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Q5451ä,W,0CAO5�.=�/.13CA;|â�=�;34 � 6�,0/.13@B45CHQ5C � =�O5��,013=�O5�WÝ�å��.75;313O5CA� � Y O5CH,0/0+:O5� � =�/ � +-,013=�OÍ;3=���+:;3C�CAO¥45O�7L=�13O�,
qi = (xi, yi, zi)

� ^ 6A�A/.1ä,�Q5=�O5�  

Tl(qi, p) = qi +
∑

j,k,l

uj,k,lBj(xi)Bk(yi)Bl(zi)
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�.=�O�,R;3CA� � =�O5��,013=�O5�\Ý�å��.75;313O5CA�\Q5C)29+:�.C§7L=�45/\�Ñ>9+:@B45C§Q513/.CA��,013=�O � C�,8;3CA� uj,k,l

;3CA�[â�CA� å
,0CA45/.�\Q56A75;<+:�AC � CAO�,[�A=�C 
 �A13CAO�,0�\Q5C�; ^ 13O�,0CA/.7L=�;<+-,013=�O��.75;313O5C 
 13O5�A;345��Q9+:O5�[;3CRâ�CA��,0CA45/\79+:/0+ � ?�,0/.C
p /.CA�Ñ>5CA/.�Ñ>56 � � ] CA� � =�O5��,013=�O5�\Ý�å��.75;313O5C�Q5C)29+:�.C)=�O�,\45O
�.45757L=�/Þ,\/.6AQ5451ä, � ] CA�\79+:/0+ � ?�,0/.CA� uj,k,l�.1ä,0456A�)+:4�� � +:13;3;3CA�8Q5C�; ^ =���,0/.CAC �A=�O�,0CAO9+:O�,§;3CÍ7L=�13O�,��A=�O�,0/.132545CAO�,)Q5=�O5� � + � =�/.1ä,Ñ+:13/.C � CAO�, � ;<+
Q56 � =�/ � +-,013=�O�Q54�7L=�13O�, qi

�
Y O5C)/.CA75/.6A�.CAO�,Ñ+-,013=�O � +-,0>56 � +-,013@B45C�Q5C)�ACA�\,0/0+:O5� � =�/ � +-,013=�O5�H6A;<+:�Þ,013@B45CA�[;3=���+:;3CA�[+�â�CA�§45O�â�CA� å
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Tl(qi, p) =





p00 p01 · · · p07

p10 p11 · · · p17

p20 p21 · · · p27



 .
[

1 xi yi zi xiyi xizi yizi xiyizi

]t 
 ��� ¨ �
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;<+ 0 P�45/.C ������� � 4)Q56A79+:/Þ, � ;3CA��7L=�13O�,0� � ,0/0+:O5� � =�/ � CA/h�.=�O�,_75;<+:�A6A��Q9+:O5��45O5CãP�/.13;3;3C�+:�.�.C � P�/.=��.�.13?A/.C �
C�,�; ^ +:;3P�=�/.1ä,0> � C�Q5C � 13O51 � 13�0+-,013=�O~CA�Þ,�+:7575;313@B456Í+�â�CA��;3C � CA4�Q5CÍ79+:/0+ � ?�,0/.CA� p �A=�/./.CA�.7L=�O5Q9+:O�,
� �AC�O51äâ�C�+:4~Q5C��.452LQ51äâ�13�.13=�O � � ; ^ 6�,Ñ+:7LCR�.451äâ:+:O�,0C � ; ^ =���,0/.CACRCA�Þ,[�.452LQ51äâ�13�.6�+:45P � CAO�,Ñ+:O�,[+:;3=�/.�M;3C
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O5=�CA45Q5�§�A/.6A6A� � 45O5C¥O5=�4Nâ�CA;3;3C � 13O51 � 13�0+-,013=�O
CA�Þ,§CAO5�.451ä,0C¥/.6�+:;313�.6AC � U CA�A1ãCA�Þ,§/.6A7L6�,06 � 45�.@B4 ^ � �AC
@B45C�;<+)75/.= � =�O5Q5CA45/ � +��N1 � +:;3C[Q5CR; ^ =���,0/.CACR+:1ä,M6�,06�+-,.,0CA13O�,0C �
* k9mni��hmW�x{
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S +:O5�_;3CW��+:�_;3CW75;345���A=�45/0+:O�, � 45O5CMQ513�Þ,Ñ+:O5�ACãCA45�A;313Q513CAO5O5CWCA�Þ,�4N,013;313�.6AC � ��1N;3CW75/.=�25;3? � CW�A=�O5�.13�Þ,0C
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79+:/8;<+�Q513�Þ,Ñ+:O5�AC§CA45�A;313Q513CAO5O5C � 13O51 � +:;3CRCAO�,0/.C ri
C�,R; ^ CAO5�.C � 25;3C)Q5C§7L=�13O�,0�\Q5C S � ��1 S CA�Þ,R45O5C

�.45/ � +:�AC 
 79+:/RC �NC � 75;3C ,0/.1<+:O5P�45;<+:13/.C � � =�O�7LCA4N,�/.C�,0CAO513/R;<+&Q513�Þ,Ñ+:O5�AC � 13O51 � +:;3C�CAO�,0/.C ri
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,045/.C\Q5CA�MQ5=�O5O56ACA�MC�,MQ54�75/.=�25;3? � C � ,0/0+:1ä,0CA/ � Y O5C\2L=�O5O5C\13;3;345�Þ,0/0+-,013=�O Q5CA�ã75/.=�25;3? � CA� � ,0/0+:1ä,0CA/
CA�Þ,[75/.=�7L=��.6ACRQ9+:O5� � 3/# � �
c =�45/&+:�A�A6A;36A/.CA/�;3CA�¥��+:;3�A45;3� � C�,&@B49+:O5Q��ACA;<+±CA�Þ,&7L=��.�.1325;3C 
 � ^ CA�Þ,&;3C���+:��Q5CA��Q513�Þ,Ñ+:O5�ACA��CA45�A;31�å
Q513CAO5O5CA� � � 45O5C[��+:/Þ,0C[Q5C[Q513�Þ,Ñ+:O5�ACHCA�Þ,MQ56 0 O513C � ` ;L� ^ +:P�1ä,WCAO � +:1ä,JQ ^ 45O¥=���,0/.CAC[�A= �Í� C��ACA;3451L4N,013;313�.6
7L=�45/�/.CA75/.6A�.CAO�,0CA/§;3CA� � =�O5��,013=�O5��Q5C¥Q56 � =�/ � +-,013=�O�;3=���+:;3CA� Tl

� � +:13�R;3CA��13O � =�/ � +-,013=�O5�8�Þ,0=��Ñß:6ACA�
+:4����.= �Í� C�,0�JQ5CH; ^ =���,0/.CACH�.=�O�,ã�AC�,.,0C � =�13��;3CA�JQ513�Þ,Ñ+:O5�ACA�WCAO�,0/.C[�ACA�W�.= �Í� C�,0�JC�,ã;<+R�.45/ � +:�AC S � ] C
��+:;3�A45;9Q ^ 45OÍ7L=�13O�, � ;<+\�.45/ � +:�ACHCA�Þ,JQ5=�O5��=�2N,0CAOB4�79+:/_13O�,0CA/.7L=�;<+-,013=�O);313O56�+:13/.CãCAO�,0/.CH;3CA�_Q513�Þ,Ñ+:O5�ACA�
Q5CA�)�.= �Í� C�,0�RQ5C�;<+ � +:13;3;3C)Q5C�; ^ =���,0/.CACÍ�A=�O�,0CAO9+:O�,§�AC�7L=�13O�, � U[^ CA�Þ,§�AC�,.,0C � 6�,0>5=�Q5CÍ@B45C�O5=�45�
4N,013;313�.=�O5�ãCAO�75/0+-,013@B45C �
Ö�{�Ò�o�jl�Lw��x{�Ò �L�uo�mnjl{B�-Ò
��1�;<+ÍQ513�Þ,Ñ+:O5�AC�Q ^ 45O�7L=�13O�, � ;<+Í�.45/ � +:�AC)CA�Þ,8�.457L6A/.13CA45/.C � 45O��.CA4513;h;31 � 1ä,0C � 0 �N6)CAO � =�O5��,013=�O
Q5CÍ;<+�,Ñ+:13;3;3C�Q5CA��Q5=�O5O56ACA� � =�O��A=�O5�.13Q5?A/.CÍ@B45C �ACÍ7L=�13O�,RO ^ +�79+:��Q5C �A=�/./.CA�.7L=�O5Q9+:O�,)+:�A�ACA7N,Ñ+:25;3C
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�.45/�;<+)�.45/ � +:�AC � ` ;FCA�Þ,[+:;3=�/.�ã�A=�O5�.13Q56A/.6R�A= �Í� C\45O5CRQ5=�O5O56AC�+:2LCA/./0+:O�,0C 
 1 =�4N,0;313CA/ 1 � C�,�O ^ CA�Þ,H79+:�
/.C�,0CAOB4~Q9+:O5��;3C8��+:;3�A45;FQ5CR;<+ � =�O5��,013=�O�Q ^ 6AO5CA/.P�13C �
}\k5��k9z�Ó�oq��{�Ò �x{���gBvL�hmlk5�-jnÒAkNo�jl�Lw
��451äâ:+:O�,�� � CA;313O5�.ßB1hC�, ] +�â:+:;3;36AC � ¨ ! �
� Q5CA4���,0CA/ � CA�[Q5C)/.6AP�45;<+:/.13�0+-,013=�O�Q5C);<+�Q56 � =�/ � +-,013=�O�Q5C
; ^ =���,0/.CAC��.=�O�,\+ � =�4N,06A� � ] C�75/.C � 13CA/M,0CA/ � C R0

,0CAO5Q � � 13O51 � 13�.CA/ã;<+ O5=�/ � CRQ5C��Ñ>9+:@B45C�â�CA��,0CA45/
+-,.,Ñ+:�Ñ>56 � 45O��.= �Í� C�,�Q5C�;<+8P�/.13;3;3C � CAO � =�O5��,013=�O Q54ÍO51äâ�C�+:4ÍQ5CH�.452LQ51äâ�13�.13=�O � ] CH254N,JCA�Þ,JQ ^ 6�â�1ä,0CA/
Q5CA�HQ56A75;<+:�AC � CAO�,0�M,0/.=�7&1 � 7L=�/Þ,Ñ+:O�,0�ã7LCAO5Q9+:O�,[45O5CR6�,Ñ+:7LCRQ5C � 13O51 � 13�0+-,013=�O �

R0(ujkl) = H(ujkl) ‖ujkl‖2 
 ����# �

H(ujkl) = hj + hk + hl
� = � ;3CA� hs

�.=�O�,\;3CA��;3=�O5P�45CA45/.�HQ5CA�\+:/ � ,0CA�HQ5C�; ^ =���,0/.CACR@B451x79+:/Þ,0CAO�,\Q54
O5=�CA45Q jkl � ��CA45;3��,0/.=�13�8â�=�13�.13O5���.=�O�,)�A=�O5�.13Q56A/.6A��7L=�45/�45O�â�CA��,0CA45/ ujkl

� ] +�/.CA;<+-,013=�O�+�â�CA�¥;3CA�
O5=�CA45Q5�H/.CA�Þ,Ñ+:O�,0�HCA�Þ,HCAO � +:1ä,M75/.13�.C8CAO��A= � 7N,0CRQ9+:O5��;3C8��+:;3�A45;FQ5C R0

CAO��ACA�HO5=�CA45Q5� �
] C§�.CA�A=�O5Q�,0CA/ � C R1

� 13O51 � 13�.C�;<+�Q51 " 6A/.CAO5�AC CAO�,0/.C 45O
â�CA��,0CA45/�Q56A75;<+:�AC � CAO�,RC�,R;3CA�\â�CA��,0CA45/.�
Q56A75;<+:�AC � CAO�,0�§@B451ã; ^ CAO�,0=�45/.CAO�, Q9+:O5�); ^ =���,0/.CAC � 7L=�O5Q56A/.6A�§79+:/);<+~Q513�Þ,Ñ+:O5�AC¥CAO�,0/.C�;3CA�)�.= �Í� C�,0�
â�=�13�.13O5� � U C��A/.1ä,0?A/.C�6�â�1ä,0C¥@B45C�Q5CA�§7L=�13O�,0��â�=�13�.13O5���.=�13CAO�,§Q56A75;<+:�A6A�§Q9+:O5�)Q5CA�§Q513/.CA��,013=�O5��,0/.=�7
Q51 " 6A/.CAO�,0CA� � �ACH@B451L+:45/0+:1ä,�7L=�45/�C " C�,WQ5CHO5CH79+:�J�A=�O5�.CA/Þâ�CA/W;<+ � =�/ � C�13O51ä,01<+:;3CWQ5CA�JQ5=�O5O56ACA� � 7L=�45/
�Ñ>9+:@B45C8â�CA��,0CA45/ � ;3CH,0CA/ � C\Q5C8/.6AP�45;<+:/.13�0+-,013=�O¥+�â�CA�R�.CA�ã,0/.=�13�Wâ�=�13�.13O5�ãQ9+:O5�M;3CA�ãQ513/.CA��,013=�O5� � � á � �
CA�Þ,[Q56 0 O51u�A= �Í� C8�.451ä,  

R1(ujkl) = (hj ‖uj+1,k,l − ujkl‖2 + hk ‖uj,k+1,l − ujkl‖2 + hl ‖uj,k,l+1 − ujkl‖2) 
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E(p) =
n
∑

i=1

1

σ2
[dist(T (qi, p), S)]2 + ρ0

∑

jkl

R0(ujkl) + ρ1

∑

jkl

R1(ujkl)
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 �A13CAO�,0� ρ0
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ρ1
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E(p∗) = minpE(p) 
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� ;3CA�M7L=�13O�,0� φ̃(xi)
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φ̃(xi) = φ(xi) −
1

M

M
∑

i=1

φ(xi)
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Mλα = K̃α 
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K̃ij =

(

(φ(xi) −
1

M

M
∑

m=1

φ(xm)) • (φ(xj) −
1

M

M
∑

n=1

φ(xn))

)

= Kij −
1

M

M
∑

m=1

1imKmj −
1

M

M
∑

n=1

1inKnj +
1

M2

M
∑

m,n=1

1imKmn1nj

= (K − 1MK − K1M + 1MK1M)ij
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k̃(x, y) = φ̃(x) • φ̃(y)

= (φ(x) − 1

M

M
∑

i=1

φ(xi)) • (φ(y) − 1

M

M
∑

i=1

φ(xi))

= k(x, y) − 1

M

M
∑

i=1

k(x, xi) −
1

M

M
∑

i=1

k(y, xi) +
1

M2

M
∑

i,j=1

k(xi, xj)

= k(x, y) − 1

M

M
∑

i=1

k(x, xi) −
1

M

M
∑

i=1

k(y, xi) +
1

M2

M
∑

i,j=1

Kij
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k̃(x, xi) = k(x, xi) −
1

M

M
∑

j=1

k(x, xj) −
1

M

M
∑

j=1

Kij +
1

M2

M
∑

i,j=1

Kij
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β̃ = V k • φ̃(x) =

M
∑

i=1

αk
i (φ̃(xi) • φ̃(x)) =

M
∑

i=1

αk
i k̃(x, xi)
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βk = V k • x =
M
∑

i=1

αk
i (xi • x) 
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









β1

β2���
βt











=







∑M
i=1 α1

i xi,1 . . .
∑M

i=1 α1
i xi,M��� . . .
���

∑M
i=1 αt

ixi,1 . . .
∑M

i=1 αt
ixi,M

















x1

x2���
xM










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









b1

b2���
bt











=







V1,1 . . . V1,M��� . . .
���

V t, 1 . . . Vt,M

















x1

x2���
xM










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Vk,j =

M
∑

i=1

αk
i xi,j k ∈ [1 t], j ∈ [1 M ] 
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1 . . .M � C�,HQ5CA�H79+:/0+ � ?�,0/.CA��Q5C8â:+:/.1<+:2513;31ä,06 β � ` ;u� ^ +:P�1ä,�Q5CR/.C�,0/.=�4Nâ�CA/H; ^ +:O�,06A�A6AQ5CAO�, f ∈ I
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∥

∥
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∥

∥

∥

∥
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∑
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M
∑
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∥
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∥
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∑
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∑
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=
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[

C
0
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VC 0
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B
X
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ou T = MZ 
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J(B, X) = [C − VCB − X + VXB]

[

C − VCB
−X + VXB

]
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@B451x� ^ 6A�A/.1ä,

J(Z) = ‖T − MZ‖2

= T ′T − T ′MZ − Z ′M ′T + Z ′M ′MZ

= T ′T − 2T ′MZ + Z ′M ′MZ 
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J(B, X) = C ′C − 2B′V ′
CC + X ′X − 2B′V ′

XX + B′B 
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= −2V ′

CC + 2B − 2V ′
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XX 
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∂X
= −2VXB + 2X = 0

X = VXB 
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 ¨ � ¦ # � � �A= � 79+:/0+:25;3CA��+:4��&6A@B49+-,013=�O5��Q5CR;<+ ZHc � 
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RPC B = (Id − V ′

