;E,U,L) dLg]

L/O

+E | Y e ((,0 (X;CL“’L — ALS) — (X;E’_u’L))] .

_s§t/\0

For s <t A o we have, from (21)

e (X + e aX T p(ug) ! (XE) (23)
+6_T5/B (go (Xf’“’L —f (aXf’”’L,y A u0)> —p (Xf“L)) m(dy) < —de ",
and, again from (21),

o' (XZ’U’L) > 1.
It follows that

") (X:;“’L — ALS) - (X;ELU’L) < —AL,, (24)

and

o (X — f(aXTE y Ao ) ) — o (XET)
o (52— 2 ) (70
+4K 1. (25)

We return to (22) and use (23), (24) and (25) to get

e—r(t/\o) _

B[] - o) <08 |

1 — —r(tAo)
1 + 4K nE [e ]

r r

tAo
_E { / e"”SdLS] ,
0
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and, from this,

V(z) = ¢()
ZE[e—r(t/\U) qu _,_/ —Tde]
1 —e (tho)
V(6 4K, E lrl . (26)
tha 0 — 4K
>F [e‘r(tA”)ap(Xf,{Z’L) + /0 e_rdes] + JE[t Ao,

for ¢ small enough. We can suppose that z is a strict global maximum point.
Then there exists A > 0 such that

sup  (V(2') = p(2')) = =\
2/ ¢B°(z,)

We use (26) and write

r I tA\o 7
V(z)> E |e 0Oy (X580 1 / e "dL,
L 0 i

o — 4K@77

+ /\E[ T + tP(o > t)

2 E —r(t/\cr)v Xx YUy L / —rdes-
_ 0— 4K, n _
—rt ¥ 2
+ (A A (2 t) (27)

The dynamic programming principle yields
tA\o

V(z) < sup E {e"”(m")V(XfA’Z’L) +/

e"’des] . (28)
(u.L) 0

Therefore, by the choice of 7 < % and A > 0, (27) contradicts (28). This

proves that V' is a viscosity subsolution for (14). Our Theorem is now complete.

5 The Comparison Theorem

The following Lemma provides an equivalent definition for the notions of vis-
cosity super and subsolutions.

Lemma 10 (i) A continuous function U is a viscosity supersolution for (14)
in R* if and only if, U(0) > 0 and, for any v € RY and any test function
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o € CY such that U — ¢ has a global strict minimum at x, we have

max {H(z,U, ¢ (z)),1 — ¢'(z)} <0. (29)

(ii) A continuous function U is a viscosity subsolution for (14) in R if and
only if, U(0) < 0 and, for any x € R and any test function p € C*' such
that U — ¢ has a global strict maximum at x, we have

max {H(z,U, ¢ (z)),1 — ¢'(z)} > 0. (30)

PROOF. We only prove the assertion for viscosity supersolution, the proof
for subsolution being similar.

Suppose that (i) holds true. For any test function ¢ € C*'such that U(z) =
¢(z) and U — ¢ has a global minimum at x, and all § > 0, we define

p5(2") = (2') — 0|2’ — z|?, for all 2’ € R”.

Then p; € C™' and U — o4 has a global strict minimum at z. The assumption
implies that

max {H (z, U, ¢5(x)), 1 = g5(x)} < 0.
Obviously, U(a") —U(x) > ps(z") —ps(x), for all 2" € RY. \{z} . The definition
of H, together with the last inequality, yields

max {H(z, 5,¢'(x)), 1 = ¢'(2)} < 0. (31)

Moreover, again from the definition of H,

H(z,p,¢'(x)) <H(z, p5, ¢ (1))
sup ([ (oo = flaz,y ) = o (0 = flazy Aw) 7 (dy)

S H(ZL’, Pss Sol(x)) + 057

where C' is a generic constant independent of 0. We get, using (31) then taking
the limit as § \, 0,

max {H(z, ¢,¢'(r)),1 - ¢'(z)} 0.

For the converse, consider an arbitrary test function ¢ € C*' and = € R%
such that

0="U(z) —p(z) <U(z) — p(z),
for all ' € R \ {z}. For € > 0 such that ¢ < 7, we define

6. = sup (U(2") — p(a") > 0.

2/ €B(z,4¢)
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It is obvious that lim._g \, 6. = 0. We introduce
. =(U—¢—9.) Lio,z—2¢) + (U(0) — (0) = dc) 1g_.

We consider some sequence of mollifiers p, € C* (R;R.), Supp p,, C B (O, %)

and [ p,(t)dt = 1. Since U — ¢ is continuous, the sequence {p, * .}, con-
verges uniformly on [0, z — 3¢] to .. Then there exists a subsequence (denoted
by (p.)) such that Supp p. C B(0,¢) and

U(a') — ¢ (a') = 26: < (p. x p.) (2') <U (2') = ¢ (2),
for all 0 < 2/ < x — 3¢ and all € > 0. Finally, we define the function
Fe(a) = o (&) + (pe x ¢.) (2) -

It is obvious that F. € C'?! has the following properties:
F.(aY=¢(), ifa' >z —¢,
U(r')—20. < F.(2),if0<2' <x-— 3¢
F. (o) <U(a), if 2’ # x.

