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11Pr�esentationCe chapitre o�re un r�esum�e en fran�cais des chapitres suivants �ecrits enanglais. Son organisation est le re
et de la structure de la th�ese et les sectionset sous-sections correspondent respectivement aux chapitres et �a leurs sections.Le lecteur d�esirant approfondir un des sujets pr�esent�es ci-dessous pourra doncse reporter �a la partie correspondante en anglais pour y trouver le d�etail desalgorithmes ainsi que des exemples.I IntroductionI.1 ContexteLes progr�es accomplis en termes de technologie du processeur, et notam-ment l'augmentation de la fr�equence, n'ont pas �et�e suivis par une am�eliorationsimilaire de la capacit�e et des performances m�emoire. La lenteur relative desacc�es m�emoire, même avec une hi�erarchie de caches, empêche les processeursd'atteindre leurs performances optimales. Les machines s�equentielles n'o�rentd�esormais plus une puissance su�sante pour traiter de nombreuses applications,parmi lesquelles, outre les (( Grands Challenges )), on trouve des simulations oudes applications multim�edia. Les simulations qui prennent une place de plusen plus importante dans de nombreux domaines, soit pour des raisons �econo-miques (en a�erodynamique par exemple), soit parce que l'exp�erimentation n'estpas possible (en sismologie, cosmologie,...), requi�erent de tr�es grandes quantit�esde m�emoire et les applications multim�edia quant �a elles imposent de lourdescontraintes sur les temps d'ex�ecution.L'id�ee est alors de diviser le programme ou les donn�ees initiales en di��erentesparties qui sont trait�ees par autant de processeurs. Cette id�ee d'ex�ecution pa-rall�ele a conduit dans un premier temps aux architectures vectorielles, commecelle du Cray I. Les mêmes instructions s'ex�ecutent sur un vecteur de don-n�ees. Toutefois, l'e�cacit�e de telles architectures est tr�es li�ee �a la r�egularit�e ducode parall�ele. Une fa�con plus g�en�erale d'am�eliorer les performances au niveaudu processeur est obtenue grâce aux architectures super-scalaires ou VLIW.Di��erentes instructions sont ex�ecut�ees en parall�ele. En�n, une autre approcheconsiste �a multiplier le nombre de processeurs dans une machine dans le butde multiplier de mani�ere similaire les performances. La m�emoire est alors soit



12 PR�ESENTATIONdistribu�ee entre les processeurs (comme pour l'IBM SP2) soit partag�ee (commepour le Cray YMP).A�n d'atteindre des performances �elev�ees sur un ordinateur parall�ele, unprogramme, ou tout au moins l'algorithme qu'il impl�emente, doit �evidemmentcontenir un degr�e signi�catif de parall�elisme. Exhiber ce parall�elisme et tenircompte des sp�eci�cit�es de la machine cible est une tâche qui revient au program-meur et/ou au compilateur. De plus, le programme parall�ele doit être portablea�n de pallier l'obsolescence rapide des machines parall�eles. Deux possibilit�essont o�ertes au programmeur :{ Les langages explicitement parall�eles. La plupart des langages propos�essont des extensions de langages s�equentiels, comme par exemple OC-CAM, Fortran D [72], Vienna fortran [132] ou HPF [57]. Certainesextensions sont des biblioth�eques : PVM [119] et MPI [63] par exemple.Cette approche rend possible la programmation d'algorithmes parall�elesperformants. N�eanmoins, outre l'algorithmique, le programmeur doit �ega-lement s'occuper d'op�erations plus techniques et d�ependant de la machine,comme la r�epartition des donn�ees entre les processeurs suivant leurs ca-pacit�es m�emoire, les communications, les synchronisations,... Cela exigeune connaissance approfondie du fonctionnement de la machine cible. Dese�orts notables ont �et�e faits avec HPF pour qu'une partie de ce travailsoit e�ectu�e par le compilateur, mais alors le programmeur doit avoir unebonne connaissance de ce que le compilateur est capable de faire et de lamani�ere dont il le fait... Quant �a la portabilit�e, cela a �et�e l'un des objectifsprincipaux d'HPF ainsi que des biblioth�eques PVM et MPI. Toutefois,portabilit�e ne signi�e pas e�cacit�e, et certains choix faits sur le mod�elede machine parall�ele a�ectent in�evitablement les performances.{ La parall�elisation automatique de langages s�equentiels de haut niveau.Les avantages �evidents de cette approche sont la portabilit�e, la simplicit�ede programmation et le fait que même les vieux codes s�equentiels nondocument�es sont en th�eorie parall�elisables. Cependant, la tâche qui revientau compilateur est �enorme. En e�et, le programme doit dans un premiertemps être analys�e a�n de comprendre au moins partiellement ce qu'ilfait et quelles sont les parties qui pourront être parall�elis�ees. Ensuite, ceparall�elisme doit être exhib�e tout en tenant compte des sp�eci�cit�es de lamachine. Même pour des programmes tr�es simples et pour un mod�ele demachine simpli��e, l'((optimalit�e)) de l'une ou l'autre de ces �etapes ne peutêtre atteinte, pour des raisons de d�ecidabilit�e. En fait, il existe un large�eventail de techniques de parall�elisation, de complexit�es et d'e�cacit�esvari�ees. La di�cult�e vient du choix de la m�ethode �a appliquer, choix quiest jusqu'�a pr�esent guid�e par l'exp�erience du programmeur. Ainsi, de lamême fa�con que pour HPF, le processus de parall�elisation demande une�ort de la part du programmeur ainsi que du compilateur.



I. INTRODUCTION 13Le langage le plus couramment utilis�e pour la parall�elisation ((automati-que)) est Fortran 77. En e�et, de nombreuses applications scienti�quessont �ecrites dans ce langage et Fortran n'autorise que des structures dedonn�ees (scalaires et tableaux) et de contrôle relativement simples. Des�etudes ont toutefois �et�e men�ees pour la parall�elisation du C ou de langagesfonctionnels tel que le Prolog ou le Lisp. Il existe d�ej�a de nombreuxparall�eliseurs automatiques et outils de parall�elisation : Bouclette duLIP �a Lyon [21], Loopo du FMI �a Passau [62],Parafrase-2 etPolarisdu CSRD de l'universit�e de l'Illinois [100, 20], Paf de l'universit�e deVersailles, Pips de l'�ecole des Mines de Paris [73] et Suif de l'universit�e deStanford [3] entre autres, ainsi qu'un certain nombre d'outils commerciauxd'aide �a la parall�elisation, comme CFT, FORGE, FORESYS ou KAP.On s'int�eresse plus particuli�erement dans cette th�ese aux techniques de pa-rall�elisation automatique et plus sp�eci�quement au type d'analyses d�etectantles parties d'un programme qui sont parall�eles.I.2 Analyses de d�ependancesLa parall�elisation automatique requiert une compr�ehension approfondie ducomportement du programme �a parall�eliser. Cette connaissance permet ensuiteau compilateur d'exhiber le parall�elisme, d'am�eliorer la localit�e des donn�eesou l'utilisation de la m�emoire en transformant le code, ainsi que de d�etecterpar exemple les r�ecurrences, dans le but de produire un programme parall�elee�cace.Le comportement du programme est compl�etement d�etermin�e par la suitedes valeurs prises par les variables durant l'ex�ecution. L'analyse des valeurs desvariables fait partie des outils classiques des compilateurs actuels et est appel�eeanalyse du 
ot des donn�ees [1]. L'interpr�etation abstraite [32] o�re un cadre for-mel pour ce type d'analyse, l'information concernant les valeurs des variables�etant trouv�ee en ex�ecutant le programme dans une nouvelle s�emantique ap-prochant la s�emantique d'origine. Les premi�eres analyses se sont attach�ees �atrouver des propri�et�es sur les valeurs des variables scalaires. Une �equation de
ot de donn�ees est associ�ee �a chaque instruction du programme et ce syst�emed'�equations est ensuite r�esolu soit it�erativement soit directement [115]. Ces m�e-thodes ont depuis lors �et�e �etendues aux tableaux, mais elles consid�erent lestableaux comme des �el�ements indivisibles ou ne consid�erent que des ensemblesd'�el�ements de tableaux.Les techniques de vectorisation et de parall�elisation sont bas�ees principale-ment sur la d�etection du parall�elisme cach�e par des r�ef�erences ind�ependantes �ades parties distinctes de tableaux. Deux op�erations sont dites en d�ependance sil'une d'elles �ecrit dans la cellule m�emoire acc�ed�ee par l'autre. Comme pour denombreuses propri�et�es du programme, les d�ependances peuvent être trouv�eespar une analyse traditionnelle du 
ot des donn�ees. Cependant, des techniques



14 PR�ESENTATIONplus sp�eci�ques ont �et�e mises au point pour traiter les d�ependances entre ta-bleaux. Il existe ainsi de nombreux tests de d�ependances, pour v�eri�er la l�egalit�ed'une transformation de code [7]. Toutefois, ces tests ne sont pas exacts en g�en�e-ral et ne permettent pas de distinguer une vraie d�ependance qui d�ecrit un vrai
ot d'information entre op�erations, d'une d�ependance o�u la valeur est d�etruiteentre les deux op�erations en d�ependance. Des m�ethodes plus pr�ecises ont vu lejour pour calculer, pour chaque �el�ement de tableau lu par une op�eration (ap-pel�ee le puits), l'op�eration (la source) qui a produit la valeur lue. Ces m�ethodessont appel�ees analyses de d�ependances de 
ot de donn�ees pour tableaux [52],ou analyses de d�ependances bas�ees sur les valeurs [103]. Ce type d'informationpermet d'am�eliorer signi�cativement les transformations de code et les opti-misations m�emoire, et par cons�equent permet d'am�eliorer les performances ducode parall�ele. Les analyses exactes de d�ependance de 
ot reposent sur deuxchoses :{ chaque op�eration, c'est-�a-dire, chaque instance d'instruction du program-me, est d�e�nie par son instruction et une repr�esentation �nie de la datelogique d'ex�ecution. Cette abstraction de la date d'ex�ecution doit être li�eeaux structures de contrôle a�n de pouvoir par la suite utiliser le r�esultat del'analyse pour transformer le code. En g�en�eral, les programmes contenantdes appels r�ecursifs de proc�edure ou des goto non structur�es ne peuventpas être analys�es de fa�con exacte. La plupart des formalismes propos�es�a ce jour se limitent aux structures de contrôle que sont la s�equence,les boucles et les conditionnelles. La date logique d'ex�ecution est alorsrepr�esent�ee par le vecteur des compte-tours des boucles englobantes.{ Une fois le probl�eme de d�ependance formul�e, des outils de programmationlin�eaire enti�ere sont utilis�es a�n de calculer la solution exacte v�eri�anttoutes les contraintes de d�ependances. Il faut alors que ces contraintessoient a�nes en les variables et param�etres du programme lin�eaire. G�en�e-ralement, les variables choisies sont les compte-tours des boucles. Ainsi,tous les indices de tableaux, toutes les bornes de boucles et tous les pr�e-dicats des conditionnelles doivent être a�nes en les compte-tours. Lesprogrammes �a une seule proc�edure dont les seules structures de contrôlesont la s�equence, les boucles et les conditionnelles, v�eri�ant ces contraintesde lin�earit�e sont appel�es programmes �a contrôle statique.L'analyse exacte de d�ependance de 
ot pour tableaux fait par cons�equent deshypoth�eses tr�es fortes sur les programmes analys�es et l'utilisation des outils deprogrammation lin�eaire montre que ce type d'analyse est coûteux en g�en�eral.De nombreux e�orts ont �et�e faits a�n de r�eduire ce coût et nous proposons �ega-lement dans cette th�ese une m�ethode e�cace pour la plupart des programmes�a contrôle statique permettant de plus de traiter certains cas de non-lin�earit�e.Mais le principal sujet de cette th�ese est de proposer un cadre g�en�eral pour l'ana-lyse du 
ot des donn�ees pour tableaux en pr�esence de contraintes non-a�nes.



II. ANALYSES DE D�EPENDANCES ET PARALL�ELISATION 15Le domaine d'une telle analyse de d�ependances inclus les programmes utilisantdes boucles while, des conditionnelles aux pr�edicats non-a�nes et des indicesde tableaux non-a�nes. Le principe est de calculer pour chaque puits non pasune mais un ensemble de sources possibles. L'analyse, bien qu'approch�ee, op�ereau niveau des op�erations et des �el�ements de tableaux. On ne s'int�eressera pasaux probl�emes des graphes de 
ot de contrôle complexes introduits par des gotoou des appels de proc�edures. A�n d'a�ner l'approximation, on pr�esente deuxm�ethodes, appel�ees analyses structurelle et it�erative, qui trouvent des relationssur les contraintes non-a�nes. �Etant donn�e n'importe quel ensemble de rela-tions sur ces contraintes, obtenu par les m�ethodes propos�ees ici ou par d'autresanalyses, on d�ecrit une technique calculant un ensemble de sources possibles eton donne un crit�ere pour que cet ensemble soit le plus petit possible. Ce dernierr�esultat est tr�es important car il montre que l'analyse de 
ot propos�ee, bienque plus coûteuse, donne des r�esultats plus pr�ecis que d'autres m�ethodes ap-proch�ees. Cela justi�e son utilisation pour certaines applications. En�n, commenotre analyse est une extension de l'analyse exacte du 
ot de donn�ees pourtableaux, on pr�esentera les adaptations des applications usuelles de l'analyseexacte �a l'analyse approch�ee et les am�eliorations apport�ees. On �etudiera plusparticuli�erement le cas de l'expansion de tableaux.I.3 PlanL'organisation de ce r�esum�e est la suivante : la section II d�ecrit le rôle del'analyse de d�ependances dans le processus de parall�elisation. La section IIIpr�esente l'analyse exacte de 
ot pour tableaux formalis�ee par Feautrier ainsiqu'une m�ethode plus simple en section III.3. Le cadre g�en�eral pour une ana-lyse approch�ee est propos�e en section IV. Finalement, les applications qui end�ecoulent sont d�ecrites en section V.II Analyses de d�ependances et parall�elisationCette section, correspondant au chapitre 2, d�ecrit le type de d�ependancesutilis�ees ainsi que les techniques permettant d'exhiber du parall�elisme.II.1 Notations et d�e�nitionsTout au long de cette th�ese, nous utiliserons les notations suivantes : la ki�emecomposante d'un vecteur x est not�e x[k]. Le sous-vecteur construit �a partir descomposantes k �a l sera not�e x[k::l]. Si k > l, alors ce vecteur sera par conventionle vecteur de dimension 0, qui est not�e []. De plus,� est l'ordre lexicographiquestrict sur les vecteurs entiers et sera consid�er�e comme la relation d'ordre pard�efaut sur l'ensemble de ces vecteurs. Les maxima et minima d'ensembles serontpris par rapport aux ordres implicites sur ces ensembles (par exemple, max surun ensemble de vecteurs signi�e max�).



16 PR�ESENTATIONUne instance d'une instruction S est not�ee hS; xi, o�u x, le vecteur d'it�erationde S, est le vecteur construit �a partir des compteurs des boucles entourant S (ycompris les boucles while), de la plus externe �a la plus interne.Par convention, les instructions d'un programme sont not�ees en lettres ma-juscules et en style machine �a �ecrire. Les ensembles sont en lettres majuscules etles op�erations (instances d'instructions) sont not�ees par des lettres de l'alphabetgrec. En�n, les fonctions utilisent les mêmes conventions typographiques queles objets qu'elles retournent.Les param�etres de structures sont des constantes symboliques et les contrain-tes non-a�nes sont des �equations ou in�equations qui d�ependent de variablesautres que des compte-tours et des param�etres de structures, et/ou d�ependentde fa�con non-lin�eaire de ces compte-tours et param�etres.II.2 AbstractionsDans un programme s�equentiel, l'ordre d'ex�ecution entre op�erations, not�e�, est total. En fait, cet ordre total est impos�e par la s�emantique des structuresde contrôle du langage s�equentiel (boucles, s�equence,...). Le but de l'analyse desd�ependances est d'extraire de l'ordre s�equentiel � le plus petit ordre partiel �==pr�eservant le comportement du programme, autrement dit, pr�eservant les va-leurs prises par les variables durant l'ex�ecution. Les op�erations qui ne sont pascomparables par �== peuvent être ex�ecut�ees dans n'importe quel ordre ou enparall�ele. Deux op�erations sont en d�ependance de donn�ees lorsqu'elles acc�edent�a la même cellule m�emoire et que l'une d'elles est une �ecriture. Bernstein [13] adistingu�e trois types de d�ependances de donn�ees, suivant l'ordre dans lequel sefont les acc�es : les d�ependances de 
ot (�ecriture puis lecture), de sortie (�ecriturepuis �ecriture) et anti-d�ependance (lecture suivie d'une �ecriture). Les d�epen-dances de sortie et anti-d�ependances ne sont que le r�esultat d'une r�eutilisationd'une cellule m�emoire. Elles sont introduites par les techniques de programma-tion et n'ont pas de signi�cation algorithmique. D'autre part, il est importantde noter que de nombreuses d�ependances sont obtenues par transitivit�e : uned�ependance de sortie suivie d'une d�ependance de 
ot donne une d�ependance de
ot. La valeur produite par l'op�eration d'�ecriture de cette d�ependance est enfait recouverte ou tu�ee par la valeur donn�ee par la seconde �ecriture de la d�epen-dance de sortie. Les d�ependances de 
ot qui ne peuvent pas être obtenues partransitivit�e sont appel�ees d�ependances directes. Le sous-graphe du graphe ded�ependances compos�e uniquement des d�ependances directes est appel�e graphedu 
ot des donn�ees (GFD).En g�en�eral, le nombre de d�ependances dans un programme d�epend dunombre d'it�erations des boucles, qui peut ne pas être connu �a la compilation.De plus, les conditions de d�ependance doivent être en g�en�eral approch�ees. Ainsion doit choisir une abstraction �nie pour repr�esenter les d�ependances. De nom-breuses repr�esentations ont �et�es propos�ees et on d�ecrit dans la suite les plus



II. ANALYSES DE D�EPENDANCES ET PARALL�ELISATION 17usuelles, illustr�ees sur le programme tir�e de [43].program sampledo i=1, ndo j=1, nS a(i,j) = a(j,i) + a(i,j-1)enddoenddoPar ordre d�ecroissant de pr�ecision, les d�ependances peuvent être repr�esent�eespar :{ des relations de d�ependances/quasts [102, 52] : les d�ependances de hS1; i1ivers hS2; i2i sont repr�esent�ees par f(i1; i2) jP (i1; i2)g avec P une formulede Presburger, c'est-�a-dire une formule de logique du premier ordre dontles pr�edicats sont des in�egalit�es a�nes sur des variables enti�eres; les quastssont des arbres de s�election pouvant d�ecrire les d�ependances avec la mêmepr�ecision que les formules de Presburger. On donne une description plusd�etaill�ee des quasts dans la section III.Dans le programme sample, il y a trois cat�egories de d�ependances :{ des d�ependances de 
ot de hS; i; ji vers hS; j; ii, avec 1 � i < j �n;{ des anti-d�ependances de hS; j; ii vers hS; i; ji, avec 1 � i < j � n;{ des d�ependances de 
ot de hS; i; ji vers hS; i; j + 1i, avec 1 � i �n; 1 � j < n.Toutes ces d�ependances sont repr�esent�ees exactement par des rela-tions de d�ependance. Elles sont d�e�nies respectivement par :f(i; j); (i0; j0) ji0 = j ^ j0 = i ^ 1 � i < j � ng ;f(i; j); (i0; j0) ji0 = j ^ j0 = i ^ 1 � i < j � ng ;f(i; j); (i0; j0) ji0 = i ^ j0 = j + 1 ^ 1 � i � n ^ 1 � j < ng :{ des poly�edres ou des cônes de d�ependance [74] : les d�ependances de hS1; i1ivers hS2; i2i sont approch�ees par l'ensemble fi2 � i1 jP (i1; i2)g avec P unpoly�edre ou un cône;Les d�ependances du programme sample peuvent toutes être repr�esen-t�ees exactement par un poly�edre.{ des vecteurs de distance/direction [127] : les d�ependances de hS1; i1i vershS2; i2i sont repr�esent�ees par une approximation de i2 � i1. Pour chacunede ses composantes, cette di��erence est soit constante, soit approch�ee parson signe (+;�) ou par � si le signe est inconnu;Les d�ependances du programme sample sont approch�ees respective-ment par les vecteurs (+;�), (+;�) et (0; 1).



18 PR�ESENTATION{ ou des niveaux de d�ependances [2] : le niveau d'une boucle est le nombrede boucles l'englobant, plus un (la boucle la plus externe a pour niveau 1).�Etant donn�e une d�ependance entre deux op�erations, si ces op�erations nes'ex�ecutent pas �a la même it�eration d'une même boucle, alors cette boucleporte la d�ependance. Une d�ependance est repr�esent�ee par le niveau de laboucle la plus externe qui la porte.Les niveaux de d�ependances pour le programme sample sont respec-tivement 1; 1 et 2.II.3 Mise en �uvre du parall�elismeTransformations de code et ordonnancementLes compilateurs vectoriseurs ou parall�eliseurs recourent souvent �a des trans-formations de code a�n de faire apparâ�tre du parall�elisme, am�eliorer la localit�em�emoire ou tirer parti de la m�emoire cache. Il est important de souligner qu'unetransformation ne peut être appliqu�ee que si les relations de d�ependance sontconserv�ees. Il existe de nombreuses transformations possibles [127, 133] ainsique plusieurs tests permettant de d�ecider de la l�egalit�e d'une modi�cation ducode (voir [7, 85, 52, 73, 102] entre autres). Toutefois, le choix des transfor-mations et l'ordre dans lequel les appliquer a�n de maximiser, par exemple, lalocalit�e m�emoire, est inconnu.L'algorithme de Kennedy et Allen [2] est un exemple de m�ethode se limi-tant �a l'application syst�ematique de seulement deux transformations. L'id�ee estde couper les nids de boucles en autant de nids que de composantes stricte-ment connexes dans le graphe de d�ependances et ensuite de rendre chacunedes boucles parall�eles si possible. Lamport [78] a propos�e une autre approche,la m�ethode hyperplane, adapt�ee aux nids �a d�ependances uniformes. Les op�e-rations sont regroup�ees en front parall�eles, d�e�nis par des hyperplans. Le codetransform�e est alors de la forme :do t = 0 to Ldoall p in H(t)...endoallsynchronizeenddoo�u la boucle la plus externe est s�equentielle et les autres sont parall�eles. L'expres-sion des hyperplans H(t) est obtenue par transformation matricielle de l'espaced'it�eration initial et des vecteurs de d�ependances. Cette m�ethode a �et�e g�en�era-lis�ee de deux mani�eres aux d�ependances a�nes en fonction des compte-tours :l'une consiste �a transformer chaque nid �etape par �etape. L'algorithme propos�epar Wolf et Lam [126] utilise pour cela une repr�esentation des d�ependances pardistance et direction. La deuxi�eme fa�con consiste �a trouver une fonction a�ned'ordonnancement, a�ectant �a chaque op�eration une date symbolique d'ex�ecu-tion calcul�ee en r�esolvant un syst�eme de contraintes a�nes (parmi lesquelles



II. ANALYSES DE D�EPENDANCES ET PARALL�ELISATION 19�gurent les d�ependances). L'algorithme d�ecrit par Feautrier [53, 54] requiert lecalcul du GFD et fournit un r�esultat plus pr�ecis que les autres m�ethodes.Les techniques pr�esent�ees se ram�enent �a un calcul d'ordonnancement (li-n�eaire dans le cas de Lamport, a�ne pour l'algorithme de Wolf et Lam ainsique pour Feautrier). Nous n'aborderons pas dans cette th�ese les techniques uti-lis�ees pour faire apparâ�tre une meilleure localit�e des donn�ees, et le lecteur ser�ef�erera �a la vaste litt�erature sur le sujet ([75, 126, 53, 38, 41, 22] entre autres).Expansion m�emoireLes d�ependances de sortie et anti-d�ependances ne caract�erisent pas un algo-rithme mais seulement l'une de ses impl�ementations. Plusieurs exp�eriences [83,17, 99] sur les programmes du Perfect Club [14] ont montr�e que l'�eliminationde ces d�ependances permettait d'obtenir du parall�elisme. La privatisation destableaux et leur expansion sont deux techniques utilis�ees �a cette �n.La privatisation r�eplique sur chacun des processeurs les variables utilis�eespour stocker des valeurs temporaires. Cela permet de r�eduire le nombre de syn-chronisations et de communications tout en faisant apparâ�tre du parall�elisme.Un �el�ement de tableaux est dit privatisable dans une boucle si aucune lecturede cet �el�ement ne lit une valeur d�e�nie par une it�eration pr�ec�edente. Il est ce-pendant parfois n�ecessaire de recopier ou de ne pas privatiser certains �el�ementsde tableaux lorsque leurs valeurs sont visibles �a l'ext�erieur de la boucle.L'expansion de tableau �elimine les d�ependances qui ne sont pas directes enaugmentant l'espace allou�e pour le tableau, soit par le biais d'une r�eindexationsoit en ajoutant des dimensions. La conservation du 
ot des donn�ees exige eng�en�eral la connaissance du GFD exact. L'expansion totale consiste �a �etendretoutes les structures a�n que chaque �el�ement ne soit d�e�ni au plus qu'une fois(a�ectation unique, ou AU). Cette m�ethode est coûteuse en termes de m�emoireet ne s'applique, �a la compilation, que sur des programmes �a contrôle statique.Toutefois l'expansion permet de trouver sur ces programmes plus de parall�elismeque la privatisation. En�n, la r�eduction de l'espace allou�e par un programmemis en AU a �et�e trait�e dans le domaine du systolique [26, 125, 60, 25], etr�ecemment, Lefebvre et Feautrier [80, 81] ont propos�e une m�ethode permettantde reconstruire des structures de donn�ees compatibles avec un ordonnancement,bas�ee uniquement sur le GFD et l'ordonnancement.D�etection des r�ecurrencesLa d�etection des r�ecurrences rend possible des optimisations pouss�ees ducode [17]. La plupart de ces analyses sont bas�ees soit sur un mod�ele d'interpr�e-tation abstraite [33, 66, 67], soit sur une reconnaissance de motifs [129, 124].Redon [111, 110] a d�ecrit une m�ethode utilisant le GFD pour d�etecter des r�ecur-rences mettant en jeu n'importe quel op�erateur associatif et capable d'int�egrercertaines informations trouv�ees par les pr�ec�edentes techniques. Barreteau [9] a



20 PR�ESENTATIONtrait�e le probl�eme du placement de ces r�ecurrences sur les machines parall�eles.II.4 ConclusionL'analyse des d�ependances ne se r�esume pas �a tester si deux op�erationsacc�edent �a la même cellule m�emoire. Pertersen et Padua [98] ont montr�e lalimite de ces tests et de nombreuses �etudes r�ev�elent qu'une connaissance plusapprofondie du 
ot des donn�ees est n�ecessaire pour faire apparâ�tre un plusgrand degr�e de parall�elisme. Dans cette optique et en d�epit de leurs coûts et del'ensemble r�eduit de programmes sur lesquels elles s'appliquent, les analyses ded�ependances directes bas�ees sur une abstraction poly�edrique permettent l'ap-plication de techniques de parall�elisation qui sont parmi les plus pr�ecises.III Analyse exacte du 
ot des donn�eesCette section pr�esente les techniques de calcul exact des d�ependances du 
otde donn�ees. Pour chaque op�eration lisant une cellule m�emoire, une telle analysetrouve la derni�ere �ecriture pr�ec�edant l'�ecriture qui a acc�ed�e �a cette cellule. Leformalisme et l'approche utilis�es par la m�ethode poly�edrique sont au coeur dela plupart des analyses propos�ees dans cette th�ese. Cette section r�esume lechapitre 3.III.1 Mod�ele de programmesL'analyse exacte du 
ot est limit�ee aux programmes v�eri�ant les conditionssuivantes, appel�es programmes �a contrôle statique :{ les seules structures de donn�ees sont des tableaux ou scalaires de type debase (entiers, r�eels, etc.);{ les seules structures de contrôle sont la s�equence, le if::then::else et laboucle do;{ les bornes des boucles, les pr�edicats des conditionnelles et les indices destableaux sont des fonctions quasi-a�nes des compte-tours et des para-m�etres de structure (c'est-�a-dire des fonctions a�nes de termes pouvantutiliser des modulos ou des divisions enti�eres sur les compte-tours et lesparam�etres de structure);{ les instructions de base sont les a�ectations de variables;{ l'utilisation de pointeurs ou d'alias est proscrite.



III. ANALYSE EXACTE DU FLOT DES DONN�EES 21III.2 M�ethode poly�edriqueLa m�ethode poly�edrique pr�esent�ee par Feautrier [49] consiste �a d�eterminerpour chaque op�eration hR; yi lisant un �el�ement A(g(y)) du tableau A l'instanced'une des instructions S1,...,Sn �ecrivant A, qui a �ecrit la valeur lue par hR; yi.Cette source est calcul�ee en fonction de y.Supposons que Si soit de la forme A(fi(xi)) = : : : avec xi le vecteur d'it�e-ration de Si. La premi�ere �etape recense les vecteurs xi correspondant �a desop�erations hSi; xii qui �ecrivent A(g(y)). Les candidats sources hSi; xi doiventv�eri�er plusieurs contraintes sur x, et les vecteurs d'it�eration x qui conviennentforment un ensemble Qi(y) d�e�ni par les conditions suivantes :Pr�edicat d'existence hSi; xi est une op�eration valide : x 2 I(Si);�Equation d'indices hSi; xi et hR; yi acc�edent �a la même cellule m�emoire :fi(x) = g(y);Pr�edicat de s�equencement hSi; xi est ex�ecut�ee avant hR; yi : hSi; xi � hR; yi;Environnement la source est calcul�ee sous l'hypoth�ese que hR; yi est une op�e-ration valide : y 2 I(R).Pour r�esumer, Qi(y) est d�e�ni par :Qi(y) = fx jx 2 I(Si); fi(x) = g(y); hSi; xi � hR; yig :L'op�eration produisant la valeur A(g(y)) lue par hR; yi est la derni�ere op�eration�ecrivant dans cette cellule m�emoire. Par cons�equent, la fonction source est :�(y) = max n[i=1 fhSi; xi jx 2 Qi(y)g :Lorsque le programme est �a contrôle statique, l'ensemble Qi(y) est une unionde poly�edres Qpi (y). En e�et, l'ordre s�equentiel � est d�e�ni par la disjonction :hS1; x1i � hS2; x2i () dS1S2_p=0 hS1; x1i �p hS2; x2io�u0 � p < dS1S2 : hS1; x1i �p hS2; x2i () (x1[1::p] = x2[1::p])^ (x2[p+ 1] < x2[p+ 1]);p = dS1S2 : hS1; x1i �p hS2; x2i () x1[1::dS1S2 ] = x2[1::dS1S2 ] ^ S1 � S2:Les ensembles Qpi (y) sont d�e�nis par :Qpi (y) = fx jx 2 I(Si); fi(x) = g(y); hSi; xi �p hR; yig :



22 PR�ESENTATIONL'expression de la source peut se ramener alors �a l'expression :�(y) = max1�i�n max0�p�dSiR hSi;maxQpi (y)i :Le maximum de Qpi (y) est calculable en utilisant des outils de programmationlin�eaire en nombres entiers et peut s'exprimer �a l'aide d'un quast en fonctionde y.D�e�nition 1 (Quast) Un quast est un arbre de s�election dont les pr�edicatssont des in�egalit�es quasi-a�nes en fonction de compteurs de boucles et desparam�etres de structures et dont les feuilles sont les op�erations sources ou ?,correspondant �a une variable non initialis�ee.L'expression de la source est ensuite obtenue �a partir des quasts pour chacundes Si par des r�egles de combinaison de quasts. Le lecteur se r�ef�erera �a la partie3.2.2, page 73, de cette th�ese pour les d�etails de ce calcul ainsi que pour lesoptimisations possibles.III.3 Algorithme polynômial simpli��eLa m�ethode poly�edrique traite les programmes �a contrôle statique mais netient pas compte des sp�eci�cit�es des programmes r�eels. De plus, elle est d'un coût�elev�e en raison de l'algorithme de calcul du maximum entier d'un ensemble etde la combinaison �nale entre les quasts. Des techniques e�caces s'appliquant �aun sous-ensemble des programmes �a contrôle statique ont �et�e propos�ees [93, 70],et nous pr�esentons ci-dessous une nouvelle m�ethode d'une meilleure complexit�e.Principe de l'algorithmeLes algorithmes utilis�es pour calculer le maximum entier d'un ensemble sonten g�en�eral d�eriv�es de l'algorithme du simplexe ou de la m�ethode d'�elimination deFourier-Motzkin [116]. Pugh et Wonnacott [104] ont montr�e que cette derni�ere�etait particuli�erement bien adapt�ee au type de contraintes apparaissant dans lad�e�nition des d�ependances de 
ot de donn�ees et ne conduit que rarement, surdes exemples r�eels, �a une explosion de la taille du r�esultat.La m�ethode d�ecrite dans cette section est bas�ee sur l'�elimination de Fourier-Motzkin pour calculer le maximum de Qpi (y). Le but est d'obtenir une com-plexit�e tr�es faible pour le calcul de la source, même dans le pire des cas. Elle sed�ecompose en deux �etapes :1. �elimination des �equations a�nes par �elimination de Gauss, en introduisant�eventuellement des �equations modulos pour tenir compte des contraintesde divisibilit�e;2. �elimination des compte-tours d�e�nissant Qpi (y) par ordre inverse de pro-fondeur. De fa�con g�en�erale, un compteur de boucle x est contraint par un



III. ANALYSE EXACTE DU FLOT DES DONN�EES 23syst�eme d'in�egalit�es du type l � dx � u ainsi qu'�eventuellement par une�equation modulo x = cmoda, avec d; a des entiers, l, u et c fonctions descompteurs des boucles englobantes. On peut alors montrer qu'une valeurenti�ere de x existe ssi :l � dc � da�u� dcda � ; ou : da�l � dcda � � u� dc:L'�elimination peut ensuite se poursuivre sur les compte-tours des bouclesext�erieures si des restrictions su�santes sont faites sur les formes des deuxin�egalit�es pr�ec�edentes.Complexit�e et domaineLa complexit�e de l'algorithme pour calculer les maxima de tous les Qpi (y),pour tout p est en O(l3) si l est le nombre de boucles englobant l'instruction Siet la taille de ces maxima est en O(l3).La m�ethode s'applique sur des programmes �a contrôle statique tels que :1. L'�equation d'indices est �equivalente �a un syst�eme sur les compte-tourscompos�e d'�equations de la forme :x[ik] =Pj<ik bkjx[j] + cik ;ou akx[ik] = bkjx[j] + cik ; pour j < ik;ou 0 = ck;avec bkj ; ak et ck des entiers.2. Lors de l'�elimination d'un compteur, celui-ci n'a qu'une borne inf�erieureou qu'une borne sup�erieure. Si cette borne n'est pas constante alors il n'ya pas de contrainte de divisibilit�e portant sur ce compteur.3. Les bornes sup�erieures d'un compteur ne di��erent que d'une constante.Ces conditions sont v�eri��ees en cours de calcul. On revient �a la m�ethode poly-�edrique d�es que l'on sort du domaine d'application de l'algorithme.En�n, il faut noter que cet algorithme est capable de traiter certains cas o�ules coe�cients des compteurs de boucles ne sont pas des constantes enti�eres. Ene�et, toutes les calculs peuvent être men�es de fa�con symbolique si l'on connâ�t lesigne des coe�cients des compteurs. Des coe�cients param�etriques apparaissentdans les situations suivantes :{ pour des indices de tableaux lin�earis�es de fa�con rectangulaire;{ pour des calculs par blocs, comme par exemple le produit matrice vecteurpar blocs;



24 PR�ESENTATIONProgramme Utilisant PIP M�ethode simpli��eNb. Nb. de Nb. ded'appels pivots pivotsffc 4 7170 513matmul 4 4222 229chales 18 10882 717choles 12 9217 614burg2 26 20332 2698mod1 2 1826 382mod3 2 520 13van4 2 5376 588yacobi 105 594897 79649gosser 13 10932 713lczos 60 32773 2554relax 6 25766 2931across 5 468 64Tab. 1 - Comparaison du nombre de pivots{ lors du remplacement d'une variable d'induction couvrant plusieurs bou-cles.Toutefois, la m�ethode que nous venons de pr�esenter doit s'appliquer avec pr�e-caution pour l'analyse de programmes avec des coe�cients param�etriques. Ene�et, la m�ethode poly�edrique ne peut plus servir de technique de secours lorsquela m�ethode simpli��ee �echoue.PerformancesL'algorithme polynômial a �et�e impl�ement�e en Le Lisp dans le cadre duprojet PAF [97]. Lorsque la m�ethode �echoue, le calcul du maximum est con��e�a PIP [50], �ecrit en C et qui utilise le simplexe.La m�ethode est e�cace sur de nombreux programmes. Tous les program-mes de la table 1 sont ainsi trait�es sans faire appel �a PIP. La comparaison parrapport �a la m�ethode poly�edrique ne se fait pas en termes de temps de calculcar les performances des langages sont trop di��erentes. On a choisi plutôt decomparer le nombre total de pivots pour les deux techniques. La table 1 donnepour chaque programme le nombre d'appels �a PIP pour la m�ethode poly�edriqueainsi que le nombre de pivots utilis�es par les deux techniques. La m�ethodepolynômiale permet de gagner un facteur 5 �a 40 en termes de nombre de pivotspar rapport �a la m�ethode poly�edrique.



III. ANALYSE EXACTE DU FLOT DES DONN�EES 25III.4 Autres travauxLa plupart des analyses du 
ot des donn�ees sont approch�ees. Elles serontd�etaill�es en section IV.8. Les premi�eres analyses exactes sont dues �a Brandes [23]et Feautrier [49]. Les principales limitations de ces analyses sont leurs coûts etleurs domaines d'application restreints. On s'int�eresse aux techniques propos�eesdepuis pour pallier l'une ou l'autre de ces limitations.Pugh et Wonnacott [103, 129] Leur approche pour une analyse exacte du
ot des donn�ees est bas�ee sur un formalisme similaire �a celui de Brandes. Leurm�ethode s'applique �a n'importe quel programme �a contrôle statique et construitune relation entre les vecteurs d'it�erations d'op�erations en d�ependance. Ces rela-tions sont d�e�nies par des formules de Presburger, c'est-�a-dire par des formuleslogiques dont les pr�edicats sont des in�egalit�es sur des variables enti�eres. Ainsi,en utilisant les mêmes notations que dans les sections pr�ec�edentes, la relationde d�ependance entre les instructions Si et R est :�xi ! y ���� xi 2 I(Si) ^ y 2 I(R)^ hSi; xii � hR; yi ^ fi(xi) = g(y)Vj :(9xj; xj 2 I(Sj) ^ hSi; xii � hSj ; xji � hR; yi ^ fj(xj) = g(y)): � :Le pouvoir d'expression de ces relations est identique �a celui des quasts. Ene�et, �etant donn�e un ensemble A:fmaxAg = �x ��x 2 A ^ :(9x0; x0 2 A ^ x� x0)	 :En revanche, les deux m�ethodes di��erent par la complexit�e de leur repr�esen-tation : une source repr�esent�ee par un quast regroupe en une seule expressionl'e�et de toutes les �ecritures et les conditions pour lesquelles elles sont sources,alors que les relations de d�ependances d�e�nissent pour chaque �ecriture, s�epar�e-ment les unes des autres les conditions pour lesquelles elles sont sources. Ainsi,la relation de d�ependance entre Si et R est d�e�nie par les pr�edicats du quastqui sont sur les chemins qui vont de la racine aux instances de Si. Lorsquede nombreuses conditions pour être source sont communes �a des instances dedi��erentes instructions, alors les quasts o�rent une repr�esentation plus concisede la source. �A l'inverse, lorsque les conditions sont totalement distinctes d'uneinstruction �a l'autre, les relations de d�ependances sont plus concises que lesquasts.En�n, on peut montrer que la m�ethode simpli��ee pr�esent�ee en III.3 a unemeilleure complexit�e (O(l3)) que la technique propos�ee par Pugh et Wonnacott(O(l4)), sur le domaine d'application de la m�ethode simpli��ee, avec l le nombrede boucles entourant la source.Maslov [90] L'approche propos�ee par Maslov est similaire �a la m�ethode poly-�edrique, mais il utilise une repr�esentation de relation de d�ependance au lieu dequasts. Il e�ectue un calcul de maximum sur les relations �a l'aide de l'�elimina-tion de Fourier-Motzkin. Les contraintes de divisibilit�e introduisent de nouvelles



26 PR�ESENTATIONvariables qui restent dans le r�esultat �nal en tant que param�etres. Cette m�e-thode permet de traiter plus de cas que la m�ethode simpli��ee propos�ee en III.3mais donne un r�esultat moins pr�ecis que la m�ethode poly�edrique (les param�etresne sont pas �elimin�es). La complexit�e de l'algorithme de Maslov d�epasse celle dela m�ethode simpli��ee (O(l4)), avec l le nombre de boucles entourant la source.Maydan et al. [93] Maydan, Amarasinghe et Lam ont propos�e une m�ethodene s'appliquant qu'�a un sous-ensemble de programmes �a contrôle statique. Lesprogrammes trait�es doivent v�eri�er les conditions suivantes :{ une fonction d'indice d'un tableau �ecrit doit être une bijection en lescompte-tours qu'elle utilise.{ la borne sup�erieure d'une boucle doit soit être toujours plus grande quela borne inf�erieure, soit toujours plus petite.Ce domaine est strictement inclus dans le domaine de notre m�ethode simpli��ee.Comme les conditions d'existence des op�erations sont triviales sur ce domaine,leur algorithme consiste principalement �a calculer la derni�ere op�eration d'�ecri-ture v�eri�ant l'�equation d'indices. Le r�esultat est un quast, et est appel�e LastWrite Tree (LWT). En termes de complexit�e, la construction d'un LWT de-mande O(l3) op�erations alors que sur ce domaine, la m�ethode simpli��ee prendO(l2) op�erations, o�u l est le nombre de boucles entourant la source.Heckler et Thiele [70] La m�ethode propos�ee par Heckler et Thiele ne s'ap-plique �egalement qu'�a un sous-ensemble des programmes �a contrôle statique.Le principe de leur algorithme est de calculer les solutions du syst�eme d'�equa-tions a�nes issu de l'�equation d'indices. L'ensemble des solutions est d�ecrit pardes param�etres qui sont ensuite calcul�es a�n de v�eri�er les autres contraintesde d�ependance. Des conditions fortes sont impos�ees sur la forme de la solu-tion param�etrique a�n que les valeurs des param�etres puissent être calcul�eesdirectement, sans passer par une �elimination de Fourier-Motzkin. Lorsque cesconditions ne sont pas v�eri��ees, ils recourent �a la m�ethode poly�edrique. La com-plexit�e de leur algorithme est celle du calcul d'une forme normale de l'Hermite.Au del�a des programmes �a contrôle statiquePlusieurs techniques, dont la propagation des constantes, le remplacementdes variables d'induction ou la restructuration des while, permettent d'�etendrele domaine de l'analyse exacte de d�ependances de 
ot de donn�ees pour tableaux�a des programmes qui ne sont pas �a contrôle statique. Berthou [15] a en outresugg�er�e de limiter les fragments de code �a analyser dans des programmes r�eels,sans perdre de pr�ecision.En section III.3, nous avons propos�e une extension permettant de traiterquelques cas d'indices de tableaux non-a�nes. Maslov [89] a sugg�er�e d'utili-ser un simple test pour d�eterminer si un indice provenait d'une lin�earisation,



IV. ANALYSE APPROCH�EE DE FLOT 27lorsque le domaine des boucles est un pav�e. Le probl�eme peut dans ce cas êtretrait�e comme si le programme �etait �a contrôle statique. Maslov et Pugh [91] ontd�ecrit une m�ethode plus g�en�erale pour traiter certains indices polynômiaux.L'id�ee consiste �a remplacer la fonction polynômiale dans une in�egalit�e par laconjonction des fonctions tangentes, en tous les points entiers du domaine (�ni)d'it�eration. Maslov [90] a �egalement propos�e une technique permettant de trai-ter les variables dont la valeur ne change pas entre les op�erations en d�ependancecomme des param�etres du probl�eme. En�n Leservot [82] a �etendu l'analyseexacte �a des instructions g�en�eralis�ees, qui peuvent être des fragments de codeou des appels de proc�edures.III.5 ConclusionL'analyse exacte de d�ependance de 
ot de donn�ee pour tableaux est unetechnique puissante qui calcule de fa�con exacte les d�ependances directes desprogrammes �a contrôle statique. Les principaux d�efauts de cette analyse sontson coût et son domaine d'application r�eduit. Plusieurs solutions ont �et�e pro-pos�ees pour diminuer le coût en r�eduisant encore le domaine d'application auxprogrammes les plus courants. Quant aux limitations sur les programmes �aanalyser, l'hypoth�ese intraproc�edurale a �et�e partiellement lev�ee et certainescontraintes non-a�nes sont trait�ees lorsqu'elles peuvent être soit ignor�ees soittransform�ees de fa�con �equivalente en contraintes a�nes.IV Analyse approch�ee de 
otQuand des contraintes non-a�nes apparaissent dans l'expression de la sour-ce, la m�ethode pr�esent�ee dans la section pr�ec�edente ne marche plus. Nous pr�e-sentons dans cette section un r�esum�e du chapitre 4 sur une analyse de 
ot desdonn�ees approch�ee.IV.1 Mod�ele de programmesOn �etudiera les programmes v�eri�ant les contraintes suivantes :1. les seules structures de donn�ees sont des tableaux ou scalaires de type debase (entiers, r�eels, etc.);2. les seules structures de contrôle sont la s�equence, la boucle do, la bouclewhile1 et le if::then::else. Les goto et les appels de proc�edures sontinterdits;3. les instructions de base sont des a�ectations de variables;4. l'utilisation de pointeurs ou d'alias est proscrite.1: De fa�con similaire aux boucles do, les boucles while sont suppos�ee poss�eder une variabled'induction.



