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ou
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F (α) = Cd(α) = 1 · Cdf (α) + 1 · Cdp(α),

k1 = k2 = 1.
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HH(x) = A · sinβ
(

πx
ln 0,5
ln p
)

,M"¢V# K x ∈ [0; 1] , A ∈ < , β ∈ [2; 10] , p ∈]0; 1[.
DE;Q�Y�Æ��J

x

H
H

(x
)

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

pole 0.1
pole 0.2
pole 0.3
pole 0.4
pole 0.5
pole 0.6
pole 0.7
pole 0.8
pole 0.9

x

H
H

(x
)

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

beta 2
beta 3
beta 4
beta 5
beta 6
beta 7
beta 8
beta 9
beta 10

�;���;� ;Q�Á¡äOV��(�! ! #"!o2�#�Î:. K Sä!e��Î{#%$�$�#%$�.�$0¹�*�#%$ K #�2�#"!Ò��M��NM�¥R"%&1� #"!Ò2�#FO®(+�1¥C# β #%& p �
,w#"!�2��QO®(+�1¥jM�&1.ß(+$�!�-�.ß2ä.�¥C#%$�!1.ß(+$�$�# /�/ #"!aD K Oe��<Y.Y5�*�� #(;Q����J{! (+$T&3M���� / .C&'*��"#"!�8q2�#"! / .Y5�$�#"!32�#E¥jM�. /�/ M�5V#C2�M�$�!/ M32ä.�� # K &1.ß(+$�2��QP�$�.ß#{! (+.�&w��M�� / M3$�(+�1¥jM / # K (+*��NM�$'& #%$ä! (+.�&���M�� / �ÁM�/ä#:¢V#%�1&1. K M / z ����M�$�! / #"! K M+!�&1�1.ß2ä.�¥C#%$�!1.ß(+$�$�# / !

D K Oe��<Y.Y5�*�� #c;Q�Y�Æ �JQ$Y(+$�*�&1. / .ß! #j*�$�#8! � / .�$�# K *�-�.C&'*�#82��ÁM�¥�� / .�&1*�2�#l¥jM�/ä.�¥jM / #8� (+*�� / M�!N# K &1.ß(+$���. / (+& #q#%&�$'* /�/ #
#%$t2�#%*0/�! # K &1.ß(+$�! / .�¥�.�& #"!{2��QP�$�.ß#"!:��M�� / � *�&1. / .ß!NM�& #%*��{� (+*��{�%& #%$�2ä� # / MC2��QO®(+�1¥jM�&1.ß(+$1� : � #Q/ä& #%$�!1.ß(+$t! # / (+$ K #%&1& #
&1� (+.ß!1.C"%¥C#�2ä.�� # K &1.ß(+$ $�#�OÐM�.�&C��M+! / � (+-ä�1#%&82�#�¢+M��1.iM�- / #"!82�#�O®(+�1¥C#�!1*���� / �%¥C#%$'&NM�.�� #"!.����M�$�!j& (+*�! / #"! K M+!.$ / M
2��QOf(+�1¥jM�&1.ß(+$ 2�#%¢'.ß#%$'&C��� (�5�� #"! !1.�¢V#%¥C#%$'&j$'* /�/ # / (+� !d&'*�# / � (+$ ! #q�NM������ ( K ��#�2�� *�$�#�Of� (+$T&1.C"%� #A& (+� ( / (�5�.C&'*�#A2ä*
2�(+¥jM�.�$�#32��ÁM���� / . K M�&1.ß(+$1�

�;�«�;� ;����äOV7L# K & #%*�� !:2�#�2��QOf(+�1¥jM�&1.ß(+$62�# / ME�)#ÆM�*A2�� *�$A��� (�P / 2��ÁM�. / #���M��:M���� / . K M�&1.ß(+$62�� *�$�#�-)(�! ! #�2�#
Î:. K Sä!e��Î{#%$�$�#0-�.ß2ä.�¥C#%$�!1.ß(+$�$�# /�/ #%�

�+�ÁM�*�&1� #"!�& # K ��$�.C&'*�#"!C2�#q��M��NM�¥C�%&1�1.ß!NM�&1.ß(+$ 2�#q¥jM�. /�/ M�5V#�#Q/ä.ß!1& #%$T& K (+¥�¥C# / M62��QO®(+�1¥jM�&1.ß(+$ / .�-�� #¼Dd¢�Of� #"#
Of(+�1¥ 2�#QOf(+�1¥jM�&1.ß(+$Â¦VJQ$ / #A2��%� / M K #%¥C#%$T&l2ä.�� # K &j2�# / M6�)(�!1.�&1.ß(+$ 2�#"!�$ð!0*�2�!82�#�¥jM�. /�/ M�5V#A!1*��eOÐM K .C&'*�#%$L(+* / M
¥C�%&!��('2�#94Z�G> h @�,�� : #"! K (+¥���M��NM�.ß! (+$�!�2�# K #"!�M������ ( K ��#"!LÙÁ���#$%�Æ����Ú�2�(+$�$�#%$'& / �ÁM"¢�M�$T&NM�5V#�M�*0/ -)(�! ! #"!q2�#
ÎÒ. K S©!!��Î:#%$�$�#%�Å@�$l#Q�)#%&.$'# /�/ #"!w(+$'&w�%& �:!1�)� K .iM / #%¥C#%$T& K � �"�"#"!w� (+*�� / � (+��&1.�¥�.ß!NM�&1.ß(+$AM+�%� ('2ä¤©$�M�¥�.C&T*�#{2�#{! # K &1.ß(+$�!
2��ÁM�. / #"!Ò#%&�$�� K #"! !1.�& #%$'&,-)#ÆM�* K (+*��A¥C(+.�$�!,2�#0¢�M��1.iM�- / #"!X&T*1� *�$�#���M��NM�¥C�%&1�1.ß!NM�&1.ß(+$ K (+$�!1.ß2��%�NM�$'&:2ä.�� # K & #%¥C#%$T& / #"!
$ð!0*�2�!�2�#Ò¥jM�. /�/ M�5V#Ò!1*��eOÐM K .C&'*�#Ò#%&��)#%�1¥C#%&1& #%$T&�2��ÁM�&1& #%.�$�2ä� #{2�#"!bO®(+�1¥C#"! K (+¥�� / #Q/�#"!�& (+*�&�#%$»5TM��NM�$T&1.ß!N!NM�$T&w*�$�#
2��QOf(+�1¥jM�&1.ß(+$ / .ß! ! #RD[&NM�$V5V#%$'& #�$T* /�/ #�#%$�ÆÆ�%� (C#%&,*�$1$ K O!�V<Y.Y5�*�� #�;��Á¡�JQ�




�� á�FHG�IKJLI�M�N=G�I�O=PQPHRSJUTWV�I�XWRZY[Y\G]O^RZG�IK_`Mba'YUc�O^P�c�YdFHG�I�O=PeN'T\VdOfa^g^PHN=JLI�XWRZY[h�©iI�V\jkRSM

�;���±� ;Q�Y�Æ äO07L# K & #%*�� !:2�#�2��QO®(+�1¥jM�&1.ß(+$t2�# / ME�)#ÆM�*A2�� *�$�#3M�. / #���M��{M���� / . K M�&1.ß(+$t2�� *�$�#�-)(�! ! #�2�#�Î:. K Sä!e��Î{#%$�$�#
&1�1.ß2ä.�¥C#%$�!1.ß(+$�$�# /�/ #%�

�\�«Î��«® ÷UÉð¤
�S©\�È�'���K�Z�í¥�¢Ð�È�?���K�K�'ÕZ¢
: #"!o-)(�! ! #"!,M�.�$�! .)2��QP�$�.ß#"!,� #%�1¥C#%&1& #%$'&:2�# K M / K * / #%�,*�$ K ��M�¥��t2�#�2��QOf(+�1¥jM�&1.ß(+$�! *��eO®M K .C&'*�#02�#"!o��M�� (+.ß!,2ä*

¥jM�. /�/ M�5V#%��,w#%&1& #w2��QO®(+�1¥jM�&1.ß(+$�!1*��eOÐM K .C&T*�#w#"!1&	#%$�! *�.�& #���� (+��M�5V�"#oM�*�¥jM�. /�/ M�5V#�¢V( / *�¥�.C&'*�#%$�$�(+& � X $H#%$ *�&1. / .ß!NM�$'&
*�$�#0¥C�%&!��('2�#�¥�.\/©& #0#%$T&1� #�.�$T& �`5��NM / #3#%&�.�$'& #%�1� ( / M�&1.ß(+$t&1�NM�$�!eP�$�.ß#(Ù��� 0$Õ¡���Ú�� : M ¥C�%&!��(©2�#0.�$T& �`5��NM / #�#"!1& / M � / *�!K (�Ö�& #%*�! #{#%$j& #%¥���!w2�# K M / K * / $V¥jM�.ß! K � #"!1&�M�*�! !1. K # /�/ #�&T*�. K (+$�! #%�1¢V# / #,¥�.ß#%*0/ / M�&'*�M / .�& �:2ä*8¥jM�. /�/ M�5V#%�Õ@ /�/ #:#"!1&
*�&1. / .ß! �"#w� (+*���2��%� / M K #%� / #"!Y$ð!0*�2�!�2�#"!�Of� (+$T&1.C"%� #"!�2�# K ��M�&'*�#w- / ( K � : M:¥C�%&!��(©2�#o2�� .�$T& #%�1�)( / M�&1.ß(+$C&1�NM�$�!eP�$�.ß#�#"!1&
&1�d""!0�NM���.ß2�#%$)¥jM�.ß!{$�� K #"! !1.�& # / M K (+$�$�M�.ß! !NM�$ K #E��� �ÆM / M�- / #�2�#"!02��%� / M K #%¥C#%$T& !�2�#"!�O[� (+$'&1.C"%� #"!.�[@ /�/ #�#"!1&{*�&1. / .ß! �"#
� (+*��:2��%� / M K #%� / #"!o$ð!0*�2�!,.�$'& �%�1.ß#%*�� !{M�*0/l- / ( K !.�

4ãM��A�NM���� (+�1&M8 *�$�#�!1&1�NM�& �`5�.ß#�2�#I5V�%$��%�NM�&1.ß(+$ 2�#6¥jM�. /�/ M�5V#%$ / M 2��QO®(+�1¥jM�&1.ß(+$ 2�#6¥jM�. /�/ M�5V#�M � / *�!1.ß#%*�� !
M"¢�M�$T&NM�5V#"!.�oHd(+*�&,2��ÁM�-)(+� 2�$'. / #"!1&��)(�! !1.�- / #{2�# K M / K * / #%� / M�!N#%$�!1.�-�. / .�& �02ä*q¥jM�. /�/ M�5V#0��M����NM����)(+�1&ÒM�*0/8¢�M��1.iM�- / #"!
2�#�Of(+�1¥C#%$Hø Xø α

$©��M��o*�$�#0¥C�%&!��('2�#�M�$�M / ¤©&1.C&T*�#%�V�0#0� / *�!.$ / #0& #%¥���!�$�� K #"! !¶M�.�� #�8 / M�2��QO®(+�1¥jM�&1.ß(+$�#"!1&�.�$0O®�%�1.ß#%*��
M�*A& #%¥���!,$�� K #"!N!NM�.�� #�8 / M�5V�%$��%�NM�&1.ß(+$t2�� *�$�¥jM�. /�/ M�5V#cDf!1*��1& (+*�&Ò#%$ / �ÁM�-�!N#%$ K #�2�#�¥jM�. /�/ #%*��{M�*�& (+¥jM�&1.C&'*�#3JQ�
�\�«Î��«Î ù��K�ë�Ì���'�k���Z�Ø�H�	�ÈÉð©\��ú7�	¢

Ç:$�#�Of(+.ß! / #�¥jM�. /�/ M�5V# X(α) (+-�& #%$'*1$ / � � K (+* / #%¥C#%$T&l2ä*W¹�*�.ß2�#�M�*�& (+*��q2�# / M�$�(+*�¢V# /�/ #�O®(+�1¥C#A2�(+.�&»�%&1� #
!1.�¥3* / �%� : # K (©2�#�2�# K M / K * /+èQéëê!ì ÙY�3�3Ú{2��%¢V# / (+���)�A��M�� / �^]�2G@N>G� � �"! (+*�2 / #"!8�B&T*�M�&1.ß(+$�!82�#
20M"¢©.ß#%�e� h & (�SV#"!
¥C(Æ¤V#%$�$��"#"!(D®M������ ( K ��#�>A��2 h J��)(+*�� / MC! .�¥3* / M�&1.ß(+$t2�� � K (+* / #%¥C#%$'& ! K (+¥���� #"! !1.�- / #"!.����M�$�! / # K M+2ä� #�2�#�$�(+&1� #
&1�NM"¢�M�. / $ / #3¥C('2V" / #�2�#�&1*��1-�* / #%$ K # K ��(+.ß!1.d�)(+*�� K (+¥�� / �%& #%� / #�!1¤ä!1&d"%¥C#�#"!1& / #�¥C(©2V" / #32�# h ��M / M��1&e��� /�/ ¥jM��NM+!�8
*�$�#C�B&'*�M�&1.ß(+$1� : M�2ä.ß! K � �%&1.ß!NM�&1.ß(+$�2�# K #j!1¤©! &d"%¥C#�2�� �B&T*�M�&1.ß(+$�!�!.� #Q�)# K &1*�#C��M���*�$�#+O®(+�1¥3* / M�&1.ß(+$ ¢V( / *�¥C#+P�$�.
2�M�$�! / M�&'*�# /�/ # / #"!�.�$ K (+$�$'*�#"!Ò! (+$'&,M��)# K & �"#"!ÒM�*0/ K #%$T&1� #"!,2�#"! K # /�/ * / #"!Ò2�#{2ä.ß! K � �%&1.ß!NM�&1.ß(+$¼Ù �Õ�3Ú�� : #02�(+¥jM�.�$�#�2�#K M / K * / #"!1&,¥C(©2�� / .ß! �0��M��,*�$�¥jM�. /�/ M�5V#%$ X $�¥�* / &1.ß2�(+¥jM�.�$�#�!1&1�1* K &1*�� ����M��,- / ( K �

4Y(+*�� / M�2ä.ß! K � �%&1.ß!NM�&1.ß(+$ !1��M�&1.iM / #%$ / #�! K ���%¥jM�2�� K #%$T&1� ��2�#�>Ò(©#8#"!1&E*�&1. / .ß! �%�b�AP�$ 2�� �%& #%$�2ä� #M8 / � (+� 2ä� #A�K #A! K ���%¥jM0$ / M6¥C�%&!��('2�#
�sÇ h , : #%& / # / .�¥�.�& #%*��82��%�1.�¢+M�- / #A2�#�7�M�$k� / -�M+2�M�*�&1. / .ß!N�"!�� (+*��C#Q/ä&1�NM��)( / #%� / #"!
¹�*0/t2�#+>Ò(©#%� : #E! K ���%¥jMq2�#�� �"!N( / *�&1.ß(+$6$'*�¥C�%�1.C&T*�#E& #%¥��)(+� # / #"!1& / #�! K ���%¥jMa@�* / #%�0� �%&1� (�5��NM+2�#MD[.�¥�� / . K .�& #3JQ�h M�� �"! ( / *�&1.ß(+$ #"!1&l#Q�)# K &1*��"#���M�� / M�¥C�%&!��('2�# : ÇA� h�h ]�> Dd¢ : (3¤�#%�
Ç:��� #%� h ¤©¥�¥C#%&1�1. K h * K"K #"! !1.�¢V#¼]:¢V#%�
>Ò# / M�/�M�&1.ß(+$�¦VJQ�0�AP�$82��ÁM�¥C� / .ß(+� #%� / M3¢'.�& #"!N! #Ò2�# K (+$T¢V#%�!5V#%$ K #%$ / #"!�& # K ��$�.C&'*�#"!�¥3* / &1.Y5��1. /�/ #�#%&�2�#Ò��M+!�2�#:& #%¥���!/ ( K M / ! (+$T&Ò#%¥�� / (_¤V�"#"!.�: ME� �"!N( / *�&1.ß(+$t2�# K #�!1¤ä!1&d"%¥C#�2�� �B&'*�M�&1.ß(+$�!Ò2ä.ß! K � �%&1.ß!N�"#"!,2�(+$�$�# / #0¢V# K & #%*��Ò2�#"!Ò¢+M��1.iM�- / #"! K (+$�! #%�1¢+M�&1.�¢V#"!

W (α) = (ρ, ρUx, ρUy, ρUz, ρE). DE;��Y�3�%J
]:$A$�(+& # K #�!1¤ä!1&d"%¥C#�2ä.ß! K � �%&1.ß!N�

R
(

W (α),X(α)
)

= 0. DE;Q�Y�Æ¡�J
�\�«Î��ÓÒ §}�Z��������©k�²���D¢=�ï¢=�Z�Ü¢ª�ßÉªû'�²�����'�k���Z�í¥�¢=�b¤
�Z�	£f�k�K�Z�	�îü���©k�?ý��	Éð¢SÍÌ���S©����²�	£p¢?þ

: # K ��M�¥�� ¢V( / *�¥�.C&'*�#�2�# / � � K (+* / #%¥C#%$T&C$1� #"! & ��M+!E2ä.�� # K & #%¥C#%$'&j#Q/©� / (+.�&NM�- / #l��M��E*�$�(+��&1.�¥�.ß! #%*��.�b4Y(+*��
(+-�& #%$�.��,*�$�#�O®(+$ K &1.ß(+$�(+-ä�£# K &1.\O F (α) ! K M / M�.�� #%$�. / O®M�*�&�*�&1. / .ß! #%�:2�#"!U5��NM�$�2�#%*�� !,.�$T& �`5�� �"#"!A5��¶º K #�M�*�¥C('2ä* / #32�#
� (�! &e�Ð&1�NM�.�& #%¥C#%$T&.$

F (α) = F
(

W (α),X(α)
)

. DE;Q�Y�.��J




[Á

: # K (©2�#7ÿ B���� ÙÁ�0$��.�0$Ý�0�QÚ�2��%¢V# / (+��� �o��M�� / �^]�2�@N>G� #%¥�� / (+.ß#o*�$�#,M������ ( K ��# K ��M�¥��0� / (+.�$T&NM�.�$q�)(+*�� K M / K * / #%� / #"!K ('#Q£ K .ß#%$'& !�M+�%� ('2ä¤©$�M�¥�.C&'*�#"!{2�� *�$�M"¢©.ß(+$ O�&1�NM��ß$��"#�.�$�2ä*�.�& # Cdi
$�&1�NM��ß$��"# ¢©.ß!d&'*�#%*�! # Cdvp

$�&1�NM��ß$��"# 2�# K ��( K
Cdw

$©&1�NM��ß$��"#�2�#GO[� (+&1& #%¥C#%$'& Cdf
$'&1�NM��ß$��"#0��M��NM+! .�& # Cdsp

$'�)(+�1&NM�$ K # Cl #%&w¥C(+¥C#%$'& ! Cm � : # / .ß#%$A#%$T&1� # / #"!
¢+M / #%*�� !:2�#0&1�NM��ß$��"#"!Ò#%$tM������ ( K ��# K ��M�¥������ ( K ��#aD NF Jw#%& K ��M�¥�� / (+.�$'&NM�.�$�D FF J�#"! &.$

CdNF = (Cdp + Cdf )NF = (Cdvp + Cdw + Cdi + Cdsp + Cdf )FF , DE;Q�Á�� �J
2�� (�×1$

(Cdp)
NF = (Cdvp + Cdw + Cdi + Cdsp)

FF . DE;Q�Á�0�3J
: �ÁM������ ( K ��# K ��M�¥�� / (+.�$T&NM�.�$ ��M���¢V( / *�¥C#q2�� .�$'& �`5��NM�&1.ß(+$1$Y-�.ß#%$�&'*�#C� / *�! K (+¥�� / #Q/ä#%$ãMt2�#%*0/�M"¢�M�$T&NM�5V#"!E��M��
�NM���� (+�1&�8 / �ÁM������ ( K ��# K ��M�¥��A��� ( K ��#32�� .�$'& �`5��NM�&1.ß(+$I8 / M �)#ÆM�*bO

Û @ /�/ #�#"!1&8� / *�!q��� � K .ß! #t#%&q¥C(+.�$�!l! #%$�!1.�- / #�M�*0/ .�¥���� � K .ß!1.ß(+$�!l$'*�¥C�%�1.C&T*�#"!�2ä*�#"!�8�*�$ ¥jM�. /�/ M�5V#6&1� (+�
5�� (�! ! .ß#%�E#%&(8 / �ÁMH�£(+*�&E2�#l2ä.ß! !1.���M�&1.ß(+$ M��1&1.\P K .ß# /�/ # K M���# /�/ #j.ß!N( / # / #%*��E.�$0¹�*�#%$ K #q��M�� / M62��%& #%�1¥�.�$�M�&1.ß(+$
2�� *�$A& #%�1¥C#32�#�&1�NM��ß$��"#���M��NM+!1.�& # Cdsp

$
CdFF = Cdvp + Cdw + Cdi + Cdf

CdNF = CdFF + Cdsp
. DE;Q�Á����J

Û : M 2�� K (+¥��)(�!1.�&1.ß(+$ 2�# / M�&1�NM��ß$��"#�! # / (+$ ! #"!l2ä.�¢V#%� ! #"!�! (+*�� K #"!l�V�T¤ä!1.C&'*�#"!�M�.�$�!1.�&T*�# / � .ß2�#%$T&1.\P K M�&1.ß(+$
!1��M�&1.iM / #Ò2�#"!NÆÆ(+$�#"!L2�# K � �ÆM�&1.ß(+$q2�#o&1�NM��ß$��"#�5��¶º K #ÒM�*0/�¢V( / *�¥C#"!�2�� .�$T& �`5��NM�&1.ß(+$q� #%�1¥C#%&1& #%$'&wM�*0/ K (+$ K #%�0�
& #%*�� ! 2�#C¥�.ß#%*0/ K (+¥���� #%$�2ä� # / #���� ( K #"! !1*�!32�# K � �ÆM�&1.ß(+$ 2�#C&1�NM��ß$��"#8#%&EM�.�$�!1.�2��ÁM�¥C� / .ß(+� #%� / #"!�O®(+�1¥C#"!.�
4ãM��:#Q/�#%¥�� / #%$ / � �%¢V( / *�&1.ß(+$�2�# / M�&1�NM��ß$��"#�2�# K ��( K !N# / (+$ / � #%$T¢V#%�!5�*�� # #"!1&,*�$�#3.�$0Of(+�1¥jM�&1.ß(+$t���1.�¥C(+� 2ä.iM / #
�)(+*�� / M K (+$ K #%��&1.ß(+$t2�� *�$�#�M�. / #�#%& / � .�$T& �`5��NM�&1.ß(+$�2�� *�$�#�.�$�!1&NM /�/ M�&1.ß(+$t¥C(+&1�1. K #%�

,w# K (©2�#Ò#"! &wM�*�! !1. K M���M�- / #:2�# K M / K * / #%� / #"!w! #%$�!1.�-�. / .�& �"!w2�# / MFO®(+$ K &1.ß(+$q(+-ä�1# K &1.\O���M����NM����)(+�1&�M�*8¥jM�. /�/ M�5V#%$
∂F
∂X

$�#%&o��M��,�NM����)(+�1&:M�*0/q¢�M��1.iM�- / #"! K (+$�!N#%�1¢+M�&1.�¢V#"!.$ ∂F
∂W

$�$�� K #"! !¶M�.�� #"!ÒM�* K M / K * / 2�#F5��NM+2ä.ß#%$'&.�
�\�«Î��«× Ê]û?�²�K���'�k���³�Ý¥Ì�ÝÕS©k�²¥	�K¢^�³�

4 / *�!1.ß#%*�� !Ò¥C�%&!��('2�#"!:#Q/©.ß! & #%$T&,�)(+*�� K M / K * / #%� / #�5��NM+2ä.ß#%$'&.$ ∇F (α) �
>�´ ~ ´i�?´ } P QT^3À ���Y
6�	
 g � X���Q �H
 WdS 
 g���W	X 
 g

: M:� / *�!Y!1.�¥�� / #�#%& / MÒ� / *�!	*�&1. / .ß!N�"#�#"!1& / MÒ¥C�%&!��('2�#w2�#"!ã2ä.\�)�%� #%$ K #"!_P�$�.ß#"!ã2�� (+� 2ä� #w*�$1$H#"!1&1.�¥jM�$'& / #'5��NM+2ä.ß#%$'&
��M�� / #"!o&NM�*0/A2��ÁM K"K � (+.ß! ! #%¥C#%$'&.$

∂F (α)

∂αj
=

F (α + δαj) − F (α)

δαj
. DE;Q�Á�%��J

,w#%&1& #o¥C�%&!��(©2�#,#"!1&L#Q/ä&1�d�%¥C#%¥C#%$T& K (�Ö�& #%*�! #o��*�.ß!d&'*1� # /�/ #o$�� K #"! !1.�& # / # K M / K * / 2�# nα +1 � K (+* / #%¥C#%$T& !.�Õ�{#,� / *�!.$
!NM ��� � K .ß!1.ß(+$6#"!1&UOf(+�1& #%¥C#%$'& / .ß�"#3M�* K ��(+.\/A2ä*���M+!Ò2�#�2ä.\���%� #%$ K #"!�P�$�.ß#"! δαj

�
>�´ ~ ´i�?´i
 P QT^3À ���Y
6�	
 e � QT^ÆUä^jU �ªµ"� XfW ^ � X[gÆS �H
 ^

,w#%�1&NM�.�$�#"!	¥C�%&!��('2�#"!YM�$�M / ¤'&1.C&'*�#"!@�)#%�1¥C#%&1& #%$T&Y2�# K M / K * / #%� / #?5��NM+2ä.ß#%$'&?8w*�$ K (�Ö�&d.�$�2��%� #%$�2�M�$'&Y2ä*�$�(+¥�-�� #
2�#�¢�M��1.iM�- / #"!.�o�:.�$�!1.Þ$ / M�¥C�%&!��('2�#�2�#32ä.\���%� #%$T&1.iM�&1.ß(+$�M�*�& (+¥jM�&1.C&T*�#�#%$�¥C(©2�#�.�$T¢V#%� !N#3�)#%�1¥C#%&:2�# K M / K * / #%�{*�$
5��NM+2ä.ß#%$T&Y� (+*��	*�$ K (�Ö�&d¥jM�/ä.�¥jM / 2�# K .�$#& K M / K * / !	2�#NOf(+$ K &1.ß(+$�!�ÙÁ¡�¡�Ú��.Hd(+*�& #QO®(+.ß!.$ K #%&1& #L¥C�%&!��(©2�#�#"!1&d��� (���.�-�.�&1.�¢V#
2�� *�$A�)(+.�$T&Ò2�#�¢©*�#0¥C�%¥C(+.�� #%�

��M�$�! èQéëê!ì $©*�$�#0M�*�&1� #{¥C�%&!��('2�#�2�(+$'& / # K (�Ö�&�#"!1&�.�$�2��%� #%$�2�M�$'&,2ä*l$�(+¥3-�� #�2�#:¢+M��1.iM�- / #"!,M��%& �{� #%& #%$T*�#�O/ M6¥C�%&!��('2�#�2�# / � �%&NM�&jM+2��1(+.�$T&82ä.ß! K � #%&MÙ��%�0$Q�� �Ú��b@ /�/ #l$�� K #"! !1.�& # / M6� �"! ( / *�&1.ß(+$ 2�� *�$ !1¤ä!1&d"%¥C#l��M��+O®(+$ K &1.ß(+$�!
�%&1*�2ä.ß�"#"!.$�! (+.�& nF +nG

!1¤ä!1&d"%¥C#"!�M�*�& (+&NM / $+.�¥�� / .C&T*�M�$'& / M / .�$��ÆM��1.ß!NM�&1.ß(+$j2ä*C!1¤ä!1&d"%¥C#�2ä.ß! K � �%&1.ß! ��2�#"!��B&'*�M�&1.ß(+$�!
2�#�2{MÆ¢'.ß#%�e� h & (�SV#"!Ò��M��o�NM���� (+�1&ÒM�*0/q¢+M��1.iM�- / #"! K (+$�! #%�1¢+M�&1.�¢V#"!Ò� (+*�� / # K M / K * / 2ä*�& #%�1¥C# ∂R

∂W
�04	(+*�� K #�OÐM�.�� #%$ä. /

O®M�*�& K M / K * / #%� / #�¢V# K & #%*��:M+2��1(+.�$T& λ $�! ( / *�&1.ß(+$�2ä*A! ¤©!1&d"%¥C# / .�$��ÆM�.�� #

λt ∂R

∂W
= −

∂F

∂W
(+* λt = −

∂F

∂W

(

∂R

∂W

)−1

. DE;Q�Á���ÕJ




 ¶ á�FHG�IKJLI�M�N=G�I�O=PQPHRSJUTWV�I�XWRZY[Y\G]O^RZG�IK_`Mba'YUc�O^P�c�YdFHG�I�O=PeN'T\VdOfa^g^PHN=JLI�XWRZY[h�©iI�V\jkRSM

,w(+¥�¥C# ∀α,R(W,X) = 0 DE@'&T*�M�&1.ß(+$I;��Y�Æ¡�JQ$�. / ¢©.ß#%$T&

∇R(W,X) =
∂R

∂W

2 W2 α
+

∂R

∂X

2 X2 α
= 0. DE;Q�Á�%��J

h (+.�&.$
2 W2 α

= −

(

∂R

∂W

)−1 ∂R

∂X

2 X2 α
. DE;Q�Á����J

]:�.$ / #F5��NM+2ä.ß#%$T&{� # K ��#%� K ���3#"!1&
∇F (α) =

∂F

∂X

2 X2 α
+

∂F

∂W

2 W2 α
, DE;Q�Á���%J

K (+¥���& #�& #%$'*�2�# / � �B&'*�M�&1.ß(+$
;��Á���0$

∇F (α) =
∂F

∂X

2 X2 α
−

∂F

∂W

(

∂R

∂W

)−1 ∂R

∂X

2 X2 α
. DE;Q�Á��¡�J

<Y.�$�M / #%¥C#%$T&.$ / #F5��NM+2ä.ß#%$T& K M / K * / �3��M�� / ME¥C�%&!��(©2�#�2�# / � �%&NM�&{M+2��1(+.�$T&Ò#"! &

∇F (α) =
∂F

∂X

2 X2 α
+ λt

(

∂R

∂X

2 X2 α

)

. DE;Q�Á�%��J
: # K M / K * / 2�#F5��NM+2ä.ß#%$'&,��M�� / M ¥C�%&!��(©2�#�2�# / �ÁM+2��£(+.�$'&Ò2ä.ß! K � #%&UOÐM�.�&�.�$T& #%�1¢V#%$�.��Ò*�$ K M / K * / 2�#�!N#%$�!1.�-�. / .�& ����M��

2ä.\�)�%� #%$ K #"!'P�$�.ß#"!L�)(+*�� / #o& #%�1¥C# ( ∂R
∂X

ø Xø α ) ��4	(+*�� / M / .�$��ÆM��1.ß!NM�&1.ß(+$l2ä*(¹�*0/�¢'.ß!¶&T*�#%*0/�$�(+$C*�&1. / .ß! #o*�$�#{M������ ( K ��#
¢ K (+* K ��#�¥�.�$ K #M¦b� (+*��E$��`5 / .Y5V#%� / #"!E& #%�1¥C#"!�2�#l2��%�1.�¢�M�&1.ß(+$ K � (+.ß! �"#�#%&E*�$�#lM������ (./©.�¥jM�&1.ß(+$ 2ä.�& #�2�#L¢ µtP#5V�F¦�$ K (+$�! .ß2��%�NM�$T& / #"!w.�$ K (+$�$T*�#"!�2��%& #%�1¥�.�$��"#"!���M�� / #Ò¥C('2V" / #{2�#:&1*��1-�* / #%$ K #:.�$�2��%�)#%$�2�M�$T& #"!o2�#"!�¢�M��1.iM�&1.ß(+$�!
2�#�O®(+�1¥C#æÙ�����Ú�� : M���� � K .ß!1.ß(+$ 2ä* K M / K * / 2�#M5��NM+2ä.ß#%$'&q��M�� K #A! ( / ¢V#%*���M+2��£(+.�$'&qMb�%& ���%&NM�- / .ß#æÙÁ¡0$"¡��0$Æ¡��Å$B�%��Ú
��M��{2�#"! K (+¥���M��NM�.ß! (+$�!�#%$'&1� #65��NM+2ä.ß#%$'& ! K M / K * / �"!:��M��:&1� (+.ß!{¥C�%&!��('2�#"!{2ä.\�)�%� #%$'& #"!RDf�%&NM�&0M+2��1(+.�$T&.$ 2ä.\���%� #%$ K #"!
P�$�.ß#"!�#%& �B&T*�M�&1.ß(+$ / .�$��ÆM��1.ß! �"#3J�!1*���2ä.\���%� #%$T& ! K M+!32�#j¢+M / .ß2�M�&1.ß(+$�!�D®���+$_���+$@$�(+$0�Ð¢©.ß!d&'*�#%*0/b#%&3¢©.ß!d&'*�#%*0/#JQ�1; /
!.�ÁM"¢�"%� #6&T*�#�!1*�� / #"! K M+! / #"!o� / *�! K (+¥�� / #Q/�#"!�Df� K (+* / #%¥C#%$'& !Ò¢©.ß!d&'*�#%*0/8&1�NM�$�! ! (+$�.C&'*�#"!�JQ$ / � #%�1� #%*��:#"!1&,2�# / � (+� 2ä� #
2�#�&'*�# / &'*�#"!Ò�)(+*�� K #%$T& !.� : # !1¤ä!1&d"%¥C#�M+2��1(+.�$T&�#"!1&:� �"! ( / *�#%$t*�&1. / .ß!NM�$'& / Mj¥R�%¥C#�¥C�%&!��('2�#E2�#�� �"!N( / *�&1.ß(+$9&'*�#/ #�! ¤©!1&d"%¥C# 2ä.�� # K &.$�8 / � #Q/ K #%��&1.ß(+$�2�#"!{& # K ��$�.C&'*�#"!�2��ÁM K"K � / �%�NM�&1.ß(+$�2�# K (+$'¢V#%�!5V#%$ K #%� h . / � (+$t$��`5 / .Y5V# / # & #%¥���!
2�# K M / K * / $�� K #"! !NM�.�� #�M�*0/ K M / K * / !o2�#"!o! #%$�! .�-�. / .�& �"! ∂F

∂X
#%& ∂F

∂W
$ / #{& #%¥���!o2�# K M / K * / $�� K #"! !NM�.�� #�8 / M�� �"! ( / *�&1.ß(+$

2�# / � �B&T*�M�&1.ß(+$ M+2��£(+.�$'& #æDE@N&'*�M�&1.ß(+$�;��Á���ÕJ���M�� / M6¥C�%&!��(©2�#	��

���
��� #"! &E#%$'¢'.�� (+$ .ß2�#%$T&1.C&'*�#�M�*�& #%¥���!C2�#K M / K * / 2�� *�$l� K (+* / #%¥C#%$T&,!N#%* / DE@N&'*�M�&1.ß(+$�;��Y�Æ¡�JQ$ K M�� / #:! K ���%¥jM3.�¥�� / . K .�& #02�#,� �"! ( / *�&1.ß(+$�2�#"!w�B&T*�M�&1.ß(+$�!�� ì�� �
.�¥�� / .C&T*�# / # K M / K * / 2�# / ME! #%$�! .�-�. / .�& � ∂R

∂W
�

�\�«Î��«Ú �u�	¢^�KúH��¢=�u£\ÖÌ����©k¢=�
,w(+$ K �d"%& #%¥C#%$T&.$ / #"!L¥jM�. /�/ M�5V#"!�M�*+�1(+*�� 2�� �T*�. *�&1. / .ß! �"!�#%$C��� ('2ä* K &1.ß(+$l! (+$'& K (+$�!1&1.�&1*��"!w2�#,� / *�!1.ß#%*�� !�2ä.YÆ_M�.�$�#"!

2�#o¥�. /�/ .ß(+$�!w2�#o� (+.�$'& !L� �%��M��1&1.ß!w#%$C� / *�!1.ß#%*�� ! K #%$T&NM�.�$�#"!w2�#o- / ( K !3����M�$�! / # K M+2ä� #:2�# K #%&1& #o&!�#""! #%$ / M�5V�"(+¥C�%&1�1.ß#/ M�� / *�! K (+¥�� / #Q/ä#8&1�NM�.�& �"#9D K Oe� K ��M���.�&1� #�;�7�J0#"!1&�*�$b¥jM�. /�/ M�5V#�8A! #%��&�¥�. /�/ .ß(+$�!E2�#C$ð!0*�2�!�D nX = 7 × 106 J
2�� *�$�# K (+$0P#5�*��NM�&1.ß(+$�O[*�!N# / M�5V#LM�. / #L.�$�!1&NM /�/ M�&1.ß(+$�¥C(+&1�1. K #�$�� K #"! !1.�&NM�$'&	!1.\/F��#%*�� #"!d2�# K M / K * / !1*����T*�.�&	��� ( K #"!N! #%*�� !
�G�I�¾]:��& #%� (+$6����� K M+2�#%$ K �"!�8C�0�Á�R*��VÆ��)(+*��,#Q�)# K &1*�#%�0¡� �  .�& �%�NM�&1.ß(+$�!.�

�AP�$b2�� �%¢'.�& #%� / #"!��)(�! !1.�- / #"!��V���%$�(+¥R"%$�#"! 2�� �T¤ä!1& �%� �"!1.ß!.$YM�* K *�$�#�� #%���1.ß! #j$1� #"!1&�#Q�)# K &1*��"#j� (+*��3.�$�.�&1.iM / .ß! #%�/ # K M / K * / 2�# / � � K (+* / #%¥C#%$T& !1*�� / M»Of(+�1¥C# K (+*��NM�$'& #sD αk
JÒ��M�� / � � K (+* / #%¥C#%$T& !1.�¥3* / �j!1*�� / McOf(+�1¥C#E��� � K �"2�#%$'& #

D αk−1
JQ�',w(+¥�¥C# / #q& #%¥���!�2�# K M / K * / $�� K #"! !NM�.�� #�8 / �ÁM / 5V(+�1.�&!��¥C#A2�� (+��&1.�¥�.ß!NM�&1.ß(+$ #"!1&E$��`5 / .Y5V�%$ / M62ä*�� �"#�2ä*

��� ( K #"!N!1*�!�2�� (+��&1.�¥�.ß!NM�&1.ß(+$l2��%�)#%$�2 / .�$��ÆM�.�� #%¥C#%$T&o2ä*8& #%¥���!L$�� K #"! !NM�.�� #�8�*�$�#o*�$�.C&'*�#Ò! .�¥3* / M�&1.ß(+$q$T*�¥C�%�1.C&'*�#%�
�	¢V# K / �ÁM�*V5�¥C#%$'&NM�&1.ß(+$ 2�# / Mb&NM�. /�/ #�2�#"!j¥jM�. /�/ M�5V#"!l*�&1. / .ß!N�"!q#%$ ��� (©2ä* K &1.ß(+$1$ / M�! #%$�!1.�-�. / .�& ��2ä* ¥jM�. /�/ M�5V#

��M��E�NM���� (+�1&�M�*0/b��M��NM�¥R"%&1� #"!C2�#»Of(+�1¥C#"!3$�ø Xø α
$	#"! &�2�#%¢V#%$T*�#l*�$�# / .�¥�.�&NM�&1.ß(+$�2ä* ��� ( K #"!N!1*�!�2�� (+��&1.�¥�.ß!¶M�&1.ß(+$

��M���5��NM+2ä.ß#%$'&.�b@�$ #Q�)#%&.$ / MA¥C�%¥C(+.�� #q$�� K #"! !¶M�.�� #j�)(+*���!1& ( K SV#%� K #j& #%�1¥C#q! *�� / � .�$T& �`5��NM / .�& ��2ä* ¥jM�. /�/ M�5V#l#"!1&
�B&T*�.�¢�M / #%$T& #s8�M�*�&NM�$T&j2�#l¥jM�. /�/ M�5V#"!c&T*�#l2�#l¢�M��1.iM�- / #"!C2�#aOf(+�1¥C#¼D nX × nα

JQ�b4Y(+*��C*�$�¥jM�. /�/ M�5V#
8 nX =
100 × 106 $ð!0*�2�!Ò( K"K *���M�$T&Ò#%$'¢'.�� (+$62�#%*0/�5�.Y5TM��Õ( K & #%& !Ò2�#0¥C�%¥C(+.�� #%$ / #�& #%�1¥C#�2�#�!N#%$�!1.�-�. / .�& ����M��,�NM����)(+�1&G8




 y

K #%$T&o¢�M��1.iM�- / #"!o2�#XO®(+�1¥C#{� #B&T*�.ß#%�1&o#%$'¢'.�� (+$A2�#%*0/ K #%$T& !U5�.Y5TM��Õ( K & #%& !o2�#:¥C�%¥C(+.�� #%�V�I�%¥C#0!1. K #Ò& #%�1¥C#0$1� #Q/ä.ß!1& #
#%$�� �ÆM / .�& �R&'*�#E� (+*���*�$�# / .ß!1& #�2�#E- / ( K !�.�¥���M K & �"!���M�� / #"!0¢�M��1.iM�&1.ß(+$�!32�#�O®(+�1¥C#%$�. / $�� K #"! !1.�& #C*�$�#"!1��M K #C2�#
!1& ( K S�M�5V#Ò.�¥��)(+�1&NM�$T&o2V""! / (+� !�&'*�# / M65V�"(+¥C�%&1�1.ß#0�%&1*�2ä.ß�"#:#"!1&�&1�1.ß2ä.�¥C#%$�!1.ß(+$�$�# /�/ #�#%& / #:$�(+¥3-�� #02�#Ò¢+M��1.iM�- / #"!�2�#
Of(+�1¥C#�.�¥�� (+�1&NM�$'&.�
�\�«Î���� ÔL�KÕS�S©\���kÖ	�È¢î¥�Ñ`�S���k�K�������'�k���³�

Î:.ß!1& (+�1.C&T*�#%¥C#%$'&.$ / #"!L��� #%¥�.C"%� #"!�(+��&1.�¥�.ß!NM�&1.ß(+$�!w$T*�¥C�%�1.C&'*�#"!w��M���Î:. K Sä! è s q�é�� Ù �%�#$Ý����Ú #%¥�� / (Æ¤�"%� #%$'& / �ÁM / 5V(��
�1.�&!��¥C#o2�#�2�#"! K #%$T& #w��M��?5��NM+2ä.ß#%$T&���� ��� @ � ÙY�%�.��Ú�#%& K #�&Õ¤©� #�2��ÁM / 5V(+�1.�&!��¥C#o#"!1&ã& (+*+�1(+*�� ! / M��!5V#%¥C#%$T&L#%¥�� / (_¤V�
2�M�$�! / M K (+¥�¥3*�$�M�*�& �:! K .ß#%$T&1.\Oä&'*�#�ÙY�.�0$T�%�0$Ý�%�0$`���0$`¡��0$[¡��#$`¡%��Ú�� : M / .�-��NM�.��1.ß#,2�� (+��&1.�¥�.ß!NM�&1.ß(+$8*�&1. / .ß! �"#o2�M�$�!�]�4NHYM��/ .C� #"!1&! "�$#¾ÙY�%�`��Ú�$�*�$�#��%¢V( / *�&1.ß(+$�2�# / M / .�-��NM�.��1.ß#%��� �!� @ � �o,w#"!:M / 5V(+�1.�&!��¥C#"!{2�� (+��&1.�¥�.ß!NM�&1.ß(+$ / ( K M / #�! (+$'&
& (+*+�£(+*�� !oM������ � K .ß�"! K M���. / ! K (+$'¢V#%�!5V#%$T&o&1�d""!w�NM���.ß2�#%¥C#%$T&.�0; / !�!N(+$T&w&1�d""!w#Q£ K M K #"!�#%$q& #%�1¥C#:2�� #Q/ä� / (+.�&NM�&1.ß(+$1$�M�*
2��%&1�1.�¥C#%$T&,2�# / #%*�� K M���M K .�& �02�� #Q/ä� / (+�NM�&1.ß(+$1�V; / !�$�� K #"! !1.�& #%$'&w�)#%*l2�� �%¢+M / *�M�&1.ß(+$�!o2�# / M�O®(+$ K &1.ß(+$ K #G&'*�.��)#%�1¥C#%&
2�# / .�¥�.�& #%� / M�2ä*�� �"#�2�# / � (+��&1.�¥�.ß!NM�&1.ß(+$1�o��.ß#%$�&'*�#02�#%��*�.ß! / #"!w��� #%¥�.C"%� #"!,(+��&1.�¥�.ß!NM�&1.ß(+$�!,2�#GO®(+�1¥C#"!,M+�%� ('2ä¤©$�M��
¥�.C&T*�#"! / M8��*�.ß! !¶M�$ K # 2�#"!�(+� 2ä.�$�M�& #%*�� !�M K (+$�! .ß2��%�NM�- / #%¥C#%$T& M�*V5�¥C#%$'& �%$ / # & #%¥���!�2�# K M / K * / #"! &{& (+*+�1(+*�� ! / M
���1.�$ K .���M / # / .�¥�.�&NM�&1.ß(+$62�# / � (+��&1.�¥�.ß!NM�&1.ß(+$1�

@�$EM+�%� ('2ä¤©$�M�¥�.C&T*�#%$ / M���� � K .ß!1.ß(+$ 2�# / M�¥C(©2�� / .ß!NM�&1.ß(+$�!1.�¥�* / M�$T& / � � K (+* / #%¥C#%$T&ã�%¢V( / *�#�MÆ¢V# K / #"! K M���M K .�& �"!Y2�#K M / K * / !XÙ���¡�Ú�� : #w& #%¥���!�2�#w� #"!1&1.�&1*�&1.ß(+$C2�� *�$�#o!1.�¥3* / M�&1.ß(+$�$'*�¥C�%�1.C&T*�#,� #"!1& #�5��NM�$�2 #%$�2��%��.�&L2�# / �ÁM�*V5�¥C#%$T&NM�&1.ß(+$
2�#"!��)#%�eOf(+�1¥jM�$ K #"!�.�$0O®(+�1¥jM�&1.C&'*�#"!.���:.�$�!1.Þ$ / #"!L!1.�¥3* / M�&1.ß(+$�!�$T*�¥C�%�1.C&'*�#"!�2�� � K (+* / #%¥C#%$'& !��)(+& #%$T&1.ß# / !�*�&1. / .ß! �"#"!L#%$K (+$ K #%��&1.ß(+$t2��%&NM�. /�/ �"#�2�M�$�! / #"!,M�$�$��"#"!:¡� 6O[*�� #%$'&,� #%¥�� / M K �"#"!,��� (�5�� #"!N!1.�¢V#%¥C#%$T&:��M��,2�#"!,!1.�¥3* / M�&1.ß(+$�!:2�� � K (+*0�/ #%¥C#%$T& !�¥C(©2�� / .ß! �"!w��M�� / #"!w�B&'*�M�&1.ß(+$�!�2�� @�* / #%����*�.ß!w��M�� / �ÁM������ ( K ��#$� ì�� ���Å@�&.$©(+$l� #%*�&w.�¥jM�5�.�$�#%��&T*�#{2�M�$�!
&T*�# / &'*�#"!�Df2ä.YÆ_M�.�$�#"!�&�J�M�$�$��"#"!.$ / M�!1.�¥3* / M�&1.ß(+$�2�#:& (+*��1-�. /�/ (+$�!o2��%&NM K ���"!�Dd¢6�{#%&NM K ��#"2�@L2�2ä¤ h .�¥3* / M�&1.ß(+$s¦VJ�(+*/ M0!1.�¥3* / M�&1.ß(+$lM�*0/�5��NM�$�2�#"!�� K ��# /�/ #"!�Dd¢ : M��!5V#X@L2�2ä¤ h .�¥3* / M�&1.ß(+$�¦VJY! #%�NM0#%¥�� / (Æ¤V�"#:#%$���� ('2ä* K &1.ß(+$j��M�� / #"!�.�$0�
2ä*�!1&1�1.ß# / !.�%�0# / M:¥R�%¥C#�¥jM�$�.C"%� #%$ / M�5V�"(+¥C�%&1�1.ß#,#"!1&�2�#w� / *�!L#%$E� / *�!?P�2V" / #X8 / M:� �ÆM / .�& �U5��¶º K #A8 / �ÁM�*V5�¥C#%$T&NM�&1.ß(+$
2ä*A$�(+¥3-�� #�2�#0$ð!0*�2�!Ò2�#�¥jM�. /�/ M�5V#%�: MA���NM�&1.C&T*�#8¥C(+$T&1� #a&T*�# / #"!���� (+- / "%¥C#"! *�!1*�# / !3#%$ M+�%� ('2ä¤©$�M�¥�.C&'*�#j��� �"! #%$'& #%$T&E2�#C$�(+¥�-�� #%*0/�(+��&1.�¥jM/ ( K M�*0/bM�*0/V&T*�# / ! / #"!�M / 5V(+�1.�&!��¥C#"!E2�� (+��&1.�¥�.ß!NM�&1.ß(+$ / ( K M / #j$�#��)#%*�¢V#%$T&3��M+!�� K ��M����)#%�.�_@L$�#Q��#%&.$ / M��)(�!1.�&1.ß(+$
#%& / � .�$T& #%$�!1.�& ��2ä* K ��( K ��� �"! #%$'&,!1*�� / � #Q/©&1�NM+2�(�!o2�� *�$�#0¢V(+. / *�� #�#%$l� �`5�.�¥C#�2�� � K (+* / #%¥C#%$'&,&1�NM�$�! ! (+$�.C&'*�#0¢+M��1.ß#%$'&
Of(+�1& #%¥C#%$'&CM"¢V# K / #"!�¥C(©2ä.\P K M�&1.ß(+$�! 2�#(Of(+�1¥C#82�# / � #Q/ä&1�NM+2�(�!.$d¥R�%¥C# / (+� !d&'*1� # /�/ #"!�! (+$'&�2�#RO®M�.�- / #qM�¥�� / .�&1*�2�#%�
��M�$�! K #"! K (+$�2ä.�&1.ß(+$�!.$ / M(&'*�M / .�& �32�# / MC! ( / *�&1.ß(+$6(+-�& #%$T*�#���M��,*�$�#3(+��&1.�¥�.ß!NM�&1.ß(+$ / ( K M / #�2��%� #%$�2t2�# / M+O®(+�1¥C#
.�$�.�&1.iM / # K ��(+.ß!1.ß#%�
�\�«Î���' (L¢^���k���Z�í¥Ì�í�	©k��£p¢^�D�D�	�ß¥�ÑÓ�S�	�k�K���K���'�k���Z�

: � (+��&1.�¥�.ß!NM�&1.ß(+$A#"! &�*�$q��� ( K #"! ! *�!�M�*�& (+¥jM�&1.C&'*�#�t'. / OÐM�*�&�2�(+$ K &T*�# K ��M�&'*�#{� / �%¥C#%$'&o(+*j¥C(©2ä* / #Ò.�¥�� / .C&'*��
! (+.�&�!1*0£j!NM�¥�¥C#%$'& � (+-�*�! & #8�)(+*��(�%&1� #8#Q/�� K *�& �l!NM�$�! .�$T& #%�1¢V#%$'&1.ß(+$ 2�# / � *�&1. / .ß!NM�& #%*��MD[¥C('2�#¼¢A-�M�& K �k¦VJQ� : #/ (�5�. K .ß# / ]�4NHYM / .C� ! # K ��M��!5V#�2�#b5V�%� #%� / � #Q/ä� K *�&1.ß(+$ !1* K"K #"! !1.�¢V#�2�# K ��M K *�$E2�#"!@¥C(©2ä* / #"!d#%& / � � K ��M�$V5V#�2�#�2�(+$�$��"#"!
#%$T&1� # K #"!o¥C('2ä* / #"!3� h *�� / M�P#5�*�� #�;Q�^�Å$ / #"!,2�(+$�$��"#"!Ò2�#3! (+�1&1.ß#�2�# K ��M K *�$62�#"!o¥C(©2ä* / #"!Ò! (+$'&o� #%��� �"! #%$T& �"#"!.�
v?w*) vp3�:=zH>,+7:Ý�51��e�=<ç>.- 8�471��e�]1/>?zH�Æ.�35�=1

