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Summary

This thesis is decomposed into three parts. The main part is devoted to the study
of spin polarized currents in semiconductor materials. An hierarchy of microscopic
and macroscopic models are derived and analyzed. These models takes into account
the spin relaxation and precession mechanisms acting on the spin dynamics in se-
miconductors. We have essentially two mechanisms : the spin-orbit coupling and
the spin-flip interactions. We begin by presenting a semiclassical analysis (via the
Wigner transformation) of the Schrédinger equation with spin-orbit hamiltonian.
At kinetic level, the spinor Vlasov (or Boltzmann) equation is an equation of dis-
tribution function with 2 x 2 hermitian positive matrix value. Starting then from
the spinor form of the Boltzmann equation with different spin-flip and non spin-flip
collision operators and using diffusion asymptotic techniques, different continuum
models are derived. We derive drift-diffusion, SHE and Energy-Transport models
of two-components or spin-vector types with spin rotation and relaxation effects.
Two numerical applications are then presented : the simulation of transistor with
spin rotational effect and the study of spin accumulation effect in inhomogenous

semiconductor interfaces.

In the second part, the diffusion limit of the linear Boltzmann equation with
a strong magnetic field is performed. The Larmor radius is supposed to be much
smaller than the mean free path. The limiting equation is shown to be a diffusion
equation in the parallel direction while in the orthogonal direction, the guiding
center motion is obtained. The diffusion constant in the parallel direction is obtained
through the study of a new collision operator obtained by averages of the original

one. Moreover, a correction to the guiding center motion is derived.

In the third part of this thesis, we are interested in the description of the confi-
nement potential in two-dimensional electron gases. The stationary one dimensional
Schrodinger—Poisson system on a bounded interval is considered in the limit of a
small Debye length (or small temperature). Electrons are supposed to be in a mixed
state with the Boltzmann statistics. Using various reformulations of the system as
convex minimization problems, we show that only the first energy level is asymptoti-

cally occupied. The electrostatic potential is shown to converge towards a boundary



layer potential with a profile computed by means of a half space Schrodinger—Poisson
system.

Key words. Semiclassical analysis, Wigner transformation, spin-orbit hamilto-
nian, spinor Boltzmann equation, micro-macro limit, diffusion limit, moment me-
thod, entropy minimization, drift-diffusion, SHE, Energy-Transport, two-component
models, Spin-FET, finite elements, Gummel iterations, guiding-center approxima-
tion, high magnetic field, convex minimization, min-max theorem, concentration-

compactness principle, boundary layer.
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INTRODUCTION

Ce travail de these comporte trois parties. La partie principale porte sur I’étude
mathématique et 'analyse numérique des phénomenes de transport en spintronique.
Deux autres travaux ont été menés en parallele. Le premier concerne 1'étude de
I’asymptotique de diffusion et 'approximation centre-guide de systemes de parti-
cules en présence de champs magnétiques forts. Dans un autre travail, nous nous
intéressons a la description du profil de potentiel de confinement dans des gaz
d’électrons bidimensionnels en étudiant une asymptotique forte densité du systeme
Schrodinger-Poisson unidimensionnel stationnaire. Nous résumons maintenant cha-
cune des trois parties.

Nous nous intéressons dans la premiere partie de cette these au transport des cou-
rants polarisés en spin dans des matériaux a base de semi-conducteur. Le mécanisme
essentiel pouvant agir sur l’orientation du spin électronique dans les semi-conducteurs
est ce que l'on appelle le couplage spin-orbite. Lorsque la structure étudiée présente
une absence de symétrie, le couplage spin-orbite se traduit par l'apparition d'un
champ effectif faisant précesser (ou tourner) le vecteur spin pendant les vols libres
des électrons. Dans les structures semi-conductrices, on a essentiellement le couplage
spin-orbite de Rashba et celui de Dresselhauss. Le terme de Rashba apparait dans
des couches d’accumulations a l'interface entre deux hétérostructures et est due a
la forte asymétrie du puits quantique dans lequel se confine le gaz d’électrons bidi-
mensionnel. Le couplage de Dresselhauus quant a lui résulte de I’asymétrie présente

dans certains structures cristallines.

Nous dérivons et analysons une hiérarchie de modeles allant du niveau micro-
scopique au niveau macroscopique en tenant compte des différents mécanismes de
rotation et de relaxation du spin électronique dans les semi-conducteurs. Au niveau
microscopique, I’hamiltonien spin-orbite lié¢ a I’absence de symétrie se représente par
la forme suivante

HSO = Oéhﬁ(t,[t, k‘) : E,

ou & est le vecteur des matrices de Pauli (0.0.5), z, k sont respectivement la po-
sition et le vecteur d’onde d’une particule (k = iAV,), a est 'ordre du couplage

et () représente le champ effectif. Dans un premier lieu, nous effectuons une ana-
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14 INTRODUCTION

lyse semi-classique, via la transformation de Wigner, de ’équation de Schrodinger
avec un hamiltonien spin-orbite. Suivant ’ordre du couplage spin-orbite par rapport
a la constante de Planck adimensionnée, nous dérivons des modeles cinétiques a
deux composantes ou spinorielle (avec une fonction de distribution a valeur matri-
cielle). Partant ensuite de la spinor forme de I’équation de Boltzmann (avec différents
opérateurs de collisions avec et sans renversement du vecteur spin) et par des tech-
niques d’asymptotiques de diffusion, nous dérivons et analysons plusieurs modeles
macroscopiques. Ils sont de type dérive-diffusion, SHE, Energie-Transport, a deux
composantes ou spinoriels conservant des effets de rotation et de relaxation du vec-
teur spin. Nous validons ensuite ces modeles par des cas tests numériques. Deux
applications numériques sont présentées : la simulation d’un transistor a effet de
rotation de spin et I’étude de l'effet d’accumulation de spin a l'interface entre deux
couches semi-conductrices différemment dopées. Cette partie de these donne lieu a

deux articles en préparation [46, 47].

Mots clés : Analyse semi-classique, transformation de Wigner, hamiltonien spin-
orbite, équation de Boltzmann spinorielle, passage cinétique fluide, limite de diffu-
sion, méthode des moments, minimisation d’entropie, dérive-diffusion, SHE, Energie-
Transport, modeéles a deur composantes, Spin-FET, éléments finis, itérations Gum-

mel.

Dans un autre travail, nous considérons une équation cinétique de type Boltz-
mann linéaire dans des domaines ot un champ magnétique fort est appliqué. La
présence de ce dernier introduit de fortes oscillations et donc des difficultés pour les
simulations numériques. Nous étudions la limite de diffusion en supposant que le
champ magnétique est unidirectionnel et tend vers l'infini. Le modele obtenu est un
modele macroscopique (moins cotiteux numériquement que le modele cinétique). Il
est constitué d’une équation diffusive dans la direction parallele au champ magnétique
et d’une dérive représentant l'effet centre-guide en présence d’un champ électrique
dans la direction perpendiculaire. Le terme de diffusion contient des moyennes de gi-
ration de 'opérateur de collisions utilisé. Nous prouvons la convergence en utilisant
des techniques d’entropie pour traiter le comportement diffusif, et en conjuguant
par les rotations locales induites par le champ magnétique pour tenir compte des

oscillations. Ce travail fait I'objet d’une publication [13].

Mots clés : limite de diffusion, approximation centre-quide, champ magnétique fort.

Dans la troisieme partie de cette these, nous étudions la limite faible longueur
de Debye (ou faible température) du systeme de Schrédinger-Poisson unidimen-
sionnel stationnaire sur un intervalle borné. Les électrons sont supposés dans un
mélange d’états avec une statistique de Boltzmann (ou de Fermi-Dirac). En utili-

sant différentes reformulations du systeme comme des probléemes de minimisation
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convexe, nous montrons qu’asymptotiquement seul le premier niveau d’énergie est
occupé. Le potentiel électrostatique converge vers une couche limite avec un pro-
fil calculé a I'aide d’un systeme de Schrodinger-Poisson sur le demi axe réel. Cette
partie est publiée dans STAM-Multiscale Modeling and Simulations [48].

Mots clés : minimisation convexe, théoreme min-maz, principe de concentration-

compacité, couche limite.

Dans la suite de cette introduction nous détaillons et présentons les principaux

résultats obtenus dans chacune des trois parties de cette these.

I. Modeles de transport en spintronique

1.1 Introduction a la spintronique

Les électrons ne sont pas seulement caractérisés par leur charge électrique mais
aussi par leur moment cinétique intrinseque ou spin. Jusqu’aux années 90, I’électronique
ignorais quasiment le spin de I’électron. La spintronique, ou 1’ électronique de spin,
est un nouveau domaine de recherche tentant d’allier 1’électronique classique et les
propriétés quantiques du spin. Il vise a manipuler le spin des porteurs de charge,
et de l'utiliser comme un degré de liberté supplémentaire ou comme un nouveau
vecteur de l'information.

La magnétorésistance géante (Giant Magneto-Resistance ou GMR) découverte
par Albert Fert et al [55], et la magnétorésistance tunnel, sont les premieres mani-
festations de la spintronique.

Dans des structures électroniques composées de couches magnétiques séparées
par une couche paramagnétique, la GMR se traduit par un changement de résistance
important observé dans de tels structures lorsque, sous I'effet d’'un champ magnétique
extérieur (ou sous l'effet de 'accumulation des spins a l'interface M/PM), les aiman-
tations macroscopiques des couches magnétiques successives basculent d’un état an-
tiparallele a un état parallele aligné.

Un effet similaire a la magnétorésistance géante, appelé magnétorésistance tun-
nel, a été observé dans des jonctions tunnel métal/isolant/métal, dans lesquels les
deux électrodes métalliques sont magnétiques. Cet effet magnétorésistif a été utilisé,
dans les années quatre-vingt dix, pour développer des mémoires magnétiques a acces
aléatoire ou MRAM (Magnetic Random Access Memories). Dans ces mémoires, I'in-
formation n’est plus stockée sous la forme d’une charge, comme c’est le cas des
mémoires semi-conductrices de type DRAM ou Flash, mais sous la forme d’une
direction d’aimantation dans la jonction tunnel magnétique.

Pour utiliser le spin comme un porteur de I'information, il faut que cette derniere
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ne soit pas perdue durant son transport. En d’autres termes, il faut disposer de
porteurs dont 'orientation du spin est parfaitement définie. Cette notion conduit
naturellement aux courants polarisés en spin : essentiellement liée dans les semi-
conducteurs aux différences relatives des densités de spin-up et spin-down. Notons
que dans les métaux ferromagnétiques, la notion de courants polarisés en spin est sur-
tout liée a la différence de mobilité des spin-up et spin-down. Bien que les premieres
recherches dans ce domaine ont été menées pour des structures composées de multi-
couches magnétiques, les chercheurs portent actuellement une attention particuliere
a l’étude des courants polarisés en spin dans les semi-conducteurs. La raison est la
découverte du long temps de vie du spin et la présence des mécanismes pouvant agir

sur la dynamique du spin électronique dans les semi-conducteurs.

I.1.1 Mécanismes agissant sur le spin dans les semi-conducteurs

Ces mécanismes sont dus au couplage spin-orbite qui est un effet relativiste lié
au mouvement de I’électron autour de son noyau. Ils peuvent étre classés en deux
catégories.

e Mécanisme d’Elliot-Yafet. L’interaction spin-orbite mélange les états de

spin-up et down. Les intéractions instantanées entre les particules et le cristal
(ou 'environnement) peuvent alors étre accompagnées d’'un retournement de
I'orientation du vecteur spin, selon le mécanisme dit d’Elliot-Yafet [103, 56].
Bien que les intéractions avec renversement du spin soient des événements rares
dans les semi-conducteurs [24], elles peuvent étre suffisantes dans les zones a
faible mobilité (ou forte densité) pour faire disparaitre la cohérence en spin (ou
faire relaxer le vecteur spin). C’est le mécanisme de relaxation d’Elliot-Yafet.

e Mécanisme de relaxation de D’yakonov-Perel. Lorsque le systeme présente

une asymétrie d’inversion, le couplage spin-orbite va se traduire par 1’appari-
tion d'un champ magnétique (qu’on appelle champ effectif) faisant précesser
le vecteur spin pendant les vols libres des porteurs de charge. Le couplage
spin-orbite se décompose en deux termes :

— Couplage spin-orbite de Rashba [27]. Ce couplage apparait dans les couches

d’accumulations a l'interface entre deux hétéro-structures et du a la forte
asymétrie du puits quantique dans lequel se confine le gaz d’électrons bidi-
mensionnel (2DEG). Le vecteur de précession de spin associé au couplage

de Rashba pour un 2DEG formé dans un plan (zy) est donné par [82, 27] :

(—kyey + kpey) (0.0.1)

avec asg est une constante dépendant du matériel, A est la constante de

Planck, E. est le champ électrique de confinement dans la direction z per-
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pendiculaire au plan (zy), k = (ky, k,) est le vecteur d’onde de particule
dans le plan (zy) et e,, e, dénotent les vecteurs unitaires suivant les axes
des x et des y.

— Couplage de Dresselhauss [43]. C’est un couplage spin-orbite qui résulte de

I’asymétrie présente dans certaines structures cristallines. Le vecteur de

précession de Dresselhauss s’écrit sous la forme

.2
Gp = %(kxex — kye,), (0.0.2)

ol ayo est un parametre dépendant de la structure.

F1G. 1 — Dynamique du vecteur spin sous l'action du vecteur de précession de Rashba dans un
2DEG et dans un fil quantique 1DEG.

Le mécanisme de D’yakonov-Perel lié a l'existence d’'un champ magnétique
effectif représente le mécanisme essentiel de relaxation du spin électronique
dans les hétéro-structures semi-conductrices [45, 103]. Le module du champ
effectif lié au terme de Rashba (0.0.1), soit la vitesse de rotation de spin, dépend
de E.. Elle peut donc étre controlée a l’aide du champ électrique de confinement
par un potentiel extérieur appliqué au systeme (potentiel de grille). Néanmoins,
ce controle n’est efficace que si 'on se place dans de bonnes conditions. En
effet, dans un gaz d’électrons 2D, la direction du champ Qp (0.0.1) dépend
du vecteur d’onde k. Ce vecteur se redistribue de facon aléatoire dans le plan
a l'issu de chaque intéraction subie par la particule (voir Figure 1). Dans
un régime fortement collisionnel, les particules subissent beaucoup de chocs.
La dynamique du champ de Rashba ressemble dans ce cas a une marche au
hasard et la cohérence de spin est donc relaxée via le mécanisme de relaxation
de D’yakonov-Perel.

Pour éviter ce probleme, une solution consiste a confiner les électrons dans la
direction y en plus du confinement dans la direction z. Le transport dans le gaz

se fait alors dans une seule direction de I'espace. On définit un fil quantique
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ou 1DEG. Dans ce cas, le champ effectif de Rashba est donné par
Q)}%D = akyey,

pour un certain parametre «. Sa direction ne dépend pas de k et donc Q}QD
ne change pas de direction avec les intéractions instantanées des particules.
L’effet de Rashba est dans ce cas efficace pour controler la dynamique du
vecteur spin dans le fil quantique. Si le vecteur spin des électrons injectés dans
le fil est parallele a ce dernier, la rotation de spin s’effectue dans un méme plan
perpendiculaire & Q. La période de rotation varie avec la tension de grille
appliquée. Ce mécanisme est vérifié numériquement, voir Chapitre 3 de cette
these.

Le vecteur de Dresselhauss, quant a lui, n’est pas controlable par une voie
externe et il induit aussi un mécanisme de relaxation de spin de type D’ya-
konov Perel [45]. D’autres mécanismes de relaxation de spin existent dans la

littérature, voir [103].

I.1.2 Transistor a effet de rotation de spin

Apres le MRAM, la recherche actuelle se dirige vers la fabrication des compo-
santes intégrant des matériaux magnétiques et semi-conducteurs dans une méme
hétéro-structure dite "hybride”. La possibilité de controler la vitesse de rotation
du vecteur spin dans les hétéro-structures via le couplage spin-orbite de Rashba a
conduit deux chercheurs américains Datta et Das & proposer en 1990 [30] un tran-
sistor a effet de rotation de spin ou spin-FET (spin Field Effect Transistor). Il s’agit
d’un transistor & haute mobilité électronique HEMT (High Electron Mobility Tran-
sistor) dans lequel les zones fortement dopées de source et de drain sont remplacées
par des contacts ferromagnétiques. La source agit comme un polariseur en spin. Dans
le semi-conducteur, les spins vont précesser autour d’un certain champ effectif. Leur
vitesse angulaire peut étre modulée par la tension de la grille. Le contact de drain,
quant a lui, agit comme un analyseur : si le spin est orienté parallelement a I’aiman-
tation du drain, le courant dans ce dernier est important. Dans le cas contraire, le
courant est faible. A part les contraintes de dimensionnement, plusieurs obstacles
s’opposent a la réalisation du spin-FET, notamment les problemes d’injection et de
collection de spin aux interfaces FM/SC, SC/FM.

1.2 Description des modeles utilisés

Dans cette premiere partie de la these, nous nous intéressons a la dérivation des

modeles de transport tenant compte de différents mécanismes agissant sur le spin



INTRODUCTION 19

électronique dans les semi-conducteurs décrits ci-dessus. Nous dérivons et analy-
sons une hiérarchie de modeles allant du niveau microscopique (avec 1’équation de
Schrédinger) au niveau macroscopique en passant par des modeles cinétiques (Cha-
pitre 1, 2). Nous présentons ensuite quelques applications numériques (Chapitre 3).
Dans cette section nous présentons les modeles utilisés pour décrire le transport des
courants polarisés en spin dans les semi-conducteurs. Plus particulierement, nous
décrivons comment sont introduit dans les équations, pour différentes échelles de
modélisation, les mécanismes de relaxation dis aux couplages spin-orbite et aux

intéractions avec renversement de spin.

1.2.1 Modele quantique

En mécanique quantique, une particule de spin 1/2 (électron) plongée dans un
potentiel V peut étre décrite par une fonction d’onde W(t,x) = (¢! (¢, x), %' (¢, x)) a
valeur vectoriel dans C2. Les composantes ¥ (¢, z) et ¥!(t, z) représentent les fonc-
tions d’ondes des particules avec spin-up et spin-down respectivement. La fonction

U vérifie I’équation de Schrodinger suivante :
itho,V = (Hy + Hgso) (V) (0.0.3)

ou Hj est I’hamiltonien standard de I’énergie cinétique plus I’énergie potentiel
2

—h
HQ — (%Ax + V)[Q,

m est la masse effective d'un electron et 5 est la matrice identité de C2. L’hamilto-

nien spin-orbite, noté par Hgp, s’écrit sous la forme générale suivante :
Hso = ab(t,z, k) - & (0.0.4)

ou & est le vecteur & = (07, 09, 03) des trois célebres matrices de Pauli,

01:(0 1), 02:<q _i>, 03:<1 0) (0.0.5)
10 i 0 0 -1

et ac est 'ordre du couplage. Ici, k est le vecteur d’onde, k = —ihV,. En effet, selon
[76, 49] I'hamitonien de l'intéraction spin-orbite, dérivé de I’équation de Dirac a
quatre composantes [29], est donné par
ih? .
HSO = —(va X Vx> + 0. (006)

4Am?2c?

L’hamiltonien de Rashba s’écrit ([27]),

HR = aih(&’lﬁy — 5Qa$)
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pour un gas d’électrons formé dans le plan (zy) et 'hamiltonien de Dresselhauss est
donné par [43]
HD == a@h(&’lﬁm - 5Qay).

Rappelons qu’en physique quantique |¥(t,z)|?> = |[¢!|?> + [1!|? représente la probabi-
lité de présence d’une particule en = & I'instant ¢ et que l'on a [o, ||¥(t, 2)||*dz = 1.
Les quantités macroscopiques telles que la matrice densité et courant sont définies
a partir de ¥ comme suit

h — _
?[Vz\lf(t, )@V (t,x) —V(t,z) @V, V(L x)],

i
ol ® désigne le produit tensoriel de deux vecteurs.

N(t,z) =V(t,r)@V(t,x), J(t,z)=

1.2.2 Modeles cinétiques et macroscopiques

En microélectronique classique, le transport des charges est décrit au niveau
cinétique par une grandeur statistique : la fonction de distribution scalaire f(t, z,v).
Cette fonction représente une densité dans I’espace des phases décrit par la position
x et la vitesse v a U'instant ¢. Autrement dit, f(¢,x,v)dzdv correspond au nombre
de particules se trouvant a l'instant ¢ dans un volume dzdv autour du point (z,v).
L’évolution de cette fonction est décrite par I’équation de Vlasov ou Boltzmann dans
un cadre collisionnel [22; 28, 65, 100].

En spintronique, un ensemble de particules de spin 1/2 est décrit au niveau
cinétique par une fonction de distribution a valeurs dans 1’ensemble des matrices
carrées hermitiennes d’ordre 2 (Hy(C)). L’équation de Vlasov spinorielle avec intéractions
spin-orbite s’écrit

OF +v-V,F+F -V, F= %[Q-&, F, (0.0.7)
ou F(t,x) = =V, V(t, x) est la force extérieure exercée sur les particules , et supposée
conservative donc dérivant d’un certain potentiel V. Dans cette description cinétique,
le couplage spin-orbite est donné par le terme de droite de ’équation (0.0.7), ou «
est ordre du couplage, Q(t, x,v) est le champ effectif associé et [A, B] = AB — BA
désigne le commutateur des deux matrices. La fonction de distribution admet dans
ce cas quatre degrés de liberté : un pour la distribution des charges et trois pour la
distribution des spins. En effet, la matrice identité I, et les trois matrices de Pauli
(0.0.5) constituent une base de Hy(C). Décomposons I dans cette base de la maniere
suivante

Pt z,v) = % Ltz o)l + Fo(t o) - & (0.0.8)

et injectons la dans (0.0.7). Nous obtenons

atfc+v'vxfc_vxv'vvfc:0
Ofo+v-Vofs = VoV -Vofs+afl x f, =0,
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On obtient une équation scalaire sur f. = tr(F), ou tr(F) est la trace de F' et f,
représente la fonction de distribution des charges que I’on utilise en microélectronique.
La fonction f_; est une fonction vectorielle & valeurs dans R3. Elle représente la
fonction de distribution des spins. Avec la décomposition (0.0.8), le commutateur
représentant U'effet spin-orbite dans 1’équation (0.0.7) devient un produit vectoriel
entre () et ]i Ce dernier introduit un effet de rotation du vecteur distribution des
spins ﬁ autour du champ effectif (3. De plus, les valeurs propres de F(t,z,v) pour

tout (¢, z,v) € RT x R® sont données par

fT(t,l‘,U) = %fc(t,x,v) + ‘f;’(t,l’,v),

Ptz 0) = %fc(t,x,v) 1l 0),

ou | f;] est le module de f; Elles représentent les fonctions de distributions des par-
ticules avec "spin-up” et "spin-down” respectivement. Ceci montre que f, = f! + f!
est la fonction de distribution de I’ensemble total des particules sans tenir compte de
leur spin (ou distribution des charges) et | ji\ = %( f1—f1) est ce qu’on appelle la fonc-
tion de distribution de polarisation en spin. Cette décomposition appliquée a toute
quantité spinorielle (ou matricielle a valeur dans Hs(C)) sera appelée décomposition
en partie charge et partie spin.

Si I'on veut prendre en compte, en plus des intéractions spin-orbite, les collisions
entre les particules (ou avec le crystal), avec et sans retournement de spin, I’équation
de Vlasov est alors remplacée par la "spinor” forme de 1’équation de Boltzmann (ou
I'équation de Boltzmann spinorielle)

QU) | Qi 5 1) 4 0, (F)

T2

OF +v-V,F -V, V.V, F =

ol () est I'opérateur de collisions sans renversement de spin et 7 est le temps moyen
entre deux collisions successives. Les intéractions avec renversement de spin (ou
spin-flip interactions) sont données par 'opérateur @)y admettant la forme réduite
suivante

Ouf = tr(F) 1y — F, (0.0.9)

Tsf

oll 755 est le temps de relaxation du vecteur spin. Cette expression nous dit que
si les intéractions avec retournement de spin sont nombreuses ou si 7y est petit
et tend vers zéro, alors la fonction de distribution F' tend vers une distribution
scalaire. Autrement dit, Q)s; fait relaxer la distribution des spins donnée par la
décomposition (0.0.8) vers zéro (mécanisme de relaxation d’Elliot-Yafet). Différents
opérateurs de collisions sans renversement de spin seront considérés dans la suite

comme les collisions électrons-phonons, élastiques, inélastiques, etc. ..
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En microélectronique, les modeles macroscopiques ou fluides s’intéressent a I’évolution
des quantités moyennées en vitesse de la fonction de distribution tels que la den-
sité n(t,z) = [gs f(t, @, 0)dv, le courant j(t,z) = [esvf(t,2,v)dv, et I'énergie
W(t,z) = fR3 % f(t,x,v)dv. Ces modeles moins précis que les modeles cinétiques
(d’un point de vue physique) possédent une avantage d’étre en général moins couteux
du point de vue numérique. Différents modeles existent dans la littérature et sont
obtenus a partir des modeles cinétiques par différents processus. Les modeles hydro-
dynamiques comme les équations d’Euler et de Navier-Stokes sont obtenus avec une
limite hydrodynamique reposant sur la méthode de moments [3, 22, 66, 71, 70, 99].
Une hiérarchie d’autres modeles fluides existent tels que le modele SHE (Spheri-
cal Harmonic Expansion) [32, 23|, ET (Energie-Transport) [10, 12, 42, 36] et le
modele de dérive-diffusion [20, 95]. Ces différents modeles sont obtenus a partir de
I'équation de Boltzmann suivant le mécanisme collisionnel dominant [8] et via la
limite de diffusion. Cette limite consiste a perturber la fonction de distribution au-
tour d’un équilibre thermodynamique local (la Maxwellienne) par un petit parametre
représentant le rapport entre le libre parcourt moyen et la longueur macroscopique
caractéristique. Nous citons d’autres travaux concernant l’obtention rigoureuse des

modeles macroscopiques a partir des équations cinétiques [2, 4, 40, 41, 67, 72, 73].

