N

N

Optimal quantization methods with applications to
finance.
Abass Sagna

» To cite this version:

Abass Sagna. Optimal quantization methods with applications to finance.. Mathematics [math].
Université Pierre et Marie Curie - Paris VI, 2008. English. NNT: . tel-00342033

HAL Id: tel-00342033
https://theses.hal.science/tel-00342033
Submitted on 27 Nov 2008

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://theses.hal.science/tel-00342033
https://hal.archives-ouvertes.fr

yiiﬂn(: !F’f1‘\ ﬁ&ﬁwwmk

THESE DE DOCTORAT DE
L'UNIVERSITE PIERRE ETMARIE CURIE

Spécialité:
Mathématiques Appliquées

Présentée par

Abass SAGNA

Pour obtenir le grade de

DOCTEUR EN SCIENCES DE WUNIVERSITE
PIERRE ETMARIE CURIE

Sujet de thése:

Méthodes de guantification optimale
avec applications a la Finance.

Directeur de thése: Gilles PAGES

Date de soutenance:26 Novembre 2008

Composition du Jury

Jean-Claude FORT

Jean JACOD
Antoine LEJAY
Harald LUSCHGY
Gilles PAGES
Huyén PHAM

Jacques PRINTEMS



A la mémoire de mon défunt pére.

La routine habituelle qui consiste a remercier tous ceuxoquiparticipé, de pres ou de loin, a
travers leur soutien moral, intellectuel ou autre, a lasatdbn d’'une thése ne me semble pas une tache
aisée. En effet, la réalisation d’'une thése ne demande pbsyeent une prédisposition intellectuelle:
la bonne entente avec son directeur de thése, 'ambianceirmuds laboratoire, de son bureau; une
stabilité familiale, entre autre, sont des facteurs danftilience ne me parait pas négligeable.

J'avoue avoir bénéficié aussi bien d'un encadrement sfiggrei trés rigoureux que d’'un suivi
assez régulier de la part de mon directeur de thése, M. Gilges, au cours de ces trois années de
these effectuées sous sa direction. M. Pageés s’est beanmhilisé pour que je puisse faire une thése,
a un moment ou un tel scenario paraissait invraisemblahige fd’encadrant (et de financement). I
s’est ensuite assez investi pour que je puisse la réussir.

C’est donc le moment pour moi de lui affirmer tout mon estimmete ma reconnaissance et de
le remercier trés sincérement pour sa disponibilité et sgolication pour la réussite de cette these.

Je remercie beaucoup mes deux rapporteurs, M. SiegfrieideGka. Antoine Lejay, pour leurs
remarques qui ont permis d’améliorer ce manuscrit.

Mes remerciements vont aussi a messieurs J. C. Fort, J.,Jacbéjay, H. Luschgy, H. Pham, J.
Printems, pour avoir accepté de faire partie des membraggu |

Sinceres remerciements a Mme Dominique Picard pour sesnreeadations et pour m’avoir
orienté vers celui qui a été mon directeur de thése. Austie deese a été la continuité de mon
mémoire de Master 2 que j'ai effectué sous la direction de My&th Pham. Je voudrais lui exprimer
toute ma reconnaissance.

La disponibilité de M. Portes en cas de problémes liés aolfimbtique (avec ses petites taquiner-
ies), les encouragements de M. Petit, les sourires de M. Yoprgcedent toujours ses salutations
quand on se croise dans les couloirs, tout ceci ne me laigse qudifférent. Qu'ils recoivent mes
sinceres considérations. J'en profite aussi pour dire naeiais les membres du laboratoire de Prob-
abilités et Modéles Aléatoires au sein duquel ce travaiéa#ectué. Je pense aussi a mes collabora-
trices Anne-Laure et Giorgia. Merci aux personnels adrratiés de Paris 6 pour la sympathie dont
ils ont fait preuve a chaque fois que j'ai fait appel a eux.

Mes remerciements vont aussi aux personnes avec qui jlaiggale méme bureau en commencant
par mes deux complices Sophie et Nathalie pour leur ouserdtteur savoir vivre. Vincent, Paul,
Francois, Sylvain, Camille, Stavros, je vous remercie potre sympathie.

Je voudrais aussi remercier tous mes autres amis, BenjaliBROSIO, Babacar BADJI, Baba
|. CAMARA, Mamadou S. CAMARA, Bouba COLY, Aboubakry DEME, 8ane DIOP, Pr. Arona
N. DIOUF, El Hadji DIOUF, M. Fall, Masseye GAYE, Aliou KANE, &nsana MANE, Toumany
MENDY, Khadim MBODJ, Pr. Mary Teuw NIANE, Rawane SAMB, DjitOW, Ambrouaze, Ange
TOULOUGOUSSOU, ... la liste est tres trés longue. Ne m’erlemsurtout pas si vous n’'étes pas
cité.

A toute ma famille, en commencant par mon frére Ibrahimaagdlle et ses amis (plus partic-
ulierement Sadibou Badji et Moustapha Touré pour leurswag@ments), & ma soeur Aramata et sa
famille, a tous mes fréres et soeurs qui sont au Sénégal, &énaimaman, je voudrais vous exprimer
ici toute ma reconnaissance pour le soutien que vous m'gueari# depuis toujours. Ibrahima a
beaucoup (sinon tout) fait pour moi. Qu'il soit sdr que jeduis reconnaissant.

Je remercie trés chaleureusement ma tendre épouse Ndeyeihdbou Mbaye et toute sa famille,
sa soeur Khady particulierement, pour m’avoir accompagndrement avec ses conseils qui m’ont
été trés utiles au cours de la préparation de cette thése.



Contents

1 Introduction

1.1 Applications aux probabilités numériques . . . . . . .. ..o

1.2 Recherche de quantifieurs optimaux . . . . . . . .. .. .. . . wuu ...
1.2.1 Quelgues formules quasi-fermées . . . . . . . . ... ... ..
1.2.2 Algorithmede Newton . . . . . . ... .. ... ... .. ... . .....
1.2.3 Algorithme CLVQ . . . . . . . . . e
1.2.4 Algorithmedelloyd! . . ... ... ... .. ... .. ... ......
1.2.5 Exemplesdegrillesoptimales . . . ... ... ... ... ... ...

1.3 Principaux résultats obtenus . . . . . . ... e

2 Universal rate-optimality

2.1 Introduction . . . . . . . . e

2.2 Lowerestimate . . . . . . . . . . .. e

2.3 Upperestimate . . .. .. . . . . . . . e

2.4 Toward a necessary and sufficient condition/fofP)-rate-optimality . . . . . . . .

2.5 Examples ofdistributions . . . . . ... ... ... e
2.5.1 The multivariate Gaussian distribution . . . . . . .. ... ...
2.5.2 Exponential distribution . . . . ... ... . o
2.5.3 Gammadistribution . .. ... ... ... .. .. . o

2.6 Applications . . . . . . . e e
2.6.1 Application to Lloyd’'s l algorithm . . . . . .. .. .. ... .......
2.6.2 Application ofL"-quantizers to numerical integration . . . . .. .. .. ..

3 Asymptotics of the maximal radius

3.1
3.2

3.3

Asymptotics of the the maximal radius sequence . . . . . . .. .. ... .. ..
Convergence rate of the maximal radius sequence . . . ........ .. ... ...
3.2.1 Upperestimate . . . . . . . .. . . . e
3.2.2 Lowerestimate . . . . . . . . ...
Application to the computation ofraquantizer . . . . . . . . .. .. ... ... ..

4 Pricing Partial Lookback and barrier options

4.1
4.2
4.3

4.4

Introduction . . . . . . . .. e
Definitions . . . . . . . . . . . e e
Euler Scheme . . . . . . . . .
4.3.1 Strongerrorrate . . . . . . .
4.3.2 Weak error . . . . . . . e
Price estimates . . . . . . . . . . .



4.5
4.6

4.7

4.8

Short background on Stochastic approximation

Estimation of the prices by Monte Carlo simulation . . .. .. ... ... .. ..

4.6.1 Background
4.6.2 Numerical implementations

Optimal quantization method
4.7.1 A brief overview on optimal quantization

Error analysis

4.7.2 An hybrid Monte Carlo-optimal quantization method .. . . . . . ... ..
4.7.3 Estimation of the prices by marginal quantization ...... . . . .. .. ..

CONTENTS



Chapter 1

Introduction et présentation des resultats
obtenus

La quantification est apparue pour la premiére fois en teetirisignal dans les annégsl0. Dépuis
elle s’est élargie dans divers domaines tels que la Physiduirmatique, etc, et plus récemment
les Probabilités Numériques et leurs applications en EmarDe facon générale, la quantification
consiste a représenter un ensemble continu (ou un trés goamldre) d’observables par un ensemble
fini (ou un petit nombre) de valeurs.

En traitement du signal par exemple, la quantification ehlatillonnage sont des étapes permet-
tant le traitement informatique du signal (son, image,. ds)autorisent par exemple I'enrégistrement
sonore, qui consiste a transformer un son en un signal afimaep le diffuser ou d’en garder des
traces de facon a pouvoir le rediffuser (téléphonie, raubope, etc), et la synthése sonore (génération
de signaux sonores).

En Probabilités Numériques la quantification est utiliséargestimer une espérance mathéma-
tique ou une espérance conditionnelle. Ainsi, la quantiibaoptimale est utilisée avec succés
pour I'estimation des prix de certaines options financi¢eesopéennes comme ameéricaines). Rap-
pelons gu’en Finance les prix (au tempsdes options s’écrivent sous forme d’espérance (options
européennes) ou d’espérances conditionnelles (optiods@imes). Par ailleurs, I'évaluation du prix
des options américaines est souvent plus délicat. Cefteuttié est liée au probleme d’arrét optimal
qui fait intervenir des temps d’arrét. Pour contournerecdifficulté on a souvent recours a des trans-
formations qui font passer d’'un suprémum sur des tempsét’'ardes formules dont I'application
numeérique est plus simple a mettre en oeuvre: formule de@mgation dynamique définie par une
récurrence descendante (ViRPPJ).

Les premieres appplications numériques de la quantificatdimale remontent @PAG|. Depuis
elle a été utilisée avec succés au pricing d’options amégsanulti-sous-jacents, voiBPP, PPP1,
d’'options asiatiques (via la quantification fonctionnglleir [PAGPRI1), d’option swing (BBP, BBP1)),
en contrdle optimal stochastiQuEEPR PPR), en filtrage non linéaire pour I'estimation de volatilité
stochastique[PAGPHA PRS).

Du point de vue mathématique, &i est un vecteur aléatoire a valeurs da&fsadmettant un
moment d’ordrer > 0 alors quantifietX dansL”™ au niveaun consiste a trouver la meilleure approx-
imation possible deX (au sens de 'erreut”) par une variable aléatoiig X') ou ¢ est une fonction
borélienne de&R¢ dans un ensemble fini de cardinal au plus égala Lerreur de quantification
associée est ainsi définie par

enr(X) = inf {| X — ¢(X)|r,q : R? 28 RY cardg(RY)) < n}.
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Au vu de cette définition il est clair que I'erreur de quanéfion e, .(X) ne depend que de la loi
P = Py de X. Ainsi nous la noterons aussi parfais,(P). D'autre part, pour toute fonction
borélienne; : R? — aona

X = g(X)| > mind(X,a) = d(X,a)  P-p.s.
acx
de sorte que le probleme de quantification se réduit a

enr(X) = inf{||X — X?,,a c R% carda) < n}

1/r
= inf </ d(m,a)rdP(w)> (1.0.1)
aCR? Rd
carda)<n

ou la variable aléatoire
X =) alixec, ()

aco
(en I'absence d’ambigiiité on omettra parfois I'exposahest appelée la quantification dé sur
la grille o ou un quantifieur de&X’ associé av. L'ensemble(C,(«))qcq €St une partition de Voronoi
associée ala grille (par rapport a la normie| qui désigne une norme quelconqueRfd, c’est-a-dire
une partition borélienne d&? vérifiant pour tout € «,

Cu(a) c {z € R?: |z — a| = min|z — b|}.
bea
Dans le cas d’'une norme euclidienne, on vérifie que les adbése
Cola) ={z eR?: |z —a|=min|z —b|}, aca
bea
sont des convexes fermés obtenus comme intersection desdpaxies. Si de plus ne charge aucun

hyperplan la partition de Voronoi €Bf - p.s. unique.

Par commodité, on raisonne souvent sur la puissasiéme de I'erreur de quantification d’ordre
r induite par un quantifieur de taille au plus:. Ce qui conduit a introduire la fonction symétrique
der-distortion définie sufR¢)" par

Y(ar, - ,an) € (RY)", Dp,(ar, - ,a,) :=E( min |X —a"). (1.0.2)

1<i<n

On démontre que la fonctiof,, , est continue (en faiD,ﬁ{Z est Lipschitzienne) et atteint son
infimum sur(R%)" (voir e.g.[PAG, PAR)). De plus, si la norme considérée est euclidienne, 1, et
si P ne charge par les singletons alors cette fonction est difféble (voir|GL] pour la démonstra-

tion) en tout quantifieur de taille (i.e. toutn-uplet a cordonnées deux a deux distinctes), de gradient

donnée par
vawm>=<¢/ m—aWJw—xMPuQ
Caol(a)

On vérifie alors que lorsque= 2, X est stationnaire (voir définition ci-apés) si et seulement s

aco

~

E(X|X) = X.



Définition. (a) Un quantifieur de taillen est L"(P)-stationnaire si lesn-uplets associés sont des
points critiques deD,, ;..

(b) Une suite de quantifieurs(ay,),>1 estL”(P)-stationnaire si pour toutn > 1, oy, estL”(P)-
stationnaire de taillen.

(c) Par extension siv estL” (P)-stationnaire on dira queX® est un quantifieur stationnaire de.

D’autre part lorsque: = 1, D; . («) est convexe. Par contre dés que> 2, D,, . n'est générale-
ment pas convexe de sorte qig,, peut a priori admettre plusieurs points critiques qui net son
pas forcément des minima globaux. Cependant en dimewsienl, lorsque la densit¢ de X est
log-concaveD,, , admet un unique point critique qui est alors forcément samrmim global (cf
[KIEF, LAMPAG]). Dans ce cas le problénté.0.1) admet une unique solution.

Dans la suite on s’autorisera I'abus de langage consistpatlér du "quantifieura = {a;,i €
{1,--- ,n}} au lieu de h-uplet” (aq, - - - ,a,), Sachant quer a alors une taille au plus.

L'erreur de quantification tend en décroissant vEsquen tend verst-oo et sicard (supp(P)) >
n alors le minimum est atteint en un quantifieude taillen eta € Adh(conv(supp(Px))). L'un
des plus importants résultats en quantification vecterigdt le théoréme dit de Zador (dont la preuve
est donnée de fagon détaillée déB4&|) qui donne la vitesse de convergence vers zéro de l'erreur de
quantification.

Théoreme. (Théoréme de ZadoBoit P = P, + P, la décomposition dé& par rapport a la mesure
de Lebesgue,, ou P, est la partie absolument continue Bf la partie singuliére deP. Supposons
queE| X |"*" < +o0 pour unn > 0. Alors

lim n"/%en,(P))" = Q.(P).

n—-+00

avec
d+r

P) = ha ([ 175 00) =5l . € l0.450)

on:%et

Jra = inf /e, (U(0,1]) € (0, +00),

U([0,1]%) désignant la loi uniforme sujp, 1]7.

La vraie valeur de la constante ; est inconnue poud > 3 mais on sait quely g ~ 2%3 lorsque
d — +ooetquel,; = 1/(2"(r+1)). Pourn variant del a900 et pourr = 1, 2, la figurel.1 montre
la convergence de la quantitée;, , (N(0; 1)) vers la constant€), (A/(0;1)) (Q1(N(0;1)) ~ 1.252
etQy(N(0;1)) ~ 2.714).

A noter aussi que I'hypothése de mom&nK |+ < +oo est une condition suffisante (mais non
nécessaire) pour que la quanﬂitﬁHFdT soit finie (voir [GL], p.79).

LorsqueP, = 0 alorsQ,.(P) = 0. Dans ce cas,, .(P) = o(n~"/%) et la vitesse de convergence
est étudiée dan&L] pour une grande classe de probabilités singuliéres notatmérsupport fractal.
Du théoreme de Zador il apparait naturel de poser les défisisuivantes.

Définition. e Lorsque unn-uplet de pointsy,, = (ap1, -+ , apy) réalise linfinimum dang1.0.1)
alors av,, est ditL" (P)-optimale.

e Unesuite de quantifieur§ o, ),>1 sera diteL"(P)-optimale lorsque, pour toutz > 1, «, est
L"(P)-optimale.
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constante de Zador pour r=1 et r=2

T T T T T T T T T T T T T T T T T

o 100 200 300 400 500 600 700 800 900
r=1

r=2

Figure 1.1:Taille de la grillen en fonction dex"e;, .(N(0;1)) pourn = 1,---,900,r = 1,2.

e Unesuite de quantifieurg«,,),>1 sera dite asymptotiquement L” (P)-optimale si I'erreur de
guantification associée, normalisée a la vitesse optimaFé.dem(P), converge vers la constante
Q. (P)Y/" sans que la suitén,, ),,>1 ne soit forcément” (P)-optimale, c’est-a-dire,

/ d(z, )" P(dz) = €} ,(X)+o(e} (X))  quandn — .
Rd

Une facon triviale de construire une suite asymptotiquemé&nP)-optimale qui n’est pas force-
mentL”(P)-optimale est de modifier les, > 1 premieres valeurs de cette derniere.

e On dira qu'unesuite de quantifieurs(a,,),>1 est L"(P)-taux-optimale si I'erreur de quan-
tification tend vers zero a la vitesse optimale sans que I s@ soit forcément asymptotiquement
L"(P)-optimale. Autrement dit si I'on a simplement

1/r
lim sup n'/? ( d(zx, ozn)’"P(d:U)> < 400.
Rd

n——+00
Ainsi si la suite(«,) estL”(P)-optimale, alors elle edt*(P)-taux-optimale pour tout < r.

Aprés avoir quantifié la variabl& une question naturelle est de savoir comment reconstiire |
probabilité initiale P a partir de grillesL” (P)-optimales. Une démarche naive est de considérer la
mesure empiriqu% > aca, 0a- Cependant, cela supposerait que les cellules de Vorgyei,,) sont
uniformément distribuées sous et ont, asymptotiguement au moins, pour padigs. Ce qui n'est
pas le cas sauf pour la loi uniforme 0r1]?. Il semble donc naturel de pondérer les mesures de dirac
par les poids des cellules de la mosaique de Voronoi as4goiég) pour reconstruire la probabilité
initiale. On a le résultat suivant (voiDGLP, PAG)): si (a;,) est une suite de quantifieurs telle que
I'erreur de quantification associée tende vers zéro alors,

> P(Calan))dn = P. (1.0.3)

acon
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ol — désigne la convergence étroite. Néanmoins la mesure eupiconverge effectivement mais
vers une autre mesure de probabilité. Ce résultat, connsi lsomom de théoreme de la mesure
empirique, est rappelé ci dessous (MBIGLP, GL| pour la preuve).

Théoréme. (Théoréme de la mesure empiriqu8pit X ~ P, avecP, # 0. Soit(ay,),>1 Une suite
asymptotiquementt” ( P)-optimale. Alors

1
= b.=P (1.0.4)
n acoan

ol P, est définie pour tout boréliea deRR? par

1

P.(A) = o

/ @)@ dr(x), avec Cj, — / F@) 7 dg(a).
A Rd

On dira qu’une suite de quantifieurs d’'une Bivérifie le théoréme de la mesure empirique a
I'ordre r si l'assertion(1.0.4) est vérifiée. Cela signifie simplement que pour tout boréfiete R?
tel que P ne charge pas la frontief#A,

card (A N ozn)

" — P.(A).

Notons que I'hypothés®, # 0 est indispensable pour g% soit définie comme une probabilité.

1.1 Applications aux probabilités numériques

Soit X une variable alétoire & valeurs dakéet soit f une fonction borélienne dé?. On s’intéresse
ici a I'estimation de la quantité

Ef(X) = / F(@)Px (do).

Lorsque la variable aléatir® est simulable et queé > 1 la méthode probabiliste la plus couramment
utilisée pour calculer cette intégrale est la méthodbidate Carlo Elle consiste a simuler un échan-
tillon de taille n c’est-a-diren réalisationsXy, - - - , X,, indépendantes de la loi d€ et a estimer
Ef(X) par la moyenne empirique

D’apres la loi des grands nombres, I'estimateur sans biajg converge presque sdrement vers
Ef(X). Lorsquef(X) est de carré intégrable, la vitesse de convergence este@ande théoréme
central limite:

Vi (EF(X) = p) =5 N(050%)

avec
o =B(f(X) — Ef(X))*.

La vitesse de convergence est donc de I'ordré d¢n indépendemment de la dimension du vecteur
X.
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La méthode de quantification pour le calcul d’intégralesiastalternative a la méthode de Monte
Carlo (au moins jusqu’en dimensieh= 4 comme nous le verrons). Elle consiste, compte tenu de
(1.0.3), a estimetE f (X) par

Ef(X°) = 3 f@PX* =a)= 3 f(a)P(X € Culan)) (11.)

aEan acan

ol «,, est une grille si possiblé” (P)-optimale. Il s’agit donc d’'une formule de "cubature™ catant
a pondérer des valeurs de la fonctipen une famille de points de<.

Lorsquen tend vers+oo on voudrait alors pouvoir estimer I'erreur induite par ueketestima-
tion. On rappelle ci-dessous quelques résultats élémestiés a cette erreur d’estimation selon la
régularité de la fonctioryf.

e Soit f une fonction Lipschitz de coefficienf]y, et soit(a,) une suite de quantifieurs. Pour
toutn > 1ona

< Ef(X) - f(X)]
< [l X = X
< [flLipll X — X, (SiX el s>1).

[Ef(X) —Ef(X*)|

Par conséquent lorsque,,) estL*-taux-optimale (voifGLP, SAG] pour les conditions de taux op-
timalité) alors
Ef(X) —Ef(X%) =O(n~Y9). (1.1.2)

e Sila dérivéeD f de f est Lipschitz alors pour toute suifé?( P)-optimale(a,,) on a pour tout
n>1,
Ef(X) —Ef(X)| < [Dfluipll X — X3

de sorte que dio,,) estL?-taux-optimale alors

Ef(X) - Ef(X%) = 0(n"%?). (1.1.3)

e Lorsquef est convexe et quﬁ’ estL?-stationnaire alors par I'inégalité de Jensen on a
Ef(X) = E(f(E(X|X))) < Ef(X).

Ce qui signifie qu@f(f() est une borne inférieure @& (X) si f est convexe (et une borne supérieure
si f est concave).

e Il y a des estimations d’erreurs pour d’autres classes dditms comme les fonctions locale-
ment Holdériennes vérifiant

(@) = F)] < Cle =y’ (L + |2l +|yl?)

pourf €]0.1) etp > 0.
En effet soitp > 0 et soitX € LP*0(P), & > 0. Alors pour toute suite de quantifieufs,, ),,>1
et pour toutr > 1, on d’apres les inégalités de Holder et de Minkovski

1F(X) = FXU) [ < CYIX = Xl (141X, + X 117,0)
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olir’ =r/(r — 1). Noter que siX estL2-stationnaire ety > % alors
XM o < 1 X ] pr

caru — u”" est convexe.

Pour ce qui concerne I'espérance conditionnelle consigédeux vecteurs aléatoiré§ etY a
valeurs dan®? définies sur un méme espace de probabilité etfsaie fonction borélienne dR?.
Alors une idée naturelle est d’estimB(f(X)|Y) parE(f(X)|Y) ot X etY sont des quantifieurs
optimaux deX et deY’, respectivement. L'estimation de I'erreur résultant @uelle approximation
est donnée ci-aprés (consult@AGI pour plus de détails). Soip; : R? — R une version de
I'espérance conditionnelle, c’est-a-dire, une fonctionétienney  vérifiant

er(Y) =E(f(X)Y)  p.s.

Si f ety sont Lipschitz continues de coefficieni§yi, et[¢s]Li, alors
B OY) =B (XOY)l2 < [FipllX = Xll2 + [eflLiplY = Y-

Le véritable avantage de la méthode de quantification pagora@ la méthode de Monte Carlo
est que pour cette premiére des grilles de quantifieurs aptinfou stationnaires) et les poids (mais
aussi les erreurs de quantification) associés peuvent tétkégs offline de sorte que le calcul de
I'espérence dan€l.1.1) se fait de facon instantanée via les formules de cubaturetrdDwera ainsi
des grilles de quantifieurs quadratiques et leurs poideeigsspour la l0iV (0; I;) sur le site internet

www. quanti ze. mat hs-fi.com

pourd € {1,--- ,10} etn € {1,--- ,5000}.

Par contre en grande dimension (typiquement pbur 5) la méthode de Monte Carlo devient
plus compétitive pour. assez grand du fait de la dégradation de la vitesse de cemgergde 'ordre
den~? ou au mieux:~2/%) dans la méthode de quantification, contrairement a la rdétde Monte
Carlo ou la vitesse de convergence est de I'ordé/dén quelque soit] > 1.

Il faut noter par ailleurs que lorsque> 3, I'intégration par cubature via la quantification optimale
reste parfois plus efficace que la méthode de Monte Carlotpoti. < n(d, f), oun(d, f) est une
valeur critique qui dépend de la dimensidet de I'intégrandef (voir [PAGPRI).

1.2 Recherche de quantifieurs optimaux

Pour estimer une espérance via la formule de cubdiuée3) on doit disposer, a fixé, de la grille
optimale et des poids associés aux cellules de Voronoi.t Bagquoi I'étape de recherche de quan-
tifieurs optimaux est cruciale pour avoir une bonne estiwnatie I'espérance. Alors soit on dispose
de formules fermées (cas de la loi uniforme) ou de formulesi-ermées (cas de la loi puissance,
des lois exponentielle et de Pareto) soit on fait appel aldesithmes déterministes ou stochastiques
basés sur la recherche de zérosvde,, .. Avant de passer en revue ces algorithmes nous rappelons
d’abord les formules fermées et semi-fermées disponibles.

e Loi uniforme ([0, 1]). Pour tout: > 1, pour tout~ > 0, la grille optimale,, = (a1, -+, anp)
de la loi uniforme suf0, 1] est unique et donnée par
2k —1
Qp f = k=1,---,n.

on
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1.2.1 Quelques formules quasi-fermées

On dispose de formules semi-fermées qui permettent d'obésrgrilles de quantifieurs”-optimales
pour toutr > 0 pour la loi puissance, la loi exponentielle et la loi de Rar€&es résultats, parus dans
[FP, sont rappelés ci-dessous.

e Loi exponentielle £(1). Pour toutn > 1, la grille L"—optimalea%’") = (affl),--- a%) est

unigue et donnée par

( —
(r) _ An

ou (a/(;))k21 est est une suite de réels positifs définie par la formule clem@nce implicite suivante:

o) = o0, on(—al)) = on(al), k21

aveco, (r) = foz‘”/2 |u|"~tsign(u)e~"du (convention :0° = 1).
De plus(a,(f’”))kzl décroit verg) et pour toutk > 1,

(T)_r—l—l
a,’ = ’ <1+k+o(k2)>

pour une constante réelte. Noter que les grilles optimales de la loi exponentielle @@metre\ > 0
s’en déduisent puisque pour tout> 0, la variable aléatoirés, X ~ &(1), suit laloi&()).

e Loi puissance sur0, 1] de paramétre p de densitépacf”‘llm],p > 0. Pour toutn > 1, la

grille L™-optimalea!’ = (a g"f, .., al") est unique et donnée par
a(r) 1 p—1
all) = (1 + %) [T+ a7 1<k <n, (1.2.2)
i=k

ou (a,(fr))kzl est une suite de réels positifs définie par I'équation derrénae implicite suivante:

af = =2, p(ai)y) =0y (—a /(1 +al)) k=1
avec /2
op(z) == / lu[""tsign(u) p(1 + u)P~ ' du.
0

La suite(a,(:))kzl décroit verg) et il existe une constante réeligtelle que pour touk > 1,

O SRV S
% k(p+r)<+k+ @)

e Loi de Pareto de paramétrey de densitéyx‘(7+1)1[1,+oo), ~ > r. Pour toutn, > 1, 'unique

grille L"-optimalea!” = (ozgl), -+, ol est donnée par
1 n—1
04553 — H (1+al), 1<k<n, (1.2.3)

1+ ay’ i=n—k+1
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ou cette fois-ci(a,(f))kzl est une suite de réels positifs définie par I'équation derrénae implicite

suivante: )
T a " T
& = oo b, <_ﬁ) o () k2
1+ apiq
avec

/2
Oy(x) = / lu|"Lsign (u) y(1 +u) "0 du.
0

La suite(al(:))kzl décroit vers) et il existe une constante réelle- 0 telle que pour touk > 1,

(r) r+1 c 1
-t i f o).
i k:(y—r)( 5 O

En pratique, lorsqu’on ne dispose pas de formule semi-fesreémme précédemment, les quan-
tifieurs optimaux (ou au moins stationnaires) sont obterardgrecherche de zéros 8eD,, ,(«).
Rappelons que lorsque= 1 et lorsque la densité d& est log-concave alors il y a unicité des quan-
tifieurs optimaux et donc 'unique zéro 8eD,, .(«) est un minimal global. Dans ces cas, la méthode
de Newton s’aveére trés efficace pour trouver les zéro§ g ,(«). Dés qued > 2, la méthode de
Newton devient inutilisable en pratique et on fait appeldes cas a des algorithme stochastiques tel
que l'algorithme de Kohonen (ou du plus proche voisin) owfybtrithme de Lloyd.

1.2.2 Algorithme de Newton

Cette méthode consiste a linéaliser la fonctio,, .(«) et & prendre le point d’annulation de cette
linéarisation comme approximation du zéro recherché. eGaticédure réitérée en I'approximation
abtenue génere des approximations successives qui cenvexg théorie avec une vitesse quadra-
tique, c’est-a-dire, le nombre de décimales correctes ldaulchaque itération. De fagon explicite,
pourn fixé (la taille de la grille) et pouM/ le nombre d'itérations de la procédure, la méthode est
décrite comme suit: on choisit un point initiag") et on definit par récurrence la su(t@ﬁ,”))lgpSM

par

n n n -1 .
a;gi—i-)l = ]g) ) — <V2Dn,r(al() ))> VDn77«(()g§) )) p = 1’ e ’M'

o0 V2D,, . est la matrice hessienne @&, .. Remarquons que plutét que d'inverser la matrice hessi-

enne il est préférable, pour minimiser le temps de résalutie résoudre eagfl le systeme affine

V2Dn7r(a§)"))(a§f21 — al(,")) = —VDn,r(al(,")).

L'initialisation de la procédure est une étape trés impuaeguisque I'algorithme peut entrer dans
une boucle infinie sans produire de meilleures approximatsble point initial est trés éloigné du vrai
Zéro.

Pour la loiN(0; 1) on peut avoir des formules explicites en fonction de la déretide la fonction
de répartition gaussiennes pour le gradi®ib,, ., et pour la matrice hessienié?D,, ,. (voir e.g.
[PAGPR] pourr = 2). D’autre part les expériences numériques suggérent dsiclteogrille initiale
a(()") uniformément suf—2, 2] pourr = 2. Pourr # 2, on prend pour point initial (se référer au
chapitrel pour plus de détails) la grille

of =/t = {2 aa € an)
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ol «,, est I'approximé de la grille optimale quadratique.

Le méme algorithme peut étre utilisé pour avoir les grillegidantifieurs de la loi exponentielle,
de Weibull, de Pareto, de la loi puissance, etc.

A noter que pour toutes ces lois, le poingscorrespondant a la cellule de Voronoi associée au
pointa € « (ou « est la grille optimale) est obtenu pay = P(X € C,(«)). Aussi les erreurs de
quantification sont estimées a partir des grillésoptimales a travers des formules pseudo-explicites
(pour la gaussienne par exemple) ou explicites (c’est leleda loi exponentielle).

1.2.3 Algorithme CLVQ

L'algorithme CLVQ (Competitive Learning Vector Quantizat) est aussi appelé algorithme du plus
proche voisin ou algorithme de Kohonerb&oisin. Pour tout- > 1 et pour la taille de la grille
n fixée, il consiste a simuler une suitg,),>1 selon la loi deX et a définir partant d&®, la suite
(XP)p>1 par

XV = XP — Ly oo | X7 — € PTNXE - @), i= 1,

ou~ := (7p)p est une suite de pas décroissante Vegsverifiant
Z’yp=+oo et Z’yf,<+oo.
p P

L'algorithme de Kohonen se déroule en deux phases. Une pligssele compétition ou I'on
sélectionne lindice(p + 1) (I'indice i a I'étapep + 1 de la procédure) de la cellule du plus proche
voisin et une phase d’'apprentissage qui permet de mettie & points de la grille en modifiant le
point le "plus proche" de la valeur simulégt! et en laissant inchangés les autres points, c’est-a-dire,

XPH = xP sii £i(p+1),
XPHE = XP — o | X7 — P (X = ) sii =i+ 1)

La suite (X;(,”))pzl ainsi définie converge presque sdrement vers un point weitie D,, . (voir
[PAGPRI). On se réfere au méme article pour plus de détails suridilisation de I'algorithme et
sur le choix dgy,) pour la loi gaussienne multivariée. Les poids et les errdarguantification sont
estimés via une simulation de Monte Carlo.

