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P♦✉r t♦✉s ♠❡s tr❛✈❛✉① ♣♦st❞♦❝t♦r❛✉①✱ ❥✬❛✐ ❡✉ ❧❛ ❝❤❛♥❝❡ ❞✬êtr❡ ❡♥t♦✉ré❡ ♣❛r ❞❡s ❣❡♥s ❞❡
❣r❛♥❞❡ ✈❛❧❡✉r q✉✐ ♠✬♦♥t ❜❡❛✉❝♦✉♣ ❛♣♣♦rté✳ ▲♦rs ❞❡ ♠♦♥ sé❥♦✉r ♣♦st❞♦❝t♦r❛❧✱ ❥✬❛✐ ❜❡❛✉❝♦✉♣
❛♣♣r✐s ❞❡ ❑❧❛✉s ▼ø❧♠❡r✳ ❚r❛✈❛✐❧❧❡r ❛✈❡❝ ❧✉✐ ❡st ✉♥❡ ❝❤❛♥❝❡ ❛✉ss✐ ❜✐❡♥ ♣♦✉r t♦✉t❡s ❧❡s ✐❞é❡s
q✉✬✐❧ ❛♣♣♦rt❡ q✉❡ ♣♦✉r s♦♥ ❡♥t❤♦✉s✐❛s♠❡ ❝♦♠♠✉♥✐❝❛t✐❢✳ ❏✬❛✐ ❡♥s✉✐t❡ ❡✉ ❧❛ ❝❤❛♥❝❡ ❞✬êtr❡
s♦✉t❡♥✉❡ ❡t ❜✐❡♥ ❝♦♥s❡✐❧❧é❡ ♣❛r ❆❧❛✐♥ ❆s♣❡❝t ♣♦✉r r❡♥tr❡r ❞❛♥s s♦♥ ❣r♦✉♣❡ ❞❡ ❧✬■♥st✐t✉t
❞✬❖♣t✐q✉❡ ❡♥ t❛♥t q✉❡ ❝❤❛r❣é❡ ❞❡ r❡❝❤❡r❝❤❡ ❛✉ ❈◆❘❙✳ ❆ ❧✬✐♥st✐t✉t ❞✬❖♣t✐q✉❡✱ ❥✬❛✐ été
❛❝❝✉❡✐❧❧✐ ♣❛r ❈❤r✐s ❲❡st❜r♦♦❦ ♣♦✉r tr❛✈❛✐❧❧❡r s✉r ❧✬❡①♣ér✐❡♥❝❡ ❞❡ ♣✉❝❡ ❛t♦♠✐q✉❡✱ s✉❥❡t q✉✬✐❧
✈❡♥❛✐t ❞❡ ❞é♠❛rr❡r✳ ❈❡❧❛ ❛ été ✉♥❡ ❝❤❛♥❝❡ ♣♦✉r ♠♦✐ ❝❛r ♣❛rt✐❝✐♣❡r à ❧❛ ré❛❧✐s❛t✐♦♥ ❞✬✉♥❡
❡①♣ér✐❡♥❝❡ ❞❡♣✉✐s s❡s ❞é❜✉ts ❡st très ❡♥r✐❝❤✐ss❛♥t✳ ❉❡ ♣❧✉s✱ ❞✐s❝✉t❡r ❛✈❡❝ ❈❤r✐s✱ q✉✐ ♥❡ s❡
s❛t✐s❢❛✐t ♣❛s ❞✬✉♥ rés✉❧t❛t ❞❡ ❝❛❧❝✉❧ ♠❛✐s ❝❤❡r❝❤❡ t♦✉❥♦✉rs à ❝♦♠♣r❡♥❞r❡ ❧✬♦r✐❣✐♥❡ ♣❤②s✐q✉❡
❞❡s ♣❤é♥♦♠è♥❡s✱ ❡st t♦✉❥♦✉rs ✐♥tér❡ss❛♥t✳

▼❛ ♣❧✉s ❣r❛♥❞❡ ❝❤❛♥❝❡ ❛ été ❞❡ tr❛✈❛✐❧❧❡r ❛✈❡❝ ❞❡s ét✉❞✐❛♥ts ❡①❝❡❧❧❡♥ts s❛♥s ❧❡sq✉❡❧s
❧❡s rés✉❧t❛ts ❡①♣ér✐♠❡♥t❛✉① ♣rés❡♥tés ❞❛♥s ❝❡ ♠é♠♦✐r❡s ♥✬❛✉r❛✐❡♥t ♣❛s ♣✉ êtr❡ ♦❜t❡♥✉s✳
▲✬❡①♣ér✐❡♥❝❡ ❞♦✐t ❜❡❛✉❝♦✉♣ à ❈❤r✐st✐♥❡ ❆✉ss✐❜❛❧✱ q✉✐ ❛ s♦✉t❡♥✉❡ s❛ t❤ès❡ ❡♥ ✷✵✵✸✳ ❉❛✈✐❞
❙t❡✈❡♥s✱ ♣♦st❞♦❝ ❡♥ ✷✵✵✷✱ ❛ ❛✉ss✐ ❡✉ ✉♥❡ ❝♦♥tr✐❜✉t✐♦♥ ✐♠♣♦rt❛♥t❡✱ ♥♦t❛♠♠❡♥t ♣♦✉r ❧❛
♣r♦❣r❛♠♠❛t✐♦♥ ✐♥❢♦r♠❛t✐q✉❡✳ ❏érô♠❡ ❊stè✈❡✱ q✉✐ ❛ tr❛✈❛✐❧❧é q✉❛tr❡ ❛♥s ❛✈❡❝ ♥♦✉s✱ ❛ ❡✉ ✉♥
rô❧❡ très ✐♠♣♦rt❛♥t✳ ❙♦♥ ❡✣❝❛❝✐té r❡❞♦✉t❛❜❧❡ ❞✬❡①♣ér✐♠❡♥t❛t❡✉r ♥♦✉s ❛ été ❞✬✉♥❡ ❣r❛♥❞❡
❛✐❞❡✳ ■❧ ❛ ❛✉ss✐ été à ❧✬♦r✐❣✐♥❡ ❞❡ ❧✬é❝❧♦s✐♦♥ ❞❡ ❜❡❛✉❝♦✉♣ ❞✬✐❞é❡s q✉✐ s❡ s♦♥t ❛✈éré❡s très
❢r✉❝t✉❡✉s❡s✳ ❚❤♦rst❡♥ ❙❝❤✉♠♠ ❛ ❛✉ss✐ été ✉♥ ét✉❞✐❛♥t très ❜r✐❧❧❛♥t ❡t ✐❧ ❛ ❜❡❛✉❝♦✉♣ ❛♣♣♦rté
à ❧✬❡①♣ér✐❡♥❝❡✳ ▲❛ ♣✉❝❡ q✉✬✐❧ ❛ ré❛❧✐sé❡✱ ♠ê♠❡ s✐ ❡❧❧❡ ♥✬❛ ♠❛❧❤❡✉r❡✉s❡♠❡♥t ♣❛s ♣❡r♠✐s ❧❛
ré❛❧✐s❛t✐♦♥ ❞❡s ♦s❝✐❧❧❛t✐♦♥s ❏♦s❡♣❤s♦♥✱ ❛ ♣❡r♠✐s ❞❡ ❢❛✐r❡ ❞❡ ❧❛ ♣❤②s✐q✉❡ ✐♥tér❡ss❛♥t❡✳ ❏❡ s✉✐s
très ❤❡✉r❡✉s❡ q✉✬✐❧ ❛✐t ❡✉ ♣❧✉s ❞❡ ❝❤❛♥❝❡ ❛✈❡❝ ❧❛ ♣❛rt✐❡ ❛❧❧❡♠❛♥❞❡ ❞❡ s❛ t❤ès❡✳ ❊♥✜♥✱ ❏❡❛♥✲
❇❛♣t✐st❡ ❚r❡❜❜✐❛ ❛ ré❛❧✐sé ❜❡❛✉❝♦✉♣ ❞❡ très ❜❡❧❧❡s ❡①♣ér✐❡♥❝❡s✳ ❙❡✉❧ t❤és❛r❞ s✉r ❧✬❡①♣ér✐❡♥❝❡
♣❡♥❞❛♥t ❧❛ ♣❧✉♣❛rt ❞❡ s❛ t❤ès❡✱ ✐❧ ❛ ❛❝❝♦♠♣❧✐ ✉♥ tr❛✈❛✐❧ très ✐♠♣♦rt❛♥t ❡t ✐❧ ❛ ❡✉ à ♠❡
s✉♣♣♦rt❡r t♦✉t s❡✉❧✳ ❊♥✜♥✱ ❥❡ r❡♠❡r❝✐❡ ❈r✐st✐♥❛ ❋✐❣❧✱ t❤és❛r❞❡ à ❍❛♠❜♦✉r❣ q✉✐ ❛ ♣❛ssé
q✉❡❧q✉❡s ♠♦✐s ❞❛♥s ♥♦tr❡ éq✉✐♣❡ ❡t ❍❛✐ ◆❣✉②❡♥ q✉✐ ❛ ♣❛ssé ✉♥ ❛♥ ❛✈❡❝ ♥♦✉s✳

❚♦✉❥♦✉rs ❣râ❝❡ ❛✉① ét✉❞✐❛♥ts q✉✐ ♦♥t tr❛✈❛✐❧❧é s✉r ❧✬❡①♣ér✐❡♥❝❡✱ ❥✬❛✐ ❡✉ ❧❛ ❝❤❛♥❝❡ ❞❡
♣♦✉✈♦✐r ❢❛✐r❡ ✉♥ ♣❡✉ ❞❡ t❤é♦r✐❡✳ ❆✈❡❝ ◆✐❝♦❧❛s ❲✐t❤❧♦❝❦ ❥✬❛✐ ❡✉ ❧✬♦❝❝❛s✐♦♥ ❞❡ ❢❛✐r❡ ✉♥❡
ét✉❞❡ ✐♥tér❡ss❛♥t❡✳ ❏❡ r❡♠❡r❝✐❡ ❉✐♠❛ ●❛♥❣❛r❞t ❛✈❡❝ q✉✐ ❥✬❛✐ ❡✉ ❞❡ ♥♦♠❜r❡✉s❡s ❞✐s❝✉ss✐♦♥s✳
❏❡ r❡♠❡r❝✐❡ ❛✉ss✐ ❑❛r❡♥ ❑❤❡r✉♥ts②❛♥ s❛♥s q✉✐ ❧✬❛rt✐❝❧❡ s✉r ❧❛ tr❛♥s✐t✐♦♥ ✈❡rs ✉♥ q✉❛s✐✲
❝♦♥❞❡♥s❛t ❞❛♥s ✉♥ ❣❛③ ✶❉ ♣✐é❣é ♥✬❛✉r❛✐t ❥❛♠❛✐s ✈✉ ❧❡ ❥♦✉r✳

❚♦✉s ❧❡s rés✉❧t❛ts ❡①♣ér✐♠❡♥t❛✉① ♣rés❡♥tés ❞❛♥s ❝❡ ♠é♠♦✐r❡ ♥✬❛✉r❛✐❡♥t ♣❛s ♣✉ êtr❡
♦❜t❡♥✉s s❛♥s ❧❛ ❝♦❧❧❛❜♦r❛t✐♦♥ ❛✈❡❝ ❉♦♠✐♥✐q✉❡ ▼❛✐❧❧②✱ ❞✉ ▲❛❜♦r❛t♦✐r❡ ❞❡ P❤♦t♦♥✐q✉❡ ❡t
◆❛♥♦str✉❝t✉r❡s✱ ❛✈❡❝ ❧❡q✉❡❧ ♥♦✉s ❛✈♦♥s ré❛❧✐sé ❧❡s ♣✉❝❡s✳ ❏❡ ❧❡ r❡♠❡r❝✐❡ ❝❤❛❧❡✉r❡✉s❡♠❡♥t
❛✐♥s✐ q✉❡ t♦✉s ❧❡s ♠❡♠❜r❡s ❞✉ ▲P◆ q✉✐ ♥♦✉s ♦♥t ❛✐❞és ❡♥ s❛❧❧❡ ❜❧❛♥❝❤❡✳

▲❛ ❝♦♠♣ét❡♥❝❡ ❡t ❧❛ ❞✐s♣♦♥✐❜✐❧✐té ❞❡s é❧❡❝tr♦♥✐❝✐❡♥s ❋ré❞ér✐❝ ▼♦r♦♥ ❡t ❆♥❞ré ❱✐❧❧✐♥❣
❡st ♣r✐♠♦r❞✐❛❧❡ ♣♦✉r ❧❛ ré✉ss✐t❡ ❞❡s ❡①♣ér✐❡♥❝❡s ❡t ❥❡ ❧❡s r❡♠❡r❝✐❡ ♣♦✉r ❧❡✉r tr❛✈❛✐❧✳

❏❡ r❡♠❡r❝✐❡ t♦✉t ❧❡ ❣r♦✉♣❡ ❞✬❖♣t✐q✉❡ ❛t♦♠✐q✉❡ ♣♦✉r ❧❡s é❝❤❛♥❣❡s s❝✐❡♥t✐✜q✉❡s ❢r✉❝t✉❡✉①
❡t ♣♦✉r ❧❛ ❜♦♥♥❡ ❛♠❜✐❛♥❝❡ ❞❡ tr❛✈❛✐❧ q✉✐ rè❣♥❡ ❞❛♥s ❧❡ ❧❛❜♦r❛t♦✐r❡✳

❋✐♥❛❧❡♠❡♥t✱ ❥❡ r❡♠❡r❝✐❡ ❏❡❛♥ ❉❛❧✐❜❛r❞✱ ❊♥♥✐♦ ❆r✐♠♦♥❞♦ ❡t ▼❛①✐♠ ❖❧s❤❛♥✐✐ ♣♦✉r ❛✈♦✐r
❡✛❡❝t✉é ❧❡ tr❛✈❛✐❧ ❞❡ r❛♣♣♦rt❡✉r✳
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Pr❡♠✐èr❡ ♣❛rt✐❡

▼❛♥✉s❝r✐t
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❈❤❛♣✐tr❡ ✶

■♥tr♦❞✉❝t✐♦♥

▼♦♥ tr❛✈❛✐❧ ♣♦st❞♦❝t♦r❛❧ ❛ ❝♦♠♠❡♥❝é ♣❛r ✉♥ sé❥♦✉r ❞❡ ✉♥ ❛♥ à ❆❛r❤✉s✱ ❛✉ ❉❛♥❡♠❛r❦✳
▲♦rs ❞❡ ❝❡ sé❥♦✉r✱ ❥✬❛✐ tr❛✈❛✐❧❧é ❛✈❡❝ ❑❧❛✉s ▼ø❧♠❡r s✉r ❞❡s ♠ét❤♦❞❡s ❞❡ ❝♦♠♣r❡ss✐♦♥ ❞❡

s♣✐♥ ❞✬✉♥❡ ❛ss❡♠❜❧é❡ ❞✬❛t♦♠❡s✳ ▲❛ ❝♦♠♣r❡ss✐♦♥ ❞❡ s♣✐♥ ❡st r❡❧❛t✐✈❡ à ✉♥❡ ❛ss❡♠❜❧é❡
❞✬❛t♦♠❡s à ❞❡✉① ♥✐✈❡❛✉①✳ ❙✐ ❝❤❛q✉❡ ❛t♦♠❡ ❡st ❞é❝r✐t ♣❛r ✉♥ s♣✐♥ ✶✴✷ ✜❝t✐❢✱ ❧✬ét❛t ❞❡ s♣✐♥ ❞❡
❧✬❛ss❡♠❜❧é❡ ❞✬❛t♦♠❡s ❡st ❞é❝r✐t ♣❛r ❧✬ét❛t ❞✬✉♥ s♣✐♥ ❝♦❧❧❡❝t✐❢✳ ❉❛♥s ✉♥❡ ❤♦r❧♦❣❡ ❛t♦♠✐q✉❡ ❡t
♣❧✉s ❣é♥ér❛❧❡♠❡♥t ❞❛♥s t♦✉t ✐♥t❡r❢ér♦♠ètr❡ ❛t♦♠✐q✉❡✱ ❧❛ q✉❛♥t✐té ♠❡s✉ré❡ ❡st ❧❛ r♦t❛t✐♦♥
❞✉ s♣✐♥ ❝♦❧❧❡❝t✐❢✳ ❈❡tt❡ ♠❡s✉r❡ ❡st ✐♥tr✐♥sèq✉❡♠❡♥t ❧✐♠✐té❡ ♣❛r ❧❡s r❡❧❛t✐♦♥s ❞✬✐♥❝❡rt✐t✉❞❡
q✉✐ r❡❧✐❡♥t ❧❡s ❞✐✛ér❡♥t❡s ♣r♦❥❡❝t✐♦♥ ❞✉ s♣✐♥✳ ❉❛♥s ❧❡ ❝❛s ♦ù ❧❡s ❛t♦♠❡s s♦♥t t♦✉s ❞❛♥s ❧❡
♠ê♠❡ ét❛t ✐♥t❡r♥❡✱ ❧❡ s✐❣♥❛❧ s✉r ❜r✉✐t ❡st ❧✐♠✐té ♣❛r ❧❡ ❜r✉✐t q✉❛♥t✐q✉❡ st❛♥❞❛r❞ ❡♥
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P♦✉r ❛♠é❧✐♦r❡r ❧❡ s✐❣♥❛❧ s✉r ❜r✉✐t✱ ❧❛ ✈❛r✐❛♥❝❡ ❞❡ ❧✬✉♥❡ ❞❡s ❞é❝♦♠♣♦s❛♥t❡s ❞✉ s♣✐♥ ❞♦✐t
êtr❡ ré❞✉✐t❡ s♦✉s ❧❛ ❧✐♠✐t❡ q✉❛♥t✐q✉❡ st❛♥❞❛r❞ ✿ ❧❡ s♣✐♥ ❝♦❧❧❡❝t✐❢ ❞♦✐t êtr❡ ❝♦♠♣r✐♠é✳ P♦✉r
❝❡❧❛✱ ❧❛ ♣rés❡♥❝❡ ❞❡ ❝♦rré❧❛t✐♦♥s q✉❛♥t✐q✉❡s ❡♥tr❡ ❧❡s ❛t♦♠❡s ❡st ♥é❝❡ss❛✐r❡✳ ❏✬❛✐ ♣r♦♣♦sé
✉♥❡ ♠ét❤♦❞❡ ❞❡ ❝♦♠♣r❡ss✐♦♥ ❞❡ s♣✐♥ ❜❛sé❡ s✉r ❧❡ ♣❤é♥♦♠è♥❡ ❞❡ ❜❧♦❝❛❣❡ ❞❡ ❘②❞❜❡r❣✳ ❉❛♥s
❝❡tt❡ ♣r♦♣♦s✐t✐♦♥✱ ❧✬ét❛t ❞❡ ❘②❞❜❡r❣ ❞❛♥s ❧❡q✉❡❧ ❧❡s ❛t♦♠❡s ✐♥t❡r❛❣✐ss❡♥t ♥✬❡st ♣❡✉♣❧é q✉❡
✈✐rt✉❡❧❧❡♠❡♥t ❞❛♥s ❞❡s ♣r♦❝❡ss✉s ❘❛♠❛♥✳ ▲❡s ✐♥t❡r❛❝t✐♦♥s ✐♠♣♦rt❛♥t❡s ❡♥tr❡ ❛t♦♠❡s ❞❡
❘②❞❜❡r❣ s✉✣s❡♥t ❝❡♣❡♥❞❛♥t à ré❛❧✐s❡r ❧✬✐♥tr✐❝❛t✐♦♥ ♥é❝❡ss❛✐r❡ à ❧❛ ❝♦♠♣r❡ss✐♦♥ ❞❡ s♣✐♥✳
■❧ ❡st ❛✉ss✐ ♣♦ss✐❜❧❡ ❞❡ ré❛❧✐s❡r ✉♥❡ ❝♦♠♣r❡ss✐♦♥ ❞❡ s♣✐♥ ♣❛r ✉♥❡ ♠❡s✉r❡ ♥♦♥ ❞❡str✉❝t✐✈❡
❞❡ ❧❛ ❝♦♠♣♦s❛♥t❡ ❞❡ s♣✐♥ q✉❡ ❧✬♦♥ ✈❡✉t ❝♦♠♣r✐♠❡r✳ ❆✐♥s✐✱ ✉♥❡ ❝♦♠♣r❡ss✐♦♥ ❞❡ s♣✐♥ ♣❛r
♠❡s✉r❡ ❞✬✉♥ ❞é♣❤❛s❛❣❡ ♦♣t✐q✉❡ ❛ été ré❛❧✐sé❡✳ ❏✬❛✐ ét✉❞✐é ❧❡s ❧✐♠✐t❡s ❞❡ ❝❡tt❡ ♠ét❤♦❞❡✱ ❞û❡s
à ❧✬✐♥❢♦r♠❛t✐♦♥ ✈é❤✐❝✉❧é❡ ♣❛r ❧❡s ♣❤♦t♦♥s ❞✐✛✉sés ❡t ♥♦♥ r❡❝✉❡✐❧❧✐❡ ♣❛r ❧✬❡①♣ér✐♠❡♥t❛t❡✉r✳

❉❡♣✉✐s ❖❝t♦❜r❡ ✷✵✵✶✱ ❥❡ tr❛✈❛✐❧❧❡ s✉r ❧✬❡①♣ér✐❡♥❝❡ ❞❡ ♣✉❝❡ ❛t♦♠✐q✉❡ ❛✉ ❧❛❜♦r❛t♦✐r❡
❈❤❛r❧❡s✲❋❛❜r② ❞❡ ❧✬■♥st✐t✉t ❞✬❖♣t✐q✉❡✳ ❈❡tt❡ ❡①♣ér✐❡♥❝❡ ❛ été ✐♥✐t✐é❡ ♣❡✉ ❛✈❛♥t ♠♦♥ ❛rr✐✈é❡
❡t ♠❡s tr❛✈❛✉① s♦♥t t♦✉s ❧✐és à ❝❡tt❡ ❡①♣ér✐❡♥❝❡✳ ❉❛♥s ✉♥❡ ❡①♣ér✐❡♥❝❡ ❞❡ ♣✉❝❡ ❛t♦♠✐q✉❡✱
❧❡s ❛t♦♠❡s s♦♥t ❝♦♥✜♥és ❛✉✲❞❡ss✉s ❞✬✉♥❡ ♣✉❝❡ ❞❛♥s ❞❡s ♣✐è❣❡s ♠❛❣♥ét✐q✉❡s ré❛❧✐sés ♣❛r
❞❡s ♠✐❝r♦✲✜❧s ❞é♣♦sés s✉r ❧❛ ♣✉❝❡✳ ❊♥ s❡ r❛♣♣r♦❝❤❛♥t ❞❡s ♠✐❝r♦✲✜❧s ré❛❧✐s❛♥t ❧❡ ♣✐è❣❡✱ ❧❡s
❣r❛❞✐❡♥ts ❞❡ ❝❤❛♠♣s ♠❛❣♥ét✐q✉❡s ♣❡✉✈❡♥t êtr❡ très ✐♠♣♦rt❛♥ts ❡t ❞❡s ♣✐è❣❡s très r❛✐❞❡s
s♦♥t ré❛❧✐sés✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ❞❡s ❣✉✐❞❡s ❛t♦♠✐q✉❡s très ❝♦♥✜♥❛♥t ♣❡✉✈❡♥t êtr❡ ♣r♦❞✉✐ts✳
▲❡s ét✉❞❡s q✉❡ ❥✬❛✐ ♣♦✉rs✉✐✈✐❡s s♦♥t t♦✉t❡s ❧✐é❡s à ❝❡tt❡ ♣♦ss✐❜✐❧✐té ❞❡ ❢♦rt ❝♦♥✜♥❡♠❡♥t
tr❛♥s✈❡rs❡ ❞❡s ❛t♦♠❡s ❡t à ❧❛ ❝❛r❛❝tér✐s❛t✐♦♥ ❞❡s ❣✉✐❞❡s✳ ❊❧❧❡s ♣❡✉✈❡♥t s❡ ❞✐✈✐s❡r ❡♥ q✉❛tr❡
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♣❛rt✐❡s ✿ ❧✬ét✉❞❡ t❤é♦r✐q✉❡ ❞❡s ✢✉❝t✉❛t✐♦♥s ❞❡ ♣❤❛s❡ ❞❛♥s ✉♥ ❧❛s❡r à ❛t♦♠❡ ❣✉✐❞é✱ ❧✬ét✉❞❡ ❡♥
✈✉❡ ❞❡ ❧❛ ré❛❧✐s❛t✐♦♥ ❞✬✉♥ ❝♦✉♣❧❛❣❡ t✉♥♥❡❧ ❝♦❤ér❡♥t ❡♥tr❡ ❞❡✉① ❣✉✐❞❡s✱ ❧✬ét✉❞❡ ❞❡ ❧❛ r✉❣♦s✐té
❞❡s ❣✉✐❞❡s ❡t ❡♥✜♥ ❧✬ét✉❞❡ ❞❡ ❧❛ tr❛♥s✐t✐♦♥ ✈❡rs ✉♥ q✉❛s✐✲❝♦♥❞❡♥s❛t ❞❛♥s ✉♥ ❣❛③ q✉❛s✐♠❡♥t
✉♥✐❞✐♠❡♥s✐♦♥♥❡❧✳

▲✬ét✉❞❡ t❤é♦r✐q✉❡ s✉r ❧❡s ✢✉❝t✉❛t✐♦♥s ❞❡ ♣❤❛s❡ ✐♥tr♦❞✉✐t❡s ♣❛r ❧❡s ✐♥t❡r❛❝t✐♦♥s

❡♥tr❡ ❛t♦♠❡s ❞❛♥s ✉♥ ❧❛s❡r à ❛t♦♠❡s ❣✉✐❞é ❛ été ❡✛❡❝t✉é❡ ❡♥ ❝♦❧❧❛❜♦r❛t✐♦♥ ❛✈❡❝
❑❧❛✉s ▼ø❧♠❡r✳ ❈❡tt❡ ét✉❞❡ s✬✐♥s❝r✐t ❞❛♥s ❧❡ ❝❛❞r❡ ❞❡s ❡✛♦rts ♠❡♥és✱ ❞❡♣✉✐s ❧✬❡①✐st❡♥❝❡
❞❡s ♣✉❝❡s ❛t♦♠✐q✉❡s✱ ♣♦✉r ré❛❧✐s❡r ✉♥ ✐♥t❡r❢ér♦♠ètr❡ ❛t♦♠✐q✉❡ ❣✉✐❞é✳ ❉❡ ♠ê♠❡ q✉✬❡♥ ♦♣✲
t✐q✉❡ ❧❡s s♦✉r❝❡s ❧❛s❡r ❛♠é❧✐♦r❡♥t ❣r❛♥❞❡♠❡♥t ❧❛ ♣❡r❢♦r♠❛♥❝❡ ❞❡s ✐♥t❡r❢ér♦♠ètr❡s✱ ✐❧ s❡♠❜❧❡
♥❛t✉r❡❧ ❞✬✉t✐❧✐s❡r ♣♦✉r ✉♥ ✐♥t❡r❢ér♦♠ètr❡ ❛t♦♠✐q✉❡ ✉♥❡ s♦✉r❝❡ ❝♦❤ér❡♥t❡ ✐ss✉❡ ❞✬✉♥ ❝♦♥❞❡♥✲
s❛t ❞❡ ❇♦s❡✲❊✐♥st❡✐♥✳ ❈❡♣❡♥❞❛♥t ❧❛ ♣rés❡♥❝❡ ❞✬✐♥t❡r❛❝t✐♦♥s ❡♥tr❡ ❛t♦♠❡s ♣❡✉t ❞étr✉✐r❡ ❧❛
❝♦❤ér❡♥❝❡ ❞❡ ♣❤❛s❡ ❞✉ ❥❡t ❛t♦♠✐q✉❡✱ s✉rt♦✉t s✐ ❧❡s ❛t♦♠❡s s♦♥t ❢♦rt❡♠❡♥t ❝♦♥✜♥és tr❛♥s✈❡r✲
s❛❧❡♠❡♥t✳ ◆♦✉s ❛✈♦♥s ❝❛❧❝✉❧é ❧❡s ✢✉❝t✉❛t✐♦♥s ❞❡ ♣❤❛s❡ ✐♥tr♦❞✉✐t❡s ♣❛r ❧❡s ✐♥t❡r❛❝t✐♦♥s s✉r
✉♥ ❥❡t ❞✬❛t♦♠❡s s✉♣♣♦sé ✐♥✐t✐❛❧❡♠❡♥t ♣❛r❢❛✐t❡♠❡♥t ❝♦❤ér❡♥t✳

❯♥ tr❛✈❛✐❧ t❤é♦r✐q✉❡ ❡t ❡①♣ér✐♠❡♥t❛❧ ✐♠♣♦rt❛♥t ❛ été ❡✛❡❝t✉é ❞❛♥s ❧✬♦❜❥❡❝t✐❢ ❞❡ ré❛❧✐s❡r
✉♥ ❝♦✉♣❧❛❣❡ t✉♥♥❡❧ ❝♦❤ér❡♥t ❡♥tr❡ ❞❡✉① ❣✉✐❞❡s✳ ▲❛ ré❛❧✐s❛t✐♦♥ ❞✬✉♥ t❡❧ ❝♦✉♣❧❛❣❡ ♣♦✉r✲
r❛✐t ❛✈♦✐r ❞❡s ❛♣♣❧✐❝❛t✐♦♥s ✐♠♣♦rt❛♥t❡s✳ ❊♥ ❡✛❡t✱ ✐❧ ♣❡r♠❡ttr❛✐t ❞❡ ré❛❧✐s❡r ✉♥❡ sé♣❛r❛tr✐❝❡
♣♦✉r ❛t♦♠❡s ❡t ❞♦♥❝ ♣♦✉rr❛✐t êtr❡ ✉t✐❧✐sé ❞❛♥s ✉♥ ✐♥t❡r❢ér♦♠ètr❡ ❛t♦♠✐q✉❡✳ ❉✬❛✉tr❡ ♣❛rt✱
❧❛ ré❛❧✐s❛t✐♦♥ ❞✬♦s❝✐❧❧❛t✐♦♥s ❏♦s❡♣❤s♦♥ ❡♥tr❡ ❞❡✉① ❝♦♥❞❡♥s❛ts✱ ❥❛♠❛✐s ré❛❧✐sé ❛✉ ❞é❜✉t ❞❡
♥♦tr❡ tr❛✈❛✐❧✱ ❝♦♥st✐t✉❛✐t ✉♥❡ ét❛♣❡ ✐♠♣♦rt❛♥t❡ ❞❛♥s ❧✬ét✉❞❡ ❞❡ ❧❛ ❝♦❤ér❡♥❝❡ ❞❡s ❝♦♥❞❡♥s❛ts✳
◆♦✉s ❛✈♦♥s ♣r♦♣♦sé ✉♥❡ ♠ét❤♦❞❡ ❡①♣ér✐♠❡♥t❛❧❡ ♣♦✉r ② ♣❛r✈❡♥✐r✳ ❉❛♥s ❝❡tt❡ ♣r♦♣♦s✐t✐♦♥✱
❞❡✉① ❝♦♥❞❡♥s❛ts ❛❧❧♦♥❣és s♦♥t ❝♦✉♣❧és s✉r t♦✉t❡ ❧❡✉r ❧♦♥❣✉❡✉r ❡t ♥♦✉s ❛✈♦♥s ♠♦♥tré q✉❡
❝❡tt❡ ❣é♦♠étr✐❡ ♣❡r♠❡t ❞✬❛tt❡✐♥❞r❡ ❧❡s ❞❡✉① ré❣✐♠❡s ❝❛r❛❝tér✐sés ♣❛r ❞❡s ✐♥t❡r❛❝t✐♦♥s ❡♥✲
tr❡ ❛t♦♠❡s ❞♦♠✐♥❛♥t❡s ♦✉ ♥é❣❧✐❣❡❛❜❧❡s r❡s♣❡❝t✐✈❡♠❡♥t✳ ❙✉r ❧❡ ♣❧❛♥ t❤é♦r✐q✉❡✱ ❥❡ ♠❡ s✉✐s
✐♥tér❡ssé❡ ❛✉① ♣❛rt✐❝✉❧❛r✐tés ❞❡ ❝❡tt❡ ❣é♦♠étr✐❡✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ❥✬❛✐ ♠✐s ❡♥ é✈✐❞❡♥❝❡ ❧✬❡①✲
✐st❡♥❝❡ ❞✬✐♥st❛❜✐❧✐tés ❞❡ ♠♦❞✉❧❛t✐♦♥s ❡♥ ♣rés❡♥❝❡ ❞✬♦s❝✐❧❧❛t✐♦♥s ❏♦s❡♣❤s♦♥ ❡♥tr❡ ❧❡s ❞❡✉①
❣✉✐❞❡s✳

❯♥ ❛♣♣♦rt ✐♠♣♦rt❛♥t ❞❡ ♥♦tr❡ ❣r♦✉♣❡ à ❧❛ ❝♦♠♠✉♥❛✉té ❞❡s ✏♣✉❝❡s ❛t♦♠✐q✉❡s✑ ❡st
♥♦tr❡ ét✉❞❡ ❞❡ ❧❛ r✉❣♦s✐té ❞✉ ♣♦t❡♥t✐❡❧ ❝réé ♣❛r ✉♥ ♠✐❝r♦✲✜❧ ❡t ❧❛ ♠✐s❡ ❛✉ ♣♦✐♥t

❞✬✉♥❡ ♠ét❤♦❞❡ ♣♦✉r s✬❛✛r❛♥❝❤✐r ❞❡ ❝❡tt❡ r✉❣♦s✐té✳ ▲❛ ♣rés❡♥❝❡ ❞✬✉♥❡ r✉❣♦s✐té ❞✉
♣♦t❡♥t✐❡❧ ❧♦♥❣✐t✉❞✐♥❛❧ ❞✬✉♥ ❣✉✐❞❡ ♠❛❣♥ét✐q✉❡ ré❛❧✐sé ♣❛r ✉♥ ♠✐❝r♦✲✜❧ ❛ été ♦❜s❡r✈é❡ ♣❛r
t♦✉s ❧❡s ❣r♦✉♣❡s tr❛✈❛✐❧❧❛♥t ❛✈❡❝ ❞❡s ♣✉❝❡s ❛t♦♠✐q✉❡s✳ ❈❡tt❡ r✉❣♦s✐té ❝♦♥st✐t✉❡ ✉♥❡ ❧✐♠✐t❡
✐♠♣♦rt❛♥t❡ ❞❡s ♣✉❝❡s ❛t♦♠✐q✉❡s✳ ❈♦♠♠❡ ❡❧❧❡ ❛✉❣♠❡♥t❡ ❧♦rsq✉❡ ❧❡ ♣✐è❣❡ ❡st r❛♣♣r♦❝❤é ❞✉
♠✐❝r♦✲✜❧✱ ❡❧❧❡ ❡st ✉♥ ♦❜st❛❝❧❡ à ❧❛ ré❛❧✐s❛t✐♦♥ ❞❡ ❣✉✐❞❡s très ❝♦♥✜♥és tr❛♥s✈❡rs❛❧❡♠❡♥t✳ ❊♥
❛♥❛❧②s❛♥t ❞❡s ♣r♦✜❧s ❞❡ ❞❡♥s✐té ❛t♦♠✐q✉❡ ❡t ❧❡s ✐♠♣❡r❢❡❝t✐♦♥s ❞✉ ✜❧✱ ♥♦✉s ❛✈♦♥s ♠♦♥tré
q✉❡ ❝❡tt❡ r✉❣♦s✐té ét❛✐t ❞û❡ ❛✉① ❞é❢♦r♠❛t✐♦♥s ❣é♦♠étr✐q✉❡s ❞❡s ❜♦r❞s ❞✉ ✜❧✳ ◆♦✉s ❛✈♦♥s
❡♥s✉✐t❡ ♠✐s ❛✉ ♣♦✐♥t ✉♥❡ ♠ét❤♦❞❡ ♣♦✉r s✬❛✛r❛♥❝❤✐r ❞❡ ❝❡tt❡ r✉❣♦s✐té✱ ❞❛♥s ❧❛q✉❡❧❧❡ ❧❡
❝♦✉r❛♥t ♣❛ss❛♥t ❞❛♥s ❧❡s ♠✐❝r♦✲✜❧s ❡st r❛♣✐❞❡♠❡♥t ♠♦❞✉❧é✳

❋✐♥❛❧❡♠❡♥t✱ ✉♥❡ ♣❛rt ✐♠♣♦rt❛♥t❡ ❞❡ ♥♦tr❡ ❝♦♥tr✐❜✉t✐♦♥ s❝✐❡♥t✐✜q✉❡ ❡st ❧✬ét✉❞❡ ❞❡ ❧❛
tr❛♥s✐t✐♦♥ ✈❡rs ✉♥ q✉❛s✐✲❝♦♥❞❡♥s❛t ❞❛♥s ✉♥ ❣❛③ ❞❡ ❇♦s❡ très ❛❧❧♦♥❣é✳ ❯♥ ❣❛③
❞❡ ❇♦s❡ ✐❞é❛❧ ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧ ♥❡ ♣rés❡♥t❡ ♣❛s ❞❡ ♣❤é♥♦♠è♥❡ ❞❡ ❝♦♥❞❡♥s❛t✐♦♥ ❞❡ ❇♦s❡✲
❊✐♥st❡✐♥ à ❧❛ ❧✐♠✐t❡ t❤❡r♠♦❞②♥❛♠✐q✉❡✳ ❊♥ ❡✛❡t✱ ♣♦✉r t♦✉t❡ t❡♠♣ér❛t✉r❡✱ ❧❛ ♣♦♣✉❧❛t✐♦♥ ❞❡s
ét❛ts ❡①❝✐tés ♥✬❡st ♣❛s ❜♦r♥é❡ ❧♦rsq✉❡ ❧❛ ❞❡♥s✐té ❛✉❣♠❡♥t❡✳ ▲❡ ❣❛③ ♣❡✉t t♦✉❥♦✉rs êtr❡ ❞é❝r✐t
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♣❛r ✉♥ ❣❛③ ❜♦s♦♥✐q✉❡ t❤❡r♠✐q✉❡✳ ❊♥ ♣❛rt✐❝✉❧✐❡r ❧❡ ♣❤é♥♦♠è♥❡ ❞❡ ❣r♦✉♣❡♠❡♥t ❞❡ ❇♦s♦♥s
❡st t♦✉❥♦✉rs ♣rés❡♥t✱ ❝❡ q✉✐ s❡ tr❛❞✉✐t ♣❛r ❧❛ ♣rés❡♥❝❡ ❞❡ ✢✉❝t✉❛t✐♦♥s ❞❡ ❞❡♥s✐té s✉♣ér✐❡✉r❡s
❛✉ ❜r✉✐t ❞❡ ❣r❡♥❛✐❧❧❡✳ ❊♥ ♣rés❡♥❝❡ ❞✬✐♥t❡r❛❝t✐♦♥s ré♣✉❧s✐✈❡s ❡♥tr❡ ❛t♦♠❡s✱ ❧❡s ✢✉❝t✉❛t✐♦♥s ❞❡
❞❡♥s✐té s♦♥t ❝♦ût❡✉s❡s ❡♥ é♥❡r❣✐❡ ❡t ❡❧❧❡s s♦♥t ré❞✉✐t❡s ❢♦rt❡♠❡♥t ❧♦rsq✉❡ ❧❛ ❞❡♥s✐té ❞❡✈✐❡♥t
✐♠♣♦rt❛♥t❡✳ ▲❡ ❣❛③ ❡♥tr❡ ❛❧♦rs ❞❛♥s ✉♥ ré❣✐♠❡ ❛♣♣❡❧é q✉❛s✐✲❝♦♥❞❡♥s❛t✳ ❈♦♥tr❛✐r❡♠❡♥t à ❧❛
❝♦♥❞❡♥s❛t✐♦♥ ❞❡ ❇♦s❡✲❊✐♥st❡✐♥ ❛♣♣❛r❛✐ss❛♥t ♣♦✉r ❧❡s ❣❛③ tr✐❞✐♠❡♥s✐♦♥♥❡❧✱ ❝❡tt❡ tr❛♥s✐t✐♦♥
✈❡rs ✉♥ q✉❛s✐✲❝♦♥❞❡♥s❛t ❞❛♥s ✉♥ ❣❛③ ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧ ♥❡ rés✉❧t❡ ♣❛s ❞✬✉♥❡ s❛t✉r❛t✐♦♥ ❞❡s
ét❛ts ❡①❝✐tés ♠❛✐s ❡❧❧❡ ❡st ❞û❡ ❛✉① ❝♦rré❧❛t✐♦♥s ❡♥tr❡ ❛t♦♠❡s ✐♥tr♦❞✉✐t❡s ♣❛r ❧❡s ✐♥t❡r❛❝t✐♦♥s✳
❏❡ ♠❡ s✉✐s ✐♥tér❡ssé❡ ❛✉ ❝❛s ❞✬✉♥ ❣❛③ ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧ ♣✐é❣é ❞❛♥s ✉♥ ♣✐è❣❡ ❤❛r♠♦♥✐q✉❡✳ ❏✬❛✐
❝❛❧❝✉❧é ❧❡s ♣❛r❛♠ètr❡s ❞❡ ❧❛ tr❛♥s✐t✐♦♥ ✈❡rs ✉♥ q✉❛s✐✲❝♦♥❞❡♥s❛t ♣♦✉r ✉♥ ❣❛③ ♣✐é❣é ❡t ❥✬❛✐
❞♦♥♥é ❧❡s ❝♦♥❞✐t✐♦♥s ♣♦✉r q✉❡ ❝❡tt❡ tr❛♥s✐t✐♦♥ ♥❡ s♦✐t ♣❛s ♠❛sq✉é❡ ♣❛r ✉♥❡ ❝♦♥❞❡♥s❛t✐♦♥ ❞û❡
à ❧❛ t❛✐❧❧❡ ✜♥✐❡ ❞✉ s②stè♠❡✳ ❉❛♥s ♥♦tr❡ ❡①♣ér✐❡♥❝❡✱ ❧❡ ❢♦rt ❝♦♥✜♥❡♠❡♥t tr❛♥s✈❡rs❡ ré❛❧✐s❛❜❧❡
❛✈❡❝ ✉♥❡ ♣✉❝❡ ❛t♦♠✐q✉❡ ♥♦✉s ♣❡r♠❡t ❞❡ ré❛❧✐s❡r ❞❡s ❣❛③ q✉❛s✐✲✉♥✐❞✐♠❡♥s✐♦♥♥❡❧s ❛②❛♥t ✉♥❡
t❡♠♣ér❛t✉r❡ ♣r♦❝❤❡ ❞❡ ❧✬é♥❡r❣✐❡ ❞✉ ♠♦✉✈❡♠❡♥t tr❛♥s✈❡rs❡✳ ◆♦✉s ❛✈♦♥s ♠✐s ❡♥ é✈✐❞❡♥❝❡
❧❛ tr❛♥s✐t✐♦♥ ✈❡rs ✉♥ q✉❛s✐✲❝♦♥❞❡♥s❛t ❞❛♥s ✉♥ t❡❧ s②stè♠❡ ❡t ♥♦✉s ❛✈♦♥s ♠♦♥tré q✉❡ ❧❛
tr❛♥s✐t✐♦♥ ♥✬❡st ♣❛s ❡①♣❧✐q✉é❡ ♣❛r ✉♥❡ s❛t✉r❛t✐♦♥ ❞❡s ét❛ts ❡①❝✐tés ❞✉ ❣❛③✳ P♦✉r ♠❡ttr❡ ❡♥
é✈✐❞❡♥❝❡ ❧❡ ♣❛ss❛❣❡ ✈❡rs ✉♥ q✉❛s✐✲❝♦♥❞❡♥s❛t✱ ♥♦✉s ❛✈♦♥s ♠❡s✉ré ❧❡s ✢✉❝t✉❛t✐♦♥s ❞❡ ❞❡♥s✐té
❛t♦♠✐q✉❡s ❡♥ ♠❡s✉r❛♥t ❧❡ ❜r✉✐t s✉r ❞❡s ✐♠❛❣❡s ❞✉ ♥✉❛❣❡ ♣r✐s❡s ♣❛r ✉♥❡ t❡❝❤♥✐q✉❡ ❞✬✐♠❛❣❡r✐❡
❡♥ ❛❜s♦r♣t✐♦♥✳ ❉❛♥s ❧❡ ré❣✐♠❡ ❞❡ ❣❛③ ✐❞é❛❧✱ ♥♦✉s ❛✈♦♥s ♠✐s ❡♥ é✈✐❞❡♥❝❡ ❧❡ ♣❤é♥♦♠è♥❡
❞❡ ❣r♦✉♣❡♠❡♥t ❞❡ ❇♦s♦♥s ❡♥ ♠❡s✉r❛♥t ❞❡s ✢✉❝t✉❛t✐♦♥s ❞❡ ❞❡♥s✐té s✉♣ér✐❡✉r❡s ❛✉ ❜r✉✐t
❞❡ ❣r❡♥❛✐❧❧❡ ❛tt❡♥❞✉ ♣♦✉r ✉♥ ❣❛③ s❛♥s ❝♦rré❧❛t✐♦♥s ❡♥tr❡ ❛t♦♠❡s✳ ❆ ♣❧✉s ❢♦rt❡ ❞❡♥s✐té✱
♥♦✉s ❛✈♦♥s ♠❡s✉ré ❞❡s ✢✉❝t✉❛t✐♦♥s ❞❡ ❞❡♥s✐té très ✐♥❢ér✐❡✉r❡s à ❝❡❧❧❡s ❛tt❡♥❞✉❡s ♣♦✉r ✉♥
❣❛③ ✐❞é❛❧ ❡t ❡♥ ❜♦♥ ❛❝❝♦r❞ ❛✈❡❝ ❧❡s ✢✉❝t✉❛t✐♦♥s ❛tt❡♥❞✉❡s ❞❛♥s ✉♥ q✉❛s✐✲❝♦♥❞❡♥s❛t✳ ❈❡s
rés✉❧t❛ts s♦♥t ❞é❝r✐ts ❞❛♥s ✹✳ ❊♥✜♥✱ ❡♥ ✉t✐❧✐s❛♥t ❧❡s ♣r♦✜❧s ❞❡ ❞❡♥s✐té✱ ♥♦✉s ❛✈♦♥s ♠♦♥tré
q✉❡ ❧❛ tr❛♥s✐t✐♦♥ ✈❡rs ✉♥ q✉❛s✐✲❝♦♥❞❡♥s❛t ♥✬❡st ♣❛s ❡①♣❧✐q✉é❡ ♣❛r ✉♥❡ s❛t✉r❛t✐♦♥ ❞❡s ét❛ts
❡①❝✐tés ❞❛♥s ❧❡ ❝❛❞r❡ ❞✬✉♥❡ t❤é♦r✐❡ ❞❡ ❝❤❛♠♣ ♠♦②❡♥✳ ❉❛♥s ✉♥❡ ❛♣♣r♦❝❤❡ ❝❤❛♠♣ ♠♦②❡♥✱ ❧❡s
✐♥t❡r❛❝t✐♦♥s ❡♥tr❡ ❛t♦♠❡s s♦♥t tr❛✐tés ❝♦♠♠❡ ✉♥ ❝❤❛♠♣ ❡①t❡r♥❡ q✉✐ ❞é♣❡♥❞ ❞❡ ❧❛ ❞❡♥s✐té
❡t ❧✬✐♥tr♦❞✉❝t✐♦♥ ❞❡ ❝♦rré❧❛t✐♦♥ ❡♥tr❡ ❛t♦♠❡s ♣❛r ❧❡s ✐♥t❡r❛❝t✐♦♥s ❡st ♥é❣❧✐❣é✳

P❧❛♥ ❞✉ ♠❛♥✉s❝r✐t

▲❡ ♣r❡♠✐❡r ❝❤❛♣✐tr❡ ❞❡ ❝❡ ♠❛♥✉s❝r✐t r❡❧❛t❡ ❧❡s ét✉❞❡s t❤é♦r✐q✉❡s q✉❡ ♥♦✉s ❛✈♦♥s ❡✛❡❝t✉é❡s
s✉r ❧❛ ❝♦♠♣r❡ss✐♦♥ ❞❡ s♣✐♥✳ ▲❡ ❞❡✉①✐è♠❡ ❝❤❛♣✐tr❡ ❞é❝r✐t ♥♦tr❡ ❝❛❧❝✉❧ ❞❡s ✢✉❝t✉❛t✐♦♥s ❞❡
♣❤❛s❡ ✐♥tr♦❞✉✐t❡s ♣❛r ❧❡s ✐♥t❡r❛❝t✐♦♥s ❡♥tr❡ ❛t♦♠❡s ❞❛♥s ✉♥ ✏❧❛s❡r à ❛t♦♠❡s✑ ❣✉✐❞és✳ ▲❡
tr♦✐s✐è♠❡ ❝❤❛♣✐tr❡✱ t♦✉❥♦✉rs t❤é♦r✐q✉❡✱ r❡❧❛t❡ ♥♦s tr❛✈❛✉① s✉r ❧❡s ❣❛③ ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧s ❝♦✉✲
♣❧és✳ ❉❛♥s ❧❡ q✉❛tr✐è♠❡ ❝❤❛♣✐tr❡✱ ♥♦✉s ❞é❝r✐✈♦♥s ♥♦s ét✉❞❡s s✉r ❧❛ r✉❣♦s✐té ❞❡s ♠✐❝r♦✲❣✉✐❞❡s
♠❛❣♥ét✐q✉❡s ❡t ♥♦✉s ♣rés❡♥t♦♥s ❧❛ t❡❝❤♥✐q✉❡ ❞❡ ♠♦❞✉❧❛t✐♦♥ q✉✐ ♣❡r♠❡t ❞❡ s✬❛✛r❛♥❝❤✐r ❞❡
❝❡tt❡ r✉❣♦s✐té✳ ▲❡ ❝✐♥q✉✐è♠❡ ❝❤❛♣✐tr❡ ❡st ❞é❞✐é à ♥♦s ét✉❞❡s s✉r ❧❡s ❣❛③ ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧
❡♥ ✐♥t❡r❛❝t✐♦♥ ❢❛✐❜❧❡✳ ▲❡s rés✉❧t❛ts t❤é♦r✐q✉❡s ❡t ❡①♣ér✐♠❡♥t❛✉① s✉r ❧❛ tr❛♥s✐t✐♦♥ ✈❡rs ✉♥
q✉❛s✐✲❝♦♥❞❡♥s❛t s♦♥t ♣rés❡♥tés✳ ❊♥✜♥✱ ♥♦✉s ❝♦♥❝❧✉♦♥s ❡t ❞✐s❝✉t♦♥s ❞❡s ♣❡rs♣❡❝t✐✈❡s ♦✉✲
✈❡rt❡s ♣❛r ♥♦s tr❛✈❛✉①✳ ❆♣rès ❧❛ ❜✐❜❧✐♦❣r❛♣❤✐❡ ❞❡ ❝❡ ♠❛♥✉s❝r✐t✱ ♥♦✉s ❛✈♦♥s ❛❥♦✉té ✉♥❡
❝♦♠♣✐❧❛t✐♦♥ ❞❡s ❛rt✐❝❧❡s ❝♦rr❡s♣♦♥❞❛♥t ❛✉① tr❛✈❛✉① ♣♦st❞♦❝t♦r❛✉①✳ ▲❛ t❛❜❧❡ ❞❡s ♠❛t✐èr❡s
❞❡ ❝❡tt❡ ❝♦♠♣✐❧❛t✐♦♥ ❡st ♣❧❛❝é❡ ❛✉✲❞é❜✉t ❞❡ ❝❡tt❡ s❡❝t✐♦♥✳
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❈❤❛♣✐tr❡ ✷

❈♦♠♣r❡ss✐♦♥ ❞❡ s♣✐♥ ❞✬✉♥❡ ❛ss❡♠❜❧é❡

❞✬❛t♦♠❡s

❈♦♥s✐❞ér♦♥s ✉♥ ♦❜❥❡t ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ J✳ ❈❧❛ss✐q✉❡♠❡♥t✱ s✐ ❧❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡
♣♦✐♥t❡ ❞❛♥s ❧❛ ❞✐r❡❝t✐♦♥ x✱ ✉♥❡ ♠❡s✉r❡ ❞❡ s❛ ❝♦♠♣♦s❛♥t❡ s❡❧♦♥ ❧❡s ❞✐r❡❝t✐♦♥s ♦rt❤♦❣♦♥❛❧❡s
y ❡t z ❞♦♥♥❡ ✉♥ rés✉❧t❛t ♥✉❧✳ ◗✉❛♥t✐q✉❡♠❡♥t✱ ✐❧ ❡♥ ✈❛ ❞✐✛ér❡♠♠❡♥t ❝❛r ❧❡s ♣r♦❥❡❝t✐♦♥s
❞✉ ♠♦♠❡♥t ❝✐♥ét✐q✉❡s s✉r ❧❡s tr♦✐s ❛①❡s x✱ y ❡t z ♥❡ ♣❡✉✈❡♥t ♣❛s êtr❡ s✐♠✉❧t❛♥é♠❡♥t
❜✐❡♥ ❞é✜♥✐❡s✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ s✐ ❧❛ ❝♦♠♣♦s❛♥t❡ ❞❡ J s❡❧♦♥ x ❡st ♣❛r❢❛✐t❡♠❡♥t ❝♦♥♥✉❡✱ ❛❧♦rs
❧❡s ❝♦♠♣♦s❛♥t❡s Jy ❡t Jz ♣rés❡♥t❡♥t ✉♥❡ ❞✐s♣❡rs✐♦♥ ✭♦✉ ✉♥❡ ✐♥❝❡rt✐t✉❞❡✮ q✉❛♥t✐q✉❡✳ P❧✉s
t❡❝❤♥✐q✉❡♠❡♥t✱ ❧❡s r❡❧❛t✐♦♥s ❞❡ ❝♦♠♠✉t❛t✐♦♥ ❞❡s ❝♦♠♣♦s❛♥t❡s ❞❡ J ✐♠♣❧✐q✉❡♥t ❧✬✐♥é❣❛❧✐té

∆Jz∆Jy ≥ h̄〈Jx〉/2, ✭✷✳✶✮

♦ù ∆Jz ❡t ∆Jy s♦♥t ❧❡s r❛❝✐♥❡s ❞❡s ✈❛❧❡✉rs q✉❛❞r❛t✐q✉❡s ♠♦②❡♥♥❡s✳ ❈❡s r❡❧❛t✐♦♥s s♦♥t
s✐♠✐❧❛✐r❡s ❛✉① r❡❧❛t✐♦♥s ❞✬✐♥❝❡rt✐t✉❞❡s r❡❧✐❛♥t ❧❛ ❞✐s♣❡rs✐♦♥ ❡♥ ♣♦s✐t✐♦♥ ❡t ❡♥ ✈✐t❡ss❡ ❞✬✉♥❡
♣❛rt✐❝✉❧❡✳

▲❡ ❢♦r♠❛❧✐s♠❡ ❞❡s ♠♦♠❡♥t ❝✐♥ét✐q✉❡s ♣❡r♠❡t ❞❡ ❞é❝r✐r❡ ❧✬ét❛t ❞✬✉♥ ❡♥s❡♠❜❧❡ ❞✬❛t♦♠❡s
à ❞❡✉① ♥✐✈❡❛✉①✳ ❊♥ ❡✛❡t✱ ✉♥ ❛t♦♠❡ à ❞❡✉① ♥✐✈❡❛✉① |a〉 ❡t |b〉 ♣❡✉t êtr❡ r❡♣rés❡♥té❡ ♣❛r ✉♥
s♣✐♥ ✶✴✷ ✜❝t✐❢ S t❡❧ q✉❡ Sz = 1/2(|a〉〈a| − |b〉〈b|)✳ ❯♥❡ ❛ss❡♠❜❧é❡ ❝♦♠♣♦rt❛♥t N ❛t♦♠❡s
♣❡✉t ❛❧♦rs êtr❡ r❡♣rés❡♥té❡ ♣❛r ❧❡ s♣✐♥ ❝♦❧❧❡❝t✐❢ J ❡t ❧✬✐♥é❣❛❧✐té ✷✳✶ ❡st ✈ér✐✜é❡✱ ❧❡ ❢❛❝t❡✉r h̄
❡♥ ♠♦✐♥s✳ ❈♦♥s✐❞ér♦♥s ❧❡ ❝❛s ♦ù t♦✉s ❧❡s ❛t♦♠❡s s♦♥t ❞❛♥s ❧✬ét❛t ❞❡ s♣✐♥ ♣♦✐♥t❛♥t s❡❧♦♥ x
✭✐✳❡✳ ❞❛♥s ❧✬ét❛t (|a〉+ |b〉)/

√
2✮✳ ❈♦♠♠❡ Jz = (na−nb)/2✱ ♠❡s✉r❡r Jz ❝♦♥s✐st❡ à ♠❡s✉r❡r ❧❡

♥♦♠❜r❡ ❞✬❛t♦♠❡s ❞❛♥s ❝❤❛❝✉♥ ❞❡s ét❛ts |a〉 ❡t |b〉✳ ❈♦♠♠❡ ❝❤❛q✉❡ ❛t♦♠❡ ❛ ✉♥❡ ♣r♦❜❛❜✐❧✐té
✶✴✷ ❞✬êtr❡ ❞❛♥s ❧✬ét❛t |a〉 ♦✉ |b〉✱ ❧❛ ❞✐str✐❜✉t✐♦♥ ❞❡ ♣r♦❜❛❜✐❧✐té ❞❡s rés✉❧t❛ts ❞❡ ❧❛ ♠❡s✉r❡ ❞❡
Jz ❡st ❧❛ ❞✐str✐❜✉t✐♦♥ ❜✐♥♦♠✐❛❧❡✳ ▲❛ r❛❝✐♥❡ ❞❡ ❧❛ ✈❛r✐❛♥❝❡ ✭❧❛r❣❡✉r r♠s ❞❡ ❧❛ ❞✐str✐❜✉t✐♦♥✮
❡st ❞♦♥❝ ∆Jz =

√
N/2✳ ◗✉✐tt❡ à ❝❤❛♥❣❡r ❞❡ ❜❛s❡✱ ❧❡ ♠ê♠❡ r❛✐s♦♥♥❡♠❡♥t ♣❡✉t êtr❡ ❢❛✐t

♣♦✉r Jy✳ ❖♥ ❛ ❞♦♥❝ ∆Jz = ∆Jy✳ ❈❡t ét❛t ❡st ✉♥ ét❛t ❞✬✐♥❝❡rt✐t✉❞❡ ♠✐♥✐♠✉♠ ♣✉✐sq✉❡
∆Jz∆Jy = 〈Jx〉/2✳ ▲❛ ✜❣✉r❡ ✷✳✶ ❞♦♥♥❡ ✉♥❡ r❡♣rés❡♥t❛t✐♦♥ ❣r❛♣❤✐q✉❡ ❞❡ ❝❡t ét❛t✱ ❛♣♣❡❧é
ét❛t st❛♥❞❛r❞ ♦✉ ét❛t ❝♦❤ér❡♥t✳ ▲❡s ✢✉❝t✉❛t✐♦♥s ❞❡ Jz ✭r❡s♣✳ Jy ✮ s♦♥t ❛♣♣❡❧é❡s ❜r✉✐t ❞❡
♣r♦❥❡❝t✐♦♥ q✉❛♥t✐q✉❡s ❝❛r ❡❧❧❡s rés✉❧t❡♥t ❞✉ ❢❛✐t q✉❡✱ ❧♦rs ❞❡ ❧❛ ♠❡s✉r❡ ❞❡ Jz ✭r❡s♣✳ Jy✮✱
❧✬ét❛t ❞❡ ❝❤❛q✉❡ ❛t♦♠❡ ❡✛❡❝t✉❡ ✉♥ s❛✉t q✉❛♥t✐q✉❡✳ ❯♥ ét❛t ♣rés❡♥t❛♥t ❞❡s ✢✉❝t✉❛t✐♦♥s
♣❧✉s ❢❛✐❜❧❡s q✉❡ ❧❛ ❧✐♠✐t❡ st❛♥❞❛r❞ ❞❛♥s ✉♥❡ ❞✐r❡❝t✐♦♥ ❞✉ s♣✐♥ ♣❡r♣❡♥❞✐❝✉❧❛✐r❡ ❛✉ s♣✐♥

✾
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θ

❋✐❣✳ ✷✳✶ ✕ ❘❡♣rés❡♥t❛t✐♦♥ ❞❡ ❧✬ét❛t ❞❡ s♣✐♥ ❞✬✉♥❡ ❛ss❡♠❜❧é❡ ❞✬❛t♦♠❡s✳ ▲❛ ❞✐s♣❡rs✐♦♥ ❞❡s
✈❛❧❡✉rs q✉❡ ♣❡✉t ♣r❡♥❞r❡ ❧❡ s♣✐♥ ❞❛♥s ❧❡s ❞✐r❡❝t✐♦♥s ♦rt❤♦❣♦♥❛❧❡s à ❧❛ ❞✐r❡❝t✐♦♥ ❞✉ s♣✐♥
♠♦②❡♥ ❡st r❡♣rés❡♥té ♣❛r ✉♥ ❝❡r❝❧❡ ♣♦✉r ❧✬ét❛t ❝♦❤ér❡♥t ❡t ♣♦✉r ✉♥❡ ❡❧❧✐♣s❡ ♣♦✉r ✉♥ ét❛t
❝♦♠♣r✐♠é✳

♠♦②❡♥ ❡st ❛♣♣❡❧é ét❛t ❝♦♠♣r✐♠é ❞❡ s♣✐♥✳ ❉❛♥s ❝❡ ❝❤❛♣✐tr❡✱ ♥♦✉s ✐♥tr♦❞✉✐r♦♥s ❡t ✉t✐❧✐s❡r♦♥s
❡♥ ❢❛✐t ✉♥❡ ❞é✜♥✐t✐♦♥ ♣❧✉s r❡str✐❝t✐✈❡ ❞❡ ❧❛ ♥♦t✐♦♥ ❞✬ét❛t ❝♦♠♣r✐♠é ❞❡ s♣✐♥✱ q✉✐ ✐♠♣♦s❡
❡♥ ♣❧✉s q✉❡ ❧❛ ♥♦r♠❡ ❞✉ s♣✐♥ ♠♦②❡♥ s♦✐t ❛ss❡③ ❣r❛♥❞❡✳ ❯♥ ét❛t ❞❡ s♣✐♥ ❝♦♠♣r✐♠é ♣❡r♠❡t
❞✬❛♠é❧✐♦r❡r ❧❛ s❡♥s✐❜✐❧✐té ❞❡s ✐♥t❡r❢ér♦♠ètr❡s ❛t♦♠✐q✉❡s✱ ❝♦♠♠❡ r❡♠❛rq✉é ❞❡♣✉✐s ✶✾✾✹❬✶✵✺❪✳
❈❡tt❡ ♣r♦♣r✐été ❡st ❧❛ ♠♦t✐✈❛t✐♦♥ ♣r✐♥❝✐♣❛❧❡ ❞❡ ❧✬ét✉❞❡ ❞❡s ét❛ts ❝♦♠♣r✐♠és✳

❖♥ ♠♦♥tr❡ q✉✬✉♥❡ ❛ss❡♠❜❧é❡ ❞✬❛t♦♠❡s ❞❡ s♣✐♥ ❝♦♠♣r✐♠é ♣rés❡♥t❡ ❞❡s ❝♦rré❧❛t✐♦♥s q✉❛♥✲
t✐q✉❡s ❡♥tr❡ ❛t♦♠❡s ✭✐♥tr✐❝❛t✐♦♥✮❬✾✸❪✳ ▲❛ ré❛❧✐s❛t✐♦♥ ❞✬✉♥ ét❛t ❞❡ s♣✐♥ ❝♦♠♣r✐♠é ♣❛r é✈♦❧✉✲
t✐♦♥ ❤❛♠✐❧t♦♥✐❡♥♥❡ ♥é❝❡ss✐t❡ ❞♦♥❝ ❧❛ ♣rés❡♥❝❡ ❞✬✐♥t❡r❛❝t✐♦♥s ❡♥tr❡ ❛t♦♠❡s✳ ■❧ ❛ été ♣r♦♣♦sé
♣❛r ❡①❡♠♣❧❡ ❞✬✉t✐❧✐s❡r ❧✬✐♥t❡r❛❝t✐♦♥ ❡♥tr❡ ✐♦♥s ♣✐é❣és❬✻✽❪ ♣♦✉r ré❛❧✐s❡r ❞❡ ❧❛ ❝♦♠♣r❡ss✐♦♥ ❞❡
s♣✐♥✳ ❈♦♥tr❛✐r❡♠❡♥t ❛✉① ✐♦♥s✱ ❧❡s ❛t♦♠❡s ♥❡✉tr❡s ❞❛♥s ❧❡✉r ét❛t ❢♦♥❞❛♠❡♥t❛❧ ✐♥t❡r❛❣✐ss❡♥t
♣❡✉ ❡♥tr❡ ❡✉① ❡t ✐❧ ❡st à ♣r✐♦r✐ ❞✐✣❝✐❧❡ ❞❡ ré❛❧✐s❡r ✉♥❡ ✐♥tr✐❝❛t✐♦♥ ❡♥tr❡ ❛t♦♠❡s✳ ❉✬✉♥ ❛✉tr❡
❝ôté ❧❡✉r ❢❛✐❜❧❡ ✐♥t❡r❛❝t✐♦♥ ❡♥tr❡ ❡✉① ❡t ❛✈❡❝ ❧❡s ❝❤❛♠♣s ❡①tér✐❡✉rs ❡♥ ❢♦♥t ❞❡ ❜♦♥s ❝❛♥✲
❞✐❞❛ts ♣♦✉r ❧✬✐♥t❡r❢ér♦♠étr✐❡ ❛t♦♠✐q✉❡✳ ❘é❛❧✐s❡r ✉♥❡ ❝♦♠♣r❡ss✐♦♥ ❞❡ s♣✐♥ ❞✬✉♥❡ ❛ss❡♠❜❧é❡
❞✬❛t♦♠❡s ♥❡✉tr❡s ❡st ❞♦♥❝ ✉♥ ❞é✜ ✐♠♣♦rt❛♥t à r❡❧❡✈❡r✳

P❧✉s✐❡✉rs ♠ét❤♦❞❡s ♦♥t été ♣r♦♣♦sé❡s ♣♦✉r ré❛❧✐s❡r ✉♥❡ ❝♦♠♣r❡ss✐♦♥ ❞❡ s♣✐♥ ❞✬✉♥❡ ❛s✲
s❡♠❜❧é❡ ❞✬❛t♦♠❡s ♥❡✉tr❡s✳ ❚♦✉t ❞✬❛❜♦r❞✱ ✐❧ ❡st ❡♥✈✐s❛❣❡❛❜❧❡ ❞✬✉t✐❧✐s❡r ✉♥ ❝♦♥❞❡♥s❛t ❞❡
❇♦s❡✲❊✐♥st❡✐♥ ❬✾✹✱ ✽✸❪ ✿ ✉♥ t❡❧ ♥✉❛❣❡ ❡st s✉✣s❛♠♠❡♥t ❞❡♥s❡ ♣♦✉r q✉❡ ❧❡s ✐♥t❡r❛❝t✐♦♥s ❡♥tr❡
❛t♦♠❡s ♣✉✐ss❡♥t êtr❡ ✉t✐❧✐sé❡s✳ ❯♥❡ ❛✉tr❡ ♣r♦♣♦s✐t✐♦♥✱ t♦✉❥♦✉rs ♣♦✉r ✉♥ ❝♦♥❞❡♥s❛t✱ ❝♦♥s✐st❡
à ré❛❧✐s❡r ✉♥❡ ✐♥t❡r❛❝t✐♦♥ ❡✛❡❝t✐✈❡ ✐♠♣♦rt❛♥t❡ ❡♥tr❡ ❛t♦♠❡s ❡♥ ✉t✐❧✐s❛♥t ❞❡s tr❛♥s✐t✐♦♥s ❘❛✲
♠❛♥ ✈✐❛ ❞❡s ét❛ts ♠♦❧é❝✉❧❛✐r❡s ❡①❝✐tés ❬✸✾❪✳ ❉❛♥s ❬✶✷❪✱ ♥♦✉s ❛✈♦♥s ♣r♦♣♦sé ✉♥❡ ♠ét❤♦❞❡
♣♦✉r ré❛❧✐s❡r ✉♥❡ ❝♦♠♣r❡ss✐♦♥ ❞❡ s♣✐♥ q✉✐ ✉t✐❧✐s❡ ❧✬✐♥t❡r❛❝t✐♦♥ ❢♦rt❡ ❡♥tr❡ ❛t♦♠❡s ❧♦rsq✉✬✐❧s
s♦♥t ♣❧❛❝és ❞❛♥s ❞❡s ét❛ts très ❡①❝✐tés ❛♣♣❡❧és ét❛ts ❞❡ ❘②❞❜❡r❣✳ ▲✬✐❞é❡ ❞✬✉t✐❧✐s❡r ❧✬✐♥t❡r✲
❛❝t✐♦♥ ❞✐♣♦❧❛✐r❡ ❡♥tr❡ ❛t♦♠❡s ❞❡ ❘②❞❜r❣❡ ♣♦✉r ✐♥tr♦❞✉✐r❡ ❞❡s ❝♦rré❧❛t✐♦♥s ❡♥tr❡ ❛t♦♠❡s
❛✈❛✐t ❞é❥à été ♣r♦♣♦sé ♣❛r ▲✉❦✐♥✱ q✉✐ ❛✈❛✐t ♠♦♥tr❡r ❝♦♠♠❡♥t ✉t✐❧✐s❡r ❝❡tt❡ ✐♥t❡r❛❝t✐♦♥ ♣♦✉r
ré❛❧✐s❡r ✉♥❡ ♣♦rt❡ ❧♦❣✐q✉❡ q✉❛♥t✐q✉❡❬✹✺❪✳

❯♥❡ ❛✉tr❡ t❡❝❤♥✐q✉❡ ♣♦✉r ✐♥tr♦❞✉✐r❡ ❞❡ ❧✬✐♥tr✐❝❛t✐♦♥ ❡♥tr❡ ❛t♦♠❡s ❡st ❞✬✉t✐❧✐s❡r ❧✬✐♥tr✐❝❛✲
t✐♦♥ ét❛❜❧✐❡ ❡♥tr❡ ❧✬ét❛t ❞✬✉♥ ♣❤♦t♦♥ ❡t ❧✬❛ss❡♠❜❧é❡ ❞✬❛t♦♠❡s ❛✈❡❝ ❧❛q✉❡❧❧❡ ✐❧ ❛ ✐♥t❡r❛❣✐✳ ❯♥❡
♠❡s✉r❡ ❞❡ ❧✬ét❛t ❞✉ ♣❤♦t♦♥ ♣❡r♠❡t ❞❡ ♣r♦❥❡t❡r ❧❡ s②stè♠❡ ❛t♦♠✐q✉❡ s✉r ✉♥ ét❛t ✐♥tr✐q✉é✳
❈❡tt❡ ré❛❧✐s❛t✐♦♥ ❞✬✐♥tr✐❝❛t✐♦♥ ✉t✐❧✐s❛♥t ✉♥❡ ♠❡s✉r❡ ❞❡ ❧✬ét❛t ❞✬✉♥ ♣❤♦t♦♥ ♣❡✉t ♣❡r♠❡ttr❡
❞✬✐♥tr✐q✉❡r ❞❡✉① ❛t♦♠❡s❬✻✺❪✳ ■❧ ❡st ❛✉ss✐ ♣♦ss✐❜❧❡ ❞❡ ❝❡tt❡ ❢❛ç♦♥ ❞❡ ré❛❧✐s❡r ✉♥ ét❛t ❞❡ s♣✐♥
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❝♦♠♣r✐♠é ❞✬✉♥❡ ❛ss❡♠❜❧é❡ ❞✬❛t♦♠❡s❬✺✾❪✳ ❈❡tt❡ ♠ét❤♦❞❡ ❞❡ ❝♦♠♣r❡ss✐♦♥ ❞❡ s♣✐♥ r❡♣♦s❡ ♣❧✉s
♣ré❝✐sé♠❡♥t s✉r ❧❛ ♠❡s✉r❡ ❞✉ ❞é♣❤❛s❛❣❡ ♦♣t✐q✉❡ ❞✬✉♥ ❢❛✐s❝❡❛✉ ❧✉♠✐♥❡✉① ♣❛ss❛♥t ❞❛♥s ❧❡
♥✉❛❣❡ ❛t♦♠✐q✉❡✳ ❏✬❛✐ ét✉❞✐é ❧❡s ❧✐♠✐t❡s ❞❡ ❝❡tt❡ ♠ét❤♦❞❡ ❞❡ ❝♦♠♣r❡ss✐♦♥ ❞❡ s♣✐♥ ♣❛r ♠❡s✉r❡
❞❡ ❞é♣❤❛s❛❣❡ ♦♣t✐q✉❡✳ ❈❡ tr❛✈❛✐❧ ❛ ❢❛✐t ❧✬♦❜❥❡t ❞❡ ❧✬❛rt✐❝❧❡ ❬✶✶❪✳

▲❡ ♣❧❛♥ ❞❡ ❝❡ ❝❤❛♣✐tr❡ ❡st ❧❡ s✉✐✈❛♥t✳ ❉❛♥s ❧❛ ♣r❡♠✐èr❡ s❡❝t✐♦♥✱ ♥♦✉s ♠♦♥tr♦♥s ❡♥ q✉♦✐
❧❛ s❡♥s✐❜✐❧✐té ❞❡s ✐♥t❡r❢ér♦♠ètr❡s ❡st ❛♠é❧✐♦ré❡ ♣❛r ❧✬✉t✐❧✐s❛t✐♦♥ ❞✬✉♥ ét❛t ❞❡ s♣✐♥ ❝♦♠♣r✐♠é✳
▲❛ ❞❡✉①✐è♠❡ s❡❝t✐♦♥ ♣rés❡♥t❡ ♥♦tr❡ ♣r♦♣♦s✐t✐♦♥ ♣♦✉r ré❛❧✐s❡r ✉♥❡ ❝♦♠♣r❡ss✐♦♥ ❞❡ s♣✐♥ ❡♥
✉t✐❧✐s❛♥t ❧✬✐♥t❡r❛❝t✐♦♥ ❡♥tr❡ ❛t♦♠❡s ❞❡ ❘②❞❜❡r❣✳ ❉❛♥s ❧❛ tr♦✐s✐è♠❡ s❡❝t✐♦♥✱ ♥♦✉s ♣rés❡♥t♦♥s
♥♦tr❡ ét✉❞❡ s✉r ❧❛ ♠ét❤♦❞❡ ❞❡ ❝♦♠♣r❡ss✐♦♥ ❞❡ s♣✐♥ ♣❛r ♠❡s✉r❡ ❞✬✉♥ ❞é♣❤❛s❛❣❡ ♦♣t✐q✉❡✳
❊♥✜♥✱ ♥♦✉s ❝♦♥❝❧✉♦♥s ❝❡ ❝❤❛♣✐tr❡ ❡♥ ♠❡♥t✐♦♥♥❛♥t ❧❡s ♣❡rs♣❡❝t✐✈❡s ❧✐é❡s à ❝❡s tr❛✈❛✉①✳

✷✳✶ ❈♦♠♣r❡ss✐♦♥ ❞❡ s♣✐♥ ❡t ✐♥t❡r❢ér♦♠étr✐❡

❉❛♥s ✉♥❡ ❡①♣ér✐❡♥❝❡ ❞✬✐♥t❡r❢ér♦♠étr✐❡ ❛t♦♠✐q✉❡✱ ❧❛ q✉❛♥t✐té ♠❡s✉ré❡ ❡st ❧❡ ❞é♣❤❛s❛❣❡
❡♥tr❡ ❞❡✉① ét❛ts ❛t♦♠✐q✉❡s ❛♣rès ❧❛ ♣ré♣❛r❛t✐♦♥ ❞❡ ❧✬❛t♦♠❡ ❞❛♥s ✉♥❡ s✉♣❡r♣♦s✐t✐♦♥ ❝♦✲
❤ér❡♥t❡ ❞❡s ❞❡✉① ét❛ts ❛✈❡❝ ❞❡s ♣♦✐❞s é❣❛✉①✳ ❊♥ t❡r♠❡ ❞❡ s♣✐♥ ✜❝t✐❢✱ ♦♥ ♠❡s✉r❡ ❞♦♥❝ ✉♥❡
r♦t❛t✐♦♥ ❞✉ s♣✐♥ ❛✉t♦✉r ❞❡ ❧✬❛①❡ z✱ ❧❡ s♣✐♥ ♠♦②❡♥ ét❛♥t ♣❡r♣❡♥❞✐❝✉❧❛✐r❡ à z✳ ❉❛♥s ❧❡ ❝❛s
❞✬✉♥❡ ❛ss❡♠❜❧é❡ ❞✬❛t♦♠❡s ❞❡ s♣✐♥ ❝♦❧❧❡❝t✐❢ J ✱ ❧✬❛♥❣❧❡ ❞❡ r♦t❛t✐♦♥ θ ♣rés❡♥t❡ ❞❡s ✢✉❝t✉❛t✐♦♥s
q✉✐✱ ❧♦rsq✉❡ θ ❡st ♣❡t✐t✱ s♦♥t ❞♦♥♥és ❛♣♣r♦①✐♠❛t✐✈❡♠❡♥t ♣❛r

∆θ = ∆Jy/〈Jx〉 ✭✷✳✷✮

♦ù ❧✬❛①❡ x ❡st ❧❛ ❞✐r❡❝t✐♦♥ ❞✉ s♣✐♥ ♠♦②❡♥✳ ❉❛♥s ❧❡ ❝❛s ❞✬✉♥ ét❛t ❝♦❤ér❡♥t✱ ∆θ ❡st ❧❛ ❧✐♠✐t❡
st❛♥❞❛r❞ ∆θ0 = 1/

√
N ✱ ❛✉ss✐ ❛♣♣❡❧é❡ ❜r✉✐t ❞❡ ❣r❡♥❛✐❧❧❡ ❛t♦♠✐q✉❡✳ ❯♥❡ ♠❡✐❧❧❡✉r❡ rés♦❧✉t✐♦♥

♣❡✉t êtr❡ ♦❜t❡♥✉❡ ❡♥ ✉t✐❧✐s❛♥t ✉♥ s♣✐♥ ❝♦♠♣r✐♠é✱ ❝♦♠♠❡ ♣rés❡♥té ❋✐❣✳✷✳✶✳ ▲❛ ♣ré❝✐s✐♦♥ ❞❡
❧✬✐♥t❡r❢ér♦♠ètr❡ r❡❧❛t✐✈❡♠❡♥t ❛✉ ❝❛s ❞✬✉♥ ét❛t ❝♦❤ér❡♥t✱ ∆θ/∆θ0✱ ❡st ❞♦♥♥é ♣❛r ❧❡ ♣❛r❛♠ètr❡
❞❡ sq✉❡❡③✐♥❣

ξ =
√
N∆Jy/〈Jx〉. ✭✷✳✸✮

P❧✉s ξ ❡st ♣❡t✐t✱ ♠❡✐❧❧❡✉r❡ ❡st ❧❛ s❡♥s✐❜✐❧✐té ❞❡ ❧✬✐♥t❡r❢ér♦♠ètr❡✱ ❝❡ q✉✬✐❧❧✉str❡ ❧❛ ✜❣✉r❡ ✷✳✷✳
❈❡tt❡ ♣♦ss✐❜✐❧✐té ❞✬❛✉❣♠❡♥t❡r ❧❛ s❡♥s✐❜✐❧✐té ❞✬✉♥ ✐♥t❡r❢ér♦♠ètr❡ ❡♥ ✉t✐❧✐s❛♥t ❞❡s ét❛ts ❝♦♠✲
♣r✐♠és ❛ été ét✉❞✐é❡ ♣❛r ❲✐♥❡❧❛♥❞ ❞❛♥s ❬✶✵✺❪✳ P❧✉s t❛r❞✱ ❙ør❡♥s❡♥ ❡t ❛❧✳ ❬✾✸❪ ♦♥t ♠♦♥tré
q✉❡ ❧❛ ré❛❧✐s❛t✐♦♥ ❞✬✉♥ ♣❛r❛♠ètr❡ ξ ♣❧✉s ♣❡t✐t q✉❡ ✉♥ ♥é❝❡ss✐t❡ ❧❛ ♣rés❡♥❝❡ ❞❡ ❝♦rré❧❛t✐♦♥
q✉❛♥t✐q✉❡ ❡♥tr❡ ❛t♦♠❡s✳ ▲❡ ❢❛❝t❡✉r ξ ♣r❡♥❞ s❡s ✈❛❧❡✉rs ♠✐♥✐♠✉♠ ❧♦rsq✉❡ ∆Jy ❡t ❧❡ s♣✐♥
♠♦②❡♥ 〈Jx〉 t❡♥❞❡♥t ✈❡rs ③ér♦✳ ▲❛ ❜♦r♥❡ ✐♥❢ér✐❡✉r❡ ❞❡ ξ ✭❥❛♠❛✐s ❛tt❡✐♥t❡ ♣♦✉r ❧❡s ét❛ts ❞❡
s♣✐♥ ♠♦②❡♥ ♥♦♥ ♥✉❧✮ ❡st 1/

√
N ✳ ❈❡tt❡ ✈❛❧❡✉r✱ q✉✐ ❝♦rr❡s♣♦♥❞ à ✉♥❡ ♣ré❝✐s✐♦♥ ❞❡ ❧❛ ♠❡s✉r❡

❞❡ ❧❛ ♣❤❛s❡ r❡❧❛t✐✈❡ ❞❡ 1/N ❡st ❧❛ ❧✐♠✐t❡ ❞❡ ❍❡✐s❡♥❜❡r❣ ✿ ❝✬❡st ❧❛ ♠❡✐❧❧❡✉r❡ ♣ré❝✐s✐♦♥ ♣♦ss✐✲
❜❧❡ ❞❡ ❧❛ ♠❡s✉r❡ ❞✬✉♥❡ ♣❤❛s❡ r❡❧❛t✐✈❡ ❛✈❡❝ N ❛t♦♠❡s ❡t ❡❧❧❡ ❡st ♦❜t❡♥✉❡ ❡♥ ✉t✐❧✐s❛♥t ❧✬ét❛t
(|N : a〉 + 〈N : b|)/

√

(2) q✉✐ ❡st ✉♥ ét❛t ❞❡ t②♣❡ ❝❤❛t ❞❡ ❙❝❤rö❞✐♥❣❡r❬✼❪✳
▲❡s ❞❡✉① ♣❛r❛♠ètr❡s ∆Jy ❡t 〈Jx〉✱ q✉✐ ✐♥t❡r✈✐❡♥♥❡♥t ❞❛♥s ξ ♥❡ s♦♥t ♣❛s ✐♥❞é♣❡♥❞❛♥ts✳

❊♥ ♣❛rt✐❝✉❧✐❡r✱ ❧❡ s♣✐♥ ♠❛①✐♠✉♠ N/2 ♥✬❡st ♦❜t❡♥✉ q✉❡ ❞❛♥s ❧✬ét❛t ❝♦❤ér❡♥t ♦ù t♦✉s ❧❡s
❛t♦♠❡s s♦♥t ❞❛♥s ❧❡ ♠ê♠❡ ét❛t ❡t ♣♦✉r ❧❡q✉❡❧ ∆Jy =

√
N/2 ✿ 〈Jx〉 ❡st ❞♦♥❝ ✐♥❢ér✐❡✉r à N/2

♣♦✉r t♦✉t ét❛t ❝♦♠♣r✐♠é✳ ❉✬❛✉tr❡ ♣❛rt✱ ♣♦✉r ✉♥❡ ✈❛❧❡✉r ❞♦♥♥é❡ ❞❡ ∆Jy✱ ❧❡ s♣✐♥ ♠♦②❡♥
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θ

(a) (b)

z

π/2

√
N

θ

Jz
N/2

−N/2

❋✐❣✳ ✷✳✷ ✕ ■♥térêt ❞✬✉♥ ét❛t ❝♦♠♣r✐♠é ♣♦✉r ❧✬✐♥t❡r❢ér♦♠étr✐❡✳ ✭❛✮ Pr✐♥❝✐♣❡ ❞❡ ❧✬✐♥t❡r✲
❢ér♦♠étr✐❡ ✿ ❛♣rès ❛✈♦✐r ❧❛✐ssé ❧❡ s♣✐♥ ❝♦❧❧❡❝t✐❢ t♦✉r♥❡r ❞❛♥s ❧❡ ♣❧❛♥ ✭①②✮ s♦✉s ❧✬❡✛❡t ❞✬✉♥
❞é♣❤❛s❛❣❡ ❡♥tr❡ ❧❡s ét❛ts |a〉 ❡t |b〉✱ ✉♥❡ ✐♠♣✉❧s✐♦♥ π/2 s❡❧♦♥ x ❡st ❛♣♣❧✐q✉é❡✳ ▲❛ q✉❛♥t✐té
♠❡s✉ré❡ ❡st ❧❡ s♣✐♥ s❡❧♦♥ z✳ ✭❜✮ ❙✐❣♥❛❧ ❡t ❜r✉✐t ❞✬✉♥ ✐♥t❡r❢ér♦♠ètr❡ ❛t♦♠✐q✉❡ ❞❛♥s ❧❡ ❝❛s
❞✬✉♥ ét❛t ♥♦♥ ❝♦♠♣r✐♠é ✭③♦♥❡ ❤❛❝❤✉ré❡✮ ❡t ❞❛♥s ❧❡ ❝❛s ❞✬✉♥ ❝♦♠♣r✐♠é ✭③♦♥❡ ❣r✐sé❡✮✳ ▲✬❛♠✲
♣❧✐t✉❞❡ ❞✉ s✐❣♥❛❧ ❡st ❧é❣èr❡♠❡♥t ❞✐♠✐♥✉é ❞❛♥s ❧❡ ❝❛s ❞✉ s♣✐♥ ❝♦♠♣r✐♠é ❝❛r ❧❛ ♥♦r♠❡ ❞✉
s♣✐♥ ♠♦②❡♥ ❛ ❧é❣èr❡♠❡♥t ❞✐♠✐♥✉é❡✳ ❈❡♣❡♥❞❛♥t✱ ❧❡ ❜r✉✐t ❛ s✉✣s❛♠♠❡♥t ❞✐♠✐♥✉é ♣♦✉r q✉❡
❧❡ s✐❣♥❛❧ s✉r ❜r✉✐t ❛✐t ❛✉❣♠❡♥té✳

〈Jx〉 ❡st ♠❛①✐♠✉♠ ♣♦✉r ✉♥ ét❛t ❝♦♠♣❧èt❡♠❡♥t s②♠étr✐q✉❡ ♣❛r é❝❤❛♥❣❡ ❞❡s ❛t♦♠❡s✳ ❚♦✉t
♣❤é♥♦♠è♥❡ q✉✐ ❜r✐s❡ ❧✬✐♥✈❛r✐❛♥❝❡ ♣❛r é❝❤❛♥❣❡ ❞✬❛t♦♠❡s ❞✐♠✐♥✉❡ ❞♦♥❝ ❧❡ sq✉❡❡③✐♥❣✳ ❉❛♥s ❧❡
❝❛s ♦ù ❧❡ s②stè♠❡ r❡st❡ ❞❛♥s ✉♥ ét❛t s②♠étr✐q✉❡ ♣❛r é❝❤❛♥❣❡ ❞❡s ❛t♦♠❡s ❡t ♦ù ❧✬♦♥ s✉♣♣♦s❡
q✉❡ ❧❛ ❞✐str✐❜✉t✐♦♥ ❞❡ Jy ❡st ❣❛✉ss✐❡♥♥❡✱ ❧❡ s♣✐♥ ♠♦②❡♥ ❡st ❜✐❡♥ ❛♣♣r♦①✐♠é ♣❛r ❧✬éq✉❛t✐♦♥

〈Jx〉 = (N/2)e−1/(8∆J2
y ), ✭✷✳✹✮

q✉❡ ♥♦✉s ré✉t✐❧✐s❡r♦♥s ❞❛♥s ❧❛ s✉✐t❡✳

✷✳✷ ❯t✐❧✐s❛t✐♦♥ ❞✉ ❜❧♦❝❛❣❡ ❞❡ ❘②❞❜❡r❣

▲❡s ❤❛♠✐❧t♦♥✐❡♥s s✬❛♣♣❧✐q✉❛♥t à ✉♥ ❡♥s❡♠❜❧❡ ❞✬❛t♦♠❡s à ❞❡✉① ♥✐✈❡❛✉① ✐♥✈❛r✐❛♥t ♣❛r
é❝❤❛♥❣❡ ❞❡ ❞❡✉① ❛t♦♠❡s ♣❡✉✈❡♥t s✬é❝r✐r❡ à ♣❛rt✐r ❞❡s ❝♦♠♣♦s❛♥t❡s ❞✉ s♣✐♥ ❡✛❡❝t✐❢ J✳ ❯♥
❤❛♠✐❧t♦♥✐❡♥ ❧✐♥é❛✐r❡ ❡♥ J ♥❡ ♣❡✉t ♣❛s ✐♥tr♦❞✉✐r❡ ❞❡ ❝♦♠♣r❡ss✐♦♥ ❞❡ s♣✐♥✳ ❊♥ ❡✛❡t✱ ✉♥ t❡❧
❤❛♠✐❧t♦♥✐❡♥ ♣❡✉t s✬é❝r✐r❡ ❝♦♠♠❡ ✉♥❡ s♦♠♠❡ ❞❡ ❤❛♠✐❧t♦♥✐❡♥s ❛❣✐ss❛♥t ✐♥❞é♣❡♥❞❛♠♠❡♥t s✉r
❝❤❛❝✉♥ ❞❡s s♣✐♥s ❡t ✐❧ ♥❡ ♣❡✉t ❞♦♥❝ ♣❛s ✐♥tr♦❞✉✐r❡ ❧❡s ❝♦rré❧❛t✐♦♥s ❡♥tr❡ ❛t♦♠❡s ♥é❝❡ss❛✐r❡s
à ❧❛ ❝♦♠♣r❡ss✐♦♥ ❞❡ s♣✐♥✳ P❛r ❝♦♥tr❡✱ ❧❛ ♣❧✉♣❛rt ❞❡s ❤❛♠✐❧t♦♥✐❡♥s ❝♦♥t❡♥❛♥t ❞❡s t❡r♠❡s
♥♦♥ ❧✐♥é❛✐r❡s ❡♥ J s♦♥t s✉s❝❡♣t✐❜❧❡s ❞✬✐♥tr♦❞✉✐r❡ ❞❡ ❧❛ ❝♦♠♣r❡ss✐♦♥ ❞❡ s♣✐♥✳ ❆✐♥s✐✱ ❧❛ ✜❣✉r❡
✷✳✸ ✐❧❧✉str❡ ❧❛ ❝♦♠♣r❡ss✐♦♥ ré❛❧✐sé❡ ♣❛r ❧❡s ❤❛♠✐❧t♦♥✐❡♥s J2

z ❡t J2
x − J2

y ❬✺✺❪✳ ◆♦✉s ❛❧❧♦♥s
✈♦✐r q✉❡ ❞❡ t❡❧s ❤❛♠✐❧t♦♥✐❡♥s ♣❡✉✈❡♥t êtr❡ ♦❜t❡♥✉s ❡♥ ✉t✐❧✐s❛♥t ❧✬✐♥t❡r❛❝t✐♦♥ ❡♥tr❡ ❛t♦♠❡s
❞❛♥s ✉♥ ét❛t ❢❛♥tô♠❡✱ ❞♦♥t ❧❛ ♣♦♣✉❧❛t✐♦♥ r❡st❡ ♥é❣❧✐❣❡❛❜❧❡ ❛✉ ❝♦✉rs ❞✉ ♣r♦❝❡ss✉s✳ ▲✬✐❞é❡
❡st ❞✬✉t✐❧✐s❡r ❞❡s ❧❛s❡rs très ❞és❛❝❝♦r❞és ❝♦✉♣❧❛♥t ❧❡s ét❛ts |a〉 ❡t |b〉 q✉✐ ♥♦✉s ✐♥tér❡ss❡♥t à
✉♥ ét❛t ❡①❝✐té |r〉 ❞❛♥s ❧❡q✉❡❧ ❧❡s ❛t♦♠❡s ✐♥t❡r❛❣✐ss❡♥t ❢♦rt❡♠❡♥t✳ ❉❛♥s ❧❡s ♣r♦♣♦s✐t✐♦♥s q✉❡
♥♦✉s ❛✈♦♥s ❢❛✐t❡s✱ ❧❡s ❞és❛❝❝♦r❞s s♦♥t s✉✣s❛♥ts ♣♦✉r q✉❡ ❧❛ ♣♦♣✉❧❛t✐♦♥ ❞❡ ❧✬ét❛t |r〉 r❡st❡
t♦✉❥♦✉rs très ❢❛✐❜❧❡✱ ❞✬♦ù ❧❛ ❞é♥♦♠✐♥❛t✐♦♥ ❞✬ét❛t ❢❛♥tô♠❡✳
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x
y

z

z(a) (b)

❋✐❣✳ ✷✳✸ ✕ ❈♦♠♣r❡ss✐♦♥ ❞❡ s♣✐♥ ♦❜t❡♥✉❡ ❡♥ ❛♣♣❧✐q✉❛♥t ❧❡s ❤❛♠✐❧t♦♥✐❡♥s J2
z ✭❛✮ ❡t J2

x − J2
y

✭❜✮✳ ❖♥ ❛ r❡♣rés❡♥té ❧❡s é✈♦❧✉t✐♦♥s à ♣❡t✐t t❡♠♣s ♣♦✉r ❧❡sq✉❡❧❧❡s ❧❛ ♥♦r♠❡ ❞✉ s♣✐♥ ♥✬❡st
♣r❡sq✉❡ ♣❛s ré❞✉✐t❡✳ ▲❡ ❤❛♠✐❧t♦♥✐❡♥ J2

z ré❛❧✐s❡ ✉♥ t✇✐st ❛✉t♦✉r ❞❡ z ❝❛r ✐❧ ♣r♦❞✉✐t ✉♥❡
r♦t❛t✐♦♥ ❛✉t♦✉r ❞❡ z ❞♦♥t ❧❛ ❢réq✉❡♥❝❡ ❡st ♣r♦♣♦rt✐♦♥♥❡❧❧❡ à Jz✳ ❆♣♣❧✐q✉é à ✉♥ ét❛t ❞♦♥t
❧❡ s♣✐♥ ♣♦✐♥t❡ s❡❧♦♥ x✱ ❝❡ t✇✐st ❞é❢♦r♠❡ ❧❡ ❞✐sq✉❡ ❞♦♥♥❛♥t ❧❡s ✢✉❝t✉❛t✐♦♥s ❞✉ s♣✐♥ ❡♥ ✉♥❡
❡❧❧✐♣s❡✳ ▲❡ ❤❛♠✐❧t♦♥✐❡♥ J2

x − J2
y ✱ ❛♣♣❧✐q✉é à ✉♥ ét❛t ❞♦♥t ❧❡ s♣✐♥ ♣♦✐♥t❡ s❡❧♦♥ z✱ ré❛❧✐s❡ ✉♥❡

❝♦♠♣r❡ss✐♦♥ ❞❡ ❧❛ ❝♦♠♣♦s❛♥t❡ ❞✉ s♣✐♥ ❞❛♥s ❧❛ ❞✐r❡❝t✐♦♥ (x + y)/
√

2✳

▲❛ ♣r♦♣♦s✐t✐♦♥ ❧❛ ♣❧✉s s✐♠♣❧❡ ❝♦♥s✐st❡ à ♥✬✉t✐❧✐s❡r q✉✬✉♥ s❡✉❧ ❧❛s❡r ❝♦✉♣❧❛♥t |a〉 à |r〉✱
❝♦♠♠❡ ✐♥❞✐q✉é ❋✐❣✳✷✳✹✳ ❊♥ ❧✬❛❜s❡♥❝❡ ❞✬✐♥t❡r❛❝t✐♦♥ ❡♥tr❡ ❛t♦♠❡s✱ ❝❡ ❧❛s❡r à ♣♦✉r ❡✛❡t ❞❡
❝❤❛♥❣❡r ❧✬é♥❡r❣✐❡ ❞✉ ♥✐✈❡❛✉① |a〉 ❞✬✉♥❡ q✉❛♥t✐té ∆E✱ ❛♣♣❡❧é❡ ❞é♣❧❛❝❡♠❡♥t ❧✉♠✐♥❡✉①✱ ✐♥✲
❞é♣❡♥❞❛♥t❡ ❞✉ ♥♦♠❜r❡ ❞✬❛t♦♠❡s na ❞❛♥s |a〉✳ ▲❡ ❤❛♠✐❧t♦♥✐❡♥ s✬é❝r✐t ❞♦♥❝ H = ∆Ena ✿ ✐❧
❡st✱ à ✉♥❡ ❝♦♥st❛♥t❡ ♣rès✱ ♣r♦♣♦rt✐♦♥♥❡❧ à Jz = (na − nb)/2 = na −N/2✳ ❊♥ ❢❛✐t✱ ❧✬❛❜s❡♥❝❡
❞❡ t❡r♠❡s ♣r♦♣♦rt✐♦♥♥❡❧s à n2

a ❞❛♥s ❧❡ ❞é♣❧❛❝❡♠❡♥t ❧✉♠✐♥❡✉① ♣❡✉t s✬✐♥t❡r♣rét❡r ❝♦♠♠❡ ✉♥❡
✐♥t❡r❢ér❡♥❝❡ ❞❡str✉❝t✐✈❡ ❡♥tr❡ ❞❡✉① ❝♦♥tr✐❜✉t✐♦♥s ✿ ❞✬✉♥❡ ♣❛rt ❧❡ t❡r♠❡ ❞✬♦r❞r❡ ✹ ❞✉ ❞é❝❛❧❛❣❡
❡♥ é♥❡r❣✐❡ ❞✉ ♥✐✈❡❛✉ |na〉 ❞û à ❧❛ tr❛♥s✐t✐♦♥ |na〉 → |na− 1, nr = 1〉 ❡t ❞✬❛✉tr❡ ♣❛rt ❧❛ ✈❛r✐✲
❛t✐♦♥ ❞✬é♥❡r❣✐❡ ❞û❡ ❛✉ ♣r♦❝❡ss✉s ♥♦♥ rés♦♥♥❛♥t |na〉 → |na − 1, nr = 1〉 → |na − 2, nr = 2〉
✭✈♦✐r ✜❣✳ ✷✳✹✮✳ ■❝✐✱ |na, nr〉 ❡st ❧✬ét❛t s②♠étr✐q✉❡ ♣❛r é❝❤❛♥❣❡ ❞❡ ❞❡✉① ❛t♦♠❡s ❝♦♥t❡♥❛♥t na
❛t♦♠❡s ❞❛♥s ❧✬ét❛t |a〉 ❡t nr ❛t♦♠❡s ❞❛♥s ❧✬ét❛t |r〉✳

❈♦♥s✐❞ér♦♥s ♠❛✐♥t❡♥❛♥t ❧❡ ❝❛s ♦ù ❧❡s ❛t♦♠❡s ✐♥t❡r❛❣✐ss❡♥t ❢♦rt❡♠❡♥t ❞❛♥s ❧✬ét❛t |r〉✳ ❙✐
❧❡s ✐♥t❡r❛❝t✐♦♥s s♦♥t s✉✣s❛♠♠❡♥t ❢♦rt❡s✱ ❛❧♦rs✱ ♣♦✉r t♦✉t❡ ♣❛✐r❡ ❞✬❛t♦♠❡s ❞❛♥s ❧❡ ♥✉❛❣❡✱
❧✬é♥❡r❣✐❡ ❞❡ ❧✬ét❛t ♦ù ❞❡✉① ❛t♦♠❡s s♦♥t ❞❛♥s |r〉 ❡st ❞é❝❛❧é❡ ❞✬✉♥❡ q✉❛♥t✐té ❜❡❛✉❝♦✉♣ ♣❧✉s
❣r❛♥❞❡ q✉❡ ❧❡ ❞és❛❝❝♦r❞ ❞❡ ❧✬ét❛t |r〉✳❉❛♥s ❝❡ ❝❛s✱ ❧❡ ❞❡✉①✐è♠❡ ❞❡s ♣r♦❝❡ss✉s ♠❡♥t✐♦♥♥és ❝✐✲
❞❡ss✉s ❞♦♥♥❡ ✉♥❡ ❝♦♥tr✐❜✉t✐♦♥ ♥é❣❧✐❣❡❛❜❧❡ ✿ ❧❡ ♣❤é♥♦♠è♥❡ ❞✬✐♥t❡r❢ér❡♥❝❡ ❞❡str✉❝t✐✈❡ ❞é❝r✐t
❝✐✲❞❡ss✉s ❞✐s♣❛r❛ît ❡t ❧❡ ❞é❝❛❧❛❣❡ ❧✉♠✐♥❡✉① ❛❝q✉✐❡rt ✉♥ t❡r♠❡ ❡♥ n2

a✳ ▲❡ ❤❛♠✐❧t♦♥✐❡♥ ❝♦♥t✐❡♥t
❞♦♥❝ ✉♥ t❡r♠❡ ❡♥ J2

z = (na−nb)
2/4 ❡t ✉♥❡ ré❛❧✐s❛t✐♦♥ ❞❡ ❝♦♠♣r❡ss✐♦♥ ❞❡ s♣✐♥ ❡st ♣♦ss✐❜❧❡✳

▲✬✐♥❤✐❜✐t✐♦♥✱ ❞û❡ ❛✉① ✐♥t❡r❛❝t✐♦♥s ❡♥tr❡ ❛t♦♠❡s✱ ❞❡s ♣r♦❝❡ss✉s ✐♠♣❧✐q✉❛♥t ❧✬ét❛t à ❞❡✉①
❛t♦♠❡s ❞❛♥s |r〉 ❡st ❛♣♣❡❧é ❧❡ ♣❤é♥♦♠è♥❡ ❞❡ ❜❧♦❝❛❣❡✱ ♣❛r ❛♥❛❧♦❣✐❡ ❛✈❡❝ ❧❡ ❜❧♦❝❛❣❡ ❞❡ ❝♦✉❧♦♠❜
❞❛♥s ❧❡s ❜♦ît❡s à é❧❡❝tr♦♥s✳ ▲❡ ❣r❛♣❤❡ ✷✳✺ ❞♦♥♥❡ ❧❛ ❝♦♠♣r❡ss✐♦♥ ❞❡ s♣✐♥ ♦❜t❡♥✉❡✱ ♣♦✉r ✉♥
♥✉❛❣❡ ❛t♦♠✐q✉❡ ✐♥✐t✐❛❧❡♠❡♥t ❞❛♥s ❧✬ét❛t ❝♦❤ér❡♥t ❝♦rr❡s♣♦♥❞❛♥t à ❧✬ét❛t (|a〉 + |b〉)/

√
2✳

❉❛♥s ❧❡ ❝❛❧❝✉❧✱ ✉♥ ❞❡✉①✐è♠❡ ❧❛s❡r s✉r ❧❛ tr❛♥s✐t✐♦♥ |b〉 → |r〉 ❡st ✉t✐❧✐sé ♣♦✉r ❝♦♠♣❡♥s❡r ❧❡s
t❡r♠❡s ❡♥ Jz ❞✉ ❤❛♠✐❧t♦♥✐❡♥✳ ▲✬é✈♦❧✉t✐♦♥ ❞❡ ❧✬ét❛t ❞✉ ♥✉❛❣❡ ❡st ❛❧♦rs ♣r♦❝❤❡ ❞❡ ❝❡❧❧❡ q✉✐
s❡r❛✐t ♦❜t❡♥✉❡ ❛✈❡❝ ✉♥ ❤❛♠✐❧t♦♥✐❡♥ ❡♥ J2

z ❡t ✉♥❡ ❝♦♠♣r❡ss✐♦♥ ❞❡ s♣✐♥ ❡st ré❛❧✐sé❡✳
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(a) (b)

2Uint

|a〉

|r〉
∆

|na, nr = 0〉

|na − 1, nr = 1〉

|na − 2, nr = 2〉

|b〉

Ω

❋✐❣✳ ✷✳✹ ✕ ❯t✐❧✐s❛t✐♦♥ ❞✉ ❜❧♦❝❛❣❡ ❞❡ ❘②❞❜❡r❣ ♣♦✉r ré❛❧✐s❡r ❧❡ ❍❛♠✐❧t♦♥✐❡♥ J2
z ✳ ✭❛✮ ✿ ❝♦♥✲

✜❣✉r❛t✐♦♥ ✉t✐❧✐sé❡✳ ▲❡s ét❛ts |a〉 ❡t |b〉 s♦♥t ❧❡s ❞❡✉① ét❛ts ♣❡✉♣❧és ♣❛r ❧❡s ❛t♦♠❡s✳ ▲❡ s♣✐♥
❡✛❡❝t✐❢ s❡❧♦♥ z ❡st Jz = (na − nb)/2✳ ❯♥ ❝♦✉♣❧❛❣❡ Ω ❡♥tr❡ ❧✬ét❛t |a〉 ❡t ✉♥ ét❛t ❞❡ ❘②❞❜❡r❣
|r〉 ❡st ✐♥tr♦❞✉✐t ♣❛r ✉♥ ❧❛s❡r très ❞és❛❝❝♦r❞é✳ ✭❜✮ ✿ ♣❤é♥♦♠è♥❡ ❞❡ ❜❧♦❝❛❣❡✳ ▲❡ t❡r♠❡ ❡♥ J2

z

✭❞♦♥❝ ❡♥ n2
a✮ ❞❛♥s ❧✬é♥❡r❣✐❡ ♣r♦✈✐❡♥t ❞✉ ❞é♣❧❛❝❡♠❡♥t ❧✉♠✐♥❡✉① ❞✬♦r❞r❡ ✹ ❡♥ Ω✳ ❊♥ ❡✛❡t✱

❧❡ ♣r♦❝❡ss✉s ❞✬♦r❞r❡ ✹ ❡♥ Ω q✉✐ ❢❛✐t ✐♥t❡r✈❡♥✐r ❧✬ét❛t à ❞❡✉① ❛t♦♠❡s ❞❛♥s ❧✬ét❛t |r〉 ❛ ✉♥❡
❝♦♥tr✐❜✉t✐♦♥ ♥é❣❧✐❣❡❛❜❧❡ ❝❛r ❧✬é♥❡r❣✐❡ ❞✬✐♥t❡r❛❝t✐♦♥ Uint ❡st très ❣r❛♥❞❡ ❞❡✈❛♥t ❧❡ ❞és❛❝❝♦r❞
❧✉♠✐♥❡✉① ∆ ✿ ❧❡s ✐♥t❡r❢ér❡♥❝❡s ❞❡str✉❝t✐✈❡s q✉✐ ❛♥♥✉❧❡♥t ❤❛❜✐t✉❡❧❧❡♠❡♥t ❧❡ t❡r♠❡ ❡♥ n2

a ♥❡
s❡ ♣r♦❞✉✐s❡♥t ♣❧✉s✳
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t (s)

0
0 0.2 0.4 0.6 0.8 1 1.2 1.4

20

10

③

①

ν

❋✐❣✳ ✷✳✺ ✕ ❈♦♠♣r❡ss✐♦♥ ❞❡ s♣✐♥ ré❛❧✐sé❡ s✉r ✉♥ ❡♥s❡♠❜❧❡ ❞❡ ✶✵✵ ❛t♦♠❡s ♣❛r ❧❛ ♥♦♥✲❧✐♥é❛r✐té
❞✉ ❞é♣❧❛❝❡♠❡♥t ❧✉♠✐♥❡✉① ❡♥ ♣rés❡♥❝❡ ❞✉ ❜❧♦❝❛❣❡ ❞❡ ❘②❞❜❡r❣✳ ▲❛ ❢réq✉❡♥❝❡ ❞❡ ❘❛❜✐ ❞✉
❝♦✉♣❧❛❣❡ ❡♥tr❡ ❧✬ét❛t |a〉 ❡t ❧✬ét❛t |r〉 ❡st ❞❡ ✽✳✸ ❦❍③ ❡t ❧❡ ❞és❛❝❝♦r❞ ❛✈❡❝ ❧✬ét❛t |r〉 ❡st ❞❡
✶ ▼❍③✳ ❖♥ s✉♣♣♦s❡ ✐❝✐ q✉❡ ❧❡ ❜❧♦❝❛❣❡ ❡st ♣❛r❢❛✐t ✿ ✉♥ s❡✉❧ ❛t♦♠❡ ♣❡✉t êtr❡ tr❛♥s❢éré à ❧❛ ❢♦✐s
❞❛♥s |r〉✳ ▲❡s q✉❛♥t✐tés

√
N/(2∆Jµ) ✭❧✐❣♥❡s ❝♦♥t✐♥✉❡s✮ ❡t N/2 − 〈Jx〉 ✭❧✐❣♥❡s t✐r❡té❡s✮ s♦♥t

r❡♣rés❡♥té❡s✳ Jµ ❡st ❧❛ ❝♦♠♣♦s❛♥t❡ ❧❛ ♣❧✉s ❝♦♠♣r✐♠é ❞✉ s♣✐♥ ✭✈♦✐r ✜❣✉r❡ ❞❡ ❞r♦✐t❡✮✳ ▲❡s
❝❛❧❝✉❧s ❡①❛❝ts ✭❧✐❣♥❡s ✜♥❡s✮ s♦♥t ❝♦♠♣❛rés ❛✉① ♣ré❞✐❝t✐♦♥s ❛♥❛❧②t✐q✉❡s ♣♦✉r ✉♥ ❤❛♠✐❧t♦♥✐❡♥
❡♥ J2

z ✭❧✐❣♥❡s é♣❛✐ss❡s✮✳ ▲❛ ❞✐✛ér❡♥❝❡ ❡♥tr❡ ❧❡s ❞❡✉① ❡st ❞û❡ à ❞❡s t❡r♠❡s ❞✬♦r❞r❡ s✉♣ér✐❡✉rs
à ✷ ❡♥ J✳

◆♦✉s ❛✈♦♥s ♠♦♥tré ❝✐✲❞❡ss✉s ✉♥❡ ♠ét❤♦❞❡ très s✐♠♣❧❡ ❞❡ ré❛❧✐s❛t✐♦♥ ❞✬✉♥❡ ❝♦♠♣r❡ss✐♦♥
❞❡ s♣✐♥ q✉✐ ✉t✐❧✐s❡ ❧❡ ♣❤é♥♦♠è♥❡ ❞❡ ❜❧♦❝❛❣❡ ❞❛♥s ✉♥ ét❛t ❞❡ ❘②❞❜❡r❣✳ ▲✬❛✈❛♥t❛❣❡ ❞❡ ❧✬✉✲
t✐❧✐s❛t✐♦♥ ❞✉ ♣❤é♥♦♠è♥❡ ❞❡ ❜❧♦❝❛❣❡ ❡st q✉❡ ❧❛ ♠ét❤♦❞❡ ❡st ✐♥s❡♥s✐❜❧❡ à ❧❛ ✈❛❧❡✉r ❡①❛❝t❡
❞❡ ❧✬✐♥t❡r❛❝t✐♦♥ ❡♥tr❡ ❛t♦♠❡s ❞❛♥s ❧✬ét❛t |r〉✱ ❧❛ s❡✉❧❡ ❝♦♥❞✐t✐♦♥ ét❛♥t q✉❡ ❝❡tt❡ ✐♥t❡r❛❝t✐♦♥
s♦✐t ❛ss❡③ ❣r❛♥❞❡✳ ❉✬❛✉tr❡s ♠ét❤♦❞❡s ❞❡ ❝♦♠♣r❡ss✐♦♥ ❞❡ s♣✐♥ s♦♥t ❜❛sé❡s s✉r ❧❛ ré❛❧✐s❛t✐♦♥
❞✉ ❤❛♠✐❧t♦♥✐❡♥ J2

z ❬✾✹✱ ✽✸✱ ✼✵❪✳ ◆♦t♦♥s q✉❡ ❞❛♥s ❬✼✵❪✱ ❧❛ ♥♦♥❧✐♥é❛r✐té ❡♥ J ❞✉ ❤❛♠✐❧t♦♥✐❡♥
♣r♦✈✐❡♥t✱ ❝♦♠♠❡ ❞❛♥s ❧❛ ♠ét❤♦❞❡ ♣rés❡♥té❡ ✐❝✐✱ ❞❡ ❧✬❛♥♥✉❧❛t✐♦♥ ❞✬✐♥t❡r❢ér❡♥❝❡s ❞❡str✉❝✲
t✐✈❡s✳ P❧✉s ♣ré❝✐sé♠❡♥t✱ ❞❛♥s ❝❡ ♣❛♣✐❡r✱ ❧❡s ❛✉t❡✉rs ❝♦♥s✐❞èr❡♥t ✉♥ s②stè♠❡ ❞✬✐♦♥s ♣✐é❣és ❡t
❧❡ t❡r♠❡ ❡♥ J2

z ❞✉ ❤❛♠✐❧t♦♥✐❡♥ ♣r♦✈✐❡♥t ❞❡ ❧✬❛♥♥✉❧❛t✐♦♥ ❞✬✐♥t❡r❢ér❡♥❝❡s ❞❡str✉❝t✐✈❡s ❞û❡ à
❧❛ ❧❡✈é❡ ❞❡ ❞é❣é♥ér❡s❝❡♥❝❡ ❞❡s ♠♦❞❡s ❝♦❧❧❡❝t✐❢s ❞❡ ✈✐❜r❛t✐♦♥s à ❝❛✉s❡ ❞❡s ✐♥t❡r❛❝t✐♦♥s ❡♥tr❡
❧❡s ✐♦♥s✳

❯♥ ❤❛♠✐❧t♦♥✐❡♥ ♣❧✉s ❡✣❝❛❝❡ q✉❡ J2
z ♣♦✉r ré❛❧✐s❡r ❞✉ sq✉❡❡③✐♥❣ ❡st

H = 2Ω(J2
x − J2

y ). ✭✷✳✺✮

❈❡t ❤❛♠✐❧t♦♥✐❡♥ ❛ ❞❡✉① ❛✈❛♥t❛❣❡s ♣❛r r❛♣♣♦rt ❛✉ ❤❛♠✐❧t♦♥✐❡♥ ❡♥ J2
z ✳ Pr❡♠✐èr❡♠❡♥t✱ ❝♦♠♠❡

♠♦♥tré ❞❛♥s ❬✺✺❪✱ ✐❧ ♣❡r♠❡t ❞❡ ré❛❧✐s❡r ❞❡s ❝♦♠♣r❡ss✐♦♥s ❞❡ s♣✐♥ ♣❧✉s ✐♠♣♦rt❛♥t❡s q✉❡ ❝❡❧❧❡s
ré❛❧✐sé❡s ❛✈❡ ❧❡ ❤❛♠✐❧t♦♥✐❡♥ ❡♥ J2

z ✳ P❧✉s ♣ré❝✐sé♠❡♥t✱ ❛♣♣❧✐q✉é à ❧✬ét❛t ✐♥✐t✐❛❧ ❞❛♥s ❧❡q✉❡❧
t♦✉s ❧❡s s♣✐♥ ♣♦✐♥t❡♥t ✈❡rs Jz = N/2✱ ❧❡ ❤❛♠✐❧t♦♥✐❡♥ ✷✳✺ ♣❡r♠❡t ❞❡ ❞✐♠✐♥✉❡r ❧❛ ✈❛r✐❛♥❝❡
❞❡ J−π/4 = (Jx + Jy)/

√
2 ❞✬✉♥ ❢❛❝t❡✉r ♣r♦❝❤❡ ❞❡ ❧❛ ✈❛❧❡✉r ♠❛①✐♠✉♠ N/2✳ ❉❡✉①✐è♠❡♠❡♥t✱

❧✬❛①❡ ❝♦♠♣r✐♠é ♥❡ ❞é♣❡♥❞ ♣❛s ❞✉ t❡♠♣s✱ ❝♦♥tr❛✐r❡♠❡♥t ❛✉ ❝❛s ❞❡ ❧✬❤❛♠✐❧t♦♥✐❡♥ J2
z ✳

❊♥ é❝r✐✈❛♥t ❞✐✛ér❡♠♠❡♥t ❧❡ ❤❛♠✐❧t♦♥✐❡♥ ✷✳✺✱ ♦♥ ♠♦♥tr❡ q✉✬✐❧ ❝♦rr❡s♣♦♥❞ ❛✉ tr❛♥s✲
❢❡rt ❞✬❛t♦♠❡s ♣❛r ♣❛✐r❡s ❞❡s ét❛ts |a〉 ❛✉ ét❛ts |b〉✳ P♦✉r ❝❡❧❛✱ ♥♦✉s ✉t✐❧✐s♦♥s ❧❡ ❢♦r♠❛❧✐s♠❡
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p2
21p2 (jabi+ jbai)jaai jbbi�0
0
11p2 (jari + jrai)1p2 (jrbi + jbri)
p2
0
p2
0
1
2 jbi

jri
jai
0

p2
1jrri2�
� �0�0

���0
(a) (b)

❋✐❣✳ ✷✳✻ ✕ ❘é❛❧✐s❛t✐♦♥ ❞❡ ❧✬❤❛♠✐❧t♦♥✐❡♥ J2
x − J2

y ❡♥ ✉t✐❧✐s❛♥t ❧❡ ❜❧♦❝❛❣❡ ❞❡ ❘②❞❜❡r❣✳ ❈♦♠♠❡
♣♦✉r ❧❛ ♣r♦❞✉❝t✐♦♥ ❞❡ ❧✬❤❛♠✐❧t♦♥✐❡♥ J2

z ✱ ❧❡ ❤❛♠✐❧t♦♥✐❡♥ ♥♦♥ ❧✐♥é❛✐r❡ ♣r♦✈✐❡♥t ❞❡ ❧❛ ❞❡str✉❝✲
t✐♦♥ ❞✬✉♥❡ ✐♥t❡r❢ér❡♥❝❡ ❞❡str✉❝t✐✈❡ à ❝❛✉s❡ ❞❡ ❧✬✐♥❤✐❜✐t✐♦♥ ❞✬✉♥ ♣r♦❝❡ss✉s ♣r♦❞✉✐t❡ ♣❛r ❧✬✐♥✲
t❡r❛❝t✐♦♥ ❡♥tr❡ ❛t♦♠❡s ❞❛♥s ❧✬ét❛t ✈✐rt✉❡❧ |r〉✳

❜♦s♦♥✐q✉❡ ❞❡ ❧❛ s❡❝♦♥❞❡ q✉❛♥t✐✜❝❛t✐♦♥✱ q✉✐ ❡st ✈❛❧❛❜❧❡ ♣✉✐sq✉❡ ❧❡ ❤❛♠✐❧t♦♥✐❡♥ ✷✳✺ ❡st ✐♥✈❛r✐✲
❛♥t ♣❛r é❝❤❛♥❣❡ ❞❡ ❞❡✉① s♣✐♥s ✿ s✐ ❧✬ét❛t ✐♥✐t✐❛❧ ❡st s②♠étr✐q✉❡ ♣❛r é❝❤❛♥❣❡ ❞❡s s♣✐♥s✱ ❛❧♦rs
❧✬ét❛t ❞✉ s②stè♠❡ r❡st❡ ❞❛♥s ❧❡ s♦✉s✲❡s♣❛❝❡ ❝♦♠♣❧èt❡♠❡♥t s②♠étr✐q✉❡✳ ❉❛♥s ❝❡ ❢♦r♠❛❧✐s♠❡✱
Jx = (a+b+ b+a)/2 ❡t Jy = i(a+b− b+a)/2 ♦ù a ❡st ❧✬♦♣ér❛t❡✉r q✉✐ ❛♥♥✐❤✐❧❡ ✉♥ ❛t♦♠❡ ❞❛♥s
❧✬ét❛t |a〉 ❡t b ❛♥♥✐❤✐❧❡ ✉♥ ❛t♦♠❡s ❞❛♥s ❧✬ét❛t |b〉✳ ❊♥ ✉t✐❧✐s❛♥t ❝❡s ❡①♣r❡ss✐♦♥✱ ♦♥ tr♦✉✈❡ q✉❡
❧❡ ❤❛♠✐❧t♦♥✐❡♥ ✷✳✺ s✬é❝r✐t

H = Ω(a+2b2 + b+2a2). ✭✷✳✻✮

❆✐♥s✐✱ ✐❧ ❝♦rr❡s♣♦♥❞ ❜✐❡♥ ❛✉ tr❛♥s❢❡rt ❞✬❛t♦♠❡s ❞❡ |a〉 à |b〉 ♣❛r ♣❛✐r❡s✳
❯♥ tr❛♥s❢❡rt rés♦♥♥❛♥t ❞✬❛t♦♠❡s ♣❛r ♣❛✐r❡s ♣❡✉t êtr❡ ré❛❧✐sé ❡♥ ✉t✐❧✐s❛♥t ❞❡✉① tr❛♥s✐t✐♦♥s

❘❛♠❛♥✱ ❝❤❛❝✉♥❡ ❝♦✉♣❧❛♥t ✉♥ ❛t♦♠❡ ❞❡ ❧✬ét❛t |a〉 à ❧✬ét❛t |b〉✱ ❧❡s ❞és❛❝❝♦r❞ ❞❡s tr❛♥s✐t✐♦♥s
❘❛♠❛♥ ét❛♥t ♦♣♣♦sés✱ ❝♦♠♠❡ ♠♦♥tré ✜❣✳✷✳✻✳ ❈❡♣❡♥❞❛♥t✱ s✐ ❛✉❝✉♥❡ ✐♥t❡r❛❝t✐♦♥ ❡♥tr❡ ❛t♦♠❡
♥✬❡st ♣rés❡♥t❡✱ ❧❡ ❤❛♠✐❧t♦♥✐❡♥ ❞♦✐t ♥é❝❡ss❛✐r❡♠❡♥t êtr❡ ❧✐♥é❛✐r❡ ❡♥ J✱ ❝❡ q✉✐ ✐♠♣❧✐q✉❡ q✉❡
❧❡ ❝♦✉♣❧❛❣❡ à ❞❡✉① ❛t♦♠❡s b+2a2 ❞♦✐t êtr❡ ♥✉❧✳ ❈♦♠♠❡ ♣ré❝é❞❡♠♠❡♥t✱ ❝❡tt❡ ❛♥♥✉❧❛t✐♦♥ ❞✉
t❡r♠❡ b+2a2 s✬❡①♣❧✐q✉❡ ❝♦♠♠❡ ✉♥❡ ✐♥t❡r❢ér❡♥❝❡ ❞❡str✉❝t✐✈❡ ❡♥tr❡ ❧❡s ❞❡✉① ♣r♦❝❡ss✉s ♠♦♥trés
❋✐❣✳✷✳✻✳ ▲❡ ♣r❡♠✐❡r ♣r♦❝❡ss✉s ❡st ❧❡ tr❛♥s❢❡rt séq✉❡♥t✐❡❧ ❞❛♥s b ❞✬✉♥ ❛t♦♠❡ ♣✉✐s ❞✬✉♥ ❛✉tr❡✳
▲❡ ❞❡✉①✐è♠❡ ♣r♦❝❡ss✉s ❡st ❧❡ tr❛♥s❢❡rt ❞❡s ❞❡✉① ❛t♦♠❡s ❞❛♥s ❧✬ét❛t ✐♥t❡r♠é❞✐❛✐r❡ |r〉 ♣✉✐s
❧❡✉r tr❛♥s❢❡rt ✈❡rs |b〉✳

❙✐ ❧❡s ❛t♦♠❡s ✐♥t❡r❛❣✐ss❡♥t ❢♦rt❡♠❡♥t ❞❛♥s ❧✬ét❛t ✐♥t❡r♠é❞✐❛✐r❡ |r〉✱ ❛❧♦rs✱ ❧❡ ❞❡✉①✐è♠❡
♣r♦❝❡ss✉s ❞♦♥♥❡ ✉♥❡ ❝♦♥tr✐❜✉t✐♦♥ ♥é❣❧✐❣❡❛❜❧❡✳ ❙✐ ❝❡tt❡ ❝♦♥❞✐t✐♦♥ ❡st ✈ér✐✜é❡ ♣♦✉r t♦✉t
❝♦✉♣❧❡ ❞✬❛t♦♠❡s s✉r ❧❡ ♥✉❛❣❡✱ ❛❧♦rs ❧❡ ❤❛♠✐❧t♦♥✐❡♥ ❡✛❡❝t✐❢ ❡st s②♠étr✐q✉❡ ♣❛r é❝❤❛♥❣❡ ❞❡
❞❡✉① ❛t♦♠❡s ❡t ❝♦♥t✐❡♥t ❧❡ t❡r♠❡ b+2a2✳ ❯♥❡ ré❛❧✐s❛t✐♦♥ ❞❡ ❝♦♠♣r❡ss✐♦♥ ❞❡ s♣✐♥ ❡st ❞❛♥s ❝❡
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Ω1

Ω2

Ω0

|r〉

|b〉
∆′
∆′

Ω′
2

Ω′
1

|a〉

Ω′
0

∆

∆

❋✐❣✳ ✷✳✼ ✕ ❈♦♥✜❣✉r❛t✐♦♥ ❞❡ ❧❛s❡rs ♥é❝❡ss❛✐r❡ ♣♦✉r ré❛❧✐s❡r ✉♥ ❢♦rt sq✉❡❡③✐♥❣✳ ❙✐① ❢❛✐s✲
❝❡❛✉① ❛ss❡r✈✐s ❡♥ ♣❤❛s❡ s♦♥t ♥é❝❡ss❛✐r❡s ♣♦✉r s✬❛✛r❛♥❝❤✐r ❞❡s ❞é♣❧❛❝❡♠❡♥ts ❧✉♠✐♥❡✉① ♥♦♥
❧✐♥é❛✐r❡s✳

❝❛s ♣♦ss✐❜❧❡✳
❈❡♣❡♥❞❛♥t✱ ❝♦♠♠❡ ♠♦♥tré ♣❧✉s ❤❛✉t✱ ❧❡ ♣❤é♥♦♠è♥❡ ❞❡ ❜❧♦❝❛❣❡ ❡st ❛✉ss✐ r❡s♣♦♥s❛❜❧❡

❞✬✉♥ t❡r♠❡ ♥♦♥ ❧✐♥é❛✐r❡ ❞❛♥s ❧❡s ❞é❝❛❧❛❣❡s ❧✉♠✐♥❡✉①✳ ❈❡ ♣❤é♥♦♠è♥❡ ré❞✉✐t ❧❡ sq✉❡❡③✐♥❣ q✉✐
♣❡✉t êtr❡ ♦❜t❡♥✉ ❝❛r ❧❡s tr❛♥s✐t✐♦♥s ❘❛♠❛♥ ❞❡✈✐❡♥♥❡♥t ♥♦♥ rés♦♥♥❛♥t❡s ❛♣rès ❧❡ tr❛♥s❢❡rt ❞❡
q✉❡❧q✉❡s ❛t♦♠❡s✳ P♦✉r r❡♠é❞✐❡r à ❝❡❧❛✱ ❡t ❛✐♥s✐ ♣♦✉✈♦✐r ♦❜t❡♥✐r ❧❡ sq✉❡❡③✐♥❣ ♠❛①✐♠✉♠✱ ✐❧ ❡st
♣♦ss✐❜❧❡ ❞❡ r❛❥♦✉t❡r ✸ ❧❛s❡rs ❞♦♥t ❧❡s ❞és❛❝❝♦r❞s s♦♥t ♦♣♣♦sés à ❝❡✉① ♠♦♥tré ❋✐❣✳✷✳✼✳ ❉❛♥s
✉♥ t❡❧ s②stè♠❡✱ ❧❡s ❞és❛❝❝♦r❞s ❡♥tr❡ ❧❡s ❧❛s❡rs st♦❦❡s ❡t ❛♥t✐✲st♦❦❡s ❞❡✈r♦♥t êtr❡ ❛ss❡r✈✐s
❡♥ ♣❤❛s❡✳ ❆✈❡❝ ✉♥ t❡❧ s②stè♠❡✱ ❧❡ ❤❛♠✐❧t♦♥✐❡♥ ✷✳✻ ❡st ré❛❧✐sé✳ ❖♥ ♣❡✉t ❞♦♥❝ ♦❜t❡♥✐r ❞❡s
❝♦♠♣r❡ss✐♦♥s ❞❡ s♣✐♥ q✉✐ ❝♦rr❡s♣♦♥❞❡♥t à ✉♥ ♣❛r❛♠ètr❡ ❞❡ sq✉❡❡③✐♥❣ ♣r♦❝❤❡ ❞❡ 1/

√
N ✱ q✉✐

❡st ❧❛ ♠❡✐❧❧❡✉r❡ ❝♦♠♣r❡ss✐♦♥ ♣♦ss✐❜❧❡ ✭✐✳❡✳ ❧❡ ♣❧✉s ♣❡t✐t ♣❛r❛♠ètr❡ ξ✮✳
▲❡s ♣r♦♣♦s✐t✐♦♥s ❝✐✲❞❡ss✉s ♥é❝❡ss✐t❡♥t ❞✬✉t✐❧✐s❡r ✉♥❡ ✐♥t❡r❛❝t✐♦♥ ❢♦rt❡ ❡t à ❧♦♥❣✉❡ ♣♦rté❡

❡♥tr❡ ❛t♦♠❡s ❞❛♥s ❧✬ét❛t |r〉✳ ▲✉❦✐♥ ❛ ♣r♦♣♦sé ❞✬✉t✐❧✐s❡r ❧✬✐♥t❡r❛❝t✐♦♥ ❞✐♣♦❧❛✐r❡ ❢♦rt❡ ❡♥tr❡
❛t♦♠❡s ❞❛♥s ✉♥ ét❛t ❞❡ ❘②❞❜❡r❣ |r〉✳ P❧✉s ♣ré❝✐sé♠❡♥t✱ ▲✉❦✐♥ ❛ ♣r♦♣♦sé ❞✬✉t✐❧✐s❡r ✉♥
❝♦✉♣❧❛❣❡ ❞✐♣♦❧❛✐r❡ |r, r〉 → |r+ 1, r− 1〉 rés♦♥♥❛♥t ❞❛♥s ❧❡q✉❡❧ ❞❡✉① ❛t♦♠❡s ❞❛♥s ❧❡ ♥✐✈❡❛✉
❞❡ r②❞❜❡r❣ |r〉 ♣❛ss❡♥t✱ ❧✬✉♥ ❞❛♥s ❧✬ét❛t |r + 1〉✱ ❡t ❧✬❛✉tr❡ ❞❛♥s ❧✬ét❛t |r − 1〉✳ ▲❡ ❝♦✉♣❧❛❣❡
Ω ❡♥tr❡ ❧❡s ét❛ts |rr〉 ❡t |r + 1, r − 1〉 ❡st ✉♥ ❝♦✉♣❧❛❣❡ ❞✐♣♦❧❡✲❞✐♣♦❧❡ q✉✐ ✈❛r✐❡ ❡♥ 1/r3 ♦ù r
❡st ❧❛ ❞✐st❛♥❝❡ ❡♥tr❡ ❛t♦♠❡s✳ ▲❡ ❞✐♣ô❧❡ ❞❡s tr❛♥s✐t✐♦♥s ét❛♥t très ✐♠♣♦rt❛♥t ♣♦✉r ❞❡s ét❛ts
❞❡ ❘②❞❜❡r❣ ❞❡ ♥♦♠❜r❡ q✉❛♥t✐q✉❡ ♣r✐♥❝✐♣❛❧ n é❧❡✈é✱ Ω ♣❡✉t êtr❡ ✐♠♣♦rt❛♥t✳ P♦✉r n ≃ 40✱
Ω ♣❡✉t êtr❡ ❞❡ ❧✬♦r❞r❡ ❞✉ ▼❡❣❛❍❡r③t ♠ê♠❡ ♣♦✉r ❞❡s ❞✐st❛♥❝❡s ❡♥tr❡ ❛t♦♠❡s ❞❡ ♣❧✉s✐❡✉rs
♠✐❝r♦♥s✳ ▲❡s ét❛ts ♣r♦♣r❡s✱ q✉✐ s♦♥t ❧❡s s✉♣❡r♣♦s✐t✐♦♥s s②♠étr✐q✉❡s ❡t ❛♥t✐s②♠étr✐q✉❡s ❞❡s
ét❛ts |rr〉 ❡t |r + 1, r − 1〉✱ ♦♥t ❞❡s é♥❡r❣✐❡s q✉✐ ❞✐✛èr❡♥t ❞❡ ❧✬é♥❡r❣✐❡ ❞❡ ❧✬ét❛t |rr〉 ♣❛r ❧❛
q✉❛♥t✐té Ω/2✳ ▲❛ rés♦♥❛♥❝❡ ❞♦✐t êtr❡ ❛❥✉sté❡ à ❧✬❛✐❞❡ ❞✬✉♥ ❝❤❛♠♣ é❧❡❝tr✐q✉❡✳

▲❡ ♣❤é♥♦♠è♥❡ ❞❡ ❜❧♦❝❛❣❡ ❞❡ ❘②❞❜❡r❣ ✉t✐❧✐s❛♥t ✉♥❡ ✐♥t❡r❛❝t✐♦♥ ❞✐♣♦❧❡✲❞✐♣♦❧❡ rés♦♥♥❛♥t❡
❛ ré❝❡♠♠❡♥t été ♠✐s ❡♥ é✈✐❞❡♥❝❡❬✶✵✵❪✳ ❯♥ ♣❤é♥♦♠è♥❡ ❞❡ ❜❧♦❝❛❣❡ ❛ ❛✉ss✐ été ♦❜s❡r✈é ❞❛♥s ❧❡
❝❛s ♦ù ❧❡ ❝❤❛♠♣ é❧❡❝tr✐q✉❡ ❡st ♥✉❧ ❡t ♦ù ❧✬✐♥t❡r❛❝t✐♦♥ ❡♥tr❡ ❛t♦♠❡s ❞❡ ❘②❞❜❡r❣ ♥✬❡st ♣❛s ré✲
s♦♥❛♥t❡ ♠❛✐s ❡st ✉♥❡ ✐♥t❡r❛❝t✐♦♥ ❞❡ ❱❛♥✲❞❡r✲❲❛❛❧s ✭✐♥t❡r❛❝t✐♦♥ ❞✐♣♦❧❡✴❞✐♣♦❧❡ ✐♥❞✉✐t✮✳ ❇✐❡♥
q✉❡ ❝❡tt❡ ✐♥t❡r❛❝t✐♦♥ s♦✐t ♣❧✉s ❢❛✐❜❧❡✱ ❡❧❧❡ ♣rés❡♥t❡ ❧✬❛✈❛♥t❛❣❡ ❞✬êtr❡ ✐s♦tr♦♣❡✱ ❝♦♥tr❛✐r❡♠❡♥t
à ❧✬✐♥t❡r❛❝t✐♦♥ ❞✐♣♦❧❡✲❞✐♣♦❧❡✳ ❈❡s rés✉❧t❛ts ♣❡r♠❡tt❡♥t ❞✬❡♥✈✐s❛❣❡r ❧❛ ♠✐s❡ ❡♥ ♦❡✉✈r❡ ❞❡ ❧❛
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✵

✶

✷

✸

✹

✺

✻

✵ ✵✳✵✺ ✵✳✶ ✵✳✶✺ ✵✳✷ ✵✳✷✺

〈J
2 y
〉(

0)
/〈

J
2 y
〉

Ωt

◆❂✸
◆❂✺
◆❂✼
◆❂✶✺

✵

✶

✷

✸

✹

✺

✻

✵ ✵✳✵✷ ✵✳✵✹ ✵✳✵✻ ✵✳✵✽ ✵✳✶ ✵✳✶✷ ✵✳✶✹ ✵✳✶✻

〈J
2 y
〉(

0)
/
〈J

2 y
〉

Ωt

◆❂✺
◆❂✻
◆❂✽
◆❂✶✺

✵

✶

✷

✸

✹

✺

✻

✼

✵ ✵✳✵✷ ✵✳✵✹ ✵✳✵✻ ✵✳✵✽ ✵✳✶ ✵✳✶✷ ✵✳✶✹

〈
J
2 y
〉
(0

)/
〈
J
2 y
〉

Ωt

◆❂✼
◆❂✽
◆❂✶✵
◆❂✶✺

❋✐❣✳ ✷✳✽ ✕ ❈♦♠♣r❡ss✐♦♥ ❞❡ s♣✐♥ ❞❛♥s ❧❡ ❝❛s ♦ù ❧❡ ♣❤é♥♦♠è♥❡ ❞❡ ❜❧♦❝❛❣❡ ♥✬❡st ♣❛s ❡✣❝❛❝❡
s✉r t♦✉t ❧❡ ♥✉❛❣❡✳ ◆♦✉s ❛✈♦♥s ❝♦♥s✐❞éré ✉♥❡ ❣é♦♠étr✐❡ ❝✐r❝✉❧❛✐r❡ ❞❛♥s ❧❛q✉❡❧❧❡ ❧❡ ❜❧♦❝❛❣❡
❡st ♣❛r❢❛✐t ♣♦✉r ❧❡s n ♣❧✉s ♣r♦❝❤❡s ✈♦✐s✐♥s ✭n = 2, 4, 6 ♣♦✉r ❧❡s ❣r❛♣❤❡s ✭❛✮✱ ✭❜✮ ❡t ✭❝✮
r❡s♣❡❝t✐✈❡♠❡♥t✮ ❡t ♥✉❧ ♣♦✉r ❧❡s ❛✉tr❡s ♣❛✐rs ❞✬❛t♦♠❡s✳ ▲❛ ❞r♦✐t❡ ❡st ❧❡ rés✉❧t❛t ❞✬✉♥ ❝❛❧❝✉❧
♣❡rt✉r❜❛t✐❢ ✈❛❧❛❜❧❡ à t❡♠♣s ❝♦✉rt✳

❝♦♠♣r❡ss✐♦♥ ❞❡ s♣✐♥ ❞é❝r✐t❡ ❝✐✲❞❡ss✉s✳ ◆♦t♦♥s q✉❡✱ ❡①♣ér✐♠❡♥t❛❧❡♠❡♥t✱ ✐❧ ❡st ✐♥tér❡ss❛♥t
❞✬✉t✐❧✐s❡r ❞❡✉① ❧❛s❡rs ♣♦✉r ❝♦✉♣❧❡r ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧ ❛t♦♠✐q✉❡ à ✉♥ ét❛t ❞❡ ❘②❞❜❡r❣✱ ❡♥
♣❛ss❛♥t ♣❛r ✉♥ ét❛t ✐♥t❡r♠é❞✐❛✐r❡ ❤♦rs rés♦♥❛♥❝❡✳ ▲❡s ♣r♦♣♦s✐t✐♦♥s q✉❡ ♥♦✉s ❛✈♦♥s ❢❛✐t❡s
♣❡✉✈❡♥t ❢❛❝✐❧❡♠❡♥t êtr❡ ❛❞❛♣té❡s à ❝❡tt❡ s✐t✉❛t✐♦♥✳

▲❡ ❝❛s ♦ù ❧❡ ❜❧♦❝❛❣❡ ❞❡ ❘②❞❜❡r❣ ❛❣✐t s✉r ✉♥❡ ❞✐st❛♥❝❡ ♣❧✉s ♣❡t✐t❡ q✉❡ ❧❛ t❛✐❧❧❡ ❞✉ ♥✉❛❣❡
❡st ✐♥tér❡ss❛♥t à ét✉❞✐❡r ❝❛r ❝❡❧❛ s❡r❛ ♣r♦❜❛❜❧❡♠❡♥t ❧❡ ❝❛s ❡①♣ér✐♠❡♥t❛❧❡♠❡♥t✳ ◆♦✉s ❛✈♦♥s
❢❛✐t ❞❡s ❝❛❧❝✉❧s ♥✉♠ér✐q✉❡s ❡♥ ❝♦♥s✐❞ér❛♥t q✉❡ ❧❡ tr❛♥s❢❡rt ❞❡ ♣❛✐r❡s ❞✬❛t♦♠❡s ♥❡ ♣♦✉✈❛✐t
s❡ ❢❛✐r❡ q✉✬❡♥tr❡ ♣❧✉s ♣r♦❝❤❡s ✈♦✐s✐♥s✳ ▲❡ ❤❛♠✐❧t♦♥✐❡♥ ♥✬❡st ♣❧✉s s②♠étr✐q✉❡ ♣❛r é❝❤❛♥❣❡
❡♥tr❡ ❛t♦♠❡s✳ ❉♦♥❝ ❧✬❡s♣❛❝❡ ✈❡❝t♦r✐❡❧ ❡♥t✐❡r ❞❡ ❞✐♠❡♥s✐♦♥ 2N ❞♦✐t êtr❡ ❝♦♥s✐❞éré ❡t s❡✉❧s ❧❡
❝❛s ❞❡ ♥♦♠❜r❡s ❞✬❛t♦♠❡s ✐♥❢ér✐❡✉rs ♦✉ é❣❛✉① à ✶✺ ❛ ♣✉ êtr❡ ❝❛❧❝✉❧é✳ ▲❛ ✜❣✉r❡ ✷✳✽ ♠♦♥tr❡
❧✬é✈♦❧✉t✐♦♥ ❞❡ ❧❛ ✈❛r✐❛♥❝❡ ❞✉ s♣✐♥ ❞❛♥s ❧❡ ❝❛s ♦ù ✉♥ ❛t♦♠❡ ✐♥t❡r❛❣✐t ❛✈❡❝ s❡s ♣❧✉s ♣r♦❝❤❡s
✈♦✐s✐♥s✱ ❞❛♥s ✉♥❡ ❣é♦♠étr✐❡ ❝✐r❝✉❧❛✐r❡ ❝♦♠♠❡ ✐♥❞✐q✉é s✉r ❧❛ ✜❣✉r❡✳ ◆♦✉s tr♦✉✈♦♥s q✉❡ ❧❡
❢❛❝t❡✉r ♠❛①✐♠✉♠ ❞❡ ré❞✉❝t✐♦♥ ❞❡ ❧❛ ✈❛r✐❛♥❝❡ ❞❡ ❧❛ ❝♦♠♣♦s❛♥t❡ ❝♦♠♣r✐♠é❡ ❞✉ s♣✐♥ ❡st ❞❡
❧✬♦r❞r❡ ❞✉ ♥♦♠❜r❡ ❞❡ ✈♦✐s✐♥s ✐♥t❡r❛❣✐ss❛♥t ❛✈❡❝ ✉♥ ❛t♦♠❡✳

✷✳✸ ▼❡s✉r❡ ❞❡ ❞é♣❤❛s❛❣❡ ❞✬✉♥ ❢❛✐s❝❡❛✉ ♦♣t✐q✉❡

■❧ ❛ été ♣r♦♣♦sé ❞❡♣✉✐s q✉❡❧q✉❡s ❛♥♥é❡s ❞❡ ré❛❧✐s❡r ✉♥❡ ❝♦♠♣r❡ss✐♦♥ ❞❡ s♣✐♥ ♣❛r ♠❡s✉r❡
❞❡ ❞é♣❤❛s❛❣❡ ❞✬✉♥ ❢❛✐s❝❡❛✉ ♦♣t✐q✉❡❬✺✽❪✳ ▲✬✐❞é❡ ❞❡ ❧✬❡①♣ér✐❡♥❝❡ ❡st s❝❤é♠❛t✐sé❡ ❋✐❣✳✷✳✾✳ ❯♥
♥✉❛❣❡ ❛t♦♠✐q✉❡ ❞❡ N ❛t♦♠❡s ❡st ♣ré♣❛ré ❞❛♥s ❧✬ét❛t ❝♦❤ér❡♥t ❝♦rr❡s♣♦♥❞❛♥t à ❧✬ét❛t ❛t♦♠✲
✐q✉❡ (|a〉 + |b〉)/

√
2✳ ❈❡ ♥✉❛❣❡ ❡st ✐♥séré ❞❛♥s ❧✬✉♥ ❞❡s ❜r❛s ❞✬✉♥ ✐♥t❡r❢ér♦♠ètr❡ ♦♣t✐q✉❡

❞❛♥s ❧❡q✉❡❧ ♦♥ ❡♥✈♦✐❡ ❞❡s ♣❤♦t♦♥s ✐♥t❡r❛❣✐ss❛♥t ❞❡ ❢❛ç♦♥ ♥♦♥ rés♦♥♥❛♥t❡ ❛✈❡❝ ❧✬ét❛t ❛t♦♠✲
✐q✉❡ |a〉✳ ❆ ❝❛✉s❡ ❞❡ ❧✬✐♥t❡r❛❝t✐♦♥ ❛✈❡❝ ❧❡s ❛t♦♠❡s ❞❛♥s |a〉✱ ❧❡ ❢❛✐s❝❡❛✉ ❧✉♠✐♥❡✉① ♣❛ss❛♥t
♣❛r ❧❡ ♥✉❛❣❡ ❛❝q✉✐❡rt ✉♥ ❞é♣❤❛s❛❣❡ ♣r♦♣♦rt✐♦♥♥❡❧ ❛✉ ♥♦♠❜r❡ ❞✬❛t♦♠❡s ❞❛♥s |a〉✳ ▲✬✐♥t❡r✲
❢ér♦♠ètr❡ ♠❡s✉r❡ ❝❡ ❞é♣❤❛s❛❣❡ ✿ ✐❧ ♠❡s✉r❡ ❞♦♥❝ ❧❡ ♥♦♠❜r❡ ❞✬❛t♦♠❡s ❞❛♥s |a〉✳ ▲❛ ♣ré❝✐s✐♦♥
❞❡ ❧❛ ♠❡s✉r❡ ❞✉ ♥♦♠❜r❡ ❞✬❛t♦♠❡s ❞❛♥s |a〉 ❡st ❞♦♥♥é❡ ♣❛r ❧❛ ♣ré❝✐s✐♦♥ ❞❡ ❧❛ ♠❡s✉r❡ ❞✉
❞é♣❤❛s❛❣❡✳ ▲❛ ♠❡s✉r❡ ❞✉ ❞é♣❤❛s❛❣❡ ♣❡✉t êtr❡ ❡①trê♠❡♠❡♥t ♣ré❝✐s❡ s✐ ♦♥ ✉t✐❧✐s❡ ✉♥ ♥♦♠❜r❡
s✉✣s❡♥t ❞❡ ♣❤♦t♦♥s✳ ❊♥ ❡✛❡t✱ ❧❛ ♣ré❝✐s✐♦♥ ❞❡ ❧❛ ♠❡s✉r❡ ❞✬✉♥ ❞é♣❤❛s❛❣❡ ♦♣t✐q✉❡ ✉t✐❧✐s❛♥t Np
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nuage atomique

1

2

∆

❛✈❡❝ |a〉

|a〉
|b〉

|e〉φref

φinc
▲❛s❡r ✐♥t❡r❛❣✐t s❡✉❧❡♠❡♥t

❋✐❣✳ ✷✳✾ ✕▼♦❞è❧❡ s✐♠♣❧❡ ✉t✐❧✐sé ♣♦✉r ❛♥❛❧②s❡r ❧❛ ♠ét❤♦❞❡ ❞❡ ❝♦♠♣r❡ss✐♦♥ ❞❡ s♣✐♥ ♣❛r ♠❡s✉r❡
❞✬✉♥ ❞é♣❤❛s❛❣❡ ♦♣t✐q✉❡✳ ▲❡s ♣❤♦t♦♥s ✉t✐❧✐sés ❞❛♥s ❧✬✐♥t❡r❢ér♦♠ètr❡ ❝♦✉♣❧❡♥t ❧❡s ❛t♦♠❡s ❞❛♥s
❧✬ét❛t |a〉 à ✉♥ ét❛t ❡①❝✐té |e〉 très ❧♦✐♥ ❞❡ rés♦♥❛♥❝❡✳ ▲✬❡✛❡t ❞❡ ❧✬✐♥t❡r❛❝t✐♦♥ ❡st ❞♦♥❝ ✉♥ s✐♠✲
♣❧❡ ❞é❝❛❧❛❣❡ ❧✉♠✐♥❡✉①✳ ❉✉ ♣♦✐♥t ❞❡ ✈✉❡ ❞❡s ♣❤♦t♦♥s✱ ❝❡ ❞é❝❛❧❛❣❡ ❧✉♠✐♥❡✉① ❡st ✉♥ ❞é♣❤❛s❛❣❡
♣❛r ❡✛❡t ❞✬✐♥❞✐❝❡✳ ❈❡ ❞é♣❤❛s❛❣❡ ❡st ♠❡s✉ré ♣❛r ✐♥t❡r❢ér♦♠étr✐❡✳

♣❤♦t♦♥s ♥♦♥ ❝♦rré❧és ❡st ❞♦♥♥é❡ ♣❛r 1/
√

Np✳ ❙✐ ❧❡ ♥♦♠❜r❡ ❞❡ ♣❤♦t♦♥s ✉t✐❧✐sés ❡st s✉✣s❛♠✲

♠❡♥t ✐♠♣♦rt❛♥t✱ ❛❧♦rs ❧❡ ♥♦♠❜r❡ ❞✬❛t♦♠❡s ❞❛♥s |a〉 ❡st ❝♦♥♥✉ à ♠✐❡✉① q✉❡
√
N ✳ ▲✬❡♥s❡♠❜❧❡

❛t♦♠✐q✉❡ ❡st ❛❧♦rs ❞❛♥s ✉♥ ét❛t ❞❡ s♣✐♥ ❝♦♠♣r✐♠é à ❧✬✐ss✉❡ ❞❡ ❧❛ ♠❡s✉r❡✳ ❆✐♥s✐✱ ✉♥ ét❛t
❞❡ s♣✐♥ ❝♦♠♣r✐♠é rés✉❧t❡ ❞❡ ❧❛ ♣r♦❥❡❝t✐♦♥ q✉❛♥t✐q✉❡ ❞❡ ❧✬ét❛t ❞✉ s②stè♠❡ à ❧✬✐ss✉❡ ❞✬✉♥❡
♠❡s✉r❡✳

❏✬❛✐ ♣r♦♣♦sé ✉♥❡ ❛♥❛❧②s❡ très s✐♠♣❧❡ ❞❡ ❝❡ ♣r♦❝❡ss✉s✱ q✉✐ ❛ ❧✬❛✈❛♥t❛❣❡ ❞❡ r❡♥❞r❡ tr❛♥s♣❛r✲
❡♥t❡ ❧❛ ré❛❧✐s❛t✐♦♥ ❞❡ ❧✬✐♥tr✐❝❛t✐♦♥ ❡♥tr❡ ❛t♦♠❡s ♥é❝❡ss❛✐r❡ à ❧❛ ré❛❧✐s❛t✐♦♥ ❞✬✉♥❡ ❝♦♠♣r❡ss✐♦♥
❞❡ s♣✐♥✳ ❈❡tt❡ ❛♥❛❧②s❡✱ ❜❛sé❡ s✉r ❧❛ ♥♦t✐♦♥ ❞❡ s❛✉ts q✉❛♥t✐q✉❡s✱ ❡st ♣rés❡♥té❡ ❝✐✲❞❡ss♦✉s✳
❏✬❛✐ ❛✉ss✐ ét✉❞✐é ❧❡s ❧✐♠✐t❡s ❞❡ ❝❡tt❡ t❡❝❤♥✐q✉❡ ❞❡ ❝♦♠♣r❡ss✐♦♥ ❞❡ s♣✐♥✱ ❞û❡s à ❧❛ ❞✐✛✉s✐♦♥ ❞❡
♣❤♦t♦♥s ❞❛♥s ❞❡s ♠♦❞❡s ❞✐✛ér❡♥ts ❞✉ ♠♦❞❡ ❞❡ ❧✬✐♥t❡r❢ér♦♠ètr❡ ✿ ❥✬❛✐ ❝❛❧❝✉❧é ❧❛ ❝♦♠♣r❡ss✐♦♥
❞❡ s♣✐♥ ♠❛①✐♠✉♠ q✉✐ ♣♦✉✈❛✐t êtr❡ ré❛❧✐sé❡✳ ▲❡s rés✉❧t❛ts ❞❡ ❝❡ tr❛✈❛✐❧ s♦♥t rés✉♠és à ❧❛ ✜♥
❞❡ ❝❡tt❡ s❡❝t✐♦♥✳

▲❡s ❛t♦♠❡s s♦♥t ✐♥✐t✐❛❧❡♠❡♥t t♦✉s ♣ré♣❛rés ❞❛♥s ❧❛ s✉♣❡r♣♦s✐t✐♦♥ (|a〉 + |b〉)
√

2✳ ▲✬ét❛t
❞✉ ♥✉❛❣❡ ❛t♦♠✐q✉❡ ❡st ❛❧♦rs ❧✬ét❛t ❝♦❤ér❡♥t

∑

na
cna|na〉 ♦ù |na〉 ❡st ❧✬ét❛t s②♠étr✐q✉❡ ♣❛r

é❝❤❛♥❣❡ ❞❡ ❞❡✉① ❛t♦♠❡s ❞❛♥s ❧❡q✉❡❧ na ❛t♦♠❡s s♦♥t ❞❛♥s ❧✬ét❛t |na〉 ❡t cna = n!/
√

2Nna!(N − na)!✳

▲❛ ❧❛r❣❡✉r ❞❡ ❧❛ ❞✐str✐❜✉t✐♦♥ ❡♥ na ❡st
√
N ✳ ❉❛♥s ❧✬❛♥❛❧②s❡ s✐♠♣❧❡ ♣rés❡♥té❡ ❝✐✲❞❡ss♦✉s✱ ♦♥

s✉♣♣♦s❡ q✉❡ ❧❡ ❝♦✉♣❧❛❣❡ ❡♥tr❡ ❧❡s ❛t♦♠❡s ❡t ❧❡ ♠♦❞❡ ❞❡ ❧✬✐♥t❡r❢ér♦♠ètr❡ ❡st ✐❞❡♥t✐q✉❡ ♣♦✉r
t♦✉s ❧❡s ❛t♦♠❡s✳ ❉♦♥❝✱ s✐ ❧✬♦♥ ♥❡ ❝♦♥s✐❞èr❡ q✉❡ ❧❡ ♠♦❞❡ ❞❡ ❧✬✐♥t❡r❢ér♦♠ètr❡ ❞❛♥s ❧✬❛♥❛❧②s❡✶✱
❧❡ ♥✉❛❣❡ ❛t♦♠✐q✉❡ r❡st❡ ❞❛♥s ✉♥ ét❛t s②♠étr✐q✉❡ ♣❛r é❝❤❛♥❣❡ ❞❡s ❛t♦♠❡s ❡t ✐❧ ♣❡✉t êtr❡
r❡♣rés❡♥té ❞❛♥s ❧❛ ❜❛s❡ ❞❡s ét❛ts |na〉✳ ▲✬ét❛t ❞✉ s②stè♠❡ ♣❤♦t♦♥✴❛t♦♠❡s ❧♦rsq✉✬✉♥ ♣❤♦t♦♥
✈✐❡♥t ❞❡ r❡♥tr❡r ❞❛♥s ❧✬✐♥t❡r❢ér♦♠ètr❡ ❡st ❞♦♥♥é ♣❛r ❧✬ét❛t sé♣❛r❛❜❧❡

|ψ〉 =
∑

na

Cna|na〉(|φinc〉 + |φref〉)/
√

2, ✭✷✳✼✮

♦ù |φinc〉 ❡st ❧❛ ❝♦♠♣♦s❛♥t❡ ❞✉ ♣❤♦t♦♥ q✉✐ ✈❛ ✐♥t❡r❛❣✐r ❛✈❡❝ ❧❡s ❛t♦♠❡s✱ |φref〉 ❡st ❧❛ ❝♦♠✲
♣♦s❛♥t❡ ❞❡ ré❢ér❡♥❝❡ q✉✐ ♥✬✐♥t❡r❛❣✐t ♣❛s ❛✈❡❝ ❧❡s ❛t♦♠❡s ✭✈♦✐r ✜❣✉r❡ ✷✳✾✮✳ ❆♣rès ✐♥t❡r❛❝t✐♦♥

✶❈❡tt❡ s✉♣♣♦s✐t✐♦♥✱ q✉✐ s✐♠♣❧✐✜❡ ❧✬é❝r✐t✉r❡✱ ♥✬❡st ♣❛s ❡ss❡♥t✐❡❧❧❡ ❡t ♥✬❡st ♣❛s ✉t✐❧✐sé❡ ❞❛♥s ♥♦tr❡ ❛rt✐❝❧❡✳
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❛✈❡❝ ❧❡s ❛t♦♠❡s✱ ❧❛ ❝♦♠♣♦s❛♥t❡ ❡♥ |φinc〉 ❡st ❞é♣❤❛sé❡ ❞✬✉♥❡ q✉❛♥t✐té Fna ✿ ❧✬❛♠♣❧✐t✉❞❡ ❝♦r✲
r❡s♣♦♥❞❛♥t❡ ❞❡ ❧✬ét❛t |ψ〉 ❡st ♠✉❧t✐♣❧✐é ♣❛r ❧❛ q✉❛♥t✐té einaF ✳ ▲❡ s②stè♠❡ ♥✉❛❣❡ ❛t♦♠✐q✉❡✲
♣❤♦t♦♥ ♥✬❡st ❛❧♦rs ♣❧✉s sé♣❛r❛❜❧❡ ✿ ✉♥❡ ✐♥tr✐❝❛t✐♦♥ ❛♣♣❛r❛ît ❡♥tr❡ ❧✬ét❛t ❞✉ ♣❤♦t♦♥ ❡t ❞✉
♥✉❛❣❡ ❛t♦♠✐q✉❡✳ ▲❡ ♣❤♦t♦♥ ❡st ❡♥s✉✐t❡ ❞ét❡❝té s♦✐t ❞❛♥s ❧❛ ✈♦✐❡ ❞❡ s♦rt✐❡ ✶ q✉✐ ❝♦rr❡s♣♦♥❞
à ❧✬ét❛t φ1 = (eiφ|φinc〉+ e−iφ|φref〉)/

√
2 s♦✐t ❞❛♥s ❧❛ ✈♦✐❡ ❞❡ s♦rt✐❡ ✷ q✉✐ ❝♦rr❡s♣♦♥❞ à ❧✬ét❛t

φ2 = (eiφ|φinc〉 − e−iφ|φref〉)/
√

2✳ ▲❛ ♣❤❛s❡ φ ❞é♣❡♥❞ ❞❡ ❧❛ ❧♦♥❣✉❡✉r ❞❡ ❝❤❛❝✉♥ ❞❡s ❞❡✉①
❜r❛s ❞❡ ❧✬✐♥t❡r❢ér♦♠ètr❡✳ ❉❛♥s ❝❤❛❝✉♥ ❞❡s ❝❛s✱ ❧❛ ♠❡s✉r❡ ♣r♦❥❡tt❡ ❧✬ét❛t ❞✉ s②stè♠❡ s✉r ❧❡s
ét❛ts ❞❡ ♣❤♦t♦♥s φ1 ❡t φ2 r❡s♣❡❝t✐✈❡♠❡♥t✳ ❈❡tt❡ ♣r♦❥❡❝t✐♦♥ ♠♦❞✐✜❡ ❧❡s ❛♠♣❧✐t✉❞❡s ❞❡s ét❛ts
|na〉 s❡❧♦♥

Cna → 1
2

(

eiφ + e−iφeiFna

)

Cna , ❉❡t❡❝t✐♦♥ ✶

Cna → 1
2

(

eiφ − e−iφeiFna

)

Cna , ❉❡t❡❝t✐♦♥ ✷
✭✷✳✽✮

❊♥ r❡♥♦✉✈❡❧❛♥t ❧❡ r❛✐s♦♥♥❡♠❡♥t ❝✐✲❞❡ss✉s ♣❧✉s✐❡✉rs ❢♦✐s✱ ♦♥ tr♦✉✈❡ q✉❡✱ ❛♣rès ❧❡ ♣❛ss❛❣❡
❞❡ Np ♣❤♦t♦♥s ❞❛♥s ❧✬✐♥t❡r❢ér♦♠ètr❡✱ ❧✬ét❛t ❞✉ ♥✉❛❣❡ ❛t♦♠✐q✉❡ ❡st ♠♦❞✐✜é s❡❧♦♥

|ψ〉 =
∑

na

Cna|na〉 −→
∑

na

Cna eiFna fN1,Np(na) |na〉 ✭✷✳✾✮

♦ù N1 ❡st ❧❡ ♥♦♠❜r❡ ❞❡ ♣❤♦t♦♥s ❞ét❡❝té ❞❛♥s ❧❛ ✈♦✐❡ ✶ ❡t

fN1,Np(na) = cos (φ− Fna)
N1 sin (φ− Fna)

Np−N1 ✭✷✳✶✵✮

▲❛ ✜❣✉r❡ ✷✳✶✵ ❞♦♥♥❡ ❧❛ ❞✐str✐❜✉t✐♦♥ ✐♥✐t✐❛❧❡ ❡♥ na ❡t ❧❛ ❢♦♥❝t✐♦♥ fN1,Np(na) ♣♦✉r ✉♥ ♥♦♠❜r❡