Modéles macroscopiques en spintronique. Les modeles macroscopiques
(et cinétiques) utilisés pour décrire le transport des courants polarisés en spin sont
de deux types. On a d’une part les modeles a deux composantes et d’autre part
les modeles spinoriels ou matriciels. Dans la description a deux composantes, les
électrons sont supposés avoir deux types de spin : électron avec spin-up et électron
avec spin-down. Chaque type de particules est décrit par une équation cinétique ou
macroscopique et les deux équations sont couplées par des termes d’échanges dis aux
intéractions avec renversement de spin. Par exemple, le modele de dérive diffusion a
deux composantes s’écrit [89, 101, 102]
Mm — ™MW 7

Tsf

Jray = —=Dry(Vanry + VaViny(),

deny()) + divg gy =

olt ny(y est la densité des particules avec spin-up (spin-down), ji(j) est le courant
et Dy()) est la constante de diffusion correspondant au type de particules. Le terme
de droite de cette équation est un terme de relaxation caractérisé par 7,¢, temps de
renversement de spin phénoménologique (spin-flip time) ou temps de relaxation, qui
peut prendre en compte a la fois la relaxation via le mécanisme d’Elliot-Yafet et la
relaxation via le mécanisme de D’yakonov-Perel. Les modeles a deux composantes
ont été initialement utilisés pour décrire le transport de spin dans les métaux fer-

romagnétiques. Ils sont ensuite utilisés dans les semi-conducteurs pour étudier par
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exemple la propagation d'un courant polarisé en spin a travers l'interface entre deux
régions semi-conductrices de différents dopages [89] (voir aussi Chapitre 3). Dans
ce type de modeles, I'effet du mécanisme de D’yakonov-Perel est pris en compte de
maniere tres simplifiée dans le temps phénoménologique 7,¢. L’approche spinorielle
ou matricielle, qui permet d’incorporer dans le modele le mécanisme de D’yakonov-
Perel de maniere microscopique, est une description plus générale du transport pola-
risé en spin dans les semi-conducteurs. Dans cette description, la variable de spin est
une quantité vectorielle a valeurs dans R? et les différents mécanismes de relaxation
et de rotation décrits auparavant peuvent étre pris en compte comme on vient de

I'expliquer sur I’équation de Boltzmann.

1.3 Résumé des résultats

Chapitre 1. Le chapitre 1 est consacré a ’analyse semi-classique de 1’équation
de Schrodinger avec hamiltonien spin-orbite. Dans la premiere partie de ce chapitre,
nous étudions la limite semi-classique d’'une équation de Schrédinger de la forme

2

10,0 = —%Ax\lﬁ FVEUE 4 QY (¢, 2,iEV,) - GTF, (0.0.10)

avec
U(t = 0) = 0S5, (0.0.11)

et € est la constante de Planck adimensionnée. L’hamiltonien spin-orbite est représenté

par 'opérateur de Weyl QW(t x,ieV,) - & associé au symbol Q. (£, z, €) - &@ donné par
T+ i(T—y).
3 ( . 5) F(W(y)e' e S dedy.

La limite semi-classique (¢ — 0) conduit a de modeles cinétiques. Cette limite est

OV (t, x,ieV,) - &

RSR

étudiée en appliquant des résultats de convergence importants dans la théorie de la
limite semi-classique via la transformée de Wigner [64, 80]. De nombreux résultats
mathématiques concernant 1’étude de 1’équation de Schrodinger ainsi que sa limite
semi-classique peuvent étre trouvés dans la littérature [7, 11, 25, 26, 64, 80, 84, 85,
86]. En comparant I'ordre du couplage spin-orbite « avec €, deux cas sont étudiés. Si
« est du méme ordre que ¢, alors la limite semi-classique conduit a la ”spinor” forme
de I'équation de Vlasov. Plus précisément, la transformation de Wigner associée a

Ve et définie par
We (0, ) (1,2, €) = (2m) / U (1, — <) © T (1, + <)
R3
converge dans un certain sens (voir Chapitre 1) vers W°. Si a = O(e), W vérifie

oW 6.V, WO -V, V. VW =i[W° Q3]
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W0(07 Z, 5) = W[,
ott V, 3 et W, sont respectivement les limites de Ve, . et We(US, ¥¢) quand & — 0.

Par ailleurs, si « est supposé constant par rapport a € (a = O(1)), on obtient a la
limite un modele cinétique a deux composantes avec un ”splitting” entre les niveaux

d’énergie up et down d’ordre |Q)]. La limite est vérifiée dans ce cas en dehors de
Pensemble E des (t,,§) dans R* x RY . ot Q s’annule

E= {(t,x,g) e R* x RS/ O(t, ,€) :0}.

1
En d’autres termes, nous avons W°(t, z,£) = §wc(t,x,§)lg + ws(t,x,ﬁ)ﬁ - & pour

tout (t,2,£) € RT x RS\ E ol E est 'adhérence de E. En plus, les valeurs propres

w w
de W0, w; = ?C + ws et w; = ?c — wj, satisfont

dwy + Ve - Vowy — VoA - Vewy =0 sur (RT x Rg,g) \E

Qtwl + Vﬁ)‘l . Vmwl - Vx/\l . ngl =0 sur (RJF X Rg’g) \ E.
Les énergies totales up et down, A; and A}, sont respectivement données par

2 2 .
M(t,z,8) = |€| |£| —199).

Lorsque les courbes caractéristiques atteignent E, les deux modes d’énergies Ay et |

V9, A Wtz &) =

se croisent et un probleme de transfert d’énergie entre eux peut apparaitre. Plusieurs
travaux mathématiques existent pour décrire I’évolution semi-classique d’un systeme
au dela d’un croisement de modes et pour quantifier le transfert d’énergie en termes
de mesures de Wigner a double échelle et formule de Landau-Zener. Nous renvoyons
le lecteur aux travaux de Patrick Gérard et Clotilde Fermanian-Kammerer sur ce
sujet [50, 51, 52, 53, 54].

La deuxieme partie du premier chapitre est consacrée a la dérivation d’'un modele
de sous-bande couplé cinétique/quantique. Ce type de modele décrit le transport des
particules dans des systemes partiellement confinés tels que les gaz d’électrons bidi-
mensionnels. Dans ces systemes de particules, les différentes directions de 1’espace
ne jouent pas le méme role. Le gaz d’électrons est confiné dans une (ou plusieurs
directions) et le transport s’effectue dans les autres directions. Dans la direction
du confinement 1’échelle spatiale est généralement petite et une description quan-
tique est nécessaire ; dans la direction du transport les électrons se comportent d’une
facon classique et un modele cinétique ou fluide peut étre utilisé. Cette approche
de couplage directionnel a été récemment développée au sein de 1'équipe MIP de
I'institut de mathématiques de Toulouse. Dans [15], un modeéle de sous-bande quan-

tique/cinétique est dérivé d’un modele entierement quantique par le biais d'une
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limite semi-classique partielle. [’analyse du modele obtenu a été ensuite effectuée
dans [14]. La these de N. Vauchelet dirigée par N. Ben Abdallah et F. Méhats [98] a
été consacrée a la dérivation et ’étude mathématique et numérique d’un modele
couplé quantique/fluide & savoir Dérive-Diffusion-Schrodinger-Poisson (voir aussi
[17, 19, 90]). D’autres modeles adiabatiques quantique/fluide sont dérivés comme
les modeles Schrodinger/SHE et Schrodinger /ET [18]. Notons enfin qu’une autre
stratégie de couplage quantique/classique a savoir le couplage spatial existe [6, 9, 34].
Cette approche consiste a découper le domaine d’étude en plusieurs zones. Chaque
zone est décrite par un modele quantique ou classique et le couplage se fait par des
conditions d’interfaces.

Ici, le confinement a lieu dans une seule direction de ’espace notée z et le trans-
port s’effectue dans la direction orthogonale x. Nous étudions la limite semi-classique
partielle de I’équation de Schrédinger avec terme spin-orbite en suivant [15]. Le point

de départ est ’équation de Schrodinger adimensionnée suivante

2
1
120U = —%Ax\pe — O+ VAU 4 el (8, x, 2, V) - 5(F),
Ue(0,x, 2) = ¥5(x, 2),

(0.0.12)

avec (x,2) € R? x [0,1], U¢ = U¢(t,x,2) et V. = (eVy,d,). Les sous bandes sont
définies par les éléments propres de 'opérateur de Schrédinger —%83 + V¢ dans la

direction z

=306+ VG = €
) ) L (0.0.13)
Xp<t7 X, ) S HO <O7 1)7 / Xqu = 6]”1'
0

La limite ¢ — 0, conduit a un modele de sous bande quantique/cinétique. Plus
précisément, la matrice densité donnée par N° = U(t,x, 2) ® We(t,x, 2) converge

dans un certain sens vers N avec

Vitxn) = 3 ([ Rl des ) hox, )

p>1

ou X, sont les fonctions propres pour ¢ = 0 et & est la variable dual associée a x.

La fonction de distribution de la pieme sous bande satisfait
O, + & - ViFy — Vi€, - Ve F, = i[F,, Q, - 7],

+ conditions initiales

ou le champ effectif du pieme sous bande, ﬁp, est donné par

1
Gt x, &) = / G(t, %, 2 &) o (1 x, 2) Pz (0.0.14)
0
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En appliquant ces résultats a I’hamiltonien spin-orbite (0.0.6), I'équation cinétique

de la pieme sous bande s’écrit alors
(9tFp + éx . Vpr — Vx€p . Vé’pr = iOép(t, X) [0'21)1 — 01V2, Fp]

avec .
ap(t,x):/ GZV(t,X,z)]xp(t,x,z)Ide.
0

L’effet spin-orbite obtenu n’est autre que 'effet de Rashba utilisé dans la littérature
pour modéliser le couplage spin-orbite dans les 2DEG [103, 27]. De plus, nous obte-
nons une relation explicite reliant 1'ordre du couplage o, et le potentiel de confine-

ment.

Chapitre 2. Dans ce chapitre, nous dérivons rigoureusement une hiérarchie
de modeles macroscopiques vectoriels ou a deux composantes. Nous partons de
I’équation de Boltzmann adimensionnée dans un scaling de diffusion

an 1 e ey 1 e 07 i_’ — 5 5
o oWV =V VIV ) = SQ(F)+— [§Q(x7v)-a,F }+st(F ), (0.0.15)

ol € est le libre parcourt moyen adimensionné. Nous rappelons que Q)5 est 'opérateur
de collisions avec renversement de spin donné par (0.0.9). Différents opérateurs de
collisions () sans retournement de spin sont considérés. Suivant le mécanisme colli-
sionnel dominant, nous dérivons de modeles macroscopiques de type dérive diffusion
avec statistique de Boltzmann ou de Fermi-Dirac, SHE, ET, a deux composantes
ou vectoriels gardant des effets de rotations et de relaxation du spin électronique.
Nous commencons par considérer I’approximation BGK linéaire de 'opérateur de

collisions électron-phonon avec une statistique de Boltzmann donnée par
Q(F) = / a(v, V" )[M()F (") — M) F(v)]dv, (0.0.16)
R3

ou « est la section efficace supposée bornée par des bornes supérieures et inférieures

strictement positives. La fonction M est la maxwellienne

1
— e 2wy e R, (0.0.17)

M(v) =
(v) =

jw

Cet opérateur fait relaxer F' vers la maxwellienne quand le libre parcourt moyen tend
vers zero. Puisque les collisions avec renversement de spin sont rares dans les semi-
conducteurs [24], nous supposons que () est une perturbation d’ordre € de Q. Ceci
justifie que Qs est considéré d’ordre un dans le scaling de diffusion (0.0.15). Nous
étudions la limite de diffusion € — 0 pour différents ordres du couplage spin-orbite

a par rapport a €. Le chapitre 2 est organisé de la maniere suivante.
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Nous nous intéressons tout d’abord a I’étude des propriétés fondamentales de
I'équation de Boltzmann avec terme spin-orbite (0.0.15). Nous montrons 'existence
et I'unicité de solutions faibles vérifiant le principe de maximum. Autrement dit
nous montrons que si initialement F*(t = 0,x,v) := Fj,(x,v) est une fonction a
valeurs dans I’ensemble des matrices carrées hermitiennes et positives que 1’on note
par Hy (C), alors Fe(t,z,v) € Hy (C), V¢t > 0 et V(z,v) € R®. Nous établissons en
plus des estimations a priori nécessaires pour passer a la limite.

La deuxieme partie est consacrée a la dérivation des modeles cinétiques et ma-
croscopiques a deux composantes. Nous nous plagons dans un régime ou le couplage

spin-orbite est fort de sorte que la période de rotation du vecteur spin 7" autour de

Q est petite devant le temps caractéristique ¢. La limite n := = — 0 est appelée
"limite de decohérence”. Cette limite fait relaxer la partie spin de la fonction de
distribution parallelement au champ effectif considéré Q(t,x, v). Dans le cas ou la
direction de 2 ne dépend pas de v, nous obtenons un modele cinétique a deux com-
posantes en projetant le vecteur distribution de spin suivant la direction de Q(t, x,.).
Partant ensuite de ce dernier modele cinétique et appliquant une limite de diffusion
(ou fluide), nous pouvons dériver des modeles macroscopiques a deux composantes.
Par ailleurs, si O change de direction avec la vitesse v, une limite de décohérence ap-
pliquée a la spinor forme de I’équation de Boltzmann suivie d’une limite de diffusion
fait relaxer la distribution de spin vers 0 et on obtient a la limite un modele macro-
scopique scalaire sur la densité des charges. Notons que cette relaxation de spin est
bien connue en spintronique des semi-conducteurs et n’est autre que le mécanisme de
relaxation de D’yakonov-Perel [45, 103] présenté au début de ce chapitre introduc-
toire. Ces résultats sont ensuite vérifiés rigoureusement en passant a la limite ¢ — 0

dans I’équation (0.0.15) en présence d’un couplage spin-orbite ultra-fort : supposant

a = O(=). Nous montrons aussi que la limite de diffusion dans ce cas aboutit a un
€

—

Q
modele diffusif & 2 composantes si a ne dépend pas de v et a un modele scalaire

sinon.

Section 2.5 concerne la dérivation d’un modele vectoriel de type dérive-diffusion
avec des effets de rotation et de relaxation du vecteur spin. Remarquons tout d’abord
que si les intéractions spin-orbite sont faibles telles que a = O(¢) alors, formellement
F¢ — Fj lorsque ¢ tend vers 0 avec Q(Fp) = 0. Ceci implique que Fy = N(t, 2)M(v)
(voir Chapitre 2). En plus, en intégrant 1’équation (0.0.15) par rapport a v et passant
a la limite, la matrice densité N vérifie

l

N + divg(D(V,N + V,VN)) = =[H, - 3, N] + Qys(N)

\)

ou D est une matrice symétrique définie positive. Le champ effectif résultant de cette



28 INTRODUCTION

limite est donné par

H(z) = /R Oz, v) M (v)dv.

En pratique, O est impaire par rapport a v (voir vecteur de Rashba et de Dresselhauss
par exemple). Ceci implique, puisque M est paire par rapport a v, que Efe =0 et on
perd Deffet spin-orbite a la limite dans ce cas. Ainsi, pour garder de traces de I'effet
spin-orbite au niveau macroscopique, on étudie la limite de diffusion en supposant
que le terme spin-orbite est d’ordre — (o = O(1)) si () est impaire par rapport A v.
Nous dérivons un modele vectoriel de type dérive-diffusion conservant des effets de
rotation et de relaxation du vecteur spin et I'un de ces principaux résultats a savoir
le principe de maximum est vérifié.

En suivant la méme stratégie qu’on vient de présenter, d’autres modeles macro-
scopiques a deux composantes ou matriciels peuvent étre dérivés. Nous présentons
a la fin du 2eme chapitre un modele de type SHE dans le cas ou les collisions prises
en comptes sont les collisions élastiques. Nous discutons ensuite la construction des
opérateurs de collisions non linéaires conservant certains moments tels que la masse
et I'énergie par le principe de minimisation d’entropie. Nous utilisons ensuite ces
opérateurs pour dérivés des modeles de type Energie-Transport et Dérive-Diffusion

avec une statistique de Fermi-Dirac par le bias de la méthode des moments.

Chapitre 3. Dans ce chapitre, deux applications numériques sont présentées. La
premiere concerne la simulation d’un transistor a effet de rotation de spin. En suivant
le travail de [19, 90], un modele de sous-bande de dérive diffusion Schrédinger-Poisson
avec effets de relaxation et de rotation du vecteur spin dus au couplage de Rashba
est dérivé et utilisé pour la simulation. Le dispositif considéré est un MOSFET
a double grille (voir [98] pour plus de détails). Nous considérons un cas simple en
supposant que le transport s’effectue dans une seule direction de ’espace. Le vecteur
de precession de Rashba ne change pas de direction dans ce cas. Nous ne considérons
pas des contacts ohmic ferromagnétiques. Nous injectons un courant polarisé en
spin dans le plan du dispositif avec une densité de spin parallele a la direction
du transport. Nous montrons numériquement 'efficacité de ’effet de Rashba pour
controler l'orientation du vecteur spin dans le canal. La direction de spin a 'arrivé
au drain est enticrement déterminée par le potentiel de grille Vi, et le courant de
drain oscille en fonction de V,, dans ce cas.

Le deuxieme exemple étudié est l'effet de ’accumulation de spin a l'interface
entre deux régions semi-conductrices. C’est un effet bien connu en spintronique des
semi-conducteurs [89, 88]. Deux modeles sont utilisés. Cet effet sera représenté tout
d’abord en utilisant un modele de dérive-diffusion a deux composantes couplé avec

I’équation de Poisson. Nous utilisons ensuite un modele vectoriel de dérive diffusion
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couplé toujours avec 1’équation de Poisson afin d’étudier 'effet de precession de

Rashba sur la densité d’accumulation.
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IT. Diffusion et champs magnétiques forts (Chapter
4)

II.1 Introduction et position du probleme

Le confinement magnétique est une approche importante utilisée dans beaucoup
de dispositifs de production d’énergie par fusion nucléaire (tokamaks, plasmas io-
nosphériques, etc...). De puissants champs magnétiques sont utilisés dans de tels
dispositifs. Le confinement est basé sur la propriété des particules de décrire une
trajectoire en hélice autour d’une ligne de champ magnétique. En effet, le mouve-
ment d’une particule de masse m et de charge ¢ plongée dans un champ électrique
E et un champ magnétique constante B = Be., ou e, est un vecteur unitaire, est

décrit par I’équation de mouvement suivante :

dv -
moy = q(E + B(v x e,)), (0.0.18)
ol v est le vecteur vitesse. La solution générale de 1’équation homogene associée

(pour E = 0) est donnée par

cost —sint 0
(t) = R(wet)vy avec R(r)=| sint cost 0 (0.0.19)
0 0 1

B
ou w, = K est la fréquence du cyclotron et vy € R?. Une quantité importante prise
m
en considération dans la suite est la gyropériode T,. Il s’agit du temps qu’elle met
une particule de masse m et de charge ¢ soumise a un champ magnétique constant
B pour faire une rotation d’angle 2. On a
T,.=—=——. 0.0.20
° w. ¢B ( )

En intégrant ’équation (0.0.19), le rayon vecteur Z(t), Z(t) = v(t), vérifie

1 |vg'| T, Uy
Tt L 1 0 0
Z (t) = 7 (0) + w_(ez X Vg ) — w—CR(wct + 5)@

) = zl(0) + v”t

ol T+ et 7! sont respectivement la partie perpendiculaire et la partie parallele de

T par rapport au champ magnétique (ou e,). C’est I’équation paramétrée dune
1

hélice de centre de rotation Z.(t) = <iL(O) + —(e. x v3),Z(0) + v0t> qu’on ap-
We

pelle centre-guide et de rayon de rotation

|U0 | m|v0 |
0.0.21
. B ( )
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appelé rayon de Larmor et qui est inversement proportionnel au module du champ
magnétique B. Ceci implique que, lorsque B augmente et tend vers I'infini, le rayon
de Larmor tend vers zéro et les particules sont piégées le long de la ligne du champ
magnétique. En présence d’un champ électrique, la solution de (0.0.18) est donnée

par la solution générale de I'équation homogene v plus une solution particuliere vpq,

El
de (0.0.18). On a vyljlart — = et on cherche une solution particuliere stationnaire
m
dans la direction perpendiculaire. Ceci implique que B X vpfm = F et donc
E x B
i
Upart - B2 (0022)

On en déduit que le rayon vecteur en présence d’un champ électrique est donné par

— —

E x B e
) = wH(0) + e x i) + Tt — i R(wed + D
gE

2ty = 21(0)+ () + =)t

Par conséquent, un champ électrique perpendiculaire a B naccélere pas les particules
mais crée une dérive uniforme du centre-guide dans la direction E x B avec une
vitesse (appelée vitesse de dérive du centre-guide) inversement proportionnelle a
B?, et donnée exactement par (0.0.22).

La présence d’'un champ magnétique fort dans les équations cinétiques (Vlasov,
Boltzmann) introduit de fortes oscillations et donc des difficultés pour la simula-
tion numérique. La question de trouver des modeles approximatifs moins cotiteux
numériquement que les modeles cinétiques est tres importante dans ce sujet. Différents
modeles approximatifs existent dans la littérature tels que les modeles centre-guide et
gyrocinétiques. Ces modeles consistent a moyenner le mouvement sur la gyropériode
tout en supposant que B tend vers l'infini. Nous référons a une liste de travaux
physiques sur ce type de modeles [77, 81, 87, 44]. De point de vue mathématique, E.
Sonnendriicker et E. Frénod ont étudié la limite champ magnétique fort du systeme
Vlasov et Vlasov-Poisson par des techniques d’homogénéisation [59, 60]. Dans [59],
il a été montré que I'approximation centre-guide de I’équation de Vlasov 3D conduit
a une équation cinétique unidimensionnelle dans la direction du champ magnétique.
La dérive du centre-guide est obtenue ensuite dans [60] en étudiant la limite centre-
guide de I’équation de Vlasov 2D (dans la direction perpendiculaire au champ) dans
un échelle de temps suffisamment long. L’investigation de ’équation de Vlasov et du
systeme Vlasov-Poisson en présence d’un champ magnétique fort est intensivement
étudiée pour différents régimes asymptotiques [57, 58, 61, 62, 68, 69, 96, 97].

Dans toutes les références précédentes, le transport est supposé balistique (sans
collisions). Nous sommes intéressés ici par des régimes ou les collisions sont impor-

tantes et nous étudions I'asymptotique de diffusion de I’équation de Boltzmann en
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présence d’'un champ magnétique fort. L’équation de Boltzmann dans le scaling de
diffusion s’écrit [95, 67

eof: + (V Vfe+E- vas) + a(v X ez) Vo f. = Q(gfa)

our = (z,y, z) est le vecteur position, v = (v,, vy, v,) est la variable vitesse, et ¢ =
z < 1 est le libre parcourt moyen adimensionné avec ¢ et le temps caractéristique.
Le champ magnétique est supposé constant et parallele a ’axe des z de vecteur
unitaire e,. Nous notons par r| = (z,y) et v, = (v,,v,) les variables orthogonales.

Le parametre o~ ! représente la gyropériode adimensionnée ot

- 2mt
a=tw, = .
1.

Nous considérons dans ce travail pour simplifier la forme BGK linéaire de I'opérateur

des collisions electron-phonon donné par (0.0.16)-(0.0.17). Le modele fluide obtenu
lorsque ¢ tend vers zéro est alors de type dérive-diffusion. Si la gyropériode est plus
grande que le temps de relaxation 7 ou si « est constante devant £ (o = O(1)) alors
I'effet du champ magnétique disparait a la limite. D’autre part, si T, est du méme
ordre que le temps de relaxation ou bien si a = O(e™!), I'’équation de Boltzmann

devient

QUfF)

c2

1
O f2 + g(v VefP+E- Vo fF) + g(v xe,) Vyff = (0.0.23)

ou B est une constante strictement positive telle que oo = § Ce scaling de diffusion
est utilisé généralement pour les plasmas et les gas binaireg. La matrice de diffusion
dans le modele limite admet une composante antisymétrique dans ce cas générée par
le champ magnétique. Ce résultat est prouvé par P. Degond et al [31, 35, 39] pour
des collisions avec des murs. D’autres résultats formels concernant les gaz binaires
se trouvent aussi dans [33, 37, 38, 83].

Dans ce travail, nous considérons une situation ou la gyropériode T, est plus
petite que le temps de relaxation. Ce qui revient a supposer que B est grand et
tend vers I'infini. Nous allons voir que le scaling de diffusion standard (0.0.23) n’est
pas convenable pour décrire, quand ¢ — 0 et B — 400, la dynamique du centre-
guide dans la direction perpendiculaire au champ magnétique. I décrit seulement le
transport diffusif dans la direction parallele. Un autre scaling est proposé pour lequel
la limite de diffusion avec B — +o0o conduit a un modele de dérive-diffusion dans
la direction parallele au champ magnétique et dans la direction perpendiculaire, le
transport est dominé par la dérive du centre-guide. Afin de mieux comprendre ce
qui se passe a la limite, nous considérons ’approximation du temps de relaxation de
I'opérateur de collisions

Q(f) =n(t,x)M(v) — f, n(t,z) = f(t,z,v)dv. (0.0.24)

R3
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En prenant un développement de Hilbert de fZ de la forme
JE=Jg+eff + 0
et en injectant dans (0.0.23), on trouve
{ QUEF) = B(v x e.) - Vo ff =0
QUF) = B(vxe) Vuff =v-Vif§ +E-V, [7.

La premiere équation implique que f& = ng(t,r)M(v) et la deuxietme équation
devient
—fF—B(vxe.) Vyff = (Ving —Eng)vM. (0.0.25)

En intégrant (0.0.23) par rapport a v et en passant a la limite, nous obtenons
I’équation de continuité

ong + divejg = 0

ou jg = ng vfBdv est le courant. D’autre part, avec (0.0.25) jg se calcule explicite-

ment et nous avons jg = —Dg(V,ns — Eng) ou
1 B
e T U
_ B 1
D=1~ s O
0 0 1
La matrice de diffusion Dy n’est pas symétrique. En plus, D = D3 + DA% avec
1
1482 0 0
]Dg = 0 ﬁ 0 | est une matrice symétrique définie positive avec différents
0 0 1
coefficients de diffusion suivant la direction parallele et la direction perpendiculaire.
0 10
La partie antisymétrique est donnée par : ]D)gs 1B -1 0 0 |.L%quation
0 0 O

limite s’écrit alors

ong — divy (]D)g(vrng — EnB)) + (E xe.).Veng =0.

