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La réhabilitation d’un désastre, I’abaissement des détecteurs d'un avion en vol, le traite-
ment de la progression des bagages aux aéroports, 'arrivée de soldats dans un territoire
étranger, le controle d’un environnement et des habitats, I’équipement d’une maison en
électroménager, la circulation des véhicules sur la route, et 1’étiquetage des animaux. Tous
ces événements ont un point commun : ils profitent amplement du déploiement des réseaux
ad hoc.

Cette these a pour objet I'étude de la mobilité sur la performance des réseaux ad hoc
mobiles. Nous nous concentrons en particulier sur I’étude du délai d’un message.

D’abord, nous définissons le type des réseaux auxquels nous nous intéressons, puis nous
regardons la mobilité dans ces réseaux.

Un Réseau Ad Hoc Mobile

La définition d’ad hoc donnée par Le Petit Larousse est la suivante :
Ad hoc (adjectif): Qui convient a la situation, au sujet.

Un réseau ad hoc est un réseau de télécommunication établi malgré l’absence d'une
infrastructure fixe. Des raisons de I'absence d’un réseau fixe peut étre 1’éloignement d’une
région, par exemple dans le cas des animaux étiquetés ou des soldats dans un territoire
étranger, ou bien il se peut qu’il soit indésirable, impraticable, ou simplement trop cher
d’installer un réseau fixe.
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I'idée qui fait la force d’un réseau ad hoc est que I'information peut passer d’un nceud
a un autre par différents nceuds. Un neeud peut représenter une personne, un portable, un
capteur de mesure, ou un dispositif électronique ayant la capacité de communiquer avec
d’autres capteurs par des transmissions radio. Le fait que les réseaux ad hoc soient devenus
si populaires au cours des derniéres années est du a leur facilité de déploiement, leur cout
abordable, leurs avancées technologiques récentes, la réponse a un besoin (notamment apres
des attaques terroristes), et 'utilisation répandue d’instruments électroniques. On trouve
constamment de nouvelles applications pour les réseaux ad hoc et la recherche dans ces
réseaux est un domaine tres vivant.

Les capteurs peuvent consister a n’étre que des détecteurs qui sont créés dans le seul but
de rassembler et de transmettre des données (les réseaur de capteurs). Les capteurs peuvent
aussi faire partie d’un dispositif intégré comme un ordinateur portable ou un téléphone
portable. Dans chaque cas, nous avons des messages qui doivent étre envoyés d’un capteur
a un autre.

Les utilisations des réseaux de capteurs sont nombreuses et semblent ne connaitre
presqu’aucune limite. Ils ont été utilisés pour mesurer une activité sismique, controler les
bagages aux aéroports [20] [29], et les activités environnementales [81] [38], militaires [81]
[38], et agricoles [30]. D’autres exemples d’utilisations sont les systemes d’entretien pour
Iidentification du réservoir-remplissage ou du composant-remplacement, et la régulation du
processus en temps réel pour I'automatisation industrielle. Si nous jetons un coup d’oeil a
la surveillance d’habitat, les capteurs peuvent étre utilisés pour :

e capter des microclimats

e surveiller les comportements des animaux

e identifier des changements d’habitat

e identifier des événements saisonniers peu communs (comme la migration des oiseaux)
e détecter les feux et empécher leur expansion

e détecter les des secteurs contaminés et puis sonner des alarmes

e fournir des directions et des informations aux visiteurs.

Réseaux Ad Hoc Mobiles

Les neeuds dans les réseaux de capteurs sont souvent stationnaires et le transfert des données

dépend de la construction des routes multi-sauts ou des infostations [32] [88]. A Topposé
de ces réseaux il existe les réseaux ad hoc mobiles (MANET), dans lesquels les noeuds sont
mobiles. Cette mobilité peut étre exploitée pour le transfert des données d’'un nceud a un
autre, en particulier si les nceuds dans le réseau ne sont pas réellement connectés. L’étude
de la mobilité est le sujet de cette these.
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La connectivité d’un réseau est déterminée principalement par la distance entre les
noeuds. Une propriété des réseaux ad hoc mobiles est que les connections entre les nceuds
sont continuellement établies et rompues. Une représentation est donnée par un graphique
de recouvrement (overlay graphs) montrant les noeuds qui sont connectés les uns aux autres.
D’autres réseaux similaires aux réseaux ad hoc mobiles et ayant aussi des représentations
graphiques de recouvrement sont les graphes petit-mondes (small-world) et les réseaux pair-
a-pair. Dans ces réseaux les connections entre les nceuds sont également établies et rompues
et les données sont passées d’un nceud a un autre, en utilisant, quand cela est possible,
d’autres noeuds comme relais. Il y a cependant des différences qui séparent les réseaux petit-
mondes et pair-a-pair avec les réseaux ad hoc et qui valent donc la peine d’étre expliquées:

e Le phénomene petit-monde est devenu populaire dans les travaux éminents [83] [84] de
Watts & Strogatz. Ce phénomene est décrit par ’envoi d’une lettre accompagnée d’une

description du destinataire. A chaque étape, une personne recoit la lettre et la fait
suivre a la personne la plus proche du destinaire qu’elle connaisse. Watts & Strogatz
ont découvert qu’en moyenne, il y a environ six sauts de l’envoyeur au destinataire.
Ce résultat est surprenant vu qu’il existe plus de six milliards de personnes dans le
monde! Un réseau est appelé un réseau petit-monde s’il y a un nombre faible de sauts
entre chaque paire de noeuds dans le réseau, indépendamment de la taille du réseau.
La découverte de ce phénomene a entrainé la construction de modeles importants pour
la diffusion de l'information entre les gens [9], sur I'Internet [10], et pour la diffusion
des virus physiques et des virus technologiques [2].

e Les réseaur pair-a-pair sont devenus populaires par leur capacité a distribuer gratuite-
ment de la musique par I'Internet, en particulier par les logiciels Napster® et Gnutella?.
L’idée sous-jacente au réseau pair-a-pair est que chaque pair, c¢’est-a-dire un ordina-
teur attaché au réseau, a des fichiers qui sont disponibles pour les autres pairs. Quand
quelqu’un cherche un fichier (souvent un fichier d’'une chanson ou d’un film), des noeuds
intermédiaires aident dans la recherche et le transfert des données. Comme dans les
réseaux ad hoc mobiles et petit-monde, nous pouvons représenter les pairs (nceuds) et
leurs connections par un réseau de recouvrement. Comme dans les deux autres types
de réseaux, les liens entre les nceuds sont souvent rompus et établis.

Les mesures de performance les plus importantes dans les réseaux petit-mondes et
pair-a-pair sont : le nombre de nocuds a traverser avant de trouver un fichier, le nombre de
neeuds atteints apres un certain nombre de sauts, la méthode de recherche, et le passage a
I’échelle d’un réseau. Dans les réseaux ad hoc mobiles, la distance physique entre les noeuds

INapster, en étant attaqué en justice pour atteinte aux droits I'industrie musicale, a fait de la publicité
aux réseaux pair-a-pair. L’affaire a été perdue par Napster et maintenant elle propose une deuxieéme version
payante aux utilisateurs pour le téléchargement de musique.

2Gnutella a été arrété immédiatement aprés que America Online en a pris la direction, mais fareverse
engineeringaz lui a donné une nouvelle vie. Tandis que Napster pouvait facilement étre poursuivi a justice
car il se sert d’une base de données centrale, Gnutella ne pouvait pas étre poursuivi car il est décentralisé.
La combinaison de leur publicité et leur contribution au trafic d’Internet a généré beaucoup d’activité de
recherche [36] [23].
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et la mobilité jouent également un role. La performance d’un réseau ad hoc mobile est donc
caractérisée par la connectivité, le débit et le délai d’un message (en terme de temps au lieu
du nombre de sauts).

Motivation et la Contribution de la Theése

La plupart des publications sur les réseaux ad hoc mobiles concernent la connectivité ou le
débit [47] [45] d'un réseau. Le travail de cette these est nouveau car nous étudions 'effet
de la mobilité sur le délai d'un message. 'introduction d’'un composant de mobilité rend les
modeles mathématiques tres difficiles a résoudre. Pour cette raison, tres peu de résultats
existent encore en la matiere. Cette direction de recherche est toujours en développement
et beaucoup de questions concernant 'influence de la mobilité et le délai d'un message sont
encore a résoudre.

Le sujet principal dans la premiere partie de cette these et le délai d’un message, défini
comme étant le temps requis pour transmettre un message d’une source a une cible, en
utilisant la mobilité et les ressources d’autres nceuds.

Le débit et le délai d’un message sont influencés de manieres différentes dans les réseaux
ad hoc mobiles lorsqu’il n’y a pas toujours un lien direct entre deux nceuds. Pour s’assurer
une transmission satisfaisante il y a plusieurs possibilités :

e [’existence des routes multi-sauts entre la source et la cible, en utilisant des nceuds
intermédiaires, permet de transférer les données, donc elle a 'avantage de réduire le
délai d’'un message.

e Contrairement aux réseaux ad hoc statiques, les réseaux ad hoc mobiles présentent
I’avantage que les noeuds intermédiaires peuvent transporter des données quand ils se
déplacent. Dans cette situation, le délai d’'un message n’est pas seulement constitué
d’un délai de propagation et d’un délai d'une file d’attente, mais aussi par suite du
temps (significatif) requis pour des noeuds de se placer pres 'un de autre. Pour cette
raison, les protocoles de relais déterminent aussi la performance d'un réseau ad hoc
mobiles.

e Un nceud peut transmettre a une puissance plus haute. Cette augmentation de la
gamme de transmission peut créer des routes entre deux noeuds, mais au prix de
I’augmentation de I'usure des piles et des interférences. En outre, si les distances entre
les noeuds sont grandes, 'augmentation de la gamme de transmission n’aura peut-étre
pas beaucoup d’effet sur la création des routes entre les nceuds. Cependant, comme
nous allons voir dans la premiere partie de cette these, 'augmentation de la gamme
de transmission a une (grande) influence sur le délai d’un message si la mobilité est
utilisée pour le transfert des données.

A la base d’une étude sur la mobilité nous avons le modéle de mobilité, qui définit
comment les nceuds se déplacent. Les nceuds sont tres dynamiques dans certains modeles,
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et dans d’autres ils se déplacent a proximité d’un point, ou ils restent méme immobiles. Dans
beaucoup de situations de la vie réelle, le modele de mobilité est souvent inconnu ou est

récemment mesuré en raison des avancements technologiques faits ces dernieres années. A
cause de la variabilité des mouvements des nceuds (souvent inconnus), il est important pour
mieux mesurer la performance d’un réseau d’utiliser une variété de modeles de mobilité. Par
exemple, la performance d’'un nouveau protocole dépend-elle du modele de mobilité 7 Ou
est-elle indépendante des mouvements des nceuds ? Ou bien encore, I'existence d’une région
centrale change-t-elle la performance du protocole ?

Il y a plusieurs caractéristiques d'un réseau qui sont liées a un modele de mobilité ;
chacune est importante pour des raisons différentes. Ces caractéristiques sont :

o La distribution spatiale des neceuds®: la fonction de probabilité d'un noeud dans une
certaine position si le systeme est dans un état stationnaire. Est-ce que les nceuds sont
concentrés (groupés) autour des points chauds, ou sont-ils répandus sur la superficie 7
Le retard du message peut étre significativement plus petit si les nceuds se rassemblent
autour des points chauds (en raison d’une région de retour en commun). Si les noeuds
sont répandus également, i.e., la distribution stationnaire des noeuds est uniforme, les
mathématiques deviennent des fois solubles, comme il a été démontré par les articles
fructueux de Gupta & Kumar [47] et Grossglauser & Tse [45]. Cependant, la per-
formance d’un réseau en terme de délai d'un message est un probleme largement non
résolu et il est une des contributions principales de cette these.

e Le premier temps de rencontre : a partir d'un temps aléatoire, c’est la différence
de temps entre un temps aléatoire et I'instant ou deux nceuds se retrouvent pour la
premiere fois dans la gamme de communication de I'autre. Ce délai est important,
non seulement pour le temps nécessaire au nceud source pour entrer en contact avec le
nceud destination, mais aussi pour le temps nécessaire a des noeuds de relais pour entrer
en contact avec la destination. En particulier, nous allons montrer (sous certaines
hypotheses), que le temps de transfert d’un message est déterminé par le premier
temps de rencontre entre deux noeuds.

La dérivation de ces mesures est faite dans la premiere partie de cette these. Ces calculs
sont faits pour un nombre de modeles de mobilité a une dimension et a deux dimensions.
Nous utilisons ensuite ces expressions afin d’obtenir le sujet central de la premiere partie :
le temps moyen de transfert d’un message.

Un résultat intéressant et surprenant de cette partie est le role de I'intégrale sur le carré
de la distribution spatiale des noceuds : celle-ci nous permet d’obtenir le premier temps de
rencontre (le Théoreme 4.2.1), qui joue a son tour un role central pour le délai de message
sous un nombre de protocoles de relais (le Théoreme 3.2.1).

D’autre points importants pour le délai de message : la vitesse des noeuds, la taille
de surface sur laquelle les nceuds se déplacent, la gamme de transmission, et le protocole
de relais. On penserait que le modele de mobilité est aussi important. Cependant—sous

3Distribution stationnaire de la position d’un nceud.
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I’hypothese qu’il n’y pas d’interférences et que la gamme de transmission est minime com-
parée & la taille de surface—il résulte de cette these que seulement [ [ 72(z,y)dzdy et la
vitesse moyenne des noeuds sont importantes, et non le modele de mobilité lui-méme! Ev-
idemment, le modele de mobilité détermine ces deux quantités, mais cela signifie que deux
modeles de mobilité différents peuvent donner le méme délai de message, pourvu que le
produit de [ [ 72(z,y)dzdy et la vitesse moyenne soient les mémes! En outre, nous allons
montrer que le délai de message est linéaire dans la superficie et inversement linéaire dans
la gamme de transmission et dans la vitesse.

Dans cette these il y a des contributions dans les domaines des réseaux ad hoc mobiles,
des systemes a "polling”; des équations stochastiques et récursives, et des files d’attentes en
tandem. Ces résultats sont distribués en deux parties et une appendice :

[. Message Delay in Mobile Ad Hoc Networks
II. Polling Systems with Correlated Switchover Times

A. The Value Function of a Tandem Queue

La partie I est composée des chapitres 1-4. 11 y a plusieurs contributions dans la
premiere partie, mais la plus significative est la combinaison du Corollaire 4.2.2 (page 93)
avec le Théoreme 3.2.1 (page 67). Le corollaire dit que, sous certaines conditions et pour
une certaine classe de mouvements, la distribution du premier temps de rencontre entre
deux nocuds dans deux dimensions est exponentiellement distribuée avec un parametre A.
Ce résultat est utilisé dans le Théoreme 3.2.1 qui donne une expression pour le délai de
message pour deux types de protocoles et plusieurs modeles de mobilités. En particulier, le
délai est inversement lié au parametre \.

Bien que chaque chapitre soit construit sur 'antécédent, chaque chapitre se lit a part.
Les contributions de chaque chapitre sont comme suit :

Dans le premier chapitre nous étudions un réseau ad hoc mobile a une dimension.
Les nceuds se déplacent selon un mouvement Brownien dans des segments finis, ou chaque
segment a des frontieres réflectives. Les noeuds peuvent communiquer seulement quand ils
sont dans leur propre voisinage. Nous obtenons une expression pour le temps de transfert
entre deux nocuds dans un segment, et nous obtenons également une expression pour la
distribution de probabilité d’emplacement du transfert. Nous constatons que le temps de
transfert s’exprime simplement par la gamme de transmission et la longueur d’intervalle.
Ces résultats sont alors utilisés pour obtenir le délai d’'un message en traversant une suite
de noeuds dans des segments contigus.

Une analyse similaire est faite dans le Chapitre 2, mais cette fois pour des noeuds qui
se déplacent selon une marche aléatoire sur un nombre d’états finis. Les résultats sont sim-
ilaires, mais la nature discrete des mouvements nécessite des approches différentes. Parfois
les calculs deviennent plus compliqués, et d’autres fois la notation avec des matrices et des
implémentations numériques facilitent 'analyse. En particulier, I'expression pour le délai
du message est semblable a I’expression quand les noeuds se déplacent selon un mouvement
Brownien, sauf un terme qui apparait a cause de la nature discréete du mouvement. Ce
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terme disparait pour un nombre d’états croissant. Un autre résultat donné dans ce chapitre
est une expression pour le temps, a partir d’'un temps aléatoire, jusqu’au moment ou deux
marches aléatoires sont a un certain nombre d’états I'une de I'autre. Les résultats dans ce
chapitre peuvent étre utilisés aussi pour des messages qui se promenent dans un réseau de
capteurs.

Nous proposons également un modele stochastique pour le calcul du temps de transfert
d’un message dans un réseau ad hoc mobile, dans lequel les nceuds mobiles (ou simplement
mobiles) servent de noceuds relais. Le modele a deux parametres d’entrée: le nombre de
mobiles et I'intensité d’un nombre fini de processus de Poisson homogenes et indépendants.
Ces processus de Poisson représentent les instants auxquels deux mobiles arbitraires peuvent
communiquer. Nous calculons la transformée de Laplace-Stieltjes du temps de transfert (ou
délai) d’'un message, défini comme étant le temps nécessaire pour transmettre un message
d’une source a une destination. De ce résultat nous déduisons le temps moyen de transfert
d’un message, ainsi que son comportement asymptotique pour des réseaux avec beaucoup
de mobiles. Nous déterminons également la distribution du nombre de copies d’'un message
dans le réseau a 'instant ol le message atteint sa destination. Ces calculs sont effectués pour
deux types de protocoles de routage qui utilisent les mobiles comme relais: le two-hop relay
protocol, ou seule la source peut utiliser les mobiles comme relais, et le unrestricted relay
protocol, ou tous les mobiles peuvent utiliser les autres mobiles comme relais. En dépit de
sa simplicité, le modele est capable de prédire les performances (délai, nombre de copies) de
ces deux protocoles pour trois modeles différents de mobilité (Random Waypoint, Random
Direction, Random Walker), comme le montrent des résultats de simulations.

La valeur du parametre de la distribution exponentielle utilisée dans le Chapitre 3 est
dérivée et discutée dans le Chapitre 4.

La partie II de cette these est constituée du Chapitre 5 dans lequel un systeme a
naPollingaz, qui est constitué de deux files d’attente servies par un serveur est résolu. Apres
avoir servi une file d’attente, le serveur a besoin d’'un temps de passage apres lequel il
commence a servir autre file d’attente. Les suites des temps de passages peuvent étre
corrélées. Nous obtenons l'expression de plusieurs quantités, dont notamment le temps
d’attente moyen et la taille moyenne de la file d’attente. Grace a ces expressions, nous
comparons les différentes disciplines de service. Finalement, par des exemples nous montrons
que la corrélation des temps de passage peut augmenter considérablement le temps d’attente
moyen et la taille des files d’attente, indiquant que cette corrélation ne peut pas étre ignorée.
Cela a des implications importantes pour des systemes de communication dans lesquels un
canal de communication commun est partagé par plusieurs utilisateurs et ou le temps entre
des transferts de données consécutifs est corrélé, par exemple dans les réseaux ad hoc.

Dans I'appendice, nous étudions deux files d’attente en série avec des “holding costs”
pour chaque client dans le systeme. La fonction de valeur est calculée pour le cotit moyen
lorsqu’il n’y a pas d’entrée de clients (le systeme avec I'entrée des clients reste un probleme
ouvert). Cette fonction est une combinaison des nombres de Catalan et de ballot et peut étre
utilisée pour 'optimisation des systemes en série ou pour le calcul complet de la fonction de
valeur.
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Notation

Etant données des variables aléatoires X et Y, la notation

OP(X <)

fx(z) = — 5  ° fxy(z,y) ==

PP(X <z;Y <y)
Oxdy ’

est la distribution de la probabilité de X, respectivement (X,Y).



Introduction

Disaster recovery, sensors dropped from aircraft, baggage handling at airports, soldiers in a
foreign territory, environmental and habitat monitoring, household electronics, cars travel-
ling on a road, and tagged animals all have one element in common: they can benefit greatly
by the deployment of ad hoc networks.

The main focus in this thesis is the effect of the mobility on the performance of mobile
ad hoc networks, in particular the effect it has on the message delay. Before we look at
mobile ad hoc networks, let us first look at what an ad hoc network is.

What is an Ad Hoc Network?

The definition of ad hoc as given by the Webster dictionary [1] is

Ad hoc (adjective)
l.a : concerned with a particular end or purpose <an ad hoc investigation committee>
1.b : formed or used for specific or immediate problems or needs <ad hoc solutions>

2 : fashioned from whatever is immediately available : improvised <large ad hoc
parades and demonstrations>

An ad hoc network refers to a communication network which has been established
despite the lack of a fixed infrastructure. This lack of a fixed network can be due to the
remoteness of a region, for example, for tagged animals or soldiers travelling through a
foreign territory. Other reasons for the lack of a fixed infrastructure may be because it is
undesirable, unfeasible, or simply too expensive.

The idea, and power, behind an ad hoc network is that information is passed from
one node to another. Here a node can refer to a person, a measuring sensor, or any general
electronic device. The strong increase in the popularity of ad hoc networks in the last couple
of years is due to their envisioned ease of deployment, financial benefits, recent technological
advancements, terrorist attacks, and widespread use of electronic devices. Because of their
wide applicability and cheap installation, other uses of ad hoc network are continuously
being found and therefore this field of technology and research will continue to grow for
quite some time.
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The electronic devices may consist only of sensors which are created with the sole
purpose of collecting and passing on data (the so-called sensor networks). On the other
hand, sensors can also be part of an integral device such as a laptop or a mobile phone.
Whatever the form, the idea is that a message needs to be sent from one device to another.

For this reason the applications of sensor networks are enormous and seem to know
no bounds. Sensor networks have been used to measure seismic activity, handle baggage at
airports [20] [29], and to monitor environmental, military [81] [38], agricultural, and vine-
yard [30] activities. Other examples are maintenance systems for the early recognition of
tank-refill or component-replacement as well as real-time process-control for industrial au-
tomation. If we take a look at the example of habitat monitoring in a national park, then the
sensors can be used to capture micro-climates, monitor animal behaviour, identify changes
in habitat, report unusual seasonal events like bird migration, detect fires and prevent its
expansion, set alarms for contaminated land or water areas, and sense approaching visitors
and provide online directions.

Mobile Ad Hoc Networks

As opposed to sensor networks which are often stationary and rely on a multi-hop path
or infostations [32] [88] to transfer data, the nodes in mobile ad hoc networks (MANET)
are mobile and form the main focus of this thesis. This mobility can easily be exploited to
ensure the transfer of data from one node to another, especially if the nodes in the network
are not well connected to each other.

In an ad hoc network, the connectivity of two nodes is generally determined by the
physical distance between them. A particular property of mobile ad hoc networks is that
connections between nodes are continuously set up and broken down. At any time, the
network can be represented by an overlay graph showing the nodes which are connected
to each other at that moment in time. Closely related to this are small-world graphs and
peer-to-peer networks. Also in these networks, connections between nodes come and go and
there is data that is passed from one node to another node, possibly by making use of
intermediary nodes. There are however a number of distinctions which make these networks
different from ad hoc networks and are therefore worth pointing out.

The small-world phenomenon was made popular by Watts & Strogatz in their seminal
works [83] [84]. The basic idea starts with a letter that must be sent to someone in the
world. The letter is accompanied by a description of the person to whom the letter needs
to be sent, and whenever a person receives the letter (s)he passes it on to an acquaintance
whom (s)he thinks is closer to the destination. It was found that everyone in the world is
separated by an average of approximately six such hops from each other. This is a rather
surprising result given that there are over 6 billion people in the world! Nowadays, if in
a network—irrespective of its size—two nodes are only a small number of hops away from
each other, then the network is said to have the small-world phenomenon. This study has
led to important models for the spread of not only information between people, but also
for the spread of both (physical) viruses and (technological) viruses which are sent over the
internet through emails.
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Peer-to-peer networks were made popular by Napster? and Gnutella® due to their pub-
licity and their ability to distribute music on the internet for free. The basic idea is that
each peer (i.e., computer attached to the peer-to-peer network) has files on its computer
that are available to all of the other peers. When someone searches for a specific file (usually
a music or a movie file), intermediary nodes are often used for both searching and for trans-
fering the data. Here the network can also be represented by an overlay network showing
the connections between the nodes at a certain moment in time. Just like in mobile ad hoc
networks, the links between nodes are often broken down and rebuilt again.

In small-world and peer-to-peer networks there is large emphasis on the number of hops,
the number of nodes reached per hop, search methods, and the scalability of the network. In
mobile ad hoc networks however, the physical distances between the nodes play a role and
therefore the performance of the network is instead characterized through the connectivity,
throughput, and message delay (in terms of time instead of the number of hops).

Motivation and Contribution of the Thesis

Most of the existing literature on mobile ad hoc networks is concerned with either the
connectivity or the throughput [47] [45] of a network. The work in this thesis is novel in
the sense that the effect of the mobility on the message delay is studied. The introduction
of a mobile component in models often renders them mathematically intractable and, for
this reason, very few results exist on this matter. This direction of research is still in its
infancy and much work needs to be done to better understand the influence of mobility and
the mobility pattern on the delay of a message.

The main issue addressed in the first part of this thesis is the message delay, defined as
the time required to transfer a message from a source to a destination node, while possibly
making use of intermediary mobile nodes.

One characteristic of mobile ad hoc networks is that a direct link between two nodes
does not always exist, and this affects the throughput and the message delay in different
ways. To ensure a satisfactory transmission of the data a number of different options exist.

e [f a network is not sparsely distributed, then multi-hop paths between a source and
a destination node may exist. The intermediary nodes can then relay the data thus
greatly reducing the message delay.

e As opposed to static ad hoc networks, mobile ad hoc networks have the additional

4Napster brought peer-to-peer networks into the news by being engaged in a legal lawsuit concerning
music rights. The court case was lost by Napster and now a second version of Napster charges users to
download music.

5Gnutella was discontinued immediately after America Online took it over but with reverse engineering it
was brought back to life again. Whereas Napster made use of a central database, Gnutella is decentralized,
which meant that it could not be pursued by lawsuits. The idea of all nodes contributing information to
the network and the nodes helping each other find the information has lead to a surge of research activity
[36] [23].



4 Présentation des travauz de thése

advantage that an intermediary node can relay data while it is moving around. The
latter situation means that the message delay is not only made up of a propagation
and queueing delay, but also of a (possibly significant) amount of time required for
nodes to move closer to each other. In this case, relay protocols help determine the
performance of the network.

e Another method of influencing the performance of the network is to have a node
transmit at a higher power, thus increasing its transmission range. This may cause a
path between two nodes to come into existence, but it this does come at the price of
valuable battery power. If the distances between the nodes are large, then increasing
the transmission range may not have much effect on the creation of a direct path
between a source and a destination node. However, as will be seen in the first part
of this thesis, this will definitely have a positive influence on the message delay if the
mobility of nodes is used to transmit a message.

At the basis of the study of the effects of mobility is the mobility model. The mobility
model defines how nodes move around. In some cases, the nodes are very dynamic; in other
cases, nodes remain around the same location or even pause. In many real-life situations, the
mobility pattern is often unknown or is only just being measured due to the technological
advancements made in recent years. Because of the variability of, and often unknown,
movement patterns, it is important to study the performance of a network under a variety
of different mobility models. For example, do conclusions of the performance of a new
protocol depend on the mobility model or do they hold in general?

Fixing a mobility model results in a number of characteristics, each of them important
in a different way. These characteristics are:

e Spatial node distribution®: the probability of a node being in a certain location once
the system has reached steady-state. Are the nodes clustered around hot-spots or are
they spread out evenly over the surface area? If the nodes congregate around hot-
spots, then the message delay can be significantly smaller due to nodes coming back,
or hanging around, these hot-spots. If the nodes are spread out evenly, i.e., the spatial
node distribution is uniform, then systems often become mathematically tractable as
exemplified by the seminal papers of Gupta & Kumar [47] and Grossglauser & Tse [45].
However, the performance of a network in terms of message delay remains largely an
open question and this forms the main contribution of the first part of this thesis.

o First-meeting times: starting from a random time, this is the time until two nodes
are within communication range of one another for the first time. This quantity is
important not only for the time needed for the source node to come into contact
with the destination node, but also for the time needed for relay nodes to come into
contact with each other and with the destination node. In particular, it will be shown
that under a number of realistic assumptions, the message delay is determined by the
first-meeting times of nodes.

6 Also referred to as the steady-state location or the stationary distribution of the location of the nodes.
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The derivation of these measures for a number of the mobility models is performed in the
first part in this thesis, in both one and two dimensions. These quantities will then be
used to derive the central topic of the first part, namely the mean message delay. One
very interesting and surprising result is that the integral over the square of the spatial
node distribution plays a central role for the first-meeting times (Theorem 4.2.1), which in

turn plays a central role for the message delay under a number of different relay protocols
(Theorem 3.2.1).

What else is of importance for the message delay? Naturally the speed of the nodes,
the surface area, the transmission range and the relay protocol play a role. One would think
that the mobility model itself plays an important role as well. However, assuming there is
no interference and r << L, then one important result derived in this thesis is that only
[ [ 7*(z,y)dzdy and the average relative speed of the nodes is of importance and NOT
the mobility pattern itself! Naturally the mobility pattern determines these two quantities,
but this means that completely different mobility models can give the same message delay
(as long as the product of [ [7?(z,y)dedy and the average relative speed is the same)!
Furthermore, it will be shown that the message delay is linear in the area size and inversely
linear in the transmission range and the speed.

Organisation of the Thesis

This thesis makes a number of contributions to the fields of mobile ad hoc networks, polling
systems, stochastic recursive equations, and tandem queues. The results are distributed
over two parts and an appendix:

[. Message Delay in Mobile Ad Hoc Networks;
II. Polling Systems with Correlated Switchover Times;

A. The Value Function of a Tandem Queue.

Part I is composed of Chapters 1-4. Although many contributions are given in the first
part, perhaps most valuable are the combination of Corollary 4.2.2 on page 93 and Theorem
3.2.1 on page 67. The former states that for certain movement patterns, under certain
conditions, the first-meeting time between two nodes in two dimensions is exponentially
distributed with parameter A\. The latter theorem makes use of this result to give closed
form expressions for the message delay using two different relaying protocols for a number of
different mobility patterns in two dimensions. In particular, the message delay is inversely
related to .

Although there is a build-up and link between the chapters, each chapter is self-
contained. The contributions of each chapter are outlined in the following paragraphs.

In Chapter 1, a simple one-dimensional ad hoc network topology is analysed. Nodes
move as Brownian motions in finite segments, where each segment has reflecting boundaries.
Communications (or relays) between nodes can occur only when they are within transmission
range of each other. An expression for the transfer time between two nodes in one segment
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is obtained as well as a closed form expression for the probability density function of the
location where a relay takes place. It is worth noting that the average message delay between
two nodes reveals a simple expression in terms of the transmission range and the length of
the interval. These results are then used to obtain the message delay across of sequence of
nodes moving in adjacent segments.

A similar analysis is repeated in Chapter 2 but then for nodes moving as Random
Walkers on a finite number of states. Although similar expressions are obtained, the discrete
nature requires a slightly different analysis. At times the mathematics is more involved and
at other times matrix notation and the possibility of numerical implementation simplify
matters. In particular, the same expression for the message delay as under the Brownian
Motion mobility model is obtained up to a factor difference which accounts for the discrete
nature of the process. This factor vanishes for an increasing number of states. A nice result
given in this chapter is an expression for the time it takes two random walkers on the same
state space to come with a certain number of states from each other. These results can also
be used for two messages travelling across a sensor network.

In Chapter 3, a simple stochastic model is introduced that accurately models the mes-
sage delay in two-dimensional mobile ad hoc networks where nodes relay messages for each
other. The model has only two input parameters: the number of nodes and the parameter of
an exponential distribution which models the first-meeting time between two nodes. Closed-
form expressions are obtained for the Laplace-Stieltjes transform of the message delay. From
this result, the expected message delay in closed-form is obtained as well as its asymptotic
expansion for networks with many nodes. The probability distribution of the number of
copies of the message at the time the message is delivered is also computed. These calcu-
lations are carried out for two relay protocols: the two-hop relay and the unrestricted relay
protocols. Despite its simplicity, the model is able to accurately predict the performance of
both relay protocols for a number of mobility models (random waypoint, random direction
and the random walker mobility models), as shown by simulations.

The exponential parameter used in Chapter 3 is derived in Chapter 4.

Part IT of this thesis is made up of a single chapter, namely Chapter 5. In this chapter, a
queueing system is analysed in which service is alternated between two queues and the server
requires a (finite) switchover time to switch from one queue to the other. The distinction
from classical results is that the sequence of switchover times from each of the queues need
not be i.i.d. nor independent from each other; each sequence is merely required to form
a stationary ergodic sequence. With the help of stochastic recursive equations, explicit
expressions are derived for a number of performance measures, most notably for the average
delay of a customer and the average queue lengths under different service disciplines. With
these expressions, a comparison is made between the service disciplines, and the influence
of correlation is studied. Finally, through a number of examples, the correlation is shown
to significantly increase the mean delay and the average queue lengths indicating that the
correlation between switchover times should not be ignored. This has important implications
for communication systems in which a common communication channel is shared amongst
various users and where the time between consecutive data transfers is correlated (one can
also think of a narrow bridge with cars travelling over the bridge from one direction at a
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time). The position of the server then corresponds to the direction data is travelling in. A
similar situation arises in ad hoc networks; there is a common channel which needs to be
shared amongst various users. The higher the number of users, the longer one has to wait
before being able to capture the channel necessary to (re)transmit data. In particular, if
one has to wait a long time before being able to transmit data, then it is very likely that
there are many users around and that the next time one has to wait once again for a long
period of time. For this reason the correlation of the number of users over time in an ad
hoc network inherently introduces correlation between the waiting (switchover) times, and
this in turn leads to an increase in the mean delay and queue lengths.

The appendix of the thesis lies separate from the rest of the thesis as it deals with the
derivation of the value function (also known as the bias vector) of the average costs of the
tandem queue. It remains an open problem in queueing theory. Once the value function is
obtained, it can be used for important optimisation purposes. Although the final expression
remains out of reach, a closed-form expression is however obtained for the value function if
there is no inflow of customers into the first queue. This expression is in terms of Catalan
and ballot numbers which give an intuitive explanation to the problem at hand.

Notation

For any random variables X and Y, let

OP(X < x)

fx(z) = o and fxy(z,y):=

*P(X < x;Y <y)
Oxdy ’

be the probability density function (pdf) of respectively X and (X,Y).
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Mobile ad hoc networks are characterized by a lack of a fixed infrastructure and by node
mobility. In these networks data transfer can be improved by using mobile nodes as relay
nodes. As a result, transmission power and the movement pattern of the nodes have a key
impact on the performance. In this chapter the impact of node mobility is studied through
the analysis of a simple one-dimensional ad hoc network topology. Nodes move in adjacent
segments with reflecting boundaries according to Brownian motions. Communications (or
relays) between nodes can occur only when they are within transmission range of each
other. The expected time to relay a message is determined along with the probability
density function of the relay locations. Finally, an approximation formula is provided for
the expected relay time between any pair of mobiles.

Note: The material presented in this chapter has been published in the proceedings of
WiOpt! [41] and has been submitted to the ACM Kluwer journal of Wireless Networks.

1Unfortunately in [41] the formulas published are a factor /2 off from the correct result.
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1.1 Introduction

Ad hoc networks can be deployed when a fixed network structure is not available. The lack
of a fixed infrastructure may arise in emergency situations, remote regions, hostile areas
or, as is often the case, due to the financial costs involved in the deployment of a fixed
infrastructure.

As a consequence of the absence of a fixed infrastructure, components (or nodes) of
an ad hoc network need to behave as routers by relaying messages in order to improve
communications. Instances of nodes in ad hoc networks are laptops, planes [76], cars,
electronic tags on animals [73], mobile phones, et cetera. If nodes are mobile then operating
these networks become even more complex, as mobility will impact routing protocols, control
of transmission power, quality of service (e.g., interference, path loss, shadowing effects),
battery usage, to name but a few.

As long as data does not have to be transferred directly between two mobiles and
that nodes are willing to relay messages, their mobility may have a positive impact on the
performance, as shown in [45]. This has led to the design of protocols that take advantage of
node mobility to enhance the performance of some applications (e.g., messaging applications
in [63]). Data relaying cuts down transmission power, interferences and increases battery
usage. On the other hand, it may increase latency—since the existence at any time of a
“path” between two mobiles is not guaranteed—even if (intermediary) nodes can be used as
routers to convey a message from its source to its destination.

This chapter studies the impact of mobility on the latency in the case of nodes acting
as relay nodes. This is done for one-dimensional ad hoc network topologies and under the
assumption that nodes move according to (independent) Brownian motions.

A natural approach (but not the only one, see [71] for another approach) to modeling
a mobile ad hoc network with relaying nodes consists of looking down at the earth and
representing it as a finite two-dimensional plane. If two mobiles are within a fixed trans-
mission range of each other then a message can be relayed/transmitted (see Figure 1.1).
Furthermore, mobiles move according to a certain movement pattern. Unfortunately, this
simple model of an ad hoc network (no physical restrictions in the area covered by the nodes,
nodes are homogeneous, etc.) is extremely difficult to analyse, even with simple movement
patterns such as, for example, the Random waypoint mobility model (which is described in
Section 3.3.1.1 or in [86]). For instance, obtaining an exact expression for the stationary
distribution of the location of the mobiles under the Random waypoint mobility model in
two dimensions remains an open problem.

Obtaining any results characterizing the first instance of time when two mobiles come
within transmission range of each other is a problem of even greater complexity. For this
reason, this chapter focuses on a one-dimensional topology—a model that already reveals
interesting properties. Although the extension of the theory presented in this chapter to
a two dimensional scenario does not seem to be possible, the insights gained have led to
the developments of the results in Chapter 3, of which most notably the Laplace-Stieltjes
transform of the message delay.
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Figure 1.1: Visual representation of an ad hoc network. Node can transfer a message only
if they are with each others transmission range. In this case only two of the nodes can
communicate with each other.

When analyzing a mobile ad hoc network, an important consideration is the movement
pattern. Are mobiles restricted in their movement by roads, physical objects, waterways,
or mountains? Do they roam around a central point? It has been shown that the latter is
the case for the Random waypoint mobility model, where there is a higher concentration of
mobiles around a central region (see Section 4.B for an example) .