N1 ❞♦♥♥é✳ ▲❛ ❢♦♥❝t✐♦♥ fN1,Np ❛ ✉♥❡ ❧❛r❣❡✉r 1/(F
√

Np)✳ ❖♥ r❡tr♦✉✈❡ ✐❝✐ ❧❛ ♣ré❝✐s✐♦♥ ❛tt❡♥❞✉❡

❡♥ na ❞❡ ❧❛ ♠❡s✉r❡✱ s❛❝❤❛♥t q✉❡ ❧❡ ❞é♣❤❛s❛❣❡ ♥✬❡st ♠❡s✉ré q✉✬à
√

Np ♣rès✳ P♦✉r ❞❡s ♥♦♠❜r❡s

❞❡ ♣❤♦t♦♥s s✉✣s❛♥t✱ 1/(F
√

Np) ❡st ❜✐❡♥ ✐♥❢ér✐❡✉r❡ à
√
N ❡t ❧❛ ❞✐str✐❜✉t✐♦♥ ✜♥❛❧❡ ❡♥ ♥♦♠❜r❡

❞✬❛t♦♠❡s ❞❛♥s |a〉 ❛ été ré❞✉✐t❡✳ ❆✉❝✉♥❡ ✐♥❢♦r♠❛t✐♦♥ ♥✬❛ été ❢♦✉r♥✐❡ s✉r ❧❛ ré♣❛rt✐t✐♦♥ ❞❡s
❛t♦♠❡s ❞❛♥s |a〉 ❡t ❧❡ ♥✉❛❣❡ ❡st r❡sté ❞❛♥s ✉♥ ét❛t s②♠étr✐q✉❡ ♣❛r é❝❤❛♥❣❡ ❞❡s ❛t♦♠❡s✳ ❖♥
♣❡✉t ❛❧♦rs ✉t✐❧✐s❡r ❧✬❡①♣r❡ss✐♦♥ ❛♣♣r♦❝❤é❡ 〈Jx〉 = N/Ne−1/(8∆J2

y ) ❞♦♥♥❛♥t ❧❛ ré❞✉❝t✐♦♥ ❞✉
s♣✐♥ ♠♦②❡♥ ❛ss♦❝✐é❡ à ❧❛ ré❞✉❝t✐♦♥ ❞❡ ∆Jy✳ ▲❡ ♣❛r❛♠ètr❡ ❞❡ sq✉❡❡③✐♥❣ ❡st ❞♦♥❝✱ ❞❛♥s ❧❡
❝❛s ♦ù ❧❡ ♥♦♠❜r❡ ❞❡ ♣❤♦t♦♥s Np ❡st s✉✣s❡♥t ♣♦✉r q✉❡ ❧❛ ❧❛r❣❡✉r ❞❡ f s♦✐t ❜✐❡♥ ✐♥❢ér✐❡✉r❡
à
√
N ✱ ❞❡ ❧✬♦r❞r❡ ❞❡

ξ =
1√

NF
√

Np

eF
2Np . ✭✷✳✶✶✮

■❧ ❡st ♠✐♥✐♠✉♠ ♣♦✉r ✉♥ ♥♦♠❜r❡ ❞❡ ♣❤♦t♦♥s é❣❛❧❡ à 1/(2F 2) ❡t ✈❛✉t ❛❧♦rs ❧❛ ✈❛❧❡✉r ♠✐♥✐♠✉♠
❛✉t♦r✐sé❡ 1/

√
N ✳

❉❛♥s ❧❡ s❝é♥❛r✐♦ ♣rés❡♥té ❝✐✲❞❡ss✉s✱ t♦✉t❡ ❧✬✐♥❢♦r♠❛t✐♦♥ ✈é❤✐❝✉❧é❡ ♣❛r ❧❡s ♣❤♦t♦♥s ❛②❛♥t
✐♥t❡r❛❣✐s ❛✈❡❝ ❧❡ ♥✉❛❣❡ ❛t♦♠✐q✉❡ ❡st ❡♥r❡❣✐stré❡✳ ❈❡tt❡ ♠ét❤♦❞❡ ❞❡ ❝♦♠♣r❡ss✐♦♥ ❞❡ s♣✐♥
❡st ❞♦♥❝ ❜❛sé❡ s✉r ✉♥❡ ♠❡s✉r❡ q✉❛♥t✐q✉❡ ♥♦♥ ❞❡str✉❝tr✐❝❡✳ ▲❛ ré❛❧✐s❛t✐♦♥ ❞✬✐♥tr✐❝❛t✐♦♥ ✈✐❛
❧❛ ♣r♦❥❡❝t✐♦♥ q✉❛♥t✐q✉❡ ❧✐é❡ à ✉♥❡ ♠❡s✉r❡ ♣❡✉t êtr❡ ✉t✐❧✐sé ❞❛♥s ❞✬❛✉tr❡s s✐t✉❛t✐♦♥s ✿ ✉♥❡
♣♦rt❡ ❧♦❣✐q✉❡ ❝♦♥❞✐t✐♦♥♥❡❧❧❡ ♣❡✉t êtr❡ ré❛❧✐sé❡ ❞❡ ❝❡tt❡ ❢❛ç♦♥❬✻✺❪✳

▲✬❛♥❛❧②s❡ très s✐♠♣❧❡ ❞❡ ❧❛ ❝♦♠♣r❡ss✐♦♥ ❞❡ s♣✐♥ ♣❛r ♠❡s✉r❡ ❞✬✉♥ ❞é♣❤❛s❛❣❡ ♣rés❡♥té❡
❝✐✲❞❡ss✉s ♥✬❡st ♣❛s s❛t✐s❢❛✐s❛♥t❡ ❝❛r ❡❧❧❡ ♥❡ ♣r❡♥❞ ♣❛s ❡♥ ❝♦♠♣t❡ ❧❡s ♣❤♦t♦♥s ❞✐✛✉sés ❤♦rs
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fN1,Np

δ

nexp

✲✷✵ ✲✶✵ ✵ ✶✵ ✷✵ na − N/2

❋✐❣✳ ✷✳✶✵ ✕ ❘é❞✉❝t✐♦♥ ❞❡ ❧❛ ❧❛r❣❡✉r ❞❡ ❧❛ ❞✐str✐❜✉t✐♦♥ ❡♥ na ❞û❡ ❛✉① s❛✉ts q✉❛♥t✐q✉❡s à
❧✬✐ss✉❡ ❞❡ ❧❛ ❞ét❡❝t✐♦♥ ❞❡ Np ♣❤♦t♦♥s✳ ▲❛ ❞✐str✐❜✉t✐♦♥ ✐♥✐t✐❛❧ ❞❡s ❛♠♣❧✐t✉❞❡s ❞❡ ♣r♦❜❛❜✐❧✐té
✭❝♦✉r❜❡ ❧❛r❣❡ ❞❡ ❧❛r❣❡✉r

√
N✮ ❡st ♠✉❧t✐♣❧✐é ♣❛r ❧❡ ❢♦♥❝t✐♦♥ fN1,Np✱ ❞❡ ❧❛r❣❡✉r δ = 1/(F

√

Np)✳

❞✉ ♠♦❞❡ ❞❡ ❧✬✐♥t❡r❢ér♦♠ètr❡✳ ▲❡ ♣❤é♥♦♠è♥❡ ❞❡ ❞✐✛✉s✐♦♥ ❤♦rs ❞✉ ♠♦❞❡ ❞❡ ❧✬✐♥t❡r❢ér♦♠ètr❡
❡st ✐♥tr✐♥sèq✉❡ à ❝❡tt❡ ♠ét❤♦❞❡ ❞❡ ❝♦♠♣r❡ss✐♦♥ ❞❡ s♣✐♥✱ ❧❡ ❞é♣❤❛s❛❣❡ ♠❡s✉ré ❞❛♥s ❧❡ ♠♦❞❡
❞❡ ❧✬✐♥t❡r❢ér♦♠ètr❡ rés✉❧t❛♥t s✐♠♣❧❡♠❡♥t ❞❡ ❧✬✐♥t❡r❢ér❡♥❝❡ ❡♥tr❡ ❧❡ ♣❤♦t♦♥ ✐♥❝✐❞❡♥t ❡t ❧❛
❧✉♠✐èr❡ ❞✐✛✉sé❡✳ ❈✬❡st ♣♦✉rq✉♦✐ ❥❡ ♠❡ s✉✐s ✐♥tér❡ssé❡ à ❧✬❡✛❡t ❞❡s ♣❤♦t♦♥s ❞✐✛✉sés ❤♦rs ❞✉
♠♦❞❡ ❞❡ ❧✬✐♥t❡r❢ér♦♠ètr❡ s✉r ❧❛ ❝♦♠♣r❡ss✐♦♥ ❞❡ s♣✐♥✳

▲❡s ♣❤♦t♦♥s ❞✐✛✉sés ❤♦rs ❞✉ ♠♦❞❡ ❞❡ ❧✬✐♥t❡r❢ér♦♠ètr❡ ❡♠♣♦rt❡♥t ❞❡ ❧✬✐♥❢♦r♠❛t✐♦♥ q✉✐
♥✬❡st ♣❛s ❡♥r❡❣✐stré❡ ❡t ❧✬ét❛t ❞✉ ♥✉❛❣❡ ❛t♦♠✐q✉❡ ❡st ❞é❝r✐t à ❧✬✐ss✉❡ ❞❡ ❧❛ ♠❡s✉r❡ ♣❛r ✉♥
♠é❧❛♥❣❡ st❛t✐st✐q✉❡ ✐♥❝♦❤ér❡♥ts✳ ▲❛ ❧❛r❣❡✉r ❡♥ na ❞❛♥s ❝❡ ♠é❧❛♥❣❡ ✐♥❝♦❤ér❡♥t ❡st t♦✉❥♦✉rs
❞♦♥♥é❡ ♣❛r ❧❛ ❧❛r❣❡✉r ❞❡ ❧❛ ❢♦♥❝t✐♦♥ f ✳ P❛r ❝♦♥tr❡✱ ❧❡ s♣✐♥ ♠♦②❡♥ ♣❡✉t êtr❡ ré❞✉✐t✱ ❝❡ q✉✐
❝♦♥❞✉✐t à ✉♥❡ ré❞✉❝t✐♦♥ ❞❡ ❧❛ ❝♦♠♣r❡ss✐♦♥ ✭❧❡ ❢❛❝t❡✉r ❞❡ ❝♦♠♣r❡ss✐♦♥ ξ ❡st ❛✉❣♠❡♥té✮✳
❉❡✉① ♣❤é♥♦♠è♥❡s s♦♥t à ♣r❡♥❞r❡ ❡♥ ❝♦♠♣t❡ ✿

• ▲❡s ♣❤♦t♦♥s ❞✐✛✉sés ❡♠♣♦rt❡♥t ❞❡ ❧✬✐♥❢♦r♠❛t✐♦♥ s✉r ❧❡ ♥♦♠❜r❡ ❞✬❛t♦♠❡s ❞❛♥s na✳ ▲❛
❝♦♠♣r❡ss✐♦♥ ❡st ❡♥ ❢❛✐t✱ ♣♦✉r ✉♥❡ ré❛❧✐s❛t✐♦♥ ✉♥✐q✉❡✱ ♣❧✉s ❣r❛♥❞❡ q✉❡ ❝❡❧❧❡ ❞♦♥♥é❡
♣❛r ❧❛ ❧❛r❣❡✉r ❞❡ ❧❛ ❢♦♥❝t✐♦♥ f ✳ ▲❡ s♣✐♥ ♠♦②❡♥ ❡st ❛❧♦rs ré❞✉✐t✱ ❞✬❛♣rès ❧✬❊q✳✷✳✹✳

• ▲❡s ♣❤♦t♦♥s ❞✐✛✉sés ❡♠♣♦rt❡♥t ❞❡ ❧✬✐♥❢♦r♠❛t✐♦♥ s✉r ❧❛ ❞✐str✐❜✉t✐♦♥ ❞❡s ❛t♦♠❡s ❞❛♥s
|a〉✳ ▲✬ét❛t ❞✉ s②stè♠❡ ❛t♦♠✐q✉❡ ♥✬❡st ♣❧✉s s②♠étr✐q✉❡ ♣❛r é❝❤❛♥❣❡ ❞❡s ❛t♦♠❡s ❡t ❧❡
s♣✐♥ ♠♦②❡♥ ❡st ré❞✉✐t✳

❏✬❛✐ ❝❛❧❝✉❧é ❧✬❡✛❡t ❞❡ ❧❛ ❞✐✛✉s✐♦♥ ❡t ❥✬❛✐ ♠♦♥tré q✉❡ ❧❛ ❝♦♠♣r❡ss✐♦♥ ♠❛①✐♠✉♠ q✉✐ ♣♦✉✈❛✐t
êtr❡ ♦❜t❡♥✉❡ ❡st ❞♦♥♥é❡ ♣❛r

ξmin =
√

A/(Nλ2) ✭✷✳✶✷✮

♦ù A ❡st ❧✬❛✐r❡ ❞✉ ❢❛✐s❝❡❛✉ à ❧✬❡♥❞r♦✐t ❞✉ ♥✉❛❣❡ ❛t♦♠✐q✉❡✳ ▲❡ ❞és❛❝❝♦r❞ ♥✬✐♥t❡r✈✐❡♥t ♣❧✉s
❞❛♥s ❝❡tt❡ ❡①♣r❡ss✐♦♥ ❡t s❡✉❧❡ ❧❛ ❞❡♥s✐té ♦♣t✐q✉❡ à rés♦♥❛♥❝❡ ❡st ✐♠♣♦rt❛♥t❡✳ ❈❡tt❡ éq✉❛t✐♦♥
❡st ❧❡ rés✉❧t❛t ♣r✐♥❝✐♣❛❧ ❞❡ ❧✬❛rt✐❝❧❡ ❬✶✶❪✳

❈❡tt❡ ❢♦r♠✉❧❡ ❡st tr✐✈✐❛❧❡ à ♦❜t❡♥✐r ❞❛♥s ❧❡ ❝❛s ♦ù ❧✬♦♥ s✉♣♣♦s❡ q✉❡ ❧❡ ♥✉❛❣❡ ❡st s✉✛✲
✐s❛♠♠❡♥t ❞✐❧✉é ❡t ♣❡t✐t ♣♦✉r q✉✬✐❧ ♣✉✐ss❡ êtr❡ ❡♥✈✐s❛❣❡❛❜❧❡ ❞❡ ré❛❧✐s❡r ✉♥ s②stè♠❡ ♦♣t✐q✉❡
q✉✐ ✐♠❛❣❡ ❝❤❛q✉❡ ❛t♦♠❡ ✐♥❞é♣❡♥❞❡♠♠❡♥t✳ ❊♥ ❡✛❡t✱ ♣♦✉r ❝❤❛q✉❡ ❛t♦♠❡✱ ❧❡s ♣r♦❝❡ss✉s ❞❡s
❞✐✛✉s✐♦♥ ✐♥❞✉✐s❡♥t ✉♥❡ ❞✐♠✐♥✉t✐♦♥ ❞❡ ❧❛ ❝♦❤ér❡♥❝❡ ❡♥tr❡ |a〉 ❡t |b〉✱ ❧❡ t❡r♠❡ σab ❞❡ ❧❛ ♠❛✲
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tr✐❝❡ ❞❡♥s✐té ❞❡ ❝❤❛q✉❡ ❛t♦♠❡ ❞é❝r♦✐ss❛♥t ❡①♣♦♥❡♥t✐❡❧❧❡♠❡♥t✳ ❖♥ ❝❛❧❝✉❧❡ ❛❧♦rs ❛✐sé♠❡♥t ❧❛
❞✐♠✐♥✉t✐♦♥ ❞✉ s♣✐♥ ♠♦②❡♥✳

▲❡ ❝❛s ❞✬✉♥ ♥✉❛❣❡ ♣❧✉s ❞❡♥s❡ ❡st ❛✉tr❡♠❡♥t ♣❧✉s ❝♦♠♣❧✐q✉é✳ ▲❡ ♣r♦❝❡ss✉s ❞❡ ❞✐✛✉s✐♦♥ ♥❡
❞♦♥♥❡ ❞❡ ❧✬✐♥❢♦r♠❛t✐♦♥ q✉❡ s✉r ❝❡rt❛✐♥❡s ❝♦♠♣♦s❛♥t❡s ❞❡ ❋♦✉r✐❡r ❞❡s ✢✉❝t✉❛t✐♦♥s s♣❛t✐❛❧❡s
❞❡s ❛t♦♠❡s ❞❛♥s |a〉✳ ❯♥❡ ❛♥❛❧②s❡ ❛♣♣r♦❝❤é❡ ❛ été ❡✛❡❝t✉é❡ ❞❛♥s ❝❡ ❝❛s ❧à✱ q✉✐ r❡❞♦♥♥❡ ✉♥❡
❢♦r♠✉❧❡ ✐❞❡♥t✐q✉❡ ❛✉ ❝❛s s✐♠♣❧❡ ♠❡♥t✐♦♥♥é ♣❧✉s ❤❛✉t✳ ❇✐❡♥ q✉❡ ❧❛ ♣❤②s✐q✉❡ ❡st ❞✐✛ér❡♥t❡
❞❛♥s ❝❡ ❝❛s✱ ♥♦✉s r❡tr♦✉✈♦♥s ❧❛ ♠ê♠❡ ❢♦r♠✉❧❡ q✉❡ ❞❛♥s ❧❡ ❝❛s ♣❧✉s s✐♠♣❧❡ ♣ré❝é❞❡♥t✳ ▲❡
❢❛✐t ❞❡ r❡tr♦✉✈❡r ❧❛ ♠ê♠❡ ❢♦r♠✉❧❡ ♥✬ét❛✐t ♣❛s ❛tt❡♥❞✉ à ♣r✐♦r✐✳

✷✳✹ ❈♦♥❝❧✉s✐♦♥

◆♦✉s ❛✈♦♥s ❡①♣❧♦ré ❞❡✉① ♠ét❤♦❞❡s ❞✐✛ér❡♥t❡s ♣♦✉r ❡✛❡❝t✉❡r ✉♥❡ ❝♦♠♣r❡ss✐♦♥ ❞❡ s♣✐♥
❞✬✉♥❡ ❛ss❡♠❜❧é❡ ❞✬❛t♦♠❡s✳ ❆❧♦rs q✉❡ ❧❛ ♣r❡♠✐èr❡ ✉t✐❧✐s❡ ❧✬✐♥t❡r❛❝t✐♦♥s ❡♥tr❡ ❛t♦♠❡s ❞❡
r②❞❜❡r❣✱ ❧❛ ❞❡✉①✐è♠❡ ♠ét❤♦❞❡ ♥❡ ♥é❝❡ss✐t❡ ♣❛s ❧✬❡①✐st❡♥❝❡ ❞✬✐♥t❡r❛❝t✐♦♥s ❡♥tr❡ ❛t♦♠❡s
♣✉✐sq✉✬❡❧❧❡ ❡st ❜❛sé❡ s✉r ✉♥ ♠❡s✉r❡ ♥♦♥ ❞❡str✉❝t✐✈❡✳ ❊①♣ér✐♠❡♥t❛❧❡♠❡♥t✱ ❝❡s ❞❡✉① t❡❝❤✲
♥✐q✉❡s s♦♥t très ♣r♦♠❡tt❡✉s❡s ❡t ✐❧ ❡st ♣r♦❜❛❜❧❡ q✉✬❡❧❧❡s s♦✐❡♥t ✉t✐❧✐sé❡s ❞❛♥s ✉♥ ❛✈❡♥✐r
♣r♦❝❤❡ ♣♦✉r ré❛❧✐s❡r ✉♥ ✐♥t❡r❢ér♦♠ètr❡ ❞❡ s✐❣♥❛❧ s✉r ❜r✉✐t s✉♣ér✐❡✉r à ❧❛ ❧✐♠✐t❡ st❛♥❞❛r❞ ✭
s✐❣♥❛❧ s✉r ❜r✉✐t ❡♥

√
N ❧✐♠✐té ♣❛r ❧❡ ❜r✉✐t ❞❡ ♣r♦❥❡❝t✐♦♥ q✉❛♥t✐q✉❡✮✳

▲❡ ♣❤é♥♦♠è♥❡ ❞❡ ❜❧♦❝❛❣❡ ❞❡ r②❞❜❡r❣ ❛ été ♠✐s ❡♥ é✈✐❞❡♥❝❡ ❡①♣ér✐♠❡♥t❛❧❡♠❡♥t ré❝❡♠✲
♠❡♥t ❡t ❞❡s é♥❡r❣✐❡s ❞✬✐♥t❡r❛❝t✐♦♥s très ✐♠♣♦rt❛♥t❡s ♣❡✉✈❡♥t êtr❡ ré❛❧✐sé❡s✳ ❯♥ ♣r♦❣r❛♠♠❡
❞❡ r❡❝❤❡r❝❤❡ ❛ été ✐♥✐t✐é ❞❛♥s ✉♥❡ ❝♦❧❧❛❜♦r❛t✐♦♥ ❡♥tr❡ ❧❡ ▲❛❜♦r❛t♦✐r❡ ❈❤❛r❧❡s✲❋❛❜r② ❞❡ ❧✬■♥✲
st✐t✉t ❞✬❖♣t✐q✉❡ ❡t ❧❡ ❧❛❜♦r❛t♦✐r❡ ❆✐♠é ❈♦tt♦♥ ♣♦✉r ✉t✐❧✐sé ❝❡ ❜❧♦❝❛❣❡ ♣♦✉r ré❛❧✐s❡r ✉♥❡
♣♦rt❡ ❧♦❣✐q✉❡ q✉❛♥t✐q✉❡✳ ■❧ s❡r❛✐t ✐♥tér❡ss❛♥t ❞❡ ré❛❧✐s❡r✱ ❡♥ ✉t✐❧✐s❛♥t ❧❡ ♠ê♠❡ ❞✐s♣♦s✐t✐❢ ❡①✲
♣ér✐♠❡♥t❛❧✱ ✉♥❡ ❝♦♠♣r❡ss✐♦♥ ❞✉ s♣✐♥ ❞✬✉♥❡ ❛ss❡♠❜❧é❡ ❞✬✉♥❡ ❞✐③❛✐♥❡ ❞✬❛t♦♠❡s✳ ❉❡s ét✉❞❡s
♣ré❛❧❛❜❧❡s à ❧✬✐♠♣❧é♠❡♥t❛t✐♦♥ ❝♦♥❝rèt❡ ❞❡s ♣r♦♣♦s✐t✐♦♥s q✉❡ ♥♦✉s ❛✈♦♥s ❢❛✐t❡s r❡st❡♥t à
❡✛❡❝t✉❡r✳

▲✬✉t✐❧✐s❛t✐♦♥ ❞✬✉♥❡ ♠❡s✉r❡ ❞✬✉♥ ❞é♣❤❛s❛❣❡ ♦♣t✐q✉❡ ♣♦✉r ré❛❧✐s❡r ✉♥❡ ❝♦♠♣r❡ss✐♦♥ ❞❡
s♣✐♥ ❡♥ ✈✉❡ ❞❡ ré❛❧✐s❡r ✉♥ ✐♥t❡r❢ér♦♠ètr❡ ❛t♦♠✐q✉❡ ❡st ❞é❥à à ❧✬ét✉❞❡ ❞❛♥s ♣❧✉s✐❡✉rs ❣r♦✉♣❡s
❡①♣ér✐♠❡♥t❛✉①✳ ❆✐♥s✐✱ ❧❡ ❣r♦✉♣❡ ❞❡ P♦❧③✐❦ tr❛✈❛✐❧ s✉r ❝❡ s✉❥❡t ❬✼✹❪✳ ❈♦♠♠❡ ♥♦✉s ❧✬❛✈♦♥s
ét✉❞✐é✱ ❝❡tt❡ ♠ét❤♦❞❡ ❞❡ ❝♦♠♣r❡ss✐♦♥ ❞❡ s♣✐♥ ❡st ❧✐♠✐té ♣❛r ❧❛ ❞✐✛✉s✐♦♥ ❞❡ ♣❤♦t♦♥s ❤♦rs ❞✉
♠♦❞❡ ❞✉ ❢❛✐s❝❡❛✉ ✐♥❝✐❞❡♥t✳ P♦✉r ❞✐♠✐♥✉❡r ❧✬❡✛❡t ♥é❢❛st❡ ❞❡ ❝❡tt❡ ❞✐✛✉s✐♦♥✱ ✐❧ ❡st ♣♦ss✐❜❧❡ ❞❡
♣❧❛❝❡r ❧❡ ♥✉❛❣❡ ❛t♦♠✐q✉❡ ❞❛♥s ✉♥❡ ❝❛✈✐té rés♦♥♥❛♥t❡ ❛✈❡❝ ❧❡ ❢❛✐s❝❡❛✉ ✐♥❝✐❞❡♥t✳ ❉❛♥s ❝❡ ❝❛s✱
❝♦♠♠❡ ❞é❝r✐t ❞❛♥s ♥♦tr❡ ❛rt✐❝❧❡✱ ♦♥ s✬❛tt❡♥❞ à ❝❡ q✉❡ ❧❛ ❝♦♠♣r❡ss✐♦♥ ❞❡ s♣✐♥ s♦✐t ❛♠é❧✐♦ré❡
❞✬✉♥ ❢❛❝t❡✉r é❣❛❧ à ❧❛ r❛❝✐♥❡ ❞❡ ❧❛ ✜♥❡ss❡ ❞❡ ❧❛ ❝❛✈✐té✳ P❧✉s✐❡✉rs ❡①♣ér✐❡♥❝❡s ❞❛♥s ❧❡ ♠♦♥❞❡
✉t✐❧✐s❡ ❞❡s ♥✉❛❣❡s ❛t♦♠✐q✉❡s ❝♦✉♣❧és à ✉♥❡ ❝❛✈✐té ❡t ❧❛ ré❛❧✐s❛t✐♦♥ ❞✬✉♥❡ ❝♦♠♣r❡ss✐♦♥ ❞❡ s♣✐♥
❞❛♥s ✉♥❡ t❡❧❧❡ ❝♦♥✜❣✉r❛t✐♦♥ ❡s ❡♥✈✐s❛❣❡❛❜❧❡✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ❛✉ ▲❛❜♦r❛t♦✐r❡ ❈❤❛r❧❡s✲❋❛❜r②✱
❧✬éq✉✐♣❡ ❞❡ P❤✐❧✐♣♣❡ ❇♦✉②❡r ♠♦♥t❡ ❛❝t✉❡❧❧❡♠❡♥t ✉♥❡ ❡①♣ér✐❡♥❝❡ ❞❛♥s ❝❡ ❜✉t✳



❈❤❛♣✐tr❡ ✸

■♥t❡r❛❝t✐♦♥s ❞❛♥s ✉♥ ❧❛s❡r à ❛t♦♠❡s

❣✉✐❞és

▲❡ ❝♦♥✜♥❡♠❡♥t ❞❡s ❛t♦♠❡s ♣❛r ❞❡s ♠✐❝r♦str✉❝t✉r❡s ❞é♣♦sés s✉r ✉♥ ✏♣✉❝❡✑ ♣❡r♠❡t ❞❡
ré❛❧✐s❡r ❞❡s ❝♦♥✜♥❡♠❡♥ts ✐♠♣♦rt❛♥ts ❛✉① ❣é♦♠étr✐❡s ✈❛r✐é❡s✳ ❆✐♥s✐✱ ❞❡s ❣✉✐❞❡s ❛t♦♠✐q✉❡s
♣❡✉✈❡♥t êtr❡ ré❛❧✐sés❬✷✹❪✳ ▲✬✉♥❡ ❞❡s ❛♣♣❧✐❝❛t✐♦♥ ❡♥✈✐s❛❣é❡ ❞❡s ♣✉❝❡s ❛t♦♠✐q✉❡s ❡st ❧❛ ré❛❧✐s❛✲
t✐♦♥ ❞✬✉♥ ✐♥t❡r❢ér♦♠ètr❡ à ❛t♦♠❡s ❣✉✐❞és✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ✐❧ ❡st ❡♥✈✐s❛❣❡❛❜❧❡ ❞❡ ré❛❧✐s❡r✱ s✉r
❞❡s ♣✉❝❡s ❛t♦♠✐q✉❡s✱ ❞❡s ✐♥t❡r❢ér♦♠ètr❡s ❛t♦♠✐q✉❡s s❡♥s✐❜❧❡s ❛✉ ❝❤❛♠♣ ❞❡ r♦t❛t✐♦♥ ✿ ✉♥❡
str✉❝t✉r❡ ❣✉✐❞❛♥t❡ q✉✐ ❡♥❝❡r❝❧❡ ✉♥❡ s✉r❢❛❝❡ ♣❡✉t êtr❡ ✉t✐❧✐sé❡ ♣♦✉r ré❛❧✐s❡r ✉♥ ❣②r♦s❝♦♣❡
❛t♦♠✐q✉❡✳ ❉❡ ♠ê♠❡ q✉❡ ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡ ✜❜r❡s ♦♣t✐q✉❡s ❛ ♣❡r♠✐s ❞✬❛♠é❧✐♦r❡r ❧❛ s❡♥s✐❜✐❧✲
✐té ❞❡s ❣②r♦s❝♦♣❡s ♦♣t✐q✉❡s✱ ♦♥ ♣❡✉t ❡s♣ér❡r ❛✉❣♠❡♥t❡r ❧❛ rés♦❧✉t✐♦♥ ❞❡s ✐♥t❡r❢ér♦♠ètr❡s
❛t♦♠✐q✉❡s ❡♥ ✉t✐❧✐s❛♥t ❞❡s ❣✉✐❞❡s ❛t♦♠✐q✉❡s✳ ❉❡s ♣r❡♠✐❡rs ❞é♠♦♥str❛t✐♦♥s ❡①♣ér✐♠❡♥t❛❧❡s
❞✬✐♥t❡r❢ér♦♠ètr❡s à ♦♥❞❡ ❞❡ ❞❡ ❇r♦♦❣❧✐❡ ❣✉✐❞é❡ s✉r ♣✉❝❡ ♦♥t ❞é❥à été ré❛❧✐sés❬✶✵✶✱ ✸✻✱ ✹✽✱ ✽✽❪✱
❡♥ ✉t✐❧✐s❛♥t ❞✐✛ér❡♥t❡s ♠ét❤♦❞❡s ♣♦✉r ré❛❧✐s❡r ✉♥❡ sé♣❛r❛tr✐❝❡✳

❈♦♥tr❛✐r❡♠❡♥t ❛✉① ♣❤♦t♦♥s ❞❛♥s ❧✬❡s♣❛❝❡ ❧✐❜r❡✱ ❧❡s ❛t♦♠❡s ✐♥t❡r❛❣✐ss❡♥t ❡♥tr❡ ❡✉①✳ ▲✬❡❢✲
❢❡t ❞❡s ✐♥t❡r❛❝t✐♦♥s ♣❡✉t êtr❡ très ✐♠♣♦rt❛♥t✱ ❡♥ ♣❛rt✐❝✉❧✐❡r ❧♦rsq✉❡ ❧❡s ❛t♦♠❡s s♦♥t ❣✉✐❞és
♣❛r ✉♥ ♣♦t❡♥t✐❡❧ tr❛♥s✈❡rs❡ très ✐♠♣♦rt❛♥t✱ ❝♦♠♠❡ ❝✬❡st ❧❡ ❝❛s ❞❛♥s ✉♥ ✐♥t❡r❢ér♦♠ètr❡ à
❛t♦♠❡s ❣✉✐❞és✳ ▲❡s ✐♥t❡r❛❝t✐♦♥s ❡♥tr❡ ❛t♦♠❡s✱ q✉✐ ❝♦rr❡s♣♦♥❞❡♥t à ❞❡s ♣r♦❝❡ss✉s ❞❡ ❝♦❧❧✐✲
s✐♦♥s✱ ♦♥t ❞❡s ❡✛❡ts s✐♠✐❧❛✐r❡s à ❝❡rt❛✐♥s ❡✛❡ts ✐♥tr♦❞✉✐ts ♣❛r ✉♥❡ ♥♦♥❧✐♥é❛r✐té ❞✉ tr♦✐s✐è♠❡
♦r❞r❡ ❞❛♥s ✉♥ ♠✐❧✐❡✉ ♦♣t✐q✉❡ ✿ ♦♥ r❡tr♦✉✈❡ ✉♥ ❡✛❡t ❑❡rr ❡t ❞❡s ♣❤é♥♦♠è♥❡s ❞❡ ♠é❧❛♥❣❡ à
q✉❛tr❡ ♦♥❞❡s✳ ❈❡♣❡♥❞❛♥t✱ ❧❡s ❡✛❡ts ♥♦♥ ❧✐♥é❛✐r❡s s♦♥t t②♣✐q✉❡♠❡♥t ❜❡❛✉❝♦✉♣ ♣❧✉s ✐♠♣♦r✲
t❛♥ts ❞❛♥s ❧❡ ❝❛s ❞❡s ♦♥❞❡ ❞❡ ❞❡ ❇r♦♦❣❧✐❡ ❛t♦♠✐q✉❡✳ ▲❡s ✐♥t❡r❛❝t✐♦♥s ❡♥tr❡ ❛t♦♠❡s ♣❡✉✈❡♥t
❛✐♥s✐ ❞étér✐♦r❡r ❧❡s ♣❡r❢♦r♠❛♥❝❡s ❞✬✉♥ ✐♥t❡r❢ér♦♠ètr❡ ❛t♦♠✐q✉❡✳ ▲❡✉r ét✉❞❡ ❡st ❞♦♥❝ ✐♠♣♦r✲
t❛♥t❡✳

▲❡s ✐♥t❡r❛❝t✐♦♥s ❡♥tr❡ ❛t♦♠❡s ♣❡✉✈❡♥t ❞étér✐♦r❡r ✉♥ ✐♥t❡r❢ér♦♠ètr❡ ✈✐❛ ❞✐✛ér❡♥ts ♠é❝❛♥✲
✐s♠❡s✳ ❚♦✉t ❞✬❛❜♦r❞✱ ❞❛♥s ❧❡ ❝❛s ♦ù✱ ❝♦♠♠❡ ❞❛♥s ❧✬❡①♣ér✐❡♥❝❡❬✸✻❪✱ ❧✬✐♥t❡r❢ér♦♠ètr❡ ✉t✐❧✐s❡
✉♥ ♥✉❛❣❡ ❛t♦♠✐q✉❡ ❞♦♥t ❧❡ ♣r♦✜❧ ❞❡ ❞❡♥s✐té ❡st ♥♦♥ ❤♦♠♦❣è♥❡✱ ❧✬❡✛❡t ❞♦♠✐♥❛♥t ❞❡s ✐♥t❡r✲
❛❝t✐♦♥s ❡st ✉♥ ❡✛❡t ❞❡ ❝❤❛♠♣ ♠♦②❡♥ ❞û à ❧❛ ❞é♣❡♥❞❛♥❝❡ ❡♥ ♣♦s✐t✐♦♥ ❞❡ ❧✬é♥❡r❣✐❡ ❞❡ ❝❤❛♠♣
♠♦②❡♥✳ ❈❡t ❡✛❡t ❛ été ét✉❞✐é ❞❛♥s ❬✼✼❪ ❡t ❞❛♥s ❬✶✵✽❪✳ ❉❛♥s ❧❡ ❝❛s ❞✬✉♥ ✐♥t❡r❢ér♦♠ètr❡ q✉✐
✉t✐❧✐s❡r❛✐t ✉♥ ❥❡t ❞✬❛t♦♠❡s ❝♦❤ér❡♥t ✭✏❧❛s❡r à ❛t♦♠❡s✑✮ ❞❡ ❞❡♥s✐té ❝♦♥st❛♥t❡✱ ❧✬❡✛❡t ♣ré❝é❞❡♥t
❡st ❛❜s❡♥t ♣✉✐sq✉❡ ❧❛ ❞❡♥s✐té ♠♦②❡♥♥❡ ❡st ❝♦♥st❛♥t❡✳ ❉❛♥s ❝❡ ❝❛s✱ ♣♦✉r ❝❛❧❝✉❧❡r ❧✬❡✛❡t ❞❡s

✷✸
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❇♦s♦♥s ❞❛♥s

✧❧❛s❡r à ❛t♦♠❡s✧

✉♥ ét❛t ❝♦❤ér❡♥t

❋✐❣✳ ✸✳✶ ✕ ■♥t❡r❢ér♦♠ètr❡ à ❛t♦♠❡ ❣✉✐❞és✳ ▲❡s ✐♥t❡r❛❝t✐♦♥s ❡♥tr❡ ❛t♦♠❡s ❞❛♥s ❝❤❛❝✉♥ ❞❡s
❜r❛s ❞❡ ❧✬✐♥t❡r❢ér♦♠ètr❡ ♣❡✉✈❡♥t ✐♥❞✉✐r❡ ❞❡s ✢✉❝t✉❛t✐♦♥s ❞❡ ♣❤❛s❡ ❞❛♥s ❝❤❛❝✉♥ ❞❡s ❜r❛s ❡t
❞♦♥❝ ❞étér✐♦r❡r ❧✬✐♥t❡r❢ér♦♠ètr❡✳

✐♥t❡r❛❝t✐♦♥s ❡♥tr❡ ❛t♦♠❡s✱ ✐❧ ❡st ♥é❝❡ss❛✐r❡ ❞✬❛❧❧❡r ❛✉✲❞❡❧à ❞✬✉♥❡ ❛♥❛❧②s❡ ❞❡ ❝❤❛♠♣ ♠♦②❡♥✳
◆♦✉s ❛✈♦♥s ❢❛✐t ✉♥❡ ❛♥❛❧②s❡ ❞❡ ❧✬❡✛❡t ❞❡s ✐♥t❡r❛❝t✐♦♥s q✉✐ ✈❛ ❛✉✲❞❡❧à ❞✉ ❝❤❛♠♣ ♠♦②❡♥✳
◆♦✉s ♥♦✉s s♦♠♠❡s ♣♦✉r ❝❡❧❛ r❡str❡✐♥t ❛✉ ❝❛s ♦ù ❧✬♦♥ s✉♣♣♦s❡ q✉❡ ❧✬♦♥ ❞✐s♣♦s❡ ❞✬✉♥ ❥❡t
❞✬❛t♦♠❡s ❝♦❤ér❡♥t ❞❡ ❧♦♥❣✉❡✉r ❞❡ ❝♦❤ér❡♥❝❡ ✐♥✜♥✐❡ q✉✐ ♣❛ss❡ ❞❛♥s ✉♥❡ ③♦♥❡ ❞❡ ❧♦♥❣✉❡✉r L
❞❛♥s ❧❛q✉❡❧❧❡ ❧❡s ❛t♦♠❡s ✐♥t❡r❛❣✐ss❡♥t✳ ◆♦✉s ❛✈♦♥s ❝❛❧❝✉❧é ❧❛ ❞é❣r❛❞❛t✐♦♥ ❞❡ ❧❛ ❝♦❤ér❡♥❝❡
❞✉ ❢❛✐s❝❡❛✉ ❛t♦♠✐q✉❡ ❞û❡ ❛✉① ✐♥t❡r❛❝t✐♦♥s ❡♥tr❡ ❛t♦♠❡s✳ ❈❡s rés✉❧t❛ts s♦♥t ♣✉❜❧✐és ❞❛♥s
❧✬❛rt✐❝❧❡❬✶✸❪✳ ❉❛♥s ❧❛ ♣r❡♠✐èr❡ ♣❛rt✐❡ ❞❡ ❝❡ ❝❤❛♣✐tr❡✱ ♥♦✉s ❞é❝r✐✈♦♥s ❜r✐è✈❡♠❡♥t ❝❡ ❝❛❧❝✉❧✳
❉❛♥s ❧❛ ❞❡✉①✐è♠❡ ♣❛rt✐❡✱ ♥♦✉s ♠♦♥tr♦♥s q✉❡ ❝❡ ❝❛❧❝✉❧ s✬❛♣♣❧✐q✉❡ ❛✉ss✐ ❛✉ ❝❛s ❞✬✉♥ ✐♥t❡r✲
❢ér♦♠ètr❡ ❞❛♥s ❧❡q✉❡❧ ❧❡s ❛t♦♠❡s ❞❛♥s ❧❡s ❜r❛s ❞❡ ❧✬✐♥t❡r❢ér♦♠ètr❡✳

❉❛♥s t♦✉t❡ ❧❛ s✉✐t❡✱ ♥♦✉s s✉♣♣♦s❡r♦♥s q✉❡ t♦✉t❡s ❧❡s é♥❡r❣✐❡s ❡♥ ❥❡✉ s♦♥t très ♣❡t✐t❡s
❞❡✈❛♥t ❧✬é♥❡r❣✐❡ ❞✉ ♣r❡♠✐❡r ét❛t ❡①❝✐té tr❛♥s✈❡rs❡ ❞❡ s♦rt❡ q✉❡ ❧✬♦♥ ♣✉✐ss❡ s❡ r❡str❡✐♥❞r❡ à
✉♥ s②stè♠❡ ✉♥✐✲❞✐♠❡♥s✐♦♥♥❡❧✳

✸✳✶ ❋❧✉❝t✉❛t✐♦♥s ❞❡ ♣❤❛s❡s ✐♥tr♦❞✉✐t❡s ♣❛r ❧❡s ✐♥t❡r❛❝✲
t✐♦♥s ❞❛♥s ✉♥ ❧❛s❡r à ❛t♦♠❡s

❙✉♣♣♦s♦♥s q✉❡ ❧✬♦♥ ré❛❧✐s❡ ✉♥ ✐♥t❡r❢ér♦♠ètr❡ ❛t♦♠✐q✉❡ ❞❡ t②♣❡ ▼❛❝❤✲❩❡♥❞❡r✱ ❝♦♠♠❡
s❝❤é♠❛t✐sé s✉r ❧❛ ✜❣✉r❡ ✸✳✶ ✿ ✉♥ ❥❡t ❛t♦♠✐q✉❡ ✐♥❝✐❞❡♥t ❡st sé♣❛ré ❡♥ ❞❡✉① s✉r ✉♥❡ ♣r❡♠✐èr❡
sé♣❛r❛tr✐❝❡✱ ❧❡s ❛t♦♠❡s s❡ ♣r♦♣❛❣❡♥t ❡♥s✉✐t❡ ❧❡ ❧♦♥❣ ❞❡s ❞❡✉① ❜r❛s ❞❡ ❧✬✐♥t❡r❢ér♦♠ètr❡ ❛✈❛♥t
❞✬êtr❡ r❡❝♦♠❜✐♥és s✉r ❧❛ ❞❡✉①✐è♠❡ sé♣❛r❛tr✐❝❡✳ ▲❡ ✢✉① ❞✬❛t♦♠❡s s✉r ❧❡s ❞❡✉① ✈♦✐❡s ❞❡
s♦rt✐❡s ♠❡s✉r❡ ❧❛ ♣❤❛s❡ r❡❧❛t✐✈❡ ❛❝❝✉♠✉❧é❡ ❡♥tr❡ ❧❡s ❞❡✉① tr❛❥❡❝t♦✐r❡s ♣♦ss✐❜❧❡s✳ ▲❛ ♣rés❡♥❝❡
❞✬✐♥t❡r❛❝t✐♦♥s ❡♥tr❡ ❛t♦♠❡s ❞❛♥s ❝❤❛❝✉♥ ❞❡s ❞❡✉① ❜r❛s ♣❡✉t ✐♥tr♦❞✉✐r❡ ❞❡s ♠♦❞✐✜❝❛t✐♦♥s
❞❡ ❧❛ ♣❤❛s❡ r❡❧❛t✐✈❡ ❡t ❜r♦✉✐❧❧❡r ❧❡ s✐❣♥❛❧ ❞❡ ❧✬✐♥t❡r❢ér♦♠ètr❡✳ ❙✐ ❧✬♦♥ s✉♣♣♦s❡ q✉❡ ❧❡ ✢✉①
✐♥❝✐❞❡♥t ❞✬❛t♦♠❡s ❡st ♣❛r❢❛✐t❡♠❡♥t ❝♦❤ér❡♥t ❡t ❛ ✉♥❡ ❞❡♥s✐té ❝♦♥st❛♥t❡✱ ❛❧♦rs ❧❡s ❡✛❡ts ❞❡
❝❤❛♠♣s ♠♦②❡♥ ❞❛♥s ❝❤❛❝✉♥ ❞❡s ❜r❛s ♥❡ ❞étér✐♦r❡ ♣❛s ❧❡ s✐❣♥❛❧ ❞❡ ❧✬✐♥t❡r❢ér♦♠ètr❡✳ P♦✉r
♠♦❞é❧✐s❡r ❧✬❡✛❡t ❞❡s ✐♥t❡r❛❝t✐♦♥s ❡♥tr❡ ❛t♦♠❡s✱ ✉♥❡ ❛♥❛❧②s❡ ♣❧✉s ✜♥❡ ❡st ♥é❝❡ss❛✐r❡ ❡t ♥♦✉s
♥♦✉s s♦♠♠❡s ❛tt❛q✉é à ❝❡ ♣r♦❜❧è♠❡✳
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A B C

L

K g 6= 0

g = 0 g = 0

❋✐❣✳ ✸✳✷ ✕ ❙✐t✉❛t✐♦♥ ❝♦♥s✐❞éré❡ ♣♦✉r ❧❡ ❝❛❧❝✉❧ ❞❡ ❧✬❡✛❡t ❞❡s ✐♥t❡r❛❝t✐♦♥s ❞❛♥s ✉♥ ❧❛s❡r à
❛t♦♠❡s ❣✉✐❞é✳

✸✳✶✳✶ ●é♦♠étr✐❡ ❝♦♥s✐❞éré❡ ❡t ♦♣ér❛t❡✉r ♣❤❛s❡

P♦✉r é✈❛❧✉❡r ❧✬❡✛❡t ❞❡s ✐♥t❡r❛❝t✐♦♥s s✉r ✉♥ ❥❡t ❞✬❛t♦♠❡s ❝♦❤ér❡♥t✱ ♥♦✉s ❛✈♦♥s ❝♦♥s✐❞éré
❧❛ s✐t✉❛t✐♦♥ ❞é❝r✐t❡ s✉r ❧❛ ✜❣✉r❡ ✸✳✷ ❞❛♥s ❧❛q✉❡❧❧❡ ✉♥ ❥❡t ❞✬❛t♦♠❡ ❝♦❤ér❡♥t ❞♦♥t ♦♥ s✉♣♣♦s❡
❧❛ ❧♦♥❣✉❡✉r ❞❡ ❝♦❤ér❡♥❝❡ ✐♥✜♥✐❡ ❛rr✐✈❡ ❞❛♥s ✉♥ ③♦♥❡ ❞✬❡①t❡♥s✐♦♥ L ❞❛♥s ❧❛q✉❡❧❧❡ ❧❡s ❛t♦♠❡s
✐♥t❡r❛❣✐ss❡♥t ❛✈❡❝ ❞❡s ✐♥t❡r❛❝t✐♦♥s ♣♦♥❝t✉❡❧❧❡s ❞❡ ❝♦♥st❛♥t❡ ❞❡ ❝♦✉♣❧❛❣❡ g✳ ◆♦✉s ❛✈♦♥s
❝❛❧❝✉❧é ❧❡s ✢✉❝t✉❛t✐♦♥s ❞❡ ♣❤❛s❡ ✐♥❞✉✐t❡s ♣❛r ❧❡s ✐♥t❡r❛❝t✐♦♥s à ❧✬✐ss✉❡ ❞✉ ♣❛ss❛❣❡ ❞❛♥s ❧❛
③♦♥❡ ❞✬✐♥t❡r❛❝t✐♦♥ ❡t ❧❡s rés✉❧t❛ts ♦♥t été ♣✉❜❧✐és ❞❛♥s ❧✬❛rt✐❝❧❡ ❬✶✸❪✳ P♦✉r ❝❡ tr❛✈❛✐❧✱ ♥♦✉s
❛✈♦♥s s✉♣♣♦sé q✉❡ t♦✉t❡s ❧❡s é♥❡r❣✐❡s ❡♥ ❥❡✉ ét❛✐❡♥t ❜❡❛✉❝♦✉♣ ♣❧✉s ❢❛✐❜❧❡s q✉❡ ❧✬é♥❡r❣✐❡ ❞✉
❝♦♥✜♥❡♠❡♥t tr❛♥s✈❡rs❡✱ ❞❡ s♦rt❡ q✉✬✉♥❡ ét✉❞❡ ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧❧❡ ❡st s✉✣s❛♥t❡✳ ▲❡s ❣r❛♥❞❡s
❧✐❣♥❡s ❞✉ ❝❛❧❝✉❧ ❡t ❧❡s rés✉❧t❛ts ♦❜t❡♥✉s s♦♥t r❛♣♣❡❧és ❝✐✲❞❡ss♦✉s✳

▲✬ét❛t ❞✉ ❥❡t ❛t♦♠✐q✉❡ ✐♥✐t✐❛❧ ❡st s✉♣♣♦sé êtr❡ ✉♥ ét❛t ❝♦❤ér❡♥t ❝♦rr❡s♣♦♥❞❛♥t ❛✉ ❝❤❛♠♣s√
neiKx ♦ù K ❡st r❡❧✐é à ❧❛ q✉❛♥t✐té ❞❡ ♠♦✉✈❡♠❡♥t p ❞❡s ❛t♦♠❡s ♣❛r ❧❛ r❡❧❛t✐♦♥ h̄K = p✳

❯♥ ❝❤❛♥❣❡♠❡♥t ❞❡ r❡♣rés❡♥t❛t✐♦♥✱ q✉✐ ❝♦♥s✐st❡ à ré❛❧✐s❡r ✉♥ ❞é♣❧❛❝❡♠❡♥t ❞❛♥s ❧✬❡s♣❛❝❡
❞❡s ♣❤❛s❡s (ψ, ψ+)✱ ♣❡r♠❡t ❞✬é❝r✐r❡ ❧✬♦♣ér❛t❡✉r ❝❤❛♠♣ ❝♦♠♠❡ ψ =

√
neiKx + δψ✱ ♦ù ❧❡

❝❤❛♠♣ ❝♦♠♣❧❡①❡
√
neiKx ❞é❝r✐t ✉♥ ❝❤❛♠♣ ❝❧❛ss✐q✉❡ ❡t ❧✬♦♣ér❛t❡✉r δψ ❞é❝r✐t ❧❡s ✢✉❝t✉❛✲

t✐♦♥s q✉❛♥t✐q✉❡s ❛✉t♦✉r ❞❡ ❝❡ ❝❤❛♠♣ ❝❧❛ss✐q✉❡✳ ◆♦✉s s✉♣♣♦s❡r♦♥s ❞❛♥s ❧❛ s✉✐t❡ q✉❡ ❧✬❡✛❡t
❞❡s ✐♥t❡r❛❝t✐♦♥s ❡♥tr❡ ❛t♦♠❡s ❡st s✉✣s❛♠♠❡♥t ❢❛✐❜❧❡ ♣♦✉r ♥✬✐♥tr♦❞✉✐r❡ q✉❡ ❞❡ ❢❛✐❜❧❡s ♠♦❞✲
✐✜❝❛t✐♦♥s ❞❡ ❧❛ ♣❤❛s❡ ❞❡ s♦rt❡ q✉❡ δψ r❡st❡ ♣❡t✐t✳ ◆♦✉s ❛✈♦♥s ♠♦♥tré ❞❛♥s ♥♦tr❡ ❛rt✐❝❧❡ ❬✶✸❪✱
❡♥ ♣rés❡♥t❛♥t ✉♥ ♣r♦t♦❝♦❧❡ ❞❡ ♠❡s✉r❡ ❞❡ ♣❤❛s❡ ♣❛r ❞ét❡❝t✐♦♥ ❤♦♠♦❞②♥❡ ❛✈❡❝ ✉♥ ❢❛✐s❝❡❛✉
❞❡ ré❢ér❡♥❝❡✱ q✉✬✐❧ ét❛✐t ♣♦ss✐❜❧❡ ❞❛♥s ❝❡ ❝❛s ❞✬✐♥tr♦❞✉✐r❡ ❧✬♦♣ér❛t❡✉r ♣❤❛s❡

θ(x) =
i√
n

(

e−iKxδψ+(x) − eiKxδψ(x)
)

. ✭✸✳✶✮

▲❛ ✜❣✉r❡ ✸✳✸ ❞♦♥♥❡ ✉♥❡ ✐♥t❡r♣rét❛t✐♦♥ ❣é♦♠étr✐q✉❡ s✐♠♣❧❡ ❞❡ ❝❡t ♦♣ér❛t❡✉r✳ ▲❛ ♣❤❛s❡ ❞✉
❢❛✐s❝❡❛✉ ♠❡s✉ré❡ ❡♥ ✉t✐❧✐s❛♥t ✉♥❡ ③♦♥❡ ❞✬❡①t❡♥s✐♦♥ X ❞✉ ❢❛✐s❝❡❛✉ ❡st ♦❜t❡♥✉❡ ❡♥ ♠♦②❡♥♥❛♥t
θ s✉r ❝❡tt❡ ③♦♥❡✳

▲❛ ✈❛❧❡✉r ♠♦②❡♥♥❡ ❞❡ θ ❡st ♥✉❧❧❡ ✭❡♥ ❡✛❡t✱ 〈δψ〉 = 0✮ ❡t s❡s ✢✉❝t✉❛t✐♦♥s s♦♥t ❞♦♥♥é❡s
♣❛r

〈θ(x)θ(x′)〉 = 1
n
{(−〈δψ(x′)δψ(x)〉e−iK(x+x′) − c.c.) + (〈δψ†(x′)δψ(x)〉eiK(x′−x) + c.c.)}

+ 1
n
δ(x′ − x)

✭✸✳✷✮
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√
n

i(ψeiKx − ψ+e−iKx)/
√

2

(ψe−iKx + ψ+eiK)/
√

2
θ

❋✐❣✳ ✸✳✸ ✕ ■♥t❡r♣rét❛t✐♦♥ ❣é♦♠étr✐q✉❡ ❞❡ ❧✬♦♣ér❛t❡✉r ♣❤❛s❡ ❞♦♥♥é ❊q✳✸✳✶✳ ◆♦✉s ❛✈♦♥s
r❡♣rés❡♥té ✐❝✐ ❧❡s ✢✉❝t✉❛t✐♦♥s q✉✬❛✉r❛✐❡♥t ✉♥ ét❛t ❝♦❤ér❡♥t ψ =

√
neiKx✳

♦ù c.c. s✐❣♥✐✜❡ ❝♦♠♣❧❡①❡ ❝♦♥❥✉❣✉é✳ ▲❡ t❡r♠❡ ❡♥ δ(x− x′) ❞♦♥♥❡ ❧❡s ✢✉❝t✉❛t✐♦♥s ❛tt❡♥❞✉❡s
♣♦✉r ✉♥ ❢❛✐s❝❡❛✉ ❞❛♥s ✉♥ ét❛t ❝♦❤ér❡♥t✳ ❙❛ ❝♦♥tr✐❜✉t✐♦♥ ❛✉① ✢✉❝t✉❛t✐♦♥s ❞❡ ♣❤❛s❡ ❡st
∆θ2 = 1/(nX) ♦ù X ❡st ❧❛ ❧♦♥❣✉❡✉r ❞❡ ❧❛ ③♦♥❡ ❞✬✐♥té❣r❛t✐♦♥ ✉t✐❧✐sé❡✳ ❈❡s ✢✉❝t✉❛t✐♦♥s
❝♦rr❡s♣♦♥❞❡♥t ❛✉ ❜r✉✐t ❞❡ ❣r❡♥❛✐❧❧❡ ❞✬✉♥ ✐♥t❡r❢ér♦♠ètr❡✳ ▲❡s ❛✉tr❡s t❡r♠❡s s♦♥t r❡s♣♦♥s❛❜❧❡s
❞✬✉♥ ❡①❝ès ❞❡ ✢✉❝t✉❛t✐♦♥s ❞❡ ♣❤❛s❡✳ ■❧ ♥❡ s♦♥t ♥♦♥ ♥✉❧s q✉✬❡♥ ♣rés❡♥❝❡ ❞✬✐♥t❡r❛❝t✐♦♥s ❡♥tr❡
❛t♦♠❡s✳

❉❡✉① ♣❤é♥♦♠è♥❡s ❧✐és ❛✉① ✐♥t❡r❛❝t✐♦♥s ♣❡✉✈❡♥t ✐♥tr♦❞✉✐r❡ ✉♥❡ ❞✐s♣❡rs✐♦♥ ❞❡ ❧❛ ♣❤❛s❡✳
❚♦✉t ❞✬❛❜♦r❞✱ ❧❛ ❞✐s♣❡rs✐♦♥ ❞✉ ♥♦♠❜r❡ ❞✬❛t♦♠❡s ❞❛♥s ❧✬ét❛t q✉❛♥t✐q✉❡ ♣❡✉♣❧é ❡t ❧❛ ♥♦♥
❧✐♥é❛r✐té ❞❡ ❧✬é♥❡r❣✐❡ ❛✈❡❝ ❧❡ ♥♦♠❜r❡ ❞✬❛t♦♠❡s ❡♥ ♣rés❡♥❝❡ ❞✬✐♥t❡r❛❝t✐♦♥ ❡st r❡s♣♦♥s❛❜❧❡
❞✉ ♣❤é♥♦♠è♥❡ ❞❡ ❞✐✛✉s✐♦♥ ❞❡ ♣❤❛s❡✳ ❉✬❛✉tr❡ ♣❛rt✱ ❧❡s ✐♥t❡r❛❝t✐♦♥s ❡♥tr❡ ❛t♦♠❡s ♣❡✉✈❡♥t
❡♥❣❡♥❞r❡r ❧❛ ♣r♦❞✉❝t✐♦♥ ❞✬❛t♦♠❡s à ❞❡s ✈✐t❡ss❡s ❞✐✛ér❡♥t❡s ❞❡ ❝❡❧❧❡ ❞✉ ❥❡t ✐♥❝✐❞❡♥t✳ ◆♦✉s
❛❧❧♦♥s ✈♦✐r ❞❛♥s ❧❛ s✉✐t❡ q✉❡ ❧❡ ♣r❡♠✐❡r ♣❤é♥♦♠è♥❡ ❡st ♥é❣❧✐❣❡❛❜❧❡ ❞ès q✉❡ ❧❡ ❥❡t ❞✬❛t♦♠❡
❛ ✉♥❡ ❡①t❡♥s✐♦♥ s♣❛t✐❛❧❡ s✉✣s❛♥t❡✳ ▲✬❡✛❡t ❞♦♠✐♥❛♥t ❡st ❛❧♦rs ❞û à ❧❛ ♣r♦❞✉❝t✐♦♥ ❞✬❛t♦♠❡s
❞❡ ❞✐✛ér❡♥t❡s ✈✐t❡ss❡s✳

✸✳✶✳✷ P❤é♥♦♠è♥❡ ❞❡ ❞✐✛✉s✐♦♥ ❞❡ ♣❤❛s❡

▲❡ ♣❤é♥♦♠è♥❡ ❞❡ ❞✐✛✉s✐♦♥ ❞❡ ♣❤❛s❡❬✶✼✱ ✻✷❪ ❛♣♣❛r❛ît ❧♦rsq✉❡ ❧✬é♥❡r❣✐❡ ❞❡ N ❛t♦♠❡s
❞❛♥s ✉♥ ét❛t q✉❛♥t✐q✉❡ ❞♦♥♥é ♥✬❡st ♣❛s ❧✐♥é❛✐r❡ ❡♥ N ✳ P♦✉r ❡①♣❧✐q✉❡r ❝❡t ❡✛❡t✱ ✐❧ ❡st ✉t✐❧❡
❞❡ ❝♦♥s✐❞ér❡r ❧✬❡s♣❛❝❡ ❞❡s ♣❤❛s❡s ((a + a+)/

√
2, i(a − a+)/

√
2)✱ ♦ù a ❡st ❧✬♦♣ér❛t❡✉r q✉✐

❛♥♥✐❤✐❧❡ ✉♥ ❛t♦♠❡ ❞❛♥s ❧✬ét❛t q✉❛♥t✐q✉❡ ❝♦♥s✐❞éré✱ ❝♦♠♠❡ s✉r ❧❛ ✜❣✉r❡ ✸✳✹✳ ▲❛ r❡♣rés❡♥t❛✲
t✐♦♥ ❞❡ ❲✐❣♥❡r ❞✉ s②stè♠❡ ❡st r❡♣rés❡♥té❡ s✉r ❧❛ ✜❣✉r❡ ♣❛r ❧❛ ③♦♥❡ ❤❛❝❤✉ré❡✳ ▲✬❡✛❡t ❞✬✉♥❡
✈❛r✐❛t✐♦♥ ❧✐♥é❛✐r❡ ❞❡ ❧✬é♥❡r❣✐❡ ❛✈❡❝ ❧❡ ♥♦♠❜r❡ ❞✬❛t♦♠❡ ✭E = µN✮ ❡st ❝❡❧❧❡ ❞✬✉♥ ♦s❝✐❧❧❛t❡✉r
❤❛r♠♦♥✐q✉❡ ✿ ❧❛ ❞✐str✐❜✉t✐♦♥ ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡s ♣❤❛s❡s t♦✉r♥❡ à ❧❛ ❢réq✉❡♥❝❡ ❞❡ r♦t❛t✐♦♥
µ/h̄✳ ❉❛♥s ❧❡ ❝❛s ❞✬✉♥ s②stè♠❡ ♥♦♥ ❧✐♥é❛✐r❡✱ ❝♦♠♠❡ µ ❞é♣❡♥❞ ❞❡ n✱ ❧❛ ❢réq✉❡♥❝❡ ❞❡ r♦t❛t✐♦♥
❞é♣❡♥❞ ❞❡ n ❡t ❧❛ ❞✐str✐❜✉t✐♦♥ ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡s ♣❤❛s❡ ❡st ❞é❢♦r♠é❡✳ ❯♥ ❝❛❧❝✉❧ ❝❧❛ss✐q✉❡ ❞❡
❧✬é✈♦❧✉t✐♦♥ ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡s ♣❤❛s❡s ♠♦♥tr❡ q✉❡✱ ❛✉ ❜♦✉t ❞✬✉♥ t❡♠♣s T ✱ ❧❛ ❞✐s♣❡rs✐♦♥ ❡♥
♣❤❛s❡ ❛ ❛✉❣♠❡♥té ❞✬✉♥❡ q✉❛♥t✐té

∆θ =
√

〈θ2〉 ≃ T∆N(∂µ/∂N)/h̄ ✭✸✳✸✮
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(a+ a+)/
√

2

i(a− a+)/
√

2

∆θ

❋✐❣✳ ✸✳✹ ✕ P❤é♥♦♠è♥❡ ❞❡ ❞✐✛✉s✐♦♥ ❞❡ ♣❤❛s❡✳ ❙♦✉s ❧✬❡✛❡t ❞✬✉♥❡ é♥❡r❣✐❡ ♥♦♥ ❧✐♥é❛✐r❡ ❡♥ a+a
✭♣♦♣✉❧❛t✐♦♥ ❞✉ ♠♦❞❡ ❝♦♥s✐❞éré✮✱ ❧❛ ❞✐str✐❜✉t✐♦♥ ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡s ♣❤❛s❡s ❡st ❞é❢♦r♠é❡ ❡t ❧❛
❞✐s♣❡rs✐♦♥ ❡♥ ♣❤❛s❡ ∆θ ❛✉❣♠❡♥t❡✳

2K K + k,K − k′

❋✐❣✳ ✸✳✺ ✕ Pr♦❝❡ss✉s r❡s♣♦♥s❛❜❧❡s ❞❡ ❧❛ ❣é♥ér❛t✐♦♥ ❞✬❛t♦♠❡s ❞❡ q✉❛♥t✐tés ❞❡ ♠♦✉✈❡♠❡♥t
❞✐✛ér❡♥t❡s ❞❡ ❧❛ q✉❛♥t✐té ❞❡ ♠♦✉✈❡♠❡♥t h̄K ❞❡s ❛t♦♠❡s ✐♥❝✐❞❡♥ts✳

♦ù ∆N ❡st ❧❛ ❞✐s♣❡rs✐♦♥ ❡♥ N ❞✉ s②stè♠❡✶✳
P♦✉r ❛♣♣❧✐q✉❡r ❝❡s rés✉❧t❛ts ❛✉ ❝❛s ❞✬✉♥ ❧❛s❡r à ❛t♦♠❡ q✉✐ ♣❛ss❡ ❞❛♥s ✉♥❡ ③♦♥❡ ❞❡ t❛✐❧❧❡

L ❞❛♥s ❧❛q✉❡❧❧❡ ❧❡s ✐♥t❡r❛❝t✐♦♥s ❡♥tr❡ ❛t♦♠❡s s♦♥t ✐♠♣♦rt❛♥t❡s✱ ♥♦✉s s✉♣♣♦s♦♥s q✉❡ ❧✬ét❛t
❞❡s ❛t♦♠❡s ❡st ❞é❝r✐t ♣❛r ✉♥❡ ❢♦♥❝t✐♦♥ ❞✬♦♥❞❡ q✉✐ s✬ét❛❧❡ s✉r ✉♥❡ ❞✐st❛♥❝❡ L ❜❡❛✉❝♦✉♣ ♣❧✉s
✐♠♣♦rt❛♥t❡ q✉❡ L✳ ▲❡ ❝❛s q✉✐ ♥♦✉s ✐♥tér❡ss❡ ❝♦rr❡s♣♦♥❞ à L → ∞✳ ▲❡ ♣❛r❛♠ètr❡ ∂µ/∂N
❡st ❞❛♥s ❝❡ ❝❛s gL/(4L2)✱ ♦ù g ❡st ❧❛ ❝♦♥st❛♥t❡ ❞❡ ❝♦✉♣❧❛❣❡ ❡♥tr❡ ❛t♦♠❡s✳ ◆♦✉s s✉♣♣♦s♦♥s
q✉❡ ❧❡ ❢❛✐s❝❡❛✉ ✐♥❝✐❞❡♥t ❡st ❝♦❤ér❡♥t✳ ▲❛ ❞✐s♣❡rs✐♦♥ ❡♥ N ❡st ❞♦♥❝ ∆N =

√
nL✳ ▲❡ t❡♠♣s

❞✬✐♥t❡r❛❝t✐♦♥ ❡st ❧❡ t❡♠♣s ❞❡ ♣❛ss❛❣❡ T = L/(h̄K/m)✳ ❋✐♥❛❧❡♠❡♥t✱ ♦♥ tr♦✉✈❡ ✉♥❡ ❞✐✛✉s✐♦♥
❞❡ ❧❛ ♣❤❛s❡ q✉✐ ✈❛r✐❡ ❡♥ 1/L✳ ❈❡ ♣❤é♥♦♠è♥❡ ❞❡✈✐❡♥t ❞♦♥❝ ♥é❣❧✐❣❡❛❜❧❡ ❞❛♥s ❧❛ ❧✐♠✐t❡ ♦ù L
❡st très ❣r❛♥❞✳

✸✳✶✳✸ ❊✛❡t ❞❡ ❧❛ ♣r♦❞✉❝t✐♦♥ ❞✬❛t♦♠❡s ❞❡ ✈✐t❡ss❡s ❞✐✛ér❡♥t❡s

▲❡s ✐♥t❡r❛❝t✐♦♥ ❡♥tr❡ ❛t♦♠❡s ❝♦rr❡s♣♦♥❞❡♥t à ❞❡s ❝♦❧❧✐s✐♦♥s à ❞❡✉① ❝♦r♣s✳ ▲❡s ♣r♦❝❡ss✉s
q✉✐ ♣❡✉✈❡♥t ❛✈♦✐r ❧✐❡✉ ❝♦rr❡s♣♦♥❞❡♥t ❛✉ tr❛♥s❢❡rt ❞❡ ❞❡✉① ❛t♦♠❡s ❞✉ ❥❡t ✐♥❝✐❞❡♥t ❞❡ q✉❛♥✲
t✐té ❞❡ ♠♦✉✈❡♠❡♥t K ✈❡rs ❞❡✉① ét❛ts ❞❡ q✉❛♥t✐té ❞❡ ♠♦✉✈❡♠❡♥t K + k ❡t K − k′✱ ❝♦♠♠❡
s❝❤é♠❛t✐sé s✉r ❧❡ ❣r❛♣❤❡ ✸✳✺✳ ▲❛ ❝♦♥s❡r✈❛t✐♦♥ ❞❡ ❧❛ q✉❛♥t✐té ❞❡ ♠♦✉✈❡♠❡♥t ♥✬❡st ♣❛s ✐♠✲
♣♦sé❡ str✐❝t❡♠❡♥t ❝❛r ❧✬✐♥t❡r❛❝t✐♦♥ ♥✬❛ ❧✐❡✉ q✉❡ ❞❛♥s ✉♥❡ ③♦♥❡ ✜♥✐❡ ❞❡ ❧✬❡s♣❛❝❡✳ ❈❡♣❡♥❞❛♥t✱
s❡✉❧❡s ❞❡s ♣❡t✐t❡s ♠♦❞✐✜❝❛t✐♦♥s ❞❡ ❧❛ q✉❛♥t✐té ❞❡ ♠♦✉✈❡♠❡♥t s♦♥t ♣♦ss✐❜❧❡s✱ ❞❡ ❧✬♦r❞r❡ ❞❡
1/(h̄L)✳

P♦✉r ❝❛❧❝✉❧❡r ❧❡s ✢✉❝t✉❛t✐♦♥s ❞❡ ♣❤❛s❡s ✐♥❞✉✐t❡s ♣❛r ❧❡s ❝♦❧❧✐s✐♦♥s ❡♥tr❡ ❛t♦♠❡s✱ ✉♥❡
❛♣♣r♦❝❤❡ ♣❡rt✉r❜❛t✐✈❡ ❡♥ g ❡st à ♣r✐♦r✐ ♣♦ss✐❜❧❡✳ ❈❡♣❡♥❞❛♥t✱ ✉♥❡ t❡❧❧❡ ❛♣♣r♦❝❤❡ ♥✬❡st ♣❛s
s❛t✐s❢❛✐s❛♥t❡ ❝❛r ✐❧ ❡st ❝♦♥♥✉ q✉❡ ❧✬❡✛❡t ❞❡s ✐♥t❡r❛❝t✐♦♥s ❡♥tr❡ ❛t♦♠❡s ❞❛♥s ✉♥ ❣❛③ ✉❧tr❛❢r♦✐❞
♥✬❡st ♣❛s ♣❡rt✉r❜❛t✐❢✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ❧❛ r❡❧❛t✐♦♥ ❞❡ ❞✐s♣❡rs✐♦♥ ❞❡s ❡①❝✐t❛t✐♦♥s✱ q✉✐ à ❜❛ss❡

✶❈❡tt❡ ❢♦r♠✉❧❡✱ ✈❛❧❛❜❧❡ ❛✉① t❡♠♣s ❝♦✉rts ♣♦✉r ∆θ ≪ 2π✱ ❞❡✈✐❡♥t ❢❛✉ss❡ ❛✉① t❡♠♣s ❧♦♥❣s✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱
❡❧❧❡ ♥❡ ❞é❝r✐t ♣❛s ❧❡ ♣❤é♥♦♠è♥❡ ❞❡ ré❝✉rr❡♥❝❡ ❛tt❡♥❞✉❬✶✼❪
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k

V = 0

U = 0

−K

tr♦✉

K K−K

h̄2k(K +
√
mgn/h̄)

h̄2k(K −√
mgn/h̄)

✶ ✿ ❡①❝✐t❛t✐♦♥ ❞❡ t②♣❡ tr♦✉

✷ ✿ ❡①❝✐t❛t✐♦♥ ❞❡ t②♣❡ ♣❛rt✐❝✉❧❡
√

mgn/h̄

✷

♣❛rt✐❝✉❧❡

k

✵

✶

❱✴❯

✶

g 6= 0g = 0

E

ω

E

❋✐❣✳ ✸✳✻ ✕ ▼♦❞❡s ❞❡ ❇♦❣♦❧✐✉❜♦✈ ❞❛♥s ❧❡s ③♦♥❡s s❛♥s ❡t ❛✈❡❝ ✐♥t❡r❛❝t✐♦♥✳ ▲❡ s♣❡❝tr❡ ❡st ❞✐✈✐sé
❡♥ ❞❡✉① ❜r❛♥❝❤❡s ✿ ❧❡s s♦❧✉t✐♦♥s ❞❡ t②♣❡ ♣❛rt✐❝✉❧❡ ❛✈❡❝ U > V ❡t ❧❡s s♦❧✉t✐♦♥s ❞❡ t②♣❡ tr♦✉
❛✈❡❝ U < V ✳ ▲❡s ❝♦✉r❜❡s tr❛❝é❡s ♥❡ s♦♥t ♣❛s ❡①❛❝t❡s✳

é♥❡r❣✐❡ ❡st ❞♦♥♥é ♣❛r ❧❡ s♣❡❝tr❡ ❞❡s ♣❤♦♥♦♥s ω = k
√

gn/m✱ ♥✬❡st ♣❛s ♣❡rt✉r❜❛t✐❢ ❡♥ g✳
◆♦✉s ❛✈♦♥s ❞♦♥❝ ✉t✐❧✐sé ✉♥❡ ❛♣♣r♦❝❤❡ ❞✐✛ér❡♥t❡✱ q✉✐ ❡st ❧✬❛♣♣r♦❝❤❡ ❞❡ ❇♦❣♦❧✐✉❜♦✈ ❞❛♥s
❧❛q✉❡❧❧❡ ❧❡ ❝❛❧❝✉❧ ❡st ♣❡rt✉r❜❛t✐❢ ❡♥ δψ ❡t ♥♦♥ ❡♥ g✳ ◆♦✉s ❞♦♥♥♦♥s ❝✐✲❞❡ss♦✉s ❧❡s ❣r❛♥❞❡s
❧✐❣♥❡s ❞❡ ❝❡ ❝❛❧❝✉❧✳

◆♦✉s ❝❤❡r❝❤♦♥s ❧✬ét❛t st❛t✐♦♥♥❛✐r❡ ❞❡ ♣❧✉s ❜❛ss❡ é♥❡r❣✐❡ q✉✐ ❝♦rr❡s♣♦♥❞ à ❧❛ ❣é♦♠étr✐❡
❞❡ ❧❛ ✜❣✉r❡ ✸✳✷✳ ❉❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❝❤❛♠♣ ♠♦②❡♥✱ ψ = ϕMF ♦ù ϕMF ✈ér✐✜❡ ❧✬éq✉❛t✐♦♥
❞❡ ●r♦ss✲P✐t❛❡✈s❦✐✳ ❉❛♥s ♥♦tr❡ ❝❛s✱ ❧❛ s♦❧✉t✐♦♥ ❞❡ ❝❤❛♠♣ ♠♦②❡♥ s✬é❝r✐t✱ ❞❛♥s ❧❡ ❞♦♠❛✐♥❡
❈ ❡♥ ❛✈❛❧ ❞❡ ❧❛ ③♦♥❡ ❞✬✐♥t❡r❛❝t✐♦♥ ✭✈♦✐r ✜❣✉r❡ ✸✳✷✮✱

√
nCe

iKix✱ ♦ù Ki ❡st ❧❛ q✉❛♥t✐té ❞❡
♠♦✉✈❡♠❡♥t ❞❡s ❛t♦♠❡s ✐♥❝✐❞❡♥ts✳ ❆ ♣r✐♦r✐✱ ❞❛♥s ❧❡ ❞♦♠❛✐♥❡ ❆ s✐t✉é ❡♥ ❛♠♦♥t ❞❡ ❧❛ ③♦♥❡
❞✬✐♥t❡r❛❝t✐♦♥✱ ❡♥ ♣❧✉s ❞✉ ❝❤❛♠♣ ✐♥❝✐❞❡♥t

√
neiKix✱ ❝♦❡①✐st❡ ✉♥ ❝❤❛♠♣ ré✢é❝❤✐ ❡♥ e−iKix✳

❈❡♣❡♥❞❛♥t✱ s✐ gn≪ h̄2K2/m✱ ❝❡tt❡ ré✢❡①✐♦♥ ❡st ♣❡t✐t❡ ❡t ♥♦✉s ❧❛ ♥é❣❧✐❣❡♦♥s ❞❛♥s ❧❛ s✉✐t❡✳
❉❛♥s ❧❛ ③♦♥❡ ❞✬✐♥t❡r❛❝t✐♦♥✱ t♦✉❥♦✉rs ❡♥ ♥é❣❧✐❣❡❛♥t ❧❡s ré✢❡①✐♦♥s✱ ❧❡ ❝❤❛♠♣ ♠♦②❡♥ s✬é❝r✐t

ϕMF =
√
neiKx ♦ù K =

√

h̄2K2
i /(2m) − gn✳ ▲❡ ♣♦t❡♥t✐❡❧ ❝❤✐♠✐q✉❡ ❞❡ ❝❡tt❡ s♦❧✉t✐♦♥ ❞❡

❝❤❛♠♣ ♠♦②❡♥ ❡st µ = gn + h̄2K2/(2m)✳ ❈❡tt❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♥❡ ♣❡r♠❡t ♣❛s ❞❡ r❡♥❞r❡
❝♦♠♣t❡ ❞❡s ✢✉❝t✉❛t✐♦♥s ❞❡ ♣❤❛s❡ ♣r♦❞✉✐t❡s ♣❛r ❧❡s ✐♥t❡r❛❝t✐♦♥s ❡t ✐❧ ❡st ♥é❝❡ss❛✐r❡ ❞✬❛❧❧❡r
♣❧✉s ❧♦✐♥ ❡♥ é❝r✐✈❛♥t ❧✬♦♣ér❛t❡✉r ❝❤❛♠♣s ❝♦♠♠❡ ψ = ϕMF +δψ✳ P♦✉r ❝❡❧❛✱ ♥♦✉s ✉t✐❧✐s♦♥s ❧❛
t❤é♦r✐❡ ❞❡ ❇♦❣♦❧✐✉❜♦✈ ❞❛♥s ❧❛q✉❡❧❧❡ ❧❡s t❡r♠❡s ❞✬♦r❞r❡ s✉♣ér✐❡✉rs à ✷ ❡♥ δψ ❞✉ ❍❛♠✐❧t♦♥✐❡♥
s♦♥t ♥é❣❧✐❣és✳ ▲❡ ❤❛♠✐❧t♦♥✐❡♥ ♣❡✉t ❛❧♦rs s✬é❝r✐r❡ ❝♦♠♠❡ ✉♥ ❤❛♠✐❧t♦♥✐❡♥ ❞✬✉♥ ❡♥s❡♠❜❧❡ ❞❡
❇♦s♦♥s ✐♥❞é♣❡♥❞❛♥ts✱ H =

∑

k ωkα
+
k αk✳ ▲✬♦♣ér❛t❡✉r ❝❤❛♠♣ s✬é❝r✐t

δψ =
∑

k

(

uk(x)αk − v∗k(x)α
+
k

)

, ✭✸✳✹✮

♦ù ❧❡s ❢♦♥❝t✐♦♥ uk ❡t vk✱ ♥♦r♠❛❧✐sé❡s à
∫

(|uk|2−|vk|2) = 1✱ ✈ér✐✜❡♥t ❧❡s éq✉❛t✐♦♥s ❞❡ ❇♦❣♦❧✐✲
✉❜♦✈ ❞♦♥♥é❡s ❞❛♥s ❧✬❛rt✐❝❧❡❬✶✸❪✳ ❙✐ ❧❡ t❡r♠❡ vk ❡st ♥♦♥ ♥✉❧✱ ❛❧♦rs ❧✬♦♣ér❛t❡✉r δψ ❛♣♣❧✐q✉é ❛✉
✈✐❞❡ ❞❡ ❇♦❣♦❧✐✉❜♦✈ ❡st ♥♦♥ ♥✉❧✳ ❈❡❧❛ s✐❣♥✐✜❡ q✉❡✱ ♠ê♠❡ ❞❛♥s ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧✱ ❞❡s ♣❛r✲
t✐❝✉❧❡s ♣❡✉♣❧❡♥t ❞❡s ♠♦❞❡s ❞✐✛ér❡♥t ❞❡ ϕMF ✳ ❈✬❡st ❧❡ ♣❤é♥♦♠è♥❡ ❞❡ ré♣❧ét✐♦♥ q✉❛♥t✐q✉❡✳
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BA C
E

k

E E

k1k2 k
k′

❋✐❣✳ ✸✳✼ ✕ ▼♦❞❡ ❞❡ ❇♦❣♦❧✐✉❜♦✈ ❞♦♥t ❧❡s ✢✉❝t✉❛t✐♦♥s ❞❡ ♣♦✐♥t ③ér♦ ✈♦♥t ❣é♥ér❡r ❞❡s ✢✉❝t✉✲
❛t✐♦♥s ❞❡ ♣❤❛s❡ ❞❛♥s ❧❛ ③♦♥❡ ❈✳

❈✬❡st ❝❡tt❡ ❞é❧ét✐♦♥ q✉❛♥t✐q✉❡ q✉✐ ❡st r❡s♣♦♥s❛❜❧❡ ❞❡s ✢✉❝t✉❛t✐♦♥s ❞❡ ♣❤❛s❡ ❞❛♥s ❧❛ ③♦♥❡ ❈✳
❆✐♥s✐✱ s❡✉❧s ❧❡s ♠♦❞❡s ❞❡ ❇♦❣♦❧✐✉❜♦✈ ♣♦✉r ❧❡sq✉❡❧s ❧❛ ❢♦♥❝t✐♦♥ v ❡st ♥♦♥ ♥✉❧❧❡ ❞❛♥s ❧❛ ③♦♥❡
❈ ❝♦♥tr✐❜✉❡♥t ❛✉① ✢✉❝t✉❛t✐♦♥s ❞❡ ♣❤❛s❡ ❞❛♥s ❧❛ ③♦♥❡ ❈ ❞❛♥s ❧❡ ✈✐❞❡ ❞❡ ❇♦❣♦❧✐✉❜♦✈✳ ▲❛
r❡❧❛t✐♦♥ ❡♥tr❡ ❧❡s ❢♦♥❝t✐♦♥s uk ❡t vk ❞❡s ♠♦❞❡s ❞❡ ❇♦❣♦❧✐✉❜♦✈ ❡t ❧❡s ✢✉❝t✉❛t✐♦♥s ❞❡ ♣❤❛s❡
❞✉ ❥❡t ❛t♦♠✐q✉❡✱ ♦❜t❡♥✉❡ ❡♥ ✐♥❥❡❝t❛♥t ✸✳✹ ❞❛♥s ✸✳✷✱ ❡st ❞♦♥♥é❡ ❞❛♥s ❧✬❛rt✐❝❧❡❬✶✸❪✳ ❯♥❡ ❢♦✐s
❝❡tt❡ r❡❧❛t✐♦♥ ét❛❜❧✐❡✱ ❧❡ ❝❛❧❝✉❧ ❞❡s ✢✉❝t✉❛t✐♦♥s ❞❡ ♣❤❛s❡ ❞✉ ❥❡t ❛t♦♠✐q✉❡ ❞❛♥s ❧❛ ③♦♥❡ ❈
s❡ r❛♠è♥❡ ❛✉ ♣r♦❜❧è♠❡ ❞❡ ❧❛ ❞ét❡r♠✐♥❛t✐♦♥ ❞❡s ♠♦❞❡s ❞❡ ❇♦❣♦❧✐✉❜♦✈✳ ◆♦✉s ♠♦♥tr♦♥s ✐❝✐
❝♦♠♠❡♥t ❝❡s ♠♦❞❡s s♦♥t ❞ét❡r♠✐♥és✳

❉❛♥s ❝❤❛❝✉♥ ❞❡s ❞♦♠❛✐♥❡s ❆✱❇ ❡t ❈✱ ❧❡s s♦❧✉t✐♦♥s ❞❡s éq✉❛t✐♦♥s ❞❡ ❇♦❣♦❧✐✉❜♦✈ ♣❡✉✈❡♥t
s✬é❝r✐r❡ (u, v) = (Uei(k+K)x, V ei(k−K)x)✳ ▲❛ ✜❣✉r❡ ✸✳✻ ❞♦♥♥❡ ❧❡ s♣❡❝tr❡ ❞❡ ❇♦❣♦❧✐✉❜♦✈ ❞❛♥s
❧❡ ❝❛s ♦ù g = 0 ✭③♦♥❡ ❆ ❡t ❈✮ ❡t ❞❛♥s ❧❡ ❝❛s ♦ù g 6= 0 ✭③♦♥❡ ❇✮✳ ▲❡ s♣❡❝tr❡ ❡st ❝♦♥st✐t✉é
❞❡ ❞❡✉① ❜r❛♥❝❤❡s✱ ❧✬✉♥❡ ♣❧✉tôt ❞❡ t②♣❡ ♣❛rt✐❝✉❧❡✱ ❧✬❛✉tr❡ ❞❡ t②♣❡ tr♦✉✷✳ ❈♦♥♥❛✐ss❛♥t ❧❡s
s♦❧✉t✐♦♥s ❞❡s éq✉❛t✐♦♥s ❞❡ ❇♦❣♦❧✐✉❜♦✈ ❞❛♥s ❝❤❛❝✉♥ ❞❡s ❞♦♠❛✐♥❡s ❆✱ ❇ ❡t ❈✱ ❧❡s ❝♦♥❞✐t✐♦♥s
❞❡ ❝♦♥t✐♥✉✐té ♣❡r♠❡tt❡♥t ❞❡ ❝❛❧❝✉❧❡r ❧❡s s♦❧✉t✐♦♥s ❞✉ ♣r♦❜❧è♠❡ ❣é♥ér❛❧✳ ❈♦♠♠❡ ❞ét❛✐❧❧é
❞❛♥s ❬✶✸❪✱ ❧❡ s❡✉❧ ♠♦❞❡ ❞❡ ❇♦❣♦❧✐✉❜♦✈ q✉✐ ✈❛ ❝♦♥tr✐❜✉❡r ❛✉① ✢✉❝t✉❛t✐♦♥s ❞❡ ♣❤❛s❡ ❞❛♥s
❧❛ ③♦♥❡ ❈ ❡st ❝❡❧✉✐ q✉✐ ❝♦rr❡s♣♦♥❞ à ✉♥❡ ♣❛rt✐❝✉❧❡ ✐♥❝✐❞❡♥t❡ ❞❡ q✉❛♥t✐té ❞❡ ♠♦✉✈❡♠❡♥t
h̄(K + k)✱ ❞✐✛ér❡♥t❡ ❞❡ h̄K✳ ▲❛ ✜❣✉r❡ ✸✳✼ ♠♦♥tr❡ q✉❡ ❝❡t ét❛t s❡ ❞é✈❡❧♦♣♣❡ s✉r ❞❡s ét❛ts
❞❡ t②♣❡ tr♦✉ ❡t ♣❛rt✐❝✉❧❡ ❞❛♥s ❧❛ ③♦♥❡ ❈✳ ▲❡ ❝❛❧❝✉❧ ❞❡s ❢♦♥❝t✐♦♥s u ❡t v ♣♦✉r ✉♥ t❡❧ ♠♦❞❡
❡st ❞ét❛✐❧❧é ❞❛♥s ❧✬❛rt✐❝❧❡✳

❯♥❡ ❢♦✐s ❝♦♥♥✉ ❧❡s ❡①❝✐t❛t✐♦♥s ❞❡ ❇♦❣♦❧✐✉❜♦✈✱ ❧❡ ❝❛❧❝✉❧ ❞❡s ✢✉❝t✉❛t✐♦♥s ❞❡ ♣❤❛s❡ ♣❡✉t
êtr❡ ré❛❧✐sé✳ ❉❡✉① ❝♦♥tr✐❜✉t✐♦♥s ❛♣♣❛r❛✐ss❡♥t✳ ▲❛ ♣r❡♠✐èr❡ ❝♦♥tr✐❜✉t✐♦♥ ❞♦♥♥❡ ❞❡s ✢✉❝t✉❛✲
t✐♦♥s ❞❡ ♣❤❛s❡ ❞✬❛♠♣❧✐t✉❞❡

〈θ(x)2〉1 =
LλdB
2πnξ3

, ✭✸✳✺✮

♦ù λdB = 2π/K ❡st ❧❛ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡ ❞❡ ❞❡ ❇r♦♦❣❧✐❡ ❞✉ ❢❛✐s❝❡❛✉ ✐♥❝✐❞❡♥t ❡t ξ = h̄/
√
mgn

❡st ❧❛ ❧♦♥❣✉❡✉r ❞❡ r❡❧❛①❛t✐♦♥ ❞❛♥s ❧❡ ♠✐❧✐❡✉ ❇✳ ▲❛ ❧♦♥❣✉❡✉r ❞❡ ❝♦rré❧❛t✐♦♥ ❞❡ ❝❡s ✢✉❝t✉❛t✐♦♥s

✷◆♦✉s ♥♦✉s r❡str❡✐❣♥♦♥s ✐❝✐ ❛✉① s♦❧✉t✐♦♥s ♣r♦♣❛❣❛t✐✈❡s ♣♦✉r ❧❡sq✉❡❧❧❡s k ❡st ré❡❧✳ ❈❡❝✐ ❡st ❥✉st✐✜é t❛♥t
q✉❡ ❞❡s é♥❡r❣✐❡s ✐♥❢ér✐❡✉r❡s à h̄K2/(2m) s♦♥t ❝♦♥s✐❞éré❡s✳ ❊♥ ❡✛❡t✱ ❞❛♥s ❝❡ ❞♦♠❛✐♥❡ ❞✬é♥❡r❣✐❡✱ ✹ s♦❧✉t✐♦♥s
♣r♦♣❛❣❛t✐✈❡s ❞❡s éq✉❛t✐♦♥s ❞❡ ❇♦❣♦❧✐✉❜♦✈ ❡①✐st❡♥t✱ ❝♦♠♠❡ ❝❡❧❛ ❡st ✈✐s✐❜❧❡ s✉r ❧❛ ✜❣✉r❡ ✸✳✻✳ ❖r ❧❡s éq✉❛t✐♦♥s
❞❡ ❇♦❣♦❧✐✉❜♦✈ ét❛♥t ❞❡s éq✉❛t✐♦♥s ❧✐♥é❛✐r❡s ❞✐✛ér❡♥t✐❡❧❧❡s ❞✉ s❡❝♦♥❞ ❞❡❣ré ♣♦rt❛♥t s✉r ✉♥ ✈❡❝t❡✉r ❞❡
❞✐♠❡♥s✐♦♥ ✷✱ ❡❧❧❡s ❛❞♠❡tt❡♥t s❡✉❧❡♠❡♥t q✉❛tr❡ s♦❧✉t✐♦♥s ❧✐♥é❛✐r❡♠❡♥t ✐♥❞é♣❡♥❞❛♥t❡s✳ ▲❡s q✉❛tr❡ s♦❧✉t✐♦♥s
♣r♦♣❛❣❛t✐✈❡s ❢♦r♠❡♥t ❞♦♥❝ ✉♥❡ ❜❛s❡ ❞❡s s♦❧✉t✐♦♥s ❡t ✐❧ ♥✬❡①✐st❡ ♣❛s✱ ❞❛♥s ❝❡ ❞♦♠❛✐♥❡ ❞✬é♥❡r❣✐❡✱ ❞❡ s♦❧✉t✐♦♥s
s♦✉s ❢♦r♠❡ ❞✬♦♥❞❡ é✈❛♥❡s❝❡♥t❡✳
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❞❡ ♣❤❛s❡ ❡st

∆x1 =
LλdB
2πξ

. ✭✸✳✻✮

▲❛ ❞❡✉①✐è♠❡ ❝♦♥tr✐❜✉t✐♦♥ ❞❡s ✢✉❝t✉❛t✐♦♥s ❞❡ ♣❤❛s❡ ❛ ❧❛ ♠ê♠❡ ❝♦♥tr✐❜✉t✐♦♥ ❛♣rès ✐♥té❣r❛✲
t✐♦♥ s✉r ❞❡s ❞✐st❛♥❝❡s ❧♦♥❣✉❡s✱ ✐✳❡✳ s♦♥ ❛♠♣❧✐t✉❞❡ 〈θ(x)2〉 ❡t s❛ ❧♦♥❣✉❡✉r ❞❡ ❝♦rré❧❛t✐♦♥ ∆x2

✈ér✐✜❡♥t ∆x2〈θ(x)2〉2 = ∆x1〈θ(x)2〉1✳ ❈❡♣❡♥❞❛♥t✱ ❧❛ ❧♦♥❣✉❡✉r ❞❡ ❝♦rré❧❛t✐♦♥ ∆x2 ❛✉❣♠❡♥t❡
❛✉ ❢✉r ❡t à ♠❡s✉r❡ q✉❡ ❧✬♦♥ s✬é❧♦✐❣♥❡ ❞❡ ❧❛ ③♦♥❡ ❞✬✐♥t❡r❛❝t✐♦♥✳ ❆ ✉♥❡ ❞✐st❛♥❝❡ X ❛♣rès ❧❛
③♦♥❡ ❞✬✐♥t❡r❛❝t✐♦♥✱ ❧❛ ❧♦♥❣✉❡✉r ❞❡ ❝♦rré❧❛t✐♦♥ ∆x2 s✬é❝r✐t

∆x2 =
Xξ

L
. ✭✸✳✼✮

◆♦t♦♥s q✉❡ ❝❡s rés✉❧t❛ts ♥❡ s♦♥t ♣❛s ♣❡rt✉r❜❛t✐❢s ❡♥ g✳ ❈❡s rés✉❧t❛ts ♥✬❛✉r❛✐❡♥t ❞♦♥❝ ♣❛s ♣✉
êtr❡ ♦❜t❡♥✉s ♣❛r ✉♥❡ ❛♣♣r♦❝❤❡ ♣❡rt✉r❜❛t✐✈❡✱ ❝❡ q✉✐ ❥✉st✐✜❡ ❧✬✉t✐❧✐s❛t✐♦♥ ❞✉ ❢♦r♠❛❧✐s♠❡ ❞❡
❇♦❣♦❧✐✉❜♦✈✳ ▲❡ ❢♦r♠❛❧✐s♠❡ ❞❡ ❇♦❣♦❧✐✉❜♦✈ ♣❡r♠❡tt❡♥t ❞❡ ❢❛✐r❡ ❞❡s ♣ré❞✐❝t✐♦♥s q✉❛♥t✐t❛t✐✈❡s
♠❛✐s ✐❧ ❛ ❧❡ ❞és❛✈❛♥t❛❣❡ ❞❡ ♥❡ ♣❛s r❡♥❞r❡ ❧❛ ♣❤②s✐q✉❡ tr❛♥s♣❛r❡♥t❡✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ❧❛ ♥♦t✐♦♥
❞❡ ♣r♦❞✉❝t✐♦♥ ❞✬❛t♦♠❡s ♣❛r ♣❛✐r❡ ✈✐❛ ❞❡s ❝♦❧❧✐s✐♦♥s ♥✬❡st ♣❛s ❡①♣❧✐❝✐t❡ ❞❛♥s ❧✬❛♣♣r♦❝❤❡
❞❡ ❇♦❣♦❧✐✉❜♦✈✳ ❈❡♣❡♥❞❛♥t✱ ♦♥ r❡tr♦✉✈❡ ❞❡s tr❛❝❡s ❞❡ ❧❛ ♣❤②s✐q✉❡ ❞❡ ❧❛ ♣r♦❞✉❝t✐♦♥ ❞❡s
❛t♦♠❡s ♣❛r ♣❛✐r❡s ❞❛♥s ❧❡ ❢♦r♠❛❧✐s♠❡ ❞❡ ❇♦❣♦❧✐✉❜♦✈✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ❝♦♠♠❡ ét✉❞✐é ❞❛♥s
❧❛ ❧✐ttér❛t✉r❡❬✸✽❪✱ ❧❡ ✈✐❞❡ ❞❡ ❇♦❣♦❧✐✉❜♦✈ ❡st ✉♥ ét❛t ❝♦♠♣r✐♠é ❞✉ ❝❤❛♠♣ ❛t♦♠✐q✉❡ ❞❛♥s
❧❡q✉❡❧ s❡✉❧s ❧❡s ét❛ts ❛②❛♥t ✉♥ ♥♦♠❜r❡ ♣❛✐r ❞✬❛t♦♠❡s ❞❛♥s ❧❡s ❞✐✛ér❡♥ts ♠♦❞❡s ❞✉ ❝❤❛♠♣
❛t♦♠✐q✉❡s s♦♥t ♣❡✉♣❧és✳

❆✈❛♥t ❝♦♥t✐♥✉❡r✱ ♥♦✉s ✈♦✉❞r✐♦♥s ❝♦♥❝❧✉r❡ ❝❡tt❡ s❡❝t✐♦♥ ❡♥ r❡✈❡♥❛♥t s✉r ❧✬❛♣♣r♦①✐♠❛t✐♦♥
❢❛✐t❡ s✉r ❧❛ s♦❧✉t✐♦♥ ❞❡ ❝❤❛♠♣ ♠♦②❡♥ ❞❛♥s ❧❡ ❝❛❧❝✉❧ ♣rés❡♥té ❝✐✲❞❡ss✉s✳ ◆♦✉s ❛✈♦♥s s✉♣♣♦sé
q✉❡ ❧❛ s♦❧✉t✐♦♥ ❞❡ ❝❤❛♠♣ ♠♦②❡♥ s✬é❝r✐✈❛✐t ❝♦♠♠❡ ✉♥❡ ♦♥❞❡ ♣❧❛♥❡ ❞❡ ❞❡♥s✐té ❝♦♥st❛♥t❡
❞❛♥s ❝❤❛❝✉♥❡ ❞❡s ③♦♥❡s✳ ❈❡❝✐ ❡st ❜✐❡♥ s✉r ✉♥❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♣✉✐sq✉❡ ❧❡s ❝♦♥❞✐t✐♦♥s ❛✉①
❧✐♠✐t❡s s✉r ❧❛ ❢♦♥❝t✐♦♥ ❞✬♦♥❞❡ ❡t s❛ ❞ér✐✈é❡ ♥❡ s♦♥t ♣❛s ✈ér✐✜é❡s ❛✈❡❝ ✉♥ t❡❧ ❛♥s❛t③✳ ❙✐
❝❡tt❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❡st s❛♥s ❞♦✉t❡ ✈❛❧❛❜❧❡ ♣♦✉r ♥♦tr❡ ❝❛❧❝✉❧ ❝❛r ♦♥ ❛ s✉♣♣♦sé q✉❡ ❧✬é♥❡r❣✐❡
❝✐♥ét✐q✉❡ ✐♥❝✐❞❡♥t❡ ❡st ❣r❛♥❞❡ ❞❡✈❛♥t ❧✬é♥❡r❣✐❡ ❞✬✐♥t❡r❛❝t✐♦♥✱ ❝❡tt❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♥✬❡st ♣❛s
✈❛❧❛❜❧❡ ❞❛♥s ❧❡ ❝❛s ♦ù ❧✬é♥❡r❣✐❡ ❝✐♥ét✐q✉❡ ✐♥❝✐❞❡♥t❡ ❡st ❞❡ ❧✬♦r❞r❡ ❞❡ ❧✬é♥❡r❣✐❡ ❞✬✐♥t❡r❛❝t✐♦♥✳
▲❛ ❞ét❡r♠✐♥❛t✐♦♥ ❞✬✉♥❡ s♦❧✉t✐♦♥ ❞❡ ❝❤❛♠♣ ♠♦②❡♥ ❡st ❛❧♦rs ✉♥ ♣r♦❜❧è♠❡ ❞✐✣❝✐❧❡ ❡t ✐♥tér❡s✲
s❛♥t✳ ❯♥❡ s✐t✉❛t✐♦♥ s✐♠✐❧❛✐r❡ ❛ été ét✉❞✐é❡ ❞❛♥s ❧❡s ❛rt✐❝❧❡s ❬✻✶✱ ✼✽❪✳ ❉❛♥s ❬✼✽❪✱ ❧❡s ❛✉t❡✉rs
ét✉❞✐❡ ❧❛ tr❛♥s♠✐ss✐♦♥ ❞✬✉♥ ❥❡t ❛t♦♠✐q✉❡ ❣✉✐❞é ❡♥ ♣rés❡♥❝❡ ❞✬✉♥❡ ❝♦♥str✐❝t✐♦♥ ❞✉ ❣✉✐❞❡✳
■❧s ♠♦♥tr❡♥t q✉❡✱ ♣♦✉r ❝❡rt❛✐♥s ✢✉① ✐♥❝✐❞❡♥ts✱ ✐❧s ♥✬❡①✐st❡ ♣❛s ❞❡ s♦❧✉t✐♦♥ st❛t✐♦♥♥❛✐r❡ ❡t
q✉✬✐❧ ♣♦✉✈❛✐t ❛✉ss✐ ❡①✐st❡r ✉♥❡ s♦❧✉t✐♦♥ st❛t✐♦♥♥❛✐r❡ ❞❡ ❢♦r♠❡ s♦❧✐t♦♥✐q✉❡ ♣rés❡♥t❛♥t ✉♥❡
tr❛♥s♠✐ss✐♦♥ ❛♥♦r♠❛❧❡♠❡♥t é❧❡✈é❡✳

✸✳✷ ❆♣♣❧✐❝❛t✐♦♥ ❛✉ ❝❛s ❞✬✉♥ ✐♥t❡r❢ér♦♠ètr❡

◆♦✉s ♠♦♥tr♦♥s ✐❝✐ q✉❡ ❧❡s ❝❛❧❝✉❧s ❡✛❡❝t✉és ❞❛♥s ❧❛ s❡❝t✐♦♥ ♣ré❝é❞❡♥t❡ s✬❛♣♣❧✐q✉❡♥t ❛✉
❝❛s ❞✬✉♥ ✐♥t❡r❢ér♦♠ètr❡ à ❛t♦♠❡s ❞❛♥s ❧❡q✉❡❧ ❧❡s ❛t♦♠❡s ✐♥t❡r❛❣✐ss❡♥t ❞❛♥s ❝❤❛❝✉♥ ❞❡s ❜r❛s✳
◆♦✉s ♥♦✉s ✐♥tér❡ss♦♥s ❞♦♥❝ à ❧❛ s✐t✉❛t✐♦♥ ❣é♥ér✐q✉❡ ♣rés❡♥té❡ ❋✐❣✳✸✳✽✳ ▲❡s ❛t♦♠❡s ❛rr✐✈❡♥t
❞❛♥s ❧✬✉♥ ❞❡s ♣♦rts ❞✬❡♥tré❡ ❞❡ ❧✬✐♥t❡r❢ér♦♠ètr❡ ❡t✱ à ❧✬✐ss✉❡ ❞❡ ❧❛ ♣r❡♠✐èr❡ sé♣❛r❛tr✐❝❡✱ ❧❡s
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A

B

voie 1

✈♦✐❡ ✷

❳

❳g

g

❋✐❣✳ ✸✳✽ ✕ ■♥t❡r❢ér♦♠ètr❡ ❞❛♥s ❧❡q✉❡❧ ❞❡s ❛t♦♠❡s ✐♥t❡r❛❣✐ss❡♥t ❡♥tr❡ ❡✉① ❞❛♥s ❝❤❛❝✉♥ ❞❡s
❜r❛s✳ ▲❡s ✐♥t❡r❛❝t✐♦♥s s♦♥t r❡s♣♦♥s❛❜❧❡s ❞✬✉♥❡ ❞é❣r❛❞❛t✐♦♥ ❞❡ ❧✬✐♥t❡r❢ér♦♠ètr❡✳

❛t♦♠❡s s♦♥t tr❛♥s❢érés ❞❛♥s ❧❛ s✉♣❡r♣♦s✐t✐♦♥ s②♠étr✐q✉❡ ❞❡s ♠♦❞❡s ✶ ❡t ✷ ❝♦rr❡s♣♦♥❞❛♥t à
❝❤❛❝✉♥ ❞❡s ❜r❛s✸✳ ❆ ❧✬✐ss✉❡ ❞❡ ❧❛ ♣r♦♣❛❣❛t✐♦♥ ❞❛♥s ❝❤❛❝✉♥ ❞❡s ❜r❛s✱ ❧❡s ♠♦❞❡s ❞❡ ❝❤❛❝✉♥
❞❡s ❞❡✉① ❜r❛s ❛❝q✉✐èr❡♥t ✉♥❡ ❞✐✛ér❡♥❝❡ ❞❡ ♣❤❛s❡ φ✱ q✉✐ ❡st ❧❛ q✉❛♥t✐té q✉❡ ❧✬♦♥ ❝❤❡r❝❤❡ à
♠❡s✉r❡r ❡t q✉❡ ❧✬♦♥ s✉♣♣♦s❡ ♣❡t✐t❡✳ ▲❛ ❞❡✉①✐è♠❡ sé♣❛r❛tr✐❝❡ ❡st ❝❤♦✐s✐❡ ❞❡ ❢❛ç♦♥ à ❝❡ q✉❡✱
♣♦✉r φ = 0✱ ❧❡ ✢✉① ❞❛♥s ❧❡s ❞❡✉① ♠♦❞❡s ❞❡ s♦rt✐❡ s♦✐t ✐❞❡♥t✐q✉❡s✳ ▲❛ ♣❤❛s❡ r❡❧❛t✐✈❡ ♠❡s✉ré❡
❡st ❛❧♦rs

φX ≃ sin(φX) =
NA −NB

NA +NB

, ✭✸✳✽✮

♦ù NA ❡t NB s♦♥t ❧❡s ♥♦♠❜r❡s ❞✬❛t♦♠❡s ❞ét❡❝tés s✉r ❧❛ ✈♦✐❡ ❞❡ s♦rt✐❡ ❆ ❡t ❇ r❡s♣❡❝t✐✈❡♠❡♥t
s✐ ❧✬♦♥ s✉♣♣♦s❡ q✉❡ ❧✬♦♥ ✐♥tè❣r❡ s✉r ✉♥❡ ❞✐st❛♥❝❡ X✱ ❝♦♠♠❡ s❝❤é♠❛t✐sé s✉r ❧❛ ✜❣✉r❡✸✳✽✳ ▲❛
❝♦♥s❡r✈❛t✐♦♥ ❞✉ ♥♦♠❜r❡ ❞✬❛t♦♠❡s ♠♦♥tr❡ q✉❡ ❧❡ ❞é♥♦♠✐♥❛t❡✉r ❡st s✐♠♣❧❡♠❡♥t r❡❧✐é ❛✉
♥♦♠❜r❡ ❞✬❛t♦♠❡s ✐♥❝✐❞❡♥ts s✉r ❧✬✐♥t❡r❢ér♦♠ètr❡✳ ❙❡s ✢✉❝t✉❛t✐♦♥s s♦♥t ❝❡❧❧❡s ❞✉ ❢❛✐s❝❡❛✉ ✐♥✲
❝✐❞❡♥t✱ q✉✐ s♦♥t ❞♦♥♥é❡s ♣❛r ❧❡ ❜r✉✐t ❞❡ ❣r❡♥❛✐❧❧❡ ❛t♦♠✐q✉❡ ♣♦✉r ✉♥ ❢❛✐s❝❡❛✉ ❝♦❤ér❡♥t✳ ◆♦✉s
♥❡ ♥♦✉s ✐♥tér❡ss❡r♦♥t ♣❛s à ❝❡s ✢✉❝t✉❛t✐♦♥s ❞❛♥s ❧❛ s✉✐t❡ ❡t r❡♠♣❧❛❝❡r♦♥s ❞♦♥❝ ❧❡ ❞é♥♦♠✲
✐♥❛t❡✉r ♣❛r ❧❛ q✉❛♥t✐té nX ♦ù n ❡st ❧❛ ❞❡♥s✐té ❧✐♥é❛✐r❡ ✐♥❝✐❞❡♥t❡✳ ❊♥ t❡r♠❡ ❞✬♦♣ér❛t❡✉r
❝❤❛♠♣s✱ ❧✬éq✉❛t✐♦♥ ✸✳✽ s✬é❝r✐t

φX =
1

nX

∫ X

0
dx(ψA(x)+ψA(x) − ψB(x)+ψB(x)), ✭✸✳✾✮

♦ù ψA ❡t ψB s♦♥t ❧❡s ♦♣ér❛t❡✉rs ❝❤❛♠♣s ❞❡ ❧❛ ✈♦✐❡ ❆ ❡t ❇ r❡s♣❡❝t✐✈❡♠❡♥t✳ ❊♥ ✉t✐❧✐s❛♥t ❧❡s
r❡❧❛t✐♦♥s ψA = (ψ1 + iψ2)/

√
2 ❡t ψB = (ψ2 − iψ1)/

√
2✱ q✉✐ ✉t✐❧✐s❡ ❧❡s ♦♣ér❛t❡✉r ❝❤❛♠♣s ψ1

❡t ψ2 ❞é❝r✐✈❛♥t ❧❡s ❝❤❛♠♣s ❞❛♥s ❧❡s ♠♦❞❡s 1 ❡t 2 ❞❡ ❧✬✐♥t❡r❢ér♦♠ètr❡ ✭✈♦✐r ✜❣✉r❡✮✱ ♦♥ ❛

φX =
i

nX

∫ X

0
dx(ψ1(x)

+ψ2(x) − ψ2(x)
+ψ1(x))/(nX), ✭✸✳✶✵✮

✸P♦✉r ✉♥❡ sé♣❛r❛t✐♦♥ ❡♥ ❞❡✉① ♠♦❞❡s ❛✈❡❝ ❞❡s ♣♦✐❞s é❣❛✉①✱ ♦♥ ♣❡✉t t♦✉❥♦✉rs s✉♣♣♦s❡r q✉❡ ❧✬♦♥ ré❛❧✐s❡
❧✬ét❛t s②♠étr✐q✉❡✱ q✉✐tt❡ à ♠♦❞✐✜❡r ❧❛ ♣❤❛s❡ ❞❡s ét❛ts |1〉 ❡t |2〉✳
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Jz = (ψ+
1 ψ1 − ψ+

2 ψ2)/2

Jx = (ψ+
1 ψ2 + ψ1ψ

+
2 )/2

θ ≃ Jy/
√
n

Jy = i(ψ+
1 ψ2 − ψ1ψ

+
2 )/2

❋✐❣✳ ✸✳✾ ✕ ■♥t❡r♣rét❛t✐♦♥ ❣é♦♠étr✐q✉❡ ❞❡s ❢♦r♠✉❧❡s ✸✳✶✵ ❡t ✸✳✽✳ ▲❡s ♦♣ér❛t❡✉rs jx =
1/2(ψ+

1 ψ2 + ψ+
2 ψ1)✱ jy = i/2(ψ+

1 ψ2 − ψ+
1 ψ2) ❡t jz = 1/2(ψ+

1 ψ1 − ψ+
2 ψ2) ✈ér✐✜❡♥t ❧❡s r❡❧❛✲

t✐♦♥s ❞❡ ❝♦♠♠✉t❛t✐♦♥s ❞❡s ♦♣ér❛t❡✉rs ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡✳ ▲✬ét❛t ❛t♦♠✐q✉❡ ❝♦♥s✐❞éré ❡st
♣r♦❝❤❡ ❞❡ ❧✬ét❛t ❝♦❤ér❡♥t q✉✐ ❝♦rr❡s♣♦♥❞✱ ❞❛♥s ❧✬❛♥❛❧♦❣✐❡ ❞❡s ♠♦♠❡♥t ❝✐♥ét✐q✉❡✱ à ✉♥ s♣✐♥
❞❡ ♥♦r♠❡

√
n ♣♦✐♥t❛♥t s❡❧♦♥ x✳ ❯♥ ❞é♣❤❛s❛❣❡ θ ❡♥tr❡ ❧❡s ét❛ts ✶ ❡t ✷ s❡ tr❛❞✉✐r❛ ♣❛r ✉♥❡

r♦t❛t✐♦♥ ❞✉ s♣✐♥ ❞❛♥s ❧❡ ♣❧❛♥ (xy) ❞✬✉♥ ❛♥❣❧❡ θ ≃ jy/
√
n✳ ❖♥ r❡tr♦✉✈❡ ❛✐♥s✐ ❧✬éq✉❛t✐♦♥ ✸✳✶✵✳

❖♥ ♣❡✉t ❞♦♥♥❡r ✉♥❡ ✐♥t❡r♣rét❛t✐♦♥ ❣é♦♠étr✐q✉❡ s✐♠♣❧❡ à ❝❡tt❡ ❢♦r♠✉❧❡ ❝♦♠♠❡ ♠♦♥tré❡
❋✐❣✳✸✳✾✳

❈♦♠♠❡ ♥♦✉s ♥♦✉s r❡str❡✐❣♥♦♥s à ❞❡s ❞é♣❤❛s❛❣❡s ♣❡t✐ts✱ ♥♦✉s ♣♦✉✈♦♥s ❢❛✐r❡ ✉♥❡ ❛♣♣r♦①✲
✐♠❛t✐♦♥ ❞❡ t②♣❡ ❇♦❣♦❧✐✉❜♦✈ ❡t ❛♣♣r♦①✐♠❡r ❧✬♦♣ér❛t❡✉r ❝❤❛♠♣s ❞❛♥s ❝❤❛q✉❡ ✈♦✐❡ i ♣❛r

ψi(x) =
√

n/2 eiKx + δψi(x), ✭✸✳✶✶✮

♦ù
√

n/2 eiKx ❡st ❧❡ ❝❤❛♠♣ ❝❧❛ss✐q✉❡ ❝♦rr❡s♣♦♥❞❛♥t à ❧❛ s♦❧✉t✐♦♥ ❞❡ ❝❤❛♠♣ ♠♦②❡♥ ❡t δψ
❡st ❧✬♦♣ér❛t❡✉r q✉✐ ❞é❝r✐t ❧❡s ❞é✈✐❛t✐♦♥s ♣❛r r❛♣♣♦rt ❛✉ ❝❤❛♠♣ ♠♦②❡♥✳ ▲❛ ♣❤❛s❡ r❡❧❛t✐✈❡
♠❡s✉ré❡ ❡♥ ✐♥té❣r❛♥t s✉r ✉♥❡ ③♦♥❡ X s✬é❝r✐t ❛❧♦rs✱ à ❧✬♦r❞r❡ ❧❡ ♣❧✉s ❜❛s ❡♥ δψ✱

φX =
i

X
√

2n

∫ X

0
dxeiKx((δψ1 − δψ2)

+ − e−iKx(δψ1 − δψ2)). ✭✸✳✶✷✮

❡t ❧✬♦♥ ♣❡✉t ❞♦♥❝ ✐❞❡♥t✐✜❡r ✉♥ ♦♣ér❛t❡✉r ♣❤❛s❡ ❧♦❝❛❧ ♣❛r

φ(x) =
i√
2n

(eiKx(δψ1 − δψ2)
+ − e−iKx(δψ1 − δψ2)). ✭✸✳✶✸✮

▲❡s ✢✉❝t✉❛t✐♦♥s ❞❡ ♣❤❛s❡ s♦♥t ❞♦♥❝ ❞♦♥♥é❡s ♣❛r ❧❡s ✢✉❝t✉❛t✐♦♥s ❞❡ δψ1 − δψ2✳ P♦✉r
❧❡s ❝❛❧❝✉❧❡r✱ ♦♥ ♣❡✉t ✉t✐❧✐s❡r ✉♥❡ ❛♣♣r♦❝❤❡ ❞❡ ❇♦❣♦❧✐✉❜♦✈ ❝♦♠♠❡ ❝❡❧❧❡ ❞é✈❡❧♦♣♣é❡ ❞❛♥s ❧❡
♣❛r❛❣r❛♣❤❡ ♣ré❝é❞❡♥t✳ ❙✐ ❧✬♦♥ s✉♣♣♦s❡ q✉❡ ❧❡ ♣❛r❛♠ètr❡ ❞✬✐♥t❡r❛❝t✐♦♥ g ❡st ❧❡ ♠ê♠❡ ❞❛♥s ❧❡s
❞❡✉① ✈♦✐❡s ❞❡ ❧✬✐♥t❡r❢ér♦♠ètr❡✱ ❛❧♦rs ❧❡s ♠♦❞❡s ❞❡ ❇♦❣♦❧✐✉❜♦✈ s❡ ❞✐✈✐s❡ ❡♥ ❞❡✉① ❜r❛♥❝❤❡s ✿ ❧❡s
♠♦❞❡s s②♠étr✐q✉❡s ❡t ❧❡s ♠♦❞❡s ❛♥t✐s②♠étr✐q✉❡✳ ▲❡s ♠♦❞❡s s②♠étr✐q✉❡s ❡t ❛♥t✐s②♠étr✐q✉❡s
♦❜é✐ss❡♥t à ❧❛ ♠ê♠❡ éq✉❛t✐♦♥ ❞❡ ❇♦❣♦❧✐✉❜♦✈ ❡t✱ ♣♦✉r ❝❤❛q✉❡ ❜r❛♥❝❤❡✱ ❧❡s rés✉❧t❛ts ♦❜t❡♥✉s
❞❛♥s ❧❡ ♣❛r❛❣r❛♣❤❡ ♣ré❝é❞❡♥t s♦♥t ✈❛❧❛❜❧❡s✳ ▲❡ ❝❤❛♠♣ δψ1 − δψ2 s❡ ❞é✈❡❧♦♣♣❡ ✉♥✐q✉❡♠❡♥t
s✉r ❧❡s ♠♦❞❡s ❛♥t✐s②♠étr✐q✉❡s✳ ▲❡ ❝❛❧❝✉❧ ❞❡s ✢✉❝t✉❛t✐♦♥s ❞❡ δψ1 − δψ2 ❡st ❞♦♥❝ ✐❞❡♥t✐q✉❡
❛✉ ❝❛❧❝✉❧ ❡✛❡❝t✉é ❞❛♥s ❧❛ s❡❝t✐♦♥ ♣ré❝é❞❡♥t❡✳
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✸✳✸ ❈♦♥❝❧✉s✐♦♥

▲❡s rés✉❧t❛ts ♦❜t❡♥✉s ❞❛♥s ❧✬❛rt✐❝❧❡ ❬✶✸❪ ❞é❝r✐✈❡♥t ❧❡s ✢✉❝t✉❛t✐♦♥s ❞❡ ♣❤❛s❡ ❣é♥éré❡s
♣❛r ❧❡s ✐♥t❡r❛❝t✐♦♥s ❡♥tr❡ ❛t♦♠❡s ❞❛♥s ✉♥ ❥❡t ❛t♦♠✐q✉❡ ✐♥✐t✐❛❧❡♠❡♥t ❝♦❤ér❡♥t✱ ❞❛♥s ✉♥❡
s✐t✉❛t✐♦♥ ♦ù ❧✬❡✛❡t ❞❡s ✐♥t❡r❛❝t✐♦♥s ♥✬❡st ♣❛s ✉♥ ❡✛❡t ❞❡ ❝❤❛♠♣ ♠♦②❡♥✳ ❈❡s ✢✉❝t✉❛t✐♦♥s ❞❡
♣❤❛s❡ s♦♥t s✉s❝❡♣t✐❜❧❡s ❞❡ ❞étér✐♦r❡r ✉♥ ✐♥t❡r❢ér♦♠ètr❡ ❛t♦♠✐q✉❡✳

◆♦✉s ❛✈♦♥s s✉♣♣♦sé ❞❛♥s ❝❡t ❛rt✐❝❧❡ q✉❡ ❧❡ ❢❛✐s❝❡❛✉ ❛t♦♠✐q✉❡ ✐♥❝✐❞❡♥t ❛✈❛✐t ✉♥❡ ❧♦♥❣✉❡✉r
❞❡ ❝♦❤ér❡♥❝❡ ✐♥✜♥✐❡✳ ❉❛♥s ❧❛ ré❛❧✐té✱ ♦♥ s✬❛tt❡♥❞ à ❝❡ q✉✬✉♥ ❢❛✐s❝❡❛✉ ❛t♦♠✐q✉❡✱ ♠ê♠❡ ✐ss✉
❞✬✉♥ ❝♦♥❞❡♥s❛t ❞❡ ❇♦s❡✱ ❛✐t ✉♥❡ ❧♦♥❣✉❡✉r ❞❡ ❝♦❤ér❡♥❝❡ ✜♥✐❡✳ ❯♥❡ ❧✐♠✐t❡ ❢♦♥❞❛♠❡♥t❛❧❡ s❡r❛
♣❛r ❡①❡♠♣❧❡ ❧❡ ♣❤é♥♦♠è♥❡ ❞❡ ❞✐✛✉s✐♦♥ ❞❡ ♣❤❛s❡ ❞❛♥s ❧❡ ❝♦♥❞❡♥s❛t ❞♦♥t ❡st ✐ss✉ ❧❡ ❥❡t
❛t♦♠✐q✉❡✳ ▲❡s rés✉❧t❛ts ♣rés❡♥tés ✐❝✐ ♥❡ r❡st❡r♦♥t ✈❛❧❛❜❧❡s q✉❡ s✐ ❧❡s é❝❤❡❧❧❡s ❝♦♥s✐❞éré❡s
s♦♥t ♣❡t✐t❡s ❞❡✈❛♥t ❧❛ ❧♦♥❣✉❡✉r ❞❡ ❝♦rré❧❛t✐♦♥ ❞✉ ❥❡t ❛t♦♠✐q✉❡ ✐♥❝✐❞❡♥t✳

▼❛❧❤❡✉r❡✉s❡♠❡♥t✱ ❛✉❝✉♥❡ ❡①♣ér✐❡♥❝❡ à ❝❡ ❥♦✉r ♥✬❡st ❡♥ ♠❡s✉r❡ ❞✬♦❜s❡r✈❡r ❝❡s ♣❤é♥♦♠è♥❡s✳
❈❡rt❡s✱ ❞❡s ❡✛❡ts ✐♠♣♦rt❛♥ts ❞❡s ✐♥t❡r❛❝t✐♦♥s ♦♥t été ♠✐s ❡♥ é✈✐❞❡♥❝❡ ❞❛♥s ❧❡s ❡①♣ér✐✲
❡♥❝❡s ❞✬✐♥t❡r❢ér♦♠étr✐❡ ❛t♦♠✐q✉❡❬✶✵✶❪✱ ♠❛✐s ❝❡s ❡✛❡ts s♦♥t ❞ûs à ❧✬✐♥❤♦♠♦❣é♥é✐té ❞✉ ❝❤❛♠♣
♠♦②❡♥✳ P♦✉r q✉❡ ❧✬❡✛❡t ❛✉q✉❡❧ ♥♦✉s ♥♦✉s s♦♠♠❡s ✐♥tér❡ssé ♥❡ s♦✐t ♣❛s ❞♦♠✐♥é ♣❛r ✉♥ ❡✛❡t
❞❡ ❝❤❛♠♣ ♠♦②❡♥✱ ✉♥ ♥✉❛❣❡ très ❛❧❧♦♥❣é ❞♦♥t ❧❛ ❞❡♥s✐té ❡st très ♣❧❛t❡ ❞♦✐t êtr❡ ✉t✐❧✐sé✳ ▲❛
ré❛❧✐s❛t✐♦♥ ré❝❡♥t❡ ❞❡ ❧❛s❡r à ❛t♦♠❡ ❣✉✐❞é✱ ❝♦♠♠❡ ❝❡❧✉✐ ♣r♦❞✉✐t ❞❛♥s ❬✸✺❪✱ ♣❡r♠❡ttr❛ ♣❡✉t
êtr❡ ❞❡ ♠❡s✉r❡r ❧❡s ✢✉❝t✉❛t✐♦♥s ❞❡ ♣❤❛s❡ q✉❡ ♥♦✉s ❛✈♦♥s ❝❛❧❝✉❧é❡s✳

❯♥❡ s✐t✉❛t✐♦♥ s✐♠✐❧❛✐r❡ à ❝❡❧❧❡ q✉❡ ♥♦✉s ❛✈♦♥s ❝♦♥s✐❞éré❡ ❡st ♦❜t❡♥✉❡ ❞❛♥s ❧❡ ❞♦♠❛✐♥❡
t❡♠♣♦r❡❧ ❧♦rsq✉✬✉♥ q✉✬✉♥ ♥✉❛❣❡ très ❛❧❧♦♥❣é ❡st ❝♦✉♣é ❡♥ ❞❡✉① ❝♦♥❞❡♥s❛ts ❛❧❧♦♥❣és ❝♦♠♠❡
❞❛♥s ❧❡s ❡①♣ér✐❡♥❝❡s ré❝❡♥t❡s ❞é❝r✐t❡s ❞❛♥s ❬✹✵❪ ❡t ❬✹✼❪✳ ❏✉st❡ ❛♣rès ❧❛ sé♣❛r❛t✐♦♥✱ ❧❛ ♣❤❛s❡
r❡❧❛t✐✈❡ ❡♥tr❡ ❧❡s ❞❡✉① ❝♦♥❞❡♥s❛ts ❡st ♥✉❧❧❡ t♦✉t ❧❡ ❧♦♥❣ ❞❡s ♥✉❛❣❡✳ ❊♥s✉✐t❡✱ à ❝❛✉s❡ ❞❡s ✐♥t❡r✲
❛❝t✐♦♥s ❡♥tr❡ ❛t♦♠❡s✱ ❞❡s ✢✉❝t✉❛t✐♦♥s ❞❡ ❧❛ ♣❤❛s❡ r❡❧❛t✐✈❡ s❡ ❞é✈❡❧♦♣♣❡♥t✳ ❊♥ ❞é✈❡❧♦♣♣❛♥t
❧✬ét❛t ✐♥✐t✐❛❧ s✉r ❧❡s ♠♦❞❡s ❞❡ ❇♦❣♦❧✐✉❜♦✈✱ ❉❡♠❧❡r ❡t ❛❧✳ ❬✶✺❪✱ ♦♥t ❝❛❧❝✉❧é ❧✬é✈♦❧✉t✐♦♥ ❞❡ ❧❛
♣❤❛s❡ r❡❧❛t✐✈❡ ❡♥tr❡ ❧❡s ❞❡✉① ❝♦♥❞❡♥s❛ts✳ ❉❛♥s ❧✬❡①♣ér✐❡♥❝❡ ❞é❝r✐t❡ ❞❛♥s ❬✹✵❪✱ ❧❡ ❞é✈❡❧♦♣♣❡✲
♠❡♥t ❞❡s ✢✉❝t✉❛t✐♦♥s ❞❡ ❧❛ ♣❤❛s❡ r❡❧❛t✐✈❡ à ❧✬✐ss✉❡ ❞❡ ❧❛ sé♣❛r❛t✐♦♥ ❡♥ ❞❡✉① ❡st ❡♥ ❢❛✐t
❞♦♠✐♥é❡ ♣❛r ❧❡ ❝♦✉♣❧❛❣❡ ❞❡s ♠♦❞❡s ❛♥t✐s②♠étr✐q✉❡ ❛✉① ♠♦❞❡s s②♠étr✐q✉❡s q✉✐ s♦♥t ✐♥✐✲
t✐❛❧❡♠❡♥t ♣❡✉♣❧és t❤❡r♠✐q✉❡♠❡♥t✳ ▲❛ ♣❤②s✐q✉❡ ❡st ❞❛♥s ❝❡ ❝❛s ❛ss❡③ ❞✐✛ér❡♥t❡ ❞❡ ❝❡❧❧❡ q✉❡
♥♦✉s ❛✈♦♥s ét✉❞✐é❡ ❞❛♥s ❧❛q✉❡❧❧❡ ❧❡s ✢✉❝t✉❛t✐♦♥s q✉❛♥t✐q✉❡s ❞♦♠✐♥❡♥t✳
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❉♦✉❜❧❡s ♣✉✐ts ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧s

❝♦✉♣❧és ✿ éq✉✐❧✐❜r❡ t❤❡r♠♦❞②♥❛♠✐q✉❡ ❡t

✐♥st❛❜✐❧✐tés ❞❡ ♠♦❞✉❧❛t✐♦♥s

❯♥ ❝♦♥❞❡♥s❛t ❜✐✲♠♦❞❛❧✱ ♣❛r ❡①❡♠♣❧❡ ❞❛♥s ✉♥ ❞♦✉❜❧❡ ♣✉✐ts ❞❡ ♣♦t❡♥t✐❡❧ sé♣❛ré ♣❛r ✉♥❡
❜❛rr✐èr❡ ❞❡ ♣♦t❡♥t✐❡❧✱ ❡st ✉♥ s②stè♠❡ ♣❤②s✐q✉❡ ❡♥❝♦r❡ ❧❛r❣❡♠❡♥t ✐♥❡①♣❧♦ré✳ ▲❡s ♣❤é♥♦♠è♥❡s
❛tt❡♥❞✉s✱ ❝♦♠♠❡ ❧✬❡①✐st❡♥❝❡ ❞✬♦s❝✐❧❧❛t✐♦♥s ❏♦s❡♣❤s♦♥✱ s♦♥t ❝❛r❛❝tér✐st✐q✉❡s ❞❡ ❧❛ ♣rés❡♥❝❡ ❞❡
❝♦❤ér❡♥❝❡ ❡♥ ♣❤❛s❡ ❡♥tr❡ ❧❡s ❞❡✉① ♣❛rt✐❡s ❞✉ s②stè♠❡✳ ❈✬❡st ♣♦✉rq✉♦✐ ❧✬♦❜s❡r✈❛t✐♦♥ ❞✬♦s❝✐❧✲
❧❛t✐♦♥s ❏♦s❡♣❤s♦♥ ❞❛♥s ❧✬❍❡❧✐✉♠ s✉♣❡r✢✉✐❞❡❬✼✾❪ ❡t ❞❛♥s ❧❡s ❥♦♥❝t✐♦♥s s✉♣r❛❝♦♥❞✉❝tr✐❝❡s❬✻✹❪
♦♥t été ❞❡s ét❛♣❡s ✐♠♣♦rt❛♥t❡s ❞❡ ❧✬ét✉❞❡ ❞❡ ❝❡s s②stè♠❡s✳ ▲❛ ré❛❧✐s❛t✐♦♥ ❞✬♦s❝✐❧❧❛t✐♦♥s
❏♦s❡♣❤s♦♥ ❛ été ♦❜s❡r✈é❡ ♣♦✉r ❧❛ ♣r❡♠✐èr❡ ❢♦✐s ❞❛♥s ❞❡s ❣❛③ ❞✐❧✉és ❡♥ ✷✵✵✹ ❞❛♥s ❞❡s ♣✐è❣❡s
♦♣t✐q✉❡s❬✶❪✳ ❉❛♥s ♥♦tr❡ éq✉✐♣❡✱ ♥♦✉s ❛✈♦♥s ❝♦♠♠❡♥❝é ❡♥ ✷✵✵✷ ✉♥ ♣r♦❣r❛♠♠❡ ♣♦✉r ré❛❧✐s❡r
❡t ét✉❞✐❡r ❞❡s ♦s❝✐❧❧❛t✐♦♥s ❏♦s❡♣❤s♦♥✳ ▲❡ ❞✐s♣♦s✐t✐❢ ❡①♣ér✐♠❡♥t❛❧ q✉❡ ♥♦✉s ❛✈♦♥s ♠✐s ❛✉
♣♦✐♥t✱ ❞ét❛✐❧❧é ❞❛♥s ❬✷✷❪✱ ✈✐s❡ à ✉t✐❧✐s❡r ❞❡✉① ❝♦♥❞❡♥s❛ts très ❛❧❧♦♥❣és ❝♦✉♣❧és ♣❛r ❡✛❡t
t✉♥♥❡❧ s✉r t♦✉t❡ ❧❡✉r ❧♦♥❣✉❡✉r✳ ❈♦♠♠❡ ♥♦✉s ❧❡ ❞ét❛✐❧❧♦♥s ❞❛♥s ❬✷✷❪✱ ❝❡tt❡ ❣é♦♠étr✐❡ ❛ ❧✬❛✲
✈❛♥t❛❣❡ ❞❡ ♣❡r♠❡ttr❡ ❞✬❛tt❡✐♥❞r❡ ❧❡ ré❣✐♠❡ ❞✬♦s❝✐❧❧❛t✐♦♥ ❞❡ ❘❛❜✐✱ ❞❛♥s ❧❡q✉❡❧ ❞❡s ♦s❝✐❧❧❛t✐♦♥s
❞❡ ♥♦♠❜r❡ ❞✬❛t♦♠❡s ❞✬❛♠♣❧✐t✉❞❡ é❣❛❧❡ ❛✉ ♥♦♠❜r❡ ❞✬❛t♦♠❡s t♦t❛❧ ♣❡✉✈❡♥t êtr❡ ❣é♥éré❡s✱
t♦✉t ❡♥ ❞✐s♣♦s❛♥t ❞✬✉♥ ♥♦♠❜r❡ ❞✬❛t♦♠❡s ✐♠♣♦rt❛♥t✳ ❙✐ ❝❡tt❡ ❡①♣ér✐❡♥❝❡ ♥✬❛ ♠❛❧❤❡✉r❡✉s❡✲
♠❡♥t ♣❛s été ❝♦♥❝❧✉❛♥t❡✱ ♥♦✉s ❛✈♦♥s ❡✛❡❝t✉é ❞❡s ét✉❞❡s t❤é♦r✐q✉❡s ♣r♦♣r❡s à ❧❛ ❣é♦♠étr✐❡
❛❧❧♦♥❣é❡ q✉✐ ♣❡r♠❡tt❡♥t ❞✬❛♣♣r♦❢♦♥❞✐r ❧❛ ❝♦♠♣ré❤❡♥s✐♦♥ ❞✉ ❝♦♠♣♦rt❡♠❡♥t ❞❡ ❝❡s s②stè♠❡s✳

❈♦♥tr❛✐r❡♠❡♥t ❛✉① s②stè♠❡s tr✐✲❞✐♠❡♥s✐♦♥♥❡❧s✱ ❧❛ ❞❡♥s✐té ❞✬ét❛t ❞❛♥s ✉♥❡ ❣é♦♠étr✐❡
✉♥✐❞✐♠❡♥s✐♦♥♥❡❧❧❡ ❡st très ✐♠♣♦rt❛♥t❡ ♣♦✉r ❧❡s ❡①❝✐t❛t✐♦♥s ❞❡ ❢❛✐❜❧❡ é♥❡r❣✐❡✳ ❈❡❝✐ ✐♠♣❧✐q✉❡
✉♥ rô❧❡ ✐♠♣♦rt❛♥t ❞❡ ❝❡s ❡①❝✐t❛t✐♦♥s ❞❛♥s ❧❡s s②stè♠❡s ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧s✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱
❧❡ t❤é♦rè♠❡ ❞❡ ▼❡r♠✐♥✲❲❛❣♥❡r✲❍♦❤❡♥❜❡r❣ ♣r♦s❝r✐t ❧✬❡①✐st❡♥❝❡ ❞✬✉♥ ❝♦♥❞❡♥s❛t ❞❛♥s ✉♥
❣❛③ ❞❡ ❇♦s♦♥s ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧ à ❧❛ ❧✐♠✐t❡ t❤❡r♠♦❞②♥❛♠✐q✉❡✳ ❊♥ ❡✛❡t ❧❡s ✢✉❝t✉❛t✐♦♥s
t❤❡r♠✐q✉❡s ♦✉ q✉❛♥t✐q✉❡s ✭❞❡ ♣♦✐♥t ③ér♦✮ ❛ss♦❝✐é❡s ❛✉① ♣❤♦♥♦♥s ❞❡ ❢❛✐❜❧❡ é♥❡r❣✐❡ ✐♥tr♦❞✉✐s❡
❞❡s ✢✉❝t✉❛t✐♦♥s ❞❡ ♣❤❛s❡ ✿ ❧❛ ♣❤❛s❡ ♥✬❡st ♣❛s ❤♦♠♦❣è♥❡ s✉r ❧❛ t❛✐❧❧❡ ❞✉ s②stè♠❡ ❡t ❡❧❧❡
✢✉❝t✉❡ t❡♠♣♦r❡❧❧❡♠❡♥t✳ ❖♥ ♣❡✉t ❛❧♦rs s❡ ♣♦s❡r ❧❛ q✉❡st✐♦♥ ❞❡ s❛✈♦✐r s✐✱ ❞❛♥s ❧❡ ❝❛s ❞❡
❞❡✉① ❝♦♥❞❡♥s❛ts ❛❧❧♦♥❣és ❝♦✉❧és ♣❛r ❡✛❡t t✉♥♥❡❧✱ ❝❡s ✢✉❝t✉❛t✐♦♥s ❞❡ ♣❤❛s❡ ❡♠♣ê❝❤❡r♦♥t ❧❛
ré❛❧✐s❛t✐♦♥ ❞✬♦s❝✐❧❧❛t✐♦♥s ❏♦s❡♣❤s♦♥✳ ◆♦✉s ♥♦✉s s♦♠♠❡s ✐♥tér❡ssés à ❝❡tt❡ ♣r♦❜❧é♠❛t✐q✉❡✳

✸✺
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P❧✉s ❤✉♠❜❧❡♠❡♥t✱ ♥♦✉s ❛✈♦♥s ♠♦♥tré q✉❡❧❧❡s s♦♥t ❧❡s ❝♦♥❞✐t✐♦♥s s✉r ❧❛ t❡♠♣ér❛t✉r❡ ❡t ❧❡
❝♦✉♣❧❛❣❡ t✉♥♥❡❧ ❡♥tr❡ ❧❡s ❞❡✉① ♣✉✐ts ♣♦✉r q✉❡ ❧❛ ♣❤❛s❡ r❡❧❛t✐✈❡ ❡♥tr❡ ❧❡s ❞❡✉① ❝♦♥❞❡♥s❛ts
s♦✐t ❜✐❡♥ ❞é✜♥✐❡ à ❧✬éq✉✐❧✐❜r❡ t❤❡r♠♦❞②♥❛♠✐q✉❡✳ ❈❡s ❝♦♥❞✐t✐♦♥s s♦♥t ❜✐❡♥ s✉r ♥é❝❡ss❛✐r❡s
à ❧✬♦❜s❡r✈❛t✐♦♥ ❞✬♦s❝✐❧❧❛t✐♦♥s ❏♦s❡♣❤s♦♥ ❡♥tr❡ ❧❡s ❞❡✉① ♣✉✐ts✳ ❈❡ rés✉❧t❛t ❛ été ♣✉❜❧✐é ❞❛♥s
❧✬❛rt✐❝❧❡ ❬✶✵✸❪✳

❙✐ ❧✬ét✉❞❡ ♣ré❝é❞❡♥t❡ ❞♦♥♥❡ ❞❡s ❝♦♥❞✐t✐♦♥s ♥é❝❡ss❛✐r❡s à ❧✬♦❜s❡r✈❛t✐♦♥ ❞✬♦s❝✐❧❧❛t✐♦♥s
❏♦s❡♣❤s♦♥✱ ✉♥❡ ❛♥❛❧②s❡ ♣❧✉s ❛♣♣r♦❢♦♥❞✐❡ ❡st ♥é❝❡ss❛✐r❡ ♣♦✉r ét✉❞✐❡r ❧❡ rô❧❡ ❞❡s ❡①❝✐t❛t✐♦♥s
❧♦♥❣✐t✉❞✐♥❛❧❡s ❡♥ ♣rés❡♥❝❡ ❞✬♦s❝✐❧❧❛t✐♦♥s ❏♦s❡♣❤s♦♥✳ ❊♥ ♣r❡♥❛♥t ❡♥ ❝♦♠♣t❡ ❧❡ ❝♦✉♣❧❛❣❡ ♥♦♥
❧✐♥é❛✐r❡ ❡♥tr❡ ❧❡s ❡①❝✐t❛t✐♦♥s✱ ♥♦✉s ❛✈♦♥s ♠♦♥tré ❧❛ ♣rés❡♥❝❡ ❞✬✐♥st❛❜✐❧✐té ❞❡ ♠♦❞✉❧❛t✐♦♥
❡♥ ♣rés❡♥❝❡ ❞✬♦s❝✐❧❧❛t✐♦♥s ❏♦s❡♣❤s♦♥ ❡♥tr❡ ❧❡s ❞❡✉① ♣✉✐ts ❡t ♥♦✉s ❛✈♦♥s ❝❛r❛❝tér✐s❡ ❝❡tt❡
✐♥st❛❜✐❧✐té✳ ❈❡ tr❛✈❛✐❧ ❡st ♣✉❜❧✐é ❞❛♥s ❧✬❛rt✐❝❧❡ ❬✽❪✳

❈❡ ❝❤❛♣✐tr❡ ❡st ♦r❣❛♥✐sé ❞❡ ❧❛ ❢❛ç♦♥ s✉✐✈❛♥t❡✳ ❉❛♥s ❧❛ ♣r❡♠✐èr❡ s❡❝t✐♦♥✱ ♥♦✉s ♣rés❡♥✲
t♦♥s r❛♣✐❞❡♠❡♥t q✉❡❧q✉❡s ❛s♣❡❝ts ❞❡s ❝♦♥❞❡♥s❛ts ❜✐✲♠♦❞❛✉①✳ ▲❛ ❞❡✉①✐è♠❡ s❡❝t✐♦♥ ♣rés❡♥t❡
❧✬ét✉❞❡ ❞❡ ❧✬éq✉✐❧✐❜r❡ t❤❡r♠♦❞②♥❛♠✐q✉❡ ❞❡ ❞❡✉① ❣❛③ ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧s ❝♦✉♣❧és✳ ◆♦✉s ❞♦♥✲
♥♦♥s ✐❝✐ ✉♥❡ ✐♥t❡r♣rét❛t✐♦♥ ❝✐♥é♠❛t✐q✉❡ s✐♠♣❧❡ ❞❡s rés✉❧t❛ts ❞❡ ❬✶✵✸❪✳ ▲❛ tr♦✐s✐è♠❡ s❡❝t✐♦♥
❡st ❝♦♥s❛❝ré❡ à ❧✬ét✉❞❡ ❞❡s ✐♥st❛❜✐❧✐tés ❞❡ ♠♦❞✉❧❛t✐♦♥ ❡♥ ♣rés❡♥❝❡ ❞✬♦s❝✐❧❧❛t✐♦♥s ❏♦s❡♣❤s♦♥
❡♥tr❡ ❧❡s ❞❡✉① ♣✉✐ts✳ ◆♦✉s ♥♦✉s ❡✛♦rç♦♥s ❞❡ r❡♣❧❛❝❡r ❝❡ tr❛✈❛✐❧ ❞❛♥s ❧❡ ❝❛❞r❡ ♣❧✉s ❣é♥ér❛❧
❞❡ ❧✬ét✉❞❡ ❞❡s s②stè♠❡s ♥♦♥ ❧✐♥é❛✐r❡s✳ ◆♦✉s ❝♦♥❝❧✉♦♥s ✜♥❛❧❡♠❡♥t ❝❡ ❝❤❛♣✐tr❡✳

✹✳✶ ❈♦♥❞❡♥s❛ts ❜✐✲♠♦❞❛✉① ❝♦✉♣❧és

▲❛ ❞②♥❛♠✐q✉❡ ❞✬✉♥ ❝♦♥❞❡♥s❛t ❞❡ ❇♦s❡ ❊✐♥st❡✐♥ ♣❧❛❝é ❞❛♥s ✉♥ ❞♦✉❜❧❡ ♣✉✐ts ❞❡ ♣♦t❡♥t✐❡❧
❡st ❜✐❡♥ ❞é❝r✐t❡ ♣❛r ✉♥ ♠♦❞è❧❡ à ❞❡✉① ♠♦❞❡s t❛♥t q✉❡ ❧❛ ❞②♥❛♠✐q✉❡ ❡st très ❧❡♥t❡ ❞❡✈❛♥t
❧❡s ❢réq✉❡♥❝❡s ❞✬♦s❝✐❧❧❛t✐♦♥s ❞❛♥s ❝❤❛❝✉♥ ❞❡s ❞❡✉① ♣✉✐ts✳ ❈❡ ♠♦❞è❧❡✱ ❜✐❡♥ q✉❡ très s✐♠♣❧✐✜é✱
♣ré❞✐t ❜❡❛✉❝♦✉♣ ❞❡ ♣❤é♥♦♠è♥❡s ♦❜s❡r✈és ♦✉ ❛❝t✉❡❧❧❡♠❡♥t ❡♥ ❝♦✉rs ❞✬✐♥✈❡st✐❣❛t✐♦♥ ❡①♣ér✐✲
♠❡♥t❛❧❡✳ ◆♦✉s ❞♦♥♥♦♥s ❝✐✲❞❡ss♦✉s ✉♥❡ ❛♥❛❧②s❡ s✐♠♣❧❡ ❞❡ ❝❡ ♠♦❞è❧❡ q✉✐ ♣❡r♠❡t ❞❡ r❡♥❞r❡
❝♦♠♣t❡ ❞❡ ❞✐✛ér❡♥ts ♣❤é♥♦♠è♥❡s ♣❤②s✐q✉❡s✳ ◆♦✉s t❛❝❤♦♥s ❞❡ r❡♥❞r❡ ❝♦♠♣t❡ ❞❡ ❧✬ét❛t ❞❡
❧✬❛rt ❞❛♥s ❝❡ ❞♦♠❛✐♥❡ t♦✉t ❡♥ s♦✉❧❡✈❛♥t q✉❡❧q✉❡s ❛s♣❡❝ts ❡♥❝♦r❡ ♥♦♥ ❡①♣❧♦rés q✉✐ ♥♦✉s
s❡♠❜❧❡♥t ✐♥tér❡ss❛♥ts✳

✹✳✶✳✶ ❉ér✐✈❛t✐♦♥ ❞✉ ❤❛♠✐❧t♦♥✐❡♥

❉❛♥s ❧❛ s✉✐t❡✱ ♦♥ s✬✐♥tér❡ss❡r❛ ❛✉ ♠♦❞è❧❡ à ❞❡✉① ♠♦❞❡s✱ ♥♦tés |a〉 ❡t |b〉✱ ❞❛♥s ❧❡q✉❡❧ ❧❡
❤❛♠✐❧t♦♥✐❡♥ ❞é❝r✐✈❛♥t ❧❛ ❞②♥❛♠✐q✉❡ s✬é❝r✐t✱ ❡♥ s❡❝♦♥❞❡ q✉❛♥t✐✜❝❛t✐♦♥✱

H =
κ

2
(a+a+aa+ b+b+bb) − J(a+b+ b+a). ✭✹✳✶✮

▲❡ ♣r❡♠✐❡r t❡r♠❡ ❡st ❞û ❛✉① ✐♥t❡r❛❝t✐♦♥s ré♣✉❧s✐✈❡s ❡♥tr❡ ❛t♦♠❡s ❡t ❧❡ ❞❡✉①✐è♠❡ t❡r♠❡ ❡st
❧❡ ❝♦✉♣❧❛❣❡ t✉♥♥❡❧ ❡♥tr❡ ❧❡s ❞❡✉① ♠♦❞❡s✳ ■❝✐✱ ♦♥ ❛ s✉♣♣♦sé q✉❡ ❧✬é♥❡r❣✐❡ ❞❡s ❞❡✉① ét❛ts ét❛✐t
✐❞❡♥t✐q✉❡s✳ ❊♥ ✉t✐❧✐s❛♥t ❧✬♦♣ér❛t❡✉r n = (a+a − b+b)/2✱ H s✬é❝r✐t✱ à ❞❡s t❡r♠❡s ❝♦♥st❛♥ts
♣rès q✉✐ ❞é♣❡♥❞❡♥t ❞✉ ♥♦♠❜r❡ t♦t❛❧ ❞✬❛t♦♠❡s N ✱

H = κn2 − J(a+b+ b+a). ✭✹✳✷✮



✹✳✶✳ ❈❖◆❉❊◆❙❆❚❙ ❇■✲▼❖❉❆❯❳ ❈❖❯P▲➱❙ ✸✼

P♦✉r s✐♠♣❧✐✜❡r✱ ♦♥ s✉♣♣♦s❡r❛ ✐❝✐ q✉❡ N/2 ❡st ❡♥t✐❡r✳ ▲✬♦♣ér❛t❡✉r n ❛ ♣♦✉r ✈❛❧❡✉r ♣r♦♣r❡ ❧❡s
❡♥t✐❡rs ❞❡ −N/2 à N/2✳ ❈♦♠♠❡ ❧✬❡s♣❛❝❡ ❛ ✉♥❡ ❞✐♠❡♥s✐♦♥ ✜♥✐❡✱ ✐❧ ♥✬❡①✐st❡ ♣❛s ❞✬♦♣ér❛t❡✉r
❝♦♥❥✉❣✉é à n✳ ❈❡♣❡♥❞❛♥t✱ s✐ ♦♥ s✉♣♣♦s❡ q✉❡ ❧❛ ❞✐✛ér❡♥❝❡ ❞❡ ♥♦♠❜r❡ ❞✬❛t♦♠❡s ❡♥tr❡ ❧❡s
❞❡✉① ♣✉✐ts ♥❡ s✬❛♣♣r♦❝❤❡ ❥❛♠❛✐s ❞❡s ✈❛❧❡✉rs ❡①trê♠❡s ±N/2✱ ♦♥ ♣❡✉t s✉♣♣♦s❡r q✉❡ n
♣r❡♥❞ t♦✉t❡s ❧❡s ✈❛❧❡✉rs ❡♥t✐èr❡s ❞❡ −∞ à +∞✳ ■❧ ❡①✐st❡ ❛❧♦rs ✉♥ ♦♣ér❛t❡✉r θ ❝♦♥❥✉❣✉é ❞❡
n✱ ❝✬❡st✲à✲❞✐r❡ t❡❧ q✉❡ [θ, n] = i✳ ❖♥ ❛ ❛❧♦rs ✉♥❡ ❝♦rr❡s♣♦♥❞❛♥❝❡ ❛✈❡❝ ❧❡ s②stè♠❡ ❞é❝r✐✈❛♥t
✉♥ ♣❡♥❞✉❧❡ q✉✐ ♣❡✉t t♦✉r♥❡r ❛✉t♦✉r ❞✬✉♥ ❛①❡ ✜①❡ ✿ ❧✬♦♣ér❛t❡✉r n ❝♦rr❡s♣♦♥❞✱ ❛✉ ❢❛❝t❡✉r
h̄ ♣rès✱ ❛✉ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ❡t ❧✬♦♣ér❛t❡✉r ❝♦♥❥✉❣✉é θ ❡st ❧✬❛♥❣❧❡ ❞♦♥♥❛♥t ❧❛ ♣♦s✐t✐♦♥ ❞✉
♣❡♥❞✉❧❡✳ ▲✬♦♣ér❛t❡✉r e±iθ ❝♦rr❡s♣♦♥❞ à ✉♥❡ tr❛♥s❧❛t✐♦♥ ❞❛♥s ❧✬❡s♣❛❝❡ n ❞❡ ±1✳ ❊♥ é❝r✐✈❛♥t
√

(N/2 + n+ 1)(N/2 − n) ≃ N/2
√

1 − (2n/N)2✱ ♦♥ tr♦✉✈❡

H = κn2 − JN
√

1 − (2n/N)2 cos(θ). ✭✹✳✸✮

❈❡t ❤❛♠✐❧t♦♥✐❡♥ ❡st ❧❡ ❤❛♠✐❧t♦♥✐❡♥ ❞✬✉♥ ♣❡♥❞✉❧❡ ♣❡s❛♥t ♥♦♥ r✐❣✐❞❡✱ ❞♦♥t ❧✬é❧♦♥❣❛t✐♦♥ ❞é♣❡♥❞
❞✉ ♠♦♠❡♥t ❝✐♥ét✐q✉❡✳ ◆♦✉s ❛✈♦♥s ❞♦♥♥é ✐❝✐✱ ♠♦②❡♥♥❛♥t q✉❡❧q✉❡s ❛♣♣r♦①✐♠❛t✐♦♥s✱ ✉♥❡
❞ér✐✈❛t✐♦♥ q✉❛♥t✐q✉❡ ❞❡ ❝❡t ❤❛♠✐❧t♦♥✐❡♥✳ ❈❡ ❤❛♠✐❧t♦♥✐❡♥ ♣❡✉t ❛✉ss✐ êtr❡ ♦❜t❡♥✉ ♣❛r ✉♥❡
❛♥❛❧②s❡ ❞❡ t②♣❡ ❝❤❛♠♣ ♠♦②❡♥ q✉✐ ✉t✐❧✐s❡ ❧✬éq✉❛t✐♦♥ ❞❡ ●r♦ss✲P✐t❛❡✈s❦✐✐❬✾✶✱ ✶✶✶❪✳

✹✳✶✳✷ ❉②♥❛♠✐q✉❡

▲❡s éq✉❛t✐♦♥s ❞✉ ♠♦✉✈❡♠❡♥t ❞ér✐✈é❡s ❞✉ ❤❛♠✐❧t♦♥✐❡♥ ✹✳✸ s♦♥t ♥♦♥ ❧✐♥é❛✐r❡s ❡t ❧❛ ❞②✲
♥❛♠✐q✉❡ ❞✉ s②stè♠❡ ❞é♣❡♥❞ ❢♦rt❡♠❡♥t ❞❡s ♣❛r❛♠ètr❡s κ✱ J ❡t N ✳ ❉❛♥s ❧❛ s✉✐t❡ ❞❡ ❝❡tt❡
s❡❝t✐♦♥ ♥♦✉s ❛❧❧♦♥s ét✉❞✐❡r ❧❛ ❞②♥❛♠✐q✉❡ ♣ré❞✐t❡ ♣❛r ❝❡ ❤❛♠✐❧t♦♥✐❡♥✳

P♦✉r ❞❡s ♥♦♠❜r❡s ❞✬❛t♦♠❡s ✐♠♣♦rt❛♥ts✱ ♦♥ s✬❛tt❡♥❞ à ❝❡ q✉❡ ❧❛ ❞②♥❛♠✐q✉❡ s♦✐t ❜✐❡♥
❞é❝r✐t❡ ♣❛r ❧❛ ❞②♥❛♠✐q✉❡ ❝❧❛ss✐q✉❡ ❛tt❡♥❞✉❡ ♣♦✉r ❧❡s ✈❛r✐❛❜❧❡s n ❡t θ✳ ❊♥ ❡✛❡t✱ ♦♥ s✬❛tt❡♥❞
à ❝❡ q✉❡ ❧✬❡✛❡t ❞❡s ✢✉❝t✉❛t✐♦♥s q✉❛♥t✐q✉❡s ❞❡s q✉❛♥t✐tés n ❡t θ s♦✐t ♥é❣❧✐❣❡❛❜❧❡✳ ◆♦✉s
r❡✈✐❡♥❞r♦♥t s✉r ❝❡tt❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❞❛♥s ❧❛ s❡❝t✐♦♥ s✉✐✈❛♥t❡✳ ❙✐ ♦♥ ✉t✐❧✐s❡ ❧❛ ✈❛r✐❛❜❧❡ ré❞✉✐t❡
y = 2n/N ✱ ❧❡s éq✉❛t✐♦♥s ❝❧❛ss✐q✉❡s ❞✉ ♠♦✉✈❡♠❡♥t s✬é❝r✐✈❡♥t ∂y/∂t = ∂H̃/∂θ ❡t ∂θ/∂t =
−∂H̃/∂y✱ ❧❡ ❤❛♠✐❧t♦♥✐❡♥ H̃ s✬é❝r✐✈❛♥t

H̃ = Eiy
2 − J

2

√

1 − y2 cos(θ) ✭✹✳✹✮

♦ù Ei = κN/2✳ ❆✐♥s✐✱ ❧❛ ❞②♥❛♠✐q✉❡ ❝❧❛ss✐q✉❡ ❡st ❣♦✉✈❡r♥é❡ ♣❛r ❧❡s ❞❡✉① ♣❛r❛♠ètr❡s Ei ❡t
J ✳ ❊❧❧❡ ❡st ét✉❞✐é❡ ❡♥ ❞ét❛✐❧ ❞❛♥s ❧❛ ❧✐ttér❛t✉r❡❬✾✶✱ ✽✹❪✳ ◆♦✉s ❞♦♥♥♦♥s ✐❝✐ ✉♥ rés✉♠é ❞❡ ❧❛
❞②♥❛♠✐q✉❡ ❛tt❡♥❞✉❡✳ ❚r♦✐s ré❣✐♠❡s ❡①✐st❡♥t✱ sé♣❛rés ♣❛r ❞❡s ❜✐❢✉r❝❛t✐♦♥s ✿

✲ J > Ei/8 ✿ ❘é❣✐♠❡ ❘❛❜✐✳ ❉❛♥s ❝❡ ré❣✐♠❡✱ ❧❡s tr❛❥❡❝t♦✐r❡s ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡s ♣❤❛s❡s
✭θ, y✮ s♦♥t s✐♠✐❧❛✐r❡s à ❝❡❧❧❡s ❞é❝r✐✈❛♥t ❞❡s ♦s❝✐❧❧❛t✐♦♥s ❞❡ ❘❛❜✐✳ ❉❡✉① ♣♦✐♥ts ✜①❡s
❡①✐st❡♥t ❡♥ y = 0 ❡t θ = 0 ♦✉ θ = π✳ ❉❡s ♦s❝✐❧❧❛t✐♦♥s ❞✬❛♠♣❧✐t✉❞❡ ✉♥ ❡①✐st❡♥t✳

✲ Ei/16 < J < Ei/8 ✿ ❘é❣✐♠❡ ✐♥t❡r♠é❞✐❛✐r❡✳❉❛♥s ❝❡ ré❣✐♠❡✱ ❧❡ ♣♦✐♥t ✜①❡ ✭y = 0, θ =
π✮ s❡ ❞é❞♦✉❜❧❡ ❡♥ ❞❡✉① ♣♦✐♥ts ✜①❡s s✉r ❧✬❛①❡ θ = π✳ ▲❡s ♦s❝✐❧❧❛t✐♦♥s ❛✉t♦✉r ❞❡ ❝❡s
♥♦✉✈❡❛✉① ♣♦✐♥ts ✜①❡s s♦♥t ❛♣♣❡❧é❡s ❧❡s ♦s❝✐❧❧❛t✐♦♥ ❞❡ ♣❤❛s❡ π ❞❛♥s ❧❛ ❧✐ttér❛t✉r❡❬✽✹❪✳



✸✽ ❈❍❆P■❚❘❊ ✹✳ ❉❖❯❇▲❊❙ P❯■❚❙ ❯◆■❉■▼❊◆❙■❖◆◆❊▲❙ ❈❖❯P▲➱❙

✲ Ei/16 > J ✿ ❘é❣✐♠❡ ❏♦s❡♣❤s♦♥✳ ▲❡s tr❛❥❡❝t♦✐r❡s ❝♦rr❡s♣♦♥❞❛♥t ❛✉① ♦s❝✐❧❧❛t✐♦♥s
❞✬❛♠♣❧✐t✉❞❡ ✉♥ ❞✐s♣❛r❛✐ss❡♥t ❡t ❞❡ ♥♦✉✈❡❧❧❡s tr❛❥❡❝t♦✐r❡s ❛♣♣❛r❛✐ss❡♥t✱ q✉✐ ❝♦rr❡s♣♦♥✲
❞❡♥t à ❞❡s ♦s❝✐❧❧❛t✐♦♥s ❞❡ y ❛✉t♦✉r ❞✬✉♥❡ ✈❛❧❡✉r ♥♦♥ ♥✉❧❧❡✳ ▲❛ ♣❤❛s❡ θ s✉r ❝❡s tr❛✲
❥❡❝t♦✐r❡s ❛✉❣♠❡♥t❡ à ❧✬✐♥✜♥✐ ✭✐✳❡✳ ✈❛ ❞❡ −π à π ♠♦❞✉❧♦ 2π✮✳ ❈❡s tr❛❥❡❝t♦✐r❡s s♦♥t
❛♣♣❡❧é❡s ❧❡s tr❛❥❡❝t♦✐r❡s ♠❛❝r♦s❝♦♣✐q✉❡s ❛✉t♦✲♣✐é❣é❡s❬✾✶❪ ✭✏♠❛❝r♦s❝♦♣✐❝ q✉❛♥t✉♠ s❡❧❢
tr❛♣♣❡❞ st❛t❡s✑ ❡♥ ❛♥❣❧❛✐s✮✳ ❉❛♥s ❝❡s ét❛ts✱ ❧❡ ❞és❛❝❝♦r❞ ❡♥ é♥❡r❣✐❡ ❝♦rr❡s♣♦♥❞❛♥t à
❧❛ tr❛♥s✐t✐♦♥ ❞❛♥s ❧❛q✉❡❧❧❡ ✉♥ ❛t♦♠❡ ♣❛ss❡ ❞✬✉♥ ♣✉✐ts à ❧✬❛✉tr❡ ✐♥❤✐❜❡ ❧❡s ♦s❝✐❧❧❛t✐♦♥s✳
▲♦✐♥ ❞❛♥s ❧❡ ré❣✐♠❡ ❏♦s❡♣❤s♦♥✱ ❝✬❡st✲à✲❞✐r❡ ❧♦rsq✉❡ Ei/16 ≫ J ✱ ❧❛ ❞②♥❛♠✐q✉❡ ❞✉ s②s✲
tè♠❡✱ r❡str❡✐♥t ❛✉① tr❛❥❡❝t♦✐r❡s ♦ù y ≪ 1✱ ❡st ❛♣♣r♦①✐♠❛t✐✈❡♠❡♥t ❣♦✉✈❡r♥é❡ ♣❛r ❧❡
❤❛♠✐❧t♦♥✐❡♥ ❏♦s❡♣❤s♦♥ H̃J = Eiy

2 − J
2

cos(θ), ❜✐❡♥ ❝♦♥♥✉ ❡♥ ♠❛t✐èr❡ ❝♦♥❞❡♥sé❡s✳ ❊♥
r❡✈❡♥❛♥t ❛✉① ✈❛r✐❛❜❧❡s θ ❡t n✱ ❝❡t ❤❛♠✐❧t♦♥✐❡♥ s✬é❝r✐t

HJ = κn2 − JN

2
cos(θ), ✭✹✳✺✮

▲✬❛♠♣❧✐t✉❞❡ ♠❛①✐♠✉♠ ❞❡s ♦s❝✐❧❧❛t✐♦♥s ❛✉t♦✉r ❞✉ ♣♦✐♥t ✜①❡ (y = 0, θ = 0) ❡st Y =
√

J/(2Ei)✳ ❊❧❧❡ ❡st ♣❡t✐t❡ ❞❡✈❛♥t ✉♥ ✿ ❧❡s ♦s❝✐❧❧❛t✐♦♥s ♦♥t ✉♥❡ ❛♠♣❧✐t✉❞❡ ❡♥ ♥♦♠❜r❡
❞✬❛t♦♠❡s ♣❡t✐t❡ ❞❡✈❛♥t ❧❡ ♥♦♠❜r❡ ❞✬❛t♦♠❡ t♦t❛❧ ❝❛r ❧❡ tr❛♥s❢❡rt ❞✬❛t♦♠❡s ❡♥tr❡ ❧❡s
❞❡✉① ♣✉✐ts ❞❡✈✐❡♥t ♥♦♥ rés♦♥♥❛♥t à ❝❛✉s❡ ❞❡s ✐♥t❡r❛❝t✐♦♥s ❡♥tr❡ ❛t♦♠❡s✳