1+ B2
La partie antisymétique de la matrice de diffusion donnant 'effet centre guide est
d’ordre —. Ainsi quand B tend vers l'infini, nous obtenons une équation de dérive-
diffusion 1D dans la direction z avec ce scaling.

Puisque le champ magnétique confine les particules dans la direction perpen-
diculaire r; = (z,y), et afin de capter la dynamique du centre-guide dans cette
direction, nous proposons de faire le changement de variable : r; — (\/E)r 1. Ce

rééchelonnement implique les changements suivants

() ()

z
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1
Pour simplifier la présentation, nous posons B = — ou 7 est un petit parametre

destiné a tendre vers zéro. Dans ce travail, la fonction de distribution dépend de
deux petits parametres ¢ et n. Elle vérifie I’équation de Boltzmann adimensionnée

suivante

v = Q0

afen Tfn T f" (vxe,)
* - * e? (0.0.26)

ot 3 en e2n?
[t =0) = fo(r,v).

Ici, 7, and 7, sont respectivement les parties perpendiculaire et parallele de 'opérateur

de transport
7, =v, Vo, +E, -V, T,=2v,0,+ E.0,..

I1.2 Résultats obtenus

Nous étudions le cas ou ¢ tend vers zéro pour 77 donné et ensuite 7 tend vers zéro
et le cas ou € et n tendent vers zéro simultanément. Le premier résultat concerne la
limite de diffusion € — 0 pour 7 fixé. Nous montrons que (f"). converge dans un

certain sens (voir Chapitre 4) vers p,(t,r)M(v) et la densité p, vérifie
Oypy — div(D"(Vp, — p,E)) = 0. (0.0.27)

La matrice de diffusion D" est donnée par la formule

D" — %Vl ® nX1] dv
v, X7 ’

X7
X" = étant 'unique solution de
X7
1
vV X e, —V,
—Q(X"M)+ = V(X" =1 n? M(v) and X" (v)dv = 0. (0.0.28)
v, R3

Dans I'approximation du temps de relaxation o(v,v’') = %, la matrice D7 se calcule

explicitement
B S
7—2+774 7—2_;57]4
Dn =T _7'2;-%774 243 0
0 0 1
N 0 1
A la limite n — 0, le bloc supérieure de cette matrice se réduit a Z =
-1 0

et sa partie symétrique est d’ordre n?. Nous obtenons ces résultats dans le cas oil
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la section o est non constante. Nous développons rigoureusement X" par rapport a
n jusqu’a l'ordre n*. Ceci nous donne un développement des parties symétrique et
antisymétrique de D" en fonction de 1. Nous montrons que la diffusion est d’ordre 1
dans la direction parallele et d’ordre n? dans la direction perpendiculaire. La partie
antisymétrique D7 agit dans la direction perpendiculaire. Elle est donnée par la
matrice Z a l'ordre principale ce qui conduit a la dérive du centre-guide. En plus,
le développement de D  donne une correction d’ordre 1 a la dynamique du centre-
guide. Nous renvoyons le lecteur au Chapitre 4 pour plus de détails.

Le deuxieme résultat concerne la limite simultanée £, 7 — 0. Nous montrons que
e — p(t,r) M(v) avec

Op+0,J,+V,-(pE xe,)=0

p(O,r):/Rg Jole,v) dv (0.0.29)

Le courant parallele est donné par
J,==D.(0.p— E.p)

ou D, est la constante de diffusion
D, = / Xgo)vzdv,
R3

et X est le terme d’ordre zéro de X7, C’est une fonction isotrope (invariante par

rotation autour de e,) vérifiant
—Q(XO) =y, M, XO(v)dv = 0
R3

avec

et

. 1 27 2T
V) = g /0 /O o (R(r)v, R( W) drdr'.

L’équation limite (0.0.29) est composée d'un courant de dérive-diffusion dans la di-
rection parallele et d'une dérive due au mouvement du centre-guide dans la direction
perpendiculaire. Le coefficient de diffusion parallele D, est obtenu via I’analyse d’un
opérateur de collisions avec une section efficace moyennée sur les cercles de gyration

autour du champ magnétique.
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ITI. Confinement (Chapitre 5)

II1.1 Motivation et description du probleme

Afin de mieux controéler le transport électronique, de nombreux dispositifs électron-
iques sont basés sur la réduction de la dimensionalité en confinant les électrons dans
une ou plusieurs directions de 'espace. Parmi eux, nous avons les gas d’électrons
bidimensionnels (2DEG) [1, 74] dont les électrons sont confinés dans une seule di-
rection.

Le systeme Schrodinger-Poisson est I'un des modeles les plus appropriés pour
décrire le transport quantique balistique (sans collisions) des particules chargés dans
les semi-conducteurs ainsi qu’en chimie quantique. Dans [94, 93, 92|, la simulation
du transport électronique dans les gaz d’électrons bidimensionnels balistiques a été
réalisée grace a la dérivation d’'un modele approché permettant de tenir compte
de maniere moyennée de 'effet du potentiel de confinement sur le transport quan-
tique. Le modele proposé admet un avantage considérable d’étre moins cotteux
numériquement et de rester en accord complet avec le model 3D de point de vue
physique. L’analyse rigoureuse de cette approximation a ensuite été effectuée dans
[16, 91] dans le cas ou le profil du potentiel de confinement V. et I’échelle spatiale
de ses variations € sont supposés donnés. Dans [16], 'approximation est justifiée en
effectuant une étude asymptotique lorsque € tend vers zéro de la solution du systeme

de Schrodinger-Poisson tridimensionnel suivant

1
Z’atwe — _§A$,Z¢E+v€¢6+‘/é€w€7

1
Vsz—* 52’
A/ |x|? + 22 (19°")

ol # € R? et z € R est la direction de confinement. Le potentiel V¢ est le potentiel
auto-consistant et V; est le potentiel de confinement imposé au systeme et donné

par
1 z

Ve = g—g‘é(g), (0.0.30)
ou V. est une fonction donnée. Le cas stationnaire dans un domaine borné est traité
dans [91].

Le but de ce travail est en quelque sorte de justifier le scaling (0.0.30) par I’analyse
d’un systeme de Schrodinger-Poisson unidimensionnel (dans la direction de confine-
ment z). De ce fait, nous ignorons le transport des particules dans la direction ortho-
gonale a ’axe des z en supposant par exemple que le systeme est invariant dans cette
direction. Le parametre £ n’est pas donné mais calculé en fonction de la longueur de

Debye adimensionnée. Le systéme est supposé fermé et occupe l'intervalle [0, 1]. Les



INTRODUCTION 37

électrons se répartissent dans ce cas sur des niveaux d’énergies discrets qui sont les
valeurs propres de 'opérateur de Schrodinger —% + V. La densité totale de parti-
cules est la superposition des densités de tous les niveaux d’énergies avec un facteur
d’occupation donné par la statistique de Boltzmann. Le potentiel electrostatique de
confinement est noté par V.. Le point de départ est le systeme Schrodinger-Poisson

unidimensionnel stationnaire vérifié par V. suivant
( _d290p
dz? .
or € H'0.1), 9,00 =0, (1) =0, [ g0, = b
0
PV 1R =
sz el 2=
p=1 p=1

V(0) =0, ‘fl—Zu) 0.

+ Vop = Eppp z € (0,1],

(0.0.31)

\

Le scaling menant a ce systeme sera détaillé. Le parametre ¢ est donné en fonction

de la longueur de Debye adimensionnée, \p, par

AD kgTeoe,
3 2 /
g = (—) s )\D = o2 (0032)

avec L est la longueur caractéristique dans la direction z, e est la charge élémentaire,

et N = % est la densité volumique moyenne avec Ny le nombre total de particules
(ou la densité surfacique). Le parametre € est supposé petit et tend vers zéro. Ceci
correspond a la limite faible longueur de Debye ou faible température ou forte densité
(vu la relation (0.0.32)). A la limite (¢ — 0), les fonctions d’ondes se concentrent au
point z = 0. Afin d’analyser cette couche limite, un zoom est effectué au voisinage

de z = 0 via le changement de variables suivant

1 z 1 1 z z
SOP(Z) - %@UP(E% gp - E_zEp, V(Z) = ?U(g), f = g (0033)
L de P dans (0.0.31) d U _ 1NN z
’équation de Poisson dans (0.0. evient —— = — e <2 avec =

+oo

-E
E e . Les valeurs propres (E,), sont simples, distinctes et forment une suite
p=1

croissante par rapport a p pour tout € > 0. Nous montrerons de plus l'existence d’un
gap strictement positif séparant le premier niveau d’énergie £, et les autres E,(p >
2) uniformément par rapport a €. Ceci implique que les facteurs d’occupations e 2
pour p > 2 sont tous négligeables devant le premier (p = 1) quand ¢ devient petit. Il

est donc naturel de prétendre que le modele (0.0.31) est asymptotiquement proche
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de (P

Z

& = inf {/ ||+ / } ’
pEH(0,1), o]l L2 =1 (0.0.34)
2V

et = |
& de

V0)=0, —(1)=0

\ (0) ’ dz( )

dans lequel seul le premier niveau d’énergie est pris en compte. Ceci est en accord
avec les simulations numériques [94]. Dans ce travail, nous montrons rigoureuse-
ment que ces deux modeles sont asymptotiquement proches et nous estimons leur
différence en fonction de €. Nous montrons qu’elle décroit exponentiellement. De

plus, nous prouvons qu’a la limite ¢ — 0, le potentiel V. solution de (0.0.34) converge

vers un potentiel de couche limite de la forme —Uy(=) avec un profil Uy vérifiant

un systeme de Schrédinger-Poisson unidimensionnel sur le demi axe réel :

( dg%
e + Uy = By £ € [0, 4o00],
—+00 —+oo
1= il {/ W|2+/ UW}’
YEHG(RT),||[¢|l2=1 0 0
P el (0.0.35)
e T Wh\dU
— el L2 R-I-
v =0 G e rw

IT1.2 Résultats obtenus

Les modeles (0.0.31) et (0.0.34) sont bien posés et admettent des solutions
uniques. L’étude du probleme Schrodinger-Poisson sur un domaine borné est ef-
fectuée par F. Nier [84, 85, 86] en le reformulant en un probleme de minimisation
convexe. Le systeme limite (0.0.35) quand a lui est posé sur [0,o00[. Le premier
résultat du Chapitre 5 concerne ’étude de ce modele (Théoréme 5.1.1). Nous sommes
amenés a étudier aussi un probleme de minimisation posé sur un domaine non borné.
Cette étude est réalisée grace au principe de concentration-compacité introduit par
P. L. Lions [79]. Le deuxiéme résultat concerne la comparaison de différents systemes

présentés ci-dessus. Nous obtenons le théoreme suivant.

Theorem 0.0.1. Soit V., V. et Uy les potentiels satisfaisant (0.0.31), (0.0.34) et

(0.0.35) respectivement. Les estimations suivantes sont vérifiées

||Va - ‘75||H1(0,1) = O(e_f%),
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1 _c
;Uo( e =0(e9),

3

IV —

ot ¢ est une constante générique strictement positive et indépendante de €.

I11.3 Commentaires

Le choix de condition au bord de type Newmann pour le potentiel au point z = 1
est justifié dans certaines situations physiques [5]. Les conditions de Dirichlet sont
plus habituelles dans ce type de modele. Dans ce cas, I’analyse peut étre effectuée
mais comporte des complexités techniques liées au fait qu'une autre couche limite
apparait au point z = 1 et que les valeurs propres admettent asymptotiquement une
multiplicité double. Pour simplifier, nous avons donc imposé des conditions de type
Newmann en z = 1.

Il est plus naturel d’utiliser une statistique de Fermi-Dirac dans la limite forte
densité. Cette étude peut étre généralisée au cas Fermi-Dirac avec quelques compli-
cations techniques (voir derniére section du Chapitre 5 pour plus de détails).

Enfin, le probleme multidimensionnel est beaucoup plus compliqué. La locali-
sation de la couche limite dans ce cas peut dépendre de la géométrie de bord du
domaine considéré. Ce type de probleme est présent dans I'étude de I’équation de

Schrodinger avec champ magnétique [21, 75].
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Chapter 1

SEMICLASSICAL ANALYSIS OF THE
SCHRODINGER EQUATION WITH
SPIN-ORBIT HAMILTONIAN

Abstract

The aim of this first chapter is the derivation of kinetic type models for semi-
conductor spintronics. In the first part, a semi-classical analysis of the Schrodinger
equation with general spin-orbit hamiltonian is performed. Two situations are dis-
cussed. First, if the spin-orbit hamiltonian (Hgo) is considered as a perturbative
term with order € (the scaled planck constant) of the total energy hamiltonian (Hy),
then the semi-classical limit (¢ — 0) leads to the so called ”spinor” kinetic equa-
tion. However if Hgo = O(Hy), a two component kinetic model is obtained at the
limit. The second part of this chapter is dedicated to the study of the semi classical
limit of a partially confined electron gas in one direction of the space (z). A partial
semi-classical limit is applied following the work of N. Ben Abdallah and F. Méhats
[1]. The limit model in this case couples an infinity quasi-static Schrodinger equa-
tions describing the energy levels in the confinement direction and an infinity Vlasov
equations in the transport directions with Rashba spin-orbit coupling. Moreover, an
explicit expression relying the order of the Rashba effect and the confinement po-

tential is derived.
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1.1 Introduction

The study of spin related phenomenae in semi-conductor devices attracts a huge
attention by the physical community. The main reason is the possibility to control
the spin vector direction due to the existence of mechanisms acting on the spin
dynamics. The must important mechanism existing is the spin-orbit coupling. This
kind of spin-dependent interactions results generally from a lack of symmetry in
the structure. It manifests itself by the appearance of an effective magnetic field
which makes precess the spin vector during the free paths of the particles. There are
two main types of spin-orbit interactions in semiconductor heterostructures. The
Dresselhaus spin-orbit interactions [5] results from asymmetry present in certain
crystal lattices like zing blende structures. The Rashba spin-orbit interactions arises
due to the asymmetry of quantum wells formed at the interface of semiconductor

heterostructures [3]. The spin-orbit hamiltonian takes the following general form [24]
Hso = ab(t,z, k) - & (1.1.1)

where & is the vector of the Pauli spin matrices given by (A.2.1), (¢,z, k) are res-
pectively the time, the position and the wave vector of the electron (k = ihAV,),
« is the strength of the spin-orbit coupling and O represents the effective field or
the precession vector. Let us give some examples. In the Elliot-Yafet mechanism of
relaxation [24], the spin-orbit hamiltonian is given by
h2
Hso =i———(V,V x V,)- 7. (1.1.2)

4Am?2c?

The Rashba spin-orbit hamiltonian writes as [3]
HR = ath (0'18952 - 0'2811) y

and the Dresselhauss spin-orbit interactions can be represented by the following
hamiltonian [5]
HD = ath (018961 — 0'26332) .

In this chapter, different kinetic models describing the spin transport in semi-
conductor spintronic devices will be rigorously derived. A semi-classical analysis of
the Schrodinger equation with spin-orbit hamiltonian using the theory of Wigner
transform is performed. It leads, according to the order of the spin-orbit coupling
with respect to the scaled Planck constant, either to a spinor kinetic equation with
2 x 2 hermitian matrix value distribution function or to a two-component kinetic
model. This is the subject of the next section. The third section is concerned with

the derivation of subband kinetic/quantum model for partially confined systems.



1.2. SCHRODINGER EQUATION WITH GENERAL SPIN-ORBIT HAMILTONIAN o1

1.2 Schrodinger equation with general spin-orbit

Hamiltonian

This part is dedicated to the study of the semi classical limit of the Schrodinger
equation with spin-orbit hamiltonian. The starting equation will be the following

scaled linear Schrodinger equation :

2
i20,0° = —%Am\Iﬁ FVEEE 4 QY (¢, 2, iV, - GO (1.2.1)

subject to the following initial condition
Ue(t =0) = V1. (1.2.2)

Here, QY (¢, z,ieV,) - & is the Weyl operator associated to the complex 2 x 2 matrix
valued symbol O.(t, z,€) - & on R? x R} defined by

. - 1 3 + = i(x—y).
O 129050 = g [ [ 6 (1750 ) swneteaeay
(1.2.3)

This operator represents the spin-orbit hamiltonian with Qa is the effective field
and « is the spin-orbit coupling order. We recall that the wave function V¢ (¢, x) =
(Y5 (t, ), (t,x)) is a function of the time ¢ € R and the position x € R3 with C?
vector value. The potential V¢ is given and regular (satisfying Assumption 1.2.4).
The parameter ¢ is a scaled Planck constant intended to go to zero. To perform ri-
gourously this semi classical limit, we will apply some interesting convergence results
using Wigner transform techniques. A review of these techniques can be found in
[13]. The Wigner transform is a powerful tool introduced initially by Wigner in [23].
Many important convergence results for semi classical limit have been then obtained
using this transform. We cite for instance the works of Gérard [12], Lions and Paul
[15] and Markowich and Mauser [16].

The order of the spin-orbit coupling with respect to £ will obviously play an
important role in this semi classical limit. We treat here two cases : & = O(¢) and

a = O(1). In the first case (« = O(e)), the spin-orbit coupling is considered as a

2
perturbation part of the total energy symbol P*(¢,x,&) = (ﬂ + Ve(t, x)) I, and

2
the semi classical limit leads to the spinor kinetic equation. This result is cited in

Theorem 1.2.1. However, when a = O(1), a splitting between the two energy levels
of the spin-up and spin-down species will occur with energy gap of order |Q| where
Q) denotes the limit of (3. when & goes to zero. The semi-classical limit leads to a
two-component kinetic model in this case. This is the subject of the second theorem

of this section, Theorem 1.2.2.
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Theorem 1.2.1 (case o = O(e)). Under Assumptions 1.2.4, 1.2.5, 1.2.6 and
1.2.10, we have the following results.

1. The Wigner transform We(Ws, WS), defined by (1.2.12), converges in S'(R3 x
RE, My(C)) to Wi € My(R3 x RE, M,(C)).

2. The Wigner transform We(We, W¢) of the solution of (1.2.1)-(1.2.2) converges
mn
L®(R*, 8'(RExRE, M (C))) weak * topology to W € CO(RT, My(R®, H3 (C))).

Moreover, if a = O(g) then, W° satisfies the spinor Boltzmann equation :
OGWO+&- VW =V, V- VW =i[W° G- 5] (1.2.4)

W 0,z,8) = W; (1.2.5)
where V and Q@ denote respectively the limits of V= and QE as € — 0.

3. For every T' > 0, the macroscopic quantities N, J* given by Definition 1.2.7
converge in L=((0,T); My(R2, M3(C))) weak * topology to :

N(t,z) = WO(t, z, £)dE,

]RS
and

It 7) = /R oWt 2, )4

In this theorem as in the sequel, if F is a Banach space, S'(R3, E) denotes the
E-valued tempered distributions and My(R3, E) is the space of E-valued bounded
measures. Moreover, My(C) denotes the space of 2 x 2 complex matrices and HJ (C)
is the space of hermitian positive definite matrices. The second Theorem is concerned
with the case a = O(1).

Theorem 1.2.2 (case o« = O(1)). Under the same assumptions as for Theorem
1.2.1 and if o = O(1) with respect to e, then the spin part of the Wigner measure

associated to (U°)., WO, given by the above theorem is parallel to O outside the set
E= {(t,x,f) e R* x RS/ 3(t, 2, €) = o} . (1.2.6)

9)
—-0 forall (t,z,§) €
€]

R+ x RS\ E with E is the closure of E. In addition, the eigenvalues of W° given by
We

2

1
In other words, we have W (t,x, &) = §w6(t’ x, &) [htws(t, z, §)

wy = +w, and w; = % — w; satisfy the following two-kinetic model

8th + Vﬁ/\T . waT — Vx)\T . Vg’LUT =0 on (R+ X Rgg) \F
(1.2.7)
atwl+v§)\l'vxwl—VxAi'ngUi:O on (R+ XR?C@)\E.
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The up and down total energies, \y and \|, are respectively given by

|£|2 |€|2

Mtz €)= 2 + V49|, A (t,2,6) = — 9. (1.2.8)

Remark 1.2.3. Qutside E = {(t,x,£) € Rt x RS/ Q(t,x,£) = 0}, the eigenvalues
A and A\ are distincts and of constant multiplicity 1. The distribution functions
wy and w| propagate along the hamiltonian curves (or the characteristics curves)
assoctated with Ay and \| outside E. However, when the classical trajectories reach
E, a crossing of the two energy levels occurs and some energy transfer between the
two modes is expected to happen above the crossing. Many works have been devoted
to describe the semi-classical evolution through crossings and to quantify the energy
transfer in terms of two-scale Wigner measures and Landau-Zener formula. We

refer the reader to the works of Patrick Gérard and Clotilde Fermanian-Kammerer
[6, 7, 8, 9, 10] and references therein.

1.2.1 Analysis of the Schrodinger equation with spin-orbit
term
This subsection is concerned with the analysis of (1.2.1)-(1.2.2). Some assump-

tions on the potential V¢, the initial data W5 and the effective field of the spin-orbit

coupling . are needed.

Assumption 1.2.4. We assume that (,t,z) — VE(t,x) is a real nonnegative func-
tion belonging to C°([0,1]., C* N W (R* x R3)).

Assumption 1.2.5. We assume that the initial data (V5). belongs to H'(R3,C?)

and satisfies the following energy estimate
£ (1) :—/ (52 + 2|V, & W5 |2)de < C
for some constant C > 0 independent on ¢.

In this text, |.| and ||.||]2 denote respectively the Euclidian vector and matrix

norms.

Assumption 1.2.6. We suppose that Q.(t, z, €) belongs to C°([0, 1], C* (R* xRS ()%
In addition, there exists m > 0 such that for all o, B € N* with a+ 0 < 1, there exists
Cap(t) a positive continuous function independent of € such that Vi, k € {1,2,3}

otp

m—p3
895%85{396 < Copt)(A +|E))™ 7. (1.2.9)
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Definition 1.2.7. Let ¥¢ € C%R™, H'(R3,C?)) be the solution of (1.2.1). The

associated particle and current densities are defined by

Ne(t,z) = Ue(t, ) @ Ue(t, o) (1.2.10)

and

JE(t,x) = — [V, Ve (t, 2) @ Ue(t,m) — U5 (¢, z) @ V, Ve (t, 2)]. (1.2.11)

€
21
Definition 1.2.8. Let ¢y, 9 € S'(R2, C?)(the space of tempered distributions), the
Wigner matriz associated to ¢y and ¢o is the My(C)-valued distribution on R3 x Rg

defined by

W (1, ¢a)(x, &) = (2m)~° / ey (z — eg) ® oz + gg)dn. (1.2.12)
RS

We refer the reader to [13, 15] for a detailed study of this transformation and its
application to the semi classical analysis. The first proposition ensures the existence

of solution of (1.2.1)- (1.2.2) and gives energy estimate.

Proposition 1.2.9. Under Assumptions 1.2.4, 1.2.5 and for any ¢ € [0,1], (1.2.1)-

(1.2.2) admits a unique weak solution
e € CU(RY, H'(R?,C?)) N CY(RT, HH(R?, C?)) (1.2.13)
and the sequence (V). is bounded in C°(RT, L?(R3 C?)).

Proof. Since the Pauli matrices are hermitian, it is simple to verify that the hamil-
tonian H, = (—%A$+V)Ig+aﬁw(t, x,1eV)-d (with I is the 2 x 2 identity matrix)
is a self adjoint operator on its domain H?(R? C?) in L?(R* C?). Then, applying
the Stone’s Theorem (see [22, 20]), equation (1.2.1) admits a unique weak solution
satisfying (1.2.13). Moreover, taking the scalar product of (1.2.1) with ¥¢ in C?, inte-

grating with respect to x and taking the imaginary part, one gets 0y ( / |We |2 dz) = 0
R3

which gives the mass conservation

/R3 VAR /RS |0 |2 dur. (1.2.14)
|

Assumption 1.2.10. The energy estimate is propagated with the weak solutions
(¥°). of (1.2.1)-(1.2.2). This means that there ezists a continuous function C(t)
independent of € such that

V>0, () :/ (092 + 2|V, @ U |2)d < C(8). (1.2.15)
R3
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Notice that Assumption 1.2.10 is verified in practice when taking Rashba, Dres-
selhauss, or Elliot-Yafet spin-orbit hamiltonian. Indeed, taking for instance

2
i20, 1 = —%Aﬁqﬁ VU 426 x V, V).V, 0F

multiplying by 0, W€, integrating with respect to x and taking the real part, one finds

2 1 —
iat/ HV:B®\II€H§da;+—/ Ve, (| ) da = €25 /(6><VxV€).V$\IIE.8t\IIde
4 R3 2 R3 R3

(1.2.16)

where (2) denotes the imaginary part of z € C. In addition, by an integration by
part

t
R} (/ / (0 XV VE) -V, ue . as\Iffdsdx> (1.2.17)
0 JR3

1 t
- 21/ / [(5 X VoVE) - V08 - 9,05 — (G x V,VE) -V, Ut - asqﬂ dsdz
0 JR3

1 t
= / / [85((6 XV V) - Vo Ue) - TF — T . (G x V,VF) - vzasqfe} dsda
21 0 JR3
1

1
—— | (@XVVE) VLU (4 x) Ot a)de + — [ (G x VoVE(0, 1)) - VU5 - Wida

21 R3 1 JRr3
I 1
= 21/ / (6 X Vg0,Ve) -V We - Uedsdr — % (6 x Vg VeE) -V Ue(t, z) - UE(t, z)dr
0 JR3 1 JR3
1
+— | (6 xV,Ve(0,2)) - VU5 - Uidz.
21 R3

Moreover, it is simple to show that for any regular function U we have

< sup(|V.U|) (/ |V ®\Il€\|§dx> </ ]\IIE|2) )
R3 R3 R3

Applying this inequality to all the terms of the right hand side of (1.2.17), one finds

l

—/ (G x V,U) -V, U= - Uda
2 R3

thanks to Assumptions 1.2.4 and 1.2.5 and Young’s formula
t
) </ / (0 x V, V&) -V, U . 85\If8dsdm) <
0 Jr3

2 t
Cl(t)+%(/ IIV:C®\IJS||§dx+// IV, © UF[2dsdz), (1.2.18)
R3 0 R3

with a continuous function C(¢) independent of ¢. Finally, integrating (1.2.16) with
respect to ¢ and with (1.2.18), we obtain

t
52/ IV, @ U 2dz < 02(t>+52/ IV, @ U 2dsda.
R3 0 R3

Applying the Gronwall’s Lemma and with the mass conservation (1.2.14), one de-
duces (1.2.15).
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1.2.2 Semiclassical limit

In this subsection, a brief proof of the two above theorems will be presented. We
use a main theorem in the semi-classical analysis due to Gérard, Markovich and al

in [13] to passing to the limit. More precisely we will use Theorem 6.1 of [13].