1.2.4 Algorithme de Lloyd |

Lorsqued > 2, l'algorithme de Lloyd | est largement utilisé en pratiqueup obtenir des grilles
quadratiques stationnaires du fait de sa mise en ceuvressiiplr obtenir des grilles”-stationnaires,
une extension naturelle de I'algorithme de Lloyd’s | (quagpellera algorithme de Lloyd | généralisé
ou étendu) est basée sur I'équationidestationnaritéV D, ,(coy,) = 0 aveca,, = (p1,- -+ , np)-
Cette équation s’écrit pour tout> 1 (voir [PPP1)

E (Ixeci(an]X — anil 2X)
E (Ixec;(am|X — anil"=2)
L'algorithme de Lloyd | (généralisé€) est un algorithme dunpdixe fondé sur(1.2.4). Partant

de la grille initialea,(f), on définit de fagon récurcive une su(te,(f))l:L...L de quantifieursL”-
stationnaires (oU. correspond au nombre d'itérations de la procédure) en pgsaur tout! =

i=1,-- ,n. (1.2.4)

Qni =
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1’...7[/7

o E(Lrecion X —al M r2x)
"R <1X60i(an)|X - aff[”l?"*)

Nous "randomisons" alors I'algorithme de Lloyd | en estinkes espérances qui apparaissent
dans(1.2.5) par la méthode de Monte Carlo.

Comme en dimensiod > 2 il peut exister une infinité de quantifieut$-stationnaires. L'algorithme
converge alors vers I'équilibre le "plus proche" (c’estige celui qui se trouve dans le basin d’attraction
de la grille initiale), la phase d'initialisation est donwtiale pour avoir de meilleurs quantifieurs. Le
choix de la grille initiale pour la gaussienne (paug 2) est discuté dans le chapitre suivant; pour le
cas quadratiquer(= 2) voir par exempléGG|.

Lorsqued = 1,r = 2 et lorsque la variable aléatoiré est a densité strictement log-concave il est
prouvé dansKIEF1] que I'algorithme de Lloyd | converge avec une vitesse expteke. Par contre
la convergence de l'algorithme n’a pas encore été établfagbm rigoureuse dans le cas général.

a i=1,-- ,n. (1.2.5)

1.2.5 Exemples de grilles optimales

e Cas GaussienOn consideré” = N(0; 1) et une taille de grilles = 70. La figure1.2 représente en
abscisse les grillet"-optimales obtenues par la méthode de Newton podrl, 2, 4 et en ordonnée
les poids associés.

LorsqueP = N (0; I5), la figure1.3 représente les grille6”-optimales (ou plutdt stationnaires)
obtenues par I'algorithme de Lloyd aprés itérations, pour = 2,4 et pour une taille de la grille
n = 100.

e Cas de la loi exponentiellSoit P = &(1). La figurel.4 représente en abscisse les grillégP)-
optimales de taillee = 70 (pourr = 1,2,4), obtenues par la formule semi-fermée donnée dans
(4.7.3) et en ordonnée leurs poids associés.

e Loi de Weibull de paramétre = 2. Rappelons que la densité de la loi de Weibull de paramétre
est donnée par

f(z) == k" te™®" 1z>0}-

Pour cet exemple on représente a la figufeles poids associés a la grille optimale quadratique de
taille n = 70 de la loi de Weibull de paramétre= 2 en fonction de la grille optimale.

1.3 Principaux résultats obtenus

Lorsque I'on estimeE f(X) par la méthode de quantification on a vu que les erreurs aii@stn
associées aux formules de quadratures font interveniellede quantification

IX — X (1.3.2)

ou («v,) est une suite de quantifieufs-optimale, avee: # s. Pour atteindre les vitesses optimales
dans(1.1.2) et (1.1.3) il faut que la suite(«,) soit L°-taux-optimale. C'est le cas lorsque< r
puisque dans ce cas on a par croissance de la nbfme

X = X ls < 1X = X,
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Poids en fonction des Grilles optimales gaussiennes de taille n=70
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+ Grille L"2—-optimale
¢ Grille L"-optimale

Figure 1.2:Poids en fonction des grilles"-optimales pour laV/(0; 1), pourr = 1,2, 4.

Grilles stationnaires de taille n=100 de la Gausienne bidimensionnelle
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Figure 1.3:Grilles L"-stationnaires pour lA/(0; I5), pourr = 2, 4.
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Grilles optimales exponentielles de taille n=70

T
15 20

V Grille L"1-optimale
¢ Grille L"2-optimale
¢ Grille L"4-optimale

Figure 1.4:Poids en fonction des grilles"-optimales pour la loi'(1), pourr = 1,2, 4.

Poids en fonction de la grille optimale de taille n=70 pour la loi de Weibull
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Figure 1.5: Poids en fonction de la grille optimale quadratique deeaill= 70 pour la loi de Weibull de

parameétre; = 2.
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Par ailleurs il n’est (a priori) pas sdr que la suit,) resteL*-taux-optimale pour tout > r. Ceci
a amené Graf, Luschgy & Pages (voir [GLP]) a étudier I'asytigtie de I'erreur de quantification
dansL?® pour une suite de quantifieufs-optimale,s # r. lls montrent en particulier que si la loi de
X admet une partie non singuliére de dengiw@rifiant \;(f > 0) = 4o alors
lim n'4X — X% ||, = +oo

n—-4oo

deés lors que > r + d et plus généralement que pour taut 0,

. s/d .
lim inf n¥/4 | X — X |5 > J, 4 (/ fﬁd@) / T dayg (1.3.2)
nohee R4 {f>0}

ou J, 4 est la constante intervenant dans le théoréme de Zador.

Au chapitre2 nous montrons gu’une transformée linéaire sirr(pl%“) definie pour tout, > 1

par
At = 4 0 — p) = {p+0(a— ), a € an}

(de parametré > 0 de dilatation ou de condensation, selon que 1 ou qued < 1, et de paramétre
de translatiornu € R?) de la suiteL"-optimale(c,,) permet de s’affranchir de ce seuil critiquer d
et de construire des suités- rate optimales pour tout > 0, pour une large famille de distributions.
Les principaux résultats de ce chapitre sont les suivaots: IB borne inférieure nous montrons, sous
des hypothéses d’existence d’'un moment d’ordre 7 pour la variableX (avecn > 0) et de la
probabilité non singulierd, = f - A4 (noter que sif = 0 la borne inférieure ci-aprés est nulle donc
semble inutile), que pour toute suite,,) asymptotiquemeni”-optimale,

liminf /4 | X — X% || > Q" (P, 6) (1.3.3)

n—-4oo

pour touts > 0 et pour toutd > 0, 1 € R avec(fy . (z) = f(p+0(x — p)))

s/d .
QYL(P,0) = 6", 4 ( fae d/\d> / fouf TrdAg.
R¢ {f>0}

Ce qui voudrait dire en particulier que pour tout> 0, si I'erreur de quantification d’ordre
associée a la suite transformégﬁ’“) converge verd), alors elle ne peut converger plus vite que
n~1/d que si la loi deX est totalement singuliére.

Pour ce qui concerne I'estimation de la borne supérieurs agans obtenu deux résultats prin-
cipaux. Le premier se restreint au cas< r. Si X admet pour loiP = f - \; et si le couple de
parameétre 6, 1) est P-admissible, c’est-a-dire,

{f>0tCcp—0)+6{f >0}t  Asp.p.

et si la suite{ v, ) est asymptotiquemerdt” (P)-optimale alors

n—-—+o0o

1-2
limsupn®/? | X — X" |12 < 65+ (Q, (P))*/" / fif T sd) s (134)
{r>o0y
de sorte que la suit@fg“)nzl estL*-taux-optimale dés lors que

/ fo FT TN < oo,
{r>0}
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En méme temps, ce résultat affirme que I'erreur de quantdicatordre s associée a la suite trans-
formée converge verfsavec une vitesse au moins égabe d/¢ (et donc égal d’aprés ce qui précéde).
Le second résultat est la contrepartie du résultat sur leebiaférieure. En effet soX ~ P avec
P = f-)\4. Sous I'hypothése d’existence d’'un moment d’ordre un pas @fal & pour X on montre
que sl ,, laloi de% + u, est absolument continue par rappo® @our unf > 0, 1 € R? et si

la "fonction b-maximale dg«,,)" définie surR? (pour touth > 0) par

oy M(Ba b, )
Yp(z) = >k P(B(z, bd(z, an)))

est intégrable par rapport# ,, pour unb < (0,1/2), alors pour toute suité” (P)-optimale(c,) et
pour touts > 0,

. s/d Salt s s+d -
limsup n®® || X — X% ||2 < C(b) 0 / Jouf T dAg < 400, (1.3.5)
n {/>0}

pour une constanté’(b) > 0. Ce résultat nous dit en particulier que la vitesse de cgevee de

I'erreur de quantification| X — Xon" |5 vers zéro reste optimafe: de I'ordre den /7.

Il faut noter que dans ce dernier résultat la syitg) est (exactement)” (P)-optimale tandis que
dans le premier résultat sur la borne supérieure (lorsgeer) on demande a la suitey,,) d'étre
simplement asymptotiguement (P)-optimale.

A ce stade, il parait naturel de chercher parmi les paraméire:) qui laissent la suite trans-
formée L*-taux-optimale, le paramétre minim@*, .* qui rend la suite(aff’“*) la plus prés de la
Ls-optimalité asymptotique. |l s’avére que le paramétretdtiét est), 1 une fois fixé ne jouant qu’'un
rble de recentrage indépendantsdet den (si X est centré: = 0).

La Ls-optimalité asymptotique ne peut pas étre prouvée théam@mt du fait de I'existence d'une
constante”' (b) non explicite dan$1.3.5) et de la non optimalité de la majoration d&ns3.4).

Néanmoins on montre I'existence et I'unicité d'un tel paéard* pour la loi Gaussienne, la
loi exponentielle, la loi Gamma, et pour les deux premiéoés dn montre que la suite transformée
associée(af;’“), vérifie le théoreme de la mesure empirique a l'orglreDes résultats numériques
nous ont mené a conjecturer que cette derniére suite espasjomement.*-optimale. Elle est aussi
numériquement trés proche dellé-stationnarité et de I&°-optimalité méme si pour ce dernier point
I'exemple de la loi exponentielle montre qu’elle ne I'est @ général.

Pour la loi Gamma on a montré gue la suite ainsi "optimali$ézéf"“) ne vérifie pas nécessaire-
ment le théoréme de la mesure empirique a I'ordr€e qui nous conduit a construire un exemple de
suite L*-taux-optimale qui n’est pas asymptotigueméfitoptimale.

Au chapitre3 nous menons a bien une premiére étude allant dans la diredéi® propriétés
géomeétriques d’'une suite de quantifielifsoptimaux en étudiant le comportement asymptotique de
la suite du rayon maximdlp,,) associée a une suite de quantifiedifsoptimale définie pour tout
n > 1 par

pn = max{|al, a € a,}

ol | - | est la norme euclidienne d&& (lorsqued = 1, pour tenir compte de I'ordre naturel on pose
simplemenfp,, :== max{a, a € ay, })
On montrera que, des quepp(P) est non borné (a droite lorsqde= 1), alors

lim p, = 4o00.

n—-—+00
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Nous donnerons ensuite, pour une grande famille de pratgsbila vitesse a laquelle le rayon max-
imal converge verstoo. Cette vitesse de convergence découle de deux résultatspaux. Le
premier conduit & la borne supérieure de la suyite) ou (log p,,) et s'énonce comme suit. S{
admet pour loiP vérifiant

P(dl‘) > €0 1{:B€B(m0,ro)}>\d(dx)7 €0, TOo > 0, To € Rd,

alors le rayon maximal associé a une suite de quantifieligptimale vérifie

i it (7 12)) 2 G @30

ou F, est la fonction de survie généralisée définie pour toatR? par F,. () = E([X|"1{x)>2}) €t
C,.qv > 0 est une constante dépendant-déet del/ ~ ([0, 1]¢).
Sid = 1,r > 1 etside plusX admet une densité décroissance vers zéro sur un enseinblec)
et vérifiant .
o0
hm (u _ 1)7“—1 f(uy)
y—too )y f(y)
(hypothése en particulier vérifiée pour des lois a denfitd o |z|° e 1" 2 € R;9, k > 0;¢ >
—1) alors on a le résultat suivant (plus précis que le précédent

du =0

lim liminf (27 E.(<22)) > ¢y 0 1.3.7
im limin <n (1+€)> 2> Cr1u ( )

el0 n—+o00

Ces résultats donnent entre autre la vitesse de convergerice CTZ”%) vers( pour touts > 0,
avecc,q = 1sid = 1;r > 1 ete, 4 = 2 sinon. lls affirment que cette vitesse est d’'un ordre au plus
égal an~—(+7/d),

D’autre part, lorsquer > 0 est choisi de sorte que la suite de quantifiguars) resteL” " -taux-
optimale alors,

limsup sup (c’”r" n"d 7(pn + c)) < 400 (1.3.8)
n—+oo ¢>0

et

lim sup sup ((1 — 1/u)r+y n T F, (upn)) < +o0. (1.3.9)
n—+oo u>1

Ces deux derniers résultats qui nous permettent d’avoiotaebinférieure du rayon maximal
affirment en particulier que pour tout> 1, F,.(p,u) (et F(p, + c), Ve > 0) tendent vers) lorsque
n — o0 & une vitesse au moins égalea’ )/ dés quea,) estL’-taux-optimale. On verra
que le paramétre optimat assurant que la suitex,,) resteL” *”-taux-optimale pour tout € (0, v*)
jouera un réle crucial pour obtenir une borne inférieurergauwitesse de convergence du rayon
maximal.

Ensuite nous avons montré comment la connaissance du cament asymptotique delog F,
permet de déduire les asymptotiquedaep,, ou dep,,. Comme exemples importants on peut men-
tionner deux familles de lois.

> Les lois agueue polynomialencluant les lois a densitg vérifiant

1{|m|>1} SL’ERd,ﬁER,C>T‘+d
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pour lesquelles la vitesse de convergence de la Bigtg, est calculée et donnée pour tout- 0 et
pour toutd > 1 par
log pn 1 r+d
11m = .
n—+oolog(n) c—r—d d

> Un autre exemple concerne les loig@eue de distribution exponentiellecluant les lois a densité
f telle que
f(@) o |z|ce B 2 e RY 9,6 > 0; ¢ > —d

pour lesquelles on a pour todt> 1 et pour toutr > 0,

1 r\1/x .. Pn . Pn 2 r\Ll/x
e 14 - < lim inf 7H§hmsup — < ~ 1+ -

et dans le cas particulier ell= 1 etr > 1 on obtient la vitesse exacte

lim P :(T—i—l)l/ﬂ
n—+4o00 1/k ’
¥ (log(n))" v

Notre conjecture générale pour ces lois a queue exporlernebuvée pour = 1 etr > 1) est
que la limite inférieure est optimale, c’est-a-dire que

) Pn 1 ry\1l/k
lim = 1+ = .
n——+o0 (log(n))l/“ 191/"1 < d)

D’autre part, une approche alternative pour la limite iigfiére est aussi proposée. Celle-ci est

basée sur la quantification aléatoire et relie le rayon malim a E( max | X%|) ou (X}) est
1§k§[n r+4v d]

une suitei.i.d de variable aléatoires distribuées selon la loidet v > 0 est telle que la suitéw,,)
estL”TV-optimale.

Le dernier chapitre est consacré a des applications en ¢énglas précisemment aux pricing
d’options Lookback and d’options barriéres par la méthaelddnte Carlo, par une méthode hybride
Monte Carlo-quantification optimale et par une méthodegpguantification optimale.

Rappelons qu’une option sur un sous-jacent (stock) est mimataqui confere a son détenteur le
droit et non l'obligation d’acheter (dans le cas d'un call) @e vendre (dans le cas d’'un put) une
gquantité du sous-jacent pour un montant fixé(strike) a une date fixée (la maturité). Une option
européenne ne peut étre exercée qu’'a maturité tandis qojtien américaine peut étre exercée a
tout instant jusqu’a la maturité. Ces options ont un prieqirix est déterminé par la valeur courante
d’'un portefeuille d’autofinancement ayant pour valeur ieate la valeur de I'option a muturité.

Du point de vue mathématique sof2, 7, P) un espace probabilisé muni de la filtratidh =
{F:,1 <t < T}. On considére que le prix du sous-jacent est modélisé pgudton différentielle
stochastique (EDS) suivante

dX, = b(t, X,)dt + o(t, X )dW,,  Xo = (1.3.10)

oU (W4)se(0,71 €St un mouvement brownien de dimensiaaefini sur(Q2, 7, P); b : [0, 7] x R? — R4
eto : [0,7] x R — M(d, q) sont des fonctions continues vérifiant

bt 2) — b(t, )| + llo(t,2) — o(t,y)]| < Cla — (13.12)
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et
b(t, 2)| + llo(t, =) < C(1 + |x) (1.3.12)

pour toutt € [0, 7] et pour toutz, y € RY. La norme] - | est une norme quelconque &é et|| - || une
norme quelconque sur I'espace des matrité&l, ¢). La valeur initiale¢ est une variable aléatoire
de carré intégrableF,-mesurable, indépendent @é et défini sur(Q2, 7, P).

Rappelons que sous les hypothéses faites sur les coefi¢iEBXS admet une unique solution
forte (voir par exemple [OKS]).

On dira que le marché est sans arbitrage s'il existe une bHiIIédTD sous laquelle la valeur actual-
isée du prix du sous-jaceat”S; est une martingale. Il est dit complet si la probabﬂﬁ’tést unique.
Dans un marché complet, tout actif peut étre répliqgué avestolek et un zero-coupon a travers un
portefeuille d'autofinancement. De plus sous les hypothdsbsence d’oportunité d’'arbitrage et de
complétude du marché le prix des actifs est déterminé defagigue est correspond a I'espérance de
la valeur actualisée du payoff (une fonctionnelle du presssle prix(X;)cjo, 7 qui peut dependre

de toute la trajectoire du processus) sous la probaﬁili@i V; est la valeur de option au tempst si
h dénote le payoff a maturité alors

Vi = e "TOR (R F),
OUE est I'espérance solsde sortes que le prix au tempgst donné par
Vo =e "TE(h).

Dans ce travail nous nous sommes intéréssé a une classexsogtotiques dont le payoff dépend
de toute la trajectoire du processus Bufl’]. Ces payoff sont de la forme

h=F(Xr, sup X3) or h=F(Xr, inf Xj).
te[0,T] t€[0,7]

LorsqueF’ est une fonction continue on parle des "options type Lodkbaar référence a I'option
lookback standard de paydifdéfini par

h=Xr— inf X, (orh = sup X; — Xrp).
t€[0,T] te[0,T)

Quand le payoff peut étre décomposé par

h = o(X7)Lsup, e 0.0y Xeel} Or (X1)Liint, 1oy Xoel}

ou I est un interval non borné dg, on parle d’options barrieres.

Noter que dans le modéle de Black-Scholes il existe des flesmaemi fermées pour les prix
des options Lookback et barrieres (vi@V]). Mais dés qu’on quitte le modéle de Black-Scholes il
n'existe plus de formules semi fermées de sortes que cedgivignt étre approchés par des méthodes
numériques. Ceci nécessite la discrétisation de la t@jealu processus par des schémas tel que le
schema d’Euler. Une fois la trajectoire discrétisée on ppptocher

EF(Xp, sup X;) (ou EF(Xp, inf X3))
te[0,T) t€[0,T)]

par

EF (X7, Jnax Xy) (ou EF(Xr, Oggn X))
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oU (X, Jo<k<n €St le processus discret issu du schéma d’Euler (continty) et % les points de
discrétisations. Mais on sait d’aprSOB| que I'erreur faible associée a une telle approximation est
trés faible puisqu’elle est d’un ordre inférieure2&'/2. Ceci pourrait s'expliquer par le fait qu’on
perd de l'information entre deux temps de discrétisatioisque la probabilité pour que la barriére
soit franchis entre ces deux temps de discrétisation pppaaexemple étre trés proche tlseans que
cette information ne soit prise en compte. A partir de lagsentation de I'espérance d’une variable
aléatoire par rapport a sa queue de distribution et par tondement (en utilisant la méthode du pont
brownien) on réecrit le prix de ces options en intégrant abdl® que la barriére soit franchis entre
tous les temps de discrétisation. Par exemple le prix digPhdokback call de maturité est estimé
par

Crr =" TE(Xr = A min iV 0)" = Xo —ae™'E <Ua—1XT ,}1 (1- P, .x, (—’?Tf“ﬁ)
(1.3.13)

et celui du Partial Lookback put de maturiféest estimé par

T S o\t _ a.—rT V% _ (4B VX
E(A Xi— X = E X 1—||G T 1.3.14
B max X = Xr) " = fe (e T( o fine (55 )>> (319

ol > 0,8 > 0andU ~ U([0,1]) andV ~ &(1) sont tous deux indépendantes (d€;)x—o.... »
(processus d’Euler continu) et

_op =) (=)

Gay(u) = <1 —€ To¥(s) ) La<cuy<uy

and

_opla=w)y—w)

Fyy(u) = (1 —€ To2(@) > la>uy>u}-

On en déduit alors des formules de prix pour les options Laokla strike fixéK. Ainsi pour le put
de maturitél’ on a

e TE(K — min X;)" = Kae™ "TE
t€[0,T]

et (1 - (ﬁ Fg | %0 (KU“)))] . (1.315)

k=1

et pour le call de maturit@’

n—1
e E(max X; — K)T = KBe ™ E [ev (1 - (H Gy %, (K + m/))) (1.3.16)

t T
€f0.7] Pt

Ces représentations sont censés réduire la complexitélciu de tels prix par la "methode du
Pont Brownien" (voifPAGZ) qui nécessite le calcul

L(sup Xt]th,k =0,---,n).
[0,7]

Les résultats numériques obtenus sur I'option Partial back call montre en effet que cette méthode
réduit la complexité mais en méme temps augmente la variggaerapport a la methode du Pont
Brownien) méme aprés réduction de la variance par des #igws stochastiques qui permettent
d’estimer les parametres® et 5* minimisant la variance darng.3.13) et (1.3.14).
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Ensuite une méthode hybride Monte Carlo-quantificatiomnugde est proposée pour le calcul du
prix des options Partial Lookback. Elle consiste a estiregielspérances par rapport a la loi uniforme
et la loi exponentielle qui apparaissent dans les équatibisl3) et (1.3.14) par la méthode de
quantification. Les résultats numérigues obtenus sur legaPhookback call et put montrent que
cette méthode nous permet de retrouver le niveau de variaiticde (par rapport a la méthode du
Pont Brownien).

Des formules d’'approximation des prix d’options barriésest aussi obtenus par la méme tech-
nigue de conditionnement. Par exemple I'option up-andpuitde maturitél’ de strike K et de
barriereL peut étre estimer par

k=1

t€[0,T)

Pour I'option down-and-out put de maturiféde strikeK et de barriérd. elle est estimée par

e "TE((Xr — K)+1{tei[%fT %ory) =¢ E (f(XT) I1 kal,Xk(L)> : (1.3.18)

] k=1

Ces dernieres formules sont classiques (voir par exef@ilé, PAG2Z) mais cette représentation
nous permet de pouvoir estimer les prix des options bagripag la méthode de quantification en
s'inspirant des méthodes d’estimation de filtres non likégpar quantification présentée d8PAGPRI| SEL.



Chapter 2

Universal L°-rate-optimality of
L"-optimal quantizers by dilatation and
contraction

This work will appear irESAIM PS

We investigate in this paper the properties of some dilatatior contractions of a sequence
(an)n>1 Of LT-optimal quantizers of ai?-valued random vectak € L' (P) defined in the proba-
bility space(£2, A, P) with distributionPx = P. To be precise, we investigate thé-quantization
rate of sequencesy” = yu+6(an — 1) = {+0(a—p), a € a,} whend € RY, € R s € (0,7)
ors e (r,+o00) andX € L*(P). We show that for a wide family of distributions, one can gia/éind
parameters$d, 1) such thai(a%“)nzl is L*-rate-optimal. For the Gaussian and the exponential distri
butions we show the existence of a cou#, .*) such that(aﬁ*’“*)nzl also satisfies the so-called
L*-empirical measure theorem. Our conjecture, confirmed byamical experiments, is that such
sequences are asymptotically-optimal. In both cases the sequemoé*’”*)nzl is incredibly close
to L*-optimality. However we show (see Rema&xk.4 ) that this last sequence is nbt-optimal (e.g
whens = 2, r = 1) for the exponential distribution.
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2.1 Introduction

Let (Q, A, P) be a probability space and 1&t : (2, A, P) — R? be a random variable with distribu-
tion Px = P. The L"(P)-optimal quantization problem of sizefor P (or X) consists in the study
of the best approximation oX by ao(X)-measurable random vector taking at mostalues. For
X € L"(P) this leads to the following optimization problem:

enr(X) =inf {|| X — ¢(X)];,q: RY — a,a ¢ RY, carda) < n}.
Leta C R? be a subset (a codebook) of sizeA Borel partitionC, () .c., of R? satisfying

Col@) c{zeRe: |z —a| = l])fnin |z — 0|},
Ean

where| - | denotes a norm oR? is called a Voronoi partition dR? (with respect tax and| - |).
The random variabl& @ taking values in the codeboaekdefined by

Xa = Z al{XECa(a)}'
acx
is called a Voronoi quantization of. In other words, it is a nearest neighbour projectionXobnto
the codebook (also called grid)
For any Borel functiory : R — «,

X —q(X)| > mind(X,a) = d(X,0) = |X - X% Pas
aco
so that

enr(X) = inf{||X — X%, c R% carda) < n}

1/r
= inf </ d(zx, a)TdP(ac)> . (2.1.1)
aCR? Rd
carda)<n
For alln > 1, the infimum in(2.1.1) is reached at one (at least) codebaedk o* is then called a

L"-optimal n-quantizer. In addition, if card(supp)) > n then carda*) = n (see[GL] or [PAG]).
Moreover the quantization errot,, (X ), decreases to zero asgoes to infinity and the so-called
Zador’'s Theorem gives its convergence rate under a slighilygent moment assumption oh

Zador Theorem (see[GL]) : Suppos€eE|X|" ™" < +oc for somen > 0 and letP = P, + P
be the Lebesgue decompositionffwvith respect to the Lebesgue measngewhereP, denotes the
absolutely continuous part arfd the singular part of?. Then

lim n"/?(e, . .(P))" = Q.(P).

n—-4oo

with
d+r
d

P)=ha( [ 175 0a) T =l e, €0.450)

r/der

n,r

Jra = int "%, (U([0,1)%)) € (0,+00),
whereU ([0, 1]¢) denotes the uniform distribution on the $et1]¢ and f = %. Furthermore, this
theorem naturally suggests to set the following definitions

A sequence ofi-quantizery o, ),>1 IS
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- L"(P)-rate-optimal (or rate-optimal for X) if

1/r
lim sup n'/4 (/ d(x,an)rdP(x)> < +o0,
R4

n—-4o00

- asymptotically L"(P)-optimal if

lim n'/? / d(z, an)"dP(z) = Q.(P),
]Rd

n—-400
- L"(P)-optimal if for all n > 1,

e, .(P)= d(z,an)" dP(x).
R4

Optimal quantizers are used in many fields of applicatidres$iignal Processing (discretization of
emitted signals) or more recently, Numerical Probabilityane they provide some simples quadrature
formulae for the computation of expectations and conditi@xpectations. This approach has been
extensively developed in Finance for the pricing of Amamiogtions, swing options (commaodities),
portfolio management (stochastic control) or stochastiatility estimation (non linear filtration);
we refer for example tgPPR for applications to stochastic control problems. The ertmyunds in
these quadrature formulae are always based on the mearizgtianterror|| X — X¢|, wherea is
an optimalL”-quantizer, usually withr < s.

Motivated by this problem, the asymptotic behavior of iiemean quantization error of a se-
quence ofL"-quantizers has been extensively investigate@GhP]. A lower bound has been es-
tablished which shows that if the distributidnis unbounded in the sense that the density function

= % satisfies\;(f > 0) = +oo then for any sequencgy,, ),>; of asymptoticallyL"-optimal

quantizerslim inf néuX — Xy = 400, Vs > 7+ d.
n
On the other hand, under natural assumptions in the taileodligtributionP, it is shown in[GLP]
that for any sequence @f -optimal quantizersys € (0,7 + d), lim sup ni | X — Xon |s < +o0 i.e
n

(on)n>1 remainsL®-rate-optimal as long as < r + d.

The aim of this paper is to show that some simple transfoonatf the L”-optimal quantizers,
namely some dilatation-translation, makes possible toocovee the critical exponent+ d: we will
establish that for a wide family of distributions, one caways findd € R and; € R (depending

onr, s andd but not onn) such thal(af;“)nzl is L*-rate-optimal. From a general upper bounds that
we establish for such transformed sequences of quantizederive an heuristic to specify some ex-
plicit optimal (in a sense which will be elucidated laterqiong parameter§d, 1) for several families

of distributions (Gaussian Vector, exponential and gamisigilutions). Some numerical computa-
tions carried with the Gaussian and the exponential digighs show that the resulting sequence of
quantizers is very close tb*-optimality.

So, one application could be to use these quantizers talinéithe procedures used fbf-optimal
(and local optimal) quantizers search wheZ 2. Indeed, in the quadratic case,= 2, several
stochastic procedures like the Competitive Learning \feQtaantization algorithm or the randomized
Lloyd’s | procedure have been designed. Both rely on theosiaty property:)?a = IE(X\X’C“),
satisfied by optimal (and locally optimal) quadratic quaets. In one dimension, Newton’s method
is used to compute the optimal quadratic quantizers. Thusa@enpackage of optimat-quantizers
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of the N/(0, I;) distributions are available in the websitew. quant i ze. mat hs-fi . comfor
de{l,---,10} andn € {1,--- ,5000}. But, whens # 2, the natural extension of these procedures
become more difficult to implement due to some loss of stgbilivhens > 2 the procedures tend
to explode more and more often while wher< s < 2 the convergence phase becomes chaotic. In
particular, the sensibility of the procedure to its initiation increases asmoves away fron2. Thus,
initializing theses procedures by the dilated-contraci@ebptimal (or locally optimal) quantizers
would make them more stable and speed up the convergencs.isTluhat we do to carry thé?-
optimal quantizers of the one dimensional Gaussian digtab (used for numerical experiments in
Section5.1.2) by Newton’s method. In fact, initializing this proceduredan-tuple different from the
dilated sequence usually makes the hessian matrix df trguantization error singular (which makes
the procedure very unstable), especially when the grid&sisecomes large (typically when> 400).

The paper is organized as follows. In sectibwe establish a general lower bound for dilated-
translated sequences of quantizers. General upper bounddsa established in secti@nfor such
sequences. In sectiahwe provide a necessary and sufficient conditior.dfrate-optimality for the
dilated-translated sequences. Secfiateals with some examples of distributions for which we give
the set of parameter$, 1) such that the dilated-translated sequende’isate-optimal and try to find
the couple (if any) which makes the resulted transformedesece satisfy thé.*-empirical measure
theorem. The last section is devoted to some applications.

NOTATIONS : e Let o, be a set of, points of R? . For everyu € R? and every > 0 we denote
an’ = p+0(an —p) = {p+0(a—p), a€an}.

o Let f : RY — R? be a Borel function and lgt € R, 6 > 0. One notes by , (or fy if u = 0)
the function defined by ,(z) = f(u + 0(z — p)), = € R

oIf X ~ P, Py, will stand for the probability distribution of the randomriable % +u, 0 >

0, € RZ. In other words, it is the distribution image 8fby = —— 55 4+ p. Note that ifP = f- Ay

APy, _ pd
then Dy =40 f97u.

e If Ais amatrixA’ stands for its transpose.

e Setr = (w1, ,1q); y= (y1,- - ,ya) € R% we denotdx, y| = [x1,y1] X -+ X T4, ya)-

e Let |- | be a norm orR? and letA be a subset oR?; we denote byB(z,) the closed ball,
centered ta: with radiusr > 0 and byd(z, A) the distance betweenand A; both with respect to the
norm| - |.