❉❛♥s ❧❡s ❡①♣ér✐❡♥❝❡s ré❛❧✐sé❡s ❥✉sq✉✬à ♣rés❡♥t✱ ❧❡s ✐♥t❡r❛❝t✐♦♥s ❡♥tr❡ ❛t♦♠❡s s♦♥t s✉✛✲
✐s❛♠♠❡♥t ✐♠♣♦rt❛♥t❡s ♣♦✉r q✉❡ ❧❡ s②stè♠❡ s♦✐t ❞❛♥s ❧❡ ré❣✐♠❡ ❏♦s❡♣❤s♦♥✳ ▲❡s ♦s❝✐❧❧❛t✐♦♥s
❏♦s❡♣❤s♦♥ ❛✉t♦✉r ❞✉ ♣♦✐♥t ✜①❡ (θ = 0, y = 0) ❡t ❧❡s tr❛❥❡❝t♦✐r❡s ♠❛❝r♦s❝♦♣✐q✉❡s ❛✉t♦✲
♣✐é❣é❡s ♦♥t été ♦❜s❡r✈é❡s❬✶❪✳ ▲❡ ♣❤é♥♦♠è♥❡ ❞✬❛✉t♦✲♣✐é❣❡❛❣❡ ❛ ❛✉ss✐ été ♦❜s❡r✈é ❞❛♥s ✉♥
rés❡❛✉ ❞❡ ♣✉✐ts ❝♦✉♣❧és ❧❡s ✉♥s ❛✉① ❛✉tr❡s ♣❛r ❡✛❡t t✉♥♥❡❧❬✸❪✳ ▲❛ ♣❤②s✐q✉❡ ❡st ❛❧♦rs s✐♠✲
✐❧❛✐r❡ à ❝❡❧❧❡ q✉✐ ❣♦✉✈❡r♥❡ ❧❡s tr❛❥❡❝t♦✐r❡s ♠❛❝r♦s❝♦♣✐q✉❡s ❛✉t♦✲♣✐é❣é❡s ❞❛♥s ✉♥ ❞♦✉❜❧❡
♣✉✐ts✳

◆♦✉s ♥✬❛✈♦♥s ✐❝✐ ❝♦♥s✐❞éré q✉❡ ❧❡ ❝❛s ♦ù ❧❡s ❞❡✉① ♠♦❞❡s s♦♥t ❞é❣é♥érés✳ ▲❡ ❝❛s ♦ù ❧❡s
❞❡✉① ét❛ts ♦♥t ✉♥❡ ❞✐✛ér❡♥❝❡ ❞✬é♥❡r❣✐❡ ♥♦♥ ♥✉❧❧❡ ❡st tr❛✐té ❞❛♥s ❬✽✹❪✳

◆♦✉s ♥✬❛✈♦♥s ♣❛s tr❛✐té ✐❝✐ ❧❡ ❝❛s ♦ù ✉♥ ♣❛r❛♠ètr❡ ❞é♣❡♥❞ ❞✉ t❡♠♣s✳ ❯♥❡ ❞②♥❛♠✐q✉❡
très r✐❝❤❡ ❡st ❛tt❡♥❞✉❡ ❞❛♥s ❝❡ ❝❛s ✿ ❞❡s rés♦♥❛♥❝❡s ❞❡ ❙❤❛♣✐r♦ s♦♥t ❛tt❡♥❞✉❡s❬✶✾❪ ✭❞❡s tr❛✲
❥❡❝t♦✐r❡s ❛✉t♦✲♣✐é❣é❡s ♣❡✉✈❡♥t ❞❡✈❡♥✐r ❞❡s tr❛❥❡❝t♦✐r❡s ❛✈❡❝ ❞❡s ♦s❝✐❧❧❛t✐♦♥s ✐♠♣♦rt❛♥t❡s✮✱
✉♥❡ ❞②♥❛♠✐q✉❡ ❝❤❛♦t✐q✉❡ ❡st ♣♦ss✐❜❧❡❬✻✻❪✳ ❯♥ ♣❤é♥♦♠è♥❡ ❞❡ r❡♥♦r♠❛❧✐s❛t✐♦♥ ❞✉ ❝♦✉♣❧❛❣❡
❡♥tr❡ ❧❡s ❞❡✉① ♠♦❞❡s ❛♣♣❛r❛ît à ❣r❛♥❞❡ ❢réq✉❡♥❝❡ ❞❡ ♠♦❞✉❧❛t✐♦♥❬✶✾❪✱ q✉✐ ♣❡✉t êtr❡ ✐♥t❡r✲
♣rété ❝♦♠♠❡ ✉♥❡ ✐♥t❡r❢ér❡♥❝❡ ❡♥tr❡ ❞❡s ♣r♦❝❡ss✉s ✐♥✈♦q✉❛♥t ❞✐✛ér❡♥ts q✉❛♥t❛ ❞✉ ❝❤❛♠♣
♦s❝✐❧❧❛♥t✳ ❯♥ t❡❧ ♣❤é♥♦♠è♥❡ ❛ été ♦❜s❡r✈é ❞❛♥s ✉♥ rés❡❛✉ ❞❡ ♣✉✐ts❬✾✵❪✳

▲❛ ❞②♥❛♠✐q✉❡ ❞❡ ❝♦♥❞❡♥s❛ts ❝♦✉♣❧és ❛ ❞é❥à été ❡①♣❧♦ré❡ ❞❛♥s ❧❡s s②stè♠❡s ❞❡ ♠❛t✐èr❡
❝♦♥❞❡♥sés✱ ❛✉ss✐ ❜✐❡♥ ❛✈❡❝ ❞❡ ❧✬❍❡❧✐✉♠ s✉♣❡r✢✉✐❞❡❬✼✾❪ q✉✬❛✈❡❝ ❞❡s ❥♦♥❝t✐♦♥s s✉♣r❛❝♦♥❞✉❝tr✐❝❡s❬✻✹❪✳
❈❡♣❡♥❞❛♥t✱ ❧❡ ❣r❛♥❞ ❞❡❣ré ❞❡ ❝♦♥trô❧❡ ❞❡s ♣❛r❛♠ètr❡s ❞❡s ❡①♣ér✐❡♥❝❡s ❞✬❛t♦♠❡s ❢r♦✐❞s ♣❡✉✲
✈❡♥t ♣❡r♠❡ttr❡ ❞✬❡①♣❧♦r❡r ❞❡s ❛s♣❡❝ts ❞❡ ❝❡tt❡ ❞②♥❛♠✐q✉❡ ♥♦♥ ❛❝❝❡ss✐❜❧❡ ❛✈❡❝ ❧❡s s②stè♠❡s
❞❡ ♠❛t✐èr❡ ❝♦♥❞❡♥sé❡✳ P❛r ❡①❡♠♣❧❡✱ ❧❛ ❜✐❢✉r❝❛t✐♦♥ ❡♥tr❡ ❧❡s ❞✐✛ér❡♥ts ré❣✐♠❡s ❞❡ ❧❛ ❞②✲
♥❛♠✐q✉❡ ❡st à ♣r✐♦r✐ ❛❝❝❡ss✐❜❧❡ ❞❛♥s ❞❡s ❡①♣ér✐❡♥❝❡s ✉t✐❧✐s❛♥t ❞❡s ❛t♦♠❡s ❢r♦✐❞s✳ ❈❡s ❜✐✲
❢✉r❝❛t✐♦♥s ♥✬♦♥t ♣❛s été ♦❜s❡r✈é❡s ❞❛♥s ❧❡s s✉♣r❛✲❝♦♥❞✉❝t❡✉rs ♦✉ ❧✬❍❡❧✐✉♠ s✉♣❡r✢✉✐❞❡✳ ❊♥
❡✛❡t✱ ❞❛♥s ❝❡s s②stè♠❡s ❧❡ ✏t❡r♠❡ ❞❡ ❝❤❛r❣❡✑ Ei ❡st t♦✉❥♦✉rs s✉✣s❛♠♠❡♥t ✐♠♣♦rt❛♥t ♣♦✉r
q✉❡ ❧❡ ❤❛♠✐❧t♦♥✐❡♥ s♦✐t ❜✐❡♥ ❞é❝r✐t ♣❛r ❧❡ ❍❛♠✐❧t♦♥✐❡♥ ❞❡ ❏♦s❡♣❤s♦♥ ✭✹✳✺✮✳
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✹✳✶✳✸ ❋❧✉❝t✉❛t✐♦♥s

❆ ♣❡t✐t ♥♦♠❜r❡ ❞✬❛t♦♠❡s✱ ♦♥ s✬❛tt❡♥❞ à ❝❡ q✉❡ ❧❡s ✢✉❝t✉❛t✐♦♥s q✉❛♥t✐q✉❡s ❞❡s ✈❛r✐❛❜❧❡s
❝♦♥❥✉❣✉é❡s n ❡t θ ❡t ❧❛ ♥❛t✉r❡ ❞✐s❝rèt❡ ❞❡ n ❛✐❡♥t ✉♥ ❡✛❡t ✐♠♣♦rt❛♥t✳ ❖♥ s✬❛tt❡♥❞ à ❝❡ q✉❡
❧❡s ✢✉❝t✉❛t✐♦♥s ❞❡ n ♠♦❞✐✜❡♥t ❧❛ ❞②♥❛♠✐q✉❡✱ ♣❛r ❡①❡♠♣❧❡ ❡♥ ✐♥tr♦❞✉✐s❛♥t ✉♥ ❛♠♦rt✐ss❡✲
♠❡♥t ❞❡s ♦s❝✐❧❧❛t✐♦♥s ♥♦♥ ❧✐♥é❛✐r❡s❬✾✷❪✳ P❧✉s s✐♠♣❧❡♠❡♥t✱ ❧❡s ✢✉❝t✉❛t✐♦♥s ❞❡ n ❞❛♥s ❧✬ét❛t
❢♦♥❞❛♠❡♥t❛❧ ❞✉ s②stè♠❡ s♦♥t ❛❝t✉❡❧❧❡♠❡♥t ❡♥ ❝♦✉rs ❞✬ét✉❞❡✳

▲❡s ✢✉❝t✉❛t✐♦♥s ❞❡ n ❞❛♥s ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧ ♦♥t été ❝❛❧❝✉❧é❡s✱ ❞❛♥s ❧❡ ❝❛❞r❡ ❞✉ ♠♦❞è❧❡
à ❞❡✉① ♠♦❞❡s ❞é❝r✐t ❝✐✲❞❡ss✉s✱ ❞❛♥s ❬✹✻❪✳ ❉❛♥s ❧❡ ❝❛s ♦ù J ≫ κN ✱ ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧ ❞✉
s②stè♠❡ ❡st ♣r♦❝❤❡ ❞❡ ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧ ❞✉ s②stè♠❡ s❛♥s ✐♥t❡r❛❝t✐♦♥s ❞❛♥s ❧❡q✉❡❧ t♦✉s ❧❡s
❛t♦♠❡s s♦♥t ❞❛♥s ❧❛ s✉♣❡r♣♦s✐t✐♦♥ s②♠étr✐q✉❡ ❞❡s ét❛ts |a〉 ❡t |b〉✳ ▲❡s ✢✉❝t✉❛t✐♦♥s ❞❡ n s♦♥t
❛❧♦rs ❞♦♥♥é❡s ♣❛r ❧❡ ❜r✉✐t ❞❡ ❣r❡♥❛✐❧❧❡ ✭♦✉ ❜r✉✐t ❞❡ ♣r♦❥❡❝t✐♦♥ q✉❛♥t✐q✉❡✮ 〈n2〉−〈n〉2 = 〈n〉✳
▲❡s ✐♥t❡r❛❝t✐♦♥ ré♣✉❧s✐✈❡s ❡♥tr❡ ❛t♦♠❡s r❡♥❞❡♥t ❝♦ût❡✉s❡s ❡♥ é♥❡r❣✐❡ ❧❡s ✢✉❝t✉❛t✐♦♥s ❞❡
♥♦♠❜r❡ ❞✬❛t♦♠❡s ❡t ❧❡s ✢✉❝t✉❛t✐♦♥s ❞❡ n ❞✐♠✐♥✉❡♥t ❧♦rsq✉❡ ❧❡ ♣❛r❛♠ètr❡ κ ❛✉❣♠❡♥t❡✳
❉❛♥s ❧❡ ré❣✐♠❡ ❏♦s❡♣❤s♦♥✱ ♦♥ ♣❡✉t ✉t✐❧✐s❡r ❧❡ ❤❛♠✐❧t♦♥✐❡♥ s✐♠♣❧✐✜é ❊q✳✭✹✳✺✮ ♣♦✉r ❝❛❧❝✉❧❡r
❧❡s ✢✉❝t✉❛t✐♦♥s ❞❡ n ❞❛♥s ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧✳ ❊♥ ❞é✈❡❧♦♣♣❛♥t cos(θ)✱ ♦♥ s❡ r❛♠è♥❡ ❛✉ ❝❛s

❞✬✉♥ ♦s❝✐❧❧❛t❡✉r ❤❛r♠♦♥✐q✉❡ ❡t ♦♥ tr♦✉✈❡ ❛❧♦rs ❞❡s ✢✉❝t✉❛t✐♦♥s 〈n2〉 − 〈n〉2 =
√

JN/κ/4✳
❈❡s ✢✉❝t✉❛t✐♦♥s s♦♥t ❜✐❡♥ ✐♥❢ér✐❡✉r❡s ❛✉ ❜r✉✐t ❞❡ ❣r❡♥❛✐❧❧❡ ❞❛♥s ❧❡ ré❣✐♠❡ ❝♦♥s✐❞éré❡s✳ ▲✬ét❛t
❢♦♥❞❛♠❡♥t❛❧ ❞✉ s②stè♠❡ ❡st ❞♦♥❝ ✉♥ ét❛t ❝♦♠♣r✐♠é✳ ❈♦♠♠❡ ❡①♣❧✐q✉é ❛✉ ❝❤❛♣✐tr❡ ✶✱ ✉♥ t❡❧
ét❛t ♣❡✉t ♣❡r♠❡ttr❡ ❞✬❛♠é❧✐♦r❡r ❧❛ s❡♥s✐❜✐❧✐té ❞✬✉♥ ✐♥t❡r❢ér♦♠ètr❡ ❛t♦♠✐q✉❡✳ ❈❡❝✐ ♠♦t✐✈❡
❧❡s r❡❝❤❡r❝❤❡s ❛❝t✉❡❧❧❡s ✈✐s❛♥t à ♣r♦❞✉✐r❡ ✉♥ t❡❧ ét❛t à ❧✬✐ss✉❡ ❞✬✉♥❡ sé♣❛r❛t✐♦♥ ❡♥ ❞❡✉① ❞✬✉♥
❝♦♥❞❡♥s❛t❬✹✽❪✳

❉❛♥s ❧❛ ❧✐♠✐t❡ ♦ù JN ≪ κ✱ ❧❡s ✢✉❝t✉❛t✐♦♥s ❞❡ ♥♦♠❜r❡ ❞✬❛t♦♠❡s ❞❡✈✐❡♥♥❡♥t très ♣❡t✐t❡
❞❡✈❛♥t ✉♥ ✿ ♦♥ ❡st ❞❛♥s ❧❡ ré❣✐♠❡ ❞❡ ❋♦❝❦✳ ▲❛ ✈❛r✐❛❜❧❡ ❝♦♥❥✉❣✉é❡ ❞❡ n✱ θ✱ ❡st ❝♦♠♣❧èt❡♠❡♥t
♥♦♥ ❞é✜♥✐❡ ❞❛♥s ❝❡ ré❣✐♠❡✳ ❈❡ ré❣✐♠❡ ❞❡ ❋♦❝❦ ❡st ❛♥❛❧♦❣✉❡ ❛✉ ré❣✐♠❡ ❞✬✐s♦❧❛♥t ❞❡ ▼❖❚❚
❞❛♥s ✉♥ rés❡❛✉❬✸✷❪✱ ♦❜s❡r✈é ❡①♣ér✐♠❡♥t❛❧❡♠❡♥t ♣♦✉r ✉♥ ♥♦♠❜r❡ ❞✬❛t♦♠❡s ♣❛r ♣✉✐ts ❞❡ ✉♥
à tr♦✐s✳ ▲❛ ré❛❧✐s❛t✐♦♥ ❞✬✉♥ ét❛t ❞❡ ❋♦❝❦ à ❣r❛♥❞ ♥♦♠❜r❡ ❞✬❛t♦♠❡s ❡st ❞✐✣❝✐❧❡ ❝❛r ❝❡❧❛
♥é❝❡ss✐t❡ à ♣r✐♦r✐ ✉♥ t❡♠♣s ❧♦♥❣✳

◆♦t♦♥s ♣♦✉r ✜♥✐r q✉❡ ❧❡s ✢✉❝t✉❛t✐♦♥s q✉❛♥t✐q✉❡s ❞❡s ❝♦♥❞❡♥s❛ts ❜✐♠♦❞❛✉① ♣❡✉✈❡♥t êtr❡
✉t✐❧✐sé❡s ♣♦✉r ré❛❧✐s❡r ❞❡s ét❛ts ❞❡ t②♣❡ ❝❤❛t ❞❡ ❙❝❤rö❞✐♥❣❡r✳ ❈❡s ét❛ts s♦♥t ✐♥tér❡ss❛♥ts ♥♦♥
s❡✉❧❡♠❡♥t ❝❛r ✐❧s ♣❡r♠❡tt❡♥t ❞❡ s♦♥❞❡r ❧❛ ❢r♦♥t✐èr❡ ❡♥tr❡ ❧❡ ♠♦❞❡ q✉❛♥t✐q✉❡ ❞❛♥s ❧❡q✉❡❧ ❧❡s
s✉♣❡r♣♦s✐t✐♦♥s ❝♦❤ér❡♥t❡s ❡①✐st❡♥t ❡t ❧❡ ♠♦♥❞❡ ❝❧❛ss✐q✉❡ ♠❛✐s ❛✉ss✐ ♣♦✉r ❧❡✉r ❛♣♣❧✐❝❛t✐♦♥s
❡♥ s♣❡❝tr♦s❝♦♣✐❡ ❬✼❪✳ ▲❛ ♣r♦♣♦s✐t✐♦♥ ❧❛ ♣❧✉s s✐♠♣❧❡ ♣♦✉r ré❛❧✐s❡r ✉♥ ét❛t ❞❡ t②♣❡ ❝❤❛t ❞❡
❙❤rö❞✐♥❣❡r ❞❛♥s ✉♥ ❞♦✉❜❧❡ ♣✉✐ts ❝♦♥s✐st❡ à ✉t✐❧✐s❡r ❧❡s ✢✉❝t✉❛t✐♦♥s ❞❡ n à ❧✬✐ss✉❡ ❞✬✉♥❡
sé♣❛r❛t✐♦♥ r❛♣✐❞❡ ❡♥ ❞❡✉① ❞✬✉♥ ❝♦♥❞❡♥s❛t✱ ❡♥ ❝♦♠❜✐♥❛✐s♦♥ ❛✈❡❝ ❧❡s ✐♥t❡r❛❝t✐♦♥s ré♣✉❧s✐✈❡s
❡♥tr❡ ❛t♦♠❡s✱ ❞❡ ❢❛ç♦♥ s✐♠✐❧❛✐r❡ à ❧❛ ♣r♦♣♦s✐t✐♦♥ ❞é❝r✐t❡ ❞❛♥s ❬✾✹❪✳ ❈❡tt❡ ♠ét❤♦❞❡ ✉t✐❧✐s❡
❧❡ ❢❛✐t q✉✬✉♥ ❤❛♠✐❧t♦♥✐❡♥ ♣r♦♣♦rt✐♦♥♥❡❧ à n2 ❛❣✐ss❛♥t s✉r ❧✬ét❛t ✐♥✐t✐❛❧ ❝♦❤ér❡♥t ♦ù t♦✉s
❧❡s ❛t♦♠❡s s♦♥t ❞❛♥s ❧❛ s✉♣❡r♣♦s✐t✐♦♥ s②♠étr✐q✉❡ ❞❡ |a〉 ❡t |b〉 ♣❡r♠❡t ❞❡ ré❛❧✐s❡r ✉♥ ét❛t
❞❡ t②♣❡ ❝❤❛t ❞❡ ❙❤rö❞✐♥❣❡r✳ ❈❡♣❡♥❞❛♥t ❧❡ t❡♠♣s ♥é❝❡ss❛✐r❡ ♣♦✉r ♦❜t❡♥✐r ✉♥ ét❛t ❝❤❛t ❞❡
❙❤rö❞✐♥❣❡r ❡st t②♣✐q✉❡♠❡♥t très ❧♦♥❣ ❝❡ q✉✐ r❡♥❞ ❡♥ ♣r❛t✐q✉❡ ❝❡tt❡ ♠ét❤♦❞❡ ✐♥♦♣ér❛♥t❡✳
❉✬❛✉tr❡s ♠ét❤♦❞❡s ♣❧✉s r❛♣✐❞❡s ♦♥t été ♣r♦♣♦sé❡s ❞❛♥s ❧❡sq✉❡❧❧❡s ✉♥ ♣♦✐♥t ✜①❡ ✐♥st❛❜❧❡ ❞❡
❧✬❡s♣❛❝❡ ❞❡s ♣❤❛s❡s ❡st ✉t✐❧✐sé ❬✻✾✱ ✻✻❪✳
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γ γ

❋✐❣✳ ✹✳✶ ✕ ●é♦♠étr✐❡ ❛❧❧♦♥❣é❡ ét✉❞✐é❡ ✿ ❞❡✉① q✉❛s✐✲❝♦♥❞❡♥s❛ts ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧s s♦♥t ❝♦✉✲
♣❧és s✉r t♦✉t❡ ❧❡✉r ❧♦♥❣✉❡✉r ❛✈❡❝ ❧❡ ❝♦✉♣❧❛❣❡ γ✳

✹✳✷ ❈❛s ❞✬✉♥❡ ❣é♦♠étr✐❡ ❛❧❧♦♥❣é❡

❉❛♥s ❧❛ s❡❝t✐♦♥ ♣ré❝é❞❡♥t❡✱ ♥♦✉s ❛✈♦♥s ✈✉ q✉❡✱ ❡♥ ♣rés❡♥❝❡ ❞❡ ❢♦rt❡s ✐♥t❡r❛❝t✐♦♥s ré♣✉❧✲
s✐✈❡s ❡♥tr❡ ❛t♦♠❡s ✭✐✳❡✳ J ≪ κN✮✱ ❧❡ s②stè♠❡ ❡st ❞❛♥s ❧❡ ré❣✐♠❡ ❏♦s❡♣❤s♦♥ ❞❛♥s ❧❡q✉❡❧ ❧❡s
♦s❝✐❧❧❛t✐♦♥s ❞❡ ♥♦♠❜r❡ ❞✬❛t♦♠❡s ♦♥t ✉♥❡ ❛♠♣❧✐t✉❞❡ ré❞✉✐t❡✳ ❖r✱ ❞❛♥s ❧❛ ♣❧✉♣❛rt ❞❡s s✐t✉❛✲
t✐♦♥s ❡①♣ér✐♠❡♥t❛❧❡s✱ ❧❡ ♣❛r❛♠ètr❡ κN ✱ q✉✐ ❡st ❞❡ ❧✬♦r❞r❡ ❞✉ ♣♦t❡♥t✐❡❧ ❝❤✐♠✐q✉❡ ❞❡s ❛t♦♠❡s✱
❡st ♣❧✉s ✐♠♣♦rt❛♥t q✉❡ ❧❛ ❢réq✉❡♥❝❡ ❞✬♦s❝✐❧❧❛t✐♦♥ ❞❛♥s ❝❤❛❝✉♥ ❞❡s ♣✉✐ts ✭ré❣✐♠❡ ❚❤♦♠❛s
❋❡r♠✐✮✳ ▲❛ ❝♦♥❞✐t✐♦♥ ❞✉ ♠♦❞è❧❡ à ❞❡✉① ♠♦❞❡s q✉✐ ✐♠♣♦s❡ J ≪ h̄ω ✐♠♣❧✐q✉❡ ❛❧♦rs q✉❡
J ≪ κN ✿ ❧❡ s②stè♠❡ ❡st ❞♦♥❝ ❞❛♥s ❧❡ ré❣✐♠❡ ❏♦s❡♣❤s♦♥ ❡t ✐❧ ♥✬❡st ♣❛s ♣♦ss✐❜❧❡ ❞❡ ré❛❧✐s❡r
❞❡s ♦s❝✐❧❧❛t✐♦♥s ❞❡ ♥♦♠❜r❡ ❞✬❛t♦♠❡s ❞❡ ❣r❛♥❞❡ ❛♠♣❧✐t✉❞❡✳ ❖r✱ ✐❧ ♣❡✉t êtr❡ ✐♥tér❡ss❛♥t ❞❡
♣♦✉✈♦✐r ré❛❧✐s❡r ❞❡s ♦s❝✐❧❧❛t✐♦♥s ❞✬❛♠♣❧✐t✉❞❡ ✉♥✱ ♣❛r ❡①❡♠♣❧❡ ♣♦✉r ✉t✐❧✐s❡r ❧❡ ❝♦✉♣❧❛❣❡ t✉♥✲
♥❡❧ ♣♦✉r ré❛❧✐s❡r ❧❛ sé♣❛r❛tr✐❝❡ ❞✬✉♥ ✐♥t❡r❢ér♦♠ètr❡ ❛t♦♠✐q✉❡✳ P♦✉r ♣♦✉✈♦✐r ❛tt❡✐♥❞r❡ ❧❡
ré❣✐♠❡ ❘❛❜✐✱ q✉✐ ♣❡r♠❡t ❞❡ ré❛❧✐s❡r ❞❡s ♦s❝✐❧❧❛t✐♦♥s ❞✬❛♠♣❧✐t✉❞❡ ✉♥✱ ♥♦✉s ♣r♦♣♦s♦♥s ❞✬❛❧❧❡r
❛✉✲❞❡❧à ❞✉ s②stè♠❡ à ❞❡✉① ♠♦❞❡s ❡♥ ✉t✐❧✐s❛♥t ❞❡✉① ❝♦♥❞❡♥s❛ts ❛❧❧♦♥❣és ❝♦✉♣❧és s✉r t♦✉t❡
❧❡✉r ❧♦♥❣✉❡✉r ❝♦♠♠❡ s❝❤é♠❛t✐sé s✉r ❧❛ ✜❣✉r❡ ✹✳✶✳ ❉❛♥s ✉♥❡ t❡❧❧❡ ❣é♦♠étr✐❡✱ ❞ét❛✐❧❧é❡ ❞❛♥s
♥♦tr❡ ❛rt✐❝❧❡ ❬✷✷❪✱ ❧❛ ❝♦♥❞✐t✐♦♥ J ≪ h̄ω ♥✬❡st ✈ér✐✜é❡ q✉❡ ♣♦✉r ❧❡s ❢réq✉❡♥❝❡s ❞✉ ♠♦✉✈❡♠❡♥t
tr❛♥s✈❡rs❡✳ ▲❡ ♣❛r❛♠ètr❡ κN ♣❡✉t êtr❡ ✐♥❢ér✐❡✉r à J ♠ê♠❡ ❛✈❡❝ ✉♥ ♥♦♠❜r❡ ❞✬❛t♦♠❡s ✐♠✲
♣♦rt❛♥t s✐ ❧❡ ♥✉❛❣❡ ❡st s✉✣s❛♠♠❡♥t ét❛❧é ❧♦♥❣✐t✉❞✐♥❛❧❡♠❡♥t✳ ■❧ ❡st ❛❧♦rs ❡♥✈✐s❛❣❡❛❜❧❡ ❞❡
ré❛❧✐s❡r ❞❡s ♦s❝✐❧❧❛t✐♦♥s ❞✬❛♠♣❧✐t✉❞❡ ✉♥ ❡♥tr❡ ❧❡s ❞❡✉① ♣✉✐ts✳

❉❛♥s ❧❛ ❣é♦♠étr✐❡ ❛❧❧♦♥❣é❡✱ ♣❧✉s✐❡✉rs ♠♦❞❡s ❧♦♥❣✐t✉❞✐♥❛✉① s♦♥t s✉s❝❡♣t✐❜❧❡s ❞✬êtr❡ ♣❡✲
✉♣❧és ❡t ❧❡ ♠♦❞è❧❡ à ❞❡✉① ♠♦❞❡s ♣rés❡♥té ❝✐✲❞❡ss✉s ♥✬❡st ♣❛s s✉✣s❡♥t✳ ▲❡s ❡①❝✐t❛t✐♦♥s
❝♦❧❧❡❝t✐✈❡s ❞❡ ❜❛ss❡ é♥❡r❣✐❡ s♦♥t ❞❡s ♣❤♦♥♦♥s✱ q✉✐ s♦♥t ❡ss❡♥t✐❡❧❧❡♠❡♥t ❞❡s ♦♥❞❡s ❞❡ ♣❤❛s❡✳
❉❛♥s ❝❤❛q✉❡ ♣✉✐ts✱ ❧❛ ♣♦♣✉❧❛t✐♦♥ t❤❡r♠✐q✉❡ ❞❡s ♣❤♦♥♦♥s ✐♥tr♦❞✉✐t ❞❡s ✢✉❝t✉❛t✐♦♥s ❞❡
♣❤❛s❡✳ ◆♦✉s ❛✈♦♥s ❝❛❧❝✉❧é q✉❡❧❧❡ ét❛✐t ❧❛ ❝♦♥❞✐t✐♦♥ s✉r ❧❛ t❡♠♣ér❛t✉r❡ ❡t ❧❡ ❝♦✉♣❧❛❣❡ t✉♥♥❡❧
❡♥tr❡ ❧❡s ❞❡✉① ♣✉✐ts ♣♦✉r q✉❡✱ ♠❛❧❣ré ❝❡s ✢✉❝t✉❛t✐♦♥s t❤❡r♠✐q✉❡s✱ ❧❛ ♣❤❛s❡ r❡❧❛t✐✈❡ ❡♥tr❡ ❧❡s
❞❡✉① ♣✉✐ts s♦✐t ❜✐❡♥ ❞é✜♥✐❡ à ❧✬éq✉✐❧✐❜r❡ t❤❡r♠♦❞②♥❛♠✐q✉❡✳ ❙✐ ❝❡tt❡ ❝♦♥❞✐t✐♦♥ ❡st s❛t✐s❢❛✐t❡✱
✐❧ ❡st à ♣r✐♦r✐ ♣♦ss✐❜❧❡ ❞✬♦❜s❡r✈❡r ❞❡s ♦s❝✐❧❧❛t✐♦♥s ❞❡ ❏♦s❡♣❤s♦♥ ❡♥tr❡ ❧❡s ❞❡✉① ♣✉✐ts✳ ◆♦✉s
❛✈♦♥s ét✉❞✐é ❝❡s ♦s❝✐❧❧❛t✐♦♥s ❡t ♥♦✉s ❛✈♦♥s ♠♦♥tré ❧❛ ♣rés❡♥❝❡ ❞✬✐♥st❛❜✐❧✐té ❞❡ ♠♦❞✉❧❛t✐♦♥✳
❈❡s rés✉❧t❛ts✱ q✉✐ ❢♦♥t ❧✬♦❜❥❡t ❞❡s ❛rt✐❝❧❡s ❬✶✵✸❪ ❡t ❬✽❪ s♦♥t ❜r✐è✈❡♠❡♥t ♣rés❡♥tés ❝✐✲❞❡ss♦✉s✳

▲❛ ❣é♦♠étr✐❡ ❛❧❧♦♥❣é❡ ❞é❝r✐t❡ ❋✐❣✳✹✳✶ ❡st ♦❜t❡♥✉❡ ❡①♣ér✐♠❡♥t❛❧❡♠❡♥t✱ ❞❡♣✉✐s ✷✵✵✹✱ ♣❛r
❧❡s ❣r♦✉♣❡s q✉✐ ✉t✐❧✐s❡♥t ❧❡s ♣✐è❣❡s ♠❛❣♥ét✐q✉❡s ❤❛❜✐❧❧és ♣❛r r❛❞✐♦✲❢réq✉❡♥❝❡ ♣♦✉r ré❛❧✐s❡r
✉♥ ❞♦✉❜❧❡ ♣✉✐ts ❞❡ ♣♦t❡♥t✐❡❧❬✽✼✱ ✹✽❪ ❡t ❧❡s ét✉❞❡s q✉❡ ♥♦✉s ❛✈♦♥s ❡✛❡❝t✉é❡s s✬❛♣♣❧✐q✉❡♥t à
❝❡s ❡①♣ér✐❡♥❝❡s✳
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θ

z

❋✐❣✳ ✹✳✷ ✕ ❋❧✉❝t✉❛t✐♦♥ ❞❡ ❧❛ ♣❤❛s❡ ❞✬✉♥ q✉❛s✐✲❝♦♥❞❡♥s❛t ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧✳ ❆ t❡♠♣ér❛t✉r❡
s✉♣ér✐❡✉r❡ à ❧✬é♥❡r❣✐❡ ❞❡ ❝❤❛♠♣ ♠♦②❡♥ gn✱ ❧❡s ✢✉❝t✉❛t✐♦♥s s♦♥t ❞♦♠✐♥é❡s ♣❛r ❧❛ ♣♦♣✉❧❛✲
t✐♦♥ t❤❡r♠✐q✉❡ ❞❡s ♣❤♦♥♦♥s ❡t ❧✬éq✉❛t✐♦♥✹✳✽ ❞♦♥♥❡ 〈(θ(z) − θ(0))2〉 = mkBTz/(h̄

2n)✳ ❆
t❡♠♣ér❛t✉r❡ ❢❛✐❜❧❡ ❞❡✈❛♥t gn✱ ❧❡s ✢✉❝t✉❛t✐♦♥s q✉❛♥t✐q✉❡s ❞♦♠✐♥❡♥t ❡t 〈(θ(z) − θ(0))2〉 ≃
1
π

√

mg
h̄2ρ

ln(
√
mgρ z/h̄)✳

✹✳✸ ❋❧✉❝t✉❛t✐♦♥s ❞❡ ♣❤❛s❡ r❡❧❛t✐✈❡ ❡♥tr❡ ❞❡✉① q✉❛s✐✲❝♦♥❞❡♥s❛ts
✉♥✐❞✐♠❡♥s✐♦♥♥❡❧s ❝♦✉♣❧és

◆♦✉s ♥♦✉s s♦♠♠❡s ✐♥tér❡ssés✱ s✉r ❧❡ ♣❧❛♥ t❤é♦r✐q✉❡✱ ❛✉ s②stè♠❡ ❞❡ ❞❡✉① ❣❛③ ❛❧❧♦♥❣és
❝♦✉♣❧és s✉r t♦✉t❡ ❧❡✉r ❧♦♥❣✉❡✉r ♣❛r ❡✛❡t t✉♥♥❡❧✱ ❝♦♠♠❡ s❝❤é♠❛t✐sé s✉r ❧❛ ✜❣✉r❡ ✹✳✶✳ ❆
très ❢❛✐❜❧❡ t❡♠♣ér❛t✉r❡✱ ❧❡s ✢✉❝t✉❛t✐♦♥s ❞❡ ❞❡♥s✐té ❞❛♥s ❝❤❛❝✉♥ ❞❡s ❞❡✉① ♣✉✐ts s♦♥t très
ré❞✉✐t❡s ✿ ❧❡ s②stè♠❡ ❡st ❝♦❤ér❡♥t ✈✐s✲à✲✈✐s ❞❡ ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ❝♦rré❧❛t✐♦♥ à ❞❡✉① ❝♦r♣s✳
❈❡♣❡♥❞❛♥t✱ ❧❡ t❤é♦rè♠❡ ❞❡ ▼❡r♠✐♥✲❲❛❣♥❡r✲❍♦❤❡♥❜❡r❣ ♣r♦s❝r✐t ❧✬❡①✐st❡♥❝❡ ❞✬✉♥ ✈ér✐t❛❜❧❡
❝♦♥❞❡♥s❛t ❞❡ ❇♦s❡ ❞❛♥s ✉♥ s②stè♠❡ ✉♥✐✲❞✐♠❡♥s✐♦♥♥❡❧✳ ❊♥ ❡✛❡t✱ ❧❡s ✢✉❝t✉❛t✐♦♥s ♣❤❛s❡s
✐♥❞✉✐t❡s ♣❛r ❧❡s ✢✉❝t✉❛t✐♦♥s q✉❛♥t✐q✉❡s ♦✉ ❜✐❡♥ ♣❛r ❧❛ ♣♦♣✉❧❛t✐♦♥ t❤❡r♠✐q✉❡ ❞❡s ♣❤♦♥♦♥s
❞étr✉✐s❡♥t ❧❛ ❝♦❤ér❡♥❝❡ ❡♥ ♣❤❛s❡ ❞✉ ❣❛③ ✿ ❧❡ ❣❛③ ♥✬❡st ♣❛s ❝♦❤ér❡♥t ✈✐s✲à✲✈✐s ❞❡ ❧❛ ❢♦♥❝t✐♦♥
❞❡ ❝♦rré❧❛t✐♦♥ à ✉♥ ❝♦r♣s✳ ❆✐♥s✐✱ ❝❤❛q✉❡ ♣✉✐ts ♣rés❡♥t❡ ❞❡s ✢✉❝t✉❛t✐♦♥s ❞❡ ♣❤❛s❡ ♠ê♠❡
à très ❢❛✐❜❧❡ t❡♠♣ér❛t✉r❡✱ ❝♦♠♠❡ s❝❤é♠❛t✐sé s✉r ❧❛ ✜❣✉r❡ ✹✳✷✳ ▲❡ ❣❛③ ❡st ❛❧♦rs ❛♣♣❡❧é ✉♥
q✉❛s✐✲❝♦♥❞❡♥s❛t✳ ❊♥ ❧✬❛❜s❡♥❝❡ ❞❡ ❝♦✉♣❧❛❣❡ t✉♥♥❡❧✱ ❧❡s ✢✉❝t✉❛t✐♦♥s ❞❡ ♣❤❛s❡ ❞❡s ❞❡✉① ♣✉✐ts
s♦♥t ✐♥❞é♣❡♥❞❛♥t❡s ❡t ❧❛ ♣❤❛s❡ r❡❧❛t✐✈❡ ♣rés❡♥t❡ ❡❧❧❡ ❛✉ss✐ ❞❡s ✢✉❝t✉❛t✐♦♥s✳ ❉✬✉♥ ❛✉tr❡ ❝ôté✱
❡♥ ♣rés❡♥❝❡ ❞✬✉♥❡ ✐♥t❡r❛❝t✐♦♥ t✉♥♥❡❧ ❡♥tr❡ ❧❡s ♣✉✐ts✱ ❧❡s ✢✉❝t✉❛t✐♦♥s ❞❡ ♣❤❛s❡ r❡❧❛t✐✈❡s s♦♥t
❝♦ût❡✉s❡s ❡♥ é♥❡r❣✐❡✳ ❙✐ ❧❡ ❝♦✉♣❧❛❣❡ t✉♥♥❡❧ ❡st ❢❛✐❜❧❡ ❡t ❧❛ t❡♠♣ér❛t✉r❡ ❛ss❡③ ✐♠♣♦rt❛♥t❡✱
❧❡s ✢✉❝t✉❛t✐♦♥s t❤❡r♠✐q✉❡s ❞♦♠✐♥❡♥t ❡t ❧❛ ♣❤❛s❡ r❡❧❛t✐✈❡ ❡♥tr❡ ❧❡s ❞❡✉① ❝♦♥❞❡♥s❛ts ♥❡ s❡r❛
♣❛s ❜✐❡♥ ❞é✜♥✐❡✳ ❉❡s ♦s❝✐❧❧❛t✐♦♥s ❞❡ ❏♦s❡♣❤s♦♥ s❡r♦♥t ❛❧♦rs ✐♠♣♦ss✐❜❧❡s à ♦❜s❡r✈❡r✳ P❛r
❝♦♥tr❡✱ s✐ ❧❡ ❝♦✉♣❧❛❣❡ ❡st s✉✣s❛♠♠❡♥t ❢♦rt✱ ❧❡s ✢✉❝t✉❛t✐♦♥s ❞❡ ♣❤❛s❡s s❡r♦♥t ❛❜s❡♥t❡s ❡t
❧❡s ♦s❝✐❧❧❛t✐♦♥s ❞❡ ❏♦s❡♣❤s♦♥ ♣♦✉rr♦♥t à ♣r✐♦r✐ êtr❡ ♦❜s❡r✈é❡s✳

❊♥ ✉t✐❧✐s❛♥t ✉♥❡ ❛♣♣r♦❝❤❡ ❧✐♥é❛r✐sé❡ ✭❝❛❧❝✉❧ ❞❡ ❇♦❣♦❧✐✉❜♦✈✮✱ ♥♦✉s ❛✈♦♥s ❝❛❧❝✉❧é ❧❡s
✢✉❝t✉❛t✐♦♥s ❞❡ ❧❛ ♣❤❛s❡ r❡❧❛t✐✈❡ ❡♥tr❡ ❧❡s ❞❡✉① ❝♦♥❞❡♥s❛ts à ❧✬éq✉✐❧✐❜r❡ t❤❡r♠♦❞②♥❛♠✐q✉❡
à ✉♥❡ t❡♠♣ér❛t✉r❡ T ✳ ◆♦✉s ❛✈♦♥s ♠♦♥tré q✉✬❡❧❧❡s ét❛✐❡♥t ❢❛✐❜❧❡s t❛♥t q✉❡

kBT ≪ nh̄
√

γ/m ✭✹✳✻✮

♦ù n ❡st ❧❛ ❞❡♥s✐té ❧✐♥é❛✐r❡ ❞✬❛t♦♠❡s ❞❛♥s ❝❤❛q✉❡ ♣✉✐ts✱ γ ❧❡ ❝♦✉♣❧❛❣❡ t✉♥♥❡❧ ❡♥tr❡ ❧❡s
❞❡✉① ♣✉✐ts ❡t m ❧❛ ♠❛ss❡ ❞❡s ❛t♦♠❡s✳ ▲❡ ❞♦♠❛✐♥❡ ❞❛♥s ❧❡q✉❡❧ ❧❛ ♣❤❛s❡ r❡❧❛t✐✈❡ ❡♥tr❡ ❧❡s
❞❡✉① q✉❛s✐✲❝♦♥❞❡♥s❛ts ❡st ❜✐❡♥ ❞é✜♥✐❡ ❡st r❡♣rés❡♥té❡ s✉r ❧❛ ✜❣✉r❡ ✹✳✸✳ ❈♦♠♠❡ ❞é❝r✐t ❞❛♥s
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h̄ρ
√

gρ0/m
❣❛③ t❤❡r♠✐q✉❡ ✿ ✢✉❝t✉❛t✐♦♥s ❞❡

❞❡♥s✐té

❚

♣❛s ❞❡ ✢✉❝t✉❛t✐♦♥s ❞❡

gρ0

❧❛ ♣❤❛s❡ r❡❧❛t✐✈❡

h̄2ρ/Lm

◗✉❛s✐✲❇❊❈

❇❊❈

gρ0
γ

❚

P❛s ❞❡ ✢✉❝t✉❛t✐♦♥s ❞❡ ♣❤❛s❡

♣❤❛s❡ r❡❧❛t✐✈❡

✢✉❝t❛t✐♦♥s ❞❡ ♣❤❛s❡

❧♦♥❣✐t✉❞✐♥❛❧❡s

❋❧✉❝t✉❛t✐♦♥ ❞❡ ❧❛

✵✵✵✵

❋✐❣✳ ✹✳✸ ✕ ❉♦♠❛✐♥❡✱ ❞❛♥s ❧❡ ♣❧❛♥ (γ, T )✱ ♣♦✉r ❧❡q✉❡❧ ❧❛ ♣❤❛s❡ r❡❧❛t✐✈❡ ❡♥tr❡ ❧❡s ❞❡✉① q✉❛s✐✲
❝♦♥❞❡♥s❛ts ❡st ❜✐❡♥ ❞é✜♥✐❡✳ ▲❛ ♣❛rt✐❡ ❣r✐sé❡ ❝♦rr❡s♣♦♥❞ ❛✉ ❞♦♠❛✐♥❡ ❞❛♥s ❧❡q✉❡❧ ❧❛ ♣❤❛s❡
r❡❧❛t✐✈❡ ❡♥tr❡ ❧❡s ❞❡✉① ♥✉❛❣❡s ❛ ❞❡s ✢✉❝t✉❛t✐♦♥s très ♣❡t✐t❡s ❞❡✈❛♥t π✳ P♦✉r ✉♥❡ t❡♠♣ér❛t✉r❡
✐♥❢ér✐❡✉r❡ à h̄2ρ/Lm✱ ♦ù L ❡st ❧❛ t❛✐❧❧❡ ❞✉ s②stè♠❡✱ ❝❤❛q✉❡ ❝♦♥❞❡♥s❛t ❡st ❝♦❤ér❡♥t s✉r t♦✉t❡
s❛ ❧♦♥❣✉❡✉r✳ ▲❡s tr❛♥s✐t✐♦♥s ✐♥❞✐q✉é❡s s✉r ❝❡ ❣r❛♣❤❡ s♦♥t ❞❡s tr❛♥s✐t✐♦♥s ♠♦❧❧❡s✳

❧✬❛rt✐❝❧❡✱ ❝❡tt❡ ❝♦♥❞✐t✐♦♥ ♣❡✉t êtr❡ r❡tr♦✉✈é❡ s✐♠♣❧❡♠❡♥t à ❧✬❛✐❞❡ ❞❡ ❧✬❛r❣✉♠❡♥t ❝✐♥ét✐q✉❡ ✿
❧❡ t❡♠♣s ❞❡ ✢✉❝t✉❛t✐♦♥ ❞❡ ❧❛ ♣❤❛s❡ ❞❛♥s ❝❤❛❝✉♥ ❞❡s ❝♦♥❞❡♥s❛ts ❡♥ ✉♥ ♣♦✐♥t ❞♦♥♥é ❞♦✐t
êtr❡ ♣❡t✐t ❞❡✈❛♥t ❧❛ ♣ér✐♦❞❡ ❏♦s❡♣❤s♦♥ ❞❡s ♦s❝✐❧❧❛t✐♦♥s t✉♥♥❡❧ ❡♥tr❡ ❧❡s ❞❡✉① ❝♦♥❞❡♥s❛ts✳
◆♦✉s ❞ét❛✐❧❧♦♥s ❝✐✲❞❡ss♦✉s ❝❡t ❛r❣✉♠❡♥t✳

❉❛♥s ❧❛ s✉✐t❡✱ ♥♦✉s ✉t✐❧✐s♦♥s ❧❛ r❡♣rés❡♥t❛t✐♦♥ ❡♥ t❡r♠❡ ❞❡ ♣❤❛s❡ ❡t ❞❡ ❞❡♥s✐té ❞❛♥s
❧❛q✉❡❧❧❡ ❧✬♦♣ér❛t❡✉r ❝❤❛♠♣✱ ♣♦✉r ❝❤❛❝✉♥ ❞❡s ❝♦♥❞❡♥s❛ts✱ s✬é❝r✐t ψ =

√
n+ δnei

θ
♦ù ❧❡ ré❡❧

n ❡st ❧❛ ❞❡♥s✐té ♠♦②❡♥♥❡ ❡t ❧❡s ♦♣ér❛t❡✉rs θ ❡t δn ❝♦rr❡s♣♦♥❞❡♥t ❛✉① ✈❛r✐❛❜❧❡s ❝♦♥❥✉❣✉é❡s
♣❤❛s❡ ❡t ✢✉❝t✉❛t✐♦♥ ❞❡ ❞❡♥s✐té✳ ◆♦✉s s✉♣♣♦s♦♥s ❞❛♥s ✉♥ ♣r❡♠✐❡r t❡♠♣s q✉❡ ❧❡s ❞❡✉①
❝♦♥❞❡♥s❛ts ♥❡ s♦♥t ♣❛s ❝♦✉♣❧és ❡t ♥♦✉s ❝❛❧❝✉❧♦♥s ❧❡ t❡♠♣s ❞❡ ❝♦rré❧❛t✐♦♥ ❞❡ ❧❛ ♣❤❛s❡ ❡♥ ✉♥
♣♦✐♥t ❞✬✉♥ ♥✉❛❣❡✳ ▲❡s ❡①❝✐t❛t✐♦♥s ❞❡ ❣r❛♥❞❡ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡ ❞❛♥s ❝❤❛❝✉♥ ❞❡s ♣✉✐ts s♦♥t
❧❡s ♣❤♦♥♦♥s q✉✐ s♦♥t ❞é❝r✐ts ♣❛r ❧❡ ❤❛♠✐❧t♦♥✐❡♥ ❤❛r♠♦♥✐q✉❡

Hk = L
(

nh̄2k2θ2
k/(2m) + gn2

k/2
)

, ✭✹✳✼✮

♦ù k ❡st ❧❡ ✈❡❝t❡✉r ❞✬♦♥❞❡ ❞✉ ♣❤♦♥♦♥ ❝♦♥s✐❞éré✱ θk ❡t nk ❧❡s ✈❛r✐❛❜❧❡s ❝♦♥❥✉❣✉é❡s q✉✐
❞é❝r✐✈❡♥t ❧✬❛♠♣❧✐t✉❞❡ ❞❡ ❧❛ ♣❤❛s❡ ❡t ❞❡s ✢✉❝t✉❛t✐♦♥s ❞❡ ❞❡♥s✐té✱ g ❧❡ ♣❛r❛♠ètr❡ ❞❡ ❝♦✉♣❧❛❣❡
❡t L ❡st ❧❛ t❛✐❧❧❡ ❞✉ s②stè♠❡✳ ❆ s✉✣s❛♠♠❡♥t ❤❛✉t❡ t❡♠♣ér❛t✉r❡✱ ❧❛ ♣♦♣✉❧❛t✐♦♥ ❞❡s ♣❤♦♥♦♥s
❡st ❜❡❛✉❝♦✉♣ ♣❧✉s ❣r❛♥❞❡ q✉❡ ✶ ❡t ❧❛ ♣❤②s✐q✉❡ st❛t✐st✐q✉❡ ❝❧❛ss✐q✉❡ ❡st ✈❛❧❛❜❧❡✳ ❆✐♥s✐✱ ❝♦♠♠❡
❧❡ ❤❛♠✐❧t♦♥✐❡♥ ❡st q✉❛❞r❛t✐q✉❡ ❡♥ θk✱ ❧❡s ✢✉❝t✉❛t✐♦♥s ❞❡ θk ✈ér✐✜❡♥t

〈θ2
k〉2 = mkBT/(Lnh̄

2k2). ✭✹✳✽✮

❙❛❝❤❛♥t q✉❡ ❧✬♦♥❞❡ ❞❡ ✈❡❝t❡✉r ❞✬♦♥❞❡ k ❛ ♣♦✉r ❢réq✉❡♥❝❡ ωk = k
√

gn/m✱ ♦♥ ♣❡✉t ♠❛✐♥✲
t❡♥❛♥t ❝❛❧❝✉❧❡r ❧❡ t❡♠♣s ❞❡ ✢✉❝t✉❛t✐♦♥ ❞❡ ❧❛ ♣❤❛s❡ ❡♥ ✉♥ ♣♦✐♥t z ❞♦♥♥é✳ ❖♥ tr♦✉✈❡

〈(θ(z, t) − θ(z, 0))2〉 = t
kBT

h̄

√

mg/(h̄2n). ✭✹✳✾✮

❆✐♥s✐ ❧❡ t❡♠♣s ❝❛r❛❝tér✐st✐q✉❡ ❞✬é✈♦❧✉t✐♦♥ ❞❡ ❧❛ ♣❤❛s❡ ❡♥ ✉♥ ♣♦✐♥t ❞♦♥♥é ❡st

Tphase =
√

h̄2n/(mg) h̄/(kBT ). ✭✹✳✶✵✮
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❋✐❣✳ ✹✳✹ ✕ ▼❡s✉r❡ ❡①♣ér✐♠❡♥t❛❧❡ ❞❡ ❧❛ ❞✐s♣❡rs✐♦♥ ❡♥ ♣❤❛s❡ r❡❧❛t✐✈❡ ❞❡ ❞❡✉① ❝♦♥❞❡♥s❛ts
❝♦✉♣❧és à ❧✬éq✉✐❧✐❜r❡ t❤❡r♠♦❞②♥❛♠✐q✉❡ ✭✐♠❛❣❡ t✐ré❡ ❞❡ ❬✹✶❪✮✳ ▲❛ ♣r❡♠✐èr❡ ✐♠❛❣❡ ❝♦rr❡s♣♦♥❞
à ✉♥ ❝♦✉♣❧❛❣❡ t✉♥♥❡❧ ♥✉❧ ❡♥tr❡ ❧❡s ♣✉✐ts✳ ▲❛ ❞❡✉①✐è♠❡ ✐♠❛❣❡ ❡st ♦❜t❡♥✉❡ ♣♦✉r ✉♥ ❝♦✉♣❧❛❣❡
t✉♥♥❡❧ ♥♦♥ ♥✉❧✳

❊♥ ♣rés❡♥❝❡ ❞✬✉♥ ❝♦✉♣❧❛❣❡ t✉♥♥❡❧ ❡♥tr❡ ❧❡s ❞❡✉① ♥✉❛❣❡s✱ ❞❡s ✢✉❝t✉❛t✐♦♥s ❞❡ ❧❛ ♣❤❛s❡
r❡❧❛t✐✈❡ s♦♥t ❝♦ût❡✉s❡s ❡♥ é♥❡r❣✐❡ ✿ ✉♥❡ ❝♦♠♣ét✐t✐♦♥ ❛ ❧✐❡✉ ❡♥tr❡ ❧❡ ❝♦✉♣❧❛❣❡ t✉♥♥❡❧ ❡t ❧❡s
♣❤♦♥♦♥s t❤❡r♠✐q✉❡♠❡♥t ❡①❝✐tés ❞❛♥s ❝❤❛❝✉♥ ❞❡s ♥✉❛❣❡s✳ ❉❡ ♠ê♠❡ q✉❡✱ s✐ ♦♥ ❞é♣❧❛❝❡ ❧❡
♣♦✐♥t ❞✬❛tt❛❝❤❡ ❞✬✉♥ ♦s❝✐❧❧❛t❡✉r ♠é❝❛♥✐q✉❡ ❧❡♥t❡♠❡♥t ♣❛r r❛♣♣♦rt à s❛ ❢réq✉❡♥❝❡✱ ❧❛ ♠❛ss❡
❛tt❛❝❤é❡ ❛✉ ❜♦✉t ❞✉ r❡ss♦rt s✉✐t ❧❡ ♠♦✉✈❡♠❡♥t✱ ♦♥ s✬❛tt❡♥❞ à ❝❡ q✉❡ ❧❛ ♣❤❛s❡ r❡❧❛t✐✈❡ ❡♥tr❡
❧❡s ❞❡✉① ♥✉❛❣❡s r❡st❡ q✉❛s✐♠❡♥t ♥✉❧❧❡ s✐ ❧❛ ♣ér✐♦❞❡ ❞❡ ❧✬♦s❝✐❧❧❛t✐♦♥ ❏♦s❡♣❤s♦♥ ❡♥tr❡ ❧❡s ❞❡✉①
♣✉✐ts ❡st ❜❡❛✉❝♦✉♣ ♣❧✉s ♣❡t✐t❡ q✉❡ Tphase✳ ❖r ❧❛ ♣ér✐♦❞❡ ❏♦s❡♣❤s♦♥ ❞❡s ♦s❝✐❧❧❛t✐♦♥s ❡♥tr❡ ❧❡s
❞❡✉① ♣✉✐ts ❡st✱ ❞❛♥s ❧❛ ❧✐♠✐t❡ ❏♦s❡♣❤s♦♥ γ ≪ gn✱ TJ = πh̄/(2

√
γgn)✳ ❊♥ é❝r✐✈❛♥t q✉❡ ❧❛

♣ér✐♦❞❡ ❏♦s❡♣❤s♦♥ ❞♦✐t êtr❡ ♣❡t✐t❡ ❞❡✈❛♥t Tphase✱ ♦♥ r❡tr♦✉✈❡ ❧❛ ❝♦♥❞✐t✐♦♥ ❞♦♥♥é❡ ❊q✳✹✳✻✳
❊①♣ér✐♠❡♥t❛❧❡♠❡♥t✱ ❧❛ ♣❤❛s❡ r❡❧❛t✐✈❡ à ❧✬éq✉✐❧✐❜r❡ t❤❡r♠♦❞②♥❛♠✐q✉❡ ❞❡ ❞❡✉① q✉❛s✐✲

❝♦♥❞❡♥s❛ts ❛ été ét✉❞✐é❡ ❞❛♥s ❬✹✶❪✳ ❈♦♠♠❡ ♠♦♥tré s✉r ❧❛ ✜❣✉r❡ ✹✳✹✱ ✐❧ ❛ ❜✐❡♥ été ♦❜s❡r✈é
q✉❡ ❧❛ ♣❤❛s❡ r❡❧❛t✐✈❡ ❛✈❛✐t ❞❡s ✢✉❝t✉❛t✐♦♥s ré❞✉✐t❡s ❧♦rsq✉❡ ❧❡ ❝♦✉♣❧❛❣❡ t✉♥♥❡❧ ❡st ❛ss❡③
❣r❛♥❞ ❡t ❧❡s rés✉❧t❛ts s♦♥t ❡♥ ❛❝❝♦r❞s q✉❛❧✐t❛t✐❢s ❛✈❡❝ ❧❡ ❝❛❧❝✉❧ ♣rés❡♥té ✐❝✐✳ ❈❡♣❡♥❞❛♥t✱
❧❡ ❝❛❧❝✉❧ ❞❡ ❧❛ ❞✐s♣❡rs✐♦♥ ❡♥ ♣❤❛s❡ r❡❧❛t✐✈❡ ❡♥tr❡ ❧❡s ❞❡✉① q✉❛s✐✲❝♦♥❞❡♥s❛ts ❜❛sé s✉r ✉♥❡
♠❡s✉r❡ ✐♥❞é♣❡♥❞❛♥t❡ ❞❡ ❧❛ t❡♠♣ér❛t✉r❡✱ ❞❡ ❧❛ ❞❡♥s✐té ❧✐♥é❛✐r❡ ❡t ✉♥ ❝❛❧❝✉❧ ❞✉ ❝♦✉♣❧❛❣❡
t✉♥♥❡❧ ❛tt❡♥❞✉ ❡st ❞✐✛ér❡♥t ♣❛r ✉♥ ❢❛❝t❡✉r tr♦✐s ❞❡ ❧❛ ❞✐s♣❡rs✐♦♥ ❛tt❡♥❞✉❡✳ ❈❡ ❞és❛❝❝♦r❞
♣❡✉t êtr❡ ❞û ❛✉ ❢❛✐t q✉❡ ❧❡ s②stè♠❡ ♥✬❡st ♣❛s ✈r❛✐♠❡♥t ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧✳

❉❛♥s ❧❡ tr❛✈❛✐❧ q✉❡ ♥♦✉s ❛✈♦♥s ❡✛❡❝t✉é✱ ♥♦✉s ♥❡ ♥♦✉s s♦♠♠❡s ✐♥tér❡ssés q✉✬à ❧✬éq✉✐❧✐❜r❡
t❤❡r♠♦❞②♥❛♠✐q✉❡ ❡t ♥♦✉s ♥✬❛✈♦♥s ♣❛s ét✉❞✐é ❧❛ ❝✐♥ét✐q✉❡ ❞❡ ❧❛ ♠✐s❡ à ❧✬éq✉✐❧✐❜r❡✳ ❖r ❞❡s
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s✐t✉❛t✐♦♥s ❤♦rs ❞✬éq✉✐❧✐❜r❡ t❤❡r♠♦❞②♥❛♠✐q✉❡s s♦♥t ré❛❧✐sé❡s à ❧✬✐ss✉❡ ❞✬✉♥❡ sé♣❛r❛t✐♦♥ ❡♥
❞❡✉① ❞❡ ❞❡✉① q✉❛s✐✲❝♦♥❞❡♥s❛ts ✿ ❧❡s ♠♦❞❡s ❛♥t✐s②♠étr✐q✉❡s s✉❜✐ss❡♥t ✉♥ ❢♦rt r❡❢r♦✐❞✐ss❡✲
♠❡♥t ❛❞✐❛❜❛t✐q✉❡ ❛❧♦rs q✉❡ ❧❡s ♠♦❞❡s s②♠étr✐q✉❡s r❡st❡♥t à ❧❛ t❡♠♣ér❛t✉r❡ ✐♥✐t✐❛❧❡s ❬✶✺❪✳
❉❛♥s ❧✬❛rt✐❝❧❡ ❬✶✺❪✱ ❧❡s ❛✉t❡✉rs ❝❛❧❝✉❧❡♥t ❧❛ ♠✐s❡ ❡♥ éq✉✐❧✐❜r❡ ❡♥tr❡ ❧❡s ♠♦❞❡s s②♠étr✐q✉❡s
❡t ❧❡s ♠♦❞❡s ❛♥t✐s②♠étr✐q✉❡s ❡♥ ❧✬❛❜s❡♥❝❡ ❞❡ ❝♦✉♣❧❛❣❡ t✉♥♥❡❧ ❡♥tr❡ ❧❡s q✉❛s✐✲❝♦♥❞❡♥s❛ts✳
❈❡tt❡ t❤❡r♠❛❧✐s❛t✐♦♥ ❡st ❞û❡ ❛✉ ❝♦✉♣❧❛❣❡ ❡♥tr❡ ♣❤♦♥♦♥s s②♠étr✐q✉❡s ❡t ❛♥t✐s②♠étr✐q✉❡s q✉✐
❛♣♣❛r❛ît ❧♦rsq✉❡ ❧✬♦♥ ♣r❡♥❞ ❡♥ ❝♦♠♣t❡ ❧✬❛♥❤❛r♠♦♥✐❝✐té ❞❡s ♣❤♦♥♦♥s✳ ▲❡✉rs ❝❛❧❝✉❧s s♦♥t ❡♥
❜♦♥ ❛❝❝♦r❞ ❛✈❡❝ ❧❡s ♠❡s✉r❡s ❡①♣ér✐♠❡♥t❛❧❡s ❬✶✺✱ ✹✶❪✳ ▲❛ ❝✐♥ét✐q✉❡ ❞❡ ❧❛ t❤❡r♠❛❧✐s❛t✐♦♥ ❞❛♥s
❧❡ ❝❛s ❞❡ ❞❡✉① ❝♦♥❞❡♥s❛ts ❝♦✉♣❧és ♥✬❛ ♣❛s été ❝❛❧❝✉❧é✳ ▲✬ét✉❞❡ ❞❡ ❝❡tt❡ ❝✐♥ét✐q✉❡ ❡st ❝❡♣❡♥✲
❞❛♥t ✐♠♣♦rt❛♥t❡ ♣✉✐sq✉✬❡❧❧❡ ❧✐♠✐t❡ ❧❛ ❝♦♠♣r❡ss✐♦♥ ❞❡s ✢✉❝t✉❛t✐♦♥s ❞❡ ♥♦♠❜r❡ ❞✬❛t♦♠❡s q✉✐
♣❡✉t êtr❡ ♦❜t❡♥✉❡ à ❧✬✐ss✉❡ ❞✬✉♥❡ sé♣❛r❛t✐♦♥ ❡♥ ❞❡✉① ❞❡ ❞❡✉① q✉❛s✐✲❝♦♥❞❡♥s❛ts ✭✈♦✐r s❡❝t✐♦♥
♣ré❝é❞❡♥t❡✮✳

✹✳✹ ■♥st❛❜✐❧✐tés ❞❡ ♠♦❞✉❧❛t✐♦♥ ❡♥ ♣rés❡♥❝❡ ❞✬♦s❝✐❧❧❛t✐♦♥s
❏♦s❡♣❤s♦♥ ❡♥tr❡ ❞❡✉① ❝♦♥❞❡♥s❛ts ❝♦✉♣❧és

❙✐ ❧❛ ❝♦♥❞✐t✐♦♥ ✹✳✻ ❡st ✈ér✐✜é❡✱ ❧❛ ♣❤❛s❡ r❡❧❛t✐✈❡ ❡♥tr❡ ❧❡s ❞❡✉① q✉❛s✐✲❝♦♥❞❡♥s❛ts ❡st ❜✐❡♥
❞é✜♥✐❡ à ❧✬éq✉✐❧✐❜r❡ t❤❡r♠♦❞②♥❛♠✐q✉❡✳ ■❧ ❡st ❛❧♦rs à ♣r✐♦r✐ ♣♦ss✐❜❧❡ ❞✬✐♥✐t✐❡r ❡t ❞✬♦❜s❡r✈❡r
❞❡s ♦s❝✐❧❧❛t✐♦♥s ❏♦s❡♣❤s♦♥ ❡♥tr❡ ❧❡s ❞❡✉① q✉❛s✐✲❝♦♥❞❡♥s❛ts✳ ❙✐ ❧❡ ♣♦t❡♥t✐❡❧ ❝♦♥✜♥❛♥t ❧❡s
❛t♦♠❡s ❡st sé♣❛r❛❜❧❡ ❡♥ ✉♥ ♣♦t❡♥t✐❡❧ ❞é❝r✐✈❛♥t ❧❡ ❞♦✉❜❧❡ ♣✉✐ts tr❛♥s✈❡rs❡ ❡t ✉♥ ♣♦t❡♥t✐❡❧
❧♦♥❣✐t✉❞✐♥❛❧ ❞é❝r✐✈❛♥t ❧❡ ❝♦♥✜♥❡♠❡♥t ❧♦♥❣✐t✉❞✐♥❛❧✱ ❛❧♦rs✱ ❡♥ ❧✬❛❜s❡♥❝❡ ❞✬✐♥t❡r❛❝t✐♦♥s ❡♥tr❡
❛t♦♠❡s✱ ❧❛ ❞②♥❛♠✐q✉❡ tr❛♥s✈❡rs❡ ❡t ❧♦♥❣✐t✉❞✐♥❛❧❡ s♦♥t sé♣❛r❛❜❧❡s ✿ ❞❡s ♦s❝✐❧❧❛t✐♦♥s ♥♦♥
❛♠♦rt✐❡s ❡♥tr❡ ❧❡s ❞❡✉① ♣✉✐ts ♣❡✉✈❡♥t êtr❡ ♦❜s❡r✈é❡s✳

❊♥ ♣rés❡♥❝❡ ❞✬✐♥t❡r❛❝t✐♦♥s ❡♥tr❡ ❛t♦♠❡s✱ ❧❛ sé♣❛r❛t✐♦♥ ❞❡ ❧❛ ❞②♥❛♠✐q✉❡ ❧♦♥❣✐t✉❞✐♥❛❧❡
❡t tr❛♥s✈❡rs❡ ♥✬❡st ♣❧✉s ✈❛❧❛❜❧❡✱ ♠ê♠❡ ♣♦✉r ✉♥ ♣♦t❡♥t✐❡❧ ❞❡ ♣✐é❣❡❛❣❡ sé♣❛r❛❜❧❡✳ ❯♥ ♣r❡♠✐❡r
❡✛❡t ❛✉q✉❡❧ ♦♥ ♣❡✉t ♣❡♥s❡r ❡st ❧✬❡✛❡t ❞❡ ❧❛ ❞é♣❡♥❞❛♥❝❡ ❞❡ ❧❛ ❢réq✉❡♥❝❡ ❞❡s ♦s❝✐❧❧❛t✐♦♥s
❏♦s❡♣❤s♦♥ ❛✈❡❝ ❧❛ ❞❡♥s✐té ❛t♦♠✐q✉❡ ✿ ✉♥❡ ✈❛r✐❛t✐♦♥ ❧♦♥❣✐t✉❞✐♥❛❧ ❞❡ ❧❛ ❞❡♥s✐té ❛t♦♠✐q✉❡
✐♥tr♦❞✉✐r❛ ✉♥ ❞é♣❤❛s❛❣❡ ❞❡s ♦s❝✐❧❧❛t✐♦♥s ❡t ❞♦♥❝ ✉♥ ❛♠♦rt✐ss❡♠❡♥t✳ P♦✉r ✉♥ s②stè♠❡ ❤♦✲
♠♦❣è♥❡ ❧♦♥❣✐t✉❞✐♥❛❧❡♠❡♥t ❝❡t ❡✛❡t ✏tr✐✈✐❛❧✑ ♥✬❡①✐st❡ ♣❛s ❡t ❞❡s ♦s❝✐❧❧❛t✐♦♥s ❏♦s❡♣❤s♦♥ ♥♦♥
❛♠♦rt✐❡s s♦♥t ❢♦r♠❡❧❧❡♠❡♥t s♦❧✉t✐♦♥ ❞❡s éq✉❛t✐♦♥s ❞✉ ♠♦✉✈❡♠❡♥t✳ ❈❡♣❡♥❞❛♥t✱ ❞❛♥s ❝❡tt❡
s✐t✉❛t✐♦♥✱ ♥♦✉s ❛✈♦♥s ♠✐s ❡♥ é✈✐❞❡♥❝❡✱ ❞❛♥s ❧✬❛rt✐❝❧❡ ❬✽❪✱ ❧❛ ♣rés❡♥❝❡ ❞✬✐♥st❛❜✐❧✐tés ❞❡ ♠♦❞✲
✉❧❛t✐♦♥ ❞✉ ♠♦✉✈❡♠❡♥t ❧♦♥❣✐t✉❞✐♥❛❧ ❡♥ ♣rés❡♥❝❡ ❞✬♦s❝✐❧❧❛t✐♦♥s ❏♦s❡♣❤s♦♥✳ ❈❡s ✐♥st❛❜✐❧✐tés✱
❞û❡s à ❧❛ ♥♦♥ ❧✐♥é❛r✐té ❞✉ s②stè♠❡✱ ❡♥❣❡♥❞r❡♥t ✉♥ ❞é✈❡❧♦♣♣❡♠❡♥t ❞✬❡①❝✐t❛t✐♦♥s ❧♦♥❣✐t✉❞✐✲
♥❛❧❡s✱ ❛✉ ❞étr✐♠❡♥t ❞❡s ♦s❝✐❧❧❛t✐♦♥s ❏♦s❡♣❤s♦♥ ❞♦♥t ❧✬❛♠♣❧✐t✉❞❡ ❞é❝r♦ît✳ ❉❡s ✐♥st❛❜✐❧✐tés ❞❡
♠♦❞✉❧❛t✐♦♥ ❡①✐st❡♥t ❞❛♥s ❜❡❛✉❝♦✉♣ ❞❡ s②stè♠❡s ♥♦♥ ❧✐♥é❛✐r❡s ❞é❝r✐✈❛♥t ❧❛ ❞②♥❛♠✐q✉❡ ❞✬✉♥
❝❤❛♠♣ ✉♥✐✲❞✐♠❡♥s✐♦♥♥❡❧ ❧♦rsq✉❡ ❧❛ ❞✐s♣❡rs✐♦♥ ❡t ❧❛ ♥♦♥ ❧✐♥é❛r✐té ♦♥t ❞❡s ❡✛❡ts tr❛✈❛✐❧❧❛♥t
❡♥s❡♠❜❧❡s ✭♦♥ ♠♦♥tr❡ ❝✐✲❞❡ss♦✉s ❝❡ q✉❡ ❧✬♦♥ ❡♥t❡♥❞ ♣❛r ❧à✮✳ P❛r ❡①❡♠♣❧❡✱ ❞❡s ✐♥st❛❜✐❧✐tés ❞❡
♠♦❞✉❧❛t✐♦♥s ❛♣♣❛r❛✐ss❡♥t ❞❛♥s ✉♥ ❝♦♥❞❡♥s❛t ♣❧❛❝é ❞❛♥s ✉♥ ♣♦t❡♥t✐❡❧ ♣ér✐♦❞✐q✉❡✱ ❧♦rsq✉❡ ❧❛
q✉❛s✐✲✐♠♣✉❧s✐♦♥ ❞✉ ❝♦♥❞❡♥s❛t ❡st s✉✣s❛♠♠❡♥t ❣r❛♥❞❡❬✷✸✱ ✶✽❪✳ ❊❧❧❡s ♦♥t ❛✉ss✐ été ♦❜s❡r✈é❡s
❞❛♥s ❞❡s ✜❜r❡s ♦♣t✐q✉❡s ♣rés❡♥t❛♥t ✉♥❡ ❞✐s♣❡rs✐♦♥ ❛♥♦r♠❛❧❡ ❬✾✺❪✱ ❝♦♠♠❡ r❡♣rés❡♥té s✉r ❧❛
✜❣✉r❡ ✹✳✺✳ ▲❛ ✜❣✉r❡ ✹✳✺ ✐❧❧✉str❡ ❝❡s ❞❡✉① ❡①❡♠♣❧❡s✳
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(A)

❋✐❣✳ ✹✳✺ ✕ ■♥st❛❜✐❧✐tés ❞❡ ♠♦❞✉❧❛t✐♦♥s ❞❛♥s ❞✐✛ér❡♥ts s②stè♠❡s ♣❤②s✐q✉❡s✳ ■♠❛❣❡ ❞✉ ❤❛✉t ✿
■♥st❛❜✐❧✐té ❞❡ ♠♦❞✉❧❛t✐♦♥ ❞❛♥s ✉♥❡ ✜❜r❡ ♦♣t✐q✉❡ ♣rés❡♥t❛♥t ✉♥ ❡✛❡t ❑❡rr ❡t ✉♥❡ ❞✐s♣❡rs✐♦♥
❛♥♦r♠❛❧❡ ✭✜❣✉r❡ t✐ré❡ ❞❡ ❬✾✺❪✮✳ ▲❡ s♣❡❝tr❡ ♦❜t❡♥✉ à ❧❛ s♦rt✐❡ ❞❡ ❧❛ ✜❜r❡✱ ✐♥❥❡❝té❡ ❛✈❡❝ ✉♥❡
❧✉♠✐èr❡ ♠♦♥♦❝❤r♦♠❛t✐q✉❡✱ ❡st r❡♣rés❡♥té✳ P♦✉r ♣❧✉s ❞❡ ❞ét❛✐❧✱ ✈♦✐r ❬✾✺❪✳ ■♠❛❣❡ ❞✉ ❜❛s ✿
■♥st❛❜✐❧✐tés ❞❡ ♠♦❞✉❧❛t✐♦♥ ❞✬✉♥ ❝♦♥❞❡♥s❛t ❞❛♥s ✉♥ rés❡❛✉ ♣ér✐♦❞✐q✉❡✳ ❈❡tt❡ ✜❣✉r❡✱ t✐ré❡ ❞❡
❬✷✸❪ ♠♦♥tr❡ ❞❡s ✐♠❛❣❡s ♣r✐s❡s ❛♣rès t❡♠♣s ❞❡ ✈♦❧✱ ❡♥ ❢♦♥❝t✐♦♥ ❞✉ t❡♠♣s ♣❡♥❞❛♥t ❧❡q✉❡❧ ❧❡
❝♦♥❞❡♥s❛t ❛ été ♠❛✐♥t❡♥✉ ❞❛♥s ❧❡ rés❡❛✉ ♣ér✐♦❞✐q✉❡✳ P♦✉r ✉♥❡ q✉❛s✐✲✐♠♣✉❧s✐♦♥ ❞✉ ❝♦♥❞❡♥s❛t
❞❡ ✵✳✹qB ♦ù qB ❡st ❧❛ q✉❛s✐✲✐♠♣✉❧s✐♦♥ ❞✉ ❜♦r❞ ❞❡ ❧❛ ③♦♥❡ ❞❡ ❇r✐❧❧♦✉✐♥✱ ❧❡ ❝♦♥❞❡♥s❛t ❡st
st❛❜❧❡✳ P♦✉r ✉♥❡ q✉❛s✐✲✐♠♣✉❧s✐♦♥ ❞✉ ❝♦♥❞❡♥s❛t ❞❡ ✵✳✺✺qB✱ ❧❛ r❡❧❛t✐♦♥ ❞❡ ❞✐s♣❡rs✐♦♥ ❞❡✈✐❡♥t
❛♥♦r♠❛❧❡ ❡t ❧❡ ❝♦♥❞❡♥s❛t ❡st ✐♥st❛❜❧❡✳ ❉❛♥s ❧❡s ❞❡✉① ❝❛s ♣rés❡♥tés✱ ♦♥ ♥♦t❡ q✉❡ ❧❡s ♠♦❞❡s
✐♥st❛❜❧❡s ♦♥t ❞❡s ✈❡❝t❡✉rs ❞✬♦♥❞❡ ❝❡♥trés ❛✉t♦✉r ❞✬✉♥❡ ✈❛❧❡✉r ♥♦♥ ♥✉❧❧❡ ✭❜❛♥❞❡s ❧❛tér❛❧❡s
❞❡ ❧❛ ✜❣✉r❡ ✭❛✮ ❡t ❛♣♣❛r✐t✐♦♥ ❞✬✉♥❡ ♣ér✐♦❞❡ ❞❡ ♠♦❞✉❧❛t✐♦♥ ❡♥ ✭❜✮✮✳
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❞♦♠❛✐♥❡ ✐♥st❛❜❧❡

ω2

❦

❞✐s♣❡rs✐♦♥ ❧✐♥é❛✐r❡

γρgΘ2
osc

❋✐❣✳ ✹✳✻ ✕ ■♥st❛❜✐❧✐té ❞❡ ♠♦❞✉❧❛t✐♦♥ ❞❛♥s ❧❡ ♠♦❞è❧❡ ❞❡ ❙✐♥❡ ●♦r❞♦♥✳ ▲❛ r❡❧❛t✐♦♥ ❞❡ ❞✐s✲
♣❡rs✐♦♥ ♦❜t❡♥✉❡ ❡♥ ❧✐♥é❛r✐s❛♥t ❧✬éq✉❛t✐♦♥ ❞❡ ❙✐♥❡ ●♦r❞♦♥ ❞♦♥♥é❡ ❊q✳ ✹✳✶✷ ❡st r❡♣rés❡♥té❡
❡♥ ❧✐❣♥❡ é♣❛✐ss❡✳ ▲❛ ✢è❝❤❡ ❤♦r✐③♦♥t❛❧❡ ✐♥❞✐q✉❡ ❧❛ ❢réq✉❡♥❝❡ ❞❡ ❧❛ s♦❧✉t✐♦♥ ❞❡ ✈❡❝t❡✉r ❞✬♦♥❞❡
k = 0 ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡ ❙✐♥❡✲●♦r❞♦♥ ✭♦s❝✐❧❧❛t✐♦♥s ✐♥❞é♣❡♥❞❛♥t❡s ❞❡ z✮ ❞✬❛♠♣❧✐t✉❞❡ Θosc✱ q✉✐
✈ér✐✜❡ ω2

J = 4γρg − γρgΘ2
osc/2✳ ❆ ❝❛✉s❡ ❞❡ ❧❛ ♥♦♥✲❧✐♥é❛r✐té ❞✉ sin(θ)✱❧❡s ♠♦❞❡s ❞❡ ✈❡❝t❡✉r

❞✬♦♥❞❡ ♥♦♥ ♥✉❧ ♦♥t ✉♥❡ ❢réq✉❡♥❝❡ ❞♦♥♥é❡ ♣❛r h̄2ω2 = 2ρ0g(h̄
2k2/(2m) + 2γ − γΘ2

osc/2) +
γρ0gΘ

2
osc cos(2ωJt)✳ ▲❡✉r ❢réq✉❡♥❝❡ ❡st ❞♦♥❝ ❞✐♠✐♥✉é❡ ❞✬✉♥❡ q✉❛♥t✐té γρgΘ2

osc/h̄ ❝♦♠♠❡
♣rés❡♥té s✉r ❧❛ ✜❣✉r❡ ❡♥ ❧✐❣♥❡ ✜♥❡✳ ❉✬❛✉tr❡ ♣❛rt✱ ❝❡s ♠♦❞❡s s✉❜✐ss❡♥t ✉♥❡ ♠♦❞✉❧❛t✐♦♥ ❞❡
❢réq✉❡♥❝❡ ❡t ❧❡s ♠♦❞❡s ❞❡ ♣❡t✐t ✈❡❝t❡✉rs ❞✬♦♥❞❡ ♣rés❡♥t❡♥t ✉♥❡ ✐♥st❛❜✐❧✐té ♣❛r❛♠étr✐q✉❡✳

❉❛♥s ❧✬❛rt✐❝❧❡ ❬✽❪✱ ♥♦✉s ❛✈♦♥s ♠✐s ❡♥ é✈✐❞❡♥❝❡ ❧❡s ✐♥st❛❜✐❧✐tés ❞❡ ♠♦❞✉❧❛t✐♦♥ ❞❡ ❞❡✉①
❝♦♥❞❡♥s❛ts ❝♦✉♣❧és ❡♥ ❡✛❡❝t✉❛♥t ✉♥❡ ❛♥❛❧②s❡ ❧✐♥é❛r✐sé❡ ❛✉t♦✉r ❞❡ ❧❛ s♦❧✉t✐♦♥ ♣rés❡♥t❛♥t ❞❡s
♦s❝✐❧❧❛t✐♦♥s ❏♦s❡♣❤s♦♥✳ ❉❡ ♣❧✉s✱ ❞❛♥s ❧❛ ❧✐♠✐t❡ ❏♦s❡♣❤s♦♥ ♦ù ❧❡ ❝♦✉♣❧❛❣❡ t✉♥♥❡❧ ❡st ❢❛✐❜❧❡
❞❡✈❛♥t ❧✬é♥❡r❣✐❡ ❞❡ ❝❤❛♠♣s ♠♦②❡♥ ng✱ ♥♦✉s ❛✈♦♥s ♠♦♥tré q✉❡ ❧❡ s②stè♠❡ ❡st ❜✐❡♥ ❞é❝r✐t
♣❛r ✉♥❡ éq✉❛t✐♦♥ ❞❡ ❙✐♥❡✲●♦r❞♦♥✱ ❝♦♠♠❡ ❧❡ s♦♥t ❧❡s ❥♦♥❝t✐♦♥s ❏♦s❡♣❤s♦♥ s✉♣r❛❝♦♥❞✉❝t✐❝❡s
❛❧❧♦♥❣é❡s❬✻✹❪✳ ❉❛♥s ❝❡tt❡ ❧✐♠✐t❡✱ ♥♦✉s ❛✈♦♥s ❞♦♥♥é ✉♥❡ ❡①♣r❡ss✐♦♥ ❛♥❛❧②t✐q✉❡ ❞❡ ❧❛ ❝♦♥st❛♥t❡
❞❡ t❡♠♣s ❞❡s ✐♥st❛❜✐❧✐tés ❡t ❞✉ ❞♦♠❛✐♥❡ ❞❡s ♠♦❞❡s ✐♥st❛❜❧❡s✳ ◆♦✉s ❞♦♥♥♦♥s ❝✐✲❞❡ss♦✉s✱ ❞❛♥s
❧❛ ❧✐♠✐t❡ ❏♦s♣❡❤s♦♥✱ ✉♥❡ ❛♥❛❧②s❡ s✐♠♣❧✐✜é❡❞❡ ❝❡s ✐♥st❛❜✐❧✐tés✳✳

❉❛♥s ❧❛ s✉✐t❡✱ ♥♦✉s ❛❞♦♣t♦♥s✱ ❝♦♠♠❡ ❞❛♥s ❧❛ s❡❝t✐♦♥ ♣ré❝é❞❡♥t❡✱ ❧❛ r❡♣rés❡♥t❛t✐♦♥
♣❤❛s❡✲❛♠♣❧✐t✉❞❡ ♣♦✉r ❞é❝r✐r❡ ❧❡ ❝❤❛♠♣ ❛t♦♠✐q✉❡✳ ▲❛ ♣❤❛s❡ r❡❧❛t✐✈❡ ❡♥tr❡ ❧❡s ❞❡✉① ♥✉❛❣❡s✱
q✉✐ ❞é♣❡♥❞ ❞❡ ❧❛ ❝♦♦r❞♦♥♥é❡ z✱ ❡st ♥♦té❡ θ(z)✱ ❧❛ ❞❡♠✐✲❞✐✛ér❡♥❝❡ ❞❡ ❞❡♥s✐té ❧✐♥é✐q✉❡ ❡♥tr❡
❧❡s ❞❡✉① ♣✉✐ts ❡st ♥♦té❡ ρa ❡t ❧❛ ❞❡♥s✐té ❧✐♥é✐q✉❡ ♠♦②❡♥♥❡ ❞❛♥s ❝❤❛q✉❡ ♣✉✐ts ❡st ♥♦té❡
ρ0✳ P❧✉s✐❡✉rs s✐♠♣❧✐✜❝❛t✐♦♥s s♦♥t ❢❛✐t❡s ❞❛♥s ❧✬❛♥❛❧②s❡ s✐♠♣❧✐✜é❡ ♣rés❡♥té❡ ❝✐✲❞❡ss♦✉s✳ ❚♦✉t
❞✬❛❜♦r❞✱ ♥♦✉s ♥✬ét✉❞✐♦♥s q✉❡ ❧❛ ❞②♥❛♠✐q✉❡ ❞❡s ♠♦❞❡s ❛♥t✐s②♠étr✐q✉❡s✱ ♥é❣❧✐❣❡❛♥t ❧❡✉r
❝♦✉♣❧❛❣❡ ❛✉① ♠♦❞❡s s②♠étr✐q✉❡s✳ ❉✬❛✉tr❡ ♣❛rt✱ ♥♦✉s ♥❡ ♥♦✉s ✐♥tér❡ss♦♥s q✉✬❛✉① ♠♦❞❡s ❞❡
❧♦♥❣✉❡✉r ❞✬♦♥❞❡ très ❣r❛♥❞❡ ❞❡✈❛♥t ❧❛ ❧♦♥❣✉❡✉r ❞❡ r❡❧❛①❛t✐♦♥ ξ = h̄/

√
mρ0g✱ ♣♦✉r ❧❡sq✉❡❧s

❧✬é♥❡r❣✐❡ ❝✐♥ét✐q✉❡ ♣❛r ✉♥✐té ❞❡ ❧♦♥❣✉❡✉r ❡st s✐♠♣❧❡♠❡♥t h̄2ρ0/(4m)(∂θ/∂z)2✳ ❈❡tt❡ ❛♣♣r♦①✲
✐♠❛t✐♦♥ s❡r❛ ✈ér✐✜é❡ à ♣♦st❡r✐♦r✐ ✿ ♥♦✉s ✈❡rr♦♥s q✉❡ ❧❡s ♠♦❞❡s ✐♥st❛❜❧❡s ♦♥t ❡✛❡❝t✐✈❡♠❡♥t
❞❡s ❣r❛♥❞❡s ❧♦♥❣✉❡✉r ❞✬♦♥❞❡✳ ❊♥✜♥✱ ♥♦✉s ♥♦✉s ✐♥tér❡ss♦♥s ❛✉ ré❣✐♠❡ ❏♦s❡♣❤s♦♥ ❞❛♥s ❧❡q✉❡❧
❧❡s ♦s❝✐❧❧❛t✐♦♥s ❏♦s❡♣❤s♦♥ ♦♥t ✉♥❡ ❛♠♣❧✐t✉❞❡ ❢❛✐❜❧❡✱ ❝❡ q✉✐ ♣❡r♠❡t ❞✬❛♣♣r♦①✐♠❡r ❧✬é♥❡r❣✐❡
❝♦rr❡s♣♦♥❞❛♥t ❛✉ ❝♦✉♣❧❛❣❡ t✉♥♥❡❧ ♣❛r γρ0(cos(θ)−1)✳ ❋✐♥❛❧❡♠❡♥t✱ ❧❡ ❤❛♠✐❧t♦♥✐❡♥ ❞é❝r✐✈❛♥t
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❧❡s ♠♦❞❡s ❛♥t✐s②♠étr✐q✉❡s s✬é❝r✐t

HSG =
∫





h̄2ρ0

4m

(

∂θ

∂z

)2

+ gρ2
a − 2γρ0(cos(θ) − 1)



 dz, ✭✹✳✶✶✮

♦ù h̄θ ❡t ρa s♦♥t ❞❡s ✈❛r✐❛❜❧❡s ❝♦♥❥✉❣✉é❡s ✭h̄∂ρ(z, t)/∂t = δHSG/δθ(z) ❡t h̄∂θ(z, t)/∂t =
−δHSG/δρ(z)✳✮✳ ❈❡t ❤❛♠✐❧t♦♥✐❡♥ ❡st ❧❡ ❝é❧è❜r❡ ❤❛♠✐❧t♦♥✐❡♥ ❞❡ ❙✐♥❡✲●♦r❞♦♥✱ ❧❛r❣❡♠❡♥t
ét✉❞✐é ❡♥ ♣❤②s✐q✉❡ t❤é♦r✐q✉❡✳ ▲❡s éq✉❛t✐♦♥s ❞✉ ♠♦✉✈❡♠❡♥t ❞ér✐✈é❡s ❞❡ ✹✳✶✶ ❞♦♥♥❡♥t

0 = ∂2θ/∂2
t −

gρ0

m
∂2θ/∂2

z −
4γgρ0

h̄2 sin(θ). ✭✹✳✶✷✮

❆ ❢❛✐❜❧❡ ❛♠♣❧✐t✉❞❡ ❞❡s ♦s❝✐❧❧❛t✐♦♥s✱ ❧❡ t❡r♠❡ sin(θ) ♣❡✉t êtr❡ ❧✐♥é❛r✐sé ❡t ❧✬♦♥ ♦❜t✐❡♥t
❝♦♠♠❡ s♦❧✉t✐♦♥ ❞❡s ♦♥❞❡s ♣❧❛♥❡s ❛✈❡❝ ❧❛ r❡❧❛t✐♦♥ ❞❡ ❞✐s♣❡rs✐♦♥ ❧✐♥é❛✐r❡ ω2 = 4γgρ0/h̄

2 +
k2gρ0/m✳ ❉❛♥s ♥♦tr❡ ❝❛s✱ ♥♦✉s ♥♦✉s ✐♥tér❡ss♦♥s à ❧❛ s♦❧✉t✐♦♥ ✐♥✈❛r✐❛♥t❡ ♣❛r tr❛♥s❧❛t✐♦♥
θ = Θosc cos(ωt) ❞❡ ❢réq✉❡♥❝❡ ♣r♦❝❤❡ ❞❡ ω = 2

√
γρ0g✳ ❆ ❝❛✉s❡ ❞❡ ❧❛ ♥♦♥❧✐♥é❛r✐té ❞❛♥s

❧✬éq✉❛t✐♦♥ ✹✳✶✷✱ ❝❡s ♦s❝✐❧❧❛t✐♦♥s ❏♦s❡♣❤s♦♥ ré❛❧✐s❡♥t ✉♥❡ ♠♦❞✉❧❛t✐♦♥ ❞❡ ❧❛ ❢réq✉❡♥❝❡ ❞❡s
♠♦❞❡s ❞❡ ✈❡❝t❡✉r ❞✬♦♥❞❡ k ♥♦♥ ♥✉❧✳ ❖♥ ♠♦♥tr❡ ❛❧♦rs✱ ❝♦♠♠❡ ❞é❝r✐t s✉r ❧❛ ❋✐❣✳ ✹✳✻✱ q✉❡ ❧❡s
❡①❝✐t❛t✐♦♥s ❞❡ ✈❡❝t❡✉rs ❞✬♦♥❞❡ ❞❡ ♥♦r♠❡ ✐♥❢ér✐❡✉r❡ à Θosc

√
mγ/h̄ s✉❜✐ss❡♥t ✉♥❡ ✐♥st❛❜✐❧✐té

♣❛r❛♠étr✐q✉❡✳ ❈❡tt❡ ❛♥❛❧②s❡ ❡♥ t❡r♠❡ ❞✬✐♥st❛❜✐❧✐té ♣❛r❛♠étr✐q✉❡ ❡st ❞ét❛✐❧❧é❡ ❞❛♥s ♥♦tr❡
❛rt✐❝❧❡ ❬✽❪✳ ❈✐✲❞❡ss♦✉s✱ ♥♦✉s ♣r♦♣♦s♦♥s ✉♥❡ ❛♥❛❧②s❡ ❞✐✛ér❡♥t❡ ❞❡ ❝❡s ✐♥st❛❜✐❧✐tés✱ ❜❛sé❡ s✉r
❧❛ ♠ét❤♦❞❡ ❞❡s é❝❤❡❧❧❡s ♠✉❧t✐♣❧❡s❬✼✸❪✱ ♠ét❤♦❞❡ ❣é♥ér❛❧❡ ❞✬❛♥❛❧②s❡ ❞❡ ❧❛ ❞②♥❛♠✐q✉❡ ❞❡s
s②stè♠❡s ♥♦♥ ❧✐♥é❛✐r❡s✳

P♦✉r é✈❛❧✉❡r ❧❡s ❡✛❡ts ❞❡ ❧❛ ♥♦❧✐♥é❛r✐té ❞✉ t❡r♠❡ ❡♥ sin(θ) ❞❡ ❧✬❊q✳ ✹✳✶✷✱ ♥♦✉s ❢❛✐s♦♥s
✉♥❡ ❤②♣♦t❤ès❡ ❞✬❡♥✈❡❧♦♣♣❡ ❧❡♥t❡♠❡♥t ✈❛r✐❛❜❧❡✱ ❡♥ s✉♣♣♦s❛♥t q✉❡ ❧❛ s♦❧✉t✐♦♥ s✬é❝r✐t θ =
Θ(z, t)eiωt + c.c. ♦ù Θ(z, t) ❛ ❞❡s ✈❛r✐❛t✐♦♥s t❡♠♣♦r❡❧❧❡s ❡t s♣❛t✐❛❧❡s ❧❡♥t❡s✶ ❡t c.c. s✐❣♥✐✜❡
❧❡ ❝♦♠♣❧❡①❡ ❝♦♥❥✉❣✉é✳ ▲✬❛♠♣❧✐t✉❞❡ ❞❡s ♦s❝✐❧❧❛t✐♦♥s ❡st Θosc = 2Θ✳ ❊♥ ❞é✈❡❧♦♣♣❛♥t sin(θ) à
❧✬♦r❞r❡ ✸ ❡♥ θ ❡t ❡♥ ♥❡ ❣❛r❞❛♥t q✉❡ ❧❡s t❡r♠❡s ✈❛r✐❛♥t ❡♥ eiωt✱ ❊q✳✹✳✶✷ ❞♦♥♥❡

0 = 2iω∂Θ/∂t +
gρ0

m
∂2Θ/∂2

z +
2γρ0g

h̄2 |Θ|2Θ. ✭✹✳✶✸✮

❈❡tt❡ éq✉❛t✐♦♥ ♥✬❡st r✐❡♥ ❞✬❛✉tr❡ q✉❡ ❧✬éq✉❛t✐♦♥ ❞❡ ❙❤rö❞✐♥❣❡r ♥♦♥ ❧✐♥é❛✐r❡✳ ❊❧❧❡ ❞é❝r✐t✱
❞❡ ❢❛ç♦♥ très ❣é♥ér❛❧❡✱ ❧✬é✈♦❧✉t✐♦♥ ❞❡ ❧✬❡♥✈❡❧♦♣♣❡ ❞✬♦♥❞❡s ♥♦♥ ❧✐♥é❛✐r❡s❬✼✸❪ ❡t ❛ été très
ét✉❞✐é❡ ❞❛♥s ❧❡ ❞♦♠❛✐♥❡ ❞❡ ❧❛ ♣❤②s✐q✉❡ ♥♦♥ ❧✐♥é❛✐r❡❬✼✸❪✳ ▲♦rsq✉❡ ❧❡ ❢❛❝t❡✉r ❞✉ t❡r♠❡ ❡♥
∂2Θ/∂2

z ✭t❡r♠❡ ❞❡ ❞✐s♣❡rs✐♦♥✮ ❡t ❧❡ ❢❛❝t❡✉r ❞✉ t❡r♠❡ ♥♦♥ ❧✐♥é❛✐r❡ |Θ|2Θ ♦♥t ❧❡ ♠ê♠❡ s✐❣♥❡✱
❧❛ s♦❧✉t✐♦♥ ✉♥✐❢♦r♠❡ ♦ù Θ ♥❡ ❞é♣❡♥❞ ♣❛s ❞❡ z ❡st ✐♥st❛❜❧❡✳ ❈✬❡st ❜✐❡♥ ❧❡ ❝❛s ❞❛♥s ♥♦tr❡
s✐t✉❛t✐♦♥✳ ▲❡s ✈❡❝t❡✉rs ❞✬♦♥❞❡ ✐♥st❛❜❧❡s s♦♥t ❧❡s ✈❡❝t❡✉rs ❞✬♦♥❞❡ ✐♥❢ér✐❡✉rs à Θosc

√
mγ/h̄

❡t ❧❡ t❛✉① ❞❡ ❝r♦✐ss❛♥❝❡ ❡①♣♦♥❡♥t✐❡❧❧❡ ❞❡s ❡①❝✐t❛t✐♦♥s✱ ♠❛①✐♠✉♠ ♣♦✉r ❧❡ ✈❡❝t❡✉r ❞✬♦♥❞❡
Θosc

√
mγ/(2h̄) ❡st

Γ = Θ2
osc

√
γρ0g

8h̄
. ✭✹✳✶✹✮

✶▲❡s é❝❤❡❧❧❡s t❡♠♣♦r❡❧❧❡s ❡t s♣❛t✐❛❧❡s s♦♥t ❞✬♦r❞r❡ s✉♣ér✐❡✉r à ✉♥ ❡♥ ❧✬❛♠♣❧✐t✉❞❡ ❞❡s ♦s❝✐❧❧❛t✐♦♥s✳
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❈❡ ♣❤é♥♦♠è♥❡ ❞✬✐♥st❛❜✐❧✐té ❡st ❛♣♣❡❧é ✐♥st❛❜✐❧✐té ❞❡ ♠♦❞✉❧❛t✐♦♥✳ ■❧ s❡ tr❛❞✉✐t ♣❛r ✉♥❡
❧♦❝❛❧✐s❛t✐♦♥ ❞❡ ❧✬é♥❡r❣✐❡✱ ❧❡ s②stè♠❡ ❞é✈❡❧♦♣♣❛♥t ✉♥ tr❛✐♥ ❞❡ s♦❧✐t♦♥s✳ ▲✬é♥❡r❣✐❡ ❞❛♥s ❧❡
♠♦❞❡ ❞✬♦s❝✐❧❧❛t✐♦♥ ✉♥✐❢♦r♠❡ ✐♥✐t✐❛❧ ❞✐♠✐♥✉❡✳

❆✉① t❡♠♣s ❧♦♥❣s✱ ❧✬éq✉❛t✐♦♥ ❞❡ ❙❤rö❞✐♥❣❡r ♥♦♥ ❧✐♥é❛✐r❡ ♥❡ ❞é❝r✐t ♣❧✉s ❧❡ s②stè♠❡ ❞❡
❢❛ç♦♥ ❛❞éq✉❛t❡ ✿ ❞❡s t❡r♠❡s ❞✬♦r❞r❡s s✉♣ér✐❡✉rs ❞❛♥s ❧❡ ❞é✈❡❧♦♣♣❡♠❡♥t ❞❡ sin(θ) ♣❡✉✲
✈❡♥t ✐♥t❡r✈❡♥✐r ❡t ❞❡s é✈♦❧✉t✐♦♥s à ❞❡s é❝❤❡❧❧❡s ❞❡ t❡♠♣s ♣❧✉s ❧♦♥❣✉❡s s♦♥t à ♣r❡♥❞r❡ ❡♥
❝♦♠♣t❡✳ ❖♥ ♣❡✉t s✬❛tt❡♥❞r❡ à ♣r✐♦r✐ à ❝❡ q✉❡ ❧✬❛♠♣❧✐t✉❞❡ ❞❛♥s ❧❡ ♠♦❞❡ ✐♥✐t✐❛❧ ❞❡s ♦s❝✐❧❧❛✲
t✐♦♥s ✉♥✐❢♦r♠❡s ❞é❝r♦✐ss❡ ❡①♣♦♥❡♥t✐❡❧❧❡♠❡♥t ❡t t❡♥❞❡ ✈❡rs ③ér♦s ❛✉① t❡♠♣s ❧♦♥❣✱ ❧✬é♥❡r❣✐❡ s❡
❞✐str✐❜✉❛♥t s✉r ❧❡ ♥♦♠❜r❡ ✐♥✜♥✐ ❞❡ ❞❡❣ré ❞❡ ❧✐❜❡rté ❞✉ s②stè♠❡✳ ❈❡♣❡♥❞❛♥t✱ ❧✬éq✉❛t✐♦♥ ❞❡
❙✐♥❡ ●♦r❞♦♥ ❡st ✉♥❡ éq✉❛t✐♦♥ ♥♦♥ ❧✐♥é❛✐r❡ ♣❛rt✐❝✉❧✐èr❡ ❝❛r ❡❧❧❡ ❡st ✐♥té❣r❛❜❧❡ ✿ ✐❧ ❡①✐st❡ ✉♥
♥♦♠❜r❡ ✐♥✜♥✐ ❞❡ ❝♦♥st❛♥t❡s ❞✉ ♠♦✉✈❡♠❡♥t✳ ❆✐♥s✐✱ ❧❛ tr❛❥❡❝t♦✐r❡ ❞❡ ❧✬ét❛t ❞✉ s②stè♠❡✱ q✉✐
é✈♦❧✉❡ ❞❛♥s ✉♥ ❡s♣❛❝❡ ❞❡s ♣❤❛s❡s ❞❡ ❞✐♠❡♥s✐♦♥ ✐♥✜♥✐❡✱ ❡st ❝♦♥tr❛✐♥t❡ à é✈♦❧✉❡r s✉r ✉♥ t♦r❡
❡t ♥❡ ♣❡✉t ❡①♣❧♦r❡r t♦✉t ❧✬❡s♣❛❝❡ ❞❡s ♣❤❛s❡s ✿ ❧❡ s②stè♠❡ ♥✬❡st ♣❛s ❡r❣♦❞✐q✉❡✳ ▲❡ s②stè♠❡
♥❡ t❤❡r♠❛❧✐s❡ ❞♦♥❝ ♣❛s ❡t s❛ ❞②♥❛♠✐q✉❡ ♣❡✉t ♣rés❡♥t❡r ❞❡s ré❣✉❧❛r✐tés✳ ❉❛♥s ♥♦tr❡ ❝❛s✱ ♦♥
s✬❛tt❡♥❞ à ♦❜s❡r✈❡r ❞❡s ♦s❝✐❧❧❛t✐♦♥s ❞❡ ❧❛ q✉❛♥t✐té ❞✬é♥❡r❣✐❡ ❞❛♥s ❧❡ ♠♦❞❡ ❞❡s ♦s❝✐❧❧❛t✐♦♥s
✉♥✐❢♦r♠❡s✳ ❉❡ t❡❧❧❡s ♦s❝✐❧❧❛t✐♦♥s✱ ❛♣♣❡❧é❡s ré❝✉rr❡♥❝❡s ❞❡ ❋❡r♠✐✲❯❧❛♠✲P❛st❛✱ s♦♥t ♦❜s❡r✈é❡s
❞❛♥s t♦✉s ❧❡s s②stè♠❡s ♥♦♥ ❧✐♥é❛✐r❡s ✐♥té❣r❛❜❧❡s ♣rés❡♥t❛♥t ❞❡s ✐♥st❛❜✐❧✐tés ❞❡ ♠♦❞✉❧❛t✐♦♥✳
❊♥ ♣❛rt✐❝✉❧✐❡r✱ ❧✬éq✉❛t✐♦♥ ❞❡ ❙❤rö❞✐♥❣❡r ♥♦♥ ❧✐♥é❛✐r❡ ❡st ✐♥té❣r❛❜❧❡ ❡t ♣❡✉t ♣rés❡♥t❡r ❞❡s
ré❝✉rr❡♥❝❡s ❞❡ ❋❡r♠✐✲❯❧❛♠✲P❛st❛✳ ❋❡r♠✐✱ ❯❧❛♠ ❡t P❛st❛ ♦♥t ♠✐s ❡♥ é✈✐❞❡♥❝❡ ♥✉♠ér✐q✉❡✲
♠❡♥t ❧❡s ré❝✉rr❡♥❝❡s ❡♥ ✶✾✺✸ ❛❧♦rs q✉✬✐❧s ❝❤❡r❝❤❛✐❡♥t à ♦❜s❡r✈❡r ✉♥❡ t❤❡r♠❛❧✐s❛t✐♦♥ ❞❛♥s
✉♥❡ ❝❤❛î♥❡ ❞✬♦s❝✐❧❧❛t❡✉rs ❝♦✉♣❧és ♥♦♥ ❧✐♥é❛✐r❡s ✿ ❧✬éq✉❛t✐♦♥ q✉✬✐❧s ✉t✐❧✐s❛✐❡♥t ét❛✐t ✐♥té❣r❛❜❧❡✱
♥♦t✐♦♥ ❡♥❝♦r❡ ✐♥❝♦♥♥✉❡ à ❧✬é♣♦q✉❡ ✦ ❊①♣ér✐♠❡♥t❛❧❡♠❡♥t✱ ❧❡ ♣❤é♥♦♠è♥❡ ❞❡ ré❝✉rr❡♥❝❡ ❞❡
❋❡r♠✐✲❯❧❛♠✲P❛st❛ ❛ été ♠✐s ❡♥ é✈✐❞❡♥❝❡ ❞❛♥s ❞❡s ✜❜r❡s ♦♣t✐q✉❡s ❬✾✾❪ ❡t ré❝❡♠♠❡♥t ❞❛♥s
✉♥ s②stè♠❡ q✉✐ ✉t✐❧✐s❡ ❞❡s ♦♥❞❡s ❞❡ s♣✐♥ ❞❛♥s ✉♥ ✜❧ ♠❛❣♥ét✐q✉❡ ♥♦♥ ❧✐♥é❛✐r❡❬✶✵✻❪✳

◆♦✉s ❛✈♦♥s ❡✛❡❝t✉é ❞❡s s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s ❞❡ ❧✬é✈♦❧✉t✐♦♥ ❞❡ ❞❡✉① q✉❛s✐✲❝♦♥❞❡♥s❛ts
❝♦✉♣❧és✳ ▲❡s rés✉❧t❛ts✱ ♣rés❡♥tés ❋✐❣✳✹✳✼ ❡t ❞❛♥s ❧✬❛rt✐❝❧❡ ❬✽❪✱ ♠♦♥tr❡♥t q✉❡ ❧✬♦♥ ♦❜s❡r✈❡ ❡♥
❡✛❡t ❞❡s ♦s❝✐❧❧❛t✐♦♥s ❞❡ ❧✬❛♠♣❧✐t✉❞❡ ❞❡s ♦s❝✐❧❧❛t✐♦♥s ❏♦s❡♣❤s♦♥✱ ré♠✐♥✐s❝❡♥t❡s ❞❡s ré❝✉r✲
r❡♥❝❡s ❞❡ ❋❡r♠✐✲❯❧❛♠✲P❛st❛✳ ❈❡♣❡♥❞❛♥t✱ ♦♥ ♦❜s❡r✈❡ ✉♥ ❛♠♦rt✐ss❡♠❡♥t ❞❡ ❝❡s ♦s❝✐❧❧❛t✐♦♥s✱
❞û ❛✉ ❢❛✐t q✉❡ ❧❛ ❞❡s❝r✐♣t✐♦♥ ❞✉ s②stè♠❡ ♣❛r ❧✬éq✉❛t✐♦♥ ❞❡ ❙✐♥❡ ●♦r❞♦♥ ♥✬❡st q✉✬✉♥❡ ❛♣✲
♣r♦①✐♠❛t✐♦♥✳ ❊♥ ❡✛❡t✱ ✉♥ ❝♦✉♣❧❛❣❡ ❡①✐st❡ ❡♥tr❡ ❧❡s ♠♦❞❡s s②♠étr✐q✉❡s ❡t ❛♥t✐s②♠étr✐q✉❡✱
q✉✐ ♥✬❛ ♣❛s été ♣r✐s ❡♥ ❝♦♠♣t❡ ✐❝✐✱ ❧❡ t❡r♠❡ ❞❡ ♣r❡ss✐♦♥ q✉❛♥t✐q✉❡ ♥✬❛ ♣❛s été ♣r✐s ❡♥ ❝♦♠♣t❡
❡t ❧❛ ♥♦♥❧✐♥é❛r✐té ❞❡s ♣❤♦♥♦♥s ♥✬❛ ♣❛s ♥♦♥ ♣❧✉s été ✐♥❝❧✉s❡✳ ▲❡ ❤❛♠✐❧t♦♥✐❡♥ ré❡❧ ❞é❝r✐✈❛♥t
❞❡✉① q✉❛s✐✲❝♦♥❞❡♥s❛ts ❝♦✉♣❧és ♥✬❡st ♣❛s ✐♥té❣r❛❜❧❡✳

❉✬❛✉tr❡s ét✉❞❡s ♦♥t été ❡✛❡❝t✉é❡s s✉r ❧❛ ❞②♥❛♠✐q✉❡ ❞❡ ❞❡✉① q✉❛s✐✲❝♦♥❞❡♥s❛ts ✉♥✐❞✐✲
♠❡♥s✐♦♥♥❡❧s ❝♦✉♣❧és ❡t ♥♦✉s ❝♦♥❝❧✉♦♥s ❝❡tt❡ s❡❝t✐♦♥ ♣❛r ✉♥ ❜r❡❢ ❛♣❡rç✉ ❞❡s ét✉❞❡s q✉✐ ♥♦✉s
s❡♠❜❧❡♥t ✐♥tér❡ss❛♥t❡s✳ ❑❛✉r♦✈ ❡t ❑✉❦❧♦✈ ♦♥t ♠♦♥tré ❧✬❡①✐st❡♥❝❡ ❞❡ s♦❧✐t♦♥s❬✺✶❪✱ ❛♣♣❡❧és
s♦❧✐t♦♥s ✈♦rt❡①✱ ❞❛♥s ❧❡sq✉❡❧s ❧❛ ♣❤❛s❡ r❡❧❛t✐✈❡ ❡♥tr❡ ❧❡s ❞❡✉① ♥✉❛❣❡s ♣❛ss❡ ❞❡ ✵ à 2π✳ ❯♥❡
❝✐r❝✉❧❛t✐♦♥ ❞✬❛t♦♠❡s ❡♥tr❡ ❧❡s ❞❡✉① ♥✉❛❣❡ ❛ ❧✐❡✉ ❞❛♥s ❧❛ ③♦♥❡ ❞❡ ✈❛r✐❛t✐♦♥ ❞❡ ❧❛ ♣❤❛s❡
r❡❧❛t✐✈❡✳ ❈❡s s♦❧✐t♦♥s✱ st❛❜❧❡s s❡✉❧❡♠❡♥t ♣♦✉r ✉♥ ❝♦✉❧❛❣❡ t✉♥♥❡❧ s✉✣s❛♠♠❡♥t ❢❛✐❜❧❡✱ ❝♦r✲
r❡s♣♦♥❞❡♥t✱ ❞❛♥s ❧❛ ❧✐♠✐t❡ ❏♦s❡♣❤s♦♥✱ ❛✉① s♦❧✐t♦♥s ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡ ❙✐♥❡✲●♦r❞♦♥✳ ❉❡ t❡❧s
s♦❧✐t♦♥s s❡ ♣r♦♣❛❣❡♥t ❞❛♥s ❧❡s ❥♦♥❝t✐♦♥s ❏♦s❡♣❤s♦♥ s✉♣r❛❝♦♥❞✉❝tr✐❝❡s ❛❧❧♦♥❣é❡s ❬✻✹❪✳ ❯♥
❛✉tr❡ ❛s♣❡❝t ❞❡ ❧❛ ❞②♥❛♠✐q✉❡ ❞❡ q✉❛s✐✲❝♦♥❞❡♥s❛ts ❝♦✉♣❧és ❛ été ét✉❞✐é ♣❛r ❱✳ ●r✐t✈❡✈ ❡t
❛❧✳ ❞❛♥s ❬✸✹❪✳ ❉❛♥s ❝❡tt❡ ét✉❞❡✱ ❧❡s ❛✉t❡✉rs ét✉❞✐❡♥t ❧✬é✈♦❧✉t✐♦♥ q✉❛♥t✐q✉❡ ❞❡ ❧❛ ❧❛r❣❡✉r ∆θ
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❋✐❣✳ ✹✳✼ ✕ ❘é❝✉rr❡♥❝❡s ❞❡ ❋❡r♠✐✲❯❧❛♠✲P❛st❛ ✿ ➱✈♦❧✉t✐♦♥ ❞✉ ♥♦♠❜r❡ ❞✬❛t♦♠❡s ❞❛♥s ❧✬✉♥
❞❡s ❞❡✉① q✉❛s✐✲❝♦♥❞❡♥s❛ts ❡♥ ❢♦♥❝t✐♦♥ ❞✉ t❡♠♣s✳ ▲❡ ❝♦✉♣❧❛❣❡ t✉♥♥❡❧ ❡st γ = 0.1ρg ♣♦✉r ❧❡
❣r❛♣❤❡ (a) ❡t ρg ♣♦✉r ❧❡ ❣r❛♣❤❡ (b)✳

❞❡ ❧❛ ❞✐s♣❡rs✐♦♥ ❡♥ ♣❤❛s❡ r❡❧❛t✐✈❡ ❡♥tr❡ ❞❡✉① q✉❛s✐✲❝♦♥❞❡♥s❛ts ❝♦✉♣❧és ❧♦rsq✉❡ q✉✬✉♥ ét❛t
✐♥✐t✐❛❧ ❤♦rs ❞✬éq✉✐❧✐❜r❡ ❡st ♣ré♣❛ré✳ ■❧ ♠♦♥tr❡♥t✱ ❡♥ ✉t✐❧✐s❛♥t ❧❡ ♠♦❞è❧❡ ❞❡ ❙✐♥❡ ●♦r❞♦♥✱ q✉❡
❝❡tt❡ ❞②♥❛♠✐q✉❡ ♥✬❡st ♣❛s ❝❡❧❧❡ ❞✬♦s❝✐❧❧❛t✐♦♥s ❛♠♦rt✐❡s ♠❛✐s ♣rés❡♥t❡ ❞❡s ré❣✉❧❛r✐tés✱ ❝❛r✲
❛❝tér✐sé❡s ♣❛r ❞❡s ❝♦♠♣♦s❛♥t❡s ❞✐s❝rèt❡s ❞✉ s♣❡❝tr❡ ❞❡ ❋♦✉r✐❡r✳ ▲✬❛❜s❡♥❝❡ ❞✬❛♠♦rt✐ss❡♠❡♥t
❡st ❞û ✐❝✐ à ❧✬✐♥té❣r❛❜✐❧✐té ❞✉ ♠♦❞è❧❡ ❞❡ ❙✐♥❡✲●♦r❞♦♥✳ ❊♥ ré❛❧✐té✱ ❝♦♠♠❡ ♥♦✉s ❧✬❛✈♦♥s ✈✉✱ ❧❡
♠♦❞è❧❡ ❞❡ ❙✐♥❡✲●♦r❞♦♥ ♥❡ ❞é❝r✐t q✉✬❛♣♣r♦①✐♠❛t✐✈❡♠❡♥t ❧❛ ❞②♥❛♠✐q✉❡ ❞❡ ❞❡✉① ❝♦♥❞❡♥s❛ts
❝♦✉♣❧és✳ ❖♥ s✬❛tt❡♥❞ ❡♥ ré❛❧✐té à ♦❜s❡r✈❡r ✉♥ ❛♠♦rt✐ss❡♠❡♥t ❛✉① t❡♠♣s ❧♦♥❣s✱ ❝♦♠♠❡ ❞❛♥s
❧❛ s✐t✉❛t✐♦♥ q✉❡ ♥♦✉s ❛✈♦♥s ét✉❞✐é❡✳

✹✳✺ ❈♦♥❝❧✉s✐♦♥

◆♦✉s ❛✈♦♥s ❛♣♣♦rté ✉♥❡ ♣❡t✐t❡ ❝♦♥tr✐❜✉t✐♦♥ à ❧✬ét✉❞❡ t❤é♦r✐q✉❡ ❡①trê♠❡♠❡♥t ✈❛st❡ s✉r
❧❡s ♣r♦♣r✐étés ❞❡s ❝♦♥❞❡♥s❛ts ❜✐✲♠♦❞❛✉①✳ P❧✉s ♣ré❝✐sé♠❡♥t✱ ♥♦✉s ❛✈♦♥s ét✉❞✐é q✉❡❧q✉❡s
❛s♣❡❝ts ♣r♦♣r❡s ❛✉① ♥✉❛❣❡s ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧s ❝♦✉♣❧és s✉r t♦✉t❡ ❧❡✉r ❧♦♥❣✉❡✉r✳ ◆♦✉s ❛✈♦♥s
❝❛❧❝✉❧é ❧❡s ✢✉❝t✉❛t✐♦♥s ❞❡ ❧❛ ♣❤❛s❡ r❡❧❛t✐✈❡ ❡♥tr❡ ❧❡s ❞❡✉① ♥✉❛❣❡s à ❧✬éq✉✐❧✐❜r❡ t❤❡r♠♦✲
❞②♥❛♠✐q✉❡✳ ◆♦✉s ❛✈♦♥s ❛✉ss✐ ♠✐s ❡♥ é✈✐❞❡♥❝❡ ❧✬❡①✐st❡♥❝❡ ❞✬✐♥st❛❜✐❧✐té ❞❡ ♠♦❞✉❧❛t✐♦♥ ❡♥
♣rés❡♥❝❡ ❞✬♦s❝✐❧❧❛t✐♦♥s ❏♦s❡♣❤s♦♥✳ ❇❡❛✉❝♦✉♣ ❞✬❛✉tr❡s tr❛✈❛✉① t❤é♦r✐q✉❡s s✉r ❧❡ s✉❥❡t ♦♥t été
❡✛❡❝t✉és✱ ❝♦♠♠❡ ✐♥❞✐q✉é ❞❛♥s ❝❡ ❝❤❛♣✐tr❡✳ ❊①♣ér✐♠❡♥t❛❧❡♠❡♥t✱ ❧❡s ❝♦♥❞❡♥s❛ts ❜✐✲♠♦❞❛✉①
❝♦✉♣❧és ♦♥t été ❡♥❝♦r❡ ♣❡✉ ❡①♣❧♦rés✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ❧❛ ❞②♥❛♠✐q✉❡ ❡♥ ♣rés❡♥❝❡ ❞✬♦s❝✐❧❧❛t✐♦♥s
❏♦s❡♣❤s♦♥ ♥✬❛ ♣❛s été ét✉❞✐é❡✳ ❈❡♣❡♥❞❛♥t✱ ♣❧✉s✐❡✉rs ❣r♦✉♣❡s ❞❛♥s ❧❡ ♠♦♥❞❡ ré❛❧✐s❡♥t ❞❡s
❞♦✉❜❧❡s ♣✉✐ts ❞❡ ♣♦t❡♥t✐❡❧ très ❛❧❧♦♥❣és ❡t ✐❧ ❡st ♣r♦❜❛❜❧❡ q✉❡ ❧❡s ❡✛❡ts ét✉❞✐és t❤é♦r✐q✉❡✲
♠❡♥t ♣✉✐ss❡♥t êtr❡ ❝♦♥❢r♦♥tés ❛✉① rés✉❧t❛ts ❡①♣ér✐♠❡♥t❛✉① ❞❛♥s ✉♥ ❛✈❡♥✐r ♣r♦❝❤❡✳

❙✉r ❧❡ ♣❧❛♥ t❤é♦r✐q✉❡✱ ❜❡❛✉❝♦✉♣ ❞❡ q✉❡st✐♦♥s r❡st❡♥t ❡♥ s✉s♣❡♥s✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ❧❛
❝✐♥ét✐q✉❡ ❞❡ ❧❛ t❤❡r♠❛❧✐s❛t✐♦♥ ❡♥tr❡ ❧❡s ♠♦❞❡s s②♠étr✐q✉❡s ❡t ❛♥t✐s②♠étr✐q✉❡s ❡♥ ♣rés❡♥❝❡
❞✬✉♥ ❝♦✉♣❧❛❣❡ ♥♦♥ ♥✉❧ ❡♥tr❡ ❧❡s ❞❡✉① q✉❛s✐✲❝♦♥❞❡♥s❛ts r❡st❡ à ét✉❞✐❡r✳

◆♦t♦♥s ✜♥❛❧❡♠❡♥t q✉❡✱ t❛♥t q✉❡ s❡✉❧❡s ❧❡s ❡①❝✐t❛t✐♦♥s ❞❡ ❣r❛♥❞❡ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡ s♦♥t
✐♠♣❧✐q✉é❡s✱ ❧❡s rés✉❧t❛ts q✉❡ ♥♦✉s ❛✈♦♥s ♦❜t❡♥✉s ♣❡✉✈❡♥t s❡ ❣é♥ér❛❧✐s❡r ❛✉ ❝❛s ❞❡ ❣❛③
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✉♥✐❞✐♠❡♥s✐♦♥♥❡❧s ❡♥ ré❣✐♠❡ ❞✬✐♥t❡r❛❝t✐♦♥ ❢♦rt❡✳ ❊♥ ❡✛❡t✱ ❧❡ ❢♦r♠❛❧✐s♠❡ ❞❡s ❧✐q✉✐❞❡s ❞❡
▲✉t✐♥❣❡r✱ q✉✐ ❞é❝r✐t ❧❡s ❡①❝✐t❛t✐♦♥s ❞❡ ❣r❛♥❞❡s ❧♦♥❣✉❡✉r ❞✬♦♥❞❡ ❞❛♥s ❧❡s ❣❛③ ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧
❡st ✉♥ ❢♦r♠❛❧✐s♠❡ ✉♥✐✜é q✉✐ ♣❡✉t êtr❡ ✉t✐❧✐sé✳



❈❤❛♣✐tr❡ ✺

❘✉❣♦s✐té ❞✉ ♣♦t❡♥t✐❡❧ ❞✬✉♥ ❣✉✐❞❡ ♣♦✉r

❛t♦♠❡s ré❛❧✐sé ♣❛r ✉♥ ♠✐❝r♦✲✜❧

❚♦✉t❡s ❧❡s ♣✐è❣❡s ré❛❧✐sés ♣❛r ❞❡s ♠✐❝r♦✲str✉❝t✉r❡s ♣rés❡♥t❡♥t ✉♥❡ r✉❣♦s✐té ❞✉ ♣♦t❡♥t✐❡❧
❧♦rsq✉❡ ❧❡s ❛t♦♠❡s s♦♥t ❛♣♣r♦❝❤és ❞❡s ♠✐❝r♦✲str✉❝t✉r❡s✳ ❈❡ ♣❤é♥♦♠è♥❡ ❛ été ♦❜s❡r✈é ❛✉ss✐
❜✐❡♥ ❞❛♥s ❞❡s ❡①♣ér✐❡♥❝❡s ✉t✐❧✐s❛♥t ❞❡s ♠✐❝r♦✲✜❧s ♣❛r❝♦✉r✉s ♣❛r ✉♥ ❝♦✉r❛♥t ❬✺✻✱ ✹✾✱ ✷✵❪
q✉❡ ❞❛♥s ❞❡s ❡①♣ér✐❡♥❝❡s ✉t✐❧✐s❛♥t ❞❡s ♠✐❝r♦✲str✉❝t✉r❡s ♠❛❣♥ét✐q✉❡s❬✶✵✹❪✳ ❉❛♥s ♥♦tr❡ ❡①✲
♣ér✐❡♥❝❡✱ ♥♦✉s ❛✈♦♥s é❧✉❝✐❞é✱ ♣♦✉r ❧❛ ♣r❡♠✐èr❡ ❢♦✐s✱ ❧✬♦r✐❣✐♥❡ ❞❡ ❧❛ r✉❣♦s✐té ❞✉ ♣♦t❡♥t✐❡❧ ✿
♥♦✉s ❛✈♦♥s ♠♦♥tré q✉✬❡❧❧❡ ♣r♦✈✐❡♥t ❞❡s ❞é❢♦r♠❛t✐♦♥s ❞✉ ❜♦r❞ ❞✉ ✜❧✳ ▲❛ ❝♦♥♥❛✐ss❛♥❝❡ ❞❡
❧✬♦r✐❣✐♥❡ ❞❡ ❧❛ r✉❣♦s✐té ♣❡r♠❡t ❞✬❛♥t✐❝✐♣❡r ❧❛ r✉❣♦s✐té ❛tt❡♥❞✉❡ ♣♦✉r ✉♥ ✜❧ ❞♦♥♥é ❡t ♣❡r♠❡t
❞❡ ❝♦♥♥❛îtr❡ ❧❡s ❧♦✐s ❞✬é❝❤❡❧❧❡s ❞❡ ✈❛r✐❛t✐♦♥ ❞❡ ❧❛ r✉❣♦s✐té✳ ❈❡ rés✉❧t❛t✱ ♣rés❡♥té ❞❛♥s ♥♦s
❛rt✐❝❧❡s ❬✷✵❪ ❡t ❬✽✾❪✱ ❛ ❞♦♥❝ ❡✉ ✉♥ r❡t❡♥t✐ss❡♠❡♥t ✐♠♣♦rt❛♥t ❞❛♥s ❧❛ ❝♦♠♠✉♥❛✉té✳

▲❛ r✉❣♦s✐té ❞✉ ♣♦t❡♥t✐❡❧ ❡♠♣ê❝❤❡ ❞❡ ♣♦✉✈♦✐r t✐r❡r ♣❛rt✐ ♣❧❡✐♥❡♠❡♥t ❞❡ ❝❡rt❛✐♥s ❛✈❛♥t❛❣❡s
❞❡s ♠✐❝r♦✲str✉❝t✉r❡s q✉✐ s♦♥t ❧❛ ♣♦ss✐❜✐❧✐té ❞❡ ré❛❧✐s❡r ❞❡ très ❢♦rts ❝♦♥✜♥❡♠❡♥ts ❡t ❧❛ ♣♦s✲
s✐❜✐❧✐té ❞❡ ré❛❧✐s❡r ❞❡s ♣♦t❡♥t✐❡❧s ✈❛r✐❛♥t s✉r ❞❡s é❝❤❡❧❧❡s très ❢❛✐❜❧❡s✳ ❊♥ ❡✛❡t✱ ♣♦✉r ré❛❧✐s❡r
❝❡s t②♣❡s ❞❡ ♣♦t❡♥t✐❡❧s✱ ❧❡s ❛t♦♠❡s ❞♦✐✈❡♥t êtr❡ ❛♣♣r♦❝❤és très ♣rès ❞❡s ♠✐❝r♦✲str✉❝t✉r❡s✳
❊♥ ♣❛rt✐❝✉❧✐❡r✱ ❝❡tt❡ r✉❣♦s✐té ❛ ❡♠♣ê❝❤é❡ ❥✉sq✉✬à ♠❛✐♥t❡♥❛♥t ❧❛ ré❛❧✐s❛t✐♦♥ ❞❡ ❣❛③ ✉♥✐❞✐✲
♠❡♥s✐♦♥♥❡❧s ❡♥ ✐♥t❡r❛❝t✐♦♥s ❢♦rt❡s ❞❛♥s ✉♥❡ ❡①♣ér✐❡♥❝❡ ✉t✐❧✐s❛♥t ❞❡s ♠✐❝r♦✲str✉❝t✉r❡s✳ ◆♦✉s
❛✈♦♥s ❞é♠♦♥tré q✉✬✐❧ ❡st ♣♦ss✐❜❧❡ ❞❡ s✬❛✛r❛♥❝❤✐r ❞❡ ❧❛ r✉❣♦s✐té ❡♥ ✉t✐❧✐s❛♥t ❞❡s ❝♦✉r❛♥ts
♠♦❞✉❧és r❛♣✐❞❡♠❡♥t✳ ❈❡tt❡ t❡❝❤♥✐q✉❡ ♦✉✈r❡ ❞❡ ♥♦✉✈❡❧❧❡s ♣❡rs♣❡❝t✐✈❡s ❞❛♥s ❧❡ ❞♦♠❛✐♥❡ ❞❡s
♠✐❝r♦✲str✉❝t✉r❡s ❡t ✐❧ ❡st ♣r♦❜❛❜❧❡ q✉✬❡❧❧❡ ♣❡r♠❡tt❡ ❧❛ ré❛❧✐s❛t✐♦♥ ❞❡ ♥♦✉✈❡❧❧❡s ❡①♣ér✐❡♥❝❡s✳
▲❛ ❞é♠♦♥str❛t✐♦♥ ❡①♣ér✐♠❡♥t❛❧❡ ❞❡ ❝❡tt❡ t❡❝❤♥✐q✉❡ ❢❛✐t ❧✬♦❜❥❡t ❞❡ ❧✬❛rt✐❝❧❡ ❬✾✻❪✳ ◆♦✉s ❛✈♦♥s
❛✉ss✐ ❡✛❡❝t✉é ✉♥❡ ét✉❞❡ t❤é♦r✐q✉❡ ❞❡s ❧✐♠✐t❛t✐♦♥s ❞❡ ❝❡tt❡ t❡❝❤♥✐q✉❡✱ q✉✐ ❡st ♣rés❡♥té❡ ❞❛♥s
♥♦tr❡ ❛rt✐❝❧❡ ❬✶✵❪✳

❉❛♥s ❧❛ ♣r❡♠✐èr❡ ♣❛rt✐❡ ❞❡ ❝❡ ❝❤❛♣✐tr❡✱ ♥♦✉s ♠♦♥tr♦♥s ❝♦♠♠❡♥t ♥♦✉s ❛✈♦♥s ♠✐s ❡♥
é✈✐❞❡♥❝❡ ❧✬♦r✐❣✐♥❡ ❞❡ ❧❛ r✉❣♦s✐té ❞✉ ♣♦t❡♥t✐❡❧✳ ▲❛ t❡❝❤♥✐q✉❡ ❞❡ ♠♦❞✉❧❛t✐♦♥ q✉✐ ♣❡r♠❡t ❞❡
s✬❛✛r❛♥❝❤✐r ❞❡ ❧❛ r✉❣♦s✐té ❡st ♣rés❡♥té❡ ❞❛♥s ❧❛ ❞❡✉①✐è♠❡ s❡❝t✐♦♥✳ ◆♦✉s ❝♦♥❝❧✉♦♥s s✉r ❧❡s
♣❡rs♣❡❝t✐✈❡s ♦✉✈❡rt❡s ♣❛r ❝❡s ét✉❞❡s✳

✺✶
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❋✐❣✳ ✺✳✶ ✕ ✭❛✮ ✿ ❘é❛❧✐s❛t✐♦♥ ❞✬✉♥ ❣✉✐❞❡ ♣♦✉r ❛t♦♠❡ ❛✈❡❝ ✉♥ ✜❧ ♣❛r❝♦✉r✉ ♣❛r ✉♥ ❝♦✉r❛♥t ❡t ✉♥
❝❤❛♠♣ ♣❡r♣❡♥❞✐❝✉❧❛✐r❡ à ❝❡ ✜❧✳ ✭❜✮ ✿ ❈❤❛♠♣ ♠❛❣♥ét✐q✉❡ r✉❣✉❡✉① ❧♦♥❣✐t✉❞✐♥❛❧ δBz ♣r♦❞✉✐t
♣❛r ❧❡s ❞é❢♦r♠❛t✐♦♥s ❣é♦♠étr✐q✉❡s ❞✉ ❜♦r❞ ❞✉ ✜❧✳ ❉❛♥s ❝❡ ❞❡ss✐♥✱ ❧❛ r✉❣♦s✐té ❞✉ ❜♦r❞ ❞✉ ✜❧
❡st très ❡①❛❣éré❡ ♣❛r r❛♣♣♦rt ❛✉① r✉❣♦s✐té t②♣✐q✉❡s ❞❡s ✜❧s ❞♦♥t ❧✬❛♠♣❧✐t✉❞❡ ❡st ❡♥✈✐r♦♥ ✹
♦r❞r❡s ❞❡ ❣r❛♥❞❡✉rs ♣❧✉s ♣❡t✐t❡ q✉❡ ❧❛ ❧❛r❣❡✉r ❞✉ ✜❧✳

✺✳✶ ▼✐s❡ ❡♥ é✈✐❞❡♥❝❡ ❞❡ ❧✬♦r✐❣✐♥❡ ❞❡ ❧❛ r✉❣♦s✐té

▲❡ ❣✉✐❞❡ ♠❛❣♥ét✐q✉❡ ✉t✐❧✐sé ❞❛♥s ♥♦tr❡ ❡①♣ér✐❡♥❝❡ ✉t✐❧✐s❡ ✉♥ ✜❧ ❞✬♦r ❞❡ ✻ µ♠ ❞✬é♣❛✐ss❡✉r
❡t ❞❡ ✺✵ µ♠ ❞❡ ❧❛r❣❡✳ ❈❡ ✜❧ ❡st ❞é♣♦sé ♣❛r é❧é❝tr♦❞é♣♦s✐t✐♦♥ ❞❛♥s ❧❡s ❣♦✉tt✐èr❡s ❞✬✉♥
♠❛sq✉❡ ❡♥ rés✐♥❡ ré❛❧✐sé ♣❛r ♣❤♦t♦❧✐t❤♦❣r❛♣❤✐❡✳ ❈♦♠♠❡ s❝❤é♠❛t✐sé s✉r ❧❛ ✜❣✉r❡ ✺✳✶✱ ❧❛
❝♦♠❜✐♥❛✐s♦♥ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❝réé ♣❛r ✉♥ ❝♦✉r❛♥t ♣❛r❝♦✉r❛♥t ❝❡ ✜❧ ❡t ❞✬✉♥ ❝❤❛♠♣s
❡①t❡r♥❡ ❤♦♠♦❣è♥❡ ♣❡r♣❡♥❞✐❝✉❧❛✐r❡ ❛✉ ✜❧ ré❛❧✐s❡ ✉♥ ❣✉✐❞❡ ♠❛❣♥ét✐q✉❡ ♣♦✉r ❛t♦♠❡s ❧❡ ❧♦♥❣
❞❡ ❧❛ ❧✐❣♥❡ ♣❛r❛❧❧è❧❡ ❛✉ ✜❧ s✉r ❧❛q✉❡❧❧❡ ❧❡ ❝❤❛♠♣s ♠❛❣♥ét✐q✉❡ t♦t❛❧ s✬❛♥♥✉❧❡✳ ▲✬❛❥♦✉t ❞✬✉♥
❝❤❛♠♣s ❧♦♥❣✐t✉❞✐♥❛❧ ❞❡ ❧✬♦r❞r❡ ❞✉ ●❛✉ss ♣❡r♠❡t ❞❡ ré❛❧✐s❡r ✉♥ ❝♦♥✜♥❡♠❡♥t tr❛♥s✈❡rs❡
q✉❛❞r❛t✐q✉❡ ❡t ❡♠♣ê❝❤❡ ❧❡s ♣❡rt❡s ♣❛r tr❛♥s✐t✐♦♥s ❞❡ ▼❛❥♦r❛♥❛✳ ▲❡ ♣♦t❡♥t✐❡❧ ❛✉ ♠✐♥✐♠✉♠
tr❛♥s✈❡rs❡ ❞✉ ❣✉✐❞❡ ❡st V = µ|Bz| ♦ù µ ❡st ❧❡ ♠♦♠❡♥t ♠❛❣♥ét✐q✉❡ ❞❡s ❛t♦♠❡s ❡t Bz ❧❡
❝❤❛♠♣s ♠❛❣♥ét✐q✉❡ ❧♦♥❣✐t✉❞✐♥❛❧✳ ❙✐ Bz ❞é♣❡♥❞ ❞❡ z✱ ❧❡ ♣♦t❡♥t✐❡❧ ❧♦♥❣✐t✉❞✐♥❛❧ r❡ss❡♥t✐ ♣❛r
❧❡s ❛t♦♠❡s ❞é♣❡♥❞ ❞❡ z✳ ❯♥❡ ❞é♣❡♥❞❛♥❝❡ q✉❛❞r❛t✐q✉❡ à ❣r❛♥❞❡ é❝❤❡❧❧❡ ❞❡Bz ♣❡✉t ré❛❧✐s❡r ✉♥
❝♦♥✜♥❡♠❡♥t ❞✉ ♥✉❛❣❡ ❛t♦♠✐q✉❡✱ ❝❡ q✉✐ ❡st ✉t✐❧✐sé ♣♦✉r ré❛❧✐s❡r ✉♥ ♣✐è❣❡ à tr♦✐s ❞✐♠❡♥s✐♦♥s✳
❉❡s ✈❛r✐❛t✐♦♥s s♣❛t✐❛❧❡s ❞❡ Bz à ♣❡t✐t❡s é❝❤❡❧❧❡ s♦♥t ♣❛r ❝♦♥tr❡ r❡s♣♦♥s❛❜❧❡s ❞✬✉♥❡ r✉❣♦s✐té
❞✉ ❣✉✐❞❡✳ ❊♥ ♣rés❡♥❝❡ ❞✬✉♥❡ r✉❣♦s✐té ❞❡s s✉r❢❛❝❡s ❣é♦♠étr✐q✉❡s ❞✉ ✜❧✱ ❧❡s ❧✐❣♥❡s ❞❡ ❝♦✉r❛♥ts
❞❛♥s ❧❡ ✜❧ ♥❡ s♦♥t ♣❧✉s ❡①❛❝t❡♠❡♥t ♣❛r❛❧❧è❧❡s à z✳ ▲❛ ❝♦♠♣♦s❛♥t❡ tr❛♥s✈❡rs❡ ❞❡ ❧❛ ❞❡♥s✐té ❞❡
❝♦✉r❛♥t ♣r♦❞✉✐t ✉♥ ❝❤❛♠♣s ♠❛❣♥ét✐q✉❡ ❧♦♥❣✐t✉❞✐♥❛❧✱ ❝♦♠♠❡ ♣rés❡♥té s✉r ❧❛ ✜❣✉r❡ ✺✳✶✳ ◆♦✉s
❛✈♦♥s ♠♦♥tré q✉❡✱ ❞❛♥s ♥♦tr❡ ❡①♣ér✐❡♥❝❡✱ ❝❡ ❝❤❛♠♣ ❧♦♥❣✐t✉❞✐♥❛❧ ♣r♦❞✉✐t ♣❛r ❧❛ ❞é❢♦r♠❛t✐♦♥
❣é♦♠étr✐q✉❡ ❞❡s s✉r❢❛❝❡s ❞✉ ✜❧ ❡st r❡s♣♦♥s❛❜❧❡ ❞❡ ❧❛ r✉❣♦s✐té ❞✉ ♣♦t❡♥t✐❡❧ ❞✉ ❣✉✐❞❡✳ ❊♥
❡✛❡t✱ ❧❡ ♣♦t❡♥t✐❡❧ r✉❣✉❡✉① ❝❛❧❝✉❧é à ♣❛rt✐r ❞❡ ❧❛ ♠❡s✉r❡ ❞❡ ❧❛ r✉❣♦s✐té ❞❡s s✉r❢❛❝❡s ❞✉ ✜❧ ❡st
❡♥ ❜♦♥ ❛❝❝♦r❞ ❛✈❡❝ ❧❛ r✉❣♦s✐té ❞✉ ♣♦t❡♥t✐❡❧ ♠❡s✉ré à ♣❛rt✐r ❞❡ ♣r♦✜❧s ❞❡ ♥✉❛❣❡s ❛t♦♠✐q✉❡s
♣✐é❣és✳ ◆♦✉s ❞é❝r✐✈♦♥s ❝✐✲❞❡ss♦✉s s✉❝❝✐♥❝t❡♠❡♥t ❧❡s ♠❡s✉r❡s ❡✛❡❝t✉é❡s ❡t ❧❡s rés✉❧t❛ts✱ q✉✐
♦♥t ❢❛✐t ❧✬♦❜❥❡t ❞❡s ❛rt✐❝❧❡s ❬✷✵❪ ❡t ❬✽✾❪✳

❉❛♥s ✉♥ ♣r❡♠✐❡r t❡♠♣s✱ ❧❛ r✉❣♦s✐té ❞✉ ♣♦t❡♥t✐❡❧ ❧♦♥❣✐t✉❞✐♥❛❧ ❞✉ ❣✉✐❞❡ ❛ été ♠❡s✉ré❡
❡♥ ❡♥r❡❣✐str❛♥t ❧❡ ♣r♦✜❧ ❞❡ ❞❡♥s✐té ❧♦♥❣✐t✉❞✐♥❛❧ ❞✬✉♥ ♥✉❛❣❡ à ❧✬éq✉✐❧✐❜r❡ t❤❡r♠♦❞②♥❛♠✐q✉❡
♣✐é❣é ❞❛♥s ❧❡ ❣✉✐❞❡✳ ▲❛ ❢♦r♠✉❧❡ ❞❡ ▼❛①✇❡❧❧✲❇♦❧t③♠❛♥♥ ♣❡r♠❡t ❛❧♦rs ❞❡ ❝❛❧❝✉❧❡r ❧❡ ♣♦t❡♥t✐❡❧
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❋✐❣✳ ✺✳✷ ✕ P♦t❡♥t✐❡❧ r✉❣✉❡✉① ♠❡s✉ré ❛✈❡❝ ❧❡s ♣r♦✜❧s ❛t♦♠✐q✉❡s ✭❧✐♥❡ ♣rés❡♥t❛♥t ✉♥ ❜r✉✐t à
♣❡t✐t❡ é❝❤❡❧❧❡✮ ❝♦♠♣❛ré ❛✉ ♣♦t❡♥t✐❡❧ ❝❛❧❝✉❧é à ♣❛rt✐r ❞❡ ❧❛ ♠❡s✉r❡ ❞❡s ❞é❢♦r♠❛t✐♦♥s ❞✉ ❜♦r❞
❞✉ ✜❧ ✭❧✐❣♥❡ ♠♦✐♥s ❜r✉✐té❡ à ♣❡t✐t❡ é❝❤❡❧❧❡✮✳

❧♦♥❣✐t✉❞✐♥❛❧ ✈✉ ♣❛r ❧❡s ❛t♦♠❡s✳ ▲❛ t❡♠♣ér❛t✉r❡ ❞✉ ♥✉❛❣❡ ❡st ♠❡s✉ré❡ ✐♥❞é♣❡♥❞❡♠♠❡♥t ❡♥
✉t✐❧✐s❛♥t ❧❛ t❡❝❤♥✐q✉❡ ❞✉ t❡♠♣s ❞❡ ✈♦❧ ✶✳ ▲❛ ✜❣✉r❡ ✺✳✷ ♠♦♥tr❡ ❧❡s ♣♦t❡♥t✐❡❧s r✉❣✉❡✉① ♦❜t❡♥✉s
♣♦✉r ❞❡s ❣✉✐❞❡s à ❞✐✛ér❡♥t❡s ❤❛✉t❡✉rs ❛✉✲❞❡ss✉s ❞✉ ✜❧✳

❉❛♥s ✉♥ ❞❡✉①✐è♠❡ t❡♠♣s✱ ♥♦✉s ❛✈♦♥s ❝❛❧❝✉❧é ❧❛ r✉❣♦s✐té ♣r♦❞✉✐t❡ ♣❛r ❧❛ ❞é❢♦r♠❛t✐♦♥
❞❡s ❜♦r❞s ❞✉ ✜❧✳ P♦✉r ❝❡❧❛✱ ♥♦✉s ❛✈♦♥s ♠❡s✉ré ❧❡s ❞é❢♦r♠❛t✐♦♥s ❣é♦♠étr✐q✉❡s ❞✉ ❜♦r❞ ❞✉
✜❧ ❡♥ ✉t✐❧✐s❛♥t ❞❡s ✐♠❛❣❡s ♣r✐s❡s ❛✉ ♠✐❝r♦s❝♦♣❡ à é❧❡❝tr♦♥✳ ❈♦♠♠❡ ♦♥ ♣❡✉t ❧❡ ✈♦✐r s✉r
❧✬✐♠❛❣❡ ✺✳✸✱ ❧❡s ❞é❢♦r♠❛t✐♦♥s ❞✉ ❜♦r❞ ❞✉ ✜❧ s♦♥t q✉❛s✐♠❡♥t ✐❞❡♥t✐q✉❡s s✉r t♦✉t❡ ❧❛ ❤❛✉t❡✉r
❞✉ ✜❧✱ ❝❡ q✉✐ ❡st ❛tt❡♥❞✉ à ❧✬✐ss✉ ❞✬✉♥❡ ❝r♦✐ss❛♥❝❡ é❧❡❝tr♦❧②t✐q✉❡✳ ◆♦✉s ❛✈♦♥s ❞♦♥❝ s✐♠♣❧✐✜é
❧❡ ♣r♦❜❧è♠❡ ❡♥ s✉♣♣♦s❛♥t q✉✬❡❧❧❡s ét❛✐❡♥t ✐♥❞é♣❡♥❞❛♥t❡s ❞❡ x ✭✈♦✐r ❛①❡s s✉r ❧❛ ✜❣✉r❡ ✺✳✸✮ ❡t
♥♦✉s ❛✈♦♥s ♠❡s✉ré ❧❡s ❞é❢♦r♠❛t✐♦♥s ❡♥ ✉t✐❧✐s❛♥t ❞❡s ✐♠❛❣❡s ♣r✐s❡s à ❧✬❛♣❧♦♠❜ ❞✉ ✜❧ ❝♦♠♠❡
♣rés❡♥té s✉r ❧❛ ✜❣✉r❡ ✺✳✸✳ ■❧ ❛♣♣❛r❛ît s✉r ❧❛ ✜❣✉r❡ q✉❡ ❧❡ ✜❧ ♣rés❡♥t❡ ❞❡s ❞é❢♦r♠❛t✐♦♥s
à ✉♥❡ é❝❤❡❧❧❡ ❞❡ ❧✬♦r❞r❡ ❞✉ ♠✐❝r♦♥ ❡t ❞✬✉♥❡ ❛♠♣❧✐t✉❞❡ ❞❡ ❧✬♦r❞r❡ ❞❡ q✉❡❧q✉❡s ❝❡♥t❛✐♥❡s
❞❡ ♥❛♥♦♠ètr❡s✳ ❈♦♠♠❡ ❧❛ r✉❣♦s✐té ❞✉ ♣♦t❡♥t✐❡❧ r❡ss❡♥t✐ ♣❛r ❧❡s ❛t♦♠❡s ❛ ✉♥❡ ❧♦♥❣✉❡✉r
❞❡ ❝♦rré❧❛t✐♦♥ t②♣✐q✉❡ ❞❡ ♣❧✉s✐❡✉rs ❞✐③❛✐♥❡s ❞❡ ♠✐❝r♦♥s✱ ✐❧ ❡st ✐♠♣♦rt❛♥t ❞❡ ♠❡s✉r❡r ❧❡s
❞é❢♦r♠❛t✐♦♥s ❞✉ ✜❧ s✉r ❝❡s é❝❤❡❧❧❡s✳ P♦✉r ❝❡tt❡ ♠❡s✉r❡ s✉r ❞❡s ❣r❛♥❞❡s ❧♦♥❣✉❡✉rs✱ ♥♦✉s
❛✈♦♥s r❡❝♦❧❧é ❞❡s ❞✐③❛✐♥❡s ❞✬✐♠❛❣❡s✱ ❝♦♠♠❡ ♣rés❡♥té s✉r ❧❛ ✜❣✉r❡ ✺✳✸✳ ◆♦✉s ❛✈♦♥s ♦❜s❡r✈é
❞❡s ❞é❢♦r♠❛t✐♦♥s ✐♠♣♦rt❛♥t❡s à ❣r❛♥❞❡ é❝❤❡❧❧❡✱ ❝♦♠♠❡ ❧❡ ♠♦♥tr❡ ❧❛ ❞❡♥s✐té s♣❡❝tr❛❧❡ ❞❡s
❞é❢♦r♠❛t✐♦♥s ♠♦♥tré❡ ✜❣✉r❡ ✺✳✸✳ ❈❡tt❡ ✜❣✉r❡ ♠♦♥tr❡ q✉❡ ❧❛ r✉❣♦s✐té ♥✬❡st ♣❛s ❞é❝r✐t❡
♣❛r ✉♥❡ ✉♥✐q✉❡ é❝❤❡❧❧❡ ❞❡ ❧♦♥❣✉❡✉r ✿ ❡♥ ♣❧✉s ❞❡ ❧❛ r✉❣♦s✐té à ♣❡t✐t❡ é❝❤❡❧❧❡ ✭❧♦♥❣✉❡✉r ❞❡
❝♦rré❧❛t✐♦♥ ❞❡ ❧✬♦r❞r❡ ❞✉ ♠✐❝r♦♥✮✱ ♦♥ ♦❜s❡r✈❡ ✉♥ ❡①❝ès ❞❡ ✢✉❝t✉❛t✐♦♥s ❛✉① ❣r❛♥❞❡s é❝❤❡❧❧❡s✳
❯♥❡ ❢♦✐s ❝♦♥♥✉❡s ❧❡s ❞é❢♦r♠❛t✐♦♥s ❞✉ ❜♦r❞ ❞✉ ✜❧✱ ♥♦✉s ❛✈♦♥s ❝❛❧❝✉❧é ❧❛ ❞❡♥s✐té ❞❡ ❝♦✉r❛♥t
à ❧✬✐♥tér✐❡✉r ❞✉ ✜❧✳ ❈❡ ❝❛❧❝✉❧ s✉♣♣♦s❡ q✉❡ ❧❛ ❞❡♥s✐té ❞❡ ❝♦✉r❛♥t j à ❧✬✐♥tér✐❡✉r ❞✉ ✜❧ ♦❜é✐t à
❧✬éq✉❛t✐♦♥ ❞✬♦❤♠ j = σE ♦ù ❧❛ ❝♦♥❞✉❝t✐✈✐té σ ❡st s✉♣♣♦sé❡ ❤♦♠♦❣è♥❡ ❞❛♥s ❧❡ ✜❧ ❡t E ❡st
❧❡ ❝❤❛♠♣ é❧❡❝tr✐q✉❡✳ ▲❡ ❝❤❛♠♣ é❧❡❝tr✐q✉❡ E ❞ér✐✈❡ ❞✉ ♣♦t❡♥t✐❡❧ V q✉✐ ♦❜é✐t à ❧✬éq✉❛t✐♦♥
❞❡ ▲❛♣❧❛❝❡ ∆V = 0 ❞❛♥s ❧❡ ✜❧✳ ▲❡s ❝♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s s✉r ❧❡s ❜♦r❞s ❞✉ ✜❧ s♦♥t ❧❛
♥✉❧❧✐té ❞✉ ❣r❛❞✐❡♥t ❞✉ ♣♦t❡♥t✐❡❧ ♣❡r♣❡♥❞✐❝✉❧❛✐r❡ à ❧❛ s✉r❢❛❝❡✳ ❈❡s ❝♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s
♣❡r♠❡tt❡♥t ❞✬❛ss✉r❡r q✉❡ ❧❡ ❝♦✉r❛♥t é❧❡❝tr✐q✉❡ ❡st t❛♥❣❡♥t à ❧❛ s✉r❢❛❝❡ ❞✉ ♠ét❛❧✳ ▲✬éq✉❛t✐♦♥
❞❡ ▲❛♣❧❛❝❡ ❛ été rés♦❧✉❡ ❞❡ ❢❛ç♦♥ ♣❡rt✉r❜❛t✐✈❡✱ à ❧✬♦r❞r❡ ✉♥ ❡♥ δ/lc ♦ù δ ❡st ❧✬❛♠♣❧✐t✉❞❡ ❞❡s

✶▼❡s✉r❡ ❞❡ ❧❛ ❞✐str✐❜✉t✐♦♥ ❡♥ ✈✐t❡ss❡ ❜❛sé❡ s✉r ❧✬♦❜s❡r✈❛t✐♦♥ ❞❡ ❧✬ét❛❧❡♠❡♥t tr❛♥s✈❡rs❡ ❞✉ ♥✉❛❣❡ ❛♣rès
✉♥❡ ❝♦✉♣✉r❡ r❛♣✐❞❡ ❞✉ ♣♦t❡♥t✐❡❧ ♣✐é❣❡❛♥t✳
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❋✐❣✳ ✺✳✸ ✕ ❉é❢♦r♠❛t✐♦♥s ❣é♦♠étr✐q✉❡s ❞✉ ❜♦r❞ ❞✉ ✜❧✳ ▲✬✐♠❛❣❡ ✭❛✮✱ ♣r✐s❡ ❛✉ ♠✐❝r♦s❝♦♣❡ à
é❧❡❝tr♦♥✱ ♠♦♥tr❡ q✉❡ ❧❡s ❜♦r❞s ❞✉ ✜❧ ♣rés❡♥t❡♥t ✉♥❡ str✉❝t✉r❡ ❛ss❡③ ✈❡rt✐❝❛❧❡✳ ▲❡s ❞é❢♦r♠❛✲
t✐♦♥s ❞✉ ❜♦r❞ ❞✉ ✜❧ s♦♥t ♠❡s✉ré❡s à ♣❛rt✐r ❞✬✐♠❛❣❡s ♣r✐s❡s à ❧✬❛♣❧♦♠❜ ❞✉ ✜❧ ✭✐♠❛❣❡ ✭❜✮✮ ❡t
r❛❝❝♦r❞é❡s ❧❡s ✉♥❡s ❛✉① ❛✉tr❡s✳ ▲❡ ❣r❛♣❤❡ ✭❝✮ ♠♦♥tr❡ ❧❛ ❞❡♥s✐té s♣❡❝tr❛❧❡ ❞❡s ❞é❢♦r♠❛t✐♦♥s
❞✉ ❜♦r❞ ❞✉ ✜❧✳ ▲❡s ❣r❛✐♥s ❞❡ ❧❛ ❝r♦✐ss❛♥❝❡ é❧❡❝tr♦❧②t✐q✉❡ s♦♥t r❡s♣♦♥s❛❜❧❡s ❞✉ ♣❧❛t❡❛✉ ❞❡ ❧❛
❞❡♥s✐té s♣❡❝tr❛❧❡ ♣♦✉r ❧❡s ✈❡❝t❡✉r ❞✬♦♥❞❡ ✐♥❢ér✐❡✉rs à q✉❡❧q✉❡s µ♠−1✳ ▲❡ ✜❧ ♣rés❡♥t❡ ❡♥ ♣❧✉s
✉♥ ❡①❝ès ❞❡ ❞é❢♦r♠❛t✐♦♥s ❛✉① ❣r❛♥❞❡s ❧♦♥❣✉❡✉r ❞✬♦♥❞❡s ❞♦♥t ❧✬♦r✐❣✐♥❡ ♥✬❡st ♣❛s ❝♦♥♥✉❡✳

❞é❢♦r♠❛t✐♦♥s ❞✉ ❜♦r❞ ❞✉ ✜❧ ❡t lc ❧❡✉r ❧♦♥❣✉❡✉r ❞❡ ❝♦rré❧❛t✐♦♥✳ ❈❡tt❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♥✬❡st
♣❛s à ♣r✐♦r✐ très ❜♦♥♥❡ ♣♦✉r ❧❡s ❞é❢♦r♠❛t✐♦♥s à ♣❡t✐t❡ é❝❤❡❧❧❡ ❝❛r ❧❡✉r ❛♠♣❧✐t✉❞❡ ❡st ❞❡
❧✬♦r❞r❡ ❞❡ ❧❡✉r ❧♦♥❣✉❡✉r ❞✬♦♥❞❡✳ ❈❡♣❡♥❞❛♥t✱ ❡❧❧❡ ❡st très ❜♦♥♥❡ ♣♦✉r ❧❡s ❞é❢♦r♠❛t✐♦♥s à ❞❡s
é❝❤❡❧❧❡s ❞❡ ♣❧✉s✐❡✉rs ♠✐❝r♦♥s✱ q✉✐ s♦♥t ❧❡s é❝❤❡❧❧❡s ❞❡ ❧♦♥❣✉❡✉r ♦❜s❡r✈é❡s ❞❛♥s ❧❛ r✉❣♦s✐té
❞✉ ♣♦t❡♥t✐❡❧✳ ❖♥ ♣❡✉t t♦✉t❡❢♦✐s s✬✐♥q✉✐ét❡r ❞✉ ♠é❧❛♥❣❡ ❞❡ ❢réq✉❡♥❝❡s s♣❛t✐❛❧❡s q✉✐ ♣❡✉t
❛♣♣❛r❛îtr❡ ❞❛♥s ❧❛ ❞❡♥s✐té ❞❡ ❝♦✉r❛♥t ✈✐❛ ❞❡s t❡r♠❡s ❞✬♦r❞r❡s s✉♣ér✐❡✉r❡s à ✉♥ ❞❛♥s ❧❛
rés♦❧✉t✐♦♥ ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡ ▲❛♣❧❛❝❡✳ ◆♦✉s ♥✬❛✈♦♥s ♣❛s ♣♦✉rs✉✐t ♣❧✉s ❡♥ ❛✈❛♥t ❝❡tt❡ ❛♥❛❧②s❡
❡t ♥♦✉s ♥♦✉s s♦♠♠❡s r❡str❡✐♥t ❛✉ ❝❛❧❝✉❧ à ❧✬♦r❞r❡ ✉♥ ❡♥ δ/lc✳ ❋✐♥❛❧❡♠❡♥t✱ ✉♥❡ ❢♦✐s ❧❛ ❞❡♥s✐té
❞❡ ❝♦✉r❛♥t ❝♦♥♥✉❡ ❞❛♥s ❧❡ ✜❧✱ ♥♦✉s ❛✈♦♥s ❝❛❧❝✉❧é ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❧♦♥❣✐t✉❞✐♥❛❧ ❝réé
❡t ♥♦✉s ❡♥ ❛✈♦♥s ❞é❞✉✐t ❧❛ r✉❣♦s✐té ❞✉ ♣♦t❡♥t✐❡❧✳ ❈❡s ❝❛❧❝✉❧s s♦♥t ❞ét❛✐❧❧és ❞❛♥s ❬✽✾❪✳ ▲❛
✜❣✉r❡ ✺✳✷ ♠♦♥tr❡ q✉❡✱ ♣♦✉r ❧❡s ❤❛✉t❡✉rs ❡①♣❧♦ré❡s ❛✉✲❞❡ss✉s ❞✉ ✜❧✱ ❝❡tt❡ r✉❣♦s✐té ❝❛❧❝✉❧é❡
à ♣❛rt✐r ❞❡ ❧❛ ♠❡s✉r❡ ❞❡s ❞é❢♦r♠❛t✐♦♥s ❞✉ ✜❧ ❡st ❡♥ ❜♦♥ ❛❝❝♦r❞ ❛✈❡❝ ❧❛ r✉❣♦s✐té ♠❡s✉ré❡
❛✈❡❝ ❧❡s ♥✉❛❣❡s ❛t♦♠✐q✉❡s✳

▲❡ ✜❧ ❞✬♦r✱ ❞é♣♦sé s✉r ✉♥ s✉❜str❛t ❞❡ s✐❧✐❝✐✉♠ ❞é♣♦✉r✈✉ ❞❡ r✉❣♦s✐té✱ ❛ tr♦✐s s✉r❢❛❝❡s
r✉❣✉❡✉s❡s ✿ ❧❡s ❜♦r❞s ❞✉ ✜❧ ♣❡r♣❡♥❞✐❝✉❧❛✐r❡ à ❧❛ ♣✉❝❡ ❡t s❛ s✉r❢❛❝❡ ♣❛r❛❧❧è❧❡ à ❧❛ ♣✉❝❡✳ ❉❛♥s
❧❡ ❝❛s ❞✬✉♥ ✜❧ ❜❡❛✉❝♦✉♣ ♣❧✉s ❧❛r❣❡ q✉❡ ❤❛✉t✱ ♦♥ s✬❛tt❡♥❞ à ❝❡ q✉❡ ❧❛ r✉❣♦s✐té ❞❡ ❧❛ s✉r❢❛❝❡
❞✉ ✜❧ ♣r♦❞✉✐s❡ ✉♥❡ r✉❣♦s✐té ♣❧✉s ✐♠♣♦rt❛♥t❡ q✉❡ ❝❡❧❧❡ ❞❡s ❜♦r❞s ❞✉ ✜❧ ❧♦rsq✉❡ ❧❡s ❛t♦♠❡s
s♦♥t ❛♣♣r♦❝❤és très ♣rès ❞✉ ✜❧✳ ▲✬❡✛❡t ❞❡ ❧❛ s✉r❢❛❝❡ ❛ ❛✐♥s✐ été ♦❜s❡r✈é ♣❛r ❬✺✼❪✳ ◆♦✉s ❛✈♦♥s
♠❡s✉ré ❧❛ r✉❣♦s✐té ❞❡ ❧❛ s✉r❢❛❝❡ ❞❡ ♥♦tr❡ ✜❧ ❛ ♠✐❝r♦s❝♦♣❡ à ❢♦r❝❡ ❛t♦♠✐q✉❡✳ ▲❡ ❝❛❧❝✉❧ ♠♦♥tr❡
q✉❡✱ ♣♦✉r ❧❡s ❤❛✉t❡✉rs q✉❡ ♥♦✉s ❛✈♦♥s ❝♦♥s✐❞éré❡s✱ ❧❛ r✉❣♦s✐té ♣r♦❞✉✐t❡ ♣❛r ❧❛ r✉❣♦s✐té ❞❡
❧❛ s✉r❢❛❝❡ ❡st ♥é❣❧✐❣❡❛❜❧❡ ❞❡✈❛♥t ❝❡❧❧❡ ♣r♦❞✉✐t❡ ♣❛r ❧❡s ❜♦r❞s ❞✉ ✜❧✳ ❈❡ ❝❛❧❝✉❧ ❡st ❞♦♥❝ ❡♥
❛❝❝♦r❞ ❛✈❡❝ ❧❡s rés✉❧t❛ts ♦❜t❡♥✉s ✜❣✉r❡ ✺✳✷ q✉✐ ♠♦♥tr❡ q✉❡ ❧❡s ❞é❢♦r♠❛t✐♦♥s ❞❡s ❜♦r❞s ❞✉
✜❧ s✉✣s❡♥t à ❡❧❧❡s s❡✉❧❡s à r❡♥❞r❡ ❝♦♠♣t❡ ❞❡ ❧❛ r✉❣♦s✐té ❞✉ ♣♦t❡♥t✐❡❧✳
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❆✈❛♥t ❞❡ ❝♦♥❝❧✉r❡ ❝❡tt❡ s❡❝t✐♦♥✱ ♥♦✉s ❞✐s❝✉t♦♥s s✉❝❝✐♥❝t❡♠❡♥t ❝✐✲❞❡ss♦✉s ❞❡ ❧❛ ❞é♣❡♥✲
❞❛♥❝❡ ❞✉ ♣♦t❡♥t✐❡❧ r✉❣✉❡✉① ❛✈❡❝ ❧❛ ❞✐st❛♥❝❡ ❛✉✲❞❡ss✉s ❞✉ ♠✐❝r♦✲✜❧✳ ❯♥❡ ét✉❞❡ ❛♣♣r♦❢♦♥❞✐❡
❞❡ ❝❡tt❡ ❞é♣❡♥❞❛♥❝❡ ❡st ❡✛❡❝t✉é❡ ❞❛♥s ♥♦tr❡ ❛rt✐❝❧❡ ❬✽✾❪✳ ❖♥ s✬❛tt❡♥❞ à ❝❡ q✉❡ ❧❛ r✉❣♦s✐té
✐♥tr♦❞✉✐t❡ ♣❛r ✉♥❡ ❝♦♠♣♦s❛♥t❡ ❞❡ ❋♦✉r✐❡r ❞❡ ✈❡❝t❡✉r ❞✬♦♥❞❡ k ❞é❝r♦✐ss❡ à ❣r❛♥❞❡ ❞✐st❛♥❝❡
❞✉ ✜❧ à ❝❛✉s❡ ❞✬✉♥ ❡✛❡t ❞❡ ♠♦②❡♥♥❛❣❡✳ P❧✉s ♣ré❝✐sé♠❡♥t✱ ❧❡s éq✉❛t✐♦♥s ❞❡ ▼❛①✇❡❧❧ ♠♦♥tr❡
q✉❡ ❧❛ r✉❣♦s✐té ❞✐♠✐♥✉❡ ❡①♣♦♥❡♥t✐❡❧❧❡♠❡♥t ❡♥ e−kh à ❣r❛♥❞❡ ❞✐st❛♥❝❡ h ❛✉✲❞❡ss✉s ❞✉ ✜❧✳
❈❡tt❡ ❞é❝r♦✐ss❛♥❝❡ ❡①♣♦♥❡♥t✐❡❧❧❡ ❞✉ ❝❤❛♠♣ ré❛❧✐sé ♣❛r ✉♥❡ str✉❝t✉r❡ ♣ér✐♦❞✐q✉❡✱ ❡st ✉t✐❧✐sé❡
❞❛♥s ❧❡s ♠✐r♦✐rs à ❛t♦♠❡s ♠❛❣♥ét✐q✉❡s ❬✽✺❪✳ ❉❛♥s ♥♦tr❡ ❝❛s✱ ❝❡tt❡ ❞é❝r♦✐ss❛♥❝❡ ♠♦♥tr❡ q✉❡✱
♣❧✉s ♦♥ s✬é❧♦✐❣♥❡ ❞✉ ✜❧✱ ♣❧✉s ❧❛ ❧♦♥❣✉❡✉r ❞❡ ❝♦rré❧❛t✐♦♥ ❞✉ ♣♦t❡♥t✐❡❧ r✉❣✉❡✉① ❛✉❣♠❡♥t❡✱ ❧❛
❧♦♥❣✉❡✉r ❞❡ ❝♦rré❧❛t✐♦♥ ét❛♥t ❞❡ ❧✬♦r❞r❡ ❞❡ ❧❛ ❤❛✉t❡✉r ❞✉ ❣✉✐❞❡ ❛✉✲❞❡ss✉s ❞✉ ✜❧✳ ❈✬❡st ❜✐❡♥
❝❡ q✉❡ ❧✬♦♥ ♦❜s❡r✈❡ ❡①♣ér✐♠❡♥t❛❧❡♠❡♥t✳