28 PR�ESENTATIONIV.2 Quelle approximation?Nous avons vu en section III.3 que des cas particuliers de programmes nonstatiques pouvaient être analys�es exactement. Toutefois, d�es que l'on consid�eredes programmes avec des pr�edicats quelconques de conditionnelles, des bornesde boucles quelconques et des indices de tableaux non-a�nes, même l'existenced'une d�ependance devient un probl�eme ind�ecidable.Deux causes expliquent l'�echec de l'analyse exacte :Un contrôle dynamique La plupart des programmes r�eels mettent en jeu enfait des conditionnelles et des while dont les pr�edicats sont non-a�nesen les compte-tours. Le programme de l'exemple E1 illustre le cas d'unedo x1 = 1 to nS1 s = ..do x2 = 1 while (P(x1,x2))S2 s = .. s ..enddoR .. = .. s ..enddo Exemple E1 do x = 1, nif (P(x)) thenS1 s = ..elseS2 s = ..endifenddoR if (n>0) then .. = .. s ..Exemple E2boucle while : la valeur lue par s �a l'instruction S2 vient soit de l'�ecriturefaite l'it�eration pr�ec�edente du while, soit de l'instance de l'instruction S1pour la même it�eration de la boucle externe. L'exemple E2 illustre le casd'une conditionnelle avec un pr�edicat inconnu. Toutefois, la s�emantiquedu if::then::else garantit que la valeur de s vient de la derni�ere instancede l'instruction S1 ou S2.Des indices non-a�nes Selon Shen et al. [117], 34% des programmes r�eelscomportent des indices de tableaux non-a�nes en les compte-tours. Laplupart de ces indices sont a�nes en des variables autres que des comp-teurs de boucles. Ainsi, dans l'exemple E3, les deux �ecritures utilisent desindices de tableaux non-a�nes. De même, les indices du tableau A dansl'exemple E4 qui est tir�e de [124] sont non-a�nes. Toutefois, dans ce cas,cela est �equivalent �a une boucle do dont les bornes seraient non-a�nes.Une fa�con d'analyser un programme comportant des termes non-a�nes est del'instrumenter pour en d�eduire le GFD exact [79, 94, 98]. Toutefois, le grapheainsi construit d�epend des donn�ees initiales du programme et ne peut êtreg�en�eralis�e. Une partie de l'analyse peut être �egalement report�ee �a l'ex�ecution,soit en produisant une version s�equentielle et une version parall�ele du code eten choisissant laquelle ex�ecuter en testant l'existence de d�ependances [98], soiten sp�eculant sur les d�ependances et en ex�ecutant une version parall�ele, quitte �arevenir ult�erieurement �a une version s�equentielle [108, 109]. On adoptera a priori



IV. ANALYSE APPROCH�EE DE FLOT 29S1 ii = ..do x = 1, nS2 A(ii) = ..S3 ii = ..S4 A(ii) = ..end dodo x = 1, nR .. = .. A(x) ..enddo Exemple E3
if (P) thenS1 jlow = 2, jup = jmax -1elseS2 jlow = 1, jup = jmaxendifdo x = 1, nS3 A(jlow : jup) = ..if (P) thenR .. = A(2 : jmax-1)endifenddo Exemple E4une autre approche, o�u toute l'analyse est faite statiquement. On montreratoutefois que cela n'est pas en contradiction avec les pr�ec�edentes techniques.Les analyses traditionnelles de 
ot de donn�ees recourent �a des analyses com-pl�ementaires sur les contraintes non-a�nes a�n d'a�ner leurs r�esultats. Di��e-rentes �etudes [48, 18] ont montr�e l'importance de telles analyses dans la d�etec-tion du parall�elisme. Ainsi, dans l'exemple E3, on remarque que la valeur deii en S4 est la même que la valeur de ii en S2 l'it�eration suivante. Trouverpar une analyse compl�ementaire cette information nous permettrait de conclureque toutes les �ecritures de S4 sont recouvertes par celles de S2, sauf la derni�ere.En ce qui concerne l'exemple E4, l'analyse de Tu et Padua trouve les valeurs dejlow et jup en fonction de jmax, ce qui leur permet de conclure que le tableau Aest privatisable. Nous montrerons que cette information nous permet �egalementde calculer un GFD exact.L'analyse approch�ee que l'on cherche v�eri�era les crit�eres suivants :1. elle est conservative : l'approximation des d�ependances de 
ot est unesur-approximation;2. elle est exacte sur les fragments �a contrôle statique;3. elle peut utiliser l'information trouv�ee par des analyses compl�ementairessur les contraintes non-a�nes. Intuitivement, la quantit�e d'information surles contraintes non-a�nes donne une estimation de la qualit�e du r�esultatde l'analyse. On verra en section IV.5 que cela est malheureusement fauxen g�en�eral : certaines informations peuvent ne servir �a rien pour l'ana-lyse; d'autre part, il n'est pas toujours possible de tenir compte de toutel'information utile.Collard [29, 30] a propos�e une analyse approch�ee v�eri�ant les crit�eres 1 et 2pour les while et les conditionnelles, et nous proposons une g�en�eralisation deson approche, introduisant par l�a même le crit�ere 3.



30 PR�ESENTATIONIV.3 Pr�esentation du formalismeContraintes non-a�nesNum�erotons chaque contrainte non-a�ne du programme. �Etant donn�e unecontrainte non-a�ne ch, on note Th l'instruction dans laquelle elle apparâ�t.Cette instruction est soit une conditionnelle (branche ((vrai)) ou branche ((faux))),soit une boucle si ces bornes sont non-a�nes, soit une a�ectation �a un tableauavec des indices non-a�nes. La valeur de ch d�epend des compte-tours englo-bant Th, �eventuellement du vecteur d'it�eration de la lecture dont on cherche lasource si ch est l'�equation d'indices, et si Th est un while, ch d�epend alors aussidu compte-tours du while. Par cons�equent, si x 2 Qk(y) o�u Qk(y) est l'en-semble des vecteurs d'it�eration des candidats sources de l'instruction Sk, alorsch(x[1::eh]; y) = vrai, avec eh = dTh ou dTh + 1 si Th est un while. Suivant lapr�ecision que l'on cherche �a atteindre, la contrainte non-a�ne ch peut s'�ecriresoit comme un pr�edicat, soit comme une in�egalit�e :ch(x; y) =  ah(x; y) +Xk nk(x; y) � 0! ;avec ah une forme a�ne et nk des fonctions non-a�nes. Il faut noter que lesnk peuvent être des variables qui ne sont pas des compte-tours.D�e�nition 2 (Domaine de param�etres) Soient Ck l'ensemble des indicesdes contraintes non-a�nes apparaissant dans la d�e�nition de Qk(y) et mk =maxh2Ck eh. L'ensemble :Dk(y) = 8<:x ������x 2Zmk; ĥ2Ck ch(x[1::eh]; y)9=; ;est l'ensemble de vecteurs d'it�eration de dimension mk pour lesquels toutes lescontraintes index�ees par Ck sont vraies. Cet ensemble est appel�e domaine deparam�etres associ�e �a la d�ependance entre une instance de Sk et hR; yi.Param�etrage de la sourceOn rappelle la d�e�nition de la source :�(y) = max1�i�n max0�p�dSk R 
Sk ;maxQpk(y)� :L'id�ee du param�etrage de la source est simple : intuitivement, plus on retarderale moment de l'approximation dans le calcul, plus on a de chances qu'elle soitmeilleure. On va donc introduire des param�etres repr�esentant les contraintesnon-a�nes dans l'expression de la source, a�n de pouvoir calculer l'expressionde la source en fonction de ces param�etres puis faire l'approximation. On verrapar la suite que l'introduction de param�etres a �egalement d'autres avantages.



IV. ANALYSE APPROCH�EE DE FLOT 31L'ensemble Qpk(y) peut clairement s'�ecrire comme l'intersection de l'en-semble des vecteurs d'it�eration v�eri�ant les contraintes a�nes de Qpk(y), Lpk(y),et de l'ensemble des vecteurs d'it�eration v�eri�ant les contraintes non-a�nes deQpk(y) : Qpk(y) = Lpk(y) \ fz jz[1::mk] 2 Dk(y)g :Posons maintenant Q̂pk(x; y) = Lpk(y)\fz jz[1::mk] = xg. On a partitionn�e Qpk(y)en autant de sous-ensembles que d'�el�ements de Dk(y) : Qpk(y) = [x2Dk(y) Q̂pk(x; y):Par cons�equent, maxQpk(y) = maxx2Dk(y)max Q̂pk(x; y): (1)La valeur du maximum est atteinte pour un x de Dk(y).D�e�nition 3 (Param�etre du maximum) Le vecteur pour lequel le maxi-mum de (1) est atteint est appel�e param�etre du maximum de Dk(y) pour Sk�a la profondeur p et est not�e �pk(y). Si le maximum n'existe pas, on donne �a�pk(y) la valeur ?. De plus, par d�e�nition de Q̂pk(x; y),�pk(y) = maxLpk(y)jmk \ Dk(y):L'ensemble Lpk(y)jmk est la projection de Lpk(y) surZmk. L'expression param�etr�eede la source est alors :�(y) = max1�k�n max0�p�dSkR DSk;max Q̂pk(�pk(y); y)E : (2)Remarquons que cette expression est calculable en fonction de �pk(y) avec lesmêmes techniques que celles utilis�ees dans le cas exact. De plus, lorsqu'il n'ya pas de contrainte non-a�ne dans la d�e�nition de la source, alors �pk(y) =maxLpk(y)jmk et la source est exacte. Ainsi, l'analyse exacte de la section III estbien un cas particulier de la FADA.Flou du r�esultatAucune approximation n'a �et�e faite lors du param�etrage de la source. Lesparam�etres du maximum ne peuvent pas être calcul�es mais l'expression de lasource (2) peut être utilis�ee telle quelle �a l'ex�ecution pour d�eterminer dynami-quement la source exacte d'une variable, si les param�etres du maximum sontcalcul�es et mis �a jour dynamiquement �egalement. On n'envisagera pas cetteutilisation possible de la source par la suite.Une approximation tr�es simple consiste �a donner aux param�etres toutes lesvaleurs possibles et de consid�erer l'ensemble des sources d�ecrit de cette fa�concomme l'ensemble des sources possibles. Une telle approximation est clairementconservative, mais le r�esultat de l'analyse est alors tr�es 
ou.



32 PR�ESENTATIONPour am�eliorer cette approximation, on peut chercher des propri�et�es P surles contraintes non-a�nes. De ces propri�et�es, on va d�eduire des propri�et�es P̂ surles param�etres du maximum, puis on va calculer l'ensemble des sources possiblesen donnant aux param�etres toutes les valeurs permises par les propri�et�es P̂. Onva donc proc�eder en trois �etapes :1. Des propri�et�es P sont trouv�ees par une analyse des contraintes non-a�nesdu programme. Plus la description de ces contraintes est pr�ecise, plusl'ensemble d�ecrit par P est petit. La �gure 1 repr�esente le cas o�u unecontraintes de�nies par Pc cFig. 1 - Approximation d'une contrainte.seule contrainte c intervient dans l'expression de la source. c v�eri�e lespropri�et�es P, ce qui garantit que l'analyse est conservative.2. Les propri�et�es P̂ sont d�eriv�ees de P. Les propri�et�es sur les param�etres dumaximum sont des cons�equences des propri�et�es P, a�n de garantir quel'analyse est toujours conservative. Cette traduction de P en P̂ permet dene retenir de P que les informations qui sont utiles pour le calcul de lasource. Le but est de montrer que, comme sur la �gure 2, chaque vecteurv�eri�ant P̂ est le param�etre du maximum d'une contrainte v�eri�ant P,c'est-�a-dire que l'on n'a pas perdu de pr�ecision durant la traduction.3. En�n, on construit la source param�etrique et l'on consid�ere toutes lesvaleurs possibles de cette source pour tous les param�etres v�eri�ant P̂ :S(y) = � max1�k�m max0�p�dSk R DSk; Q̂pk(xpk; y)E���xpk 2Zmk; P̂ �: : : ; xpk; : : :�� :Cet ensemble est calculable si les propri�et�es P̂ sont a�nes. Comme lemontre la �gure 3, �a chaque param�etre v�eri�ant P̂ correspond une sourcepossible, parmi lesquelles se trouve la source exacte.



IV. ANALYSE APPROCH�EE DE FLOT 33contraintes de�nies par P ensemble de�ni par P̂c �pk(y)Fig. 2 - Traduction de P en P̂.ensemble de�ni par P̂ ensemble de sources�pk(y) �(y)Fig. 3 - Calcul de l'ensemble de sources.IV.4 Am�elioration de l'approximationLe but de cette section est de pr�esenter des techniques permettant de trouverdes relations entre contraintes non-a�nes. Ces relations, ou propri�et�es, formentl'ensemble P. Dans un premier temps, nous passons en revue les techniquesexistantes et en d�eduisons une forme g�en�erale de propri�et�es. Puis nous proposonsdeux autres analyses.Forme g�en�erale de propri�et�esLes techniques utilis�ees pour trouver des relations entre des expressions re-streignent le type d'expressions �etudi�ees et le type de relations trouv�ees, tout enfaisant des approximations conservatives quand c'est n�ecessaire. On peut distin-guer deux types d'analyses : celles qui cherchent des relations entre les variablesou expressions du programme, et celles qui analysent une seule expression a�nd'en donner une caract�erisation a�ne aussi pr�ecise que possible.L'analyse propos�ee par Cousot et Halbwachs [33], dans un formalisme d'in-



34 PR�ESENTATIONterpr�etation abstraite trouve des relations entre les variables scalaires en exa-minant les expressions a�nes du programme. Ces relations sont repr�esent�eespar des poly�edres. Cette analyse a �et�e �etendue pour trouver des relations sousforme de modulos [58, 87, 88] et pour pouvoir examiner des expressions poly-nômiales [19]. Un autre type d'analyse, bas�ee sur la repr�esentation SSA (miseen assignation unique statique) [37] d�etecte des relations d'�egalit�e entre les va-riables. L'id�ee est de donner syst�ematiquement un nom di��erent �a des variablesqui sont �ecrites par des instructions di��erentes. Une fonction, usuellement ap-pel�ee �, permet de d�eterminer dynamiquement �a chaque lecture quelle est lenom correct de la variable �a lire. Tu et Padua [122, 124] ont �etendu la d�e�ni-tion des fonctions � en prenant en compte pour chaque instruction son pr�edicatd'existence et ont propos�e une m�ethode pour mettre en relation des expressionsa�nes de variables, �eventuellement tableaux, en comparant les arguments desfonctions � et les pr�edicats d'existence. Ces relations sont des in�egalit�es. En�n,les techniques classiques de d�etection de variable d'induction [1] ont �et�e g�en�era-lis�ees aux variables ou expressions dont l'incr�ement n'est pas constant [128, 67].Ces m�ethodes calculent alors la valeur de l'expression en fonction des compte-tours et en d�eduisent des propri�et�es de croissance ou de monotonie par exemple.Le deuxi�eme type d'analyse s'attache �a donner des propri�et�es a�nes sur descontraintes non-a�nes. Tel est le cas de la m�ethode de Maslov et Pugh, pr�e-sent�ee en section III.4, et de l'analyse propos�ee par Dumay [47]. Cette derni�eres'appuie sur un ensemble de r�egles fournies par l'utilisateur, associant �a chaquetype de fonction non-a�ne (exponentielle, multiplication,...) une nouvelle va-riable et un ensemble de propri�et�es a�nes sur cette variable. La variable peutalors remplacer la fonction non-a�ne dans n'importe quelle expression. L'avan-tage est que l'ensemble de r�egles est compl�etable �a volont�e par l'utilisateur.Toutes les analyses bri�evement d�ecrites ici produisent des relations sur descontraintes non-a�nes qui peuvent être d�ecrites grâce �a des formules logiquedu premier ordre, les contraintes non-a�nes �etant repr�esent�ees soit par despr�edicats, soit par des in�egalit�es a�nes compos�ees avec des fonctions non-a�nes,comme propos�e page IV.3.Caract�erisation des param�etresL'une des premi�eres propri�et�es dont on dispose est la d�e�nition même desparam�etres du maximum. La relation �pk(y) = max Lpk(y)jmk \ Dk(y) peut êtrer�e�ecrite sous forme de formule logique :lpk(x; y) ^i2Ck ci(x[1::ei]; y) =) x� �pk(y);o�u lpk(x; y) est la fonction caract�eristique de Lpk(y)jmk . Cette formule traduit lefait que �pk(y) est une borne sup�erieure de l'ensemble dont il est le maximum,



IV. ANALYSE APPROCH�EE DE FLOT 35et (�pk 6= ?) =) lpk(�pk(y); y) ^i2Ck ci(�pk(y)[1::ei]; y)signi�e que si cet ensemble n'est pas vide, alors �pk(y) en est un �el�ement.Analyse structurelleUn autre type de propri�et�e se r�ev�ele peu coûteux �a trouver : il s'agit despropri�et�es structurelles des boucles while et des conditionnelles if::then::else.Dans le premier cas, on sait que lorsqu'une it�eration d'un while est ex�ecut�ee,toutes les it�erations pr�ec�edentes l'ont �et�e aussi. Si ci est le pr�edicat du whileentour�e de n autres boucles cela se formalise ainsi :8x1; x2; x1[1::n] = x2[1::n]^ x2[n+ 1] � x1[n+ 1] ^ ci(x1[1::ei])=) ci(x2[1::ei]):Dans le cas de la conditionnelle, lorsque l'instruction est ex�ecut�ee l'une et seule-ment l'une des deux branches de la conditionnelle est ex�ecut�ee. Si ci et cj sontles deux contraintes g�en�er�ees par le pr�edicat non-a�ne d'un if::then::else,alors cette relation s'�ecrit :8x; ci(x[1::ei])() :cj(x[1::ej]):En�n, une troisi�eme propri�et�e tr�es simple vient s'ajouter aux deux autres. Onsuppose lors du calcul de la source que la lecture est ex�ecut�ee. Par cons�equent,lorsque la lecture v�eri�e la contrainte ci, on ajoute la relation ci(y[1::ei]; y).Analyse it�erativeLe principe de cette analyse est le suivant : deux contraintes non-a�nes sont�egales si elles sont la composition de la même fonction avec les mêmes variableset si ces variables ont la même source, et donc la même valeur. La conditionest su�sante mais pas n�ecessaire. Cette m�ethode se base sur les r�esultat d'uneanalyse de 
ot pour trouver des relations d'�egalit�e entre contraints non-a�nes,qui am�elioreront le r�esultat d'une autre analyse, ce qui explique son nom.Tester si les fonctions et les variables sont les mêmes est un crit�ere syn-taxique. Tester si les sources d'une variable sont les mêmes en deux points duprogramme se fait de la fa�con suivante : soient s (resp. s0) la conjonction despr�edicats se trouvant sur le chemin de la racine �a une feuille hS; xi (resp. hS0; x0i)du quast source d'une variable v en un point du programme (resp. en un autrepoint). La variable prend la même valeur en deux points du programme si :s ^ s0 ^ (S = S0) ^ (x = x0):



36 PR�ESENTATIONIV.5 Traduction des propri�et�esUne fois trouv�ees des propri�et�es P sur les contraintes non-af�nes, elles doi-vent être traduites en propri�et�es P̂ sur les param�etres du maximum. Il est alorsimportant de savoir si chaque param�etre v�eri�ant P̂ est un param�etre du maxi-mum associ�e �a des contraintes v�eri�ant P. On dira alors qu'aucun 
ou n'a �et�eajout�e par la traduction. Lorsque c'est le cas, trouver des propri�et�es P am�e-liore la pr�ecision de la source. Il est alors possible de d�ecider s'il est int�eressantde r�ealiser des analyses de plus en plus complexes pour trouver de nouvellespropri�et�es sur les contraintes non-a�nes a�n de parvenir �a la pr�ecision vouluede la source. Lorsque du 
ou est ajout�e lors de la traduction, il n'y a plus der�etroaction entre les analyses compl�ementaires calculant P et la pr�ecision de lasource.L'id�ee est d'utiliser la m�ethode de r�esolution de Robinson [113] a�n detransformer des formules avec des contraintes non-a�nes en des formules sanscontraintes non-a�nes. Donnons tout d'abord quelques d�e�nitions. Les formulesde P peuvent être mises sous forme normale conjonctives. Un litt�eral est uneformule atomique ou la n�egation d'une formule atomique et une clause est ladisjonction de litt�eraux. Un litt�eral non-a�ne est une contrainte non-a�ne ousa n�egation. Les autres litt�eraux sont appel�es litt�eraux a�nes.La r�egle de base de la r�esolution est la suivante :R�egle 1 (r�esolution simple) �Etant donn�ees deux clauses r(x) _ c(f(x)) ets(x0)_:c(g(x0)) o�u c(f(x)) et :c(g(x0)) sont deux litt�eraux, f et g deux fonctionsa�nes et x et x0 deux variables quanti��ees universellement, on d�erive la clause :f(x) = g(x) =) s(x0) _ r(x):Le litt�eral f(x) = g(x0) repr�esente la condition d'uni�cation entre c(f(x)) etc(g(x0)). La clause d�eriv�ee est une cons�equence des deux premi�eres. De plus,on voit que si c(f(x)) et :c(g(x0)) sont deux litt�eraux non-a�nes, elles n'ap-paraissent plus dans la clause d�eriv�ee (sauf peut-être dans les termes r(x) ets(x0)).L'algorithme consiste donc �a appliquer de fa�con r�ep�etitive la r�egle de r�eso-lution sur les clauses de P et sur les clauses d�eriv�ees au fur et �a mesure a�nde trouver des clauses de litt�eraux a�nes. Ces clauses constituent alors P̂. Leth�eor�eme suivant, montr�e en section 4.5.1, page 123, donne un crit�ere d'arrêtgarantissant qu'aucun 
ou n'est ajout�e lors de la traduction :Th�eor�eme 1 Aucun 
ou n'est ajout�e lors de la traduction de P en P̂ si toutesles clauses a�nes pouvant être d�eriv�ees des clauses de P peuvent être d�eriv�eesdes clauses de P̂.Le processus de d�erivation de clauses a�nes �a partir d'un ensemble de clausesnon-a�nes est analogue �a celui de la d�emonstration de th�eor�emes par r�efu-tation de leur contrapos�ee. Tester la satisfaisabilit�e d'un ensemble de clauses



IV. ANALYSE APPROCH�EE DE FLOT 37contenant des contraintes non-a�nes est un probl�eme ind�ecidable. En revanche,tester la satisfaisabilit�e d'un ensemble de clauses a�nes est d�ecidable (th�eoriede Presburger). Cela montre qu'en g�en�eral, la construction des clauses de P̂v�eri�ant le crit�ere �enonc�e par le th�eor�eme pr�ec�edent n'est pas un processus �ni.L'exemple suivant illustre cette di�cult�e : consid�erons deux clauses, 8x;:c(x)_c(x+ 1) et c(0). En combinant de fa�con r�ep�etitive la clause d�eriv�ee avec la pre-mi�ere des deux clauses initiales, on obtient la suite : 8x1; c(x1 + 1) _ (x1 6= 0),8x1; x2; c(x2+ 1) _ (x2 6= x1 + 1)_ (x1 6= 0), etc. Autrement dit, on va d�erivertoutes les clauses c(x+ 1) pour tous les x entiers.Ce probl�eme d'ind�ecidabilit�e disparâ�t si l'on restreint le type de relationsconsid�er�ees sur les contraintes non-a�nes. Notamment, quand les argumentsdes contraintes non-a�nes sont des variables quanti��ees universellement qui nesont pas li�ees les unes aux autres par des litt�eraux a�nes (c'est-�a-dire que l'en-semble des valeurs que peuvent prendre les variables universelles est un produitcart�esien d'intervalles), alors on peut se ramener �a un probl�eme de r�esolution decalcul propositionnel. Reste que la d�erivation exhaustive de toutes les clausesa�nes est coûteux. On peut d'abord imposer une limite au temps pass�e �a fairedes d�erivations. On peut �egalement choisir une m�ethode de r�esolution de com-plexit�e polynômiale et qui ne calcule pas toutes les d�erivations possibles. Onrisque de perdre de la pr�ecision mais le r�esultat �nal reste quand même conser-vatif. De plus, les quelques relations sur les param�etres que l'on aura trouv�eessu�ront peut-être �a am�eliorer signi�cativement l'approximation.La section 4.5.2 page 125 pr�esente un algorithme bas�e sur la m�ethode der�esolution lin�eaire �a entr�ees directes [86] qui n'est pas compl�ete (du 
ou peutdonc être ajout�e) mais elle su�t pour les relations du type de celles trouv�eespar une analyse structurelle, entre autres. La section 4.5.3 page 127 adaptela m�ethode pr�ec�edente lorsque les contraintes sont vues comme des in�egalit�esmettant en jeu des fonctions non-a�nes. Cette m�ethode permet alors de traitercorrectement les relations lin�eaires entre les variables du programme.En�n, un cas particulier est le cas o�u les relations P̂ contraignent les para-m�etres du maximum �a une seule valeur. L'analyse approch�ee est alors exacte,malgr�e la pr�esence des contraintes non-a�nes. C'est notamment le cas pourl'exemple suivant :do x1 = 1 while (P(x1))do x2 = 1, nS A(x2) = ..enddodo x2 = 1, nR .. = A(x2)enddoenddoLorsqu'une instance de R est ex�ecut�ee, alors on sait, grâce �a l'environnement,que pour la même it�eration du while, une instance de S est ex�ecut�ee et �ecrit la



38 PR�ESENTATIONvaleur lue par l'instance de R. Ainsi, la source de hR; yi est hS; yi. L'analyse estexacte.IV.6 Construction d'ensembles de sourcesLa troisi�eme et derni�ere �etape de la construction d'une source approch�eeconsiste �a utiliser les propri�et�es P̂ caract�erisant les valeurs possibles des para-m�etres du maximum pour simpli�er l'expression de la source 
oue.Cette simpli�cation se fait en deux �etapes : dans un premier temps, on trans-forme les clauses de P̂ en conditionnelles dont le seul but est de les combineravec le quast source pour r�ealiser des simpli�cations. Une clause de P̂ peuts'�ecrire, sans perte de g�en�eralit�e, 8x; r(x) =) e(x) � 0 o�u r d�e�nit un poly-�edre et e est une fonction a�ne. Cette implication est �equivalente �a l'in�egalit�emax fe(x) jr(x)g � 0. En calculant le maximum, l'in�egalit�e devient une condi-tionnelle dont les feuilles sont des in�egalit�es, appel�ee quast de contexte. Ce quastest alors combin�e au quast source et simpli��e pour �eliminer les sources poten-tielles qui sont exclues grâce aux propri�et�es P̂. La source 
oue est d�e�nie commeun ensemble de quasts. La derni�ere transformation consiste �a la transformer enun quast dont les feuilles sont des ensembles de sources. Il su�t pour cela depropager tous les pr�edicats mettant en jeu des param�etres vers les feuilles puisd'�eliminer ces pr�edicats en construisant l'union des branches des conditionnellesdans lesquelles ils apparaissent.IV.7 Impl�ementationNous avons r�ealis�e une impl�ementation partielle des m�ethodes pr�esent�eesdans cette section. Notre prototype, Caravan, utilise le formalisme d'une versionpr�ec�edente de l'analyse 
oue. De plus, seules certaines propri�et�es structurellespeuvent être int�egr�ees dans le calcul de la source 
oue.Pr�esentation de CaravanCaravan est un prototype programm�e en Objective Caml, qui permetl'analyse 
oue d'un sous-ensemble de programmes Fortran. Le prototypecompte environ 15000 lignes de code et est constitu�e de di��erents modules,dont les principaux sont :L'analyseur syntaxique Le mod�ele de programme de notre analyse 
oue estinclus dans le sous-ensemble de programmes Fortran reconnu par lemodule. L'analyseur syntaxique est compos�e de deux parties. L'une, �ecriteen C [44], reconnâ�t des programmes Fortran 77 et C et produit unerepr�esentation interm�ediaire commune, qui est �a son tour reconnue parun programme en Caml. La premi�ere partie de l'analyseur syntaxiqueest une version am�elior�ee de celui de PAF.



IV. ANALYSE APPROCH�EE DE FLOT 39Module de calcul formel Ce module, �ecrit par P. Boulet, contient les d�e�ni-tions et les outils de base pour la manipulation des fonctions a�nes, desquasts ainsi que pour les calculs de maxima et minima �a l'aide de PIP.Module de test de d�ependances Le test de d�ependance est consid�er�e com-me une passe de simpli�cation �a l'analyse de 
ot de donn�ees. Le test este�ectu�e �a l'aide de PIP.Module FADA Ce module impl�emente le calcul des sources param�etriquesexactes en fonction des domaines de param�etres. Le module prend lesclauses de P̂ mises sous forme de quasts de contexte comme entr�ee.Module de traduction La traduction de P vers P̂ est e�ectu�ee par ce mo-dule. Les seules propri�et�es P qui peuvent être traduites sont des relationsd'inclusion entre intersections et unions de domaines de param�etres (ils'agit de l'ancien formalisme de la FADA).Analyse structurelle Les propri�et�es structurelles sont trouv�ees par ce mo-dule et �ecrites sous la forme de relations ensemblistes entre les domainesde param�etres.ExemplePour l'exemple E1, notre prototype produit le texte du programme o�uchaque instruction est pr�ec�ed�ee par des commentaires dans lesquels apparaissentun num�ero pour l'instruction et �eventuellement les sources des variables lues parl'instruction. Nous ne d�etaillons ci-apr�es que les sources de la variable s.C STATEMENT NUMBER: 1do i = 1,nC STATEMENT NUMBER: 2s = 10C STATEMENT NUMBER: 3do while (z.ge.0)C STATEMENT NUMBER: 4C SOURCE OF s:C Parameters :C Quast :C if _alpha11 >= i thenC if i >= _alpha11 thenC if _alpha12 >= 1 thenC if _while0-1-_alpha12 >= 0 thenC [i; _alpha12], Statement4C else [i], Statement2C else [i], Statement2C else [i], Statement2



40 PR�ESENTATIONC else [i], Statement2s = 2*sz = z-1enddoC STATEMENT NUMBER: 5C SOURCE OF s:C Parameters :C Quast :C if _alpha7 >= i thenC if i >= _alpha7 thenC if _alpha8 >= 1 thenC [i; _alpha8], Statement4C else [i], Statement2C else [i], Statement2C else [i], Statement2z = senddoendLes param�etres du maximum sont not�es alphan et une op�eration hn; xi estnot�ee [x]; Statementn. La variable while0 est le compteur de boucle du while.IV.8 Autres travauxLes analyses sensibles au 
ot des donn�ees qui sont e�ectu�ees �a la compilationpeuvent être class�ees en deux cat�egories :{ Les analyses calculent des d�ependances de 
ot approch�ees entre les op�e-rations acc�edant aux mêmes �el�ements de tableaux. C'est l'approche quia �et�e choisie pour l'analyse pr�esent�ee dans cette section, ainsi que pourles analyses d�ecrites par Collard [29], par Duesterwald et al. [46] et parPugh et Wonnacott [106]. Ces analyses sont conservatives, par cons�equentsi une d�ependance exacte existe entre deux op�erations, alors une d�epen-dance approch�ee existe.{ Les analyses manipulent des r�esum�es des �el�ements de tableaux acc�ed�espar des blocs d'op�erations. Le 
ot des donn�ees entre ces blocs peut êtreensuite �eventuellement d�eduit. Il faut remarquer que contrairement auxanalyses pr�ec�edentes, aucun GFD n'est explicitement calcul�e. Cette ap-proche comprend la plupart des extensions aux structures de tableauxdes analyses classiques de 
ot sur scalaires. Les m�ethodes bas�ees sur lesd�e�nitions visibles [64, 114, 59] conservent les informations relatives auxinstructions qui ont d�e�nis en dernier des �el�ements de tableaux, ce quin'est pas le cas des m�ethodes calculant des r�egions de tableaux [120, 34,35, 68, 69, 122, 65], c'est-�a-dire des r�esum�es des �el�ements de tableauxutilis�es ou d�e�nis par un fragment de code.



IV. ANALYSE APPROCH�EE DE FLOT 41En g�en�eral, la seconde approche a un plus large domaine d'application que lapremi�ere, mais certaines techniques exhibant un parall�elisme �a grain �n, commel'ordonnancement, ont besoin des r�esultats des premi�eres analyses.Analyses sur des �el�ements de tableauxNous comparons �a pr�esent trois m�ethodes calculant explicitement un GFDapproch�e.Duesterwald, Gupta et So�a [46] : leur m�ethode �etend l'analyse des d�e�ni-tions visibles [1] pour scalaires aux structures de tableaux. Pour chaquetableau et chaque instruction, une sur- et sous-estimation de la distancede d�ependance entre la lecture courante et la derni�ere d�e�nition du même�el�ement de tableau est calcul�ee. L'approximation se fait sur des intervallesde distances, et non des poly�edres, ce qui peut conduire �a des approxima-tions grossi�eres. De plus, les conditionnelles ne sont pas prises en compte,les indices des tableaux doivent être a�nes en le compte-tours de la bouclela plus profonde et la m�ethode ne traite principalement que les tableauxmonodimentionnels.Pugh et Wonnacott [105, 106, 129] : ils ont �etendu leur m�ethode bas�ee surdes relations de d�ependance pr�esent�ee en section III.4 a�n de pouvoirtraiter des fonctions non-a�nes en les compte-tours. Leur approche esttr�es similaire �a la nôtre. Dans leur premiers travaux [105], des sur- etsous-approximations de relations de d�ependance �etaient calcul�ees en rem-pla�cant les termes non-a�nes dans les formules par vrai ou faux. Ils ont�egalement propos�e une approximation plus �ne lorsque les contraintes�etaient des �egalit�es de fonctions non-a�nes. Dans leurs travaux plus r�e-cents [106, 129], ils recourent �a une analyse SSA pour trouver des relationsentre contraintes non-a�nes, et peuvent utiliser n'importe quelle analysepr�esent�ee en section IV.4. On montre en section 4.8.3 page 146 que lesmêmes analyses compl�ementaires permettant d'am�eliorer la pr�ecision dur�esultat peuvent être utilis�es par la FADA ou leur m�ethode. En revanche,la fa�con dont les deux analyses de 
ot int�egrent ces informations dans leurscalculs di��ere grandement. La m�ethode de Pugh et Wonnacott introduittr�es souvent, même pour des propri�et�es structurelles, un 
ou ind�ependantdes propri�et�es sur les contraintes non-a�nes. Nous avons montr�e en sec-tion 4.8.3 qu'il ne s'agit pas d'un probl�eme dû �a la repr�esentation qu'ilsutilisent. Nous avons adapt�e les principes expos�es en section IV.5 �a larepr�esentation par relations de d�ependance a�n d'obtenir une m�ethodedont la pr�ecision est similaire �a la FADA.Collard et les pr�ec�edentes versions de la FADA [29, 30, 12] : Le termede FADA a �et�e introduit par Collard [29] pour nommer une extension del'analyse de 
ot exacte propos�ee par Feautrier aux programmes �a contrôle



42 PR�ESENTATIONdynamiques. La premi�ere version de la FADA �etendait le mod�ele des pro-grammes �a contrôle statique aux programmes avec while et condition-nelles if::then. Depuis, nous avons apport�e dans [30, 12] et dans cettesection plusieurs am�eliorations �a la m�ethode originale. Nous avons chang�ele formalisme pour pouvoir traiter une plus large classe de contraintesnon-a�nes, venant par exemple des indices de tableaux, et une plus largeclasse de propri�et�es sur ces contraintes non-a�nes. Simultan�ement, nousavons �egalement �enonc�e les conditions pour lesquelles aucune informationn'est perdue lors du processus d'int�egration de ces propri�et�es dans le cal-cul. Nous d�etaillons ci-dessous les limitations des versions pr�ec�edentes dela FADA.Dans [29], les param�etres du maximum ne sont pas d�e�nis, les contraintesnon-a�nes sont repr�esent�ees par des variables cach�ees. Les indices de ta-bleaux non-a�nes ne sont pas trait�es et seule la propri�et�e structurelle duwhile est prise en compte. L'exemple E1 est trait�e correctement maistous les autres conduisent �a des sources tr�es 
oues.Dans [30], le formalisme est le même que dans le papier pr�ec�edent, etl'analyse prend en compte le fait que seule l'une des deux branches d'unif::then::else est ex�ecut�ee lorsque la conditionnelle l'est. L'exemple E2donne toutefois une source plus 
oue que celle obtenue avec une analysestructurelle comme celle pr�esent�ee en section IV.4 car l'analyse ne consi-d�ere pas le fait qu'au moins l'une des deux branches est ex�ecut�ee.Dans [12], on introduit des param�etres du maximum et par cons�equentdonnons un algorithme de traduction entre des propri�et�es sur les con-traintes non-a�nes et les propri�et�es sur les param�etres du maximum.Toutefois, les relations P ne peuvent être que des relations ensemblistesentre domaines de param�etres, et les seules analyses compl�ementaires sontles analyses structurelle et it�erative. Toutes les relations sont traduitessans ajouter de 
ou.Analyses recourant �a des r�esum�esL'approximation faite par ces analyses est plus grossi�ere et les d�ependancessont repr�esent�ees par des niveaux de d�ependance. Cela s'av�ere su�sant pourla privatisation. On examine d'abord les techniques de calcul des d�e�nitionsvisibles, puis de r�egions de tableaux.De nombreuses extensions des m�ethodes de calcul des d�e�nitions visiblesont �et�e propos�ees pour les structures de tableaux [64, 114, 59]. Elles ne sp�e-ci�ent que l'instruction de la derni�ere �ecriture et non l'op�eration source, de lamême mani�ere que dans la m�ethode originale pour les scalaires. Pour chaquetableau et pour chaque instruction, des ensembles d'�el�ements de tableaux sontassoci�es �a l'instruction de leur derni�ere d�e�nition. Cependant lorsque plusieursinstructions peuvent d�e�nir un même �el�ement, les conditions pour lesquelles la



IV. ANALYSE APPROCH�EE DE FLOT 43d�e�nition visible est l'une ou l'autre des instructions ne sont en g�en�eral pascalcul�ees, ce qui conduit �a une approximation.Quant aux r�egions de tableaux, leur but premier �etait de repr�esenter lese�ets des proc�edures sur les �el�ements de tableaux [120, 121, 24]. La r�egion detableau acc�ed�ee par une r�ef�erence �a un �el�ement de tableau est propag�ee le longdu graphe de 
ot de contrôle. La complexit�e du calcul des r�egions d�epend de larepr�esentation choisie ainsi que de l'op�erateur permettant de calculer la r�egionr�esumant les e�ets de plusieurs 
ots de contrôle sur un tableau. Di��erents typesde r�egions peuvent être calcul�es pour des programmes structur�es [69, 122, 34,65], et on d�ecrit ci-dessous quatre d'entre eux en utilisant la terminologie deCreusillet [34, 35]:{ WRITE(S) : l'ensemble des �el�ements d'un tableau d�e�nis par S;{ READ(S): l'ensemble des �el�ements d'un tableau lus par S;{ OUT(S): l'ensemble des �el�ements d'un tableau qui sont vivants apr�es S etqui vont être lus;{ IN(S): l'ensemble des �el�ements lus par S et qui n'ont pas encore �et�e d�e�nispar S. Intuitivement, IN(S) est l'ensemble des �el�ements import�es par S.En fait, seules des sur- et sous-approximation de ces r�egions sont calcul�ees. Enintersectant des r�egions IN etWRITE d'instructions di��erentes, on peut tester sila source d'un �el�ement de tableau provient d'une instruction d�e�nissant la r�egionWRITE. Cela constitue le test e�ectu�e par la privatisation. En section 4.8.4, one�ectue une comparaison d�etaill�ee des r�egions et de la FADA, et on montre quele degr�e de parall�elisme atteint par une privatisation men�ee �a partir du r�esultatde la FADA est au moins �egal �a celui auquel on parvient en utilisant des r�egions,comme formalis�ees par Creusillet.IV.9 ConclusionNous avons pr�esent�e dans cette section une analyse approch�ee de 
ot de don-n�ees capable de traiter n'importe quelle contrainte non-a�ne. Ces contraintesapparaissent par les indices de tableaux non-a�nes, les boucles while, les pr�e-dicats des conditionnelles ou les bornes non-a�nes des boucles do. Nous avonspropos�e une analyse qui est une extension de l'analyse exacte d�ecrite par Feau-trier. Non seulement cette analyse est exacte sur les programmes �a contrôlestatique mais comme l'approximation est e�ectu�ee �a la derni�ere �etape de cal-cul, les techniques usuelles de sources sont les mêmes que celles des programmes�a contrôle statique. De plus, notre analyse est capable de prendre en compte unelarge classe de propri�et�es sur les contraintes non-a�nes, comme les propri�et�esqui sont produites par les nombreuses analyses symboliques existantes. En plusde ces techniques, nous avons propos�e une m�ethode originale, appel�ee analyseit�erative, qui trouve des relations entre les valeurs de contraintes non-a�nes par



44 PR�ESENTATIONl'examen des sources des variables qu'elles utilisent. En�n, nous avons �enonc�ela condition pour laquelle l'approximation e�ectu�ee est la meilleure possible.L'analyse approch�ee a �et�e valid�ee par une impl�ementation partielle des tech-niques mises en jeu.V Applications de l'analyse de 
otNous d�ecrivons les modi�cations qu'il est n�ecessaire d'apporter aux appli-cations traditionnelles de l'analyse de 
ot exacte pour tenir compte d'un GFDapproch�e. Cette section r�esume le chapitre 5.V.1 V�eri�cation de programmesDans un programme correct, toutes les variables sont initialis�ees avant d'êtrelues. La d�etection des variables non initialis�ees est une application simple etdirecte de l'analyse de 
ot de donn�ees. En e�et, une variable est initialis�ee si etseulement si ? ne �gure pas parmi les sources possibles trouv�ees par l'analyse.Ce simple fait peut aider le programmeur �a v�eri�er la correction de son code etvalider certaines propri�et�es concernant des contraintes non-a�nes.Consid�erons un quast obtenu par l'analyse de 
ot de donn�ees d'une variable.Si une feuille de ce quast est ?, cela signi�e que cette variable n'a pas �et�ecorrectement initialis�ee. En e�et, la conjonction des pr�edicats sur le chemin dela racine du quast �a ? repr�esente la condition sur le vecteur d'it�eration de lalecture pour laquelle il n'y a pas eu d'initialisation. Cette condition est v�eri��eeau moins pour une valeur du vecteur d'it�eration si le quast a �et�e simpli��e.Consid�erons �a pr�esent une d�ependance directe entre l'instruction R et l'ins-truction S, �a la profondeur p. Le r�esultat suivant peut être g�en�eralis�e �a unesource construite �a partir d'un nombre quelconque d'instructions. Lorsque ?est une des sources possible, cela signi�e qu'une contrainte non-a�ne peutconduire �a une initialisation incorrecte de la variable. On donne dans ce quisuit une caract�erisation de toutes les contraintes non-a�nes possibles pour les-quelles le programme est correct. Cette propri�et�e doit être v�eri��ee a posterioripar la contrainte apparaissant r�eellement dans le programme.Examinons un quast dans lequel apparâ�t le param�etre du maximum �pSR(y).Trions les pr�edicats qui sont sur le chemin de la racine �a une feuille ? et soientri(y); 0� i � m, les pr�edicats d�ependant uniquement de y, et sj(y; �pSR(y)); 0 �j � n les pr�edicats d�ependant �egalement d'un param�etre du maximum. Pourque l'initialisation de la variable soit compl�ete, la feuille ? ne devrait pas pou-voir être atteinte, c'est-�a-dire que la condition suivante doit être remplie :8y 2 I(R);0@ ^0�i�m ri(y)1A ^0@ ^0�j�n sj(y; �pSR(y))1A = faux;



V. APPLICATIONS DE L'ANALYSE DE FLOT 45ce qui est �equivalent �a : pour tout y 2 I(R) v�eri�ant ^0�i�mri(y) alors :_0�j�n :sj(y; �pRS(y)):Grâce �a la d�e�nition de �pRS(y), on obtient la condition �equivalente suivante :8y 2 I(R) tq. ^0�i�m ri(y); 9x tq. 0@ _0�j�m :sj(x; y)1A^0@ ^h2CSR ch(x; y)1A (3)Cette caract�erisation des contraintes non-a�nes est une condition n�ecessaire etsu�sante pour que le programme initialise correctement les variables lues.Le fragment de code suivant illustre cette propri�et�e :do x = 1, nS A(f(x)) = ..enddodo y = 1, nR .. = A(y)enddoLa contrainte non-a�ne est c1(x; y) = (f(x) = y). Sans information sup-pl�ementaire concernant f , la source 
oue de hR; yi est constitu�ee de ? etde fhS; xi j1 � x � ng. Par cons�equent, on va attribuer une propri�et�e �a lacontrainte non-a�ne a�n que l'initialisation de A se fasse correctement. Lequast avec le param�etre du maximum est :if 1 � �0SR(y) � n then 
S; �0SR(y)� else ?:L'application directe de la caract�erisation donn�ee par (3) pour r(y) = (1 �y � n) (l'environnement) et s(x; y) = :(1 � x � n) conduit �a :8y s.t. 1 � y � n; 9x s.t. 1 � x � n; f(x) = y:En d'autres termes, A est initialis�e ssi f est une permutation sur 1::n.La v�eri�cation de cette condition peut être laiss�ee au programmeur ou sou-mise �a un v�eri�cateur d'assertions du type de Floyd [56]. La v�eri�cation decode peut �egalement être men�ee sur des fragments de code plus courts commeles corps des proc�edures, a�n de comparer les variables et les conditions pourlesquelles elles sont initialis�ees �a l'ext�erieur du code avec ce que le programmeurattendait.