2.2 Lower estimate

Letr,s > 0. Consider an asymptotically” (P)-optimal sequence of quantizes,, ), > . For every

r € R4 and any § > 0, we construct the sequen@ef;“)nzl and try to lower bound asymptotically
the L*-quantization error induced by this sequence. This esiimatrovides a necessary condition of
rate-optimality for the sequencﬁaﬁ’“)nzl. In the particular case whefe= 1 andu = 0 we get the
same result as ifGLP].

Theorem 2.2.1.Letr,s € (0,+00), and let X be a random variable taking values ®? with

distribution P such that P, = f.\q # 0. Suppose thdE| X |"*" < oo for somen > 0. Let (v, )n>1

be an asymptotically.” (P)-optimal sequence of quantizers. Then, for every 0 and for every
p € R,

liminf n/ | X — X" |2 > QIE(P.0), (2.2.1)
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with p
IrnL(Pv 9) = 93+dJs,d </ fdird)\d> / fe,uf_ﬁd)\d.
’ R (>0}

Proof. Letm > 1 and

m2™ —1

l
97 — .
fut =Y gwlepacp:
k,l=0
with
k k+1 l [+1
Bl = {2_m <f< 2%} N B(0,m) andG}" = {2—m < fou< ;—m} N B(0,m).

The sequencefff{“)mzl is non-decreasing and

lim fgl’u = fg’u Ag a.e

m——+o0

Let
L = {(k0) € {0, ,m2™ — 112 : \a(E") > 03 Aa(GJ") > O}.

For every(k, 1) € I,, there exists compact sek§* and L;" such that :

m m m m m m m m 1
Then
(BE' NGPNKE N L) = B0 Gt n (K1) U (L")°)
C(BRN\EE) U (GIP\L").
Consequently,
Aa(E N GINEE N L) < Aa(BP\KE) + Aa(GIMLT")
1 1
< m422m+1 + m422m+1
1
= mAg2me

For everym > 1 and every(k,!) € I,,,, set
e = K0 L,

m2m —1

fO,p . _ Z L
m.oc om 1A2-rfl’
k,1=0

and

m2™m—1

. k
fm = Z Q_mlAZfl'

k,1=0
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We get )
{fmi# o'y U (B N GIM\ALY) -

k,1€{0,-- ,m2m—1}
Therefore, for everyn > 1,

m2m—1

x 1 1
0, 0, -
Ad({fmu ?é fmu}) S Z m422m - m2
k=0
and finally
Z Lipansjomy <00 Aq a.€
m>1
As a consequenck;(dz) a.e,f,?{“(m) = ( ) for large enoughn. Thenf,; Oup Ad g =" fo,, When

m — +o0. Since in addition4;”;, C E}" N Gm we obtain
Fot < Ft < fou (2.2.2)

Moreover, for everyn > 1,
0ol | X — KOs = gl / Az, i+ 6 — 1)) F(2)ha(d2)
]Rd

— ¥ [ min |z — (u+ 6 — )" F()Aa(d2)

Rd acon

= 0*n*? [ min |(z — p)/0 4 p— al* f(2)Aa(dz).

Rd acon

Making the change of variable:= (= — p)/0 + p yields:

~ 0,
n X = XS =0t | d(a00) fo (@) a(de)

> 93+dns/d/ d(z, an)* For N (da) (by(2.2.2))
Rd
m2™ —1
95+d s/d Z / 1’ an )\d dx) (2.2.3)
k,l=0

Letm > 1and(k,[) € I,,,. Define the closed seIé;Q”l by Akl = () if Ag(A7 r1) = 0 and otherwise by
~Z,Ll = {IL' € Rd . d(x,AZfl) S Em}

wheres,,, € (0,1] is chosen so that

~ fﬁrdAd < (141/m) fﬁdkd-
AR A
Since Ay, is compact{ A", ¢ B(0,m + 1) V(k,1)), and

Ay C (lefl)emﬂ = {z eR?: d(w, Ay < em/2} ={x € RY : d(z, (AR)°) > em/2},
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there is (ref. [DGLP]Lemma 4.3a finite " firewall" setﬁ,@’fl such thatvn > 1, Vz € (Agl)em/2,

d(x7 op U BITI) = d(l‘, (an U 5]?&) n AZ?I)

This last equality holds in particular for everye A", since A", C ([lg"fl)gmﬂ.
Now sets™ = (J,, 81 and nj?; = card(a, U S™) N fl’,g"jl). The empirical measure theorem
(see(2.5.3)) yields

. _d_
carda, N Ay,)  Jap f77dAa
lim sup — < — .
" " [ fardrg

Moreover ~
ny, card o, N AYY)
kil n 8k
—_—~ when n — 400
n n

then

at d atr dA
+r +r
lmint L > ST m [T dA

el = > 1 = . (2.2.4)
n—+oo ngt IAZLI farrdy, ™ + IAZLI fardg

On the other hand,

d(z, 0 )* Ag(dz) > d(z, (o U By) N AT Ag(da)
Al Al
m m Am \s Ag(dz
= )\d(Ak,l)/d(wa (o U BEY) N ARY) Tap, (x)id( )

(A7)
> Al Z?z)ef;gfl,s(U( k1))

whereU (A) = 14/Xi(A) denotes the uniform distribution in the Borel setvhen);(A) # 0. Then
we can write for everyk,l) € I,

s/d
lim inf n®/4 d(, )’ Ag(dz) > Ag(Af) lim inf <Lm> lim inf n®/%es (U( k1))s

n,s
n—-+o00 n n n ’
AL"Z k,l

since
lim inf ns/defl,s(U(AkT?l)) > Jod - Al Z,Ll)s/d'

n

Owing to Equation2.2.4), one has
s/d

d
T d )\
lim inf n/? d(z, o)’ Ag(dx) > Ng(ALY) - J 7

Jed - M m s/d‘
n—-+o0o A’I’gnl ’ m+ 1 f m fﬁdrd)\d S ( kvl)
’ Ak,l

However, f < %5 on E* (which still hold onA7?, becaused?, C E*). Hence

k+1

__d s
liminfns/d/ d(z, an)* Aa(dz) > Jya L/f%Ad(dx) (kALY (AT
n—+o0 am T = \m+1 2 e

m
k,l
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It follows from Inequality(2.2.3) and the super-additivity of the liminf that for eveny > 1,

> i g N
lim inf n*/4 || X — X" 3 > m”%d&#li/wiMw@> 2. <§%> Aa( AR

+1 k,1=0 2
+d m d s/ 0.0 F s
> 8 Js,d <—/fd+">\d dx > / fm’u fm + 27T drrd ).
. an) [ )

Finally, applying Fatou’s Lemma yields

N s/d .
liminf n®/? | X — X" |2 > 05+, < / frdrdxd> / fouf T dA,.
Rd {f>0}

n—-4o00

2.3 Upper estimate

Letr,s > 0. Let (ay,)n>1 be an (asymptoticallyL” (P) - optimal sequence of quantizers. In this sec-
tion we will provide some sufficient conditions &f (P)-rate-optimality for the sequencﬁaﬁ’“)nzl.

Definition 2.3.1. Letd > 0, u € R? and letP be a probability distribution such tha? = f - \;. The
couple(#, i) is said P-admissible if

{f>0}cu@d—-0)+0{f >0} Ag-a.e. (2.3.1)

One remarks that when su@p) = R? then every coupléd, 1) is P-admissible. Indeed, almost
everyz € RY can be writtenz = u(1 — 0) + 0z with 2z = w andf(z) > 0.

Theorem 2.3.1.Letr, s € (0,+00),s < r and letX be a random variable taking values Rf' with
distribution P such thatP = f - \;. Suppose thatd, ;1) is P-admissible for somé > 0; € R,
and E|X|"t" < oo, forsomen > 0. Let(ay,),>1 be an asymptotically.”-optimal sequence of
n-quantizers. If

/ o FTTdAg < +o00 (2.3.2)
{r>0y

then, (a5"),>1 is L*(P)-rate-optimal and

1—
1Mwmﬂﬂw—X*WxWH%@um“</ ﬁff%wM> - (233
{r>op

n—-4o0o

Remark 2.3.1. Note that ifd = 1 andyu = 0 then

/ fei_;f—%dxdz/ f&f‘rssdxdz/ fdri=1.
{f>0} {f>0} {r>0}

Which gives the expected result sined — X ||, < [| X — X |,
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Proof. Let P? denote the distribution of the random variabl&. P is absolutely continuous with
respect to\g, with p.d. f go(z) = 674f(%).
For everyn > 1,

X =X = el | (o) dP(a)

= ns/d/ min |z — pu(1 — 0) — a|® f(z)dAg(x).
{

f>0} acan

Making the change of variable:= = — u(1 — 6) gives

| = X4 3=t [ (=, 60)*F (= + (1 = 0))dra(2)
{£>0}—p(1-0)
<wl [ d(z,60,)° (4 n(L - 0))g; ()P (2 (2.3.4)
0{f>0}

T—S
T

s/r r
Sns/d </Rd d(z,@an)rdP6(2)> </9{f>0} (f(Z + ,U(l — 9))99—1(2))ﬁdP9(z)>

T—S

S

Aean r 8/7“ o - - T
< (wrtjox =X 1) ([ g (- 0)75g T ()
0{f>0}

where we used th&-admissibility of (4, 1) in the first inequality. The second inequality is derived
from Holder inequality applied wittp = /s > 1andg =1 — s/r.
Moreover

—~ fan

[6X —6X (|7 = E( min [6X —6al") = 6[|X Xon|r. (2.3.5)

Then

T—S5
s T

~ 0, ~ s/r roo—t
/4| X — X" |5 < g° (nr/d”X — Xan”;) (/g{f y Fz+pu(l—0)7=g, " (2)dAa(2)
>

Owing to the asymptotically.” (P)-optimality of («,,) and making again the change of variable=
z/0 yields

T—S8
T

n—-+o0o

limsup n*/ [[X — X2 < 0° (Q,(P))*" <9 /e{f RE(CRYCE e>>>fsf<z/e>—fsdxd<z>>
>

rd

= 0% (Q,(P))*/" <9 r=s /{f>0} foulx)s f(l')_’"s“"dAd(ZL')>
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The next theorem provides a less accurate asymptotic ugperdithan the previous one since,
beyond the restriction on the distribution &f we need now the sequenge, ) to be (exactly)L” (P)-
optimal. Before giving the theorem, recall first the follagiresult established ifGLP] and related
to the maximal function);, : R? — R, U {4oc} defined by

() = sup Aa(B(z,bd(x, ay)))

n>1 P(B(x,bd(z, ap,))) (2.3.6)

Proposition 2.3.1.Letb € (0,1/2), X ~ P, with P, # 0, such thaffl| X |"*" < co, for somey > 0.
Let(av,,) be anL"(P)-optimal sequence of quantizers. Thenc R,

sup n'/d(z, o) < C(b)gy(a) /() (2.3.7)

n>1

where(C'(b) denotes a real constant not dependingron

Theorem 2.3.2.Letr,s € (0,+00) and letX be a random variable taking values R with dis-
tribution P such thatP = f - A\;. Suppose thaE| X | ™" < oo for somen > 0 and P, < P (i.e
Py, is absolutely continuous with respect/®) for somed > 0, 1 € R%. Let(ay,),>1 be anL”(P)-
optimal sequence of quantizers and suppose that the mafumalon defined previously satisfies

Y/ ¢ (P, for someb € (0,1/2). (2.3.8)
Then,
limsupn®/? | X — X" ||5 < C(b) 65+ /{f y fouf TN < +00 (2.3.9)
n >

whereC'(b) is a positive real constant not depending @m andn.

Notice that this theorem does not requife ) to be P-admissible.
Proof. It follows from the definition ofy, that (becaus¢ is a limit which is less than the sup)
frE < T By as
Then, under Assumptiof®.3.8),
/f—div-dpg,u < 4o00.
Foralln > 1,
e A ) I OO YO
= %% [ min |(z — 1) /0 + 1 — a|* f(2)drg(z2)
Rd acony

We make the change of variable= (z — 11)/60 + p. Then
WX =R = e [ 00+ 0 )N
R4

_ psldgs / Az, cun) dPy ().
]Rd
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Hence, from Inequality2.3.7) and under Assumptio(2.3.8), we can apply the Lebesgue dominated
convergence theorem to get

limsup/ns/dd(x,an)SdPg7M(:E) < /limsupns/dd(x,an)SdP97M($)

n n

Now, it is established ifGLP] that
lim sup n®/4d(-, a,)* < C(b) f~ .

n

Then we finally have
limsup/ns/dd(x,an)sdPg,u(x) < C(b)/f_ﬁdPgw(w).

— o) /{ 1y Jral@ 7 @l
O

For a given distribution, Assumptig2.3.8) is not easy to verify. But whesn + r + d, the lemma
and criterions below provide a sufficient condition so thasémption(2.3.8) is satisfied. In the rest
of this section we extend some of the results obtaind® L.

Let P = f - \; be an absolutely continuous distribution. ket € (0,+o0c) and (6, u) be a
P-admissible couple of parameters. We will need the follgniypotheses:

(H1) forall M > 0,
flp+6(z — p))

sup Leres < 400. (2.3.10)
2€B(0,M) f(z) =0
(H2) There existd € (0,1/2), M € (0,+o0) such that
s/(d+r)
Aa(B(z, t))
sup ————-- APy, < +o0. (2.3.11)
/B(O,M)C <t<2bx P(B(x,t)) o

(H3) X4(-Nsup P)) < P and suppP) is a finite union of closed convex sets.

Lemma 2.3.1.Let P = f-X\gandr > 0 such that[ |z|"P(dz) < 4oo. AsSSUME&ay,)n>1 IS
a sequence of quantizers such that(z, «,)"dP — 0. Let (6, ) be a P-admissible couple of
parameters for whictiH1) holds.

(a) If p € (0,1) then for everyy > 0, ¥? € L}, .(Pp,,.)-

loc

(b) If p € (1, +o0] and if furthermorg(H3) holds then for every > 0,
77 € Ligg(P) = ¥} € Ligo(Pou)-
Proof. It follows from the P-admissibility of (6, 1) that
Py (dz) = 0% f (1 + 0(z — p)Aa(dz) = go(2)P(dz),

wheregg(2) = 67 Wl{f@)w}- Thengy is locally bounded by(H1).

(a) If p € (0,1), it follows from Lemma 1 in[GLP| thaty} € L\ (P). Hencey! € L} (Py,,.)
sincegy is locally bounded.

(b) If p € (1, +00) it follows from Lemma 2 ifGLP) that if f 7 € Li.(P) theny! € L} (Py,,.)
sincegy is locally bounded. O
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Corollary 2.3.1. (Distributions with unbounded support) Let> 0, s € (0,+0o0), s # r +d and
let X be a random variable with probability measufe= f - \; such that?| X|"*" < +oo for some
n > 0. Let(0, 1) be P-admissible and suppose thtl), (H2) hold.

(a) If s € (0,7 + d) then Assumptio(2.3.8) of Theoren?.3.2 holds true.

(b) If s € (r + d,+00), and if furthermore (H3) holds andf 7+ L} (P) then Assumption
(2.3.8) of Theoren?.3.2 holds true.

Proof. Letzy € supgP). We know from|DGLP] thatd(xo, «,,) — 0. Then following the lines of
the proof of Corollary 2 ifGLP] one has fotz| > N = |zo| + sup,,>; d(zo, an), d(z,0) < 2|z
for everyn > 1. Thus for everyp > 0, = € B(0, N)¢,

Ai(B(z,t))
Wle) < S BB anD)

Now, coming back to the core of our proof, it follows frdd2) that (forb coming from(H2)),
/ G P, | < oo,
B(0,MVN)

Since

/ws/(d-i-r ap;,, / wz/(dJrr)dPe,ﬁ/ ¢Z/(d+r)dPe,u,
B(0,MVN) B(0,MVN)e

it remains to show that the first term in the right hand sidehisf liast equality is finite.

(a) If s € (0,7 + d) it follows from Lemma2.3.1, (a) that the first term in the right hand side of
the above equality is finite. As a consequen@@ € Ll(Pg,u).

(b) If s > r + d, the first term in the right hand side of the above equalitytilsfsite owing
to Lemma2.3. 1 (b). Consequently, Assumptidr2.3.8) of Theorem2.3.2 holds true providedH3)
holds andf ™"+ € L. (P). O

We next give two useful criteria ensuring that Hypothg$i2) holds. The first one is useful
for distributions with radial tails and the second one fatiibbutions which do not satisfy this last
assumption.

Criterion 2.3.1. LetX ~ P. Suppose thaP = f - \y and E| X | < +oo for somen > 0.

(a) Letr,s > 0andf = h(|-|) on B(0, N)*with h : (R,+00) — Ry, R € Ry, a decreasing
function and| - | any norm orR?. Suppose thatd, ;1) is a couple ofP-admissible parameters such
that

/ flex) @ dPy () < 400 (2.3.12)

for somec > 1. Then(H2) holds.
(b) Letr,s > 0. Suppose sugp’) C [Ro, +oc) for some R, € R and f‘(Rg t+o0) is decreasing for

Ry > Ry. Assume furthermore thé, ) is a couple ofP-admissible parameters such th@t3.12)
is satisfied for some > 1. Then HypothesiéH2) holds.
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Note that(b) follows from (a) for d = 1 and that(a) is simply deduced from the proof of
Corollary 3 in[GLP] since it has been shown that forc (0,1/2), M := N/(1 — 2b) one has for
everyz € B(0,M)¢,

/\d(B(:L',t)) 1
S P(B(t) ~ F(iT2D)

Criterion 2.3.2. Letr,s >0, P = f - \gand [ |z|"t"P(dz) < +oo for somen > 0. Let (6, 1) be
a P-admissible couple such that

sup flp+0(z—n)
2#0 f(Z)

1{f(z)>0} < +o0. (2.3.13)

Assume furthermore that

nf Ad(SUpP) N B(x, p))

>0
zesupp P),p>0 Aa(B(z, p))

and that f satisfies the local growth control assumption : there existd numberss > 0, n €
(0,1/2), M,C > 0 such that

Va,y € SUpRP), [a| = M, |y —z| < 2nz| = f(y) = Cf(z)"**.

/f(a:)_sgiljf) dP(z) < 400, (2.3.14)

then(H2) holds. If in particular f satisfies the local growth control assumption fo& 0 or for every
e € (0,¢g], withe > 0, and if

/f(x)_ﬁrdP(x) = /{f>0} f(w)l_ﬁrd)\d(w) < 400

then HypothesigH?2) holds.

s(14e)

Notice that Hypothesig2.3.13) can be relaxed if we suppose thfdt:) ™+ € L'(Py,,) instead
of (2.3.14).
The criterion follows from Corollary 4 ifiGLP].

2.4 Toward a necessary and sufficient condition fof.*( P)-rate-optimality

Let X ~ P. Let us make some comments about inequalit®8.1) and(2.3.9). Note first that the
moment assumptiori| X |"*" < +oo for somen > 0, ensures thaf, derd)\d < o0 (cf [GL]).
Consequently, iﬂ{f>0} fg’uf_ﬁd/\d = +o0 one derives from inequalit§2.2.1) that

~ 0,
nli»r-il—loonS/d ”X - Xan””§ = +00.

Then the sequendev,'),,>1 is not L*-rate-optimal.
On the other hand iff{f>0} f97uf_ﬁd>\d < +oo one derives from Inequality2.3.9) that

(aﬁ’“)nzl is L*-rate-optimal. This leads to a necessary and sufficientitondso that the sequence
(afg“)nzl (in particular the sequende,,),,>1 by takingd = 1 andp = 0) is L*-rate-optimal.



38 CHAPTER 2. UNIVERSAL RATE-OPTIMALITY

Remark 2.4.1. Let 1 € R%, 6,7 > 0 and letP be a probability distribution such th# = f - \,.
Assume(6, i) is P-admissible. Lef(«,),>1 be anL"(P)-optimal sequence of-quantizers and
suppose that Assumptidg.3.8) of Theorem2.3.2 holds true. Then for every > 0,

(afg“)nz1 is L*-rate-optimal <—- /{f 5 fg,uf‘di_'rd)\d < +00. (2.4.1)
>

Remark 2.4.2. If s < r and if (a;,),,>1 IS asymptoticallyL”-optimal, Inequality(2.3.3)’.provides a
sufficient condition so that the sequer(cé’“)nzl is L*-rate-optimal, which is j{f>0} fﬁ f‘ﬁd)\d <
+oo (always satisfied by, ), > itself).

However, it follows from Holder inequality (applied o= - > 1 andq = ) thatVs < r,

/ foud " dAd :/ Joud 7 T dAg
{r>0} {£>0}

1-2 s
( / fé‘;f‘rssdxd> ([ retan)”.
{r>0

{(6,p)s. t / (;ff_ﬁd)\d<+oo} C{(O,p)s.t / fg,uf_ﬁdkd<+m}.
{r>0} {r>0}
(2.4.2)

As a consequence, {fn,),>1 is an L"(P)-optimal sequence of quantizers and if assumptions of
Theorem2.3.2 are fulfilled then for everys < r we will rather use Inequality2.3.9) instead of
(2.3.3) to find the couple of paramete(8, ;1) so that the sequence Is’(P)-rate-optimal. But If
(am)n>1 1s simply asymptoticallyL” (P)-optimal, we only have at our disposal Inequali®3.3) to
find this set of parameters.

Now, for s # r, is it possible to find a# = 6* for which the sequenceyﬁ*’“)nzl is asymptoti-
cally L*(P)-optimal? (whers < r this is the only question of interest since we know tf@t),,> is
L*(P)-rate-optimal for every < r).

IN

One deduces that

Let (o, )n>1 be an (asymptoticallyl” (P)-optimal sequence of quantizers. For a fixedlandy,
we can write from inequalitieg.3.3) and(2.3.9) :

limsupn®/4 || X — X3 < QSU(P,6) (2.4.3)

with

s =3
QSUP(P, §) = 0+ (Qn(P))*)" <f{f>0} fé;;sf_md)\d> if s<r
| 0 TICWD) [ ooy fouf T dNg it 5> .

One knows that for a given > 0, we have for alln > 1,

e J(X) < [|X — Xon" |2,

n,s

Then for everyd > 0,
Qs(P) < QY(P,0).
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Consequently for a fixed > 0, in order to have the best estimation of Zador’'s constant‘inwe
must minimize ove#, the quantityQ:= (P, §). In that way, we may hope to reach the sharp rate of
convergence in Zador Theorem and so construct an asynaglptic’-optimal sequence.

For 1, well chosen, the examples below show that, for the Gaussidithee exponential distribu-
tions, the minimumg* exists and the sequentﬁaﬁ*’“)nzl satisfies the empirical measure theorem
and is suspected to be asymptoticdll§roptimal.

2.5 Examples of distributions

Let (ay,)n>1 be an (asymptotically).” (P)-optimal sequence of quantizers for a given probability
distribution P and consider the sequen(cm?;“)nzl. For a fixedu ands, we try to solve the following
minimization problem
0" = argmin {Q2UP(P,0), (a%"),>1 L*(P)-rate-optimal}. (2.5.1)
u : >

In all examplesC will denote a generic real constant (not dependingpwhich may change
from line to line. The choice gf depends on the probability measure and it is not clear howdose
it. But Propositior2.6.1 morally implies thaf, must be chosen so that for eveéry- 0, the probability
distribution F ,, lies in the same family of distributions @3 so that for the Gamma distribution we
will set . = 0. If for everyd > 0, € R, Py, lies in the same family of distribution a8 we
will choose . such thaty* does not depend om; which means to put = E(X) if X is further a
symmetric random variable.

2.5.1 The multivariate Gaussian distribution
Optimal dilatation and contraction

Proposition 2.5.1. Letr, s > 0 and letP = N(m; %), m € R% Y € ST(d,R) (the set of positive
definite reald x d matrices).

(@) If (an)n>1 is an L"(P)-optimal sequence of quantizers then, foe4 r + d, the sequence
(0™ )n>1 is L*(P)-rate-optimal iff § € (\/s/(d + 1), +o0) and

0 =+/(s+d)/(r+4d)
is the unique solution of2.5.1) on the se{/s/(d + r), +o0).

(b) If (a,)n>1 Is @an asymptoticallyl.” ( P)-optimal sequence of quantizers then, §of (0,r), the
sequencéay,™),>1 is L*(P)-rate-optimal if § € (y/s/r, +oc) and

0* =+/(s+d)/(r+d) €(0,1)
is the unique solution of2.5.1) on the se{\/s/r, +c0).

Proof. Since the multivariate Gaussian distribution is symmerid for everyd > 0, 5 , is also a
Gaussian random vector, one sgts- m. Keep in mind that the probability density functignof P
is given for everyr € R by

f(x) = ((27'(')ddet2)_%e_%(m—m)lel(m—m).
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Note fi_rst that Hypothesi@H1) is obviously satisfied from the continuity Wl{ f(z)>03 ON
everyB(0, M), M > 0.

(@) Lets < d+ r. Foreveryd > 0, € R?, the couple(d, i) is P-admissible and is radial
sincef(z) = ¢(|Jz —m|x) with ¢ : (0, +00) — R, defined by

P(6) = ((2m)det) 2 exp(~3[€P), with als =[5 a].

Letd > \/s/(r + d). Then Assumptior{3.2.33) holds for everyc € (1,0,/%). Consequently, it
follows from Corollary2.3.1, (a) that Assumptior(2.3.8) of Theorem2.3.2 holds.

If s > d + r, the required additional hypothes@43) and f “d € L} (P) are clearly satisfied
since if P = f - \; then

Ada(supaP) N{f =0}) =0 = Ng(-NSupgP)) < P (2.5.2)

andf‘ﬁ is continuous on every (0, M), M > 0. Then it follows from Corollary2.3.1, (b) that
Assumption(2.3.8) of Theorem2.3.2 holds.
On the other hand

[ fon@pey# e = [ plm 0@ = m)) ()77 da

R4

- O e—%(62—dir)(x—m)’Z’l(x—m)dx
R4

/Rdf@m(ac)f(x)_ﬁ<+oo L

Now we are in position to solve the problei5.1). Letd € (y/s/(d + 1), +0),

so that

98+d/ fe,m(l')f(ﬂj)_ﬁdl' _ ((27T)dd€t E)_%(l—ﬁ) es—i-d/ e—%(GQ—dir)(ﬂc—m)lzfl(x—m)dm
R4 Rd

(]9

_ d 2 pstd (g2 5\
((2m)det )77 ¢ (9 dH)

Ford € (y/s/(d +r),+00), we want to minimize the functioh defined by

h0:S+d 92_ S -
(6) =9 ( d+r

Nl

The function’ is differentiable on(y/s/(d + r), +c0) with derivative

—1-d/2
h/(@) _ 89d+s_1 <92 o S > <92 - 5+ d> )

d—+r r+d

One easily checks thatreaches its unique minimum ¢r/s/(d + r), +oo) atd* = /(s +d)/(r + d).
(b) Let s < r and consider the inequalifi2.3.3). We get

[fin@r e = [ e gy,
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Soif 6 € (y/s/r,+00) then [ f *(x)f 7= (x)dx < +oc. This proves the first assertion.
To prove the second assertion, &€ (1/s/r,+o0c). Then

1—s

_r_ s 1_% r s Iy — T
ga+s (/ £y (x)f—,é(x)dx> — (g5t </ o~z (2= (@=—m)'S 1(x—m)dx>
b Rd
— 4 (r—s)
coti(er-2) T

r

We proceed as before by setting
_ po 2 f B . N _ d B
h() =10 (9 T) , Witha = d+ sandg = _2T(T 5).

Forall 6 € (\/s/r,+o0),

S as

W(o) = 6o (6 - ;>ﬁ_1 ((a+ 20707 ~ %)

The sign of#’ depends on the sign ¢fa + 23)6% — <2). Moreovera + 23 = 2(d + r) > 0 then
W vanishes af* = /(s + d)/(r + d), is negative on the s¢t/s/r,0*) and positive on(#*, +oc).
Thereforeh reaches its minimum ofw/s/r, +oo) at the unique poing*. O

Definition 2.5.1. A sequence of quantize(s,,),>1 is called adilatation of the sequencéx,,),>1
with scaling number # andtrandating number p if, for everyn > 1, 5, = %t with 6 > 1. If
6 < 1, one defines likewise thentraction of the sequencéx,,),>; with scaling number 6 and

trandlating number .
From this definition follows the following remark.

Remark 2.5.1. Let X ~ N (m;X).

If s < rthen 6* < 1. Hence (af:’m)nzl is a contraction of v, ),>1 With scaling numbeg*
and translating number.. On the other hand, i§ > r, then 6* > 1. In this case the sequence
(af:’m)nzl is a dilatation of(«,),,>1 with scaling numbe#* and translating number.. Also note
thaté* does not depend on the covariance maifix

What we do expect from the resulting seque(‘@%*’m)nzl ? Before giving any answer to this
question let us recall first the empirical measure theoresa[GL]) which gives the asymptotic dis-
tribution of the empirical measure induced by an asymtitic.”-optimal sequence of quantizers.

Theorem 2.5.1. (Empirical measure theorem) Lef ~ P, with P, # 0, and let(a,,),>1 be an
asymptoticallyL" (P)-optimal sequence of quantizers. Then

1 PR (2.5.3)
n

acon
where—- denotes the weak convergence and for every Borel s6tR?, P, is defined by

1

/ F(@)@7 dMg(x), with O, = / F(@) T dg(2). (2.5.4)
A Rd
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A sequence of quantizefsy, ),>1 will be said to satisfythe L"-empirical measure theoremif

(2.5.3) holds. The next proposition shows that the seque{mﬁé’m)nzl satisfies thel.*-empirical
measure theorem.

Proposition 2.5.2. Letr,s > 0 and letP = N (m;X). Assumda,,),>1 is asymptoticallyL” (P)-
optimal. Then the sequen¢e?”™),,>1 (as defined before with* = /(s + d)/(r + d)) satisfies the
L#-empirical measure theorem.

In other words, for every,, b € R,

L card({e € ™ A [0, b)) — — / F2)7 da.
n Crs Jiap)

Proof. Foralln > 1,
{rea" Na,b]} = {z €annlla—m)/0*+m,(b—m)/0*] +m}.

Since(ay, ), >1 is asymptoticallyL”-optimal, applying the empirical measure theorem to theisece
(an)n21 ylelds

1 1
—card{z € a,N[(a—m)/0*+m, (b—m)/0*+m]}) — / f(:n)ﬁdfdx.
n Ctr Ji(a=m) 0% +m,(b—m) /6% +m]
It remains to verify that
1 _d_ 1 d_
/ f(z)d+trdr = / f(x)dts dx.
Ctr Ji(a=m) /0% +m,(b—m) /0% +m] Cts Jiay
One knows that L
f(z) = ((27)dets) "2 ¢z (@mm) ¥ @mm)
and (see(2.5.4))
Cir= / f (@)™ da
Rd
so that for alr > 0,
d
Cyr = ((27)"dets) 707D (d i ’”) .
By making the change of variable= m + 6*(z — m), one gets :
1 d 1 N\ —d * _d_
f(z)#rdz = ——(0%) ((x —m)/0* +m)@dx.
Ctr Ji(a—m)/6*+m,(b—m)/6*+m] Crr [a,b]

It is easy to check that
(F((z — m)/0" +m) T = (f(x)) 7 ((2r)idets) 2@ a%)
and that

Ci,r (0%)4((2r) dets) 2@

d
d s )
7rs) _ ((2ﬂ)ddet2)_2(s+d)‘ <d?;$> .
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The last term is simply equal t@;— We then deduce that

1

/ f(@)ado =
Ctr Ji(a=m) 0% +m,(b—m) /6% +m]

1 / f( )dd d
xT)d+sax.
Cf,s [a,b]

O

We have just built a sequen(:ef;’m)nzl satisfying the empirical measure theorem. The question
of interest is now to know whether or not this sequence is asgtically L*-optimal. The following
proposition shows that the lower bound (2.2.1) is in fact reached by considering the sequence

(o ™1

Proposition 2.5.3. Lets > 0 and letd = 6* = /(s +d)/(r +d). Then, the constant in the
asymptotic lower bound for thes-error induced by the sequen(:ef;’m)nzl (see(2.2.1)) satisfies :

QI (P.0%) = Qs(P). (2.5.5)

Proof. Keep in mind that ifP ~ A/ (m; ) then for allr > 0,

d+r

(@ (P)" = (J,4)"/"Vor (%) " (dets) .