The following scenarios are addressed in this chapter. In Section 1.2 the situation is
considered where two mobiles move along a segment with reflecting boundaries (see Figure
1.2). Both mobiles move along the segment according to independent Brownian motions.
We are interested in computing the expected time until both mobiles come within com-
munication range of each other. This quantity is computed for any given initial locations
(Proposition 1.2.1) as well as for the case where each Brownian motion is initially in steady-
state (Proposition 1.2.3). It is known (see Section 1.3) that the latter assumption implies
that both mobiles are uniformly distributed over the segment. The uniform spatial distribu-
tion over the coverage area has attracted attention lately and several fundamental results [§]
[47] [45] have been obtained in this setting. However, the model presented here is different
from the models considered in those papers.

In Section 1.3, I mobiles on I segments are considered, one mobile per segment, as
depicted in Figure 1.5. The mobiles move along their respective segment (with reflecting
boundaries) according to independent Brownian motions. The goal is to determine the
expected message delay between the first and last mobile in the sequence (Proposition 1.3.2),
that is, the expected time to transfer a message from the first to the last mobile. As an
additional result, the probability density function (pdf) of the position of a mobile at a relay
epoch (Proposition 1.3.1) is identified. Numerical results are reported in Section 1.4. These
results suggest an accurate and scalable approximation for the expected message delay in
one dimension (see equation (1.15)). The possible extensions of the model are discussed in
Section 1.5.
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1.2 Two mobiles moving along a line segment

Consider two mobiles (say mobiles X and Y) moving along segment [0, L]. See Figure 1.2.
Communications between these two mobiles occur only when the distance between them
is less than or equal to r < L. The objective of this section is to determine the expected
first-meeting time, defined as the first time when both mobiles come with a distance r of
each other.

To
-
-

-

Xo Yo

Figure 1.2: Two mobiles moving along [0, L] with transmission range 7.

Let z(t) and y(t) be the position of mobiles X and Y, respectively, at time ¢t. We
assume that X = {z(¢),t > 0} and Y = {y(¢),t > 0} are identical and independent
Brownian motions with drift 0 and diffusion coefficient? D, both moving along the segment
[0, L] with reflecting boundaries at the edges. Let T, be the first-meeting time, namely,

Tr,=1inf{t >0 : |y(t) —z(t)| < r}. (1.1)

Set 2(0) = xy and y(0) = yo. By convention we assume that Ty, = 0 if |yg — x¢| < r. From
now on we assume that |yg — x| > 7.

We are interested in
11 (x0,y0) = E[TL, | 2(0) = 20, y(0) = yo|, 0 < z0,90 <L,

the expected first-meeting time given that mobiles X and Y are located at position z and
Yo, respectively, at time ¢ = 0. The following result holds:

Proposition 1.2.1 (Expected first-meeting time with given initial positions)
ForO0<uxzyg<yo< L withxo+r<yoand0<r <L

o sin (o)) sin ()

2 e
e mn(m? + n?)
n od

32(L —r)?
Dt

(1.2)

WE

Tr,(z0,90) =

I3

0

o

The proof of Proposition 1.2.1 is based on the following intermediary result that gives
the expected time for a two-dimensional Brownian motion Z evolving in an R by R square
to hit any boundary of the square.

%ie., z(t +h) — z(t) (respectively y(t +h) —y(t)) is normally distributed with mean 0 and variance 2Dh
for all h > 0, and non-overlapping time intervals are independent of each other. See Appendix 1.A for a
more detailed description of the Brownian motion.
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Proposition 1.2.2 (Two Brownian motions in a square)

Consider two independent and identical one-dimensional Brownian motions {u(t),
t > 0} and {v(t),t > 0}, with zero drift and diffusion coefficient D. Define the two-
dimensional Brownian motion Z = {z(t) = (u(t),v(t)),t > 0}. Set ug = u(0) and vy := v(0)
and assume that 0 < wug < R and 0 < vy < R.

Let
Tr = inf{t >0 : u(t) € {0, R} orv(t) € {0, R}}

be the first time when the process Z hits the boundary of a square of size R by R.
Define tg(ug, uo) = E[Tr | 2(0) = (uo, vo)]. Then,

16R2 > sm m”“‘) sm nirt
SUSOEE Ly gl prte =L 2 (13
m>1 n>1 m n
m odd N odd
o

The proof of Proposition 1.2.2 is given in Appendix 1.B. We are now in a position to prove
Proposition 1.2.1.

Proof of Proposition 1.2.1: Let zo+r < yo < L. An equivalent way to view the Brownian
motions X and Y at time ¢ = 0 is to consider that the point (xg, yo) is located in the upper
triangle in Figure 1.3 delimited by the lines x = 0, y = L and y = x + r. If we assume
that the boundaries + = 0 and y = L are reflecting boundaries in Figure 1.3, then we see
that 77, ,.(zo, Yo) is nothing but the expected time needed for the two-dimensional Brownian
motion {(x(t),y(t)),t > 0} to hit the diagonal of the triangle (i.e., to hit the line y = x + 1)
given that (2(0),y(0)) = (xo,%0). (The process {(z(t),y(t)),t > 0} is a two-dimensional
Brownian motion since {x(t), ¢ > 0} and {y(¢),t > 0} are both independent Brownian
motions.)

By using the classical method of images (see e.g., [68, p. 81]), it can be seen that this
time is itself identical to the expected time needed to hit the boundary of the square of size

V2(L —7) by v2(L — r) shown in Figure 1.4 given that (x(0),y(0)) = (0, yo). This is due
to the reflecting boundaries at x = 0 and y = L acting as mirrors.

In order to apply the result in Proposition 1.2.2, we need to compute the coordinates
(xp,y4) of (zo,yo) in a new system of coordinates (z’,y’) depicted in Figure 1.4 and which is

rotated 45° from the original coordinate system. We find (), 45) = ((yo + 20 — r)/v/2 and
(yo — zo — r)/v/2) and we may conclude, from Proposition 1.2.2, that

T+ (%0, Y0) = Tyz(z ((yo + 20 — 1) /V2, (yo — 20 — 7’)/\/5) . (1.4)

By using (1.3) in the right hand side of (1.4) we see that (1.2) holds. .
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oundary

r$ boundary 1

0 Xo \ L ° !
Reflecting . . . .

boundary” Figure 1.4: Since reflecting barriers at

xr = 0 and y = L act as mirrors, the

Figure 1.3: When mobiles X and Y are at method of images turns the problem into a

a distance r of each other they are located 2D Brownian motion inside four absorbing
on the line y =z +r (yo > 29 + 7). barriers.

An example of the expected first-meeting time 17, . (xo, yo) is displayed in Figure 1.6
(see Section 1.4 for comments).

We conclude this section by giving the expected first-meeting time when both mobiles
are uniformly distributed over the segment [0, L] at time t = 0. We will see in the next

section that this case corresponds to the situation where both Brownian motions X and Y
are in steady-state at time ¢ = 0.

Proposition 1.2.3 (Expected first-meeting time for uniform initial positions)

Assume that both mobiles X and Y are uniformly distributed over [0, L] at time t =0
and 0 < r < L. The expected first-meeting time IE[T}, ] is

128(L — r)*
]E[TLJ“] = D76 L2 007 (15)
where Cy is a constant given by Co = > m=1 > el —sargr—a ~ 0.527927. o

2,2 2 2
m odd n oddm n (m +7’L)
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Proof: Since X and Y are uniformly distributed at ¢ = 0, we have

E[T,,] = / / [Ty, | 2(0) = 70, y(0) = yoldzodyo
1
= ﬁ TLr($o,yo)d930dyo+L/ T, (Yo, o) dxodyo
m0+r<y0<L y0+7‘<(EQ§L
2

= 12 T (Y0, To) dzodyo
xo+r<yo<L
64(L — )2 /
= —FJH a3 h(yo+x0—1, yo—z0—7)dxo dyp.
‘D7T4L2 zo+r<yo<L

where
sin(muf) sin(nv3) T
h(u,v) = , =—
w0 = 3 SEIES

m odd n odd

Define the new variables u = (yo + zo — 7)/v2 and v = (yo — zo — 7)/v/2. We find

E[T,,] = 7T4L2 [/ ) / (u,v)|J(u,v)| dvdu

V2(L—r)  pV2(L—7)—u
+ / / (u, 0] (u, v)| do du (1.6)
u= L\;{ v=0
where |J(u,v)| (=1) is the determinant of the Jacobian matrix
woay (L1
du dv V2 V2
J(u,v) = =
dy dy 1 1

du  dv V2 V2

It remains to evaluate the two double integrals in (1.6). By making use of the identity

h(u,v) = h(v/2(L—7)—u,v) we see that both integrals in the right hand side of (1.6) are
equal, since

2(L—r \f(L—fr‘)—u V2(L—r L—T)4u % u
/ / v)dvdu —/ / L—r)—u,v)dvdu :/ / h(u,v)dvdu.
u=0 Jv=0

The first integral can be evaluated by using the symmetry h(u,v) = h(v,u). This gives

/ / h(u,v dvdu-/ h (v, u)dvdu = / ﬂ/ ﬂh(v,u)dudv
u=0 u=0 Jov=0 v=0 Ju=v
/f/ (u, v)dvdu.
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Figure 1.5: A chain of relaying mobiles.

Hence,
2 2 2
/ /h(u,v)dvdu: —/ / h(u,v)dvdu
u=0 Jv=0 2 u=0 Jv=0
so that
64(L —r)? SVl s
]E[TLJ«] = W/O h(U,U)dUdU. (17)

Since the double series in h(u,v) are uniformly bounded in the variables
u,v € [0,v2(L —r)] (its absolute value is bounded from above by (3, 1/k?)* = 7*/36),

we may invoke the bounded convergence theorem to interchange the integral and summation
signs in (1.7). This gives

7 7
E[T,,| =——-— D7T4L2 Z Z o m2 ) / sin(mu3) du/ sin(nvB)d

m>1 n>1
m odd 1 odd

~128(L
o DW6L2 Z Z m2n2( m2+n2)

m>1 n>1
m odd n odd

The last line follows because cos(jm/2) = 0 for j odd. .

1.3 A chain of relaying mobiles

Consider the situation depicted in Figure 1.5. There are I adjacent segments, each of length
L, and there is a single mobile per segment. We denote by X; the mobile in segment 1.
Let 0 < 24(t) < L (i = 1,...,I) be the relative position of the i-th mobile in its segment.
We assume that the process X; = {z;(t), t > 0} is a Brownian motion with zero drift and
diffusion coefficient D and that X,...,X; are mutually independent processes. Last, we
assume that each segment has reflecting boundaries at the ends.

Let Ty = inf{t > 0 : 1(t) +r > L + x2(t)} be the transfer time between mobiles X,
and X, that is T is the first time when X; and X5 are located at a distance less than or
equal to r from each other. The relay times 75 < --- < T;_; between mobiles X, and X3,

., X7_1 and Xy, respectively, are recursively defined by

Ti=inf{t>T,y : o;(t)+r>L+z(t)}, 1=2,...,1—1.
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The objective of this section is to compute E[T;] for i =1,...,1 — 1.

Throughout this section it will be assumed that L < r < 2L. This assumption is made
for the sake of mathematical tractability. Indeed, a few seconds of reflection will convince
the reader that when® L <r < 2L and (21(0), 22(0)) = (z0, yo) the time needed to transfer
a message between two adjacent segments is the same as Thy (2o, yo + L), the expected
first-meeting time obtained in Section 1.2 for a segment of length 2L (with the given initial
conditions). This observation allows us to find at once the expected transfer time between
mobiles X; and X, for any initial conditions z1(0) and z2(0). We find

E[T) | 21(0) = z,22(0) = y] = E[Tor - (z,y + L)]. (1.8)

The difficulty arises when trying to find the expected relay times between mobiles X; and
Xiqq for i =2,..., 1 — 1, since the position of X; when the transfer between X; ; and X;
takes place is not uniform in [iL, (i + 1)L].

To overcome this difficulty, we assume that the Brownian motions X1, ..., X; are all
in steady-state at time ¢t = 0. This assumption implies, 2 in particular, that the position of
cach mobile at time ¢ = 0 is uniformly distributed over its segment (i.e., the pdf of x;(0) is
uniform over [0, L]). The same holds of course at any arbitrary time (i.e., the pdf of x;(t) is
uniform over [0, L] if ¢ is arbitrary).

Another consequence of this assumption is that the position of mobile X; | at time
T;—1 (i-e., when X; receives a message from X; 1) is still uniformly distributed over [0, L].
This property will be used later on.

Proposition 1.3.1 below addresses the location of a mobile at the time when a relay
occurs. For later reference, we state the result in a general form. Consider two adjacent
segment, each of length L, with a single mobile in each segment (mobile X in the first
segment and Y in the second segment). Both mobiles move in their segment (with reflecting
boundaries) according to independent and identical Brownian motions with zero drift and
coefficient diffusion D. We assume that the Brownian motion representing the movement
of Y is in steady state at time ¢ = 0. As usual, a relay will occur the first time when both
mobiles come within a distance r of each other, with L < r < 2L.

Proposition 1.3.1 (Pdf of location at relay epoch)

Fizr L <r <2L. Let q(y;x), y € [0, L], be the pdf of the (relative) position of mobile Y at
the relay epoch, given that at time t = 0 the mobile X is at position x and the position of
mobile Y is uniform.

3When L < r < 2L the reflecting boundaries conditions are at z1(t) = 0 and at xa(t) = 2L. For
0 < r < L there are two additional reflecting boundary conditions at z;(t) = L and at z2(t) = L which lead
to a much more difficult problem which we were not able to solve.

2Hint: let m(z) be the stationary density probability that the mobile is in position x € [0, L]. Solving

the diffusion equation DO?r(z)/dx? = 0 with the reflecting conditions dr(z)/dz = 0 for = € {0, L} and the
normalizing condition fOL m(z)dz = 1 yields m(z) = 1/L for = € [0, L] — see e.g., [26, p. 223].
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We have
1 x+r—L + f x, y) 1 >r—L, x<2L—r
q(y;x) = tyzrer—y 1 i e <2 (1.9)
where
A O = (g F b+ Cn) . (ma(y — 7+ L)
o) = 5533 el (M
T n#m
2 dp+ ey . [(mm(y—71+L)
+7T(2L—T> n; m o0 ( 2L —r ’
and
2msin(nd) — 2n sin(mh)
am,n = m2 _ n2 Y
sin ((m —n)m+ n@) + sin ((m —n)m — m@)
bmn =
’ m-—n
sin <(m +n)m — n@) + sin ((m +n)m — m@)
Cmn = — )

m+n
dy, =2(2L — r — x) cos(mb)

2L —r
 omm

_m
2L —1’

€m

<sin(m9) — sin <2m7r - m@)) : 7

The proof of Proposition 1.3.1 is given in Appendix 1.C. We are now in a position to compute
the expected transfer times IE[T;] fori=1,...,1 — 1.

Define fi(z) (0 < o < L) as the pdf of x;(T;—1) fori = 1,...,I—1 (that is, P(x;(T;—1) <
y) = [} fi(z)dz). Note that fi(2) = 1/L for z € [0, L] thanks to the assumption that mobile

X is in steady-state at time ¢ = 0 (recall that Ty = 0 by convention). Let us first compute
]E[Tl] We find

BT = 5 [ [ B0 =000 =) dedy
1

= = Top,(z,y + L) dxdy, (1.10)
L* Jioirayrry

by using (1.8) and Ty, . (z,y + L) =0 if x +r < y+ L. Similar to the derivation of (1.5) we
get

64 (2L — r)*

S Co (1.11)

E[T] =
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Next the computation of IE[T;] for i =2,..., I — 1. We have

BL =BT+ 7 [ [ BRI =T (o) = i (Tios) = fio) do dy
(1.12)

1

=E[Ti] + 7 / Topp(2,y + L) filx) do dy, (1.13)
{z+r<y+L}

where we have used (1.8) to derive (1.13). To derive (1.12) we have used the fact that the
position of mobile X;;; is uniformly distributed over its segment at time 7; ; (i.e., when
the relay between mobiles X;_; and X; occurs), and that it is independent of the position
of mobile X;_; at time T;_;. It remains to evaluate the functions f;(x) for: =2,..., I — 1.
Differentiating in y on both sides of the identity

P(x;(Ti-y) <y) = /0 P(xi(Ti—1) <ylxi1(Tize) = ) fii(x) dx,

and then using Proposition 1.9, gives

fily) = / G(i2) fos(x)dr, 0<y< L. (1.14)

fori=2,...,1 — 1. These results are summarized in the next proposition.

Proposition 1.3.2 (Expected relay times of one-dimensional Brownian motions)
The expected relay times IE[T;] fori=1,...,1—1, are given by (1.11) and (1.13), where the
functions fi(x), 1 = 2,...,1—1, satisfy the recursion (1.14) with fi(x) = 1/L. In particular,

64 (2L —r)*

E[T] = Dr6[2

C(). &

1.4 Numerical results and discussion

The expected first-meeting time 77, (o, yo) between two nodes is displayed in Figure 1.6
as a function of the initial position zy and yo of the mobiles, for L = 30, r = 5 and
D = 1/4 (recall that D is the diffusion coefficient of the Brownian motions X and Y). The
figure shows that the expected message delay grows (roughly) linearly as the initial distance
between both mobiles increases and neither of the mobiles is near the boundaries of the
interval [0, L]. We used (1.14) to determine the mapping = — fa(x) for 0 < z < L, the
pdf of the location of mobile X, when the relay with X; occurs. This mapping is plotted
in Figure 1.7 for different values of the starting position of mobile X; (z(0) = 5, 10, 15, 20)
and for L = 30, r = 35, D = 1/4. It is interesting to observe that fy(z) is uniform in
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Figure 1.6: The mapping (zo,y0) —
Tr.(x0,y0) (expected first-meeting time
between mobiles X and Y starting from
xo and vy, respectively, at t = 0. See (1.2))
for L=30,r=5 D=1/4.
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Figure 1.7: Mapping * — fo(x) (pdf of
location of mobile Xy at the relay epoch)
for when mobile X; is at position zy €
{5,10, 15,20} at time t = 0, for D = 1/4,
L =30, r = 35.

[0,21(0)]. This is easily explained by the fact that if Xy is located in [0, — L] at time T3
then it was necessarily located in this interval prior to time 77, since otherwise the relay
would have occurred before T;. Each peak corresponds to the most likely value y in [0, L]
where mobile X, will be located at time 77. This value is around y = x1(0) 4 .

Figure 1.8 displays mappings © — f;(x) for i € {2,3,100} (evaluated from (1.14) with
uniformly distributed initial locations). It is worth observing that these functions converge
very rapidly (already f3(x) and figo(x) are extremely close to each other).

Pdf of relay locations

A
[ ——%)
f100®)
0 é J‘D 1‘5 2‘0 2‘5 30

y

Figure 1.8: Mappings = — f;(z) for i €
{2,3,100} (pdf of starting location of mo-
biles) for L = 30,7 = 35, and D = 1/4.
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Figure 1.9: Comparison of mappings r —
]E[T100]7 r — 100 x IE[TQ — Tl], and r —
100 x IE[T}] for L = 30 and D = 1/4.

Figure 1.9 displays mappings r — IE[Tig], 7 — 100 x E[Ty — T3], and r — 100 x
IE[T}]. This figure carries two important messages. First, it shows for different values of the
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transmission range r, that the approximation IE[T}o] ~ 100 x IE[T; —T1] is very close to the
exact result IE[Tgo] (derived from Proposition 1.3.2)), thereby suggesting the approximation

E[T}] ~ i x E[T, — T] (1.15)

for the expected time to relay a message from mobile X; to mobile X;,;. This approximation
is based on the fact that the relay location convergences extremely rapidly and, with the
exception of the first relay, the relay locations, and therefore also the relay times, of the
consecutive relays are very similar. It has been verified that (1.15) is accurate for small
values of ¢ as well as for large values (i.e., larger than 100). Second, it shows that the
approximation IE[T0] ~ 100 x IE[T}] may not be accurate for small transmission ranges,
thereby ruling out the approximation IE[T;] ~ i x IE[T}]. This is so because the latter
approximation does not account for the fact that mobile X; does not start from a “uniform
location” at time T;_; (as opposed to mobile X; whose position is uniformly distributed over
[0, L] at time t = 0).

1.5 Extensions to the model

In this paper the message delay over a one-dimensional network was analysed for mobiles
which move as Brownian motions in adjacent segments. The extension of this theory to more
than two mobiles per segment, or with leakage from one domain to the next, does not seem
to be mathematically tractable. The reason for this is the following. If there are N mobiles
in a segment then their positions needs to be mapped to a single N-dimensional Brownian
motion. So far no problem. The model starts becoming more complex though when one has
to take into account the positions of the N-dimensional Brownian motion which correspond
to two nodes being in each others transmission range. For two one-dimensional Brownian
motions this resulted in a diagonal line (see Figure 1.3). For three nodes this leads to three
intersecting planes in a three-dimensional space. On top of this one has to take into account
the (reflecting) border conditions for each of the mobiles. Although writing down these
conditions is still feasible, the “real” problem lies in keeping track of which nodes have or
have not received a copy of the message, the correlation between these nodes their positions,
and finding an expression for the function which corresponds to the expected transfer time
and which satisfies all of the necessary conditions.

A similar problem arises for N two-dimensional Brownian motions. In this case the
positions of the mobiles can be mapped to a single 2N-dimensional Brownian motion. Since
the area in which two nodes can communicate is given by a circle, it means that with the
method of images the corresponding boundary conditions are no longer in the simple form
of a square. Once again, finding a function which corresponds to the expected message
delay, while keeping track of which mobile have a copy of the message, does not seem to be
feasible.

As a side remark it is worth mentioning that the process which models the distance
between two two-dimensional Brownian motions in free space (i.e., with no boundaries)
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is known as a Bessel process. For this process various results exist, and, just as for two
Brownian motions on an infinite line, the expected time until two Brownian motions in free
space come within each others range is infinite. In this paper a bounded region was assumed
to ensure a finite transfer time.

1.6 Concluding remarks

Besides message delay, the question of power control is also central in ad hoc networking.
Ongoing research is concerned with determining the minimum transmission range that will
ensure communication between mobiles (within a certain probability) before the battery
power runs out, and with introducing utility functions into the model.

As soon as two nodes come within each others communication range there is the im-
portant issue of how long their contact time is. If these times are too short then a successfull
transfer of a message can not be guaranteed. Hence either the contact times or the proba-
bility of a successful transfer should be taken into account to more accurately reflect reality.

With a certain amount of overlap to this work, the next chapter considers the situation
where instead of mobiles moving as Brownian motions they move as Random walkers over
a discrete state space. This model also corresponds to messages being passed around a
sensor network. The results presented there are verified through simulations and are in
correspondence to the results presented in this chapter (in the limit for an infinite number
of states).

As mentioned earlier, the problem with keeping track of which mobiles do or do not have
a copy of the message in combination with their positions greatly increases the complexity
and limits the extendibility of the theory presented in this paper. However, by assuming
that << L and by working in (at least) two dimensions it has been found that the number
of copies in the network can be decoupled from the positions of the copies. This greatly
simplifies the analysis and has led to generic results and formulas given in Chapter 3 which
hold under a variety of mobility models. Oddly enough, the theory developed there can not
be used for the analysis of one-dimensional mobility models and hence there remains a need
to study the one- and the two-dimensional settings separately.
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1.A The Brownian motion
A Brownian motion with zero drift is a stochastic process {z(t); t > 0} with the properties

e Each increment z(t + h) — x(t) is normally distributed with mean 0 and variance 2Dh
for all h > 0. The constant D is known as the diffusion coefficient.?

e Non-overlapping time intervals are independent of each other.

Although the proof lies outside the scope of this thesis, we point out that if there is an
absorbing barrier at ' then we must have p(z’,t) = 0. If there is a reflecting barrier at x’
then we must have %Igif(w . =10. See [68] for the underlying theory,

If one is interested in the first-passage time to a boundary, then the behaviour of the
Brownian motion after it has reached the boundary for the first time is not of influence to the
distribution of the first-passage time to that boundary. This means that the boundary can
be taken to be absorbing or reflecting as it will not change the first-passage time distribution.
In the presence of an absorbing boundary, the first-passage time to the boundary can be
calculated by taking the flux at the boundary, that is, the first-passage time is given by the
space derivate of the concentration orthogonal to the boundary. See [68] for the motivation
and proofs of this result.

The extension of the one-dimensional Brownian motion to a two-dimensional movement
pattern is done by taking two independent one-dimensional Brownian motions and mapping
each of these movements to each of the dimensions. Similarly, from a multi-dimensional
Brownian motion we can extract a one-dimensional Brownian motion by looking at the
movement in only one of the dimensions.

1.A.1 History of the Brownian motion

The Brownian motion was first “discovered” by the English botanist Robert Brown in 1827
and later developed, in a mathematical sense, by Einstein in 1905. Einstein’s treatment
considers a small particle which is exposed to an enormous amount of molecular collisions.
Although each collision has a negligible effect, the superposition of all collisions gives the
particle a motion. This motion, a type of diffusion process, is the Brownian motion. The
first rigorous mathematical formulation was given by Wiener in his 1918 dissertation and
following papers and for this reason the Brownian motion is also often referred to as a
Wiener-process. Brownian motion are also used in finance—in particular stock markets—to
model the fluctuations of (stock) prices.

Other, more complicated, diffusion processes can also be used to model a movement
(such as the Ornstein-Uhlenbeck process). As opposed to the random walk, a Brownian
motion is a continuous time, continuous state space Markov process. This movement is in

3In the literature there is often a confusion in the exact definition of the diffusion coefficient D and the
drift 4. The constant 2 can be part of, or it can be left out of the definition of the constants.
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general constructed in either of two ways: either as a limiting form of a random walker or
as a diffusion process.

1.A.2 Brownian motion as a random walker

First the approach starting from a random walker on an infinite state space. We will provide
only the outline of the proof as it provides insight into the way a Brownian motion moves.
A rigorous treatment is rather involved and can be found in the references mentioned at the
end of this section.

The evolution of the occupation probability a random walker on an infinite state space
is described by the master-equation

pm()vr(n + 1) = Db pxo,r—l(n) +q- pmo,m—i-l(n)‘ (116)

In the following we will replace this discrete space and time process by a continuous space
and time process. First we make the time continuous by letting each step take A; units of
time. During a time ¢ the random walk jumps about ¢/A; times. The master-equation then
becomes

p:co,:c(t + 5t) = p- pxo,z—l(t) + q- p:co,:c+l(t)~

By taking the Taylor expansion of this expression we obtain

px , 0 O Puy
Pao(t) + 6= 2= ) 4 Z a;k = D Poa—t1(t) + 4 Pogasa(t).
k>2

Since the term §; will be sent to zero the summation will become negligible. We now have

OPao,x(t) p q 1
ot 6tp0, 1() (')‘tp07+1() 6tp0,()
Next the discrete space will be “continuized*” by letting each step have length 6,. By once
again taking the Taylor expansion (but now on the spatial coordinate x), collecting terms,
and “throwing away” all terms with a §% and k larger than three, we obtain the convection-

diffusion equation

OPag (1) Py, (1) _ a2pxo,x(t)
ot +v o = Diaw2 , (1.17)

where v := (p-q)d,/d; is the bias velocity or drift and D := (4,)? /24, is the diffusion coeffi-
cient. For the symmetric random walk, i.e., p = q = 1/, the drift is equal to zero and the
simpler diffusion equation

OPao,x(t) O Pay ()

4 Although this word officially does not exist, here it is used to mean “made continuous”.
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is obtained. This Brownian motion is referred to as the (standard) Brownian motion with
zero drift. Whereas for random walkers one talks about the occupation probability of a
state, for Brownian motions one refers concentration in x.

The approach presented here is mainly heuristic in nature, for a truly rigorous treatment
0; and 0, must be sent to zero in the correct way. See for example [26, page 203] [53].
For more information about the relationship between the discrete hopping process and the
continuum the reader is referred to [35], [85], and [82].

1.A.3 Brownian motion as a diffusion process

Small particles execute Brownian motions owing to collisions with the molecules in the gas
or liquid in which they are suspended. Let z(t) represent, at time ¢, the location of a
particle along one axis (for example, along a horizontal axis). The concentration p, .(t)
then represent the probability density in z at time ¢ for a particle starting in z(0) = x.
Since pa, .(t) is a density we have the properties

pmo,m(t> Z 07 / pxo,m(t>dx - 1; (119&)

oo

for all t > 0. Furthermore, since at time ¢t = 0 the particle starts in x(, we require

lin(l)pro,x(t) =0, for x # x. (1.19Db)

t

From physical properties Einstein showed that p,, . (t) must satisfy (1.18), where D is given
by D =2RT/N f. Here R is a gas constant, T is the temperature, N is Avogardo’s number,
and f is a coefficient of friction.

1.B Proof of Proposition 1.2.2

The density probability q(z,t;ug) that the Brownian motion {u(t), ¢ > 0} is in position
z € (0,R) at time ¢, given that u(0) = uy and that the Brownian motion has not been
absorbed up to time ¢, is [68, p. 255, formula (8.2.1)] [85, page 177]

2
w(w, t;ug) = - ; o~ (T /R)2Dt ) <n]7;5€) sin <n7]?o) '

Since {u(t), t > 0} and {v(t), t > 0} are independent and identical Brownian motions, we
deduce from the above that the density probability p(x,y, t; ug, vo) that the two-dimensional
Brownian motion Z is in position (x,y) at time ¢, without having hit one of the sides of the
squares up to time t, is given by

p(z,y, t;uo,v0) = w(z, t;up) w(y, t;v9). 0 <,y < R. (1.20)
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Conditioned on z(0) =

(ug, vg), the probability S(t; ug,vy) =

P(tg > t) that the process has

not hit the boundaries at time ¢ (often called the survival probability [68]) is given by

R R
S(t;u()?/UO) = / / p(x7y7t;u07v())dxdy‘
0 0

Therefore,

S(t; uo, vo)

R R
/ w(x, t; up)dx / w(y, t; vo)dy
0 0

4

R
mwuo mﬂm
—E ~(mm/R)*D sm / sm dx X
m>1 0

bd

Z 6—(mr/R)2Dt

n>1

16 sin (m)sm("mo) (m2+n?
w2 Z Z mn R

m>1 m>1
m odd TN odd

(1.21)

where the uniform convergence of the series w(x,t;-) in & € [0,00) (because |w(z,t;-)| <

1/(1 —exp(—(7/R)?Dt))) allows one to interchange integral and summation signs in (1.21).
Note that, as expected, S(0;uo,vo) = 1 since ;- sin((2i — 1)x)/(2i — 1) = 7/4 for all z
[37, Formula 1.442.1].

Finally,

TR(Uoﬂfo)

/ St UQ,UO

TR

m>1 m>1
m odd 1 odd

16 sm m’mo sm axis
Sy pmtE/mry)

R
m>1 m>1
m odd 7N odd

2 oo mwuo nmwug
D4 mn( m2 +mn2)
m>1 n>1
m odd N odd

mwuo Vo

R >6 R2(m +n? Dtdt

sm (

oo 2
/e—ﬁ(m +n Dtdt
0

(1.22)

(1.23)

where we have used the property that the series S(t;-,-) is uniformly convergent in [0, c0)

(since S(t;-,

the integral signs in (1.22) to give (1.23). This concludes the proof.

) <1 for all t > 0 by definition of S(¢;-,-)) to interchange the summation and
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1.C Proof of Proposition 1.3.1

Let z(t) and y(t) be the relative positions at time ¢ of mobiles X and Y in [0, L] and
[L,2L], respectively. Let T the first time when z(¢t) +r > y(t) + L. Observe that 7" = 0 if
z(0) +7 > y(0) + L. We have

1

PO <y | al0) =)= [ POT) < yla(0) = a0.5(0) = ) dog

L
= z/ 1{x0+r2L+y0}1{y>90}dy0
0

1

L
+7 / Lo tr<riyoyzr—0y P(Y(T) <y|2(0) = z0,4(0) = yo) dyo
0

1
=7 min(xg + 7 — L, y)

1 L
+7 1(y>r—Lpo<2L—r} / P(y(T) < y|z(0) = xo,y(0) = yo) dyo,
xo+r—L

where the indicator function 1y,>,_ry in the second integral in the second equality accounts
for the fact that if the transfer does not take place at ¢ = 0 (under the condition xo+r < y+L
then necessarily 7' > 0) then mobile Y can not be located in [L, L—r) at time T as otherwise
the relay would have occurred before time T'. Differentiating both sides of the above relation
with regards to y gives
1 1 L
Q(y; ZEO) = E 1{y§x0+r—L} + E 1{y2r—L,xo<2L—r} / g(ya Zo, yO) dyo, (124)
xro+r—L

with g(y; zo,y0) = (9/0y)P(y(T) < y|z(0) = z,y(0) = yo). It remains to evaluate
9(y; xo,yo). To this end, we will use again the method of images (see proof of Proposition
1.2.1).

Consider a square of size R by R, with R = v/2(2L — r), delimited by the (absorbing)
boundaries ' = 0, 2’ = R, ¥’ = 0 and 3’ = R. Starting from position (zy,y;) at time t = 0,
the pdf p(2/, v/, t; 2, yj) of the location of a two-dimensional Brownian motion at time ¢,
given that the mobile has not been absorbed up to time ¢, is given by (see equation (1.20))

4
P,y 620, %0) = 1 Yo D e /R

n>1 n>1
. (mmx’\ . (nmy'\ . [(mmxy\ . [ nmy]
sin sin sin sin .
R R R R

(1.25)

This expression will be used later on to derive the pdf of the location where the Brownian
motion hits the side of the square for the first time.
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Let &(2,y'5 20, y) (0 < 2', 9/, 2),y5 < R), be the pdf of the absorption occurring at
point (z,y’). Since we have applied the method of images we find that g(y; o, yo) is the

sum of four of these components. Namely, with 2’ = v/2(y+L—7), it is the sum of the
densities of hitting the side of the square R X R at the points (z’,0), (0,2'), (R—2', R), and

(R,R—2'). With 2} = (yo+zo+L—7)/v2 and 3}, = (yo—x0+L—7)/+/2 this gives
g(yiwop0) = &(2,0sahuh) +€(0. "2, up) + E(R—a' Rl v ) + € (R R—a'saf, ).

Onward calculations can be simplified slightly by making use of symmetry arguments. Con-
tinuous rotation of the square by 90° means that each of the terms can be replaced by the
density of the probability of hitting the side of the square at (z,0) while starting from,
respectively, (z(,v5), (Y4, 24), (R —xg, R — y(), or (R — yg, R — xy). This gives

9(y; o, yo) =& (2, 0; 20, y5) + & (2, 0; 9, )
+ & (2,0; R—xy, R—yg) + & (2, 0; R—yy, R—xp) . (1.26)

Note that although £(2/,0; -, -) no longer contains 7/, it still depends on y, xg, and o through

2" =2(y+L—r), ) = (yo+ro+L—7)/\/2, and y} = (yo—x0+L—7)/+/2. Tt remains to solve
¢ (2, 0; z(, yp) for any set of initial conditions (z{,y;). We shall do this through the help of
the first-passage probability of the point (2, 0).

If j(«',t) is the pdf of the first-passage probability of hitting the absorbing boundary
of the square for the first time in the point (2’,0) at time ¢, then naturally

£, 0: 2l ) = / i, byt (1.27)

since it is the probability density of hitting the boundary for the first time in (2’,0) over all
time.

It is known [68, p. 25, p. 45] that j(z',t) is equal to the flux going out from the point
(2',0), ie.,

Dap(x’, vt 20, Yp)

j(xlv t) = oy’ |y’:07

with p(2/, v/, t; 2y, y,) the pdf of the location of the Brownian motion at time ¢ given by
equation (1.25). Combining this with (1.27) gives

> op(a Y, b wy, yo
£ 0ap) =D [ LRI ),

4 n . (mmx'\ . (mmay\ . nry
zﬁzzmsm (T)&n( I )sm( I ) (1.28)

n>1 n>1

Finally, plugging (1.26) and (1.28) into (1.24) yields (1.9) after some tedious algebra. .
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Mobile ad hoc networks are characterized by a lack of a fixed infrastructure and by
node mobility. In these networks key factors for the performance of the network are the
node mobility and the transmission power. In addition to these two factors, relaying also
plays an important role in determining the time required to transfer a message between
mobiles. In this chapter we study these three elements through the analysis of a simple
one-dimensional ad hoc network topology. Nodes move as random walkers and communi-
cation can take if they are within a certain number of states from each other. Each mobile
remains an arbitrary amount of time in a state after which it possibly jumps to one of the
neighbouring states. Closed-form expressions are derived for the expected time until two
nodes communicate directly with each other, departing from either given initial positions or
from a stationary regime. Although the resulting expressions are rather complex, a simple
and accurate approximation is derived which holds for an arbitrary number of states, com-
munication ranges, and sojourn time distributions at each state. Finally, these results are
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extended to obtain the message delay when relaying a message across a sequence of mobiles.
The results presented here can also be used for two messages travelling through a sensor
network. In addition, in the limit (for the number of states), the Random Walker turn into
Brownian motions and all of the results converge to those presented in Chapter 1 or in [41].

The rest of this chapter is organised as follows. In Section 2.1 the situation is considered
where two nodes move as two independent random walkers over the same set of states (see
Figure 2.1). We are interested in computing the expected time until both nodes come within
a certain number of states from each other. This quantity is derived for any given initial
locations (Proposition 2.1.1) as well as for the case where each random walk is assumed to
start from steady-state (Proposition 2.1.2). It is known (see the assumption after Proposition
2.1.1) that this assumption implies that both nodes are uniformly distributed over the
segment. The uniform spatial distribution over the coverage area has attracted attention
lately and several fundamental results [45, 34, 8] have been obtained in this setting.

These results are then used and extended in Section 2.2 where a message is relayed
across a chain of nodes. Numerical results are given in section 2.2.1. Finally, concluding
remarks are given in Section 2.4.

2.1 Two random walkers jumping on a finite state space

We consider two mobiles (henceforth called nodes or random walkers) X and Y jumping
over L > 1 points, labelled 0,1,..., L — 1. Both node are assumed to move independently
of each other according to the following mobility pattern: each mobile visits state ¢ €
{0,1,..., L—1} for a random duration (called the visit time) and then jumps instantaneously
to one of the two neighbouring states with equal probability if i € {1,2,..., L —2};ifi =0
(resp. ¢ = L — 1) then the mobile either stays in state 0 (resp. L — 1) or it jumps to state 1
(resp. L — 2) with equal probability. After this the process starts over again but from the
new state. See Figure 2.1.