The assumptions give
max {H (z, F., F.(x)),1 — F.(z)} <0.

Let us put

GW%ﬁg%NWH—E@W+wMWW%WJﬂﬂ)
+ [ U@~ fla',y ) = B (o = fla',y Au))) w(dy)
L<<$y<a@%wwwh
for any 2’ € R%.Then
H(,U, (@) = H(w, F., FL(x)) < Gla) (32
where

<%@<$m{/(U@—f@wyAu»—FHw—fW%yAw»WMw

u>u

- [, W@~ F@)n(y)}.

We then consider the sets B* = {y € B:z— f(ax,y ANu) € B(x, 35)} and get
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| W= flaz.y nw) = . (@ = flaw,y Au))) w(dy)

< 26.m(dy) + Cm(B")

~ JB\B%

<2p0. + Crm(B"), (33)
where C' > 0 is a generic constant independent of €. Moreover, if y € B*, then
r— flax,y Nu) > x — 3e.

Therefore,

flaz,y Au) < flaz,y Au) < 3e.

Since f(ax,y Au) > 0 for xy > 0 and f(ax,-) is nondecreasing, we deduce
the existence of some 7. > 0 such that ., — 0 as ¢ — 0 and y € B* only if
y < .. Thus, returning to (33), we get

[, (W= flaz,y Aw) = F. (@ = flaz,y Au))) w(dy)
<Co. + Cr(BNI[0,n.]).
Consequently,
G(z) < C5. + Cr(BN10,1.]). (34)

Recall that 0 ¢ B. Thus, using (34) in (32) and taking the limit as € — 0, we
obtain

H('CE’ U7 SDI) S O’

and (i) follows.

The assertion (ii) follows in the same way.

Under the assumption (A2) we are able to prove the following result on the
comparison of viscosity solutions for (14).

Theorem 11 Let U and V' be respectively a continuous viscosity subsolution
and a continuous supersolution for (14) both of at most linear growth. Then,
if (A2) holds true, we have

U(z) < V(z), for all z € RY.

PROOF. For § > 0 and € > 0, we denote by ®. s the function ®.; : Ry X
Ry — R U {—o0} given by

. s(w,a') = Ulz) = V(z') = 5-(z — )2 = 5 (2* + (')%), (35)



for all ,2" > 0. Suppose that for some z¢ € R% and some 0 > 0 we have

Since ®. ;5 is upper semi-continuous and U and V' are of linear growth, there
exists a global maximum point of ®.;, denoted by (w.s,7.5) € Ry x R.
Obviously, since @, 5(0,2") < 0 for all 2” € R, it holds that z. 5 > 0. Moreover,

0
'7875 = q)a,d(xs,cia x’g’é) Z (I)a,é(x()yxE)) 2 0 — 251'(2) Z 5’ (36)

for any 6 <y = %. Obviously, for § < §, fixed, (% 5) is increasing and
0 /e

1 2
Vaes 2 Ves T 42 (ﬂfs,é - xla(s) :

Therefore,

1 ;)2

e O
If, for all € > 0 (or, at least for some arbitrary sequence ¢,, such that &, — 0
when n — o00) x, ; = 0, then lim.\ g 2.5 = 0, and, by taking the upper limit

when ¢ — 0 in (35), we get

N D

< U(0) - Vv(0) <0,

which contradicts the assumption 6 > 0. We deduce that, for ¢ > 0 small
enough, z.; and z[ ; are strictly positive. We consider the test function

1 2 2
p(z) =V(zls) + 2% (x - xéa) +0(2® + (%5) ), for z € R,

such that U — ¢ has a maximum point at z.;. We write the variational in-
equality and use the previous Lemma to get

max {H (2.5, U, ¢ (zc5)), 1 — ¢'(z:5)} > 0. (37)

In a similar way we have

max { H (x5, V, ¢/ (¢ 5)), 1 — ¢/ (L 5) } <0, (38)
where
1
(') = Ul(x.s) — 2—6(%,5 —a)? — 5(x§’5 + (2')?), for all 2’ € RY.