We have on one hand

4 s/d 14 L d - s/d
( / f‘“*(m)d(a:)> - <((2w)ddet2) bats [ et (x_m)dm>
R4 Rd

and on the other hand

/ o p@) T (@)d(z) = ((2r)idets) "2~ 7 / el gy
R R
— ((2m)'dets) wi (408,

Combining these two results yields
a s/d .
QL”L(P, 9*) — (9*)5+d<]s,d < chrd)\d> / fB*,uf_md/\d
’ Rd Rd

+d\ rd\ T
_ S d 287d T
1a(255) T (Cryiders) B (150

d+s

= o (#) ’ ((27) detx) 2

- QS(P)

O

After some elementary calculations, it follows from thegwsition above and inequaliti¢8.2.1),(2.4.3),
the corollary below :
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Corollary 2.5.1. Let X ~ N (m;X) and 6* = /(s +d)/(r + d). Then,

Q«(P)V/* < liminf n/® | X — X% ||, < limsupn/? | X — X |, < QS P,0*)'/* (2.5.6)

with s B |
Sup(p 9*)1/5 (%1) =g ((27r)ddet2) 2 ifs<r
rs \ 4 = d 2 _
| (254)%, /224 C(b) ((27)'dets) T if s> 1.

Remark 2.5.2. (a) If s > r, we cannot prove the asymptotically’ (P)-optimality of( m)n21
using(2.3.9) since the constar'(b) is not explicit.

(b) Whens < r, the corollary above shows that the upper bound2iB.3) does not reach the
Zador constant. Then our upper estimate does not allow usoiw that the sequenqexff’m)nzl is
asymptoticallyL* ( P)-optimal.

Moreover, usingd dlder inequality (withp = r/(r — s) andq = r/s), we have for every > 0,

/ fo (@) [T (2)dAa(a / Fo (@)~ (@) F7E (2)dAa()

(/ o ( s (w)dAd($)> ' ( fe (ac)d)\d> "
Rd
and (forf = 0%)

/ for (@) T (2)dDa(e < / i Ss(:n)d)\d(m)>rrs < /R d fdir(;n)d)\d>%.

(2.5.7)

Hence, according t(2.5.5), one gets for every < r,

T—S

(9* S+dJSd </ f f_'r a( )d)\d(x)> ' Hsz/% = QS(P) (258)

Thus, to reach the Zador constant(in3.3) we must rather havd, ; instead ofJ, ; (which will be
coherent since for all < r, Jl/s 1/") that is,

Sab - -5 T%é s/r
lim sup n!/4 || X — X, < 04T, </R fou (@) f rs(;v)d)\d(;n)> HfHd/i.
+r

n—oo

Numerical experiments

For numerical example, supppose that 1 andr € {1,2,4}. Let X ~ N(0,1) and, for a fixed

n, letal) = {a,(fl),--- a")} be the L™-optimal grid of sizen (obtained by a Newton-Raphson
zero search). For every € {20,50,---,900} and for (s,r) = (1,2) and(4,2), we make a linear

regression ot!”) ontoa!® :

() o~ ()7 ;
a,; >~ ago,; +be, 1=1,---,n.
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Table2.1 provides the regression coefficients we obtain for diffexaues ofn. We note that when
n increases, the coefficienis, tend to the valug/(s + 1)/(r + 1) = 0* whereas the coefficients,
almost vanish. For example, far= 900 and for(r, s) = (2, 1) (resp.(2,4)) we geta,, = 0.8170251
(resp. 1.2900417). The expected values asg2/3 = 0.8164966 (resp./5/3 = 1.2909944). The
absolute errors are thém285 x 10~ (resp.9.527 x 10~*). We remark that the error mainly stems

from the tail of the distribution.

n a12 b12 € (42 bs2 €
20 | 0.8250096| 1.826E-14 | 0.0003025 1.2761027| - 3.650E-12| 0.0008607
50 | 0.8211387| - 1.021E-13| 0.0006870 1.2828110| 3.733E-10 | 0.0020110
100 | 0.8193424| 8.693E-14 | 0.0009909 1.2859567| 4.059E-09 | 0.0029445
300 | 0.8177506| - 1.045E-11| 0.0013601 1.2887640( 0.0000004 | 0.0041021
700 | 0.8171428| - 7.219E-11| 0.0015111 1.2898393| - 0.0000089| 0.0048006
800 | 0.8170775| - 6.725E-11| 0.0015247 1.2900041| 0.0000216 | 0.0040577
900 | 0.8170251| 4.564E-11 | 0.0015346 1.2900417| - 0.0000141| 0.0048182

Table 2.1:Regression coefficients for the Gaussian.

The previous numerical results, in addition to Equati®i.5), strongly suggest that the sequence
(afL ™) n>1 is in fact asymptotically.* ( P)-optimal. This leads to the following conjecture.

Conjecture. Let P ~ N (m;X) and let(«,),>1 be anL”(P)-optimal sequence of quantizers. Then,
for everys > 0, the sequenc(aaff’m)nzl (with 6* = /(s + d)/(r + d)) is asymptoticallyL* (P)-
optimal.

2.5.2 Exponential distribution
Optimal dilatation and contraction

Proposition 2.5.4. Letr,s > 0 and X be an exponentially distributed random variable with rate
parameter\ > 0. Sety = 0.

(@) If (an)n>1 is an L"(P)-optimal sequence of quantizers then, foet r + 1, the sequence
(a%o)nzl is L*-rate-optimal iff 6 € (s/(r + 1), +oc) and

0= (s+1)/(r+1)
is the unique solution of2.5.1) on the se{s/(r + 1), +o0).

(b) If (a,)n>1 is @an asymptoticallyl.” (P)-optimal sequence of quantizers then, §of (0, r), the
sequencéa’,”),,>1 is L*-rate-optimal for all 6 € (s/r, +00) and

0 =(s+1)/(r+1)

is the unique solution df2.5.1) on (s/r, +00).
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Proof. (@) Lets < r+ 1. Forall§ > 0,u € R? the couple(d, ) is P-admissible and the
function f is decreasing o0, +oc0). Foré > s/(r + 1), Assumption(3.2.33) holds true for every
c € (1,9(1 + r)/s). Moreover, Hypothesi¢H1) is clearly satisfied. Consequently, it follows from
Corollary2.3.1, (a) that Assumptior(2.3.8) holds true.

If s > r+ 1, Assumption(2.3.8) still holds since the additional assumptigi3) andf‘r%1 €
L} .(P) required to apply the corollarg.3.1, (b) are satisfied.

On the other hand, one has

+o0o
/ F(0z) f(2)~/ 0Dy = C/ e MO/t D) gy « 400 =0 > 5/(r +1).
R 0
Now, let us solve the problerf2.5.1). Forall 8 > s/(r + 1),

s +oo s
h(f) = 6°* / fOx)f(z) 7 de = Co°F! / e MO gy
R 0

—1
— cpt(g- 2 .
r+1

-2
figy s s s+ 1
R'(0)=Cs6 <0 T+1> (9 r+1>.
Hence i reaches its unique minimum dr/(r + 1), +00) atf* = (s + 1)/(r + 1).
(b) Let s < r. We have

Consequently

[ S@ar=c [ e,
R Ry

Then, for alld > s/r, fRfr%s(Hx)f‘ﬁ(x)dm < +o00. Which gives the first assertion.
For everyd > s/r,

- . 1_%‘ r;s
g1 ( [ 5 (x)f_"s(w)dw> T ( / e—mw—smx)
R R,

s—r

= COT(rh—s) T .

s—T

We easily check that the functidr(6) = 6*** (r§ — s) + reaches its minimum ofs/r, +oc) at the
unique point* = (s +1)/(r + 1). O

Remark 2.5.3. Let X ~ E(A). If s < r, then * = (s +1)/(r + 1) < 1. As a consequence,
the sequence(aﬁ*’o)nzl is a contraction of«,,),,>1 With scaling numbeg*. On the other hand, if
s >r, then * > 1 and then(aﬁ*’o)nzl is a dilatation of( v, ), >1 With scaling numbe6*. Note that
0* does not depend on the rate parametef the exponential distribution.

One shows below that the sequer(cé:’o)nzl, with 6% = (1 + s)/(1 + r), satisfies thel*-
empirical measure theorem.

Proposition 2.5.5. Letr, s > 0 and let.X be an exponentially distributed random variable with rate
parameter\ > 0. Assuméa,, ), > is an asymptotically.”-optimal sequence of quantizers f&rand

let (o, °),>1 be defined as before, with* = (s + 1)/(r + 1). Then, the sequende?, ) satisfies
the L*-empirical measure theorem.
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9*,0)

Proof. Since(ay, ™ )n>1 = (0*ay)n>1 it amounts to show that for every b € R

card o, N [a/0*,b/0%)) L T+s
G — o / F(z) T da

i.e that for alla, b € R,

I oL 1 b 1
Cfmﬁ/a fz/0") T de = Cf,s/a f(z) s dx.

Elementary computations show that > 0,

Cpr= AT (1+7).

so that

1 1 b 11 b N\ T
c @/ f(x/H*)ﬁdx = & lj—-r/ ()\e_x)‘ii&')H dx
fir a fr S Ja

b 1
— Hrmimis/ (re™) ™ da
Cfﬂ«l—ks a

D U PPN T
= Cﬁs/af(ac) .

O

Once again, the question of interest is to know if the seqm(mg’o)nzl is asymptoticallyL>-
optimal. The remark.5.2 is also valid for the exponential distribution. Our uppeubds in(2.3.3)
and(2.3.9) do not allow us to show th&t*«, ) is asymptoticallyZ®-optimal because of the corollary
below. But the numerical results strongly suggest that it is

Corollary 2.5.2. LetX ~ &(A) and 0* = (s+ 1)/(r + 1). Then,

Qs(P)Y/* <liminf n!/4|x — X%, <timsupn!/? | X — X0 7 < QSAP, 0/ (2.5.9)
- n—oo
with
(s + D/ (r 4 1)~ 1/r ifs<r

Sup p g+ 1/s _
ratB ) { (s + DI/ ((r 4 DAT) OOV ifs >

Proof. We easily prove, like in proposition 2.5.2, tl”@t'jL(P, 0*) = Qs(P). The corollary follows
then from(2.2.1) and(2.4.3) (Note that for everyr >0, J,; = W ). O

Numerical experiments

We relate first a proposition established[iP and used in our context to compute thé-optimal
quantizers for the exponential distribution.
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Proposition 2.5.6. Letr > 0 and letX be an exponentially distributed random variable with scale

parameter\ > 0. Then for every: > 1, the L™ -optimal quantizen”) = (aﬁff, -+, a7y is unique
and given by
W e
=5t ;%f" ., 1<k<n, (2.5.10)

where(a,(f))kzl is aR . -valued sequence defined by the following implicit recersiguation:

o) = to0, on(—al)) = or(al), k21

with ¢, (x) = (;C/z |u|"~tsign(u)e~"du (convention :0° = 1).
Furthermore, the sequencﬁe,ir))kzl decreases to zero and for every> 1,
r _r+1 Cr 1

for some real constant,.

For numerical examples, Tabde2 gives the regression coefficients we obtain by regressiag th
L? grids onto the grids we get with the' and L* norms, for different values af. The notations
are the same as in the previous example. We note that fordéam@eaghn, the coefficientsi, tend to
(s+1)/(r+1) = 0*. For example, if» = 900, we geta;o = 0.6676880; a42 = 1.6640023 whereas
the expected values are respectivefip = 0.66666667 and5/3 = 1.6666667. The absolute errors
are in the order ol0~3. Like the Gaussian case, we remark that the error of the astimresults
mainly from the tail of the exponential distribution.

n a2 b12 € Q42 bao €
20 | 0.6765013| - 0.0104881| 0.0019489 1.6396807| 0.0288348| 3.081E-33
50 | 0.6726145| - 0.0082123| 0.0045310 1.6502245| 0.0225246| 1.149E-28
100 | 0.6706176| - 0.0062439| 0.0070734 1.6556979| 0.0172020| 1.573E-27
300 | 0.6686428| - 0.0036234| 0.0114628 1.6611520| 0.0100523| 1.508E-27
700 | 0.6677864| - 0.0022222| 0.0146186 1.6635261| 0.0061356| 1.222E-25
800 | 0.6676880| - 0.0020482| 0.0150735 1.6638043| 0.0057199| 2.020E-26
900 | 0.6676079| - 0.0019043| 0.0154634 1.6640023| 0.0053173| 9.683E-25

Table 2.2: Regression coefficients for exponential distribution.

Conjecture. Let X be an exponentially distributed random variable with ratrgmeter\ and let
(am)n>1 be anL”-optimal sequence of quantizers f&r. Then fors > 0and 6* = (s +1)/(r + 1)
the sequenceaff’o)nzl is asymptoticallyL®-optimal.

Remark 2.5.4. As a matter of fact, the sequen(@ff’o)nzl is not (exactly)L*-optimal for every

s # r. Otherwise, ifafk) = fjr—}ail’",j for everyk > 1 then if follows by backward induction that

S 1 T
Vk > 1, a,g):iilalg).
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However straightforward calculations show e.g m(ﬁ% =2 andagl) = 2log(2) so that

agz) =+ gagl).

Moreover, these examples could suggest that a contractiandilatation) parametér, solution
of the minimization problem2.5.1), always leads to a sequence of quantizers satisfyingLthe
empirical measure theorem. The following example showsstltigcan fail.

2.5.3 Gamma distribution
Optimal dilatation and contraction

Proposition 2.5.7. Letr,s > 0 and letP? be a Gamma distribution with parametetand\ : P =
L(a,A), a >0, A>0.

(@) If (an)n>1 is an L7(P)-optimal sequence of quantizers then, fox< r + 1, the sequence
(a%o)nzl is Ls-rate-optimal iff 0 € (s/(r + 1), +o0) and for alla > 0,

0= (s+a)/(r+a)
is the unique solution of2.5.1) on the se{s/(r + 1), +o0).

(b) Let (a)n>1 be anL"(P)-optimal sequence of quantizers thensif> » + 1 and ifa €
(0, =++1) | the sequencény’),,>; is L*-rate-optimal for everyd  (s/(r + 1), +oc) and

0= (s+a)/(r+a)

is the unique solution of2.5.1) on the set(s/(r + 1), +oc) (Note that the assumptions imply
a € (0,2)).

(c) Let (a,)n>1 be an asymptotically.” (P)-optimal sequence of quantizers thens ik r, the
sequencéafgo)nzl is L*-rate-optimal for everyd € (s/r, +oo) and for alla > 0,

0 =(s+1)/(r+1)

is the unique solution df2.5.1) on the se{(s/r, +00).

Proof. We setu = 0. The density function reads

/\a

+oo
x“_le_)‘ml{xw}, with I'(a) = / % le % dr.
0

(@)and(b). Lets € (0,7 + 1) and setRy = max(0, (a — 1)/X). The functionf is decreasing
on (Ro,+o0) and for everyd > 0, € R, the couple(d, 1) is P-admissible. Fof > s/(r + 1),
Assumption(3.2.33) holds true for every: € (1,0(1 + r)/s). Moreover, HypothesigH1) clearly
holds. Consequently, it follows from Corollagy3.1, (a) that Assumption(2.3.8) of Theorem2.3.2
holds true.

Whens > r+ 1, the additional hypothesi§™ 1 € L. (P) holds fora < rtl 4 1. Furthermore,
it follows from (2.5.2) that(H3) holds. In this case Assumptid.3.8) of Theorem2.3.2 holds true.
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For allg > 0,

. @ \1=s/(r4+1) oo S S
I T o e
: T :

it follows that
/ F0z)f(x) 7 de < 400 iff 0>s/(r+1) anda(r+1—s)+s>0.
R

For everyd > s/(r + 1), we have
ho) = 65t / f(0z)f(z)" T dx
R

a 1—s/(r+1 fo%)
_ <A ) A )93+19a_1/+ e (=) ~(0- e
I'(a) 0

s -
_ cm(e_ )
1+7r

y=s+aand f=(a—1)(1—-s/(r+1))+1.
The function h is differentiable for all > s/(1 + r) and

K (0) = Cort <9 i >_ﬁ_1 <(’y—ﬂ)9— = )

with

I L+r

The minimum ofk is then unique orfs/(r + 1), +o0c) and is reached a&t".

Notice that the condition required fof ™7 to be inL}, (P) is a < “t! + 1 and for every
s>r+1lonehas + ! < m Combined to the conditioa(r + 1 — s) > 0 yields the given
constrain orw in (b).

(c) Now lets < r and consider Inequalit{2.3.3). One has

. s )\a +oo _ e (pg
fr==0z)f = (z)dx = —/ 2@ e i=s M09 gy
550 @de = s |

Thereforefy, f7 (0x)f 7 (z)dx < +oo iff § > s/r
On the other hand, for evety> s/r,

r s -7 +oo w T
gt </R fou' (w)f_:(w)dm> = Cote </0 % te” rAJM_S)dw)

s—rT

= C 93+“(7“9 — s)aT.

Considering the functioh defined byh(6) = 5+ (6 — 5)>"+ we show that: reaches its minimum
on (s/r,+o0) at the unique poirt* = (s + a)/(r + a). O

Remark 2.5.5. Let X ~ T'(a,\). If s < r, then 0* = (s +a)/(r +a) < 1. Then the se-
quence (aﬁ ’0)@1 is a contraction of(a,),>1 With scaling numbe®*. On the other hand, if
s > r, then 6* > 1 and the sequenc(aaff’o)nzl is a dilatation of(a, ),>1 with scaling numbe#f*.
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Moreover there is no constraint on the parametes long as < r. In this case when we set= 1
(exponential distribution with parameta} we retrieve the result related to the exponential distribu
tion. We notice tha?* does not depend on the parameteiThat is expected sindg(1, \) = &(\)
and, in the exponential case we know that the scaling nunmies dot depend ok.

Let0* = (s + a)/(r + a) and consider now the sequer(@&*’o)nzl defined as previously. Does
this sequence verify thé*-empirical measure theorem? df= 1 we boil down to the exponential
distribution. On the other hand, when# 1, one shows below that there exists> 1, s > 0 and
r > 0 such that the sequen(:eﬁ*’o)nzl does not verify thd.*-empirical measure theorem.

Suppose tha(taff’o)nzl satisfies thd.*-empirical measure theorem. Then we must have, for all
u € Ry,

1 /u 1 1 u 1
— [ fx/0") T+ dr = / f(x)Trsdx. (2.5.11)
ci Jo (x/607) s )o (x)

with f(z) = F*(Z) x“‘le‘ml{wo} and Cy, = ff(w)?lrdx forall > 0.

However, we have for any > 0,

a 1 +oo A
Crr = )\mr(a)_m/ a0/ 4) - e g
0

)

1

—+00
_ AHLTF(G)_H_T\/ x(r-l—a)/(r-i—l)—le—h%xdw
0

_a_ _ r+a\  _rta rta
= M+ T i+r [ A+l 1) r+1
(@) (H 1) (r 1)

T—i—a _1r _r

Equation(2.5.11) is written down for allu € R,

r+a 7+1 u a—1 A(r+a) U1 A
C(T)( > / grite TGta Ydy = C(s) | xste sH1%dg
0 0

sS+a

with C(r):r(;ﬁ)_lxrﬂ(rﬂ) W0,

Letm € N anda > 0. We show by induction that, far > 0,

/u 2"e”dr = — <lu” + %u”_l + Mu”_2 +-+ l'u + Ll) e Y+ !
0 (0% «

O£3 am an—i—l an+1
Let us considez > 1 such that’— and - are integers and set = %+, m = %+, a =
(7"—%-)\({)% andg = 2. Equatlon(2 5 11) finally reads
AN N n o,., nn-—1) ., n! n! _ n!
C(T‘) <S—|—CL> |:<EUN+§UN —I—Tu" +'-'+Eu+an+1 eocu_w

1 1 o m(m—=1) ,, o m! m! —3 m!
Seta =7, s =1, r =2 A= 1landu = 1. Thenn = 2;m = 3, = 3/8,4 = 1/2 and
we show after some computations that the sequéné*eo)nzl does not satisfy thd.*-empirical

measure theorem since 185 79 11
209 -3/8 _ —-1/2 42
128 48 512
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(one side is rational, the other is not). Hence, we have nactsd anl®(P)-rate-optimal sequence
which does not satisfy the*-empirical measure theorem.

2.6 Applications

2.6.1 Application to Lloyd’s | algorithm

One of the important issues from a computational point afnigethe search of thé”-optimal quantiz-
ers. The quadratic case € 2) is the commonly implemented for applications and varidgsr&hms
like the Competitive Learning Vector Quantization (CLVQJarithm (see e.gPPP1) and "random-
ized versions" of the Lloyd’s algorithms (I and 1) (see e[&G]) are used. In practice, Lloyd’s |
algorithm is widely used to compute stationary (or optingaiantizers because it can be easily imple-
mented. We will use the natural extension of Lloyd’s | alfun to compute thd.”-stationary (opti-
mal) quantizers. In a general framewolK -stationary quantizer&y,,) (with a,, = (a1, , Qnn))
are computed using the"-stationary equatioiVe,, ,(X) = 0. This equation reads for every> 1
(see[PPPY))

E (Ixec;(an|X — anil"72X)
E (Ixec;(an|X — anil™72)

Qg =

i=1,--,n. (2.6.1)

The Lloyd’s | procedure is the fixed point procedure deriviexht (2.6.1). Starting with an initial

quantizera%o) of sizen, one defines recursively a sequemaél))lzl,... .1, of L"-stationary quantizers
(whereL corresponds to the number of Lloyd’s iterations) by setforgeveryl =1, --- , L,

1) e
o E(eaX —aliVr2x)
Q) = i=1,---,n. (2.6.2)

n -1 ’
E (Lecian X —aly 1)

By "randomized version" of the Lloyd’s | procedure we meaat thoth expectations if2.6.2) are
computed using a Monte Carlo simulation of size However in higher dimensions there are several
L"-stationary quantizers and the Lloyd’s | procedure is samea method to compute the "nearest”
one (namely the one in the attracting basin of which the phaeehas been initialized). This is why
the initialization of the procedure at already good grid @swial issue to obtain gooH”-quantizers.
This leads us to consider the optimally-dilated quadratic quantizers as natural good candidates t
initialize the L"-Lloyd’s | procedure. We compare it to a random initializati which consists on
generating a vector of sizedistributed asX and multiply it by the same scaled numbét)(

We carried out a numerical test in dimensior= 2, 3 with » = 4 for the N/ (0; 1,;) distribution.
The Monte Carlo sizé/ is equal tol0° and our grid size: movesl0 by 10 from 10 to 100. Numerical
results depicted in figurz2 (for d = 2) show that the dilated*-stationary (optimal) grids are already
almostL*-stationary (and likely almost optimal if we suppose that fR-stationary quantizers are)
since the initial scaled ?-stationary grids do not move during the successive Lloidigitions. This
is also confirmed by Figura 1 (whend = 2) and Figure2.3 (whend = 3) where the logarithm of the
L* quantization error of the dilated grids remains the samanduhe successive Lloyd’s procedures.
The dilatedZ?-stationary quantizers initialization seems to be the tlesice one can do. The Lloyd’s
procedure initialization with random grids never leadsotedr quantization errors. Moreover it needs
several iterations of the procedure, depending to the gred s
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2.6.2 Application of L"-quantizers to numerical integration

Let3 > 1 and letX € LP*=0(P), g > 0. Let f € Lipg(RY) := {g : R" — R, [g(z) — g(y)| <
Clz —y|(1 + |2z[°~! + |y|®~1)}. For any sequence of quantizérs, ),>1 and anyr € [1, +oo] we
have

1£(X) = F(X)|, < CE(X — X|(1+ rXW-l + X ]51))
< CYX = X (L4 XN G + IX 150, (26.9)

by Holders inequality withr’ = r/(r — 1).
Suppose now thak ¢ LA+¢(P), Ve > £y. To give a sense to the above inequality as a error
bound, we must choosé such that 5 — 1)’ < 3 + o; which in return impose that > 5“0 . Now

fiﬁ‘; > 2 as soon ag > 2 + g¢. Furthermore Iﬁhfm inf ‘{(ﬁ?' > 0 there is no alternatlve to these
xr|—-40o0

constraints. In this situation it is impossible to use gaagde formulae for numerical integration
based on quadratic quantizers. However we can use someddlldtoptimal (at least stationary)
quantizersy, *, for large enough. Then

E(f Xan’ Zf o MP(X € Ci(al M)

and . «
[Ef(X) — Ef (X2 )| < [EF(X) - EF (X" )|

so that the error boun®.6.3) holds true profided is lipschitz. Such an approach requires to com-
pute the weight®(X € Ci(aﬁ *)) associated to the Voronoi cells of, *. The following easy
proposition says how to compute these weights.

Proposition 2.6.1.Let X ~ PandP = f - A4. Then, for every. > 1, we have

Vie{l,---,n}, P(Ci(a%")) = Py (Ci(an)). (2.6.4)

Proof. Letn > 1 anda,, = (a1, -, any). One has

P(Ci(af") =P(X € Ci(ap")) = f(@)dAa ().

/{x—<u+9<am—m>|=mmj# (0 (cvng —))}

Making the change of variable = “5 + 1 yields
P =0 [ fou()iNal2) = Pop(Cilan)
{z€Ci(an)}

O

When a closed formula (like for the exponential distribnjics not available for the weights of the
dilated cells, these weights can be estimated by the Monte @ethod using the Nearest-Neighbour
algorithm. Fast implementations of this algorithm can bd érg. in[FBF, McN].
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Chapter 3

Asymptotics of the maximal radius of an
L"-optimal sequence of quantizers

Let P be a probability distribution oiR? (equipped with an Euclidean norm). Lets > 0 and
assume(ay, )n>1 is an (asymptotically)L” (P)-optimal sequence ai-quantizers. In this paper we
investigate the asymptotic behavior of the maximal radasgience induced by the sequefeg),>1
and defined to be for every > 1, p(a,,) = max{|a|, a € a,}. We show that ifcard (supp(P)) is
infinite, the maximal radius sequence goesitp{|z|,z € supp(P)} asn goes to infinity. We then
give the rate of convergence for two classes of distribstiaith unbounded support : distributions
with exponential tails and distributions with polynomialls.
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Introduction

The aim of this paper is to provide some precise upper andrlbaends for the radius of an optimal
quantizer of aiR?-valued random vector. The main motivation for this comesnfthe application of
optimal quantization in Numerical Probability as detaitadow.

Quantization has become an important field of informatiaoti since the early940’'s. Nowa-
days, it plays an important rule in Digital Signal ProceggIDSP), the basis of many areas of technol-
ogy, from mobile phones to modems and multimedia PCs. In B&Rpr quantization is the process
of approximating a continuous range of values or a very lagjeof discrete values by a relatively
small set of discrete values. A common use of quantizatidhesconversion of a continuous signal
into a digital signal. This is performed in analog-to-didjitonverters with a given quantization level.

Recently, optimal vector quantization has become a progigiol in Numerical Probability: it is
an efficient to produce grids optimally fitted to the disttibn of a random vectoX . This leads to
some cubature formulas that may approximate either exjimtsa(seePAG]) or more significantly
some conditional expectations (sg&P1). This ability to approximate conditional expectations
is the key property called upon in the quantization basedemnioal schemes used to solve some
problems arising in finance: optimal stopping problemsc{pg and hedging American style options,
see[BP, BPH), the pricing of swing options (seBP, BBP1]), stochastic control problem (see
[CPR PPR) for portfolio management, nonlinear filtering (SEAGPHA PRS). Other applications
like Zakai and McKean-Vlasov equations have also been iigated (se€GPPR).

In all these procedures the computation of these optimdsgsi usually a rather time-consuming
step that has to be processed "off line" (with in mind thatrésulting algorithme.g. for american
a swing option will be processed to price and hedge a whol& bbaptions with various payoffs
functions).

In higher dimension, all algorithms to compute optimal dization grids rely on simulation pro-
cedures which make extensive use of nearest neighbor pnesedSome (exact or approximate) fast
procedures have been devised to speed up this phase whioimsotinat this grid computation phase
can be drastically reduced (sge8F, McN]) . It remains that quantization procedures are not convex
and that they may fall in many "trops". So itis a very chall@ggoroblem to initialize efficiently and
at a low cost the procedures in order to make them convergardoaptimal quantization grids.

Several numerical experiments lead with random vectomigeairadial distribution suggest that a
good starting value, rather that a randarsample of the distribution ok, is to consider a-sample
of the distributionpn% wherep,, is the radius of am-optimal quantizer. To implement this heuristics
requires to elucidate the behavior @f (at least asymptotically). This motivates the extensiuelst
of the asymptotics of the maximal radius sequefigg. Some of the numerical tests are reproduced
further in Sectior8.3.

Now let us recall some facts about optimal quantization. Theptimal quantization problem at
level n for aR?-valued random vectaX lying in L" (12, A, P) consists in finding the best approxima-
tion of X by ¢(X), whereq is a Borel function taking at most values. This reads as the following
minimization problem:

enr(X) = inf {| X — ¢(X)|r,q : R? 28 RY cardg(RY)) < n}.

Note that in fact,, ,(X) only depends on the distributiafl = Px of X so that we will also use the
notatione,, .(P) . However, for any Borel function : RY — o we have

X — ¢(X)| > mind(X,a) =d(X,a) =|X — X*| Pas

aco
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so that the quantization problem reduces to
enr(X) = inf {||X — X/, € R%, carda) < n}

1/r
= inf < d(:n,oz)’dP(m)) . (3.0.1)
aCR? R4
carda)<n

where X = > aca Wixec, (@)} @and (Cy(a))aca coOrresponds to a Voronoi partition & (with
respect to a norm- | onR?), that is, a Borel partition oR¢ satisfying for every: € «,

Cola)c{z eRY: |z —a| = rglin |z — bl}.
ca

For everyn > 1, the infimum in(3.0.1) holds as a finite minimum reached (at least) at one grid
a*. In this casex* is called anL” (P)-optimal (or L"-optimal for X') and a sequence efquantizers
(an)n>1 is L™ (P)-optimal if for everyn > 1, oy, is L"(P)-optimal. A sequencéw,,),>1 is said
asymptotically L"(P)-optimal if

d(xz, )" P(dx) = €] (X)+o(e], (X)) asn — oo.
Rd k) k)
Moreover theL"-quantization erroe,, ,(X) decreases t0 asn goes to infinity and if there is
an (r + n)-moment ofX, for n > 0, the so-called Zador’s theorem recalled below rules its cdt
convergence to.

Zador’s Theorem (see[GL]). Let P = P, + P, be the Lebesgue decompositionfvith respect to
the Lebesgue measupg, where P, denotes the absolutely continuous part @&jdhe singular part
of P. Supposeé&| X |t < +oc for somen > 0. Then

lim n"/%(e, . .(P))" = Q.(P).

n—-4oo

with

d+r

@uP) = ha( [ 155 00) T =l g, € l0.450)

Jra = inf 0"/l (U([0,1])) € (0, +00),
where U ([0, 1]¢) denotes the uniform distribution on the $8t1]¢ and f = %. Note that the
moment assumptionE|X |t < +oco ensure thalf f|| _s_ is finite.
d+r

Very little is known about the geometric properties of olmuantizers. In this paper we address
a first problem in this direction: we study the asymptoticdebr of the radii of a sequende,,),,>1
of L"-optimal quantizers. The maximal radius (or simply radip&)) of a quantizera c R? is
defined by

p(a) = max{|al, a € a}.

In our framework| - | will be an Euclidean norm oR?. For the sake of simplicity, we will denote from
now on by(p,),>1 the sequencép(a,,)),>1 of radii of a sequencéw,),>1 of optimal quantizers
(although it may be not unique).

We will show that, as soon aspp(P) is unboundedhgrfoopn = 4o0. Besides, our key inequal-

ities to get the upper and lower estimates of the maximalusadequence are provided in Theorem
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3.2.1 and Theoren8.2.2. The first theorem yields amount others the maximal rate of@mence
of FT( Pr—) (whenn — +o0) to 0, for everye > 0, with ¢, ¢ = 1if d = 1;7 > 1 ande, g = 2

otherwise. It claims that this rate is at most equals t6'+"/9).

Theorem3.2.2 maintains in particular that for every > 1, F,(p,u) goes to0, asn goes to
infinity, at a rate at least equalsﬁﬁ%y, wherev is such that the random vectar has anr, r + v)-
distribution (see Definitiors.2.1). We will see later on that the index;, ensuring thatX has an
(r, + v)-distribution for everys € (0, %) will play a crucial role in the lower limit estimates of the
maximal radius sequence.

Then we will emphasize how knowing the asymptotic behavidhe function— log F, allow to
derive the asymptotic estimates @f (or log p,, ). As an important example we can already mention
distributions with density functiorf satisfying

1 B
f(m)q%]'{lxbl} zeRY BeER, e>r+d
for which the optimal rate of convergencelo§ p,, is computed and given by

o logp 1 r+d
n—+oolog(n) ec—r—d d

Of course, this result is less accurate as giving the rateofargence of the sequente,) itself
for which the exact limit can not be computed with our applobecause the upper and lower limits
make appear no identified constants. Another example cosickstributions with exponential tail for
which the upper and lower rates of convergence of the sequeng are provided. This is the case
for the normally distributed random vector &¢ for which we have

2(T +d) <liminf —— < limsup —— M

n—-+o0 \/log n—+oo +/log(n
Our general conjecture for such d|str|but|ons, which |3/prbwhend = landr > 1, is that the
liminf bound is sharp, that is,
lim 2(r +d)
n—-+o0 log d

Moreover, an alternative approach is given for the lowertliestimates. This approach is based
on random quantization and religg to the expectation of ani.d sequence of random variables
distributed asX.