Figure 2.1: Two nodes (at xy and y,) represented as two random walker on L states.

We assume that the visit times at the states are independent and identically distributed
random variables with finite mean IE[S]. In particular, the cases will be considered where
the visit times are either all exponentially distributed or all constant. Let T, denote the
time when the n'™ jump (of either mobile) occurs which gives {7, }, as a Poisson process
with intensity 2/IE[S]. In the latter case (constant visit times) we assume that the mobiles
jump at exactly the same time! so that Ty, 1 = Tb, = nlE[S]. In both cases T = 0.

IThe analysis of two mobiles jumping at different times is messy due to need of keeping track which
mobile jumped last. If nodes are assumed to jump at the same time all the results will be almost the same.
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Let z(n),y(n) € {0,1,..., L — 1}, respectively, be the state nodes X and Y are in just
after the n'™ jump (i.e., at time T),4) and let 24 := x(0) and yo := y(0).
Nodes X and Y can communicate as long as they are not separated by more than r

states. More precisely, if we denote by Ny, the number of jumps until the first communi-
cation takes place, then

Np,=inf{n € Z* : |y(n) — z(n)| < r}, with Z* :={0,1,2,...} (2.1)

Note that N, =0 if [y(0) — z(0)| < r.

Our first objective in this section is to compute
N (20, 40) := IE[NL, | 2(0) = 20,%(0) = ol zo, Yo € {0,1,..., L—1}, (2.2)

the conditional expected number of jumps required until both nodes can communicate. From
this the unconditional expected number of jumps, IE[N ,], will be derived as well as the
expected time, IE[Ty, ], until the two nodes can transfer a message between each other.
The following proposition gives the conditional expected number of jumps.

Proposition 2.1.1 (Expected number of jumps with given initial positions)

Let xg,yo,m € {0,1,...,L — 1} and xg + 1 < yo (the case xog — r > yo can be solved by
interchanging xo and yo). The expected number of jumps for the random walkers X and Y
starting in xo and yo to come within r states from each other is given by

N By w)

N § _ JLEY5k\ Ly, YO 2.3

o (%0: o) z_; £~ 1 — cos(j0) cos(k) (2.32)
7o & odd
in the case of exponential visit times and by
R-1 R-1
2F: Frg;
Npr(T0,90) = Z 3 Fcul20, ) (2.3b)

<1 - (cos(2j6) + cos(2k0)) /2

od

Il
—

J
J o

u
SN
T o
a

in the case of deterministic visit times. Here
2sin(j0
R:=2(L—r), o 2snl0)
R(1 — cos(j8))

The proof is given Appendiz 2.B. o
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We have not succeeded in simplifying equation (2.3) any further. As an example, the
conditional expected number of jumps Ny ,.(x,yo) as a function of zy and v, is displayed
in Figure 2.2 for exponential visit times and L = 30 states and r = 5. Deterministic visit
times gives an identical figure. The figure shows that the expected number of jumps grows
(roughly) linearly as the initial distance between both nodes increases and neither of the
nodes is near the outer states of the segment.

As Proposition 2.1.1 gives the conditional expected number of jumps, the next ques-
tion that naturally arises is what the unconditional expected number of jumps could be.
To answer this question, we assume that the random walkers X and Y are in steady-state
at jump n = 0. This assumption implies? in particular, that the position of each random
walker at jump n = 0 is uniformly distributed, i.e., the probability density function (pdf)
of x(0) or y(0) is uniform over {0,...,L—1}. The same holds of course at any arbitrary
time (i.e., the pdf of z(n) or y(n) is uniform over {0,..., L—1} if n is arbitrary). With this
assumption we are now in a position to give the unconditional expected number of jumps
needed for two nodes to come within communication range of each other.

Proposition 2.1.2 (Expected number of jumps for uniform initial positions)
Letr € {0,1,..., L—1} and assume that two random walkers X and Y are in steady-state at
gump n = 0. The expected number of jumps, IE[Ny |, in the case of exponential visit times
18

R—-1 R-1

4 GGy, cos(k0)
el = ] ’ 24
e R2L? z_; £~ 1 — cos(j0) cos(kt) (2.4a)
i odd ki oda
whereas in the case of deterministic visit times
R-1 R-1
8 GGy, cos(k0)
E[N,,] = A . o.1b)
R2[2 ; — 1-— (cos(2j9) + cos(2]{;9)>/2
J odd k odd
Here
™ T 1
R:=2(L— p— T __ T a1
( 7")7 R 2(L—7’)7 j 1 _Cos(je)

Furthermore, there is an insensitivity property® towards the underlying visit time distribution

since for both exponential and deterministic visit times®*
512(L — r)*C (L —r)?
E[Ng,| = 672 O <T ; (2.5)

2See Section 2.A for the derivation.

3Tt is interesting to point out that the limiting form of the random walkers, two Brownian motions moving
on a line, gives an expression [41, Proposition 3] similar to equation (2.5) up to a constant factor (D = 1/4)
difference which accounts for the transition from the discrete to the continuous state space.

4One writes f(N) = O(g(N)) if |f(N)/g(N)| is bounded from above as N — oo.
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where

oo o0

1
C = Z Z m ~ 0.5279.

j=1 k=1
d

In both cases a simple lower bound is given by

512(L —r)'C 2+ 7)) (L —r)?
76 L2 2722

< E[NL,] (2.6)

The proof is forwarded to Appendix 2.C. Expressions for the upper bounds can also by
obtained (they are given in Appendix 2.C) but they are rather lengthy and have therefore
been omitted here as they does not provide additional information.

Examples of equations (2.4a) and (2.4b) are given in Figure 2.3 for L = 25 states
and varying transmission ranges. Also shown in the figure are simulated values of the
expected number of jumps for a range of different visit time distributions, along with the
90% confidence intervals of the simulations. Each point in the figures is based on n =
5.000.000 runs to estimate the expected number of jumps. The confidence interval around
cach simulated mean is [z + %@(0.95)], where Z := £ 3"  2; is the simulated expected

number of jumps (z; is the number of jumps needed in the i simulation run) and o :=
L3 (w; — @) is the simulation variance. Here ®(0.95) &~ 1.645 is the 95 percentile of the
normal distribution function.

Striking is the fact that in all cases the theoretical and the simulated expected number
of jumps are in such close vicinity to one another that they can hardly be distinguished from
one another. This is due to an insensitivity towards the underlying visit time distribition.
The reason for this, we argue, is that although directly after the jump of one node the
elapsed visit time of the other node may not be ignored (unless it is exponential), after
a number of jumps the expected number of jumps of each of the two nodes become more
or less independent of each other. Putting it differently, let W,, be a sequence of numbers
such that W, = 0 if the first node jumps at jump n and W, = 1 if the second node
jumps at jump n. Then, unless the visit times are exponential, the sequences of zeros
and ones are correlated. However, as the number of steps increases, the mean number of
zeros becomes more independent of the order of the zeros and ones. As proposition 2.1.2
presents the expected number of jumps, regardless of the order in which the nodes jump, it
is to be expected that the expected number of jumps is more or less (but not completely)
independent of the visit time distribution.
32R4
6

Another interesting feature of Figure 2.3 is that equations (2.4a), (2.4b), and 575 can

be seen to lie extremely close to each other, indicating that the O(+) term in (2.5) is relatively
small (even for L = 25). Taking different values of L and r have continuously led to the
same conclusions.
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Expected number of hops

400 ' ) Expected number of hops

e
o
=}

Number of hops
=
o
o

Number of hops

o
=]

(=}

Figure 2.2: Expected number of jumps Figure 2.3: Expected number of jumps for
N3o5(zo,v0) (see Proposition 2.1.1) for different radii, given uniform starting po-
random walkers X and Y to come within r sitions and L = 25 states.

states from each other, starting at zy and

Yo at jump n = 0.

To get an indication of the estimates given in equations (2.5) and (2.6) take a look at

Figure 2.4. Shown are, for exponential visit times (deterministic visit times gives an idential

figure), the function f’jlzi, the lower bound given by (2.6), and the exact values calculated

with (2.4). As can be seen, even for small values of L and r, the exact expected number of

jumps for deterministic and exponential visit times, and the function f’jlz;C lie extremely

close to one another. Also, as L increases we see that the lower bound gets (relatively) closer
to the exact values.

As a note it must be observed that although they are all extremely close, the expected

number of jumps for exponential and deterministic visit time are not identical, nor is either

of them exactly equal to %C )

Proposition 2.1.2 gave the expected number of jumps until the two nodes are within
communication range of each other. The following proposition extends this result to the
expected time for this to happen.

Proposition 2.1.3 (Expected transfer time for uniform initial positions)

Let two random walkers jump on the same L states and let them start from a steady-state
distribution. For exponentially and deterministically distributed visit times with mean IE[S],
the expected transfer time IE[T, | is

E[Ty,,] = @E[NL,TL (2.7)

where IE[Ny, .| is given in Proposition 2.1.2. For both exponentially or deterministically
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Figure 2.4: Expected number of jumps (exact values, approximation, and lower bound) until
two random walkers on L states are within r states from each other .

distributed visit times we have, with the help of (2.5),

BTy, = 20 ;67"L>§C]E[S Lm0 <<L;7f)2) (2.8)

Just as in Proposition 2.1.2, we see that there is an insensitivity property towards the un-
derlying visit time distribution. o

Proof. We start by considering exponential visit times. Let the visit times, S; and
Sa, of the two nodes be independent and exponentially distributed with mean IE[S]. Since
T,—T;,_ is the visit time between the (n— 1) and the n* jump, it follows that T},—T,,_; is
distributed as an exponential variable with mean S/2. To see why T,,—T,,_; ~ exp(2/IE[S]),
first realize that by definition 7} —Ty = min(Sy, S3). Then

P(Tl — Ty > t) = P(min(Sl,Sg) > t) = P(Sl > 1 SQ > t) = P(Sl > t)P(SQ > t) = 6_2t/E[S].

The visit times for both nodes ‘start over’ after each jump—due to the memoryless property
of the exponential distribution—and therefore T,,—T,,_1 ~ T7 —Ty. This gives the expected
transfer time as

%T —Tia B15]

E[Ty, ] = = E[I' - T,|E[N,,] = —E[N,,].

In the case of deterministic visit times of duration IE[S], the visit time T,,—T,,_; between
the (n—1)"h and the n'* jump is either of duration IE[S] if n is odd and zero if n is even
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(since the nodes were assumed to jump at the same time). This results in

ZL:TT ﬂ_l - ]E[Tl—TO]IE[];]Lﬂ"] = IEgS']]E[NL’T] u

E[Ty,,] =

2.2 A chain of relaying nodes

In the previous section we considered two nodes moving on the same state space. Next
consider the situation depicted in Figure 2.5. There are I adjacent segments, each with L
states, and there is a single node per segment. We denote by X; the node in segment ¢
(i€ {1,...,1}). Let z;(n) € {0,...,L—1} be the relative position of the i’ node in its
segment. We assume that the process X; = {z;(n), n = Z*} is a random walker with equal
probability of jumping to the right or the left and that the random walker remains a random
amount of time (the wisit time) in each state. Whenever a random walker is in a state at
the edge of its segment, then once the visit time has expired the random walker jumps to
the same state or to the neighbouring state (within its segment) with equal probability.
Additionally, assume that X, ..., X; are mutually independent processes.

0 L 2L-1 (-2)L (=1L IL-1
\OO0.00\O0.000\- ¢ e e 000000 °\OOOOOQ\OOOOOO\

N AN N AN

Figure 2.5: There are I segments with a random walker jumping in each segment.

Let My = inf{n € Z* : z1(n)+r > L—1+x2(n)} be the expected number of jumps
until X; and X5 are located at most r states from each other for the first time. The
expected number of jumps My < --- < M;_; between nodes Xy and X3, ..., X;_1 and X7,
respectively, are recursively defined by

M, =inf{n > M,y : z;(n)+r>L—14z,1(n)}, 1=2,...,1—-1, neZ" (2.9)

Our objective in this section is to compute IE[M;], the expected number of jumps needed to
transfer a message from the first node to the (i+1)™ node, fori =1,...,1—1.

Throughout this section it will be assumed that L < r < 2L. This assumption is made
for the sake of mathematical tractability. Indeed, a few seconds of reflection will convince the
reader that when® L < r < 2L and (21(0), 22(0)) = (z0, yo) the expected number of jumps
needed to transfer a message between two adjacent segments is the same as Noy, (2o, yo+ L),
the expected number of jumps obtained in Section 2.1 for a segment with 2L states and with

SWhen L < r < 2L the reflecting boundaries conditions are at z1(t) = 0 and at xa(t) = 2L. For
0 < r < L there are two additional reflecting boundary conditions at x1 (t) = L and at x4(t) = L which lead
to a much more difficult problem which we were not able to solve.
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the given initial conditions. This observation allows us to find at once the expected number
of jumps between nodes X; and X, for any initial conditions z1(0) and x2(0). We find

E[M; |21(0) = z,22(0) = y] = Nop,(z,y + L). (2.10)

The difficulty arises when trying to find the expected number of jumps between nodes X;
and X, 1 fort =2,..., 1 — 1, since the position of X; right after the transfer between X,;_;
and X, takes place is not uniform.

To overcome this difficulty, we assume that the random walkers X1, ..., X are all in
steady-state at jump n = 0. This assumption implies, in particular, that the position of
cach node at jump n = 0 is uniformly distributed over its segment (i.e., the pdf of x;(0) is
uniform over {0,...,L—1}). The same holds at any arbitrary time, i.e., the pdf of z;(n) is
uniform over {0,,..., L—1} if n is arbitrary.

Another consequence of this assumption is that the position of node X, at jump M;_;
(i.e., when X; receives a message from X, 1) is uniformly distributed over {0,...,L—1}.
This property will be used later on.

Proposition 2.2.1 below addresses the location of a node at the moment when a relay
occurs. For later reference, the result is stated in a general form. Consider two adjacent
segment, each with L states, with a single node in each segment (node X in the first segment
and Y in the second segment). Both nodes move in their segment as independent random
walkers with equal probability of jumping in either direction (and at the outermost states
the random walker can once again jump back to the same state). Let the random walker
representing the movement of Y be in steady state at jump n = 0. As usual, a transfer can
occur the first time both nodes are within r states from one another.

Proposition 2.2.1 (Pdf of location at relay epoch for exponential visit times)
Fix L <r < 2L. Let q(x,y) be the pdf of the (relative) position y € {0,...,L—1} of node
Y at the relay epoch, given that at jump n =0 node X is at position x € {0,..., L—1} and
that the position of node Y is uniform. Let N be the number of jumps until the relay can
take place. The function q(x,y) can be calculated through a series of functions.

We have
q(wo,y) = P(y(N) = ylz(0) = z0)

1{y§zo+r—L+1)} 1{z0+r§2([,_1)7 y>r—LAH} .
L * L Z g(y7x07y0)7 (2118,)

yo=xo+r—L+1

where
9(Y; 20, Yo) = (Pi1y+ Piyn) /4
and & = y—r+(L—1). Finally, the function P,, is calculated through

Poy = Poy+ LaziyProy + Lyzr-2 Poaw-1-y + Lozt yzr-2 Posp-1—y- (2.11b)
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where
R-1 R-— L,
- 4
Pmy _ 4 ]k’ ]k xo,yo) (211C>
R2? = 51— cos ]0 COS(/{:@)
and
P=r=(-1),  R=2L-1-f=2L-D-n b=p=so—pr
hjp(z,y) := sin (jé(y—?*—l—ﬂ:)) sin (ké"(y—f—as)) : r+x<y<L-1 o

The proof of Proposition 2.2.1 is given in Appendix 2.D. We are now in a position to
compute the expected number of jumps IE[M;] needed to transfer a message from the first

to the " node, i = 2, ..., 1. Conditioning on the independent positions of the nodes in the
it and (i+1)" segment at jump M;_; gives

L-1L-1

E[M;—M; 4 :ZZ]E[MZ‘—Mi_l‘-T@'(Mi—I) =x; Tip(Mioq) = Z/]

z=0 y=0

. P(a:i(Mi_l) = a:) . P(a:iH(Mi_l) = y)

In steady state P(l’i_ﬂ(Mi_l) = y) = 1/L and IE[MZ_MZ—I‘J:Z(MZ—I) = I, xz’—i—l(Mi—l) =
y] depends only on the positions of the two nodes and not on i. From (2.10) we have
]E[MZ—MZ_l‘JIZ(MZ_l):(L’, ZE'Z'+1(MZ'_1):y] = NQL’T(.I,y‘i_L). ThlS giVGS

L-1 L—-

> Nopo(z,y+L) - Pai(Miy) = ). (2.12)

z=0 y=0

,_.

E[M; — M;_1]

i

The last term on the right hand side can be found by conditioning on the position of the
node one step earlier. This gives the recursive relationship

~

-1

Ples(Min) =) = S ale,) - Pl aOin) =2), VS0 B )

Il
=)

xT

These last couple of results are ideally suited for matrix implementation and are summarized
in the next proposition.

Proposition 2.2.2 (Distribution relay location and expected number of jumps)
Let the visit time be exponentially distributed and let Q and N be matrizes with entry (z,y)
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equal to q(z,y) and Nap, .(z,y) respectively, i.e.,

q(0,0) -+ ¢q(L-1,0)
Q= : : : (2.14a)
q(0,L—1) --- q(L—1,L—-1)
Nng(O,L) N2L,r(072L—1)
N = : : , (2.14b)
Nop,(L—1,L) --- Nop,.(L—1,2L-1)

where q(+,-) and Nap (-, -) can be calculated with the help of Proposition 2.2.1 and Proposi-
tion 2.1.1, respectively. Let 1 be a column vector of ones and define &, as a column vector

filled with zeros except for the y™ element which is equal to one, y € {0,..., L—1}. Let xT
be the transpose of a vector X.

The pdf of the location where the I node receives the message is
1 i ,
Pz (M) =y) = leQ ', yef{0,....L—1}, ie{1,2,...,1}. (2.15)

The expected number of jumps for the i" transfer is given by

E[M; — M;_,] = 21TQZ N1, (2.16)

L

which leads to the expected number of jumps to transfer a message over I segments:

E[M;_, :—1T<ZQZ>N1 (2.17)
The expected transfer time needed for this is given by
E[S
E[T] = %]E[Mz_l]. (2.18)

The location where the node receives the message converges rapidly to a distribution m which
satisfies

T=mQ (2.19)
This gives
T = 1"Q+E-I)! (2.20)

where B is an L x L matriz of ones and I is an L x L matriz of ones on the diagonal and
zeros elsewhere. Assuming convergence, the average number of jumps for one relay is

1
E[Mx — Moa] = 7ML o
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Proof. By iterating (2.13) with P(z1(0) = z) = 1/L, we see that (2.15) immediately
follows. By definition of matrix multiplications (2.16) follows from (2.12) and (2.15). The
rest of the equations follow from standard matrix manipulation arguments. .

Once the matrixes in (2.14) have been generated, a number of performance measures
can easily be calculated. This will be discussed in the next section.

2.2.1 Numerical results for a chain of nodes

We have used Proposition 2.2.1 to determine the mapping y — P (z2(M;) = y), the pdf

of the location of node Xy when the relay with X; occurs, y € {0,...,L — 1},. This
mapping is plotted in Figure 2.6 for different values of the starting position of node Xy
(x1(0) = 5,10, 15,20) and for L = 30 states per segment and r = 35. It is interesting to

observe that P (z2(M;) = y) is uniform in [0, 21(0)]. This is easily explained by the fact that
if X5 is located in {0,...,r—L}, then the transfer took place at time zero. The pdf of X,
at that moment was uniformly distributed. Each peak corresponds to the most likely value
of y in {0,..., L} where node X, will be located at jump M;. This value is approximately
given by y = x1(0) + 7.

Relay location of second node
0.1 : . . ;

Pdf of relay location

Xo=> 0.045
x0=10
. _ x=15 0.04}
=) 0
x = >
i — %720 Z0.035)
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Figure 2.6: Mapping = — P(xg(Ml) = y)
(pdf of location of node X, at the relay
epoch) when node X; is at position xg €
{5,10, 15,20} at jump n = 0, Here L = 30
states per segment and r = 35.

Figure 2.7: Mapping x — P(xl-(Mi_l) = y)
(pdf of the starting location of node 7 after
the (i —1)™ jump), for i € {2,3,100}. Here
L = 30 states per segment and r = 35.

The mapping y — P(x;(M;_1 = y) is shown in Figure 2.7 for i € {2,3,00}. Here r = 35,
the starting position of the first node is taken from the stationary (uniform) distribution,
and there are L = 30 states per segment. It is worth observing that the starting positions
converge very rapidly (already the starting positions for i = 2 and i = 3 are very close to
each other and the functions for i = 3 and 7 can hardly be distinguished from each other).
This phenomenon can also be seen in Figure 2.8 where the expected number of jumps to
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perform the i-th relay is shown.

Expec‘ted number‘ of hops per relay Expected transfer time over 30 segments

—— Theory
Simulated visit times:
o Exponential
+  Deterministic
10000 ~  Gamma
o v Poisson

Transfer time (in seconds)

% 35 40 45 50 55 60
Communication radius (r)

0 5 10 15 20
relay i

Figure 2.8: Expected number of jumps per Figure 2.9: Expected transfer time over 30
relay. Here L = 30 states and r = 35. segments with L = 30 states per segment.

Figure 2.9 displays the expected time to transfer a message over 30 segments, with L =
30 states per segment and r = 35. In addition, the transfer time—based on simulations—is
shown for various visit time distributions. This figure once again confirms something which
we have seen earlier: the expected transfer time (or number of jumps) is (almost) insensitive
to the underlying visit time distribution.

2.3 Extensions to the model

In this chapter the message delay over a one-dimensional network was analysed for mobiles
which move as random walkers in adjacent segments. The extension of this theory to more
than two mobiles per segment, or with leakage from one domain to the next, does not seem
to be mathematically tractable. The reason for this is the following. If there are N mobiles
in a segment then their positions needs to be mapped to a single N-dimensional random
walker. So far no problem. The model starts becoming more complex though when one has
to take into account the positions of the N-dimensional random walker which correspond
to any two nodes being in each others transmission range. For two one-dimensional random
walkers this resulted in a diagonal line (see Figure 2.10). For three nodes this leads to three
intersecting planes in a three-dimensional space. On top of this one has to take into account
the (reflecting) border conditions for each of the mobiles. Although writing down these
conditions is still feasible, the “real” problems lie in keeping track of which nodes have or
have not received a copy of the message, the correlation between these nodes their positions,
and finding an expression for the function which corresponds to the expected transfer time
and which satisfies all of the necessary conditions.

A similar problem arises for N two-dimensional random walkers. In this case the
positions of the mobiles can be mapped to a single 2/ N-dimensional random walker. Since
the area in which a node can communicate with another node is given by a circle, it means
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that with the method of images the corresponding boundary conditions are no longer in the
simple form of a square (since the “mirrors” are located on the outer edge of the circles).
Once again, finding a function which corresponds to the expected message delay, while
keeping track of which mobile have a copy of the message, does not seem to be feasible.

2.4 Concluding remarks

In this chapter closed-form expressions were derived for the relay locations and for the trans-
fer times (expected number of jumps). In addition, it was found that all of the expressions
show insensitivity towards the underlying visit time distribution. For the transfer of a mes-
sage over a one-dimensional network it was found that the transfer time grows linearly with
the number of segments. These results are in agreement with those obtained in Chapter 1
where nodes do not move as Random Walkers but as Brownian motions.

The formulae derived are of use not only for the message delay between nodes which
move as random walkers, but they can also be used to determine the time until two messages
travelling through a sensor network are near to one another.

Besides message delay, the question of power control is also central in ad hoc networking.
Ongoing research is concerned with determining the minimum transmission range that will
ensure communication between mobiles (within a certain probability) before the battery
power runs out, and with introducing utility functions into the model.

As mentioned earlier, the problem with keeping track of which mobiles do or do not have
a copy of the message in combination with their positions greatly increases the complexity
and limits the extendibility of the theory presented in this paper. However, by assuming
that » << L and by working in (at least) two dimensions it has been found that the
number of copies in the network can be decoupled from the positions of the copies. This
greatly simplifies the analysis and has led to generic results and formulae which hold under a
variety of mobility models. This is the topic of the next chapter. Oddly enough, the theory
developed there can not be used for the analysis of one-dimensional mobility models and
hence there remains a need to study the one- and the two-dimensional settings separately.
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2.A The stationary distribution of a random walker

In this section the stationary distribution of a random walker is shown to be uniformly
distributed.

If a random walker starts in state j, then the occupation probability of state k just
after the n-th jump is given by [31, Formula (3.15), p.357]

j ; -1
1—(p/q) (P ¥ gn+lplt(n—j+k)/2g(n+j—k)/2
' 1/t \q E Sry 221
p]k(n) 1 _ (p/q)L q + L 2 ( )
with
: 1/2 ' 12
¢ COS”%{Sin% _ <%> Sin%”}{sin m«(iz+1) B <%> 2 W};k}

1 —2,/pqcos =

The stationary distribution 7(k) can be obtained from this expression by taking n — oo
in equation (2.21). By doing this the second term goes to zero which leaves

2(k) = lim py(n) = —— /9 (?) | (2.22)

n—00 1—(p/a)* \q

This last expression is also given in [57, p.104]. If we take p — 1/2 in (2.22) then we see
that

(k) = (2.23)

1
L?
i.e., the stationary distribution of a symmetric random walker in one or two dimensions is
uniformly distributed.

2.B Proof of Proposition 2.1.1

Proof. Fix zp € {0,...,L—1} and yo € {0, ..., L—1} such that r<zo+r < yo<L—1. An
equivalent way to view the random walkers X and Y is to consider the two-dimensional (2D)
random walker Z = {z(n) = (xz(n),y(n)),n € Z*} as shown in Figure 2.10. The circles in
Figure 2.10 represent the states which the 2D random walker can be in. The arrows between
the states indicate the neighbouring states the 2D random walker can jump to assuming
exponential visit times. If the visit times are deterministic then the arrows point in the
two diagonal directions (instead of vertically and horizontally) since both nodes jump at
the same time. The boundary states 0 and L — 1 for the random walkers X and Y in the
one-dimensional case are represented in the two-dimensional case by reflecting boundaries
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at t = —lp, o =L —1h y = —1p and y = L — 1. With this we see that Ny, (zo,0) is
equal to the expected number of jumps needed for the 2D random walker Z to hit any of
the states on the line y = z+r (i.e., the black points in Figure 2.10), given the reflecting
boundaries at x = —1 and y = L — 1/5 and that z(0) = (0, yo).
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Figure 2.11: Since reflecting barriers at

Figure 2.10: The positions of nodes X and )
r=—1/2and y = L —1/2 act as mirrors,

Y are mapped to two dimensions by Z =

{(2(N) = (2(N),y(N)). X and Y are at the method of images turns the problem
a distance r of éach other when they are info finding the expected number of jumps

located on the line y =  + 7. for a 2D random walker starting in (zg, yo)
to hit one of the black states.

By using the classical method of images (see e.g., [68, p. 81]), the reflecting barriers at
x = —lpand y = L — 1/ can be seen as mirrors resulting in an extension of the state space.
The expected number of jumps is then identical to the expected number of jumps needed to
hit the boundary in the form of a square as shown in Figure 2.11, given that z(0) = (zo, yo).

In order to facilitate readability with regards to sets of points, define the following sets

T = {z,yeZ : 0<ax<L-r—-2; a+r+1<y<L-1},

7t = {x,yelZ': —(L-r)<z<L—r—1; a+r <y <2L—r—1—u;
r—1—x<y<ax+2L-r},

B = {z,yeZ" : z4+r=y;, 0<z<L-r—1},

By = {z,yeZ" : x+r=y—2L; 0<z<L-r—1},

By = {z,yeZ" : —x—1+r=y; 0<ax<L—r—1},

B, = {z,yeZ : —x—1+r=y—2L; 0<z<L-—r—1},

B* = BUB,UBsUB,.
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The sets B and B* are the boundaries which correspond, respectively, to the coloured
states in Figures 2.10 and 2.11 (for L = 6 and r = 2). The set Z is the set of states to the
left of B in Figure 2.10, whereas Z* is the set of interior states which are contained inside
the square created by B* in Figure 2.11. Whenever the 2D random walk is taken on 7* U B*
we shall refer to it as the extended random walk and denote all of the related sets with a
star.

The remainder of this section is devoted to the derivation of the function Ny ,(xo, yo),
the expected time for a 2D random walker starting in state (zo,yo) € Z U B to hit one of
the absorbing states in B, or equivalently, the expected time for the extended 2D random
walker starting in state (zg,yo) € Z U B to hit one of the absorbing states in B*. First of
all, the function must satisfy the boundary conditions

NL,T(‘Tuy) = 07 fOI' <$7y) € B*u (224>

independent of the visit time distributions. For the time being assume the visit times are
exponentially distributed, the deterministic case will be dealt with at a later stage. If the
extended random walker starts in (z,y) € Z, then the extended 2D random walker takes at
least one jump and therefore the expected number of jumps to hit B*, N ,(x,y), is equal
to one plus the expected number of jumps starting in one of the states neighbouring (x,y).
After this jump, the process repeats itself (due to the memoryless property) but in a new
state. Thus, for exponential visit times, Ny, ,(z,y) must also satisfy

NL,r(x_lay) + NL,r(x+17y) + NL,r(x>y_1) + NL,T(.T,y‘i‘l)
4

NL,r(xay> =1+ 5 (225)

for (z,y) € I*.

In order to find the function which satisfies these conditions, notice that for j, k €
{0,1,...,2(L—r)} each of the components

T T
() 2= sin (0 (y—r-+a-+1)) sin (B (y—r 1)), T

satisfies the boundary conditions of (2.24). By creating a function which is made up of these

components we can obtain a function which is also a solution of (2.25). Assume that as a

trial solution Ny, ,.(z,y) takes the form

-

-1 -1

Np,(z,y) = Uikgir(z,y), (2.26)
1 1

=yl

.
Il
e
Il

with R := 2(L—r) and U;;, an unknown—to be determined—function of j and k. By
plugging this trial solution into (2.25) and bringing terms to the same side we see that Uy
must satisfy

R—-1 R-1

gir(x—1y)+gix(r+1,y)+gix(r, y—1)+gjr(z, y+1
ZZUjk{gjk(x,y)—J( )+ 95k ( )43( )+gin( )| _
j=1 k=1

(2.27)
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With the trigonometric identity sin o + sin 5 = 2 sm(o‘w ) cos( 57 B) this can be rewritten as

T
S

-1

Ujk<1 — cos(76) cos(k@))gjk(x, y) = 1. (2.28)

1

<
Il
—
e
Il

This gives a condition on Uj;, that must be satisfied in order for the trial solution of (2.26)
to hold. We shall come back to this expression after the derivation of a similar summation—
through the means of a Discrete Sine Transform (DST)—which is also equal to one. As the
two summations both equal one, the terms in each of the summations can be compared and
an expression for Uj; is obtained.

Introduce a sequence of real numbers, f,, form =1,..., R—1. Its DST is given by [21,
p. 126]
| R
szﬁz::fmsin(mjé)), j=1,...,R—1, (2.29)

with its inverse transformation given by [21, p. 127]
R—
Z ; sin(myh), m=1,...,R—1.

Taking f,, = 2 = f, gives 4 = [, fn = 42 Z Fij sin(mj6) sin(nk#). This is an
expression similar to (2.28) but now with unknown F; and Fy.. However, I, and identically
Fj, can be calculated by taking f,, = 2 in (2.29) leading to the DST of the constant two
[21, pages 242 and 300]:

. L ,
. sin(j6)(1 — cos(mj))
Z T 2Rsin®(j0/2)

SVl

m=1

Simplifying this using 2sin?(a) = 1—cos(2a) [37, formula 1.317.1] gives

F, =

J

— 2560 if j is odd. (2.30)

{ 0 if j is even,
R(l—cos(j@)

Recapitulating, we have found F; and F}, such that
R—-1R-1 —1 R-1

Z Z F;Fy sin(mj6) sin(nkf) = » F}sin(mj0) Z Fysin(nkf) = 1,

j=1 k=1 j=1 k=1

=



Sec. 2.C  Proof of Proposition 2.1.2 49

for anym,n ={1,..., R—1}. As a specific case we can take m = y—r+z+1 and n = y—r—zx
for any (z,y) € Z* and compare this to (2.28). We find

B F;Fy,
~ 1 —cos(jf) cos(kf)

Usk (2.31)
Thus the proposed trial solution in (2.26) with the coefficients Uy, given by (2.31) is the

function that we set out to find as it satisfies (2.25) as well as the boundary conditions in
(2.24). To the best of out knowledge this expression can not be simplified any further.

Now consider deterministic visit times. Whenever a random walker jumps, the other
random walker also jumps. This implies that, in this case, Ny ,.(x,y) must satisfy

NL,r(x—L?/—l) + NL,r(x_lay—i_l) + NL,T($+1;Z/_1) + NL,T('I_'_]-?y—i_]-)
4

NL,r(xa y) = 2 +

for (z,y) € Z*. The two accounts for the fact that two jumps take place (one for each
random walker). From here on the proof for the exponential visit times can be reused with
the slight modification that (2.27) changes slightly and (2.28) then turns into

-

-1

-

-1

_ cos(2j0) + cos(2k0)
2

Ujk<1

1

)gjk(u, v) =2.

1

b
Il

J
This leads to

B 2F; Fy
1 — (cos (276) + cos(2k8)) /2

Usjk

2.C Proof of Proposition 2.1.2

Proof. We start by taking exponential visit times. The proof for deterministic visit times
is identical but with just a few minor modifications which are outlined at the end of this
section.

Since the starting positions of the random walkers X and Y are uniform we have

1 L-1 L-1
E[N,,] = I3 E[NL [ 2(0) = 205 y(0) = yo]
zo=0 yo=0
1 L—r—2 L—-1 1 L—-1 ro—r—1
= 2 NL,r(x0>y0)+ﬁ Z Z N+ (Yo, To)
zo=0 yo=xo+r+1 zo=r+1 yo=0
9 L—r—2 L-1
= 12 > Nia(wo,0), (2.32)

z0=0 yo=wo+r+1
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where Np,.(x¢,yo) is given in Proposition 2.1.1. The last step follows from the interchange-
ability of zy and gy. Some insight can be gained into this function with the change of
variables u = yo—r+xo+1 and v = yo—r—xq (this shifts and rotates the coordinate system
by 45 degrees). See Figure 2.12 for an example (with R = 8) of the labelling of the states in
the new coordinate system (u,v). The figure on the left is for exponential visit times and
the figure on the right is for deterministic visit times. Equation (2.32) then becomes

L—r wu—1 R—2 R—u—1
E[N.,] = ( h(u,v) + Z Z h(u,v)), (2.33)
u=2 v: u=L—r+1 v=1
u+v odd u+v odd
with
R-1 R-1
F;F, sin(j6u) sin(k6v)
h = . 2.34
(u,0) Z 1 — cos(j6) cos(k0) (2:34)
j=1 k=1
j odd k odd

The dependence of the inner summations of (2.33) on u makes them difficult to evaluate.
However, by rewriting the summation in such a way that they no longer depend on w it allows
them to be evaluated and an approximate closed-form expression can be obtained. In order
to do this, first note that the summations in (2.33) define a sum over a triangular region
(quadrant I in Figure 2.12).

1] ? ® v Il . Q o . v
) a8/
o—0 O—0O—@ . I
@n I I(e,s) I ® \(67><O><65
o - - e e O e o >< % ><©><o < ®
T S T \/\/\/ NSNS NS
R, SR @;<Y e
I I I(z,s) I(az) 1(4,1) I >< ><(2?><(32 “>< N
—O—0O-—C—0O—@
I 1(1,2) 1(2,1) I , ><(12><(21>< .
® O Jd @
/ >< N
I o o | [ - ) |
(a) Exponential visit times. (b) Deterministic visit times.

Figure 2.12: The states with labels in the new coordinate system (u,v) with R = 8. The
sum of the values of the points in [ is equal to the sum of the values of the points in I7,
II1,or IV.
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By using the identity sin(juf) = sin(j(R —u)@) it turns out that h(u,v) is symmetric
in the sense that

h(u,v) = h(v,u) = h(R—u, R—v) = h(R—v, R—u), (u,v) € .

This symmetry, while considering the four quadrants I, I1, I11, and IV as shown in Figure
2.12, reveals that the summation over the points in I is equal to the summation over the
points in I1, I1I, or IV. Therefore the value of the summations in (2.33) is equal to a
quarter of the summation over the entire area (I + I + I11 + IV). This gives

1 R—1 R—1 R—1 R—1 1 R—1 R—1
IE[NL,T]zm(; ;h(w+uz ;h ):ﬁ; z;h
U odd vV even U even VU odd U odd vV even

where in the second step once again the symmetry h(u,v) = h(v,u) was used. This expres-
sion can be simplified by changing the order of summation (this is allowed since the sums
are finite) to reveal

R-1 R-1

1 F; F,
E[N.,] = — 6) (kvd).
[N L? z_; kz_; 1 — cos(j0) cos(k0) Zsm Ju Zsm !
j]o_dd k o_dd u odd U even

The summations over the sin can be evaluated with the help of [37, Formulas 1.342.1 &
1.342.3]

1§ sin(j0u) = sin?(jm) [ 0 if j is even, (2.35)
22 PP TN Ge) T e 14 1 odd, '
U odd
R-1 : : I
, _sin (kn/2)sin (kn/2 —k0) ] 0O if k& is even,
4 Sln(kev) - sm(k‘@) - g?i((:g; if kis Odd,

4 s g cos(k0)
BN, = 2. D T oGO = cosh) (1 = oG8 costidy). (230)

Although an explicit expression the above summation is, to the best of our knowledge, not
known, its scaling behaviour in R (or equivalently, in L and r) can be derived and will be
shown to be equal to equation (2.5). To render the summation benign, we start by looking
at the terms inside the summations. Bounds are then derived for these terms (with the help
of Taylor expansions) after which the bounds for the summation are obtained.
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We start by looking at the term (1—cos(x))~! and point out that it is largest around
z =0 (for 0<x <7). Consider the Taylor expansion [70, Table 4.2] of cos(z) around this
point,

cos(z) = 1—a%/2+ Z % . (2.37)
k=2

Ex

Note that e, is positive for 0 <x <7 and therefore 1—22/2 < cos(x) < 1. Also, &, is bounded
in value by

0 .73 & 4k+2 332 .Z'4
<=5 < =
T > (4 + 2)! < (4k+4)(4k+3)) Al

k=1

Using the Taylor expansion and the geometric series gives

e A e (egm) ~ e (1 D e

n>1

The last step is justified since 25—1 <3 < < 1. With the help of the above expression we
find the following bounds When 0 <x<7r

2 1 2 z?\" 2 T \" 2
< —F—< =1 — <=1 — =—=+C 2.38
2 1 —cos(z) x2< +;(12) ) xz( +;<12) ) P (2.38)

where C] := ~ 0.94.