46 PR�ESENTATIONV.2 D�etection des r�ecurrencesRedon d�e�nit dans [111] une m�ethode pour d�etecter et normaliser les r�ecur-rences d'un programme. Cette m�ethode est d'un int�erêt �evident pour la mainte-nance du code et pour les compilateurs parall�eliseurs : la normalisation permetau programmeur de retrouver la s�emantique de l'op�eration e�ectu�ee, quelquesoit la mani�ere dont elle a �et�e impl�ement�ee. En outre, la d�etection en elle-mêmeautorise des am�eliorations signi�catives de l'ordonnancement, du placement etdu code produit par un parall�eliseur qui peut faire appel �a des biblioth�equesayant des versions optimis�ees des r�ecurrences, si elles existent.La d�etection des r�ecurrences est bas�ee sur un syst�eme d'�equations lin�eairesr�ecurrentes (SELR), obtenu grâce aux graphes de 
ot de donn�ees des variablesdu programme. La d�etection peut utiliser le r�esultat d'une analyse 
oue produi-sant un r�esultat exact. L'analyse structurelle permet la d�etection de r�ecurrences�a l'int�erieur de boucles while et de branches de conditionnelles. L'analyse it�e-rative permet l'utilisation de variables qui ne sont pas des compte-tours commeindices de la r�ecurrence, tant que l'on dispose d'assez d'information sur cesvariables pour que la source soit exacte.On pr�esente dans ce qui suit les conditions pour lesquelles la d�etection des r�e-currences est possible �a partir d'une source 
oue. Le lecteur trouvera dans [111]les d�etails concernant la m�ethode g�en�erale de d�etection de r�ecurrences pour desanalyses exactes de 
ot de donn�ees. Chaque SELR donne l'expression d'unevariable du programme en fonction d'autres variables. Cette expression est unefonction conditionnelle d�ependant des compte-tours et des param�etres dûs au
ou, lorsque la variable a une source 
oue. Chaque valeur possible d�e�nie parla conditionnelle est appel�ee une clause. L'algorithme de d�etection construit ungraphe dont les arêtes sont les couples d'�equations tels qu'une variable d�e�-nie dans la premi�ere �equation est utilis�ee dans une clause de la seconde. Lescircuits de ce graphe sont alors normalis�es de sorte qu'un algorithme de recon-naissance de formes appliqu�e sur chaque �equation puisse d�ecider s'il s'agit d'uner�ecurrence. Les d�ependances qui n'apparaissent pas dans un circuit du graphen'interf�erent pas avec l'algorithme. Par cons�equent, les variables dont les sourcessont 
oues ne doivent pas être des accumulateurs de la r�ecurrence, �a moins quela seule source 
oue corresponde �a la valeur initiale de l'accumulateur.V.3 Expansion statique maximaleL'expansion des structures de donn�ees est une technique bien connue pour�eliminer les d�ependances qui ne re
�etent pas le 
ot des donn�ees et qui gênent laparall�elisation. Lorsque le programme est �a contrôle dynamique ou que les ta-bleaux ont des indices non-a�nes, on peut toutefois être amen�e �a e�ectuerun calcul �a l'ex�ecution a�n de pr�eserver le 
ot des donn�ees, apr�es expan-sion. Dans le cadre de la mise en assignation unique statique ou static single-assignement (SSA), on introduit des fonctions appel�ees � aux points de contrôle



V. APPLICATIONS DE L'ANALYSE DE FLOT 47o�u plusieurs d�e�nitions visibles sont possibles [36, 37]. Ces fonctions � repr�e-sentent la partie du calcul �a r�ealiser �a l'ex�ecution et constituent un surcoûtnotable lorsque les donn�ees sont r�eparties entre les processeurs ou en pr�esencede tableaux. Le but de cette section est d'�eviter ce coût et de trouver l'expan-sion de tableaux ((statique)), dans le sens ((faite �a la compilation)), qui expansele plus possible les structures de donn�ees. On appellera cette expansion une ex-pansion statique maximale. Ce travail a �et�e r�ealis�e en collaboration avec Cohenet Collard [10].Principe de la m�ethodeOn pose quelques notations tout d'abord. Soit W l'ensemble des op�erationsd'�ecriture du programme, f la fonction qui fait correspondre aux op�erations lescellules m�emoires dans lesquelles elles �ecrivent et on note f 0 une expansion, c'est-�a-dire une nouvelle fonction des op�erations vers les cellules m�emoires �ecrites.D�e�nition 4 (Expansion statique) Une expansion statique est une fonctionf 0 des op�erations vers les cellules m�emoires telle que :8�; � : (9� : � 2 �(�) ^ � 2 �(�)^ f(�) = f(�))() f 0(�) = f 0(�):On est int�eress�e par une expansion statique qui occupe le plus de cellules m�e-moires possibles.D�e�nition 5 (Expansion statique maximale) Une expansion statique estmaximale sur l'ensemble W si, pour toute expansion statique f 00,8�; � 2 W : f 0(�) = f 0(�) =) f 00(�) = f 00(�):Intuitivement, si f 0 est maximale alors aucune fonction f 00 ne peut associerdeux cellules m�emoires �a deux op�erations si f 0 ne le fait pas. Cette d�e�nitionn'est cependant pas constructive. On va chercher les ensembles d'op�erations surlesquels une expansion statique maximale f 0 est constante. Pour cela, on d�e�nitla relation R sur les op�erations :�R� () 9� : � 2 �(�)^ � 2 �(�):On peut montrer (voir section 5.4.4) qu'une expansion statique maximale estd�e�nie par : 8�; � 2 W : �R�� ^ f(�) = f(�) () f 0(�) = f 0(�);avec R� la clôture transitive de R. Cela signi�e intuitivement que les ensemblesd'op�erations sur lesquels l'expansion maximale est constante sont les ensemblesd'op�erations qui acc�edent �a la même cellule m�emoire (f(�) = f(�)) et quisont sources possibles d'une même variable (�R�). Autrement dit, si W(c) =f� 2 W jf(�) = cg est l'ensemble des �ecritures �ecrivant la cellule m�emoire c et



48 PR�ESENTATIONM = f(W) est l'ensemble des cellules m�emoires, les ensembles sur lesquels f 0est constante, que l'on notera W=f 0, sont d�e�nis par :W=f 0 = [c2MW(c)=R�:Il ne reste plus ensuite qu'�a num�eroter (arbitrairement) ces classes et �a fairel'expansion e�ective des structures. Si n(�) est le label de la classe de l'op�eration� , alors pour chaque �ecriture � , on expanse le tableau A(f(�)) en A(f(�); n(�)).Un acc�es en lecture de l'�el�ement A(g(�)) est transform�e en A(g(�); n(�(�))). Lad�e�nition de n garantit en e�et que toutes les op�erations sources possibles de �qui acc�edent �a cet �el�ement de tableau portent le même num�ero.Domaine de la m�ethodeLa m�ethode d'expansion statique maximale d�epend de deux choses :{ l'expression de la fonction source (peut-être 
oue) �;{ le calculateur de la clôture transitive R�.On peut montrer que la m�ethode produit une expansion qui est maximale,�etant donn�e une expression de � et un calculateur de clôture transitive, et cequelque soit leur pr�ecision, pourvu que les approximations qu'ils font soientconservatives.ExempleConsid�erons le tableau A du programme de la �gure 4.a. Puisque T esttoujours ex�ecut�e lorsque j est �egal �a N , une valeur lue par hS; i; ji, j > N , n'estjamais d�e�nie par une instance hS; i0; j 0i avec j 0 � N . La �gure 4.b d�ecrit le 
otdes donn�ees entre les instances de S. Une 
�eche de (i0; j 0) vers (i; j) signi�e quel'instance (i0; j 0) peut être la source de (i; j).Formellement, la source d'une instance de S est :�(A; hS; i; ji) = ������������ if j � Nthen �hS; i0; j 0i ���� 1 � i0 � 2N^1 � j 0 < j ^ i0 � j 0 = i� j �else �hS; i0; j 0i ���� 1 � i0 � 2N^N < j 0 < j ^ i0 � j 0 = i� j �[ fhT; i0; Ni j1 � i0 < i ^ i0 = i� j +N gOn note que le domaine d'it�eration de S peut être s�epar�e en deux sous-ensemblesdisjoints en regroupant les op�erations qui apparaissent dans le même 
ot. Cessous-ensembles forment une partition du domaine d'it�eration. Une cellule m�e-moire di��erente peut être associ�ee �a chaque sous-ensemble, une cellule ne serapas acc�ed�ee par des op�erations en dehors du sous-ensemble. Cette partition est



V. APPLICATIONS DE L'ANALYSE DE FLOT 49real A(4*N-1)do i=1, 2*Ndo j=1, 2*Nif .. thenS A(i-j+2*N) = .. A(i-j+2*N)endifT if j = N thenA(i+N) = ..endifenddoenddo (a) i
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(b)Fig. 4 - Exemple d'expansion.
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(b)Fig. 5 - Partition du domaine d'it�eration (N = 4).



50 PR�ESENTATIONdonn�ee en �gure 5.a. On peut seulement dupliquer les �el�ements de A qui sontutilis�es deux fois. Ce sont les �el�ements A(c), 1 + N � c � 3N � 1. Ils sontacc�ed�es par les op�erations dans la partie centrale de la �gure 5.b. Attribuonsaux sous-ensembles de la partie inf�erieure de cette ensemble le num�ero 1, et �aceux de la partie sup�erieure le num�ero 2. On ajoute une dimension au tableauA, de taille 2. Les �el�ements A(c), 1 � c � N sont acc�ed�es par les op�erations ducoin sup�erieur gauche de la �gure 5.b et n'ont qu'un sous-ensemble chacun. Demême pour les �el�ements acc�ed�es par les op�erations du coin droit. Le programmetransform�e apr�es expansion statique maximale est en �gure 6. Il est importantde noter que ce programme �a le même degr�e de parall�elisme que si on l'avaitmis en assignation unique, sans sou�rir du surcoût �a l'ex�ecution.real A(4*N,2)do i=1, 2*Ndo j=1, 2*NC expansion of statement Sif -2*N+1 <= i-j <= -N thenif .. thenA(i-j+2*N,1) = .. A(i-j+2*N,1) ..endifelsif -N+1 <= i-j <= N-1 thenif j <= N thenif .. thenA(i-j+2*N,1) = .. A(i-j+2*N,1) ..endifelsif .. thenA(i-j+2*N,2) = .. A(i-j+2*N,2) ..endifelsif .. thenA(i-j+2*N,1) = .. A(i-j+2*N,1) ..endifC expansion of statement Tif j = N then A(i+N,2) = .. endifenddoenddo Fig. 6 - Expansion statique maximale.V.4 OrdonnancementUn ordonnancement donne une date d'ex�ecution �a chaque op�eration du pro-gramme. En g�en�eral, cette date est logique et toutes les op�erations sont suppo-



V. APPLICATIONS DE L'ANALYSE DE FLOT 51s�ees prendre une dur�ee unitaire [51]. Des algorithmes d'ordonnancement ont �et�epr�esent�es dans [53, 54]. Comme nous l'expliquerons ici, il n'y a pas de di�cult�e�a �etendre ces algorithmes au cas d'une analyse de 
ot de donn�ees 
oue.Des op�erations en d�ependance doivent être ex�ecut�ees s�equentiellement etles autres op�erations peuvent être ex�ecut�ees en parall�ele. Si les d�ependancesde sortie et les anti-d�ependances peuvent être �elimin�ees (par privatisation ouexpansion), alors le degr�e maximal de parall�elisme peut être atteint en ne tenantcompte que des d�ependances directes : une op�eration doit être ex�ecut�ee apr�estoutes ses sources. Un ordonnancement � doit alors v�eri�er, dans le cas del'analyse exacte : �(hR; yi) � �(�(A; hR; yi)) + 1;pour n'importe quelle variable A lue par hR; yi. Dans le cas de l'analyse 
oue,toutes les sources possibles d'une lecture doivent pr�ec�eder la lecture :8� 2 S(A; hR; yi) : �(hR; yi) � �(�) + 1: (4)Dans le r�esultat de l'analyse correspondante, � d�epend d'un param�etre de 
oux� et apparâ�t dans une feuille gouvern�ee par un pr�edicat a�ne r�(y; x�) : � =��(y; x�) o�u � est a�ne. On peut alors ra�ner (4) en :8x� : r�(y; x�) =) �(hR; yi) � �(�(y; x�)) + 1: (5)Supposons que l'ordonnancement � soit une fonction a�ne avec des coe�cientsinconnus. Puisque tout est a�ne dans (5), on peut appliquer la même tech-nique que dans le cas exact [53, 54]. Comme on l'a montr�e dans la sectionpr�ec�edente, il se peut que l'on ne puisse pas �a la compilation �eliminer toutesles anti-d�ependances et d�ependances de sortie. Dans ce cas, ces d�ependancesdoivent �egalement être prises en compte lors du calcul de l'ordonnancement.V.5 ConclusionL'ordonnancement et la d�etection des r�ecurrences peuvent être ais�ementadapt�es aux r�esultats produits par une analyse approch�ee.En ce qui concerne l'expansion, il s'agit d'une optimisation classique �elimi-nant les d�ependances bas�ees sur une r�eutilisation de la m�emoire. Le code g�en�er�edoit garantir que toutes les lectures acc�edent �a la bonne cellule m�emoire apr�esexpansion. Quand l'analyse de 
ot est approch�ee, le principal inconv�enient dela m�ethode est qu'elle a besoin d'un calcul �a l'ex�ecution pour d�eterminer com-pl�etement l'identit�e d'une cellule m�emoire lue.Nous avons pr�esent�e une nouvelle m�ethode d'expansion : une cellule peutêtre expans�ee autant de fois qu'il y a de classes ind�ependantes. L'algorithmepeut se satisfaire des r�esultats de n'importe quelle analyse de 
ot, quelque soitsa pr�ecision, et n'a pas besoin d'un calcul de clôture transitive exact. Cependant,l'expansion statique trouv�ee est maximale en fonction de l'information dont ondispose �a la compilation.



52 PR�ESENTATIONVI ConclusionVI.1 ContributionsL'analyse exacte du 
ot des donn�ees d�ecrit pour chaque op�eration le 
otentre les variables du programmes. L'avantage d'une telle analyse est qu'ellerend possible, outre des applications comme le d�ebogage, des techniques tr�esagressives de parall�elisation de programmes �a la compilation. Cependant, ledomaine de cette analyse est plus ou moins limit�e aux programmes �a contrôlestatique, et donc elle ne peut être utilis�e que sur de petits fragments de code r�eel.De plus, la complexit�e au pire de l'analyse est �elev�ee, ce qui restreint d'autantplus l'�eventail des programmes qui sont trait�es e�cacement.Cette th�ese propose des m�ethodes pour pallier ces deux inconv�enients : nousavons d�ecrit un algorithme pour calculer tr�es e�cacement, avec au pire une com-plexit�e polynômiale, les graphes de 
ot de donn�ees des programmes �a contrôlestatique et nous avons pr�esent�e un cadre g�en�eral pour faire des analyses appro-ch�ees du 
ot sur des programmes avec des boucles while, des if::then::elseaux pr�edicats quelconques, et n'importe quel forme d'indices de tableaux. Deplus, les techniques qui calculent le graphe de 
ot exact peuvent être r�eutilis�eestelles quelles, aussi bien les optimisations de l'analyse exacte que notre m�ethodepolynômiale.En outre, on a montr�e que la pr�ecision de notre analyse peut être am�elior�ee �al'aide d'analyses compl�ementaires qui trouvent des propri�et�es sur les contraintesnon-a�nes, comme par exemple c'est le cas pour les nombreuses analyses sym-boliques existantes. En plus de ces m�ethodes, nous avons propos�e �egalementune analyse it�erative dont le principe est d'utiliser le r�esultat de l'analyse de
ot d'une variable pour am�eliorer la pr�ecision d'une autre. Le calcul du graphede 
ot de donn�ees est alors r�ealis�e en deux �etapes, la premi�ere est l'int�egrationdes propri�et�es sur les contraintes non-a�nes dans le calcul, la seconde, ind�e-pendante de la premi�ere, est le calcul des sources. L'int�egration des relationsentre contraintes non-a�nes consiste �a transformer un syst�eme de clauses lo-giques dans lequel apparaissent les contraintes non-a�nes en un syst�eme declauses qui ne les utilise plus. Ceci est r�ealis�e en appliquant de fa�con r�ep�et�eeune r�egle de r�esolution sur le syst�eme initial. En g�en�eral, une analyse approch�eene peut pas garantir en un temps �ni un r�esultat dont la pr�ecision correspondaux propri�et�es sur les contraintes, pour des raisons de d�ecidabilit�e. Cependant,nous avons trouv�e une condition n�ecessaire et su�sante pour que l'optimalit�esoit atteinte. Un prototype, bien que bas�e sur une version pr�ec�edente de notreformalisme, valide cette approche choisie pour une analyse approch�ee.Notre approche pour traiter les contraintes non-a�nes n'est pas d�ependantede la repr�esentation des d�ependances utilis�ee. Suite �a une comparaison avec lestravaux de Wonnacott [129] et de Creusillet [34], nous avons montr�e que notreanalyse approch�ee donne de meilleurs r�esultats pour les programmes dans sondomaine que d'autres analyses et permet ainsi l'utilisation de techniques de



VI. CONCLUSION 53parall�elisation plus agressives.La plupart des applications traditionnelles de l'analyse exacte de 
ot dedonn�ees pour tableaux ne n�ecessite qu'une adaptation mineure pour pouvoirprendre en compte les r�esultats d'une analyse approch�ee. Ce n'est pas le casde l'expansion de tableau, et nous avons pr�esent�e une m�ethode pour faire l'ex-pansion des structures de donn�ees sans pour autant recourir �a la restaurationdynamique du 
ot.VI.2 PerspectivesDe nombreux d�eveloppements de l'analyse approch�ee de 
ot de donn�ees elle-même peuvent être envisag�es. Dans un premier temps, un certain nombre detechniques d�ecrites dans cette th�ese peuvent être am�elior�ees :{ les m�ethodes de r�esolution : nous n'avons d�ecrit qu'une r�egle g�en�erale der�esolution suivie ensuite de la r�esolution �a entr�ees directes. Cependant, ilexiste plusieurs autres types de r�esolutions, chacun adapt�e �a une formeparticuli�ere de clauses (comme par exemple la r�esolution SLD pour lesclauses de Horn, utilis�ees par Prolog).{ le calcul des quasts de contexte : les r�egles de construction de ces quasts,donn�ees en section 4.6.1 peuvent être optimis�ees, ainsi qu'on l'a laiss�eentendre en section 4.6.3;{ l'extension de l'analyse approch�ee aux programmes avec appels de proc�e-dure : Leservot [82] a propos�e une extension de la m�ethode poly�edrique�a ces programmes. L'adaptation de sa m�ethode �a une analyse approch�eedevrait être relativement simple, mais n'a pas �et�e formalis�ee.Sur un plan plus th�eorique, mise �a part l'analyse it�erative, il n'y a pas der�etroaction entre les analyses qui trouvent des relations sur les contraintes non-a�nes et l'analyse approch�ee du 
ot des donn�ees. Nous avons montr�e qu'il �etaitpossible de d�eterminer si une relation am�eliore la pr�ecision de la source et sielle peut être compl�etement prise en compte par l'analyse. Ces deux crit�eresn'ont pas �et�e vraiment utilis�es jusqu'�a pr�esent, mais devraient permettre ded�ecider s'il est int�eressant de trouver d'autres propri�et�es sur une contrainte non-a�ne. Cette id�ee de r�etroaction cependant n'est utilisable que lorsque l'analysesymbolique est capable de ra�ner son r�esultat progressivement, ou d'int�egrerles r�esultats d'une analyse de 
ot de plus en plus pr�ecise. Ceci n'est possiblepour l'instant qu'avec l'analyse it�erative.De plus, un important travail d'optimisation de l'analyse reste �a faire concer-nant le choix de la repr�esentation des d�ependances de 
ot. Suivant l'id�ee pr�e-sent�ee en section 4.8.4, la repr�esentation des d�ependances pourrait être d�egrad�ependant l'analyse, soit pour des raisons d'e�cacit�e, quitte �a perdre de la pr�e-cision, soit parce qu'il n'y a aucune raison de garder une description pr�ecisede 
ot des donn�ees. Le premier cas peut être justi��e par les gros codes, car



54 PR�ESENTATIONpar exemple la probabilit�e qu'une �ecriture soit source d'une lecture d�ecroit avecla distance entre les deux instructions. L'id�ee de partitionner le code en di��e-rent fragments qui peuvent être analys�es s�epar�ement a �et�e trait�e dans le casdes analyses exactes par Berthou [15]. La deuxi�eme raison peut être motiv�eepar le degr�e de parall�elisme d�esir�e. Ainsi, la privatisation de tableaux n'a be-soin que d'une information concernant les d�ependances entre it�erations, et pourl'analyse interproc�edurale, les r�egions abstraient les e�ets des proc�edures surles �el�ements de tableaux (voir la th�ese de Leservot [82] pour une adaptationde l'analyse exacte de 
ot de donn�ees �a l'analyse interproc�edurale). Plus g�e-n�eralement, la pr�ecision de l'analyse, soit contrôl�ee par sa repr�esentation soitpar les propri�et�es sur les contraintes non-a�nes, devrait d�ependre �egalement del'application vis�ee. Il semble clair de dire que la plupart des analyses de d�epen-dances ont �et�es adapt�ees jusqu'�a pr�esent �a un type particulier d'application etne peuvent pas changer facilement la pr�ecision de leur r�esultat. Une derni�ereremarque �a propos de la repr�esentation des d�ependances : l'analyse approch�eeque nous avons propos�ee d�epend largement du formalisme d'analyse exacte. Lescontraintes non-a�nes ont �et�es �elimin�ees a�n que les techniques utilis�ees dansle cas exact puisse être appliqu�ees. G�en�eraliser cette approche aux programmesr�ecursifs n'est pas imm�ediat puisqu'il n'existe pas d'analyse exacte pour de telsprogrammes.En�n, nous n'avons pas adapt�e certaines applications de l'analyse exacte du
ot de donn�ees. C'est le cas de l'optimisation m�emoire d�ecrite par Lefebvre [80,81]. On ne sait pas encore comment mettre en relation cette optimisation avecl'expansion m�emoire statique pr�esent�e en section 5.4.



Chapter 1Introduction1.1 ContextThe constant improvements in processor technology has lead to a fast increaseof processor frequency and raw computing power. However this progressionhas not been followed by a similar advance in memory capacity and perfor-mances, and the relative slowness of memory accesses, even with a hierarchyof memories, prevents these processors from reaching their peak performances.Sequential machines no longer meet the performance requirements of many ap-plications, among which the famous Grand Challenge, simulations and multi-media applications. Simulations, which take a more and more important placein many �elds either for economic reasons (in aerodynamics for instance) orbecause experimentation is not possible (in seismology, cosmology, : : : ), needto manipulate very large amounts of data in reasonable time and multimediaapplications impose heavy constraints on execution time.Since sequential computers do not meet performance requirements, the ideais to divide a program or the input data into parts that are then treated byas many processors. This idea of parallel execution �rst gave rise to vectorprocessors such as the Cray I. The same instructions were then performed overa vector of data. However the e�ciency of such architectures tightly dependson the regularity of the parallelized code. A more general way to improveperformances at the processor level is achieved through Very-Long InstructionWord (VLIW) or superscalar architectures (processors Alpha from Digital, forinstance). Several chunks of instructions are then executed in parallel. Finally,another approach consists in multiplying the number of processors in a machine,expecting ideally a similar multiplication of the performances. The memory iseither distributed (as in the IBM SP2 or for networks of workstations) or sharedbetween the processors (as in the Cray YMP).In order to achieve high performances on parallel computers, a program,or at least the algorithm it implements, must contain a signi�cant degree ofparallelism. Even then, either the programmer and/or the compiler has to55



56 CHAPTER 1. INTRODUCTIONexpose this parallelism and apply the necessary optimizations to adapt it to theparticular characteristics of the target machine. Moreover, the program shouldbe portable in order to cope with the fast obsolescence of parallel machines.Two possibilities are o�ered to the user to meet these requirements:� Explicitly parallel languages. Most languages proposed are parallel ex-tensions to sequential languages, such as OCCAM, Fortran D [72], Vi-enna Fortran [132], HPF [57], : : : Some extensions also appear under theform of libraries: PVM [119] and MPI [63] for instance. This approachmakes the programmation of high performance parallel algorithms pos-sible. However, besides parallel algorithmics, the user is also in chargeof more technical and machine-dependent operations, such as the distri-bution of data on the processors depending on their memory capacities,communications and synchronizations, : : : which require a deep knowl-edge of the target architecture. Some e�orts have been done in HPF so asto make the compiler take care of some parts of this job, but it seems that,up to now, the programmer still needs to have a thorough knowledge ofwhat the compiler does : : : As for portability issues, this has been one ofthe main concerns of HPF and of the more low-level libraries, PVM andMPI. However, portability does not mean e�ectiveness and the choice ofthe parallel model inevitably a�ects the performances.� Automatic parallelization of a high level sequential language. The obviousadvantages of this approach are the portability, the simplicity of program-mation and the fact that even old undocumented sequential codes maybe automatically parallelized (in theory). However the task alloted to thecompiler-parallelizer is overwhelming. Indeed, the program has �rst to beanalyzed in order to understand, at least partially, what is performed andwhere the parallelism lies. The compiler then has to take some decisionsabout how to expose this parallelism in the best way so as to take intoaccount the speci�cities of the target architecture. Even for simple pro-grams and a simpli�ed model of parallel machine, \optimality" in both ofthese steps is out of reach, for decidability reasons. As a matter of fact,a wide panel of parallelization techniques exists, of various complexityand e�ciency. The di�culty relies in the choice of the methods to apply,choice which is often guided, so far, by the experience of the programmer.Thus, alike HPF, the process of parallelization requires an e�ort fromboth the programmer and the compiler.The usual source language for automatic parallelization is Fortran77. In-deed, many scienti�c applications have been written with this language,and Fortran allows only relatively simple data structures (scalar andarrays) and control 
ow. Several studies however deal with the paral-lelization of C or of functional languages such as Prolog or Lisp. Manynon-commercial automatic parallelizers and parallelizing tools already ex-



1.2. DEPENDENCE ANALYSIS 57ist: Bouclette from LIP at Lyon [21], Loopo from FMI at Passau [62],Parafrase-2 and Polaris from CSRD at the University of Illinois [100, 20],PAF from Versailles University, PIPS from Ecole des Mines [73] and SUIFfrom Stanford University [3], among others, as well as some commercialparallelizing tools, such as CFT, FORGE, FORESYS or KAP.This thesis will focus on the techniques of automatic parallelization andmore speci�cally on the kind of analysis that �nds where the parallelism of aprogram lies.1.2 Dependence AnalysisAutomatic parallelization needs a thorough understanding of the behavior of theprogram to parallelize. This knowledge then allows the compiler to expose theunderlying parallelism, exploit data locality, optimize memory usage throughcode transformations, or detect recurrences in order to yield an e�cient parallelprogram.The behavior of a program on a set of input values is completely deter-mined by the evolution of the values taken by the variables through execution.Gathering information on data values is a classical task in advanced compilers,known as Data
ow Analysis [1]. The properties can be collected by executingthe program in a new semantic that approximates the original semantic of thelanguage. How to build this approximated semantic is explained in [32]. The�rst techniques based on data
ow analysis for automatic parallelization weredesigned for the collection of properties on the values of scalar variables. Adata
ow equation is associated to every statement of the program and this sys-tem is then solved either iteratively or directly [115]. These methods have beenextended since then to array structures but they either consider an array as anindivisible object or collect information only about sets of array elements.Vectorization and parallelization techniques are mainly based on the dis-covery of the parallelism hidden by independent references to distinct parts ofarrays. Two operations are said to be in dependence if they access the samememory cell and if one of these accesses is a write. As for many propertiesof the program, dependences may be found with traditional data
ow analysisbut more speci�c methods have been designed to handle dependences betweenarray structures. Many dependence tests have been devised in order to checkthe legality of code transformations [7]. However, most of these tests are notexact, and even when they are, cannot distinguish between true dependences,which describe a real information 
ow, and spurious dependences, in which thevalue purported to be transmitted is destroyed before being used. More pre-cise methods have been designed to compute, for every array cell read in anexpression (called the sink), the very operation which produced it (called thesource). These methods are called Array Data
ow Analyses [23, 52] or Value



58 CHAPTER 1. INTRODUCTIONBased Dependence Analyses [103]. Such accurate information signi�cantly im-proves the quality of operation reordering and memory optimizations amongarray variables, therefore the performances of the parallel program. Currentexact array data
ow dependence analyses tightly depend on two things:� Each operation, that is, each execution of a statement, is de�ned by itsstatement and by a �nite representation of the logical date of execution.The �niteness of the description is necessary for a compile-time analysis.Moreover, the representation of logical time must be in relation with con-trol structures in order to be able to use the results of the analysis forcode transformations. Hence the execution trace is not a suitable repre-sentation in general and programs with general recursive procedure callsor unstructure gotos are not handled by exact analyses. Most frame-works are limited to intraprocedural program fragments where the onlycontrol structures are the sequence, the loops (do or while loops) and theconditionals. The logical time is then represented as the integer vector ofthe surrounding loop counters.� Once the dependence problem has been formulated, linear integer pro-gramming tools are used so as to �nd an exact solution that veri�es allthe constraints of the dependence. This entails that all constraints mustbe a�ne with respect to the variables and parameters of the integer pro-gram. In most frameworks, the variables chosen are the loop indices. Thusany array subscript, loop bound or conditional predicate that appears inthe dependence problem must be a�ne with respect to the loop counters.Programs with a single procedure and where the only control structuresare the sequence, loops and conditionals, ful�lling these constraints oflinearity are called static control programs.Exact array data
ow analyses make therefore quite stringent hypotheses onthe input programs and the use of integer programming tools shows that ingeneral, this kind of analysis is expensive. Some e�orts have been done in or-der to reduce this cost and we also address this problem in this thesis. Wepresent a method that is very e�cient on most usual programs in the scope ofexact analyses and that handles some simple non-a�ne cases. But the mainpurpose of this thesis is to provide a general framework for approximate ar-ray data
ow analyses in presence of non-a�ne constraints. The scope of suchanalyses thus includes program fragments containing while loops, non-a�neconditional predicates and non-a�ne array subscripts. The idea is to computefor each sink not one, but a set of possible sources. The analysis, althoughapproximate, operates at the operation level and at the array element level.Note that we do not address in this thesis the problem of complex control 
owsintroduced by interprocedural calls or gotos. So as to improve the quality ofthe approximation, we also present two methods, called structural and itera-tive analyses, which �nd relations between non-a�ne constraints. And most



1.3. OVERVIEW 59of all, given any set of properties on non-a�ne constraints, either obtained bythe preceding analyses or by any symbolic analysis, we propose a technique toautomatically compute the set of possible sources. We establish moreover theconditions for which this set is the smallest set one can obtain. This last resultis very important since it proves that our analysis, although more expensive,still provides more accurate results than other approximate methods and thusjusti�es its use for some applications. Finally, as our analysis is an extension ofexact array data
ow analysis, we describe the necessary adaptations of tradi-tional dependence analysis applications and the improvements gained. We willespecially study the case of memory expansion.1.3 OverviewThis thesis is organized as follows: Chapter 2 describes in detail the role ofdependence analysis in automatic parallelization, and the di�erent abstractionsthat have been proposed. Chapter 3 presents the exact array data
ow analysisas formalized by Feautrier, improved by some optimizations given in Section3.2.3. In Section 3.3, a polynomial-time alternative algorithm is proposed, anda discussion and comparison with other methods is performed in Section 3.4.The general framework for approximate array data
ow analyses is presented inChapter 4. The techniques that improve the approximation are described inSection 4.4. Accuracy issues are discussed in Section 4.5 and comparison withother existing frameworks takes place in Section 4.8.Finally, several applications are detailed in Chapter 5, such as programchecking, recurrence detection, memory expansion and scheduling. We willfocus more speci�cally on the problem of array expansion after an approximateanalysis in Section 5.4.
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Chapter 2Dependence Analysis inParallelizationThere are many ways to represent dependences and as many ways to use thisinformation in order to parallelize a program. This chapter focuses on thekind of dependence information that is needed by the techniques to exposeparallelism.We �rst introduce the notations that will be used in this dissertation, presentthe di�erent dependence abstractions in Section 2.2 and then propose how toexpose parallelism from the dependence graph in Section 2.3.2.1 Notations and De�nitionsAll along this thesis, we will use the following notations: The k-th entry ofvector x is denoted by x[k]. The dimension of a given vector x is denoted byjxj. The sub-vector built from components k to l is written as: x[k::l]. If k > l,then this vector is by convention the vector of dimension 0, which is written [].Furthermore, � denotes the strict lexicographic order on integral vectors andwill be consider as the default order relation on sets of vectors. Maxima andminima on sets of elements are taken with respect to the implicit order on theseelements. (For instance, max on a set of vectors means max�).By convention, program statements are labeled by capital letters in type-writer style. Sets are denoted by capital letters and operations (instances ofstatements) by letters of the Greek alphabet. Finally, functions use the sametypographic conventions as the objects they return.An instance of statement S is denoted by hS; xi, where x, the iteration vectorof S, is the vector built from the counters of loops surrounding S {includingwhile loops {from outside inward. Structure parameters are variables thatare de�ned at most once. Their values are linked to the size of the problemaddressed by the program. 61



62 CHAPTER 2. DEPENDENCE ANALYSIS IN PARALLELIZATIONNon-a�ne constraints are equations or inequalities which depend on vari-ables other than loop counters and structure parameters, and/or are non-linearly dependent on loop counters and structure parameters. For example,non-linear constraints may come from predicates of if or while constructs orfrom array subscripts. Obviously, some non-linear constraints can be removedby replacing some variables by their expression in terms of loop counters andstructure parameters (induction variable detection and forward substitution).Similarly, some while loops can be transformed into do loops. We will sup-pose here that these simpli�cations have been performed, when possible, by aprevious phase of the compiler.2.2 Dependences AbstractionsWe �rst give in this section a formal de�nition of the dependences and describesome commonly used dependence abstractions.2.2.1 De�nition of dependencesIn a sequential program, the execution order between operations, denoted �,is total: Given two operations, one executes before another. But in fact, thistotal order is enforced by the semantic of the control structures of sequentiallanguages (loops, sequence, : : : ), and may not be necessary for the outcome ofthe program. The goal of dependence analysis is to extract from the sequentialtotal order � the "smallest" partial order �== that preserves the behavior ofthe program, that is, the values assigned to the variables during execution.Operations that are not comparable in this order may be executed in any orderor in parallel. Two operations are in dependence if they access the same resourceand one of them changes the state of this resource. The resource can be of anykind (disk, modem, printer, etc.), and we consider henceforth, without loss ofgenerality, that it is a memory cell. Bernstein [13] distinguished three kinds ofdata dependences:� Flow-dependences: An operation writing into a memory cell is followedby an operation reading the same cell.� Output-dependences: Two operations write into the same cell.� Anti-dependences: An operation reading a memory cell is followed by awrite operation into this cell.Anti- and output-dependences are the result of memory reuses. They do notconvey any particular signi�cation for the underlying algorithm and only re
ectprogramming techniques. Moreover, it is worthwhile noticing that many depen-dences are obtained by transitivity. Indeed, an output-dependence followed bya 
ow-dependence gives rise to another 
ow-dependence. However, the value



2.2. DEPENDENCES ABSTRACTIONS 63produced by a write operation of a 
ow-dependence obtained this way is killedor covered by the second write of the output-dependence. Flow-dependencesthat cannot be derived by transitivity are called direct or value-based depen-dences. The values then 
ow from write to read operations. The sub-graph ofthe dependence graph formed by all direct dependences is called the Data-FlowGraph (DFG).To sum up, there exists a dependence from the operation hS1; x1i to hS2; x2i,accessing respectively the memory cells c1 and c2, if and only if:� hS1; x1i and hS2; x2i are executed.� hS1; x1i and hS2; x2i access the same memory cell: c1 = c2.� hS1; x1i is executed before hS2; x2i: hS1; x1i � hS2; x2i.� One of the two operations is a write.Moreover, the sequential order � can be de�ned explicitly: Let dS1S2 be thenumber of loops surrounding both S1 and S2. Since the quantity dSS occursvery often in the following, it will be abbreviated as dS. Let � be the textualorder of the program. S1 � S2 i� S1 occurs before S2 in the source text. Thesequential execution order is then:hS1; x1i � hS2; x2i () dS1S2_p=0 hS1; x1i �p hS2; x2iwhere0 � p < dS1S2 : hS1; x1i �p hS2; x2i () (x1[1::p] = x2[1::p])^ (x2[p+ 1] < x2[p+ 1]);p = dS1S2 : hS1; x1i �p hS2; x2i () x1[1::dS1S2 ] = x2[1::dS1S2 ] ^ S1 � S2:We say that there is a dependence at depth p from an operation � to � if thetwo operations are in dependence and if � �p �.2.2.2 Traditional dependence representationsIn general, the number of dependences in a program depends on the numberof iterations of the loops, which can be unknown at compile-time. Thus thedependences cannot be represented in extenso and �nite abstractions need tobe used instead. Moreover, the conditions of dependence are in general ap-proximated, meaning that the smallest partial order �== is not extracted from� for all programs. Many representations have been designed and we presentthereafter the most usual ones. We will illustrate each of these on the followingprogram taken from [43].program sampledo i=1, n



64 CHAPTER 2. DEPENDENCE ANALYSIS IN PARALLELIZATIONdo j=1, nS a(i,j) = a(j,i) + a(i,j-1)enddoenddoBy decreasing order of accuracy:� Dependence relation/Quast [102, 52]: Dependences from hS1; i1i to hS2; i2iare represented as f(i1; i2) jP (i1; i2)g where P is a Presburger formula,that is, a �rst order predicate of integer additive arithmetics. Anotherrepresentation uses quasts (Quasi-A�ne Selection Tree), and is equivalentto dependence relations as far as dependences are concerned. We willdescribe quasts more thoroughly in the following chapter.In program sample, there are three kinds of dependences:{ a 
ow-dependence from hS; i; ji to hS; j; ii, provided that 1 � i <j � n{ an anti-dependence from hS; j; ii to hS; i; ji, provided that 1 �i < j � n.{ a 
ow-dependence from hS; i; ji to hS; i; j + 1i provided that 1 �i � n; 1 � j < n.All these dependences are represented exactly with the dependencerelation abstraction. They are, respectively:f(i; j); (i0; j0) ji0 = j ^ j0 = i ^ 1 � i < j � ng ;f(i; j); (i0; j0) ji0 = j ^ j0 = i ^ 1 � i < j � ng ;f(i; j); (i0; j0) ji0 = i ^ j0 = j + 1 ^ 1 � i � n ^ 1 � j < ng :� Dependence polyhedron/cone [74] : Dependences from hS1; i1i to hS2; i2iare approximated by the set fi2 � i1) jP (i1; i2)g where P de�nes a convexpolyhedron approximating the conditions for which there is dependence.In the dependence cone abstraction, the polyhedron is replaced by a cone.The three dependences of program sample can be represented exactlyin the polyhedron abstraction.� Distance/Direction vectors [127] : Dependences from hS1; i1i to hS2; i2i arerepresented by an approximation of i2 � i1. For each of its component,the di�erence is either a constant, or approximated by its sign (+, �), or� if the sign is unknown.The dependences of program sample are approximated respectivelyby the vectors (+;�), (+;�) and (0; 1).� Dependence levels [2]: The level of a loop is the number of its surroundingloops, plus one. (The outermost loop has a level of 1.) Given a dependencebetween two operations, if these operations do not execute at the same



2.3. EXPOSING PARALLELISM 65iteration of the same loop, then this loop carries the dependence. Adependence between two operations is represented by the level of theoutermost loop carrying the dependence.The dependence levels in program sample are respectively 1, 1 and 2.2.3 Exposing parallelismThe application �eld of dependence analysis is very wide, from debugging toreengineering or code optimization. Parallelization is one of these optimizationtechniques. The choice of dependence abstraction is often guided by the methodused to expose parallelism and we brie
y present thereafter some techniques forcode transformation, operation scheduling, array privatization, array expansionand recurrence detection, and the accuracy of dependence abstraction theyrequire.2.3.1 Code transformations/ SchedulingVectorizing and parallelizing compilers often resort to code transformation in or-der to exhibit parallelism, improve memory locality or take advantage of cachememories. There exists a lot of literature about such transformations. (See[127, 133] for a description.) A transformation can be applied only if depen-dence relations are still preserved after the transformation. Many dependencetests of various accuracy have been devised (Banerjee test [7], � test [85], PIPtest [52], PIPS test [73], Omega test [102], : : : ). If dependences have beenfound, depending on the precision, dependence abstractions then contain eithernot enough or su�cient or too much information to decide the legality of atransformation. Yang [130, 131] found the minimal data dependence abstrac-tion corresponding to each loop transformation.For instance, loop permutation can transform a loop nest with an outer-most parallel loop into a loop nest with an innermost parallel loop. Suchtransformation is necessary in order to exploit this parallelism on a vectorof processors. In the following loop nest:do i=1, ndo j=1, na(i,j) = a(i,j-1) + ..enddoenddoThe i loop is parallel. The minimal dependence abstraction for loop per-mutation is dependence direction. In this case, dependence testing showsthat there are 
ow-dependences and they are represented by the vector



66 CHAPTER 2. DEPENDENCE ANALYSIS IN PARALLELIZATION(0;+). The transformation is legal because the vector obtained after trans-formation, (+; 0), is lexicopositive, which is the legality condition for looppermutation. The vectorized code is then:do j=1, na(1:n,j) = a(1:n,j-1) + ..enddoApplying successive code transformations so as to parallelize a program hasone major drawback: the optimal application order is unknown, and it is likelythat such an order does not exist. Hence more systematic methods have beendevised, deciding a priori the order in which the compiler should attempt toapply the transformations: this is the case of Allen and Kennedy's algorithm [2].Dependences are represented as dependence levels, and loop splitting and loopparallelization are the only transformations applied on the code. The idea is tosplit loop nests into as many nests as there are strong connected componentsin the dependence graph, and then to parallelize as many loops as possible ineach nest. As only two kinds of transformations are used, their method do notextract all possible parallelism. Nonetheless, Darte and Vivien [42] have shownthat this method is optimal with respect to the dependence abstraction it uses.An alternative approach, based on matrix transformations, has been pro-posed and used for an important subset of loop nests: nests with uniformdependences, that is, with dependences of constant distance vector. This prop-erty is shared by all systolic array algorithms and many linear algebra codesalso belong to this class. The hyperplane method, described by Lamport [78],partitions the iteration space of a loop nest into parallel hyperplanes associatedto operations that can be computed in parallel. The transformed code thenlooks like:do t = 0 to Ldoall p in H(t)...endoallsynchronizeenddowhere the outmost loop on t is sequential and the other loops are parallel. Thebody of the loop is considered in this method as a unique compound instruction,and all statements in this block are scheduled with the same linear function. Thehyperplanes H(t) are parallel and H(t+1) is obtained fromH(t) by translation.The translation vector is denoted � and called the time vector. A dependence ispreserved by this transformation if and only if its dependence vector d veri�es�d > 0, that is, �d � 1. Indeed, this constraint ensures that an operation thatdepends on an other one is still executed after this one, once the transformationis performed. From this constraint, Lamport �nds an algorithm that builds a



2.3. EXPOSING PARALLELISM 67vector �. Darte et al. [38, 39] have shown that the time vector could be chosenso as to minimize the latency L.This approach has been extended to a�ne dependences w.r.t. loops indicesand to a�ne schedules by statements. Two methods have been proposed tobuild the transformed loop nest:1. Step by step transformation: The �nal loop nest is built by successiveapplications of loop interchange, loop reversal or loop skewing transfor-mations. All three are modeled as unimodular transformations on the iter-ation space. Wolf and Lam [126] presented an algorithm that proceeds inthis manner, using distance/direction vectors as dependence abstractions.2. Parametric integer programming solution: The system of dependence con-straints on scheduling functions is solved by integer programming in thepolyhedron model and the bounds of the new loop nest are found by com-puting lexicographic maxima and minima on the iteration polyhedron. Inthis method, explicit scheduling functions are computed �rst, assigningto every operation of the program a date of execution, and then buildingfrom these functions the corresponding code. This is the approach pro-posed by Feautrier, with either a monodimentional or multidimensionaltime [53, 54] and requires the computation of the DFG, that is, an exactdependence analysis. A more e�cient method, mostly targeting uniformdependences, has been developed since then by Darte and Robert [40, 41].The second method, based on the polyhedral abstraction, is more precisethan the �rst one. The second approach is the only one that �nds a degree ofparallelism in the example sample presented in the previous section page 63 [43].Since this method is based on integer linear programming, its scope is restrictedto static control programs and is much more expensive. Darte and Viviendiscussed the accuracy of dependence abstractions and the maximal degree ofparallelism that can be expected. They proposed a method of intermediatecomplexity between Wolf and Lam's and Feautrier's methods, based on thepolyhedral abstraction [43] and mostly aimed at perfect loop nests.We have focused on the computation of scheduling functions, which aredirectly constrained by the dependences. Data locality can be exposed by par-titioning the innermost loop nests, which is also performed during the con-struction of the new loop nest. We will not discuss these techniques in thisthesis and the reader is referred to the wide literature about this subject([75, 126, 53, 38, 41, 22] to name a few).2.3.2 Avoiding memory reuseAs hinted in Section 2.2.1, anti- and output-dependences do not characterizean algorithm, but only one of its implementation. Several studies [83, 17, 99]of the Perfect Club Benchmarks [14] have shown that a signi�cant degree of



68 CHAPTER 2. DEPENDENCE ANALYSIS IN PARALLELIZATIONparallelism can be exposed by eliminating spurious dependences. Concerningarray structures, two techniques can be distinguished: array privatization andarray expansion.Array privatizationArray privatization transforms variables used as temporaries into private copiesfor each processor in the parallelized program. This technique cuts down thenumber of synchronization or communication steps and discovers some paral-lelizable loops. An array element or array section is privatizable in a loop ifall read operations of an iteration are preceded by a write in the same itera-tion. Each iteration, therefore each processor can then allocate its own copyof array elements. Recognition of the privatizable array elements or sectionsis achieved by the computation of array regions [123, 122, 69, 34] or by arraydata
ow analysis [93, 103]. The scope of the �rst kind of analysis is wider andinterprocedural analyses are possible.Some iterations of a loop may need the values of array elements de�nedoutside of the loop and may thus prevent the array from being privatizable.This problem is known as the copy-in problem and is solved:� Either by copying the needed values of the array into the local variables,before processing the loop. If there are many iterations that require copy-in or if that number is unknown at compile-time, such copy can add asigni�cant overhead to the computation of the loop and create memorycongestion, depending on the architecture of the machine.� Or by peeling o� the iterations that need copy-in and handling themseparately. Of course, this is only possible is these iterations are clearlyidenti�able at compile-time.Symmetrically, privatized variables may be live after exiting the loop. The samesolutions are proposed to handle this copy-out problem.Array expansionArray expansion eliminates spurious dependences by increasing the numberof elements allocated to an array structure. This is achieved by adding newdimensions to array structures or reindexing arrays. To restore the 
ow of dataafter expansion, in general an exact array data
ow analysis is required. Asthe expansion is not limited to an inter-iteration expansion as for privatization,more parallelism can be exposed. As a matter of fact, array privatization canbe considered as a particular case of array expansion, as far as static controlprograms are concerned. Total array expansion transforms a program intosingle assignment (SA) form, that is, array elements are de�ned only onceduring program execution. All spurious dependences are then eliminated andthe dependence graph is the DFG. This systematic technique has been presented



2.4. CONCLUSION 69by Feautrier [49] and scheduling methods taking as input the DFG assume thatthe program is in SA form. Total array expansion has two obvious drawbacks:The scope of a compile-time total array expansion is restricted up to now tothe domain of exact array analysis and in many cases, expansion of all arraystructures is not necessary or should be avoided because of the large amountsof memory space required.In the systolic �eld, most programs are in SA form and the problem ofreducing memory usage has been the subject of several studies [26, 125, 60, 25].The main idea is to use the information provided both by the dependencegraph and by the schedule in order to recreate some spurious dependencescompatible with the scheduling functions. Recently, Lefebvre and Feautrier[80, 81] described a method that, given a schedule, a posteriori recreates theminimal array structures compatible with this schedule. Unlike the previoustechniques, such a method does not rely on the old array structures. Onceagain, the only programs treated so far are static control programs.2.3.3 Detection of recurrencesStudies of the Perfect Club Benchmarks [17] have shown that recurrence detec-tion (including induction variable recognition) was one of the key techniquesthat made a parallelizer able to produce e�cient code. Most analyses are basedon abstract interpretation [33, 66, 67] or pattern matching [129, 124]. Re-don [111, 110] described a technique based on array data
ow analysis detectingrecurrences on array structures, with any associative operator. This methodcan be considered as a technique of algorithm recognition in some ways and isable to take advantage of the techniques of induction variable detection. Oncerecurrences have been detected, some parallelism may be exposed by reorderingoperations [112]. Moreover, the speci�cities of the target architecture may allowe�cient computation of some recurrences. Finding an appropriate placementfor these recurrences, that is generating the parallel code for these recurrences,has been tackled by Barreteau [9].2.4 ConclusionThere is more in dependence analysis than just dependence testing. Petersenand Padua [98] have shown that complex dependence tests do not extract muchmore parallelism than simple tests, and several studies have revealed that ane�cient parallelization required a deeper knowledge of the data 
ow than whatis provided by a dependence test. In spite of their cost and the small numberof programs on which they apply, value-based dependence analyses based ona polyhedron abstraction enable some of the most precise techniques of paral-lelization.
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Chapter 3Exact Array Data
owAnalysisThis chapter presents techniques for the computation of exact array data
owdependences. For each operation reading a memory cell, such analysis �ndsthe latest write into this cell which precedes the read. The formalism andthe approach used by the polyhedral method are at the heart of most of theanalyses proposed in this thesis. So as to reduce the cost of the polyhedralmethod, a simpler algorithm taking advantage of the speci�cities of most usualprograms is described in Section 3.3. Both methods are then compared to otherexact analyses in Section 3.4 and the chapter is closed by a discussion aboutthe possibilities to extend such techniques beyond the scope of the polyhedralmodel.3.1 Program ModelIn order to produce an exact result, this method applies only to programsfragments ful�lling the following conditions:1. The only data structures are of base types (integers, reals, etc.) andarrays thereof.2. The only control structures are the sequence, the if::then::else constructand the do loop.3. Loop bounds, predicates of conditionals and array subscripts are quasi-a�ne expressions of structure parameters and loop counters. An expres-sion is quasi-a�ne with respect to some variables if it involves a�necombinations, Euclidean divisions by an integer constant and modulosof integer constant remainder with respect to these variables.4. Basic statements are assignments to scalars or array elements.71



72 CHAPTER 3. EXACT ARRAY DATAFLOW ANALYSIS5. No pointer, EQUIVALENCE or aliasing is allowed.Such a program is called a static control program.3.2 Polyhedral MethodFeautrier de�ned a method based on a polyhedral representation to computeexact data
ow dependences [49]. It is described thereafter with three possibleoptimizations. This method is implemented in the parallelizer PAF [97].3.2.1 Formal SolutionLet hR; yi be an operation that reads the element A(g(y)) of an array A. We areinterested in �nding the source of the value of A(g(y)) for hR; yi. As a matterof fact, given the syntactical expression A(g(y)) and statement R, we look for asource function depending on the values of structure parameters and of y. LetS1; : : : ; Sn be the statements assigning a value to A and let x1; : : : ; xn denotetheir iteration vectors. Si is of the form:A(fi(xi)) = � � � :Let Qi(y) denote the set of iteration vectors xi such that hSi; xii writes A(g(y)).A candidate source hSi; xi, with x 2 Qi(y) has to satisfy several constraints:Existence Predicate: hSi; xi is a valid operation:x 2 I(Si):Subscript Equation: hSi; xi and hR; yi access the same memory cell:fi(x) = g(y):Sequencing Predicate: hSi; xi is executed before hR; yi:hSi; xi � hR; yi :Environment: The source has to be computed under the hypothesis that hR; yiis a valid operation: y 2 I(R): (3.1)



3.2. POLYHEDRAL METHOD 73From this we deduce the de�nition of Qi(y):Qi(y) = fx jx 2 I(Si); fi(x) = g(y); hSi; xi � hR; yig : (3.2)The operation producing the value read by A(g(y)) for hR; yi is the latestoperation writing into this array cell. Hence, the source function is:�(y) = max n[i=1 fhSi; xi jx 2 Qi(y)g :This de�nition of a source function for a sink and an array structure is in-dependent of the abstraction used for the dependences. The following sectionexplains how, in a polyhedral abstraction, such function can be computed.3.2.2 Evaluation TechniquesThe existence predicate, subscript equation and environment are conjunctionsof quasi-a�ne inequalities and the sequencing predicate is a disjunction of suchinequalities. Therefore the set Qi(y) is a union of sets de�ned by quasi-a�neinequalities: Qi(y) = dSiR[p=0Qpi (y);where: Qpi (y) = fx jx 2 I(Si); fi(x) = g(y); hSi; xi �p hR; yig : (3.3)Array subscripts with modulos or Euclidean divisions give rise to a quasi-a�ne subscript equation fi(x) = g(y). Modulos and Euclidean divisions appear-ing in loop bounds or conditional predicates give rise to a quasi-a�ne existencepredicate.The following property then makes the computation of � in two steps pos-sible.Property 3.1 For any subsets Ei of a totally ordered set E:max [1�i�nEi = max1�i�nmaxEi:Proof The proof is trivial provided that we de�ne a special element,denoted ?, such that ? = max ; and ? is lower than any otherelement of any set Ei.