7{.ß!e�=8��Ð¢'.ß!o2�# / � (+��&1.�¥�.ß!N#%*��.$�. / M�����M��NM��ß&Ò!1*�� / M�P#5�*�� #�;Q�^�3*�$A� / �%¥C#%$T&,¢©.��1&1*�# / $ / � �%¢+M / *�M�& #%*��.$�&T*�.)� #`5�� (+*��)#/ #"!�� / �%¥C#%$'& !�#%$'& (+*�� �"!�#%$8� (+.�$'&1. /�/ �%�Å,w#%&�� / �%¥C#%$'&w#"!1&�#%$C� �ÆM / .�& �,*�$C��� ( K #"! !1*�!�#%$ / *�.\�Ð¥R�%¥C# K ��M��!5V�Ò2�� �%¢�M / *�#%�/ M�O®(+$ K &1.ß(+$E(+-ä�£# K &1.\O�#%$ *�$�#�#%$'&1� �"#w2�(+$�$��"#w#%$�#Q/�� K *�&NM�$T&ã$�(+&NM�¥�¥C#%$'& / #�! ( / ¢V#%*�����M�*�& #Q�äP�2�� / .�& � èQé^êdì �%,w(+¥�¥C#
!1.Y5�$�.\P���#%$�! # K &1.ß(+$L;����0�Á�0$ / # K (�Ö�&�2�� *�$�& # / �%¢+M / *�M�& #%*�� / .�¥�.�& # / #"!�(+��&1.�¥�.ß!¶M�&1.ß(+$�!�#%$T¢©.ß!NM�5V#ÆM�- / #"!»D K O!�[;����0�^�8#%&
;��Á��JQ�V�:.�$�!1.Þ$ / #"!o!1*��eOÐM K #"!�2�#0� �%� (+$�! #0! (+$'&,#%¥�� / (Æ¤V�"#"!:#%$l(+��&1.�¥�.ß!¶M�&1.ß(+$A� (+*��o!1*�-�! &1.�&1*�#%�A8 K #%&o�%¢�M / *�M�& #%*��,*�$
¥C('2V" / #�M������ ( K ��� �)#%* K (�Ö�& #%*0/I88�%¢�M / *�#%�.�Z@L$6#Q��#%&.$ / M8!1*��eOÐM K #�2�#�� �%�)(+$�! #3��� �"2ä.�&0*�$�#6Of(+$ K &1.ß(+$ F (α) ! *��
& (+*�& / #�2�(+¥jM�.�$�#�2�� �%&1*�2�#�8 ��M��1&1.��Ò2�� *�$�#�-�M+! #32�#�2�(+$�$��"#"!Ò2�� � K ��M�$'&1. /�/ (+$�!02�#�!1.�¥3* / M�&1.ß(+$�!Ò$T*�¥C�%�1.C&'*�#"!.�: #"!�!1*��eOÐM K #"!Y2�#�� �%�)(+$�! #w! (+$T&�M�*�! !1.�M����)# / �"#"!	¥C�%&NM�¥C(©2V" / #"! / (+� !d&'*�# / MXO®(+$ K &1.ß(+$ ¥C(©2�� / .ß! �"#�#"!1&Y# /�/ #Q�Ð¥R�%¥C#
.ß! !1*�#�2�� *�$CM�*�&1� #�¥C('2V" / #%��]:$�2ä.ß!1&1.�$V5�*�#%�NM02�M�$�! K #%&1& #w&!�#""! # / #"!�!1*��eOÐM K #"!ã2�#�� �%�)(+$�! # / ( K M / #"!�2�(+$T& / #�2�(+¥jM�.�$�#



~oß á�FHG�IKJLI�M�N=G�I�O=PQPHRSJUTWV�I�XWRZY[Y\G]O^RZG�IK_`Mba'YUc�O^P�c�YdFHG�I�O=PeN'T\VdOfa^g^PHN=JLI�XWRZY[h�©iI�V\jkRSM

2�#{¢+M / .ß2ä.�& ��#"!1& / .�¥�.�& ��83*�$q¢V(+.ß! .�$�M�5V#�2�#"!�� (+.�$'& !o2�# K (+$�! &1�1* K &1.ß(+$A#%& / #"!�!1*��eOÐM K #"!o2�#{� �%� (+$�!N#A5 / (+-�M / #"!,2�(+$'&/ #�2�(+¥jM�.�$�#�2�#�¢�M / .ß2ä.�& ��#"!1& K (+$0O®(+$�2ä*tMÆ¢V# K / #�2�(+¥jM�.�$�#32�� �%&1*�2�#%�: � .�¥�� / �%¥C#%$'&NM�&1.ß(+$l2�#o! *��eO®M K #"!L2�#�� �%�)(+$�! #,2�M�$�! / M K ��M��ß$�#,2�� (+��&1.�¥�.ß!NM�&1.ß(+$8��M��N5��NM+2ä.ß#%$T& !U]�4NH	M / .C� �)#%*�&
2�� *�$�#o��M��1&.$TM�¥C� / .ß(+� #%�w!NM K M���M K .�& �Ò2�� #Q/ä� / (+�NM�&1.ß(+$8#%&L2�(+$ K ¥C#%$�#%�U802�#"!L(+��&1.�¥jM�� / *�!L� #%�eO®(+�1¥jM�$T& !�#%&�2��ÁM�*�&1� #
��M��1&.$)� #%$�2ä� # / # ��� ( K #"! ! *�!�2�� (+��&1.�¥�.ß!NM�&1.ß(+$�� / *�!�¹�#Q/ä.�- / #EM�P�$�2�# �)(+*�¢V(+.��FO®M K . / #%¥C#%$'&���. / (+& #%�32�#"!{��� ( K #"!N!1*�!
¥3* / &1.ß2ä.ß! K .�� / .�$�M�.�� #"!3�
�\�ÓÒ	�K� ù���©k¤
�²£p¢^� ¥�¢Ð©kÉð���³�	��¢ÐÕZ���S Ì�²��¢^�

: #"!E!1*��eOÐM K #"!�2�#8� �%�)(+$�! #R5 / (+-�M / #"!E! (+$'& K (+$�!1.ß2��%� �"#"!�P�M�- / #"!E!1*�� & (+*�& / #q2�(+¥jM�.�$�#l2�� �%&1*�2�#8#%& � #%*�¢V#%$'&
2�(+$ K ! #�!1*�-�! &1.�&1*�#%�G8 / � �%¢+M / *�M�& #%*��.�

4Y(+*�� K #NOÐM�.�� #%$ / #%*�� K (+$�!1&1�1* K &1.ß(+$C2�(+.�&?�%&1� #w��M��1&1. K * / .C"%� #%¥C#%$T&�!N(+.Y5�$��"#�M�P�$E2�� �%¢©.�& #%� / #"!Y.�$ K (����%� #%$ K #"!L#%$'&1� #/ #�¥C�%&NM�¥C(©2V" / #�#%& / ME!1.�¥�* / M�&1.ß(+$�$T*�¥C�%�1.C&'*�#%�o�:.�$�!1.Þ$ / #%*�� K (+$�! &1�1* K &1.ß(+$t#"!1&�5V�%$��%�NM / #%¥C#%$'& K (+¥�� / �%& �"#3��M��3O
Û *�$�#CM�$�M / ¤ä! #�2�#�! #%$�!1.�-�. / .�& �j2�#"!�¢+M��1.iM�- / #"!�M�P�$�2�� � / .�¥�.�$�#%� / #"!�¢�M��1.iM�- / #"!�&T*�.L(+$'&��)#%*�2�� .�$0¹�*�#%$ K #8!1*��/ � (+-ä�1# K &1.\OAD®M�$�M / ¤©! #�2�# / M ¢+M��1.iM�$ K #3JQ$
Û *�$�#�� �"2ä* K &1.ß(+$62�#"!o-)(+�1$�#"!,2ä*A2�(+¥jM�.�$�#32�� �%&1*�2�#�� / .�¥�.�$�M�$'& / #"!XÆÆ(+$�#"!,(�× / M�O®(+$ K &1.ß(+$A$�#0��� �"! #%$T& #3��M+!

2�� .�$'& �%�d�%&.$
Û *�$�#E¢�M / .ß2�M�&1.ß(+$�*�&1. / .ß!NM�$'&�&'*�# / &T*�#"!�!1.�¥�* / M�&1.ß(+$�!3$'*�¥C�%�1.C&T*�#"! M+2�2ä.�&1.ß(+$�$�# /�/ #"!��)(+*�� K (+¥���M��NM�.ß! (+$ MÆ¢V# K/ #�¥C�%&NM�¥C(©2V" / #%�
,w(+¥�¥C# / #"!8!1*��eOÐM K #"!q2�#A� �%�)(+$�! #�! (+$'&j�NM���.ß2�#"!�8��%¢�M / *�#%�.$ / # K ��(+.\/ 2�� *�$ M / 5V(+�1.�&!��¥C#t2�� (+��&1.�¥�.ß!¶M�&1.ß(+$

� (+*��E&1� (+*�¢V#%� / #%*��E¥�.�$�.�¥3*�¥ $1� #"! &���M+!�! (+*�¥�.ß!�M�*0/ ¥R�%¥C#"!E� #"!1&1�1. K &1.ß(+$�!(&T*�# / (+� !d&'*�# / � �%¢+M / *�M�& #%*���#"!1& / #
! ( / ¢V#%*��b��M�*�& #Q�äP�2�� / .�& �%��; / #"!1&LM / (+� !ã� (�! ! .�- / #w2�� *�&1. / .ß!N#%�L2�#"!LM / 5V(+�1.�&!��¥C#"!L2�� (+��&1.�¥�.ß!NM�&1.ß(+$R5 / (+-�M / #o�)(+*��ã&1� (+*�¢V#%�/ � (+��&1.�¥3*�¥ ��� �"2ä.�&E��M�� / M6!1*��eOÐM K #q2�#q� �%�)(+$�! #IÙÁ�0�%$»���#$¶�T¡0$����#$����Å$��%�Æ��Ú��?@�$�(+*�&1� #%$H½ . / !N(+$ è s q�é/� ÙY�Æ�� �Úo(+$'&
¥C(+$T&1� ��&'*�# / M�� # K ��#%� K ��#l2�� *�$æOf� (+$T& 2�#»4ãM�� #%& (�!1*��32�#"! !1*��eO®M K #"!�2�#C� �%�)(+$�! #C� #%��� �"!N#%$T&NM�$T&E*�$ ��� (+- / "%¥C#
¥3* / &1.\�Õ(+-ä�1# K &1.\OC#"!1&l� #%�1&1.�$�#%$'& #�#%&l� #%*�&�2�(+$ K �)#%�1¥C#%&1&1� #�2�� .ß2�#%$T&1.\P�#%�
&'*�# / &T*�#"! K (+¥���� (+¥�.ß!A.�$T& �%� #"! !NM�$'&s8
M�$�M / ¤©!N#%�Ò#%$A2��%&NM�. / ��M��,2�#"!,(+��&1.�¥�.ß!¶M�&1.ß(+$�!Ò��M�� K (©#Q£ K .ß#%$T& !:2�� �B&T*�.�¢�M / #%$ K #%�: M�!1*��eOÐM K #,2�#,� �%�)(+$�! #X5 / (+-�M / #{#"!1&L*�$q�%¢+M / *�M�& #%*���¢0-)(��ß& #o$�(+.�� #�¦E-)#ÆM�* K (+*��j� / *�!'¹�#Q/©.�- / #G&T*�# / #"! K (©2�#"!
2�#�!1.�¥3* / M�&1.ß(+$�$T*�¥C�%�1.C&'*�#%�#;¹!N!1*�#:2�� *�$�#�O®(+�1¥3* / M�&1.ß(+$6M�$�M / ¤'&1.C&'*�#%$�# /�/ #0� #%*�&��%&1� #�!1& ( K SV�"#�OÐM K . / #%¥C#%$T&,#%&o�)#%*�&
2�(+$ K �%&1� #o*�&1. / .ß!N�"# K (+¥�¥C#,.�$'& #%�eO®M K #:2�#,2�(+$�$��"#"!�#%$'&1� #Ò2ä.ß! K .�� / .�$�#"!.���0M�$�! / # K M+2ä� #,2�� (+��&1.�¥�.ß!NM�&1.ß(+$�!w¥�* / &1.ß2ä.ß!e�K .�� / .�$�M�.�� #"!.$ / #"!o!1*��eOÐM K #"!,2�#{� �%�)(+$�! #��%¢'.�& #%$'& / # K (+*�� / M�5V#�2�# K (©2�#"!U���%& �%� ( K / .�& #"!,#%&o�)#%�1¥C#%&1& #%$T&:2�#0� �%*�&1. / .ß! #%�/ #"!Ò¥R�%¥C#"!0(+*�&1. / !F&'*�# / (+� !{2�� (+��&1.�¥�.ß!NM�&1.ß(+$�!0¥C(+$�('2ä.ß! K .�� / .�$�M�.�� #"!.�[@ /�/ #"!XOÐM K . / .�& #%$T&�2�(+$ K / M�¥�.ß! #�#%$t� / M K # 2�#
��� ( K #"!N!1*�!o2�# K (+$ K #%��&1.ß(+$ K (+$ K (+*��NM�$T& #cÙY�%�%$Õ�%�0$d�%�Æ 0$d�Æ�%��Ú	& # / &T*�# K # / *�.@�%&1*�2ä.ß��M�* K ��M���.�&1� #6;d;d;Q� h # /�/ M��.$V�oM�&1. /�/
#%&�>:#%$�M�*�2�ÙY�Æ 0�QÚw(+$'& M�.�$�!1. K (+¥���M�� � / MA!N( / *�&1.ß(+$b.ß! !1*�#j2�� *�$���� ( K #"!N!1*�!32�� (+��&1.�¥�.ß!NM�&1.ß(+$ ��M���!N(+*�!e�Õ2�(+¥jM�.�$�#
D[¥C�%&!��('2�#¼¢s,w(+$ K *��1� #%$T& h *�- h ��M K #�]:��&1.�¥�.YÆ_M�&1.ß(+$µ¦VJ�*�&1. / .ß!NM�$T&E*�$ K (+*�� / M�5V#q��M��E!1*��eOÐM K #"!�2�#j� �%� (+$�! #�8/ ME! ( / *�&1.ß(+$�.ß! !1*�#�2ä*���� ( K #"! !1*�!o2�� (+��&1.�¥�.ß!¶M�&1.ß(+$ K (+¥�� / #%&�D[¥C�%&!��(©2�#»¢�<�* /�/ ¤a;¹$T& #`5��NM�& #"2I]:��&1.�¥�.YÆ_M�&1.ß(+$9¦VJw#%&
¥�.ß!Ò#%$�MÆ¢+M�$'& / � � K (+$�(+¥�.ß#3#%$ K (�Ö�&:2�# K M / K * / � �ÆM / .ß! �"#%�
�\�ÓÒ	�«® ù���©k¤
�²£p¢^� ¥�¢Ð©kÉð���³�	��¢°����£p�²��¢^�

: #"!8!1*��eO®M K #"!j2�#l� �%� (+$�! # / ( K M / #"!C! (+$'& K (+$�!1.ß2��%� �"#"!RP�M�- / #"!C! #%* / #%¥C#%$T&lM�*�¢V(+.ß!1.�$�M�5V#A2�#"!C� K ��M�$T&1. /�/ (+$�!.�
�t(+.�$�!���� � K .ß! #"!.$'# /�/ #"!�!N(+$T&wM�*�!N!1.�� / *�!'O®M K . / #"!U8 K (+$�!1&1�1*�.�� # K M���# /�/ #"!�� #B&T*�.C"%� #%$'&�¥C(+.�$�!w2�� � K ��M�$'&1. /�/ (+$�!X&'*�# / #"!
!1*��eOÐM K #"!,2�#�� �%�)(+$�! #F5 / (+-�M / #"!Ò#%&,¥C(+.�$�!:2�#0¢+M / .ß2�M�&1.ß(+$1�

�:* / .ß#%*j2�#o� #%¥�� / M K #%� K (+¥�� / "%& #%¥C#%$T& / � �%¢+M / *�M�& #%*�����M��L*�$�#,!1*��eOÐM K #,2�#�� �%�)(+$�! #�5 / (+-�M / #%$ / # K (+*�� / M�5V#�Df(+*
�T¤©-��1.ß2�M�&1.ß(+$�J�#%$'&1� #,*�$�#o!1*��eOÐM K #o2�#o� �%�)(+$�! # / ( K M / #o#%&�*�$C(+��&1.�¥�.ß! #%*��L�)#%�1¥C#%&�2��ÁM�¥C� / .ß(+� #%��! #"!ã�)#%�eO®(+�1¥jM�$ K #"!.�
4YM��q#Q/ä#%¥�� / #%$�M�* / .ß#%* 2�#�& (+*+�1(+*�� !C.�$�.�&1.iM / .ß! #%� / #"!C(+��&1.�¥�.ß!NM�&1.ß(+$�! / ( K M / #"!C��M��C*�$�#A2��QO®(+�1¥jM�&1.ß(+$ $T* /�/ #%$ / #"!
& #%$�2�M�$ K #"!Ò(+-�! #%�1¢V�"#"!Ò!1*�� / M !1*��eO®M K #�2�#0� �%�)(+$�! # / ( K M / #0� #%*�¢V#%$'&X5�*�.ß2�#%�o¢V#%� !o*�$�#0.�$�.�&1.iM / .ß!NM�&1.ß(+$�� / *�!o��� ( K ��#
2�# / � (+��&1.�¥3*�¥m5 / (+-�M / ÙY�Æ��Ú�#%&�2�(+$ K M�¥C� / .ß(+� #%� / � #Q/ä� / (+�NM�&1.ß(+$1� 
 .�$LÙ�����Ú)#%&A]:$V5#$020M�.��w#%&�¥�#ÆM�$�#+ÙÁ¡%��Ú@(+$T&o2�� K �1.�&
2ä.\�)�%� #%$'& #"!�!1&1�NM�& �`5�.ß#"!�2�� �'¤'-��1.ß2�M�&1.ß(+$b� #%�1¥C#%&1&NM�$'&�2��ÁM�¥C� / .ß(+� #%� / M8¢'.�& #"! !N#�2�# K (+$'¢V#%�!5V#%$ K #C2�� *�$�M / 5V(+�1.�&!��¥C#
5V�%$��%&1.C&T*�#%� : � *�$�#w2�� # /�/ # K (+$�!1.ß! & #�8{�%¢�M / *�#%� / MÒ� / *���M��1&�2�#"!�5V�%$��%�NM�&1.ß(+$�!L!1*��ã!1*��eO®M K #w2�#w� �%� (+$�!N#�#%&N8Ò$1� *�&1. / .ß! #%�/ � �%¢+M / *�M�& #%*��:��� � K .ß!A&'*�# / (+� !d&'*1� *�$�# K (+$�2ä.�&1.ß(+$t#"!1&o¢V�%�1.\P��"#cD[��M��Ò#Q/ä#%¥�� / #�& (+*�& #"! / #"!A�� �5V�%$��%�NM�&1.ß(+$�!�JQ�



~1}

: #"!0!1*��eOÐM K #"!02�#�� �%�)(+$�! # / ( K M / #"!{� #%*�¢V#%$'&�M�*�! !1._�%&1� #�*�&1. / .ß! �"#"!02ä.�� # K & #%¥C#%$T&�#%$6&NM�$T&F&'*1� (+��&1.�¥�.ß! #%*��.�[@�$
#Q�)#%&.$ / (+� !¶&T*�# / #�¥�.�$�.�¥�*�¥�2ä* ¥C�%&NM�¥C('2V" / #b$1� #"!1&l��M+!A!1.�&1*���!1*��l*�$ � K ��M�$T&1. /�/ (+$1$:. / � #%*�&M�%&1� #���� (+�)(�! �
��M�� / � (+��&1.�¥�.ß! #%*�� K (+¥�¥C#A$�(+*�¢V# / .�$�2ä.�¢'.ß2ä*k8��%¢+M / *�#%�8��M�� / # K (©2�#���M�*�& #�P�2�� / .�& �%� : #"!C�)#%�eOf(+�1¥jM�$ K #"!82�#"!
��� ( K #"!N!1*�!:2�� (+��&1.�¥�.ß!¶M�&1.ß(+$���M��{!1*��eOÐM K #"!{2�#�� �%�)(+$�! #�2�#���('(�SV#%� è s q�é�� ÙY�Æ�0$��%�%�QÚADd¢ h *��1� (�5TM�& #+�6M�$�M�5V#%¥C#%$'&
<��NM�¥C#`¤�(+�!S)¦VJQ$d2�# 
 (+$�#"!.$ h K ��(+$ / M�*b#%&Þ½�# / K �kÙ��%��ÚGDd¢ h *�� #%�d@�*�]�¦VJ{#%&�,w(B/�#%& 
 (���$kÙÁ�%��ÚGDd¢ h #B&T*�#%$'&1.iM /
�0#"!1.Y5�$(O®(+��]:��&1.�¥�.YÆ_M�&1.ß(+$�¦VJQ$�(+$T&�� #%�1¥�.ß!L2�#o2��%¥C(+$'&1� #%��&'*1� *�$�#,M / & #%�1$�M�&1.�¢V#:M�*0/CM / 5V(+�1.�&!��¥C#"!'&'*�M+!1.\��2{#`¤o& (+$
��*�!¶&T*1�ÁM / (+� !�¥jMH�1(+�1.�&NM�.�� #%¥C#%$T& *�&1. / .ß! �"!3� (+*�� / M K (+$ K #%��&1.ß(+$ M+�%� ('2ä¤©$�M�¥�.C&'*�#C�%&NM�.�&3�)(�! !1.�- / #%� : � (+��&1.�¥�.ß!¶M�&1.ß(+$
$T*�¥C�%�1.C&'*�#Ò2�#�O®(+�1¥C#"!�M+�%� ('2ä¤©$�M�¥�.C&'*�#"!���M��L!1*��eOÐM K #"!L2�#w� �%� (+$�! #o#"! &�M�*+�£(+*�� 2�� �'*�. / M��!5V#%¥C#%$T&�� �%��M�$�2ä*�#,2�M�$�!/ M K (+¥�¥3*�$�M�*�& �q! K .ß#%$'&1.\Po&T*�#MÙ^�Å$d���#$ ���0$d���0$d���Å$B�Æ � 0$B�%�Æ��Ú�$	���1.�$ K .���M / #%¥C#%$T&E#%$ K (+$�!1.ß2��%�NM�$'&�2�#"!���� (+- / "%¥C#"!+8
O®M�.�- / #{$�(+¥�-�� #{2�#:��M��NM�¥R"%&1� #"!6DE&'*�# / &T*�#"!w2ä.YÆ_M�.�$�#"!,M�*q¥jM�/©.�¥�*�¥cJQ� : # K ��M���.�&1� #F;�7 2�� K �1.�&�*�$q& # / (+��&1.�¥�.ß! #%*��
2�(+$T& / � *�$�#32�#"!{(+�1.Y5�.�$�M / .�& �"!0#"!1& / � *�&1. / .ß!NM�&1.ß(+$�2�#3!1*��eOÐM K #"!{2�#�� �%� (+$�!N#�.�$T& #%�1�)( / M�$T& / #65��NM+2ä.ß#%$T&0#%$�� / *�!{2�# / M
Of(+$ K &1.ß(+$1�
v?w10 2ï~9698�3

,w# K ��M���.�&1� #�M��)#%�1¥�.ß!:2��ÁM�-)(+� 2�#%� / #"!Ò$�(+&1.ß(+$�!02�� (+��&1.�¥�.ß!NM�&1.ß(+$�*�&1. / .ß! �"#"!02�M�$�! / MC!1*�.�& #�2�# K #3& #Q/©& #%$)M�.�$�!1.
&T*�# / #"!�! � � K .\P K .�& �"!�2�# / M K ��M��ß$�#C2�� (+��&1.�¥�.ß!NM�&1.ß(+$�M+�%� (©2ä¤'$�M�¥�.C&'*�#C2�� �:.��1-�*�!.$1]�4NH	M / .C��� : � .�$T&1� (©2ä* K &1.ß(+$�2�#
!1*��eOÐM K #"!,2�#�� �%�)(+$�! #�2�M�$�! K #%&,(+*�&1. / ¢©.ß! #�8�O

Û 2��QP�$�.���*�$AM / 5V(+�1.�&!��¥C#�2�� (+��&1.�¥�.ß!NM�&1.ß(+$
8 K (�Ö�& K (+¥���M��NM�- / #�8 / �ÁM / 5V(+�1.�&!��¥C#0��M��U5��NM+2ä.ß#%$T&,2�#{� �QO®�%� #%$ K #%$
¥jM�.ß!Ò� / *�!o� #%�eO®(+�1¥jM�$T&:#%$A& #%�1¥C#�2�� #Q/ä� / (+�NM�&1.ß(+$1$

Û �)#%�1¥C#%&1&1� # / Mq� �"! ( / *�&1.ß(+$�2�# ��� (+- / "%¥C#"!�¥3* / &1.ß2ä.ß! K .�� / .�$�M�.�� #"!�#%$�#Q��# K &1*�M�$T&�*�$ K (+*�� / M�5V#���M���!1*��eOÐM K #"!
2�#�� �%�)(+$�! #%�

@�$6��� #%¥�.ß#%� / .ß#%*1$�. / K (+$'¢'.ß#%$'&{2�#�-�.ß#%$�¥jM��ß&1�1.ß!N#%� / #"!0M+!1�)# K & !,� # / M�&1.\O®!�8 / M K (+$�!1&1�1* K &1.ß(+$�2�# K #"!{!1*��eOÐM K #"!.�: # K ��M���.�&1� #6;d;�2�� K �1.�& / #"! K ��(+.\/�� #%& #%$'*�!Ò�)(+*�� / #���� ( K #"! !1*�!o2�# K (+$�!1&1�1* K &1.ß(+$62�#0¥C�%&NM�¥C('2V" / #"!3�



~ 
 á�FHG�IKJLI�M�N=G�I�O=PQPHRSJUTWV�I�XWRZY[Y\G]O^RZG�IK_`Mba'YUc�O^P�c�YdFHG�I�O=PeN'T\VdOfa^g^PHN=JLI�XWRZY[h�©iI�V\jkRSM



Chapitre II
3 ÒÂÑKr�ucx�ÓmÔ�ucv�ÒÂÑ n54 ÔLhkÔIn pqn r(Ómx�6UhµÔInIr pqn xç% $ ÒÂÑKr(n $ hkx

7 x�v98�næh:8�n n�u 3 Ò<;�x�v98�næh:8½n

-/.�021�3547698;:=<5>?1
K O!�#;d;Q�Á�0� �Ò�1&1. K / #

v^v²w�x vf3�:^>?.¦�]<54Z:=~9.�3
: #"!w��� (+- / "%¥C#"!o#%$T¢©.ß!NM�5V�"!�#%$l(+��&1.�¥�.ß!NM�&1.ß(+$�M+�%� ('2ä¤©$�M�¥�.C&'*�#:2�#AOf(+�1¥C#"!�! (+$'&w!N(+*�¢V#%$T& / .�¥�.�& �"!w��M�� / # K (�Ö�&

2�# K M / K * / $�� K #"! !NM�.�� #M8 / � �%¢�M / *�M�&1.ß(+$ 2�# / MsOf(+$ K &1.ß(+$ (+-ä�1# K &1.\O+D K O!�?;��Á��JQ� : � #%¥�� / (+.:2�#q! *��eO®M K #"!�2�#l� �%�)(+$�! #%$
�NM���.ß2�#"!�8E�%¢�M / *�#%�.$��)(+*��ÒM������ ( K ��#%� K #%&Ò(+-ä�£# K &1.\O�!1*��,& (+*�& / #�2�(+¥jM�.�$�#32�� �%&1*�2�#�2�#"!o¢+M��1.iM�- / #"!:#"!1&,*�$�¥C(_¤V#%$
2��ÁM�¥C� / .ß(+� #%� / � #Q£ K M K .�& ��2�� *�$�(+*�&1. / 2�� (+��&1.�¥�.ß!NM�&1.ß(+$�D K Oe�#;Q� �ÕJQ�: �ÁM������ (./©.�¥jM�&1.ß(+$�2�� *�$�#FO®(+$ K &1.ß(+$�!.� #Q��# K &1*�#�#%$�&1� (+.ß!Ò�%&NM��)#"!�O

Û : M�Of(+$ K &1.ß(+$8�%&1*�2ä.ß�"#:�%&NM�$'&�2��QP�$�.ß#Ò! *��L*�$j2�(+¥jM�.�$�#:- (+�1$�� D $ / M0��� #%¥�.C"%� #:�%&NM�� # K (+$�!1.ß!1& #A8�2ä.ß! &1�1.�-�*�#%�
*�$A$�(+¥�-�� # ns

2�#�� (+.�$'& !.$�(+*�� K ��M�$'&1. /�/ (+$�!.$ 2�M�$�! K #�2�(+¥jM�.�$�#%�
Û : M+Of(+$ K &1.ß(+$�2�(+.�&:#%$�!1*�.�& #��%&1� #��%¢�M / *��"#�#%$ K #"!o�)(+.�$T& !.�
Û Ç:$�#�Of(+.ß! K #%&1& # -�M+! #E2�#�2�(+$�$��"#"!�2�� � K ��M�$'&1. /�/ (+$�!�2ä.ß! � (+$�.�- / #%$). / #"!1&�M / (+� !0�)(�! !1.�- / #E2�� *�&1. / .ß! #%��*�$�# ¥C�Q�

&!��(©2�#�2��ÁM������ (B/ä.�¥jM�&1.ß(+$6� (+*��o¥C(©2�� / .ß! #%� / M�O®(+$ K &1.ß(+$�!1*��,& (+*�& / � #"!1��M K #%�: #"! & # K ��$�.C&'*�#"!�2�#8¥C('2�� / .ß!NM�&1.ß(+$ 2�#»Of(+$ K &1.ß(+$�! / #"!�� / *�! K (+*��NM�$'& #"!�(+$T&E�%& � K (+¥���M�� �"#"!E��M�� 
 .�$1$b,���#%$
#%& h .�¥���! (+$�Ù��%��ÚÒ!1*���&1� #%.YÆÆ# K M+!C& #"!1& !CM�$�M / ¤'&1.C&'*�#"!C#%&�*�$ K M+!C2�# K (+$ K #%��&1.ß(+$ M�*�& (+¥C(+-�. / #���M��C!1.�¥�* / M�&1.ß(+$
$T*�¥C�%�1.C&'*�#%�[,w#"!AO®(+$ K &1.ß(+$�!,& #"!1& !Ò� #%��� �"! #%$T& #%$'&02ä.\���%� #%$T& !:$�.�¢V#ÆM�*0/�2�# K (+¥�� / #Q/ä.�& �3#%$t& #%�1¥C#32�� (+� 2ä� #�2�#�$�(+$/ .�$��ÆM��1.�& ��#%&o2�#{$�(+¥3-�� #�2�#{¢+M��1.iM�- / #"!�De�F8a�Æ��JQ�0@ /�/ #"!o(+$'&,�%& �:¥C(©2�� / .ß! �"#"!X8���M��1&1.��,2�#02ä.ß!1&1�1.�-�*�&1.ß(+$�!,2�� � K ��M�$0�
&1. /�/ (+$�!,2�#{&NM�. /�/ #"!�¢+M��1.iM�- / #"!3$ K #%&1& #0&NM�. /�/ #{2��%�)#%$�2�M�$T& / .�$��ÆM�.�� #%¥C#%$T&:(+*�&'*�M+2ä�NM�&1.C&T*�#%¥C#%$'&Ò2�# / ME2ä.�¥C#%$�!1.ß(+$A2ä*
��� (+- / "%¥C#%�[; / !3�ÁM"¢�"%� #�&T*�# / #6¥0�1.Y5V#ÆM�5V#aÙ��%��ÚY#%& / #3� �"! #ÆM�*t2�#3$�#%*�� (+$�#"!�8+O®(+$ K &1.ß(+$�!Ò�NM+2ä.iM / #"!{2�#�-�M+! #cÙ���ÚY! (+$'&/ #"!0¥C�%&!��('2�#"! / #"!{� / *�!0��� � K .ß! #"!3��,w# � �"!1* / &NM�&�Mq�%& � K (+$0P��1¥C�E��M���2��ÁM�*�&1� #"!��%&1*�2�#"! K (+¥���M��NM�&1.�¢V#"!RÙY�Æ %�0$`�Æ ���Ú
#%&w�%& #%$�2ä*�8�2�#"! K M+!�& #"!1& ! K (+$�! .ß2��%�NM�$T&Y��*�!¶&T*1�ÁM»�Æ 0�Ò¢�M��1.iM�- / #"!GÙY�%�3�3Ú��Å@�$l(+*�&1� #%$Õ4Y#%& #%� è s q�é�� Ù�����Ú)(+$'&w#Q��# K &1*��
*�$�# K (+¥���M��NM�.ß! (+$ 2�#�¥C�%&!��(©2�#"!82��ÁM������ (./©.�¥jM�&1.ß(+$ !1*��j*�$ K M+!c8b2�#%*0/ ¢�M��1.iM�- / #"!8.ß! !1* 2�� *�$ ��� (+- / "%¥C#62�#K (+$ K #%��&1.ß(+$lM+�%� (©2ä¤©$�M�¥�.C&T*�#,2��ÁM�*�-)#,2�#o&1*��1-�.�$�#Ò��M���!1.�¥�* / M�&1.ß(+$j$T*�¥C�%�1.C&'*�#%�Å�Ò* / .ß#%*j2�� �%&1*�2ä.ß#%��! #%* / #%¥C#%$'& / M
��� � K .ß!1.ß(+$»5 / (+-�M / #Ò2�#"!L2ä.\�)�%� #%$'& !L¥C(©2V" / #"!.$ / M K M���M K .�& ��802��%& # K & #%�wM"¢V# K ��� � K .ß!1.ß(+$ / #o¥�.�$�.�¥�*�¥=2�# / MGO®(+$ K &1.ß(+$
D[��� � K .ß!1.ß(+$ / ( K M / #3J�¤E#"! &wM�*�! !1.����1.ß! #Ò#%$ K (+¥���& #%� : 8�M�*�! !1.Þ$ / #G¥0�1.Y5V#ÆM�5V#Ò#"!1& / M�¥C�%&!��(©2�# / M�� / *�!L�)#%�eOf(+�1¥jM�$'& #%�

�:.�$�!1.Þ$@-�.ß#%$�&T*�# / #»¥0�1.Y5V#ÆM�5V#j!N(+.�&3*�$�#C¥C�%&!��(©2�#q2ä.\£ K . / #c8�¥C#%&1&1� #q#%$õ!0*�¢©� # K (+¥���M�� �"#lM�*b� �"!N#ÆM�*�2�#
$�#%*�� (+$�#"!0(+*s8 / ME� �`5�� #"!N!1.ß(+$��)( / ¤'$#Ü+¥�.iM / #aÙY�%�3�3Ú�$�# /�/ #3� #%�1¥C#%&{2�#���� �"2ä.�� #3��� � K .ß! �%¥C#%$T&02�#"!XO®(+$ K &1.ß(+$�!:.ß! !1*�#"!
2�#:! .�¥3* / M�&1.ß(+$�!w$T*�¥C�%�1.C&'*�#"!���� �"! #%$T&NM�$'&o2�#XO®(+�1& #"!�$�(+$ / .�$��ÆM��1.�& �"!.�Å�0#,� / *�!.$ K #%&1& #Ò¥C�%&!��(©2�#:� #"!1& #,¢�M / .ß2�#G&'*�# /



~ f ã O^PHM�G�V�RZc\G�I�O^PØY>=æc�N=c�YLa=Y[M�RSV@?kN'c�YWMua'Y[VdTdF²O=P7MDY�F²N^V	AuV�ICB=Y�N9B=YLY\G�ã�OEDpV�ICB=Y�N9B^Y

&T*�#8! (+.�& / #�$�(+¥�-�� #82�� � K ��M�$T&1. /�/ (+$�!.$ K (+$'&1�NM�.�� #%¥C#%$T&R8�*�$b¥C('2V" / #j� ( / ¤©$#Ü+¥�.iM / 2�� (+� 2ä� #q2�#%*0/¼&T*�.�$�� K #"! !1.�& #
*�$�$�(+¥3-�� # ¥�.�$�.�¥jM / 2�� � K ��M�$'&1. /�/ (+$�! K � (+.ß! !NM�$'&�&T*�M+2ä�NM�&1.C&'*�#%¥C#%$T&3MÆ¢V# K / Mq2ä.�¥C#%$�!1.ß(+$�2ä*�2�(+¥jM�.�$�#�2�� �%&1*�2�#%$
ns ≥ (ndv+2)(ndv+1)

2
�-@�$0P�$1$ K (+¥�¥C# / #c¥0�1.Y5V#ÆM�5V#8#"! &3.ß! !1*�2�� *�$�#RO®(+�1¥3* / M�&1.ß(+$�!1&NM�&1.ß!1&1.C&'*�#%$@. / M / �ÁMÆ¢+M�$'&NM�5V#

2��ÁM K"K (+¥���M�5�$�#%� / M���� �"2ä. K &1.ß(+$�2�# / M6O®(+$ K &1.ß(+$A2�� *�$�#0��� �"2ä. K &1.ß(+$�2�� #%�1� #%*��.�V4	(+*�� K #"!��NM�.ß! (+$�!.$ / #�¥0�1.Y5V#ÆM�5V#�#"!1&/ ME¥C�%&!��(©2�#�2��ÁM������ (B/ä.�¥jM�&1.ß(+$t� #%& #%$'*�#32�M�$�! K #%&1& #�&!�#""! #%�

�	¢+M�$'&Y2�� *�&1. / .ß! #%� / #�¥0�1.Y5V#ÆM�5V#�#%$ &NM�$T&b&'*�#L-)(��ß& #�$�(+.�� #�M�*E! #%.�$ 2�� *�$ ��� ( K #"! !1*�!Y2�� (+��&1.�¥�.ß!NM�&1.ß(+$1$�. / K (+$'¢'.ß#%$'&
2�#3-�.ß#%$ K (+$�$�M��ß&1� #E! (+$ K (+¥�� (+�1& #%¥C#%$'&.� : #"!02�#%*0/A� (+.�$'& ! K / �"!�88M������ (�Of(+$�2ä.��0�)(+*�� K (+$�!1&1*�.�� # *�$�#EM������ (B/ä.\�
¥jM�&1.ß(+$�� (+-�*�!1& #3#%&o��� � K .ß! #�! (+$'&3O

Û : #"!�¥C�%&!��(©2�#"!�2�� � K ��M�$'&1. /�/ (+$�$�M�5V#»Dd¢0!NM�¥�� / .�$V5�¥C#%&!��('2�!�¦VJQ� : M�-�M+! #,2�� � K ��M�$T&1. /�/ (+$�!o�%&NM�$'& / #,!N#%* /�/ .ß#%$
#%$'&1� # / M�O®(+$ K &1.ß(+$C� �"# /�/ #,#%& / �ÁM������ (./©.�¥jM�&1.ß(+$1$©# /�/ #,2�(+.�& K (+$ K #%$T&1� #%�wM�*�&NM�$'&�2�� .�$0O®(+�1¥jM�&1.ß(+$a&'*�#��)(�! !1.�- / #%�

Û : #�� �`5 / M�5V#�2ä* ¥C(©2V" / #%$o! (+*�¢V#%$'&A#Q�)# K &1*�����M��A(+��&1.�¥�.ß!NM�&1.ß(+$ $T*�¥C�%�1.C&'*�# K (+¥�¥C# / (+� !A2�# / M �V��M+! #
2��ÁM������ #%$'&1.ß! !NM�5V#q2�#"!3� �"! #ÆM�*0/�2�#j$�#%*�� (+$�#"!.$d2�#"!3¥C(+.�$�2ä� #"! K M��1� �"! 2�#"!�� �`5�� #"! ! .ß(+$�!3�)( / ¤'$#Ü+¥�.iM / #"!3$d(+*
2�# / M ¥jM�/ä.�¥�.ß!NM�&1.ß(+$62�#0¢'�NM�.ß! #%¥�- / M�$ K #32ä*
¥0�1.Y5V#ÆM�5V#%�

v^v²w�· ìÝ>^:=~�4³691GFH2(<]~969�]~93]¼JILK 47~91�3�:NMØ1��^�Æ.�3]�^1PO¯<5>,- 8�4³1�� .Q-ïì 1H>?.¦�SR¦3]8�02~94
Tç<]354Z:=~9.�35�<Ue~�:=¹WV/>'~�¼�~93]¼ 8�3]�é¸(.YX¯>?~9¼�~93]¼[Z

: �ÁM��1&1. K / #E!1*�.�¢�M�$T&02�� K �1.�& / M(Of(+�1¥�* / M�&1.ß(+$�#%& / M�¥C�%&!��(©2�# 2�# K (+$�!1&1�1* K &1.ß(+$�¥�.ß! #"!{#%$ß!0*�¢©� #32�M�$�! / # K (©2�#
2�#F¥0�1.Y5V#ÆM�5V#�*�&1. / .ß! �{� (+*�� / #"!,M���� / . K M�&1.ß(+$�!,2�� K �1.�& #"!Ò2�M�$�! K #%&1& #0&!�#""! #%�0; / M �%& �0��*�- / .ß��2�M�$�! / � �G;ô�G� 
 (+*��1$�M /
D[¢V( / *�¥C#'�T�0$H$T*�¥C�%� (0�0$Æ��M�5V#"!_����¡��=�� ��%Jd#%$�O®�%¢'�1.ß#%�ã�� � �¡0��; / �)#%�1¥C#%&	2�� �%&NM�- / .�� / #"! / .�¥�.�&NM�&1.ß(+$�!�M+! ! ( K .ß�"#"!_8 K #%&1& #
Of(+�1¥�* / M�&1.ß(+$8M�P�$�2�# K .�- / #%� K (+�1� # K & #%¥C#%$'& / #"!ã#%¥�� / (+.ß!ã�)(�! !1.�- / #"!ã2ä*(¥0�1.Y5V#ÆM�5V#o#%$E(+��&1.�¥�.ß!¶M�&1.ß(+$1������M��1&1.���2�� *�$K M+!�& #"! &�M+�%� ('2ä¤©$�M�¥�.C&'*�#Ò� #%��� �"! #%$'&NM�&1.\O	2�#"!bO®(+$ K &1.ß(+$�!w�%&1*�2ä.ß�"#"!�#%$q(+��&1.�¥�.ß!NM�&1.ß(+$q2�#XOf(+�1¥C#"!wM+�%� ('2ä¤©$�M�¥�.C&'*�#"!
DE;d;Q� �Ò�1&1. K / #%� ;d;¶;eJQ$ K #%&oM��1&1. K / #0�%&1*�2ä.ß# / � .�$0¹�*�#%$ K #{2�#"!w¥C�%&!��(©2�#"!�2�� � K ��M�$T&1. /�/ (+$�$�M�5V#�!1*�� / M���� � K .ß!1.ß(+$�5 / (+-�M / #02ä*
¥0�1.Y5V#ÆM�5V#��)(+*��,2��%& #%�1¥�.�$�#%�Ò!1.�*�$�#0¥C�%&!��(©2�#%$ä� / *�!,#Q£ K M K #�&'*�# / #"!:M�*�&1� #"!.$�#"!1&X8 ���1.�¢'. / �`5�.ß#%��DE;d;�� �:�1&1. K / #%� ;=7�JQ�

: � *�&1. / .ß!NM�&1.ß(+$ 2�#6! *��eO®M K #"!l2�#6� �%� (+$�!N#t.�$'& #%�1� ( / M�$'& / #I5��NM+2ä.ß#%$T&�2�# / MæOf(+$ K &1.ß(+$ #%$ � / *�!�2�# / Mb¢�M / #%*��
2�# / MaO®(+$ K &1.ß(+$ M�*0/b� K ��M�$T&1. /�/ (+$�!E#"!1&�*�$�¥C(Æ¤V#%$ 2�� �%¢'.�& #%� / Ml¥jM / �"2ä. K &1.ß(+$�2ä.�¥C#%$�!1.ß(+$�$�# /�/ #q2�� K �1.�& #j#%$);Q�Á�0� �#�
�XP�$�2�� .�$'& #%�1� ( / #%� K #�5��NM+2ä.ß#%$'&.$�*�$�#cOf(+�1¥�* / M�&1.ß(+$ 2�#q&Õ¤©� #M,w(�S©�1.Y5V#ÆM�5V#¼ÙÁ�%�0$Q�+��Ú�$ã-�M+!N�"#q! *�� / #"!E&1�NMÆ¢+M�*0/�2�#
�t(+�1�1.ß!3$��t.�& K ��# /�/ #%&]\ / ¢'.ß!NM�SV#%�UÙÁ¡���Ú�$+#"!1&ã2�� K �1.�& #FDE;¶;�� �:�1&1. K / #%� ;d;Q� ��JQ� : M{2�#%�1$�.C"%� #���M��1&1.ß#�DE;d;�� �:�1&1. K / #%� 7�J�&1�NM�.�& #�2�#/ � .�$0¹�*�#%$ K #:2�# / M�2ä.�¥C#%$�!1.ß(+$q2ä*82�(+¥jM�.�$�#{2�� �%&1*�2�#Ò!1*�� / M0��� � K .ß!1.ß(+$a5 / (+-�M / #Ò2ä*a¥0�1.Y5V#ÆM�5V#:#%&�2ä*�,w(�S'�1.Y5V#ÆM�5V#F8
��M��1&1.��Ò2ä* K M+!o& #"! &,��� � K �"2�#%$T&.�



~ �

Building Efficient

Response Surfaces of

Aerodynamic Functions

with Kriging and

Cokriging

J. Laurenceau ∗

CERFACS, Toulouse, 31057, France

P. Sagaut †

F-75252 Paris cedex 5, France

Preprint published February 2008,

doi: 10.2514/1.32308,

AIAA Journal,

vol.46, no.2, pp. 498-507.

In this paper, we compare the global

accuracy of different strategies to build

response surfaces by varying sampling

methods and modeling techniques. The

final application of the response sur-

faces being aerodynamic shape opti-

mization, the test cases are issued from

CFD simulations of aerodynamic co-

efficients. For comparisons, a robust

strategy for model fit using a new ef-

ficient initialization technique followed

by a gradient optimization was applied.

Firstly, a study of different sampling

methods proves that including ’a pos-

teriori’ information on the function to

sample distribution can improve accu-

racy over classical space filling methods

like Latin Hypercube Sampling. Sec-

ondly, comparing Kriging and gradient

enhanced Kriging on two to six dimen-

sional test cases shows that interpo-

lating gradient vectors drastically im-

proves response surface accuracy. Al-

though direct and indirect Cokriging

have equivalent formulations, the indi-

rect Cokriging outperforms the direct

approach. The slow linear phase of er-

ror convergence when increasing sample

∗Ph.D. Student, CFD, 42 Avenue Coriolis.
†Professor, Institut Jean Le Rond d’Alembert, Université

Pierre et Marie Curie, 4 place Jussieu.

size is not avoided by Cokriging. Thus,

the number of samples needed to have

a globally accurate surface stays gener-

ally out of reach for problems consider-

ing more than four design variables.

Nomenclature

CV (x) Leave one out cross validation error
D Domain of design variables
dKdS(x) Leave one out sensitivity error
f(x) Regression vector [np]
F Regression matrix [N × np]
L Model likelihood estimate
N Order of the correlation matrix
ndv Number of design variables
np Dimension of regression vectors
ns Number of samples
p SCF power coefficients [ndv]
R Correlation matrix [N × N ]
r(x) Correlation vector [N ]
S Domain of sample points
SCF (., .) Spatial correlation function
S(x) Standard error
si i-th sample
x Vector of design variables [ndv]
Yexa(x) Exact function to approximate
Ys Exact function at samples [N ]
Y (x) Surrogate function
Z(x) Gaussian process
β Regression coefficients [np]
σ2 Model variance
θ SCF correlation coefficients [ndv]

Subscripts

k ∈ [1, ndv]
l ∈ [1, ndv]
m ∈ [1, ndv]

Superscripts

i ∈ [1, ns]
−i i-th sample left out for model build
j ∈ [1, ns]

I. Introduction

N
umerical shape optimization in the field of de-
tailed aircraft design is more and more used

since high performance computers enable RANS
flow simulation around complete aircraft in a short
time scale. Before building a complex optimization
process around a CFD suite considering a lot of de-
sign variables, some time must be spent to identify
an efficient optimizer.
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When dealing with computer expensive simula-
tion, the main requirement is to converge to an op-
timal shape in as few simulations as possible ex-
cluding most of the global optimizers such as Ge-
netic Algorithm or Simulated Annealing that are
generally applied to conceptual or preliminary de-
sign. Assuming that the sensitivity of the functions
with respect to the design variables is available at a
comparative computational cost of a direct function
evaluation (with an adjoint method), the quickest
process is then gradient based. Using this strat-
egy, the high-fidelity aerodynamic shape optimiza-
tion suite OPTaliA of Airbus showed good results.1

Despite their efficiency, gradient algorithms suffer
from some limitations. They solve only single ob-
jective problems (multiple objective functions must
be combined) and are easily blocked by local optima
whereas aerodynamic functions are generally multi-
modal. Moreover, heavily constrained problems are
hard to solve efficiently.

Promising alternative approaches use response
surfaces (or surrogate models) to approximate the
expensive computer code on the whole domain by
inexpensive models. Numerous strategy exist2 and
have been applied to perform aerodynamic shape
optimization.3–5 Firstly, response surfaces can lead
the optimization process. The surrogate manage-
ment framework6 and trust-region framework7 are
generally the most favored methods, but refining
the response surface at its predicted optimum is
also efficient particularly when taking into account
uncertainty (Expected Improvement or Lower Con-
fidence Bounding Function criteria).4, 5, 8–10 Re-
sponse surfaces can be reliable discipline indepen-
dent models applied to solve Multi-Disciplinary Op-
timization (MDO) problems when no code coupling
is possible.2 When the model is sufficiently accu-
rate, the predicted optimum on the response sur-
face can be taken as the true optimum.11, 12 Sec-
ondly, the convergence of existing optimizers can
be improved by switching between optimization on
expensive model and on response surface (variable
fidelity).3 Thirdly, the exploration capabilities of
local optimizers can be improved by using the opti-
mum found on the response surface as initialization.
Accordingly to these different applications, two con-
cepts of response surfaces are defined. The global
response surface is considered an accurate surrogate
model of the true function on the whole domain,
whereas the local response surface is reliable only
near sampled locations but gives information on the
overall tendencies.

In this study we wanted to define how to build ac-
curate response surfaces and assess their domain of
validity before any applications to shape optimiza-
tion. Kriging model was chosen to approximate the
objective function for its accuracy and robustness

with small datasets.13 An efficient methodology is
detailed within this article including numerical is-
sues and a new technique to fit the model (section
II).

