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dξr

dr
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2

r
+

1

Γ1p

dp

dr
)ξr +

1

ρc2
(
S2

l

ω2
− 1)p′ +
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ω2r2
φ′
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dp′

dr
= ρ(ω2 − N2)ξr +

1

Γ1p

dp

dr
p′ − ρ

dφ′

dr
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1

r2

d

dr
(r2dΦ′
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p′
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+

ρξr
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N2) +

l(l + 1)

r2
φ′
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ρ′ =
ρ
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1

Γ1p

dp

dr
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dρ

dr
)
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= k2
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1

Γ1p
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ρ
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)
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dξr

dr
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r
− 1

Γ1
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1
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l
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− 1)p′
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dp′

dr
= ρ(ω2 − N2)ξr −

1

Γ1
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p p′
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p = −d ln p/dr
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=
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|N | < |ω| < Sl:$;
Sl < |ω| < |N |df*

K(r) > 0
]
ξr
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a(r) = |kr|−1/2 N 2 o;: = Y
�D� �+=�=�%&:"mf*-'7�+�&*-:$, ���@e`'(=<�/:��&*-AC;���1<�M5j���@:$5-;<�&*-:$, �8:$,��@*-�n�/�ct ,�F�W$5-*4W$�8%S5j��1�F�%&*g!$F8�M�@�L|

��:$,�1��G1��
a(r)

ofr_�G�/��%&'(�G���@�_�8,�� [��L�J=?���/*g�i1���!+��,.�
k2

ra
]f1
�Q��=�%@#8�q5T�E�Ce`=?:��/�<#8�&�G1��P1<F8=0��%n�"o

 ,�:�w<�/*4�8,.�26
kr(r) = K(r)1/2 N 2 o 6(^ Y

�P:$,<�(6
a(r) = |K(r)|−1/4 N 2 o 6�2 Y

���8�K�&:�5-;<�&*-:$,��H1<�B5O�QF�AC;0�+�/*4:$,{N 2 o : 6 YL]�,�F��8���&�/�+*-%&��'7��,.�P%@F8�8545-���8]��@:$,.�G1<:$,�,�F��8��=0��%26
• [\:$;<%

K(r) > 0
6

ξ̂r(r) = A|K(r)|−1/4 cos(

∫ r

r0

K(r′)1/2dr′ + Φ)
N 2 o 6 4$Y

• [\:$;<%
K(r) < 0

6

ξ̂r(r) = |K(r)|−1/4[A+ exp(

∫ r

r0

|K(r′)|1/2dr′) + A− exp(−
∫ r

r0

|K(r′)|1/2dr′)]
N 2 o 6�� Y

���8�K�8:�,��@�/��,.�/�8�
A+

]
A−

]
A

���
Φ

1�F8=?�8,<1��8,.�G1��8�H��:$,�1�*g�/*-:�,��H��;fm�5-*4'7*g�/�8��]
r0

���@��;�,��
w?:$%&,<�>�8:$,.!$��,0��w�54�8'(�8,.�G����:$*-�@*-�+o

 ,M%&�L�/%&:�;<!$�>54�8�H'G_8'(�8�_%@F8�@;�54�/�+�/�HAC;
�Q��;M���0��=<*4�/%@� 2 o54fo 2 6<�&*
K(r) > 0

]f*-5veM�b=�%@:$=0��|
W.���/*-:�,M1
�Q:�,�1��8�K�L�G�@*

K(r) < 0
]05j�b�&:�5-;<�&*-:$,c��;�,R�8:$'(=?:$%@�&�8'(�8,.�K�Lmf=?:$,��8,.�&*-�85Oo

� �!%'# 
 # 
� �3"��&#'� ����" �&� ' %�� /)�)�]���.
��
 ,�� !`;�AC;��R�8���)�&:�5-;<�&*-:$,����@:$,.�7!+��5-��w�54�8��5-:�*-,�1����7=?:$*-,.�&�(1<��%@���/:�;�%&,���'7��,.�"oqr_�L|
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��:$,��@�/��,.�/���G1����K�&:$54;<�/*4:$,��BN 2 o 6 4�Y_���SN 2 o 6�� YLo

 ,��8:�,��&*41�#8%@�P;�,��G:$,�1��P=�*-F�W$F8��10��,��_;�,��P%@F8W$*4:$,)��:$'(=�%&*4�&���8,.�/%@�P5-���_%&� e�:$,��
r1

���
r2

]
��F8%&:��q�@*-'(=�5-���i1<�

K(r)
o  ,)�&;<=�=I:��&��A`;<�P5j�>�@:$5-;<�&*-:$,��&�8,�1)!��8%@� ^ =I:$;<%

r < r1

�L�
r > r2

o

• �D,
r1

6
 ,��

K(r) < 0
A`;���,�1

r < r1

�L�
K(r) > 0

AC;0��,�1
r > r1

o
df:$*g�H5-�>1<F�!$��5-:$=<=I��'7��,C�G5-*4'7*g�/F�1��

K(r)
�8,

r1

6

K(r) = K1(r − r1)
N 2 o 6 :CY

:3R
K1

���@��;�,��B�8:$,<�@���+,C�&�2=I:$�@*4�&*4!$�+o
 ,�*4,.�/%&:`1�;�*g�J54�>���0��,�W$��'7��,.�P1��>!+��%@*j��w�54�P10�+,��G5O�QF�AC;0�+�/*4:$,{N 2 o : 6 YP6

x = K
1/3
1 (r − r1)

N 2 o 636 Y
df:$*g�>6



�
	�� 	 �������
� ��� ���� � � � � ��� � � � 4 �

d2ξ̂r

dx2
= −xξ̂r

N 2 o 6(8 Y
���8�K�&:�5-;<�&*-:$,��H1<�B�����@�/�2F8AC;0�+�&*-:$,c�@:$,.�P1��25-�k��:$%&'(��6

ξ̂r(r) = C1Ai(−x) + C2Bi(−x)
N 2 o 639 Y

x�!$�8�
Ai

�L�
Bi

54�8�J��:$,<���/*4:$,��H1
�ExP*4%@e�o

∗  ,��8:$,��@*-1�#�%&�B5-�2�"�+�P:3R
r < r1

o?���7,<:$;<!$��5-54�2!+��%@*j��w<5-�
x

�8�n�9�+5-:$%@��,<F8W.�+�&*4!���o?�9��,��
���B�8���K�����&* |x| �8�n�GW�%/��,�1�]05-�8�J��:�,����&*-:$,��H1��QxG*-%@e�=�%&��,�,��8,.�G5j�k��:$%@'7�2�+�@e`'7=f�/:��&*-AC;���6

Ai(−x) ' 1

2
√

π
|x|−1/4 exp(−2

3
|x|3/2),

N 2 o 6(< Y

Bi(−x) ' 1√
π
|x|−1/4 exp(

2

3
|x|3/2),

N 2 o 6(= Y

df* |x| 1��L!`*-�8,.�b�&%&#���W$%/��,<1
]
Bi

1���!`*-��,.����;��@�&*_�&%&#8��W�%/��,�1�6�5j���&:$54;<�/*4:$, ,
�Q� =�54;��b1��
�@*-W$,�*g�0�"���/*-:�,9=��.e`�&*-AC;��+o  ,B�&;<=�=I:��&�lAC;��q5-�J�&:$54;<�/*4:$,9�/��,�12!$�8%@� ^ ��,S1�����:$%@�~1<�i5O�Q*4,.�/�8%n!+��5-54�
[r1, r2]

6�5j����:$,��@�/��,.�/�
C1

�8�@�G1�:$,<�>,`;<5-5-�+]
C1 = 0

o
�����&:$54;<�/*4:$,M1��25T�EF8AC;0�+�&*-:$,�N 2 o 6?8 Yq1��L!f*4�8,.�S6

ξ̂r(r) = C1Ai(−x)
N 2 o 83^ Y

∗  ,��8:�,��&*41�#8%@�>')��*4,.�/�8,���,.�J5-�G�"���_:3R
r > r1

]f1�:$,��
x > 0

o<���k��:$%@'7�G���@e`'(=<�/:+�/*-AC;��
1��

Ai

=?:$;�%
x

W$%/�+,�1c�8�@��1�:�,�,�F8�B=0��%>6

Ai(−x) ' 1√
π
|x|−1/4 cos(

2

3
|x|3/2 − π

4
)

N 2 o 8X2 Y
 ,M=I��;<�K'7��*-,.�/��,0��,.�H1�FL�/��%&'(*-,���%J5j�k=<�0���&�

Φ
*-,.�&:f1�;<*4�/�G10��,��H5O�QF�AC;0�+�/*4:$,{N 2 o 6 4�YLo  ,
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∫ r

r1

K(r′)1/2dr′ + Φ =
2

3
|x|3/2 − π

4

N 2 o 8 4$Y
�P:$,<�

Φ = −π

4

N 2 o 8$� Y
�����&:$54;<�/*4:$,cA`;<*��/�+�&*-�@� �+*4�H54�8�K�8:$,<1�*4�&*-:$,��J��;fmc54*-'(*4�/���_��,

r = r1

]0=I:�;�%
r > r1

����5-:�*-,
1��

r1

�8�E�8��%&*g�26

ξ̂r(r) = A1|K(r)|−1/4 cos(

∫ r

r1

K(r′)1/2dr′ − π

4
)

N 2 o 8 :CY

• �D,
r2

6
�P�25j��'G_8'(�9'7��,�*-#�%&�+]�:$,M�/%@:$;<!$�S��;c�&���8:$,<1�=?:$*-,.�H�/:�;�%&,0�+,C�

r2

6
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ξ̂r(r) = A2|K(r)|−1/4 cos(

∫ r2

r

K(r′)1/2dr′ − π

4
)

N 2 o 8�6 Y

• �D,�;�,R=?:$*-,.�KAC;��854�8:$,<A`;<�
rf ∈ [r1, r2]

6
���k�&:�5-;<�&*-:$,71�:$*4� _��&%&�9��:$,.�/*-,C;��P�8,M;�,M=?:$*-,.�_A`;<�85-��:$,�AC;��

rf
��:$'7=<%&*-�q�8,.�/%@�

r1
�L�

r2
6

5-����:$,<���/*4:$,
ξ̂r(r)
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rf
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A1K(rf)
−1/4 cos(

∫ rf

r1

K(r)1/2dr − π

4
) = A2K(rf )

−1/4 cos(

∫ r2

rf

K(r)1/2dr − π

4
),

−A1K(rf)
−1/4 sin(

∫ rf

r1

K(r)1/2dr − π

4
) = A2K(rf)

−1/4 sin(

∫ r2

rf

K(r)1/2dr − π

4
),
N 2 o 838 Y

����%&F8�@:$5-;f�/*-:�,M1��2�8�B�@e`�@�&#8'(�B1��QF�A`;��+�/*4:$,���:$,�1�;<*4��t

A1 = A2,
N 2 o 8�9 Y

(

∫ rf

r1

K(r)1/2dr − π

4
) + (

∫ r2

rf

K(r)1/2dr − π

4
) = (n − 1)π,

N 2 o 83< Y

 ,�:�w<�/*4�8,.�
ξr

t�=0��%n�/*4%J1��
ξ̂r

W$%&���8�2t�5T�EF8AC;0���/*-:�, N 2 o;:3:CYLo

• [\:$;<%
r1 < r < r2

6

ξr(r) = Ãρ−1/2r−1c−1|S
2
l

ω2
− 1|1/2|K(r)|−1/4cos(

∫ r

r1

K(r′)1/2dr′ − π

4
)

N 2 o 83= Y

ξr(r) = Aρ−1/2r−1c−1/2| S
2
l /ω

2 − 1

N2/ω2 − 1
|1/4cos(

∫ r

r1

K(r′)1/2dr′ − π

4
)

N 2 o 9(^ Y

 R
A = Ãω−1/2 o

• [\:$;<%
r1 > r

6

ξr(r) =
1

2
Aρ−1/2r−1c−1/2| S

2
l /ω

2 − 1

N2/ω2 − 1
|1/4 exp(−

∫ r1

r

K(r′)1/2dr′)
N 2 o 9�2 Y

• [\:$;<%
r > r2

6

ξr(r) =
1

2
Aρ−1/2r−1c−1/2| S

2
l /ω

2 − 1

N2/ω2 − 1
|1/4 exp(−

∫ r2

r

K(r′)1/2dr′)
N 2 o 9 4$Y
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∫ r2

r1

K(r)1/2dr = (n − 1

2
)π

N 2 o 9�� Y
 %

K(r)
1�F�=I��,�1�1��75j�M��%&F8AC;���,��8�+olr_���@�/�7%&�85-�+�/*4:$,{1�:$,�,��75j�c��%&F8AC;���,��8�)1��8�b'(:`1��8�
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r1
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r2
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n
W�%/��,�1
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l
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ω � N
o  ,�=?�8;<�

1�:�,��2F8�8%@*-%@��]���:$'7'(�>10��,<��5-�b=0��%n�/*-� 2 o 4fo54�6

K(r) ∼ 1

c2
(ω2 − S2

l )
N 2 o 9 :CY

���8�S'7:`1��8�S= �@��=�%&:�=0��W$��,C�S1�;�=?:$*4,C�S1��7%&���&:$;�%@,��8'(�8,.�
rt

]~:(R
ω = Sl

]0a@;<�&AC;
�Qt�5j�
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∫ R

rt

(ω2 − S2
l )

1/2 dr

c
= (n + α)π

N 2 o 936 Y
:3R

α = 1
4

+ cst���S�&�8%&'(�
1/4
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∫ R

rt

(1 − L2

ω2

c2

r2
)1/2 dr

c
=

(n + α)π

ω

N 2 o 9(8 Y
:3R

L2 = l(l + 1)
o
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]
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D =

∫ R

0

dr

c
−

∫ R

rt

(1 − L2

ω2

c2

r2
)1/2 dr

c

N 2 o 939 Y

=

∫ rt

0

dr

c
+

∫ R

rt

(1 − (1 − L2

ω2

c2

r2
)1/2)

dr

c

N 2 o 9(< Y

 ,7��:$,��@*-1�#�%&��A`;<�G5-�>!`*g�/�8�@�&��1�;)�@:$,
c
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∫ rt

0

dr

c
=

rt

c(0)
' L

ω

N 2 o 9(= Y
���G�&�8%&'(��1��P1�%@:$*4�&�H�/�8,<1)!$��%&� ^ A`;���,�1

r
�8�n�JW$%&��,�1)1<��!+��,.�

rt
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u2 = c2/ω2r2

∫ R

rt

(1 − (1 − L2

ω2

c2

r2
)1/2)

dr

c
=

L

ω

∫ 1

0

[1 − (1 − u2)1/2]
du

u2

N 2 o <3^ Y

=
L

ω
(
π

2
− 1)

N 2 o <X2 Y
 ,R��1�:$,���6

D = Lπ/2ω
6

�^�
∫ R

rt

(1 − L2

ω2

c2

r2
)1/2 dr
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=
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1
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∆ν2
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4π2∆ν
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c(R)

R
−

∫ R

0

dc

dr

dr

c

] N 2 o =X2 Y



4 < ������ � �������
	��� ��� � ��� ����� ��� ���
���

���
δ

���@��;�,��BW$%&��,�1���;�%H�&��,��&*4w�5-�B��;fmM�8:$,�1<*4�/*4:$,��H1��2�@;�%@� �����21��25T�EF��/:�*-5-�+o
���8�K=?���/*g�/�����@F8=0�+%/�+�&*-:$,��K�+;��@�8�8:�,�1�:�%&1�%@�B�@:$,.��1�:$,�,�F��8��=0��%26