❊♥ ❝♦♥❝❧✉s✐♦♥✱ ♥♦✉s ❛✈♦♥s ♠♦♥tré q✉❡ ♣♦✉r ♥♦tr❡ ✜❧✱ ❡t ♣♦✉r ❧❡s ❤❛✉t❡✉rs ❛✉✲❞❡ss✉s
❞✉ ✜❧ q✉❡ ♥♦✉s ❛✈♦♥s ❡①♣❧♦ré❡s✱ ❧❛ r✉❣♦s✐té ❞✉ ♣♦t❡♥t✐❡❧ ét❛✐t ♣r✐♥❝✐♣❛❧❡♠❡♥t ❞û❡s à ❧❛
r✉❣♦s✐té ❞❡s ❜♦r❞s ❞✉ ✜❧✳ ▲❛ q✉❛❧✐té ❞❡s ✜❧s ❡st ❞♦♥❝ ♣r✐♠♦r❞✐❛❧❡✳ P❧✉s✐❡✉rs t❡❝❤♥✐q✉❡s ❞❡
❢❛❜r✐❝❛t✐♦♥s ♦♥t été ❞é✈❡❧♦♣♣é❡s ❞❛♥s ❧❡ ♠♦♥❞❡ ❬✷✷✱ ✽✷❪✳ ❈❡s ❞✐✛ér❡♥t❡s t❡❝❤♥✐q✉❡s ❞♦♥♥❡♥t
❞❡s ✜❧s ❞❡ q✉❛❧✐té ❞✐✛ér❡♥t❡s✳ P❛r ❡①❡♠♣❧❡✱ ♥♦✉s ❛✈♦♥s ♠♦♥tré q✉❡ ❞❡s ✜❧s ❞é♣♦sés ♣❛r
é✈❛♣♦r❛t✐♦♥ s✉r ✉♥ ♠❛sq✉❡ ré❛❧✐sé ❛✉ ♠❛sq✉❡✉r à é❧❡❝tr♦♥ ♣rés❡♥t❛✐t ❞❡s ❜♦r❞s ❞❡ ❞❡♥s✐té
s♣❡❝tr❛❧❡ ✶✵✵ ❢♦✐s ♠❡✐❧❧❡✉rs q✉❡ ❝❡✉① ❞❡s ✜❧s ré❛❧✐sés ♣❛r é❧❡❝tr♦❞é♣♦s✐t✐♦♥ ❞❛♥s ✉♥ ♠❛sq✉❡
✐♠♣r✐♠é ♣❛r ❧✐t❤♦❣r❛♣❤✐❡ ❬✷✷❪✳ ❈❡♣❡♥❞❛♥t✱ ✐❧ s❡♠❜❧❡ q✉❡ ❞❛♥s t♦✉s ❧❡s ❝❛s ❧❡s ✐♠♣❡r❢❡❝t✐♦♥s
❣é♦♠étr✐q✉❡s ❞❡s ✜❧s s♦♥t ❧❛ s♦✉r❝❡ ❞♦♠✐♥❛♥t❡ ❞❡ ❧❛ r✉❣♦s✐té ❞✉ ♣♦t❡♥t✐❡❧✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱
t♦✉s ❧❡s ❣r♦✉♣❡s ❛②❛♥t ét✉❞✐é ❧❛ r✉❣♦s✐té ❞❡ ♠✐❝r♦✲♣✐è❣❡s ♦♥t ♦❜s❡r✈é ✉♥❡ ❞é♣❡♥❞❛♥❝❡
❧✐♥é❛✐r❡ ❞❡ ❧❛ r✉❣♦s✐té ❛✈❡❝ ❧❡ ❝♦✉r❛♥t ♣❛ss❛♥t ❞❛♥s ❧❡s ♠✐❝r♦✲✜❧s✳ ❇✐❡♥ s✉r✱ ❡♥ ❧✬❛❜s❡♥❝❡
❞❡ r✉❣♦s✐té ❞û❡ ❛✉① ❞é❢♦r♠❛t✐♦♥s ❞❡s ♠✐❝r♦✲str✉❝t✉r❡s ré❛❧✐s❛♥t ❧❡ ♣✐è❣❡✱ ❞✬❛✉tr❡s s♦✉r❝❡s
❞❡ r✉❣♦s✐té✱ t②♣✐q✉❡♠❡♥t ❜❡❛✉❝♦✉♣ ♣❧✉s ❢❛✐❜❧❡s✱ ♣❡✉✈❡♥t êtr❡ ♦❜s❡r✈é❡s✳ ❆✐♥s✐✱ ❈♦r♥❡❧❧ ❡t
❛❧❬✻✼❪ ♦♥t ♠♦♥tré q✉❡ ❧❡s ❛t♦♠❡s ❞❡ ❘✉❜✐❞✐✉♠ ❛❞s♦r❜és s✉r ❧❛ s✉r❢❛❝❡ ❣é♥èr❡ ❞❡s ❞✐♣ô❧❡s
é❧❡❝tr✐q✉❡s q✉✐ ✐♥t❡r❛❣✐ss❡♥t ❛✈❡❝ ❧❡s ❛t♦♠❡s✳ ❯♥❡ ♥♦♥ ✉♥✐❢♦r♠✐té ❞❡ ❧❛ ré♣❛rt✐t✐♦♥ ❞❡s
❛t♦♠❡s ❛❞s♦r❜és ♣r♦❞✉✐t ❛❧♦rs ✉♥❡ r✉❣♦s✐té ❞✉ ♣♦t❡♥t✐❡❧✳ ❈❡tt❡ r✉❣♦s✐té ❡st ❡①trê♠❡♠❡♥t
❢❛✐❜❧❡ ✿ ❡❧❧❡ ♥❡ ❢r❛❣♠❡♥t❡ ♣❛s ✉♥ ❝♦♥❞❡♥s❛t ❡t ♥✬❛ ♣✉ êtr❡ ♠✐s❡ ❡♥ é✈✐❞❡♥❝❡ q✉❡ ❣râ❝❡ à ❧❛
♠❡s✉r❡ ❞❡ ♣❡t✐t❡s ♠♦❞✐✜❝❛t✐♦♥s ❞❡s ❢réq✉❡♥❝❡s ❞✬♦s❝✐❧❧❛t✐♦♥s✳

✺✳✷ ❆♥♥✉❧❛t✐♦♥ ❞❡ ❧❛ r✉❣♦s✐té ♣❛r ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡ ❝♦✉r❛♥ts
♠♦❞✉❧és

▲❛ r✉❣♦s✐té ❞✉ ♣♦t❡♥t✐❡❧ ❧♦♥❣✐t✉❞✐♥❛❧ ❡st ♣r♦❞✉✐t❡ ♣❛r ❧❛ r✉❣♦s✐té ❞❡ ❧❛ ❝♦♠♣♦s❛♥t❡
❧♦♥❣✐t✉❞✐♥❛❧❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❝réé ♣❛r ❧❡ ❝♦✉r❛♥t ❝✐r❝✉❧❛♥t ❞❛♥s ❧❡ ♠✐❝r♦✲✜❧✳ P❧✉s
♣ré❝✐sé♠❡♥t✱ ❧❡ ♣♦t❡♥t✐❡❧ ❧♦♥❣✐t✉❞✐♥❛❧ r❡ss❡♥t✐ ♣❛r ❧❡s ❛t♦♠❡s ❡st V (z) = µ|Bz(z)| ♦ù µ ❡st
❧❡ ❞✐♣ô❧❡ ♠❛❣♥ét✐q✉❡ ❞❡s ❛t♦♠❡s ❡t Bz(z) ❧❛ ❝♦♠♣♦s❛♥t❡ ❧♦♥❣✐t✉❞✐♥❛❧❡ ❞✉ ❝❤❛♠♣s ♠❛❣✲
♥ét✐q✉❡✳ ▲❡ ❝❤❛♠♣ Bz ❡st ❧❛ s♦♠♠❡ ❞✬✉♥ ❝❤❛♠♣ B0✱ ❞❡ ❧✬♦r❞r❡ ❞✉ ●❛✉ss✱ ré❛❧✐sé ♣❛r ❞❡s
str✉❝t✉r❡s é❧♦✐❣♥é❡s ❞✉ ♥✉❛❣❡ ❛t♦♠✐q✉❡ ❡t ❞❡ ❧❛ ❝♦♠♣♦s❛♥t❡ ❧♦♥❣✐t✉❞✐♥❛❧❡ δBz(z) ❞✉ ❝❤❛♠♣
r✉❣✉❡✉① ❝réé ♣❛r ❧❡s ❞é❢♦r♠❛t✐♦♥s ❞❡s ❧✐❣♥❡s ❞❡ ❝♦✉r❛♥t ❞❛♥s ❧❡ ♠✐❝r♦✲✜❧ ré❛❧✐s❛♥t ❧❡ ❣✉✐❞❡✳
❈♦♠♠❡ δBz ❡st t②♣✐q✉❡♠❡♥t ✐♥❢ér✐❡✉r ❛✉ ♠✐❧❧✐❣❛✉ss✱ ❧❛ ✈❛❧❡✉r ❛❜s♦❧✉❡ ❞❛♥s ❧✬❡①♣r❡ss✐♦♥ ❞❡



✺✻ ❈❍❆P■❚❘❊ ✺✳ ❘❯●❖❙■❚➱ ❉❯ P❖❚❊◆❚■❊▲

z

y

x

Bo

u(z)

z

z

y

x

Bo

lc

µB0

❋✐❣✳ ✺✳✹ ✕ Pr✐♥❝✐♣❡ ❞❡ ❧❛ ♠ét❤♦❞❡ ❞❡ ♠♦❞✉❧❛t✐♦♥ ♣♦✉r s✬❛✛r❛♥❝❤✐r ❞❡ ❧❛ r✉❣♦s✐té ❞✉ ♣♦✲
t❡♥t✐❡❧✳ ▲❡ s❝❤é♠❛ ♠♦♥tr❡ ✉♥ ❡①❡♠♣❧❡ ❞❡ ré❛❧✐s❛t✐♦♥ ❞✬✉♥ ❣✉✐❞❡ ♠❛❣♥ét✐q✉❡ ❛✈❡❝ tr♦✐s ✜❧s
❡t ✉♥ ❝❤❛♠♣ ❧♦♥❣✐t✉❞✐♥❛❧ B0✳ ▲❡s tr♦✐s ✜❧s ré❛❧✐s❡♥t ✉♥ ❝❤❛♠♣ tr❛♥s✈❡rs❡ q✉❛❞r✉♣♦❧❛✐r❡
❞♦♥t ❧❡s ❛①❡s ❞❡ ❝❤❛♠♣ r❡♥tr❛♥t ❡t s♦rt❛♥t s♦♥t r❡♣rés❡♥tés ❡♥ ♣♦✐♥t✐❧❧és✳ ▲❡s ❞é❢♦r♠❛t✐♦♥s
❣é♦♠étr✐q✉❡s ❞❡s ✜❧s s♦♥t r❡s♣♦♥s❛❜❧❡s ❞✬✉♥ ♣♦t❡♥t✐❡❧ r✉❣✉❡✉① ♣r♦♣♦rt✐♦♥♥❡❧ ❛✉ ❝♦✉r❛♥t ♣❛s✲
s❛♥t ❞❛♥s ❧❡s ✜❧s✳ ▲❡ ❣r❛♣❤❡ ❞♦♥♥❡ ✉♥ ❡①❡♠♣❧❡ ❞✬✉♥ t❡❧ ♣♦t❡♥t✐❡❧ r✉❣✉❡✉① ♣♦✉r ❞❡s ❝♦✉r❛♥ts
♣♦s✐t✐❢s ✭❧✐❣♥❡ ❝♦♥t✐♥✉❡✮ ❡t ♥é❣❛t✐❢s ✭❧✐❣♥❡ ♣♦✐♥t✐❧❧é❡✮✳ ❙✐ ❧❡ ❝♦✉r❛♥t ❞❛♥s ❧❡s ✜❧s ❡st ♠♦❞✉❧é
r❛♣✐❞❡♠❡♥t✱ ❧❡s ❛t♦♠❡s s♦♥t s❡♥s✐❜❧❡s ❛✉ ♣♦t❡♥t✐❡❧ ♠♦②❡♥ q✉✐ ♥❡ ♣rés❡♥t❡ ♣❛s ❞❡ r✉❣♦s✐té✳

V (z) ♣❡✉t êtr❡ ❡♥❧❡✈é❡ ❡t ❧❡ ♣♦t❡♥t✐❡❧ r❡ss❡♥t✐ ♣❛r ❧❡s ❛t♦♠❡s✱ r❡♣rés❡♥té ❋✐❣✳ ✺✳✹ s✬é❝r✐t
s✐♠♣❧❡♠❡♥t V (z) = µ(B0 + δBz(z))✳ ▲❛ ❝♦♠♣♦s❛♥t❡ δBz(z)✱ q✉✐ ❡st ♣r♦❞✉✐t ♣❛r ❧❛ ❞é❢♦r✲
♠❛t✐♦♥ ❞❡s ❧✐❣♥❡s ❞❡ ❝♦✉r❛♥t ❞û❡ ❛✉① ✐♠♣❡r❢❡❝t✐♦♥s ❣é♦♠étr✐q✉❡s ❞✉ ✜❧✱ ❡st ♣r♦♣♦rt✐♦♥♥❡❧
❛✉ ❝♦✉r❛♥t I ♣❛ss❛♥t ❞❛♥s ❧❡ ✜❧✳ ❈❡tt❡ ♣r♦♣♦rt✐♦♥♥❛❧✐té✱ ❛tt❡♥❞✉❡ s✐ ❧❡ ❝♦✉r❛♥t é❧❡❝tr✐q✉❡
♦❜é✐t à ❧❛ ❧♦✐ ❞✬❖❤♠✱ ❡st ✈ér✐✜é❡ ❡①♣ér✐♠❡♥t❛❧❡♠❡♥t ♣❛r t♦✉s ❧❡s ❣r♦✉♣❡s q✉✐ ♦♥t ét✉❞✐é❡
❧❛ r✉❣♦s✐té✳

▲❛ ♣r♦♣♦rt✐♦♥♥❛❧✐té ❞❡ ❧❛ r✉❣♦s✐té ❛✈❡❝ ❧❡ ❝♦✉r❛♥t ♣❡✉t êtr❡ ✉t✐❧✐sé❡ ♣♦✉r ❛♥♥✉❧❡r ❧✬❡✛❡t
❞❡ ❧❛ r✉❣♦s✐té✳ ▲✬✐❞é❡ ❡st ❞❡ ♠♦❞✉❧❡r r❛♣✐❞❡♠❡♥t ❧❡ ❝♦✉r❛♥t ❞❛♥s ❧❡ ✜❧ ❛✉t♦✉r ❞❡ ③ér♦✳ ❙✐ ❧❛
❢réq✉❡♥❝❡ ❞❡ ♠♦❞✉❧❛t✐♦♥ ❡st ❛ss❡③ ❣r❛♥❞❡✱ ❧❡ ♠♦✉✈❡♠❡♥t ❞❡s ❛t♦♠❡s ♥✬❛ ♣❛s ❧❡ t❡♠♣s ❞❡
s✉✐✈r❡ ❧❛ ♠♦❞✉❧❛t✐♦♥ ❡t ❧❛ ❞②♥❛♠✐q✉❡ ❞❡s ❛t♦♠❡s ❡st ❜✐❡♥ ❞é❝r✐t❡ ♣❛r ❧✬❛❝t✐♦♥ ❞✉ ♣♦t❡♥t✐❡❧
❡✛❡❝t✐❢ Veff ♦❜t❡♥✉ ❡♥ ♣r❡♥❛♥t ❧❛ ✈❛❧❡✉r ♠♦②❡♥♥❡ t❡♠♣♦r❡❧❧❡ ❞✉ ♣♦t❡♥t✐❡❧✳ ❈♦♠♠❡ ❧❛ r✉❣♦s✐té
❡st ♣r♦♣♦rt✐♦♥♥❡❧❧❡ ❛✉ ❝♦✉r❛♥t✱ ❧❛ r✉❣♦s✐té ❡st ♠♦②❡♥♥é❡ à ③ér♦ ❡t Veff ♥❡ ♣rés❡♥t❡ ♣❛s ❞❡
r✉❣♦s✐té✳ P♦✉r ♣rés❡r✈❡r ✉♥ ❝♦♥✜♥❡♠❡♥t tr❛♥s✈❡rs❡ ❧♦rs ❞❡ ❧❛ ♠♦❞✉❧❛t✐♦♥ ❞✉ ❝♦✉r❛♥t ❞❛♥s
❧❡ ✜❧✱ ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ tr❛♥s✈❡rs❡ ❛✉ ✜❧ B⊥ ❞♦✐t ❧✉✐ ❛✉ss✐ êtr❡ ♠♦❞✉❧é✱ ❡♥ ♣❤❛s❡ ❛✈❡❝
❧❡ ❝♦✉r❛♥t ♣❛ss❛♥t ❞❛♥s ❧❡ ✜❧✳ ❈❡tt❡ ♠♦❞✉❧❛t✐♦♥ ❡st s✐♠♣❧❡ à ré❛❧✐s❡r s✐ B⊥ ❡st ❧✉✐✲♠ê♠❡
♣r♦❞✉✐t ❛✈❡❝ ❞❡s ✜❧s ❞é♣♦sés s✉r ❧❛ ♣✉❝❡ ❝♦♠♠❡ ♣r♦♣♦sé s✉r ❧❛ ✜❣✉r❡ ✺✳✹✳ ◆♦t♦♥s q✉❡ ❧❛
ré❛❧✐s❛t✐♦♥ ❞✬✉♥ ♣♦t❡♥t✐❡❧ ❡✛❡❝t✐❢ ♠♦②❡♥✱ rés✉❧t❛♥t ❞❡ ❧❛ ♠♦❞✉❧❛t✐♦♥ r❛♣✐❞❡ ❞❡ ❝❤❛♠♣s✱ ❛✈❛✐t
❞é❥à été ✉t✐❧✐sé ❞❛♥s ♥♦tr❡ ❞♦♠❛✐♥❡ ❞❛♥s ❧❡s ♣✐è❣❡s ❚❖P ✭❚✐♠❡ ♦r❜✐t❛❧ ♣♦t❡♥t✐❡❧✮ ❬✽✵❪✳

◆♦✉s ❛✈♦♥s ♠✐s ❡♥ ♦❡✉✈r❡ ❡①♣ér✐♠❡♥t❛❧❡♠❡♥t ❝❡tt❡ ♠ét❤♦❞❡ ❞❡ ♠♦❞✉❧❛t✐♦♥ ♣♦✉r s✬❛❢✲
❢r❛♥❝❤✐r ❞❡ ❧❛ r✉❣♦s✐té ❞✉ ♣♦t❡♥t✐❡❧✳ ❈❡s rés✉❧t❛ts✱ q✉✐ ❢♦♥t ❧✬♦❜❥❡t ❞❡ ❧✬❛rt✐❝❧❡ ❬✾✻❪✱ s♦♥t
♣rés❡♥tés ❞❛♥s ❧❛ s❡❝t✐♦♥ s✉✐✈❛♥t❡✳ ◆♦✉s ❛✈♦♥s ❛✉ss✐ ❢❛✐t ✉♥❡ ét✉❞❡ t❤é♦r✐q✉❡ ❞❡s ❧✐♠✐t❡s ❞❡
❝❡tt❡ t❡❝❤♥✐q✉❡✱ ♣rés❡♥té❡ ❞❛♥s ❧❛ s❡❝t✐♦♥ ✺✳✷✳✷✱ q✉✐ ♠♦♥tr❡ q✉❡ ❝❡tt❡ t❡❝❤♥✐q✉❡ ❢♦♥❝t✐♦♥♥❡
♣♦✉r ✉♥ très ❣r❛♥❞ ❞♦♠❛✐♥❡ ❞❡ ♣❛r❛♠ètr❡s✳



✺✳✷✳ ❆◆◆❯▲❆❚■❖◆ ❉❊ ▲❆ ❘❯●❖❙■❚➱ ✺✼

✺✳✷✳✶ ❉é♠♦♥str❛t✐♦♥ ❡①♣ér✐♠❡♥t❛❧❡

▲❛ ré❛❧✐s❛t✐♦♥ ❡①♣ér✐♠❡♥t❛❧❡ ❞❡ ❧❛ ♠ét❤♦❞❡ ❞❡ ♠♦❞✉❧❛t✐♦♥ ♣♦✉r s✬❛✛r❛♥❝❤✐r ❞❡ ❧❛ r✉✲
❣♦s✐té ❛ ❞♦♥♥é ❞❡ très ❜♦♥s rés✉❧t❛ts✳ ❊♥ ❡✛❡t✱ ❡♥ ♠♦❞✉❧❛♥t ❧❡s ❝♦✉r❛♥ts ❞❡s ♠✐❝r♦✜❧s à
✸✵ ❦❍③✱ ♥♦✉s ❛✈♦♥s ♠❡s✉ré ✉♥❡ ré❞✉❝t✐♦♥ ❞❡ ❧❛ r✉❣♦s✐té ❞✉ ♣♦t❡♥t✐❡❧ ♣❛r ❛✉ ♠♦✐♥s ✉♥
❢❛❝t❡✉r ✺ ♣❛r r❛♣♣♦rt ❛✉ ❝❛s ♦ù ❧❡s ❝♦✉r❛♥ts ♥❡ s♦♥t ♣❛s ♠♦❞✉❧és✳

❉❛♥s ❝❡tt❡ ❡①♣ér✐❡♥❝❡ ❧❡ ❣✉✐❞❡ ❛t♦♠✐q✉❡ ❝♦♥s✐❞éré ❡st ❝❡❧✉✐ ré❛❧✐sé ♣❛r ❞❡s ♠✐❝r♦✲✜❧s
❞❡ s❡❝t✐♦♥ ❝❛rré ❞❡ ✼✵✵ ♥♠ ❞❡ ❝ôté✳ ▲❡ ❣✉✐❞❡ ❡st s✐t✉é ✽ µ♠ ❛✉✲❞❡ss✉s ❞✉ ✜❧ ❝❡♥tr❛❧✳ ❊♥
❧✬❛❜s❡♥❝❡ ❞❡ ♠♦❞✉❧❛t✐♦♥ ❞❡s ❝♦✉r❛♥ts ♣❛ss❛♥t ❞❛♥s ❧❡s ♠✐❝r♦✲✜❧s✱ ❧❛ r✉❣♦s✐té ❞✉ ❣✉✐❞❡✱
♣rés❡♥té❡ ❋✐❣✳✺✳✺ ♣♦✉r ❞❡s ❝♦✉r❛♥ts ♣♦s✐t✐❢s ❡t ♥é❣❛t✐❢s ±I✱ ❛ ✉♥❡ ❛♠♣❧✐t✉❞❡ ❞❡ ❧✬♦r❞r❡ ❞❡
✶ µ❑✳ ❈❡tt❡ r✉❣♦s✐té ❡st ♠❡s✉ré❡✱ ❝♦♠♠❡ ❞❛♥s ❧❛ ♠❡s✉r❡ ❞é❝r✐t❡ ❞❛♥s ❧❛ s❡❝t✐♦♥ ✺✳✶✱ ❡♥
❛❥♦✉t❛♥t ✉♥ ❝♦♥✜♥❡♠❡♥t ❧♦♥❣✐t✉❞✐♥❛❧ ❡t ❡♥ ❛♣♣❧✐q✉❛♥t ❧❛ ❧♦✐ ❞❡ ❇♦❧t③♠❛♥♥ à ✉♥ ♥✉❛❣❡
à ❧✬éq✉✐❧✐❜r❡ t❤❡r♠♦❞②♥❛♠✐q✉❡✳ ▲❛ ❢réq✉❡♥❝❡ ❞✬♦s❝✐❧❧❛t✐♦♥ tr❛♥s✈❡rs❡ ❞❡ ❝❡ ❣✉✐❞❡ ❡st ❞❡
✷ ❦❍③✳ ❊♥ ♠♦❞✉❧❛♥t ❧❡ ❝♦✉r❛♥t ❞❛♥s ❧❡s ♠✐❝r♦✲✜❧s ❛✈❡❝ ✉♥❡ ❛♠♣❧✐t✉❞❡ I ❡t ✉♥❡ ❢réq✉❡♥❝❡
❞❡ ✺✵ ❦❍③✱ ❧❛ r✉❣♦s✐té ❡st ré❞✉✐t❡ ❞✬✉♥ ❢❛❝t❡✉r ✺✱ ❝♦♠♠❡ ♣rés❡♥té ❋✐❣✳ ✺✳✺✳ ▲❛ r✉❣♦s✐té
rés✐❞✉❡❧❧❡ ♠❡s✉ré❡ ❡st ❧✐♠✐té❡ ♣❛r ❧❛ ♣ré❝✐s✐♦♥ ❞❡ ♥♦tr❡ ♠❡s✉r❡ ❡t ❧❡ ❢❛❝t❡✉r ✺ ♦❜t❡♥✉ ❡st
❞♦♥❝ ✉♥❡ ❜♦r♥❡ ✐♥❢ér✐❡✉r❡✳

❯♥ ❛✉tr❡ ❞✐❛❣♥♦st✐❝ ❞❡ ❧❛ r✉❣♦s✐té ❞✉ ♣♦t❡♥t✐❡❧ ❡st ❧✬❛♠♦rt✐ss❡♠❡♥t ❞❡s ♦s❝✐❧❧❛t✐♦♥s
❞✐♣♦❧❛✐r❡s ❞✉ ♥✉❛❣❡ ❞❛♥s ✉♥ ♣✐è❣❡ ❤❛r♠♦♥✐q✉❡ ❧♦♥❣✐t✉❞✐♥❛❧ r❛❥♦✉té ❛✉ ❣✉✐❞❡✳ P♦✉r ✉♥
♣♦t❡♥t✐❡❧ ❤❛r♠♦♥✐q✉❡ ♣✉r✱ ❧❡s ♦s❝✐❧❧❛t✐♦♥s ❞✐♣♦❧❛✐r❡s ♥❡ s♦♥t ♣❛s ❛♠♦rt✐❡s✳ P❛r ❝♦♥tr❡✱ ❧❛
r✉❣♦s✐té ❞✉ ♣♦t❡♥t✐❡❧ ✐♥tr♦❞✉✐t ✉♥ ❛♠♦rt✐ss❡♠❡♥t✳ ◆♦✉s ❛✈♦♥s ét✉❞✐é ❧✬❛♠♦rt✐ss❡♠❡♥t ❞❡s
♦s❝✐❧❧❛t✐♦♥s✱ ❝♦♠♠❡ ♣rés❡♥té ❞❛♥s ❧✬❛rt✐❝❧❡ ❬✾✻❪✳ ◆♦✉s ❛✈♦♥s ♦❜s❡r✈é ✉♥❡ ❢♦rt❡ ré❞✉❝t✐♦♥ ❞❡
❧✬❛♠♦rt✐ss❡♠❡♥t ❞❡s ♦s❝✐❧❧❛t✐♦♥s ❞❛♥s ❧❡ ❣✉✐❞❡ ♠♦❞✉❧é✱ ❧❛ ❝♦♥st❛♥t❡ ❞❡ t❡♠♣s ❞❡ ❧✬❛♠♦r✲
t✐ss❡♠❡♥t ❛✉❣♠❡♥t❛♥t ❞✬✉♥ ❢❛❝t❡✉r ✶✵✳ ❉❡s ❝❛❧❝✉❧s ♥✉♠ér✐q✉❡s ❞❛♥s ❧❡sq✉❡❧s ❧❡s ❝♦❧❧✐s✐♦♥s
❡♥tr❡ ❛t♦♠❡s s♦♥t ♥é❣❧✐❣és ❡t q✉✐ s♦♥t ♠♦②❡♥♥é❡s s✉r ❞✐✛ér❡♥t❡s ré❛❧✐s❛t✐♦♥s ❞❡ ❧❛ r✉❣♦s✐té✱
♠♦♥tr❡♥t q✉✬✉♥❡ t❡❧❧❡ ❛✉❣♠❡♥t❛t✐♦♥ ❞❡ ❧❛ ❝♦♥st❛♥t❡ ❞❡ t❡♠♣s ❞✬❛♠♦rt✐ss❡♠❡♥t ❝♦rr❡s♣♦♥❞
à ✉♥❡ ré❞✉❝t✐♦♥ ❞✬✉♥ ❢❛❝t❡✉r ✶✹ ❞❡ ❧✬❛♠♣❧✐t✉❞❡ ❞❡ ❧❛ r✉❣♦s✐té✳ ❊♥ ❢❛✐t✱ ❧✬❛♠♦rt✐ss❡♠❡♥t
♦❜s❡r✈é ❞❛♥s ❧❡ ❣✉✐❞❡ ♠♦❞✉❧é ❡st ❝♦♠♣❛t✐❜❧❡ ❛✈❡❝ ❝❡❧✉✐ ❛tt❡♥❞✉ ❡♥ ❧✬❛❜s❡♥❝❡ t♦t❛❧❡ ❞❡ r✉✲
❣♦s✐té✱ ❡♥ ♣r❡♥❛♥t ❡♥ ❝♦♠♣t❡ ❧❡ t❡r♠❡ q✉❛rt✐q✉❡ ❞✉ ❝♦♥✜♥❡♠❡♥t ❧♦♥❣✐t✉❞✐♥❛❧ ré❛❧✐sé ❞❛♥s
♥♦tr❡ ❡①♣ér✐❡♥❝❡✳ ❈❡s ét✉❞❡s t❡♥❞❡♥t ❞♦♥❝ à ♠♦♥tr❡r q✉❡ ❧❛ r✉❣♦s✐té ❡st ré❞✉✐t❡ ♣❛r ✉♥
❢❛❝t❡✉r ❛✉ ♠♦✐♥s é❣❛❧❡ à ✶✹✱ ❝❡ q✉✐ ❡st ❜❡❛✉❝♦✉♣ ♣❧✉s q✉❡ ❧❡ ❢❛❝t❡✉r ✺ ♦❜t❡♥✉s ❡♥ ❛♥❛❧②s❛♥t
❧❡s ♣r♦✜❧s ❛t♦♠✐q✉❡s✳ ❈❡♣❡♥❞❛♥t✱ ❧❡s ✐♥❝❡rt✐t✉❞❡s s✉r ❧❛ ✈❛❧✐❞✐té ❞❡s ❛♣♣r♦①✐♠❛t✐♦♥s ❢❛✐t❡s
♣♦✉r ❡st✐♠❡r ❧❡ ❢❛❝t❡✉r ✶✹ ❞❡ ré❞✉❝t✐♦♥ ❞❡ ❧❛ r✉❣♦s✐té ♥♦✉s ✐♥❝✐t❡♥t à êtr❡ ♣r✉❞❡♥ts✳

✺✳✷✳✷ ▲✐♠✐t❡s ❞❡ ❧❛ ♠ét❤♦❞❡

▲❛ ♠ét❤♦❞❡ ❞❡ ♠♦❞✉❧❛t✐♦♥ ♣rés❡♥té❡ ❝✐✲❞❡ss✉s ♣rés❡♥t❡ ♣❧✉s✐❡✉rs ❝♦♥tr❛✐♥t❡s✳ Pr❡♠✐èr❡✲
♠❡♥t✱ ❧❛ ❢réq✉❡♥❝❡ ❞❡ ♠♦❞✉❧❛t✐♦♥ ❞♦✐t êtr❡ s✉✣s❛♠♠❡♥t r❛♣✐❞❡ ♣♦✉r q✉❡ ❧❡ ♠♦✉✈❡♠❡♥t
tr❛♥s✈❡rs❡ ❞❡s ❛t♦♠❡s✱ s♦✉♠✐s à ✉♥ ♣♦t❡♥t✐❡❧ ♠♦❞✉❧é✱ s♦✐t st❛❜❧❡✳ ❉❡✉①✐è♠❡♠❡♥t✱ ❧❛ ♠♦❞✲
✉❧❛t✐♦♥ ❞♦✐t êtr❡ s✉✣s❛♠♠❡♥t r❛♣✐❞❡ ❞❡✈❛♥t ❧❡s ❢réq✉❡♥❝❡s t②♣✐q✉❡s ❞✉ ♠♦✉✈❡♠❡♥t ❧♦♥✲
❣✐t✉❞✐♥❛❧ ♣♦✉r q✉❡ ❝❡ ♠♦✉✈❡♠❡♥t ♣✉✐ss❡ êtr❡ ❝♦rr❡❝t❡♠❡♥t ❞é❝r✐t ♣❛r ❧✬❡✛❡t ❞✉ ♣♦t❡♥t✐❡❧
♠♦②❡♥✳ ❋✐♥❛❧❡♠❡♥t✱ ❧❛ ❢réq✉❡♥❝❡ ❞❡ ♠♦❞✉❧❛t✐♦♥ ❞♦✐t êtr❡ s✉✣s❛♠♠❡♥t ❢❛✐❜❧❡ ♣♦✉r q✉❡
❧✬♦r✐❡♥t❛t✐♦♥ ❞✉ s♣✐♥ ❞❡s ❛t♦♠❡s ❛✐t ❧❡ t❡♠♣s ❞❡ s✉✐✈r❡ ❧❛ ♠♦❞✉❧❛t✐♦♥ ❞❡ ❧✬♦r✐❡♥t❛t✐♦♥ ❞✉
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❋✐❣✳ ✺✳✺ ✕ ❆♥♥✉❧❛t✐♦♥ ❞❡ ❧❛ r✉❣♦s✐té ❞✉ ♣♦t❡♥t✐❡❧ ♣❛r ✉♥❡ ♠♦❞✉❧❛t✐♦♥ r❛♣✐❞❡ ❞✉ ❝♦✉r❛♥t ❞❛♥s
❧❡s ✜❧s✳ ▲❛ r✉❣♦s✐té✱ ❡①tr❛✐t❡ ❞❡s ✐♠❛❣❡s ♣❛r ❛❜s♦r♣t✐♦♥ ❞❡s ♥✉❛❣❡s ❛t♦♠✐q✉❡s ❡♥ ✉t✐❧✐s❛♥t
❧❛ ❧♦✐ ❞❡ ❇♦❧t③♠❛♥♥✱ ❡st tr❛❝é❡ ♣♦✉r ❞❡s ❝♦✉r❛♥ts ♣♦s✐t✐❢s✱ ♥é❣❛t✐❢s ❡t ♠♦❞✉❧és✳ ▲❛ r✉❣♦s✐té
❞✉ ♣♦t❡♥t✐❡❧ ❝réé ♣❛r ❧❡s ✜❧s ♠♦❞✉❧és ❛ ✉♥❡ ❛♠♣❧✐t✉❞❡ ❛✉ ♠♦✐♥s ✺ ❢♦✐s ♣❧✉s ❢❛✐❜❧❡ q✉❡ ❝❡❧❧❡
♦❜t❡♥✉❡ ♣♦✉r ❞❡s ❝♦✉r❛♥ts ❝♦♥t✐♥✉s✳

❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ✿ ✉♥❡ ♠♦❞✉❧❛t✐♦♥ tr♦♣ r❛♣✐❞❡ s❡ tr❛❞✉✐r❛ ♣❛r ❧❛ ♣rés❡♥❝❡ ❞❡ ♣❡rt❡s ♣❛r
r❡t♦✉r♥❡♠❡♥t ❞❡ s♣✐♥ ❞❛♥s ❧✬ét❛t ♥♦♥ ♣✐é❣é✳ ◆♦✉s ❛✈♦♥s ét✉❞✐é ❝❡s ❝♦♥tr❛✐♥t❡s ❞❡ ❢❛ç♦♥
t❤é♦r✐q✉❡ ❡t ♥♦✉s rés✉♠♦♥s ❝✐✲❞❡ss♦✉s ❧❡s rés✉❧t❛ts ♦❜t❡♥✉s✱ ♣rés❡♥tés ❞❛♥s ❧✬❛rt✐❝❧❡ ❬✶✵❪✳

❙t❛❜✐❧✐té ❞✉ ♠♦✉✈❡♠❡♥t tr❛♥s✈❡rs❡

❚r❛♥s✈❡rs❛❧❡♠❡♥t✱ ❧❡ ♣♦t❡♥t✐❡❧ ✐♥st❛♥t❛♥é ❡st ✉♥ ♣♦t❡♥t✐❡❧ ❤❛r♠♦♥✐q✉❡ ❞♦♥t ❧❛ ❝♦✉r✲
❜✉r❡✱ ♣r♦♣♦rt✐♦♥❡❧❧❡ ❛✉ ❝❛rré ❞✉ ❝♦✉r❛♥t ♣❛ss❛♥t ❞❛♥s ❧❡s ✜❧s✱ ✈❛r✐❡ ❝♦♠♠❡ cos2(ωt)✳ ▲❡
♠♦✉✈❡♠❡♥t ❞❡s ❛t♦♠❡s ❡st ❛❧♦rs ❞é❝r✐t ♣❛r ✉♥❡ éq✉❛t✐♦♥ ❞❡ ▼❛t❤✐❡✉✳ ▲❡s s♦❧✉t✐♦♥s ❞❡ ❝❡tt❡
éq✉❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ❧✐♥é❛✐r❡ ♦♥t été ❧❛r❣❡♠❡♥t ét✉❞✐é❡s✳ ❊♥ ✉t✐❧✐s❛♥t ❧❡s t❛❜❧❡s ❞♦♥♥❛♥t
❧✬❡①♣♦s❛♥t ❝r✐t✐q✉❡ ❞❡s s♦❧✉t✐♦♥s✱ ♦♥ tr♦✉✈❡ q✉❡ ❧❡ ♠♦✉✈❡♠❡♥t ❞❡s ❛t♦♠❡s ❡st st❛❜❧❡ t❛♥t
q✉❡ ❧❛ ❢réq✉❡♥❝❡ ❞❡ ♠♦❞✉❧❛t✐♦♥ ✈ér✐✜❡ ω > 0.87ω⊥ ♦ù ω⊥ ❡st ❧❛ ❢réq✉❡♥❝❡ ❞❡ ♠♦❞✉❧❛t✐♦♥ ❞✉
❝♦♥✜♥❡♠❡♥t tr❛♥s✈❡rs❡ ♣♦✉r ✉♥ ❝♦✉r❛♥t é❣❛❧❡ à ❧✬❛♠♣❧✐t✉❞❡ ❞❡ ❧❛ ♠♦❞✉❧❛t✐♦♥✳ ❈❡ r❛✐s♦♥✲
♥❡♠❡♥t ❝❧❛ss✐q✉❡ ❞♦♥♥❡ ❛✉ss✐ ❧❡ ❝r✐tèr❡ ❞❡ st❛❜✐❧✐té ❞✉ ♠♦✉✈❡♠❡♥t q✉❛♥t✐q✉❡ ♣✉✐sq✉❡✱ ♣♦✉r
✉♥ ♣♦t❡♥t✐❡❧ ❤❛r♠♦♥✐q✉❡✱ ❧✬é✈♦❧✉t✐♦♥ ❞❡ ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ❲✐❣♥❡r ❡st ❞♦♥♥é❡ ♣❛r ❧✬é✈♦❧✉t✐♦♥
❝❧❛ss✐q✉❡ ❞✬✉♥❡ ❞✐str✐❜✉t✐♦♥ ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡s ♣❤❛s❡s✳

❆✈❡❝ ❧❡s ♣❛r❛♠ètr❡s ❞❡ ♥♦tr❡ ❡①♣ér✐❡♥❝❡✱ ❧❡s rés✉❧t❛ts ♣ré❝é❞❡♥ts ♣ré❞✐s❡♥t ✉♥ ♠♦✉✈❡✲
♠❡♥t tr❛♥s✈❡rs❡ ❞❡s ❛t♦♠❡s st❛❜❧❡ t❛♥t q✉❡ ω/(2π) > 1.82 ❦❍③✳ ❊①♣ér✐♠❡♥t❛❧❡♠❡♥t✱ ❝♦♠♠❡
r❡♣♦rté ❞❛♥s ❧✬❛rt✐❝❧❡ ♠✐s ❡♥ ❛♥♥❡①❡✱ ♥♦✉s ♦❜s❡r✈♦♥s q✉❡ ❧❛ ❞✉ré❡ ❞❡ ✈✐❡ ❞✉ ♥✉❛❣❡ ❛t♦♠✐q✉❡
❞✐♠✐♥✉❡ ♣♦✉r ❞❡s ❢réq✉❡♥❝❡s ❞❡ ♠♦❞✉❧❛t✐♦♥s ❞❡ ❧✬♦r❞r❡ ❞❡ ✶✵ ❦❍③✱ ❜✐❡♥ s✉♣ér✐❡✉r❡s à ❧❛
❢réq✉❡♥❝❡ ❛tt❡♥❞✉❡✳ ◆♦✉s ❛ttr✐❜✉♦♥s ❝❡t é❝❛rt à ❧❛ ♣rés❡♥❝❡ ❞❡ ❝❤❛♠♣s tr❛♥s✈❡rs❡s ♥♦♥
♠♦❞✉❧és✳ ❊♥ ❡✛❡t✱ ❡♥ ♣rés❡♥❝❡ ❞❡ t❡❧s ❝❤❛♠♣s✱ ❧❡ ♠♦✉✈❡♠❡♥t ❞❡s ❛t♦♠❡s ♥✬❡st ♣❧✉s ❞é❝r✐t
♣❛r ❧✬éq✉❛t✐♦♥ ❞❡ ▼❛t❤✐❡✉ ✿ ❧❡ ♣♦t❡♥t✐❡❧ ✐♥st❛♥t❛♥é❡✱ r❡♣rés❡♥té ❋✐❣✳✺✳✻✱ ♥❡ ♣rés❡♥t❡ ♣❛s
✉♥✐q✉❡♠❡♥t ✉♥❡ ♠♦❞✉❧❛t✐♦♥ ❞✉ ❝♦♥✜♥❡♠❡♥t ♠❛✐s ❧❛ ♣♦s✐t✐♦♥ ❞✉ ❝❡♥tr❡ ❡st ❛✉ss✐ ♠♦❞✉❧é❡✳
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①

❱✭t✮

①

❱✭t✮

t0 + 3π/(4ω)t0 + π/(4ω) t0 + π/ωt0

✭❛✮ ✭❜✮

❋✐❣✳ ✺✳✻ ✕ P♦t❡♥t✐❡❧ ✐♥st❛♥t❛♥é❡ ❞❛♥s ❧❡ ♣❧❛♥ tr❛♥s✈❡rs❡ ❧♦rsq✉❡ ❧❡ ❝♦✉r❛♥t ❞❛♥s ❧❡s ✜❧s
❝ré❛♥t ❧❡ ❣✉✐❞❡ ❛t♦♠✐q✉❡ ❡st ♠♦❞✉❧é ❡♥ cos(ω(t− t0))✱ ♦ù u(z) ❡st ✉♥ ♣♦t❡♥t✐❡❧ r✉❣✉❡✉①✳ ❊♥
❧✬❛❜s❡♥❝❡ ❞❡ ❝❤❛♠♣ ❡①t❡r♥❡ tr❛♥s✈❡rs❡ ✭✜❣✉r❡ ✭❛✮✮✱ ❧❡ ♣♦t❡♥t✐❡❧ ✐♥st❛♥t❛♥é❡ ❡st ✉♥ ♣♦t❡♥t✐❡❧
❤❛r♠♦♥✐q✉❡ t♦✉❥♦✉rs ❝❡♥tré ❛✉ ♠ê♠❡ ❡♥❞r♦✐t ❞♦♥t ❧❛ ❢réq✉❡♥❝❡ ❞✬♦s❝✐❧❧❛t✐♦♥ ❡st ♣r♦♣♦r✲
t✐♦♥♥❡❧ ❛✉ ❝♦✉r❛♥t✳ ❊♥ ♣rés❡♥❝❡ ❞✬✉♥ ❝❤❛♠♣ ❡①t❡r♥❡ tr❛♥s✈❡rs❡ ♥♦♥ ♥✉❧ b ✭✜❣✉r❡ ✭❜✮✮✱ ❧❡
❝❡♥tr❡ ❞✉ q✉❛❞r✉♣♦❧❡ ♠❛❣♥ét✐q✉❡ tr❛♥s✈❡rs❡✱ q✉✐ rés✉❧t❡ ❞❡ ❧✬❛♥♥✉❧❛t✐♦♥ ❞❡ b ❡t ❞✉ ❝❤❛♠♣
♣r♦❞✉✐t ♣❛r ❧❡s ✜❧s✱ s❡ ❞é♣❧❛❝❡ ❧♦rs ❞❡ ❧❛ ♠♦❞✉❧❛t✐♦♥ ❞✉ ❝♦✉r❛♥t ❞❛♥s ❧❡s ✜❧s✳ ▲♦rsq✉❡ ❧❛
❢réq✉❡♥❝❡ ❞❡ ♠♦❞✉❧❛t✐♦♥ ❡st très é❧❡✈é❡ ❞❡✈❛♥t ❧❛ ❢réq✉❡♥❝❡ ❞✉ ❝♦♥✜♥❡♠❡♥t✱ ❧❡ ♠♦✉✈❡♠❡♥t
❞❡s ❛t♦♠❡s ❡st ❜✐❡♥ ❞é❝r✐t ♣❛r ❧✬❛❝t✐♦♥ ❞✉ ♣♦t❡♥t✐❡❧ ♠♦②❡♥ ✭♠♦②❡♥♥é s✉r ✉♥❡ ♣ér✐♦❞❡ ❞❡ ❧❛
♠♦❞✉❧❛t✐♦♥✮ r❡♣rés❡♥té ❡♥ ❧✐❣♥❡ ❣r❛ss❡ s✉r ❧❡s ❞❡ss✐♥s✳

❯♥ ❝❛❧❝✉❧ ♥✉♠ér✐q✉❡ ❝❧❛ss✐q✉❡ ❞❡ ❧❛ tr❛❥❡❝t♦✐r❡ ❞❡s ❛t♦♠❡s ♠♦♥tr❡ q✉✬✉♥ ❝❤❛♠♣ tr❛♥s✈❡rs❡
❞✬✉♥❡ ❝❡♥t❛✐♥❡ ❞❡ ♠✐❧❧✐●❛✉ss s✉✣t à ❡①♣❧✐q✉❡r ❧❛ ré❞✉❝t✐♦♥ ❞❡ ❧❛ ❞✉ré❡ ❞❡ ✈✐❡ ❞❡s ❛t♦♠❡s
❞ès q✉❡ ❧❛ ❢réq✉❡♥❝❡ ❞❡ ♠♦❞✉❧❛t✐♦♥ ❡st ✐♥❢ér✐❡✉r❡ à ✶✵ ❦❍③✳ ◆♦t♦♥s q✉❡✱ ❡♥ ♣❧✉s ❞❡ ❝❤❛♠♣s
tr❛♥s✈❡rs❡s ❡①t❡r♥❡s ♠❛❧ ❝♦♠♣❡♥sés✱ ✉♥ ❝❤❛♠♣ tr❛♥s✈❡rs❡ ❡st ♣r♦❞✉✐t✱ s✉r ❧❡s ❜♦r❞s ❞✉
♥✉❛❣❡✱ ♣❛r ❧❡s ✜❧s ré❛❧✐s❛♥t ❧❡ ❝♦♥✜♥❡♠❡♥t ❧♦♥❣✐t✉❞✐♥❛❧ ❞✉ ♥✉❛❣❡✳

❊✛❡t ❞❡ ❧❛ r✉❣♦s✐té s✉r ❧❡ ♠♦✉✈❡♠❡♥t ❧♦♥❣✐t✉❞✐♥❛❧

◆♦✉s ♥♦✉s s♦♠♠❡s ✐♥tér❡ssés à ❧✬❡✛❡t s✉r ❧❡ ♠♦✉✈❡♠❡♥t ❧♦♥❣✐t✉❞✐♥❛❧ ❞✉ ♣♦t❡♥t✐❡❧
r✉❣✉❡✉① ❧♦♥❣✐t✉❞✐♥❛❧ ♠♦❞✉❧é✳ ◆♦✉s ❛✈♦♥s ❞♦♥❝ ét✉❞✐é ❧❛ ❞②♥❛♠✐q✉❡ ❞❡s ❛t♦♠❡s ❞❛♥s ❧❡
♣♦t❡♥t✐❡❧ V (z, t) = u(z) cos(ωt)✳ P♦✉r ✉♥❡ ❢réq✉❡♥❝❡ ❞❡ ♠♦❞✉❧❛t✐♦♥ s✉✣s❛♠♠❡♥t é❧❡✈é❡✱
♦♥ s✬❛tt❡♥❞ à ❝❡ q✉❡ ❝❡ ♠♦✉✈❡♠❡♥t ❞❡s ❛t♦♠❡s ♥✬❛✐t ♣❛s ❧❡ t❡♠♣s ❞❡ s✉✐✈r❡ ❡t q✉❡ ❝❡
♠♦✉✈❡♠❡♥t s♦✐t ❜✐❡♥ ❞é❝r✐t ♣❛r ❧✬❡✛❡t ❞✬✉♥ ♣♦t❡♥t✐❡❧ ❡✛❡❝t✐❢ s❛♥s r✉❣♦s✐té✱ q✉✐ ❡st ❧❛ ✈❛❧❡✉r
♠♦②❡♥♥❡ s✉r ✉♥❡ ♣ér✐♦❞❡ ❞❡ ♠♦❞✉❧❛t✐♦♥ ❞✉ ♣♦t❡♥t✐❡❧ ✐♥st❛♥t❛♥é✳ ◆♦✉s s♦♠♠❡s ❛❧❧és ❛✉✲❞❡❧à
❞❡ ❝❡tt❡ ❛♥❛❧②s❡ ❡t ♥♦✉s ❛✈♦♥s q✉❛♥t✐t❛t✐✈❡♠❡♥t ét✉❞✐é ❧❡s ❡✛❡ts ❞✉ ♣♦t❡♥t✐❡❧ ♠♦❞✉❧é s✉r
❧❡ ♠♦✉✈❡♠❡♥t ❧♦♥❣✐t✉❞✐♥❛❧✳ ◆♦✉s ❛✈♦♥s ✉t✐❧✐sé ❧❛ r❡♣rés❡♥t❛t✐♦♥ ❞❡ ❋❧♦q✉❡t ♣♦✉r ❞é❝r✐r❡ ❧❛
❞②♥❛♠✐q✉❡ ❞❡s ❛t♦♠❡s ❞❛♥s ❧❡ ❝❛❞r❡ ❞❡ ❧❛ ♣❤②s✐q✉❡ q✉❛♥t✐q✉❡✳ ◆♦✉s ❛✈♦♥s ❡♥s✉✐t❡ ❡✛❡❝t✉é
✉♥ ❝❛❧❝✉❧ ♣❡rt✉r❜❛t✐❢ ✈✐s✲à✲✈✐s ❞✉ ♣♦t❡♥t✐❡❧ r✉❣✉❡✉① u✳ ❉❡✉① ♣❤é♥♦♠è♥❡s ❛♣♣❛r❛✐ss❡♥t✳

Pr❡♠✐èr❡♠❡♥t✱ ❞❡s ❝♦✉♣❧❛❣❡s ❞✬♦r❞r❡ ❞❡✉① ❡♥ u s♦♥t r❡s♣♦♥s❛❜❧❡s ❞✬✉♥ ♣♦t❡♥t✐❡❧ ❝♦♥✲
s❡r✈❛t✐❢ ❡✛❡❝t✐❢

Vad = (∂zu)
2 /(4mω2). ✭✺✳✶✮

❈❡ ♣♦t❡♥t✐❡❧✱ q✉✐ ❝♦rr❡s♣♦♥❞ à ❧✬é♥❡r❣✐❡ ❝✐♥ét✐q✉❡ ❞✉ ♠✐❝r♦✲♠♦✉✈❡♠❡♥t ❞❡s ❛t♦♠❡s✱ ❡st
❜✐❡♥ ❝♦♥♥✉ ❬✻✵❪✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ✐❧ ❛ été ét✉❞✐é ❞❛♥s ❧❡s ♣✐è❣❡s ❚❖P ✭t✐♠❡s ♦r❜✐t✐♥❣ ♣♦✲
t❡♥t✐❛❧✮ ❬✼✷❪✳ ▲❛ ❞ér✐✈❛t✐♦♥ q✉❡ ♥♦✉s ❡♥ ❛✈♦♥s ❢❛✐t❡ ❡st ❝❡♣❡♥❞❛♥t ♦r✐❣✐♥❛❧❡✳ ❈❡ ♣♦t❡♥t✐❡❧
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r✉❣✉❡✉① rés✐❞✉❡❧ ❡st très ❢❛✐❜❧❡ ❞❡✈❛♥t ❧❡ ♣♦t❡♥t✐❡❧ r✉❣✉❡✉① ✐♥✐t✐❛❧ ❞ès q✉❡ ❧❛ ❢réq✉❡♥❝❡ ❞❡
♠♦❞✉❧❛t✐♦♥ ω ❡st s✉✣s❛♥t❡ ♣♦✉r q✉❡ u/(l2cmω

2) ≪ 1✱ ♦ù lc ❡st ❧❛ ❧♦♥❣✉❡✉r ❞❡ ❝♦rré❧❛t✐♦♥
❞❡ ❧❛ r✉❣♦s✐té✳ ❊①♣ér✐♠❡♥t❛❧❡♠❡♥t✱ ❝❡tt❡ ❝♦♥❞✐t✐♦♥ ❡st ❧❛r❣❡♠❡♥t ✈ér✐✜é❡ ❡t ❞❡s ♣♦t❡♥t✐❡❧s
r✉❣✉❡✉① rés✐❞✉❡❧s ♣❧✉s ♣❡t✐t q✉❡ ❧❡ ♥❛♥♦❑❡❧✈✐♥ s♦♥t ❛tt❡♥❞✉s✳

▲❡ ❞❡✉①✐è♠❡ ♣❤é♥♦♠è♥❡ q✉✐ ❛♣♣❛r❛ît ❡st ✉♥ ❝❤❛✉✛❛❣❡ ❞❡s ❛t♦♠❡s ❞û ❛✉ ❞é♣❛rt ✐r✲
ré✈❡rs✐❜❧❡ ❞✬✉♥ ♥✐✈❡❛✉ ❞❡ ❋❧♦q✉❡t ✈❡rs ❧❡s ♥✐✈❡❛✉① ❞❡ ❋❧♦q✉❡t ❛❞❥❛❝❡♥ts✳ ❈❡ t❛✉① ❞❡
❝❤❛✉✛❛❣❡ ❡st s✐♠♣❧❡♠❡♥t ❝❛❧❝✉❧é ❡♥ ✉t✐❧✐s❛♥t ❧❛ rè❣❧❡ ❞✬♦r ❞❡ ❋❡r♠✐✳ ❖♥ ♠♦♥tr❡ q✉❡ ❧❡
t❛✉① ❞❡ ❝❤❛✉✛❛❣❡ ❡st très ❢❛✐❜❧❡ ❞❛♥s ❧❛ ❧✐♠✐t❡ ♦ù ❧✬é♥❡r❣✐❡ ❝✐♥ét✐q✉❡ ❞❡s ❛t♦♠❡s ❡st très
✐♥❢ér✐❡✉r❡ à ❧✬é♥❡r❣✐❡ ❝✐♥ét✐q✉❡ ❞✬✉♥ ❛t♦♠❡ q✉✐ ♣❛r❝♦✉rr❛✐t ✉♥❡ ❞✐st❛♥❝❡ é❣❛❧❡ à ❧❛ ❧♦♥❣✉❡✉r
❞❡ ❝♦rré❧❛t✐♦♥ ❞✉ ♣♦t❡♥t✐❡❧ r✉❣✉❡✉① ♣❡♥❞❛♥t ✉♥❡ ♣ér✐♦❞❡ ❞❡ ♠♦❞✉❧❛t✐♦♥✳ P❧✉s ♣ré❝✐sé♠❡♥t✱
❞❛♥s ❧❛ ❧✐♠✐t❡ ❝❧❛ss✐q✉❡ ❞❡ ✈✐t❡ss❡ é❧❡✈é❡s✱ ♦♥ tr♦✉✈❡ q✉❡ ❧❡ t❛✉① ❞❡ ✈❛r✐❛t✐♦♥ ❞❡ ❧✬é♥❡r❣✐❡
❞✬✉♥ ❛t♦♠❡ ❞❡ ✈✐t❡ss❡ v0 s✬é❝r✐t

dE

dt
= −πω/(2mv2

0)

[

d

dk
k2S(k)

]

k=ω/v0

, ✭✺✳✷✮

♦ù S ❡st ❧❛ ❞❡♥s✐té s♣❡❝tr❛❧❡ ❞✉ ♣♦t❡♥t✐❡❧ r✉❣✉❡✉①✳ ❊♥ ❣é♥ér❛❧ S ❞é❝r♦ît r❛♣✐❞❡♠❡♥t à ❣r❛♥❞
✈❡❝t❡✉r ❞✬♦♥❞❡ ✷✳ P❛r ❡①❡♠♣❧❡✱ ❧❛ ❞❡♥s✐té s♣❡❝tr❛❧❡ ❞✉ ♣♦t❡♥t✐❡❧ r✉❣✉❡✉① ♣r♦❞✉✐t ♣❛r ✉♥
✜❧ ❞♦♥t ❧❡s ❜♦r❞s ♦♥t ❞❡s ❞é❢♦r♠❛t✐♦♥s à t♦✉t❡s ❧❡s é❝❤❡❧❧❡s ✭❜r✉✐t ❜❧❛♥❝✮✱ ❞é❝r♦ît ❡♥ e−klc ✱
♦ù lc ❡st ❧❡ ❞♦✉❜❧❡ ❞❡ ❧❛ ❞✐st❛♥❝❡ ❞✉ ❣✉✐❞❡ ❛✉ ✜❧✳ ▲❛ ❢♦r♠✉❧❡ ♣ré❝é❞❡♥t❡ ♠♦♥tr❡ ❛❧♦rs q✉❡
❧❡ t❛✉① ❞❡ ✈❛r✐❛t✐♦♥ ❞❡ ❧✬é♥❡r❣✐❡✱ ♣♦✉r ✉♥❡ ❢réq✉❡♥❝❡ ❞❡ ♠♦❞✉❧❛t✐♦♥ ❣r❛♥❞❡ ❞❡✈❛♥t v0/lc
❞é❝r♦ît ❡①♣♦♥❡♥t✐❡❧❧❡♠❡♥t ❡♥ e−lcω/v0 ✳ ❆✐♥s✐✱ ❝♦♠♠❡ ❛tt❡♥❞✉✱ ❧❡ t❛✉① ❞❡ ❝❤❛✉✛❛❣❡ ❞✐♠✐♥✉❡
❛✈❡❝ ❧❛ ❢réq✉❡♥❝❡ ❞❡ ♠♦❞✉❧❛t✐♦♥✱ ❧❡ t❛✉① ❞❡ ❝❤❛✉✛❛❣❡ ❞❡✈❡♥❛♥t ❡①♣♦♥❡♥t✐❡❧❧❡♠❡♥t ❢❛✐❜❧❡
❧♦rsq✉❡ ❧❛ ❢réq✉❡♥❝❡ ❞❡ ♠♦❞✉❧❛t✐♦♥ ❡①❝è❞❡ v0/lc✳ ▲❛ ❢♦r♠✉❧❡ ♣ré❝é❞❡♥t❡ ❞♦✐t êtr❡ ❝♦rr✐❣é❡
♣♦✉r ❞❡s ❢réq✉❡♥❝❡s ❞❡ ♠♦❞✉❧❛t✐♦♥s s✉♣ér✐❡✉r❡s à mv2

0/h̄ ✱ ♣♦✉r ❧❡sq✉❡❧s ❧❛ ❧✐♠✐t❡ ❝❧❛ss✐q✉❡
♥✬❡st ♣❧✉s ✈❛❧❛❜❧❡✳ ▲❡ ❝❛❧❝✉❧ ♠♦♥tr❡ q✉❡ ❧❡ t❛✉① ❞❡ ❝❤❛✉✛❛❣❡ ❡st ❛❧♦rs ♣❧✉s ✐♠♣♦rt❛♥t q✉❡
❝❡❧✉✐ ❞♦♥♥é ♣❛r ❧❛ ❢♦r♠✉❧❡ ✺✳✷✳ ❉❛♥s ❧❡ ❝❛s ♦ù ❧❛ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡ ❞❡ ❞❡ ❇r♦♦❣❧✐❡ ❞❡s ❛t♦♠❡s
❡st très ❣r❛♥❞❡ ❞❡✈❛♥t ❧❛ ❧♦♥❣✉❡✉r ❞❡ ❝♦rré❧❛t✐♦♥ ❞❡ ❧❛ r✉❣♦s✐té✱ ❧❡ ❝❛❧❝✉❧ q✉❛♥t✐q✉❡ ❞♦♥♥❡

dE

dt
=
π
√

2mω√
h̄3

S(
√

2mω/h̄). ✭✺✳✸✮

❈❡s rés✉❧t❛ts s♦♥t ❞ét❛✐❧❧és ❞❛♥s ❧✬❛rt✐❝❧❡ ❬✾✻❪✳ ▲❛ ❝♦♥❝❧✉s✐♦♥ ❞❡ ❝❡tt❡ ét✉❞❡ ❡st q✉❡✱ ♣♦✉r ❞❡s
♣❛r❛♠ètr❡s ❡①♣ér✐♠❡♥t❛✉① ré❛❧✐st❡s✱ ❧❡ t❛✉① ❞❡ ❝❤❛✉✛❛❣❡ ❞✉ ♥✉❛❣❡ ❛t♦♠✐q✉❡ ❡st t♦✉❥♦✉rs
❡①trê♠❡♠❡♥t ❢❛✐❜❧❡✳ P❛r ❡①❡♠♣❧❡✱ ♣♦✉r ❞❡s ♣❛r❛♠ètr❡s ✐❞❡♥t✐q✉❡s à ❝❡✉① ❞❡ ❧✬❡①♣ér✐❡♥❝❡
q✉❡ ♥♦✉s ❛✈♦♥s ❢❛✐t❡ ❬✾✻❪✱ ❧❡ t❛✉① ❞❡ ❝❤❛✉✛❛❣❡ ♠❛①✐♠✉♠ ❛tt❡♥❞✉ ❡st ❞❡ ✻✹ ♥❑✴s✳ ■❧ ❡st
♦❜t❡♥✉ ♣♦✉r ✉♥❡ t❡♠♣ér❛t✉r❡ très é❧❡✈é❡ ❞❡ ✶✳✽ ♠❑✳ ❆ ♣❧✉s ❢❛✐❜❧❡ t❡♠♣ér❛t✉r❡✱ ❧❡ t❛✉① ❞❡
❝❤❛✉✛❛❣❡ ❡st ❡♥❝♦r❡ ♣❧✉s ❢❛✐❜❧❡✳

✷▲❡ t❛✉① ❞❡ ✈❛r✐❛t✐♦♥ ❞❡ ❧✬é♥❡r❣✐❡ ♣❡✉t êtr❡ ♥é❣❛t✐❢ ♣♦✉r ❝❡rt❛✐♥❡s ✈❛❧❡✉rs ❞❡ v0 ❡t ❝❡rt❛✐♥❡s ❞❡♥s✐té
s♣❡❝tr❛❧❡s S✳ ❈❡♣❡♥❞❛♥t✱ ♦♥ ♠♦♥tr❡ q✉❡✱ q✉❡❧q✉❡ s♦✐t ❧❛ ❞❡♥s✐té s♣❡❝tr❛❧❡ S✱ ❧❡ t❛✉① ❞❡ ✈❛r✐❛t✐♦♥ ❞❡ E
♠♦②❡♥♥é s✉r ✉♥ ♥✉❛❣❡ t❤❡r♠✐q✉❡ ❡st ♣♦s✐t✐❢✱ ❝♦♠♠❡ ❛tt❡♥❞✉ ❞✬❛♣rès ❧❡s ❧♦✐s ❞❡ ❧❛ t❤❡r♠♦❞②♥❛♠✐q✉❡✳
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100

10−5

10−10

10−15

10−20

10−25

10−30

❋✐❣✳ ✺✳✼ ✕ ❚❛✉① ❞❡ ♣❡rt❡s ❞û ❛✉① r❡t♦✉r♥❡♠❡♥t ❞❡ s♣✐♥ ❞❛♥s ❧❡ ❣✉✐❞❡ ♠♦❞✉❧é ❡♥ ❢♦♥❝t✐♦♥ ❞❡
❧❛ ❢réq✉❡♥❝❡ ❞❡ ♠♦❞✉❧❛t✐♦♥✳ ▲❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❧♦♥❣✐t✉❞✐♥❛❧ B0 ❡t ❧❡ ❣r❛❞✐❡♥t ❞❡ ❝❤❛♠♣
tr❛♥s✈❡rs❡s s♦♥t ❝❤♦✐s✐s ❞❡ ❢❛ç♦♥ à ❝❡ q✉❡ µB0/(h̄ω⊥) = 50✱ ♦ù µ ❡st ❧❡ ♠♦♠❡♥t ♠❛❣♥ét✐q✉❡
❞❡s ❛t♦♠❡s ❡t ω⊥ ❡st ❧❛ ❢réq✉❡♥❝❡ ❞✬♦s❝✐❧❧❛t✐♦♥ tr❛♥s✈❡rs❡ ♣♦✉r ✉♥ ❝♦✉r❛♥t ❞❛♥s ❧❡s ✜❧s é❣❛❧
à ❧✬❛♠♣❧✐t✉❞❡ ❞✉ ❝♦✉r❛♥t ♠♦❞✉❧é✳

P❡rt❡s ♣❛r r❡t♦✉r♥❡♠❡♥t ❞❡ s♣✐♥ à ❤❛✉t❡ ❢réq✉❡♥❝❡ ❞❡ ♠♦❞✉❧❛t✐♦♥

P♦✉r ❞✐♠✐♥✉❡r ❧❡s ❡✛❡ts ♥é❢❛st❡s ❞❡ ❧❛ ♠ét❤♦❞❡s ❞❡ ♠♦❞✉❧❛t✐♦♥ ét✉❞✐é❡s ❞❛♥s ❧❡s ❞❡✉①
♣❛r❛❣r❛♣❤❡s ♣ré❝é❞❡♥ts✱ ❞❡ ❣r❛♥❞❡s ❢réq✉❡♥❝❡s ❞❡ ♠♦❞✉❧❛t✐♦♥s s♦♥t ♥é❝❡ss❛✐r❡s✳ ❈❡♣❡♥❞❛♥t✱
à tr♦♣ ❣r❛♥❞❡ ❢réq✉❡♥❝❡ ❞❡ ♠♦❞✉❧❛t✐♦♥✱ ❧❛ ♠♦❞✉❧❛t✐♦♥ ❧♦❝❛❧❡ ❞❡ ❧✬♦r✐❡♥t❛t✐♦♥ ❞✉ ❝❤❛♠♣
♠❛❣♥ét✐q✉❡ ♣❡✉t ❡♥tr❛î♥❡r ❞❡s r❡t♦✉r♥❡♠❡♥t ❞❡ s♣✐♥ ❞❡s ❛t♦♠❡s ❡t ❞♦♥❝ ❞❡s ♣❡rt❡s✳ ◆♦✉s
❛✈♦♥s ❝❛❧❝✉❧é ❧❡ t❛✉① ❞❡ ♣❡rt❡s✱ ❞❛♥s ❧❛ ❧✐♠✐t❡ ♦ù ❧❛ ❢réq✉❡♥❝❡ ❞❡ ♠♦❞✉❧❛t✐♦♥ ❡st é❧❡✈é❡ ♣❛r
r❛♣♣♦rt à ❧❛ ❢réq✉❡♥❝❡ ❞✉ ❝♦♥✜♥❡♠❡♥t tr❛♥s✈❡rs❡✳ P♦✉r ❝❡❧❛✱ ♥♦✉s ❛✈♦♥s à ♥♦✉✈❡❛✉ ✉t✐❧✐sé ❧❡
❢♦r♠❛❧✐s♠❡ ❞❡ ❋❧♦q✉❡t✳ ▲❡ t❛✉① ❞❡ ♣❡rt❡ ♦❜t❡♥✉ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ❢réq✉❡♥❝❡ ❞❡ ♠♦❞✉❧❛t✐♦♥
❡st ♣rés❡♥té s✉r ❧❛ ✜❣✉r❡ ✺✳✼✳ ◆♦✉s ♦❜s❡r✈♦♥s ❞✐✛ér❡♥t❡s rés♦♥❛♥❝❡s q✉✐ ❝♦rr❡s♣♦♥❞❡♥t
à ❧✬❛❜s♦r♣t✐♦♥ ❞✬✉♥ ♥♦♠❜r❡ ❞❡ ✏q✉❛♥t❛ ❞❡ ♠♦❞✉❧❛t✐♦♥✑ ❞✐✛ér❡♥ts ❧♦rs ❞✉ ♣r♦❝❡ss✉s ❞❡
r❡t♦✉r♥❡♠❡♥t ❞✉ s♣✐♥✳ ❊♥tr❡ ❞❡✉① rés♦♥❛♥❝❡s✱ ❧❛ ❝❤✉t❡ r❛♣✐❞❡ ❞✉ t❛✉① ❞❡ ♣❡rt❡s ❛✈❡❝
❧✬é❝❛rt à ❧❛ rés♦♥❛♥❝❡ ❡st ❞û ❛✉ ❢❛✐t q✉❡✱ ❧♦✐♥ ❞❡ rés♦♥❛♥❝❡✱ ❧✬ét❛t ✜♥❛❧ à ✉♥❡ ❣r❛♥❞❡ é♥❡r❣✐❡
❝✐♥ét✐q✉❡ ✿ s❛ ❢♦♥❝t✐♦♥ ❞✬♦♥❞❡ ♦s❝✐❧❧❡ r❛♣✐❞❡♠❡♥t ❡t ❧❡ ❢❛❝t❡✉r ❞❡ r❡❝♦✉✈r❡♠❡♥t ❛✈❡❝ ❧✬ét❛t
✐♥✐t✐❛❧ ❡st ♠❛✉✈❛✐s✳

✺✳✸ ❈♦♥❝❧✉s✐♦♥

▲❡s ét✉❞❡s q✉❡ ♥♦✉s ❛✈♦♥s ❡✛❡❝t✉é❡s s✉r ❧❛ r✉❣♦s✐té ❞❡s ❣✉✐❞❡s ❛t♦♠✐q✉❡s ✉t✐❧✐s❛♥t ❞❡s
♠✐❝r♦✜❧s ❝♦♥st✐t✉❡♥t ❞❡s ét❛♣❡s ✐♠♣♦rt❛♥t❡s ♣♦✉r ❧❛ ❝♦♠♠✉♥❛✉té ❞❡s ♣✉❝❡s ❛t♦♠✐q✉❡s✳
▲✬é❧✉❝✐❞❛t✐♦♥ ❞❡ ❧✬♦r✐❣✐♥❡ ❞❡ ❧❛ r✉❣♦s✐té ♣❡r♠❡t ❞❡ ❝♦♥♥❛îtr❡ ❧❡s ♣❛r❛♠ètr❡s à ❛♠é❧✐♦r❡r ❧♦rs
❞✉ ♣r♦❝❡ss✉s ❞❡ ❢❛❜r✐❝❛t✐♦♥✳ ▼❛❧❣ré ❧❡s ♣r♦❣rès ré❛❧✐sés ❡♥ ♠✐❝r♦❢❛❜r✐❝❛t✐♦♥✱ ♥♦✉s ♣❡♥s♦♥s
q✉❡ ❧❛ r✉❣♦s✐té ❞❡s ✜❧s s❡r❛ t♦✉❥♦✉rs ♣r♦❜❧é♠❛t✐q✉❡✳ ◆♦tr❡ ét✉❞❡ s✉r ❧✬❛♥♥✉❧❛t✐♦♥ ❞❡ ❧❛
r✉❣♦s✐té ♣❛r ✉♥❡ ♠ét❤♦❞❡ ❞❡ ♠♦❞✉❧❛t✐♦♥ ❡st ❞♦♥❝ ✐♠♣♦rt❛♥t❡✳ ❈❡tt❡ t❡❝❤♥✐q✉❡ ♦✉✈r❡ ❧❛
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♣♦rt❡ à ❞❡ ♥♦✉✈❡❧❧❡s ❡①♣ér✐❡♥❝❡s ❞❛♥s ❧❡ ❞♦♠❛✐♥❡ ❞❡s ♣✉❝❡s ❛t♦♠✐q✉❡s✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ❧❛
ré❛❧✐s❛t✐♦♥ s✉r ♣✉❝❡ ❞❡ ❣❛③ ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧s ❡♥ ✐♥t❡r❛❝t✐♦♥ ❢♦rt❡✱ q✉✐ ♥é❝❡ss✐t❡ à ❧❛ ❢♦✐s
✉♥ ❢♦rt ❝♦♥✜♥❡♠❡♥t tr❛♥s✈❡rs❡ ❡t ✉♥ très ❢❛✐❜❧❡ ❝♦♥✜♥❡♠❡♥t ❧♦♥❣✐t✉❞✐♥❛❧ ❡st ♠❛✐♥t❡♥❛♥t
❡♥✈✐s❛❣❡❛❜❧❡✳

❊♥ ♣❧✉s ❞❡ ❧❛ ré❞✉❝t✐♦♥ ❞❡ ❧❛ r✉❣♦s✐té✱ ✉♥ ❛✉tr❡ ❛✈❛♥t❛❣❡ ❞❡ ❧❛ ♠ét❤♦❞❡ ❞❡ ♠♦❞✉❧❛t✐♦♥
❡st ❞❡ r❡♥❞r❡ ❧❡ ♣♦t❡♥t✐❡❧ tr❛♥s✈❡rs❡ ❡✛❡❝t✐❢ ✭♠♦②❡♥♥é s✉r ✉♥❡ ♣ér✐♦❞❡✮ q✉❛s✐♠❡♥t ✐♥s❡♥s✐✲
❜❧❡ à t♦✉t ❝❤❛♠♣ ❡①t❡r♥❡ ♥♦♥ ♠♦❞✉❧é✳ ❈❡❝✐ ♣❡r♠❡t ❞✬❡♥✈✐s❛❣❡r ❞❡ ré❛❧✐s❡r ❞❡s ♣♦t❡♥t✐❡❧s
❝♦♠♣❧❡①❡s très s❡♥s✐❜❧❡s✱ ❡♥ ❧✬❛❜s❡♥❝❡ ❞❡ ♠♦❞✉❧❛t✐♦♥✱ à t♦✉t ❝❤❛♠♣ ❡①t❡r♥❡✳ P❛r ❡①❡♠♣❧❡✱
❧❡ ❞♦✉❜❧❡ ♣✉✐ts ❞❡ ♣♦t❡♥t✐❡❧ ré❛❧✐sé ♣❛r ❞❡s ✜❧s q✉❡ ♥♦✉s ❛✈♦♥s ♣r♦♣♦sé ❞❛♥s ❬✷✷❪ ♣❡✉t êtr❡
ré❛❧✐sé ❛✈❡❝ ❞❡s ❝♦✉r❛♥ts ♠♦❞✉❧és✳



❈❤❛♣✐tr❡ ✻

❋❧✉❝t✉❛t✐♦♥s ❞❡ ❞❡♥s✐té ❞❛♥s ✉♥ ❣❛③

q✉❛s✐✲✶❉

▲❡ ❝♦♠♣♦rt❡♠❡♥t ❞✬✉♥ s②stè♠❡ ♣❤②s✐q✉❡ ❞é♣❡♥❞ ❞❡ ❢❛ç♦♥ ❝r✉❝✐❛❧ ❞❡ s❛ ❞✐♠❡♥s✐♦♥♥❛❧✐té✳
❊♥ ♣❛rt✐❝✉❧✐❡r✱ ❧❛ ♣❤②s✐q✉❡ ❞❡s s②stè♠❡s ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧❧❡ ❡st très ❞✐✛ér❡♥t❡ ❞❡ ❧❛ ♣❤②s✐q✉❡
❞❡s s②stè♠❡s tr✐❞✐♠❡♥s✐♦♥♥❡❧s ❡t ❡❧❧❡ ❛ été ❧✬♦❜❥❡t ❞❡ ❜❡❛✉❝♦✉♣ ❞✬ét✉❞❡s t❤é♦r✐q✉❡s✳ ❙✐ ❧❡s
s②stè♠❡s ét✉❞✐és ❡①♣ér✐♠❡♥t❛❧❡♠❡♥t s♦♥t tr✐✲❞✐♠❡♥s✐♦♥♥❡❧s✱ ❡♥ ❝♦♥✜♥❛♥t s✉✣s❛♠♠❡♥t ✉♥
❞❡❣ré ♦✉ ❞❡✉① ❞❡❣ré ❞❡ ❧✐❜❡rté✱ ✐❧ ❡st ♣♦ss✐❜❧❡ ❞❡ ré❛❧✐s❡r ❞❡s s②stè♠❡s q✉✐ s❡ ❝♦♠♣♦rt❡♥t
❝♦♠♠❡ ❞❡s s②stè♠❡s ❜✐✲❞✐♠❡♥s✐♦♥♥❡❧s ♦✉ ✉♥✐✲❞✐♠❡♥s✐♦♥♥❡❧s✳ ▲✬ét✉❞❡ ❡①♣ér✐♠❡♥t❛❧❡ ❞❡s ❣❛③
❡♥ ❞✐♠❡♥s✐♦♥ ré❞✉✐t❡ ❡st r❡❧❛t✐✈❡♠❡♥t ré❝❡♥t❡ ❡t ❜❡❛✉❝♦✉♣ ❞❡ ♣❤é♥♦♠è♥❡s s♦♥t ❡♥❝♦r❡ à
❡①♣❧♦r❡r✳ ◆♦✉s ❛✈♦♥s ❝♦♥tr✐❜✉é à ❧✬ét✉❞❡ ❞❡s s②stè♠❡s ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧s✳ P❧✉s ♣ré❝✐sé♠❡♥t✱
♥♦✉s ❛✈♦♥s ét✉❞✐é ❧❡s ✢✉❝t✉❛t✐♦♥s ❞❡ ❞❡♥s✐té ❞❛♥s ❧❡s ❣❛③ ❞❡ ❇♦s♦♥s q✉❛s✐✲✉♥✐❞✐♠❡♥s✐♦♥♥❡❧s✳

❈♦♥tr❛✐r❡♠❡♥t à ✉♥ ❣❛③ ❞❡ ❇♦s♦♥s tr✐❞✐♠❡♥s✐♦♥♥❡❧✱ ✉♥ ❣❛③ ❞❡ ❇♦s♦♥s ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧
s❛♥s ✐♥t❡r❛❝t✐♦♥s ♥❡ ♣rés❡♥t❡ ♣❛s ❞❡ ♣❤é♥♦♠è♥❡ ❞❡ ❝♦♥❞❡♥s❛t✐♦♥ ❞❡ ❇♦s❡✲❊✐♥st❡✐♥ à ❧❛
❧✐♠✐t❡ t❤❡r♠♦❞②♥❛♠✐q✉❡ ✿ ❧❛ ♣♦♣✉❧❛t✐♦♥ ❞❡s ét❛ts ❡①❝✐tés ♥❡ s❛t✉r❡ ♣❛s ❧♦rsq✉❡ ❧❛ ❞❡♥s✐té
❛✉❣♠❡♥t❡ à t❡♠♣ér❛t✉r❡ ❝♦♥st❛♥t❡✳ ❈❡❝✐ ✐♠♣❧✐q✉❡ ❧❛ ♣rés❡♥❝❡ ❞❡ ✢✉❝t✉❛t✐♦♥s ❞❡ ❞❡♥s✐té
✐♠♣♦rt❛♥t❡s ❞❛♥s ❧❡ ♥✉❛❣❡ ❝❛r ❧❡ ♣❤é♥♦♠è♥❡ ❞❡ ❣r♦✉♣❡♠❡♥t ❜♦s♦♥✐q✉❡ ❡st t♦✉❥♦✉rs ♣rés❡♥t ✿
❧❛ ❢♦♥❝t✐♦♥ ❞❡ ❝♦rré❧❛t✐♦♥ à ❞❡✉① ❛t♦♠❡s à ❞✐st❛♥❝❡ ♥✉❧❧❡ ✈ér✐✜❡ g2(0) = 2✳ ❈❡ ❣r♦✉♣❡♠❡♥t
❞❡ ❇♦s♦♥s✱ ❞û ❛✉① ❝♦rré❧❛t✐♦♥s ❡♥tr❡ ❛t♦♠❡s ✐♥tr♦❞✉✐t❡s ♣❛r ❧❛ st❛t✐st✐q✉❡ q✉❛♥t✐q✉❡✱ ❡st
r❡s♣♦♥s❛❜❧❡ ❞✬✉♥ ❡①❝ès ❞❡ ✢✉❝t✉❛t✐♦♥s ❞❡ ❞❡♥s✐té ❝♦♠♣❛ré ❛✉ ❝❛s ❞✬✉♥ ❣❛③ ✐❞é❛❧ ❞✬❛t♦♠❡s
❞✐s❝❡r♥❛❜❧❡s✳

❊♥ ♣rés❡♥❝❡ ❞✬✐♥t❡r❛❝t✐♦♥s ré♣✉❧s✐✈❡s ❡♥tr❡ ❛t♦♠❡s✱ ❧❡s ✢✉❝t✉❛t✐♦♥s ❞❡ ❞❡♥s✐té s♦♥t ❝♦û✲
t❡✉s❡s ❡♥ é♥❡r❣✐❡✳ ❆ s✉✣s❛♠♠❡♥t ❤❛✉t❡ ❞❡♥s✐té✱ ❧❡s ✐♥t❡r❛❝t✐♦♥s ❡♥tr❡ ❛t♦♠❡s ✐♥tr♦❞✉✐s❡♥t
❞❡s ❝♦rré❧❛t✐♦♥s ❡♥tr❡ ❛t♦♠❡s q✉✐ ♣❡r♠❡tt❡♥t ❞✬❛❜❛✐ss❡r ❧✬é♥❡r❣✐❡ ❧✐❜r❡ ❞✉ ❣❛③✳ ❉❛♥s ❧❡ ❝❛s
♦ù ❧❡s ✐♥t❡r❛❝t✐♦♥s r❡st❡♥t ❢❛✐❜❧❡s ❢❛✐❜❧❡s✱ ▲❛ ❢♦♥❝t✐♦♥ g2(0) t❡♥❞ ✈❡rs ✶ ✿ ❝✬❡st ❧❡ ♣❤é♥♦♠è♥❡
❞❡ tr❛♥s✐t✐♦♥ ✈❡rs ✉♥ q✉❛s✐✲❝♦♥❞❡♥s❛t✳ ❈❡tt❡ tr❛♥s✐t✐♦♥ ♥✬❡st ♣❛s ✉♥❡ tr❛♥s✐t✐♦♥ ❞❡ ♣❤❛s❡
♠❛✐s ✉♥❡ tr❛♥s✐t✐♦♥ ♠♦❧❧❡✳

▲❡s rés✉❧t❛ts ❝✐✲❞❡ss✉s ♣❡rs✐st❡♥t ❞❛♥s ❧❡ ❝❛s ❞✬✉♥ ♥✉❛❣❡ ♣✐é❣é ❞❛♥s ✉♥ ♣✐è❣❡ ❤❛r♠♦♥✐q✉❡✳
❆ ❧❛ ❧✐♠✐t❡ t❤❡r♠♦❞②♥❛♠✐q✉❡ ♦ù ❧❛ ❢réq✉❡♥❝❡ ❞✬♦s❝✐❧❧❛t✐♦♥ t❡♥❞ ✈❡rs ✵ à ❞❡♥s✐té ♣✐❝ ❝♦♥✲
st❛♥t❡ ✭❝❡ q✉✐ ✐♠♣❧✐q✉❡ Nω❂❝st❡✮✱ ✐❧ ♥✬② ❛ ♣❛s ❞❡ s❛t✉r❛t✐♦♥ ❞❡ ❧❛ ♣♦♣✉❧❛t✐♦♥ ❞❡s ét❛ts
❡①❝✐tés ❡t ❞♦♥❝ ♣❛s ❞❡ ♣❤é♥♦♠è♥❡ ❞❡ ❝♦♥❞❡♥s❛t✐♦♥ ❞❡ ❇♦s❡✲❊✐♥st❡✐♥✳ ❊♥ ♣rés❡♥❝❡ ❞✬✐♥✲

✻✸
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t❡r❛❝t✐♦♥s ré♣✉❧s✐✈❡s ❡♥tr❡ ❛t♦♠❡s ❢❛✐❜❧❡s✱ ✉♥❡ tr❛♥s✐t✐♦♥ ♠♦❧❧❡ ✈❡rs ✉♥ q✉❛s✐✲❝♦♥❞❡♥s❛t
❡st ❛tt❡♥❞✉❡✳ ◆♦✉s ❛✈♦♥s ❞♦♥♥é ✉♥❡ ❡①♣r❡ss✐♦♥ ❛♥❛❧②t✐q✉❡ ♣♦✉r ❧❡s ♣❛r❛♠ètr❡s ❞❡ ❝❡tt❡
tr❛♥s✐t✐♦♥✳

❉❛♥s ❧❡ ❝❛s ❞✬✉♥ s②stè♠❡ ❞❡ t❛✐❧❧❡ ✜♥✐❡✱ à ❝❛✉s❡ ❞❡ ❧✬❡①✐st❡♥❝❡ ❞✬✉♥ ❣❛♣ ❡♥tr❡ ❧✬é♥✲
❡r❣✐❡ ❞❡ ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧ ❡t ❧✬é♥❡r❣✐❡ ❞❡s ét❛ts ❡①❝✐tés✱ ✉♥ ♣❤é♥♦♠è♥❡ ❞❡ ❝♦♥❞❡♥s❛t✐♦♥
❞û à ✉♥❡ s❛t✉r❛t✐♦♥ ❞❡s ét❛ts ❡①❝✐tés ♣❡✉t ❛✈♦✐r ❧✐❡✉ à ❧❛ ♣❧❛❝❡ ❞❡ ❧❛ tr❛♥s✐t✐♦♥ ✈❡rs ✉♥
q✉❛s✐✲❝♦♥❞❡♥s❛t✳ ❉❛♥s ❧❡ ❝❛s ❞✬✉♥ ❝♦♥✜♥❡♠❡♥t ❤❛r♠♦♥✐q✉❡✱ ♥♦✉s ❛✈♦♥s ❞ét❡r♠✐♥é à q✉❡❧❧❡
❝♦♥❞✐t✐♦♥ s✉r ❧❡ ❝♦♥✜♥❡♠❡♥t ❧❡ ♥♦♠❜r❡ ❞✬❛t♦♠❡s ❝❡ ♣❤é♥♦♠è♥❡ ❞❡ ❝♦♥❞❡♥s❛t✐♦♥ ♣♦✉✈❛✐t
❛✈♦✐r ❧✐❡✉✳

❊♥ ♠❡s✉r❛♥t ❧❡s ✢✉❝t✉❛t✐♦♥s ❞❡ ❞❡♥s✐té à ♣❛rt✐r ❞✉ ❜r✉✐t s✉r ❞❡s ✐♠❛❣❡s ❡♥ ❛❜s♦r♣t✐♦♥✱
♥♦✉s ❛✈♦♥s ét✉❞✐é ❧❛ tr❛♥s✐t✐♦♥ ✈❡rs ✉♥ q✉❛s✐✲❝♦♥❞❡♥s❛t ❞❛♥s ✉♥ ♥✉❛❣❡ q✉❛s✐✲✉♥✐❞✐♠❡♥s✐♦♥♥❡❧
♣✐é❣é ❞❛♥s ✉♥ ♠✐❝r♦✲♣✐è❣❡ très ❛❧❧♦♥❣é✳ ❆ ❢❛✐❜❧❡ ❞❡♥s✐té ❛t♦♠✐q✉❡✱ ♥♦✉s ❛✈♦♥s ♠✐s ❡♥ é✈✐✲
❞❡♥❝❡ ❧❡ ♣❤é♥♦♠è♥❡ ❞❡ ❣r♦✉♣❡♠❡♥t ❜♦s♦♥✐q✉❡ q✉✐ s❡ tr❛❞✉✐t ♣❛r ✉♥ ❡①❝ès ❞❡ ✢✉❝t✉❛t✐♦♥s
❝♦♠♣❛ré ❛✉① ✢✉❝t✉❛t✐♦♥s ❛tt❡♥❞✉ ❞❛♥s ❧❡ ❝❛s ❞✬❛t♦♠❡s ♥♦♥ ❝♦rré❧és✳ ❆ ♣❧✉s ❤❛✉t❡ ❞❡♥s✐té✱
♥♦✉s ❛✈♦♥s ♠✐s ❡♥ é✈✐❞❡♥❝❡ ❧❛ ❞✐♠✐♥✉t✐♦♥ ❞❡s ✢✉❝t✉❛t✐♦♥s ❞❡ ❞❡♥s✐té ❝❛r❛❝tér✐st✐q✉❡ ❞❡ ❧❛
tr❛♥s✐t✐♦♥ ✈❡rs ✉♥ q✉❛s✐✲❝♦♥❞❡♥s❛t✳ ❉✬❛✉tr❡ ♣❛rt✱ ♥♦✉s ❛✈♦♥s ♠♦♥tré q✉❡ ❧❛ tr❛♥s✐t✐♦♥ ✈❡rs
❧❡ q✉❛s✐✲❝♦♥❞❡♥s❛t ❞❛♥s ♥♦tr❡ ❡①♣ér✐❡♥❝❡ ♥✬❡st ♣❛s ❞û❡ à ✉♥❡ s❛t✉r❛t✐♦♥ ❞❡ ❧❛ ♣♦♣✉❧❛t✐♦♥
❞❡s ét❛ts ❡①❝✐tés✳ P❧✉s ♣ré❝✐sé♠❡♥t✱ ✉♥ ❝❛❧❝✉❧ ❞❛♥s ❧❡q✉❡❧ ❧❡s ✐♥t❡r❛❝t✐♦♥s ❡♥tr❡ ❛t♦♠❡s s♦♥t
♣r✐s❡s ❡♥ ❝♦♠♣t❡s ✉♥✐q✉❡♠❡♥t ✈✐❛ ✉♥ ❝❤❛♠♣ ♠♦②❡♥✱ ❧❡s ❛t♦♠❡s ét❛♥t t♦✉❥♦✉rs ❝♦♥s✐❞érés
❝♦♠♠❡ ❞❡s ❇♦s♦♥s s❛♥s ✐♥t❡r❛❝t✐♦♥s✱ ✭t❤é♦r✐❡ ❍❛rtr❡❡✲❋♦❝❦✮ ♥❡ ♣ré❞✐t ♣❛s ❧✬❛♣♣❛r✐t✐♦♥ ❞✉
q✉❛s✐✲❝♦♥❞❡♥s❛t ❞❛♥s ♥♦tr❡ ❡①♣ér✐❡♥❝❡✳

❈❡ ❝❤❛♣✐tr❡ ❡st ♦r❣❛♥✐sé ❞❡ ❧❛ ❢❛ç♦♥ s✉✐✈❛♥t❡✳ ❉❛♥s ❧❛ ♣r❡♠✐èr❡ s❡❝t✐♦♥✱ ♥♦✉s ♣rés❡♥t♦♥s
♥♦s rés✉❧t❛ts t❤é♦r✐q✉❡s✱ ♣✉❜❧✐és ❞❛♥s ❬✾❪✱ s✉r ❧❛ tr❛♥s✐t✐♦♥ ✈❡rs ✉♥ q✉❛s✐✲❝♦♥❞❡♥s❛t ❞❛♥s
✉♥ ❣❛③ ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧ ❝♦♥✜♥é ❞❛♥s ✉♥ ♣✐è❣❡ ❤❛r♠♦♥✐q✉❡✳ ❉❛♥s ❧❛ ❞❡✉①✐è♠❡ s❡❝t✐♦♥✱
♥♦✉s ♣rés❡♥t♦♥s ♥♦s ♠❡s✉r❡s ❞❡ ✢✉❝t✉❛t✐♦♥s ❞❡ ❞❡♥s✐té ❞❛♥s ❧❡s ❣❛③ q✉❛s✐✲✉♥✐❞✐♠❡♥s✐♦♥♥❡❧✳
❈❡s rés✉❧t❛ts s♦♥t ♣✉❜❧✐és ❞❛♥s ❧✬❛rt✐❝❧❡ ❬✷✶❪✳ ❉❛♥s ❧❛ tr♦✐s✐è♠❡ s❡❝t✐♦♥✱ ♥♦✉s ♣rés❡♥t♦♥s
❧❡s rés✉❧t❛ts ❞❡ ❧✬❛rt✐❝❧❡ ❬✾✼❪ q✉✐ ♠♦♥tr❡♥t q✉❡ ❧❛ tr❛♥s✐t✐♦♥ ✈❡rs ✉♥ q✉❛s✐✲❝♦♥❞❡♥s❛t q✉❡
♥♦✉s ♦❜s❡r✈♦♥s ❡①♣ér✐♠❡♥t❛❧❡♠❡♥t ♥✬❡st ♣❛s ❡①♣❧✐❝❛❜❧❡ ♣❛r ❧❛ t❤é♦r✐❡ ❞❡ ❍❛rtr❡❡✲❋♦❝❦✳
❋✐♥❛❧❡♠❡♥t ♥♦✉s ❝♦♥❝❧✉♦♥s ❝❡ ❝❤❛♣✐tr❡✳

✻✳✶ ❚r❛♥s✐t✐♦♥ ✈❡rs ✉♥ q✉❛s✐✲❝♦♥❞❡♥s❛t ❞❛♥s ✉♥ ❣❛③ ❞❡
❇♦s❡ ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧ ❝♦♥✜♥é ❞❛♥s ✉♥ ♣✐è❣❡ ❤❛r✲
♠♦♥✐q✉❡

❉❛♥s ❝❡tt❡ s❡❝t✐♦♥✱ ♥♦✉s ♣rés❡♥t♦♥s ❧❡s rés✉❧t❛ts t❤é♦r✐q✉❡s q✉❡ ♥♦✉s ❛✈♦♥s ♦❜t❡♥✉s
❝♦♥❝❡r♥❛♥t ❧❛ tr❛♥s✐t✐♦♥ ✈❡rs ✉♥ q✉❛s✐✲❝♦♥❞❡♥s❛t ❞❛♥s ❣❛③ ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧ ❝♦♥✜♥é ❞❛♥s
✉♥ ♣✐è❣❡ ❤❛r♠♦♥✐q✉❡✳ P♦✉r ❝♦♠♣r❡♥❞r❡ ❝❡ q✉✐ s❡ ♣❛ss❡ ❞❛♥s ✉♥ ♣✐è❣❡ ❤❛r♠♦♥✐q✉❡✱ ✐❧ ❡st
♥é❝❡ss❛✐r❡ ❞❡ ❝♦♥♥❛îtr❡ ❧❡s rés✉❧t❛ts ❝♦♥❝❡r♥❛♥t ❧❡s ❣❛③ ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧s ❤♦♠♦❣è♥❡s✳ ❈✬❡st
♣♦✉rq✉♦✐ ❧❛ ♣r❡♠✐èr❡ ♣❛rt✐❡ ❞❡ ❝❡tt❡ s❡❝t✐♦♥ ❡st ❝♦♥s❛❝ré❡ à ✉♥ r❛♣♣❡❧ s✉r ❧❛ tr❛♥s✐t✐♦♥
✈❡rs ✉♥ q✉❛s✐✲❝♦♥❞❡♥s❛t ❞❛♥s ❧❡s ❣❛③ ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧s ❤♦♠♦❣è♥❡s✳ ▲❛ ❞❡✉①✐è♠❡ s♦✉s✲
s❡❝t✐♦♥ ♣rés❡♥t❡ ❧❡s rés✉❧t❛ts ♦❜t❡♥✉s ❞❛♥s ❧❡ ❝❛s ❞✬✉♥ ❣❛③ ♣✐é❣é ❞❛♥s ✉♥ ♣✐è❣❡ ❤❛r♠♦♥✐q✉❡✳



✻✳✶✳ ❚❘❆◆❙■❚■❖◆ ❱❊❘❙ ❯◆ ◗❯❆❙■✲❈❖◆❉❊◆❙❆❚ ✻✺

P❧✉s ♣ré❝✐sé♠❡♥t✱ ❧❡s ♣❛r❛♠ètr❡s ❞❡ ❧❛ tr❛♥s✐t✐♦♥ ✈❡rs ✉♥ q✉❛s✐✲❝♦♥❞❡♥s❛t s♦♥t ❝❛❧❝✉❧és✳ ▲❛
tr♦✐s✐è♠❡ s♦✉s✲s❡❝t✐♦♥ ❞♦♥♥❡ ❧❡s ❝♦♥❞✐t✐♦♥s ♣♦✉r q✉❡ ❝❡tt❡ tr❛♥s✐t✐♦♥ ♥❡ s♦✐t ♣❛s ♦❝❝✉❧té❡
♣❛r ✉♥ ♣❤é♥♦♠è♥❡ ❞❡ ❝♦♥❞❡♥s❛t✐♦♥ ❞❡ ❇♦s❡ ❞û à ❧❛ t❛✐❧❧❡ ✜♥✐❡ ❞✉ s②stè♠❡✳ ❉❛♥s ❧❛ q✉❛✲
tr✐è♠❡ s♦✉s✲s❡❝t✐♦♥ ✱ ♥♦✉s ♣rés❡♥t♦♥s ✉♥❡ ét✉❞❡ ❞❡s ❝♦♥❞✐t✐♦♥s ❞✬❛♣♣❧✐❝❛t✐♦♥s ❞❡s rés✉❧t❛ts
♦❜t❡♥✉s ❛✉ ❝❛s ❞❡ s②stè♠❡s ré❡❧s tr✐❞✐♠❡♥s✐♦♥♥❡❧s✳

✻✳✶✳✶ ●❛③ ✶❉ ❡♥ ✐♥t❡r❛❝t✐♦♥ ❢❛✐❜❧❡

▲❡ s②stè♠❡ ❞❡ ❇♦s♦♥s ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧ ❛②❛♥t ❞❡s ✐♥t❡r❛❝t✐♦♥s ré♣✉❧s✐✈❡s ♣♦♥❝t✉❡❧❧❡s
❡st ✉♥ s②stè♠❡ ❡①❛❝t❡♠❡♥t s♦❧✉❜❧❡ ❞❡ ❧❛ ♣❤②s✐q✉❡ à ◆ ❝♦r♣s❬✻✸❪✳ ▲❡s ♣r♦♣r✐étés t❤❡r♠♦✲
❞②♥❛♠✐q✉❡s ♣❡✉✈❡♥t êtr❡ ❝❛❧❝✉❧é❡s ♥✉♠ér✐q✉❡♠❡♥t❬✶✵✾❪✱ q✉❡❧ q✉❡ s♦✐t ❧❡ ♣❛r❛♠ètr❡ ❞✬✐♥✲
t❡r❛❝t✐♦♥ ❡t ❧❛ t❡♠♣ér❛t✉r❡✳ ❈❡s rés✉❧t❛ts t❤é♦r✐q✉❡s ♦♥t ♣❡r♠✐s ❞❡ ❝❛❧❝✉❧❡r ❜❡❛✉❝♦✉♣ ❞❡
♣r♦♣r✐étés ❞❡s ❣❛③ ❞❡ ❇♦s♦♥s ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧s ❝♦♠♠❡ ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ❝♦rré❧❛t✐♦♥ à ❞❡✉①
❝♦r♣s à ❞✐st❛♥❝❡ ♥✉❧❧❡❬✺✸❪ ♦✉ ❧❛ ❞✐str✐❜✉t✐♦♥ ❡♥ ✐♠♣✉❧s✐♦♥❬✼✻❪✳ ❯♥ ♣❛r❛♠ètr❡ ✐♠♣♦rt❛♥t ❡st
❧❡ ♣❛r❛♠ètr❡ ❞✬✐♥t❡r❛❝t✐♦♥ γ = mg/(h̄2n) ♦ù g ❡st ❧❛ ❝♦♥st❛♥t❡ ❞❡ ❝♦✉♣❧❛❣❡✱ m ❧❛ ♠❛ss❡ ❞❡s
❛t♦♠❡s ❡t n ❧❛ ❞❡♥s✐té ❧✐♥é❛✐r❡✳ ❈❡ ♣❛r❛♠ètr❡ ❞ét❡r♠✐♥❡ ❧✬ét❛t ❞✉ s②stè♠❡ à t❡♠♣ér❛t✉r❡
❢❛✐❜❧❡✳ P♦✉r ❞❡s ✐♥t❡r❛❝t✐♦♥s ❡♥tr❡ ❛t♦♠❡s ❛ss❡③ ❢♦rt❡s ♣♦✉r q✉❡ ❧❛ ❝♦♥❞✐t✐♦♥ γ ≫ 1 s♦✐t
✈ér✐✜é❡✱ ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ❝♦rré❧❛t✐♦♥ à ❞❡✉① ❝♦r♣s à ❞✐st❛♥❝❡ ♥✉❧❧❡ g2(0) ❡st très ♣❡t✐t❡ ❞❡✈❛♥t
✉♥✳ ▲❡ ❣❛③ ❛❝q✉✐❡rt ❛❧♦rs ❞❡s ♣r♦♣r✐étés ♣r♦❝❤❡s ❞❡ ❝❡❧❧❡s ❞✬✉♥ ❣❛③ ❞❡ ❋❡r♠✐♦♥s ❞❛♥s ❧❡q✉❡❧
❧❡ ♣r✐♥❝✐♣❡ ❞❡ P❛✉❧✐ ✐♠♣♦s❡ g2(0) = 0✳ ❈✬❡st ❧❛ ❧✐♠✐t❡ ❞✉ ❣❛③ ❞❡ ●✐r❛r❞❡❛✉❬✸✶❪ ❛✉ss✐ ❛♣♣❡❧é❡
ré❣✐♠❡ ❞✬✐♥t❡r❛❝t✐♦♥ ❢♦rt❡s✳ ❆✉ ❝♦♥tr❛✐r❡✱ ❞❛♥s ❧❛ ❧✐♠✐t❡ γ ≪ 1✱ ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ❝♦rré❧❛t✐♦♥ à
❞❡✉① ❝♦r♣s à ❞✐st❛♥❝❡ ♥✉❧❧❡ g2(0) ❡st ❞❡ ❧✬♦r❞r❡ ❞❡ ✉♥✱ ❝♦♠♠❡ ❞❛♥s ✉♥ ❝♦♥❞❡♥s❛t ❞❡ ❇♦s❡✲
❊✐♥st❡✐♥✳ ❉❛♥s ❝❡tt❡ ❧✐♠✐t❡✱ ❛♣♣❡❧é❡ ❧✐♠✐t❡ ❞✬✐♥t❡r❛❝t✐♦♥ ❢❛✐❜❧❡✱ ❧❡ ❣❛③ ❡st ❜✐❡♥ ❞é❝r✐t ♣❛r ❧❛
t❤é♦r✐❡ ❞❡s q✉❛s✐✲❝♦♥❞❡♥s❛ts✳ ◆♦✉s ❛✈♦♥s ✐❝✐ ❝♦♥s✐❞éré ✉♥❡ t❡♠♣ér❛t✉r❡ ♥✉❧❧❡✳ ❊♥ ét✉❞✐❛♥t
❧❡s ♣r♦♣r✐étés ❝♦❧❧✐s✐♦♥♥❡❧❧❡s✱ ▼✳ ❖❧s❤❛♥✐✐ ❬✼✺❪ ❛ ♠♦♥tré q✉❡ ❧❡ ré❣✐♠❡ ❞❡ ❢❡r♠✐♦♥✐s❛t✐♦♥✱
q✉✐ ♥é❝❡ss✐t❡ ❧❛ ❝♦♥❞✐t✐♦♥ γ ≫ 1✱ ❡st ✈❛❧❛❜❧❡ t❛♥t q✉❡ ❧❛ t❡♠♣ér❛t✉r❡ ❡st très ✐♥❢ér✐❡✉r❡ à
mg2/h̄2✳

▲❡ r❛✐s♦♥♥❡♠❡♥t s✐♠♣❧❡ ❝✐✲❞❡ss♦✉s ♣❡r♠❡t ❞❡ r❡tr♦✉✈❡r ❧❡s rés✉❧t❛ts é♥♦♥❝és ♣ré❝é❞❡♠✲
♠❡♥t ❡t ❞♦♥♥❡ ✉♥ s❡♥s ♣❤②s✐q✉❡ ❛✉① ❞❡✉① ré❣✐♠❡s✳ ▲✬ét❛t ❢♦♥❞❛♠❡♥t❛❧ ❞✉ ❣❛③ ♣❡✉t ♣r❡♥❞r❡
❞❡✉① ❢♦r♠❡s ❛s②♠♣t♦t✐q✉❡s ❞✐✛ér❡♥t❡s✱ ❝♦♠♠❡ s❝❤é♠❛t✐sé ❋✐❣✳✻✳✶ ✿ ♦✉ ❜✐❡♥ ❧❡s ♣♦s✐t✐♦♥s
❞❡s ❛t♦♠❡s s♦♥t ❢♦rt❡♠❡♥t ❝♦rré❧é❡s ❞❡ ❢❛ç♦♥ à ❝❡ q✉❡ ❞❡✉① ❛t♦♠❡s ♥❡ s❡ tr♦✉✈❡♥t ❥❛♠❛✐s
❛✉ ♠ê♠❡ ❡♥❞r♦✐t✱ ♦✉ ❜✐❡♥ ❛✉ ❝♦♥tr❛✐r❡✱ ❧❛ ♣♦s✐t✐♦♥ ❞✬✉♥ ❛t♦♠❡ ♥✬❡st q✉❡ très ❢❛✐❜❧❡♠❡♥t
❝♦rré❧é à ❧❛ ♣♦s✐t✐♦♥ ❞❡s ❛✉tr❡s ❛t♦♠❡s ❡t ❧❡s ❛t♦♠❡s s❡ ✏r❡❝♦✉✈r❡♥t✑✳ ❉❛♥s ❧❡ ♣r❡♠✐❡r ❝❛s✱
❧✬é♥❡r❣✐❡ ❞❡s ❛t♦♠❡s ❞✉ ❣❛③ ❡st ✉♥✐q✉❡♠❡♥t ❞❡ ❧✬é♥❡r❣✐❡ ❝✐♥ét✐q✉❡ ♣✉✐sq✉❡ ❧❡s ✐♥t❡r❛❝t✐♦♥s
❡♥tr❡ ❛t♦♠❡s s♦♥t ♣♦♥❝t✉❡❧❧❡s ❡t ❞❡✉① ❛t♦♠❡s ♥❡ s❡ tr♦✉✈❡♥t ❥❛♠❛✐s ❛✉ ♠ê♠❡ ❡♥❞r♦✐t✳
❈❡tt❡ é♥❡r❣✐❡ ❡st ❞❡ ❧✬♦r❞r❡ ❞❡ h̄2n2/m ♣✉✐sq✉❡ ❧❛ ❢♦♥❝t✐♦♥ ❞✬♦♥❞❡ ❞✬✉♥ ❛t♦♠❡✱ à ♣♦s✐t✐♦♥
❞❡s N − 1 ❛✉tr❡s ❛t♦♠❡s ❞♦♥♥é❡s✱ ♣rés❡♥t❡ ❞❡s ③ér♦s ❡s♣❛❝és ❞❡ 1/n ❡♥ ♠♦②❡♥♥❡✳ ❉❛♥s ❧❡
❞❡✉①✐è♠❡ ❝❛s✱ ❝❤❛q✉❡ ❛t♦♠❡ ❡st ❞é❧♦❝❛❧✐sé s✉r ✉♥❡ ❣r❛♥❞❡ ③♦♥❡ ❡t ❛ ♣❡✉ ❞✬é♥❡r❣✐❡ ❝✐♥ét✐q✉❡✳
P❛r ❝♦♥tr❡✱ ✐❧ ✐♥t❡r❛❣✐t ❛✈❡❝ ❧❡s ❛✉tr❡s ❛t♦♠❡s✳ ▲✬é♥❡r❣✐❡ ❞✬✐♥t❡r❛❝t✐♦♥ ❡st ♣r♦♣♦rt✐♦♥♥❡❧❧❡
à ❧❛ ♣r♦❜❛❜✐❧✐té ❝♦♥❞✐t✐♦♥♥❡❧❧❡ ❞✬❛✈♦✐r ✉♥ ❞❡✉①✐è♠❡ ❛t♦♠❡ s✐t✉é ❛✉ ♠ê♠❡ ❡♥❞r♦✐t q✉✬✉♥
♣r❡♠✐❡r ❛t♦♠❡✱ ❝✬❡st à ❞✐r❡ à ng2(0)✳ P✉✐sq✉❡ g2(0) ≃ 1 ♣♦✉r ❞❡s ❛t♦♠❡s ♥♦♥ ❝♦rré❧és✱
❧✬é♥❡r❣✐❡ ❞✉ ❣❛③ ♣❛r ❛t♦♠❡ ❡st ❞♦♥❝ ❞❡ ❧✬♦r❞r❡ ❞❡ ng✳ ❊♥ ❝♦♠♣❛r❛♥t ❧❡s é♥❡r❣✐❡s ❛ss♦❝✐é❡s
à ❧✬ét❛t ❢♦rt❡♠❡♥t ❝♦rré❧é ❡t à ❧✬ét❛t ♣❡✉ ❝♦rré❧é✱ ♦♥ r❡tr♦✉✈❡ q✉❡ ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧ ❞✉
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z

ψ

z

ψ

≃ 1/n

✭❛✮ ✭❜✮

❋✐❣✳ ✻✳✶ ✕ ■♥t❡r♣rét❛t✐♦♥ ✏❛✈❡❝ ❧❡s ♠❛✐♥s✑ ❞❡s ré❣✐♠❡s ❞✬✐♥t❡r❛❝t✐♦♥ ❢❛✐❜❧❡ ✭❣r❛♣❤❡ ❛✮ ❡t
❢♦rt❡ ✭❣r❛♣❤❡ ❜✮ ❞✬✉♥ ❣❛③ ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧✳ ❉❛♥s ❧❡ ré❣✐♠❡ ❞✬✐♥t❡r❛❝t✐♦♥ ❢❛✐❜❧❡✱ ❧❛ ❢♦♥❝t✐♦♥
❞✬♦♥❞❡ ❞✬✉♥ ❛t♦♠❡ ψ(z1)✱ à ♣♦s✐t♦♥ ❞❡s ❛✉tr❡s ❛t♦♠❡s ❞♦♥♥é❡✱ ✈❛r✐❡ ♣❡✉ s✉r ❧✬é❝❤❡❧❧❡ 1/n✳
❆✉ ❝♦♥tr❛✐r❡✱ ❞❛♥s ❧❡ ré❣✐♠❡ ❞✬✐♥t❡r❛❝t✐♦♥ ❢♦rt❡✱ ❧❛ ❢♦♥❝t✐♦♥ ❞✬♦♥❞❡ s✬❛♥♥✉❧❡ ♣♦✉r ❧♦rsq✉❡
z1 ❡st é❣❛❧❡ à ❧❛ ♣♦s✐t✐♦♥ ❞✬✉♥ ❛✉tr❡ ❛t♦♠❡✳

❣❛③ ❡st ❧✬ét❛t ❢♦rt❡♠❡♥t ❝♦rré❧é ✭ré❣✐♠❡ ❞❡ ❚♦♥❦s✲●✐r❛r❞❡❛✉✮ ♣♦✉r γ ≫ 1 ❛❧♦rs q✉❡ ❧✬ét❛t
❢♦♥❞❛♠❡♥t❛❧ ❡st ❧✬ét❛t ♣❡✉ ❝♦rré❧é ✭ré❣✐♠❡ ❞❡ q✉❛s✐✲❝♦♥❞❡♥s❛t✮ ♣♦✉r γ ≪ 1✶✳ ❉❛♥s ❧❛ s✉✐t❡✱
♥♦✉s ♥♦✉s ♣❧❛❝❡r♦♥s t♦✉❥♦✉rs ❞❛♥s ❧❛ ❧✐♠✐t❡ ❞✬✐♥t❡r❛❝t✐♦♥s ❢❛✐❜❧❡s ♦ù γ ≪ 1✳

▲❛ ✜❣✉r❡ ✻✳✷ ❞♦♥♥❡ ❧❡s ♣r✐♥❝✐♣❛❧❡s ❝❛r❛❝tér✐st✐q✉❡s ❞✬✉♥ ❣❛③ ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧ ❡♥ ✐♥t❡r✲
❛❝t✐♦♥ ❢❛✐❜❧❡✱ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ❞❡♥s✐té ♣♦✉r ✉♥❡ t❡♠♣ér❛t✉r❡ ❞♦♥♥é❡✳ ❆ ❢❛✐❜❧❡ ❞❡♥s✐té✱ ❧❡s
✐♥t❡r❛❝t✐♦♥s ❡♥tr❡ ❛t♦♠❡s ♦♥t ✉♥❡ ❡✛❡t ♥é❣❧✐❣❡❛❜❧❡ ❡t ❧❡ ❣❛③ ❡st ❜✐❡♥ ❞é❝r✐t ♣❛r ✉♥ ❣❛③ ✐❞é❛❧✳
❈❡ ré❣✐♠❡ s❡ s❝✐♥❞❡ ❡♥ ❞❡✉① ♣❛rt✐❡s✳ ❆ très ❢❛✐❜❧❡ ❞❡♥s✐té✱ ❧❡ ❣❛③ ❡st très ♥♦♥ ❞é❣é♥éré✳
▲❛ ❢♦♥❝t✐♦♥ ❞❡ ❝♦rré❧❛t✐♦♥ à ✉♥ ❝♦r♣s ❛ ✉♥❡ ❧♦♥❣✉❡✉r ❞❡ ❝♦❤ér❡♥❝❡ é❣❛❧❡ à ❧❛ ❧♦♥❣✉❡✉r
❞✬♦♥❞❡ ❞❡ ❞❡ ❇r♦♦❣❧✐❡ h̄/

√
Tm✳ ▲❡ t❤é♦rè♠❡ ❞❡ ❲✐❝❦ s✬❛♣♣❧✐q✉❡ ♣✉✐sq✉❡ ❧❡ ❣❛③ ❡st ❜✐❡♥

r❡♣rés❡♥té ♣❛r ✉♥ ❣❛③ s❛♥s ✐♥t❡r❛❝t✐♦♥s✳ ▲❛ ❢♦♥❝t✐♦♥ ❞❡ ❝♦rré❧❛t✐♦♥ à ❞❡✉① ❝♦r♣s à ❞♦♥❝
❛✉ss✐ ✉♥❡ ❧♦♥❣✉❡✉r ❞❡ ❝♦rré❧❛t✐♦♥ ❞❡ ❧✬♦r❞r❡ ❞❡ h̄/

√
Tm ✭à ✉♥ ❢❛❝t❡✉r

√
2 ♣rès✮✳ ▲♦rsq✉❡ ❧❛

❞❡♥s✐té ❞❡✈✐❡♥t ❞❡ ❧✬♦r❞r❡ ❞❡
√
mT/h̄✱ ❧❡ ❣❛③ ❞❡✈✐❡♥t ❞é❣é♥éré ❡t ❧❛ ❧♦♥❣✉❡✉r ❞❡ ❝♦rré❧❛t✐♦♥

❞❡s ❢♦♥❝t✐♦♥s ❞❡ ❝♦rré❧❛t✐♦♥ à ✉♥ ❡t à ❞❡✉① ❝♦r♣s ❛✉❣♠❡♥t❡♥t✳ ❉❛♥s ❧❛ ❧✐♠✐t❡ ❞✬✉♥ ❣❛③
très ❞é❣é♥éré✱ ♦❜t❡♥✉❡ ♣♦✉r n≫

√
mT/h̄✱ ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ❝♦rré❧❛t✐♦♥ ❞é❝r♦ît ❡①♣♦♥❡♥t✐❡❧❧❡✲

♠❡♥t ❡♥ e−mTz/(nh̄
2) à ❣r❛♥❞❡ ❞✐st❛♥❝❡ ✿ ❧❛ ❧♦♥❣✉❡✉r ❞❡ ❝♦rré❧❛t✐♦♥ ❞❡s ❢♦♥❝t✐♦♥s g1 ❡t g2

❛✉❣♠❡♥t❡♥t ❝♦♠♠❡ h̄2n/(mT )✳ ❉❛♥s ❝❡ ré❣✐♠❡ ❞❡ ❣❛③ très ❞é❣é♥éré✱ ❧❛ ✈❛❧❡✉r ❛❜s♦❧✉❡ ❞✉
♣♦t❡♥t✐❡❧ ❝❤✐♠✐q✉❡ ❡st ✉♥❡ é❝❤❡❧❧❡ ❞✬é♥❡r❣✐❡ ✐♠♣♦rt❛♥t❡ ❞❛♥s ❧❡ s②stè♠❡ ❡t ❡❧❧❡ ❡st ❞❡ ❧✬♦r❞r❡
❞❡ mT 2/(h̄2n2)✳

▲♦rsq✉❡ ❧❛ ❞❡♥s✐té ❞❡✈✐❡♥t ❞❡ ❧✬♦r❞r❡ ❞❡

nco =

(

mT 2

h̄2g

)1/3

, ✭✻✳✶✮

✶◆♦t♦♥s q✉❡ ❧❡ ♠ê♠❡ r❛✐s♦♥♥❡♠❡♥t ♣♦✉r ✉♥ ❣❛③ tr✐❞✐♠❡♥s✐♦♥♥❡❧ ♠♦♥tr❡ q✉❡ ❧✬ét❛t ❢❛✐❜❧❡♠❡♥t ❝♦rré❧é ❡st
❛tt❡♥❞✉ ♣♦✉r ✉♥❡ ❞❡♥s✐té ❛t♦♠✐q✉❡ ρ q✉✐ ✈ér✐✜❡ ρa3 ≪ 1✱ ♦ù a = mg/(4πh̄2) ❡st ❧❛ ❧♦♥❣✉❡✉r ❞❡ ❞✐✛✉s✐♦♥✳
❊♥ ♦♣♣♦s✐t✐♦♥ ❛✈❡❝ ❧❡s ❣❛③ ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧s✱ ❧❡ ré❣✐♠❡ ❞✬✐♥t❡r❛❝t✐♦♥s ❢❛✐❜❧❡s à ✸❉ ❡st ❞♦♥❝ ♦❜t❡♥✉ à ❢❛✐❜❧❡
❞❡♥s✐té ❛t♦♠✐q✉❡✳
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2

1

nco

g2(0)

1/λdB

❣❛③ ✐❞❡❛❧ q✉❛s✐✲❝♦♥❞❡♥s❛t

n

n

✢✉❝t✉❛t✐♦♥s q✉❛♥t✐q✉❡s

t❤♦r✐❡ ❞❡ ❝❤❛♠♣
❝❧❛ss✐q✉❡

µ

✵

n

λdB

lc

h̄/
√
mgnco

−T

❋✐❣✳ ✻✳✷ ✕ ❉✐✛ér❡♥ts ré❣✐♠❡s ❞✬✉♥ ❣❛③ ✉♥✐✲❞✐♠❡♥s✐♦♥♥❡❧ ❡♥ ✐♥t❡r❛❝t✐♦♥ ❢❛✐❜❧❡✳ ❙♦♥t
r❡♣rés❡♥tés✱ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ❧❛ ❞❡♥s✐té ❧✐♥é✐q✉❡ n ♣♦✉r ✉♥❡ t❡♠♣ér❛t✉r❡ ❞♦♥♥é❡ ✿ ❧❛ ❢♦♥❝t✐♦♥
❞❡ ❝♦rré❧❛t✐♦♥ à ✷ ❝♦r♣s à ❞✐st❛♥❝❡ ♥✉❧❧❡ ✭❣r❛♣❤❡ ❞✉ ❤❛✉t✮✱ ❧❡s ❧♦♥❣✉❡✉rs ❞❡ ❝♦rré❧❛t✐♦♥ ❞❡s
❢♦♥❝t✐♦♥s ❞❡ ❝♦rré❧❛t✐♦♥ à ✶ ✭❝♦✉r❜❡ ♣❧❡✐♥❡✮ ❡t à ✷ ❝♦r♣s ✭❝♦✉r❜❡ ♣♦✐♥t✐❧❧é❡✮ ✭❣r❛♣❤❡ ❞✉ ♠✐✲
❧✐❡✉✮ ❡t ❧❡ ♣♦t❡♥t✐❡❧ ❝❤✐♠✐q✉❡ ✭❣r❛♣❤❡ ❞✉ ❜❛s✮✳ ❖♥ ❛ s✉♣♣♦sé q✉❡ ❧❡ ♣❛r❛♠ètr❡ kBTh̄

2/(mg2)
❡st très ❣r❛♥❞ ❞❡✈❛♥t ✉♥✱ ❝❡ q✉✐ ♣❡r♠❡t ❞❡ s✬❛ss✉r❡r q✉❡ ❧❡ ❣❛③ r❡st❡ ❞❛♥s ✉♥ ré❣✐♠❡ ❞✬✐♥✲
t❡r❛❝t✐♦♥s ❢❛✐❜❧❡s✳ ❖♥ ❞✐st✐♥❣✉❡ ❞❡✉① ré❣✐♠❡s ♣r✐♥❝✐♣❛✉①✱ q✉✐ s❡ ❞✐st✐♥❣✉❡♥t ♣❛r ❧❛ ✈❛❧❡✉r ❞❡
❧❛ ❢♦♥❝t✐♦♥ ❞❡ ❝♦rré❧❛t✐♦♥ à ❞❡✉① ❝♦r♣s à ❞✐st❛♥❝❡ ♥✉❧❧❡ g(2)(0) ✿ ❧❡ ré❣✐♠❡ ❞❡ ❣❛③ ✐❞é❛❧ ♣♦✉r
n ≪ nco✱ ♦ù nco = (mT 2/(h̄2g))1/3✱ ♣♦✉r ❧❡q✉❡❧ g(2)(0) ≃ 2 ❡t ❧❡ ré❣✐♠❡ ❞❡ q✉❛s✐✲❝♦♥❞❡♥s❛t
♣♦✉r n ≪ nco ♣♦✉r ❧❡q✉❡❧ g(2)(0) ≃ 1✳ ▲❡ ré❣✐♠❡ ❞❡ ❣❛③ ✐❞é❛❧ ❡st ❧✉✐✲♠ê♠❡ ❞✐✈✐sé ❡♥ ❞❡✉①
ré❣✐♠❡s ✿ ❧❡ ré❣✐♠❡ ❞❡ ❣❛③ ♥♦♥ ❞é❣é♥éré ♣♦✉r n ≪ 1/λdB ♦ù λdB = h̄/

√
mT ❡t ❧❡ ré❣✐♠❡

❞é❣é♥éré ♣♦✉r n ≫ 1/λdB✳ ❉❡ ♠ê♠❡✱ ❧❡ ré❣✐♠❡ ❞❡ q✉❛s✐✲❝♦♥❞❡♥s❛t ❡st sé♣❛ré ❡♥ ✉♥❡ ♣❛r✲
t✐❡ ✭n ≪ T/g✮ ❞❛♥s ❧❛q✉❡❧❧❡ ❧❡s ✢✉❝t✉❛t✐♦♥s s♦♥t ❞♦♠✐♥é❡s ♣❛r ❧❡s ❡①❝✐t❛t✐♦♥s t❤❡r♠✐q✉❡s
❡t ✉♥❡ ♣❛rt✐❡ ✭n ≫ T/g✮ ❞❛♥s ❧❛q✉❡❧❧❡ ❧❡s ✢✉❝t✉❛t✐♦♥s s♦♥t ❞♦♠✐♥é❡s ♣❛r ❧❡s ✢✉❝t✉❛t✐♦♥s
q✉❛♥t✐q✉❡s✳ ❉✬❛✉tr❡ ♣❛rt✱ ♣♦✉r 1/λdB ≪ n≪ h̄2T/(mg) ❧❡ ❣❛③ ❡st ❜✐❡♥ ❞é❝r✐t ♣❛r ✉♥ ♠♦❞è❧❡
❞❡ ❝❤❛♠♣ ❝❧❛ss✐q✉❡✳ ▲❡s ❣r❛♣❤❡s ♥❡ s♦♥t ♣❛s ❞❡s rés✉❧t❛ts ❡①❛❝ts ♠❛✐s ❞❡s ❣✉✐❞❡s ♣♦✉r ❧❡s
②❡✉①✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ❧❛ ❢♦♥❝t✐♦♥ g(2)(0) ♣r❡♥❞ ❞❡s ✈❛❧❡✉rs ❧é❣èr❡♠❡♥t ✐♥❢ér✐❡✉r❡s à ✉♥ ❞❛♥s
❧❡ ré❣✐♠❡ ❞❡ q✉❛s✐✲❝♦♥❞❡♥s❛t ❞♦♠✐♥é ♣❛r ❧❡s ✢✉❝t✉❛t✐♦♥s q✉❛♥t✐q✉❡s✳ ▲✬é❝❤❡❧❧❡ n ❡st ✉♥❡
é❝❤❡❧❧❡ ❧♦❣❛r✐t❤♠✐q✉❡✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ 1/λdB ≪ nco✳
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❝✬❡st✲à✲❞✐r❡ ❧♦rsq✉❡ ❧❡ ♣♦t❡♥t✐❡❧ ❝❤✐♠✐q✉❡ ❛tt❡✐♥t −(
√
mgT/h̄)2/3✱ ❧✬é♥❡r❣✐❡ ❞✬✐♥t❡r❛❝t✐♦♥ ❡♥✲

tr❡ ❛t♦♠❡s✱ ❞❡ ❧✬♦r❞r❡ ❞❡ gnco✱ ♥✬❡st ♣❧✉s ♥é❣❧✐❣❡❛❜❧❡ ❞❡✈❛♥t ❧❛ ✈❛❧❡✉r ❛❜s♦❧✉❡ ❞✉ ♣♦t❡♥t✐❡❧
❝❤✐♠✐q✉❡✳ ❉❛♥s ❝❡ ❝❛s✱ ❧❡s ✐♥t❡r❛❝t✐♦♥s ❡♥tr❡ ❛t♦♠❡s ♥❡ s♦♥t ♣❧✉s ♥é❣❧✐❣❡❛❜❧❡s ❡t ❧❡ ❣❛③
s✉❜✐t ✉♥❡ tr❛♥s✐t✐♦♥ ✈❡rs ✉♥ q✉❛s✐✲❝♦♥❞❡♥s❛t✳ ❈❡tt❡ tr❛♥s✐t✐♦♥ ❡st ❞û❡ à ❧✬❛♣♣❛r✐t✐♦♥ ❞❡
❝♦rré❧❛t✐♦♥s ❡♥tr❡ ❛t♦♠❡s ✐♥tr♦❞✉✐t❡s ♣❛r ❧❡s ✐♥t❡r❛❝t✐♦♥s✳ ▲❡ t❤é♦rè♠❡ ❞❡ ❲✐❝❦ ♥❡ s✬❛♣✲
♣❧✐q✉❡ ♣❧✉s✳ ▲❛ ❧♦♥❣✉❡✉r ❞❡ ❝♦rré❧❛t✐♦♥ ❞❡s ✢✉❝t✉❛t✐♦♥s ❞❡ ❞❡♥s✐té ❞✐♠✐♥✉❡ ❛✈❡❝ ❧❛ ❞❡♥s✐té
❛❧♦rs q✉❡ ❝❡❧❧❡ ❞❡s ✢✉❝t✉❛t✐♦♥s ❞❡ ♣❤❛s❡ ❝♦♥t✐♥✉❡ ❞✬❛✉❣♠❡♥t❡r✳ ❉✬❛✉tr❡ ♣❛rt✱ ❧❡s ✢✉❝t✉❛✲
t✐♦♥s ❞❡ ❞❡♥s✐té ❞✐♠✐♥✉❡♥t ❡♥ ❛♠♣❧✐t✉❞❡ ✿ ❧❛ ❢♦♥❝t✐♦♥ g2(0) t❡♥❞ ✈❡rs ✉♥✱ s❛ ✈❛❧❡✉r ❞❛♥s
✉♥ ✈r❛✐ ❝♦♥❞❡♥s❛t✳ ▲✬✐♥✈❡rs✐♦♥ ❞❡ ❧✬❡①♣r❡ss✐♦♥ ♣ré❝é❞❡♥t❡ ❞❡ nco ♠♦♥tr❡ q✉❡ ❧❛ tr❛♥s✐t✐♦♥
✈❡rs ✉♥ q✉❛s✐✲❝♦♥❞❡♥s❛t ❛ ❧✐❡✉ ♣♦✉r ✉♥❡ t❡♠♣ér❛t✉r❡ Tco =

√
γTd✱ ♦ù Td = h̄2n2/m ❡st

❧❛ ❧❛ t❡♠♣ér❛t✉r❡ ❞❡ ❞é❣é♥ér❡s❝❡♥❝❡ q✉❛♥t✐q✉❡✳ ❈♦♠♠❡ γ ≪ 1 ❞❛♥s ❧❡ ré❣✐♠❡ ét✉❞✐é✱ ❧❛
tr❛♥s✐t✐♦♥ ❛ ❧✐❡✉ ♣♦✉r ✉♥ ❣❛③ très ❞é❣é♥éré✳ ❉✬❛✉tr❡ ♣❛rt✱ ❧❡ ♣❛r❛♠ètr❡ t = h̄2T/(mg2) ✈❛✉t
γ3 à ❧❛ tr❛♥s✐t✐♦♥✳ ❈♦♠♠❡ ❧❡ ré❣✐♠❡ ❞✬✐♥t❡r❛❝t✐♦♥ ❢❛✐❜❧❡ ♥é❝❡ss✐t❡✱ ♣♦✉r ❞❡s ❣❛③ ❞é❣é♥érés✱
❧❛ ❝♦♥❞✐t✐♦♥ γ ≪ 1✱ ❧✬❛♥❛❧②s❡ ♣ré❝é❞❡♥t❡ ♥✬❛ ❞❡ s❡♥s q✉❡ s✐ t1/3 ≪ 1✳

❉❛♥s ❧❡ r❛✐s♦♥♥❡♠❡♥t ❝✐✲❞❡ss✉s✱ ♥♦✉s ❛✈♦♥s s✉♣♣♦sé q✉❡ ❧✬♦♥ ❛♣♣r♦❝❤❛✐t ❧❛ tr❛♥s✐t✐♦♥
❡♥tr❡ ❧❡ ré❣✐♠❡ ❞❡ ❣❛③ ❞❡ ❇♦s❡ ✐❞é❛❧ ❡t ❧❡ ré❣✐♠❡ ❞❡ q✉❛s✐✲❝♦♥❞❡♥s❛t ❡♥ ♣❛rt❛♥t ❞✉ ré❣✐♠❡
❞❡ ❣❛③ ❞❡ ❇♦s❡ ✐❞é❛❧✳ ❈✐✲❞❡ss♦✉s ♥♦✉s r❡tr♦✉✈♦♥s ❧❛ ❝♦♥❞✐t✐♦♥ ❞❡ ❧❛ tr❛♥s✐t✐♦♥ ✭✻✳✶✮ ❡♥
s✉♣♣♦s❛♥t ❝❡tt❡ ❢♦✐s✲❝✐ q✉❡ ❧✬♦♥ ❛♣♣r♦❝❤❡ ❧❛ tr❛♥s✐t✐♦♥ ❞✉ ❝ôté q✉❛s✐✲❝♦♥❞❡♥s❛t✳ ❉❛♥s ❧❡
ré❣✐♠❡ ❞❡ q✉❛s✐✲❝♦♥❞❡♥s❛t✱ à t❡♠♣ér❛t✉r❡ très ❣r❛♥❞❡ ❞❡✈❛♥t gn✱ ❧❡s ✢✉❝t✉❛t✐♦♥s ❞❡ ❞❡♥s✐té
s♦♥t ✐♥❞✉✐t❡s ♣❛r ❧❛ ♣♦♣✉❧❛t✐♦♥ t❤❡r♠✐q✉❡ ❞❡s ❡①❝✐t❛t✐♦♥s ❝♦❧❧❡❝t✐✈❡s✳ ❊♥ ✉t✐❧✐s❛♥t ✉♥ ❝❛❧❝✉❧
❧✐♥é❛r✐sé ❞❡ ❇♦❣♦❧✐✉❜♦✈❬✽✶✱ ✼✶❪✱ ♦♥ ♠♦♥tr❡ q✉❡ ❧❡s ✢✉❝t✉❛t✐♦♥s ❞❡ ❞❡♥s✐té ✈ér✐✜❡♥t δn2 ≃
1/(

√
γ λ2

T ) ♦ù λ = h̄/
√
mT ❡st ❧❡ ❧✬♦r❞r❡ ❞❡ ❧❛ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡ ❞❡ ❞❡ ❇r♦♦❣❧✐❡✳ ❖r ❧❡ ré❣✐♠❡

❞❡ q✉❛s✐✲❝♦♥❞❡♥s❛t ♥✬❡st ✈❛❧❛❜❧❡ q✉❡ ♣♦✉r δn2 ≪ n2✳ ❈❡tt❡ ❝♦♥❞✐t✐♦♥ ❡t ❧✬é❣❛❧✐té ♣ré❝é❞❡♥t❡
♠♦♥tr❡ q✉❡ ❧❡ ré❣✐♠❡ ❞❡ q✉❛s✐✲❝♦♥❞❡♥s❛t ♥✬❡st ✈❛❧❛❜❧❡ q✉❡ ❥✉sq✉✬à ✉♥❡ t❡♠♣ér❛t✉r❡ T ≃
√
gn
√

h̄2n2/m✳ ❈❡tt❡ ❝♦♥❞✐t✐♦♥ ♥✬❡st r✐❡♥ ❞✬❛✉tr❡ q✉❡ ❧❛ ❝♦♥❞✐t✐♦♥ ✭✻✳✶✮ ❞♦♥♥❛♥t ❧❛ ❞❡♥s✐té
à ❧❛ tr❛♥s✐t✐♦♥ ❡♥tr❡ ✉♥ ❣❛③ ✐❞é❛❧ ❡t ✉♥ q✉❛s✐✲❝♦♥❞❡♥s❛t✳

■❧ ❡st ✐♥str✉❝t✐❢ ❞❡ ❝❛r❛❝tér✐s❡r ❧❛ tr❛♥s✐t✐♦♥ ❡♥tr❡ ❧❡ ré❣✐♠❡ ❞❡ ❣❛③ ❞❡ ❇♦s❡ ✐❞é❛❧ ❡t ❝❡❧✉✐
❞❡ q✉❛s✐✲❝♦♥❞❡♥s❛t ♣❛r ❧❡ ♣♦t❡♥t✐❡❧ ❝❤✐♠✐q✉❡ ❞✉ ❣❛③✳ ◆♦✉s ❛✈♦♥s ✈✉ q✉❡ ❧❡ ré❣✐♠❡ ❞❡ ❣❛③ ❞❡
❇♦s❡ ✐❞é❛❧ ❝♦rr❡s♣♦♥❞❛✐t à ✉♥ ♣♦t❡♥t✐❡❧ ❝❤✐♠✐q✉❡ ♥é❣❛t✐❢ q✉✐ ✈ér✐✜❡ µ ≪ −(

√
mgT/h̄)2/3✳

❉✬✉♥ ❛✉tr❡ ❝ôté✱ ♥♦✉s ❛✈♦♥s ♠♦♥tré ❝✐✲❞❡ss♦✉s q✉❡ ❧❡ ré❣✐♠❡ ❞❡ q✉❛s✐✲❝♦♥❞❡♥s❛t ét❛✐t
✈❛❧❛❜❧❡ ♣♦✉r ✉♥❡ ❞❡♥s✐té n ≫ nco✳ ❖r ❧❡ ♣♦t❡♥t✐❡❧ ❝❤✐♠✐q✉❡ ❞❛♥s ❧❡ ré❣✐♠❡ ❞❡ q✉❛s✐✲
❝♦♥❞❡♥s❛t ❡st ♣♦s✐t✐❢ ❡t ❡st ❛♣♣r♦①✐♠❛t✐✈❡♠❡♥t µ = gn✳ ❖♥ tr♦✉✈❡ ❞♦♥❝ q✉❡ ❧❡ ré❣✐♠❡ ❞❡
q✉❛s✐✲❝♦♥❞❡♥s❛t ❝♦rr❡s♣♦♥❞ à µ≫ (

√
mgT/h̄)2/3✳ ❆✐♥s✐✱ ❧❛ tr❛♥s✐t✐♦♥ ❡♥tr❡ ❧❡s ❞❡✉① ré❣✐♠❡s

❝♦rr❡s♣♦♥❞ ❛✉ ♣❛ss❛❣❡ à ✵ ❞✉ ♣♦t❡♥t✐❡❧ ❝❤✐♠✐q✉❡✱ ❧❛ ✏❧❛r❣❡✉r ❡♥ ♣♦t❡♥t✐❡❧ ❝❤✐♠✐q✉❡✑ ❞❡ ❧❛
tr❛♥s✐t✐♦♥ ét❛♥t ❞❡ ❧✬♦r❞r❡ ❞❡ (

√
mgT/h̄)2/3✳

P❧✉s✐❡✉rs ❛♣♣r♦❝❤❡s t❤é♦r✐q✉❡s ♣❡r♠❡tt❡♥t ❞❡ s♦♥❞❡r ❧❛ tr❛♥s✐t✐♦♥ ❡♥tr❡ ✉♥ ❣❛③ ❞❡ ❇♦s❡
✐❞é❛❧ ❡t ✉♥ q✉❛s✐✲❝♦♥❞❡♥s❛t✳❈♦♠♠❡ ♥♦✉s ❧✬❛✈♦♥s ❞é❥à ♠❡♥t✐♦♥♥é✱ ❞❡s rés✉❧t❛ts ❡①❛❝ts ♣❡✉✲
✈❡♥t êtr❡ ♦❜t❡♥✉s ❡♥ ✉t✐❧✐s❛♥t ❧❛ t❤é♦r✐❡ ❞❡ ▲✐❡❜✲▲✐♥✐❣❡r ✿ ♣❛r ❡①❡♠♣❧❡ ❧✬éq✉❛t✐♦♥ ❞✬ét❛t
n(µ, T ) ❡t ❧❛ ❢♦♥❝t✐♦♥ g2(0) ♣❡✉✈❡♥t êtr❡ ❝❛❧❝✉❧é❡s✳ ❉✬❛✉tr❡ ♣❛rt✱ ❞❡s ♠ét❤♦❞❡s ❛♣♣r♦❝❤é❡s
❞♦♥♥❡♥t ❞❡s rés✉❧t❛ts s❛t✐s❢❛✐s❛♥ts✳ ❆✐♥s✐✱ ✉♥❡ ❞❡s❝r✐♣t✐♦♥ ❞✉ s②stè♠❡ ✈✐❛ ✉♥ ❝❤❛♠♣ ❝❧❛s✲
s✐q✉❡ ψ(z) =

√
ρeiθ✱ ♣♦ssé❞❛♥t ✉♥❡ é♥❡r❣✐❡ ❞✬✐♥t❡r❛❝t✐♦♥ (g/2)

∫

dz|ψ|4✱ ❡st s✉✣s❛♥t❡❬✶✻✱ ✻❪
♣♦✉r ❞é❝r✐r❡ ❧❛ tr❛♥s✐t✐♦♥ ❡♥tr❡ ❧❡ ré❣✐♠❡ ❞❡ ❣❛③ ❞❡ ❇♦s❡ ✐❞é❛❧ très ❞é❣é♥éré ❡t ❧❡ ré❣✐♠❡



✻✳✶✳ ❚❘❆◆❙■❚■❖◆ ❱❊❘❙ ❯◆ ◗❯❆❙■✲❈❖◆❉❊◆❙❆❚ ✻✾

❞❡ q✉❛s✐✲❝♦♥❞❡♥s❛t✳ ❈❡❝✐ ❡st ❞û ❛✉ ❢❛✐t q✉❡ ❧❛ ♣♦♣✉❧❛t✐♦♥ ❞❡s ét❛ts q✉❛♥t✐q✉❡s ♣❡rt✐♥❡♥ts
❡st très ❣r❛♥❞❡ ❞❛♥s ❝❡s ré❣✐♠❡s✳ ❉❛♥s ❧❛ s✉✐t❡✱ ♥♦✉s ✉t✐❧✐s❡r♦♥s ❧❡s rés✉❧t❛ts ❡①❛❝ts ❞❡ ❧❛
t❤é♦r✐❡ ❞❡ ▲✐❡❜✲▲✐♥✐❣❡r ♣♦✉r ❝♦♥❢r♦♥t❡r ♥♦s ❡①♣r❡ss✐♦♥s ❛♥❛❧②t✐q✉❡s ❛✉① ❝❛❧❝✉❧s ♥✉♠ér✐q✉❡s✳

✻✳✶✳✷ ❈❛s ❞✬✉♥ ❣❛③ ❝♦♥✜♥é ❞❛♥s ❞❛♥s ♣✐è❣❡ ❤❛r♠♦♥✐q✉❡

◆♦✉s ♥♦✉s ✐♥tér❡ss♦♥s ✐❝✐ ❛✉ ❝❛s ❞✬✉♥ ❣❛③ ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧ ❝♦♥✜♥é ❞❛♥s ✉♥ ♣✐è❣❡ ❤❛r✲
♠♦♥✐q✉❡ ❞❡ ❢réq✉❡♥❝❡ ❞✬♦s❝✐❧❧❛t✐♦♥ ω✳ P♦✉r ❞❡s ❢réq✉❡♥❝❡s ❞✬♦s❝✐❧❧❛t✐♦♥s s✉✣s❛♠♠❡♥t ❢❛✐❜❧❡s✱
❧❡s é❝❤❡❧❧❡s ❞❡ ✈❛r✐❛t✐♦♥s s♣❛t✐❛❧❡s ❞❡ ❧❛ ❞❡♥s✐té ❞❛♥s ❧❡ ♥✉❛❣❡ s♦♥t très ♣❡t✐t❡s ❞❡✈❛♥t ❧❡s
❧♦♥❣✉❡✉rs ❞❡ ❝♦rré❧❛t✐♦♥ ❞✉ ❣❛③ ❡t ✐❧ ❡st ♣♦ss✐❜❧❡ ❞✬✉t✐❧✐s❡r ✉♥❡ ❛♣♣r♦❝❤❡ ❞❡ ❞❡♥s✐té ❧♦❝❛❧❡✳
▲❛ ♣r♦✜❧ ❞❡ ❞❡♥s✐té ❡st ❛❧♦rs ❜✐❡♥ ❞é❝r✐t ❡♥ ✉t✐❧✐s❛♥t ❧✬éq✉❛t✐♦♥ ❞✬ét❛t n(µ, T ) ❞✬✉♥ ❣❛③
❞❡ ❇♦s❡ ❤♦♠♦❣è♥❡ ✐♥✜♥✐ ❡t ❡♥ ✉t✐❧✐s❛♥t ❧❡ ♣♦t❡♥t✐❡❧ ❝❤✐♠✐q✉❡ ❧♦❝❛❧ µ(z) = µ0 −mω2z2/2✳
▲❛ tr❛♥s✐t✐♦♥ ♠♦❧❧❡ ✈❡rs ✉♥ q✉❛s✐✲❝♦♥❞❡♥s❛t ❡st ❛tt❡♥❞✉❡✱ ♣♦✉r ✉♥❡ t❡♠♣ér❛t✉r❡ ❞♦♥♥é❡✱
❧♦rsq✉❡ ❧❛ ❞❡♥s✐té ♣✐❝ ❛tt❡✐♥t nco✱ ❞♦♥♥é éq✉❛t✐♦♥ ✻✳✶✳ P♦✉r ❞❡s ❞❡♥s✐tés ♣✐❝s très ✐♥❢ér✐❡✉r❡s
à nco✱ ❧❡ ♣r♦✜❧ ❞❡ ❞❡♥s✐té ❡st ❜✐❡♥ ❞é❝r✐t ❡♥ ✉t✐❧✐s❛♥t ❧✬éq✉❛t✐♦♥ ❞✬ét❛t n(µ, T ) ❞✬✉♥ ❣❛③ ❞❡
❇♦s❡ ✐❞é❛❧✳ ❈❡❝✐ ♥♦✉s ♣❡r♠❡t ❞❡ ❝❛❧❝✉❧❡r ❧❡ ♥♦♠❜r❡ ❞✬❛t♦♠❡s t♦t❛❧ q✉✐ s✬é❝r✐t✱ ♣♦✉r ❞❡s
♥✉❛❣❡s très ❞é❣é♥érés ❛✉ ❝❡♥tr❡ ❞✉ ♣✐è❣❡✱

N = T/(h̄ω) ln(T/|µ0|). ✭✻✳✷✮

▲❛ ❞❡♥s✐té ♣✐❝ ❡st r❡❧✐é❡ ❛✉ ♣♦t❡♥t✐❡❧ ❝❤✐♠✐q✉❡ ♣❛r

n(0) =
√

mT 2/(2h̄2|µ0|). ✭✻✳✸✮

▲❡ ♥♦♠❜r❡ ❞✬❛t♦♠❡s à ❧❛ tr❛♥s✐t✐♦♥ ✈❡rs ✉♥ q✉❛s✐✲❝♦♥❞❡♥s❛t ❡st ♦❜t❡♥✉ ❧♦rsq✉❡ ❧❛ ❞❡♥s✐té
♣✐❝ ❞❡✈✐❡♥t é❣❛❧❡ à nco✳ ❊♥ ✐♥❥❡❝t❛♥t n(0) = nco ❞❛♥s ❧❡s éq✉❛t✐♦♥s ♣ré❝é❞❡♥t❡s ♦♥ tr♦✉✈❡
q✉❡ ❧❡ ♥♦♠❜r❡ ❞✬❛t♦♠❡s à ❧❛ tr❛♥s✐t✐♦♥ ❡st

Nco = T/(h̄ω) ln
(

(h̄2T/(mg2))1/3
)

= T/(3h̄ω) ln(t/2). ✭✻✳✹✮

❈♦♠♠❡ t1/3 ≫ 1 ❞❛♥s ❧❡ ré❣✐♠❡ ❞✬✐♥t❡r❛❝t✐♦♥s ❢❛✐❜❧❡✱ ❝❡tt❡ éq✉❛t✐♦♥ s✬✐♥✈❡rs❡ ❛♣♣r♦①✐♠❛✲
t✐✈❡♠❡♥t ❡♥

Tco = Nh̄ω/ ln
(

(Nh̄3ω/(mg2))1/3
)

. ✭✻✳✺✮

❈♦♠♠❡ t ≫ 1✱ ❧❛ tr❛♥s✐t✐♦♥ ❛ ❧✐❡✉ ♣♦✉r ✉♥ ❣❛③ très ❞é❣é♥éré ❛✉ ❝❡♥tr❡ ❞✉ ♥✉❛❣❡ ❡t
Nco > T/h̄ω✳ ❈❡♣❡♥❞❛♥t ❧❡ r❛♣♣♦rt Ncoh̄ω/T ❡st ❞♦♥♥é ♣❛r ✉♥ ❧♦❣❛r✐t❤♠❡ ❡t✱ ❝♦♠♠❡ ♦♥ ❧❡
✈❡rr❛ ♣❧✉s ❧♦✐♥✱ ✐❧ ❡st très ❞✐✣❝✐❧❡ ❡①♣ér✐♠❡♥t❛❧❡♠❡♥t ❞❡ ré❛❧✐s❡r ❞❡s r❛♣♣♦rt Ncoh̄ω/T très
❣r❛♥❞ t♦✉t ❡♥ r❡st❛♥t ❞❛♥s ❧❡ ❞♦♠❛✐♥❡ ❞❡ ❧❛ ♣❤②s✐q✉❡ ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧❧❡✳

❈❡s ❡①♣r❡ss✐♦♥s ❞❡s ♣❛r❛♠ètr❡s T ❡t N à ❧❛ tr❛♥s✐t✐♦♥s ✈❡rs ✉♥ q✉❛s✐✲❝♦♥❞❡♥s❛t ♦♥t été
❝♦♠♣❛ré❡s à ✉♥ ❝❛❧❝✉❧ ♥✉♠ér✐q✉❡✳ ▲❡s rés✉❧t❛ts✱ ♣rés❡♥tés ❞❛♥s ❧✬❛rt✐❝❧❡ ❬✾❪✱ ♠♦♥tr❡♥t q✉❡
❧❡s rés✉❧t❛ts s✐♠♣❧❡s ♣rés❡♥tés ❝✐✲❞❡ss✉s s♦♥t ❡♥ ❜♦♥ ❛❝❝♦r❞s ❛✈❡❝ ❧❡s rés✉❧t❛ts ❞❡s ❝❛❧❝✉❧s
❡①❛❝ts✳
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✻✳✶✳✸ ❈♦♠♣ét✐t✐♦♥ ❛✈❡❝ ✉♥ ♣❤é♥♦♠è♥❡ ❞❡ ❝♦♥❞❡♥s❛t✐♦♥ ❞û à ❧❛
t❛✐❧❧❡ ✜♥✐❡ ❞✉ s②stè♠❡

❉❛♥s ✉♥❡ s✐t✉❛t✐♦♥ ♣❧✉s ré❛❧✐st❡ ♦ù ❧❛ ❢réq✉❡♥❝❡ ❞✬♦s❝✐❧❧❛t✐♦♥ ✭r❡s♣✳ ❧❡ ♥♦♠❜r❡ ❞✬❛t♦♠❡s✮
❡st ♥♦♥ ♥✉❧❧❡ ✭r❡s♣✳ ♥♦♥ ✐♥✜♥✐❡✮ ✱ ❧❛ tr❛♥s✐t✐♦♥ ✈❡rs ✉♥ q✉❛s✐✲❝♦♥❞❡♥s❛t ❡st ❡♥ ❝♦♠♣ét✐t✐♦♥
❛✈❡❝ ✉♥ ♣❤é♥♦♠è♥❡ ❞❡ ❝♦♥❞❡♥s❛t✐♦♥ ❞û à ❧❛ s❛t✉r❛t✐♦♥ ❞❡ ❧❛ ♣♦♣✉❧❛t✐♦♥ ❞❡s ét❛ts ❡①❝✐tés ❞✉
♣✐è❣❡✳ ❊♥ ❡✛❡t✱ à ❝❛✉s❡ ❞✉ ❣❛♣ ✜♥✐ ❡♥ é♥❡r❣✐❡ ❡♥tr❡ ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧ ❡t ❧❡s ét❛ts ❡①❝✐tés✱
✉♥❡ s❛t✉r❛t✐♦♥ ❞❡ ❧❛ ♣♦♣✉❧❛t✐♦♥ ❞❡s ét❛ts ❡①❝✐tés ❛ t♦✉❥♦✉rs ❧✐❡✉ ❞❛♥s ✉♥ s②stè♠❡ ❞❡ t❛✐❧❧❡
✜♥✐❡ ❧♦rsq✉❡ ❧❡ ♣♦t❡♥t✐❡❧ ❝❤✐♠✐q✉❡ t❡♥❞ ✈❡rs ❧✬é♥❡r❣✐❡ ❞❡ ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧✳ ■❧ ❛ été ♠♦♥tré
❞❛♥s ❬✺✷❪ q✉❡✱ ♣♦✉r ✉♥ ❣❛③ ❞❡ ❇♦s❡ ✐❞é❛❧✱ ❧❛ s❛t✉r❛t✐♦♥ ❞❡s ét❛ts ❡①❝✐tés ❛♣♣❛r❛✐ss❛✐t ♣♦✉r
✉♥ ♥♦♠❜r❡ ❞✬❛t♦♠❡s NC q✉✐ ✈ér✐✜❡

NC = T/(h̄ω) ln(2T/h̄ω). ✭✻✳✻✮

❈❡ ♣❤é♥♦♠è♥❡ ❡st ❞û à ❧❛ t❛✐❧❧❡ ✜♥✐ ❞✉ s②stè♠❡ ♣✉✐sq✉❡ ❧❛ q✉❛♥t✐té NCh̄ω/T t❡♥❞ ✈❡rs ❧✬✐♥✲
✜♥✐ q✉❛♥❞ h̄ω t❡♥❞ ✈❡rs ③ér♦✳ ◆♦✉s ❞♦♥♥♦♥s ❝✐✲❞❡ss♦✉s ✉♥❡ ❞ér✐✈❛t✐♦♥ s✐♠♣❧❡ ❞❡ ❧✬éq✉❛t✐♦♥
✻✳✻✳ NC ❡st ❧❡ ♥♦♠❜r❡ ❞✬❛t♦♠❡s ♠❛①✐♠✉♠ q✉✐ ♣❡✉t êtr❡ ❛❝❝✉♠✉❧é ❞❛♥s ❧❡s ét❛ts ❡①❝✐tés✳
❈✬❡st ❞♦♥❝ ❧❛ ♣♦♣✉❧❛t✐♦♥ ❞❡s ét❛ts ❡①❝✐tés ♣♦✉r ✉♥ ♣♦t❡♥t✐❡❧ ❝❤✐♠✐q✉❡ é❣❛❧❡ à ❧✬é♥❡r❣✐❡ ❞❡
❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧ h̄ω/2✳ ❈♦♠♠❡ ❧❡s ♥✐✈❡❛✉① ❞✬é♥❡r❣✐❡ ❞✬✉♥ ♣✐è❣❡ ❤❛r♠♦♥✐q✉❡ s♦♥t éq✉✐❞✐s✲
t❛♥ts✱ Nc ❡st ❛✉ss✐ ❧❡ ♥♦♠❜r❡ ❞✬❛t♦♠❡s t♦t❛❧ ♣♦✉r ✉♥ ♣♦t❡♥t✐❡❧ ❝❤✐♠✐q✉❡ é❣❛❧❡ à −h̄ω/2✳
▲✬éq✉❛t✐♦♥ ✻✳✷ ❞♦♥♥❡ ❛❧♦rs ❧✬❡①♣r❡ss✐♦♥ ✻✳✻ ❞❡ NC ✳ ◆♦t♦♥s q✉❡ ❧✬❤②♣♦t❤ès❡ ❞✬éq✉✐❧✐❜r❡ ❧♦❝❛❧✱
♥é❝❡ss❛✐r❡ ♣♦✉r ❧✬ét❛❜❧✐ss❡♠❡♥t ❞❡ ❧✬éq✉❛t✐♦♥ ✻✳✷✱ ♥✬❡st ♣❛s ✈ér✐✜é❡ ♣♦✉r ✉♥ ♣♦t❡♥t✐❡❧ ❝❤✐♠✲
✐q✉❡ ❛✉ss✐ ❣r❛♥❞ q✉❡ −h̄ω/2✳ ❈❡♣❡♥❞❛♥t✱ ❧❡ rés✉❧t❛t ♦❜t❡♥✉ ❡st ✉♥❡ ❜♦♥♥❡ ❛♣♣r♦①✐♠❛t✐♦♥✳

▲❛ tr❛♥s✐t✐♦♥ ✐♥❞✉✐t❡ ♣❛r ❧❡s ✐♥t❡r❛❝t✐♦♥s ✈❡rs ✉♥ q✉❛s✐✲❝♦♥❞❡♥s❛t ❛♣♣❛r❛ît✱ ❧♦rsq✉❡ ❧❡
♥♦♠❜r❡ ❞✬❛t♦♠❡s ❛✉❣♠❡♥t❡ à t❡♠♣ér❛t✉r❡ ✜①é❡✱ ❛✉ ❧✐❡✉ ❞✉ ♣❤é♥♦♠è♥❡ ❞❡ ❝♦♥❞❡♥s❛t✐♦♥ s✐
Nco ❡st ✐♥❢ér✐❡✉r à Nc✳ ❈❡tt❡ ❝♦♥❞✐t✐♦♥ s✬é❝r✐t

ω ≪ ωco =
(

mg2T 2/h̄5
)1/3

. ✭✻✳✼✮

▲❡ ❣r❛♣❤❡ ✻✳✸ ❞♦♥♥❡✱ ❞❛♥s ❧✬❡s♣❛❝❡ ✭t✱h̄2ω/(mg2)✮✱ ❧❡ ❞♦♠❛✐♥❡ ❞❛♥s ❧❡q✉❡❧ ✉♥❡ tr❛♥s✐t✐♦♥
✐♥❞✉✐t❡ ♣❛r ❧❡s ✐♥t❡r❛❝t✐♦♥s ❛ ❧✐❡✉ ❡t ❝❡❧✉✐ ♦ù ✉♥ ♣❤é♥♦♠è♥❡ ❞❡ ❝♦♥❞❡♥s❛t✐♦♥ ❛♣♣❛r❛ît✳
▲❡s ❧✐♠✐t❡s ❞❡ ❝❡ ❣r❛♣❤❡ ❝♦rr❡s♣♦♥❞❡♥t à ❞❡s tr❛♥s✐t✐♦♥s ♠♦❧❧❡s ♣rès ❞❡sq✉❡❧s ❧❡s ❞❡✉①
♣❤é♥♦♠è♥❡s ❛❣✐ss❡♥t✳

▲❛ ❝♦♥❞✐t✐♦♥ ❞♦♥♥é❡ éq✉❛t✐♦♥ ✻✳✼ ❡st ❢❛❝✐❧❡♠❡♥t ré❛❧✐sé❡ ❡①♣ér✐♠❡♥t❛❧❡♠❡♥t ❡t ❧❡s ✐♥t❡r✲
❛❝t✐♦♥s ré♣✉❧s✐✈❡s ❡♥ ❣é♥ér❛❧ ❣♦✉✈❡r♥❡♥t ❧❛ tr❛♥s✐t✐♦♥ ✈❡rs ✉♥ ét❛t ❝♦❤ér❡♥t✷ ❞❛♥s ✉♥ ❣❛③
✉♥✐❞✐♠❡♥s✐♦♥♥❡❧✳

✻✳✶✳✹ ❈❛s ❞✬✉♥ s②stè♠❡ ré❡❧

▲❡ ré❣✐♠❡ ❞❡ ❣❛③ ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧ ❡st ré❛❧✐sé ❡①♣ér✐♠❡♥t❛❧❡♠❡♥t s✐ ❧❛ t❡♠♣ér❛t✉r❡ ❡t ❧❡
♣♦t❡♥t✐❡❧ ❝❤✐♠✐q✉❡ ❞❡s ❛t♦♠❡s s♦♥t très ♣❡t✐ts ❞❡✈❛♥t ❞✬é♥❡r❣✐❡ ❞✉ ❝♦♥✜♥❡♠❡♥t tr❛♥s✈❡rs❡
❞❡s ❛t♦♠❡s h̄ω⊥✳ ❉❛♥s ❧❡ ❝❛s ❞✬✉♥ ❣❛③ ❡♥ ✐♥t❡r❛❝t✐♦♥s ❢❛✐❜❧❡s ♣r♦❝❤❡ ❞❡ ❧❛ tr❛♥s✐t✐♦♥ ✈❡rs