74 CHAPTER 3. EXACT ARRAY DATAFLOW ANALYSISThe �rst step is the computation of the functions:&pi (y) = hSi;maxQpi (y)i ; (3.4)in the environment given by (3.1). Then, thanks to Property 3.1, the expres-sion of the source is: �(y) = max1�i�n max0�p�dSiR &pi (y): (3.5)The computation of the &pi (y)'s boils down to a problem of parametric integerlinear programming. Indeed, for each Euclidean division � rs� appearing in thede�nition of Qpi (y), a wild-card variable q is added to the problem as well asthe constraint 0 � r � qs < q. q is then the last component of the vector tomaximize. After resolution, q is substituted by � rs� in the result. The outputof the resolution is a quast.De�nition 3.1 (Quast) A Quasi-a�ne Selection Tree (quast) is many levelconditional in which:� Predicates are tests for the positiveness of quasi-a�ne forms in the loopcounters and structure parameters.� Leaves are either operations whose iteration vector components are quasi-a�ne, or ?, corresponding to a read of an uninitialized location.Several variants of quasts will be introduced all along this thesis.The resolution of parametric integer programming is handled by PIP [50] inPAF. The quast de�ning &pi with respect to y will be denoted &pi (y). To �nishthe computation of the source function, as the maximum is associative, it isenough to know how to compute the maximum of two quasts. Basically, this isdone with the help of the following rules (and their symmetric counterparts).Rule 3.1 max(�;?) = � .Rule 3.2 If �2 = if c then �3 else �4 then:max(�1; �2) = if c then max(�1; �3) else max(�1; �4):Rule 3.3 If �1 and �2 are two operations then:max(�1; �2) = if �1 � �2 then �2 else �1:Note that the &pi (y)'s may be combined in any order, it does not change thede�nition of function � (its mathematical de�nition). It can be shown that anyrepeated application of the three previous rules on the expression max(�1; �2)produces a quast. This quast is not unique and we say that a quast is a



3.2. POLYHEDRAL METHOD 75combination of �1 and �2 if it can be obtained by repeated application of theprevious rules on the expression max(�1; �2). However, the order in which therules are applied has an impact on the complexity of the resulting quast. Thisproblem is discussed in the following section.We illustrate these evaluation techniques with the following example.program staticinteger a(2*n)do i=0,nS0 a(i)=..do j=0,iS1 a(2*i-2*j)=..enddoR ..=a(i)enddoThe source of a(i) of statement R comes either from statement S0 or S1and the dependence depth is 0 or 1. The sets of candidate sources are:Q00(i) = fi0 j0 � i0 � n; i0 = i; i0 < ig ;Q10(i) = fi0 j0 � i0 � n; i0 = ig ;Q01(i) = f(i0; j0) j0 � i0 � n; 0 � j0 � i; 2i0 � 2j0 = i; i0 < ig ;Q11(i) = f(i0; j0) j0 � i0 � n; 0 � j0 � i; 2i0 � 2j0 = i; i0 = ig :Computing the maximum of these sets in the environment 0 � i � n withPIP gives the de�nitions of the functions &pi :&00 (i) = ?&10 (i) = hS0; ii&01 (i) = �������������� if imod2 � 0then ���������� if imod2 � 0then ������ if i � 2then 
S1; i� 1; � i�22 ��else ?else ?else ?&11 (i) = ���������� if imod2 � 0then ������ if imod2 � 0then 
S1; i; � i2��else ?else ? :Finally, the source �(i) is obtained by combining in any order the abovequasts. Applying straightforwardly the three rules given in this sectionof the expression max(&00 (i);max(&10 (i);max(&01 (i); &11 (i)))) leads to the un-simpli�ed expression:



76 CHAPTER 3. EXACT ARRAY DATAFLOW ANALYSIS�(y) = ���������������������� if imod2 = 0then �������������� if i � 2then ������ if imod2 = 0then 
S1; i; � i2��else hS0; iielse ������ if imod2 = 0then 
S1; i; � i2��else hS0; iielse ������ if imod2 = 0then hS0; iielse hS0; iiNote that, for the sake of clarity, the equalities imod2 = 0 are written inthe quast as an equality instead of two tests for positiveness.3.2.3 OptimizationsIn general, the computation of the quasts &pi (y) and the construction of thesource are expensive operations. Indeed, the resolution of an integer programis an NP-complete problem [116] and Rule 3.2 of page 74 shows that the size ofa combination grows exponentially with the number of quast to be combined.We present thereafter three optimization techniques so as to improve the ef-�ciency of the polyhedral method. Although the �rst two optimizations havealready been described thoroughly by other authors, we give a brief reminder ofthe formalism used so as to be able to adapt these techniques to approximatedata
ow analyses in Chapter 4.Simpli�cationsThe quast obtained by the three preceding rules may contain infeasible paths.Determining which path is feasible has two advantages: not only does it help inreducing the size of the quast but also it enables the application of compile-timetechniques such as scheduling or privatization (see Chapter 5).The notion of context of a node is introduced so as to enable the simpli�-cation of quasts, node by node.De�nition 3.2 (Context) The context of a node of a quast is the conjunctionof the predicates or negation of predicates that are true on the path from theroot to this node.Simpli�cation is performed on-the-
y during the combination of quasts by ap-plication of the rules:Rule 3.4 Let � = if c then �1 else �2 be a subtree of a quast, p its contextand e the current environment. If e ^ p ^ c is unsatis�able then replace � with�2. If e ^ p ^ :c is unsatis�able then replace � with �1.



3.2. POLYHEDRAL METHOD 77Rule 3.5 Quasts of the form if c then � else � are rewritten � .The predicates of a quast are tests for the positiveness of quasi-a�ne forms.Obviously the negation of such a predicate is still a predicate of this kind,therefore the satis�ability test needed for simpli�cations has to be done on asystem of such predicates.Simpli�cation may limit the exponential explosion introduced by Rule 3.2page 74 but may degrade the performances of the algorithm in the worst case.Whether the aim of simpli�cation is to prune out all infeasible paths or toreduce the size of quasts, several satis�ability tests are proposed, from theresolution of an integer linear program to a simple comparison between parallelconstraints (Details in the thesis of Leservot [82]).Applied on the source quast obtained for program static, the simpli�ca-tion produces the quast:�(i) = if imod2 = 0 then �S1; i;� i2�� else hS0; iiNote that as the simpli�cation is applied on-the-
y, the previous unsim-pli�ed expression of the source never appears.Lazy algorithmSo far, there is no order in the computation of the quasts &pi (y) and in their com-bination. Intuitively, as the source of a read is the latest operation writing intothe array cell accessed by the read, the latest write operations executed beforethe read are then more likely to contribute to the source function. Developingthis idea �rst suggested by Feautrier [52], Maslov proposed a lazy algorithm [90].It consists in computing and combining the quasts &pi (y) by order of increasingdistance between the write and the read. When combining two quasts �1(y) and�2(y) where the leaves of �1(y) di�erent from ? are greater than those of �2(y),Rule 3.3 page 74 ensures that the quast obtained by replacing every occurrenceof ? in �1(y) by �2(y) is a combination of �1(y) and �2(y). Thus the lazy algo-rithm simpli�es the combination step and possibly, saves some computations ofmaximum.Formally, let <& be the partial strict order de�ned on the &pi 's by: For alli; j; p; q, p < q =) &pi <& &qj ;Si � Sj ^ p = dSiSj =) &pi <& &pj :If &pi <& &qj then for any leaves hSi; xpi (y)i of &pi (y) and DSj ; xqj(y)E of &qj (y),hSi; xpi (y)i � DSj ; xqj(y)E. Indeed, when p < q, the sequencing predicate ensuresthat xpi (y)[1::p] = y[1::p] = xqj(y)[1::p]. Moreover if p = dSiR then Si � Sj ,otherwise xpi (y)[p + 1] < y[p + 1] = xqj(y)[p + 1]. In both cases, it leads to



78 CHAPTER 3. EXACT ARRAY DATAFLOW ANALYSIS
Si; xpi (y)� � 
Sj ; xqj(y)�. Finally, when p = q; Si � Sj and p = dSiSj , the resultis obvious.Hence, the idea of the algorithm is to compute &pi by decreasing <& -order.Let R1; : : : ;Rm de�ne the smallest sets of functions &pi , such that any elementof Rj is <& -lower than any element of Rk when j > k. The lazy algorithm is anincremental algorithm that computes the maximum 'i of Ri and combines itwith the quast �i�1 produced by the combination of '1; : : : ; 'i�1 (or ? if i = 1).The combination is fairly simple: �i is obtained by replacing all occurrences of? in �i�1 by 'i. The algorithm stops at step i if there is no ? in �i or if i = m.As the algorithm is incremental, simpli�cations need to be done at step ionly on the subtrees added to �i�1.The functions &pi for program static are ordered as follows:&01 ; &00 <& &10 <& &11 :Therefore we compute �rst the quast �1 = &11 (i), then &10 (i) and �2 =max(�1; &10 (i)). We would then proceed by the computation of &10 (i) or&00 (i) indi�erently but the algorithm then stops since there is no ? in �2.Parametric readGiven a data structure, the maximum of a set of candidate sources is computedfor at most each pair of read and write statements accessing this structure andfor each loop surrounding these two statements. As this computation boilsdown to the resolution of an integer linear program, the overall cost is high.The complete knowledge of the read operation is however not necessary forthis resolution. Indeed we show thereafter that the maximum only need to becomputed with respect to the iteration vector and the memory cell accessed bythe read operation, both considered as parameters.Let us consider the set of operations whose iteration vector is in Qpi (y). Itdepends on statement R for several reasons:� Statement R gives the length of y. However in Qpi (y), only the sub-vectory[1::p] or y[1::p + 1] is used. The range of dependence depths betweenstatement Si and any sink can be evaluated syntactically. Hence themaximum may be computed with respect to a vector z of su�cient length,independent of any sink.� In the sequencing predicate, statement R is used in dSiR: this syntacticvalue only contributes to the evaluation of the range of dependence depths.� In the subscript equation, the term g(y) comes from statement R: thisterm may be replaced by a parameter a for the resolution of the integerlinear program.



3.3. SIMPLIFIED POLYNOMIAL ALGORITHM 79Thus we can de�ne a set ~Qpi of iteration vectors of candidate sources fora parametric read, de�ned by: For each p < dSi in the range of dependencedepths,~Qpi (z; a) = fx jx 2 I(Si); fi(x) = a; x[1::p] = z[1::p]; x[1::p+ 1] < z[1::p+ 1]g ;and if p = dSi is in the range of dependence depths,~Qpi (z; a) = fx jx 2 I(Si); fi(x) = a; x[1::p] = z[1::p]g :We then compute max ~Qpi (z; a) and for each sink hR; yi, substitute a by g(y),z[1::p] by y[1::p] and z[p+1] by y[p+1] if p+1 � dR otherwise by +1. The costof the substitution is much lower than the cost of the resolution of an integerlinear program. Of course, this method is interesting when there is more thanone read statement accessing a data structure.The size of an unsimpli�ed quast obtained after substitution is in generalgreater than the size of a quast obtained in a standard way. Indeed, we haveshown that one way to compute the quast maxQpi (y) is to compute the quastmax ~Qp(z; a) for a parametric read and then substitute to z and a the valuesassociated to the particular read. The substitution may turn some paths ofthe quast into infeasible paths. A direct computation of maxQpi (y) in generalavoids the creation of these infeasible paths (This is the case when a quastis computed with PIP.) So in the worst case, we replace the computation ofmany quasts by the computation of one quast and by many substitutions andsimpli�cations, which in theory are as expensive as the computations of quasts.However in practice, it is worth computing a quast for a parametric read sincesimple and inexpensive simpli�cations are su�cient to prune o� all infeasiblepaths.3.3 Simpli�ed Polynomial AlgorithmThe polyhedral method handles any static control program, but it does not takeinto account the speci�cities of most of the real programs. The high cost of themethod stems from the algorithm used to resolve linear integer programs andfrom the computation of the e�ects produced by other writes on a dependence(that is, the combination of quasts). Several e�cient methods [93, 70] havebeen devised to cope with the �rst problem. They apply to a subset of staticcontrol programs that contain most usual cases and ensure polynomial costwith respect to the program size. We present thereafter a new algorithm thatoutperforms these methods and applies on a subset of static control programs,followed by a technique that can be used to build polynomial-sized sources.3.3.1 Another adaptation of Fourier-Motzkin eliminationThe algorithms used to compute a maximum or to test the emptiness of aset are in general derived either from the simplex algorithm or from Fourier-Motzkin elimination. There is a lot of literature about both algorithms. (See



80 CHAPTER 3. EXACT ARRAY DATAFLOW ANALYSIS[116] for instance). Fourier-Motzkin elimination is very intuitive and it canbe easily adapted. Furthermore, Pugh and Wonnacott [104] have shown thatthis method combined to a simpli�cation of parallel redundant constraints �tsparticularly well the kind of constraints that arise in a data
ow dependenceproblem. Indeed, none of the examples studied by Pugh and Wonnacott leadsto the expected explosion in the number of �nal inequalities. They explain theirgood results by the high frequency of unit coe�cients and by the sparsity ofconstraints.The new technique we present in the following is an adaptation of Fourier-Motzkin elimination. The aim of this method is to ensure a very low polynomialtime complexity to compute the functions &pi 's even in the worst case. Weadopt the same notations as in Section 3.2 page 3.2 and the program fragmentanalyzed is supposed to have static control.3.3.2 Principle of the algorithmThe algorithm calculates the lexicographical maximum of the set Qpi (y) =fx jfi(x) = g(y); hSi; xi �p hR; yi ; x 2 I(Si)g in two steps:� Elimination of af�ne equations, possibly producing modulo equations (seeSection 3.3.3).� Elimination of the variables x[k] by decreasing order of index, on a systemof a�ne inequalities and modulo equations (see Section 3.3.4).We then obtain the value of the maximum of Qpk(y) and the conditions for whichit exists. The �nal result is a quast where the context of the only leaf di�erentfrom bottom is the conjunction of these conditions and the iteration vector ofthe operation is the value of the maximum.In order to have an as large as possible subset of programs on which thealgorithm applies, the structure of quasts is extended: predicates may now con-tain functions max or min, applied to quasi-a�ne forms. When the algorithmdoes not succeed, one reverts to the previous method.For any vector of Qpk(y), the �rst p coordinates are equal to y[1::p]. Whenp = dSiR, the quast &pi (y) is obvious, the context of the leaf hSi; y[1::p]i consistsin the conjunction of the constraints de�ning Qpi (y). Henceforth we supposep < dSiR.3.3.3 Handling the subscript equationThe equation fi(x) = g(y) is a system of quasi-a�ne equations on the com-ponents of x. It can be considered as the conjunction of a system of a�neequations and of a system of modulo equations. Using the computation of aHermite reduced form, the system of a�ne equations can be rewritten:� akx[ik] = Xj<ik bkjx[j] + cik ;



3.3. SIMPLIFIED POLYNOMIAL ALGORITHM 81� 0 = ck;where ak; bkj and ck are integers and ak > 0. So as to be able to handle theinteger constraints produced by this system, it is assumed that either jakj = 1or only one bkj is di�erent from zero. We get a system formed by equations ofthe following forms: x[ik] =Pj<ik bkjx[j] + cik ; (3.6)or akx[ik] = bkjx[j] + cik ; for j < ik; (3.7)or 0 = ck: (3.8)As equations of the third kind do not depend on x, they are added to thecontext of the solution. x[ik] or akx[ik] is replaced by its equivalent expressionin x[1::ik�1] in the system of a�ne inequalities x 2 I(Si). Moreover, when x[ik]has a non unit coe�cient, we add to the system of modulo equations:bkjx[j] + cik = 0modak;since x[ik] is an integer.If x[k] appears in one or several modulo equations, the coe�cients are re-indexed into: bhkx[k] = chkmod ahk : (3.9)Let us consider in Example static presented in Section 3.2.2 the depen-dence between statements S1 and R at depth 1. The subscript predicate is2j0 = i. Thus 2j0 is replaced by i in 0 � j0 � i and the following moduloequation is added to the context:i = 0mod2:Finally, there exists a dependence if the equation i = 0mod2 is veri�ed.Moreover, the value of j0 is then � i2�.3.3.4 Elimination stepLet k be the highest index of a not yet eliminated component of x. We �rstdescribe the constraints on x[k] and then show how to eliminate x[k] and obtainthe same kind of constraints on x[k � 1].Suppose that x[k] appears in at least one congruence (3.9). Using a variantof the Chinese remainder theorem, this system of equations is equivalent to asystem of at most as many modulo equations, where only one depends on x.This equation is then: x[k] = cmoda: (3.10)All other modulo equations arising from application of the Chinese remaindertheorem are added to the context. When x[k] does not appear in any congruencethen we set c = 0 and a = 1.



82 CHAPTER 3. EXACT ARRAY DATAFLOW ANALYSISThe system of inequalities using x[k] can be written:maxi (li(x[1::k� 1])) � dx[k] � minj (uj(x[1::k� 1])); (3.11)where the li's and uj 's are a�ne forms and d > 0. Our aim is to eliminate x[k]of (3.10) and (3.11). So as to take into account integer constraints on dx[k], wewill use the following obvious property:Property 3.2 Let u, v and � be integers. Then:9x 2Zs.t. v � �x � u, � l v�m � u, v � � ju�k :(3.10) shows that d(x[k] � c) is a multiple of ad. Hence Property 3.2 provesthat x[k] exists if and only if:maxi (li(x[1::k� 1]))� cd � ad�minj(uj(x[1::k� 1]))� cdad � ; (3.12)or ad�maxi(li(x[1::k� 1]))� cdad � � minj (uj(x[1::k� 1]))� cd: (3.13)The maximum of x[k] is:c+ a��cd+ minj(uj(x[1::k� 1]))ad � :Now, if k > p + 1, we want to transform (3.12) or (3.13) into an upper orlower bound of the kind of (3.11) on x[k�1] so that the elimination can proceed.This cannot be done in general since the inequalities are not a�ne, due to thepresence of 
oor and ceiling functions. However, in many cases we �nd thateither ad = 1, or either the upper or lower bound of (3.11) is constant. In thesecases, the elimination can proceed in the same manner for x[k � 1]. Besides,the elimination of x[k] yields at most a quadratic number of inequalities withrespect to the number of bounds on x[k]. To keep the algorithm polynomial, itis assumed that either the lower or upper bound of x[k] is unique. The numberof inequalities produced is then the number of terms in the lower or upperbounds of x[k].Before starting the next elimination step, (3.12) or (3.13) is quickly com-pared with the constraints in the environment and simpli�ed if need be.The last step of the computation of maxQpi is the substitution of the max-imum of x[p+ 1] in the expression of the maximum of x[p+ 2::n], then of themaximum of x[p+ 2] in the expression of the maximum of x[p+ 3], and so on.



3.3. SIMPLIFIED POLYNOMIAL ALGORITHM 83In order to ensure that the size of the maximum of x[k] is polynomial aftersubstitution, the expression of the upper bound of x[k] in (3.11) must be:u(x[1::k� 1]) + minj (uj);where the uj 's are constants and u is an a�ne form.Consider the dependence of depth 0 in Example static between state-ments S1 and R. Eliminating j0 produces the system on i0:� 0 � i0 � i� 10 � 2i0 � i � 2i0in the environment: 0 � i � n; imod2 = 0. In other words,i � 2i0 � 2(i� 1):There exists a value for i0 if and only if i � 2. In this case, the maximumof i0 is 2(i�1)2 = i�1, and by substitution, the maximumof j0 is 2(i�1)�i2 =i�22 .3.3.5 Complexity of the algorithmLet l be the number of loops surrounding the write statement. We consider asa basic operation a multiplication or an addition and we study the worst-casecomplexity with respect to l.The linear part of the system f(x) = g(y) has at most l variables and d rows,where d is the dimension of the array. Hence, this system is transformed intoa Hermite reduced form in O(l2) operations. This transformation is performedonly once for all dependence depths. The substitution following this step takesO(l2) operations. As for the elimination itself, note that the projection of x[k]is common to the computation of all &pi (y)'s, with p < k. Hence it is done onlyonce for all dependence depths. When x[k] is eliminated, O(l(l�k)) operationsare performed to produce (3.10) from the at most l � k congruences (3.9).Inequalities (3.11) take O(k(l � k)) operations to compute. Lastly, the �nalsubstitution giving the expression of the maximum is achieved in O((l � p)2)operations. Therefore, the global cost to compute all &pi (y)'s for all p is O(l3).We now determine the size of the resulting quast &pi (y). The transforma-tions of the subscript predicate and of (3.9) produce a number of predicatesdepending on the number of dimensions of the array. The elimination of x[k]produces O(l�k) inequalities therefore when x[p+1] is eliminated, O(l�p+1)predicates make up the context of the solution. The size of the maximum ofx[k] is in O((l � k)) before substitution and the size of the quast &pi (y) is inO(l3).



84 CHAPTER 3. EXACT ARRAY DATAFLOW ANALYSIS3.3.6 Domain of the algorithmThe domain of the above algorithm is examined in more details in this sectionand we describe some non-linear cases that can be naturally coped with.The algorithm applies only if:1. The subscript equation is equivalent to a system of equations of the kindof (3.6), (3.7) or (3.8) of page 81.2. During the elimination of a loop index x[k], either the lower or the upperbound of x[k] is unique. (Multiple constant bounds are made unique byusing max and min functions.) If the unique bound of x[k] is not constantthen there is no integer constraints on x[k].3. Upper bounds of x[k] only di�er by a constant.These conditions are tested during the execution of the algorithm. If the al-gorithm is not applicable, we resort to the polyhedral method. Notice thatthe above conditions are always veri�ed by a two loop nests, which represents92% of real programs, according to Shen et al. [117]. Moreover, the same studyshows that more than 82% of linear array references are linear forms with unitcoe�cients. Hence the �rst assumption is likely to be veri�ed. In practice, themethod computes &pi (y) for p from dSiR down to the lowest depth for which theconditions are ful�lled.3.3.7 Extension of the domain to parametric coe�cientsBesides, it is interesting to note that this algorithm can handle some cases wherecoe�cients of loop counters are non-linear. Indeed, every step of the resolu-tion can be performed symbolically, provided that the sign of every parametriccoe�cient is known for the elimination step. In order to handle parametriccoe�cients, the de�nition of quasts needs then to be extended again with twofunctions that can be used in the predicates: gcd, and Euclid, which returnsthe coe�cient u of a in Bezout's equation: ua+ vb = gcd(a; b) when applied toa and b. These two functions may appear in modulo equations resulting fromthe application of the Chinese remainder theorem. Parametric coe�cients arisein a number of situations:� Rectangular linearized subscripts. In Figure 3.1.a, array a is a linearizedsquare matrix.� Computations with data partitioned into blocks of parametric sizes (ti-ling), such as the matrix block multiplication.� Replacement of an induction variable appearing in multiple loops. Theprogram fragment of Figure 3.1.b is an excerpt of program MDG from thePerfect Benchmarks. By induction variable substitution, references toarray a are transformed into n � j + i� n.



3.3. SIMPLIFIED POLYNOMIAL ALGORITHM 85do i=0, n-1do j=i, n-1do k=i, n-1R ..=a(n*(n-1-i)+n-1-k)S1 a(n*j+i)=..enddoenddoenddo (a) do i=1,njj=ido j=1,ma(jj)=..a(jj)jj=jj+nend doend do (b)Figure 3.1: Examples with parametric coe�cientsAnalysis of programs with parametric coe�cients with our method has,however, some limitations: When our technique does not apply, there is nosafety net and the analysis is not possible, neither with our simpli�ed methodnor with the standard polyhedral technique. Moreover, the source quast pro-duced from a program with parametric coe�cients may not be easily used bythe usual applications of data
ow analyses. Hence this method �ts only someapplications, such as program checking (see Chapter 5), and can only handlesome particular cases of non-a�ne constraints.Let us consider dependences between statements S1 and R of Figure 3.1.a.In order to �nd the dependence at depth p, we have to compute the lexi-cographic maximum of (i0; j0; k0) verifying:� 0 � i0; j0; k0 � n� 1, the existence predicate;� i0 + nj0 = n2 � ni� 1� k, the subscript equation;� i0 < i, i0 = i ^ j0 < j, or i0 = i ^ j0 = j ^ k0 < k, depending on thedependence depth.For these dependences, the environment is the conjunction of 0 � i �n� 1; i � j � n� 1 and i � k � n� 1.The �rst step of the algorithm is to transform the subscript equation: itgives the expression of j0: n � i � i0+k+1n and produces the constrainti0 + k + 1 = 0modn. j0 is replaced by its expression in the constraints inwhich it appears: ni0 � n2 � ni� i0 � k � 1 � n2 � n;and n2 � ni � i0 � k � 1 � nj � n;when the dependence is of depth 1.



86 CHAPTER 3. EXACT ARRAY DATAFLOW ANALYSISThe elimination of k0 leads to the constraint i � n � 1, which is impliedby the environment. Thus the expression of &22 (i; j; k) is:&22 (i; j; k) = �������������� if 2ni � n2 � i � k � 1then ���������� if n � (n+ 1)i+ k + 1then ������ if i + k = �1modnthen hS2; (i; j; n� 1)ielse ?else ?else ?Likewise, the expression of &12 (i; j; k) is:&12 (i; j; k) = ������������������ if 2ni � n2 � i� k � 1then �������������� if n � (n+ 1)i+ k + 1then ���������� if i+ k = �1mod nthen ������ if (n+ 1)(n� i)� k� 1 � njthen hS2; (i; j; n� 1)ielse ?else ?else ?else ?Lastly, for the dependence of depth 0 the constraints on i0 are:(n+ 1)i0 � n2 � ni� k � 10 � i0 � i� 1n� ni� k � 1 � i0i0 = �k � 1modnAs n� ni � k � 1 � 0 when 0 � i � 1, the constraint n � ni� k � 1 � i0can be simpli�ed. The elimination of i0 produces:(n+ 1)�k + 1n � � n� i + k + 1;n�k + 1n � � i + k;and the maximum of i0 is:min�n� i+ kn �� k � 1;�n(n� i) � k � 1n+ 1 �� :Finally, the expression of &02 (i; j; k) is:&02 (i; j; k) = ����������� if (n+ 1) � k+1n � � n� i+ k + 1then ������� if n � k+1n � � i+ kthen DS2;min �n � i+kn � � k � 1; jn(n�i)�k�1n+1 k�Eelse ?else ?



3.3. SIMPLIFIED POLYNOMIAL ALGORITHM 87Program Using PIP Our methodCalls for Pivoting Pivotingdep. steps stepsffc 4 7170 513matmul 4 4222 229chales 18 10882 717choles 12 9217 614burg2 26 20332 2698mod1 2 1826 382mod3 2 520 13van4 2 5376 588yacobi 105 594897 79649gosser 13 10932 713lczos 60 32773 2554relax 6 25766 2931across 5 468 64Table 3.1: Comparison of the number of pivots3.3.8 PerformancesThis polynomial algorithm has been implemented in Le Lisp inside the projectPAF. The program PIP written in C is used in its multi-precision version[27]when our method cannot be applied and for simpli�cation. The implementationonly handles up to now constant coe�cients. The optimizations described inSection 3.2.3 are applied.The method proves to be e�cient on numerous programs. For all programsin Table 3.1, the maxima of candidate source sets can be computed withoutresorting to PIP. As for time performances, compared to those of the methodusing PIP, they are not really signi�cant due to the di�erence between the per-formances of the two languages. Hardly any gain of time is observed betweenthe simpli�ed algorithm and the polyhedral method. So we take instead thenumber of pivoting steps occurring during the analyses as a measure of perfor-mances. Table 3.1 shows the number of calls to PIP in the method using onlyPIP and the total number of pivoting steps in both methods. The �rst twocolumns show the number of PIP calls in the method using only PIP and thetotal number of pivoting steps. The third column is the number of equivalentpivoting steps with the simpli�ed technique. It appears that we gain a factor of5 up to 40 in the number of pivoting steps when using the polynomial methodinstead of the general technique.



88 CHAPTER 3. EXACT ARRAY DATAFLOW ANALYSIS3.3.9 Alternative technique for combining quastsDirect application of Rules 3.2 and 3.3 of Section 3.2.2 for the computation ofthe quast �(y) leads in the worst case to an explosion of its size. In this section,we propose a method to build a quast �(y) of polynomial size, with respectto the number of write statements. The general idea is to compute a quast inwhich internal nodes de�ne a union of polyhedra instead of a polyhedron. Inpractice, this means that the functions min and max are used in the de�nitionof �(y), in the same manner as they are used to de�ne &pi (y) in Section 3.3.1.For the sake of clarity, we will use the operators ^ and _ on conditionals insteadof max and min. This technique yields a quast that is in general much moredi�cult to simplify than quasts with simple predicates and therefore is notappropriate for all applications. We tackle the problem of simpli�cation at theend of this section.Construction of �(y)It is supposed that every quast &pi (y) has only one leaf di�erent from ?. Thishypothesis is veri�ed for the expressions of &pi (y) produced by the algorithm ofSection 3.3.1. In other words, if the quasts &pi (y), for all p; i are re-indexed into'k then every 'k must be of the following form:if ck then �k else ?;where ck is a predicate de�ning a polyhedron or a union of polyhedra and �k isan operation.Let us consider for instance '1. A possible combination of '1 and '2 is aquast of the form: �������������� if c1then ���������� if c2then ������ if �2 � �1then �1else �2else �1else : : :where the ellipsis does not contain any occurrence of �1. The predicate c1 ^(:c2 _ �2 � �1) is the condition for which �1 is the latest operation among allpossible operations of '1 and '2. The previous quast can be rewritten as:if c1 ^ (:c2 _ �2 � �1) then �1 else : : :By immediate recurrence, it can be shown that the condition for which �1 isthe source is: c1 k̂ 6=1 (:ck _ �k � �1) :



3.3. SIMPLIFIED POLYNOMIAL ALGORITHM 89A similar formula can be obtained for each �k, by permutation. Note that thispredicate is very similar to a predicate de�ning a dependence relation in Pughand Wonnacott's formalism. A more detailed comparison is given in Section3.4.1.An naive construction of the source would give:�(y) = ��������������� if c1Vk 6=1 (:ck _ �k � �1)then �1else ���������� if c2Vk 6=2 (:ck _ �k � �2)then �2else : : : ������ if ciVk 6=i (:ck _ �k � �i)then �ielse : : : (3.14)As a matter of fact, the average size of the predicates of this quast can bedivided by two, thanks to a simpli�cation. Indeed, consider the context of �2,it is the conjunction of two predicates: :c1 _k>1 (ck ^ �1 � �k)! ^0@c2 ^ (:c1 _ �1 � �2) k̂ 6=2 (:ck _ �k � �2)1A :Suppose this predicate is true. If :c1 or c2 ^ �1 � �2 in the �rst conjunctis true then the clause :c1 _ �1 � �2 of the second conjunct is veri�ed. Ifck ^ �1 � �k, for a k > 2, as the clause :ck _ �k � �2 in the second con-junct is veri�ed, it implies that �1 � �k � �2. Therefore :c1 _ �1 � �2.Consequently, the predicate c2Vk 6=2 (:ck _ �k � �2) in (3.14) can be simpli�ed:c2Vk>2 (:ck _ �k � �2). More generally, the predicate ciVk 6=i (:ck _ �k � �i) isrewritten as ciVk>i (:ck _ �k � �i). Thus the �nal expression of � is:�(y) = �������������� if c1Vk>1 (:ck _ �k � �1)then �1else ���������� if c2Vk>2 (:ck _ �k � �2)then �2else : : : ������ if ciVk>i (:ck _ �k � �i)then �ielse : : :A more complete simpli�cation can be obtained by application of the techniquesproposed by Pugh and Wonnacott [103]. However this only simpli�es the pred-icate of each internal node independently of its context and this slows down themethod.Complexity of the combinationIf l is the maximum number of nested loops in the program and m the numberof write statements then there are at most lm quasts &pi (y). The predicate



90 CHAPTER 3. EXACT ARRAY DATAFLOW ANALYSISciVk>i (:ck _ �k � �i) consists in O(lm� i) predicates ck or �k � �i of size inO(l). Therefore �(y) has lm internal nodes and its size is O(l2m).3.4 Related WorkMost array data
ow dependence analyses are approximate. They will be de-tailed in Section 4.8. The �rst studies about exact analyses were due to Brandes[23] and Feautrier [49]. The main issues of such analyses are their complexityand their small domain of application. We give in the following a descriptionof the di�erent techniques proposed to improve one or the other and a detailedcomparison with the methods we have described in previous sections.3.4.1 Pugh and Wonnacott's approachPugh and Wonnacott [103, 129] proposed an approach for exact array data
owdependence analysis that is based on a formalism similar to Brandes'. Theirmethod applies on any static control program and consists in building a rela-tion between operations that are in dependence, that is, given a write and readstatement, a relation between the iteration vectors of the operations in depen-dence [101]. Using the same notations as in previous section, the memory-baseddependence relation between statements Si and R is de�ned by:MSi!R = fxi ! y jxi 2 I(Si) ^ y 2 I(R)^ hSi; xii � hR; yi ^ fi(xi) = g(y)g :De�nitions of dependence relations are represented by formulae in Presburgerarithmetic. (First order logic applied to the theory of addition on integers).The value-based dependence between Si and R is:MSi!R �[j MSi!Sj�MSj!R:In Presburger arithmetic, this is equivalent to:�xi ! y ���� xi 2 I(Si) ^ y 2 I(R) ^ hSi; xii � hR; yi ^ fi(xi) = g(y)Vj :(9xj; xj 2 I(Sj) ^ hSi; xii � hSj; xji � hR; yi ^ fj(xj) = g(y)): �(3.15)This formula is equivalent to the expression of a maximum. Indeed, given aset A: fmaxAg = �x ��x 2 A ^ :(9x0; x0 2 A ^ x� x0)	 :Computing value-based dependencesBasically, the computation of value-based dependence relations is performed intwo steps:� The ordering of memory-dependences into groups, so as to optimize thecomputation. Partial covers are dependences that kill or cover partially



3.4. RELATED WORK 91the dependences from more distant writes. The computation of groupsof partial covers is similar to the lazy technique. Pugh and Wonnacottalso use some other memory-based dependence information as well asdistance/direction dependence vectors to improve the e�ciency of theiralgorithm.� The computation and simpli�cation of dependence relations. Existen-tially quanti�ed variables are �rst eliminated by the Fourier-Motzkin algo-rithm. Then, the formula is put into disjunctive normal form. To preventthe explosion in size of the formula resulting from this transformation,negated predicates are simpli�ed using the gist operator. Intuitively,gist p given q are the constraints of p that are not implied by q. Pughand Wonnacott show that q ^ :p is equivalent to q ^ :(gist p given q).This simpli�cation using gist resort to many techniques of increasingcomplexity and possibly to a satis�ability test handled by the OmegaTest [102].Importance of the representationPugh and Wonnacott have pointed out that the representation of the sourcewith a quast might lead to an exponential number of leaves whereas a Pres-burger formula would not blow-up [103]. Indeed, the rules used to combine twoquasts entail that each test of one of the quast that is irrelevant for the otherand that cannot be simpli�ed may lead to the duplication of the latter quast.However, simpli�cation rules limit in many case such a combinatorial explosion.In spite of this drawback, the representation of the source function by aquast has two advantages:� Quasts can be used at run-time or placed directly into the code. Thisproperty is used for memory expansion for instance (see Section 5.4 onpage 166).� When combining quasts, tests that belong to di�erent quasts appear onlyonce in the result of the combination. Thus this can save some space



92 CHAPTER 3. EXACT ARRAY DATAFLOW ANALYSIStherefore some time in simpli�cations.Consider the following quast:����������������������������������
if p1then ������������������������������

if p2then : : : ��������������������������
if pnthen ���������������������� if q1then ���������� if q2then : : : ������ if q(n�1)=2then l1else l2else : : :else ���������� if q3then : : :else : : : ������ if qnthen lnelse ln+1else ?else ?else ?We suppose that no further simpli�cation is possible and all leavesli are operations of di�erent statements. This quast has 2n internalnodes. To represent the same source with dependence relations ,one has to build as many dependence relations as statements in thequast, that is, n + 1. Each relation is de�ned by the conjunctionof the n � log2(n) predicates on the path from the root to the leaf.Therefore, the source is represented by n(n + 1) log2(n) predicateswith dependence relations, and only 2n predicates with a quast.Besides, memory-based dependence relations are de�ned as sets. This ap-proach leads to the de�nition of value-based dependence relations for every writestatement (3.15), with existentially quanti�ed variables in every negated clause.The projection of these variables is performed by Fourier-Motzkin eliminationand can be expensive. This cost is mainly avoided with quasts by computingonce and for all the maxima &pi (y) and then comparing operations, instead ofsets of operations.Comparison with our simpli�ed algorithmThe simpli�ed algorithm outperforms on its domain the general method de-scribed by Pugh and Wonnacott. To compare both techniques, we consider avalue-based dependence when there is only one write statement. If l is the num-ber of loops surrounding the write, the elimination of existentially quanti�edvariables in one of the negated clause is performed in O(l2) operations in theworst case. Then, as there are at most l negated clauses and since value-baseddependence relations are computed for each dependence depth separately, theoverall cost to compute dependence relations for all depths is in O(l4), whereasit is in O(l3) for the simpli�ed algorithm.