1
6—m2/2
Next consider the term (1 —cos(z)cos(y))™*. This term contains two poles; one in
(z,y) = (0,0) and the other in (x,y) = (7w, 7). With the help of the Taylor expansion of
the cos around those points it can be seen that (1—cos(x)cos(y))~! grows roughly with rate

2/(2*+y?) and 2/((m—x)*+ (7 —y)?). Making use of this knowledge we write

1 2 2

1 — cos(x)cos(y) T 2+ Y2 T (m—2)? + (m —y)? + Bay,

where

1 2 2
1—cos(z)cos(y) 22+1y2 (m—x)2+ (7m—y)?

Boy = (2.39)
By making a figure of 3,, (see Figure 2.13) for 0 < z,y < 7 it can quickly be seen that

0 < By and that the maximum is lim, .o B = lim, . Bpe = S = Cy & 0.232. This
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gives (for 0 < z,y < )

2 + 2 < ! < 2 + 2 +C
2?2+y?  (m—x)?+ (r—y)? 1—cos(x)cos(y) 22+y?> (m7—2x)%+ (7—y)? 2
(2.40)
from which we also obtain
2 1
) (2.41)

<
22 + y? 1 — cos(x)cos(y)

The function B The function y
Xy Xy

\\
\\\“ \ \\\ \\\\\N !

\\\ \\\ \\
W

l

Figure 2.13: The function (3., given by Figure 2.14: The function v, given by
equation (2.39). equation (2.46).

This brings us one step closer to unveiling the bounds for the expected number of
jumps. Continuing from (2.36), with the help of (2.37), (2.38), and (2.41), the expected
number of jumps is bounded from below by

R—-1 R-1
4 72k [ 2R? [ 2R? 2R?
E[N S Y (1-
Nesl > o ( 232) (w?f) (WW) (W2(J’2+k2))

Jj=1
j odd k odd

3opt B0 & 2 1
2 (gt () )

J=
J odd

IL

The summations in this lower bound are still dependent on R and the behaviour in
R is therefore not obvious. To overcome this problem we shall extend the summations to

infinity. To do this first observe that 1/j% —1/R? < 0 whenever j > R. This means that we
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can decrease the bound by adding a couple of negative terms,

qopt Bl Bl 1 2 1
E[Ng,] > ]2 > D (j2k2(j2+k2) B (2R2) 2(52 +’f2))

j=1 k=1
j odd k odd

| B2R = 1
2 2 (7 m)mre
Pt K oda T

+32R4 = i < 11 ) 1
moL? j=1 k=R u PR
j odd k odd <0

Collecting terms gives the lower bound:

32R* 2 4 7?2
E|N,,| > —= (O3 — ——C4 ), 2.42
N mz(g . 4) (2.42)
C — _
4 Z Z K2(j2+k2) ~ 9 < k2)
j=1 k=R j=1 :R
j odd k odd j odd odd
S () 1y
- 5 2 212 | 9\ q )
]>l k= R +k J k 2 8
k odd

where in the last step >, 2k+1 e = m2/8 [37, Formula 0.234.2] was used.

Next is the derivation of an upper bound. Starting once again from (2.36) and using
the upper bounds of (2.38) and (2.40) we find that the expected number of jumps is bounded
from above by

g Bl Bl 9 R? 2R?
BN <gaps 2 <7r2(j2+k:2) T R(R= 7+ (R— 0P +02)

2R? 2R?
X (71_2']2 Cl) (m + Cl) (243)

This summation can be simplified without raising the bound too much. For most of the
terms behind the summation signs the indexes of the double summations can be extended
to infinity leading to combinations of the constants C3 and C4, or use can be made of
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]fg",j; r11 = R/2. One of the summations which should not blindly be extended to

infinity is
R-1 R-1 R-1
Y me X Y-
9 2 2 T
j=1 k=1 J*+k j=1 k=1 J 16
j odd Kk odd j odd Kk odd

SORRENEN YO S
= 7(R=j)? = R (R—j)?* jR (R—j)R
J odd j odd

00 R/2

2 1 4 1

il —+— (1 :

Y w1t a)

7 odd

Using the asymptotic expansion of the harmonic numbers [87, page 184] this gives

Rz‘l 1 3 . %% 7r2 | 442(n(R/2)+7+1/R)
2. FR-j7 © IR 2 R )
i Y

where v & 5.772 is Euler’s constant and f(R) is a function which is O(1/R?). One of the
terms is then bounded by

:IU
—
:IU
—
:IU
—

1 1
252

1 o
— (R—j)*+(R—k)?j 2 S Z Z(R_j)gj_gﬁ<§f(R)a

g

<

Il
o
w:v
<

[l
o
T o
Il
o

<
[}
[N
[N
gl
Q.H
.
[}
(=%
(=%
[}
o}
=}

and another is bounded by

T
v
T
v
T
T

1 1 1 1 R
- < —— < —f(R).
; ~ (R—j)*+(R—Fk)* j* ; —~ (R—j)?j* 2
7 odd Kk odd j odd k odd

With the help of these expressions we can obtain upper bounds for each of the terms in
equation (2.43).
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2RIC] N = 1 11 32Rr?
—— = C

j odd Kk odd

16R*C) =~ — 1 11 16 R?

=+ ) = C, = O(R?

t ZZHMJW) = O
jj;;d k odd

2 . 2 2
=1 k=1
7 odd k odd
3ot 1 & 1 11 R
—— < —F(R)=0O(R?
w2 L (e S )= O
]];;d k ;ﬁd

16R2 R—-1 R-1 1 1 1 16R3
S T3 R)=0O(R
m ; k=1 (B—j)*+ (R—k) (j2+k2) - ot f(F) (F)
j];;d k odd
807 KN & 1 1202
=y = =0O(R
i ; ;(R—ﬁ“(ﬁ’—k)z 16 (R)
j odd k odd
16R2Cy N X 11 16R2C, (72\° )
4 Z Z Fﬁ - s) = O(R")
j=1 k=1
j odd Kk odd
8C1Ch o~ o~ (1 1\  8CiCyR (72
XY (prp) = (5) =om
j=1 k=1
j odd k odd
4010 - 402C, (R\? )
R? 221: R2 \2 = O(R")
j=1 k=1
j odd k odd
Combining all of this gives
32R*
E[Ny,] < 162 Cs +g(R/L),

where g(z) is a function such that lim, .., g(z) = k, where k is some constant greater than
zero, i.e., g(z) = O(1). With the lower bound on the other side given by (2.42), we obtain
the final expression for exponential visit times:

32R*

E[N.,] = 575

Cs + O(R?/L?). (2.44)
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The proof for deterministic visit times goes along identical lines but with a few minor
differences. First of all (2.34) becomes

=

- = 2F F}, sin(j6u) sin(k6v)

<1 cos (250) + COS(QI{:@))/

d

h(u,v)

M

J

J o

a2l
o=

Performing similar calculations from here on leads to

=}

-1

=

-1

8
R2L?

cos(k0)
— (1—cos(j0))(1—cos(k0)) (1—(cos(26) +cos(2k6))/2)’

od

BN, = (2.45)

]

Il
—

J
J o

o
o
T
[oN)

which is (2.4b). Since (1—(cos(2z)+cos(2y))/2) ! has a pole in (z,y) = (0, 0) we can proceed
as previously to show that

1 1
< ;
2?2 + y? 1 — (cos(2x) + cos(2y))/2

which—for the same reasons as eq.(2.40)—leads to the same lower bound given in equation
(2.42). There are three more poles in (z,y) = (0,7), (7,0), and (7, 7) for 0 < z,y < 7
which leads to the approximation

1 1 1 1 1
= + + + ey
1— (cos(2z)+cos(2y)) /2 2412 224 (m—y)?  (r—2)2+y?  (m—x) +(m—y)? ey
where
B 1 1 1 1 1
Ty T 1—(cos(2z)+cos(2y)) /2 224y? 2?2+(m—y)? (7—2)*+y? (7—2)*+(1—y)?

(2.46)

is shown in Figure 2.14 and is bounded by lim, .o 7,0 = % ;32 < Yoy < My or/o Vow =
1

z—52% = (5 for 0 < z,y < w. An upper bound for (2.45) is then given by

3 27r
R—-1 R-1
8 R? R? R?
E|Ng, ‘ . .
Vel < o 2 2 (mvm m e
j odd Kk odd

+w2((R—j)§i(R—k)2) +C5) (732—1?'22+Cl) (:Q—Jfﬁcl) (247)

Of the first five terms right behind the summation signs, the evaluation of the first and last
terms have already been dealt with (but now with C5 replaced by C5). It remains to assess
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the other three remaining terms, of which two are identical due to symmetry. First of all
we have

R—1 R-1 1 1 R-1 R/2 1 R-1 R/2 ] ]
<
Z_; £ 2+ (R —k)? 2k Z; Z]2+(R/2 2 21{:2 ; Zj 2+ k2 j2(R/2)?
]]O_dd k odd jjo_dd k odd ]](:1(1 k odd
e 41 L= 1 14
< ZZﬁj2k2+Z Zj2+k2j_2_2
j=1 k=1 j=1 k=1
j odd k odd jodd Kk odd
4 4 n B 3t
rR2\64 ') 2R
Another of the terms is
R-1 R-1 R-1 R-1
1 1 R
< ——— < —f(R),
2 2 R 2 2R <2
j=1 k=1 j=1 k=1
j odd Kk odd 7 odd Kk odd
and because of symmetry
R-1 R-1 1 R-1 R-1 1
: = ——— < C}.
Z 2 R2((R= 7+ 1) Z 2 27+ 1)
7 odd k odd 7 odd Kk odd

With the help of these expressions we obtain upper bounds for each of the expressions in
(2.47). We have

32RC’1 11 32R4
—— C
D PEESL R b0

j=1 k=1
J odd k odd

3opt &1 & 1 11 3R
S A 2
7-(-6 ]Z:; p j2+(R_]€)2j2k2 — 7T2 O(R)
j odd k odd
RRUNS S~ 1 1L S8R
76 — (R—j)2+k2j2k2_ 2 -
J odd k odd
2R N & 1 11 R*
— < f(R) =0O(R?
© L L Em e R S ! ) =0
]];1(1 k;dd
2R SN N 11 32R2Cs [(w\? )
__< —_— p—
X i (§) —om
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and also
16R201 Z Z 1 R2C’1
= =0O(R?)
= = J +k;2 k2 8
] odd k odd
16R201 i 1 8R3C,
R) =0(R
1k1]+R k:)k 7r4f(> (7)
jjodd k odd
1 1 16 R?
6R01 Z Z S 6R§104 :O(RQ)
i R—j)2?+k*k T
jJOdd kodd
16R2 =l 1 1 8R3C,
X_; kz_: 2+ (R—k2E = 7t J(R) =O(R)
_dd k_dd
160,05 = =~ 1
p > Z@ C1C5R =O(R)
j=1 k=1
7 odd k odd
Furthermore,

=y)
L
=y]
L
=y)
L
T
—

(]
Ql\)
_|._

= -
=
I

il ng

(R—j)* + K

<

Il
N
T o
I
A
<
T o
I
A

<
o -
[N
(R
[}
o}
=}
.
[}
(=%
(=%
[}
o}
=}

T
v
T

(R—j)2+ (R—k)?

F o

g Il

C._H
<.
\_/

=
L
T

and
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This gives us

32R*
E[N,,] = W+92(R/L),

where go(x) is a function with the property lim, ...g2(x) = ko, where ko is some constant
bigger than zero. In particular, go(z) is O(1). Together with the lower bound in equation
(2.42) this gives, just as for exponential visit times,

32R* L —1r\2
EW&J:@”(( I ))' .

2.D Proof of Proposition 2.2.1

Proof. Let z(n) and y(n) be the relative positions of nodes X and Y at the n" jump (here
n is not the individual, but the sum of the number of jumps of the two nodes). Let N be
the first time the nodes can communicate, i.e.,

N =inf{n € Z* : x(n)+r > y(n)+L}, L<r<2L.
Observe that N = 0 if 2(0)+r > y(0)+L. By conditioning on the starting positions we find

xro+r—L

P(y(N) = yla(0) = z0) = Y Ply(N) =y | z(0) = z0;y(0) = y0) P(y(0) = o)

yo=0

£ PY) =y | 2(0) = 0 9(0) = ) P(y(0) = o)

yo=xo+r—L+1

1 xo+r—L 1 L-1
= 7 2 lwmmtp X PO =yl a(0) =20i9(0) = o)
y0=0 yo=zo+r—L+1
1{ , 1{ ) L-1 o9
y<wotr—L xo+r<2L-1, y>r-L (n)

Yo=xo+r—L+1 n=1
where
£ = P(y(N) = y: N = n | 2(0) = 20;4(0) = o)

is the probability that the two nodes can communicate for the first time in the n** step with
node Y in state y(n) = y. In (2.48) it is best to include the indicator function to reflect the

fact that f;") = 0 outside the indicated values of zy and y.

It remains to solve f&n). We shall do this with the help of the probability

Paym i= P(ﬂf(n) =z;y(n) =y; N >n | 2(0) = 20;y(0) = yo; N > n—1>,



Sec. 2.0 Proof of Proposition 2.2.1 61

that the two nodes starting in zy and yo are in states xz(n) = z, respectively, y(n) = y in
the n'® step and that they do not communicate in step n. In particular, this means that
Piyn = 0 for & := y—r+L any y and any n. Equivalently, the positions of the two nodes can
been viewed as a 2D random walker Z = {z(n) = (z(n),y(n))} and then p,,, represents
the probability that the 2D random walker is in (x, %) in the n'® step, given that the random
walker started in (zg,¥o) and that it has not yet been absorbed by any of the absorbing
states {(z,y) : *+r=y+ L}.

It is now possible to express fé") in terms of the position of the 2D random walker one
step earlier. If y(n) = y, then necessarily z(n) = & with & := y — r+ L Hence at time n—1
this means that (z(n—1),y(n—1)) = (¢ — 1,y) or (z(n—1),y(n—1)) = (&,y +1). This gives

Diyt1n—1/4 ify=r—1L
fzgn) = (pab—l,ym—l +p:b,y+1,n—1)/4 ifr—L<y<L-1 (2.49)
Pi-1ym-1/4 ify=L-1

Although it not written for the sake of readability, this equation still depends on (zg,yo). It
remains to find p, ,,. Because of the possibilty that the random walkers can jump back to
the same state (at the outermost states), it is easier to first solve the related probability

B = P(3(n) = 2:5(n) = y; N > n | #(0) = 7035(0) = yo; N > n—1)),

of the extended 2D random walker and to then express p, , , in terms of these probabilities.
The latter is easy to do since the mirror images contribute to the original probability as
follows

Pryn = ﬁm,y,n + ﬁ—x—l,y,n + ﬁx,2L—1—y,n + ﬁ—x—l,QL—l—y,n‘ (25())

To give an expression for p, , , we will first establish the requirements which uniquely define
Dzyn- We will then give the function p, , , which satisfies these requirements.
By definition, pyyy00 = 1 an pyy0 = 0 if  # x¢ or y # yo. Furthermore, since the

boundaries are absorbing states it is requires that p,,, = 0 for (z,y) € N. Finally, if at
step n the extended random walker is in (7, s), then the next step takes it to one of the four
neighbours (r+1,s), (r,s£1). This gives the relationship

~ Do +p +p +D N
px7y7n+1 _ Pz 1,y,mn pr—i—l,y,n 1 px,y—l,n pr,y—&—l,n’ ne 7 7 (251)

The function p,,,, which satisfies these requirements is given by

2(L 7)—1 2(L—7)-1

pm,y,n: Z Z | cos (j6) cos (k) | Gx(, ) gin (0, o), (2.52)
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with 7 = r—L and

k(. y) = sin (Wﬂy—f“ﬂ + 1)) i <7Tk<y;_>

<y<L-1.
2(L—7) 2(L—7) ) rtrsys

First of all, it satisfies the boundary conditions (p,,, = 0 for (z,y) € B). Secondly,
Daoyo0 = 1 follows from Zle sin(mju/R) = 0 [37, equation 1.351.1]. Finally, to show it

satisfies (2.51), we make use of the same relationship as used to go from (2.27) to (2.28),
namely

Gix(x—1,y)+gi(z+1,9)+ g2, y—1)+gji(z, y+1) = 4cos(j0) cos(kO) gz, y).

Putting (2.52) into (2.51) gives

~ p:z:—Ly,n + p:z:—l—Ly,n + pz,y—lm + pz,y—&—Ln
pm7y’n+1 - 4

—i—1) 2(L—r—1)

Z {cos(j@) cos(kb) ngjk(xo, Yo) X

j=1 k=1

4 (L
TR

(=1 9)+gin(z+1,y)+ g2, y—1)+ gz, y+1)
4

X [cos(j&) cos(kO)gn(x,y) —

=0

for (z,y) € Z. The proposition follows by combining (2.49)-(2.52), changing the order of
summation, and evaluating the geometric summation over V. .
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In this chapter a stochastic model is introduced that accurately models the message
delay in a mobile ad hoc network (MANET) where nodes can relay messages for each other.
The model has only two input parameters: the number of nodes and the intensity of a finite
number of homogeneous and independent Poisson processes modeling instances when any
pair of nodes come within transmission range of one another. Closed-form expressions are
obtained for the Laplace-Stieltjes transform of the message delay, defined as the time needed
to transfer a message between a source and a destination. From this result, we derive the
expected message delay in closed-form as well as its asymptotic expansion for large networks.
The probability distribution of the number of copies of the message at the time the message
is delivered is also computed. These calculations are carried out for two relay protocols,
the two-hop relay and the unrestricted relay protocols. Despite its simplicity, the model is
able to accurately predict the performance of both relay protocols for a number of mobility
models (random waypoint, random direction and random walker mobility models), as shown
by simulations.

Note: Part of the material in this chapter has been published as an extended abstract
in the ACM SIGMETRICS 2005 proceedings [44] and will appear in the proceedings of
PERFORMANCE 2005 [69]. It is also available as an INRIA research report [43].
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3.1 Introduction

In MANET a mobile node (or simply a node) can only send data directly to another node if
both nodes are within transmission range of one another or in contact. Two nodes are said

to be within transmission range of one another if the distance between them does not some
threshold R.

The fact that two nodes are in contact is of course not enough to ensure a success
transmission of a message. Many phenomena may occur during the transmission and cause
it to fail (interferences due to other transmissions, physical obstacles, power problems, etc.).
Message relaying is a technique that facilitates the delivery of a message by using interme-
diary nodes to forward the message.

Routing protocols using relay nodes [61, 63, 89] have recently been proposed that
increase the message delivery ratio in mobile ad hoc networks. These protocols operate on a
store-carry-forward mode to take advantage of node mobility to improve node connectivity,
and ultimately the message throughput. When information is available (node movement,
node position, etc.) these protocols may use it in a static [89] or in a dynamic [61] way.
The concept of relay nodes can also be used in the case when no information on the nodes
is available [63].

Evaluating the performance of relay protocols (message delivery ratio, message latency,
throughput, etc.) is a difficult task due to the inherent complexity of mobile ad hoc networks,
particularly the random nature of both the movement of the nodes and of the demand
(traffic). The performance of mobile ad hoc networks are in general studied via lengthy
and complex simulations, for a limited number of mobility models, including the random
waypoint mobility model [22, 55] or the random direction mobility model [11, 46] which are
described in, respectively, sections 3.3.1.1 and 3.3.1.2.

In this chapter a simple stochastic model is introduced to evaluate the performance of
relay protocols for mobile ad hoc networks. The model has only two input parameters: the
number of nodes in the network and the intensity (A) of some identical and independent
Poisson processes. In particular, the model does not require the distribution of the stationary
distribution of the location of the nodes as input.

These processes model instances, called meeting times, at which any pair of nodes come
within transmission range of one another. Transmissions between two nodes can only take
place at meeting times and are assumed to be instantaneous. The latter assumption models
the situation where the transmission time of a message is very small with respect to the time
needed for two nodes to meet. Therefore, the random nature of a MANET is captured in the
model through a finite number of these independent and homogeneous Poisson processes.

The selection of the intensity A will be discussed in Sections 3.3 and 3.4 and is the topic
of Chapter 4.

The model is used to characterize the message delay between two arbitrary nodes—
hereafter called the source node and the destination node—for two relay protocols and for
three mobility models. The two relay protocols are the two-hop relay protocol and the
unrestricted relay protocol.
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In the two-hop relay protocol the source node may forward the message to all the
nodes it meets along its route, including of course the destination node. Any node which
has received the message from the source node may only forward it to the destination node.

In the unrestricted relay protocol the source node may forward a message to all the
nodes it meets (as in the two-hop relay protocol), but in this protocol any node that carries
the message may in turn forward the message to all the nodes it encounters, along its
trajectory.

The three mobility models that are consider in this chapter are the random waypoint,
the random direction, and the two-dimensional random walker mobility models. All three
models and their mathematical properties will be described in Section 3.3.1.

The characterization of the message delay in MANET has already received some atten-
tion. In [71] it is shown that, under the two-hop relay protocol, the expected message delay
is of the order T),(n)n for the random waypoint mobility model on a sphere (where n is the
number of nodes per unit area and 7},(n) is the transmission time of a message). It is shown

in the same paper that the expected message delay is of the order T},(n)log®(n) when nodes
execute independent Brownian motions on a sphere. In Chapter 1 (or in [41]) the expected
message delay is computed for a one-dimensional network topology, where the nodes move
in adjacent segments according to independent and reflected Brownian motions.

This chapter is organized as follows: the stochastic model is introduced in Section 3.2.1,
then we compute in Section 3.2.2 the Laplace-Stieltjes Transform (LST) of the message
delay (Theorem 3.2.1). In this theorem the distribution is also obtained of the number
of copies of the message at the time the message is delivered to the destination node. In
Theorem 3.2.2 the expected message delay is given in a closed-form expression. From this,
an asymptotic expansion of the expected message delay for a large number of nodes derived.
These calculations are done for the two relay protocols.

In Section 3.3, the expected message delay and the distribution of the number of copies
of the message found in Section 3.2 are compared to results obtained by simulations. Simu-
lations have been carried out for each of the six combinations of the two relay protocols and
the three mobility models. The simulation results are very close to the analytical results.
We observed discrepancies only when the node transmission range is large with respect to
the size of the area in which the nodes move.

The model assumptions have been validated in Section 3.3 in the absence of interfer-
ences (a situation that will typically occur when the communication radius of the nodes
is small with respect to the area in which the nodes move, and the node density is also
small). One way to incorporate interferences into the model is to thin the meeting time
sequences: with some (independent) probability p (resp. 1 — p) a transmission occurring
at a meeting time will be a success (resp. failure). Due to the fact that a thinned Poisson
process is again a Poisson process, it is enough to replace A by Ap, with p the probability
that a communication fails due to interferences. On-going research will be devoted to this
issue.

On the other hand, one can also argue that the communication radius of the nodes
must be small enough so that interferences remain at an acceptable level. It has been shown
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in [45] [72, Lemma 1] that the transmission range of the nodes should be of the order 1/v N
for the two-hop relay protocol, in order to maintain a constant capacity per node (with N
the number of nodes per unit area). In Section 3.4 it is shown how for a transmission range

that is of the order of 1/4/N the model can be used to compute the expected message delays
for large networks and for the two relay protocols considered.

A word on the notation: given a function g(IN), one writes f(N) = O(g(N)) if
|f(N)/g(N)| is bounded from above as N — oo and f(N) = o(g(N)) if f(N)/g(N) — 0 as
N — oo.

3.2 The stochastic model

Consider a network with N + 1 identical mobile nodes. There is a single message to be
delivered by a source node to a destination node. Intermediary nodes can be used as relay
nodes. The goal is to determine the distribution of the message delay and the distribution of
the number of copies of the message at the time the message is delivered to the destination
node.

First the model is introduced (Section 3.2.1) and then in Section 3.2.2 it is used to
evaluate the performance (message delay, number of copies) of the two-hop relay and the
unrestricted relay protocols.

3.2.1 Definition of the model

An analytical model that would carefully take into account the main features of a MANET
(transmission range, mobility pattern, interferences, fading, etc.) would be mathematically
intractable. Instead, a model is proposed where the impact of these features is captured
through a single parameter (the parameter A, see below).

Let 0 < ¢;;(1) <t,;(2) < --- be the successive meeting times between nodes ¢ and j
(¢ # j). Define 7 ;(n) :=t; ;(n + 1) — ¢, j(n), the n-th inter-meeting time between nodes i
and j.

Transmissions between two nodes may only take place at meeting times and are assumed

to be instantaneous. The latter assumption covers the situation where the transmission time
of a message between two nodes is negligible with respect to the node inter-meeting times.

Assume that if a transmission takes place between node i and node j (at some meeting
time ¢; ;(n)) then it will be successful. Assume that it is node i that carries the message
just before time ¢; ;(n). Under the two-hop relay protocol node ¢ will transmit (a copy of)
the message to node j at time ¢; ;(n) if ¢ is the source node or if j is the destination node.
Under the unrestricted relay protocol node ¢ will always transmit the message to node j at
time ¢, ;(n) regardless of the identity of node j.

Throughout this chapter the following assumption will hold for each relay protocol:
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(A) the processes {t;;j(n),n > 1}, 1 < 4,57 < N+ 1, i # j, are mutually independent
and homogeneous Poisson processes with rate A > 0. Equivalently stated, the random
variables (rvs) {7; j(n)};;, are mutually independent and exponentially distributed

with mean 1/\.

Introduce:

e T, (resp. Ty ), the message delay under the two-hop (resp. unrestricted) relay protocol,
defined as the time needed to send the message (or a copy of the message) from the

source to the destination;

o Nye{l,2,....N} (resp Ny € {1,2,...,

N}), the number of copies of the message in

the network (including the original message but excluding the message at the destina-

tion node) at the time the message is delivered to the destination node.

For 60 > 0 let
T3(0) == BEle”"®], T;(0) = Ele”""]
be the LST of T; and Ty, respectively.

3.2.2 Performance of relay protocols

Theorem 3.2.1 gives, for each relay protocol, the LST of the message delay and the distri-

bution of the number of copies.

Theorem 3.2.1 (LST of message delay)
Under the two-hop relay protocol

Z@N—l' A ‘
(N AN + 6

=1

and

Under the unrestricted relay protocol

%

AN(N+1-7)
ZH}\] (N+1—-j)+0

and

that is, the number of copies is uniformly distributed over {1,...,

(3.3)
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Proof. For both the two-hop and the unrestricted protocols the proof is based on
modeling the number of copies in the network as an absorbing finite-state Markov chain.
The transition rates of these Markov chains will differ for each protocol.

For each protocol the Markov chain takes its values in {1,2,...,N—1, N, A}. The
Markov chain is in state ¢ = 1,2,..., N when there are i copies of the message in the
network including the original message, and it is in state A when the message has been
delivered to the destination node. Note that states 1,2,..., N are transient states and A is
an absorbing state.

A separate proof is provided for (3.1)-(3.2) and (3.3)-(3.4).
Proof of (3.1) and (3.2):

Figure 3.1: Two-hop relay: transition diagram of the Markov chain representing the number
of copies

The transition diagram of the Markov chain corresponding to the two-hop relay pro-
tocol is given in Figure 3.1. Recall that under the two-hop relay protocol only the source
node distributes copies of the message to nodes that come within its transmission range.
Therefore, when there are 7 copies in the network, then either a new copy is sent to the
N —i nodes which do not have a copy yet, which occurs at the rate A\(N — ) and triggers a
transition from ¢ to i+ 1, or one of these 7 copies reaches the destination node, which occurs
at the rate \i and triggers a transition from ¢ to A. This explains the transition diagram in
Figure 3.1.

The transition from 4 from i + 1 occurs with the probability (N —i))A/((N — i)\ +
i\) =1 —1i/N, and the transition from i to A occurs with the complementary probability
iN((N —i))A+1iX) =i/N.

The sojourn time S; in state ¢ = 1,2,..., N is exponentially distributed with inten-
sity AN (the sum of transition rates out of state i). Moreover Sy,...,Sy are mutually
independent random variables.

By conditioning on the state of the Markov chain just before its enters state A, or
equivalently by conditioning on the number of copies Ny just before the message hits its
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destination, we have

=2

T35 (9) E[e "2 | Ny = i]P(N,y = 1)

1

o
I

=z

=N Ele ?25=15 | Ny = i]P(Ny = 4). (3.5)
1

2

As mentioned earlier, 1 — j/N (resp. j/N) is the probability of jumping from state j to
state 7 + 1 (resp. from state j to state A). Therefore,

T ' i (N=1)
P(Ngzz):NH(l—%):ﬁﬁ, (3.6)

which establishes (3.2).

When in state j = 1,2,..., N, the Markov chain can either enter state j + 1 after a
time S;; that is exponentially distributed with intensity (N — j)A, or enter state A after a
time S 2, independent of S} ;, which is exponentially distributed with intensity jA. Observe
that S; = min{S;,S;2}. Moreover

P[SJJ <z ‘ Sj71 < Sj,2] :P[Sjg <z | Sj71 > Sj,Q]
:P(Sj < ZL’)
=1 — exp(—AN) (3.7)

as a consequence of the exponential distribution. Therefore,

]E[e_ez;:l Sj ‘ Ny = ’L] :E[B_e(zé;ll 51FSi2) | Sj71 < Sj72, e Sz‘—l,l < SZ'_LQ, Sz',l > Si’Q]

(3.8)
From (3.7), (3.8) and the fact that the rvs {S;s};=1. ~xr=12 are mutually independent, we
find
; : AN )’
0%, S; _ -05;1 _
Ele 155 | Ny = 4] jl:[l]E[e ] (AN+6) : (3.9)

Putting (3.5), (3.6) and (3.9) together yields

o (N =1 A Y
TQ(Q)_;Z(N—Z)! ()\N+9) ’

which proves (3.1).
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Figure 3.2: Unrestricted relay: transition diagram of the Markov chain representing the
number of copies

Proof of (3.3) and (3.4):

The transition diagram of the Markov chain associated with the unrestricted relay
protocol is displayed in Figure 3.2. Under this protocol, each node which has a copy of
the message is allowed to distribute it to a node which does not have a copy and which
comes within its transmission range. Therefore, when there are i copies of the message in
the network a new copy is created at the rate \i(N — ¢) (transition from i to ¢ + 1) and
one of these i copies reaches the destination node at the rate \i (transition from i to A), as
depicted on Figure 3.2.

The chain jumps from state ¢ to state ¢ + 1 with probability (N —4)/(N + 1 — i) and

it jumps from state i to state A with probability 1/(N 4+ 1 —4). The sojourn time S; in
state i is exponentially distributed with intensity Ai(N + 1 — ) (obtained as the sum of the
transition rates going out state 7).

By conditioning on the number of copies Ny, we have

N
Ty(0) = Ble ">=1% | Ny = i|P(Ny = i)

i=1

with
1—1

1 N —j 1
P(N = = —
(Ny =1) N+1—¢],1;[1N+1—; N’

which proves (3.4).
Similarly to (3.9) we have

]E[e—ez‘;:lg]' | Ny = 4] :HIE[e—QS']-] _ H 5 %‘](N+ 1 —])

so that
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which proves (3.3). .

Theorem 3.2.2 gives the expected message delay for each relay protocol. This result
shows that for each protocol the expected message delay is a linear function of the expected
inter-meeting time 1/A\.

Theorem 3.2.2 (First two moments message delay)
Under the two-hop relay protocol, the expectation of the message delay is given by

IE[T}] :Ai ; EJ\(ZJL; }\)[' (3.10a)
:i %Jro(%)) . (3.10b)

E[T}] = AJVQ iNl Z‘Q(i];;(ljzf(]fi;!l)! = AjN (2 + O(\/—%D , (3.11)

Var(Ty) = Ale (4_% + O(\/Lﬁ)) . (3.12)

Under the unrestricted relay protocol, the expected message delay is given by

;V <log(N) NI 0(%)) (3.13b)

&|}—\

(3.13a)

where v ~ 0.57721 is Euler’s constant. The second moment is given by

E[T7] = sz <ZkN+1— ) +Z( N+1—k)) (3:14)

Proof. The proof will make use of the following lemma which is proven in Appendix
3.A (for the sake of readability).

Lemma 3.2.1 For large N

Z (Ni_];[)!!Ni - N3/2\/§ + O(N), (3.15a)

i=1
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and
i (sz% =2N* + O(N*2). (3.15h)
i=1
o
Since E[T3] = — deg(g) o the first part of IE[T3] can be derived at once from (3.1).

Equation (3.10b) follows quickly with the help of (3.15a).
In the same way the second moment of the expected message delay under the two-hop

relay protocol can be derived by taking IE[T%] = % ‘9 . We have
=0

N

PO - SO () ()
and so
E[T3] = 52(?59(9) 9—o0
- i iz(z}vt(ljéu—vz;! -

With the help of the Lemma 3.2.1 it follows that

1

BT = o (20 + 0(v7)) = o (2 0(%) ).

This means that the variance is given by

Var(Ty) = )\QLN<2+O<\/LN>)—$(%+O<#>)
- e (o)
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Similarly, we find by differentiating (3.3) with regards to 6, and then by setting 6 = 0,
that

Jj=1i=j
N
1 1 1
_ - N+1—
)\N(N+1)JZ:;(]+N+1—])( + J)
N
1 1
W 25

which is (3.13a). This last summation is known as the harmonic numbers. Its asymptotic
expansion is [70, p. 186]

N
Z = log(N +7+O<%),

where v is Euler’s constant. This gives (3.13b).

To derive the second moment of the expected message delay under the unrestricted
relay protocol we make use of

. 2 .
82Ty (6) 1 & ! ! 1 2
26 NZ:: (Z)\kNJrl— )+9) * ()\k(NJrl—k)JrG)

k=1

ﬁ M(N+1—7)
DA ( (N+1—35)+6

This gives the second moment of Ty, by taking 8 = 0.

The next result gives the number of occurances of the message at the time the message
is delivered.

Corollary 3.2.1 (Expected number of copies) The expected number of copies under
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the two-hop relay protocol is given by (cf. (3.2))

No) NZNZ N (3.16)

Hence (cf. (3.10a))
E[V,] = AN [T,
so that

TN

E[V) =/ 5

—+0(1). (3.17)

The expected number of copies under the unrestricted relay protocol is (cf. (5.4))

N+1
E[Ny] = ——. o

The relative performance of the two-hop relay and unrestricted relay protocols can be
captured through the ratios [E[Ty]/IE[T5] and E[Ny]/IE[Ny] given by (cf. Theorem 3.2.2)

E[Ty] NY L4
E[l;] SNV 2 M

i=1 N7 (N1

and (cf. Corollary 3.2.1)
E[Ny] NV + 1)
E[N,] 2 Zz 1 ]Zv (N—z

respectively. Note that both ratios are independent of \.
By using the asymptotic expansions (3.10b), (3.13b) and (3.17), we see that

Y

E[Ty] _log(N) /2

~ -

E [Tg] \/N m

and

EN, ~ Var
for large N. In other words, for large IV the expected message delay under the unrestricted

relay protocol is approximately log(N)/+/7N/2 times smaller than under the two-hop relay
protocol, while the expected number of copies is approximately /N/2x times larger.

For instance, for N = 103 then E[Ty]/IE[Ty] &~ 0.17 and IE[Ny]/IE[No] ~ 12.6.
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3.3 Applications

This section is devoted to the application of the results in Section 3.2 to three different mo-
bility models. It is structured as follows: the mobility models are presented in Section 3.3.1
and the simulation setting for each mobility model is introduced in Section 3.3.2. Through
both intuitive reasoning and simulations it is shown in Section 3.3.3 that assumption (A) is
reasonable when the transmission range is not too large relative to the surface area. Based
on this observation, estimates are obtained for the meeting rate A, for each mobility model
and for various transmission ranges. With the help of these estimates and Theorem 3.2.2,
the expected message delays predicted by the analytical model are computed for each mo-
bility pattern, for both the two-hop relay and for the unrestricted relay protocols, and are
compared to simulation results.

The accuracy of the model is demonstrated in Sections 3.3.4 and 3.3.5, where the
expected message delay and the distribution of the number of copies obtained by the model
are compared to simulation results.

3.3.1 Mobility models

Although the results in Section 3.2 hold regardless of the dimension of the space in which the
nodes move, in the following we shall only apply them to three standard two-dimensional
mobility models: the random waypoint mobility model (Section 3.3.1.1), the random di-
rection mobility model (Section 3.3.1.2), and the two-dimensional random walker mobility
model (Section 3.3.1.3).

3.3.1.1 Random waypoint mobility model

The random waypoint mobility model was first introduced in [56] and later given its name
in [22]. It is commonly used for the simulation of mobile ad hoc networks [55, 22]|. Its
properties have been studied extensively [13, 14, 12] and explicit expressions for the spatial
node distribution, in terms on an integral which has to be evaluated (numerically), are given
in [51, 52]. An initialisation procedure for simulations is given in [65].

In the random waypoint mobility model each node is assigned an initial waypoint loca-
tion in a given area (typically a square) and travels at a constant speed S to a destination
waypoint chosen uniformly in this area. The speed S is chosen uniformly in (Vin, Umaz),
independently of the initial location and destination. After reaching the destination, the
node may pause for a random amount of time after which a new destination and a new
speed are chosen, independently of all previous destinations, speeds, and pause times. The
stationary distributions of location and speed in the random waypoint mobility model differ
significantly from the uniform distribution. In particular, it has been observed that the
stationary distribution of the location of a node is more concentrated near the center of the
region in which the nodes move [14]. Also, v,,;, needs to be strictly positive to ensure that
the average speed over time does not go to zero [86].
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3.3.1.2 Random direction mobility model

In the random direction mobility model [11, 46] each node is assigned an initial direction
a, speed S € [Unmin, Umax] In km/hour and a finite travel time 7. The node then travels in
the direction « for a duration 7 and at speed S. When the travel time has expired new
speed and travel times are chosen at random independently of each other and of all previous
directions, speeds and travel times. In addition, a new angle is chosen for the change of
direction of travel. Depending on the definition, the new travel direction can also be chosen
independent of the previous travel direction. When a node reaches a boundary it is either
reflected [8, 11] or the area wraps around so that the node reappears on the other side [11].