The sampling quality being essential to obtain
an accurate model,14 section IV compares differ-
ent distribution methods. For a given domain of
study, classical sampling are space filling and loca-
tions are computed without knowing the function
’a priori’. Beside other modeling techniques, the
uncertainty predictions available with Kriging are
very useful. Thus, methods of ’a posteriori’ sequen-
tial sampling based not solely on information on
the domain but also on information on the func-
tion through predicted errors are also described. In
addition to the standard error of Kriging and leave-
one-out cross validation errors, two new predicted
error criteria are introduced (section II-B-2) and
tested (section IV-B). Methods are compared by
varying sample size for the reconstruction of a bidi-
mensional aerodynamic test function. ’A posteriori’
samplings were already applied to polynomial test
cases10, 15 without in-depth comparison with classi-
cal methods. As ’a posteriori’ samplings are tuned
to the function studied, their performance is closely
related to the test case. That is why it was neces-
sary to perform the comparison directly on an aero-
dynamic function. More than a sampling criterion,
these predicted error are very important when using
the surrogate model as optimizer in order to have
a balancing between exploration of unknown loca-
tions and exploration of predicted optima on the
model.

As a very powerful gradient computation method
was available (adjoint state solver1, 16, 17), it was
also interesting to evaluate Cokriging (gradient en-
hanced) model. General comparison between Krig-
ing and Cokriging existed only on analytic func-
tions.18, 19 In the fields of aerodynamic, it was
proven that refining iteratively at the predicted
minimum of a Cokriging response surface improved
the shape of a supersonic business jet depending on
up to 15 design variables,20, 21 but the gradient in-
formation was issued from finite differences analysis
and no comparison with optimization on a Kriging-
based response surface was made. A graphical vali-
dation of Cokriging versus Kriging was made on the
same aerodynamic test case but considering only
two design variables and small datasets.21 The ben-
efits of Cokriging on global response surfaces accu-
racy cannot be assessed by only varying the sample
size as the information added to the model through
gradients is dimensional. Section V compares Cok-
riging and Kriging accuracy on an aerodynamic test
case, the number of design variables increasing from
two to six. A total of 5800 CFD computations were
necessary to build reference surfaces.
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II. Kriging and Cokriging for

Computer Experiments

A. Sampling

A surrogate model only needs a sample distribution
to approximate a function, thus it must concentrate
as much information as possible. In this way, the
sampling must be adapted to : known specificities
of the function, modeling formulation and the final
application of the surrogate. Without information
on the function, design optimal distribution meth-
ods using for example entropy criterion22 (or DET-
MAX) give space filling locations. Numerous meth-
ods exist to evenly distribute samples.

1. ’A priori’ Sampling Methods

Four ’a priori’ methods requiring only information
on the domain and assuming that the function is un-
known a priori were used: grid, Halton, Sobol and
Latin Hypercube (LHS) sampling (source code of J.
Burkardt http://www.scs.fsu.edu/~burkardt/).

The grid distribution is the most common in en-
gineering and was thus included in the benchmark.
However, it should be used with great cares as trun-
cated grids are to be avoided and grids in high di-
mension require unreachable sample sizes. The LHS
method is also well known. It roughly corresponds
to random sampling with guaranteed space filling
properties even for small sampling size. Among the
four methods presented here only LHS is applicable
to high dimensions.

Quasi-random sequences enable methods such as
generalized Halton or Sobol23 to give ordered space
filling sampling. These methods are very efficient on
low-dimensionnal problems but unapplicable to di-
mensions higher than 10 without special care. Hal-
ton and Sobol are sequential methods. A distribu-
tion of ns + 1 samples inherits from the previously
computed ns samples. Latin Hypercube and grid
sampling are not sequential methods.

2. ’A posteriori’ Sequential Sampling Methods

Maximum error sequential sampling includes infor-
mation on the true function in sample distribution,
explaining the denomination of ’a posteriori’ sam-
pling.

It consists in iteratively refining the sample
datasets where the model exhibits its maximum of
error. By construction it ensures inheritance of
samples. Its main drawback is that all interme-
diate models must be computed. To compute a
sampling of a given size the CFD simulations must
be launched one at a time, whereas with ’a priori’
methods the ns computations can be launched in
parallel. The only requirement is the availability of

an error criterion null at already sampled locations.
’A posteriori’ samplings are tuned to the function
studied.

B. Kriging

The French mathematician Georges Matheron de-
veloped in the early sixties the theory of Kriging
from the seminal work of D.G. Krige on mining
data. In the field of computer experiments, the
Kriging method refers to the DACE formulation22

(fitted by optimization of the likelihood estimate
instead of using covariogram) described in the late
eighties.

1. Function Prediction

Kriging method is a statistical prediction of a func-
tion at untried inputs. It requires fitting the cor-
relation parameters of the model to each sample
distribution by solving an optimization problem.

Since computer codes are deterministic, and
therefore not subject to measurement error, the
usual measures of uncertainty derived from least-
square residuals have no obvious meaning. Conse-
quently, statisticians have suggested approximating
responses as a combination of a polynomial regres-
sion plus localized deviations interpolating samples

Y (x) = f t(x)β + Z(x) ≈ Yexa(x) (1)

f t(x)β is a low-order (constant, linear or
quadratic) polynomial regression model. Solving a
least-square regression problem gives

β = (F tR−1F )−1F tR−1Ys (2)

In this paper a constant regression model is used,
so np = 1, f(x) = 1 and F = 1.

Z(x) is the realization of a normally distributed
random process with mean zero, variance σ2,

σ2 =
1

ns
(Ys − Fβ)tR−1(Ys − Fβ) (3)

and co-variance

cov[Z(si), Z(sj)] = σ2Rij (4)

The matrix of correlation between samples R
is determined by a Spatial Correlation Function
(SCF).

Rij = SCF (si, sj) =
∏

k

scfk(|si
k − sj

k|) (5)

This matrix is dense symmetric positive definite
with ones along diagonal and become ill-conditioned
when samples are too close. The order of the Krig-
ing correlation matrix depends only on the number
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of samples considered (N = ns) and not on the
number of variables.

The SCF can be any function reflecting the char-
acteristics of the output function. Exponentials or
cubic splines are the most common functions. The
exponential function is adapted to a wide range of
physical applications and is described below

scfk(x) = exp
(

− θkxpk

)

, θk > 0, pk ∈ [1, 2] (6)

The 2ndv correlation parameters (θk, pk) need to be
fitted through an optimization process (see section
II-E-1)

The cubic spline function was also used

scfk(x) =











1 − 6(xθk)2 + 6(xθk)3 , x < 1
2θk

2(1 − xθk)3 , 1
2θk

≤ x < 1
θk

0 , x ≥ 1
θk

(7)
Only ndv correlation parameters θk > 0 must be
fitted. Commonly, cubic splines are less adapted to
very chaotic functions than exponentials.

To evaluate Kriging at an unknown location a
vector of correlation r between sample points and
unknown is computed

ri(x) = SCF (x, si) (8)

Finally, the Kriging prediction equation is

Y (x) = f t(x)β + rt(x)R−1(Ys − Fβ) (9)

Practically, the Kriging model can be evaluated as
a black-box function by storing vectors β and rhs =
R−1(Ys−Fβ). Then, the evaluation of the model at
an unknown location costs only two dot products.

2. Error Prediction

With the statistical prediction of the function is
also associated an uncertainty prediction. As by
construction the model interpolates the function at
samples, its error is null at samples.

The standard error S(x) of the Kriging model
grows with distance from samples, its maximum
value being σ.

S2(x) = σ2
(

1 − rt(x)R−1r(x)

+ ut(x)(F tR−1F )−1u(x)
) (10)

with u(x) vector np × 1

u(x) = F tR−tr(x) − f(x) (11)

Other estimated errors can be computed with a
technique of leave-one-out cross validation.9 The
idea behind cross validation errors is to study the
sensitivity of the model with respect to sample

dataset by altering it of one point. It implies
ns intermediate Kriging constructions and evalu-
ations. Two predicted errors based on leave-one-
out cross validation named sample sensitivity error
(dKdS(x)) and cross validation error (CV (x)) are
defined

dKdS(x) =
1

ns

∑

i

|Y (x) − Y −i(x)| (12)

CV (x) =
1

ns

∑

i

S−i(x) (13)

Kriging sensitivity error dKdS(x) grows at loca-
tions where sample points give more information
and is small at location where samples are redun-
dant. Kriging standard sensitivity error CV (x) is
very close to the standard error. As cross validation
errors are a mean of models built on altered sample
datasets, they are not null at samples.

We decided to make a geometric mean between
cross validation and standard errors to set them null
at samples. That is why errors dKdS(x) and CV (x)
are mixed with the standard error, and two new
error predictions are introduced

dKdSmix(x) =
√

S(x) dKdS(x) (14)

CVmix(x) =
√

S(x) CV (x) (15)

Predicted errors are very useful to improve iter-
ative process. When minimizing a function, itera-
tively refining at the minimum of the response sur-
face usually leads to premature convergence.6 This
can be improved by including exploration in the
process using either a domain exploration (’Poll’
step of the surrogate management framework6), ei-
ther an infill cirterion based on predicted error.10

When minimizing global error of a response sur-
face, predicted errors can be used as sampling crite-
ria (see MAXVAR,10 Application-driven Sequential
Designs15 and IV-B).

C. Model Correlation Parameters Fit

Kriging spatial correlation parameters (θk , pk) from
equations 6 or 7 must always be fitted to the sam-
ples. Otherwise, if the correlation strength is under-
estimated (θk too large), the local deviation func-
tion Z(x) looks like a peak function interpolating
each sample and only the polynomial regression
model gives information.

for θ → +∞,

{

Z(x) → 0

Y (x) → f t(x)β
(16)
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1. Maximization of Model Likelihood

The correlation parameters (θk, pk) of the model are
fitted by Maximizing its Likelihood Estimate (MLE
method).

MLE = maxθ,p

(

ln(L)
)

(17)

ln(L(θ, p)) =

− 1
2

(

ns

(

ln(σ2) + ln(2π) + 1
)

+ ln(|R|)
) (18)

The model likelihood L evaluation is usually very
quick compared to a high-fidelity CFD computa-
tion, it only costs to compute the determinant of
the correlation matrix R. Maximization of the like-
lihood estimate can sometimes lead to an incor-
rect model identifiable by high standard error or by
comparing MLE to its asymptotical value.24 This
is due to the nature of the MLE function: quasi-
null gradient on some zones, and multiple local op-
tima.25 This sometimes high-dimensional problem
(from ndv to 2ndv parameters according to the cor-
relation function) can be efficiently solved using a
gradient optimization algorithm. By using a cor-
rect initialization of the correlation parameters as
described in the next section (II-C-2), the optimizer
converges to the global optimum in most cases. The
gradient of the determinant of the correlation ma-
trix is computed with a forward finite differences
method.

2. Initialization of the Spatial Correlation Param-

eters

Estimating the Likelihood requires inverting the
correlation matrix and for large datasets, as it is
the case in V, the MLE problem becomes com-
puter expensive. A method was developed to easily
find an initial guess and the optimization bound-
aries for the correlation parameters. It enables to
optimize the correlation parameters with a gradi-
ent optimizer (local) requiring few evaluations of
the Likelihood. The parameters θk govern the di-
rectional strength of the correlation between two
locations. The correlation decreases with distance
between points. The log-Likelihood function is mul-
timodal and has quasi null gradients for large θk.25

The main idea is to define what a large correlation
parameter (θk) is by introducing a scaling factor
depending on the samples. It is then possible to
overestimate the correlation strength with a small
θk in order to directly study the region of the log-
Likelihood exhibiting large gradients.

Considering the exponential SCF (Eqn. 6), pk

values close to 2 are best suited to smooth functions
but less numerically robust that is why the initial
value is pk = 1.

First, assuming that all control points are corre-
lated, the minimum correlation factor c is defined
as

∀(xi, xj) ∈ D2, ∃ c ∈]0; 1[ /

exp
(

− θk|x
i
k − xj

k |
)

≥ c
(19)

Thus, by fixing the strength of the correlation c
between the two most directional-distant sample

points (sĩ
k, sj̃

k)

∃θk > 0 /

exp
(

− θk|s
ĩ
k − sj̃

k|
)

= c
(20)

Finally giving

θk =
− ln(c)

|sĩ
k − sj̃

k|
(21)

According to our physical functions a good corre-
lation factor is c = 0.2 . Experience shows that
underestimated θk parameters usually give better
approximation than overestimated parameters, that
is why a strong correlation factor was chosen. The
initial parameters are determined by

θk =
ln(5)

|sĩ
k − sj̃

k|
(22)

The optimization boundaries are
[10−3θk, 10+3θk] around the initial guess.

The same method can be applied to cubic spline
functions.

D. Cokriging - Gradient Enhanced Kriging

A Cokriging model19 interpolates the function and
the gradient at each sample location. As Cokrig-
ing models include more information on the true
function than Kriging models, they need fewer sam-
ples to achieve a given level of accuracy. More-
over, the vectorial information provided by the gra-
dient should be more beneficial for high-dimensional
problems.

Two different formulations exist for Cokriging:
direct or indirect. When using the same correlation
parameters both formulations give the same results.

1. Indirect Cokriging

The indirect Cokriging method does not require
Kriging source code modification. In fact, the orig-
inal Kriging formulation is used with an augmented
sample database. For each sample point, one point
determined by a first order Taylor approximation is
added in each direction. The size of the augmented
sample set is ns(ndv + 1). The step chosen to add
those points must not be too low in order to avoid
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ill-conditioning of the correlation matrix. A good
compromise is sns+ik = si + 10−4rangek(S).

y(sns+ik) = y(si) +
∂y(si)

∂xk
10−4rangek(S) (23)

The indirect Cokriging applied to very dense
datasets is expected to be problematic. If the delta
used for the Taylor expansion is of the same order
of magnitude than point density, the Taylor aug-
mented datasets could degrade the model. Hope-
fully, it does not happen when approximating ex-
pensive computer codes.

2. Direct Cokriging

The direct Cokriging approach is equivalent to
make one Kriging approximation for each direc-
tion of the gradient, and the link between function
and gradient is conserved through an heritage of
the correlation function and parameters. The vec-
tors and matrix of size ns are augmented to a size
of ns(ndv + 1).

Ys =
[

y(s1), y(s2), · · · , y(sns),

∂y(s1)

∂x1

,
∂y(s1)

∂x2

, · · · ,
∂y(s1)

∂xndv

,

∂y(s2)

∂x1

, · · · ,
∂y(sns)

∂xndv

]

(24)

For a constant regression model

f(x) =
[

1, 1, · · · , 1,

0, 0, · · · , 0,

0, · · · , 0
]

(25)

The augmented correlation matrix is assembled
through 4 blocks, representing covariance of func-
tions between functions, of functions between gra-
dients, of gradients between functions and of gra-
dients between gradients. Whereas the indirect
formulation approximates the function on an aug-
mented database, the direct formulation keeps
the original database unchanged but approximates
more functions (ndv + 1).







































Cov
(

y(si), y(sj)
)

= σ2SCF (si, sj)

Cov
(

y(si),
∂y(sj)

∂xk

)

= σ2 ∂SCF (si, sj)

∂xk

Cov
(∂y(si)

∂xk
, y(sj)

)

= −σ2 ∂SCF (si, sj)

∂xk

Cov
(∂y(si)

∂xk
,
∂y(sj)

∂xl

)

= σ2 ∂2SCF (si, sj)

∂xk∂xl
(26)

One should notice that the augmented correlation
matrix is dense non-symmetric and its order N =
ns(ndv + 1) increases with the number of variables
and the number of samples.

The 2 blocks of the new correlation vector are

ri(x) =







SCF (x, si) , [1, ns]
∂SCF (x, si)

∂xk
, [ns + 1, ns(ndv + 1)]

(27)

With the exponential function the distance (L1-
norm) is elevated to a power lesser than two and
is not twice differentiable. That is why cubic spline
correlation functions are used with direct Cokriging.
Derivatives of the cubic spline (Eqn. 7) are

∂SCF (si, sj)

∂xk
=



















































































sign(si
k − sj

k)

×
(

18 θ3
k|s

i
k − sj

k|
2 − 12 θ2

k|s
i
k − sj

k|
)

×
∏

m6=k

[

1 − 6(|si
m − sj

m|θm)2

+6(|si
m − sj

m|θm)3
]

−6 θksign(si
k − sj

k)

×(1 − θk|s
i
k − sj

k|)
2

×
∏

m6=k

[

2(1 − 6|si
m − sj

m|θm)3
]

0
(28)

Assuming k 6= l,

∂2SCF (si, sj)

∂xk∂xl
=







































































































∏

m∈{k,l}

[

sign(si
m − sj

m)

×
(

18 θ3
m|si

m − sj
m|2

−12 θ2
m|si

m − sj
m|

)

]

×
∏

m/∈{k,l}

[

1 − 6
(

|si
m − sj

m|θm)2

+6(|si
m − sj

m|θm

)3
]

∏

m∈{k,l}

[

− 6 θ2
msign(si

m − sj
m)

×
(

1 − θm|si
m − sj

m|
)2

]

×
∏

m/∈{k,l}

[

2(1 − 6|si
m − sj

m|θm)3
]

0
(29)

∂2SCF (si, sj)

∂x2
k

=































































(

− 12 θ2
k + 36 θ3

k|s
i
k − sj

k|
)

×
∏

m6=k

[

1 − 6(|si
m − sj

m|θm)2

+6(|si
m − sj

m|θm)3
]

12 θ2
k

(

1 − θk|s
i
k − sj

k|
)

∏

m6=k

[

2(1− 6|si
m − sj

m|θm)3
]

0
(30)
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3. From Kriging to Cokriging

All Kriging functionalities are available when using
Cokriging including error predictions. Cokriging
models are also fitted by MLE (Eqn. 17). The MLE
correlation parameters of Kriging, indirect Cokrig-
ing and direct Cokriging are different in general.

E. Numeric Implementation

1. Correlation Matrix Inversion and Robustness

Considering SCF formulation, close sample points
can lead to quasi-identical columns in the cor-
relation matrix R the matrix being then ill-
conditioned26 (especially with low θk values). The
optimization of Kriging parameters implies comput-
ing very small determinants, and in order to avoid
underflow truncature error the ln |R| term is com-
puted as a sum of logarithms of eigenvalues with a
LU method from LAPACK.27

Typically, one can obtain a fitted Kriging with
cond(R) ≈ 1016 and still a good interpolation of
samples. That is why ill-conditioned matrix is not
a stopping error criteria, but sample interpolation
is checked after each correlation matrix inversion.

We noticed that when using the same correlation
parameters the direct Cokriging correlation matrix
(non-symmetric) is better conditioned than the in-
direct Cokriging correlation matrix (symmetric). It
can be explained by the fact that the augmented
sampling of the indirect method exhibits samples
very close from each other.

2. Memory and Computation Time

The computational cost to build the model depends
only on the correlation matrix order N . On a stan-
dard Intel Pentium4 2.8GHz processor, the esti-
mated computation time is:

tuser ≈ 3.10−9N3 seconds

memsize ≈ 8.10−6N2 Mbytes
(31)

For example, saying that the model must be built
in one minute with 300 computations of the like-
lihood for the MLE fit, the maximum matrix or-
der is then N = 400. For models approximating
high-fidelity CFD solver the typical maximum num-
ber of computations authorized for an optimiza-
tion is close to ns = 200. The Kriging computa-
tion cost depending only on the number of sam-
ples (Nkriging = ns) it is effectively negligible here.
On the contrary, the computation cost of Cokriging
models can be limiting on high dimensional prob-
lems (Ncokriging = ns(ndv + 1)). Considering an
optimization problem with a hundred variables, the
computation time for a single correlation matrix in-
version would be tuser > 6 hours.

The ScaLAPACK user guide28 (parallel version of
LAPACK) recommends a maximum matrix order of
1000 per CPU.

In term of memory, a Kriging code only re-
quires to allocate the inverted correlation matrix
plus some vectors in double precision.

III. Definition of the Aerodynamic

Test Case

The non-linearties observed on aerodynamic
global coefficients when varying shape cannot be
represented by an analytical test function. This is
why a typical CFD test case was chosen. The aero-
dynamic function considered within this article is
the far-field wave drag29 of a RAE2822 airfoil in an
Euler flow at a Mach number M = 0.78 and an an-
gle of attack AOA = 0.6o. The flow analysis was
performed with the elsA CFD code30 on a struc-
tured multiblock C-mesh (33 × 130). The second
order Roe’s upwind scheme with the Van Albada
limiter is used as spatial scheme coupled with an
implicit time resolution.

By modifying the shape of the transonic airfoil
with Hicks-Henne sinusoidal bumps, the objective
function exhibits multiple local optima and a non-
linear behavior (Figure 1).

HHk(u) = Xksin4
(

πu
log 0.5

log α
k

)

; u ∈ [0, 1] (32)

The six design variables considered are ampli-
tudes Xk of Hicks-Henne bumps on the upper part
at αk = 10%, 80%, 38%, 66%, 24%, 52% of the chord
line so as the two first parameters correspond to de-
formations of the leading edge and of the zone were
the shock occurs. The distribution is chosen so as
when incrementally increasing the number of de-
sign variables, the bumps stay equidistributed on
the upper surface. The amplitude of each bump is
in the domain [−5; +5]mm, and the chord length of
the airfoil is one meter.

At each update of the design variables the ini-
tial mesh is deformed using an improved inte-
gral method (iso-topology). The mesh deformation
module is also able to compute the sensitivity of the
mesh with respect to the shape variables needed to
compute the gradient of the objective function.

The gradient information used to build the Cok-
riging models was computed using the discrete ad-
joint method.1, 16 In term of computational cost, a
gradient calculation with the adjoint method costs
about the same as one direct CFD computation, so
a Cokriging model built with ns samples costs the
same as a Kriging model on 2ns samples for any
number of design variables. It should be noticed
that the discrete adjoint formulation used within
this paper ensures a coherence between direct flow
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computation and gradient computation and thus
a correlation between numerical residual errors at
convergence.

The dimension of the problem varies from two
to six, and for each problem a reference function
considered exact is built using respectively 104,
208, 272, 1056 and 4160 samples. The indirect
Cokriging formulation was used to build the refer-
ence functions, but as the five dimensional reference
was already expensive to build with a matrix order
N = 6336 the six dimensional reference was built
with a Kriging formulation instead. The Cokriging
code should be made parallel to extend this study
to higher dimensions.

Due to the important number of CFD evaluations
required to establish references, a coarse mesh was
used. It is worth noting that this is not detrimen-
tal, since we are addressing inviscid flow simulations
and that aerodynamic objective functions on finer
meshes or more realistic problems exhibit the same
kind of non-linearities.

A Sobol technique was used for the space filling
sample distributions and the corners of the box do-
main were added to the distributions.

Only the first test surface with two variables can
be plotted, but about the same level of complexity
is expected when increasing the number of design
variables.

X1

-4
-2

0
2

4X2

-4 -2 0 2 4

Y
(X

)

105

110

115

120

125

130

135

140 Y(X)

138
136
134
132
130
128
126
124
122
120
118
116
114
112
110
108

Figure 1. Aerodynamic reference surface for ndv = 2

IV. Influence of Sampling Methods

on Global Accuracy of

Response Surfaces

As predicted errors are available with Kriging we
wanted to determine if using them as ’a posterioi’
sampling criteria could outperform ’a priori’ meth-
ods. Maximum error ’a posteriori’ sampling were

already applied to polynomial test cases10, 15 , but
without comparison with classical space filling de-
signs.

The different techniques presented in II-A were
compared to reconstruct our first reference function
depending on two variables (Figure 1) with as few
samples as possible. Figures 2 and 3 show the evo-
lution of the exact relative root mean squared er-
ror (RMSE) when increasing the number of samples
from 6 to 64. The target is the dashed line corre-
sponding to the sampling refinement at maximum
of exact error.

A. Performance of ’a priori’ Sampling
Methods (grid, Halton, Sobol, LHS)

The fact that LHS and grid method are not sequen-
tial explains why on Figure 2 the error converges
unsmoothly when increasing sampling size. Other-
wise, the lack of coherence on the convergence can
also be explained by problems of correlation param-
eter optimization. The optimal parameters in the
sense of MLE are not always the optimal parameters
in the sense of minimum exact error. More partic-
ularly, grid sampling is unadapted to build Kriging
because optimization of the directional correlation
parameters is biased by the linear dependence ex-
isting within the spatial distribution.31, 32

Anyhow, regarding Figure 2 one can observe that
the convergence of the error seems composed of two
phases. Firstly, we observe a transitory phase of
strong error reduction for small datasets with a neg-
ative power trend until reaching ns = 20. Secondly,
the error seems to reach a linear phase with a low
negative slope. This linear phase is very costly if a
low level of error is required.

The Halton method was taken as the reference for
’a priori’ methods for its good overall performance
with small and large datasets. However, the only
method applicable to high dimensions is LHS.

B. Performance of ’a posteriori’ Sequential
Sampling Methods

Looking at Figure 3 it appears that all methods are
quasi-equivalent to the Halton reference. The linear
phase of convergence is not avoided using sampling
at maximum predicted error.

Regarding ’a posteriori’ methods, the
max(dKdSmix) error refinement is the best.
It is understandable as the dKdSmix error is based
on dKdS error, the Kriging sensitivity to the sam-
ples. It performs better than the Halton reference
for large datasets (Table 1). This is coherent with
the fact that as the number of samples increases,
the model is more precise and the predicted error
is also more precise.
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Figure 2. Evolution of error with sampling size for

’a priori’ sampling methods, ndv = 2
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Figure 3. Evolution of error with sampling size for

’a posteriori’ sampling methods, ndv = 2

On small datasets, sampling refinement at max-
imum of error (even max(Exa)) does not outper-
form Halton but still produces very satisfying dis-
tributions.

When ignoring quasi-random sequence sam-
plings, ’a posteriori’ methods outmatch LHS and
grid for small and large sampling size.

The fact that ’a posteriori’ methods outperform
only slightly space filling designs shows that the
aerodynamic test function complexity is evenly dis-
tributed in the design space. In our sense this is
always the case in aerodynamic optimization and
global reponse surface are generally unaffordable.

method ns = 6...25 ns > 25 ns ≥ 6

grid 2.43 1.49 1.92

Halton 1.96 1.39 1.76

LHS 2.45 1.57 2.01

Sobol 2.11 1.61 1.85

max(Exa) 2.17 0.89 1.47

max(S) 2.36 1.43 1.87

max(CVmix) 2.32 1.38 1.84

max(dKdSmix) 2.43 1.36 1.86

Table 1. Integrated relative RMSE for all sampling

methods, ndv = 2

V. Influence of Dimension on

Global Response Surface

Accuracy and Benefits of

Cokriging

No general rule can be made to assess a priori
the number of samples needed to achieve a given
accuracy as it depends on the complexity of the
unknown function. It is generally admitted that to
obtain a correct global response surface, 10 samples
per direction is a good starting sample size (ns ≈
10ndv). The sample size increasing exponentially it
becomes then impossible to build a global response
surface on high dimensional problems. The bene-
fits of Cokriging beside Kriging cannot be assessed
by only varying the sample size18, 19, 21 because the
information added to the model through gradients
is dimensional. Thus the accuracy of Kriging and
Cokriging will be compared by varying the sample
size and the number of design variables. The depen-
dence between number of samples and dimension
is expected to be reduced with Cokriging. When
dealing with approximation of expensive computer
analysis, the dataset size is generally very limit-
ing and the reconstruction was made with less than
300 samples. The comparison was conducted on an
aerodynamic function (section III) in order to use
the same solvers as in aerodynamic shape optimiza-
tion and gradient computed with the adjoint state
formulation.

A. Results

Figures 4-8 show the evolution of the exact (with
respect to the reference surface) root mean squared
error (RMSE in percent) when increasing the num-
ber of samples for the five problems.

Firstly it appears that the indirect Cokriging
method is the best. Despite the mathematical ap-
peal of direct Cokriging formulation its performance

9 of 13



fof ã O^PHM�G�V�RZc\G�I�O^PØY>=æc�N=c�YLa=Y[M�RSV@?kN'c�YWMua'Y[VdTdF²O=P7MDY�F²N^V	AuV�ICB=Y�N9B=YLY\G�ã�OEDpV�ICB=Y�N9B^Y

are deceiving. Overall, it is worse than Kriging
on the two, three and five dimensional tests (Ta-
ble 2). The spikes occuring on direct Cokriging
convergence correspond to wrong MLE correlation
parameters. The MLE problem has more local min-
ima representing optimal correlation parameters for
each of the ndv +1 functions (the function itself and
its derivatives Eqn. 26). In fact, the MLE of direct
Cokriging sometimes gives the same parameters as
MLE of Kriging and sometimes gives the same pa-
rameters as MLE of indirect Cokriging, for example
on Figure 7 between 150 and 200 samples. This does
not discard the method as direct and indirect Cok-
riging models give the same results when using the
same correlation parameters, but shows that direct
Cokriging models fitted by MLE are easily ill-fitted.

The convergence in two phases described previ-
ously (in section IV) appears on all tests with Krig-
ing or Cokriging models.

The number of samples needed to switch from
transitory to linear phase is roughly the same for
Kriging and Cokriging (Figures 4-8). The benefits
of the Cokriging models on error is obvious during
the transitory phase (Table 2).

During the second phase, the low negative linear
slope is the same for Kriging and Cokriging mod-
els. However, the indirect Cokriging is still more
efficient due to the advance taken during the first
phase (Table 2).

In term of computation cost, the indirect Cok-
riging does effectively need fewer samples to reach
a given accuracy. As the samples are twice more
expensive to compute for Cokriging (cost of the ad-
joint solver), they should use at least twice less sam-
ples than Kriging to reach a given accuracy to be
interesting. This seems true in general. By interpo-
lating the gradient vector at each sample the sur-
rogate models interpolate hyperspheres instead of
points and as expected the best gain is achieved on
the higher dimensional problem with small datasets.

It appears on table 2 that global error increases
with the number of variables. It was expected since
it was not possible to have a sampling size of ten
samples per direction for all tests.

ndv ns = 3...25 ns > 25 ns ≥ 3

Krig. D.Cok. I.Cok. Krig. D.Cok. I.Cok. Krig. D.Cok. I.Cok.

2 3.45 2.87 2.42 2.20 1.76 1.57 2.57 2.09 1.82

3 5.23 6.18 3.36 2.44 2.60 1.66 2.84 3.11 1.91

4 8.40 8.16 3.91 3.14 3.58 2.57 3.75 4.11 2.72

5 17.9 15.7 8.68 5.59 6.05 4.73 6.62 6.85 5.05

6 22.8 20.0 11.6 7.25 6.71 6.71 8.45 7.74 7.08

Table 2. Integrated relative RMSE for all formula-

tions and tests
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Figure 4. Evolution of Kriging and Cokriging errors

with sampling size, ndv = 2
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Figure 5. Evolution of Kriging and Cokriging errors

with sampling size, ndv = 3
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Figure 6. Evolution of Kriging and Cokriging errors

with sampling size, ndv = 4
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Figure 7. Evolution of Kriging and Cokriging errors

with sampling size, ndv = 5

VI. Conclusion

An efficient framework to fit Kriging correla-
tion parameters by likelihood optimization was de-
scribed. It consisits in departing from a good initial
guess for the parameters and then apply a gradient
optimizer. It shows good overall robustness, even
during the fit of computer expensive Kriging (up to
order N = 6336).

Usualy, comparison of modeling techniques are
made on analytical test functions. Aerodynamic
functions being highly non-linear, anaytical test
cases cannot represent the true level of complexity
encountered in aerodynamic shape optimization.

Classical response surface frameworks use space
filling ’a priori’ sampling. It is possible to tune the
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Figure 8. Evolution of Kriging and Cokriging errors

with sampling size, ndv = 6

sample distribution to the function studied using
’a posteriori’ refinement techniques to concentrate
more information into the sampling. Compared to
space filling designs, ’a posteriori’ sampling at the
maximum of exact error significantly increases accu-
racy of the model. Kriging being an interpolating
model, any error criterion null at samples (stan-
dard error) can be used for sampling refinement.
Two new predicted error criteria based on cross-
validation, but satisfying this property were intro-
duced.

The convergence of the global error when increas-
ing the number of samples proceeds in a transitory
phase of fast decrease followed by a linear phase of
slow decrease. The sample size needed to reach this
second phase cannot be foretold, but increases with
dimension and complexity of the function studied.

Among ’a priori’ techniques, quasi-random Hal-
ton give best results. Moreover, it also gives or-
dered samples. The new sequential sampling meth-
ods based on refinement at maximum error show
fair results compared to classical sampling meth-
ods, but do not break the slow linear convergence as
was expected regarding performance of refinement
at maximum of exact error. From all predicted er-
rors, the new leave one out sensitivity error intro-
duced within this article enables to have the small-
est exact error on large datasets, but needs to build
all intermediate models. The fact that ’a posteri-
ori’ methods outperform only slightly space filling
designs shows that the aerodynamic test function
complexity is evenly distributed in the design space.
In our sense this is always the case in aerodynamic
optimization and global reponse surface are gener-
ally unaffordable.

The use of adjoint gradient information to build

11 of 13



f � ã O^PHM�G�V�RZc\G�I�O^PØY>=æc�N=c�YLa=Y[M�RSV@?kN'c�YWMua'Y[VdTdF²O=P7MDY�F²N^V	AuV�ICB=Y�N9B=YLY\G�ã�OEDpV�ICB=Y�N9B^Y

Cokriging models drastically improves global accu-
racy, but is unsufficient to break the slow conver-
gence during the second linear phase. The compu-
tation cost induced by Cokriging formulation makes
the response surface expensive to build when con-
sidering lots of design variables, but as the op-
timization process usually takes place on paral-
lel computer architecture, it is possible to lessen
this cost. As was stated in previous papers,19

indirect and direct Cokriging models are identi-
cal when built with the same correlation parame-
ters. However, the sample database augmentation
used to build indirect Cokriging induces bad con-
dition number of the correlation matrix that can
be avoided using the direct formulation. Despite
its better conditioning, the direct Cokriging model
cannot be easily fitted. In our view, the best frame-
work to build gradient enhanced Kriging reuses cor-
relation parameters from the indirect formulation to
build a direct Cokriging. The best gain of Cokrig-
ing is observed during the transient phase, on small
datasets with a large number of design variables.

Regarding the global error of reconstruction on
all test cases considered within this paper, it ap-
pears that a global response surface accurate at one
percent is out of reach with less than a few hundred
samples except for dimension lesser than four. That
is why, global response surfaces should be used only
when it is possible to identify a very small set of in-
teresting design variables or with low-fidelity solvers
and large sample database.

However, physical functions generally exhibit a
simple global tendency plus non-linear perturba-
tions and it is still possible to find an optimum
by iteratively refining the model at its predicted
optimum. To overcome early convergence of this
process it is interesting to reuse predicted error to
introduce some exploration. The general tenden-
cies found on the low-accuracy global response sur-
face can also be used to initialize a local optimizer
closer to the global optimum. As the domain of ac-
curacy around sample locations is increased when
interpolating gradient, an optimization process re-
fining iteratively a local Cokriging response surface
around interesting locations should be investigated
on a high dimensional problem.
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⋃

i Ŷi
!N(+$T&���M��1&NM�5V�"#"! #%$T&1� #8! (+*�!e�Õ!1¤ä!1&d"%¥C#"!.�1,w#C! (+$'&

2�#"!,¢�M��1.iM�- / #"!o��*�- / .C&'*�#"!.�
�0# / M�¥R�%¥C#�¥jM�$�.C"%� #%$ / � (+��&1.�¥�.ß!NM�&1.ß(+$°��M�*�&e�Ð$�.�¢V#ÆM�* #"!1&q2�� K (+*�� / �"#62�#"!lM�$�M / ¤ä! #"!j-�M+!!�Ð$�.�¢V#ÆM�* K M��q# /�/ #

#"!1& K (+$�2ä*�.�& # !1*��Ò2�#"!AO®(+$ K &1.ß(+$�!:(+-ä�1# K &1.\Of!0M������ ( K ���"#"!.$ F̂i(αglob)
�o<Y.�$�M / #%¥C#%$T&.$ / #3��� (+- / "%¥C#�2�� (+��&1.�¥�.ß!NM�&1.ß(+$

.�$T& �`5�� �"#3-�.�$�.�¢V#ÆM�*s� : ; h�h #"!1&�O


















































• minαglob

(

F̂ (αglob)
) q�� _ q�� s��KAðC ��è�q��

αloc
PV/ä#"!

• minαloci

(

Fi(αglob, αloci
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. DE;d;d;Q�Y�Æ �J

,w#,��� ( K #"! !1*�!�� : ; h�h #"!1&L� #%��� �"! #%$'& �:#%$»P#5�*�� #A;d;d;Q�Y�%�%�	¢V# K,K #%&1& #,¥C�%&!��(©2�#%$T. / $1� #"!1&���M+!�$�� K #"! !NM�.�� #Ò2�#Ò¥C#%&1&1� #
#%$°!0*�¢'� #q*�$�# K (+$T&1�NM�.�$'& #A2�#l!1¤'$ K ��� (+$�.ß!NM�&1.ß(+$ #%$T&1� #�!N(+*�!e�Õ!1¤ä!1&d"%¥C#"!E2ä* &¹¤'�)# Ŷi = Yi
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Convergence ?
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K (+* / #%*��:!1*�� / M+<Y.Y5�*�� #�;¶;d;����0�






Jstruct(αstruct) = M
nGstruct = 45
nαstruct = 27
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��M / #3JQ�o,�� #"!1& / #{� #"!1� # K &o2�# K #"! K (+$T&1�NM�.�$'& #"!A&'*�.�2ä.�¥C#%$�!1.ß(+$�$�# / M !1&1�1* K &1*�� #0���1.�¥jM�.�� #%�V@�&NM�$T&:2�(+$�$��"# / M�OÐM�.�- / #
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Ç:$�# M�$�M / ¤ä! #�-�M+!e�Ð$�.�¢V#ÆM�*6! &1�1* K &1*�� # #"! &:2�(+$ K *�$�#�(+��&1.�¥�.ß!NM�&1.ß(+$���M��{�NM���� (+�1&�M�*0/A¢�M��1.iM�- / #"!{! &1�1* K &1*�� #"!.�: #"!:M�$�M / ¤ä! #"!,! &1�1* K &1*�� #"!Ò(+$T&:�%& ��� �ÆM / .ß! �"#"!o��M�� / #�2��%��M��1& #%¥C#%$'&{! &1�1* K &1*�� #�2�� �Ò.��1-�*�!�DE@ h ��2GHAJQ�
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: #���� (+- / "%¥C#8!1�)� K .\Po&T*�#CM�*�2�(+¥jM�.�$�#82�# / �ÁM+�%� ('2ä¤©$�M�¥�.C&T*�#j#"!1&�2�#�¥�.�$�.�¥�.ß! #%� / Mq&1�NM��ß$��"#j2�# / �ÁM"¢©.ß(+$�M�*
� (+.�$'&�2�# K � (+.ß!1.C"%� #%$ Mach = 0,85 #%& Cl = Cl0

$���M��{2�#"!{2��QO®(+�1¥jM�&1.ß(+$�!�2�# / � #%$T¢V# / (+���)#�#Q/ä& #%�1$�#�2�# / �ÁM"¢©.ß(+$1�
4	(+*�� K # / M / # / (�5�. K .ß# / ]�4'H	M / .C��DE;Q����Jw#"!1&,#%¥�� / (Æ¤V�%�

@�$ M+�%� ('2ä¤©$�M�¥�.C&'*�#%$ / M K (+$ K #%��&1.ß(+$ 2�� *�$ K (+¥��)(�!NM�$'&8.ß! ( / �t#"!1&C.�¥��)(�! !1.�- / #t#%& / � (+$ 2�(+.�&8¥C('2�� / .ß!N#%� / #
¥C(+& #%*���.�$�!1&NM /�/ �%$@2�(+$ K *�$�# K (+$0P#5�*��NM�&1.ß(+$ÃDE&'*�M+!1.\�ôJ K (+¥�� / "%& #%� : M�2�#%¥�.\� K (+$0P#5�*��NM�&1.ß(+$ �%&1*�2ä.ß�"#C#"!1& K (+¥��)(��
! �"#E2�� *�$�2�#%¥�.\�äO[*�!N# / M�5V#%$�2�� *�$�#E¢V(+. / *�� #�#%&02�#E2�#%*0/6.�$�!1&NM /�/ M�&1.ß(+$�!�¥C(+&1�1. K #"!»Dd¢ ½°��4'2�$'½ .�$V5���(©2ä¤
4�¤ / (+$
2{M K # /�/ #�¦VJ'tY# /�/ #j#"!1& 2��QP�$�.ß#j��M�� *�$�¥jM�. /�/ M�5V#»O®(+�1¥C�j2�#I�%$���¥�. /�/ .ß(+$�!E2�#j$ð!0*�2�!�DE<Y.Y5�*�� #c;¶;d;�� �ÕJQ� : M�OÐM�.�- / #
� �"! ( / *�&1.ß(+$�2�# K #�¥jM�. /�/ M�5V# ��M��0�NM����)(+�1&�8 / M K (+¥�� / #Q/©.�& ��2�# / Mc5V�"(+¥C�%&1�1.ß#E$�#3�)#%�1¥C#%&0��M+!�M�*0/6!1.�¥�* / M�&1.ß(+$�!
� ìQ� ��2�#Ò��� �"2ä.�� # / #"! K (©#Q£ K .ß#%$T& !,M+�%� (©2ä¤©$�M�¥�.C&T*�#"!oM"¢V# K ��� � K .ß!1.ß(+$�#%$j¢�M / #%*��oM�-�! ( / *�#%$T¥jM�.ß!�# /�/ #:� #%�1¥C#%&�2�#
¥C('2��%� #%� / #�& #%¥���!,2�# K M / K * / �

�±���;� ;¶;d;�� ��O0��M�. /�/ M�5V#3M+�%� (©2ä¤'$�M�¥�.C&'*�#»Df!1¤©¥C�%&1�1.ß! �3JQ��,�� �"2ä.�&�]�2�@N>G���
: MXOf(+$ K &1.ß(+$ (+-ä�£# K &1.\O�#"! & / Mo&1�NM��ß$��"#w2�#L��� #"! ! .ß(+$�2�# / �ÁMÆ¢'.ß(+$+8 / M�&'*�# /�/ #�(+$ MH�£(+*�& #�*�$3& #%�1¥C#�2�#L�)�%$�M / .ß!NM�&1.ß(+$
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J = Jaero + 2kJstruct.
DE;d;d;Q�Y�.��J

: #(OÐM K & #%*�����!1*�� / MA¥jM+! ! #C!3� #Q/©� / .C&'*�#C��M�� / #(OÐM�.�&6&T*�#%$	!1*��3*�$ M"¢©.ß(+$1$ / #"!�¥»º�& !�!N(+$T&3& (+*�!3.ß2�#%$T&1.C&'*�#"!.� : M
&1�NM��ß$��"#,�%&NM�$T& K M / K * / �"#�� (+*���*�$C2�#%¥�.\�¹MÆ¢'.ß(+$1$ / M{¥jM+!N! #�2�#"!�2�#%*0/ ¥»º�& !L#"! &Y���1.ß!N#o#%$ K (+¥���& #�D / M K (+$0P#5�*��NM�&1.ß(+$
#"!1&�&'*�M+2ä�1.�¥C(+& #%*���JQ� : # K (©#Q£ K .ß#%$T& k

K (+�1� #"!1�)(+$�2bM�*��NM���� (+�1&�2ä*�� (+.ß2�!0& (+&NM / 2�# / �ÁMÆ¢'.ß(+$b#%&�2�# / McO®(+� K #�2�#
&1�NM��ß$��"#�2�# / �ÁMÆ¢'.ß(+$s8 �)(+�1&NM�$ K #0$T* /�/ #%��4YM��Ò�NM���� (+�1&:M�*0/l¥C�%&!��(©2�#"!,2�� K �1.�& #"!:M�* K ��M���.�&1� #6;Q$ K # K (©#Q£ K .ß#%$T&{#"!1&
(+-�& #%$T*���M�� *�$�#j¥�.ß!N#a8 / � � K ��# /�/ #�2�#"! (+-ä�£# K &1.\O®! ��M�� / #%*�� ¢+M / #%*���M�-�! ( / *�#LD K O!�-;Q�Y�%�Á�0�Y�3J6&'*�.�$�#8¥R"%$�#%�NMt��M+!
Of(+� K �%¥C#%$'&�8E*�$A(+��&1.�¥�*�¥ �B&'*�. / .�-�� �3M�*�! #%$�!Ò2�#�4YM�� #%& (ID[� (+.�$'&Ò.�$T& �%�1.ß#%*��0M�*�O[� (+$'&Ò2�#�4ãM�� #%& (�JQ�
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@�$A� �"! *�¥C�%$ / #���� (+- / "%¥C#68E� �"!N(+*�2ä� #�#"!1&.$






































































































• minαglob

(

Ĵaero(α) + 4kĴstruct(α)
) q�� _ q�� s���AðC ��è�q��

αloc
PV/�#"!

• minαstruct

(

Jstruct(αglob, αstruct, Ystruct)
)

� #"!1� # K &NM�$'&�O Rstruct(αglob, αstruct, Ystruct) = 0
∀i ∈ [1,nGstruct], σi < σadmissible

αglob
PV/ä#"!