3.4. RELATED WORK 93Moreover, Pugh and Wonnacott do no use max and min functions, thus somedisjunctions may appear in the expression of dependence relations each time anegated clause is put into DNF, increasing the cost of the overall computation.Finally, the handling of equations by the Omega Test does not enable parametriccoe�cients for loop counters.3.4.2 Maslov's approachMaslov described his lazy algorithm with a formalism of dependence relations[90], similar to the representation introduced by Pugh. However, Maslov com-putes maxima over dependence relations. He describes two separate algorithms,the �rst one, Relmax1, computes the maximum of the write iteration vectorsfor one dependence relation, and the second one, Relmax2, computes the max-imum of write iteration vectors for several dependence relations.The �rst algorithm uses Fourier-Motzkin elimination and adds wild-cardvariables in order to handle integer constraints. This technique provides a re-sult that is less precise than the output given by a simplex algorithm but ismore general than our simpli�ed method. If l is the number of loops surround-ing the write statement, Relmax1 takes O(l4) operations, even on the subsetof problems handled by our technique, which is more complex than what weobtained.The second method is equivalent to our method of combination of quasts,transposed to a representation of dependence relation. It has the advantagesand shortcomings due to its representation.3.4.3 Maydan et al's approachMaydan, Amarasinghe and Lam [93] de�ned an algorithm for computing value-based dependences for only a subset of static control programs. The algorithmapplies if:� Write operations do not self-interfere: self-interference means that thesubscript function f is bijective with respect to the loop indices used bythe write. A loop index is said to be unused if it does not appear in f norin the bounds of any used loop index.� There are no partial degeneracies, that is, loop upper bounds are eitheralways greater or always lower than lower bounds. Partial degeneraciescan be in some cases eliminated by code transformation [5].The result of their method is a Last Write Tree (LWT), which is similar to aquast. A LWT represents a direct dependence when there is only one writestatement and it takes into account all dependence depths. When there are



94 CHAPTER 3. EXACT ARRAY DATAFLOW ANALYSISmultiple writes, Maydan proposed a method [92] that is similar to ours (seeSection 3.2.2). The computation of the LWT is in two steps:� Computation of the LWT without the unused loop indices. All tests inthe tree decide of the dependence depth. As the subscript function f isbijective, the loop indices of the write are easily found. There is no testconcerning the execution of loops, since there are no partial degeneracies.� Restoration of the unused indices.The domain of application of their method is strictly included in the domainof our simpli�ed algorithm. Moreover, when Maydan's techniques apply, it caneasily be shown that our algorithm requires O(l2) operations to compute all ofthe &pi 's whereas the computation of the equivalent LWT takes O(l3) operations,where l is the number of loops surrounding the write. The LWT has then O(l2)nodes, whereas the size of a quast &pi (y) is then of O(l � p). Maydan showsthat its algorithms applies on about 97% of the array writes with a�ne indexexpression of the Perfect Club programs. However it does not apply in the caseof linearized expressions.3.4.4 Heckler and Thiele's approachHeckler and Thiele [70] proposed also an e�cient method for computing value-based dependences on a subset of static control programs. The key idea oftheir algorithm is to calculate the solutions of the system of a�ne Diophantineequations coming from the subscript predicate.Given a write and a read statements, the solutions of the subscript predicateare written in a parametric form and then the value of the parameters arecomputed so as to correspond to the lexicographic maximum of the iterationvector verifying the existence and sequencing predicates. Heckler and Thieleassume strong conditions on this system of inequalities in order to �nd veryeasily a correct value for each parameter, without resorting to Fourier-Motzkinelimination. When these conditions are not met, they resort to PIP to �ndthe correct values of the parameters. As there are fewer parameters than loopindices, their method is in any case faster than Feautrier's.The restrictions on the input problem are stronger than those used for oursimpli�ed algorithm. The complexity of Heckler and Thiele's algorithm is thecomplexity of the computation of a Hermite or Smith normal form. Whenmultiple writes occur, they resort to a method similar to ours. However, theydo not handle structural parameters nor linearized subscripts.3.4.5 Going beyond static control programsSeveral techniques extend the scope of exact array data
ow analysis while pre-serving the exactness. Such is the case of some induction variable substitutions,



3.5. CONCLUSION 95constant propagation and restructuration of while loops [4]. Berthou [15] stud-ied a technique so as to limit the range of statements to analyze in real programswith an exact analysis, without losing accuracy.In Section 3.3.6 we proposed an adaptation of our simpli�ed algorithm so asto handle linearized subscripts. Maslov [89] suggests to use a simple test thatdetects linearization when loops are rectangular. The problem can then betreated as if the program was a static control program. Maslov and Pugh [91]describe a much more general algorithm to cope with some polynomial arraysubscripts. Their technique is based on factorization of the constraints and onthe a�nization of quadratic (in)equalities. A�nization consists in replacing atest for the positiveness of a polynomial function by the system of its tangentinequalities in all integer points of the iteration domain. Note that this process is�nite since the iteration domain of static control programs is �nite and known atcompile-time. Parametric iteration domains do not seem to be handled by thisapproach. This method is able to cope with triangular linearization (subscriptsof the form i � (i� 1)=2+ j obtained by linearization of a triangular matrix).Beside polynomial expressions with respect to structure parameters or loopindices, Maslov [90] also describes a way to deal with symbolic constants, whichare variables that are not assigned within the scope of loop range studied. Thistechnique can easily be applied to our method. Finally, Leservot [82] proposedan extension of exact array dependence analysis to generalized instructions.Generalized instructions are instructions that write and read many array ele-ments, such as for instance fragments of code or procedure calls. The e�ects ofa generalized instruction on array structures are summarized in array regions.3.5 ConclusionExact array data
ow analysis is a powerful technique that computes exactlydirect dependences on static control programs. The main issues of this kindof analysis are its high complexity and its small domain of application. Sev-eral solutions have been proposed so as to reduce the high complexity of themethod, by further reducing the domain of application to the most usual cases ofstatic control programs. As for the limitation on the input programs, the intra-procedural limitation has been partially removed and non-a�ne constraintscan be handled in some cases, when they can be either ignored or transformedequivalently into a�ne constraints.
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Chapter 4Approximate Array Data
owAnalysisWhen non-a�ne constraints appear in the expression of the source (3.2), thetechniques of computation presented in the previous chapter do no longer work.We present in this chapter a general framework to compute an approximatedata
ow graph when constraints of this kind appear.This chapter is organized as follows: Section 4.2 describes the features of realprograms that make an exact analysis fail, presents four motivating examplesillustrating these features and gives an intuition of the approximate analysis.Section 4.3 introduces our framework. Then in Section 4.4 we propose severalmethods to �nd properties on non-a�ne constraints and describe in Sections4.5-4.6 how to integrate them in the computation of the sources. We concludewith the presentation of our prototype, Caravan, and with a comparison withother works.4.1 Program ModelWe will focus on programs respecting the following constraints:1. The only data structures are of base types (integers, reals, etc.) andarrays thereof.2. The only control structures are the sequence, the do loop, the whileloop1, and the if::then::else construct. gotos and procedure calls areforbidden.3. Basic statements are assignments to scalars or array elements.4. No pointer, EQUIVALENCE or aliasing is allowed.1Similarly to do loops, an iteration of a while loop is denoted by giving its ordinal numberw in the iteration sequence. 97



98 CHAPTER 4. APPROXIMATE ARRAY DATAFLOW ANALYSIS4.2 Which Approximation?We describe in this section the kind of non-a�ne constraints that arise in realprograms. Four examples, each of them capturing a particular feature of non-a�ne constraints are presented. They will illustrate the techniques proposed inthis chapter and are used at the end of this section to give the intuition of ourapproximate analysis.4.2.1 The need for an approximationWe have seen in Section 3.4.5, page 94, how to extend the domain of exact arraydata
ow dependence analysis to some particular non-static programs. However,as soon as we extend our program model to include general conditionals, non-linear bounds, do loops with non-linear bounds and non-linear array subscripts,even dependence testing becomes undecidable. The di�culty of the problemcan easily be illustrated by the following example:if n>2 thenif x>0 thenif y>0 thenif z>0 thena(x**n) = .... = a(y**n + z**n)endifendifendifendifFinding the dependences in this program is as di�cult as proving Fermat's lasttheorem.Two causes explain the failure of intraprocedural data
ow analyses basedon an a�ne framework.Non-a�ne References Shen et al. [117] have shown that on a set of bench-marks and real programs, around 34% of array subscripts were non-linear,and a majority, 80%, were in fact a�ne expressions with respect to nonloop index variables. These variables are either scalars, or arrays suchas in a(b(x)). Polynomial subscripts come from linearized subscripts, in-duction variable substitution but in some cases are more complex; In theprogram OCEAN of the Perfect Club Benchmarks, subscripts of the formai+bj+cwhere i and j are loop indices, a and b are subroutine parametersand c a parameter, appear in many important loop nests.Dynamic Control while loops and conditionals may use predicates whosevalue can only be evaluated at execution time. while loops and con-ditionals are very common in real programs and it is important to be



4.2. WHICH APPROXIMATION? 99able to analyze in detail such control structures. Blume [16] gives somereal examples such as SPICE where do loops with abnormal exits or ifstatements followed by gotos are in large proportions and hinder usualparallelism detection. do loops with non-a�ne bounds can considered asa particular case of while loops.One way to deal with intractable terms is to instrument the program so that,when run, it produces the exact dependence 
ow graph [79, 94, 98]. Thisapproach has one main drawback: The dependence graph depends on the in-put values of the variables, therefore several executions may produce di�erentgraphs. Exposing parallelism in these conditions is more di�cult, since a codetransformation that is legal for one execution may appear illegal for another one.Several versions of the parallel code can be produced, introducing run-time testsso as to determine whether some parts of the code can be run in parallel. In thatcase, the overhead due to the tests may be signi�cant [98]. Another approachis to speculate on the data
ow dependences and suppose that some loops areparallel [108, 109]. During the parallel execution, some conditions are checkedso as to decide whether it is necessary to revert to a sequential execution ornot. We will adopt a priori another approach, which consists in computing atcompile-time an approximated DFG. We will show in Section 4.3.3 that this isnot in contradiction with a run-time method determining the exact DFG.Traditional alias analyses resort to complementary techniques so as to im-prove their output when dealing with non-a�ne terms. For instance, severalstudies [48, 18] on the Perfect Club Benchmarks have shown the importance ofsymbolic analysis [67] in the detection of parallelism.Hence, it appears that an extension of exact value-based dependence anal-ysis should be able to take into account non-linear references and dynamiccontrol, with the possibility to improve the accuracy of the analysis with theresults of other analyses, such as symbolic analysis or abstract interpretation.The analysis we are looking for should ful�ll the following requirements:� Conservative: An approximated value-based dependence is an over-appro-ximation of the exact dependence. No approximated dependence impliesno exact dependence.� Exact on static fragments: Exact array data
ow dependence analysis is aparticular case of the approximate analysis.� Information on non-a�ne constraints provided by complementary analy-ses may be taken into account. The nature of such information will bediscussed in Section 4.4. Intuitively, the amount of information on non-a�ne terms provides an estimation of the accuracy of the output of theanalysis. However, this may not be always true for two reasons: Eitherbecause the properties collected about non-a�ne constraints are not rel-evant for the computation of the data
ow dependence, or because the



100 CHAPTER 4. APPROXIMATE ARRAY DATAFLOW ANALYSISanalysis is not able to handle all relevant information implied by theseproperties. This problem of accuracy will be tackled in Section 4.5.Collard [29, 30] extended usual exact analysis to while loops, at the cost ofaccuracy, and we propose a generalization of his approach.4.2.2 Motivating examplesThe following four examples are used throughout this chapter to illustrate theworking principles and applicability of our approximate data
ow analysis. Eachof them capture one of the non-a�ne features described above.do x1 = 1 to nS1 s = ..do x2 = 1 while (P(x1,x2))S2 s = .. s ..enddoR .. = .. s ..enddo Example E1 do x = 1, nif (P(x)) thenS1 s = ..elseS2 s = ..endifenddoR if (n>0) then .. = .. s ..Example E2while loop Example E1 is a kernel that appears in several convolution codes2.Each operation hS1; x1i assigns a new value to variable s. In turn, statement S2assigns s an unde�ned number of times (possibly zero). The value read in s bystatement R is thus de�ned either by S1, or by some instance of S2, in the sameiteration of the do loop (the same x1). Moreover, when a value of s is read inan instance of S2, it comes either from the previous iteration of the while loopor from the previous assignment of statement S1 if the read occurs in the �rstiteration of the while loop.if..then..else construct The very simple piece of code E2 illustrates atypical case of if::then::else construct: The value of s read by statement Rcomes either from an instance of S1 or from an instance of S2 and the iterationfor which the value of s read by R is written is n.Non-a�ne array subscript In Example E3, the di�culty consists in �ndingthat the value of ii used in an instance of statement S4 is the same as inthe instance of statement S2 in the following iteration. It is then possible toconclude that any de�nition of A performed by an instance of S4 is killed by theassignment done during the following iteration by statement S2, excepted for2Such codes include horn.c by T. Burkit, implementing Horn and Schunck's algorithm toperform 3D Gaussian smoothing by separable convolution, and singh.c, written by J. Barron,implementation of Ajit Singh, ICCV, 1990, pages 168{177.



4.2. WHICH APPROXIMATION? 101S1 ii = ..do x = 1, nS2 A(ii) = ..S3 ii = ..S4 A(ii) = ..end dodo x = 1, nR .. = .. A(x) ..enddo Example E3
if (P) thenS1 jlow = 2, jup = jmax -1elseS2 jlow = 1, jup = jmaxendifdo x = 1, nS3 A(jlow : jup) = ..if (P) thenR .. = A(2 : jmax-1)endifenddo Example E4the last iteration of the loop. Hence, the source of A(x) for an operation hR; xicomes either from an instance of S2, from operation hS4; ni or does not exist.Non-a�ne loop bounds Example E4, taken from [124], requires a deeperunderstanding of the values stored in the variables. The predicate P has thesame value in both conditionals, so for any instance of R, jlow = 2 and jup =jmax � 1 since the values of jlow; jup and jmax are not modi�ed inside theloop. This entails that any value of A read in statement R is de�ned by theinstance of statement S3 of the same iteration of the do loop. In order to �ndthe relations between the variables of the program, we will resort in this caseto the analysis described by Tu and Padua [124]. Note that we only need toknow in that example that P keeps the same value in the two predicates andthat 1 � jlow � 2, jmax� 1 � jup � jmax to conclude. These inequalities canbe found by other analyses, such as the one performed by PIPS.4.2.3 From exact to approximate analysisAs soon as we extend our program model to include conditionals, while loops,do loops with non-linear bounds or subscripts, the algorithm used in exact arraydata
ow analysis breaks down. The reason is that the existence predicate andsubscript equation may contain intractable terms. One possibility is to ignorethem. In this way, the existence predicate x 2 I(S) for statement S is replacedby x 2 Î(S), where Î(S) is a superset of I(S) which is obtained by ignoring non-linear constraints. Supposing for the moment that the subscript condition isstill linear, we may obtain an approximate set of candidate sources:Q̂p(y) = nx ���x 2 Î(S); f(x) = g(y); hS; xi �p hR; yio : (4.1)However, we can no longer say that an iteration vector of a possible source isgiven by the lexicographic maximum of this set, since the result may preciselybe one of the candidates which is excluded by the non-linear part of Î(S). One



102 CHAPTER 4. APPROXIMATE ARRAY DATAFLOW ANALYSISsolution is to take all of Q̂p(y) as an approximation to the direct dependence.If we do that, and with the exception of very special cases, computing themaximum of approximate iteration vectors has no meaning, and the best wecan do is to use their union as an approximation. Can we do better than that?Let us consider some examples.while loop What is the source of s in statement R in E1? There are twopossibilities, statements S1 and S2. Intuitively, R always reads a value of s thathas been de�ned in the same iteration of the outer loop. In the case of S1, thesource candidate of hR; xi, for any value x of x1, is exactly hS1; xi. Things aremore complicated for S2, since we have no idea of the iteration count of thewhile loop. We may, however, give a name to this count, say �, and write theset of iteration vectors of the candidate sources as:Q12(x) = fz jz[1] = x; 1 � z[2]; z[2] = �g :We may then compute the maximum of this set, which is simply&12 (x) = if � > 0 then hS2; x; �i else ?:The dependence between S2 and R at depth 0 is killed by the dependence be-tween S1 and R at depth 1, therefore we do not compute it. The last step is totake the maximum of the two sources, which isif � > 0 then hS2; x; �i else hS1; xi :We have thus formally derived the expected precise result. The trick here hasbeen to give a name to an unknown quantity, �, and to solve the problem with� as a parameter.if::then::else construct Example E2 is slightly more complicated: We as-sume, from the environment that n � 1. What is the source of s in statementR? We may build an approximate candidate set from S1 and another one fromS2. Since both are approximate, we cannot do anything beside taking theirunion, and the result is highly inaccurate.Another possibility is to partition the set of candidates according to thevalue x of the loop counter. Let us introduce a new boolean function b(x)which represents the outcome of the test at iteration x. The xth candidate maybe written �(x) = if b(x) then hS1; xi else hS2; xi :We then have to compute the maximum of all these candidates (this is anapplication of Property 3.1, page 73). It is an easy matter to prove that x <x0 =) �(x) � �(x0), so the source is �(n). Since we have no idea of the value of



4.3. DESCRIPTION OF THE FORMALISM 103b(n), the best we can do is to say that we have a source set, or a fuzzy source,which is obtained by taking the union of the two arms of the conditional:�([]) = fhS1; ni ; hS2; nig: (4.2)Notice here the precision we have been able to achieve. However, the techniquewe have used here is not easily generalized. Another way of obtaining the sameresult is the following. Let L = fx j1 � x � ng. Observe that the candidateset from S1 (resp. S2) can be written fx jx 2 D1 \ Lg (resp. fx jx 2 D2 \ L g)where D1 = fx jb(x) = trueg and D2 = fx jb(x) = falseg. Obviously,D1 \ D2 = ;; (4.3)and D1 [ D2 =Z: (4.4)We have to compute � = max(maxD1\L;maxD2\L). It is a general propertythat (4.4) implies that: � = maxL = n: (4.5)By (4.3) we know that � belongs either to D1 or D2 which gives again the result(4.2).To summarize these observations, our method will be to give new names(or parameters) to the result of maxima calculations in the presence of non-linear terms. These parameters are not arbitrary. The sets they belong to { theparameter domains {, or the non-linear constraints involved, are in relationsto each others, as for instance equations (4.3) and (4.4). These relations canbe found simply by examination of the syntactic structure of the program,or by more sophisticated techniques. From these relations between the non-linear constraints follow relations on the parameters, like equation (4.5), whichcan then be used to simplify the resulting fuzzy sources. In some cases, theserelations may be so precise as to reduce the source set to a singleton, thus givingan exact result. Examples E3 and E4 can be handled too by applying thismethod, but they require a more detailed formalism, presented in the followingsection.4.3 Description of the FormalismWe present in this section a formal de�nition of Fuzzy Array Data
ow Analy-sis (FADA). Note that this formalism di�ers from the formalism proposed byCollard for the �rst version of FADA [29] (The di�erences are described onpage 4.8.1.) First of all, we de�ne a representation for non-a�ne constraints.Thanks to this representation, the expression of the source boils down to a



104 CHAPTER 4. APPROXIMATE ARRAY DATAFLOW ANALYSIScomputable expression with linear constraints and unknown parameters. Whenthese parameters take all the values of a set de�ned by linear constraints, weget a set of possible sources, called the fuzzy source. How this set of values isbuilt will be the subject of the next sections.As in the previous chapter, we examine the dependences between a state-ment R reading array A with subscript g(y) and the statements Si; 1 � i � nassigning a value to A with the respective subscripts fi(xi) where xi is the iter-ation vector of Si. We also use the same notations as in the precedent chapter.4.3.1 Non-a�ne constraintsLet us �rst have a close look at the non-a�ne constraints. Notice that theycome either from the predicate of a while or if, from a non-a�ne loop boundappearing in the existence predicate, or from a non-a�ne array subscript ap-pearing in the con
icting access predicate. Each constraint can be numberedaccording to its apparition order in the text of the program. Let C denote theset of integers indexing non-a�ne constraints. Given a constraint ch, h 2 C,we note Th the statement in which it appears. This statement is either thethen or else branch of a conditional, or a loop with non-a�ne bounds, or anassignment statement in which a non-a�ne subscript is used in an array access.If ch appears in the set of candidate sources Qpk(y), a write operation hSk; xiwith x 2 Qpk(y) depends on the value of ch for an instance of Th. More precisely,the iteration vector of this instance of Th is a pre�x of the iteration vector xof the write. Let us denote this pre�x x[1::eh] . If Th is a conditional or anassignment then eh = dTh since all the surrounding loop counters of Th may beused by ch. When Th is a do or a while, then eh = dTh + 1, since the loopindex of the loop de�ned by Th does not belong to the surrounding loop indicesof Th but are involved in the de�nition of ch. In the de�nition of Qpk(y) asgiven by (3.3), the expression of the non-a�ne constraint ch is ch(x[1::eh]; y),with x[1::eh] 2 I(Th). ch depends on y in the case it comes from the subscriptpredicate. However, since the only term depending on p is the linear sequencingpredicate, non-a�ne constraints cannot depend on the dependence depth p.Moreover, any non-a�ne constraint is a boolean function which can bewritten as an (in)equality with non-a�ne terms. Formally, if ch is de�ned byan inequality, we write it:ch(x; y) =  ah(x; y) +Xk �hknk(x; y) � 0! ; (4.6)where ah is an a�ne form, �hk integer coe�cients and the nk 's non-a�ne terms.ch is the composition of an a�ne predicate with the non-a�ne terms nk . Notethat the functions nk can represent variables not among the loop counters. Inthat case, if s is the name of the variable, we will denote s(hT; xi) the value ofthis variable at operation hT; xi.



4.3. DESCRIPTION OF THE FORMALISM 105De�nition 4.1 (parameter domain) Let Ck � C denote the set of the in-dices of the constraints involved in the computation of Qpk(y) and mk denotemaxh2Ck eh. The set:Dk(y) = 8<:x ������x 2Zmk; ĥ2Ck ch(x[1::eh]; y)9=; ;is the set of iteration vectors of dimension mk for which all of the constraintsindexed by Ck are true. This set is called the parameter domain associated tothe dependence between an instance of Sk and hR; yi.Note that mk does not depend on y and that mk � dSk . By convention, whenall constraints in Qpk(y) are linear, Dk(y) =Zmk.We illustrate these de�nitions on the examples of Section 4.2.2, page 100.while loop For Example E1, there is only one non-a�ne constraint c1in the program and c1(x; y) = (P (x[1]; x[2]) = true). The set of iterationvectors of the candidate sources for the dependence at depth 1 between aninstance of statement S2 and hR; yi is:Q12(y) = fx j1 � x[1] � n; 1 � x[2]; c1(x); x[1] = y g :The parameter set D2(y) is the set de�ned by all non-a�ne constraintsin Q12(y): D2(y) = fx jc1(x)g. The domain is the same for the depen-dence between two instances of S2 and there is no non-a�ne term in thedependence between S1 and R, thus the parameter domain is D1(y) =Z.if..then..else construct For Example E2, c1(x) = (P (x) = true)is the constraint associated to the true branch of the conditional, c2(x) =(P (x) = false) is the constraint associated to the false branch. The pa-rameter domains are: D1([]) = fx jc1(x)g and D2([]) = fx jc2(x)g.Non-a�ne array subscript The non-a�ne terms appearing in Ex-ample E3 for the dependences between S2, S4 and R come from the sub-script equation: c1(x; y) = (ii(hS2; xi) = y) and c2(x; y) = (ii(hS4; xi) =y). The parameter domains associated to the dependences between aninstance of S2 and hR; yi and between an instance of S4 and the sameoperation are respectively: D2(y) = fx jc1(x; y)g, D4(y) = fx jc2(x; y)g.Non-a�ne loop bounds Finally, for Example E4, the two non-a�neconstraints associated to the if::then::else construct are: c1([]) = (P =true), c2([]) = (P = false). The vector assignment in statement S3 containsan implied loop and the statement can be rewritten as:do x' = jlow, jupA(x') = ..enddo



106 CHAPTER 4. APPROXIMATE ARRAY DATAFLOW ANALYSISThe non-a�ne terms are then:c3(x) = (x[2] � jlow(hS3; x[1]i));and c4(x) = (x[2] � jup(hS3; x[1]i)):The parameter domain associated to the dependence between an instanceof S3 and hR; yi is: D3(y) = fx jc3(x) ^ c4(x)g.4.3.2 ParameterizationLet us recall the de�nition of the source:�(y) = max1�k�n max�p�dSk R &pk (y);and the de�nition of the maximum of a candidate source set:&pk (y) = 
Sk;maxQpk(y)� : (4.7)&pk (y) cannot be calculated exactly when non-a�ne constraints appear in thede�nition of Qpk(y). We could approximate &pk (y) and then take the maximumof the approximated &pk (y)'s. However, making the approximation in the laststep of the computation of the source would provide more accurate results.This is the purpose of the parameterization: to encode non-a�ne constraintsas parameters so as to achieve the computation of the source with respect tothese parameters, and then, eventually, make an approximation.We �rst partition each set Qpk(y) into subsets de�ned by parametric linearconstraints. Let Lpk(y) denote the set of vectors of dimension dk de�ned bythe linear constraints appearing in Qpk(y). The set of iteration vectors of thecandidate sources is:Qpk(y) = Lpk(y)\fx jx[1::mk] 2 Dk(y)g :Partitioning Qpk(y) is obtained by partitioning Dk(y) as the union of its elements:Dk(y) = [x2Dk(y)fxg:Let Q̂pk(x; y) = Lpk(y) \ fz jz[1::mk] = xg denote a subset of the partition ofQpk(y). Note that x is the vector of the �rst mk coordinates of any vector inQ̂pk(x; y). Then: Qpk(y) = [x2Dk(y) Q̂pk(x; y): (4.8)From (4.7), (4.8) and Property 3.1, we obtain:&pk (y) = �Sk; maxx2Dk(y)�max Q̂pk(x; y)�� : (4.9)



4.3. DESCRIPTION OF THE FORMALISM 107An elementary source operation &̂pk (x; y) can then be evaluated for each subsetQ̂pk(x; y): &̂pk (x; y) = DSk;max Q̂pk(x; y)E ; (4.10)which is computable by parametric integer programming. From (4.9) and(4.10), we have: &pk (y) = maxx2Dk(y) &̂pk (x; y): (4.11)If the maximum de�ned by (4.11) exists, then it is reached for one vector ofDk(y). Such a vector is called a parameter of the maximum:De�nition 4.2 (parameter of the maximum) The integer vector of Dk(y)for which the maximum (4.11) is reached is called the parameter of the maxi-mum of Dk for statement Sk at depth p and denoted �pk(y). (If the maximumdoes not exist, we set �pk(y) to an unde�ned value.) According to the de�nitionof Q̂kp(y), �pk(y) is de�ned by:�pk(y) = maxLpk(y)jmk \ Dk(y): (4.12)The set Lpk(y)jmk is the projection of Lpk(y) on Zmk :Lpk(y)jmk = �x ��9z; z[1::mk] = x; z 2 Lpk(y)	 :The following equality always holds:&pk (y) = &̂pk (�pk(y); y): (4.13)Thus it implies that the source can be written as:�(y) = max1�k�m max0�p�dSk R &̂pk (�pk(y); y); (4.14)which is still computable by parametric integer programming. Note that whenthere is no non-a�ne constraints involved in the computation of �(y) then�pk(y) = maxLpk(y)jmk and the source computed in (4.11) is the exact source.Hence, the exact array data
ow analysis presented in the preceding chapteris a particular case of FADA. Moreover, the techniques presented in the pre-vious chapter to compute the expression of the source (3.5) can also be usedto compute the expression of the source (4.14) w.r.t. the parameters �pk(y).In particular, the optimizations described in Section 3.2.3, page 76, and oursimpli�ed algorithm can be used.



108 CHAPTER 4. APPROXIMATE ARRAY DATAFLOW ANALYSIS4.3.3 FuzzinessTo sum things up, we enumerated each set Dk(y) of non-a�ne constraints by aparameter. Among these parameters, we distinguished one element for each p,the parameter of the maximum �pk(y) of Dk(y). The bene�t is that the expres-sion (4.14) can be computed with the same methods as in the case of exact arraydata
ow analysis, using parametric integer programming tools. The source isthen a function of the parameters of the maximum and is equivalent to the def-inition of the source with respect to non-a�ne constraints. No approximationhas been done on the source, yet.However, parameters of the maximum cannot themselves be computed, be-cause the sets Dk(y) of non-a�ne constraints cannot be handled. The expressionof the source given by (4.14) could be used at run-time to determine dynamicallythe exact source of a variable, provided that the parameters of the maximumare computed and updated dynamically too. We do not consider this possibleuse of (4.14) in the sequel.A very simple method is to compute a set of possible sources { or a fuzzysource { by giving all possible values to the parameters. This would mean thatwe would not even try to take non-a�ne constraints into account. Obviously,this is a safety net for a fuzzy array data
ow analysis and is similar to the\panic mode" in Wonnacott's work [107].A better approach is to reduce the number of possible sources. To do that,we will try to �nd properties (call them P) on the non-a�ne constraints.From these properties we will deduce linear properties (call them P̂) on theparameters �pk(y). The bene�t of this approach in two steps is that we can thenprove, for some P, that the set of sources we obtain is the most precise that canbe derived. That is, there is no loss of information when deriving P̂ from P.Therefore, the method to be presented in the next sections will proceed inthree steps:1. Properties P will be obtained by an analysis of the non-a�ne constraintsof the program (Section 4.4). The more accurate the description of thenon-a�ne constraints, the smaller the set of possible constraints describedby P. In Figure 4.1, we represented the case where only one non-a�neconstraint, c, is involved in the computation of the source. c belongsto the set of constraints verifying the conditions of P, ensuring that theanalysis is conservative.2. Properties P̂ are then derived from P. The properties P̂ on the parame-ters are consequences of the properties P, so as to perform a conservativeanalysis. The objective is then to show that, as in Figure 4.2, each vec-tor verifying the constraints of P̂ corresponds to at least one constraintverifying the conditions of P. This would prove that there is no loss ofinformation during this step, as far as the computation of the source isconcerned.



4.3. DESCRIPTION OF THE FORMALISM 109set of constraints de�ned by Pc cFigure 4.1: Approximating a non-a�ne constraint.set of constraints de�ned by P set de�ned by P̂c �pk(y)Figure 4.2: Translating P into P̂.3. We then build a parametric source (4.14), taking into account PropertiesP̂. The set of all possible sources is obtained by giving to the parametersall the values verifying P̂:S(y) = � max1�k�m max0�p�dSkR &̂pk(xpk; y) ���xpk 2Zmk; P̂ (: : : ; xpk; : : : )� ; (4.15)which can be computed exactly if P̂ is a conjunction or disjunction ofquasi-a�ne constraints. The expression max1�k�m max0�p�dSkR &̂pk (xpk; y)is computed w.r.t. xpk with the techniques presented in the previous chap-ter. As illustrated in Figure 4.3, to each parameter corresponds a di�erentsource.The fuzziness of the source depends on the precision with which P̂ abstractsthe relations existing among the parameters of the maximum �pk(y), k = 1::m.Let us come back to our four examples presented in Section 4.2.2, page 100.



110 CHAPTER 4. APPROXIMATE ARRAY DATAFLOW ANALYSISset de�ned by P̂ set of sources�pk(y) �(y)Figure 4.3: Computing set of sources.4.3.4 Example E1: while loopIn Example E1, consider the dependence between an instance of S2 and hR; yiat depth 1. The set L12(y) de�ned by the linear constraints of Q12(y) is equal tofx j1 � x[1] � n; 1 � x[2]; x[1] = y g and it is partitioned into the subsets:Q̂12(x; y) = fz j1 � z[1] � n; 1 � z[2]; z[1] = x[1] = y; z[2] = x[2]g ;for all x 2 D2(y) = fx jc1(x[1]; x[2])g. The environment is 1 � y � n and inthis context, an elementary source &̂12 (x; y) can then be computed by any of themethod of Chapter 3: &̂12 (x; y) = ���������� if x[1] = ythen ������ if 1 � x[2]then hS2; xielse ?else ?The dependence between an instance of S1 and hR; yi at depth 1 is &11 (y) =hS1; yi, thus, as the lazy method applies, we can conclude that the exact sourceof s at operation hR; yi is:�(y) = ���������� if �12(y)[1] = ythen ������ if 1 � �12(y)[2]then 
S2; �12(y)�else hS1; yielse hS1; yiwith the parameter of the maximum de�ned as:�12(y) = max fx j1 � x[1] � n; 1 � x[2]; x[1] = y g \ fx jc1(x)g :



4.3. DESCRIPTION OF THE FORMALISM 111The �rst leaf of &̂12 (x; y) cannot be killed but the bottoms of the second andthird leaves can. The exactness of this source means that no approximation hasbeen done yet and is given in a parametric form with respect to the non-a�neterm P . If nothing is known about P , by giving to �12(y) all possible values, weobtain the fuzzy source:S(y) = � if x[1] = y ^ 1 � x[2] then hS2; xi else hS1; yi ��x 2Z2	 :Now let us consider the source of hS2; yi. As previously, we consider �rstdependences at depth 1. In this case, the set L12(y) is equal tofx j1 � x[1] � n; 1 � x[2]; x[1] = y[1]; x[2]< y[2]g :The subset Q̂12(x; y) de�ning the partition of L12(y) is:Q̂12(x; y) = fz j1 � z[1] � n; 1 � z[2]; z[1] = x[1] = y[1]; z[2] = x[2] < y[2]g :The environment is 1 � y[1] � n; 1 � y[2]; c1(y; y) and an elementary sourcecoming from a write of S2 is:&̂12 (x; y) = ���������� if x[1] = y[1]then ������ if 1 � x[2] < y[2]then hS2; xielse ?else ?Finally, the source of hS2; yi is:�(y) = ���������� if �12(y)[1] = y[1]then ������ if 1 � �12(y)[2] < y[2]then 
S2; �12(y)�else hS1; yielse hS1; yiwith:�12(y) = max fx j1 � x[1] �; 1 � x[2]; x[1] = y[1]; x[2]< y[2]g \ fx jc1(x)g :The source of s for hS2; yi is one of the previous executions of S2, for the sameiteration of the do loop, or, if this instance does not exists, the previous instanceof S1.Note that we cannot conclude yet that the source comes from the previousiteration of the while if y[2] > 1. What is not taken into account in thiscomputation is the fact that if an iteration of a while loop is executed, then allprevious iterations, for the same value of surrounding loop indices, are executedtoo. A structural analysis will �nd such information (see Section 4.4.3).



112 CHAPTER 4. APPROXIMATE ARRAY DATAFLOW ANALYSIS4.3.5 Example E2: if..then..else constructLet us compute a parametric source of s from hR; []i of Example E2. Consider�rst the dependence between an instance of S1 and hR; yi. The set of linearconstraints of Q01([]) is: L01([]) = fx j1 � x � ng ;and it is partitioned into subsets:Q̂01(x; []) = fz j1 � z � n; z = xg ;for all x 2 D1(y). The environment is n � 1 and an elementary source is:&̂01 (x; []) = if 1 � x � n then hS1; xi else ?:By symmetry, &̂02 (x; []) = if 1 � x � n then hS2; xi else ?:Finally, the parametric source is (we drop the notation of the zero-dimensionvector): � = �����������������������
if 1 � �01 � nthen �������������� if 1 � �02 � nthen ���������� if �01 � �02then ������ if �01 � �02then 
S2; �02�else 
S1; �01�else 
S2; �02�else 
S1; �01�else ������ if 1 � �02 � nthen 
S2; �02�else ?We have several comments on this result:� The loop indices of the possible sources are in [1; n] but are not equal ton. This inaccuracy comes from the fact that we did not relate the loopindices for which the true branch of the conditional is executed and theloop indices for which the false branch is executed. Indeed, at least oneof the branch of the conditional is executed for each iteration of the loop.� The two parameters are compared and the case where they are equal isnot excluded. According to the de�nition of the execution order �, thesource is then the instance of the latest statement in textual order. Infact, the two branches of a conditional are not comparable according tothe execution order, since at most one of the branches of the conditionalis executed for a value of loop index. Therefore, the case where the twoparameters are equal should not exist.A structural analysis will give the necessary information to obtain a more precisesource.



4.3. DESCRIPTION OF THE FORMALISM 1134.3.6 Example E3: Non-a�ne array subscriptComputing a parametric source for the read of A(y) in Example E3 is fairlysimple, when no information is available concerning the non-a�ne terms. Con-sider the dependence between an instance of S2 and hR; yi. The set of linearconstraints of Q02(y) is: L02(y) = fx j1 � x � ng ;and is partitioned into the subsetsQ̂02(x; y) = fz j1 � z � n; z = xg ;for all z 2 D2(y). The environment is 1 � y � n and an elementary source is:&̂02 (x; y) = if 1 � x � n then hS2; xi else ?:A similar source is obtained from S4, and the parametric source is:�(y) = ���������� if 1 � �04(y) � nthen 
S4; �04(y)�else ������ if 1 � �02(y) � nthen 
S2; �02(y)�else ? :Basically, this expression only says that the source either come from an instanceof S4, from an instance of S2 or does not exist. An analysis of the variable iimay improve this result.4.3.7 Example E4: Non-a�ne loop boundsAs for Example E3, the computation of the source of A in Example E4 leads toa very fuzzy result when no complementary analysis is used.We study the dependence of depth 1 between an instance of S3 and hR; yi.As done previously, we explicitly represent the iteration vector of the implicitloops of statements S3 and R. The set of linear constraints is:L13(y) = fx j1 � x[1] � n; x[1] = y[1]; x[2] = y[2]g :In the environment 1 � y[1] � n; 2 � y[2] � jmax(hR; yi), an elementary sourceis computed: &̂13 (x; y) = if x = y then hS3; yi else ?:Without any additional information, the dependence of depth 0 should be com-puted too, and the approximated source will be conservative but really inaccu-rate: the source may be an operation of statement S3 or may be ?. A comple-mentary analysis on the non-a�ne terms involved may improve the accuracy ofthe source.



114 CHAPTER 4. APPROXIMATE ARRAY DATAFLOW ANALYSIS4.4 Reducing FuzzinessOur aim now is to �nd all interesting properties on the non-a�ne constraints.All these properties make up the set P, as de�ned in the previous section, andthis is the �rst step of the computation of the approximate data
ow graph.Several techniques have been proposed to �nd properties on symbolic expres-sions. We �rst present a short review of the most used ones and then presenttwo other methods in Sections 4.4.3 and 4.4.4. In order to make the other stepsof the computation independent of the technique used to �nd the properties,we will consider general properties, as explained in Section 4.4.1.4.4.1 General propertiesDetermining relations between symbolic expressions is undecidable in the gen-eral case. In practice, the techniques used to �nd relations between expressionsrestrain the kind of expressions analyzed and the kind of relations found andmake conservative approximations. We present thereafter the best known meth-ods. The application domains for which they have been developed range fromdependence testing or array privatization to debugging. We mostly limit ourdiscussion to their application domain and to the kind of relations exposed.Relations between expressions of the programThe analysis described by Cousot and Halbwachs [33], based on an abstractinterpretation framework, �nds relations between the values of the variablesof the program. It handles only a�ne expressions w.r.t. the variables of theprogram, the predicates of the conditionals are not taken into account and theuse of a widening operator approximates the result whenever loops are treated.The relations between the values of variables are described with polyhedra.In the same framework, Granger [58] proposed a method to �nd congruencerelations between the variables of the program. Masdupuy [87, 88] uni�ed thetwo techniques (interval relations and congruence relations) with trapezoidalrelations. Blume and Eigenmann [19] have proposed an extension of the methodof Cousot and Halbwachs to polynomial expressions. However, their methodmanipulates intervals of values instead of polyhedra.Another kind of analysis, relying on Static Single Assignment(SSA) form [37]focuses on the detection of equality relations among variables. The idea is togive di�erent names to the di�erent assignments to a variable. A �-functionis used to determine for each use the correct name of a variable when severalpossible control 
ows meet. Def-use chains are then embedded in the name ofthe variables. However, �-functions ignore the path conditions guarding the ex-ecution of statements, and the comparison of expressions involving �-functionsseems therefore limited. Gated Single Assignment(GSA) [6] obviate this draw-back by adding to the �-functions the predicates of the meet. The value of



4.4. REDUCING FUZZINESS 115a variable is then represented as a symbolic expression using other variables,constants, �-functions and predicates, which are other expressions. Tu andPadua [122, 124] described a demand-driven analysis that compares expressions,in GSA representation, using backward substitution. The relations exposed areinequalities. A relation between two expressions is established by their methodonly if the comparison of two expressions boils down to comparisons betweenvariable names and trivial comparisons between path conditions. When thepredicates are too complex to be handled, the value of variables are bounded.The main advantage of this method is that it does not rely on global forwardsubstitution as most of the other techniques presented here. Hence only usefulinformation is derived and more aggressive techniques can be implemented.Relations between the scalar variables of Example E4 page 101, can befound for instance by the demand-driven analysis proposed by Tu andPadua. They �nd that when statement R is executed, the values of jlowand jup at an instance of statement S3 verify the constraints: jlow � 2and jup � jmax � 1. Such information allows them to conclude that allthe elements accessed by an instance of R are de�ned by the instance of S3for the same iteration, hence privatization of the array A is possible. Wewill show that it is also allows the computation of the exact source of anyelement of A accessed by R.Induction variable detection is a traditional method used in optimizers [1].More complex techniques have been devised so as to detect induction variableswith a non-constant increment [128, 67]. In [67], general induction expressions,which are not stored in any variable, can even be found. The form of thegeneral induction variables or expressions detected is: p(x) + arx, where x isa loop counter , p is a polynomial function and a and r are constant w.r.t.the iteration vector. From such expression can then be deducted for instancemonotony properties, constraints on the sign of induction variables or of theexpressions in which they appear.Properties on non-a�ne functionsSome techniques have been speci�cally designed to �nd properties on individualnon-a�ne functions. Such is the case of the linearization method proposed byMaslov and Pugh [91] described in Section 3.4, page 90 and of the techniquespresented by Dumay [47]. Dumay has proposed to derive from a system of non-a�ne constraints an approximate system of a�ne constraints. His method relieson a set of rules that associate for each kind of non-a�ne function (division,multiplication, exponentiation, : : : ) a new variable and some a�ne propertieson this variable. The new variable then replaces the o�ending function in theexpression in which it appears. The advantage of this approach is that the setof rules can be enlarged at will by the user, its drawback being that it targetsmore speci�cally non-a�ne expressions w.r.t the variables of the program ratherthan the linear expressions which are non-linear w.r.t. loop counters. Finally,



116 CHAPTER 4. APPROXIMATE ARRAY DATAFLOW ANALYSISanother method to collect properties on non-a�ne constraints is to ask the userto prove or disprove inequalities appearing among the dependence constraintsor to insert some assertions in the program. (See [105] for example).All the methods presented above �nd properties that are �rst order predi-cates. More precisely, the formalism used for the non-linear constraints leads usto consider two kind of properties. These properties are �rst order predicatesand non-a�ne constraints are either represented by:� Predicates, i.e. functions of boolean values;� Or by inequalities in which non-a�ne functions appear.The following two analyses gather relations between the non-a�ne con-straints of the program in order to improve the output of the FADA. The �rstone, structural analysis, �nds relations deducted from the structure of the pro-gram. The second method, iterative analysis, uses the results of fuzzy analysis inorder to reduce the fuzziness of other fuzzy analyses. Both techniques representnon-a�ne constraints as predicates. But �rst of all, we give a characterizationof the parameters of the maximum in the form of Presburger formulae.4.4.2 Characterization of the parametersThe parameter of the maximum for the dependence between an instance of Skand hR; yi at depth p is de�ned by:�pk(y) = maxDk(y) \ Lpk(y)jmk ;when the intersection is not empty. Otherwise, �pk(y) is set to ?. We translatethis de�nition into a �rst order predicate: as �pk(y) is a maximum of a set whenthis set is not empty, this is equivalent to say that �pk(y) is an upper bound ofthis set and that �pk(y) belongs to the intersection or is equal to ?. Formally,for all x, lpk(x; y) ^i2Ck ci(x[1::ei]; y) =) x� �pk(y); (4.16)where lpk(x; y) is the characteristic function of Lpk(y)jmk ,(�pk 6= ?) =) lpk(�pk(y); y) ^i2Ck ci(�pk(y)[1::ei]; y): (4.17)Put into CNF, (4.16) and (4.17) are transformed into the clauses: for all x,:lpk(x; y) _i2Ck:ci(x[1::ei]; y)_ x� �pk(y); (4.18)



4.4. REDUCING FUZZINESS 117and for all i 2 Ck : ci(�pk[1::ei]; y)_ (�pk = ?) (4.19)and: lpk(�pk(y); y)_ (�pk(y) = ?) (4.20)The properties (4.18) and (4.19) de�ne relations between di�erent candidatesources using the same non-a�ne constraints. (As for instance the candidatesources from the same statement for di�erent dependence depths). (4.20) givesa property on �pk(y) when it is di�erent from ?. These properties will reducethe fuzziness of the source.4.4.3 Structural analysisIn this section, we take into account the structure of the source program. Thatis, we exhibit the properties on non-linear constraints implied by some syn-tactical constructs. For the programs in the scope of FADA, the followinginformation is available:� The non-linear constraint governing the execution of the true branch ofan if::then::else:: construct is the negation of the non-linear constraintgoverning the other branch.� If the body of a while loop is executed for an iteration, then it has beenexecuted for all previous iterations of the loop, for the same iteration ofsurrounding loops. That means that the predicate of a while loop is trueon a (possibly empty) interval of values of the loop index, beginning at 1(the �rst value of the loop index).We need to explicit the �rst property since the non-a�ne predicates of condi-tionals are represented in our formalism by two di�erent non-a�ne constraints.In the formalism of our previous work [12], non-linear constraints were encodedin properties of their parameter domains. The relations of inclusion betweenthe di�erent parameter domains then had to be found by a recursive descent ofthe abstract syntax tree of the program. Such an analysis is no longer neededin our current formalism.The structural analysis produces the following set of properties, derivedfrom the structure of the program and from the environment.� If ci and cj are two constraints generated by the non-linear predicate ofan if::then::else construct, then add to the set of properties:8x; ci(x[1::ei])() :cj(x[1::ej]): (4.21)



118 CHAPTER 4. APPROXIMATE ARRAY DATAFLOW ANALYSIS� If ci is the predicate of a while surrounded by n other loops, then:8x1; x2; x1[1::n] = x2[1::n]^ x2[n+ 1] � x1[n+ 1] ^ ci(x1[1::ei])=) ci(x2[1::ei]):We introduce the same property when ci is one of the conditions ensuringthat the loop counter of a do loop is between the bounds.� For each non-linear constraint ci veri�ed by the read operation, add:ci(y[1::ei]; y): (4.22)As hinted previously, the output of the analyses of Examples E1 and E2can be improved with the relations produced by a structural analysis. Weformulate here these relations for the two examples. How this informa-tion is integrated into the computation of the sources will be described inSections 4.5 and 4.6.while loop Applied to the while loop of Example E1, (4.22) is rewrit-ten as: 8x; x0; x[1] = x0[1]^ x[2] � x0[2]^ c1(x0) =) c1(x):if..then..else construct Applied to Example E2, (4.21) is rewrit-ten as: 8x; c1(x)() :c2(x):4.4.4 Iterative analysisThe key remark in this section is that two values of the same variable at twodi�erent steps of the execution are equal if they have the same source. Thanks tothis remark, we will show that we may go one step further in data
ow analyses.That is, that the result of a �rst application of the FADA analysis may in turnhelp a second application in deriving a more precise result.To see this, suppose that the same array occurs in the left hand-side oftwo statements, with the same variable as subscript. This variable is supposednot to depend linearly on induction variables. Making no assumptions on thevalues of variables, we may, however, try to prove that whatever the valuesof this variable, they are equal for some instances of the two statements. Ashinted above, we may apply a data
ow analysis on the subscripting variablesthemselves, thus iterating the overall process of the analysis. Similarly, twoconstraints that are the same function but appear at di�erent places in theprogram have the same value if the variables they use are the same and havethe same values.Therefore, the purpose of iterative analysis is to �nd relational properties(most of all, equality) between the non-linear constraints appearing in the exis-tence predicates and in the con
icting access constraints of di�erent statements.