δνn,l =
4l + 6

4π2νn,l

∆ν

[

c(R)

R
−

∫ R

0

dc

dr

dr

c

] N 2 o = 4$Y

 R
c(R)/R

�8�n��,�F8W$54*-W$�8��w�54�91���!+��,.��5-���K��;<�&%&�8�H�&�8%&'(�8��o
r_���@�/�K�Lmf=�%@�8�@�&*-:�,)'(:$,.�/%&�H5-�91�F8=?�8,<10��,����G1����l=I�L�/*4�&�8�l�&F�=0��%&�+�/*4:$,��l��;��8:�'7=?:$%@�&�8'(�8,.�

1��25-�k!f*g�/���&�&�B1�;R�&:$,R��;R�8:`�8;<%8o

� �,' 01� ' �]��
 -�� / 
�/)/�

���P1�*-��W$%&��'7'(�HF8���<�85-54�P*45-5-;<�@�/%@�K5-�8�i=�%@:$=�%&*4F��&F8�_1<;��&=?�8�L�/%&�P�8,)��%@F8AC;��8,<�8�>1
�E;�,��9FL�/:$*45-�+o

UV5^��:$,.�/*4�8,.�21��8�2*4,<��:$%&'7�+�&*-:$,����&;<%>5j�)W$%&��,�1����@F8=0�+%/�+�&*-:$, ���254�8�9=?���&*4�&�8�>�&F�=0��%&�+�/*4:$,��8o
�l,
��w<�&�8*4�&�@�8�^�@:$,.�D%&��=�%&F��&�8,.�&F8�8�l54�8�\��%@F8AC;���,��8���i%@F81�;<*4�/���

ν̃nl

'7:`1�;�54:
∆ν

]+�&��5-:$,b5O�Q��mf=�%&���&�&*4:$,�6

ν̃nl = νnl − k∆ν − ν0

N 2 o =$� Y
:3R

k
�8�n�9;�, ��,.�/*-��%G�&�85~A`;<�

ν̃nl

���@�>��:$'7=<%&*-�K��,C�&%&� ^ ���
∆ν �

���
ν0

�8�n�>;�, ��:$,��n����,.�/�
1�F�=I��,�10��,.��1����G��:$,�1�*g�/*-:�,��J1��B�&;�%n� ���8�+o

�D,�:�%&1�:$,<,�F8���G���@��%&��=I:$%n�/F��B5-�k��%&F�A`;<�8,����k1�;R'7:`1��+o
df��5-:$,�5-�S�/�<F8:$%@*-�9�+�@e`'7=f�/:��&*-AC;���]f5-�G1�*j��W�%/��'('7����*4,��&*I:$w<�&�8,C;M�8�n�K�8:$'(=I:��&FP1<�>=I:$*4,.�/�

1�*4�&=?:$�&F��q��,)54*-W$,����D!$�8%n�/*4�"��54�8�i�8:$%@%&�8=?:$,�1���,.�Jt2���0��AC;��P!+��54�8;�%l1�;71��8W�%&F�5ToC�D�Q���&=0�+�8�P��,.�/%&�
���8�K5-*4W$,��8�H��:$%&%@�8�@=I:$,<1�t�5j��=?���&*4�/�>�@F8=0�+%/�+�&*-:$,
o

���k�0W$;�%@� 2 o � %@�8=�%@F8�@�8,.�/�B5-�91<*j��W$%&��'('7��F8������5-54�>1
�Q;<,R'(:`1�#854�P1�� 2 o 2 4$s
�

1<:$,.�K5T�Q��W$�
���@�\1�� � o 9 OB�+,��\=?:$�@�&F81���,.�^5j�H'G_8'(�l'7FL����545-*-��*4�&F�AC;��_54�qdf:$5-��*-5Oo"���q��:$'(=I:$%n�/��'7��,C�~W$F�,�F8%&��5
���@�R�8��5-;�*>���&�/��,�1�; '7��*-�M�"!��8�{1��8�c1�* [�F�%&�8,<�8�8� 6H54�8�M5-*4W$,������&:$,.�c��:$;�%&w?F8�����L�c=I��;<!$��,.�
'G_8'(� �&�{�8%&:�*-�&��%�=?:$;�%c���8%@�/��*-,<��'(:f1<#85-����N�!$:�*-%c=0��%n�/*-��4fo � Y�oK�l�EF8�8��%@���"!$��� 5j���/�<F8:$%@*-�
���ne`'7=<�&:��/*4AC;�� �8�n�c�&*4W$,�*4���"�+�&*4�>�L�c=I��;<�c1�:$,�,<�8%M1����M*-,<��:$%@')���/*-:�,��7*4'7=?:$%n����,.�/���)�@;�%M5j�
�n�/%&;<���/;<%&�2*-,.�/��%&,��21��25O�QFL�/:$*45-��o

�('�= '� � 9 �@3 AJ1 � - � : � 7 /230/21=+;,�� ����� � A -(? �
���>w�;<��1��>�����&�&�2=0��%@�&*-�>,
�E�8�n��=0���H1��21�F�'7:$,.�&%&�8%H��:$'('7��,C�K:�,��+wI:$;f�/*4�Ht�5-�b,�:$;<!��8545-�

F�A`;��+�/*4:$, 1�* [�F�%&��,C�&*-��5-5-��'7��*-�B1��71�*-�@�8;<�&�8%��"!$����=�54;��k1��)%&*-W�;��8;�%B5-���k��:$,�1�*g�/*-:�,��S1<�)=�*4FL|
W$�8��W$�G1��8�J:�,�1��8�H=�o<��,��91�F�'7:$,<�@�/%&�+�/*4:$,)=<5-;��q=�%&F��8*-�@�9�8�n�K��[I�8�L�/;�F��>10��,��J54�G������=�*4�&%&� 9 o 6
1��P� �������&;�%&�B�G:+�/�8�K:$,M�&���2�@�/��5-5-��%  �&��*-5-5-�+�/*4:$,�� �P1<�kp<o r_��%@*-�@�&�8,��@�8,f|V�9��54�&W.�$�+%&1
]�4 ^(^$� o

[\:�;�%b�8�L�&�&��F��&;�1���]�:$,�,�F�W$5-*4W$�754�8�S=I��%@�/;<%&w0�+�&*-:$,<�k1�;�=?:��/��,.�/*-��5qW�%/�"!`*4�����/*-:�,�,��85GN ��=f|
=�%@:"m<*4')���/*-:�,(1<�9r_:!7K5-*4,�WCY�o  ,7,��G��:$,��@*-1�#�%&�P=<5-;��iAC;��95j�2�&:�5-;<�&*-:$,�!+��%&*4�G%&��=�*41��8'(�8,.�i=0��%
%&��=�=?:$%@�S��;fm A`;���,.�/*4�&F)tc5T�EF8AC;�*45-*4w�%&�RN ��,0��5gef�@�7p?>A@ BJY2'7��*-�>AC;
�E�8545-��!+��%&*4��=�5-;��2%&��=�*-1<�L|
'(�8,.�2AC;��

r
���

g
o�����=�%&:$w<5-#8'(��1��L!f*4�8,.�B1�:$,���54:f�8��5-��'7��,C�95T�EF��/;<1���1
�Q:��&�8*45-5-�+�/*4:$,��P1��Q;�,<�

��:$;������B=�5j�+,f|V=0�+%/��545-#854��� !��8�B;�,��BW$%/�"!`*4�&F>�8:$,<�@���+,C�&��o



�
	�� 	 �������
� ��� ���� � � � � ��� � � � 4 =

���������
	����������������������� � !"�$#�#%��&(' )+*,��-.&+/$#%�0&+�0132�1�4�5
� 6 �+��&+��782:9<;=��*?>�@"-�> >��A&3��*"B

)+*C�����$BD��#�#E�D�$��BF�G>�-H#I�����J�.2

KMLONQP�RAS�TULVLUP
TXW
SZY[T,\ ]UY�LU^
S`_aS`L8bdcUS0W[Y�e�fgY�h?i%S
X = c2ρ1/2div(δ~r)

	kj NUY�e�bAf%elc?S.R
m`n TUY[bJfoP
LURqp ��	sr
t�u S`blp �
	�r�v3uxw P
LyP
h?bAf%S`L8b=i{z m`n T"Y[bJfoP
LycUfo| m e�S.L3bJfoS.ioi%Sl}

d2X

dr2
+ K(r)X = 0

p ��	�~��3u
YZW
S`\

K(r) =
ω2

c2
(1 − ω2

l+

ω2
)(1 − ω2

l−

ω2
)

p �
	�~3t
u
KML�c m`� LUfIb�Y�f%L?RAfk}

ω2
l± =

1

2
(S2

l + ω2
c ) ± [

1

4
(S2

l + ω2
c )

2 − N2S2
l ]

12
p �
	�~
v3u

ω2
c =

c2

4H2

(

1 − 2
dH

dr

) p �
	�~3�
u

YZW
S`\
H−1 = −dlnp

dr

� S�NUf m ^
SZY[^
S�cUS.R�_dPXc?S.R�c m NQS`LUc�c?P
LU\�cUS
ωl±

	k� i��VY�NUe�P
N"Y�^
Y[bJfoP
LOc�z�P
LUcUS n T"Y�LUc
K(r) > 0

	
j iDz�f%L3b m eAfoS.TUe�cUT��XP
ioS.f%i�S`baNQP�TUe�TUL�c?S.^
e m

l
^
eAY�LUc w

S2
l

S.R�b�]"Y[hUfobATUS.ioi%S._dS.L3b�^�eJY�LUc
cUS$W[Y�L3b

ω2
c

S$b
N2 	 KML�Y�Y�ioP
eARG}



�3^ ������ � �������
	��� ��� � ��� ����� ��� ���
���

ωl+ ' Sl

N 2 o =3< Y
ωl− ' N

N 2 o =3= Y
 , %@���/%@:$;<!��754�8�B�8:$,�1<*4�/*4:$,��>1��(=�*4F8W$�8��W$�8�B1����S:$,<1��8�S1��75O� �+,0��54e`�@�(=���%25j�c'7FL�/��:`1��

p?>A@CBPo
�9��,<��5O� ���/'(:$�&=��<#8%&�+]�:$,��

Sl � ωc

����1�:$,<�(6

ωl+ ' ωc

N 2 o 2.^3^ Y
���k�&:�5-;<�&*-:$,��@�9�8:�'7=?:$%@�&�P1��9� � �8:$,���mf=I:$,<�8,.�/*4�85-54�P�@*

ω2 > ω2
c

6<54�8�J:�,�1��8��]�=�%@:�!��8,0�+,C�
1��75T�E*-,.�/F�%&*4�8;�%21��75T�EF��/:�*-5-�+]
1�:$,.�k5j�M��%&F8AC;���,��8�M���@�k*-,<��F�%&*-��;�%&�7t

ωc

,<�)�&�7=�%&:�=0��W$��,C�k=0���
10�+,��S5O� ���/'(:$�&=��<#8%&�(���S�&:�,C�S%&F W0F8���<*-�8�k=0��%B�85-54��o����c�8:$,�1<*4�/*4:$,{1��7=<*-F8W��"��W$�(1
�E;�,��7:$,�1��
����:$;��n�/*-AC;��Bt�5T�E*-,.�&F8%&*4�8;�%_1
�Q;<,��2F��/:�*-5-�>���@��1�:$,<�B1<:$,�,�F��B=���%26

ω2 < ω2
c

o



� � ��� �?�c��� �

� ��� ��� �
	�� ������������������

�������� �!#"$����%'&)('�*�*+-,/.0�213�546�54879�-%5&:+;�*&#��%'"$�=<5�-�$�8�=>2<5?@��%'&A&B!A�C��<5"D,E?/�F&#�G�-%'&)+;HI<5��J#,LK
"$���*+-��>=��&)+M%'NA�-��"O(P<5N#?E�*��4Q�R�*!#"TSU+V!#J#���-�WJ#SU('�*?E%'H#HX�Y<5�U+V!#�*?E?/��>=��&)+M<Z('�*�Y?E�*�2H#"$%'['"-S*�TJ#�
?]\8<5�O+VS*"-%'�$,E�->=%'?/%'[',E�P4��R<�H#"$S��$��&#�*�MJ�\^!A&��� �!#"_�*%'&)('�*�*+V,`.a<�!#&#�2['"V<5&AJ#�2,/&AbI!#�*&#���T�$!#"_?/���
HI<P"V<5>=c*+-"-���dJA�;?]\^SU+V%',/?E�P4

�e\8<PH#HI<5"$,/+V,/%'&fJg\^!#&�* ;!A"h��%'&)(5���*+-,/.a���O+i.0%'"$+-��>=��&)+i?E,/S��2jW?k<��*%'>lHX%'�$,/+V,/%'&f�nmA,E>=,Eo:!#�
10>lSU+n<5?/?E,E�*,/+-S5p)o:!I<5&)+V,`+VS�J�\6m#S�?/,E!#>27UpAji?k<i>2<P�-�-���U+q<5!��O+n<5JA�;SU('%'?/!A+V,`.rJ#�C?]\^SU+V%',/?E�P4

�e\^SU+V!#JA�_J#�C?k<G��%'>=Hs%5�-,/+-,E%'&M�nmA,E>=,Eo:!#��J#���a[)<5?E<utv,E���q<=>l%'&)+-"-S;oB!A�_?k<Go:!I<5&)+V,`+VS;J�\6m#SUK
?/,E!#>w���$+9['S�&AS�"V<P?E��>=��&)+aH#"-%5Hs%'"O+V,/%'&#&#�*?E?E��j=?k<Go:!I<5&)+V,`+VS;J#�_>=S*+V<5!vts4yxz?r�{tv,E�$+-�_�*��HX��&#JI<P&:+
J#�*�2��%'&#�*�C%5|}?/�i>l,/?E,/��!��*�$+;H#?/!#��"-,E�nmA�i��&}>lSU+n<5!vts4�~@<5"��Utv��>=H#?/�5p�JI<5&A�;&A%5+V"$�=�;<5?E<utv,E�Pp
?]\8<5>l<5�eJ#�*�d�q�'<5J#�*�QH#"$S��-�*&)+V�D���a�Z<5��J#�q�I['!#"$�_�:?E�*��SU+V%',/?E����J#�q?�\^<5>l<5��Hs%'�$�-c*J#��&)+d!#&A�9>=SUK
+V<5?E?/,E��,`+VSq�-!#HXS�"$,E�*!#"-�Cji����?/?E�DJ#!��v%'?/��,/?�1$�6�I���5��� ' 0.14