✷❖♥ ♣❛r❧❡ ✐❝✐ ❞✬ét❛t ❝♦❤ér❡♥t ❛✉ s❡♥s ❞❡ ❧❛ ❢♦♥❝t✐♦♥ g2 ✭✈♦✐r ❧❛ s❡❝t✐♦♥ s✉✐✈❛♥t❡✮✳
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❝r♦ss✲♦✈❡r

❋✐♥✐t❡ s✐③❡
❝♦♥❞❡♥s❛t✐♦♥

❝♦♥❞❡♥s❛t✐♦♥
❋✐♥✐t❡ s✐③❡

r❡❣✐♠❡
✸❉

✐♥t❡r❛❝t✐♦♥✲✐♥❞✉❝❡❞
❝r♦ss✲♦✈❡r

✐♥t❡r❛❝t✐♦♥✲✐♥❞✉❝❡❞

(a) (b)

❋✐❣✳ ✻✳✸ ✕ ❉♦♠❛✐♥❡s ❞❡s ❞✐✛ér❡♥t❡s tr❛♥s✐t✐♦♥s q✉✐ ♣❡✉✈❡♥t ❛✈♦✐r ❧✐❡✉ ❞❛♥s ✉♥ ❣❛③ ✉♥✐❞✐✲
♠❡♥s✐♦♥♥❡❧✳ ❇❧❛♥❝ ✿ ❞♦♠❛✐♥❡ ♦ù s❡ ♣r♦❞✉✐t ✉♥❡ tr❛♥s✐t✐♦♥ ✈❡rs ✉♥ q✉❛s✐✲❝♦♥❞❡♥s❛t ❞û❡
❛✉① ✐♥t❡r❛❝t✐♦♥s✳ ●r✐s ❝❧❛✐r ✿ ❞♦♠❛✐♥❡ ♦ù s❡ ♣r♦❞✉✐t ✉♥❡ ✉♥❡ ❝♦♥❞❡♥s❛t✐♦♥ ❞û❡ à ❧❛
t❛✐❧❧❡ ✜♥✐❡ ❞✉ s②stè♠❡✳ ❉❛♥s ❧❡ ❣r❛♣❤❡ ✭❛✮✱ ♦♥ s✬✐♥tér❡ss❡ ❧❛ tr❛♥s✐t✐♦♥ ❧♦rsq✉❡ ❧❡ ♥♦♠✲
❜r❡ ❞✬❛t♦♠❡s ❛✉❣♠❡♥t❡ à t❡♠♣ér❛t✉r❡ ❞♦♥♥é❡ ❡t ❧❡s ♣❛r❛♠ètr❡s s♦♥t ❧❡s q✉❛♥t✐tés s❛♥s
❞✐♠❡♥s✐♦♥ t = h̄2T/(mg2) ❡t h̄3ω/(mg2)✳ ❉❛♥s ❧❡ ❣r❛♣❤❡ ✭❜✮✱ ♦♥ s✬✐♥tér❡ss❡ ❧❛ tr❛♥s✐t✐♦♥
❧♦rsq✉❡ ❧❛ t❡♠♣ér❛t✉r❡ ❞✐♠✐♥✉❡ à ♥♦♠❜r❡ ❞✬❛t♦♠❡s N ❞♦♥♥é ❡t ❧❡s ♣❛r❛♠ètr❡s s♦♥t ❧❡s q✉❛♥✲
t✐tés s❛♥s ❞✐♠❡♥s✐♦♥ N ❡t h̄3ω/(mg2)✳ ▲❛ ③♦♥❡ ❤❛❝❤✉ré❡ ❝♦rr❡s♣♦♥❞ ❛✉ ❝❛s ♦ù ❧❛ ❝♦♥❞✐t✐♦♥
❞✬✐♥t❡r❛❝t✐♦♥ ❢❛✐❜❧❡ γ ≪ 1 ♥✬❡st ♣❛s ✈ér✐✜é❡ ♣rès ❞❡ ❧❛ tr❛♥s✐t✐♦♥✳ ▲❛ ❧✐♠✐t❡ ❞❡ ✈❛❧✐❞✐té ❞✉
❞♦♠❛✐♥❡ ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧ ❡st ❛✉ss✐ r❡♣rés❡♥té❡ ❞❛♥s ❧❡ ❝❛s ❞✬❛t♦♠❡s ❞✬❍❡❧✐✉♠ ♠ét❛st❛❜❧❡s
❝♦♥✜♥és ❞❛♥s ✉♥ ♣✐è❣❡ ❞❡ ❢réq✉❡♥❝❡ tr❛♥s✈❡rs❡ é❣❛❧❡ à ✷✵✵ ❍③✳ ▲❛ ❝r♦✐① ❝♦rr❡s♣♦♥❞ à ✉♥
❝♦♥✜♥❡♠❡♥t ❧♦♥❣✐t✉❞✐♥❛❧ ❞❡ s❡✉❧❡♠❡♥t ✶ ❍③ ♣♦✉r ❝❡ s②stè♠❡✳ ❚♦✉t❡s ❧❡s ❧✐♠✐t❡s r❡♣rés❡♥té❡s
s✉r ❝❡ ❣r❛♣❤❡ s♦♥t ❞❡s ✏❝r♦ss✲♦✈❡r✑ ♠♦✉s✳
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❧❡ q✉❛s✐✲❝♦♥❞❡♥s❛t✱ ❝❡tt❡ ❝♦♥❞✐t✐♦♥ ❡st ✈ér✐✜é❡ s✐ T ≪ h̄ω⊥✳ ❊♥ ❡✛❡t✱ ❧❛ ✈❛❧❡✉r ❛❜s♦❧✉❡
❞✉ ♣♦t❡♥t✐❡❧ ❝❤✐♠✐q✉❡ ❡st très ✐♥❢ér✐❡✉r à ❧❛ t❡♠♣ér❛t✉r❡ ❧♦rsq✉❡ ❧❡ ❣❛③ ❡st ♣r♦❝❤❡ ❞❡ ❧❛
tr❛♥s✐t✐♦♥✳

❉❛♥s ❧❛ ❧✐♠✐t❡ ♦ù h̄2/(ma2) ≫ h̄ω⊥✱ a ét❛♥t ❧❛ ❧♦♥❣✉❡✉r ❞❡ ❞✐✛✉s✐♦♥ ❞❡s ❛t♦♠❡s✱
❧❡ ♣❛r❛♠ètr❡ ❞✬✐♥t❡r❛❝t✐♦♥ ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧ g ❡st r❡❧✐é ❛✉① ♣r♦♣r✐été ❝♦❧❧✐s✐♦♥♥❡❧❧❡s tr✐✲
❞✐♠❡♥s✐♦♥♥❡❧❧❡s ♣❛r ❧❛ r❡❧❛t✐♦♥ g = 2h̄ω⊥a ❬✼✺❪✳ ▲❛ ❝♦♥❞✐t✐♦♥ ✻✳✼ ♣♦✉r ♦❜s❡r✈❡r ✉♥❡ tr❛♥s✐✲
t✐♦♥ ❞û❡ ❛✉① ✐♥t❡r❛❝t✐♦♥s s✬é❝r✐t ❛❧♦rs

ω ≪ ω
(

T

h̄ω⊥

)2/3 ( a

l⊥

)2/3

, ✭✻✳✽✮

♦ù l⊥ =
√

h̄/mω⊥ ❡st ❧✬❡①t❡♥s✐♦♥ ❞❡ ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧ ❞✉ ♠♦✉✈❡♠❡♥t tr❛♥s✈❡rs❡✳ ❊①✲
♣ér✐♠❡♥t❛❧❡♠❡♥t✱ ❝❡tt❡ ✐♥é❣❛❧✐té ❡st ❢❛❝✐❧❡♠❡♥t ✈ér✐✜é❡ ❡t ❧❛ ♣❤②s✐q✉❡ ❡st ❞♦♠✐♥é❡ ♣❛r ❧❡s
✐♥t❡r❛❝t✐♦♥s ❡♥tr❡ ❛t♦♠❡s✳

❯♥❡ ♣❛rt✐❝✉❧❛r✐té ❞❡s ❣❛③ ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧s ❡st q✉❡ ❧❛ tr❛♥s✐t✐♦♥ ✈❡rs ❧✬ét❛t ❝♦❤ér❡♥t✸ ✭❧❡
q✉❛s✐✲❝♦♥❞❡♥s❛t✮ ❛ ❧✐❡✉ ♣♦✉r ✉♥ ❣❛③ très ❞é❣é♥éré✳ ❉❛♥s ✉♥ ♣✐è❣❡ ❤❛r♠♦♥✐q✉❡✱ s✐ ♦♥ ✉t✐❧✐s❡
❧❡s ✈❛r✐❛❜❧❡s N ❡t T ✱ ❝❡❧❛ s❡ tr❛❞✉✐t ♣❛r ❧❡ ❢❛✐t q✉❡ Nco > T/h̄ω✳ ❈❡♣❡♥❞❛♥t✱ ♣♦✉r ♠❡ttr❡
❝❧❛✐r❡♠❡♥t ❡♥ é✈✐❞❡♥❝❡ ❝❡ ♣❤é♥♦♠è♥❡ ❡♥ ✉t✐❧✐s❛♥t ❧❡s ✈❛r✐❛❜❧❡s N ❡t T ✱ ✉♥❡ très ❣r❛♥❞❡
✈❛❧❡✉r ❞✉ ♣❛r❛♠ètr❡ t ❡st r❡q✉✐s❡✱ ❝♦♠♠❡ ✐❧ ❛♣♣❛r❛ît éq✉❛t✐♦♥ ✻✳✹✳ ❖r ❧❛ ❝♦♥❞✐t✐♦♥ ❞✉ ré❣✐♠❡
✉♥✐❞✐♠❡♥s✐♦♥♥❡❧ ❡t ❧✬❡①♣r❡ss✐♦♥ g = 2h̄ω⊥a ♠♦♥tr❡♥t q✉❡ ❧❡ ♣❛r❛♠ètr❡ t ♠❛①✐♠✉♠ q✉✐ ♣❡✉t
êtr❡ ❛tt❡✐♥t ❡st ❞❡ ❧✬♦r❞r❡ ❞❡ tmax ≃ h̄/(ma2ω⊥)✳ P♦✉r ♦❜t❡♥✐r ✉♥ ♣❛r❛♠ètr❡ t ✐♠♣♦rt❛♥t✱ ✐❧
❝♦♥✈✐❡♥t ❞♦♥❝ ❞❡ ♥❡ ♣❛s ✉t✐❧✐s❡r ✉♥ ❝♦♥✜♥❡♠❡♥t tr❛♥s✈❡rs❡ tr♦♣ ✐♠♣♦rt❛♥t✳ ❉✬❛✉tr❡ ♣❛rt✱
✐❧ ❡st ❛✈❛♥t❛❣❡✉① ❞✬✉t✐❧✐s❡r ❞❡s ❛t♦♠❡s ❧é❣❡rs✱ ❝♦♠♠❡ ❧✬❍❡❧✐✉♠✳ ❙✉r ❧❡ ❣r❛♣❤❡ ✻✳✸✱ ♥♦✉s
❛✈♦♥s r❡♣rés❡♥té ❧❛ ❧✐♠✐t❡ ❞❡ ✈❛❧✐❞✐té ❞✉ ré❣✐♠❡ ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧ ❞❛♥s ❧❡ ❝❛s ❞❡ ❧✬❛t♦♠❡
❞✬❤é❧✐✉♠ ♠ét❛st❛❜❧❡ ❝♦♥✜♥é ❞❛♥s ✉♥ ♣✐è❣❡ ❞❡ ❢réq✉❡♥❝❡ ❞✬♦s❝✐❧❧❛t✐♦♥ tr❛♥s✈❡rs❡ é❣❛❧❡ à
✷✵✵ ❍③✳ ❉❡s ✈❛❧❡✉rs ❞❡ t ❛✉ss✐ ❣r❛♥❞❡s q✉❡ 105 ♣❡✉✈❡♥t ❛❧♦rs êtr❡ ❛tt❡✐♥t❡s✳ ▲✬✐♥❝♦♥✈é♥✐❡♥t
❡st q✉❡ ❧❡ ♥♦♠❜r❡ ❞✬❛t♦♠❡s ❡t ❧❡ ❝♦♥✜♥❡♠❡♥t ❧♦♥❣✐t✉❞✐♥❛❧ s♦♥t ❢❛✐❜❧❡s✱ ❝♦♠♠❡ ♦♥ ❧❡ ✈♦✐t
s✉r ❧❡ ❣r❛♣❤❡✳

❯♥❡ ❛❧t❡r♥❛t✐✈❡ ❡st ❞✬✉t✐❧✐s❡r ❞✬✉♥❡ rés♦♥❛♥❝❡ ❞❡ ❋❡s❤❜❛❝❤ ♣♦✉r ❞✐♠✐♥✉❡r ❧❛ ❧♦♥❣✉❡✉r
❞❡ ❞✐✛✉s✐♦♥✱ ♣❛r ❡①❡♠♣❧❡ ❡♥ ✉t✐❧✐s❛♥t ❞❡s ❛t♦♠❡s ❞❡ ▲✐t❤✐✉♠✳ ❈❡tt❡ ♣♦ss✐❜✐❧✐té ❡st ❞ét❛✐❧❧é❡
❞❛♥s ♥♦tr❡ ❛rt✐❝❧❡ ❬✾❪✳ ❉❛♥s ❝❡ ❝❛s✱ ❧❛ tr❛♥s✐t✐♦♥ ✈❡rs ❧❡ q✉❛s✐✲❝♦♥❞❡♥s❛t ♣❡✉t êtr❡ s♦♥❞é❡ ❛✈❡❝
❞❡s ♥♦♠❜r❡s ❞✬❛t♦♠❡s ❡t ❞❡s ❝♦♥✜♥❡♠❡♥ts ♣❧✉s ✐♠♣♦rt❛♥ts✳ ❉✬❛✉tr❡ ♣❛rt✱ ✐❧ ❡st ♣♦ss✐❜❧❡ ❛✈❡❝
❝❡tt❡ rés♦♥❛♥❝❡ ❞❡ ❋❡s❤❜❛❝❤ ❞❡ ❞✐♠✐♥✉❡r s✉✣s❛♠♠❡♥t ❧❛ ❧♦♥❣✉❡✉r ❞❡ ❞✐✛✉s✐♦♥ ♣♦✉r ♣♦✉✈♦✐r
♦❜s❡r✈❡r ❧❡ ♣❤é♥♦♠è♥❡ ❞❡ ❝♦♥❞❡♥s❛t✐♦♥ ❞û à ❧❛ t❛✐❧❧❡ ✜♥✐❡ ❛✈❡❝ ✉♥ ♥♦♠❜r❡ ✐♠♣♦rt❛♥t
❞✬❛t♦♠❡s✳

◆♦t♦♥s ✜♥❛❧❡♠❡♥t q✉❡ ❧❛ ❝♦♥❞✐t✐♦♥ T ≪ h̄ω⊥ ❡st ♣❡ss✐♠✐st❡✳ ❊♥ ❡✛❡t✱ ❡①♣ér✐♠❡♥t❛❧❡✲
♠❡♥t✱ ❝♦♠♠❡ ♥♦✉s ❛❧❧♦♥s ❧❡ ✈♦✐r ❞❛♥s ❧❛ s❡❝t✐♦♥ ✻✳✷✱ ♥♦✉s ❛✈♦♥s ♣✉ ♦❜s❡r✈❡r t♦✉t❡s ❧❡s
❝❛r❛❝tér✐st✐q✉❡s ❞❡ ❧❛ tr❛♥s✐t✐♦♥ ❡♥tr❡ ✉♥ ❣❛③ ✐❞é❛❧ ❡t ✉♥ q✉❛s✐✲❝♦♥❞❡♥s❛t ❞❛♥s ✉♥ ❣❛③ ❞❡
r✉❜✐❞✐✉♠ q✉❛s✐✲✉♥✐❞✐♠❡♥s✐♦♥♥❡❧ ❞♦♥t ❧❛ t❡♠♣ér❛t✉r❡ ét❛✐t ❛✉ss✐ ❣r❛♥❞❡ q✉❡ ✷ h̄ω⊥✳ P❧✉s
♣ré❝✐sé♠❡♥t✱ ♥♦✉s ❛✈♦♥s ♠♦♥tré q✉❡ ❧❛ tr❛♥s✐t✐♦♥ ❛✈❛✐t ❧✐❡✉ ♣♦✉r ✉♥ ❣❛③ très ❞é❣é♥éré ❡t
♥♦✉s ❛✈♦♥s ♠♦♥tré q✉✬❡❧❧❡ ♥✬ét❛✐t ♣❛s ❞û❡ à ✉♥ ♣❤é♥♦♠è♥❡ ❞❡ ❝♦♥❞❡♥s❛t✐♦♥✳

✸❱♦✐r ❧❛ s❡❝t✐♦♥ ✻✳✶✳✺ ♣♦✉r ❧❡ s❡♥s ❞❡ ❝❡ ♠♦t
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✻✳✶✳✺ ❚❡r♠✐♥♦❧♦❣✐❡

❈♦♠♠❡ ♥♦✉s ❧✬❛✈♦♥s ❞é❥à ♠❡♥t✐♦♥♥é✱ ❧❛ tr❛♥s✐t✐♦♥ ❡♥tr❡ ❧❡ ré❣✐♠❡ ❞❡ ❣❛③ ❞❡ ❇♦s❡
✐❞é❛❧ très ❞é❣é♥éré ❡t ❧❡ ré❣✐♠❡ ❞❡ q✉❛s✐✲❝♦♥❞❡♥s❛t à ❤❛✉t❡ t❡♠♣ér❛t✉r❡ ♣❡✉✈❡♥t êtr❡
❜✐❡♥ r❡♣rés❡♥té ♣❛r ❧❛ ♣❤②s✐q✉❡ st❛t✐st✐q✉❡ ❞✬✉♥ ❝❤❛♠♣ ❝❧❛ss✐q✉❡✳ ▲❡ ❤❛♠✐❧t♦♥✐❡♥ ❞❡ ❝❡
❝❤❛♠♣ ❝❧❛ss✐q✉❡ ψ(z) ❝♦♥t✐❡♥t ❧❡ t❡r♠❡ ❞✬✐♥t❡r❛❝t✐♦♥ (g/2)

∫

dz|ψ|4✳ ❉❛♥s ❝❡tt❡ ❛♣♣r♦❝❤❡✱
❧❛ ❞✐s❝rét✐s❛t✐♦♥ ❞❡s ❛t♦♠❡s ♥✬❡st ♣❛s ♣r✐s❡ ❡♥ ❝♦♠♣t❡✱ ψ ét❛♥t ✉♥ ❝❤❛♠♣ ♠♦②❡♥✳ ❈✬❡st
♣♦✉r ❝❡❧❛ q✉❡ ❧❡s ré❣✐♠❡s ❞❡s ❣❛③ ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧s ❡♥ ✐♥t❡r❛❝t✐♦♥s ❢❛✐❜❧❡s s♦♥t ❛♣♣❡❧és
ré❣✐♠❡s ❞❡ ❝❤❛♠♣ ♠♦②❡♥ ❞❛♥s ❧❛ ❧✐ttér❛t✉r❡✳ ❈❡tt❡ t❡r♠✐♥♦❧♦❣✐❡ ♥❡ s✐❣♥✐✜❡ ♣❛s ❧✬❛❜s❡♥❝❡
❞❡ ❝♦rré❧❛t✐♦♥s ❡♥tr❡ ♣❛rt✐❝✉❧❡s✳

◆♦t♦♥s ❛✉ss✐ q✉❡ ❧❡ ré❣✐♠❡ ❞❡ q✉❛s✐✲❝♦♥❞❡♥s❛t ❡st ❛✉ss✐ ❛♣♣❡❧é ré❣✐♠❡ ❝♦❤ér❡♥t✳ ❈❡tt❡
❛♣♣❡❧❧❛t✐♦♥ ❢❛✐t ré❢ér❡♥❝❡ à ❧❛ ❢♦♥❝t✐♦♥ g2 q✉✐ ❡st ✐❞❡♥t✐q✉❡ à ❝❡❧❧❡ ❞✬✉♥ ét❛t ❝♦❤ér❡♥t✳ ❈❡❧❛
♥❡ s✐❣♥✐✜❡ ♣❛s q✉❡ ❧❡ ❣❛③ ❡st ❝♦❤ér❡♥t ❛✉ s❡♥s ❞❡ ❧❛ ❢♦♥❝t✐♦♥ g1✳

✻✳✷ ▼❡s✉r❡ ❞❡s ✢✉❝t✉❛t✐♦♥s ❞❡ ❞❡♥s✐té ❞❛♥s ✉♥ ❣❛③ q✉❛s✐✲
✉♥✐❞✐♠❡♥s✐♦♥♥❡❧ ✿ tr❛♥s✐t✐♦♥ ❞✬✉♥ ❣❛③ ❞❡ ❇♦s❡ ✐❞é❛❧
à ✉♥ q✉❛s✐✲❝♦♥❞❡♥s❛t

❈♦♠♠❡ ✐♥❞✐q✉é ❞❛♥s ❧❛ s❡❝t✐♦♥ ♣ré❝é❞❡♥t❡✱ ❧❛ tr❛♥s✐t✐♦♥ ✈❡rs ✉♥ q✉❛s✐✲❝♦♥❞❡♥s❛t ❞❛♥s
✉♥ ❣❛③ ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧ ♥✬❡st r✐❡♥ ❞✬❛✉tr❡ q✉❡ ❧✬✐♥❤✐❜✐t✐♦♥ ❞✉ ♣❤é♥♦♠è♥❡ ❞❡ ❣r♦✉♣❡♠❡♥t
❜♦s♦♥✐q✉❡✱ q✉✐ s❡ tr❛❞✉✐t ♣❛r ✉♥❡ ❞✐♠✐♥✉t✐♦♥ ❞❡s ✢✉❝t✉❛t✐♦♥s ❞❡ ❞❡♥s✐té ❛t♦♠✐q✉❡s✳ ❊♥
❛♥❛❧②s❛♥t ❧❡ ❜r✉✐t s✉r ❞❡s ✐♠❛❣❡s ❡♥ ❛❜s♦r♣t✐♦♥✱ ♥♦✉s ❛✈♦♥s ♠✐s ❡♥ é✈✐❞❡♥❝❡ ❧❡ ♣❛ss❛❣❡ ✈❡rs
✉♥ q✉❛s✐✲❝♦♥❞❡♥s❛t ❞❛♥s ✉♥ ❣❛③ q✉❛s✐✲✉♥✐❞✐♠❡♥s✐♦♥♥❡❧✳ ❊♥ ❡✛❡t✱ à ✏❢❛✐❜❧❡✑ ❞❡♥s✐té ♥♦✉s
❛✈♦♥s ♠✐s ❡♥ é✈✐❞❡♥❝❡ ❧❡ ♣❤é♥♦♠è♥❡ ❞❡ ❣r♦✉♣❡♠❡♥t ❜♦s♦♥✐q✉❡ ♣❛r ❧❛ ♣rés❡♥❝❡ ❞❡ ❢♦rt❡s
✢✉❝t✉❛t✐♦♥s ❞❡ ❞❡♥s✐té✳ ◆♦✉s ❛✈♦♥s ♠♦♥tré q✉❡ ❝❡ ♣❤é♥♦♠è♥❡ ❞❡ ❣r♦✉♣❡♠❡♥t ❜♦s♦♥✐q✉❡
♣❡rs✐st❛✐t ♠ê♠❡ ♣♦✉r ✉♥ ❣❛③ ❢♦rt❡♠❡♥t ❞é❣é♥éré✳ ❆ ✏❢♦rt❡✑ ❞❡♥s✐té✱ ♥♦✉s ❛✈♦♥s ♠❡s✉ré
✉♥❡ ré❞✉❝t✐♦♥ ❞❡s ✢✉❝t✉❛t✐♦♥s ❞❡ ❞❡♥s✐té✱ ❡♥ ❛❝❝♦r❞ ❛✈❡❝ ❧❛ ♣ré❞✐❝t✐♦♥ t❤é♦r✐q✉❡ ♣♦✉r ✉♥
q✉❛s✐✲❝♦♥❞❡♥s❛t✳

▲❡ ♣❧❛♥ ❞❡ ❝❡tt❡ s❡❝t✐♦♥ ❡st ❧❡ s✉✐✈❛♥t✳ ▲❛ ♣r❡♠✐èr❡ s♦✉s✲s❡❝t✐♦♥ ❞é❝r✐t ❧❡ ❞✐s♣♦s✐t✐❢
❡①♣ér✐♠❡♥t❛❧ ❡t ❧❡s ♠❡s✉r❡s ré❛❧✐sé❡s✳ ▲❛ ❞❡✉①✐è♠❡ s♦✉s✲s❡❝t✐♦♥ ❡st ✉♥❡ ✐♥tr♦❞✉❝t✐♦♥ ❛✉
♣❤é♥♦♠è♥❡ ❞❡ ❣r♦✉♣❡♠❡♥t ❜♦s♦♥✐q✉❡✳ ▲❛ ♠✐s❡ ❡♥ é✈✐❞❡♥❝❡ ❞❡ ❝❡ ♣❤é♥♦♠è♥❡ q✉❛♥t✐q✉❡ ❡st
♣rés❡♥té❡ ❞❛♥s ❧❛ s♦✉s✲s❡❝t✐♦♥ s✉✐✈❛♥t❡✳ ▲❛ ❞❡r♥✐èr❡ s♦✉s✲s❡❝t✐♦♥ ♣rés❡♥t❡ ❧❡s ✢✉❝t✉❛t✐♦♥s
❞❡ ❞❡♥s✐té ♠❡s✉ré❡ ❞❛♥s ❧❡ ré❣✐♠❡ ❞❡ q✉❛s✐✲❝♦♥❞❡♥s❛t✱ ❡t ❧❛ ❝♦♠♣❛r❛✐s♦♥ ❛✈❡❝ ✉♥ ❝❛❧❝✉❧
t❤é♦r✐q✉❡✳

✻✳✷✳✶ ❉✐s♣♦s✐t✐❢ ❡①♣ér✐♠❡♥t❛❧

❉❛♥s ♥♦tr❡ ❡①♣ér✐❡♥❝❡✱ ❞❡s ❛t♦♠❡s ❞❡ r✉❜✐❞✐✉♠ s♦♥t ❝♦♥✜♥és ❞❛♥s ✉♥ ♠✐❝r♦✲♣✐è❣❡ ♠❛❣✲
♥ét✐q✉❡ ré❛❧✐sé ♣❛r ✉♥❡ str✉❝t✉r❡ ❡♥ ❢♦r♠❡ ❞❡ ❍✱ ❝♦♠♠❡ ♠♦♥tré s✉r ❧❛ ✜❣✉r❡ ✻✳✹✳ ▲❡ ❝♦✉r❛♥t
❞❡ ✸ ❆ ♣❛ss❛♥t ❞❛♥s ❧❛ ❜❛rr❡ ❝❡♥tr❛❧❡ ❞✉ ❍ ❡t ✉♥ ❝❤❛♠♣ tr❛♥s✈❡rs❡ ❤♦♠♦❣è♥❡ ❞❡ ❧✬♦r❞r❡ ❞❡
✸✵ ● ré❛❧✐s❡♥t ❧❡ ❝♦♥✜♥❡♠❡♥t tr❛♥s✈❡rs❡ ❞❡s ❛t♦♠❡s✳ ❆✈❡❝ ✉♥ ❝❤❛♠♣s ❧♦♥❣✐t✉❞✐♥❛❧ ❞❡ ✶ ●✱
❧❛ ❢réq✉❡♥❝❡ ❞✬♦s❝✐❧❧❛t✐♦♥ tr❛♥s✈❡rs❡ ❡st ❞❡ ✸✱✵ ❦❍③✳ ▲❡ ❝♦✉r❛♥t ♣❛ss❛♥t ❞❛♥s ❧❡s ❜❛rr❡s ❞✉



✼✹ ❈❍❆P■❚❘❊ ✻✳ ❋▲❯❈❚❯❆❚■❖◆❙ ❉❊ ❉❊◆❙■❚➱ ❉❆◆❙ ❯◆ ●❆❩ ◗❯❆❙■✲✶❉

L=2.8 mm

I1 + I2

I1

I2

z

Bext
1cm

❋✐❣✳ ✻✳✹ ✕ ❋✐❧ ❡♥ ❢♦r♠❡ ❞❡ ❍ ✉t✐❧✐sé ♣♦✉r ré❛❧✐s❡r ❞❡s ♣✐è❣❡s très ❛❧❧♦♥❣és✳ ▲❛ ♣❛rt✐❡ ❝❡♥tr❛❧❡
❞✉ ❍ ❡t ✉♥ ❝❤❛♠♣ ❡①t❡r♥❡ ❤♦♠♦❣è♥❡ ré❛❧✐s❡♥t ❧❡ ❝♦♥✜♥❡♠❡♥t tr❛♥s✈❡rs❡✳ ▲❡s ❜r❛s ❞✉ ❍ s♦♥t
r❡s♣♦♥s❛❜❧❡s ❞✉ ❝♦♥✜♥❡♠❡♥t ❧♦♥❣✐t✉❞✐♥❛❧✳ ▲❛ ♣❤♦t♦ ♠♦♥tr❡ ❧❛ ♣✉❝❡ ❡♥ s✐❧✐❝✐✉♠ s✉r ❧❛q✉❡❧❧❡
❧❡s ✜❧s s♦♥t ❞é♣♦sés ♣❛r é❧❡❝tr♦❞é♣♦s✐t✐♦♥✳

y

z

0.36 mm

❋✐❣✳ ✻✳✺ ✕ ■♠❛❣❡ ❡♥ ❛❜s♦r♣t✐♦♥ ❞✬✉♥ ♥✉❛❣❡ ❛t♦♠✐q✉❡ ❝♦♥✜♥é ❞❛♥s ❧❡ ♣✐è❣❡ très ❛❧❧♦♥❣é
ré❛❧✐sé ♣❛r ❧❡ ✜❧ ❡♥ ❢♦r♠❡ ❞❡ ❍ ❞❡ ❧❛ ♣✉❝❡✭✈♦✐r ✜❣✳✻✳✹✮✳

❍ ré❛❧✐s❡ ✉♥ ❝❤❛♠♣s ❧♦♥❣✐t✉❞✐♥❛❧ q✉❛❞r❛t✐q✉❡ ❡♥ z✱ q✉✐ ♣r♦❞✉✐t ❧❡ ❝♦♥✜♥❡♠❡♥t ❧♦♥❣✐t✉❞✐♥❛❧
❞❡s ❛t♦♠❡s✳ ▲❛ ❢réq✉❡♥❝❡ ❧♦♥❣✐t✉❞✐♥❛❧❡ ❞✬♦s❝✐❧❧❛t✐♦♥ ❞❡s ❛t♦♠❡s ♣❡✉t êtr❡ ✈❛r✐é❡ ❞❡ ✻ ❍❩
❡♥✈✐r♦♥ à ✷✵ ❍③✳

▲❡s ♠❡s✉r❡s ❞❡ ✢✉❝t✉❛t✐♦♥s ❞❡ ❞❡♥s✐té ❛t♦♠✐q✉❡s s♦♥t ré❛❧✐sé❡s s✉r ❞❡s ✐♠❛❣❡s ❡♥ ❛❜✲
s♦r♣t✐♦♥ ♣r✐s❡s ✐♥ s✐t✉✱ ❝♦♠♠❡ ❝❡❧❧❡ ♣rés❡♥té❡ ❋✐❣✳✻✳✺✳ ❆✉❝✉♥❡ ✐♥❢♦r♠❛t✐♦♥ s✉r ❧❛ ❞✐str✐✲
❜✉t✐♦♥ tr❛♥s✈❡rs❡ ❞❡s ❛t♦♠❡s ♥✬❡st ♦❜t❡♥✉❡✱ ❧❛ t❛✐❧❧❡ tr❛♥s✈❡rs❡ ❞❡s ✐♠❛❣❡s ét❛♥t ❧✐♠✐té❡
♣❛r ❧❛ rés♦❧✉t✐♦♥ ♦♣t✐q✉❡ ❡t ❧❛ ❞✐✛✉s✐♦♥ ❞❡s ❛t♦♠❡s ❧♦rs ❞❡ ❧❛ ♣r✐s❡ ❞✬✐♠❛❣❡✳ ◆♦✉s ét✉❞✐♦♥s
❞♦♥❝ ❧❡s ♣r♦✜❧s ❧♦♥❣✐t✉❞✐♥❛✉①✱ ♦❜t❡♥✉s à ♣❛rt✐r ❞❡s ✐♠❛❣❡s ❡♥ ✐♥té❣r❛♥t ❞❛♥s ❧❛ ❞✐r❡❝t✐♦♥
tr❛♥s✈❡rs❡✳

P♦✉r ♠❡s✉r❡r ❧❡s ✢✉❝t✉❛t✐♦♥s ❞❡ ❞❡♥s✐té✱ ❡♥✈✐r♦♥ ✸✵✵ ✐♠❛❣❡s s♦♥t ♣r✐s❡s ❞❛♥s ❧❡s ♠ê♠❡s
❝♦♥❞✐t✐♦♥s ❡①♣ér✐♠❡♥t❛❧❡s ✭❝❡ q✉✐ ❝♦rr❡s♣♦♥❞ à ❡♥✈✐r♦♥ ❞❡✉① ❤❡✉r❡s ❞✬❛❝q✉✐s✐t✐♦♥ ❞❡ ❞♦♥✲
♥é❡s✮ s✉r ❧❡sq✉❡❧❧❡s ✉♥❡ ét✉❞❡ st❛t✐st✐q✉❡ ❡st ré❛❧✐sé❡✳ P♦✉r s✬❛✛r❛♥❝❤✐r ❞❡ ♣❡t✐t❡s ❞ér✐✈❡s
❧❡♥t❡s ❞❡ ❧❛ t❡♠♣ér❛t✉r❡ ❡t ❞❡s ✢✉❝t✉❛t✐♦♥s ❞✉ ♥♦♠❜r❡ ❞✬❛t♦♠❡s t♦t❛❧✱ ♥♦✉s ❝♦♠♣❛r♦♥s
❝❤❛q✉❡ ❝♦✉r❜❡ ❛✈❡❝ ❧❛ ❝♦✉r❜❡ ♠♦②❡♥♥❡ ♦❜t❡♥✉❡ ❛✈❡❝ ❧❡s ✸✵ ✐♠❛❣❡s ❛❞❥❛❝❡♥t❡s✳ ▲✬❛✐r❡ ❞❡
❧❛ ❝♦✉r❜❡ ♠♦②❡♥♥❡ ❡st ❡st r❡♥♦r♠❛❧✐sé❡ ♣♦✉r ❝♦♥t❡♥✐r ❧❡ ♠ê♠❡ ♥♦♠❜r❡ ❞✬❛t♦♠❡ t♦t❛❧✳ ❖♥
s✬❛✛r❛♥❝❤✐t ❛✐♥s✐ ❞❡s ✢✉❝t✉❛t✐♦♥s ❝♦✉♣ à ❝♦✉♣ ❞❡ ♥♦♠❜r❡ ❞✬❛t♦♠❡s✱ q✉✐ s♦♥t ❞❡ q✉❡❧q✉❡s
♣♦✉r❝❡♥t✳
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③

Nat

600µ♠

❋✐❣✳ ✻✳✻ ✕ ❯♥ ♣r♦✜❧ ❧♦♥❣✐t✉❞✐♥❛❧ t②♣✐q✉❡ ✭❜❧❡✉✮✱ ❝♦♠♣❛ré ❛✉ ♣r♦✜❧ ❞❡ ré❢ér❡♥❝❡ ✭r♦✉❣❡✮✳ ❖♥
♦❜s❡r✈❡ ❞❛♥s ❧❡s ré❣✐♦♥s ♦ù ❧❛ ❞❡♥s✐té ❛t♦♠✐q✉❡ ❡st ♥✉❧❧❡ ❞❡s ✢✉❝t✉❛t✐♦♥s ❞û❡s ❛✉ ❜r✉✐t ❞❡
❣r❡♥❛✐❧❧❡ ♦♣t✐q✉❡ ❞❡s ✐♠♣✉❧s✐♦♥s ♦♣t✐q✉❡s ✉t✐❧✐sé❡s ♣♦✉r ré❛❧✐s❡r ❧✬✐♠❛❣❡✳ ▲❡s ✢✉❝t✉❛t✐♦♥s
♠❡s✉ré❡s ❞❛♥s ❧❡ ♥✉❛❣❡ ❛t♦♠✐q✉❡ ♣rés❡♥t❡♥t ✉♥ ❡①❝ès ❞❡ ❜r✉✐t ✭♥♦♥ ✈✐s✐❜❧❡ à ❧✬♦❡✐❧✮ ❞û à ❧❛
❝♦♥tr✐❜✉t✐♦♥ ❞❡s ✢✉❝t✉❛t✐♦♥s ❞❡ ❞❡♥s✐té ❛t♦♠✐q✉❡✳

▲❛ ❋✐❣✳✻✳✻ ❝♦♠♣❛r❡ ✉♥❡ ❝♦✉r❜❡ t②♣✐q✉❡ ❛✈❡❝ s❛ ❝♦✉r❜❡ ❞❡ ré❢ér❡♥❝❡✳ ❆ ❣r❛♥❞❡ ❞✐st❛♥❝❡
❞✉ ♥✉❛❣❡ ❛t♦♠✐q✉❡✱ ❧❡s ✢✉❝t✉❛t✐♦♥s ♦❜s❡r✈é❡s s♦♥t ❞û❡s ❛✉ ✢✉❝t✉❛t✐♦♥s ❞✉ ♥♦♠❜r❡ ❞❡ ♣❤♦✲
t♦♥s r❡ç✉ ♣❛r ✉♥ ♣✐①❡❧✳ ◆♦✉s ❛✈♦♥s ✈ér✐✜é q✉❡ ❝❡s ✢✉❝t✉❛t✐♦♥s s♦♥t ❧✐♠✐tés ♣❛r ❧❡ s❤♦t ♥♦✐s❡
♦♣t✐q✉❡✳ ❉❛♥s ❧❛ ③♦♥❡ ♦ù ❞❡s ❛t♦♠❡s s♦♥t ♣rés❡♥ts✱ ❞❡s ✢✉❝t✉❛t✐♦♥s s✉♣♣❧é♠❡♥t❛✐r❡s s♦♥t
❞û❡s ❛✉① ✢✉❝t✉❛t✐♦♥s ❞❡ ❞❡♥s✐té ❛t♦♠✐q✉❡s✳ P♦✉r ❝❤❛q✉❡ ♣✐①❡❧✱ ❧❛ ❝♦♥tr✐❜✉t✐♦♥ ❛tt❡♥❞✉❡
❞✉ s❤♦t ♥♦✐s❡ ♦♣t✐q✉❡ ❡st s♦✉str❛✐t❡✳ ❋✐♥❛❧❡♠❡♥t✱ ♥♦✉s ré❛❧✐s♦♥s ✉♥ ❤✐st♦❣r❛♠♠❡ ❞❡s ✢✉❝✲
t✉❛t✐♦♥ ❞❡ ♥♦♠❜r❡ ❞✬❛t♦♠❡s✱ ❡♥ r❡❣r♦✉♣❛♥t ❧❡s rés✉❧t❛ts ❡♥ ❢♦♥❝t✐♦♥ ❞✉ ♥♦♠❜r❡ ♠♦②❡♥
❞✬❛t♦♠❡s ❞❛♥s ❧❡ ♣✐①❡❧ ❝♦♥s✐❞éré✳

▲❛ ✜❣✉r❡ ✻✳✼ ♠♦♥tr❡ ❧❡ rés✉❧t❛t ♦❜t❡♥✉ ♣♦✉r ✉♥ ♥✉❛❣❡ très ❝❤❛✉❞✳ ❖♥ ♦❜s❡r✈❡ ❞❡s ✢✉❝✲
t✉❛t✐♦♥s ❞❡ ♥♦♠❜r❡ ❞✬❛t♦♠❡s q✉✐ ❛✉❣♠❡♥t❡♥t ❧✐♥é❛✐r❡♠❡♥t ❛✈❡❝ ❧❡ ♥♦♠❜r❡ ♠♦②❡♥ ❞✬❛t♦♠❡s✳
❈❡ ❝♦♠♣♦rt❡♠❡♥t ❡st ❝❛r❛❝tér✐st✐q✉❡ ❞✬✉♥ ♥✉❛❣❡ ❞✬❛t♦♠❡s ♥♦♥ ❝♦rré❧és✳ ❊♥ ❡✛❡t✱ s✐ ❝❤❛q✉❡
❛t♦♠❡ ❛ ✉♥❡ ♣r♦❜❛❜✐❧✐té α ≪ 1 ❞❡ s❡ tr♦✉✈❡r ❞❛♥s ❧❡ ♣✐①❡❧ ❝♦♥s✐❞éré✱ ❛❧♦rs ❧❛ ❞✐str✐❜✉t✐♦♥

❞✉ ♥♦♠❜r❡ ❞✬❛t♦♠❡s ❞❛♥s ❧❡ ♣✐①❡❧ ❡st ❞♦♥♥é❡ ♣❛r ❧❛ ❞✐str✐❜✉t✐♦♥ ❜✐♥♦♠✐❛❧❡ αn
(

n
N

)

✱ ♦ù

N ❡st ❧❡ ♥♦♠❜r❡ ❞✬❛t♦♠❡s t♦t❛❧✳ ▲❡s ✢✉❝t✉❛t✐♦♥s s♦♥t ❞♦♥❝

〈n2〉 − 〈n〉2 = 〈n〉(1 − α) ≃ 〈n〉. ✭✻✳✾✮

❊①♣ér✐♠❡♥t❛❧❡♠❡♥t✱ ❧❛ ♣❡♥t❡ ♦❜s❡r✈é❡ ❡st très ✐♥❢ér✐❡✉r❡ à s❛ ✈❛❧❡✉r ❛tt❡♥❞✉❡ ❞❡ ✉♥✳ ❈❡❝✐
❡st ❞û à ❧❛ rés♦❧✉t✐♦♥ ♦♣t✐q✉❡ ❞❡ ♥♦tr❡ s②stè♠❡ ❞✬✐♠❛❣❡r✐❡✱ q✉✐ ♥✬❡st ♣❛s très ✐♥❢ér✐❡✉r❡ à ❧❛
t❛✐❧❧❡ ❞✉ ♣✐①❡❧✳ ▲❛ ❝♦♥tr✐❜✉t✐♦♥ à ❧✬❛❜s♦r♣t✐♦♥ ❞✬✉♥ ❛t♦♠❡ ✉♥✐q✉❡ ❡st ❞♦♥❝ ré❞✉✐t❡✳ ❯♥ ❝❛❧❝✉❧
♣r❡♥❛♥t ❡♥ ❝♦♠♣t❡ ❧❛ rés♦❧✉t✐♦♥ ✜♥✐❡ ❞✉ s②stè♠❡ ❞✬✐♠❛❣❡r✐❡✱ ♠❡s✉ré❡ ✐♥❞é♣❡♥❞❛♠♠❡♥t✱ ❡st
❡♥ ❜♦♥ ❛❝❝♦r❞ ❛✈❡❝ ❧❛ ♣❡♥t❡ ♦❜s❡r✈é❡✳

✻✳✷✳✷ P❤é♥♦♠è♥❡ ❞❡ ❣r♦✉♣❡♠❡♥t ❜♦s♦♥✐q✉❡

▲✬❛♥❛❧②s❡ ♣ré❝é❞❡♥t❡ ❡st ✈❛❧❛❜❧❡ ♣♦✉r ❞❡s ❛t♦♠❡s ❞✐s❝❡r♥❛❜❧❡s✳ ❉❛♥s ❧❡ ❝❛s ❞✬❛t♦♠❡s
✐❞❡♥t✐q✉❡s✱ ✉♥❡ t❡❧❧❡ ❛♥❛❧②s❡ ♥✬❡st ♣❛s ✈❛❧❛❜❧❡ ❝❛r ❡❧❧❡ ❝♦♥s✐❞èr❡ ❝♦♠♠❡ ❞✐✛ér❡♥t❡s ❞❡s s✐t✲
✉❛t✐♦♥s ✐❞❡♥t✐q✉❡s ♣❤②s✐q✉❡♠❡♥t ❝❛r ♥❡ ❞✐✛ér❛♥t q✉❡ ♣❛r ❧✬é❝❤❛♥❣❡ ❞❡ ❞❡✉① ❛t♦♠❡s✳ P♦✉r
❞é❝r✐r❡ ❝♦rr❡❝t❡♠❡♥t ✉♥ ❣❛③ ❞❡ ♣❛rt✐❝✉❧❡s ✐❞❡♥t✐q✉❡s✱ ♦♥ ✉t✐❧✐s❡ ✉♥❡ ❜❛s❡ à ✉♥❡ ♣❛rt✐❝✉❧❡
✭|ϕ1〉, |ϕ2〉, ...✮✳ ❖♥ ♣r❡♥❞r❛ ✐❝✐ ❝♦♠♠❡ ✈❡❝t❡✉rs |ϕ1〉 ❧❡s ét❛ts ♣r♦♣r❡s ❞✉ ❤❛♠✐❧t♦♥✐❡♥ à ✉♥❡
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❋✐❣✳ ✻✳✼ ✕ ❋❧✉❝t✉❛t✐♦♥s ❞❡ ♥♦♠❜r❡ ❞✬❛t♦♠❡s ❞❛♥s ❝❤❛❝✉♥ ❞❡s ♣✐①❡❧s✱ ❡♥ ❢♦♥❝t✐♦♥ ❞✉ ♥♦♠❜r❡
♠♦②❡♥ ❞✬❛t♦♠❡s✱ ♣♦✉r ✉♥ ♥✉❛❣❡ à ✉♥❡ t❡♠♣ér❛t✉r❡ très é❧❡✈é❡ ✭T ≃ 10h̄ω✮✳ ❖♥ ♦❜s❡r✈❡ ❞❡s
✢✉❝t✉❛t✐♦♥s ❧✐♥é❛✐r❡s ❡♥ 〈Nat〉✱ ❧❡ ♥♦♠❜r❡ ♠♦②❡♥ ❞✬❛t♦♠❡s✱ ❝♦♠♠❡ ❛tt❡♥❞✉ ♣♦✉r ✉♥ ♥✉❛❣❡
très ♥♦♥ ❞é❣é♥éré✳

♣❛rt✐❝✉❧❡✳ ❯♥❡ ❜❛s❡ ❞❡s ét❛t ❞✉ ❣❛③ ❡st ❧❛ ❜❛s❡ ❞❡ ❋♦❝❦ ✭|n1, n2, ...〉✮ ♦ù n1✱n2✱✳✳ s♦♥t ❞❡s
❡♥t✐❡rs ♥❛t✉r❡❧s q✉✐ ❞♦♥♥❡ ❧❛ ♣♦♣✉❧❛t✐♦♥ ❞❡ ❝❤❛q✉❡ ét❛t |ϕ1〉, |ϕ2〉, ...✳ ❉❡s é❝❤❛♥❣❡s ❞❡ ♣♦♣✉✲
❧❛t✐♦♥s ❡♥tr❡ ❞❡s ét❛ts |ϕi〉 ♦♥t ❧✐❡✉ ❧♦rs ❞❡ ❝♦❧❧✐s✐♦♥s✳ ❆✐♥s✐✱ à ❧✬éq✉✐❧✐❜r❡ t❤❡r♠♦❞②♥❛♠✐q✉❡✱
❝❤❛q✉❡ ét❛t |ϕi〉 ❡st ❡♥ éq✉✐❧✐❜r❡ ❛✈❡❝ ❧❡s ❛✉tr❡s ét❛ts ♣♦✉✈❛♥t êtr❡ ❝♦♥s✐❞érés ❝♦♠♠❡ ✉♥
rés❡r✈♦✐r ❞❡ ♣❛rt✐❝✉❧❡s ❡t ❞✬é♥❡r❣✐❡✳ ❈❡❝✐ ❥✉st✐✜❡ ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡ ❧❛ r❡♣rés❡♥t❛t✐♦♥ ❣r❛♥❞✲
❝❛♥♦♥✐q✉❡✹✳ ❆ ✉♥❡ t❡♠♣ér❛t✉r❡ T ❡t ✉♥ ♣♦t❡♥t✐❡❧ ❝❤✐♠✐q✉❡ µ✱ ♣♦✉r ✉♥ ❣❛③ ❞❡ ❇♦s♦♥s✱ ❧❛
♣r♦❜❛❜✐❧✐té ♣♦✉r q✉✬✐❧ ② ❛✐t n ❛t♦♠❡s ❞❛♥s ❧✬ét❛t |ϕi〉 ❞✬é♥❡r❣✐❡ ǫi ❡st ❞♦♥♥é❡ ♣❛r ❧❛ ❧♦✐ ❞❡
❇♦❧t③♠❛♥

pn = en(ǫi−µ)/T/Z, ✭✻✳✶✵✮

♦ù Z =
∑

en(ǫi−µ)/T ✳ ▲❡ ♠♦♠❡♥t ❞✬♦r❞r❡ ❞❡✉① ❞❡ ❝❡tt❡ ❞✐str✐❜✉t✐♦♥ ❞♦♥♥❡ ❧❡s ✢✉❝t✉❛t✐♦♥s

〈n2〉 − 〈n〉2 = 〈n〉 + 〈n〉2. ✭✻✳✶✶✮

▲❡ ♣r❡♠✐❡r t❡r♠❡ ❝♦rr❡s♣♦♥❞ ❛✉ ❜r✉✐t ❞❡ ❣r❡♥❛✐❧❧❡ ❛tt❡♥❞✉ ♣♦✉r ❞❡s ❛t♦♠❡s ❞✐s❝❡r♥❛❜❧❡s✳
▲❡ t❡r♠❡ 〈n〉2 ❡st ❧❡ t❡r♠❡ ❞❡ ❣r♦✉♣❡♠❡♥t ❜♦s♦♥✐q✉❡✳ ❊♥ é❝r✐✈❛♥t n = a+a✱ ♦ù a+ ❡t a s♦♥t
❧❡s ♦♣ér❛t❡✉rs ❞❡ ❝ré❛t✐♦♥ ❡t ❞✬❛♥♥✐❤✐❧❛t✐♦♥ ❞✬✉♥ ❇♦s♦♥ ❞❛♥s ❧❡ ♠♦❞❡ |ϕi〉✱ ❡t ❡♥ ✉t✐❧✐s❛♥t
❧❡s r❡❧❛t✐♦♥s ❞❡ ❝♦♠♠✉t❛t✐♦♥s ❞❡s ♦♣ér❛t❡✉rs a+ ❡t a✱ ♦♥ ♠♦♥tr❡ q✉❡ ❧❛ r❡❧❛t✐♦♥ ❝✐✲❞❡ss♦✉s
✐♠♣❧✐q✉❡ 〈a+a+aa〉 = 2〈a+a〉2✱ ❝❡ q✉✐ ♥✬❡st r✐❡♥ ❞ ✬❛✉tr❡ q✉✬✉♥ ❝❛s ♣❛rt✐❝✉❧✐❡r ❞✉ t❤é♦rè♠❡
❞❡ ❲✐❝❦✳ ▲❡ t❡r♠❡ ❞❡ ❣r♦✉♣❡♠❡♥t ❜♦s♦♥✐q✉❡ ❞❛♥s ❧✬éq✉❛t✐♦♥ ✻✳✶✶ ❡st ♥é❣❧✐❣❡❛❜❧❡ ❞❡✈❛♥t ❧❡
t❡r♠❡ ❞❡ ❣r❡♥❛✐❧❧❡ t❛♥t q✉❡ 〈n〉 ≪ 1✱ ❝✬❡st✲à✲❞✐r❡ t❛♥t q✉❡ ❧❛ ♣♦♣✉❧❛t✐♦♥ ♠♦②❡♥♥❡ ❞❡ ❧✬ét❛t
❡st très ♣❡t✐t❡ ❞❡✈❛♥t ✉♥✳

❊①♣ér✐♠❡♥t❛❧❡♠❡♥t✱ ♦♥ ♠❡s✉r❡ ❧❡s ✢✉❝t✉❛t✐♦♥s ❞✉ ♥♦♠❜r❡ ❞✬❛t♦♠❡s N ❞❛♥s ✉♥ ❝❡rt❛✐♥
✈♦❧✉♠❡ ❞✬♦❜s❡r✈❛t✐♦♥ ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡s ♣❤❛s❡s✳ ❈♦♠♠❡ ❧❡s ♣♦♣✉❧❛t✐♦♥s ❞❡ ❞✐✛ér❡♥ts ét❛ts
♣r♦♣r❡s ♥❡ s♦♥t ♣❛s ❝♦rré❧é❡s✱ ❧✬éq✉❛t✐♦♥ ✻✳✶✶ ♠♦♥tr❡ q✉❡ ❧❡s ✢✉❝t✉❛t✐♦♥s ❞❡ N s♦♥t

〈N2〉 − 〈N〉2 = 〈N〉 +
∑

i

〈ni〉2, ✭✻✳✶✷✮

✹P♦✉r q✉❡ ❝❡❝✐ s♦✐t ✈❛❧❛❜❧❡✱ ❧❡s ✢✉❝t✉❛t✐♦♥s ❞✉ ♥♦♠❜r❡ ❞✬❛t♦♠❡s ❞❛♥s ❝❤❛q✉❡ ét❛ts ❞♦✐✈❡♥t êtr❡ s✉✛✲
✐s❛♠♠❡♥t ♣❡t✐t❡s ♣♦✉r ♥é❣❧✐❣❡r ❧❛ ré♣❧ét✐♦♥ ✐♥❞✉✐t❡ ❞❛♥s ❧❡s ❛✉tr❡s ét❛ts✳ ❈❡tt❡ ❝♦♥❞✐t✐♦♥ ♥✬❡st ♣❛s ✈❛❧❛❜❧❡
♣rès ❞❡ ❧❛ tr❛♥s✐t✐♦♥ ❞❡ ❇♦s❡✲❊✐♥st❡✐♥ ❞❛♥s ✉♥ ❣❛③ ♣❛r❢❛✐t tr✐✲❞✐♠❡♥s✐♦♥♥❡❧✳ ▲❛ r❡♣rés❡♥t❛t✐♦♥ ❝❛♥♦♥✐q✉❡
❞♦✐t êtr❡ ✉t✐❧✐sé❡ ❞❛♥s ❝❡ ❝❛s ❬✶✵✷✱ ✸✵❪



✻✳✷✳ ▼❊❙❯❘❊ ❉❊❙ ❋▲❯❈❚❯❆❚■❖◆❙ ❉❊ ❉❊◆❙■❚➱ ✼✼

♦ù ❧❛ s♦♠♠❡ ❡st ❢❛✐t❡ s✉r ❧❡s ét❛ts ♣r♦♣r❡s |ϕi〉 ❝♦♥t❡♥✉s ❞❛♥s ❧❡ ✈♦❧✉♠❡ ❞✬♦❜s❡r✈❛t✐♦♥✳
❙✉♣♣♦s♦♥s ♣♦✉r s✐♠♣❧✐✜❡r q✉❡ ❝❡ ✈♦❧✉♠❡ ❝♦♥t✐❡♥♥❡♥tM ét❛ts ♣r♦♣r❡s ❞❡ ♠ê♠❡ ♣♦♣✉❧❛t✐♦♥
♠♦②❡♥♥❡✳ ▲✬éq✉❛t✐♦♥ ♣ré❝é❞❡♥t❡ s❡ s✐♠♣❧✐✜❡ ❛❧♦rs ❡♥

〈N2〉 − 〈N〉2 = 〈N〉 + 〈N〉〈N〉
M

. ✭✻✳✶✸✮

▲❡ t❡r♠❡ ❞❡ ❣r♦✉♣❡♠❡♥t ❜♦s♦♥✐q✉❡ ❡st ❞✐♠✐♥✉é ♣❛r ❧❡ ❢❛❝t❡✉r M ✳ P♦✉r ❧❡ ❞ét❡❝t❡r ❞❛♥s
✉♥❡ ♠❡s✉r❡ ❞❡ rés♦❧✉t✐♦♥ ❞♦♥♥é❡✱ M ♥❡ ❞♦✐t ♣❛s êtr❡ tr♦♣ ❣r❛♥❞✳ ❉✬❛✉tr❡ ♣❛rt✱ 〈N〉

M
❡st

❧❛ ❞❡♥s✐té ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡s ♣❤❛s❡s✳ ❚❛♥t q✉❡ ❝❡tt❡ ❞❡♥s✐té ❡st très ♣❡t✐t❡ ❞❡✈❛♥t ✉♥✱ ❧❡s
✢✉❝t✉❛t✐♦♥s ❞❡ N s♦♥t très ♣r♦❝❤❡s ❞✉ ❜r✉✐t ❞❡ ❣r❡♥❛✐❧❧❡ 〈N〉✳

❉❛♥s ♥♦tr❡ ❡①♣ér✐❡♥❝❡✱ ❧❡ ✈♦❧✉♠❡ ❞✬♦❜s❡r✈❛t✐♦♥ ❡st ✉♥❡ tr❛♥❝❤❡ ❞❡ ❧✬❡s♣❛❝❡ ❞❡s ♣❤❛s❡
❞✬é♣❛✐ss❡✉r ∆ = 6 µ♠ ❞❛♥s ❧❛ ❞✐r❡❝t✐♦♥ ❧♦♥❣✐t✉❞✐♥❛❧❡✳ ❆ t❡♠♣ér❛t✉r❡ T ≫ h̄ω⊥ ❡t ♣♦✉r
✉♥❡ ❞❡♥s✐té ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡s ♣❤❛s❡s ❢❛✐❜❧❡✱ ❝❡ ✈♦❧✉♠❡ ❝♦♥t✐❡♥t ❡♥✈✐r♦♥ (T/(h̄ω⊥))2 ét❛ts
tr❛♥s✈❡rs❡ ♣❡✉♣❧és✳ P♦✉r ❝❤❛❝✉♥ ❞❡s ♥✐✈❡❛✉① tr❛♥s✈❡rs❡✱ ❧❡ ✈♦❧✉♠❡ ♦❝❝✉♣é ❞❛♥s ❧✬❡s♣❛❝❡
❞❡s ♣❤❛s❡ ✭z, pz✮ ❡st ❞❡ ❧✬♦r❞r❡ ❞❡ ∆

√
mT ✳ ▲❡ ♥♦♠❜r❡ ❞✬ét❛ts ♣❡✉♣❧és ❡st ❞♦♥❝ ❞❡ ❧✬♦r❞r❡

❞❡ ∆
√
mT/h̄✳ ❋✐♥❛❧❡♠❡♥t✱ ❧❡ ♥♦♠❜r❡ ❞✬ét❛ts ♣❡✉♣❧és ❡st

M ≃ (T/(h̄ω⊥))2∆
√
mT/h̄. ✭✻✳✶✹✮

▲❡s ✢✉❝t✉❛t✐♦♥s ❞❡ ♥♦♠❜r❡ ❞✬❛t♦♠❡s s✬é❝r✐✈❡♥t ❛❧♦rs

〈N2〉 − 〈N〉2 = 〈N〉 + 〈N〉2 h̄(h̄ω⊥)2

T 2∆
√
mT

✭✻✳✶✺✮

❙✐ ❧❡ r❛✐s♦♥♥❡♠❡♥t s✐♠♣❧❡ ❝✐✲❞❡ss✉s ❞♦♥♥❡ ❧❛ ❧♦✐ ❞✬é❝❤❡❧❧❡ ❞❡ 〈N2〉 − 〈N〉2 − 〈N〉✱ ❧❡ ❢❛❝t❡✉r
♥✉♠ér✐q✉❡ ❡①❛❝t ❡st ♦❜t❡♥✉ ❡♥ ré❛❧✐s❛♥t ❧❡ ❝❛❧❝✉❧ ✻✳✶✷ ❡t ❡♥ ✉t✐❧✐s❛♥t ❧❛ ❞✐str✐❜✉t✐♦♥ ❞❡
▼❛①✇❡❧❧✲❇♦❧t③❛♠♥♥✳ P♦✉r q✉❡ M ♥❡ s♦✐t ♣❛s tr♦♣ ❣r❛♥❞✱ ❞♦♥❝ ♣♦✉r q✉❡ ❧❡ ♣❤é♥♦♠è♥❡ ❞❡
❣r♦✉♣❡♠❡♥t ❜♦s♦♥✐q✉❡ ♥❡ s♦✐t ♣❛s tr♦♣ ré❞✉✐t✱ ♦♥ ❝❤❡r❝❤❡r❛ à ré❛❧✐s❡r ❞❡s ♥✉❛❣❡s à ✉♥❡
t❡♠♣ér❛t✉r❡ ❢❛✐❜❧❡✱ ♣r♦❝❤❡ ❞❡ h̄ω⊥✳ ❉✬❛✉tr❡ ♣❛rt✱ ♣♦✉r q✉❡ ❧❡ t❡r♠❡ ❞❡ ❜✉♥❝❤✐♥❣ ♥❡ s♦✐t
♣❛s tr♦♣ ❢❛✐❜❧❡ ♣❛r r❛♣♣♦rt ❛✉ ❜r✉✐t ❞❡ ❣r❡♥❛✐❧❧❡✱ ♦♥ ❝❤❡r❝❤❡r❛ ❛ ❛✉❣♠❡♥t❡r ❧❛ ❞❡♥s✐té ❞❛♥s
❧✬❡s♣❛❝❡ ❞❡s ♣❤❛s❡s✳

▲✬❛♥❛❧②s❡ ❝✐✲❞❡ss✉s ♥✬❡st ✈❛❧❛❜❧❡ q✉❡ t❛♥t q✉❡ ❧❛ ❞❡♥s✐té ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡s ♣❤❛s❡s ❡st
♣❡t✐t❡ ❞❡✈❛♥t ✉♥✳ ▲♦rsq✉❡ ❧❛ ❞❡♥s✐té ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡s ♣❤❛s❡ ❞❡✈✐❡♥t ❞❡ ❧✬♦r❞r❡ ♦✉ ♣❧✉s
❣r❛♥❞❡ q✉❡ ✉♥✱ ❧❛ ❞✐str✐❜✉t✐♦♥ ❞❡s ♣♦♣✉❧❛t✐♦♥s ♠♦②❡♥♥❡s ❞❡s ét❛ts ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❡✉r
é♥❡r❣✐❡ ❞❡✈✐❡♥t ♣❧✉s ♣✐q✉é❡ ❡♥ ③ér♦✳ ▲❡ ♥♦♠❜r❡ ❡✛❡❝t✐❢ ❞✬ét❛ts ♣❡✉♣❧és ❡st ❛❧♦rs ♣❧✉s ♣❡t✐t
q✉❡ ❧❛ ✈❛❧❡✉r ❞♦♥♥é❡ éq✉❛t✐♦♥ ✻✳✶✹ ❡t ❧❡ ♣❤é♥♦♠è♥❡ ❞❡ ❣r♦✉♣❡♠❡♥t ❜♦s♦♥✐q✉❡ ❡st r❡♥❢♦r❝é✳

❉❛♥s ❧❡ ❝❛s ❞✬✉♥ ♥✉❛❣❡ ❢♦rt❡♠❡♥t ❞é❣é♥éré ✭✐✳❡✳ ❞❡♥s✐té ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡s ♣❤❛s❡s ❣r❛♥❞❡
❞❡✈❛♥t ✉♥✮✱ ❧❡s ✢✉❝t✉❛t✐♦♥s ❞❡ ♥♦♠❜r❡ ❞✬❛t♦♠❡s ♣❡✉✈❡♥t à ♥♦✉✈❡❛✉ êtr❡ ❡st✐♠é❡s s✐♠♣❧❡✲
♠❡♥t✳ P❧✉s ♣ré❝✐sé♠❡♥t✱ à ❤❛✉t❡ ❞❡♥s✐té ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡s ♣❤❛s❡s✱ ❡t s✐ ❧❛ ✈❛❧❡✉r ❛❜s♦❧✉❡ ❞✉
♣♦t❡♥t✐❡❧ ❝❤✐♠✐q✉❡ ❡st très ♣❡t✐t❡ ❞❡✈❛♥t h̄ω⊥✱ ❧❛ ♣❧✉♣❛rt ❞❡s ❛t♦♠❡s s♦♥t ❛❝❝✉♠✉❧é ❞❛♥s
❧❡ ♠♦❞❡ tr❛♥s✈❡rs❡ ❢♦♥❞❛♠❡♥t❛❧ ❡t ❧❡ ❣❛③ ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧ rés✉❧t❛♥t ❡st très ❞é❣é♥éré✳ ▲❛
♣♦♣✉❧❛t✐♦♥s ❞❡s ét❛ts ❞❡ q✉❛♥t✐té ❞❡ ♠♦✉✈❡♠❡♥t p≪

√

m|µ| ❡st ❣r❛♥❞❡ ❞❡✈❛♥t ✉♥ ❡t s✬é❝r✐t
〈n〉 ≃ T/(p2/(2m) + |µ|)✳ ▲❡ ✈♦❧✉♠❡ ❡✣❝❛❝❡ ❞❡ ❧✬❡s♣❛❝❡ ❞❡s ♣❤❛s❡s ❡st ❞♦♥❝ ❞❡ ❧✬♦r❞r❡ ❞❡
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∆
√

m|µ| ❡t ❧❡ ♥♦♠❜r❡ ❞✬ét❛t ♣❡✉♣❧és ❡st

M ≃ ∆
√

m|µ|/h̄. ✭✻✳✶✻✮

❉❛♥s ❝❡ ré❣✐♠❡ très ❞é❣é♥éré✱ ❧❡ ♣♦t❡♥t✐❡❧ ❝❤✐♠✐q✉❡ ❡st ❧✐é à ❧❛ ❞❡♥s✐té ❧✐♥é❛✐r❡✱ ♥♦té❡ n1D✱
♣❛r ❧❛ r❡❧❛t✐♦♥ n1D ≃ T/(h̄

√

2|mu|/m)✳ ❊♥ ✉t✐❧✐s❛♥t ❝❡tt❡ ❡①♣r❡ss✐♦♥✱ ❧❡s éq✉❛t✐♦♥s ✻✳✶✸ ❡t
✻✳✶✻ ❞♦♥♥❡♥t ❞❡s ✢✉❝t✉❛t✐♦♥s ❞❡ ♥♦♠❜r❡ ❞✬❛t♦♠❡s

〈N2〉 − 〈N〉2 ≃ 〈N〉3 h̄2

m∆2T
. ✭✻✳✶✼✮

❊♥ ❝♦♥❝❧✉s✐♦♥✱ à t❡♠♣ér❛t✉r❡ ❝♦♥st❛♥t❡✱ ❧♦rsq✉❡ ❧❛ ❞❡♥s✐té ❧✐♥é❛✐r❡ ❛✉❣♠❡♥t❡✱ ❧❡ ❣r♦✉♣❡✲
♠❡♥t ❜♦s♦♥✐q✉❡ ✐♥tr♦❞✉✐t ❞❡s ✢✉❝t✉❛t✐♦♥s q✉✐ ❛✉❣♠❡♥t❡ ❡♥ 〈N〉2 à ❢❛✐❜❧❡ ❞❡♥s✐té✳ ▲♦rsq✉❡
❝❡s ✢✉❝t✉❛t✐♦♥s ❞❡✈✐❡♥♥❡♥t ❝♦♠♣❛r❛❜❧❡ ❛✉ ❜r✉✐t ❞❡ ❣r❡♥❛✐❧❧❡✱ ❡❧❧❡ s❡ ♠❡tt❡♥t à ❛✉❣♠❡♥t❡r
♣❧✉s r❛♣✐❞❡♠❡♥t q✉❡ 〈N〉2✳ ❆ très ❣r❛♥❞❡ ❞❡♥s✐té✱ ♦♥ s✬❛tt❡♥❞ à ✉♥❡ ❛✉❣♠❡♥t❛t✐♦♥ ❡♥ 〈N〉3
❞❡s ✢✉❝t✉❛t✐♦♥s✳

❉❛♥s ❧✬❛♥❛❧②s❡ q✉✐ ♣ré❝è❞❡ ♥♦✉s ❛✈♦♥s s✉♣♣♦sé ✐♠♣❧✐❝✐t❡♠❡♥t q✉❡ ❧❛ t❛✐❧❧❡ ∆ ❞❡ ❧❛ ③♦♥❡
s✉r ❧❛q✉❡❧❧❡ ❧❡ ♥♦♠❜r❡ ❞✬❛t♦♠❡s ❡t s❡s ✢✉❝t✉❛t✐♦♥s ét❛✐❡♥t ♠❡s✉rés ❡st très ❣r❛♥❞❡ ❞❡✈❛♥t
❧❛ ❧♦♥❣✉❡✉r ❞❡ ❝♦rré❧❛t✐♦♥ ❞✉ s②stè♠❡✳ P❧✉s ♣ré❝✐sé♠❡♥t✱ ♦♥ ❛ s✉♣♣♦sé q✉❡ ❧❡s ♣r♦♣r✐étés ❞❡
❧❛ ③♦♥❡ ét✉❞✐é❡ ét❛✐t ✐❞❡♥t✐q✉❡s à ❝❡❧❧❡ ❞✬✉♥❡ ❜♦ît❡ ❞❡ t❛✐❧❧❡ ∆ ❡♥ éq✉✐❧✐❜r❡ ❛✈❡❝ ✉♥ rés❡r✈♦✐r
❞❡ ♣❛rt✐❝✉❧❡s ❞❡ ♣♦t❡♥t✐❡❧ ❝❤✐♠✐q✉❡ µ ❡t ✉♥ rés❡r✈♦✐r ❞✬é♥❡r❣✐❡ ❞❡ t❡♠♣ér❛t✉r❡ T ✳ P♦✉r q✉❡
❝❡❝✐ s♦✐t ✈❛❧❛❜❧❡✱ ❧❛ q✉❛♥t✐✜❝❛t✐♦♥ ❞❡s ✐♠♣✉❧s✐♦♥s ✐♠♣♦sé❡ ♣❛r ❧❛ t❛✐❧❧❡ ∆ ❞♦✐t ❛✈♦✐r ✉♥ ❡✛❡t
♥é❣❧✐❣❡❛❜❧❡✱ ❝❡ q✉✐ ✐♠♣❧✐q✉❡ q✉❡ ∆ ❞♦✐t êtr❡ ❣r❛♥❞❡ ❞❡✈❛♥t ❧✬✐♥✈❡rs❡ ❞❡ ❧❛ ❧❛r❣❡✉r ❞❡ ❧❛
❞✐str✐❜✉t✐♦♥ ❡♥ ✐♠♣✉❧s✐♦♥✳ P❧✉s ♣ré❝✐sé♠❡♥t✱ ∆ ❞♦✐t êtr❡ ❣r❛♥❞ ❞❡✈❛♥t h̄/

√

m|µ| ❡t ❞❡✈❛♥t
h̄/

√
mT ✳
❙✐ ❧❡s ❝♦♥❞✐t✐♦♥s ♣ré❝é❞❡♥t❡s ♥❡ s♦♥t ♣❛s s❛t✐s❢❛✐t❡s✱ ✉♥❡ ❛♥❛❧②s❡ ♣❧✉s ✜♥❡ ❡st ♥é❝❡ss❛✐r❡

♣♦✉r ❝❛❧❝✉❧❡r ❧❡s ✢✉❝t✉❛t✐♦♥s ❞❡ ♥♦♠❜r❡ ❞✬❛t♦♠❡s✳ ■❧ ❡st ❞❛♥s ❝❡ ❝❛s ✉t✐❧❡ ❞✬✐♥tr♦❞✉✐r❡ ❧❛
❢♦♥❝t✐♦♥ ❞❡ ❝♦rré❧❛t✐♦♥ à ❞❡✉① ❝♦r♣s g2(r1, r2) = 〈ρ(r1)ρ(r2)〉/(〈ρ(r1)〉〈ρ(r2)〉) − δ(r1 −
r2)/〈ρ(r1)〉✱ ♦ù ρ ❡st ❧❛ ❞❡♥s✐té ❛t♦♠✐q✉❡✳ ❊♥ ❡✛❡t✱ ❧❡s ✢✉❝t✉❛t✐♦♥s ❞❡ ♥♦♠❜r❡ ❞✬❛t♦♠❡s
s✬é❝r✐✈❡♥t

〈N2〉 − 〈N〉2 = 〈N〉 +
∫ ∫

dr1dr2〈ρ(r1)〉〈ρ(r2)〉(g2(r1, r2) − 1) ✭✻✳✶✽✮

♦ù ❧❡s ✐♥té❣r❛t✐♦♥s s♦♥t ❢❛✐t❡s s✉r ❧❡ ✈♦❧✉♠❡ ❞é❧✐♠✐té ♣❛r z ∈ [z0, z0 + ∆]✳
❊♥ ❞é✈❡❧♦♣♣❛♥t ❧✬♦♣ér❛t❡✉r ❝❤❛♠♣ s✉r ❧❡s ♦♣ér❛t❡✉r ❞✬❛♥♥✐❤✐❧❛t✐♦♥ ❝♦rr❡s♣♦♥❞❛♥t ❛✉①

ét❛ts ♣r♦♣r❡s |ϕi〉 ❡t ❡♥ ✉t✐❧✐s❛♥t ❧✬éq✉❛t✐♦♥ ✻✳✶✶✱ ♦♥ ❝❛❧❝✉❧❡ ❛✐sé♠❡♥t ❧❛ ❢♦♥❝t✐♦♥ g2✳ ❊❧❧❡ ✈❛✉t
❞❡✉① ❡♥ ③ér♦ ❡t t❡♥❞ ✈❡rs ✉♥ à ❧✬✐♥✜♥✐✳ ❙❛ ❢♦r♠❡ ❞é♣❡♥❞ ❞✉ ♣❛r❛♠ètr❡ ❞❡ ❞é❣é♥ér❡s❝❡♥❝❡
❞✉ ❣❛③✳ ❉❛♥s ❧❡ ❝❛s ♦ù ❧❛ ❞❡♥s✐té ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡s ♣❤❛s❡ ❡st très ♣❡t✐t❡ ❞❡✈❛♥t ✉♥ ❡t ❧❛
t❡♠♣ér❛t✉r❡ ❣r❛♥❞❡ ❞❡✈❛♥t h̄ω⊥✱ g2 − 1 ❡st ♣r♦❝❤❡ ❞✬✉♥❡ ❣❛✉ss✐❡♥♥❡ ❞❡ ❧❛r❣❡✉r r♠s é❣❛❧❡
à ❧❛ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡ ❞❡ ❞❡ ❇r♦♦❣❧✐❡ λbB✳ ❙✐ λbB ❡st très ♣❡t✐t❡ ❞❡✈❛♥t ∆✱ ❧✬éq✉❛t✐♦♥ ✻✳✶✽
❞♦♥♥❡ ❛❧♦rs ❞❡s ✢✉❝t✉❛t✐♦♥s ❞û❡s ❛✉ ❣r♦✉♣❡♠❡♥t ❜♦s♦♥✐q✉❡ ❞❡ ❧✬♦r❞r❡ ❞❡ L2

⊥∆ρ2λ3
dB✱ ♦ù

ρ ❡st ❧❛ ❞❡♥s✐té ♣✐❝ ❡t L⊥ ≃
√

T/m/ω⊥ ❡st ❧❛ t❛✐❧❧❡ tr❛♥s✈❡rs❡ ❞✉ ♥✉❛❣❡✳ ❊♥ é❝r✐✈❛♥t
ρ ≃ 〈N〉/(L2

⊥∆)✱ ♦♥ r❡tr♦✉✈❡ ❜✐❡♥ ❧❡s ✢✉❝t✉❛t✐♦♥s ❞♦♥♥é❡s ♣❛r ❧✬éq✉❛t✐♦♥ ✻✳✶✸ ❡t ✻✳✶✹✳



✻✳✷✳ ▼❊❙❯❘❊ ❉❊❙ ❋▲❯❈❚❯❆❚■❖◆❙ ❉❊ ❉❊◆❙■❚➱ ✼✾

Reψk

Imψk
❉✐str✐❜✉t✐♦♥ ❣❛✉ss✐❡♥♥❡

〈ψ∗
kψ

∗
kψkψk〉 = 2〈ψ∗

kψk〉2

❋✐❣✳ ✻✳✽ ✕ ❉✐str✐❜✉t✐♦♥ ❣❛✉ss✐❡♥♥❡ ❞✉ ❝❤❛♠♣ ψk ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡s ♣❤❛s❡s✳ ❈❡tt❡ ❞✐str✐❜✉t✐♦♥
❣❛✉ss✐❡♥♥❡ ❡st r❡s♣♦♥s❛❜❧❡ ❞✉ ♣❤é♥♦♠è♥❡ ❞❡ ❜✉♥❝❤✐♥❣✳

❉❛♥s ❧❡ ❝❛s ✐♥✈❡rs❡ ❞✬✉♥ ❣❛③ très ❞é❣é♥éré✱ s❡✉❧ ❧❡ ❣❛③ ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧ ❞✉ ♠♦❞❡ tr❛♥s✈❡rs❡
❢♦♥❞❛♠❡♥t❛❧ ♣❡✉t êtr❡ ❝♦♥s✐❞éré ❡t ❧❛ ❢♦♥❝t✐♦♥ (g2 − 1) ❡st ♣r♦❝❤❡ ❞✬✉♥❡ ❡①♣♦♥❡♥t✐❡❧❧❡
❞é❝r♦✐ss❛♥t❡ ❞❡ ❧♦♥❣✉❡✉r ❞❡ ❞é❝r♦✐ss❛♥❝❡ é❣❛❧❡ à lc = n1Dh̄

2/(mT )✳ ❙✐ lc ≪ ∆✱ ❧✬éq✉❛t✐♦♥
✭✻✳✶✽✮ ❞♦♥♥❡ ❛❧♦rs ❧❡s ✢✉❝t✉❛t✐♦♥s ∆lcn

2
1D✳ ❊♥ ✉t✐❧✐s❛♥t ❧✬❡①♣r❡ss✐♦♥ ❞❡ lc✱ ♦♥ tr♦✉✈❡ ❧❛

♠ê♠❡ ❡①♣r❡ss✐♦♥ q✉❡ ❝❡❧❧❡ ❞❡ ❧✬éq✉❛t✐♦♥ ✻✳✶✼✳

▲❡ ♣❤é♥♦♠è♥❡ ❞❡ ❣r♦✉♣❡♠❡♥t ❜♦s♦♥✐q✉❡ ❡st ✉♥ ♣❤é♥♦♠è♥❡ q✉✐ ❛ ❢❛✐t ❝♦✉❧é ❜❡❛✉❝♦✉♣
❞✬❡♥❝r❡✳ ■❧ ✐♠♣❧✐q✉❡ ❧✬❡①✐st❡♥❝❡ ❞❡ ❝♦rré❧❛t✐♦♥s ❡♥tr❡ ♣❛rt✐❝✉❧❡s ♣✉✐sq✉❡✱ ❝♦♠♠❡ ❞ét❛✐❧❧é ❝✐✲
❞❡ss♦✉s✱ ♦♥ ❛tt❡♥❞ s✐♠♣❧❡♠❡♥t ❧❡ ❜r✉✐t ❞❡ ❣r❡♥❛✐❧❧❡ ♣♦✉r ❞❡s ♣❛rt✐❝✉❧❡s ♥♦♥ ❝♦rré❧é❡s✳ ❈❡s
❝♦rré❧❛t✐♦♥s ♥❡ s♦♥t ♣❛s ❛♣♣❛r❡♥t❡s ❞❛♥s ❧❡ ❢♦r♠❛❧✐s♠❡ ❞❡ s❡❝♦♥❞❡ q✉❛♥t✐✜❝❛t✐♦♥ ✉t✐❧✐sé
❝✐✲❞❡ss✉s ❝❛r ❡❧❧❡s s♦♥t ❞û❡s à ❧❛ s②♠étr✐s❛t✐♦♥ ❞❡s ❢♦♥❝t✐♦♥s ❞✬♦♥❞❡s à ♣❧✉s✐❡✉rs ❇♦s♦♥s q✉✐
s♦♥t ❝♦♥t❡♥✉❡s ❞❡ ❢❛ç♦♥ ♥♦♥ ❡①♣❧✐❝✐t❡ ❞❛♥s ❝❡ ❢♦r♠❛❧✐s♠❡✳ ❉✬❛✉tr❡s ♣❤é♥♦♠è♥❡s ♦♥t ♣♦✉r
♦r✐❣✐♥❡ ❧✬✐♥tr✐❝❛t✐♦♥ ♣rés❡♥t❡ ❞❛♥s ✉♥ s②stè♠❡ ❞❡ ❇♦s♦♥s à ❝❛✉s❡ ❞❡ ❧❛ s②♠étr✐s❛t✐♦♥✳ P❛r
❡①❡♠♣❧❡✱ ❧♦rsq✉❡ ❧✬♦♥ ❢❛✐t ✐♥t❡r❢ér❡r ❞❡✉① ❝♦♥❞❡♥s❛ts ✐♥❞é♣❡♥❞❛♥ts✱ ♦♥ ♦❜t✐❡♥t ✉♥ s②stè♠❡
❞❡ ❢r❛♥❣❡s ❞♦♥t ❧❛ ♣♦s✐t✐♦♥ ❡st ❛❧é❛t♦✐r❡ ♠❛✐s ❞♦♥t ❧❛ ✈✐s✐❜✐❧✐té ❡st ❜♦♥♥❡ ❬✷❪✱ ❡t ❝❡❝✐ ♠ê♠❡
s✐ ❝❤❛❝✉♥ ❞❡s ❞❡✉① ❝♦♥❞❡♥s❛ts ❛✈❛✐❡♥t ✐♥✐t✐❛❧❡♠❡♥t ✉♥ ♥♦♠❜r❡ ❞✬❛t♦♠❡ ❜✐❡♥ ❞é✜♥✐ ❬✶✼❪ ✭❡t
❞♦♥❝ ✉♥❡ ♣❤❛s❡ ♥♦♥ ❞é✜♥✐❡✮✳ ❉❛♥s ❧❡ ❝❛s ❞✬✉♥ rés❡❛✉ ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧ ❞❡ ❝♦♥❞❡♥s❛ts ✐♥✲
❞é♣❡♥❞❛♥ts✱ ♦♥ ♦❜s❡r✈❡ ❛✉ss✐ ❞❡ ❢♦rt❡s ♠♦❞✉❧❛t✐♦♥s ❞❡ ❞❡♥s✐té à ❧✬✐ss✉❡ ❞❡ ❧✬✐♥t❡r❢ér❡♥❝❡ ❬✸✼❪✳
❉❛♥s ❧❡ ❝❛s ❞✬✉♥ rés❡❛✉ tr✐✲❞✐♠❡♥s✐♦♥♥❡❧ ❞❡ ♣✉✐ts ❝♦♥t❡♥❛♥t ❝❤❛❝✉♥ ❡①❛❝t❡♠❡♥t ✉♥ ❛t♦♠❡✱
♦♥ s✬❛tt❡♥❞ ❛✉ss✐ à ♦❜s❡r✈❡r ❞❡s ❝♦rré❧❛t✐♦♥s ❞❡ ❞❡♥s✐té ❞❛♥s ❧❛ ✜❣✉r❡ ❞✬✐♥t❡r❢ér❡♥❝❡ ❬✷✺❪✳
❙✐ ❧❡s ✢✉❝t✉❛t✐♦♥s ❞❡ ❞❡♥s✐té ❝♦rr❡s♣♦♥❞❛♥t❡s s♦♥t tr♦♣ ❢❛✐❜❧❡s ♣♦✉r êtr❡ ✈✐s✐❜❧❡s s✉r ✉♥❡
s❡✉❧❡ ✐♠❛❣❡✱ ❡❧❧❡s ❛♣♣❛r❛✐ss❡♥t ❝❧❛✐r❡♠❡♥t à ❧✬✐ss✉❡ ❞✬✉♥❡ ét✉❞❡ st❛t✐st✐q✉❡ ❞❡s ✐♠❛❣❡s✳ ▲❡
♣❤é♥♦♠è♥❡ ❞❡ ❣r♦✉♣❡♠❡♥t ❞❡ ❇♦s♦♥s ❡st ❛✉ss✐ ♦❜s❡r✈é ❞❛♥s ❞✬❛✉tr❡s ❞♦♠❛✐♥❡s✳ ❊♥ ♦♣✲
t✐q✉❡✱ ✐❧ ❡st ❛♣♣❡❧é ❡✛❡t ❍❛♥❜✉r②✲❇r♦✇♥ ❡t ❚✇✐ss ❬✶✹❪✱ ❞✉ ♥♦♠ ❞❡s ❛str♦♣❤②s✐❝✐❡♥s q✉✐ ❧✬♦♥t
ét✉❞✐é✳
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✻✳✷✳✸ ❆♥❛❧②s❡ ❝❧❛ss✐q✉❡ ❞✉ ♣❤é♥♦♠è♥❡ ❞❡ ❣r♦✉♣❡♠❡♥t ❜♦s♦♥✐q✉❡

❉❛♥s ❧❡s s✐t✉❛t✐♦♥s ♦ù ❧❛ ♣♦♣✉❧❛t✐♦♥ ❞❡s ét❛ts à ✉♥❡ ♣❛rt✐❝✉❧❡ ❡st ✐♠♣♦rt❛♥t❡✱ ❧❡ ♣❤é♥♦♠è♥❡
❞❡ ❣r♦✉♣❡♠❡♥t ❜♦s♦♥✐q✉❡ ✭❡t ♣❧✉s ❣é♥ér❛❧❡♠❡♥t ❧❡s ❡①♣ér✐❡♥❝❡s ❞✬✐♥t❡r❢ér❡♥❝❡s ♠❡♥t✐♦♥✲
♥é❡s ❝✐✲❞❡ss✉s✮ ♦♥t ✉♥❡ ✐♥t❡r♣rét❛t✐♦♥ ❝❧❛ss✐q✉❡ ❡①trê♠❡♠❡♥t s✐♠♣❧❡✳ ❊♥ ❡✛❡t✱ ❝❡s s✐t✉❛t✐♦♥s
❝♦rr❡s♣♦♥❞❡♥t à ✉♥❡ ❧✐♠✐t❡ ❝❧❛ss✐q✉❡ ❞❡ ❧❛ ♣❤②s✐q✉❡ q✉❛♥t✐q✉❡ q✉✐ ❡st ❧❛ t❤é♦r✐❡ ❞❡s ❝❤❛♠♣s
❝❧❛ss✐q✉❡✳ ❉❛♥s ❧❡ ❝❛❞r❡ ❞❡ ❧❛ t❤é♦r✐❡ ❞❡s ❝❤❛♠♣s ❝❧❛ss✐q✉❡✱ ❧❡ ♣❤é♥♦♠è♥❡ ❞❡ ❣r♦✉♣❡♠❡♥t
❜♦s♦♥✐q✉❡ ♥✬❡st r✐❡♥ ❞✬❛✉tr❡ q✉✬✉♥ ♣❤é♥♦♠è♥❡ ❞❡ t❛✈❡❧✉r❡ ✭s♣❡❝❦❧❡ ❡♥ ❛♥❣❧❛✐s✮ ❞û à ❞❡s
✐♥t❡r❢ér❡♥❝❡s ❡♥tr❡ ❞✐✛ér❡♥ts ♠♦❞❡s✳ ❆✐♥s✐✱ ❧❡ ♣❤é♥♦♠è♥❡ ❞❡ ❣r♦✉♣❡♠❡♥t ❞❡ ❇♦s♦♥s✱ ✐♥✲
tr✐❣❛♥t s✐ ❧✬♦♥ r❛✐s♦♥♥❡ ❡♥ t❡r♠❡ ❞✬❛t♦♠❡s ✐♥❞✐✈✐❞✉❡❧s ❝❛r ✐❧ ♠♦♥tr❡✱ ♠ê♠❡ ❡♥ ❧✬❛❜s❡♥❝❡
❞✬✐♥t❡r❛❝t✐♦♥s ❡♥tr❡ ❛t♦♠❡s✱ ❧✬❡①✐st❡♥❝❡ ❞❡ ❝♦rré❧❛t✐♦♥s ❡♥tr❡ ♣❛rt✐❝✉❧❡s✱ ❡st tr✐✈✐❛❧ s✐ ❧✬♦♥
♦✉❜❧✐❡ ❧❛ q✉❛♥t✐✜❝❛t✐♦♥ ❞✉ ❝❤❛♠♣ ❜♦s♦♥✐q✉❡ ✭✐✳❡✳ ❧❡s ♣❛rt✐❝✉❧❡s✮✳ ◆♦✉s ❞ét❛✐❧❧♦♥s ❝✐✲❞❡ss♦✉s
❧✬❛♥❛❧②s❡ ❝❧❛ss✐q✉❡ ❞✉ ♣❤é♥♦♠è♥❡ ❞❡ ❣r♦✉♣❡♠❡♥t✳

❈♦♥s✐❞ér♦♥s ✉♥ ❝❤❛♠♣ ❝❧❛ss✐q✉❡ ψ ♦❜é✐ss❛♥t à ✉♥ ❤❛♠✐❧t♦♥✐❡♥ q✉❛❞r❛t✐q✉❡ ❞❡ ♠♦❞❡s
♣r♦♣r❡s ψk ∝ eikr✱ ❧❡ ❤❛♠✐❧t♦♥✐❡♥ s✬é❝r✐✈❛♥t

∑

k ǫk|ψk|2✳ ❆ ❧✬éq✉✐❧✐❜r❡ t❤❡r♠♦❞②♥❛♠✐q✉❡✱
❧❡s ψk ♥❡ s♦♥t ♣❛s ❝♦rré❧és ❡♥tr❡ ❡✉① ❡t ❧❛ ❧♦✐ ❞❡ ❇♦❧t③♠❛♥♥ ♠♦♥tr❡ q✉❡ ❧❛ ❞✐str✐❜✉t✐♦♥
❞❡s ✈❛r✐❛❜❧❡s ❝♦♥❥✉❣✉é❡s (ψk + ψ+

k
)/
√

2 ❡t i(ψk − ψ+
k
)/
√

2 ❡st ✉♥❡ ❞✐str✐❜✉t✐♦♥ ❣❛✉ss✐❡♥♥❡✱
❝♦♠♠❡ ♣rés❡♥té❡ s✉r ❧❛ ✜❣✉r❡ ✻✳✽✳ ▲❡s ❞✐✛ér❡♥ts ♠♦♠❡♥ts ❞❡ ψk ♣❡✉✈❡♥t ❛❧♦rs ❢❛❝✐❧❡♠❡♥t
êtr❡ ❝❛❧❝✉❧és✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ 〈|ψk|4|〉 = 2〈|ψk|2|〉2✳ ❈❡tt❡ é❣❛❧✐té ♥✬❡st r✐❡♥ ❞✬❛✉tr❡ q✉❡ ❧❡
t❡r♠❡ ❞❡ ❜✉♥❝❤✐♥❣ ❞❡ ❧✬éq✉❛t✐♦♥ ✭✻✳✶✶✮✳ ▲❡ ❝❤❛♠♣ ψ(r) =

∑

k e
ikrψk rés✉❧t❡ ❞❡ ❧✬✐♥t❡r❢ér❡♥❝❡

❞❡ t♦✉s ❧❡s ❝❤❛♠♣s ❛❧é❛t♦✐r❡s ψk✳ ▲❡ ❝❤❛♠♣ ψ(r) ♣rés❡♥t❡ ❡st ❞♦♥❝ ✉♥ ❝❤❛♠♣ ❞❡ t❛✈❡❧✉r❡
✭s♣❡❝❦❧❡ ❡♥ ❛♥❣❧❛✐s✮ q✉✐ ♣rés❡♥t❡ ❞❡s ✢✉❝t✉❛t✐♦♥s ❞✬✐♥t❡♥s✐té✳ P❧✉s ♣ré❝✐sé♠❡♥t✱ ❧❛ ❢♦♥❝t✐♦♥
❞❡ ❝♦rré❧❛t✐♦♥ ❞❡ ❧✬✐♥t❡♥s✐té ❞✉ ❝❤❛♠♣ s✬é❝r✐t

〈|ψ(r)|2|ψ(r′)|2〉 =
∑

k6=k′

〈|ψk|2〉〈|ψk′|2〉 +
∑

k

〈|ψk|4〉 +
∑

k6=k′

〈|ψk|2〉〈|ψk′|2〉ei(k−k
′)(r−r

′). ✭✻✳✶✾✮

▲❡ ❞❡r♥✐❡r t❡r♠❡ ❡st ✉♥ t❡r♠❡ ❞✬✐♥t❡r❢ér❡♥❝❡ ❡♥tr❡ ❧❡s ❞✐✛ér❡♥t❡s ❝♦♠♣♦s❛♥t❡s k✳ ❈❡❝✐ ♣❡✉t
êtr❡ réé❝r✐t✱ ❡♥ ✉t✐❧✐s❛♥t 〈|ψk|4|〉 = 2〈|ψk|2〉2✱

〈|ψ(r)|2|ψ(r′)|2〉 =

(

∑

k

〈|ψk|2〉
)2

+

(

∑

k

〈|ψk|2〉eik(r−r
′)

)2

. ✭✻✳✷✵✮

❊♥ r = r′✱ ❧❡ ❞❡✉①✐è♠❡ t❡r♠❡ ❡st é❣❛❧ ❛✉ ♣r❡♠✐❡r ❡t ♦♥ tr♦✉✈❡

〈|ψ(r)|4〉 = 2〈|ψ(r)|2〉2, ✭✻✳✷✶✮

q✉✐ ♥✬❡st r✐❡♥ ❞✬❛✉tr❡ q✉❡ ❧❛ ❝♦♥tr❡♣❛rt✐❡ ❝❧❛ss✐q✉❡ ❞✉ ❢❛✐t q✉❡ ❧❛ ❢♦♥❝t✐♦♥ g2 ✈❛✉t ❞❡✉① à
❞✐st❛♥❝❡ ♥✉❧❧❡✳ ▲❡ t❡r♠❡ ❞✬✐♥t❡r❢ér❡♥❝❡ ❞é❝r♦ît ❛✈❡❝ r − r′ s✉r ✉♥❡ ❞✐st❛♥❝❡ ❞❡ ❧✬♦r❞r❡ ❞❡ ❧❛
❧❛r❣❡✉r ❡♥ k✳ ❆ ❣r❛♥❞❡ ❞✐st❛♥❝❡✱ ❧❡s ✐♥t❡♥s✐tés ♥❡ s♦♥t ♣❛s ❝♦rré❧é❡s ❡t 〈|ψ(r)|2|ψ(r′)|2〉 =
〈|ψ(r)|2|〉〈ψ(r′)|2〉✳ ▲❡s ✢✉❝t✉❛t✐♦♥s ❞❡ ❞❡♥s✐té ♣r♦❞✉✐t❡s ♣❛r ❧❡ ♣❤é♥♦♠è♥❡ ❞❡ ❣r♦✉♣❡♠❡♥t
❞❡ ❇♦s♦♥s ❛♣♣❛r❛ît ✐❝✐ à ❧✬✐ss✉❡ ❞❡ ❧✬✐♥t❡r❢ér❡♥❝❡ ❞❡ ❞✐✛ér❡♥ts ❝❤❛♠♣s ❛❧é❛t♦✐r❡s✳ ❈✬❡st ❞♦♥❝
✉♥ ♣❤é♥♦♠è♥❡ ❞❡ s♣❡❝❦❧❡✳ ◆♦t♦♥s q✉❡ ❧✬é❣❛❧✐té 〈|ψk|4|〉 = 2〈|ψk|2|〉2 ♥✬❡st ♣❛s ❛❜s♦❧✉♠❡♥t
♥é❝❡ss❛✐r❡✳ ▲❡ ❝❤❛♠♣ ❞❡ s♣❡❝❦❧❡ ❛♣♣❛r❛ît ❞❡ ❢❛ç♦♥ ♣❧✉s ❣é♥ér❛❧ ❞ès q✉❡ ❧❡ ❝❤❛♠♣ ψ(r) rés✉❧t❡
❞❡ ❧✬✐♥t❡r❢ér❡♥❝❡ ❞✬✉♥ ♥♦♠❜r❡ ✐♠♣♦rt❛♥t ❞❡ ❝❤❛♠♣s ❛❧é❛t♦✐r❡s ❞❡ ✈❛❧❡✉r ♠♦②❡♥♥❡ ♥✉❧❧❡✳ ❊♥
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❡✛❡t✱ ❧❡s t❡r♠❡s k = k′ ♦♥t ✉♥❡ ❝♦♥tr✐❜✉t✐♦♥ ❢❛✐❜❧❡s ❞❛♥s ❧❡s s♦♠♠❡s ❞❡ ❧✬éq✉❛t✐♦♥ ✻✳✶✾ ❡t
♣❡✉✈❡♥t êtr❡ ♥é❣❧✐❣és s✐ ❧❡ ♥♦♠❜r❡ ❞❡ ❝♦♠♣♦s❛♥t❡s k q✉✐ ✐♥t❡r✈✐❡♥♥❡♥t ❡st s✉✣s❛♠♠❡♥t
❣r❛♥❞✺✳

▲❡s ❝❛❧❝✉❧s ❝✐✲❞❡ss✉s s✬❛♣♣❧✐q✉❡♥t ❛✉ ❝❤❛♠♣ é❧❡❝tr♦♠❛❣♥ét✐q✉❡✱ ❧❡s ❝❤❛♠♣s ❝♦♥❥✉❣✉és
(ψ+ψ+)/

√
2 ❡t i(ψ−ψ+)/

√
2 ét❛♥t ❧❡s q✉❛❞r❛t✉r❡s ❞✉ ❝❤❛♠♣s é❧❡❝tr✐q✉❡✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱

❧❡ ♣❤é♥♦♠è♥❡ ❞❡ ❣r♦✉♣❡♠❡♥t ❞❡ ❇♦s♦♥s ❡st ❛tt❡♥❞✉ ♣♦✉r ✉♥❡ s♦✉r❝❡ t❤❡r♠✐q✉❡✳ ❉❛♥s ❧❡
❝♦♥t❡①t❡ ❞❡s ♦♥❞❡s ♦♣t✐q✉❡s✱ ♦♥ ♣❛r❧❡ ❞❡ ♣❤é♥♦♠è♥❡ ❞❡ ❍❛♥❜✉r②✲❇r♦✇♥ ❡t ❚✇✐ss ❬✶✹❪✱ ❞✉
♥♦♠ ❞❡s ❝❤❡r❝❤❡✉rs ❛②❛♥t ét✉❞✐é ❝❡ ♣❤é♥♦♠è♥❡ ❡♥ ✶✾✺✻✳

✻✳✷✳✹ ❖❜s❡r✈❛t✐♦♥ ❞✉ ❣r♦✉♣❡♠❡♥t ❜♦s♦♥✐q✉❡

❚rès ♣❡✉ ❞✬❡①♣ér✐❡♥❝❡s ♦♥t ♠✐s ❡♥ é✈✐❞❡♥❝❡ ❧❡ ♣❤é♥♦♠è♥❡ ❞❡ ❣r♦✉♣❡♠❡♥t ❜♦s♦♥✐q✉❡ ♣♦✉r
❞❡s ❛t♦♠❡s✳ ▲❛ ♣r❡♠✐èr❡ ❡①♣ér✐❡♥❝❡✱ ❞❛t❛♥t ❞❡ ✶✾✾✻✱ ❛ ♠❡s✉ré ❧❡s ❝♦rré❧❛t✐♦♥s ❞✬✐♥t❡♥s✐té
❞✬✉♥ ❥❡t t❤❡r♠✐q✉❡ ❬✶✶✵❪✳ P❧✉s ré❝❡♠♠❡♥t✱ ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ❝♦rré❧❛t✐♦♥ à ❞❡✉① ❝♦r♣s ❞✬✉♥
❣❛③ ❞✬❍❡❧✐✉♠ ♠ét❛st❛❜❧❡ ❛ été ♠❡s✉ré❡ ❞❛♥s ♥♦tr❡ ❧❛❜♦r❛t♦✐r❡ ❬✽✻❪ ❣râ❝❡ à ✉♥ ❞ét❡❝t❡✉r ❞❡
❜♦♥♥❡ rés♦❧✉t✐♦♥ s♣❛t✐❛❧❡ ❡t t❡♠♣♦r❡❧❧❡✳ ❆✈❡❝ ♥♦s ♠❡s✉r❡s ❞❡ ✢✉❝t✉❛t✐♦♥s ❞❡ ❞❡♥s✐té✱ ♥♦✉s
♠❡tt♦♥s ❛✉ss✐ ❡♥ é✈✐❞❡♥❝❡ ❧❡ ♣❤é♥♦♠è♥❡ ❞❡ ❣r♦✉♣❡♠❡♥t ❞❡ ❇♦s♦♥s ❞❛♥s ♥♦tr❡ ❡①♣ér✐❡♥❝❡✳

▲❡s ✢✉❝t✉❛t✐♦♥s ♠❡s✉ré❡s s✉r ❞❡s ♥✉❛❣❡s ❛ss❡③ ❢r♦✐❞s s♦♥t r❡♣♦rté❡s ❋✐❣✳✻✳✾✳ ▲❡ ♥✐✈❡❛✉
❞✉ ❜r✉✐t ❞❡ ❣r❡♥❛✐❧❧❡✱ ♦❜t❡♥✉ ❛✈❡❝ ❞❡s ♥✉❛❣❡s ❝❤❛✉❞s✱ ❡st ♠♦♥tré ❝♦♠♠❡ ré❢ér❡♥❝❡✳ ▲✬❡①✲
❝ès ❞❡s ✢✉❝t✉❛t✐♦♥s ♦❜s❡r✈é❡s ♣❛r r❛♣♣♦rt ❛✉ ❜r✉✐t ❞❡ ❣r❡♥❛✐❧❧❡ ❡st ✉♥❡ ♠✐s❡ ❡♥ é✈✐❞❡♥❝❡
❞✉ ♣❤é♥♦♠è♥❡ ❞❡ ❣r♦✉♣❡♠❡♥t ❜♦s♦♥✐q✉❡✳ ◆♦✉s ❛✈♦♥s ❝♦♠♣❛ré ❧❡s rés✉❧t❛ts ♠❡s✉rés ❛✈❡❝
❧❡s ✢✉❝t✉❛t✐♦♥s ❛tt❡♥❞✉❡s ♣♦✉r ✉♥ ❣❛③ ❞❡ ❇♦s♦♥s s❛♥s ✐♥t❡r❛❝t✐♦♥s✳ ◆♦✉s s✉♣♣♦s♦♥s ❞❛♥s
❝❡ ❝❛❧❝✉❧ q✉❡ ❧❡s ✢✉❝t✉❛t✐♦♥s ♠❡s✉ré❡s ❞❛♥s ✉♥ ♣✐①❡❧ s♦♥t ❧❡s ♠ê♠❡ q✉❡ ❝❡❧❧❡ ❞✬✉♥ ❣❛③
❤♦♠♦❣è♥❡ ❡t ✐♥✜♥✐ ❧♦♥❣✐t✉❞✐♥❛❧❡♠❡♥t✳ ▲✬❡rr❡✉r ✐♥tr♦❞✉✐t❡ ♣❛r ❝❡tt❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❡st ✐♥✲
❢ér✐❡✉r❡ à ✉♥ ♣♦✉r❝❡♥t ♣♦✉r ♥♦tr❡ ❝♦♥✜♥❡♠❡♥t ❧♦♥❣✐t✉❞✐♥❛❧✳ ▲❛ t❡♠♣ér❛t✉r❡ ❞✉ ♥✉❛❣❡ ❡st
♠❡s✉ré❡ à ♣❛rt✐r ❞✬✉♥ ❛❥✉st❡♠❡♥t ❞✉ ♣r♦✜❧ ♠♦②❡♥ ❞❡ ❞❡♥s✐té ❛✈❡❝ ❧❡ ♣r♦✜❧ ❛tt❡♥❞✉ ♣♦✉r
✉♥ ❣❛③ ❞❡ ❇♦s❡ s❛♥s ✐♥t❡r❛❝t✐♦♥s✳ ▲❡s ✢✉❝t✉❛t✐♦♥s ❝❛❧❝✉❧é❡s s♦♥t ❡♥s✉✐t❡ ♠✉❧t✐♣❧✐é❡s ♣❛r ❧❡
❢❛❝t❡✉r κ ❞û à ❧❛ rés♦❧✉t✐♦♥ ♦♣t✐q✉❡ ❡t ♦❜t❡♥✉ à ♣❛rt✐r ❞❡ ❧❛ ♠❡s✉r❡ ❞✉ ❜r✉✐t ❞❡ ❣r❡♥❛✐❧❧❡ s✉r
❞❡s ♥✉❛❣❡s ❝❤❛✉❞s✳ ❈♦♠♠❡ ♠♦♥tré s✉r ❧❛ ✜❣✉r❡✱ ❧❡s rés✉❧t❛ts ❡①♣ér✐♠❡♥t❛✉① s♦♥t ❡♥ ❛❝❝♦r❞
❛✈❡❝ ❝❡s ❝❛❧❝✉❧s✳ ▲❛ ❝♦♥tr✐❜✉t✐♦♥ ❞✉ ♣❤é♥♦♠è♥❡ ❞❡ ❣r♦✉♣❡♠❡♥t ❜♦s♦♥✐q✉❡ ❛✉① ✢✉❝t✉❛t✐♦♥s
❡st ❞✉ ♠ê♠❡ ♦r❞r❡ ♦✉ ♣❧✉s ✐♠♣♦rt❛♥t q✉❡ ❧❛ ❝♦♥tr✐❜✉t✐♦♥ ❞✉ ❜r✉✐t ❞❡ ❣r❡♥❛✐❧❧❡✳ ❈♦♠♠❡
♠♦♥tré s❡❝t✐♦♥ ✻✳✷✳✷✱ ❝❡❝✐ ✐♠♣❧✐q✉❡ q✉❡ ❧❛ ❞❡♥s✐té ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡s ♣❤❛s❡ ❡st s✉♣ér✐❡✉r❡ à
✉♥ ❛✉ ❝❡♥tr❡ ❞✉ ♥✉❛❣❡ ✭❧❡ ❣❛③ ❡st ❞é❣é♥éré✮✳ ❈❡tt❡ ♣♦ss✐❜✐❧✐té ❞❡ ré❛❧✐s❡r ✉♥ ❣❛③ ❞é❣é♥éré
♠❛✐s ♥♦♥ ❝♦♥❞❡♥sé ❡t t♦✉❥♦✉rs ❜✐❡♥ ❞é❝r✐t ♣❛r ✉♥ ❣❛③ s❛♥s ✐♥t❡r❛❝t✐♦♥ ❡st ❝❛r❛❝tér✐st✐q✉❡
❞❡s ❣❛③ q✉❛s✐✲✉♥✐❞✐♠❡♥s✐♦♥♥❡❧s✱ ❝♦♠♠❡ ♥♦✉s ❧✬❛✈♦♥s ✈✉ ❞❛♥s ❧❛ s❡❝t✐♦♥ ✻✳✶✳✶✳

✺❈❡❝✐ ♣❡✉t ❛✉ss✐ êtr❡ r❡tr♦✉✈é ❡♥ ✐♥✈♦q✉❛♥t ❧❡ t❤é♦rè♠❡ ❞❡ ❧❛ ❧✐♠✐t❡ ❝❡♥tr❛❧❡ ✿ ψ(r) ét❛♥t ❧❛ s♦♠♠❡ ❞✬✉♥
♥♦♠❜r❡ ✐♠♣♦rt❛♥t ❞❡ ❝❤❛♠♣s ❛❧é❛t♦✐r❡✱ s❛ ❞✐str✐❜✉t✐♦♥ ❞❡ ♣r♦❜❛❜✐❧✐té ❡st ♣r♦❝❤❡ ❞✬✉♥❡ ❣❛✉ss✐❡♥♥❡✱ ❝❡ q✉✐
✐♠♣❧✐q✉❡ ❧✬éq✉❛t✐♦♥ ✻✳✷✶✳
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❋✐❣✳ ✻✳✾ ✕ ▼✐s❡ ❡♥ é✈✐❞❡♥❝❡ ❞✉ ♣❤é♥♦♠è♥❡ ❞❡ ❣r♦✉♣❡♠❡♥t ❞❡ ❇♦s♦♥s✳ ▲❡s ❝❡r❝❧❡s ✈✐❞❡s
❞♦♥♥❡♥t ❧❡s ✢✉❝t✉❛t✐♦♥s ❞❡ ♥♦♠❜r❡ ❞✬❛t♦♠❡s ❞❛♥s ❝❤❛q✉❡ ♣✐①❡❧ ♠❡s✉ré❡s ♣♦✉r ✉♥ ♥✉❛❣❡
s✉✣s❛♠♠❡♥t ❝❤❛✉❞ ♣♦✉r q✉❡ ❧❡s ✢✉❝t✉❛t✐♦♥s s♦✐❡♥t ❞♦♠✐♥é❡s ♣❛r ❧❡ ❜r✉✐t ❞❡ ❣r❡♥❛✐❧❧❡✳
▲❡s ❝❡r❝❧❡s ♣❧❡✐♥ ❝♦rr❡s♣♦♥❞❡♥t à ❞❡s ❞♦♥♥é❡s ♣❧✉s ❢r♦✐❞❡s✳ ▲✬❡①❝ès ❞❡ ✢✉❝t✉❛t✐♦♥s ♣♦✉r ❧❡s
❞♦♥♥é❡s ❢r♦✐❞❡s ❡st ❞û ❛✉ ♣❤é♥♦♠è♥❡ ❞❡ ❣r♦✉♣❡♠❡♥t ❞❡ ❇♦s♦♥s✳ ▲❛ ❝♦✉r❜❡ ❡♥ t✐r❡té ❡st ❧❛
♣ré❞✐❝t✐♦♥ ♣♦✉r ✉♥ ❣❛③ ❞❡ ❇♦s❡ ✐❞é❛❧ ❞❡ ♠ê♠❡ t❡♠♣ér❛t✉r❡ q✉❡ ❧❡s ❞♦♥♥é❡s✳ ▲❛ ❝♦✉r❜❡ ❡♥
♣♦✐♥t✐❧❧é❡ ❡st ❧❛ ♣ré❞✐❝t✐♦♥ ♣♦✉r ✉♥ ❣❛③ très ♥♦♥ ❞é❣é♥éré✳
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✻✳✷✳✺ ❙❛t✉r❛t✐♦♥ ❞❡s ✢✉❝t✉❛t✐♦♥s à ❤❛✉t❡ ❞❡♥s✐té ✿ ❧✐♠✐t❡ ❞✉ q✉❛s✐✲
❝♦♥❞❡♥s❛t

❆ s✉✣s❛♠♠❡♥t ❤❛✉t❡ ❞❡♥s✐té✱❧❡s ✐♥t❡r❛❝t✐♦♥s ré♣✉❧s✐✈❡s ❡♥tr❡ ❛t♦♠❡s ♥❡ s♦♥t ♣❧✉s ♥é❣✲
❧✐❣❡❛❜❧❡s ❡t ❧❡ ❣❛③ ♥❡ s❡ ❝♦♠♣♦rt❡♥t ♣❧✉s ❝♦♠♠❡ ✉♥ ❣❛③ ✐❞é❛❧✳ ▲❡s ✐♥t❡r❛❝t✐♦♥s ré♣✉❧s✐✈❡s
♦♥t ♣♦✉r ❡✛❡t ❞❡ ré❞✉✐r❡ ❧❡s ✢✉❝t✉❛t✐♦♥s ❞❡ ❞❡♥s✐té✱ ❝♦ût❡✉s❡s ❡♥ é♥❡r❣✐❡✳ ▲❡ ❣❛③ ❡♥tr❡ ❛❧♦rs
❞❛♥s ❧❡ ré❣✐♠❡ ❞❡ q✉❛s✐✲❝♦♥❞❡♥s❛t✳ ◆♦✉s ❛✈♦♥s ♠❡s✉ré ❧❡s ✢✉❝t✉❛t✐♦♥s ❞❡ ❞❡♥s✐té ♣♦✉r ✉♥
♥✉❛❣❡ ❞♦♥t ❧❛ ♣❛rt✐❡ ❝❡♥tr❛❧❡ ❡st ❞❛♥s ❝❡ ré❣✐♠❡✳ ▲❡s rés✉❧t❛ts s♦♥t ♠♦♥trés ✜❣✉r❡ ✻✳✶✵✳
❙✐✱ à ❢❛✐❜❧❡ ❞❡♥s✐té ✭✐✳❡✳ s✉r ❧❡s ❜♦r❞ ❞✉ ♥✉❛❣❡s✮✱ ♦♥ ♦❜s❡r✈❡ ❝❧❛✐r❡♠❡♥t ❧❡ ♣❤é♥♦♠è♥❡ ❞❡
❜✉♥❝❤✐♥❣✱ à ❢♦rt❡ ❞❡♥s✐té✱ ♦♥ ♦❜s❡r✈❡ ✉♥ ♣❤é♥♦♠è♥❡ ❞❡ s❛t✉r❛t✐♦♥ ❞❡s ✢✉❝t✉❛t✐♦♥s ❞❡ ♥♦♠✲
❜r❡ ❞✬❛t♦♠❡s✳❈❡tt❡ s❛t✉r❛t✐♦♥ ❡st ❛tt❡♥❞✉❡ ♣♦✉r ✉♥ ❣❛③ ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧ ❞❛♥s ❧❡ ré❣✐♠❡ ❞❡
q✉❛s✐✲❝♦♥❞❡♥s❛t✱ ❝♦♠♠❡ ❧❡ ♠♦♥tr❡ ❧❡ ❝❛❧❝✉❧ ❝✐✲❞❡ss♦✉s✳

▲❡s ✢✉❝t✉❛t✐♦♥s ❞❡ ♥♦♠❜r❡ ❞✬❛t♦♠❡s ❞❛♥s ❧❡ ❝❛s ❞✬✉♥ ❣❛③ ✉♥✐✲❞✐♠❡♥s✐♦♥♥❡❧ ❞❛♥s ❧❡
ré❣✐♠❡ ❞❡ q✉❛s✐✲❝♦♥❞❡♥s❛t ♣❡✉✈❡♥t êtr❡ s✐♠♣❧❡♠❡♥t ❝❛❧❝✉❧é❡s✳ ▲❛ t❛✐❧❧❡ ❞✉ ♣✐①❡❧ ❡st très
❣r❛♥❞❡ ❞❡✈❛♥t ❧❛ ❧♦♥❣✉❡✉r ❞❡ r❡❧❛①❛t✐♦♥ ξ = h̄/

√
mgn0 ♦ù n0 ❡st ❧❛ ❞❡♥s✐té ❧✐♥é❛✐r❡ ❡t

g ❧❛ ❝♦♥st❛♥t❡ ❞❡ ❝♦✉♣❧❛❣❡ ❡♥tr❡ ❛t♦♠❡s✳ ❖r ❧❡s ✢✉❝t✉❛t✐♦♥s ❞❡ ❞❡♥s✐té ❝♦♥tr✐❜✉❛♥t ❛✉①
✢✉❝t✉❛t✐♦♥s ❞✉ ♥♦♠❜r❡ ❞✬❛t♦♠❡s ❞❛♥s ❧❡ ♣✐①❡❧ s♦♥t ❧❡s ✢✉❝t✉❛t✐♦♥s ❞❡ ❧♦♥❣✉❡✉rs ❞✬♦♥❞❡ ❞❡
❧✬♦r❞r❡ ♦✉ s✉♣ér✐❡✉r❡s à ❧❛ t❛✐❧❧❡ ❞✉ ♣✐①❡❧ ♣✉✐sq✉❡ ❧❡s ✢✉❝t✉❛t✐♦♥s s✉r ❞❡s é❝❤❡❧❧❡s ♣❧✉s ♣❡t✐t❡s
s♦♥t ♠♦②❡♥♥é❡s à ③ér♦s✳ ❉♦♥❝ ❧❡s ✢✉❝t✉❛t✐♦♥s ❞❡ ❞❡♥s✐té r❡s♣♦♥s❛❜❧❡s ❞❡s ✢✉❝t✉❛t✐♦♥s ❞❡
♥♦♠❜r❡ ❞✬❛t♦♠❡s ❞❛♥s ❝❡ ♣✐①❡❧ s♦♥t ❞❡ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡ s✉♣ér✐❡✉r❡ à ξ✳ ▲✬é♥❡r❣✐❡ ❝✐♥ét✐q✉❡
❞❡ ❝❡s ❡①❝✐t❛t✐♦♥s ❡st ❞♦♠✐♥é❡ ♣❛r ❧❡s ✢✉❝t✉❛t✐♦♥s ❞❡ ♣❤❛s❡ ❡t ❧❡ ❤❛♠✐❧t♦♥✐❡♥ ❡st✱ ♣♦✉r ✉♥❡
❡①❝✐t❛t✐♦♥ ❞❡ ✈❡❝t❡✉r ❞✬♦♥❞❡ k✱

Hk = L
(

δρ2
kg/2 + n0h̄

2k2θ2
k/(2m)

)

, ✭✻✳✷✷✮

♦ù L ❡st ❧❛ t❛✐❧❧❡ ❞✉ s②stè♠❡✳ P♦✉r ❞❡s t❡♠♣ér❛t✉r❡s T ≫ n0g✱ ❧❛ ♣♦♣✉❧❛t✐♦♥ t❤❡r♠✐q✉❡
❞❡s ♣❤♦♥♦♥s ❡st ✐♠♣♦rt❛♥t❡ ❡t ❧❡s rés✉❧t❛ts ❞❡ ❧❛ ♣❤②s✐q✉❡ st❛t✐st✐q✉❡ ❝❧❛ss✐q✉❡ ♣❡✉✈❡♥t
êtr❡ ✉t✐❧✐sé❡s✳ ❆✐♥s✐✱ ❧✬é♥❡r❣✐❡ ♠♦②❡♥♥❡ ♣❛r ❞❡❣ré ❞❡ ❧✐❜❡rté q✉❛❞r❛t✐q✉❡ ❡st T/2 ❡t

〈δρ2
k〉 = T/(gL). ✭✻✳✷✸✮

❈❡tt❡ ❢♦r♠✉❧❡ ❡st ❝❡❧❧❡ ❞❡ ✢✉❝t✉❛t✐♦♥s ❞❡ ❧♦♥❣✉❡✉r ❞❡ ❝♦rré❧❛t✐♦♥ ✐♥✜♥✐♠❡♥t ♣❡t✐t❡✳ ❈❡❝✐
❡st ❞û à ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❢❛✐t❡ ❞❛♥s ✻✳✷✷ ♦ù ❧❡ t❡r♠❡ ❞❡ ♣r❡ss✐♦♥ q✉❛♥t✐q✉❡ ❡st ♥é❣❧✐❣é✳ ❊♥
ré❛❧✐té✱ ❧❡s ✢✉❝t✉❛t✐♦♥s ❞❡ ❞❡♥s✐té ♦♥t ✉♥❡ ❧♦♥❣✉❡✉r ❞❡ ❝♦rré❧❛t✐♦♥ ❞❡ ❧✬♦r❞r❡ ❞❡ ❧❛ ❧♦♥❣✉❡✉r
❞❡ r❡❧❛①❛t✐♦♥ ξ✱ très ♣❡t✐t❡ ❞❡✈❛♥t ❧❛ t❛✐❧❧❡ ❞✉ ♣✐①❡❧✳

▲❡s ✢✉❝t✉❛t✐♦♥s ❞❡ ♥♦♠❜r❡ ❞✬❛t♦♠❡s s✉r ✉♥ ♣✐①❡❧ s✬é❝r✐✈❡♥t

〈N2〉 − 〈N〉2 =
∫

∆

∫

∆
dzdz′δρ(z)δρ(z′)〉. ✭✻✳✷✹✮

❈♦♠♠❡ ❧❛ ❧♦♥❣✉❡✉r ❞❡ ❝♦rré❧❛t✐♦♥ ❞❡s ✢✉❝t✉❛t✐♦♥s ❞❡ ❞❡♥s✐té ❡st très ♣❡t✐t❡ ❞❡✈❛♥t ❧❛ t❛✐❧❧❡
❞✉ ♣✐①❡❧✱ ❧❛ ❢♦r♠✉❧❡ ♣ré❝é❞❡♥t❡ s❡ s✐♠♣❧✐✜❡ ❡♥

〈N2〉 − 〈N〉2 ≃ ∆
∫ ∞

−∞
dz〈〈δρ(z)δρ(0)〉. ✭✻✳✷✺✮
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❋✐❣✳ ✻✳✶✵ ✕ ❋❧✉❝t✉❛t✐♦♥s ❞❡ ❞❡♥s✐té ♠❡s✉ré❡s s✉r ✉♥ ♥✉❛❣❡ ❞♦♥t ❧❛ ♣❛rt✐❡ ❝❡♥tr❛❧❡ ❡st ❞❛♥s
❧❡ ré❣✐♠❡ ❞❡ q✉❛s✐✲❝♦♥❞❡♥s❛t✳ ▲❛ ❝♦✉r❜❡ ❡♥ t✐r❡té✲♣♦✐♥t✐❧❧é ❡st ❧❛ ♣ré❞✐❝t✐♦♥ ♣♦✉r ✉♥ ❣❛③
✐❞é❛❧ ❡t ❧❛ ❝♦✉r❜❡ ❡♥ t✐r❡té ❡st ❧❛ ♣ré❞✐❝t✐♦♥ ♣♦✉r ✉♥ q✉❛s✐✲❝♦♥❞❡♥s❛t✳

❊♥ ❞é✈❡❧♦♣♣❛♥t s✉r ❧❡s ♦♥❞❡s ❞❡ ❞❡♥s✐té ❡t ❡♥ ✉t✐❧✐s❛♥t
∑

k = L/(2π)
∫

dk✱ ♦♥ ♦❜t✐❡♥t

〈N2〉 − 〈N〉2 = ∆T/(2πg)
∫

dz
∫

dkeikz = ∆T/g. ✭✻✳✷✻✮

❆✐♥s✐✱ ♣♦✉r ✉♥❡ t❡♠♣ér❛t✉r❡ ❞♦♥♥é❡s✱ ❧❡s ✢✉❝t✉❛t✐♦♥s ❞❡ ♥♦♠❜r❡ ❞✬❛t♦♠❡s ♥❡ ❞é♣❡♥❞❡♥t
♣❛s ❞❡ 〈N〉 ❞❛♥s ❧❡ ré❣✐♠❡ ❞❡ q✉❛s✐✲❝♦♥❞❡♥s❛t✳

▲❡ ♣❤é♥♦♠è♥❡ ❞❡ s❛t✉r❛t✐♦♥ ♣ré❞✐t ♣❛r ❧❡ ❝❛❧❝✉❧ ❝✐✲❞❡ss✉s ❡st ❡♥ ❡✛❡t ♦❜s❡r✈é ❡①♣ér✐✲
♠❡♥t❛❧❡♠❡♥t ❝♦♠♠❡ ♠♦♥tré ✜❣✉r❡ ✻✳✶✵✳ ❈❡♣❡♥❞❛♥t✱ ❧✬éq✉❛t✐♦♥ ✻✳✷✻ s♦✉s ❡st✐♠❡ ❞✬❡♥✈✐r♦♥
✸✵✪ ❧❡s ✢✉❝t✉❛t✐♦♥s ♠❡s✉ré❡s ♣♦✉r ❞❡s ❞❡♥s✐té ❞❡ ✸✵✵ ❛t♦♠❡s ♣❛r ♣✐①❡❧✳ ❉✬❛✉tr❡ ♣❛rt✱ ✐❧
❛♣♣❛r❛ît s✉r ❝❡ ❣r❛♣❤❡ q✉❡ ❧❡s ✢✉❝t✉❛t✐♦♥s ❞❡ ❞❡♥s✐té ❞❛♥s ❧❡ ré❣✐♠❡ ❞❡ q✉❛s✐✲❝♦♥❞❡♥s❛t
♥❡ s♦♥t ♣❛s ✈r❛✐♠❡♥t ✐♥❞é♣❡♥❞❛♥t❡s ❞❡ ❧❛ ❞❡♥s✐té✱ ❝♦♥tr❛✐r❡♠❡♥t à ❧❛ ♣ré❞✐❝t✐♦♥ ❞❡ ❧✬éq✉❛✲
t✐♦♥ ✻✳✷✻✳ ❈♦♠♠❡ ❞ét❛✐❧❧é ❝✐✲❞❡ss♦✉s✱ ❝❡s ❞és❛❝❝♦r❞s s♦♥t ❞ûs ❛✉ ❝❛r❛❝tèr❡ tr✐✲❞✐♠❡♥s✐♦♥♥❡❧
❞❡ ♥♦s ❡①♣ér✐❡♥❝❡s✳

▲❡s ❝❛❧❝✉❧s ♣rés❡♥tés ❝✐✲❞❡ss✉s ♥❡ s✬❛♣♣❧✐q✉❡♥t ♣❛s ❞✐r❡❝t❡♠❡♥t à ❧❛ s✐t✉❛t✐♦♥ ❡①♣ér✐♠❡♥✲
t❛❧❡ ❝❛r ❧❡ ❣❛③ ♥✬❡st ♣❛s ♣✉r❡♠❡♥t ✉♥✐✲❞✐♠❡♥s✐♦♥♥❡❧✳ ❉❛♥s ❧❡ ❝❛s ♦ù ❧✬é♥❡r❣✐❡ ❞✬✐♥t❡r❛❝t✐♦♥
gn ❡st très ✐♥❢ér✐❡✉r❡ à ❧❛ ❢réq✉❡♥❝❡ ❞✉ ❝♦♥✜♥❡♠❡♥t tr❛♥s✈❡rs❡✱ ♦♥ r❡tr♦✉✈❡ ❧❡ rés✉❧t❛t
♣rés❡♥té ♣❧✉s ❤❛✉t✳ ❉❛♥s ❧✬❡①♣ér✐❡♥❝❡ gn ❡st ❞❡ ❧✬♦r❞r❡ ❞❡ ❧❛ ❢réq✉❡♥❝❡ tr❛♥s✈❡rs❡ ❡t ❧❡s
❞❡❣rés ❞❡ ❧✐❜❡rtés tr❛♥s✈❡rs❡s ♥❡ ♣❡✉✈❡♥t ♣❛s êtr❡ ♥é❣❧✐❣és✳ P❧✉s ♣ré❝✐sé♠❡♥t✱ ❧❡s ♦♥❞❡s ❞❡
❞❡♥s✐té ❧♦♥❣✐t✉❞✐♥❛❧❡s s♦♥t ❛ss♦❝✐é❡s à ✉♥❡ ♦♥❞❡ ❞❡ r❡s♣✐r❛t✐♦♥ ❞✉ ♠♦❞❡ tr❛♥s✈❡rs❡ q✉✐ ❞♦✐t
êtr❡ ♣r✐s❡ ❡♥ ❝♦♠♣t❡✳ ◆♦✉s ❞♦♥♥♦♥s ❝✐✲❞❡ss♦✉s ✉♥❡ ❛♥❛❧②s❡ ❝❧❛ss✐q✉❡ s✐♠♣❧❡ q✉✐ ♣❡r♠❡t ❞❡
❝❛❧❝✉❧❡r ❧❡s ✢✉❝t✉❛t✐♦♥s ❛tt❡♥❞✉❡s✳

▲❡ ♣✐①❡❧ ét❛♥t ❛ss❡③ ❣r❛♥❞✱ ❧❡s ♦♥❞❡s ❞❡ ❞❡♥s✐té q✉✐ ✐♥t❡r✈✐❡♥♥❡♥t ♦♥t ❞❡s ❢réq✉❡♥❝❡s
t❡♠♣♦r❡❧❧❡s très ✐♥❢ér✐❡✉r❡s à ❧❛ ❢réq✉❡♥❝❡ ❞✉ ♠♦✉✈❡♠❡♥t tr❛♥s✈❡rs❡✻✳ ❖♥ ♣❡✉t ❞♦♥❝ s✉♣✲
♣♦s❡r q✉❡ ❧❡ ♣r♦✜❧ tr❛♥s✈❡rs❡ ❞✉ ❣❛③ ❛ ❧❡ t❡♠♣s ❞❡ s✉✐✈r❡ ❛❞✐❛❜❛t✐q✉❡♠❡♥t ❧❡s ♠♦❞✐✜❝❛t✐♦♥s
❞❡ ❧❛ ❞❡♥s✐té ❧✐♥é❛✐r❡✳ ▲❡ ❤❛♠✐❧t♦♥✐❡♥ ❞❡s ♦♥❞❡s ❞❡ ❞❡♥s✐té ❧♦♥❣✐t✉❞✐♥❛❧❡s s❡ s✐♠♣❧✐✜❡ ❛❧♦rs

✻❖♥ ♥❡ ♣r❡♥❞ ♣❛s ❡♥ ❝♦♠♣t❡ ✐❝✐ ❧❡s ♠♦❞❡s ❞✬❡①❝✐t❛t✐♦♥ q✉✐ ❝♦rr❡s♣♦♥❞❡♥t à ✉♥ ♠♦❞❡ ❡①❝✐té tr❛♥s✈❡rs❡✳
❈❡s ♠♦❞❡s ♦♥t ✉♥❡ é♥❡r❣✐❡ ✐♠♣♦rt❛♥t❡ ❡t ❝♦♥tr✐❜✉❡♥t ♣❡✉ ❛✉① ✢✉❝t✉❛t✐♦♥s ❞❡ ♥♦♠❜r❡ ❞✬❛t♦♠❡s✳
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❡♥

H ≃
∫

dz
(

EGP (n(z)) +
1

2
n(z)v(z)2

)

✭✻✳✷✼✮

♦ù EGP (n) ❡st ❧✬é♥❡r❣✐❡ ❞✉ ❣❛③ ♣❛r ✉♥✐té ❞❡ ❧♦♥❣✉❡✉r à ❧✬éq✉✐❧✐❜r❡ ♣♦✉r ❧❛ ❞❡♥s✐té ❧✐♥é❛✐r❡
n ❡t ❧❡ t❡r♠❡ 1

2
n(z)v(z)2 ❡st ❧✬é♥❡r❣✐❡ ❝✐♥ét✐q✉❡ ❞✉ ♠♦✉✈❡♠❡♥t ❧♦♥❣✐t✉❞✐♥❛❧ ♣❛r ✉♥✐té ❞❡

❧♦♥❣✉❡✉r✳ P♦✉r ❞❡s ♣❡t✐t❡s ✢✉❝t✉❛t✐♦♥s✱ ♦♥ ❞é✈❡❧♦♣♣❡ ❧✬éq✉❛t✐♦♥ ♣ré❝é❞❡♥t❡ à ❧✬♦r❞r❡ ✷ ❡♥
δn ❡t ♦♥ tr♦✉✈❡✱ ❡♥ ✉t✐❧✐s❛♥t

∫

dzδn = 0 ❡t µ = ∂EGP/∂n✱

H ≃
∫

dz

(

1

2

∂µ

∂n
δn2 +

1

2
n0v

2

)

. ✭✻✳✷✽✮

■❝✐✱ µ(n) ❡st ❧❡ ♣♦t❡♥t✐❡❧ ❝❤✐♠✐q✉❡ à t❡♠♣ér❛t✉r❡ ♥✉❧❧❡ ♣♦✉r ✉♥❡ ❞❡♥s✐té ❧✐♥é❛✐r❡ n✳ ❆
❧✬éq✉✐❧✐❜r❡ t❤❡r♠♦❞②♥❛♠✐q✉❡✱ ❝❤❛q✉❡ ❞❡❣ré ❞❡ ❧✐❜❡rté q✉❛❞r❛t✐q✉❡ ❛ ✉♥❡ é♥❡r❣✐❡ T/2✳ ❉♦♥❝✱
❡♥ ♥♦t❛♥t δnk =

∫

dzδn(z)eikz/L✱ ♦♥ ❛

〈δn2
k〉 =

1

L
T/

(

∂µ

∂n

)

. ✭✻✳✷✾✮

▲❡ rés✉❧t❛t ❞❡ ❧✬éq✉❛t✐♦♥ ✻✳✷✾ ❡st s✐♠✐❧❛✐r❡ ❛ ❝❡❧✉✐ ❞❡ ❧✬éq✉❛t✐♦♥ ✻✳✷✸ ❡t ♦♥ ♠♦♥tr❡ ❞❡ ♠ê♠❡
q✉✬✐❧ ✐♠♣❧✐q✉❡

〈N2〉 − 〈N〉2 =
∆T

∂µ/∂n
✭✻✳✸✵✮

❖♥ r❡tr♦✉✈❡ ✐❝✐ ❧❡ rés✉❧t❛t ❜✐❡♥ ❝♦♥♥✉ ❞❡ ❧❛ t❤❡r♠♦❞②♥❛♠✐q✉❡✳ ❈❡tt❡ ❢♦r♠✉❧❡ ❞❡ t❤❡r♠♦✲
❞②♥❛♠✐q✉❡ ❛ ✉♥ ❝❤❛♠♣ ❞✬❛♣♣❧✐❝❛t✐♦♥ très ❧❛r❣❡ ✿ ❡❧❧❡ ❡st ✈❛❧❛❜❧❡ à t♦✉t❡ t❡♠♣ér❛t✉r❡ ❞❛♥s
❧❛ ❧✐♠✐t❡ ♦ù ❧❛ t❛✐❧❧❡ ❞✉ ♣✐①❡❧ ❡st ❜❡❛✉❝♦✉♣ ♣❧✉s ❣r❛♥❞❡ q✉❡ ❧❛ ❧♦♥❣✉❡✉r ❞❡ ❝♦rré❧❛t✐♦♥ ❞❡s
✢✉❝t✉❛t✐♦♥s ❞❡ ❞❡♥s✐té✳

P♦✉r ✉t✐❧✐s❡r ❝❡tt❡ ❢♦r♠✉❧❡ t❤❡r♠♦❞②♥❛♠✐q✉❡✱ ❧❛ ❝♦♥♥❛✐ss❛♥❝❡ ❞❡ ❧❛ ❞é♣❡♥❞❛♥❝❡ ❞✉
♣♦t❡♥t✐❡❧ ❝❤✐♠✐q✉❡ ❛✈❡❝ ❧❛ ❞❡♥s✐té ❧✐♥é❛✐r❡ ❡st ♥é❝❡ss❛✐r❡✳ ▲❡ ❝❛❧❝✉❧ ♠♦♥tr❡ q✉❡ ❧❛ ❢♦r♠✉❧❡
µ = h̄ω⊥

√
1 + 4na ♦ù a ❡st ❧❛ ❧♦♥❣✉❡✉r ❞❡ ❞✐✛✉s✐♦♥ ❞❡s ❛t♦♠❡s ❡st ✉♥❡ ❜♦♥♥❡ ❛♣♣r♦①✐♠❛t✐♦♥

❞✉ ♣♦t❡♥t✐❡❧ ❝❤✐♠✐q✉❡✱ ✈❛❧❛❜❧❡ ❞✉ ré❣✐♠❡ ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧ ♦ù n≪ 1/a ❛✉ ré❣✐♠❡ ❚❤♦♠❛s✲
❋❡r♠✐ ♦ù n≫ 1/a❬✷✻❪✳ ▲❡s ✢✉❝t✉❛t✐♦♥s ❞♦♥♥é❡s ♣❛r ❧✬éq✉❛t✐♦♥ ✻✳✸✵ ❡♥ ✉t✐❧✐s❛♥t ❧✬❡①♣r❡ss✐♦♥
♣ré❝é❞❡♥t❡ ❞✉ ♣♦t❡♥t✐❡❧ ❝❤✐♠✐q✉❡ s♦♥t ❡♥ très ❜♦♥ ❛❝❝♦r❞ ❛✈❡❝ ❧❡s ✢✉❝t✉❛t✐♦♥s ❝❛❧❝✉❧é❡s ❡♥
✉t✐❧✐s❛♥t ✉♥❡ rés♦❧✉t✐♦♥ ♥✉♠ér✐q✉❡ à tr♦✐s ❞✐♠❡♥s✐♦♥ ❞❡ ❧❛ t❤é♦r✐❡ ❞❡ ❇♦❣♦❧✐✉❜♦✈✳ ❉✬❛✉tr❡
♣❛rt✱ ❝❡tt❡ ♣ré❞✐❝t✐♦♥ ❡st ❡♥ ❛❝❝♦r❞ ❛✈❡❝ ❧❡s rés✉❧t❛ts ❡①♣ér✐♠❡♥t❛✉①✱ ❝♦♠♠❡ ♠♦♥tré s✉r ❧❛
✜❣✉r❡ ✻✳✶✵

✻✳✸ ➱❝❤❡❝ ❞❡ ❧❛ t❤é♦r✐❡ ❍❛rtr❡❡✲❋♦❝❦

▲✬❛♣♣❛r✐t✐♦♥ ❞✬✉♥ ❝♦♥❞❡♥s❛t ❞❡ ❇♦s❡✲❊✐♥st❡✐♥ ❞❛♥s ❧❡s ❣❛③ ❛t♦♠✐q✉❡s ✉❧tr❛❢r♦✐❞s ❛ ❧✐❡✉
❡♥ ❣é♥ér❛❧ ♣♦✉r ✉♥❡ t❡♠♣ér❛t✉r❡ ❡t ✉♥ ♥♦♠❜r❡ ❞✬❛t♦♠❡s ❡♥ ❜♦♥ ❛❝❝♦r❞ ❛✈❡❝ ❧❡✉r ✈❛❧❡✉rs
❛tt❡♥❞✉❡s ♣♦✉r ✉♥ ❣❛③ s❛♥s ✐♥t❡r❛❝t✐♦♥s✱ ♣♦✉r ❧❡q✉❡❧ ❧❛ ❝♦♥❞❡♥s❛t✐♦♥ ❡st ❞û❡ à ❧❛ s❛t✲
✉r❛t✐♦♥ ❞❡ ❧❛ ♣♦♣✉❧❛t✐♦♥ ❞❡s ét❛ts ❡①❝✐tés ❞✉ ❣❛③✳ ❉❛♥s ✉♥ ❣❛③ tr✐✲❞✐♠❡♥s✐♦♥♥❡❧✱ ❝❡tt❡
✐♠❛❣❡ s✐♠♣❧❡ ❞✉ ❣❛③ s❛♥s ✐♥t❡r❛❝t✐♦♥ ❡st très ♣❡✉ ♠♦❞✐✜é❡ ♣❛r ❧❛ ♣rés❡♥❝❡ ❞✬✐♥t❡r❛❝t✐♦♥s



✽✻ ❈❍❆P■❚❘❊ ✻✳ ❋▲❯❈❚❯❆❚■❖◆❙ ❉❊ ❉❊◆❙■❚➱ ❉❆◆❙ ❯◆ ●❆❩ ◗❯❆❙■✲✶❉

❡♥tr❡ ❛t♦♠❡s✱ ❞❛♥s ❧❛ ❧✐♠✐t❡ ❞✬✐♥t❡r❛❝t✐♦♥s ❢❛✐❜❧❡s✳ ❉❛♥s ❧❡ ❝❛s ❞✬✉♥ ❣❛③ ❝♦♥✜♥é ❞❛♥s ✉♥
♣✐è❣❡ ❤❛r♠♦♥✐q✉❡✱ ❧✬❡✛❡t ♣r✐♥❝✐♣❛❧ ❡st ✉♥ ❡✛❡t ❞❡ ❝❤❛♠♣ ♠♦②❡♥✳ ❉❛♥s ❧❛ t❤é♦r✐❡ ❞❡ ❝❤❛♠♣
♠♦②❡♥✱ ❛♣♣❡❧é❡ t❤é♦r✐❡ ❞❡ ❍❛rtr❡❡✲❋♦❝❦✱ ❧❡s ✐♥t❡r❛❝t✐♦♥s ❡♥tr❡ ❛t♦♠❡s s♦♥t tr❛✐tés ❝♦♠♠❡
✉♥ ❝❤❛♠♣ ♠♦②❡♥ q✉✐ s✬❛❥♦✉t❡ ❛✉ ♣♦t❡♥t✐❡❧ ❞❡ ♣✐é❣❡❛❣❡ ❡t ♦ù ❧❛ ❝♦♥❞❡♥s❛t✐♦♥ ❡st✱ ❝♦♠♠❡
❞❛♥s ❧❡ ❝❛s ❞✬✉♥ ❣❛③ ✐❞é❛❧✱ ❞û❡ à ✉♥❡ s❛t✉r❛t✐♦♥ ❞❡ ❧❛ ♣♦♣✉❧❛t✐♦♥ ❞❡s ét❛ts ❡①❝✐tés✳ ❉❛♥s ❧❡
❝❛s ❞✬✉♥ ♣✐è❣❡ ❤❛r♠♦♥✐q✉❡✱ ❝❡tt❡ t❤é♦r✐❡ ♣ré❞✐t ✉♥❡ ♣❡t✐t❡ ♠♦❞✐✜❝❛t✐♦♥ ❞❡ ❧❛ r❡❧❛t✐♦♥ ❡♥tr❡
❧❡ ♥♦♠❜r❡ ❞✬❛t♦♠❡s ❡t ❧❛ t❡♠♣ér❛t✉r❡ à ❧❛ ❝♦♥❞❡♥s❛t✐♦♥✱ ❡♥ ❜♦♥ ❛❝❝♦r❞ ❛✈❡❝ ❧❡s ♠❡s✉r❡s
❡①♣ér✐♠❡♥t❛❧❡s ❬✷✼❪✳

❉❛♥s ❧❡ ❝❛s ❞✬✉♥ ❣❛③ q✉❛s✐✲✉♥✐❞✐♠❡♥s✐♦♥♥❡❧✱ ❧❛ t❤é♦r✐❡ ❞❡ ❍❛rtr❡❡✲❋♦❝❦ ♥❡ ♣❡r♠❡t ♣❛s
❞❡ r❡♥❞r❡ ❝♦♠♣t❡ ❞✉ ♣❤é♥♦♠è♥❡ ❞❡ tr❛♥s✐t✐♦♥ ✈❡rs ✉♥ q✉❛s✐✲❝♦♥❞❡♥s❛t✳ ❊♥ ❡✛❡t✱ ❝❡tt❡
tr❛♥s✐t✐♦♥ ❡st ❞û❡ ❛✉① ❝♦rré❧❛t✐♦♥s ❡♥tr❡ ❛t♦♠❡s ✐♥tr♦❞✉✐t❡s ♣❛r ❧❡s ✐♥t❡r❛❝t✐♦♥s✳ ❖r ❧❡s
❝♦rré❧❛t✐♦♥s ❡♥tr❡ ❛t♦♠❡s✱ ❛✉tr❡s q✉❡ ❝❡❧❧❡s ✐♥❞✉✐t❡s ♣❛r ❧❛ s②♠étr✐s❛t✐♦♥✱ ♥❡ s♦♥t ♣❛s ♣r✐s❡s
❡♥ ❝♦♠♣t❡ ♣❛r ❧✬❛♥❛❧②s❡ ❞❡ ❍❛rtr❡❡✲❋♦❝❦✳ ❉❛♥s ♥♦tr❡ ❡①♣ér✐❡♥❝❡✱ q✉✐ ♥✬❡st ♣❛s ♣✉r❡♠❡♥t
✉♥✐❞✐♠❡♥s✐♦♥♥❡❧❧❡✱ ♥♦✉s ❛✈♦♥s ♠♦♥tré q✉❡ ❧❛ tr❛♥s✐t✐♦♥ ✈❡rs ✉♥ q✉❛s✐✲❝♦♥❞❡♥s❛t ♥✬❡st ♣❛s
♥♦♥ ♣❧✉s ❡①♣❧✐q✉é❡ ♣❛r ❧❛ t❤é♦r✐❡ ❞❡ ❍❛rtr❡❡✲❋♦❝❦✳ ❈❡❝✐ ❡st ❧❛ ♣r❡♠✐èr❡ ♠✐s❡ ❡♥ é✈✐❞❡♥❝❡✱
❞❛♥s ✉♥ ré❣✐♠❡ ❞✬✐♥t❡r❛❝t✐♦♥s ❢❛✐❜❧❡s✱ ❞❡ ❧✬é❝❤❡❝ ❞❡ ❧❛ t❤é♦r✐❡ ❞❡ ❍❛rtr❡❡✲❋♦❝❦✳

❈❡tt❡ s❡❝t✐♦♥ ❡st ♦r❣❛♥✐sé❡ ❞❡ ❧❛ ❢❛ç♦♥ s✉✐✈❛♥t❡✳ ❉❛♥s ❧❛ ♣r❡♠✐èr❡ s♦✉s✲s❡❝t✐♦♥✱ ♥♦✉s
r❛♣♣❡❧♦♥s ❝❡ q✉✬❡st ❧❛ t❤é♦r✐❡ ❞❡ ❍❛rtr❡❡✲❋♦❝❦✳ ◆♦✉s ❞✐s❝✉t♦♥s ❡♥s✉✐t❡ ❞❡ ❧✬❛♣t✐t✉❞❡ ❞❡ ❝❡tt❡
t❤é♦r✐❡ à ❞é❝r✐r❡ ❧❛ tr❛♥s✐t✐♦♥ ✈❡rs ✉♥ ét❛t ❝♦❤ér❡♥t ❞❛♥s ✉♥ ❣❛③ tr✐❞✐♠❡♥s✐♦♥♥❡❧ ❡t ❞❛♥s
✉♥ ❣❛③ ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧✳ ❊♥✜♥✱ ♥♦✉s ❞é❝r✐✈♦♥s ❧❛ ❝♦♥❢r♦♥t❛t✐♦♥ q✉❡ ♥♦✉s ❛✈♦♥s ❡✛❡❝t✉é❡
❡♥tr❡ ♥♦s rés✉❧t❛ts ❡①♣ér✐♠❡♥t❛✉① ❡t ❧❛ t❤é♦r✐❡ ❞❡ ❍❛rtr❡❡✲❋♦❝❦✳

✻✳✸✳✶ ❚❤é♦r✐❡ ❞❡ ❍❛rtr❡❡✲❋♦❝❦ ✿ ✉♥❡ t❤é♦r✐❡ s❡❧❢✲❝♦♥s✐st❛♥t❡

▲❛ t❤é♦r✐❡ ❞❡ ❍❛rtr❡❡✲❋♦❝❦ ❛ été ❞é✈❡❧♦♣♣é❡ ❞❛♥s ❧❡ ❞♦♠❛✐♥❡ ❞❡ ❧❛ ♣❤②s✐q✉❡ ♠♦❧é❝✉❧❛✐r❡
♣♦✉r ❞ét❡r♠✐♥❡r✱ ❞❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❇♦r♥ ❖♣♣❡♥❤❡✐♠❡r✱ ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧ ❞✉ s②s✲
tè♠❡ ❞❡s ◆ é❧❡❝tr♦♥s ❡♥ ❥❡✉✳ ❈✬❡st ✉♥❡ ♠ét❤♦❞❡ ✈❛r✐❛t✐♦♥♥❡❧❧❡ ❞❛♥s ❧❛q✉❡❧❧❡ ♦♥ s❡ r❡str❡✐♥t
❛✉① ét❛ts ❞é❝r✐ts ♣❛r ✉♥ ❞ét❡r♠✐♥❛♥t ❞❡ ❙❧❛t❡r ❞❡ ◆ ❢♦♥❝t✐♦♥s ❞✬♦♥❞❡s é❧❡❝tr♦♥✐q✉❡s✳ ❖♥
♠✐♥✐♠✐s❡ ❞♦♥❝ ❞❛♥s ✉♥ s♦✉s ❡s♣❛❝❡ ❞❛♥s ❧❡q✉❡❧ ✐❧ ♥✬② ❛ ♣❛s ❞❡ ❝♦rré❧❛t✐♦♥ ❡♥tr❡ é❧❡❝tr♦♥s✱
❛✉tr❡s q✉❡ ❝❡❧❧❡s ❞û❡s à ❧❛ st❛t✐st✐q✉❡ ❞❡ P❛✉❧✐✳

❊♥ ♣❤②s✐q✉❡ st❛t✐st✐q✉❡✱ ❧❛ t❤é♦r✐❡ ❞❡ ❍❛rtr❡❡✲❋♦❝❦ s❡ ❣é♥ér❛❧✐s❡ ♣♦✉r ❞ét❡r♠✐♥❡r✱ ❞❡
❢❛ç♦♥ ✈❛r✐❛t✐♦♥♥❡❧❧❡✱ ❧❛ ♠❛tr✐❝❡ ❞❡♥s✐té ❞✬✉♥ s②stè♠❡ ❞❡ ❇♦s♦♥s à ❧✬éq✉✐❧✐❜r❡ t❤❡r♠♦❞②✲
♥❛♠✐q✉❡✳ ❉❛♥s ❧❛ ❞❡s❝r✐♣t✐♦♥ ❣r❛♥❞ ❝❛♥♦♥✐q✉❡✱ ❧❛ ♠❛tr✐❝❡ ❞❡♥s✐té ❞✉ s②stè♠❡ ❡st ❝❡❧❧❡ q✉✐
♠✐♥✐♠✐s❡ ❧❡ ♣♦t❡♥t✐❡❧ t❤❡r♠♦❞②♥❛♠✐q✉❡

G = 〈U〉 − TS − µ〈N〉 ✭✻✳✸✶✮

♦ù U ❡st ❧✬é♥❡r❣✐❡ ❞✉ s②stè♠❡✱ S ❧✬❡♥tr♦♣✐❡✱ N ❧❡ ♥♦♠❜r❡ ❞✬❛t♦♠❡s ❡t T ❡t µ ❧❛ t❡♠♣ér❛t✉r❡
❡t ❧❡ ♣♦t❡♥t✐❡❧ ❝❤✐♠✐q✉❡✳ ▲❛ ♠ét❤♦❞❡ ✈❛r✐❛t✐♦♥♥❡❧❧❡ ❞❡ ❍❛rtr❡❡✲❋♦❝❦ ❝♦♥s✐st❡ à ♠✐♥✐♠✐s❡r
F s✉r ❧✬❡♥s❡♠❜❧❡ ❞❡s ♠❛tr✐❝❡s ❞❡♥s✐tés ❞é❝r✐✈❛♥t ✉♥ ❣❛③ s❛♥s ✐♥t❡r❛❝t✐♦♥s s♦✉♠✐s à ✉♥
❤❛♠✐❧t♦♥✐❡♥ à ✉♥❡ ♣❛rt✐❝✉❧❡ h0 q✉❡❧❝♦♥q✉❡✳ P❧✉s ♣ré❝✐sé♠❡♥t✱ ❡♥ ♥♦t❛♥t

h0 =
∑

α

ǫα|ψα〉〈ψα| ✭✻✳✸✷✮
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♦ù ❧❡s ét❛ts ♣r♦♣r❡s |ψα〉 ♦♥t ♣♦✉r ❢♦♥❝t✐♦♥ ❞✬♦♥❞❡ ψα✱ ❧❛ ♠❛tr✐❝❡ ❞❡♥s✐té ❞✬❡ss❛✐ ρ0 ❡st

ρ0 = e−(H0−µN)/T/Z ✭✻✳✸✸✮

♦ù✱ ❡♥ ♥♦t❛♥t aα ❧✬♦♣ér❛t❡✉r ❛♥♥✐❤✐❧❛♥t ✉♥❡ ♣❛rt✐❝✉❧❡ ❞❛♥s ❧✬ét❛t |α〉✱ H0 =
∑

α ǫαa
+
αaα✱

N =
∑

α a
+
αaα ❡st ❧❡ ♥♦♠❜r❡ ❞✬❛t♦♠❡s t♦t❛❧ ❡t Z ❡st ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ♣❛rt✐t✐♦♥ q✉✐ ✈ér✐✜❡

Z =
∏

α

∑

nα
e−(ǫα−µ)nα/T ✳

❉❛♥s ❧❛ s✉✐t❡✱ ♥♦✉s ❛❧❧♦♥s ❛♣♣❧✐q✉❡r ❧❛ ♠ét❤♦❞❡ ❞❡ ❍❛rtr❡❡✲❋♦❝❦ ❛✉ ❝❛s ❞✬✉♥ ❣❛③ ❛✈❡❝ ❞❡s
✐♥t❡r❛❝t✐♦♥s ❡♥tr❡ ❛t♦♠❡s ❞é❝r✐t❡s ♣❛r ❧❡ ♣♦t❡♥t✐❡❧ V (r − r′)✳ ▲✬é♥❡r❣✐❡ ❞✉ s②stè♠❡ s✬é❝r✐t✱
❡♥ s❡❝♦♥❞❡ q✉❛♥t✐✜❝❛t✐♦♥✱

U =
∫

d3rψ+

(

− h̄2

2m
∆ + Vext

)

ψ +
1

2

∫

d3r

∫

d3r′V (r − r′)ψ+(r)ψ+(r′)ψ(r)ψ(r′). ✭✻✳✸✹✮

❊♥ ✉t✐❧✐s❛♥t ❧❡ ❢❛✐t q✉❡ 〈H0〉−µ〈N〉−TS =
∑

α T ln(1− e(ǫα−µ)/T ) ♣♦✉r ❧❛ ♠❛tr✐❝❡ ❞❡♥s✐té
❞✬❡ss❛✐ ρ0✱ ❧❡ ♣♦t❡♥t✐❡❧ ❣r❛♥❞ ❝❛♥♦♥✐q✉❡ ❞✉ s②stè♠❡ s✬é❝r✐t

G =
∑

α T ln(1 − e(ǫα−µ)/T )

+
∑

α nα
(

∫

d3r
(

ψ∗
α
−h̄2

2m
∆ + Vext

)

ψα − ǫα
)

+Uint

✭✻✳✸✺✮

♦ù nα = 1/(e(ǫα−µ)/T − 1) ❡t Uint ❡st ❧✬é♥❡r❣✐❡ ❞✬✐♥t❡r❛❝t✐♦♥✳ ❊♥ ✉t✐❧✐s❛♥t ❧❡ ❢❛✐t q✉❡
〈a+
αa

+
αaαaα〉 = 2n2

α ♣♦✉r ❧❛ ♠❛tr✐❝❡ ❞❡♥s✐té ❞✬❡ss❛✐ ρ0 ✭❧❡ t❤é♦rè♠❡ ❞❡ ❲✐❝❦ s✬❛♣♣❧✐q✉❡
à ρ0✮✱ ♦♥ tr♦✉✈❡

Uinter =
1

2

∑

α,β

∫

d3r

∫

d3r′V (r − r′)nαnβ
(

|ψα(r)|2|ψβ(r′)|2 + ψα(r)ψ
∗
α(r

′)ψβ(r)ψ
∗
β(r

′)
)

.