Proof of Theorem 1.2.1 and Theorem 1.2.2. The first point of Theorem

2.1 results from the boundedness of ¥$ in L?(R3, C?) (see [13]). Let P.(t,x,§) =

1.
2
(ﬁ + V€> I, then equation (1.2.1) rewrites as

2

e, V¢ + i (P (t,3,ieV,) + aQl (t,z,ieV,) - &) (¥°) = 0. (1.2.19)

We begin by the first case : a = O(g) and we take o = ¢ for simplicity. By taking a

Hilbert expansions of V¢ and Q. with respect to €

VE=V+eVitole), Q=0Q+e0+ o),

we have
P.+eQ. -G = Py(t,x,&) +e(Vily + Q- &) + o(e),
2 2
with Py(t,z,§) = (% + V(t, w)) L. Let \(t,z,§) = % + V(t,z) be the unique

eigenvalue of Py(t,z,£) of multiplicity 2, and applying Theorem 6.1 of [13] then,
We (W, U¢) converges weak * in L=(RT, S'(R3 x R3, M,(C))) to
WO e CURT, My(R®, Hy (C))). In addition, W satisfies

oW+ AW =W F] on (RY xRS,)\ E, (1.2.20)

with F)\ = [Ty, {\, I\ }] + ddI\(Vi Lo + Q- &)y, II, is the orthogonal projection on

the eigenspace associated to A\, and { } denotes the Poisson bracket :
AW} =VA- VW0 =V A V0

The set E represents a closed subset of R* xR? xR such that, for every (t,z,&) ¢ E,

the eigenvalues of Py can be ordered as follows, see [13],
AM(t,x, &) < ... < Ntz §)

where, for 1 < ¢ < d, the multiplicity of A;(¢, z, ) does not depend on (¢, z, £). Here,
we have one eigenvalue (¢, z,€) (d = 1) of multiplicity two for every (¢, z,&) € RT x
RS. We choose then E = (). Moreover, we have Iy = I, then, F\ = i(‘/llg—i—ﬁ-&) and
equation (1.2.20) yields (1.2.4). For the convergence of the macroscopic quantities,

we refer the reader also to [13].
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We assume now that a = O(1) and we take a = 1, then the principal order (with
respect to €) of the symbol of the pseudo-differential operator in equation (1.2.19)
multiplied by —i is given by Py(t, z, €)+Q(¢, 2, £)-&. It admits two simple eigenvalues
At and A} given by

1€

1€
: -

A
T 2

+V(t @) +[G(z,6)|, A= V(t,z) - |9, ).

Denoting by II; and II} the orthogonal projections on the eigenspaces associated to

At and A| respectively, one can easily verify that

1 Q- 1 Q.q
HT:§ (IQ+ |§_2,|O->, and leﬁ ([Q— _,0-> on <R+XR6)\E

where F is given by (1.2.6). From Theorem 6.1 of [13], the weak limit of W¢(We, We),
W9, is given by W = W2 4+ W7. The up and down functions W and W} are a two

continuously t-dependent positive matrix valued measures on Rg’g satisfying

AWy +{ M) Wit = Wiy, Frp] on (RT xRS )\ E, (1.2.21)

with Fy) = [y, {Ar), 3 + il (Vile + Q1 - 9)Iy(;). Moreover, we have
WTO(L) = Iy W' ;) and if we pose WY = —XI, + @, - &, then a straightforward

2
calculation gives

We Ql_jsﬁ We U_jsﬁ Il
WTO:<7+ = )HT and WF:(;— = )Hl OH(R+XR275)\E'

1]

We deduce that

1 7. Q.
=3 ()
12 12

W, W, - Q - . 6 —
= 7[2 + |Q|2 Q. g on (R+ X Rx,{) \ E.
. . . . 0 - . = U_js . ﬁ
This implies that the spin part of WY o, is parallel to €. Let wy(t, x, &) = ]Q\

and let wy = % +w, and w) = % — wy be the eigenvalues of W' we have, from
(1.2.22), WP = wyIl; and W) = w\II;. Equation (1.2.21) yields (1.2.7). Indeed, we

have

AWy + v Wiyt = (Bewry + s wion DIy + wigy g, o )
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In addition, using the identity [@- &,b- &] = 2i(@ x b) - & for any two vectors @ and

—

b, one has
WP, B = [Ty, [T, {0, T ] + [ T, TG (Vi T + O - )T
Q- Q
= 2 I, TO-,{)\T,T} 71| +0
4 € €

w gl .
- TT {A% T} 0 = wi{A, It }.

Similarly, W}, F|] = w {\},1I;} and we conclude that

(Grwr(gy + LA wry DIy +wrp M) o b = wig{ ), T b

which gives system (1.2.7).

1.3 Semi-classical limit of the Schrodinger equa-
tion with Spin-Orbit term and partially confi-

ning potential

1.3.1 Introduction and main result

The starting equation in this section is the following scaled Schrodinger equation

2
1
i20, U = —%AX\IF - SO+ VAU 4 e (1%, 2, V) - 5(T)
Ue(0,x, 2) = ¥9(x, 2)

(1.3.1)

where (x,2) € R? x [0,1], ¢ = U¢(¢,x,2) and V. = (¢Vy,d,). Let us denote the
spatial domain by

D =R?*x (0,1).

The position variables in the longitudinal directions are denoted by x € R? and
z is used for the transversal direction (or confinement one). For any £ € R3, we
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will write & = (&, &,) where & € R? and &, € R are respectively the longitudinal
and transversal parts of £. The Weyl operator QY (¢,x, 2,iV.) - & represents in this
section the following operator

. N 1 = X+ . N i(x—
QW (t,x, 2,iV.)-3(Y) = Tk /R2 /Rz Q. <t, 2y,z,s&,z@)-a(w(y,z))e( V)< d¢ o dy.
Ex Y

Here, for every (¢,x,2,&) € RT x D x Rgx, Q(t,x,z,&”x,zﬁz) is a vector valued
differential operator which is the image of 10, by some regular vector valued function

Q(t,x, z,&, .). The confinement in the z direction is modeled through the following

boundary conditions
Ue(t,x,2=0) =¥(t,x,2=1) = 0. (1.3.2)

Thanks to this assumption, the transverse Hamiltonian (—%85 + V)1, has a discrete
spectrum and a complete set of eigenfunctions. Let x5 (t,x,.) and € (t,x) be the
eigenfunctions and eigenvalues of —%83 + V¢ with homogenous boundary conditions,
they satisfy

=302G+ VG = 6

E . .. (1.3.3)
Xp<t7X7 ) S HO (07 1)7 / Xqu - 5["1'
0

For any (t,x) € R* xR?, (x;(t,%,.)),5, is an orthonormal basis of L*(0, 1), (€5),>1
are simple as eigenvalues of —%8§+V5. The eigenvalues of the transverse Hamiltonian
(—302+ V)1, are then € and are of multiplicity two. Let us denote by H5(¢,x) the
p-th eigenspace which is given by

H,(t,x) = span {( 98‘5’ > , ( )?6 )} C (L*(0,1))?

and by II5(#,x) the orthogonal projector on H;(t,x). For ¢ = 0, we shall use the
notation II, and €, instead of II and €. As in the previous section we take the

following assumptions

Assumption 1.3.1. For any T > 0, (g,t,%,2) — Ve(t,%, z) is a real nonnegative
function belonging to C°([0,1]., C* N W1>([0,T] x R?, L>=(0,1))).

Assumption 1.3.2. The initial data U5 belongs to HY (D, C?) and there exists C' > ()
independent of € such that

//(Wiy? + 2|V @ WE|2 + (0. 05 ) dxdz < C.
D
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Assumption 1.3.3. The effective field Q.(t,x, z, &, £.) belongs to C°([0,1]., C*(R* x
D x R}))* such that (1.2.9) holds. In addition, we assume that Q. satisfies the fol-

lowing expansion
0. = Ot %, 2, &) + e (8, %, 2, &, &) + 0(e) (1.3.4)
with @ € CYR* x D x R? ) and Oy € C'(R* x D x R}, ).
Definition 1.3.4. Let
H = L*((0,1),C?).

This is an Hilbert space equipped with the L? norm. The unknown ¢ of (1.3.1)
is an H-valued function on RT x R2. In the sequel, HQH will denote the space of
bilinear forms on H X H. It can be identified to L*((0,1)*, My(C)) : the set of linear
combination of simple tensors of the form (®; ® ®5)(z, 2') for any ®,,®, € H and

where

(P1 @ By) (W), Ty) = / / ) ® Da(2') 1 Wy (2) @ Uy(2')dzd2’
— (/0 Pq(2) - \Ifl(z)d2’> </01 By () 'ﬁz(Z’)dz’)

Definition 1.3.5. Let @, Py be two H-valued distribution belonging to S'(R2, H).
For any € > 0, the partial Wigner transform is given by

YU, ¥, € H.

We(Pq, Do) (x,¢x, 2", 2) = (27r)_2/ &P (x — eg, 2) ®@ Py(x + eg, 2")dn. (1.3.5)
R2
This defines a continuous sesquilinear mapping from S'(R2, H)xS'(R2, H) to S'(R2 x
RE ,H&H).
Under Assumptions 1.3.1, 1.3.2, equation (1.3.1) admits a unique weak solution

Ue e CO(RT, HY(D,C*))NCY(RT, H (D, C?)) satisfying the mass conservation (see

the previous section). We assume moreover that the energy estimate is propagated
vt > 0, // (U + 22| Vx @ U3 + 0.5 *)dxdz < C(t) (1.3.6)

where C'(t) is a continuous function of ¢ independent of e.

Definition 1.3.6. Let V¢ be the solution of (1.3.1). The associated macroscopic

quantities are now given by
Ne(t,x, 2,2') = U8 (t,x,2) @ Ue(t, x, 2') (1.3.7)
and

JE(t,x, 2,2 :iVx\I/€ t,x,2) @ Ue(t,x, 2') — U8 (t,x, 2) ® Vi We(t,x,2')]. (1.3.8
2
i
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We are now read to give the main result of this section. This is the subject of

the next Theorem.
Theorem 1.3.7. Assume that Assumptions 1.3.1, 1.5.2 and 1.3.3 hold. Then, up
to extraction of subsequences, we have the following results at the limit € — 0.

1. For any p € N*, We(II7(0,x) W, TI5(0,x) UF) converges in S'(Ry ., H&H) to

Fp,[(xa 5x)Xp(07 X, Z)Xp<07 X, Zl) € Mb(Ri,gxa H@H)

Moreover, F, 1(x,&) € Hy (C) for all (x,&) € R
2. The Wigner transform We(We W) of the solution of (1.3.1) converges in
L*(R", 8 (R} .., HRH)) weak x to

X,Ex

W = Z Fp(ta X, gx)Xp(ta X, Z)Xp(ta X, Z/) S CO(R+a Mb(Rifxa H®H))

P
(1.3.9)
with F,(t,x,&) € Hy (C). It solves
OiF, + & - ViFy — Vi€, - Ve, F, = i[F,, O, - 7],
(1.3.10)
Fp(07 X7 €X> = FPJ (X7 £X>7
where the effective field on the p-th subband, Qp, s given by
1
ﬁ,,(t,x,gx)_/ G(t, %, 2 &) (1 x, 2) P2, (1.3.11)
0

3. For every T > 0, the particle and current densities N¢ and J¢ given by (1.3.7)-
(1.3.8) converge in L>=((0,T), My(RZ, HRQH)) weak x to

N<t7 X, %, Z/) = Z </ Fp<t7X7€X>d€X) Xp(tvxa Z)Xp(tv X, Zl)
R2

p=>1

J(t,x,2,2') = Z </]RQ vF,(t, %, §x)d§x) Xp(t, X, 2) X, (t, %, 2').

p>1

1.3.2 Application : subband model with Rashba spin-orbit
effect

If we consider the general spin-orbit hamiltonian given by (1.1.2), the Schrédinger

equation with physical dimensional variables writes

N € h2 &€ (3 € N h2 = &€ &g
Zhat\lf = —%Ax’z\l/ + Vewe 4 ZW(U X VXVZV ) . VX,Z\I/ (1312)
with A is the Planck constant, m is the effective mass of an electron and ¢ denotes the

speed of light. Let respectively, L and [ be the longitudinal and transversal length
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scales. Here, we are interested in situations where the length scale in the confinement
direction z, [, is much smaller than the length scale in the non confinement one. In
other words, let € be the ratio between the two length scales [ and L, we assume

that

{
= = << 1.
T

This leads, up to rescaling of equation (1.3.12), to

2
1
i20, U = —%quﬁ — SO+ VAU 4 iB(6 x V.V - VU (1.3.13)

2

h — _
where V. = (¢Vy, V,) and § = FRCyEToR If V and t denote the potential and time
c

scales, to obtain (1.3.13) we have taken the following hypotheses

—92 —
= h Vi 1
Ve M R

The constant (§ is a dimensionless quantity. We shall assume that 3 is small and is

of order € and we take 3 = ¢ for simplicity. A straightforward computation gives

(6 x V.V -Vr = 0,V (02(0y) — 01(0,))V*
+eo3(0,VE(€0,) — 0,V (e0,))¥*®
+e(010,V® — 090,V*)0,¥°

where (z,y) are the components of x € R% This implies that i(¢ x V.V?) -V, =
O (t,x, 2,iV.) - &@ with Q. = O + €4 + o(¢) such that

Qt,x,2,6) = A,V (=€2,€L,0),  O(t,x,2,6) = (8,VE,, -0, VE,, 0,VEE — 9,VEL)

and where V is the limit of V¢ when e goes to zero and & = (£1,£2,£,). Applying
Theorem 1.3.7, one finds the following Boltzmann equation in the p-th subband

O F, + & - Vi Fy — Vi€, - Ve F, = iay,(t,x) 026l — 0162, F)]

where

1
oy (t, %) = /O OV (%, 2) (£, %, 2)[2d=. (1.3.14)

Remark 1.3.8. The spin-orbit effect obtained in this limit is nothing but the Rashba
effect used generally in the literature [3, 24] to describe the spin-orbit interactions in
bidimensional gases. Moreover, an explicit relation between the confinement potential
and the strength of the Rashba spin-orbit coupling is obtained, relation (1.3.14).
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1.3.3 Proof of Theorem 1.3.7

Theorem 1.3.7 can be proved by following the work of N. Ben Abdallah and F.
Mehats [1]. We present here the ideas of the proof and we refer to [1] for details.
For the general properties of the Wigner transform (1.3.5) we refer the reader to
[1, 13, 15]. Let us summarize some of these properties.

We introduce the following space of H®H-valued test functions :

A= {6 € CURL x BL HBH) | (Fod)(xm) € LM(B2, CO(RL HEH))}
(1.3.15)
with F¢, ¢ be the Fourier transform with respect to . This space equipped with

[ Fedll L1 @2 (co @2 1am)

is a separable Banach space.

Proposition 1.3.9. Let (V) be a bounded family of L*(R%, H) functions. Then, the

sequence We(We We) is uniformly bounded in A'. Namely, we have
[WE(PE, ) [l < |1VF | 2z ) (1.3.16)

There exists a bounded measure with 2 x 2 hermitian and non negative matrix value,
WO, such that, up to extraction of subsequence, W¢(W¥¢, W) converges to W in A’
weak x ; WY is called the Wigner measure associated to this subsequence of (U€).

Moreover, assume that (V¢) is e— oscillatory :

52/ Vi ® ¥||3dx < C (1.3.17)
R2
with C' > 0 independent of € and the following compactness property holds :

lim limsup ||(Id — P2)W|| 2220 = 0. (1.3.18)

n—+oo ¢

We denote by Id the identity function on H and (PS),en is a sequence of functions
in C°([0,1]). x R?,Com(H)) such that lim PV = Id in the L(H) weak * topology,

locally uniformly with respect to x. Then,

Ne— [ WO, &)déx in My(RP, HRH) weak *, (1.3.19)

R3

Jo—= | EWU(LE)dE  in M(RP,HRH) weak *, (1.3.20)
R3

where the quantities N and J¢ are given by Definition 1.3.6.
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Lemma 1.3.10. Let T' > 0 be fized and let (¢5(t,x)) and (¢5(t,x)) be two families
bounded in L>=((0,T), L*(R2,H)). Consider an L(H)-valued function (,t,%x,&x) —
P.(t,x,&) belonging to C°([0,1], C'(RT x Ry . ,L(H))) and satisfying, for some
M >0,

Vo € N* x N*/Ja| <1:]10g¢, Pe(x, &)l e < Call + 1&)™

with C,, > 0 independent of €. Then, we have

: £ & (3 (3 £ € (3 (3 (3 £
WE(PY (t,x,ieVx) i, 65) = PW=(¢1, ¢5) + Z{PE’ W (o1, 03)} +erp (1.3.21)

. € €( LE E * € €( LE E * €
Wa( i,PEW(t,X, ngx)§b2) - W ( 17¢2)P5 + Z{W ( 17¢2)7P€}+8T2 (1322)

where r§ — 0 and rs — 0 in S'(R*, HRH) weak * uniformly with respect tot € (0,T).
Here, {p,q} denotes the Poisson bracket of two functions p(x,&) and q(x,&), given
by

{p, 4} (x,€) = Vep(x,£).Vaa(x,€) — Vap(x,€)-Vea(x, ). (1.3.23)

Before going on, one needs the following lemma which summarizes the regularities

of the eigenelements of the transversal Schrodinger operator.

Lemma 1.3.11. Let (€7, x;). satisfying (1.3.3). Then, under Assumption 1.3.1, €,
X have the same regularity as V<. Namely, the function (,t,x) — €;(t,x) belongs
to C°([0, 1], C* N Wh([0,T] x R?)) and (,t,x, 2) — x;(t,x,2) € C°([0,1].,C* N
Whee([0,T] x RZ, H*(0,1))) for any T > 0. Moreover, let II; be the orthogonal
projector on the p-th eigenspace and let G115 and Vi IIZ be their derivatives defined

by the following commutators :
8tH; - [8t, H;], VXH; - [Vx, H;]

For any p > 1 and T > 0, 1L is a self-adjoint operator on L(H) and the function
(e,t,x) = I}, as well as their derivatives with respect to t and x are continuously
bounded functions of (g,t,x) € [0,1] x [0,T] x R? valued in L(H).

Proof. This is a standard result using the perturbation theory of linear operators
(see for instance [14, 22]). |

We proceed now to the proof of the first point of Theorem 1.3.7. Under Assump-

tion 1.3.2 and by (1.3.16), we have, up to extraction of subsequence,

We(Ws,05) = Wy ase —0
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in A, weak *, where W} is a bounded measure with 2 x 2 hermitian, nonnegative
matrix value. Moreover, in view of Lemma 1.3.11, I15(0,x)¢ converges strongly to
I1,(0,x)p as € — 0 in A for every ¢ € A. Therefore,

I (0, x)We(WF, U5)IL (0, x) — I1,(0, x)W7IL(0,x) in A" weak *
and thanks to Lemma 1.3.10 and the self adjointness of 1[5, one obtains
We(IL (0, x) W5, T15(0,x) W5) — IL,(0,x)W/IL,(0,x) in A" weak *.

Moreover, we have WP € M,(R* H@H) with W} (x,&, 2,2") € Hy (C) for all
(x,&, 2,2") € R*x[0,1]2. Let F,; = fol fol W%, &x, 2, 2')xp(0, %, 2) X, (0, X, 2")dzdz’,
then F), 1(x,&x) € Hy (C) and

I1,(0, x)W?TL,(0,%) = F, (X, &)X (0, %, 2)x, (0, %, 2).
For the second point of the theorem, let
We, = We(Iowe, TIE0F).
An analogous analysis using (1.3.6) and (1.3.16) shows that
we, = W) =IL,W°I, ase—0

in L>=((0,7), A") weak x for every T" > 0, where W denotes the weak * limit of
We (e, W) in L>((0,T), A’). It is a bounded measure belonging to L>((0,7T), My(R* H®

H)) with H3 (C) matrix value. It remains now to compute ng g for every p,qg € N.

Lemma 1.3.12. let W, = II;W¢. Then,
€ 0 12 0 22 172 2 1 2 (T2
WE € CORY, H(R2, H)) N CO(RY, L2(R2, H2((0,1),C%) N O (R*, L2(R2, H))
and satisfies
: € 52 € E[yE € eOW : = (\[s€
ie0 W, = —5Ax\11p + € Vr + Ry 4 elDQN (t,%, 2,1V, ).0(VF) (1.3.24)

with
2

2
RE = ie(,115)V° + %vxng VAR %divx((VfoD)\I/E).

In addition, for any T >0

> ()

p>N

= 0. (1.3.25)

L2(R?/H)

lim sup sup
N=+00 e (0,1 t[0,7]
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We refer also to [1] for the proof of this lemma. We deduce that, for every p, ¢ € N,
W, , satisfies
oWy, = WOV, Up) + W (T3, 0, 7)
(We(E5W5, s) — We(5, €505))

p=p p>-q=q

i€ 1

= 5 (W5 (AW, Ug) = W05, ATg)) — .
1€

+ W) e, Wg) + WE(T5, (9115) ¥%) — (W= ([Ax, TP, W) — WE(WE, [Ay, T T9))

— WY (t,%, 2,iV.).G(0°), W) + iWe (U5, TI5QY (¢, %, 2,iV.).6(V°)). (1.3.26)

Multiplying this equation by ¢ and getting formally € goes to zero, one gets
(€, — €)W, =0.

Since €, # €, if p # ¢, one deduces that W), =0, or I[,W°II, = 0 for p # ¢. This

result can be checked rigorously in the distribution sense. That is to wit,
W;,—0 ifp#q inD'(R xRy, , HIH).

See [1] for details. Remark that we have, by construction of HQH,
wo =Y "1m,wm,
Pa

and thus
WO = T,WI, = T,W,.

peN* peN*
Let us now calculate the equation verified by ngp. For abuse of notations, we shall
use W) instead of W . For this we will perform the limit of (1.3.26) for p = ¢ and
for a given T' > 0. Applying Lemma 1.3.10 and with the boundedness of €7, II; and
all its derivatives with respect to ¢t and x, one can pass to the limit on all the terms

of the right hand side of (1.3.26) in L>°((0,7"), A’) weak *, to find
IL, (OW? + &x - VWO — Vi€, - Ve WO) 1L, = dIL[WY, Q(t,x, 2, &)L, (1.3.27)

See [1] for more details on the obtention of the left hand side of this equation. Let
us just explain the ideas for the obtention of the right hand side. View Assumption

1.3.3, the properties of IT) (Lemma 1.3.11) and Lemma 1.3.10, one can write
WE(ILQY (t,%, 2,iV.) - 3(0°), ¥o) = IEQY (¢, %, 2, &) - GWE (U=, WO)IL + r°

where the both sides are bounded in L*((0,7),.A") and r° tends to 0 uniformly on

[0,7] in A" weak . Passing to the limit, we have

WEIEQY (t,x, 2,iV.)-G (1), U2) — ILO(E, x, 2, &)-GWOIL, = IL,A(E, x, 2, &)-GWLIL,
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since W = Z W(? = Z HqWOHq. Using the same arguments, we have also

qeN* qeN*
We(0e, TEQY (£, %, 2,iV.) - 7(F°)) — IL,IWIA(E,x, 2, &) - F1L,.

We deduce then, by passing to the limit in (1.3.26) for p = ¢, that WZE’ satis-
fies (1.3.27) in the sense of distributions &'((0,T) x R*, H®'H) and that 9;W; is
bounded in L>((0,T),S'(R*, H®'H)). Thus, W is equicontinuous in ¢ with va-
lues in &’ and converges locally uniformly with respect to ¢. One deduces that
W) e C°(RY, M(R*, H®'H)) and for the continuity of W stated in (1.3.9), it
suffices to remark that (1.3.25) and (1.3.16) imply the uniform convergence of the
series
> Wy e (o, T, A).

pEN*

Finally, since W) = II,WJIL, then,

W;?(t? X, &x, 2, Z/) = Fp(tu X, gx)Xp(tu X, Z)Xp<tu X, Z/)

with F}, is an H; (C) matrix valued function and (1.3.27) yields the first equation of
(1.3.10).

The third item of Theorem 1.3.7 is a direct consequence of Proposition 1.3.9,
of (1.3.9) and the uniform convergence of the series. The e-oscillatory property is
assured by the energy estimate (1.3.6) and the compactness property (1.3.18) holds

P =) I

p<n

and thanks to (1.3.25) and Lemma 1.3.11.

true by setting
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Chapter 2

ON AN HIERARCHY OF KINETIC AND
MACROSCOPIC MODELS FOR
SPINTRONICS

Abstract

In this chapter an hierarchy of kinetic and macroscopic models for semiconductor
spintronics is presented and analyzed. We begin by presenting and studying the so
called ”spinor” Boltzmann equation. Starting with a rescaled version of the Boltz-
mann equation with different spin-flip and non spin-flip collision operators, different
continuum models are derived. By comparing the strength of the spin-orbit scatte-
ring with the scaled mean free paths, we explain how some models existing in the
literature (like the two-component models) can be obtained from the spinor Boltz-
mann equation. A new spin-vector drift diffusion model keeping spin relaxation and
spin precession effects due to the spin-orbit coupling in semiconductor structures
is derived and some of its mathematical properties are checked. Other spin-vector
diffusif models like Spherical Harmonic Expansion (SHE) , Energy-Transport and
Drift-Diffusion with Fermi-Dirac statistics models are derived by means of the mo-

ment method and entropy minimization principle.

71
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2.1 Introduction

The electrons are not only characterized by their electric charge but also by their
intrinsic kinetic moment or the so called "spin”. The spintronics is a new booming
domain of research which tries to control the spin and to use it as an additional
degree of freedom or a new vector of information. Although the first researches in
this domain were led essentially for structures based on magnetic multilayers [22], the
spin dependent properties of the electron transport in semiconductors have recently
attracted several attentions. There are typically two class of mechanisms [23] which
make relax the spin vector in semiconductors. In one side, we have according to the
Elliot-Yafet mechanism [49, 23] the instantaneous interactions of the particles with
the crystal accompanied with reversal of the spin direction. They will be called the
spin-flip interactions. These events are rare in semiconductors : typically less than
one interaction up one thousand return the spin orientation [7]. The second category
of mechanisms are relative to the effect on spin-orbit coupling of the asymmetry
inversion that can exist in the system. They can be characterized by an effective
magnetic field which makes precess the spin vector during the free path of the
particles. The ability to control this effective magnetic field could allow spin control
and manipulation in semiconductor heterostructures.