7�<5?E%5"-�do:!#�;?E��!A"doB!#<5&)+V,/+-S�J�\^mAS�?E,/!#>
�*�$+FHA?E!#�FHX�*+-,/+-�T1k�;�D�A48�'�'�=�$��?/%'&W?�\6���O+V,/>2<P+-,E%'&�J#�h�R�*N#"-�U+V%'&Y�U+D<5?]4s�5�'�A�'p#�����v4��'�B�_�-�*?E%'&
�*��?E?/�2J#�T~�,/&#�-%5&#&#�Z<P!#?/+i�U+G<5?]4��P�'�'�)7{4�~@<5"i��%'&A�-S�o:!#�*&)+Zpe,E?���\^<Z('c*"-��,E&)+VS*"-�*�-�V<P&:+GJg\^SU+V!#J#,/��"
H#?/!#�FH#"$S��*,E�-�*>l�*&)+C?/�hJ#SU('��?/%'H#HX��>=��&)+�J#�*�;�* �!#"-�D�*%'&)('���U+V,`.0�;�*&}.0%5&#�*+-,E%'&WJA�=?E<2o:!I<5&)+V,`+VS
J�\6m#S*?E,E!A>w�U+dJ#��?k<_>=S*+V<5?E?/,E�*,/+VSP4B�F&M��%'&#�$,EJ#c*"-��?E�*��J#�*!vt��Z<P�D�#���*?E!#,s%'|������do:!I<P&:+-,/+-S����-%'&)+
H#"$%'HX%'"$+-,E%'&#&A��?E?/�����*+q���*?E!#,�%5|��*?E?E�*�d&#��?E�D�$%'&)+aH#<5��4

�����q>l%BJ#c*?E����!A+-,E?/,E�-S*���-%'&)+a�Z<5?/��!#?/S��q<Z('���C?E�;��%BJ#�;J�\^SU('%'?/!A+V,/%'&��$+V�*?E?E<5,E"$�FJ#�_�r%'!#?/%'!#�$�UK
�D��&#cU('�213�q�����d7do:!#��&#%5!#��J#S��*"-,/(5%'&#�qJI<5&#��!#&A�;HA"-��>=,Ec*"-�DHI<P"$+V,/�54

�F<5&A�F!#&#�h�$���*%'&#J#�iHI<P"$+V,/�5pX%'&W�nm#�*"-�nm#�=j2��<5"V<P�*+VS*"-,/�-��"a?E�CJ#S*(5��?E%5H#Hs�*>l�*&)+DJ#���D�* �!#"-�
�*%'&)('���U+V,`.0�9JI<5&A�9?E�*�aSU+V%',/?E�*�qJA�;+z�BHX�_�-%5?k<5,/"-����&�.0%'&#�*+-,E%'&�J#�C?E��!A"a>l<5�-�$�C�U+9JA�_?E�*!#"���%'>iK
HX%'�-,`+V,/%'&T�nm#,/>l,/oB!A�54

�R<;+-"-%',/�-,Ec*>l�dH#<5"$+-,E�q��\6,E&)+VS*"-���$�-�Dj;?E�*!#"�,/&AbI!#�*&#���a�-!#"�?E�*��.0"$S�o:!#��&A�����QJ�\^%5�-��,/?E?E<P+V,/%'&iJ#���
>=%vJA���dH�JI<5&#�����*��S*+V%5,E?E�*��4

�F&M��%'>=HI<5"$�5p#J#<5&#�d!#&#�Do:!I<u+V"-,/c�>=�FHI<5"O+V,/�5pBJ#��!vtM>l%BJ#c�?/����HX%'�$�-S�J#<5&)+�?E���d>= �>=���Q%'NvK
�$��"$(P<5NA?E����>l<5,E�QJ#%'&)+q?E���d�O+V"$!#�*+-!#"-�*�a,/&:+-��"$&#���q�-%'&)+�+V%P+n<5?/��>=��&)+dJ#,`¡gS*"-��&)+-����4

�A�



�)� ���������
	��������������������������� "!#���	��%$��

&('
) *�+-,/.102+-04365879.;:=<?>�@=.;AB02+DC�.;<2:=.;<FE�+/GIHJ+KAFL879+NMOCPHRQDSPT
�����*%vJA��Jg\^SU('%'?/!A+V,/%'&CJA���r%'!#?/%'!#�-�{KO�D��&#cU('�Q<qSU+VS�J#S*(5��?E%5H#HsS�JI<5&A�@?/���@<5&#&#S*���r�-%',Lt#<P&:+-�UK

J#,LtHI<5"G?]\^S*oB!A,EHX�MJ#��?]\^%5N#�-�*"$(P<P+V%5,E"-�MJA�W�D��&#cU('�P4�xz?�< ��&#�$!#,/+-��SU+VS�>=%vJ#,`�ISM�*+2<5>=S�?/,E%'"$S
HI<P"Q?�\6S�o:!#,/Hs�qJ#�F�r%'!#?/%'!#�$�54v�R�9��%BJ#�9��<5?E�*!#?E�q?k<;�$+V"$!#�*+-!#"-�9�$+V�*?E?E<5,E"$�aJ�\6!#&#�9S*+V%5,E?E��J#�9>2<5�$�-�
J#%5&#&#S���j��nmI<PoB!A��SU+n<5HX�eJ#���-%'&�SU('%'?/!A+V,/%'&D�-!#"R?E<Q�-S*oB!A��&#�*�QH#"$,E&#�*,EHI<5?/�54*�F<5&#�R�*�*+-+-���-���U+V,/%'&�p
&#%5!#�@HA"-S��$��&)+V%5&#���$%'>l>l<5,/"-��>=��&)+R?/���RHI<5"-<5>lcU+V"$���rH#m)�v�$,Eo:!#�*� o:!#,:�-%'&)+@!A+V,/?E,E�$S���HI<P"@?/���*%vJA�54
�q!#,`K6UQ%'&vKz�a%)<M1]�5�'�)�57Q?E�DH#"$S��-�*&)+V�;J#�D.3<WV�%'&�H#?/!#�dJ#S*+V<5,E?/?ES*�54
X8Y[Z�Y[Z \^]`_badc�e�cgfihIjOe�]`_bk^lm]`ngjOepo`]

�e\^S*o:!I<P+V,/%'&�Jg\^SU+n<P+T�D~rqF�r�5�5�A��1tsq%'[5��"-�"u �9<Z�:.0%'&#%�(��5�'�'�'7h���$+2!A+V,/?E,/�-S���HX%'!#"=&#%'�
>=%vJAc�?E�*��4y������%BJ#�;H#"-%'HX%'�$�CS*[)<5?E�*>l�*&)+a?/���qS�o:!I<P+-,E%'&A�qJg\^SU+n<P+dv��9� 1wv�,/mI<5?k<P��pI�q!#>l>=��"*p
�dxPH#Hs�*&��zy|{|{8}I�dxPH#Hs�*&��zy|y)�'7�<5,/&#�-,goB!A�;?E<h('��"$�-,/%'&W�D~~qF��y|�A4

�a%5!#��!A+-,E?E,/�-%'&A��?/����%'H#<5��,`+VS����D~rqF��y|�T13xz['?/���-,E<5�8uDs�%'['��"$�9��yWy|�)7UpB��%5>lH#?/S*+-S����QHI<5"Q?/���
%'H#<5��,`+VS��QjhNI<5�$�-�F+V�*>lHXS�"-<P+V!A"-�FJ#��q9?E�{tA<5&#J#�*"Ku �I��"$['!#�$�-%'&Y��yWyW�#4v�R�*��<5NX%'&#JI<5&A�����d"$��?E<uK
+-,/('�*�F��& >=S*+V<5!vt��-%'&)+D�*��?E?/���FJA�G��"$�*(5���-�$�1u �q%v�*?E�h��yWy'�A4s�9��H#!A,E�FHX��!�pg?E�_�*%vJA�iHs�*"->=�*+
J#���nm#%5,E�-,/"�?E�*�q<5Ns%5&#JI<5&#�*����J#��q9�$H#?E!A&#[l�U+q<5?�4I�5�'�)�v4

�R<2�nmI<5,/&#�hH#H��*+D?/�_�*�B�*?E�G�J�9� �$%'&)+D��%5&#�-,/J#S�"$S��DHX%'!#"9?/���a"-SZ<P�*+V,/%'&#�a&B!A��?ES�<5,E"$���*4������
>=%vJAc�?E�*�G�-%'&)+T��<5?E�*!#?ES*�=<�(5���W?/���G+n<5!Bt J#��"$SZ<5�U+V,E%5& &:!#�*?ESZ<P,E"-����qq�8sq� 1tqa&#['!#?/%��U+T<5?]4
��yWy|y)7U4:�C\8<5!v+V"-�*�Q+n<P!vtlJ#�9"$SZ<5�U+V,E%5&#��&:!#�*?ES�<5,E"$���QHX��!v('��&)+d U+V"$�F�nm#%',/�-,E�q�v��<5!#['mA?k<5&�u �I%���K
?/��"D��y|{W{i<5,E&#�$,�o:!#��qdJ#��?/Ns�*"-['�*"d�*+a<5?�4g��y|y|{A4

~@%5!#"�?k<T>=%vJ#S*?E,/�V<P+-,E%'&�J#�G?k<T�*%'&)('���U+V,/%'&�p�?k<2+-m#S�%5"-,E�iJA�=?E<T?E%'&A['!#��!A"FJ#�G>lS*?k<5&A['�hJ#�
U/�5m#>GKw�F,`+V��&A�-�_1O��y)��{)7 ���$+Q!A+V,/?E,/�-S��P4B�R�q��"$,/+-c�"-�aJ#�D�B�nm��Q<5"@���-�nmA,E?EJ}1 ��y'�|�'7�J#%5&#&#�9?E<;?/,E>=,/+-�
J#�*�^��%5&#��� �*%'&)('�*�*+V,`('�*��4:����� >=%BJ#S�?/,E�V<u+V,E%5&#��J#����<5&:!A+-%�u�v�<�����,/+-��?/?E,s1O��yWyA� 7��*+ JA����<5&:!A+V%
�U+q<5?�4��zy|y|�h�-%5&:+aS�['<5?E�*>l�*&:+d<5���*���-�$,EN#?/���qJI<5&#��?/�D��%BJ#�54

������%BJ#��>=%BJ#S�?/,E�-��?�\^<P+->l%'�$H#m#c*"-��jFH#<5"$+-,E"rJ�\^!A&#��<P+V>=%'�$H#m#c�"$��['"$,E�-���-!#,`(P<5&)+e?k<q"-��?E<P+V,/%'&
J�\^�eJ#J#,/&#[5+V%5&�4

�����q���$Hsc*�����a�nm#,E>=,Eo:!#�*����%'&#�$,EJ#S*"-S*���qHs%'!A"q?/�����Z<P?E��!A?E�dJ#�*�a"$SZ<5�U+V,E%5&#��&B!A��?ES�<5,E"$�����*+aJ#�
?E<hJ#,/¡s!#�-,/%'&M�-%5&:+C�I�;py�a�5pX�9pv�;pX�hp0�a�Pp~v�[l�U+�� 10Hs%'!A"d?E����<P!A+V"$����>lSU+n<5!BtI7{4

X8Y[Z�YwX \^]`_ba�e����I]`_O_���_bn���nJ_�j�c�n�k�c�e�k�_
�9�*�QH#"$%v�*���-�$!#��H#m)�B�-,/o:!#����&A%'&2�O+n<5&#J#<5"-J#��Hs�*!A('�*&)+�<5!#�$�-,y *+-"-�9HA"-,E���*&T��%'>=HA+-�a?/%'"-��J#�

?E<h>l%BJ#S�?/,E�-<P+V,/%'&T<Z('�*�C?/�D�q�;���9p#+-��?E���

� ?E<hJ#,/¡s!#�$,E%'&M>=,E�*"-%'�$��%'H#,/o:!#��}
� ?]\8<P����"$S*+-,E%'&MJ#��H#?E<5&#SU+VS��$,E>l<5!vt�}
� ?E<h��,/"-��!A?k<P+-,E%'&T>=S�"$,EJ#,/��&#&A�D�*+�?E�*��>lS*?k<5&#[5���d?E,/S��dji?E<G"$%5+n<u+V,E%5&�}
� ?/�F>=S�?k<P&#['�F+V!A"-N#!#?/��&)+C10+V<5�nm#%B��?/,E&#�D�U+a,/&#�$+V<5N#,/?E,/+-S���+Vm#�*"->=%'mI<5?/,E&#�*�n7r}



��� ���2�d���~�d�K�
	�� �K ��d��4�8� �8�����d �� �������	/�8�%��g���dD	�������I�K�`���%�� �'�

� ?E<hHs�*"$+-�;JA�;>l<5�$�-��}
� ?]\^SU('%'?/!A+V,/%'&MJ#!�>l%5>l�*&:+q<P&#['!#?E<5,E"$�F�*+q?k<iH#"$S��$��&#�*�_J�\6%�('��"$�-m#%B%5+-,E&#[�13�U+a!A&#J#��"$�-m#%B%PK
+-,E&#[)7U4

~@%5!#"�!#&#��J#���$��"$,EHA+-,E%'&�H#?/!#��J#S*+V<5,E?/?ES��a�-�;"-SU.0S�"-�*"qj=�q!#,`K6UQ%'&vKz�a%)<�1]�5�'�)�57
������>=%BJ#c�?/���Q�O+V�*?E?k<P,E"-�*��!v+V,E?/,E�$S��QH#<5"Q?E<_�-!#,`+V�a,E&#�*?E!#�*&:+�?k<CJA,/¡s!#�-,/%'&T>=,E��"$%'�-�*%'H#,/oB!A�54Bxz?E�

!A+-,E?/,E�-�*&)+��'?]\^S*oB!#<P+V,/%'&hJ�\6S*+V<P+��D~rqF�r�5�5�A�'p5?/�Q+n<P!vtiJ#�d"$SZ<5�U+V,/%'&#�e&:!#��?/SZ<5,/"-�*�l��qq�8sq���*+�?/���
%'H#<5��,`+VS��r�D~~qF��y|�A4 �R<���%'&)('�*�*+-,E%'&C���$+R+-"V<5,`+VS���<Z('�*��?E<�+Vm#S*%'"-,/�eJ#��?E<d?E%'&#[5!#��!#"�JA��>=S�?E<5&#['�P4