XVX)−1V ′
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X = C̄X + VX(Id − V ′
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2 �
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�0+-,013=�O&+ 0 O�Q5C\�A= � 79+:/.CA/ã;3CA�ã/.6A�.45;ä,Ñ+-,0�W,0>56A=�/.13@B45CA�M=�2N,0CAOB45�MCAO�,0/.C8�ACA� � 6�,0>5=�Q5CA�MC�,M; ^ +:7575/.=��Ñ>5C
Q5=�O5O56ACA� � +:O5@B49+:O�,0CA�W13�.�.45C\Q5C[; ^ 45�0+:P�C[Q ^ 45O � =�Q5?A;3CH�Þ,Ñ+-,013�Þ,013@B45CH;313O56�+:13/.C 
 �.=�45�bå � +:�ACAO�,MQ9+:O5�W;<+
/.6AP�/.CA�.�.13=�O �  ;<+¥/.6AP�/.CA�.�.13=�O�;313O56�+:13/.C � ;<+¥/.6AP�/.CA�.�.13=�O�CAO��A= � 7L=��0+:O�,0CA�875/.13O5�A1379+:;3CA�\C�,R;<+¥/.6AP�/.CA�bå
�.13=�O§79+:/_+:O9+:;äà��.CãQ5CA��â:+:;3CA45/.��;<+-,0CAO�,0CA� � c =�45/�,0=�4N,0CA�_�ACA� � 6�,0>5=�Q5CA��;<+[Q51 � CAO5�.13=�O)Q5CM;<+Hâ:+:/.1<+:25;3C
13O5�A=�O5OB45C x �.CA/0+&¦�7L=�45/ � +:�A13;31ä,0CA/W;<+)�A= � 79+:/0+:13�.=�O�CAO�,0/.C�;3CA� � 6�,0>5=�Q5CA� �
¤¥k5fhf_{�m\r�}��-jnwhi�jlf_{�Ò){�oÍfh��� � mlÓ�z�{�Ò§�x{
mlk���gBv|��{�Ò�Ò�jl�Lw�mnjnwxgBk9jl��{
T O&�Ñ>5CA/.�Ñ>5C��A;<+:�.�.13@B45C � CAO�, � C �N75;313@B45CA/M;<+)/.CA;<+-,013=�O¥CAO�,0/.C � â:+:/.1<+:25;3CA� x C�, y � « # �
� = � x CA�Þ,
;<+�â:+:/.1<+:25;3CÍ�A=�O5OB45C¥=�4tC �N75;313��+-,01äâ�C�C�, y ;<+�â:+:/.1<+:25;3C Q56A7LCAO5Q9+:O�,0C&=�4±C �N75;313@B456AC � S +:O5�§O5=:,0/.C
� =�/ � +:;313� � C x �A=�/./.CA�.7L=�O5Q +:4���Q5=�O5O56ACA���A=�O5OB45CA� C � y +:4���Q5=�O5O56ACA� � +:O5@B49+:O�,0CA��=�4)13O5�A=�O5OB45CA�
x � c =�45/ x Q5CHQ51 � CAO5�.13=�O&¦ � =�OÍ�Ñ>5CA/.�Ñ>5C � Q56A�A/.13/.C x CAO � =�O5��,013=�OÍQ5C C �.=�45�J;<+ � =�/ � CM�.451äâ:+:O�,0C  

x = b0 +

p
∑

j=1

bjCj + ε 
 ¨ � ¦q« �

] + �.=�;34N,013=�O�Q5=�O5O56ACR79+:/M;3CA� � =�13O5Q5/.CA�M��+:/./.6A��CA�Þ,HQ56 0 O513C�+:13O5�.1  

x̂ = Cb 
 ¨ ��� ª �
] CA�8�A=�C 
 �A13CAO�,0�8Q5C)/.6AP�/.CA�.�.13=�O b �.=�O�,RQ56�,0CA/ � 13O56A�[79+:/\; ^ 6A@B49+-,013=�O��.451äâ:+:O�,0C)�.45/\;<+�29+:�.C)Q ^ +:7�å
75/.CAO�,013�.�0+:P�C  

b = (C ′C)−1C ′x 
 ¨ ��� ¦ �



¦qªN¦
x̂ = C(C ′C)−1C ′x 
 ¨ ���-� �

] CA�RQ5CA4���75/.=�25;3? � CA�\CA�.�.CAO�,013CA;3�R7L=��.6A�R79+:/\;<+¥/.6AP�/.CA�.�.13=�O�;313O56�+:13/.C��A;<+:�.�.13@B45C§�.=�O�, � +-,0>56 � +-,01�å
@B45C � CAO�,Hâ�13�.1325;3CA�MQ9+:O5���AC�,.,0C � =�/ � 45;3C �
c /.C � 13?A/.C � CAO�, C ′C O ^ CA�Þ,H79+:� � =�/.�A6 � CAO�,H13O�â�CA/.�.1325;3C  � ^ CA�Þ,H;3C875/.=�25;3? � C\Q5CR;<+)�A=�;313O56�+:/.1ä,06 
 =�4
Q5C�;<+ � 45;ä,013�A=�;313O56�+:/.1ä,06 � = � ;3CA��â:+:/.1<+:25;3CA�M�.=�O�,[@B49+:�.1�å��A=�;313O56�+:13/.CA�ãQ54 � +:1ä,�Q54~25/.451ä,[+:�.�.=��A136�+:4��
Q5=�O5O56ACA� � « 3 � «�¬ � �
S CA4��N13? � C � CAO�,8�.1 C ′x CA�Þ, � +:;h�A=�O5Q51ä,013=�O5O56�;3C��Þà��Þ,0? � C§CA�Þ,813O5�A=�O5�Þ,Ñ+:O�,8C�,813O5�Þ,Ñ+:25;3C � U[^ CA�Þ,8;3C
��+:��;3=�/.�.@B45CR;3CA�Mâ:+:;3CA45/.�MQ5C x O ^ =�O�,H79+:�H+:�.�.C � Q5C8â:+:/.1<+:2513;31ä,06 �
V =�4N,0CA�H;3CA� � 6�,0>5=�Q5CA��Q5CR/.6AP�/.CA�.�.13=�O&,0CAO�,0CAO�,[Q5CR/.6A�.=�45Q5/.CR�ACA�HQ5CA4���75/.=�25;3? � CA� �
* �Lz�fhk5��k9jnÒA�Lw�k � {�i�ml{�Ò �x�LwhwxgB{�Ò�z�k9wh�F�xk9wLoq{�Ò
] C � =�/ � +:;313� � ChQ5C�;<+M/.6AP�/.CA�.�.13=�O�6�,Ñ+:O�,x,0/0+:O5�.7L=��.6J79+:/u/0+:757L=�/Þ, � �ACA;3451�4N,013;313�.6�75/.6A�A6AQ5C �Í� CAO�, �
=�O�=�2N,013CAO�,�Q5=�O5�R;3C � =�Q5?A;3C\13�.�.4�Q5CR;<+)/.6AP�/.CA�.�.13=�O��.451äâ:+:O�,  

βR = x′C(C ′C)−1 
 ¨ ���'! �
@B45C�; ^ =�O�7LCA4N,~�A= � 79+:/.CA/ � ;<+ � =�/ � 45;3C
,0/.=�4Nâ�6AC�75/.6A�A6AQ5C �Í� CAO�,~Q9+:O5�~;3C���+:��Q ^ 45O5C�79+:/Þ,013C
13O5�A=�O5OB45CRQ5CRQ51 � CAO5�.13=�O�¦  

βM = VX(V ′
CVC)−1V ′

Cc +:/§Q56 0 O51ä,013=�Ot=�O�+  C ′C = nVC∆pV
′
C
C�, x′C = nVX∆pV

′
C
+�â�CA� ∆p

� +-,0/.13�AC�Q51<+:P�=�O9+:;3C
�A=�O�,0CAO9+:O�, ;3CA� p â:+:;3CA45/.��75/.=�75/.CA�§Q5C¥;<+ � +-,0/.13�ACÍQ5C¥�A=qâ:+:/.1<+:O5�AC � C ′C C�, x′C �A=�/./.CA�.7L=�O5Q5CAO�,
CAO�C " C�, � Q5CA�§25;3=��A�)Q5C¥;<+ � +-,0/.13�AC�Q5C¥�A=qâ:+:/.1<+:O5�AC�+:4t�A=�C 
 �A13CAO�, 1

n
75/ � , � ]_^ 6A@B49+-,013=�OtQ5C¥;<+

/.6AP�/.CA�.�.13=�O�Q5C�â�13CAO�,  
βR = VX∆pV

′
C(VC∆pV

′
C)−1 
 ¨ ��� ¨ �

] CA��Q5CA4��),0CA/ � CA� (V ′
CVC)−1V ′

C
C�, ∆pV

′
C(VC∆pV

′
C)−1 �.=�O�,_;3CA�h,0/0+:O5�.7L=��.6A��; ^ 45O)Q5Cã; ^ +:4N,0/.C � 7L=�45/

Q5CA�8â:+:;3CA45/.�875/.=�75/.CA�RCA@B4513/.6A79+:/Þ,013CA� 
 ∆p = Idp
� � ] +�75/.13�.C§CAO��A= � 7N,0C§Q5C ;<+¥�A=�;313O56�+:/.1ä,06�O ^ CA�Þ,

79+:�ãC " CA��,0456AC\Q9+:O5�ã;3CH��+:Q5/.C\Q5C[;<+�/.6AP�/.CA�.�.13=�O¥;313O56�+:13/.C � ��1L;3CA� � +-,0/.13�ACA� VC
�.=�O�,ã13O�â�CA/.�.1325;3CA� 
 �AC

@B4 ^ CA;3;3CA��O5CR�.=�O�,H79+:� � =�/.�A6 � CAO�, � � =�O&=�2N,013CAO�,�;3C8/.6A�.45;ä,Ñ+-,H�.451äâ:+:O�,  
βR = VX∆pV

′
CV ′−1

C ∆−1
p V −1

C

 ¨ ���-# �

βR = VXV −1
C


 ¨ ���'3 �
@B451W�A=�O5�.CA/Þâ�C&+:45�.�.1W; ^ =�/Þ,0>5=�P�=�O9+:;31ä,06§Q5C�;<+�29+:�.C � /.6A�.45;ä,Ñ+-,�@B45C¥; ^ =�O�=�2N,013CAO5Q5/0+:1ä,�+:45�.�.1W79+:/�;3CA�
Q5=�O5O56ACA� � +:O5@B49+:O�,0CA�[+�â�CA���AC�,.,0CR�.1 � 75;31 0 ��+-,013=�O �



¦qª �
¤¥gBv|��{�Ò�Ò�jl�Lw%fhk5��i��Lz�f_�LÒAk9wLoq{�Ò fh�-jnwhi�jlfhk9ml{�Ò
]_^ =�2 � CA��,01 � Q5CJ;<+M/.6AP�/.CA�.�.13=�O�79+:/x�A= � 7L=��0+:O�,0CA�h75/.13O5�A1379+:;3CA� � « # � CA�Þ,�Q5CJ/.6AQ54513/.C�;3C�75/.=�25;3? � C_Q5C
;<+[�A=�;313O56�+:/.1ä,06 
 13C C ′C 13O�â�CA/.�.1325;3C � � ] +[75/.C � 13?A/.CW6�,Ñ+:7LCãQ5Cã;<+H/.6AP�/.CA�.�.13=�O§79+:/��A= � 7L=��0+:O�,0CA��75/.13O�å
�A1379+:;3CA�ã�A=�O5�.13�Þ,0C � +:7575;313@B45CA/W45O5C8+:O9+:;äà��.C\CAO&�A= � 7L=��0+:O�,0CA�ã75/.13O5�A1379+:;3CA�ã+:4��¥Q5=�O5O56ACA�M�A=�O5OB45CA�

 C � � 79+:/ C �NC � 75;3C&Q5CA�Í6A�Ñ>9+:O�,013;3;3=�O5�)Q5C���+:;31325/0+-,013=�O5� � 79+:/ ;3C�251<+:13�§Q ^ 45O5C&Q56A�A= � 7L=��.1ä,013=�OtCAO
â:+:;3CA45/.�M�.13O5P�45;313?A/.CA� � 
 � 0 O&Q5C87L=�4Nâ�=�13/W�A= � 79+:/.CA/ã;3CA� � =�/ � +:;313� � CA��Q5C8;<+�/.6AP�/.CA�.�.13=�O&C�,��ACA4���Q5C
;<+ � =�Q56A;313�0+-,013=�O � ;3CA� � =�/ � 45;3CA�WQ5C\;<+�/.6AP�/.CA�.�.13=�O�CAO��A= � 7L=��0+:O�,0CA�M75/.13O5�A1379+:;3CA�J=�O�,M6�,06[,0/0+:O5�.7L=-å
�.6ACA� � �

C = VĈ∆ĈU t
Ĉ


 ¨ ��� ¬ �
� â�CA� C � � +-,0/.13�AC n × m 
 m 6A�Ñ>9+:O�,013;3;3=�O5�)Q5C n �A=�=�/.Q5=�O5O56ACA� � � VĈ

Q5C¥,Ñ+:13;3;3C n × n � ∆Ĉ
Q5C

,Ñ+:13;3;3C m × m C�, UĈ
Q5C�,Ñ+:13;3;3C m × m � CAO�+:�.�.4 � +:O�,8@B45C m > n � ] CA� � +-,0/.13�ACA�[�.=�O�,8CAO5�.451ä,0C

,0/.=�O5@B456ACA��+:4875�.CA45Q5=-å�/0+:O5PHQ5C C p � ;3C_O5= � 25/.C�Q5C��A= � 7L=��0+:O�,0CA�u=�25�.CA/Þâ:+:25;3CA�u13O5Q56A7LCAO5Q9+ �Í� CAO�, �U[^ CA�Þ,M�AC�,.,0CH,0/.=�O5��+-,045/.CH@B451L7LCA/ � C�,WQ5C[�.457575/.1 � CA/J;<+R�A=�;313O56�+:/.1ä,06 ] CA� � +-,0/.13�ACA�_,0/.=�O5@B456ACA�ã�.=�O�,
Q51 " 6A/.CAO5�A136ACA��79+:/�;3CA�M�.13P�O5CA� � �
T O�7L=��.C�+:;3=�/.� T̃ = ∆̃ĈU t

Ĉ
�ACR@B451u/.C�â�13CAO�,HCAO&,0CA/ � CRQ5C � =�Q56A;313�0+-,013=�O �  

C = ṼĈ T̃ + E 
 ¨ ���'& �
T O±/.C�,0/.=�4Nâ�C�2513CAO�; � ;<+&Q56 0 O51ä,013=�O�Q ^ 45O � =�Q5?A;3C§;313O56�+:13/.C � +�â�CA� T̃ �A=�/./.CA�.7L=�O5Q9+:O�,§+:4���79+:/0+�å� ?�,0/.CA�[Q5C�â:+:/.1<+:2513;31ä,06 � ] +�/.6AP�/.CA�.�.13=�O�CA�Þ, � CAO56AC � 2513CAO�CAO�75/.= � C�,Ñ+:O�,8;3CA�[Q5=�O5O56ACA�\13O5�A=�O5OB45CA�
x Q9+:O5�ã;3C\�.=�45�bå�CA�.79+:�AC8Q56�,0CA/ � 13O56\79+:/ã; ^ � Uãc � X ;3;3C\+:�.�.4 � C\45O � =�Q5?A;3CHQ5C8;<+ � =�/ � C[�.451äâ:+:O�,0C  

x = qT̃ + f 
 ¨ ��� « �
] + �.=�;34N,013=�O&+:4&�.CAO5�HQ5CA� � =�13O5Q5/.CA�M��+:/./.6A� � �ACR75/.=�25;3? � C8CA�Þ,HQ5=�O5O56ACR79+:/  

q̂ = xT̃ t(T̃ tT̃ )−1 = xŨ∆̃−1

Ĉ

 ¨ � ! ª �

] =�/.��Q5CR;<+)75/.6AQ513��,013=�O � =�O�+  
t̂ = Ṽ ′

Ĉ
Ĉ 
 ¨ � ! ¦ �

X ,Ñ+:7LC ¦  CA�Þ,01 � +-,013=�O¥Q5CA�H79+:/0+ � ?�,0/.CA�MQ5C8â:+:/.1<+:2513;31ä,06 �
x̂ = q̂t̂ 
 ¨ � !/� �

X ,Ñ+:7LC �  CA�Þ,01 � +-,013=�O¥Q5C�;<+§79+:/Þ,013C813O5�A=�O5OB45C � 79+:/Þ,013/MQ5CA�H79+:/0+ � ?�,0/.CA��Q5CRâ:+:/.1<+:2513;31ä,06HC�,HQ5C�;<+
/.CA;<+-,013=�O&+:7575/.13�.C8CAO�,0/.C�;<+)79+:/Þ,013C813O5�A=�O5OB45CRC�,H;<+)79+:/Þ,013C8�A=�O5OB45C 
 q̂ � �



¦qª !
] C875;345�M�.=�4Nâ�CAO�, � ; ^ 6�,Ñ+:7LC\13O�,0CA/ � 6AQ51<+:13/.C[Q5C8��+:;3�A45;ÕQ5CA��79+:/0+ � ?�,0/.CA�MQ5C\â:+:/.1<+:2513;31ä,06�CA�Þ,H13O�,06AP�/.6AC
Q513/.CA��,0C � CAO�, � ; ^ CA�Þ,01 � +-,013=�O¥Q5CA��Q5=�O5O56ACA� � +:O5@B49+:O�,0CA�  

x̂ = b̂Ĉ 
 ¨ � !-! �
b̂ = q̂Ṽ ′

Ĉ
= xŨĈ∆̃−1

Ĉ
Ṽ ′

Ĉ

 ¨ � ! ¨ �

b̂ CA�Þ, � �A= � 79+:/.CA/ � βM = VX(V ′
CVC)−1V ′

C
@B451L+8;3C � � � CM/ � ;3CMQ9+:O5�J;3CM��+:��Q54 � =�Q5?A;3Cã;313O56�+:13/.C

+�â�CA�8Q5=�O5O56ACA� � +:O5@B49+:O�,0CA� � T 4N,0/.C\;<+�75/.6A�.CAO5�ACRQ5C\; ^ 13O�â�CA/.�.C8Q5C\;<+ � +-,0/.13�ACHQ5C\â:+:;3CA45/.�W75/.=�75/.CA�
∆̃Ĉ

� ;<+�Q51 " 6A/.CAO5�AC8CA�.�.CAO�,013CA;3;3C[�.C8�.1ä,045C[Q9+:O5�ã;3C � +:1ä,W@B45C8;3CA� � +-,0/.13�ACA�WQ5CA�ãâ�CA��,0CA45/.��75/.=�75/.CA� VCC�, ṼĈ
O5CRQ56A�A/.1äâ�CAO�,[79+:��;3CA� � � � CA�MCA�.79+:�ACA� �

¤¥gBv|��{�Ò�Ò�jl�Lw%fhk5��z��Ljnwh�x��{�Ò§i�k5����g�Ò fhk5�qo�jl{�mnÒ � }�Øãe �

S +:O5�);<+�/.6AP�/.CA�.�.13=�O c�] � � ;<+��A=�O5�Þ,0/.45��,013=�O±Q5CA�)�A= � 7L=��0+:O�,0CA�)CA�Þ,§13O � 45CAO5�A6AC � ;<+ � =�13��79+:/
;3CA�§Q5=�O5O56ACA�§75/.6AQ513��,01äâ�CA� 
 �A=�O5OB45CA� � 
 C � C�, � 75/.6AQ513/.C 
 13O5�A=�O5OB45CA� � 
 x � � U = �Í� C¥Q9+:O5�§O5=:,0/.C
�.=�;34N,013=�O � ;<+±/.6AP�/.CA�.�.13=�O c�] � � ?AO5C
1ä,06A/0+-,01äâ�C � CAO�,&45O5C � Uãc �.45/�; ^ CAO5�.C � 25;3C
Q5CA��â:+:/.1<+:25;3CA�
�A=�O5OB45CA� � �.=�45��;<+\�A=�O�,0/0+:13O�,0C�@B45C��ACA��â:+:/.1<+:25;3CA���.=�O�,W+:45�.�.194N,013;3CA�_@B45C�7L=��.�.1325;3CA�_7L=�45/�75/.6AQ513/.CM;<+
79+:/Þ,013C�13O5�A=�O5OB45C � ] CA�h�A= � 7L=��0+:O�,0CA� c�] �8�.=�O�,�=�7N,01 � 13�.6ACA�u7L=�45/ � ,0/.CJ75/.6AQ513�A1ä,01äâ�CA�xQ5C x +:;3=�/.�u@B45C
;3CA���A= � 7L=��0+:O�,0CA�J75/.13O5�A1379+:;3CA� 
 13�.�.45CA�JQ5C�; ^ � Uãc � O5C � =�O�,J@B4 ^ C ��,0/0+:13/.CH;3C � +��N1 � 4 � Q5CMâ:+:/.1<+:O5�AC
Q5CA�~75/.6AQ513��,0CA45/.���0+:O5��,0CAO513/&�A= � 7N,0C�Q5C x � Q9+:O5��;3C���+:��Q5C�;<+�/.6AP�/.CA�.�.13=�O�CAO��A= � 7L=��0+:O�,0CA�
75/.13O5�A1379+:;3CA� �

t = wC 
 ¨ � !/# �
T O � +��N1 � 13�.C�;3C§�A/.1ä,0?A/.C Q5C V 45�Ñß:CA/  maxcov2(x, wC) � ] +��.=�;34N,013=�O
4N,013;313�.6AC)CA�Þ,�Q5C 75/.CAO5Q5/.C
;3CA� w1j

75/.=�7L=�/Þ,013=�O5O5CA;3�M+:4��&�A=qâ:+:/.1<+:O5�ACA� cov(x, Cj)
� T O~+§Q5=�O5�  

x = b1t1 + x1

 ¨ � !-3 �

T O�/.6A1ä,0?A/.C8;3C875/.=��A6AQ56  /.6AP�/.CA�.�.13=�O�Q5C x1
�.45/�;3CA��/.6A�.13Q545��Q5CA� cj

+�â�CA� t1
� C�,0� � � �

U C�,.,0C � 6�,0>5=�Q5C�Q5C&/.6AP�/.CA�.�.13=�O�O ^ CA�Þ,Í79+:�§�A= � 79+:/0+:25;3C�+�â�CA�&O5=:,0/.C � =�/ � +:;313� � C � 2513CAO�@B45C&;3CA�
13Q56ACA��Q5CR29+:�.C8�.=�13CAO�,H�.1 � 13;<+:13/.CA� � S CR75;345� � ;3C875/.=�25;3? � C\Q5CR�A=�;313O56�+:/.1ä,06[CAO�,0/.CR75/.6AQ513��,0CA45/.��O ^ CA�Þ,
79+:��75/.13�MCAO��A= � 7N,0C �
¤¥gBv|��{�Ò�Ò�jl�Lw%fhk5����wxk9m � ÒA{��x{�Ò§Ô�k9ml{��x�-Ò Ø�kNoq{�wLoq{�Ò
] +t/.6AP�/.CA�.�.13=�O�79+:/&+:O9+:;äà��.C
Q5CA��â:+:;3CA45/.��;<+-,0CAO�,0CA� 
 ]xZHZ � � « & � «�« � CA�Þ,�45O5C�+:7575/.=��Ñ>5C
Q5C
/.6AP�/.CA�.�.13=�O
Q56�â�CA;3=�757L6AC§7L=�45/\/.6A7L=�O5Q5/.C§+:4��
75/.=�25;3? � CA�[CAO5P�CAO5Q5/.6A�R79+:/[45O5C§6�â�CAO�,045CA;3;3C)@B49+:�.1�å
�A=�;313O56�+:/.1ä,06�CAO�,0/.C[75/.6AQ513��,0CA45/.� � X ;3;3CH/.CA7L=��.C[�.45/W; ^ � Uãc Q5CH;<+ � +-,0/.13�AC��A=�O5��+-,06AO9+:O�,ã;3CA�JQ5=�O5O56ACA�



¦qª:¨
�A=�O5OB45CA� 
 75/.6AQ513��,01äâ�CA� � C�,�13O5�A=�O5OB45CA� 
 � 75/.6AQ513/.C � � T O%=�2N,013CAO�,ÍQ5=�O5��45O � =�Q5?A;3C&�.1 � 13;<+:13/.C �
�ACA;3451u=�2N,0CAOB4�79+:/�;<+ Z CA�A=�O5�Þ,0/.45��,013=�O c +:/Þ,013CA;3;3C U = � 75;3?�,0C 
 6A@B49+-,013=�O5��¨ � ¦ # � �

[C|x]t = V b 
 ¨ � ! ¬ �
T O�7LCA4N,ãQ5C � � � C[79+:/Þ,01ä,013=�O5O5CA/�;3CA�Wâ�CA��,0CA45/.�M75/.=�75/.CA�ãCAO VC

C�, VX
� ] C[â�CA��,0CA45/MQ5C\/.CAP�/.CA�.�.13=�O

CA�Þ,\+:;3=�/.�ãQ5=�O5O56R79+:/  
b̂ = VX(V ′

CVC)−1V ′
C


 ¨ � !-& �
] C�â�CA��,0CA45/ã/.6AP�/.CA�.�.13=�O�=�2N,0CAOB4¥79+:/J;<+R/.6AP�/.CA�.�.13=�O�79+:/J+:O9+:;äà��.CHQ5CA�Jâ:+:;3CA45/.�J;<+-,0CAO�,0CA�J�A=�/./.CA�.7L=�O5Q
Q5=�O5� � ;<+��.=�;34N,013=�OÂ,0/.=�4Nâ�6AC�7L=�45/�;3C � =�Q5?A;3C$;313O56�+:13/.C$+�â�CA��Q5=�O5O56ACA� � +:O5@B49+:O�,0CA� � Y O5C
C ��,0CAO5�.13=�O Q54�75/.13O5�A137LC ]xZHZ +$6AP�+:;3C � CAO�,
6�,06�75/.=�7L=��.6AC � ] C � =�Q5?A;3C � +:757LCA;36 � =�Q5?A;3C�Q5C
/.6AP�/.CA�.�.13=�O��.45/&�A= � 7L=��0+:O�,0CA�&75/.13O5�A1379+:;3CA�¥�A=�O�,0/0+:13O�,0CA�&CA�Þ,~�A=�O5�Þ,0/.451ä, � 79+:/Þ,013/¥Q ^ 45O�,Ñ+:25;3C�+:4
�A=�O5��+-,06AO9+:O�,Ê; ^ 13O � =�/ � +-,013=�O � 75/.6AQ513/.C � + " CA��,06AC Q ^ 45O �A=�C 
 �A13CAO�,�Q5C 7L=�O5Q56A/0+-,013=�O α � C�,
; ^ 13O � =�/ � +-,013=�O�75/.6AQ513��,0/.13�AC87L=�O5Q56A/.6AC�Q ^ 45O��A=�C 
 �A13CAO�, 1 − α �

Ø�k�¤¥gBv|��{�Ò�Ò�jl�Lw%�-jn�xv|{
c =�45/J,0/0+:1ä,0CA/_;3C�75/.=�25;3? � C�Q5C[;<+8�A=�;313O56�+:/.1ä,06M1 � C � ;<+R@B49+:�.1�å�13O�â�CA/.�.132513;31ä,06ãQ5C C ′C � ;<+R/.6AP�/.CA�.�.13=�O
/.13Q5P�C � « # � 4N,013;313�.Cã;3C � +:1ä,_@B45CH�.1 C ′C CA�Þ, � +:;5�A=�O5Q51ä,013=�O5O56 
 1 � C � λ1

λn

,0/.?A�JP�/0+:O5Q � +:;3=�/.� C ′C +λId

 Q5CHâ:+:;3CA45/.�J75/.=�75/.CA� λ1 +λ � λn +λ � O5C[; ^ CA�Þ,W79+:� � ] +�/.6AP�/.CA�.�.13=�O¥/.13Q5P�C�7LCA4N, � ,0/.CHâ�45C[�A= �Í� C
45O5C�+:7575/.=��Ñ>5C
29+�à�CA�.13CAO5O5C�Q5C
;<+±/.6AP�/.CA�.�.13=�O � �A= �Í� C�45O5C
/.6AP�/.CA�.�.13=�O � �A=�C 
 �A13CAO�,0�&2L=�/.O56A�

 � 13O51 � 13�0+-,013=�O Q5C ‖x − bC‖2 �.=�45� ‖b‖2 < coef 2 � =�4&CAO5�A=�/.C8�A= �Í� C[4N,013;313�0+:O�,ã45O&CA�Þ,01 � +-,0CA45/
Q ^ CA/./.CA45/ � 13O51 � +:;3C � ] CA�H�A=�C 
 �A13CAO�,0�M,0/.=�4Nâ�6A�H�.=�O�,HQ5CR;<+ � =�/ � C  

bridge = xC(C ′C + kId)−1 
 ¨ � ! « �
* �Lwhi�mn�hÒ�jl�LwhÒ
S +:O5��;3C���+:�ÍQ5C�Q5=�O5O56ACA��13O5�A=�O5OB45CA�ÍQ5C�Q51 � CAO5�.13=�O�¦ � O5=:,0/.C � =�Q5?A;3C��Þ,Ñ+-,013�Þ,013@B45C&;313O56�+:13/.C
+�â�CA��Q5=�O5O56ACA� � +:O5@B49+:O�,0CA� CA�Þ,�Q5=�O5��75/.=��Ñ>5C�Q5C&;<+�/.6AP�/.CA�.�.13=�O(79+:/)â:+:;3CA45/.�§;<+-,0CAO�,0CA� � @B451M�.C
,0/.=�4Nâ�C�7LCA4�4N,013;313�.6AC � ] +§75/.6A�.CAO�,Ñ+-,013=�O��.=�45� � =�/ � C\Q5C � =�Q5?A;3C8�Þ,Ñ+-,013�Þ,013@B45C875/.6A�.CAO�,0C�; ^ +�â:+:O�,Ñ+:P�C
Q5C§/0+:13�.=�O5O5CA/8C �N75;313�A1ä,0C � CAO�,\�.45/8;3C � =�Q5?A;3C)C�,8�.=�O�4N,013;313�0+-,013=�O � U C � =�/ � +:;313� � CRP�?A/.C +:45�.�.1_;3CA�
75/.=�25;3? � CA�RQ5CÍ�A=�;313O56�+:/.1ä,06)Q5CA��75/.6AQ513��,0CA45/.��C�,�Q5CA��75/.6AQ513��,013=�O5� � X O�79+:/Þ,013�A45;313CA/ � 13;_7LCA/ � C�,RQ5C
� ^ 13O�,06A/.CA�.�.CA/ � ;<+&�Þà�O�,0>5?A�.C�Q5C � =�/ � CA���AC�@B45C�O5CÍ7LCA/ � C�,�79+:��;<+&/.6AP�/.CA�.�.13=�O � ` ;�7LCA/ � C�,)+:45�.�.1
Q ^ CAO�â�13�0+:P�CA/H45O�=�/.Q5/.C8@B45CA;3�A=�O5@B45C�Q5CA�H75/.6AQ513��,0CA45/.� �



¦qª #
c +:/\+:13;3;3CA45/.� � �AC � =�/ � +:;313� � C\O5=�45�[+Í7LCA/ � 13�MQ ^ 13O�,06AP�/.CA/ � +:�A13;3C � CAO�,H45O5C � 6�,0>5=�Q5C�C �N75;313�A1ä,0C8Q5C
/.6AP�45;<+:/.13�0+-,013=�O � @B451H+:�.�.45/.C~45O5C��ACA/Þ,Ñ+:13O5C&�Þ,Ñ+:2513;31ä,06�+:4 � =�Q5?A;3C � � � � C�Q9+:O5�Í;3C&��+:�ÍQ5C�25/.451ä,
1 � 7L=�/Þ,Ñ+:O�,M�.45/�;3CA�MQ5=�O5O56ACA� �
� ����� � � 	�	���� � � � � � ��� � � � 
 � � � � � � � #%��� ��� #%��� � � � 
 � � � � ��� � � � �

� � ��� � � � � 
 � � � 	�� � � � � � � �

}����9oq�ui��Lml{
a =�45�_7L=�4Nâ�=�O5��P�6AO56A/.CA/�Q5CA� � CA4��)Q5CãQ5=�O5O56ACA�_/.CA�.7LCA��,Ñ+:O�,�;3CA���A=�O�,0/0+:13O�,0CA��Q54 � =�Q5?A;3CJ;313O56�+:13/.C