•
K (+$�!1&1�1*�.�� #CO Ĵstruct(αglob)

• minαaero

(

Jaero(αglob, αaero, Yaero)
)

� #"!1� # K &NM�$'&�O Raero(αglob, αaero, Yaero) = 0
αglob

PV/ä#"!
•

K (+$�!1&1�1*�.�� #CO Ĵaero(αglob)

. DE;d;d;Q�Y�Æ��J

�����\�«Î��«× Ï[É^�D�Ì�����'���
: #"! ¢�M / #%*�� !�$'*�¥C�%�1.C&T*�#"!E�)(+*�� / #"!�O®(+$ K &1.ß(+$�!E(+-ä�£# K &1.\O®!3� #%��� �"!N#%$T& #%$T&C2�#"!E2ä.\���%� #%$ K #"! ��M����NM����)(+�1&+8 / MK (+$0P#5�*��NM�&1.ß(+$�2�#C� �QO®�%� #%$ K #%�_Ç:$�#jM�¥C� / .ß(+�NM�&1.ß(+$ ��M��3�NM����)(+�1&�8 / M�� �QO®�%� #%$ K # K (+�1� #"!1�)(+$�2ä�NM
8A*�$�#(O®(+$ K &1.ß(+$

(+-ä�£# K &1.\Ow$��`5TM�&1.�¢V#E#%&:*�$�#�O®(+$ K &1.ß(+$�(+-ä�1# K &1.\O�$'* /�/ # 2��QP�$�.��NM8*�$�#E! ( / *�&1.ß(+$��B&'*�.�¢+M / #%$'& #+8 / Mq! ( / *�&1.ß(+$�2�#�� �QO®�Q�
� #%$ K #%�: #�2�(+¥jM�.�$�#�2�#"!Y¢+M��1.iM�- / #"!?��M�*�&e�Ð$�.�¢V#ÆM�*C�%&NM�$'&Y*�$ K *�-)#%$ / MÒ¢©.ß!1*�M / .ß!NM�&1.ß(+$E2�#"!Y! *��eO®M K #"!ã2�#�� �%� (+$�! #w#%$E&1� (+.ß!
2ä.�¥C#%$�!1.ß(+$�!�$1� #"!1&0��M+!�M�.ß! �"#%�[; / #"! &{& (+*�&�2�# ¥R�%¥C# �)(�! !1.�- / #E2�#E! # � #%��� �"! #%$T& #%� / #%*�� !0& #%$�2�M�$ K #"!�#%$�&1�NM�îÆM�$'&/ � �%¢V( / *�&1.ß(+$t2�#�&'*�# / &T*�#"!,.ß! (��Õ!1*��eOÐM K #"!.� h *�� / #"!UP#5�*�� #"!X;d;¶;��Á¡�#%&A;d;d;Q�Y�Æ 0$ / #"!,!1*��eOÐM K #"!o2�#�� �%� (+$�!N# K M / K * / �"#"!,��M��/ #»¥0�1.Y5V#ÆM�5V#q! (+$T&EM�.�$�!1.L&1�NM K �"#"!.� : #"!3� (+.�$'& !�2�# K (+$�!1&1�1* K &1.ß(+$�¤�! (+$'&3� #%��� �"! #%$'& �"! ��M���2�#"! K *�-)#"!.� : � #%�1� #%*��
!1&NM�$�2�M�� 2���� �"2ä.�& #3��M�� / #�¥0�1.Y5V#ÆM�5V#�¤l#"!1&o� #%��� �"! #%$'& �"#3#%$�¢�M / #%*��:M�-�! ( / *�#%�

,w(+¥�¥C# / #�$�(+¥3-�� #w2�#�¢�M��1.iM�- / #"!-��M�*�&e�Ð$�.�¢V#ÆM�*E#"!1&�OÐM�.�- / #%$ / M�� # K ��#%� K ��#�2�# / � (+��&1.�¥�*�¥ 5 / (+-�M / 2�# / M�O®(+$ K &1.ß(+$
(+-ä�£# K &1.\O�#"! &@&1�d""!1OÐM K . / #%�3Ç:$�#�! .�¥�� / #�#Q/ä� / (+�NM�&1.ß(+$���M��	*�$�#N5��1. /�/ #�! *0£j!NM�¥�¥C#%$T&_P�$�#GD 1003 J�� #%�1¥C#%&Y2�# / ( K M / .ß! #%�/ ME�)(�!1.�&1.ß(+$A2ä*A¥�.�$�.�¥3*�¥É5 / (+-�M / M"¢V# K *�$�#0��� � K .ß!1.ß(+$t2�#�&'*�# / &'*�#"!o¥�. /�/ .�¥R"%&1� #"!.�

>_>H>�´ ~ ´ß�²´ } � \ ��� U�S 
A�Y
�� Q z � Wdg 
 g"^ � \dS�^_\ ��

: MAP#5�*�� #U;d;d;Q�Á¡�� #%��� �"! #%$'& # / M:� �%�)(+$�! #w2ä* ! (+*�!!�Õ!1¤©! &d"%¥C#�!1&1�1* K &1*�� #�!1*�� / #�2�(+¥jM�.�$�#w2�#"!Y¢�M��1.iM�- / #"!�5 / (+-�M / #"!.�: #"!�.ß!N(��Õ!1*��eO®M K #"!�� #"! ! #%¥3- / #%$'&�8l2�#"!�!1*��eO®M K #"!6&T*�M+2ä�NM�&1.C&'*�#"!��)#%* K (+*��1- �"#"!3� : #�¥�.�$�.�¥3*�¥ 2�# K #%&1& #C!1*��eOÐM K #

2�#�� �%�)(+$�! #�#"!1&,!1.�&1*���2�M�$�!,*�$ K (+.�$�2ä*A2�(+¥jM�.�$�#3#%$1$

α∗struct
glob =

(

X

C
= −0,024;

Z

C
= +0,024;

W

C
= +0,024

)

. DE;d;d;Q�Y�3�%J

,w# / M K (+�1� #"!1�)(+$�2�#Q�)# K &1.�¢V#%¥C#%$'&�M�*0/t& #%$�2�M�$ K #"!���� �%¢©*�#"!0��M�� / � #Q/©�)�%�1.ß#%$ K #%$18q!NM"¢V(+.���&'*�# / # ¥»º�&�!.�ÁM / (+*�� 2ä.�&/ (+� !d&'*�#CO
Û !NM / (+$V5�*�#%*��0M�*V5�¥C#%$T& #%$ K � #"!1&e�=8��Õ2ä.�� #3!1. X M�*V5�¥C#%$T& # (+* Z 2ä.�¥�.�$'*�#%$
Û !NM / M��!5V#%*�� W 2ä.�¥�.�$'*�#%�

@�$C#Q��#%&.$ / (+� !d&T*�#�!NM / (+$V5�*�#%*���M�*V5�¥C#%$'& #%$ / #"!�2ä.�¥C#%$�!1.ß(+$�!�M�*V5�¥C#%$'& #%$T&.$T¥jM�.ß! / M K ��M��!5V#A8{! (+*�& #%$�.���M�*V5�¥C#%$'& #
M�*�! !1.V��M��d*�$3#Q�)#%&	2�#�-��NM+!d2�# / #%¢©.ß#%�.� : (+� !d&T*�# / M / M��!5V#%*��	2ä.�¥�.�$'*�#%$_. / OÐM�*�&	MH�1(+*�& #%�d2�# / M�¥jM�&1.C"%� #�� (+*��	! (+*�& #%$�.��/ ME¥R�%¥C# K ��M��!5V#%$ K #�&'*�.dM�¥R"%$�#�*�$�#0�)�%$�M / .�& ��2�#�¥jM+! ! #%�: MA��� �"2ä. K &1.ß(+$ 2�� #%�1� #%*��6Of(+*��1$�.ß#���M�� / #R¥0�1.Y5V#ÆM�5V#j#"! &�� �%¢V� / M�&1�1. K #j2�� *�$ � K ��M�$T&1. /�/ (+$�$�M�5V#q¥jM / 2ä.ß!1&1�1.�-�*��%�
@�$�#Q�)#%&.$�M�* K *�$�� K ��M�$T&1. /�/ (+$�$1� #Q/ä� / (+� # / MC-)(+�1$�#E!1*��)�%�1.ß#%*�� #��)(+*�� / M8¢+M��1.iM�- / # Z �[,w# / Ml! #�&1�NM+2ä*�.�&0��M��0*�$�#
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Oui

Non

Oui

Non

ëEì�í�î>ïÚð�ñ³ò¦ò¦ó�ïôï�î>õ�öw÷�ø�ù
Dglob

ëEì�í�î>ï�ð�ñ³ò¦ò¦ó�ï�ïzî>õÚöw÷�ø�ù
Dglob

Sglob =
{

αglobj
, j = 1 · · · 10

}

Sglob =
{

αglobj
, j = 1 · · · 9

}

αglob = αglobj

j > 10 j > 9

αglob = αglobj

úCû öýü|ö�ó�þôð�ñ³ü�ñ¢÷jî>ð�ñ¢ó>ï ÿzî�÷ û ï�ñ � ö1î>ø�÷�ð�ù�ø�ìýð�ø�ùjö
minαstruct

(

Jstruct(αglob, αstruct, Ystruct)
)

ù�ö1÷�þaö1ì¨ð*î�ï�ð��
Rstruct(αglob, αstruct, Ystruct) = 0

∀i ∈ [1,nGstruct ], σi < σadmissible

ú�û öýü|ö�ó�þôð�ñ³ü�ñ¢÷jî>ð�ñ¢ó>ï�ÿ�î�÷ û ï�ñ � ö1î>ø î��¨ùjó��	�ºï�î�ü�ñ�
Úøzö
minαaero

(

Cdp(αglob, αaero, Yaero)
)

ù�ö1÷�þaöýìýð*î�ï�ð��
Raero(αglob, αaero, Yaero) = 0

� ó�ï�÷�ð�ù�ø�ñ³ù�ö
�
Ĵstruct(αglob)

� ó>ïz÷�ð�ù�øôñ¦ù�ö��
Ĵaero(αglob)

� þ�ð�ñ³ü�ñ¢÷jî>ð�ñ¢ó>ï�í�î>ø�ð û ï�ñ � ö@î�ø
minαglob

(

2k Ĵstruct(αglob) + Ĵaero(αglob)
)

�;���;� ;d;¶;��^���04������������������������! ����#"�$�%&�! t¥'��()$�%&�*%&���#%)"�()%) ,+-%)���/.�%) �%�¢0�1+-�1�
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%&�����3�����eO4+!���5���6�#�����#���7���8(Þ�6�!���*���9���)�Æ ¼S�%)(&��5:�;+�¥�¥<���=���!��������">�! ���+- ?$M8@�� A"�(B+- C���! ���$;+- ?$7�# Z
C

≈ 0,02 �
�D��$����%¥<�# E$F�*%)$.$G(Þ�6�#�����#���F+-.����!()���H����$I����">J#��%&�#������8¼�Æ 
SE%)(&��5:�;+�¥�¥<���K�V"��I(&�!����&E��� Z

C
> 0,02 ���L�M"�()���.$G(&�

¥M+�/�%�¥I��¥N���6�#�����#���H���!��������">�! ��O+-� ¥F%) �%�¥'��¥Ê5:(&�!.,+-(P�����M(B+Q�����eOR+!���5���8��J#">�! ����%� : �S �%�¢0�1+-�O���6�#�����#���8¤
����$/ ��! T �J`5:()%Y50�1+-.�(&�%$����6�# '¢E%)���! �� 8"U�!�������# E$��MD®�� MS�%)(&��5:�;+�¥�¥<���F���6�#�����#���K"U�!���/�� ��H+�¥<J#()%&�!�;+-$�%&�! V���s�Æ � 
SE%)(&��5:�;+�¥�¥<���QJW�#$X(Þ�6�#�����#����¥<�Æ¤0�# � ��Y+-.��;�!()���P�����X(&�P���+¥M+-%) ��0¢!+-��$X��SE%)(&��5:�;+�¥�¥<���.�0HZ�!��$��QO[�!%&�.$*%)(>�.�\+Æ¢�"#����&E���
���#$X�!"�$�%�¥I��¥]����$����!.�����$��o¢�%&�e�=8��Ð¢E%&�X���
(Þ�6�#�����#���X��$;+- ���+-���M�*�c¥L��%Y50�1+�50�%�ÕHG�#()(&��&?�������#"���J����# ?$�J^�# RP#5:�����A;¶;d;����0$
�� ��q¥F%) �%�¥F%&�;+-$�%&�! V���H(B+�OR�! ��#$�%&�! ¥<�!%) ��K(Þ�6�#�����#���
D LCB1

JI�!�_���H(B+
O[�! ��#$�%&�! `"�()���/(Þ�6�#�����#���
D LCB−1
J' ��

�d�,+- V50�'",+!�
(B+K(&���1+-()%&�;+-$�%&�! 8���L(Þ�6�!"�$�%�¥'��¥M�

X/C

-0.02
-0.01

0
0.01

0.02

Z/C

-0.02

-0.01

0

0.01

0.02

W
/C

-0.02

-0.01

0

0.01

0.02

Jstruct: -80 0 80

0

+ 80

-80

X/C

-0.02
-0.01

0
0.01

0.02

Z/C

-0.02

-0.01

0

0.01

0.02

W
/C

-0.02

-0.01

0

0.01

0.02

StdErr: 5 10 15

+ 15

+ 10

�;���;� ;d;¶;��Á¡*��aE���eO4+!���Y���L��J#"U�! ��;�Y��$������#$������Y�#$D�;�! S�#�����#���D��$;+- ���+-���S�# A¢:+-(&�#���D+-.����!()���%�

X/C

-0.02
-0.01

0
0.01

0.02

Z/C

-0.02

-0.01

0

0.01

0.02

W
/C

-0.02

-0.01

0

0.01

0.02

Jstruct-StdErr: -80 0 80

0

+ 100

-100

X/C

-0.02
-0.01

0
0.01

0.02

Z/C

-0.02

-0.01

0

0.01

0.02

W
/C

-0.02

-0.01

0

0.01

0.02

Jstruct+StdErr: -80 0 80

0

+ 80

-80

�;���;� ;d;¶;����*�Å��5?+-���¶���%$,�����eO4+!���Y���L��J#">�! ����Y��$������#$������Y"�()�������! S�#�����#���^��$;+- ���+-�����#�b�*���!%)$��%$,�����eOR+!�������
��J#"U�! ����'��$������#$�������¥<�!%) ��D�;�! S�#�����#���D��$;+- ���+-�����
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c	cdc ´ ~ ´&e²´B2 fhgZi��kj�l0mSnom8i-p zrqUsGt mSj�p?i q nGu s j�vQwyxzgZm
: +6P#5:������;d;d;Q�Y�1{����#"���J��;�# ?$��L(B+'��J#"U�! ����L�*�7���!���e�3��|���$d"#}<�L+!J#�����*|E ,+-}F%C&E���L������(&�^���!}M+-%) ���������~:+-��%B+-.�(&���

5:(&�!.,+-(&���.� : � %&�����3�����eO4+!��� Jaero = −0,5 �# C.�(&�#�C����$=���!}F">�:��J��5���9���#�0/AJ#(&J#}<�# E$��7�*%&�[���!%) E$��H%) ��*%C&?�,+- E$H(B+
"���J����# ����=�������#�0/@}F%) �%)}M+9��%)$���J��K�����/���#�0/_+-�d�#$����K�*%\�>J#���# E$����F�*�_���!}M+-%) ��%�N]^ �+!�*}<�#$�$��;+I&?���������/���#�0/
}F%) �%)}M+<���! E$
(&�������#��(&�
}F%) �%)}M+<����(B+K�����eO4+!����������J#"U�! ��;�Y+!J#���E�*|� ,+-}F%C&?���%� : ��}F%) �%)}'��}�(&�E�1+-(z����$���%)$���JY�# 
(X

C
= 0,024; Z

C
= −0,024; W

C
= −0,004) $*"��d"��W��� �� �J��d�,+- E$�%)()(&�! 1$����! ��^��+- ��X�� ��GÆ1�! ��^��×�(Þ�6�#�����#���W����$�+!�����`Æ

OR+-%).�(&�%� : ��}F%) �%)}'��}É5:(&�!.,+-(G����$���%)$���J'�# 
α∗aero

glob =

(

X

C
= +0,011;

Z

C
= +0,024;

W

C
= +0,024

)

. DE;d;d;Q�Y�1��J
@� O$��#��}<�����9"U�#�eOR�!��}M+- ����%$W(&�5}F%) �%)}I��}�(&���1+-(L����$�}<�!%) ��=">�#�eO[�!��}M+- E$S���6�# ?~�%)���! ½&?���#(C&E�����=�*%YÆ	+-%) ����S���
"U�!�������# E$��.�o��+-(Y5:��J�(B+F�*%&��",+-��%)$�J'����(&���1+-()%&�;+-$�%&�! 8���Y�����^���#�0/S�!"�$�%)}M+0$��! S">�#��$D�!.����#��~0�#�A5:(&�!.,+-(&�#}<�# E$P���#�0/
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J ¦ ÿ���� ü � ú ��� ü ���Q�!�*}<ÿ�����ÿ����Q��ÿ�}'þ ý ����� ý ÿ��^}$�����)};� ý&ü ú �-þ*�=ÿ��E� ü ���K����«��H��ÿ�������% ý ÿ�� £ ºLÿ-�>ÿ�������ÿ��K�>ÿ�����þ���%#�d�
��� ü ���Q��ÿ ý �/� ü ��}<ÿD�>ÿ#þ�~0ÿ���� ¤  ��� ���ÿ��E��ÿY� ü ����ÿ��D~!�
���4�
��� ü ���-��ÿ����'�dÇ)�� �ÿ69�� ü ��� ¤ �'�!���&ÿ�����ª £U¢ký �>�-þ����'�;� ü � ú �
�-þ��'�
���^�Eþ�ÿ-� ü ������% ý ÿ:���?þ�ÿ ý � ü �����)}$�)�;ÿ#þ��H� ü ���K�>ÿ���� ü ��};�
���Dÿ��M��ÿ���}<ÿD�h�6ÿ���� ý&ü �'�
��� ü �:9 ú � £�¢�£ � £ �0ª £

J ¦ ÿD� ü }(%���ÿ(��ÿL~2�
���4�
% ý ÿ��H��ÿ�� ü ��}<ÿ�ÿ����L�)}$� ü ���'�
��� £Ï �,��~"� ü �Mÿ�� ú ü ��������� ü ����ÿ�~ ü!ý ��ÿ ú � ü �)���&«���ÿK #~ ü!ý þ�ÿE���
����þ��; ú ü þ ý ÿ#}<ÿ����G���'�
����� ü ���&�Eþ�ÿ £ º��
��� ú ÿ�� ú ü ��������� ü ���1�ý �D���'�dÇ)�� �ÿLÿ����G����«��N��ÿ�������% ý ÿ��L�-þ*�M~2�
���4�
��� ü ��� ý&ü ú � ý ÿ��N��ÿ ý ��� ü ��}<ÿ £�­ ÿ ý �D�>ÿ#þ��G�	� ü %���ÿ���~0ÿ��L��þ�� ý ÿ ú �!�G�h� ü �����)}$�§�
�'�
��� ü �R�h�?�1~�� ü � ú ü }$� ý ÿ��^ÿ�� ¢kû/£ » £�¦ � �)}$�#� ú �E��ÿD�� �� ü ��};�
��� ü ��� ý&ü ú � ý ÿ��K��ÿ ý � ü ������ÿ.��ÿ ½ {K}$� ý)ý �)}<«�����ÿ��Q��þ��
þ���ÿ
�
� ý ÿD�h�6ÿ��?~0ÿ�� ¤ þ���ÿK� ½ }<«�����ÿ��^ÿ��H��ÿ ú ü ����ÿ ½ � ¶ }<«�����ÿ��H�Uÿ#þ��E� ý)ý ÿ��r�°þ����Eþz�\�/þ���ÿ��S ��#� ý �)�'�
��� ü �5ÿ��R���'�dÇ)�� �ÿ�� ü �'� ý ÿ
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��ÿ ý �?�1~�� ü �q��ÿ/» ½ � ü þ�� ú ÿ������39�® ¤ þ���ÿ ¢3ûK£?t ª £U¦ �3�#�
�'�-}3 ������)���
��� ü �u��ÿ ý �<� ü ��}<ÿ�� ü ���E�>ÿ���}<ÿ�������ÿ���ÿ.�� �®������Lþ��
ú ¥#�-}$�M��þ����8� ú �&�Eþ�ÿQ��ÿP~0ÿ ú ��ÿ#þ����L�� �� ü ��};�
��� ü ���L��þ�� ý �'� ü ��}<ÿ £�­ ÿ ú ¥#�-}$�M� ü ���N� ü þ�~ ü ���
������ÿ-��þ*Í;�'�-}<ÿ���� ú ü }K�
� ý ÿ��*ÿ-� ü þ��L� ü þ�~ ü ���H�-}3 ý � ü ��ÿ�� ý ÿ��N�Uÿ���� ü ��};�
� ú ÿ��K��ÿ ý �I� ü ��}<ÿ:�"� ü þ��Dÿ��5 #~����'�
��� ý ÿ��W� ü ��}<ÿ��K��� ü �5������ ¤ þ ý �&«���ÿ��
�?þ��L� ü ���������� \� ý �)����ÿ�� £�¢3ý ÿ������� �®����N�#�
�F�?þ�ÿ ý �Eþ�ÿ��$����/0�
����ÿ��$��ÿ,% ü ���;ÿ�����ÿ,vE� ú�w ���_v^ÿ�����ÿ:�C� ü ���/ÿ�� ¤  ��� ��'� ý ��ÿý � ü ������ÿ(��ÿ µ {:{K~2�
���4�
% ý ÿ�� £¦ ÿ���}3 ���¥ ü ��ÿ��C�h� ü �����)}$�)�'�
��� ü �<}Iþ ý ���§� ü %*��ÿ ú ���§�Z��ÿ�´x�
��ÿ�� ü �>ÿ���}<ÿ�����ÿ����1�!� ü þ�� ý ÿ��j��� ü % ý «#}<ÿ��C��ÿ ú ü � ú ÿ������ ü �
�! �� ü �*|"�#�-}$�&�Eþ�ÿ:�#�h� ü �����)}$�)��ÿ��Q���)}'þ ý �'�
�� #}<ÿ���� ý �$���'�dÇ)�� �ÿ'ÿ�� ý � ���E~0ÿ�����ÿ(��ÿ ý ��� ü ���'�
� ú ÿ £ � �#�
�������H�*þS�O� ü ���E��ÿ
´x�
��ÿ�� ü ��� ý ÿ����N� ü ������% ý ÿQ��ÿ-�� �®������ ý �I� ü ��}<ÿ ü ¼r�'�
��� ý ÿP}<ÿ�� ý)ý ÿ#þ�� ú ü }$��� ü }$�)�Dÿ�������ÿ ú ÿ��L��ÿ#þ*�H� ü � ú ��� ü ���1� ú �6ÿ������
�d�_������ÿ ý �L}<ÿ�� ý)ý ÿ#þ���ÿ�®���ÿ�����ÿK�! �� ü �*|��#�-}$�&�Eþ�ÿ £?¸Zü þ���ÿ�� ü �)�	� ú ÿ���}3 ���¥ ü ��ÿ��H@\» ¶ � Á:Á � t { A � ü ����ÿ�� ú ý þ�ÿ��y��ÿ ú ÿL���'��~2�
� ý4£
¯C�'�
���L� ü ���� ý ÿ
�8�
��% ý ÿK� ü }(%���ÿQ��ÿ ú � ý ú þ ý �L�-þ�� ü ���)�� ��z� ü þ��y�� \� ý �)��ÿ�� ý � ü �����)}$�)�'�
��� ü �u9R�:{:{0ª�ÿ�� ý � ú ü }$� ý ÿ��"���� Q�*þ
��� ü % ý «#}<ÿ39O� ü }(%���ÿ-�)}$� ü ���'�
���K��ÿ^~!�
���4�
% ý ÿ���ª���� ý �z�6ÿ����G�#�!�G� ü ������% ý ÿE��ÿ-�� ���ÿ���}$����ÿ��N���� ú �)�� #}<ÿ����
þ��H�{� ü ���L��ÿ
´x�
��ÿ�� ü�£�¦ ÿ���}3 ���¥ ü ��ÿ��H�h� ü �����)}$�)���
��� ü �* ���þ����) �ÿ��H� ü ����} ü � ü � ü %*��ÿ ú ���§� £¦ �?� ý ¤ ü ������¥�}<ÿ6��ÿ3�� ��> ���ÿ�� ú ÿHÿ����'ºD| ¸ �3Ê�©~}D��9 ú � £Z¢�£ » £ËÁ ÿ�� ¢3ûK£Ë­Wü!ý)ý&ü �?þ�ÿ £6¢�¢�£Ë­ ªL�Eþ���þ���� ý �)��ÿMþ���ÿ3�3 ���¥ ü ��ÿ
��ÿ ¤ �'�!���&ÿ����K�k���>ÿL�?þ#�!���§�_�Pÿ��L� ü �7Ê�©~}D� £�­ ÿ�� ü �������$�)��ÿ#þ���ÿ����N����«��G�Uÿ���� ü ���;�
����ÿ��6��ÿ����<ÿ��h�6ÿ���� ý&ü ���'�
��� ü � £ ¯C�¤  ��� ��'� ý �C� ý ú ü ���0ÿ�� ¤ ÿ9�9þ�� ú ü Î��3��ÿ ú � ý ú þ ý  ��Eþ����!� ý ÿ������ µ\�2�  ��!� ý þ#�
��� ü ��� £X­ ÿ��;� ý ¤ ü ������¥��<ÿSÿ����$��þ���ÿ��<ÿ����
�� ��Eþ�ÿ������&ÿ ý �"� ý ��� ü � ü ��ÿ ý ÿ��y� ü þ��0ÿ ý)ý ÿ��X� ü ���<ÿ��Wþ���ÿH�#�
�Wþ���ÿ�9 npop = 1 ª £�¦ ���*þ��� �ÿE�h� þ���ÿ ü �������$�)�'�
��� ü �5�� ��>ÿ����� ü � ú ý ���� \�
����ÿ��<ÿ������*þ.� ü �.%���ÿN��ÿr� ü ���<ÿ��~ ��2� ý þ� �ÿ�� £-¢3ý �1�?� ú�ú ü �$� ü ��ÿz%��&ÿ�����ÿ��~��� ü % ý «��<ÿ��r� ¤ �'�
����� ü �(%���ÿN��ÿ
�!�
���4�
% ý ÿ���9[�?þ�ÿ ý �Eþ�ÿ�� ú ÿ����'�
����ÿ���ª £�¸Gü þ���ÿ�� ü �)�1� ú �6ÿ����
þ��*� ý ¤ ü ������¥��<ÿD�h� ü �������$�)�'�
��� ü � ý&ü ú � ý4£ �Eþ��K� ü �K��� ü % ý «��<ÿ��1�
� ý �* ��� ,�o ����§®# 7�Eþz� � ý ú ü ���0ÿ�� ¤ ÿ5�0ÿ����Kþ����$�������'þ�� ý&ü ú � ý �� ��>ÿ������
���3��ÿ ý �8� ü ���<ÿ,���������4� ý ÿ7ÿ��Fÿ�¼>ÿ ú ��þ�ÿ6�>ÿ#þ
�h�6ÿ��"� ý&ü �'�
��� ü � £ � ®��7�h�?�
�3 ý � ü ��ÿ�� ý ÿ�� ú �
�#� ú ���� ��(�h�6ÿ���� ý&ü �'�
��� ü �:�*þ ý&ü ¤ � ú �&ÿ ý �h� ü �������$�)�'�
��� ü �z�~��ÿ#þ*�q� ü þ��0ÿ\�-þ*�ü �������$�)��ÿ#þ����K%#�!�' ��H��þ��K��ÿ��K��þ����>� ú ÿ��K��ÿ-�� �� ü ����ÿ ü ���H ��� D�� ��0ÿ ý&ü ���S Yÿ��H� ü ���K�� ú �������Dÿ�� ¢kûK£Ë­Wü!ý)ý&ü �Eþ�ÿ £6¢�¢�¢�£

�\���_�m�_� �$�~���8�o�~�y���
���
���R�y�����)���o�z��������� �y¡S�o¡r�o�>���
Ï �8ÿ����"��� ü ����ÿ��<ÿ���� ¤  ��� ����&�?þ�ÿ(�h� ü �������$�)�'�
��� ü �+�$ ��� D�$�)��ÿ��M� ý � ú ÿ(�d®��M��ÿ�� ü þ�� ü ��� ú ü ����ÿ ú ��ÿ��Q��ÿ�� ü �����§�

�$�)��ÿ#þ����H¥� ��� �� ü ú ý ����ÿ��7�@þ��Aþ����&�Eþ�ÿR ��2� ý þ#�
��ÿ#þ�� £�¢3ý �Uÿ����<ÿ��,��ÿR�<ÿ���þ���ÿ��6 ��Eþ����'�
% ý ÿ��<ÿ���� ý ÿ��;�>ÿ���� ü ���;�
� ú ÿ��
�h� ü �������$�)��ÿ#þ����+�!�
���) ��*��þ��*��ÿ��R��� ü % ý «��<ÿ��*�h� ü �������$�)���
��� ü �¢��ÿ�� ü ���<ÿ��u�! �� ü ���"�#�
�$�&�Eþ�ÿ�� £D¢ký ÿ����R�� ú ������ÿ��¢3ûK£Ë­Wü!ý)ý&ü �?þ�ÿ £6¢�¢�£ � ÿ����>�
���H�
���>ÿ ý �-þ ý&ü ¤ � ú �&ÿ ý |P´ ¸ � ý � � 9 ú � £,¢�£ »0ª £­ ÿ���ÿ����"��� ü ����ÿ��<ÿ���� ¤  ���ÿ ý �E� ü þ��$�)����� ü ����ÿ ú � ý ú þ ý �C��þ����;� ú ¥�����ÿ����'þ ý ������� ü ú ÿ�����ÿ#þ�����ÿ����#�
�'� ý)ý « ý ÿ £ ´ ü þ�� ú ÿ
�>�
����ÿ:� ý ÿQ��� ü ú ÿ�����þ��Wþ���� ý �)��ÿPþ��5���"����«��<ÿE��ÿ-���"� ú ¥�� ü ���)�'�
��� ü �5�#�
�W® ú ¥��&ÿ���ÿ�������ÿLþ�� ¤ ÿ������ ü ���#�
����ÿ��h�1 ��2� ý þ#�
��ÿ#þ����
ÿ��Yþ�� ü �������$�)��ÿ#þ�� £ � �������4� ý ÿ��.� ý ¤ ü ������¥��<ÿ��'þ���� ý �)�'�
���Yþ���ÿ$� ü ��þ ý �
��� ü �7��ÿ$� ý þ����&ÿ#þ����D�����������)�*þ��(�#�
�D���� ��'�
��� ü �
9 naug > 1 ªK��ÿ�� ü ���-���2�
���'� ¤  ��Lÿ��M��ÿ����<ÿ(��ÿ(��ÿ��$���E��ÿD��ÿ���������þ���� ü � £�¢ký ú ü �����&ÿ������'��� ü � ú �h� þ���� ý �)��ÿ�� ý ÿ�� ü �(%���ÿ�h�1 ��!� ý þ#�
��� ü ���	� neval

�Z� ü þ��(�<ÿ���þ���ÿ�� ý ÿ ú ü Î�����ÿ ú � ý ú þ ý ÿ�� ý ÿ3� ü �.%���ÿ��h� ���� ��'�
��� ü ���1� niter
�m� ü þ��D�<ÿ���þ���ÿ�� ý ÿ

��ÿ��$������ÿC��ÿ���������� ü �(��ÿ ý � ü �������$�)�'�
��� ü � £ ºK�?�-þ�����ÿC�#�
���1�\���
��� ú ÿ ú ¥#�
��������ÿ ý ÿ�� ü �(%���ÿy�h� ���� ��'�
��� ü ���	� niter
����ÿC�� ��R«���ÿ

�-þ*�5���� ��'�
��� ü ���H�*þM��� ü ú ÿ�����þ��L�h� ü �������$�)�'�
��� ü ��9 ú � £�¢�£?£Kü þ ¢kûK£?¤*£Ë­Wü!ý)ý&ü �Eþ�ÿ £ ©x� ¤ £)µ ª £�¢3ý ÿ����L���?þ���� ý ÿ(��ÿD�<ÿ���þ���ÿ�� ý ÿ
� ü �(%���ÿ.�h� ���� ��'�
��� ü ���H������ÿ�����ÿ(�h� þ��*� ý ¤ ü ������¥��<ÿ(��þ��)���?þ�ÿ ú ÿD� ü �(%���ÿ'ÿ����K���r ú �§®,�Eþ�ÿY� ú ¥#�!�Eþ�ÿD�3 ���¥ ü ��ÿ £¦ ÿ��-�>ÿ���� ü ���;�
� ú ÿ�����ÿ�� ü �������$�)�;ÿ#þ����-��ÿ��;ÿ�� ü ���-�#�!�-��ÿ#þ ý ÿ��<ÿ����D ��'�
% ý �&ÿ��Yÿ�� ú ü �����)�� ��'�
��� ý �3�2� ý ÿ#þ��P®��#� ý ÿü %���ÿ��?þ�ÿIÿ��7®��R�h� ü �������$�)�'�
��� ü � £ ¯C�8ÿ�¼hÿ��1����ÿ�� ú ������«���ÿ��Q��ÿ-�<ÿ���þ���ÿD��ÿ��>ÿ���� ü ���;�
� ú ÿ'ÿ��M��ÿ����<ÿD�h�6ÿ���� ý&ü �'�
��� ü �
ÿ��H�h�6ÿ���� ý&ü ���'�
��� ü �*� ü ���K������� ü �*þ������Dÿ�� ¢kûK£?¤*£Ë­Wü!ý)ý&ü �Eþ�ÿ £6¢�¢�£ º¥I

J ´ ü þ�� ý �6ÿ���� ý&ü ���'�
��� ü �z� ü � ú ü �����)�� ���ÿ��'� ý ÿ=�'�-þ*�¦�h�?�
�3 ý � ü �'�
��� ü �¢�#�
�R ��!� ý þ#�
��� ü �§9 ü þ¨�#�
�R���� ��'�
��� ü ��ª��
F ini−F ref

neval

£U¢3ý ÿ���� ú � ý ú þ ý  ��#�
�Q�����$� ý ÿ(�'�
��� ü ���Lÿ�������ÿ ý �?�
�3 ý � ü �'�
��� ü �q� ü �'� ý ÿIÿ�� ý ÿD� ü �.%���ÿ�� ü �'� ý �h�1 ��2�d�ý þ#�
��� ü ����9 ü þR�h� ���� ��'�
��� ü ����ªN� ý þ�� ý ÿ-� ü �(%���ÿ(��ÿ ú � ý ú þ ý �H��ÿ ¤ �'�!���&ÿ������E�#�
� ý ���3 ���¥ ü ��ÿ(�!�
© ü ������ÿ £
J ´ ü þ�� ý �6ÿ��"� ý&ü �'�
��� ü �z� ü � ú ü �����)�� ���ÿ��'� ý �$�2�
���4�
� ú ÿ���ÿ��E�#�
�'�
�<«�����ÿ�����ÿ'� ü ���<ÿ��!�����<ÿ������ ü ���� �� ∑ ||x̄c −

x̄ref
c ||/ndv

9 ü þ���ÿ ý �S� ü � ú ��� ü �z� ∑ |Fc − F ref
c | ª.�-þ ú ü þ����$��ÿ ý � ü �������$�)�'�
��� ü � £ ¯ ý)ý ÿ7ÿ���� ü %���ÿ��Eþ�ÿSÿ��� ü �0ÿ����#�
���1��� ú ¥#�!�?þ�ÿ� ��2� ý þ#�
��� ü �z� ý �����§¼S ���ÿ�� ú ÿ�ÿ�������ÿ ý �.�!� ý ÿ#þ�� ú ü þ��'�
����ÿ���� ü � ü �' �ÿ-�#�
� ý � ü �������$�)�;ÿ#þ��

ÿ�� ý �;�<ÿ�� ý)ý ÿ#þ���ÿ$� ü!ý þ���� ü � ú ü ���?þ�ÿ<� ú ÿ�����ÿ� ��'�
�Uÿ��*þu��� ü ú ÿ��'��þ�� £U¦ �6ÿ��"� ý&ü �'�
��� ü �q��ÿ����� ��;ÿ�����ÿ ý � ú �
�#� ú ���� 
�Eþz�?� ý � ü �������$�)��ÿ#þ��3��ÿ6�1�1 ý&ü � ¤ ��ÿ��1�C���
��� ý �6ÿ����#� ú ÿ5��ÿ ý �8� ü � ú ��� ü �z�C��ÿ6� ü � ü �������'þ�� ú ü þ��'�
��� £ �Eþ�� ý ÿ��
¥��)��� ü ���&�Eþ�ÿ��6��ÿ ú ü ���0ÿ�� ¤ ÿ�� ú ÿu��ÿ����� ���ÿ����� ��=ÿ��V® ¤ þ���ÿ�� ¢kû/£?¤*£Ë­Wü!ý)ý&ü �Eþ�ÿ £ ©~� ¤ £ËÁ � ¢kû/£?¤*£Ë­Wü!ý)ý&ü �?þ�ÿ £ ©x� ¤ £)µ\� ÿ��¢kû/£?t � ý �6ÿ��"� ý&ü �'�
��� ü �ª��ÿ ý ��� ú ü �$�<ÿ ý �7� ü �0ÿ�����ÿu��ÿ������)���'�
� ú ÿ����0ÿ������ ú � ý ÿ��=ÿ�������ÿ ý ÿ��,���"�(% ü!ý ÿ���ÿ�� ý �



Tm«

ú ü þ���%>ÿ £ }- ��� ��'� ý ÿ��<ÿ����1� ý �6ÿ���� ý&ü �'�
��� ü �<ÿ����oþ���ÿ��?þ#�
�������� z�<ÿ���þ��� �ÿG���
��� ý �6ÿ����#� ú ÿG��ÿ��x�2�
���4�
% ý ÿ�� £0­Wü �$�<ÿ
� ú � ý ÿ��3�!�
���4�
% ý ÿ���� ü ���;��ÿ6�#�
��þ���ÿ*���§¼S ���ÿ�����ÿ��*9>�
�$� ý ����þ���ÿ:�y� ü ������� ü �z��ÿ��"�#�
����� ü ���h� þ���ÿ5% ü �'��ÿ	ª/ÿ��3��ÿ
� ü ���-�#�!�E� ü ���;� ý �)�' �ÿ��1� ý �6ÿ��"� ý&ü �'�
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Comparison of Gradient and Response Surface Based

Optimization Frameworks Using Adjoint Method

J. Laurenceau ∗, M. Meaux †

Airbus, Toulouse, 31060, France

This paper deals with aerodynamic shape optimization using an high fidelity
solver. Due to the computational cost and restitution time needed to solve the
RANS equations, this type of optimization framework must improve the solu-
tion using very few objective function evaluations despite the high number of
design variables. The choice of the optimizer is thus largely based on its speed
of convergence. The quickest optimization algorithms use gradient information
to converge along a descent path departing from the baseline shape to a local
optimum. Within the past few decades, numerous design problems were suc-
cessfully solved using this method. In our framework, the reference algorithm
uses a quasi-Newton gradient method and an adjoint method to inexpensively
compute the sensitivities of the functions with respect to shape variables. As
usual aerodynamic functions show numerous local optima when varying shape,
a more global optimizer can be beneficial at the cost of more function evalu-
ations. More recently, the use of expensive global optimizers became possible
by implementing response surfaces between optimizer and CFD code. In this
way, a Kriging based optimizer is described. This optimizer proceeds in itera-
tively refining at up to three points per iteration by using a balancing between
function minimization and error minimization. It is compared to the reference
algorithm on two drag minimization problems. The test cases are 2D and 3D
lifting bodies parameterized with six to more than forty design variables driving
deformation of meshes with Hicks-Henne bumps. The new optimizer effectively
proves to converge to lower function values without prohibitively increasing the
cost. However, response surfaces are known to become inefficient when dimen-
sion increases. In order to efficiently apply this response surface based optimizer
on such problems, a Cokriging method is used to interpolate gradient informa-
tion at sample locations.

Nomenclature

C(x) Sampling refinement criterion
Cd Drag coefficient
Cl Lift coefficient
Cp Pressure coefficient
c Mean chord length
D Domain of design variables
Fs Exact function at samples [N ]
F (x) Objective function
H(x) Hessian matrix of the objective function
L Likelihood estimate
N Order of the correlation matrix / quantity of information
naug Number of gradient augmented samples

∗Ph.D. Student, Aerodynamics department, Airbus France, 316 route de Bayonne.
†Engineer, Aerodynamics department, Airbus France, 316 route de Bayonne.
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ndv Number of design variables
neval Number of function evaluations
ngrad Number of gradient evaluations
niter Number of iterations of the optimization process
npop Optimizer population size
ns Number of samples
P Set of possible optima on the response surface
R Correlation matrix [N × N ]
r(x) Correlation vector [N ]
S Domain of sample points
SCF (., .) Spatial correlation function
S(x) Standard error
si i-th sample
x Vector of design variables [ndv]
Z(x) Stochastic process
β Zero order regression model
σ2 Model variance
θ SCF correlation coefficients [ndv]
||.|| Euclidian norm; 2-norm

Subscripts

i ∈ [1, ns]
j ∈ [1, ns]
k ∈ [1, niter]
c ∈ [1, neval]
r ∈ [1, npop]
v ∈ [1, ndv ]

Superscripts

ini initial sampling database
.̂ approximated value
ref current best value

I. Introduction

In the field of aerodynamic aircraft design, the functions studied are very sensitive to small
changes on the shape and it is then particularly hard for designers to reach an optimal solution
by trial-and-error. Shape optimization tools are thus particularly favoured by aerodynamicians.
These tools are completely automatic process capable of running by themselves computer expen-
sive numerical simulation given some degrees of freedom on the geometry and a figure of merit
qualifying the performance of each shape. In the context of detailed design, it was decided that
the same level of fidelity of the analysis code should be used for absolute performance assessment
and for shape optimization purpose. As computational cost of CFD problems generally increases
with computational resources (size of meshes can be adpated to available computational power),
the typical restitution time required for one flow anaylsis cannot be sufficiently decreased to en-
able the use of expensive global optimization algorithms requiring thousands objective function
evaluations such as genetic algorithms. This drawback can be circumvent by using the shape
given by studies performed during conceptual and preliminary design phases as a starting point
for a gradient based local optimization. The first aerodynamic shape optimizations by Hicks et
al.1 demonstrate the efficiency of this type of process, still in use nowadays2–5 in combination
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with efficient gradient calculation techniques based on adjoint method maintaining the cost of
the optimization independent of the number of design variables.

Despite its speed of convergence, gradient based algorithms are known to lack design space
exploration and are easily trapped by local optima. As the non-linear physical phenomena
occuring in transonic flows imply numerous local optima on aerodynamic functions (drag, lift,
momentum), a significant gain is expected by the use of more global optimizers. The use of
such optimizers for applications driven by analysis of full Navier-Stokes equations was made
possible more recently by the use of surrogate models (or response surfaces)6–9 approximating
the expensive CFD function by an inexpensive to evaluate black-box model. Moreover, the use of
response surfaces coupled with a multi-objective global optimizer enables to have a clearer view
of possibles trade-offs between concurrent objective functions10 and facilitates multidisciplinary
analysis,11,12 whereas gradient based algorithms are limited to mono-objective problems and
solved multi-objective problems only by using pre-determined equivalence coefficients between
functions.

In the section II of this paper is presented the high-fidelity optimization suite OPTaliA and
the gradient based optimizer DOT. This algorithm uses a classical quasi-Newton method and
is taken as the reference optimizer. Numerous application were successfully conducted using
this optimization framework,5,12 but to tackle the limitations underlined previously a response
surface based optimizer was developped using a Kriging method and is presented in section III.
The performance of this optimizer should largely exceed the reference on low-dimensional prob-
lems by using a multi-criteria refinement process enabling to run multiples CFD runs in parallel.
As surrogate models are known to become inefficient as dimension increased, a third optimizer
using a Cokriging (gradient-enhanced Kriging) formulation is presented. It uses a sample lim-
ited Cokriging approach. This formulation was set up to overcome the large computational cost
needed to build a surrogate model interpolating high dimensional gradient vectors.

The last section (section IV), compares the two new response surface based optimizers to the
gradient reference on a low-dimensional drag reduction problem considering 6 design variables
on a RAE2822 airfoil and a high dimensional test problem considering 45 design variables on a
wing.

II. Optimization suite

The software OPTaliA, internally developed at Airbus, is used to perform aerodynamic shape
optimization. This high-fidelity optimization suite can improve aerodynamic performance of an
aircraft by changes in the external shape (planform variables fixed) and is adapted to the work
done during the detailed design phases.

A. Common optimization framework

A general optimization framework, represented in Figure 1, has been set up in OPTaliA, in
order to implement various type of optimizers (gradient, genetic, response surface). From the
global point of view, the optimization process can be interpreted as a succession of two main
tasks: evaluation and optimization. Within the evaluator, the function value and if needed the
gradient value corresponding to npop shapes are computed. The population size depends on the
optimization algorithm chosen, but if it is superior to one the evaluator performs the simulations
of all shapes simultaneously by running multiple jobs on high performance computers. A large
population can reduce the restitution time of the optimization process, at the risk of saturating
computational resources. Once all shapes have been evaluated, the optimizer proposes a new
population of shapes by using the new information on functions and the next iteration begins. In
addition to optimizer internal stopping criteria, the convergence is forced at the OPTaliA level
when the number of iterations or the number of function evaluations exceeds a given threshold,
niter ≤ 100, neval ≤ 200.

One of the challenges in aerodynamic shape optimization is to manage running efficiently
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evaluator and optimizer automatically in batch mode. More particularly, the evaluator itself is
a complex process requiring large computational resources.

B. Evaluator for CFD functions

1. Shape parameterization and mesh deformation

The shape parameterization consists in applying Hicks-Henne sinusoidal bumps on a surface
skin of an initial block-structured mesh. Each bump is defined by three shape variables driving
the amplitude, the position and the width expansion. The direction of the deformation can
be either along the vector locally normal to the surface or along a fixed vector (vertical axis).
This type of deformation was initially developed by Hicks et al.1 for numerical optimization of
airfoils. When applied on a bidimensional surface corresponding to a three dimensional shape, a
linear propagation of the bump is done in the second direction using fixed propagation distances.

Once computed, the vector field of deformation at the surface skin is propagated to the
volume mesh using a mixed integral / transfinite interpolation method.5 The integral method
is used to compute deformation of nodes defining boundaries between blocks and then the
transfinite interpolation computes deformation inside each block in parallel.

An analytical linearization of the shape parameterization and mesh deformation modules
enables to inexpensively compute (in terms of CPU time) the sensitivity of the surface mesh
and the sensitivity of the volume mesh with respect to design variables.

2. Flow simulation

Flow analysis were performed with the elsA13 software developed by Onera. The flow is sim-
ulated by solving the Reynolds Averaged Navier-Stokes (RANS) equations associated with
the one-equation Spalart-Allmaras turbulence model on block structured meshes using a cell-
centered finite volume approach. The second order Roe’s upwind scheme with the Van Albada
limiter is used as spatial scheme coupled with an implicit time resolution. Multigrid and local
time stepping techniques are used to converge more quickly.

One of the main requirement from designers is to obtain the same results when using the
CFD solver inside or outside the automatic optimization tool. As hysterisis phenomena are
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common when dealing with transonic flows, it imposes that the same initial flow condition
(uniform flow) are used for all simulations during the optimization. So, the computational
cost of CFD simulations cannot be reduced by using a restart strategy using the flow solution
corresponding to the previous shape. The computational cost of the optimization grows linearly
with the number of function evaluations.

The sensitivity of the objective function with respect to the shape variables is computed
using the discrete adjoint method14 of elsA. For an explicit presentation of the adjoint system
solved the reader is referred to Peter et al.15 and Meaux et al.5 This method enables to compute
the sensitivity of a single function with respect to ndv design variables at the cost of one linear
system resolution (same size as the RANS system). The gradient vector is thus computed using
approximatively the same computational time (factor ≈ 1.5) as one direct flow simulation. For
typical aerodynamic problems considering hundreds of design variables and a few functions (lift,
drag), this is a considerable improvement over the classical method of finite differences requiring
as many flow solutions as design variables.

3. Aerodynamic function computation

The objective function chosen is the far-field pressure drag,

F = Cdff
p = Cdvp + Cdw + Cdi. (1)

The friction drag, Cdf , is excluded from the objective function as it does not significantly change
considering small amplitudes of deformation. The wetted surface is kept unchanged (almost) by
the shape deformation. The far-field code used is ffd41 16 developed by Onera. The two main
advantages of this approach are its ability to decompose pressure drag into physical components
(wave drag, induced drag, viscous pressure drag) and its accuracy through a filtering of non-
physical drag (spurious drag).

The post-processing module can also compute the sensitivity of the drag with respect to the
flow variables and with respect to the mesh with an analytical formulation.

As aerodynamicians work at fixed lift rather than at fixed angle of attack, a more realistic
problem should also take into account a fixed lift coefficient as a constraint for the optimizer
and include the angle of attack as a design variable, but the present work compares two very
different type of algorithms and the comparison must not be biased by different methods of
constraints handling.

C. Gradient based optimizer, reference optimizer (DOT-BFGS)

The reference optimizer is gradient based and uses the classical quasi-Newton BFGS method
(Broyden-Fletcher-Goldfarb-Shanno) from the DOT (Design Optimization Tools)17 library. De-
scription of one internal step of this optimizer is given in Figure 2. As all gradient optimizers, it
converges along a descent path until no improvement is achieved during one optimizer iteration
or if the gradient norm is null. Firstly, the algorithm determines a descent direction, dk, using
the evolution of the gradient vector during the last two internal iterations. Once the direction
is computed, a linear search aiming at computing the norm of displacement giving the best
improvement is performed. The linear search is driven by a mono-dimensional polynomial in-
terpolation and requires successive function evaluations. This type of optimizer is intrinsically
sequential as it follows a single descent path. For the optimization framework, only one set
of design variables is handled by process iteration. The process population contains only one
individual (npop = 1).

In terms of quantity of information, the quasi-Newton gradient algorithm proposes the next
set of variables by using only the information about the current internal iteration. The internal
iteration contains information about the descent direction (computed using evolution of two
gradient values) plus some function evaluations (usually no more than ten). This optimization
algorithm proposes a new shape based on N = 2ndv + 10 scalar informations on the unknown
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Figure 2. Inside the gradient based optimizer box

function. Even if the approximated Hessian matrix, Ĥk, is more and more accurate as the
number of internal iterations increases, the algorithm does not retain all the information known
about the function but focuses on the information in the vicinity of the current shape.

D. Performance of optimization algorithms

The properties of optimization algorithms are described by two opposite notions, exploration
and exploitation. The exploration denotes the ability of the optimizer to avoid being trapped by
the nearest optimum, whereas the exploitation denotes how quickly the optimizer find the near-
est optimal point. Gradient based algorithms are well known to be very efficient in exploitation
and poor in exploration.

The figure of merit measuring the restitution time needed for an optimization to converge is
the number of process iterations, niter. The figure of merit measuring the computational cost of
an optimization is the total number of function and gradient evaluations, neval + ngrad. These
quantities both qualify the exploitation properties of the optimizer. One has to notice that for
more precision, a distinction is made between iteration at the process level and iteration at the
optimizer level. The number of internal iterations of the optimizer does not directly intervene
to assess performance and is not reported (for DOT it corresponds to the number of gradient
calculations).

The values denoted by the superscript ref are reference values obtained by comparing the
value(s) of the objective function at a given process iteration to all previous evaluations, so

as the quantity Fc − F ref
c is positive or null. As gradient algorithms converge by following a

descent path, the final ref point is effectively the last computation, but that is not true for all
optimizers.

The exploration can be measured in terms of variation of the function value during the
optimization,

∑

(Fc − F ref
c ), and in terms of variation of the design variables during the op-

timization,
∑

||xc − xref
c ||. In fact, as the variables are defined on very different ranges and

are not scaled to measure the exploration, the measure of variation of the objective function is
more representative.
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III. Response Surface based optimizer (RS Kriging and RS Cokriging)

Surrogate modeling tools are now widely available within engineering. Basically, these tools
enable to inexpensively approximate a function on a continous domain D given a database of
ns samples, S. Once built, the surrogate model can give numerous information on the true
function through: graphical plots giving trends, sensitivity of the function with respect to each
variable, or the value and location of the minimum when coupled with an optimizer.

Although it is possible to build a globally reliable response surface when considering three
or four design variables, a phenomenon described by Bellman18 as the ’curse of dimensionality’
prevents the use of global response surfaces on high dimensional spaces. In fact, this phe-
nomenon also discards the use of global optimization algorithms on such problems. A previous
study19 varying dimension from one to six showed that the complexity of aerodynamic functions
cannot be represented with as few as 200 function evaluations and recommends the use of local
response surfaces. Local response surface based optimizers depart from a space filling sampling
giving rough trends of the function and internally use an expensive global optimizer to optimize
one or multiple sampling refinement criteria, Cr(x), in order to iteratively increase the surface
accuracy around locations of possible optima (cf. Figure 3).

Update the Response Surface with new samples

... ...
check distance from samples

PSfrag replacements

Build F̂k(x) and Ŝk(x)

Find αk+l solution of minx Cr

(

F̂k(x), Ŝk(x)
)

Figure 3. Inside a general response surface based optimizer box

This type of optimizer supposes that an efficient surrogate model can be built in high-
dimensional search spaces (one hundred variables).

A. Building response surfaces with Kriging and Cokriging

Kriging20 (DACE formulation) was chosen to build the response surface F̂ (x) for its ability to
approximate accurately non-linear functions and to guarantee a null error at samples.

1. Kriging

The Kriging method is from the statistical point of view the best linear interpolator. It is
formed by a constant term, β̂, representing a mean of the function at samples, Fs, plus a linear
combination of basis function interpolating each sample built up as a stochastic process, Z(x),

F̂ (x) = β̂ + Z(x) ≈ F (x). (2)

The basic assumption behind Kriging is that the covariance of the function is linked to the
spatial correlation and this correlation is maximum when distance between points is null and
decreases with distance,

cov[Z(si), Z(sj)] = σ̂2Rij. (3)

The correlation matrix R is dense symmetric positive definite (order N = ns) with ones along
the diagonal and results from evaluations of a Spatial Correlation Function,

Rij = SCF (si, sj) =
∏

v

scfv(|s
i
v − sj

v|). (4)

The basis function are the directional function (scfv) linking the distance to the correlation
between two points. A cubic spline function depending of one hyperparameter driving the
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directional strength of the correlation , θv, was chosen,

scfv(x) =











1 − 6(xθv)
2 + 6(xθv)

3 , x < 1
2θv

2(1 − xθv)
3 , 1

2θv

≤ x < 1
θv

0 , x ≥ 1
θv

(5)

In comparison to the traditional gaussian function, the cubic spline gives generally a better
conditioned correlation matrix. In fact, the gaussian function decreases exponentially with the
distance but tends toward zero without reaching it, whereas the spline function is null after a
threshold value fixed by the hyperparameter.

Contrary to the radial basis function method using a different function radius for each basis
function, the Kriging method defines this radius by direction. Thus, an appropriate comparative
study (domain scaling) of each θv values enables to assess the influence of each variable on the
function.

Spatial correlation functions must respect at least two properties, be equal to one for a null
distance and decrease with distance. These properties lead Kriging models to be unstable when
sample points are clustered. If the distance between two samples is too small, their correspond-
ing columns in the correlation matrix will be almost the same implying an ill-conditioned matrix.
Space filling sampling methods like Latin Hypercube Sampling (LHS) are thus recommended
when using Kriging.

To evaluate Kriging at an unknown location a vector of correlation r between sample points
and the unknown is computed,

ri(x) = SCF (x, si). (6)

Once the correlation matrix inverted, the Kriging, F̂ , can finally be evaluated at a new point x,

F̂ (x) = β̂ + rt(x)R−1(Fs − 1β̂). (7)

One should notice, that only two samples are needed to build a Kriging response surface, whereas
a linear polynomial interpolator requires at least ndv + 1 samples to determine polynomial
coefficients. In addition, the predicted uncertainty of the Kriging function or standard error,
Ŝ(x), can be computed,

Ŝ(x) = σ̂

(

1 − rt(x)R−1r(x) +

(

1 − 1R−1r(x)
)2

1tR−11

)
1

2

≥ 0. (8)

2. Kriging fit

As Kriging models directly interpolate the samples, they are not fitted by minimizing the
least square residual error at samples as polynomial regression models. The standard error of
Kriging is null at samples and increases with distance. Kriging are fitted by minimizing their
predicted errors, more precisely by maximizing the logarithm of their likelihood estimates. This
optimization problem is known as the Maximum Likelihood Estimate (MLE) problem.

For the parameters β and σ2 analytical expressions maximizing this value are known,

β̂ = (1tR−11)−11tR−1Fs, (9)

σ̂2 =
1

ns

(Fs − 1β̂)tR−1(Fs − 1β̂). (10)

The correlation parameters (θv) are solution of the following MLE optimization problem,

MLE = maxθ

(

ln(L)
)

. (11)
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It is solved using a gradient based optimization algorithm initialized by an appropriate guess
as described by Laurenceau et al.19 Each likelihood evaluation requires the computation of the
determinant of the correlation matrix,

ln(L(θ)) = −
1

2

(

ns

(

ln(σ̂2) + ln(2π) + 1
)

+ ln |R|
)

, (12)

and the resolution of the optimization problems requires up to one thousand likelihood evalua-
tions.

During the iterative refinement process, the hyperparameters are refitted at each update of
the sample database.