�e\8<P����"$S*+-,E%'&�J#�T>l<P+V,/c�"-�G"$,E�nm#�l��& >=S*+V<5!vtf<�SU+VST,/&:+-"-%BJ#!#,`+V�GHI<5"9U�<���%P+_�U+9��<5!#�*?k<5,/"
1]�5�'�W�:7QJ#<5&#�q?E���q�;���94X�e\8<P����"$S*+-,E%'&�J#�;>2<P+-,Ec*"-��<G?E,E�*!�,E&#�O+n<5&)+n<P&#S�>=��&)+9<5!�JAS�N#!A+9J#��?k<
�$S�o:!#��&A���hH#"$,E&#�*,EHI<P?E�54y���;>lS*?k<5&A['�����$+9,E&#�O+n<5&)+V<5&#S;JI<5&#�a?k<���%'&#�CJ#�_�*%'&)('�*�*+V,/%'&W�{tv+-��"$&#�54
���9>l<P+-S�"-,E<5!l<5���*"-S*+-SF&#�a��%'&)+V,/��&)+d&#,Xm)�BJ#"-%'[5c�&#�PpA&#,sm#S�?/,E!#> �U+�?E�*�Q>=S*+V<5!vtl�-%'&)+QH#"-S*�-��&)+-�
JI<P&#��?E���d>= �>=���d"-<5H#HX%'"$+-��oB!A�;J#<5&#��?E�;�v%5?E��,/?�4

q?�\	�5['�D�*S�"-%qJ#��?k<d�-S*o:!#��&#�*�QH#"$,E&#�*,EHI<P?E�5p�?E���r<5NX%'&#J#<5&#���*�R��&_�$!#"$.3<P�����-%'&)+rJ#%'&#���AtvS��*� j
Xa

i = Xi(1+f a
i )
p'%'|

Xi

���O+�?�\^<5Ns%5&#JI<5&#�*�d,E&#,`+V,E<5?E��J#�d?]\^S*?ES�>=��&)+e,A�*+
fa

i

���$+�!#&GHI<P"V<5>=c*+-"-�
?/,EN#"$�F?E,/SDji?k<h>l<5�-�$�C<P����"$S*+-S��54

&(' & 
�������#@ >�@=.;A 0F+KE ,�'%,�'40��A�ER:=+KE 58>�.�@=: +KE 0F+ >���� + E�.�G
:���@��#+

�F<5&A�q!A&�b#!#,EJ#�D�O+V"-<P+V,`�ISDHI<5"d?E<_['"V<Z(B,/+-S5p#!A&#��,E&#�O+n<5N#,/?E,`+VSq��%'&)('�*�*+-,/('�C<5H#H#<5"V<��/+do:!I<5&#J
!#&�S�?/S�>=��&)+qJ#��bI!#,EJA�5pIHX��"$+-!#"-NXS;JI<5&#��?k<iJ#,/"-�*�*+V,/%'&�%'H#HX%'�-S*�_jG?k<i['"-<Z(v,`+VSPpy<=!#&A�CJ#�*&#�-,`+VS
H#?/!#�iHX�*+V,`+V��o:!#���-%'& >l,/?E,/��!f�*&)(v,/"-%'&A&I<5&)+Zp��-%5!#�l?]\^�U¡g�U+GJ�\6!#&#��mI<5!#�$�-��J#�M+V��>=HXS�"V<u+V!#"$�54
�F<P&#���*���Z<5�*p5?E<qHX%'!#�$�-S��dJg\ qa"-�nm#,/>lc*J#�QH#"$S�J#%5>l,/&#�5p ?�\6S�?/S�>=��&)+@J#�Q>l<P+V,/c�"$���$��>l�U+��*&i>l%5!vK
(5��>=��&)+Zp#�U+d��%5&#J#!#,`+djh!#&#�9,E&#�O+n<5N#,/?E,`+VS�JA�B&I<5>=,Eo:!#�Fo:!#,sJ#%'&#&A�D&I<5,E�$�V<5&A���Djh?E<C��%5&:(5���U+V,E%5&
+-m#��"$>l,/oB!A�54)��%'"$�eJ#������>l%5!A('�*>l�*&:+�p'?�\6S�?/S�>=��&)+�J#��bI!A,EJ#�d&�\^<�HI<5�e?E��+-��>=H#�eJ�\6S*(P<5�*!#��"��-%'&
�{tA�*c��qJ#���nmI<5?/��!#"��#,/?�S*(5%'?E!#��H#"-<P+V,/o:!#��>=��&)+a<5J#,E<5NI<P+-,Eo:!#��>=��&)+�4

xz?���<iJ#%'&A�;,/&#�$+V<5N#,/?E,/+-S9�*%'&)('���U+V,`('�;oB!#<5&#Jf�

ρ > ρad

1��v4`� 7
�e&�<5�O+V"-%5H#m)�v�$,Eo:!#�Pp@?E<��*%'&#J#,`+V,E%5&�J#�=?�\6,E&A�$+n<PN#,E?/,/+VSC��%'&)(5���*+-,/(5�M���$+CmI<5NA,/+V!A��?E?/��>=&)+�J#SUK

�*"-,/+-�DHI<5"d?/�D��"-,`+Vc*"-��J#�C�v�nm ��<P"&���$�nm#,E?/J�4yxz?�J#S��*%'!#?/�DJ#��?�\6,E&#S*[)<5?E,`+VSF�v4/�54

∂ ln T

∂ ln P
> (

∂ ln T

ln P
)ad

1��v48�'7
o:!�\6%'&�&A%5+V�;<5!#�$�-,

∇ > ∇ad

1��v4^�)7
�v,��*�;�*"-,`+Vc�"$�D&�\6���$+aHI<5�d(5S�"-,`�IS5pI?/�F+V"-<5&#�-HX%'"O+�J�\^S*&#��"$[',E���*�$+q"V<5JA,k<P+-,/. 4
�F<5&A�F!#&#�CS*+V%5,E?E�PpIJ#��!Bt �*%'&#���9H#"-,/&#��,/HI<5?E�*��Hs�*!A('�*&:+� U+V"$�_��%5&:(5���U+V,/(5���i�XJI<5&#�a?E�;�� �!#"

�U+h��&f�-!#"O.3<5��� 10?�\6��&)('�*?E%'HAHs�l��%'&)('�*�*+-,/('�Z7U4e�e\^<5H#HI<P"-,/+-,E%'&}J#�l�����k��%'&#�*�hJ#�l��%'&)('�*�*+-,E%'&<5!



�W� ���������
	��������������������������� "!#���	��%$��

�*%'!#"-��J#�F?E<;(B,E�qJ�\6!#&#�FSU+V%',/?E�qJ#S�HX��&#JMHA"-,E&A��,EH#<5?E�*>l�*&:+�J#�a�V<h>l<5�-�$�9�U+�J#�F�-<_��%5>lHX%'�-,`+V,/%'&
�nm#,/>l,/o:!#�54

����� SU+V%',/?E�*�rJA��>lSU+n<5?/?E,/��,/+-S �-%5?k<5,/"-��Hs%5�-�-c*J#��&)+�!#&_�� �!#"��*%'&)('�*�*+V,`.sj9HI<5"O+V,E"RJ�\6!#&#�Q>2<5�$�-�
J#�2�'4/��v

�

1wv�,/�nmI<5!#J �U+�<5?�4g�5�'���:7U4s�R<2+V��>=HXS�"V<u+V!#"$�i<5!W�* ;!A"D���$+;<P?E%'"$�9�-!��l�-<5&)+V�GHX%'!#"
J#S*��?/��&#�nm#�*"e?E�*� "-S�<5�*+-,E%'&#�@&:!#��?/SZ<5,/"-����J#!i�*�B��?/���J�F�h45�R�*!#"�+V<5!vt_J#�d"-S�<5�*+-,E%'&h&:!#�*?ES�<5,E"$��(P<uK
"$,E��NX�Z<5!A��%'!#H=H#?/!#�e(v,`+V�do:!#�����*?E!#,AJ#!l�U�B��?E��H#H=��&G.0%'&#�U+V,/%'&iJ#��?k<9+-��>=HsS*"V<P+-!#"-�P4)�e\^S*&#��"$[',E�
<5,/&#�-,�H#"$%vJ#!A,/+V�2��&#['�*&#J#"$�M!#&�.0%'"$+_['"V<5JA,E��&)+iJA�2+V�*>lHXS�"-<P+V!#"$�To:!#,��*&:+-"V<��E&#�T?]\8<5HAHI<5"-,`+V,/%'&
J�\6!#& >l%'!v('��>=��&)+l��%'&)(5���*+-,/.DHX%'!#"GSU(5<P��!#�*"2?�\6S�&A��"-[5,E�Y��?E���� �!#"GJ#�����*�2SU+V%',/?E���iJA�*(B,E�*&:+
�*%'&)('���U+V,`. 4

������ �!#"�J#����SU+V%',/?E���dJA�;>l<5�$�-��H#?E!A�dHs�U+V,/+-�D���O+a"-<5J#,E<P+V,`.��I�5\6���$+a?E�D��<5��J#!��v%'?/��,E?]4
q9! �$��,E&YJA������ �!#"$�D��%'&)('�*�*+-,/.0��p�?/�_+V"-<5&#�O.0��"$+�Jg\^S*&#��"$[',E�i�*�$+D+V"$c��D���l��<5���=<5,/&#�-,@o:!#�G?E�

+-"V<5&#�$Hs%5"$+aJ#�h>l<P+V,/c�"-�G�X?k<G+V��>=HXS�"V<u+V!#"$�C�U+D?k<G��%'>=HX%'�-,`+V,E%5&��nm#,/>l,/o:!#�_j=?�\6,E&)+VS*"-,/��!#"q�-%'&)+
m#%5>l%'[5c�&#�*��4

�F<5&A� ?k<9�$!#,/+-�5pP%'&hS*+-!#J#,/��?�\^<5H#HI<P"-,/+-,E%'&;�*+�?E����%'>=Hs%5"$+V�*>l�*&)+ J#�*�e�� �!#" �*%'&)('���U+V,`.0�eJI<5&#�
?/���dS*+-%',E?/���dJ#�G�'4`� v

�

jM�'4^� v
�

J#��>lSU+n<5?/?E,/��,/+-Sa�$%'?k<P,E"-�9H#!#,E�d�$!#"->=S*+V<5?E?/,Eo:!#�*��4

X8YwX�Y[Z �?j������%]`_ k�] fioIj�c����	�%�
�6j�o _O���[c��6ep]
~@%5!#"dS*+-!#J#,E�*"d?E�FJAS*('�*?E%'HAHs�*>l�*&:+�JA������ �!#"$�q�*%'&)('�*�*+V,`.0��pI,/?s�*�$+q,E&)+VS*"-�*�-�V<P&:+qJ#�F�vtA�*"d?k<

>=S*+V<5?E?/,E��,`+VSa�*+F?E<l�*%'>lHX%'�$,/+V,/%'&��nm#,E>=,Eo:!#��J#�*�F>=%vJ#c*?E�*�q�U+FJ�\6S*+-!#J#,/��"9?/��!#"q��%5>lHX%'"$+-��>=��&)+
!#&A,Eo:!#��>=��&)+a��&�.0%'&#�*+-,E%'&�J#�;?k<i>l<5�-�$�CJ#�;?�\6S*+-%',E?/�54I�R<G>lSU+n<5?/?E,/��,/+-S9J#�*�9>=%vJAc�?E�*�����$+q�AtvS��
ji?k<_(P<5?/��!#"d�$%'?k<P,E"-�P4

�R<��I['!A"-���v4`�TH#"$S��$��&)+V�M?/���C+-"V<5�*���hSU('%'?/!A+V,`('�*�iJI<5&#�h?/�lJA,k<5['"-<5>=>l�=��s�J#�T>=%BJ#c�?/���
J�\6S*+-%',E?/����JA�C>=S*+V<5?E?/,E��,`+VS��-%5?k<5,/"-�D<Z('�*�CJA���q>2<5�$�-�*�qJA,/¡sS�"-�*&)+V���*4

�F&�&A%5+V�D?]\8<5HAHI<5"-,`+V,/%'&TJ�\6!#&�J#S��*"-%B�nm#��>=��&)+a�-!#"�?E�*��+V"-<5���*�qSU('%'?/!A+V,`('�*��pyo:!#,���\^<5���*��&)+V!A�
o:!I<5&AJ�?k<�>l<5�-�$�M<5!#[5>l�*&:+-�54@xz?Q���O+GJ��j�?E<�H#"-S*�-�*&#����J�\6!#&��� �!#"_��%'&)('�*�*+-,/.9<5!��-�*,E&�J#�
?]\^SU+V%',/?E�54

�e&_�U¡g�U+Zp ?E%'"$�-o:!#��?E���� �!#"r���O+ �*%'&)('���U+V,`. p +-%'!A+@�-%'&Cm)�vJA"-%'['c*&#�Q�*%'&)+V"$,EN#!#��<5!Bt;"-SZ<P�*+V,/%'&#�
&:!#�*?ESZ<P,E"-�*��[5" �5�*�F<5!lN#"V<5�$�V<5[5�9,E&AJ#!#,/+�HI<P"Q?k<���%5&:(5���U+V,E%5&�4#�R<C�*%'>hN#!A�$+V,/%'&2JA�9?�\6m)�BJ#"-%'[5c�&#�
�*�$+9<5,E&#�$,R<5���*S�?/S�"-S*�C�U+q��?E?/���-��+V��"$>l,/&#�DH#?/!#��"V<5H#,/J#��>=��&)+qo:!#�;JI<5&#�q?E�*�qSU+V%',/?E�*�q�-<5&#�q�� �!#"
�*%'&)('���U+V,`. 4�F!I<5&#J�?]\^m)�BJ#"-%5['c�&#�2J#!�� �!#"h�*�$+GS�HA!#,E�$S5p�?]\^SU+V%',/?E�=�-�M�*%'&)+V"V<P�*+V�M"-<5H#,/J#��>=��&)+
�$%'!#�G?�\6�*¡s�*+GJ#��?E<W['"V<Z(B,/+V<P+V,/%'&�Hs�*&#JI<5&)+=!#&+V�*>lH#�h+-"-c*�=�*%'!#"O+��$!A�-o:!�\^j}?]\8<5HAHI<5"-,`+V,/%'& J#�
?E<���%'>_N#!#�$+-,E%'&J#�M?]\^m)�BJ#"$%'['c�&A�M��& ��%'!#�nmA���$%'!#�G?�\6�*¡s�*+hJ#��?�\^<5!#['>=��&)+n<u+V,E%5&fJ#��?k<�+V��>iK
HXS�"-<P+V!#"$�54@~@�*&#JI<5&)+G���U+-+-�TH#mI<5�$�5p@?k<��*%'&)+V"-<5�*+-,E%'&�H#"-%�('%Bo:!#�M!#&#�T<5!#['>=��&)+n<u+V,E%5&�['?/%'NI<5?/�
J#�M?E<�+V�*>lHXS�"-<P+V!#"$� 13JAS�H#?E<5���*>l�*&:+i(5��"$�l?E<W[)<5!#�nm#�MJ#<5&#�G?E�TJA,k<5['"-<5>=>l�l��sa72� �5\6���O+=?E�
J#S*��"$%v�nm#�*>l�*&)+9%'NA�-��"O('SP4

~@%5!#"_?/���_SU+V%',/?E�*�C�-<5&#�_�* �!#"_�*%'&)('���U+V,`. p�?E�*�_"$SZ<5�U+V,E%5&#�C&:!#�*?ES�<5,E"$���_%5&:+_?E,/��!�<5! ���*&)+V"-�
>= �>=����<5"T,/?a&�\ ��<fHI<5�TJA�WN#"V<P�-�V<P['�WJ#�W>l<P+-,Ec�"$�54�F!I<5&#J ?]\^m)�BJ#"$%'['c�&A�Y<5! ���*&)+V"-�Y�*�$+
S*H#!#,E�$S5pB?E�*�Q"-S�<5�*+-,E%'&A�Q�-�9J#S�H#?E<5���*&)+�H#"$%'['"-�*�-�$,/('�*>l�*&)+�j_?k<;?E,/>l,`+V�dJ#!T�* �!#"QJ�\6m#S*?E,E!A> &A%'!vK
(5��?E?/��>=��&)+ .0%'"$>lSa�'�5\6���O+�?E��JAS�>l<5"-"-<5['��J#�d?E<9��%5>hN#!#�O+V,E%5&iJ#�d?�\6m)�vJA"-%'['c*&#�d��&G�*%'!#�nm#�P4 q ?k<
J#,`¡gS*"-�*&#����J#�*�qSU+V%',/?E�*��<�(5���;!#&��� �!#"d��%5&:(5���U+V,/. oB!A,R<GNA"V<5�$�-S;?�\6m:�BJ#"$%'['c*&#���-!#"�?k<_+-%5+n<P?E,/+-S



��� ���2�d���~�d�K�
	�� �K ��d��4�8� �8�����d �� �������	/�8�%��g���dD	�������I�K�`���%�� �)�

���������
	��������������������� �"!�#%$�������&��(')�*&�+��,���(&��-')��#.�����"$.��$�#/�0�1� �2��$��3�546� !
�748�"!9��$.��!��3�-':� ���1���*;

�������<�
	=�>@?A��4B46� �C#�&��>�2�D':� ���1�E&�!F�HGI!��J��� K6������#%$ L���!��>�2�D':� ���1�M#/� #.���,�N&��>�HOP��#Q� $��,�:��KLR� K<��#S$.� KT&��U�HO V1W��>46� !��X&����D')�*&�+��,���D&��Y&�$ Z-���3��K6#/���U':� ���1���\[
1.1M� ] #S�H��$�#E��� K6#S$�K6!_^1`

1.12M� ] 46� $�K6#S$����,���Q^@a
1.16M� ] #S$�����#��b��� !��C#c�Q^F��#M��$�K���$d��Ke')� K6#f��K6#M� KT�g[

1.18M�

`
1.22M�

`
1.26M�

;ihj�U��� !
�lk��M&�!D')�*&�+��,��&��
1.08M�

����#I��� KRLR� K8&�!m���������-�HO �Rn
��&����M�Bk���o��$,���1���*;



�|� ���������
	��������������������������� "!#���	��%$��

J#�;�-%5&�(5%'?E!#>=�5pI?/��HI<5�-�-<5['�Cj=?E<=�*%'>hN#!A�$+V,/%'&���&���%'!#�nmA�_�-��.3<5,`+�H#"-%'[5"-���$�-,`('��>=��&)+�4sxz?R&�\ �
<iHI<5�qJ#��mI<5!A�-�-�;N#"$!A+n<5?/�DJ#�;?k<_+V�*>lHXS�"-<P+V!A"-��J#��?�\6S*+-%',E?/�h�I?k<i��%5!#"-NX��J#!�JA,k<5['"-<5>=>l�9��s
&�\^<iHI<5��J#��J#S*��"-%B�nm#�*>l�*&:+h13�U. ?/�D>l%BJ#c�?/�FJ#�G�'4^�|{ v

�

pA�I['!#"$�C�v4/��7U4
�R<��#['!#"-���v4`��>l%'&)+-"-�eo:!�\6!#&_�* ;!A"@�*%'&)('���U+V,`.I<5H#H#<5"V<��/+rjqH#<5"$+-,E"�J�\6!#&#��>l<5�-�$��J#���'4`� v

�HX%'!#"d?/���dS*+-%',E?/���dJ#��>=S*+V<5?E?/,E��,`+VSq�-%'?E<5,E"$�54
�F<5&A�9?k<i�I['!A"-�_�v4��BpX?/��"V<5H#HX%'"O+9J#�;?k<G>l<5�-�$�CJ#!��� �!#"q��%'&)('�*�*+-,/.��-!A"a?E<=>l<5�-�$�;+-%5+n<P?E�

�*�$+h"$��H#"$S��$��&)+VS*���*& .0%'&#�U+V,E%5&fJ#�T?]\ �P['�lHX%'!#";J#�*�i>l%BJ#c�?/���;J#�2>l<5�$�-���_J#,/¡sS�"$��&)+V�*��4e�F&<
<5,/&#�-,g?k<hH#"$%'Hs%5"$+V,/%'&M��&�>l<5�-�$�;JA!��* ;!A"q�*%'&)('�*�*+V,`. JI<P&#��?�\6S*+V%5,E?E�P4

�R<i��%'!#"$Ns�DJA!�>=%vJAc�?E�aJ#�G�'4^�|{ v
�

���O+q��%'&A.0%5&#J#!#��<Z('�*�C?]\8< tA�DJA���q<5N#�$��,E�$�-�*�;�I,/?g&�\ ��<
HI<P�qJA�;�* �!#"d��%'&)(5���*+-,/. 4

q HI<5"$+-,E"�J#�C�'4/��v
�

p:!#&2�* �!#"Q�*%'&)('���U+V,`.r<5H#HI<5"-<��E+�4:�A<;>2<5�$�-�a�*+��V<;+V<5,E?/?E��<5!A['>l�*&)+V��&)+
<Z('�*�C?E<h>2<P�-�-��J#!�>=%vJ#c*?E�P4

~@%5!#"9J#�*�9>=%vJAc�?E�*��J#�_>l<5�-�$���a��%'>=H#"-,/�-�*�a�*&:+-"-�l�'4/��v
�

�U+F��&)(B,E"$%'&f�54/��{|v
�

py?E�;�� �!#"
�*%'&)('���U+V,`.9&�\^<5H#H#<5"V<��/+_o:!#���$!#"h!#&#�MHX�*+-,/+-�2HXS�"-,/%vJA�TJ#�T?E<��-S*oB!A��&#�*��H#"$,E&#�*,EHI<P?E�54r~e?E!A�h?k<
>l<5�-�$�DJ#�;?�\6S*+V%5,E?E�9<5!#['>=��&)+-�5p#H#?/!#��?E�D�* ;!A"q�*%'&)('�*�*+V,`.e<5HAHI<5"V< �E+�+��5+Z4

~@%5!#"CJA���_>l<5�$�-���C�-!#HXS�"$,E�*!#"-�*�hj �'4/�z{ v
�

pR?E�G�* ;!A"_��%5&:(5���U+V,/.����$+_H#"-S*�-�*&:+_J#!fJAS�N#!A+
�$!#�$o:!�\8jG?k<_�#&�J#��?E<G�$S�o:!#�*&#���CH#"-,/&#��,/HI<5?E�P4

�F&�JAS*�I&#,`+�Hs%5!#"d?k<i�-!A,/+V�D?/����o:!I<5&)+V,`+VS*�q�$!#,/(P<5&)+-�����

��� �X?k<i.0"V<5�U+V,E%5&�J#�C>2<P�-�-�CJ�\6m:�BJ#"$%'['c*&#�54g��?/?E�;��%'"$"-�*�-HX%'&#JYj=?k<G>2<5�$�-�;+V%5+V<5?E�;J�\6m:�)K
JA"-%'['c*&#��"-�*?k<P+-,/('�*>l�*&)+�j=?E<h>2<P�-�-��['?/%'NI<5?/�9�*%'&#�-,/J#S�"$S��P4

� � �y?k<i.0"V<5�U+V,/%'&�JA�C>l<5�-�$�_J�\6m#S*?E,E!A>�4I�e?/?E����%'"$"-�*�-HX%'&#JYj=?k<G>2<5�$�-��+V%5+V<5?E��J�\6m#S*?E,E!A>
"$��?E<P+V,`('��>=��&)+�jG?k<h>l<5�$�-��['?E%5NI<5?E�a��%'&A�-,EJAS�"-S*�54

� � �@?k<�.0"V<5�U+V,E%5& J#�T>l<5�-�$�T��&S*?ES�>=��&)+_?E%'!#"$J#�_%5!�>lSU+n<5?/?E,E�*,/+-S54��e?E?/�2�*%'"-"$���-HX%'&#J j
?E<M>2<5�$�-�i+V%P+n<5?/�iJ�\^S*?ES*>l�*&:+-�C?/%'!#"$J#��H#?E!#���O+n<5N#?/���;o:!#�l?]\^mAS�?E,/!#> "$��?E<P+V,`('��>=��&)+;j�?k<
>l<5�$�-�D['?/%'NI<5?/�F��%'&A�-,EJAS�"-S*�54

�e?E?/���d�-%5&:+q"$��?E,/S��*�dHI<5"d?k<i"$��?k<u+V,E%5& ��� � � ���h��R< o:!I<P&:+-,/+-S��6�I���5����"-��HA"-S��$��&)+V�f?�\^<5Ns%5&#JI<5&#�*� ��& .0��"�"-��?E<P+V,`('�*>l�*&:+�j?�\^<5NX%'&#JI<5&A���
�*&�m)�BJ#"-%'[5c�&#�i�I�Z�5�Cpy�-%5!#�a.0%'"$>l�;?E%5[)<5"-,`+Vm#>=,Eo:!#�PpA"-<5H#HX%'"$+-S��C<5!vt�<5NX%'&#JI<5&A�����a�-%'?E<5,E"$�����
�6�I���5��� �F?E%5[y1]�I���P�F7zK ?E%'[I1]�I���5�97

�

4

X8YwX�YwX �?j������%]`_ _���e fioIj�c��	�����8��]`_
�F&��*\^,/&)+VS�"$���$�-�2J#<5&#�;���*+$+V�=HI<5"O+V,E�G<P!vt S*+-%',E?/���DJ#%5&:+C?k<M>=S*+V<5?E?/,E��,`+VS;���O+_�$!#HsS*"-,/��!#"$�2j

�*��?E?/�MJ#!��v%'?E�*,E?]4 �F& S*+V!AJ#,E��J#�*!vt �Z<5���eJI<5&A�=?/�MH#"-�*>l,/��"*pe?k<Wo:!I<5&)+V,`+VS�J�\6m#S�?/,E!#> � �*�$+
H#"$%'HX%'"$+-,E%'&#&A��?E?/�hj�?k<T>=S*+V<5?E?/,E��,`+VS^��4��F<5&#�;?E�i�$���*%'&#J�pr?k<To:!I<5&)+-,/+VSGJ�\6m#S*?E,E!A>
���O+;�vtAS*�Tj
�-<�(P<5?E�*!#"l�$%'?k<P,E"-�P4��R�*�l(P<5?/��!#"$�2J#���
�*+2� �-%'?E<5,E"$���=!A+V,/?E,/�-S��*�lH#<5"2?E<��-!A,/+V���-%'&)+2,E�-�$!#���
J#�*���Z<5?/,EN#"-<P+V,/%'&#�Q�$%'?k<P,E"-�*��J#!���%BJ#��J#���r%'!#?E%5!#�-�{KO�D��&#cU('���*¡s���U+V!#S*���9H#<5"q�F?E,/(B,/��"8s�,E�nm#<5"-J
10JI<5&#���V<h+-m#c��$��7D�A�

�

�D�A48�'�v�z�i�U+��
�

�D�A48�v��{|yA4



��� ���2�d���~�d�K�
	�� �K ��d��4�8� �8�����d �� �������	/�8�%��g���dD	�������I�K�`���%�� �)�

�������y�v4^� ���
	������������	���������� ��	 �!�#"��$�%���'&�(*)*�+)*,.-0/1��23��4653787�93:;	��+<	=��>?��4��#��4��@�A�B	=���A���!�#)*4
����<	�)��)*	 ���#)*4�4<���C���D�E��4���	����A�.FG23��4��!���+�%�H� �����C��2�IJ���@�$��	���8�)*	��LKNM�OL:QP�3��	�����	R����	��#S��#)*43>
OT&�&E���%��� U���	=��4��D��>LS8���A�WVX�#��>



�|{ ���������
	��������������������������� "!#���	��%$��

�R<��I[5!#"-�T�v48��,E?/?E!#�O+V"-�i?/�l?/,E�*&�J#�lH#"-%5Hs%'"O+V,/%'&#&I<5?/,/+-Sho:!#,Q�{tA,/�$+-�2��&)+-"-�2?E<�o:!I<P&:+-,/+-S2J#�
>=S*+V<5!vtC�*+�?k<ao:!I<P&:+-,/+-SQJ�\6m#S�?/,E!#> H#"$S��$��&)+V�*�eJI<5&#� ?/���@[)<5?k< tA,/���*4P�e?/?E���R('S*"-,`�I��&)+e?E<a"-�*?k<P+-,E%'&=�
Jv���PJ �

= 2.8 ± 0.5
10x���%5+-%�(Fu �dm:!I<5&W�5�'�W�)7U4

�����DSU+V%',/?E���aHs%5�-�-c*J#��&)+;?k<l>l *>l�CoB!#<5&)+V,/+-ShJ�\6m#S�?/,E!#> �*+FJ#�h>=S*+n<P!vtWo:!#�i?/��!#"9[)<5?k< tA,/�
m �P+V�F��<5"d��?/?E���Q�-�D�-%5&:+d.0%5"->=S�����jhH#<5"$+-,E"QJA�;?E<_>l<P+V,/c�"-�a��%'&)+-��&:!#�Cjh?�\6,E&)+VS*"-,E�*!#"�4v�R<ho:!I<5&vK
+-,/+VS9J�\^mAS�?E,/!#> Jg\^!#&A�CSU+V%',/?E�F�*�$+a<5?E%5"-�dH#"$%'Hs%5"$+V,/%'&#&#�*?E?/�Fji�V<G>lSU+n<5?/?E,/��,/+-S54

�F<5&A��?/�dJ#��!vtv,/c�>=�q��<5��p'� &#���-!A,/+�HI<5�����U+-+-�a"$��?k<u+V,E%5&�4'�e&=�*¡s�*+Zp),/?#�Utv,/�$+V�qJ#�*���*%'&#����J#�
?E<�['<5?k<utv,/��"-,/�nm#������&=>lSU+n<5!Bt=>2<5,/� HX%'�-�$S�JI<5&)+Q!#&#�q<5NX%'&#JI<5&A���q��&2mAS�?E,/!#>�HA?E!#�e.3<5,/N#?E��o:!#�
�*��?E?/����%5"-"-�*�-HX%'&#JI<P&:+�jF?]\^SU('%'?/!A+V,/%'&h�nm#,/>l,/oB!A�dJ#���e[)<P?k<utv,E�*��4'�D&G�*%'&#�-,/J#c�"$��oB!A�d?k<Fo:!I<5&)+V,`+VS
J�\6m#S*?E,E!A> J#�����*��S*+V%5,E?E�*�d���O+a�$%'?k<P,E"-�P4

X8YwX�Y�� ��c�_ ���	� c���
�fi]`ngj�]�a�e���a9��e�j��%��n�n�] �	�%]�fi]`ngj�
�F<5&A�_���U+-+-�THI<5"O+V,E�Pp�?k<�oB!#<5&)+V,/+-SlJg\^m#S*?E,/!#> J#�2&A%'�_>=%vJAc�?E�*���-!#,`+h?k<�"-�*?k<P+-,E%'& J#%5&#&#S��

HI<P"dx���%5+-% (2u��dm:!I<5&��5�'�W���#o:!I<5&AJ �W(5<P"-,E�Ppv� (P<5"-,/�D��&�H#"-%5Hs%'"O+V,/%'&�4
�R<��I[5!#"-�T�v4 ��>l%5&:+-"-�=?�\6,E&Ab#!#��&#�*�2J#�l?k<�>lSU+n<5?/?E,/��,/+-Sh�-!A"_?E�*�_�* ;!A"-�_�*%'&)('�*�*+V,`.0�T�R��?/?E�

�*%'>lH#<5"-�aJ#��!vtT>l%BJ#c*?E����J#�F>= �>=�9>l<5�-�$�G1O�54/� v
�

7UpB&#�DHX%'�-�$S�JI<5&)+�HI<P��?k<;>l *>l�a>lSU+n<5?/?E,`K
�*,/+VSq�*+Q��&T�*%'&#�$S�o:!#��&A���DHI<5��?E�q>l *>l�d�i4A�F&2&#%P+V�9o:!#�a?k<�(v,/�aJA�9?�\6S*+-%',E?/�d��\^<5?E?/%'&#['�qo:!I<5&#J
?E<h>lSU+n<5?/?E,E�*,/+-Sa�U+a?E<ho:!I<5&)+V,`+VS�J�\6m#S�?/,E!#> <5!#['>=��&)+V�*&)+Z4