4.4. REDUCING FUZZINESS 119This method may use the results of data
ow analysis on the variables of thenon-linear constraints so as to �nd more accurate relations. As this data
owanalysis can be fuzzy, the method can then be applied once more and eventu-ally the fuzziness will be reduced by successive analyses. This iterative analysisis only based on the DFG and does not examine the right-hand sides of theassignments. The equality of the sources of variable at two di�erent steps ofthe execution is only a su�cient condition to prove the equality of the valuestaken by this variable. Deciding that di�erent variables have the same valueat di�erent points in the program is another, more di�cult problem and is nottackled in this thesis.We �rst describe su�cient conditions ensuring the equality of two non-a�neconstraints for two operations. The steps of the analysis that checks theseconditions are then detailed and we also study some possible variants of theconditions. Finally, we conclude by a description of the two di�erent methodsto perform an iterative analysis.Equality of two non-a�ne constraintsTo formalize the previous paragraph, suppose that we want to compute thesource of A(g(y)) at operation hR; yi and that there appears in the computationof the source two non-a�ne constraints, ci and cj , represented as predicates.Our purpose is to decide whether the value of ci(xi; y) is the same as the valueof cj(xj; y), given the operations hTi; xii, hTj ; xji and hR; yi, so as to possiblyreduce the fuzziness of the source. So far, constraints have been de�ned asfunctions of iteration vectors. As a matter of fact, a constraint depends onvariables that are functions of the iteration vector, as noticed in Section 4.3.1,just after (4.6). Let tik, for 1 � k � vi be the names of the variables usedin ci and tjk be the names of the variables used in cj . tik(x; y) denotes thevalue taken by the variable tik at operation hTi; xi or hR; yi depending on thestatement in which it appears (similar notations for the values of tjk). ci istherefore the composition of a function c�i with the functions tik :ci = c�i �(ti1; : : : ; tivi):The following property de�nes a su�cient condition for which ci equals cj :Property 4.1 ci(xi; y) = cj(xj ; y) holds if:� c�i and c�j de�ne the same function (perhaps because they are syntacticallyequal).� The exact (but possibly parametric) source of tik at operation hTi; xii andof tjk at operation hTj ; xji are the same.Proof As the sources of the variables are the same, they have thesame value. The composition of the same functions (c�i and c�j ) withvariables of the same values entails that ci(xi; y) = cj(xj ; y).



120 CHAPTER 4. APPROXIMATE ARRAY DATAFLOW ANALYSISTwo non-a�ne expressions are in relation if two conditions are veri�ed, accord-ing to Property 4.1. We detail thereafter how these conditions can be tested.Same sourcesThis step consists in the construction of the conditions for which the sourcesof tik at operation hTi; xii and of tjk at operation hTj ; xji are the same. First,we can check syntactically that the names of the variables are the same. Then,consider a leaf hUik ; uik(xi)i of �(tik; hTi; xii) governed by the conditions sik(xi)and a leaf hUjk; ujk(xj)i of �(tjk; hTj ; xji) governed by the conditions sjk(xj).The two variables have the same source when the conditionsik(xi) ^ sjk(xj) ^ (Uik = Ujk) ^ (uik(xi) = ujk(xj))is met. By doing so for each pair of leaves with the same statement, the con-dition for which the two variables have the same source is the disjunction ofall conditions found for each pair. Let src(xi; xj) be this condition. Duringthe computation of the sources of the variables, we may �nd other non-a�neconstraints and compare them with another iterative analysis.Comparing constraints c�i and c�jDetecting that c�i (xi; y) = c�j(xj ; y) is a syntactic test. More complicated testsusing for instance the normalization of both constraints have not been consid-ered. If the equality is veri�ed, then the iterative analysis produces the relation:8xi; xj; src(xi; xj) =) (ci(xi; y)() cj(xj ; y)):The computation of the source of the array element A(y) used by operationhR; yi in Example E3 page 101 takes advantage of an iterative analysis.First iterate The constraints c�1(x1; x2) = (x1 = x2) and c�2(x1; x2) =(x1 = x2) are equal and the variables used in c1 and c2 are ii and y inboth cases. We will thus �rst apply a data
ow analysis to ii in order to�nd the conditions for which ii has the same value in S1 and in S3.Second iterate For operation hS1; xi, the exact source of ii isif x � 2 then hS2; x� 1i else hS0; []i:For operation hS3; x0i, the source is hS2; x0i. The two sources are the samewhen: (x0 = x� 1) ^ (x � 2):



4.4. REDUCING FUZZINESS 121Back to �rst iterate We will therefore make the computation of thesource of hR; yi with the property:(x0 = x� 1) ^ (x � 2) =) (c1(x; y)() c2(x0; y))Equality is not the only relation that can be found between c�i and c�j . Letus now examine a more general case where constraints c�i and c�j are di�erentbut there exists some function e such thatc�i = e�c�j : (4.23)As c�i and c�j are functions of boolean values, the only non-trivial boolean func-tion e is :. The method proceeds in the same manner for this case as for theequality relation.Symmetrically, the constraints c�i and c�j may be related with the followingequation: c�i = c�j�e: (4.24)From a practical point of view, c�i and c�j have to be inequalities on a�nefunctions in order to be able to detect this relation. All possible a�ne functionse verifying this equality are then found by Gaussian elimination.So as to reuse previous results, our aim is to �nd a function f such thate�(tj1; : : : ; tjvj )(xj; y) = (tj1; : : : ; tjvj)(f(xj); y):That means that the value of some variables of the program for an operation(with iteration vector f(xj)) are functions of the values of the same variablesfor another operation (with iteration vector x). Since this expression is theformal de�nition of a recurrence as given by Redon [111], this problem boilsdown to the detection of a recurrence on the variables tjk; rjk. If a recurrenceis detected, then we have found two functions er and fr verifying:er�(tj1; : : : ; tjvj)(xj ; y) = (tj1; : : : ; tjvj)(fr(xj); y):Indeed, the function er in the expression of the recurrence may not correspondto the function e verifying (4.24). If e = er then the function f is equal to fr.If e 6= er, it may be interesting to look for an integer n such that e = enr . Butthis seems di�cult when er is more complex than a translation, so we assumethat there is no relation between c�i and c�j when e 6= er. Notice that detectingrecurrences requires the computation of a data
ow graph, hence additionaliterative analyses and recurrence detections.We now have the following equality:c�i �(ti1; : : : ; tivi)(xi; y) = c�j�e�(tj1; : : : ; tjvj)(xj; y)= c�j�(tj1; : : : ; tjvj)(f(xj); y)ci(xi; y) = cj(f(xj); y):We can then check the relation between ci and cj in the same manner as before.



122 CHAPTER 4. APPROXIMATE ARRAY DATAFLOW ANALYSISHow to perform an iterative analysisThe process of �nding the source of a variable to reduce the fuzziness of thecomputation of another source may not terminate. Indeed, this may happen inprograms using for instance A(A(x)). Such a case can be detected by building agraph of the analyses. There is an edge from the analysis of A in statement S tothe analysis of B in statement T i� S is a write into B and A is involved in a non-a�ne constraint of the parameter domain of the dependence between S and T.Analyses should be carried according to a topological sort of this oriented graph.Cycles in this graph indicate potentially non terminating analyses and shouldbe avoided, that is, analyses are not allowed to iterate on a cycle. Whether thecomputation of a �xed point is possible is still uncertain.More generally, iterative analysis can be computed in two manners:� All the analyses of the graph of analyses are performed. This is the caseconsidered above: the analyses are carried according to a linearization ofthe graph. Iterative analysis only reuses the results produced by precedinganalyses and its cost is therefore limited.� Only the analysis of a variable is needed. In that case, iterative analy-sis can be considered as a demand-driven analysis, and all the analysespreceding the desired analysis in the graph may be necessary.4.5 Translating PropertiesOnce properties about non-linear constraints have been collected, they needto be converted into properties about parameters of the maximum. This isthe second step of the computation of the fuzzy source, presented in Section4.3.3. These new properties P̂, consequences of the properties P of non-a�neconstraints, will then reduce the set of possible sources. It is important to knowwhen every parameter verifying P̂ is the parameter of the maximum associatedto some constraints verifying P. We will then say that no fuzziness is added. Aslong as this is the case, gathering more information about non-linear constraintswill improve the accuracy of the source. With such information, it may bepossible to decide whether it is interesting to use a more complex method to�nd non-linear constraint relations. When some fuzziness is introduced duringthe translation of P into P̂, such decision is no longer possible.This section proposes a method to derive properties on the parameters fromproperties on non-a�ne constraints represented either as symbolic predicates oras inequalities involving non-a�ne functions. The technique used in the lattercase is more general than in the �rst and uses the results obtained by the �rsttechnique.



4.5. TRANSLATING PROPERTIES 1234.5.1 The resolution methodThe idea is to use a subset of Robinson's resolution [113] in order to transformformulas with non-linear constraints into formulas in which they do not appear.We �rst give a short introduction to the notions of computer logic used in thesequel. See [118] for instance for a more complete introduction to the subject.Any formula can be put into a universal conjunctive normal form, possiblyresorting to Skolem functions (x denotes a vector of variables):8x; n̂i ri(x)where ri(x), called a clause, is the disjunction of atomic formulae or negation ofatomic formulae. A literal is de�ned as an atomic formula or the negation of anatomic formula. A non-linear literal is a non-linear constraint or its negation.Other literals are called linear literals. We use in the sequel the following generalrule, known as simple resolution rule:Rule 4.1 (simple resolution) Given two clauses r(x) _ c(f(x)) and s(x0) _:c(g(x0)) where c(f(x)) and :c(g(x0)) are two literals, f and g two a�ne func-tions and x and x0 universally quanti�ed variables, we derive the clause:f(x) = g(x0) =) s(x0) _ r(x):The literal (f(x) = g(x0)) represents the uni�cation condition between c(g(x0))and c(f(x)). The resolution is a valid inference rule, that is, the derived clauses(x0) _ r(x) _ (f(x) 6= g(x0)) is a logical consequence of r(x) _ c(f(x)) ands(x0)_ :c(g(x0)).The general method consist in applying repeatedly Rule 4.1 on the clausesof P or on the clause obtained by resolution so as to eliminate positive andnegative non-linear literals. The clauses produced this way, with only linearliterals, de�ne P̂. The validity of resolution ensures that all these clauses areconsequences of the clauses of P, therefore the real, unknown, source belongsto the set of sources (4.15).This approach is exactly the same as the one used for the refutation of asystem of clauses, in logical programming. The refutation consists in provingthat a system of clauses implies a contradiction and one method to do it is tobuild the empty clause (the clause that is always false) by successive applicationof a resolution rule. Indeed, the completeness of the predicate calculus ensuresthat if a system of clauses is not satis�able, then a refutation can be obtained byapplying the simple resolution rule successively to the initial clauses or to theclauses obtained by derivation. In our case, the completeness of the predicatecalculus will help us to prove the condition for which no fuzziness is addedfrom P to P̂. Indeed, when replacing two clauses by one clause deducted fromthem, it is likely that some information is lost. So as to preserve accuracy, one



124 CHAPTER 4. APPROXIMATE ARRAY DATAFLOW ANALYSISmethod consists in building all possible linear clauses that are consequences ofthe clauses of P. This is equivalent to the computation of all possible refutations.The following theorem shows that this method does not add fuzziness.Theorem 4.1 No fuzziness is added from P to P̂ if and only if all linear clausesderived by resolution from the clauses of P can be derived from the clauses ofP̂. Proof Su�cient condition|the \if" part All linear clausesderived by resolution from the clauses of P can be derived from theclauses of P̂. Suppose that for a value of the parameters verifyingP̂, there does not exist any non-linear constraint verifying P. P isthen not satis�able. Thanks to the completeness of the predicatecalculus, the empty clause can therefore be derived by resolutionfrom P. By hypothesis, the empty clause can also be derived fromP̂, thus would be a consequence of P̂ which is satis�able. This cannothappen, hence we conclude that no fuzziness is added.Necessary condition|the \only if" part We show that whensome linear clauses derived by resolution from P cannot be obtainedby derivation of clauses of P̂, then some fuzziness is added. Considera linear clause derived from P which cannot be derived from P̂ andwhich is not a tautology. This clause is not a consequence of theclauses of P, therefore there exists a value of the parameters suchthat they verify any clause of P̂ and not this distinguished clause.The empty clause can be derived from P and P is thus contradictory:There exists some parameters verifying P̂ which are not parametersof the maximum for any constraints verifying P. Some fuzziness isadded, and this proves the theorem.When this condition is satis�ed, the set of sources (4.15) does not con-tain sources that are not accessible, given the properties on the non-linearconstraints. (4.15) is then the exact set of sources associated to all possibleconstraints verifying P.Testing the satis�ability of the set of clauses P is undecidable, since non-a�ne constraints are symbolic functions [45]. On the other hand, testing thesatis�ability of the set of a�ne clauses P̂ is decidable. Thus building P̂ fromP may not be possible in �nite time. This problem can be easily illustrated.Consider the two clauses 8x;:c(x)_ c(x+ 1) and c(0). Repeatedly combiningthe derived clause with the �rst of the two clauses, we obtain the sequence:8x1; c(x1+ 1)_ (x1 6= 0), 8x1; x2; c(x2+ 1)_ (x2 6= x1 + 1)_ (x1 6= 0), etc. Inother words, we derive all the clauses c(x + 1), for all x 2 N. On this simpleexample, it is clear that the two clauses are equivalent to the unique clause8x; x � 0 =) c(x). But in general, it can be shown that such reformulation isequivalent to the problem of recurrence detection, which is undecidable.



4.5. TRANSLATING PROPERTIES 125Note that the undecidability problem can be removed for many kinds ofrelations on non-a�ne constraints. When the arguments of all non-a�ne con-straints are universally quanti�ed variables and if these variables are eitherequal or not related through a�ne constraints (meaning that the set of thevalues that universally variables can take must be a Cartesian product of in-tervals), then the problem of resolution boils down to a problem of resolutionin propositional calculus. Hence, the translation of P into P̂ takes �nite timein this case. Relations produced by structural analysis and by most symbolicanalyses only relate the values of variables for the same value of the iterationvector, therefore the construction of P̂ takes �nite although exponential time.The use of theorem proving techniques may seem a priori too expensive fora compile-time technique. Type checking boils down, too, to theorem proving(thanks to the Curry-Howard isomorphism) and the many implementations offunctional languages with complex type checking show that these techniquesare not incompatible with reasonable compiling times. In a functional languagesuch as ML, the same resolution methods with uni�cation as the ones we useare applied. Although type checking do not resort to theorem proving on �rstorder arithmetic predicates, a good adequation between the kind of constraintsand the resolution method involved avoid a prohibitive computation cost (thisis the case of structural properties and input linear resolution for instance, asshown in the following section). Moreover, if the cost of building the set P̂ withthe minimal amount of fuzziness is too high, it is always possible to stop thederivation of clauses after a �xed amount of time. The result of FADA will stillbe conservative.In the sequel, we present simpli�ed resolution methods that do not buildall derived clauses of P and therefore add some fuzziness. We then show thatthese techniques do not add fuzziness when the clauses of P have a particularform which happens to be the most frequently encountered one.4.5.2 Boolean constraintsLet us apply the preceding results to the construction of P̂ when non-linearconstraints are symbolic boolean functions. All predicates of P are put intouniversal conjunctive normal form. Most of the functions and parameters thatappear in the following depend on y. For the sake of clarity, we will drop thenotation of this argument since y does not have any active role in this section.We present a simple algorithm that builds P̂ from P. As explained in theprevious paragraph, this algorithm may introduce some fuzziness, but it seemsto be su�cient for the kind of constraints we are able to �nd up to now.The two following resolution rules are applied repeatedly on the clauses ofP and it is assumed that the characterization of parameters of the maximum(4.18), (4.19) and (4.20) presented page 117 belong to P. The �rst rule uses(4.18) to eliminate non-linear constraints appearing as positive literals and the



126 CHAPTER 4. APPROXIMATE ARRAY DATAFLOW ANALYSISsecond uses (4.19) to eliminate constraints appearing as negative literals.Rule 4.2 In a clause ci(fi(x))_r(x), the term ci(fi(x)), where fi(x) is an a�nefunction and x a universally quanti�ed variable, is replaced by the clauses: forall x, for all x0 such that x0[1::ei] = fi(x), for all k such that i 2 Ck, for all p,:lpk(x0) _j2Ck�i:cj(x0[1::ej])_ x0 � �pk; (4.25)and, for all x; x0 s(x0)_ (fi(x) 6= gi(x0)); (4.26)where :ci(gi(x0))_ s(x0) is another clause of P di�erent from the clauses char-acterizing parameters.If there does not exist any k such that i 2 Ck then (4.25) is replaced by true. Ifthere does not exist another clause of P, then true is derived instead of (4.26).(4.25) is derived from (4.18) and ci(fi(x)).Rule 4.3 In a clause :ci(gi(x))_ r(x), the term :ci(gi(x)), where gi(x) is ana�ne function, is replaced by the clauses: for all k such that i 2 Ck, for all p,(�pk = ?) _ (gi(x) 6= �pk [1::ei]); (4.27)and s(x0)_ (fi(x0) 6= gi(x)); (4.28)where ci(fi)_ s(x0) is another clause of P di�erent from the clauses character-izing the parameters.If there does not exist any k such that i 2 Ck then (4.27) are replaced by true.If there does not exist another clause of P, then true is derived instead of (4.28).(4.27) is derived from (4.19) and :ci(gi(x)).From these two rules, we build the following algorithm:Input: Properties POutput: Properties P̂1. Apply Rules 4.2 and 4.3 repeatedly on the clauses of P. Application canbe performed in any order. Each time two clauses of P are combinedtogether to eliminate a literal, tag the resulting clause with this literaland with the tags of the two initial clauses so as to prevent cycling. Donot eliminate a literal in a clause that has been tagged by it.



4.5. TRANSLATING PROPERTIES 1272. Replace in the resulting set of clauses the parameters of the maximum �pkby free variables xpk.3. Assign to P̂ the subset of linear clauses.Lemma 4.1 The algorithm terminates and P̂ does not depend on the order ofapplications of Rules 4.2 and 4.3.Proof As hinted at the beginning of this section, Rule 4.2 substi-tutes positive non-linear literals by (4.25), making the number ofpositive non-linear literals in the resulting clauses strictly decreas-ing. Rule 4.3 substitutes negative literals by (4.27), which does notcontain any non-linear literal. Moreover, clauses of P cannot becombined altogether inde�nitely thanks to the conditions in the al-gorithm. Thus no cycling is possible and the algorithm terminates.Moreover, the order of application of the rules does not change P̂ be-cause the non-linear literals are handled separately from each otherand the substitution of a literal has no impact on the other literalsof the clause.The set of clauses produced by this algorithm de�nes P̂(: : : ; xpk; : : :). As theclauses de�ning P̂ are consequences of P, the source set (4.15) de�ned page 109contains at least the sources corresponding to all possible non-linear constraintsverifying P.The resolution method of the previous algorithm derives new clauses onlyby combination of two clauses of P or by combination of a derived clause and ofa clause of P. This technique is known as Input Linear Resolution (ILR) [86].In general, ILR is not complete (it is not always possible to �nd a refutationeven if the set of clauses is not satis�able). Our algorithm is therefore unableto produce a set P̂ such that all linear clauses derived from clauses of P can bederived from the clauses of P. Thus we may introduce in general some fuzzinessin P̂. However, we will see that no fuzziness is added for all the four examplespresented in Section 4.2.2 page 100.4.5.3 Constraints as inequalities on non-a�ne functionsWe now assume that each non-linear constraint ci used in the computation ofa source function can be written as an inequality (or system of inequalities) asdenoted by (4.6). In this section, we drop the notations of the restrictions onthe vector sizes.Our aim here is to propose an algorithm that builds a set P̂ whose clausesare consequences of the clauses of P. We assume that the clauses (4.18), (4.19)



128 CHAPTER 4. APPROXIMATE ARRAY DATAFLOW ANALYSISand (4.20) characterizing the parameters �pk belong to P. In order to simplifythe expressions manipulated, we will suppose that each non-linear constraintci involves only one non-linear rational function. The clauses (4.18), (4.19) aretherefore written as::lpk(x) _i2Ck (�ai(x)� �ini(x)� 1 � 0)_ x � �pk ; (4.29)and 8i 2 Ck; 8x, (�pk = ?) _ �ai(�pk) + �ini(�pk) � 0� (4.30)As in Section 4.5.1, P̂ is built as a consequence of the clauses of P and of theclauses characterizing the parameters of the maximum. The clauses of P maycontain inequalities with non-linear terms, which are neither the inequalitiesappearing in (4.29), or in (4.30) nor their opposite. We therefore need someresolution rules that are more precise than in the case of general �rst orderpredicates. We �rst �nd these rules on a simpli�ed example, and then generalizethem.Study of a simpli�ed exampleSuppose we have two clauses, 8x; r(x)_ c(x) and 8x; r0(x)_ c0(x) wherec(x) = (a(x) +Xk �knk(x) � 0)and c0(x) = (a0(x) +Xk �0knk(x) � 0)with a and a0 quasi-a�ne forms, nk non-linear terms and �k and �0k integercoe�cients. We want to �nd some formulae that are consequences of theseclauses and that do not use any non-linear term. The conjunction of the twoclauses is equivalent to the formula:8x; x0; (c(x)^ c0(x0))_ (c(x)^ r0(x0))_ (c0(x0) ^ r(x))_ (r(x)^ r0(x0)):Thus, 8x; (c(x)^c0(x))_r(x)_r0(x) is a consequence of the initial clauses. Givenan x, the values of the nk(x)s are unknown. According to Farkas theorem [95],the system c(x)^ c0(x) with the unknowns nk(x) has a solution if and only if:8
; 
 0 2 N such that 8k; 
�k + 
 0�0k = 0, then 
a(x) + 
 0a(x0) � 0If we can �nd a vector (
0; 
 00) � 0 verifying 
0�k + 
 00�0k = 0 for all k, thenthe conjunction c(x) ^ c0(x) is equivalent to 
0a(x) + 
 00a(x0) � 0. Indeed, any



4.5. TRANSLATING PROPERTIES 129vector (
; 
 0) verifying 
�k+
 0�0k = 0 is collinear to (
0; 
 00). Finally, if a vector(
0; 
 00) exists, then we consider the formula:8x; (
0a(x) + 
 00a(x0) � 0) _ r(x)_ r0(x):In the other cases , we consider the formula: true. In both cases, we obtain aconsequence of the �rst two clauses.General caseIn general, P̂ is deducted from P as follows. Consider the clauses of P and aterm 8x; ej(x) = a0j(x) +Xi �0ijni(fij(x)) � 0 (4.31)of the jth clause. By anding and unifying these terms with (4.29), (4.20) and(4.30), a system of inequalities can be built in the same manner as in theprevious example:� 8j; a0j(: : :) +Pi �0ijni(: : : ) � 08i; ai(: : :) + �ini(: : : ) � 0 or � ai(: : :)� �ini(: : :)� 1 � 0 (4.32)The universally quanti�ed variables have possibly been renamed, the argumentsof the functions have been uni�ed and the conditions of the uni�cation will beadded to the �nal result. The notation : : : signi�es that the argument is thesame as the one appearing in (4.31), (4.29), or (4.19), with a possible renamingof the quanti�ed variables. The choice between an inequality or its oppositedepends whether the construction of the system incorporates (4.29) or (4.30).According to Farkas, the system (4.32) has a solution if and only if:8
 0j 2 N; 
i 2Zsuch that 8i;Xj 
 0j�0ij + 
i�i = 0;then Xj 
 0ja0j(: : :) +Xi (
iai(: : :)� 
i��(
i)) � 0;with ��(x) = 1 if x < 0, 0 otherwise.If a base of vectors (: : : ; 
 0jk; : : : ; 
ik; : : :)k, denoted b(
ik; 
 0jk), verifying8i; k;Pj 
 0jk�0ij + 
ik�i = 0 exists, then:k̂ 0@Xj 
 0jka0j(: : :) +Xi (
ikai(: : :)� 
i��(
i)) � 01A : (4.33)



130 CHAPTER 4. APPROXIMATE ARRAY DATAFLOW ANALYSISNote that this conjunction is a logical consequence of the system (4.32). Letu denotes this system of equations corresponding to the uni�cation conditions.We replace the system (4.32) by the clauses: for all k,:u_0@Xj 
 0jka0j(: : :) +Xi (
ikai(: : :)� 
i��(
i)) � 01A ; (4.34)When 
ik > 0, then (4.30) was used to obtain (4.34). When 
ik < 0, then (4.29)was used instead. If 
ik = 0 then ci(x) was of no use in (4.34) for the kth vectorof the base. Likewise, when 
 0jk = 0, the jth clause was not used.If there is no base b(
ik; 
 0jk) then (4.32) is replaced by true. Likewise, ifthere is a non-linear term in a clause of P that do not appear in any clause(4.29) or (4.30), then it is replaced by true.The following rule sums up the di�erent steps of the transformation.Rule 4.4 Given a set of clauses (ej(xj) � 0) _ sj, 8j, if the base b(
ik; 
 0jk)associated to the ej(x) exists, then we build the predicates: 8k,:u_0@Xj 
0jka0j(: : : ) +Xi (
ikai(: : : ) � 
i��(
i)) � 01A _jj
0jk>0 sj _ij
ik>0 r+i _ij
ik<0 r�i ;with u the uni�cation conditions, r+i the conjunction of all the clauses (4.30)for all k and p such that i 2 Ck, minus the terms involving ci. Symmetrically,r�i is the conjunction of the clauses (4.18) and (4.20) for all k and p such thati 2 Ck, minus the terms involving ci. and with the quanti�ed variables renamedappropriately.The algorithm we propose relies on the same principle as the previous one:a variant of ILR, limited to one combination of clause by literal so as to ensuretermination.Input: Properties POutput: Properties P̂1. Apply Rule 4.4 repeatedly on the clauses of P. Application can be per-formed in any order. Each time some clauses of P are combined togetherto eliminate a term, tag the resulting clause appropriately so as to preventcycling.2. Replace in the resulting set of clauses the parameters of the maximum �pkby free variables xpk.3. Assign to P̂ the subset of linear clauses.



4.5. TRANSLATING PROPERTIES 131It can easily be shown that this set of clauses do not depend on the waythe steps are applied and is obtained after a �nite number of applications. Theclauses of P̂ are consequences of the clauses of P.4.5.4 Simpli�cationsBoth algorithms proposed to build P̂ from P have at worst exponential timeand exponential space requirements w.r.t the number of literals in P. Thus itseems important to be able to do some simpli�cations whenever possible. Thetwo algorithms are based on ILR and combine derived clauses with the clausesof P. Two simpli�cations can therefore be examined:� When the empty clause is derived, we stop combining clauses of P withit. But the empty clause should not be produced, since P is supposed tobe satis�able.� When a derived clause is a tautology, we stop combining clauses with it.Indeed, all derived clauses would then be tautologies too.Some tautologies are easily detected: Any clause can be written as r =) s,where r is the conjunction of all linear positive literals. Note that all the uni-�cation conditions are then in r. This clause is a tautology if r is the emptyclause, that is, if the polyhedron de�ned by r is empty. Testing the emptinesscan be achieved by simply comparing parallel constraints induced by uni�ca-tion conditions. This simpli�cation saves time. Another kind of simpli�cation,saving space, consists in eliminating all redundant inequalities in r.4.5.5 A particular case: Exact resultsThere is one interesting particular case: When y[1::mk] 2 Lpk(y)jmk\Dk(y), thatis, when lpk(y[1::mk]; y) = true and Vi2Ck ci(y; y), by combination with (4.18),the inequality y[1::mk] � �pk is veri�ed. This implies that �pk 6= ?, and with(4.20) we conclude that �pk = y[1::mk]. The source set is therefore a singletonif �pk is the only parameter that remains in the expression of the source.For instance, our analysis combined to a structural analysis computes theexact source of A for statement R in the following example:do x1 = 1 while (P(x1))do x2 = 1, nS A(x2) = ..enddodo x2 = 1, nR .. = A(x2)enddoenddo



132 CHAPTER 4. APPROXIMATE ARRAY DATAFLOW ANALYSISIndeed, here the non-linear constraint is c1(x1) = (P (x1) = true). Astructural analysis proves that if y is the iteration vector of the read,c1(y[1]). Moreover, y veri�es all the linear constraints that must check theiteration vector of the source for the dependence at depth 1 between aninstance of S and hR; yi. The source is therefore exact and equal to hS; yi.4.5.6 ConclusionTranslating properties on non-a�ne constraints into properties on parametersis a di�cult task when the �rst properties are general �rst order predicates. Wehave shown in this section that the translation boils down to the applicationof theorem proving algorithms. When the translation preserves the precisenessof the properties, the approximation of the source can be optimal w.r.t. theinformation available on non-a�ne constraints. In spite of the fact that opti-mality is out of reach in the general case, a large class of common propertieson non-a�ne constraints can be handled with no loss of information.In the following section, we show how to use the deducted properties onparameters so as to build a fuzzy source. In section 4.8.3, we show that takinginto account properties on non-a�ne properties is di�cult and it boils down tothe methods presented in this section, whether or not parameters are used.4.6 Building Source SetsThe parameters of the maximum verify the properties P̂ that have been derivedfrom the properties P of the non-a�ne constraints. The last and third step ofthe computation of the fuzzy source, as described in Section 4.3.3, consists inusing these a�ne properties so as to simplify the expression of the fuzzy source.The expression of the source set may be transformed in two ways: �rst, byintegrating in the expression of the source the clauses of P̂, then by removingthe parameters of the maximum from the expression of the predicates of thesource quast.4.6.1 Context quastsThe clauses of P̂may still contain universally quanti�ed variables. Hence the ex-pression of the source set may not be easy to manipulate. One solution consistsin transforming this set of clauses into a quast, called context quast, withoutloss of information, and then in combining this quast with the parametric quastof the source.A context quast is a quast whose only purpose is to enrich the context ofthe normal quast with which it is combined. Its leaves are either ?, meaningthat the context added is only the conjunction of the conditionals from the rootto this leaf, or a polyhedron. In this latter case, the polyhedron is added tothe current context of the quast computation. Two context quasts can also



4.6. BUILDING SOURCE SETS 133be combined, the rules are the same as for normal quasts, excepted for thecombination of two leaves di�erent from ?: the result is then the intersectionof the two polyhedra. To sum up, two context quasts are combined accordingto Rules 3.1, 3.2 and:Rule 4.5 If �1 and �2 are two polyhedra then:max(�1; �2) = �1 \ �2:Simpli�cations are achieved by application of Rules 3.4, 3.5 and:Rule 4.6 Let � = if c then �1 else �2 is a subtree of a context quast and �1is the leaf of a context quast, p its context and q the current environment. Ifq ^ p ^ c ^ �1 is unsatis�able then replace � with �2.One context quast is built for each clause of P̂. Without loss of generality,an a�ne clause of P̂ can be written as:8x; r(x) =) s(x)� 0;where r is a polyhedron and e an a�ne function. This implication is equivalentto the inequality: max fe(x) js(x)g � 0:Computing the minimum of an objective function de�ned over a polyhedronis a classical problem of integer programming. PIP [50] for instance producesa quast as result. This quast is the context quast corresponding to the initialclause.The application of this transformation on all the clauses of P̂ produces anumber of context quasts, which, in turn, give a source quast when combinedwith the quast max1�k�m max0�p�dSk R &̂pk (xpk; y). Let �(x) denote this quast.The new expression of the source set is thus:S(y) = ��(: : : ; xpk; : : :) ��xpk 2Zmk	 :4.6.2 Removing parametersConsider a leaf of the quast �(x) de�ned above, in which some parametersappear. This leaf represents the set of sources obtained by giving all possiblevalues to these parameters. The set of possible values is obtained by \anding"all predicates in the unique path from the root of the quast to the leaf inquestion.Rule 4.7 Let �(x) be a leaf parameterized by x governed by n predicates p1(x),: : : , pn(x) in the unique path from the root to the leaf. Then �(x) is transformedinto f�(x) jVni=1 pi(x)g.



134 CHAPTER 4. APPROXIMATE ARRAY DATAFLOW ANALYSISAfter a systematic application of this rule, any leaf in which parameters occuris transformed into a set in which the parameters are bound by the predicatesgoverning the leaf. Leaves which do not depend on parameters become single-tons.Now consider the quast: if c(x) then �1 else �2. Thanks to Rule 4.7, �1and �2 are sets of sources. Since the exact value of x is unknown, we cannotpredict the outcome of the test. The best we can do is to take the unionf�1g [ f�2g as an approximation :Rule 4.8 A quast if C(x) then �1 else �2 is transformed into f�1g [ f�2g.For each of the examples considered up to now, we recall the clauses of Pand compute the set of linear clauses P̂ according to the preceding algorithms.We present the derivations that lead to tautologies only for the �rst example.4.6.3 Example E1: while loopFor Example E1, the following clauses belong to the set P associated to thedependences of sink hS2; yi:8x; x0; (x[1] 6= x0[1])_ (x[2] > x0[2]) _:c1(x0) _ c1(x); (4.35)c1(y); (4.36)8x;:l02(x; y) _ :c1(x) _ x� �02(y); (4.37)c1(�02(y)) _ (�02(y) = ?); (4.38)l02(�02(y); y) _ (�02(y) = ?); (4.39)8x;:l12(x; y) _ :c1(x) _ x� �12(y); (4.40)c1(�12(y)) _ (�12(y) = ?); (4.41)l12(�12(y); y) _ (�12(y) = ?): (4.42)The �rst equation accounts for the property of the while, the second for thefact that the read is inside the while, the three next clauses characterize theparameter �02(y) and the three others characterize �12(y).First, we enumerate the combinations of clauses that produce tautologies:(4.36) combined with (4.37) leads to :l02(y; y)_ y � �02(y) is a tautology sincel02(y; y) is always false, due to the condition on dependence depth. Same remarkfor (4.36) with (4.40). (4.37) combined with (4.38) produces a tautology since�02(y)� �02(y) is always true. Same remark for (4.40) with (4.41).Moreover, note that the lazy method saves us the computation of the depen-dence of depth 0, meaning that this dependence is always killed. Hence �02(y)will not appear in the result, which signi�es that any combination whose result-ing clause involves �02(y) is not important for the accuracy of the approximatesource. We have not considered, up to now, an algorithm that would performthis kind of optimization automatically before the computation of the paramet-ric source quast. The simpli�cation of the source quast during its constructionis however likely to eliminate the nodes using �02(y). For simplicity reasons, wewill not consider the combinations introducing �02(y).



4.6. BUILDING SOURCE SETS 135By combining (4.35) with (4.36), we obtain:8x; x[1] 6= y[1]_ x[2] > y[2]_ c1(x):Then, combined with (4.40):8x; x[1] 6= y[1]_ x[2] > y[2]_ :l12(x; y)_ x� �12:l12(x; y) implies x[1] = y[1] ^ x[2] � y[2], therefore the previous clause can besimpli�ed into: 8x; l12(x; y) =) x� �12: (4.43)This linear clause and (4.42) thus belong to P̂.The context quast associated to (4.42) is:if �12(y) 6= ? then �12(y)[1] = y[1]^ �12(y)[2] < y[2] else ?:According to Section 4.6.1, the context quast corresponding to (4.43) is thequast: if 1 < y[2] then (y[1]; y[2]� 1)� �12(y) else ?c:Combined together, the two context quasts produce:if 1 < y then �12(y) = (y[1]; y[2]� 1) else ?:The exact parametric source is therefore:�(y) = if 1 < y then hS2; (y[1]; y[2]� 1)i else hS1; yi:As no parameter of the maximum appears in this source, there is no fuzzinessat all.Concerning the source of sink hR; yi, fuzziness is not reduced by a structuralanalysis. Hence, the exact parametric source keeps the same expression as inSection 4.3.4. Removing parameters, we obtain the source set:S(y) = fhS1; yig [ �hS2; xi ��x 2Z2; x[1] = y; x[2] > 1	4.6.4 Example E2: if..then..else constructConsider in Example E2 the dependences of sink hR; yi for s. The clauses of Pare: 8x; c1(x) _ c2(x); (4.44)8x;:c1(x) _:c2(x); (4.45)8x;:l01(x; y) _ :c1(x) _ x� �01(y); (4.46)c1(�01(y)) _ (�01(y) = ?); (4.47)l01(�01(y); y) _ (�01(y) = ?); (4.48)8x;:l02(x; y) _ :c2(x) _ x� �02(y); (4.49)c1(�02(y)) _ (�02(y) = ?); (4.50)l02(�02(y); y) _ (�02(y) = ?): (4.51)



136 CHAPTER 4. APPROXIMATE ARRAY DATAFLOW ANALYSISThe two �rst clauses come from the structural analysis, the other ones beingcharacterizations of �01(y) and �02(y).Combining (4.44) with (4.46) and then with (4.49) produces the linearclause: 8x;:l01(x; y)_ (x� �01) _ :l02(x; y)_ (x� �02):As l01(x; y) = l02(x; y) = fx j1 � x � ng, this constraint is equivalent to:8x; l01(x; y)^ (x > �01) =) (x � �02): (4.52)Combining now (4.45) with (4.47) and then with (4.50) yields:8x; (x 6= �01)_ (�01 = ?) _ (x 6= �02) _ (�02 = ?): (4.53)P̂ thus contains the clauses (4.52), (4.53), (4.48) and (4.51). The corre-sponding context quasts are, respectively:if 1 � n then if �01 < n then n � �02 else ? else ?;if �01 > ? then if �01 < �02 then ? else �01 > �02 else ?;if �01 > ? then 1 � �01 � n else ?;if �02 > ? then 1 � �02 � n else ?:Taking the maximum of the context quasts, after simpli�cations in the environ-ment of hR; []i, 1 � n:�������������� if �01 > ?then ���������� if �02 > ?then ������ if �01 < nthen 1 � �01 < n = �02else 1 � �02 < n = �01else 1 � �01 = nelse 1 � �02 = nThe context quasts have been combined in the order (4.48), (4.51), (4.52) and(4.53). Finally, in this context, the parametric source becomes:�������������� if �01 > ?then ���������� if �02 > ?then ������ if �01 < nthen hS2; nielse hS1; nielse hS1; nielse hS2; niNote that no ? appears in this source, which shows that s has been correctlyinitialized, and that the source is either the last instance of S1 or the lastinstance of S2. Removing parameters, we get the fuzzy source:S([]) = fhS1; ni ; hS2; nig:



4.6. BUILDING SOURCE SETS 1374.6.5 Example E3: Non-a�ne subscriptThe clauses of P for Example E3 are:8x; x0; (x0 6= x� 1) _ (x < 2) _ :c1(x; y) _ c2(x0; y); (4.54)8x; x0; (x0 6= x� 1) _ (x < 2) _ c1(x; y) _ :c2(x0; y); (4.55)8x;:l02(x; y) _ :c1(x; y) _ x � �02(y); (4.56)c1(�02(y); y) _ (�02(y) = ?); (4.57)l02(�02(y); y) _ (�02(y) = ?); (4.58)8x;:l04(x; y) _ :c2(x; y) _ x � �04(y); (4.59)c2(�04(y); y) _ (�04(y) = ?); (4.60)l04(�04(y); y) _ (�04(y) = ?): (4.61)The �rst two clauses are obtained by iterative analysis, the other characterize�20 and �40.Combining (4.54) with (4.57) and then with (4.59) produces:8x; x0; (x0 6= x� 1) _ (x < 2) _ (x 6= �02(y)) _ (�02(y) = ?)_ :l04(x0; y) _ (x0 � �04(y));that is, (�02(y) � 2) ^ l04(�02(y)� 1; y) =) �02(y)� 1 � �04(y): (4.62)By symmetry, the combination of (4.55), (4.56) and (4.60) leads to:8x; x0; (x0 6= x� 1) _ (x < 2) _ (x0 6= �04(y)) _ (�04(y) = ?) _ :l02(x; y) _ x � �04(y);that is, (�04(y) � 1) ^ l02(�04(y) + 1; y) =) �04 + 1 � �02(y): (4.63)l01(x; y) = l02(x; y) = (1 � x � n) and the environment is (1 � y � n). Thecontext quasts corresponding to (4.62), (4.63), (4.58) and (4.61) are respectively,after simpli�cation in the environment:if 2 � �02(y) then if �02(y) � n + 1 then �02(y) � 1 � �04(y) else ? else ?if 1 � �04(y) then if �04(y) � n � 1 then �04(y) + 1 � �02(y) else ? else ?if �02 6= ? then 1 � �02(y) � n else ?if �04 6= ? then 1 � �04(y) � n else ?:



138 CHAPTER 4. APPROXIMATE ARRAY DATAFLOW ANALYSISCombined altogether, the complete context quast is:�����������������������
if �02(y) 6= ?then �������������� if �04(y) 6= ?then ���������� if 2 � �02(y)then ������ if �04(y) � n � 1then �02(y)� 1 = �04(y)else �02(y)� 1 � �04(y) = nelse �04(y) = nelse �02(y) = 1else ������ if �04(y) 6= ?then �04(y) = nelse ?The expression of the exact source is then:�(y) = �����������������������

if �02(y) 6= ?then �������������� if �04(y) 6= ?then ���������� if 2 � �02(y)then ������ if �04(y) � n� 1then 
S2; �02(y)�else hS4; nielse hS4; nielse hS2; 1ielse ������ if �04(y) 6= ?then hS4; nielse ?and the source set is:S(y) = �
S2; x02� ��1 � x02 � n	 [ fhS4; nig4.6.6 Example E4: Non-a�ne loop boundsThe set P for the sink hR; yi contains the following clauses:(jup� jmax+ 1 � 0); (4.64)(1� jlow � 0); (4.65)(jmax � 1� y[2] � 0); (4.66)8x;:l13(x; y) _ (jlow � x[2]� 1 � 0) _ (x[2]� jup� 1 � 0) _ x� �13(y); (4.67)l13(�13(y); y) _ (�13(y) = ?): (4.68)The �rst two clauses stem from a symbolic analysis, the third clause comesfrom the context and the others are characterization of �13(y). The variablesjup; jmax and jlow are considered as constants since their value do not changein the loop. This is a quick simpli�cation of the problem, as a matter of fact,



4.7. IMPLEMENTATION 139the variables depend on the operations which access them and another relationsthen says that the values taken by jup (resp. jmax, jlow) are the same for alloperations of the loop.Combining (4.64) with (4.67) gives:8x;:l13(x; y)_ (jlow� x[2]� 1 � 0)_ (x[2]� jmax � 0)_ x� �13(y);which, in turn, combined with (4.65), provides:8x;:l13(x; y)_ (�x[2] � 0)_ (x[2]� jmax � 0) _ x� �13(y):Finally, combining this clause with (4.66) yields:8x;:l13(x; y)_ (�x[2] � 0) _ (x[2]� y[2]� 1 � 0)_ x� �13(y);that is, 8x; l13(x; y)^ (1 � x[2] � y[2]) =) x� �13(y):As l13(x; y) = (x = y) ^ (1 � x[1] � n), the context quast associated to thisclause is: y � �13(y):The context quast associated to (4.68) is:if �13(y) 6= ? then �13(y) = y else ?:The combination of the two context quasts gives, after simpli�cation:�13(y) = y:Hence, the source of hR; yi is exact and equal to hS3; yi.4.7 ImplementationWe have partially implemented the methods described in this chapter. Ourprototype, Caravan, uses the formalism of a previous version of FADA. More-over, we only integrate the properties found by a structural analysis on theif..then..else.4.7.1 Overview of CaravanCaravan is a prototype programmed in Objective Caml [96], which performs ap-proximate array data
ow analysis on the subset of Fortran programs describedin 4.1. The prototype has around 15000 lines of Caml code and is made up ofdi�erent modules. The most important ones are, so far:Parser A subset of Fortran 77 is recognized by our parser. The program modelof our approximate analysis is included inside this subset. This parser is



140 CHAPTER 4. APPROXIMATE ARRAY DATAFLOW ANALYSISmade of two parts. The �rst one, written in C, parses a subset of Fortran77 and of C and produces a common intermediate representation for bothlanguages [44]. This representation is then parsed by the second part,written in Caml. The �rst part of the parser is a improved version of theparser used by PAF.Formal calculus module This module contains basic tools to manipulatequasi-a�ne systems of inequalities and an interface with PIP so as tocompute maxima, minima or testing the emptiness of polyhedra. Thispart has been written by P. Boulet.Dependence testing module Dependence testing is considered as a prepassto array data
ow analysis. We use the PIP test.Structural analysis Structural properties are found with this module.Translation module This module translates the properties on non-a�ne con-straints into properties on parameters of the maximum. We detail in thefollowing the way it works.FADA module This module implements the computation of exact parametricsources w.r.t. parameter domains. It is assumed that the set of clauses P̂on parameter domains is given as a context quast. This module does nottranslate P into P̂.We use the framework described in [12] for the approximate analysis. Therefore,the properties on non-a�ne constraints are written as relationships betweenparameter domains. So far, only the relations coming from the characterizationof the parameters and from the structural analysis are taken into account.Moreover, for the structural analysis, the properties of the while loops are notexpressed.The di�erent modules which are always called during an analysis are: theparser, dependence testing, FADA modules, in that order. If the usage of thestructural analysis module is required by the user, then the translation moduleis also called.4.7.2 Translation moduleWe present in this section a more detailed description of the way the propertieson parameter domains are handled and of their translation into properties onparameters of the maximum.In the version of FADA which is implemented, relations on non-a�ne con-straints can only be relations between parameter domains. We represent pa-rameter domains by their non-a�ne constraints. Intersections, unions of sets,images of sets by a�ne functions and relations between sets are built with type



4.7. IMPLEMENTATION 141constructors. Any relation of inclusion between two sets can be written as asystem of inclusion relations: \i Ei �[j Fjwhere Ei and Fj are either polyhedra or parameter domains or image of param-eter domains by an a�ne function. Any relation on parameter domains is �rstnormalized into a system of inclusion relations of this kind.Then, each inclusion relation is translated into properties on parameters ofthe maximum thanks to the rules given in [12]. These properties are implica-tions, and are encoded as a context quast. A simpli�cation of the combinedcontext quasts is performed after each combination. The result is then used bythe FADA module.4.7.3 ExampleOur prototype produces for Example E1 the text of the program, with theresults of the analysis in the comments. Each statement is annotated by astatement number and the sources of the variables it reads. In the followingprogram, we only considered the sources of s.C STATEMENT NUMBER: 1do i = 1,nC STATEMENT NUMBER: 2s = 10C STATEMENT NUMBER: 3do while (z.ge.0)C STATEMENT NUMBER: 4C SOURCE OF s:C Parameters :C Quast :C if _alpha11 >= i thenC if i >= _alpha11 thenC if _alpha12 >= 1 thenC if _while0-1-_alpha12 >= 0 thenC [i; _alpha12], Statement4C else [i], Statement2C else [i], Statement2C else [i], Statement2C else [i], Statement2s = 2*sz = z-1enddoC STATEMENT NUMBER: 5



142 CHAPTER 4. APPROXIMATE ARRAY DATAFLOW ANALYSISC SOURCE OF s:C Parameters :C Quast :C if _alpha7 >= i thenC if i >= _alpha7 thenC if _alpha8 >= 1 thenC [i; _alpha8], Statement4C else [i], Statement2C else [i], Statement2C else [i], Statement2z = senddoendFuzzy parameters are called alphan, and an operation hn; xi is written as[x]; Statementn. The variable while0 denotes the loop counter of the while.The sources we get correspond to the exact parametric sources described inSection 4.3.4 page 110.4.8 Related WorkCompile-time 
ow-sensitive analyses can be categorized into one of the twoapproaches:� The analysis computes approximate 
ow dependences between operationsaccessing the same array elements, and operations are explicitly manip-ulated. This �ne-grain kind of analysis is the approach taken in thischapter, following the method described by Collard [29], as well as theapproach taken by Duesterwald et al. [46] and by Pugh and Wonna-cott [129]. These analyses are conservative, thus the exact dependencebetween two operations implies the existence of the approximate depen-dence. Hence the approximation consists in computing a set of possibledependences instead of only one dependence. With the exception of thework of Duesterwald et al. which is an extension of the classical scalardata
ow framework to arrays structures, all other works are extensions ofthe pairwise methods [23, 52].� The analysis operates on summaries of the array elements from which the
ow between blocks of operations can be deduced between blocks of op-erations. Note that unlike the previous techniques, no approximate DFGis explicitly computed. This approach includes most of the extensionsof the classical scalar data
ow frameworks to array structures. Methodsbased on reaching sets [64, 114, 59] still conserve the statements whichlast de�ned array elements, which is not the case of the methods comput-



4.8. RELATED WORK 143ing only array regions [120, 34, 35, 68, 69, 122, 65] , that is, summaries ofthe array elements used or de�ned in a code fragment.In general, the second approach has a wider domain of application than the�rst one but some of the methods that expose �ne-grain parallelism necessitatethe results of the �rst approach (such as scheduling).4.8.1 Analyzing individual array referencesLet us examine the three methods that propose to approximate the DFG by aset of possible dependences between operations accessing the same individualarray elements:Duesterwald, Gupta and So�a [46]: Their method extends reaching def-inition analysis [1] for scalars to array structures. The computation ofthe reaching de�nitions for scalars is a commonly used technique to de-termine the 
ow of data by means of data
ow equations. Each statementis annotated with the last de�ning statement for each variable. Althoughoperations are not explicitly manipulated, the reaching de�nitions de�nethe 
ow at the operation level through the concept of the \last de�ningstatement". The method proposed in [46] computes an over- and under-approximation of the dependence distance between any read operationaccessing an array element and the last de�ning statement accessing thesame element. The approximation operates on a lattice of integer inter-vals, not on a polyhedron, hence the approximation can be very roughin some cases. Moreover, they do not handle conditional dependences,array subscripts must be a�ne w.r.t. the innermost loop index and theirmethod targets mostly monodimensional arrays.Pugh and Wonnacott [105, 106, 129]: They extended their framework ofdependence relations, presented in Section 3.4, so as to cope with non-a�ne functions w.r.t. loop indices. The approach presented is very similarto ours. In their �rst work [105], over- and under-approximations of de-pendence relations were computed by either setting non-a�ne terms totrue or to false. They also proposed some more precise bounds, whendealing with equalities between non-a�ne functions. In their more recentworks [106, 129], they use SSA form to �nd relations between non-a�nefunctions and could use any of the methods presented in Section 4.4.Whether the accuracy of the dependence relations depends only on theamount of information gathered on non-a�ne constraints is however un-certain. We compare in greater details their method and ours in Sec-tion 4.8.3.Collard and previous versions of FADA [29, 30, 12]: Collard [29] �rstintroduced the term of FADA to name an extension of the analysis pro-posed by Feautrier to dynamic control programs. The �rst version ofFADA extended the static control program model to while loops and



144 CHAPTER 4. APPROXIMATE ARRAY DATAFLOW ANALYSISif::then constructs. Since then, we have proposed in [30, 12] and in thischapter several improvements of the original method, changing the for-malism so as to take into account a larger class of non-a�ne constraints,arising for example from array subscripts, and a larger class of propertieson non-a�ne constraints. In the same time, we have also found the con-ditions for which no information is lost during this process of integration,as far as the source is concerned. We present thereafter the limitations ofthe previous versions of FADA.In [29], what is called hidden variables represents the non-a�ne con-straints and the parameters of the maximum are not de�ned. Non-a�nesubscripts are not handled and the structural property of the while loopsis the only property on non-a�ne constraints that can be treated. Hence,this �rst FADA produced for Example E1 described in Section 4.2.2 thesame source set as the one we computed in this chapter, but producedvery fuzzy results for the other examples.In [30], the formalism is the same as in the previous paper, and the FADAis able to take advantage of the fact that the two branches of the con-ditionals cannot be executed in the same time. Yet the source set forExample E2 is still more fuzzy than what we obtained in Section 4.6.3since the analysis do not use the fact that at least one of the branches isexecuted when the if::then::else is executed.In [12], we introduced the notion of parameters of the maximum andtherefore were able to present an algorithm that translates properties onnon-a�ne constraints into properties on parameters of the maximum soas to integrate them in the computation of the source. The formalismis the same as the one described in this chapter, but the properties onnon-a�ne constraints are restricted to properties on parameter domains.All properties resulting from a structural analysis are translated withoutadding fuzziness. Therefore the behavior of if::then::else constructscan be modeled correctly. However, general relations taking the formof Presburger formulae such as the ones provided by symbolic analysiscannot be used. The analysis of the source of array A in Example E4 istherefore very fuzzy. We proved that any property on parameter domainscan be taken into account in this framework without adding fuzziness andobtained the same accuracy for the analyses of Examples E1, E2 and E3.The integration of the properties in the computation of the source set isperformed by an ad hoc method, less general than the resolution methodpresented in this thesis and speci�cally designed to handle only relationsbetween parameter domains.