3. Sample limited indirect Cokriging, gradient enhanced Kriging

A Cokriging model21 interpolates the function and the gradient at each sample location. As
Cokriging models include more information on the true function than Kriging models, they
need fewer samples to achieve a given level of accuracy. Moreover a comparison varying the
dimension of the problem and the number of samples on an aerodynamic test case19 has proven
that the vectorial information provided by the gradient is more beneficial for high-dimensional
problems.

For its flexibility, the formulation retained to build gradient enhanced Kriging is the indirect
Cokriging formulation.21 It does not change the Kriging formulation described previously be-
cause the gradient interpolation is performed through a sample database augmentation scheme.
Instead of directly using the gradient information, it is used to add one point per direction at
each sample using a first order Taylor approximation,

F (sns+iv) = F (si) +
∂F (si)

∂xv
10−4rangev(S). (13)

After using the gradient information at each sample, the augmented database contains N =
ns(ndv + 1) samples.

The computational cost of Kriging model fit or evaluation depends mainly on the order
of the correlation matrix, N . On a standard Intel Pentium4 2.8GHz processor, the estimated
computation time for one correlation matrix inversion is,

tuser ≈ 3.10−9N3 seconds, (14)

and a total of several hundreds matrix inversions are done for each response surface.
The computational cost of the response surface (fit and evaluation) is considered negligi-

ble compared to CFD function evaluations for matrix order up to N ≈ 400. However, as the
computational cost of Cokriging depends on the number of variables, it becomes unusable for
high-dimensional problems. It is then necessary to use altered augmentation schemes. Liu21

proposed a direction limited augmentation scheme using only one augmentation point per sam-
ple, N = 2ns. Practically, this strategy implies a loss of information. As gradients of CFD
functions are computed with an adjoint method, the complete gradient vector is computed even
if only one term of the vector is needed.

This is why a sample limited augmentation scheme is preferred, as suggested by Kim et al.22

on their aerodynamic problem depending on six variables. It consists in using the complete
gradient information but only for a fixed number of samples denoted naug. The augmented
matrix order is then N = ns + naugndv. Basically, using naug = 10 enables to abide by the rule
of thumb recommending the use of at least 10 samples per direction to have a correct response
surface. Practically, it is used to adapt the Cokriging computational cost to the number of
variables.
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B. Global optimization on the response surface

As stated in Figure 3, another optimization problem has to be solved inside the response surface
based optimizer box. Some sampling refinement criteria, Cr(x), must be optimized to exploit the
information contained in the response surface and find a suitable new set of design variables.
As the criteria are inexpensively evaluated, a global optimization strategy was adopted for
their minimization. In order to effectively find the global minimum even for high dimensional
problems, a strategy using multiple optimizers and multiple runs is used. This strategy proceeds
in building a set, P, of possible optima of the criterion given by various methods and finally
retains only the minimum of this set.

Firstly, the set of possible optima, P, is initialized by the minimum from the sample
database.

Secondly, a binary coded genetic algorithm from David Caroll a is used with a population
size of 100 individuals and a maximum number of generations equal to 1000. A convergence test
was implemented to stop this algorithm when no improvement on the function is made during
10 consecutive iterations. This algorithm is ran 100 times using different seed values. Each run
enables to increment a new point in the set of possible optima P.

Thirdly, a pseudo-random exploration is performed on 100 · 103 sites. The minimum of the
exploration phase is used to initialize a gradient descent (quasi-newton BFGS method). Once
converged the minimum of the gradient algorithm is incremented in the set P. This step is
repeated 10 times with different seed values for the exploration.

Finally, a last gradient descent is performed departing from the minimum point of the set
of possible optima P.

The global optimization on the response surface is necessary to assess the efficiency of the
response surface based optimizer. In fact less caution would have been possible during this
internal optimization, but as this step should be as efficient on the 6 design variables test case
as on the 45 design variables test case, robustness was privileged in detriment of convergence
speed. As no bias can be attributed to this internal optimization, any loss of performance of
the response surface based optimizer when increasing dimension can be attributed to a loss of
accuracy of the response the surface.

C. Sampling refinement criteria

A variety of sampling refinement criteria exists. Some are designed to reduce the global error
of the response surface,19 and some are designed to minimize the true function modelised by
the response surface. Sasena23 compared a variety of criteria.

1. Definition

The most basic criteria exploits only information on the function,

C1(x) = F̂ (x). (15)

As stated in the Surrogate Management Framework,24,25 optimization algorithms that refine
iteratively only at the predicted minimum (’SEARCH’ step) cannot efficiently find an optimum.
A spatial exploration is necessary (’POLL’ step) to ensure convergence. Using the standard error
(Eqn. 8), it is possible to compute criteria able to locate minimum of the function taking into
account uncertainty of the model.

Each refinement criterion proposes its own manner to balance exploitation of low function
values with exploration of high uncertainty values. The Expected Improvement (EI)6 is the
most common when using Kriging. It is a statistical criterion maximizing the probability
of improvement over the best sample value. The maximum of the EI function indicates the
predicted location of the global minimum of the true function. It has proven to be an efficient

aCU Aerospace, http://www.cuaerospace.com/carroll/ga.html
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refinement criterion on low dimensional problems.6,9,26 Despite that, the EI criterion was
not retained here as it tends to cluster points around predicted minimum before exploring
other locations. Moreover, it has quasi-null gradients on large parts of the domain making it
impossible to use gradient algorithms to find its maximum (Figure 4). This criterion is then
hard to maximize.

The Lower Confidence Bounding (LCB) criterion of Cox et al.27 was preferred as it tends
to give more weight to the uncertainty. The LCB directly uses a balancing coefficient b between
function and error to perform a linear combination,

LCBb(x) = F̂ (x) − bŜ(x), b ∈ R∗. (16)

The minimum of LCB indicates the expected location of the minimum of the true function.
The standard error of Kriging being always positive, the error balancing coefficient, b, can be
positive or negative. The values tested by Cox et al. are b = 2.0 and b = 2.5, using a different
optimization process (single refinement criterion) on low-dimensional analytical functions. In
this work, the values chosen are b = 1.0 and b = −1.0,

C2(x) = LCB1(x) = F̂ (x) − Ŝ(x), (17)

C3(x) = LCB−1(x) = F̂ (x) + Ŝ(x). (18)

On Figure 4, the minimum of the surrogate model F indicates an already sampled location,
different from the optimum on the true function. Using the standard error (error bars), the
minimum of the LCB1 function will explore a zone of higher uncertainty whereas the EI
criterion indicates a location very close to the minimum of the Kriging function corresponding
to an already sampled location.

X
0 2 4 6 8 10

0

20

40

60

80
F
EI
LCB1
Fexact
Sample

Figure 4. Expected Improvement and Lower Confidence Bounding Function on a one dimensional
example approximated using three samples

2. Distance check

Each location indicated by the minimization of a sampling refinement criteria must be validated
by performing a distance computation with respect to already computed locations. The main
purpose of this validation is to avoid expensive CFD computations on shapes already well known.
The secondary purpose is to ensure a good conditioning of the Kriging correlation matrix. The
point is rejected if its minimal distance with respect to already computed samples fall below a
fixed threshold,

xref accepted if, mini

(

∑

v

|xref
v − si

v|

rangev

)

> ndv · ε. (19)
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The value of the threshold, ε, should be adapted to the level of convergence expected from the
optimizer i.e. the number of iterations authorized. The value chosen here is ε = 10−6.

D. Kriging/Cokriging based response surface optimizer

The new Kriging/Cokriging based optimizers (Figure 5) are initialized using a space filling
sampling method for the first iteration. The refinement process begins at the second iterations
after nini

s function evaluations. It uses for the exploitation of the best function value a refinement
at the predicted minimum of the function. In order to ensure exploration of the domain and try
to converge to the global optimum, the LCB function is used with two different error balancing
coefficients. This framework runs simultaneously up to three CFD runs (npop ≤ 3) per iteration.
As the sampling refinement includes exploratory steps, this optimizer is able to manage very
coarse initial sample database (10 samples for 45 variables) at the cost of more iteration of the
process. The use of large initial sampling database can also save time as the nini

s evaluations
are done simultaneously.

Update the Response Surface with new samples

check distancecheck distance check distance

PSfrag replacements Build F̂k(x) and Ŝk(x)

Find minx

(

F̂k(x)
)

Find minx

(

F̂k(x) − Ŝk(x)
)

Find minx

(

F̂k(x) + Ŝk(x)
)

Figure 5. Inside the Kriging/Cokriging based optimizer box

Convergence is said to be reached when all three proposed refinements are close too already
sampled locations or if the function value cannot be improved during 20 iterations.

IV. Results

In the following section, a comparison between the two new Kriging and Cokriging based
optimizers and the reference gradient optimizer is made on two test cases. This comparison
was not made on analytical test functions common in the optimization community because it
cannot be representative of real CFD functions: multimodal (lots of local optima), high number
of more or less independent variables and noise. The no-free-lunch theorem for optimization
by Wolpert et al.28 states that the ultimate optimization algorithm does not exist. If an
optimizer is the most competitive for a given set of problems, it is always possible to find
another set of problems to contradict this fact. Wolpert et al. recommendations are then to use
a wide variety of test problems in order to compare general-purpose optimization algorithms,
and to incorporate problem-specific knowledge into the optimizer as much as possible. Our
test cases are then directly performed within OPTaliA. Moreover, the problems are defined
as representative simplifications (no constraints, less design variables, coarse meshes) of real
industrial problems handled by Airbus designers.

A. Airfoil drag minimization considering 6 design variables

The first test problem is about a RAE2822 airfoil at a Mach number M = 0.729, an angle of
attack 2.31o. The chord length is one meter and the Reynolds number value is Re = 7.106. The
C-mesh is formed of 73 × 458 nodes with its boundary layer refinement. The restitution time
for one flow simulation is 400 seconds using two processors AMD Opteron 275 (2.2 Ghz) to
perform 400 steady iterations. The objective function considered is the far field pressure drag.
Two bumps (ndv = 6) are applied to deform the upper surface in the direction of the vertical
axis. Only positive deformations are authorized and the maximum amplitude of one bump is 5
millimeters. The domain of variation for the position of the bumps authorizes recovering.
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The complexity of the optimization problem is low as only one function and six design vari-
ables are considered. Moreover, the ranges on variables are restrained to positive deformations
in order to limit the complexity of the objective function on the domain and thus the number
of possible optima and to limit the impact on lift.

The same initial database is used for Kriging and Cokriging response surfaces. It contains
10 samples, nini

s = 10, including the baseline shape and nine space filling samples distributed by
a Sobol method. The sample database augmentation for the sample-limited Cokriging includes
the information of 10 gradient vectors, naug = 10, providing a quantity of information equivalent
to 60 additional samples.

The starting point for the gradient algorithm corresponds to large equidistributed bumps of
null amplitudes.

On Figure 6 are represented the baseline and the optimized shapes and associated pressure
coefficient values. The pressure distribution of the baseline shape demonstrates the presence
of a shock wave (drag production) at the upper surface of the airfoil (between 50% and 60%
of the chord length). This shock wave is attenuated (suppressed) by the deformation proposed
by the different optimizers. It appears that the reference optimizer (DOT-BFGS) converged
to a different optimal deformation. Whereas both response surface optimizers find an optimal
shape by distributing the two bumps at two different locations (leading edge and location of the
shock), the gradient optimizer has been trapped by the high sensivity of the drag to deformation
near the shock wave and has tried to superpose both bumps. This illustrates the fact that even
considering simple shape variables (only two bumps), functions studied in aerodynamic shape
optimization exhibit multimodal behaviour and strong trends (high gradient values) especially
when considering transonic flows. The low complexity of this problem does not prevent the
gradient to be trapped by a local optima.

In terms of final function value, both response surface optimizers largely outperform the
gradient optimizer. It appears that even the purely exploratory space filling samples (neval ≤ 10)
managed to improve the baseline shape and to outperform the gradient. Both response surfaces
algorithms give very close results in terms of shape deformation and final objective function
value confirming their enhanced global exploration capabilities. One can see from Table 1 that
contrary to the RS optimizers, DOT-BFGS does not manage to completely suppress the shock
and slightly increases the viscous pressure drag by its larger deformation near the trailing edge.
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Figure 6. Optimized shape and pressure distribution of an RAE2822 airfoil

Before totally discarding the reference optimizer, it is necessary to look at the computational
cost (total number of evaluations neval+ngrad) and restitution time (number of process iterations
niter) of the different optimizations represented on the Figure 7 and summarized in Table 2.
The worst algorithm in terms of final function value, DOT-BFGS, is also the quickest and less
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Baseline DOT-BFGS RS Kriging RS Cokriging

Cdp = F 100 84.6 (-15%) 76.7 (-23%) 76.9 (-23%)

Cdw 19.3 3.3 0.0 0.6

Cdvp 80.7 81.3 76.7 76.3

Cdf 119.7 121.1 120.7 120.5

Cl 100 103.2 102.1 102.2

Table 1. Aerodynamic performance summary for RAE2822 optimizations

expensive. It seems coherent with the fact that this method performs very few exploration of
the domain in terms of variation in function value and variables value. The additional cost
of RS optimizers is attenuated by the parallelization of the optimization process and stays
acceptable in an industrial context. It is important to note that the RS optimizers reached a
plateau of convergence in as few iterations as the gradient optimizer, but the RS optimizers
managed to continue domain exploration from this reference value. The additional gradient
information used by the Cokriging RS seems not absolutely necessary, certainly due to the low
dimensionality of the problem. It effectively produces a more accurate surrogate model as can
be deduced from the lower values of exploration compared to the Kriging RS When considering
the the last process iteration of DOT-BFGS (niter = 41 on Figure 7), the function value given
by the gradient optimizer is a lot larger than function values given by both RS based optimizers.
Moreover both RS optimizers have reached a plateau of convergence. One could then say that
in terms of resitution time the RS based optimizers are better than the gradient reference.

On figures Figure 7 and Figure 10, the lines stand for ref values of the objective function
and the symbols represent the current values of the function.
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Figure 7. Optimization convergence history on the RAE2822 test case

The experience of numerous airfoil optimization with OPTaliA demonstrated that it is im-
possible to increase indefinitely the number of design variables on bidimensional airfoils without
having highly correlated design variables. In fact, by using a decomposition of optimal shape
deformation into a sum of Hicks-Henne bumps, one can see that the optimum of airfoil drag
minimization problems are generally obtained through a sum of no more than five bumps. In-
creasing the number of bumps on a bidimensional wing section is generally equivalent to a
parameterization using less bumps with higher ranges in amplitude of bumps. By considering
only two bumps, one can guarantee that there is no redundancy between design variables and
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DOT-BFGS RS Kriging RS Cokriging

F ref final value 84.6 (-15%) 76.7 (-23%) 76.9 (-23%)

niter ; neval + ngrad ; nini
s 41; 41+6; 0 91; 172+0; 10 64; 131+10; 10

∑

|Fc − F ref
c | 56.2 1503 953

∑

|Fc − F ref
c |/niter 1.37 16.5 14.9

∑

|Fc − F ref
c |/neval 1.37 8.74 7.27

∑

||xc − xref
c ||/ndv 0.565 65.4 41.0

∑

||xc − xref
c ||/niter/ndv 1.38 10−2 71.9 10−2 64.1 10−2

∑

||xc − xref
c ||/neval/ndv 1.38 10−2 38.0 10−2 31.3 10−2

Table 2. Optimizers performance summary on the RAE2822 test case

that the complexity of the optimization problem is effectively represented by the number of de-
sign variables. In Figure 8, a simple shape deformation obtained with 2 Hicks-Henne bumps of
maximal amplitude equal to 3.0 millimeters is reconstructed using a very complex combination
of 20 Hicks-Henne recovering bumps of maximum amplitude equal to 0.5 millimeters.
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Figure 8. Equivalence between 2 Hicks-Henne bumps and 20 Hicks-Henne bumps of lower ampli-
tude

B. Wing drag minimization considering 45 design variables

In order to increase the number of design variables with as less redundancy between variables
as possible a three dimensional shape is considered, the AS28 wing in cruise condition, at Mach
number M = 0.8 and angle of attack AoA = 2.2o. The wing span is b = 25 meters and the mean
chord value is c = 5.4 meters, giving a Reynolds number Re = 40 · 106. The structured mesh
(Figure 9) is formed of 4 blocks containing a total of 500 · 103 nodes with its boundary layer
refinement. The restitution time for one flow simulation is 4400 seconds using two processors
AMD Opteron 275 (2.2 Ghz) to perform 500 steady iterations.

The 45 shape parameters correspond to 15 Hicks-Henne bumps on the upper surface. The
vertical bumps are distributed by group of three in five spanwise sections. At each section,
the three bumps are equidistributed and a recovering is authorized by groups of two bumps.
In order to ensure a wide diversity of possible shapes (maximum degree of freedom) with this
parameterization, the linear spanwise expansion of each sectional deformation is stopped either
at the closest boundary either at the closest deformed section. Only positive deformations are
authorized and the maximum amplitude of one bump is 50 millimeters. The complexity of
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this problem is thus increased by considering more independent design variables and also by
increasing the relative range of possible deformation, Amax

c
from five to ten as represented by

optimal shapes on Figures 14-17.

Figure 9. Mesh and pessure coefficient of the AS28 wing baseline shape

The RS based optimizers were intialized with only 11 samples, nini
s = 11, and the number

of samples is even inferior to the number of variables. The initial database was formed of the
baseline configuration plus 10 space filling samples (Latin Hypercube Sampling method). The
Cokriging sampling was augmented by including the information of 5 gradient vectors, naug = 5,
giving 225 additional scalar values. The starting point for the gradient algorithm corresponds
to large equidistributed bumps of null amplitudes.

In cruise condition a shock wave appears on the upper surface of the baseline configuration.
The Table 3 shows that most of optimizers drag reduction cames from minimization of the wave
drag and leads to shapes with very weak shocks as can be verified on pressure distribution (cf.
Figures 11-13).

Baseline DOT-BFGS RS Kriging RS Cokriging

Cdp = F 100 95.1 (-4.9%) 94.6 (-5.4%) 93.5 (-6.5%)

Cdw 9.0 2.6 2.6 1.0

Cdvp 35.2 34.9 34.5 34.6

Cdi 55.8 57.6 57.5 57.9

Cdf 29.9 30.6 30.5 30.5

Cl 100 102.9 102.3 103.2

Table 3. Aerodynamic performance summary for AS28 wing optimizations

Figure 10 presents the convergence history of the optimizations. The gradient based al-
gorithm keeps the same properties as with the previous test problem. It converges using few
process iterations and very few objective function evaluations (even fewer than on the six dimen-
sional problem). Despite its speed, it gives the lowest improvement of the objective function.
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For the RS based optimizations, the influence of the very coarse initial sampling can directly
be observed by comparing exploration values of Kriging and Cokriging optimizers (Table 4).
As the Kriging response surface is less accurate, the Kriging based optimizer performs three
times more exploration and needs more iterations to converge to its final value. The sampling
refinement becomes almost similar to a space filling refinement, but a significant improvement of
the function is achieved and the Kriging optimizer outperforms the gradient reference. Somehow,
its convergence is stopped because no improvement is achieved during the last 20 iterations
whereas the algorithm continues its domain exploration characterized by the large widespreading
of symbols on Figure 10. The Kriging based optimizer seems to need more iterations to robustly
converge. The Cokriging based algorithms does not suffer this problem, as very few improvement
is achieved during the last 50 iterations despite the continous exploration of the domain. By
looking at the tridimensional views of optimal deformation fields given by Kriging (Figure 12)
and Cokriging (Figure 13) based optimizers, it appears that both fields are very similar but
the Kriging shapes corresponds in fact to an intermediate shape explored during the Cokriging
based optimization.

The sample limited Cokriging based reached the best final objective function value at the cost
of more function evaluations compared to DOT-BFGS. Despite the additionnal computational
cost, the Cokriging based optimizer outperforms the gradient reference in terms of restitution
time. When considering the last process iteration of DOT-BFGS (niter = 26 on Figure 10),
the function value given by the gradient optimizer is larger than the function value given by
the Cokriging based optimizer. However, the RS Cokriging optimizer has not yet reached its
plateau at this iteration and needs three times more iterations to converge.
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Figure 10. Optimization convergence history

On Figure 18 are plotted approximated drag polar for the baseline configuration and the
three optimized shapes. The approximation is done using a second order polynomial method
fitted with three samples for each shape represented by symbols on the figure. This graph shows
that even after changing the angle of attack of the new shapes to obtain the same lift coefficient
as with the baseline shape, the aerodynamic performance keep the same classification, gradient
and Kriging based optimization give equivalent improvements and the Cokriging based optimal
shape is best. Despite the improvement at cruise conditions, it is not surprising to observe that
the performances at low lift flight conditions are decreased by all optimizations as it was not
taken into account in the formulation of the optimization problem. As expected, the less the
drag is reduced, the less low lift performances are impacted and the shape given by the gradient
optimization is better than the shapes given by both RS based optimzations in these conditions.
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DOT-BFGS RS Kriging RS Cokriging

F ref final value 95.1 (-4.9%) 94.6 (-5.4%) 93.5 (-6.5%)

niter ; neval + ngrad ; nini
s 26; 26+4+0 67; 209+0; 11 88; 208+5; 11

∑

|Fc − F ref
c | 26.8 534.4 205.5

∑

|Fc − F ref
c |/niter 1.03 7.98 2.34

∑

|Fc − F ref
c |/neval 1.03 2.56 0.99

∑

||xc − xref
c ||/ndv 4.79 232.1 73.5

∑

||xc − xref
c ||/niter/ndv 0.18 3.46 0.84

∑

||xc − xref
c ||/neval/ndv 0.18 1.11 0.35

Table 4. Optimizers performance summary on the AS28 wing test case

Figure 11. Optimum given by DOT-BFGS for the AS28 wing. Left: vectorial field of deformation.
Right: pressure coefficient.
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Figure 12. Optimum given by the Kriging based optimizer for the AS28 wing. Left: vectorial
field of deformation. Right: pressure coefficient.

Figure 13. Optimum given by the Cokriging based optimizer for the AS28 wing. Left: vectorial
field of deformation. Right: pressure coefficient.
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Figure 14. Optimized shape and pressure distribution at 6% of the wing span
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Figure 15. Optimized shape and pressure distribution at 19% of the wing span
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Figure 16. Optimized shape and pressure distribution at 35% of the wing span
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Figure 17. Optimized shape and pressure distribution at 60% of the wing span
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V. Conclusion

A general framework for optimization enabling the use of various optimizers was set up. Two
algorithms based on response surfaces built with Kriging and Cokriging were then implemented
and compared to the quasi-Newton reference algorithm. These optimizers seem very promising
as they achieve better function improvement and are complementary to the reference gradient
optimizer converging very quickly to the nearest optimum. Best practices can be drawn from
the results obtained on the two drag reduction test problems.

For the low dimensional problem, both response surface based optimizers largely outperform
the gradient in terms of final function value, but also outperform it at equivalent computational
cost and restitution time. Despite the fact that the gradient algorithm converges to a local
optimum, it needs fewer functions evaluations to reach its final optimum. The interpolation of
gradient information does not significantly improve Cokriging based optimizer performances,
that is why in conclusion the gradient free Kriging based optimization algorithm should be
preferred for low dimensional problems.

When increasing the complexity of the problem by considering 45 design variables on a wing,
the Kriging based optimizer requires twice more iterations after gradient convergence before
outmatching it. The lack of accuracy of the Kriging model makes it converge permaturously
due to an excessive exploration of the domain. The sample limited Cokriging based optimizer
does not suffer this problem and effectively converges to a better solution than the gradient
reference. The additional cost needed is small in terms of restitution time due to the efficiency
of the parallel framework, but is large in terms of total function evaluations. The cost of
the gradient optimizer being totally independent of the number of design variables, it should
be preferred for high dimensional problems when computational cost is the major issue. The
Cokriging based optimizer can converge to a more global optimum and should be preferred
when performance is the major issue.

These conclusions can be explained by considering the quantity of information, N , contained
inside each optimizer. At a given iteration, the gradient algorithm only knows a search direc-
tion given by comparing two gradient vectors and a few function evaluations, ∀neval NGradient ≈
10 + 2 · ndv. Response surfaces are a mean to cumulate all known information on the function
in a sample database and the sampling refinement process aims at having an accurate model
in the vicinity of the global optimum. For the Kriging based algorithm, the quantity of in-
formation is independent of the number of variables ∀neval NRSKriging = neval explaining its
domain of applicability. The Cokriging based algorithm interpolates a fixed number (naug) of
gradient vectors ∀neval NRSKriging = neval + naug · ndv giving an efficient algorithm even for
high dimensional problems.

Lastly, it was assessed that the use of global optimizers imply a careful definition of the
optimization problem in order to avoid unrealistic shapes. The gradient based optimizer, de-
parting from an already existing shape and converging to a close local optimum, is less prone
to this problem.
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�(ÿ-��� Æ ÿ\� Æ ÿMÿ����(��� ü ���S �ÿ ú �
�'ÿ ý)ý ÿ;�
����ÿ������ ý ÿ$� ü �(%���ÿ���ÿ ú � ý ú þ ý �;�¶Ë����'þ��MÁj|E� ú ü �����)� Ì ��ÿ ý À ü �������$�)���
��� ü �
�#�
�QÎ ü w ��� Æ ÿ\� Æ ÿ ú ü ���0ÿ�� Æ  �ÿ ú �
�E�-þ ú þ���ÿ(�
�3 ý � ü �'�
��� ü �*�mÀ6ÿ���� ü %���ÿ��?þ�ÿ.�*þ��'�
��� ¤2� ���� ��'�
��� ü ��� ú ü ���� ú þ������0ÿ��\Á

Ï�À1 ú Ç#�
����� ý)ý&ü ���#� Æ ÿQ���������4� ý �- ��� ú Ç ü �)������� Ì � Æ � ü �����&ÿ��y� Ê �3��ÿN�<ÿ�������ÿ�ÿ��3�� B½8�-þ�� ý ÿLÿ-��� Æ ÿ\� Æ ÿ2ÁoÐ ý ��ÿ ú ü �����&ÿ����
¼?þ�ÿ ö2ö � ü �������\ÁP�j�
�L�'�
��� ü ���H�-þ�Ë��'�
� ý)ý ÿ��L�ZÀ1 ú Ç#�
����� ý)ý&ü ���#� Æ ÿ��Q������� ú �
�����0ÿ��K� ü ���� �ÿ���ÿ��MÐ�ÐBÁ � Á ¤ Á ö ¾"� ý ½8�-þ����'�
���H�-þ
� ü ����� 1081  ú Ç#�
����� ý)ý&ü ���Q� ü þ��H�\� ü ���Dþ���ÿD��þ��g½>� ú ÿ���ÿ��� �� ü ����ÿ-�2� ý �)��ÿ;9 ú �
����ÿ��E��ÿ��K��ÿ������
� ú ÿ��H¼Eþ#�!���'�
���)¼?þ�ÿ���Ñÿ����)�� \� ý ÿ��<ÿ���� 1045  ú Ç#�
����� ý)ý&ü ���.� ü þ�� ú ü �����)�� ���ÿ�� ý ����þ��g½>� ú ÿ$��ÿ��� �� ü ����ÿ Ê �
% ý ÿ$��þ��-� ü þ�� ý ÿ�� ü �;�
����ÿ2Á~ÎWÿ��ö2ö � ü �������K��ÿ-�>ÿ����<ÿ�����ÿ����E�3Ò��<ÿ��#�!�K�ZÀ1 ��'�
% ý ���^þ���ÿ��� Æ ��ÿ������ ü � ý ���� \�
����ÿ(��ÿ ý �.½ ü � ú ��� ü �mÁ

� ü þ���ÿB½ ü �)�\¾�� ý �\À?�\� Ì ��ÿD¼Eþ�ÿ ú ÿ ý ����ÿ ý À6ÿ��$�SÒ ú Ç�ÿ��#�!�L��ÿ-��� ü þ��0ÿ��
þ���ÿ�� ü!ý þ���� ü �5�<ÿ�� ý)ý ÿ#þ���ÿ�¼?þ�ÿ ú ÿ ý)ý ÿ-��� ü � ü �� �ÿ
�#�
� ý À ü �������$�)��ÿ#þ����#�
� Æ �'�!���&ÿ����\Ámûu� ý�Æ �� ý ���'�
���)������ $��ÿ ú ü ���0ÿ�� Æ ÿ�� ú ÿ3��ÿ ý |���¾ ý À ü �������$�)��ÿ#þ��DÓQ�uÎ ü w ��� Æ ��� Æ
��ÿ����&ÿ����(� ý þ��(�Uÿ��g½ ü ���;�
�����
��� Ì �(��ÿ#þ ý ÿ��<ÿ���� ö\£ ���� ��'�
��� ü ���\Á ¿ ú ü ���0ÿ�� Æ ÿ�� ú ÿ,��ÿ ý |���¾ ý À ü �������$�)��ÿ#þ��.Ó-�qÎ ü
È
w ��� Æ ��� Æ ��� ü � ü ��ÿ=þ���ÿ6� ü!ý þ���� ü ��� ü ��� ý �+���'� �)�� �ÿ5��ÿ6����ÿ������ ü ��ÿ���������½{ ����&ÿ#þ���ÿ5�ZÀ6ÿ�������� ü � � ¾ � � ü þ�� ú ÿ������1�oÁjÏ��
ú ü ���0ÿ�� Æ ÿ�� ú ÿ+��ÿ ý À ü �������$�)��ÿ#þ���Ó-��Î ü w ��� Æ ��� Æ �
����ÿ������Mþ���� ý �
��ÿ\�-þ �
��� Ì �Mÿ����"��� ü � ù�� ���� ��'�
��� ü ���\ÁN�Eþ�� ý � Ê�ÈÆ þ���ÿ�Ð û Á ¤ ¾ ü �u�>ÿ#þ�� ú ü �����'�
��ÿ��-¼Eþ�ÿ�ÓQ�Rÿ-��� Æ ��� Æ ÿ��>ÿ ú ��þ�ÿ���ÿ#þ�ËR½ ü �)�Q� ý þ��Q�ZÀ6ÿBË�� ý&ü �'�
��� ü �=¼Eþ�ÿ.Ó-�*Î ü w ��� Æ ��� Æ Á
üC�ª��ÿ����<ÿu�ZÀ6ÿBË"� ý&ü ���'�
��� ü �m¾ ý ÿ��,��ÿ#þ�Ë �3 ���Ç ü ��ÿ��5�;ÿ��(% ý ÿ����* �¼?þ����2� ý ÿ�����ÿ��\¾N�;�
�)�5Ó-��Î ü w ��� Æ ��� Æ ��� ü þ��0ÿ9þ���ÿ
�<ÿ�� ý)ý ÿ#þ���ÿ(� ü!ý þ���� ü �mÁ

Éx���#� ý ÿ��<ÿ����\¾hÿ�� Æ �'�
����ÿ������<ÿ������ ü �m¾ ý �;�3 ���Ç ü ��ÿ�ÓQ�RÎ ü w ��� Æ ��� Æ ���� ���ÿ�����ÿ ý ÿ.�<ÿ�� ý)ý ÿ#þ�� ú ü �$��� ü �$�)��ÿ�������ÿ
ÿBË"� ý&ü �'�
��� ü �9ÿ���ÿBË"� ý&ü ���'�
��� ü �mÁ

�1� <�; 8-)+7(o/)B7@[303o/)B;X*-7jCX)Z8D*&0m��2 �B)�7D<�2�8('�,/7D)B7@��o�� �B.A� )Bo/o/)�n�0#*@*&03n n�<3*D8j��o\0�8D*&01��2 �B)�<��X8-)B2G;�)=7D;X*(o�0�>�<3*-'�)�2 <�2�C �+>�<3*-'��B)�U
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���6��� Ð û Á ¤ I ý �4� Æ �'�
�$�<ÿIÿ��5��ÿ ú �'�
� Æ:ý ÿD�� ���þ��;�
��� ý ÿ��L�>ÿ��g½ ü ���;�
� ú ÿ��E��ÿ�� ü �������$�)��ÿ#þ����E��þ�� ý ÿ ú �!�K��ÿ ý À?�
� ý ÿ¿ � ¤2õ Í ù�� �2�
���4�
% ý ÿ��\Á
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üC�6� ý þ��G��ÿ��G��ÿ#þ�Ë ú �!�G��ÿ������z���� ú  ���ÿ������0¾"��ÿE� ü �(%���ÿ#þ�Ë5�-þ�����ÿ�� ú �!� ü ���G ��� Q ���þ����) ��N� ü ��� ý ÿE� ý þ�� ú ü�� ��ÿ#þ�Ë
ÿ�����ÿ��$���N��ÿ ú � ý ú þ ý ÿ����Xþ���ÿ ú ü � Ê�Æ þ��'�
��� ü � ¿ � ¤2õ ú ü �$� ý)Ì ��ÿ2Á�ÎWÿ�����ÿ ú ü � Ê�Æ þ��'�
��� ü �Sÿ���� ú ü ����������þ� �ÿE�ZÀ þ��6��ÿ��$� È
½yþ��;ÿ ý � Æ ÿ2¾Gþ���ÿ,�
� ý ÿ2¾Gþ��&�;P
�/ÿ��Iþ���ÿ;�#� ú ÿ ý)ý ÿ�� ü �7� ü � ü ���)�� �ÿHÿ�����ÿ����� ���ÿ�����ÿ�þ����\��� ü �:��ÿ;�k���>ÿ ¿ ����%�þ��\Á~ü ý)ý ÿ
��ÿ��'�6 ���þ����) �ÿ<ÿ�� ú ü ��������� ü �:��ÿ ú � ü �)��� Ì ��ÿ2ÁmÏzÿ�� ü �.%���ÿ;��ÿ$ûu� ú Çq�2�-þ�� M = 0,8 ÿ�� ý À?�
� Æ:ý ÿ3�ZÀ ��� ú �)��ÿ�� ú ÿ;�!�-þ��
2,2o ¾ ý À1 ú ü þ ý ÿ��<ÿ����Dÿ����G���'�
����� ü ���)¼Eþ�ÿ2Á�ü ý)ý ÿLÿ����N� ü �� ý �)�� �ÿQ�#�
�
þ��,�;�
� ý)ý � Æ ÿQ½ ü ���3 -��ÿ õ2� % ý&ü ú � ú ü ����ÿ��#�
���Q�-þ
� ü �'� ý 7,5 · 106 �cbLþ����;9{Éx� Æ þ���ÿ3Ð û Á � ÑBÁ��Zÿ ý ¼?þ�ÿ$�� ú �����Iÿ��=Ð�Á � Á � ¾ ý ÿ3���"��� Ì �<ÿ��ZÀ1 �¼Eþ#�
��� ü ���(Ó ¿ ��� ú ü �$� ý  ��� �ÿ
�#�
� ý ÿ.� ü � Ì#ý ÿ$��ÿ���þ���%�þ ý ÿ�� ú ÿ$��ÿ3���#� ý �
��� È_¿Dý)ý �;�
�'�!�Yÿ����Q�� �� ü!ý þ+� ü þ��������'þ ý ÿ�� ý À1 ú ü þ ý ÿ��<ÿ����\ÁmÏ��,�����Iþ ý �
��� ü �
�?þ��3 ����)¼Eþ�ÿD���'�
��� ü ���#�
����ÿ�ÿ����N�� \� ý �)�� �ÿ-��þ�� õ ��� ü ú ÿ��'��ÿ#þ���� ¿ û ý |E����ÿ�� ü � ¤ þ � Á�Ïzÿ-��ÿ��$���L��ÿQ��ÿ���������þ���� ü �5� ü þ��
þ�� ú � ý ú þ ý ������ÿ ú ��ÿ����j��ÿ £ Ç�ÿ#þ���ÿ��j� ü þ���ÿ��hÿ ú ��þ�ÿ�� õ2�2� ���� ��'�
��� ü ���\Á2Ïzÿ�� Ê�Æ þ���ÿ��CÐ û Á � ÿ��CÐ û ÁiþH� ü ������ÿ���� ý ÿ ú Ç#�
�$�
��þ��g½8� ú �)¼?þ�ÿD�*þ ú ü ÿ�d ú �&ÿ����Q��ÿ�����ÿ������ ü �M��þ�� ý ��½ ü ���<ÿ(��ÿ-�� B½{ ���ÿ�� ú ÿ2Á

Ï���½ ü � ú ��� ü � ü %�©�ÿ ú ���Å½rÿ���� ý ÿ ú ü ÿ�d ú �&ÿ����E��ÿ����'� �)�� �ÿD� ü �'� ý ÿ ú � ý ú þ ý  D�#�
� ý À?�
����� ü ú Ç�ÿ ú Ç#�
�$� ý&ü �����'�
���m¾
F = Cdf + Cdp = Cdf + Cdvp + Cdi + Cdw

9{Ð û Á ö Ñ
ü ý)ý ÿ<ÿ������$�)�;ÿ;Í ý À1 ú Ç�ÿ ý)ý ÿ;�#�
� ý �6���'� �)�� �ÿ3��ÿ ý �,½ ü ���<ÿ����������4� ý ÿ2¾���ÿ$� ü ����ÿ$¼EþmÀ þ���ÿ�½ ü ���<ÿ;�����
���(� ü þ������'� �)�� �ÿ
������� ú �&ÿ ý)ý ÿ 100 ÿ����3�-þ������L�>ÿ��g½ ü ���;�
����ÿM¼Eþ�ÿ ý �*½ ü ���<ÿ6���������4� ý ÿ2ÁzÏ�À6ÿBË����'�!� ü �3��ÿ ý À?�
� ý ÿ7ÿ����$�#�
�'�
�3 ����� 5�#�
� ö\£% ü �'��ÿ��H�ZÀ?�
�$� ý ����þ���ÿ�� ü ���������0ÿ2Á
ü ý)ý ÿ��E� ü ���E�� ��#�
�����&ÿ��Q�#�
� Æ � ü þ��Uÿ���ÿ(¼Eþ#�
����ÿ(��ÿ ý&ü �u¼Eþ#�
����ÿ(��ÿ ú ��� ü ���Pÿ��9ÿ����0ÿ�� ÈÆ þ���ÿ2Á�Ï�À?�
�$� ý ����þ���ÿQ�;�¶Ë"���;� ý ÿ-��ÿQ�� B½ ü ���;�
��� ü �7ÿ����G��ÿ �2� �$� ý)ý ��� Ì ����ÿ��\¾�� ý&ü ���N¼?þ�ÿ ý À6ÿ����0ÿ�� Æ þ���ÿ���ÿ ý À?�
� ý ÿ^ÿ����N��ÿ
25 � Ì ����ÿ��Pÿ�� ý � ú ü ����ÿD� ü �0ÿ�����ÿ(�<ÿ���þ���ÿ 5,4 � Ì ����ÿ��\Á
Ïzÿ��K% ü ����ÿ��K� ü ��� ü ���&ÿ����� �ÿ��E�;ÿ ý&ü � ý À?�¶Ë*ÿ(�0ÿ������ ú � ý Ár��ÿ#þ ý ÿý ���#�
�����&ÿ(½{� ü ���'� ý ÿ$��ÿ ý À6ÿBË����'�!� ü ����ÿ ý À?�
� ý ÿFÿ����Q�� B½ ü ���3 �ÿ2ÁSüC���"��� ü ��þ��u���&ÿ�������ÿ ý �,��þ��g½8� ú ÿ.��ÿ ý À6ÿBË����'�!� ü ��ÿ����Ê Ë*ÿ2¾�Í��'��� ü ��� ý �-�#�
�����&ÿL��� ü ú Ç�ÿE�*þ3% ü ���;��ÿN½yþ�����ÿ2Á��x�
�z�'�
��� ü ���NÍ ý �-�#�
�'�
�3 ������)�'�
��� ü �,�$�)��ÿ�ÿ��3� ý � ú ÿE��þ�� ý À?�
� ý ÿ
�)� ü!ý  �ÿ�9{Ð û Á ¤ ÑB¾ ý ÿ��G�� B½ ü ���;�
��� ü ���N�Uÿ#þ��0ÿ����G�\À1 ���ÿ�������ÿ-��ÿ ý&ü � ý À6ÿ����0ÿ�� Æ þ���ÿ ú ü �$� ý)Ì ��ÿ-��ÿ ý À?�
� ý ÿ2Á�Ï��.��ÿ ú ��� ü � Ê Ë*ÿPÿ��
% ü þ��E�ZÀ?�
� ý ÿ(�� ��� D��þ����������3 �ÿ(� Ê �*��ÿ�� ü þ�� ü ��� ü %���ÿ������H��ÿ�� ú Ç#�
�$���Q��ÿ��� B½ ü ���;�
��� ü �R� ý þ��L�� Æ þ ý �&ÿ����\Á
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���6��� Ð û Á � I#Î ü � Ê�Æ þ��'�
��� ü � ¿ � ¤2õ � ü �M� ü ��� Ê  �ÿ2Á#û+�
� ý)ý � Æ ÿ(Í Æ �-þ ú Ç�ÿ'ÿ�� ú ü ÿ�d ú �&ÿ����Q��ÿ�����ÿ������ ü �RÍ$��� ü ����ÿ2Á

Ïzÿ$��� ü % ý)Ì �<ÿ ú ü �$� ü ����ÿ ù�õ �!�
���4�
% ý ÿ��.��ÿ�½ ü ���<ÿ2Á�Ð ý ÿ����D��ÿ ú ü �$� ý ÿBË"���� 3 �¼Eþ����2� ý ÿ�����ÿ��-þq��� ü % ý)Ì �<ÿ��ZÀ ü � È
�����$�)�'�
��� ü ����ÿ ý À?�
� ý ÿ��)� ü!ý  �ÿ2¾~�;�
�)� ý À1 ��2� ý þ#�
��ÿ#þ��Kÿ����(%>ÿ\�-þ ú ü þ���� ý þ�� ú ü�� ��ÿ#þ�ËZÁ ¿HÊ ����ÿ3�� ��*þ�����ÿ ý ÿ3��ÿ��$������ÿ
��ÿ���������þ���� ü ����ÿ�� ü �������$�)�'�
��� ü ���3�#�
�,��þ��g½8� ú ÿ��3��ÿ5�� �� ü ����ÿ2¾�þ��F ú Ç#�
����� ý)ý&ü ���#� Æ ÿ+���������4� ý � ý þ��3���$� ü ���'�
���Hÿ����
ÿ��$� ý&ü �o 2Á ¿^ý&ü ����¼Eþ�ÿ$��þ�� ý À?�
� ý ÿ ¿ � ¤2õ ¾ ý À1 ú Ç#�
����� ý)ý&ü ���#� Æ ÿ;���������4� ý ú ü ����ÿ��#�
��� ö2ö � ü �������\¾S� ý ÿ�� ú ü �����&ÿ����D� ú � ��ö Á
ÎWÿ��G� ü �������L� ü ���N���)��������%�þ� ��L��ÿ ý&ü � ý �D�3 ���Ç ü ��ÿQÏmv-��ÿ�� ý � ú ü � Ê�Æ þ��'�
��� ü �5���������4� ý ÿLÿ����G��� ú ý þ���ÿQ���
��� ú ÿ��G ú Ç#�
� È
��� ý)ý&ü ���#� Æ ÿ2Á ¿ �0ÿ ú þ���ÿK�3 ���Ç ü ��ÿE��ÿH�� Æ ��ÿ������ ü �;� ü!ý �"� ü �$�4� ý ÿ2¾ ú ÿ�����ÿH�'�
� ý)ý ÿE�ZÀ1 ú Ç#�
����� ý)ý&ü ���#� Æ ÿD��ÿ��'�
���z� ü þ��m©�þ�����ÿ
��þqd;�'�
����ÿHÍLÿ��>ÿ ú ��þ�ÿ���þ���ÿN�� Æ ��ÿ������ ü � ý ���� \�
����ÿ2Á�� ü þ�� ú ü ��������þ�����ÿ
þ���ÿL��þ��g½>� ú ÿL��ÿN�� �� ü ����ÿL¼Eþ#�!���'�
���)¼?þ�ÿ2¾2� ý ½8�-þ È
���'�
���y�-þ�� ü ����� ö\¤2¤��  ú Ç#�
����� ý)ý&ü ���Xÿ��j� ü þ���þ���ÿN��þ��g½8� ú ÿG��ÿG�� �� ü ����ÿ Æ:ý&ü %#� ý ÿ2¾!� ý ÿ��.½8�-þ����'�
��� 1048 9 ú ½gÁ!Ð�ÐBÁ � Á ¤ Á ö ÑBÁ
� ü þ��H� ü �$�<ÿ��H� ü � ú � ü þ!© ü þ����K���
��� ý ÿ ú �!����ÿD��ÿ ý À ü �������$�)�'�
��� ü �*�#�
�H��þ��g½8� ú ÿ��K��ÿ-�� �� ü ���;ÿ ý&ü ú � ý ÿ��0Á

ý þ��'�
��� ý �$����ÿ��$� Ì ��ÿ.���� ��'�
��� ü �u��ÿ�� ü �������$�)��ÿ#þ����E�#�
�E��þ��g½>� ú ÿ��Q��ÿD�� �� ü ����ÿ2¾ ú ÿ�� ��ö ú � ý ú þ ý �Q� ü ���Pÿ��hÿ ú ��þ� ��
�����'þ ý �'�
�� ��<ÿ����m°�Á ý �
����þ�� ú ü ����ÿBË���ÿK�����*þ��������&ÿ ý ¾ ý ÿ ú ü�� ����ÿ����� ���ÿ����� H�#�
� ú ÿ�� ��ö ú � ý ú þ ý �Xÿ��>ÿ ú ��þ� ��Xÿ��3�#�
�'� ý)ý)Ì#ý ÿ
�mÀ?�6���&ÿ��=�ZÀ ����Ç#�
%�����þ�ÿ ý 9 51 × 8 = 408 ��� ü ú ÿ��'��ÿ#þ������>ÿ������
��� £ Ç�ÿ#þ���ÿ���ÑBÁ~ÎWÿ ú ü�� �Iÿ����G©°þ������ Ê  ú �
��� ý �>ÿ����<ÿ���ZÀ?� ú�ú  ý  ���ÿ�� ý ÿ���� ü ú ÿ�����þ��H��ÿ ú ü � ú ÿ������ ü �mÁ

ÏzÿuÎ ü w ��� Æ ÿ\� Æ ÿ*����������ÿ ú �;��� ü ��¼Eþ� 8ÿ��  ú Ç#�
����� ý)ý&ü ���0¾Xþ���� ý �)�' M�#�
� ý À ü �������$�)��ÿ#þ��6ÓQ�FÎ ü w ��� Æ ��� Æ ¾z������ÿ���� ü!ý ÿ
naug = 10 �0ÿ ú ��ÿ#þ���� Æ �'�!���&ÿ������\ÁmÎWÿ ý � ú ü ����ÿ���� ü ���uÍMþ���ÿ.¼Eþ#�
�������� ��ZÀ ����½ ü ���;�
��� ü �u �¼Eþ����2� ý ÿ�����ÿ$Í ù�õ2�  ú Ç#�
� È��� ý)ý&ü ���H��þ���� ý  ��<ÿ����'�
����ÿ��\Á#ÏyÀ ü �������$�)��ÿ#þ�� ý |��×ÿ����L���������4� ý �)�� ��#�
�K��ÿ��K% ü ���;ÿ�� ý �
� Æ ÿ��Dÿ��K �¼?þ��)���)��������%�þ� �ÿ��E�ZÀ?�
� È
� ý ����þ���ÿD�Eþ ý)ý ÿ2Á

Ïzÿ5�'�
% ý ÿ\�-þ Ð û Á ö �� ���þ��<ÿ ý ÿ��3�Uÿ��g½ ü ���;�
� ú ÿ��,�! �� ü ���"�#�
�$�)¼?þ�ÿ�����ÿ���½ ü ���<ÿ��;��� ü � ü �' �ÿ��$�#�
� ú Ç#� ú þ�� ��ÿ��ü �������$�)��ÿ#þ����\Á ¿ þq��ÿ Æ �
���=�*þ7��� ü % ý)Ì �<ÿ3� ü �� 2¾ ý �6�<ÿ�� ý)ý ÿ#þ���ÿ3� ü!ý þ���� ü �Tÿ���� ü %���ÿ��?þ�ÿ;�#�
� ý À ü �������$�)��ÿ#þ��(Ó-�qÎ ü
È
w ��� Æ ��� Æ ¾x���0ÿ ú þ���ÿ��
�3 ý � ü �'�
��� ü ����ÿ 4,2% ��ÿ ý �6½ ü � ú ��� ü � ü %�©�ÿ ú ���Å½gÁjÎWÿ ý �5��ÿ����� ���ÿ�����ÿ�ÿ�������� ü � ö\� � ü ����������ÿ
���'� �)�� �ÿ2Á�ÏGÿ��z��ÿ#þ�Ë��-þ�����ÿ�� ü �������$�)��ÿ#þ����N� ü ����ÿ����N��ÿ��z� ü!ý þ���� ü ���z�����Z ���ÿ�����ÿ��\Á ý |����� ��*þ���� ý �-½ ü � ú ��� ü ����ÿ 3,8%ÿ��HÓQ�,ÿ-��� Æ ��� Æ ��ÿ 2,2% ÁÏzÿ�� Ê�Æ þ���ÿ��;Ð û Á ù!È Ð û Á £ ���� ���ÿ�����ÿ���� ý ÿ�� ú Ç#�
�$������ÿ6�� B½ ü ���;�
��� ü � ü �������;� ý ÿ ú ü!ý&ü �� ��$�#�
� ý À?�
�$� ý ����þ���ÿM��ÿý �u�� B½ ü ���;�
��� ü �m¾G�
�������K¼Eþ�ÿ ý �+�� ��#�
��������� ü � ��þ��g½8� ú �)¼?þ�ÿ5�*þ ú ü ÿ�d ú �&ÿ����;��ÿM����ÿ������ ü ����þ�� ý �*½ ü ���<ÿ ü �������;� ý ÿ2Á
Î ü �$�<ÿ ú ÿ ý �6�� ��� ü %���ÿ����o ���þ�� ý À ü �������$�)�'�
��� ü �=��ÿ ý À?�
� ý ÿ2¾ ý |�� ú ü ���0ÿ�� Æ ÿ��0ÿ����Lþ���ÿ��� B½ ü ���;�
��� ü �q�� Æ þ ý � Ì ��ÿ2¾ý �
� Æ ÿ'ÿ��H ���ÿ����*þ�ÿ2ÁZÎWÿ�����ÿ(�� B½ ü ���;�
��� ü �5ÿ���� ü %���ÿ��?þ�ÿ����0ÿ ú ¤ % ü �'��ÿ��L� ü �M�Eþ ý)ý ÿ��H�#�
�Q��ÿ ú ��� ü �m¾#� ü ��� õ % ü �'��ÿ��H�-þ
� ü �'� ý Áj�Eþ�� ý ÿ�� ù�õ ��ÿ Æ �� �����ÿ ý ��%>ÿ����� ;��ÿ#þ ý � ¤
ù � ü ���(�� �ÿ ý)ý ÿ��<ÿ����/þ���� ý �)�' �ÿ��\Á~ÏGÿ��.�� B½ ü ���;�
��� ü ������� ü � ü �� �ÿ��.�#�
�ý ÿ�� ü �������$�)�;ÿ#þ����-�#�
�E��þ��g½8� ú ÿ��E��ÿ.�� �� ü ����ÿ(� ü ���E� ý þ�� ú ü �$� ý ÿBË�ÿ��\Árü ý)ý ÿ��E� ü ���Lÿ��>ÿ ú �����0ÿ��<ÿ����D�� Ê ���&ÿ��-Í3�#�
�������
�ZÀ þ��M� ý þ�� Æ �'�
���5� ü �.%���ÿ(��ÿ-% ü ����ÿ��L¼Eþ�ÿ ú ÿ�¼?þmÀ þ���� ý �)�;ÿ ý |��ô9 öG� % ü �'��ÿ��N� ü �5�?þ ý)ý ÿ��H� ü þ��HÓ-��ÿ-��� Æ ��� Æ ÿ�� öG�
% ü �'��ÿ���� ü �=�Eþ ý)ý ÿ��(� ü þ��(ÓQ�qÎ ü w ��� Æ ��� Æ ÑBÁ�ÏGÿ��D�3 ���Ç ü ��ÿ��(ÓQ�qÿ-��� Æ ��� Æ ÿ��DÓQ�7Î ü w ��� Æ ��� Æ ��� ü
Ê ��ÿ����(� ý þ��.��ÿ��

±B²c2³*-�103o/,:8-��Eho�0���0#7D)�C�� �B.&��0#2�8-,\o/o/<�2 2�0#´�)�)B798�.B03o/.B;�o/�B)�; 2�)�7D)B;�o/)�>�<�,/7BU¶µh)B7`CX)B; ·�<3n 8-,/'�,/7D)B; *-7Z¸ W�¹ *-,/´�,/2�´º)+8�¸ W»l <3¼G*-,/´3,\2 ´;X8-,\o/,/7D)B2�8(o\0�'�½B'�)j��037D)`CX)`C <�2 2��B)+7�,\2 ,:8-,�0#o/)�U
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«

ÓE B½{ ���ÿ�� ú ÿ ý |�� È aNÉ~}(� ÓQ�,ÿ-��� Æ ��� Æ ÓQ�5Î ü w ��� Æ ��� Æ
Cd = F

ö\�2� t2£ ¾ ¤ 9 ÈA� ¾ õ�� Ñ t þ"¾ õ 9 Èk¤ ¾ ¤�� Ñ t�� ¾ õ 9 È8ù ¾ ¤�� Ñ
Cdf

�2£ ¾ � �2£ ¾ £ �2£ ¾ £ �2£ ¾ �
Cdp

£�� ¾ � �2t ¾ £ £�ö ¾ � �2t ¾ �
Cdw

þ"¾ ¤ ¤ ¾ t � ¾ õ ö ¾ t
Cdvp

ö\t ¾ ù ö\t ¾ ¤ ¤�ö ¾ õ ¤2¤ ¾ t
Cdi

�2£ ¾ t � þ"¾ � ��� ¾ t �
ù ¾ £
Cl

ö\�2� ö\��ö ¾iþ t2t ¾ ¤ t2£ ¾ ö
O(∆Cdi)

� � �-þ ∆Cl
� È'ö ¾-� Á � ¾-¤ Á �

¿�ÀjÁj� Ð û Á ö I#Î ü ÿ�d ú �&ÿ������Q��ÿ-���'� �)�� �ÿ�9O�$�)�EÍ ý À1 ú Ç�ÿ ý)ý ÿ0ÑH��ÿ ý � ú ü � Ê�Æ þ��'�
��� ü � ¿ � ¤2õ Á

��ÿ Æ �� ��H��ÿ ý ��%>ÿ����� D�-þ�� ü ���)�� ��\Á

���6��� Ð û Á ù I#|E�������$�)�'�
��� ü �R�#�
� ý ���3 ���Ç ü ��ÿ ý |�� È aNÉ~}D�rÁrÎzÇ#�
�$�R��ÿD�� B½ ü ���;�
��� ü �+Í Æ �-þ ú Ç�ÿ2¾ ú ü ÿ�d ú �&ÿ����E��ÿ
����ÿ������ ü �RÍ$��� ü ����ÿ2Á

Ï�� Ê�Æ þ���ÿuÐ û Á t � ü ������ÿ ý À Ç��)��� ü ���)¼Eþ�ÿ+��ÿ ú ü ���0ÿ�� Æ ÿ�� ú ÿ7��ÿ������ ü �)� ü �������$�)��ÿ#þ����0ÁGÏ~�q½ ü � ú ��� ü � ü %�©�ÿ ú ���Å½(�
ÿ����(���'� ú  �ÿHÿ��&½ ü � ú ��� ü �:�*þ&� ü �.%���ÿ��ZÀ1 ��2� ý þ#�
��� ü ���$��ÿ$½ ü � ú ��� ü ���Iÿ����*þ7� ü �.%���ÿ6�ZÀ ���� ��'�
��� ü �����*þ&��� ü ú ÿ��'��þ��
�ZÀ ü �������$�)�'�
��� ü �mÁ

ý |�� ú ü ���0ÿ�� Æ ÿ��
��� Ì �Q��� ü ���E ��2� ý þ� ý ��½ ü � ú ��� ü �+��þ�� £2� ½ ü ���<ÿ��H�����Z ���ÿ�����ÿ��E�#�
� ú ÿ(¼EþmÀ � ý ��ÿD�#�
���"�&ÿ����E� ý þ��
Í$�
�3 ý � ü ��ÿ�� ý �.½ ü � ú ��� ü � ý&ü ���K��ÿ��K��ÿ#þ�Ë5��ÿ������ Ì ��ÿ��K���� ��'�
��� ü ���\Á#Ï�À ü �������$�)��ÿ#þ��EÓ-��ÿ-��� Æ ��� Æ ú ü ���0ÿ�� Æ ÿ.�
���� �� ö�ù��
 ��!� ý þ#�
��� ü ��� ú �
�m� ý ��ÿC�#�
���"�&ÿ����~� ý þ��~ÍK�
�3 ý � ü ��ÿ�� ý �z½ ü � ú ��� ü � ý&ü ���m��ÿ��m�"��� Æ ����ÿ������ Ì ��ÿ������� ��'�
��� ü ���\Á0Ï�À ü �������$�)�;ÿ#þ��
ÓQ��Î ü w ��� Æ ��� Æ �Q ��� L��� ü ���r G�;�
�Eþ�ÿ ý)ý ÿ��<ÿ����\¾ ú �
� ¤2� ���� ��'�
��� ü ��� ü ���� ��� L��þqd;�'�
����ÿ��C� ü þ��j Æ � ý ÿ�� ý À?�
�3 ý � ü �'�
��� ü �
��ÿ ý |���Á ¿ þ*% ü þ��Q��ÿ ¤
ù ���� ��'�
��� ü ��� ý �3�2� ý ÿ#þ�� Ê �#� ý ÿ ü %���ÿ��?þ�ÿ��#�
� ý |�� ÿ���� ý �
� Æ ÿ��<ÿ������� ��#�!���� �ÿ2ÁZÎ ü �$�<ÿý |��ì�
����ÿ������(� ü �q� ý �
��ÿ\�-þ7��ÿ ú ü ���0ÿ�� Æ ÿ�� ú ÿ,�-þq% ü þ��D��ÿ ¤2£ ���� ��'�
��� ü ���\¾ ü �q�>ÿ#þ��(� d3���<ÿ��.¼Eþ�ÿ ý À ü �������$�)�;ÿ#þ��
ÓQ�=Î ü w ��� Æ ��� Æ ÿ����D� ú ��� ý þ��.�Uÿ��g½ ü ���;�
���/ÿ��=��ÿ����<ÿ;�ZÀ6ÿBË�� ý&ü ���'�
��� ü �¯9>�
�3 ý � ü �'�
��� ü �:�#�
�(���� ��'�
��� ü �
ÑBÁCÎWÿ��(��ÿ#þ�Ëü �������$�)��ÿ#þ���� ú ü ���0ÿ�� Æ ÿ����-Í/þ���ÿ-������ÿ����;ÿ���ÿ��(% ý �
% ý ÿYÿ��6½ ü � ú ��� ü �R�*þ5� ü �.%���ÿD�ZÀ ���� ��'�
��� ü ���\¾��;�
�)� ý |��¦�
����ÿ������
� ü ��� ý �
��ÿ\�-þ���ÿ ú ü ���0ÿ�� Æ ÿ�� ú ÿ5� ý þ����mÂ!�Fÿ���� ü þ��Kþ���ÿ,� ü ������% ü ����ÿ��2� ý ÿ#þ��3��ÿ ý �5½ ü � ú ��� ü �mÁyÎWÿ ý �u��ÿ��o ���� Ê ÿ
��þ�� ý ÿ(�'�
% ý ÿ\�-þuÐ û Á ¤ ÿ�� ý ÿ����4� Æ �'�
�$�<ÿ��� ú �
������þ ý �
���Å½Wÿ�� Ê�Æ þ���ÿ.Ð û Á ö\� ÁZÎWÿ�����ÿ.�Uÿ��g½ ü ���;�
� ú ÿ����&ÿ����\¾�ÿ��+�#�
�����&ÿ2¾
�*þq� ü �(%���ÿ3�ZÀ1 ��2� ý þ#�
��� ü ����9 ��ö ÑPÿ��hÿ ú ��þ� �ÿ�� ý&ü ���D��ÿ ý �,����ÿ��$� Ì ��ÿ$���� ��'�
��� ü �&��ÿ�� ü �������$�)��ÿ#þ����D�#�
����þ��g½8� ú ÿ��D��ÿ
�� �� ü ���;ÿ2Á�üC�8ÿ��hÿ��\¾ ý |��ª��ÿ�����ÿ-�<ÿ�� ý)ý ÿ#þ��^ÿ��R��ÿ����<ÿD�ZÀ?�
�3 ý � ü �'�
��� ü �R�#�
�H ��2� ý þ#�
��� ü �mÁ

�Eþ�� ý � Ê�Æ þ���ÿ�Ð û Á t ¾ ý ÿ�� ��ö ����ÿ��$� Ì ��ÿ��� ��2� ý þ#�
��� ü ������ÿ��Q�3 ���Ç ü ��ÿ��-ÓQ�Rÿ-��� Æ ��� Æ ÿ��QÓ-�RÎ ü w ��� Æ ��� Æ ú ü ����ÿ�� È
� ü ����ÿ����EÍ ý ����Ç#�!��ÿD��ÿ-��ÿ��$� ý �)�'�'� Æ ÿ��ZÀ6ÿ����#� ú ÿ��#�
� ý ���3 ���Ç ü ��ÿDÏmv��u9 ý ������ÿ��$� Ì ��ÿ����� ��'�
��� ü �
ÑBÁ#Ï ü ���K��ÿ ú ÿ�����ÿ
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Y
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`�Ã Y
[6Ä#[\Y a ] h�` e h e(^
lm[�noY
p hqarh [\s ÃZW
` ^ h d W p
Y#d h

���Ã��� Ð û Á � I#|E�������$�)�'�
��� ü �*�#�
� ý ���3 ���Ç ü ��ÿ(ÓQ�,ÿ-��� Æ ��� Æ ÁrÎzÇ#�
�$�*��ÿ��� B½ ü ���;�
��� ü �uÍ Æ �-þ ú Ç�ÿ2¾ ú ü ÿ�d ú �&ÿ����Q��ÿ
����ÿ������ ü �RÍ$��� ü ����ÿ2Á

���6��� Ð û Á £ I#|E�������$�)�'�
��� ü �*�#�
� ý ���3 ���Ç ü ��ÿDÓQ�5Î ü w ��� Æ ��� Æ ÁrÎzÇ#�
�$�R��ÿ(�� B½ ü ���;�
��� ü �*Í Æ �-þ ú Ç�ÿ2¾ ú ü ÿ�d ú �&ÿ����
��ÿD����ÿ������ ü �*Í���� ü ����ÿ2Á



«#«q^

���Ã��� Ð û Áiþ"I�Î ü ÿ�d ú �&ÿ������L��ÿQ����ÿ������ ü �6��ÿ ý �D½ ü ���<ÿH���������4� ý ÿ$9OÇ#�-þ���ÑXÿ��L��ÿ ý �.� ü!ý þ���� ü �6��� ü þ��o �ÿQ�#�
� ý |�� 9O%#�!��ÑBÁ



«#«¶s VEW
X6Ã Y#[\Y
]_^ W#`baGc Y#dÅÄ W [2]_egf X=h ^ aGciWoÃ e�] X ]k^
Y
e�] W
`�Ã Y
[6Ä#[\Y a ] h�` e h e(^
lm[�noY
p hqarh [\s ÃZW
` ^ h d W p
Y#d h

���6��� Ð û Á õ I#Î ü ÿ�d ú �&ÿ������E��ÿ-����ÿ������ ü �R��ÿ��K� ü!ý þ���� ü ���H��� ü þ��o �ÿ��K�#�
�HÓ-�;ÿ-��� Æ ��� Æ 9OÇ#�-þ���Ñ�ÿ��HÓ-�,Î ü w ��� Æ ��� Æ
9O%#�!��ÑBÁ
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��Ç#�!��ÿ2¾S�-þ ú þ���ÿ��
�3 ý � ü �'�
��� ü �q��ÿ ý �$½ ü � ú ��� ü � ü %�©�ÿ ú ���Å½��mÀ6ÿ���� ü %���ÿ��Eþ�ÿ2¾
%��&ÿ��+¼?þ�ÿ ý À6ÿ����#� ú ÿ���ÿ ú ü � ú ÿ������ ü �q� ü ���
�!����ÿ�/ ý �
� Æ ÿ��<ÿ����YÿBË�� ý&ü �� 2ÁSÎWÿ ý �;� ü ������ÿ�¼Eþ�ÿ ý ÿ.��� ü % ý)Ì �<ÿ�Í;�� �� ü þ�����ÿ.�mÀ6ÿ����H�#�!�Q�������"�4� ý ÿ�� ý À6ÿ��$� ý&ü �j��ÿ ý À ü � È
�����$�)�'�
��� ü �8ÿ����K� ü � ú ©�þ������ Ê  2Á�üC� ü þ�����ÿ2¾ ý ÿ��L��� ü �)� ü �������$�)��ÿ#þ���� ú ü ���0ÿ�� Æ ÿ\�
���Q�0ÿ����L��� ü �)�L� ü!ý þ���� ü ���E�����S ���ÿ�����ÿ��\¾
ú ÿ���� ü % ý)Ì �<ÿ(�;ÿ��(% ý ÿ(�!���<ÿ�������ÿ(� ý þ����&ÿ#þ����L�$�������;��Á

Ïzÿ�� ü �������$�)��ÿ#þ����yÓ-��ÿ-��� Æ ��� Æ ÿ���ÓQ�$Î ü w ��� Æ ��� Æ � ü ���zÍQ�>ÿ#þ3��� Ì �� �¼Eþ����!� ý ÿ�������ÿ��3��ÿ����<ÿH�ZÀ6ÿBË"� ý&ü �'�
��� ü �mÁ�üC�
��ÿ��!�
� ú Ç�ÿ2¾ ý |��@ÿ��hÿ ú ��þ�ÿ���� Ì �Z�>ÿ#þ(�ZÀ6ÿBË�� ý&ü �'�
��� ü �m¾ ú ÿ�¼Eþ��o�>ÿ#þ��GÿBË�� ý �)¼?þ�ÿ��m� ü þ���¼Eþ ü �o� ý ú ü ���0ÿ�� Æ ÿz�0ÿ����zþ���ÿj½ ü ���<ÿ
�����$� ý ÿ2Ámûu� ý�Æ �� ý ÿ�½>�
����¼Eþ�ÿ ý À1 ú Ç#�
����� ý)ý&ü ���#� Æ ÿ;���������4� ý � ü ����� ý þ��-���$� ü ���'�
���\¾ ý À ü �������$�)��ÿ#þ��(Ó-�*ÿ-��� Æ ��� Æ ��ÿ�����ÿ
�Uÿ#þ��'�
���)��½>�
�)�'�
���Fÿ��&Ç#�-þ���ÿ6�����<ÿ������ ü ���#�
���'�
��� ü ���$� ý À ü �������$�)��ÿ#þ���%#�!�� 6��þ�� ý ÿMÎ ü w ��� Æ ÿ\� Æ ÿ2ÁCÉx���#� ý ÿ��<ÿ����\¾ý ÿM� ü þ��0ÿ ýPü �������$�)��ÿ#þ���Ó-��Î ü w ��� Æ ��� Æ ���� ���ÿ�����ÿ2¾y� ú �^ÿ�� ú ü ��ÿ2¾ ý ÿ5�<ÿ�� ý)ý ÿ#þ�� ú ü �$��� ü �$�)�Hÿ�������ÿ5ÿBË"� ý&ü �'�
��� ü �Oÿ��
ÿBË"� ý&ü ���'�
��� ü �mÁ
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���6��� Ð û Á t I�vH�)��� ü ���)¼Eþ�ÿD��ÿ ú ü ���0ÿ�� Æ ÿ�� ú ÿ.��ÿ�� ü �������$�)���
��� ü ���E��þ�� ý ÿ ú �!�E��ÿ ý � ú ü � Ê�Æ þ��'�
��� ü � ¿ � ¤2õ Í ù�õ
�2�
���4�
% ý ÿ��\Á

ý |�� È aNÉ~}D� ÓQ�,ÿ-��� Æ ��� Æ ÓQ�5Î ü w ��� Æ ��� Æ
F ref t2£ ¾ ¤ 9 ÈA� ¾ õ�� Ñ t þ"¾ õ 9 Èk¤ ¾ ¤�� Ñ t�� ¾ õ 9 È8ù ¾ ¤�� Ñ

niter ; neval + ngrad;n
ini
s

£2��Ä#£2��¾�ö2ö�Ä?� �2¤�Ämö�ù���¾-��Ä/��ö ¤
ù�ÄZö\����¾�ö\��Ä/��ö
∑

|Fc − F ref
c |

ù�ö ¾iþ ö2ö þ õ t þ �
∑

|Fc − F ref
c |/niter

� ¾iþ �2£ ¾ õ ù�� ¾ ù
∑

|Fc − F ref
c |/neval

� ¾iþ õ ¾ ¤ t ¾ ù
∑

||x̄c − x̄ref
c ||/ndv

� ¾ öG� õ ¾ ù�� � ¾ öG�
∑

||x̄c − x̄ref
c ||/niter/ndv 0,2 10−3 � ¾ ¤ þ � ¾ ¤2¤

∑

||x̄c − x̄ref
c ||/neval/ndv 0,2 10−3 59 10−3 50 10−3

¿�ÀjÁZ� Ð û Á ¤ IP�oÿ��g½ ü ���;�
� ú ÿ���ÿ�� ü �������$�)��ÿ#þ���� ý |���¾#ÓQ�,ÿ-��� Æ ��� Æ ÿ��HÓ-�6Î ü w ��� Æ ��� Æ ��þ�� ý ÿ ú �!�H��ÿ ý �
ú ü � Ê�Æ þ��'�
��� ü � ¿ � ¤2õ Í ù�õ �!�
���4�
% ý ÿ��\Á
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���6��� Ð û Á ö\� I ý �4� Æ �'�
�$�<ÿIÿ��M��ÿ ú �'�
� Æ:ý ÿD�� ���þ��;�
��� ý ÿ��L�>ÿ��g½ ü ���;�
� ú ÿ��E��ÿ�� ü �������$�)��ÿ#þ����E��þ�� ý ÿ ú �!�K��ÿ ý �
ú ü � Ê�Æ þ��'�
��� ü � ¿ � ¤2õ Í ù�õ �!�
���4�
% ý ÿ��\Á

�����&£ Ù¿ïDñ´ÛKõmÅrñíò�ó^÷
Ü
�\�����y�_� Æ7�_°!���y°!°!�8���b°!���q�8¡�����éN�y�>�o�_���ð�z�¢�y�o�(~z�-Ç
���
È�ÉËÊ s Ê « Ê « ÌÎÍ�Ï&Ð_Ñ�ÒÔÓqÕXÖ6Ð_×jØÚÙ�Ð?ØXÖÃÕXÖÃÛ_ÜhØ

�Eþ�� ý ÿ��L��� ü �)�K��� ü % ý)Ì �<ÿ��K���� ���ÿ����� ��K� ú �8¾ ý ���#�
�'�
�3 ������)�'�
��� ü �9ÿ����L� ü þ!© ü þ����N½ ü ���3 �ÿ(��ÿ-% ü ���;ÿ��L�ZÀ?�
�$� ý ����þ���ÿ
� ü ���������0ÿ2Á0Ï�À ������ ���Ò��x�ZÀ þ���ÿz�� B½ ü ���;�
��� ü �.� ü ���������0ÿy��ÿ ý À?�
� ý ÿ�ÿ����~¼?þmÀ6ÿ ý)ý ÿC��ÿy�� ��*þ������#�!� ý À6ÿ�� ú ü �.%���ÿ��<ÿ����C������ ����&ÿ#þ��\Á
Ï�À ���$�#� ú �K��þ�� ý �(������þ ú ��þ���ÿQ�������;�
����ÿQ������ÿ�����ÿ�Í ý À?�
� ý ÿ^ÿ����z��� Ì � ý ���$���� 2Á�ÎWÿH�k���>ÿE��ÿQ�� B½ ü ���;�
��� ü �=ÿ����G� ü � ú � ý þ��
½>� ú � ý ÿ.Í������� Æ ��ÿ�� ý&ü ����¼Eþ�ÿ ý ÿ ú � ú ý ÿ���ÿ ú ü � ú ÿ������ ü �8ÿ����K�� µ©�Í$Í/þ��M���'�!��ÿ���ÿ��;�
��þ������� (�\�!�
� ú  �ÿ�9[ÿ�� ú ü � ú ÿ������ ü �
�� ��'�
� ý)ý  �ÿ0ÑBÁyÎWÿ ý �M�� ��*þ������ ü þ���ÿB½ ü �)� ý À6ÿ����#� ú ÿ���ÿ ú ü � ú ÿ������ ü �mÁCüC�`ÿ��>ÿ��\¾~� ý ÿ������ ü þ��$�5½8�
���(� ü ������% ý ÿ��ZÀ ü %���ÿ������
þ�� ú Ç#�
�$�q��ÿ.�� B½ ü ���;�
��� ü �u� ü �������Å½�ÿ�� ú ü �(%����#�
���D��ÿ��E% ü ����ÿ��H� ü ���������0ÿ��Pÿ��E�� Æ �
�����0ÿ�� ú �
� ý ÿ�� ú ü ��������%�þ���� ü ���
��ÿ ú Ç#� ú þ���ÿ��D��ÿ��Q% ü ����ÿ��-�\À?�¶© ü þ���ÿ����\ÁSÐ ý ��ÿ��'�
���-� ü � ú ���� B½> ��'�
% ý ÿ���ÿ ú ü �����)�� ���ÿ��Lþ���ÿ ú ü �����'�
������ÿ Æ  ü �3 ������)¼Eþ�ÿ
��þ�� ý À?�
�$� ý ����þ���ÿM�*þ ú Ç#�
�$�F��ÿ6�� B½ ü ���;�
��� ü ��� ý þ��mÂ!�3¼?þ�ÿ6��þ�� ý À?�
�$� ý ����þ���ÿM��ÿ ú Ç#� ú þ���ÿ��3��ÿ���% ü �'��ÿ��������)��ÿ��
�����������)�*þ�ÿ ý)ý ÿ��<ÿ����\Á_� ü þ���ÿB½ ü �)�0¾ ý ÿ��L��� ü % ý)Ì �<ÿ��E�ZÀ ü �������$�)�'�
��� ü �*� ü þ�� ú ü �����'�
������ÿ��Q��ÿ���ÿ�� ü ���H�#�!�H�
% ü ���� ��L� ú �8Á
È�ÉËÊ s Ê « Ê Â Ý�Ñ�Ó¶Þ&×(ÍhÜàßZÜàÏ&Ñ�ÐcÕ�ÕGÜ¶ÒáÜ¶×uÕ

�Eþ�� ý ÿ�� ú �!�G��ÿ������G�*þ,��� ü
Ê�ý Ó ¿ ü ¤2õ2¤2¤ ÿ��N��ÿ ý À?�
� ý ÿ ¿ � ¤2õ ¾ ý �D½ ü � ú ��� ü � ü %�©�ÿ ú ���Å½Zÿ���� ý �D���'� �)�� �ÿ-��ÿE����ÿ������ ü �m¾
Cdp

Á~üC���� \� ý ���� 2¾ ú À6ÿ���� ý �R���'� �)�� �ÿ6� ü �'� ý ÿ,��ÿ ý �M½ ü ���<ÿq9 Cd = Cdp + Cdf
Ñ.¼Eþ�ÿ ý ÿ ú ü � ú ÿ�����ÿ#þ�� ú Ç�ÿ�� ú Ç�ÿRÍ

�� ��*þ�����ÿ2Á�Ï ü!Æ �)¼Eþ�ÿ��<ÿ����\¾#� ý ½>�-þ����'�
���K� ü � ú ��� ú ý þ���ÿD���
��� ý �.�� Ê ������� ü �*��ÿ ý À ü %�©�ÿ ú ���Å½�þ��5��ÿ����<ÿ���þ���� ý  ��<ÿ����'�
����ÿ
� ü þ��(����ÿ�������ÿMÿ�� ú ü �$����ÿ ý �,���'� �)�� �ÿ;��ÿ�½{� ü ����ÿ��<ÿ����\¾ Cdf

ÁZüC�=���'�
���)¼Eþ�ÿ2¾m� ý ÿ��������Eþ���� ý ÿ;�ZÀ ��� ú ý þ���ÿ ú ÿ$��ÿ����<ÿ
 ��'�
���Q� ü ���� �ÿ ý À?�
�$� ý ����þ���ÿ(��ÿD�� B½ ü ���;�
��� ü �+�-þ�� ü ���)�' �ÿ2Á

Ï��5½ ü � ú ��� ü � ü %�©�ÿ ú ���Å½L���'� �)�� �ÿ,�� Ê ���&ÿ;��þ�� ý ÿ3��� ü % ý)Ì �<ÿ,��ÿ ý À?���"� ü � ú ü �$� ý ÿ��/ÿ���� ý �5���'� �)�� �ÿ;� ü �'� ý ÿ���ÿ ý �
½ ü ���<ÿ2Á�ÏGÿ-�'�
% ý ÿ\�-þMÐ û Á ö �� ���þ��<ÿ ý ÿ��N�Uÿ��g½ ü ���;�
� ú ÿ��H�! �� ü �����#�
�$�)¼Eþ�ÿ��K��ÿ��G½ ü ���<ÿ��N��� ü � ü �� �ÿ��N�#�
� ú Ç#� ú þ��R��ÿ��ü �������$�)��ÿ#þ����\Á
|E�R�Uÿ#þ�� ú ü �����'�
��ÿ��E¼?þ�ÿ ý �����'� �)�� �ÿD��ÿQ½{� ü ����ÿ��<ÿ����\¾ Cdf

¾��!�
���&ÿYÿ��hÿ ú �����0ÿ��<ÿ����E��� Ì �L�>ÿ#þ79 0,1% Ñý&ü ���K��ÿ��N��� ü �)� ü �������$�)�'�
��� ü ���H�� \� ý �)�� �ÿ��\Á û �)� È Í È �"�)�L��ÿ��L�� B½ ü ���;�
��� ü ���Q�-þ�� ü ���)�� �ÿ��\¾ ý ����þ��g½8� ú ÿ-� ü �'� ý ÿ���ÿ ý À?���"� ü �



«#«?w

ú Ç#�
� Æ ÿ$��� ü �u�>ÿ#þu� ü þ������ ü ����þ���ÿ����qâ�þ�ÿ�� ú ÿ$��þ�� ú ÿ���ÿ����<ÿ2Á�ÎQÀ6ÿ���� ý �����'� �)�� �ÿ$��ÿ.����ÿ��'��� ü �m¾ Cdp
¾S¼Eþ�� ú Ç#�
� Æ ÿ

� ü �'�
% ý ÿ��<ÿ����\¾r��þ���� ü þ��EÍ����'�\�0ÿ����Dþ���ÿD�����$���Eþ���� ü �*��ÿ ý �����'� �)�� �ÿ(��ÿ ú Ç ü ú ¾ Cdw
Á

È�ÉËÊ s Ê « Ê ^ ãºÐ_ÑXÕGÓc×jä�ÜàÜ�ÕåÕGÑ�Ó¶Þ-×jÍ�ÜæÖ9×(ß=çjÖÃÕGÜ
�Eþ�� ý ÿ ú �!�E��ÿ ý À?���"� ü � ú ü �$� ý ÿ��\¾ ü �R�>ÿ#þ�� ü %���ÿ����0ÿ��Q��þ�� ý ÿ(�'�
% ý ÿ\�-þ+Ð û Á ö ¼?þ�ÿ(� ü þ�� ý ÿ�� ü �������$�)�'�
��� ü ���Q�#�
�

��þ��g½8� ú ÿ�����ÿC�� �� ü ����ÿ2¾ ý �N�� ��*þ ú ��� ü ����ÿC���'� �)�� �ÿy�0À?� ú�ú ü �$�#� Æ ��ÿy�ZÀ þ���ÿ������$���Eþ���� ü ����ÿC� ü ���'�
� ú ÿ�� ü �(�� Æ:ý � Æ ÿ\�
% ý ÿ2Á
üC�Kÿ��>ÿ��\¾ ý ÿ�� ü �������$�)��ÿ#þ����jÓQ��ÿ-��� Æ ��� Æ ÿ���Ó-�(Î ü w ��� Æ ��� Æ^ü %����&ÿ�����ÿ����oþ���ÿy�#�
�����&ÿz��ÿ ý ÿ#þ��~�����$���Eþ���� ü ����ÿy���'� �)�� �ÿ
� ü �'� ý 9 Cd ¾� �¼?þ#�
��� ü �*Ð û Á ö Ñz�#�
�
þ���ÿD�����$���?þ���� ü �u��ÿ ý �����'� �)�� �ÿ������*þ�����ÿ Cdi

Á
Ï��,¼Eþ#�
�������� O(∆Cdi)

��ÿ����� ���ÿ�����ÿ ý À ü ������ÿ���ÿ Æ �'�
����ÿ#þ�����ÿ ý À?�-þ Æ �<ÿ����'�
��� ü �7��ÿ(���'� �)�� �ÿ$Í,�¶© ü þ���ÿ��-� ü þ��
��ÿ���� ü þ��0ÿ�� ý �D� ü ���'�
� ú ÿH���������4� ý ÿ2Á�ü ý)ý ÿPÿ���� ú � ý ú þ ý  �ÿQ���0ÿ ú þ���ÿH�����$� ý ÿH��ÿ ý �
��� ü � Cdi = kCl2 @ öBA ¾ ü!²�ý � ú ü �����'�
����ÿ
k ÿ���� ú � ý ú þ ý  �ÿ5��þ�� ý �R½ ü ���<ÿ ú ü ���Eþ�ÿRÍR��� ú �)��ÿ�� ú ÿ 2,2o Á ý þ�� ü �����$��ÿ,�Eþ�ÿ ü �������$�)�'�
��� ü �m¾ ý À ü �������$�)�;ÿ#þ��3ÓQ�
Î ü w ��� Æ ��� Æ ú ü ���0ÿ�� Æ ÿ6�0ÿ���� ý �M�<ÿ�� ý)ý ÿ#þ���ÿ5� ü!ý þ���� ü �mÁ ý þ:� ü �����$��ÿ,�Eþ�ÿ6�! �� ü ���"�#�
�$�)¼Eþ�ÿ2¾j� ý �;ÿ��(% ý ÿ6¼?þ�ÿ ý |��
½ ü þ��������-� ú � ý �;�<ÿ�� ý)ý ÿ#þ���ÿ$� ü!ý þ���� ü �u��þ��)��¼?þmÀ � ý �� ��*þ���� ý �;���'� �)�� �ÿFÿ��u�-þ Æ �<ÿ����'�
��� ý ��� ü ���'�
� ú ÿ2ÁZÎWÿ ý �,�� �� ü ������ÿ
þ���ÿ$�� B½>�
� ý)ý �
� ú ÿ$�-þu�����0ÿ\�-þ=��ÿ ý �,�� Ê ������� ü �=�*þ+��� ü % ý)Ì �<ÿ;�ZÀ ü �������$�)�'�
��� ü �mÁZü ý)ý ÿ$�\À6ÿBË�� ý �)¼?þ�ÿ��#�
� ý ���;�
��� Ì ��ÿ
��ÿ.�� Ê ����� ý ÿ.� ü �����Q��ÿ.� ü!ý Á
ü��+�����Iþ ý �
��� ü �u�?þ��3 ����)¼Eþ�ÿ2¾ ý ÿ.� ü �����-��ÿ(� ü!ý ÿ����Q�� Ê ���x�#�
� ý ÿD� ü �(%���ÿ$��ÿ.û+� ú Ç
ÿ�� ý À?�
� Æ:ý ÿ��ZÀ ��� ú �)��ÿ�� ú ÿ���ÿ ý À1 ú ü þ ý ÿ��<ÿ����\ÁZüC�+�� \� ý ���� 2¾ ý ÿ(� ü �����-��ÿ(� ü!ý ÿ����Q�� Ê ���x�#�
� ý ÿD� ü �.%���ÿ$��ÿ(ûu� ú Ç�ÿ��ý ��� ü ���'�
� ú ÿ Cl0

¼Eþ�� ú ü �$�>ÿ�����ÿ ý ÿ�� ü �)���K��ÿ ý ��½ ü ���<ÿ2Á
� ü þ��z��ÿ��3 ����&ÿ��LÍ ú ÿ�����ÿH�� B½8�
� ý)ý �
� ú ÿ2¾o� ý ½>�-þ����
���z��� ú ý þ���ÿ ý À?�
� Æ:ý ÿQ�ZÀ ��� ú �)��ÿ�� ú ÿH�#�
���$� ý ÿ����2�
���4�
% ý ÿ��y��ÿN½ ü ���<ÿ2Á

Ïzÿ.�����0ÿ\�-þ+��ÿ(� ü ���'�
� ú ÿ�Í$��ÿ����>ÿ ú ��ÿ��E� ü þ����'�
���^ÿ�����þ�����ÿ.Ò�����ÿ(��ÿ����� ���ÿ����� ��#�
�Dþ���ÿ ú ü �����'�
������ÿ$�ZÀ1 Æ � ý ���� ,9 Cl =
Cl0

Ñ ü þ7�ZÀ ���� Æ � ý ���� *9 Cl ≥ Cl0
Ñ�Í6��ÿ����>ÿ ú ��ÿ��\Á ¿HÊ �7�ZÀ1 ��"����ÿ��(��ÿ$���'�
����ÿ��'þ��7��� ü % ý)Ì �<ÿ;�ZÀ ü �������$�)�'�
��� ü �:� ü þ��

ú ü �����'�
������ÿ2¾z� ý ÿ����$� ü �'����% ý ÿM��ÿM������ÿ ú ��ÿ��<ÿ����,��þ�%���������þ�ÿ��,Í ý � ú ü �����'�
������ÿ5þ�����ÿ����<ÿR��ÿM�r ��#� ý �)�'�
��� ü � ��ÿ ý �
½ ü � ú ��� ü � ü %�©�ÿ ú ���Å½�ÁP�x�
�^ÿBË*ÿ��$� ý ÿ�ÿ��7þ���� ý �)�'�
���Dþ���ÿ-��ÿ ý �
��� ü �R�*þ5�k���>ÿ F = Cd + k(Cl20 − Cl2) Á�Ï�� ú ü �����'�
����ÿ
k �Uÿ#þ��KÒ�����ÿ ú � ý ú þ ý  �ÿ(Í��#�
�������H�ZÀ þ���ÿD�����'þ ý �
��� ü �R�Eþ��3 ����)¼?þ�ÿ.��þ�� ý ��½ ü ���<ÿ-�������'� ý ÿ2Á�Eþ�� ý ÿ ú �!�R��ÿ ý À ü �������$�)�'�
��� ü �b��ÿ ý À?�
� ý ÿ=�)� ü!ý  �ÿ2¾ ú ÿ�����ÿq���� ú �-þ���� ü �ð�mÀ?���#�!�M ��� u�����)��ÿ@ÿ��5� ü þ����'�
��� ý ÿ��ü �������$�)��ÿ#þ����L½ ü þ������)����ÿ����H��ÿ��K� ü!ý þ���� ü ���H¼?þ��Z�� ��*þ��)��ÿ���� ý ��� ü ���'�
� ú ÿYÿ��H�-þ Æ �<ÿ�����ÿ���� ý ��� ü ���'�
� ú ÿ2Á�Ï�À ��� ú ý þ���� ü �
��ÿ ý ��� ü ���'�
� ú ÿ(�-þM��� ü % ý)Ì �<ÿ(��ÿ-�$�������$�)���
��� ü �*��ÿ����'� �)�� �ÿ��mÀ6ÿ����H� ü � ú �#�!�Dÿ����;ÿ������&ÿ ý)ý ÿ2¾��;�
�)�H��ÿ ú ü �$�;�
���� �ÿ2Á

Éx���#� ý ÿ��<ÿ����\¾r� ý �
���#�
�'� �)�Q� ú �~¼Eþ�ÿ ý ÿ�� ü �������$�)��ÿ#þ����Q�#�
�E��þ��g½8� ú ÿ��H��ÿ(�� �� ü ���;ÿ2¾#¼Eþ�����ÿ ú Ç�ÿ�� ú Ç�ÿ���� ý À ü �������Iþ��Æ:ý&ü %#� ý �*þ&��� ü % ý)Ì �<ÿ2¾C� ü ����� ý þ��$��ÿ�������% ý ÿ��$Í8þ���ÿ,�� Ê ������� ü ���� B½8�
� ý)ý �
����ÿ5�*þ���� ü % ý)Ì �<ÿ5�ZÀ ü �������$�)�'�
��� ü ��¼Eþ�ÿý À?� ý�Æ0ü ������Ç��<ÿ ý |��ª¼Eþ��zÿ��>ÿ ú ��þ�ÿYþ���ÿ���ÿ ú Ç�ÿ�� ú Ç�ÿ ý&ü ú � ý ÿ2Á
È�ÉËÊ s Ê « Ê s È Ñ�Ñ�Í�è_çZé6ÓPÑ�ÖÃÕGÍêß=ç�ä�ëjÓcÒáÙìßZÜàßZÍ�ÏAÐ?Ñ�ÒáÓqÕXÖ6Ð_×

�Eþ�� ý ÿ�� ú �!�G��ÿ ý À?�
� ý ÿ ¿ � ¤2õ ÿ��N��ÿ ý À?���"� ü � ú ü �$� ý ÿ��\¾ ý ÿ��N�� B½ ü ���;�
��� ü ���N��� ü � ü �' �ÿ��z�#�
� ý |�� � ü ��� ý �
� Æ ÿ��
ÿ��
�� Æ þ ý � Ì ��ÿ��\Á��Eþ�� ý ÿ�� Ê�Æ þ���ÿ��zÐ û Á ¤ ÁiÎ ü!ý)ý&ü ¼?þ�ÿ2Á1Éx� Æ Á ö2ö ÿ���Ð û Á ù ¾ ý ÿ ú Ç#�
�$�;��ÿ ú ü ÿ�d ú �&ÿ����y��ÿN����ÿ������ ü �$��ÿN�#�
�'� �)���#�!�
��� ü �=�>ÿ�����þ���%r 2ÁZÏzÿ�� ü �������$�)��ÿ#þ����D�#�
�D��þ��g½8� ú ÿ��D��ÿ��� �� ü ����ÿ$� ü ����ÿ�������ÿ��Q½ ü ���<ÿ�� ü �������;� ý ÿ��D%>ÿ\�-þ ú ü þ��=� ý þ��
ú ü �$� ý ÿBË*ÿ��Q9{Ð û Á ¤ ÁiÎ ü!ý)ý&ü ¼?þ�ÿ2Á1Éx� Æ Á ö\¤ ÿ��zÐ û Á ¤ ÁiÎ ü!ý)ý&ü ¼Eþ�ÿ2Á1Éx� Æ Á öG� � ü þ�� ý À?�
� ý ÿ�ÿ��yÐ û Á � Ð û Á £ � ü þ�� ý À?�\��� ü � ú ü �$� ý ÿ���ÑBÁ
ÎWÿ��x½ ü ���<ÿ��x��� Ì �x������ Æ þ ý � Ì ��ÿ���� ü ���j����Ç#�
%�����þ�ÿ ý)ý ÿ��\Á�ÎQÀ6ÿ����j�#�
� ú ÿN¼?þ�ÿ ý ÿ��j��ÿ#þ�Ë.� ü þ��0ÿ\�-þ�Ë ü �������$�)�;ÿ#þ�����ÿ��>ÿ ú ��þ�ÿ����
� ý þ��3�ZÀ6ÿBË�� ý&ü �'�
��� ü �F��ÿ ý À6ÿ����#� ú ÿ5��ÿ ú ü � ú ÿ������ ü �F¼EþmÀ6ÿ ý)ý ÿ�� ü ���$��þ�Ò�����ÿ ü %���ÿ��?þ�ÿ��0Á`aG�&ÿ���¼EþmÀ6ÿ ý)ý ÿ��3� ü �&ÿ����$��� Ì �
�Uÿ��g½ ü ���;�
����ÿ��K���)� È Í È �"�)�N�*þ6��� ü % ý)Ì �<ÿD�ZÀ ü �������$�)�'�
��� ü �5� ü �� 2¾ ü �,�>ÿ#þ��L��þ���� ü ��ÿ��L¼?þmÀ6ÿ ý)ý ÿ��L� ü �&ÿ����N������ \� ý �)����ÿ���ÿ��
���'�
���)¼?þ�ÿ2Á_� ü þ�� ý ÿ��K¼?þ#� ý � Ê ÿ�� ú ü �$� ý)Ì ��ÿ��<ÿ����\¾r� ý ½>�-þ����'�
���^ÿ����"�)�'� Æ ÿ��H��ÿ#þ�ËM ��'�
�Uÿ��H��ÿ��!� ý �)���
��� ü �mÁý À þ���ÿ$�#�
���\¾ ý À ü �������$�)�'�
��� ü �_ÿ�����ÿ��>ÿ ú ��þ� �ÿ3��þ�� ý ÿ��;�
� ý)ý � Æ ÿ2¾ ý ��½ ü ���<ÿ$���)� ú �� ����)�' �ÿ2¾m� ü ��� ý �6¼Eþ#� ý ���� 3�6 ��� 
�!���
���� �ÿ��"�)� È Í È �"�)����ÿ ý �G½ ü ���<ÿC���������4� ý ÿ2Á¶Ï�À?�¶© ü þ��x��ÿ��� B½ ü ���;�
��� ü ��� ý&ü ú � ý ÿ���¼Eþ��o�mÀ?� �hÿ ú ��ÿ����j¼?þmÀ þ���½8�
��% ý ÿC� ü �.%���ÿ
��ÿK�;�
� ý)ý ÿ��z���)��¼Eþ�ÿH�ZÀ6ÿ������'� �)��ÿ��Wþ���ÿE�-þ Æ �<ÿ����'�
��� ü �5��ÿ ý À6ÿ�����ÿ#þ��G�?þ��3 ����)¼Eþ�ÿE��ÿE���)� ú �� ����)�'�
��� ü �mÁ�� ü þ��N¼?þ#�
����� Ê ÿ��
ú ÿ�����ÿ�ÿ�����ÿ#þ��N@ õ¶A ¾¶� ý ½>�-þ����'�
�����!���
����ÿ�� ý ÿy�;�
� ý)ý � Æ ÿLÍ ý �L½ ü ���<ÿ ü �������;� ý ÿz��þ��)��ÿ��hÿ ú ��þ�ÿ���þ���ÿy� ü þ��0ÿ ý)ý ÿN�����Iþ ý �
��� ü �
�?þ��3 ����)¼Eþ�ÿ2Áý À?�-þ�����ÿ5�#�
���\¾C� ý ½8�-þ����'�
��� ú ü �����)�� ���ÿ��;�ZÀ?�-þ�����ÿ��;�!���Uÿ ú ���3��ÿ ý � ú ü � ú ÿ������ ü �m¾���ÿ ý �3¼?þ�ÿ ý ÿ����>ÿ��g½ ü ���;�
� ú ÿ��
��þ��-� ü þ�� ý ÿ�� ü �;�
����ÿ$��ÿ�� ü!ý 9O� ü!ý �
����ÿ3�! �� ü �����#�
�$�)¼Eþ�ÿ2¾Z�����0ÿ�� Æ ÿ�� ú ÿ<ÿ��qû+� ú Çm¾S� ü ���'�
� ú ÿ��;�¶Ë����;� ý ÿ0Ñ ü þq��ÿ��
ú Ç#�
� Æ ÿ��.������þ ú ��þ��'� ý ÿ��;9O�� ��#�
��������� ü �&��ÿ ú Ç#�
� Æ ÿ3��ÿ ý&ü � ý À6ÿ����0ÿ�� Æ þ���ÿ2¾�����ÿ��(% ý ÿ��<ÿ�����Ñ$@ öBA Á�ÎWÿ ý �,�mÀ6ÿ������#�!� ý À ü %�©�ÿ��
��ÿ ú ÿ�����ÿ� ���þ���ÿ2¾��;�
�)� Æ �'P ú ÿ.Í�¼?þ�ÿ ý ¼Eþ�ÿ�� ú � ý ú þ ý �HÍ������Z ���ÿ������Q�
� Æ:ý ÿ��K�ZÀ ��� ú �)��ÿ�� ú ÿ2¾ ü �5�>ÿ#þ�� ú ü �����'�
��ÿ��H¼Eþ�ÿ ý ÿ��
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�Uÿ��g½ ü ���;�
� ú ÿ��D��ÿ��-½ ü ���<ÿ�����ÿ ý À?�
� ý ÿ ¿ � ¤2õ=ü �������$�)�� �ÿ�� ú Ç#�
� Æ ÿ����.��ÿ ý&ü � ý ÿ$� ü �;�
����ÿ ú ü �����)�� ��� 2ÁmÏzÿ���� ü!ý �
����ÿ��
�
����� ü ú Ç� �ÿ��Kÿ��&Ð û Á ¤ ÁiÎ ü!ý)ý&ü ¼?þ�ÿ2Á1Éx� Æ Á ö\õ ÿ��.Ð û Á ö2ö ��ÿ����� ���ÿ�����ÿ���� ý À1 �� ü!ý þ���� ü ����ÿ ý �5���'� �)�� �ÿ�� ü �'� ý ÿ+9O���'� �)�� �ÿ,��ÿ
����ÿ������ ü �.� ý þ������'� �)�� �ÿG��ÿC½{� ü ����ÿ��<ÿ�����ÑZÿ��D½ ü � ú ��� ü �.��ÿ ý �L� ü ���'�
� ú ÿz��ÿ ý À?�
� ý ÿ ¿ � ¤2õ Á
ÎWÿ��~� ü!ý �
����ÿ��x� ü ��� ü %���ÿ��Eþ�ÿ��
���0ÿ ú þ���ÿE�3 ���Ç ü ��ÿQ��ÿHÿ-��� Æ ÿ\� Æ ÿ-� ü ��� ý ÿ��z� ü �������N��ÿ ú ü ��������þ ú ��� ü �5� ü ���z��ÿ����� ���ÿ����� ��N�#�
�G��ÿ��G���"�(% ü!ý ÿ��\Á�ü ý)ý ÿ��
� ü ������ÿ����(¼?þ�ÿ2¾
� ü þ�� ý ÿ��Q� ü ���'�
� ú ÿ��Q½>�
��% ý ÿ��\¾ ý �;½ ü ���<ÿ.���������4� ý ÿKÿ���� ý  ÆoÌ ��ÿ��<ÿ����D� ý þ��Q�>ÿ��g½ ü ���;�
����ÿ2¾m� ý&ü ���Q¼Eþ�ÿý ��½ ü ���<ÿ-��� ü � ü �� �ÿD�#�
� ý |��×ÿ���� ý ���<ÿ�� ý)ý ÿ#þ���ÿD� ü þ�� ý ÿ��L� ü ���'�
� ú ÿ��H ý ÿ��o �ÿ��\Á

Cl

C
dp

+C
df

0.3 0.35 0.4 0.45 0.5 0.55

Reference
Reference
DOT-BFGS
DOT-BFGS
RS Kriging
RS Kriging
RS Cokriging
RS Cokriging

���Ã��� Ð û Á ö2ö I�üC� ü!ý þ���� ü �*��ÿ ý �����'� �)�� �ÿYÿ��,½ ü � ú ��� ü �R��ÿ ý ��� ü ���'�
� ú ÿ�� ü þ�� ý À?�
� ý ÿ ¿ � ¤2õ Á�Ï~�.½ ü ���<ÿ���ÿ-�� B½> ���ÿ�� ú ÿ
ÿ���� ú ü �$�#�
�� �ÿ.�-þ�Ë,½ ü ���<ÿ�� ü �������;� ý ÿ��\Á

¿ �0ÿ ú ý |���¾ ý ÿ ú ü �����mÂ ý ÿ+·3¸�»�í �&
 ¹�º>»!¹BºE��ÿ��( ��0ÿ�����þ�ÿ ý)ý ÿ����
� ü �;� ý �&ÿ��.�#�
� ý ÿ ú ü � ú ÿ�����ÿ#þ��/ÿ���� Æ  ��� ��'� ý ÿ��<ÿ����
��þqd;�'�
���\Á ¿ �0ÿ ú ��ÿ�� ü �������$�)��ÿ#þ�������ÿ ú Ç�ÿ�� ú Ç#�
��� ý ÿN�$�������Iþ�� Æ:ý&ü %#� ý �*þ$��� ü % ý)Ì �<ÿ2¾���ÿ ý ��¼?þ�ÿ ý ÿ��y��ÿ#þ�Ë�� ü þ��0ÿ\�-þ�Ëü �������$�)��ÿ#þ����-�#�
�-��þ��g½>� ú ÿ��Q��ÿ.�� �� ü ����ÿ2¾ ý ÿD���)�'¼?þ�ÿ��ZÀ?�
% ü þ�������ÍMþ���ÿD½ ü ���<ÿ(������ Æ þ ý � Ì ��ÿKÿ����E� ý þ��Q���$� ü ���'�
���\ÁrÐ ý
ÿ����H� ü � ú ������� ü �����4� ý ��ÿD�� Ê �����E� ü � Æ ��ÿ#þ���ÿ��<ÿ���� ý ÿ���� ü % ý)Ì �<ÿ(�ZÀ ü �������$�)�'�
��� ü ��·D¸
¹�º>»!¹BºOÁ ¿ þM��þ�ÿ���ÿ�� ú ü þ���%>ÿ��
Ð û Á ö2ö ¾�þ���ÿ ü �������$�)���
��� ü �*�Iþ ý ����� ü �����E�� ��*þ��)�'�
��� ý �����'� �)�� �ÿIÿ��M� ý þ����&ÿ#þ����H� ü �������H��ÿ�� ü!ý �mÀ?�-þ��'�
���E�#�!�K�>ÿ����$�)�
�ZÀ6ÿBË ú ý þ���ÿ ý ÿ����� B½ ü ���;�
��� ü �������� Æ þ ý � Ì ��ÿ��\Á=�x�
� ú ü ������ÿ2¾ ú ÿ ý �+�-þ��'�
������þ�Ò�����ÿ�ÿ��hÿ ú ��þ� =ÿ�� Ê Ë��
��� ý �R�!� ý ÿ#þ��$��ÿý À6ÿBË"�#�
����� ü �M��ÿ��N% ü ���;ÿ��G��ÿ-vE� ú�w � È vPÿ�����ÿ�9 ú ½�Á�Ð�Á � Á ö Ñz� ü þ��N�mÀ1 ���þ����&ÿ��K¼?þ�ÿ-��ÿ�� ú ü �.%����#�
�)� ü ���K��ÿ-% ü ����ÿ�� ý �
� Æ ÿ��
9[ÿBË"� ü �'�
��� Ê Ë�ÿ�ÿ��C Æ � ý ÿNÍ β = 2 ÑBÁ ý ÿG� ý þ��\¾ ú ÿ ý �-�-þ��'�
���C�>ÿ����$�)�j��ÿz�� ��*þ�����ÿ ý ÿN� ü �;�
����ÿN��ÿG��ÿ ú Ç�ÿ�� ú Ç�ÿ(9O� ü �(%���ÿ��ÿ��2�
���4�
% ý ÿ��H��ÿQ½ ü ���<ÿ0Ñ�ÿ��K� ü � ú ½8� ú � ý ���� ý ���'P ú Ç�ÿ(��ÿ�� ü �������$�)��ÿ#þ����\Á
�\�����y�­¬ ��¡S�k�_�y¡
�o�_���¨�y�#°R°
���k�C�o�8���z°6�@~��2�#�j�y�#°