Many theoretical models are used by the physical community for spin-polarized
transport [35, 36, 38, 41, 42, 44, 46, 47, 49]. In microelectronics the drift-diffusion
system is one of the most used model for modelling the transport of charged particles
in semiconductors [32, 33|, Plasma [5], Gas Discharges [39], etc. The drift-diffusion
model, which describes the macroscopic behavior of the particles, is a very well
suited model for numerical simulations. Two types of drift-diffusion approximations
are essentially used in spintronics : the so called two-component drift-diffusion model
and the spin polarization vector or density matrix based approximation. In the two-
component description, the electrons are considered to be of two types, namely,
having spin up or down. Each type of electrons is described by the usual drift-
diffusion equation with additional terms related to sources and relaxation of the
electron spin polarization, see [46, 47, 36]. The two-component model has been used
initially for spin transport in ferromagnetic metals, it was used also in studies of
propagation of spin-polarized electrons through a semiconductor region with variable
level of doping [36]. In this kind of model, the mechanism of spin relaxation (such
the spin-orbit interaction for instance) is not specified. The spin-vector (or density
matrix) approach is a more general description in which the spin variable (the density
or the distribution function for example) is a vector quantity and the mechanisms
acting on the spin dynamics can be taken into account.

The aim of this chapter is to derive and analyse macroscopic models for semi-
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conductor spintronics from the general spinor Boltzmann equation. The starting

equation is the following scaled Boltzmann equation

oF® 1 1 L
+=(v-V F*=V,V-V,F°) = E—ZQ(FEHg [%Q(:f;?v) .G, F} +Qq(F9), (2.1.1)

ot ¢ €

under the initial condition
Fe(0,z,v) = Fj(z,v), (2.1.2)

where € > 0 is a small positive parameter. It represents the scaled mean free paths.
The parameter « is the scaled strength of the spin-orbit scattering. The operator ()
is the collision operator and sy represents the spin-flip interactions (or interactions
accompanied with reversal of spin’s direction). We use the following relaxation time

approximation of Qsf

Qu(F) = L= 2 (2.1.3)

Tof

with 754 > 0 is the spin relaxation time. This operator makes relax, when 7, goes to
zero, the matrix distribution function to a scalar one. Since the spin-flip interactions
are not frequent in semiconductor structures as we mentioned above, 7, is not
small and we assume that @),s is a perturbation part of the collision operator. This
is natural then to consider (), of order one in the diffusion scaling (2.1.1). The
diffusion limit ¢ — 0 leads to macroscopic diffusion models (Drift-Diffusion, SHE,
etc...) according to the dominant scattering mechanisms. We refer to [1, 2, 12, 14,
19, 27, 37, 25, 43] for the rigorous derivation of macroscopic models from kinetic
equations. Different kind of scattering operators are considered in this work. We
consider first the collision operator for a Boltzmann statistics in the linear BGK

approximation given by :
Q(F) = /]1{3 a(v, V") M()F (") — M) F(v)]dv'. (2.1.4)

The function M is the normalized Maxwellian

M(v) = ! _e2l oy e R? (2.1.5)
(2m)2

The chapter is organized a follows. In the next section, we fix some notations
used along this chapter. The study of the Boltzmann equation is carried out in
Section 2.3. Existence and uniqueness of weak solutions of (2.1.1) is presented. It is
a standard result of Boltzmann type equations. In the spinor Boltzmann description,
the distribution function shall be a matrix valued function from R* x RS into the

space of 2 x 2 hermitian and positive matrices (H4 (C)). We prove that equation
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(2.1.1) preserves the positivity and the self adjointness of the distribution function

during the time. In other terms, the following maximum principle holds :
if Fy,(2,v) € Hy(C),¥(z,v) € R® then, F(t,x,v) € Hy(C),¥t >0 and (z,v) € R,

This means that if F*© satisfies (2.1.1), then (F*)* is also a solution of (2.1.1). Mo-
reover, if Fy, € H5(C) and if we decompose F* into spin-dependent and spin-

independent parts as
1 = S
FE(t,.CC,U) = §f§(t,x,v)[2 + f;(t,.’l?,v> * 0

where f7 is the charge distribution and jif is the spin distribution then, we have
sfe(t z,v) > | /| (¢, x,v) for every (t,z,v) € R x R,

In the following sections we study the diffusion limit ¢ — 0 for different order
of v with respect to €. Section 2.4 is dedicated to the derivation of two-component
models from the spinor Boltzmann equation. We begin by discussing what we call the
decoherence limit. This limit corresponds to keeping ¢ constant and to taking o goes
to 400. It corresponds to taking a large spin-orbit coupling so that the ratio between
the period of rotations (7") induced by the spin-orbit effect and the used time scale
(t) is small and goes to zero. This limit makes relax the spin part of the distribution
function to the direction parallel to Q. If the direction of {} does not depend on v, a
two-component kinetic model is obtained which yields two-component macroscopic

model at the diffusion limit. In the next subsection, we study the diffusion limit
1

of (2.1.1) with & = O(—). This situation occurs in structures where the spin-orbit

coupling is high such that the rotational period T is of the same order of the mean

T o
free path time 7 and where 7= . Similarly, if the direction of €2 does not depend

on v, the spin vector direction tends towards Q) and one gets at the limit a two
component drift-diffusion model. However, if the direction of O depends on v, the
spin information is lost at the limit. In other words, the spin vector relaxes towards
zero and we obtain the standard scalar drift-diffusion model for the charge density (or
the total density) used in microelectronics. This spin relaxation corresponds to the
D’yakonov-Perel mechanism. It happens since the effective field changes frequently
direction due to the numerous interactions that a particle undergo on its trajectory
in the diffusion regime under investigation.

In Section 2.5, we are interested by the derivation of general spin-vector drift-
diffusion model with spin rotation and relaxation effects. Suppose first that « is of
the same order as ¢ (a« = O(¢g)) and take a = ¢ for simplicity. This means that
the order of the spin-orbit coupling is small in such a way that the rotation angle
of the spin vector around the effective field Q) is small during the free paths of the



2.2. ASSUMPTIONS AND NOTATIONS 75

particles. In this case, F° converges to N(t,z)M(v) (in the weak sense see Section
2.5) such that N is a positive hermitian matrix satisfying the following equation
_— tr(N)I — N
N + div,(D(V,N + V,VN)) = %[He @, N+ u,
Tsf
where I is a positive definite matrix and the effective field is an M-weighted avera-

ging of O with respect to v :
H,(z) = / Q(z, v) M (v)dv.
R3

Remark that if O is an odd vector with respect to v then ﬁe = 0 and no rotation
effect appears at the limit. This is generally the case of the spin-orbit effective fields
in semiconductor heterostructures (Rashba or Dresselhauss vectors). To keep trace
of the spin-orbit interactions at the diffusion limit when Q is an odd vector, one has
to take a time scale such that e = O(1) with respect to €. Applying this idea, a
general spin-vector drift-diffusion model will be rigourously derived (Theorem 2.5.2
) and one of its main property to wit the conservation of the positivity and the
self-adjointness of the density matrix during the time (maximum principle) will be
checked (see Theorem 2.5.3).

Following the same strategy, other two-component or spin-vector fluid models can
be derived. Section 2.6 is dedicated to the derivation of spin-vector SHE (Spherical
Harmonic Expansion) model when taking dominant elastic collisions. Finally, in
Section 2.7 we discuss the derivation of Energy-Transport and Drift-Diffusion with
Fermi-Dirac statistics models using the moment method and entropy minimization
principle. We note that the method used is inspired from the works of P. Degond and
C. Ringhofer [17, 18] for derivation of quantum hydrodynamic models. Other works

on derivation and numerical study of quantum fluid models exist [15, 16, 13, 24].

2.2 Assumptions and notations
Let us begin by introducing some assumptions and notations.

Assumption 2.2.1. The cross-section, af.,.), of the collision operator (2.1.4) be-
longs to WH°(RS) and is assumed to be symmetric and bounded from above and

below :

Ja, a0 >0, 0<a; <alv,v)<ay, Yo,0 €R.

Assumption 2.2.2. For any firzed T > 0, the potential (t,x) — V (t,z) is a non
negative real function belonging to C*([0, T], WH>(R?)).
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We will use M5(C) to denote the space of 2 x 2 complex matrices ; Ho(C) denotes
the subspace of hermitian matrices and Hj (C) the subspace of hermitian positive
matrices. We will denote by ||.||2 and (.,.)2 the Frobenuis norm and the associated
Frobenuis inner product

2

(A,B)y =R(A:B) =R(D_ AyBy), A3 = (4, A) =Y Ayl

i,j=1 i,j=1
where for z € C, R(z) is the real part of z and for any two complex matrices
A, B € My(C)
A:B=) A;B.
i.j
Definition 2.2.3. We define the space L3, by

1£(x,v)

2
L3 = {F = F(z,v) € Hy(C) such that / Hdedv < 4oo}.  (2.2.1)

RS M
This is an Hilbert space equipped with the following scalar product

(F,G)y
F =
< Y G>M /IRLG M dxdv?

and ||.||pm will denote the norm associated to (.,.)p. The same space with scalar

valued functions will be denoted by LA, instead of L3,.

2.3 Study of spinor Boltzmann type models

The aim of this section is to study the properties of the spinor Boltzmann equa-
tion with the spin-orbit term. Existence and uniqueness of weak solution of (2.1.1)
will be shown and some a priori estimates on the solution independent of the para-
meters a and ¢ will be given (Theorem 2.3.2). The contents of this first part review
some well known results on linear Boltzmann type equations. We begin by defining

the notion of weak solution of (2.1.1).

Definition 2.3.1 (weak solution). For a fized time T > 0, a function F* € L*([0,T];L3,)
is called weak solution of (2.1.1) if it satisfies :
T 1 T
- / / (F#, 0p))odtdrdy — —/ / (F,0 -V =V, V -V, ¢)odtdedy =
0 JRS €Jo Jrs
1 [T a [T = S
— (Q(F®), ) odtdrdv + — (=[Q(x,v) - &, FF],¥)sdtdxdv
g2 0 R6 g Jo R6 2

+/0 /RG@SJ”(Fa)’w?dtd‘”d”JF/ (Fip, ¥0(0))2dzdv, (2.3.1)

]RS
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for all ¢ € CL([0,T) x RS Hy(C)).

Theorem 2.3.2. For all firzed e > 0, a > 0, T > 0, F;, € L3, and under As-
sumptions 2.2.1, 2.2.2, the model (2.1.1)-(2.1.2) admits a unique weak solution
Fe e C°([0,T);L3%,) satisfying

IF= (), < C0 INllz, qorprsy S C VE> 0, (2.3.2)

P = P(F)|3gqs,) < O, (2.3

where C' > 0 is a general constant independent of o and €. Here, P is the orthogonal
projection on Ker(Q) which satisfies : P(F°) = N°M with N° := [, Fedv. In
addition the following mazimum principle holds : if Fy,(x,v) € Hy (C),V(z,v) € RS
then F(t,z,v) € Hy (C) Vt € [0,T], (z,v) € RS,

The next proposition summarizes some fundamental properties of the collision
operator (2.1.4). Since it acts only on the speed variable v, ¢ and = are considered

as a parameters and are omitted in the next proposition for the sake of simplicity.

Proposition 2.3.3 (Properties of the collision operator (2.1.4)). Under As-
sumption 2.2.1, the collision operator given by (2.1.4) satisfies the following proper-

ties.

(i) For all F € L3, we have the mass conservation :
Q(F)(v)dv = 0.
R3

(ii) The mapping Q : L3, — L3, is a linear, continuous, selfadjoint and nonpositive

operator.

(i1i) The kernel of Q) is
Ker(Q) = {F € L3, such that AN € Hy(C), F(v) = NM(v)}.

(iv) Let P be the orthogonal projection on Ker@, then we have the following coer-
civity inequality
—(Q(F), F)m = au||[F = P(F)| - (2.34)

(v) The range of Q, R(Q), is a closed subset of L}, such that

R(Q) = Ker(Q)* = {F € Li,, such that /R3 F(v)dv = ( 8 8 )}
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Proof. The first point (i) is a direct consequence of Assumption 2.2.1. The linearity
of Q) is obvious. Let F, G € .2, we have

(Q(F), G) i = R ( /R o, )M M) [ ﬂéﬁ% - E(g’v))} O

M(v)
(2.3.5)
Using the symmetry of the cross-section «, one can write
_ 1 / / F@)  F)] [GW) G /
(QF),G)pm = —53‘8 (/R3 a(v, v )MV )M(v) [/\/l(v’) - M(v)] : [./\/l(v’) - M(U)]dvdv>
(2.3.6)

This implies that @Q is selfadjoint and negative operator on L3%,. By Assumption
2.2.1 and the fact that [, [|F(v)[l2dv < ||[F|| a4, (2.3.5) gives

(Q(F), G)m| < ClF| MG M5

which yields the continuity of . The third point is obvious using the equality (2.3.6).

Namely, the following equivalences hold :
(F € KerQ) < ((Q(F), F)a = 0) & (AN € Hy(C), F(v) = NM(v)).

The orthogonal of Ker( is then given by the set :

(KerQ)* = {F € IL3,, such that / F(v)dv = ( 8 8 )} : (2.3.7)

Let now F € L%, and let G = F — PF where PF is the orthogonal projection of F'
on Ker(@). Then, using the self-adjointness of (), we have

<Q(F)7F>M = <Q(G)7G>M

Since G € (KerQ)* and with Assumption 2.2.1 we get

G/
~@FLF = 5 [aMMIL
IG5

=0 F ~ PF|3,.

1

— %H%dvdv’

>

R3

For the last point, since @ is selfadjoint we have R(Q) = (KerQ)*. It remains to
show that R(Q) is closed. Indeed, let (H,),>1 € R(Q) be a sequence converging to
H € L3, with respect to ||.|| s Writing H, = Q(F,) = Q(G,), where G, = F,—PF,

we have

O‘IHGP - Gq”f\/l < <Q(Gp) - Q(Gq)v Gp — Gq>M < HHP - Hq”M“Gp - GqHM-
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Therefore, (G,), is a cauchy sequence in L},. There exists G € L3, such that (G,),
converges to G. By the continuity of ) and the uniqueness of the limit, we deduce
that H = Q(G).

|

Proof of Theorem 2.3.2. This is a standard result of the Boltzmann type
equations using a fixed point theorem and the characteristics method. Let us recall
the main ideas of the proof. For notational simplicity, we omit the presence of o and

e (supposing @ = ¢ = 1). We decompose the collision operator as, @ = QT + Q~
when QT (F) = (/ a(v,v')F(v’)dv') M(v) and Q™ (F) = —v(v)F with v(v) =
R3
a(v, v YM(")dv'.
R3
Lemma 2.34. Let L = 0, +v -V, — V,V - V,, then for any F;,, € L, and
S e C([0,T);LA,), the problem

/I: —
FY—Q (F)—=[Q-0,F]— F)=
F(t=0)=F,
admits a unique weak solution satisfying the following estimate
t
1Pz, < WPz, + [ 1S, ds (239)
1
with My = 5 )g em2l* Y addition, the mazimum principle holds which means
T)2

that if Fy,, S are two hermitian positive matrices functions then the solution of
(2.3.8), F, is also in Hy (C), V(t,z,v) € [0,T] x RE.

Proof. Using the decomposition of any matrix A € Hs(C) into spin-dependent and
spin-independent parts as A = AL, + A, - &, H,y(C) is equivalent to R* (we use the
identification A = (A,, A,) for any A € H,(C)). Any function F € 1.2, is seen as
a function in (L3,)*. Let F, = (Fi", F'") and S = (S., S,), then problem (2.3.8) is
equivalent to finding F = (F,, f.) in C°([0,T], (L%,)*) such that

{ L(F) +C()(F) + A(z,v)(F) = §

Flt=0) = By, (2.3.10)

The function C(v) is the matrix associated to the —(Q~ + Q,f) operator given by

B v(v) 0
“”‘(o ww+;m)’

I3 denotes the identity matrix of order three. For all (z,v) € R® A(z,v) is an

antisymmetric 4 x4 matrix associated to the spin-orbit anti-joint operator (% Q-3 .]).
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0 0
It has the following form : A(z,v) = with 3 x 3 antisymmetric
0 Z(x,v)
matrix function Z(x,v). Assuming first that Fj,, and S are regulars, then, thanks to
the characteristics method, the solution of (2.3.10) is given by the following integral

formula

F(t, 2) = exp (— /D C(2(5:21) + A(Z(s: t))]ds> F,

t t
+/ exp (—/ [C(Z(T;2,1)) —i—A(Z(T;z,t))]dT) - S(Z(s;2,t))ds,
0 s
(2.3.11)
where z = (z,v) is the variable in the phase space. For any z = (x,v) € R% t € [0, 77,

the characteristics Z(s; z,t) := (X (s; 2,t), V(s; 2, t)) satisfy the following differential

system

([ dX
E = V(S)a
% —E(X(s)), E=-V.V
(X(t;2,1),V(t; 2,t)) = (z,v).

3
In this case, F' given by (2.3.11) is also the weak solution of (2.3.10). By scalar
multiplying (2.3.8) by MLV and integrating with respect to ¢, x, and v (i.e. rigourously
choosing it as a test function in the weak formulation), one can find estimate (2.3.9)
since @~ and Qs are two negative operators on H,(C) and <%[ﬁ -7, F|, F)y = 0.
Furthermore, using the integral formula (2.3.11), one can verify straightforwardly
the maximum principle. If Fj, and S belong to L3, and C°([0,T],L3%,) respectively,
these results remain correct and can be obtained by regularization technics. The
proof of Lemma 2.3.4 is achieved.

|

To continue the proof of Theorem 2.3.2, we define

X La < G0, T],LY,) — C°([0,T],L3,)

where x(Fjy,, S) := F is the unique weak solution of (2.3.8) with initial condition Fj,
and source term S. The mapping x is linear, continuous (in view of estimate (2.3.9))
and satisfies the maximum principle. Moreover, a function F satisfies (2.1.1)-(2.1.2)
if and only if F' = x(F,, @ (F)) which is equivalent to say that F' is a fixed point of
O : F € C%[0,T],L3) — x(Fin, QT (F)) € C°([0,T],1L3,). To show that © admits a
unique fixed point, let us define, for every § > 0, the norm ||.||s on C°([0,T],L3,) by



2.4. TWO-COMPONENT MODELS 81

|F|ls = sup (6_5t||Fl|L3\A>. All these norms are equivalent to the usual one ||.||o (for
te[0,7

9 = 0), and one can choose ¢ small enough so that © forms a contracted mapping on
(C°([0,T],L3,), |I-Ils)- As a conclusion, problem (2.1.1)-(2.1.2) admits a unique weak
solution satisfying the maximum principle (since Q(F') conserves the positivity of
F and by Lemma 2.3.4) and we have

FOlks,, <IFalis,, + [ [ (@) htstedo e 071

Furthermore, taking into account the parameters a and ¢, the weak solution, F*, of
(2.1.1)-(2.1.2) satisfies

||F(t)||]L§MV < ||Fm||LiA / /R6 odsdzdv VYt € [0,T].

F
Finally, since / (Q(F), /\T)de < 0, one deduces estimates (2.3.2) and the balance
R3 %
deviation inequality (2.3.3) follows from the coercivity inequality (2.3.4).

2.4 Two-component models

This section is concerned with the derivation of two-component kinetic and ma-

croscopic models from the general spinor kinetic equation.

2.4.1 Decoherence limit

We explain in this subsection how the spin-orbit interactions act on the distri-
bution function when the order of this coupling becomes large. We assume that the
period of rotation 7' of the spin vector distribution part around the effective field
() is small in front of the time scale 7 of the problem. The decoherence limit is the
limit n = Z — 0. This makes relax the spin part of the distribution function F;, of

(2.4.1) towards the effective field line. This is the subject of the next proposition.

Proposition 2.4.1. Assume that O satisfies Assumption 2.4.3, F, € L%, and that
Assumptions 2.2.1, 2.2.2 hold. Let T > 0 and F, € L*([0,T],L%,) be the weak

solution of

ﬁ[ﬁ 0, By + Qup(F) (2.4.1)

O.F, +v-V,F,—V,V-V,F,=Q(F,) +
with F,(0,z,v) = Fi,(x,v). Then, when n goes to 0, F, tends to Fy such that

c ta 9 - N .
Folt, z,v) = wb—i— Fult, 2, 0)@(2,v) -G with f. and f, belong to L*([0,T], L2,,).
In addition, the charge and spin distribution functions, f. and fs, satisfy weakly
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Ofe+v -Vufe—V.V-Vyfe=0Q(fe) (2.4.2)
8tfs+v-Vrfs—VwV~vas:Q(fsﬁ)-&—2f—s (2.4.3)

sf
and Fy(0,x,v) = Fy,(z,v) where for any (z,v) € RS, &(x,v) is the unit vector of

the effective field line.

Proof. Equation 2.4.1 admits a unique weak solution F, € L*([0,T];L3,) such that
(F},)y is bounded with respect to 7 (see Section 2.3 for details). There exists Fy €
L2([0,T);1L%,) such that F, — F, weakly in L2([0,T];1L2,). This implies that [( -
&, F,] is also bounded in L2([0, T]; L%,) with respect to n and i[Q-&, F,] — i[Q-7, Fy).
Multiplying the weak formulation of (2.4.1) by n and taking 1 tends to zero, we get
i[Q- @, Fy) = 0. This implies that the spin part of Fy is parallel to  i.e. there exist
fe and fs in L*([0,T7;1L3,) such that Fy = %[Q + fs& - &. Decomposing (2.4.1) into
fe
2
O vVl — VLV -V, f2 = Q)

charge and spin parts by setting F;, = —— + f - &, one has

1 7
Ol 40 Vafl =V V= QU - i -2 )

Tsf
The weak limit of the first equation is (2.4.2). Taking the scalar multiplication of
(2.4.4) with & and passing to the limit weakly in L3,([0, 7] x R®) one finds (2.4.3).

Remark 2.4.2. If we suppose that the direction of ﬁ, W, does not depend on v then,
we obtain at the decoherence limit a two-component kinetic model describing the
evolution of spin-up and spin-down distribution functions f1 and f'. These functions
are nothing but the eigenvalues of Fy choosing such that : f1 = f. + f, and f! =
fo— fs. If fo, fs satisfy (2.4.2)-(2.4.3), then f' and f' satisfy the following two-
component kinetic model

fr=r

Tsf
fTifl
Tsf ’

Of' +v-Vofl =V, V-V, fl =Q(f") +
(2.4.5)
8tfl +v- mel - vmv ' v”ufl - Q(fl) +

c

subject to the initial conditions : f1(0) = % + £33 and fH(0) = % — 3,

are the charge and spin parts of Fj, (E = %]2 + ﬁn.ﬁ). The

model (2.4.5), leads then to a two-component macroscopic model in this case (the

c rs
o and

in

where

case when the effective field direction is independent on v).
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In the next subsection, we will pass from a spinor Boltzmann equation to a 2-
component macroscopic (drift-diffusion) model. We will see also that this asymptotic
is possible if the effective field line does not depend on v and it corresponds to taking

a diffusion limit of the spinor Boltzmann equation with high spin-orbit coupling (case

a=0(2).

2.4.2 Diffusion limit with strong spin-orbit coupling : two-

component Drift-Diffusion model

This part is intended to the study of the diffusion limit (¢ — 0) of (2.1.1) when
1

a = O(-) with respect to €. As mentioned in the introduction, the macroscopic
3

model, one obtains in this case, changes wether the direction of O depends on v or
not. We will see that if the effective field €2 does not change direction with v this

scaling gives at the limit a two-component Drift-Diffusion model. For simplicity, we

1
suppose that a = — and the starting equation is then
€

o lw.vrr—v,v vy =L {@(FE) 207 Fﬂ} +Qup(F?), (2.4.6)

at ¢ g2
with initial condition (2.1.2). The operators ) and ()5 are given by (2.1.4) and
(2.1.3) respectively. We will use the following form of €.

Assumption 2.4.3. We assume that Q belongs to C?*(RS, R?) and is given by

—

Q(z,v) = Mz,v)d(x,v), such that |&(z,v)| = 1,V(x,v) € R®

where A and & are two reqular respectively scalar and vectorial functions. In addition,

we suppose that the following polynomially controls at infinity with respect to v hold

Ci(1+ [o)™ <A@, v)| < Co(1 +[v])™ (2.4.7)
Yo+ > 1928 v)| < O+ )" (2.4.8)
ne{zivi} nn' €{z;,v;}

for Cy >0,Cy>0,C >0 and m € N.
Definition 2.4.4. We denote by Qso the following unbounded operator on L3,
-
QRso =Q + 5[@ -0, ] (249)
defined on the following domain

D(Qso) = {FeL%/ i[Q-E,F]e]wa} (2.4.10)

F R ..
— {F:tr; )]2+f5-aeL§M/ Q-fse]L&A}.

Recalling that L3, denotes the space given by Definition 2.2.5.



84 CHAPTER 2. HIERARCHY OF KINETIC AND MACROSCOPIC MODELS

In view of the properties of the collision operator listed in Proposition 2.3.3, we

present in the following proposition some important properties of Qso.
Proposition 2.4.5. Under Assumptions 2.2.1, 2.4.3, the unbounded operator (Qso, D(Qso))
given by (2.4.9)-(2.4.10) satisfies the following properties.

1. It is a mazimal monotone operator on IL3,.

2. Let Ker(Qso) be the nul space of Qso, then we have the following characteri-

zation :
N. N 2/m3
kGT‘(Qso) =< F= N(ZL‘)M(U)/ N = 7]2 4+ Ny-0d €L (R ,HQ(C))
and N, = 0 if & depends-on v
ns(x)d  if O = d(x) independent on v.