4.8. RELATED WORK 1454.8.2 Analyses using summariesThese methods make coarser approximations and can abstract dependencesas dependence levels. This is su�cient for privatization. We �rst detail thetechniques computing reaching sets, and then array region analyses.Several extensions to the reaching de�nition method have been proposed forarray structures [64, 114, 59], which only specify the last de�ning statement anddo not keep track of the precise source operation, as in the original method forscalars. For each array structure and for each statement, sets of array elementsare associated to the last statements de�ning them. The reaching informationis summarized after each loop. However, when several statements de�ne thesame array elements, the conditions for which one de�nition or the other is thereaching de�nition are not in general determined.do i = 1, 15S1 if .. then A(i) = ..enddodo i = 10, 20S2 if .. then A(i) = ..enddoFigure 4.4: Reaching de�nitions and conditional de�nitionsFor instance, for the example of Figure 4.4, statement S1 conditionally de-�nes A(1 : 15) and statement S2 conditionally de�nes A(10 : 20). In the frame-work de�ned in [59], the sets of data reaching a statement are over- and under-approximated: the representation of the conditional reaching de�nition afterthe two statements is: (A; (f1 : 9g; f10; 15g; f16; 20g); (fS1g; fS1; S2g; fS2g))3.Its means that for all i s.t. 1 � i � 9, A(i) may be de�ned by a previous execu-tion of statement S1, for all i; 10 � i � 15, A(i) may be de�ned by a previousexecution of S1 or S2 and the elements of index between 16 and 20 may bede�ned by S2. The representation of the unconditional reaching de�nition is(A; (); ()), meaning that no array element is de�ned with certainty.As for array regions, their purpose was �rst to keep track of the e�ects ofprocedure calls on array elements [120, 121, 24]. Array regions accessed by anindividual array reference are locally approximated by some area descriptor.Then, the summarized information locally determined is propagated along thecontrol 
ow graph. The complexity of the computation depends on the choice ofthe area descriptor and on the complexity of the meet operator, summarizing thee�ects of several control 
ows on array structures. Several kinds of regions canbe computed for structured pieces of code [69, 122, 34, 65] and we describe fourof them, using the terminology of Creusillet [34, 35]: (S represents a possibly3As a matter of fact, the authors choose not to represent the statements in conditionalreaching sets, for e�ciency reasons.



146 CHAPTER 4. APPROXIMATE ARRAY DATAFLOW ANALYSIScompound statement)� WRITE(S): the set of array elements de�ned by S.� READ(S): the set of array elements read by S.� OUT(S): the set of array elements that are live after S and will be used.Some variants de�ne only the region of the elements live after S.� IN(S): also called upward exposed reads, this is the set of elements thatare read by S and are not (yet) de�ned by S. Intuitively, IN(S) is the setof elements that are imported by S.In fact, only over- and under-approximations of these regions are computed(called respectively May and Must regions). By intersecting IN and WRITEregions of di�erent statements, one can �nd whether the source of some arrayelements comes from the statement of the WRITE region. Array privatizationtechniques based on array region analyses rely on this fact. Copy-out regionscan then be found thanks to the OUT regions.There are many representations of array regions. Regions only describe partsof the data space, thus the descriptor used do not need, in general, to be a�new.r.t. the iteration counters. There exists one exception: A representation,called Atom Image [84, 71], takes into account the exact e�ects of statements.But the summary consists in the list of the regions of each statement and theexactness is only ensured if some heavy linearity constraints similar to those ofstatic control programs are imposed. More compact representations do not havethese restraints. However, some representations introduce inaccuracy becausethey are not closed by union and intersection (such is the case for convex setsor bounded Z-modules) or do not allow the use of control information, such asif conditions.4.8.3 Detailed comparison with Wonnacott's workPugh and Wonnacott [107, 129] have extended their framework of dependencerelations to more general control 
ow and non-linear array subscripts. As amatter of fact, their techniques apply on programs verifying the same conditionsas ours, described in Section 4.1. We �rst present how they propose to handlenon-a�ne constraints and then compare their method with ours. We will inparticular highlight the di�erences that come from the representation, and thedi�erences that arise from the method.Non-a�ne constraints in dependence relationsThey proposed three degrees of approximation, from a very fuzzy analysis toan analysis able to take into account some symbolic information. They use thesame de�nition of non-a�ne constraints as in our framework.



4.8. RELATED WORK 147The �rst idea is to ignore the non-a�ne constraints. This mode is called\panic mode", and as we have already noticed in Section 4.2.3, this is not ingeneral a conservative approximation, since some dependences may be forgot-ten during the computation. They suggest to tag the clauses that have beenapproximated in this way so as to determine when the approximation is con-servative. In fact, this approximation is safe when non-a�ne constraints areremoved from a formula that is negated.The second approximation consists in replacing any non-a�ne constraintby the term unknown. Therefore, the formula 1 � i ^ i � f(::) becomes 1 �i^ unknown. Pugh and Wonnacott de�ne the behavior of unknown w.r.t. theboolean operations so that this approximation is always conservative. Basically,this approach is equivalent to our maximal fuzziness, when no property is foundon the parameters of the maximum.The third method is the most interesting: One non-linear expression e isrepresented in this framework by the expression fe(x), where fe is an uninter-preted function symbol and x is an iteration vector. As in our formalism, thesefunctions describe non-linear predicates of a conditional or of a while loop,non-linear do loop bounds or non-linear array subscripts. All functions aresupposed to have integer values, so as to be handled by Presburger arithmetic.do i=1, n S A(m*i) = .. R .. = A(i) enddoIn this example for instance, the 
ow (memory-based) dependence relation be-tween S and R is:MS!R = �i0 ! i ��1 � i0 � i � n ^ fm�i(i0) = i	 :Pugh and Wonnacott make the following restriction on the usage of non-linear functions: They are allowed in the expression of a relation if they dependonly on constants and on the iteration vectors of the pair of operations inrelation. (In the above example, this is the case since i is the iteration vector ofthe write.) Note that when non-linear functions only depend on the iterationvector of the read, this corresponds to our exact case 4.5.5 described page 131.When they only depend on the iteration vector of the write, this correspondsto another exact case. This is one of the advantages of representing relationsinstead of functions as in our framework.Value-based dependence relations represent the pairs of write-read opera-tions that are in direct dependence (see Section 3.4.1 for a detailed descrip-tion). These relations are deducted from memory-based dependence relationsby composition and subtraction. For example, the value-based dependence fromstatement Si to R, when Sj , for all j, are write statements of possible sources,is VSi!R = MSi!R �[j MSi!Sj�MSj!R: (4.69)



148 CHAPTER 4. APPROXIMATE ARRAY DATAFLOW ANALYSISDuring the computation of a value-based dependence, some functions mayappear with arguments di�erent from the iteration vectors of the operations inrelation, such as quanti�ed variables. These arguments are deemed to be elim-inated from the �nal result. Since Presburger arithmetic with uninterpretedfunction symbols is undecidable [45], an approximation is necessary. If thearguments of a function fe appearing in the expression of a value-based depen-dence are not completely determined by the value of the iteration vectors of thepair of read-write operations, then:� fe(x) is replaced by an existentially quanti�ed variable �fe(x) in all in-equalities in which it appears. The purpose of �fe(x) is to capture somecases where there is no solution to the initial system of inequalities.� The term unknown is added to the de�nition of the relation, to show thatan approximation has been done. Note that this approximation cannotbe re�ned in any way afterwards.Note that this approximation takes place in every term MSi!Sj�MSj!R whichmust be subtracted to MSi!R.Pugh and Wonnacott propose several methods to �nd relations betweennon-a�ne functions so as to improve the accuracy of the dependence relations:� Ask the programmer to con�rm a relation that would disprove a depen-dence. It is indeed easy to retrieve the expression of the real non-linearconstraints from the uninterpreted function symbols.� Use an SSA analysis to prove the equality between two functions used indi�erent points of the program� Use another symbolic analysis. They suggest to use the output of theanalysis of Tu and Padua [124] in order to compute the sources in ExampleE4.Basically, any relation on non-a�ne constraints that is written as a Presburgerformula can be used by their analysis. Hence FADA and their method canresort to the same symbolic analyses so as to improve their output.Comparing with our frameworkThe complementary analyses that �nd relations on non-a�ne constraints canbe used in both frameworks, but how this information is used and the impactit has on the accuracy of the resulting dependences seems to di�er betweendependence relations and FADA.When a non-linear constraint appears in the computation of a value-baseddependence and when the conditions for an exact case are not satis�ed, thena rough approximation is automatically performed, introducing \unknown"which do not allow any further re�nement. This entails two consequences:



4.8. RELATED WORK 149Dependence relations cannot be computed entirely in a parametric way withuninterpreted function symbols, by opposition to the computation of the sourcefunction with parameters of the maximum. Moreover, the accuracy of the resultdoes not depend only on the relations that can be found between non-a�neconstraints.Let us study this last di�erence. A relation between non-a�ne constraintscan be taken into account if none of the uninterpreted function symbols hasbeen eliminated yet and replaced by unknown. Therefore, in the frameworkdescribed in [129], the relations that can really improve the accuracy of theresult must involve non-a�ne functions that:� Either appear in the same memory-based dependence relation.� Or depend on the same iteration vector.This seems to be a major drawback since even structural properties cannotsometimes be taken into account. Such is the case of Example E2, since bothwrite statements are governed by a non-a�ne predicate in a loop that is notshared with the read. In order to determine if more distant writes than S1 andS2 could de�ne the value read in hR; []i, they compute the partial cover of thesetwo writes. The partial cover represents the set of iteration vectors of the readwhich corresponds to sinks of yet unknown source (upward exposed sinks). ForExample E2, the iteration domain of R has only one element, the vector [], andthe partial cover of R with respect to MS1!R and MS2!R is:f[] jn � 1g � RANGE(MS1!R)� RANGE(MS1!R);where RANGE(MS1!R) = f[] j9x; 1 � x � n ^ fP (x) � 0g ;and RANGE(MS2!R) = f[] j9x; 1 � x � n ^ fP (x) < 0)g :Note that the original predicates have been replaced by inequalities with unin-terpreted function symbols. The partial cover can be written as:f[] j(n � 1) ^ :(9x; 1 � x � n ^ fP (x) � 0)^ :(9x; 1 � x � n ^ fP (x) < 0)g :In the formula coming from S1, fP depends on an existentially quanti�ed vari-able that must be eliminated, hence 9x; 1 � x � n ^ fP (x) � 0 is transformedinto 9x; 9�fP (x); 1 � x � n ^ �fP (x) � 0 ^ unknown. Likewise, 9x; 1 � x �n^fP (x) < 0 is transformed into 9x; 9�fP (x); 1 � x � n^�fP (x) < 0^unknown.Finally, the set obtained is: f[] junknowng :Thus this set is not empty, there is still a possibility that a statement precedingS1 and S2 is the source of s. This fuzziness can be avoided in our frameworkby using a simple structural analysis.



150 CHAPTER 4. APPROXIMATE ARRAY DATAFLOW ANALYSISWonnacott4 proposes to change the way structural properties of conditionalsare handled. For Example E2, instead of subtracting the ranges of MS1!R andMS2!R independently of each other, the union of the ranges is �rst computed,and then this new set is subtracted to f[] jn � 1g. The union of the two ranges,RANGE(MS1!R)[ RANGE(MS2!R), is�[] ��9x1; x2; (1 � x1 � n ^ fP (x1) � 0) _ (1 � x2 � n ^ fP (x2) < 0) 	 ;that is,8<:[] ������9x1; x2; (x1 = x2 ^ 1 � x1 � n)_�x1 6= x2 ^ � (1 � x1 � n ^ fP (x1) � 0)_(1 � x2 � n ^ fP (x2) < 0) �� 9=; :This time, the term x1 = x2 ^ 1 � x1 � n ensures that the partial cover isempty. As a matter of fact, it can be easily seen that the technique consistingin eliminating fP (x1) � 0 and fP (x2) < 0 when x1 = x2 is the application ofa resolution rule. So the method of resolution we presented in Section 4.5 toeliminate non-a�ne constraints of P is also valid in the framework of depen-dence relations, provided that we make the following modi�cations to the initialalgorithm computing value-based dependences (and partial covers):� Consider the set Sj MSi!Sj�MSj!R in the expression (4.69) and the set ofclauses P de�ning relations on non-a�ne constraints. Apply a resolutionmethods on the clauses de�ning these two sets so as to eliminate non-a�nefunctions.� Compute the di�erence and remove any remaining non-a�ne functionfrom the set by the techniques described in [129].The condition of Theorem 4.1 on the fuzziness of the result applies on depen-dence relations and the original limited method of Pugh and Wonnacott can beconsidered as a trade-o� between e�ciency and accuracy.Finally, setting aside the di�erences that are due to the representation, thefundamental di�erence between the method based on dependence relations andFADA is that dependence relations cannot be computed entirely in a parametricway with uninterpreted function symbols, whereas sources can be expressed ex-actly w.r.t. the parameters of the maximum. Exact but parametric sources canthen be used by some applications, such as scheduling, and the approximationcan take place after this application so as to obtain better results.4.8.4 Detailed comparison with Creusillet's workFuzzy array data
ow analysis is more complex than some analyses that donot compute explicitly a DFG, such as array regions. Is this di�erence in4Personal communication



4.8. RELATED WORK 151complexity justi�ed by a di�erence in the degree of parallelism that can beexposed? Consider for instance array privatization. For static control programs,we have seen that FADA boils down to an exact array data
ow analysis. Thusthe exact DFG is found and our analysis allows privatization techniques toexpose at least as much parallelism as can be exposed from an array regionanalysis, which is in general approximate. For non-static control programs inthe scope of FADA, the two approaches are approximate. It is no longer clearthat FADA outperforms a region analysis in terms of exposed parallelism. Wewill show that this is still true, and that this is due to the fact that FADA is ableto take advantage of any symbolic information about non-a�ne constraints.We will make the comparison of FADA with the framework presented byCreusillet [34], as an example of an array region framework. She clearly sepa-rates the limitations induced by the choice of a particular region representationfrom the approximation problems that must be faced by any representation. Anarray element can be privatized in a loop only if none of its possible sources foran iteration comes from a previous iteration of the loop. Hence, we will comparethe accuracy with which both formalisms describe WRITE and IN regions, orloop-carried 
ow dependences. In order to make the comparison easier, we willintroduce a formalism from which array regions and data
ow dependences canbe derived. Note that this formalism, called extended array regions is introducedonly for comparison purposes and is not considered as a new way of computingdependences or array regions. Moreover, we will resort to a dependence rela-tion representation of direct dependences instead of a source representation. Asshown in the previous section, we can still use resolution rules so as to integratenon-a�ne relations in the analysis.In the �rst part of this comparison, a semantic analysis framework that al-lows the construction of array regions and dependence relations is exposed. Itis largely inspired by the formalism introduced by Creusillet and the reader isreferred to [34] for a more precise description of usual semantic analysis frame-works. Then we present the preliminary analyses required by the computationof the extended array regions. Finally, we give the rules to build these regionsand compare the accuracy of FADA with array regions through this formalism.Semantical domains and functionsThe idea is to associate to each statement (or block of statements) of the pro-gram and to each possible execution of this statement, a set of array elementsand the operations that have accessed these elements, for each array structure.This idea is not new, Li and Yew [84] and then Hind et al. [71] have alreadyproposed this kind of representation for regions, but their framework is limitedto a�ne constraints with respect to loop indices. So as to cope with non-a�neconstraints, we will describe the sets of array elements with �rst order arith-metic predicates, with any function symbol. Our aim is slightly di�erent fromthe goal of Li and Yew, since we only want to build a representation from which



152 CHAPTER 4. APPROXIMATE ARRAY DATAFLOW ANALYSISthe expression of WRITE and IN exact array regions and exact dependence re-lations can be derived. We will not compute the extended array regions.The sets of array elements and operations from which we deduce arrayregions and data
ow dependences are the result of a semantic analysis. Werestrict this analysis to the language L described by the grammar of Figure4.8.4. iter represents a loop counter, id a non-loop index variable and fP ! BS ! id(E1) = E2j do x = E1; E2 step E3; B1; enddoj do x = 1 while E; B1; endwhilej if E then B1 else B2B ! B1; Sj ;E ! f(id1(E1); : : : ; idn(En))j iterFigure 4.5: Grammar of Lstands for a function (a�ne or not). Traditionally, semantic functions associateto statements (or blocks of statements) and to the current state of the memoryat an execution point, an element of a set. The current state of the memory at anexecution point is completely determined by the current operation. Moreover,we only need, for our semantic functions, to represent the current operation byits iteration vector. Hence, all semantic functions we present in the followingshare a common type: R : L ! (Zp �! E)l ! R[[l]]with E a set, called semantical set, and p the number of loops surrounding theconsidered statement. Note that the value of p may vary from a statementto another. This apparent problem in the de�nition of R can be addressed byconsidering that p is set to the maximal number of nested loops in the program.We will only consider sets E that are complete lattices. The structure of latticeis then extended to the semantic functions; If �E, [E and \E are respectivelythe partial order, least upper and lower bounds operators of E, then �R, [Rand \R are de�ned as:R1[[l1]] �R R2[[l1]] () 8x 2Zp; R1[[l1]](x) �E R2[[l2]](x);8x 2Zp; (R1[[l1]] [R R2[[l2]])(x) = R1[[l1]](x)[E R2[[l2]](x);8x 2Zp; (R1[[l1]] [R R2[[l2]])(x) = R1[[l1]](x)[E R2[[l2]](x):



4.8. RELATED WORK 153We use two types of semantic functions: the �rst one transforms an iterationvector into a set of integer vectors (E is }(Zm) for a value of m). The secondkind of semantic functions associates to each statement and iteration vector aset of array elements and operations, for each array structure. Let 
 denote theset of operations and (A1; : : : ; Am) the list of array structures in the program.The semantic domain is then:E = mYi=1}�Zdi � 
�:The ith set in this Cartesian product is associated to the array Ai of dimensiondi. For each array structure, we build a set formed by pairs of array elementsand operations.For the �rst kind of semantic functions, }(Zm) is the usual lattice, orderedby the inclusion relation. For the second one, we de�ne for all i an order v on}�Zdi � 
�, built from the orders � and �. For all sets A1 = fx; � jr1(x; �)gand A2 = fx; � jr2(x; �)g of }�Zdi � 
�, with r1 and r2 two predicates,A1 v A2 () (fx j9�; (x; � ) 2 A1 g � fx j9�; (x; � ) 2 A2g)^ ((x; �1) 2 A1 ^ (x; �2) 2 A2 =) �1 � �2) :Intuitively, a set is smaller than the other if the array elements of the �rstbelong to the second one and any operation associated to an array element ofthe �rst set is executed before all operations associated to the same element ofthe second set. One can easily verify that this order de�nes a complete lattice.The corresponding operators t (union), u (intersection) and � (minus) arede�ned by:fx; � jr1(x; � )g t fx; � jr2(x; � )g = 8<:x; � ������9�1; 9�2; � (�1 6= ?^ r1(x; �1))_(�2 6= ?^ r2(x; �2)) �^� = max(�1; �2) 9=; ;fx; � jr1(x; � )g u fx; � jr2(x; � )g = �x; � ����9�1; 9�2; r1(x; �1) ^ r2(x; �2)^� = min(�1; �2) � ;fx; � jr1(x; � )g� fx; � jr2(x; � )g = fx; � jr1(x; � )^ :(9� s.t. r2(x; �) ^ � � �)g :Intuitively, the union of two sets is the set of all array elements belongingto one of the sets, associated to the latest operations that are associated tothese elements. The subtraction of two sets is the set of array elements that donot appear in the subtracted set with a more recent operation. Finally, usingChurch's �-calculus [8], we de�ne the following operator, denoted max�q :max�q (�x0:�z; hS; xi ��r(x; x0; z)	) =�x0:�z; hS; xi ��r(x; x0; z)^ :(9x00 s.t. x[p] < x00[p]^ r(x00; x0; z))	 :



154 CHAPTER 4. APPROXIMATE ARRAY DATAFLOW ANALYSISPreliminary analysesSome preliminary analyses have to be performed in order to achieve the com-putation of our extended regions. Many program expressions are needed in thede�nition of these regions, such as loop bounds, array subscripts or condition-als. The symbolic evaluation of the syntactic expressions w.r.t. loop countersis performed by a semantic function, denoted V. The value of an expression E,given the iteration vector x, is written as V[[E]]x.Moreover, we de�ne some other functions as grammar attributes. If S rep-resents a possibly compound statement, S:p is the depth of S, S:l is the labelassociated to S. S:iter(x) is the monodimentional iteration domain of the in-nermost loop surrounding S (do or while loop), with respect to the iterationindices of outer loops.The collection of properties of non-a�ne constraints is another preliminaryanalysis. In the framework of Creusillet, there are three kinds of properties,formalized as semantic functions:Preconditions : They associate to statements the set of predicates governingthe execution of this statement.Transformers : Transformers are semantic functions that abstract the trans-formation on the values of variables, resulting from the execution of astatement. Reverse transformers are also considered, and they abstractthe inverse e�ects.Continuation conditions : They are the conditions for which the programdoes not stop after the execution of a statement. We will not handlecontinuation conditions, since our program model does not include theinstruction stop.All these functions �nd a�ne properties on the variables, approximating thereal properties of the program. These properties are relations on the variablesof the program, and the scope of the algorithm used to build them is similar tothe domain of the method described by Cousot and Halbwachs [33].Extended array regionsWe describe in this paragraph the rules to build the extended array regions.We build two semantic functions, represented as grammar attributes. S:i (resp.S:w) corresponds to the function associating to the statement S and to aniteration vector the set of array elements that are read (resp. written) by S andthe operations that last read (resp. last wrote) them. We de�ne one attributeby array structure.So as to give the rules to build S:i and S:w, we de�ne some other usefulfunctions: LOOP[[S]]x is the iteration domain of S, when the indices of all loops



4.8. RELATED WORK 155but the innermost are given and equal to x. COND[[E]] is the set of iterationvectors x surrounding the boolean expression E such that V[[E]]x is true.LOOP[[S]] = �x0:�x ��x[1::S:p� 1] = x0; x[S:p] 2 S:iter(x0)	 ;COND[[E]] = �x0:�x ��V[[E]]x; x= x0	We present in detail the rules concerning the assignment, the sequence and thedo loop. All the rules are presented in Table 4.1.Assignment : S ! id(E1) = E2. The elements read by S are the elementsread by E1 and E2. Hence, S:i = E1:i t E2:i. The array elements de-�ned by S for operation hS:l; xi are the elements id(z) with z = E1(x).Therefore, S:w = �x:�z; 
S:l; x0� ��V[[E1]]x0 = z; x0 = x	 :Sequence : B ! B1; S. The elements written by B are the elements de�nedby S and the elements de�ned by B1 that have not been rede�ned by S.Hence, B:w = B1:w t S:w. Note that, with this de�nition and accordingto the de�nition of t, if B1:w de�nes some elements that are rede�ned byS:w, the de�nitions of B1:w are killed. The elements imported by B arethe elements imported by S that have not been de�ned by B1 and theelements imported by B1. Therefore, B:i = (S:i�B1:w) tB1:i.Loop : S ! do x = E1; E2 step E3; B1; enddo. The elements importedby the loop are those read by E1; E2; E3 and the elements imported byB1 for all iterations (B1:i�LOOP[[B1]]) that have not been rede�ned by anoperation of B1 in a following iteration of the loop. Therefore,S:i = E1:it E2:it E3:it (B1:i�LOOP[[B1]]�B1:w�LOOP[[B1]]) :As for the elements de�ned by the loop, they are the elements de�nedby B1, for all iterations (B1:w�LOOP[[B1]]). We only consider the latestde�nition of these elements: S:w = max�dB1 :l (B1:w�LOOP[[B1]]). Thisoperator corresponds in Creusillet's framework to a least �xed point.These rules correspond to the semantic functions that de�ned respectivelyin [34] exact IN and WRITE regions. Hence, projecting out the operations in therepresentation of the attributes :i and :w produces respectively IN and WRITEexact regions. We use inherited attributes to build dependence relations. Theattribute :inf de�nes the function that associates to a (compound) statementand to an iteration vector the set of array elements associated to the operationsof the preceding iterations that last de�ned these elements. In order to integratethe sequencing order and the di�erent dependence depths, we introduce thefunction:PREC[[S]] = �x0:�x ��x[1::S:p� 1] = x0[1::S:p� 1]; x[S:p]< x0[S:p]	 :



156 CHAPTER 4. APPROXIMATE ARRAY DATAFLOW ANALYSISS ! id(E1) = E2 S:w = �x: fz; hS:l; x0i jV[[E1]]x0 = z; x0 = xgS:i = E1:i tE2:iS ! do x = E1; E2 step E3; S:w = max�dB1:l (B1:w�LOOP[[B1]])B1 S:i = E1:i tE2:i tE3:ienddo t (B1:i�LOOP[[B1]]�B1:w�LOOP[[B1]]S ! do x = 1 while E; S:w = max�dB1:l (B1:w�LOOP[[B1]])B1 S:i = (E:i tB1:i)�LOOP[[B1]]� B1:w�LOOP[[B1]]endwhileS ! if E then B1 else B2 S:w = B1:w�COND(E) tB2:w�COND(:E)S:i = E:i tB1:i�COND(E) tB2:i�COND(:E)B ! B1; S B:w = B1:w t S:wB:i = (S:i �B1:w)tB1:iB ! ; B:w = ;B:r = ;E ! f(: : : ; id(E); : : : ) E:r = �x: fz; hE:l; x0i jV[[E]]x0 = z; x0 = xgE ! iter E:r = ;Table 4.1: Extended regions.The attribute :inf is build with the rules described in Table 4.2. Dependencerelations for statement S are then deducted from S:inf and S:i. If S:inf =�x0: fz; hS; xi jrinf (x; x0; z)g and S:i = �x0: fz; hR; xi jri(x; x0; z)g, then we buildthe dependence relation:�hS; xi ! 
R; x0� ��9z; 9x00; ri(x0; x00; z)^ rinf(x; x00; z)	 :Note that with this method, we can compute dependence relations betweencompound statements.Comparing approximationsAn array is privatizable in a loop if none of the reads depends on writes per-formed in a previous iteration of this loop. In terms of regions, an array isprivatizable if the intersection of an IN region with a WRITE region for a pre-vious iteration is always empty. In terms of dependence relations, the relationbetween a read and a write of a previous iteration is empty.In the framework of extended regions, an array structure is privatizable fora loop do ::; S; enddo if: S:inf u S:i = ;:If S:inf = �x: fz; � jrinf(z; x; �)g and S:i = �x: fz; � jri(z; x; �)g thenS:inf u S:i = �x: fz; � j9�i; rinf(z; x; �)^ ri(z; x; �i)g :Projecting out the operation component of this set (�), we obtain the conditionson array regions for the array to be privatizable. Projecting out the array



4.8. RELATED WORK 157S ! do x = E1; E2 step E3; B1:inf = S:inf t S:w�PREC[[B1]]B1 Ek:inf = S:inf; 1 � k � 3enddoS ! do x = 1 while E; B1:inf = S:inf t S:w�PREC[[B1]]B1 E:inf = B1:infendwhileS ! if E then B1 else B2 B1:inf = S:infB2:inf = S:infB ! B1; S S:inf = B:inf tB1:wB1:inf = B:infP ! B B:inf = ;Table 4.2: Extended regions for preceding iterations.element component of this set (z), we obtain similar conditions on dependencerelations. Note however that the array element can be easily retrieved whenthe operation and array structure are known. Thus S:inf uS:i can be deducedfrom the dependence relation.Now, we test the emptiness of dependence relations de�ned with non-a�neconstraints by testing the emptiness of an approximated relation. Likewise,array regions are not computed exactly but over- and under-approximated. Toimprove the quality of the approximation, both approaches use the relationsfound by the analyses of preconditions and transformers (continuation condi-tions are of no use in our program model). These relations are a�ne relationson the variables of the program, therefore the resolution method applies (seeSection 4.8.3 for the adaptation of this method to dependence relations). Whenthe conditions of Theorem 4.1 are met, we are able to calculate a dependencerelation that is as accurate as possible w.r.t. the properties of non-a�ne con-straints. In other words, since S:inf uS:i can be deduced from the dependencerelation, under the conditions of Theorem 4.1, the best a�ne approximation ofS:inf uS:i can therefore be computed. This implies that the a�ne approxima-tion of the projection of S:inf u S:i corresponding to array regions do not �ndmore privatizable arrays than dependence relations.To conclude, we have shown, thanks to the formalism of extended regions,that FADA or a similar analysis enables privatization techniques to expose insome cases at least as much parallelism as region-based techniques, such asCreusillet's. This is the case when properties on non-a�ne constraints can betranslated into properties on a�ne constraints without adding fuzziness. Pre-conditions and transformers, used in Creusillet's framework, are a�ne relationson the variables that belong to this class of properties, since only variables ofthe same iteration are compared. (See Section 4.5.1 for a discussion about thekind of properties that can be handled without adding fuzziness.)



158 CHAPTER 4. APPROXIMATE ARRAY DATAFLOW ANALYSIS4.9 ConclusionThe purpose of this chapter was to present an approximate array data
owanalysis that can handle any constraint that is not a�ne with respect to loopindices. These constraints are introduced in programs by non-a�ne array sub-scripts, while loops, non-a�ne predicates of conditionals or non-a�ne do loopbounds. We have proposed an analysis that is an extension of the polyhedralmethod described by Feautrier: Not only is the analysis exact on static controlprograms but also, as the approximation is performed in the last steps of theanalysis, the techniques of source computation are the same as the ones usedfor static control programs. Moreover, in order to improve its accuracy, ouranalysis is able to take into account a large class of properties characterizingnon-a�ne constraints, properties that can be produced by the many existingsymbolic analyses. In addition to these existing techniques, we proposed anoriginal method, called iterative analysis, that �nds relations between valuesof non-a�ne constraints by examining, possibly iteratively, the sources of thevariables they use. Finally, we have found the condition for which the approx-imation achieved is the best one can obtain with respect to the properties onnon-a�ne constraints. We have implemented a previous version of our analysisso as to validate our theoretical framework. Figure 4.6 sums up the di�erentsteps of the computation of an approximate source.A detailed comparison has been performed with the method proposed byWonnacott, and beyond the di�erences due to the representations, we haveproved that our method can apply in a framework of dependence relations.Moreover, we have shown that the condition on the accuracy of the result isalso valid in this formalism.As for region analyses, we have introduced a representation from whichregions and sources can be derived. Although not directly computable, thesummaries obtained in this representation have allowed us to prove that no moreparallelism could be extracted with array regions than with FADA, as long as nofuzziness is added by our analysis. Whether this intermediate representationhas some interest for an implementation of a FADA that could degrade intoarray region analysis is uncertain and left for future work.
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Other symbolicAnalysesTranslatingPropertiesBuilding aparametric source

Program

Exact parametric source Fuzzy source
AnalysisIterative StructuralAnalysisProperties on non-a�ne constraintsProperties on parameters of the maximumRemoving parametersFigure 4.6: Steps of the computation of an approximate source.
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Chapter 5ApplicationsWe provide in the previous chapter a general method to compute the DFG ofa program even when non-a�ne constraints are involved in the computation.We propose to perform the approximation in the last steps of the analysis,by removing parameters. In general, making an approximation in the lateststages of a computation provides the best results. In fact, we believe thatin some cases, the approximation should not take place at the dependencecomputation step but at the application step. Indeed, the DFG is computedfor each data structure and the properties on non-a�ne constraints only concernone data structure at a time. Applications needing some knowledge about the
ows of di�erent data structures at the same time could take advantage ofthe relations between the non-a�ne constraints involved in the computation ofdi�erent 
ows. Such is the case for instance of the computation of a schedule orof a recurrence detection. In the same manner as before, these relations may beestablished by complementary techniques such as symbolic analysis and thentransformed into properties on the parameters of the maximum. Note howeverthat the nature of the accuracy entailed by such technique has changed, since wedo no longer improve the output of the data
ow analysis but of the applicationsusing the output of the data
ow analysis. Concerning scheduling, we show inthis chapter that more information about non-a�ne constraints may save forinstance a speculative execution, but cannot improve the latency. Keepingthe parameters through the application is not always necessary to improve theaccuracy of the application and we show that static memory expansion onlyneeds an approximate data
ow graph as input.Many usual applications of exact array dependence analysis can be usedwithout any change or with only minor modi�cations with an approximateanalysis. Brandes [23] proposed several applications of array dependence anal-ysis in the compilation �eld. We �rst present program checking (see Section5.1), a technique that checks if all the variables of a program (or of a fragmentof program) are de�ned before being used. Once again, we use the characteri-zation of the parameters of the maximum so as to �nd predicates that must be161



162 CHAPTER 5. APPLICATIONSveri�ed so as to ensure a correct initialization of the variables. Then, we willdescribe the slight adaptations of traditional code transformations in Section5.2 and of recurrence detection in Section 5.3. We propose an expansion ofarray structures, which is able to cope with an approximate DFG, in Section5.4. Finally, we conclude by the adaptation of scheduling techniques.5.1 Program CheckingIn a correct program, all variables are initialized before they are used. Detectinguninitialized variables is a very simple application of array data
ow analysis.Indeed, a variable is initialized if and only if ? is not among the possible sourcesfound by a data
ow analysis. This simple fact can help the programmer tocheck the correctness of his program and to validate some properties of nonlinear constraints.Let us consider a quast obtained by a data
ow analysis of a given variable,after removing the parameters due to fuzziness (if any). If a leaf of this quast is?, it means that the variable is not correctly initialized. Indeed, the conjunc-tion of the predicates on the path of the quast from the root to ? representsthe condition on y, the iteration vector of the read, for which there is no ini-tialization. This condition is veri�ed by at least one value of y since otherwisethe leaf would have been eliminated in the simpli�cation process.Consider now a direct dependence from statement R to statement S at depthp. The following results can be extended to a source built from any number ofstatements at any depth. When ? is one of the possible sources, it means thatsome of these non-linear constraints may not yield a correct initialization ofthe variable. We give in the sequel a characterization of all possible non-linearconstraints for which the program is correct and then check whether the actualconstraints comply to this characterization.Let us consider the expression of the quast with the parameter of the max-imum �pSR(y) (before removing the parameters). Let us sort the predicatesfrom the root to a ? leaf into ri(y); 0 � i � m, depending only on y, andsj(y; �pSR(y)); 0 � j � n, depending also on a parameter of the maximum.For the initialization of the variable to be correct, the ? leaf should never bereached, i.e. the following condition must be ful�lled:8y 2 I(R);0@ ^0�i�m ri(y)1A^0@ ^0�j�n sj(y; �pSR(y))1A = false;which is equivalent to: for all y 2 I(R) verifying ^0�i�mri(y) then:_0�j�n :sj(y; �pRS(y)):Thanks to the de�nition of �pRS(y), this is equivalent to the following condition:



5.2. TRADITIONAL CODE TRANSFORMATIONS 1638y 2 I(R) s.t. ^0�i�m ri(y); 9x s.t. 0@ _0�j�m:sj(x; y)1A ^0@ ^h2CSR ch(x; y)1A(5.1)This characterization of the non-linear constraints is a necessary and su�cientcondition for the program to initialize correctly all used variables.The following piece of code illustrates this property:do x = 1, nS A(f(x)) = ..enddodo y = 1, nR .. = A(y)enddoThe non-a�ne constraint is c1(x; y) = (f(x) = y). Without any comple-mentary information about f , the fuzzy source of hR; yi is formed by ? andfhS; xi j1 � x � ng. Therefore we will give a property on the non-linearconstraint in order to have a correct initialization of A. The quast withthe parameter of the maximum is:if 1 � �0SR(y) � n then 
S; �0SR(y)� else ?:Hence the direct application of the characterization given by (5.1) forr(y) = (1 � y � n) (the environment) and s(x; y) = :(1 � x � n) leadsto: 8y s.t. 1 � y � n; 9x s.t. 1 � x � n; f(x) = y:In other words, A is initialized i� f is a permutation on 1::n.Checking this condition can be left to the programmer or submitted to anassertion generator in the manner of Floyd [56]. For obvious psychologicalreasons, such a veri�er will be used only if it �nds no more ? than necessary.Hence our insistence in the previous chapter on not adding fuzziness.Program checking can also be performed on smaller pieces of code such assubroutines bodies, so as to compare the variables and the conditions on whichthey are initialized outside the code with what the programmer expected.5.2 Traditional Code TransformationsClassical reordering transformations can take advantage of the accuracy of anarray data
ow analysis, fuzzy or not, which is more precise than the usual use-def chain technique. This latter method is not able to cope e�ciently witharrays. Among the transformations which may use an array data
ow analysis,we can cite:� dead code elimination, which is often combined with copy propagation,



164 CHAPTER 5. APPLICATIONS� code motion coming from common subexpression and loop invariant de-tections.Brandes [23] described these optimizations in the case of exact direct depen-dences. The adaptation of the standard algorithms to fuzzy array data
owanalysis is straightforward. Notice however that as the analysis is performed onoperations instead of statements, the optimizations can precisely remove someof the operations or move them outside the loops. Loop peeling may then beused to particularize some loop iterations.The following example illustrates such a case:original code after optimizationz = 0 z = 0do i = 1, n do i = 1, nS1 A(z) = i A(z) = iS2 z = .. z=..S3 A(z) = 0 enddoenddo A(z) = 0do j = 1, n do j = 1, nS4 .. = A(j) .. = A(j)enddo enddoIndeed, a fuzzy iterative analysis �nds that the source of A(j) in operationhS4; ji is f?; hS3; ni ; hS1; �i j1 � � � ng. Operations hS3; ii, for i = 1::n�1can be removed safely, and hS3; ni is placed outside the loop.5.3 Detection of RecurrencesRedon de�nes in [111] a method to detect and normalize recurrences in a pro-gram. The advantages of such a method are obvious for software engineeringand parallelizing compilers: the normalization gives the programmer a way toretrieve the semantic of the operations performed, whatever the manner theyare implemented. Besides, the detection in itself enables signi�cant improve-ment on the schedule, placement and code produced by a parallelizing compilerwhich can use libraries with optimized versions of the recurrences, if they exist.The detection of the recurrences is based on a system of linear recurrenceequations (SLRE), obtained from the data
ow graphs of the variables of theprogram. Obviously, the detection can use the result produced by a structuralor iterative fuzzy data
ow analysis whenever it is exact. Structural analysisenables the detection of recurrences that are nested in while loops and branchesof conditionnals. Iterative analysis enables the use of variables that are not loopcounters as the indices of the recurrence, as long as there is enough informationabout these variables for the array sources to be exact.We give in the following the conditions for which the detection of recur-rences works with non exact sources. The reader will �nd in [111] the details



5.3. DETECTION OF RECURRENCES 165about the general detection. Each equation of an SLRE gives the expressionof a variable of the program in function of the other variables. This expres-sion is a conditional function depending on iteration vectors and parameters offuzziness, when the variable has a fuzzy source. Each possible kind of valuegiven by this conditional are called clauses. The method then builds a systemgraph whose edges are the couples of equations such that the variable de�nedin the �rst equation is used in a clause of the second one. The oriented cyclesin this graph are then normalized so that a pattern-matching algorithm appliedon each equation can decide whether or not it is a recurrence. Dependencesthat do not appear in the cycles of the system graph do not interfere with thealgorithm. Consequently, variables with fuzzy sources must not be a recur-rence accumulator, unless the only fuzzy sources are for the initial value of theaccumulator.The following example cannot be handled by Redon, because the subscriptsof M and V2 are non-a�ne, and the bounds of j are non-a�ne. This coderepresents a matrix-vector multiplication where the matrix is in sparse-column format and has blocks of non-null lines.do i = 1, ndo j = ib(i-1), ib(i)-1S1 V1(j) = 0do k = 1, nS2 V1(j) = V1(j) + M(j,X(k))*V2(X(k))enddoenddoenddoA fuzzy analysis of the source of V1 for operation hS2; i; j; ki is exact whenthe structural analysis is taken into account. The source is then:if k > 1 then hS2; i; j; k� 1i else hS1; i; ji :Indeed, when V1 is read by the operation hS2; i; j; ki, the constraint ib(i�1) � j � ib(i)� 1 is veri�ed. This environment constraint is added to thecontext of the computation and it entails that the write operation hS1; i; jiis executed. This operation kills all previous fuzzy sources. Note that thesources of M and V2 at operation hS2; i; j; ki are fuzzy but that does notprevent the detection of reccurence.Putting the variable V1 into SA form, V1(j) is renamed V11(i; j) for state-ment S1 and V12(i; j; k) for statement S2. Using the notations of [110], theSLRE associated to V1 is:V11 : fi; j j1 � i � n; ib(i� 1) � j � ib(i) � 1gV12 : fi; j; k j1 � i; k � n; ib(i � 1) � j � ib(i) � 1gV11(i; j) = 0V12(i; j; k) = casefi; j; k jk > 1g : V12(i; j; k � 1) + M(j; X(k)) � V2(X(k))fi; j; k jk = 1g : V11(i; j) + M(j; X(k)) � V2(X(k))esac:



166 CHAPTER 5. APPLICATIONSAfter normalization of this SLRE and introduction a scan operator, weobtain:V12(i; j; k) =casefi; j; k jk > 1g : Scan( fi0; j0; k0j1 � i0; k0 � n;ib(i0 � 1) � j0 � ib(i0)� 1g;[0 0 1];+;M(j; X(k)) � V2(X(k));M(j; X(k)) � V2(X(k))esacIn other words, the sum represented by the scan is:nXk=1M(j; X(k)) � V2(X(k)):5.4 Maximal Static ExpansionExpansion of data structures is a well-known general technique to break spu-rious data dependences that hamper program parallelization. In parallel pro-cessing, expanding a datum also allows to place one copy of the datum oneach processor, enhancing parallelism. This technique is known as array pri-vatization and is extremely important to parallelizing and vectorizing compil-ers [83, 17, 99]. A similar technique is register or variable renaming.In the extreme case, each memory cell is written at most once and theprogram is said to be in single assignment form. Unfortunately, when the control
ow cannot be predicted at compile-time, some run-time computation is neededto preserve the original data 
ow: In the static single assignment framework, �-functions may be needed to \merge" multiple reaching de�nitions, i.e. possibledata de�nitions due to several incoming control paths [36, 37]. Such �-functionsmay be an overhead at run-time, especially for non-scalar data structures orwhen replicated data are distributed across processors. We are thus looking fora static expansion, i.e. an expansion of data structures that does not need a�-function. (Notice that according to our de�nition, an expansion in the staticsingle assignment framework may not be static.) Our goal is to automatically�nd the static expansion which expands all data structures as much as possible,i.e. the maximal static expansion. Maximal static expansion may be consideredas a trade-o� between parallelism and memory usage.We present an algebraic framework in which to derive the maximal staticexpansion. The input of this framework is the (perhaps inaccurate) output ofa value-based dependence analysis and our method is \optimal" with respectto the precision of this analysis. Our framework is valid for array structuresand for any program on which a value-based analysis can be performed. Inparticular, this framework is valid for programs ful�lling the requirements of



5.4. MAXIMAL STATIC EXPANSION 167Section 4.1. The results presented in this section are joint work with Cohenand Collard [10].Section 5.4.1 studies motivating examples showing what we want to achieve.Section 5.4.3 formally states what (maximal) static expansion is, and Sec-tion 5.4.4 presents a general framework to solve this problem. This frameworkis applied in Section 5.4.5 to derive an algorithm for maximal static expan-sion. Section 5.4.6 applies this algorithm to the motivating examples, beforeour conclusion.5.4.1 Motivating examplesFirst Example: Dynamic Control FlowWe �rst study the code of Example E1, presented in Section 4.2.2:do x1 = 1 to nS1 s = ..do x2 = 1 while ..S2 s = .. s ..enddoR .. = .. s ..enddoLet us try to expand scalar s. One way is to convert the program into SAform, making S1 write into s0(x1) and S2 into s00(x1; x2): Then, each memorycell is assigned to at most once, complying with the de�nition of SA. However,what should right-hand sides look like now? A brute-force application of thesource functions of s found in 4.6.3 yields the program in Figure 5.1. Whilethe right-hand side of S2 only depends on w, the right-hand side of R dependson the control 
ow, thus needing a function similar to a �-function in the SSAframework (even if, in this introductory example, the �-function would be verysimple) [61].do x1 = 1, nS1 s'(x1) = ..do x2 = 1 while ..S2 s''(x1,x2) = ..if (x2>1) then s''(x1,x2-1) else s'(x1) ..enddoR .. = .. �(hS1; x1i ; fhS2; x1; x2i jx2 � 1g)enddo Figure 5.1: Single Assignment for Example E1.Our aim is to expand s as much as possible in this program but withouthaving to insert �-functions.