 C = V b � � T O�P�6AO5?A/.C§�Ñ>9+:@B45C � CA4 � 79+:/Þ,013/[Q ^ 45O5C§29+:�.C =�/Þ,0>5=�O5=�/ � 6AC�Q5C�¦qª�ª�ª�â�CA��,0CA45/.� 
 V �
C�,ÍQ5C � ª�ª�â�CA��,0CA45/.��+:;36�+-,0=�13/.CA� 
 b � Q5C�,Ñ+:13;3;3C � ª
�.451äâ:+:O�, 45O5C&Q513�Þ,0/.13254N,013=�OtP�+:45�.�.13CAO5O5C � � â�CA�
�ACA�~Q5CA4���6A;36 � CAO�,0� � =�O�=�2N,013CAO�,�45O5C�29+:�.C�Q ^ +:7575/.CAO�,013�.�0+:P�C�C�,�45O5C�29+:�.C�Q5C
,0CA�Þ, � �Ñ>9+:�A45O5C
�A= � 7L=��.6AC~Q5C�¦qª�ª�13O5Q51äâ�13Q545� Q56 0 O513���.45/�¦qª�ª�ª��A=�=�/.Q5=�O5O56ACA��C�,�Q56A�A/.1ä,0��79+:/ � ª�79+:/0+ � ?�,0/.CA� �
U >9+:@B45C&79+:/0+ � ?�,0/.C¥Q5C¥â:+:/.1<+:25;31ä,06�+�;<+ � � � C¥1 � 7L=�/Þ,Ñ+:O5�AC 
 � � � CÍâ:+:;3CA45/.�§75/.=�75/.CA� � � X O 0 O �
O5=�45�H+�â�=�O5�HP�6AO56A/.6Í¦qª�ª � CA4���Q5CRQ5=�O5O56ACA�HQ51 " 6A/.CAO�,0� �
T O�7LCA4N,H��+:;3�A45;3CA/W,0/.=�13�MCA/./.CA45/.�H;3=�/.�ãQ ^ 45O5C�/.CA�A=�O5�Þ,0/.45��,013=�O�79+:/Þ,013CA;3;3C  
¦ � ; ^ CA/./.CA45/�Q5CR/.CA�A=�O5�Þ,0/.45��,013=�O&Q5C�;<+)79+:/Þ,013C8�A=�O5OB45C
��� ; ^ CA/./.CA45/�Q5CR/.CA�A=�O5�Þ,0/.45��,013=�O&79+:/Þ,013CA;3;3C 
 Q5CR;<+)79+:/Þ,013C813O5�A=�O5OB45C �
!%� ; ^ CA/./.CA45/�Q ^ CA�Þ,01 � +-,013=�O¥Q5CA�H79+:/0+ � ?�,0/.CA�MQ5C8â:+:/.1<+:2513;31ä,06
] +�Q56�,0CA/ � 13O9+-,013=�O�Q5CA��79+:/0+ � ?�,0/.CA��Q5C â:+:/.1<+:2513;31ä,06 b �A=�O5Q51ä,013=�O5O5C �ACA;3;3C Q5CÍ;<+&79+:/Þ,013C � +:O�å
@B49+:O�,0C X @B45CA;3;3C\@B45C8�.=�1ä,ã;<+ � 6�,0>5=�Q5C\Q5C\/.CA�A=�O5�Þ,0/.45��,013=�O&79+:/Þ,013CA;3;3C 
 ZHc � � ZHcJU � 4N,013;313�.6AC � T O
Q513�.7L=��.CRQ5=�O5�RQ5C � CA�.79+:�ACA�[Q5CR��+:;3�A45;FQ5CR; ^ CA/./.CA45/�/.CA;<+-,01äâ�C8+:4��&Q5=�O5O56ACA� � +:O5@B49+:O�,0CA� �
] C[/0+-,013=�CAO�,0/.C[;3CA�WQ5=�O5O56ACA�ã�A=�O5OB45CA�MC�,ã13O5�A=�O5OB45CA�W13O � 45C[�.45/W;<+�75/.6A�A13�.13=�O�Q5CA�ãCA�Þ,01 � +-,013=�O5��Q5CA�
79+:/0+ � ?�,0/.CA� Q5C¥â:+:/.1<+:2513;31ä,06ÍC�, Q5C&;<+�79+:/Þ,013C�13O5�A=�O5OB45C � a =�45� +�â�=�O5� � +:1ä,)â:+:/.13CA/)�AC&/0+-,013= � Q5CA�
/0+-,013=��MQ5C ¦qª � � # ª � C�,[«�ª � Q5C�Q5=�O5O56ACA�H13O5�A=�O5OB45CA� � +:13O5�.1F@B45C�;3C8O5= � 25/.CRQ5CR79+:/0+ � ?�,0/.CA�MQ5C
â:+:/.1<+:2513;31ä,06H�A=�O5�.CA/Þâ�6�79+:/M;3C � =�Q5?A;3C �
¤¥g�Ò��hmpoqkNo�Ò
] CA� /.6A�.45;ä,Ñ+-,0�§Q5C�;<+ � 6�,0>5=�Q5C ZHcJU 
 6A@B49+-,013=�Ot¨ � ¦ # � �.=�O�,ÍQ5=�O5���A= � 79+:/.6A� +:4��t/.6A�.45;ä,Ñ+-,0�
Q5=�O5O56A�H79+:/M;<+ � 6�,0>5=�Q5C ZHc � 
 6A@B49+-,013=�O&¨ � 3 � �
] CA� 0 P�45/.CA�Í¨ � ¦~C�,�¨ ��� � =�O�,0/.CAO�,�/.CA�.7LCA��,01äâ�C � CAO�,¥; ^ CA/./.CA45/ Q ^ CA�Þ,01 � +-,013=�O�Q5CA��Q5=�O5O56ACA� � +:O�å
@B49+:O�,0CA� X C�, Q5CA� 79+:/0+ � ?�,0/.CA�§Q5C¥â:+:/.1<+:2513;31ä,06 b 7L=�45/ ! ,Ñ+:4��tQ5C�Q5=�O5O56ACA� � +:O5@B49+:O�,0CA�§Q51 � å
� 6A/.CAO�,0� 
 ¦qª � � # ª � � «�ª � � � 7L=�45/R45O�O5= � 25/.CÍQ5CÍ79+:/0+ � ?�,0/.CA�Râ:+:/.1<+:25;3CA� 
 Q5C�¦ � � ª&�A= �Í� C§;3C
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RPS
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RPS
RPC

RPS
RPC

������� ¨ � ¦ � X /./.CA45/.�HQ ^ CA�Þ,01 � +-,013=�O�Q5C x 7L=�45/MQ51 " 6A/.CAO�,0�M,Ñ+:4��&Q5CRQ5=�O5O56ACA� � +:O5@B49+:O�,0CA�

O5= � 25/.CRQ5CRâ:+:;3CA45/.��75/.=�75/.CA��Q54 � =�Q5?A;3C � �.45/H45O��.CA45; � CA4�Q5C�Q5=�O5O56ACA� � ] + 0 P�45/.CR¨ � ! 75/.6A�.CAO�,0C
;3CA��/.6A�.45;ä,Ñ+-,0�M=�2N,0CAOB45�H7L=�45/M;3CA�R¦qª�ª � CA4��&Q5CRQ5=�O5O56ACA�HP�6AO56A/.6A� 
 � +:13�.�AC�+:4��&Q5CR�A=�45/.2LCA� � �
] CA��â:+:;3CA45/.��75/.=�75/.CA�_6�,Ñ+:O�,�6AP�+:;3CA� � ;<+[�A=�45/.2LCW,0>56A=�/.13@B45CãQ5CM; ^ CA/./.CA45/�Q5CM/.CA�A=�O5�Þ,0/.45��,013=�O§79+:/Þ,013CA;3;3C

 0 P�45/.CH¨ � ¦ � CA�Þ,W45O5CHQ5/.=�1ä,0C � T O�/.C�,0/.=�4Nâ�CH�AC�,.,0C[+:;3;345/.CMQ9+:O5�J;<+8/.CA�A=�O5�Þ,0/.45��,013=�O�79+:/Þ,013CA;3;3Cã�.1 � 75;3C
7L=�45/J45OÍ,Ñ+:4���Q5C�¦qª � � c ;345�J;3CM,Ñ+:4���Q5CHQ5=�O5O56ACA� � +:O5@B49+:O�,0CA�W+:45P � CAO�,0C[75;345��; ^ CA�Þ,01 � +-,013=�O§Q5C
X 79+:/�;<+H/.CA�A=�O5�Þ,0/.45��,013=�O§79+:/Þ,013CA;3;3C��.1 � 75;3C 
 b = VCC � 6A@B49+-,013=�O§¨ � 3 � ,0CAO5Q)â�CA/.�_45O5CãCA/./.CA45/�Q ^ CA�bå
,01 � +-,013=�O��A=�O5�Þ,Ñ+:O�,0C � �A=�O�,0/0+:13/.C � CAO�, � ;<+)/.CA�A=�O5�Þ,0/.45��,013=�O�79+:/Þ,013CA;3;3C[�A= � 75;3?�,0C\@B451u/.CA�Þ,0CR75/.=��Ñ>5C
Q5C�; ^ +:;3;345/.C[,0>56A=�/.13@B45C 
 ;<+§�A=�45/.2LC�O ^ CA�Þ,\79+:�H45O5C�Q5/.=�1ä,0C � =�O~+Í2LCA�.=�13O�Q ^ 45O~�ACA/Þ,Ñ+:13O~O5= � 25/.CRQ5C
79+:/0+ � ?�,0/.CA��7L=�45/M45O5CR2L=�O5O5CRCA�Þ,01 � +-,013=�O � �
U CA��Q51 " 6A/.CAO5�ACA���.=�O�, � 13CA4���7LCA/ � 45CA��Q9+:O5��; ^ CA�.79+:�ACÍ79+:/0+ � 6�,0/.13@B45C � U = �Í� C =�O�7LCA4N,�;3C§â�=�13/
0 P�45/.CR¨ ��� � ;3CA�MCA/./.CA45/.�HQ ^ CA�Þ,01 � +-,013=�O¥Q5CA��79+:/0+ � ?�,0/.CA��Q5C8â:+:/.1<+:2513;31ä,06H+:45P � CAO�,0CAO�,[+�â�CA��;3C\,Ñ+:4��
Q5C�Q5=�O5O56ACA� � +:O5@B49+:O�,0CA�JC�,J/.CA�Þ,0CAO�,W�A=�O5�Þ,Ñ+:O�,0CA�J@B45CA;|@B45C��.=�1ä,�;3CMO5= � 25/.CMQ5C�79+:/0+ � ?�,0/.CA� � ]_^ CA/bå
/.CA45/_=�2N,0CAOB45C�CAO /.CA�A=�O5�Þ,0/.45��,013=�O 79+:/Þ,013CA;3;3CW�.1 � 75;3CWCA�Þ,_,0=�4 � =�45/.��,0/.?A�_�.457L6A/.13CA45/.C � �ACA;3;3Cã=�2N,0CAOB45C
CAO�/.CA�A=�O5�Þ,0/.45��,013=�O�79+:/Þ,013CA;3;3C\�A= � 75;3?�,0C �
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 � � ��� 	 � � � � � 	�	 � 	 � � � 	 � 
%��� � � � � � � �

` ; � +:4N,8Q56�,0CA/ � 13O5CA/\�A=�O � =�13O�,0C � CAO�,8;3CA�879+:/0+ � ?�,0/.CA� β C�,R;<+�79+:/Þ,013C)13O5�A=�O5OB45C§Q5C§; ^ =�2 � C�, � �
;<+§Q51 " 6A/.CAO5�ACRQ5CR; ^ 6A@B49+-,013=�O !%� ! ¬

minfx∈I,β ‖φ(f) − PNφ(f)‖ 
 ¨ � ¨�ª �

ρ(f, β) = ‖φ(f)‖2 − 2φ(f) • PNφ(f) + ‖PNφ(f)‖2

= ‖φ(f)‖2 − ‖PNφ(f)‖2 
 ¨ � ¨5¦ �
X O�4N,013;313�0+:O�,M; ^ +:�Þ,045�ACRO5=qà�+:4 � =�O~+:/./.1äâ�C � ;<+ � =�/ � C\�.451äâ:+:O�,0C  

ρ(f, β) = k(f, f) −
N
∑

k=1

β2

k

����� � � �

��1u=�O&Q56A/.1äâ�CR79+:/�/0+:757L=�/Þ, � βk
� =�O&=�2N,013CAO�,  

∇βk
ρ(f, β) = ∇βk

k(f, f) − 2βk = 0 
 ¨ � ¨ ! �
T O 7LCA4N, C �N75/.1 � CA/ ;<+ 79+:/Þ,013C Q5C k(f, f) Q56A7LCAO5Q9+:O�,0C Q5C βk

79+:/ ‖Pkφ(f)‖2 =
∥

∥

∥

∑M
i=1 αk

i k(f, xi)
∥

∥

∥

2 � ] CA� βk
@B451��A=�/./.CA�.7L=�O5Q5CAO�, � Q5CA�8C ��,0/.C � +¥Q5C);<+�@B49+:O�,01ä,06 � � 13O51 � 13�.CA/ �

�A=�/./.CA�.7L=�O5Q5CAO�,[Q5=�O5� � ;3CA45/MQ56 0 O51ä,013=�O � � 13O5�.1 � =�O�7LCA4N,�C �N75/.1 � CA/M¨ � ¨5¦R�.CA45;3C � CAO�,HCAO � =�O5��,013=�O
Q5CA�H79+:/Þ,013CA�M�A=�O5OB45CA�HC�,H13O5�A=�O5OB45CA�HQ5CA��Q5=�O5O56ACA� fx

�

ρ(f) = k(f, f)−

N
∑

k=1

(

M
∑

i=1

αk
i k(f, xi))

2
����� � � �

∇fρ(f) = ∇fk(f, f) − 2

N
∑

k=1

(

(

M
∑

i=1

αk
i ∇fk(f, xi))(

M
∑

i=1

αk
i k(f, xi))

)
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×�� � k9��Ö�k9�hÒ�Ò�jl{�w
c =�45/¥45O$O5=qà�+:4 d +:45�.�.13CAO � k(f, f) CA�Þ,��A=�O5�Þ,Ñ+:O�,¥C�,�;3C�O5=qà�+:4$CA�Þ,�;3C~75/.=�Q5451ä,�Q5C~,0CA/ � CA�
�A=�/./.CA�.7L=�O5Q9+:O�,§+:4���79+:/Þ,013CA�R�A=�O5OB45CA��C�,�13O5�A=�O5OB45CA��Q5C f 
 k(f, x) = kx(fx, xx)kc(fc, xc

� � X O
7L=��0+:O�, α̂k

i = αk
i kc(fc, xi)

� ¨ � ¨5¦RQ5C�â�13CAO�,  

ρ(f) = −
N
∑

k=1

(
M
∑

i=1

α̂k
i kx(fx, xxi))

2 
 ¨ � ¨ 3 �
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∇fx
ρ(fx) =

N
∑

k=1

(

(
M
∑

i=1

α̂k
i k

′
x(fx, xxi)(fx − xxi))(

M
∑

i=1

α̂k
i kx(fx, xxi))

)

= 0 
 ¨ � ¨B¬ �
T O~+:/./.1äâ�C � ;<+§�A=�O5Q51ä,013=�O�O56A�ACA�.�0+:13/.C��.451äâ:+:O�,0C  

fx =

∑N
k=1

(

(
∑M

i=1 α̂k
i k

′
x(fx, xxi)xxi))(

∑M
i=1 α̂k

i kx(fx, xxi))
)

∑N
k=1

(

(
∑M

i=1 α̂k
i k

′
x(fx, xxi))(

∑M
i=1 α̂k

i kx(fx, xxi))
)


 ¨ � ¨ & �

��1ã; ^ =�O±75/.CAO5Q�CAOt�A= � 7N,0C k′ = ck �A=�O5�Þ,Ñ+:O�,0C&Q545C � ;<+~Q56A/.1äâ:+-,013=�O � =�O�+:/./.1äâ�C � ;<+~�.=�;34N,013=�O
�.451äâ:+:O�,0C  

fx =

∑N
k=1

(

(
∑M

i=1 α̂k
i kx(fx, xxi))(

∑M
i=1 α̂k

i kx(fx, xxi)xxi)
)

∑N
k=1

(

(
∑M

i=1 α̂k
i kx(fx, xxi))2

)


 ¨ � ¨�« �

X O�13O�,0/.=�Q54513�0+:O�, β̂k =
∑M

i=1 α̂k
i kx(fx, xxi)

� ; ^ CA�Þ,01 � +-,013=�OÍQ5C β 7L=�45/W45O f Q5=�O5O56 � ;<+��A=�O5Q51ä,013=�O
O56A�ACA�.�0+:13/.C � 45O�C ��,0/.C � 4 � 7LCA4N, � ,0/.C � 13�.C\�.=�45�H;<+ � =�/ � C8�.451äâ:+:O�,0C  

fx =

∑M
i=1

kx(fx, xxi)
(

∑N
k=1

α̂k
i β̂k

)

xxi

∑N
k=1

β̂2

k

����� � � �

T OÍ=�2N,013CAO�,J45O�OB4 � 6A/0+-,0CA45/JQ5C � � � C � =�/ � C�@B45CH7L=�45/�;<+R/.CA�A=�O5�Þ,0/.45��,013=�O 
 �A= � 75;3?�,0C � � ;3CA��Q51 � å
� 6A/.CAO5�ACA�_�.Cã�.1ä,049+:O�,�+:4)O51äâ�C�+:4)Q54)Q56AO5= � 13O9+-,0CA45/ � ] CA� � � � CA� � 6�,0>5=�Q5CA��7LCA4Nâ�CAO�, � ,0/.Cã4N,013;313�.6ACA�
7L=�45/�Q56�,0CA/ � 13O5CA/M;<+)79+:/Þ,013C813O5�A=�O5OB45CRQ5CA��Q5=�O5O56ACA�H@B45C�7L=�45/M;<+)/.CA�A=�O5�Þ,0/.45��,013=�O��A= � 75;3?�,0C �
×�� � k9��}\�Lm � wx�Lz±jlk9m
S +:O5�§;3C���+:�)Q5CA�)O5=qà�+:4��t7L=�;äà�O5= � 1<+:4�� � ;3CA��Q5=�O5O56ACA�§�A=�O5OB45CA� C�,)13O5�A=�O5OB45CA� � =�/ � CAO�,)Q5CA�
75/.=�Q5451ä,0�R�A/.=�13�.6A��@B451�/.CAO5Q5CAO�,�Q51 
 �A13;3C§; ^ =�2N,0CAO�,013=�O�Q ^ 45O5C � =�/ � 45;3C§Q5C � 13O51 � 13�0+-,013=�O�7L=�45/�45O
Q5CAP�/.6 d @B45CA;3�A=�O5@B45C�+:O9+:;3=�P�45C � �ACA;3;3C8Q5CR;<+ � 13O51 � 13�0+-,013=�O �U = �Í� C�Q9+:O5�¥;3C���+:�¥Q5C~;<+ c /.6 `�� +:P�C � =�O�7LCA4N,¥O56�+:O � =�13O5�ÍQ56�â�CA;3=�757LCA/¥; ^ C �N75/.CA�.�.13=�O$Q5C~;<+
� 13O51 � 13�0+-,013=�OÍ7L=�45/M;3CA��O5=qà�+:4���7L=�;äà�O5= � 1<+:4���Q5CRQ5CAP�/.6 ¦�C�, ���

◦ � � � �#/ � � � ' � 
,� � � �#/ � � 	 � 	 * ��� �

c =�45/845O�CA�.79+:�AC Q5C§75/.= � CA��,013=�O
/.CA�ACAO�,0/.6 � ;<+ � =�O5��,013=�O
Q5C§75/.= � CA��,013=�O
�A=�/./.CA�.7L=�O5Q � ; ^ 13Q5CAO�,01ä,06 �
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ρ(f) = (f • f) −
N
∑

k=1

(
M
∑

i=1

αk
i (f • xi))

2 
 ¨ ��# ¦ �
] + Q56A/.1äâ�6ACRQ5=�1ä,�� ^ +:O5OB45;3CA/  

∇fρ(f) = 2f − 2

N
∑

k=1

(

(

M
∑

i=1

αk
i xi)(

M
∑

i=1

αk
i (f • xi))

)

= 0 
 ¨ ��#-� �
T O��.6A79+:/.C f CAO�,0/.CR�0+ 79+:/Þ,013C8�A=�O5OB45C c C�,H�0+§79+:/Þ,013C813O5�A=�O5OB45C x 
 f = (c|x) �  

x −
N
∑

k=1

(

(
M
∑

i=1

αk
i xxi)(

M
∑

i=1

αk
i (c • xci + xxi • x))

)

= 0 
 ¨ ��#'! �
c =�45/�45O5C��A=�=�/.Q5=�O5O56ACR13O5�A=�O5OB45C xl

xl(1 −
N
∑

k=1

(

M
∑

i=1

αk
i xxi)

2) =

N
∑

k=1

(

M
∑

i=1

αk
i xxi)(

M
∑

i=1

αk
i xci • c) 
 ¨ ��# ¨ �

T O�=�2N,013CAO�,�Q5=�O5�R;<+§�.=�;34N,013=�O��.451äâ:+:O�,0C  

x =

∑N
k=1

(
∑M

i=1
αk

i xxi)(
∑M

i=1
αk

i xci • c)

(1 −

∑N
k=1

(
∑M

i=1
αk

i xxi)2)

����� � � �

��1u; ^ =�O��Ñ>5CA/.�Ñ>5C � /.C�â�CAO513/H+:4 � =�/ � +:;313� � C[Q5CR; ^ � Uãc CAO�4N,013;313�0+:O�,ã; ^ 6A@B49+-,013=�O !%� ! ¨ � =�O&=�2N,013CAO�,
;3C8/.6A�.45;ä,Ñ+-,��.451äâ:+:O�,  

xl =

∑N
k=1 V kl

X (V k
C • c)

(1 −
∑N

k=1(V
kl
X )2)
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T Ot/.C�,0/.=�4Nâ�C¥2513CAO±;<+ � � � C � 13O51 � 13�0+-,013=�O�@B45C�7L=�45/�45O � =�Q5?A;3CÍ;313O56�+:13/.CÍ+�â�CA�¥Q5CA�)Q5=�O5O56ACA�
� +:O5@B49+:O�,0CA� �

◦ � � � �#/ � � � ' � 
,� � � �#/ � � 	 � 	 * ��� �
]_^ C �N75/.CA�.�.13=�O � � 13O51 � 13�.CA/JCA�Þ,[+:;3=�/.�M;<+)�.451äâ:+:O�,0C  

ρ(f) = (1 + f • f)2 −
N
∑

k=1

(

M
∑

i=1

αk
i (1 + f • xi)

2)2 
 ¨ ��# ¬ �
T O��.6A79+:/.C f CAO�,0/.CR�0+ 79+:/Þ,013C8�A=�O5OB45C c C�,H�0+§79+:/Þ,013C813O5�A=�O5OB45C x  

ρ(x) = (1 + c • c + x • x′)2 −
N
∑

k=1

(
M
∑

i=1

αk
i (1 + c • xci + x • xxi)

2)2 
 ¨ ��#'& �
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] + Q56A/.1äâ�6ACRQ5=�1ä,�� ^ +:O5OB45;3CA/�79+:/M/0+:757L=�/Þ, � ;<+)79+:/Þ,013C813O5�A=�O5OB45C x  

∇xρ(x) = 4x(1 +x • x)− 2
N
∑

k=1

(

2(
M
∑

i=1

αk
i xxi)(

M
∑

i=1

αk
i (1 + c • xci + x • xxi)

2)

)

= 0 
 ¨ ��# « �

c =�45/�45O5C��A=�=�/.Q5=�O5O56ACR13O5�A=�O5OB45C xl
� CAO�7L=��0+:O�, τ = 1+c•xci

xli

x3
l + xl −

N
∑

k=1

(

(
M
∑

i=1

αk
i xli)(

M
∑

i=1

αk
i x

2
li(τ + xl)

2)

)

= 0 
 ¨ � 3 ª �

x3

l + xl −

N
∑

k=1

(

(
M
∑

i=1

αk
i xli)(

M
∑

i=1

αk
i x

2

li(τ
2 + 2τxl + x2

l ))

)

= 0
������� � �

] CA�J�.=�;34N,013=�O5� x � 79+:/Þ,013CA��13O5�A=�O5OB45CA�JQ5C f � �.=�O�,W=�2N,0CAOB45CA�W79+:/�45O5C � 13O51 � 13�0+-,013=�O�OB4 � 6A/.13@B45C
79+:/�Q5CA�.�ACAO�,0C�Q5CWP�/0+:Q513CAO�, � ] CWP�/0+:Q513CAO�,�CA�Þ,_45O)7L=�;äà�O � � CJQ5CãQ5CAP�/.6 ! C�,�13;BO ^ à)+[79+:��Q5CW�.=�;34N,013=�O
+:O9+:;äàB,013@B45C�Q513/.CA��,0C � ]_^ 13O51ä,01<+:;313�0+-,013=�O�Q5C�;<+ � 13O51 � 13�0+-,013=�O�79+:/[Q5CA�.�ACAO�,0C)Q5C�P�/0+:Q513CAO�,[7LCA4N, � ,0/.C
Q5=�O5O56AC�79+:/M;<+ � =�/ � C � =qà�CAO5O5C�Q54 � =�Q5?A;3C\7L=�45/M;<+§79+:/Þ,013C\13O5�A=�O5OB45C �
�8ÒAfhk9i�{�¤¥{�i�{�wLoq��g
U = �Í� CM7L=�45/_;<+\/.CA�A=�O5�Þ,0/.45��,013=�OÍ�A= � 75;3?�,0C � 13; � +:4N,�6�,045Q513CA/_;<+8/.CA�A=�O5�Þ,0/.45��,013=�O 79+:/Þ,013CA;3;3CWQ9+:O5�
45O~CA�.79+:�AC�/.CA�ACAO�,0/.6 � @B451xCA�Þ,[;3CR��+:�H;3CR75;345� � /.6A@B45C �Í� CAO�,[/.CAO5�A=�O�,0/.6 � ] + � =�/ � C8Q5C�;<+ � 13O51 � 1�å
�0+-,013=�O&Q5CR;<+)/.CA�A=�O5�Þ,0/.45��,013=�O�79+:/Þ,013CA;3;3C\CA�Þ,H;<+ � � � C  

ρ(f) = k̃(f, f)−

N
∑

k=1

(

M
∑

i=1

αk
i k̃(f, xi))

2
������� � �

T O�C �N75/.1 � C8�.CA45;3C � CAO�,H;3CA�M79+:/Þ,013CA�Mâ:+:/.1<+:25;3CA�ãQ5CA��O5=qà�+:4��  

ρ(f) = k(f, f) − 2

M

M
∑

j=1

k(f, xj) −
N
∑

k=1

(

M
∑

i=1

αk
i (k(f, xi) −

1

M

M
∑

j=1

k(f, xj))

)2


 ¨ � 3-! �

�.=�1ä,  

ρ(f) = k(f, f) −
2

M

M
∑

j=1

k(f, xj) −
N
∑

k=1

(

M
∑

i=1

α̂k
i k(f, xi)

)2 ������� � �
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+�â�CA� α̂k

i = αk
i − 1

M

∑M
j=1 αk

i
�

] CRP�/0+:Q513CAO�,�79+:/�/0+:757L=�/Þ, � f CA�Þ,[+:;3=�/.�  

∇fρ(f) = ∇fk(f, f) − 2

M

M
∑

i=1

∇fk(f, xi) − 2

N
∑

k=1

(

(

M
∑

i=1

α̂k
i ∇fk(f, xi))(

M
∑

i=1

α̂k
i k(f, xi))

)
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S +:O5��;3C���+:�~Q54 a =qà�+:4ÊP�+:45�.�.13CAO � =�OÊ+ k(f, f) = 0 � ∇fk(f, xi) = k′(f, xi)(f − xi) =

ck(f, xi)(f − xi)
� T O��Ñ>5CA/.�Ñ>5C�;<+)�A=�O5Q51ä,013=�O�O56A�ACA�.�0+:13/.C�7L=�45/M45O�C ��,0/.C � 4 � �

∇fρ(f) = − 2

M

M
∑

i=1

k′(f, xi)(f−xi)−2
N
∑

k=1

(

(
M
∑

i=1

α̂k
i k

′(f, xi)(f − xi))(
M
∑

i=1

α̂k
i k(f, xi))

)

= 0


 ¨ � 3-3 �
f =

∑M
i=1 k(f, xi)xi(

1
M

+
∑N

k=1 β̂kα̂
k
i )

1
M

∑M
i=1 k(f, xi) +

∑N
k=1 β̂2

k
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+�â�CA� β̂k =

∑M
i=1 α̂k

i k(f, xi)
� U C�,.,0C � =�/ � 45;3C)+¥45O
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k
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Apprentissage : Reconstructions
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Apprentissage : Données Manquantes
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�%�!��� � ,������-�����"���!�
�%�
�+��	���� ������� � �-���
����� � ,������-�����"���!�!�
�*������9 ��� '�=��������	��4�-���
��� � ,������-�����"���!�!�
�*������9 ��� � =
������� ¨ � 3 � Z CA�A=�O5�Þ,0/.45��,013=�O&79+:/Þ,013CA;3;3CHå Ü =�Q5?A;3C8;313O56�+:13/.C

◦ � � ��� ' 	��$� ' � 
,� � � �#' � 	 � 	 * ��� � ��� � � � � �

]_^ � Uãc�a /.C�â�13CAO�,�,0>56A=�/.13@B45C � CAO�, � C " CA��,045CA/�45O5C � Uãc Q9+:O5��; ^ CA�.79+:�ACR��+:/0+:��,06A/.13�Þ,013@B45C � T O
� C�,ãCAO�=�CA4Nâ�/.C8;3CA�WQ5CA4�� � 6�,0>5=�Q5CA�  ; ^ � Uãc�a C�,ã;<+�75/.= � CA��,013=�O¥Q9+:O5�ã; ^ CA�.79+:�AC\Q ^ =�/.Q5/.C � �.451äâ�13C
Q ^ 45O5C � Uãc � + 0 O(Q5C�Q513�.7L=��.CA/ÍQ ^ 45O5C�â�45C��.45/Í; ^ CA�.79+:�AC~Q5CA�Í�A= � 7L=��0+:O�,0CA�Í75/.13O5�A1379+:;3CA� � V =�4N,
Q ^ +:2L=�/.Q � =�O�â�6A/.1 0 C�@B45C�;3CA��Q5CA4�� � =�Q5?A;3CA���.=�O�,\2513CAO�13Q5CAO�,013@B45CA�[CAO~P�6AO56A/0+:O�,[;3CA�H79+:/0+ � ?�,0/.CA�
Q5CRâ:+:/.1<+:2513;31ä,06[7L=�45/H�Ñ>9+:@B45C�6A�Ñ>9+:O�,013;3;3=�O&Q5CA�[Q5CA4��~29+:�.CA�  13;3�M�.=�O�,\13Q5CAO�,013@B45CA�H@B45CA;3;3CR@B45C��.=�1ä,
;<+ � 6�,0>5=�Q5C 4N,013;313�.6AC � T O�Q513�.7L=��.CA/0+&;3=�/.�8Q5CÍ;<+¥/.CA�A=�O5�Þ,0/.45��,013=�O�79+:/Þ,013CA;3;3C�Q5C � 79+:/0+ � ?�,0/.CA�8Q5C
â:+:/.1<+:2513;31ä,068@B451�/.CA75/.6A�.CAO�,0CAO�,�/.CA�.7LCA��,01äâ�C � CAO�, &-! � C�,)¦�¬ � Q5C);<+ â:+:/.1<+:O5�AC�Q5CA�\Q5=�O5O56ACA�8Q5C);<+
29+:�.C\Q ^ +:7575/.CAO�,013�.�0+:P�C � U C\O5= � 25/.C[Q5C\79+:/0+ � ?�,0/.CA�WCA�Þ,M13�.�.4¥Q5C\; ^ 6A@B451äâ:+:;3CAO5�AC\+�â�CA�8; ^ � Uãc Q9+:O5�
; ^ CA�.79+:�AC875/.= � C�,06 � ] C8O5= � 25/.C\Q5C879+:/0+ � ?�,0/.CA�ãQ5C\â:+:/.1<+:2513;31ä,06MCAO � Uãc�a CA�Þ, 0 �N6879+:/ã;3C\O5= � 25/.C
Q ^ 6A�Ñ>9+:O�,013;3;3=�O5� � S +:O5���ACÍ��+:��75/.6A�A13� � ;3CA�R79+:/0+ � ?�,0/.CA� ! � # �A=�/./.CA�.7L=�O5Q5CAO�, � 45O��.=�45�bå�CA�.79+:�AC
/.CA75/.6A�.CAO�,Ñ+:O�, � =�13O5�ãQ5C ¦ � Q5CR;<+�â:+:/.1<+:O5�AC8Q5CA�HQ5=�O5O56ACA� �



¦�¦ 3

������� ¨ � ¬ � c /.= � CA��,013=�O&Q5CA�HQ5=�O5O56ACA��79+:/ φ
��k9whÒ�mb��{�ÒAfhk9i�{�fh��� � {�oqg ;3C�O5=qà�+:4
7L=�;äà�O5= � 1<+:;FQ5C)Q5CAP�/.6 � CA�Þ,879+:/ � +:1ä,0C � CAO�,\+:Q9+:7N,06�7L=�45/
,0/.=�4Nâ�CA/\;<+Í/.CA;<+-,013=�O~CAO�,0/.C);3CA�[Q51 " 6A/.CAO�,0CA�\�A=�=�/.Q5=�O5O56ACA� � X O
C " C�, � �0+ � =�O5��,013=�O~��+:/0+:��,06A/.13�Þ,013@B45C
φ 75/.= � C�,.,0C (x, y) CAO (x, y, x2, y2,

√
2xy) � S +:O5���AC�,WCA�.79+:�AC � ; ^ CA;3;31375�.= � Q5CWQ56A�A/.1ä,�79+:/�;3CA�_Q5=�O5O56ACA�

CA�Þ,R/.CA75/.6A�.CAO�,06 Q5C � +:O513?A/.C�;313O56�+:13/.C�7L=�45/[�ACA/Þ,Ñ+:13O5CA�8�A=�=�/.Q5=�O5O56ACA�8�A= �Í� C�=�O
7LCA4N,8; ^ =�25�.CA/Þâ�CA/
�.45/�;<+ 0 P�45/.C�¨ � ¬ � � 13O5�.1MQ9+:O5��;3C&75;<+:O(Q56 0 O51H79+:/Í;3CA�Í�A=�=�/.Q5=�O5O56ACA� x2y2 
 0 P � ¨ � ¬
CAO�29+:� �
P�+:45�Ñ>5C � � ;3CA�RQ5=�O5O56ACA� � =�/ � CAO�,R45O��.CAP � CAO�, � T O�7LCA4N,)+:45�.�.1�=�25�.CA/Þâ�CA/�Q9+:O5��;3CA�R75;<+:O5� yx2 C�,
yy2 Q5CA��@B45CA45CA�[Q5CR79+:/0+:2L=�;3CA� �

¤¥{�i��LwhÒ�oq�-�hi:o�jl�Lw r T O�/.CA�A=�O5�Þ,0/.451ä, 
 �A= � 75;3?�,0C � CAO�, � CAO5�.451ä,0C�;3CA��Q5=�O5O56ACA��Q9+:O5��; ^ CA�.79+:�AC
75/.= � C�,06Í7L=�45/§¦ C�, � 79+:/0+ � ?�,0/.CA� 
 0 P�45/.C ¨ � & � + 0 O�Q ^ =�25�.CA/Þâ�CA/�; ^ +:��,013=�O
Q5CA��75/.13O5�A1379+:;3CA�\�A= � å
7L=��0+:O�,0CA� � =�Q56A;313�.6ACA� � c =�45/H45O��.CA45;x79+:/0+ � ?�,0/.C�4N,013;313�.6 
 0 P � ¨ � & � � �.CA45;3C�;<+ 75/.= � CA��,013=�O�Q9+:O5�H;3C
75;<+:O x2y2 CA�Þ, � =�Q56A;313�0+:25;3C � ��1J; ^ =�O�4N,013;313�.C§Q5CA4���79+:/0+ � ?�,0/.CA� 
 0 P � ¨ � « � � ,0=�4N,0CA��;3CA��/.CA;<+-,013=�O5�
CAO�,0/.C\;3CA�J�A=�=�/.Q5=�O5O56ACA�W�.=�O�,ã2513CAO � =�Q56A;313�.6ACA� � ; ^ C �N�ACA7N,013=�O�Q5C[@B45CA;3@B45CA�W7L=�13O�,0�JQ9+:O5�W;3CA�J75;<+:O5�

 xy � xx2 C�, yy2 � � @B451x�A=�/./.CA�.7L=�O5Q5CAO�,\+:4��&C ��,0/.C � +§Q5CA�HQ5=�O5O56ACA� �



¦�¦�¬

������� ¨ � & � Z CA�A=�O5�Þ,0/.45��,013=�O&�A= � 75;3?�,0C87L=�45/8¦�79+:/0+ � ?�,0/.C[å Ü =�Q5?A;3C � cJU � �

������� ¨ � « � Z CA�A=�O5�Þ,0/.45��,013=�O��A= � 75;3?�,0C87L=�45/ � 79+:/0+ � ?�,0/.CA�Wå Ü =�Q5?A;3C � cJU � �



¦�¦ &
X /./.CA45/�Q5C ZHc � 757 � 
 V CA�Þ, � 
 �Í� � ¦R79+:/0+ � ?�,0/.C � 79+:/0+ � ?�,0/.CA�� cJU � � CA@ � ¨ ��#-# �'3 ¬ 
 �'3 ¦ � ¦ � & 
 � �cJU � X �.79+:�AC�75/.= � C�,06 y !%� ¬-¨ 
 ¨ � !/# � !%� ¬-¨ 
 ¨ � !/# �cJU � X �.79+:�AC�75/.= � C�,06 xy ¦�¨ ! 
 ¦�¨ # � & ¨ 
 «:¨ �cJU � X �.79+:�AC�75/.= � C�,06 y2 ! ª 
 ! ¦ � ! ª 
 ! ¦ �
����� � ¨ ��� � X /./.CA45/�Q ^ CA�Þ,01 � +-,013=�O¥�.45/ãá 7L=�45/8¦�C�, � 79+:/0+ � ?�,0/.CA�

−100 −50 0 50 100
0

50

100

150

200

250

300

350

400

450

X

Y

Estimation de Y − KPCA2 − 1 paramètre

−100 −50 0 50 100
0

50

100

150

200

250

300

350

400

450

X

Y

Estimation de Y − KPCA2 − 2 paramètres

�%�!��� � ,������-�����"���!�
�%�
�+��	�����-���
� � ������&)9 � = � �����!��9 ��=
������� ¨ � ¦qª � Z CA�A=�O5�Þ,0/.45��,013=�O�79+:/Þ,013CA;3;3C�å Ü =�Q5?A;3C � cJU � �

¤¥{�i��LwhÒ�oq�-�hi:o�jl�Lw�fhk5�qo�jl{�mnml{(r ;3C§�Þà��Þ,0? � CÍCA�Þ,�Q56A�A/.1ä,R79+:/RQ5CA4���79+:/0+ � ?�,0/.CA� � x C�,�Q5=�O5� x2

�.=�O�,��A=�O5OB45� � ] CA�ã,0/.=�13�WQ5CA/.O513CA/.�ã79+:/0+ � ?�,0/.CA�ã7LCA/ � C�,.,0CAO�,MQ ^ +:�A�A6AQ5CA/�+:4�� ! �A=�=�/.Q5=�O5O56ACA� � +:O�å
@B49+:O�,0CA��Q9+:O5�_; ^ CA�.79+:�ACMQ5Cã75/.= � CA��,013=�O 
 y � xy � y2 � � ] +\/.CA�A=�O5�Þ,0/.45��,013=�O§79+:/Þ,013CA;3;3C 
 Q56 0 O513CãCA@ � ¨ ��#-# �
Q5=�O5O5C§;3CA�8/.6A�.45;ä,Ñ+-,0�\�.451äâ:+:O�,0� 
 ,Ñ+:25;3C)¨ ��� �  45O5C§CA/./.CA45/81 � 7L=�/Þ,Ñ+:O�,0C��.1�; ^ =�O
4N,013;313�.C�@B4 ^ 45O��.CA45;
79+:/0+ � ?�,0/.C�C�,J45O5CH/.CA�A=�O5�Þ,0/.45��,013=�OÍ@B49+:�.1�å�79+:/ � +:1ä,0C�+�â�CA�HQ5CA4���79+:/0+ � ?�,0/.CA�_,Ñ+:O�,J7L=�45/�;<+829+:�.C�Q5C
,0CA�Þ,W@B45CH7L=�45/_;<+829+:�.CHQ ^ +:7575/.CAO�,013�.�0+:P�C 
 â�=�13/ 0 P�45/.C�¨ � ¦qª � � c =�45/J45OÍ79+:/0+ � ?�,0/.C � ;<+8/.CA�A=�O5�Þ,0/.45� å
,013=�O�79+:/Þ,013CA;3;3CM�.C[�A= � 7L=�/Þ,0CH�A= �Í� CH;<+R/.CA�A=�O5�Þ,0/.45��,013=�O � T O¥/.C�,0/.=�4Nâ�C\Q5CA�W/.6A�.45;ä,Ñ+-,0�W6A@B451äâ:+:;3CAO�,0�
Q9+:O5��; ^ CA�.79+:�AC�75/.= � C�,06 � = � �.45/�;3CA�R,0/.=�13�R�A=�=�/.Q5=�O5O56ACA���A=�/./.CA�.7L=�O5Q9+:O�, � y � ;<+&/.CA�A=�O5�Þ,0/.45��,013=�O
79+:/Þ,013CA;3;3CHQ5C[;<+��A=�=�/.Q5=�O5O56AC xy 75/.6A�.CAO�,0C845O5C\CA/./.CA45/ã6A;3C�â�6AC � c =�45/ãQ5CA4��¥79+:/0+ � ?�,0/.CA� � ;<+ � =�Q56 å
;313�0+-,013=�O C " CA��,0456AC879+:/J;3C[O5=qà�+:4¥7L=�;äà�O5= � 1<+:;5CA�Þ,M2L=�O5O5C[C�,ã;<+R/.CA�A=�O5�Þ,0/.45��,013=�O¥79+:/Þ,013CA;3;3C � �A= �Í� C
;<+[/.CA�A=�O5�Þ,0/.45��,013=�O§CA�Þ,_@B49+:�.1�å�79+:/ � +:1ä,0C � ��1�=�O§/.CAP�+:/.Q5Cã; ^ CA�Þ,01 � +-,013=�ORQ9+:O5��; ^ CA�.79+:�ACã75/.= � C�,06 � =�O)/.C å



¦�¦q«
� +:/.@B45CW@B45CM;3CJQ5CA4��N13? � Cã79+:/0+ � ?�,0/.CJO5Cã�.CA/Þ,_@B4 ^ � �A=�/./.13P�CA/�; ^ CA�Þ,01 � +-,013=�ORQ5C xy � U =�O�,0/0+:13/.C � CAO�,
+:4���+:��75/.6A�A6AQ5CAO�, � Q54 � +:1ä,�Q54�O5= � 25/.CÍQ5CÍ79+:/0+ � ?�,0/.CA��4N,013;313�0+:25;3CA�8;3=�/.�RQ5C�;<+&/.CA�A=�O5�Þ,0/.45��,013=�O
79+:/Þ,013CA;3;3C � ;3CA�M�A= � 7L=�/Þ,0C � CAO�,0�MCAO�/.CA�A=�O5�Þ,0/.45��,013=�O5���A= � 75;3?�,0CA�ãC�,H79+:/Þ,013CA;3;3CA�W�.=�O�,H�A= � 79+:/0+:25;3CA� �
�8w�i��Lwhi�mn�hÒ�jl�Lw�� ;<+ /.CA�A=�O5�Þ,0/.45��,013=�O�79+:/Þ,013CA;3;3C879+:/ � Uãc�a 7L=�;äà�O5= � 1<+:;3C\Q5C�Q5CAP�/.6 � Q5C�Q5=�O�å
O56ACA��@B49+:Q5/0+-,013@B45CA�RQ5=�O5O5C Q5C§2L=�O5�R/.6A�.45;ä,Ñ+-,0� � +-,.,0CAO5Q545�RCAO�/0+:13�.=�O
Q5C ; ^ +:Q56A@B49+-,013=�O
CAO�,0/.C ;3CA�
Q5=�O5O56ACA�HC�,�;<+ � =�Q56A;313�0+-,013=�O��Ñ>5=�13�.13C � ] C879+:�.�0+:P�CR79+:/M; ^ � Uãc � O5=qà�+:4��~+§7LCA/ � 13�ãQ5C 1 P�+:P�O5CA/ 1
45O�79+:/0+ � ?�,0/.C8Q5C8â:+:/.1<+:2513;31ä,06HO56A�ACA�.�0+:13/.C � 45O5CR2L=�O5O5C � =�Q56A;313�0+-,013=�O�Q5CA�HQ5=�O5O56ACA� �
◦ � � ��� ' 	 � � ' � 
,� � � �#' � 	 � 	 * ��� �

−100 −50 0 50 100
0

50

100

150

200

250

300

350

400

450

X

Y

1 paramètre

−100 −50 0 50 100
0

50

100

150

200

250

300

350

400

450

X

2 paramètres

−100 −50 0 50 100
0

50

100

150

200

250

300

350

400

450

X

3 paramètres

������� ¨ � ¦�¦ � Z CA�A=�O5�Þ,0/.45��,013=�O�79+:/Þ,013CA;3;3C[Q5C y å � =�Q5?A;3C\7L=�;äà�O5= � 1<+:;LQ5CAP�/.6 !P�/.13�  Q5=�O5O56ACA�H=�/.13P�13O9+:;3CA��åJO5=�13/  Q5=�O5O56ACA�H/.CA�A=�O5�Þ,0/.451ä,0CA�
� 45CA;3�R�.=�O�,�;3CA�8/.6A�.45;ä,Ñ+-,0�8=�2N,0CAOB45��CAO�4N,013;313�0+:O�,845O�O5=qà�+:4�7L=�;äà�O5= � 1<+:;hQ5C Q5CAP�/.6 �.457L6A/.13CA45/

� � � ]_^ CA�.79+:�AC�Q5C�75/.= � CA��,013=�O�+:�.�.=��A136�+:4���O5=qà�+:4���7L=�;äà�O5= � 1<+:4��¥Q ^ =�/.Q5/.C ! 
 C�,H75;345� � CAO5P�;3=�2LC
; ^ CA�.79+:�AC�P�6AO56A/.6�79+:/�;<+ � =�O5��,013=�O§Q5C�75/.= � CA��,013=�OÍ+:�.�.=��A136ACH+:4 O5=qà�+:4Í7L=�;äà�O5= � 1<+:;�Q5C�Q5CAP�/.6 ��� c +:/
C �NC � 75;3C � ;<+ � =�O5��,013=�OR��+:/0+:��,06A/.13�Þ,013@B45CJ+:�.�.=��A136ACJ+:4�Q5CAP�/.6 ! CA�Þ, (x, y, x2, y2, xy, x3, y3, x2y, xy2) �T O�à&/.C�,0/.=�4Nâ�C�2513CAO~;3CA�M,0CA/ � CA� (x, y, x2, y2, xy) +:�.�.=��A136A�[+:4�Q5CAP�/.6 ��� T O~Q513�.7L=��.C�+:;3=�/.��Q5C !
�A=�=�/.Q5=�O5O56ACA�W�A=�O5OB45CA�ãC�,WQ5C 3 13O5�A=�O5OB45CA� � T O�7L=�45/./0+�4N,013;313�.CA/_�AC�,.,0C � =�13� � 45�.@B4 ^ � ! 79+:/0+ � ?�,0/.CA�
CAO�/.CA�A=�O5�Þ,0/.45��,013=�O�79+:/Þ,013CA;3;3C �



¦ � ª
O5= � 25/.CRQ5CR79+:/0+ � ?�,0/.CA� ¦ � !
CA/./.CA45/H@B49+:Q5/0+-,013@B45C 
 �Í� � ¨5¦ #'3 ¬ 3/� ¦ ¬ &/�'&

����� � ¨ � ! � X /./.CA45/8Q5C /.CA�A=�O5�Þ,0/.45��,013=�O�79+:/Þ,013CA;3;3C 
 29+:�.C§Q ^ +:7575/.CAO�,013�.�0+:P�C � å a =qà�+:4�7L=�;äà�O5= � 1<+:;
Q5CRQ5CAP�/.6 !

] CA�\/.6A�.45;ä,Ñ+-,0�[Q5CA�[/.CA�A=�O5�Þ,0/.45��,013=�O5�\79+:/Þ,013CA;3;3CA��7L=�45/�¦ � ! 79+:/0+ � ?�,0/.CA� 
 ,Ñ+:25;3C�¨ � ! � Q5=�O5O5CAO�,
Q5C � =�/Þ,0CA� CA/./.CA45/.� � � =�13O5�)6A;3C�â�6ACA���ACA7LCAO5Q9+:O�,�7L=�45/ � 79+:/0+ � ?�,0/.CA� � U = �Í� C¥=�O(7LCA4N,Í;3C¥â�=�13/
�.45/M;<+ 0 P�45/.C8¨ � ¦�¦\; ^ +:;3;345/.CHQ5C8;<+�/.CA�A=�O5�Þ,0/.45��,013=�O&7L=�45/ ! 79+:/0+ � ?�,0/.CA� � CA�Þ,��ACA;3;3C[Q ^ 45O&7L=�;äà�O � � C
Q5C§Q5CAP�/.6 !%� S C � � � C � ;3CA�8+:;3;345/.CA�[Q5CA�RCA�Þ,01 � +-,013=�O5�H7L=�45/)¦ C�, � 79+:/0+ � ?�,0/.CA�8;<+:13�.�.CAO�, � 7LCAO�å
�.CA/�@B4 ^ 13; � +:O5@B45CM45O5C��A=�O�,0/0+:13O�,0CM=�4§45O5C�13O � =�/ � +-,013=�O�7L=�45/_CA�Þ,01 � CA/��A=�/./.CA��,0C � CAO�,�;3Cã�Þà��Þ,0? � C �

◦ � � 
,1�')/$�&��� 
 �&/$� ' 	�� � � ��� ' 	�� � 
,� � �#/ � �$� ' � 
,� � � �#/ �]_^ 45�0+:P�C§Q5C � =�Q5?A;3CA� � O5=qà�+:4���7L=�;äà�O5= � 1<+:4����.C /.6�â�?A;3C§Q5=�O5�§4N,013;3C�;3=�/.�.@B45C§;3CA�\/.CA;<+-,013=�O5�
� � =�Q56A;313�.CA/R7LCA4Nâ�CAO�, � ,0/.C¥Q56A�A/.1ä,0CA�)Q5C � +:O513?A/.CÍ;313O56�+:13/.C Q9+:O5�); ^ CA�.79+:�AC���+:/0+:��,06A/.13�Þ,013@B45C � c +:/
+:13;3;3CA45/.� � 75;345�[;3C�Q5CAP�/.6�Q54
O5=qà�+:4
� ^ +:7575/.=��Ñ>5C§Q5C)�ACA;3451hQ5C);<+Í/.CA;<+-,013=�O � Q56A�A/.13/.C � CA13;3;3CA45/M�.CA/0+
;3C�/0+:757L=�/Þ,\CA�Þ,01 � +-,013=�O|©-O5= � 25/.CRQ5C�79+:/0+ � ?�,0/.CA� � X O�C " C�, � 45O
O5=qà�+:4
Q5C)Q5CAP�/.6�,0/.=�7 � +:1325;3CRO5C
75/.CAO5Q5/0+�79+:��CAOt�A= � 7N,0CÍ;<+�/.CA;<+-,013=�O�â�=�45;345C 
 � =�Q5?A;3C ;313O56�+:13/.C � +:;3=�/.��@B4 ^ 45OtO5=qà�+:4tQ5C�Q5CAP�/.6
,0/.=�7�6A;3C�â�6R;<+)O5=�13CA/0+§Q9+:O5��;3CA��75/.= � CA��,013=�O5�MQ5CRQ5CAP�/.68,0/.=�7�6A;3C�â�6 �

¡ �u�xÓ�ml{ � ×�� � k9�u¢$Ö�k9�hÒ�Ò�jl{�whÒ

◦ � 
������ � /�1������ 
] +&Q513�Þ,Ñ+:O5�AC d CAO�,0/.CÍ;3CA�R6A�Ñ>9+:O�,013;3;3=�O5�8CA�Þ,�;<+�29+:�.C Q54 � =�Q5?A;3C)P�+:45�.�.13CAO 
 k(d) = e−
d2