The stationary distributions of the location and direction have been shown to be uni-
form [8, 64] for arbitrary direction, speed and travel time distributions, irrespective of the
boundaries being reflecting or wrap around. This is in contrast with the random waypoint
mobility model where nodes are more likely to be concentrated near the center of the area.
Another difference is that the minimum speed v,,;, does not have to be strictly positive.
The speed can be equal to zero since the node maintains a certain speed only for a limited
amount of time.

Notice that random direction mobility model is a generalization of the random walker:
by fixed the travel time and choosing only a vertical or horizontal direction of travel one
obtains a random walker. Notice also that the random direction can be ’scaled’ to obtain a
Brownian motion by sending the travel time to zero.

3.3.1.3 Random walker mobility model

In the two-dimensional Random Walker Mobility Model each node moves as a random walker
on a two-dimensional square lattice. The time is discrete and at each time step each node
has a probability of 1/4 of hopping to a position above, below, to the left, or to the right of
its current position. If the node is positioned on a boundary, then instead of hopping off the
lattice it hops back to the same state. This movement can be seen as someone wandering
at a constant speed from intersection to intersection through a city, where all of the streets
are equally spaced and perpendicular to each other (Manhattan network). The stationary
distribution of the location of a two-dimensional random walker on a square lattice is uniform
over the area. This properties is a consequence of the fact that a two-dimensional random
walker can be constructed from two independent one-dimensional random walkers, and that
the stationary location of a symmetric random walk in one dimension is uniform (see Section
1.2).

3.3.2 Simulation Setting

The numerical results presented hereafter are based on simulation programs in which mobiles
nodes move in a square of size 4 x 4km?.

For the random waypoint mobility model special care must be taken in the initialization
process of the simulator since the starting positions are not uniform. A good procedure for
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doing this, and which we have used, is presented in [65]. The method consists of sampling
the initial speeds and locations from their stationary distributions. Then, subsequent speeds
and locations are sampled from the uniform distribution. The pause times are taken to be
equal to zero.

Since the stationary distribution of the location of a node is uniform for both the
random direction and the random walker mobility models, their implementation does not
pose any difficulty.

For the random waypoint mobility model and the random direction mobility model, a
speed (in km/h) was chosen uniformly in [vmin, Vmaez] = [4, 10]km/h.

In the random direction mobility model, a node moves in a direction that is uniformly
distributed in [0, 27), for an exponentially distributed amount of time (expressed in hours)
with mean 1/4, and at a speed that is uniformly distributed in [4, 10]km/h, before the node

chooses a new direction, travel time and speed.®

For the random walker mobility model we assume that the streets are 80 meters apart
and that the random walkers move at the constant speed® of one block per minute (this
results in 512 = 2601 states and a constant speed of 4.8 km/h).

We assume that there are no inferences and that the transmission of a message between
two nodes (in contact) is instantaneous. The former assumption typically models a situation
where the transmission radius is small with respect to the size of the area. The latter
assumption typically models a situation where the message transmission time between two
nodes is negligible with respect to the node inter-meeting times. With these assumptions it
is easy to derive the time between consecutive events; details of this are given in Appendix
3.B.

In order to apply the results in Section 3.2 we need, for each mobility model, to check
the validity of assumption (A) and to identify the parameter A of the exponential inter-
meeting time distribution.

3.3.3 Validation of the Poisson meeting times

For each mobility model and for various communication radii, the movement of two nodes
have been simulated and estimations have been made of the distribution (Section 3.3.3.1)
and the auto-covariance function (Section 3.3.3.2) of the inter-meeting times between these
two nodes. The results, based on 100,000 observations and which are reported below, show
that the Poisson assumption for the meeting time sequences is valid for all three mobility
models and for a large range of communication radii.

T As a small remark it is worth mentioning that with the right choice of parameters the random direction
mobility model can be used to simulate random walkers.

2In the previous chapter is was shown that due to time averages the underlying visit time distribution is
of little or no importance for the message delay, hence a constant visit time can be taken.
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3.3.3.1 Inter-Meeting Time Distribution

Figure 3.3 displays, on a log-scale for the y axis, the complementary cumulative distribution
function (complementary cdf) of the inter-meeting time between two nodes for each mobility
model and for three different communication radii (R = 50m, 100m, 250m).
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Figure 3.3:

Complementary cdf of the inter-meeting time of two nodes for the random
waypoint, the random direction, and the random walker mobility models.

For the random direction and the random waypoint mobility models, and for each
communication radius, we have also plotted the complementary cdf of an exponential dis-
tribution (i.e. a straight line on a log-scale for the y axis) with intensity (i.e. slope) A\. We
observe an excellent agreement between the estimated cdf (solid line) and the exponential
cdf (dashed line) for the three different communication radii. Estimates for the value of A
for these two models will be derived in Chapter 4 and are given in Corollary 4.2.2.

For the random walker mobility model the situation is more complicated: the inter-
meeting time is not exponential but there is an an exponential tail which rapidly emerges.



Sec. 3.3 Applications 79

The reason, we argue, is because random walkers have a tendency to “hang around” the same
region (resulting in many small inter-meeting times). If, however, the two random walkers
have wandered away from one another, then we find an exponential distibution for the time
until they meet again. This explains why in [72] the first-meeting time (defined as the time
between a random moment and the moment when two nodes meet) between two Brownian
motions resembles an exponential distribution whereas the inter-meeting time does not.

Because of the quick emergence of the exponential tail for the random walker mobility,
this movement pattern has been included into the analysis to see how robust the model is.
An explicit expression for the exponential tail under the random walker mobility model is,
to the best of our knowledge, not known and it is therefore obtained numerically as the
complementary of the average first-meeting time obtained across all simulations.

The fact that, for each mobility model, the cdf of the inter-meeting distribution is well-
approximated by an exponential distribution, at least for small to moderate transmission
radii (with respect to the size of the area) finds its roots in the various independence as-
sumptions placed on each mobility model. Indeed, nodes move independently of each other
and future directions and speeds (and therefore locations) of a node are independent of past
directions and speeds of this node. If we pick two mobile nodes at random at some sta-
tionary time, then there is a probability ¢ that they will meet (in the sense of being within
transmission range of one another) before the next change of direction of either node. At
the next change of direction, because of the independent assumptions recalled above, the
process repeats itself and there is a probability ¢ that these nodes will meet before the next
change of direction. This yields a geometric distribution for the number of changes of direc-
tion before both nodes meet. The exponential distribution pops up because the number of
changes of direction is “linearly” related to the time traveled before the nodes meet.

The fact that inter-meeting times are exponentially distributed has already been ob-
served for the Brownian motion and the random waypoint mobility model on a sphere [71].
This issue will be studied in more detail in Chapter 4. In particular, Theorem 4.2.1 provides
the parameter of the exponential distribution and Corollary 4.2.2 gives a number of special
cases for which simple closed-form expressions exist. Most notable is that A has a linear
relationship with the transmission radius (under the assumption that R << L). This is
confirmed in Figure 3.4 where the estimate of A based on simulations is plotted against the
communication range R. Also shown in the figure are the theoretical values of A obtained
through Corollary 4.2.2. Not surprising, the value of X is lower for nodes moving according
to the random waypoint model than for the random direction mobility model since the nodes
are more concentrated around the center of the region. The linear relationship between A
and R has also been observed for the random walkers, but for that mobility model the
theoretical value of A remains to be found.

Since the parameter A\ describes the meetings time between two nodes, and interference
was considered neglible, it means that A is independent of the relaying protocol used.
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Figure 3.4: Relationship between the inter-meeting time intensity A and the transmission
radius R. Here [Umin, Umae] = [4, 10] km /hour.

3.3.3.2 Independence of Inter-Meeting Times

Let {7(n)}, be the inter-meeting times between two given nodes. To check the assumption
that the rvs {7(n)}, are mutually independent rvs, we have used the following classical
estimator for the auto-correlation function of {7(n)},

(T(n +h) — %(m)) (T(n) — %(m))

1
m n

is an estimator of the auto-covariance function, with #(™ = (1/m)Y_"" | 7(n) the sample
mean for m observations.

If the rvs {7(n)},, are mutually independent then their autocorrelation function is equal
to zero for all A > 1.

The mapping h — p,,(h) corresponding to the random waypoint mobility model is
plotted in Figure 3.5 for m = 100,000 and R = 0.25km. The autocorrelation functions
corresponding to other values of R (R = 0.05km, R = 0.1km) and/or to the random
direction mobility model and the random walker mobility model are not displayed since
they are identical to the results in Figure 3.5. From these results we conclude that the
assumption that the inter-meeting times between two nodes are mutually independent rvs
is a reasonable assumption.

In conclusion, the results reported in Sections 3.3.3.1 and 3.3.3.2 validate the assump-
tion that the meeting time process between two given nodes is a Poisson process for all three
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mobility models and for small to moderate communication radii (with respect to the size of
the area in which the nodes move).

o o o & o
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Figure 3.5: Autocorrelation function of inter-meeting times for the random waypoint mo-
bility model with R = 0.25km.

3.3.4 Expected Message Delay

For the three mobility models introduced in Section 3.3.1 and for three communication radii
(R = 0.05km, 0.1km, 0.25km), Figures 3.6-3.7 display the expected message delays obtained
both through simulations and by the analytical model as a function of the number of nodes.
Results for the two-hop (resp. unrestricted) relay protocol are given in Figure 3.6 (resp.
Figure 3.7).

These results demonstrate the ability of the analytical model to predict the expected
message delay under both the two-hop relay protocol and the unrestricted relay protocol for
different mobility patterns, across any number of nodes and communication radii.

3.3.5 Distribution of Number of Copies

Figures 3.8-3.10 compare the distribution of the number of copies at message delivery time
obtained through simulations (represented by bars in the figures) and by the analytical
model (solid lines), under both relay protocols and for 40 nodes (i.e., N = 39).

Results for the two-hop relay protocol are displayed in Figures 3.8-3.9 for the random
waypoint mobility model and the random walker mobility model, respectively (results for
the random direction mobility models are identical to that of the random waypoint mobility
model and have not been displayed). We observe that for all three mobility models the fit
is quite good when R = 50m and that it deteriorates as R increases (although the results

are still acceptable for R = 100m for the random waypoint mobility model and the random
direction mobility model).
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Figure 3.6: Expected message delay as a function of the number of nodes: the two-hop relay
protocol

Results for the unrestricted relay protocol are reported in Figure 3.10. Recall that for
this protocol the number of copies is uniformly distributed in the analytical model, namely,
P(Ny =1i) =1/39 =0.0256 for all i = 1,...,39 (see Theorem 3.2.1). Results are displayed
for each mobility model, each for a different transmission range. We can see that in all cases
the distribution of the number of copies is very close to the uniform distribution.

These results give a good indication that our model, despite its genericness, is able to
capture the main features of the interaction of the mobility models and the relay protocols.
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3.4 Large networks

We have observed in Section 3.3 that, for the three mobility models considered in this
chapter, the inter-meeting time intensity (\) is well approximated by a linear function of
the transmission range R. This approximation is valid as long as R is not “too large” with
respect to the size of the area in which the nodes move.

On the other hand, when the number of nodes increases R should decrease to prevent
interferences from becoming excessive.

Putting these two observations together, yields
A= O(R(N)),

where R(N), the transmission range for a network with N nodes, is a decreasing function
of N.

Introducing this behaviour of A in Theorem 3.2.2 immediately gives the following:

Corollary 3.4.1 For large N

_ 1 an _ o [ Jog(V) .
BIL) =0 75mm ¢ El]=0(xps)-
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If we choose R(N) = O(1/+/N) in order to keep interference at an acceptable level (it is

shown in [72, Lemma 1] that R(N) = O(1/+v/N) in order to achieve a constant capacity per
node with the two-hop relay protocol), then

E[T)] —0(1)  and IE[TU]:O<103%V)),

by using Corollary 3.4.1.

Alternatively, one may want to find the function R(N) so that the expected message
delay for unrestricted relaying is O(1) as the number of nodes becomes large. This is

achieved when R(N) = O(log(N)/N) leading to IE[Ty] = O(v/N/log(N)).

Remark 3.4.1 Let T be the message delay under the two-hop relay protocol. Recall that in
this protocol a message is relayed instead of copied [45] [T1] [T2]. Similar to the analysis con-
ducted in Section 3.2, it can be shown that E[Tg] = A1 (14+1/N—1/N?) = A71(1+O(1/N)).
Since X\ = O(r(N)) for the random waypoint model, and with the scaling r = O(1/v/N),

we find that the expected message delay under the two-hop relay protocol is O(v/ N), just as
was found in [71] but for nodes moving on a sphere3

3.5 Concluding Remarks

In the first three chapters of this thesis the message delay was studied for a number of
different movement patterns. Some of these results which followed had to be calculated
separately for each mobility model whereas a number of other results were generic of nature.
The two most noteworthy generic results are the exponential inter-meeting times for R << L
and Theorem 3.2.1 for the LST of the message delay. In the next chapter it will be studied
for which class of mobility models these last two important results hold and in particular the
value A\ will be derived for the random direction and the random waypoint mobility model.

An important reason for studying which class of movement patterns result in expo-
nential first-meeting times lies in the complexity of the first-meeting times. As Chapters
1 and 2 show, obtaining this measure for two relatively simple movement patterns in one
direction already proves to be quite challenging. Obtaining exact closed-form results in two
dimensions and for more than two mobiles does not seem feasible, hence the need to see
when the exponential approximations hold.

The generic model of this chapter can be used to evaluate and compare the performance
of different routing protocols for message delivery in MANET for a wide range of mobility
models. Future research will deal with the study of message delivery within a certain
timeframe and for nodes which are not always turned on.

3The Brownian motion mobility model was studied in [72], whereas in this paper we consider the random
walker mobility model. To go from the latter movement to the former care must be taken in terms of the
limit and the metric under consideration (expected delay).
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In this work it was assumed that there was a single message and that communications
between other nodes do not interfere with the transfer of that single message. The next
step requires the study of simultaneous communications that take the queueing at the relay
nodes into account.

3.A Proof of Lemma 3.2.1

Proof. We start with proving (3.15a). Define A(N) := SN, (N’i%

If it were not for the presence of the factor 72 in A(N), then this quantity would be

the Ramanujan Q-distribution [70, page 188], also known as the birthday function. This
function often shows up in the analysis of algorithms.

The derivation of the approximation (3.15a) follows that of the Ramanujan Q-distribution
approximation [70, Proposition 4.8]. We now outline it.

Let ig := | N3/°]. This implies that i2/N — oo as N — oo and iy = o( N?/3). We have

AN) =) ﬁ + B(N),

=1

. N i2N!
with B(N) := Zz’:z‘o-l-l ﬁ

B(N) is an exponentially small function of NV, in the sense that B(N) is O(1/N?) for
any a > 0. The proof of this result goes as follows. It is shown in the proof of Proposi-

tion 4.8 in [70] that C(N) := ZZ]\;ZO 1 ﬁ is an exponentially small quantity. On the

other hand, B(N) < N?C(N), from which we conclude that B(N) is exponentially small
since the product of an exponentially small quantity and any polynomial in /N remains an
exponentially small quantity [70, Exercise 4.10, p. 158].

Therefore,

.
o

T AW,

=1
where A(N) represents a function which is exponentially small.

For any integer 7 that is o(N%?) it is shown in [70, Proposition 4.4] that

ﬁ _ %/ (2N) <1 - O(%) + O<J\:2>) (3.18)

Since i = o(N?/3) whenever 1 < i < iy, we deduce from (3.18) that

A(N) = Z 2o i/2N) (1 + 0(%) + O(JZV—Z)) + A(N).

i=1
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By applying the Euler-MacLaurin summation [70, Theorem 4.2] to the functions a3e~**/2

and z9¢~*"/2 we find that (see [70, Exercise 4.69] for similar results)

20

Zi%—ﬂ/ﬂmo(%) = O(N)

i=1
and

10

Zi%—ﬂ/@mo(%) = O(N),

i=1

respectively. Hence,
10
A(N) =) i2e /N L O(N). (3.19)
i=1

By noting that i2e~"/N) is exponentially small for i > iy we can add all terms for i > i

into the right hand side of (3.19), which gives

AN) =3 272N L O(N). (3.20)

i>1

The above summation is the summation of the function Na2e=*"/2 at regularly spaced points

with step 1/v/N. Another application of the Euler-MacLaurin formula [70, Proposition 4.2]
yields

Zize_ﬂ/@]v) :N3/2/ z2e " 2 dy + O(N)
0

1>1

:N3/2\/§+ O(N), (3.21)
so that
A(N) = N3/2\/§ + O(N)

from (3.20) and (3.21), which concludes the proof of the first part of the lemma.

The proof (3.15b) is done in a similar way to shown that

>N o
Z (N _ Zii’)e—z /(2N) +O(N3/2)

. TN
i>1 i>1
= N2/ 2e = 2dy + O(N®/?)
0

= 2N? 4 O(N%/?).
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3.B Derivation of the time until the next event

For the purpose of numerical analysis an event-driven simulation program was written. An
event can be:

e the change of direction or position of a node;
e two nodes coming within range of each other;

e two nodes getting out of range of each other.

The calculation of the time until one of the last two events happens is done the next
paragraph.

Calculation of the time until two nodes meet.

Since the simulation program is event-driven it is necessary to calculate the time between
the change of direction of a node and the time of a possible meeting with another node
before its next change of direction. To derive this time take a look at Figure 3.11.

Figure 3.11: Illustration of the meeting of two nodes.

Assume the second nodes changes direction at time ¢ = 0. Let the position of node
i = 1,2 at that moment be given by (z;,y;), the direction by «;, and the speed by s;. The
position of node 7 at time ¢t > 0 is

zi(t) = x;+1t-s;-cos(ay), (3.22a)
yi(t) = yi+t-s;-sin(qy). (3.22b)

The mobiles meet or separate from each other at time ¢ if the distance between them is
exactly R. These times are given by the solution to R = \/(z1(t) — 22(¢))2 + (y1(t) — ya(t))2.
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Filling in (3.22) gives

2 2
+ <y1+t~31 -sin(ay) —ya+t - 32~sin(a2)>

R? = <x1 +t-s1 - cos(ay)—xo+t - SQ-COS(a2)>
- <(x1 — o) +1(s1 cos(oy) —s2 cos(ozg)))2 + <(y1—y2)+t(81 sin(ay)—s9 sin(ozg)))2
= (21— 2)* + (1 —2)°

+2t<(x1 — @) (51 cos(ay) — sacos(a)) + (y1 — yo) (s1sin(oy) — s sin(o@))

+t? <(31 cos(a) — $2 cos(ag))2 + (s1sin(ay) — s9 sin(ag))2>.

Solving this second-degree polynomial in t gives

—b—Vb? — 4dac

b =
1 2CL )
o —b+ Vb2 — 4ac
2 — 2& 9
with
a:=hi+h3, hy := sy cos(ay) — s2 cos(az),
b:=2(x1 — x2)h1 + 2(y1 — yo)ho, hy := sy sin(ay) — sgsin(ag),

ci=(x1 —22)* + (y1 — y2)® — R

Here t; and t5, respectively, give the moments in time when the mobiles come into contact
with one another and when they loose contact with each other. If

e b? — 4dac < 0: the two nodes never me(e)t;

t;1 < 0 and t5 < 0: their hypothetical meeting and separation took place in the past;

t; < 0 and t5 > 0: they are in contact at time ¢ = 0 and will separate at time ts;

t1 > 0 and t5 > 0: they will meet at time ¢; and separate at time ¢,.

Finally, the times t; and ¢, can be compared to the time until the next change of direction
of either node, and then the appropriate event can be scheduled.
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In this chapter it is proven that the first-meeting times and the inter-meeting times
between two nodes moving under the random direction and the random waypoint mobility
model are exponentially (\) distributed. This result is shown under the hypothesis that
there is no interference and that the fixed transmission range (r) is small compared to
the length (L) of the square area the nodes move on, i.e., r << L. The parameter \ is
identified for each of the models and in the special case were the speeds of the two nodes
are constant and identical a simple expression reveals itself. The obtained expressions are
validated against numerical results.

The obtained expressions can be used in the previous chapter where—assuming expo-
nential (\) inter-meeting times—the message delay was expressed as a function of A and the
number of nodes.
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4.1 Introduction

The first-meeting time is defined as the time, starting from a random moment in time, until
two nodes meet. The inter-meeting time is defined as the time that passes between two
consecutive meetings. It is assumed that each node has the same transmission range r.

An interesting property emerges for the random direction and the random waypoint
mobility models in two-dimensions: the first-meeting and the inter-meeting times are (ap-
proximately) exponentially distributed as long as the fixed transmission radius is small
compared to the length (L) of the square surface area the nodes travel on, i.e., r << L.
This is best seen in Figure 4.1 where the complementary cdf of the first meeting times
is shown for both mobility models, L = 4 km, and for three different transmission radii
(r =50, r = 100, and r = 250 meters). The speeds at each change of direction are chosen
from [Vmin, Umaz] = [4, 10] km/hour. The variation in the tails are artefacts of simulations.
The figures for the inter-meeting times are virtually identical and are given in Figure 4.5
(the reason for this is given in Section 4.4).

10° : - 0 10° :
—— Simulation g —— Simulation
" - - - exp(A) variable = - - - exp(A) variable
o .y 2
Ol Random Direction B 107 Random Waypoint
% Mobility Model g Mobility Model
5 %
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(3] -2 -2
2107 K10
5 R=0.05km ) | . R=50m
o “12=0.056923 2 \ . “\ A=0.073841
- R=0.1km > T, A R=100m ™
3=0.11216 g ) A=0.15142 X,
R=0.25km o 2 | R=250m N
A=0.27735 X < | A=0.41745 NN
N o ) N
10‘4 I I I S I I I O 10’4 i . 3 . . M
0 20 40 60 80 100 120 140 160 0 20 40 60 80 100 120
First-meeting time (hours) time (hours)
(a) Random direction (b) Random waypoint

Figure 4.1: Complementary cdf of the first-meeting time.

Note the log-scale on the vertical axis. Alongside each of the simulated values is also a
straight line which corresponds to an exp(\) distribution, where A = 1/mean(First-meeting
times) obtained through the simulations. The variances in the tails are artifacts of simula-
tions.

In the next section the values of A\ will be derived for both of the mobility models,
whereafter in Section 4.3 examples will be given. The obtained expressions are then linked

in Section 4.4 to the results of Chapter 3 after which concluding remarks are given in Section
4.5.
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4.2 The values for )\

The following theorem, which holds for any mobility model with the stated assumptions, is
central to this chapter and provides us with a basis for the estimates of A for the random
direction and the random waypoint mobility models. The proof is given in Appendix 4.A.

Theorem 4.2.1 (First-meeting time distribution) Let two nodes move independently
of each other in a square of size L X L with speeds Vi and V,. Let IE[V.] be the average
relative speed between the two nodes, and let 7(x,y) be the distribution of the node location
in steady-state. If the transmission range r << L and the location of a node at time t is
independent of it’s location at time t + A, for some small Ay, then the first-meeting time
(F ) between the nodes is exponentially distributed with parameter X\, where X\ is given by

A~ 2rE[V}] /0 ’ /0 LWQ(x,y)d:Edy. (4.1)

The average time until the two nodes meet is
1 1

]E[F] = X ~ T T .

2rE[VA] [, fy 72, y)dady

Although the assumption in the above theorem at first glance seems very strong, for
mobility patterns which “move around” fast enough it provided excellent approximations.
For example, consider the random waypoint mobility model: knowing a node’s current
position provides us some information on where the node may have been located a little
moment earlier, but it provides us very little, almost no, information about the positions
where the node has previously changed direction. Hence we see that there is an independence
property over time.

In order to apply Theorem 4.2.1 to the random waypoint and the random direction
mobility models we first need to know two measures, namely the integral over the square of
the spatial node distribution and the average relative speed, IE[V*]. These two quantities are

summarized in the following propositions for which the proofs are forwarded to Appendixes
4.B and 4.C.

Proposition 4.2.1 Let w(z,y) be the pdf of the spatial node distribution of a node moving
i a square of size L X L. We have

L (L
/ / 7(x, y)dxdy = 1/ L, (4.2a)
o Jo
for nodes moving according to the random direction mobility model and
L L
/ / 72(z,y)drdy ~ 1.3683/L?, (4.2b)
o Jo

for nodes moving according to the random waypoint mobility model. The constant w ~ 1.3683
shall be referred to as the waypoint constant . .
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Proposition 4.2.2 (Distribution of the relative speed)

There are two nodes both travelling in a straight line and let their direction of travel both be
uniformly distributed. If the nodes are travelling with speeds Vi = vy and Vo = vy then the
cdf of their relative speed is given by

’ ifU*S\Ul—UQ|,
24,2 .2 )
Ul—;:fvgv*) , Zf |211 - Ug| < Ve < U1 + V2,
’ va* > U1 + Va.

PV, < |Vi=wv;Va=19) = arccos(

= a3~ O

The conditional pdf follows from this by taking the derivative:

Vs

2402 02\2’ if|U1—U2‘<U*<U1+U27
frolVi= o Vamuy) = { s (H0E7) 43)

0, otherwise.

If the at each change of direction the nodes do not pause and their speed is selected
uniformly from (Vmin, Umae) then the pdf of the average relative speed under the random
direction mobility model s

1 Umax Vmaz
fV* - 2 / / fV* (U*“/l = V1, ‘/2 = UQ)dUld’l]27
(Uma:c - Umin) Vrmnin Vrmin

whereas for the random waypoint mobility model, the pdf of the average relative speed is
given by

1 Umaz - [Umaz HVi=v; Vo =
fv.(ve) = 7/ / Jre(0: V2 = i Vo U2)dvldv2. (4.4)
In? (%) Vmin Vmin V102
Both the pdf and the expected value,
2Umaz
BV = [ e (45)
0
can be calculated numerically. o

Notice in particular that Proposition 4.2.2—with pause times equal to zero—applies
to the random direction mobility model in a square and to the random waypoint mobility
model in a circle!. It can also be used as a very good approximation for the random walker
in a square since there the direction of the nodes is not far from the uniform [48].

As an example, Figure 4.2(a) shows the pdf of the relative speed for both mobility mod-
els with [Vmin, Umaz] = [4, 10] km/hour. In this case, the expected relative speed under the

Due to symmetry arguments the direction of travel is uniformly distributed.
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random direction mobility model is IE[V,] ~ 9.2 km/hour and under the random waypoint
mobility model it is IE[V,] ~ 8.7 km/hour.

From the figure we see that there is merely a slight difference between the two mo-
bility models. However, as v,,;, gets closer to zero the difference between the two models
becomes more distinct. To see this, Figure 4.2(b) displays the pdf of the relative speed when
[Umins Umaz] = [0.3,10] km/hour. The average relative speed at the moment of contact is

[E[V.] ~ 7.4 km/hour for the random direction mobility model and IE[V,] ~ 4.4 km /hour for
the random waypoint mobility model. Here we see that under the latter movement pattern

the nodes become “trapped” in the slower speeds.

0.1 ; : : 0.2 : : ‘
' . --- Random Waypoint

o —— Random Direction
\

o )
3 /
a / 5 |
a . 8 |
2 g & |
3 @ |
s e |
Lo.05} \ gO
g \\ @ ‘r
5 S |
— . S !
g . g |
--- Random Waypoint \\\ | \
—— Random Direction v ! N
0 . S 0 L e
0 10 15 20 0 10 20
Relative speed (v,) Relative speed (v,)
(a) [YminsVmaz) = [4,10] km/hour (b) [Vmin, Umaz] = [0.3,10] km/hour

Figure 4.2: Pdf of the relative speed in two dimensions.

At the other extreme, when the minimum speed is equal to the maximum speed (v, =
Umaz) @ simple expression unveils itself and the two mobility models converge to the same

distribution as shown in the following corollary.

Corollary 4.2.1 (Relative speed for nodes travelling at a constant speed)
For two nodes travelling at the same speed the cdf of the relative speed—for both the random

direction and the random waypoint model—is given by

2 «
PV, <, |Vi =v=V;) = —arcsin <;—) : (4.6)

T (%

The distribution function is

wWVi=v="V) = - ’
fv.(0aVa 2) /I — (0,202 my/30% — 02
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and the average relative speed is

4v
E[Vi|[Vi = v ="V)] =— (4.8)

Proof : For V; = v = V5 the first part of proposition 4.2.2 becomes

1 ) 2
PV.<u|Vi=v=V,) = Earccos(l—Q(é)—U)).

With the help of arccos(—x) + arccos(x) = © and [37, equation 1.626.2] arccos(2z? — 1) =
2 arccos(x) this gives

2 « 2 . «
PV.<wu|Vi=v=V,) = 1— —arccos <U—> = — arcsin (U—> ,
s 2v T 20

where in the last step the property arccos(a) + arcsin(a) = n/2 was used. The distribution
function and the expectation are easy to derive from this. .

Interestingly, the average relative speed which is given in (4.8) is larger than v, the
(average) speed of each node? In one dimension the situation is different: there it can be
shown that the average relative speed is equal to v.

We are now in a position to summarize all of the previous results into the following
corollary.

Corollary 4.2.2 (First-meeting times: random waypoint and random direction)
The first-meeting time for the random direction mobility model for r << L s approximately
exponentially (Arp) distributed, where Agp is

2rlE[V,]

12 (4.9a)

ARD R

The expected time until two nodes meet is given by

E[Frp| ~ 2@11«57?1/*]‘ (4.9b)

Likewise, for the random waypoint mobility model we have
2wrlE[V,]

2

L2
2wrlE[V,]

AR ~ (4.10a)

E[Fpw] ~ (4.10D)

?In addition—although not proven here—the average relative at the moment when two nodes meet is
given by Fv, which is larger than the average relative speed (%U) at a random moment in time.
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where w ~ 1.3683 is the Waypoint constant.

The average relative speed can be calculated with the help of equations (4.3) and (4.5).
If the speeds of both nodes are identical and constant, i.e., Vi = v = V5, then

rv >
App A —— E[F = — 4.11
RD 12 [ RD] S ( a)
8wrwv >
A ~—— E|F = . 4.11b
RV =2 [Frw] Swrv ( )
o

Proof: The first set of equations follow by filling in Proposition 4.2.1 into Theorem 4.2.1.
Equation (4.11) is a direct consequence of Corollary 4.2.1. .

Remark: A simple example why the distributions of the first-meeting times can never be
truly exponential is because at a random moment in time there is a non-zero probability (but
very small since << L) that two nodes are in contact with one another (i.e., P(F' = 0) > 0).
For the interested reader this probability is given in Appendix 4.D.

An application of this Corollary has already been given in Figure 3.4 on page 80 for
[Vmins Umaz) = [4, 10] km/hour. There the values of A follow from IE[V,] ~ 9.3 for the random
direction and IE[V,] ~ 8.7 for the random waypoint mobility model.

A consequence of the above corollary is the following.

Corollary 4.2.3 (Comparison between random waypoint and random direction)
If the expected relative speed is the same for the random direction and the random waypoint
mobility model? then the parameter \ is a factor w ~ 1.4 higher for the random waypoint
model. This implies that the expected first-meeting time, the expected inter-meeting time,
and the expected message delay are a factor w lower for the random waypoint model. This
result holds for both the two-hop and the unlimited relay protocol.

Similarly, if the average relative speed is a factor w higher for the random direction
mobility model, then the expected first-meeting times and the expected message delay for
both models are the same.

Proof: It will be shown in Section 4.4 that the first-meeting times and the inter-meeting
times are almost identical to one another if » << L. The remainder is then a direct
consequence of combining Corollary 4.2.2 with Theorem 3.2.2. .

3This is the case if both nodes travel a the same constant speed (Vi = v = V). See Corollary (4.2.2).
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4.3 Examples

As examples of Corollary 4.2.2, Figures 4.3 and 4.4 show the complementary cdf for, re-
spectively, constant speeds (V3 = V5, = 10 km/hour) and speeds chosen uniformly in
[VUmins Umaz] = [4, 10] km /hour.
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Figure 4.3: Complementary cdf of the first-meeting times for V; = V4, = v = 10km/hour.

Alongside each set of simulated first-meeting times is shown an exponential (\) dis-

tribution, where \ is obtained through Corollary 4.2.2. In all cases there is an excellent
match.

4.4 Implications for the message delay

In the previous chapter the Laplace-Stieltjes transform and the first two moments of the
message delay were given for the case where the inter-meeting times between nodes for a
Poisson process. In this section we compare the first-meeting times to the inter-meeting
times and from that conclude that the results from this chapter can be applied to the
previous chapter.

The inter-meeting time between two nodes is defined as the time that passes between
the moment when two nodes come in contact and the moment in time when they come into
contact again. This is equivalent to saying that the inter-meeting time is the contact time
between two nodes plus the time until the two nodes meet again®. However, for movements
which are very dynamic we may expect that the positions of each node, after they were
in contact, quickly converge to the steady-state node location. In other words, we expect

4Sometimes the latter time is referred to as the inter-meeting time.
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Figure 4.4: Complementary cdf of the first-meeting times if the speeds of both nodes are
chosen uniformly in [Vmin, Vmaz] = [4, 10] km/hour.

the inter-meeting times and the first-meeting times will resemble one another. Similarly, if
we have a Poisson process then the time between events and the time between a random
moment and the next event are both exponentially distributed with the same parameter.

The quickest method of checking this is by showing in Figure 4.5 the complementary
cdf of the inter-meeting times for the two movement patterns studied throughout this chap-
ter. Once again [Umin, Umaz| = [4,10] km/hour and an exp(1/4) travel time is taken for
the random direction mobility model. Alongside the simulated values is shown an exp(\)
distribution with A obtained through Corollary 4.2.2.

As can be seen from Figure 4.5, the complementary cdf of the inter-meeting time for
both of the mobility models is exponentially distributed. In addition, as was expected, the
estimates provided for A for the first-meeting times are in excellent agreement with the
inter-meeting times. Hence we can apply all of the results obtained in this chapter to the
previous chapter.

One of the results which can be used with the previous chapter is that if the relative
speeds are the same for both models—a situation that arises is the nodes all travel at the
same constant speed—then the time until two nodes meet is a factor w &~ 1.4 smaller under
the random walker than under the random direction mobility model. This in turn implies
that the message delay is a factor w smaller for the random waypoint model, irrespective
of the relay protocol used! This improvement in performance is due to the nodes travelling
regularly over a central region. Hence we have a direct quantification of the improvement
for relaying with hotspots due to the different mobility patterns.
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Figure 4.5: Complementary cdf of the inter-meeting time.

4.5 Concluding remarks

In this chapter it was shown that under certain conditions the first-meetings times of the
two movement patterns presented—the random direction and the random waypoint mobility
models—can be fitted by an exponential distribution. With this property it was shown in
Chapter 3 that the message delay can be described by a simple formula. On the basis of
this a number of questions come to mind which will be addressed in future research. These

questions are:

e How does the first-meeting time distribution change when the transmission range (r)

is not much smaller than the length (L) of the square area the nodes move on?

e Which other (types of) movement patterns have exponential first-meeting times? In
the previous chapter it was shown numerically that the random walker also has this
characteristic. However, for that movement pattern the nodes do not “move around”
fast enough for Theorem 4.2 to be applied and hence therefore it’s value for A remains
an open question.

e How do varying transmission ranges affect the results? For example, there could be
groups of nodes each with a different (fixed) transmission range, or each node could
have a stochastic transmission range which varies over time.

Aside from these issues many optimization questions can be addressed by combining
Theorem 3.2.1 and Theorem 4.2. For example, which relay strategy and/or transmission

range must be employed to ensure a successful transmission in 95% of the cases within a
certain amount of time? How can the battery power of a node be used optimally?
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Another issues which requires further study is the comparison of the message delay and
network consumption by having different mobility models.

In this first part of the thesis the relatively simple fixed radius model was used. Al-
though not part of this thesis, the interference should be included into the models and the
numerical studies. It is expected that the same results and conclusions hold as long as
r << L and the number of nodes per unit area is not too large.

In other words, there are still a lot of interesting problems which have to be solved....

4.A Proof of Theorem 4.2.1.

Proof: The proof consists of modelling the meeting of two nodes as a geometric variable
with some probability p of success and then taking the limit to derive the exponential
distribution. The probability p depends on the speeds and the positions of the two nodes.
We shall derive this probability by conditioning on the position (x1,y;) of the first node and
by deriving the probability p,, ,, that within the next A; time the two nodes will meet each
other. Without much impact we can assume that there is no change of direction during A,.

Note that the probability p,, ,, is dependent on the area (A) that node one covers in
A, time, i.e., the highlighted area in Figure 4.6. Also note that the area of A is given by
2rV1A; (ignoring border effects).

area(A)=2rV 1A

Figure 4.6: Area covered by the first node during a time A;.

First we will take the position of the second node each A; units of time from the
stationary distribution. Afterwards the speed of the second node will be taken into account.

Assuming the second node is in its stationary position it means that the probability
that the second node is located in area A is

Prign = //Aw(x,y)dxdy.

For small r the points 7(x,y) in A can be approximated by 7 (z1,y;) to give

Porgn =~ 2r-Vi-Ap-m(a, ).
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Unconditioning on the position of the first node leads to the probability p that within the
next A\; time the two nodes meet each other:

L /L
p = / / pm,yﬂ(%;yl)difldyl
o Jo
L L
~ 27"V1'At/ / (21, y1)dz dy; .
o Jo

Taking the limit A; — 0 gives an exponential distribution with parameter
L (L
A~ 2rV; fo fo 72 (z1, y1)dzydy; .

Now consider the situation where the second node is mobile with speed Vo = vy. In
this case we should not look at the area the first node covers, but instead we should look at
the positions the second node has to be in such it will end up in the area the first node will
cover, i.e., the area the second node has to be in such that they meet in the next A; units
of time. As shown in Figure 4.7, the area A depends on V, the relative speed between the
nodes®

area(A)=2rV«A¢

Figure 4.7: Position the second node has to be in for the nodes to meet.