168 CHAPTER 5. APPLICATIONSA possible static expansion is to uniformly expand s into s(x1) and avoidoutput dependencies between distinct iterations of the do loop. The resultingmaximal static expansion of this example is given by Figure 5.2. It has the samedegree of parallelism and is simpler than the program in single-assignment.real s(1:n)do x1 = 1, nS1 s(x1) = ..do x2 = 1 while ..S2 s(x1) = .. s(x1) ..enddoR .. = .. s(x1) ..enddo Figure 5.2: Expanded version of Example E1.Notice that it should be easy to adapt the array privatization techniques byMaydan et al. [93] to handle the program in Figure 5.2; This would tell us thats can be privatized along x1. However, we want to do more than privatizationalong loops, as illustrated in the following examples.Second Example: Array ExpansionLet us give a more complex example; We would like to expand array A in theprogram in Figure 5.3.Since T always executes when j equals N , a value read by hS; i; ji, j > N isnever de�ned by an instance hS; i0; j 0i of S with j 0 � N . Figure 5.3 describes thedata
ow relations between S instances: An arrow from (i0; j 0) to (i; j) meansthat instance (i0; j 0) de�nes a value that may reach (i; j).real A(4*N-1)do i=1, 2*Ndo j=1, 2*Nif .. thenS A(i-j+2*N) = .. A(i-j+2*N)endifif j = N thenT A(i+N) = ..endifenddoenddo (a) i
2NN

N 2N
j

(b)Figure 5.3: Second example of expansion.



5.4. MAXIMAL STATIC EXPANSION 169Formally, the source of one instance of statement S is:�(A; hS; i; ji) = ������������ if j � Nthen �hS; i0; j 0i ���� 1 � i0 � 2N^1 � j 0 < j ^ i0 � j 0 = i� j �else �hS; i0; j 0i ���� 1 � i0 � 2N^N < j 0 < j ^ i0 � j 0 = i� j �[ fhT; i0; Ni j1 � i0 < i ^ i0 = i� j +N g (5.2)Because sources are non-singleton sets, converting this program to (dynamic)SA form would require run-time computation of the memory location read byS. However, we notice that the iteration domain of S may be split into disjointsubsets by grouping together operations involved in the same data 
ow. Thesesubsets build a partition of the iteration domain. Each subset may have its ownmemory cell, a cell that will not be written nor read by operations outside thesubset. The partition is given in Figure 5.4.a.j
iN N 2N2N

(a) i
j

N 2NN2N
(b)Figure 5.4: Partition of the iteration domain(N = 4).Using this property, we can duplicate only those elements of A that are usedtwice. These are all the array elements A(c), 1 +N � c � 3N � 1. They areaccessed by operations in the large central set in Figure 5.4.b. Let us label with1 the subsets in the lower half of this area, and with 2 the subsets in the tophalf. We add one dimension to array A, subscripted with 1 and 2 in statementsS2 and S3 in Figure 5.5, respectively. Elements A(c); 1� c � N are accessed byoperations in the upper left triangle in Figure 5.4.b and have only one subseteach (one subset in the corresponding diagonal in Figure 5.4.a, which we labelwith 1. The same labeling holds for sets corresponding to operations in thelower right triangle.



170 CHAPTER 5. APPLICATIONSThe maximal static expansion is shown in Figure 5.5. Notice that this pro-gram has the same degree of parallelism as the corresponding single-assignmentprogram, without the run-time overhead and memory spare.real A(4*N,2)do i=1, 2*Ndo j=1, 2*NC expansion of statement Sif -2*N+1 <= i-j <= -N thenif .. thenA(i-j+2*N,1) = .. A(i-j+2*N,1) ..endifelsif -N+1 <= i-j <= N-1 thenif j <= N thenif .. thenA(i-j+2*N,1) = .. A(i-j+2*N,1) ..endifelsif .. thenA(i-j+2*N,2) = .. A(i-j+2*N,2) ..endifelsif .. thenA(i-j+2*N,1) = .. A(i-j+2*N,1) ..endifC expansion of statement Tif j = N then A(i+N,2) = .. endifenddoenddo Figure 5.5: Maximal static expansion for the second example.Third Example: Non-A�ne Array SubscriptsConsider the program in Figure 5.6.a, where foo and bar are arbitrary sub-scripting functions 1. Since all array elements are assigned by T, the value readby R at the ith iteration must have been produced by S or T at the same iteration.The data-
ow graph is similar to the �rst example:�(A; hR; ii) = � hS; ii	 [ fhT; i; jij1 � j � N g : (5.3)The maximal static expansion adds a new dimension to A subscripted by i. Itis su�cient to make the �rst loop parallel.1A(foo(i)) stands for an array subscript between 1 and N , \too complex" to be analyzedat compile-time.



5.4. MAXIMAL STATIC EXPANSION 171real A(N)do i=1, Ndo j=1, NT A(j) = ..enddoS A(foo(i)) = ..R .. = .. A(bar(i))enddo Source program.(a) real A(N,N)do i=1, Ndo j=1, NT A(j,i) = ..enddoS A(foo(i),i) = ..R .. = .. A(bar(i),i)enddo Expanded version.(b)Figure 5.6: Third example of expansion.These examples show the need for an automatic static expansion technique.We present in the following section a formal de�nition of expansion and a gen-eral framework for maximal static expansion. We then describe an expansionalgorithm for arrays that yields the expanded programs shown above. Noticethat it is easy to recognize the original programs in their expanded counterparts,which is a practical property of our algorithm.5.4.2 Related workIf the input program is built of nested do loops with a�ne bounds and accessesarrays with a�ne subscripts, one can �nd a static expansion which is also insingle-assignment form [49].In the case of programs with general control and unrestricted arrays sub-scripts, array data-
ow analyses are approximate: Several writes may be theunique de�nition of a given value, but the analysis cannot tell. [61] describeshow to obtain a single-assignment program to the price of dynamic restorationof data 
ow.Many studies are related to array privatization. As hinted above, Maydan etal. [93] proposed an algorithm to privatize arrays, based on value-based depen-dence analysis. However, their method only applies to static control programs.Tu and Padua [123] proposed a privatization technique for a very large class ofprograms. But it resorts to dynamic restoration of data 
ow. Another accurateapproach using array regions has been described by Creusillet [34]. Her methodavoids the cost of a dynamic restoration and copies back the privatized elementsinto the original arrays.However, privatization only detects parallelism along the enclosing loops;It is thus less powerful than general array expansion techniques. Indeed, theexample in Section 5.4.1 shows that our method may not only expand alongdiagonals in the iteration space but may also do some \blocking" along thesediagonals.



172 CHAPTER 5. APPLICATIONS5.4.3 Static expansionLet 
 be the set of all operations in the program, f the function mappingoperations to memory cells they write into, and W � 
 be the set of all writes.Let f 0 be the expansion, that is the new function, after program transformation,mapping operations to the memory cells they write into.Let us consider two operations � and � belonging to the same set of possiblesources of some read �. If they both write in the same memory cell f(�) = f(�)and if we assign two distinct memory cells to � and � (f 0(�) 6= f 0(�)), then a�-function is needed to restore the data 
ow since we do not know which of thetwo cells has the value needed by � . Note that the fact that � and � belong tothe same source set does not implies that f(�) = f(�). Such cases may occurwhen dealing with non-a�ne array subscripts.De�nition 5.1 (Static expansion) A static expansion is a mapping f 0 fromoperations to memory cells such that8�; � : (9� : � 2 �(�) ^ � 2 �(�)^ f(�) = f(�))() f 0(�) = f 0(�):Because the sources of a read are mapped to the same memory cell by f 0, staticexpansion preserves the original data
ow graph.Notice also that, according to this de�nition, even a constant function onW is a static expansion. Because we are interested in maximizing the memoryexpansion, the range of a \good" static expansion should be as large as possible.Such an expansion would be constant on sets as small as possible:De�nition 5.2 (Maximal static expansion) A static expansion f 0 is max-imal on the set of operations W if, for any static expansion f 00,8�; � 2 W : f 0(�) = f 0(�) =) f 00(�) = f 00(�):Intuitively, if f 0 is maximal, then no f 00 can do better and map two writes totwo di�erent memory cells when f 0 does not.We need to characterize the sets of operations on which a maximal staticexpansion f 0 is constant. These sets correspond to the equivalence classes ofthe relation f�; � 2 W jf 0(�) = f 0(�)g, and the set of theses classes is denotedby W=f 0. The number of memory cells after maximal static expansion is thusequal to the cardinal of W=f 0.However, this hardly gives us an expansion scheme, because this result doesnot tell us how much each individual memory cell should be expanded. Thepurpose of Section 5.4.4 is to give a similar result for each memory cell c usedin the original program. This result appears in Theorem 5.1. This theorem isthen used to give a practical expansion scheme.



5.4. MAXIMAL STATIC EXPANSION 1735.4.4 Expansion schemeLet us de�ne the relation:�R� () 9� : � 2 �(�)^ � 2 �(�): (5.4)� is itself a relation on 
 � 
 and the reciprocal relation is denoted by ��1.Therefore, �R� () �����1�, i.e., R = ����1. Relation R is obviously sym-metric. De�nition 5.1 requires that a static expansion f 0 veri�es f 0(�) = f 0(�)when f(�) = f(�) and �R�. Given � , � and � in W, if f(�) = f(�) = f(�), �R�and �R� then f 0(�) = f 0(�) = f 0(�). Therefore, given � 2 W, f 0 is constant onthe set of all � 2 W such that f(�) = f(�) and �R��, R� being the transitiveclosure of R. We may give an equivalent de�nition of a static expansion:De�nition 5.3 A static expansion is a mapping f 0 from operations to memorycells such that 8�; � : �R�� ^ f(�) = f(�) =) f 0(�) = f 0(�):We now characterize any maximal static expansion in terms of R� and f :Lemma 5.1 f 0 is a maximal static expansion if and only if8�; � 2 W : �R�� ^ f(�) = f(�) () f 0(�) = f 0(�): (5.5)Proof Su�cient condition|the \if" partLet f 0 be a mapping verifying 8�; � 2 W : f 0(�) = f 0(�) ()�R�� ^ f(�) = f(�): By de�nition, f 0 is a static expansion.Let us show that f 0 is maximal. Suppose that for �; � 2 W:f 0(�) = f 0(�). (5.5) implies �R�� and f(�) = f(�). Thus, fromDe�nition 5.3, any static expansion f 00 satis�es f 00(�) = f 00(�).Therefore, f 0(�) = f 0(�) () f 00(�) = f 00(�), so f 0 complies withDe�nition 5.2.Necessary condition|the \only if" partLet f 0 be a maximal static expansion. Because f 0 is a static expan-sion, we only have to prove that 8�; � 2 W : f 0(�) = f 0(�) ()�R�� ^ f(�) = f(�).On the one hand, f 0(�) = f 0(�) () f(�) = f(�) because f is astatic expansion. On the other hand, assume f 0(�) = f 0(�) and:�R��. We show that it contradicts the maximality of f 0: Letf 00(�) = f 0(�) when :�R��, and f 00(�) = c when �R��, with c 6=f 0(�). f 00 is a static expansion: By construction, f 00(� 0) = f 00(�0) forany � 0 and � 0 such as � 0R�� 0. The contradiction comes from the factthat f 00(�) 6= f 00(�).



174 CHAPTER 5. APPLICATIONSLet us de�ne M = f(W) the set of all memory cells accessed by writeoperations, and for c 2 M, W(c) = f� 2 W jf(�) = cg the set of operationswriting into c. Given c 2 M, the previous lemma entails that a static expansionf 0 is maximal i� 8�; � 2 W(c) : f 0(�) = f 0(�)() �R��:Therefore, classes of R� in W(c) are exactly the sets we are looking for:Theorem 5.1 The sets on which a maximal static expansion f 0 is constant aredescribed by: W=f 0 = [c2MW(c)=R� (5.6)The equivalence classes de�ned in the Theorem gives the partitions intuitivelyfound in Section 5.4.1, and the expansion factor of each individual memory cellc is card(W(c)=R�). Consider for instance A(0) in Figure 5.4.a. The instances ofS that belong to W(A(0)) are on the main diagonal: f(i; j)j1� i; j � 2N ^ i =j = 0g. R� partitions these operations in exactly the two subsets depictedin the �gure. To generate the transformed code, one has to remember whichequivalent class an operation belongs to: Let ' be the function mapping anoperation � to a representative of its equivalence class. One may label eachelement of W(c)=R�, or equivalently, label each element of '(W(c)). Such alabeling scheme is obviously arbitrary, but all programs transformed using ourmethod are equivalent up to a permutation of these labels. We denote by n(�)the label we choose for the elements of '(W(f(�))). Then, f 0 = (f; n).Our expansion scheme depends on the calculation of the transitive closureof R and of W(c). We would like to stress the fact that the expansion producedis static and maximal with respect to the results yielded by these calculations,whatever their accuracy:� The exact transitive closure may be too complicated and may thereforebe over-approximated. The expansion factor of a memory cell c is thenlower than card(W(c)=R�). However, the expansion remains static and ismaximal with respect to the transitive closure given to the algorithm.� The setsW(c) may not be known precisely at compile-time. (For instance,when data structures are arrays with non-a�ne subscripts.) One may usesome approximation]W(c) instead, such that W(c) �]W(c), and expand cinto as many cells as elements in]W(c)=R�.An operation � may then belong to two distinct classes of]W(c)=R� andŴ(c0)=R�, c 6= c0, that is, have several class representatives and be as-sociated to di�erent class labels. To avoid this, n could be de�ned as a



5.4. MAXIMAL STATIC EXPANSION 175function of both � and c. But constructing n is not easy then and left forfuture work.To avoid this pitfall, we enforce the same labels for all classes including� . To do this, we �rst label all classes ofW=R�, which in turn gives labelsto the classes of all]W(c)=R�. The drawback of this method is that somememory cells not used during program execution may be allocated. Thereasons are that we cannot know statically which cells will be referred to,and that the set of numbers labeling the classes of a given]W(c)=R� maynot be dense.The maximal static expansion scheme given above works for any im-perative programs. However, we give below an algorithm to construct ex-panded codes for loops nests and arrays only.Before giving the algorithm, we would like to focus on two important points:� The algebraic view given in this section considered each memory cell c inturn. Obviously, since the number of memory cells brought into play ina program is often unknown or parameterized, a naive application of thisview would not practical. Our method gives a solution parameterized bythe identity of the cell c, so its complexity does not grow with card(M).� The de�nitions given in Section 5.4.3 and the expansion scheme are validfor any class of imperative programs. The only restrictions and limita-tions are those of the data
ow analysis and of the algorithm to computetransitive closures.In the sequel, since we use our own array data
ow analysis to apply themaximal static expansion framework, we inherit its syntactical restric-tions: Data-structures are scalars and arrays; Pointers are not allowed.Loops and conditionals are unrestricted.5.4.5 AlgorithmUsing a data
ow analysis such as the one we presented in Chapter 4, thedata
ow graph is described by systems of a�ne inequalities over iteration vari-ables and structure parameters. Our algorithm then reduces to well knowntransformations on a�ne integer polyhedra, most of them being implementedin Omega [102]. We present below the expansion algorithm for all accesses toa given array A.Input: The data
ow graph as an a�ne relation � between reads and theirreaching de�nitions (the sources).Output: The target expanded code.



176 CHAPTER 5. APPLICATIONS1. Compute R = ����1. (This boils down to eliminating � in (5.4).)2. If R is not transitive, compute R� with Omega's transitive closure opera-tor. Because the transitive closure of an a�ne relation is not necessarilya�ne, the result may be an upper-approximation. See [76] for details.This approximation is a conservative one, but may hide an interestingpossible static expansion. Using Omega, R� is described as a mappingfrom � to b� (b� being the class of � for relation R�: b� = f� 2 W j�R�� g).3. In each class b� , pick a single, arbitrary element. This chosen elementis now considered as the representative '(�). How do we pick this ele-ment? As long as the element we pick is unique, any method is �ne. Wechoose the minimum according to lexicographical order (which is a caseof overkill).4. Are all subscript functions a�ne?Yes Let us consider c = A(x). W(A(x)) is the union offhS; ii ji 2 I(S)^ fS(hS; ii) = xgover all statements S writing into A with subscript fS.Compute '(W(A(x))), which is a set of representatives of the classesof W(A(x))=R�. Give a number to each element in the set of repre-sentatives.No Compute '(W). Give a number to each element in the set of repre-sentatives.If an element in the set of representatives is itself a parameterized a�ne setof operations, labeling boils down to scanning exactly once all the integerpoints in the set, which can be done using classical techniques [5, 31].In both cases, � has a single representative and is therefore mapped to aunique label n(�).5. Code generation is then straightforward: Any reference A(fS(�)) in theleft hand side of S is transformed into A(fS(�); n(�)). For any referencein the right hand side, one has to �nd the label of the source of the read.That is, any read A(gS(�)) is transformed into A(gS(�); n(�(�))). (Recallthat �(�) is a set which is mapped, by construction of n, to a single labeln(�(�)).)When n is a conditional whose predicate is a�ne w.r.t. loop counters,then the conditional can be taken out of A's subscript.



5.4. MAXIMAL STATIC EXPANSION 1776. The size declaration A(: : :) of A is transformed into the following declara-tion: A(: : : ;maxSmaxx2I(S)n(hS; xi))2.Computing the Lexicographical Minimum Let us call b� the equivalenceclass of � for relation R�. The lexicographical minimum of bu is:min(b�) = � s.t. �R�� ^ (6 9�; �R�� ^ � � �)This de�nition may be simpli�ed by writing � as a relation between operations:�= f(�; �) j� � � g :Thus, min(b�) = �R� n (� �R�)�(�) (5.7)Complexity For each array in the source program, the algorithm proceedsas follows:� Compute the reciprocal relation ��1 of �. This is di�erent from com-puting the inverse of a function and barely consists in a swap of the twoarguments of �.� Composing two relations � and �0 boils down to eliminating y in x�y ^y�0z.� Computing the exact transitive closure of R is quite expensive. Kelly etal. [76] do not give a formal bound on the complexity of their algorithm,but their implementation in the Omega toolset proved to be e�cient ifnot concise. Notice again that the exact transitive closure is not necessaryfor our expansion scheme to be correct.Moreover, R happens to be often transitive in practice. Of course, thiscan be checked before triggering the computation of the closure: One justhas to check that the di�erence (R�R) n R is empty.� In the algorithm above, ' is a lexicographic minimum. This is uselesslyexpensive since the expansion scheme just needs a way to pick one ele-ment per equivalence class. Computing the lexicographical minimum isexpensive but was easy to implement in our �rst prototype.� Finally, numbering classes is costly only when we have to scan a polyhedralset of representatives in dimension greater than 1. In practice, we onlyhad intervals in the examples we tried.2Because arrays usually have to be declared rectangular, An(�)(f(�)) may be a betterrenaming. Consider for instance the expanded version of Example 2: Expanding A into A1and A2 would require 6N � 2 array elements instead of 8N � 2 in Figure 5.5



178 CHAPTER 5. APPLICATIONSImplementation The maximal static expansion has been implemented inC++ by Cohen and Collard on top of the Omega library and of Caravan.Figure 5.7 summarizes the computation times for the three examples (on aSun SPARCstation 5). These results do not include the computation times fordata
ow analysis and code generation.1st example 2nd example 3rd exampletransitiveclosure 100 100 110(check)picking therepresentatives 110 160 110(function ')other 130 150 70total 340 410 290Figure 5.7: Computation times, in milliseconds.Moreover, computing the class representatives is relatively fast; It validatesour choice to compute function ' (mapping operations to their representatives)using a lexicographic minimum. The intuition behind these results is that thecomputation time mainly depends on the number of a�ne constraints in thedata
ow analysis relation.Our only concern so far would be to �nd a way to approximate the expres-sions of transitive closures when they become large.5.4.6 ExamplesThis section applies our algorithm of the previous section to the motivatingexamples, using the Omega Calculator [102] as a tool to manipulate a�nerelations.First ExampleLet us consider the source program of Example E1, presented in Section 4.2.2.Using the Omega Calculator text-based interface, we describe a step-by-stepexecution of the expansion algorithm. We have to code operations as integer-valued vectors. An operation hSl; xi is denoted by vector [x; ::; l], where [::] pos-sibly pads the vector with zeroes. We number S1; S2; R with 1, 2, 3 in this order,so hS1; x1i, hS2; x1; x2i and hR; x1i are written [x1; 0; 1]; [x1; x2; 2] and [x1; 0; 3]respectively. The execution order, �, then becomes the lexicographical order.Note that in general, transforming the execution order into a lexicographicalorder is always possible but requires a more complex transformation on theiteration vector. See the work of Kodukula and Pingali [77] for a general way



5.4. MAXIMAL STATIC EXPANSION 179to encode the execution order as a lexicographic order. However, our transfor-mation is correct for the examples we consider.From the source functions of s, we construct the source relation S:# S := {[x1,0,2]->[x1,0,1] : 1<=x1<=N}# union {[x1,x2,2]->[x1,x2-1,2] : 1<=x1<=N && 2<=x2}# union {[x1,0,3]->[x1,0,1] : 1<=x1<=N}# union {[x1,0,3]->[x1,x2,2] : 1<=x1<=N && 1<=x2};Step 1. Computing R is straightforward:# S' := inverse S;# R := S(S');# R;{[x1,0,1]->[x1,0,1] : 1<=x1<=N} union{[x1,x2,2]->[x1,0,1] : 1<=x1<=N && 1<=x2} union{[x1,0,1]->[x1,x2',2] : 1<=x1<=N && 1<=x2'} union{[x1,x2,2]->[x1,x2',2] : 1<=x1<=N && 1<=x2' && 1<=x2}Step 2. R is already transitive, no closure computation is thus necessary.Step 3. Let us choose '(�) as the �rst executed operation in class b� (the leastoperation according to the sequential order): '(�) = min f� j�R�� g.To compute the lexicographical minimum, let us rewrite its de�nition usingthe Omega Calculator syntax. We thus describe ' by a relation of the form:'([x1; x2; l]) = [x01; x02; l0] s.t.[x1; x2; l]; [x01; x02; l0] 2 W(s)^[x1; x2; l]R�[x01; x02; l0]^ (6 9[x001; x002; l00] 2 W(s) :[x1; x2; l]R�[x001 ; x002; l00]^[x01; x02; l0]� [x001; x002; l00])Since [x1; x2; l] 2 W(s) is always veri�ed in this example, we may simplifythis expression in using (5.7):'([x1; x2; l]) = �R� n (� �R�)�([x1; x2; l]): (5.8)The result of this computation is:8x1; x2; 1 � x1 � N; x2 � 1 : '(hS1; x1i) = hS1; x1i ;'(hS2; x1; x2i) = hS1; x1i :



180 CHAPTER 5. APPLICATIONSStep 4. Since we have only one memory cell, W(s) = W. Computing '(W(s))yields N operations of the form hS1; x1i. Maximal static expansion of accessesto variable s requires N memory cells. x1 is an obvious label:8x1; x2; 1 � x1 � N; x2 � 1 : n(hS; x1; x2i) = n(hS1; x1i) = x1: (5.9)Step 5. All left-hand side references to s are transformed into s(x1); Allreferences to s in the right hand side are transformed into s(x1) too since theirsources are instances of S1 or S2 for the same x1. The expanded code is thusexactly the one found intuitively in Figure 5.2.Step 6. The size declaration of the new array is s(1::N).Second ExampleWe now consider the source program in Figure 5.3. Operations hS; i; ji andhT; i; Ni are denoted by [i; j; 1] and [i; N; 2] respectively. From (5.2), the sourcerelation S is de�ned as:# S := {[i,j,1]->[i', j',1] : 1<=i,i'<=2N# && 1<=j'<j<=N && i'-j'=i-j}# union {[i,j,1]->[i',N,2] : 1<=i,i'<=2N# && N<j<=2N && i'=i-j+N}# union {[i,j,1]->[i',j',1] : 1<=i,i'<=2N# && N<j'<j<=2N && i'-j'=i-j};Step 1. As in the �rst example, we compute relation R using Omega:# S' := inverse S;# R := S(S');# R;{[i,j,1]->[i',j-i+i',1] : 1<=i<=2N-1 && 1<=j<N&& 1<=i'<=2N-1 && i<j+i' && j+i'<N+i} union{[i,j,1]->[i',j-i+i',1] : N<j<=2N-1 && 1<=i<=2N-1&& 1<=i'<=2N-1 && N+i<j+i' && j+i'<2N+i} union{[i,N,2]->[i',N-i+i',1] : 1<=i<i'<=2N-1&& i'<N+i} union{[i,j,1]->[N+i-j,N,2] : N<j<=2N-1 && i<=2N-1&& j<N+i} union{[i,N,2]->[i,N,2] : 1<=i<=2N-1}Step 2. We compute R�. Figure 5.4.a shows the equivalence classes of R�.



5.4. MAXIMAL STATIC EXPANSION 181Step 3. We compute '(�) as a relation similar to (5.8), using Omega. Theresult follows: 8i; j; 1 � i � 2N; 1 � j � N; j � i � 0'(hS; i; ji) = hS; 1; j � i+ 1i8i; j; 1 � i � 2N; 1 � j � N; j � i < 0'(hS; i; ji) = hS; i� j + 1; 1i8i; j; 1 � i � 2N;N + 1 � j � 2N; j � i � N'(hS; i; ji) = hS; 1; j � i+ 1i8i; j; 1 � i � 2N;N + 1 � j � 2N; j � i < N'(hS; i; ji) = hT; i� j +N;Ni8i; j; 1 � i � 2N'(hT; i; Ni) = hT; i; NiStep 4. W(c) = fhS; i; ji ji� j + 2N = cg [ fhT; c�N;Nig:Let us compute the representatives for W(c):1 � c � N : '(W(c)) = hS; 1; 1� ciN + 1 � c � 3N � 1 : '(W(c)) = � hS; c+ 1; 1i ;hT; c+N;Ni	3N � c � 4N � 1 : '(W(c)) = hS; c+ 1; 1iThis result shows three intervals of constant cardinality of W(c)=R�; Theyare described in Figure 5.4.b. A labeling can be found mechanically. If i �j + 2N � N or i� j + 2N � 3N , there is only one representative in '(W(i�j + 2N)), thus n(hS; i; ji) = 1. If N + 1 � i � j + 2N � 3N � 1, there aretwo representatives; Thus we de�ne n(hS; i; ji) = 1 if j � n, n(hS; i; ji) = 2 ifj > N , and n(hT; i; Ni) = 2.Step 5. The static expansion code appears in Figure 5.5. As hinted in Sec-tion 5.4.5, conditionals in n have been taken out of array subscripts.Step 6. Array A is allocated as A(1::4 �N � 1; 1::2).Third Example: Non-A�ne Array SubscriptsWe come back to the program in Figure 5.6.a. Operations hT; i; ji, hS; ii andhR; ii are written [i; j; 1]; [i; 0; 2] and [i; 0; 3]. From (5.3), we build the sourcerelation as follows:# S := {[i,0,3]->[i,j,1] : 1<=i,j<=N}# union {[i,0,3]->[i,0,2] : 1<=i<=N};



182 CHAPTER 5. APPLICATIONSStep 1.# S' := inverse S;# R := S(S');# R;{[i,j,1]->[i,j',1] : 1<=i<=N && 1<=j<=N&& 1<=j'<=N} union{[i,0,2]->[i,j',1] : 1<=i<=N && 1<=j'<=N} union{[i,j,1]->[i,0,2] : 1<=i<=N && 1<=j<=N} union{[i,0,2]->[i,0,2] : 1<=i<=N}Step 2. R is already transitive: R = R�.Step 3. We compute '(�) as a relation similar to (5.8).8i; 1 � i � N : '(hS; ii) = hT; i; 1i8i; j; 1 � i � N; 1 � j � N : '(hT; i; ji) = hT; i; 1iNote that every hT; i; ji operation is in relation with hT; i; 1i.Step 4. Since some subscripts are not a�ne, we cannot compute at compile-time the exact sets W(A(x)) of operations writing in some cell A(x). Therefore,we compute '(W): '(W) = � hT; i; 1i	:We can use i to label these representatives; Thus the resulting n functionis: n(hS; ii) = n(hT; i; ji) = i:Step 5. Using this labeling, all left hand side references to A(:::) becomeA(:::; i) in the expanded code. Since the source of hR; ii is an instance of S orT at the same iteration i, the right hand side of R is expanded the same way.Expanding the code thus leads to the intuitive result given at Figure 5.6.b.Step 6. The size declaration of A is now A(1::N; 1::N).5.4.7 ConclusionExpanding data structures is a classical optimization to cut memory-based de-pendences. However, the generated code has to ensure that all reads refer tothe correct memory cell. When control 
ow is dynamic, the main drawback ofsuch methods is therefore that some run-time computation has to be done todecide the identity of the correct memory cell.



5.5. SCHEDULING 183We presented a new and general expansion framework: A cell can be ex-panded at most as many times as there are classes of independent (as far asdata
ow is concerned) writes. A practical algorithm was given and applied toreal-life loop nests accessing arrays.Interestingly enough, the framework does not require any precision level ofthe data
ow analysis, nor does it require the closure computation to be exact.Conservative approximate results are �ne as well, the only drawback being aprobable loss in static expansion. However, we cannot do any better, and inaccordance to our de�nition, the static expansion we derive is still maximal.When the data
ow analysis and/or the transitive closure tool give poor results,our expansion scheme does not fail but degrades gracefully.Future work will study the application of the framework to a wider classof problems. We also intend to enhance the algorithm so as to handle pointer-based data structures and recursive programs.5.5 SchedulingA schedule assigns an execution date to each operation of the program. Ingeneral, this date is logical and all operations are supposed to take unit time [51].Operations which are to be executed at the same time can be executed inparallel. Basic scheduling algorithms are presented in [53, 54]. As we willexplain here, there is no di�culty in extending these algorithms to the casewhere the data
ow analysis has given fuzzy results.Dependent operations must be executed sequentially and other operationscan be executed concurrently. If anti- and output-dependences can be removed(by array expansion or array privatization, for instance), then the maximumdegree of parallelism can be exposed by taking into account only value-baseddependences: an operation can be executed only after all its sources.A schedule � must then verify in the case of an exact analysis:�(hR; yi) � �(�(A; hR; yi)) + 1;for any variable A read in hR; yi. In the case of a fuzzy analysis, all the possiblesources of a read must be executed before the read:8� 2 S(A; hR; yi) : �(hR; yi) � �(�) + 1: (5.10)In the result of the corresponding FADA, � depends on a fuzzy parameterx� and occurs in a leaf of a quast governed by an a�ne predicate r�(y; x�):� = ��(y; x�) where � is a�ne. We may re�ne (5.10) into:8x� : r�(y; x�) =) �(hR; yi) � �(�(y; x�)) + 1: (5.11)Suppose we have modeled the schedule � as an a�ne function with unknowncoe�cients. Since everything is a�ne in (5.11) we are in a position to apply



184 CHAPTER 5. APPLICATIONSFarkas theorem. The result is a set of linear equations in the coe�cients of theschedule and new positive unknowns, the Farkas multipliers. These equationsmay be solved as in [53, 54]. Note that the same technique can be used soas to handle quasi-a�ne constraints: Intuitively, quasi-a�ne constraints can beconsidered as non-a�ne constraints that are described exactly by a�ne relationson a fuzzy parameter (the quotient of the Euclidean division). More formally,any expression jfnk with n an integer constant can be replaced by a new variableq de�ned by the predicate r(f; q) = (0 � f � nq < n).As shown in the previous section, it may not be possible to remove atcompile-time all anti- and output-dependences when the value-based analysis isapproximate. In such a case, these dependences must also be taken into accountin the computation of the schedule.It may be interesting in some cases to compute the schedule from the ex-pression of the exact parametric sources. These sources still depend on theunknown parameters of the maximum, and some relations between non-a�neconstraints can entail a decrease in the number of constraints on the schedulingfunctions. Consider for instance the following code:do i = 1, nS1 if .. then x = ..enddoS2 if .. then x = .. else y = ..R s = x + yWe suppose that nothing is known about the predicates of the conditionals ofS1 and S2. Therefore the sources of x and y are very fuzzy: the source setof x for operation hR; []i contains ? and all the previous operations of S1 andS2. When building the schedule function, we impose that hR; []i is scheduledafter all operations of S1, and S2 (preserving data
ow dependences) and thatthe sequential order of execution is preserved between the di�erent possiblewrites of x (preserving output dependences). As a matter of fact, this systemof constraints can be simpli�ed since it can be proved that hR; []i always de-pend on hS2; []i. This exact dependence between the two operations is obtainedby simply introducing the structural property of the if::then::else. To pre-serve data
ow dependences, it is su�cient to impose that hR; []i is executedafter hS2; []i. Hence, this kind of optimization decreases the complexity of thecomputation of scheduling functions.The problem of executing the resulting parallel program depends on whetherspeculation has been allowed or not. This problem is beyond the scope ofour work. The reader is referred to [28, 55] for speculative execution due toinaccurate data
ow analysis or dynamic control.



5.6. CONCLUSION 1855.6 ConclusionCode transformations, scheduling and detection of recurrences can be easilyadapted to the results produced by an approximate analysis.As for array expansion, this is a classical optimization to cut memory-baseddependences and the generated code has to ensure that all reads refer to thecorrect memory cell. When the data
ow analysis is approximate, the maindrawback of such methods is therefore that some run-time computation has tobe done to decide the identity of the correct memory cell.We presented a new and general expansion framework: A cell can be ex-panded at most as many times as there are classes of independent (as far asdata-
ow is concerned) writes. A practical algorithm was given and applied toreal-life loop nests accessing arrays.Interestingly enough, the framework does not require any precision level ofthe data
ow analysis, nor does it require the closure computation to be exact.Conservative approximate results are �ne as well, the only drawback being aprobable loss in static expansion. However, we cannot do any better, and inaccordance to our de�nition, the static expansion we derive is still maximal.When the data
ow analysis and/or the transitive closure tool give poor results,our expansion scheme does not fail but degrades gracefully.Most of the work in this chapter has been presented in [11] and the maximalstatic expansion has been described in [10].
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Chapter 6Conclusion6.1 ContributionsExact array data
ow analyses describe at the operation level the 
ow of databetween the variables of a program. The advantage of these analyses is that theyenable, besides other possible applications in reengineering or debugging, veryaggressive parallelizing techniques on the program at compile time. However,their scope is more or less limited to static control programs, thus they can onlybe used on small fragments of real code. Moreover, their worst case complexityis high, which further restricts the range of programs that can be e�cientlyhandled.In this thesis, we have proposed methods to cope with both of these draw-backs: We have described an algorithm that computes very e�ciently, with atworst polynomial time and space complexity, the data
ow graphs of a subsetof static control programs, and we have presented a general framework for ap-proximate array data
ow analysis of programs with while loops, if::then::elseconstructs with any predicate, any kind of array subscripts and any kind of loopbounds. Moreover, the technique involved for the computation of the approxi-mate data
ow graph can reuse, without any change, the optimizations of exactarray analysis, as well as our polynomial algorithm. This algorithm can thenhandle very e�ciently a subset of programs with non-a�ne constraints.Besides, we have shown that the accuracy of our analysis can be improvedby complementary analyses that �nd properties on non-a�ne constraints, suchas the numerous existing symbolic analyses. In addition to these techniques,we have proposed an iterative analysis that reuses the results of a precedingdata
ow analysis of a variable so as to improve the accuracy of another one.The method consists in �nding relations (mostly equality) between the valuesof the same variable used at two di�erent points of the program. The com-putation of the data
ow graph is achieved in two steps, the �rst one consistsin integrating the properties of non-a�ne constraints in the framework of thecomputation, and the second, independent of the �rst, is the computation itself.187



188 CHAPTER 6. CONCLUSIONIntegrating the properties of non-a�ne constraints consists in transforming asystem of logical clauses in which non-a�ne constraints appear into a systemof clauses in which they no longer appear. This is done by applying repeatedlya resolution rule on the initial system of clauses. In general, an approximateanalysis cannot produce in �nite time the most accurate result with respect tothe properties on non-a�ne constraints, due to decidability reasons. However,we have established the condition for which this optimal accuracy is reached.A prototype, although based on a precedent version of our formalism, validatesthe approach chosen for the approximate analysis.Our approach to deal with non-a�ne constraints is not dependent of thedependence representation used and by comparing our analysis with Wonna-cott's work [129] and with Creusillet's array region formalism [34], we haveshown that approximate array analysis still provides for programs in its scopemore accurate results than other kind of analyses, thus allowing more aggressiveparallelization techniques.Most traditional applications of exact array data
ow analyses only need aslight adaptation to be able to handle the results of an approximate analysis.This is not the case of array expansion, and we have presented an originalmethod to expand array structures without dynamic restoration of the data
ow. Basically, array elements which are de�ned by operations that can besources of the same operation under the same conditions are not expanded.6.2 Future WorkSeveral developments of the approximate data
ow analysis in itself can be con-sidered. First of all, there are a number of techniques we described in this thesisconcerning the computation of sources that can be improved:� Resolution methods: We only described the general resolution rule andthen an input linear resolution method. However, there exists many morekinds of resolutions, each of them is adapted to a particular form of clauses(for instance SLD resolution for Horn clauses, which is used by Prolog).There still remains a lot of work so as to adapt both the form of therelations on non-a�ne constraints and the kind of resolution method usedto each other (as input linear resolution is adapted to the properties ofstructural analysis for example).� Computation of the context quasts: The rules to build context quastsdescribed in Section 4.6.1 can be optimized, as hinted at Section 4.6.3.� Extension of the approximate analysis to programs with procedure calls:Leservot [82] has proposed an extension of the polyhedral method to theseprograms. The adaptation of his method to the approximate analysisseems to be possible, but we have not considered it yet.



6.2. FUTURE WORK 189On a more theoretical ground, with the exception of the iterative analysis,there does not exists any feed-back between the analyses that discover relationson non-a�ne constraints and the approximate array data
ow analysis. Wehave shown that it is possible to determine whether a relation improves theaccuracy of the source, or whether a relation cannot be translated withoutadding fuzziness in a relation on the parameters of the maximum. These twocriteria are not really used up to now, but should help in deciding whetherit is interesting to �nd more properties about a non-a�ne constraint. Thisidea of feed-back however is relevant only if the symbolic analysis can re�ne itsresult progressively, or integrate the results of a more and more precise data
owanalysis. This is only possible so far with the iterative analysis.Besides, we think that an important work of optimization of the analysis canbe done in the choice of the representation of data
ow dependences. Followingthe idea presented in Section 4.8.4, the representation of data
ow dependencescould be degraded during the analysis, either for e�ciency reasons, at the costof accuracy, or because there is no reason in keeping a precise description of thedata
ow. The �rst case can be justi�ed on large codes, because for instancethe probability that a write is the source of a read decreases with the distancebetween the statements. This idea to partition the code into di�erent frag-ments to be analyzed separately has already been tackled by Berthou [15]. Thesecond reason can be motivated by the degree of parallelism that is desired.For instance, array privatization only need loop independence information, andfor interprocedural analysis, regions abstract the e�ects of the procedures onarray elements (See the thesis of Leservot [82] for such adaptation of the exactarray data
ow analysis to interprocedural analysis). More generally, the accu-racy of the analysis, either controlled by its representation or by the propertieson non-a�ne constraints that have been found, should depend on the applica-tion. This seems obvious to say and most dependence analyses and tests thathave been developed so far were adapted to one particular kind of applicationbut they could not change easily the accuracy of their result. One last con-sideration about the representation of data
ow dependences: the approximateanalysis we presented tightly depends on exact array data
ow analyses. Non-a�ne constraints are \eliminated" in order to apply the techniques used in theexact case. Whether our framework can be adapted to recursive programs isuncertain since there does not exists in this case an \exact" analysis.Finally, we have not adapted some applications of exact array data
owanalyses. This is the case of the memory optimization technique describedby Lefebvre [80, 81]. How to relate this optimization with the static memoryexpansion presented in Section 5.4 is still unknown.
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R�esum�eL'analyse des d�ependances de 
ot de donn�ees est une �etape cruciale lors de la paral-l�elisation. La description d�etaill�ee des d�ependances entre op�erations et pour chaque�el�ement de tableau rend possible l'application de techniques de parall�elisation per-formantes. Cependant, ce type d'analyse a deux principaux inconv�enients : son coût�elev�e et son domaine restreint �a des d�ependances a�nes en fonction des compteurs deboucles.On d�ecrit d'abord dans cette th�ese un algorithme polynômial pour le calcul desd�ependances a�nes, dont la complexit�e et le domaine d'application sont meilleurs queceux des m�ethodes existantes. Puis, dans la continuit�e des travaux de J.-F. Collard,on propose un cadre g�en�eral pour l'analyse, �eventuellement approch�ee, de n'importequelle d�ependance. Le mod�ele de programmes est form�e des programmes sans pro-c�edure, comportant des acc�es quelconques aux �el�ements de tableaux. Une m�ethodeit�erative originale trouve des propri�et�es entre les contraintes non-a�nes du probl�emea�n d'am�eliorer la pr�ecision du r�esultat. Notre m�ethode est capable de tirer parti den'importe quelle caract�erisation a�ne de ces contraintes et poss�ede un crit�ere d'opti-malit�e de l'approximation.En�n, plusieurs applications traditionnelles de l'analyse de 
ot de donn�ees sontadapt�ees �a notre m�ethode approch�ee et nous d�etaillons plus particuli�erement l'expan-sion m�emoire, en donnant une m�ethode o�rant un compromis entre surcoût �a l'ex�ecu-tion, taille m�emoire et degr�e de parall�elisme.Mots cl�es : analyse de 
ot de donn�ees pour tableaux, parall�elisation automatique,analyse de d�ependances, contraintes non-lin�eaires, expansion m�emoire.AbstractArray data
ow dependence analysis is paramount for automatic parallelization. Thedescription of dependences at the operation and array element level has been shown toimprove signi�cantly the output of many code optimizations. But this kind of analysishas two main issues: its high cost and its scope limited to a small number of programs.We �rst describe a new polynomial-time algorithm, outperforming other currentmethods in terms of both complexity and application domain. Then, in the continuityof the work done by J.-F. Collard, we present a general framework so as to handleany kind of dependences, by possibly producing approximate dependences. The modelof programs is extended to any reducible control graph and any kind of references toarray elements. An original method called iterative analysis, �nds relations betweennon-a�ne constraints so as to improve the accuracy of the method. Besides, we providea criterion ensuring that the approximation obtained is the best with respect to theinformation gathered on non-a�ne constraints by other analyses.Finally, several traditional applications of data
ow analyses are adapted to ourmethod in order to take advantage of its results, and we detail more speci�cally anarray expansion that is a trade-o� between run-time overhead, memory requirementand degree of parallelism.Keywords: array data
ow analysis, automatic parallelization, dependence analysis,non-linear constraints, memory expansion.