(2.4.11)

3. The range of Qso s given by

Im(Qso)Z{G=%12+§S-EGLiA/ gedv =0
]RS

and </]R3 g’sdv) - =0 if & does not depend on v} (2.4.12)
Proof. 1. The adjoint of Qs is given by
Q0 =Q — 2[5, (2.413)
defined on D(Q%,) = D(Qso). Indeed, by definition
D(Q%0) = {F € L}/ G — (F,Qs0(G))r is a bounded operator on D(Qso)} -
For every F' € D(Q%,), G € D(Qs0), we have by the self-adjointness of @
l

(F,Qs0(@)m = (Q(F) = 5[Q- 7, F, G) m. (2.4.14)

N |

This implies .
7

<2[Q 0, F|,G)pm = (Q(F), G)m — (F, Qs0(G)) m

for every G € D(Qso). We deduce that for F' € D(Q%p), %[Q -0, F] is a linear and

continuous operator on D(Qso) which is dense in L3 ,. It can be then prolonged to a

linear continuous operator on L3, which implies that (since L3}, is an Hilbert space)
i

—[10 - 7, F] € L%, and thus F € D(Qso) if F € D(Q%,). The reciprocal inclusion
5 M SO
(D(Qso) C D(Q%p)) is obvious and from (2.4.14), one deduces that Q% is given
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by (2.4.13) on D(Qso). In other side, (i[Q-&, F], F), = 0 for every F € 2. Then,

since () is a non positive operator, we have

(Qso(F), F)pm = (Qso(F), F)am = (Q(F), F)m <0

and the operators Qgo and Q% are monotones. Moreover, D(Qso) is dense in L3,
and the graph of Qso, G(Qs0), is closed. Indeed, let (F,, Qso(Fy))nen such that
F, € D(Qs0) be a sequence in G(Qso) converging to (F,G) in (L%,)% We have to
prove that F' € D(Qgo0) and G = Qgo(F). For every H € D(Qs0), one has

<Fn7 Q*SO(H»M = <QSO(Fn)a H>M

By passing to the limit, n — +o00, one gets

(F, Qso(H))m = (G, H)m

for every H € D(Qs0) and since D(Qgo) = L3,, we deduce that F' € D(Qso) and
Qso(F) = G. As a consequence, Qso is a densely defined closed operator such that
Qso and Q% are monotones. It is then a maximal monotone operator on L3.

2. Let F' € Ker(Qso), we have

Q(F)+=[Q-&,F] =0. (2.4.15)

N | .

Taking the scalar product with F in L3, one gets (Q(F), F)x = 0. This implies
that Q(F) = 0 and F' = N(z)M(v) such that N € L?(R3, Hy(C)) (see Proposition

Nc 7 . . . . .
2.3.3). Writing N = 71'2 + N, - @ and inserting it in (2.4.15), we obtain
Q x N, =0. (2.4.16)

One can deduce simply that N, = 0 if changes direction with v and if not, the
vector ]\7S is parallel to Q.

3. Since Qg0 is a closed and densely defined operator on L3, we have

Im(Qso) = (KerQso)".

Moreover, we have Ker(Q%,) = Ker(Qgso) and it is simple to verify that the or-

thogonal of Ker(Qso) is nothing else but the set given (2.4.12). This implies that

Im(Qso) C Ker(Qso). In other side, let G = %IQ + s - & € ker(Qso)* which

means that / gedv = 0 and </ g’sdv) - =0 if J = d(z) does not depend on
R3 R3

v. Viewing the properties of the collision operator ) (Proposition 2.3.3), there is a
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unique function f., € L3,(R®) such that fe(z,v)dv = 0 and Q(f.) = g.. It re-
R3

mains to verify the existence of a unique f, € (L3,(R%))? such that ( fodv)-& =0

R3
if & does not depend on v and

Q(fs) = M@ x f.) = G..

Since Qgo is a maximal monotone operator, then Vo > 0, /d — Qg is surjective,
where Id denotes the identity operator on L3,. There exists a vector function f:‘s
such that f2 -7 € D(Qgo) for any 6 > 0 and (61d — Qs0)(f° - @) = §, - &. Then,

OfP = QD)+ X3 x f2 =g,

for all § > 0. We have to prove now that the sequence (f%); is bounded in (L2, (R%))3.
We argue by contradiction and assume the existence of a subsequence denoted also
by (f9)s such that || f2| — Too with ||.|| is the norm in (L3,(R%))?. Denoting by

- 5
£ = 25 we have

121

0F QP AFx P = L (2.4.17)
1721l
and Hfé” = 1. Then, by passing to the limit weakly in (L3,)?, we have f;j — f, in
(L3,)? such that

—Qf) + M\ x £, =0
which implies that f, = 0 if & depends on v and f, = n,(t, z)3(¢, z)M if not.
Moreover, if & is independent on v, gs satisfies ( [ gsdv) - J = 0. Then, integrating
3
(2.4.17) with respect to v and multiplying by &, the same condition is also satisfied

by (fé) ; / f;jdv - = 0 for every 6 > 0. Getting 6 — 0, one deduces that ny, =
R3
(/ f.dv)-& = 0. Hence, 2 — £, = 0. In other side, let us show that £2 — f, strongly
R3

in (L2,)3. This implies that [|f;]| = 1, since [|f2]| = 1 ¥§ > 0 which is in contradiction
with f, = 0. Indeed, rewriting equation (2.4.17) as follows

-

6+ )P+ AT x P =g + O (P), (2.4.18)

with v(v) = / a(v, " )YM@")dv', Q+(f§,) = / a(v,v’)é(v')dv’/\/l(v) and gb =
R3 R3

g:s

Al

generality, assume that J = (wy, wy, w3) is such that ws # 0, ||J|| = 1, and complete

. The solution of (2.4.18) can be computed explicitly. Indeed, without loss of

it to an orthonormal basis of R? : (g1, 9,d). The change-of-basis matrix, P, from
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the standard euclidian basis to the new one is an orthogonal matrix (‘P - P = I3)

given by
) wy  —wiwy  wy(w? + w?)z
P=——ry 0 w2+w? wy(w?—+wd)z (2.4.19)
(wf +wi3)2 2 21
—w;  —wows wz(wi + w3)?

Let FE = tPf;j be the new coordinates of f:; in the new basis (g;);. Then, it satisfies
the following equation

N5(FJ) = 'P(hY), (2.4.20)
where kS = ég + Q+(f§) is the second member of (2.4.18) and
)
N Az, v)

Ns = (0 +v(v)) Mz, v) = e

(2.4.21)

O >
_ o O

1
0
It is simple to verify that h? converges strongly in (L2,)® to Q*(f,). Moreover, Nj

is invertible and

1 X
1422 1422 0
1 -
-1 —
N 5 2 L 0

0 0 1

It is a bounded matrix with respect to § uniformly with respect to (z,v) : || N5 |2 <

3 if the cross section a(v,v’) satisfies Assumption 2.2.1. As a conclusion, we
ai

have

f0=P-N;''P(K)
with (h%)s is a strongly convergent sequence in (L2,)® and N; ! is a uniformly boun-
ded matrix with respect to d. Then, (f2)s converges strongly in (L%,)?. The proof of

the proposition is completed.

[
The following lemma follows from the last proposition.
Lemma 2.4.6. There ezists a unique Y, € (L3,)* satisfying
QXs) + M@ X 1) = v - VodM (2.4.22)

under the following condition

( / X’s<x,v)dv> @=0, VrzeR’ (2.4.23)
R3
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Theorem 2.4.7. Let T > 0, F;,, € L%, and assume that Assumptions 2.2.1,
2.2.2, 2.4.3 hold and that the direction of the effective field & is independent on v.
Then, the sequence of weak solutions, (F*)eso, of (2.4.6)-(2.1.2) converges weakly in
L%([0,T];1L3,), when e goes to zero, to N(t,z)M(v) with N € L*([0,T] xR3 H5 (C))
and such that
ne(t, ) . .
N(t,x) = TIQ + ns(t,z)d(x) - & (2.4.24)

(the spin part of N is parallel to &J). In addition, the spin-up and spin-down densities,
n! = n,+ ng and n* = n. — ng satisfy the following two-component drift-diffusion

model
nt —nl

7(x)

on! — div,(Dy(Vyn! +V,Vnl)) =

(2.4.25)
TZT — nl

7(x)

where Dy is a symmetric positive definite matriz given by (2.5.10). We obtain at the

limit a modified spin relaxation time given by

275
T(z) = T
2+ Tst<m)
where x(x) is a positive function
o) = — [ QX g (2.4.26)
g M

with Xs satisfies (2.4.22).

Proof. With estimate (2.3.2), there exist F' € L*([0,T],L3,) and N € L*([0,T] x
R3;H; (C)) such that F* — F and N°® — N in the corresponding spaces and

N = / Fdv (since N° = [, Fedv, Ye > 0). Multiplying (2.4.6) by ¢* and passing
R3
to the weak limit € — 0, one gets in the distribution sence

Q(F)+%[&-6,F]:O.

Since & is independent on v and with (2.4.11), F' = N(t,x)M(v) such that the
density matrix N can be written as (2.4.24). Let N° = %IQ +n; -0 and F° =

?CIQ—I—JFE-E with n, = / fodv and 775 = / fedv. Then, nS — n. in L2(|0, T] x R3)
3 3

R R
and 75 — n,@ in (L2([0,T] x R?))3 (or 7€ - & — n,) where n. and n, are the charge
and spin parts of N (2.4.24). Integrating equation (2.4.6) with respect to v, one

obtains the following continuity equations

ot +div,gs =0

-1 LS 21 2.4.27
8tﬁ§+VZ~J§:—/(Q>< Sy — s (24.27)

R3 Ts f
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where the charge and spin currents, j; ans J:, are given by

1 1 -
=1 [ gt =2 [ @s e
€ JRr3 € JRr3

These continuity equations can be obtained weakly by taking test functions constants
with respect to v in the weak formulation (2.3.1) (this choice of test functions
is possible, see the next section). Moreover, using estimate (2.3.3), there is R° in
L*([0,T7;L3,) bounded with respect to & such that F© = N°M + ¢R°. In terms of
spin and charge parts, we have

fo=M e, ff=niM+ers

(2.4.28)
H’f”Lf((ng):ﬂ) <C, H@HL%@M <C

where C' > 0 is a general constant independent of €. Thus, j: = / vridv and (j¢).
R3

is bounded with respect to € in L([0,T] x R?). It converges weakly to a function j,
in L?([0, 7] x R?) and by passing to the limit on the first equation of (2.4.27), we
have

O + div,j. = 0. (2.4.29)

Moreover, multiplying the second equation of (2.4.27) by o, we get
211°

Tsf

O (75 - &J) + div, (JE (D)) = J; : (V, ® W) (2.4.30)
where JZ (&) = —/ (v® f)(W)dv = —/ v(fs - &)dv = / v(7% - &J)dv bounded
€ JRrs g JRrs R3
with respect to . Let us denote by j, the weak limit of J5(&J) in L2([0,T] x R3?).
1 -
Besides, let S := J: : (V, ® J). Then, S° = E/ (v- V&) - fidv which is also
R3
bounded with respect to € in L?([0, 7] x R3) and converges weakly to a certain

function S € L%([0,T] x R?). By passing to the weak limit ¢ — 0, (2.4.30) yields the

following continuity equation

2n,
Ony + diva(js) = S — —=. (2.4.31)
Tsf

To close this equation, one has to express j, and S according to n,. For this, taking

0.0 -
the Frobenius inner product of (2.4.6) with Ll

integrating with respect to v yields

where 6 is given by (2.5.8) and

N,
Ji(w) = —e [ O ;-J))Mldv—/ﬂwU~(V$+V$V)(ﬁ§-@’)91dv—/ i (v-V,&)0dv

R3 R3
)01

01 9 (_écﬁ
- V= VLV V) S) gy~ = Ys O,
6/]1{3(” WO v | ™
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up to straightforward computations using the self-adjointness of the collision ope-
rator () and the expansion of f;f around the equilibrium (2.4.28). Taking ¢ goes, to

zero one obtains

JI(D) —jgs = —Di(Vyns +Vi,Vng,) — / (v- V) - dngbrdv
R3
= —IDy(Vuns + V.Vng) (since ||d]| =1) (2.4.32)

with D, = / (01 ® v)dv. To rigourously find the relation between js and ng, one
R3

2T 4 a), 6 € CH(0,T) x BY),

as test function and passing then to the limit (see the next section for details). A

has to use the weak formulation of (2.4.6) with

similar computation gives also
Je = =D1(Ven. + V. Vn,). (2.4.33)

1 —
Finally, we shall express the limit of S° := / (v- V) - fo, S, in terms of n.
€ JRr3

Taking the inner product of (2.4.6) with X

and integrating with respect to v, one obtalns

Xs satisfies (2.4.22)-(2.4.23),

S ¢ atffg-&cm/ (v~ Vol + v - VL Vi) - Godu
R3 M R3

—e_Xs f€ Xs

V, =V, V.-V dv + — =
—i—s/RS(v )T M + - o v.
By passing to the limit ¢ — 0,
S = / v+ Va(ngd) - Xsdv + / vV Vng(d - \s)dv. (2.4.34)
R3 R3

— —

This limit can be rigourously verified by taking XMUQS(t, r), with ¢ € CH([0,T) x

—

R3), as test function in (2.3.1). This choice is valid since As i polynomially increa-

sing at infinity with respect to v (see Lemma 2.4.8). Moreover, multiplying (2.4.22)
by &, we have Q(Ys - J) = 0 with Xs - Wdv = 0 which implies that ¥, -&J = 0. In

R3
addition, if we multiply (2.4.22) by .i\<_jl and integrate with respect to v, we get
/ (v V@) - Xsdv = Q) - Xsd = —x(x) <0.
R3 R3 M

Consequently, the charge and spin densities n. and n, satisfy
o, — div,(D1(Vene +n.V,V)) =0

2n,
atns — d1v$(]D)1(an5 + TZSVIV» - = -

Tor - X(l')ns

which yields (2.4.25).
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Lemma 2.4.8. Let xs be the solution of (2.4.22)-(2.4.23). Then under Assumption
2.2.1 and Assumption 2.4.3, one has

|>28| m—+1 877| _‘8| m’
oy, 3 A <oy
n€{z;,v;}
with C' is a general positive constant and m’ € N.
Proof. Rewriting equation (2.4.22) as
—v(V)Xs + M x Xs) = (v V& — Q1 (%)) M(v) (2.4.35)

with v(v) = / a(v, v YM@)dv', QT (Ys) = / a(v,v")Xs(v")dv" and applying the
R3 R3

same computations we have made for resolving equation (2.4.18), one finds

% = P-N7'1P(v-V,3 - QT(X.)).

The matrix P is given by (2.4.19) and

1 A 0
-1 1+22 1422 N _)\(x U)
-1 _ —+ -2 1 — ’
N~ = S| e e O Alw,v) = v(v)
0 0 1

The matrices P and N~' are uniformly bounded with respect to (x,v), ||P|l2 = v/3

2
and ||[N7!||, < = (with Assumption 2.2.1). Therefore, using Assumption 2.4.3, we
aq

—

||
deduce that
eauce a M

< O(1 4 |v)™!. Similarly, by differentiating (2.4.35) with respect

Ol Xs
to x or v, one can obtain the second estimates on M

M

2.5 A general spin-vector Drift-Diffusion model

This section is concerned with the diffusion limit when the spin-orbit coupling
is of order one with respect to € (o = O(1)). This scaling is useful to get a spin
vector continuum model with rotation effects when the effective field of the spin-
orbit coupling is odd with respect to v. Here we take a general effective field Q¢ as
follows

Q°(z,v) = éﬁo(x,v) + Qu(z,0), (2.5.1)

where Qo is odd with respect to v and Qe is even with respect to v. For instance,
O, can be the effective magnetic field following from the spin-orbit interactions
(Rashba [10], Dresselhauss [20]) or the odd part of an applied magnetic field and €,
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can represent the even part of an applied field. The starting scaled spinor Boltzmann
equation is

oF® 1 1 l

2 (0 VP VLV F) = QU+ S (1,0) 3, P+ Qup(F9), (25.2)

[\

with the initial condition (2.1.2) and the operators @), Q)s; are respectively given
by (2.1.4) and (2.1.3). Let us rewrite the weak formulation of (2.5.2). A function
Fe e L*([0,T];L3%,) is called weak solution of (2.5.2) if it satisfies :

T _ 1 T ] )
_ /0 /RG <F ,at1/1>2dtd$dv — g/o /R6 <F ,U Vzw — va . Vyimgdtdxdv —
T T )
&%/Ov \/1%6<Q(F€)7w>2dtdl’d’l} —|—/0 /R6<%[QE<‘T7U) . 6:" F8]7w>2dtd$d1}

+/(; /RG<st<F5)’¢>2dtd$dU+/ <Fm?w<0)>2dl’d’l), (253>

RG

for all ¥ € C1([0,T) x R% Hy(C)).

Assumption 2.5.1. We assume that Qo(z,v) and Q.(x,v) are respectively two re-
gular odd and even wvectors with respect to v. In addition, we suppose that Qp is
compactly supported with respect to x and there exist a constant Cy > 0 and m € N
such that

Q@)+ D 10,9(v)] < Co(1+ [o])™ (2.5.4)

ne{xi,vi}

The main results of this section is stated in the following two theorems.

Theorem 2.5.2. Let T > 0, F;, € L3, and assume that Assumption 2.2.1, As-
sumption 2.2.2 and Assumption 2.5.1 hold. Let for all ¢ > 0 F* € C°([0,T];L3,) be

the weak solution of (2.5.2)-(2.1.2). Then, the matriz density N° = / Fe(t,z,v)dv
R3
converges weakly in L*([0, T] xR3, Ho(C)) to N which satisfies the following equation

AN — div,{Dy(V,N + NV, V) — iDy[3, N|} =

(-G, N + Dy — tr(Da))(N,) - G+ Qup(N) (2.5.5)

N | .

with initial condition N(0,z) = / Fy(z,v)dv, and where N, is the spin density
R3

NC > —
part of N. In addition, if we decompose N as : N = 7]2 + N, - &, then the charge

and spin densities satisfy
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( O;N. — div,(Dy(V,N.+ V,VN,)) =0

N, — diva(D; - (Vo @ Ny + V.V @ N,) 4 2(D5 X N,)je103) = (2.5.6)
I . N,
—Q X Ny + (Dy — trDy)(N,) — 2—.
\ Tsf
Here
Q = div,Dy — D3(V,V) + H,, H.(z) = / Qe (2, v) M(v)dv (2.5.7)
R3

and the matrices Dy, Dy, D3 and Dy are given by (2.5.10). For two matrices A and
B, A- B is the product of A and B and div,(A) =V, - A = (3, OrAwi)i ; D is the
k™ row of Dy. We use V, ® N, to denote the transpose of the Jacobian matriz of
N, :V,®N, = (8xi]\7j)ij-

Theorem 2.5.3 (Maximum principle). Let N;,, € L*(R3 'H5(C)) be given and
under the same hypothesis as for the last theorem, there exists a unique weak solution
N(t,x) = NC(;’x>IQ+NS(t,x).5 € C°([0,T], L*(R*, Hy(C)) for any T > 0 of (2.5.6)
with N(0,x) = Ny (). In addition, for allt > 0 and v € R3, N(t,x) is an Hermitian
and positive matriz (N(t,x) € Hq (C)).

Remark 2.5.4. The right hand side of the limit equation (2.5.6) is the sum of a
rotational term around a certain field O (2.5.7) and a relaxation terms arising from
the spin-flip and non spin-flip scattering operators ( Dy —tr(Dy) is a negative matrix
since Dy is a symmetric positive definite matriz). The limiting effective field (2.5.7)
contains an averaging of the even part Q. and keeps traces via the matrices Dy and
D3 from the odd part Q, of the effective field in the kinetic equation.

Before beginning the proof of these theorems, we have to introduce the four
matrices I, Dy, D3 and D, appearing in the limit model (2.5.6). These matrices
keep traces from the collision operator and the spin-orbit interactions considered.

This is the aim of the two following propositions.

Proposition 2.5.5. There exist a unique 01 € (L3,)* and 05 € (L34)?® such that

—Q(0,1) = vM(v) 1y, /RS 6, (v)dv = 0, (2.5.8)

—

_Qbs1) = Gy ())M(0) ], /R On(v)do =0, (2.5.9)

where I is the 2 X 2 identity matriz.
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Proof. Using the properties of the collision operator introduced in Proposition 2.3.3
0 0
and since [ vM(v)ly = ( 00 ), there exists ¥y € (L3,)® such that —Q(9;) =
R3

vM (v)I. The uniqueness of 9 is guarantied under the condition [y, ¢4 (v)dv = 0.
It remains to prove that v is a scalar matrix. For this, we decompose v in the
orthogonal basis {Is, 01, 09,03} of the set of 2 x 2 hermitian matrices and we use
the linearity of (). Since O, is odd with respect to v, one can check similarly the
existence of 0y satisfying (2.5.9).

|

Proposition 2.5.6. Let Dy, Dy, D3 and Dy be the 3 X 3 matrices defined respectively
by

D, = /Ra(el(“) @v)dy Dy /Ra(v@)@g(v))dv,

D;;:/}RS(QO(U)@&(U))M ,D4:/RB(92(U)®QO(U))CZU

where 6y, 6y are given by (2.5.8), (2.5.9). The matrices Dy and Dy are symmetric
positive definite and ‘Dz = D,.

(2.5.10)

Proof. The components of D; verify

- , 1 0L () Iy : v;M(v) 1o
1] 1 . = — 1 J
DY = g 6; (v).vjdv 5 /R3 M dv
1 [ 6 L Q691 Lo ‘
- _5/]1@3 1(v)1 o ( 2>dv = —5(91[2,62(9{[2))/\4

Identically, one can calculate the components of Dy, D3 and D, to find :
i 1, ‘ . 1, : . 1, .
Dy = —5{0x12, QU1 L2)) . D5 = =5 (011, Q(Or1a)) ;D = =5 {0312, Q(0212))

The selfadjointness of @ provides that ID; and D, are symmetric and that ‘D3 = D,.
3

To prove the positivity of D; (or Dy), let X € R®, and let fy = ZXZH%IQ. Then,
i=1

since fi € (KerQ)*, from (2.3.4) we have

ij 1 i j
DX, X) = ) DYXiX;=—5> (011d, QUId)mX.X,

1,J .3

_ _%@ X0 QUL X140 = QU = A 20

Moreover, if X € R? such that (D; X, X) = 0 then, fX = 0. This implies, by the

linearity of @, that : ZX Q(0'1,) = 0 and then ZX v;M = 0. Finally, since

=1 =1
(v;M); is a family of linearly independent elements in L},, we deduce that X = 0.

Thus, D; (respectively D) is a symmetric positive definite matrix.
|
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2.5.1 Diffusion limit : formal approach

In this section, we will derive the model (2.5.6) by formally passing to the limit

e — 0.

Proposition 2.5.7. If the solution of (2.5.2)-(2.1.2), F*, has an Hilbert expansion
with respect to € in the form : F* = FV'+eF'+0O(e), then F°(t,x,v) = N(t,z)M(v)
and the density matriz N satisfies (2.5.5).

Proof. By inserting the expansion of F© in (2.5.2) and comparing the terms corres-

ponding to the same order of ¢, we get

Q) =0, (2.5.11a)
QFY) = (v-V, — V,V-V,)F° — %[ﬁo .G, F). (2.5.11b)

Therefore, F* = N(t,2)M(v) and
F'=—6,-(V,N + NV,V) + %92 [, N,

where 6y, 0 are given by (2.5.8) and (2.5.9) respectively. Integrating equation (2.5.2)

with respect to v yields

ON® + div,J* = S° + Qus(N¥), (2.5.12)
1 ' -
where N° = [ Ffdv, J® = —/ vF(t, x,v)dv and S° = 3/ [QF(z,v)-0, F(t, x,v)]dv.
R3 5 3 2 R3

In addition, using the Hilbert expansion of F*¢, one can calculate formally the limit

of each term of the last equation. Indeed, we have

e = 1/ﬂ@ F=(v)dv = 1(/RB oM (0)dv)N + /R vFldv + O(e)

9 9
=0+ / vF'(v)dv + O(e) = =D (VN + NV, V) + %m([&, N])+ O(e),
(2.5.13)

and

ggszé/ [QO~6,F€]+Z'/ [Qe~6,F€]dv:z'/ (G, - &, F'Jdv+i[H, - N]+O(e)
R3

. 1 [ -
— i / 65,3, 0, (VN AN,V o / (o (0)-5, 0-[6, N]Jdv--i[H,-&, N]+O(c).
R3 R3

Then, by a straightforward computation, one finds

3
1 .
258 = —Z[D?)(Vx + V:cv) ' 57 N] o 5 Z ]D)Z][é; : 0_!7 [g] ’ 6:7 NH + i[He ) 537 N] + 0(5),
i,7=1

(2.5.14)
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where {¢7, €, 3} is the euclidian basis of R3. Let N = %IQ + N, - &, then with
Lemma A.2.2 and the double cross product formula, @ x (b x @) = (@- &b — (a - b)é,

one obtains
3 .. 3 ..
> DYlei-d,[¢ -3, N = 4> Diéx (g xN,) -

3,j=1 1,j=1

3
= —4) D{(Nig;—¢&-&N,)-a,  (Ni=N,-é)
i,j=1

= _4(D4(]\75) - tr(D4)Ns) ‘0.

Replacing (2.5.13) and (2.5.14) in (2.5.12), passing to the limit ¢ — 0, and using the
fact that ‘Dy = Dy which implies that

div, (D33, N]) = [(div(Dy) + Dy(V.)) - &, N,

one obtains (2.5.5). |

2.5.2 Diffusion limit : the rigorous approach

This part is devoted to the proof of Theorem 2.5.2. The first Lemma is a conse-

quence of estimate (2.3.2).

Lemma 2.5.8. Let T > 0 and let F* € C°([0,T);LA,) be the weak solution of
(2.5.2). There exist F' € L*([0,T],1L%,) and N € L*([0,T] x R3, Hy(C)) such that

F*—F in L}(L})—weak and N°— N in L] (H(C))—weak. (2.5.15)

In addition, we have N(t,z) = / F(t,z,v)dv a.e. (t,z) € RT x R3,
R3

Definition 2.5.9. For all e € RT, we define the current J¢ and the source spin-orbit

term S¢ by
JE(t,x) = é/ vEe(t, z,v)dv, (2.5.16)
R3
SE(t,a) = % / 08 (2, v) - & F=(t, x, v)]dv. (2.5.17)
R3

Lemma 2.5.10. The current J° and the term S° given by (2.5.16), (2.5.17) are
respectively bounded in L*([0,T] x R3, (H5(C))?) and L*([0,T] x R3 Hy(C)) with

respect to €.