The paper is organized as follows. In Section 2, upper andi@stimates of the maximal radius
sequence are given and the exact limit is provided when tiainzd of the support of is infinite.
This limit corresponds teup{|z|, = € supp(P)} and Section 3 is entirely devoted to the convergence
rate of the sequence of radii to this limit value.

Notations : Throughout the papex will denote anR¢-valued random vector defined in the probability space
(€, A, P) with distribution P having a moment of order> 0 i.e. E| X|" < +oo. We define

Lr+(]P>) _ ULT-H:(]P;)
e>0

We will denote by), the Lebesgue measure ¢&?, B(R?)). We will also denote byF" the survival
function of X, that is, the(0, 1]-valued function defined oR . by

F:zw— F(x) =P{|X| > z})



3.1 Asymptotics of the the maximal radius sequence 61

and for everyr > 0, we define the generalized survival function6fby
FT N FT(I) = E(|X|T1{‘X|>I})

Note that this last function is defined &1 and takes values on the $6tE| X |"] .
For a given set, A will stand for its closuref A its boundaryConv(A) its convex hull andd or Int(A)
its interior. The cardinal ofl is denoted byard(A). For everyz > 0, [z] will denote the integral part of.

3.1 Asymptotics of the the maximal radius sequence
In this section we give an asymptotic upper bound and a lowant) of the sequence of radii. For
distributions supported by a infinite set, the exact limjprisvided.

Proposition 3.1.1.LetX € L,(P). Let(a,)n>1 be asequence efquantizers such that, ,.(X) —
0 asn — +oo. Then,
limJirnf pn > sup{|z|, € supp(P)}. (3.1.1)
n—-roo

Remark that this result also holds for any normksh

Proof. Letxz € supgP). Suppose that there exists > 0 and a subsequencg,,, );>1 such that
Vk > 1, Pn,, < || — 2e0. (3.1.2)

Thus
3dn > 0 such that'k, d(B(0, py, ), B(x,e0)) >n > 0.

Then one has for every > 1,
eny,.r(X) = [[d(X, an,) |-

2 [|d(X, B(0, pn,, )l (since ay, C B(0, pn,.))
> ”d(Xv B(07 Pry, ))1{X€B(:v,€o)} ”7”
> Hd(B(m, <€0)7 B(07 Pnk))l{XeB(m,eo)} HT
= d(B(z,e0), B(0, pn, ))P(X € B(w,e0))"/"
> nP(X € B(z,e0))/" > 0.

This is not possible sincs, . (X) — 0. Then, we have shown that

Vz € supdP), liminfp, > |z|.

Hencelim infp,, > sup{|z|, « € supp(P)}. O
n

Among other results, the next proposition provides thetlohithe sequencép,,),>1 when the
support ofP is infinite.

Proposition 3.1.2. (a) Leta be anL"-optimal quantizer at levet. If card(supp(P)) > n then

a C Conv(supp(P)) and p, <sup{|z|, € supp(P)}. (3.1.3)

(b) If card(supp(P)) = +oo then

lim py, = sup p, = sup{|z|, = € supp(P)}. (3.1.4)
n>1

n—-+o0o

for any L (P)-optimal sequence of quantizgs,, ),>1.
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Proof. (a) If «is L"-optimal at leveln then carda) = n sincecard(supp(P)) > n (see[PAG)).
Now, suppose that ¢ Conv(supp(P)). Thenleta € a N (Conv(supp(P))> and set

o/ = (a\{a}) U{II(a)}

wherell denotes the projection on the non empty closed conveX&et(supp(P)). The projection
is 1-Lipschitz andX is P-a.s supp(P)-valued, hence

P-a.s

d(X,a) > d(II(X),I(a)) d(X,(a)).

It follows that
d(X,a) > d(X,d) P-a.s.

Sincea is L"(P)-optimal at leveln andcard (o) < card(«) = n,
E(d(X,a")") =E(d(X,a)")

so that the three statements hold:

-d(X,d)=d(X,a) P—a.s

- II(a) ¢ a\{a} sinced’ is L"(P)-optimal (which implies thatard(a/) = n),

- P(X € Cpyggy(a’)) > 0 (otherwisea\{TI(a)} would be optimal).
On the other handX € Conv(supp(P)) P-a.s so that

(a —I(a)|X —TI(a)) <0 P-a.s.

Consequently

X —a? = |X ~1(a)]” = 2(11(a) — alX —(a)) + |a — I(a)|?
> la—T(a)]* >0 sincea ¢ Conv(supp(P)).

As a consequence
d(X,a') < d(X,a)  P-as on{X € Cre’)}

whereCry (o) = {€ € RY, d(€,11(a)) < d(€,a\{a})} since the norm is Euclidean.

This implies thatP(X € Crya)(e’)) = 0 and therP(X € dCn@(a’)) > 0; this is impossible
sinced’ is L"-optimal (segGL]). Hencea C Conv(supp(P)).

Now, let us prove thap,, < sup{|z|, = € supp(P)}. Note first that this assertion is obvious if
supp(P) is unbounded.

On the other hand ifupp(P) is bounded then it is compact and soUsnv(supp(P)). Let
xo € Conv(supp(P)) be such thatry| = sup{|z|,z € Conv(supp(P))}. Thus

xo = X1 + (1 — Xg)&o, £1,& € supp(P)

and\ — |\ +(1—\)&e| is convex so that it reaches its maximumiat 0 or A = 1. Consequently
xg € supp(P).

(b) This follows from the assertion aboptc,) in the item(a) and from Propositior3.1.1. O

Remark 3.1.1. If the norm onR¢ is an arbitrary norm, the assertiom) of the proposition may fail.
An example is given with thé,,-norm in[GL], p. 25.
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3.2 Convergence rate of the maximal radius sequence

We first start by giving two examples of distributions for wiithe sharp convergence rate of the
maximal radius sequence can be computed rather easilyctithiasemi-closed forms established in
[FP for the L™-optimal quantizers of the exponential and the Paretoibigtons and summed up in
the following proposition allow to derive some sharp asyotips for the maximal radius sequence
(pn)n>1 induced by the unique sequencelétoptimal quantizers at level. These rates will be very
useful to validate the asymptotic rates obtained by othgpscaches.

Proposition 3.2.1. (see [FP] ) (a) Letr > 0 and let X be an exponentially distributed random
variable with scale parametek > 0. Then, for everyn > 1, the L"-optimal quantizera,, =
(an1,- -+, 0 ) IS Unique and given by

n—1
1 {ay
=—| = i <k< 2.
Ol >\<2—|—4Z al>, 1<k <n, (3.2.1)
i=n+1—k
where(ay),>1 is anR -valued sequence recursively defined by the following sitgguation:
ag = +00, ¢7‘(_ak+1) = ¢T(ak)7 k >0

with ¢, () := foz/2 |u|""tsign(u)e~“du (convention :0° = 1).
Furthermore, the sequencey,);>; decreases to zero and for evéry> 1,

r+1 Cr 1
ap = L <1 + z +O(ﬁ)>

for some positive real constant.

(b) Letr > 0 and letX be a random variable having a Pareto distribution with index> r. Let f
be the density function f(z) = v2~0*V1, .. Then for everyn > 1, the L"-optimal quantizer
an = (a1, -+, any) IS UNique and given by

n—1
1
ke = 1 ), 1<k<n, 3.2.2
Ok = T i:nl—lkz-i-l( + ai) n (3.2.2)

where(ay)r>1 is anR-valued sequence recursively defined by the following itgguation:

a
ap = +00, ¢y <_#;_/:H> = (b’Y(ak)? k=1,

with ¢, (z) = [/ y|u"Lsign(u)(1 + u)~O+Ddu. The sequencény);>1 decreases to zero and

there is some positive real constansuch that for every: > 1,

ak:ﬁQﬁm%)).

Let us give now the sharp asymptotic derived from these stwsied forms.
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Proposition 3.2.2. (a) Letr > 0 and let X be an exponentially distributed random variable with

parameterh > 0. Then

r+1 C, 1
pn = AI%WH"K+O§% (3.2.3)

whereC. is a real constant depending only on

(b) Letr > 0 and letX be a random variable with Pareto distribution of indexsuch thaty > r.
Then,

1 1
log(pn) = ——— log(n) + Cy + O(~), (3.2.4)
vy n

whereC. is a real constant depending only on

Proof. (a) It follows from (3.2.1) that

/\pn——%—Z:aZ

where the sequende,,),,> decreases to zero and satisfies for every 1, a,, = ((r +1)/n) (1 +
¢r/n 4+ O(1/n?)), for some real constamt. Thus,

n—1 n—1 n—1
Gp 1 1 -3
A pp = > +(r+1) E_l B +e E_l 2 + E_l O(1/:°)
1
= (r+1)log(n) + C, + O(ﬁ)

(b) It follows from (3.2.2) that

n—1

1
1+an1_[1 +az

where(a,,),>1 is anR -valued sequence, decreasing to zero and satisfying > 1,

a, = (V’”frl)n (1+ ¢r/n+0O(1/n?)), for some real constant.

Then,

n

n—1

log(pn) = —log(1 + a,) + Z (a
1=1

2
- +0(a}))

r+1 1
— 7_Tlog(n)—I—C’T—I—O(E)

where we used thap ;> < ocand) %, O(a?) < oo. O

zlz

3.2.1 Upper estimate

We investigate in this section the rate of convergencig#f to infinity. Let us give first some defini-
tions and some hypotheses which will be useful later on.
Let (o, )n>1 be anL” (P)-optimal sequence of quantizers at lexeForn > 1, we definelM («,)
to be
M(ay,) = {a € a, such thata| = mox |b]}.
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We will need the following assumption af
H) = P(dx) > €0 Lipe Bag .o ra(dz), €0, 70 >0, 79 € R

In the one dimensional setting, we will need the followingedfic assumption depending enc
[1,+00):

(Gy) P = f-\qwheref is non-increasing t6 on [A, +oo) for some real constamt and
i r—1 S (uy)

A )

du = 0. (3.2.5)

Let us make some brief comments on theses assumptions aasveelime simple criterions.

e Note that AssumptioriH) holds as soon a¥ has a density’ which is bounded away fror
on a closed balB (g, 70),70 > 0,20 € RY, i.€. g9 := min, ¢ i, ) f(x) > 0. This is a very light
assumption satisfied by all usual distributions (Gaussistniloution, the exponential distribution, the
Pareto distribution, etc).

e Assumption(G,) holds for distributions with density functions of the form

f(z) o |z]¢ eVl xeR; 9,k >0; ¢c>—1.

Indeed, we have for large enoughjf is non-increasing and

e o r—lf(uy) _ e _1\yr—1,, ¢, —9y"(u"—-1)
/1 (u—1) W) aiu-/1 (u—1)""u du

< / (u—1)"" e A" Dy < foo.
1

The existence of the last integral follows from the existeatthe moment of every order.

It follows from the Lebesgue convergence theorem {B&2.5) holds. Then AssumptiofGy,.)
holds in particular for the Gaussian distribution, for theildull distribution and for the Gamma dis-
tribution. However it fails for example for the Pareto distition. But, we will see later that we do
not need this assumption for distributions with polynontédlls to estimate the sequen@eg p;,),>1-

Let us recall thel."-stationary property which will be also useful. AssuRe= f - A\y. The
so-calledL"-distortion functionD;Y, : (RY)" — R is defined by :

a=(ag,--- ,an)HE( min ]X—aﬂ).

i=1,---.n

Then, for everyr > 1, Dflfr is differentiable at any codebook having pairwise disticminponents
and (see€GLP1 for details)

VD;;T(CY) =r (/ (o; — u)|u — ai]’"_zf(u)du> : (3.2.6)
Cie) 1<i<n
An optimal L"-quantizer at leveh « = {a1, - ,«,} for P has full sizen, so that,

VD,{T (o) =0.
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« is said to satisfy arl.”-stationary property.
Whend = 1 then for any (ordered) quantizer, = {x&"), My, x&") <<l
n, its Voronoi partition is given by

) at level

Ci(an) = (—00,21"], Cplan) = (wg?%,—i—oo), Cilan) = (™, 2™, i =2, n—1,

2 tmg i3

(”)1 _ % "2‘5‘/’2‘71 and :L'(.n)l _ % "2'1’#1_
— Z+§

=3

with z
The main result of this section is the following.

Theorem 3.2.1. Suppose thaX has an unbounded support and tifet) holds. Let(w,),>1 be an
L (P)-optimal sequence of quantizers. Then,

(@)

. .. 1+ & Pn >
() e

(b) If d =1, r > 1 and if furthermore(G,.) holds then,

. .. ra1 = Pn
181%1 %I_I}l_il_glg <n + Fr(l——l—s)> > Cr1u- (3.2.8)

C,q,v is a positive real constant depending arl and the uniform distributiori/ on [0, 1]4.
The Lemmas below are used to prove this result.

Lemma 3.2.1. Let X be anR? valued random variable with unbounded support and prolitgbil
distribution P and let(a,,),>1 be anL"(P)-optimal sequence of-quantizers,” > 0. Let(p,)n>1
be the maximal radius sequence induceddy),,>;. Then,

(@ Ve >0, dn. such thatvn > n.,

VaeMay). V&€ Calan), [ = 55 (3.2.9)

(b) If d =1, r > 1 and if furthermore(G,.) holds then, for large enough,

Pn
1+¢

Vae M), VEE Colaw),  |€]> (3.2.10)

Proof. (a) Since(ay,) is L (P)-optimal,e,, ,(X) — 0 asn — +oo. Then, the following asymptotic
density property ofc,) in the support ofP holds:
Ve > 0, Vo € supp(P) In. € N,Vn > n. B(z,e) Nay, # 0. (3.2.11)

Otherwise, if there exists € supp(P),e > 0 and a subsequenca,,, );.>1 so thatvk > 1, B(z,e)N
ay, = 0, then, for everyk > 1,

€ r
e"kﬂ“(X) > ”d(X7 ank)lXEB(:B,s/2)”7” > §P(B((£,E/2))1/ > 0.

Which contradicts the fact that, ,.(X) — 0 asn — +oc.
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Now, to prove the result assume fifste supp(P). Lete > 0, a € M(«ay). Then,3N; € N
such thatB(0,¢) N, # 0, Vn > Ni. Now p,, — +oo implies thatB(0,¢) N (a, \M (av,)) # 0 for
n > Nj.

Letb € B(0,e) N (an\M(a,)). We have for every € C, (),

€ —b* > |¢ —al?,
namely

2(¢la—0b) > |a> = p]*  (>0)
> p2 — |b|*.

Now, [{]la — b| > (&|a — b), then,

Moreover,

a—b| < la| + [b] < pn + |b]. One finally gets

0] > Pn—c

-2

Pn —
>
el = 5

Sincep,, — +oo asn — +oo, [£| > 2@6, for large enough.

If 0 ¢ supp(P) we show likewise that¢| > %, Vaog € supp(P) which implies the
announced result singg, — +oo.

(b) We will make an abuse of notation by considering that

pn = p = max{z, z € a}.

In what follows all results op_ («) := max{—=z, « € a} can be derived by using X instead ofX.
Leta, = {x&"), 2™y with x&") < ... < 2! and suppose that (up to a subsequence)

(n)

n—1

(n)

n

—p <Ll

Lete > 0 such thap + € < 1. We have for large enough,

L+

n—1

o)

n

<pt+e<l

or equivalently,

(n) (n)
S < wgln) <M> ) (3.2.12)
2 2
1—(p+ :
Let o’ be such thab < p’ < %, that is,
<1+2ﬂ> <l-g<1. (3.2.13)



68 CHAPTER 3. ASYMPTOTICS OF THE MAXIMAL RADIUS

It follows from (3.2.12) and(3.2.12) that

N

r—1 (n) ’ r—1
u Tn (1—P ) U
Je i o ) fludez R b= | S
2 n 2 n

) 2" (1-p')

Ny —

> (P )T /;%n)(1+p+s) f(u)du
ou (Ltpte)

> P”xgzn) flen)

with p = (o) =1 (L — o/ — ££2) > 0 ande, € (&' (1 + p+€)/2, 25" (1 — p)).
On the other hand, we have

r—1
1 teo [y oo - f(uacg"))
—_ — -1 du = — 1)t du.

It follows from Assumption(G,) that

r—1
1 +oo

n

Consequently we have for large enough

1 Too r—1

U
_ — =1 flu)du < p”
w%n) I (wg")) /x%”) (m,({‘) )

sothatd < ¢, < a:%") for large enoug and f is non-increasing ifA, +oo))

r—1 (n) r—1
“+oo 2\
/ ( ol 1) Flu)du < p"z( (M) < p"aV f(en) < /w<n>1+xsln> (1 - %) F(u)du
x xn n— 5

(n)
n

which is not possible since the'-stationary equation implies

ol u r—1 too v r—1
/”%(171)1;9”57) (1 - @> flu)du = /mggo (@ - 1) f(u)du.

We have then shown that
It follows that V= > 0,3 n. such thattn > n., 20" < (1+¢)2™,. Thus,

pn =2 < (1+2)2™, < (1+e)¢ Ve Culan),a€ May).

This completes the proof. O
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Lemma 3.2.2. Let (o, )n>1 be a sequence df"-optimal n-quantizers of the distributio®. Suppose
that (H) holds. Then for large enough,

r+d

enr(X) —epi1,(X) > Cragun™ (3.2.14)
where
1/r d d/r
_ 9—(r+d) r €0 5 140
Crau =2 <d+r> <d+r> T+ 2 Qa+r(U(B(xo, = 5 )))- (3.2.15)

Proof. Stepl. Lety € R?. Without loss of generality we temporarily skt = d(y, o, ). Following
the lines of the proof of Theoremin [GLP] we have for every € B(y, 0,,/2) anda € oy,

[ —al > |y —a| - |z —a| > 6,/2

and hence
d(xz,an) > 60,/2 > |z —y|, x€ B(y,on/2).

It follows, by setting3,, = a,, U {y}, that
d(z,B,) =z —y|, =z € B(y,on/2).

Consequently for every € (0,1/2),

e (X) = ehyp (X)) > / dw,c,)/ dP(@) = [ dlz, B dP(a)

/ A, an)" — d(x, )" )AP()

B(y,0n b

= / d(z,an)" — |z —y|")dP(x)
B(

(y,0n b
/ (62/2) — (8,b)7)dP ()
B(y,0n b
= (27" = V") 0;, P(B(y,6n)).

Step2. Now, coming back to the core of our proof laf andry be as in(H). For everyy € B(zo, )
we have

v

v

- T r T
hr(X) = e, (X) = (277 = 17) &, P(By, (b6:) A )

= (277 =) 6e0 ((b 8n)" A (%) ) LyeB o, )}

One checks that
sup  d(y,ay) — 0.
yeB(‘TO’T?O)
Otherwisedy., € B(:no, 3), n > 0 and a subsequende,,))n>1 of (o )n>1 such that for every
n > 1, d(Yoo, pny) > 3. Then

1)
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Moreover for every B(yoo’jzz)

d(aap(n)af) > d(yom O44,a(n)) - d(yom 6) >

so that
[ 0 7 PUE) = G PBlycy).

This contradicts the fact that, ,.(X') — 0 asn goes to infinity. Consequently, for large enough

sup  d(y, om) < 2
yeB(z0,22) 2
SO that

e (X) —ep 1, (X) > (277 = ") bd(y, o) eg LiyeB(ro,20)}-

n,r

It follows that

| a0 = el CONaldy) = (27 =¥ b [y Nl
B(xo,%) B(xo,%)
> —r r d >, 70 r+d >, 70
> (277 =) c0 b Na(Blxo, ) 14U (B0, 3))).
Then, .
e (X) = €1 (X) = (277 =) eo b et (U (B, 50)))-
Consequently, for large enough
—r r 3 — T _d+r
e (X) = i1 o (X) 2 (277 = 8) == b Qurr (U(B(wo, )
+ €0 2
1/r
As a function of, the right hand side of this last inequality reaches its maxn atb* = % (#f_qﬂ) / .
Which completes the proof. O

Proof of Theorem 3.2.1. Leta € M («,) ande > 0. We have,

E|X — X 1" < E|X — Xon\ad)r

and
E|X — XM " = E(1X - X" xece(an)}) +E(begﬂ\ga} X = 0["Lxec, (an)})
<E|X — X[ +E( min (|X|+b))"1 o).
| | (be%\{a}(l |+ 10)) L xeCa(an)})

It follows from Lemma3.2.1 (a) that3 n. € N such that'n > n., |X| > £~ on{X € Cu(ay)}.
Consequently, for ab € o, \{a}, [b| < |a| = pn < (2+¢) | X].
Hence, R R
E[X — X% 1" —E|X — X*|" < (3 + s)TE(|X|"l{|X‘>2% ).

_r+d
d

Lemmas3.2.2 yields (since(n — 1) ~n~ T asn — +00)

r+d

(1+e)'Craun 4

< B+ o) E(IX[" x> gny)
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for large enough, so that for every > 0,

o r+d = o Pn Crau

1 f F. > — .
i In (” ’ (2+5)> = Breor(lte

Taking the limit ass — 0 gives the statemer(8.2.7). Assertion(3.2.8) is proved as above by using
Lemmas3.2.1 (b) instead of Lemma&.2.1 (a). O

Recall thatF,.(z) = E(]X|"1fx|>,})- Itis clear that this function is non-increasing and goes
to 0 asx — oo (providedE|X|" < +o0). Consequently;- log F,.(z) is monotone nondecreasing
and goes totoo asz goes to+oo. Moreover, we know that if a functiorfi defined on(0, +o0) is
increasing tot+-oo (at+o0), its generalized inverse functiofi~ defined byvz > 0,

fT(x)=mf{t >0, f(t) >z} (3.2.16)

is monotone increasing tpoo. On the other hand, the following result holds (see [BGTjuither-
more f is regularly varying (at-oo) with index1/4,6 > 0, then there exists a functian, regularly
varying with indexd and satisfying

V(f(x)) ~ f((z)) ~z asxz — +oo. (3.2.17)

The functiony is an asymptotic inverse gfand it is not necessarily increasing neither continuous.
Moreover,y is unique up to asymptotic equivalence afid is one version ofp.

We next show that for distributions with exponential tagpecifying either the asymptotic in-
verseo, (if any) of the function— log F}. or finding some asymptotic upper bour of ¢, (having
some " nice" properties) leads to an upper estimate of themadxadius sequence. This estimate is
connected to the chosen functign.

When the distribution has a polynomial tail, we will look fthre asymptotic inverse function of
—log F).(e*) or some asymptotic upper bougg of it to provide an upper estimate @bg p;,)n>1.

Proposition 3.2.3. Assume that the distributioR of X has an unbounded support and satisfies.
Let (a,)n>1 be anL” (P)-optimal sequence of-quantizers.

(a) If ¢,. is a measurable nondecreasing function, regularly varyintn indexé and

¥y (—log F.(7)) > o+ o(x) asz — +oo, (3.2.18)
then s
. Pn r
llmsup ———— <2 (1+ - . 3.2.19
n_>+£ ¥ (log(n)) ( d) ( )
If d = 1andr > 1 and if (G,) holds then, one has
limsup —0 < (r+1)°. (3.2.20)

n—+oo Yr(log(n))
In particular if — log F}. has regular variation with index/§ then(3.2.19) holds withiy,. = (—log F}.)".

(b) If 4. is @ measurable nondecreasing function, regularly varyiritp indexé and

Yr(—log F.(e*)) >z +o(z) asz — +oo, (3.2.21)
then | s
. 0g Pn, r
limsup ————— < (1+ - . 3.2.22
2o U (log(n)) ( d) ( )

If —log F.(e*) has regular variation of index /s then(3.2.22) holds withiy, = (—log F}.(e*)) .
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Prior to the proof, let us make some comment on the propasikast note that the measurability
of 1, is necessary to define the regular varying property. On therdtand we have for every> 0
and for everyr > 0,
F.(z) > 2" F(x).
Then
—log Fy.(z) < —log F(z) — rlog(x).

According to the nondecreasing hypothesis/owe have for every > 1,
U (—log Fr(2)) < 9 (—log F(x) — rlog(x)) < ,(~log F(x)) (3.2.23)
sincelog(x) > 0. Hence if Assumptior{3.2.18) holds then
Y (—log F(x)) > x + o(x).

We will see further on that for distributions with exponetails, the function), in the statemen(a)
of the proposition does not depend @anHowever in the situation of the iteifd) of the proposition,
Assumption(3.2.21) implies that

Y (—log F(e*)) > (r + 1)z + o(x).

Consequently, taking” instead ofF;,. in Assumption(3.2.21) will induce a loss of precision in the
upper estimate dbg p,,.

Also remark that if—log F,. (resp. —log F;.(e*) ) is measurable, locally bounded and regu-
larly varying with index1/6,6 > 0 then its generalized inverse functiah (resp. ®, ) is mea-
surable increasing ta-oo, regularly varying with indexs and, ¢,(— log Fy.(z)) = x + o(z) (resp.
®,.(—log F,.(e*)) = = + o(x)). Consequently, both inequaliti€8.2.19) and(3.2.20) (resp. claim
(3.2.22)) hold with ¢, (resp. ®,) in place ofi,.. However,¢, (resp. ®, ) is in general not easy to
compute and the examples below show that it is often easextiibit directly a function),. satisfying
the announced hypotheses without inducing any asymptiggdf accuracy.

We prove now the proposition.

Proof. (a) It follows from (3.2.7) and(3.2.8) that for everye > 0, there is a positive real constant
C.q.u, depending on the indexing parameters such that

_dir _ . pn
n 4 d,U,e < F,
" (qd+€)

where (from now ony,.; = 1if r > 1; ¢, 4 = 2 otherwise. Therefore, one has

r+d _ N
—— log(n) — log(Crqu.) = — log Fy (——).

Combining the fact thap, is nondecreasing and Assumptigh2.18) yields

r+d F Pn
Ur( d log(n) —log(Crave)) = r(—log Fr(cr,d + E))

Pn
o Cr.d +e€

+ o(pn).-
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Moreover, dividing by, (log(n)) (which is positive for large enough) yields

pin c O(Pn) —11/}7”(%[ log(n) - log(Cr,d,U,s))
¥ (log(n)) < (erate)(l+ P ) ¥, (log(n)) '

It follows from the regular varying hypothesis @n andlim p,, = +oo that

p r4d\°
lim sup ————— < (¢, —i—&?( >, Ve > 0.
P G ogfay) = (T

The result follows by letting — 0.

(b) As previously, one derives frorf8.2.7) and from Assumptior{3.2.21) and the nondecreasing
hypothesis on), that

r+d
d

log(n) —log(Crau.)) = ¢r( —log Fr(cr 53_ 6))

> log pp — log(cr.q +€) + o(log pp).

¥n(

It follows that

log py, < B log(cy.q + €) N o(log pn) > -1 Uy (% log(n) — 10g(C’r,d,U7a))
Yr(log(n)) — log pn log pn ¥r(log(n))

Owing to the regular varying hypothesis ¢n and the fact thatim p,, = o0, we have

lim sup logpn <T+d>6
n—+oo Yr(log(n)) — d .

O

We next give an explicit asymptotic upper bound for the cogwece rate of the maximal radius
sequence in the sense that the functignis made explicit. These bounds are derived on the rate of
decay of the generalized survival functiéh.

Criterion 3.2.1. (a) LetX be arandom variable with unbounded support. tet 0 and let(ay, )n>1
be anL’-optimal sequence of-quantizers forX. Letx > 0 such thate!X|" € L0+ (P). Set

0* = sup {9 >0, limsup %" F,(z) < +oo} = sup {9 >0, E /X" < —i—oo}. (3.2.24)

T——+00

Then#* € (0, +oo] and

1/k
lim sup Pinl/n <2 <ﬂ> . (3.2.25)
n—too (log(n))

Whend = 1 andr > 1, if (G;) holds then

1/k
lim sup Pr n < <T;;1> .
oo (log(n))

(b) LetX € L™ (P) be a random variable with unbounded support. Set

¢* =sup {¢ > 0, limsup 2 TE(z) < +oo} =sup {¢ >r, E| XS < +o00}. (3.2.26)

r——+00
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Then¢* € (r,4+o0] and

1 1 d
lim sup 96 n rt

3.2.27
n—+oc log(n) = (*—r d ( )

Prior to the proof we can make the following remark.

Remark 3.2.1. If X € [ L"(IP) then(* = +o00 and consequently lilf 1122(67) =0.
r>0 n—=Too

Proof . (a) The equalities ir{3.2.24) and(3.2.26) are obvious.
Letd € (0,0*). We have

E(IX|"1{x|5x)) = E(|X|T1{69‘X‘K>89M}) < e E(| XTI,

Now, the right hand side of this last inequality is finite besaifd’ € (6, 6*),
|$|7‘e€|m|” <1+ 0976/69'|I|K.

As a consequence, -
—log F.(xz) > 02" + Cp x, Cox €R.

Let Yy(y) = (%)1/“. As a function ofy, 1y is continuous (then measurable) increasingtts,
regularly varying with index = % and we have

_ CX 1/,‘6
o(—log Fy.(x)) > (m“ + 7) =z +o(x), asr — +oo.

It follows from Propositior3.2.3 (a) that
1/k
lim sup Pinl/ﬁ < ¢ <w> Vo € (0,0%).
=t (log(n)) a0
Letting & — 6* completes the proof.
(b) Let¢ € (r,¢*). We have
E(IX]"Lyx>ey) = E(IX Lpca—crixic-—ry)
< z7TEIX|C.
Then
—log F.(x) > (¢ —r)log(z) + C

so that by setting), () = 7= itfollows from Propositiors.2.3 (b) that

lim su 1ngn< L rtd
notos log(n) ~ C—r d

Letting ¢ go to(* yields the assertiofB.2.27) . O
Remark 3.2.2. Note that the choice of the functiah. in the statementa) of Proposition3.2.3 does

not depend om as approved in the proof of the itefm) of the previous criterion. But for distributions
with polynomial tails the choice af,. clearly depends on.
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We now give more explicit results for specified density fumcs.

Corollary 3.2.1. (a) Suppose that the densifyof X satisfies

f@) o |z|ce@B 2 eRL 9,k >0; ¢> —d. (3.2.28)
Then#* = ¢ and y
. Pn Cr.d r k
< D - ) 2.
23 Cog) 7 P (1+3) (3:2:29)
(b) If the density ofX reads
(log = : d
f(:L') x |:L'|c 1{|m|>1} reRY BeR, e>r+d (3.2.30)
then(* = ¢ — d and
lim sup 10g pr < L It d. (3.2.31)

n—too log(n) “c—d—r d

(c) The statemer(3.2.29) (resp(3.2.31)) holds if the density ok is simply equivalent to the specified
density in(3.2.28) (resp in(3.2.30)).

Notice that the restriction > r + d in (3.2.30) ensures thaE|X|" < +oc.

Proof. (a) We have
Fo(z) =E(1X["L{x|50}) = K/ Juf T eI AN g (u)
{ul>z}
+oo .
— de/ pT+C+d—1 6—19[) dp

where K~ = [ |z]|%~?1?I"d)\,(z) is the normalizing positive real constant ($.2.28) and V; de-
notes the volume of the Euclidean unit ball. Integrating bBytpand using usual integral comparison
rules yields

Fr(l’) _ Cd,ﬂ,n xT’+C+d—:‘i e—ﬁx“ (1 + 0(1))

for a positive real constardty s .. It follows that if & < ¢ then

limsup €’ F,.(z) < 400

T——+00

and if > 9 then

limsup %" F,.(z) = +oc.
T—+00

Which means that* = ¢ and the statemer(8.2.29) follows from Criterion3.2.1 (a).

(b) We have for every > 0, for everyzx > 1,

_ 1 B +oo (] B
Rw= [ LM —v [,
{Ju|>=} x p
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withd = c—r —d+1(d > 1) andV, defined as previously. Integrating by parts and multiplying
by z¢~" yields
KV,

c—(r+4d)
Consequentlyg* = ¢ — d. The statement3.2.31) follows from Criterion3.2.1 (b).