Ï��$½ ü � ú ��� ü � ü %�©�ÿ ú ���Å½C�mÀ1 ��'�
���E�#�!�E�
�#� ý �"���)¼?þ�ÿ2¾#� ý ÿ����H����d ú � ý ÿ(��ÿD�o ���� Ê ÿ��E���8¾��*þM� ü �����Q��ÿ���þ�ÿ-�;�
��Ç� ��;� È
���)¼?þ�ÿ2¾ ý ��� ü!ý þ���� ü �3��� ü þ��o �ÿ�ÿ����C%��&ÿ��<þ��3�$�������'þ��æ9>�-þ3� ü ����� ý&ü ú � ý ÑBÁ��Zÿ ý)ý ÿK¼?þmÀ ������� ü �*þ�����ÿ^ÿ��;ÐBÁ ö ¾ ý � ú ü ��������� ü �
��þqd;�'�
����ÿ5ÿ�ÿ�� 9O� ü ���<ÿ5�*þ Æ �'�!���&ÿ�����Ñ��>ÿ����<ÿ��3��ÿ,�0À6ÿ����!�'��þ���ÿ�� ý&ü ����¼Eþ�ÿ ý ÿ Æ �'�!���&ÿ����Mÿ���� ú ü ���?þmÁCü ý)ý ÿ,½8�
���
�#�
�����&ÿ3��ÿ�� ú ����� Ì ��ÿ��.��ÿ ú ü ���0ÿ�� Æ ÿ�� ú ÿ,��ÿ ý |���Á~ÎWÿ��Uÿ������
���\¾���þ�� ý ÿ�� ú �!������ ���ÿ����� ������
��� ú ÿ ú Ç#�
��������ÿ2¾ ý |��
ú ü ���0ÿ�� Æ ÿ;�#�
� ú ÿ3¼?þmÀ � ý ��ÿ��#�
���"�&ÿ����(�#�!�(Í5�
�3 ý � ü ��ÿ�� ý ��½ ü � ú ��� ü �=�*þ��'�
������ÿ#þ�Ë+���� ��'�
��� ü ���.��þ ú�ú ÿ��������0ÿ��\Á ¿ �0ÿ úý ÿ�� ü �������$�)��ÿ#þ����E�#�
�K��þ��g½8� ú ÿ��K��ÿ��� �� ü ����ÿ2¾ ý � ú ü ��������� ü �*ÿ�ÿ��¦�mÀ6ÿ����L�#�!� ú � ý ú þ ý  �ÿ2Á

Ï�À ü �������$�)��ÿ#þ�� ý |��Vÿ�����þ��;� ý�Æ0ü ������Ç��<ÿH�ZÀ ü �������$�)���
��� ü � ý&ü ú � ý ÿN�#�
� Æ �'�!���&ÿ����\Á����#�
��� Ì � ý À?��� ü ����½>�
��� ú ü ���0ÿ�� ÈÆ ÿ��Lþ���ÿ.����ÿ��$� Ì ��ÿ�½ ü �)�\¾ ü ��þ���� ý �)��ÿ ý ��� ü!ý þ���� ü � ü %���ÿ��Eþ�ÿ�� ü þ��-���������4� ý �)��ÿ��Lþ���ÿ���ÿ#þ�Ë�� Ì �<ÿ ü �������$�)�'�
��� ü �m¾m� ý&ü ���ý |��ð��ÿ.�� #þ��������'�3�#�!��Í��
�3 ý � ü ��ÿ�� ý ��� ü!ý þ���� ü �mÁSÐ ý ú ü ���0ÿ�� Æ ÿ��'�,�0ÿ���� ý �$½ ü ���<ÿ.���������4� ý ÿ���ÿ ý ����ÿ#þ�Ë"� Ì �<ÿ ü ����� È
�$�)�'�
��� ü �=¼Eþ�� ú ü ����ÿ���� ü ���=Í ý ��½ ü ���<ÿ Ê �#� ý ÿ$��ÿ ý ������ÿ��$� Ì ��ÿ ü �������$�)�'�
��� ü �mÁxÎWÿ ý �5�� ��� ��o ���� Ê  �� ü þ�� ý ÿ�� ú �!�
��ÿ������(�*þ7��� ü
Ê�ý ÿ3Ó ¿ ü ¤2õ2¤2¤ ÿ��(��ÿ ý À?�
� ý ÿ ¿ � ¤2õ Á(� ü þ����!� ý �)���
��� ü �m¾ ý ÿ���½ ü ���<ÿ�� ü %���ÿ��?þ�ÿ��.�#�
� ý ÿ�� ü �������$�)�;ÿ#þ����
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ÓQ�6ÿ-��� Æ ��� Æ ÿ��HÓ-�MÎ ü w ��� Æ ��� ÆHü �����-þ������� ��� Yþ���� ý �)�� �ÿ�� ú ü �$�<ÿ(� ü �������E��ÿ(�� ��#�
���Q�ZÀ ü �������$�)�'�
��� ü ���Pÿ��hÿ ú ��þ� �ÿ��
���0ÿ ú ý |���Á�Ï ü ����¼?þ�ÿ ý |��¯�#�
���"�&ÿ����QÍ$�
�3 ý � ü ��ÿ��Dþ���ÿ���ÿ ú ÿ��K� ü!ý þ���� ü ���\¾ ú ÿ ý �$��� Æ ��� Ê ÿ�¼EþmÀ6ÿ ý)ý ÿ���ÿ ú ü ����ÿ���� ü ���
�#�!�EÍ/þ��5�$�������Iþ�� ý&ü ú � ý Á�Ïzÿ�� Ê�Æ þ���ÿ��EÐ û Á ö\¤ ÿ��KÐ û Á öG� � ü ������ÿ���� ý ÿ��L�� ���þ ý �'�
��� ü %���ÿ��Eþ��\Á

�Eþ�� ý ÿ ú �!�L�*þ,��� ü
Ê�ý Ó ¿ ü ¤2õ2¤2¤ ¾ ü � ú ü �����'�
��ÿ�¼Eþ�ÿ ý |��¯��ÿE�#�
�����&ÿ����L�#�!�KÍ��
�3 ý � ü ��ÿ�� ý �D½ ü ���<ÿ ü �������;� ý ÿ
��� ü þ��o �ÿ5�#�
� ý ÿ�� ü �������$�)��ÿ#þ����3Ó-��Î ü w ��� Æ ��� Æ ÿ�� ý |���Á�� ü þ���ÿB½ ü �)�\¾ ý À ü �������$�)��ÿ#þ��;Ó-�&ÿ-��� Æ ��� Æ ��ÿ��(% ý ÿR�\� ü ���
ú ü ���0ÿ�� Æ  ����� ��;�
��þ��� ��<ÿ����\Á ý |��¢�
�������0ÿ�Í;�
�3 ý � ü ��ÿ�� ý  ÆoÌ ��ÿ��<ÿ���� ý �;� ü!ý þ���� ü � ü %���ÿ��Eþ�ÿ��#�
�QÓ-�5ÿ-��� Æ ��� Æ ÁrÏ��
�!� ý ÿ#þ��H������� ú �&ÿ ý)ý ÿ(��ÿ ý �����'� �)�� �ÿD��ÿD����ÿ������ ü �M�����$���?þ�ÿ.��ÿ 76,7 Í 76,4 Á
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DOT-BFGS initialise par DOT-BFGS
DOT-BFGS initialise par RS Kriging
DOT-BFGS initialise par RS Cokriging

���Ã��� Ð û Á ö\¤ I�vE�)��� ü ���)¼?þ�ÿ���ÿ ú ü ���0ÿ�� Æ ÿ�� ú ÿ��ZÀ ü �������$�)�'�
��� ü ���H�#�
� ý |�� È aNÉ~}D�M��þ�� ý ÿ ú �!�K�*þM��� ü
Ê�ý Ó ¿ ü ¤2õ2¤2¤ Á
Ðk�������4� ý �)�'�
��� ü �M�#�
� ý ÿ��N½ ü ���<ÿ�� ü �������;� ý ÿ�� ü %���ÿ��?þ�ÿ��E�#�
�DI ý |���¾�ÓQ�,ÿ-��� Æ ��� Æ ÿ��KÓQ�5Î ü w ��� Æ ��� Æ Á

ÎWÿ ý  Æ ÿ��C�� B½>�-þ��C��ÿ ú ü ���0ÿ�� Æ ÿ�� ú ÿH��ÿ ý À ü �������$�)�;ÿ#þ��yÓQ�(ÿ-��� Æ ��� Æ �Uÿ#þ��CÒ�����ÿL�
��������%�þ� K�-þ�Ë ú ����� Ì ��ÿ��C��ÿ ú ü ���0ÿ�� ÈÆ ÿ�� ú ÿ<ÿ��$� ý&ü �o ��0Á ý �
��� ú ÿ ú �!�\¾ ý À ü �������$�)�;ÿ#þ��.� ú ü ���0ÿ�� Æ  ú �
��� ý �mÀ?�,�#�!����þ&�
�3 ý � ü ��ÿ�� ý �,½ ü � ú ��� ü � ý&ü ���D��ÿ��¤2� ��ÿ������ Ì ��ÿ��-���� ��'�
��� ü ���0ÁZÎWÿ ú ����� Ì ��ÿ$�
��%������'�
����ÿ��mÀ?���-þ ú þ��+½ ü ����ÿ��<ÿ����-�;�
��Ç� ��;�
���)¼?þ�ÿFÿ����3 ��� ����$� ý  ��<ÿ����� 
���
��� ý ÿK%�þ��N�ZÀ1 �������ÿ��G��ÿ�� ú � ý ú þ ý �G���?þ���� ý ÿ��0Á ý �
��� ý À �)�� \� ý ¾ ý ÿ ú ����� Ì ��ÿE��ÿ ú ü ���0ÿ�� Æ ÿ�� ú ÿQ� ü þ�� ý ÿ�� ü �������$�)��ÿ#þ����G�#�
�
��þ��g½8� ú ÿ��.��ÿ��� �� ü ���;ÿ;��ÿ��"�'�
��� ú ü �����)����ÿ���ÍR�\À?�
����Ò���ÿ�� ý&ü ���'¼?þ�ÿ ý ÿ��(��� ü �)� ú ����� Ì ��ÿ�����ÿ;��ÿ ú Ç�ÿ�� ú Ç�ÿ6��þ�� ý �R��þ��g½8� ú ÿ
��ÿ;�� �� ü ����ÿ+9 min(F ) ¾ min(LCB1)

ÿ�� min(LCB−1)
Ñ��������)¼?þ�ÿ���� ý ÿ3�3Ò��<ÿ�� ü �����/ÿ���¼?þ�ÿ ú ÿ;� ü �����$�M�� µ©�Í

 ��� ú � ý ú þ ý  2Á�ÎWÿ ý �(�� ú ÿ���������ÿ��'�
���L�ZÀ?��� ü ����þ���ÿH½>�
��% ý ÿ^ÿ�����ÿ#þ��N���� �������ÿE��þ�� ý ÿQ� ü �;�
����ÿ2¾�� ü � ú %>ÿ\�-þ ú ü þ��,�ZÀ1 ú Ç#�
� È
��� ý)ý&ü ���;9 ú ½�ÁrÐ'Ð�Á � Á ¤ Á ö ÑBÁmÎWÿ��mÀ6ÿ����-�#�!�-� ü ������% ý ÿ� ��'�
���(� ü ���� ý ÿ�� ú ü �����'�
������ÿ��. �� ü � ú  �ÿ��'ÿ��u������� ü �*þ ú ��� ü �7��ÿ ú ÿ
ú Ç#�
��������ÿ,9 ú ½gÁ�Ð û Á ö ÑBÁ

ÎWÿ ý �,��ÿ����)� ú �� �������ÿ��#�!�-� ü þ����-þ��'�
��� ý À ü �������$�)��ÿ#þ��DÓ-�Rÿ-��� Æ ��� Æ ÁZü��+���'�
���)¼Eþ�ÿ2¾ ý ÿ�� ú ü � ú ÿ�����ÿ#þ������0ÿ#þ ý ÿ����ü %���ÿ������'þ���ÿ$�� ��*þ ú ��� ü �&���$� ü ���'�
����ÿ�ÿ��(�'�
���)��ÿ3��ÿ ý �,½ ü � ú ��� ü � ü %�©�ÿ ú ���Å½gÁmÏ~�5����ÿ#þ��0ÿ3¼Eþ�ÿ ý �5� ü!ý þ���� ü �Tÿ����Yþ��
�$�������'þ��´�mÀ6ÿ����L�#�!�L�� ú ÿ������
����ÿ2Á

Ï�� Ê�Æ þ���ÿ5Ð û Á öG� � ü ������ÿ ý À Ç��)��� ü ���)¼Eþ�ÿ6��ÿ ú ü ���0ÿ�� Æ ÿ�� ú ÿM�ZÀ ü �������$�)�'�
��� ü ���$�#�
� ý |�� ��þ�� ý ÿ ú �!�$��ÿ ý À?�
� ý ÿ¿ � ¤2õ ÁZÏGÿ��Q½ ü ���<ÿ��Lþ���� ý �)�� ��-� ü þ��-�������4� ý �)��ÿ�� ý |��¢� ü ��� ý ÿ��E½ ü ���<ÿ�� ü �������;� ý ÿ�� ü %���ÿ��Eþ�ÿ��D�#�
� ý |���¾ZÓQ�Rÿ-��� ÈÆ ��� Æ ÿ��-Ó-�*Î ü w ��� Æ ��� Æ Ám|E� ú ü �����'�
��ÿ�¼?þ�ÿ ý |��b��ÿ(�#�
���"�&ÿ������#�!��Í6�
�3 ý � ü ��ÿ�� ý ÿ��Q½ ü ���<ÿ��Q��� ü þ��o �ÿ��-�#�
� ú ÿ��ü �������$�)��ÿ#þ����\Á
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DOT-BFGS initialise par DOT-BFGS
DOT-BFGS initialise par RS Kriging
DOT-BFGS initialise par RS Cokriging

���Ã��� Ð û Á öG� I�vE�)��� ü ���)¼?þ�ÿ���ÿ ú ü ���0ÿ�� Æ ÿ�� ú ÿ��ZÀ ü �������$�)�'�
��� ü ���H�#�
� ý |��¦��þ�� ý ÿ ú �!�K��ÿ ý À?�
� ý ÿ ¿ � ¤2õ Á
Ðk�������4� ý �)�'�
��� ü �M�#�
� ý ÿ��N½ ü ���<ÿ�� ü �������;� ý ÿ�� ü %���ÿ��?þ�ÿ��E�#�
�DI ý |���¾�ÓQ�,ÿ-��� Æ ��� Æ ÿ��KÓQ�5Î ü w ��� Æ ��� Æ Á

ÎzÇ#�!¼Eþ�ÿ ü �������$�)�;ÿ#þ��N�;ÿ��(% ý ÿ���� ü ��� ú ü ���0ÿ�� Æ  Q�0ÿ����N� ü �,��� ü ����ÿQ�$�������'þ�� ý&ü ú � ý Á�ÎWÿ ý � ú ü � Ê ���<ÿ ý ÿK½8�
���G¼Eþ�ÿý ÿ��D��� ü % ý)Ì �<ÿ��.��ÿ$�$�������$�)�'�
��� ü �&��ÿ3���'� �)�� �ÿ��!���<ÿ�����ÿ�������ÿ�� ü �(%���ÿ#þ�Ë=�$�������;� ý&ü ú �-þ�ËZÁ@� ü þ���ÿB½ ü �)�\¾ ú ÿ ý �6��ÿ
��� Æ ��� Ê ÿ5�#�!�3¼Eþ�ÿ ý ÿ�� ü �������$�)��ÿ#þ����;�#�
�3��þ��g½>� ú ÿ��;��ÿ6�� �� ü ����ÿ ý&ü ú � ý ÿ��3� ü ���3��ÿ��;� ý�Æ0ü ������Ç��<ÿ��;�ZÀ ü �������$�)���
��� ü �ý&ü ú � ý ÿ2Á
Ð ý �^ÿ��>ÿ ú ��þ�ÿ����Dþ���ÿ(��ÿ ú Ç�ÿ�� ú Ç�ÿ���ÿ ý À ü �������'þ�� Æ:ý&ü %#� ý ¾��;�
�)�E��ÿ��Uÿ#þ��0ÿ���� ú ü ���0ÿ�� Æ ÿ��E�0ÿ���� ú ÿ ý þ�� È ú �x ��'�
���
� ü ���� ý ÿ�� ü �.%���ÿ(��ÿ ú � ý ú þ ý �K���$�#�
�����8Á

�����Bî ã�	�õ�ö�ó
ý À?�
��� Ì � ý ÿ������ ü �)� ú �!�D��ÿ$�$�������$�)�'�
��� ü �7��ÿ3���'� �)�� �ÿ3 ���þ����) ��\¾zÿ��=�����<ÿ������ ü � £ ¾ ù�� ÿ�� ù�õ ¾ ý ÿ��D��ÿ#þ�Ë ü ����� È

�$�)��ÿ#þ����E������� ü �*þ�������9{Ó-�6ÿ-��� Æ ��� Æ�ï ÿ��HÓ-�MÎ ü w ��� Æ ��� Æ�ð Ñ ü ��� ý À?�
���K��� Ì �K��� ü �<ÿ�����ÿ#þ��\ÁSÏzÿ��H�Uÿ��g½ ü ���;�
� ú ÿ��Q��ÿ ú ÿ��ü �������$�)��ÿ#þ����D� ü ���-�� ���þ��3 �ÿ�����þ�� ý ÿ������4� Æ �'�
�$�<ÿ���ÿ�� Ê�Æ þ���ÿ$Ð û Á ö ¾
Ð û Á ¤ ÿ���Ð û Á ö\� ÁZÎ ü �$�#�
�� ��(Í ý ���� B½> ���ÿ�� ú ÿ
9 ý |�� È aGÉx}D��ÑB¾x� ý �(�>ÿ����<ÿ�����ÿ����$�ZÀ?�
����ÿ���������ÿHþ���ÿ3�<ÿ�� ý)ý ÿ#þ���ÿ6� ü!ý þ���� ü �:� ü þ��Iþ��&��þ�� ú ü�� ��� ü �� ��� 2Á ¿^ý&ü ���.¼Eþ�ÿý |�� ú ü ���0ÿ�� Æ ÿ Æ  ��� ��'� ý ÿ��<ÿ����D�0ÿ����Pþ���ÿ��� B½ ü ���;�
��� ü �7�!�'��ÿ�/������$� ý ÿ.��ÿ ý �3½ ü ���<ÿ.���������4� ý ÿ2¾ ú ÿ��Q� ü þ��0ÿ\�-þ�Ëu� ýÅÈÆ0ü ������Ç��<ÿ��Q��ÿ ú Ç�ÿ�� ú Ç�ÿ���� ý À ü �������'þ�� Æ:ý&ü %#� ý �*þ*��� ü % ý)Ì �<ÿIÿ��E��ÿ��(% ý ÿ����Q�$�&ÿ#þ�ËM��� ü
Ê ��ÿ��Q��ÿ��E��ÿ Æ �� ��Q��ÿ ý ��%>ÿ����� 
�-þ�� ü ���)�� ��K� ü þ�� ý �$�� B½ ü ���;�
��� ü �mÁ#Ð ý � ü �r��ÿ����E� ü � ú þ���ÿQ½ ü � ú ��� ü ���#� ý ���� ú ü �$� ý  ��<ÿ����'�
����ÿ2Á

Ïzÿ#þ��=��þ�� ú ü�� �\¾Q� ü �¢�� Æ:ý � Æ ÿ\�
% ý ÿVÿ��¢� ü �(%���ÿ��ZÀ1 ��2� ý þ#�
��� ü ���\¾�ÿ����q�
� ü ���������<ÿ��¢��ÿ��$���q��ÿ:��ÿ���������þ���� ü �
9O� ü �(%���ÿ5�ZÀ ���� ��'�
��� ü ���3�*þ���� ü ú ÿ�����þ���ÑD�#�
� ý ÿ ý �
� ú ÿ��<ÿ����;��ÿ ú � ý ú þ ý �Fÿ��:�#�
�'� ý)ý)Ì#ý ÿ2Á��j�
�FÿBË*ÿ��$� ý ÿ6��þ�� ý ÿ ú �!�
��ÿ ý À?���"� ü � ú ü �$� ý ÿ��\¾ ý À ü �������$�)�;ÿ#þ��MÓQ� Î ü w ��� Æ ��� Æ ú ü ���0ÿ�� Æ ÿ=�-þ������Q�'�
���)��ÿ��<ÿ����R¼Eþ�ÿ ý |��´�;�
�)�6�0ÿ����Hþ���ÿ
�<ÿ�� ý)ý ÿ#þ���ÿ(� ü!ý þ���� ü �mÁ

Éx���#� ý ÿ��<ÿ����\¾
� ý ÿ����L� ü ������% ý ÿ��ZÀ �)��ÿ������ Ê ÿ�� ý ÿ#þ����H� ü �;�
����ÿ��E��ÿ-���� ���� ý ÿ ú ��� ü �&I
J Ï ü ���'¼?þmÀ þ����$�������Iþ�� ý&ü ú � ý ��� ü ú Ç�ÿ6��ÿ ý �R½ ü ���<ÿ6���������4� ý ÿ=ÿ����$��þqd;�'�
��� ü þ�¼?þ�ÿ ý À?�
�3 ý � ü �'�
��� ü �F��ÿ ý �
½ ü � ú ��� ü �*� ü ���QÒ�����ÿ(�
����ÿ������Lÿ��Sþ��R� ü �.%���ÿ(��ÿ ú � ý ú þ ý ��� Ì �L½8�
��% ý ÿ;9yþ���ÿ ú ����¼?þ#�
���'�
����ÿ0ÑB¾ ý À?� ý�Æ0ü ������Ç��<ÿ���ÿ
��ÿ�� ú ÿ�����ÿD�#�
� Æ �'�!���&ÿ����Pÿ���� ý ÿ-�$�&ÿ#þ�ËR�!���
���� 2Á

J Ï ü ���'¼?þmÀ � ý ÿ����C����� ü �����'�
����ÿE��ÿK��� ü þ��0ÿ�� ý �-�<ÿ�� ý)ý ÿ#þ���ÿQ�
�3 ý � ü �'�
��� ü � ü þ;�ZÀ6ÿBË�� ý&ü ��ÿ�� ý À6ÿ����;ÿ��(% ý ÿQ�*þ;� ü �;�
����ÿ
��ÿ ú ü � ú ÿ������ ü ��� ü þ������ ü þ��0ÿ��Kþ���ÿ,� ü!ý þ���� ü ������� ü �2�
����ÿ7ÿ��$¼?þmÀ þ���ÿ ú ÿ����'�
����ÿ5��ÿ ú � ý ú þ ý ���>ÿ#þ��0ÿ����$Ò�����ÿ
ÿ������)�'� Æ  ��0¾ ý ÿ�� ü �������$�)��ÿ#þ����z�#�
�z��þ��g½>� ú ÿ�����ÿH�� �� ü ���;ÿ ý&ü ú � ý ÿ��z� ü ���y� ý þ��z�!���
���� ��\Á�üC�������<ÿ������ ü �, ý ÿ��o �ÿ2¾ý À ü �������$�)��ÿ#þ��,ÓQ��Î ü w ��� Æ ��� Æ Í+%#�!��ÿR��ÿ*Î ü w ��� Æ ÿ\� Æ ÿ8ÿ���� ý ÿ6� ý þ��3�>ÿ��g½ ü ���;�
���\Áyü���½>�
��% ý ÿR�����<ÿ������ ü �m¾

ñB¸ W�¹ *-,\´3,/2�´fò <�n 8-,/'�,/7D)B;X*@��037D��7D;X*@o/) ¹ *-,/´3)103´3)�Uó ¸ W5l <�¼�*-,/´�,/2�´fò <�nX8-,\'�,/7D)B;X*(��037D��7D;X*@o/) l <�¼�*-,/´�)10#´�)�U



«�ÂZ«

ý À6ÿ��$� ý&ü �m�*þ Æ �'�!���&ÿ����L� ü þ�� ú ü ��������þ�����ÿ ý �(��þ��g½8� ú ÿQ��ÿE�� �� ü ����ÿE�#�
�HÎ ü w ��� Æ ÿ\� Æ ÿQ�mÀ6ÿ����N�#�!�G�� ú ÿ����'�
����ÿLÿ��ý À ü �������$�)��ÿ#þ��QÓQ�,ÿ-��� Æ ��� Æ Í�%#�!�;ÿD��ÿ�ÿ-��� Æ ÿ\� Æ ÿ'ÿ���� ý ÿD� ý þ��L�Uÿ��g½ ü ���;�
���\Á
ÎWÿ ú ý �!����ÿ��<ÿ����R��ÿ�� ü �������$�)��ÿ#þ����M�Uÿ#þ��MÒ�����ÿu�$�)�7ÿ��ª��ÿ ý �
��� ü �ð�\�0ÿ ú ý ��¼?þ#�
�������� =�ZÀ ����½ ü ���;�
��� ü �¨��þ�� ý �

½ ü � ú ��� ü �,¼?þmÀ � ý �rþ���� ý �)��ÿ����z� ü þ��y�� ú �)��ÿ��G¼?þ�ÿ ý)ý ÿH��ÿ��'� ý �-� ü þ��0ÿ ý)ý ÿL½ ü ���<ÿHÍ� ��2� ý þ�ÿ��\ÁoüC��¼?þ#�
�������� H�ZÀ ����½ ü ���;�
��� ü �m¾ý ÿ Æ �'�!���&ÿ����Wÿ�����þ��$�0ÿ ú ��ÿ#þ��y¼Eþ��
�
��� ü ����ÿ�þ���ÿ ú ü ��������%�þ���� ü �6 Æ � ý ÿH�-þ$� ü �(%���ÿE��ÿN�!�
���4�
% ý ÿ��0¾ ndv
Á2Ï�À ü �������$�)�;ÿ#þ��ý |��ì9 ú ½gÁ�ÐBÁ ¤ Á � Ñ ú � ý ú þ ý ÿD����������ÿ ú ��� ü �*��ÿ���ÿ ú Ç�ÿ�� ú Ç�ÿD�#�
� ú ü �$�#�
�'�
�)� ü �*��ÿD��ÿ#þ�Ë6�0ÿ ú ��ÿ#þ���� Æ �'�!���&ÿ������\Á#Ï ü ���H��ÿ

�'�,��ÿ ú Ç�ÿ�� ú Ç�ÿ ý ���� \�
����ÿ2¾Z� ý ÿ��hÿ ú ��þ�ÿ<ÿ�������� ü � ö\�  ��2� ý þ#�
��� ü ���(��ÿ�½ ü � ú ��� ü �mÁ ¿ þu� ü �'� ý ¾ ü �q�Uÿ#þ��D������ÿ;¼?þ�ÿ ý |��
þ���� ý �)��ÿ�þ���ÿ=¼Eþ#�
�������� 7�ZÀ ����½ ü ���;�
��� ü �¢��ÿ ý À ü ������ÿ=��ÿ NDOT ≈ 10 + 2 · ndv

ÁKÏ~��¼?þ#�
�������� =�ZÀ ����½ ü ���;�
��� ü �
þ���� ý �)�� �ÿE�#�
�GÓ-��ÿ-��� Æ ��� Æ �� ��Uÿ������*þ�� ü �.%���ÿE�ZÀ1 ��2� ý þ#�
��� ü ���\¾ NRSKriging = neval

¾ ú ÿH¼Eþ���ÿBË�� ý �)¼?þ�ÿE� ü þ���¼Eþ ü �
��ÿ����>ÿ��g½ ü ���;�
� ú ÿ��(��ÿ$�� Æ �'�!��ÿ���� ý&ü ����¼?þ�ÿ ý �6�����<ÿ������ ü �7�*þq��� ü % ý)Ì �<ÿ��-þ Æ �<ÿ�����ÿ2ÁxÎ ü �$�<ÿ ý À ü �������$�)��ÿ#þ��.ÓQ�
Î ü w ��� Æ ��� Æ ������ÿ���� ü!ý ÿ naug

�0ÿ ú ��ÿ#þ���� Æ �'�!���&ÿ������\¾r� ý ��ÿ�����ÿ(�Uÿ��g½ ü ���;�
���Lÿ�� Æ �'�
����ÿ.�����<ÿ������ ü �m¾ NRSCokriging =
neval + naug · ndv

Á
¿Dý�Æ0ü ������Ç��<ÿ ý |�� ÓQ�,ÿ-��� Æ ��� Æ ÓQ�5Î ü w ��� Æ ��� Æô þ#�
�������� .�ZÀ ����½ ü ���;�
��� ü � ≈ 10 + 2 · ndv neval neval + naug · ndv

¿�ÀjÁj� Ð û Á � I ô þ#�
�������� (�ZÀ ����½ ü ���;�
��� ü �8þ���� ý �)�� �ÿD� ü þ��H�� Ê ����� ý ��½ ü ���<ÿ���þ����!�
����ÿ2Á

Ïzÿ�� ü �������$�)��ÿ#þ����6�#�
�6��þ��g½8� ú ÿ�����ÿ*�� �� ü ���;ÿ Æ �
����ÿ����=ÿ�� �3 �� ü ����ÿ+� ü þ���ÿ ý À ����½ ü ���;�
��� ü � ú ü ���?þ�ÿu��þ�� ý �
½ ü � ú ��� ü �mÁ!Ï�À?� ý�Æ0ü ������Ç��<ÿL��ÿG��ÿ�� ú ÿ�����ÿN�#�
� Æ �'�!���&ÿ���� ý |��&�mÀ þ���� ý �)��ÿG¼?þmÀ þ���ÿG����½ ü ���;�
��� ü � ý&ü ú � ý ÿG��þ�� ý �L½ ü � ú ��� ü �mÁ
Ï ü ����¼EþmÀ þ���ÿ�� ü þ��0ÿ ý)ý ÿ����� ��'�
��� ü �M������ÿ�����ÿD��ÿ ý À?� ý�Æ0ü ������Ç��<ÿ ý |�� ú ü �$�<ÿ�� ú ÿ2¾���ÿ#þ ý ÿ ý À ����½ ü ���;�
��� ü �R�*þ Æ �'�!���&ÿ����
��ÿ ý À ���� ��'�
��� ü �R���� ú  ���ÿ�����ÿ'ÿ���� ú ü ���;ÿ����o �ÿ2Á
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Ï�À ü %�©�ÿ ú ���Å½�������� ú ���#� ý ��ÿ��y���'�\�!�-þ�Ë3���� ���ÿ����� ��N���
��� ú ÿ�����ÿH��Ç Ì ��ÿE ��'�
���G�ZÀ?�
�3 ý � ü ��ÿ���þ�� ü þ���� ý �ZÀ ü �������$�)���
��� ü �
��ÿN½ ü ���<ÿ��y�! �� ü ���"�#�
�$�)¼Eþ�ÿ��\¾�Í-�'�\� ü ��� ý À ü þ���� ý |����~� ý � ¿ þ���� ý �)�� N�#�
� ý ÿ�� ú ü � ú ÿ�����ÿ#þ����y�ZÀ ¿ ����%�þ���ÿ��3�'�
�)� ü �;��ÿL�'�
�'�
���)������ ���ÿ ú ü ���0ÿ�� Æ ÿ�� ú ÿ2Á
� ü �M� ý�Æ0ü ������Ç��<ÿ��ZÀ ü �������$�)�'�
��� ü �m¾�þ���ÿQ�3 ���Ç ü ��ÿ-��ÿQ��ÿ�� ú ÿ�����ÿ-�#�
� Æ �'�!���&ÿ����(9{¼Eþ#�!��� È
�^ÿ��L� ü �ªaNÉ~}D��ÑB¾0ÿ����y�Uÿ��g½ ü ���;�
����ÿ��;��ÿ����<ÿH�ZÀ6ÿBË�� ý&ü ���'�
��� ü �mÁ�aG�&ÿ��;¼EþmÀ � ý � ü �����'�
���)��ÿ2¾ ú ÿ��z� ý�Æ0ü ������Ç��<ÿ ú ü ���0ÿ�� Æ ÿ
�0ÿ����Pþ��*�$�������Iþ�� ý&ü ú � ý ÁSÐ ý �mÀ6ÿ����Q�#�!�Q�Uÿ��g½ ü ���;�
����ÿ��+��ÿ����<ÿ��ZÀ6ÿBË�� ý&ü �'�
��� ü �mÁ�ÎWÿ�� ü þ���� ý �>ÿ����<ÿ��-�ZÀ?�
�3 ý � ü ��ÿ��ý �.���'� �)�� �ÿQ�ZÀ þ���ÿE½ ü ���<ÿ�ÍYþ��,½8�
��% ý ÿ ú ü�� �L��ÿ ú � ý ú þ ý ¾*ÿ��6�� ������L�*þ6� ü �(%���ÿ-���$� ü ���'�
���K��ÿE�2�
���4�
% ý ÿ��L��ÿK½ ü ���<ÿ2Á
� ü þ�� ú ÿ ý ��¾�� ý �0À?�
����þ��&ÿE��þ��Wþ���ÿK�3 ���Ç ü ��ÿLÿ�d ú � ú ÿH� ü þ�� ý ÿ ú � ý ú þ ý ��ÿ ý �(��ÿ�������%�� ý �� Q��ÿ ý �D½ ü � ú ��� ü � ü %�©�ÿ ú ���Å½��#�
�
�'�
��� ü ���Q�-þ�Ë6�2�
���4�
% ý ÿ��K��ÿ-½ ü ���<ÿ2¾�þ���ÿ-�3 ���Ç ü ��ÿ(�!�
© ü ������ÿ2Áý ÿ#þ�ËR�¶Ë*ÿ��K�ZÀ?�
�3 ý � ü �'�
��� ü � ü ���H ��� 'ÿ����"�)�'� Æ  ��(I

J ý À6ÿBË���ÿ������ ü �R��ÿ ý À ü þ���� ý �-þ�Ë,��� ü % ý)Ì �<ÿ��Q�ZÀ ü �������$�)���'�
� ü �R�Iþ ý ���)���)� ú ��� ý ���#�
����ÿ2¾
J ý À6ÿ��$� ý&ü �S�ZÀ?� ý�Æ0ü ������Ç��<ÿ��z�ZÀ ü �������$�)���
��� ü �,� ý þ��y�Uÿ��g½ ü ���;�
�����Wÿ��3��ÿ����<ÿE�ZÀ6ÿBË"� ý&ü �'�
��� ü �5� Ê ����ÿL��� ü þ��0ÿ��N��ÿ
�<ÿ�� ý)ý ÿ#þ���ÿ��Q� ü!ý þ���� ü ���H�-þ�Ë6��� ü % ý)Ì �<ÿ��Q�! �� ü ���"�#�
�$�)¼?þ�ÿ���9 ü �������'þ�� Æ:ý&ü %#� ý ÑBÁ

Ïzÿ��E��þ��g½>� ú ÿ��H��ÿ-�� �� ü ����ÿ ü ���H��ÿ��.% ý  �� ü þ�� ü ���K�� �� ü ������ÿ�Í ú ÿ��K��ÿ#þ�ËR�
����ÿ�����ÿ��\Á
üC� ü �������$�)���
��� ü ���'þ ý ���)���)� ú ��� ý ���#�
����ÿ2¾Wÿ ý)ý ÿ��$�>ÿ����<ÿ�����ÿ����,�ZÀ6ÿ��>ÿ ú ��þ�ÿ�� ý ÿ ú ü þ�� ý � Æ ÿ8ÿ�������ÿM���)� ú ��� ý ����ÿ��;��� Ì �

½>� ú � ý ÿ��<ÿ����\Á ¿ ���� ��G��� ü ��� ú ü ��������þ����Xþ���ÿE��þ��g½8� ú ÿK��ÿK�� �� ü ����ÿK� ü þ�� ú Ç#� ú þ���ÿE��ÿ��G���)� ú ��� ý ����ÿ��\¾�� ý ÿ����y� ü ������% ý ÿH��ÿ
��þ�%���������þ�ÿ�� ý ÿ�� ú ü ��ÿ��G��ÿ ú � ý ú þ ý ÿBË��Uÿ������\¾�����d ú � ý ÿ��KÍ.�;�
������þ ý ÿ��\¾��#�
� ý ÿ#þ����N� ü � Ì#ý ÿ��N�� ��*þ������0Á�ÎWÿ��N��þ��g½8� ú ÿ��L��ÿ
�� �� ü ���;ÿ2¾ ú ü �����)�� ��� �ÿ�� Ê �
% ý ÿ��E��þ��L� ü þ�� ý ÿ�� ü �;�
����ÿ2¾
� ü ���E�
���>ÿ ý  �ÿ��H��þ��g½>� ú ÿ��K��ÿ-�� �� ü ����ÿ Æ:ý&ü %#� ý ÿ��0Á�ü ý)ý ÿ��K�>ÿ�� È
�<ÿ�����ÿ����N�ZÀ1 �������ÿ�� ý �-�$�)��ÿ�ÿ��3� ý � ú ÿH�ZÀ þ��; ��!� ý þ#�
��ÿ#þ��z�'þ ý ���)���)� ú ��� ý ���#�
����ÿQ� ü þ�� ú � ý ú þ ý ÿ�� ý ÿ���½ ü � ú ��� ü ��� ü %�©�ÿ ú ���Å½>�
��ÿ ú Ç#� ú þ���ÿ3��ÿ��(���)� ú ��� ý ����ÿ��(�
��������¼Eþ�ÿ ý ÿ#þ���� Æ �'�!���&ÿ������\ÁxÎWÿ��D ��!� ý þ#�
��ÿ#þ��D�Iþ ý ���)���)� ú ��� ý ���#�
����ÿ3�� ú ÿ��'������ÿ��'�
��� ý ÿ
ú ü þ�� ý � Æ ÿE��ÿK� ý þ����&ÿ#þ���� ú ü ��ÿ���ÿBË��Uÿ������0¾!�;�
�)� ú ÿ ý ���mÀ6ÿ������#�!�z�!���
���� Q�-þ3���'���2�
� ý ÿ��3�����*þ��������&ÿ ü!²<ý ÿ��z�����S ���ÿ�����ÿ��
 �¼?þ����>ÿ���ÿBË��Uÿ�����ÿ��H� ü ���0ÿ����H� ü þ�� ü ���K���'�\�!�
� ý)ý ÿ��E������ ��Uÿ������
�$�<ÿ����\Á

üC� ü �������$�)�'�
��� ü �q��ÿ�½ ü ���<ÿ����! �� ü ���"�#�
�$�)¼?þ�ÿ��0¾#� ý �mÀ6ÿ����H�#�!�Pÿ����"�)�'� Æ ÿ\�
% ý ÿ���ÿ ú ü ��������þ�����ÿ/þ���ÿ.��þ��g½>� ú ÿ���ÿ
�� �� ü ���;ÿ Æ:ý&ü %#� ý ÿ.� ü þ��-��ÿ��E�'�
�)� ü ���-��ÿ ú ü�� �-��ÿ ú � ý ú þ ý ÁSüC�'�
���-� ü ���� �¼Eþ�ÿ ý ÿ(� ü �(%���ÿ���ÿ(�2�
���4�
% ý ÿ��-��ÿD½ ü ���<ÿ
ÿ��������$� ü ���'�
���\¾ ý ÿ,� ü �(%���ÿ5��ÿ�� ü �������$��ÿ ú ü ��������þ ú ��� ü ����ÿ����'�
��� ý þ��K�-þ������NÒ�����ÿ,���$� ü ���'�
���\Áz|E�\¾ ú Ç#� ú þ�����ÿ
ú ÿ��H� ü �������Q�� ú ÿ���������ÿYþ���ÿ������'þ ý �
��� ü �+�?þ��3 ����)¼Eþ�ÿ ú ü�� ��ÿ#þ���ÿIÿ��*��ÿ��$���-��ÿ ú � ý ú þ ý ÁrÐ ý ½>�-þ��Q� ü � úIú ü �����)�� ���ÿ�� ý �
��þ��g½8� ú ÿQ��ÿ-�� �� ü ����ÿ Ê �
% ý ÿ���ÿ#þ ý ÿ��<ÿ�����ÿ��6�;ÿ��N� ü �������L��ÿ ú ü ��������þ ú ��� ü �79{��þ��g½8� ú ÿQ��ÿ-�� �� ü ����ÿ ý&ü ú � ý ÿ0ÑBÁ"ÏyÀ6ÿ��$� ý&ü �
��ÿ-��þ��g½>� ú ÿ��N��ÿE�� �� ü ���;ÿ ý&ü ú � ý ÿ��L�-þ5��ÿ����,�ZÀ þ��6��� ü ú ÿ�����þ��G���� ��'�
���Å½~�>ÿ#þ��G�Uÿ����<ÿ�������ÿ���ÿ ý ���$����ÿ�� ú ÿ ú ü�� �N� ü þ��
ÿ��Æ �
�'�
�����)�����
���-��ÿ-�<ÿ�� ý)ý ÿ#þ���ÿ��H�>ÿ��g½ ü ���;�
� ú ÿ��Dÿ��M��ÿ����<ÿD�ZÀ6ÿBË�� ý&ü �'�
��� ü �mÁ¿ �!�
���j��ÿz� ü ������ÿ�� ý À ������ ���Ò�����ÿ ú ÿ��j��þ��g½8� ú ÿ��j��ÿG�� �� ü ����ÿ Æ:ý&ü %#� ý ÿ���ÿ�� ý&ü ú � ý ÿ��CÍH���'���0ÿ�������ÿ#þ�Ë(�k���>ÿ��j�ZÀ?�
��� ý � È
ú �
��� ü ���G9O�Iþ ý ���)���)� ú ��� ý ���#�
����ÿ�ÿ��.Ð�Ð'Ð,ÿ��~�! �� ü �����#�
�$�)¼Eþ�ÿ�ÿ��.Ð û ÑB¾�� ý �K�#�
��þD�� ú ÿ����'�
����ÿz��ÿ��� Ê ����� ý ÿ#þ���% ü �Yþ���� Æ ÿ2Á

Ï���½ ü ���'þ ý �
��� ü �*��ÿ���ÿ��?þ�ÿ(� ü þ�� ú ü ��������þ�����ÿ ý ÿ��K��þ��g½8� ú ÿ��K��ÿ��� �� ü ����ÿ�ÿ���� ý ÿDÿ-��� Æ ÿ\� Æ ÿ2Á
gE��ÿ$ ���þ���ÿ ú ü �$�#�
�'�
�����0ÿ3��þ��D��ÿ�� ú �!�-��ÿ������D�! �� ü �����#�
�$�)¼Eþ�ÿ��D�����$� ý ÿ��.�;�>ÿ����$�)�D��ÿ��$�&ÿ#þ�Ë ú ü �$����ÿ�������ÿý À ���qâ�þ�ÿ�� ú ÿ5��ÿ ý À1 ú Ç#�
����� ý)ý&ü ���#� Æ ÿ8ÿ����*þ7� ü �.%���ÿ5��ÿ3�2�
���4�
% ý ÿ�����þ�� ý �R���� ú �)��� ü ���*þ:ÿ-��� Æ ÿ\� Æ ÿ2Á ý ÿ�� ú ����� Ì ��ÿ��

�ZÀ1 ú Ç#�
����� ý)ý&ü ���#� Æ ÿH�� �¼Eþ�ÿ������&ÿ ý �#�
�x�'� d3��ÿ��<ÿ����z�-þ��;�¶Ë����'þ�� ��ÿN�����S ���ÿ�����ÿ���ÿ�����ÿ#þ����j���� �������ÿ�� ü ���C ��� ú ü �$�#� È
�� ��KÍ(��ÿ��N�3 ���Ç ü ��ÿ��L�ZÀ1 ú Ç#�
����� ý)ý&ü ���#� Æ ÿ ú ý �!�����)¼?þ�ÿ��L��ÿE�_�"�UÿQ��ÿ��$� ý �)����� Æ ÿQ�ZÀ6ÿ����#� ú ÿ2Á ¿Dý&ü ���N¼Eþ�ÿ ý ÿQ�'� d3��ÿ��<ÿ����
�ZÀ1 ú Ç#�
����� ý)ý&ü ���#� Æ ÿQ�-þ$�;�¶Ë����'þ��ì�ZÀ6ÿ�����ÿ#þ��rÿBË�� ú ��ÿK�
� Ì ��ÿ�þ�� Æ �
���3��ÿG���� ú �)��� ü �3��� Æ ��� Ê ú �
���Å½�¾ ú ÿ Æ �
���$�mÀ6ÿ����j�#�!�
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ü %���ÿ����2�
% ý ÿ ý&ü ���'¼?þmÀ þ���ÿLÿ�����ÿ#þ��N���� �������ÿLÿ����Xþ���� ý �)�' �ÿ2Á"ÏGÿ��G�����Z ���ÿ�����ÿ��N�3 ���Ç ü ��ÿ��L��ÿQ���)��������%�þ���� ü �M� ü ���G� ü þ���ÿ��KÍ
�Uÿ#þ,��� Ì �N �¼?þ����2� ý ÿ�����ÿ��
ÿ�� ý �D�3 ���Ç ü ��ÿ-�ZÀ1 ú Ç#�
����� ý)ý&ü ���#� Æ ÿ���ÿ���ÿ��?þ�ÿ�ÿ���� ý �D�3 ���Ç ü ��ÿ-Ïmv��3��ÿE��ÿ��$� ý �)���'� Æ ÿ^þ���� È
½ ü ���<ÿ��ZÀ6ÿ����#� ú ÿ2Á�Ð ý �;ÿ��(% ý ÿ�� ü � ú ¼Eþ�ÿ ý ÿ���ÿ#þ ý � ü �0ÿ��R�ZÀ?�
�3 ý � ü ��ÿ�� ý ������ ú �)��� ü �R�ZÀ þ���ÿ���þ��g½8� ú ÿ���ÿ-�� �� ü ����ÿ�ÿ����
�ZÀ?�¶© ü þ���ÿ��K��ÿ ý À ����½ ü ���;�
��� ü �M��þ�� ý �D½ ü � ú ��� ü �7ÿ��M�-þ Æ �<ÿ����'�
��� ý �(�'�
� ý)ý ÿ-��ÿ ý �(%#�!��ÿ-��ÿQ� ü ���� �ÿ��L�ZÀ1 ú Ç#�
����� ý)ý&ü ���\Á
Ð ý ÿ��������$� ü ������% ý ÿE�ZÀ1 ��'�
% ý ���Wþ���ÿH��ÿ ý �
��� ü � Æ  ��� ��'� ý ÿE�������)¼Eþ#�
����·E¸
¹Bº{»!¹Bº ý ���'�
� ý)ý ÿQ�ZÀ1 ú Ç#�
����� ý)ý&ü ���#� Æ ÿ-�� ú ÿ��'�'�
����ÿ
� ü þ������ ü ���'þ���ÿ$��þ��g½>� ú ÿ3��ÿ��� �� ü ����ÿ Æ:ý&ü %#� ý ÿ�ÿ��u½ ü � ú ��� ü �&��ÿ ý �5�����<ÿ������ ü �7�*þ7��� ü % ý)Ì �<ÿ2Á(gE�=� ü �;�
����ÿ;��ÿ
�!� ý �)������ ���� ü þ��H��ÿ��3Ò��<ÿ(��þRÒ�����ÿ(�� Ê ���xÍ��#�
�������E��ÿ�� Ì�Æ:ý ÿ��^ÿ��$�������)¼?þ�ÿ��0Á ý þ5½8�
���H��ÿ ý ���;� ý  ���� ú ��� ü �u�����<ÿ�� È
��� ü ����ÿ ý)ý ÿ2¾�� ý ÿ����K��ÿ ú ü �$�;�
���� (�ZÀ þ���� ý �)�;ÿ��Dþ���ÿ��'�
� ý)ý ÿ.�ZÀ1 ú Ç#�
����� ý)ý&ü ���#� Æ ÿ ú � ü �)�����
���^ÿBË�� ü ��ÿ������&ÿ ý)ý ÿ��<ÿ����D�\�0ÿ ú ý ÿ
� ü �(%���ÿ.��ÿ��!�
���4�
% ý ÿ��K� ü þ�� ú ü ��������þ�����ÿ�þ���ÿD��þ��g½8� ú ÿ���ÿ��� �� ü ����ÿ Æ:ý&ü %#� ý ÿ2Á

Î ü �$�<ÿ ý À ü þ���� ý �ZÀ ü �������$�)���
��� ü �Tÿ���� ú �
�#�
% ý ÿ3��ÿ ú � ý ú þ ý ÿ�� ý ÿ Æ �'�!���&ÿ����(��ÿ ý ��½ ü � ú ��� ü �&�-þq�3Ò��<ÿ ú ü�� �(��ÿ
ú � ý ú þ ý ¼EþmÀ þ���ÿR ��2� ý þ#�
��� ü ����ÿ6½ ü � ú ��� ü �m¾�� ý �u�#�
��þ������� ���ÿ��'�'�
���6��ÿ5������ÿ��;�#�
�����Q��ÿ ú ÿ�����ÿ5����½ ü ���;�
��� ü ��� ü þ��
ú ü ��������þ�����ÿ ý �+��þ��g½8� ú ÿ5��ÿ6�� �� ü ���;ÿ2ÁZ� ü þ�� ú ÿ ý ��¾ ý �+�3 ���Ç ü ��ÿ5��ÿRÎ ü w ��� Æ ÿ\� Æ ÿM�u ��� 7ÿ��$� ý&ü �o �ÿ2Á�ü ý)ý ÿ6�>ÿ����<ÿ��
�ZÀ ü %���ÿ������<þ���ÿ6��þ��g½8� ú ÿ,��ÿ,�� �� ü ����ÿ,� ý þ������� ú �)��ÿ,� ü �'�
�$�<ÿ���� ý&ü ���'¼?þ�ÿ ý ÿ,� ü �(%���ÿM��ÿ,�2�
���4�
% ý ÿ��Fÿ���� Æ �'�
���ZÁ
� ü þ���ÿB½ ü �)�\¾C�*þ:½>�
���$��ÿ ý �+¼?þ#�
�������� 5�ZÀ ����½ ü ���;�
��� ü �FÍ*������ÿ���� ü!ý ÿ��\¾ ý ÿ ú ü�� �3��ÿ ú � ý ú þ ý �*þ�Î ü w ��� Æ ÿ\� Æ ÿ7ÿ�������� È
�#� ú�ú ÿ����'�
% ý ÿ*� Ì � ý&ü ���;¼Eþ�ÿ ý �7�����<ÿ������ ü ���� ��#�!���;ÿM���ÅËSÁ�� ü þ�� ý ���$����ÿ�� ú ÿ ú ü�� �\¾rþ���ÿM� ü þ��0ÿ ý)ý ÿ*�3 ���Ç ü ��ÿR��ÿ
Î ü w ��� Æ ÿ\� Æ ÿ(����������ÿ ú �K��� ü ��¼Eþ� Yÿ��R ú Ç#�
����� ý)ý&ü �u�� ��� (�� ��0ÿ ý&ü ���r �ÿ2Á