Proof. By (2.3.3), there exists R® € L?([0,T],L3%,) such that

e = NEM + eR® and ”REHLg(IL%A) S C. (2518)
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The current is then equal to : J°(¢t,z) = / vR(t, z,v)dv, and for all (t,z) €
R3
R x R3, we have with the Cauchy-Schwartz inequality

T T 2
/ 12t ) Byt < / / (/ ]v|HR€|]2dv> dtdz
0 R3 0 JR3 R3
7 s, ([ o).

Then, with (2.5.18), J¢ is bounded in L7, ((H2(C))?). By proceeding analogously,
we obtain the boundedness of S° in L7, (H2(C)).

IA

|
Proof of Theorem 2.5.2 : As a consequence of Lemma 2.5.10, there exist
J € L*([0,T] x R3, (H2(C))?) and S € L*([0,T] x R3, H5(C)) such that
J*—J in L} ((H(C))’) —weak and S°— S in L} (H2(C)) — weak.
If we pass formally to the limit in the equation (2.5.12) we get the continuity equation

0N + div,J = S + Qup(N). (2.5.19)

In order to complete the limit equation (2.5.19), we have to find the relation between
1

01
J, S and N. Indeed, multiplying equation (2.5.2) with 2 and integrating with

. M
respect to v yields :
JE = — Vo FE =V, V-V, F+ 8F5)9—1d +i5/ [Q°.G Fs]ﬁd + / Q (FE)G—ld
—/Rs(vx z v €0y MU2R3 a, MvaRS sf Mv.
By passing to the limit, ¢ — 0, we get
J = —/ v (VoN + V,VN)0'dv + 3/ [, - &, N6 dv
R3 2 R3
— —Dy(V.N + V,VN) + %DQ 7, N]. (2.5.20)
. , i 05 -, ]
To find the relation between S and N, we apply the operation : 3 v dv on
R3

(2.5.2). This yields

) — ) . dv
S° — —/ Q. -7, Ffldv = ——/ [0y -G, 0, F° +v -V, F° =V, V-V, F|—

2 R3 2 R3 M

- dv i€ dv

€ = e = £ = €
—Z—L/RB[92~O',[Q 'U,FHH—FE/RJQQ'O',QSJC(F )]ﬂ
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Taking e goes to zero and using D3 = ‘Ds, the last equation becomes (see the proof
of Proposition 2.5.7 for calculation details)

S = —1/ [92-6,0-(VIN+VxVN)]dv—1/ [0 -,[0, - &, N]ldv + ~[H, - &, N]
2 Jps 4 Jos 2
= L Dy(V, + V,V) & N]+ (Dy — tr(Dy))(N,) - & + ~[H. - &, N]. (2.5.21)

2 2

For rigorous analysis, we have to use the weak formulation of (2.5.2) with different
test functions. Remark first that (2.5.3) is also verified for test functions lie in the

following space

T = {¢(t,z,v) € C([0, T)xR° Hy(C)) compactly supported with respect to t and z
and v and all its derivatives are polynomially increasing with respect to v

e:IeNCeRy [vteolat Y [00]: < C(L+ o))"} (25.22)

se{t,z;,v;}

In particular, if we take ¢ = ¢(t,z) € CL([0,T) x R3 Hz(C)) in (2.5.3), we obtain

T 1 [T
—/ (NF,0pp)odtdx — —/ / (F°, 0.V ,0)odtdrdy =
R3 R6
/ / / QE ).0, F¥]dv, ¢)odtdx —|—/ (Qsf(F*), ¢)odtdrdv
R3 R3 R3

+/‘<Fz’m¢<07x)>2dxdv. (2.5.23)

This is nothing else but the weak formulation of the continuity equation (2.5.12)

with initial condition

Ne(0,2) = /]RB Fi(z,v)dv. (2.5.24)

Passing to the limit ¢ — 0 in (2.5.23), one finds the limit continuity equation (2.5.19)
in the distribution sense.

It remains now to rigorously rely the current J and the term S with the density

N. For this, one needs the following lemma which can be proved as Lemma 2.4.8.

Lemma 2.5.11. Let 6y and 0 be given by (2.5.8), (2.5.9). Then, under Assumption
2.2.1 and Assumption 2.5.1, we have

w

6]

— < C(1+ )
IV v])

C(1+ |v]?), (2.5.25)
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w

6] g~ 10:.00|
— < C(1
M+; o <o

C(1 4+ |v])™, (2.5.26)

where C' stands for a generic nonnegatwe constant.

This lemma shows that for all ¢ € C([0,T) x R?, Hs(C)) each component of

0
the vectorial function ¢ = ¢(t, x)ml belongs to 7. Using it as a test function in the
weak formulation (2.5.3), we get

T T T
/ / (%, 6(t, 2))adtdz = = / / (F=, 002 L dtdaduv+ / / (F2, 0V o 0-VaV 6)o Ok
0 R3 0 R6 M 0 R6 M

T V.V - V01 T 0= 61
- € x v Mle S anG
/0 RG(F ,¢)27M dtdwdv+6/0 /RG<2[Q (z,v) -8, F ],¢>2—Mdtdxdv

+ /T (Qup (B9, 6(t, 2))2 L dtdadv + / (Fin, 60, 2))s S dzdv.  (2.5.27)
€ 0 R sf ) ) 2M € in ) 2M . D

]RG

Lemma 2.5.12. Let  be a general vector field (3 = Q, or Q.), then [Q - &, F*]
converges weakly to [Q - &, NJM in L*([0,T],1.2,).

Proof. For all ¢ € LQ([O, T1],1L3,), we have

/ / dtdmdv— / / L Q >dtda:dv
R6 RR6

/ (N, | Yodtdxdy = / / -7, N|,v¥)qodtdxduv.
€—>0 RG R6

Using this lemma and with (2.5.25), it is simply to verify that we can pass to
the limit in all the terms of equation (2.5.3). We obtain at the limit

T T
/ /(J,gb(t,x))gdtdx:/ /(N, (Vo — V. V) - v)obdtdzdv
0 JR3 0o JRS
T .
1 =
L1, (2,0) - &, N1, 6)20, dtdzd
+/O/RG<2[ (x,v) - &, NJ|, ¢)a01dtdxdv

= ' N, D (V V.V dtd ' i]D) 7, N dtd
_/0 R3< ) 1( wgb— x ¢)>2 w—l—/o /R3<§[ 20, ]7¢>2 €.

This is the weak formulation of the current (2.5.20). Finally, to find weakly the

0o - 7, (t
relation between S and N given by (2.5.21), we choose now ¢ = 116 g;\ﬁ( .2)
for an arbitrary ¢ € C1([0,T) x R? Hy(C)) as a test function in (2.5.3). In view of
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(2.5.26) and Assumption 2.5.1, this is an admissible test function (i.e belongs to 7).
One has

dtdxd
/ (5%, o(t, z))odtdr— / / —[Qe-&, F?], ¢)odtdady = —¢ / / 92 ., 0i])2 T
R3 R6 R6 M

/ / (0T 0TV Y- 6])s dtd:zdv / / E,v'vmmdtdxdv
RS R6 M
tdad
/ (Fe, L V V.V (05-5), dtdmdv 5/ / G[OF (2, 0)., FF], i[02-3, ¢])2 dtdzdv
RO RO M
o dtdzdv € . ~ dxdv
_ / » (Qsf(F7) G0l 2/RG<FW,Z[92.G, (0, 2))o—1r, (25.28)

where, to obtain the left hand side of this equation, we have used the self adjointness
of @ and the following identity.

Lemma 2.5.13. For each A, B and C in M3(C), we have

(A, [B,Cl)e = (C",[A", B])a. (2.5.29)

One verifies easily that we can pass to the limit at all the terms of (2.5.28) to
obtain

T T i . B
/O R3(5,¢(t,x)>2dtdx—/0 /R%<[HQ-U,N],¢>2dtd:c—

T .
_/ /R <N;%[(U x— V- V V)H thdaﬁdv—/ /I:{ 02 a v - vx¢]>2dtdxdv
0 6 .
_ 4/0 /RG<[QO($7U) . 57 NL [92 .0‘-" ¢]>2dtd$dv

This can be rewritten, using identity (2.5.29) and the selfadjointness of all our
matrices, as follows

T T i
/ (S, p(t,x))edtdr = / / <7[(v Vg —v-ViV)by - &, NJ, ¢)odtdrdu
R3 R6
/ / —[02.5, N],v - Vyo)odtdxdv — / / ([02 -7, Qo -7, N, ¢)adtdxdv
R6

+/0 /RS<;'[H6-E,N]7¢>2-

This is the weak formulation of equation (2.5.21). The proof of Theorem 2.5.2 is
achieved.

2.5.3 Maximum Principle (Proof of Theorem 2.5.3)

The existence of weak solution of (2.5.5) can be readily verified using semi-groupe

technics and the fact that D; and D4 are two symmetric definite positive matrices.
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N.(t =
Let us just show that, for all (¢,z), N(t,z) = c(2,$) I, + Ny(t,z) - & is a non
negative matrix. It is sufficient to verify that 70 > || N,|| since the eigenvalues of N

Nc > . . . .
are — = || Ng||. All the following computations can be made rigourously using the
weak form of (2.5.6). Taking the scalar product of the second equation of (2.5.6)
with NS, we get

IV B[N ) = dive (Dy - (V. ® Ny + VoV @ N,)) - Ny = 2(D5(V,) x N,) - N,

— — NS 2
+ (D — trDy)(N,) - N, — QM (2.5.30)
Tsf

Lemma 2.5.14. We have

dive(Dy - (Vo @ Ny + V.V @ Ny)) - N = [N, [[dive (D (Vo | V|| + VL VIN]))
— Dy - (Vac ® NS) : (Va: ® NS) + vaNSH : Dl(vaNSH)-

Proof. We have

dive(Dy(V)[|Ne[?) = diva(Di(Va)(Ns - ) Za ZD”@ N, - N,))

= 2) 0, ZD”@N N,) _228 (DY8; NFN*)

% N
= 2) 0 Dgfaij NF+2) D{o;NFo,NF
1,5,k .5,k

i ik
= 2div,(D; - (Vo ® N,)) - N, + 2D, - (Vo @ Ny) : (V, @ Ny).

In other side, we have

dive(Dy(Vo [ NG?) = 2dive (| NPy (Vo | Nol))
= 2V [ING[[ - Dy (Ve [ Nall) + 2[ Nolldive (D1 (Vo | Ns[]).

Identifying these two equations, one obtains

diVﬂ:(Dl ) (vm ® NS)) ) Nfs = ||NS||din(Dl(vaNSH)) + VIHNSH 'Dl(vaNSH)
—D; - (Vo ®N,) : (V@ Ny).

A similar calculations give

divy(Dy - (Vo V @ N)).N, = [[N,]|dive (D1 (V. V)| N )



102 CHAPTER 2. HIERARCHY OF KINETIC AND MACROSCOPIC MODELS

Therefore, equation (2.5.30) becomes

INJ{ BN, = diva DUV [N, | + VoV | = =By - (Ve @ N, : (Ve @ N,)
A

Tsf

+2(D5(V,) X Ny) - Ny + (Dg — trDy)(Ny) - Ny + V|| No|| - D1 (V|| No||) = 2

<Dy (Vo ® N, : (Vo ® N,) +2(D5(V,) x Ny) - N,
+ (g — trDy) (Ny) - Ny + V|| No|| - Dy (V|| No]). (2.5.31)

Lemma 2.5.15. We have,

— —
S

—Dy - (Vo @N,) : (Vy @ N,) +2(Ds(V,) x N) - N,

+ (D — trDy)(N,) - N, + V|| Ny - Dy (V|| N,|) < 0. (2.5.32)

Proof. Let W € (L3,(R?))? be the solution of

w0

QW) =4V, @ N,)(oM) + (O, x N,)M.

We have

W = -4V, ® N,)(6;) — 6, x N,.

QW)W

The operator @ is negative on L3,. Then,
R3 M

Indeed, for all £ € R3, we have

QW) e W QW) - E)(W - €)
<R3Td“) ©-&= | i dv = (QW - €), W - E)pg < 0.

dv is a negative matrix.

This implies that, for all £ € R3,

Qv .-z or ([ CELER o) e = ([ L) pee

—

Particularly, taking & = Ny, one gets the following inequality :

”]\78”2/Rs deg/ﬂw (Q(W)

which yields (2.5.32). Indeed, we have

ﬁs)(W : ]\78)
M

dv, (2.5.33)

Q(V/V\zt' Y (9, @ N)w) - (T @ N)(0) — (V. @ No)(0) - (6 x N,)
_t( ]\73) — (QO X ]\7'3) 0y X ]\78)
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where we have used the following identity : A(v) - B(w) = (*A- B) : (v ® w).
Integrating with respect to v, the first term of the right hand side of the last equation
is Dy (V, @ N,) : (Vo @ N,). In addition,

<
8
®

]\73) : / VR ((92 X Ns)dv = Z@]\_fg/ Ui(62 X Ns)jdv
R3 R3

i?j

I
A2
AN
T
&
5
X
2
2
5
\_/
%
\
=
>
>
X
2
%
%
%\;
g
N
X
D
=
S

Similarly, one can verify that (V,®N,) : / 0, (Qx Ny)dv = —(Ds(V,) x N,)- N

Moreover,

/ (Qy x Ny) - (6 x Ny)dv = / ((65 x N,) x Q,) - Nydv
R3

RS

—(([ G- 0dv)N, — | (G, N ) - N, = (tr(Ds) — Dy)(N,) - N,
(1], [ (G0

Finally, a straightforward computations of the right hand side of (2.5.33) yield :
QW) - Ny = ||N;|lv - V(| N|[)M and W - Ny = —||Ny||6 - V(|| Ny]|). Therefore,

QW) - NoW-N) _ 5 . )
/RS M = N /Rgv-vxuwsm 01+ V(| Nyl

—||]\75||2D1(V$||]\75||) ’ Va:“NSH

All these computations together with inequality (2.5.33) give (2.5.32).
[

To complete the proof of Theorem 2.5.3, (2.5.31) and (2.5.32) and the first equation
of (2.5.6) imply that (N, — 2||N,||) verifies

O (Ne = 2|V [[) = dive (Dy (Vo (N = 2[|Ni[]) + Vo V(N = 2| No])))) > 0

NC 07 %2 —
Moreover, since (2 z) I, + Ny(0,7) - & = Nyp(z) € Hy(C) for all z € R?, then
N,(0,.) — 2||N,(0,.)|| > 0 and we conclude by the maximum principle satisfying by

the scalar drift diffusion equation.
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2.6 SHE model

Following the same strategy presented in the previous sections, other macrosco-
pic models of two-component or spin vector types can be derived. In this section we
are interested in the derivation of the so called SHE model. The Spherical Harmo-
nic Expansion (SHE) model represents a diffusion approximation of the Boltzmann
equation when the elastic collisions are supposed to be the dominant scattering
mechanism. We refer to [2, 19] and references therein for details about the rigorous
derivation of this model and the link with other macroscopic models (Drift-Diffusion,

Energy-Transport, etc). The elastic collision operator takes the following form :

Qo (F)(v) = / o(v,)5(EW) — EW))(F(v') — F(v))dv (2.6.1)

RS

where, for v = (E(v),w(v)) € R? |, E(v) = % is the energy and w(v) is the velocity
angle. This operator makes relax the distribution function towards a function de-
pending only on the energy of the particles (see Proposition 2.6.1). In other terms,
the SHE model describes a situation following the relaxation of the momentum (w)
and preceding the energy relaxation of the particles. It describes an intermediate
situation between the kinetic and the diffusion (drift-diffusion) descriptions. Before
listing the properties of the elastic operator, we need to recall the Corea formula.

For any ¢ € C°(R?) and £ € C'(R* R), the Corea formula says

“+oo

ng(v)dv: /_ ) ( Sew(v)dNe(v)> de (2.6.2)

dS.(v)
- VEW)

with dS.(v) denotes the Euclidean surface element on S.. We will also denote, for

every e € R, N(e) ::/ dN,(v).
Se

The following proposition summarizes the main properties of the elastic operator
(2.6.1). We refer to [2] for the proof.

where, for any e € R, S, = {v € R®, such that £(v) = e} and dN,(v)

Proposition 2.6.1. The operator Q¢ (2.6.1) satisfies the following properties.
1. —Q is a self-adjoint non negative operator on L*(R3, Hy(C)).
2. The nul set of Q¢ is given by
N(Qa) = {F € L*(R*, H5(C)) / F(v) = G(E(v)) for some G € LYy (R)}

(2.6.3)
with T2, (R) = {F(£) € Ha(C)/ /R |F(E) 2N (E)dE < +oo}.
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3. —Qq is coercive on N(Qg)* and the following coercivity inequality holds for
C>0
(=Qa(F), F)r2 =2 C||[F = P(F)]|r2,

where P(F)(E) = / F(v)dNg(v) is the orthogonal projection on N(Qp).
Se

4. Im(Qu) = N(Qu)* = {F € L*(R* H*(C)) / ) F(v)dNg(v) =0 a.e.£ € R+} .

As for the previous section, the starting point will be the following scaled Boltz-

mann equation

oF® 1 1 )=
L0 VaF Y,V -V F) = 5Qu(F) 4+ L[ (e, 0)-6, F]4 Qo (), (264

where € is given by (2.5.1) and Q¢ by (2.6.1). Using the properties of Q.;, one can
redefine the matrices D; (2.5.10) as follows.

Lemma 2.6.2. Let x1, x2 € (L*(R?))? be the unique solutions of

—Qea(x1) = v, / X1dNe(v) =0 a.e. £ € RT,
Se

) (2.6.5)
_Qel(X2> = Qoa / X2dN5(/U) =0ae &€ R+7
Se
and let Dy, D9, D3 and Dy be the following matrices
D) = [ (a®udNel), D) = [ (08 xa)aNe(o)
. D ~ (2.6.6)
Dy, €) = / (@, @y )dNe(v), Dy(z, &) = / (xo ® 3,)dNe (v).
Sg SS

Then, for almost x € R? and £ € RT, D1 (€) and Dy(z,E) are two symmetric positive

definite matrices and 'Dy = Ds. In addition we have,

Dy (€) > 0/

(v @ v)dNe(v), Dy(z,&) > C / (Q, ® Q,)dNe(v),  (2.6.7)
Se

Se

with a constant C' > 0 independent on x and &.

The proof of this lemma is straightforward, one can see [2] for details. Taking an

Hilbert expansion of £ around € = 0
Fe=FY 4 cF' 4+ 2F% +
inserting it in (2.6.4) and identifying equal powers of ¢, leads to the equations

Qel(F(]) =0, (268>
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Qu(F) = v.V,F* — V, V.V, F° — %[QO LG, FY), (2.6.9)

—

Qu(F?) = 8,F° + v.V,F' — V,V.V,F' — %[QO G FY - % [fz ¥3 FO] — Q. (FY).
(2.6.10)
The first equation implies the existence of an energy dependent function F(t,z, &)
such that
FO(t,z,v) = F(t,x,Ev)).

The right hand side of the second equation (2.6.9) becomes

S v 2B v VA v B %[Qo G FY = v (Vo F — V, Ve F) — %[QO G, F]

and with (2.6.5), we have

F'= —x1 - (Vo F — V.,V F) + [X2 &, F|. (2.6.11)

Using the properties of the @¢; (Proposition 2.6.1), equation (2.6.10) admits a solu-
tion if and only if the averaging of its right hand side over Sg is equal to zero for

almost every £ € R. This gives after integration over Sg¢

N(S)@t}"—l—vx.J—VxV(?gJ:S+% [/ Oo(z, v)dNe(v) - &, F | +Qup(F) (2.6.12)
S,

E
with
It 2, ) = / wF1dNg(0) (2.6.13)
Se

and .
S = 3/ (G, - &, F1dNe (v). (2.6.14)
2 Js,

To obtain the third term of (2.6.12), we proceed as follows. We write for any ¢ =
P(€) € Cy(R), a continuous compactly supported function, using the Corea formula
(2.6.2),

A3vvFlw(5(v))du = /RBFlvw //ngplw JANgdE
= —/R(/Sg vF1dNe))'(€)dE = —/Rw’(s)dg

One deduces that / V,F1dN¢ = OgJ. Moreover, an analogous computations as in
S,
the proof of Propositgion 2.5.7 lead

J = —Dy(VoF — V.V F) + %[m(&), 7

and ,
§ = —5[Ds(Va = VoV ) - 3, F] + Dy — tr(Dy))(F) - &
- tT’(]:) . .
with Fs-0 = F— I5. Thus, to summarize one can deduce the following theorem.

2
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Theorem 2.6.3. Let T > 0, F;,, € L*([0,T] x R%), then under Assumptions 2.2.1,
2.2.2, 2.5.1, the weak solutions F*= of (2.6.4)-(2.1.2) converges weakly to F in

L>=([0,T], L*(R%, Hy(C))) such that F(t,z,v) = f(t,x,%) for some F(t,z,&) €
L>([0,T), LA (dzd€)). In addition F satisfies the following SHE model with spin

precession and relazation effects :
= . =R
NE)OF 4+ (Vo =V, VOe) - T = Q[QSHE -0, F)+ (Dy — tr(Dy))(Fs - &) + Qs (F),

with
J = —D1(V,F =V, VO F) +iDy(5), F]

—

@mﬂagﬁqu—Vﬂﬂgﬂ%@£y+LS%WWMNAM

tr(F)

and where Fy -6 = F — 15 is the spin part of F.

2.7 Other fluid models for semiconductor spintro-
nics

Review of macroscopic models and moment method. In microelectro-
nics, the macroscopic or fluid models describe the evolution of macroscopic averaged
quantities of the distribution function f. These quantities are usually the particle
number density n(t,x), the current density n(t,z)u(t,z) (where u is the mean ve-

locity) and the energy density W(t, ). They are called the moments of f and are

given by
n 1
nu | = / v f(t, z,v)dv. (2.7.1)
W B k2

2
These quantities evolve according to balance equations such as mass, momentum,
and energy balance. The macroscopic models (Euler, ET, SHE, Drift-Diffusion) can

be obtained from the kinetic equation
Of+v-Vof =V, V-V,f=Q(f) (2.7.2)

according to the conservations of the collision operator by using the moment method
[1, 31, 6, 26, 28, 29, 45]. As an example, assume that the collision operator admits

the following conservation properties

1
/ﬁQﬁ) o |av=o. (2.7.3)
R3 |

[v?

2
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The moment method consists in multiplying the Boltzmann equation (2.7.2) by
1

v and integrating it with respect to v. This gives with (2.7.1) and (2.7.3)

[l

n 1 0
O | nu | +Va- | f(t,z,v) v | vdv = —nV,V
3
4% K o —nu -V, V

2

It can be written also as

omn+ V- (nu) =0
Oi(nu) +V, - Il = —nV,V (2.7.4)
OW+V, - &=—nu-V,V,

where I1(¢,z) and ®(¢,x) are respectively the pressure tensor and the energy flux
given by
= [ flv®v)dv and &= fwvdv.
R3 R 2

System (2.7.4) is not closed because II and ¢ can not be expressed in terms of
n,nu, W. To close system (2.7.4), one needs to find a distribution function which
allows to compute these quantities in terms of the conserved variables (2.7.1). The
Levermore’s methodology [31] consists in using the entropy minimization principle.

Let n,T € Rt and u € R? be fixed, the entropy minimization problem is stated as

1 n
min < h(f)/ fl v |dv=1] nu , (2.7.5)
! R3 w W

2

with W = %“P + %nT. The entropy h is a convexe function. It describes the statistics

of the particles. In the Boltzmann statistics, h is given by

hz) =z(lnz —1). (2.7.6)
Problem (2.7.5) with (2.7.6) admits a unique solution given by the Maxwellian dis-
tribution | 2
n v—u
M, (V)= ———exp | — . 2.7.7
) = o (<) (2.7.7

The parameters n,u and T" are such that n, nu and W respectively are its density,

momentum and energy

/ M, dv=1 nu
R3 |v[?
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Replacing f by M, 7 in (2.7.4), one obtains the Euler model

om+ V- (nu) =0,
O(nu) + V- (nu®u) + V. (nT) = —nV,V,
OW+V, - Wu)+V, - (nuTl) =—nu-V,V.

The Euler model can be obtained from the Boltzmann equation by hydrodynamic

limit. It consists in taking the scaled equation
1
Of* + v Vo = VoV - Vo f = ZQ(f)

and getting € goes to zero. In the hydrodynamic limit, we don’t need to know the
exact form of the collision operator. It is sufficient to fix some properties satisfied
by . To obtain for example the Euler model, () must satisfies the conservation
properties (2.7.3); the null space (or the local equilibrium) must be given by the
maxwellians (2.7.7). In addition, () must satisfies some entropy decay.

In our case, the distribution is a matrix valued function. To derive maxwellian
functions, we propose to study the following entropy problem. Let M = (ML, be
a vector of 2 x 2 hermitian matrices, M;. It represents the vector of the moments
of the distribution function. Let ji(v) = (u;)%, be the vector of monomials of v

(1,0, %, ...). The entropy minimization problem writes as
m;n{H(F) =tr(h(F))/ pv)Fdv = ]\7[} (2.7.8)
R3

The entropy writes as H(F') = tr(h(F)) with h is a convexe function. The expression
h(F) refers to the matrix obtained by acting the function h onto F' by functional
calculus i.e. A(F) has the same eigenbasis as F' and has eigenvalues h(\s) where A
are the eigenvalues of F'.

The solution of (2.7.8) is easily found and is given by
Ma = (k)7 fi(v))

if the derivative of h is invertible. The vector @ = ()%, is a vector of 2 x 2 hermitian

matrices such that

Mgpi(v)dv = M, V0 <17 <d. (2.7.9)

R3

When £ is given by the Boltzmann statistics (2.7.6), the maxwellian becomes

Mg =exp(a- ). (2.7.10)
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2.7.1 Energy-Transport model

The Energy-Transport (ET) model is a diffusion model constituted of a balance
equation for the electron density and an energy balance equation [3, 4, 14, 19]. To
derive ET Model for semiconductor spintronics, we take the Boltzmann equation in
the diffusion scaling (2.5.2). The collision operator () must now conserve only the

mass and the energy. This means

[ ( g Jar-o 2111

Following the Levermore’s moment method, for any distribution function F'(v), we

construct the maxwellian My associated to F' as the solution of (2.7.8) with h

1 B

given by (2.7.6), fi(v) = < ol ) ,and M = [oq Fji(v)dv. More precisely, Mp is
2

the solution of

min {H(G) = (G, (log(G) — I1))2/ Rs(G— F) ( i > dv = 0} .