(a) We suppose that

H (w5, U, @' (225)) 2 H(az s,V 0 (2l 5)). (39)

133



Then

0 <sup{—r (Ulres) ~ Vi)
t ap(u) [22 50 (w2 9) — 2 50 (2L 5)]
/ U (2es — flaxes,y Au)) = V(als — flaxl s,y A u))) 7(dy)

+ [ (Vialy) = Ulees)) mldy)}. (40)

We use ®(z. 557, 5) > P(we5 — f(wes,y Au), 2l s — f(alsy Au)) to get

U<I6,6 - f(al‘&(s, y N u)) - v(‘r/s,é - f(axls,& YN u))

1 2
<U(xes) — Vi(als) + > (xgjg — flaz.s,y ANu) — x5+ flaxl s,y A u))

_218 (],'875 — xla76)2

2 2
+6 (e = flawessy A)) = a2s + (als = flaal oy Aw) = (a,))
<Ulos) = Vialy),

and, returning to (40), we have

0 <sup {—7" (U(x&(;) - V(ZE;&)) + 2ap(u) (w +6 <x?75 + (:17’575) 2)) }

u>u

<sup (2ap(u) —r) x (U(ﬂfa,a) - V(ifla,é)) '

u>u

Recall that sup,s, 2ap(u) < (12:1)6 < 1 (see (A2)). Thus, it follows that
Y5 < 0 which contradicts (36).

(b) If (39) does not hold, we use (37) and (38) and we must have
1= (2c5) 202 1= (al ), (41)

thus

—_

i (xwg — x'e’(;) —20xl 5 > R (xe,(g — x;(;) + 20, 5.

We deduce that 1.5 = 2.5 = 0 and get a contradiction. The proof of the
comparison result is now complete.
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6 Numerical results

We now turn our attention to some particular case and observe the optimal
retention process by means of numerical simulation. We have seen that, for
the collective risk model introduced in [9], a single insurance contract is con-
sidered and, of course, the risk is given for this one contract. A possible way
to extend this model is to suppose that the risk concerns all contracts (or at
least a percentage). We assume that the claims have constant intensity § and
the random measure p is associated with some Poisson process of constant in-
tensity 7(dy) = SGs(dy), where G corresponds to the Dirac mass. Moreover,
the function f is given by f(x,y) = pxy, with 0 < p < 1 (that is only some

p part of the total contracts is subject to claims). In this case, the minimal
(ka—k1)8

retention level needed to cover expenditures is given explicitly by u = T

and p(u) = (k1 — k2) Bpé + (1 + k2) Bou, for all W <u <.

Under the above assumptions, Eq. (5) reads
z,u, L t L t zu, L t
Xl :L’—{—a/ XLy, )ds —pa/ XLy dN, —/ dL,.  (42)
0 0 0

Theorem 10 states that the maximized expected discounted dividends is the
unique viscosity solution for the Hamilton-Jacobi-Bellman variational inequal-

ity
max {H(z,V,V'(z)),1 = V'(z)} = 0 in R,
V(0) =0,

(43)

where

H(z,V,q)= sup {—rV(z)+axp(u)qg+ B[V (x —apzu) — V(z)]}.

L L)
e <us

The standard procedure in order to apply numerical arguments is to obtain
a bounded space. Thus, we write the previous equation on [0,1) by taking
y = 17 and ¥(y) = V(x). This leads to the following HJB equation

max {G(y, ¥, v (), 1= (1 =) ¢ (y)} = 0 in [0,1),
¥(0) =0,

(44)
where

Gy, v,q) =
sup { ri(y) + aplay (1 y) g+ B W“ —apu) —apu, w@] } .

CENI apuy + 1 — apu
<<
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As in Mnif, Sulem (2005), the approximate solution of Eq. (44) is computed
with the help of finite difference approximations and the policy iteration al-
gorithm.

We consider two particular cases: the first one illustrates the natural frame-
work in which the reinsurance company perceives a relative safety loading
greater than that of the insurer, while the second example assumes the oppo-
site. The data set we use is given in the following table

k’l ]{32 O | r 6 P
Fig1 |2 |0.25|1]0.07]0.0011 | 10%
Fig2 |2 |0.19 | 1] 0.07 | 0.0011 | 10%

For the first framework, the optimal retention level turns out to be maximal
as shown by Fig 1.

Optimal retention lewel for delta=1 (k1<k2)
1.1 T T T T T

Optimal reinsurance policy
o © o o © o o
w £ al o ~ [e¢] [(e]
T T T T T T T
1 1 1 1 1 1 1

o
N
T
1

0-1 1 1 1 1 1
0 5 10 15 20 25 30

Initial fortune

Fig 1. Optimal retention level for 6 =1, k; = 0.2, ks = 0.25

As can be expected in the second case, if the initial reserve is great enough,
then the direct insurer should play the safety card in order to maximize ex-
pected discounted dividends. Indeed, since the relative safety loadings guar-
antee a proportional steady income to the insurer, the optimal retention level
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is null (see Fig 2).

x10 8 Optimal retention level for delta=1 (K1>k2)
4 T T

Optimal reinsurance policy

Initial fortune

Fig 2. Optimal retention level for 6 =1, k; = 0.2, ks = 0.19
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