25 F () = log(z)Px¢~T4(1 4 o(1)).
(c) Obvious from the forgoing. O
We now give some examples for usual distributions.
Example 3.2.1. (a) If X ~ N(0; 1), we have
fx) = (2m) 22kl

It follows from item (a) of the previous corollary (with = 1/2, < = 2, ¢ = 0) that for everyr > 0,

for everyd > 1,
Pn r
——— < 24/2(1+ ).
n—+oo +/log(n) — ( d>

lim sup

In particular, when > 1,d = 1 we havelim sup —£2— < /2(r + 1).

n—-+o0o lOg(n)
e For a double Gamma distribution in the real line where
)\CL

a—1_—\|z|
o e

fz) =

, TER; \,ja>0
or a Gamma distribution for which

wa_le_/\xl{xzo}, Aa>0

fz) =

[(a)

we have (from Corollarg.2.1 (a) withc = a — 1,9 = A,k = 1) for everyr € (0, 1),

2 1
lim sup Pn < (r+1)
n—+oo l0g(n) A
and in case > 1 we have
. Pn r+1
lim sup —_—

<
n—+too log(n) = A
which coincides with the sharp rate given($2.3).

e WhenX has a logistic distribution with densitf(x) = %Z we have

flz) ~e™® asx — +oo.

Then, it follows from Corollany.2.1 (¢) that(p,, ),>1 has the same upper asymptotic as the exponen-
tial distribution with parametek = 1.

e As concerns the Weibull distribution with shape parameter 0 with density function

flx) = ke " 1501
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it follows from Corollary3.2.1, (a) (with ¢ = 1) that forr € (0, 1),

lim sup P

< 2(r + 1)M/*

and ifr > 1

<(r+ 1)1/“.

. Pn
lim sup n =

n—-4o0 ( ]Og(n))

(b) SupposeX is a random variable having a Pareto distribution with index- r. The density
function reads

f(z) = ’yw_(7+1)1{$>1}.
Then we deduce from Corollag/2.1 (b) (withd = 1,¢ =~y + 1,8 = 0) that

. logp, _r+1
lim sup <
n—too log(n) y—r

3.2.2 Lower estimate

In this section we investigate the asymptotic lower estinwditthe maximal radius sequengs, ),,>1
induced by anL"-optimal sequence ofi-quantizers. First we introduce the family of tke s)-
distributions which will play a crucial role to obtain thetopal lower estimate for the rate of the
maximal radius sequence.
Letr > 0,s > r. Since thel.”-norm is increasing, it is clear that for ever\y< r any L"-optimal
sequence of quantizefsa, ), >1 is L*-rate optimal i.e.
limsup n'/%|X — X, < +o0. (3.2.32)
n—-+o0o
Butif s > r (and X € L*(IP)) this asymptotic rate optimality usually fails . So is alwahe case
whens > r + d and X has a probability distributiorf satisfyingA\;(f > 0) = +oo, see[GLP]. But
it is established ifSAG] that some linear transformation of tié-optimal quantizergc,,) makes
possible to overcome the critical exponent d, that is, one can always construct Afrrate-optimal
sequence of quantizers by a linear transformation of/th@ptimal sequence of quantizefs,,).
However there are some distributions for whi@®.32) holds for everys € [r,r + d). This leads to
the following definition:

Definition 3.2.1. Lets,r > 0,s > r. Arandom vectotX € L*(P) has an(r, s)-distribution if any
L"-optimal sequencéw,, ), >1 is L°-rate optimal.

Forv € (0,d), sufficient conditions such that has an(r,r + v)-distribution are provided in
[GLP]. Let us mention two criteria ensuring that a random vecéfohas an(r, r + v)-distribution.
The first one deals with distributions with radial tails.

Criterion 3.2.2. (a) Letd > 1. If f = h(| - |) on B (0, N)¢ with h : (R, +00) — R, R € Ry, a
decreasing function ang | any norm oriR?. If

/f(cw)‘mdP(x) < 400 (3.2.33)

for somec > 1. ThenX has an(r, r + v)-distribution.

(b) If d = 1and ifsupp(P) C [Ro, +00) for some Ry € Randf, ., is decreasing foRRy > Ry.
0’

If further Assumptior{3.2.33) holds for some > 1. ThenX has an(r, r + v)-distribution.
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The following criterion works for distributions with nondal tails.

Criterion 3.2.3. Letr > 0, v € (0,d), P = f-Xgand [ |z|"*"P(dz) < 4oc for somen > 0.
Assume thatupp(P) is convex and thaf satisfies the local growth control assumption : there exists
real numbers > 0, n € (0,1/2), M,C > 0 such that

Va,y € SUpRP), [a| > M, |y —z| < 22| = f(y) = Cf(z)"**.

_ (r+v)(1+e)
/f(:n) r+d  dP(x) < 400, (3.2.34)
then X has an(r, r + v)-distribution.

Furthermore a necessary condition for(with density f) to have ar(r, r + v)-distribution is (see
[GLP)) :

(r+v)
T dP(z) < 400, (3.2.35)

X has an(r, r + v)-distribution — /f(x)_

It follows from (3.2.33) and(3.2.35) that the Gaussian distribution, the Weibull and the Gamma
distributions have afr,r + v)-distribution if and only ifv € (0,d). The Pareto distribution with
index~y > r has an(r,r + v)-distribution if and only ifv € (0, 27).

Now, suppose thaX has an(r, r + v)-distribution for some’ € (0, d) and set

vy = sup{v > 0s.t. X has an(r,r + v)-distribution}.

Note that
{v > 0s.t. X has an(r, r + v)-distribution} = (0, v ) or (0, vx]

and thatX € L"""(P), Vv € (0,v%). When
{v > 0s.t. X has an(r, r + v)-distribution} = ()

we sety = 0.

This indexvy will play a crucial role to determine the lower bound of thexinaal radius se-
quence. Recall that ik has a density satisfyingA\s(f > 0) = +oco then a necessary condition for
X to have(r, r 4+ v)-distribution is thatr < d. Which means thaty, < d. However, this inequality

may stand strictly as approved by the Pareto distributidh widex~y for whichvy = % <1.

We present below two different approaches to get the lowantddor the maximal radius se-
quence. The first one involves the generalized survivaltfans F,. like for upper bounds and is
based on tail estimates. The second one is probably morealridt is based on random quantization
and provides a close connection between the sequenge>; and the maximum of the norm of an
1.3.d sequence of random variables with distributidhs

Distribution tail approach

The main result of this section is the following theorem.

Theorem 3.2.2.Letr > 0 and letX be aR?valued random variable with probability distribution
P. Let(an)n>1 be anL”(P)-optimal sequence of-quantizers. For every € (0, vy ), the following
statements hold:
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(@)

lim sup sup <cr+” n"TF (pn + c)) < +o0. (3.2.36)

n—+oo ¢>0

(b)

limsup sup ((1 — 1/u)r+y n"a E,. (upn)) < +o0. (3.2.37)

n—+oo u>1

Proof. (a)Letc > 0and letr € (0,v%). Then
Y an |+ ; +
E|X — X[ > E <§2£ [ X —al ”1{|X>pn+c}> :
Onthe event§| X| > p, + ¢}, we have:| X| > p, + ¢ > p, > |a|, Va € a,. Then
o T4 : +
E[X - X "™ > E <gg£ [ X —al ”1{X|>pn+c}>

. r+v
>E <;I€1gi (|1X] — lal) 1{X|>pn+c}>

E((1X] = pn) ™ Lxpsprser (32.38)
P {X] > poteb).

v

v

It follows that

E[X — X" > sup (T P{|X] > pn+c})).
c>0

SinceX has an(r, r + v)-distribution we have
. r+v Tam ||T+V
limsup nd || X — X |17} < 4o0.
n

Which completes the proof.

(b) is proved like(a). Inequality(3.2.38) becomes: for every > 1,
E|X = X 2 B ((1X] = o) ™ Lixsupnt ) 2 E (X (1= 1/0)™ Lxisup,y) -

Then,
E‘X . onn’T-H/ 2 Slilf [(1 . 1/u)r+l/E (‘X’T+V1{\X|>upn})] )

Inequality (3.2.37) follows by noticing thatlim sup n' & | X — Xon| T < oo, O
n

Like for the upper estimate, given the asymptotic inversetion ¢ of — log I or given an asymp-
totic lower boundy of ¢ satisfying some standard hypotheses specified below, welerthe asymp-
totic lower estimate for the maximal radius sequence fdritligions with exponential tails.

For distributions with polynomial tails, we will rather ledor the asymptotic inverse function
®,,, v € (0,v%) (if any) of —log F,1,(e*) or some asymptotic lower bound of it to provide a lower
estimate otfog p,,.
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Proposition 3.2.4. Letr > 0 and letX be anR“-valued random variable with distributio®. Sup-
pose thatX has an unbounded support. Liet,),>1 be anL"(P)-optimal sequence of-quantizers.

(a) If v is a measurable nondecreasing function goingHso asxz — +o0, regularly varying with
indexd and satisfying

P(—log F(z)) < x + o(x), (3.2.39)
then 5
.. Pn r 4+ Ui
b oz > () 5240

If —log F is regularly varying of index /6 then(3.2.40) holds withy) = (—log F')—.

(b) Letr € (0,v%). If there is a measurable nondecreasing functign, (x) going to+oco asz —
~+00, regularly varying with index and satisfying

1/}7”,1/(_ log Fr-l—l/(ex)) S T+ 0(1‘), (3241)
then 5

o log pn, (r + u)

lim inf > . 3.2.42

n—+oo 1y, (log(n)) — d ( )

In particular if — log F+,(e%) has regular variation with index/é then(3.2.42) holds withy,., (z) =
(= 10g Frs(e7))—.

Let us provide a few comments on this proposition. We haveef@ry » > 0 and for every
x>0, F.(z) > 2"F(x). Then

—log Fy.(z) < —log F(x) — rlog(x).
According to the nondecreasing hypothesis/owe have for every > 1
(= log Fy(x)) < ¢(—log F(x) — rlog(w)) < ¢(—log F'(x))
so that if(3.2.39) holds then for every > 0, for everyv € (0,v%),
U(—log Friy(2)) < 2+ o(z).

Reproducing the proof (given below) of Propositi®n2.4 (a) by using(3.2.37) instead 0f(3.2.36)
shows that3.2.40) still holds true. This means that for distributions with erpntial tails, the func-
tion ¢ does not depend onandv even if in Assumption3.2.39) we take the generalized survival
function ., in place of the regular survival functiafi. However for distributions with polynomial
tails like Pareto distribution the functian.,, in (3.2.41) may depend on and taking the regular sur-
vival function F in place of the generalized survival functidi., would make lose the dependance
uponr and consequently lead to a less accurate result.

We next prove the proposition.

Proof. (a) Assumevy > 0 and letr € (0,v%). It follows from (3.2.36) that for large enough,

r+v

—log F(pp +¢) > — log(Cl,c) + d

log(n)
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whereC),, .. is a positive real constant depending on the indexing paemelt follows from the fact
that+) is nondecreasing and goes-tec and from Assumptiori3.2.39) that

Pn > <1 n < n 0(Pn)>—1 1/)(7"4d-v log(n) —log(C’Mc)).

1/1(10?;(“)) Pn Pn ¢(10g(n))
Sincey is regularly varying with index we have
liminf — " > <T+—”>5 V€ (0,0%).
n—too Y(log(n)) =\ d ) ’
Letting — v% give the announced result. i, = 0, one follows the same proof with = 0.

(b) This is proved like the stateme(tt) in Proposition3.2.3 by consideringF,,, instead ofF;., for
ve (0,vy). O
The next criterion is the lower limit counterpart of Critami3.2.1.

Criterion 3.2.4. (a) Let X be anR?valued random variable with unbounded support and suppose
that

0, = inf {6 > 0, lim inf " P(|X| > z) > 0} € (0,+00). (3.2.43)
Then
p r s\ Y
lim inf e > ( 77 X> : (3.2.44)
n—-+oo (log(n)) %

(b) Let X be a random variable with unbounded support such tHat> 0. Set

¢ =inf {¢ >0, Vv e (0,v%), limJirnf 2 TVE L (x) > 0} € [r+ vk, +oa). (3.2.45)
Then | ) )
liminf —8°" > Iy (3.2.46)

n—too log(n) — (o —r—vy d

Proof . (a)Letd € (0,,+o0). Then
F(z) > C e %"
for large enough: and for a positive real constaét Therefore

—log F(x) < 0z"(1 — loii#)
so that by settingy () = (x/0)'/* we have
Yo(—log F(x)) < o+ o(x).

It follows from Propositior3.2.4 (a) that

Pn 1 [(r+vk 1/m
y :

lim inf >
n—-+00 (log(n))l/ﬁ g1/r
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We letf go tod, to get the announced result.

(b) Let¢ € (¢x, +00). We have, for every € (0,v%),
Foy,(z)>C, gy

for large enoughr and for a positive real constant,. Then, by setting), ,(z) = —*— we get

(—r—v

Y (—log Fryy () < log(z) + o(log(z)). It follows from Propositior8.2.4 (b) that

logpn> 1 r+v
n—too log(n) ~ (—r—v d

The right hand side of this last inequality is increasing@n% ) (as a function of’) and noincreasing
on (¢, +o0) (as a function of)) so that by letting and¢ go respectively to;, and(, we get

*
lim inf og pn > ! ' .
n—+too log(n) = (e —r—vy d

O
Corollary 3.2.2. (a) If the density function ok reads
f(x) o |x|° e " 2 e R 9, k> 0; ¢ > —d (3.2.47)
thenvy, = d and 6* = 0, = 9. In this case we have for every> 0, for everyd > 1,
1 r\e . Pn ) Pn 2 r\ 1/
1+ = <liminf ————— < limsup < 1+ - . (3.2.48)
1/k n——+00 1/k 1/k 1/k

Whend = 1 andr > 1 we have

1/k
Jim Pn UE::<T;;1> . (3.2.49)
n—-—+o0o (log(n))

(b) If X has a density satisfying

1 B
f(r) o % Les1y <ERLBER c>r+d (3.2.50)
thenvy =d (1 — %) € (0,d) and ¢, = ¢* = ¢ — d. Furthermore we have for every> 0 and
everyd > 1,
log pn, 1
lim —8Pn _ rtd (3.2.51)

n—+oo log(n) c—r—d d

(c) The claim(3.2.48) (resp(3.2.51)) holds if the density oK is simply equivalent to the specified
density in(3.2.47) (resp in(3.2.50)).
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Proof . (a) Itis obvious from Criterior8.2.2 and(3.2.35) thatvy = d. Let K be the normalizing
positive real constant if8.2.47). We have for every: > 0,

P(X|>z) =K u|® e 1" dX g (u)
{lul>a}

+o0 .
_ Kd/ pc-l-d—l e—ﬂp dp
T
xc—i—d—ﬁ
9

where we used an integration by parts and usual integral aosgm criterions. Consequently, if
6 > v then

= Ky e (1 + o(1))

liminf e’ P(|X| > z) = +o0

T——400

and ifg < 9 then

limJirnf " P(IX| > ) = 0.
Which means that, = ¢ and the statement8$.2.48) and(3.2.49) follow from Criterion3.2.1 (a)
and Criterion3.2.4 (a).

(b) Lete > 1. We have

(r+v)B
v logé+1 T (] B

|t H f@ini) = Ke Uoge +logful) 7 Qo ) o
(>0} {ul>1} |ul

+o0 (1 ¢+ 1 )—(Tlfﬁﬁ(l )ﬁ

ogc+logp) T (logp
— Ky / S dp  (3.252)
1

with ¢ = ¢(1 — ’;ig); Kz and K, ; are some positive real constants. Remark thap, as 4-oo, the
numerator of the integrand part of the right hand side of uiadity (3.2.52) is equivalent tqlog p)?,

with 3" = 3(d — v)/(r + d). Then we deduce that if

r—+d
c

d>d <= v<d <1 - ) then / f(éx)_:%f(x)d)\d(w) < 400
{7>0}

and if
r+d

C

c’<d<:>u>d<1—

) then / f(w)_%f(w)d)\d(w) = +o0
{7>0}

so that (from Criterior8.2.2 and Statemer(3.2.35)) vy = d (1 — 2t9).
Let us show that, = ¢ — d. For everyr > 0, for everyv € (0,v%), for everyz > 1, integrating
by parts and using integral comparison criterions yield

- rtp log |ul)?
Friv(z) = E (|X]" 1) x[50}) :/ %d&i(u)
{ul>z} Ul

+oo (] B
et

C

!
¢ +1
d—1

= Vg T (log 2)°(1 4 o(1))
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withd :=c—r—v—d+1> 1. It follows that

—r—U 1 Vd —cC
2TV Fyy (1) = c’—l(log ) 21+ o(1))

so that for every: > 0 and for everys € (0,v%), if { > ¢ — d then

hminfxc "VE (1) = 400
and if¢ < ¢—d,
liminf 25"V F,,,(x) = 0.

r— 400

Hence(, = ¢ — d. It follows from Criterion3.2.1 (b) and Criterion3.2.4 (b) that

1 b log pn log pn 1 d
" rtrx < liminf o8P < lim sup o8P < s .
Go—r—vhk d n—+oo log(n) = potoo log(n) ~c—r—d d

Now (recall that(, = c —dandvy =d (1 — %l) )

1 r+vy I r+d
Go—r—vy d  c—r—d d
so that
m logpn, 1 r+d
n—too log(n) c—r—d d
(c) Obvious from what forgoes. O

We deal now with examples.

Example 3.2.2. (1)t follows from Corollary3.2.2 (a) that
e WhenX ~ N(0, 1), for everyr > 0, for everyd > 1,

2(r +d)

< liminf —— < limsup ———

Pn
<2
n—+00 \/log n)  n—too y/log(n)
In cased = 1 andr > 1 we have

. Pn
Iim ———— = +/2(r +1).
n—+oo/log(n) ey

olf X ~T'(a,\),a > 0,\ > 0orif X has a double gamma distribution we have for every 1,

I On, r+1
im =
n—+oolog(n) A

(which coincides to the exact rate given (.2.3) for the exponential distribution) and for every
€ (0,1),
r+1 Pn

Pn 2(r+1)
<l f <l < .
A r}I—r}Jg)lo log(n) :zgilcg) log(n) = A

e As concern the logistic distribution, the maximal radiugusnce has the same asymptotic as the
exponential distribution with paramet&r= 1 following Corollary3.2.2 (¢).
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e For a Weibull distribution with shape parameter- 0 we have for every > 1,

: Pn _ 1/k
lim T 1k (T‘ + 1) .
n—>+oo(10g(n))1/

Forr € (0,1), one has

(r +1)"/% < liminf P < lim sup P < 2(r 4+ 1)V,

=t (log(n))'/* T notee (log(n)) "

(2) SupposeX is a random variable having a Pareto distribution with inglex r where the density
readsf(z) = vz~ 0*V1,. . Itfollows from Corollary3.2.2 (b) (withc =y +1,d = 1)

logp, r+1
im = :
n—+oo log(n) ~y—r

(3.2.53)
We retrieve of course the sharp rate giveridrz.4).

An alternative approach by random quantization approach

Let X ~ P. Random quantization is another tool to compute the lowgmese of the maximal
radius sequence. It makes a connection betwegend the maximum of ahi.d sequence of random
variables with distributions.

Theorem 3.2.3.Letr > 0 and letX be a random variable taking values ¢ with probability
distribution P with P, # 0. Assumga,,),>1 is an L"(P)-optimal sequence of-quantizers. Let
(Xk)r>1 be an i.i.d sequence oR?-valued random variables with probability distributiaR. For
everyv € (0,v%),

liminf (p, — E( max } |Xx])) > —C, (3.2.54)

n—-+o0o k‘g[n("'+l’)/d

where G is a positive real constant.

Proof. Letv € (0,v%) and 1etXp" = 3. alix,ecu(an)- We have,

> Xon
Pn > I,glgag\ R
m o~
= kz_:l lga;zi‘Xlan‘lﬂXkbmax#k | X}
m
> Y X L s mas 100}
=1
m o~
> Z (1Xk] = Xk — X)L x| >maxo o X1}

e
I
—_

> Emax|X| — Y E (\Xk — XL x> maxi s \xi\}) :
= =1

Furthermore,

> n ’g v n
Vk > 1, | Xk — Xp" 11Xy > maxis 1X03 = 151 — X7 [Lx) > maxs X))
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Hence,

Pn = Egléi%( ’Xk‘ —mE (’Xl - X?nll{\X1\>maxi¢1 |Xz|})
N 1-1/(r+v)
> EEIL&%CIXM —m || X1 — X{" lr4 <]P’(\X1\ > Tﬁf!XJ)) .

Since the events
{|Xk| > max |X;|}, k=1,---,m
i£k

are pairwise disjoint with the same probability we have

P(|X1| > max [ Xi]) <

1
—-
Finally,

L A~
pn > Emax | Xp| —m7™ || X1 — X7 (40
k<m

It follows, by settingm = [n("+*)/4], that

1 ~
lim inf —E X > —1li || X, — X .
fmfof (on —B(,_max | 1X4])) = ~Tmsupn][X) = X774
However, sinceX has an(r, r + v)-distribution, the upper limit on the right hand side of tlypiation
is finite. O

Example 3.2.3.(Exponential distribution) Let > 0 and letX be an exponentially distributed random
variable with parametek > 0. If (ay,),>1 iS an L"-optimal sequence of-quantizers forX then

Theorem3.2.3 implies
lim inf >

i jnf s > (3.2.55)

which is the sharp rate given §$.2.3).

Indeed, letv € (0,v% ) and let(X;)gi—,... [or+v]}, D€ @ni.i.d exponentially distributed sequence
of random variables with parametgr We have for every, > 0,
[n" ]

P( max X; >u)=1-P(X; < u)Wﬂ] =1—F(u) ,

ig[n"‘“’}

whereF is the distribution function ofX” (we will denote byf its density function). Then

00 +o00 .
E( max XZ-) = / P( max X; > u)du = / (1—(1- e—Au)WJr })du
0 0

i<[nmt] i<[nmt]
1o [nrﬁ»u}_l .
_ / (Y F)edu
0 1=0
+o00 y
:/ (1+F(u)+-- + F(u)™ }‘1) EOPS
0




3.2 Convergence rate of the maximal radius sequence 87

Consequently, it follows from the super-additivity of theminf that for everyv € (0, 1),

Pn Pn — E(maxig[nrw] ) E( MAaX; < [;r+v] )

li f > lim inf lim inf

ﬁg}ilolo log(n) — A0 log(n) tam log(n)
> rtv .
D)

The result follows by letting’ go tovy = 1.

Example 3.2.4. (Pareto distribution) LeX be a random variable having a Pareto distribution with
indexy > 0. If (ay,),>1 is an asymptoticallyL”-optimal sequence of-quantizers forX, r is such
that~ > r, then Theoren3.2.3 yields

1 1
lim inf 08 Pn > rt .
n—+oo log(n) ~ y+1

Which is not the sharp rate given 0y.2.4).

Notice that ify > r thenX € L™™(P) for n € (0, — r). Now, to prove this result, let €
(0,v%) and let(X;)i—,... [o~+v)} De ani.i.d sequence of random variables with Pareto distribution
with index~y. We have

Ym>1,YVu>1, PmaxX; <u)=(1-—u")".

i<m

Then, the density function afiax; <;<,, X; is myu~ 0+ (1 — 7)1,

Hence
+o0 1
) — _ amYym—
E(lrgizanz) / T =T de
= m/ (1 —w)™ du (u=2a"")
=mB(l—— m)
Y
_ I(1—2)0(m+1)
Fm+1-2)
1 1
~T(1—-—=)m~> asm — 400
v
where we used Stirling’s formula for the last statement. \Wellfy setm = [n" "] to get
1 r+v
E( max X;)~I(1—=)n .
1<i<[n"+] Y
It follows from (3.2.54) that for everye € (0, 1),
1, rtv
pn—(1—T(1—)n' " > ——C,.
v

Dividing both side of the inequality by% and taking the logarithm yields

1 b
log pn — Y log(n) > log ((1 (1= )~ (e+C)n ) .

v
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Consequently
log pn ST + v
n—too log(n) = v

for everyv € (0,v% ). The announced result follows by lettimggo tovy, = zjr’l’

Comment. Let ¢ be the inverse (if any) function of log F. It can be noticed that in both previous
examples we have

E( max |Xg|) ~ o((r+ vX)log(n)) asn — +0o (3.2.56)

k<n" x|

which, for distributions with exponential tail leads to teeme asymptotic lower bound for the se-
quence(p,,)n>1 as in(3.2.40). For Pareto distribution, using the approximatiGm®.56) to compute
the asymptotic lower estimate of the maximal radius secriemake us loose the— r” term in the
exact asymptotic. To recover this reminding term we haveplirto consider the inverse function
of —log F;.1,+ (as done in the previous section) instead-dbg F', and, the random quantization
approach clearly does not allow us to do so.

A conjecture about the sharp rate

The previous results related to distributions with expaia¢iails strongly suggest the following con-
jecture: suppos& is a distribution with exponential tail in the sense of claigi2.43). Then for
everyr > 0, for everyd > 1,

lim Pn _ <r+d>1/n
n—+o0o /K * )
+ (log(n)) / do

This conjecture is proved faof = 1 andr > 1. To be satisfied for higher dimension we need
to prove that the geometric statemés2.9) of Lemma3.2.1 (a) holds true with’1 + ¢” instead of
"2 + ¢” like in 1-dimension. Although this inequality looks quite intuéivn any dimension its proof
seems out of reach wheh> 2.

Numerical experiments

We now attempt to focus on numerical experiment of the makiamius sequencép,,),,>1 for the
quadratic optimal quantizers of the Gaussian, the Weilndlthe exponential distributions. A whole
package of quadratic optimatquantizers of thé\'(0, 1) distributions are available in the website

www. quanti ze. mat hs-fi.com

ford € {1,---,10} andn € {1,--- ,5000}. Whend = 1, theseL?-optimal grids are obtained by the
Newton method, see e.(PAGPR] for details. For the exponential distribution the quadraptimal
quantizers are computed by using the semi-closed formuae @ Propositiors.2.1.

As concerns the Weibull distribution with shape parameter 2, we compute the quadratic
optimal quantizers up t8000 using the Lloyd’s | algorithm described [PAGPR] (see[GG for a
more itemized description of the algorithm).

In these three cases we depicted the ratio betywgesmd the expected asymptotic optimal rate.
For the exponential distribution we represent the grap@—loégm as a function of the grid sizes
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(see Figure3.1). One remarks that the convergenceg% to 1 asn goes to infinity is almost
instantaneous.
However, the cases of the Gaussian and the Weibull diswitsitare more delicate. Indeed, for

the Gaussian distribution the rati%’l)”i—() seems increasing but has not reached yet the Yadwen
og(n

for a grid size equal$00000, as emphasized by FiguBel (right hand side graph). For the Weibull

distribution, 3{’7”( also seems increasing but takes values ardu®2ir for a grid size equal to
og(n

3000 (see Figure2). Then for both cases, the convergencel tof the ratio between the maximal
radius and the expected asymptotic optimal rate seemsasiogebut very low.

Gaussian distribution

11111
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1.00-| k,
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Figure 3.1:Left: 3Tosrny @s @ function of the grid size for the exponential distribution. Right—te— T 2@

function of the grid size: for the normal distribution.

Figure 3.2: —£2 as a function of the grid size for the Weibull distributionthvéhape parameter= 2.

4/ 3log(n)

3.3 Application to the computation of an-quantizer

One of the important issues from a computational point ofwigethe search of thé”-optimal quan-
tizers. The commonly used quantizers for numerical implaatéons is the quadratic quantizers.Our
aim is to use the natural extension of Lloyd’s | algorithm éonpute thel.”-stationary (optimal) quan-
tizers for the normal distribution, for > 2. In a general frameworkl,"-stationary quantizer&y,,)
(with oy, = (an1, - -+ , anp)) @are computed using the”-stationary equatioiVe,, ,(X)" = 0. This
equation reads for every> 2 (see[PPP1 GLP1))

E (1xec;(an|X — omil 2X)

=1, .. (3.3.1)
E (1xec;(an)|X — anil"?)

Qni =
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Under some additional assumption this formula also holds-fe (1,2) The so-called Lloyd's |
procedure is simply the fixed point procedure attached tcaftgu(3.3.1). Starting with an initial

quantizera%o) of sizen, one defines recursively a sequemaél))lzl,... .1, of L"-stationary quantizers

(whereL corresponds to the number of Lloyd’s iterations) by setforgeveryl =1, --- , L,
1—1) |y
o E(ecolX —aiV2x)
a,; = ) i=1,--,n. (3.3.2)

E <1X60i(an)’X - O‘gi_l)y—2)

Note that whenl = 1 and X has an absolutely continuous distribution with a log-cerega.d.f
then Equatior3.3.2 has a unique solution as a set (SE&EF, LAMPAG]) which is the onlyL"-
optimaln-quantizer. Wher > 2 this uniqueness usually fails.

In practice the above Lloyd’s | procedure is randomizedthe expectations involved if8.3.2)
are estimated using a regular Monte Carlo (or possibly QMasite Carlo) simulation.

After 5 Lioyd's procedure

Figure 3.3:Comparison of the distortions for the random initializatimethod and the initialization over the
sphereS,;_+ (0, p,,) after 1 and 5 Lloyd’s | procedures.

<o

Figure 3.4:Comparison of the distortions for the random initializatimethod and the initialization over the
sphereS,;_1 (0, p,,) after 10 and 50 Lloyd’s | procedures.

Owing to our knowledge of the (asymptotic behavior of th&jua p,, of a quantizer we propose
an alternative way to initialize the Lloyd’s | procedure @&t when the distribution of is radial.
The starting value?) is a sample of the uniform distribution over the sphé&ge; (0, p,,), which can
easily be obtained from=a-sample(Zt,--- | Z™) of the N (0, I;)-distribution by setting

0 z
12"
where the norni - | denotes the canonical Euclidean distribution. For a gré siarying one by
one one from2 to 100, we compare in figure8.3 and 3.4 the distortions displayed by the spherical
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initialization technique (or Hyperspherical Initialaat Method (HIM) whend > 2) and the random
initialization method, means, the initial grid (of sizg is set to\/(2(r + d)/d)log(n) Z; where the
Z's,i=1,--- ,nis a sample of size of the '(0; I;) (in this examplel = 2 andr = 2). These
graphs show that the spherical initialization method isentmmpetitive than the random initialization
method particularly for small values of the number of Ligytprocedure.
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Chapter 4

Pricing Partial Lookback and Barrier
options by Monte Carlo and optimal
guantization

This paper is devoted to the pricing of Barrier and Partiabkliack options by Monte Carlo simu-
lations and optimal quantization methods. We represenpttémium of these options as an integral
of some simpler barrier with respect to the Lebesgue meastmer on a bounded or an unbounded
interval. Then for Partial Lookback options these integteve been randomized by a parametrized
family of probability density functions in order to redudsetcomplexity of the Monte Carlo sim-
ulations with respect to the regular "Brownian Bridge mettHon which the conditional lay of the
supremum (or the infimum) of the continuous Euler price pseagver the time interval from zero to
the maturity, given its values in the discretized stepsdrteebe simulated. Numerical simulations
have been carried out for Partial Lookback options by MomdeldCsimulations and show that this
randomization technique reduces the complexity but seenxtease the variance with respect to
the regular "Brownian Bridge method . Then an hybrid Mon&lG-optimal quantization method is
used to recover the initial variance level (w.r.t the regtBrownian Bridge method "). Finally, we
show how to price fixed strike Lookback options and barriefans by (pure) optimal quantization
from these representation techniques of the premiums.
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4.1 Introduction

An option on a stock is a contract giving the owner the right but not thiggation to trade a given
number of shares of the stock for a fixed price @#heke) at a fixed date (thenaturity).

There are two basic types of options.cAll option gives the owner the right (but not the obliga-
tion) to buy the underlying asset for a certain strike prica aertain maturity. Aput option allows
the owner the right to sell the underlying asset to the w(geHer) of the option for a certain price at
a certain time. The option Buropeanif it can only be exercised at the maturity; itAsnericanif the
holder can exercise his right to trade at any time up to nisturi

Note that the writer of the option has the obligation to selltfie call option) or to purchase (in
the put option) the underlying asset if the buyer of the apgaercises the option. In exchange for
having this option, the buyer pays the writer a fee (iremiun). The determination of this premium
is referred in Mathematical Finance@gtion Pricing The fair price for the option is described by the
current value of a portfolio that will yield exactly the samaturn as does the option at the maturity.

When the option iseplicable the replicating portfolio can be used liedgethe risk inherent in
writing the option. For a detailed background on financialvdgives we refee.g to [CR, HUL].

For the mathematical model consider a time horizofwhich will be typically the maturity)
and let(Q2, 7, P) be a probability space (modelling the randomness of the etavkith a filtration
F ={F,1 <t < T} satisfying the usual requirements. For every [0, T] the filtration describes
the information available up to time The probability is supposed to be the probability in the real
world’ in opposite to the risk neutral probability.