~@%5!#"�JA����>=%BJ#c�?/����J#�}>lSU+n<5?/?E,E�*,/+-S��-%5?k<5,/"-�5pQ?E� �� �!#"���%'&)(5���*+-,/.=<5HAHI<5"V< �E+�HX%'!#"�J#���
>l<5�-�$���d�$!#HsS*"-,/��!#"$���q%'!MS�[)<P?E����jM�'4`� v

�

4I~@%'!A"q!A&#�D>lSU+n<5?/?E,/��,/+-Sa�U+�!#&#�F(P<5?/��!#"dJ#�9� HA?E!#�
['"-<5&#J#�*��1w���D�A4^�W�)�ApR('%5,E"_�I[5!#"-���v4 �:7{p ?E�T�* �!#"i��%'&)(5���*+-,/.a���O+lHA"-S��$��&)+=Hs�*&#JI<5&)+GH#"$���$oB!A�
+-%'!A+V�2?k<��$S�o:!#��&A����H#"-,/&#��,/HI<5?/�2�*+h�V<W>l<5�-�$�M���$+hH#?E!#�_,E>=Hs%'"O+n<5&)+-�Y1wv

cc

�|vW�D�A4^�)�'��HX%'!#"
���D�A4^�W�)�a<5!i?E,/��!_JA�d�A4^�'�W�FHX%'!#"��

�

7��PH#?E!#��?k<a>=S*+V<5?E?/,E�*,/+VSeJA��?�\6S*+-%',E?/���*�$+e['"-<5&#J#��<5,E&#�$,vo:!#�
?]\8<5NX%'&#J#<5&#���;��&YmAS�?E,/!#>�pIH#?E!#�q?k<=>2<P�-�-�C?E,/>l,`+V�5p#j2HI<5"O+V,E"�J#�_?k<5o:!#�*?E?E��!#&��� �!#"9�*%'&)('�*�*+V,`.
<5HAHI<5"V< �E+Zpv���O+aHX�*+-,/+-�54

�R<a>l<5�-�$�Q�U+ ?k<�J#!#"$S���JA��(B,E��J#!h�* ;!A"���%5&:(5���U+V,/.y(P<5"$,E��&)+�<Z('���Q?k<�>lSU+n<5?/?E,E�*,/+-S �*+�?�\^<5Ns%5&vK
JI<P&#������&�m#�*?E,E!A> J#��?�\6S*+-%',E?/�i1 �I['!#"$�_�B4 �=jiJ#"-%5,/+V�Z7U4

~@%5!#"�!#&#��>2<P�-�-�DHA?E!#��['"-<5&#J#�=1 �'4��Wv
�

pA�I[5!#"-�C�v48�'7UpA?E�F�*%'>lHX%'"O+V��>=��&)+��*�$+q?E�D>= �>=�h�
?E<2J#!#"$S��iJ#�_(B,/�h�*+�?E<l+n<5,/?E?/�;JA!}�* �!#"F��%5&:(5���U+V,/.Q<5!#[5>l�*&:+-�i<Z('�*�=?E<2>=S*+n<P?E?E,/��,`+VS54�q ���U+-+V�
>l<5�-�$�5pI,/?g���O+9HA"-S��$��&)+aHs�*&#JI<5&)+�+V%'!v+V��?k<hJ#!A"-S���J#�;?k<h�$S�o:!#�*&#���CH#"-,/&#��,/HI<5?E�P4

X8YwX�Y�� � n���nJa�ep��a9��eOj �%��n�n�] �����
��������������� ��� !#"%$'&)(*����$+�,���-���/.�01!32���4

�F&_�*%'&#�-,/J#c�"$��>l<5,E&)+V�*&I<5&)+r?E���Z<5�@%'|h?]\^m#S*?E,/!#> &#��(P<5"-,/��HI<P��H#"$%'Hs%5"$+V,/%'&#&#�*?E?/��>=��&)+r<Z('���
?E<h>lSU+n<5?/?E,E�*,/+-S54



��� ���2�d���~�d�K�
	�� �K ��d��4�8� �8�����d �� �������	/�8�%��g���dD	�������I�K�`���%�� �|y

�������A�v4 � �����������
	���'/ 	���"���>���,�)*�C2��!��,���>���������2�V I.)G�����$��> �����������
�
����4 �C�AS�4 �R"�)*4��!���

4�2������ ��7
��7�9"!$#�%'&H�+M�O�()� 7
� 9+*-,?:/.0� 7
�1!X5"243 5 ��4 �C�AS�4 �@�)*��4��������$���6���
�
:�.

�
���87"94:<;>=?��@ ��8�)*	 �Q���R�A� I �*>�>?�R��26"BA 2 	�"�)*4�,���"���� C >�2�	��A�BI �*>�>?� �D)*�#���$�%���R��� ���+)*���$����4DCW)*4 "����#)*4 ���

��� E?S��
�)*2�	 "���>RIGF�I.��>RI.)G�����$��>H�

�F<5&A��?E< �I['!#"$�f�B4 �ApQ%'& S*+V!AJ#,E� ?�\6,E&vbI!#��&A���YJ#�}?k< o:!I<5&)+-,/+VS J�\6m#S*?E,E!A> �-!A"�?E<f+V"-<5���
SU('%'?/!A+V,`('�iJ#�*�D>l%BJ#c�?/���F�U+��-!#"D?/�hJ#SU('��?/%'H#HX��>=��&)+;J#���D�* �!#"-����%5&:(5���U+V,/.0�*p���& ��%5>lHI<P"V<5&)+
J#�*!vtC>l%BJ#c*?E���RJ#��>l *>l��>l<5�-�$�5puJ#�Q>= �>=��>lSU+n<5?/?E,/��,/+-S >l<5,E�R<Z�)<P&:+ !#&#��oB!#<5&)+V,/+-SQJ�\6m#S*?E,E!A>
J#,`¡gS*"-�*&:+-�54

������>=%BJ#c�?/����Hs%'�$�-S*JI<5&)+d>=%',E&#��J�\6m#S�?/,E!#> �$%'&)+d>=%',E&#���nmI<P!#J#�d�*+Q>l%5,E&#��?E!#>=,E&A��!vt�10?k<
+-"V<5�*�aSU('%'?/!A+V,`('�q���$+QJ#S���<5?ES*�a(5��"-��?k<�J#"-%5,/+V���U+Q('�*"-��?E�qNI<5��JI<5&#��?E��J#,k<P['"V<5>=>=����sa7U4B����!#"
�* ;!A"=�*%'&)('�*�*+V,`.����O+2H#?/!#�=Hs�U+V,/+�p ,E?�<PH#HI<5"-<��E+GH#?/!#�G+n<5"$J �U+2>=%',E&A�i?E%'&#[P+V��>=H#���eHX%'!#"G?k<
>l<5�-�$����%'&#�$,EJ#S*"-S*�aJI<P&#��?E<9�I['!#"$�F�B4 �Ap)?E<F��%'&)(5���*+-,E%'&2<5!=�� �!#"����$+�H#"$S��$��&)+V�q+V%'!A+-�9<P!=?/%'&#[
J#�G?E<M(B,/�lJ#�G?]\^SU+V%',/?E�ho:!I<5&AJ}�w(5<P"-,E�G<Z(5���2��p��*�lo:!#,�&�\6���O+_H#<5��?E�G�Z<5�C<Z('�*�=� �AtvS2j��V<
(P<5?/��!#"d�$%'?k<5,/"-�P4

�F& &A%5+V��o:!#��?E<YJ#!#"-S*��J#��(B,E��J#��?�\6S*+-%',E?/�M<5!#['>=��&)+-��o:!I<P&#J�?E< o:!I<P&:+-,/+-S�J�\6m#S*?E,E!A>
J#,/>l,/&:!#�54

��������������� ��� !�$ 4 0�I $+!�!32�� 2JI 0
�F& �vtA��>l<5,E&)+V�*&I<5&)+i� j}�-< (P<5?/��!#"G�-%5?k<5,/"-�54e�v��!#?�?]\^�U¡g�U+GJ#��?E<Y>lSU+n<5?/?E,E�*,/+-S2�-!A"=?/���

>=%vJAc�?E�*� ���O+�S*+V!AJ#,ESP4:�R�*�e�I['!#"$�����v48�D�U+��v4 {�>=%'&)+V"$��&)+�?E�*� +V"V<P������SU('%'?/!A+V,`('�����U+�?E�dJ#SU('��?/%'HvK
HX��>=��&)+�J#!��� �!#"d�*%'&)('�*�*+V,`.e<Z('�*��J#,/¡sS�"$��&)+V�*�q>=S*+V<5?E?/,E�*,/+VS*��HX%'!#"QJ#����>=%vJ#c*?E�*��J#�i�'4`� �|v

��U+�J#�G�'4��Wv
�

4
F!I<5&#J�?E<h>lSU+n<5?/?E,E�*,/+-Sa<P!#['>=��&)+V�Pp#?k<h?/!#>l,/&#%'�$,/+VSqJ#�D?]\^SU+V%',/?E�9�U+��V<h+V�*>lHXS�"-<P+V!A"-�DJ#,/>l,LK

&:!#�*&:+h10�#['!#"-�*�a�v4��h�U+F�B4 {Gji[)<5!#�nmA��7U4X�R<iJ#!#"$S���J#�D(B,E��J#��?�\6S*+-%',E?/�F<5!#[5>l�*&:+-�54



�)� ���������
	��������������������������� "!#���	��%$��

�������<�
	��>@?A��4B46� �C#�&��>�2�D':� ���1�E&�!F�HGI!��J��� K6������#%$ L���!��>�2�D':� ���1�M#/� #.���,�N&��>�HOP��#Q� $��,�:��KLR� K<��#S$.� K &��M�HO V1W���46� !��E&����M')�*&�+��,��� &����B;����
�

�������A48�"!B��$.��!
�3� ')��#.�����"$.��$�#/��� [	�
�

��#�

�] �"$2W�K<�Y��� K6#%$�K6!6�Q^1`������;������ ] ��� ������������;�����^g��#�
 ����;��"!"# ] �"$2W�K<�>46� $�K6#S$����,���Q^1`������;��%$&�

] ��� �����	���'��;($)��^U��#*
 ����;($)���,+ ] �"$2W�K<�>��K@#%$��3��#��J��# 46� $�K6#��Q^1` �����;��.-,$ ] ��� �����	���'��;/-10�^U��#

����;($&�,+2! ] �"$2W�K<�>��K@#S$��3��#c�Q^�;



��� ���2�d���~�d�K�
	�� �K ��d��4�8� �8�����d �� �������	/�8�%��g���dD	�������I�K�`���%�� �#�

�������B�v4 � �G� �"����� 	 � �/ 	���"���>���,�)*�C2��!��,���>L��� ����2�V�I.)G�����$��>L���6���$5
�
�

���;���LI.���#�����C�#"����D�
� ��7
��7�9"! � ��4 "�)*4�����4�2�� . ��7
�1!X5"2 ��� ��4 �)*��4��������$��> .0� .

�
�0� 7�9 :<;>=?�  @ ��8�)*	 �'��� �A�

I �*>�>?����26"BA 2 	�"�)*4�,���"���� CL>�2�	��A� I �*>�>?���D)*�#���$�%������� ���D)*���$�%��4 CW)*4 "����#)*4 ������� E?S����)*2 	�"���>
IGF�I.��>�I.)G�����$��>H�

�R<=+V<5,E?/?E�FJ#!��� �!#"9�*%'&)('�*�*+V,`.�J#,E>=,E&:!#��o:!I<5&AJ �f<5!#[5>l�*&:+-�5py�*+a,E?R�$�C.0%'"$>l��H#?/!#�q+V<5"-J
1 �I['!#"$�;�v4��GjiJ#"-%5,/+V�Z7U4

~e?E!#�Q?k<_>l<5�-�$�DJ#!�>l%BJ#c*?E�F<P!#['>=��&)+V�PpA>=%',E&#��,E?X�T<hJ#�DJA,/¡sS�"-�*&#���*��J#�9+n<P,E?E?/�a�*&)+V"-�D?/���
�* ;!A"-����%'&)(5���*+-,/.0�a<5!vt�JA,/¡sS�"-�*&)+V����>=S*+V<5?E?/,E��,`+VS*�F1 �I['!#"$�_�B4 {GjGJ#"-%',`+V�Z7U4
X8YwX�Y�� � ���%c�n

�F<5&A���*�*+$+V�qHI<5"$+-,E�Pp5&#%'!A��&A%'!#���-%'>=>l�*�e,E&)+VS*"-�*�-�-S*�QjD?]\8<5HAHI<5"-,`+V,/%'&h�*+�j�?�\6S*(5%'?E!v+V,E%5&hJ#���
�* ;!A"-����%'&)(5���*+-,/.0�aji?�\6,E&)+VS*"-,E�*!#"�J#��>=%vJAc�?E�*�dJ�\6S*+V%5,E?E�*�dJ#�G�'4`� v

�

jM�'48�|v
�

4
�e\^SU+V!#JA�iJ#����>=%vJ#c*?E�*�9J#�i>=S*+V<5?E?/,E��,`+VS��-%5?k<5,/"-�h<T>=%'&)+V"$Sho:!�\6!#&��* �!#"F��%5&:(5���U+V,/.Q&�\^<5HvK

HI<P"V<��/+�o:!#��Hs%5!#"�J#�*�qSU+V%',/?E�*�QJ#��>l<5�-�$���d�-!AHsS*"-,E�*!#"-�*�qjT�'4/��v
�

4I~e?E!A�d?k<_>l<5�-�$�DJ#��?�\6S*+-%',E?/�
�*�$+q['"V<P&#J#�5pIHA?E!#�d,/?����O+aJAS*('�*?E%'HAHsSl13�*&�>l<5�$�-���*+q��&�J#!#"$S��;J#�D(B,E��7{4

�a%5!#�e<Z('%'&A� ��&#�$!#,/+-�QSU+V!#J#,/SQ?/�Q�Z<P� J�\6S*+V%5,E?E�*�@�$!#"->=S*+V<5?E?/,Eo:!#�*��4u�F<5&#�@!#&iH#"$��>=,E��"R+V�*>lHA��p
?E<lo:!I<5&)+V,`+VSCJ�\^mAS�?E,/!#> ���O+DH#"-%5Hs%'"O+V,/%'&#&#�*?E?E�;j2?E<l>=S*+V<5?E?/,E��,`+VSPp#��%'>=>=�C%'&YHX��!v+F?�\6%'N#�$��"O('��"
JI<P&#��?E����[)<P?k<utv,E�*��45�F<5&#�������Z<P��p:?E�d�* ;!A"��*%'&)('�*�*+V,`.��*�$+�&#�*+$+V��>=��&)+�H#?/!#��J#S*(5��?E%5H#HsSqo:!I<5&#J
?E<_>lSU+n<5?/?E,/��,/+-Sd���O+�['"V<5&AJ#�54vxz?�<5H#HI<P"V<��/+QHX%'!#"�JA���d>l<5�-�$���dJ�\6S*+-%',E?/����H#?/!#��HX�*+-,/+V�*��4#�A<_+n<5,/?E?/�
�*�$+qH#?E!A�d,E>=Hs%'"O+n<5&)+-�F�*+q�V<GJ#!#"$S���J#�D(B,E��H#?/!#�d?E%'&A['!#�54

�F<5&A� !#&i�-�*��%'&AJG+-��>=H#��pu?k<aoB!#<5&)+V,/+-SQJ�\6m#S*?E,E!A> "$���O+V�djF�-<a(P<5?E�*!#"��$%'?k<5,/"-��o:!I<5&#Ji?E<a>=SUK
+V<5?E?/,E��,`+VS�(P<5"$,E�P4'�F&h&#%P+V�Qo:!#�QH#?E!#�@?�\6m#S�?/,E!#> ���$+ ��&h.3<5,/N#?E��o:!I<5&)+V,`+VSPpP>=%',E&A�@?/���* ;!A" ��%'&)(5���UK
+-,/.d�*�$+GJ#SU('��?/%'H#HXS54�F!I<P&#J�?k<�>=S*+V<5?E?/,E�*,/+VSG<P!#['>=��&)+V� 13<Z('���2���a�

�

7{p�?E�l�� �!#"h�*%'&)('�*�*+V,`.