✭✻✳✸✻✮
❖♥ ❞✐st✐♥❣✉❡ ❜✐❡♥ s✉r ❝❡tt❡ ❡①♣r❡ss✐♦♥ ❧❡ t❡r♠❡ ❞✐r❡❝t ✭❍❛rtr❡❡✮ ❡t ❧❡ t❡r♠❡ ❞✬é❝❤❛♥❣❡
✭❋♦❝❦✮✳ ❉❛♥s ❧❛ s✉✐t❡✱ ♥♦✉s ♥♦✉s r❡str❡✐❣♥♦♥s ❛✉ ❝❛s ❞✬✐♥t❡r❛❝t✐♦♥s ♣♦♥❝t✉❡❧❧❡s ♦ù V =
gδ(r − r′)✳ ▲❡s t❡r♠❡s ❞✐r❡❝t ❡t ❞✬é❝❤❛♥❣❡ s♦♥t ❛❧♦rs é❣❛✉① ❡t ♦♥ ❛

Uinter = g
∑

α,β

∫

d3r|ψα(r)|2|ψβ(r)|2nαnβ. ✭✻✳✸✼✮

❊♥ ♠✐♥✐♠✐s❛♥t ❧❡ ♣♦t❡♥t✐❡❧ t❤❡r♠♦❞②♥❛♠✐q✉❡ ♣❛r r❛♣♣♦rt ❛✉① ❢♦♥❝t✐♦♥s ❞✬♦♥❞❡ ψα ♦♥
tr♦✉✈❡✱ ❡♥ ❛❥♦✉t❛♥t ✉♥ ♠✉❧t✐♣❧✐❝❛t❡✉r ❞❡ ▲❛❣r❛♥❣❡ ♣♦✉r ❛ss✉r❡r ❧❛ ♥♦r♠❛❧✐s❛t✐♦♥✱

(− h̄2

2m
∆ + Vext + 2gρ(r))ψα = καψα ✭✻✳✸✽✮

♦ù ρ(~r) =
∑

β nβ|ψβ(~r)|2 ❡st ❧❛ ❞❡♥s✐té ❞✉ ❣❛③✳ ❉✬❛✉tr❡ ♣❛rt✱ ❡♥ ♠✐♥✐♠✐s❛♥t G ♣❛r r❛♣♣♦rt
à ǫα✱ ♦♥ tr♦✉✈❡

ǫα =
∫

d3rψ∗
α(−

h̄2

2m
∆ + Vext + 2gρ(r))ψα. ✭✻✳✸✾✮
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❋✐♥❛❧❡♠❡♥t✱ ♦♥ tr♦✉✈❡ q✉❡ ❧❡ ❤❛♠✐❧t♦♥✐❡♥ q✉✐ h0 q✉✐ ♣❡r♠❡t ❞❡ ♠✐♥✐♠✐s❡r G ❡st

HHF = − h̄2

2m
∆ + Vext + 2gρ(r) ✭✻✳✹✵✮

▲❡ ♣r♦✜❧ ❞❡ ❞❡♥s✐té ❞✉ ❣❛③ ρ(r) ❡st ❞♦♥♥é❡ ♣❛r ❧❛ ❞✐str✐❜✉t✐♦♥ ❞❡ ❇♦s❡ ♣♦✉r ✉♥ ❣❛③ s♦✉♠✐s✱
❡♥ ♣❧✉s ❞✉ ♣♦t❡♥t✐❡❧ ❡①t❡r♥❡ ❞❡ ♣✐é❣❡❛❣❡✱ ❛✉ ❝❤❛♠♣ ♠♦②❡♥ 2ρg✳ HHF ❞é♣❡♥❞ ❞❡ ρ q✉✐ ❧✉✐
♠ê♠❡ ❞é♣❡♥❞ ❞❡ HHF ✳ ▲❛ t❤é♦r✐❡ ❞❡ ❍❛rtr❡❡✲❋♦❝❦ ❡st ❞♦♥❝ ✉♥❡ t❤é♦r✐❡ s❡❧❢✲❝♦♥s✐st❛♥t❡✳

▲❛ t❤é♦r✐❡ ❞❡ ❍❛rtr❡❡✲❋♦❝❦✱ t❤é♦r✐❡ s❡❧❢✲❝♦♥s✐st❛♥t❡ ♦❜t❡♥✉❡ ♣❛r ✉♥❡ ♠ét❤♦❞❡ ✈❛r✐❛t✐♦♥✲
♥❡❧❧❡✱ ♥✬❡st ❜✐❡♥ s✉r ♣❛s ✉♥❡ t❤é♦r✐❡ ❡①❛❝t❡✳ ❊♥ ❢❛✐t✱ ❝❡tt❡ t❤é♦r✐❡ ♥❡ ❞♦♥♥❡r❛ ❞❡s ♣ré❞✐❝t✐♦♥s
❝♦rr❡❝t❡s q✉❡ ❞❛♥s ❧❛ ❧✐♠✐t❡ ♦ù ❧❡s ✐♥t❡r❛❝t✐♦♥s s♦♥t ❢❛✐❜❧❡s✳ P♦✉r s✬❡♥ ❝♦♥✈❛✐♥❝r❡✱ ♦♥ ♣❡✉t
❝♦♠♣❛r❡r ❧❡s ♣ré❞✐❝t✐♦♥s ❞❡ ❧❛ t❤é♦r✐❡ ❞❡ ❍❛rtr❡❡✲❋♦❝❦ ❛✈❡❝ ❧❡s rés✉❧t❛ts ❞✬✉♥ ❝❛❧❝✉❧ ♣❡rt✉r✲
❜❛t✐❢ ❡♥ g✳ ❈✬❡st s❡✉❧❡♠❡♥t ❛✉ ♣r❡♠✐❡r ♦r❞r❡ ❡♥ g q✉❡ ❧❡ ❝❛❧❝✉❧ ♣❡rt✉r❜❛t✐❢ ❡st ❝♦♠♣❛t✐❜❧❡
❛✈❡❝ ❧❛ ♣ré❞✐❝t✐♦♥ ❞❡ ❍❛rtr❡❡✲❋♦❝❦✱ ❡❧❧❡✲♠ê♠❡ ❞é✈❡❧♦♣♣é❡ ❛✉ ♣r❡♠✐❡r ♦r❞r❡ ❡♥ g✳ ❆ ❧✬♦r✲
❞r❡ ❞❡✉① ❡♥ g✱ ❧❡ ❝❛❧❝✉❧ ♣❡rt✉r❜❛t✐❢ ♣ré❞✐t ✉♥❡ ❞✐♠✐♥✉t✐♦♥ ❞❡ ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ❝♦rré❧❛t✐♦♥ à
❞✐st❛♥❝❡ ♥✉❧❧❡ g2(0)✱ ♣❤é♥♦♠è♥❡ ♥♦♥ ♣ré❞✐t ♣❛r ❧❛ t❤é♦r✐❡ ❞❡ ❍❛rtr❡❡✲❋♦❝❦✳

✻✳✸✳✷ ❱❛❧✐❞✐té ❞❡ ❧❛ t❤é♦r✐❡ ❞❡ ❍❛rtr❡❡✲❋♦❝❦ ❞❛♥s ✉♥ ❣❛③ tr✐✲❞✐♠❡♥s✐♦♥♥❡❧
❡♥ ✐♥t❡r❛❝t✐♦♥s ❢❛✐❜❧❡s

❉❛♥s ❧❡ ❝❛s ❞✬✉♥ ❣❛③ tr✐✲❞✐♠❡♥s✐♦♥♥❡❧ ❤♦♠♦❣è♥❡ ✭✐❡ ❝♦♥✜♥é ❞❛♥s ✉♥❡ ❜♦ît❡✮✱ ❧❛ t❤é♦r✐❡
❞❡ ❍❛rtr❡❡✲❋♦❝❦ ♣ré❞✐t ✉♥ s✐♠♣❧❡ ❞é❝❛❧❛❣❡ ❞❡s é♥❡r❣✐❡s é❣❛❧❡ à 2gρ✳ ◗✉✐tt❡ à ❞é❝❛❧❡r ❧❡
♣♦t❡♥t✐❡❧ ❝❤✐♠✐q✉❡ ❞✬✉♥❡ q✉❛♥t✐té 2gρ✱ ❧❡s ♣r♦♣r✐étés ❞✉ ❣❛③ s♦♥t ✐♥❝❤❛♥❣és✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱
♣♦✉r ✉♥❡ t❡♠♣ér❛t✉r❡ ❞♦♥♥é❡✱ ❧❛ ❞❡♥s✐té s❛t✉r❡ à ✉♥❡ ✈❛❧❡✉r é❣❛❧❡ à 2.612/λ3

dB ❧♦rsq✉❡ ❧❡

♣♦t❡♥t✐❡❧ ❝❤✐♠✐q✉❡ ❛tt❡✐♥t ❧❛ ✈❛❧❡✉r µc = 2g × 2.612/λ3
dB✳ ■❝✐✱ λdB = h̄

√

2π/(mkBT ) ❡st ❧❛
❧♦♥❣✉❡✉r ❞✬♦♥❞❡ ❞❡ ❞❡ ❇r♦♦❣❧✐❡✳ ❙✐ ❧❛ ❞❡♥s✐té ❞✉ s②stè♠❡ ❡st ♣❧✉s ✐♠♣♦rt❛♥t❡✱ ❞❡s ❛t♦♠❡s
s✬❛❝❝✉♠✉❧❡♥t ❞❛♥s ✉♥ ❝♦♥❞❡♥s❛t ❞❡ ❇♦s❡ ❡t ✐❧ ❡st ♥é❝❡ss❛✐r❡ ❞✬✐♥tr♦❞✉✐r❡ ✉♥ ❞❡✉①✐è♠❡ ✢✉✐❞❡
♣♦✉r ❞é❝r✐r❡ ❧❡ ❝♦♥❞❡♥s❛t✳ ■❧ ❡①✐st❡ ♣❧✉s✐❡✉rs t❤é♦r✐❡s ❞❡ t②♣❡ ❝❤❛♠♣ ♠♦②❡♥ q✉✐ ✉t✐❧✐s❡♥t
❞❡✉① ✢✉✐❞❡s ♣♦✉r ❞é❝r✐r❡ ✉♥ t❡❧ s②stè♠❡❬✸✸❪✱ ❧❛ ♣❧✉s ♣♦♣✉❧❛✐r❡ ét❛♥t ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡
❍❛rtr❡❡✲❋♦❝❦✲❇♦❣♦❧✐✉❜♦✈✲P♦♣♦✈❬✷✾❪✳ ❉❛♥s t♦✉s ❧❡s ❝❛s✱ ❧❡ ❝r✐tèr❡ ❞❡ ❝♦♥❞❡♥s❛t✐♦♥ ❡st ❞♦♥♥é
♣❛r ❧❛ ❢♦r♠✉❧❡ ❞✬✉♥ ❣❛③ ✐❞é❛❧ ρλ3

dB = 2.612 ❡t ❧❡ s②stè♠❡ ❡st ❞é❝r✐t ♣❛r ❍❛rtr❡❡✲❋♦❝❦ t❛♥t
q✉❡ ρλ3

dB < 2.612✳
❊①♣ér✐♠❡♥t❛❧❡♠❡♥t✱ ❧❡s ❣❛③ ét✉❞✐és ♥❡ s♦♥t ♣❛s ❤♦♠♦❣è♥❡s à ❝❛✉s❡ ❞✉ ♣♦t❡♥t✐❡❧ ❞❡

❝♦♥✜♥❡♠❡♥t✱ ❣é♥ér❛❧❡♠❡♥t ❤❛r♠♦♥✐q✉❡✳ ❉❛♥s ❧❡ ❝❛s ❞✬✉♥ ❣❛③ tr✐✲❞✐♠❡♥s✐♦♥♥❡❧ ♣✐é❣é ❞❛♥s
✉♥ ♣✐è❣❡ ❤❛r♠♦♥✐q✉❡ ❞❡ ❢réq✉❡♥❝❡s ❞❡ ❝♦♥✜♥❡♠❡♥t s✉✣s❛♠♠❡♥t ❢❛✐❜❧❡s✱ ❧❡s ♣ré❞✐❝t✐♦♥s
❞❡ ❧❛ t❤é♦r✐❡ ❞❡ ❍❛rtr❡❡✲❋♦❝❦ ♦❜t❡♥✉❡s ♣♦✉r ❧❡ ❣❛③ ❤♦♠♦❣è♥❡ ♣❡✉✈❡♥t êtr❡ ❛♣♣❧✐q✉és ❡♥
✉t✐❧✐s❛♥t ✉♥❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❞❡♥s✐té ❧♦❝❛❧❡✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ❧❡ ❝r✐tèr❡ ❞❡ ❝♦♥❞❡♥s❛t✐♦♥ ❡st
❞♦♥♥é ♣❛r n0 = 2.612/λ3

dB✱ ♦ù n0 ❡st ❧❛ ❞❡♥s✐té ❛✉ ❝❡♥tr❡ ❞✉ ♣✐è❣❡✳ ❈❡♣❡♥❞❛♥t✱ ❧❡ ♣r♦✜❧
❞❡ ❞❡♥s✐té ❞✉ ♥✉❛❣❡ ❛t♦♠✐q✉❡ ❡st ♠♦❞✐✜é ♣❛r ❧❡ t❡r♠❡ ❞✬é♥❡r❣✐❡ ❞❡ ❝❤❛♠♣s ♠♦②❡♥ ✿ ❧❡
♥✉❛❣❡ ❡st ❞✐❧❛té ❝♦♠♣❛ré ❛✉ ❝❛s ❞✬✉♥ ❣❛③ s❛♥s ✐♥t❡r❛❝t✐♦♥s✳ ❆✐♥s✐✱ ♣♦✉r ✉♥❡ t❡♠♣ér❛t✉r❡
❞♦♥♥é❡✱ ❧❡ ♥♦♠❜r❡ ❞✬❛t♦♠❡ t♦t❛❧ à ❧❛ ❝♦♥❞❡♥s❛t✐♦♥ ❡st s✉♣ér✐❡✉r à s❛ ✈❛❧❡✉r ♣♦✉r ✉♥ ❣❛③
♣❛r❢❛✐t ❬✷✽❪✳ ❈❡ ❞é❝❛❧❛❣❡ ❡st ❞❡ ❧✬♦r❞r❡ ❞❡ q✉❡❧q✉❡s ♣♦✉r❝❡♥t ❞❛♥s ❧❡s ❡①♣ér✐❡♥❝❡s t②♣✐q✉❡s
❞✬❛t♦♠❡s ❢r♦✐❞s✳ ▲❡ ❞é❝❛❧❛❣❡ ♠❡s✉ré ❞❛♥s ❧❡s ❡①♣ér✐❡♥❝❡s ❡st ❡♥ ❛❝❝♦r❞ ❛✈❡❝ ❝❡tt❡ ♣ré❞✐❝t✐♦♥
❞❡ ❝❤❛♠♣ ♠♦②❡♥ ❬✷✼❪✳



✻✳✸✳ ➱❈❍❊❈ ❉❊ ▲❆ ❚❍➱❖❘■❊ ❍❆❘❚❘❊❊✲❋❖❈❑ ✽✾

▲❡ ❜♦♥ ❛❝❝♦r❞ ❡♥tr❡ ❧❡s ♣ré❞✐❝t✐♦♥s ❞❡ ❍❛rtr❡❡✲❋♦❝❦ ❡t ❧❡s rés✉❧t❛ts ❡①♣ér✐♠❡♥t❛✉①
❡st ❞û ❛✉ ❢❛✐t q✉❡ ❧❡s ❡①♣ér✐❡♥❝❡s s♦♥t ré❛❧✐sé❡s ❞❛♥s ✉♥ ré❣✐♠❡ ❞✬✐♥t❡r❛❝t✐♦♥ ❢❛✐❜❧❡ ♦ù
ρa3 ≪ 1✱ ρ ét❛♥t ❧❛ ❞❡♥s✐té ❛t♦♠✐q✉❡ ❡t a ❧❛ ❧♦♥❣✉❡✉r ❞❡ ❞✐✛✉s✐♦♥ ❞❡s ❛t♦♠❡s✳ ❊♥ ❡✛❡t✱ ❧❛
❝♦♥❞✐t✐♦♥ ρa3 ≪ 1 ✐♠♣❧✐q✉❡ q✉❡ ❧✬é♥❡r❣✐❡ ❞✬✐♥t❡r❛❝t✐♦♥ gρ = (4πh̄2/m)aρ ❡st ❢❛✐❜❧❡ ❞❡✈❛♥t
❧❛ t❡♠♣ér❛t✉r❡✱ ♠ê♠❡ à ❧✬❛♣♣r♦❝❤❡ ❞❡ ❧❛ ❝♦♥❞❡♥s❛t✐♦♥✳ ❊♥ ré❛❧✐té✱ ♦♥ s✬❛tt❡♥❞ à ❝❡ q✉❡ ❧❡s
t❤é♦r✐❡s ❞❡ ❝❤❛♠♣s ♠♦②❡♥ ♥❡ ♣❡r♠❡tt❡♥t ♣❛s ❞❡ ♣ré❞✐r❡ ❧❡ ❝♦♠♣♦rt❡♠❡♥t ❞✉ ❣❛③ très ♣rès
❞❡ ❧❛ tr❛♥s✐t✐♦♥ ❞❡ ❇♦s❡✲❊✐♥st❡✐♥✳ ❊♥ ❡✛❡t✱ ♣rès ❞❡ tr❛♥s✐t✐♦♥✱ ❧❡s ✢✉❝t✉❛t✐♦♥s ❞❡ ❞❡♥s✐té
❞❡✈✐❡♥♥❡♥t très ✐♠♣♦rt❛♥t❡s✱ ❧❡s ✢✉❝t✉❛t✐♦♥s ❞❡ ❣r❛♥❞❡ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡ ❞✐✈❡r❣❡❛♥t✳ ❈❡
♣❤é♥♦♠è♥❡ ❡st t②♣✐q✉❡ ❞❡s tr❛♥s✐t✐♦♥s ❞❡ ♣❤❛s❡ ❝r✐t✐q✉❡s ❡t ❧❡ ❝r✐tèr❡ ❞❡ ●✐♥s❜✉r❣✲▲❛♥❞❛✉
♣❡r♠❡t ❞✬❡st✐♠❡r ❧❛ ③♦♥❡ ❞❛♥s ❧❛q✉❡❧❧❡ ✉♥❡ t❤é♦r✐❡ ❞❡ t②♣❡ ❝❤❛♠♣ ♠♦②❡♥ é❝❤♦✉❡✳ ❉❛♥s
❝❡tt❡ ③♦♥❡✱ ❧❡s ✐♥t❡r❛❝t✐♦♥s ❡♥tr❡ ❛t♦♠❡s ♥❡ ♣❡✉✈❡♥t ♣❛s êtr❡ ❞é❝r✐t❡s ✉♥✐q✉❡♠❡♥t ♣❛r ✉♥
❝❤❛♠♣ ♠♦②❡♥ ♠❛✐s ❧❡s ❝♦rré❧❛t✐♦♥s ❡♥tr❡ ❛t♦♠❡s q✉✬❡❧❧❡s ✐♥tr♦❞✉✐s❡♥t ❞♦✐✈❡♥t êtr❡ ♣r✐s❡s
❡♥ ❝♦♠♣t❡✳ ❉❡s ❝❛❧❝✉❧s ▼♦♥t❡✲❈❛r❧♦ ♦♥t été ❡✛❡❝t✉és ♣♦✉r ♣♦✉✈♦✐r r❡♥❞r❡ ❝♦♠♣t❡ ❞❡ ❧❛
♣❤②s✐q✉❡ ♣rès ❞❡ ❧❛ t❡♠♣ér❛t✉r❡ ❝r✐t✐q✉❡✳ ■❧s ♦♥t ♠♦♥tré q✉✬✐❧ ② ❛✈❛✐t ✉♥ ❞é❝❛❧❛❣❡ ❞❡ ❧❛
t❡♠♣ér❛t✉r❡ ❝r✐t✐q✉❡❬✺✵✱ ✹✱ ✹✷❪✱ ❧❛ tr❛♥s✐t✐♦♥ ❞❡ ♣❤❛s❡ ❛♣♣❛r❛✐ss❛♥t ♣♦✉r ✉♥❡ t❡♠♣ér❛t✉r❡
❧é❣èr❡♠❡♥t s✉♣ér✐❡✉r❡ à ❝❡❧❧❡ ❛tt❡♥❞✉❡ ♣♦✉r ✉♥ ❣❛③ s❛♥s ✐♥t❡r❛❝t✐♦♥s ❞❡ ♠ê♠❡ ❞❡♥s✐té✳
❈❡♣❡♥❞❛♥t✱ ❞❛♥s ❧❡ ré❣✐♠❡ ❞✬✐♥t❡r❛❝t✐♦♥ ❢❛✐❜❧❡ ♦ù ρa3 ≪ 1✱ ❝❡ ❞é❝❛❧❛❣❡ ❡st très ❢❛✐❜❧❡✳ ❊♥
♣r❛t✐q✉❡✱ ❝❡ ❞é❝❛❧❛❣❡ ♥✬❛ ❥❛♠❛✐s été ♦❜s❡r✈é ❞❛♥s ❧❡s ❣❛③ ✉❧tr❛✲❢r♦✐❞s ❞✐❧✉és✳

❆✉ ♠♦♠❡♥t ♦ù ♥♦✉s ❛✈♦♥s ❝♦♠♠❡♥❝é à ét✉❞✐❡r ❧❛ tr❛♥s✐t✐♦♥ ✈❡rs ✉♥ q✉❛s✐✲❝♦♥❞❡♥s❛t
❞❛♥s ♥♦tr❡ ❡①♣ér✐❡♥❝❡✱ ❧❛ t❤é♦r✐❡ ❞❡ ❝❤❛♠♣ ♠♦②❡♥ ❡①♣❧✐q✉❛✐t ❧❡s ❡①♣ér✐❡♥❝❡s ré❛❧✐sé❡s ❛✈❡❝
❞❡s ❛t♦♠❡s ❢r♦✐❞s ❞❛♥s ❧❡ ré❣✐♠❡ ❞✬✐♥t❡r❛❝t✐♦♥ ❢❛✐❜❧❡✳ ❖r ♥♦✉s ❛❧❧♦♥s ✈♦✐r q✉❡ ❧❛ t❤é♦r✐❡ ❞❡
❝❤❛♠♣ ♠♦②❡♥ ♥❡ ♣❡r♠❡t ♣❛s ❞✬❡①♣❧✐q✉❡r ❧❛ tr❛♥s✐t✐♦♥ ✈❡rs ✉♥ q✉❛s✐✲❝♦♥❞❡♥s❛t ❞❛♥s ✉♥ ❣❛③
✉♥✐❞✐♠❡♥s✐♦♥♥❡❧✳ ❊①♣ér✐♠❡♥t❛❧❡♠❡♥t✱ ♥♦✉s ❛✈♦♥s ♠♦♥tré q✉❡ ❧❛ t❤é♦r✐❡ ❞❡ ❍❛rtr❡❡✲❋♦❝❦
♥❡ ♣❡r♠❡tt❛✐t ♣❛s ❞❡ r❡♥❞r❡ ❝♦♠♣t❡ ❞❡ ❧❛ tr❛♥s✐t✐♦♥ ✈❡rs ✉♥ q✉❛s✐✲❝♦♥❞❡♥s❛t ❞❛♥s ♥♦tr❡
❡①♣ér✐❡♥❝❡ ♦ù ❧❡ ❣❛③ ❡st q✉❛s✐✲✉♥✐❞✐♠❡♥s✐♦♥♥❡❧✳

✻✳✸✳✸ ➱❝❤❡❝ ❛tt❡♥❞✉❡ ❞❡ ❧❛ t❤é♦r✐❡ ❞❡ ❍❛rtr❡❡✲❋♦❝❦ ♣♦✉r ✉♥ ❣❛③
✉♥✐✲❞✐♠❡♥s✐♦♥♥❡❧

P♦✉r ✉♥ ❣❛③ ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧ ❤♦♠♦❣è♥❡ ❡t ✐♥✜♥✐ ❞❡ ❞❡♥s✐té ❧✐♥é❛✐r❡ n✱ ❧❛ t❤é♦r✐❡ ❞❡
❍❛rtr❡❡✲❋♦❝❦ s❡ rés✉♠❡ à ✉♥ ❞é❝❛❧❛❣❡ ❞✉ ♣♦t❡♥t✐❡❧ ❝❤✐♠✐q✉❡ ❞❡ ❧❛ q✉❛♥t✐té 2ng✳ ❈♦♠♠❡
❞❛♥s ✉♥ ❣❛③ ✐❞é❛❧✱ ❛✉❝✉♥❡ s❛t✉r❛t✐♦♥ ❞❡s ét❛ts ❡①❝✐tés ♥✬❛ ❧✐❡✉ ✿ ❧❛ t❤é♦r✐❡ ❞❡ ❍❛rtr❡❡✲❋♦❝❦
♥❡ ♣ré❞✐t ❞♦♥❝ ♣❛s ❧✬❛♣♣❛r✐t✐♦♥ ❞✬✉♥ ❝♦♥❞❡♥s❛t ❞❡ ❇♦s❡✲❊✐♥st❡✐♥✳ ❉❛♥s ❧❡ ❝❛s ❞✬✉♥ ♥✉❛❣❡
❝♦♥✜♥é ❞❛♥s ✉♥ ♣✐è❣❡ ❤❛r♠♦♥✐q✉❡✱ ❧❛ t❤é♦r✐❡ ❞❡ ❍❛rtr❡❡✲❋♦❝❦ ♣ré❞✐t ✉♥ ❣♦♥✢❡♠❡♥t ❞✉
♥✉❛❣❡ ❛t♦♠✐q✉❡✳ ❈❡♣❡♥❞❛♥t✱ ❞❡ ♠ê♠❡ q✉❡ ♣♦✉r ✉♥ ❣❛③ ✐❞é❛❧✱ ❧❛ t❤é♦r✐❡ ❞❡ ❍❛rtr❡❡✲❋♦❝❦ ♥❡
♣ré✈♦✐t ♣❛s ❞❡ s❛t✉r❛t✐♦♥ ❞❡ ❧❛ ♣♦♣✉❧❛t✐♦♥ ❞❡s ét❛ts ❡①❝✐tés à ❧❛ ❧✐♠✐t❡ t❤❡r♠♦❞②♥❛♠✐q✉❡✳
▲❛ t❤é♦r✐❡ ❞❡ ❍❛rtr❡❡✲❋♦❝❦ ♥❡ ♣❡r♠❡t ❞♦♥❝ ♣❛s ❞❡ r❡♥❞r❡ ❝♦♠♣t❡ ❞❡ ❧❛ tr❛♥s✐t✐♦♥ ✈❡rs ✉♥
q✉❛s✐✲❝♦♥❞❡♥s❛t ❛tt❡♥❞✉❡ ♣♦✉r ✉♥ ❣❛③ ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧✳ ❈❡t é❝❤❡❝ ❞❡ ❧❛ t❤é♦r✐❡ ❞❡ ❍❛rtr❡❡✲
❋♦❝❦ ♣♦✉r ❧❡s s②stè♠❡s ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧ ♥✬❡st ♣❛s ✉♥❡ s✉r♣r✐s❡ ♣✉✐sq✉❡ ❧❛ tr❛♥s✐t✐♦♥ ✈❡rs
✉♥ q✉❛s✐✲❝♦♥❞❡♥s❛t ❡st ❣♦✉✈❡r♥é❡ ♣❛r ❧❡s ❝♦rré❧❛t✐♦♥s ❡♥tr❡ ❛t♦♠❡s ✐♥tr♦❞✉✐t❡s ♣❛r ❧❡s
✐♥t❡r❛❝t✐♦♥s ❡t q✉❡ ❝❡s ❝♦rré❧❛t✐♦♥s s♦♥t ♥é❣❧✐❣é❡s ❞❛♥s ❧❛ t❤é♦r✐❡ ❡ ❍❛rtr❡❡✲❋♦❝❦✳
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−400−300−200−1000 100 200 300 400

✻✵✵

✹✵✵

✷✵✵

✵

z(µm)

N

❋✐❣✳ ✻✳✶✶ ✕ ➱❝❤❡❝ ❞❡ ❧❛ t❤é♦r✐❡ ❍❛rtr❡❡✲❋♦❝❦ ♣♦✉r ❡①♣❧✐q✉❡r ❧❛ tr❛♥s✐t✐♦♥ ✈❡rs ✉♥ q✉❛s✐✲
❝♦♥❞❡♥s❛t✳ ▲❡ ♣r♦✜❧ ❡①♣ér✐♠❡♥t❛❧ ✭❝r♦✐①✮ ❡st ❝♦♠♣❛ré ❛✉ ♣r♦✜❧ ❚❤♦♠❛s✲❋❡r♠✐ ❛tt❡♥❞✉ ♣♦✉r
✉♥ q✉❛s✐✲❝♦♥❞❡♥s❛t ✭t✐rés r♦✉❣❡s✮✱ ❛✉ ♣r♦✜❧ ❛tt❡♥❞✉ ♣♦✉r ✉♥ ❣❛③ ✐❞é❛❧ ❞❡ ♠ê♠❡ t❡♠♣ér❛t✉r❡
❡t ♣♦t❡♥t✐❡❧ ❝❤✐♠✐q✉❡ ✭t✐rés ❜❧❡✉s✮ ❡t ❛✉ ♣r♦✜❧ ❛tt❡♥❞✉ ❞✬❛♣rès ❧❛ t❤é♦r✐❡ ❍❛rtr❡❡✲❋♦❝❦ ✭❧✐❣♥❡
✈❡rt❡✮✳ ▲❡ ❝❛❧❝✉❧ ❍❛rtr❡❡✲❋♦❝❦ ♥❡ ♣ré❞✐t ♣❛s ❞❡ s❛t✉r❛t✐♦♥ ❞❡s ét❛ts ❡①❝✐tés ❡t ♥❡ r❡♣r♦❞✉✐t
♣❛s ❧❡ ♣r♦✜❧ ❡①♣ér✐♠❡♥t❛❧✳

✻✳✸✳✹ ▼✐s❡ ❡♥ é✈✐❞❡♥❝❡ ❡①♣ér✐♠❡♥t❛❧❡ ❞❡ ❧✬é❝❤❡❝ ❞❡ ❧❛ t❤é♦r✐❡ ❞❡
❍❛rtr❡❡✲❋♦❝❦ ❞❛♥s ✉♥ ❣❛③ q✉❛s✐✲✉♥✐❞✐♠❡♥s✐♦♥♥❡❧

◆♦✉s ❛✈♦♥s ♠♦♥tré q✉❡✱ ❞❛♥s ♥♦tr❡ ❡①♣ér✐❡♥❝❡✱ ❧❛ t❤é♦r✐❡ ❞❡ ❍❛rtr❡❡✲❋♦❝❦ ♥❡ ♣❡r♠❡tt❛✐t
♣❛s ❞❡ r❡♥❞r❡ ❝♦♠♣t❡ ❞❡ ❧✬❛♣♣❛r✐t✐♦♥ ❞✉ q✉❛s✐✲❝♦♥❞❡♥s❛t✳ ❈❡ rés✉❧t❛t ❡st ❧❛ ♣r❡♠✐èr❡ ♠✐s❡
❡♥ é✈✐❞❡♥❝❡ ❞❡ ❧✬é❝❤❡❝ ❞❡ ❧❛ t❤é♦r✐❡ ❞❡ ❍❛rtr❡❡✲❋♦❝❦ ❞❛♥s ✉♥ ré❣✐♠❡ ❞✬✐♥t❡r❛❝t✐♦♥ ❢❛✐❜❧❡✳
P♦✉r ❝❡❝✐✱ ♥♦✉s ❛✈♦♥s ❛♥❛❧②sé ❧❡s ♣r♦✜❧s ❞❡ ❞❡♥s✐té ❞❡s ♥✉❛❣❡s ❛t♦♠✐q✉❡s ✭♠♦♥trés ❞❛♥s
❧✬❛rt✐❝❧❡ ❬✾✼❪✮✱ ❧♦rsq✉✬✉♥ q✉❛s✐✲❝♦♥❞❡♥s❛t ❛♣♣❛r❛ît ❛✉ ❝❡♥tr❡ ❞✉ ♥✉❛❣❡✳ P❧✉s ♣ré❝✐sé♠❡♥t✱
♥♦✉s ❛✈♦♥s ♠♦♥tré q✉❡ ❧❛ t❤é♦r✐❡ ❍❛rtr❡❡✲❋♦❝❦ ♥❡ ♣❡r♠❡tt❛✐t ♣❛s ❞❡ r❡♥❞r❡ ❝♦♠♣t❡ ❞❡s
♣r♦✜❧s ♦❜s❡r✈és ❡①♣ér✐♠❡♥t❛❧❡♠❡♥t ❡t ♥❡ ♣ré❞✐s❛✐t ♣❛s ❞❡ ♣❤é♥♦♠è♥❡ ❞❡ ❝♦♥❞❡♥s❛t✐♦♥ ♣♦✉r
❧❡s ♣❛r❛♠ètr❡s ❞❡ ♥♦s ❡①♣ér✐❡♥❝❡s✳

❙✉r ❧❛ ✜❣✉r❡ ✻✳✶✶✱ ♥♦✉s ❛✈♦♥s tr❛❝é ✉♥ ♣r♦✜❧ ❡①♣ér✐♠❡♥t❛❧ ❡t ❧❡ ♣r♦✜❧ ❝❛❧❝✉❧é ❡♥ ✉t✐❧✐s❛♥t
❧❛ t❤é♦r✐❡ ❞❡ ❍❛rtr❡❡✲❋♦❝❦✱ ♣♦✉r ✉♥❡ ♠ê♠❡ t❡♠♣ér❛t✉r❡ ❡t ✉♥ ♠ê♠❡ ♣♦t❡♥t✐❡❧ ❝❤✐♠✐q✉❡✳
▲✬❛♣♣❛r✐t✐♦♥ ❞✉ q✉❛s✐✲❝♦♥❞❡♥s❛t s✉r ❧❡s ❞♦♥♥é❡s ❡①♣ér✐♠❡♥t❛❧❡s✱ ♠♦♥tré❡ ♣❛r ❧❛ s❛t✉r❛✲
t✐♦♥ ❞❡s ✢✉❝t✉❛t✐♦♥s ❞❡ ❞❡♥s✐té s✉r ❧❡s ❞♦♥♥é❡s ❞❡ ✢✉❝t✉❛t✐♦♥s ✭✈♦✐r ❋✐❣✳✻✳✶✵✮✱ ❡st ❛✉ss✐
✈✐s✐❜❧❡ s✉r ❧❡ ♣r♦✜❧ ❞❡ ❞❡♥s✐té✳ ❊♥ ❡✛❡t✱ ❧❡ ♣r♦✜❧ ❞❡ ❧❛ ♣❛rt✐❡ ❝❡♥tr❛❧❡ ❞✉ ♥✉❛❣❡ ❡st ❜✐❡♥
❞é❝r✐t❡ ♣❛r ❧❛ ❢♦r♠❡ ❚❤♦♠❛s✲❋❡r♠✐ ❛tt❡♥❞✉❡ ♣♦✉r ✉♥ q✉❛s✐✲❝♦♥❞❡♥s❛t ❡t ✐♥❞✐q✉é❡ s✉r ❧❡
❣r❛♣❤❡✳ ▲❛ t❡♠♣ér❛t✉r❡ ❡t ❧❡ ♣♦t❡♥t✐❡❧ ❝❤✐♠✐q✉❡ ❞❡s ❞♦♥♥é❡s ❡①♣ér✐♠❡♥t❛❧❡s s♦♥t ❡①tr❛✐t❡s
❞✬✉♥ ❛❥✉st❡♠❡♥t ♣❛r ✉♥❡ ❞✐str✐❜✉t✐♦♥ ❞❡ ❣❛③ ❞❡ ❇♦s❡ ✐❞é❛❧ ❞❡s ❛✐❧❡s ❞✉ ♣r♦✜❧✱ s✉✣s❛♠♠❡♥t
❞✐❧✉é❡s ♣♦✉r q✉❡ ❧❡s ✐♥t❡r❛❝t✐♦♥s ② s♦✐❡♥t ♥é❣❧✐❣❡❛❜❧❡s✳ ❯♥ ❝❛❧❝✉❧ ❍❛rtr❡❡✲❋♦❝❦ ❡st ❡♥s✉✐t❡
❡✛❡❝t✉é✳ P♦✉r ❧❡s ♣❛r❛♠ètr❡s ❡①♣ér✐♠❡♥t❛✉① ét✉❞✐és✱ ❧❡ ❝❛❧❝✉❧ ❍❛rtr❡❡✲❋♦❝❦ ♥❡ ♣ré❞✐t ♣❛s
❞❡ s❛t✉r❛t✐♦♥ ❞❡s ét❛ts ❡①❝✐tés✱ ❧❛ ♣♦♣✉❧❛t✐♦♥ ❞❡ ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧ r❡st❛♥t t♦✉❥♦✉rs ✐♥✲
❢ér✐❡✉r à ✶✪ ❞✉ ♥♦♠❜r❡ ❞✬❛t♦♠❡s t♦t❛❧✳ ❉✬❛✉tr❡ ♣❛rt✱ ❧❡ ♣r♦✜❧ ❛tt❡♥❞✉ ❛✈❡❝ ❧❛ t❤é♦r✐❡ ❞❡
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❍❛rtr❡❡✲❋♦❝❦✱ r❡♣rés❡♥té s✉r ❧❛ ✜❣✉r❡ ❡♥ tr❛✐♥ ♣❧❡✐♥✱ ♥✬❡st ♣❛s ❡♥ ❛❝❝♦r❞ ❛✈❡❝ ❧❡s rés✉❧t❛ts
❡①♣ér✐♠❡♥t❛✉①✳ ❈❡s ❝❛❧❝✉❧s s♦♥t ❞ét❛✐❧❧és ❞❛♥s ❧✬❛rt✐❝❧❡ ❬✾✼❪✳

▲✬é❝❤❡❝ ❞❡ ❧❛ t❤é♦r✐❡ ❍❛rtr❡❡✲❋♦❝❦ ♣♦✉r ❡①♣❧✐q✉❡r ❧✬❛♣♣❛r✐t✐♦♥ ❞✬✉♥ ♣✐❝ ❞❡ ❞❡♥s✐té ❞é❝r✐t
♣❛r ❚❤♦♠❛s✲❋❡r♠✐ ❞❛♥s ♥♦tr❡ ❡①♣ér✐❡♥❝❡ ❡st ❞û❡ ❛✉ ❝❛r❛❝tèr❡ q✉❛s✐✲✉♥✐❞✐♠❡♥s✐♦♥♥❡❧ ❞❡
♥♦tr❡ ❡①♣ér✐❡♥❝❡✳ ❊♥ ❡✛❡t✱ ❝♦♠♠❡ ♦♥ ❧✬❛ ✈✉ ❞❛♥s ❧❛ s❡❝t✐♦♥ ✻✳✸✳✸✱ ❧❛ tr❛♥s✐t✐♦♥ ✈❡rs ✉♥ q✉❛s✐✲
❝♦♥❞❡♥s❛t ❞❛♥s ✉♥ ❣❛③ ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧ ♥✬❡st ♣❛s ❡①♣❧✐❝❛❜❧❡ ♣❛r ❧❛ t❤é♦r✐❡ ❞❡ ❍❛rtr❡❡✲❋♦❝❦
q✉✐ ♥é❣❧✐❣❡ ❧❡s ❝♦rré❧❛t✐♦♥s ❡♥tr❡ ❛t♦♠❡s ✐♥tr♦❞✉✐t❡s ♣❛r ❧❡s ✐♥t❡r❛❝t✐♦♥s✳

❉é❝r✐r❡ ❧❡s ♣r♦✜❧s ❞❡ ❞❡♥s✐té ❡①♣ér✐♠❡♥t❛✉① ❡st ❞✐✣❝✐❧❡ ❝❛r ❝❡❧❛ ♥é❝❡ss✐t❡ ✉♥❡ t❤é♦r✐❡ q✉✐
♣r❡♥♥❡ ❡♥ ❝♦♠♣t❡ ❧❡s ❝♦rré❧❛t✐♦♥s ❡♥tr❡ ❛t♦♠❡s ❡t q✉✐ s♦✐t ✈❛❧❛❜❧❡ ❛✉ss✐ ❜✐❡♥ ❞❛♥s ❧❡ ré❣✐♠❡
❞❡ ❣❛③ ❞❡ ❇♦s❡ ✐❞é❛❧ q✉❡ ❞❛♥s ❧❡ ré❣✐♠❡ ❞❡ q✉❛s✐✲❝♦♥❞❡♥s❛t✳ ❯♥ t❡❧ ♣r♦❜❧è♠❡ à ◆ ❝♦r♣s ❡st
à ♣r✐♦r✐ très ❝♦♠♣❧❡①❡✳ P❧✉s✐❡✉rs ♣✐st❡s ♣❡✉✈❡♥t êtr❡ ❡①♣❧♦ré❡s✳ ❚♦✉t ❞✬❛❜♦r❞✱ ❝♦♠♠❡ ❧❡s
♥♦♠❜r❡s ❞✬❛t♦♠❡s ✉t✐❧✐sés ♥❡ ❞é♣❛ss❡♥t ♣❛s q✉❡❧q✉❡s ♠✐❧❧✐❡rs✱ ✉♥ ❝❛❧❝✉❧ ♥✉♠ér✐q✉❡ ❡①❛❝t
▼♦♥t❡ ❈❛r❧♦ ❡st à ♣r✐♦r✐ ♣♦ss✐❜❧❡ ❬✹✸❪✳ ❯♥❡ ❞❡✉①✐è♠❡ ♣♦ss✐❜✐❧✐té ❡st ❞✬✉t✐❧✐s❡r ✉♥❡ t❤é♦r✐❡
q✉✐ ❛❧❧✐❡ ❞❡s ❝❛❧❝✉❧s ❞❡ ❝❤❛♠♣ ❝❧❛ss✐q✉❡ ♣♦✉r ❧❡s ♠♦❞❡s très ♣❡✉♣❧és ❞✬é♥❡r❣✐❡ ❢❛✐❜❧❡ ❡t
✉♥ ♠♦❞è❧❡ ❍❛rtr❡❡✲❋♦❝❦ ♣♦✉r ❧❡s ♠♦❞❡s ❞❡ ♣❧✉s ❤❛✉t❡ é♥❡r❣✐❡ ♣❡✉ ♣❡✉♣❧és✱ ❝♦♠♠❡ ❧❛
t❤é♦r✐❡ ❞é✈❡❧♦♣♣é❡ ❞❛♥s ❬✻❪✳ ❋✐♥❛❧❡♠❡♥t✱ ❞❛♥s ✉♥❡ s✐t✉❛t✐♦♥ s✉✣s❛♠♠❡♥t ♣r♦❝❤❡ ❞✉ ❝❛s
✉♥✐❞✐♠❡♥s✐♦♥♥❡❧✱ ✐❧ ❡st t❡♥t❛♥t ❞✬✉t✐❧✐s❡r ❧❛ s♦❧✉t✐♦♥ ❡①❛❝t❡ tr♦✉✈é❡ ♣❛r ▲✐❡❜✲▲✐♥✐❣❡r ♣♦✉r
❧❡s ❣❛③ ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧s✳ ▲✬éq✉✐♣❡ ❞❡ ✈❛♥ ❉r✉t❡♥ à ❆♠st❡r❞❛♠ ❛ ♠♦♥tré❡ q✉❡ ❧✬✉t✐❧✐s❛t✐♦♥
❞❡ ❝❡ rés✉❧t❛t ❡①❛❝t✱ ❝♦♠❜✐♥é ❛✈❡❝ ✉♥❡ ❡st✐♠❛t✐♦♥ ❞❡ ❧❛ ♣♦♣✉❧❛t✐♦♥ ❞❡s ét❛ts tr❛♥s✈❡rs❡s
❡①❝✐tés ✈✐❛ ✉♥ ♠♦❞è❧❡ ❞❡ ❣❛③ ❞❡ ❇♦s❡ ✐❞é❛❧ ♣❡r♠❡tt❛✐t ❞❡ r❡♣r♦❞✉✐r❡ très ❜✐❡♥ ❧❡s rés✉❧t❛ts
❡①♣ér✐♠❡♥t❛✉①❬✾✽❪✳ ❈❡♣❡♥❞❛♥t✱ ❧❡s ♥✉❛❣❡s ét✉❞✐és ❞❛♥s ❝❡ ❝❛s s♦♥t ♣❧✉s ❢r♦✐❞s q✉❡ ❧❡s ♥✉❛❣❡s
q✉❡ ♥♦✉s ❛✈♦♥s ét✉❞✐és✳ ❈❡ ❝❛❧❝✉❧ s❡ s❡r❛✐t ♣❡✉t êtr❡ ♣❛s s❛t✐s❢❛✐s❛♥t ❞❛♥s ♥♦tr❡ ❝❛s✳

✻✳✹ ❈♦♥❝❧✉s✐♦♥

◆♦s ét✉❞❡s s✉r ❧❡s ✢✉❝t✉❛t✐♦♥s ❞❡ ❞❡♥s✐té ❞❛♥s ❧❡s ❣❛③ q✉❛s✐✲✉♥✐❞✐♠❡♥s✐♦♥♥❡❧s ♦♥t ♣❡r✲
♠✐s ❞❡ s♦♥❞❡r ❧❛ tr❛♥s✐t✐♦♥ ✈❡rs ✉♥ q✉❛s✐✲❝♦♥❞❡♥s❛t✳ ❙✉r ❧❡ ♣❧❛♥ t❤é♦r✐q✉❡✱ ♥♦✉s ❛✈♦♥s
❝♦♥tr✐❜✉é à ❝❧❛r✐✜❡r ❧❡s ✐❞é❡s s✉r ❧❡s ❣❛③ ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧s ♣✐é❣és✳ P❧✉s ♣ré❝✐sé♠❡♥t✱ ♥♦tr❡
❞ét❡r♠✐♥❛t✐♦♥ ❞❡s ♣❛r❛♠ètr❡s ❞❡ ❧❛ tr❛♥s✐t✐♦♥ ✈❡rs ✉♥ q✉❛s✐✲❝♦♥❞❡♥s❛t ❞❛♥s ✉♥ ❣❛③ ❝♦♥✲
✜♥é ❞❛♥s ✉♥ ♣✐è❣❡ ❤❛r♠♦♥✐q✉❡ ❛ ♠✐s ✉♥ t❡r♠❡ à ❧❛ ❝✐r❝✉❧❛t✐♦♥ ❞✬✐❞é❡s ❢❛✉ss❡s s✉r ❝❡ s✉❥❡t
❞❛♥s ♥♦tr❡ ❝♦♠♠✉♥❛✉té✳ ❙✉r ❧❡ ♣❧❛♥ ❡①♣ér✐♠❡♥t❛❧✱ ♥♦✉s ❛✈♦♥s ♦❜s❡r✈é ❧❛ tr❛♥s✐t✐♦♥ ❡♥ ❝❡
q✉✬❡❧❧❡ ❛ ❞❡ ♣❧✉s ❢♦♥❞❛♠❡♥t❛❧❡ ♣✉✐sq✉❡ ♥♦✉s ❛✈♦♥s ♠❡s✉ré ❧❡s ✢✉❝t✉❛t✐♦♥s ❞❡ ❞❡♥s✐té✱ ❞♦♥t
❧❛ s❛t✉r❛t✐♦♥ ❝❛r❛❝tér✐s❡ ❧❡ ré❣✐♠❡ ❞❡ q✉❛s✐✲❝♦♥❞❡♥s❛t✳ ❉❛♥s ❧❡ ré❣✐♠❡ ❞❡ ❣❛③ ❞❡ ❇♦s❡ ✐❞é❛❧✱
♥♦✉s ❛✈♦♥s ♠✐s ❡♥ é✈✐❞❡♥❝❡ ❧❡ ♣❤é♥♦♠è♥❡ ❞❡ ❣r♦✉♣❡♠❡♥t ❜♦s♦♥✐q✉❡✱ ♣❤é♥♦♠è♥❡ ♠✐s ❡♥
é✈✐❞❡♥❝❡ ❞❛♥s ✉♥❡ ♣❡t✐t❡ ♣♦✐❣♥é❡ ❞✬❡①♣ér✐❡♥❝❡s s❡✉❧❡♠❡♥t✳ ◆♦✉s ❛✈♦♥s ❛✉ss✐ ♠♦♥tré q✉✬✐❧
❡①✐st❡ ✉♥ ré❣✐♠❡ ❞❡ ❣❛③ ✐❞é❛❧ ❞é❣é♥éré ❞❛♥s ❧❡q✉❡❧ ❧❡ ❣❛③✱ ❜✐❡♥ q✉❡ ❢♦rt❡♠❡♥t ❞é❣é♥éré✱
♣rés❡♥t❡ t♦✉❥♦✉rs ❧❡ ♣❤é♥♦♠è♥❡ ❞❡ ❣r♦✉♣❡♠❡♥t ❜♦s♦♥✐q✉❡✳ ❊♥✜♥✱ ♥♦✉s ❛✈♦♥s ♠♦♥tré q✉❡
❧❛ tr❛♥s✐t✐♦♥ ✈❡rs ✉♥ q✉❛s✐✲❝♦♥❞❡♥s❛t ❞❛♥s ✉♥ ❣❛③ très ❛❧❧♦♥❣é ♥❡ ♣♦✉✈❛✐t ♣❛s êtr❡ ❡①♣❧✐q✉é
✈✐❛ ✉♥❡ t❤é♦r✐❡ ❞❡ ❝❤❛♠♣ ♠♦②❡♥✱ ❝♦♠♠❡ ❧❛ ❝é❧è❜r❡ t❤é♦r✐❡ ❞❡ ❍❛rtr❡❡✲❋♦❝❦✲❇♦❣♦❧✐✉❜♦✈✲
P♦♣♦✈✳ ❈❡ rés✉❧t❛t ❡st ❧❛ ♣r❡♠✐èr❡ ♠✐s❡ ❡♥ ❞é❢❛✉t ❞✬✉♥❡ t❤é♦r✐❡ ❞❡ ❝❤❛♠♣ ♠♦②❡♥ ♣♦✉r
❞é❝r✐r❡ ✉♥ ❣❛③ ❡♥ ✐♥t❡r❛❝t✐♦♥ ❢❛✐❜❧❡✳ ■❧ ❡st ❞û à ❧✬✐♠♣♦rt❛♥❝❡ ❞❡s ❡✛❡ts à ◆ ❝♦r♣s ❞❛♥s ❧❡s
❣❛③ ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧s✱ ❡❧❧❡✲♠ê♠❡ ❞û❡ à ❧✬✐♠♣♦rt❛♥❝❡ ❞❡s ✢✉❝t✉❛t✐♦♥s✳
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❈❡ tr❛✈❛✐❧ ♦✉✈r❡ ❞❡ ♥♦✉✈❡❧❧❡s ♣❡rs♣❡❝t✐✈❡s ♣♦✉r ♥♦tr❡ ❡①♣ér✐❡♥❝❡✳ ❊♥ ❡✛❡t✱ ❧❛ ♠❡s✉r❡ ❞❡
✢✉❝t✉❛t✐♦♥s ❞❡ ❞❡♥s✐té ♣❡✉t êtr❡ ❛♣♣❧✐q✉é❡ ♣♦✉r s♦♥❞❡r ❞✬❛✉tr❡s ♣❤é♥♦♠è♥❡s ♣❤②s✐q✉❡✳ ❊♥
♣❛rt✐❝✉❧✐❡r✱ ❧❛ ♠❡s✉r❡ ❞❡s ✢✉❝t✉❛t✐♦♥s ❞❡ ❞❡♥s✐té ❞❛♥s ✉♥ ❣❛③ ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧ ❡♥ ✐♥t❡r❛❝t✐♦♥
❢♦rt❡ ❡st ❡♥✈✐s❛❣❡❛❜❧❡✳



❈❤❛♣✐tr❡ ✼

P❡rs♣❡❝t✐✈❡s

▲♦rs ❞❡ ♠❡s tr❛✈❛✉① ♣♦st❞♦❝t♦r❛✉①✱ ❥✬❛✐ ❡✉ ❧✬♦❝❝❛s✐♦♥ ❞❡ tr❛✈❛✐❧❧❡r✱ t❛♥t s✉r ❧❡ ♣❧❛♥
t❤é♦r✐q✉❡ q✉✬❡①♣ér✐♠❡♥t❛❧✱ s✉r ❞✐✛ér❡♥ts s✉❥❡ts✱ ❛❧❧❛♥t ❞❡ ❧❛ ❝♦♠♣r❡ss✐♦♥ ❞❡ s♣✐♥ ❛✉① ❣❛③
✉♥✐❞✐♠❡♥s✐♦♥♥❡❧s✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ❥✬❛✐ tr❛✈❛✐❧❧é ❝❡s ❞❡r♥✐èr❡s ❛♥♥é❡s s✉r ✉♥❡ ❡①♣ér✐❡♥❝❡ ❞❡
♣✉❝❡ ❛t♦♠✐q✉❡ ✱ ❞❛♥s ❧❛q✉❡❧❧❡ ❞❡s ❛t♦♠❡s ❞❡ ❘✉❜✐❞✐✉♠ s♦♥t ❝♦♥✜♥és ❞❛♥s ❞❡s ♠✐❝r♦✲♣✐è❣❡s
♠❛❣♥ét✐q✉❡✳ P♦✉r ❧❡s ❛♥♥é❡s à ✈❡♥✐r✱ ❥✬❛✐ ♣❧✉s✐❡✉rs ♣r♦❥❡ts ❞❡ r❡❝❤❡r❝❤❡ ré❛❧✐s❛❜❧❡s à ♣❛rt✐r
❞❡ ❝❡ ❞✐s♣♦s✐t✐❢ ❡①♣ér✐♠❡♥t❛❧ ❡t q✉✐ s❡ s✐t✉❡♥t ❞❛♥s ❧❡ ♣r♦❧♦♥❣❡♠❡♥t ❞❡s tr❛✈❛✉① ❛♥tér✐❡✉rs
P❧✉s ♣ré❝✐s❡♠♠❡♥t✱ tr♦✐s ❛①❡s ❞❡ r❡❝❤❡r❝❤❡s s❡r♦♥t ♠❡♥és✳ ❚♦✉t ❞✬❛❜♦r❞✱ ♥♦✉s ❝❤❡r❝❤❡r♦♥s à
ét❡♥❞r❡ ❧✬ét✉❞❡ ❞❡s ❣❛③ q✉❛s✐✲✉♥✐❞✐♠❡♥s✐♦♥♥❡❧s ❛✉ ❝❛s ♦ù ❧❡ ❣❛③ ❡st ❞❛♥s ❧❡ ré❣✐♠❡ ❞✬✐♥t❡r❛❝✲
t✐♦♥s ❢♦rt❡s✳ ▲❡ ♣❤é♥♦♠è♥❡ ❞❡ ❢❡r♠✐♦♥✐s❛t✐♦♥ ❞❡s ❣❛③ ❞❡ ❇♦s♦♥s ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧s ♣♦✉rr❛
êtr❡ ét✉❞✐é✳ ▲❛ t❡❝❤♥✐q✉❡ ❞❡ s✉♣♣r❡ss✐♦♥ ❞❡ ❧❛ r✉❣♦s✐té q✉❡ ♥♦✉s ❛✈♦♥s ♠✐s❡ ❛✉ ♣♦✐♥t
❞❛♥s ♥♦tr❡ éq✉✐♣❡❬✾✻❪ s❡r❛ ♣r✐♠♦r❞✐❛❧❡ ♣♦✉r ♠❡♥❡r à ❜✐❡♥ ❝❡ ♣r♦❥❡t✳ ❯♥ ❞❡✉①✐è♠❡ ❛①❡ ❞❡
r❡❝❤❡r❝❤❡ ❡♥✈✐s❛❣é ❡st ❧✬ét✉❞❡ ❞❡s ❝♦♥❞❡♥s❛ts ❜✐♠♦❞❛✉①✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ♥♦✉s ❝❤❡r❝❤❡r♦♥s
à ét✉❞✐❡r ❧❡s ✢✉❝t✉❛t✐♦♥s ❞❡ ❧❛ ❞✐✛ér❡♥❝❡ ❞✉ ♥♦♠❜r❡ ❞✬❛t♦♠❡s ❡♥tr❡ ❞❡✉① ♣✉✐ts ❞✬✉♥ ❞♦✉❜❧❡
♣✉✐ts ❞❡ ♣♦t❡♥t✐❡❧✳ P❧✉s ♣ré❝✐sé♠❡♥t✱ ♥♦✉s ❝❤❡r❝❤❡r♦♥s à ét✉❞✐❡r ❧❛ ❝♦♠♣r❡ss✐♦♥ ❞❡s ✢✉❝t✉✲
❛t✐♦♥s ❞❡ ♥♦♠❜r❡ ❞✬❛t♦♠❡s ❛tt❡♥❞✉❡s ❧♦rs ❞❡ ❧❛ sé♣❛r❛t✐♦♥ ❡♥ ❞❡✉① ❞✬✉♥ ❝♦♥❞❡♥s❛t ❛②❛♥t
❞❡s ✐♥t❡r❛❝t✐♦♥s ré♣✉❧s✐✈❡s ❡♥tr❡ ❛t♦♠❡s✳ ◆♦✉s ❝❤❡r❝❤❡r♦♥s ❛✉ss✐ à ét✉❞✐❡r ❧❛ ❞②♥❛♠✐q✉❡
❞❡ ❝♦♥❞❡♥s❛ts ❝♦✉♣❧és✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ❧❡s ♣❤é♥♦♠è♥❡s ♣r♦♣r❡s à ✉♥❡ ❣é♦♠étr✐❡ ❛❧❧♦♥❣é❡✱
❝♦♠♠❡ ❧❛ ♣rés❡♥❝❡ ❞❡s ✐♥st❛❜✐❧✐tés ❞❡ ♠♦❞✉❧❛t✐♦♥ q✉❡ ♥♦✉s ❛✈♦♥s ♣ré❞✐t❡s t❤é♦r✐q✉❡♠❡♥t✱
♣♦✉rr♦♥t êtr❡ ét✉❞✐és✳ ▲❡ ❞❡r♥✐❡r ❛①❡ ❞❡ r❡❝❤❡r❝❤❡ ❡st ❧✬ét✉❞❡ ❞❡s ❣❛③ ❜✐✲❞✐♠❡♥s✐♦♥♥❡❧✱ ❡t
♣❧✉s ♣❛rt✐❝✉❧✐èr❡♠❡♥t✱ ❧✬ét✉❞❡ ❞❡ ❧❛ tr❛♥s✐t✐♦♥ ❞❡ ❑♦st❡r❧✐t③✲❚❤❛✉❧❡ss✳ ❈❡s ❞✐✛ér❡♥ts ♣r♦❥❡ts
❢♦r♠❡♥t ✉♥ ♣r♦❣r❛♠♠❡ ❞❡ r❡❝❤❡r❝❤❡ ❛♠❜✐t✐❡✉① q✉✐ s✬ét❛❧❡ s✉r ♣❧✉s✐❡✉rs ❛♥♥é❡s✳ ■❧ ♥é❝❡ss✐t✲
❡r❛ ✉♥ tr❛✈❛✐❧ ❞✬éq✉✐♣❡ ❡t ♣♦✉rr❛ ♣❡r♠❡ttr❡ ❞❡ ❢♦r♠❡r ♣❧✉s✐❡✉rs ét✉❞✐❛♥ts ❡♥ t❤ès❡✳

❊t✉❞❡ ❞✬✉♥ ❣❛③ ✉♥✐✲❞✐♠❡♥s✐♦♥♥❡❧ ❡♥ ✐♥t❡r❛❝t✐♦♥ ❢♦rt❡

▲✬✐❞é❡ ❞❡ ❝❡ ♣r♦❥❡t ❞❡ r❡❝❤❡r❝❤❡ ❡st ❞❡ ♣♦✉rs✉✐✈r❡ ❧✬ét✉❞❡ ❞❡s ❣❛③ q✉❛s✐✲✉♥✐❞✐♠❡♥s✐♦♥♥❡❧s
❡✛❡❝t✉é ❞❛♥s ♥♦tr❡ ❣r♦✉♣❡❬✷✶✱ ✾✼❪ ❡♥ s❡ r❛♣♣r♦❝❤❛♥t ❞✉ ré❣✐♠❡ ❞✬✐♥t❡r❛❝t✐♦♥s ❢♦rt❡s✱ ♦❜t❡♥✉
❧♦rsq✉❡ ❧❡ ♣❛r❛♠ètr❡ γ = mg/h̄2n ❞❡✈✐❡♥t ❣r❛♥❞✱ g ét❛♥t ❧❛ ❝♦♥st❛♥t❡ ❞❡ ❝♦✉♣❧❛❣❡ ❡✛❡❝t✐✈❡
✉♥✐❞✐♠❡♥s✐♦♥♥❡❧❧❡ ❡♥tr❡ ❛t♦♠❡s ❡t n ❧❛ ❞❡♥s✐té ❧✐♥é✐q✉❡ ❞✬❛t♦♠❡s✳ ◆♦✉s ❡s♣ér♦♥s ♣♦✉✈♦✐r
❛tt❡✐♥❞r❡ γ ≃ 3 ❛✈❡❝ ✉♥❡ ❞❡♥s✐té ❧✐♥é❛✐r❡ n = 1 µ♠−1✱ ❡t ✉♥ ❝♦♥✜♥❡♠❡♥t tr❛♥s✈❡rs❡ ❞❡

✾✸
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40 ❦❍③ ❞❛♥s ♥♦tr❡ ❡①♣ér✐❡♥❝❡ q✉✐ ✉t✐❧✐s❡ ❞❡s ❛t♦♠❡s ❞❡ ❘✉❜✐❞✐✉♠✳ ❉❛♥s ✉♥ t❡❧ ❣❛③ ❡♥
✐♥t❡r❛❝t✐♦♥s ❢♦rt❡s✱ ♥♦✉s ❞és✐r♦♥s ❢❛✐r❡ ❞❡s ♠❡s✉r❡s ❞❡ ✢✉❝t✉❛t✐♦♥s ❞❡ ❞❡♥s✐té ❡t ♦❜s❡r✈❡r
❧❡ ♣❤é♥♦♠è♥❡ ❞❡ ❢❡r♠✐♦♥✐s❛t✐♦♥✳ ❈❡s ♠❡s✉r❡s ❝♦♠♣❧èt❡r❛✐❡♥t ❧❡s ♠❡s✉r❡s ❞é❥à ❡✛❡❝t✉é❡s ❞❡
❧❛ ❢♦♥❝t✐♦♥ ❞❡ ❝♦rré❧❛t✐♦♥ à ❞✐st❛♥❝❡ ♥✉❧❧❡ g2(0)❬✺✹❪✳ ◆♦✉s ♥♦✉s ✐♥tér❡ss♦♥s ❛✉ss✐ ❛✉ ❝♦✉✲
♣❧❛❣❡ ❡♥tr❡ ✉♥ ❣❛③ ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧ ❡t ✉♥ ♣♦t❡♥t✐❡❧ ♠♦❞✉❧é s♣❛t✐❛❧❡♠❡♥t✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ♦♥
❝❤❡r❝❤❡r❛ à ét✉❞✐❡r ❧❛ s✉♣❡r✢✉✐❞✐té ❞❡s ❣❛③ ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧s❬✺❪✳ ❊♥ ♣rés❡♥❝❡ ❞✬✉♥❡ ♠♦❞✉✲
❧❛t✐♦♥ ❞✉ ♣♦t❡♥t✐❡❧ à ✉♥❡ ♣ér✐♦❞❡ λr ♣r♦❝❤❡ ❞❡ ❧❛ ❞✐st❛♥❝❡ ✐♥t❡r✲❛t♦♠✐q✉❡✱ ♦♥ ❛tt❡♥❞ ❡♥ ❡✛❡t
✉♥❡ ❞✐ss✐♣❛t✐♦♥✱ ❧✐é❡ à ❧✬é❝❤❛♥❣❡ ❞✬✉♥❡ q✉❛♥t✐té ❞❡ ♠♦✉✈❡♠❡♥t 4πh̄/λr ❛✈❡❝ ❧❡ ♣♦t❡♥t✐❡❧✱
❞✬❛✉t❛♥t ♣❧✉s ✐♠♣♦rt❛♥t❡ q✉❡ ❧❡ ♣❛r❛♠ètr❡ ❞✬✐♥t❡r❛❝t✐♦♥s γ ❡st ❣r❛♥❞✳ ❈❡tt❡ ♣r♦❜❧é♠❛t✐q✉❡
❡st ❧✐é❡ ❛✉ ♣❤é♥♦♠è♥❡ ❞❡ ❧♦❝❛❧✐s❛t✐♦♥ ❞❡s ❣❛③ ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧s❬✹✹❪ ✿ ♦♥ ❛tt❡♥❞ ✉♥❡ tr❛♥s✐✲
t✐♦♥ ❞❡ ♣❤❛s❡ q✉❛♥t✐q✉❡ ❧♦rsq✉❡ ❧❡ ♣❛r❛♠ètr❡ γ ❛tt❡✐♥t ✸✳✽✳ ◆♦✉s ❝❤❡r❝❤❡r♦♥s à ét✉❞✐❡r ❝❡
♣❤é♥♦♠è♥❡✳

▲❛ ré❛❧✐s❛t✐♦♥ ❞✬✉♥ ❣❛③ ❡♥ ✐♥t❡r❛❝t✐♦♥ ❢❛✐❜❧❡ ♥é❝❡ss✐t❡ ✉♥ ❝♦♥✜♥❡♠❡♥t ❧♦♥❣✐t✉❞✐♥❛❧ très
❢❛✐❜❧❡ ✭❞❡♥s✐té ❧✐♥é✐q✉❡ ❢❛✐❜❧❡✮ ❡t ✉♥ ❝♦♥✜♥❡♠❡♥t tr❛♥s✈❡rs❡ ❢♦rt ✭❝♦♥st❛♥t❡ ❞❡ ❝♦✉♣❧❛❣❡
❡✛❡❝t✐✈❡ ❣r❛♥❞❡✮✳ ▲❡ ❢♦rt ❝♦♥✜♥❡♠❡♥t tr❛♥s✈❡rs❡ ❡st ♦❜t❡♥✉ ❡♥ s❡ r❛♣♣r♦❝❤❛♥t à ❢❛✐❜❧❡
❞✐st❛♥❝❡ ❞❡s ♠✐❝r♦✲✜❧s ré❛❧✐s❛♥t ❧❡ ♣✐è❣❡ ♠❛❣♥ét✐q✉❡✳ ❉❛♥s ❝❡s ❝♦♥❞✐t✐♦♥s✱ ❧❛ r✉❣♦s✐té ❞✉
♣♦t❡♥t✐❡❧ ❞û❡ à ❧✬✐♠♣❡r❢❡❝t✐♦♥ ❞❡s ✜❧s ❞❡✈✐❡♥t ✉♥ ♣r♦❜❧è♠❡ ❝❛r ❡❧❧❡ ❝♦♥✜♥❡ ❧❡s ❛t♦♠❡s s✉r ❞❡s
♣❡t✐ts ❞♦♠❛✐♥❡s ❞❛♥s ❧❡sq✉❡❧s ❧❛ ❞❡♥s✐té ❧✬❛t♦♠❡s ❡st tr♦♣ ❢♦rt❡s ♣♦✉r q✉❡ ❧❡ ❣❛③ s♦✐t ❞❛♥s
❧❡ ré❣✐♠❡ ❞✬✐♥t❡r❛❝t✐♦♥ ❢♦rt❡✳ ■❧ s❡r❛ ❞♦♥❝ ♥é❝❡ss❛✐r❡ ❞✬✉t✐❧✐s❡r ❧❛ ♠ét❤♦❞❡ ❞❡ ♠♦❞✉❧❛t✐♦♥✱
❞é❝r✐t❡ ❛✉ ❝❤❛♣✐tr❡ ✺✱ q✉✐ ♣❡r♠❡t ❞✬❛♥♥✉❧❡r ❝❡tt❡ r✉❣♦s✐té✳

❈♦♥❞❡♥s❛ts ❜✐♠♦❞❛✉① ✿ ét✉❞❡s ❞❡ ❧❛ ❞②♥❛♠✐q✉❡ ❡t ❞❡s ✢✉❝t✉❛t✐♦♥s

◆♦✉s ❛✈♦♥s ✈✉ ❛✉ ❝❤❛♣✐tr❡ ✹ q✉❡ ❧❛ ♣❤②s✐q✉❡ ❞❡ ❞❡✉① ❝♦♥❞❡♥s❛ts ❝♦✉♣❧és ❡st très r✐❝❤❡
❡t ❡♥❝♦r❡ très ♣❡✉ ❡①♣❧♦ré❡ ❡①♣ér✐♠❡♥t❛❧❡♠❡♥t✳ ▲❛ ❞②♥❛♠✐q✉❡ ❞✬✉♥ ❝♦♥❞❡♥s❛t ❜✐✲♠♦❞❛❧ ❡st
❝❡❧❧❡ ❞✬✉♥ s②stè♠❡ ♥♦♥ ❧✐♥é❛✐r❡ q✉✐ ♣rés❡♥t❡ ♣❧✉s✐❡✉rs ♣❤é♥♦♠è♥❡s ✐♥tér❡ss❛♥ts ❡♥❝♦r❡ ♥♦♥
ét✉❞✐és ✿ ❞❡s ❜✐❢✉r❝❛t✐♦♥s s♦♥t ❛tt❡♥❞✉s ❧♦rsq✉❡ ❧❡s ♣❛r❛♠ètr❡s s♦♥t ♠♦❞✐✜és✱ ✉♥ ❝♦♠♣♦rt❡✲
♠❡♥t ❝❤❛♦t✐q✉❡ ❡st ❛tt❡♥❞✉ ❡♥ ♣rés❡♥❝❡ ❞❡ ♠♦❞✉❧❛t✐♦♥s t❡♠♣♦r❡❧❧❡s ✳✳✳ ❈❡tt❡ ❞②♥❛♠✐q✉❡
❡st ❡♥❝♦r❡ ♣❧✉s r✐❝❤❡ ❞❛♥s ❧❡ ❝❛s ♦ù ❝❤❛q✉❡ ♣✉✐ts ❞❡ ♣♦t❡♥t✐❡❧ ❡st ✉♥ ❣❛③ ✉♥❞✐♠❡♥s✐♦♥✲
♥❡❧✳ ◆♦✉s ❛✈♦♥s ♠♦♥tré ♣❛r ❡①❡♠♣❧❡ q✉❡ ❧✬♦♥ ❛tt❡♥❞❛✐t ❞❡s ✐♥st❛❜✐❧✐tés ❞❡ ♠♦❞✉❧❛t✐♦♥s
❡t ❞❡s ♣❤é♥♦♠è♥❡s ❞❡ ré❝✉rr❡♥❝❡s✳ ▲❛ ♣♦ss✐❜✐❧✐té ❞❡ ré❛❧✐s❡r ❞❡s ✈♦rt❡① ❛ ❛✉ss✐ été ♠♦♥✲
tré✳ ❆✉✲❞❡❧à ❞❡ ❝❡tt❡ ♣❤②s✐q✉❡ ❝❧❛ss✐q✉❡✱ ✐❧ ♣❡✉t êtr❡ ✐♥tér❡ss❛♥t ❞❡ s✬✐♥tér❡ss❡r ❛✉① ✢✉❝✲
t✉❛t✐♦♥s q✉❛♥t✐q✉❡s ❞❛♥s ❝❡s s②stè♠❡s✳ P❛r ❡①❡♠♣❧❡✱ ❧❛ ❝♦♠♣r❡ss✐♦♥ ❞❡s ✢✉❝t✉❛t✐♦♥s ❞❡
♥♦♠❜r❡ ❞✬❛t♦♠❡s ❡♥tr❡ ❧❡s ❞❡✉① ♣✉✐ts ❧♦rs ❞✬✉♥❡ sé♣❛r❛t✐♦♥ ❧❡♥t❡ ❞❡s ❞❡✉① ❝♦♥❞❡♥s❛ts ❡st
✉♥ ♣❤é♥♦♠è♥❡ ✐♥tér❡ss❛♥t à ét✉❞✐❡r✳ ◆♦t♦♥s ❡♥✜♥ q✉❡ ♣❧✉s✐❡✉rs ♣r♦♣♦s✐t✐♦♥s ❡①✐st❡♥t ♣♦✉r
✉t✐❧✐s❡r ❧❡s ✐♥t❡r❛❝t✐♦♥s ❡♥tr❡ ❛t♦♠❡s ❞❛♥s ✉♥ ❞♦✉❜❧❡ ♣✉✐ts ❞❡ ♣♦t❡♥t✐❡❧ ♣♦✉r ré❛❧✐s❡r ❞❡s
s②stè♠❡s ❢♦rt❡♠❡♥t ❝♦rré❧és✱ ❞❡ t②♣❡ ❝❤❛ts ❞❡ s❝❤rö❞✐♥❣❡r✳ ❈❡s ét❛ts s♦♥t ✐♥tér❡ss❛♥ts ❝❛r
✐❧s ♣❡r♠❡tt❡♥t ❞❡ s♦♥❞❡r ✉♥❡ ❧✐♠✐t❡ ❞❡ ❧❛ ♣❤②s✐q✉❡ q✉❛♥t✐q✉❡

❯♥ ❞♦✉❜❧❡ ♣✉✐ts ❞❡ ♣♦t❡♥t✐❡❧ ♣❡✉t êtr❡ ré❛❧✐sé ❞❡ ❞✐✛ér❡♥t❡s ♠❛♥✐èr❡ s✉r ♥♦tr❡ ❡①♣ér✐✲
❡♥❝❡✳ ❯♥❡ ♣r❡♠✐èr❡ ♠ét❤♦❞❡ ❝♦♥s✐st❡ à ✉t✐❧✐s❡r ❞❡s ♣♦t❡♥t✐❡❧s ❤❛❜✐❧❧és ♣❛r r❛❞✐♦✲❢réq✉❡♥❝❡✱
❝♦♠♠❡ ❝❡✉① ✉t✐❧✐sés ❞❛♥s ❧❡s ❡①♣ér✐❡♥❝❡s ❞é❝r✐t❡s ❞❛♥s ❬✽✼❪ ❡t ❬✹✽❪✳ ❈❡♣❡♥❞❛♥t✱ ❝❡tt❡ ♠ét❤✲
♦❞❡ ❛ s❡s ❧✐♠✐t❡s✳ P❛r ❡①❡♠♣❧❡✱ ✐❧ ❡st ❞✐✣❝✐❧❡ ❞❡ ✈❛r✐❡r ❧✬é❝❛rt ❡♥tr❡ ❧❡s ♣✉✐ts s✉r ✉♥❡ ❣r❛♥❞❡
❞✐st❛♥❝❡✳ ▲❡s ❣r♦✉♣❡s ✉t✐❧✐s❛♥t ❝❡tt❡ t❡❝❤♥✐q✉❡ ♥✬♦♥t ♣❛s✱ ❥✉sq✉✬à ♣rés❡♥t✱ ♠♦♥tré q✉✬✐❧



✾✺

ét❛✐t ♣♦ss✐❜❧❡ ❞✬ét✉❞✐❡r ❧❛ ❞②♥❛♠✐q✉❡ ❞❡s ❝♦♥❞❡♥s❛ts ❝♦✉♣❧és✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ✐❧s ♥✬♦♥t ♣❛s
❣é♥éré ❞✬♦s❝✐❧❧❛t✐♦♥s ❏♦s❡♣❤s♦♥✳ ❯♥❡ ❞❡✉①✐è♠❡ ♠ét❤♦❞❡ ❝♦♥s✐st❡ à ✉t✐❧✐s❡r ❞❡s ♣♦t❡♥t✐❡❧s
♠❛❣♥ét✐q✉❡s st❛t✐q✉❡s ré❛❧✐sés ❛✈❡❝ ✺ ♠✐❝r♦✲✜❧s✱ ❝♦♠♠❡ ❝❡✉① q✉❡ ♥♦✉s ❛✈♦♥s ré❛❧✐sés s✉r
♥♦tr❡ ♣✉❝❡❬✷✷❪✳ ▲❡ ❞és❛✈❛♥t❛❣❡ ❞❡ ❝❡tt❡ t❡❝❤♥✐q✉❡ ❡st s❛ très ❣r❛♥❞❡ s❡♥s✐❜✐❧✐té ❛✉① ❝❤❛♠♣s
❡①t❡r♥❡s✳ ❈❡tt❡ s❡♥s✐❜✐❧✐té ♥♦✉s ❛ ❡♠♣ê❝❤é ❥✉sq✉✬à ♣rés❡♥t ❞❡ ❝❤❛r❣❡r ❝❡ ❞♦✉❜❧❡ ♣✉✐ts ❛✈❡❝
✉♥ ❝♦♥❞❡♥s❛t ❞❡ ❇♦s❡ ❊✐♥st❡✐♥✳ P♦✉r r❡♠é❞✐❡r à ❝❡ ♣r♦❜❧è♠❡✱ ♥♦✉s ❡♥✈✐s❛❣❡♦♥s ❞✬✉t✐❧✐s❡r
❧❛ ♠ét❤♦❞❡ ❞❡ ♠♦❞✉❧❛t✐♦♥ ❞é❝r✐t❡ ❞❛♥s ❧❡ ❝❤❛♣✐tr❡ ✺✳ ❈❡tt❡ ♠ét❤♦❞❡ ❝♦♥s✐st❡ à ♠♦❞✉❧❡r
❧❡ ❝♦✉r❛♥t ❞❛♥s ❧❡s ✜❧s ré❛❧✐s❛♥t ❧❡ ❞♦✉❜❧❡ ♣✉✐ts ❞❡ ♣♦t❡♥t✐❡❧ s✉✣s❛♠♠❡♥t ✈✐t❡ ♣♦✉r q✉❡ ❧❡
♠♦✉✈❡♠❡♥t ❞✉ ❝❡♥tr❡ ❞❡s ♠❛ss❡ ❞❡s ❛t♦♠❡s ♥✬❛✐t ♣❛s ❧❡ t❡♠♣s ❞❡ s✉✐✈r❡✳ ▲❡s ❛t♦♠❡s s♦♥t
❛❧♦rs s❡♥s✐❜❧❡s à ✉♥ ♣♦t❡♥t✐❡❧ ♠♦②❡♥✳ ❯♥ ❝❤❛♠♣ ❡①t❡r♥❡ ❤♦♠♦❣è♥❡ ♥✬❛ ♣❛s ❞✬❡✛❡t s✉r ❝❡
♣♦t❡♥t✐❡❧ ♠♦②❡♥✳

➱t✉❞❡ ❞✬✉♥ ❣❛③ ❜✐✲❞✐♠❡♥s✐♦♥♥❡❧

▲❡s ♠❡s✉r❡s ❞❡ ✢✉❝t✉❛t✐♦♥s ❞❡ ❞❡♥s✐té q✉❡ ♥♦✉s ❛✈♦♥s ♠✐s❡s ❛✉ ♣♦✐♥t s✉r ♥♦tr❡ ❡①♣ér✐✲
❡♥❝❡ ♣❡✉✈❡♥t êtr❡ ❛♣♣❧✐q✉é❡s ❛✉ ❝❛s ❞✬✉♥ ❣❛③ ❜✐✲❞✐♠❡♥s✐♦♥♥❡❧✳ ▲❡s ❣❛③ ❜✐✲❞✐♠❡♥s✐♦♥♥❡❧s s♦♥t
❡♥❝♦r❡ ❧❛r❣❡♠❡♥t ✐♥❡①♣❧♦rés✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ❧❛ tr❛♥s✐t✐♦♥ ❞❡ ❑♦st❡r❧✐t③✲❚❤❛✉❧❡s ❡st très ♣❡✉
❝♦♥♥✉❡✱ ❜✐❡♥ q✉✬✉♥❡ ♣r❡♠✐èr❡ ♠✐s❡ ❡♥ é✈✐❞❡♥❝❡ ❞✬✉♥❡ ♣❤❛s❡ ❞❡ t②♣❡ ❑♦st❡r❧✐t③✲❚❤❛✉❧❡ss ❛
été ❡✛❡❝t✉é❡ ❞❛♥s ✉♥❡ ❡①♣ér✐❡♥❝❡ ré❝❡♥t❡ ❞❡ ❧✬■❢r❛❢❬✶✶✷❪✳ ◆♦✉s ❡s♣ér♦♥s ♣♦✉✈♦✐r ❝♦♥tr✐❜✉❡r
à ❧❛ ❝♦♠♣ré❤❡♥s✐♦♥ ❞❡s ❣❛③ ❜✐✲❞✐♠❡♥s✐♦♥♥❡❧s ❛✈❡❝ ♥♦tr❡ ❡①♣ér✐❡♥❝❡✳ P❧✉s ♣ré❝✐sé♠❡♥t✱ ♥♦✉s
❡s♣ér♦♥s ♠❡ttr❡ ❡♥ é✈✐❞❡♥❝❡ ❧❛ ♣rés❡♥❝❡ ❞❡ ♥♦♠❜r❡✉s❡s ♣❛✐r❡s ❞❡ ✈♦rt❡① ♣rès ❞❡ ❧❛ tr❛♥s✐✲
t✐♦♥ ❞❡ ❑♦st❡r❧✐t③✲❚❤♦✉❧❡ss✱ ✈✐❛ ✉♥❡ ❛✉❣♠❡♥t❛t✐♦♥ ❞❡s ✢✉❝t✉❛t✐♦♥s ❞❡ ❞❡♥s✐té✳ P♦✉r ré❛❧✐s❡r
✉♥ ❣❛③ ❜✐✲❞✐♠❡♥s✐♦♥♥❡❧✱ ♥♦✉s ❡♥✈✐s❛❣❡♦♥s ❞✬✉t✐❧✐s❡r ✉♥ ♣✐è❣❡ ♠❛❣♥ét✐q✉❡ ❤❛❜✐❧❧é ♣❛r ❞❡ ❧❛
r❛❞✐♦✲❢réq✉❡♥❝❡✱ ❝♦♠♠❡ ❝❡❧❛ ❛ été ♠✐s ❛✉ ♣♦✐♥t ❛✉ ❧❛❜♦r❛t♦✐r❡ ❞❡ P❤②s✐q✉❡ ❞❡s ▲❛s❡rs ❞❡
❧✬✉♥✐✈❡rs✐té ❞❡ ❱✐❧❧❡t❛♥❡✉s❡❬✶✵✼❪✱ ❞❛♥s ✉♥❡ ❛✉tr❡ éq✉✐♣❡ ❞❡ ❧✬■❢r❛❢✳
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♦s❝✐❧❧❛t✐♦♥s ❜❡t✇❡❡♥ t✇♦ ✇❡❛❦❧② ❝♦✉♣❧❡❞ r❡s❡r✈♦✐rs ♦❢ s✉♣❡r✢✉✐❞ 3❤❡✳ ◆❛t✉r❡✱ ✸✽✽ ✿✹✹✾✱
✶✾✾✼✳

❬✽✵❪ ❲♦❧❢❣❛♥❣ P❡tr✐❝❤✱ ▼✐❝❤❛❡❧ ❍✳ ❆♥❞❡rs♦♥✱ ❏❛s♦♥ ❘✳ ❊♥s❤❡r✱ ❛♥❞ ❊r✐❝ ❆✳ ❈♦r♥❡❧❧✳ ❙t❛✲
❜❧❡✱ t✐❣❤t❧② ❝♦♥✜♥✐♥❣ ♠❛❣♥❡t✐❝ tr❛♣ ❢♦r ❡✈❛♣♦r❛t✐✈❡ ❝♦♦❧✐♥❣ ♦❢ ♥❡✉tr❛❧ ❛t♦♠s✳ P❤②s✳
❘❡✈✳ ▲❡tt✳✱ ✼✹✭✶✼✮ ✿✸✸✺✷✕✸✸✺✺✱ ❆♣r ✶✾✾✺✳

❬✽✶❪ ❉✳❙✳ P❡tr♦✈✱ ●✳❱✳ ❙❤❧②❛♣♥✐❦♦✈✱ ❛♥❞ ❏✳❚✳▼✳ ❲❛❧r❛✈❡♥✳ ❘❡❣✐♠❡s ♦❢ q✉❛♥t✉♠ ❞❡❣❡♥✲
❡r❛❝② ✐♥ tr❛♣♣❡❞ ✶❞ ❣❛s❡s✳ P❤②s✳ ❘❡✈✳ ▲❡tt✳✱ ✽✺ ✿✸✼✹✺✱ ✷✵✵✵✳

❬✽✷❪ ▲❡♦♥❛r❞♦ ❉❡❧❧❛ P✐❡tr❛✱ ❙✐♠♦♥ ❆✐❣♥❡r✱ ❈❤r✐st♦♣❤ ✈♦♠ ❍❛❣❡♥✱ ❙ö♥❦❡ ●r♦t❤✱ ■sr❛❡❧ ❇❛r✲
❏♦s❡♣❤✱ ❍❡♥r✐ ❏✳▲❡③❡❝✱ ❛♥❞ ❏ör❣ ❙❝❤♠✐❡❞♠❛②❡r✳ ❉❡s✐❣♥✐♥❣ ♣♦t❡♥t✐❛❧s ❜② s❝✉❧♣t✉r✐♥❣
✇✐r❡s✳ ❛r❳✐✈ ✿❝♦♥❞✲♠❛t✴✵✻✵✹✻✶✾✱ ✷✵✵✻✳

❬✽✸❪ ❯✛❡ ❱✳ P♦✉❧s❡♥ ❛♥❞ ❑❧❛✉s ▼ø❧♠❡r✳ P♦s✐t✐✈❡✲♣ s✐♠✉❧❛t✐♦♥s ♦❢ s♣✐♥ sq✉❡❡③✐♥❣ ✐♥ ❛
t✇♦✲❝♦♠♣♦♥❡♥t ❜♦s❡ ❝♦♥❞❡♥s❛t❡✳ P❤②s✳ ❘❡✈✳ ❆✱ ✻✹✭✶✮ ✿✵✶✸✻✶✻✱ ❏✉♥ ✷✵✵✶✳

❬✽✹❪ ❙✳ ❘❛❣❤❛✈❛♥✱ ❆✳ ❙♠❡r③✐✱ ❙✳ ❋❛♥t♦♥✐✱ ❛♥❞ ❙✳ ❘✳ ❙❤❡♥♦②✳ ❈♦❤❡r❡♥t ♦s❝✐❧❧❛t✐♦♥s ❜❡t✇❡❡♥
t✇♦ ✇❡❛❦❧② ❝♦✉♣❧❡❞ ❜♦s❡✲❡✐♥st❡✐♥ ❝♦♥❞❡♥s❛t❡s ✿ ❏♦s❡♣❤s♦♥ ❡✛❡❝ts✱ π ♦s❝✐❧❧❛t✐♦♥s✱ ❛♥❞
♠❛❝r♦s❝♦♣✐❝ q✉❛♥t✉♠ s❡❧❢✲tr❛♣♣✐♥❣✳ P❤②s✳ ❘❡✈✳ ❆✱ ✺✾✭✶✮ ✿✻✷✵✕✻✸✸✱ ❏❛♥ ✶✾✾✾✳

❬✽✺❪ ❚✳ ▼✳ ❘♦❛❝❤✱ ❍✳ ❆❜❡❧❡✱ ▼✳ ●✳ ❇♦s❤✐❡r✱ ❍✳ ▲✳ ●r♦ss♠❛♥✱ ❑✳ P✳ ❩❡t✐❡✱ ❛♥❞ ❊✳ ❆✳ ❍✐♥❞s✳
❘❡❛❧✐③❛t✐♦♥ ♦❢ ❛ ♠❛❣♥❡t✐❝ ♠✐rr♦r ❢♦r ❝♦❧❞ ❛t♦♠s✳ P❤②s✳ ❘❡✈✳ ▲❡tt✳✱ ✼✺✭✹✮ ✿✻✷✾✕✻✸✷✱
❏✉❧ ✶✾✾✺✳

❬✽✻❪ ▼✳ ❙❝❤❡❧❧❡❦❡♥s✱ ❘✳ ❍♦♣♣❡❧❡r✱ ❆✳ P❡rr✐♥✱ ❏✳ ❱✐❛♥❛ ●♦♠❡s✱ ❉✳ ❇♦✐r♦♥✱ ❆✳ ❆s♣❡❝t✱ ❛♥❞
❈✳ ■✳ ❲❡st❜r♦♦❦✳ ❍❛♥❜✉r② ❜r♦✇♥ t✇✐ss ❡✛❡❝t ❢♦r ✉❧tr❛❝♦❧❞ q✉❛♥t✉♠ ❣❛s❡s✳ ❙❝✐❡♥❝❡✱
✸✶✵ ✿✻✹✽✱ ✷✵✵✺✳

❬✽✼❪ ❚✳ ❙❝❤✉♠♠✱ ❙✳ ❍♦✛❡r❜❡rt❤✱ ▲✳ ▼✳ ❆♥❞❡rss♦♥✱ ❙✳ ❲✐❧❞❡r♠✉t❤✱ ❙✳ ●r♦t❤✱ ■✳ ❇❛r✲❏♦s❡♣❤✱
❏✳ ❙❝❤♠✐❡❞♠❛②❡r✱ ❛♥❞ P✳ ❑r✉❣❡r✳ ▼❛tt❡r✲✇❛✈❡ ✐♥t❡r❢❡r♦♠❡tr② ✐♥ ❛ ❞♦✉❜❧❡ ✇❡❧❧ ♦♥ ❛♥
❛t♦♠ ❝❤✐♣✳ ◆❛t✉r❡ P❤②s✐❝s✱ ✷✵✵✺✳

❬✽✽❪ ❚✳ ❙❝❤✉♠♠✱ ❙✳ ❍♦✛❡r❜❡rt❤✱ ▲✳ ▼✳ ❆♥❞❡rss♦♥✱ ❙✳ ❲✐❧❞❡r♠✉t❤✱ ❙✳ ●r♦t❤✱ ■✳ ❇❛r✲❏♦s❡♣❤✱
❏✳ ❙❝❤♠✐❡❞♠❛②❡r✱ ❛♥❞ P✳ ❑rü❣❡r✳ ▼❛tt❡r✲✇❛✈❡ ✐♥t❡r❢❡r♦♠❡tr② ✐♥ ❛ ❞♦✉❜❧❡ ✇❡❧❧ ♦♥ ❛♥
❛t♦♠ ❝❤✐♣✳ ◆❛t✉r❡ P❤②s✐❝s ✶✱ ✺✼ ✲ ✻✷ ✭✷✵✵✺✮✱ ✶ ✿✺✼✱ ✷✵✵✺✳

❬✽✾❪ ❚❤♦rst❡♥ ❙❝❤✉♠♠✱ ❏❡r♦♠❡ ❊st❡✈❡✱ ❈r✐st✐♥❛ ❋✐❣❧✱ ❏✳❇✳ ❚r❡❜❜✐❛✱ ❈❤r✐st✐♥❡ ❆✉ss✐❜❛❧✱
❉♦♠✐♥✐q✉❡ ▼❛✐❧❧②✱ ■s❛❜❡❧❧❡ ❇♦✉❝❤♦✉❧❡✱ ❈❤r✐st♦♣❤❡r ❲❡st❜r♦♦❦✱ ❛♥❞ ❆❧❛✐♥ ❆s♣❡❝t✳
✬❛t♦♠ ❝❤✐♣s ✐♥ t❤❡ r❡❛❧ ✇♦r❧❞ ✿ t❤❡ ❡✛❡t❝s ♦❢ ✇✐r❡ ❝♦rr✉❣❛t✐♦♥✳ ❊✉r✳ P❤②s✳ ❏✳ ❉✱
✸✷ ✿✶✼✶✱ ✷✵✵✺✳



❇■❇▲■❖●❘❆P❍■❊ ✶✵✸

❬✾✵❪ ❈✳ ❙✐❛s✱ ❍✳ ▲✐❣♥✐❡r✱ ❨✳ P✳ ❙✐♥❣❤✱ ❆✳ ❩❡♥❡s✐♥✐✱ ❉✳ ❈✐❛♠♣✐♥✐✱ ❖✳ ▼♦rs❝❤✱ ❛♥❞
❊✳ ❆r✐♠♦♥❞♦✳ ❖❜s❡r✈❛t✐♦♥ ♦❢ ♣❤♦t♦♥✲❛ss✐st❡❞ t✉♥♥❡❧✐♥❣ ✐♥ ♦♣t✐❝❛❧ ❧❛tt✐❝❡s✳
❛r❳✐✈ ✿✵✼✵✾✳✸✶✸✼✱ ✷✵✵✼✳

❬✾✶❪ ❆✳ ❙♠❡r③✐✱ ❙✳ ❋❛♥t♦♥✐✱ ❙✳ ●✐♦✈❛♥❛③③✐✱ ❛♥❞ ❙✳ ❘✳ ❙❤❡♥♦②✳ ◗✉❛♥t✉♠ ❝♦❤❡r❡♥t ❛t♦♠✐❝
t✉♥♥❡❧✐♥❣ ❜❡t✇❡❡♥ t✇♦ tr❛♣♣❡❞ ❜♦s❡✲❡✐♥st❡✐♥ ❝♦♥❞❡♥s❛t❡s✳ P❤②s✳ ❘❡✈✳ ▲❡tt✳✱ ✼✾ ✿✹✾✺✵✱
✶✾✾✼✳

❬✾✷❪ ❆✉❣✉st♦ ❙♠❡r③✐ ❛♥❞ ❙r✐❦❛♥t❤ ❘❛❣❤❛✈❛♥✳ ▼❛❝r♦s❝♦♣✐❝ q✉❛♥t✉♠ ✢✉❝t✉❛t✐♦♥s ✐♥ t❤❡
❥♦s❡♣❤s♦♥ ❞②♥❛♠✐❝s ♦❢ t✇♦ ✇❡❛❦❧② ❧✐♥❦❡❞ ❜♦s❡✲❡✐♥st❡✐♥ ❝♦♥❞❡♥s❛t❡s✳ P❤②s✳ ❘❡✈✳ ❆✱
✻✶✭✻✮ ✿✵✻✸✻✵✶✱ ▼❛② ✷✵✵✵✳

❬✾✸❪ ❆✳ ❙ør❡♥s❡♥✱ ▲✳ ▼✳ ❉✉❛♥✱ ❏✳ ■✳ ❈✐r❛❝✱ ❛♥❞ P✳ ❩♦❧❧❡r✳ ▼❛♥②✲♣❛rt✐❝❧❡ ❡♥t❛♥❣❧❡♠❡♥t ✇✐t❤
❜♦s❡✲❡✐♥st❡✐♥ ❝♦♥❞❡s❛t❡s✳ ◆❛t✉r❡✱ ✹✵✾ ✿✻✸✱ ✷✵✵✶✳

❬✾✹❪ ❆✳ ❙♦r❡♥s❡♥✱ ❉✉❛♥ ▲✲▼✳✱ ❈✐r❛❝ ❏✳ ■✳✱ ❛♥❞ ❩♦❧❧❡r P✳ ▼❛♥②✲♣❛rt✐❝❧❡ ❡♥t❛♥❣❧❡♠❡♥t ✇✐t❤
❜♦s❡✲❡✐♥st❡✐♥ ❝♦♥❞❡♥s❛t❡s✳ ◆❛t✉r❡✱ ✹✵✾ ✿✻✸✱ ✷✵✵✶✳

❬✾✺❪ ❑✳ ❚❛✐✱ ❆✳ ❍❛s❡❣❛✇❛✱ ❛♥❞ ❆✳ ❚♦♠✐t❛✳ ❖❜s❡r✈❛t✐♦♥ ♦❢ ♠♦❞✉❧❛t✐♦♥❛❧ ✐♥st❛❜✐❧✐t② ✐♥
♦♣t✐❝❛❧ ✜❜❡rs✳ P❤②s✐❝❛❧ ❘❡✈✐❡✇ ▲❡tt❡rs✱ ✺✻✭✷✮ ✿✶✸✺✕✶✸✽✱ ✶✾✽✻✳

❬✾✻❪ ❏✳✲❇✳ ❚r❡❜❜✐❛✱ ❈✳ ▲✳ ●❛rr✐❞♦ ❆❧③❛r✱ ❘✳ ❈♦r♥❡❧✉ss❡♥✱ ❈✳ ■✳ ❲❡st❜r♦♦❦✱ ❛♥❞ ■✳ ❇♦✉✲
❝❤♦✉❧❡✳ ❘♦✉❣❤♥❡ss s✉♣♣r❡ss✐♦♥ ✈✐❛ r❛♣✐❞ ❝✉rr❡♥t ♠♦❞✉❧❛t✐♦♥ ♦♥ ❛♥ ❛t♦♠ ❝❤✐♣✳ P❤②s✲
✐❝❛❧ ❘❡✈✐❡✇ ▲❡tt❡rs✱ ✾✽✭✷✻✮ ✿✷✻✸✷✵✶✱ ✷✵✵✼✳

❬✾✼❪ ❏✳✲❇✳ ❚r❡❜❜✐❛✱ ❏✳ ❊st❡✈❡✱ ❈✳ ■✳ ❲❡st❜r♦♦❦✱ ❛♥❞ ■✳ ❇♦✉❝❤♦✉❧❡✳ ❊①♣❡r✐♠❡♥t❛❧ ❡✈✐❞❡♥❝❡
❢♦r t❤❡ ❜r❡❛❦❞♦✇♥ ♦❢ ❛ ❤❛rtr❡❡✲❢♦❝❦ ❛♣♣r♦❛❝❤ ✐♥ ❛ ✇❡❛❦❧② ✐♥t❡r❛❝t✐♥❣ ❜♦s❡ ❣❛s✳ P❤②s✲
✐❝❛❧ ❘❡✈✐❡✇ ▲❡tt❡rs✱ ✾✼✭✷✺✮ ✿✷✺✵✹✵✸✱ ✷✵✵✻✳

❬✾✽❪ ❆✳❍✳ ✈❛♥ ❆♠❡r♦♥❣❡♥✱ ❏✳❏✳P✳ ✈❛♥ ❊s✱ P✳ ❲✐❝❦❡✱ ❑✳❱✳ ❑❤❡r✉♥ts②❛♥✱ ❛♥❞ ◆✳❏✳ ✈❛♥
❉r✉t❡♥✳ ❨❛♥❣✲②❛♥❣ t❤❡r♠♦❞②♥❛♠✐❝s ♦♥ ❛♥ ❛t♦♠ ❝❤✐♣✳ ❛r❳✐✈ ✿✵✼✵✾✳✶✽✾✾✱ ✷✵✵✼✳

❬✾✾❪ ●✳ ❱❛♥ ❙✐♠❛❡②s✱ P❤✳ ❊♠♣❧✐t✱ ❛♥❞ ▼✳ ❍❛❡❧t❡r♠❛♥✳ ❊①♣❡r✐♠❡♥t❛❧ ❞❡♠♦♥str❛t✐♦♥ ♦❢
t❤❡ ❢❡r♠✐✲♣❛st❛✲✉❧❛♠ r❡❝✉rr❡♥❝❡ ✐♥ ❛ ♠♦❞✉❧❛t✐♦♥❛❧❧② ✉♥st❛❜❧❡ ♦♣t✐❝❛❧ ✇❛✈❡✳ P❤②s✳
❘❡✈✳ ▲❡tt✳✱ ✽✼✭✸✮ ✿✵✸✸✾✵✷✱ ❏✉♥ ✷✵✵✶✳

❬✶✵✵❪ ❚❤✐❜❛✉❧t ❱♦❣t✱ ▼❛tt❤✐❡✉ ❱✐t❡❛✉✱ ❆♠♦❞s❡♥ ❈❤♦t✐❛✱ ❏✐❛♥♠✐♥❣ ❩❤❛♦✱ ❉❛♥✐❡❧ ❈♦♠♣❛r❛t✱
❛♥❞ P✐❡rr❡ P✐❧❧❡t✳ ❊❧❡❝tr✐❝✲✜❡❧❞ ✐♥❞✉❝❡❞ ❞✐♣♦❧❡ ❜❧♦❝❦❛❞❡ ✇✐t❤ r②❞❜❡r❣ ❛t♦♠s✳ P❤②s✐❝❛❧
❘❡✈✐❡✇ ▲❡tt❡rs✱ ✾✾✭✼✮ ✿✵✼✸✵✵✷✱ ✷✵✵✼✳

❬✶✵✶❪ ❨✐♥❣✲❏✉ ❲❛♥❣✱ ❉❛♥❛ ❩✳ ❆♥❞❡rs♦♥✱ ❱✐❝t♦r ▼✳ ❇r✐❣❤t✱ ❊r✐❝ ❆✳ ❈♦r♥❡❧❧✱ ◗✉❡♥t✐♥ ❉✐♦t✱
❚❡ts✉♦ ❑✐s❤✐♠♦t♦✱ ▼❛r❛ Pr❡♥t✐ss✱ ❘✳ ❆✳ ❙❛r❛✈❛♥❛♥✱ ❙t❡♣❤❡♥ ❘✳ ❙❡❣❛❧✱ ❛♥❞ ❙❛✐❥✉♥ ❲✉✳
❆t♦♠ ♠✐❝❤❡❧s♦♥ ✐♥t❡r❢❡r♦♠❡t❡r ♦♥ ❛ ❝❤✐♣ ✉s✐♥❣ ❛ ❜♦s❡✲❡✐♥st❡✐♥ ❝♦♥❞❡♥s❛t❡✳ P❤②s✐❝❛❧
❘❡✈✐❡✇ ▲❡tt❡rs✱ ✾✹✭✾✮ ✿✵✾✵✹✵✺✱ ✷✵✵✺✳

❬✶✵✷❪ ❈❤r✐st♦♣❤ ❲❡✐ss ❛♥❞ ▼❛rt✐♥ ❲✐❧❦❡♥s✳ P❛rt✐❝❧❡ ♥✉♠❜❡r ❝♦✉♥t✐♥❣ st❛t✐st✐❝s ✐♥ ✐❞❡❛❧
❜♦s❡ ❣❛s❡s✳ ❖♣t✳ ❊①♣r❡ss✱ ✶✭✶✵✮ ✿✷✼✷✕✷✽✸✱ ✶✾✾✼✳

❬✶✵✸❪ ◆✐❝❤♦❧❛s ❑✳ ❲❤✐t❧♦❝❦ ❛♥❞ ■s❛❜❡❧❧❡ ❇♦✉❝❤♦✉❧❡✳ ❘❡❧❛t✐✈❡ ♣❤❛s❡ ✢✉❝t✉❛t✐♦♥s ♦❢ t✇♦
❝♦✉♣❧❡❞ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❝♦♥❞❡♥s❛t❡s✳ P❤②s✳ ❘❡✈✳ ❆✱ ✻✽✭✺✮ ✿✵✺✸✻✵✾✱ ◆♦✈ ✷✵✵✸✳

❬✶✵✹❪ ❙✳ ❲❤✐t❧♦❝❦✱ ❇✳ ❱✳ ❍❛❧❧✱ ❚✳ ❘♦❛❝❤✱ ❘✳ ❆♥❞❡rs♦♥✱ ▼✳ ❱♦❧❦✱ P✳ ❍❛♥♥❛❢♦r❞✱ ❛♥❞ ❆✳ ■✳
❙✐❞♦r♦✈✳ ❊✛❡❝t ♦❢ ♠❛❣♥❡t✐③❛t✐♦♥ ✐♥❤♦♠♦❣❡♥❡✐t② ♦♥ ♠❛❣♥❡t✐❝ ♠✐❝r♦tr❛♣s ❢♦r ❛t♦♠s✳
P❤②s✐❝❛❧ ❘❡✈✐❡✇ ❆ ✭❆t♦♠✐❝✱ ▼♦❧❡❝✉❧❛r✱ ❛♥❞ ❖♣t✐❝❛❧ P❤②s✐❝s✮✱ ✼✺✭✹✮ ✿✵✹✸✻✵✷✱ ✷✵✵✼✳



✶✵✹ ❇■❇▲■❖●❘❆P❍■❊

❬✶✵✺❪ ❉✳ ❏✳ ❲✐♥❡❧❛♥❞✱ ❏✳ ❏✳ ❇♦❧❧✐♥❣❡r✱ ❛♥❞ ❲✳ ▼✳ ■t❛♥♦✳ ❙q✉❡❡③❡❞ ❛t♦♠✐❝ st❛t❡s ❛♥❞
♣r♦❥❡❝t✐♦♥ ♥♦✐s❡ ✐♥ s♣❡❝tr♦s❝♦♣②✳ P❤②s✳ ❘❡✈✳ ❆✱ ✺✵ ✿✻✼✱ ✶✾✾✹✳

❬✶✵✻❪ ▼✐♥❣③❤♦♥❣ ❲✉ ❛♥❞ ❈❛r❧ ❊✳ P❛tt♦♥✳ ❊①♣❡r✐♠❡♥t❛❧ ♦❜s❡r✈❛t✐♦♥ ♦❢ ❢❡r♠✐✲♣❛st❛✲✉❧❛♠ r❡✲
❝✉rr❡♥❝❡ ✐♥ ❛ ♥♦♥❧✐♥❡❛r ❢❡❡❞❜❛❝❦ r✐♥❣ s②st❡♠✳ P❤②s✐❝❛❧ ❘❡✈✐❡✇ ▲❡tt❡rs✱ ✾✽✭✹✮ ✿✵✹✼✷✵✷✱
✷✵✵✼✳

❬✶✵✼❪ ❈♦❧♦♠❜❡ ❨✳✱ ❑♥②❛③❝❤②❛♥ ❊✳✱ ▼♦r✐③♦t ❖✳✱ ▼❡r❝✐❡r ❇✳✱ ▲♦r❡♥t ❱✳✱ ❛♥❞ P❡rr✐♥ ❍✳ ❯❧✲
tr❛❝♦❧❞ ❛t♦♠s ❝♦♥✜♥❡❞ ✐♥ r❢✲✐♥❞✉❝❡❞ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ tr❛♣♣✐♥❣ ♣♦t❡♥t✐❛❧s✳ ❊✉r♦♣❤②s✳
▲❡tt✳✱ ✻✼ ✿✺✾✸✳

❬✶✵✽❪ ▲❡ ❈♦q ❨✳✱ ❆✳ ❘❡tt❡r ❏✳✱ ❘✐❝❤❛r❞ ❙✳✱ ❆s♣❡❝t ❆✳✱ ❛♥❞ ❇♦✉②❡r P✳ ❈♦❤❡r❡♥t ♠❛tt❡r ✇❛✈❡
✐♥❡rt✐❛❧ s❡♥s♦rs ❢♦r ♣r❡❝✐s✐♦♥ ♠❡❛s✉r❡♠❡♥ts ✐♥ s♣❛❝❡✳ ❆♣♣❧✐❡❞ P❤②s✐❝s ❇ ✿ ▲❛s❡rs ❛♥❞
❖♣t✐❝s✱ ✷✵✵✻✳

❬✶✵✾❪ ❈✳ ◆✳ ❨❛♥❣ ❛♥❞ ❈✳ P✳ ❨❛♥❣✳ ✧t❤❡r♠♦❞②♥❛♠✐❝s ♦❢ ❛ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ s②st❡♠ ♦❢ ❜♦s♦♥s
✇✐t❤ r❡♣✉❧s✐✈❡ ❞❡❧t❛✲❢✉♥❝t✐♦♥ ✐♥t❡r❛❝t✐♦♥✧✳ ❏✳ ▼❛t❤✳ P❤②s✳✱ ✶✵ ✿✶✶✶✺✱ ✶✾✻✾✳

❬✶✶✵❪ ▼❛s❛♠✐ ❨❛s✉❞❛ ❛♥❞ ❋✉❥✐♦ ❙❤✐♠✐③✉✳ ❖❜s❡r✈❛t✐♦♥ ♦❢ t✇♦✲❛t♦♠ ❝♦rr❡❧❛t✐♦♥ ♦❢ ❛♥ ✉❧tr❛✲
❝♦❧❞ ♥❡♦♥ ❛t♦♠✐❝ ❜❡❛♠✳ P❤②s✳ ❘❡✈✳ ▲❡tt✳✱ ✼✼✭✶✺✮ ✿✸✵✾✵✕✸✵✾✸✱ ❖❝t ✶✾✾✻✳

❬✶✶✶❪ ■✈❛r ❩❛♣❛t❛✱ ❋❡r♥❛♥❞♦ ❙♦❧s✱ ❛♥❞ ❆♥t❤♦♥② ❏✳ ▲❡❣❣❡tt✳ ❏♦s❡♣❤s♦♥ ❡✛❡❝t ❜❡t✇❡❡♥
tr❛♣♣❡❞ ❜♦s❡✲❡✐♥st❡✐♥ ❝♦♥❞❡♥s❛t❡s✳ P❤②s✳ ❘❡✈✳ ❆✱ ✺✼✭✶✮ ✿❘✷✽✕❘✸✶✱ ❏❛♥ ✶✾✾✽✳

❬✶✶✷❪ ▼❛r❝ ❈❤❡♥❡❛✉ ❇❛♣t✐st❡ ❇❛tt❡❧✐❡r ❏❡❛♥ ❇✳ ❉❛❧✐❜❛r❞ ❩♦r❛♥ ❍❛❞③✐❜❛❜✐❝
✭▲❑❇ ▲❤♦♠♦♥❞✮✱ P❡t❡r ❑rü❣❡r ✭▲❑❇ ▲❤♦♠♦♥❞✮✳ ❇❡r❡③✐♥s❦✐✐✲❦♦st❡r❧✐t③✲t❤♦✉❧❡ss
❝r♦ss♦✈❡r ✐♥ ❛ tr❛♣♣❡❞ ❛t♦♠✐❝ ❣❛s✳ ◆❛t✉r❡✱ ✹✹✶ ✿✶✶✶✽✱ ✷✵✵✻✳



❉❡✉①✐è♠❡ ♣❛rt✐❡

❈♦♠♣✐❧❛t✐♦♥ ❞❡s ❛rt✐❝❧❡s ♣✉❜❧✐és

✶✵✺





❈❤❛♣✐tr❡ ✽

❈♦♠♣✐❧❛t✐♦♥ ❞❡s ❛rt✐❝❧❡s ♣✉❜❧✐és

❏✬❛✐ r❡♣r♦❞✉✐t ❝✐✲❞❡ss♦✉s ❧❡s ❛rt✐❝❧❡s ❝♦♥❝❡r♥❛♥t ♠❡s tr❛✈❛✉① ♣♦st❞♦❝t♦r❛✉① ♣✉❜❧✐és
❞❛♥s ❞❡s ❥♦✉r♥❛✉① à ❝♦♠✐té ❞❡ ❧❡❝t✉r❡✳ ▲❡s ❛rt✐❝❧❡s s♦♥t ❝❧❛ssé ♣❛r t❤è♠❡✱ ❝❤❛q✉❡ t❤è♠❡
❝♦rr❡s♣♦♥❞❛♥t à ✉♥ ❝❤❛♣✐tr❡ ❞❡ ❝❡ ♠❛♥✉s❝r✐t✳ ▲❛ ❧✐st❡ ❞❡s ❛rt✐❝❧❡s ❝♦♠♣✐❧és ❡st ❞♦♥♥é❡ ❝✐✲
❞❡ss♦✉s✳ ▲❡ ❝❤✐✛r❡ ❛✉ ❜♦✉t ❞❡ ❧❛ ❧✐❣♥❡ à ❞r♦✐t❡ ✐♥❞✐q✉❡ ❧❛ ♣❛❣❡ ❝♦rr❡s♣♦♥❞❛♥t ❛✉ ❞é❜✉t ❞❡
❝❤❛q✉❡ ❛rt✐❝❧❡✳

• ❈♦♠♣r❡ss✐♦♥ ❞❡ s♣✐♥ ❞✬✉♥❡ ❛ss❡♠❜❧é❡ ❞✬❛t♦♠❡s
⋆ ■s❛❜❡❧❧❡ ❇♦✉❝❤♦✉❧❡ ❛♥❞ ❑❧❛✉s ▼ø❧♠❡r✳ ❙♣✐♥ sq✉❡❡③✐♥❣ ♦❢ ❛t♦♠s ❜② t❤❡
❞✐♣♦❧❡ ✐♥t❡r❛❝t✐♦♥ ✐♥ ✈✐rt✉❛❧❧② ❡①❝✐t❡❞ r②❞❜❡r❣ st❛t❡s✳ P❤②s✳ ❘❡✈✳ ❆✱
✻✺✭✹✮ ✿✵✹✶✽✵✸✱ ❆♣r ✷✵✵✷✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✾

⋆ ■s❛❜❡❧❧❡ ❇♦✉❝❤♦✉❧❡ ❛♥❞ ❑❧❛✉s ▼ø❧♠❡r✳ Pr❡♣❛r❛t✐♦♥ ♦❢ s♣✐♥✲sq✉❡❡③❡❞
❛t♦♠✐❝ st❛t❡s ❜② ♦♣t✐❝❛❧✲♣❤❛s❡✲s❤✐❢t ♠❡❛s✉r❡♠❡♥t✳ P❤②s✳ ❘❡✈✳ ❆✱
✻✻✭✹✮ ✿✵✹✸✽✶✶✱ ❖❝t ✷✵✵✷✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✸

• ■♥t❡r❛❝t✐♦♥ ❞❛♥s ✉♥ ❧❛s❡r à ❛t♦♠❡s ❣✉✐❞és
⋆ ■s❛❜❡❧❧❡ ❇♦✉❝❤♦✉❧❡ ❛♥❞ ❑❧❛✉s ▼ø❧♠❡r✳ ■♥t❡r❛❝t✐♦♥✲✐♥❞✉❝❡❞ ♣❤❛s❡ ✢✉❝t✉✲
❛t✐♦♥s ✐♥ ❛ ❣✉✐❞❡❞ ❛t♦♠ ❧❛s❡r✳ P❤②s✳ ❘❡✈✳ ❆✱ ✻✼✭✶✮ ✿✵✶✶✻✵✸✱ ❏❛♥ ✷✵✵✸✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✹

• ❉♦✉❜❧❡s ♣✉✐ts ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧s ❝♦✉♣❧és
⋆ ❏❡r♦♠❡ ❊st❡✈❡✱ ❚❤♦rst❡♥ ❙❝❤✉♠♠✱ ❏❡❛♥✲❇❛♣t✐st❡ ❚r❡❜❜✐❛✱ ■s❛❜❡❧❧❡ ❇♦✉✲
❝❤♦✉❧❡✱ ❆❧❛✐♥ ❆s♣❡❝t✱ ❛♥❞ ❈❤r✐st♦♣❤❡r ❲❡st❜r♦♦❦✳ ❘❡❛❧✐③✐♥❣ ❛ st❛❜❧❡
♠❛❣♥❡t✐❝ ❞♦✉❜❧❡✲✇❡❧❧ ♣♦t❡♥t✐❛❧ ♦♥ ❛♥ ❛t♦♠ ❝❤✐♣✳ ❊✉r✳ P❤②s✳ ❏ ❉✱ ✸✺ ✿✶✹✶✱
✷✵✵✺✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✽

⋆ ◆✐❝❤♦❧❛s ❑✳ ❲❤✐t❧♦❝❦ ❛♥❞ ■s❛❜❡❧❧❡ ❇♦✉❝❤♦✉❧❡✳ ❘❡❧❛t✐✈❡ ♣❤❛s❡ ✢✉❝t✉❛t✐♦♥s
♦❢ t✇♦ ❝♦✉♣❧❡❞ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❝♦♥❞❡♥s❛t❡s✳ P❤②s✳ ❘❡✈✳ ❆✱ ✻✽✭✺✮ ✿✵✺✸✻✵✾✱
◆♦✈ ✷✵✵✸✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✹

⋆ ■✳ ❇♦✉❝❤♦✉❧❡✳ ▼♦❞✉❧❛t✐♦♥❛❧ ✐♥st❛❜✐❧✐t✐❡s ✐♥ ❥♦s❡♣❤s♦♥ ♦s❝✐❧❧❛t✐♦♥s ♦❢ ❡❧♦♥✲
❣❛t❡❞ ❝♦✉♣❧❡❞ ❝♦♥❞❡♥s❛t❡s✳ ❊✉r✳ P❤②s✳ ❏ ❉✱ ✷✵✵✺✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✾

• ❘✉❣♦s✐té ❞✉ ♣♦t❡♥t✐❡❧
⋆ ❏✳ ❊st❡✈❡✱ ❈✳ ❆✉ss✐❜❛❧✱ ❚✳ ❙❝❤✉♠♠✱ ❈✳ ❋✐❣❧✱ ❉✳ ▼❛✐❧❧②✱ ■✳ ❇♦✉❝❤♦✉❧❡✱ ❈✳ ■✳
❲❡st❜r♦♦❦✱ ❛♥❞ ❆✳ ❆s♣❡❝t✳ ❘♦❧❡ ♦❢ ✇✐r❡ ✐♠♣❡r❢❡❝t✐♦♥s ✐♥ ♠✐❝r♦♠❛❣♥❡t✐❝
tr❛♣s ❢♦r ❛t♦♠s✳ P❤②s✐❝❛❧ ❘❡✈✐❡✇ ❆ ✭❆t♦♠✐❝✱ ▼♦❧❡❝✉❧❛r✱ ❛♥❞ ❖♣t✐❝❛❧
P❤②s✐❝s✮✱ ✼✵✭✹✮ ✿✵✹✸✻✷✾✱ ✷✵✵✹✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳✶✹✼

✶✵✼



✶✵✽ ❈❍❆P■❚❘❊ ✽✳ ❚❆❇▲❊ ❉❊❙ ▼❆❚■➮❘❊❙ ❉❊ ▲❆ ❈❖▼P■▲❆❚■❖◆

⋆ ❚❤♦rst❡♥ ❙❝❤✉♠♠✱ ❏❡r♦♠❡ ❊st❡✈❡✱ ❈r✐st✐♥❛ ❋✐❣❧✱ ❏✳❇✳ ❚r❡❜❜✐❛✱ ❈❤r✐st✐♥❡
❆✉ss✐❜❛❧✱ ❉♦♠✐♥✐q✉❡ ▼❛✐❧❧②✱ ■s❛❜❡❧❧❡ ❇♦✉❝❤♦✉❧❡✱ ❈❤r✐st♦♣❤❡r ❲❡st❜r♦♦❦✱
❛♥❞ ❆❧❛✐♥ ❆s♣❡❝t✳ ✬❛t♦♠ ❝❤✐♣s ✐♥ t❤❡ r❡❛❧ ✇♦r❧❞ ✿ t❤❡ ❡✛❡t❝s ♦❢ ✇✐r❡
❝♦rr✉❣❛t✐♦♥✳ ❊✉r✳ P❤②s✳ ❏✳ ❉✱ ✸✷ ✿✶✼✶✱ ✷✵✵✺✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✶

⋆ ❏✳✲❇✳ ❚r❡❜❜✐❛✱ ❈✳ ▲✳ ●❛rr✐❞♦ ❆❧③❛r✱ ❘✳ ❈♦r♥❡❧✉ss❡♥✱ ❈✳ ■✳ ❲❡st❜r♦♦❦✱ ❛♥❞
■✳ ❇♦✉❝❤♦✉❧❡✳ ❘♦✉❣❤♥❡ss s✉♣♣r❡ss✐♦♥ ✈✐❛ r❛♣✐❞ ❝✉rr❡♥t ♠♦❞✉❧❛t✐♦♥ ♦♥ ❛♥
❛t♦♠ ❝❤✐♣✳ P❤②s✐❝❛❧ ❘❡✈✐❡✇ ▲❡tt❡rs✱ ✾✽✭✷✻✮ ✿✷✻✸✷✵✶✱ ✷✵✵✼✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✶

⋆ ■✳ ❇♦✉❝❤♦✉❧❡✱ ❏✳✲❇✳ ❚r❡❜❜✐❛✱ ❛♥❞ ❈✳ ▲✳ ●❛rr✐❞♦✲❆❧③❛r✳ ▲✐♠✐t❛t✐♦♥s ♦❢ t❤❡
♠♦❞✉❧❛t✐♦♥ ♠❡t❤♦❞ t♦ s♠♦♦t❤ ✇✐r❡✲❣✉✐❞❡ r♦✉❣❤♥❡ss✳ ❛❝❝❡♣té à P❤②s✳
❘❡✈✳ ❆✱ ✷✵✵✽✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✺

• ❋❧✉❝t✉❛t✐♦♥s ❞❡ ❞❡♥s✐té ❞❛♥s ✉♥ ❣❛③ q✉❛s✐✲✶❉
⋆ ■✳ ❇♦✉❝❤♦✉❧❡✱ ❑✳ ❱✳ ❑❤❡r✉♥ts②❛♥✱ ❛♥❞ ●✳ ❱✳ ❙❤❧②❛♣♥✐❦♦✈✳ ■♥t❡r❛❝t✐♦♥✲
✐♥❞✉❝❡❞ ❝r♦ss♦✈❡r ✈❡rs✉s ✜♥✐t❡✲s✐③❡ ❝♦♥❞❡♥s❛t✐♦♥ ✐♥ ❛ ✇❡❛❦❧② ✐♥t❡r❛❝t✐♥❣
tr❛♣♣❡❞ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❜♦s❡ ❣❛s✳ P❤②s✐❝❛❧ ❘❡✈✐❡✇ ❆ ✭❆t♦♠✐❝✱ ▼♦❧❡❝✉✲
❧❛r✱ ❛♥❞ ❖♣t✐❝❛❧ P❤②s✐❝s✮✱ ✼✺✭✸✮ ✿✵✸✶✻✵✻✱ ✷✵✵✼✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✻

⋆ ❏✳ ❊st❡✈❡✱ ❏✳✲❇✳ ❚r❡❜❜✐❛✱ ❚✳ ❙❝❤✉♠♠✱ ❆✳ ❆s♣❡❝t✱ ❈✳ ■✳ ❲❡st❜r♦♦❦✱ ❛♥❞
■✳ ❇♦✉❝❤♦✉❧❡✳ ❖❜s❡r✈❛t✐♦♥s ♦❢ ❞❡♥s✐t② ✢✉❝t✉❛t✐♦♥s ✐♥ ❛♥ ❡❧♦♥❣❛t❡❞ ❜♦s❡
❣❛s ✿ ■❞❡❛❧ ❣❛s ❛♥❞ q✉❛s✐❝♦♥❞❡♥s❛t❡ r❡❣✐♠❡s✳ P❤②s✐❝❛❧ ❘❡✈✐❡✇ ▲❡tt❡rs✱
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We show that the interaction between Rydberg atomic states can provide continuous spin squeezing of atoms
with two ground states. The interaction prevents the simultaneous excitation of more than a single atom in the
sample to the Rydberg state, and we propose to utilize this blockade effect to realize an effective collective spin
HamiltonianJx

2
2Jy

2 . With this Hamiltonian the quantum-mechanical uncertainty of the spin variableJx2Jy

can be significantly reduced.

DOI: 10.1103/PhysRevA.65.041803 PACS number~s!: 42.50.2p, 32.80.2t

The sizable dipole interaction between atoms that have
been transferred with pulsed laser fields to highly excited
Rydberg states has been proposed@1,2# as a mechanism for
entanglement operation on the state of neutral atoms. A
‘‘Rydberg blockade’’ effect realized by the dipole interaction
prevents more than one atom to enter a Rydberg state at a
time. Hence, the evolution of one atom can be conditioned
on the state of another one as required for a two-qubit gate in
a quantum computer@1#. The Rydberg blockade effect can be
used in a multistep procedure to prepare any collective sym-
metric state of an entire atomic ensemble@2#.

In this paper, we propose to use the Rydberg blockade
effect in an easier way that uses only continuous laser fields
to realize the particular collective states called spin squeezed

states. Spin squeezing refers to the collective spinJW5( iSW i of
a collection of spin 1/2 particles, for which the Heisenberg
inequality assuresDJxDJy>u^Jz&u/2, (\51). A state whose
mean spin is alongz and in which the width of the distribu-
tion of Jx is reduced so thatDJx,Au^Jz&u/2 is called spin
squeezed. The spin notation represents the state of an en-
semble of two-level atoms, where the two states are repre-
sented as theSz561/2 eigenstates of a spin 1/2 particle.
Spin squeezing is a useful property since reduced spin fluc-
tuations imply an improvement of the counting statistics for
the number of atoms in specific states, i.e., improved resolu-
tion in spectroscopy and in atomic clocks@3,4#.

Recently, a number of proposals for spin squeezing and
atomic noise reduction has been made involving absorption
of broadband squeezed light@5,6#, collisional interactions in
two-component condensates@7,8#, and quantum nondemoli-
tion detection of atomic populations@9–11#. In the work pre-
sented here, an atomic gas is illuminated with lasers that
couple long-lived statesua& and ub& to a Rydberg stateur&.
The lasers are far detuned so that the population in the Ryd-
berg state is small and their effect is described by an effec-
tive HamiltonianH acting on the statesua& andub&. We first
show how nonlinearities appear in the simple case of the
lightshift produced by a single laser. The HamiltonianJz

2 is
realized and squeezing will occur. This Hamiltonian, how-
ever, has the drawback that the squeezing axis depends on
the interaction time and on the total number of atoms. Thus,
we propose a way to realize the HamiltonianJx

2
2Jy

2 that
enables stronger squeezing and which also presents the ad-
vantage that the squeezing axis is stationary@12#.

Let us consider the situation depicted in Fig. 1, where an
ensemble ofN atoms is illuminated by a laser field detuned
by D from resonance of the transitionua&→ur&. If the inter-
nal state of the atoms is initially symmetric with respect to
exchange of atoms, we can consider only the symetric states
and a basis is formed by the statesuna ,nr&, wherena is the
number of atoms in the stateua&, nr is the number of atoms
in the stateur&, and the remaniningN2na2nr atoms popu-
late the stateub&. The stateuna,0& is coupled with the ampli-
tude AnaV to una21,1& which, in turn, is coupled to the
stateuna22,2& with the amplitudeA2Ana21V. If the laser
is sufficiently weak, the population in the state withnr.0 is
very small, and the only effect of the laser is to shift the
energy of the statesuna,0&. The expression for the light shift
to fourth order in the laser field amplitude is

DEna
52na

V2

D
1na

2 V4

D3
2

1

2D

2na~na21!V4

D2
, ~1!

where the last term is due to a two photon transition to the
stateuna22,2&. The terms proportional tona

2 in DEna
cancel

and the light shift is proportional tona as expected for non-

FIG. 1. Laser configuration and relevant states for calculation of
the light shift to fourth order in the presence of a single laser.~a! the
energy levels of a single atom.~b! the energy levels of a collection
of atoms: the upper part of the figure shows how interaction causes
an upward or downward shiftU int of the state with two Rydberg
excited atoms.
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interacting atoms. Indeed, the energy of the stateua& of each
atom does not depend on the state of the other atoms. In the
picture suggested by Fig. 1~b!, the absence of nonlinearities
for noninteracting atoms is due to destructive interference
between processes involving states with at most one atom in
the Rydberg state and processes involving states with several
atoms in the Rydberg state.

Let us now assume that atoms in the Rydberg state inter-
act so that the energy of the statesuna22,2& is shifted by
6U int@D. Then, the two photon contribution to the light
shift is negligible and the light shift ofuna,0& is given by the
two first terms of Eq.~1!,

DEna
52na

V2

D
1na

2 V4

D3
. ~2!

By removing the interference path with more than one atom
in the Rydberg state, the‘‘Rydberg Blockade’’ leads to a non-
linear interaction. Note that the light shift~2! is independent
of the precise interaction strength between Rydberg excited
atoms. This implies that as long as the interaction is strong
enough to substantially increase the detuning, i.e., for atoms
with a wide range of spatial separations, the light shift is
given by Eq.~2!. Writing na5Jz1N/2, we see that the qua-
dratic light shift in na results in an effective Hamiltonian
containing a term inJz

2 . Such a Hamiltonian, applied to an
initial coherent spin state directed in the (x,y) plane, gives
squeezing@12#. The terms linear inJz in the Hamiltonian are
responsible for a rotation of the spin. The addition of a sec-
ond laser, affecting the atomic stateub&, enables us to realize
a rotation independent of the number of atoms.

A better Hamiltonian to produce squeezing is

H52Veff~Jx
2
2Jy

2!5Veff~a2b12
1b2a12!. ~3!

H corresponds to the transfer of atoms toub& in pairs, and it
is thus analogous to the Hamiltonian for production of
squeezed light that creates and annihilates photons
in pairs. If this Hamiltonian is applied to an ensemble
of atoms initially in ua&, the spin variance^J

2p/4
2 &

5^(e ip/4a1b1e2ip/4b1a)2& is reduced. We propose to real-
ize the Hamiltonian~3! in the following way.

As shown in Fig. 2~a!, Raman couplings betweenua& and
ub& are introduced by three laser fields with two Stoke fields,
V1 andV2, detuned symmetrically around the Raman reso-
nance by the amount6D8. The idea is now that a single
atom will not make the transition between statesua& andub&
because it is not resonant, buttwo atoms can simultaneously
make the transitionuaa&↔ubb& since this process occurs
resonantly if one atom emits a Stokes photon stimulated by
V1 and the other emits a photon stimulated byV2.

Consider two atoms initially in the product stateuaa& il-
luminated by lasers with equal couplings for both atoms as
depicted in Fig. 2~b!. If the atoms do not interact, there is no
way they can exchange the energy mismatch of the stimu-
lated emissions in the fieldsV1 and V2 and the effective
coupling toubb& vanishes. As in the previous proposal, this
can be understood in terms of the destructive interferences

between paths involving the stateurr& and the other paths.
Figure 2~b! only shows the paths for which stimulated emis-
sion in the fieldV1 occurs first.

By contrast, if the interaction between the atoms shifts the
energy of the stateurr& by 6U int@D, the amplitude of the
paths involving the intermediate stateurr& @dotted line in Fig.
2~b!# is suppressed compared to the paths represented by the
solid line in the figure, the destructive interference is sup-
pressed, and the coupling betweenuaa& and ubb& is now

Vc52

4V0
2V1V2

D~D2D8!~D1D8!
. ~4!

A similar four photon transition has been used to entangle
ions in ion traps@13,14#, where the suppression of destruc-
tive interference arises from the Coulomb interaction that
lifts the degeneracy of collective vibrational modes. We note
that the emergence of a resonant transition due to removal of
interfering transition paths also has analogies in spectrocopy
on gases, where different mechanisms for pressure induced
resonances work by similar mechanism@15,16#.

As U int scales as 1/r3, the coupling betweenuaa& and
ubb& is given by Eq.~4! as long as the distance between the
atoms is smaller than a given critical distanced0 for which
U int@D. Thus, in an atomic sample with a size smaller than
d0 the transfer of atoms fromua& to ub& is represented by the
squeezing Hamiltonian~3! with Veff5Vc/2. Terms involving
more than two atoms at a time would be of higher order in
the Rabi frequencies of the lasers and are neglected.

FIG. 2. ~a! Energy levels in a single atom and transitions in-
duced by laser fieldsV i , i50,1,2 to couple the ‘‘spin’’ statesua&
and ub& via the intermediate Rydberg stateur&. ~b! Transition paths
transfering two atoms from the stateuaa& to the stateubb&. The first
path~solid lines! does not use the stateurr&, the second path~dotted
lines! does. If the atoms interact in the stateurr&, so that this level
is shifted by an amount much larger thanD, the amplitude of the
dotted path becomes negligible, and a net coupling appears from
uaa& to ubb&.
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We now turn to an analysis of the time required to obtain
substantial spin squeezing. The coupling between states with
nb andnb12 atoms transfered toub& is about the same as the
one between harmonic-oscillator number states introduced
by the squeezing HamiltonianNVeff(b2

1b12), as long as
nb is much smaller than the total number of atomsN. Thus,
we expect the squeezing to evolve as

^J
2p/4
2 &~ t !5e24NVefft^J

2p/4
2 &~0! ~5!

and the mean number of atoms inub& to follow

n̄b5sinh2~2NVefft !. ~6!

For ease of presentation we introduce the amount of squeez-
ing, S5(N/4)/^J

2p/4
2 &. Solving numerically the evolution

produced by the Hamiltonian~3!, we find that these simple
analytical expressions are accurate up to 5% as long asn̄b
,0.05N and that the maximum squeezing obtained is about
S.N/2.

The amplitudes for the excitations of Rydberg states from
state ua& and stateub& are proportional toAnaV0 and
AnbV1,2, respectively. Therefore, to justify the elimination
of the Rydberg state, the coupling amplitudes should obey

ANV0!D,

AS/4V1!D1D8,

AS/4V2!D2D8. ~7!

Here, we used that, for intermediate times so that 1! n̄b

!N, n̄b.S/4. Assuming that these inequalities are all ful-
filled by an order of magnitude, and takingD6D8;D, the
time required to obtain the squeezingS is about

T.
1

16

104

D
S ln~S !. ~8!

T is almost linear in the squeezing parameterS, and does not
depend on the total number of atoms. The coherence time of
the ground statesua& andub& may be of the order of seconds,
and the spin squeezing will be limited only by incoherent
effects such as spontaneous emission and thermal field ab-
sorption by the small Rydberg state population. To estimate
the effect of such incoherent processes, we consider the
simple case of loss of atoms, which represents atomic decay
to states different fromua& and ub&. If the atomi has been
lost, the spin variance of the remaining atoms is^Jx8

2&
5^(Jx2Sx i

)2& whereSx i
is the spin of the lost particle. Due

the permutation symmetry of the atomic state,^( jSx j
Sx i

&

5(1/N)^Jx
2&, and thus^Jx8

2&5^Jx
2&(122/N)1

1
4 . After the

loss ofnL atoms, we thus have the reduced squeezing

S85

~N2nL!/4

^Jx8
2&

.S
1

11

nLS

N

, ~9!

whereS is the value of the squeezing before the losses. To
have a negligible effect of losses on the squeezing, we re-
quire nLS/N!1. The sensiblility of squeezing to losses in-
creases as the squeezing increases as expected since strong
squeezing corresponds to strong correlations and entangle-
ment of the particles@17#. With a population of the Rydberg
state of about 1022, which corresponds to the inequalities~7!
fulfilled by a factor 10, the expression~8! for the squeezing
time implies that the loss rateG should obey

D

G
@

102S2 ln~S !

16N
. ~10!

For Rydberg atoms withn;50, an overestimate for the spon-
taneous emission rate and the interaction with the black body
field yieldsG;10 kHz @2#. Thus, to obtain a squeezing of a
factor about 10 with 20 atoms, we requireD@6 MHz. For
D550 MHz the interaction energy between the Rydberg
atom is much larger thanD for a distance between atomsr
<d053 mm @2#. To avoid Doppler broadening ofD it is
necessary to use a cold atomic sample. With a density of
atoms of 231011 atoms/cm3, realized in atomic ensembles
obtained from a magneto-optical trap, the number of atoms
in a volume ofd0

3 is about 20. Thus, squeezing by a factor
about 10 can be obtained.

The coupling introduced by the lasers is well represented
by the Hamiltonian~3!, but as seen in our first proposal for
spin squeezing, the dipole Blockade effect is accompanied
by a nonlinearity in the lightshift of the states and the result-
ing nonlinear terms inhibit the evolution towards states with
significant squeezing. To cancel these lightshifts, we propose
to add three other lasers of the same intensity but with op-
posite detuning of the laser fields indicated in Fig. 2~a!.
These lasers contribute to both the lighshift and the two-atom
Raman coupling. If the two added Stokes fields are
dephased, respectively, by190° and290° with the original
ones, the net effect is a vanishing lightshift but a nonvanish-
ing Raman coupling. Figure 3 shows the calculated evolution
of 20 atoms illuminated by six lasers with appropriate rela-
tive phases. Only states withnr,2 have been taken into
account in the calculation since they are the only states rel-
evant in the

FIG. 3. Evolution of the squeezing factorS5(N/4)/^J
2p/4
2 & as a

function of time. Thick lines: numerical evolution with six lasers as
explained in the text withD550 MHz, D8520 MHz and uV0u
5uV1u5uV2u51.1 MHz. Thin lines: evolution according to the
Hamiltonian~3!. The dashed lines show the evolution of the number
of atoms in the stateub& ~3!.
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presence of a strong interaction between Rydberg atoms. The
numerical results follow the results of the simple quadratic
spin Hamiltonian~3! with a small discrepancy due to even
higher-order terms in the lightshift. The maximum squeezing
factor is approximatly half of the number of interacting
atoms.

It is experimentally relevant to analyze also the case of a
macroscopic sample, where the Rydberg blockade is effec-
tive only for then nearest neighbors of a given atom. The
Hamiltonian for a large ensemble of atoms can be modeled

H52(
iÞ j

v i j~Sx i
Sy j

1Sy i
Sx j

!, ~11!

wherev i j5Veff if the distance between the atomsi and j is
smaller thand0 and vanishes otherwise.~We have introduced
a phase shift of the statesua& and ub& so that the squeezing
occurs alongy.! The time derivative of̂ Jy

2& is

d

dt
^Jy

2&524(
i, j ,k

v i j^Syk
Sz i

Sy j
1Sz i

Sy j
Syk

&. ~12!

Initially, all the atoms are inua&. There is no correlation
between atoms and Eq.~12! gives (d/dt)^Jy

2&(t50)
524nVeff^Jy

2&(t50). Thus, the initial behavior is similar to
that of a small ensemble ofn atoms. For later times, numeri-

cal simulations in the case of a static ensemble show that to
a good approximation, the squeezing evolves similarly to
that in an entire ensemble withn atoms all interacting with
each other and the maximum squeezing is of the order of
n/2. If now the atoms move around sufficiently quickly
(vrms@4nVeffd0) so that they are brought constantly in con-
tact with new neighbors with whom they are not entangled,
stronger squeezing could be expected. Indeed, in each term
of Eq. ~12!, the atomsi andj are not correlated, and because
^Sy i

&50 and ^Sz i
&.1/2, ^Jy

2& continues to decrease expo-

nentially ase24nVefft beyond the minimum obtained forn
atoms.

In summary, we have proposed a mechanism to produce
spin squeezed states of atoms by use of a Rydberg blockade
effect induced by cw laser fields. Our calculations show that
reduction of the collective spin noise by a factor larger than
10 is possible with current experimental parameters. Note
that many other interaction mechanisms may produce a simi-
lar blockade of destructive interference. Due to the interfer-
ence blockade, bichromatically driven quantum transitions
via intermediate states with enhanced interparticle interac-
tions, will in general lead to pairwise transitions and nonlin-
ear collective dynamics of the ensemble.

Isabelle Bouchoule thanks the European Community for
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Preparation of spin-squeezed atomic states by optical-phase-shift measurement
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In this paper we present a state vector analysis of the generation of atomic spin squeezing by the measure-
ment of an optical phase shift. The frequency resolution is improved when a spin squeezed sample is used for
spectroscopy in place of an uncorrelated sample. When light is transmitted through an atomic sample some
photons will be scattered out of the incident beam, and this has a destructive effect on the squeezing. We
present quantitative studies for three limiting cases: the case of a sample of atoms of size smaller than the
optical wavelength, the case of a large dilute sample, and the case of a large dense sample.
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I. INTRODUCTION

Spin squeezing is a means for improving frequency reso-
lution in spectroscopy with samples of two-level atoms. With
uncorrelated atoms the resolution is limited by the projection
noise@1#, due to the width of the binomial atomic distribu-
tion when each atom is in a superpositionaua&1bub& of the
two statesua& and ub&. In a spin squeezed ensemble, en-
tanglement between atoms enables reduced population fluc-
tuations without strong decrease of the coherence between
ua& andub& @1,2#. Such a squeezed ensemble of atoms can be
produced by a quantum nondemolition~QND! measurement
of the populationna in ua& if this measurement has better
resolution than the initial widthAN/2 of the uncorrelated
sample~for the case ofuau25ubu251/2). A recent experi-
ment@3,4# performed such a QND measurement ofna using
the phase shift of a laser beam passing through the sample
and interacting only with the atoms in the stateua&. Far from
resonance, this phase shift is simply proportional to the num-
ber of atoms inua&. The atomic system is modified by the
back action of the measurement on the system state vector,
and the final uncertainty in the number of atoms inua& is
reduced. Following the theoretical proposal of Ref.@5#, fur-
ther experiments have shown@6# that two separate atomic
ensembles can be driven into an entangled state by measure-
ments of the total phase shifts of optical fields passing
through both samples.

In this paper we present a state vector analysis of spin
squeezing by such phase shift measurements. In a micro-
scopic formulation, the phase shifts result from the interfer-
ence between the incident field and the scattered field. When
light interacts with atoms, apart from the phase shift of the
incident mode, scattering of light out of this field mode oc-
curs, and the scattered photons carry information about the
atoms which is not recorded by the experimentalist. The state
of the system is therefore not that deduced from the phase-
shift measurement alone, but rather an incoherent mixture of
states that one would have determined if the scattered pho-
tons had also been detected. This effect reduces the coher-
ence betweenua& and ub& and it thus counteracts the noise
reduction by reducing also the signal used in spectroscopy.

The purpose of the present paper is to investigate the im-
portance of photon scattering for the preparation of spin

squeezed atomic states by phase-shift measurements. In par-
ticular, we shall derive criteria for the possibility to produce
spin squeezed states and calculate the maximum possible
squeezing in the presence of scattering.

The paper is organized as follows. In Sec. II, we introduce
the concept of spin squeezing and some useful relations for
the mean values and variances of spin operators. In Sec. III,
we present our model for phase-shift measurements, and we
introduce a formalism that makes it possible to take photon
scattering into account. In Sec. IV, we analyze the informa-
tion given by the registration of phase shifts only. In Sec. V,
we present simulations and analytical estimates valid for a
cloud that is smaller than the optical wavelength, and for
which photon scattering does not provide any information
about the state of individual atoms. In Sec. VI, we consider
the opposite case where the scattered photons can, in prin-
ciple, be traced back to individual atoms in the cloud. In Sec.
VII, we turn to the more complicated case of a large dense
cloud, which turns out to present the most promising case for
spin squeezing. In Sec. VIII we summarize the results and
conclusions of our calculations.

II. COLLECTIVE SPIN REPRESENTATION
OF AN ATOMIC SAMPLE

The term spin squeezing originates in the treatment of
two-level atoms as fictitious spin-1

2 particles,jW5
1
2 sW , where

sW 5(sx ,sy ,sz) are the familiar 232 Pauli matrices in the
basis of atomic statesua& and ub&. For a gas ofNat atoms,
the collective spin components

JW5(
i

jW i ~1!

have mean values, which characterize the polarization and
atomic state populations of the gas, and quantum-mechanical
uncertainties, which characterize the population statistics.
For precision in spectroscopy and in atomic clocks it is per-
tinent to have a large mean spin vector of the sample and to
have as small a variance as possible in a spin component
orthogonal to the mean spin. Assume that the mean spin
points in thex direction. Heisenberg’s uncertainty relation
states that
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DJyDJz>
1

2
u^Jx&u. ~2!

For the state with all atoms in their respectivejx5
1
2 eigen-

state, the binomial distribution leads to uncertainties ofDJy

5DJz5ANat/2, in accord with the previous inequality. It
was shown by Winelandet al. @1# that if one can construct
spin squeezed states which do not have the same uncertainty
in the two spin components orthogonal to the mean spin, one
may reduce the variance in a frequency measurement onNat
particles by the factor

j2
5

Nat~DJz!
2

^Jx&
2

. ~3!

In Ref. @2#, states which for a given̂Jx& have the smallest
possibleDJz were identified. For largeNat these are well
represented by a Gaussian ansatz for the amplitudes on states
uJ5Nat/2,M & with different eigenvalues ofJz , in which case
one obtains the approximate relation:

^Jx&.~J1
1
2 !S 12

2~DJz!
2

~2J11!2D expS 2

1

8~DJz!
2D

;JexpS 2

1

8~DJz!
2D . ~4!

Spin squeezed states may be produced in a number of
different ways: by absorption of squeezed light@7#, by con-
trolled collisional interaction in Bose-Einstein condensates
@8# or in a classical gas@9#, by coupling through a single
motional degree of freedom or through an optical cavity field
mode@10,11#. One advantage of the QND scheme, analyzed
in the present paper, is the automatic matching of the capa-
bility to produce the state and the ability to detect spin
squeezing, which is done by the same kind of measurement.
To verify that the fluctuations inna have been reduced, one
has to to show that two subsequent measurements agree~to
within the desired uncertainty!. If one can produce a state
with a reduced number fluctuations by means of a QND
measurement, one will also have the resolving power to
make use of such a reduction in a high-precision experiment.

III. A PHYSICAL SETUP FOR PHASE MEASUREMENTS

In Fig. 1, we illustrate a physical setup, where a beam of
light enters a Stern-Gerlach interferometer which contains an
atomic sample in one of its arms. By lenses, the field is
focused on the sample of transverse dimensionX. For sim-
plicity, we assume that the decomposition in plane waves of
the incident photons is uniform for all anglesu smaller than
the focusing angleu0, which, in turn, is so small that the
incident field is homogeneous across the area of the atomic
cloud. Letg05ku0 /(2Ap) denote the probability amplitude
per unit surface for a photon to pass at the center of the mode
(g0

2dxdy gives the probability that the photon passes in the
areadxdy around the center!. A second lens maps the field
back onto the initial mode, and the second beam splitter of

the interferometer recombines the optical beams for the read-
out of the phase shift induced by the presence of atoms in the
lower part of the interferometer. The atoms populate states
ua& and ub&, and the optical field couples off-resonantly the
stateua& to an auxiliary atomic state, so that a phase shift on
the light field is induced, which is proportional to the popu-
lation na .

We now take into account the scattering of the photons by
the atoms. The scattering is the normal spontaneous emission
by the atom, given in the electric dipole approximation by
well-known angular distributions for photons of different po-
larizations. Since our purpose is not to determine the angular
distribution of scattered light, but rather to estimate its dam-
aging effect on the atomic state preparation, we assume sim-
ply that every atom scatters photons isotropically with am-
plitude f. At low atomic saturation, the scattered photons are
coherent with the incident field.

We shall present a calculation in which the photons are
scattered one at a time by the sample. The scattered part of
the wave function of a single photon is entangled with the
state of the atomic sample, since an atomic state with a defi-
nite sequence of atoms populating the stateua&, ueW &
5u1:e1,2:e1 , . . . ,Nat:eNat

&, wheree i5ua& or ub&, leads to
the photonic wave function

cscatteW
5

e ikr

r
f eW~V !g0 , ~5!

where f eW(V) depends on the state of the atomic sample.
In the first Born approximation,f eW(V) is

f eW~V !5 f (
i,e i5ua&

e iDkW•rW i, ~6!

where DkW is the difference between the scattered and the
incident wave vectors. Foru,u0 , f eW(V). f eW(0)5 f na .

In the Born approximation, the flux of photons is not con-
served. To remedy this problem, we write the angular part of
the photon wave function far from the atomic sample~sum
of the scattered wave function and the incident wave func-

FIG. 1. Configuration for a spin squeezing experiment. Atoms
occupying a region in one arm of an interferometer are illuminated
by a component of an optical field, incident from the left in the
figure. The phase shift of the light field due to interaction with the
atoms in a specific internal state is registered by the different pho-
tocurrents in the two detectors.
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tion! in the following form which is equivalent to the first-
order Born approximation but which conserves the photon
flux:

f eW~V !g05H f eW~V !g0 for u.u0

2i
k

2pg0
A~12sscatt! e i(2p/k) f naug0u2

for u,u0 ,
~7!

where

sscatt5E
u.u0

u f eW~V !g0u2dV ~8!

and f eW is given by Eq.~6!.
If the atomic sample is in one of the statesueW &, this state

is unchanged by the transmission of a photon through the
interferometer. The scattering state of the photon, however,
depends on the argumenteW , and taking into account the un-
scattered component in the upper arm, we write this state in
quantum notation as

uc&p,eW5
1

A2
~ uc& ref1uc&eW). ~9!

If the initial state of the cloud is in a superposition of
different statesueW & the joint state of the photon and the atoms
becomes the entangled state

uC&5(
eW

CeWuc&p,eWueW &5(
eW

CeW

1

A2
~ uc& ref1uc&eW)ueW &.

~10!

It is at this stage that the photodetection takes place. Pho-
todetector 1@2# of the interferometer detects photons in the
mode u1&5(e ifuc& ref1e2ifuc& inc)/A2 @ u2&5(e ifuc& ref

2e2ifuc& inc)/A2], with uc& inc the field transmitted by the
lower path of the interferometer in the absence of atoms. The
detection of a photon in one of the detectors sketched in Fig.
1 thus extracts the corresponding projection of the state vec-
tor uC&. This projection causes a noncontinuous change of
the atomic state vector amplitudes,

CeW→
1

2
@e if

1e2ifA~12sscatt! e i(2p/k) f naug0u2#CeW ,

detector 1,

CeW→
1

2
@e if

2e2ifA~12sscatt! e i(2p/k) f naug0u2#CeW ,

detector 2.

~11!

We recall thatna andsscatt depend oneW .
The probabilitiesp1 and p2 to detect the photon in de-

tector modes 1 and 2 are given by the squared norms of the

vectors described by the new amplitudes after application of
either projection according to Eq.~11!. One may thus simu-
late the detection process by chosing one of the two prescrip-
tions, update the amplitudes, and renormalize the state vec-
tor. Detection of many photons is simulated by iterative
updating of the state vector amplitudes.

In addition to the detection events just described, we have
identified the possibility for photons to be scattered into
other directionsV. The effect of such an event is of pre-
cisely the same character as the projections just described. If
the photon is detected in the directionV, the corresponding
projection operator amounts to multiplying each amplitude
of the initial atomic state with the corresponding scattering
amplitude

CeW→ f eW~V !CeW , detection in directionV. ~12!

The detector actually has a finite size and detects the photon
in a mode withf centered aroundV but spread overdV.
With dV!1/kX, the scattered wave function is constant
over dV and the probability to detect a scattered photon
within the solid angledV in the directionV is thus

P~V !5(
e

1/2ug0u2u f ~V !u2uCeu
2dV. ~13!

To simulate the scattering of photons we divide the sur-
face of the scattering sphere in sections by longitudes and
latitudes, and we imagine detectors located in each section.
The poles of the sphere are in the direction of the incident
beam, and the solid angle delimited byu,u0 corresponding
to the incident beam is of course not covered by such detec-
tors since photons emitted in this solid angle go in the inter-
ferometer. For each incident photon, the probability to have a
click in each detector of the sphere is computed. By adding
the probabilities we computesscatt and determine the prob-
abilities to detect the photon in detectors 1 or 2. The detector
in which the photon is detected is chosen randomly in the
simulation accordingly to all the calculated probabilities, and
the state of the atoms is modified according to Eq.~11! or
~12!.

IV. INFORMATION GIVEN BY THE INTERFEROMETER

We shall now analyze the states resulting from the inter-
action with the field and the detection of the photons. In this
section we neglect photon scattering and study only the ef-
fect of photons measured in detectors 1 and 2. We thus as-
sume thatsscatt50, in which case we can rewrite the factors
in Eq. ~11!, and obtain the state of the atoms after the detec-
tion of N1 photons in detector 1 andNp2N1 photons in
detector 2,

uc&5(
eW

CeW cosS f2pg0
2 f

k
naD N1

3sinS f2pg0
2 f

k
naD Np2N1

ueW &. ~14!

In this equation we have ignored a phase factore ip f nag0
2Np /k,

which corresponds to a phase shift of the stateua& or a rota-
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tion aroundz in the spin language. To avoid such a rotation,
one may apply an energy shift on stateua& or an alternative
measurement scheme, where atoms in stateub& are also de-
tected by optical phase shifts.

As a consequence of the photodetections, the populations
of states with a definite numberna of atoms in stateua& are
thus multiplied by the factors

FNp
~N1 ,na!5cosS f2pg0

2 f

k
naD 2N1

3sinS f2pg0
2 f

k
naD 2(Np2N1)

. ~15!

By differentiation with respect tona , we find that
FNp

(N1 ,na) is peaked at valuesna
0 , which obey

tanS f1pg0
2 f

k
na

0D56ANp2N1

N1
. ~16!

The valuesna
0 correspond of course to atomic populations so

that the probability for the photons to be detected in modes 1
and 2 after the interaction are in agreement with the ratios
N1 /Np andN2 /Np observed by the measurement.

To estimate the width ofFNp
(N1 ,na), we calculate the

second derivative ofFNp
(N1 ,na) at na

0 . We find that

]2

]na
2
FNp

~N1 ,na!~na
0!524NpS pg0

2 f

k D 2

FNp
~N1 ,na

0!.

~17!

So the more photons that are transmitted, the narrower the
width of the peaks inFNp

(N1 ,na). The width does not de-

pend on the initial relative phasef between the two arms of
the interferometer nor on the result of the measurement. If
we suppose thatF is Gaussian, the following equation gives
the rms width ofF in na :

Dna int
5

1

2pg0
2 f

k
ANp

. ~18!

Equation~16! has several solutions due to the two pos-
sible signs, and due to the periodicity of the tan function. If
several such solutions lie within the initial binomial distribu-
tion of na , the state obtained after the measurement will be a
coherent superposition of spin states with different mean val-
ues of Jz , i.e., a kind of ‘‘Schro¨dinger cat.’’ However, a
change ofN1 or Np2N1 by unity changes the relative phase
between peaks byp. Thus, with realistic photon detectors
with an efficiency smaller than unity, the relative phase is
unknown and the system is described by a statistical mixture
of the states.

In order to obtain spin squeezing, we want to ensure that
only a single value ofna

0 inside the initial distribution obeys
Eq. ~16!, so that the detection unambiguously leads to a more
narrow distribution inna . This requires

p

2pg0
2f /k

.AN and
fk

pg0
2f

@AN. ~19!

Equation ~3! shows that it is not enough to reduce the
uncertainty inJz to have useful spin squeezing, one must
also ensure that the mean value ofJx remains large. The
outcome of the interferometric detection is close to ideal in
this respect. The resulting state vector has amplitudes on the
different Jz eigenstates which follow a Gaussian distribution
very well, and the approximation~4! for the mean spin is
close to the maximum possible value for any given variance
of Jz .

Using Eqs.~4! and ~18! we obtain

j5

1

ANatANppg0
2 f

k

ep2g0
4f 2Np/2k2

. ~20!

The minimum value ofj, for a fixedNat , is

jMin5A 1

Nat
, ~21!

and is obtained for the photon numberNp5k2/p2g0
4f 2. This

value of j is the minimum value allowed as shown in Ref.
@1#.

For a large number of atoms, the squeezing factor~21!
can be really significant. The production of spin squeezed
states by QND detection is susceptible, however, to two pos-
sible drawbacks caused by scattering of photons.

~1! Scattered photons carry information aboutJz , so that
this quantity could, in principle, be known better than the
width of FNp

(N1 ,na), and according to Eq.~4!, the mean
spin will be reduced.

~2! Scattered photons carry information about the spatial
distribution of atoms in the stateua&. The state is then no
longer symmetric under the exchange of particles,J values
smaller thanNat/2 become populated, and the mean spin is
accordingly reduced.

We shall now turn to a quantitative analysis of these ef-
fects.

V. SMALL CLOUD

In this section we consider the case of a cloud of atoms
confined to a region in space smaller than the optical wave-
length. This implies that the scattered photons will not con-
tain information about the individual atoms in the ensemble.
They will, however, carry information aboutna that is not
known to the experimentalist who measures only the fields
by detectors 1 and 2.

A. Numerical simulations

In a numerical simulation of the detection process we
place atoms randomly in space according to a Gaussian prob-
ability distribution, and assume an initial state where all at-
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oms are in (ua&1ub&)/A2. No restriction is made on the state
at later times, which is expanded in the whole space of di-
mension 2Nat.

Figure 2 presents the evolution obtained for one particular
history for a cloud of eight atoms confined to a spatial region
of dimensionl/100 and interrogated by a beam that is fo-
cused on the atoms with an angular aperture ofu050.45p.
The variance of the distribution of atoms inua& @i.e., Š(Jz
2^Jz&)

2‹] is plotted as well as the value expected from the
results of Sec. IV@i.e., the multiplication of the initial distri-
bution with the functionFNp

(N1 ,na)].
The value of̂ JW2& keeps almost the initial maximal value

of 20, which indicates that the cloud stays in a symmetric
state. This is expected as the atoms are closer to each other
thanl and then it is not possible to discriminate between the
atoms with the scattered photons.

The last graph plots the value of̂Jx& and of
A^Jx&

2
1^Jy&

2, which is the length of the mean spin in the
horizontal plane, and which may be larger than thex com-
ponent because of small angular spin rotations that occur
during photon scattering.

Figure 3 shows the variance ofJz and the mean value of
Jx and of the largest projection of the spin orthogonal to the
z axis. These results are obtained as the average over 90
independent realizations of our simulation. Both in Figs. 2
and 3, we observe that the actual width inJz is smaller than
that concluded from the interferometric measurement: the
fact that the atoms are coupled to other modes of the field
also leads to squeezing. We recall, however, that the quantity
Š(Jz2^Jz&)

2‹ is not a measurable quantity, as^Jz& depends
on the particular history. To exploit the squeezing due to
scattering, one has to deduce^Jz& for each experiment by
keeping track of the scattered photons.

B. Analytical estimates

The effect of the scattered photons can be computed ana-
lytically. Taking rW i50W for all i, Eqs.~6! and ~12! show that
the atomic state vector amplitudes are multiplied simply by
the coefficientAs1na after the detection of a scattered pho-
ton, and by the coefficientA12s1na

2 in the absence of scat-
tering wheres15 f 2g0

22p(11cosu0) is the scattering prob-
ability per atom in stateua&.

After the detection ofNscatt out of a total number ofNp
photons, the wave function of the atoms becomes

uc&5(
na

Cna
~As1na!NscattA12s1na

2Np2NscattueW &, ~22!

so the probability distribution forna is multiplied by

G~Nscatt,na !5~s1na
2!Nscatt~12s1na

2!Np2Nscatt. ~23!

This function is maximum at

na0scat
5A Nscatt

2p~11cosu0!g0
2f 2Np

~24!

and its width can be estimated by assuming a Gaussian shape
with the same second derivative at the peak value,

FIG. 2. Results of a single simulation with eight atoms whose spatial positions follow a Gaussian law with a width of 1022l/2p. The
angular spread of the incident beam isu050.45p, close to the best that can be achieved.~a! Solid line: ^Jz& as a function of the number of
photons launched on the atoms. Long-dashed line :Š(Jz2^Jz&)

2‹. Short-dashed line: expected evolution ofŠ(Jz2^Jz&)
2‹ according to Eq.

~18!, taking into account the width of the initial distribution.~b! Evolution of ^JW2&. The slight decrease shows that the state vector acquires
only small components outside the symmetric subspace.~c! Evolution of the mean value of the spin in the horizontal direction~upper trace!
and of the component of the spin along the expected direction~lower trace!.

FIG. 3. Average over 90 histories.~a! Thin solid line: evolution
of Š(Jz2^Jz&)

2‹ as a function of the number of photons launched on
the atoms. Note that this quantity is not measurable, as^Jz& depends
on the particular history. The dashed thin line gives the value ex-
pected from the scattering process only. It is a convolution between
the initial distribution and a distribution of width given by Eq.~25!,
both assumed to be Gaussian. Solid fat line: evolution ofŠ(Jz

2Jzcalc
)2‹, whereJzcalc

is deduced, for each history, from Eq.~16!

and from the knowledge of the numberN1 of photons detected in
detector 1 and the numberN2 of photons detected in detector 2.
This quantity agrees with Eq.~18! shown by the dashed fat line.~b!

Solid line and short-dashed line: evolution ofA^Jx&
2
1^Jy&

2 and
^Jx&. A rotation of p/k f g0

2Nphotons is applied in thexy plane to
compensate for the light shift. Dashed line: expected behavior due
to the squeezing realized by scattering. Dotted line: expected be-
havior if the width of theJz distribution were only given the by
interference detection.
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Dna scat.
1

A8p~11cosu0!g0
2f 2Np

. ~25!

This width is always smaller than the width inna of the
functionF becauseg05ku0 /(2Ap), which is about the in-
verse of the transverse size of the beam on the cloud, is
always smaller thank:

Dna scat

Dna int
5

1

4

g0

k

1

11cos~u0!
,1. ~26!

In every single realization, the width of thena distribution
is thus set by the number of scattered photons. After averag-
ing over the unknown number of scattered photons we re-
cover the broader distribution determined by the interferom-
eter readoutN1 and N2. Since the scattered photons do not
drive atoms out of or into the stateua&, the atomic density
matrix obtained by an average over the number of scattered
photons has the same diagonal elements in the basis$uJ,M &%
as the pure state that one would expect without photon scat-
tering. But, the coherence terms of the density matrix are
different from that of the pure state, and therefore the length
of the mean spin will be altered by the scattering events. This
is seen in Fig. 3~b!, where the three lower curves show the
actual value of̂ Jx&, of A^Jx&

2
1^Jy&

2 ,and of the estimate
~4!, based on the small variance ofJz due to the scattering.
There is excellent agreement between these curves. The up-
per curve shows the larger value of the mean spin, which one
would have obtained in the absence of scattering.

Our numerical simulations and our analytical estimates
show that the effect of the scattering is to produce stronger
squeezing than the interference measurement. After averag-
ing over the unresolved scattering histories, this squeezing
does not affect thena populations. But, its effect is to reduce
the mean spin̂ Jx&. In principle, one could determine the
number of scattered photons by the difference between the
number of incident photons and the number of photons de-
tected in the interferometer. For a Poissonian source of light,
however, this number cannot be determined to a higher pre-

cision thanANp, which turns out to be larger than the re-
quired precision on the loss in photon number due to scatter-
ing.

As pointed out in Sec. II, the pertinent factor for spin
squeezing isj defined in Eq.~3!. Using Eq.~18! for DJz and
Eqs.~4! and ~25! to determinê Jx&, we obtain

j5

1

ANatANppg0
2 f

k

e2pg0
2f 2Np. ~27!

The minimum value ofj, for a fixedNat , is

jMin5A 4e

pNat

k

g0
, ~28!

and is obtained for the photon numberNp51/(A4pg0
2f 2).

Because the size of the incident beam is larger than the
wavelength,g0,k and jMin is larger than in the ideal case
~21!.

VI. LARGE DILUTE CLOUD

The effect of the scattering in the case of a cloud of ex-
tension larger thanl is very different from the case of a
small cloud. The number of scattered photons will still, as in
the case of a small cloud, give us information on the total
number of atoms inua& and, thus, scattering will by itself
produce squeezing. But in the case of a big cloud, the angu-
lar distribution of the scattered photons gives information
also on the position of the atoms inua&, and the atomic
system therefore looses its invariance under the permutation
of particles. The system will thus no longer be fully repre-
sented by the (Nat11) Dicke states of maximalJ5Nat/2.
This does not affect thez component of the spin but strongly
reduces the horizontal component of the spin.

A. Numerical simulation

In order to analyze the effect of the scattering alone, we
have performed simulations of the evolution of the atomic
state under the detection of scattered photons. The directions

FIG. 4. The cloud contains eight atoms spatially distributed according to a 3D Gaussian probability law of rms width 10l/2p. The
incident beam, focused on the atoms, has an angular spreadu052Apg0 /k52Ap0.0550.14. ~a! Evolution of ^Jz& ~solid line! and Š(Jz

2^Jz&)
2‹ ~long dashed line! as functions of the number of photons which are launched on the atoms. The dotted line indicates the value of

Š(Jz2^Jz&)
2‹ expected for a dense cloud of eight atoms illuminated by the same beam@Eq. ~25!#. The short dashed line gives the result of

Eq. ~29!. ~b! Evolution of ^JW2&. The first drop from the maximal value 20 occurs at the first detection of a scattered photon.~c! Evolution
of the mean horizontal spin~solid line!. In short-dashed lines is shown the expected value of^Jx& according to Eq.~4! for J5Nat/2. The
result of Eq.~30! is shown with the dashed line.
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of photodetection were chosen according to the procedure
outlined in Sec. III, and Fig. 4 presents the result of a single
simulation. In this simulation, we see a decrease ofŠ(Jz
2^Jz&)

2‹ as well as a departure from the symmetric space
~decrease of̂JW2&). It is also clear that the decrease ofŠ(Jz
2^Jz&)

2‹ is not as rapid as suggested by Eq.~25!, which was
valid for the small cloud.

Let us present a naive argument for the decrease ofŠ(Jz

2^Jz&)
2‹. Assume that the cloud is in a stateueW &, where each

atom is either inua& or ub&. This state is unaffected by the
interaction with the photon field. Letp denote the probability
that a photon is scattered by the cloud of atoms. In the ab-
sence of super-radiance, we expectp5s1na . The number of
scattered photonsNscatt thus has a mean valuepNp and an
uncertaintyApNp, and we estimatena by Nscatt/sNp with an
uncertainty ofDna5Ana /sNp. If the state of the cloud ex-
pands over differentna , the measurement ofNscatt will re-
duce the width of the distribution by multiplying with a func-
tion of width Dna5Ana /sNp. Taking s54pg0

2f 2 and an
initial state where all atoms are in (ua&1ub&)/A2,

^~Jz2^Jz& !2&5

1

4

Nat
1

8pg0
2f 2Np

Nat

. ~29!

This function is plotted in Fig. 4~a!. It reproduces quite well
the numerical evolution, although the numerical evolution
shows a faster squeezing.

After averaging over histories, as discussed in Sec. V, the
squeezing due to scattering has no effect on the distribution
of na but it will reduce the horizontal component of the total
spin. The upper dashed line in Fig. 4~c! predicts the reduc-
tion due to this effect, according to Eq.~4!, taking J
5Nat/2. We see that the horizontal spin determined in our
simulation is even smaller than this estimate. The reason for
this is that the state of the cloud is not in the symmetric
subspace as assumed when we putJ5Nat/2 in Eq. ~4!. The
state of the cloud may be expanded on subspaces with dif-
ferent totalJ, and the mean value ofJx is averaged over
these different subspace components. To check the consis-
tency of this picture we compare the decrease of^JW2& with
that of ^Jx&. The maximum^J& for a given ^JW2&5^J(J
11)& is A114^J(J11)&/221/2 and it is obtained if only
the subspace withJ5^J& is populated. If we assume that the
Jz distribution~centered around zero! is the same in all sub-
spaces, we estimate that

^Jx&<e21/8 Var (Jz)S 2

1

2
1

A114^J~J11!&

2 D . ~30!

The curve corresponding to the right-hand side of this in-
equality is plotted in Fig. 4. It reproduces quite well the
decrease of̂Jx&.

B. Analytical estimates

If the atomic cloud is dilute enough and not too large, it is
possible to know by which atom any photon has been emit-

ted. In other words, it is possible to design an optical system
which collects all the photons emitted outside the incident
mode and which produces a separate image of each atom.
This implies that the flux of scattered photons is only pro-
portional to na and not tona

2 : there is no super-radiance.
Then the scattered photons give information not only on the
total number of atoms inua& but also on which atoms are in
ua&. The second effect damages the squeezing realized by the
interference measurement as it decreases correlations be-
tween atoms. When a photon is transmitted, the probability
that it is scattered by an atom inua& is approximately
4pg0

2f 2. Thus after aboutNp51/4pg0
2f 2 photons have been

transmitted, we know almost with certainty if the atom is in
ub& or ua&, and there is then almost no correlation between
the atoms and hence no squeezing. Indeed, as each atom is
either in ua& or ub&, ^ jx&50 for each atom. In order to ob-
serve squeezing, the number of photons used in the experi-
ment is limited and this in turn limits the reduction in
Var(Jz).

Within a more quantitative analysis of the effect of scat-
tering let,f denote the flux of incident photons. As long as
an atom scatters no photons, its state evolves according to
the effective Hamiltonian

Hnh52

i

2
f4pg0

2f 2ua&^au. ~31!

The probability to scatter a photon duringdt is

Pdt5^aucua&2f4pg0
2f 2dt. ~32!

After averaging over histories only the coherence termsab
of the density matrix evolves and it obeys

dsab

dt
52

f

2
4pg0

2f 2sab . ~33!

Thus,^ jx&51/2(sab1sab* ) follows the same exponential de-
cay, and it follows that the total spinJx5( jx i

decreases as

^Jx& t5^Jx&0e22fpg0
2f 2t

5^Jx&0e22Nppg0
2f 2

. ~34!

The reduction of̂ Jx& due to the interferometric detection,
estimated using Eq.~4!, is less important than the reduction
of ^Jx& due to scattering and we will neglect it here. Var(Jz)
is given by Eq.~18!, and the squeezing factor reads

j5

1

ANNppg0
2 f

k

e2Nppg0
2f 2

. ~35!

Its minimum value is

jMin5A 2e

pN

k

g0
, ~36!

and it is obtained forNp51/(4pg0
2f 2).

Although the physical regimes are very different, the re-
sult is similar to Eq.~26!.

PREPARATION OF SPIN-SQUEEZED ATOMIC STATES . . . PHYSICAL REVIEW A 66, 043811 ~2002!

043811-7

✶✶✾



VII. LARGE DENSE CLOUD

We now turn to an analysis of the situation of many atoms
in a large cloud with a density that is large compared to 1/l3.
In this case, we are not able to carry out simulations, and we
are therefore restricted to an analytical approach. We shall
make the assumption of a dense cloud, so that it may be
divided into a large number of cells of sizea3 smaller than
l3 but still containing a large number of atoms. For simplic-
ity, we assume that the distribution of atoms is uniform over
a box of sizeLx5Ly5Lz . As the size of the cell is smaller
thanl3, the scattering of photons does not bring information
on the repartitioning of the atoms inua& inside each cell and
the state of the cloud can be described by states that are
symmetric under exchange of particles inside each cell. The
statesunW &5un1 ,n2 , . . . ,nM& with well-defined numbersn1 ,
n2 , . . . ,nM of atoms inua& in the cells 1,2, . . . ,M are not
modified by the scattering. The number of atoms per cell is
sufficiently large so that we consider that the number of at-
oms in ua&, on the order ofNcell/2, can be considered as a
continuous variable with initial fluctuations of orderANcell/2.