In particular, if the first node is in (z1,y;) then the probability of a “success” is given

5Hint: think of this process from the viewpoint of the first node. In the case of Figure 4.7 the first node
“sees” the second node coming straight down at it (since the horizontal speeds are identical). The only
positions the second node can start in such that the two nodes meet are the ones directly above the first
node.
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by
p:ﬂ,yl = //Aﬁ(ﬂf%w)d@dfyz
~ 2r-Vi-Ay-m(xy, ),

since the area of A is 2r -V, - A;. Integrating over all starting positions of the first node give

L L
p = / / pxl,ylﬂ-(xlayl)d‘rldyl
o Jo
L /L
~ 27’-V*-At~/ / 72 (21, y1)dody, .
o Jo

Taking the limit A; — 0 finally leads to the exponential distribution with parameter

L L
S 27"‘/*/ / 72 (21, y1)dw1dy, . .
o Jo

4.B Proof of Proposition 4.2.1.

Proof: The expression for nodes moving according to the random direction mobility model
is easy to obtain as it is known [64] that the spatial node distribution is uniform, i.e.,
m(x,y) =1/L%

Unlike the one-dimensional case, there is unfortunately not a simple expression for
the steady-steady location of nodes under the random waypoint mobility model in two
dimensions. Close approximations exist [13] and at best the spatial node distribution over
any convex region (which includes of course a rectangle, square, circle, box, or sphere) is
expressed as an integral which can be evaluated numerically [51] [52].

Summarizing the results in [51] which allow us to calculate 7(x,y) numerically: the
steady-state location of nodes on a square of size L x L is given by

") = g5 | 9w Ol o+ 7)o v.0) + ol 0+ m)do,

where [ ~ 0.521405 is the average path length in a unit square and

i;f;, if arctan % < ¢ < § + arctan Li_y,
— if Z + arctan - < ¢ < 7 + arctan £
g($7y’¢) — c‘(isyqb’ 2 L—y x’

if 7+ arctan ¥ < ¢ < 3% + arctan %,
a—1 . a—y 3w L—z
. ifo < gbarctanm or o + arctan - < ¢ < 2m.
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Figure 4.8: Spatial node distribution under the random waypoint mobility model.

As an example the stationary distribution of the node location in a 4 x 4 square is given
in Figure 4.8. The integral over the square of m(z,y) was derived numerically from these

values.

4.C Proof of Proposition 4.2.2.

Proof: Let V; = v; and V5 = v9 be the speeds of the two nodes and let V, be the resulting
relative speed between them due to the difference I' € (—=, nt] in their direction, see Figure

4.9.

Figure 4.9: Combining the speeds V; = vy, Vo = vy, and I' (the difference in directions)

leads to the relative speed V.

Notice that the relative speed is given by

V2 = (v1+vacos(m — F))2 + (vosin(m — F))2

= v] +v3 — 200y cos(I).
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This relationship allows us to derive the cdf since

PV, <wvVi=wv;Va=1wy) = P(v% +U§ — 2010y cos(I) < v? | Vi = vp; Vo = 19)
v? 4+ 03 — v?

= P(cos(I') = = Vi= vV = 0y)

21)11)2

2 2
vy +vy —v

2
= P(|I| §arccos< *) | Vi =v1; Vo = v9).

20109

The change from > to < in the last line is because arccos(x) is a decreasing function
in z. Note that if the directions of travel of each node is uniformly distributed then I' is
also uniformly distributed. This leads to equation (4.3).

Next we need the pdf of the speed of a node at a random moment in time in order to
uncondition (4.3). If the speed of a node is selected uniformly from [V, Vmaz], then the
speed of a node under the random direction mobility model is uniformly distributed and so
fVi (UZ) - 1/(Umaz - Umin)-

For the pdf of the random waypoint mobility model a little more work is required.
If the speed, S, of a node at a change of direction is selected uniformly from [v,in, Umaz],
then fs(s) = 1/(Vmaz — Umin) and for ¢ = 1,2 we have fy.(v;) = fs(s)C/v;. Here C is a
constant to ensure the probability sums to one and the division by v; is necessary because

at a random time the node only maintains a certain speed v; for a fraction 1/v; of time.
Since 1 = [ fy.(v;) = Inmaz/omin) ¢F we obtain C = (e —pmins and

i Umax —Umin hl(”macc /'Umin

1
fulv) = ————  i=12

)
v; I ( Vmaz
¢ Umin

(This gives the well-known result IE[V}] = (Vyas — Vmin)/ In (2222))

Unconditioning (4.3) then leads to (4.4). To the best of the author’s knowledge, the
evaluation of the resulting integrals do not lead to a simple closed-form expression. .

4.D Probability of contact at a random moment

In this section we derive the probability that from a random moment in time two nodes are
in contact with one another. For this purpose define F' as the first-meeting time and

Coyr = {(a, b) €[0,L)*: /(z—a)2+(y—0)2< 7’},

i.e., Cyyr is the set of points which are at most a distance r from the point (z,y).
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This allows us to write out the probability that (given the position of one of the nodes)
two node are within each others vicinity as

P(F=0] (X,,Y;) = / / vy, yo)dadys.
Czy'r

For the points (z2,y2) € Cy 4 and a small r the approximation 7(z2, y2) ~ 7(z,y) can be
used. This results in

P(F = 0] (X1,7;) = // (2, y)daadys — 7r¥n(z, y)
Czy'r

and

P(F=0) = // F=0| (X,"h) = (:E,y))-w(x,y)dxdy

R~ TETQ/ / 72(z, y)dxdy
o Jo

For the random direction mobility model this gives

P(F=0)~ — (4.12a)

P(F=0)~ —— (4.12D)

where w & 1.368 is the Waypoint contact.

Since 1r?/L?* ~ 0.012 for r = 0.25km and L = 4km it follows that P(F > 0) > 0.98.
This explains why the complementary cdf in Figure 4.1 and Figures 4.3-4.5 appear to start
from one on the y-axis. .
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In this second part of the thesis a single server queueing system is analysed in which
service is alternated between two queues and the server requires a (finite) switchover time
to switch from one queue to the other. The distinction from classical results is that the
sequence of switchover times from each of the queues need not be i.i.d. nor independent
from each other; each sequence is merely required to form a stationary ergodic sequence.
With the help of stochastic recursive equations explicit expressions are derived for a number
of performance measures, most notably for the average delay of a customer and the average
queue lengths under different service disciplines. With these expressions a comparison is
made between the service disciplines and the influence of correlation is studied. Finally,
through a number of examples it is shown that the correlation can significantly increase the
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mean delay and the average queue lengths indicating that the correlation between switchover
times should not be ignored. This has important implications for communication systems
in which a common communication channel is shared amongst various users and where the
time between consecutive data transfers is correlated (for example in ad-hoc networks).

Note: A summary of the material presented in this chapter is published in [40]. A longer
version almost identical to this chapter has been submitted to QUESTA and is available as
an INRIA research report [39].

5.1 Introduction and Motivation

So far only few explicit results have been known in queueing theory for systems whose
evolution is described by general stationary ergodic processes. One line of research that
allows one to handle stationary ergodic sequences is based on identifying measures that
are insensitive to correlations. For example, the probability of finding a G/G/1 queue non-
empty is just the ratio between the expected service time and the expected inter-arrival time
of customers (which follows directly from Little’s Law). The expected cycle duration in a
polling system (under fairly general condition) too, depends on the inter-arrival, service and
vacation times only through their expectations under general stationary ergodic assumptions
(see e.g., [7]). An example of performance measures that depend on the whole distribution of
service times but is insensitive to correlations is the growth rate of the number of customers
or of the sojourn time in a (discriminatory) processor sharing queue in overload [6, 54].
Other insensitivity results on bandwidth sharing in a network can be found in [18, 17].

The polling models studied here do not exhibit insensitivity. Approximating correlated
vacations by independent ones can result in large errors in the performance, see e.g., [90]
in the context of Bluetooth. To study these systems use is made of stochastic recursions
equations (SRE) introduced in [3] which extend branching processes with migration on one
hand, and linear stochastic recursive equations! on the other. It has already been shown in
[3] that vector valued SRE can be used to describe some embedded processes appearing in

polling models.?

In this chapter one dimensional SRE are identified which are used in order to compute
the expected waiting times and queue lengths in a system with two queues where a single
server alternates between two queues and requires switch-over times (modeled as vacations)
to move from one queue to the other. Two systems are studied: one in which both queues
are served exhaustively and one in which one queue is served exhaustively and the other
according to the gated discipline. In the exhaustive service discipline the server serves a
queue until is empty before switching to the next queue. In the gated service discipline a
gate is closed in front of a queue when the server arrives at that queue. The server then
serves only the customers that were present at the moment the gate was closed, after which

'Linear SRE have already been used to study the impact of correlation of the loss process on TCP
throughput [5].
2SRE have also been used recently to study the infinite server queue with correlated arrivals [4].
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it moves on to the next queue. The customers who arrived after the gate was closed have
to wait until the next round before being served. The analytical results obtained are then
used to study numerically the impact of correlated switchover times on the performance, as
well as the difference in performance due to the service discipline used.

The polling system studied in this paper, but without the correlation, has been used in
the past [75] to model communication systems in which transmission between two stations
can take place only in one direction at a time®. The position of the server then corresponds
to the direction data is travelling in. A similar situation arises in ad hoc networks; there
is a common channel which needs to be shared amongst various users. The more users
there are, the longer one has to wait before being able to capture the channel necessary to
(re)transmit data. In particular, if one has to wait a long time before being able to transmit
data, then it is very likely that there are many users around and that the next time one
has to wait once again for a long period of time. For this reason the correlation of the
number of users over time in an ad hoc network inherently introduces correlation between
the waiting (switchover) times, and this in turn leads to an increase in the mean delay and
queue lengths.

The remainder of this document is structured as follows. In section 5.2 the polling sys-
tem is described in more detail and the notation and some formulas are established. Section
5.3 (respectively section 5.4) is entirely devoted the analysis of the exhaustive/exhaustive
(respectively exhaustive/gated) queueing system. This is done by first deriving a SRE in
section 5.3.1 (5.4.1) which leads to the derivation of a number of performance measures in
section 5.3.2 (5.4.2), of which most notably the expected waiting times and queue lengths
in section 5.3.2.6 (5.4.2.7). The performance measures are used then used in the examples
of section 5.5 to show the influence of correlated switchover times. Finally, conclusions are
given in section 5.6. To aid the reader, a list of notation is given appendix 5.E.

5.2 Model Description

We examine the polling of two queues, i.e., one queue is served after which the other queue is
served. No limit is specified for the length of either queue. After serving queue i (i = 1, 2) for
the n-th time, the server requires a switchover time of duration V,, ;. Assume all V,,; have the
same distribution as V; (V,,; ~ V;), where V; is assumed to form a general distribution with

first and second moment v; and 212-(22 and with variance 42 ::vi@)—vf, 1 =1,2. Let R:=v;+v,
and A%:=§7+63. The sequences of switchover times are assumed to be stationary ergodic
instead of the usual i.i.d., and possibly dependent on each other. This implies that there can
be a correlation between the switchover times of the two queues and /or within the sequence
of switchover times for each queue. The arrival of customers at queue 7 is Poisson with rate \;
and the service times are nonnegative, i.i.d. random variables with (finite) first and second

moments for queue i given by, respectively, b; and bEQ? The load at queue i is p; = \;b;
and the system is stable [78, page 280| if and only if the overall load p := p1 + p2s < 1,

30ne can also think of a narrow bridge with cars travelling over the bridge from one direction at a time.
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which we assume throughout. Furthermore, we will continuously assume that the queues
are operating under stationary regime.

Introduce the covariance functions (i = 1, 2)
CZ(TL) :IE[VO,ZVM] — E[‘/QJ]]E[VWZ], n e N7 (51)
Clg(n) :]E[Vb,lvmg] — IE[‘/()J]IE[VYL’Q], n € 7. (52)
Note that c¢19(n) is defined for n € Z. With this convention it is not necessary to work with
co1(n) == E[Vy2Vii] — E[Vo2]IE[V,.1], since under stationary regime it follows that cg(n) =
EVo2Vii] — EVoo]E[V, 1] = E[V_,2Vo1] — E[V_,2][E[Vh1] = c12(—n). In particular, if for
each queue the sequence of switchover times is uncorrelated, then ¢;(0) = §2 and ¢;(n) = 0,

for n € N. If there is no correlation between the switchover times of the two queues, then
c12(n) =0, for n € Z.

Because of the assumption of the queues operating under stationary regime (5.1) and
(5.2) can be rewritten as

E[VoiVoil = v} +a(n), i=12, nel, (5.3a)
E[Vo,1Va2] = vive + c12(n), n € 2. (5.3b)

In order to establish the SRE, let D, ;(N) be the duration of the busy period in the
th queue, initiated by N customers waiting in that queue when the server arrives at that
queue for the n™™ time. Similarly, let A, ;(T') be the number of customers arriving at queue
i during a period of time T during the server’s n'* visit to queue 1.

Let us now establish a number of formulas which will be used throughout. First recall
that if D; is a random sequence of i.i.d. random variables, independent of a random variable

N, and IE[D;] = d, IE[D? = d®, and

T(N) = ZDz’, (5.4)

then

:i]E [zn:Di'zn:Di‘N:n P(N=n)

=3 n(ED)+ (n—1)(B[D)]?) P(N =n)

=d*TE[N?] + (d® —d*)E[N]. (5.5)
Similarly,

/ EN,()|T = 4T (t) = / h (2 + At )ar ()
=\IE[T? + NE[T). (5.6)
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Next we proceed in a similar manner to obtain the second moment of the busy period
generated by Y customers initially in the system. First recall that D, ;(1) is a single busy
period initiated by a single customer in an M/G/1 queue with Poisson arrivals with rate

A; and general service time with first and second moments b; and bl(-2) respectively. The
first two moments of a single busy period initiated by a single customer are given by [57,
equations 5.141 and 5.142]

bi

di = [E Dn,z‘ 1)| = s 5.7a
D)) = 12 (5.72)

®) 2 b
d;” = ED;.(1)=———, =12 5.7b
D3] = 2o (5.7

The busy period, D, ;(Y), generated by Y customers is the sum of Y independent single
busy periods, each with distribution D, ;  ~ D,,;(1). Hence the second moment is

E[D; (V)] = E [Z Dk] - [Z Dn,i(l)] — B + (d - &) E[Y].

k=1

(5.8)
By taking Y = N,,;(T) we obtain (i = 1,2)

E[D? ;(N,,i(T))] =d?ENZ(T)] + (d? — ) EN,,;(T)]

)

=X2d?E[T?] + d® N E[T). (5.9)
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5.3 Exhaustive/Exhaustive Service System

5.3.1 Introduction

We start by examining the exhaustive polling of two queues, i.e., one queue is served until
it is empty after which the other queue is served until emptied. Consider the system at

the moment the server starts serving the first queue for the n'* time with L7, customers
waiting in the queue. From here on the following steps take place (see Figure 5.1 for a visual
representation of this decomposition):

Ezhausting the first queue. The L;, | customers in the first queue require a busy period
duration of Dy, 1 := D, 1(L;, ;) to exhaust.

e Switching to the second queue. After serving the first queue the server requires a
switchover time of V,,; units of time.

e FEzxhausting the second queue. In the time needed to switch from the second to the first
queue (V,_12), to exhaust the first queue (D, 1), and to switch back to the second

queue (V;, 1), there have been Ly , := n_l,g(Vn_Lg)+Nn72(Dn,1(L;7l)—l—Vn,l) customers
arriving at the second queue. It requires D, 5 := D, (L} ,) units of time to empty
this queue.

e Switching back to the first queue. After serving the second queue the server requires a
switchover time of V,, o units of time.

oo 20D

Busy period Switchover Busy period Switchover
of duration Dn1 time Vn1 of duration D2 time V2

Figure 5.1: Decomposition of the nt" cycle into busy periods (D, 1 and D, ») and switchover
times (V,,1 and V,, 2).

After this the process starts over again and a new cycle begins. Hence the n'* cycle is
made up of

Cn :Dn,l + Vn,l + Dn,2 + Vn,2'
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The time between the server finishing work at queue 7 and returning to queue ¢ in the
next cycle is the inter-visit time I,,; and is given by

]n,l - Vn,l + Dn,2 + Vn,27 (510&)
[n,2 = Vn,2 + Dn+l71 + Vn-i—l,l- (510b)

A SRE will be established for this quantity and we will see that it plays a central role for
the derivation of the expected waiting times and queue lengths. The time D,,;1; spent at

queue i in the (n+1)" cycle is related to the inter-visit time according to

Dni1n = DpiiiWNai(In)), (5.11a)
Dyi12 = Dpup [Nn,2(vn,2) + N2 (Vn+1,1
D11 (N1 (1n1))) ] (5.11b)

The expectation is the sum of expected busy periods [57, p.217] and thus

_ 0EN ()] pE[ ]
E[Dy,1] = [ (5.12a)

Using the stationarity and the divisibility (N, 2(a+b) = N, 2(a)+N,2(b)) of the arrival

process it can be shown that

E[D, | = 28] (5.12b)

L= p2

Since the busy periods are sums of service times, the divisibility property also holds for
D,,;. This means that from (substitute 5.11b into 5.10a)

Invi1 =V + Vagi2 + Doy [Nn,2(vn,2) + Nn+1,2 (Vn+1,1 + Dn—i—Ll(-/\/n,l(In,l)))] )

n € N, we see a SRE (as presented and solved for stationary ergodic sequences in [3])
arising. Although the system is two dimensional (as there are two queues), the reduction to
a one dimensional SRE is a key element in obtaining explicit formulas for the performance
measures.

Theorem 5.3.1 (SRE for exhaustive/exhaustive system). The inter-visit time of the first
queue allows itself to be written as a one-dimensional SRE,

L1 =An(In) + By, (5.13)
with
An() == Dy (Nn+172 <Dn+171(/\/n,1(')))), (5.14)
B = Vg1 + Va2 + Doy (Nn,g(vmg) +Nn+172(Vn+1’1)). (5.15)
Note that from (5.12a) and (5.12b) we have E[A, (I,1)] = oIE[l, 1] where a := Tt

<
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The existence of a stationary ergodic I, ; which satisfies (5.13) is given in the following
theorem which is proven in Appendix 5.A.

Theorem 5.3.2 If p < 1 then there exists a stationary ergodic regime I}, | which satisfies
(5.13). o

5.3.2 Performance Measures

In the next couple of sections the first two moments of various performance measures will
be derived. Starting with the first two moments of the intervisit time of the first queue, we
see that all of the other quantities can easily be expressed in terms of the intervisit time.
Most importantly, closed form expressions for the average waiting time and the mean queue
length will be derived in the presence of correlated switchover times.

5.3.2.1 Intervisit Time

Taking the expectation of the square of (5.13) gives
]E[[Z-H,l] :E[An([n,l)]2 + ]E[Bi] + 2]E[An(ln,l)8n]' (5-16)

This expression is central to the proof of the following theorem.

Theorem 5.3.3 (Intervisit time in exhaustive/exhaustive system). Under the stationary
regime the expected intervisit time of queue 1 is given by

R(1 - pi)

, p = p1+ p2, 1=1,2. (5.17)

The second moment is given by

R Alpzb@) ) ng(l—p) 1—p+2p1p2
E[I2,] = 2L b ) 42 (122 ) 52y (L TEPR ) Ry o0
P 1—p((1—p1)2 o ' l—p ) 1—p
(5.18)
where
0 pLP2 = (1= p)A = p+2p1p2)

(1—=p1)?
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and

(1-p)* o L—=ps
p1(1—=p1) 2(9) + p1

C=Y |ali bt

Jj=1

c12(—7)+
(5.19)

18 the addition to the intervisit time due to the correlation between the switchover times. ©

Remark: By taking Ay = 0, one obtains an ordinary M/G/1 queue with correlated va-

cations where IE[I7 |] (= v§2)+v§2)+2vlv2) no longer depends on the correlation (since a = 0).

The proof is given in Appendix 5.B. On the basis of this theorem a number of other results
quickly follow.

Corollary 5.3.1 (Intervisit Time With Uncorrelated Switchover Times).

If the successive switchover times in each queue are uncorrelated then ci(j) = c2(j) =0 for
j > 1. Furthermore, if the switchover times between the two queues are uncorrelated, then
c12(4) = 0 for j € Z. This leads to C = 0. The expression then agrees with the classical
result mentioned in [28, equation (55)] or in [77, equation® (4.36a)]. o

5.3.2.2 Number of Customers Waiting When Server Arrives

The exhaustive nature of the server implies that the number of customers building up at
queue 7 is exactly the number of customers that arrived at that queue during its intervisit
time. Thus,

L:H-Ll - n,l(In,l)'
From this we immediately obtain
. RA(1 = pi)
E[Lj ] =NEL) = =5

as the expected length of the queue, under stationary regime, at the moment the server
arrives at queue i (i = 1,2). The second moment follows through squaring,

E[(Ly,0)*] =EWN (1)) = NEL ]+ ME[L],

n,

(5.20)

which leads to

RX\; (1 — p;
(5,07 =N ] + T, (5.21)
4Instead of switchover times this work refers to reply intervals. Unfortunately, the definition or the
indices in (4.36a) are not coherent for the case N = 2 as the indices of ones and two have to be interchanged

(for 61 and s, as well as for r; and r2) to obtain the correct result. The result is mentioned correctly in
[28, equation (55)].
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5.3.2.3 Duration of Busy Periods

The expected time per cycle, in steady state, for the server to work on queue i (i = 1,2) is
given by

E[D, ] =P (5.22)
) 1 _ p
. . biE[LT ;]
This follows directly from E[Dy, ;] = E[Dy;(Ly, ;)] = ——=

Since IE[D}, || = E[D | (Ny,1(In1))], the second moment follows with (5.9) and is given
by

PE[12,] R

Bl == T == ) (523)

5.3.2.4 Cycle time

By definition Cy11; = Dpt1i + Int14. From this the expected duration of a cycle under
stationary regime immediately follows:

R

]E[Cn—i-l,i] :ﬂ, 7, - 1, 2 (524)

Taking the expectation over the square produces
E[Cy 1] =E[D; 1] + Bl 4] + 2B Doy L.
The last term on the right hand side can be derived using (5.13) to give
E[Dyi11lni11] =E[Dniay - (An(Tnn) + By)] = E[Dj1 - An(Lnn)] + E[Dnpay - By
=IE [Dn—l-l,l “Dny1,2 (Nn+1,2(Dn+1,1>):| +1E [Dn—i-l,l (Nn,l(fn,1) : Bn)]

P2 2 P1
= E[D; + E(l,1B,].
1— py [ +1,1] 1= (1,1 8,]

Plugging in the expressions for IE[],, 18,] (equations (5.72) and (5.75)) reveals that

2p9 2p1
E[Ch1.) = EDI, ]+ E[L,,]+ 11— pQE[DYQL—H,l] T plE[In,IBn]

1 +,02) 2 ) 2p1 ( R* pad3 )
- E[D2,, ]+ E[2,] + +
(T2 BiDka + Bl + 22 (4 2

2~ j[al)+el) (1=p)*ca(j) c12(—J) . apy
+_2;“[ 1= a=p)(-p) | ; *“*”@+1_mﬁ

4 2(—012(—1> + 06012(0)) '
1L —po
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The expression for IE[D ] = IE[D? ] is given in equation (5.23) and leads to

1+ po P 2 2p1 R? pads
E[C? 1) E[/
il ((1_P2 (1_P1 - sl 1—po 1—P+1—P1

<1+¢h) RA&Q 2(—cra(—1) + aci2(0))
(1—=p1)*(1 = p)

— 262(1) +

+

Zaj[cl<j>+c2<j>+ Uorlal) o) oy (14 222

2
P2 L —po p1(1 = p1)(1 = p2) P1

Remark: A cycle can also be defined as C,, 1 = I, 1 + Dy41,1. The first moment of the cycle
time is then the same. However, the second moment is then different since

E[Cy ] =E[L; ]+ E[D] ] + 2B[Ln1 - Dot (N (1))
=E[I},] + NAE[I2 ] + Md P BT, + 2\ B[ ]

_ B[] MR
(I=p)? (A=p)?

This last expression corresponds to [77, equation® (4.23b)]. .

5.3.2.5 Number Served per Cycle

To derive the first and second moments of the number of customers served per cycle, consider
an M/G/1 queue with arrival rate \;, average service time b;, and the second moment of the

service time bgz). Then the expectation [57, equation (5.153)] and the variance [57, equation
(5.154)] of the number of customers served in a single busy period are

1 pi(1 = p;) + A2
> Var Fz = !
L—pi = (1= p)?

E[l] =

Let 7,,;(N) be the number of customers served at queue i during the n' cycle if there are N
customers in the queue at the moment of polling. Since the number served is the sum of the
number served during N busy periods, (5.4) tells us that the expected number of customers
served, per cycle, at queue 7 is

E[L;;] AR
l—pi  1—p

]E[Tnz] :E[%Z(LZZ)] = (5-25)

Xi[=(1=p) + A2 SN 7

SThere is in fact a factor \; missing in [77, formula (4.23b)]. It should read ...+ [ ST
k=1FFr
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for i = 1,2. To derive the second moment note that

E[T;;] =E[Z.(L; ;)]

n,i\"n,i

=(E[)*E[(L; ;)] + Var[L, JE[L; ]

(L] P (0 =0+ X007)
(1—pi)? (1= p)?(1=p)

Using equation (5.21) gives

(1= 2 )
L—p

E[T?,] = NIE[IZ ]+ i=1,2. (5.26)

(1= pi)?
5.3.2.6 Expected Waiting Time and Average Queue Length
Two of the most important performance measures, the expected waiting time and the av-

erage queue length, still remain to be given. The following theorem provides us with this
result.

Theorem 5.3.4 (Expected waiting time and queue length for the exhaustive/exhaustive
service discipline). The ezpected waiting time (total time in system minus service time) of
a customer going through queue 1 is decomposed of two parts, namely

)\in@) (1- P)E[L%z]

R s AT (5.27)
1 =1,2. This gives
By A e =
21=p1) 2(1=p1)(1=p)(1=p+2p1p2)
A (3t ).
where ¢ = m and C' (defined in (5.19)) is the increase in the expected waiting

time due to correlated switchover times.

The average number of customers at queue i (in service and in the queue) follows
directly from Little and is

]E[Lsﬂ'] :AZ]E[W(“] + Pis 1= 1, 2. <&
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In the uncorrelated case (C' = 0) this is in correspondence with [78, formula® (3.12)].

Proof: For a customer arriving at queue i (i = 1,2) the system behaves as an M/G/1 queue
where the server goes on vacation as soon as the queue is empty. The random variable for
the n'™ "vacation” from the first queue is exactly I, ;. Conditioning the waiting time in the
queue on whether or not a customer arrives when the server is busy or on vacation produces

= E[W,vac] + ]E[C'm] E[W,.;|busy]. (5.29)

A tagged customer that arrives during a vacation has to wait for the vacation to finish
plus the time needed to serve the customers that arrived before him /her in the vacation. The

expected remaining vacation time is IE[2 ]/2IE[I,;] and the expected number of customer
that arrived before the tagged customer is \;E[17 ;]/2IE[],, ;]. This means that

E[17,]

2IE[1,, ;]

A tagged customer that arrives when the server is busy has to wait for the current
customer in service to finish plus the expected time needed to serve the L,; customers that

arrived at (and still are in) the queue before the tagged customer did. This gives

(2)

b;
E[W,:|busy] = 2264 + b;IE[L,:|busy]. (5.31)

To obtain the number of customers in the queue, first realize that the expected waiting time
of a customer in the system is IE[W; ;] = b; + IE[W,;]. Little [62] tells us that the expected
number of customers, L ;, at the queue 7 (in service and in the queue) is

]E[Lsﬂ'] = )\Z]E[WS,Z] = P + )\ZIE[Wq,z]
On the other hand,

]E[Ls,i] = IE[[O ’]]]E[L&Abusy] +

)

E[In,z’]
]E[Cn,z]

IE[L; ;|vac]

e X )\ZIE[L%Z]
=pi(1+ ElLyalbusy)) + (1 = p) Gt

6The last term in [78, formula (3.12)] is missing a factor two and there is a mix up between d; and .

—2p2(1—p)]63+(1—p1)?63
2R(1—p+2p1p2) )

The expression should read - -- + A=ps
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Combining these last two equations gives

(1 - pz>IE[Ir2L,z]) ‘ (532)

1
IE[L,;|busy] = <]E[Wq,i] TS

Putting together equations (5.29)-(5.32) gives

E[I2, 2 — p)EL;
E[W,;] =(1- pl)QIE[[;nZE] (14 Xibi) + ps (I;Z—bz + E[Wi - %)

Ab? E[12,]

2(1 — pi) * 2IE[I,.] (5.33)

The theorem follows by plugging in the values of IE[I,,;] and IE[I2,]. Notice that not once
have we assumed the switchover times and the busy periods to be uncorrelated!

An alternative proof is given in Appendix 5.C. .

5.3.3 Identical queues

Let both queues be identically distributed, i.e., A := X, ¢(j) == ci(5), b? = 652), v = v,
62 1= 62, and p = p;, for i = 1,2. The stability condition is then p = A\b < 1/2. In
stationary regime,

E(l,.] = 211(1__2 pﬁa ) (Intervisit time)
E[L,,] = %f\(_l ;ﬁﬁ) (Queue length when server arrives)
E[D,.] = 12_1}'.;[) (Busy period duration)
E[C),1] . 31)2[3 (Cycle time)
E[T, ] = 20 (Number served per cycle)
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The second moments are

@) 4+ 20(1 — p)? 2(1 — p)o?

(1—2p) 1—-2p
20 =3p+3p) = ; .. 2(1-)p) [ cj) 1 N
+ ~ a’c + - ~ + —ci2(—7)| !
31— )2 ]Z:; 12(7) F; ; 1-2) 3 12(—J)
20\(1 - p)
* 0 \2 2 2
E[(Ly,1)°] = NE[L;] + — mpY:
E[D? ] P12 ] QMb
n,1 2[5
200
E[C? +
Gl <1— e AT
ET? ] NAE[ 2 211)\(1 — 7+ A%@)
ml 1— 2p
with
oo P 5:(1—@4—;34:(1—2ﬁ)(1—2ﬁ+2ﬁ2)‘
(1—p)* (1—p)? (1—-p)?

The expected waiting time and average queue length are

M+ (1 —p | 82

E[Wo1] = 1-2) T 5 (Waiting time)
1—3p+ 3p? , 1—2p°° ;

o(1 = )1 —2p +27) Z“ ARETIPS it

E[L; 1] =AE[W, 1] + p (Average queue length)

In the case of uncorrelated switchover times these expressions coincide with the known
results for the intervisit time (equation (4.21) in [77]), number of customers at polling
instant (equation (4.12b) in [77]), duration of a busy period (4.15b), cycle time (4.24),
number of customers served per cycle (4.18b), waiting time (4.33b), and the average queue
length (4.34).
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5.3.4 Heavily Unbalanced Traffic

What happens to the waiting times if we let the traffic at the second queue approach zero?
By letting Ay —0 in (5.28) we see that the expected waiting times,

IS

E —_ 1
W] 2i—p) 2 2R

Abt? R (A2 ) 1
E[W, 2| = + + = —p(1=p)8 ) =,
no longer depends on the correlation. Because of this the conclusions of [77, page 83| hold
which state that if p; > 0.5, or if all switching times of the second queue are constant
(02 = 0), we have E[W, 5] > IE[W,].

5.3.5 Switchover Times Equal to Zero

Let us examine what happens to the expected waiting time when the switchover times are
constant and equal to zero. By looking at the expressions for the expected waiting times
(equation (5.28)), we see that the variances and (cross) correlations of the switchover times
must go faster to zero than the mean switchover times does since otherwise the expected
waiting times could explode (for example, limp_od5/R must go to zero). Sending the
appropriate variables to zero in the right order produces

by Mp3b + Ao (1 = )0
2(1=p1)  2(1=p1)(1 = p)(1 = p+2p1p2)

]E[Wq,l] =

This is naturally no longer dependent on the correlation and is identical to (4.36b) in
7).

5.4 Exhaustive/Gated Service System

5.4.1 Introduction

Now let the first queue be served exhaustively and the second be served in a gated manner.

The time needed to serve N customers in the second queue in the n'® cycle is denoted by
Spn2(N). Naturally, IE[S,2(N)] = bIE[N]. The service time of the second queue, S, o,
satisfies the following recursive relationship

Spi12 =Snt1.2 (Nn,2 (Sn,z + Vn,2) + Nogi2 (Dn+1,1 + Vn+1,1))-

At the same time, the time the server works per cycle at the first queue, D,, 1, satisfies

Dyi11 =Dpiia <Nn,1(Vn,1 + Spo + Vn,2)>-
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By combining these two expressions we obtain the following theorems.

Theorem 5.4.1 (SRE for the exhaustive/gated system). The SRE for the service time at
the gated queue is given by

Snt1,2 =X (Sn2) + Vs (5.34)
with

Xo(+) 1 = S 2 (Nn,g( )+ Nos1,2(Dria 1 (Nn,l(-)))), (5.35)

Yy = Spirn (/\/n,2(vn,2) + Ns12(Dora (Noa (Vi + Vi) + vnm)). (5.36)
Note that B[X,,(S,,2)] = VE[S, 2] where 7 == £2-. o

Theorem 5.4.2 If p < 1 then there exists a stalionary ergodic regime Sy , which satisfies

(5.34). o

The proof of the last theorem is omitted due to the strong similarity with the proof of
Theorem 5.3.2.

5.4.2 Performance Measures

Starting with the service time at the second queue, the next couple of sections will present
a number of performance measures of the mixed exhaustive/gated service system.

5.4.2.1 Service Time Second Queue

Theorem 5.4.3 (Service Time Second Queue) Under the stationary regime the expected
time per cycle spend on service time at the second queue is given by

R
ElSa =17 (5.37)

The second moment of the same variable is

WIE[SZ+172]

R Ao(1—py)265" 1—pi+
- <AM§”+W> + (1=2p1(1—p)) 62 + 62 + (M) R?
l—p 1% l—p

+ 2p§:clg(]’)7j +2 i (cz(j) + 1=n2=p) <012(—j)+pcl(j)))7j. (5.38)

P2
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with

p2 Lo A=p)=py

= ,
L—p 1%

The proof forwarded to Appendix 5.D

5.4.2.2 Cycle Time Starting from the Second Queue

The cycle time, C), o, starting from the server arriving at the second queue can be derived
by using the relationship

Sn+1,2 - 8n+1,2 (Nn,2(cn,2)>7

where Nng() expresses’ the number of arrivals at the second queue during the n'* cycle,
with the cycle starting from the arrival of the server at the second queue. The time the
server works, per cycle, on the second queue is equal to the time needed to serve the
customers that arrived at the second queue during the previous cycle. Taking the expectation
(E[Sh+1.2] = p2IE[C,, 2]) gives the first moment,

E[Cps) = ——. (5.39)

By taking the expectation of the square one obtains
B[S} 1,5 = BE[S3 112 (Na(Ca2)] = AEICT ] + deby E[Cr ),

where (5.76) was used. Substituting (5.38) into this gives the second moment of the cycle
time starting from the polling instant of the second queue:

R
nE(Ch,] = —— (Albgz) + Mbéz)) +(1=2p(1-p))o7 + 65 + (

1—P1+P2)R2
I—p

I—p

+20> el +23 (e0) + TLE=D () +pa) )

(5.40)

where v := % and 1 := (1 —p;)? — p2.

"This represents a shift from the original arrival process A, 2(+). By doing so the calculations become
significantly less involved. Note that this process is correlated to N, 2 and N, 41,2, but it is independent of
Dy1() and Sp ().
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5.4.2.3 Intervisit Time First Queue

The time between the server leaving the first queue and arriving back at the first queue is
the intervisit time and it is given by

]n,l - Vn,l + Sn,2 + Vn,2-

It’s expectation is straightforward,
(5.41)

For the second moment a little more work is needed as

E[I2 ] =E[(Va1 + Sng 4 Va2)?] = 6; + 65 + R + 2IE[S, 2 (Vo1 + Va2)] + E[S2 ).
(5.42)

The second last term remains to be assessed. Similar to the step taking (5.80) to (5.81),
Theorem 2 of [3] provides us with the answer. Applying the theorem just as in (5.81) gives

E[Sn2(Vii+Vae)] = Z leE[yo(Vjer + Vit1,2)]

J=0

= Z vIE [81,2 (-/\/0,2 (Vo,z) + N1 (D1,1 (-/\/0,1(‘/0,14“/0,2)) + Vl,l)) (Vit1a + Vjs12)

J=0

—PszJEK - (Vbl+V02)+V11>(Vj+171+‘/j+1,2)]-
7=0

Using the covariance functions and collecting terms gives

(e}

E[Sha(Via+ Vo) =02 37

J=0

R2 + 012(—j—1> + CQ(]+1>
L—p

p1(ci(j+1) + ci2(j+1))
+
L—m

() + ().

Here the term R? can be taken out of the summation and the covariance terms can be
re-indexed (for example, v 372 77ci(§+1) = 3272 v/ e1(j)) to give

B[S, (Vs + Voa)] = %R2+p2<cl<0>+c12<0>>

+Z [012 )+ c2(§) + pi(er(h) + c2(d)) + p2(ea(d) + Cm(i))}f

= p + p2 (67 +¢12(0 +Z [012 ) +ca )+P(Cl(])+012(j))}7j-

J=1
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This expression can be put back into (5.42) to disclose that

2p;

E[2)] - 5§+53+(1+1 p) R + 29 (8 + e13(0)

+2Z (=) + ) + pler() + en(i) |27

1| R Ao(1 = p1)25) 25
b+ 2( fl) 2 )+ (1-2p(1—p))02 4024 [ 1+ | R
T—p P2 L—p
< N g = . 11— P1(2 - P) . . j
+2p ) ()Y +2) () + (el @) )7
5=0 j=1
with v = % and w = (l_p;#. Collecting terms gives the second moment of the
2
intervisit time of the first queue,
E[2] :)\M)gb(z) + Ao(1 — p1)*0f (1—p1)A° L 2= p)(A + 1) o
(1= p)? (1—p1+,02) (1= p)(1 = p1+p2) L—pi+ps
(1—p1)® o 2p2 (1—p1(2—p))
+ R* + c12(0 5.43
ﬂ—p) 1—p 1—p1+pe 12(0) (5.43)

o0

. > (1222 (i) el ) sy +peat)

5.4.2.4 Duration of the Busy Period at the First Queue

The time the server spends, per cycle, at the first queue is made up of
Dn-l—l,l = Dn+1,l (Nn,l([n,l))a

the time needed to empty a queue (exhaustively), starting with the number of customers
that have arrived at and accumulated at the first queue since the last time the server served
the first queue, i.e., since the intervisit time I, ;. The expected value is

R
1—p1

E[D,1.] = (5.44)

Taking once again the expectation over the square gives IE[D2, ] = E[D2, ; (No1(1n1))],
which with (5.9) gives

E[D2., ] = pHELL] A RbY
T 1 —p)2 T (L—pm)2(1—p)’

as the second moment of the duration of the busy period at the first queue.