Consider that the stock price process;),c(o.) satisfies the following stochastic differential
equation (SDE)

dX, = b(t, X,)dt + o(t, X )dW,,  Xo = (4.1.1)

(Wi)iejo,m denotes a-dimensional Brownian motion defined on a probability spdeer, P); b :
[0, 7] x R? — R%ando : [0,7] x R? — M(d,q) are continuous functions satisfying the global
Lipschitz and linear growth conditions:

b(t,2) = b(t, y)| + ot z) — o(t,y)|| < Clz -yl (4.1.2)

and
|b(t,x)| + ||o(t, z)|| < C(1+ |z|) (4.1.3)

for everyt € [0, 7] and for everyz,y € R

The norm| - | is any norm oriR? and || - || any norm on the matrix spackt(d, ¢) (the set of real
d x ¢ matrices). The starting random varialjlés square integrable’,-mesurable, independent from
W and defined on the probability spade, 7, P). The filtration considered here is the one generated
by ¢ and the natural filtration of the brownian motion completgdhe P-null sets.

Under the above assumptions on the coefficients of the difiusne shows (se€?] OKS]) that
there exists a unique strong solution for the SDE The unigsemf the solution is ensured by the
global Lipschitz assumptiofi.1.2) whereas the linear growth assumptidnl.3) guarantees that this
solution does not explode (s@@KS] for more details). Remark that one may always assume that the
coefficientsh ando of the SDE only depend on the space variable by considerimgréimsformation
Y = (t, X}), see e.gOKS|.

The first workable model for rational’ market pricing of thed options have been proposed by
Black-Scholes inl973 and extended by Merton in the same year. In the Black-Schuotedel the
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economics consists of two assets: the stock price with dicsaas the previous SDE witi{t, x) :=
pux ando(t, z) := ox, and a zero-coupon bound of constant interestraied maturityl.

The market is said to be arbitrage free if there is a prol:talfﬂiunder which the discounted stock
pricee~"'S, is a martingale. It is said to be complete if the probabiﬁ’ty’s unique. In a complete
market, any contingent claim (option) may be perfectlyicgted with the stock and the zero-coupon
using a self financing portfolio. Under arbitrage free anchpleteness assumptions the price of any
contingent claim is uniquely determined and is the discediixpectation of its payoff (a functional
of the price procesgX;)c(o,r) Which may depend on all the trajectory of the process) ultddf V;
is the value of the option a timeand if & denotes the payoff at the maturity then

Vi = e "TOE (R F),
whereE is the expectation undét so that the price at time@is
Vo =e "TE(h).

Our aim in this work is to estimate such an expectation foras<lof path-dependent payoffs:
barrier options and (Partial) Lookback options, by optimantization method as well as by Monte
Carlo method. We will see from the definitions in the next mecthat the price of Lookback options
reads as an expectation of a functional of the supremum ¢anfimum) of the stock process over the
time interval[0, 7], meansEF (sup;cpo ) X¢) or EF (inf,c[o ) X;) and the price of barrier options
asEF (Xr,supyep, ) Xt) or EF (X7, infyc (o 7 X¢) whereF' will be specified.

Note that closed formulas are available for these optionthenBlack-Scholes framework (see
[CV]). But this no longer holds when we move out from the Blackdbes framework so that we
are led to estimate the prices by some numerical procedBrgsestimating these prices in a general
setting requires first to discretize the stock price trajges; which leads us to recall in Secti®some
facts about the Euler Scheme and the estimation of the ilddiseretization errors. Once the stock
process is discretized, one can estimate the price by Maate,dy replacing the supremum (or the
infimum) of the stock process ovf, 7' by the supremum (or infimum) over the time discretization
steps. It is established {GOB]| that the weak order of convergence of the supremum (or infimum
of the process over the time discretization steps towaslipgemum (or infimum) ovef), 7'] is very
slow since it cannot be greater than'/2. Using this last approximation method to estimate the price
of barrier options for example leads us to neglect the faatttte process can hit the barrier between
two discretization steps even if the values taken by thege®mat these two points are "in-the-money".
Hence, to compute efficiently barrier options, one can (ggasted for example in [GLA]) integrate
the probability that the barrier is crossed between all ikerdtization steps. In Sectiaghwe extend
this approach to more general payoffs dependingunc o 1 X: or inf;c o 77 X+ (and Xr) by using
a representation of the premium as some integrals of sonm@esitmarrier options with respect to the
barriers. As a result this representation appears as agrahteith respect to the Lebesque measure
either on a bounded or an unbounded interval. Then we sinaplgamize these integrals

/Iw(z)dz

by writing for a given probability density (positive onI) that

ez =BE@). €L
I 9
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The final step is to find (among a parametrized family of prdiptiensity functions) the one
which yields the lowest variance. This is but an importanae@ing procedure (with a-finite
measure as a reference).

The main asset of this approach is that it drastically resldice complexity of the Monte Carlo
simulations with respect to the regular "Brownian Bridgemoe" in which

L(sup Xt|th, k=0,---,n)
[0,7]

needs to be simulated. The yield of such a simulation prdsegste low ('), see Propositiod.4.1
below.

On the other hand, this randomization seems to induce amdserof the variance (compared
to that obtained in the regular "Brownian Bridge method"hei an hybrid Monte Carlo-optimal
quantization method is used to recover the initial varidacel (with respect to the regular "Brownian
Bridge method").

Finally, we show how to price some of these options by (purwal quantization techniques.

4.2 Definitions

The European options are sometimes caligailla or plain vanillaoptions and are payoffs depending
only on the value of the underlying asset at the maturity.idbgtwhose payoffs depend on the path
of the underlying asset are calledotic or path dependenbptions. We consider here a class of
exotic options whose payoff depend on both the value of thiertying asset at the maturity and its
maximum or its minimum ovel0, 7'|. That means payoffs of the form

h=F(Xr, sup X3) or h=F(Xr, inf Xj).
te[0,7T) t€[0,77]

When F' is a continuous function one speaks of "Lookback like oiarfering to the original
lookback options where the paydiffis defined by

h=Xr— inf X, (orh = sup X; — Xrp).
te[0,7] t€[0,7)

When the payoff can be decomposed as

h = o(X7) Ysup, o0y Xeery  OTP(XT)Lin, o ) Xi1}

wherel is an unbounded interval &, one speaks about barrier options. This last class is apkmti
case of payoffs of the form

h = o(X7)17, (x)>T}
where 7p(X) is the exit time of a domaiD C R? by a d-dimensional underlying asseéf =
(le"' 7Xd)'
Here are some definitions.
Barrier Options. The option is said to be a up-and-out option if it knocks ouewlhe price of its

underlying asset crosses a specified value. It is said a @mdrsut option if it has barrier below the
initial asset price and knocks out if the underlying asskeepialls below the barrier.
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The payoff of an European up-and-out call expiring at timevith strike priceK” and up-and-out
barrier L is given by :
(XT - K)+l{ sup X;<L}
te[0.7]
and the payoff of a European down-and-out call barrier optwith maturity 7", strike K and barrier
L is given by
(X7 — K)"1f inf x>}
te[0.77]

Lookback OptionsWe will consider fixed and floating strike lookback optionsieTpayoff of a fixed
strike K lookback option expiring at tim#' is the maximum between zero and the difference between
the optimal price and the strike. For a call option the pajgffefined by

X, — K)*
(t]é?&?] =K

and for a put option it is defined by
(K — min X;)*.
te[0,7)

Partial Lookback Options.The payoff of a partial Lookback call payoff expiring’Atis given by

(X7 — A min X;)", A>1
te[0,7

and the put option is defined by its payoff

A X, — X)), X e (0,1).
(tg%%t T) (0,1)

When\ = 1, these payoff are those of classical Lookback options.

To estimate the price of these path dependent options wefiieetb discretize the paths of the
stock process. We next recall one of the paths discretizatiethod, the Euler scheme, and some
estimation results of the induced discretization error.

4.3 Euler Scheme

Consider ai-dimensional Brownian diffusion proceéX),c(o,7] solution of the following Stochastic
Differential Equation

dX, = b(t, X;)dt + o(t, X, )dW;,  Xo=zeR? (4.3.1)

whereb : [0,7] x RY — R?, o : [0,T] x R — M(d, q) (the set ofd x ¢ matrices) are continuous
functions satisfying the usual conditions ensuring thetexice and the uniqueness of the SDE and
(Wi)iepo,r) denotes @-dimensional Brownian motion defined on a probability spdeer, IP).

Let us divide the s€b, T into n subsets of lengtli’/n and set for every = 0, --- ,n, t;, = £L.

The stepwise constant Euler scheme is defined by

_ _ _ . T - 1T >
th+l = th + b(tk,th) E —I-O'(tk,th) EZ]Q_H, XO =x, k= O, e, N — 1 (432)
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where(Zy)1<k<n i a sequence afi.d random variables distributed A$(0; 1) defined by

T
Zklz\/;(Wtk—Wtkl), kzl,---,n.

For everyt € [0, T] the discrete Euler scheme is defined by
Xt = XL

with ¢t = ¢ if t € [tg, trr1), k=1,---,n. Anatural extension of the discrete Euler scheme is the
continuous Euler scheme defined for every [0, T'] by

X=X 40, X))t —1) +ot, X)Wy = Wy), Xo==

with satisfies the SDE . .
X, —at / b(s, Xs)ds + / o (s, Xe)dWWs.
0 0

4.3.1 Strong error rate
Theorem 4.3.1. Assumé and o satisfy for everyy € (0, 1),

Vt € [0,T],Vy, 2z € RY,  |b(s,y) — b(t,2)| < C(t — s|* + |y — 2]). (4.3.3)
Then for every > 0,

(a) for everyn > 1,

_ T 5/\0{
I sup |X; — Xilllp < Cop e’ ror (L + |2]) <_> '
te[0,T] n

(b) For everyn > 1,

~ log(n
| sup 1X — Killly < G 7O (1 -+ Jaf)y | 282
te[0,T] n
4.3.2 Weak error

We recall in this section some weak error estimates for daffendent options (we refer e.g. to
[GOB, PAGZ for the proofs). Let

D([0, 7], RY) := {5 . [0,7] — RY, cadlag}.

If F:D([0,T],R%) — Ris a Lipschitz functional for the sup norm, that is,

[F(&) = F(&)] < Cr sup [£(t) —€'(t)]

te[0,7

then

|EF((X¢t)iepor) — EF((Xt)iep,m)] (4.3.4)

< ¢
~Vn
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and
~ logn
|EF((X¢t)iejor) — EF((Xt)iep,m)| < C 8 (4.3.5)

n

In fact the Lookback and Partial Lookback payoffs are cartirs with respect to the pathwige°-
norm: | f|| g 1= esssupyepo ry [ £(£)].

For Barrier options the rate of convergence for the dis@atecontinuous Euler scheme are given
in [GOB] and recalled below.

If a domainD has a smooth enough boundabyy € C3(R%) ando uniformly elliptic on D :
Joo, Vo € R o(z)0*(z) > 0} Ipagpe then for every bounded measurable functjpsatisfying
d(supp(f),0D) = 2e > 0,

E(f(X)1x)51y) — E(f(X) 1 x)s1y) = Cn ' +o(n™!)

and
E(f(X)l{T(X)>T}) - E(f(X)l{’T(X)>T}) = O(n_1/2)

wheren is the number of discretization steps ard@”) is the exit time of the process from the open
setD,i.e
7(Y) =inf{t € [0,T], Y; € D}.

Then the convergence rate is of orader' for the continuous Euler scheme and of ordet/? for the
discrete one.

4.4 Price estimates

According to the convergence rate for the continuous Ewbkeme we would like to estimate the
price of path-dependent options by replacing the asseé giocessX;);c[o,7] by its continuous
Euler procesgX)cjo,r)- The distributions of the maximum and the minimum of the tardus
Euler processX;) over the time interval0, T'] given its values at the discrete time observations
are a well known result. We recall it below without giving amof. The proof can be found e.g in
[PAGZ.

Proposition 4.4.1. We have

Ab% -1
.C(tle%i’}(] Xi| Xy, = a5, k=0,---,n) = E(k:g.l.g?;_l Goparr (Uk)) (4.4.1)
and
. S| v . 1
E(tg[lol% XXt = v, k=0, ,n) = ﬁ(k:OI;I'l}I’}@_Ika’ka(Uk)) (4.4.2)

where (U)k=o,... n—1 are i.i.d random variables uniformly distributed over the unit intef; G;é/
and F,, are the inverse functions of the conditional distributiendtionsG.. , and F, ,, defined by

_opE=u)(y—w)

Gx,y(u) - <1 —€ To(@) ) 1{u2max(z,y)}

and

opz=w)w—u)

Fpy(u) =1~ (1 —e T TP0) ) Lu<min(z,y)}-
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From the above results we next deduce general formulasngelifite expectation of a functional
of both the terminal valué( of the proces$.X;) and its maximum (or the minimum) over the time
interval [0, 7). From now on we make the abuse of notatiop := X;,, Vk € {0,--- ,n}.

Proposition 4.4.2. (a) Let f be a real-valued non negative function definedignsuch that

sup Ef (z, max X;) < +oo. (4.4.3)
x>0 tG[O,T}

Then

— — — +OO n —
Bf(Xr, max X,) = Bf (Xr,0) + B /O (1 - El kal,xk<z>> d.f(Xr,2).  (4.4.4)

Likewise if

supEf(z, min X;) < +00)
ZE>0 te[ovT}

then

te[0,7T)

+o0 n
Ef(XT, min Xt V 0) = Ef(XT,O) + E/O <H (1 — Fkathk (z))) dzf(XT, Z). (4.4.5)
k=1

(b) If furthermore fo (x) := hl}rl f(z,y) < +oo for everyz > 0. Then
y—+00
Ef(Xr, e Xt) =Efoo(Xr) - E/O I16x, .x.(2) | d-f(Xr,2) (4.4.6)
’ k=1

and

Ef(X i
f( T, min

+o0 n
X V0) = Efoo(X'T)—IE/O <1 ~JI@a- F)-(thk(z))> d.f(Xp,z). (4.4.7)
k=1

This proposition follows from the following lemma.

Lemma 4.4.1. (a) LetZ be a positive random variable and lgtbe a nonnegative function defined
on R with finite variation (on compact sets) such that

E </]0,Z] \dg\) < +o0. (4.4.8)

Eg(Z) = g(0) + /(0 N )]P’(Z > z) dg(z). (4.4.9)

Then

(b) If furthermoreg., := lirf g(x) < 400 then

Eg(Z) = goo — /(0+ )]P’(Z < z) dg(z). (4.4.10)
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Proof. (a) We have

It follows that

Eg(Z) = 9(0) + E /]0 , 4ot

— (0 + /(0+ B(Z22) dg(2),

the last inequality coming from Fubini’s theorem; which d&enapplied owing to assumptidd.4.8).
(b) We just use the factth&(Z > u) =1 —P(Z < u). O

Now we are in position to prove Propositidint.2.
Proof of Proposition 4.4.2. (b) One deduces frort.4.1) that

E(f(a:n, max Xt)‘Xk =z, k=0, ,n) = E(f(a:n,0<max

t€]0.T] Jgn_lka,xkﬂ(Uk)))

whereG 1 and theU}, are defined like inf4.4.1). Now it follows from Lemmad.4.1 (b) (applied to
9(z) = f (:vm z)) that

+00
E(f(xn’ogglgg_l ka,$k+1(Uk))) - foo(w") B /0 ]P)(Ogll?gri(—l Gﬂck,ﬂck+1(Uk) < Z)d f(xna )

n—1

+o0o
= fOO(:L'n) - /0 <H ]P)(Uk < G$kv’£k+1 (z))> dzf(l’n, Z)

k=0
= fooln) - /0 (H Gy )df(:ﬂm ).

Consequently

Ef(Xr, ) max, Xi) = E(E(f(XT,tIEI%Sﬁ:’E X)| Xk = 2, k=0, ,n))

— Bf(Xr) — E/O (H GXM)—Q(Z)> d. f(Xr, 2).
k=1

The formula relative to the minimum is proved likewise byngs{4.4.2) in place of(4.4.1).

(a) is proved like(b) by using Lemmat.4.1 (a) instead of Lemma.4.1 (b). O

Proposition4.4.2 allows us to rewrite the estimates of the premiums of somalieswtic options
in a useful form in view of the optimal quantization approzition method as well as of Monte Carlo
simulation methods.

Proposition 4.4.3.Let f(z) = (x — K)T andg(z) = (K — z)™.
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(a) The price of an up-and-out put option expiring at tiffievith strike X" and up-and-out barriet.
is estimated by

pUB = e_TTE((K — XT)+1{ sup XtSL}) —e"TE (g(XT) H GXklek(L)> . (4.4.11)

te[0,T] k1

(b) The price of an up-and-out call option expiring at tifiewith strike X' and up-and-out barrier
can be approximated by

Cupi=e ""E((Xr — K)"1 op x<1y) =€ E (f(X'T) 1T kal,Xk(L)> . (44.12)

te[0,T] k1

(c) The price of an down-and-out put option expiring at tiffievith strike K and down-and-out
barrier L can be approximated by

Pop := e‘TTIE((K—XT)JFl{t i[%fT]XtZL}) =e"TE <g(XT) [Ta-Fx,_ (L))) . (4.4.13)
€ k=1

(d) The price of an down-and-out call option expiring at tiffievith strike & and up-and-out barrier
L is approximated by the following formula :

Cop = "TE((Xr—K)*1, ei[%fT])—(tZL}) =e"TE (f(XT) [MGa-Fx,_ x (L))) . (4.4.14)
relo k=1

(e) The risk neutral price at time zero of a Partial Lookback agfition with maturity?” is approxi-
mated by the following formula:

Crr = "B (X — A min % v0)* = Xo — ac T8 (m—lXT I10- (XT;“))>

(4.4.15)
whereU ~ U([0,1]) is independent frondX},)x—o.... , anda > 0 is a "shape" parameter (to be
optimized in order to reduce the variance).

(f) The risk neutral price at time zero of a Partial Lookback pption with maturity? is approxi-
mated by

Ppp, = e "TE(N X—X0) =8 TE( VX (1-T] Gx, . 5 (02052 4.4.16
e (tre%%] ! T) pe <e T kll kalvxk( p) ) ( )

whereV ~ &(1) independent froniXy),—o.... , and3 > 0 is a "shape" parameter (to be optimized
in order to reduce the variance).

Prior to the proof let us make some remarks about these equgati

Note that the right hand side of Equatiofis4.11), (4.4.12), (4.4.13), (4.4.14) are all obtained
by re-conditioning, then it follows from Jensen inequalityat this technique reduces the variance.
However, the right hand side of formul#$.4.15) and (4.4.16) are obtained by randomizing the
Lebesgue integral of some integrand functions. It therstotrt that we add an noise to these formulas;
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which a priori increases the variance. Hence, it becomesairio reduce the variance using stochastic
algorithms which will be briefly recalled in Sectianb.

Note also that the price at time zero of a Partial Lookbackagalon with maturityZ” can also be
written as

\v4 n
—T e’ Xr
Xo—ae™" E<(1+7 H — Fx,_ 1)(k(m+av)))> (4.4.17)
as well as .
1 _ a—1 — _
Xo——e ’“TE<Z « Xr[](1- kal,Xk(%D (4.4.18)
k=1

whereV ~ &(1) and Z has the Pareto distribution with parametefrecall that the density of the
Pareto distribution with parameter > 0 readsf(z) = az~(**11;,.,,) both independent from
(Xk)k:07... n; a > 0is ashape parameter.

On the other hand the price of a Partial Lookback put optionatso be written as

%e‘TTE<Z%XT (1 ~JIa-Fx,_ (ﬂ)))) (4.4.19)

k=1

whereZ has the Pareto distribution with parameter

But for the call option the moment of orderof the integrand parts of equatio$.4.17) and
(4.4.18) go to zero asv goes to infinity, which, from the stochastic algorithms pahview, is not a
suitable behaviour. So we will consider the representatioh 15) to reduce the variance (tf2end
moment of the integrand part goes to zeraxagoes to infinity). Note that for the put option tBend
moment integrand parts of all equatiofis4.16) and(4.4.19) go to zero ag goes to infinity.

Now let us prove Propositiof.4.3.

Proof. (a) Let f(x) = (z — K)", g(z) = 1.<1} and setw(z, z) = f(z)g(z). Then it follows from
(4.4.6) that

E((Xr — K)™1f wp xi<ry) = Bhoo(X7) — E/ (f(XT) 11 G)z“,xk(z)> dg(2).
te[0,T) 0 k=1
Now Vz > 0, heo(z) = 0anddg(z) = —d.(z). Then
Cyp = e TR (f(XT) H Ginh)‘(k (L)) .
k=1
The items(b), (¢), (d) are proved in the same way @s).
(e) We deduce fronf4.4.5) (with f(z,2) = (z — Az)" ) that

N B Tn /A n
E <(mn — )\tg[loi% Xy \/O)+|Xk = wk> = - A (H —Fyp o z))) dz

0 k=1

= n—/ Zn (]i[ Fry iy z%”))) dz

u=zl/a 1 L wnuo‘
= I —OZ/O <H wk 1,T) T))) du.

k=

—_
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It follows that

n

B B B 1 B X a
E(X7 — A n[qoir:lr]Xtvoﬁ — E(Xr) —aIE/ w1 Xy (H (1-Fx, | Xk(%”))) du.
telo, 0 Pt} ’

Which proves the statemefit). The statementf) is proved likewisge).
O

Taking A = 1 and X7 = K in equations(4.4.15) and (4.4.16) yield the approximations of the
price of fixed strikeK lookback options.

Proposition 4.4.4. The risk neutral price at time zero of a fixed strikelookback put option with
maturity 7" is approximated by

n
D . —rT : Y + _ —rT —rT -1 _ _
Prpi=e" E(K—taﬂég}Xt\/O) =Ke T — e E(U“‘ kl;Il(l—FthXk(KU“)) .

(4.4.20)
The price at time zero of a fixed striké lookback call option with maturit{” is approximated by

n—1
eV (1 — (H GXk7Xk+1(K + ﬁV)))

k=0
(4.4.21)

Crpi=e T E(max X; — K)T = Kpe TR
te[0,7)

wherea > 0,3 > 0; U ~ U([0,1]) andV ~ &(1) both independent fromiX)x—o.... ».-
Proof. This is proved as Propositioh4.3. O

4.5 Short background on Stochastic approximation

This section is motivated by the computation of the price aftiBl Lookback (or fixed strike Look-
back) options from formulaét.4.15), (4.4.16), (4.4.21) and (4.4.21). In fact any givenx or 3 in
these formulas will lead to a estimation of the expectatidhe best estimation will be the one with
the smallest variance. Computing directly the variancéeftorresponding random variables in order
to deduce the optimal parametersand* leading to the smallest variance is not possible in general
because it does not lead to closed (or semi-closed) formulas

Stochastic approximations allow to estimate and 5* using a probabilistic extension of deter-
ministic zero search recursive procedure. Determinigiio search recursive procedure are displayed
as

Vn > 1, Ynt1 = Yn — Tnt1h(yn) (0 < v < 0) (4.5.1)

whereh : R — R% is a continuous function satisfying a sub-linear growthuagstion at infinity.
Supposér has an integral representation with respect tiR&valued random variablZ, that is,

hy) =E(H(y,Z)), H:RIxRIZSRE 7y,

andE|H (y, Z)| < +oc for everyy € R,
If H(y,z)is computable and if the distributigmof Z can be simulated one randomizes the zero
search procedurgl.5.1) by setting

Yot1 =Yy — 1 HY,, Znt1), 2y i.i.d with distribution p. (4.5.2)
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where the gain sequenc¢e, ), > satisfies
Z’yn = +o00 and Z’y,% < +00.
n n

Under some appropriate assumptionsirihe sequencéY;,) convergea.s. to a zeroy* of h. We
next recall some convergence results whose proofs aredeVyor example inPAGZ.

> Robbins-Monro algorithmSuppose that

(y —y"[h(y)) = 0

and
ElH(y, Z)]2 < C(1+ |y|)

for everyy € R, Suppose furthermore thatis continuous and that

VyeRY y#£y*,  (y—y*lh(y)) > 0.

Then

a.s. 4

Y, — Yy
andinL? p € [1,2).

> Stochastic gradientSuppose that is Lipschitz continuous. Assume that there exists a continu
ously differentiable functior : R* — R such that

Vy € RY E|H(y, Z)|2 < C(1+/L(y)).

Suppose furthermore thalim L(y) = +oo and that{h = 0} = {y*}. Then

ly|—o0
L(y*) = min{L(y), y € R}

and

Y, L5 y*.

> Pseudo-stochastic gradienf. (h|V L) > 0 (with L the function defined previously) and, for every
v >0, {(h|VL)} N{L = v} is finite on every compact set th@ha.s., Y;, converges toward a point
of {(h|VL) = 0}.

4.6 Estimation of the prices by Monte Carlo simulation

4.6.1 Background

In the previous section we have written the prices as an ¢j@c of some random vector and we
would like to estimate these prices by Monte Carlo methoda lyeneral setting, leX be anR?
random variable defined in a probability spa€e .4, P) and letf be a real values function defined on
R? and consider the problem of estimating the value

E(f(X)) = / f(2)Px(da).
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Suppose that we have a mechanism for simulatipgints X1, - - - , X independently and distributed
asX. Evaluating the functiorf at these: random points and averaging the results produce the Monte
Carlo estimate

LN
N;f(Xi)'

This method is more suited to calculation by a computer beeaftiits reliance on repeated computa-
tion of random or pseudo random numbersy s reasonably well behaved, the strong law of large
number yields the following convergence resultagoes to infinity:

N
my. ;= %Z f(X;) — Ef(X) as.
=1

This convergence result justifies the intuitive interpiieta of the expected value as the long-term
average when sampling repeatedly. Moreovef(iX ) € L?(PP), the rate of convergence in the strong
law of large number is ruled by the central limit theorem,

VN (Ef(X) — my,g) = N(0;0%)
where
o3 =E(f(X) ~Ef(X))*.

For the control of the error, one relies on the central lilmitdrem since the convergence in distribution
given above implies that for every real numberandb with a < b,

lim P <\/N myy —BIX) [a, b]) = P(N(0;1) € [a,b])

N—+o0 of
= F(b) — F(a)

whereF' denotes the cumulative function of the standard normatibigton.
The parametes ; is typically unknown in a setting in whicE f (X) is unknown. However it can
be estimated by

_ 1 = X 2
SN = Al N1 ;(f( ) —mn.f)

and we have
—Ef(X —Ef(X
m VTN By mas ZEBIX) 0p £ ),
N—+oo SN,f N—+oo of SN.f

One derives the confidence interval at lewedf the Monte Carlo simulation by

Iy = {mNJ — aon/SN,f/N,mn ¢+ am/sNJ/N} (4.6.1)

which satisfies for large
P(Ef(X) € I,) P (IN(0;1)] < aq) .

Then, from thef(X;),---, f(Xx), we obtain both an estimation &/ (X) and a measure of the
error estimate.
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Note that Monte Carlo method is generally not a competitivthod for calculating one dimen-
sional integrals. However when we change the dimensioneofahdom vectoX the functionf and
consequently; will also change but the standard error still have the fo*rjm\/N. Then this method
displays1/v/N convergence, means, quadrupling the number of sampletspwith halve the error
estimate, regardless of the number of dimensions.

Finally Equation(4.6.1) emphasizes that the only way to speed up the Monte Carlo exliace
the variancé.e. finding ar.v. Y such that

E(Y)=Ef(X) andE(Y?) < E(f(X)?).

4.6.2 Numerical implementations

In this scope we deal with numerical illustrations by coasiag Partial Lookback call options. We
consider two models. The Black-Scholes model and a locatilitf model inspired by the CEV
model already considered [hEMPAG]. For all options we set the interest rateequal t00.15.
Furthermore the number of time discretization steps 100, the maturityl’ = 1. The parametek

is set tol.1 for the call and).7 for the put. The size of Monte Carlo is setid = 10°.

> The modelsRecall that in the Black-Scholes framework the stock pricees X;) is modeled
by the following SDE (under the risk neutral probability

dX; = r Xydt + o X, dW, (462)

wherer is the interest rater the volatility andi¥ a brownian motion undep.
For the pseudo CEV model, the dynamic of the stock price poiseruled by the following SDE
(under the risk neutral probability)

X
dX, = rX,dt + 9X —=L_aw, (4.6.3)
1+ X7

for somes € (0,1) andv € (0,9],9 > 0. The parameter still be the interest rate ang(z) :=
19\/% corresponds to the local volatility function.
Note that for a fixed € (0, 1), if the initial value of the stock proces$ is large enough then the

pseudo CEV model is very close the time CEV model
dX| = X[(rdt +9(X})°"1dW;).

In particular, for numerical tests we will consider that~ aX§‘5 where o denotes the regular
volatility. The only "aim of the really" rough calibratioms just to deal with reasonable values.

> Partial Lookback optionsin both models, we estimate the price of the Partial Lookbzatk
option by

M n
1 * — 4 gJ o
—rT -1 X7U§
ey oG (L0 Ry g (RE)) e
j=1 k=1
where the(U;, (X',{;)k:o,...,n) forj =1,---, M areM trials of a random vector with componertfs,

the uniform distribution and the trajectories of the prac&s o* is the optimal parameter given by
the stochastic algorithm (if any). In practice we only needhow a "good"a which significantly
reduces the variance. Note that the estimation in the fdrfh4) leads to smaller variance than when
we isolate theX as in Equatior(4.4.15).
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Recall thato* is defined as the zero of the following function (we make a frderivative of the
moment of ordeR in Equation(4.4.15))

h(a) :=E(H(a, X,U))

with

H(a, X, U) = X3 ] (1 — Fy, 5 (U5 )) { <2aU2(°‘_1) + 202020 Jog U) x
k=1

n n

a 2 _9 = 2n — = o
H <1_FXk17Xk(¥)> +XQ2U30‘ 2XT10gU E m(Xk_l—FXk—QU )\XT)
=1 k=1 B

ol

ox (_ _ (2)?%1) (Xk—l o Ua;_(T) (ch _ Ua;_(T))l{kal;XkZUQXT}

A
X H (1- FXpl,Xp(UQAXT))}
p#k

The graphs depicted in Figu#del and Figuret.2 show some paths of the stochastic algorithm for
the Partial Lookback call in both models. Note that the a@titation of the algorithm and the choice
of the gain sequenadey,, ),>1 (both depending on the model parameters) are two crucias stemake
the algorithm converge.

The numerical results corresponding to the previous seardrpeters are summarized in Table
4.1 and4.2. These results are compared to those obtained for the catigrubf expressions like

Ef(Xr, sup X;) or Ef(Xr, inf X;)
te[0,T) t€[0,T]

by the regular "Brownian Bridge" method (RBB) based on Psitfun 4.4.1 and consisting (for ex-
ample for the estimation & f (X, infyeo,7) X})) in the following steps (sefPAG2):

SetS/ = 0.
for m=1toM

e Simulate a path of the discrete time Euler schéié€™) ) and setr), = X’t(:"b), k=0,---,n.

* Simulater™) := min (Fagpn) HU™), where(U™), <<, areiid withi/([0, 1])-distribution.

e computef (X T(m),
e ComputeSy, := (X}m),r(m))JrSr{l—l'

end. (m)

Eventually, for large enough/,

_ _ S,
Ef(X inf X,)~ —%£.
A T’tel[%,T] ) M

Keep in mind that

(Foy) ™ H(u) = S(z +y — V(2 — y)? = 2T0%(x) log(u) /n), u € (0,1)

N —
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and

(G%y)_l(l —u)=z(z+y+ V(z —y)? —2T02(x) log(u)/n), u € (0,1).

N —

It follows from the numerical results summarized in Tableand Tablel.2, that in both models,
the Randomized Method (RM) increases the variance (it isletgua little more than the double of
the variance in the RBB estimation) even after variancectolo. However, the complexity of the
RM method is lower than the one in the RBB method. Then in teshike risk, the RBB method is
clearly better than the RM method. But in term of complexitis tis the converse (keep in mind that
the code is written in C language). LBt be the variance of the estimator in the RM method (i.e the
variance of the payoff as it appearsdis.4) and letT; be the CPU time used to simulate one path of
this payoff. Letl, andT; be the corresponding variance and CPU time for the RBB metfibe
must performing method is the one with the lowigF/; since it will provide the lowest variance for
a given allocation of CPU time. Numerical tests carried aiow with the RM method suggest that
the variance increase is not compensated by the compl&dtyction. Then the RM method is not an
alternative to the RBB method.

o | Trueprice| o | RMprice| RM Var. RM CPU || RBBprice | RBBVar. | RBB CPU
0.2 15.12 0.29| 15.14 | 5.398 107 37.90 15.14 2.374 107 48.84
0.3 21.47 0.43| 21.50 | 1.16810° 38.20 21.50 5.503 10° 48.85
0.4 27.61 0.58| 27.68 | 2.11910° 38.64 27.65 1.050 103 48.85
0.6 38.93 2.66| 38.95 | 1.368 10* 40.07 39.05 2.914 103 48.92

Table 4.1: B&S model: Partial Lookback call price estimates by the Ranized Method (RM) and the
Regular Brownian Bridge Method (RBB), the CPU time is giversécond. RM Var. (RBB Var) corresponds
to the estimated variance in the RM method (RBB method).