A. Initial state of the cloud

Initially, all the atoms are in the state 1/A2(ua&1ub&).
The expansion of the state of the cloud on the basis$unW &% is
then

uc&at5E dn1E dn2•E dnMc~n1!c~n2!•••c

3~nM !un1 ,n2 , . . . ,nM&, ~37!

wherec(n) is the square root of the binomial distribution of
mean valueNcell/2, which we will approximate by a Gauss-
ian distribution.

We will now define the new variables

Nc ix ,iy ,iz
5A 2

M(
lW

n lW cos~KW iW•rW lW!,

Ns ix ,iy ,iz
5A 2

M(
lW

n lW sin~KW iW•rW lW!, ~38!

N05A 1

M(
lW

n lW ,

with

KW iW5
2p

aNx
ixxW0

1

2p

aNy
iyyW 0

1

2p

aNz
izzW

0,

rW lW5alxxW0
1alyyW 0

1alzzW
0, ~39!

where iz,0 or (iz50 and ix,0) or (iz5ix50 and iy
,0).

Note that all the operatorsNa andNb commute since they
are all diagonal in the basis$unW &%.

The initial state of the cloud can be expanded in the new
basis of eigenstates

uc&at5E dN0E dNc1
E dNs1

•••E dNc(M21)/2
E dNs(M21)/2

3C~N0!h~Nc1
!h~Ns1

!•••h~Nc(M21)/2
!h~Ns(M21)/2

!

3uN0 ,Nc1
,Ns1

, . . . ,Nc(M21)/2
,Ns(M21)/2

&, ~40!

whereh is a Gaussian centered on 0 with an rms width of
ANcell/2 @h2 has a widthANcell/2 equal to the width of
c2(n i)] and C has the same width but is centered on
AMNcell/2. This distribution is represented in Fig. 5. Initially,
there is no correlation between the distributions inNs/c i

and
they are all the same.

The vector space can be seen as a tensor product of~M
11!/2 spaces: The space acted upon byN0, and for eachi,
the spaceEi acted upon by the operatorsNc i

and Ns i
. All

these spaces have infinite dimension and they admit as basis
statesuNc i

,Ns i
&, whereNc i

,Ns i
are real. This basis will turn

out to be useful for the description of the state vector dynam-
ics due to photon scattering.

B. Effect of the scattering

Due to energy and momentum conservation in the scatter-
ing process, a fluctuation in the cloud will couple to the light
only if its Fourier transform has componentsKW i on the scat-
tering sphere defined as the vectorskW d , which fulfill ukd

W

2kW incu5k.
We will now assume for simplicity that the Fourier trans-

form associated with eachKW i are uniform over disjoint vol-
umesdkx52p/Lx , dky52p/Ly , anddkz52p/Lz , shown
as small rectangles in Fig. 6. The circle in Fig. 6 depicts the
scattering sphere and crosses represent the discreteKW i wave
vectors which contribute to the scattering. With this approxi-
mation, the observation of a scattered photon gives informa-
tion on the modulation of the atomic population in stateua&
with the corresponding discrete wave vector.

FIG. 5. Inital distribution among the states (un1 ,n2 , . . . ,nM&)
or the states (uN0 ,Nc1

,Ns1
, . . . ,Nc(M21)/2

,Ns(M21)/2
&) in the case

where there are only three cells (M53). Represented is a surface
on which the population is constant. The circle surrounding the
origin is the projection of the sphere on the (Nc ,Ns) plane.

ISABELLE BOUCHOULE AND KLAUS MO” LMER PHYSICAL REVIEW A 66, 043811 ~2002!

043811-8

✶✷✵ ❈❍❆P■❚❘❊ ✽✳ ❚❆❇▲❊ ❉❊❙ ▼❆❚■➮❘❊❙ ❉❊ ▲❆ ❈❖▼P■▲❆❚■❖◆



Let us consider aKW i which is on the scattering sphere and
the associated solid angledV i . The effect on the state of the
system associated with the detection of a photon in this solid
angle is given by the operator

P~V !5AdV ig0f(
lW

n lWe
i(kd
W

2kW inc)rW lW

5AdV ig0fAM

2
~Nc iW

1iNs iW
!. ~41!

This operator changes the relative phase between the com-
ponent with fluctuations in cosine and sine components. Be-
cause the operator in Eq.~40! acts only on the spaceEi , no
correlations between fluctuations at different wave vector ap-
pear and the state of the cloud will thus remain of the form

uc0&uc1& . . . uc (M21)/2&, ~42!

whereuc i& is a state of the spaceEi . Note that this result is
an approximation that relies on our assumption that the Fou-
rier transform of the fluctuations at differentKW i are disjoint.
Furthermore, the assumption that atoms are uniformly dis-
tributed over our spatial grid is important. Indeed, if the
number of atoms inua& in different cells is not the same for
each cell, the initial state would present correlations between
K i’s and knowledge about the state in the subspaceEi would
also imply knowledge about the state in otherEj .

If a photon is detected in the incident mode, the effect on
the state of the atoms, to second order inf, is given by

P5)
i
A12g0

2f 2
M

2
dV i~Nc i

2
1Ns i

2 !. ~43!

Thus, in this approximation, neither scattering nor the ab-
sence of it yields correlations between differentK i’s, and the
state of the cloud will stay in a product state as in Eq.~42!.

After transmission ofNp photons and the detection ofNsc

photons scattered in the directionkWdiff5kW inc2KW i , the wave
function in the spaceEi becomes

uc i&5E dNc i
E dNs i

~Nc i
1iNs i

!Nsc

3SA12g0
2f 2

M

2
dV i~Nc i

2
1Ns i

2 ! D Np2Nsc

h

3~Nc i
!h~Ns i

!uNc i
,Ns i

&. ~44!

Thus, the population of the statesuNc i
,Ns i

& is multiplied by
the factor

G~ANc i

2
1Ns i

2 !5~Nc i

2
1Ns i

2 !Nsc

3F12g0
2f 2

M

2
dV i~Nc i

2
1Ns i

2 !GNp2Nsc

,

~45!

which depends only onNc i

2
1Ns i

2 . This is expected as the

detection of the scattered photons does not reveal any infor-
mation about the phase of the spatial grating in the cloud of
atoms inua&.

A calculation similar to that in Sec. VI B shows thatG has
a width

DN i5

1

AdV i

M

2
g0

2f 2Np

. ~46!

Figure 7 depicts the final distribution over the states
N0 (Nc i

,Ns i
) in the simple case where the cloud is divided

into only three cells.

C. Effect of scattering on ŠJx‹

Photons scattered in the forward direction in the solid
angle u,u0 give information onN0 and thus on the total
number of atoms inua&. The other scattered photons give
information on the spatial fluctuations of the atoms inua&
and, in the case we consider where the number of atoms per

FIG. 6. Diffusion sphere and components of the discrete Fourier
decomposition which participate in the diffusion.

FIG. 7. Distribution over the states (un1 ,n2 , . . . ,nM&) or the
states (uN0 ,Nc1

,Ns1
, . . . ,Nc(M21)/2

,Ns(M21)/2
&) after the measure-

ment. Compare with Fig. 5. The case of only three cells is repre-
sented. The distribution of the population in the basis (uNc ,Ns&) for
a well-definedN0 does not depend onN0 and is given by the pro-
jection of the torus on the plane (Nc ,Ns).
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cell is large and approximately constant, no information on
N0 is given by the photons scattered outside the solid angle
u,u0. This is completely different from the case considered
in Sec. VI B, where in a single experiment the number of
atoms inua& was mainly determined by the scattering.

In the case considered here, even ifN0 is not affected by
the scattering outside the incident beam, the state is affected
by scattering events due to the departure from the space of
states, which is symmetric under exchange of atoms. After a
series of detections, the state of the cloud has components in
different subspacesJ because the scattering~or its absence!
brings the system into nonsymmetric states withJ,N/2. We
thus expect̂ Jx& to be smaller than the value obtained for a
state with the same distribution ofJz eigenstates but in the
symmetric subspaceJ5N/2.

We have

^Jx&5(
i

^Jx i
&, ~47!

where ^Jx i
& is the mean value ofJx corresponding to the

atoms of the celli. It is

^Jx i
&5E dn1•••dn i21dn i11•••

3dnMS E dn iU f ~n1 , . . . ,nM !U2D
3^Jx i

&n1, . . . ,n i21 ,n i11 , . . . ,nM
. ~48!

The state is invariant by exchange of atoms inside a single
cell, and the results of Eq.~4! can be used to estimate
^Jx i

&n1, . . . ,n i21 ,n i11 , . . . ,nM
by

^Jx i
&n1, . . . ,n i21 ,n i11 , . . . ,nK

.
Ncell

2
e21/8 Var(Jz i

). ~49!

Taking i51, we note that Var(Jz1
) is the rms width of the

function

F~n1!5C8S n1

AM
1

n21•••1nM

AM
D

3)
i

Hi8@ANc i
~n1!2

1Ns i
~n1!2#, ~50!

where C8(N0) is the final population distribution over the
states$uN0&% andHi8(N i)5Gi(N i)h4(N i) is the final popula-
tion distribution among the states$uNc i

5cos(a)Ni ,Nsi

5sin(a)Ni&% ~It does not depend on the anglea).
For the initial distribution,C8(n1 /AM1•••) has an rms

width of AMNcell/2 in n1 and Hi„ANc i
(n1)2

1Ns i
(n1)2…

5h2@A2/Mcos(KW i•rW1)n11•••#h2@A2/Msin(KW i•rW1)n11•••# has

an rms width ofAMNcell/8 as a function ofn1. Thus, Eq.

~50! gives an rms widthDJz1
equal to ANcell/2 for any

(n2 , . . . ,nM), which is expected.

After the detection, the width ofC8 has been reduced by
the interference measurement toDna inter

/AM and the rms

width in n1 of C8(n1 /AM1•••) is

Dn1inter5Dna inter
. ~51!

The detection of scattered photons modifies the distribution
Hi8 which is then no longer separable inNc i

andNs i
. But it

follows from the definition~38! and from Eq.~46! that, on
average,Hi8 has an rms width inn1 which scales as

Dn1 i;AMDN i . ~52!

If we assume that the distribution ofn1 is given by the initial
Gaussian, which is multiplied by Gaussian factors due to the
interferometric detection and due to the scattering, we obtain
the result

1

Dn1
2

5

1

Dna inter

2
1 (

i,KW iPSscatt

1

MDN i
2

1 (
i,KW iP” Sscatt

8

MNcell
.

~53!

The squeezing due to scattering and due to interferometric
detection is significant, and we can hence ignore the last
term, which is due to the initial width of the distribution. The
contribution due to the interferometric detection is given by
Eq. ~18!, and the sum over thei for which KW i is on the
scattering sphere follows from Eq.~46!:

(
i,KW iPSscatt

1

MDN i
2

52pg0
2f 2Np . ~54!

By comparison of Eqs.~18! and~54!, we see that the contri-
bution due to interferometric detection is approximately a
factor g0

2/k2 times that due to scattering. 1/g0
2 is larger than

the area of the cloud, which itself is much larger thanl2.
Thus,g0

2/k2
!1 and the width inn1 is mainly determined by

the scattered photons:

1

Dn1
2

5

1

Var~Jz1
!

.
1

2
s1Np . ~55!

Coming back to Eqs.~49! and ~47!, we get

^Jx&.
N

2
e2(p/8)g0

2f 2Np. ~56!

Thus, the squeezing factor reads

j5

1

ANNppg0
2 f

k

e (p/8)g0
2f 2Np. ~57!

Its minimum value, achieved forNp54/(pg0
2f 2), is

jmin5A e

4pNat

k

g0
, ~58!
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which is similar to the result obtained for the small cloud and
for the dilute sample.

VIII. CONCLUSION

We have presented an analysis of the change of the atomic
distribution on internal levels caused by a measurement of
the phase-shift of an optical field traversing the atomic
sample. In every run of the detection experiment, the atomic
population statistics is modified in accordance with the phase
shift measurements. In practical spin squeezing, the reduced
variance in one of the spin components is not the only rel-
evant parameter. One has to observe the change of the length
of the mean spin̂Jx& as well. The mean spin is reduced, and
in case of perfect detection, we estimate the optimum num-
ber of detected photons and the optimum value of the
squeezing parameterj5A1/Nat, Eq. ~21!.

In an experimental implementation, scattering of photons
is inevitable. If these photons are not detected, they will have
no average effect on the atomic populations, but scattering
leads to further reduction of the mean spin and an increase of
j. Two different mechanisms are shown to be responsible for
this reduction: In case of the small cloud, the scattered pho-
tons carry information onna , which forces a reduction in
^Jx&. In case of the dilute cloud, they carry information on
the spatial distribution of the atoms inua&. The general prob-
lem is difficult to treat, and we focused on three different
limiting cases : a cloud of size smaller than the wavelength,
a dilute cloud where each scattered photon can be traced
back to a single atom, and a large cloud of density larger than
1/l3. Both numerical simulations and an analytical approach
were carried out and we showed that scattering decreases the
mean spin̂ Jx&.

Although the physics is very different, the scattering gives

rise to approximately the same optimum squeezing

jmin5A1/Nat

k

g0
, ~59!

which is obtained by detecting the phase shift of a given
number of photons,Np.1/(g0

2f 2). We cannot focus to better
than within a wavelength, hence the optimum always ex-
ceeds the ideal results~21!. In the case of a large cloud, 1/g0

2

is of the order of the area of the beam at the focus, andg0 is
limited byAA, whereA is the area of the cloud . In this case
we can therefore rewrite the expression forjmin

jmin.A A
Natl

2
5A1

D
, ~60!

whereD5Natl
2/A is the optical density of the cloud. Thus

for a dense cloud spin squeezing is possible, whereas for a
very dilute cloud we recover the result that the possibility to
know, for any scattered photon, which atom it comes from
effectively prevents spin squeezing.

To improve the squeezing or to make spin squeezing pos-
sible for dilute samples, one may consider locating the atoms
in an optical cavity, so that the light effectively has to pass
through the samplen t times, wheren t is the finesse of the
cavity. On one hand, the increased interaction with the atoms
leads to further reduction of the width inna by a factor 1/n t
compared to Eq.~18!. On the other hand, the scattering prob-
ability is increased by the factorn t , so that the reduction of
the mean spin occursn t times faster. The net result, however,
is that after detection ofNp.1/(g0

2f 2n t) photons, we find the
minimum valuejmin , which is reduced by a factor 1/An t
compared to the free space situation. Even a bad cavity thus
suffices to significantly improve on spin squeezing.
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Interaction-induced phase fluctuations in a guided atom laser

Isabelle Bouchoule1 and Klaus Mo” lmer2
1Institut d’Optique, 91 403 Orsay Cedex, France

2QUANTOP, Danish National Research Foundation Center for Quantum Optics, Department of Physics and Astronomy,
University of Aarhus, DK 8000 Aarhus C, Denmark

~Received 12 November 2002; published 29 January 2003!

In this paper we determine the magnitude of phase fluctuations caused by atom-atom interaction in a
one-dimensional beam of bosonic atoms. We imagine that the beam is created with a large coherence length,
and that interactions only act in a specific section of the beam, where the atomic density is high enough to
validate a Bogoliubov treatment. The magnitude and coherence length of the ensuing phase fluctuations in the
beam after the interaction zone are determined.

DOI: 10.1103/PhysRevA.67.011603 PACS number~s!: 03.75.Pp, 03.75.Be

Recent progress on microfabricated magnetic traps and
guides for atoms@1,2# has stimulated the efforts to realize
guided atom-laser beams@3# with possible applications for
high-precision atom interferometry. The phase coherence is a
crucial property of such beams and interferometers, and in-
teractions between atoms may influence the coherence. So
far, the effect of interactions on the condensate phase was
mainly studied in condensates of finite spatial extent@4#,
where both degradation@5# and squeezing of the phase@6#
have been studied. In these cited works, the main effect can
be ascribed to the atom number fluctuations in the conden-
sate and the dependence of the mean-field energy on atom
number due to interactions. The goal of the present work is
to determine the amplitude and the coherence length of the
phase fluctuations created by the atomic interactions in a
continuous beam whose coherence length is initially infinite.
The main contribution in this case is collisions that transfer
atoms from the condensate at momentum\K f to different
momenta\(K f1k) in the beam. At very low density an
interacting bose gas in one dimension is described by the
Tonks-Girardeau regime, but we shall assume a higher den-
sity for which Bogoliubov theory is well suited to describe
the deviations from mean-field theory@7#.

We consider the situation depicted in Fig. 1, where a non-
interacting monoenergetic beam of atoms with momentum
\K f arrives in a region of lengthL where the atoms interact
with each other. For the practical realization of such a model,
one may imagine a guided atom beam, where the transverse
width is particularly narrow, and therefore the density and
the effective interaction are significantly increased over the
lengthL.

The system is described by the effective one-dimensional
Hamiltonian

H5E dxc†~x !h0c~x !1

g

2E2L

0

dxc†~x !c†~x !c~x !c~x !,

~1!

whereh052\2/(2m)d2/dx2, and the coupling constantg
5(2\2/m)(2a/a

'

2 ), assuming that the size of the transverse
ground state in the guidea'5A2\/mv is much larger than
the s-wave scattering lengtha.

We always consider the case wherena
'

2 /a@1 so that cor-
relations between atoms are small, and the state of the sys-

tem can be described by a mean-field wave function and a
noise term that writes, on the right side of the interacting
region starting atx50,

c~x !5Ane iK f x1dc~x !. ~2!

The fluctuations represented bydc(x) are probed by inter-
ference with a reference beam in a coherent statecre f(x)
5ae iK f x. The quantity measured is the number of atoms on
each side of the beam splitter. In an actual experiment, this
beam splitter may be realized by tunneling between two
guides, or the atomic beams may be physically overlapping,
but with two different internal states, which can be coupled
by Raman laser beams. In either case, the operators giving
the density of atoms in the two output states are

n6~x !5
1
2 @cre f

† ~x !6c†~x !#@cre f~x !6c~x !#. ~3!

For a5An0e ip/2, the mean density is identical in the two
output beams and we define the local phase operator as

u~x !5

n1~x !2n2~x !

An0n
. ~4!

The fluctuations inu(x) are given by the correlation function

^u~x !u~x8!&5

1

n
$2^dc~x8!dc~x !&e2iK f (x1x8)

2c.c.

1^dc†~x8!dc~x !&e iK f (x82x)
1c.c.

1d~x82x !%, ~5!

and it is our goal to present a quantitative analysis of these
fluctuations. After averaging over a distanceX, the fluctua-
tion of the phase is given by

Du2
5K S 1

XEX
u~x !dx D 2L . ~6!

In the absence of interactions between atoms, only the last
d-correlated quantum noise term is present in Eq.~5!, and we
find Du51/AnX as expected from the usual number and
phase uncertainties in a coherent state.

In the presence of interactions between atoms, a conden-
sate will experience phase diffusion that is due to the spread
of chemical potential over the Poisson distribution of number
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states that form the coherent state. Let us assume that the
atomic beam is, in fact, a very long wave packet with length
L.L. When a superposition of number statesuN& of this
wave packet passes the interaction zone the interaction per-
turbs the energy of each number state by the amount
(g/2)n2L5(g/2)(N2/L 2)L. The passage time isT
5L/(\K f /m) and hence the number state componentuN&
accumulates a phase shiftuN5(gmL/2L\2K f)N2. The
phase of a coherent state is the derivativedu/dN of the
phase of the Fock components. After passage of the interact-
ing zone, this derivative depends onN and the spread of the
phase over the widthAN of the Fock state distribution is

Du5AN
gmL

L\2K f

5

AngmL

AL\2K f

. ~7!

The relative number fluctuations vanish in the limit of very
large coherence lengthL of the incident beam, and in that
limit the Bogoliubov theory will give the dominant contribu-
tion to phase diffusion.

If the expression for the field operator~2! is introduced in
the second quantized Hamiltonian~1!, and the noise terms
dc(x),dc†(x) are truncated above second order,H can be
diagonalized by a Bogoliubov transformation,H5E0

1(vkak
†ak , where the field operatordc(x) is expanded on

the bosonic operatorsak ,ak
† as dc(x)5(k@uk(x)ak

2vk* (x)ak
†#. The wave functionsuk andvk solve the equa-

tions

S h02m12guwu2 2gw2

gw* 2
2h01m22guwu2

D S uk

vk
D 5vkS uk

vk
D ,

~8!

whereg takes the value zero outside the interaction interval,
and uk and vk fulfill the normalization condition
*dx@uk(x)uk8(x)* 2vk(x)vk8(x)* #5d(k2k8). If the inci-
dent condensate has an infinite coherence length, no Bogo-
liubov excitations are present and the phase fluctuations
given by Eq. ~5! should be calculated in the Bogoliubov
vacuum. This calculation requires the knowledge of the func-
tions uk and vk for all the Bogoliubov excitations and it is
the main aim of this paper to compute those functions. Note
that only modes with nonvanishingvk functions on the right-
hand side will contribute to phase fluctuations.

The mean-field wave function entering in Eq.~8! should
be a solution to the Gross-Pitaevskii equation. We consider

the case wheregn!\2K f
2/2m so that reflection of this mean

field is very small and we neglect it in the following. Like in
the standard problem of transmission by a barrier, the solu-
tions of Eq. ~8! are constructed by matching the different
homogeneous solutions at the boundaries. In the interaction
zone, the mean-field wave function writesw(x)5Ane iKx,
the chemical potential ism5\2K f

2/2m5\2K2/2m1gn, and
Eq. ~8! has the plane-wave solutions

S u

v
D 5S e i(k1K)xU

e i(k2K)xV D . ~9!

Inserting this expansion in Eq.~8! we obtain

S \2

2m
~k1K !2

2m12gn DU2gnV5vU,

~10!

S \2

2m
~k2K !2

2m12gn DV2gnU52vV.

This leads to the spectrum

v5

\2

m
kK6A\2k2

2m S \2k2

2m
12gn D ~11!

with two branches corresponding for high energies to particle
like and holelike excitations, respectively. For the two
branches of respective wave numbersk1 and k2, the ratios
V/U of the solutions are

y15

V1

U1
511

\2

mgn
F k1

2

2
1Ak1

2

2 S k1
2

2
12mgn/\2D G ,

y25

V2

U2
511

\2

mgn
F k2

2

2
2Ak2

2

2 S k2
2

2
12mgn/\2D G .

~12!

Outside the interaction zone, the mean-field wave function
has the momentumK f and u5Ue i(k1K f )x and v

5Ve i(k2K f )x are independent solutions with energiesvu/v
5(\2/m)(kK f6k2/2).

In each region along the atomic beam, four solutions are
possible, corresponding in the noninteracting region to par-
ticles or holes propagating in one direction or the other, and
the global solutions should be continuous with continuous
derivatives for both theu andv functions. Thus eight equa-
tions relate the twelve parameters and for each energy four
solutions exist. Like in normal scattering theory, our choice
of boundary conditions serves to identify the relevant basis
for the solution to the problem. Excitations with an escaping
hole ~removal of an incident particle! in either direction are
not physically relevant, and we thus study the elementary
excitations with incoming particle components only.

Let us first consider the excitation corresponding to an
incoming particle u(x)}e i(K f 1k)x from the right, (k,

2K f). This particle has a momentum that differs from that
of the condensate by more thanK f . If we assume that rather
than being an exact delta function, the microscopic atomic
interaction has a momentum cut off that is smaller thanK,
the coupling to thev(x) function in the Bogoliubov equa-

FIG. 1. An atomic beam crosses a regionL where the atoms
interact with each other. The interactions scatter atoms out of the
macroscopically populated mode into other momentum states, and
the resulting phase fluctuations in the beam can be probed by the
interference with a coherent reference beam.
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tions is suppressed, and this mode does not contribute to
phase fluctuations in the Bogoliubov vacuum. Thus we are
interested only in Bogoliubov modes corresponding to an
incoming particle from the left, of momentum\(k1K f),
and we label those modes byk. Equation~11! has four solu-
tions, but since coupling to terms with different momenta is
strongly suppressed we will consider only momentum com-
ponentsK1k1 andK1k2 close toK. Continuity of the so-
lution at the left entrance to the interaction zone (x52L)
implies

U i5U1e2i(k11K)L
1U2e2i(k21K)L,

~13!
05V1e2i(k12K)L

1V2e2i(k22K)L.

Equation~12! dictates the ratio between theU andV ampli-
tudes, and the continuity of the derivatives ofu andv cannot
be fulfilled without allowing for reflection. This reflection
will, however, be very small ask!K, and we make an in-
significant error by requiring only continuity of the Bogoliu-
bov mode functions. The condition@dc(x),dc†(x8)#5d(x
2x8) applied on the left side where no holes are present
gives the normalizationU i51/A2p for the amplitude of the
incoming particle component, in terms of which we can ex-
press all amplitudes in the interaction zone,

U15

y2

y22y1

e i(k11K)L

A2p
, U25

y1

y12y2

e i(k21K)L

A2p

and

V15

y1y2

y22y1

e i(k12K)L

A2p
, V25

y1y2

y12y2

e i(k22K)L

A2p
. ~14!

At the right side of the interaction zone (x50), we have to
match to the independent solutionsUe i(K f 1k)x and
Ve2i(K f 2k8)x of same Bogoliubov energyv, i.e., the ampli-
tudesU andV are given by the continuity relations

U5U1e i(k11K)L
1U2e i(k21K)L,

~15!
V5V1e i(k12K)L

1V2e i(k22K)L.

Using the relations~14!, this gives

U5

1

A2p
S y2

y22y1
e ik1L

1

y1

y12y2
e ik2LD ,

~16!

V5

1

A2p
S y1y2

y12y2
D e i[( k11k2)/2]L2i sinS k22k1

2
L D .

The phase fluctuations given in Eq.~5! can now be ex-
pressed as

^u~x !u~x8!&5

1

nE dk$2Re@V~k !* U~k !e ikx8e2ik8x#

12uV~k !u2cos@~k8~x82x !#%, ~17!

where thed-function part has been omitted.

We now present a number of simplifications, which are
valid under reasonable assumptions and which will lead to a
better understanding of the dependence of the phase fluctua-
tions on the physical parameters of the problem. First, we
will neglect the refractive index effect on the mean-field
wave function and setK f5K. Second, as long asuku!K,
k1.k2.k and we can use the expressions ofy1 andy2 ~12!
for the single valuek. We cannot, however, replacek1 andk2
generally byk in the exponential factors in Eq.~16!. Instead,
we look at limiting cases. Ifuku@Amgn/\, y1 and y2 are
approximated byy1.\2k2/mgn and y2.mgn/\2k2. The
V(k) amplitude in Eq.~16! is thus suppressed by a factor
y1y2 /(y12y2).mgn/\2k2

!1, resulting in negligible
phase fluctuations from these momentum components. If in-
stead, uku!Amgn/\, the Bogoliubov dispersion law ap-
proximately yields k1.k1k(Amgn/\K) and k2.k
2k(Amgn/\K), and the expressions fory1 and y2 are in
this limit approximated byy1.11\uku/Amgn and y2.1
2\uku/Amgn. We then find,

U~k !.V~k !.2i
Amgn

\k

e i[( k11k2)/2]L

A2p
sinS kAmgn

\K
L D .

~18!

In Eq. ~17! k8 is the momentum associated with thev com-
ponent in the noninteracting region and, as long asuku!K, it
writes k8.k1k2/K, and the cross term inV(k)* U(k) can
thus be written,

I~x,x8!5

2

nE dkuV~k !u2Re~e ik(x82x)e ixk2/K!. ~19!

Approximatingk8 by k in the cosine term, theuV(k)u2 term
in Eq. ~17! can be written as

J~x,x8!5

2

nE dkuV~k !u2cos@k~x2x8!#. ~20!

With V(k) given by Eq.~18!, J is a triangular function that
vanishes foruxu larger than

Dx52
AmgnL

\K
. ~21!

For largex, I(x,x8) becomes wider as a function ofy5x8

2x. If we label x/K as \t/2m in the last exponential we
recover the expression for the spreading wave packet of a
massive particle, given by the momentum spreadDk of
uV(k)u2, i.e.,Dy5\Dk(x/K)5\x/LAmgn. At distances far
from the interacting regionI(x,x8) gives thus a negligible
contribution to local phase fluctuations, but when integrated
over intervals larger thanDy , the conserved ‘‘norm’’ of the
spreading wave packet implies a result comparable to the
contribution from theJ(x,x8) term.

Figure 2~a! shows the value of̂u(x)u(x8)& for different
values ofx and as functions ofx8. The curves are obtained
by a numerical integration of Eq.~17! with the proper ex-
pressions forU(k) and V(k). For largex, we see both the
spreadingI(x,x8) and the narrowJ(x,x8) component, cf.
Fig. 2~b!.
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We are now in a position to obtain the essential scaling of
the phase fluctuations with the physical parameters of the
problem. If we focus on the narrow partJ(x,x8), at distances
from the interaction zone larger thanL2mgn/\2K, the phase
fluctuations have a finite coherence length given byDx of
Eq. ~21!. The dependence on the size of the interacting re-
gion L is due to a phase matching condition: momentum and
energy conservation cannot be both fullfilled in a collision
that creates excitations and the violation of momentum con-
servation becomes more severe asL increases. The magni-
tude of the fluctuations increases linearly withL,

^u~x !2&5

1

n S mgn

\2 D 3/2
L

K
, ~22!

and to recover a well defined phase, one has to integrate over
a finite detector region in space. If one detects atoms on a
lengthX larger thanDx, the phase precision is given by the
k50 component of the Fourier transform of the phase fluc-
tuations,

Du2
5

4p

nX
uV~0!u25

2

nX S mgnL

\2K
D 2

5
^u~x !2&

X/Dx
. ~23!

If X becomes larger than the length scaleDy , the integral of
I(x,x8) contributes with the same amount, i.e., Eq.~23! is
multiplied by a factor of 2. This analysis is confirmed in Fig.
2~c!, showing as a dashed line the analytical result~23! and
as a solid line the results of the full numerical calculation.
The dot-dashed line in the figure shows the value~22!, ap-
plicable for short intervalsX,Dx.

Let us conclude with a numerical example for a beam of
Rubidium atoms with velocity\K/m580 mm/s, and a lin-

ear density ofn5106 atoms/m, subject to an interacting re-
gion with a perpendicular confinement ofa'50.5 mm and a
length ofL51 cm. With the valuea55 nm for the scatter-
ing length we then obtain

Dx.26 mm and ^u~x !2&.2. ~24!

To have a phase uncertaintyDu as small as 0.1, one has to
count the Rb atoms in this example over a length of order 2
cm. Note that the phase uncertainty is two orders of magni-
tude larger than the standard result for a perfect coherent
state on that interval, and if we assume a coherence lengthL
of the beam exceeding 2 cm, the contribution from number
fluctuations~7! is smaller than the Bogoliubov excitation re-
sult by at least a factor of 2.

To summarize, we have quantified the phase fluctuations
in an atomic beam, and found that they manifest themselves
at different observational length scales. If detection is done
over an interval of lengthX;1/n, the number of atoms ob-
served is of order unity and the phase is always ill defined.
The phase uncertainty falls off whenX is increased, but in
the presence of interactions, untilX reaches the length scale
Dx5AmgnL/\K, it levels off to a value given by Eq.~22!.
For X larger thanDx, it decreases according to Eq.~23! or
Eq. ~23! multiplied by a factor 2 ifX is also larger thanDy
5\x0 /(LAmgn), wherex0 is the location of the detection
interval. If the coherence lengthL of the beam is short, there
is an extra contribution~7! to phase fluctuations due to the
number fluctuations. Finally, it should be mentioned that
other sources of phase fluctuations may be important in a
guided atomic beam. For example, the decoherence and heat-
ing of the atomic beam due to the presence of the surfaces of
the macroscopic elements that provide the guiding potential
have been analyzed in Ref.@8#.
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FIG. 2. Phase fluctuations calculated for an example with numerical parametersL5104/K andgn50.02\2K2/m. ~a! Phase fluctuations
given by Eq.~17!. For largex the curves clearly separate in a central triangular feature and a broad pedestal due to theuV(k)u2 and the
V(k)* U(k) contributions, respectively.~b! Phase correlations aroundx0520L2mgn/\2K. TheJ(x,x8) term is shown as a dashed line, and
the I(x,x8) term is shown as a solid line.~c! Phase fluctuations averaged over intervals of variable lengthX. The curves show
^@*x0

x01Xdxu(x)/X#2& for x0550L2mgn/\2K. The full line is the result of a numerical calculation, the dashed line is the analytical

expression~23!, and the horizontal dot-dashed line is the value~22! expected for X comparable to the coherence lengthDx
5AgnmL/\K.
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Abstract. We discuss design considerations and the realization of a magnetic double-well potential on an
atom chip using current-carrying wires. Stability requirements for the trapping potential lead to a typical
size of order microns for such a device. We also present experiments using the device to manipulate cold,
trapped atoms.

PACS. 39.20.+q Atom interferometry techniques – 03.75.Lm Tunneling, Josephson effect, Bose-Einstein
condensates in periodic potentials, solitons, vortices and topological excitations

1 Introduction

Progress in the fabrication and use of atom chips has been
rapid in the past few years [1]. Two notable recent results
concern the coherent manipulation of atomic ensembles on
the chip: reference [2] reported the coherent superposition
of different internal degrees of freedom while in [3,4] a co-
herent beam splitter and interferometer using Bragg scat-
tering was reported. In the same vein, the observation of
a coherent ensemble in a chip-based double-well potential
also represents a significant milestone and motivates many
experiments [5,6]. The dynamics of a Bose-Einstein con-
densate in a double-well potential has attracted an enor-
mous amount of theoretical attention [7], in part because
one can thus realize the analog of a Josephson junction.
Indeed, coherent oscillations of atoms in a laser induced
double-well potential have recently been observed [8]. In
addition, the observation of an oscillation in a double-well
amounts to the realization of a coherent beam splitter
which promises to be enormously useful in future atom
interferometers based on atom chips [9–12].

In this paper, we discuss progress towards the real-
ization of coherent oscillations on an atom chip following
a different way than references [5,6]. We begin with some
theoretical considerations concerning atoms in double-well
potentials and show that a configuration with two elon-
gated Bose-Einstein condensates that are coupled along
their entire length allows one to achieve a variety of os-
cillation regimes. Then, we will discuss design consider-
ations which take into account stability requirements for
the trapping potentials in the transverse direction. Fluc-
tuations in the external magnetic fields impose a typical
size less than or on the order of microns on the double-
well. Atom chips implemented with current-carrying wires
are well suited to elongated geometry and the micron

a e-mail: jerome.esteve@iota.u-psud.fr

size scale. After these general considerations, we discuss a
particular realization of a magnetic double-well potential
which has been constructed in our laboratory. Our device
has much in common with the proposal of reference [10],
but we believe it represents an improvement over the first
proposal in that it is quite robust against technical noise
in the various currents. We will also show some initial ob-
servations with the device using trapped 87Rb atoms.

2 Dynamics of two elongated Bose-Einstein

condensates coupled by tunneling

The dynamics of a Bose-Einstein condensate in a double-
well potential has been widely discussed in the litera-
ture [7]. In this section, we will review some of the basic
results and apply them to the case of two elongated con-
densates coupled by tunneling along their entire length L.

We assume the trapping potential can be written as
the sum of a weakly confining longitudinal potential Vl(z)
and a two dimensional (2D) double-well in the transverse
direction Vr(r). We characterize the two transverse po-
tential wells by the harmonic oscillator frequency at their
centers, ω0. We also assume that the longitudinal motion
of the atoms is decoupled from the transverse motion, so
that we may restrict ourselves to a 2D problem. As dis-
cussed in [13], this assumption is not always valid, but it
gives a useful insight into the relevant parameters of the
problem and how they affect the design of the experiment.

Considering the motion of a single atom, the lowest two
energy states of the 2D potential Vr are symmetric and an-
tisymmetric states, |φs〉 and |φa〉. The energy splitting � δ
between them is related to the tunneling matrix element
between the states describing a particle in the right and
left wells, |φr〉 and |φl〉. When including atom-atom inter-
actions, we assume that the longitudinal linear density n1
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is low enough to satisfy n1 a ≪ 1 where a is the s-wave
scattering length. In this case, the interaction energy is
small compared to the characteristic energy �ω0 of the
transverse motion, and in a mean field approximation the
eigenstates of the Gross-Pitaevskii equation are identical
to the single particle eigenstates. The tunneling rate δ is
unchanged in this approximation. If in addition, δ ≪ ω0,
the two mode approximation in which one considers only
the states |φs〉 and |φa〉 (or |φl〉 and |φr〉) is valid.

We now define two characteristic energies EJ and EC .
The Josephson energy EJ = N � δ/2 characterizes the
strength of the tunneling between the wells. The charging
energy EC = 4 �ω0 a/L is analogous to the charging en-
ergy in a superconducting Josephson junction and charac-
terizes the strength of the inter atomic interaction in each
well. The properties of the system depend drastically on
the ratio EC/EJ [7]. For the considered elongated geome-
try, this ratio is equal to (4n1 a)× (ω0/δ)× 1/N2. A ratio
ω0/δ of 10 is enough to insure the validity of the two mode
approximation. We have also assumed n1 a≪ 1 and since
N ≫ 1 we indeed obtain EC/EJ ≪ 1. This means that
the phase difference between the two wells is well defined
and that a mean field description of the system is valid.

In the mean field approximation, the transverse
part of the atomic wavefunction can be written
|φ〉 = cl |φl〉 + cr |φr〉 where cl and cr are complex num-
bers. The atom number difference ∆N = (|cl|2 − |cr|2)/2
and the phase difference ∆θ = arg(cl/cr) evolve as the
classically conjugate variables of a non rigid pendulum
Hamiltonian [15]. The solutions of the motion for ∆N
and ∆θ have been analytically solved [15,16]. Depend-
ing on the ratio EJ/(N

2EC), we distinguish two regimes:
the Rabi regime (EJ ≫ N2EC) and the Josephson regime
(EJ ≪ N2EC). For a fixed geometry (L, δ and ω0

fixed), the Rabi regime is delimited by N ≪ NC

where NC = δ L/(4ω0 a) while the Josephson regime cor-
responds to N ≫ NC . For a box like potential of length
L = 1 mm and a ratio ω0/δ = 10, this number corresponds
to NC = 5000 for 87Rb atoms.

In the Rabi regime, an initial phase difference of π/2
leads to the maximal relative atom number difference
∆N/N = 1/2. In the Josephson regime, the signal ∆N/N

is limited to
√

NC/N . One motivation to attain the Rabi
regime is to maximize the relative population difference.
If tunneling is to be used as a beam splitting device in an
atom interferometer, the Rabi regime is clearly favorable
as it maximizes the measured signal. It is also important
to note that the neglect of any longitudinal variations in
the atom number difference or the relative phase is only
valid deep in the Rabi regime [13].

The specific geometry of two elongated Bose-Einstein
condensates coupled by tunneling is of special interest
since it allows one to tune the strength of the interac-
tion compared to the tunneling energy by adjusting the
longitudinal atomic density. This allows realization of ex-
periments in both the Rabi regime and the Josephson
regime. On the other hand a complication of the elon-
gated geometry is the coupling between the transverse
and longitudinal motions introduced by interactions be-

x

b

-θb/2

θb

x

y

X
0

Bz

X

Y

Fig. 1. Adding a small magnetic field b to the magnetic
hexapole described in equation (1) will split the hexapole into
two quadrupoles. The distance between the two minima in-
creases with b and the direction along which the minima are
split depends on the orientation of b as shown in the figure.
We also have plotted lines of constant modulus of the total
magnetic field (equipotential lines for the atoms).

tween atoms. This coupling is responsible for dynamical
longitudinal instabilities in presence of uniform Josephson
oscillations [13]. However, reference [13] predicts that a
few Josephson oscillations periods should be visible before
instabilities become too strong. Furthermore, the study
of these instabilities may prove quite interesting in their
own right. Other manifestations of the coupling between
the transverse and the longitudinal motion may be ob-
served. In particular, Josephson vortices are expected for
large linear density [14]. These nonlinear phenomena are
analogous to observations on long Josephson junctions in
superconductors [17].

3 Realization of a magnetic double-well

potential

We now turn to some practical consideration concern-
ing the realization of the transverse double-well potential
Vr(x, y) using a magnetic field. As first pointed out in [10],
a hexapolar magnetic field is a good starting point to pro-
duce such a potential. The hexapolar field can be written

{

Bx = A (y2 − x2) = −Ar2 cos 2θ
By = 2Axy = Ar2 sin 2θ .

(1)

where A is a constant characterizing the strength of
the hexapole. In the following, we write this constant
A = αµ0 I/(4 π d

3) where I is the current used to create
the hexapole, d is the typical size of the current distri-
bution creating the magnetic field (see Fig. 4) and α is a
geometrical factor close to unity. Adding a uniform trans-
verse magnetic field b = b(cos θb x+sin θb y) will split the
hexapole into two quadrupoles, thus realizing a double-
well potential. The two minima are separated by a dis-
tance 2X0 where X0 =

√

b/A and are located on a line
making an angle θb/2 with the x-axis (see Fig. 1). Tilting
the axis of the double-well allows one to null the gravita-
tional energy shift which arises between the two wells if
they are not at the same height. This shift has to be pre-
cisely cancelled to allow the observation of unperturbed
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Fig. 2. Bohr frequency between the ground state and the
first two excited states of the double-well potential versus the
spacing between the wells. The dashed line corresponds to
X0 = 2.65 a0 for which the Bohr frequency ω2,0 is ten times
bigger than the tunneling rate δ = ω1,0.

phase oscillations in the double-well. For example, if the
two wells are separated by a vertical distance of 1 µm the
gravitational energy shift between the two wells leads to
a phase difference of 13 radms−1 for 87Rb.

In the rotated basis (O,X, Y ) (see Fig. 1), the modulus
of the total magnetic field is

B2 = 2AbY 2 + 2A2X2 Y 2 +A2(X2 −X2
0 )2 . (2)

To prevent Majorana losses around each minimum, a uni-
form longitudinal magnetic field Bz is added. Under the
assumption Bz ≫ b, the potential seen by an atom with
a magnetic moment µ and a mass m is

V (X,Y ) ≃ mω2
0

4
Y 2+

mω2
0

4X2
0

X2 Y 2+
mω2

0

8X2
0

(X2−X2
0 )2 (3)

with ω0 =
√

4µA b/(mBz).
Around each minimum (X = ±X0, Y = 0), the po-

tential is locally harmonic with a frequency ω0 and we
denote a0 =

√

�/(mω0) the size of the ground state of
this harmonic oscillator. On the X-axis, we recover the
1D double-well potential usually assumed in the litera-
ture. As seen in equation (3), the potential is entirely de-
termined by the values of ω0 and X0. We have computed
the energy differences between the ground state and the
two first excited states for a single atom as a function of
these two parameters (see Fig. 2). The Bohr frequency
ω1,0 is equal to the tunneling rate δ. We calculate that a
ratio X0/a0 = 2.65 ensures that ω2,0 = 10 δ, so that the
two mode approximation is valid. Further calculations are
made for a double-well potential fulfilling the condition
X0/a0 = 2.65.

3.1 Stability of the double-well

We now turn to the analysis of the stability of the system
with respect to fluctuations of magnetic field. We will im-
pose two physical constraints: first we require a stability of
10% on the tunneling rate δ and second we impose a grav-
itational energy shift between the two wells of less than
10% of the tunneling energy. Assuming a perfectly stable
hexapole and that fluctuations in the external fields can

be kept below 1 mG, we will obtain constraints on the pos-
sible size of the current distribution d and on the spacing
between the two wells X0.

The geometry of the magnetic double-well is deter-
mined by four experimental parameters: I the current cre-
ating the hexapole, d the size of the current distribution,
Bz the longitudinal magnetic field and b the transverse
field. To minimize the sensitivity of the system to mag-
netic field fluctuations, the current I creating the hexapole
should be maximized. If we suppose the wires that cre-
ate the hexapole are part of an atom chip, the maxi-
mal current allowed in such wires before damage scales
as I = I0(d/d0)

3/2 [18]. Henceforth we suppose that the
current I follows this scaling law and is not a free pa-
rameter anymore. Furthermore, the condition of the last
section X0/a0 = 2.65 relates b and Bz . Thus we are left
with only two free parameters which may be chosen as the
size of the source d and the distance between the wells X0.
The experimental parameters b and Bz can be deduced af-
terwards.

We first calculate the variation ∆δ of the tunneling
rate due to longitudinal and transverse magnetic field fluc-
tuations (respectively noted ∆Bz and ∆b). From the nu-
merical calculation of the tunneling rate shown in Figure 2
we obtain

∆δ

δ
= −2.40

∆X0

X0
− 2.18

∆ω0

ω0
(4)

= −4.27
∆b

b
+ 1.09

∆Bz

Bz
. (5)

If we require a relative stability of 10% on the tunnel-
ing rate, the required relative stability for the magnetic
fields b and Bz is approximately the same and is easily
achievable with a standard experimental set-up. However
fluctuations due to the electromagnetic environment may
be problematic. Within the assumption Bz ≫ b, only the
first term in equation (5) contributes. Thus we have

∆δ

δ
≃ −4.27

4 πd3

αµ0 I X2
0

∆b . (6)

Using the scaling law stated above for the current creating
the hexapole, we finally obtain the following expression
for the tunneling rate fluctuations due to variations of the
transverse magnetic field

∆δ

δ
≃ −4.27

(

4 π d
3/2
0

αµ0 I0

)

d3/2

X2
0

∆b . (7)

We require a relative stability of 10% for the tunneling
rate given an amplitude ∆b = 1 mG for the magnetic field
fluctuations. This limits the possible values forX0 and d to
the domain above the continuous line plotted in Figure 3.
For the numerical calculation, we have used a geometrical
factor α = 4/

√
3 (see Sect. 4) and the following values for

I0 and d0. A maximal current of I0 = 20 mA is reasonable
for gold wires having a square section of 500 nm× 500 nm
which are deposited on an oxidized silicon wafer [18].
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Fig. 3. Stability diagram for the size d, and the well separa-
tion X0. The gray area represents pairs of d and X0 for which
a 1 mG fluctuation of an external magnetic field does not sig-
nificantly disturb the double-well. The solid line delimits the
zone where the tunneling rate fluctuates less than 10%, while
the dashed line shows the area below which the fluctuations
of the gravitational energy are less than 10% of the tunneling
rate. In addition we show two additional constraints because
of Bz: the area above the dotted line assures a Bz large enough
to avoid Majorana losses and the dash-dotted line corresponds
to Bz < 100 G. The device we describe in Section 4 operates
at d = 5 µm.

Such wires can be used in a configuration where the typi-
cal distance between wires is d0 = 5 µm.

We now turn to the calculation of the fluctuations
of the gravitational energy shift between the two wells.
Transverse magnetic field fluctuations lead to fluctuations
∆h = ∆b/(AX0) of the height difference between the two
wells. The associated fluctuations of the gravitational en-
ergy difference have to be small compared to the tunnel-
ing energy so that the phase difference between the wells
is not significantly modified during one oscillation in the
double-well. The ratio between these two energies is

mg∆h

� δ
≃ 2.37

(

4 πm2 g d
3/2
0

αµ0 I0 �2

)

X0 d
3/2∆b . (8)

We have used the same scaling law as before for the cur-
rent in the hexapole. The possible values forX0 and d that
insure this ratio being smaller than 10% are located below
the dashed line in Figure 3. We have assumed the same
numerical parameters as for the first condition. The inter-
section of the two possible domains we have calculated for
X0 and d corresponds to the gray area in Figure 3. The
main result is that the characteristic size of the source d
has to be smaller than 7.5 µm in order to achieve a rea-
sonable stability of the double-well. This motivates the
use of atom chips to create a magnetic double-well where
external magnetic fluctuations of 1 mG still allows the pos-
sibility of coherently splitting a Bose-Einstein condensate
using a magnetic double-well potential.

We have also plotted in Figure 3 the limit (dotted line)
above which the condition µBz > 10 �ω0 is fulfilled. This
insures the Majorana loss to be negligible in the double-
well. Furthermore, above this line the condition Bz ≫ b
which is assumed in all our calculation is also fulfilled.
We see this condition is not very restrictive and does not
significantly reduce the domain of possible parameters.
However we note that this condition becomes the limiting

d/2

I

3d/2

x

y

z

2d

dB0
I

d/2√ 3

a)

b)

Fig. 4. Two configurations that produce a hexapolar mag-
netic field. Each wire carries the same current I . In (a) the
hexapole is obtained with two wires and a uniform magnetic
field B0 = µ0 I/(2π d). In (b) it is produced by 5 wires and
no external field. In the first configuration the stability of B0

relative to I is critical. The second configuration avoids this
difficulty provided that the wires are connected in series.

factor as one decreases the size d of the current distribu-
tion. The last plotted dash-dotted line delimits the more
practical usable parameters. Above this line the longitudi-
nal field Bz is greater than 100 G. Such high values of the
longitudinal field should be avoided since the longitudinal
field may have a small transverse component that would
disturb the double-well.

4 Experimental realization of a magnetic

double-well on an atom chip

As first proposed in [10], the simplest scheme to obtain a
hexapolar magnetic field on an atom chip uses two wires
and an external uniform field (see Fig. 4a). Denoting 2 d
the distance between the two wires, the value of the ex-
ternal field has to be B0 = µ0 I/(2 π d). One then obtains
a hexapole located at a distance d from the surface of
the chip. This configuration leads to a geometrical factor
α = 1. In order to safely lie in the stability domain in Fig-
ure 3, one can choose d = 5 µm. This leads to a current
I = 20 mA and to a uniform magnetic field B0 = 8 G. The
required relative stability ∆B0/B0 for this field is about
10−4 since fluctuations of only 1 mG are tolerable1. Rela-
tive temporal stability of this magnitude can be achieved
with the appropriate experimental precaution, but it is
quite difficult to produce a spatially homogeneous field
on the overall length of the condensate (1 mm) with such
accuracy.

To circumvent this difficulty we propose to realize the
hexapolar field using only wires on the chip. Assuming
all the wires are fabricated on the same layer, at least
five wires must be used to create a hexapole. As seen in
Figure 4, the distance between the wires can be chosen so

1 More precisely the ratio I/B0 has to be kept constant with
such accuracy. Here we assume that the current I in the wires
does not fluctuate.
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Fig. 5. Schematic and SEM picture of our five wire device.
The design allows one to send the same current with a single
power supply in all the wires to create a magnetic hexapole.
The connections on the central wires allow us to imbalance the
currents between the central wire, the two left wires and the
two right wires.

that a hexapole is obtained with the same current running
in all the wires. This allows rejection of the noise from the
power supply delivering the current I. For this geometry,
we calculate α = 4/

√
3 which is the value we used to plot

the curves in Figure 3.
We have implemented this five wire scheme on an

atom chip. The wires are patterned on an oxidized silicon
wafer using electron beam lithography followed by liftoff
of a 700 nm thick evaporated gold layer. Each wire has a
700 nm× 700 nm cross-section and is 2 mm long. Figure 5
shows the schematic diagram of the chip and a SEM image
of the wire ends. This design allows us to send the same
current in the five wires using a single power supply. The
extra connections are used to add a current in the central
wire in order to split the hexapole into two quadrupoles
without any external magnetic field. We can also change
the current in the left (right) pair of wires in order to
release the atoms from the left (right) trap when the sep-
aration between the wells is large enough. The transverse
wires connecting the five wires at their ends insure the lon-
gitudinal confinement of the atoms in a box like potential.

The distance d characterizing the wire spacing is 5 µm.
Using the exact expression of the magnetic field created by
the five wires, we have carried out numerical calculation of
the spectrum of the double-well. Using a transverse field
b = 60 mG and a longitudinal field Bz = 550 mG, we
obtain a spacing between the wells of 2X0 = 1.0 µm and
a tunneling rate of δ = 2π×290 Hz. The parameters have
been chosen to fulfill the condition ω0,2 = 10 δ and to lie in
the center of the stability domain. In our experiment, the
chip is oriented so that the gravity points in the direction
x + y in Figure 4. We thus have to tilt the transverse
field b using an angle θb = 0.74 × π to compensate for
the gravitational energy shift. Finally, we have checked
numerically that the two conditions on the stability of the
tunneling rate and of the gravitational energy shift are
indeed fulfilled.

4.1 Splitting of a thermal cloud

In order to load the double-well with a sample of cold
87Rb atoms, the five wire chip is glued onto an atom chip

like that used in a previous experiment to produce a Bose-
Einstein condensate [19]. The five wire chip surface is lo-
cated approximately 150 µm above the surface of the other
chip. This two-chip design allows one to combine wires
having very different sizes (typically 50 µm × 10 µm for
the first chip and 700 nm × 700 nm for the five wire chip)
and therefore different current-carrying capacities in a sin-
gle device. Large currents are needed to efficiently capture
the atoms from a MOT in the magnetic trap.

Using evaporative cooling, we prepare a sample of cold
atoms in a Ioffe trap created by a Z-shaped wire on the
first chip and a constant external field. Transfer of the
atoms to the double-well potential is achieved by ramping
down the current in the Z-shaped wire and the external
field while we ramp up the currents in the five wires. The
final value of the current in the central wire is smaller
(10.4 mA) than for the one in the other wires (17.5 mA).
We use the fact that an imbalanced current in the cen-
tral wire is qualitatively equivalent to adding an external
transverse field to the hexapole. Ignoring the field due to
the lower chip, these current values lead to two trapping
minima located on the y-axis. The position of the up-
per minimum is superimposed on the position of the Ioffe
trap due to the lower chip. We typically transfer of order
104 atoms having a temperature below 1 µK.

To realize a splitting experiment, we then increase the
current in the central wire to 17.5 mA and decrease the
current in the other wires to 15 mA. The duration of the
ramp is 20 ms. If the external transverse field is zero,
the two traps located on the y-axis coalesce when all the
currents are equal and then split along the x-axis when the
current in the central wire is above the one in the other
wires. Then, by lowering the current in the left (right)
wires to zero, we eliminate the atoms in the left (right)
trap and measure the number of atoms remaining in the
other trap using absorption imaging. If the external mag-
netic field has a small component along the y-axis, the
coalescence point is avoided and the atoms initially in
the upper trap preferentially go in the right (left) trap
if by is positive (negative). The number of atoms in the
left or in the right well as a function of by is plotted in
Figure 6. As expected, we observe a 50% split between
the two wells if the two traps coalesce using by = 0. For
an amplitude of the magnetic field by larger than 0.6 G,
the transferred fraction of atoms is almost zero. For this
specific value of the transverse magnetic field, the atomic
temperature at closest approach between the wells is es-
timated to be 420 nK. On the other hand, for this trans-
verse field and for the longitudinal field Bz = 1 G used in
the experiment, the barrier height between wells at closest
approach is 12 µK. Thus, the value of the atomic temper-
ature seems too small to explain our observations. The
estimated atomic temperature is calculated knowing the
initial temperature (220 nK) and assuming adiabatic com-
pression. We have reason to be confident in the adiabatic-
ity because the temperature is observed to be constant
when the splitting ramp is run backward and forward at
by = 0.6 G. More precisely, numerical calculations of the
classical trajectories during the splitting indicate that the
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Fig. 6. Final number of atoms in the right well (�) and in the
left well (◦) after a splitting experiment. The schematics depict
the trajectories of the two traps during the sequence. Initially
all the atoms are in the upper trap. Depending on the sign of
the y component of b, the atoms preferentially end in the left
or in the right well. The minimal distance between the traps
depends on the modulus of by. This distance is zero if by = 0,
leading to a splitting with half of the atoms in each well.

typical width of the curves shown in Figure 6 is approxi-
mately three times too large. For the moment, we do not
have a satisfactory explanation for this broadening.

4.2 Longitudinal potential roughness

For our present set-up, the actual longitudinal potential
differs from the ideal box-like potential because of distor-
tions in the current distribution inside the wires [19,20].
Preliminary measurements indicate a roughness with a
rms amplitude of a few mG and a correlation length of
a few µm. The condensate will thus be fragmented. Each
fragment will be trapped in a potential with a typical
longitudinal frequency of about 400 Hz. Given the same
number of atoms and the same total length for the whole
condensate, the longitudinal density in each fragment will
be approximately ten times higher than for the ideal box-
like potential. Thus the Rabi regime may be out of reach
with our present set-up. More precise measurements of the
exact longitudinal potential shape are in progress to de-
termine the maximum ratio EJ/(N

2EC) we can actually
achieve. Improved wire fabrication techniques may allow
us to obtain a flatter longitudinal potential and to increase
the EJ/(N

2EC) ratio.

5 Conclusion

We have shown that atom chip based set-ups are well
suited to produce a stable magnetic double-well poten-
tial. Our main argument is that atom chips allow one to
design a current distribution having a characteristic size
small enough so that oscillations of a condensate between
the wells can be reproducible despite a noisy electromag-
netic field environment.

We have fabricated a device using five wires spaced
by a distance of a few microns. The preliminary data in
Figure 6 shows that we have good control over our trans-
verse magnetic potential, although we cannot entirely val-
idate our design choices before having observed coherent

oscillations. To do this it remains to reproducibly place a
condensate in the trap so that the two mode description
applies and can be tested.

This work was supported by the E.U. under grants IST-2001-
38863 INTAS (Contract 211-855) and MRTN-CT-2003-505032
and by the D.G.A. (03.34.033).
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18. S. Groth, P. Krüger, S. Wildermuth, R. Folman, T.
Fernholz, J. Schmiedmayer, D. Mahalu, I. Bar-Joseph,
Appl. Phys. Lett. 85, 2980 (2004)
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We study the relative phase fluctuations of two one-dimensional condensates coupled along their whole
extension with a local single-atom interaction. The thermal equilibrium is defined by the competition between
independent longitudinal thermally excited phase fluctuations and the coupling between the condensates which
locally favors identical phase. We compute the relative phase fluctuations and their correlation length as a
function of the temperature and the strength of the coupling.
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I. INTRODUCTION

Recently, longitudinal phase fluctuations in very elon-
gated Bose-Einstein condensates have been observed experi-
mentally @1,2#. Such phase fluctuations are characteristic of
one-dimensional~1D! Bose gases and appear in the small
interaction regime wherer@Amrg/\, r being the linear
density of atomsg the interparticle interaction between at-
oms andm their mass. The opposite limit, called the Tonks
regime@3#, where strong correlations between atoms appear
is not investigated in this paper. For 1D Bose gases, at tem-
peraturesT much smaller thanTr5\rArg/m/kB , fluctua-
tions of density are suppressed and one has a quasiconden-
sate@4–8#. However fluctuations of phase, given by

^@u~0!2u~r !#2&.
Amrg

p\r
ln~Amgr r/\ !1

mkBTr

\2r
,

are still present@4#. The logarithmic zero-temperature term is
negligible when using normal experimental parameters and
phase fluctuations are produced by the thermal population of
collective modes.

In this paper we are interested in the case of two elon-
gated condensates coupled along their whole extension by a
single-atom interaction which enables local transfer of atoms
from one condensate to the other~see Fig. 1!. Such a situa-
tion could be achieved using a Raman or rf coupling between
different internal states@9#. It could also model the case of
condensates in two very elongated traps coupled by a tunnel-
ing effect. The physics of two coupled condensates, which
contains the Josephson oscillations, has been studied in a
two-mode model in Refs.@10–12#. In particular the many-
body ground state@11# and the thermal equilibrium state@12#
have been computed. Behind the two-mode model the exci-
tation spectrum of two-component condensates coupled by a
local single-atom coupling has been calculated using the Bo-
goliubov theory in Ref.@13#. In the case of two elongated
condensates, two effects act in opposite directions. Longitu-
dinal phase fluctuations in each condensate tend to smear out
the relative phase between the two condensates, while the
coupling between the condensates energetically favors the
case of identical local relative phase. The goal of this paper
is to determine the relative phase of the two condensates at
thermal equilibrium as a function of the strength of the cou-
pling.

II. FORMALISM

We are interested in pure 1D condensates where the tem-
perature, the interaction energy, and the coupling strengthg
are much smaller than the transverse confinement energy.
Thus, the Hamiltonian is written as

H5E dzH 2\2

2m Fca
†~z !

]2

]z2
ca~z !1cb

†~z !
]2

]z2
cb~z !G

1@U~z !2m#@ca
†~z !ca~z !1cb

†~z !cb~z !#

1

g

2
@ca

†~z !ca
†~z !ca~z !ca~z !1cb

†~z !cb
†~z !cb~z !cb~z !#

2g@ca
†~z !cb~z !1cb

†~z !ca~z !#J , ~1!

whereca,b are the boson annihilation operators for the con-
densates labeleda andb, U(z) is the trapping potential, and
m is the chemical potential. Assuming that the size of the
transverse ground statea'5A2\/mv' is much larger than
the s-wave scattering lengtha, the effective coupling con-
stant is simplyg5(2\2/m)(2a/a

'

2 ).
Following the calculations made for 1D condensates@4,8#

we expand the field operators in terms of their densityr and
phaseu as

ca,b~z !5e iua,b(z)Ara,b~z !. ~2!

The Hermitian density and phase operators obey
@r i(z),u j(z8)#5id(z2z8)d i, j @14#.

As we are interested in temperatures small enough to be
in the quasicondensate regime, density fluctuations are small
and we write

ra,b~z !5r0~z !1dra,b~z !, ~3!

FIG. 1. Situation studied in this article. Two elongated conden-
sates are coupled by an interaction which enables local transfer of
atoms from one condensate to the other.
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where (dra,b /r0)!1 and r0 satisfies the Gross-Pitaevskii
equation modified by takingm→m1g:

F2\2

2m
D1U~z !2~m1g !1g0r0GAr050. ~4!

We also assume that the phase difference between the con-
densates at a given position is small

uDu~z !u5uua~z !2ub~z !u!1. ~5!

The Heisenberg evolution equations forra,b and ua,b are
developed to first order indra,b , ¹ua,b , and Du, and we
obtain

\] tua,b52

1

2Ar0
F2

\2

2m
D1U13gr02mG S dra,b

Ar0
D

1g
drb,a

2r0
, ~6!

\] tdra,b52Ar0F2

\2

2m
D1U1gr02mG~ua,bAr0!

22gr0ub,a . ~7!

The first terms on the right-hand side are identical to those
for a single condensate and the second terms couple the two
condensates. We perform a canonical transformation to the
bosonic operators

Ba,b5

dra,b

2Ar0

1iAr0ua,b , ~8!

which evolve according to

i\] tS Ba

Ba
†

Bb

Bb
†

D 5SLGP~m ! G

G LGP~m !
D S Ba

Ba
†

Bb

Bb
†

D , ~9!

where we have introduced the operators

LGP~a !

5S 2\2

2m
D1U2a12gr0 gr0

2gr0
\2

2m
D2U1a22gr0

D ,

G5S 2g 0

0 g
D . ~10!

Such an evolution is the same as the one given by the
standard Bogoliubov theory and we recover indeed the same
result as that of Ref.@13#. As the matrix in Eq.~9! is invari-
ant by exchange ofa andb, eigenvectors may be split in two
families: the symmetric eigenvectors invariant by exchange

of a and b and the antisymmetric eigenvectors which are
multiplied by 21 by exchange ofa and b. The eigenvalue
equations are thus reduced to two 232 matrix equations. For
the symmetric family the eigenvalue equation becomes

LGP~m1g !S usk

vsk
D 5eskS usk

vsk
D ~11!

and for the antisymmetric family it becomes

LGP~m2g !S unk

vnk
D 5enkS unk

vnk
D . ~12!

As for the standard Bogoliubov theory the Hamiltonian is
then written, up to a real factor, as a sum of independent
bosonic excitations

H25(
k

eskbsk
† bsk1(

k
enkbnk

† bnk , ~13!

and theB operator is written

Ba,b5(
k

~bskusk1bsk
†

vsk* !6(
k

~bnkunk1bnk
†

vnk* !,

~14!

where the sums are done only on the eigenvectors normal-
ized to*dz(uuku

2
2uvku

2)51/2.
We are interested in the correlation function of the phase

differenceDu, which is written after commuting theB op-
erators to normal order as

^Du~z !Du~z8!&5^:Du~z !Du~z8!:&1

d~z2z8!

2r0
. ~15!

The second term accounts for the phase fluctuations in a
coherent state with linear densityr0 for a andb. We are not
interested in this term, and thus we will consider only the
normal ordered expectation value. If we expand this in terms
of theb operators and consider thermal equilibrium where no
correlations between different excitations exist, we obtain

^:Du~z !Du~z8!:&5

1

r0
(

k
$^b̂nk

† b̂nk&~ f nk
2 f nk

2 * 8
1 f nk

28 f nk
2* !

2vnk* f nk
28

2vnk f nk
2 * 8%, ~16!

where the prime means that we evaluate the function atz8

and f nk
2

5unk2vnk . As expected, only the antisymmetric
modes contribute because we are interested in phase differ-
ence. This expression gives the relative phase fluctuations
once the modified Bogoliubov spectrum of Eq.~12! has been
calculated. In the following we will give explicit results in
the case of a homogeneous gas.

III. RESULTS FOR HOMOGENEOUS CONDENSATES

We now consider a homogeneous gas with periodic
boundary conditions in a box of sizeL. The potentialU then
vanishes and the Gross-Pitaevskii equation gives
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m5gr02g. ~17!

The Bogoliubov function can be looked for in the form

usk5~2L !2(1/2)exp~ ikz !Usk ,

vsk5~2L !2(1/2)exp~ ikz !Vsk , ~18!

whereuUsku
2
2uVsku

2
51 and similarly for the antisymmetric

modes. The Bogoliubov eigenvalue equation for the symmet-
ric branch then reduces to the standard Bogoliubov equation

S \2k2

2m
1gr0 gr0

2gr0 2S \2k2

2m
1gr0D D S Usk

Vsk
D 5eskS Usk

Vsk
D ,

~19!

spectrum and eigenvectors of which are well known. For the
antisymmetric case the eigenvalue equation becomes

S \2k2

2m
1gr012g gr0

2gr0
2\2k2

2m
2gr022g

D S Unk

Vnk
D

5enkS Unk

Vnk
D , ~20!

which is simply the same as the symmetric case, with the
kinetic energy shifted by 2g. Thus the eigenvalues and ei-
genvector components are

enk5F S \2k2

2m
12g D S \2k2

2m
12g12gr0D G (1/2)

,

Unk1Vnk5S \2k2

2m
12g

\2k2

2m
12g12gr0

D
(1/4)

, ~21!

Unk2Vnk5S \2k2

2m
12g

\2k2

2m
12g12gr0

D
2~1/4!

.

This two-branch spectrum was already obtained in a more
general case in Ref.@13#. In the case whereg@gr0, these
excitations are almost purely particles withVnk!Unk for any
k and their energy is simply\2k2/2m12g as expected for a
particle in the state (ua&2ub&)/A2 and of momentumk. In
the opposite case whereg!gr0, three zones can be identi-
fied. For k!2Amg/\ we obtain collective excitations with
V.U and with energy 2Aggr0. For 2Amg/\!k
!2Amgr0/\, we still have collective excitations withV
.U but their energy is given by the normal Bogoliubov

dispersion law\kAgr0 /m. Finally, for k@2Amgr0/\ exci-
tations are just particles with energy\2k2/2m.

Using the plane wave expansion~18! and the normaliza-
tion conditionUnk

2
2Vnk

2
51, the correlation function~16! of

the relative phase fluctuation is written as

^:Du~z !Du~z8!:&5

1

2r0L (
k

$~Unk2Vnk!2~2nnk11!21%

3cos@k~z2z8!#, ~22!

wherennk51/(eenk /kBT
21) is the occupation number for the

state with energyenk . Using the expression~21! this corre-
lation function can be computed numerically. In the follow-
ing we analytically compute the phase fluctuations using
some approximations.

The terms which do not involvenk correspond to the
zero-temperature contribution. As the functionVnk

2

2UnkVnk is always smaller than the corresponding function
for a single condensate, the relative phase fluctuations will
be smaller than the phase fluctuations of a single condensate
which implies

^:Du2:&,

Amgr0

\r0
lnS LAmgr0

\
D . ~23!

The whole theory is valid only for large density so that
Amgr0/(\r0)!1 and in the experiments accessible until
now the size of the condensate is not large enough to pro-
duce noticeable phase fluctuations at zero temperature.

Phase fluctuations are thus due to thermal excitation of
the collective modes and we will give a simplified expression
by making several approximations. First, we will approxi-
mate the Bose factor by

nk5

kBT

enk
. ~24!

This is justified as this expression deviates in a significant
way from the Bose occupation factor only whennk becomes
smaller than 1, ie whenenk.kBT, and the contribution to
phase fluctuations of those modes is small even with the
preceding expression which overestimates their population.
Let us now consider separately the case whereg@gr0 and
the caseg!gr0.

If g@gr0, then (Unk2Vnk)
2.1 for all k and ek

.\2k2/2m12g. This gives, approximating the discrete sum
by an integral,

^:Du~z !Du~z8!:&5

2kBT

2pr0
E

2`

`

dk
cos@k~z2z8!#

\2k2/m14g
, ~25!

5

kBT

2\r0
Am

g
e22uz2z8uAmg/\. ~26!
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As we consider only temperatureskBT!\r0Agr0 /m, so
that we have quasicondensates, these phase fluctuations are
always very small.

Let us now consider the case whereg!gr0. The modes
with uku@k05Amgr0/\ give a negligible contribution to the
phase fluctuations. Indeed for those terms (Unk2Vnk)

2.1
and ek.\2k2/2m, so that their contribution to the phase
fluctuation is

mkBT

p\2r0
E

k0

`

dk
1

k2
5

kBTAm

p\r0Agr0

, ~27!

which is always small in the regime of quasicondensates.
Thus only the modesuku!2Agr0m/\ are considered for
which

~Unk2Vnk!2.
2Agr0

A\2k2/m14g
, ~28!

and the correlation function then becomes

^:Du~z !Du~z8!:&.
2kBT

r0p
E

0

k0 dk

\2k2

m
14g

cos@k~z2z8!#.

~29!

The integral can actually be extended to infinity as higherk
values give negligible contributions and we find

^:Du~z !Du~z8!:&5

kBT

2r0\
Am

g
expF22Amguz2z8u

\
G .

~30!

Note that this expression is the same as Eq.~26!, which was
not expecteda priori. This formula, which gives the ampli-
tude of the relative phase fluctuations as well as their corre-
lation length 1/g is the main result of the paper. It agrees
well with the numerical calculation of Eq.~22! as shown in
Fig. 2. Phase fluctuations are small only if

kBT!r0\Ag

m
. ~31!

Note that as we assumed small relative phase difference, this
is also the limit of validity of our calculation. The phase
diagram of Fig. 3 summarizes the previous results.

IV. DYNAMICAL INTERPRETATION

The condition~31! to have small relative phase fluctua-
tions has a dynamical interpretation, which is shown very
qualitatively below. In a two-mode model of the Josephson
coupling between two condensates ofN atoms it has been
shown that ifg!N]m/]N, then the Josephson oscillation
frequency is@10–12#

vJ5

2

\
AgN

]m

]N
.

Agm

\
5

Aggr0

\
. ~32!

On the other hand, a single elongated condensate will expe-
rience phase fluctuations and the phase at a given position
will evolve in time. If the change of the phase during a
Josephson oscillation time is small, then the Josephson cou-
pling will ensure that the relative phase between the two
condensates remains zero: there will be no relative phase
fluctuations. However, if the change of the phase during a
Josephson oscillation time is large, then the Josephson cou-
pling will not have time to adjust the phase of one conden-
sate with respect to the other: there will be relative phase
fluctuations of the two condensates. We thus have to com-
pute the change of the local phase of a single condensate

^@u~1/vJ!2u~0!#2&, ~33!

with the average corresponding to the thermal equilibrium,
and the coupling between the two condensates being ignored.
This calculation could be done rigorously by developing the
operatoru on the collective excitation bosonic operatorsbk

andbk
† . In the following we present a simpler argument that

0 0.5 1 1.5 2 2.5 3
(z-z`)√mγ

___
/ h
_

0
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0.25
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:∆

θ(
z)

∆θ
(z

`)
:>

FIG. 2. Correlation function of the relative phase fluctuations.
The solid line is the numerical calculation of Eq.~22! with g

5gr0/10, T5\r0Ag/(2AmkB), andL5100\/Amgr0. The dotted
line is the analytical expression, Eq.~30!, which only differs from
the numerical expression at small separations.

FIG. 3. Phase diagram for the fluctuations of the relative phase
between the two condensates. Only temperatures much smaller than
\r0Agr0/(kBAm) are relevant, as for larger temperatures one does
not have a quasicondensate anymore. For temperatures larger than
\r0 /(kBLAm), each condensate has longitudinal phase fluctua-
tions. Below the curve, which corresponds to Eq.~31!, the coupling
between the condensates is large enough to suppress local relative
phase fluctuations between the two condensates. Above this curve,
there are local relative phase fluctuations between the two conden-
sates.
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gives the same order of magnitude. We first estimate the
amplitudeAk of the phase modulation of wave vectork. The
energy of this phase modulation is just the kinetic energy
NuAku

2\2k2/4m which in a classical field theory at thermal
equilibrium corresponds to an energy ofkBT/2 and thus

uAku
2.

2mkBT

\2k2

1

r0L
. ~34!

This is indeed the contribution of the modek to phase fluc-
tuations as computed in Eq.~29! if g50. According to the
Bogoliubov spectrum and because only modes withuku
!2Agr0m/\ contribute, the modek evolves with the fre-
quency

vk5

kAgr0

Am
. ~35!

The evolution of the phase after a Josephson oscillation time
tJ.\/Aggr0 is then written, after averaging over the inde-
pendent phases of the phase modulations,

^@u~ tJ!2u~0!#2&.(
k

uAku
2@12cos~vktJ!#

.
2mkBT

\2r02p
E

2`

` 12cos~AtJgr0k/Am !

k2
dk

.
kBTAm

\r0Ag
. ~36!

Small relative phase fluctuations of the two condensates oc-
cur when this quantity is small and we recover the condition
~31!.

V. DISCUSSION

In conclusion, we have shown that as long as the tempera-
ture is small enough to fulfill Eq.~31!, although there might
exist large phase fluctuations along each condensate, the lo-

cal relative phase of the two condensates stays small. In the
opposite case, there are large fluctuations of the relative
phase whose correlation length islc5\/2Amg. For example
let us consider the case of two Rubidium condensates of 104

atoms elongated overL5200 mm, confined transversely
with an oscillation frequencyv'/2p51 kHz, and coupled
using g550 Hz. The phase of each condensate changes by
about 2p from one end of the condensate to the other as
soon asT.Tf5\2r0 /(mLkB)51.8 nK. However the local
relative phase between the two condensates stays much
smaller than 1 ifT!\r0Ag/(kBAm)5180 nK. The calcula-
tions made here for homogeneous condensates could be used
to describe a trapped inhomogeneous gasvia a local density
approximation similar to that used in Ref.@15# as long as
both the healing lengthlh5\/Amgr0 and the correlation
length of the phase fluctuations are much smaller than the
extension of the condensate. In the above example,lh
50.6 mm andlc52 mm are indeed much smaller thanL.

To measure experimentally the relative phase fluctuations
and their correlation length, one should perform an interfer-
ence experiment. In the case where the two states are internal
states, an intensep/2 pulse has to be applied. Measurement
of the local density of atoms in the statesua& and ub& then
gives access to the local relative phase of the two conden-
sates. In the case whereua& andub& are confined in the wells
of a double well potential, the interference measurement is
performed via a fast release of the confining potential fol-
lowed by a time of flight long enough for the two clouds to
overlap. Indeed, the total intensity presents fringes in the
direction orthogonal toz @16# and, at a givenz, the position
of the central fringe gives the value of the local relative
phase.
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Abstract. We study the Josephson oscillations of two coupled elongated condensates. Linearized calcu-
lations show that the oscillating mode uniform over the length of the condensates (uniform Josephson
mode) is unstable: modes of non zero longitudinal momentum grow exponentially. In the limit of strong
atom interactions, we give scaling laws for the instability time constant and unstable wave vectors. Be-
yond the linearized approach, numerical calculations show a damped recurrence behavior: the energy in
the Josephson mode presents damped oscillations. Finally, we derive conditions on the confinement of the
condensates to prevent instabilities.

PACS. 03.75.Lm Tunneling, Josephson effect, Bose-Einstein condensates in periodic potentials, solitons,
vortices and topological excitations – 03.75.Kk Dynamic properties of condensates; collective and hydro-
dynamic excitations, superfluid flow

1 Introduction

Josephson oscillations arise between two Bose-Einstein
condensates coupled by tunneling effect. They have been
observed in superfluid helium [1] and in superconduc-
tors [2] and have recently been achieved in dilute atomic
BEC in a double well potential [3]. The physics of two
coupled condensates has been extensively studied in a two
modes model, where only two single particle modes are
involved [4,5]. For atoms interacting in each well through
a two-body interaction, different regimes are reached de-
pending on the ratio between the tunneling strength to
the interaction energy of atoms in each well [6,4]. For
small interaction energy, one expects to observe Rabi
oscillations. For large interaction energy one enters the
Josephson regime. In this regime, oscillations around equi-
librium configuration have a reduced amplitude in atom
number and their frequency depends on the mean field en-
ergy. Finally, for very large interaction energy, quantum
fluctuations are no longer negligible: the system is in the
so-called Fock regime and oscillations of atoms between
the wells do not occur any more. In this paper, we assume
this regime is not reached. Oscillations between the two
wells, both in the Rabi and in the Josephson regime, are
then well described by a mean field approach.

Atom chips [7] are probably good candidates to re-
alize Josephson oscillations of Bose-Einstein Condensates
as they enable the realization of micro-traps with strong

a e-mail: isabelle.bouchoule@iota.p-sud.fr

confinement and flexible geometries. A possible configu-
ration to realize a tunnel coupling between BEC on an
atom-chip is proposed in [8]. In this proposal, the two
condensates are very elongated and are coupled all along
their longitudinal extension. With such an elongated ge-
ometry, both the Rabi and the Josephson regime could be
accessed. However, in this case, tunnel coupling may be
larger than the longitudinal frequency and the two modes
model a priori breaks down. In this paper, we are inter-
ested in the stability of the uniform Josephson mode where
all the atoms oscillate between the two wells independently
of their longitudinal position. In the absence of interaction
between atoms and if the transverse and longitudinal trap-
ping potentials are separable, the longitudinal and trans-
verse degree of freedom are decoupled and one expects
to observe stable Rabi oscillations between the conden-
sates. On the other hand interactions between atoms in-
troduce non linearities that may couple the two motions.
For a homogeneous situation such as atoms trapped in
a box-like potential, uniform Josephson oscillations are a
solution of the mean field evolution equations and are a
priori possible, even in presence of interactions between
atoms. However, the non linearities introduced by inter-
actions between atoms may cause instability of this uni-
form Josephson mode. Similar modulational instabilities
appear in many situations of nonlinear physics such as wa-
ter waves propagation [9] or light propagation in a non lin-
ear fiber [11]. In the context of Bose Einstein condensates,
they have been observed in presence of a periodic poten-
tial, at positions in the Brillouin zone where the effective
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mass is negative [12–14]. In our case a modulational insta-
bility would cause uniform Josephson oscillations to decay
into modes of non vanishing longitudinal momentum. The
goal of this paper is to investigate those instabilities.

We assume that all the relevant frequencies (interac-
tion energy and tunnel coupling) are much smaller than
the transverse oscillation frequencies in each well so that
we can consider only a one-dimensional problem. Thus,
the system we consider is described by the Hamiltonian

H =

∫

dz

{−�
2

2m

[

ψ†
1(z)

∂2

∂z2
ψ1(z) + ψ†

2(z)
∂2

∂z2
ψ2(z)

]

+ U(z)
[

ψ†
1(z)ψ1(z) + ψ†

2(z)ψ2(z)
]

+
g

2

[

ψ†
1(z)ψ†

1(z)ψ1(z)ψ1(z)+ψ†
2(z)ψ†

2(z)ψ2(z)ψ2(z)
]

−γ
[

ψ†
1(z)ψ2(z) + ψ†

2(z)ψ1(z)
]}

, (1)

where g is the one-dimensional coupling constant and U(z)
is the longitudinal trapping potential. For a harmonic
transverse confinement for which ω⊥ ≪ �

2/(ma2), we
have g = 2�ω⊥a, where a is the scattering length [15].
The parameter γ describes the tunnel coupling.

We are interested in the stability of uniform Josephson
oscillations around the equilibrium configuration where
the two condensates have the same phase and equal lon-
gitudinal density. In Sections 2–4, we consider a homo-
geneous configuration where U(z) = 0. In Sections 2
and 3, we calculate the linearized evolution of modes of
non zero longitudinal momentum in the presence of uni-
form Josephson oscillations. In Section 2, we give results
of a calculation valid both in the Josephson and in the
Rabi regime. In Section 3, we show that, in the Josephson
regime, the system is well described by a modified
Sine-Gordon equation. For small amplitude oscillations,
we derive scaling laws for the instability time constant
and the wave vectors of the growing modes. In Section 4,
we go beyond the previous linearized approaches and
present numerical results. We observe damped oscillations
of the uniform Josephson mode amplitude. Such oscilla-
tions are similar to the Fermi-Pasta-Ulam recurrence be-
havior [16,17]. In the last section (Sect. 5), we present
numerical calculations in the case of a harmonic longi-
tudinal confinement. We show that Josephson oscillations
are stable for a sufficiently strong confinement and we give
an approximate condition of stability.

2 Numerical linearized calculation

To investigate whether Josephson oscillations are unsta-
ble with respect to longitudinal excitations, we use a lin-
earized calculation around the time-dependent solution
corresponding to uniform Josephson oscillations. Writ-
ing ψ1 = ϕ1 + δψ1 and ψ2 = ϕ2 + δψ2 with uniform
(z-independent) ϕ1,2, equation (1) gives to zeroth order

the coupled Gross-Pitaevski equations

i�
d

dt
ϕ1 = g|ϕ1|2ϕ1 − γϕ2 + (γ − ρ0g)ϕ1,

i�
d

dt
ϕ2 = g|ϕ2|2ϕ2 − γϕ1 + (γ − ρ0g)ϕ2. (2)

We shifted the zero of energy by adding to the Hamil-
tonian a “chemical potential” term γ − ρ0g, where ρ0 is
the density of each condensate at equilibrium. We recover
here the well known results established for a two modes
model [4–6]. More precisely, writing ϕ1 =

√

N1/L eiθ1

and ϕ2 =
√

(N − N1)/L eiθ2 where L is the size of
the system, equation (2) implies that the conjugate vari-
ables θ1 − θ2 and k = (N1 − N2)/2 evolve according to
the non rigid pendulum Hamiltonian Hp = ECk2/2 +

EJ

√

1 − 4k2/N2 cos(θ1 − θ2) where the charge energy is
Ec = 2g/L and the Josephson energy is EJ = γN . We con-
sider oscillations of θ1−θ2 around 0 of amplitude Θosc. Let
us now consider the evolution of excitations around those
uniform oscillations. To first order in δψ1,2, equation (1)
yields the coupled Bogoliubov equations

i�
d

dt







δψ1

−δψ+
1

δψ2

−δψ+
2






=

(

L1 C
C L2

)







δψ1

−δψ+
1

δψ2

−δψ+
2






(3)

where, for i = 1, 2,

Li =




− �
2

2m
∂2

∂z2 + 2g|ϕi|
2 − ρ0g + γ −gϕ2

i

gϕ∗
i
2 �

2

2m
∂2

∂z2 − 2g|ϕi|
2 + ρ0g − γ





(4)

and the coupling term is

C =

(

−γ 0
0 γ

)

. (5)

Instabilities arise if there exist modes growing exponen-
tially in time under equation (3). The evolution matrix is
invariant under translation so that we can study indepen-
dently plane waves modes eikz(u1, v1, u2, v2), the second
derivatives in L1 and L2 being replaced by −k2. Note that
the evolution of excitations depends only on the four pa-
rameters k, ρ0g, γ and Θosc. For a given k component, we
numerically evolve equations (2) and (3). Figure 1 gives
the evolution of the square amplitude of the symmetric
mode |us|2 = |u1 + u2|2 and of the antisymmetric mode
|ua|2 = |u1−u2|2 for two different k vectors, for γ = 0.1ρ0g
and for Θosc = 0.6. For these calculations, we choose
the initial condition as (u1, v1, u2, v2) = (1,−1,−1, 1).
In the two cases, we observe a fast oscillation at a fre-
quency close to the frequency of the antisymmetric mode
√

(2ρ0g + 2γ + �2k2/2m)(2γ + �2k2/2m) and a slower os-
cillation at a frequency close to that of the symmetric
mode

√

(2ρ0g + �2k2/2m)�2k2/2m [18]. On top of this,
we observe, for k = 0.1, an exponential growth e2Γt of
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Fig. 1. Evolution of the square amplitude of the symmetric
(fat lines) and antisymmetric (thin lines) excitations of wave
vector k = 0.1

√
mρ0g/� (a) and k = 0.3

√
mρ0g/� (b). Those

graphs are computed for γ = 0.1ρ0g and a uniform Josephson
oscillation amplitude Θosc = 0.6.

|u1 + u2|2 and |u1 − u2|2, signature of an unstability. We
find that, for given ρ0g and Θosc, the instability domain
in k is [0, kmax]. Figure 2 gives the maximum growth rate
Γ and the maximum unstable wave vector kmax.

3 Calculation in the Josephson limit

In this section, we focus on the Josephson regime where
γ ≪ ρ0g [10]. In this regime the amplitude of oscilla-
tions in the relative density δρ remains small compared
to the mean density and one can assume ρ1 = ρ2 in
the Josephson energy term of the Hamiltonian. Further-
more, we restrict ourselves to long wavelength excitations
described by phonons and we neglect anharmonicity of
phonons. Then, the Hamiltonian reduces to

HJ = Hs + HSG + Hc, (6)

where, writing ψ1 =
√

ρ1e
iθ1 , ψ2 =

√
ρ2e

iθ2 , θa = θ1 − θ2,
θs = θ1 + θ2, ρa = (ρ1 − ρ2)/2 and ρs + ρ0 = (ρ1 + ρ2)/2,

Hs =

∫

(

�
2ρ0

4m

(

∂θs

∂z

)2

+ gρ2
s

)

dz (7)

describes the symmetric phonons,

HSG =

∫

(

�
2ρ0

4m

(

∂θa

∂z

)2

+ gρ2
a − 2γρ0(cos(θa) − 1)

)

dz

(8)
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Fig. 2. Maximum instability rate of excitations (a) and max-
imum wave vector k of unstable modes (b) as a function of
the amplitude of the relative phase oscillations for γ = 0.05ρ0g
(stars and solid line) γ = 0.1ρ0g (crosses and dashed line) and
γ = 0.2ρ0g (circles and dotted line). The points are the results
of the linearized numerical calculations presented in Section 2
and are given with a precision of 10%. The continuous lines are
given by diagonalising the four by four matrix as presented in
Section 3.

is the Sine-Gordon Hamiltonian and

Hc = −2γ

∫

ρs(cos(θa) − 1)dz (9)

is a coupling between the symmetric and antisymmetric
modes. The Sine-Gordon Hamiltonian has already been
introduced in the physics of elongated supraconducting
Josephson junction [2]. In those systems, symmetric modes
would have a very large charge and magnetic energy and
do not contribute. The Sine-Gordon model has been exten-
sively studied [19]. In particular, it has been shown that,
for a Sine-Gordon Hamiltonian, oscillations of well defined
momentum (in particular k = 0) present Benjamin-Feir
instabilities [19]. Our system is not described by the
Sine-Gordon Hamiltonian because of the presence of Hc.
In the following, we derive results about stability of our
modified Sine-Gordon system. As we will see later, we re-
cover results close to that obtained for the Sine-Gordon
model.

The Josephson oscillations correspond to oscillations
where ρa = ρosc and θa = θosc are independent of z. They
are given by











∂ρosc

∂t
= 2γρ0 sin(θosc)/�

∂θosc

∂t
= −2gρosc/�

. (10)
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M =















i(−ωa + ωJ + γΘ2
oscf

2
a/4) − iγΘoscfa/(2fs) γΘoscfa/(2fs) −γΘ2

oscf
2
a/8

iγΘoscfa/fs/2 iωs 0 −γΘoscfa/(2fs)

γΘoscfa/(2fs) 0 −iωs −iγΘoscfa/(2fs)

−γΘ2
oscf

2
a/8 γΘoscfa/(2fs) iγΘoscfa/(2fs) i(ωa − ωJ − γΘ2

oscf
2
a/4)















(16)

They also induce an oscillation θ
(s)
osc of θs given by

∂θ
(s)
osc

∂t
= −2γ (cos(θosc) − 1) /�. (11)

To investigate whether some non vanishing k modes are
unstable in presence of a Josephson oscillation, we lin-
earize, as in the previous section, the equation of motion
derived from equation (6) around the solution ρosc, θosc.
Because of translational invariance, we can study indepen-
dently the evolution of modes of well defined longitudinal
wave vector k. Writing ρ1 = ρ0 + ρosc + (δρa + δρs)e

ikz ,

ρ2 = ρ0−ρosc+(−δρa+δρs)e
ikz , θ1 = (θ

(s)
osc +θosc +(δθs+

δθa)eikz)/2, and θ2 = (θ
(s)
osc − θosc + (δθs − δθa)eikz)/2, we

find the evolution equation

�
d

dt











δρa/ρ0

δθa

δρs/ρ0

δθs











=











0 −�
2k2

2m + 2γ cos(θosc) 2γ sin(θosc) 0

−2ρ0g 0 0 0

0 0 0 −�
2k2

2m

0 2γ sin(θosc) −2ρ0g 0











×











δρa/ρ0

δθa

δρs/ρ0

δθs











. (12)

We solved numerically equations (10, 12) and we find
that modes of low k wave vectors are unstable. Figure 3
gives the instability rate and the maximum k wave vec-
tor of unstable modes. Those results agree within 10%
to the more general results of the previous section as
long as γ/ρ0g < 0.2 and the oscillation amplitude fulfills
Θosc < 0.6.

To get more insight into the physics involved and to ob-
tain scaling laws for the instability rate and the instability
range in k, we will perform several approximations. The
evolution matrix M of equation (12) is periodic in time
with a period ωJ . We can thus use a Floquet analysis [20]
and look for solutions of equation (12) in the form

eiνt
+∞
∑

n=−∞
einωJ tcn = eiνt

+∞
∑

n=−∞
einωJ t







c1n

c2n

c3n

c4n






. (13)

Expanding equation (12) for each Fourier component, we
find

νcn = −ωJncn − iM0cn − i
∑

m

Mmcn−m, (14)

where the time independent matrices Mn are the Fourier
components

Mm =
ωJ

2π�

∫ 2π
ωJ

0

e−imωJ tM(t)dt. (15)

Thus, solutions of equation (12) are found as eigenvalues
of the linear set of equations (14). The mode is unstable if
there exists an eigenvalue of non vanishing real part and
its growth rate is the real part of the eigenvalue.

For Θosc = 0, only the dc component M0

is not vanishing and its eigenvalues are ±ωa =
±i
√

2ρ0g(2γ + �k2/2m) and ±ωs = ±i�k
√

ρ0g/m cor-
responding, for each Fourier component n, to the sym-

metric modes c
(s)
± n

and antisymmetric modes c
(a)
± n

. The

four states c
(a)
− −1

, c
(s)
− 0

, c
(s)
+ 0

and c
(a)
+ 1

form a subspace

almost degenerate in energy and of energy far away from
the other states as depicted Figure 4. Thus, we will restrict
ourselves to those states in the following. In the limit of os-
cillations of small amplitude Θosc, the matrix elements of
M can be expanded to second order in θosc. Furthermore,
the oscillations are well described by θosc = Θosc cos(ωJ t),
where ωJ = 2

√
γρ0g(1 − Θ2

osc/16)/�. We then find that,

in the 4-dimensional subspace spanned by (c
(a)
− −1

, c
(s)
− 0

,

c
(s)
+ 0

,c
(a)
+ 1

), the eigenvalue ν of equation (14) are the eigen-
values of the four by four matrix

see equation (16) above

where fa = (2ρ0g/(�2k2/2m + 2γ))(1/4) and fs =
(4mρ0g/�

2k2)(1/4).
We numerically diagonalise this matrix and find the

instability rate as the largest real part of the eigenval-
ues. For a given oscillation amplitude Θosc, scanning the
wave vector k, we find the largest instability rate and the
maximum wave vector of unstable modes. Figure 3 com-
pare those results with the values obtained by integration
of equation (12). We find a very good agreement in the
range θ < 0.6 and γ/ρ0g < 0.1. Finally, in Figure 2, we
compare the instability rate and the maximum unstable
wave vector found with this simplified Floquet analysis
with the more general results of Section 1. We find a very
good agreement as long as γ/ρ0g < 0.2 and Θosc < 0.6.
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Fig. 3. Comparison between numerical evolution of equa-
tions (10, 12) (points) and the results obtained by diagonal-
ising the 4 by 4 matrix of the Floquet representation (lines).
Parameters are γ = 0.1 × ρ0g (stars and continuous lines) and
γ = 0.05 × ρ0g (crosses and dashed line).
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c
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c
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c
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Fig. 4. Floquet representation of the equation (12). The ellipse
surrounds the four states that are considered in the calculation
of instability rates.

If we restrict ourselves to terms linear in Θosc, then
the only effect of the Josephson oscillations is to intro-
duce a coupling between the symmetric and antisym-
metric mode. We checked that this coupling alone does
not introduce any instability. Thus instability is due to
the quadratic terms. Those terms contain a modulation
at 2ωJ . This modulation corresponds to the modulation
of the frequency of the antisymmetric mode

ω2
a = 2ρ0g(�2k2/2m + 2γ − 2γΘ2

osc/4)

+ γρ0gΘ2
osc cos(2ωJ t). (17)
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Fig. 5. Maximum instability rate normalized to the Josephson
oscillation frequency (a) and maximum wave vector of unsta-
ble modes normalized to

√
mγ/� (b) as a function of the os-

cillations amplitude Θosc for different ratios γ/ρ0g (from lower
curves to upper curves: 0.02, 0.06, 0.1, 0.14). Fat dashed lines
are the scaling laws equations (18, 19). Thin continuous lines
are found by diagonalising the matrix of equation (16).

This parametric oscillation leads to instability for k ∈
[0, Θosc

√

mγ/2/�] and the instability time constant at res-
onance is Γ = Θ2

osc

√
γρ0g/8�. We recover here the well

known results of Benjamin-Feir instability derived for ex-
ample in [19] using the multiple-scale perturbation tech-
nique. In our case, the coupling to the symmetric mode
will modify those values. However, for small values of γ,
the qualitative behavior is unchanged. Indeed, as seen in
Figure 5, as long as γ < 0.05ρ0g and within a precision
of 10%, the instability rate Γ scales as

Γ = 0.122(1)Θ2
osc

√
γρ0g/� (18)

and the maximum wave vector of unstable modes as

kmax = 0.97(1)

√
mγ

�
Θosc. (19)

For larger γ, the Γ and kmax are higher than those lows
as seen in Figure 5.

4 Beyond the linearisation

The two previous sections give a linearized analysis of the
evolution of perturbations. They show that the presence
of uniform Josephson oscillations produces instabilities of
modes of non vanishing momentum. The energy in these
mode grows and consequently, the energy of the uniform
Josephson mode decreases and one expects a decrease of
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Fig. 6. Evolution of the number of atoms in the condensate 1,
normalized to the total number of atoms, as a function of time.
The initial state corresponds to a phase difference between the
condensate Θosc = 0.6 superimposed on phase and density
fluctuations corresponding to a thermal equilibrium at tem-
perature kBT = 0.1ρ0g. For this calculation, γ = 0.1ρ0g (a)
and γ = ρ0g (b).

the uniform Josephson oscillations amplitude. Such a de-
crease is beyond the previous linearized analysis and we
perform full numerical calculation of the evolution of the
mean fields ψ1(z, t) and ψ2(z, t). The evolution equations
derived from equation (1) are











i�
d

dt
ψ1 = − �

2

2m

d2ψ1

dz2
+ g|ψ1|2ψ1 − γψ2

i�
d

dt
ψ2 = − �

2

2m

d2ψ2

dz2
+ g|ψ2|2ψ2 − γψ1

. (20)

Figure 6 gives the evolution of the total number of atoms
in the condensate 1, N1 =

∫

|ψ1|2, for initial ampli-
tude Θosc = 0.6 and for different values of γ/(ρ0g).
For these calculations, the initial state consists in a
z-independent phase difference Θosc between ψ1 and ψ2

superposed on thermal fluctuations of the density and
phase of the two condensates corresponding to a tempera-
ture kBT = ρ0g/10. We observe that the amplitude of the
Uniform Josephson Oscillations presents damped oscilla-
tions. For γ ≪ ρ0g, the period of these amplitude oscil-
lations is about three times the inverse of the instability
rate of equation (18). The ratio between the Josephson
frequency and the frequency of these amplitude oscilla-
tions is about 20 and is almost independent on the ratio
between γ and ρ0g as long as γ < ρ0g. For larger γ, this
ratio increases and more Josephson oscillations are seen
in a period of the amplitude modulation. Such amplitude
oscillations are a reminiscence of the Fermi-Ulam-Pasta
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Fig. 7. Evolution of the number of atoms in the condensate 1,
normalized to the total number of atoms, as a function of time
for γ = ρ0g and an initial phase difference between conden-
sates Θosc = π/2. Initial thermal population of excited modes
corresponding to kBT = 0.1ρ0g is assumed.

recurrence behavior observed in many non linear systems
with modulational instabilities [16,17,19]. In particular,
this recurrence behavior has been seen in numerical evo-
lution of the Sine-Gordon Hamiltonian [21]. In our case,
we observe an additional damping which results probably
from the coupling to symmetric modes.

The case of an initial amplitude Θosc = π/2 is of
particular interest as, in absence of interactions between
atoms, it corresponds to Rabi oscillations of maximum
amplitude. Figure 7 gives the evolution of N1 for γ = ρ0g
and an initial amplitude Θosc = π/2.

5 Case of a confined system

In the previous sections, we considered large and homoge-
neous systems. We found that unstable excited modes are
those of low wave vectors. In the Josephson limit where
γ ≪ ρ0g, we derived the scaling law equation (19) for the
maximum unstable wave vector. In a cloud trapped in a
box like potential of extension L, the minimum k value of
the excitation modes is 2π/L. Thus, if

L <
2π�

1.0
√

mγΘosc
, (21)

the minimum wave vector of excited modes is larger than
the maximum unstable k value equation (19) and the sys-
tem is stable. This condition can be understood in a dif-
ferent way: the energy of the lowest longitudinal mode is
�2π

√
ρ0g/(mL) (here we assume L ≫ �/

√
mρ0g). Thus,

we find that the system is stable provided that the energy
of the lowest excited mode satisfies Eexc > 0.52ωJΘosc

where ωJ = 2
√

γρ0g/� is the Josephson frequency.
An approximate condition of stability of Josephson os-

cillations in the case of a cloud trapped in a harmonic
longitudinal potential of frequency ω is found as follows.
The size of cloud, described by a Thomas Fermi profile, is
L = 2µ/(mω2), where µ = ρ0g is the chemical potential
and ρ0 the peak linear density. Then, from the same argu-
ment as above, one expects to observe stable oscillations
for

ω > α
√

γρ0gΘosc = αΘoscωJ/2 (22)
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Fig. 8. Josephson oscillations of clouds trapped in a harmonic
potential of frequency ω = 0.1ρ0g/� (solid line) and ω = ρ0g/�

(dashed line), where ρ0 is the peak linear density in each con-
densate. The initial phase difference between the condensates
is π/2 and the tunnel coupling is γ = ρ0g. N1 is the number of
atoms in the condensate 1 and Ntot the total number of atoms.

where α is a numerical factor close to one. We performed
numerical simulations of the evolution in the case of a
harmonic potential, adding to both left hand sides of
equations (20) a trapping potential 1/2mω2z2. The ini-
tial situation is the Thomas Fermi profile superposed on
thermal random fluctuations and a global phase difference
between the condensates Θosc = π/2. The tunnel coupling
is γ = ρ0g. The resulting Josephson oscillations are shown
in Figure 8 for ω = ρ0g/� and ω = 0.1ρ0g/�. We ob-
serve that for ω = ρ0g/�, Josephson oscillations are stable
whereas, for ω = 0.1ρ0g/�, oscillations are unstable.

6 Conclusion and prospects

We have shown that Josephson oscillations of two cou-
pled elongated condensates are unstable with respect to
excitations of longitudinal modes. The unstable modes
are those of small wave vectors. In the Josephson limit
where γ ≪ ρ0g, we have derived the scaling lows equa-
tion (18, 19) for the instability time constant and wave
vectors. Since the frequency of Josephson oscillations are
2
√

γρ0g, the first equation tells us that the number of oscil-

lations that can be observed scales as Θ2
osc and is indepen-

dent on γ/ρ0g. This is true as long as γ < ρ0g. For larger
γ/(ρ0g), the Josephson condition is not fulfilled. Effect
of interactions is less pronounced and more oscillations
can be observed. Performing numerical calculations be-
yond the linearized approach, we have shown that the sys-
tem presents a recurrence behavior, although it is damped
quickly. Finally, we investigated the stability of oscillations
in finite size systems. Equation (21) gives the maximum
longitudinal size of confined condensate that enables the
presence of stable Josephson oscillations. We also consid-
ered the case of harmonically trapped cloud and give an
approximate condition on the oscillation frequency to have
stable Josephson oscillations.

The results of this paper are not changed drasti-
cally for finite temperature. Indeed, although elongated
Bose-Einstein condensates present thermally excited lon-
gitudinal phase fluctuations [22,23], it has been shown

in [18] that, because the antisymmetric modes present
an energy gap, thermal fluctuations of the relative phase
between elongated coupled condensates are strongly sup-
pressed.

Among the possible extensions of this work, two ques-
tions are of immediate experimental interest. First, the
effect of a random longitudinal potential could be inves-
tigated. Indeed, it has been proposed to realized elon-
gated coupled condensates using magnetic trapped formed
by micro-fabricated wires [8], but, for such systems, a
roughness of the longitudinal potential has been ob-
served [24–26]. If the amplitude of the roughness potential
is smaller than the chemical potential of the condensate,
one expects to still have a two single elongated conden-
sate. However, the roughness of the potential may change
significantly the results of this paper. Second, the effect
of correlations between atoms may be studied. Indeed,
for large interactions between atoms, correlations between
atoms become important. More precisely, for ρ0 < mg/�

2,
a mean field approach is wrong and the gas is close to the
Tonks-Girardeau regime [27–29]. Such a situation is not
described in this paper in which a mean field approach
has been assumed. Thus, a new study should be devoted
to the physics of coupled elongated Tonks gas.

Dynamical instabilities of the uniform Josephson mode
are not the only effect of non linearities in the system
of two coupled elongated condensates and other interest-
ing phenomena are expected. For instance, reference [30]
shows that Josephson vortices similar to the solitons of
the Sine-Gordon model exist for large enough interaction
energy.
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We present a quantitative study of roughness in the magnitude of the magnetic field produced by a current
carrying microwire, i.e., in the trapping potential for paramagnetic atoms. We show that this potential rough-
ness arises from deviations in the wire current flow due to geometric fluctuations of the edges of the wire: a
measurement of the potential using cold trapped atoms agrees with the potential computed from the measure-
ment of the wire edge roughness by a scanning electron microscope.
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The use of micro or even nanofabricated electrical devices
to trap and manipulate cold atoms has attracted substantial
interest, especially since the demonstration of Bose-Einstein
condensation using such structures[1,2]. Compact and ro-
bust systems for producing BEC’s, single mode waveguides
and possibly atom interferometers can now be envisaged.
The small size of the trapping elements, usually current-
carrying wires producing magnetic traps, and the proximity
of the atoms to these elements(typically tens of microns),
means that many complex and rapidly varying potentials can
be designed[3]. This approach has some disadvantages how-
ever. On the one hand it has been shown that atoms are
sensitive to the magnetic fields generated by thermally fluc-
tuating currents in a metal when they are very close[3–7].
On the other hand, a time independent fragmentation of a
cold atomic cloud has been observed when atoms are
brought close to a current carrying microwire[4,8,10].

This fragmentation has been shown to be due to a poten-
tial roughness arising from distortions of the current flow in
the wire[9,11]. It has also been demonstrated experimentally
that the effect of these distortions decreases with increasing
distance from the wire[10,11]. In an attempt to account for
the observations, a theoretical suggestion has been made that
the current distortions may be simply due to geometrical
deformations, more specifically meanders, of the wire[12].
In this paper we show that for at least one realization of a
microfabricated magnetic trap, using electroplating of gold,
this suggestion is substantially correct. We have measured
the longitudinal density variation of a fragmented thermal
cloud of atoms trapped above a wire, and inferred the rough
magnetic potential. We have also made scanning electron
microscope images of the same wire and measured the pro-
file of the wire edges over the region explored by the atoms.
The magnetic potential as a function of position deduced
from the edge measurements is in good quantitative agree-
ment with that inferred from the atomic density. We suspect
that this result is not unique to our sample or fabrication
process and we emphasize the quantitative criterion for the
necessary wire quality to be used for atom manipulation.

The wires we use are produced using standard microelec-
tronic techniques. A silicon wafer is first covered by a
200 nm silicon dioxide layer. Next, layers of titanium
s20 nmd and golds200 nmd are evaporated. The wire pattern
is imprinted on a 6mm thick photoresist using optical lithog-
raphy. Gold is electroplated between the resist walls using
the first gold layer as an electrode. After removing the pho-
toresist and the first gold and titanium layers, we obtain elec-
troplated wires of thicknessu0=4.5 mm with a rectangular
transverse profile(see Fig. 1). A planarizing dielectric layer
(BCB, a benzocyclobutene-based polymer) is deposited to
cover the central region of the chip. On top of the BCB, a
200 nm gold layer is evaporated to be used as an optical
mirror for light at 780 nm. The distance between the center
of the wire and the mirror layer has been measured to be
14s1d mm.

The magnetic trap is produced by a currentI flowing
through a Z-shaped microwire[13] together with an external
uniform magnetic fieldB0 (along they axis; see Fig. 1) par-
allel to the chip surface and perpendicular to the central part
of the wire. The central part of the Z-wire is 50mm wide and
2800mm long. Cold 87Rb atoms, collected in a surface
magneto-optical trap, are loaded into the magnetic trap after
a stage of optical molasses and optical pumping to theuF
=2,m=2l hyperfine state. The trap is then compressed so
that efficient forced evaporative cooling can be applied. Fi-
nally, the trap is decompressed. Final values ofI andB0 vary
from 200 mA to 300 mA and from 3 G to 14 G, respec-
tively, so that the height of the magnetic trap above the wire
ranges from 33mm to 170mm. An external longitudinal

*Permanent address: Universität Hannover, D 30167 Hannover,
Germany.

FIG. 1. (a) Z-wire used to produce the magnetic trap.(b) Cross
section of the wire in thesxyd plane. The wire is covered with a
layer of BCB polymer, and a thin gold layer acting as a mirror. The
origin of the coordinate system is taken at the center of the wire.
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magnetic field of a few G aligned alongz is added to limit
the strength of the transverse confinement and to avoid spin
flip losses induced by technical noise. For these parameters,
the trap is highly elongated along thez axis. The transverse
oscillation frequency is typicallyv' / s2pd=3.5 kHz and
120 Hz for traps at 33mm and 170mm from the wire, re-
spectively.

The potential roughness is deduced from measurements of
the longitudinal density distribution of cold trapped atoms.
The atomic density is probed using absorption imaging after
the atoms have been released from the final trap by switching
off the current in the Z-wire(switching time smaller than
100 ms). The probe beam is reflected by the chip at 45°
allowing us to have two images of the cloud on the same
picture. From images taken just afters500 msd switching off
the Z-wire current we infer the longitudinal densitynszd
=/dxdynsx ,y ,zd. We also deduce the height of the atoms
above the mirror layer from the distance between the two
images. The temperature of the atoms is determined by mea-
suring the expansion of the cloud in the transverse direction
after longer times of flights1 to 5 msd.

To infer the longitudinal potential experienced by the at-
oms, we assume the potential is given by

Vsx,y,zd = Vzszd + Vharmsx,yd, s1d

whereVharmsx ,yd is a transverse harmonic potential. Under
this separability assumption, the longitudinal potential is di-
rectly obtained from the measured longitudinal density of a
cloud at thermal equilibrium using the Boltzmann law
Vzszd=−kBT lnfnszdg. To maximize the sensitivity to the lon-
gitudinal potential variations, we choose a temperature of the
same order as the variations(T.0.4 mK for traps at 170mm
from the wire andT.2.2 mK for traps at 33mm from the
wire). The separability assumption has been checked experi-
mentally by deducing az-dependent oscillation frequency
from the rms width of the transverse atomic density at dif-
ferent positions. At 33mm from the wire, there is no evi-
dence of a varying oscillation frequency. At a height of
170 mm above the chip, over a longitudinal extent of
450 mm, we deduce a variation of the transverse oscillation
frequency of about 13%. In this case, the assumption of
separability introduces an error of 0.2kBT in the deduced
potential.

The potential experienced by the atoms isV=mBuBW u. To a
very good approximation, the magnetic field at the minimum
of Vharm is along thez axis (for our parameters, the deviation
from the z axis is computed to be always smaller than
1 mrad) so that the longitudinal potential is given byVzszd
=mBBzszd. For a perfect Z-wire, the longitudinal potential is
solely due to the arms of the wire and has a smooth shape.
However, we observe a rough potential which is a signature
for the presence of an additional spatially fluctuating longi-
tudinal magnetic field. A spatially fluctuating transverse
magnetic field of similar amplitude would give rise to trans-
verse displacement of the potential which is undetectable
with our imaging resolution and small enough to leave our
analysis unchanged.

In the following, we present the data analysis which en-
ables us to extract the longitudinal potential roughness. In
order to have a large statistical sample and to gain access to
low spatial frequencies, one must measure the potential
roughness over a large fraction of the central wire. In our
experiment, however, the longitudinal confinement produced
by the arms of the Z-wire itself is too strong to enable the
atomic cloud to spread over the full extent of the central
wire. To circumvent this difficulty, we add an adjustable lon-
gitudinal gradient ofBz which shifts the atomic cloud along
the central wire. We then measure the potential above differ-
ent zones of the central wire. We typically use four different
spatial zones which overlap each other by about 200mm. We
then reconstruct the potential over the total explored region
by subtracting gradients from the potentials obtained in the
different zones. Those gradients are chosen in order to mini-
mize the difference between the potentials in the regions
where they overlap.

We are interested in those potential variations which differ
from the smooth confining potential due to the arms of the
wire. We thus subtract the expected confining potential of an
ideal wire from the reconstructed potential. To find the ex-
pected potential, we model the arms of the Z by two infini-
tesimally thin, semi-infinite wires of width 250mm, sepa-
rated by a distancel and assume a uniform current
distribution. We fit each reconstructed potential to the sum of
the result of the model and a gradient, using the gradient,l
and the distanceh above the wire as fitting parameters. The
fitted values ofl differ by a few percent from the nominal
value 2.8 mm, while we findh=13s1d mm+d whered is the
distance from the mirror as measured in the trap images. This
result is consistent with the measured 14mm thickness of the
BCB layer.

The potential which remains after the above subtraction
procedure is plotted for different heights in Fig. 2. For a
fixed trap heighth (fixed ratio I /B0), we have checked
that the potential is proportional to the current in the wire;
therefore we normalize all measurements to the wire current.

FIG. 2. Rough potentials normalized to the current in the
Z-shaped wire for different heights from the wire. Solid lines: po-
tentials measured using cold atomic clouds. Dashed lines: potentials
calculated from the measured geometric roughness of the edges of
the wire. The different curves have been shifted by 6mK/A from
each other.
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The most obvious observation is that the amplitude of
the roughness decreases as one gets further away from the
wire. The spectral density of the potential roughness is
shown in Fig. 3 for two different heights above the wire. We
observe that the spectrum gets narrower as the distance
from the wire increases(see inset in Fig. 3). This is expected
since fluctuations of wavelength much smaller than the
height above the wire are averaged to zero. At high wave
vectors (k.0.07mm−1 at 33mm and k.0.04mm−1 at
80 mm) the spectrum exhibits plateaus which we interpret as
instrumental noise. We expect this noise level to depend on
our experimental parameters such as temperature, current
and atomic density. Qualitatively, smaller atom-wire dis-
tances, which are analyzed with higher temperatures should
result in higher plateaus. This is consistent with the observa-
tion.

In the following we evaluate the rough potential due to
edge fluctuations of the central wire. For this purpose, the
edges of the wire are imaged using a scanning electron mi-
croscope(SEM), after removal of the BCB layer by reactive
ion etching. Figure 4(a) indicates that the functionf, which
gives the deviation of the position of the wire edge from the
mean positiony= ±W0/2, is roughly independent ofx. We
make the approximation thatf depends only onz. We deduce
f from SEM images taken from above the wire[see Fig.
4(b)]. To resolvef, whose rms amplitude is only 0.2mm, we
use fields of view as small as 50mm. The function f is
reconstructed over the entire length of the central wire using
many images having about 18mm overlaps. As shown in
Fig. 4(c), several length scales appear in the spectrum. There
are small fluctuations of correlation length of about 100 nm
and, more importantly, fluctuations of a larger wavelength
s60 to 1000mmd.

The geometric fluctuations of the edges of the wire induce
a distortion of the current flow which produces a longitudinal
magnetic field roughness responsible for a potential rough-
ness. To compute the current density in the wire, we assume
a uniform resistivity inside the wire. We also assume that

fluctuations are small enough to make the current density
distortion linear in fL/R, where fL/R are the fluctuations of
the left and right edge of the wire respectively. The current
density is in theyz plane and, because the rough potential is
proportional to the longitudinal magnetic field, we are only
interested in itsy component,jy. Because of symmetry, only
the part ofjysz ,yd which is even iny contributes toBz in the
xz plane. Thus, only the symmetric componentf+=1/2sfL

+ fRd is considered. The Fourier componentf+skd of f+ in-
duces a transverse current density[12]

jy
+sk,yd = ikf+skd

I

W0u0

coshskyd

coshskW0/2d
. s2d

As the distances from the wire we considers33 to 176mmd
are much larger than the thickness of the wireu0=4.5 mm
we will in the following assume an infinitely flat wire. To
efficiently compute the longitudinal magnetic field produced
by these current distortions, we use the expansion on the
modified Bessel functions of second kindKnskxd, which is
valid for x.W0/2. This expansion is, in thexz plane,

Bzsk,xd = − o
nù0

kfc2nskd + c2n+2skdgK2n+1skxd, s3d

where

c2nskd = s− 1dnm0

p
u0E

0

W0/2

I2nskydjy
+sk,yddy , s4d

In being the modified Bessel function of the first kind. For
small wave numbersk such thatkW0!1, one expects thecn
coefficients to decrease rapidly withn. Indeed, forkr!1,
Inskrd.skrdn / s2nn ! d. In our data analysis, onlyk wave vec-
tors smaller than 0.07mm−1 are considered for which
kW0/2,0.8 so we expect thecn coefficients to decrease rap-
idly with n. In the calculations, only the terms up ton=20
are used.

Equations(2), (4), and (3) then allow us to compute the
fluctuating potential from the measured functionf. In Fig. 3,
we plot the spectral density of the potential roughness calcu-
lated fromf for two different heights above the wire(33 and

FIG. 3. Potential spectral densityJ
v
=1/s2pI2de−`

` kVzszdVzsz
+udleikudu at 33mm from the wire(fat lines) and at 80mm from
the wire (thin lines). Solid lines: potential measured using cold
atomic clouds; the inset shows the curves on a linear scale. Dashed
lines: potentials calculated from the measured geometric fluctua-
tions of the edges of the wire. These estimations of the spectral
density are made with the Welch algorithm[14] using windows half
the size of the total explored regions1.6 mmd

FIG. 4. Imperfections of the edges of the wire. In the SEM
image of the wire taken from the side(a), one can see that the edge
deviation functionf is roughly independent ofx. (c) Spectral den-
sity of f extracted from SEM images taken from the top as in(b).
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80 mm) and compare it with those obtained from the poten-
tial measured with the atoms. For both heights, and for wave
vectors small enough so that the measurements made with
the atoms are not limited by experimental noise, the two
curves are in good agreement. As we have measured thef
function on the whole region explored by the atoms, we can
compute directly the expected potential roughness. In Fig. 2,
this calculated potential roughness is compared with the
roughness measured with the atoms for different heights
above the wire. Remarkably the potential computed from the
wire edges and the one deduced from the atomic distribu-
tions have not only consistent spectra but present well corre-
lated profiles. We thus conclude that the potential roughness
is due to the geometric fluctuations of the edges of the wire.
The good agreement between the curves also validates the
assumption of uniform conductivity inside the wire used to
compute the current distortion flow.

In conclusion, we have shown that the potential roughness
we observe can be attributed to the geometric fluctuations of
the wire edges. Fluctuations at low wave vectors, responsible
for most of the potential roughness, correspond to wire edge
fluctuations of very small amplitude compared to their cor-
relation length. We emphasize that a quantitative evaluation
of these wire roughness components demands dedicated
measurement methods.

Furthermore, wire edge fluctuations put a lower limit on
the possibility of down-scaling atom chips. For a given fab-
rication technology the wire edge fluctuations are expected
to be independent of the wire widthW0. Thus assuming a
white noise spectrum, the normalized potential roughness
Vrms/ I varies as 1/W0

5/2 for fixed ratio h /W0, h being the
distance to the wire[12]. In order to reduce the potential
roughness, one must pay careful attention to edge fluctua-
tions when choosing a fabrication process. For example, we
are currently investigating electron beam lithography fol-
lowed by gold evaporation. Preliminary measurements indi-
cate a reduction of the spectral density of the wire edge fluc-
tuations by at least two orders of magnitude for wave vectors
ranging from 0.1mm−1 to 10 mm−1. This should allow us to
reduce the spectral density of the potential roughness by the
same factor unless a new as yet unobserved phenomenon
such as bulk inhomogeneity sets a new limit on atom chip
down-scaling[15].
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French Ministry of Research (Action Concertée
“Nanosciences-Nanotechnologies”).

[1] W. Hänsel, P. Hommelhoff, T. W. Hänsch, and J. Reichel, Na-
ture (London) 413, 498 (2001).

[2] H. Ott, J. Fortágh, G. Schlotterbeck, A. Grossmann, and C.
Zimmermann, Phys. Rev. Lett.87, 230401(2001).

[3] R. Folmanet al., Adv. At., Mol., Opt. Phys.48, 263 (2002),
and references therein.

[4] J. Fortágh, H. Ott, S. Kraft, A. Gunther, and C. Zimmermann,
Phys. Rev. A66, 041604(2002).

[5] M. P. A. Joneset al., Phys. Rev. Lett.91, 080401(2003).
[6] Y. J. Lin, I. Teper, C. Chin, and V. Vuletic, Phys. Rev. Lett.92,

050404(2004).
[7] D. Harber, J. McGuirk, J. Obrecht, and E. Cornell, J. Low

Temp. Phys.133, 229 (2003).
[8] A. E. Leanhardtet al., Phys. Rev. Lett.89, 040401(2002).

[9] A. E. Leanhardtet al., Phys. Rev. Lett.90, 100404(2003).
[10] M. P. A. Joneset al., J. Phys. B37, L15 (2004).
[11] S. Kraft et al., J. Phys. B35, L469 (2002).
[12] D. Wang, M. Lukin, and E. Demler, Phys. Rev. Lett.92,

076802(2004).
[13] J. Reichel, W. Hänsel, and T. W. Hänsch, Phys. Rev. Lett.83,

3398 (1999).
[14] P. D. Welch, IEEE Trans. Audio Electroacoust.AU-15, 70

(1967).
[15] Measurements by the Heidelberg group of an atom chip pro-

duced by photolithography and gold evaporation indicates re-
duced potential roughness compared to other observations. J.
Schmiedmayer(private communication); S. Groth et al.,
e-print cond-mat/0404141.

ESTÈVEet al. PHYSICAL REVIEW A 70, 043629(2004)

043629-4

✶✺✵ ❈❍❆P■❚❘❊ ✽✳ ❚❆❇▲❊ ❉❊❙ ▼❆❚■➮❘❊❙ ❉❊ ▲❆ ❈❖▼P■▲❆❚■❖◆



Eur. Phys. J. D 32, 171–180 (2005)
DOI: 10.1140/epjd/e2005-00016-x THE EUROPEAN

PHYSICAL JOURNAL D

Atom chips in the real world: the effects of wire corrugation
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Abstract. We present a detailed model describing the effects of wire corrugation on the trapping potential
experienced by a cloud of atoms above a current carrying micro wire. We calculate the distortion of the
current distribution due to corrugation and then derive the corresponding roughness in the magnetic field
above the wire. Scaling laws are derived for the roughness as a function of height above a ribbon shaped
wire. We also present experimental data on micro wire traps using cold atoms which complement some
previously published measurements [11] and which demonstrate that wire corrugation can satisfactorily
explain our observations of atom cloud fragmentation above electroplated gold wires. Finally, we present
measurements of the corrugation of new wires fabricated by electron beam lithography and evaporation of
gold. These wires appear to be substantially smoother than electroplated wires.

PACS. 39.25.+k Atom manipulation (scanning probe microscopy, laser cooling, etc.) – 03.75.Be Atom
and neutron optics

1 Introduction

Magnetic traps created by current carrying micro wires
have proven to be a powerful alternative to standard trap-
ping schemes in experiments with cold atoms and Bose-
Einstein condensates [1]. These so-called “atom chips”
combine robustness, simplicity and low power consump-
tion with strong confinement and high flexibility in the
design of the trapping geometry. Integrated atom optics el-
ements such as waveguides and atom interferometers have
been proposed and could possibly be integrated on a sin-
gle chip using fabrication techniques known from micro-
electronics. Quantum information processing with a single
atom in a micro trap has also been proposed [2].

Real world limitations of atom chip performance are
thus of great interest. Losses and heating of atoms due
to thermally exited currents inside conducting materials
composing the chip were predicted theoretically [3,4] and
observed experimentally soon after the first experimental
realizations of atomic micro traps [5,6].

An unexpected problem in the use of atom chips was
the observation of a fragmentation of cold atomic clouds in
magnetic micro traps [7,8]. Experiments have shown that
this fragmentation is due to a time independent roughness
in the magnetic trapping potential created by a distortion
of the current flow inside the micro wire [9]. It has also

a e-mail: thorsten.schumm@iota.u-psud.fr
b Present address: Universität Hannover, D-30167 Hannover,

Germany.

been demonstrated that the amplitude of this roughness
increases as the trap center is moved closer to the mi-
cro wire [10]. Fragmentation has been observed on atom
chips built by different micro fabrication processes using
gold [11] and copper wires [7,8], and on more macroscopic
systems based on cylindrical copper wires covered with
aluminum [10] and micro machined silver foil [12]. The ori-
gin of the current distortion inside the wires causing the
potential roughness is still not known for every system.

In a recent letter [11], we experimentally demonstrated
that wire edge corrugation explains the observed poten-
tial roughness (as theoretically proposed in [13]) in at least
one particular realization of a micro trap. In this paper, we
will expand on our previous work giving a more detailed
description of the necessary calculations as well as present-
ing a more complete set of experimental observations. We
emphasize that extreme care has to be taken when fab-
ricating atom chips, and that high quality measurements
are necessary to evaluate their flatness in the frequency
range of interest. We will discuss the influence of corru-
gations both on the edges as well as on the surface of the
wire and give scaling laws for the important geometrical
quantities like atom wire separation and wire dimensions.
We will also present preliminary measurements on wires
using improved fabrication techniques.

The paper is organized as follows. In Section 2, we give
a brief introduction to magnetic wire traps and empha-
size that the potential roughness is created by a spatially
fluctuating magnetic field component parallel to the wire.
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Fig. 1. Rectangular wire considered in this paper. The edge
roughness and the top surface roughness are illustrated in (c)
and (b) respectively.

In Section 3, we give a general framework to calculate the
rough potential created by any current distortion in the
wire. A detailed calculation of the current flow distortion
due to edge and surface corrugations on a rectangular wire
is presented in Section 4. In Section 5, we apply these cal-
culations to the geometry of a flat wire, widely used in
experiments. Edge and surface effects are compared for
different heights above the wire and we present impor-
tant scaling laws that determine the optimal wire size for
a given fabrication quality. In Sections 6 and 7, we show
measurements of the spectra of edge and surface fluctua-
tions for two types of wires produced by different micro
fabrication methods: optical lithography followed by gold
electroplating and direct electron beam lithography fol-
lowed by gold evaporation. We also present measurements
of the rough potential created by a wire of the first type
using cold trapped rubidium atoms.

2 Magnetic micro traps

The building block of atom chip setups is the so-called
side wire guide [1]. The magnetic field created by a straight
current carrying conductor along the z-axis combined with
a homogeneous bias field B0 perpendicular to the wire cre-
ates a two-dimensional trapping potential along the wire
(see Fig. 1). The total magnetic field cancels on a line lo-
cated at a distance x from the wire and atoms in a low field
seeking state are trapped around this minimum. For an in-
finitely long and thin wire, the trap is located at a distance
x = µ0I/(2πB0). To first order, the magnetic field is a
linear quadrupole around its minimum. If the atomic spin
follows adiabatically the direction of the magnetic field,
the magnetic potential seen by the atoms is proportional
to the magnitude of the magnetic field. Consequently, the
potential of the side wire guide grows linearly from zero
with a gradient B0/x as the distance from the position of
the minimum increases.

For a straight wire along z, all magnetic field vectors
are in the (x, y)-plane. Three dimensional trapping can be
obtained by adding a spatially varying magnetic field com-
ponentBz along the wire. This can be done by bending the

wire, so that a magnetic field component along the central
part of the wire is created using the same current. Alter-
natively, separate chip wires or even macroscopic coils can
be used to provide trapping in the third dimension.

For a realistic description of the potential created by
a micro wire, its finite size has to be taken into account.
Because of finite size effects, the magnetic field does not
diverge but reaches a finite value at the wire surface. For
a square shaped wire of height and width a carrying a
current I, the magnetic field saturates at a value propor-
tional to I/a, the gradient reaches a value proportional to
I/a2. Assuming a simple model of heat dissipation, where
one of the wire surfaces is in contact with a heat reservoir
at constant temperature, one finds the maximal applica-
ble current to be proportional to a3/2 [14]. Therefore, the
maximal gradient that can be achieved is proportional to
1/

√
a. This shows that bringing atoms closer to smaller

wires carrying smaller currents still increases the magnetic
confinement, which is the main motivation for miniatur-
izing the trapping structures. However the magnetic field
roughness arising from inhomogeneities in the current den-
sity inside the wire also increases as atoms get closer to
the wire. This increase of potential roughness may prevent
the achievement of high confinement since the trap may
become too corrugated.

We emphasize that only the z-component of the mag-
netic field is relevant to the potential roughness. A vari-
ation of the magnetic field in the (x, y)-plane will cause
a negligible displacement of the trap center, whereas a
varying magnetic field component Bz modifies the longi-
tudinal trapping potential, creating local minima in the
overall potential [11].

3 Calculation of the rough magnetic field

created by a distorted current flow in a wire

In this section, we present a general calculation of the ex-
tra magnetic field due to distortions in the current flow
creating the trapping potential. By j we denote the cur-
rent density that characterizes the distortion in the cur-
rent flow. The total current density J is equal to the
sum of j and the undisturbed flow j0ez. As the longitu-
dinal potential seen by the atoms is proportional to the
z-component of the magnetic field, we restrict our cal-
culation to this component. We thus have to determine
the x- and y-components of the vector potential A from
which the magnetic field derives. In the following, we con-
sider the Fourier transform of all the quantities of interest
along the z-axis which we define by

Al,k(x, y) =
1√
2πL

∫

Al(x, y, z)e
−ikz dz, (1)

where we have used the vector potential as an example
and l stands for x or y, L being the length of the wire. We
choose this definition so that the power spectral density of
a quantity coincides with the mean square of its Fourier
transform:

1

2π

∫

eikz〈Al(z)Al(0)〉 dz = 〈|Al,k|2〉. (2)
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The vector potential satisfies a Poisson equation with a
source term proportional to the current density in the
wire. Thus the Fourier component Al,k satisfies the fol-
lowing time independent heat equation

(

∂

∂x2
+

∂

∂y2

)

Al,k − k2Al,k = −µ0jl,k. (3)

where jl is one component of the current density j. In
the following, we use cylindrical coordinates defined by
x = r cos(ϕ) and y = r sin(ϕ). Outside the wire, the right
hand side of equation (3) is zero. The solution of this 2D
heat equation without source term can be expanded in a
basis of functions with a given “angular momentum” n.
The radial dependence of the solution is therefore a lin-
ear combination of modified Bessel functions of the first
kind In and of the second kind Kn. Thus expanding Al,k

on this basis, we obtain the following linear combination
for the vector potential

Al,k(r, ϕ) =

n=∞
∑

n=−∞

cln(k)einϕKn(kr). (4)

We retain only the modified Bessel functions of the second
kind, since the potential has to go to zero as r goes to in-
finity. The cln(k) coefficients are imposed by equation (3),
and can be determined using the Green function of the 2D
heat equation [15]. We obtain

cln(k) = −µ0

2π

∫∫

In(kr) e−inϕjl,k(ϕ, r)rdrdϕ. (5)

Taking the curl of the vector potential and using the
relations K ′

n = −(Kn−1 + Kn+1)/2 and 2nKn(u)/u =
−Kn−1 +Kn+1, we obtain the z-component of the mag-
netic field from equation (4)

Bz,k = −k
2

∞
∑

n=−∞

[

cyn−1
(k) + cyn+1

(k)
]

Kn(kr)einϕ

− i
k

2

∞
∑

n=−∞

[

cxn−1
(k) − cxn+1

(k)
]

Kn(kr)einϕ. (6)

This expression is valid only for r larger than r0, the ra-
dius of the cylinder that just encloses the wire. At a given
distance x from the wire, we expect that only fluctuations
with wavelengths larger or comparable to x contribute to
the magnetic field, since fluctuations with shorter wave-
lengths average to zero. Therefore we can simplify expres-
sion (6) assuming we calculate the magnetic field above
the center of the wire (y = 0) for x much larger than r0.
The argument of In in equation (5) is very small in the
domain of integration and we can make the approximation
In(kr) ≃ (kr)n/(2nn!). This shows that the cln coefficients
decrease rapidly with n. Keeping only the dominant term
of the series in equation (6), we obtain

Bz,k(x) ≃ −cy0
(k)

k

[

k2K1(kx)
]

. (7)

3 µm3 µm

5 µm5 µm

0.7 µm0.7 µm

(a)

(b)

(c)

Fig. 2. Scanning electron microscope images of micro fabri-
cated wires. Side view (a) and top view (b): electroplated gold
wire of width 50 µm and height 4.5 µm fabricated using optical
lithography. Side view (c): evaporated gold wire of width and
height 0.7 µm fabricated using electron beam lithography.

We will see in the next section that the first factor of this
expression, characterizing the distortion flow, is propor-
tional to the power spectral density of the wire corruga-
tion. The second factor peaks at k ≃ 1.3/x justifying the
expansion. Fluctuations with a wavelength much smaller
or much larger than 1/x are filtered out and do not con-
tribute. As we approach the wire, more and more terms
have to be added in the series of equation (6) to compute
the magnetic field. We emphasize that the expressions de-
rived in equations (6) and (7) are general for any distorted
current flow that may arise from bulk inhomogeneities or
edge and surface corrugations.

4 Calculation of the distorted current flow

in a corrugated wire

We now turn to the calculation of the distortion in the
current flow due to wire edge and surface corrugations in
order to determine the associated cln coefficients. We sup-
pose the wire has a rectangular cross-section of width W0

and height u0 as shown in Figure 1. Let us first concen-
trate on the effect of corrugations of the wire edges, i.e. the
borders perpendicular to the substrate (model equivalent
to [13]). Figure 2 shows that, in our samples, these fluctu-
ations are almost independent of the x coordinate both for
wires deposited by electrodeposition and by evaporation.
We believe this result to be general for wires fabricated
by a lithographic process, since any defect in the mask or
in the photoresist is projected all along the height of the
wire during the fabrication process. Thus, in the follow-
ing, the function fr/l that describes the deviation of the
right (respectively left) wire edge from ±W0/2 is assumed
to depend only on z.

Conservation of charge and Ohm’s law give ∇J = 0
and J = −χ∇V where χ is the electrical conductivity
and V the electrostatic potential. We will make the ap-
proximation that χ is uniform inside the wire. In this
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case V satisfies the Laplace equation ∇2V = 0. As we
are interested in deviations from the mean current den-
sity j0 = I/(u0W0), we introduce the electric potential
v = V − j0z/χ which is equal to zero in the absence of de-
viations. From what we have said above, v only depends
on y and z and satisfies the 2D Laplace equation. The
boundary conditions for the current density on the wire
edge require the current to be parallel to the wire edge.
Thus v satisfies

dfr/l

dz
(z)

[

j0 − χ
∂v

∂z
(y = ±W0/2 + fr/l, z)

]

=

− χ
∂v

∂y
(y = ±W0/2 + fr/l, z). (8)

In the following we assume the amplitude of fr/l to be
small enough so we can make an expansion to first order
in fr/l of both terms. We then obtain a linear relation
between v(±W0/2, z) and fr/l(z) which in Fourier space
can be written as

ikj0fr/l,k = −χ∂vk

∂y
(y = ±W0/2). (9)

The potential v satisfies the 2D Laplace equation, so the
k component vk(y) is a linear combination of e+ky and
e−ky. The two coefficients are imposed by the two bound-
ary conditions of equation (9). To complete the calcula-
tion of these two coefficients, we introduce the symmetric
component f+ = (fr + fl)/2 and antisymmetric compo-
nent f− = (fr −fl)/2 of the wire edge fluctuations. Going
back to the current density, we obtain

jy,k = ikj0

(

cosh(ky)

cosh(kW0/2)
f+

k +
sinh(ky)

sinh(kW0/2)
f−

k

)

. (10)

We note that the symmetric part (first term) of the cur-
rent deviation is maximal near the wire edges for compo-
nents with a wave vector large compared to 1/W0. On the
other hand, the components with a small wave vector are
constant over the width of the wire.

We now turn to the calculation of the current distor-
tions due to surface corrugation. We assume the bottom
surface to be flat, since the wire is supposed to be fabri-
cated on a flat substrate. We denote by fS the fluctua-
tions of the height of the wire from its mean value u0 (see
Fig. 1). We follow the same procedure as for the calcula-
tion of the effect of the wire edge fluctuations. Now v is
the electrical potential associated with the current density
j due to the surface corrugation. It depends on x, y and
z and satisfies the 3D Laplace equation. To first order in
fS , the boundary conditions of a current tangent to the
surface of the wire are











χ
∂v

∂x
(x = u0, y, z) + j0

∂fS

∂z
(z) = 0

χ
∂v

∂x
(x = 0, y, z) = 0

(11)

and
∂v

∂y
(x, y = ±W0/2, z) = 0. (12)

Symmetry arguments show that only the part of fS(y, z)
which is odd in y contributes to the magnetic field along
z in the plane y = 0. An even component of fS produces
currents which are symmetric under inversion with respect
to the plane y = 0. Therefore, they cannot contribute to
Bz in this plane. Thus, only the Fourier components

fSk,m
=

∫∫

dydz

π
√

2LW0

e−ikz sin(2mπy/W0)fS(y, z) (13)

contribute, where m = 1, ...,∞. With this definition,
fSk

(y) = 2
√

π/W0

∑

∞

m=0 sin(2πmy/W0)fSk,m
. We choose

this definition of the Fourier component fSk,m
so that

〈|fSk,m
|2〉 is equal to the 2-dimensional spectral density of

fS. To obtain the electric potential produced by a given
component fSk,m

we use the expansion

sin(2mπy/W0) =

∞
∑

p=0

γm,p sin((2p+ 1)πy/W0), (14)

where

γm,p =
−8m

π

(−1)m+p

(2(m+ p) + 1)(2(p−m) + 1)
, (15)

valid for y ∈ [−W0/2,W0/2]. Each p Fourier component
induces an electrical potential vk,m,p and, since v satisfies
the Laplace equation, vk,m,p is a linear combination of

e+νpx and e−νpx where νp =
√

k2 + ((2p+ 1)π/W0)2. The
boundary conditions on the surfaces x = 0 and x = u0

determine the coefficients and we obtain

− χvk,m,p(x, y) =

ikj0fSk,m
γm,p

cosh(νpx)

sinh(νpu0)

1

νp
sin((2p+ 1)πy/W0). (16)

With the choice of the expansion (14), the boundary con-
ditions on y = ±W0/2 are satisfied by each term. Finally,
we obtain the current density distribution







































jxk,m
(x, y)= 2ikfSk,m

j0
√

π
W0

×∑

∞

p=0

(

γm,p
sinh(νpx)
sinh(νpu0)

sin ((2p+ 1)πy/W0)
)

jyk,m
(x, y)= 2ikfSk,m

j0
√

π
W0

×
∑

∞

p=0

(

γm,p
cosh(νpx)
sinh(νpu0)

(2p+1)π
νpW0

cos ((2p+ 1)πy/W0)
)

.

(17)
The Fourier components jlk are obtained by summing
equation (17) for m = 1, ...,∞.

5 Rough potential of a ribbon shaped wire

In this section, we combine the results of the two pre-
vious sections to compute the z-component of the rough
magnetic field in the specific case of a flat rectangular
wire (u0 ≪ W0). This simplification enables us to obtain
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analytical results for a system that is widely used in ex-
periments [8,12,16–19].

We do the calculation on the x-axis for x > W0/2
(and y = 0). Since the wire is considered flat, we replace
the volume current density j by a surface current density
σ =

∫

jdx. Then we can rewrite the cln coefficients of
equation (5) as

cln(k) = −µ0

2π
(−i)n

∫ W0/2

0

dyIn(ky)

× [σl,k(y) + (−1)nσl,k(−y)] . (18)

We will first study the effect of wire edge fluctuations and
give universal behaviors for the magnetic field roughness.
We will then concentrate on the effect of the top surface
roughness. We will compare the relative importance of the
two effects and point out important consequences for the
design of micro wires.

5.1 Effect of wire edge roughness

Let us first study the effect of wire edge fluctuations. Here
we derive the same results as [13] in a different way. Note
that, unlike the calculations in [13], the calculations pre-
sented here are only valid for distances from the wire larger
than (or equal to) W0/2. The expansion we use is never-
theless useful because it converges rapidly and permits
the determination of the magnetic field roughness for any
height larger than W0/2 after the calculation of a few pa-
rameters (the cn coefficients).

The distorted current flow has no component along
the x-axis. The expression of the rough magnetic field is
then given by the first sum of equation (6). Taking ϕ = 0,
we can rearrange this sum using the equalities Kn(kr) =
K−n(kr) and cy−n = (−1)ncyn (see Eq. (18)), we then
obtain

Bz,k = −k
∞
∑

n=0

(cy2n(k) + cy2n+2
(k))K2n+1(kr). (19)

Since only the cyn with even n contribute, we see from
equation (18) that only the symmetric part of the current
density participates to the magnetic field. This is what we
expect from a simple symmetry argument. For the cy2n

coefficients we obtain

cy2n = (−1)n+1 µ0I

πW0
ikf+

k

×
∫ W0/2

0

I2n(ky)
cosh(ky)

cosh(kW0/2)
dy. (20)

As pointed out in the previous section, the sum over the
angular momenta n in equation (19) converges rapidly
with n if x≫W0. More precisely, the dominant term pro-
portional to K1(kx) gives the correct result within 10%
as soon as x > 1.5W0. As x approaches x = W0/2, more
and more terms contribute, for x = W0/2, 20 terms have
to be taken into account to reach the same accuracy.

kx

0 1 2 3 4 5 6 7 8

2
I)

0
µ

/(
4

 x
2  

π
 4

×
2 |

+ k
/f

k
z

|B

0

0.1

0.2

0.3

0.4

Fig. 3. Response function relating the magnetic field rough-
ness |Bzk |2 to the wire edge fluctuations |f+

k |2 (see Eq. (21)).
Plotted is the dimensionless quantity |Bzk/f+

k |2×4π2x4/(µ0I)2

as a function of kx where x is the height above the center of
the wire (y = 0). The different curves correspond to different
ratios x/W0 going from 0.5 to 4.7 in steps of 0.3. Small values
of x/W0 correspond to lower curves. The curve corresponding
to the limit given by equation (21) is also shown (dashed line).

We now derive the response function of the magnetic
field to the wire edge fluctuation for x > W0/2 which we
define as R(k, x) = |Bz,k/f

+
k |2. As we already noticed in

the previous section, far away from the wire (x ≫ W0),
only wave vectors k ≪ 1/W0 are relevant. Then we can
approximate the integral in equation (20) by expanding
the integrand to zeroth order in ky. Keeping the dominant
term in the series that defines the magnetic field, we obtain
the following expression for the response function

R(k, x) ≃ (µ0I)
2

4π2x4
(kx)4K2

1 (kx). (21)

For a given height x, as k increases, this function increases
from zero as k2, peaks at k = 1.3/x and finally tends ex-
ponentially to zero. This behavior can be understood as
follows. At low wave vectors, the angle between the direc-
tion of the distorted current flow and the z-axis tends to
zero, thus the contribution of these components becomes
negligible. At high wave vectors, fluctuations with a wave
length shorter than the distance to the wire average to
zero.

To check the validity of equation (21), we plot the di-
mensionless function R(k, x)/[(µ0I)

2/(4π2x4)] for differ-
ent ratios x/W0 in Figure 3. The limit function corre-
sponds to a configuration where the distorted current flow
is concentrated on the line x = y = 0. For a smaller dis-
tance from the wire, the finite width of the wire becomes
important and R(k, x) differs from the expression (21).
The amplitude is smaller and the peak is shifted to a lower
frequency. These effects are due to the fact that as x de-
creases, the distance to the borders of the wire decreases
less rapidly than the distance to the central part of the
wire because of the finite width of the wire. Furthermore,
because corrugations of high wave vector produce a cur-
rent density localized near the wire border, their decrease
in amplitude is more pronounced.
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Fig. 4. Magnetic field fluctuations 〈B2
z 〉 as a function of the

height above the wire (y = 0). Plotted is the dimensionless
quantity 〈B2

z〉W
5
0 /((µ0I)2J+

e ), where 〈B2
z 〉 is the magnetic field

roughness and Je is the spectral density of the wire edges as-
sumed to be white, as a function of x/W0 where x is the height
above the the wire [20]. Dashed line: 1/x5 law given by equa-
tion (22).

Assuming a white power spectrum of the wire edge
corrugations with a spectral density J+

e , we can integrate
the equation (21) over the whole spectral range [20]. We
then find the following scaling law for the rms fluctuations
of Bz with the atom-wire distance x:

〈B2
z〉 = J+

e

(µ0I)
2

x5
0.044. (22)

This expression is valid for x ≫ W0, the numerical fac-
tor has been found by a numerical integration of equa-
tion (21). Figure 4 shows that this expression is valid
within 10% as soon as x > 2W0. For smaller distances
x, the fluctuations of magnetic field increase more slowly
and tends to a constant. The points corresponding to
x < W0/2 lie outside the range of the previous calcula-
tion and their values have been obtained by a numerical
integration for each x. Note that here J+

e is the spectral
density of f+. For edges with independent fluctuations,
J+

e = Je/2 where Je is the spectral density of each wire
edge. The asymptotic behavior of 〈B2

z 〉 was first derived
in [13].

5.2 Effect of top surface corrugation

We now consider the effect of corrugations of the top sur-
face of the wire. As shown in equation (17), it induces both
a current along the x- and y-direction. The surface current
densities obtained by integration over x have remarkably
simple forms. We find

σyk,m
= σ(1)

yk,m
+ σ(2)

yk,m
(23)

where










σ
(1)
yk,m = 2ikfSk,m

j0
√

π
W0

2πm
κ2W0

cos(2πmy
W0

)

σ
(2)
yk,m = −2ikfSk,m

j0
√

π
W0

2πm
κ2W0

(−1)m cosh(ky)
cosh(kW0/2)

(24)

and κ =
√

k2 + (2mπ/W0)2. In the calculation of σxk,m

the summation over p is not analytical. However, as we
consider wires with u0 ≪ W0, one can make the approxi-
mation (cosh(νpu0) − 1)/sinh(νpu0) ≃ νpu0. We then ob-
tain

σxk,m
= ikfSk,m

j0

√

π

W0
u0 sin(2mπy/W0). (25)

Comparing equation (25) and equation (24), we see that
the current density along x is much smaller than the cur-
rent density along y provide κ ≪ 1/u0 (i.e. small wave
vectors both along y and z).

Within our flat wire approximation, where only dis-
tances from the wire x≫ u0 are considered, this is always
the case. In the following we therefore only consider the
effect of the current density along y. For x ≥ W0/2, the
rough magnetic field is then given by equation (19).

Assuming a white power spectrum for the surface
corrugation of spectral density JS , we now derive some
properties of the rough magnetic field [20]. For large dis-
tances above the wire (x≫W0), only k-components much
smaller than 1/W0 are relevant. Then, as we have already
shown, the cln coefficients decrease rapidly with n and the
dominant contribution is given by cy0

. To lowest order in

ky, cy0
is proportional to the total current

∫ W0/2

−W0/2 σy(y)dy.

Thus, the only contribution comes from σ
(2)
yk,m . Then, cal-

culations similar to those presented in the previous section
show that the contribution to 〈B2

z 〉 of the Fourier compo-
nent m of fSk

is

〈B2
z,m〉 = Js

W0

πu2
0

1

m2

(µ0I)
2

x5
0.044 (26)

where Js is the 2-dimensional spectral density of fS . As
expected it decreases withm as the contribution of rapidly
oscillating terms averages to zero for large distances. Com-
puting the sum over m > 0 gives the scaling law for
the rms fluctuation of Bz due to surface corrugation with
atom-wire distance x:

〈B2
z〉 = Js

W0

u2
0

π

6

(µ0I)
2

x5
0.044 (27)

In Figure 5 this expression is compared to numerical calcu-

lations based on equation (24). The terms σ
(2)
yk,m contribute

at least 90% of 〈B2
z〉 as soon as x > W0.

Comparing edge and surface corrugation, we see that
for large distances, both effects scale in the same way (see
Eqs. (22) and (27)). However, at short distances from the
wire, the amplitude of the magnetic field roughness pro-
duced by surface corrugation does not saturate. Indeed,

although the contribution of σ
(2)
yk,m saturates in the same

way as the effect of wire edge fluctuations, the contribution

of σ
(1)
yk,m to the current density diverges as one gets closer

to the wire. Thus at small distances from the wire, we ex-
pect surface roughness to become the dominant source of
magnetic field fluctuations.
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Fig. 5. Longitudinal magnetic field fluctuations 〈B2
z〉 pro-

duced by white noise top surface wire roughness as a function
of x/W0 (y = 0) [20]. Plotted is the dimensionless quantity
〈B2

z〉/(JS(µ0I)2/(u2
0W

4
0 )). The dashed lines represents equa-

tion (27).

5.3 Consequences for micro wire traps

The scaling laws (22) and (27) are of major importance as
they impose strong constrains in the use of micro traps.
As mentioned in Section 2, high magnetic field gradients
are achieved with small wires and short distances. But as
the distance to the wire decreases, the roughness in the
magnetic trapping potential increases. Imposing a maxi-
mal roughness ∆Bmax tolerable in an experiment there-
fore directly determines the maximal transverse gradient
accessible with a given realization of a micro wire.

More precisely, as mentioned in Section 2, the maxi-
mal current in a micro wire is limited by heat dissipation:

Imax = ξW0u
1/2
0 [14]. To analyze the scaling of the sys-

tem, we consider the trap center at a distance comparable
to the wire width x ≃W0 and a wire height u0 small and
constant. For a given fabrication technology, we expect the
wire roughness to be independent of the wire dimensions
W0 and u0 and we assume white noise spectral densities
Je and JS for the edge and top surface corrugations [20].
Using the above expressions for x and I and equations (22)
and (27), we obtain the following scaling laws

〈B2
edge〉 =

Jeµ
2
0κ

2u0

W 3
0

〈B2
surf〉 =

π

6

JSµ
2
0κ

2

W 2
0 u0

(28)

for the magnetic field fluctuations induced by the edge
and the surface roughness respectively. Imposing magnetic
field fluctuations smaller than ∆Bmax determines a min-
imal wire width W0,min and the maximal transverse gra-
dient ∇Bmax. If the potential roughness is dominated by
effects due to wire edge corrugation, we find:

W0,min =

(

Jeµ
2
0κ

2u00.044

∆B2
max

)1/3

∇Bmax =
1

2π

(

µ0κ
√
u0∆B

2
max

Je0.044

)1/3

. (29)

For a potential roughness dominated by effects due to wire
top surface corrugation, we find:

W0,min =

(

π

6

JSµ
2
0κ

20.044

∆B2
maxu0

)1/2

∇Bmax =
1

2π

(

u0∆Bmax

JS
π
6 0.044

)1/2

. (30)

As will be described in the following section, a micro wire
fabricated by electroplating presents an edge roughness
of Je ≃ 0.1 µm3. Assuming a wire without top surface
roughness, a wire height of u0 = 5 µm, a typical ξ = 3 ×
107 Am−3/2 and imposing a maximal potential roughness
of ∆Bmax = 1 mG, the wire width is limited to W0,min ≃
700 µm, the maximal gradient will be ∆Bmax ≃ 0.2 T/cm.

6 Probing the rough magnetic potential

with cold atoms

In a previous letter [11], we described measurements of the
magnetic field roughness produced by a current carrying
micro fabricated wire. The basic idea is to use the fact that
the longitudinal density n(z) of atoms along the wire, is
related to the longitudinal potential seen by the atoms
through a Boltzmann factor:

n(z) ∝ e−V (z)/kBT . (31)

As discussed in Section 2, the potential V (z) is propor-
tional to the z-component of the magnetic field a the cen-
ter of the trapping potential. Our typical thermal energy,
1 µK, corresponds to a magnetic field of 15 mG for a
87Rb atom in the F = 2,mF = 2 state. Since longitudinal
density variations of order 10% are easily visible in our
experiment, we are sensitive to variations in the magnetic
field at the mG level.

The micro wire we used to create the magnetic po-
tential is a 50 µm wide electroplated gold wire of 4.5 µm
height (see Fig. 2). The process of micro fabrication is
the following: a silicon wafer is first covered by a 200 nm
silicon dioxide layer using thermal oxidation. Next, seed
layers of titanium (20 nm) and gold (200 nm) are evap-
orated. The wire pattern is imprinted on a 6 µm thick
photoresist using optical UV lithography. Gold is electro-
plated between the resist walls using the first gold layer
as an electrode. The photoresist is then removed, as well
as the gold and titanium seed layers. Finally the wire is
covered with a 10 µm layer of BCB resin and a 200 nm
thick layer of evaporated gold. The gold surface acts as a
mirror for a magneto-optical trap. The procedure for de-
ducing the potential roughness from images of the atomic
cloud is complex and we refer the reader to [11].

Figure 6 shows the measured longitudinal potential for
various distances above the wire. We also show the power
spectral density of these potentials in Figure 7. A region
of 1.6 mm along the wire is explored by the atoms. To esti-
mate the power spectral density of the potential roughness

✶✺✼



178 The European Physical Journal D

�����

�����

����

����

�	��

	���


���

� ����

�
�

�
�
�
�
�
�

������	�����������	����������

���

���

���

��	

��


���

���

�

����

Fig. 6. Rough magnetic field Bz(z) normalized to the cur-
rent in the micro wire. Solid lines: magnetic field measured
using cold atomic clouds. Dashed lines: magnetic field calcu-
lated from the measured corrugation of the edges of the wire.
The different curves have been vertically shifted by 0.1 G/A
from each other and heights above the wire are indicated on
the right.

)-1 mµk (
0.02 0.04 0.06 0.08 0.1

 m
µ 

2
 (

G
/A

)
〉 

2 |
z
,k

 |
B

〈

-810

-610

-410

-210  mµx= 35

)-1 mµk (
0.02 0.04 0.06 0.08 0.1

 m
µ 

2
 (

G
/A

)
〉 

2 |
z
,k

 |
B

〈

-810

-610

-410

-210  mµx= 46

)-1 mµk (
0.02 0.04 0.06 0.08 0.1

 m
µ 

2
 (

G
/A

)
〉 

2 |
z
,k

 |
B

〈

-810

-610

-410

-210  mµx= 54

)-1 mµk (
0.02 0.04 0.06 0.08 0.1

 m
µ 

2
 (

G
/A

)
〉 

2 |
z
,k

 |
B

〈

-810

-610

-410

-210  mµx= 69

)-1 mµk (
0.02 0.04 0.06 0.08 0.1

 m
µ 

2
 (

G
/A

)
〉 

2 |
z
,k

 |
B

〈

-810

-610

-410

-210  mµx= 80

)-1 mµk (
0.02 0.04 0.06 0.08 0.1

 m
µ 

2
 (

G
/A

)
〉 

2 |
z
,k

 |
B

〈

-810

-610

-410

-210  mµx=107

)-1 mµk (
0.02 0.04 0.06 0.08 0.1

 m
µ 

2
 (

G
/A

)
〉 

2 |
z
,k

 |
B

〈

-810

-610

-410

-210  mµx=176

Fig. 7. Spectral density of the magnetic field roughness for
different heights above the wire. The points represent experi-
mental data. The curves result from the calculations detailed in
the text. Solid curves: expected noise due to wire edge rough-
ness. We used the power law fit to the spectral density of the
wire border fluctuations. Dashed curves: expected noise due to
top surface roughness.

we divide the total window in three smaller windows over-
lapping by 50% [21]. In each window, the Fourier trans-
form of the potential is computed after multiplication with
a Hamming window and the estimate of the spectral den-
sity is the average of the square of the Fourier transforms.

In Figure 7, a flat plateau is visible at the highest wave
vectors (e.g. k > 0.07 µm−1 at 46 µm and k > 0.04 µm−1

at 80 µm). The level of this plateau depends on experi-
mental parameters such as the temperature and density of
the atom cloud. On the other hand the spectral density at
low wave vectors, i.e. in the region where it rises above the
plateau, is independent of these parameters. This obser-
vation leads us to conclude that while the low wave vector
part of the spectrum corresponds to a potential seen by
the atoms, the plateau at high wave vectors is due to in-
strumental noise in our imaging system, such as fringes.
We expect it to vary in a complex way with tempera-
ture and atom density. Qualitatively, smaller atom-wire
distances, which are analyzed with higher temperature
clouds, should result in higher plateaus. This tendency
is indeed observed in Figure 7.

To measure the wire corrugations, we removed the
atom chip from vacuum and etched off the gold mirror
and the BCB layer. We analyzed the bare wire with scan-
ning electron microscopy (SEM) and with atomic force
microscopy (AFM) techniques. The function f describ-
ing the edge corrugation is extracted from SEM images
such as Figure 2b. Rms deviations of the edges are as
small as 200 nm, and we use a 50 µm × 50 µm field
of view in order to have a sufficient resolution. We use
66 overlapping images to reconstruct both wire edges over
the whole wire length of 2.8 mm. We identify no corre-
lation between the two edges. The spectral density ob-
tained for f+ = (fl + fr)/2 is plotted in Figure 8. We
see two structures in the spectrum: first, we observe fluc-
tuations with a correlation length of 0.2 µm and 100 nm
rms amplitude. It corresponds to the fluctuations seen in
Figure 2b which are probably due to the electrodeposi-
tion process. Second, roughness with low wave vectors is
present and raises significantly the power spectral den-
sity in the 0.01−0.1 µm−1 range. For the spectral range
0.01−1 µm−1, the wire border fluctuations are well fitted
by a power law J = 3.2 × 10−6k−2.15 + 8.2 × 10−4 µm3

as seen in Figure 8. We use this expression to compute
the spectra shown in Figure 7. As we measured f over the
whole region explored by the atoms, we can not only com-
pare the spectral densities of the magnetic field roughness
but we also can compare the direct shape of the magnetic
field Bz(z). This is done in Figure 6 where the magnetic
field, computed from f as described in the previous sec-
tions, is shown by dashed lines. We note that no adjust-
ment has been applied to superimpose the two curves, the
absolute position of the atoms with respect to the wire is
known to the 3 µm resolution of our imaging system.

A different approach is possible to check consistency
between the wire edge measurements and the potential
roughness measured with cold atoms. As seen in equa-
tions (19) and (20), |Bz,k(x)|2 = J+

e R(k, x), where the re-
sponse function R(k, x) does not depend on the wire edge

✶✺✽ ❈❍❆P■❚❘❊ ✽✳ ❚❆❇▲❊ ❉❊❙ ▼❆❚■➮❘❊❙ ❉❊ ▲❆ ❈❖▼P■▲❆❚■❖◆



T. Schumm et al.: Atom chips in the real world: the effects of wire corrugation 179

�������

�
� �

��
�
�
�

��
��

��
��

��
��

��
��

�

���� ��� � �� ��� ����

Fig. 8. Measured spectral density of the edge roughness of the
electroplated wire (upper curve) and of the evaporated wire
(lower curve). For the electroplated wire, the spectral density
of f+ = (fl + fr)/2 is plotted. For the electroplated wire, Jf/2
is plotted, where Jf is the spectral density of a single border
of the wire, as expected for the spectral density of f+ for in-
dependent wire border fluctuations. The crosses indicate edge
roughness for different k vectors reconstructed from the decay
of the corresponding roughness measured with the atoms. The
solid line is a polynomial fit to characterize the edge roughness
in the region of interest.

roughness. We compute R(k, x) using the expansion (19)
and for a given k-component, we deduce J+

e by fitting
the decay of |Bz,k(x)|2 with height (see Fig. 7). In Fig-
ure 8, the values of J+

e obtained by such a procedure are
compared to the function J+

e measured with the electron
microscope. We find good agreement.

The corrugation of the top surface of the wire is mea-
sured using an AFM and the observed power spectral
density is plotted in Figure 9. The spectrum is flat for
wave vectors smaller than 1 µm−1 with a value JS =
1.6×10−3 µm4. Unfortunately, we were not able to obtain
the spectrum for very long wave vectors. For purposes of
calculation, we shall simply assume that the spectral den-
sity below 0.1 µm−1 has the same value as between 0.1 and
1 µm−1. The result of this calculation is plotted Figure 7
(dashed lines).

Our results indicate that the magnetic field roughness
measured with cold atoms is explained by wire corruga-
tion. At low wave vectors (k < 0.04 µm−1), it seems that
the magnetic field roughness is primarily due to edge cor-
rugations. The good agreement between the observed field
and the calculation shown in Figure 6 are the strongest
evidence for this conclusion. For wave vectors larger than
about 0.5 µm−1, the corrugations of the top surface are
expected to contribute as strongly as those of the edges.
This wave vector regime however, is not being stringently
tested by our data. Since we have no data on surface cor-
rugation at wave vectors below 0.1 µm−1, it is possible
that the contribution from this effect is larger than shown
in Figure 7. The atom data in the figure however, indicate
that the surface effect is not the dominant one although
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Fig. 9. Power spectral density of the wire top surface rough-
ness measured with an AFM. We plot the spectral density cor-
responding to the transverse mode m = 1 (ky = 2π/W0) which
is the first one to contribute to magnetic field roughness. The
horizontal line indicates the mean value for kz ranging from
0.2 µm−1 to 1 µm−1.

given our signal-to-noise it could be of comparable mag-
nitude.

Figure 2b also suggests that there might be a grain
structure in the bulk of the wires: we have no additional in-
formation on possible current deviations due to this effect,
but the success of the model based on wire edge roughness
seems to indicate, that it is not important in our system.

7 Improved fabrication process for micro

wires

The fabrication technology described above limits us to
atom wire separations greater than several tens of mi-
crons if we want to obtain a reasonably smooth potential.
In order to improve the quality of our wire, we turn to a
different micro fabrication process similar to [22]: the wire
structures are patterned onto an oxidized silicon wafer us-
ing electron beam lithography. We use gold evaporation
and a standard lift-off technique to obtain 700 nm square
cross-section wires as shown in Figure 2c.

We extract the wire border roughness from SEM im-
ages and the obtained power spectral density is plotted in
Figure 8 (lower curve). In the spectral range studied, the
roughness is greatly reduced compared to the first fabrica-
tion process. This was expected as the grain size of evapo-
rated gold is much smaller than of electroplated gold. Un-
fortunately, we do not have a quantitative measurement
of the power spectral density in the 0.01−0.1 µm−1 range.
Indeed, as we had to reduce the field of view to increase the
resolution, it becomes very difficult to overlap hundreds of
SEM pictures without adding spectral components due to
stitching errors. We still hope to also have reduced the
wire edge roughness in this frequency domain, as it has
been demonstrated recently by the Heidelberg group [23]
using similar wires.

Gold evaporation produces surfaces of optical quality
at visible light. Thus the roughness of the top surface of
the evaporated wire is expected to be much smaller than
that of an electroplated wire.
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8 Conclusion

Our goal in this paper has been to give a more detailed de-
scription of the work which led to our conclusion that wire
corrugations can account for the magnetic field roughness
typically observed in atom chip experiments. We wish to
emphasize in this paper that great care must be taken to
characterize the roughness of a micro fabricated wire. The
ratio of the rms roughness to the wavelength of the im-
perfections is below 10−4. Thus a single microscope image
cannot reveal the imperfections.

The model we use has already been suggested in ref-
erence [13]. Here we have given more details of the calcu-
lation as well as some physical arguments explaining the
results. We have also extended the calculation to include
the effects of corrugations of the top surface of the wire.
The top surface corrugations become increasingly impor-
tant as the distance to the wire decreases, while the effect
due to wire edge roughness saturates.