(5.45)




Sec. 5.4 Exhaustive/Gated Service System 129

5.4.2.5 Number of Customers Waiting When Server Arrives

The number of customers, L;,,;, waiting in a queue at the moment the queue is polled is

equal to either (i = 1) the number of customers that arrived during the last intervisit time
or (i = 2) the number of customers that have arrived since the gate closed. This gives

L2+171 :Nn,l(ln,l)

Ly 10 =No2(Cp2).

Thus the expected number of customers waiting at the polling instances are

A (1 —
]E[L:;—i—Ll] = w (5.46a)
p
. AR
B[l = 17 . (5.46D)
The second moments follows through squaring to give (see (5.6))
M(1—=p1)R
Bi(L)) = B[]+ 20208 (5.47)
AR
E[(L;12)] = NE[C:)] + 12_[). (5.47b)

5.4.2.6 Number of Customers Served per Cycle

The derivation of the expected number of customers served, per cycle, at the first queue is
completely identical to that of the exhaustive/exhaustive service discipline given in section
5.3.2.5 (with ¢ = 1). Equations (5.25) and (5.26) give

E[L* A
E[T,] = 1[_;] =7 1_}1, (5.48)
2 1 *\2 )\1R<p1(1 - pl) + )‘%652)>
= | XE[2,]+ 5.49
(1 —P1)2 1 [ ,1] 1_p ( )

The number of customers served, per cycle, at the second queue is easier since, because of
its gated nature, it is equal to the number of customers waiting in the queue at the moment
the queue gets polled. Thus T),» = L}, 5 and, in particular,

AR
E[T,.2) =E[L} 5] = < > (5.50)
2 * \2 2 2 )‘2R
]E[Tn,2] :E[(Ln,2) ] - >\2]E[Cn,2] + (5-51>

1—p
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5.4.2.7 Expected Waiting Time and Average Queue Length

Theorem 5.4.4 (Expected Waiting Times for Exhaustive/Gated Served Queues)
If queue 1 is serviced exhaustively and queue 2 has gated service, then the expected time a
customer waits in queue i (1 = 1,2) until being served is given by

Ew, | = UPIE | p(L=p)A4p)di | 1=py b + Aab” | A74201]
B 2(1-p) R(1—pi+p2) 2(1=pitp2) | L1—p R
(5.52a)
B o] < LFeIR _p(=p)(14p)3E | 14 b+ Aab? | A7420,]
B 2(1-p) R(1—pi+p2) 2(1=p1itp2) | L1—p R
(5.52b)
where

C, = 2{02 )+pcia(f) + (1+1(1_7—p1p)) <012(—j)+001(1))}7j+p2(1(zflp(l2)z_p))cl2(0>

1—pi(2—p)

CQ = Z |:CQ +p012 j)‘|— P
2

Jj=1

<012(—j) + pcr (]))} v+ 2pc12(0)

is the increase due to correlated switchover times. Here v := —£2-

1—p1”
The average queue lengths,
follow immediately because of Little. o

If the switchover times for each of the two queues are independent, as well as the switchover
times between the two queues, then C; = 0 = Cy and we obtain the results given in [66,

formulas (25) and (28)] or [78, formula® 4.1].

Proof: For a customer arriving at the first (exhaustive) queue, the derivation of the waiting
time is identical to that leading to (5.33) in Theorem 5.3.4. Therefore we have

AP B2

]E[Wq,l] =

Filling in the values of IE[I,, ;] and IE[I} ] gives the expected waiting time of a customer in
the first queue.

8The formula presented in this reference is taken incorrectly from [66]. The first term for the waiting
time for customers arriving at the second queue should contain (1 + p3) instead of (1 + p1).
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Now imagine a tagged customer arriving at the second queue. The tagged customer has
to wait for the cycle to finish (the expected remaining cycle time is E[C? ] /2IE[C,, 5]) plus

the time needed to serve the customers which arrived in the same cycle, but the before the
tagged customer did (the expected number of customers arriving before the tagged customer

is M IB[C? ,]/2IE[Cy, 5] and they require an expected total time of \byIE[C? ,]/2IE[Ch 0] to
serve). Therefore, the expected waiting time for a customer arriving at the second queue is

E[C?,]
E[W,,] =——-=(1 .
[ q,2] QIE[CnQ] ( + p2)
Filling in the value for the second moment of the cycle time gives IE[WW, ]. .

5.4.3 Identical Queues

In the case of identical queues (A := \;, p = p;, v 1= v;, § := 0;, bP = b§2), and ¢(j) == ¢(j),
for i = 1,2) we have as the stability condition p = A\b < 1/2 and

E[D,.] = fﬁvﬁ (Service Time/Busy Period Q1)
IE[S,.2] :12_/67;[5 (Service time/Busy Period Q2)
E[1, 1] :% (Intervisit time Q1)
E[C), 2] =7 Evzﬁ (Cycle time Q2)
E[L;, ] :W (Number Waiting Q1)
E[L;, 5] :123\215 (Number Waiting J2)
E[T, ] —123\215 (Number Served per Cycle)

Writing out the second moments of these quantities does not provide much insight. The
expected waiting times are

(1—pv  pl=2p)(1+p)6> 1—p[223 82+ 0
E = 54
Warl =757+ 2 R R Ry S (5.54a)
(1+pv  p1—2p)(1+p)6% 14+p[220P 62+,
E = — Y
Waal = = 20 20 Ty v (5.54b)
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with

o L1m20 12 N (=201 )
Z:: {2,0012 - c(y) + T/ 012(—])):| v+ TPE c12(0)

1—25(1—p
¢, - L= p)

'M8

[QPCH( )+ (3 —4p+ 4)52)0(]') + Cu(fi)} 7+ 4perz(0)

1

J

(5.55b)

being the increase due to correlated switchover times. In this case v := %.

The average queue lengths are given by

E[Ls] = AE[W,i] +p, 1=1,2. (5.56)

5.4.4 Comparison of Waiting Times in Exhaustive/Gated System

In the subsequent sections the effect of the service discipline at the two queues will be
studied. We start by examining the expected waiting times in the exhaustive/gated system.
Although the discussions are about the expected waiting times, the same arguments hold
for the average queue length.

5.4.4.1 Single Server Queue with Correlated Vacations

By turning off one of the queues one obtains an M/G/1 queue with multiple correlated
vacations. Let us start by turning off the second queue (by setting Ay = 0, p = 0, v9 = 0,

and véz) = 0, which leads to c2(j) = 0, ¢12(j) = 0, and v = 0) to end up with an exhaustively
served M/G/1 queue where the expected waiting time

bt N v

Hel S50 e

(Exhaustive M/G/1)

is independent of the correlation between the vacations! This result was previously pointed
out in [3, paragraph 3.6] which causes it to correspond to the expression for the expected
waiting time but with i.i.d. vacation times [79, page 123].

On the other hand, by turning off the first queue in the exhaustive/gated system, we
are left with an M/G/1 queue with a gated service discipline. After setting the appropriate
parameters to zero we obtain

]E[W ] _ )\zbf + ﬁ + p2Y2 + ii () J (Gated M/G/l)
PTo1—pa) | 2ve  L—py g P
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as the waiting time of a customer arriving at a gated M /G /1 queue with correlated vacations.

If there is no correlation then this expression is in agreement with the result previously
obtained in [3, Theorem 5] and [79, equation (5.24a)].

It is interesting to compare the difference between these two waiting times due to the
server behaving differently. Assuming queues with identical parameters (by dropping the
indices of ones and twos and setting p := p; = p2) we see that
p

T Do) (5.57)

1
]E[W]gated M/G/1 — ]E[W]emhaustive M/G/1 — + ;

o)
=1

where the first term on the right hand side is the mean length of a service period (which is
the same for the exhaustive and the gated service systems). If there is no correlation, then
it is well known that the expected waiting time in an exhaustively served queue is less than
that in a gated serviced queue. In the presence of correlated vacation times this difference
is larger but remains a surprisingly simple expression.

5.4.4.2 Nonidentical Queues

The difference between the waiting times at the two queues is found by subtracting (5.52)
from (5.52a) to give IE[W, 5] — E[W, ] =

pR p(1—p)(1+p2)d} p

2(1-p) R(1=p1+p2)  2(1=p1+p2)

MO+ 0b  AZ42((1+ p2)Ca— (1= 1))
1-p pR

PR p(1=2(p1+p20))07 p
2(1=p)  2R(1—p1+p2)  2(1—p1+p2)

P REBWAS L B42((1+p2)Co—(1=p1)C1)
1—p pR

with C and C; defined in Theorem 5.4.4. From this expression we see that if 1—2(p1+pap) >
0, and C; = 0 = Oy, and if 67 is sufficiently large, then it may very well be possible that
the expected waiting time at the gated queue is smaller than the expected waiting time at
the exhaustive queue! However, the range of parameter settings for which this is the case is
fairly small. In particular, in the next sections it will be shown that this does not happen
when there are no switchover times or if the system is heavily loaded.

5.4.4.3 Identical Queues

Assume that, except for the service discipline, the two queues in the exhaustive/gated system
have equal parameter settings. The difference between the waiting time of a customer
arriving at the gated or at the exhaustive queue is

2202 + 20 p(142p)0% + Cy — C4
— + :
1-2p v

Wyl ~ B0V, =5

with C; and Cy defined in (5.55b). Since it is not necessarily true that Cy > C4, we can
deduct that, under equal parameter settings and correlated switchover times, the average
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waiting time at the gated queue can be smaller than the average waiting time at the exhaustive
queue.

5.4.4.4 Switchover Times Equal to Zero

Let us now examine the two service disciplines in the interesting situation when the switchover
times are equal to zero. By looking at the expressions for the expected waiting times (equa-
tion (5.52b)), we see that the variances and (cross) correlations of the switchover times must
go faster to zero than the mean switchover times does since otherwise the expected waiting
times could explode (for example, limg .o d?/R must go to zero).

By first sending the second moments and the (cross) correlations of the switchover
times to zero, and then the mean switchover times to zero, we see that the expected waiting
times for the exhaustive/gated service discipline are

]E[W ] _ 1-— P1 Albgz) + >\ng2)
21— i+ ) 1—p |

E(W, o = — Lt P A+ AbYY
21— i+ ) 1—p |

From this it is clear that a customer arriving at the second queue is expected to wait

]E[Wq,2] - ]E[Wq,l] =

p [Alb?) + A2b§2>]
2(1 = p1 + p2) 1—p

longer than a customer that arrives at the first queue.

5.4.4.5 Heavily Loaded System

Let us now consider what happens if the system is heavily loaded (p close to 1). In this case
(with the exception of the case where p; — 1 and py — 0, in which case we refer to section
5.4.4.1) the expected waiting times (taken from 5.52b),

(1—p))R 1—py {Albf) + Angz)}
EW,.| — +
S T p M T pry | R e
Ltp)R,  1+p [A1b§2) + mgﬂ

20=p)  2(1=p1+p2) 1—p

]E[Wq,Q] -

explode due to the factor 1 — p in the denominators. As we can see, the correlation no longer
plays a role. The difference between the expected waiting times tends towards

E[W, o] — E[W,1] —

)

PR P {Alb?) + Azbgﬂ
20=p) 21 =p1+p2) L—p
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which is always positive.

More discussions on the differences arising due to the server behaviour can be found in
the examples of the next section.

5.5 Examples

In the following sections we will consider a number of examples in which the sequences
of switchover times are correlated. The covariance functions will be calculated explicitly
after which the effect of the correlation on the waiting times will be studied. In all of
the examples the expected waiting time of a customer arriving at the first queue of the
exhaustive/exhaustive system is given by (5.28), whereas in the exhaustive/gated system
the expected waiting times are given by (5.52b). The difference between each of the examples
is that C', (', and C5 take on different values.

5.5.1 Example 1: Correlated Switchover Times

Consider a sequence of switchover times where there is no correlation between the switchover
times of the two queues (this gives c12(j) = 0, for j € Z). Let the individual sequence of
switchover times per queue satisfy

Vi1, = Vo + (1 — 23)en, 1=1,2, (5.58)

where x; € [0,1) is a constant and ¢, ; are positive i.i.d. variables with finite expectation
(2

Ele,,i] =: & and second moment E[e2 ] =: ¢; ). The parameter x; determines the amount
of correlation in the sequence; with x; = 0 the sequence is i.i.d., whereas when z; tends to
one the correlation is maximal. Notice that there exists a stationary ergodic sequence of
switchover times which satisfies (5.58). By taking the expectation it follows that IE[V,,41 ;] =
zE[V,:] + (1 — ;)& Due to the stationarity of the process E[Vy;] = E[V,,;] = v; is
independent of x;, and therefore v; = ;. A similar relationship can be derived for the

second moments by taking the expectation over the square of (5.58) to give
]E[Vn2+1,i] :x?]E[Van] +(1— xi)zE[gi,i]

Due to the stationarity (IE[V;2, ;] = E[V?,] = v!?) this implies that

n n,i

’U(2) (]_ — xi)&tgz) + 2ZL’Z§Z’UZ

! 1+ZL’Z

Y

which gives a second relationship (since &; = v;),
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Thus we see that for z; € [0,1) there exists a ¢,, such that any desired values of v; and

62 can be obtained. Now we will derive the covariance functions and the expected waiting
time.

By iterating (5.58) a number of times it is quickly seen that

n—1
Vn,z' :ZEZL‘/O’Z + (1 — JIZ) Z 5n—1—k,ixf- (559)
k=0

From this we obtain
EVo,V;:] =2l E[VE] + (1 — 2)&EVo,] = 2lv® + (1 — 2))z0;.

This means that the covariance functions, ¢;(j) = IE[Vy,;V;,] — E[Vo,;]IE[V},], are given by

(2 3

ci(j) :x{v§2) +(1- :Eg)éivi — (xzvz + (1 - :L{)él) = xi (v.@) — ’Uz) = xié? (5.60)

Since
N i ae L am?
Zci(])aj =0; Z(azi)] =— (5.61)

, 1 —ax;’
Jj=1 Jj=1

we have from Theorem 5.3.4 that the expected waiting time in the exhaustive/exhaustive
system is given by (5.28) with

O 62 N Q03 <1+ (1—p)? )
1—ar; 1—axs p1(1—p1)

P1pP2
(1=p1)(1—p2) "

Equivalently, in the exhaustive/gated system we have from equation (5.61) and from

Theorem 5.4.4 that the expected waiting times are given by (5.52b) where 7 = 5 me and

and o =

x10% 1— X902
c — 711(1+p2( p))p+722
1 —yn 1—p 1 —~xs
2162 2902
C, = L(H&(l_py%u'
1 — vz P2 I — vy

Numerical examples of the influence of the correlation on the expected waiting times
can be found in Figure 5.2. Shown in each of the figures is the expected waiting time
divided by the expected waiting time for uncorrelated sequences of switchover times. There
are Poisson arrivals with A\; = 0.4. The first two moments of the switchover times are always
kept fixed (first moment for each of the switchover time distributions is fixed at v; = 3) and
the service times are taken to be exponential with b; = 0.4 or b; = 1.2.

Based on the figures and equations above the following important conclusions can be
made:
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e If x1 = x5 = 0 then there is no correlation between the sequences of switchover times
and C' =0, C; =0, and C5 = 0;

e The increase in expected waiting times due to correlated switchover times can be up
to several times (3.5 times in the example) the expected waiting times if there would
be uncorrelated switchover times.

e The increase in the expected waiting times due to correlation grows linearly with the
variance 67 of the switchover times;

e Under light traffic (o and « are small and so) the increase in the expected waiting
time is (approximately) linear in z;.

e Under heavy traffic a and ~ are close to one and, due to the factor 1 —ax; or 1 —vz; in
the denominators, the increase in waiting time due to correlated switchover times can
be significant. Hence the presence of correlation has the biggest impact on the waiting
time if the system has a heavy load (and the switching times have a high variance).
This can be seen clearly in Figure 5.2.

e It can be shown that, under identical parameter setting, in the exhaustive/gated sys-
tem the expected waiting time at the exhaustive queue is always smaller than at the
gated queue. In addition to this, we see from Figure 5.2 that in lightly loaded systems
the gated queue (Q2) suffers most from correlated switchover times whereas in heavily
loaded traffic both queues are effected (relatively) equally by the correlated switchover
times.

5.5.2 Example 2: Stochastic Recursive Sequence of Switchover
Times

Consider a sequence of switchover times which satisfy the following stochastic recursive
relationship

Vit =Fni(Vai) + Enis (5.62)

where F,,;(-) are independent, infinitely divisible stochastic processes with IE[F, ;(T)] =

)

wIE[T] and E[F2,(T)] = 2 E[T? + y,E[T). Here z; € [0,1), y; > 0 and 2 > 22. The

sequence &,; is a sequence of independent variables with IE[E, ;] = & and E[£];] = 552).
[terating gives

n—1 n—1 n—1
Vi = <H fk,i) Vo,i + ( H «7:1,1') Eris

k I=k+1
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Figure 5.2: Ezxample: Correlated Switchover Times. The expected waiting time divided by
the expected waiting time with uncorrelated switchover times. The different lines corre-
spond to different switchover time distributions, all with mean v; = 3. Here x := 1 = x5
determines the level of correlation, there is no cross correlation, the service times are ex-
ponential, and A; = 0.4. The top figures are with mean service times b, = 0.4 (p = 0.32)
whereas the second row of figures are under heavy traffic with b; = 1.2 (p = 0.96). The first
column of figures correspond to the exhaustive/exhaustive system, whereas the second and
third column of figures show the normalized waiting times for, respectively, the exhaustive
queue (Q1) and the gated queue (Q2) in the exhaustive/gated system.
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and so
— 1—2z
- k -z _
]E[VHJ] :.Z'?’UZ' +&; Z T, = x?vi —+ = :;Z Ei-
k=0
This leads to the condition v; = —=:—. The second moment of the switchover times is found

1—z;°

by taking the expectation over the square of (5.62). Doing this produces

E[V2,, ] = E[F2,(Vao)] + EE2,] + 2E[Fi(Ves) - Eni] = 2P0 + yivs + ) + 23,08,

)

Since, by definition, IE[V;2, | ;] also equals vi@ , we have

o 552) + (y; + 2x:8;)v;

' 1-— :1:2(2)
Thus we see that there exists a £, ; which generates a sequence V), ; with arbitrary correlation

and any desired values of v; and vi@). Similarly, it is easy to show that

]E[‘/QJVHJ] :.Z'?’UZ'@) +

This gives the covariance functions

. 1— o7 . 1— o .
() =EVoiVal = EVo BVl = oo + 5 %aw—w<ﬁw+l %a>:ﬁﬁ
— T — T

which are completely identical to (5.60)! This means that if the first two moments of the
switchover times are kept fixed while varying = € [0, 1), that the expected waiting times are
once again given by (5.28) and (5.52b) with C, C}, and Cy as given in the first example.
Furthermore, the conclusions of the first example also hold here.

As a special case of (5.62) we can take V,,11; = x;V,,+¢,,; where z; € [0, 1) is a constant
and €, ; is a positive sequence of i.i.d. variables.

5.5.3 Example 3: Identical Switchover Times

Set V,, 2 = V1. This introduces cross-correlation between the two sequences of switchover
times and it gives v, = v; and 05 = §?. In addition to this let V11 = 2V, + (1 — 2)e,
just as in the first example. From (5.60) we have ¢;(j) = 2767 after which

$
)
||
)
S
=
N
i
S
8
=
||
o
S
=
n
i
S
B
=
||

Cl(j) = xjéf
012(j) ZIE[V(),lvn,2] - ]E[V(),1]]E[Vn,2] = ]E[V(),1Vn,1] - ]E[V(),1]1E[Vn,1] = Cl(j) = xjéf
012(—j> :IE[VO,zan] - ]E[V(),2]]E[Vn,1] = ]E[V(),1Vn,1] - ]E[V(),1]1E[Vn,1] = Cl(j) = xjéf
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immediately follow. This means that (i = 1,2)

S el =3 en()d = 3 en( )l = 22
= o o 1—ax

can all be plugged into Theorem 5.3.4 so that the expected waiting time in the exhaus-
tive/exhaustive system is given by (5.28) with

ard? [(1—py(l— 1—p)? 1-—
O = 001 ( pll-a) o A=p) Pz))
l —ax ar pi(1—p1) P1
o 1-— _
V= i by A @ = g ha

2v1(1—p+2p1p2)

Equivalently, the expected waiting times in the exhaustive/gated system are given by
(5.52b) with

Yo ( pz(l—p)) p2(1=p1(2—p))
¢ = 2+ 14p)+ 52,
bl iy )T

5? 1—p(2—
= 7% (1+ il p))(1+p)+2pdf.
I —~x P2

Cy

To get a feeling of the impact of the cross correlation, the expected waiting times are
plotted in Figure 5.3 for various switchover time distributions and traffic loads. Shown in
each of the figures is the expected waiting time divided by the expected waiting time for
uncorrelated sequences of switchover times. There are Poisson arrivals with \; = 0.4. The
first two moments of the switchover times are always kept fixed (first moment for each of
the switchover time distributions is fixed at v; = 3) and the service times are taken to be
exponential with b; = 0.4 or b; = 1.2.

Striking is the impact of the cross correlation on the waiting times. For example, if
there is no correlation within each sequence of switchover times (x = 0), then there is
still an increase in the expected waiting time due to the cross-correlation. For the exhaus-
tive/exhaustive system this increase is (1 — po(1 — «))1d? and for the exhaustive/gated

Wdf and 2pd? for, respectively, the exhaustive and

the gated queue. For exponentially distributed switchover times this can mean an increase
of tens of percents in the expected waiting time. Besides this, all of the conclusions made
in the first example also hold here, with the exception that the increase in expected waiting
time can up to a factor 5.

system this increase is given by
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Figure 5.3: Ezample: Identical Switchover Times. The expected waiting time divided by
the expected waiting time if there would be no correlation between the switchover times.
The different lines correspond to different switchover time distributions. Here x determines
the level of correlation, cross correlation is introduced by setting V,, o = V.1, the service
times are exponential, and \; = 0.4. The figures in the first row are with mean service time
b; = 0.4 (p = 0.32) and the figures on the bottom row are under heavy traffic with b; = 1.2
(p = 0.96). The first column of figures correspond to the exhaustive/exhaustive system,
whereas the second and third column of figures show the normalized waiting times for,
respectively, the exhaustive queue (Q1) and the gated queue (Q2) in the exhaustive/gated
system.
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5.5.4 Example 4: Switchover Times Coming from the Same Se-
quence

As a last example consider the case where the two sequences of switchover times come from
a single sequence:

Vn,l = }/2n

Yo =z2Y, + (1 — x)e,,
i ( ) Vn,2 = Y2n+1-

(5.63)

Here Y, is a stationary ergodic sequence, IE[e,] = ¢, and [E[¢2] = €. In this case there is
a large correlation between the two sequences, but it is not as strong as in example 3. Once
again we will derive an explicit expression for the expected waiting times. Equation (5.63)
can be rewritten as

Vi1 =2V_10+ (1 — 2)eg,
Voo =2Vi1 4+ (1 — 2)eopn 1.
[terating twice gives
Vi =2*V,o11 + (1 — 2) (@e20-1 + £2,)
Vo =2"V,_10+ (1 — z) (ze2, + E2041),

and iterating a few more times shows that

[y

n—

2k

Vi =2*"Vo1+ (1—2) > (2e2p-1)-1 + E2(mi)) T

il\g

[y

n—

Vo =2""Voo + (1 — ) (ze2(n—t) + E2(nt)11) T

o

o

Taking the expectation over this gives
EV, ] =2*"v; + (1 —2*")e, i=1,2,

which with the stationarity gives v; = €. This last result can be generalized to saying that
all of the moments of V,,; and V, 5 are equal to each other, in particular, §2 = 2. This
follows from the stationarity of Y, i.e., IE[VF,] = E[Y} ] = E[Y5] = E[VF].

The covariance functions can be derived in the same way as in the previous examples,

a1(j) =E[Vo1Vial — BVoaE[Via] = 2% (B[VF)] - E[Voa]?) = ¥4}, (5.64)

In a similar manner it can be derived that cy(j) = %62 = 2%67. The cross covariance
function for j € N is

Clz(j) :]E[Vo,lvj,z] - ]E[V(),l]]E[Vj,2]
=K [‘/0,1 (x‘/j,l + (1 — $)€2j+1)] — IE[‘/OJ]]E[Z"/JJ -+ (1 — $)82j+1]
=zE[Vo1V;1] + 2E [Vo ] E[V1] = zci(j) = z¥1167. (5.65)
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Similarly,
012(_j> :E[V—j,2vo,1] - ]E[V—j,2]]E[V(),1] = ]E[V(),2V',1] - IE[V(),z]]E[Vj,1]
=E[Vy2 - (93Vj—172 +(1— 15)€2n)] — E[Vo,z]]E[ZEVj—l,z +(1— 96)5271}
=xcy(j—1) = 27162 (5.66)

Putting these expressions for the covariance functions into (5.19) tells us that the expected
waiting time for a customer arriving at the first queue of an exhaustive/exhaustive system

is given by (5.28) where 1 := R(l—lp:—p;plpz)’ a = 56— and
1—po(1— 1—p)? 1- 252
CZ<M+2+ d-r" . '02) aroi (5.67)
o p1(1—p1) zp1 )1 —ax

Similarly, in the exhaustive/gated system the expected waiting times follow by putting
(5.64)-(5.66) into Theorem 5.4.4. This leads to the expected waiting time being given by
(5.52b) with v = 22 and

1-p1
252
yx<o; 1 p2(1—p) P2(1—P1(2—P)) 2
c, = — 1 ) 5.68
! 1 —ya? (p+x) (x—i— - I—p " (1—p1)? o (5.6%)
252 1 1— 2 —
e = 12 (v ) (o0 00 et (5050)
— 2

The waiting times as a function of x and for different switchover time distributions can
be seen in Figure 5.4. Due to the strong similarities the same conclusions can be made as
for the first examples, with the exception that in this case the increase is not entirely linear
in z for systems with a low traffic load.

5.6 Concluding Remarks

The performance of alternating-priority queues with very weak assumptions on the switchover
time sequences was studied; all that is assumed is that these sequences are stationary ergodic.
In spite of this generality explicit expressions were derived for the expected waiting times
and number of customers in each queue. The expressions obtained involve the weighted
sum of all correlations where the weights decrease exponentially fast to zero. With the help
of these explicit expressions, through numerically studies and examples, it was shown that
correlation can add up to 400% to the expected waiting times. This has important implica-
tions for (ad-hoc) networks where a common communication channel is shared amongst a
number of users and the number of users between consecutive data transfers are correlated.

The analysis of the gated/gated queueing systems is slightly more evolved because
the stochastic recursive equations for that system can not be written in a one-dimensional
version. It remains a subject for future research.
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Figure 5.4: Switchover Times from the Same Sequence. The expected waiting time divided
by the expected waiting time if there would be no correlation between the switchover times.
The different lines correspond to different switchover time distributions. Here z determines
the level of correlation, cross correlation is introduced by having the switchover times come
from the same sequence, the service times are exponential, and A\; = 0.4. The figures in the
first row are with mean service time b; = 0.4 (p = 0.32) and the figures on the bottom row
are under heavy traffic with b; = 1.2 (p = 0.96). The first column of figures correspond to
the exhaustive/exhaustive system, whereas the second and third column of figures show the
normalized waiting times for, respectively, the exhaustive queue (Q1) and the gated queue
(Q2) in the exhaustive/gated system.



Sec. 5. A Proof of Theorem 5.3.2. 145

The extension of the models discussed here to more than two queues is another open
problem that remains to be addressed. With independent switchover times the expected
waiting times can be found by solving a set of equations. It will be interesting to see if a
similar solution can be given for correlated switchover times and what the influence is of
correlation on a larger number of queues.
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5.A Proof of Theorem 5.3.2.

The proof of Theorem 5.3.2 will make use the following lemma [19, Propositions 6.6 and
6.31] [27, p.292 and p.295]

Lemma 5.A.1 Let Xy, Xy, ... be a stationary and ergodic process, and ¢(x) be Borel mea-
surable, then the process By, Ba, ... defined by B, = ¢(X,, Xni1,...) is stationary ergodic.

First of all note that A,(y) and B, are nonnegative (component-wise) for all n and y.
Moreover, A, (y) are monotone increasing in y for all n and for each sample path. Theorem
1 in [3] then tells us that

(i) if the sequence {(A,(-), B,), —00 < n < oo} is stationary ergodic? and
(ii) if P(limy, oo, is finite) > 0 for Iy, = 0,

then there exists a stationary ergodic regime I;; ; defined on the probability space and I ;
satisfies (5.13).

We start by verifying that B, is stationary ergodic by analyzing it term by term. First
of all the processes V,, ; and V,, 5 are by assumption stationary ergodic. Furthermore it can be
shown that NV, 2(V,,;), ¢ = 1,2, is also stationary ergodic. To do this introduce the sequence
of i.i.d. uniform variables U,,; on (0,1) and let NV, 2(w), w € R, have cumulative distribu-
tion function Fly, ,w)(2) == P(N,2(w) < x). With the help of the inverse-transformation

method for drawing random numbers it follows that N, o(w) = F J\_fig (w)(Un,i) which leads to
Noo(Vii) = F/\—/iz(vn‘i)(Um). In other words, N, 2(V,,;) is a function of two parameters, U, ;
and V,,;. Call this function f(U,V) :=F /\_/jg ) (U). This function is Borel measurable, and

9We mean by that notation that the sequence {((A,(y))yey,Bn), —00 < n < oo} is stationary ergodic
rather than {( A, (I,1), Bn), —00 <n < oo}. Here Y is a subset of R.
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since X, := (Up, Vi) is stationary ergodic it follows with Lemma 5.A.1 that N, (V) =
f(Un,i, Vi) is stationary ergodic. An identical argumentation with the sequence of ii.d.
uniform variables W,, on (0,1) leads to the function g(W,, N) := FD_T}}Q(N)(W,%) = D, 2(N)
with which it can be shown that D, »(N,) = g(W,,, N,) is also stationary ergodic. Getting
back to B, with the vector X,, := (V,1, Va2, Un1,Un2, W,,) and the projection function
P;(X,,) which gives the i-th coordinate of X,,, we can rewrite 5, as

B, = Vati1+ Vari2+ Wi, f(Una, Vo) + f(Unt11, Var11))
= Pi(Xpi1) + Po(Xpg1) + 9(Pu(Xnsa), f(P3(X5), Pa(X0)) + f(Ps(Xng1), P (Xnt1)))

Since projections, additions and compositions of measurable functions are once again mea-
surable it follows with Lemma 5.A.1 that B, is stationary ergodic.

Next we show that the sequence A, (-) is stationary ergodic by starting with the in-
nermost term of (5.14) and working outwards. Since the number of arrivals in cycle n is
independent of the number of arrivals in cycle k, for k # n, it follows that N, ;(+) is an i.i.d.
sequence in n. With a similar argumentation it follows that D, ;(-) is an i.i.d. sequence
in n. Furthermore, a composition of independent processes results once again in an i.i.d.
sequence. To prove this let Di(-) and N,,(-) be i.i.d. sequences and independent of each
other. Conditioning on the inner process gives (k # [ and m # n)

P(Dk(Nm) < $§D1(Nn) < y) =
:/OO /OO P(Dy(r) < 2;Dy(s) < y)dP(N,, < r)dP(N, < s)

[ [ POur) < )P(DA(s) < )PV, < 1PN, < )
—P(Dy(N) < 2)P(D(N,) < y).

In particular, this means that the sequence Dy, y11(N,1(+)) is an i.i.d. sequence in n. Per-
forming two more compositions like this proves that A, () is an i.i.d. sequence (and therefore
also stationary ergodic). This proves (7).

To show that (iz) holds it is sufficient to show that certain conditions of Lemma 1
in [3] hold as that lemma leads to (iz). The first condition is that A, (-) forms an i.i.d.
sequence independent of the stationary ergodic sequence B,,. The second condition is that
E[|A(y)|] < aly| for some a < 1 and all y > D where D > 0 is some constant.

It has already been shown that the sequence A, () forms an i.i.d. sequence and that
B, is a stationary ergodic sequence. The sequence A,(-) is also independent of B, since
(compare (5.15) to (5.14)) V411 and V,41 2 are independent of A, (-), N, 2 is independent

of Nyt12, and V111 is independent of Dyy11(Npa ().

Finally, since E[|Ao(y)|] = E[A,(y)] = ay, with o = G=A&—, it follows that the
second condition holds since o < 1 whenever p < 1, which was assumed throughout. Thus
() holds if p < 1.
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Since (i) and (i7) hold there exists (Theorem 1 in [3]) a stationary regime I, which
satisfies (5.13). .

5.B Proof of Theorem 5.3.3.

Proof: Taking the expectation on both sides of equation (5.13) gives

E|l,
Elp11] =R+ +—— P <R + 017[1])
1 —p, I—m

Under the stationary regime IE[[,,1; 1] = IE[]}, ;] which immediately leads to the first moment

R(1— Pl)‘

Bl == —

(5.69)

To obtain the second moment we need to derive the terms on the right hand side of (5.16).
First of all,

E[A%(I,1)] = [D721+1,2 <Nn+1,2 (Dn+1,1(Nn,1(In,1))))]
=Nd3E[D; | (Noa(Ina))] + AodS Dy 11 (Nt (In1))]

33 (MBI )+ MdPE[1a]) + i Aod B 1,1

Plugging equations (5.7) and (5.17) into this results in

E[AZ (1,1)] = piraElL, ) R ((Mpgbgz) Aoprb

A=p)P(0—p)? A= p 20— p)\T=p)2  1-p,

). (5.70)

Next we proceed with the second unknown of expression (5.16), IE[B2], where we recall
that B, is defined in equation (5.15). Making use of (5.3) gives

2
]E[Bi] =IE |:Vn+1,1 + Vn+1,2 + Dn+1,2 (N (Vn 2) + Nn—i—l 2( n+1, 1))]
:U§ ) + Uf) + 2U1U2 + 2012 + 2/\2d2 U§2 + U2 + 2’011)2 + CQ(l) + Cu(—l) + 012(0>)
+ \ad> <vl + vé ) 4 20109 + 2¢12(— 1)) + )\2

A2+ R 2p,82 RS N 2p2¢2(1) + 2¢12(0) N 2p2c12(—1)

:(1 —p2)? 1—py (1—p)® 1— po (1= py)2 (5.71)

To solve the last part first notice that the processes M, 1(+), Nu2(+), Mops1.1(+), Nog12(0),
Dy111(+), and D,411(+) are all independent of each other, and each of them is independent
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of I,1, Vao, Vis11, and V119, This means that
E[A,(I,1)B,] =alE[],,18,], (5.72)

with a ;= %. The last piece of the puzzle can be derived with the help of Theorem

2 in [3] which states that

e’} n—1
Liy=) ( 11 Agn_j)) (Bn-j-1), né€Z,

7=0 i=n—j

where for each integer 7, {Ag_j )}j are independent of each other and have the same distri-
bution as A;(-). To apply the theorem it is sufficient to have o < 1, which turns out to be
equivalent to p < 1, and that IE[B,] < co (see Lemma 1 in [3]). The latter indeed holds as
E[B,] = &

1—p2”

Applying the theorem gives

| TT (Pea(Wa(Pera N8, ) 5]

7=0 i=n—j
=Y BB, ;1B = o/ E[BBj]. (5.73)
j=0 j=0

because of the independence of the processes D;1(-), Dna(:), Ni1(-), and N;a(+), for all
t € Z. Writing out the last term yields

E | ByB;41

= {(Vu +Via+ Do (f\/o,z(voz) + N1,2(V1,1)))

: <Vj+2,1 + Vito2 + Djrap (-/\/j+1,2(vj+1,2) + -/\/’3'4-2,2(‘/3'4-2,1)))}
=07 + ¢ (j+1) +v1vg + e12(j + 1) + Aody <vlv2 + c12(5) + vl + cl(j—i-l))
+ 10y + cro(—j—1) + 03 + ca(j+1) + Aady (Ug +e2(j) + vz + 012(—j—1)>
+ Aads (’01’02 + cra(—j — 2) + 03 + co(j+2)+Xody <v§+02(j—|—1)+vlvg+clg(—j—2)>)

+ )\2(12(’0% +c1(J+1) + viva + c12(f+1) + Aado <U1U2 + c1p(f) + v + cl(j+1)))

R? a(f+1) +c(+1) N p2(c2(j) — 2ca(j+1) + ca(j+2))
(1= p2)? (1= p2)? 1—py
i ci2(=j—1) + ci2(j+1) n p2(cr2(—j—2) + 012(‘7‘)).

L —ps (1 —p2)? (574)
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Putting (5.72)-(5.74) together and re-indexing the summation (for example, 377 a/* ey ()
=22 dle(j—1) = acy(0) + 372 afacy(j)) produces

R?+¢1(j) + e2(j) pQ(a -2+ 5)02(3‘)
(1= p2)? I

c12(—J) P2 c12(J) aps i

* 1—po <1+ (1—P2)> " 1—P2<1+ 1—p2>]a
p2(acz(0) — c2(1)) | pa(—ci2(=1) + aci2(0))
" L —ps " (1 —p2)? '

LA ()5 =)

J=1

All of the terms with v; and ve can be pulled out of the summation and under stationary
regime cy(0) = §3. This gives

_ p1p2 R? 19303 _ p2ea(1) | pa(—ciz(—1) + acp(0))
Rl Gy Ty R s T e ol pe (1= p2)?
o (1—p)Pca(y)  (1=po)ara(=4)|
1—p22;[cl )+ n(l—p) 2 :
n 1 —1pi 1p— «@ 2612 (5.75)

Putting equations (5.70),(5.71), and (5.75) into (5.16) and collecting terms gives

/)1/)2]E[I2 1 R ( )\1/026(2) (2)
E[I7,,,] = + o T
[Lri41.4] 0= p 21— pa)? " (1= )2 — I\ (1= p)? 2%

1 2p2(1 = p)&3 (1 —p+ 2p1pz) )
(a2 + R
(1—P2)2< L—p L—p )

2(1 — 1—a
+ ( Pz 2012

(1 —p2)?

|:Cl + C2 +
1

(1- 0)202(1) + (1- P2)012(_j>] ol

1—P2 2 p1(1—p1) P1

]:

Under stationary regime IE[I2, ] = IE[I2,]. The theorem follows by putting these terms
on the same side and by making use of the identity

() () ot -
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5.C Alternative proof of Theorem 5.3.4.