�:� ���������
	��������������������������� "!#���	��%$��

���������v48� � � �������
	��  / 	���"���> ��,�)*�C2��!��,���> ��� I.)G�����$��> ����������5
�
�

��,���" . � .
�

���
<�C28>��#��2 	=> I.���#�����C�#"����D��>H��� 7�9 :<;>= �  @ ��8�)*	 � ���6�A��I �*>�>?�6��2 "BA 2�	 "�)*4�,���"���� C >�2 	6�A�
I �*>�>?�R�+)*�#���$�%���E��� ���D)*���$����4 CW)*4 "��!�#)*4 ������� E?S��
�)*2 	 "���>RIGF�I.��>�I.)G�����$��>H�

���������B4 { � � �������
	�� R/ 	���"���> ��,�)*�C2 ����,���> ��� I.)G�����$��> ��� ���$5
�
�

��,���" .0� .
�

���N<�C2��
>��#��2�	=>RI.��� �����C�#"����+��>H� � 7�94: ;>= �  @ ��8�)*	 �
�����A�.I �*>�>?�E��2 "BA 2 	 "�)*4�,���"���� C >�2 	R�A�BI �*>�>?�
�+)*� ���$��������� ���D)*���$� ��4 CW)*4 "����#)*4 ���R��� E?S�� �)*2 	 "���>EIGF�I.��>�I.)G�����$��>H�



�����O�2�% �$#����� ^�� �2���������-����� ����2$�� ���(��� 9��g� �)�

"$S�['"$���-�$�i�A�-<h>2<5�$�-�F�*�$+�H#?/!#�Q.3<5,/N#?E�qHX%'!#"Q!A&#�DS*+-%',E?/�aHX��!M>l<5�-�$,/(5�5p#jhHX��!MHA"-c��d�*%'&#�O+n<5&)+V�
HX%'!#"�!#&#�aS*+V%5,E?E�qH#?/!#��>l<5�$�-,/(5�i10�-!#HXS�"$,E��!A"-�Fj=�'4`���^v

�

7{p:�*+�,/?X<5H#HI<5"-<��E+�H#?/!#��+V<5"-JlJI<5&#��?k<
(B,E�DJA�;?]\^SU+V%',/?E�P4

&('�� �rA�� <2+KAF,/+B0F< ,
	 < �NE�< � :=+KE�� ��5�"<2+KAF,/+KE
������%'>=Hs%5"$+V�*>l�*&)+�J#����%'�-�*,E?/?k<P+-,E%'&#�@Hs�*!A+� *+-"-�qJ#S��*"-,/+�<Z(5���9!A&#�q<5�-�$� �9NX%'&#&A�qHA"-S��*,E�$,E%'&

HI<P"Q?�\^<5H#HA"-%B�nm#�D<5�O�v>=HA+-%5+V,/oB!A�i13�nm#<5H#,/+-"-�h��7U4#�9<5&#���*�D�Z<5J#"$�5pv����"O+n<5,/&#���Q��%'>hNA,E&I<5,/�-%'&A�QJ#�
.0"$S�o:!#��&A�����;J�\6%'�-�*,E?/?k<P+-,E%'&W%5&:+�JA���;��%'>=Hs%5"$+V�*>l�*&)+V�D�Z<P"V<5�U+VS�"$,E�O+V,Eo:!#�*�i��?E�*�D['"V<5&AJ#�����-S*HI<uK
"-<P+V,/%'&#�a1

∆ν = νn+1,l − νn,l

7e�-%5&:+Q��%'&A�$+n<P&:+-����HX%'!#"�+V%5!A+Q&l�*+Q?XJ#<5&#�Q!A&#�9SU+V%',/?E�qjC!#&��5['�
J#%5&#&#S�})?/���eHX�*+V,`+V�*���$S�HI<P"V<P+-,E%'&#�q1

δν = νn,l−νn−1,l+2

7 �$%'&)+�o:!I<P�-,E>=��&)+��*%'&#�$+V<5&)+V�*��4B�F<5&#�
?E<�"-S�<5?E,`+VSPp�?/����%5>lHX%'"$+-��>=��&)+TJA���T.0"-S*o:!#��&#�*������\6S���<5"$+-�YJ#! �Z<PJ#"-� <5�O�B>lHA+-%5+V,/o:!#��J�\6!#&#�
>l<5&#,/c�"-�Go:!#,�Hs�*!A+CJ#%'&#&#�*"_J#�*�_,/&A.0%'"->l<P+-,E%'&#�9,E>=Hs%'"O+n<5&)+-�����-!#"C?k<��$+-"-!#�U+V!#"$�2,E&)+-��"-&A�2J#�
?]\^SU+V%',/?E�54���&�HI<5"O+V,E�*!#?E,/��"*p�?k<M(P<5?E�*!#"CJA���_HX�*+-,/+-���;�-S�H#<5"V<P+-,E%'&A�C�*�$+h��<5"V<P�*+VS*"-,/�$+V,/o:!#�lJA���h"$SUK
[',/%'&#�D�*��&)+V"-<5?E�*�;JA�=?]\^SU+V%',/?E�P4�����!#"�SU+V!#J#�GHX��!A+;HX��"$>l�U+-+V"$�GJ#�G>l%'&)+-"-��"D?E<MH#"-S*�-��&A���2Jg\^!#&
�* ;!A"a�*%'&)('���U+V,`.�<5,E&#�$,RoB!A�_���*?E?/�CJ�\6!#&��� �!#"9Jg\^m#S*?E,/!#>�4y�R<GJ#,E�$��%'&)+-,E&:!#,/+-SCJA�_��%5>lHX%'�-,`+V,/%'&
�nm#,/>l,/o:!#�d��&#[5��&#J#"$S��Dj�?E�*!#"e.0"-%'&)+-,Ec�"$��H#"-%�('%Bo:!#�9!A&#�q(P<5"$,k<P+-,E%'&i"-<5H#,/J#��J#�q(B,`+V���$�-�aJ#!2�$%'&�p
o:!#,r&�\6���$+FHI<5�9HA"-,E�$�_�*&W��%'>=HA+-�CJI<P&#�F?�\^<5H#HA"-%B�nm#�_<P�$�B>lHv+V%5+-,Eo:!#�54g�v,r%'&W?]\^,/&:+-"-%BJ#!#,`+�JI<5&#�
?/���=S�o:!I<P+-,E%'&#�lJ#���=.0"-S*oB!A��&#�*����pd?/���=Hs�U+V,`+V���l�-S*HI<5"V<u+V,E%5&#�lHA"-S��$��&)+V�*&)+�!#& ��%5>lHX%'"$+-��>=��&)+
%'�$��,/?E?k<u+V%',/"-�54

�Q�*+$+V�FH#<5"$+-,E�9HA"-S��$��&)+V�D?]\^SU+V!#JA�5pvj_+V"V<Z(5��"-�QH#?E!#�$,E�*!#"-��>l%BJ#c�?/����J�\^SU+V%',/?E�*��p:J#�F?]\^,/&AbI!#�*&#���
J#!l�� �!#"��-!#"�?E����.0"-S*o:!#��&#�*���dHX%'!#"�Hs%5!A('%',/"�?E�q�Z<5"-<5�*+-S�"-,/�-�*"Q?E%5"-��J�\6%'N#�-�*"$(P<P+-,E%'&#�Q<5�$+-S�"$%'�-,/�OK
>=%'?E%5[',Eo:!#�*��4

X8Y���Y[Z ���9]Ij4k^lm��n�]��#c�e �[c�j��%��n epc�a �%k�]�k�] �%c�� � j�]`_�_O]�k�� _O��n _O��e �%]`_
� epo �/��]`n��r]`_

�e\^,/&AbI!#�*&#����J�\6!#&#��(P<5"-,E<P+V,/%'&T"-<5H#,EJA�DJ#��?k<_(B,/+-���-�$�CJA!��$%'&�<=SU+VS�S*+-!#J#,ES*��HI<5"�q9!AJI<5"-J
u ~e"-%�('%5�$+���y|y��h�*+Ks�%ZtvN#!#"-[5mFu ��%5"-%'&)+V�$%�(W��y|y��_�*+F��y|y|yApv<5,/&#�-,Xo:!#�DHI<5"d~e"$% (5%'�$+��*+�<5?]4
��yWy'�h�-!#"��5!#HA,/+V�*"�4

����!#"�J#S*>2<5"$�nm#�9�*%'&#�$,E�$+-�Fj;"-��HA"-��&AJ#"-�a?�\^<5&I<5?`�v�$�q<5�$�B>=HA+V%5+-,Eo:!#�qJ#�9�@<5�$�-%'!#?�1O�zy|{'�)7 ��&
�*%'&#�-,/J#S�"-<5&)+9o:!�\6,E?R�{tA,/�$+-�hjl?E<G.0"$%'&)+V,/c�"-��J#!��� �!#"q!#&#�C(P<5"$,k<P+-,E%'&�"-<5H#,EJA�;JA�_?k<i(B,/+-���-�$�_J#!
�$%'& 10�*+�J#��?E<G�*%'>=Hs%'�$,/+-,E%'&T�nmA,E>=,Eo:!#��7{4I�e?E?/�F���O+a��<5"V<P�*+VS*"-,/�-S���HI<P"q?/�DHI<5"-<5>lcU+V"$�i�

α =
(ρc)− − (ρc)+

(ρc)− + (ρc)+

1��v4 �:7
�e\^,/&#J#,/��� − %'!

+
,E&#J#,/o:!#�Q?E<a(P<5?E�*!#" J#��?E<9['"-<5&#J#�*!#" ��%5&#�-,/J#S�"$S��d"-�*�-HX���U+V,/(5��>=��&)+�<Z(5<P&:+

�U+q<5H#"-c*�a?E<hJ#,E�$��%'&)+-,E&:!#,/+-S54I�R<h(B,/+-���-�$�CJA!��$%'&��*�$+q&#%5+-S����5pI?E<hJ#��&A�-,/+-S
ρ
4

�v,
α = 0

p�,/?d&�\6� <}HI<5�2JA��(P<5"-,E<P+V,/%'&"V<5HA,EJ#��J#��?k<}(B,`+V���$�-��J#! �-%5& ��%'&�"$�*+V"$%'!A(5�
?]\^�{tAHA"-���$�-,/%'&�JA���d.0"-S*oB!A��&#�*���9JA%'&#&#S*�CHI<P"d��<5�$�-%'!A?�1O��y|{5�)7U4

�v,
α
���O+Q&#%5&2&:!#?�p)?E<;JA,E�-�*%'&)+V,/&B!A,/+VSd,/&)+V"-%BJ#!#,`+�!#&l+-��"$>l���-,/&:!#�-%���JI<5?]p)J�\8<P>lH#?/,/+-!#J#�

α
�*+

J#�CH#mI<5�$�
ηn,l

psJ#<5&#�F?]\^�{tAHA"-���$�-,/%'&WJ#�*�9.0"-S*oB!A��&#�*����<5!W�$���*%'&#JY%'"$J#"-�T1tq9!AJI<5"-J u ~e"$% (5%'�$+
��yWyW�:7a�



�|� ���������
	��������������������������� "!#���	��%$��

ν
(2)
n,l ∼ (n′ +

l(l + 1)A1 + A2

νn,l
)ν0 −

α

π
ν0 sin(ηn,l)
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4π2n′
A1 −

2αν0

π
sin

(2l + 3)A3
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[

n′

N
− l
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4π2νn,l
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eff (K)

?E%5[i[ �6�I���5��� s��*.0��"$��&#�*�
�)�'�'� ± �5� �#4 �A� ± �A4/�z� �A48�W� ± �A4^�|� �A<5&)+V%'���U+q<5?�4y�P�'�W�
�A���|� ± �W� �#4 �:� ± �A48�'� �A4`��y ± �A4^�'� �D%'& ��<5?E���F�*+a<5?]4y�5�'�A�
�'�|y)� ± �|� �#4^�W� ± �A48�W� �A4`�'� ± �A4^�'� ��,E�$�nm#��"�u ��<5?/��&)+V,��5�'�)�

,/&:+-��"O(5<P?E?E�GJ#�=+V�*>lHXS�"-<P+V!#"$���*p�&#%'!A�_%'NA+-��&#%5&#�hHX%'!#"_?E<��*%'"-"$���*+-,E%'&fNs%'?/%'>=S*+V"$,Eo:!#����Ud�
=

−0.023±0.01
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v
bol,� = 4.746

4y�F&���&�J#S*J#!#,/+q?E<h?E!#>=,E&#%5�-,/+-S9J#�
ι
�a%'"D�I?/%'[G�r�5�

� = 0.219 ± 0.024
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7�$I2��J'�����ZV�G'����J5
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ZI.�ZV��2�$%&�+�Z !a#.$%hE3���9*!K5%!K2�#�$%hE3��<hG3H�>5%���_+�#���$%5I��� '��>54/ !KZ !K� ��$%��& hE32/ ��5%5I���_&5/ ��&jel!K��� ��&*#(7D!K�
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−1 �-#�O �
B.R � � ZM\ �

−1 k �n!KZ !K� N ��#�!K5 \1WK[�[ � m-Q8!4����2 H 5P! 2���ZV7 ����!K&*#.� 'H$%��$I9�+��6��������5I�/2���&*#.���Y'H� 5P!
L6!K5P!9,H$I�_�-#dO 2���5I5%��'H$%��$I9�+�� 'D!K&�� 5%!,'�$%� ��2-#.$%�K&Y'��J���K#.!"#.$I��&Y'��J5%!6L !K5%! ,C$%�"\K��!>2�$I&�+�Z !"#�$%hE3��
'���� +-#.��$I5%���d'���2���2���3���!K&*#_��� # ��& ZV� N ��&�&�� ��H � Bq& � � ZM\ �

−1 �-# O � B R � � ZM\ �
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�-# !K5 \KWK[�[CR�Q��<����'H� #.� �C��Z �-#A!K5 \KWK[�[V(Em-\"],��3�,Y�-,C7�5I$%2�!"#.$I��&�� �S,C$%� #���&*#��K� ��$I# 54/ +�#���$%5I�_!�!K2�hE3�$%�
2���#�#���2�$I&�+�Z !"#.$IhE3��,� ��3��J54/ ��0 ��#�'��>eg����2��>'���Z !K��+����J7�� +�� ��&*#.���<'�!K&��J5P! O ��$%����!K2-#.+��������K$I#
��5%5%�,�K/ ��� #(eg��� Z +���!4����2�50/ !KZ !K� '���� )<N !K'������-#(��&�! +�#.+6� +�7D!K� +��6��3H$I#.�:7Y'����(2���5I5%$%� $%��&H� ��3
'����_$I&E#�+���!K2�#�$%��&�� #.�K3H#���&j2���&H�����b�"!K&*#J������7����K7���$I+�#.+��_2�$%&�+�Z !"#�$%hE3�����\G]>!K&��_2��,2�!K��QC54/ +�#���$%5I�
! 5%! Z1.�Z �>2���ZV7 ��� $I#�$%��& 2 :�$%ZV$%hE3���hE3���5I���J+�#���$%5I����'H��54/ !KZ !"�6klZI.�ZV�>ZV+�# !"5%5%$I2�$F#.+KQ*ZI.�ZV�
�"!K5I��3���'��	� \F\I\ m��-#�5%��Z1.�Z ��
K9��K\ = 5 �Q/ !4��c���� !K5I������$%&*#.+��������.!"&E#6'5/ +-#.3�'�$I���>5I���,eg� +�hE3���&�2����
'2/ ��� 2�$%5I5P!"#�$%��&H�^'2/ 3�&jZV�C'�c�5%�(78����� +�'D!K&*#J5I���A24!K��!K2�#�+�� $%� #�$%hE3����_'���� )<N !K'�������#_'��,5I�<2���ZV7D!aB
� ���(!K3�, ��������� �"!"#�$%��&���\

��/ !"Z !K� '���� )(N !K'H���(���b#(3�&�!KZ !K�_��3C�����b#�
K9�+>'H� �
625± 50

Z $I5%5%$I��&��d'2/ !K&�&H+�����k ? ��� B
� N Z !K& �-# !K5 \	RUT�T � m�1��&*#.���

500
�-#

650
Z $I5%5%$I��&��J'2/ !K&�&H+���� kl���������-#.��&S�-#6!K5 \1WK[�[CR m�

700ZV$%5I5%$%�K&�� '2/ !"&�&�+���� k @ !K5%!K��$I����#�!K5 \DWK[�[V(Em-\
@ ! Z +-# !K5I5%$I2�$I#�+,��� #<'���&�&H+��/7�!K� � � �D� � )�� � 0.14 ± 0.05

'��-, k0@�! N � ��5�'�� @ #.� ��� ��5���#�!K5 \
RUTKT � ��# ? ��� � N Z !"&��-#�!K5 \"RUT�T � m-Q � �D� � )�� � 0.144±0.013

'��-, k L6� ��&��K& WK[�[�[*moQ � �D� � )�� � 0.13±
0.01

k ? !K3�5I����& �-#S!K5 \,W"[�[ &*m m-\!@_��� �"!K5I��3�� � ���K&E# 3�&�� ZV� N ��&�&�� 78��3���54/ ��&�� ��Z ��5I� '����
)(N !K'���� �*5%!�Z +-# !K5I5%$%2�$I#�+ '���� +-#.��$I5%���d$%&�'�$F�G$%'�3���5%5I���^7�� +�� ��&*#.�<3�&��(el!K$%�H5%��'�$I��78��� ��$%�K& k ����$I� 5%�
#.!K��5%��!K3 � '�� ? ��� � N Z !"& ��#�!"5 \�RUT�T � m-\ ;>& 2��K&�� #.!"#.��hG3H� 5%���,ZV+�# !"5%5%$I2�$F#.+�� #.���K3H��+�����78��3��
ι ) ���J� ��&*#<2���ZV7D!"#�$%��5I���J!4����2�2���5I5%��'2/ 3�&��6+�#���$%5I�>'���� )(N !K'�����\

]>!K&H�_5P! 7D!K�b#.$%�(7�� +�2�+�'���&E#��KQ��K& ! �G3jhE3���5P!�9K�.!K&�'H��� +�7D!K��!"#.$I��& 'H�,2��-#�#��,+�#���$%5I��7/3�&��
�"!K5I��3���'��

120µ ) MKQ	'2/ !"7���c�� 5%��� ����� ��� �"!"#�$%��&H��\�����3��/2 :���� 2 :���&�� '����YZ �G'�c�5I���/!U�K��2 3�&H�
#���5%5I�>9���!K&�'��6��+�7D!K��!"#.$I��&�hG3H$�!98 3�� #���&*#,!K3�Z $I��3�,j5%����eg� +�hE3���&�2����,����� ���b��+�����\

���K3���+�#�3�'�$%�K&��>'�����Z �G'�c�5I���,!U�K��2Y'�$F01+�����&E#���� !K�8��&�'D!"&�2����>'2/ :�+�5I$%3�ZM\1],!K&���3�& 7�� �-B
ZV$%���,#.��Z 7���Q�&���3��62���&���$I'�+�� ��&�� hE3�� 54/ !K� �K&�'D!K&�2�� '2/ :H+�5%$I3�Z !"3�9�ZV��&*#.� !4����2 5%!jZ +-# !K5I5%$FB
2�$I#.+"Q���3H$I�"!K&*#(5P! 5I��$1'2/ ��&H��$%2 :H$%��� ��ZV��&*#<'����<9*!K5%! ,C$%����\ = � �K#.�U��� JJ:E3D!K& k WK[�[V(Em '���&H&���&*#<5P!
� ��5P!a#.$%�K&��D'�� �a'��

= 2.8 ± 0.5
\
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5I$%3�Z 'H��� )(N !K'���� ��� ��[H\ W � ��kl������� ��#.�K& ��#�!"5 \ WK[�[HRUm(�-#�� ��[H\ W � Rjk ? $%&H����&�&H�4!K3�5F#,�-#�!K5 \
WK[K[ &*m-\ @ $ ι ) ���>�K/ ���b#6eg����ZV+��Y!4�K��2 54/ !KZ !K�,'���� )<N !K'�����Q�� !j5P! ZI.�ZV�/�"!K5I��3��>hE3��Y2���5I5%�
'��650/ !KZ !K��\
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#.!K5%5I$%2�$F#.+J���C#.��&E3���7�!K� � $I��2 :������ OA!"5%��&*#�$^k WK[�[ ��m 7 �K3��

ι ) �K� m-Q � �n� � )�� ��[H\FRUT klZV+�#.!K5%5I$%2�$I#.+
���C#.��&E3��(7D!"� L6�K&�M4!K5I�KM��-#A!K5 \�k WK[K[HR mf78��3��

ι ) ��� m �-#�� �D� � )�� �6[C\IRr(VkgZ +-# !K5I5%$I2�$I#�+ '��J54/ !KZ !K�
'���� )<N !"'����.m-\
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]>!K&H�<2���2�!K��QD5%! hE3D!K&*#.$F#.+6'2/ :�+�5I$%3�Z '�+�78��&�'M'��65P!YZV+�#.!K5%5I$%2�$F#.+<'��654/ +�#���$%5I� �
• ? ��3H��� �D� � )�� ��[H\FR�R�Q � ��[H\ W ��� � \
• ? ��3H��� �D� � )�� ��[H\FRr(�Q � ��[H\ W � WK[H\
• ? ��3H��� �D� � )�� ��[H\FRUTHQ � ��[H\ W �M� TH\

? �K3��/2 :D!"hG3H�jZ +-# !K5I5%$I2�$I#�+KQ8&���3���2 :���� 2 :���&��Y5I��� Z �G'�c�5%��� hE3�$A7 ��� ��c�'���&*#Y3�&H� 9���!K&�'��
� +�7D!K��!"#.$I��&/'H�

120µ ) M"\E@_:D!KhE3��JZV�C'�c�5%�A7D!K� ����7D!"� 5P!(�"!K5%��3��
∆ν = 120µ ) M67,3�& 
K9��_'H+-B

#�����ZV$%&H+K\N= 5n���b#_Z !K� hG3H+�7D!"�A3H&���2�����$ ,��
+ �

��3H� 5%!�i�9�3�����&H\FR W:7 9*!"3�2 :��<'D!K&�� 5P!KhE3���5%5%�_5%���
#��.!K2����d+��K��5%3C#.$I�K��� '��(7�5I3���$I��3�� �dZ �G'�c�5I���^� ��&*#A����7H��+�� ��&*#.+�����\H����� �8� G%#����^'5/ ��������3����A���K&E# 5I���
ZI.�ZV���^hE3��('D!"&�� 54/ +�#.3H'��J7���+�7D!K��!K&*# 5%���d�K������� �"!"#.$I��&�� �EL���&�M�!K5%�QMJ��#A!K5 \*WK[K[HR kg#���$P!"&�9�5%��� moQ
@ !"&E#����_�-#(!K5 \HW"[�[�(�kg5%����!K&�9���� m-Q � $I��:���� � OA!K5%��&*#.$1WK[�[ � k !K�b#.+�� $%� hG3H��� m,kg���K$%� #.!K��5I�4!K3c&C\IR mo\

? !"��ZV$`5%���<ZV�G'�c�5I���J78��3��(5%����hE3���5I�
∆ν = 120µ ) MYQD3�&M����3H5f! 8 3�� #��/!K3MZV$%��3�, 5%���(7 �oB

#�$I#.��� ��+�7�!K�.!"#�$%��&H�A�K������� ��+���� ��# 5%�J'�$%!K9��.!"Z ZV��+�2 :H��5%5I�K\E]>!"&�� 2���2�!K��QE5I�JZ �G'�c�5I�(! ��&*�C$I����&
50/ 
K9K� '���� )<N !K'�����\ ]>!K&H� 5%�V# !K��5I�4!K3 &H\ � Qf5I� ZV��$I5%5%��3��6Z �G'�c�5%�V7 ��3H�/2 :D!KhE3�� ZV+�#.!K5%5I$%2�$I#.+
��� #<7���+�����&E#�+jkgZ �G'�c�5%����� R�Q � WY��#�� &*mo\C= 5����b#�5I�C2�!K5%$I��+�7D!K�(3�&��62�� ��$ ,�� ⊕ � ��3��(5%!Yi�9�3����
&H\FR WC\

��!/iD9�3�� � &H\IRr& Z ��&*#����>5I���J78��#.$F#.���J��+�7�!K�.!"#�$%��&H��'��62����<ZV�G'�c�5I���_78��3��J2 :�!KhE3�� � �D� � )��2���Z 7�!K��+����>!"3�,���������� �"!"#�$%��&���\ ;�& �.!K7�78��5I5%�654/ �-,C7�� ��� ��$%�K& '�����7 �-#.$F#.����'�$I0 +�� ��&�2���� �
δν =

δνn,l − νn−1,l+2

\ 3 5I5%����� ��&*#�����&���$I��5%��� 7 54/ 
K9�� '�� 50/ +-#.��$I5%���87�5%3���54/ 
K9�� ���b#�9��.!"&�'`Q87�5%3���5P!
�"!K5I��3��J'����,78��#�$I#.���(��+�7�!K�.!"#�$%��&H�<'H$%ZV$%&E3��K\�����3��(�K!"5%��3H�<'H+�78��&�'M#.��c���78��3�'�� 5P!YZ !"����� '��
50/ +-#.��$I5%�K\

�����>'H$P!K9���!KZVZ ���<+�2 :���5I5%� 'H� 2����>Z �G'�c�5%��������&*#�2���ZV7D!K��+���!K3�,�'�$%!K9���!KZ ZV���<+�2 :H��5%5I���
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Abstract. Planet host stars present an average overmetallicity compared to stars without
planets. This could be due to primordial overmetallicity or to accretion of hydrogen-poor
matter during planetary formation (see Bazot and Vauclair, 2004) . Here, we study the solar-
type star HD17051 for which a planet has been discovered. We compute overmetallic and
accretion models to make predictions for future observations.

HD17051 is a G0V star with an apparent
magnitude V=5.40 and a parallax π = 58(0.55)
mas. A planet around this star has been discov-
ered by Kürster et al.(2000).

In this study, we compute stellar models
with the Toulouse-Geneva code which uses the
mixing length theory for convective zones.

In a first part, we compute overmetallic
models and in a second part, accretion mod-
els. Finally we study the effect of varying the
mixing length parameter.

For the effective temperature and metallic-
ity, Santos et al.(2004) give Te f f = 6252 ± 53
and [Fe/H] = 0.26 ± 0.06, while Gonzalez
et al. (2001) give Te f f = 6136 ± 34 and
[Fe/H] = 0.19 ± 0.03. Both use spectroscopy
with the analysis methods and linelist de-
scribed by Gonzalez and Law (2001)).

The luminosity is obtained using a bolo-
metric correction BC from Flower (1996). We
find: log L/L� ∈ [0.194, 0.24].

We first consider the error box of Santos et
al. The models presented in Figure 1 are over-
metallic and computed with [Fe/H] = 0.26,
α = α� = 1.8. We study two cases for the
Y value: either Y follows the relation with Z

found for galaxies (Isotov& Thuan, 2004) or Y
has the solar value. As we can see in Figure 1,
no model computed with this parameters enter
the error box.

We consider now the error box of Gonzalez
et al (Figure 2). Here [Fe/H] = 0.18 (smaller
than the Santos et al. value). It is possible to
find overmetallic models for HD17051 lying in
this error box.

Now we compute models with the accretion

Fig. 1. Evolutionary tracks for overmetallic mod-
els (Santos et al. error box): 1.3M� (up), 1.28M�,
1.26M� (down) with Y = 0.3 (red) and [Fe/H] =
0.26. Magenta:same masses but with Y = Y�
([Fe/H] = 0.26). α = α�

.
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Fig. 2. evolutionary tracks for overmetallic models
(Gonzalez et al. error box) 1.19M� (blue),1.17M�
(green) and 1.16M� (red). Here [Fe/H] = 0.18 and
α = α�

Fig. 3. Evolutionary tracks for accretion mod-
els:red: 1.18M�, [Fe/H]i = [Fe/H]� (interior),
[Fe/H]s = 0.2 (surface), magenta: 1.19M�,
[Fe/H]i = 0.10, [Fe/H]s = 0.22; green: 1.17M�,
[Fe/H]i = 0.05, [Fe/H]s = 0.2, blue: 1.19M�,
[Fe/H]i = [Fe/H]�, [Fe/H]s = 0.2. For all α = α�

scenario: [Fe/H] is solar in the star except in
the convective zone where we have the Santos
et al [Fe/H]. Figure 3 displays evolutionary
tracks for accretion models. Unlike the over-
metallic models, they cross the Santos et al.
error box, just at the beginning of the main-
sequence: HD17051 is a very young star.

We now change the mixing length param-
eter value for the overmetallic models to see
whether it can help reconciling the evolution-
ary tracks with the spectroscopic observations.
For models with 2.0 ≤ α ≤ 2.2, the evolu-
tionary tracks cross the Santos et al. error box
(Figure 4). The mixing length parameter is then
an important element in our study.

In conclusion, HD17051 is a young
G0V planet-host star. With a mixing length
parameter α = α�, no overmetallic models

Fig. 4. Evolutionary tracks for overmetallic models
for 1.19M� stars with differents values of α and with
[Fe/H] = 0.26

lie in the Santos et al. error box while only
extremly young models cross the Gonzalez et
al. one. On the other hand, models computed
with accretion may cross the two boxes. With
α = α�, the accretion scenario is more adapted
to the observed parameters.

Overmetallic models can be reconcilied
with the Santos et al. error box only if α > 2.

In the future, we will compute the oscil-
lation frequencies of these models to provide
asteroseismic predictions for this star.
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