Equations (22) and (27), giving the behavior of the
magnetic field roughness due to edge and surface corru-
gation as a function of height, are important scaling laws
that one should keep in mind in the design of atom chips.
The requirements of small roughness and high transverse
confinement impose a tradeoff in choosing a wire size for
a given fabrication quality. We do not believe however
that we are at the end of our progress in improving the
fabrication technology. Thus sub-micron scale atom chips
continue to hold out much promise for the manipulation
of ultra cold atoms.

We thank David Hermann for help in calculations. This work
was supported by the E.U. under grant (IST-2001-38863 and
MRTN-CT-2003-505032), as well as by the DGA (03.34.033).
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We present a method to suppress the roughness of the potential of a wire-based, magnetic atom guide:

modulating the wire current at a few tens of kHz, the potential roughness, which is proportional to the wire

current, averages to zero. Using ultracold 87
Rb clouds, we show experimentally that modulation reduces

the roughness by at least a factor five without measurable heating or atom loss. This roughness

suppression results in a dramatic reduction of the damping of center-of-mass oscillations.

DOI: 10.1103/PhysRevLett.98.263201 PACS numbers: 39.25.+k, 03.75.Be

Atom chips, devices which trap and guide atoms with

microfabricated structures on a substrate, hold enormous

promise for the applications of cold atoms and for the

exploration of new physical regimes of degenerate gases

[1,2]. For applications, their small size facilitates the de-

sign of a large variety of structures and functionalities [3–

7]. For fundamental studies, the strong confinement pos-

sible on an atom chip permits, e.g., the study of low-

dimensional gases. In particular, nearly one-dimensional

(1D) gases have been studied in the weakly interacting

regime on atom chips [8,9], and the attainment of the

strongly interacting or Girardeau regime [10–14] on a

chip is attracting significant experimental effort [15].

To exploit the full potential of these devices, atoms must

often be close to the material structures they contain. This

proximity, however, renders atom chips highly sensitive to

defects [16,17] which produce roughness in the trapping

potential. In the case of current carrying wires, most of

these defects are due to the wires themselves [18–22].

Advances in fabrication procedures have steadily im-

proved wire quality [23,24], but the roughness of the trap-

ping potential remains a problem. For example, it is a

serious hindrance for the attainment of the Girardeau re-

gime, where the atoms need to be tightly confined in the

transverse direction and weakly confined in the longitudi-

nal direction.

In this Letter we demonstrate a method, first suggested

in [18], which nearly eliminates the longitudinal potential

roughness of a magnetic wire trap by rapid current modu-

lation. This idea is reminiscent of the TOP trap [25] in the

sense that the atoms see a time-averaged potential. The

wire configuration here is such that the rough potential

component rapidly oscillates and averages to zero. We

compare the potential roughness for unmodulated (dc)

and modulated (ac) guides (with the same current ampli-

tudes) and demonstrate a reduction factor of at least 5

without noticeable atom loss or heating. This roughness

suppression results in a significant reduction of the damp-

ing of the center-of-mass oscillations.

A simple atomic guide can be made by a current carry-

ing wire and a homogeneous field Bbias perpendicular to the

wire [1]: atoms are confined transversely and guided par-

allel to the wire. Atoms, of magnetic moment � in the low

field seeking state, feel a potential proportional to the

absolute value of the magnetic field. The guide is centered

on a line where the transverse field vanishes and the

longitudinal potential V�z� is given by �jB0
z � �Bw

z �z�j,
where B0

z is an external homogeneous field, typically of

one Gauss, and �Bw
z �z� is the small, spatially fluctuating

field (few mG) created by current flow deformations inside

the microwires. Since jB0
z j> �Bw

z �z� and �Bw
z �z� is pro-

portional to the microwire current, current modulation

around zero results in a longitudinal time-averaged poten-

tial in which the effect of �Bw
z �z� disappears. The instan-

taneous position of the guide is determined by both the

wire current and the transverse bias field Bbias. If only the

wire current is modulated, the atom experiences strong

forces that eliminate the transverse confinement. One

must therefore also modulate Bbias. In our experiment, this

latter field is also produced by on-chip microwires whose

low inductance permits high modulation frequencies.

We use a two layer atom chip as sketched in Fig. 1. The

lower silicon wafer has an H structure of 15 �m thick

FIG. 1. Side (a) and top (b) views of the atom chip. The first

wafer (dark gray) has 15 �m thick wires (gray). On the second

wafer (white), a five-wire structure creates the atomic guide

whose roughness is studied (d � 2:5 �m). Lengths are not to

scale.
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wires which carry the currents Iz1 and Iz2. Atoms are

initially loaded in an initial magnetic trap (Z trap) [1],

which is created by setting Iz1 � 3 A, Iz2 � 0 A, and

applying a transverse field (in the x-y plane). After evapo-

rative cooling, we have a few times 104 trapped 87
Rb atoms

in the jF � 2; mF � 2i state at a temperature of the order

of 1 �K. Next, we transfer the atomic cloud into a second

trap (five-wire trap), where we perform the potential rough-

ness measurements for both dc and ac cases. This five-wire

trap is a combination of a transverse magnetic guide and a

weak longitudinal confinement. The guide is realized with

five parallel microwires (700� 700 nm
2 and 2 mm long in

the z direction) deposited on the upper silicon wafer. The

wire geometry is described in [24], and shown in Fig. 1. By

applying the currents Ib � �15 mA in the two outer pairs

of wires and Ic � �13 mA in the central wire, the result-

ing magnetic field vanishes on a line (parallel to the z axis),

7 �m above the central wire. To prevent Majorana losses,

we add a constant and homogenous longitudinal field B0
z �

1:8 G. The weak longitudinal confinement is provided by

the H structure on the lower chip with Iz1 � Iz2 � 0:4 A

(no current flows in the central wire of the H).

First, we measured the roughness of the trapping poten-

tial for positive and negative dc currents. After the transfer

to the five-wire trap, we wait 600 ms to let the sample

thermalize in the presence of an evaporative knife leading

to about 5� 103 atoms at around 280 nK. To ensure that

the two dc traps have the same transverse position to within

500 nm, we compensate the transverse magnetic fields to

within 0.1 G. Figures 2(a) and 2(b) show absorption im-

ages, averaged over 50 runs, of the trapped cloud at thermal

equilibrium for the two dc traps. In both situations the

cloud becomes fragmented, revealing the presence of po-

tential roughness. Moreover, the density maxima and min-

ima are inverted when the currents are reversed, as

previously observed in [18]. The time of flight (TOF) for

imaging is 1.5 ms. This delay allows the atoms to leave the

vicinity of the five-wire structure where diffraction of the

imaging beam produces systematic errors in the atomic

density profile. The 1.5 ms TOF of the atoms partially

washes out the density modulation. This effect and the

optical resolution contribute to a resolution function with

a rms width of 8 �m modeled by a Gaussian function.

Convolution with this Gaussian gives a contrast reduction

of 40% for a wavelength of 60 �m, the typical spatial scale

observed in Fig. 2. The 10% modulation in the figure is

thus an underestimate of the actual potential roughness.

This smearing does not affect the relative measurements

we present below, except insofar as to reduce our signal to

noise ratio.

To extract the potential V�z� along the guide center from

the linear atomic density n�z�, we use the Maxwell-

Boltzmann distribution V�z� � �kBT ln�n�z�=n0	. This

formula is valid because the transverse oscillation fre-

quency is independent of z (to within 1% over the cloud

extent) and provided that the phase space density is much

smaller than unity. We deduce the temperature from the

transverse velocity distribution measured by the standard

TOF technique.

The longitudinal confinement, produced by the

H-shaped wire, is expected to be harmonic within 6%

over the extent of the cloud. A harmonic fit of V�z� gives

!z;dc=2� � 7:1 Hz. Subtracting this potential from V�z�,
we obtain the potential roughness plotted in Fig. 2(d) for

both positive and negative dc currents. The observed rms

roughness amplitudes are 39 and 22 nK for negative and

positive currents, respectively. This asymmetry in the po-

tential roughness may be due to residual transverse mag-

netic fields which change the trap location, or to residual

noise in the imaging system.

We now turn to the study of the ac trap. Using phase-

locked oscillators at a frequency !m=2� � 30 kHz, we

produce the five-wire currents Ic�t� � Ic cos�!mt� and

Ib�t� � Ib cos�!mt�, where Ic � 13 mA and Ib �
15 mA are the same currents as those used in the dc cases.

The field B0
z and the currents Iz1 and Iz2 are not modulated.

Loading a thermal cloud in the ac trap, the fragmentation is

no longer visible in the absorption image Fig. 2(c).

To give a more quantitative analysis, we begin with a

theoretical description of the ac trap. Since !m is much

larger than all the characteristic frequencies associated

with the atomic motion, the transverse and the longitudinal

dynamics are described by the one cycle averaged potential

hV�r; t�i. Because B0
z is large compared to any other mag-

netic field, hV�r; t�i can be approximated by

 hV�r;t�i��BhjBz�r; t�ji�
�B

2B0
z

hjBw
?�r; t��B?�r�j2i: (1)

Here, �B is the Bohr magneton, Bz�r; t� is the longitudinal

ac

FIG. 2 (color online). Absorption images of a thermal cloud

for negative dc (a), positive dc (b), and ac currents (c), respec-

tively. Plotted is the number of atoms per pixel (pixel size is 6�
6 �m2). In (d), the potential roughnesses are extracted from

longitudinal profiles using the Maxwell-Boltzmann distribution.
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magnetic field, Bw
?�r; t� is the transverse magnetic field of

the five wires, and B?�r� denotes the transverse field

created by the H wires plus any uncompensated, homoge-

neous, time-independent, transverse field. Since �Bw
z os-

cillates, its contribution to hjBz�r; t�ji averages to zero.

The cross term hBw
?�r; t� 
B?�r�i vanishes, so that

B?�r� only produces a position dependent energy shift

�BjB?�r�j2=2B0
z . It has a negligible effect on the trans-

verse confinement since the confinement created by the

five wires is very strong. On the other hand, jB?�r�j2
affects the weak longitudinal confinement. The length

scale on which B?�r� varies is much larger than the cloud

extent, because it is produced by elements located at least a

millimeter away from the atomic cloud. It thus only con-

tributes to a curvature without introducing additional

roughness. The transverse magnetic field created by the

H-shaped wire is B?�z� � B0
Hzuy, where uy is the unit

vector pointing along y. This field increases the longitudi-

nal frequency according to !2
z;ac � !2

z;dc ��BB
02
H=�mB0

z�.
On the other hand, the transverse frequency is reduced by
���

2
p

compared to the dc case. This factor is confirmed by

our transverse frequency measurements which give �1:2�
0:2� kHz for the ac trap, �2:2� 0:1� kHz and �2:1�
0:1� kHz for dc negative and positive currents,

respectively.

We extract the potential in the ac trap from the measured

longitudinal profile for a sample at T � 180 nK. From a

harmonic fit we obtain a longitudinal frequency of 11.3 Hz,

slightly larger than the one in the dc trap, as expected. In

Fig. 2(d), we compare the measured roughness of the ac

trap to those obtained in the dc traps. In the ac configura-

tion, the roughness rms amplitude is reduced by a factor 4

and 7 with respect to the positive and negative dc cases.

The residual apparent roughness in the ac case is consistent

with the noise in the imaging system and so the mean

reduction factor of 5 is a lower limit.

We also tested the reduction of the potential roughness

by looking at the evolution of the longitudinal center-of-

mass oscillations (CMO) as shown in Fig. 3. In a harmonic

trap, the CMO of an atomic cloud are undamped. In the

presence of a potential roughness, the oscillation period

depends on the amplitude and the dephasing between

trajectories of different particles results in a damping of

the CMO. Figure 3 shows the dramatic contrast between

the ac and dc traps. We fit the oscillations to the function

Z�t� � Z0 � Z1e
�t2=�2

cos�!t���, where Z0, Z1, �, !,

and � are fitting parameters. This function ensures the

expected quadratic decrease of the oscillation amplitude

at small times for a damping due to trajectory dephasing.

The fitted damping time in the ac case, � � �1:9� 0:1� s,
is 10 times larger than its value in the dc case. In fact,

the observed damping in the ac guide can be explained by

the anharmonicity of the H-shaped wire confinement

alone. Thus, the data are consistent with the absence of

roughness.

To estimate an upper bound on the ratio of the ac to dc

roughness amplitudes, we performed one-dimensional

classical Monte Carlo calculations for noninteracting

atoms experiencing a rough potential superimposed on a

harmonic confinement. The calculations are averaged over

potential roughness realizations with the spectral density

expected for a single wire having white noise border

deformations [22,26]. We adjust the wire border noise in

order to recover the measured damping time in the dc trap

(it corresponds to an rms roughness of 80 nK). We find that

the observed increase of the damping time by a factor 10

requires a reduction of the potential roughness by about 14.

A drawback of the model is that it does not take into

account atomic collisions, happening at a rate on the order

of the damping time. However, as collisions are present in

both the dc and ac configurations, we assume that the

above roughness reduction deduced from the calculation

is still relevant.

The modulation technique does not correct for all guide

defects. By considering only the time-averaged potential

we neglect the micromotion of the atoms [27] whose

energy is responsible for a residual roughness. This rough-

ness is 10
�8 times smaller than the one present in the dc

guides for our experimental parameters. In fact, other

imperfections are more important. First, the transverse

component of the rough microwire field produces mean-

ders of the guide equipotentials (displacement of about

2 nm) and a z-dependent modification of the transverse

trapping frequency (approximately 0.3%). These two ef-

fects are not averaged out in the ac guide. Second, the

rough longitudinal field �Bw
z appears in the expansion of

hV�r; t�i to orders that are neglected in Eq. (1). The result-

ing guide imperfections are 1 order of magnitude smaller

than those produced by the transverse component of the

rough field.

We also investigated the dependence of the trap lifetime

on !m as shown in Fig. 4. For modulation frequencies

above 15 kHz, the lifetime of the sample is the same as

in the dc case (10 s). For lower modulation frequencies, we

observe a decrease in lifetime that we attribute to instabil-

ω π      
τ 

  
  
  

ω π)   
τ 

  
  

FIG. 3. Center-of-mass position vs time for negative dc current

(a) and ac current (b) (!m=2� � 30 kHz). The solid line is a fit

to the function Z�t� given in the text. The dramatic increase in

damping time in the ac trap illustrates the strong reduction of the

roughness.
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ities of the atomic trajectories in the modulated potential.

For zero unmodulated transverse magnetic field B?�r�, the

transverse atomic motion close to the guide center is

governed by the Mathieu equation [27] and no instabilities

are expected for !m > 0:87!?;dc, where 0:87!?;dc=2� �
1:82 kHz, which is significantly below 15 kHz. We attrib-

ute this discrepancy to the presence of a nonvanishing

transverse field. Classical trajectory Monte Carlo simula-

tions, with fields of 150 mG in both x and y directions,

reproduce well the measured lifetime as shown in Fig. 4

(dashed line). This value is of the same order as the

accuracy of the residual transverse field compensation.

Within the explored range of frequencies (up to 50 kHz),

we have not identified any upper bound for the modulation

frequency. The atomic spin should adiabatically follow the

magnetic field orientation to avoid spin flip losses [28].

This condition is fulfilled provided that !m=2� �
�BB

0
z=4�@, where �BB

0
z=4�@ ’ 1:3 MHz is the Larmor

frequency.

The temporal modulation of the rough potential can lead

to a heating [28]. In our trap, however, the expected heating

rate is very small. This is confirmed by our measured

heating rate of about 160 nK=s, which is close to the

technical heating also observed in the dc trap. We have

also loaded a Bose-Einstein condensate in the ac trap

without noticeable fragmentation.

The method presented here will enable new experimen-

tal explorations on quantum gases using atom chips. We

have already mentioned the study of a 1D Bose gas in the

Girardeau regime. Note that the reduction of transverse

trapping frequency by
���

2
p

can be overcome by going closer

to the wire. Second, the relative insensitivity of the time-

averaged potential to residual transverse magnetic fields

will enable us to revisit proposals of double well potentials

in static magnetic fields, such as [19,24], which are very

sensitive to residual magnetic fields. Finally, this method

may also allow the study of atom dynamics in disordered

potentials [29–31] since the roughness strength can be

tuned.

The authors thank A. Aspect, T. Schumm, and J. Estève
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November 30, 2007Limitations of the modulation method to smooth a wire guide roughnessI. Bouhoule, J.-B. Trebbia, and C. L. Garrido AlzarLaboratoire Charles Fabry de l'Institut d'Optique,CNRS et Université Paris 11, 91127 Palaiseau Cedex, FraneIt was reently demonstrated that wire guide roughness an be suppressed by modulating thewire urrents [1℄ so that the atoms experiene a time-averaged potential without roughness. Wetheoretially study the limitations of this tehnique. At low modulation frequeny, we show thatthe longitudinal potential modulation produes a heating of the loud and we ompute the heatingrate. We also give a quantum derivation of the rough onservative potential assoiated with themiro-motion of the atoms. At large modulation frequeny, we ompute the loss rate due to nonadiabati spin �ip and show it presents resonnanes at multiple modulation frequenies. Thesestudies show that the modulation tehnique works for a wide range of experimental parameters. Wealso give onditions to realise radio-frequeny evaporative ooling in suh a modulated trap.PACS numbers: 39.35.+k,03.75.BeI. INTRODUCTIONAtom-hips are a very promising tool for ooling andmanipulating old atoms [2℄. Diverse potentials, vary-ing on the miron-sale, an be realized and very hightransverse on�nements are possible. Envisioned appli-ations range from integrated guided atomi interferome-try [3, 4, 5℄ to the study of low dimensional gases [6, 7, 8℄.To take bene�t of the hip tehnology, the atoms shouldbe brought lose to the urrent arrying wires. But theatoms then experiene a rough potential due to wire im-perfetions [9, 10℄ and this used to onstitute an impor-tant limitation of the atom-hip tehnology. However, amethod to overome this roughness problem, based onmodulated urrents, was reently demonstrated [1℄. Dueto the important envisioned appliations of this method,a study of its limitations is ruial.The method to suppress atomi wire guide roughnessrelies on the proportionality between the longitudinal po-tential roughness and the wire urrent [11℄. Modulatingthe wire urrent around zero at a large modulation fre-queny, the atoms experiene the time-averaged poten-tial, exempt from roughness. The modulation frequeny
ω must be large enough so that the atomi motion annotfollow the instantaneous potential. On the other hand,
ω should be small enough in order to prevent losses dueto spin-�ip transitions. In this paper, we present analy-sis that go beyond the time-averaged potential approahand we identify the limitations of this method, both forlow and large ω. We also investigate the possibility ofusing the radio-frequeny evaporative ooling method insuh a modulated trap.In se. II, we present the onsidered situation. Inse. III, we investigate the limitations of the method thatarise at small modulation frequeny. We show that theatomi loud is submitted both to a heating and to aresidual rough potential and we quatitatively study thesephenomena. In se. IV, we ompute the expeted spin �iplosses due to the time modulation of the magneti �eld

z

y

x
Bo

u(z)

z

lcFIG. 1: A wire guide produed by three urrent arryingwires. Geometrial deformation of the wire produe a lon-gitudinal potential roughness (of orrelation length lc) pro-portional to the wire urrent as depited in the graph.orientation, that arise at large ω. Finally, the last setiongives some insights on the possibility of realizing radio-frequeny evaporative ooling in the modulated guide.
II. WIRE GUIDEA wire guide is obtained ombining a transversequadrupolar �eld and an homogeneous longitudinal mag-neti �eld B0. The quadrupolar �eld an be realised us-ing for example three urrent arrying wires as shown inFig.1. Beause of wire deformations [10, 12℄, the urrentdensity inside the wires aquire non zero transverse om-ponents. This produes a longitudinal rough magneti�eld bz proportional to the wire urrent, muh smallerthan the external �eld B0. The method to e�etively re-move roughness onsists in modulating the wire urrentsat a frequeny ω while the longitudinal �eld B0 is keptonstant.
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2III. EFFECT OF THE MODULATION ON THELONGITUDINAL MOTIONLet us �rst assume the modulation frequeny of thewire urrents is small enough so that the atomi spin ori-entation an follow adiabatially the magneti �eld ori-entation. The atoms are then subjeted to the instanta-neous potential µ|B|, where µ is the atomi dipole mo-ment. For B0 muh larger than E/µ where E is the typ-ial transverse atomi energy, the instantaneous trans-verse potential is harmoni and proportional to the in-stantaneous wire urrents. Sine the osillation frequenyof this potential is modulated in time, the transverse las-sial dynamis is desribed by a Mathieu equation, whihpredits stable motion as long as ω > 0.87ω⊥, where ω⊥is the maximum instantaneous transverse osillation fre-queny. This lassial riteria is also predited by quan-tum mehanis sine the Wigner funtion evolves as alassial phase spae distribution for a harmoni poten-tial [13℄. In this paper, we assume this stability onditionis ful�lled and we fous on the longitudinal motion, as-suming the longitudinal dynamis is deoupled from thetransverse one. The longitudinal instantaneous potentialis
V (z, t) = u(z) cos(ωt), (1)where u(z) = µbz(z), skethed in Fig.1, is produed bywire deformations. The idea of the method to smooth theroughness is that the longitudinal motion of the atomsdoes not have time to follow the time evolution of thepotential. The atomi motion is then well desribed bythe e�et of the onservative potential 〈V (z, t)〉, wherethe time average is done over a modulation period. Sine

〈V (z, t)〉 = 0, the atoms do not experiene any rough-ness. We study below the onditions on the modulationfrequeny ω for suh an approah to be valid.As the Hamiltonian experiened by the atoms is pe-riodi in time, we use the well known Floquet repre-sentation [14℄, brie�y presented below for the situationonsidered here. A new quantum number nF is intro-dued, whih gives a relative number of modulation en-ergy quanta. The Hamiltonian in this representation istime-independent and ontains two ontributions. The�rst one,
H0 =

∞
∑

nF =−∞
(p2/(2m) + h̄ωnF )|nF 〉〈nF |, (2)does not ouple di�erent Floquet subspaes. The seondone,

H1 =

∞
∑

nF =−∞
u(z)/2(|nF 〉〈nF + 1|+ |nF + 1〉〈nF |), (3)ouples adjaent Floquet subspaes. If the stateof the system in the Floquet representation is

∑

nF
|ψnF 〉(t)|nF 〉, where |ψnF 〉(t) gives the state of the

system in the manifold of Floquet number nF , thenthe state of the system in the bare representation is
∑

nF
|ψnF 〉(t)e−inF ωt. Expetation values of observablesontain ross terms involving di�erent Floquet numbers.However, as long as evolution on time sales muh largerthan 1/ω is onsidered, suh ross terms (interfereneterms) average to zero and the di�erent Floquet statesan be interpreted as physially di�erent states. A givenstate has an in�nite number of Floquet expansions. Inpartiular, it is possible to assume that the initial stateis in the Floquet manifold of Floquet number nF = 0.Let us onsider a state |p0, nF = 0〉 of momentum

p0 in the Floquet manifold nF = 0. The modulatedrough potential u is responsible for two di�erent phe-nomena. First, it indues a hange rate of the atomienergy. This irreversible evolution is due to the ontin-uous nature of the rough potential Fourier deomposi-tion: the state |p0, nF = 0〉 is oupled to a ontinuumof momentum states of the adjaent Floquet subspaes
nF = ±1 and this oupling to a ontinuum indues adeparture rate from the initial state, assoiated to a rateof kineti energy hange. Seond, the modulated poten-tial is responsible for the well known adiabati potentialexperiened by atoms in fast modulated �elds [15℄. Weshow that this adiabati potential is due to proesses oforder two in u that ouple the state |p0, nF = 0〉 to thestates |p1, nF = 0〉 via the virtually populated interme-diate states |q, nF = ±1〉.In the �rst sub-setion, we investigate the �rst phe-nomenum and ompute the assoiated heating rate for aloud at thermal quasi-equilibrium. In the seond sub-setion, we derive the adiabati potential experiened bythe atoms. In both setions, we emphasize on the asewhere the potential roughness is that obtained at largedistane from a �at wire having white noise border �u-tuations. A. Heating of the atomi loudLet us suppose the atom is initially in the state |p0, nF 〉of momentum p0 in the Floquet manifold nF = 0. Asshown in Fig.2, this state is oupled by u to the on-tinuum of momentum states in the Floquet manifold
nF = ±1, whih leads to a deay of the initial state pop-ulation. The momentum of the �nal states that ful�ll en-ergy onservation in the Floquet subspae nF = −1 are
±h̄q+ where q+ =

√

k2
0 + 2mω/h̄, k0 = p0/h̄ being theinitial atomi wave vetor. Deay towards these states in-volves the Fourier omponent ±q+−k0 of u and inreasesthe kineti energy of the atom by h̄ω. If k2

0 > 2mω/h̄,there exist states in the Floquet subspae nF = 1 thathave the same energy as the initial state. The momentumof those �nal states are ±h̄q− where q− =
√

k2
0 − 2mω/h̄and deay towards these states dereases the kineti en-ergy of the atom by h̄ω. A perturbative alulation, iden-tial to that used to derive Fermi Golden rule, gives an
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h̄ω

nF = 0

nF = −1

nF = 1

h̄ω ph̄q+0 p0

H0

h̄q−FIG. 2: Transitions responsible for a heating of the atomiloud. The parabolas give the energy H0, given in Eq. (2),versus the momentum p for di�erent Floquet manifolds nF .The state of momentum p0 in the Floquet manifold nF = 0is oupled to di�erent momentum states of the Floquet man-ifolds nF = ±1 by the rough potential u(z).energy exhange rate
dE
dt = πωm

2h̄2 [(S(−k0 + q+) + S(−k0 − q+))/q+
−Θ(|k0| −

√

2mω/h̄)(S(−k0 + q−) + S(−k0 − q−))/q−](4)where S(q) = 1/(2π)
∫

eiqz〈u(0)u(z)〉dz is the spetraldensity of u, haraterized by the orrelation length lc,and Θ(x) is the Heaviside funtion that is zero for x < 0and 1 for x > 0. The derivation of Eq. (4) is detailed inthe appendix A. As pointed out in the appendix, Eq. (4)is not valid for initial momentum very lose to √
2mh̄ω.However, the range of k0 for whih the formula is notvalid is in general very small and we ignore this in thefollowing.Apart from the rms amplitude of the roughness, whihaounts only for a multipliative fator in the rate ofthe energy hange, three energy parameters enter intoaount: Eω = h̄ω is the energy quantum orrespondingto the modulation frequeny, Em = ml2cω

2 is about thekineti energy of an atom that would travel over lc duringan osillation period, and Ec = p2
0/(2m) is the atomikineti energy. In the following, we onsider two di�erentlimits for whih we give simpli�ed expressions for theenergy hange rate: the lassial limit and the quantumlow energy limit.Let us �rst assume that Eω/Ec ≪ 1 and

EωE
1/2
m /E

3/2
c ≪ 1. We show below that this two on-ditions ensures the validity of the lassial behavior. The�rst inequality ensures that one an expand the quantity

q+ and q− in power of mω/(h̄k2
0). The seond inequalityensures that the spetral omponents S(−k0 − q±) arenegligible ompared to the two other ones and that thelatter are well approximated using a Taylor expansion of

S. The energy hange rate then writes
dE

dt
= −

[

2ω2/v3
0S(ω/v0) + S′(ω/v0)ω

3/v4
0

]

π/(2m),(5)where v0 = h̄k0/m is the atomi veloity. This energyhange rate does not depends on h̄ and is thus a lassi-

al result. It is obtained through a lassial alulationof kineti energy hange omputed after expanding theatomi trajetory to seond order in u. Note that, usingthe lassial expression Ec = mv2
0/2, the two onditions

Eω/Ec ≪ 1 and EωE
1/2
m /E

3/2
c ≪ 1 are veri�ed in thelimit where h̄ goes to zero, as expeted for the validity oflassial physis.Let us now onsider the limit Eω/Ec ≫ 1 and

EcE
1/2
m /E

3/2
ω ≪ 1, that we denote the quantum low en-ergy limit. The �rst inequality ensures that the Heavisidefuntion in Eq. (4) is zero and that q+ an be replaedby √

2h̄ω in the denominator. The seond inequality en-sures that this replaement is also valid for the argumentof the S funtion. Then the energy hange rate given inEq. (4) redues to
dE

dt
=
π
√
mω√
2h̄3

[

S(−k0 +
√

2mω/h̄) + S(k0 +
√

2mω/h̄)
]

.(6)This is a quantum result, sensitive to the fat that energyexhange between the atom and the osillating potentialinvolves the energy quanta h̄ω. In the limit where Ec ≪
E2

ω/Em (k0 ≪ 1/lc), it onverges towards a �nite value
dE

dt
=
π
√

2mω√
h̄3

S(
√

2mω/h̄), (7)that does not depends on the initial momentum h̄k0/m.Let us now onsider a loud initially at thermal equi-librium with a veloity distribution n(v0). The heatingrate, obtained after averaging Eq. (5) over n(v0), is
kB

dT

dt
= 2

∫ ∞

0

n(v0)
dE

dt
dv0, (8)where kB is the Boltzmann fator. Although the heatingrate depends on the preise shape of the spetral density

S, some general properties an be derived.First, although the energy hange rate may be negativefor some veloities, we show below that dT/dt is alwayspositive. For a longitudinally homogeneous gas, this pos-itivity ensures the inrease of the entropy, as required bythe seond law of thermodynamis in the absene of heatexhange with the loud and without gaining informationon the system. To demonstrate that dT/dt > 0, we per-form a hange of variables in the four integrals obtainedby substituting Eq. (4) into Eq. (8) to �nd
kB

dT
dt = πω

√
m/h̄

∫ Q0

0
dq
q S(q) (n(ω/q − h̄q/(2m)) − n(ω/q + h̄q/(2m)))

+
∫ ∞
Q0

dq
q S(q) (n(h̄q/(2m) − ω/q) − n(ω/q + h̄q/(2m)))(9)where Q0 =

√

2mω/h̄. For a thermal equilibrium distri-bution, n(v) is a dereasing funtion of |v|. Furthermore,the spetral density is a positive funtion. We thus �ndthat dT/dt > 0 so that the e�et of the potential rough-ness is always a heating of the loud. Eq. (9) also shows
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10.10.010.0011e-041e-051e-06FIG. 3: Heating rate of a loud as a funtion of its temper-ature, for a modulated rough potential whose spetral den-sity is given by Eq. (11). Graph (a): lassial preditions(dashed lines) and asymptoti behavior at low temperaturegiven by Eq. (12) (solid line). Graph (b): exat result for
ω/(2π) = 200h̄/(md2) (solid line) ompared with the quan-tum low energy predition (dotted line), the asymptoti pre-dition of Eq. (13) (dashed dotted lines) and the lassialresult (dashes).that the heating rate goes to zero at very large temper-ature, sine n is then about �at over the explored velo-ities.Seond, for large enough temperatures one expets toreover the lassial result and the heating rate shouldnot depend on h̄. Then the heating rate depends only onthe four independent quantities 〈u2〉, Em, ω and kBT .Sine 〈u2〉 enters only as a multipliative fator in theheating rate, using dimensional analysis we show that
kBdT/dt is the produt of 〈u2〉/(mωl2c) and a funtion of
kBT/Em. As a onsequene, if the funtion giving theheating rate versus T is known for a given value of ω and
Em, then the heating rate is known for any value of T ,
Em and ω.Finally, at low enough temperatures, the heating rateis well estimated by substituting Eq. (6) into Eq. (8). Oneexpets that the heating rate onverges towards Eq. (7)when temperature beomes muh smaller than h̄ω and
h̄2/(ml2c).In the following, we give quantitative results in the aseof a potential roughness obtained at large distane d froma �at wire whose borders have white noise �utuationsof spetral density Jf . In this ondition, the spetraldensity of u is given by [9, 10℄

S(k) = Jf
(µ0µI)

2

4π2
k4K1(kd)

2 (10)whereK1 is the modi�ed Bessel funtion of the �rst kind.The typial orrelation length of u is the distane abovethe wire d so that Em = mω2d2. The mean square ofthe rough potential is 〈u2〉 ≃ 0.044(µµOI)
2Jf/d

5. In thefollowing we use 〈u2〉 as a parameter instead of Jf . Thespetral density of u then writes
S(k) = α〈u2〉d(kd)4K1(kd)

2, (11)

where α ≃ 23.We �rst study the heating rate predited by lassialphysis. This lassial heating rate is plotted in Fig.3(a)as a dashed line. The temperature and heating rate aresaled to Em and ω〈u2〉/Em respetively in the graphso that the urves orresponding to the lassial predi-tions are independent of the problem parameters. Weobserve the expeted derease to zero of the heating rateat high temperatures. We also observe a rapid dereaseof the heating rate as temperature dereases, for tem-peratures muh smaller than Em. The maximum heat-ing rate is about 2.1〈u2〉/(mωd2) and is obtained forthe temperature kBTM ≃ 0.07Em. For d = 5 µm and
ω/(2π) = 50 kHz, whih are parameters similar to thatof the experiment presented in [1℄, TM = 1.8 mK. Typi-al old atoms temperatures are muh smaller than thisvalue and it is thus of experimental interest to investigatein more detail the regime T ≪ TM .The derease of the heating rate for T ≪ TM is ex-peted sine then the atoms move on a distane muhsmaller than the orrelation length of the rough poten-tial during a modulation period. The atoms are thenloally subjeted to an osillating fore almost indepen-dent of z and the atomi motion an be deomposed intoa fast miro-motion in phase with the modulation and aslow motion. The miro-motion being almost in phasewith the exitation fore, barely no energy exhange be-tween the atom and the potential arises on a time salelarger than the modulation period. More quantitatively,we an derive an analytial expression of the heating ratein the regime where T ≪ TM , whih shows the dereaseof the heating rate as temperature dereases. For suhlow temperatures, as shown a posteriori below, wave ve-tor of S that ontribute to the heating rate are muhlarger than 1/d so that we an replae the Bessel funtion
K1(x) in Eq. (11) by its asymptoti value at large x. Wethen �nd that the integrand in Eq. (8) is peaked around
v0 = 21/3(kBT

√
Em)1/3/m and the Laplae method givesthe following approximation of the heating rate:

kBdT

dt
= β

ω〈u2〉
Em

(

Em

kBT

)7/3

e−3(Em/(2kBT ))1/3 (12)where β ≃ 0.36. This asymptoti funtion is plotted inFig.3 (a) (solid line). It oinides with the exat lassialresult within 20% as long as kBT < 0.002EM . The aboveexpression of v0 and Eq. (5) validate the expansion atlarge x of the Bessel funtion K1(x) for T ≪ TM .The limit of validity of the lassial results desribedabove is given by Eω/Ec ≪ 1 and EωE
1/2
m /E

3/2
c ≪ 1,where Ec ≃ mv2

0 , v0 being the typial veloity involvedin the heating proess. Using the above value for v0,the ondition of valididty of the lassial regime redues,for Eω ≪ Em, to kBT ≫ Eω . For ω/(2π) = 50 kHz,we �nd that the lassial regime fails for temperatures
T ≪ 2 µK. At lower temperatures, quantum analysis isrequired to estimate the heating rate.For the parameters hosen above (d = 5 µm and
ω/(2π) = 50 kHz), Em/Eω = 104 and the heating
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5rate is exponentially small at temperatures smaller thana miro-Kelvin when lassial physis fails (the term
e−3(Em/(2kBT ))1/3 in Eq. (12) is 3×10−31 for T = 1 µK.).Thus, in order to investigate the heating rate beyond thelassial approximation, we onsider a di�erent situationfor whih Em/Eω is only equal to 200. This would orre-spond, for the same distane d = 5 µm, to a modulationfrequeny of only 1 kHz. The exat heating rate, whih isomputed by substituting Eq. (4) into Eq. (8), is plottedin Fig.3 (b). This alulation shows that the lassial re-sult is valid up to a fator of 2 as long as kBT > 0.2Eω.At smaller temperatures, the lassial result underesti-mates the heating rate. At temperature muh smallerthan E3/2

ω /
√
Em, the heating rate is well approximatedby the preditions in the low energy quantum limit whereEq. (6) is valid. This predition is represented as a dot-ted line in the graph. At temperatures muh smallerthan E2

ω/Em (i.e. for kBT ≪ h̄2/(md2)), the heatingrate onverges towards Eq. (7). Assuming Em/Eω ≫ 1,then the expansion of S at large wave vetor an be usedand Eq. (7) gives
kBdT/dt = ζ〈u2〉/h̄(mωd2/h̄)2e−2

√
mωd2/h̄ (13)where ζ ≃ 4.0. This asymptoti value is plotted in Fig.3as dashed-dotted lines. The heating rate is equal to thislimit up to a fator of 2 as soon as kBT < 0.2E2

ω/Em.The heating of the atomi loud an easily be madesmall enough experimentally to have no notieable ef-fets. Let us for example onsider the situation, sim-ilar to the experiment in [1℄, where d = 5 µm and
√

〈u2〉 = 50 nK. If the modulation frequeny is as lowas 1 kHz, then the maximum heating rate is 3 µK/s andis obtained for a temperature of 700 nK. Thus, for suha low modulation frequeny, the heating may be a prob-lem in experiments. However, as soon as the modulationfrequeny is inreased to 50 kHz, as in [1℄, the maximumheating rate is only of 64 nK/s and is obtained at a largetemperature of 1.8 mK. At lower temperature, the ex-ponential derease of the heating rate shown in Eq. (12)rapidly dereases the heatig rate to ompletely negligiblevalues. B. E�etive remaining potentialIn this subsetion, we show that Raman proesses (ofseond order in u), in whih adjaent Floquet states arevirtually populated, are responsible for the e�etive po-tential
Vad = (∂zu)

2
/(4mω2). (14)This potential is a well known lassial result [15℄ thatorresponds to the kineti energy of the miro-motionof the atom. At large osillation frequeny, the miro-motion has an amplitude ξ ≃ −∂zu/(mω

2) cos(ωt) muhsmaller than the orrelation length of u. It is in phase

ph̄k0 h̄k1

h̄ω

h̄ω

H0

0
nF = −1

nF = 0

nF = 1

FIG. 4: Raman transitions responsible for the adiabati po-tential of Eq. (14). The seond order oupling between twomomentum states of wave vetor k0 and k1 is skethed. Theoupling produed by two Fourier omponents of u of wavevetor q and q′ = k1 − q − k0 are represented as dashed andsolid arrows respetively.with the exitation fore and has a kineti energy Vad.In this limit, sine the miro-motion is in phase with theexitation fore, the energy transfer between the atomand the potential, averaged over a modulation period,vanishes. Energy onservation then shows that the slowmotion of the atom is subjeted to an e�etive roughpotential Vad. It is well known that this e�etive poten-tial, due to the fast atomi miro-motion, is responsiblefor the on�nement in rapidly modulated Paul traps. Aquantum derivation of Vad has already been done in [13℄using a seular approximation. Here we give an alterna-tive derivation based on the Floquet representation.Let us ompute the e�etive oupling between thestates |k0〉 and |k1〉 of momentum h̄k0 and h̄k1 respe-tively, both being in the Floquet subspae nF = 0. Forthis purpose, we �rst investigate the e�et of a given pairof Fourier omponents of u that ouple the two previousstates. Their wave vetors are q and q′ = k1−k0−q. Fourproesses are involved in the e�etive oupling between
|k0〉 and |k1〉, as skethed in Fig.4 and the e�etive ou-pling is the sum of the four amplitudes. The preise ef-fetive oupling between two �ground� states oupled viaan intermediate level has been investigated in [16℄. Theauthors show that the e�etive oupling is V1V2/∆ where
V1 and V2 are the oupling to the intermediate state and
∆ is the di�erene between the energy of the intermedi-ate state and the mean energy of the two �ground� states.Using this result, we �nd that the e�etive oupling as-soiated with eah proess is
veff = uquq′/(4(h̄2(k0 + κ)2)/(2m) ± h̄ω − E0), (15)where κ is q or q′ depending on the proess and E0 =

✶✻✾



6
h̄2(k2

0 + k2
1)/(4m). Adding the four amplitudes, we �nd

Veff =
uquq′

4

(

h̄2(k0 + q)2/m− 2E0

(h̄2(k0 + q)2/(2m) − E0)2 − h̄2ω2

+
h̄2(k0 + q′)2/m− 2E0

(h̄2(k0 + q′)2/(2m) − E0)2 − h̄2ω2

)

.(16)Assuming that the kineti energies of the �nal, initialand intermediate states are all muh smaller than h̄ω, thedenominator an be simpli�ed to h̄2ω2 and we obtain
Veff =

uquq′qq′

2mω2
. (17)Doing the sum over the pairs (q, q′), we �nd that theoupling between the momentum states is that realisedby the potential of Eq. (14).An alternative way to derive the adiabati potentialis to use a dressed Floquet representation. As shownin appendix B, alulations are more straightforward inthis representation and no detailed knowledge on the ef-fetive oupling orresponding to a transition through avirtually populated state is required.The residual roughness given in Eq. (14) onstitutesa limitation of the modulation method. It sales as

〈

u2
〉

/(ml2cω
2) where lc is the typial orrelation lengthof u. Thus it is muh smaller than the initial roughnessamplitude as soon as urms ≪ ml2cω

2. In the ase wherethe roughness potential spetral density is that obtainedat large distane d from a wire having white noise bor-der �utuations of spetral density Jf , we obtain a meanvalue
〈Veff〉 = 0.048Jf

(µ0µI)
2

mω2d7
= 1.1〈u2〉/(mω2d2). (18)If the wire edges deformations have a gaussian probabilitydistribution, then the roughness of the remaining poten-tial is simply √

〈V 2
eff〉 − 〈Veff〉2 =

√
2〈Veff〉. For d = 5 µm,

ω/(2π) = 50 kHz and 〈u2〉/kB = 500 nK, the roughnessof the e�etive remaining potential is as small as 0.09 nK.IV. LOSSES DUE TO SPIN-FLIP TRANSITIONSAll the previous analysis assume the atomi spin anadiabatially follow the diretion of the instantaneous�eld when the urrent is modulated. In this setion, weinvestigate the onditions on the modulation frequenyfor this adiabati following ondition to be valid. Nonadiabatiity indues losses via spin-�ip transitions to theuntrapped states. Intuitively, we expet that the lossesare small for a modulation frequeny muh smalller thanthe Larmor frequeny. In the following we ompute thisloss rate, following alulations made in [17℄ for the DC-ase.Let us onsider a spin-one atom in the modulated guidedesribed in setion II with ω ≫ ω⊥. We hoose a o-ordinate system whose origin is at the quadrupole �eld

enter and of axis x and y at 45o with the quadrupoleaxis as depited in Fig.1. We assume the atomi mag-neti moment is µJ/h̄ where J is the atomi spin angularmomentum of omponents Jx, Jy and Jz along x, y and
z respetively. We note | ± 1〉 and |0〉 the eigenstates of
Jz of eigenvalues ±h̄ and 0, respetively.The magneti �eld diretion depends on the positionand on time. We apply a spatially and time dependentspin rotation R(t, x, y) so that R|1〉 points along the in-stantaneous loal magneti �eld diretion. In suh a rep-resentation, the Hamiltonian is

H = R−1 p2

2m
R + UJz/h̄+ ih̄

dR−1

dt
R (19)where

U = µB0 +mω2
⊥ cos2(ωt)(x2 + y2)/2. (20)Here we assume mω2

⊥(x2 + y2) ≪ µB0 so that the har-moni approximation is valid. We also neglet the ef-fet gravity. This later assumption is relevant as soonas g ≪ l⊥ω2
⊥ where l⊥ =

√

h̄/(mω⊥) is the harmoniosillator length. This ondition ensures that the time-averaged potential is barely a�eted by the gravity andthat the aeleration of the atoms over the spatial exten-sion of the trapped state has a negligible e�et.We hoose the rotation R as a produt of a rotationalong x and a rotation along y. To �rst order in x and
y, R is

R = 1 + iθxJx/h̄+ iθyJy/h̄. (21)where the angles of the rotations along x and y are
θx = −b′x cos(ωt)/B0 and θy = b′y cos(ωt)/B0 respe-tively. Here b′ = ω⊥

√

2mB0/µ is the quadrupole gra-dient at maximum urrent. Calulation to �rst order in
θx, θy gives

R−1 p2

2m
R =

p2

2m
+ Vk (22)where

Vk =

√
2b′ cos(ωt)

B0
(px − ipy)|0〉〈1| + h.c. (23)and h.c. stands for hermitian onjugate. Here, we ignorethe state |−1〉, whih is relevant for low enough oupling(see below). The term Vk, due to the fat that R de-pends on the position, is responsible for spin-�ip lossesin time independent io�e magneti traps [17℄. Withinthe approximations made, the position dependene of Rhas no e�et on the Hamiltonian within the spin state

|1〉 manifold: the Coriolis oupling analysed in [20℄, thatorresponds to a rotation frequeny proportional to b′2,is not seen in this aluation.Similar alulations give
ih̄
dR−1

dt
R =

h̄ωb′√
2B0

sin(ωt)(x− iy)|0〉〈1| + h.c. (24)
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7This term, due to the time modulation of the loal spinorientation, may also produe spin-�ip losses in modu-lated traps. The ondition ω ≫ ω⊥ ensures that theterm of Eq. (24) has an e�et muh larger than the termof Eq. (23) and we neglet the latter in the following.As in the previous setion, we use the Floquet repre-sentation. The Hamiltonian H in the manifold of spinstate |1〉 is deomposed into the term
H0 =

∞
∑

nF =−∞
(p2/2m+mω2

⊥(x2+y2)/4+nF h̄ω)|1, nF 〉〈1, nF |(25)and the term
H2 = mω2

⊥(x2+y2)/4

( ∞
∑

nF =−∞
|1, nF + 2〉〈1, nF | + h.c.

)(26)that ouples the Floquet nF state to the Floquet states
nF ± 2. Here, |1, nF 〉 is the state vetor of an atom inthe spin state |1〉 with the Floquet number nF . The term
H2 is due to the part of Eq. (19) that is proportional to
cos(2ωt). Sine we assumed ω ≫ ω⊥, the e�et of H2 isweak and an be treated perturbatively.We will ompute the loss rate of an atom initially inthe spin state |1〉 of Floquet number nF = 0 and in theground state φ0 of H0. The term of Eq. (24) ouplesthis trapped state to the untrapped spin states |0〉 ofFloquet numbers nF = ±1. The energy spetrum of thespin state |0〉, whih is una�eted by the magneti �eld,is a ontinuum. Coupling to this ontinuum leads to adeparture rate from the initial state, provided the Markovapproximation is full�led [18℄. This approximation alsoensures that the state | − 1〉 an be negleted. We willshow below that losses to the Floquet manifold nF = +1are muh larger than losses to the Floquet manifold nF =
−1. Thus, we onsider in the following the �nal states inthe manifold nF = +1. Sine ih̄dR−1

dt R does not a�etthe longitudinal motion, we onentrate on the transversedegrees of freedom and normalise φ0 to ∫∫dxdy|φ0|2 = 1.In addition, beause ih̄dR−1

dt Rφ0 is, up to a phase fator
eiθ, invariant under rotation of angle θ in the xy plane,the losses to spin 0 states are isotropi in the xy plane. Itis thus su�ient to ompute the departure rate towardsa plane wave travelling in the x diretion. The �nal statewave vetor is

kf =

√

2m(µB0 + h̄ω⊥/
√

2 − h̄ω)/h̄, (27)and the Fermi Golden rule gives the departure rate
Γ0 =

√
2π

ω2

mµB0ω⊥
h̄k2

fe
−
√

2h̄k2
f /(mω⊥). (28)The departure dereases exponentially with the bias �eld

B0, as for a usual time independent io�e trap [17℄. How-ever, in the modulated trap, an additional exponentialfator in ω/ω⊥ re�ets the fat that the Floquet level is

inreased by one while the spin is �ipped. This transi-tion is assoiated with the �emission� of a quantum ofenergy h̄ω, given to the osillating magneti �eld. Equa-tion (28) also shows that the departure rate goes to zerofor a modulation frequeny very lose to the frequeny
µB0/h̄+ω⊥/

√
2, i.e. for vanishing kf . This anellationis due to the fat that the oupling term of Eq. (24) isodd in x whereas the initial state is even and the �nalstate, whose wave vetor is vanishing, is �at. The depar-ture rate towards the Floquet state nF = −1 is identialto Eq. (28), ω being replaed by −ω. Sine we assumed

ω ≫ ω⊥, the loss rate towards the Floquet state nF = −1is negligible ompared to Eq. (28).The ondition ω ≫ ω⊥ and Eq. (28) show that theloss rate is exponentially small when ω reahes ω1 =
(µB0/h̄+ω⊥/

√
2)/3, the value for whih the initial statehas the same energy as the untrapped state of Floquetnumber nF = 3 and of vanishing momentum. For modu-lation frequenies smaller than ω1, seond order proessesresonantly ouple the initial state to the untrapped state

|0〉 of Floquet number nF = 3. In theses proesses, repre-sented in Fig.5, the term H2 of Eq. (26) �rst transfers theatoms in the virtually populated intermediate trappedstate |1〉 of Floquet number nF = 2 before the term
ih̄dR−1

dt R realizes the transfer to the untrapped state |0〉of Floquet number nF = 3. Although H2 is weak, theloss rate assoiated with the seond order proesses ismuh larger than the exponentially small Γ0.More generally, for a given modulation frequeny,losses are dominated by transitions towards untrappedstates of Floquet number nF = 2n + 1 where n =
E((µB0/h̄+ω⊥/

√
2)/(2ω)− 1/2), the funtion E(x) be-ing the integer part of x. Those transitions orrespond toproesses where the atoms is �rst brought to the interme-diate state |1〉 of Floquet number nF = 2n by n transi-tions produed by the term H2 and is then transferred tothe untrapped state |0〉 of Floquet number nF = 2n+ 1by the term ih̄dR−1/dtR of Eq. (24). Perturbation the-ory gives an e�etive oupling between the state |1〉 ofFloquet number nF = 0 and the states |0〉 of Floquetnumber nF = 2n+ 1 whih is

Un = −i h̄ωb
′(x− iy)

n!2
√

2B0

(mω2
⊥(x2 + y2)/(16h̄ω))n. (29)The eigenstates of H0 in the virtual intermediate statesdo not appear beause, sine we assumed ω ≫ ω⊥, theenergy di�erene between the intermediate states is neg-ligible and a resummation is possible.The departure rate from the initial state towards theFloquet state nF = 2n + 1 is omputed from Un usingthe Fermi Golden Rule. As for the alulation of Γ0, it issu�ient to ompute the departure rate in the x diretionand we obtain

Γn = mω2b′2

8h̄B2
0

(mω2
⊥

)2n

n!2(16h̄ω)2n

∣

∣

∫∫

dxdy(x − iy)eikf xφ0(x, y)(x
2 + y2)n

∣

∣

2

(30)where kf =
√

2m(µB0 + h̄ω⊥/
√

2 − (2n+ 1)h̄ω)/h̄ is

✶✼✶
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µB0

nF = 1

nF = 0

nF = −1

h̄ω

nF = 0

nF = 1

nF = 2

nF = 3x

spin state |0〉spin state |1〉
nF = 2

Energy

FIG. 5: Transitions responsible for spin �ip losses. For thespin state |1〉, the potential energy term of Eq. (25) is repre-sented as well as the energy of the ground state in the nF = 0manifold. For the spin state |0〉, we represented, for eahFloquet manifold nF , the whole energy spetrum, whih is asemi-ontinuum starting at an energy nF h̄ω. The transitionsindued by the term of Eq. (24) are shown as dotted arrowswhereas transitions due to the term H2 of Eq. (26) are shownas solid lines. The initial state is the spin state |1〉 of Floquetnumber nF = 0. For the two �nal Floquet states nF = 1and nF = 3, only the dominant proesses are skethed, whoseamplitude are U0 and U1 respetively, where Un is given inEq. (29). In this piture, the odd Floquet state of |0〉 thelosest to resonane orresponds to nF = 3 and losses aredominated by Γ1, where Γn is given in Eq. (30).the wave vetor of the �nal state. Using the gaussian ex-pression for the ground state φ0(x, y) in Eq. (30), we anshow that Γn is the produt of a polynomial in kf andof the exponential fator e−√
2h̄k2

f /(mω⊥). The minimaof the polynomial orrespond to destrutive interferenesbetween the amplitude probabilities of paths having dif-ferent intermediate vibrational states. Sine h̄k2
f/m isredued by 4ω when inreasing n by one and sine we as-sumed ω ≫ ω⊥, the exponential fator ensures, as statedabove, that the total loss rate is dominated by the de-parture towards the highest Floquet subspae.Figure 6 gives the departure rate of the trapped groundstate as a funtion of ω for µB0 = 50h̄ω⊥. We observeseveral peaks that re�et the resonane behavior at in-teger values of (µB0 + ω⊥/

√
2 − ω)/(2ω). The height ofthe resonanes goes down with the integer n as expetedsine the order of the transition inreases with n. Weverify that the loss rate is dominated by the losses to-wards the Floquet state of highest odd Floquet number,as expeted. Between two resonanes, we observe the ex-peted exponential derease of the loss rate. We observea struture in the loss rate for losses to Floquet statelarger than one, as expeted.The lifetime of a thermal Maxwell-Boltzmann distri-
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11e-051e-101e-151e-201e-251e-30FIG. 6: Loss rate from the vibrational ground state versus themodulation frequeny. The longitudinal magneti �eld andthe quadrupole gradient are hosen so that µB0/(h̄ω⊥) = 50.bution is obtained after averaging the loss rate over thethermal distribution. In this alulation, φ0 in Eq. (30)is replaed by the eigenstate φi(x)φj(y), where i and jdenotes the vibrational level. Negleting hanges of the�nal energy h̄2k2

f/(2m) aross the thermal distribution,we an ompute the departure rate Γ0 for a Maxwell-Boltzmann distribution. More preisely, writing Eq. (30)as a fourth integral and using properties of Wigner fun-tions we �nd, for temperatures kBT ≫ h̄ω⊥,
Γ0 =

π3

2
ω⊥

h̄3ω⊥ω2

(kBT )3
e−(µB0−h̄ω)/(kBT ). (31)Beause of the rude approximation that the �nal energydoes not depend on the initial state, this result is onlyvalid up to a fator of the order of unity.Experimentally, spin �ip losses an easily be avoided byproperly hoosing the modulation frequeny. For exam-ple, let us assume the transverse osillation frequeny ofthe instantaneous trap at maximum urrent is ω⊥/(2π) =

50 kHz and the longitudinal magneti �eld ful�lls B0 =
50h̄ω⊥/µ. If µ = µB where µB is the Bohr magneton,this orresponds to B0 = 1.8 G and the Larmor frequeny
µB0/h̄ is 2.5 MHz. In these onditions, the loss rate isdominated the term Γ0 of Eq. (28) as long as the os-illation frequeny is larger than 0.84 MHz and, in thisfrequeny range, it is smaller than 1 s−1 as soon as ω <
2.2 MHz. For ω < 0.84 MHz, losses beome dominatedby transitions towards states of higher Floquet numberand the loss rate is peaked at modulation frequenieslose to integer values of µB0/(2h̄ω)+ω⊥/(2

√
2ω)−1/2.In partiular, loss rate goes up to about 25 s−1 for amodulation frequeny lose to 0.8 MHz. Thus, the viin-ity of this resonane should be avoided experimentally.Resonanes of higher order are less problemati sine themaximum loss rate they indue is smaller than 0.1 s−1.V. RADIO-FREQUENCY EVAPORATION INTHE MODULATED GUIDEIn this setion we present general onsiderations onfored evaporation in a modulated guide. Sine evapo-
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9rative ooling is most e�iently realised in a 3D trap,longitudinal on�ment is required. A 3D trap an beobtained from the modulated guide of setion II by ap-plying a z-dependent onstant longitudinal �eld B0(z).Here, we onsider evaporation in the transverse plane(xy) at a given z position and denote as B0 the longi-tudinal magneti �eld. For this purpose, in addition tothe previous trapping potential, we apply a weak radiofrequeny magneti �eld polarized in the x-diretion, offrequeny ωRF and of amplitude BRF . We onsider herean atom of magneti moment µJ/h̄, where J is the atomispin angular mometum.Let us �rst give simple preditions, that rely only onthe fat that, beause of the modulation at 2ω of thetrapping potential, the atomi Larmor frequeny is mod-ulated in time. The modulation amplitude δΩ inreases,in the transverse plane, with the distane r from the trapenter aording to δΩ = µb′2r2/(4h̄B0). Consideringonly the internal atomi dynamis at a given position,the modulation of the Larmor frequeny is equivalent,within the rotating wave approximation, to a frequenymodulation of the radio-frequeny �eld. In this piture,the radio frequeny spetrum onsists of a arrier at thefrequeny ωRF and side-bands spaed by 2ω, the relativeamplitude of the nth sideband with respet to the arrierbeing Jn(µ(b′r)2/(8B0h̄ω)), where Jn is the Bessel fun-tion of the �rst kind. Thus, for a given frequeny of theapplied RF �eld, the oupling to the untrapped state isresonant for the positions rn suh that
ωRF = µB0/h̄+ µb′2r2n/(4B0) − 2nω, (32)where n is a integer. The oupling between the spin stateslose to a resonane position rn is

Vn = V0Jn(µ(b′r)2/(8B0h̄ω)) (33)where V0 is the oupling produed by the radio-frequeny�eld in the absene of modulation. Suh a shell strutureof the spin �ip transition resonanes is harateristi ofAC magneti traps. For example, the same behavior isexpeted in TOP traps [19℄, where the Larmor frequenyis also modulated in time.In the following, we verify the statements made aboveby a more rigorous derivation. As in the previous setion,we onsider the representation in whih the spin up statepoints along the loal instantaneous magneti �eld. TheRF �eld produes a term in the Hamiltonian experienedby the atoms whih is, to �rst order in the angles θx =
−b′x cos(ωt)/B0 and θy = b′y cos(ωt)/B0,

HRF = µBRF cos(ωRFt)Jx

−µBRFb
′y/B0 cos(ωmt)cos(ωRFt)Jz .

(34)The right hand side is divided in two terms. The �rstterm (�rst line) orresponds to the usual oupling be-tween the spin states in the presene of the RF �eld.The seond term (seond line) appears due to the timedependene of R. As in the previous setion, in the fol-lowing we onsider the ase of a spin one state and we

restrit ourself to the two spin states |1〉 and |0〉. Wethen have HRF 1
= HRF 1

+HRF 2
, where

HRF 1
= µBRF cos(ωRFt)(|1〉〈0| + |0〉〈1|)/

√
2 (35)and

HRF 2
= −µBRFb

′y

B0
cos(ωmt)cos(ωRFt)|1〉〈1|. (36)To analyze the e�ets of the RF �eld, we use the Flo-quet representation where two quantum number are used:the Floquet number nF assoiated to the modulation fre-queny ω and NRF, the number of radio-frequeny pho-tons. We onsider an atom in the trapped spin |1〉 state,with NRF radio frequeny (RF) photons. Beause BRF isweak, we only onsider transitions involving a single RFphoton and we only onsider transitions to the quasi-resonant states where the spin is 0 and the number ofRF photons is (NRF − 1).Let us suppose the initial trapped state is in the nF = 0manifold. The term HRF 1

ouples the initial state to thespin 0 state in the manifold |NRF − 1, nF = 0 >. Thistransition is resonant for the position r0 given by Eq. (32)and the oupling to the spin 0 state is µBRF /
√

2. Theinitial state an also be transferred to the spin 0 statein the |NRF − 1, nF = ±2 > manifolds by higher orderproesses. These transitions, resonant for the position
r±1 given by Eq. (32), an our via two kind of pro-esses, represented in Fig.7 in the ase where the �nalstate lies in the manifold nF = 2. In the �rst proess, H2of Eq. (26) ouples the initial state to the spin 1 state inthe manifold |NRF, nF = ±2〉, whih is then transferredby the term HRF 1

to the spin 0 �nal state (proess a).In the seond kind of proesses (proess b), the trans-fer from the spin state 1 to the spin state 0 is ensuredby the term ih̄dR−1

dt R of the Hamiltonian (see Eq. (24)),and the term HRF 2
of the radio-frequeny oupling is in-volved. In the ase where ω ≪ µB0/h̄, the proess (b)have a negligible amplitude and only the proess (a) isimportant.In a more general way, the initial state an be trans-ferred to the �nal state of odd Floquet number nF = 2n,the transitions being resonant at the positions rn givenby Eq. (32). The dominant proesses involve the �rstterm HRF given in Eq. (32) and the term H2 to order n.The e�etive oupling between the trapped state and thespin 0 state of Floquet number 2n, omputed to lowestorder in H2, is

Vn,eff =
(−1)n

n!

(

µb′2r2

16B0h̄ω

)|n|
µBRF√

2
. (37)We reover here the result of Eq. (33), in the limit on-sidered here where h̄ω ≫ µb′2r2/(8B0). Thus the simpledesription in terms of frequeny modulation of the Lar-mor frequeny is su�ient to desribe the physis.In onlusion, we have shown that the radio-frequeny�eld is resonant for di�erent trap loations, whose poten-tial energy di�er by 2h̄ω/kB. For a modulation frequeny
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|0, nF = 2> 

Processes (a) : Processes (b) :

NRF +1 NRF 

|1, nF = 2> 

|1, nF = 1> 

|1, nF = 0> 

Energy

NRF +1 NRF 

|1, nF = 0> 

|1, nF = 2> 

|1, nF = 1> 
|1, nF = 0> 

|0, nF = 2> FIG. 7: Proesses involved in the transition from the trappedstate |1, nF = 0, NRF〉 to the untrapped state |0, nF =
2, NRF − 1〉. The proess (a) involves the Hamiltonian H2 ofEq. (26) (solid line) and the term HRF1

of Eq. (35) (dashedline). The proess (b) involves the term HRF2
of Eq. (36)(dashed line) and the term ih̄∂R−1/∂tR of Eq. (24) (solidline). For ω ≪ µB0, the proess (a) is the dominant one.of 50 kHz, the potential energy di�erene between tworesonanes is 3 µK. For a temperature of the order of

3 µK or higher, some resonanes are present inside theatomi loud and indue spin-�ip losses. To overomethis problem, a preooling stage in a stati trap down totemperatures smaller than 3 µK is required. For loudswhose temperature is smaller than 3 µK, the evaporationproess in the modulated guide involves only one radio-frequeny knife, so that the evaporative ooling is similarto that realised in a trap made by DC urrents. Choos-ing the frequeny of the radio frequeny �eld so that thetransition involved in the ooling proess is the transitionthat does not hange the Floquet number is interestingfor two reasons. First, as shown in Eq. (37), the ou-pling between the trapped and the untrapped state ofthis transition is larger than that of higher order tran-sitions that hange the Floquet number. Seond, thisoupling is homogeneous and is thus onstant when ωRFis hirped. VI. CONCLUSIONThe areful study of the limitations of the modulationtehnique to smooth wire guide roughness performed inthis artile show that this tehnique is very robust andaepts a wide range of modulation frequenies. Morepreisely, on one side, we have shown that the unwantede�ets of the modulation on the longitudinal motion arenegligible for realisti parameters as soon as modulationfrequeny is larger than 10 kHz: both the heating ofthe loud and the remaining e�etive roughness are verysmall. On the other side, the alulation of the losses dueto spin �ip transitions shows that, for realisti parame-ters, these losses are negligible as soon as the modulationfrequeny is smaller than a few hundred of kHz.The modulation tehnique is thus a very promis-ing tools that should enable to fully take advantage ofatom hips devies. In partiular, the study of one-dimensionnal gases in the strong interation regime on

an atom hip an be onsidered.VII. AKNOWLEDGMENTThe authors thank K. Mølmer for helpful disussions.The Atom Opti group of Laboratoire Charles Fabry ispart of the IFRAF insitute. This work was supportedby the EU under the grants No MRTN-CT-2003-505032and IP-CT-015714.APPENDIX A: DERIVATION OF THE ENERGYCHANGE RATEThe derivation of the heating rate follows that of theFermi Golden rule. For the alulation, we assume aquanti�ation box of size L and periodi boundary on-ditions. We assume the atom is initially in the state ofmomentum p0 in the Floquet subspae nF = 0. For sim-pliity we onsider only the transitions towards the Flo-quet state nF = −1. After a time t muh smaller thanthe departure rate, the hange in kineti energy ∆E anbe dedued from perturbation theory and we obtain
∆E =

∑

q

|uq|2f(q, t). (A1)Here uq =
∫

dzu(z)eiqz/L is the Fourier omponent ofwave vetor q of u(z) and
f(q, t) = (ǫ− h̄ω)

sin2(ǫt/2)

ǫ2
, (A2)where ǫ = h̄ω+h̄2q2/(2m)+h̄p0q/m is the energy hangeassoiated to the transition involving the Fourier om-ponent of u of wave vetor q. The terms uq are om-plex random numbers without orrelation between themand of mean square value 〈|uq|2〉 = S(q)L/(2π) where

S(q) = 1/(2π)
∫

dzeiqz〈u(z)u(0)〉 is the spetral densityof u. For a large enough quanti�ation box, the term
f(q) barely hanges between adjaent Fourier ompo-nents and one an replae ∑q |uq|2f(q) by ∫ dqS(q)f(q)in Eq. (A1). For a time t large enough so that thefuntion (ǫ − h̄ω)S(q(ǫ)) is about onstant on the in-terval ǫ ∈ [−h̄/t, h̄/t], the term sin(ǫt/2)/ǫ2 an be re-plaed by the distribution tδ(ǫ)π/2. We then reoverthe �rst term of Eq. (4). The previous ondition on tand the ondition that t is muh smaller than the de-parture rate Γ an be ful�lled simultaneously only if thefuntion (ǫ − h̄ω)S(q(ǫ)) is about onstant on the inter-val ǫ ∈ [−Γ,Γ]. This is the ondition of the Markovianapproximation. This ondition is ful�lled provided thatboth S(q) and its orrelation length are small enough.The alulation is similar for losses towards the Flo-quet manifold nF = 1 and one �nally reover Eq. (4).The Markovian ondition for the transition towards theFloquet manifold nF = 1 is not ful�lled for initial mo-mentum very lose to √

2mh̄ω sine the atoms are then
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11sensitive to the fat that the ontinuum is not in�nite for
ǫ < 0. Similar non Markovian situations have been stud-ied, for example, in photoni band gap materials [21℄ andosillatory behavior and deay towards a non vanishingpopulation of the initial state are expeted.APPENDIX B: ADIABATIC POTENTIAL INTHE DRESSED STATE REPRESENATIONIn this appendix, we rederive the adiabati potentialgiven Eq. (14) using a dressed representation, where aloal z-dependent unitary transformation O(z) is appliedto the Floquet states so that the resulting dressed states
|n〉(z) are eigenstates of the potential energy part of theFloquet Hamiltonian (term h̄ωnF of H0 given in Eq. (2)and term H2 of Eq. (3)). By symmetry, the energy ofthe dressed states |n〉(z) is nh̄ω, as that of the bare Flo-quet states. Using the properties of the Bessel funtions
(Jk+1(x) + Jk−1(x))x/(2k) = Jk(x) and ∑n Jn(x)2 = 1,we show that the deomposition of |n〉(z) in the un-dressed Floquet basis (|k〉0) is

|n〉(z) =

∞
∑

k=−∞
Jk(u(z)/ω)|n+ k〉0 = O(z)|n〉0. (B1)This well known result has been used in several othersituations [22℄. In the dressed state representation, thestate of the system is ψ̃ = O−1ψ0 where ψ0 is the stateof the system in the undressed representation and the

momentum operator, p̃ = O−1pO, writes
p̃ = p−

∑

n,k

〈k, z|ih̄∂z|n, z〉|k〉〈n| (B2)where p = −ih̄∂z is the momentum operator that pre-serves the Floquet number and ∂z is a short notationfor ∂/∂z. Thus, in the dressed state representation, theHamiltonian is deomposed into three terms:
H̃0 = p2/2m− nF h̄ω (B3)that does not ouple di�erent Floquet states,

H̃1 = −h̄/(2m)
(

p
∑

n1,n2
|n1〉〈n1|i∂z|n2〉〈n2|

+
∑

n1,n2
|n1〉〈n1|i∂z|n2〉〈n2|p

)

,

(B4)and̃
H2 = −h̄2/(2m)

∑

n1,n2,n3

|n1〉〈n2|〈n1|∂z|n3〉〈n3|∂z|n2〉 .(B5)Sine J ′
k = (Jk−1 − Jk+1)/2 and ∑
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We discuss the transition from a fully decoherent to a �quasi�condensate regime in a harmonically trapped

weakly interacting one-dimensional �1D� Bose gas. By using analytic approaches and verifying them against

exact numerical solutions, we find a characteristic crossover temperature and crossover atom number that

depend on the interaction strength and the trap frequency. We then identify the conditions for observing either

an interaction-induced crossover scenario or else a finite-size Bose-Einstein condensation phenomenon char-

acteristic of an ideal trapped 1D gas.
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One-dimensional �1D� Bose gases are remarkably rich
physical systems exhibiting properties not encountered in 2D
or 3D �1–3�. Here we study the 1D model of bosons inter-
acting via a repulsive �-function potential, which plays a
fundamentally important role in quantum many-body phys-
ics. The reason is that the model is exactly solvable �2,3� and
it is now experimentally realizable with ultracold alkali-

metal atoms in highly anisotropic trapping potentials �see

Ref. �4� for a review�. This means there are unique opportu-

nities for accurate tests of theory that were previously un-

available, in turn leading to the development of fundamental

knowledge of interacting many-body systems in low dimen-

sions.

In this paper, we analyze the properties of the 1D Bose

gas in the weakly interacting regime, where the dimension-

less interaction parameter �=mg / �n�2� is small, n being the

linear density, m the atom mass, and g the 1D coupling con-

stant. This is opposite to Girardeau’s regime of “fermioniza-

tion” �1� achieved in the limit of strong interactions and the

subject of many recent studies �5�. Our motivation for the

study of the weakly interacting regime is to reveal the nature

of the transition to a Bose-condensed state in a harmonically

trapped system.

For a uniform weakly interacting 1D Bose gas, one has a

smooth interaction-induced crossover to a quasicondensate

which is a Bose-condensed state with a fluctuating phase.

This occurs when the temperature T becomes smaller than

Td
�� �6–9�, where Td=�2n2 /2m is the temperature of quan-

tum degeneracy �in energy units, kB=1�. For a harmonically

trapped 1D gas with weak interactions a similar crossover

scenario is expected �7�. However, due to the presence of the

trapping potential the interaction-induced crossover enters

into a competition with Bose-Einstein condensation �BEC�
predicted to occur in the ideal gas limit �10� as a macro-

scopic occupation of the ground state. For a given atom num-

ber N, this condensation phenomenon occurs at temperature

TC�N�� / ln�2N�. It is a purely finite-size effect and disap-

pears in the thermodynamic limit �11� where N tends to in-

finity while the peak density n0 is kept constant �this implies

that the trap oscillation frequency � tends to zero in such a

way that N�=const�. The interaction-induced crossover to a

quasicondensate, on the other hand, persists in the thermo-

dynamic limit.

Thus, for sufficiently weak confinement one expects to

observe an interaction-induced crossover to a quasiconden-

sate, rather than a finite-size BEC. The situation is reversed

for strong confinement. Here, we identify the parameters of

the interaction-induced crossover and find the conditions that

enable the realization of either of these two competing sce-

narios.

We start by briefly reviewing the physics of a uniform 1D

Bose gas in the thermodynamic limit, in the case of very

weak interactions ��1. For T�Td
��, the gas is in the qua-

sicondensate �Gross-Pitaevskii� regime where the density

fluctuations are suppressed and the gas is coherent on a dis-

tance scale smaller than the phase coherence length: Glaub-

er’s local pair correlation function is reduced below the ideal

gas level of 2 and is close to 1 �6–9�. In this regime the

chemical potential is positive and well approximated by �
�gn. For T�Td

��, the gas is in the fully decoherent regime:

interactions between the atoms have a small effect on the

equation of state and the local pair correlation is close to that

of an ideal Bose gas �6�. This regime contains the quantum

decoherent domain Td
���T�Td. In the decoherent regime,

the chemical potential � is negative and the equation of state

is well approximated by that of the ideal Bose gas:

n = �
−�

�
dk/�2	�

e��2k2/2m−��/T − 1
=� mT

2	�2�
j=1

�
e j�/T

j1/2
. �1�

The crossover between the decoherent and the quasicon-

densate regimes �T	Td
��� corresponds to the density of the

order of nco= �mT2 /�2g�1/3. Using the crossover density nco is

convenient for analyzing the properties of the gas at a con-

stant temperature and varying n. In this sense, the quantum

decoherent regime corresponds to nd�n� t1/6nd�nco, where

t=T /Td�2=2�2T /mg2 is a dimensionless temperature param-
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eter which is independent of the density and is large, and

nd=�mT /� is the density of quantum degeneracy at a given

T. The width of the quantum decoherent region in terms of

densities increases with t.

In Fig. 1 we illustrate the properties of the weakly inter-

acting uniform gas by plotting the linear density as a

function of the chemical potential for three different values

of the temperature parameter t. The exact numerical results

�6� based on the finite-temperature solution �3� to the

Lieb-Liniger model �2� are compared both with the ideal

Bose gas equation of state �1� in the region of �
0 and with

the quasicondensate equation of state corresponding to

��gn�0. For a given temperature, the crossover from the

decoherent regime to the quasicondensate corresponds to

� going from negative to positive. We obtain n��=0,T�
�0.6nco within 20% accuracy as long as t�103. Note that

values of t as high as 103 are required to ensure that the gas

is highly degenerate at the crossover.

We now turn to the analysis of a harmonically trapped 1D

gas and find the crossover temperature Tco and crossover

atom number Nco around which the gas enters the quasicon-

densate regime. For small trap frequencies �, the density

profile of the gas can be described using the local density

approximation �LDA� �7�. In this treatment, the 1D density

n�z� as a function of the distance z from the trap center is

calculated using the uniform gas equation of state in

which the chemical potential � is replaced by its local value

��z�=�0−m�2z2 /2, where �0 is the global chemical poten-

tial. Within the LDA, the uniform results remain relevant and

imply, in particular, that the gas enters the quasicondensate

regime in the trap center once �0 changes sign. In addition,

as long as the peak density n0=n�0� satisfies the condition

n0�nco the entire gas is in the decoherent regime and the

equation of state is well approximated by Eq. �1� in which n

and � are replaced by n�z� and ��z�. Integrating n�z� over z

and taking the sum over j gives a relation between the total

atom number and �0:

N = −
T

��
ln�1 − e�0/T� ��0 
 0� . �2�

As mentioned above, for very large values of t the

crossover to the quasicondensate occurs under conditions

where the gas is highly degenerate in the center, with

n0�nd=�mT /�. Assuming that this is the case and taking

into account that the degeneracy condition is equivalent to


�0
 /T�1, Eq. �2� can be rewritten as

N �
T

��
ln� T


�0

� . �3�

Under these conditions, as Eq. �1� reduces to n

��mT2 /2�2
�
 for 
�
�T, the density profile develops a

sharp central peak which is well approximated by

n�z� ��mT2

2�2

1

�
�0
 + m�2z2/2
, �4�

and extends up to distances 
z
�RT=�2T /m�2.

The analysis made above is valid as long as n0�nco. Us-

ing Eq. �4� and the expression for nco, the condition

n0�nco can be rewritten as


�0
 � m1/3�gT/��2/3. �5�

Using Eq. �3� to relate �0 to the total atom number, Eq.

�5� leads to the condition that the gas is in the decoherent

regime as long as N�Nco, where

Nco �
T

��
ln� �2T

mg2�1/3

=
T

3��
ln� t

2
� �6�

is the characteristic atom number at the crossover. As we

mentioned earlier, one should have t�103 for obtaining a

highly degenerate gas at the crossover. Under this condition,

Eq. �6� can be approximately inverted to yield, for a given N,

a crossover temperature

Tco �
N��

ln�N�3�/mg2�1/3
. �7�

We emphasize that our results are obtained within the

LDA, which is valid if the characteristic correlation length lc

of density-density fluctuations is much smaller than the typi-

cal length scale L of density variations. The correlation

length is lc�� /�m
�0
 in both the quantum decoherent and

quasicondensate regimes �6,7�. Approaching the crossover

from the decoherent regime we replace 
�0
 by the right-hand

side of Eq. �5�, while approaching it from the quasiconden-

sate regime we use �0�gnco. In both cases, one obtains

lc��4/3 / �m2gTco�
1/3. The length scale L can be estimated as

the distance from the trap center where the density is halved

compared to the peak density n0. Approaching the crossover

from the decoherent side, Eq. �4� gives L��
�0
 /m�2

��gTco /m��3�1/3. On the quasicondensate side, we use the

Thomas-Fermi parabola and obtain L��2ncog /m�2, which

gives approximately the same result. One then easily sees

that the condition of validity of the LDA, lc�L, is reduced to

� � �co  �mg2T2/�5�1/3. �8�

If this inequality is not satisfied then the LDA breaks

down and one has to take into account the discrete structure

of the trap energy levels. In this case, analytic approaches
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FIG. 1. Equation of state of the uniform weakly interacting 1D

Bose gas for three different values of the temperature parameter t

=2T�2 /mg2. The exact numerical result �solid line� is compared

with the behavior in the quasicondensate regime �dash-dotted lines�
and with the ideal Bose gas result of Eq. �1� �dashed lines�. The

straight dotted lines correspond to the classical �Boltzmann� ideal

gas.
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incorporating both the finite-size effects and small but finite

interaction strength are absent in the vicinity of the transition

to a quasicondensate, and we adopt the ideal gas treatment of

Ref. �10�. For a fixed temperature, this treatment predicts a

finite-size BEC at a critical atom number NC

=T / ����ln�2T /���. It is clear that the finite-size BEC phe-

nomenon will prevail the interaction-induced crossover sce-

nario if NC
Nco. In fact, the opposite inequality, NC�Nco, is

equivalent to that of Eq. �8�, which makes our analysis self-

consistent and implies that the condition of validity of the

LDA, ���co, serves as the simultaneous criterion for ob-

serving the interaction-induced crossover, while the opposite

condition corresponds to finite-size condensation. At a con-

stant N, the criterion for observing the interaction-induced

crossover can be obtained from Eq. �8� by replacing T with

N�� / ln�2N�. The opposite criterion leading to the finite-size

BEC has been previously found in Ref. �12� from the condi-

tion gn0���.

In the following, we analyze the properties of the

interaction-induced crossover, subject to inequality �8�. Since

t�103 in the regime of interest, Eq. �6� written as

Tco=3N�� / ln�tco /2� shows that the crossover temperature is

lower than the characteristic temperature of quantum degen-

eracy of a harmonically trapped gas N��. Thus, Tco repre-

sents a more accurate and lower estimate of the crossover

temperature to the quasicondensate regime compared to the

inequality T�N�� given in Ref. �12�. For extremely large

values of t, the present treatment identifies an intermediate

temperature interval Tco�T�N�� which accommodates the

decoherent quantum regime. Here the gas is degenerate and

is well described within the ideal Bose gas approach.

Figure 2 shows density profiles for different values of the

chemical potential at a fixed temperature parameter

t=2�2T /mg2=105. Figure 2�e� corresponds to the quasicon-

densate regime. Figure 2�c� shows the density profile at the

crossover, and we find that the corresponding atom number

N�3.78T /�� is in good agreement with the value

Nco�3.61T /�� predicted by Eq. �6�. The decoherent regime

is clearly seen in Figs. 2�a� and 2�b�. Although the inequality

Tco�N�� is barely satisfied, the features of the quantum

decoherent regime are seen in Fig. 2�b�: the density profile is

described to better than 10% by the ideal Bose gas approach

and differs strongly from the classical Boltzmann distribu-

tion.

To provide a better connection with experimentally mea-

surable quantities we plot in Fig. 3 the peak density n0 versus

N�� /T for three different values of the temperature param-

eter t. In all cases we give the comparison with the classical

Boltzmann gas, the ideal Bose gas, and the quasicondensate

predictions. The ideal Bose gas prediction connects the Bolt-

zmann behavior n0=N��m /2	T to the degenerate behavior

n0= ��mT /��exp�N�� /2T�, whereas in the quasicondensate

regime n0 scales proportionally to N2/3. The scaling of the

peak density n0 as a function of N and the sequence of

changes between power laws and an exponential can serve as

a signature of the transitions between different regimes. This

includes the quantum decoherent regime, which becomes

more pronounced when increasing the parameter t and is

already seen for t=105.

The sufficient condition for realizing the 1D regime in a

harmonically trapped, weakly interacting gas is T����,

where �� is the transverse oscillation frequency. If the os-

cillator length l�=�� /m�� is much larger than the 3D scat-

tering length a, the 1D coupling is given by g�2�2a /ml
�

2

�13�. The condition for the interaction-induced crossover,

���co, can then be rewritten as

� � ���T/����2/3�a/l��2/3. �9�

Taking �� /2	 in the range from 1 to 30 kHz and

T�0.2��� �T is ranging from 10 to 300 nK�, one can see

that for most of the alkali-metal atoms with typical scattering
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FIG. 2. Density profiles of a 1D Bose gas in a harmonic trapping potential for five different values of the ratio �0 /T and a fixed value

of the temperature parameter t=2�2T /mg2=105. The exact numerical solution �solid line� is compared with the ideal Bose gas distribution

�dashed line�, classical Boltzmann distribution �dotted line�, and Thomas-Fermi distribution in the Gross-Pitaevskii regime �dash-dotted

line�. The resulting values of the dimensionless ratio N�� /T, following the exact solutions, are also shown. The distance from the trap center

z is in units of RT= �2T /m�2�1/2. All calculations are done within the LDA using the equation of state for the homogeneous gas shown in Fig.

1, with �0 and n�0� in �b�–�e� being the same as � and n indicated by the points �b�–�e� in Fig. 1.
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FIG. 3. Peak density n0 �in units of mg /�2� of a trapped gas

versus N�� /T for three values of t=2�2T /mg2. The three black

dots show the respective crossover values of Nco�� /T from Eq. �6�.
The different lines are as in Fig. 1.

INTERACTION-INDUCED CROSSOVER VERSUS FINITE-… PHYSICAL REVIEW A 75, 031606�R� �2007�

RAPID COMMUNICATIONS

031606-3

✶✼✽ ❈❍❆P■❚❘❊ ✽✳ ❚❆❇▲❊ ❉❊❙ ▼❆❚■➮❘❊❙ ❉❊ ▲❆ ❈❖▼P■▲❆❚■❖◆



lengths in the range of a few nanometers, the inequality �9� is
well satisfied with � of a few hertz commonly used in prac-
tice. Thus, the conditions for realizing the interaction-
induced crossover are relatively easy to satisfy, unless the
scattering length is extremely small �a
0.1 nm�. On the

other hand, the condition to observe the quantum decoherent
regime before the interaction-induced crossover is more de-
manding as it requires, in addition to Eq. �9�, a very large
value of the parameter t. Rewriting the 1D inequality
T���� as a� l� /�2t we immediately see that even at
t=105, where one only starts to see the features of this re-
gime, one needs to use light atoms �large l�� and/or a very
small scattering length in order to satisfy a�210−3l�.

A favorable system for satisfying these conditions is a 1D

gas of 7Li atoms in the F=1, m=−1 hyperfine state, where

the scattering length can be tuned from very large to

extremely small values using an open-channel-dominated

Feshbach resonance �14�. By taking, for example,

� /2	�4 Hz, �� /2	�4 kHz, T�0.2��� �40 nK�, and

varying a from 20 to 0.2 nm, one can increase t from

60 to 6105 and see how a direct interaction-induced cross-

over from a classical gas to a quasicondensate regime trans-

forms to accommodate the intermediate quantum decoherent

regime. The same system can also be used to observe the

finite-size BEC scenario, which requires the inequality oppo-

site to Eq. �9� and hence a reduction of the scattering length

to a�0.01 nm.

In conclusion, we have identified the conditions for real-

izing either a finite-size BEC phenomenon or an interaction-

induced crossover to a coherent, quasicondensate state in a

harmonically trapped 1D Bose gas. In the latter case, we

distinguish between a direct crossover from the classical de-

coherent regime and a crossover through the intermediate

quantum decoherent regime. Furthermore, one can expect

that the physics of the interaction-induced crossover remains

approximately valid for T	���, where the gas is no longer

in the 1D regime but is near the 3D-1D boundary. This con-

jecture is supported by the results of recent experiments

�15,16�. In Ref. �15� a gas at T�2��� was produced with a

density profile well described within a degenerate ideal gas

approach. This means that the crossover to a quasicondensate

was likely to involve the features of the decoherent quantum

regime. Finally, we note that the interaction-induced cross-

over through a well-pronounced decoherent quantum regime

would be easier to produce in a quartic or boxlike potential

�17�.
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Observations of Density Fluctuations in an Elongated Bose Gas:
Ideal Gas and Quasicondensate Regimes
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2Laboratoire de Photonique et de Nanostructures, CNRS, 91460 Marcoussis, France

(Received 11 October 2005; published 6 April 2006)

We report in situ measurements of density fluctuations in a quasi-one-dimensional 87Rb Bose gas at
thermal equilibrium in an elongated harmonic trap. We observe an excess of fluctuations compared to the
shot-noise level expected for uncorrelated atoms. At low atomic density, the measured excess is in good
agreement with the expected ‘‘bunching’’ for an ideal Bose gas. At high density, the measured fluctuations
are strongly reduced compared to the ideal gas case. We attribute this reduction to repulsive interatomic
interactions. The data are compared with a calculation for an interacting Bose gas in the quasicondensate
regime.

DOI: 10.1103/PhysRevLett.96.130403 PACS numbers: 03.75.Hh, 05.30.Jp

In a classical gas, the mean square fluctuation of the
number of particles within a small volume is equal to the
number of particles (we shall call this fluctuation ‘‘shot
noise’’). On the other hand, because of quantum effects, the
fluctuations in a noncondensed Bose gas are larger than the
shot-noise contribution [1]. For photons, the well-known
Hanbury Brown–Twiss or ‘‘photon bunching’’ effect is an
illustration of this phenomenon [2]. Analogous studies
have been undertaken to measure correlations between
bosonic atoms released from a trap after a time of flight
[3–6]. However, bunching in the density distribution of
trapped cold atoms at thermal equilibrium has not been yet
directly observed.

Density fluctuations of a cold atomic sample can be
measured by absorption imaging as proposed in [7,8] and
recently shown in [5,9]. When using this method, one
necessarily integrates the density distribution over one
direction, and this integration can mask the bunching effect
whose correlation length is of the order of the de Broglie
wavelength. A one-dimensional (1D) gas, i.e., a gas in an
anisotropic confining potential with a temperature lower
than or of order of the zero point energy in two directions,
allows one to avoid this integration, and is thus a very
favorable experimental geometry.

Additionally, atoms in 1D do not Bose condense [10].
One can therefore achieve a high degree of quantum de-
generacy without condensation, which enhances the
bunching effect for an ideal gas. When one considers the
effect of interactions between atoms, two additional re-
gimes can appear: the Tonks-Girardeau regime and the
quasicondensate regime [11]. Starting from an ideal gas,
as one increases density at fixed temperature T, the 1D
interacting Bose gas passes smoothly to the quasiconden-
sate regime. The linear density scale for this crossover is

given by nT � �m�kBT�2=@2g�1=3, where g is the effective
1D coupling constant and m the atomic mass [12,13].

Density fluctuations are suppressed by a factor �n=nT�3=2
compared to the ideal gas [see Eq. (4) below], although

phase fluctuations remain [14–18]. We emphasize that this
crossover occurs in the dense, weakly interacting limit
which is the opposite of the Tonks-Girardeau regime.

To measure the density fluctuations of a trapped Bose
gas as a function of its density, we acquire a large number
of images of different trapped samples under identical
conditions. We have access to both the ideal Bose gas
limit, in which we observe the expected excess fluctuations
compared to shot noise, as well as the quasicondensate
regime in which repulsive interactions suppress the density
fluctuations.

Our measurements are conducted in a highly anisotropic
magnetic trap created by an atom chip. We use three
current carrying wires forming an H pattern [19] and an
external uniform magnetic field to magnetically trap the
87Rb atoms in the jF � 2; mF � 2i state (see Fig. 1).
Adjusting the currents in the wires and the external mag-
netic field, we can tune the longitudinal frequency between
7 and 20 Hz while keeping the transverse frequency
!?=�2�� at a value close to 2.85 kHz. Using evaporative
cooling, we obtain a cold sample at thermal equilibrium in
the trap. Temperatures as low as 1:4@!?=kB are accessible
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FIG. 1. Schematic of the experimental setup. Left: drawing of
the wires constituting the atom chip. We keep I1 � I2 � 3 A and
adjust I1 � I2 between 0.3 and 1 A to vary the confinement along
z. The uniform field B0 is approximately 40 G, we also add a
small field (&1 G) along z. Right: optical imaging system. We
image the cloud and its reflection on the atom chip onto a CCD
camera. In the radial direction, the unresolved cloud images
cover approximately five pixels whose size in the object plane is
� � 6 �m.
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with an atom number of 5� 103. The atomic cloud has a
typical length of 100 �m along the z axis and a transverse
radius of 300 nm.

As shown in Fig. 1, in situ absorption images are taken
using a probe beam perpendicular to the z axis and reflect-
ing on the chip surface at 45	. The light, resonant with the
closed transition jF � 2i ! jF0 � 3i of the D2 line is
switched on for 150 �s with an intensity of one tenth of
the saturation intensity. Two images are recorded with a
CCD camera whose pixel size ��� in the object plane is
6:0� 6:0 �m2. The first image is taken while the trapping
field is still on. The second image is used for normalization
and is taken in the absence of atoms 200 ms later. During
the first image, the cloud expands radially to about 5 �m
because of the heating due to photon scattering by the
atoms. The size of the cloud’s image is even larger due
to resolution of the optical system (about 10 �m) and
because the cloud and its image in the mirror at the atom
chip surface are not resolved. Five pixels along the trans-
verse direction x are needed to include 95% of the signal.

We denote by N
ph
i �x; z� the number of photons detected

in the pixel at position �x; z� for the image i (i � 1; 2). We
need to convert this measurement into an atom number
N�z� detected between z and z��. Normally, one simply

computes an absorption per pixel ln�Nph
2 =N

ph
1 � and sums

over x:

N�z� �
X

x

ln�Nph
2 �x; z�=Nph

1 �x; z���2=�e; (1)

where �e is the absorption cross section of a single atom.
When the sample is optically thick and the atomic density
varies on a scale smaller than the optical resolution or the
pixel size, Eq. (1) does not hold since the logarithm cannot
be linearized. In that case, Eq. (1) underestimates the atom
number and the error increases with optical thickness.
Furthermore, in our geometry, optical rays cross the atomic
cloud twice since the cloud image and its reflection in the
atom chip surface are not resolved.

We partially correct for these effects by using in Eq. (1)
an effective cross section �e determined as follows. We
compare the measured atom number using the in situ pro-
cedure described above with the measured atom number
after allowing the cloud to expand and to leave the vicinity
of the chip surface. In this case, Eq. (1) is valid and the
atomic cross section �0 � 3�2=�2�� well known. We
then obtain for the effective cross section �e � 0:8�0.
Although this effective cross section depends on the atomic
density, we have checked that for the total atom number
between 2� 103 and 9� 103 the measured value varies by
only 10%. Taking into account the uncertainty on the value
of �0, we estimate the total error on the measured atom
number N�z� to be less than 20%.

To measure the variance of the atom number in a pixel,
we acquire a large number of images (typically 300) taken
in the same experimental conditions. To remove technical
noise from our measurement, the following procedure is

used to extract the variance. For each image, we form the
quantity �N�z�2 � �N�z� � �N�z��2, where the mean value
�N�z� is normalized to contain the same total atom number

as the current image. We thus correct for shot to shot total
atom number fluctuations. The average is performed only
over p � 21 images which bracket the current image so
that long term drifts of the experiment do not contribute to
the variance. We have checked that the results are inde-
pendent of p, varying p between 5 and 21 [20]. A large
contribution to �N�z�2, irrelevant to our study, is the pho-
ton shot noise of the absorption measurement. To pre-
cisely correct for this noise, we subtract the quantity
P

x�1=Nph
1 �x; z� � 1=N

ph
2 �x; z����2�e�2 from �N�z�2 for

each image. We typically detect 104 photons per pixel
corresponding to a contribution to �N2 of about 50. To
convert the camera signal into a detected photon number,
we use a gain for each pixel that we determine by measur-
ing the photon shot noise of images without atoms as
explained in [21]. The corrected �N�z�2 obtained for all
images are then binned according to the value of �N�z�,
rather than of z itself. This gives the variance of the atom
number h�N�z�2i as a function of the mean atom number
per pixel. Since more pixels have a small atom number, the
statistical uncertainty on the estimate of the variance de-
creases with the average atom number (see Figs. 2 and 3).

Data shown in Fig. 2 correspond to atom clouds of
sufficiently low density so that effect of interatomic inter-
actions is expected to be small. The three data sets corre-
spond to three different temperatures, the trapping
frequencies are 2.85 kHz and 7.5 Hz. We deduce the
temperature and the chemical potential of the sample by
fitting the mean longitudinal profile �N�z� of the cloud to the
profile of an ideal Bose gas (see inset of Fig. 2). For the
‘‘hot’’ sample where bunching gives negligible contribu-
tion to �N2 [see Eq. (3)], we observe atomic shot-noise
fluctuations; i.e., the atom number variance increases lin-
early with the mean atom number. The fact that we recover
the linear behavior expected for shot noise increases our
confidence in the procedure described in the previous two
paragraphs. The slope � is only 0.17 and differs from the
expected value of 1. We attribute this reduction to the fact
that our pixel size is not much bigger than the resolution of
our optical imaging system, thus one atom is spread out on
more than one pixel. When the pixel size is small enough
compared to the optical resolution and in the case of weak
optical thickness, the expected slope is simply approxi-
mated by � ’ �=�2 ����

�
p

��, where � is the rms width of the
optical response which we suppose Gaussian. From the
measured slope, we deduce � � 10 �m in good agreement
with the smallest cloud image we have observed (8 �m).

For ‘‘cold’’ samples, we see an excess in the atom
number variance compared to shot noise. We attribute
this excess to bunching due to the bosonic nature of the
atoms. In a local density approximation, the fluctuations of
a radially trapped Bose gas with longitudinal density n�z�
are [22]
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hn�z�n�z0�i � hn�z�i2 � hn�z�i��z� z0� � 1

�2
dB

X1

i�1

X1

j�1

e���i�j�
����
ij

p e���z�z0�2�1=i�1=j�=�2
dB

�1� e��@!?�i�j��2 ; (2)

where � is the local chemical potential, � � 1=�kBT�,
�dB �

�����������������������������

2�@2=�mkBT�
p

is the de Broglie thermal wave-
length, and h
i denotes an ensemble average. The first
term on the right-hand side corresponds to shot noise,
and the second term to bunching. For a nondegenerate
gas �n�dB � 1�, one can keep only the term i � j � 1.
The bunching term reduces to hn�z�i2 exp��2��z�
z0�2=�2

dB�tanh2��@!?=2� and one recovers the well-known
Gaussian decay of the correlations. The reduction factor
tanh2��@!?=2� is due to the integration over the trans-
verse states. In our experiment, the pixel size is always
much bigger than the correlation length. In which case,
integrating over the pixel size �, we have

hN2i � hNi2 � hNi � hNi2 �dB
���

2
p

�
tanh2��@!?=2�: (3)

The coefficient of hNi2 is the inverse of the number of
elementary phase space cells occupied by the N atoms.

To compare Eq. (3) to our data we must correct for the
optical resolution as was done for the shot noise.
Furthermore, atoms diffuse about 5 �m during the imag-
ing pulse because of photon scattering. This diffusion
modifies the correlation function, but since the diffusion
distance is smaller than the resolution, 10 �m, and since
its effect is averaged over the duration of the pulse, its
contribution is negligible. We thus simply multiply the
computed atom number variance by the factor �.

Figure 2 shows that the value calculated from Eq. (3)
(dotted line) underestimates the observed atom number
variance. In fact, for the coldest sample, we estimate
n�0��dB ’ 10, and thus the gas is highly degenerate. In
this situation replacing the Bose-Einstein occupation num-
bers by their Maxwell-Boltzmann approximations is not
valid, meaning that many terms of the sum in Eq. (2) have
to be taken into account. The prediction from the entire
sum is shown as a dot-dashed line and is in better agree-
ment with the data.

In the experiment we are also able to access the quasi-
condensate regime in which interparticle interactions are
not negligible, and the ideal gas theory discussed above
fails. Figure 3 shows the results of two experimental runs
using denser clouds. For these data, the trapping frequen-
cies are 2.85 kHz and 10.5 Hz. The insets show the mean
longitudinal cloud profiles and a fit to the wings of the
profiles to an ideal Bose gas profile. One can see from these
insets that, unlike the conditions of Fig. 2, an ideal gas
model does not describe the density profile in the center.
We employ the same procedure to determine the variance
versus the mean atom number. As in Fig. 2 we plot our
experimental results along with the ideal Bose gas predic-
tion based on the temperature determined from the fit to the
wings in the insets. For small mean value �N�z�, the mea-
sured fluctuations follow the ideal gas curve (dot-dashed

line) but they are dramatically reduced when the atom
number is large.

The theory for a weakly interacting uniform 1D Bose
gas permits an analytical prediction for the density fluctu-
ations in the limit n � nT . In this limit, the gas enters the
Gross-Pitaevskii regime and density fluctuations are given
in the Bogoliubov approximation by [12,13]

h�n�z��n�z0�i�hni
2�

Z 1

�1
dkeik�z�z0�

�
k2

k2�4��2

�
1=2

�1�2nk�;

(4)

where nk is the Bose thermal occupation factor of the mode

k with energy 	k �
������������������������������

k2�k2 � 4��2�
p

� @
2=�2m� and � �

@=
����������
mng

p
is the healing length. For 200 atoms per pixel, the

healing length is about 0:3 �m in our experiment [23]. The
term proportional to nk describes the contribution of ther-
mal fluctuations while the other is due to vacuum fluctua-
tions. Since the pixel size is much bigger than the healing
length, we probe only long wavelength fluctuations for
which thermal fluctuations dominate at the temperatures
we consider. Using k � 1=� and nk ’ kBT=	k, we obtain
for the atom number variance in a pixel
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FIG. 2. Atom number variance as a function of the mean atom
number per pixel. Open circles correspond to a hot cloud (kBT ’
10@!?, !? � 2�� 2:85 kHz) for which fluctuations are given
by the shot noise (black line). The solid circles correspond to
cold clouds. Error bars show the standard deviation of the mean
of h�N2i. The fluctuations in excess of shot noise are due to
bosonic bunching. The dot-dashed line is the prediction for an
ideal Bose gas while the dotted line uses the Maxwell-
Boltzmann approximation [see Eq. (3)]. The insets show the
longitudinal profile of the two cold clouds from which we
deduce the temperature and the chemical potential used for the
calculations.
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hN2i � hNi2 � �
kBT

g
: (5)

This formula can also be deduced from thermodynamic
considerations: for a gas at thermal equilibrium, the atom
number variance in a given volume is given by

hN2i � hNi2 � kBT�@N=@��T : (6)

For a quasicondensate with chemical potential gn, Eqs. (5)
and (6) coincide.

The calculation leading to Eq. (5) holds in a true 1D
situation in which case the effective coupling constant is
g � 2@!?a, where a is the scattering length of the atomic
interaction. The validity condition for the 1D calculation is
n � 1=a (equivalently � � @!?). In our experiment
however, the value of na is as high as 0.7 and thus one
cannot neglect dependence of the transverse profile on the
local density. On the other hand, the thermodynamic ap-
proach is valid and, supposing ��N� is known, Eq. (6)
permits a very simple calculation. We use the approximate

formula ��N� � @!?
�������������������������

1� 4Na=�
p

valid in the quasicon-
densate regime [24]. This formula connects the purely 1D
regime with that in which the transverse profile is Thomas-
Fermi. The results of this analysis, confirmed by a full 3D
Bogoliubov calculation, are plotted in Fig. 3 (dashed line).
Equation (5) predicts a constant value for the atom number
variance and underestimate it by 50% for the maximal
density reached in our experiment ( �N � 400).

We compare this calculation in the quasicondensate re-
gime with our data. From Fig. 3 we see that the calculation
agrees well with the measurements for kBT � 1:4@!? but
less so for kBT � 2:4@!?. The one-dimensional theory
predicts that the quasicondensate approximation is valid in

the limit n � nT , which corresponds to hNi � 100�140�
for kBT � 1:4@!? (kBT � 2:4@!?). The disagreement
between the calculation and our data for kBT � 2:4@!?
suggests that perhaps we did not achieve a high enough
density to be fully in the quasicondensate approximation.
In addition the one-dimensional calculation of nT is unre-
liable for such high ratio kBT=@!? and underestimates the
value at which the cross over appears. This is also the case
for the data of Fig. 2 where the naive estimate of nT
corresponds to hNi � 160 for kBT � 2:9@!? and hNi �
130 for kBT � 2:1@!?.

Exploitation of the 1D geometry to avoid averaging the
fluctuations in the imaging direction can be applied to
other situations. A Bose gas in the strong coupling regime,
or an elongated Fermi gas should show sub-shot-noise
fluctuations due to antibunching.
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We investigate the physics underlying the presence of a quasicondensate in a nearly one dimensional,

weakly interacting trapped atomic Bose gas. We show that a Hartree-Fock (mean-field) approach fails to

predict the existence of the quasicondensate in the center of the cloud: the quasicondensate is generated by

interaction-induced correlations between atoms and not by a saturation of the excited states. Numerical

calculations based on Bogoliubov theory give an estimate of the crossover density in agreement with

experimental results.

DOI: 10.1103/PhysRevLett.97.250403 PACS numbers: 03.75.Hh, 05.30.Jp

Since the first observation of the Bose-Einstein conden-

sation in dilute atomic gases, self-consistent mean-field

approaches (see e.g. [1,2]) have successfully described

most experimental results. A good example is the critical

temperature at which the condensate appears [3–5].

However, the approximate treatment made in these theories

about particle correlations cannot capture all the subtle

aspects of the many body problem and the success of these

theories relies on the weakness of interactions in dilute

atomic gases [�a3 � 1 where � is the atomic density and

a the scattering length for three-dimensional (3D) gases]

and also on the absence of large fluctuations (Ginzburg

criterion) [6]. In a 3D Bose gas, this latter criterion is not

fulfilled for temperatures very close to the critical tempera-

ture [4] and deviations from the mean-field theories are

expected. For a given atomic density, the critical tempera-

ture is calculated to be slightly shifted towards a larger

value as compared to the mean-field prediction [7–9] but

this discrepancy is still beyond the precision of current cold

atom experiments [3,10].

In mean-field theory, a Bose gas above condensation is

described by a Hartree-Fock (HF) single fluid in which

atomic interactions are taken into account only via a mean-

field potential Vmf � 2g� [11,12], where g is the coupling

constant and � the atomic density. Interaction-induced

atomic correlations are neglected and the gas is modeled

as a group of noninteracting bosons that experience the

self-consistent potential Vmf . As for an ideal Bose gas, the

two-particle correlation function at zero distance g�2��0� is

2 (bunching effect) [6]. This HF single fluid description

holds until the excited state population saturates, which is

the onset of Bose condensation.

In this Letter, we present measurements of density pro-

files of a degenerate Bose gas in a situation where the trap

is very elongated and the temperature of the cloud is close

to the transverse ground state energy. For sufficiently low

temperatures and high densities, we observe the presence

of a quasicondensate [13] at the center of the cloud. Using

the above HF theory, we show that a gas with the same

temperature and chemical potential as the experimental

data is not Bose condensed. Thus, a mean-field approach

does not account for our results and the quasicondensate

regime is not reached via the usual saturation of the excited

states. We emphasize that this failure of mean-field theory

happens in a situation where the gas is far from the strong

interaction regime, which in one dimension (1D), corre-

sponds to the Tonks-Girardeau gas limit [13–15], and

where mean-field theory also fails. To our knowledge,

this is the first demonstration of the breakdown of a

Hartree-Fock approach in the weakly interacting limit.

We attribute this failure of the mean-field theory to the

nearly 1D character of the gas. It is well known that a 1D

homogeneous ideal Bose gas does not experience Bose-

Einstein condensation in the thermodynamic limit. On the

other hand, in the presence of repulsive interactions in the

weakly interacting regime, as the linear density increases

one expects a smooth crossover from an ideal gas regime

where g�2��0� ’ 2 to a quasicondensate regime where

g�2��0� ’ 1 [14,16,17]. The HF approach fails to describe

this crossover: as for an ideal gas, the thermal fluid does not

saturate and g�2��0� � 2 for any density. The above results

also hold for a 1D harmonically trapped gas at the thermo-

dynamic limit: no saturation of excited states occurs for an

ideal gas [18] and the gas smoothly enters the quasicon-

densate regime when the peak density increases [13,19].

In the experiment presented here, the gas is neither

purely 1D nor at the thermodynamic limit: a few transverse

modes of the trap are populated and a condensation phe-

nomenon due to finite size effects might be expected [20].

However, we will show that, as in the scenario discussed

above, the gas undergoes a smooth crossover to the quasi-

condensate regime without saturation of the excited states.

An estimation of the crossover density using a three-

dimensional Bogoliubov calculation is in agreement with

experimental data.

The experimental setup is the same as [21]. Using a

Z-shaped wire on an atom chip [22], we produce an

anisotropic trap, with a transverse frequency of
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!?=�2�� � 2:75 kHz and a longitudinal frequency of

!z=�2�� � 15:7 Hz. By evaporative cooling, we obtain a

few thousand 87Rb atoms in the jF � 2; mF � �2i state at

a temperature of a few times @!?=kB. Current-flow defor-

mations inside the microwire, located 150 �m below the

atoms, produce a roughness on the longitudinal potential

[23]. The observed atomic profiles are smooth (see Fig. 1),

which shows that this roughness is small and we neglect it

in the following.

The longitudinal profile of the trapped gases are re-

corded using in situ absorption imaging as in [21]. The

probe beam intensity is about 20% of the saturation inten-

sity and the number of atoms contained in a pixel of a CCD

camera is deduced from the formula Nat � ��2=���
ln�I2=I1�, where � � 6:0 �m is the pixel size, � the

effective cross section, and I1 and I2 the probe beam

intensity, respectively, with and without atoms. The longi-

tudinal profiles are obtained by summing the contribution

of the pixels in the transverse direction. However, when the

optical density is large and the density varies on a scale

smaller than the pixel size the above formula underesti-

mates the real atomic density [21]. In our case, the peak

optical density at resonance is about 1.5, and this effect

cannot be ignored. To circumvent this problem, we de-

crease the absorption cross section by detuning the probe

laser beam from the F � 2 ! F0 � 3 transition by � �
9 MHz. We have checked that for larger detunings, the

normalized profile remains identical to within 5%. For the

detuning �, the lens effect due to the real part of the atomic

refractive index is calculated to be small enough so that all

the refracted light is collected by our optical system and the

profile is preserved.

To get an absolute measurement of the linear density, we

need the effective absorption cross section �. We find � by

comparing the total absorption of in situ images taken with

a detuning � with the total number of atoms measured on

images taken at resonance after a time of flight long

enough (5 ms) that the optical density is much smaller

than 1. In these latter images, the probe beam is ��

polarized and the magnetic field is pointing along the probe

beam propagation direction so that the absorption cross

section is 3�2=2�. We obtain for the in situ images taken at

a detuning �, an effective absorption cross section �0:24�
0:04� � 3�2=2�. For samples as cold as that in Fig. 1(a),

the longitudinal profile is expected to be unaffected by the

time of flight and we checked that the profile is in agree-

ment with that obtained from in situ detuned images within

5%.

Averaging over 30 measured profiles, we obtain a rela-

tive accuracy of about 5% for the linear density. A system-

atic error of about 20% is possible due to the uncertainty in

the absorption cross section.

In Fig. 1, we plot the longitudinal density profiles of

clouds at thermal equilibrium for different final evaporat-

ing knives obtained from in situ images. We have com-

pared the density profiles with the expected quasi-

condensate density profile with the same peak density.

This is obtained using the equation of state of the longi-

tudinally homogeneous gas � � @!?
������������������

1� 4na
p

[24], and

the local chemical potential ��z� � �0 � 1=2m!2
zz

2,

where n is the linear atomic density, and �0 the chemical

potential at the center of the cloud. For the two colder

clouds [graphs (a) and (b)] in Fig. 1, we observe a good

agreement between the central part of the experimental

curves (circles) and the quasicondensate profile (short

dashed lines) which indicates that the gas has entered the

quasicondensate regime. In [21], we observed the inhibi-

tion of density fluctuations expected in this regime.

For a given atomic density profile, we extract the tem-

perature and chemical potential of the data from a fit to an

ideal Bose gas distribution. For cold clouds, the ideal Bose

gas model should fail in the central part of the cloud where

interactions are not negligible. We therefore fit only the

wings of the profile by excluding a number of pixels Nex on

either side of the center of the profile. We fit the longitu-

dinal atomic distribution with only the chemical potential

�0 as a free parameter for different trial temperatures T. As

seen in Fig. 2, �0�T;Nex� is approximately linear in Nex for

Nex > 10. The cloud’s temperature is the one for which

�0�T;Nex� is independent of Nex. The fluctuations around

the straight line for Nex > 10, seen in Fig. 2, is mainly due

to the potential roughness. These fluctuations contribute

for about 5% to the uncertainty of T and �0. The determi-

nation of �0, however, is primarily limited by the uncer-
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FIG. 1. In situ longitudinal distributions for different temperatures (circles). Long dashed lines: ideal Bose gas profile at the shown

temperature T and chemical potential �0 obtained from a fit to the wings. Solid lines: profiles obtained in the Hartree-Fock

approximation for the same T and �0. Short dashed lines: quasicondensate profiles with the same peak density as the experimental

data. Horizontal solid lines: crossover density estimated using a Bogoliubov calculation (see text).
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tainty in the total atom number. For profile (b), we find

Tb � �2:75� 0:05�@!?=kB and �b
0 � �1:65� 0:5�@!?.

For the profile (a), the chemical potential and the tempera-

ture are not very accurate because the wings are too small.

This profile is not analyzed in the following.

Another method to deduce the chemical potential is to

use the peak atomic density and the formula � �
@!?

������������������

1� 4na
p

, assuming the gas is well inside the quasi-

condensate regime at the center of the cloud. For graph (b),

we obtain �b
qc � �1:8� 0:2�@!?, which is consistent with

the value obtained from fits of the wings of the distribution.

We now compare the experimental density profiles with

the longitudinal atomic density n�z� given by the Hartree-

Fock theory for the same temperature and chemical poten-

tial. To do the calculation, we also assume the relative

population of the ground state is negligible (no Bose-

Einstein condensation) and the quantization of the longi-

tudinal eigenstates is irrelevant. In this so-called local

density approximation (LDA), the linear atomic density

n�z� is identical to the linear atomic density nh���z�; T� of

a thermal Bose gas trapped in the radial direction and

longitudinally untrapped at a chemical potential ��z� �
�0 �m!2

zz
2=2.

To obtain nh��; T�, we need to compute the self-

consistent three-dimensional atomic density � which is

the thermodynamic distribution of independent bosons

that experience the self-consistent HF Hamiltonian [11,12]

 HHF �
p2
z

2m
�Hkin �Hharm � 2g��r�; (1)

where Hkin is the transverse kinetic energy term, Hharm the

transverse harmonic potential, r is the radial coordinate,

and g � 4�@2a=m where a is the 87Rb scattering length.

The simplest approach to obtain ��r� is to use an iterative

method, starting from ��r� � 0. For each iteration, we

numerically diagonalize the transverse part of HHF to

deduce the new thermal atomic density distribution.

When the interactions become too strong (linear density

larger than 320 atoms per pixels for the temperature Tb)

this algorithm does not converge. In this case, we use a

more time consuming method based on a minimization al-

gorithm. We use the trial function �trial�r��
P

c2pH2p�r��
e�r2=2r2

0 where H2p�r� are Hermite polynomials, and 0 	
p 	 3. We find r0 and the four c2p coefficients by mini-

mizing � � R1
0 r��0

trial�r� � �trial�r��2 dr=
R1
0 r�2

trial�r� dr,
where �0

trial�r� is the thermodynamic equilibrium atomic

density for HHF
�trial�r��. We find � less than 10�4 mean-

ing that our 5 parameter model describes the transverse

Hartree-Fock profile well. The linear density nh �
R

2�r�trial�r� dr is identical to n0h �
R

2�r�0
trial�r� dr

within 0.5%. In the domain where both methods are valid,

we also check that they give the same result.

Figure 1 compares the longitudinal profiles obtained

with the HF calculation with the experimental data and

the ideal gas profile for the graphs (b), (c), and (d). The HF

profile for the hottest cloud [graph (d)] is in agreement with

data and identical within 1% to the ideal Bose gas predic-

tion. For the slightly colder cloud of graph (c), the HF

avoids the divergence in the ideal gas model, although it

underestimates the peak density by approximately 20%.

For the even colder cloud of graph (b), the discrepancy

between the HF profile and the experimental data is even

larger (35% at the center).

To validate our Hartree-Fock calculations we check a

posteriori the local density approximation (LDA). The

LDA is valid if the population difference between adjacent

energy states is negligible. This criterion is met if the

absolute value of �eff � �0 � "0��� is much larger than

�E, where "0��� is the ground state energy and �E the

energy gap between the ground state and the first excited

longitudinal state. For the temperature of the graph (b), as

long as �0 < 2:0@!?, j�eff=�Ej is larger than 15 (see

Fig. 3), and for the chemical potential �b
0 � 1:65@!?

deduced from the data j�eff=�Ej ’ 25. For such a large

value of j�eff=�Ej, the LDA is expected to be valid.

For this ratio �eff=�E, we can quantify the error made in

the density profile due to the LDA. From the HF calcula-

tion, we obtain the energies En��; T� of the transverse

eigenstates. Assuming the transverse motion adiabatically
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FIG. 3. Ratio between the effective chemical potential and �E,

the energy splitting between the ground state and the first excited

state as a function of the chemical potential for the temperature

of profile (b). The dashed lines correspond to the measured

chemical potential.
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, which is the chemical potential found from the

measured peak linear density n0.
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follows the longitudinal one, we obtain an effective longi-

tudinal Hamiltonian with a potential Vn�z� � En��0 �
m!2

zz
2=2; T� for each transverse mode. Diagonalization

of each effective longitudinal Hamiltonian and summation

of the resulting thermal profiles gives the expected longi-

tudinal density profile. We find agreement with the profile

obtained from the LDA within 5%. This procedure also

confirms the LDA for the HF calculations corresponding to

the graphs (c) and (d).

In the case of profile (b), where the gas is in the quasi-

condensate regime at the center, the Hartree-Fock calcu-

lation predicts a population of the ground state N0 �
kBT=�"0 ��0� � 0:0035Ntot. Therefore, the Hartree-

Fock approach does not predict a saturation of the excited

states and fails to explain the presence of the quasiconden-

sate at the center of the cloud. The local density approxi-

mation criterion j�eff j � j�0 � "0���j  �E also

implies a small relative ground state population.

The failure of the Hartree-Fock approach for our experi-

mental parameters is due to the large density fluctuations

this theory predicts in a dense, nearly 1D gas. When

density fluctuations become too large, pair interactions

induce correlations in position between particles which

are not taken into account in the Hartree-Fock theory.

These correlations reduce the interacting energy by de-

creasing density fluctuations: the gas enters the quasicon-

densate regime.

We now estimate the crossover density nco at which the

gas enters the quasicondensate regime. For this purpose,

we assume the gas is in the quasicondensate regime and use

the Bogoliubov theory to compute density fluctuations. We

find a posteriori the validity domain of the quasiconden-

sate regime, which requires that density fluctuations �� be

small compared to the mean density �. More precisely, we

define nco as the density for which the Bogoliubov calcu-

lation yields
RR

����r��2=���r�nco�d2r� 1. We indicate

this crossover density in Fig. 1. We find that nco is close

to the density above which the experimental profiles agree

with the quasicondensate profile.

In conclusion, we have been able to reach a situation

where a quasicondensate is experimentally observed but a

HF approach fails to explain its presence. As for purely one

dimensional systems, the passage towards quasicondensate

in our experiment is a smooth crossover driven by inter-

actions. The profiles that we observe require a more in-

volved theory able to interpolate between the classical and

the quasicondensate regime. A quantum Monte Carlo cal-

culation that gives the exact solution of the many body

problem [5,9] should reproduce the experimental data. In

fact, since temperatures are larger than interaction energy,

quantum fluctuations of long wavelength excitations

should be negligible and a simpler classical field calcula-

tion should be sufficient [25,26]. Finally, the refined mean-

field theory proposed in [27], where the coupling constant

g is modified to take into account correlations between

atoms, may explain our profiles.
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• ✷✵✵✶✲✷✵✵✸ ✿ P❡♥❞❛♥t ❞❡✉① ❛♥s✱ ❥✬❛✐ ❢❛✐t ❧❡ ❝♦✉rs✴❚❉ ❞✬♦♣t✐q✉❡ ❞❡ ❧❛ ♣ré♣❛r❛t✐♦♥ à
❧✬❛❣ré❣❛t✐♦♥ ❞❡ ❝❤✐♠✐❡ ❞❡ ▼♦♥tr♦✉❣❡ ✭❊◆❙✮ ✭✶✵ ❤✮✳

• ✶✾✾✼ ✲ ✷✵✵✵ ✿ ▼♦♥✐tr✐❝❡ à ❧✬❯♥✐✈❡rs✐té ❞❡ P❛r✐s ❱■✳ ❏✬❛✐ ❡✉ ❧❛ r❡s♣♦♥s❛❜✐❧✐té ❞❡ ❚❉ ❡t
❞❡ ❚P ❞❡ ❞❡✉❣ ❞❡ ♣❤②s✐q✉❡ ♣r❡♠✐èr❡ ❛♥♥é❡✳

●❡st✐♦♥ ❞❡ ❧❛ r❡❝❤❡r❝❤❡

• ✷✵✵✷✲✷✵✵✺ ✿ ●❡st✐♦♥ ❞❡ ❧✬❆❈ ♥❛♥♦s❝✐❡♥❝❡ ✐♥t✐t✉❧é❡ ✏♣✉❝❡ ❏♦s❡♣❤s♦♥✑ ✭é❝r✐t✉r❡ ❞✉ ♣r♦✲
❥❡t ❞❡ r❡❝❤❡r❝❤❡ ❡t ❞❡s r❛♣♣♦rts ❞✬❛❝t✐✈✐tés✮✳

• ✷✵✵✷✲✷✵✵✺ ✿ ●❡st✐♦♥ ❞❡ ❧❛ ❜♦✉rs❡ ❞❡ ❧❛ ❉●❆ ✐♥t✐t✉❧é❡ ✏s♦✉r❝❡ ❛t♦♠✐q✉❡ ❝♦❤ér❡♥t❡
✐♥té❣ré❡✑ ✭é❝r✐t✉r❡ ❞✉ ♣r♦❥❡t ❞❡ r❡❝❤❡r❝❤❡ ❡t ❞❡s r❛♣♣♦rts ❞✬❛❝t✐✈✐tés✮✳

• ✷✵✵✻ ✿ ❉❡♠❛♥❞❡ ❞❡ ✜♥❛♥❝❡♠❡♥t ré❛❧✐sé ❛✉♣rès ❞❡ ❧✬■♥st✐t✉t ❋r❛♥❝✐❧✐❡♥ ❞❡s ❆t♦♠❡s
❋r♦✐❞s ✭❞❡♠❛♥❞❡ ❛❝❝♦r❞é❡✮

• ✷✵✵✻ ✿ ✏Pr✐♥❝✐♣❛❧ ■♥✈❡st✐❣❛t♦r✑ ❞❡ ❧✬éq✉✐♣❡ ❞❡ ❧✬■♥st✐t✉t ❞✬❖♣t✐q✉❡ ❞❛♥s ✉♥❡ ❞❡♠❛♥❞❡
❞❡ ✜♥❛♥❝❡♠❡♥t ❛❞r❡ssé❡ à ❧✬❊❙❋ ✭❞❡♠❛♥❞❡ ❊✉r♦q✉❛♠ ✐♥t✐t✉❧é❡ ▼■●✮

❈♦❧❧❛❜♦r❛t✐♦♥s ✐♥t❡r♥❛t✐♦♥❛❧❡s

• ❈♦❧❧❛❜♦r❛t✐♦♥ ❛✈❡❝ ❑❧❛✉s ▼ø❧♠❡r✱ ❞❡ ❧✬✉♥✐✈❡rs✐té ❞✬❆❛r❤✉s ❛✉ ❉❛♥❡♠❛r❦ ✿ ét✉❞❡ ❞❡
❧✬❡✛❡t ❞❡s ✐♥t❡r❛❝t✐♦♥s ❡♥tr❡ ❛t♦♠❡s ❞❛♥s ✉♥ ❧❛s❡r à ❛t♦♠❡s ❣✉✐❞é✳

• ❈♦❧❧❛r❜♦r❛t✐♦♥ ❛✈❡❝ ❑❛r❡♥ ❑❤❡r✉♥ts②❛♥✱ ❞❡ ❧✬✉♥✐✈❡rs✐té ❞❡ ❇r✐s❜❛♥❡ ❡♥ ❆✉str❛❧✐❡ s✉r
❧❡s ♣r♦♣r✐étés ❞❡s ❣❛③ ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧s ❡♥ ✐♥t❡r❛❝t✐♦♥✳

❚â❝❤❡s ❝♦❧❧❡❝t✐✈❡s

• ❖r❣❛♥✐s❛t✐♦♥ ❞❡s sé♠✐♥❛✐r❡s ❣é♥ér❛✉① ❞❡ ❧✬■♥st✐t✉t ❞✬❖♣t✐q✉❡✳



❈❤❛♣✐tr❡ ✶✵

❊♥❝❛❞r❡♠❡♥t ❞✬ét✉❞✐❛♥ts

❉✉r❛♥t ♠❡s ❛❝t✐✈✐tés ♣♦st❞♦❝t♦r❛❧❡s✱ ❥✬❛✐ ❡♥❝❛❞ré ❧❡ tr❛✈❛✐❧ ❞❡ ♣❧✉s✐❡✉rs ét✉❞✐❛♥ts✳ ❏✬❛✐
♣r♦♣♦sé ❞❡s s✉❥❡ts ❞❡ st❛❣❡ ❡t ❥✬❛✐ ❡♥❝❛❞ré ❞❡s ét✉❞✐❛♥ts ❞❡ ▼❛ts❡r✳ ❏✬❛✐ ❛✉ss✐ tr❛✈❛✐❧❧é ❛✈❡❝
♣❧✉s✐❡✉rs ét✉❞✐❛♥ts ❡♥ t❤ès❡✳ ❏✬❛✐ ♣❛rt✐❝✐♣é à ❧✬❡♥❝❛❞r❡♠❡♥t ❞❡ ❧❡✉r tr❛✈❛✐❧ ❡t ❥✬❛✐ ❝♦rr✐❣é
❧❡✉r ♠❛♥✉s❝r✐t ❞❡ t❤ès❡✳ ▲❡s ❝✐t❛t✐♦♥s ❢♦♥t ré❢ér❡♥❝❡s à ❧❛ ❧✐st❡ ❞❡ ♣✉❜❧✐❝❛t✐♦♥ ❞♦♥♥é❡ ❡♥
s❡❝t✐♦♥ ✻✳

➱t✉❞✐❛♥ts ❡♥ t❤ès❡

• ❈❤r✐st✐♥❡ ❆✉ss✐❜❛❧✳ ❚❛✉① ❞✬❡♥❝❛❞r❡♠❡♥t ✺✵✪✳ ❈❤r✐st✐♥❡ ❆✉ss✐❜❛❧ ❛ ❝♦♠♠❡♥❝é
s❛ t❤ès❡ ✉♥ ❛♥ ❛✈❛♥t ♠♦♥ ❛rr✐✈é❡ ❛✉ ❧❛❜♦r❛t♦✐r❡✳ ❏✬❛✐ ♣❛rt✐❝✐♣é à ❧✬❡♥❝❛❞r❡♠❡♥t ❞❡ s♦♥
tr❛✈❛✐❧✱ q✉✐ ❛ ❝♦♥s✐sté ❡ss❡♥t✐❡❧❧❡♠❡♥t à ❝♦♥str✉✐r❡ ❧✬❡①♣ér✐❡♥❝❡✳ ❙❛ t❤ès❡ ❡st ❞✐s♣♦♥✐❜❧❡
s✉r ❤tt♣ ✿✴✴t❡❧✳❛r❝❤✐✈❡s✲♦✉✈❡rt❡s✳❢r✴t❡❧✲✵✵✵✵✹✹✷✾✳

• ❏érô♠❡ ❊stè✈❡✳ ❚❛✉① ❞✬❡♥❝❛❞r❡♠❡♥t ✻✵✪✳ ❏✬❛✐ ❡✉ ❧❛ ❝❤❛♥❝❡ ❞❡ tr❛✈❛✐❧❧❡r ❛✈❡❝
❏érô♠❡ ❊stè✈❡✱ ét✉❞✐❛♥t ❡♥ t❤ès❡ q✉✐ ❛ ❝♦♠♠❡♥❝é s❛ t❤ès❡ ✉♥ ❛♥ ❛✈❛♥t ♠♦♥ ❛rr✐✈é❡
❛✉ ❧❛❜♦r❛t♦✐r❡✳ ◆♦✉s ❛✈♦♥s ét✉❞✐é ❧❛ r✉❣♦s✐té ❞❡s ♠✐❝r♦✲♣✐è❣❡s ♠❛❣♥ét✐q✉❡s❬✼✲✽❪ ❡t
♥♦✉s ❛✈♦♥s ❝❤❡r❝❤é à ♦❜s❡r✈❡r ❞❡s ♦s❝✐❧❧❛t✐♦♥s ❞❡ ❏♦s❡♣❤s♦♥ ❡♥tr❡ ❞❡✉① ❝♦♥❞❡♥s❛ts
❝♦✉♣❧és❬✺❪✳ ❏✬❛✐ ❝♦rr✐❣é s❛ t❤ès❡ ✭❤tt♣ ✿✴✴t❡❧✳❛r❝❤✐✈❡s✲♦✉✈❡rt❡s✳❢r✴t❡❧✲✵✵✵✶✶✸✵✾✮ ❡t ❥❡
♣❡♥s❡ q✉❡ ♥♦tr❡ ❝♦❧❧❛❜♦r❛t✐♦♥ ❛ été ❢r✉❝t✉❡✉s❡ ♣♦✉r t♦✉s ❧❡s ❞❡✉①✳ ❏✳ ❊stè✈❡ ❡st r❡sté
❡♥s✉✐t❡ ❡♥ ♣♦st❞♦❝ ✉♥ ❛♥ ❛✉ ❧❛❜♦r❛t♦✐r❡ ❡t ♥♦✉s ❛✈♦♥s ❢❛✐t ❡♥s❡♠❜❧❡ ❧❡s ét✉❞❡s s✉r
❧❡s ✢✉❝t✉❛t✐♦♥s ❞❡ ❞❡♥s✐té ❞❛♥s ❧❡s ❣❛③ q✉❛s✐✲✉♥✐❞✐♠❡♥s✐♦♥♥❡❧s❬✹❪✳ ■❧ ❡st ❛❝t✉❡❧❧❡♠❡♥t
❡♥ ♣♦st❞♦❝ à ❍❡✐❞❡❧❜❡r❣ ❡♥ ❆❧❧❡♠❛❣♥❡✳

• ❚❤♦rst❡♥ ❙❝❤✉♠♠✳ ❚❛✉① ❞✬❡♥❝❛❞r❡♠❡♥t ✻✵✪ ❞❡ s♦♥ tr❛✈❛✐❧ ❢❛✐t à ❧✬■♥st✐✲

t✉t ❞✬❖♣t✐q✉❡✳ ❚✳ ❙❝❤✉♠♠ ❛ ❢❛✐t ✉♥❡ t❤ès❡ ❡♥ ❝♦t✉t❡❧❧❡ ❡♥tr❡ ♥♦tr❡ ❧❛❜♦r❛t♦✐r❡
❡t ❧❡ ❧❛❜♦r❛t♦✐r❡ ❞❡ ❏✳ ❙❝❤♠✐❡❞♠❛②❡r à ❍❡✐❞❡❧❜❡r❣✳ ❏✬❛✐ tr❛✈❛✐❧❧é ❛✈❡❝ ❧✉✐ ❧♦rsq✉✬✐❧
ét❛✐t ❡♥ ❋r❛♥❝❡ s✉r ❧✬ét✉❞❡ ❞❡ ❧❛ r✉❣♦s✐té ❞❡s ♠✐❝r♦✲♣✐è❣❡s ♠❛❣♥ét✐q✉❡s❬✼✲✽❪ ❡t s✉r ❧❛
ré❛❧✐s❛t✐♦♥ ❞✬✉♥ ❞♦✉❜❧❡ ♣✉✐ts ❞❡ ♣♦t❡♥t✐❡❧❬✺❪✳ ❏✬❛✐ ❝♦rr✐❣é s❛ t❤ès❡ ✭❤tt♣ ✿✴✴t❡❧✳❛r❝❤✐✈❡s✲
♦✉✈❡rt❡s✳❢r✴t❡❧✲✵✵✶✷✾✺✵✶✮✳ ❚✳ ❙❝❤✉♠♠ tr❛✈❛✐❧❧❡ ❛❝t✉❡❧❧❡♠❡♥t ❞❛♥s ❧❡ ❧❛❜♦r❛t♦✐r❡ ❞❡
❏✳ ❙❝❤♠✐❡❞♠❛②❡r à ❱✐❡♥♥❡✳

• ◆✐❝♦❧❛s ❲✐t❤❧♦❝❤✳ ❚❛✉① ❞✬❡♥❝❛❞r❡♠❡♥t ✶✵✵✪ ❞❡ s♦♥ tr❛✈❛✐❧ ❢❛✐t à ❧✬■♥st✐t✉t

❞✬❖♣t✐q✉❡✳ ◆✐❝♦❧❛s ❲✐t❤❧♦❝❦✱ ét✉❞✐❛♥t ❡♥ t❤ès❡ à ❧✬✉♥✐✈❡rs✐té ❞❡ ●❧❛s❣♦✇ ❛ ♣❛ssé

✶✾✸



✶✾✹ ❈❍❆P■❚❘❊ ✶✵✳ ❊◆❈❆❉❘❊▼❊◆❚ ❉✬➱❚❯❉■❆◆❚❙

❞❡✉① ♠♦✐s ❞❛♥s ♥♦tr❡ ❧❛❜♦r❛t♦✐r❡ ❡t ♥♦✉s ❛✈♦♥s ❢❛✐t ❡♥s❡♠❜❧❡ ✉♥❡ ét✉❞❡ t❤é♦r✐q✉❡
s✉r ❧❡s ✢✉❝t✉❛t✐♦♥s ❞❡ ♣❤❛s❡ r❡❧❛t✐✈❡ ❡♥tr❡ ❞❡✉① ❝♦♥❞❡♥s❛ts ❝♦✉♣❧és❬✾❪✳

• ❈❤r✐st✐♥❛ ❋✐❣❧✳ ❚❛✉① ❞✬❡♥❝❛❞r❡♠❡♥t ✻✵✪ ❞❡ s♦♥ tr❛✈❛✐❧ ❢❛✐t à ❧✬■♥st✐t✉t

❞✬❖♣t✐q✉❡✳ ❏✬❛✐ tr❛✈❛✐❧❧é ❛✈❡❝ ❈❤r✐st✐♥❛ ❋✐❣❧✱ ét✉❞✐❛♥t❡ ❡♥ t❤ès❡ à ❍❛♥♥♦✈r❡ q✉✐ ❡st
✈❡♥✉❡ ♣❛ss❡r ❞❡✉① ♠♦✐s ❞❛♥s ♥♦tr❡ ❧❛❜♦r❛t♦✐r❡✳ ◆♦✉s ❛✈♦♥s ❢❛✐t ❡♥s❡♠❜❧❡ ❧❡s ét✉❞❡s
❞❡ r✉❣♦s✐té ❞✉ ♣♦t❡♥t✐❡❧ ❞✬✉♥ ♠✐❝r♦✲♣✐è❣❡ ♠❛❣♥ét✐q✉❡❬✼✲✽❪✳

• ❏❡❛♥✲❇❛♣t✐st❡ ❚r❡❜❜✐❛✳ ❚❛✉① ❞✬❡♥❝❛❞r❡♠❡♥t ✽✵✪✳ ❏✬❛✐ ❡♥❝❛❞ré t♦✉t❡ ❧❛ t❤ès❡
❞❡ ❏❡❛♥✲❇❛♣t✐st❡ ❚r❡❜❜✐❛✱ q✉✐ ❡st ❛❝t✉❡❧❧❡♠❡♥t ❡♥ ♣❤❛s❡ ❞❡ ré❞❛❝t✐♦♥✳ ❊♥s❡♠❜❧❡ ♥♦✉s
❛✈♦♥s ét✉❞✐é ❧❛ tr❛♥s✐t✐♦♥ ✈❡rs ✉♥ q✉❛s✐✲❝♦♥❞❡♥s❛t ❞❛♥s ✉♥ ❣❛③ q✉❛s✐✲✉♥✐❞✐♠❡♥s✐♦♥♥❡❧❬✸✲
✹❪✳ ◆♦✉s ❛✈♦♥s ❛✉ss✐ ♠✐s ❛✉ ♣♦✐♥t ✉♥❡ ♠ét❤♦❞❡ ♣♦✉r s✉♣♣r✐♠❡r ❧❛ r✉❣♦s✐té ❞✉ ♣♦t❡♥t✐❡❧
❞❛♥s ❧❡s ♠✐❝r♦✲♣✐è❣❡s ♠❛❣♥ét✐q✉❡s❬✶❪✳

➱t✉❞✐❛♥ts ❡♥ ♠❛st❡r

• ❩♦❧t❛♥ ❑✉r✉t③✳ ❚❛✉① ❞✬❡♥❝❛❞r❡♠❡♥t ✶✵✵✪✳ ❏✬❛✐ ❡♥❝❛❞ré ❧❡ st❛❣❡ ❞❡ ❉❊❆ ❞❡
❩♦❧t❛♥ ❑✉r✉t③✱ ❞✉ ❉❊❆ ❞❡ ♣❤②s✐q✉❡ q✉❛♥t✐q✉❡✳ ◆♦✉s ❛✈♦♥s ét✉❞✐é ❧✬❡✛❡t ❞❡s ✐♥t❡r✲
❛❝t✐♦♥s ❡♥tr❡ ❛t♦♠❡s ❞❛♥s ✉♥ ✐♥t❡r❢ér♦♠ètr❡ à ❛t♦♠❡s✳

• ❊♠♠❛♥✉❡❧❧❡ ●♦✉✐❧❧❛r❞✳ ❚❛✉① ❞✬❡♥❝❛❞r❡♠❡♥t ✺✵✪✳ ❏✬❛✐ ♣❛rt✐❝✐♣é à ❧✬❡♥❝❛❞r❡♠❡♥t
❞✉ st❛❣❡ ❞❡ ♠❛st❡r ❞✬❊✳●♦✉✐❧❧❛r❞✱ q✉✐ ❛ ❝♦♥s✐sté à ♠♦♥t❡r ✉♥❡ ❞✐♦❞❡ ❧❛s❡r ❡♥ ❝❛✈✐té
ét❡♥❞✉❡✳

• ❚❤✐❜❛✉❧t P❡②r♦♥❡❧✳ ❚❛✉① ❞✬❡♥❝❛❞r❡♠❡♥t ✶✵✵✪✳ ❏✬❡♥❝❛❞r❡ ❝❡tt❡ ❛♥♥é❡ ❧❡ st❛❣❡
❞❡ ▼❛st❡r ✷ ✭♦♣t✐♦♥ ♣❤②s✐q✉❡ q✉❛♥t✐q✉❡✮ ❞❡ ❚❤✐❜❛✉❧t P❡②r♦♥❡❧✳ ■❧ ❢❛✐t ❞❡s ❝❛❧❝✉❧s ❞❡
✢✉❝t✉❛t✐♦♥s ❞❡ ❞❡♥s✐té ❛t♦♠✐q✉❡ ♣rès ❞❡ ❧❛ tr❛♥s✐t✐♦♥ ❞❡ ❑♦st❡r❧✐t③✲❚❤❛✉❧❡ss ❞❛♥s ❧❡s
❣❛③ ❜✐✲❞✐♠❡♥s✐♦♥♥❡❧s✳



❈❤❛♣✐tr❡ ✶✶

▲✐st❡ ❞❡ ♣✉❜❧✐❝❛t✐♦♥

P✉❜❧✐❝❛t✐♦♥s ❞❛♥s ❞❡s r❡✈✉❡s à ❝♦♠✐té ❞❡ ❧❡❝t✉r❡

❚r❛✈❛✉① ♣♦st✲❞♦❝t♦r❛✉①

✶✳ ■✳ ❇♦✉❝❤♦✉❧❡✱ ❏✳✲❇✳ ❚r❡❜❜✐❛ ❛♥❞ ❈✳ ●❛rr✐❞♦✲❆❧③❛r✱ ❛❝❝❡♣t❡❞ ✐♥ P❘❆ ✿✑▲✐♠✐t❛t✐♦♥ ♦❢
t❤❡ ♠♦❞✉❧❛t✐♦♥ ♠❡t❤♦❞ t♦ s♠♦♦t❤ ✇✐r❡ ❣✉✐❞❡ r♦✉❣❤♥❡ss✑ ✭❛r❳✐✈ ✿✵✼✵✼✳✵✻✵✷✮

✷✳ ❏✳✲❇✳ ❚r❡❜❜✐❛✱ ❈✳ ▲✳ ●❛rr✐❞♦ ❆❧③❛r✱ ❘✳ ❈♦r♥❡❧✉ss❡♥✱ ❈✳ ■✳ ❲❡st❜r♦♦❦✱ ■✳ ❇♦✉❝❤♦✉❧❡✱
P❤②s✳ ❘❡✈✳ ▲❡tt✳ ✾✽✱ ✷✻✸✷✵✶ ✭✷✵✵✼✮ ✿✑❘♦✉❣❤♥❡ss s✉♣♣r❡ss✐♦♥ ✐♥ ❛♥ ❆❈ ❛t♦♠ ❝❤✐♣✑

✸✳ ■✳ ❇♦✉❝❤♦✉❧❡✱ ❑✳ ❑❤❡r✉♥ts②❛♥ ❛♥❞ ●✳ ❙❤❧②❛♣♥✐❦♦✈✱ P❤②s✳ ❘❡✈✳ ❆ ✼✺✱ ✵✸✶✻✵✻ ✿ ✏❈r♦ss♦✈❡r
t♦ ❛ q✉❛s✐✲❝♦♥❞❡♥s❛t❡ ✐♥ ❛ ✇❡❛❦❧② ✐♥t❡r❛❝t✐♥❣ tr❛♣♣❡❞ ❇♦s❡ ❣❛s✑

✹✳ ❏✳❇✳ ❚r❡❜❜✐❛✱ ❏✳ ❊stè✈❡✱ ❆✳ ❆s♣❡❝t✱ ❈✳❲✳ ❲❡st❜r♦♦❦ ❛♥❞ ■✳ ❇♦✉❝❤♦✉❧❡✱ P❤②s✳ ❘❡✈✳
▲❡tt✳ ✾✼✱ ♣✳✷✺✵✹✵✸ ✭✷✵✵✻✮ ✿✑❊①♣❡r✐♠❡♥t❛❧ ❡✈✐❞❡♥❝❡ ❢♦r t❤❡ ❢❛✐❧✉r❡ ♦❢ ❛ ♠❡❛♥ ✜❡❧❞
❛♣♣r♦❛❝❤ ✐♥ ❛♥ ❡❧♦♥❣❛t❡❞ ❇♦s❡ ❣❛s ✐♥ t❤❡ ✶❉ ✇❡❛❦❧② ✐♥t❡r❛❝t✐♥❣ ❧✐♠✐t✑

✺✳ ❏✳ ❊stè✈❡✱ ❏✲❇✳ ❚r❡❜❜✐❛✱ ❚✳ ❙❝❤✉♠♠✱ ❆✳ ❆s♣❡❝t✱ ❈✳ ■✳ ❲❡st❜r♦♦❦ ❛♥❞ ■✳ ❇♦✉❝❤♦✉❧❡✱
P❤②s✳ ❘❡✈✳ ▲❡tt✳ ✾✻✱ ✶✸✵✹✵✸ ✭✷✵✵✻✮ ✿✑❖❜s❡r✈❛t✐♦♥s ♦❢ ❉❡♥s✐t② ❋❧✉❝t✉❛t✐♦♥s ✐♥ ❛♥
❊❧♦♥❣❛t❡❞ ❇♦s❡ ●❛s ✿ ■❞❡❛❧ ●❛s ❛♥❞ ◗✉❛s✐❝♦♥❞❡♥s❛t❡ ❘❡❣✐♠❡s✑

✻✳ ❏❡r♦♠❡ ❊st❡✈❡✱ ❚❤♦rst❡♥ ❙❝❤✉♠♠✱ ❏❡❛♥✲❇❛♣t✐st❡ ❚r❡❜❜✐❛✱ ■s❛❜❡❧❧❡ ❇♦✉❝❤♦✉❧❡✱ ❆❧❛✐♥
❆s♣❡❝t✱ ❈❤r✐st♦♣❤❡r ❲❡st❜r♦♦❦✱ ♣❤②s✐❝s✴✵✺✵✸✶✶✷✱ ❊✉r✳ P❤②s✳ ❏ ❉ ✸✺✱ ✶✹✶ ✭✷✵✵✺✮ ✿
✏❘❡❛❧✐③✐♥❣ ❛ st❛❜❧❡ ♠❛❣♥❡t✐❝ ❞♦✉❜❧❡✲✇❡❧❧ ♣♦t❡♥t✐❛❧ ♦♥ ❛♥ ❛t♦♠ ❝❤✐♣✑

✼✳ ■✳ ❇♦✉❝❤♦✉❧❡✱ ❊✉r✳ P❤②s✳ ❏ ❉ ✸✺✱ ✶✹✼ ✭✷✵✵✺✮ ✿ ✑▼♦❞✉❧❛t✐♦♥❛❧ ✐♥st❛❜✐❧✐t✐❡s ✐♥ ❏♦s❡♣❤s♦♥
♦s❝✐❧❧❛t✐♦♥s ♦❢ ❡❧♦♥❣❛t❡❞ ❝♦✉♣❧❡❞ ❝♦♥❞❡♥s❛t❡s✑

✽✳ ❚❤♦rst❡♥ ❙❝❤✉♠♠✱ ❏❡r♦♠❡ ❊st❡✈❡✱ ❈r✐st✐♥❛ ❋✐❣❧✱ ❏✳❇✳ ❚r❡❜❜✐❛✱ ❈❤r✐st✐♥❡ ❆✉ss✐❜❛❧✱
❉♦♠✐♥✐q✉❡ ▼❛✐❧❧②✱ ■s❛❜❡❧❧❡ ❇♦✉❝❤♦✉❧❡✱ ❈❤r✐st♦♣❤❡r ❲❡st❜r♦♦❦ ❛♥❞ ❆❧❛✐♥ ❆s♣❡❝t✱
❊✉r✳ P❤②s✳ ❏✳ ❉ ✸✷✱ ♣✳✶✼✶✲✶✽✵ ✭✷✵✵✺✮ ✿✑❆t♦♠ ❝❤✐♣s ✐♥ t❤❡ r❡❛❧ ✇♦r❧❞ ✿ t❤❡ ❡✛❡t❝s ♦❢
✇✐r❡ ❝♦rr✉❣❛t✐♦♥✑✳

✾✳ ❏❡r♦♠❡ ❊st❡✈❡✱ ❈❤r✐st✐♥❡ ❆✉ss✐❜❛❧✱ ❚❤♦rst❡♥ ❙❝❤✉♠♠✱ ❈r✐st✐♥❛ ❋✐❣❧✱ ❉♦♠✐♥✐q✉❡
▼❛✐❧❧②✱ ■s❛❜❡❧❧❡ ❇♦✉❝❤♦✉❧❡✱ ❈❤r✐st♦♣❤❡r ❲❡st❜r♦♦❦ ❛♥❞ ❆❧❛✐♥ ❆s♣❡❝t✱ P❤②s✳ ❘❡✈✳
❆✱✼✵✱♣✳ ✵✹✸✻✷✾ ✭✷✵✵✹✮ ✿ ✏❚❤❡ r♦❧❡ ♦❢ ✇✐r❡ ✐♠♣❡r❢❡❝t✐♦♥s ✐♥ ♠✐❝r♦ ♠❛❣♥❡t✐❝ tr❛♣s ❢♦r
❛t♦♠s✑

✶✾✺



✶✾✻ ❈❍❆P■❚❘❊ ✶✶✳ ▲■❙❚❊ ❉❊ P❯❇▲■❈❆❚■❖◆

✶✵✳ ◆✐❝❤♦❧❛s ❑✳ ❲❤✐t❧♦❝❦ ❛♥❞ ❇♦✉❝❤♦✉❧❡ ■✳ ✱ P❤②s✳ ❘❡✈✳ ❆ ✻✽✱ ✵✺✸✻✵✾ ✭✷✵✵✸✮ ✿✑ ❘❡❧❛t✐✈❡
♣❤❛s❡ ✢✉❝t✉❛t✐♦♥s ♦❢ t✇♦ ❝♦✉♣❧❡❞ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❝♦♥❞❡♥s❛t❡s ✏

✶✶✳ ■✳ ❇♦✉❝❤♦✉❧❡ ❛♥❞ ❑✳ ▼♦❡❧♠❡r✱ P❤②s✳ ❘❡✈✳ ❆ ✻✼✱ ✵✶✶✻✵✸ ✭✷✵✵✸✮ ✿ ✑✐♥t❡r❛❝t✐♦♥✲✐♥❞✉❝❡❞
♣❤❛s❡ ✢✉❝t✉❛t✐♦♥s ✐♥ ❛ ❣✉✐❞❡❞ ❛t♦♠ ❧❛s❡r✑

✶✷✳ ■✳ ❇♦✉❝❤♦✉❧❡ ❛♥❞ ❑✳ ▼♦❡❧♠❡r✱ P❤②s✳ ❘❡✈✳ ❆ ✻✻✱ ✵✹✸✽✶✶ ✭✷✵✵✷✮ ✿ ✧Pr❡♣❛r❛t✐♦♥ ♦❢ s♣✐♥
sq✉❡❡③❡❞ ❛t♦♠✐❝ st❛t❡s ❜② ♦♣t✐❝❛❧ ♣❤❛s❡ s❤✐❢t ♠❡❛s✉r♠❡♥t✧

✶✸✳ ■s❛❜❡❧❧❡ ❇♦✉❝❤♦✉❧❡ ❛♥❞ ❑❧❛✉s ▼♦❡❧♠❡r✱ P❤②s✳ ❘❡✈✳ ❆ ✻✺✱ ✵✹✶✽✵✸ ✭✷✵✵✷✮ ✿✧ ❙♣✐♥
sq✉❡❡③✐♥❣ ♦❢ ❛t♦♠s ❜② t❤❡ ❞✐♣♦❧❡ ✐♥t❡r❛❝t✐♦♥ ✐♥ ✈✐rt✉❛❧❧② ❡①❝✐t❡❞ ❘②❞❜❡r❣ st❛t❡s✧

❚r❛✈❛✉① ♣ré✲❞♦❝t♦r❛✉①

✶✸✳ ■✳ ❇♦✉❝❤♦✉❧❡✱ ▼✳ ▼♦r✐♥❛❣❛✱ ❈✳ ❙❛❧♦♠♦♥✱ ❛♥❞ ❉✳ ❙✳ P❡tr♦✈✱ P❤②s✳ ❘❡✈✳ ❆ ✻✺✱ ✵✸✸✹✵✷
✭✷✵✵✷✮ ✿ ✧❈❡s✐✉♠ ❣❛s str♦♥❣❧② ❝♦♥✜♥❡❞ ✐♥ ♦♥❡ ❞✐♠❡♥s✐♦♥ ✿ ❙✐❞❡❜❛♥❞ ❝♦♦❧✐♥❣ ❛♥❞
❝♦❧❧✐s✐♦♥❛❧ ♣r♦♣❡rt✐❡s✧

✶✹✳ ▼♦r✐♥❛❣❛ ▼✳✱ ❇♦✉❝❤♦✉❧❡ ■✳✱ ❑❛r❛♠ ❏✳❈✳ ❛♥❞ ❙❛❧♦♠♦♥ ❈✳✱ P❤②s✳❘❡✈✳▲❡tt✳✱ ✽✸✱ ✹✵✸✼
✭✶✾✾✾✮ ✿✧▼❛♥✐♣✉❧❛t✐♦♥ ♦❢ ♠♦t✐♦♥❛❧ q✉❛♥t✉♠ st❛t❡ ♦❢ ♥❡✉tr❛❧ ❛t♦♠s✧

✶✺✳ ❇♦✉❝❤♦✉❧❡ ■✳✱▼♦r✐♥❛❣❛ ▼✳✱P❡rr✐♥ ❍✳✱ ❑✉❤♥ ❆✳✱❙❛❧♦♠♦♥ ❈✳✱ P❤②s✳❘❡✈✳❆ ✺✾ ✱❘❛♣✐❞
❈♦♠♠✉♥✐❝❛t✐♦♥✱ ✶✾✾✾ ✿✧◆❡✉tr❛❧ ❆t♦♠s ♣r❡♣❛r❡❞ ✐♥ ❋♦❝❦ st❛t❡s ♦❢ ❛ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧
❤❛r♠♦♥✐❝ ♣♦t❡♥t✐❛❧✧

✶✻✳ ❍✳ P❡rr✐♥✱ ❆✳ ❑✉❤♥✱ ■✳ ❇♦✉❝❤♦✉❧❡✱ ❚✳ P❢❛✉ ❛♥❞ ❈✳ ❙❛❧♦♠♦♥✱ ❊✉r♦♣❤②s✳❧❡t✳✱✹✻✱ ✶✹✶✲✶✹✼
✭✶✾✾✾✮ ✿✧❘❛♠❛♥ ❝♦♦❧✐♥❣ ♦❢ s♣✐♥ ♣♦❧❛r✐③❡❞ ❝❡s✐✉♠ ❛t♦♠s ✐♥ ❛ ❝r♦ss❡❞ ❞✐♣♦❧❡ tr❛♣✧

✶✼✳ P❡rr✐♥ ❍✳✱❑✉❤♥ ❆✳✱❇♦✉❝❤♦✉❧❡ ■✳ ❛♥❞ ❙❛❧♦♠♦♥ ❈✳✱ ❊✉r♦♣❤②s✳▲❡tt✳✱ ✹✷✭✹✮✱♣♣✳✸✾✺✲✹✵✵
✭✶✾✾✽✮ ✿✧ ❙✐❞❡❜❛♥❞ ❝♦♦❧✐♥❣ ♦❢ ♥❡✉tr❛❧ ❛t♦♠s ✐♥ ❛ ❢❛r✲❞❡t✉♥❡❞ ♦♣t✐❝❛❧ ❧❛tt✐❝❡✧

✶✽✳ ❇❡♥ ❉❛❤❛♥ ▼✳✱ P❡✐❦ ❊✳✱ ❇♦✉❝❤♦✉❧❡ ■✳✱ ❈❛st✐♥ ❨✳ ❛♥❞ ❙❛❧♦♠♦♥ ❈✳✱❆♥♥✳P❤②s✳❋r✳
✷✸✱✶✾✾✽ ✿✧◗✉❛♥t✉♠ tr❛♥s♣♦rt ✇✐t❤ ❝♦❧❞ ❛t♦♠s ✿ ❇❧♦❝❤ ♦s❝✐❧❧❛t✐♦♥s ✐♥ ❛♥ ♦♣t✐❝❛❧ ♣♦✲
t❡♥t✐❛❧✧

✶✾✳ P❡✐❦ ❊✳✱ ❇❡♥ ❉❛❤❛♥ ▼✳✱ ❇♦✉❝❤♦✉❧❡ ■✳✱ ❈❛st✐♥ ❨✳✱ ❙❛❧♦♠♦♥ ❈✳✱ ❆♣♣❧✳P❤②s✳❇✳✱✻✺✱✻✽✺✭✶✾✾✼✮ ✿✧
❇❧♦❝❤ ♦s❝✐❧❧❛t✐♦♥s ❛♥❞ ❛❝❝❡❧❡r❛t♦r ❢♦r ❝♦❧❞ ❛t♦♠s✧

✷✵✳ P❡✐❦ ❊✳✱ ❇❡♥ ❉❛❤❛♥ ▼✳✱ ❇♦✉❝❤♦✉❧❡ ■✳✱ ❈❛st✐♥ ❨✳✱ ❙❛❧♦♠♦♥ ❈✳✱ P❤②s✳❘❡✈✳❆✳✱✺✺✱✷✾✽✾✭✶✾✾✼✮ ✿✧
❇❧♦❝❤ ♦s❝✐❧❧❛t✐♦♥s ♦❢ ❛t♦♠s✱ ❛❞✐❛❜❛t✐❝ r❛♣✐❞ ♣❛ss❛❣❡✱ ❛♥❞ ♠♦♥♦❦✐♥❡t✐❝ ❛t♦♠✐❝ ❜❡❛♠s✧

P❛rt✐❝✐♣❛t✐♦♥ à ❞❡s ❝♦♥❢ér❡♥❝❡s

✶✳ ■♥t❡r♥❛t✐♦♥❛❧ ❏♦✐♥t ❈♦♥❢❡r❡♥❝❡ ✏❈♦♥tr♦❧ ♦❢ q✉❛♥t✉♠ ❝♦rr❡❧❛t✐♦♥s ✐♥ t❛✐❧♦r❡❞ ♠❛tt❡r ✿
❈♦♠♠♦♥ ♣❡rs♣❡❝t✐✈❡s ♦❢ ♠❡s♦s❝♦♣✐❝ s②st❡♠s ❛♥❞ q✉❛♥t✉♠ ❣❛s❡s✑✱ ❙❝❤❧♦ss ❘❡✐s❡♥s✲
❜✉r❣✱ ●❡r♠❛♥② ❖❝t♦❜❡r ✸ ✲ ✼✱ ✷✵✵✼✱ ♣rés❡♥t❛t✐♦♥ ❞✬✉♥ ♣♦st❡r ✿ ✏❘♦✉❣❤♥❡ss s✉♣♣r❡ss✐♦♥
✈✐❛ r❛♣✐❞ ❝✉rr❡♥t ♠♦❞✉❧❛t✐♦♥ ♦♥ ❛♥ ❛t♦♠ ❝❤✐♣✑

✷✳ ❊P❙ ❝♦♥❢❡r❡♥❝❡ ♦♥ ❇♦s❡✲❊✐♥st❡✐♥ ❈♦♥❞❡♥s❛t✐♦♥✱ ❙❛♥t ❋❡❧✐✉ ❞❡ ●✉✐①♦❧s✱ ❙♣❛✐♥✱ ✶✵ ✲
✶✺ ❙❡♣t❡♠❜r❡ ✷✵✵✺✱ ♣rés❡♥t❛t✐♦♥ ❞✬✉♥ ♣♦st❡r ✿ ✏❉❡♥s✐t② ✢✉❝t✉❛t✐♦♥s ✐♥ ❛♥ ❡❧♦♥❣❛t❡❞
❇♦s❡ ❣❛s ✿ ❢r♦♠ ✐❞❡❛❧ ❣❛s t♦ q✉❛s✐✲❝♦♥❞❡♥s❛t❡✳✑



✶✾✼

✸✳ ■♥❢♦r♠❛❧ ▼❡❡t✐♥❣ ♦♥ ❆t♦♠ ❈❤✐♣s ❛♥❞ ▲♦✇✲❞✐♠❡♥s✐♦♥❛❧ ◗✉❛♥t✉♠ ●❛s❡s✱ ❋❡✈r✐❡r ✷✵✵✺✱
❙❛♥ ❙❡❜❛st✐❛♥✳ P❛♣✐❡r ✐♥✈✐té ✿ ✑❚♦✇❛r❞s ❏♦s❡♣❤s♦♥ ♦s❝✐❧❧❛t✐♦♥s ♦❢ ❇❊❈ ♦♥ ❛ ❝❤✐♣✑

✹✳ ◗✉❛♥t✉♠ ▲✐♠✐t❡❞ ❆t♦♠ ❖♣t✐❝s✱ ▼❛rs ✷✵✵✹✱ ❍❛♥♥♦✈❡r✳ P❛♣✐❡r ✐♥✈✐té ✿✑❖r✐❣✐♥ ♦❢ t❤❡
♠❛❣♥❡t✐❝ ♣♦t❡♥t✐❛❧ r♦✉❣❤♥❡ss ♣r♦❞✉❝❡❞ ❜② ❛ ❝✉rr❡♥t ❝❛rr②✐♥❣ ♠✐❝r♦✲✇✐r❡✑✳

✺✳ ❉❆▼❖P✱ ▼❛✐ ✷✵✵✸✳ Prés❡♥t❛t✐♦♥ ❞✬✉♥ ♣❛♣✐❡r ✿✑ ■♥t❡r❛❝t✐♦♥ ✐♥❞✉❝❡❞ ♣❤❛s❡ ✢✉❝t✉❛✲
t✐♦♥s ✐♥ ❛ ❣✉✐❞❡❞ ❛t♦♠ ❧❛s❡r✏

✻✳ ❊❯❘❊❙❈❖◗✉❛♥t✉♠ ❖♣t✐❝s✱ ❙❛♥ ❋❡❧✐✉✱ ❙❡♣t❡♠❜❡r ✷✵✵✷✳ Prés❡♥t❛t✐♦♥ ❞✬✉♥ ♣♦st❡r ✿✑❙♣✐♥
sq✉❡❡③✐♥❣ ❜② ♣❤❛s❡ s❤✐❢t ♠❡❛s✉r❡♠❡♥t✳ ❊✛❡❝t ♦❢ s❝❛tt❡r✐♥❣✑

✼✳ 15th ■♥t❡r♥❛t✐♦♥❛❧ ❈♦♥❢❡r❡♥❝❡ ❖♥ ▲❛s❡r ❙♣❡❝tr♦s❝♦♣②✱ ✷✵✵✶✱ ❙❛❧t ▲❛❦❡ ❈✐t②✱ ❯❙❆✳
Prés❡♥t❛t✐♦♥ ❞✬✉♥ ♣♦st❡r ✿✑❙♣✐♥ ❙q✉❡❡③✐♥❣ ♦❢ ❆t♦♠s ❜② ❘②❞❜❡r❣ ❇❧♦❝❦❛❞❡✑

✽✳ ❋✉♥❞❛♠❡♥t❛❧ ♦♥ ◗✉❛♥t✉♠ ❖♣t✐❝s✱ ❏❛♥✉❛r② ✷✵✵✵✱ ❑✉t❤❛✐✱ ❆✉tr✐❝❤❡✳ Prés❡♥t❛t✐♦♥ ❞✬✉♥
♣♦st❡r ✿✑❙t✉❞② ♦❢ t❤❡ ❝♦❧❧✐s✐♦♥♥❛❧ ♣r♦♣♦❡rt✐❡s ♦❢ ❛ ❣❛s str♦♥❣❧② ❝♦♥✜♥❡❞ ✐♥ ♦♥❡ ❞✐r❡❝✲
t✐♦♥✑

✾✳ ■❈❙❙❯❘ ✶✾✾✾ ✿ 6th ❝♦♥❢❡r❡♥❝❡ ♦♥ ❙q✉❡❡③❡❞ ❙t❛t❡s ❛♥❞ ❯♥❝❡rt❛✐♥t② ❘❡❧❛t✐♦♥s✱ ▼❛✐
✶✾✾✾✱ ◆❛♣❧❡s✳ P❆♣✐❡r ✐♥✈✐té ✿✑❈❡s✐✉♠ ❛t♦♠s ♣r❡♣❛r❡❞ ✐♥ sq✉❡❡③❡❞ st❛t❡s ♦❢ ♠♦t✐♦♥ ✐♥
❛ ❤❛r♠♦♥✐❝ ♣♦t❡♥t✐❛❧✑

✶✵✳ ◗✉❛♥t✉♠ ❈♦♥tr♦❧ ♦❢ ❆t♦♠✐❝ ▼♦t✐♦♥ ✷✱ ▼❆② ✶✾✾✽✱ ❆❧❜✉q✉❡rq✉❡✱ ❯❙❆✳ Prés❡♥t❛t✐♦♥
❞✬✉♥ ♣♦st❡r ✿✑◆❡✉tr❛❧ ❛t♦♠s ✐♥ ❋♦❝❦ st❛t❡s ♦❢ ❛ ❤❛r♠♦♥✐❝ ♣♦t❡♥t✐❛❧✑

✶✶✳ ❨♦✉♥❣ ❆t♦♠✐❝ ❖♣t✐❝✐❛♥✱ ❇✉r❡s✲s✉r✲❨✈❡tt❡ ✶✾✾✾✳ Prés❡♥t❛t✐♦♥ ❞✬✉♥ ♣❛♣✐❡r ✿✑❙✐❞❡❜❛♥❞
❝♦♦❧✐♥❣ ♦❢ ❈❡s✐✉♠ ❛t♦♠s t♦ t❤❡ ❣r♦✉♥❞ st❛t❡ ♦❢ ♠♦t✐♦♥✑

✶✷✳ ❋✉♥❞❛♠❡♥t❛❧ ♦♥ ◗✉❛♥t✉♠ ❖♣t✐❝s✱ ❏❛♥✈✐❡r ✶✾✾✼✱ ❑✉❤t❛✐✱ ❆✉tr✐❝❤❡✳ Prés❡♥t❛t✐♦♥ ❞✬✉♥
♣♦st❡r ✿✧❏♦s❡♣❤s♦♥ ♦s❝✐❧❛t✐♦♥s ♦❢ ❛ ❇♦s❡✲❊✐♥st❡✐♥ ❝♦♥❞❡♥s❛t❡✧