Proof: Under a number of assumptions [33] presents a decomposition theory which states
that the expected waiting time in an M/G/1 queue with vacations can be decomposed into
two parts, namely

P
2(1 = pi)

The first part is the Pollaczek-Khinchin formula for the expected waiting time in an ordinary
M/G/1 queue without vacations. The second part is the forward-recurrence time defined as

E[W,;] = + E[V]).

-1 Bl
E[Vi] “3E[I, ]

See [25] for an application of this theory. Since a customer in a polling system arriving at
queue 7 sees the system as an M/G/1 with vacations, and the theorem does not assume
independence between vacations and service times (or busy periods), we can apply the
theorem to our polling system. .

5.D Proof of Theorem 5.4.3.

Proof: First of all note that the expected service time of N customers at the second
queue is the sum of their individual service times and hence IE[S,, o] = b IE[N]. Taking the
expectation over (5.34) then gives

E[S)+1,2] =p2 (E[Sn,z] +R+E [Dn+1,1 (Nn,l(sn,2 + Vo1 + Vn2))])

:1 f2,01 <]E[Sn,2] + R),

where the last line follows since IE[D,, 1] = p1IE[,,1])/(1—p1) (equation (5.12a)) . Because of
the stationarity (IE[S,+12] = IE[S,2]), this gives the first moment, IE[S,+12] = p2R/(1 — p).

Before we derive the second moment, we first need to point out (with the help of (5.4)
and (5.6)) that

B[S} 2(Noa(T))] =ENG(T)] + (057 — B3 BN, (T)]
=p2E[T?] 4+ M E[T). (5.76)
Squaring (5.34) gives the second moment of the service time of the second queue as

E[S 2] =B (Sn2)] + EV;] + 2E[X,(S,,2) V). (5.77)
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The right hand side will be solved piece by piece. First of all, using (5.76), and then (5.6)
along with the independence of N, 5(-) and N, ;12(+) gives

E[X2(S,2)] =IE [824_172 (Nn,Q(Sn,z) + Not1,2 (Dn+1,l<Nn,l(Sn,2)))):|

—02IE {(Nn,z(sm) + Noir2(Dagrn (/\/n,l(sng)))ﬂ
+ (0 = 2)E [Noa(Sns) + Nos12(Dosia (N1 (Sn2)))]
W (AQIE[SELQ] +IE[Sna] + 2001 [Sn2 - Dgr 1 (Not (Sn2))]
2l [ (No1(80.2))] + B [P (Mo (S02))] )

+ >\2(b§) - bg)]E [Sn,2 + Dn+l71 (Nn,l(snﬁ))} .

A couple of these terms can be crossed out to give

]E[XS(SHQ)] :pg <]E[Sr2L,2] + 2IE [Sn,2 . Dn+l71 (Nn,l(snﬁ))} + IE [DYQL—HJ (Nn,l(Sn,Q))} )

+ )\gbg)E [Sng + Dn—i—Ll (Nn,l(snﬁ))} .

Applying formula (5.8) and then substituting d; = b, /(1 — p;) and de) = b§2)/(1 —p1)? (see
(5.7)) leads to

Ab
L—m

2p1

!

2[R[S2 E (2) 2
_p2 [ n,2] [Sn,Q] (Albl P2 +)\2bg2)

S (L=p)? 1—p \(1—p)?

2 2 (2) 2
P IE[ST 5] p2R A1by p3 )
= = 4 + Aob 5.78

L—p)2  (A—p)L—p) \ AL =p)2 727 (5:78)

E[X2(Sh2)] =3 (BIS2,) (1 4+ 70 + X ) + MdPE[S, 0 ) + 222 (S,

The second part of (5.77) can be derived along similar lines. Taking the expectation of the
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square of (5.36),

E[Y?] ZE[Siﬂ,z <Nn72(Vn,2> + Not12(Dnri s N (Vg + Vi) + Vn+171))}
—12IE [(/\/n,2 (Vi) + Nos12(Doi1a (Noa (Vs + Vo)) + vnﬂ,l)ﬂ
+ <b§2) _ bg)lE [Nn,g(vn,g) + Nop12(Dos1 1 (Nt (Vios + Vo)) + Vn+171)}
—Aob2 (AzlE[vfg] + E[V,o] + 2),E [Vn,g - (Dnm (Nor (Vs + Vi) + vnm)}
+ \E [(Dnm (Nt (Vir + Vi2)) + vnmﬂ
+ E[Dy1,0 (N (Vi + Vi) + Vn-i-l,l})

+ X <b§2) - bg)lE [vn,g + D1, (Nt (Vig + Vi) + Vn+m] :
Also here terms can be crossed out!®. Doing this gives

B2 =03 (B1V22] + 2B Vi - (Dusra(Waa (Vs + Vi) + Vi )|

B[ (Dt Was(Vas +V2) + Viena) ])

+ >\2652)IE |:Vn,2 + Dn+1,l (Nn,l(vn,l + Vn,Q)) + Vn-l—Ll] 9

after which the expectations can be moved farther back in the equation to give

2
B =p BV + - [V Va + Vi) + 2BV Y

+ N EE[(Viy + Va2)?] + MAPEV,0 + Vo] + B[V ]

2
b f’lp E(ViaVasrs + ViraaVaa] ) +
- M1

0The slightly more elaborate calculations and then the crossing out of terms is due to N, 2(-) and
Nyy1,2(-) being treated separately. Although it is tempting to combine them into one term, it is better
not to do so since the independence and correlations between the different processes N, 1(T), N, 2(T),
Dnt1,2(T), Sna(T), and Sp41.1(T) are not always obvious and have to be treated with care when squaring
them.
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In terms of the covariance functions ¢1(j), c2(j), and c1a(%7), €N (see equation (5.3)),

2) I 2p1 (211’02 + 012(0) + U(2))
L=p

o3 (v§2) + U§2) + 2009 + 2612(0)) N A b(2 R N v§2)
(1—p1)? (1- Pl)

201 (V% + ¢1(1) + vivy + ¢
+ /)1(1 1() 102 12 +
1—p1 1—P1

é + 2viv9 + 2012(—1)

B2 = (o

+

P (02462 + R o A0 R AP R
= - 2P151 2 +
L—p L—p1 (1—p1) I—m

2 2
1 P2 (plCl(l) + Cm(-].) +
A

n (5.79)

The third part of (5.77) is

(X0 (S02) V] = |Sui12(Naa (Snz) + Mas12(Pus1i Naa(S02))) ) - Vil
5o | (No2(Sn2) + Not12(Dusr s Vot (S2))) ) -
=P | (S + Dui11 (Mo (S02)) ) - Va] = VE[S0 200 (5.80)

where in each step the independence and non-overlapping of S, 2 and V,,; (i = 1,2) was
used. Theorem 2 in [3] provides us with a mean to work out (5.80). The theorem states
that

ng_Z( H x(’”) Vooica), new,

7=0 i=n—j

where for each integer 7, {Xi(_j )}j are independent of each other and have the same distri-
bution as X;(-). To apply the theorem it is sufficient to have v < 1, which turns out to be
equivalent to p < 1, and that IE[),] < co (see Lemma 1 in [3]). The latter indeed holds as

[yn] - 1p2R

P1

Using the theorem and because of the independence of the processes D, 1(-), Sna(+),
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No1(+), and N, o(+), for all n € N, we obtain

IE[S,2Vn] = ij: E [ ﬁ | <Sz'+1,2 (M-,2 (Voje1) + Nigz12(Dis11 (Nia (Ve j_l)))» : yn]

7=0 i=n—j
0 n—1
= b%IE[ H (MQ (Vn—jo1) + Nisio (Di-i-l,l(-/vi,l(yn—j—l)))) ‘yn]
=0 i=n—j
[e’e) ' n—1
= Z Py IE [ <yn—j—1 +Diti11 (-/\/i,l(yn—j—l))) : yn]
7=0 i=n—j
= Z (1 P2 ) E[YV—jo1Vn] = ZVjIE VoY)l - (5.81)
=0 — P 20

with v := %. Finally, writing out the last term of this expression yields

E VY] =E {31,2 </\fo,2(Vo,2) + N (D11 (Noa (Vo +Vo2)) + Vm))
'3j+2,2</\/j+1,2(vj+1,2) + Ni22(Djrog W11 (Vi + Vi) + Vj”’l))]
2 [(vw D1 (Mo (Vo +V02) + Vi)
: <Vj+12 + Djr21 (N (Vi +Vi2)) + Vj+2,1>]

=p3IE |:‘/1,l‘/j+271 + Vo2Viti2 + ViaVitie + Vi1 Voo

P1
L—m

+ (‘/1,1‘/]'4—171 + Vo1 Vigo1 +2V02Vii12

+ Vit Voo + Vo1 Vg2 + Vigo 1 Voo + V1,1Vj+172>

2

+ (1/)7;)2 <V071Vj+1,1 + Vo2Vit12 + Vo1 Viti2 + V}'+171V072ﬂ :
- M1
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Using the covariance functions (5.3)

IE (VoY1) =p3 [v% (1) + 03+ ca(§+1) + 20109 + c12(f) + cra(—5—2)

P1
L=p

+ <zv§+c1(j)+cl(j+2)+2v§+2c2(j+1)

+ dv1vy + cp(—7—1) + c1a(j+1) + c12(—j—2) + ClQU))
P

(1=p1)?

P { R c(j+1) +ea(j+1)
= +

L=pi[1=—m I—m
pr(cra(—j—1) + 012(j+1))]
L—p '

+ (vf+c1(j+1) + U%—i—cz(j—l—l)+2vlvg+012(j+1)+012(—j—1))}

+ () = 2a(+1) + (i +2)

+ c12(—7—2) + c12(y) + (5.82)

Putting equations (5.81) and (5.82) into (5.80) and re-indexing the summation gives

]E[ n( n2)yn] -

F a1 - 200) + a(+1)

& Z (32 +al) +e0)

IL—p 1—p

+ Cm(-j-].) + Cu(j-].) +

/)1(012(—j> + CIQ(j))) J
.

In this expression the term R? can be pulled out of the summation and the various covariance
functions can be collected together (for example, 7%, 17 ca(j—1) = ve1(0) + 2272, Y/ vea(d))

to reveal

El2n(Sn2) W] = 5 fol {(1 — giﬁl —p) (yes(0) = ex(1)) = ena(=1) +7e1(0)

+27j(%;i(j)*“mq(j)(V—2+%)+012(_j><%+ A )+en() (v + A ))]

1 1—pm

_ p% p2R2 C —C — C12(— &
- {(1 T + p1(7e1(0) — e1(1)) — cra(—1) + 12(0>}

P1 2 . 1—p1(2—p)
c1(j) + e2(j) + = (1 = p)’er(j) + ———"=
1—p1 22( 1 2\J ,02( p)ci(d) P

. Pclz(j))Wj-

(5.83)

Putting equations (5.78), (5.79), and (5.83) into (5.77), using ¢, (0) = v§2) — v, and collect-
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ing terms gives

SIE[S; (2)
pQ]E[Sn 2] p2R ( )\lp%bl (2)>
ElShial = e + Aob
[ +172] (1 _ p1>2 (1 _ Pl)(l _ p) (1 _ p1)2 2Uo
s M> At R
1—p 1—p P107 1= )2 -
205 p1c12(0)
1 1)+ ===
+1_p1(p101()—|—012( >—|— 1_p1
203 p2R2 9
04 — (1)) — -1
T {a — o=y 0% —all) = en(=1) +7ee(0)
208~ i . 1=p(2-p) ‘ | |
+m27 02(])+T<012(_])+p61(])> —i—pcm(])

2E 52 R A 26(2)
= P [ n,22] + < 10201 > +)\2bg2))
(1=p1) 1—p\(

2 1_
P ((1 — 2, (1 — p)) 0%+ 6%+ <ﬂ) R? + 2,0012(0))

(1 —=p1)? 1—p
20F & N, 1=p(2—-0p) . . A\
+ m = (02(3) + L, <C12(—j) + pcl(j)) + pclg(j))7 )

The final expression is obtained by assuming stationary, putting the terms IE[S?,,,] =

]E[S?LQ] on the same side, and multiplying both sides by (1 — p;)?/p3. .
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5.E List of Notation

An(-) =

Bn
ni(N) =
Dn,i,k

)

Nn 2()

)

T,:(N)

)

A nested combination of stochastic processes defined in (5.14).
= A nested combination of stochastic processes defined in (5.15).
= Total busy period generated by N customers in queue ¢ with arrival rate \;

and first and second moment of the service time b; and b§2),

respectively.

= Single busy period generated by the k-th customer in queue ¢ with arrival rate

A; and first and second moment of the service time b; and bl(?)

, respectively.

= Service time of N customers at queue ¢ with first and second moment of the

service time b; and bz(?)
= Number of arrivals at queue i in time 7" in the n'*

, respectively.
cycle (cycle starting from

the polling instant of the first queue).

= The number of arrivals at the second queue during the n'*

cycle, with the

cycle starting from the arrival of the server at the second queue.

= The number of customers served at queue i during the n'®

cycle if there are

N customers in the queue at the moment of polling.
= A nested combination of stochastic processes defined in (5.35).
= A nested combination of stochastic processes defined in (5.36).

— P1p2

T (1—p1)(1—p2)

= Central quantity in the exhaustive/exhaustive queueing system.

Comes forth from IE[A, ()] = «IE[/], with A, (-) defined in (5.14).

= E[B]]

= Expected service time at queue 7.

= [E[B;]* = Second moment of the service time at queue i.

= E[Vo; Vol — E[VoE[V,,]

= Covariance function for the vacation sequences

at queue 1.

- IE[‘/O,an,2]

— E[Vo.JE[Va.]

= Covariance function for the vacation sequences

between the two queues.

= pif (L= pi)

= The expected duration of a single busy period, where the arrival

rate is \; and the average service time is b;.

= b§2) /(1= p;)® = Second moment of the duration of a single busy period, where
the arrival rate is \;, the average service time is b;, and the second moment of

the service time is bz(?).

:’Ui

(2) _ 2 =

Variance of the switching time from queue i to the other queue.

= 0? + 62 = Sum of the variances of the switching times.

P2

= 22 = Central quantity in the exhaustive/gated queueing system. Comes

1-p1

forth from IE[X,,(I)] = vIE[[], with &,,(-) defined in (5.36).
= (Poisson) arrival rate at queue i.

= p1+p2

; = \;d; = load at queue 7.
= load of the system. The assumption is made throughout that p < 1/2.

= p; = po if the parameter settings for the two queues are equal.

= V1 + Vo.
; = B[Vl

= Expected switching time from queue ¢ to the other queue.

= E[V;?,] = Second moment of the switching time away from queue 1.
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C,..; = Duration of the n'" cycle starting from the polling instant of the i queue.

i = Duration of the busy period at queue i in the n'* cycle.

I,; = Inter-visit of the " queue in the n'* cycle. This is the time between the
server switching away from queue ¢ until the time that the server comes back
to queue i. ( I,1 = Vi1 + Do+ Vi for exhaustive/exhaustive queues and
Ia = Vp1+ Sna + Vi o for exhaustive/gated queues).

K = A constant used in the expressions for the inter-visit time and the waiting
times. Sometimes K7 or K, is used if there is a difference between the two
queues.

Ly, ; = Number of customers in queue 7 in the nt" cycle at the moment the queue is
polled.

L,; = Average number of customers in queue ¢. This is also the number of customers
that arrived at queue i during a vacation, and are still in the queue, before a
tag customer arrived in that same vacation.

L, ; = Average number of customers at queue i (including the customer in service).
This is also the number of customers that arrived at queue ¢ during a vacation
(and are in the queue or in service) before a tag customer arrived in that same
vacation.

Sn.i = Service time at queue ¢ in the n'* cycle (=similar to the duration D,,; of the

-

busy period but then with no arrivals).

T,,; = The number of customers served, per cycle, at queue i.

V,.i = Switching time from queue i to the other queue in the n'" cycle.

W, = Random variable for the waiting time of a customer in queue i (not including
service).

Wy, = Random variable for the total sojourn time of a customer at queue i (waiting
time plus service time).

I'; = The number of customers served during a busy period, where the arrival rate

is \;, average service time is b;, and the second moment of the service time is
b
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Appendix

The Value Function of a Tandem Queue
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We study the tandem queue with independent servers with exponentially distributed ser-
vice times. The system is subject to holding costs. An explicit expression is derived for the
value function of the average costs in the absence of customer arrivals. The derivation is
accomplished through the inversion of its generating function. The resulting expression is a
weighted combination of Catalan and ballot numbers which give an intuitive explanation to
the problem at hand. The techniques and tricks used—along with the insights gained—can
provide valuable information for the derivation of the value function in the presence of ar-
rivals. Once derived, the value function can be used for important optimization and control
of many queueing networks.

Note: The work in this chapter was sponsored by a van Gogh project. It was done
jointly with Sandjai Bhulai at the Vrije Universiteit in Amsterdam and is a continuation of
[15, section 4.3].
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A.1 Introduction

The optimal control of servers and the routing in queueing networks (such as tandem queues,
networks of queues, re-entry queues, or packets being routed through the Internet) is impor-
tant from both a financial and a congestion perspective. Obtaining the optimal control or
service policy can be achieved through linear programming, value and policy iteration [67],
or the power serie algorithm [50]. However, the optimal policy can often not be determined
explicitly due to the curse of dimensionality. It has been shown [16] [80] that the first step of
policy iteration produces policies which are very close to the optimal policy, while in some
cases not having problems with the curse of dimensionality. To perform this one-step policy
iteration the value function needs to be known.

The value function, also known as the bias vector, of a queueing system provides us
with information about the cost of operating the system. The costs can be either averaged
over time [42]—the situation which will be considered here—or they can be discounted [49]
[59] [60]. For further information on the value function the reader is referred to [15, Chapter
4] or [58].

The structure of this chapter is as follows. In Section A.2 the value function of the
tandem queue is discussed, in the absence of customer arrivals. Its generating function is
given in Section A.2.1 after which the value function is obtained in Section A.2.2. In Section
A.3 the tandem queue with arrivals is discussed.

A.2 A tandem queue with no arrivals

Consider two single server queues in tandem as shown in Figure A.1. Arrivals at the first
are determined by a Poisson process with rate A. Once a customer has been served at
the first queue (s)he proceeds to the second queue. When the second server has finished
serving the customer, the customer leaves the system. The duration of the service in the
first (respectively second) queue is exponentially distributed with parameter 111 (resp. ps).

Poisson arrivals My Mo
i OSSN O

Figure A.1: A tandem queue with arrival rate A and service rates pq and us.

The system is exposed to holding costs h; for each customer in queue 7 for each one
unit of time. Without restrections we will take h;y = 0 and hy = 1. Holding costs could
also be included in the first queue, but because this queue behaves as an ordinary M/M/1
queue—for which the value function and the average holding costs are known [15, Sections
3.4 and 4.3]—we take hy = 0.

The second queue also behaves as an M/M/1 queue with arrival rate A and service rate
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2, but only from a long-run average point of view. Since the value function captures the
transient behaviour of the system the results from the M/M/1 queue cannot be used.

To understand the transient behaviour of how the system is emptied we start by looking
at the system with no arrivals, i.e., setting A = 0. If there are no arrivals, then the long-run
average (holding) cost is equal to zero.

The dynamic programming optimality equation (or Poisson equation) for the system
is given by!

(1 +p2)V(z,y) =y +mV(e—1y+1) lugso +mV(2,y) - La=o) + p2V (2, [y — 1]7),
(A1)

The function V(z,y) is the (relative) value function and it is our goal to find an ex-
pression for this quantity. The Poisson equation is derived as follows. If the system is in
state (x,y), for x > 0 and y > 0 (this corresponds to x, respectively, y customers in the first,
respectively, the second queue), then the expected time until the system changes states is
1/(p1 + p2). The holding costs occured during this amount of time is y times this quantity,
which gives the first term in the right hand side of (A.1), after multiplication by p; + po.
From here the system can go to either state (x — 1,y + 1) with probability pq/(p1 + p2),
or to state (x,y — 1) with probabilty ps/(u1 + p2). The cases where z = 0 and y = 0 are
treated in a similar way.

The function V' (z,y) has the interpretation of the asymptotic difference in total costs
that results from starting the process with x, respectively, y customers in the first, respec-
tively, second queue as compared to starting from some reference state. Without loss of
generality we will take the reference state to be the empty tandem queue (x = 0 and y = 0),
giving V' (0,0) = 0.

A.2.1 The generating function of the value function
The expression for the value function will be found with the help of its generating function.

For this purpose define G(21, 22) == 3,5 ,50 V(7,9)2725. With equation (A.1) this gives

)
1—2’1)(1—2’2

)2 +M1G(O,Z2) + |:,U2—,ulz—;:| G(zlj()).
(A.2)

z
M1+M2—M1Z—1—M222 G(21,2) = (
2

We proceed by first obtaining an expression for G(z1, 2z2), through the derivation of
G(z1,0) and G(0, z3), after which G(z1, z2) will be inverted to give us the value function.

By taking a simple M/M/1 queue, or z; = 0 in equation (A.2), we have from (A.1)

!The notation [-]T is used to indicate [y]* = max(0,y).
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yly +1)
V(0,y) =222 A3
0,%) 2in (A.3)
and thus
G0, 29) = —2 (A4)
T (1= )% '

To obtain G(z1,0), we can choose zy such that the left hand side of equation (A.2)
vanishes (i.e., choose zo such that p; + ps — I — Hazo = 0), giving us an expression for

G(z1,0) in terms of G(0, z9). Some calculus shows that z, defined by

z2

_M1+M2—\/(M1+M2)2—4M1M2_M <M1+M2) (1— 1—47)
— — M1
2415 f fbe 2

is the correct root, with v := pypa/(p + p2)?.

Denote S(z;) := \/(,ul + p2)? — 4y pezy. By inserting the above value of zy into (A.2)
and performing some calculus we find

2(p1 + pr2 — S(21))? (g1 + p2 + S(21) — 2p121)
(1= 21) (2 — 1 + 5(21))*(—p1 = p2 + S(z1) + 2 21)
z1(p — pg + S(21))
2pp2(l — 21)?
) (), w

po(l—21)3 4+ pe \(1—2 292

G(Zl, 0)

Inverting this expression gives

r—2
V(z,0) = V(0,2)— ( ) L(%) o (A.6)
,u1+,u2k E+1\ k
N———

Catalan numbers

The Catalan numbers which show up in the last summation have numerous interpre-
tations [74, pages 221-247], of which one is very closely related to the tandem queue.
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Figure A.2: The paths from (3, 3) to (0,0), without going below the diagonal. The number

of paths is given by the Catalan number C'y = ﬁ (2]@7) with N =3 (C5 = 5).

Interpretation of Catalan numbers. Consider an N-by-N lattice. The Catalan num-
bers Cy = N%rl(%]\;f ) describe the number of lattice paths (also referred to as Dyck paths)
from the point (N, N) to (0,0), without going below the diagonal line (x,z). An example
for N = 3 is given in Figure A.2.

Next take a look at the possible state transitions shown in Figure A.3 for the tandem
queue with z = 3 customers in the first queue and y = 0 customers in the second queue. It
should be clear that with a simple shift Figures A.2 and A.3 describe the same situation.

(0.3)

|
ANANAN

(0,0) (3,0)

Figure A.3: The possible state transitions from state (3,0) to state (0,0).

With the above interpretation it is not surprising that (a weighted sum of) the Catalan
numbers show up in the expression for V(x,0), c.f., equation (A.6).

Plugging (A.4) and (A.5) into (A.2) gives the first part of the following proposition.

Proposition A.2.1 (Generating function of the value function for A = 0)
The generating function of the bias vector for the average cost of a tandem queue, with
holding costs in the second queue and with no arrivals (A =0), is given by

21 2 i =
+ pg — pi— — pozo|G(21, 20) = +— | — A7a
f1 + fio 'ulZQ M2 2] (21, 22) (1—2)(1 — %)% e ((1 — 32)3) ( )

() o-e2) (- (52) (57,

where 7 1= papta/ (i1 + p2)?.
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Alternatively, G(z1, z2) can be rewritten as

1 29 2122 21
Gl z2) = 112 ((1 —21)(1 = 2)3 " (1= 21)2(1 = 22)? i (1—21)%(1 - 22))

- <(1 —Zl;%(l—@)) (Mﬁl—ﬂz) (1_ 217; MZl)

o) sers) (A.Tb)

where

The proof of (A.7b) is forwarded to Appendix A.4 for the sake of readability.

By writing G(z1, 22) in the second form it can be inverted to give V' (z,y), even though,
to the best of the author’s knowledge, it not known how to invert the kernel (1 4 o — s —

p222) L. Inversion of equation (A.7b) provides us with the main result of this chapter.

A.2.2 The value function of a tandem queue
Proposition A.2.2 (Value function of the tandem queue for \ = 0)
The value function for the average cost of a tandem queue with holding costs in the second

queue and no arrivals (A =0) is given by

Catalan numbers

(z+y)(x+y+1) 1 B\ 1 /(2
r+y)(r+y T — i
Vix,y) = — —

(z.9) 242 M1+M2;( 2 )k+1<k>7

-3 Z(l’_k)( - )mkfm(zkkjnzl—_ll)% (A.82)

M2 ) a1 15mey H1 + e

Ballot ‘n,umbers

where v = ppia/ (1 + pi2)?.

The value function can also be written as

W%w=W%®+Wﬁw+%
2

- Z(x_k’)( - )mkfm(zkkjs—_ll)vk’ (4.80)

M2 ) a1 15mey H1 + e
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where
V(e.0) z(z+1) 1 f(x—k) 1 (%) i
x, = - 7, 1 )
2#2 U1+ o =0 2 E+1\ k 7
y(y+1)
V(0, =
(0, y) 2%
are the boundary value functions. o

The proof is given in Appendix A.5.

The ballot numbers are related to the classical ballot problem? and can be used to
describe the number of paths in a N-by-(N+m) lattice going to from (0,0) to (N, N +m),
while never going below the diagonal (z,z). For m = 1 the ballot numbers turn into the
Catalan numbers.

Corollary A.2.1 (Special cases)
Some special cases of the value function are given by the following situations.

e The servers at both queues work at the same speed (p1 = ps = ju):

e - 2D LS ()10 ()
Ly oy o) )

0<k‘<:n 1 1<m<y
2k +y\ (1"
05y (6)

o The server at the second queue works at half the speed of the server at the first queue

(Nl = %Mz)f

V(r,y) = V(z,0)+2V(0,y) > (xgk)kilﬁk) (;)

2 j=

 2ay+yly+1) N (l)y
2M <k<

ST—

2Suppose that, in an election, candidate 0 receives N + k votes and candidate 1 receives N votes. What
is the probability that candidate 0 is always in the lead during the counting process? A related question is
in how many ways can the ballots be counted such that candidate 0 is always in the lead during the counting
process. For detailed discussions on the ballot problem the reader is referred to [24] and [31].
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o The server at the second queue works at twice the speed of the server at the first queue
(b = 2p2):

Vie.y) = (a:+y)(2€;;y+l _%j( ) 1(2:) (g)’“

k=

—i(gy+(x—2><1—(1/2)y)). o

A.3 A tandem queue with arrivals

In the previous sections the value function was derived for a tandem queue with no arrivals
(A = 0). Unfortunately, the extension of these results to value function in the presence
of arrivals (A > 0) remains an open problem. The problem lies in finding an expression
for G(0, z2) or for G(z1,0). Once one of these two expressions is known, the other can be
derived from this and we obtain an expression for G(z1, z3). The final step would then be
to invert G(z1, 22).

For completeness we give the Poisson equations for A > 0 and show the relationship
between G(z1, 22), G(0, 22), an G(z1,0).

Let A > 0 and let g denote the average costs. Define p; = \/u; for i = 1,2 and assume
that the stability conditions p; < 1 and ps < 1 hold. The dynamic programming equation
is given by

+ A+ u)V(zy) = y+mV(e—1Ly+1) 1gao +mV(z,y) - La—o
+uaV(x, [y — 1]7) + AV (2 + 1, y).

It is known that the average cost g = A/(p2 — ). From this we then have V(1,0) = g/\ =
1/(p2 = A).

The Poisson equations can also be written as

g+AV(0,0) = AV(1,0),
g+ A+ u)V(z,0) =AV(z+1,0)+ 1 V(x —1,1), x>0,
g+ A+ p)V(0,y) =y+AV(1,y)+ pV(0,y—1), y >0,
+ A+ +pw)Viz,y) =y+AV(@e+1y)+mV(ie—-1y+1)

+ paV(z,y — 1), x>0, y>0.
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By taking the z-transform we obtain

A 21 2 A
A - — —— = G = - — | G(0
g+ | A+ + pe o, lez poze | G(21, 22) =)l =) + |:,Ul 21] (0, 22)
z
+ |:,u2 —m—l} G(z,0).
22

From here on the problem lies in finding an expression for G(0, z5) or for G(z1,0). Once
one of these two expressions is known, the other can be derived from this and an expression
for G(z1, z2) is obtained.
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A.4 Appendix: Proof of Proposition A.2.1

Proof: The starting point is the generating function given in equation (A.7a). This gen-
erating function has an—Ilet us call it—interesting kernel which is difficult to invert. To
invert the generating function we shall deploy two simple tricks: (1) subtract and add terms
(which sum up to zero) so as to obtain three seperate terms for which it is known how to
invert them, and (2) during the derivation of the third term an expression will appear in
both the numerator and in the denominator—therefore it can be crossed out—which renders
the terms benign (for the purpose of inversion).

Bringing the kernel to the other side gives

Z9 1
. _ A9
Ha 2 1
+— 1— 3 _ 2
o \ (1 — 29) M1+ H2 = s — H2Z2

n 21 '“2_'“12_; 1t I—y1—4yz
(1=z1)3 ) \ptpa—pmZ —poze | \ po Hfho 2 '

21
: . . po2—p1 L _ .
By using properties similar to 2 =1- Mgz and by rearrangin
y & Prop patpe—pn 2 —pa2 patpe—pa s —p222” Y ging

terms we obtain

Z9 1
= Al
G(Zl,ZQ) <(1_21)(1_22)2> </1/1_'_/1,2_/le_;_/1/222> ( 0)
_( Z9 ) 1
(1—21)(1—22)* ) \ 1+ p2 — 12t — pio2o

+i ((1 - Zl)Z(21 —p - Zl;ﬁ a Zz)Q)

+i ( 21 ) M1 — HoZo
p2 \(1—21)2(1 = 22) ) \ pa + p2 — pn 2t — piozo
1 ( 1 ) ,Uq(l — Zl)
+— 3 L= 21
p2 \ (1= 21)*(1 — 29) p1 T+ plo — 1T — H222

B ( 21 ) 1 pi(1— z) (,ul—l-,lm) (1—\/1—4721)
(1=21)*(1—22) Pt po— o — fo2e i fho 2 '

Here we see that the first and second term of (A.9) will cancel each other out. If in addition
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we subtract a zo term from the last term in the last line of (A.9), then we obtain

1 Z9 2122 21
Gl ) = - ( 1 —2)(1 — 2)3 - (1 —21)%(1 — 29)? * (1—2)3(1 - Z2)>

( 2129 ) 1
(1—21)%(1 — 29) p + o — iz — fi2z
< ) (u1+u2) <1—\/1—47Z1)
1-— Zl ]_ — Z2) 12 2
( ) Gz =) [() (55) ==
z1 —Z2
1—2) 1 z2) ) \ M1t po— 12— poze fho 2

N ( 2129 ) 1
(L=21)%(1 —22) ) \pa + o — 2t — pozy |-

Notice that the second term and the fifth term cancel each other out. Because of the
recurrence of a couple of terms it is worthwhile to introduce

+

Siz1) = (“1 W) (1 + ﬂz—Tv)
n
Sy(z) = (m;uz) (1 - W)
This gives us
G(z,2) = i ((1 _ 21)2(21 T + 1= zj;(zi 7 + - zl)z;(l — 22)>

o) () ()

_i <(1 — Z12)12Z(21 — 22)) ((52(21)5—221))(5221) - 22))

Now we are finally in a position to see why the rearranging of the terms pays off: in
the last the term S(z1) — 2o shows up in both the numerator and in the denominator. Since

Sa(21) — 22 # 0 these terms vanish and we obtain equation (A.7b). .
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A.5 Appendix: Proof of Proposition A.2.2

Proof: To invert the generating function G(z1, 22) given in equation (A.7b) we will make
use of the following two lemmas.

Lemma A.5.1 We have

y
29 12%) Yy 21:—|—y—1) T T Y

- = g E 2z A1l

S1(z1) — 29 (,u1+,u2> x—l—y(x—l—y—l TAE ( )

z>0 y>1

z2

S1(z1)—22

m - ;(51(121)>ng
S

Proof: We can rewrite as

fi1 + fio 2721 ?

This is done by making use of the geometric serie ) -, 2" = z/(1 — z) and then by

filling in the value of Si(z1). The geometric expansion is allowed as long as |z| < 1, which
in our case is equivalent to saying that z; and z; need to so such that & (zZlQ)_ZQ < 1. As

Si(z1) > 5 this is not a problem.

Equation (A.11) is derived from this by making use of the following formula which is
obtained from the book Analysis of Algorithms [70, page 128|

1—v1—14z\"’ Zy 20—y —1\
—_— = = Z".
2 z>ym z—1

Dividing this last expression by 2¥ and taking z := 7z, gives the formulated result. This
series is known as the Ballot numbers of which the Catalan numbers are a special case.

Lemma A.5.2 The convolution of two generating functions A and B defined by A(z1, z2) =
D 30 Doy>0 a(z,y)2izy and B(z1,22) = ).~ >y 0, y)2i28 is given by

A(z1,22) * B(z1,29) = Z Z Z Z a(x — k,y — m)b(k,m)z{ 2y o

220 y20  0<k<z1<m<y
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Proof: The lemma follows by writing out the convolution:

A1, 22) % B(21, ) (ZZ xyz2zl)(zzb<x,y>zng)

x>0 y>1 x>0 y>0
N——— N———
o (z) v ()

Yysoalz—ky)zy 3,5 b(ky)zg
— A~ =
= a(x —k) v (k) )zf

=) ( > ( a(z — k,y—m>b<k,m>> z) 4
>0 \0<k<z y>0 \1<m<y

= a(x — k,y — m)b(k, m)z{ 2y .

With these two lemmas the inversion of G(z1, 22) does not require much more work.

The first line of equation (A.7b) is a combination of known generating functions which
are easy to invert. The inversion of the remaining two lines follows from the two lemmas. «
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Résumé

Dans la premiere partie de cette theése, nous étudions la mobilité dans les réseaux ad hoc mobiles. Plus
précisément, nous étudions le temps de transfert d’'un message, défini comme étant le temps requis pour
transmettre un message d’un nceud a un autre nceud, en utilisant éventuellement d’autres nceuds comme re-
lais. Dans un premier temps, pour plusieurs modeles de mobilité, nous trouvons le temps requis afin que deux
neeuds puissent communiquer. Dans un deuxieme temps, dans les cas unidimensionnel et bidimensionnel,
nous caractérisons le temps de transfert d’'un message.

Dans le cas bidimensionnel le calcul devient générique et moins sensible au modele de mobilité consid-
éré, ce qui est tres intéressant comme propriété. Ceci permet d’obtenir la transformée de Laplace du temps
de transfert d’'un message selon deux protocoles de routage différents. En particulier, nous obtenons une
approximation simple pour le temps moyen de transfert. Nous montrons également, par des simulations,
que cette approximation est robuste et valide pour plusieurs modeles de mobilité et pour une grande gamme
de rayons de communication.

La deuxiéme partie de cette these traite d’un systeme a “Polling” qui consiste en deux files d’attente.
Nous obtenons ’expression de plusieurs mesures de performance, notamment le temps moyen d’attente et
la taille moyenne de la file d’attente. Grace a ces expressions et a des exemples, nous montrons que ces
quantités augmentent significativement quand il y a corrélation entre les temps de commutation de chaque file
d’attente. Cela signifie que la corrélation ne peut pas étre ignorée et qu’elle a des implications importantes
sur les systemes de communication dans lesquels un canal de communication commun est partagé entre
plusieurs utilisateurs (par exemple dans les réseaux ad hoc).

Dans ’appendice nous étudions deux files d’attente en série avec des “holding costs” pour chaque client
dans le systeme. La fonction de valeur est calculée pour le coiit moyen lorsqu’il n’y a pas d’entrée de clients.
Cette fonction peut étre utilisée pour l'optimisation des systémes en série ou pour le calcul complet de la
fonction de valeur.

Abstract

In the first part of this thesis we focus on the mobility in mobile ad hoc networks. This is achieved by studying
the message delay, defined as the time required to send a message from a source node to a destination node,
while possibly making use of intermediary relay nodes. For a number of mobility patterns, we first obtain
the distribution of the time until two nodes come within one another’s communication range. Building on
these results, explicit expressions for the message delay are obtained, both in one and in two dimensions,
when nodes relay messages for each other and when the network is not fully connected.

We discover that in two dimensions something special happens: calculations become generic in nature
(i.e., not so much dependent on the underlying mobility pattern). This enables us to derive closed-form
expressions for the Laplace-Stieltjes transform of the message delay for two different relay protocols. In
particular, a simple approximation is obtained for the mean message delay. Through simulations it is
confirmed that this expression is robust as it holds for all of the mobility patterns considered, any number
of nodes, and a wide range of communication radii.

The second part is devoted to the study of polling systems composed of two queues. Explicit expres-
sions are derived for various performance measures, most notably the mean waiting times and the queue
lengths. Through examples it is shown that these quantities can significantly increase in the presence of cor-
relation in and between the sequences of switchover times from each queue. This has important implications
for communication systems in which a common communication channel is shared amongst various users and
where the time between consecutive data transfers is correlated (as is the case in ad hoc networks).

In the appendix we consider a tandem queue with holding costs for each customer. An explicit
expression is obtained for the value function of the average costs when there is no inflow of customers. The
expression obtained provides an intuitive explanation and can be used for optimisation purposes and for the
full derivation of the value function when there is an inflow of customers.