Ï��(����ÿ��$� Ì ��ÿQ�
��� ý � ú �
��� ü �6���� ���ÿ����� �ÿQ���'�
���'�
���G��ÿ ý À þ���� ý �)�'�
��� ü �5��ÿH��þ��g½8� ú ÿ��z��ÿH�� �� ü ���;ÿ Æ:ý&ü %#� ý ÿ��G� ü þ�� ý À ü � È
�����$�)�'�
��� ü �;�Iþ ý ���)���)� ú ��� ý ���#�
����ÿ2Á"ÏzÿL��� ü % ý)Ì �<ÿ�â�þ��)��ÿ ú ������þ ú ��þ���ÿ ú ü �����)�� ��� K�mÀ?�-�#�!�j½8�
���C������ÿ����0ÿ������N��ÿ ú ü þ�� ý � Æ ÿ
�-þ7�����0ÿ\�-þ���ÿ��( �¼Eþ#�
��� ü ���.�ZÀ1 ��'�
���;�
�)����ÿ#þ ý ÿ��<ÿ����$�-þ7�����0ÿ\�-þ:��ÿ��(�2�
���4�
% ý ÿ��.��ÿ3½ ü ���<ÿ2Á~Ð ý �M ��� 3�� �� ü!ý þ7�#�
�
þ���ÿ��
����� ü ú Ç�ÿ-%��������0ÿ\�-þM��ÿE�k���>ÿfaNÏmÐg���rÁ ¿ þ�Ç#�-þ��L�����0ÿ\�-þm¾ ý ÿ��G½ ü � ú ��� ü ��� ü %�©�ÿ ú ���Å½>�G���'� �)�� �ÿ�ÿ��N�;�!����ÿ ü ���K ��� 
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��� ü �ª��ÿ5½ ü ���<ÿ����! �� ü �����#�
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���:ÉNÁjû*�)������ÿ�ÿ2Á&Î ü �$�#�
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�
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@ ö\�
ù!A ��Á��¢Á������$��� ü �m¾ ý Á�ÿ$ÁoÏZ���m¾��
���å�bÁ�ÎzÇ�ÿ��mÁm���
�$� ý ��� Æ �����'�
��ÿ Æ �&ÿ���½ ü � ú ü �$��þ���ÿ��WÿBË"�>ÿ������<ÿ������QI ý ÿ���� Æ �
�
���M�
�#� ý �����)�\Á��"»�-�¹w%
·��x»�+�j 
 � º>·)(Bº6� º �D= ·�%�' ,z¸�¸_� º/.�· � º>»�%Pí�¾ ¤ I ¤2�2t J ¤
ù�� ¾ ¤2�2��ö Á

@ ö\���¶A 5�ÁL� ü %��&ÿ���/ ú /0�
��� w � È � ü %��&ÿ�� w �8Áì|E�������$��/0�
��� ü �ª%��F��ÿ ú ü �$� ü ������� ü � I ¿ ����ÿ���½O� ü � Ç��&ÿ��'�
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@ ö\�2£¶A 5�Á
� ü %��&ÿ���/ ú /0�
��� w � È � ü %��&ÿ�� w �8Á�û8þ ý ���)���)� ú ��� ý ���#�
��� ü �������$��/0�
��� ü �(½ ü �Gÿ�� Æ ����ÿ�ÿ������ Æ ��������ÿ��3��I ¿ ú Ç��&ÿ��0ÿ��<ÿ������
�
���6� ü ��ÿ������4� ý Á��Gÿ ú Ç���� ú � ý û9ÿ�� ü �'�
���*þ�� ö\��öG�2£2£ ¾�� ¿ � ¿ ¾ ö\t2õ2t Á

@ ö\� þ A 5�Á�� ü %��&ÿ���/ ú /0�
��� w � È � ü %��&ÿ�� w �8Ámû8þ ý ���)���)� ú ��� ý ���#�
���;��ÿ���� Æ � ü �������$��/0�
��� ü �qI ¿ �Hÿ��<ÿ�� Æ ��� Æ ��ÿ��Cÿ�� Æ ����ÿ�ÿ������ Æ
���)� ú ��� ý ����ÿ2Á��Gÿ ú Ç���� ú � ý û9ÿ�� ü �'�
���*þ�� ö\� þ2þ £�ö ¾�� ¿ � ¿ ¾ ö\t2t�� Á
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���*þ��¤2�2õ þ öG� ¾�� ¿ � ¿ ¾ ö\t2t2õ Á
@ ö\�2t¶A 5�Áx� ü %��&ÿ���/ ú /0�
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��� ü �¯Ij�Eþ����0ÿ�� ü ½K��ÿ ú ÿ����3��ÿ��0ÿ ý&ü ���<ÿ������\ÁqÐ_��t �:9 , 
 ¹g»�í8¸�·e. 
Y; .�º 
 %F. 
 A 
#

� º@%s4­� � }|9 º�(Bº � ¾��Eþ��(%>ÿ��¿ Ð ¿Q¿HÈkt2£¶Èk� þ ö2ö Á ¿ Ð ¿E¿ ¾ ö\t2t2£ Á
@ ö2ö2öBAIû Á_� ü � ú / ü �7�
���uû&Áu�¢Á_��� ü ����ÿ��\Á³gQ����� Æ �
����� ü Ë����;�
��� ü ���D� ü � ú�ú ÿ ý ÿ��'�
��ÿFÿ�� Æ ����ÿ�ÿ������ Æ ��ÿ���� Æ � ü �������$� È
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Annexe A
õ ¾�¿EãRÀ�¾'æuÁ ßëæ ¾ Â�Ã Äëæ_Å æ�Ä×ã ß±à1ì�ê=äÆÂ·Ä×ãR¿Uá�á_ö¶Ä»ÄÆÂ`âÌæ Ç
È ö¶Äåßëì_¾{ÂTãR¿_ö¶Ä ßÊÉ»ÄÆÂ·Å ¿�Ëçèëæ

ÎWÿ�����ÿ=�
����ÿBË�ÿ ú ü �$�#�
��ÿu�����Z ���ÿ������ ú ����� Ì ��ÿ��5��ÿ+�'� d3��ÿ��<ÿ����M�ZÀ1 ú Ç#�
����� ý)ý&ü ���#� Æ ÿ&� ü þ�� ý �&��ÿ ú Ç�ÿ�� ú Ç�ÿ=��ÿ
�$�������'þ��]ÿ��C������� ü �*þ����y��ÿ�� ú ����� Ì ��ÿ�����ÿN�'� d3��ÿ��<ÿ����GÍQ� ü ���� ��'�
��� ü �;�����#�
�$�)¼Eþ�ÿ
ÿ�������ÿL½ ü � ú ��� ü �<ÿ��rÿ�����ÿ#þ��\Á ¿ þ
ú Ç#�
��������ÿ.Ð û ý À ü �������$�)��ÿ#þ��H�#�
�K��þ��g½>� ú ÿ��E��ÿ-�� �� ü ����ÿYþ���� ý �)��ÿLþ���ÿ��3 ���Ç ü ��ÿ��'þ ý ��� È ú ����� Ì ��ÿ2Á ¿ ú Ç#�!¼?þ�ÿ(���� ��'�
��� ü �
��ÿ ý À ü �������$�)��ÿ#þ��\¾ ý À1 ú Ç#�
����� ý)ý&ü ���#� Æ ÿKÿ����L�'� d3�� .�-þ�Ë,� ü ������� ü ���K�������)¼Eþ� �ÿ��L�#�
�K��� ü �)� ú ����� Ì ��ÿ��(I

J ý ÿ��$�������Iþ��³��ÿ ý ��½ ü � ú ��� ü � Y ¾J ý ÿ��$�������Iþ��³�*þ ú ����� Ì ��ÿ LCB1
¾

J ý ÿ��$�������Iþ��³�*þ ú ����� Ì ��ÿ LCB−1
Á

ÎWÿ���� ü ú ÿ�����þ��Q��ÿ��'� d3��ÿ��<ÿ����(��ÿ��� B½{ ���ÿ�� ú ÿ��2�;Ò�����ÿ ú ü �$�#�
�� 3Í t ��� ü ú ÿ��'��þ��-��ÿ.�'� d3��ÿ��<ÿ����D� ü � ü ú ����� Ì ��ÿ��\Á
Ïzÿ ú �!�y��ÿ����rþ���� ý �)�� Dÿ���� ý ÿL��� ü
Ê�ý Ó ¿ ü ¤2õ2¤2¤ Í £ �!�
���4�
% ý ÿ��y�!�
���4�
% ý ÿ��z��ÿ ý ¼Eþ�ÿK�� ú �����G�-þ ú Ç#�
��������ÿHÐ û Á�� ü þ�� ú ÿ�����ÿ
ú ü �$�#�
�'�
�)� ü � ý ÿ��E��þ��g½8� ú ÿ��H��ÿ(�� �� ü ���;ÿD� ü ��� ú ü ��������þ�����ÿ��E�#�
�Eÿ-��� Æ ÿ\� Æ ÿ69O�#�!�E�ZÀ ����½ ü ���;�
��� ü �+��þ�� ý ÿ Æ �'�!���&ÿ�����Ñ
ÿ��^þ���� ý �)�;ÿ���� ý �$�3Ò��<ÿ�%#�!��ÿ.��ÿ.� ü ���� �ÿ��Q���������4� ý ÿ2ÁSÏ�À?� ý�Æ0ü ������Ç��<ÿ$��ÿ.�� B½{ ���ÿ�� ú ÿ�Í3��� ü �)� ú ����� Ì ��ÿ��Lÿ����Q� ü �� ó ÓQ�
ÿ-��� Æ ��� Æ � ý ú % öLý ú % È'ö.÷ Á

Õ§�'� Ì=òCÜÌôZùS	�÷�Í�ù>òCÜÐòrñ´ÛKõ�ï³Î�ÅCÜ

üC�=� ý þ��(��ÿ�� ú ����� Ì ��ÿ�� Y ¾ EI ¾ LCB1
¾ LCB−1

¾ LCI1
¾ LCI−1

���� ���ÿ����� ��.�-þ ú Ç#�
��������ÿ;Ð�ÐB¾#��� ü �)� ú ����� Ì ��ÿ��
�������D���"�#�
�$�)¼?þ�ÿ$� ü ����ÿ��$� ý&ü �o ��\Á ¿ �#�
�������D�ZÀ þ�� ú ����� Ì ��ÿ$Ï~Î�a-¾S� ý �-�Uÿ����<ÿ�����ÿ����Yþ���ÿ$ �� ü!ý þ���� ü �7�-þ�� ü �;�
���)¼Eþ�ÿ
�*þ ú ü ÿ�d ú �&ÿ����E��ÿ-� ü ���� ��'�
��� ü �5ÿ�������ÿ�½ ü � ú ��� ü �8ÿ���ÿ�����ÿ#þ��E�-þ ú ü þ����H��ÿ ý À ü �������$�)�'�
��� ü �mÁ

���_�Z�_� Ï����8��Ç��o�#° z��L���y�y���o¡r�o�8��� �³ÐC�y¡Z� �ÒÑj���:�#�~�!���&±g���z�"�2�_���b���R�����o�#���
�j�
�H�'�
��� ü ���E�-þ ú ����� Ì ��ÿ LCB ú ý �!�����)¼?þ�ÿ2¾

LCBb(x) = Y (x) − b · S(x), 9 ¿ Á ö Ñ
ý ÿ�� ú ����� Ì ��ÿ��yÍE� ü ���� ��'�
��� ü �;�����#�
�$�)¼Eþ�ÿ
ÿ�������ÿL½ ü � ú ��� ü �<ÿ���ÿ�����ÿ#þ���������� ü �*þ��)��ÿ����rþ�� ú ü ÿ�d ú �&ÿ����y��ÿG� ü ���� ��'�
��� ü �
�����#�
�$�)¼Eþ�ÿ�� ü �� c ¾

LCBb(x) = Y (x) − b · c · S(x). 9 ¿ Á ¤ Ñ
ÎWÿ ú ü ÿ�d ú �&ÿ���� c ÿ����.��ÿ ú � ý ú þ ý  5Í ú Ç#�!¼Eþ�ÿ,���� ��'�
��� ü ����ÿ ý À ü �������$�)��ÿ#þ��\Á=��� ü �)�3� ý�Æ0ü ������Ç��<ÿ��$��ÿ,�� ���ÿ����$���#�
��� ü ������#�
�$�)¼Eþ�ÿQ��ÿ ú ÿ ú ü ÿ�d ú �&ÿ���� ü ���G ��� H�� ��0ÿ ý&ü ���S ��Q9{���"�#�
�$�)¼Eþ�ÿ2¾��#�
�z��� ú �� ��<ÿ����L��ÿ ú ü � Ê �
� ú ÿ2¾��#�
�y��� ú �� ��<ÿ����
��ÿ��3 Ê �
� ú ÿ0ÑN��ÿ ý ¼Eþ�ÿD�� ú ����� ú � È �
��� Ì �0Á
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Ù Ê « Ê « Ê « Ú®Ñ�ÖÃÕ�ÛhÑ ÜuÜoÚ2Ý ß�Þ(×jÓcÒÔÖ:ß@çjÜ�à
LCBb dyn á

¿]ý À ���� ��'�
��� ü � i ¾ ü �&���)��� ü �;ÿ3�ZÀ þ���ÿ3��þ��g½8� ú ÿ3��ÿ$�� �� ü ����ÿ2¾ Yi(x) ¾ ú ü ��������þ�����ÿ Æ �'P ú ÿ,ÍHþ��7 ú Ç#�
����� ý)ý&ü ���#� Æ ÿ��ÿD�'�
� ý)ý ÿ Ni
ÿ��Q��ÿ(� ü �9ÿ�����ÿ#þ��E���� �������ÿ2¾ Si(x) Á ¿ ���<ÿ���� ü ���-¼Eþ�ÿ ú ÿ��E ú Ç#�
����� ý)ý&ü ���#� Æ ÿ3� ü ���H�'� d3�� /ÿ��8þ��*�;ÿ#þ ý� ü �����-9 Ni+1 = Ni +1 Ñj� ü �� M Á ¿Oý À ���� ��'�
��� ü � i+1 ¾�� ý ÿ����z� ü ������% ý ÿH��ÿ ú � ý ú þ ý ÿ���·E¸�»�í �&
 ¹Bº{»2¹�º ý À6ÿ�����ÿ#þ���ÿBË�� ú ��ÿ�-þM� ü �����H��ÿ-�'� d3��ÿ��<ÿ����\¾

Sexa
i (M) = Yi+1(M) − Yi(M). 9 ¿ Á � Ñ

Ð ý ÿ����3� ý&ü ���$� ü ������% ý ÿ6��ÿ6�� ���ÿ����$����ÿ�� ý ÿ ú ü ÿ�d ú �&ÿ����;�ZÀ1 ú Ç#�
� Æ ÿ2¾ cdyn ¾�ÿ�������ÿ6½ ü � ú ��� ü �Vÿ��Fÿ�����ÿ#þ��$���� �������ÿM��ÿ
�;�
��� Ì ��ÿ.Í ú ÿD¼EþmÀ?�-þ5� ü �����H��ÿ��'� d3��ÿ��<ÿ���� ý À6ÿ�����ÿ#þ��E���� �������ÿD� ü ���H Æ � ý ÿ(Í ý À6ÿ�����ÿ#þ��^ÿBË�� ú ��ÿ2¾

cdyn
i+1 =

Yi+1(M) − Yi(M)

Sexa
i (M)

. 9 ¿ Á ù Ñ

ÎWÿ ú ü ÿ�d ú �&ÿ���� cdyn
i+1

�mÀ6ÿ����Yÿ��u�� \� ý ���� FÿBË�� ú ��ÿ$¼EþmÀ?Í ý À ���� ��'�
��� ü � i ÁSÐ ý �mÀ6ÿ���� ú � ý ú þ ý �
% ý ÿ3¼EþmÀ)·�¸�»�í �&
 ¹Bº{»2¹�º{¾S�;�
�)�-� ý��ÿ��'� ú ü �����)�� ��� D�!� ý �
% ý ÿ(Í ý À ���� ��'�
��� ü � i + 1 Á
Ïzÿ ú ü ÿ�d ú �&ÿ����Wÿ����y���������4� ý �)�� E Æ � ý ÍLþ��m¾ cdyn

0 = 1 Á�Ï ü ����¼?þmÀ þ����'� d3��ÿ��<ÿ����
ÿ��;� ý þ����&ÿ#þ����z� ü �������Wÿ����rþ���� ý �)�' 2¾ý ÿ ú ü ÿ�d ú �&ÿ����;�ZÀ1 ú Ç#�
� Æ ÿ5ÿ���� ü %���ÿ��Eþ��#�
�<þ���ÿ5�����$� ý ÿM� ü �0ÿ�����ÿR��ÿ�� ú ü ÿ�d ú �&ÿ������;�������)¼Eþ� ��<ÿ�� ú Ç#� ú þ�� ��ÿ��
� ü �������H��ÿ��'� d3��ÿ��<ÿ����\Á#Éx���#� ý ÿ��<ÿ����\¾�þ���ÿ-% ü ����ÿ�����½{ ����&ÿ#þ���ÿD� ü �M�?þ ý)ý ÿIÿ����H�
��� ý �)¼?þ� �ÿ.Í ú ÿ ú ü ÿ�d ú �&ÿ����\¾

cdyn
i+1 = max(0,01; cdyn

i+1). 9 ¿ Á � Ñ

üC�6���'�
���)¼Eþ�ÿ2¾ ý ÿ ú ü ÿ�d ú �&ÿ����L�����#�
�$�)¼Eþ�ÿ cdyn �>ÿ#þ��G�!�
���&ÿ��N��ÿH�;�
��� Ì ��ÿQ���$� ü ���'�
����ÿ�ÿ�������ÿQ��ÿ#þ�Ë����� ��'�
��� ü ���
��þ ú�ú ÿ��������0ÿ��G9 Ê�Æ þ���ÿ ¿ Á £ ÑBÁG� ü þ��x ��"����ÿ�� ú ÿ ý ��¾¶��ÿ#þ�Ë ú ����� Ì ��ÿ��x��ÿ�� ü ���� ��'�
��� ü �(�#�
�~��� ú �� ��<ÿ���� ü ���j ��� ��� ��0ÿ ý&ü ���S ��\Á

Ù Ê « Ê « Ê Â Ú®Ñ�ÖÃÕ�ÛhÑ ÜuÜoÚ2Ý ÙjÓPÑªÖ9×(ä�Ñ�ÍhÒÔÜh×uÕåßZÜêä�Ðu×lâ=Óc×(ä�Ü�à
LCBb dyntr á

¿ þ ý �&ÿ#þ¨��ÿq������ÿ ú ��ÿ��<ÿ����9þ���� ý �)��ÿ�� ý ÿ ú ü ÿ�d ú �&ÿ����R���"�#�
�$�)¼Eþ�ÿ=�� ú �����M���� ú  ���ÿ��$�<ÿ����\¾ ý ���3 ���Ç ü ��ÿq�#�
�
��� ú �� ��<ÿ����,��ÿ ú ü � Ê �
� ú ÿR�
��� ý �)¼?þ�ÿSþ���½>� ú ��ÿ#þ��$�Iþ ý ����� ý � ú �
���Å½(�ZÀ6ÿBË"�#�
����� ü � ü þ���ÿ6�� ��*þ ú ��� ü ��Í+�#�
�������3�ZÀ þ��
ú ü ÿ�d ú �&ÿ����H���������4� ý Á#ÎWÿQ½8� ú ��ÿ#þ���ÿ����K�� ���ÿ����$���� (Í��#�
�������K��ÿ ý À1 �� ü!ý þ���� ü � ý&ü ���H��ÿ��K��ÿ#þ�Ë,��ÿ������ Ì ��ÿ��H���� ��'�
��� ü ���H��ÿý À ü �������$�)��ÿ#þ��(�*þ ú ü ÿ�d ú �&ÿ����D��ÿ�� ü ���� ��'�
��� ü �=���"�#�
�$�)¼Eþ�ÿ cdyn Á
Ï ü ���'¼?þ�ÿ ý ÿ ú ü ÿ�d ú �&ÿ����(���"�#�
�$�)¼?þ�ÿ ú � ü �)�\¾ ý ÿ
½>� ú ��ÿ#þ��N�Iþ ý ����� ý � ú �
���Å½�ÿ����G��þ��S ����&ÿ#þ��LÍ'þ�� ú ÿE¼Eþ�� ú ü ����ÿ���� ü ���5Í�þ���ÿQ��Ç#�!��ÿQ�ZÀ6ÿBË��#�
����� ü �mÁ ¿×ý À �����0ÿ�����ÿ2¾ ý&ü ����¼Eþ�ÿý ÿ ú ü ÿ�d ú �&ÿ����������#�
�$�)¼Eþ�ÿL�� ú � ü �)�\¾ ý ÿG½8� ú ��ÿ#þ��x�Iþ ý ����� ý � ú �
���Å½zÿ����j����½{ ����&ÿ#þ��yÍ^þ�� ú ÿN¼?þ�� ú ü ����ÿ���� ü ���3Í^þ���ÿN��Ç#�!��ÿ
��ÿ��� ��*þ ú ��� ü �mÁ#ÏyÀ?� ý�Æ0ü ������Ç��<ÿ'ÿ����K���������4� ý �)�' ��#�
�
þ�� ú ü ÿ�d ú �&ÿ����E Æ � ý Í/þ��m¾ cdyntr

0 = 1 Á

























È ÕGÍ�Ñ�ÓqÕXÖ6Ð_×}ßjÜæéÃÓáÒÔÍ�ÕXëjÐ�ßjÜàÙjÓPÑ Ö9×(ä�Ñ�ÍhÒÔÜh×uÕ ßZÜàä�Ðu×lâ=Óc×(ä�Ü�ã
ö Á#ÎN� ý ú þ ý ÿ�� ý ÿ ú ü ÿ�d ú �&ÿ����Q�����#�
�$�)¼Eþ�ÿD��ÿ��� B½> ���ÿ�� ú ÿ

cdyn
i+1 =

Yi+1(M)−Yi(M)
Sexa

i (M)¤ Á#ÎN� ý ú þ ý ÿ�� ý ÿ ú ü ÿ�d ú �&ÿ����Q�ZÀ1 ú Ç#�
� Æ ÿ(�#�
�K��� ú �� ��<ÿ����
��� |cdyn

i+1 − cdyn
i | < ε � ý&ü ��� cdyntr

i+1 = cdyntr
i��� cdyn

i+1 − cdyn
i ≤ −ε � ý&ü ��� cdyntr

i+1 = cdyntr
i · (1 − δ) ÓEü ý g-Î��LÐ�|Q�

����� ü � cdyntr
i+1 = cdyntr

i · (1 + δ) ü�¦f� ¿ ���"Ðg|Q�

. 9 ¿ Á £ Ñ

üC�M���'�
���)¼Eþ�ÿ ý ÿD�;ÿ#þ�� ý �ZÀ?� ú �����!�
��� ü �*�!�-þ�� ε = 0,1 ÿ�� ý À ��� ú �� ��<ÿ����Q�!�-þ�� δ = 0,3 Á



«¶^�w

Ù Ê « Ê « Ê ^ Ú®Ñ�ÖÃÕ�ÛhÑ ÜuÜoÚ2Ý ÙjÓPÑªÖ9×(ä�Ñ�ÍhÒÔÜh×uÕåßZÜàÒáÍ)âZÓc×jä�Üµà
LCBb dyndtr á

ÎWÿ�����ÿD�3 ���Ç ü ��ÿYÿ����E�����$� ý �
����ÿ(Í ý ���3 ���Ç ü ��ÿ��#�
�K��� ú �� ��<ÿ����Q��ÿ ú ü � Ê �
� ú ÿ2¾��$�)�EÍ��#�
���^þ���ÿ������0ÿ������ ü �*�*þ
ú ����� Ì ��ÿ(�ZÀ6ÿBË��#�
����� ü � ú �� ��*þ ú ��� ü �mÁ

























È ÕGÍhÑ ÓqÕXÖ6Ðu×ìßZÜËé6ÓáÒáÍ�ÕXë(Ð�ßZÜêÙZÓPÑªÖ9×jä�Ñ�ÍhÒáÜ¶×uÕ ßjÜæÒáÍeâ=Óc×jä�Ü�ã
ö Á#ÎN� ý ú þ ý ÿ�� ý ÿ ú ü ÿ�d ú �&ÿ����E���"�#�
�$�)¼Eþ�ÿD��ÿ��� B½> ���ÿ�� ú ÿ

cdyn
i+1 = Yi+1(M)−Yi(M)

Sexa
i

(M)¤ Á#ÎN� ý ú þ ý ÿ�� ý ÿ ú ü ÿ�d ú �&ÿ����E�ZÀ1 ú Ç#�
� Æ ÿ(�#�
�L��� ú �� ��<ÿ����
��� |cdyn

i+1 − cdyn
i | < ε � ý&ü ��� cdyndtr

i+1 = cdyndtr
i��� cdyn

i+1 − cdyn
i ≤ −ε � ý&ü ��� cdyntr

i+1 = cdyntr
i · (1 + δ) ü�¦f� ¿ �-�"Ð�|Q�

����� ü � cdyntr
i+1 = cdyntr

i · (1 − δ) ÓHü ý g�Î��LÐg|Q�

. 9 ¿ Áiþ2Ñ

Õ§�µÔ ß ÅCÜ,ø/õ�÷�ö
÷
Ü
Ïzÿ���Ç��)��� ü ���)¼?þ�ÿ��D��ÿ ú ü ���0ÿ�� Æ ÿ�� ú ÿ;���� ��;ÿ����� ��Yÿ�� Ê�Æ þ���ÿ ¿ Á ö �>ÿ����<ÿ�����ÿ����D� ü þ��(�ZÀ?�
% ü ���q��ÿ ú ü �����'�
��ÿ��(¼Eþ�ÿý ÿ�� ü �������$�)�'�
��� ü ���3�#�
� ú ����� Ì ��ÿM���"�#�
�$�)¼Eþ�ÿ=9 LCBb dyn

ÑIÿ��$�#�
����� ú �� ��<ÿ����,��ÿ ú ü � Ê �
� ú ÿ&9 LCBb dyntr
Ñ.��ÿ

�#�
�����&ÿ�����ÿ������#�!�,Íq�
�3 ý � ü ��ÿ�� ý �*½ ü � ú ��� ü �mÁ ¿ ��� Ì � ý �q����ÿ��$� Ì ��ÿM���� ��'�
��� ü �m¾y¼Eþ�� ú ü ����ÿ���� ü ���FÍ ý �q��Ç#�!��ÿM��ÿ
��ÿ��$� ý �)���'� Æ ÿG�ZÀ6ÿ����#� ú ÿy¼Eþ#�!��� È � ý  \�
� ü ����ÿ2¾ ý �G½ ü � ú ��� ü �(�mÀ6ÿ����~�#�!�m�� ��*þ�����ÿz� ý&ü ���x¼Eþ�ÿC� ý þ����&ÿ#þ����~� ü �������~� ü ���~ ��2� ý þ� ��\Á
ÎWÿ ý �$�\À6ÿBË�� ý �)¼?þ�ÿD�#�
�
þ��8ÿBË ú Ì �H�ZÀ6ÿBË"� ý&ü �'�
��� ü �*��ÿ ý ¼?þ�ÿ ú ü �����'�
�� D��þ�� ý � Ê�Æ þ���ÿ ¿ Á ù Á

Ð ý �
���#�
�'� �)�H�-þ������ ú ý �
����ÿ��<ÿ����H¼?þ�ÿ ý ÿ�� ú ü ÿ�d ú �&ÿ������K��ÿQ� ü ���� ��'�
��� ü �M�ZÀ6ÿ�����ÿ#þ��N�� Æ �
���Å½>�D9 b < 0 Ñy���$� ý �)¼Eþ�ÿ����þ���ÿ ú ü ���0ÿ�� Æ ÿ�� ú ÿ5���� ��;�
��þ��� 5��ÿ ý À ü �������$�)�'�
��� ü ���#�
�$�� B½8�-þ����ZÀ6ÿBË�� ý&ü �'�
��� ü �mÁCüC��ÿ��hÿ��\¾ ý �R�3 ���Ç ü ��ÿ LCI−1ú ü ���0ÿ�� Æ ÿ,�
��� Ì ����ÿ#þ ý ÿ��<ÿ���� � ���� ��'�
��� ü ���'ÿ�� ý �;�3 ���Ç ü ��ÿ LCB−1
ú ü ���0ÿ�� Æ ÿ$���$�3 ����4�
��ÿ��<ÿ���� ú �
� ý ÿ�����ÿ��$�&ÿ��

�'� d3��ÿ��<ÿ����,��� ü � ü �' ú ü ����ÿ���� ü ����Í�þ���� ü �������
���#�
����ÿ��#�
���5Í ý À1 ú Ç#�
����� ý)ý&ü ���#� Æ ÿ+���������4� ý Á ¿ �������8¾ ý �u�Uÿ��g½ ü � È
�;�
� ú ÿ.��ÿ ý �$�3 ���Ç ü ��ÿ LCI−1

ÿ��5ÿBË�� ý&ü ���'�
��� ü ��9 Ê�Æ þ���ÿ ¿ Á � ÑK�\À6ÿBË�� ý �)¼?þ�ÿD��þ���� ü þ��E�#�
� ú ÿ(��� Ì �K½8�
��% ý ÿ�� ü �.%���ÿ
�ZÀ ���� ��'�
��� ü ���Q�\�!�
��� ú ü ���0ÿ�� Æ ÿ�� ú ÿ2Á

Ï�À?�
�3 ý � ü �'�
��� ü � ü %���ÿ��?þ�ÿM9 Ê�Æ þ���ÿ�� ¿ Á ö ÿ�� ¿ Á ¤ Ñ^ÿ����Q �¼Eþ����2� ý ÿ�����ÿ�� ü þ�� ý ÿ�� ú ����� Ì ��ÿ�� Y ¾ EI ¾ LCB1
¾ LCI1ÿ�� LCB1 dyndtr

ÁEÎ ü �$�<ÿ ú Ç#�
� ú þ��¢��ÿ ú ÿ�� ú ����� Ì ��ÿ�� ú ü ���0ÿ�� Æ ÿ��
��� Ì �5ÿ����"��� ü � �2� ���� ��'�
��� ü ���\¾K� ý � ü ���+��ÿ��
�Uÿ��g½ ü ���;�
� ú ÿ��,��ÿ��(% ý �
% ý ÿ��Hÿ�����ÿ����<ÿR�ZÀ6ÿBË�� ý&ü ���'�
��� ü � 9 Ê�Æ þ���ÿ ¿ Á � ÑBÁGÎ ü �$�#�
�� ��6�-þ���� ü ú ÿ��'��þ��$�'þ ý ��� È ú ����� Ì ��ÿ
��ÿ3�� B½> ���ÿ�� ú ÿ+9 Y LCB1 LCB−1

ÑB¾�� ý � ú ü ���0ÿ�� Æ ÿ����$� ý þ��.�'�
���)��ÿ��<ÿ������;�
�)�(�0ÿ����Iþ���ÿ;� ü!ý þ���� ü �7��ÿ�����ÿ���ÿ��<ÿ����
� ü �����(% ü ����ÿ*9O� ý þ�����ÿ 10% �ZÀ1 ú �
���Kÿ��&�
�3 ý � ü �'�
��� ü �
ÑBÁ=�j�
���$� ú ÿ�� ú ����¼��.�3 ���Ç ü ��ÿ�� ý ÿ�� ú ����� Ì ��ÿ�� LCB1

ÿ��
LCB1 dyndtr

��ÿ6�� ��;�
��¼?þ�ÿ����3�#�
�Fþ���ÿ6�<ÿ�� ý)ý ÿ#þ���ÿ5�>ÿ��g½ ü ���;�
� ú ÿ7ÿ�����ÿ����<ÿ5�ZÀ6ÿBË�� ý&ü �'�
��� ü �ð9 Ê�Æ þ���ÿ ¿ Á ù ÑBÁjüC�
��ÿ����<ÿM�ZÀ6ÿBË�� ý&ü �'�
��� ü �m¾ ý ÿ ú ����� Ì ��ÿ Y LCB1 LCB−1

��ÿ5������þ�ÿ5�-þ��3Ò��<ÿ6�����0ÿ\�-þF¼Eþ�ÿ ý ÿ�� ú ����� Ì ��ÿ�� LCB1
ÿ��

LCB1 dyndtr
¾�� ü þ��Dÿ��R ��'�
��� ý  Æ  ���ÿ��<ÿ����Q� ü �����K�>ÿ��g½ ü ���;�
���Dÿ��M��ÿ����<ÿD�ZÀ6ÿBË�� ý&ü ���'�
��� ü �mÁ

Éx���#� ý ÿ��<ÿ����\¾� ��'�
���G� ü ���� �ÿ�� ý ÿ��z�>ÿ��g½ ü ���;�
� ú ÿ��z��� ü �<ÿ�����ÿ#þ���ÿ��G�*þ;� ü þ��0ÿ\�-þ ú ����� Ì ��ÿE�����#�
�$�)¼Eþ�ÿK�#�
�z��� ú �� È
�<ÿ����H��ÿQ�3 Ê �
� ú ÿ;9 LCB1 dyndtr

ÑB¾�� ý �� ��� -��� ú ü ��� ü �� D�-þM�;ÿ����6�ZÀ þ��5��� ü ú ÿ�����þ��L��ÿ-�'� d3��ÿ��<ÿ����K�'þ ý ��� È ú ����� Ì ��ÿ
ÿ�� ú ü �$� ý  ��<ÿ����G�ZÀ þ����'� d3��ÿ��<ÿ����L�-þ3�$�������'þ�� ��ÿ ý �Q½ ü � ú ��� ü �+9 ú ����� Ì ��ÿH� ü �� Y LCB1 dyndtr

ÑBÁoÏ�À Ç��)��� ü ���)¼Eþ�ÿ
��ÿ ú ü ���0ÿ�� Æ ÿ�� ú ÿ(��ÿ ý � Ê�Æ þ���ÿ ¿ Á � �>ÿ����<ÿ��K��ÿ ú ü �����'�
��ÿ��K¼?þ�ÿ ú ÿ ú ����� Ì ��ÿ-�#�
�����&ÿ����HÍIþ���ÿ�� ü!ý þ���� ü � ú ü �$�#�
�'�
% ý ÿ
Í ý ��� ü!ý þ���� ü �R�*þ ú ����� Ì ��ÿD��ÿ��� B½> ���ÿ�� ú ÿYÿ��7þ��M� ü �(%���ÿ.�ZÀ ���� ��'�
��� ü ���K����½> ����&ÿ#þ��\Á

Ï�À1 �� ü!ý þ���� ü �:��ÿ�� ú ����� Ì ��ÿ��D��ÿ�� ü ���� ��'�
��� ü �7�����#�
�$�)¼Eþ�ÿM9 cdyn ¾ cdyntr ÿ�� cdyndtr Ñ-�-þ ú ü þ����D��ÿ ý À ü �������$� È
�'�
��� ü �Aÿ�� Ê�Æ þ���ÿ ¿ Á £ �Uÿ����<ÿ�����ÿ ú ü �����'�
��ÿ���þ���ÿ5��ÿ������
� ú ÿ*�*þ ú ü ÿ�d ú �&ÿ��������"�#�
�$�)¼?þ�ÿR�#�
�;��� ú �� ��<ÿ����6��ÿ
�3 Ê �
� ú ÿ�9 cdyndtr Ñz�0ÿ����K/1ÿ�� ü ���2�
��� ý � ú ü ���0ÿ�� Æ ÿ�� ú ÿ(�*þR��� ü ú ÿ�����þ��\Á�ÎWÿ ý ���Uÿ����<ÿ��E��ÿ-�� ��*þ�����ÿ ý ÿ-� ü �)���H� ú�ú ü � È
��ÿ��-Í ý À6ÿ�����ÿ#þ��Q���� �������ÿ/ÿ��-� ü � ú ��ÿ ý ���$����ÿ�� ý À6ÿBË"� ý&ü �'�
��� ü �q�*þu� ü �;�
����ÿIÿ�� Ê �u�ZÀ ü �������$�)�'�
��� ü � ú ÿ.¼Eþ��m½8� ú � ý ����ÿý � ú ü ���0ÿ�� Æ ÿ�� ú ÿ2Á



«¶^
T V [2]_eªÓ�[ h ^ a
h [\Y�Ô `jh�X=h�` e aGc s¶p�fSY ` e�]_dkd W
`x` Y�Ä h_Õ+ÃZW#`Ca s�[\Y
e�] W
`¨a�Ö�` Y X ]Ø×�l h

Niter process

Fo
bj

0 10 20 30 40 50 60 70 80 90 100
76

77

78

79

80

81

82

83
RS Kriging y lcb1 lcb-1
RS Kriging y
RS Kriging ei

Niter process
Fo

bj
0 10 20 30 40 50 60 70 80 90 100

76

77

78

79

80

81

82

83
RS Kriging y lcb1 lcb-1
RS Kriging lcb1
RS Kriging lci1
RS Kriging lci-1

Niter process

Fo
bj

0 10 20 30 40 50 60 70 80 90 100
76

77

78

79

80

81

82

83
RS Kriging y lcb1 lcb-1
RS Kriging lcb1dyn
RS Kriging lcb1dyndtr
RS Kriging lcb1dyntr

���6����¿ Á ö I�vE�)��� ü ���)¼?þ�ÿ��E��ÿ ú ü ���0ÿ�� Æ ÿ�� ú ÿ���ÿ�� t �3 ���Ç ü ��ÿ��H��ÿ��'� d3��ÿ��<ÿ����E�ZÀ1 ú Ç#�
����� ý)ý&ü ���#� Æ ÿ���þ�� ý ÿ ú �!�K�*þ
��� ü
Ê�ý Ó ¿ ü ¤2õ2¤2¤ Í £ �!�
���4�
% ý ÿ��0Á

A
m

el
io

ra
tio

n

0

20

40

60

80

100

Y E
I LC

B
1

Y
LC

B
1

LC
B

-1

LC
I1

LC
I-1

LC
B

1D
yn

LC
B

1
D

yn
dt

r

LC
B

1D
yn

tr

���6���
¿ Á ¤ IP�oÿ��g½ ü ���;�
� ú ÿ��Pÿ��M��ÿ����<ÿD�ZÀ?�
�3 ý � ü �'�
��� ü � ü %���ÿ��?þ�ÿ��E�#�
� ý ÿ�� t �3 ���Ç ü ��ÿ��H��ÿ��'� d3��ÿ��<ÿ����
�ZÀ1 ú Ç#�
����� ý)ý&ü ���#� Æ ÿ���þ�� ý ÿ ú �!�L��� ü
Ê�ý Ó ¿ ü ¤2õ2¤2¤ Í £ �2�
���4�
% ý ÿ��\Á



«¶^_x

E
xp

lo
ita

tio
n

0

20

40

60

80

100

Y E
I LC

B
1

Y
LC

B
1

LC
B

-1

LC
I1

LC
I-1

LC
B

1D
yn

LC
B

1
D

yn
dt

r

LC
B

1D
yn

tr

���Ã���#¿ Á � IP�oÿ��g½ ü ���;�
� ú ÿ��^ÿ��M��ÿ����<ÿ(�ZÀ6ÿBË"� ý&ü ���'�
��� ü � ü %���ÿ��?þ�ÿ��E�#�
� ý ÿ�� t �3 ���Ç ü ��ÿ��H��ÿ-�'� d3��ÿ��<ÿ����
�ZÀ1 ú Ç#�
����� ý)ý&ü ���#� Æ ÿ���þ�� ý ÿ ú �!�L��� ü
Ê�ý Ó ¿ ü ¤2õ2¤2¤ Í £ �2�
���4�
% ý ÿ��\Á

E
xp

lo
ra

tio
n

0

20

40

60

80

100

Y E
I LC

B
1

Y
LC

B
1

LC
B

-1

LC
I1

LC
I-1

LC
B

1D
yn

LC
B

1
D

yn
dt

r

LC
B

1D
yn

tr

���6����¿ Á ù Ic�oÿ��g½ ü ���;�
� ú ÿ��Pÿ��M��ÿ����<ÿD�ZÀ6ÿBË�� ý&ü �'�
��� ü � ü %���ÿ��Eþ�ÿ��K�#�
� ý ÿ�� t �3 ���Ç ü ��ÿ��H��ÿD�'� d3��ÿ��<ÿ����
�ZÀ1 ú Ç#�
����� ý)ý&ü ���#� Æ ÿ���þ�� ý ÿ ú �!�L��� ü
Ê�ý Ó ¿ ü ¤2õ2¤2¤ Í £ �2�
���4�
% ý ÿ��\Á

Niter process

Fo
bj

0 10 20 30 40 50 60 70 80 90 100
76

78

80

82

84

86

88

90

92

94

96

98

100

RS Kriging Y LCB1dyndtr
RS Kriging Y LCB1
RS Kriging Y LCB1 LCB-1

���6���
¿ Á � I�vE�)��� ü ���)¼Eþ�ÿD��ÿ ú ü ���0ÿ�� Æ ÿ�� ú ÿ���ÿ � �3 ���Ç ü ��ÿ��K��ÿ��'� d3��ÿ��<ÿ����-�ZÀ1 ú Ç#�
����� ý)ý&ü ���#� Æ ÿ���þ�� ý ÿ ú �!�K�*þ
��� ü
Ê�ý Ó ¿ ü ¤2õ2¤2¤ Í £ �!�
���4�
% ý ÿ��0Á



«hsrU V [2]_eªÓ�[ h ^ a
h [\Y�Ô `jh�X=h�` e aGc s¶p�fSY ` e�]_dkd W
`x` Y�Ä h_Õ+ÃZW#`Ca s�[\Y
e�] W
`¨a�Ö�` Y X ]Ø×�l h

Niter process

c

0 10 20 30 40 50 60
0

2

4

6

8

10

RS Kriging LCB1dyn
RS Kriging LCB1dyntr
RS Kriging LCB1dyndtr
RS Kriging Y LCB1dyndtr

���Ã���#¿ Á £ I�üC� ü!ý þ���� ü �+��ÿ ú ����� Ì ��ÿ��H��ÿ-� ü ���� ��'�
��� ü �*���"�#�
�$�)¼Eþ�ÿ(�-þ ú ü þ����K��ÿ ý À ü �������$�)���
��� ü �m¾ ù ��� ü ú ÿ�����þ��
�����S ���ÿ������\¾���þ�� ý ÿ ú �!�H�*þM��� ü
Ê�ý Ó ¿ ü ¤2õ2¤2¤ Í £ �2�
���4�
% ý ÿ��\Á



Annexe A
ä ãHèåßëæ ßëæ áiÂ é`ö¶Äåê=ãR¿_ö¶Ä ßëæ å ¿�êYæçÁzè{å æ�Ä»Äëæ

Õ§�'� èIï�ó/ôz÷
	;ï�ó �/òêé¥	�ôrê�Ü�â)é]ò�óIó/ò

Ï��+½ ü � ú ��� ü �F��ÿM�� B½ ü ���;�
��� ü ����ÿ5vE� ú�w � È vPÿ�����ÿR�q�� µ©��u ��� 5������� ü �*þ�����ÿ8ÿ���ÐBÁ � Á ö ÿ�� ý À ���qâ�þ�ÿ�� ú ÿ*��ÿ��3�#� È
�'�
� Ì ����ÿ�� α � ü þ�� ý �*� ü ������� ü ��ÿ�� β � ü þ�� ý À6ÿBË"�#�
����� ü ���_ÿ����$�� ú ������ÿ2ÁCÏ��+�!�
���4�
% ý ÿ x ��ÿ����� ���ÿ�����ÿ ý À?�
%�� ú �)���;ÿ
ú þ������ ý � Æ ��ÿ.��þ�� ý �.½ ü ���<ÿ2Á�ü ý)ý ÿYÿ����H�!�����<ÿ������ ü ���� �ÿ'ÿ��K�2�
���&ÿ�ÿ�������ÿ(/\ �� ü ÿ��
þ��mÁ

#$# (x) = A · sin

[

πx
−

ln[2]
ln[α]

]β

���0ÿ ú x ∈ [0; 1] , A ∈ < , β ∈ [2; 10] , p ∈]0; 1[.

9 ¿ Á ö Ñ

Ï�� ý �
� Æ ÿ#þ��D��ÿ ý �,% ü ����ÿ���ÿ$vE� ú�w � È v^ÿ�����ÿ$�� ��>ÿ�����ÿ��q����ÿ��$�&ÿ�� ý �&ÿ#þ=��ÿ$� ü �@ÿBË�� ü �'�
��� β ¾S�;�
�)�(�-þ��'���C��ÿ$� ü �� ü!ý ÿ α ��ÿ ý ¼Eþ�ÿ ý À ü �M�>ÿ#þ�� ý ÿ ú ü �����'�
��ÿ��H��þ�� ý � Ê�Æ þ���ÿ ¿ Á ö ÁÏ��;�'�
� Æ ÿ�� ú ÿ��\�0ÿ ú ý �$½ ü � ú ��� ü �u��ÿ(�� B½ ü ���;�
��� ü �+�?þ ý)ý ÿ69 f(x) = 0 Ñ
ÿ����-�!����þ��� �ÿIÿ�� � ÿ�� ö � Ì � ý&ü ���E¼Eþ�ÿ ý ���þ��)���'�
� ú ÿ��
��� ý �)¼?þ� �ÿ$�-þ+�����?þ��Lÿ����Q������� ú ��ÿ��<ÿ�������þ��S ����&ÿ#þ���ÿ�ÍMþ���9 β = 1 ÑBÁ ¿KÊ �u�ZÀ ü %���ÿ���������ÿ��K½ ü � ú ��� ü ���-��ÿ�� B½ ü ���;�
��� ü �*��þqd;�'�
�<ÿ���� ý �)����ÿ�� ý ��% ü ����ÿ-����½{ ����&ÿ#þ���ÿ�� ü þ�� ú ÿ�����ÿ���þ��)���'�
� ú ÿ-�2�-þ�� β = 2 Á�Ï��.½ ü � ú ��� ü �8ÿ���� C∞

��þ�� ý À ü þ��0ÿ���� A­��Ä�ö @,ÿ�� Dβ−1 ��þ�� A­��Ä�öBA Á
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���6����¿ Á ö IPa ü ����ÿ��K��ÿDvE� ú�w � È vPÿ�����ÿ2Á ¿¨Æ �-þ ú Ç�ÿ A = 10 α = 0,3 ÿ�� β = 5 ¾#Í$��� ü ����ÿ
A = 10 α = 0,7 ÿ�� β = 5 Á

� ü þ�� ú � ý ú þ ý ÿ�� ý �=��ÿ�������%�� ý ���� *�*þ��;�
� ý)ý � Æ ÿ*�#�
�3�'�
��� ü ���6�-þ�Ë��!�
���4�
% ý ÿ��,��ÿ6½ ü ���<ÿ2¾
ë Xë α ¾ ý �u½ ü � ú ��� ü ����ÿvH� ú'w � È v^ÿ�����ÿYÿ����K�� ������o �ÿ(��ÿ ý&ü � ý ÿ��L��� ü �)�E �¼?þ#�
��� ü ���H�� ú ������ÿ�� ú � È ��ÿ���� ü þ��0Á
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Õ§�µÔ î Å�ùr	1¦�Å�ò ÛKö
ùbùUöLÛ�Û�ï�ù,÷ ¡íõX©3öDñ´Û/õ'	�÷�ø��Iò

Ï����� ������o �ÿ���ÿ ý �$½ ü � ú ��� ü �q��ÿ(vE� ú�w � È vPÿ�����ÿ(�#�
�Q�'�
��� ü ���-Í ý À?�
�$� ý ����þ���ÿKÿ����H� ü þ!© ü þ����Q� ü ���������0ÿ2Árü ý)ý ÿ/ÿ����
ú ü �$�����)��ÿYÿ�������ÿD/\ �� ü ÿ��
þ��mÁ

�>#	#
� A (x) = sin

[

πx
−

ln[2]
ln[α]

]β 9 ¿ Á ¤ Ñ
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���6����¿ Á ¤ IPa ü ����ÿ���ÿDvE� ú�w � È vPÿ�����ÿ2¾��� ������o �ÿ��#�
�K�'�
��� ü ���EÍ ý À?�
�$� ý ����þ���ÿ (A = 10 α = 0,3 ÿ�� β = 5) Á

Õ§�&  î Å�ùr	1¦�Å�ò ÛKö
ùbùUöLÛ�Û�ï�ù,÷Ðö�øàÛ�ï�õ�ò

Ï��5�� ������o �ÿ���ÿ ý �,½ ü � ú ��� ü �7��ÿ$vH� ú'w � È v^ÿ�����ÿ$�#�
�(�'�
��� ü ���.�-þq� ü!ý ÿ<ÿ������Eþ ý)ý ÿ;�-þ�Ëq% ü ����ÿ���9O���qâ�þ�ÿ�� ú ÿ;�*þ
�����?þ��BÑBÁCü ý)ý ÿ5�!���<ÿ��$�-þ��'����þ���ÿ��'� ú ����ÿ=ÿ�������ÿ ú ÿ��$��ÿ#þ�Ë&% ü ����ÿ��69O���qâ�þ�ÿ�� ú ÿ5�*þ ú ü �����Eþ���ÑBÁy��� ý À?�
�$� ý ����þ���ÿ7ÿ����
�?þ ý)ý ÿ2¾r� ý&ü ��� ú ÿ�����ÿD�� ������o �ÿ'ÿ����L�?þ ý)ý ÿ2Á

��#$#
� α (x) =

Aπx
−

ln[2]
ln[α] β cos

[

πx
−

ln[2]
ln[α]

]

ln[2] ln[x] sin

[

πx
−

ln[2]
ln[α]

]−1+β

α ln[α]2
9 ¿ Á � Ñ
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�L�'�
��� ü ���E�-þM� ü!ý ÿ (A = 10 α = 0,3 ÿ�� β = 5) Á
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Õ§�-£ î Å�ùr	1¦�Å�ò ÛKö
ùbùUöLÛ�Û�ï�ù,÷ ¡íõX©3ò6ï-ÛHïKÜ,öDóD÷
Ï��$�� ������o �ÿ.��ÿ ý �.½ ü � ú ��� ü �*��ÿDvH� ú'w � È v^ÿ�����ÿ��#�
�L�'�
��� ü ���EÍ ý À6ÿBË�� ü �'�
����ÿ����K�*þR�3Ò��<ÿD��� Æ ��ÿD¼Eþ�ÿ ý À?�
�$� ý � È

��þ���ÿ2Á
��� ý À?�
�$� ý ����þ���ÿIÿ����L�?þ ý)ý ÿ2¾r� ý&ü ��� ú ÿ�����ÿD�� ������o �ÿ'ÿ����L�?þ ý)ý ÿ2Á
�>#	#
� β (x) = A ln

[

sin

[

πx
−

ln[2]
ln[α]

]]

sin

[

πx
−

ln[2]
ln[α]

]β 9 ¿ Á ù Ñ
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���Ã���
¿ Á ù IPa ü �'��ÿ���ÿ�vH� ú'w � È v^ÿ�����ÿ2¾��� ������o �ÿ(�#�
�L�'�
��� ü ���QÍ ý À6ÿBË"� ü �'�
��� (A = 10 α = 0,3 ÿ�� β = 5) Á

Éx���#� ý ÿ��<ÿ����\¾ ý&ü ����¼Eþ�ÿ3¼?þmÀ þ��7� ý�Æ0ü ������Ç��<ÿ,��ÿ$��ÿ�� ú ÿ�����ÿ3�#�
� Æ �'�!���&ÿ����Iÿ��������������4� ý �)�� ,Í,�#�
�������(�ZÀ þ�� ú Ç#�
�$�
��ÿ��� B½ ü ���;�
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