We said that the randomized method increases the variaceesewe have introduced a noise by
randomizing the Lebesgue integral of some integrand fandt get formulag4.4.15) and(4.4.16)
and that, unfortunately, the variance reduction technapes not allow us to recover the initial vari-
ance level. A solution to this problem can be to compute tlpeebation with respect to the uniform
distribution (resp. the exponential distribution) apjegin Equation(4.4.15) and(4.4.16) by opti-
mal quantization method. It turn out from Sectitf7.2 that this removes the noise introduced by the
RM method. But this increases again the complexity.

o | «a* | RMprice | RM variance| RM CPU || RBB price | RBB variance| RBB CPU
21]0.23| 1494 4.68 107 60.43 14.97 2.13 102 78.82
3.2|0.74| 21.85 1.748 10° 63.93 21.86 4.79 102 78.84
41| 0.22| 27.46 1.859 10° 57.29 27.46 7.88 102 78.36

Table 4.2:Pseudo CEV model: Partial Lookback call price estimateshbyRandomized Method (RM) and
the Regular Brownian Bridge Method (RBB), CPU time givenéeand.
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one path of the stochastic algorithm in the B&S model with sigma = 0.2 one path of the stochastic algorithm in the B&S model, sigma = 0.6
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Figure 4.1: Paths of the stochastic algorithm in the B&S model for theti®akookback call option with
o = 0.2 (left) ando = 0.6 (right).

one path of the stochastic algorthm in the pseudo CEV model, sigma = 2.1 one path of the stochastic algorithm in the pseudo CEV model, sigma = 3.2
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Figure 4.2:Paths of the stochastic algorithm in the pseudo CEV modehiPartial Lookback call option
with ¥ = 2.1 (left) andy = 4.1 (right).
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4.7 Optimal quantization method

This section is devoted, on one hand, to the premium conipntaf Partial Lookback options by an

hybrid Monte Carlo-optimal quantization and, on the othemdh to the pricing of barrier options and
fixed strike Lookback options by a (pure) optimal quant@matmethod. Let us recall first some facts
about optimal quantization.

4.7.1 A brief overview on optimal quantization

Consider arR? random vectorX defined on a probability spad€?, A, P) with finite -th moment.
QuantizingX on a given gridl' = {z!,--- , 2"V} consists on projecting’ on the gridI' following
the closest neighbour rule. The induced méérerror
_ Proi _ . )

X = Projr(X)]» = || min X — ||,
is called theL"-mean quantization erroand the projection ofX on I', Proj-(X), is calledthe
quantization ofX. As a function of the grid" the L"-mean quantization error is continuous and
reaches a minimum over all the grids with size at mdyst A grid I'* minimizing the L"-mean
quantization error over all the grids with size at mfsts called anl.”-optimal quantizer

Moreover thel.”"-mean quantization error goesitas the grid sizéV — +oc and the convergence
rate is ruled by the so-called Zador theorem:

i [1X — Projr(0)ll: = Qr(Px)N Y+ o(N7H)

where@®,(P) > 0. We shall say no more about the principle of optimal quatitra For a complete
background on this field we refer {GL].

The first application of optimal quantization method to nuga probability appear ifPAG] in
1997. It consists in estimatin@ f (X) (it may also be an conditional expectation) by

N

Ef(Projp- (X)) = > f(a*) p; (4.7.1)

=1
wherel™ = {z*!,... 2%V} is anL"-optimal grid for X andp; = P(Projp.(X) = z*7).
o If f:R% — Ris Lipschitz continuous then
E|/(X) ~ f(Projr. (X))

<
< [flLipllX — Projps (X) |1
< [flLip|X — Projps (X)) (if XelL® s>r).

[Ef(X) —Ef (Projp«(X))]

e If the derivativeD f of f is Lipschitz then for any optimal grifi* for the quadratic quantization of
X we have

[Ef(X) —Ef(Projr-(X))| < [Df]Lip|X — Projr (X)7 (f X € L*, s > 2).

How to compute numerically quadratic optimal quantizerg/aoptimal (or stationnary) quantiz-
ers in general, the associated weights afidnean quantization errors is a important issue from the
numerical point of view. Several algorithms are used in ficac In the one dimensional framework,
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the L"-optimal quantizers are unique up to the grid size as sooheadénsity ofX is strictly log-
concave. In this case the Newton algorithm is the commorgy @dgorithm to carry out”-optimal
quantizers when closed or semi-closed formulas are al@ifabthe gradient and the hessian matrix.
However, note that semi-closed formulas are available doresscalar distributions: the exponential
distribution, the power and the Pareto distributions (§¢4).

But when the dimensiod > 2, the L"-optimal grids are not uniquely determined and &I+
optimal quantizers search algorithms are based to zerctseacursive procedures like Lloyd’s |
algorithms (or generalized Lloyd’s | algorithms with are thatural extension of the quadratic case),
the Competitive Learning Vector Quantization (CLVQ) alfun (see[GG]), stochastic algorithms
(see[PAG2 PAGPRY), etc.

4.7.2 An hybrid Monte Carlo-optimal quantization method
The principle

This method consists in computing the expectations withaetsto the uniform distribution, the ex-
ponential and the Pareto distributions appearing in theegdrmulas of Partial Lookback options (or
fixed strike Lookback options) in Propositiah4.3 and the comment following it (or in Corollary

4.4.4) by optimal quantization. In fact, let us consider for exéerpe Partial Lookback call option.

Equation(4.4.15) is of the form

E (F((th)OSkSny U)) , with U ~ Z/{([O, 1]) independent fronﬁth)nggn.

On the other hand, owing to the independence condition, itoniohg with respect to the discrete
stock process yields

E (F((X1,)o<k<n, U)|( Xt )o<ken = ) = E (F(2,U)). (4.7.2)

We know that this technique reduces the variance becausetioitional expectation is a contraction
with respect to thd.2-norm.

The hybrid Monte Carlo-optimal quantization method caissts estimating the expectation ap-
pearing in the right hand side of Equatioh7.2) by optimal quantization for every path of the stock
process. The same method can be used for equatiohd7), (4.4.18), (4.4.19) and for fixed strike
Lookback options. We then need the optimal grids of the aatmt distributions (the uniform distri-
bution, the exponential and the Pareto distributions).eHgisome closed and semi-closed formulas
for the optimal grids of the required distributions ($EE] for more details on the exponential and the
Pareto distributions).

> Uniform distribution  2/(]0, 1]). For everyn > 1, for everyr > 0, the quadratic optimah-

quantizera,, = (ap 1, -+ , oy ) Of the uniform distribution in the unit interval is uniquediefined
by
2k —1
Qp k= ) kzla"'7n
’ 2n
with associated weight;, equals tol /n for everyk = 1,--- | n.
> Exponential distribution &(1). For everyn > 1, the L"-optimal n-quantizer of the exponential
distributiona!”) = (afl’:)l, . ,aﬁf,%) is uniquely defined and given by
o _a e w
o= 5+ Z a;”’, 1<k<n, (4.7.3)
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where(a,(f))kzl is a positive real sequence defined by the following imptiettursive formula :
o) = too, dp(—ally) = 0r(al), k21

with ¢, (z) := fox/2 |lu|"~sign(u)e~"du (convention :0° = 1).
The associated weighs are given by

pri=e ° EL)1+1/2 DDk 5:‘,271/2 — e_OCE:LH/?;fOF k=2, ,n—1,p, = 6_0‘5371/2’
with
astz_lp—é( ) +all) k=2
and
o)1= 50k alhny), k=1 n—1

> Pareto distribution with parameter v > 0. For everyn > 1, the uniquelL"-optimal n-quantizer

o) = (a0, ,all)) is given by

n—1
o) = ! [T a+ad”), 1<k<n (4.7.4)

1+ a(r) i=n—k+1

where(al(:)) k>1 IS a positive real sequence defined by
(r)

(r) Apy1 (r)
ay’ =400, ¢y | ——————— | =d4 |a , k>1
0 gt < 1+ a® ) v ( k )

k+1
with

/2
Oy(x) = / lu|"tsign (u) y(1 +u) "0 du.
0
The associated weights are

pr- 1/O‘n 1+1/20 Pk : 1/ank 1/2 1/O‘n J+1/20 k=2 n—1;pp= 1/ann 1/2°

Once we get the optimal (quadratic) quantizers and the ma;edoNelghts of the previous distri-
butions, we can approximate the premium of the Partial Laoklrall by

o —rT 1 ZZUZq*_lX% <1 - H (1- Fygp 1’XJ(XJT§]?)> (4.7.5)
j 14=1 k=1
where(U;)i=1.... n is the optimalN-quantizer of the uniform distribution and" the optimal param-
eter displayed by the stochastic algorithm. It may also lienased in the same way from equations
(4.4.17) and (4.4.18) by using the optimal quantizers of the exponential distidouor the Pareto
distribution.
On the other hand we approximate the price of the Partial haok put options by

M N

gre—T L 1 Zze 3¢ <1 _ H GX]{ 17X] <1+/3 V)XJ ))m (4.7.6)

]121

In this case(V;);=1.... n is the (quadratic) optimaN-quantizer of the exponential distributiaf(1)
and thep; the associated weights. This premium may also be approgéhfadtm Equation(4.4.19)
by using optimal quantizers of the Pareto distribution.
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Numerical experiments

For the numerical implementations we consider the same Imadén Section.6.2.

o | True price| o* | HMQ price | HMQ variance|| RBB price | RBM variance
0.2 15.12 | 0.29 15.10 2.30 102 15.10 2.31 10?
03| 21.47 |0.43]| 21.49 5.31 10? 21.50 5.35 102
04| 2761 |058| 27.75 1.01 103 27.80 1.02 10°
0.6 38.93 | 2.66 39.5 2.76 103 39.5 2.77 10°

Table 4.3:B&S model: Partial Lookback call price estimates by the HiyiMonte Carlo-Quantization method

(HMQ) and the Regular Brownian Bridge Method (RBB).

o price | price variance | variance
0.2 15.10| 15.11 || 2.35 10 | 2.31 10
0.3 21.54| 21.53 | 5.40 10% | 5.34 102
0.4 27.80| 27.78 || 1.03 10% | 1.02 103
0.6 39.50| 39.5 | 2.7910° | 2.77 10°
(N1,N2) | (5,10) | (10,20) || (5,10) (10, 20)

Table 4.4:B&S model: Partial Lookback call price estimates by the Hybtonte Carlo-Quantization method
(HMQ) with Romberg extrapolation.

e Partial Lookback call. The numerical results obtained for the Partial Lookbackaral summarized
in tables4.3, 4.4 and4.5. In Table4.3 we compute the price of the Partial Lookback option in the
Black-Scholes model. The grid size is setNo= 50 and the number of time discretization steps
n = 20. All the other parameters are the same as in the previoussect

We observe that the complexity increases with the grid simbthe mean computation time is
about90 s for the hybrid Monte Carlo-optimal quantization methodV{@) whereas it is about0
s for the RBM method. Hence, in its present form, the HQM methas a slightly "TV" indicator.
However, it follows from the numerical results that the hgtbonte Carlo-optimal quantization
method (HMQ) removes the additional noise induced by the Réthod. Also, the displayed prices
and variances a bit more accurate in the HQM method than iRB®# method.

To reduce the grid size while performing the accuracy we uskassical Richardson Romberg
extrapolation (see e.g[PAGZ2) with grid sizesN1, N2 such thatN1 + N2 < 50, of the grid.
The numerical results are depicted in Takllé. The mean computation time is abait s when
(N1,N2) = (5,10) and56 s when(N1, N2) = (10, 20).

Finally, Table4.5 displays the estimated prices from the HMQ and the RBB methothe pseudo
CEV model. Here, the number of time discretization stepstisas: = 100.

e Partial Lookback putRecall that one computes first ti¥& minimizing the variance introduced by
the randomized method. This parameter is a zero of (fromradbderivative of the moment of order
2 (4.4.16)) the function

1(B) = E(L(B, X, V))
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o | o | HMQ price | HMQ variance| RBB price | RBM variance
2.1]0.23 14.96 2.13 107 14.97 2.13 10?
3.2 0.74 21.82 4.77 10? 21.86 4.79 107
4.1]0.22 27.40 7.90 10? 27.46 7.88 102

Table 4.5:Pseudo CEV model: Partial Lookback call price estimatesibyHybrid Monte Carlo-Quantization
method (MQM) and the Regular Brownian Bridge Method (RBB).

with
L(B.X,V) =" X7 <1 -11 kal,xk(wo {2ﬁ<1 -1l kal,xk(i(”ﬁf%ﬂ
k=1 k=1
oS P (g )
A =1 TUZ(Xk_l) B A

exp (= rrdt—y (Kpmy — ) (Mg — D)) o o cananisy

<]1 prl,xp(“*ﬁ‘{)XT)}-

p#k

The expectation is taken with respect to the random ve&torX;, Jo<x<,) WhereV ~ &(1). It turn
turn out that in this case, the randomized method introdacstrong noise" in Equatiot.4.16) so
that the regular stochastic algorithm defined by

Pt = B = V1L (Bn, Zn), Zniind (4.7.7)

whereZ = (V, (X, )o<k<n) does not converge. Here we use the same idea of the hybrideMont
Carlo-optimal quantization method by modifying the altfom as

N

Boi1 =B = i1 D L (B, Vi, Zn) pis Zniid (4.7.8)
=1

Figure 4.3:Path of the stochastic algorithm in the B&S model for the iBBkibokback put withr = 0.2.

where in this cas& = (X3, )o<k<n and(V;);=1.... n is the (quadratic) optimaN-quantizer of
the exponential distributiosf (1) and thep; the associated weights. This method makes the algorithm
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o | True price| B* | HMQ price | HMQ variance|| RBB price | RBB variance
0.2 0.08 0.29 0.08 0.58 0.08 0.58
0.3 1.20 0.59 1.20 14.7 1.21 14.7
0.4 4.09 1.36 3.92 67.3 4.10 66.3

Table 4.6:B&S model: Partial Lookback put price estimates by the HyiMinte Carlo-Quantization method
(HMQ) and the Regular Brownian Bridge Method (RBB).

converge (since it removes the initial noise introducedhgyrandomized representation). Figura
shows one path df5,) in the Black-Scholes model far = 0.2.

We consider here the Black-Scholes model and numericaltseme displayed in Tablé.6. The
number of time discretization steps is setrto= 50, the grid sizeN = 50 and A = 0.7. The
other parameters are chosen like in the previous sectior.oDserves that the hybrid Monte Carlo-
guantization method allows us to retrieve the initial vacieas with respect to the regular "Brownian
Brigde method" but with a strong complexity. Like for the ®arLookback call option, one can use
a standard Romberg extrapolation to reduce the complexity.

4.7.3 Estimation of the prices by marginal quantization

The aim of this section is to propose an algorithm based sk@ly on optimal quantization to com-
pute the path dependent options detailed in Sedtibnusing the RBB quantization based on filtering
algorithms and their randomized representation. This esfittst step toward an algorithm for the
evaluation of credit default in a partial observation ma@llegaro G., Sagna A., An application to
credit risk of optimal quantization method for nonlineatefiing, work in progress).

To this end we will approximate by optimal quantizations sogipressions of the form

V:=E (f(Xn) [T or(Xis, Xk:)) (4.7.9)

k=1
wheref is a bounded measurable function®tftaking values ofR andg (-, -) a measurable function
onR? x R? with can depends on some real parameters like for Barriéormptvhere it depends also
on the barrier.

We proceed like ifPAGPR]| where numerical solving of nonlinear filtering with dis@dime
observation have been ruled by optimal quantization meth®de only change is that in our case we
will drop the dependance on the noisy observatianstfie Y;'s following the notations inPAGPR])
because our problem is not a filtering problem.

We define foranyt = 1, - - - , n, the bounded transition kernél;, by

Hypf(x) =E (f(Xk)gr(z, Xp)| X1 = 2) = /f(y)gk(w,y)Pk(%dy) (4.7.10)
wherePy(z,-) = L(Xy, = -|X;_1 = z). For convenience, we set
Hof () = E(/(X0) = [ flo)ulde). (4.7.11)

Now for anyk € {1,--- ,n} set
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We have

k
mf = E (E(f(ch) Hgk(Xz—1,Xz)|Xk—1)>

I
&=

k-1
(E(f(Xk)gk(Xk—lach)|ch—1) 1T gk(Xi_hXi))

1=1

k—1
E (Hk(f(Xk_l)) H gk(Xi—h Xz))
i=1

It follows that
mf =mp_ 1 Heyf, k=1,---,n (4.7.12)

so that
V=m,f=(HooHyo---0Hy,)f. (4.7.13)

Then to estimat®” we only need to approximate,. The question to ask is then how to estimate
7. The approximation method proposedBAGPR] consists first in quantizing for every time step
t, the random variabl&,, by

Xy = Projp, (X3), k=0,---,n (4.7.14)

where for eveny, I'y, is a grid of N, pointszi, i = 1,--- , Ny to be optimized an®rojp, denotes
the closest neighbor projection on the grig

Owing to equatior(4.7.12) our aim is to estimate the price using an approximation optioba-
bility transition Py (xy, dzy1) of X;.1 given Xj. These probability transitions are approximated by
the probability transition matrix; := (ﬁfj) of X’kH given)?k:

Pl =P(Xp =2l |Xp 1 =ak_)),i=1,--- ,Ny_1; j=1,---, N (4.7.15)

Then, following Aequatior(4.7.10), we estimate the transition kernel matit¥, by the quantized
transition kernelH;, given by

Ny,

_ i

Hy=Y Hl6; , k=1---.n
i=1

where - o
H]Zgj :gk(xi;—lawi)ﬁ;gj7 1= 17 7Nk—1; ,] - 17 7Nk-

For k = 0, we approximateH, (owing to(4.7.11)) by
HO = ZP(XO = 1‘6) 6m6
=1
We finally approximater,, by

~

Tn=HyoHjo- - oHy; (4.7.16)

which in turn can be computed by the forward induction
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7?0 = ]E\I(), 7?19 = %k—lﬁm k= 1, s, N, (4717)

It follows that the pricél” = «,, f can be estimated by summery
V= Tt

Now some facts about practical implementation: optimagbaliching of the grid size®d,, and how
to get the optimal grids are discussedB®| and[PAGPR].

This approach leads to the estimation of the following agtiosing Optimal Quantization method.
Set in this scopg (z) := (z — K)* andg(z) := (K —z)*.

>> Up-and-out options.According to the forgoing we estimate the price of an up-aatdput
option by
Pyp = e_TT??ng

and the price of up-and-out call option is approximated by
Cup:=e T2, f
whereT, is defined as i4.7.16) with the associated transition kernel

J

Tp—1:Tk

The advantage here, from a numerical point of view, is thats the same for the call and the put
options. Then as soon &g is computed we deduce both the call and the put price appedxins.
This remark is also valid for Down-and-out options mentibbelow.

> Down-and-out optionsThe down-and-out put option’s price is estimated by
]303 =e 7,9
and the price of down-and-out barrier call option is estadaiy
GOB =e TR, f
where for both cases, is defined as ir{4.7.16) with the associated transition kernel

HI—F,
k Th_q5Ty,

(L)pY, i=1,- ,Ny_1;5=1,---,Np.

> Fixed strike Lookback put optiofo estimate the price of the fixed strike Lookback put option

by quantization we need to know the optimal g@icim), e ,uS,T)) of the uniform distribution in the
unit interval for a grid size equata and the weights of the associated Voronoi tessel. It isyeasén
that S

wm — 2~ ’ r=1,-.,m

2m

which Voronoi cell associated ta\™ is the interval[(r — 1)/m,r/m] whose Lebesgue measure is
1/m.
Then the price of a fixed strike Lookback option can be esthaly
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an —_ 1 - a*—1 ~
P — K * rT ~ (m) 1—7"1
ot 2 ()T =R
wherea* is the optimal parameter displayed by the stochastic dlguril is the unit vector andr),
satisfies the following forward induction

Fo=Hy @ =7, H}, k=1,---.n (4.7.18)
and
Ny,
T r\%j _
H} = Z(H) Oy . k=1 n
j=1
(Hp)T = Fy o (K@) )5, =1 News j=1,+ N

Thep)/ are defined like ir4.7.15) and
= Hy = ZP(XO =
=1

> Fixed strike Lookback call optioWe need here the optimal grig§™ = (v\™, ... o) of
the exponential distribution with parameterThese optimal grids can be computed by a semi-closed
formula given in[FP. Then the price is estimated by

6* rTZevT 1 _%r]l

wherep, = P (V € C,.(v™)), V ~ &(1), B* is the optimal parameter i(.4.16) given by the
stochastic approximation algorithm anf] is defined as irf4.7.18) with transition kernel

(Hp)Y = Gy ot (K + 5.

4.8 Error analysis

In order to have some upper bound of the quantization ertonate ofr f we need the following
assumptiongAl) and(A2) :

(A1) The transition operataPy(z,dy) of X given Xy, kK =1,--- ,n are Lipschitz.

Recall that a probability transitio®® on R? is C-Lipschitz (with C > 0) if for any Lipschitz
function f on R? with ratio [f]L:,, Pf is Lipschitz with ratio[Pf].i, < C[f]Lip- Then, one may
define the Lipschitz rati¢P];, by

[P]Lip = sup { [ff]]c]”p,f a nonzero Lipschitz functi0|}1 < +o0.
Lip

Then if the transition operatoi3, (z, dy), k = 1,--- ,n are Lipschitz, it follows that

[PlLip == kmax [Pr]Lip < +00.

y T
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(A2) It consists on the following two assumptions.

(i) Foreveryk =1,--- ,n,the functionsGy, 1. (-, -) are bounded o x R¢ and we set

Kg:= max ||Grlls
k=1,-.-

) )

(ii) For everyk = 1,--- ,n, there exist two constan{s’} ;].;, and [G? ;]Li, so that for every
z, o', Z,7 € RY,

|G, (@,2") = G L (3,7 < Gy tliip |z — 7| + [GF L]Lap |2 = 7).

Theorem 4.8.1.Under AssumptionfAl) and (A2) we have for every bounded Lipschitz continuous
function f onRR? and for everyp > 1,

o f = Fnfl <D CR(fD) 11Xk — Xl (4.8.1)
k=0

with
Ci(f,p) = (2 = d2p) Ké‘ [uk]Lip + K’Zfl HfHOO([Glch,L]Lip + [Gz-rl,L]Lip)-

Proof. The proof follows from the proof of Theoret1 in [PAGPR] by dropping the dependency
on the noisy observationg;, - - - , y,) following the notations of the authors). O



List of Figures

11
1.2
13
1.4
15

2.1

2.2
2.3

3.1

3.2

3.3

3.4

4.1

4.2

4.3

Taille de la grillen en fonction dex"¢;, . (N(0;1)) pourn = 1,---,900,7 = 1,2. . . .. 8
Poids en fonction des grilles"-optimales pour laV/(0; 1), pourr =1,2,4. . . . . . . .. 16
Grilles L"-stationnaires pour lA/(0; I3), pourr =2,4. . . . . . . . ... 16
Poids en fonction des grilles"-optimales pour la [o&'(1), pourr =1,2,4. . . . . . .. 17
Poids en fonction de la grille optimale quadratique dedaill= 70 pour la loi de Weibull de
Parametres = 2. . . . . . . e e e e e e e 17

Comparison of the log of th&*-error (power) as function of the log of the grid size after

(on the left) andl0 (on the right) Lloyd's iterations.. . . . . . . .. ... ... ..... 54
The L2-dilated grid before and aftérand10 Lloyd’s iterations; the grid size equals 80.. . 55
Comparison of the log of thé*-error (power) as function of the log of the grid size after

(on the left) andlO (on the right) Lloyd's iterations.. . . . . . . . . . ... .. ... .. 55
Left: gl(ffg"(n) as a function of the grid size for the exponential distribution. Righ\:/tﬁfl’o%W

as a function of the grid size for the normal distribution.. . . . . . . . ... . ... .. 89

3’1’7"() as a function of the grid size for the Weibull distributiontvshape parameter
og(n

E= 20 e e e e e e e e e e e e 89
Comparison of the distortions for the random initializatimethod and the initialization over

the sphereS,;_+ (0, p,,) after 1 and 5 Lloyd’'s | procedures. . . . . . . . . . .. ... .. a0
Comparison of the distortions for the random initializatimethod and the initialization over

the spheres,;_1 (0, p,,) after 10 and 50 Lloyd’s | procedures.. . . . . . . . . .. .. .. a0
Paths of the stochastic algorithm in the B&S model for thei®drookback call option with
oc=02(eftyandoc =0.6(right). . . . . . . . . . . . 110
Paths of the stochastic algorithmin the pseudo CEV modéhtPartial Lookback call option

with 9 = 2.1 (leftyandd = 4.1 (right). . . . . . . . . . . . . . ... . .. .. 110

Path of the stochastic algorithm in the B&S model for the iRBkbokback put witho = 0.2. 115



122 LIST OF FIGURES




List of Tables

2.1
2.2

4.1

4.2

4.3

4.4

4.5

4.6

Regression coefficients forthe Gaussian. . . . . . . . . . . . . . .. ... ... 45
Regression coefficients for exponential distributian. . . . . . . . . . . ... ..., 48
B&S model: Partial Lookback call price estimates by the Ramized Method (RM) and the

Regular Brownian Bridge Method (RBB), the CPU time is giversecond. RM Var. (RBB

Var) corresponds to the estimated variance in the RM metR&®B(method). . . . . . . . 109
Pseudo CEV model: Partial Lookback call price estimateshbyRandomized Method (RM)

and the Regular Brownian Bridge Method (RBB), CPU time givesecond. . . . . . . . 109
B&S model: Partial Lookback call price estimates by the Hiyionte Carlo-Quantization
method (HMQ) and the Regular Brownian Bridge Method (RBB).. . . . . . . . . . .. 114
B&S model: Partial Lookback call price estimates by the Hiyionte Carlo-Quantization
method (HMQ) with Romberg extrapolation.. . . . . . . . . . . ... ... ...... 114
Pseudo CEV model: Partial Lookback call price estimatesibytybrid Monte Carlo-Quantization
method (MQM) and the Regular Brownian Bridge Method (RBB). . . . . . . . .. .. 115

B&S model: Partial Lookback put price estimates by the Hylivionte Carlo-Quantization
method (HMQ) and the Regular Brownian Bridge Method (RBB).. . . . . . . . . . .. 116



124 LIST OF TABLES




Bibliography

[BP] Bally V., Pagés G., A quantization algorithm for solgidiscrete time multidimensional optimal
stopping problems, Bernoul(6), 1003-1049, (2003).

[BPP] Bally V., Pagés G., Printems J., A quantization tre¢hme for pricing and hedging multidi-
mensional American optionMathematical Financel5(1), 119 — 168, (2005).

[BBP] Bardou O., Bouthemy S., Pagés G., Optimal quantimafiar pricing of swing options,
preprint, submitted work.

[BBP1] Bardou O., Bouthemy S., Pagés G., Then are Swing mpti@ng-bang and how to use it?,
preprint, submitted work.

[BGT] Bingham N.H., Goldie C.M., Teugels J.LRegular Variation Cambridge University Press,
Cambridge, (1987).

[CV] Conze A., Viswanathan, Path Dependent Options: The®aklookback OptionsThe Journal
of Finance 46(5), 1893-1907, (1991).

[CPR] Corsi M., Pham H., Runggaldier W., Numerical apprcxiion by quantization of control
problems in finance under partial observations, to appestaithematical modeling and numeri-
cal methods in finance, special volume of Handbook of Numleaitalysis

[CR] Cox C. J., Robinstein M.Options MarketsPrentice-Hall, Englewood Cliffs, NJ.

[DGLP] Delattre S., Graf S., Luschgy H., Pagées, G., Quatitimeof probability distributions under
norm-based distortion measur&satistics & Decisiong2, 261-282 (2004).

[FP] Fort J.C. , Pagés G., Asymptotics of optimal quantiferssome scalar distributionsjournal
of Computational and Applied Mathematidd6, 253-275 (2002).

[FBF] Friedman J. H., Bentley J.L., Finkel R.A., An Algornithfor Finding Best Matches in Loga-
rithmic Expected TimeACM Transactions on Mathematical Softwadé3), 209-226 (1977).

[GG] Gersho A., Gray R.Vector Quantization and Signal Compressittuwer, Boston,732p (6"
edition).

[GLA] Glasserman PMonte Carlo Methods in Financial Engineering§pringer-Verlag, New York,
596p.

[GOB] Gobet E., Weak approximation of killed diffusion ugikuler schemesStochastic Processes
and their Applications87,167-197.



126 BIBLIOGRAPHY

[GPPP] Emmanuel Gobet, Gilles Pages, Huyen Pham, Jacqusn®s, Discretization and simula-
tion for a class of SPDEs with applications to Zakai and Mak¥#asov equations, submitted
work.

[GL] Graf S., Luschgy H.Foundations of Quantization for Probability Distributign_ecture Notes
in Mathematics, Vol 730, Berlin, 2000.

[GLP] Graf S., Luschgy H., Pages G., Distorsion mismatchhim quantization of probability mea-
sures ESAIM: Probability and Statisticd 2, 127-153 (2008).

[GLP1] Graf S., Luschgy H., Pages G., Optimal quantizersRadon vectors in a Banach space,
Journal of Approximation Theory44(1), 27-53 (2007).

[HUL] Hull J., Options, Futures, and other Derivativedth ed., Prentice-Hull, Englewood Cliffs,
NJ.

[KIEF] Kieffer J., Uniqueness of locally optimal quantizir log-concave density and convex er-
ror weighting functiondEEE on Information Theory, Special issue on Quantizatitsh 42-47
(1983)

[KIEF1] Kieffer J., Exponential rate of convergence for tHeyd’s Method I, IEEE on Information
Theory, Special issue on Quantizati@s(2), 205-210 (1982)

[LAMPAG] Lamberton D., Pageés G., On the critical points of ikdimensional Competitive Learn-
ing Vector Quantization AlgorithmProceedings of the ESANN’9Editions D Facto, Bruxelles,
97-106 (1996).

[LEMPAG] Lemaire V., Pages G., Unconstrained Recursivedrignce Sampling, preprint LPMA
1230, 2008.

[MAT] Matilla P., Geometry of Sets and Measures in Euclidean Spdcambridge Unversity Press.

[McN] McNames J., A Fast Nearest-Neighbor algorithm based principal axis search trelsEE
Transactions on Pattern Analysis and Machine Intelliger23¢9), 964-976 (2001).

[OKS] @ksendal B.Stochastic Differential Equatiod-th ed., Springer-Verlag, New York995.

[PAG] Pageés G., A space quantization method for numerid¢ebnation,Journal of Computational
and Applied Mathematic’9, 1-38 (1997).

[PAG1] Pageés G., Quadratic optimal functional quantizatid stochastic processes and numerical
applications.

[PAG2] Pagés GIntroduction to Numerical Probability for Finangeourse of the Mastd?robabil-
ités et Financeof Paris 6 university.

[PAGPHA] Pagés G., Pham H., Optimal quantization methodsiémlinear filtering with discrete-
time observationsBernoulli, 11(5), 893-932 (2005).

[PAGPRI] Pagés G., Printems J., Optimal quadratic quamizdor numerics: the Gaussian case,
Monte Carlo Methods and App(2), 135-165.



BIBLIOGRAPHY 127

[PAGPRI1] Pagés G., Printems J., Functional quantizattom@imerics with an application to option
pricing, Monte Carlo Methods and Appll(4), 407-446 (2005).

[PPP] Pages G., Pham H., Printems J., An Optimal markoviamtization algorithm for multidi-
mensional stochastic control problens$pchastics and Dynamic$(4), 501-545 (2004).

[PPP1] Pages G., Pham H., Printems J., Optimal quantizatethods and applications to numerical
problems in financetiandbook on Numerical Methods in Finan® Rachev, ed.), Birkhauser,
Boston,253-298 2004.

[PS] Pages G., Sagna, A., Asymptotics of the maximal radias &"-optimal sequence of quantizers

[PAR] Parna K., On the existence and weak convergencé-cénters in Banach spaces, Tartu
Ulikooli Toimetised, 893, 17-28 (1990).

[PRS] Pham H., Runggaldier W., Sellami A., Approximationduantization of the filter process and
applications to optimal stopping problems under partiadesization,Monte Carlo Methods and
Applications 11, 57-82 (2005).

[SAG] Sagna A., Universal®-rate-optimality ofL"-optimal quantizers by dilatation and contraction,
to appear iIrESAIM: Probability and Statistics

[SEL] Sellami Afef, Méthodes de quantification optimale ptifiltrage et applications a la finance,
thesis of Paris 9, 2005.