2σ2 � �Y O � =�Q5?A;3CtP�+:45�.�.13CAO�O5C�Q56�,0CA/ � 13O5C�79+:��;<+�/.CA;<+-,013=�O 1 � 75;313�A1ä,0C�CAO�,0/.C�;3CA��+:25�.�A13�.�.CA��C�,�;3CA�
=�/.Q5=�O5O56ACA��Q5CA��6A�Ñ>9+:O�,013;3;3=�O5� � +:13��Q5CA��/.CA;<+-,013=�O5��;3136ACA�&+:4���Q513�Þ,Ñ+:O5�ACA��13O�,0CA/bå�6A�Ñ>9+:O�,013;3;3=�O5�¥Q5C
;<+�29+:�.C�Q ^ +:7575/.CAO�,013�.�0+:P�C � U CA��Q513�Þ,Ñ+:O5�ACA�¥13O�,0CA/bå�6A�Ñ>9+:O�,013;3;3=�O5�Í�.=�O�,�75/.= � C�,06ACA��Q9+:O5�¥45O$O5=qà�+:4
P�+:45�.�.13CAO�Q5CR79+:/0+ � ?�,0/.C σ �] +Â75/.C � 13?A/.CÊ6�,Ñ+:7LC +�â:+:O�,�;<+ /.CA�A=�O5�Þ,0/.45��,013=�O +�â�CA� Q5CA��Q5=�O5O56ACA� � +:O5@B49+:O�,0CA�$CA�Þ,�Q5=�O5�
Q ^ CA�Þ,01 � CA/H;3C�79+:/0+ � ?�,0/.C σ Q5C � +:O513?A/.C�+:7575/.=�75/.136AC�+:4��~Q5=�O5O56ACA� � ]_^ CA/./.CA45/[Q5C�/.CA�A=�O5�Þ,0/.45��,013=�O
CA�Þ,845O��A/.1ä,0?A/.C�+:�.�.C � � 45�Þ,0C�7L=�45/[; ^ CA�Þ,01 � +-,013=�O�Q5C σ � ��1h;3C��Þà��Þ,0? � C)Q5=�O5O5C�45O5C)/.CA�A=�O5�Þ,0/.45��,013=�O
75/.=��Ñ>5CWQ5CA�hQ5=�O5O56ACA��=�/.13P�13O9+:;3CA� � =�O�7LCA4N,�7LCAO5�.CA/�@B45CW;<+ãâ:+:;3CA45/xQ5C σ CA�Þ,_+:7575/.=�75/.136ACJ+:4��Þà��Þ,0? � C �



¦ � ¦

0.1 1 10 100 10e3 10e4 10e5 10e6 10e7
0

10

20

30

40

50

60

Sigma

E
rr

eu
r 

de
 r

ec
on

st
ru

ct
io

n

Choix du paramètre sigma2

 

 

10

20

50

100

200

250

������� ¨ � ¦ � � Z CA�A=�O5�Þ,0/.45��,013=�O&Q5CA�HQ5=�O5O56ACA�HCAO � =�O5��,013=�O�Q5C σ

◦ � ����	�/$� � 	 ��	313� 
�������/�1������ 
�	��(��� * ' ��* 	 � 	 σ

] + 0 P�45/.C�¨ � ¦ � 75/.6A�.CAO�,0C)7L=�45/HQ51 " 6A/.CAO�,0CA�[29+:�.CA�[Q ^ +:7575/.CAO�,013�.�0+:P�C�C�,[Q51 " 6A/.CAO�,0CA�Hâ:+:;3CA45/.��Q5C
σ � ; ^ CA/./.CA45/[Q5C)/.CA�A=�O5�Þ,0/.45��,013=�O�Q5CA�\6A�Ñ>9+:O�,013;3;3=�O5�HQ5C�;<+Í29+:�.C)Q5C�,0CA�Þ, � +�â�CA�)45O�O5= � 25/.C 0 �NC 
 # �
Q5C�79+:/0+ � ?�,0/.CA�_Q5CMâ:+:/.1<+:2513;31ä,06 � S +:O5��45O 75/.C � 13CA/�,0C � 75� � =�O � ^ 13O�,06A/.CA�.�.C � Q5CA�_,Ñ+:13;3;3CA��Q5CM;<+\29+:�.C
Q ^ +:7575/.CAO�,013�.�0+:P�C¥+:�.�.C � 6A;3C�â�6ACA� 
 Q5C&¦qª�ª � �-# ª&6A�Ñ>9+:O�,013;3;3=�O5� � � T O�/.C � +:/.@B45CÍQ5CA4����A= � 7L=�/Þ,0C å
� CAO�,0���.45/�;3CA���A=�45/.2LCA�  
c =�45/ σ 7LC�,01ä, � ; ^ CA/./.CA45/8,0CAO5Q�â�CA/.��45O � 13O51 � 4 � � c =�45/ σ ,0/.?A��P�/0+:O5Q � ; ^ CA/./.CA45/8,0CAO5Q�â�CA/.��45O5C
â:+:;3CA45/��A=�O5�Þ,Ñ+:O�,0C � X O�,0/.C¥�ACA�§Q5CA4��±6�,Ñ+:7LCA� � +:75/.?A�)45O5C¥7L6A/.13=�Q5CÍQ5C�,0/0+:O5�.1ä,013=�O � =�O�,0/.=�4Nâ�C�45O
� 13O51 � 4 � ;3=���+:; � T O&7LCA4N,HQ5=�O5�R�A=�O5�.13Q56A/.CA/�Q5CA4�� � 13O51 � +�;3=���+:4�� �
] C[75/.C � 13CA/ 
 � +:1325;3Cãâ:+:;3CA45/JQ5C σ � �A=�/./.CA�.7L=�O5Q � 45O5C[â:+:;3CA45/JQ5C[; ^ =�/.Q5/.C�Q5C\;<+RQ513�Þ,Ñ+:O5�AC � =qà�CAO5O5C
CAO�,0/.CM;3CA��6A�Ñ>9+:O�,013;3;3=�O5��;3CA��75;345��75/.=��Ñ>5CA� 
 !%���'! � � U C � 13O51 � 4 � +:45P � CAO�,0Cã13O�â�CA/.�.C � CAO�, � ;<+[29+:�.C
Q ^ +:7575/.CAO�,013�.�0+:P�C � �A= �Í� CM=�OÍ7LCA4N,W;3CM/.C � +:/.@B45CA/J7L=�45/�Q5CA�J29+:�.CA�JQ ^ +:7575/.CAO�,013�.�0+:P�CA�W�A=�O5�Þ,01ä,0456ACA�
Q5CR@B45CA;3@B45CA�H7L=�13O�,0���.CA45;3C � CAO�,HC�,H+:�.�.C � CA�.79+:�A6A� 
 Na = 10 =�4 Na = 20 � �]_^ +:4N,0/.C � 13O51 � 4 � ;3=���+:;��A=�/./.CA�.7L=�O5Q � 45O5Cãâ:+:;3CA45/�Q5C σ Q5CM; ^ =�/.Q5/.CãQ5Cã; ^ 6A��+:/Þ,�,�à�7LCMQ5CA�_Q5=�O5O56ACA�

 13�A1 var = 1.104 � �



¦ �-�
c +:/�;<+��.451ä,0C � O5=�45�R6�,045Q513CA/.=�O5��Q5=�O5� ;<+�/.CA�A=�O5�Þ,0/.45��,013=�O�+�â�CA��Q5=�O5O56ACA� � +:O5@B49+:O�,0CA��7L=�45/R�ACA�
Q5CA4���â:+:;3CA45/.�§Q5C σ � ] CA� =�/.Q5/.CA� Q5C&P�/0+:O5Q5CA45/§CAO(/.CA�A=�O5�Þ,0/.45��,013=�O(79+:/Þ,013CA;3;3C��.CA/.=�O�,ÍQ54 � � � C
=�/.Q5/.CR@B4 ^ CAO~/.CA�A=�O5�Þ,0/.45��,013=�O �

Ô�{B�-Ò�ml{�Ò��x�LwhwxgB{�Ò�z�k9wh�F�xk9wLoq{�Ò S +:O5�§;3C���+:Q5/.C�Q5CA�§Q5=�O5O56ACA� � +:O5@B49+:O�,0CA� � �AC��.=�O�, ;3CA�
6A�Ñ>9+:O�,013;3;3=�O5�ãQ5C8;<+�29+:�.C8Q ^ +:7575/.CAO�,013�.�0+:P�CRQ5C879+:/Þ,013CA�ã�A=�O5OB45CA��;3CA�ã75;345�M75/.=��Ñ>5CA�M@B451u�.=�O�,��.6A;3CA� å
,013=�O5O56A��79+:/R;3C � =�Q5?A;3C§7L=�45/RCA�Þ,01 � CA/8;<+&79+:/Þ,013C§13O5�A=�O5OB45C 
 � � � C �.1_;3CA45/.��79+:/Þ,013CA�R13O5�A=�O5OB45CA�
7LCA4Nâ�CAO�, � ,0/.C§,0/.?A�RQ51 " 6A/.CAO�,0CA� � � X O�C " C�, � �A=�O5�.13Q56A/.=�O5�R;3C§O5=qà�+:4�P�+:45�.�.13CAO��A= �Í� C);3C§75/.=�Q5451ä,
Q5C§Q5CA4��
O5=qà�+:4��
P�+:45�.�.13CAO5�8C �N75/.1 � 6A�\13O5Q56A7LCAO5Q9+ �Í� CAO�,\CAO � =�O5��,013=�O~Q5CA�879+:/Þ,013CA�\�A=�O5OB45CA�RC�,
13O5�A=�O5OB45CA� � T O�7LCA4N,H+:;3=�/.�J/.CAQ56 0 O513/ã;3CA�ã�A=�C 
 �A13CAO�,0� αk

i
Q5C8;<+ � cJU � CAO � =�O5��,013=�O¥Q5C\;<+�79+:/Þ,013C

�A=�O5OB45C  α̂k
i = αk

i kc(fc, xi)
� S C � � � C � ;<+¥â:+:;3CA45/RQ5C σ 13O � 45C �.45/�;<+&;<+:/.P�CA45/8C�,�;<+&7L=��.1ä,013=�O

Q5CA� � 13O51 � +\Q5CA�MC �N75/.CA�.�.13=�O5� � � 13O51 � 13�.CA/_7L=�45/WQ56�,0CA/ � 13O5CA/J;<+�79+:/Þ,013C � +:O5@B49+:O�,0C � �A= �Í� CH=�O
7LCA4N,H; ^ =�25�.CA/Þâ�CA/ 0 P�45/.CR¨ � ¦ !%�

0 100 200 300 400
−1

−0.8

−0.6

−0.4

−0.2

0

0 100 200 300 400
−1

−0.8

−0.6

−0.4

−0.2

0

40 50 60 70 80
−1

−0.8

−0.6

−0.4

−0.2

0

ZOOM

������� ¨ � ¦ ! � Ü 13O51 � +~Q5C&;<+ � =�O5��,013=�OtQ5C&�A= � , 7L=�45/§45O � � � C¥6A�Ñ>9+:O�,013;3;3=�Ot7L=�45/ σ = 9.103


 d +:45�Ñ>5C � C�, σ = 3.2 
 S /.=�1ä,0C �
] C(Q5CA/.O513CA/ � +:��,0CA45/�7L=�4Nâ:+:O�,�13O � 45CAO5�ACA/�; ^ CA�Þ,01 � +-,013=�O Q5CA��Q5=�O5O56ACA� � +:O5@B49+:O�,0CA��CA�Þ,�;3C
O5= � 25/.C�Q5C�79+:/0+ � ?�,0/.CA�&Q5C�â:+:/.1<+:2513;31ä,06~4N,013;313�.6 � ] + � =�O5��,013=�O�Q5C�75/.= � CA��,013=�O���+:/0+:��,06A/.13�Þ,013@B45C
φ �A=�/./.CA�.7L=�O5Q9+:O�,�+:4(O5=qà�+:4(P�+:45�.�.13CAO(6�,Ñ+:O�,ÍQ5C&Q51 � CAO5�.13=�Ot13O 0 O513C � =�O(Q513�.7L=��.C�Q ^ +:4N,Ñ+:O�,ÍQ5C



¦ �'!
79+:/0+ � ?�,0/.CA�HQ5C�â:+:/.1<+:2513;31ä,06[@B45C�Q ^ 6A�Ñ>9+:O�,013;3;3=�O5�HQ9+:O5�H;<+ 29+:�.C�Q ^ +:7575/.CAO�,013�.�0+:P�C � +:13���A=�O�,0/0+:13/.C å
� CAO�,�+:4�O5=qà�+:4�7L=�;äà�O5= � 1<+:; � =�O�O5C 7LCA4N,R=�25�.CA/Þâ�CA/�;3CA45/8C " C�,RQ9+:O5�R; ^ CA�.79+:�AC 75/.= � C�,06 � @B451_CA�Þ,
13O9+:�A�ACA�.�.1325;3C �

◦ �����&/$' �������] +�/.CA�A=�O5�Þ,0/.45��,013=�O�79+:/Þ,013CA;3;3C&Q5CA�¥Q5=�O5O56ACA�¥�.CA/0+±C " CA��,0456AC�7L=�45/�;3CA��Q5CA4��%â:+:;3CA45/.�ÍQ5C σ
Q56�,0CA/ � 13O56ACA�W75/.6A�A6AQ5C �Í� CAO�, � U CA;3;3C å��A19�.CA/0+�Q ^ +:2L=�/.Q�/.6�+:;313�.6ACH�.45/W;<+R29+:�.C\Q ^ +:7575/.CAO�,013�.�0+:P�C[754513�
�.45/�;<+�29+:�.CÍQ5CÍ,0CA�Þ, � ] CÍ�.�Ñ>56 � +�1ä,06A/0+-,01 � Q56 0 O51�75/.6A�A6AQ5C �Í� CAO�,)Q9+:O5��;<+&79+:/Þ,013C),0>56A=�/.13@B45CÍO5C
�.CA/0+ 4N,013;313�.6\@B45C�;3=�/.�ãQ5CR;<+§/.CA�A=�O5�Þ,0/.45��,013=�O�79+:/Þ,013CA;3;3C[Q5CR;<+)29+:�.C�Q5C8,0CA�Þ, �
X OÍC " C�, � �ACA;3451�å��A1NCA�Þ,W+:�.�.C � 13O5�Þ,Ñ+:25;3CãC�,JO56A�ACA�.�.1ä,0C�45O5C�13O51ä,01<+:;313�0+-,013=�O�+:4 7L=�13O�,_;3Cã75;345��75/.=��Ñ>5CMQ5C
;<+�29+:�.C)Q ^ +:7575/.CAO�,013�.�0+:P�C � c =�45/\;<+�29+:�.C)Q ^ +:7575/.CAO�,013�.�0+:P�C � �AC)�.�Ñ>56 � +¥/.C�â�13CAO5Q5/0+:1ä, � 13O51ä,01<+:;313�.CA/
;3C 7L=�13O�,��.45/�;3451�å � � � C 
 �ACÍ@B451JQ5=�O5O5CÍ;3C 2L=�O�/.CA�.45;ä,Ñ+-, � � S CÍ75;345� � ;<+ � =�O5��,013=�O�Q5CÍ�A= � ,�7L=�45/
�ACA/Þ,Ñ+:13O5CA�Wâ:+:;3CA45/.�JQ5C σ 7L=��.�.?AQ5C875;345�.13CA45/.� � 13O51 � +8;3=���+:4�� � �A= �Í� C � =�O�,0/.6H�.45/ã;<+ 0 P�45/.C[¨ � ¦ !%�T O�7LCA4N,ã79+:/W+:13;3;3CA45/.��/.C � +:/.@B45CA/W@B45C[;3CA� � 13O51 � +\P�;3=�29+:4�� O5C[�A=�/./.CA�.7L=�O5Q5CAO�,ã79+:�WC �5+:��,0C � CAO�,
� ;<+�Q5=�O5O56AC~/.CA�Ñ>5CA/.�Ñ>56AC 
 CAO%/.=�45P�C � � X O�75;345�ÍQ54%�.�Ñ>56 � +�1ä,06A/0+-,01 � 4N,013;313�.6&7L=�45/ Q56�,0CA/ � 13O5CA/
;3CA�[Q5=�O5O56ACA� � +:O5@B49+:O�,0CA�\�.45/\;<+Í29+:�.C)Q5C�,0CA�Þ, � 45O5C)Q56�,0CA/ � 13O9+-,013=�O�OB4 � 6A/.13@B45C�79+:/[/.CA�Ñ>5CA/.�Ñ>5C
C �N>9+:45�Þ,01äâ�C Q5CA� � 13O51 � + Q5C);<+ � =�O5��,013=�O�Q5C§�A= � ,R+¥Q5=�O5�§6�,06)C " CA��,0456AC 7L=�45/\; ^ CA�Þ,01 � +-,013=�O�Q5CA�
Q5=�O5O56ACA� � +:O5@B49+:O�,0CA�H�.45/�;3CA�M29+:�.CA�HQ ^ +:7575/.CAO�,013�.�0+:P�CRC�,HQ5C8,0CA�Þ, �
] CA��/.6A�.45;ä,Ñ+-,0���.=�O�,�,0/.?A��Q51 " 6A/.CAO�,0���.CA;3=�O�;3CA�MQ5CA4�����+:��Q5CRO5=qà�+:4�� �

−100 −50 0 50 100
0

50

100

150

200

250

300

350

400

450

−100 −50 0 50 100
0

50

100

150

200

250

300

350

400

450

������� ¨ � ¦�¨ � Z CA�A=�O5�Þ,0/.45��,013=�O�79+:/Þ,013CA;3;3C[7L=�45/ σ = 7.5.103 
 d +:45�Ñ>5C � C�, σ = 3.2 
 S /.=�1ä,0C �



¦ � ¨
σ2 = 2 ¦ � ! #
+:7575/ � ��� ! ��� ! ��� ! ��� !
,0CA�Þ, ¦ &%� 3 
 ¦ &%� ¬ � ¦ &%� 3 
 ¦ &%� 3 � ¦ &%� 3 
 ¦ &%� ¬ � ¦ &%� 3 
 ¦ &%� 3 �

σ2 = 2 ¦qª � ª # ª ¦qª�ª
+:7575/ � ��� ! ��� ! ��� ! ��� !
,0CA�Þ, 
 � � 1 � � ¦ &%� 3 
 ¦ &%� 3 � ¦ &%� 3 
 ¦ &%� ¬ � ¦ &%� 3 
 ¦ &%� ¬ � ¦ &%� 3 
 ¦ &%� ¬ �
σ2 = 9.103 ¦ � ! #
+:7575/ � ¦qª & «N¦ &-!/�'3 3/� ¦ 3 3 «N¦ 3
,0CA�Þ, 
 � � 1 � ¦ !/#-# ¨ 
 ¦ ! ¨B¬ � � ¦qª !/�'! 
 ¦qªN¦ � « � ¬ &/# ª 
 ¨B¬ #'& � &-&-& ª 
 # « � ª �

σ2 = 9.103 ¦qª � ª # ª ¦qª�ª
+:7575/ � 3/# ª & ¬ ! « 3 &/# ª�¬ &/#-� «
,0CA�Þ, 
 � � 1 � � &-!/# ¦ 
 3 ¨ !/# � ¬ !-3 ¨ 
 ¬ ! « 3 � & ¨B¬ 3 
 &/# ª�¬ � &-!-!/# 
 &/�-# « �
����� � ¨ � ¨ � X /./.CA45/�@B49+:Q5/0+-,013@B45CRQ5CR; ^ CA�Þ,01 � +-,013=�O¥Q5C\á å a =qà�+:4�� d +:45�.�.13CAO5�

S +:O5�\;3C�75/.C � 13CA/H��+:� 
 σ = 3.2 � � =�O�/.C�,0/.=�4Nâ�C§79+:/ � +:1ä,0C � CAO�,[;3CA�[6A�Ñ>9+:O�,013;3;3=�O5�HQ ^ +:7575/.CAO�,013�.�0+:P�C
C�,ã�ACA4���Q5C[;<+R29+:�.CHQ5CH,0CA�Þ,M+�â�CA�[45O5C[CA/./.CA45/J,0/.?A� � +:1325;3C 
 ,Ñ+:25;3C�¨ � ¨ � � ]_^ CA/./.CA45/WCAO¥+:7575/.CAO�,013�.�0+:P�C
CA�Þ,~Q545C�+:4�79+:��Q5C�;<+ � 13O51 � 13�0+-,013=�O(C �N>9+:45�Þ,01äâ�C � ]_^ CA/./.CA45/�CAO�,0CA�Þ,~CA�Þ,~Q545C�+:4���@B45CA;3@B45CA�
6A�Ñ>9+:O�,013;3;3=�O5��;3=�13O�Q54Ê�ACAO�,0/.Ct7L=�45/~;3CA�.@B45CA;3�~; ^ CA�Þ,01 � +-,013=�O�CA�Þ,
75;345� � +:45�.�.6AC � ] C�O5= � 25/.C�Q5C
79+:/0+ � ?�,0/.CA�¥Q5C~â:+:/.1<+:2513;31ä,06¥O ^ 13O � 45C�79+:�¥�.45/¥;3CA��/.6A�.45;ä,Ñ+-,0�¥C�,¥;3CA��â:+:;3CA45/.��75/.=�75/.CA�¥�.=�O�,¥,0/.?A�
/.6A79+:/Þ,013CA� 
 λ1

Q5C�; ^ =�/.Q5/.C
Q5C(¦ � � � a =�45���.= �Í� CA�&Q9+:O5��45O���+:��= � ;3C�O5= � 25/.C�Q ^ C �NC � 75;3CA�
+:7575/.13��CA�Þ,[�.4 
 �0+ �Í� CAO�,[2513CAO�Q513�Þ,0/.1325456R7L=�45/�@B45C�;3CA��C �NC � 75;3CA�HQ5CR,0CA�Þ,0�H�.=�13CAO�,H,0/.?A�H75/.=��Ñ>5CA�
Q5CA�H6A�Ñ>9+:O�,013;3;3=�O5�ãQ5CR; ^ +:7575/.CAO�,013�.�0+:P�C �
S +:O5� ;3C �.CA�A=�O5Q ��+:� 
 σ = 8.103 � � �Ñ>9+:@B45C 6A�Ñ>9+:O�,013;3;3=�O /.CA�A=�O5�Þ,0/.451ä, �.C � 25;3C 13O � 45CAO5�A6
7L=�45/�,0=�45�¥;3CA�¥6A�Ñ>9+:O�,013;3;3=�O5��Q5C�; ^ +:7575/.CAO�,013�.�0+:P�C � �A= �Í� C~=�O�7LCA4N,�;3C��A=�O5�Þ,Ñ+-,0CA/ 0 P�45/.C�¨ � ¦�¨ �
] C O5= � 25/.C Q5C 79+:/0+ � ?�,0/.CA��C �NCA/.�AC 45O5C��ACA/Þ,Ñ+:13O5C�13O � 45CAO5�AC C�,�;3CA�$â:+:;3CA45/.��75/.=�75/.CA��Q54
�Þà��Þ,0? � C��.=�O�,&2LC�+:45�A=�457 � =�13O5��6A79+:/.7513;3;36ACA� 
 λ1 = 49.8% � λ2 = 36.2% � λ3 = 18.8% � � � �
C�,_=�O),0/.=�4Nâ�CM45O§=�7N,01 � 4 � Q5Cã/.CA�A=�O5�Þ,0/.45��,013=�O§7L=�45/ ! 79+:/0+ � ?�,0/.CA��Q5CWâ:+:/.1<+:2513;31ä,06A� 
 0 P�45/.Cã¨ � ¦ # � �

◦ � � 
,1�')/$�&��� 
] C � +:1325;3C O5= � 25/.C�Q5C��A=�=�/.Q5=�O5O56ACA��Q5C¥O5=:,0/.CÍC �NC � 75;3C�CAO � +:1ä,�45O±C �NC � 75;3C�7LCA4t+:Q9+:7N,06
7L=�45/�;<+ � =�Q56A;313�0+-,013=�O 79+:/�45OÂO5=qà�+:4ÂP�+:45�.�.13CAO � U CA7LCAO5Q9+:O�,t; ^ 45�0+:P�C(Q54 O5=qà�+:4 P�+:45�.�.13CAO �
�A= �Í� C�,0=�4N,ÍO5=qà�+:4�29+:�.6��.45/�;3CA� Q513�Þ,Ñ+:O5�ACA��+�75;345�.13CA45/.�Í+�â:+:O�,Ñ+:P�CA� � V =�4N,�Q ^ +:2L=�/.Q � 13;MO ^ CA�Þ,
79+:��Q56A7LCAO5Q9+:O�,�Q5CA�
/.CA;<+-,013=�O5��CAO�,0/.C�;3CA���A=�=�/.Q5=�O5O56ACA� � +:O5@B49+:O�,0CA��C�,��A=�O5OB45CA� � � +:13��Q5CA�



¦ �-#

10 20 30 40 50 60 70 80 90 100
2000

4000

6000

8000

10000

12000

14000

 

 
appr.
ICP
Coût

������� ¨ � ¦ # � X /./.CA45/.�hQ5CJ/.CA�A=�O5�Þ,0/.45��,013=�O�79+:/Þ,013CA;3;3C��.CA;3=�O�;3C�O5= � 25/.C�Q5CJ79+:/0+ � ?�,0/.CA�hQ5C�â:+:/.1<+:2513;31ä,06
å σ = 9.103

6A�Ñ>9+:O�,013;3;3=�O5��Q5C�;<+�29+:�.C�Q ^ +:7575/.CAO�,013�.�0+:P�C � � =�/ � CA�(Q5C�/.6 � 6A/.CAO5�ACÊ+:4��N@B45CA;3;3CA�%=�O �A= � 79+:/.C
; ^ 6A�Ñ>9+:O�,013;3;3=�O � /.CA�A=�O5�Þ,0/.4513/.C � X O5�.451ä,0C � ;<+ � 13O51 � 13�0+-,013=�O 79+:/t�.�Ñ>56 � + 1ä,06A/0+-,01 � � @B451��ACA/Þ,0CA�
CA�Þ,¥,0/.?A���.CAO5�.1325;3C~+:4�� � 13O51 � +�;3=���+:4�� � 7LCA/ � C�,��.=�O$+:7575;313��+-,013=�O � Q5CA� � +:�.�.CA��Q5C~Q5=�O5O56ACA�
� +:O5@B49+:O�,0CA��1 � 7L=�/Þ,Ñ+:O�,0CA� � S C(75;345� � 13;)� ^ +:7575;313@B45C�@B45CA; @B45C(�.=�1ä,�;3C±,�à�7LC(Q5C(/.CA;<+-,013=�O5� �
Q56�,0CA/ � 13O5CA/�79+:/ � 1H;3CA��Q5=�O5O56ACA�&+�â�CA�
75;345��=�4 � =�13O5�ÍQ5C~,0CAO5Q9+:O5�AC�+:4��.45/0+:7575/.CAO�,013�.�0+:P�C � ` ;
� ^ +:P�1ä,�Q5C8,0/.=�4Nâ�CA/�45O��A= � 75/.= � 13�ãCAO�,0/.CR75/.6A�A13�.13=�O&C�,HP�6AO56A/0+:;313�0+-,013=�O �
]_^ +:25�.CAO5�ACRQ5C � =�O5��,013=�O¥Q5C\75/.= � CA��,013=�O�Q56 0 O513C8�A=�/./.CA�.7L=�O5Q9+:O�,H+:4�O5=qà�+:4&C � 7 � �Ñ>5C � 79+:/ã�A=�O�,0/.C �
,0=�4N,0CÍ7L=��.�.132513;31ä,06§Q5CÍ7LCA/.�AC�â�=�13/�;3CA� � =�Q5CA�RQ5CÍâ:+:/.1<+-,013=�O5�R+�â�CA�¥45O5CÍ�A= � 75/.6A>5CAO5�.13=�O�75;345� 0 O5C
Q54��A= � 7L=�/Þ,0C � CAO�, �

���LwhwxgB{�Ò��x{�Ò � wLo��xÓ�ÒA{±r * �Lwhi�mn�hÒ�jl�Lw
U CA�MQ5=�O5O56ACA�MQ5C\�Þà�O�,0>5?A�.C�+:4¥��+:/0+:��,0?A/.C\O5=�O�å�;313O56�+:13/.CH�.1 � 75;3CHO5=�45�ã=�O�,ã7LCA/ � 13�WQ ^ +:7575/.6A>5CAO�å
Q5CA/ � +:�A13;3C � CAO�,ã;3CA��+�â:+:O�,Ñ+:P�CA��C�,�;3CA�M13O5�A=�O�â�6AO513CAO�,0�HQ5C8�Ñ>9+:@B45C�O5=qà�+:4 � c =�45/�;3C\O5=qà�+:4�7L=�;äà�O5=-å
� 1<+:;FQ5CRQ5CAP�/.6 � � ;3C8;313CAO�+�â�CA��; ^ +:O9+:;äà��.C8CAO~�A= � 7L=��0+:O�,0CA��75/.13O5�A1379+:;3CA�MQ9+:O5�H; ^ CA�.79+:�ACR75/.= � C�,06�+
7LCA/ � 13�J45O5C � CA13;3;3CA45/.CM�A= � 75/.6A>5CAO5�.13=�O¥Q5C[;<+ � =�Q56A;313�0+-,013=�O � @B451Õ+�6�,06\/.6A4N,013;313�.6AC�7L=�45/J;3CHO5=qà�+:4
7L=�;äà�O5= � 1<+:;�Q5C�Q5CAP�/.6 !%� c =�45/�;3CMO5=qà�+:4�P�+:45�.�.13CAO � ;<+ � 13�.CMCAOÍ75;<+:�ACMQ ^ 45O��A/.1ä,0?A/.CMQ5C��Ñ>5=�1�� 7L=�45/
;<+R;<+:/.P�CA45/_Q5CH;<+8P�+:45�.�.13CAO5O5C\+R7LCA/ � 13�_Q ^ +:2L=�4N,013/ � 45O5C � =�Q56A;313�0+-,013=�O)��+:79+:25;3C�Q5CH/.CA�Þ,01ä,045CA/�O5=��
79+:/Þ,013CA� � +:O5@B49+:O�,0CA� �



¦ �'3
� 	 � ��� � � ��� � � � 
 � 
�� ��� � f � 	 ��� 	 ��� � � ��� 	 � � � � � � � ��� � 
0�����

c �

������� ¨ � ¦ 3 � U 6A75>9+:;3=�P�/0+ �Í� C � �A=�O�,0=�45/��A/ 2 O513CAO � 7L=�13O�,0�M/.6ACA;3� 
 25;<+:O5� � C�,HCA�Þ,01 � 6A� 
 O5=�13/ �
]_^ 45O)Q5CA��=�2 � C�,0�hQ ^ 6�,045Q5CãQ5CJ;<+��A6A75>9+:;3= � 6�,0/.13C_CA�Þ,�;<+��A/.=�13�.�0+:O5�ACJQ54��A/0+:O5CWQ5CA� � CA45O5CA��CAO � +:O�,0�
+ 0 O�Q ^ + � 6A;313=�/.CA/H;<+�,0>56A/0+:7513C§CAO�=�/Þ,0>5=�Q5=�O�,013C � ¦qª�ª � ¦qªN¦ � � ] +��A6A75>9+:;3= � 6�,0/.13C)CA�Þ,�29+:�.6AC �.45/8;3C
75;<+:�AC � CAO�,xQ ^ + � CA/.� � ;3CA�u7L=�13O�,0�F�A6A75>9+:;3= � 6�,0/.13@B45CA� � �.45/xQ5CA�u,06A;36A/0+:Q513=�P�/0+:75>513CA�Õ=�4R/0+:Q513=�P�/0+:75>513CA�
�0+:P�1ä,.,Ñ+:;3CA� � S Q54��A/ 2 O5C 
 0 P�45/.CA�~¨ � ¦ 3 C�,~¨ � ¦ & � � � U CA�~7L=�13O�,0���.=�O�,~4N,013;313�.6A��7L=�45/�;3C���+:;3�A45;
Q5CÍ�A/.1ä,0?A/.CA� � OB4 � 6A/.13@B45CA� � ,0CA;3��@B45CÍ;<+�;3=�O5P�45CA45/RQ ^ 45O��.CAP � CAO�,�=�4�; ^ +:O5P�;3C§CAO�,0/.CÍQ5CA4���;313P�O5CA� �
]_^ 13O�,0CA/.75/.6�,Ñ+-,013=�O�Q5CÍ�ACA�Râ:+:;3CA45/.�RCA�Þ,�4N,013;313�.6AC)CAO5�.451ä,0CÍ7L=�45/RQ51<+:P�O5=��Þ,013@B45CA/8;<+�Q56�â�1<+-,013=�O
Q5CÍ;<+
� =�/ � C[Q54��A/ 2 O5C8Q54�79+-,013CAO�,MQ5C\;<+ � =�/ � C[Q5C\/.6 � 6A/.CAO5�AC � U C�,.,0C813O�,0CA/.75/.6�,Ñ+-,013=�O¥CA�Þ,H+:45�.�.1Õ4N,013;313�.6AC
;3=�/.�MQ5CR; ^ 6�â:+:;349+-,013=�O¥Q ^ 45O&,0/0+:1ä,0C � CAO�,�=�/Þ,0>5=�Q5=�O�,013@B45C �
] CA��7L=�13O�,0�h�A6A75>9+:;3= � 6�,0/.13@B45CA���.=�O�,�;3136A� � ;<+ � =�/ � CJQ54��A=�O�,0=�45/��A/ 2 O513CAO � ] CJ�A=�O�,0=�45/��A/ 2 O513CAO�CA�Þ,
6A�Ñ>9+:O�,013;3;3=�O5O56 � Y O5C � =�/ � C�CA�Þ,\13�A1x�A=�O5�Þ,01ä,0456AC)Q5CA�[7L=�13O�,0�[Q54��A=�O�,0=�45/[6A�Ñ>9+:O�,013;3;3=�O5O56�+:4��N@B45CA;3�
�.=�O�,[+ � =�4N,06A�H;3CA�M7L=�13O�,0�M�A6A75>9+:;3= � 6�,0/.13@B45CA� � ¦qª � � �
] +�29+:�.C�Q5C~Q5=�O5O56ACA��CA�Þ,��A=�O5�Þ,01ä,0456AC~Q5C �'!-! 13O5Q51äâ�13Q545� � Q56A�A/.1ä,0�Í79+:/&¦ & 7L=�13O�,0� Q5C�;<+
â�= � ,0C
�A/ 2 O513CAO5O5C�C�,)¦ # 7L=�13O�,0�[�A6A75>9+:;3= � 6�,0/.13@B45CA� � T O�7LCA4N,\/.C � +:/.@B45CA/[;<+ Q51 " 6A/.CAO5�AC)Q5C�/.6A79+:/Þ,01ä,013=�O



¦ � ¬

−800 −600 −400 −200 0 200 400 600 800
−800

−600

−400

−200

0

200

400

600

800

Plan médio−sagittal

Distribution des points céphalométriques 
et de la voûte crânnienne 
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Plan médio−sagittal

Estimation d’un point céphalométrique à l’aise des points 
de la voûte crânienne (et du nasion)
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Reconstruction par le modèle linéaire
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Reconstruction Partielle − Modèle KPCA polynomiale
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Reconstruction partielle − Modèle Gaussien
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