G
2
Then, by (2.7.10)-(2.7.9), M is given by

Mp(v) = M[A,C] := exp (A + Cg) (2.7.12)

with A € H2(C) and C € Hy(C) are such that

[ar(g Jaoe [ (G )a 21.13)

Let now the collision operator be given by the following BGK simple form
Q(F)=MI[AC|—F, (2.7.14)

where M[A, C] is defined by (2.7.12) and A and C are relied to F' with (2.7.13). Let
us, before listing the properties of this operator, gives some properties satisfied by

log as function on HJ (C).

Lemma 2.7.1. 1. For all F € H3(C), log(F) is the unique matriz in Hy(C)
satisfying €°8F) = F. Writing F = f.I, + f; - @, then we have

fo = |f2\> £
= =0

fe+1fsl ) 1f]

log(F) = %log(ff —|fP) I + % log ( (2.7.15)

if f. # 0. Its eigenvalues are then log(f. — |f.|) and log(f. + |f.]).
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2. For all F,G € H$(C), the following properties hold.

(a) If F and G commutate, then log(F - G) = log(F') + log(G)
(b) If F is invertible then log(F~) = —log(F)

(c) The function log is strictly increasing which means that

(F—G),(logF —logG))2 >0 (2.7.16)
and

(F—G),(log F —logG))s =0 = F = G. (2.7.17)

The collision operator (2.7.14) satisfies the following properties.

(i) By (2.7.13), @ preserves the mass and the energy i.e. (2.7.11) is satisfied.

(ii) Its null space is spanned by the maxwellians. More precisely

Q(F) =0 3(A,C) = (A(t,2), O(t,z)) st. F = M[A,C] = exp (A + cg) .

(iii) By construction of Mp and (2.7.16)-(2.7.17), we have the following entropy
decay

/ (Q(F),log F)ydv <0, (2.7.18)

with equality if and only if F' = M[A, C]. Indeed, using (2.7.13), we have

/R3<Q(F),log(/\/l[14, ) ads = /

RB

<M[A, O] — F(A+ Cg)>2dv —0.

Therefore, with (2.7.16), we have

[ (@) 1og Fhado = [ (QUF)Jog P = log(aM[4, e

_ / (MIA, O] — F,log F — log(M[A, C]))adv < 0.

We state now the main result of this subsection which consists on formal derivation

of ET model with spin rotation and relaxation effects.

Theorem 2.7.2. Let F* be the solution of (2.5.2)-(2.1.2) with Q given by (2.7.14).
Then, formally, F* — Fy as € — 0, where
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Fo(t,z,v) = MJA,C] = exp (A(t, z) + C(t, x)%) and (A, C) are solutions of

1
t M{A, O] ( v]2 ) dv
R3 5
—/ <T2M[A,C]—£T [QO~E,M[ ( lz >dv
R3 2
1 1

T

- .

:_i/ﬂ@ [QO.J,TM[A,C’]—§[QO. (%Q)dv
1 S 1 )

+§/Rg (6.7, Mm[4,C]] ( i )dv—i-/Rngf(M[A,C ( " )

where T denotes the transport operator : T =v -V, — V,V -V,.

dv, (2.7.19)

Let us write the Energy-Transport model (2.7.19) under the form of conservation
laws. For any pair of functions (A(t, z), C(t, x)), we respectively denote by n[A, C/,
WIA, C], II[A, C] and Q[A, C] the particle and energy densities, the pressure tensor
and the heat flux tensor associated to A and C'. They are given by

n[A, C| B 1
( WIA, (] ) B RgM[A’ C] ( b2 )dv (2.7.20)

A, Cl Y\ v )
( Q[A, C] ) a /RB ( gv(gv ) MIA, Cldv. (2.7.21)

In addition, we will denote by Il [A, C] and Qg [A, C] the following tensors asso-
ciated to A, C' and Qp :

(83) L (3 st o

Lemma 2.7.3. With notations (2.7.20), (2.7.21) and (2.7.22), the spin-vector Energy-
Transport model (2.7.19) can be equivalently written

and

8tn + Vz JN =
1/ [QET L&, MA, C]} dv + (/ Gy x (G, x M5[A, C’])dv> LG+ Qup(n) (2.7.23)
2 R3 R3

OW+Vy - JY+J"-V,V =
i

5 | [8er-a.miac) PP g (/R Gy x (4, XMS[A,CDMsz) Qo W),
(2.7.24)
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The mass and enerqy flures are given by
J'=—(Vy - I +nV,V —1lg ) (2.7.25)

J"=—(Vy - Q+ WV, V +1IV,V — Q5 ) (2.7.26)

where 11, Q, Tlg and Qg are nonlinear functionals of n and W through (2.7.21),
(2.7.22) and (2.7.20). Moreover, in the right hand side of the conservation equations
(2.7.23)-(2.7.24), the effective field Qpr is given by

Qpr = divy(v @ Q,) — VoV - VoG + Qe

and M#[A, C)] is the spin part of M[A,C],

- 1
M[A, Cl = M[A,C] — §tr (MIA, C)) L.
Remark 2.7.4. The model (2.7.23)-(2.7.24) is constituted of two continuity equa-
tions on the density and the energy coupled via the mazwellian M[A, C] with addi-
tional rotational and relazation terms as in the drift diffusion case. The first term of
the right side of (2.7.23) (or (2.7.24)) describes the precession of the spin vector part
of M[A, C| around the effective field Qpr. The other terms are relazation terms.

We discuss now an important property satisfied by the Energy-Transport model
(2.7.23)-(2.7.24) : the entropy dissipation. This property is a direct consequence of
our derivation, thanks to the entropy dissipation inequality satisfied by the collision
operator (2.7.18). More precisely, we define the entropy by

S(n,W) = /RC;(M[A, Cl,1og(MIA, C]) — I,)adzdv

o]

- /<M[A,C],A+C——12> dadv
RS 2 )

- /R (A )+ (C W) = tr(n)da (2.7.27)

where (A, C) and (n,V) are related through (2.7.20). The function S is a strictly

convex functional of (n,) and we have :

Lemma 2.7.5. Let (n, W) solves the Energy-Transport model given by the previous

lemma. Then, the fluid entropy S(n, W) is a decreasing function of time

%S(n,W) <0, (2.7.28)

Proof of Theorem 2.7.2. We present now the formal derivation of (2.7.19).

We assume that F* — Fy as € — 0 in a space of smooth functions. Multiplying
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(2.5.2) by €% and letting e — 0, one obtains Q(Fp) = 0. This implies that there exist
A(t,z),C(t,x)) such that Fy = exp(A + clly. Now, we introduce the following
2

(Chapman-Enskog) expansion
F* = Mp- +eF?, (2.7.29)
where M p- is the maxwellian associated to F°. Thus, we have
Fr— —éQ(Fs). (2.7.30)
Inserting this expression into (2.5.2), we get
Ff = —ed,F° —TF° + %[Qﬁ <&, F] 4 eQqf (F*).
Therefore, as ¢ — 0, FT — Fj such that

Fi=—TFy+ %[ﬁo G, ). (2.7.31)

[v]?

Next, multiplying (2.5.2) by (
2

) and using the conservation properties (2.7.11),

we get

1 1
at/ F€< |v|2 )dv—k%/ TF€< ‘U|2 >dU
R3 o R3 o
R N )
:i/[Qa'O’vF]<|v|2>dv+/ st(F)<v2>dU
R3 o R3 o

)dv:Oand

[l

Now, using (2.7.29) and the fact that T Mpe (
2

RS

. 1 .
/ [, - &, Mpe] o2 ) dv = 0 since 7 Mpe and €2, are odd vectors with respect
R3 5

2
to v, one obtains

1 .
8t/ F’E |’U|2 dv “I’ / TFlg |’L)|2 d/U = Z / [QO . 6!, Ff] "U|2 dU
RS =l R? =l 2 Jwo 5

This gives when € — 0

1 -
at/ F0< o )dv+/ TF1< o )dvzl/ [QO.E,F1]< o )dv
R\ R? el 2 Jrs 5
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Finally, inserting the expressions of Fy and F} into the last equation leads to (2.7.19).

Proof of Lemma 2.7.5. We multiply (2.5.2) by log(F*), integrate with respect

to x and v

1 1
/ (0. F°, log F*©)odzdv + —/ (TF*,log F*)odrdy = —2/ (Q(F?),log F*)odxduv
R6 € Jré E% JRr6

+/ <%[Q’E.5’ FE],logF5>2d:Udv—|—/ (Qs(F*9),log F*)odxdv. (2.7.32)
R6 R6

We have
d d
—/ (F< log F* — Iy)odxdv = — [ tr(F° - (log F* — I))dzdv
dt R6 dt R6
d
- = Fe
7 Jio tr(h(F°))dzdv

where h = z(logz — 1). In other side we have

%tr(h(FE)) = §p(trh())|p- - OF° = tr(W (F°) - ,FF)

where dp(tr(h(.))) denotes the Gateaux derivative of tr(h(.)) (see also [18] for more
details). We deduce that

d
Etr(h(Fs)) = tr(log F© - 0,F°) = (0 F*,log F*)s.

Therefore,

d
/ (0. FF,log F©)odzdv = E/ (F<log F* — Iy)odxdv.
RS

RG

A similar computations give
/ (TF*,log F*)odrdv = / T((F¢,log F© — I)q)dzdv = 0.
RS R6

Moreover, we have

—

/(3[96.5,F6],1ogF€>2dm = —/ (§F x f5) -G, log F®)sdadv
RS 2 R6
= —2(2° % fJ) - g5,

where f% is the spin part of F© and §° the spin part of log(F?). With (2.7.15), gt is

parallel to f;e and we conclude that

[ G105, log o = o
R6
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In other side, using the entropy decay property of @ (2.7.18), the first term of the
right hand side of (2.7.32) is negative. In addition, the third term of the right hand

side of (2.7.32) is also negative. Indeed, we have

<tr(F8) — 2FF log (tr(ia)) 12>2 — —2log (@) tr(ff- &) = 0.

Then,
1
/ (Qs5(FF),log F)odxdv = — [ (tr(F°) — 2F*¢,log F*¥)dxdv
R6 Tsf JRS
1 F*
= — <tr(F€) — 2F¢ log F* —log (tr( ))> dxdv
Tsf JRS 2 2
1
= — [ (tr(F°) —2F¢ log(2F°) — log(tr(F*))), dxdv
Tsf R6
< 0 (in view of (2.7.16)).

As a conclusion, the solution of (2.5.2) with (2.7.14) satisfies
d
- <FE,1OgF€ — Ig>2dl'd1) < 0.
dt R6

To complete the proof, we pass to the limit ¢ — 0. This ends the proof of the
lemma since F© converges to Fy = exp(A+C %) where (A, C) is the solution of the
spin-vector Energy-Transport model (2.7.19).

2.7.2 Drift-Diffusion with Fermi-Dirac statistics

The nonlinear BGK approximation of the collision operator for Fermi-Dirac sta-
tistics, when we consider a Boltzmann equation with scalar distribution function f,

takes the form

Q(f) = /RS o(v,0') [M(v)f(0)(1 = f(v)) = M) f(v)(1 = f()]d"  (2.7.33)

where M is given by (2.1.5). We refer to [27] for the study of such operator. We list
in the following lemma the main properties satisfied by (2.7.33).

Lemma 2.7.6. Assume that the cross-section verifies Assumption 2.2.1. Let A =
{f e LYR3); 0< f <1a.e.} be the set of admissible functions. Then,

1. the operator Q given by (2.7.33) is a bounded operator on A in L'(R?).
2. For any f € A, we have the following entropy inequality

f

H(f)= R3Q(f)10g (W

> dv <0, (2.7.34)
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where My 1s the mazwellian associated to the potential V' given by

MV = ;67%‘“27‘/.
(2m)

[SI3Y

3. The following statements are equivalent :
(i) feAand H(f) =0
(i) feAand Q(f)=0
(iii) there exists p € R such that f(v) = (1 + e@_“)*l.

Inspired from the scalar case, we consider the following space of admissible func-
tions
A={F € L'(R*Hy(C)); 0<F(v)=<Iaeuv} (2.7.35)

when, for two hermitian matrices A and B, the relation A < B means that (B — A)
is a positive defined matrix. We will construct a collision operator QQrpp with 2 x 2
hermitian matrix value admitting the following properties inspired also from the

scalar case :
1. Qrp preserves the mass : fu@ Qrpdv = 0.

2. For every F' € A, Q admits the following entropy inequality
H(F)= [ Qrp(F)log(F(Iy— F)'M;")dv <0
R3

Here M denotes the maxwellian associated to [ with the Fermi-Dirac sta-
tistics given by

2 —1
My = (I2 + e”z—“) (2.7.36)

where II is a unique matrix belonging to Hz(C) such that
Mpdv = / Fdv. (2.7.37)
R3 R3

We set as for the Energy-Transport case
Qrp(F) = Mp - F. (2.7.38)

The maxwellian (2.7.36) with (2.7.37) can also be seen as the solution of an entropy
minimization problem. When the only conserved moment is the density or the mass ;
the convenient entropy concept is the relative entropy. It is given for Fermi-Dirac
statistics by

hpp(F) = F (logF + g + V) + (I3 — F)log (I, — F). (2.7.39)
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For any F' € A fixed, the solution of

min {tr(hFD(G))/ [ G- /R 3 de}

is nothing but Mg given by (2.7.36)-(2.7.37). Besides, one can verify, by direct
computations using decomposition of the matrices into charge and spin parts, that
problem (2.7.36)-(2.7.37) is well posed and admits a unique solution. This is the aim

of the following lemma and proposition where their proofs are left to the reader.

Lemma 2.7.7. Let 1 = w. I + 7, - & € Ho(C) and F € L'(R3 H; (C)), then Mp
defined by (2.7.36) belongs to A. In addition, we have

Mp = a.dy + @y - & (2.7.40)

such that o, = FD(7.),ds =0 if Ty = 0 and if 75 # 0, we have

1
o = §(FD(7TC + |7s|) + FD(7. — |74|)) (2.7.41)

—

1 s
d, = S(FD(r. +|7|) - FD(r. - |7?s|))‘71—|. (2.7.42)
Ts

The function FD(.) on R denotes the Fermi-Dirac distribution given by

9 —1
FD(¢) = (1 + e”z—¢> , VoeR. (2.7.43)

Proposition 2.7.8. Let F = F(v) € LY(R3,H; (C)). Then, there exists a unique
2% 2 hermitian matriz 11 independent of v satisfying (2.7.37). In addition, if we write

M=wndy+ 750 and p := / F(v)dv = p.Iy + ps - &, then (2.7.37) is equivalent to
R3

/ FD(r + 17 (0o = pe + 7
4 f FD(m. — |7s])(v)dv = p. — | ] (2.7.44)
R3 . .
and 715 = pj Zfﬁs 7é 07
\ ‘WS‘ ’PS|

where F'D is given by (2.7.43).

The newt proposition summarizes the main properties of the collision operator
(2.7.38).

Proposition 2.7.9. The operator Qrp defined by (2.7.38), (2.7.36) and (2.7.37)

satisfies the following properties.
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1. Qpp 1is bounded on L'(R3;H3 (C)) i.e. there exists a constant C' such that for
all F € L'(R3 Hy (C))

1Qrp(F) | 2 @set )y < ClF I e o)) (2.7.45)

2. For all F € A, we have the following H-Theorem (or entropy decay)

H(F) = 3 Qrp(F) : [log(F (I, — F)~'My")] <o0. (2.7.46)
R
3. The following statements are equivalent
(i) Fe Aand H(F) =
2 —1
(iii) there exists I1 € Hy(C) such that F = (]2 + eT_H) .

Proof. 1. For any Il € Hy(C), the matrix Mp given by (2.7.40), (2.7.41), (2.7.42)
satisfies

“MFHg = (ady+ds-7): (el +d, - 0) = 2(04 + |a5‘ )
FD(7TC+|7?S|) + FD(m. — |7T8|)
< [FD(m.+ |7|) + FD(w. — |7?s|)]2.

Let F € L'(R3 H;(C)) and let IT be the solution of (2.7.37). Then, in view of
(2.7.44), we have

/H./\/lpHgdv < /FD(WC+]775])dv+/ FD(w. — |ms|)dv
R3

< o= [ g < [ Aflao < [ 1Pl
Thus, / 1Qen(F)ls < / | M lado + / | Fllodv < 2 / | Flodo.
R3 R3 R3 R3

2. For all F € A, it is simple to verify that F(I, — F)~! belongs to Hy (C) and F
commutate with (I, — F)~'. Then, log(F (I, — F)™!) is well defined and log(F (I, —
F)™1) =log(F) —log(I; — F). Let now II be the solution of (2.7.37). Then, we have

M ( MF) 1MV1—<27T> H+V

Indeed,

MF(IQ_MF)_I = (]2+6|U2_
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Therefore,
3
log(Mp(Iy — Mp) "Myt = 3 log(2m) I + 11+ V.

Since II, V are independent of v and | Qpp(F)dv = 0 then,
R3

H(F) = s QFD(F) . (IOg(F([Q — F)flM‘;l) — ;log(ZW)[g —II - V)

_ /R Qrp(F) : (a(F(L; = )My ) — log(M(ly — Mp) 1My, 1)

= /R?)<MF —F): [log(F) —log(Mp) + log(ls — Mp) —log(ly — F)| .

In view of (2.7.16), / (Mp —F): (log(F) —log(Mp)) <0 and

R3

/R3(./\/lp — F): (log(Iy — Mp) —log(I, — F))

= /RS[(I2 — F) — (I, = Mp)] : (log(I, = Mp) —log(l, — F)) < 0.

We deduce that H(F) < 0,VF € A.
3. These equivalences are obvious using (2.7.17).
|

We state now the main results of this subsection where their proofs are similar
to those presented in the last subsection.

Theorem 2.7.10. Let F* be the solution of (2.5.2)-(2.1.2) with the collision operator
Qrp given by (2.7.38). Then, formally, F* — Fy as e — 0, where Fy(t,z,v) =
1

v 2
(IQ + e%_n(t’x)> and 11 is solution of

o[l +V-J=1

.

— v2 -1
QFD . 5, <]2 + 6|2|_H(t’x)> ] dv

+ (/ Q, x (€, x ﬁ;)dv) -G 4 Qqp(n[IT]), (2.7.47)
R3
where the mass flux J is given by
J ==V .-D[l] - V,Vn[ll] + Dg_[I]. (2.7.48)

The density n[Il], D[] and Dg [I1] are nonlinear functionals of I given by

-1
1}2
n[Ml] = / <12+e|2ln(t’x)> dv, (2.7.49)
R3
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U 2 71
D[] = / (v @) (_[2 + elg_n(t’x)) dv,
R3

Dg, [IT) :z'/RS

The Fermi-Dirac effective field Qrp is similar to the one obtained in the derivation

and

— v|? -1
o @), (1 o) ] W

of energy transport model. It is given by
Qpp = div,(v ® ﬁo) — VY,V -V,Q, + Q..

N ol2 —1
Finally, the F§ is the spin part of Fyy = (1'2 + e%’n(t“’”)> )

v 2 -1
The entropy function is now defined by, where Fy = (IQ + e%_n> and n =
f]R3 Fodv7

Sn) = / (Fy, log(Fo(Iy — FO)_lM;1)>2dxdv —l—/ tr(log(Iy — Fo))dzdv
R6 R6
= / (Fy, ; log(2m) 1y + 11+ V)adzdv + / tr(log(Iy — Fp))dzdv
]RG

R6

_ /R (g log(27)tr(n) + (n, 11 + V>2> dx + /R tr(log(I, — Fy))dadv.

Proposition 2.7.11. Let II and n := nl[Il] solve the Drift-Diffusion system (2.7.47)-
(2.7.48). Then, the Fermi-Dirac fluid entropy S satisfies

d -

—S(n) < | O Vitr(n)de. (2.7.50)
dt R3

If the potential V' is independent of time, then g(n) s a decreasing function of time

d =~
dt8<n) <0

References

[1] C. BARDOS, F. GOLSE, AND D. LEVERMORE, Fluid dynamic limits of kinetic
equations. I. Formal derivations, J. Statist. Phys., 63 (1991), pp. 323-344.

[2] N. BEN ABDALLAH AND P. DEGOND, On a hierarchy of macroscopic models
for semiconductors, J. Math. Phys., 37 (1996), pp. 3306-3333.

[3] N. BEN ABDALLAH, P. DEGOND, AND S. GENIEYS, An Energy-Transport

model derived from the Boltzmann equation of semiconductors, J. Stat. Phys.,
84 (1996), pp. 205-231.



122

REFERENCES

[4]

[10]

[11]

[12]

[13]

[14]

[15]

N. BEN ABDALLAH, S. DESVILLETTES, AND S. GENIEYS, On the convergence

of the Boltzmann for the semiconductors toward the energy transport model, J.
Stat. Phys., 98 (2000), pp. 835-870.

J. A. BITTENCOURT, Fundamentals of plasma physics, Pergamon Press, Ox-
ford, 1986.

F. BoucHuTt, F. GOLSE, AND M. PULVIRENTI, Kinetic equations and asymp-
totic theory, B. perthame, L. Desvillettes Eds, Series in Appl. Math., bf 4,
Gauthier-Villars (2000).

A. BOURNEL, Magnéto-électronique dans des dispositifs a semiconducteurs,
Ann. Phys. Fr, 25 (2000), pp. 1-167.

A. BOURNEL, V. DELMOULY, P. DOLLFUS, G. TREMBLAY, AND P. HESTO,

Theoretical and experimental considerations on the spin field effect transistor,
Physica E, 10 (2001), pp. 86-90.

A. BOURNEL, P. DOLLFUS, E. CASSAN, AND P. HESTO, Monte Carlo study

of spin relazation in AlGaAs/GaAs quantum wells, Applied Physics Letters, 77
(2000), pp. 23462348,

Y. A. Bycakov AND E. I. RASHBA, Oscillatory effects and the magnetic

susceptibility of carriers in inversion layers, Journal of Physics C : Solid State
Physics, 17 (1984), pp. 6039-6045.

S. DATTA AND B. DAS, Electronic analog of the electro-optic modulator, Ap-
plied Physics Letters, 56 (1990), pp. 665-667.

P. DEGOND, Mathematical modelling of microelectronics semiconductor de-

vices, in Some current topics on nonlinear conservation laws, vol. 15 of AMS/TP
Stud. Adv. Math., Amer. Math. Soc., Providence, RI, 2000, pp. 77-110.

P. DEGOND, G. GALLEGO, AND F. MEHATS, Entropic discretization of a
quantum drift-diffusion model, STAM J. Numer. Anal., 43 (2005), pp. 1828—
1849.

P. DEGoND, C. D. LEVERMORE, AND C. SCHMEISER, A note on the energy-
transport limit of the semiconductor Boltzmann equation, in Transport in tran-
sition regimes (Minneapolis, MN, 2000), vol. 135 of IMA Vol. Math. Appl.,
Springer, New York, 2004, pp. 137-153.

P. DEGOND, F. MEHATS, AND C. RINGHOFER, Quantum hydrodynamic mo-
dels derived from the entropy principle, Contemp. Math. 371, Amer. Math. Soc.,
Providence RI (2005).

[16] ——, Quantum energy-transport and drift-diffusion models, J. Stat. Phys., 118

(2005), pp. 625-667.



REFERENCES 123

[17]

P. DEGOND AND C. RINGHOFER, A note on binary quantum collision ope-

rators conserving mass, momentum and energy, C. R. Acad. Sci. Paris, 336
(2003), pp. Ser I, 587—628.

[18] ——, Quantum moment hydrodynamics and the entropy principle, J. Stat.

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

Phys., 112 (2003), pp. 587-628.

P. DEGOND AND C. SCHMEISER, Macroscopic models for semiconductor he-
terostructures, J. Math. Phys., 39 (1998), pp. 4634-4663.

G. DRESSELHAUS, Spin-orbit coupling effects in zinc blende structures, Phys.
Rev., 100 (1955), pp. 580-586.

R. J. EruioTT, Theory of the effect of spin-orbit coupling on magnetic reso-
nance in some semiconductors, Phys. Rev., 96 (1954), pp. 266-279.

A. FErRT, A. FRIEDERICH, AND AL, Giant magnetoresistance of
(001)fe/(001)cr magnetic superlattices, Phys. Rev. Lett., 61 (1988), pp. 2472
2475.

G. FisuMAN AND G. LAMPEL, Spin relaxation of photoelectrons in p-type
gallium arsenide, Phys. Rev. B, 16 (1977), pp. 820-831.

G. GALLEGO AND F. MEHATS, On Quantum Hydrodynamic and Quantum
Energy Transport Models, Commun. Math. Sci., 5 (2007), pp. 887-908.

[. GASSER AND R. NATALINI, The energy transport and the drift diffusion

equations as relaxation limits of the hydrodynamic model for semiconductors,
Quart. Appl. Math., 57 (1999), pp. 269-282.

F. GOLSE AND D. LEVERMORE, Stokes-Fourier and acoustic limits for the
Boltzmann equations : Convergence proofs, Comm. Pure Appl. Math., 55 (2002),

pp. 336-393.

F. GoLse AND F. POUPAUD, Limite fluide des équations de Boltzmann des

semi-conducteurs pour une statistique de Fermi-Dirac, Asymptotic Anal., 6
(1992), pp. 135-160.

F. GOLSE AND L. SAINT-RAYMOND, Hydrodynamics limit for the Boltzmann
equation, Lecture Porto Ercole, (2004).

[29] ——, The Navier-Stokes limit of the Boltzmann equation for bounded collision

[30]

[31]

kernels, Invent Math., 155 (2004), pp. 81-161.

L. D. LANDAU AND E. M. LIFsHITZ, Quantum Mechanics, Pergamon Press,
Oxford, 1991.

C. D. LEVERMORE, Moment closure hierarchies for kinetic theories, J. Stat.
Phys., 83 (1996), pp. 1021-1065.



124

REFERENCES

[32]

[33]

[37]

[38]

[39]

P. A. MARKOWICH, C. A. RINGHOFER, AND C. SCHMEISER, Semiconductor
equations, Springer-Verlag, Vienna, 1990.

M. S. Mock, Analysis of mathematical models of semiconductor devices, vol. 3
of Advances in Numerical Computation Series, Boole Press, Dun Laoghaire,
1983.

A. PAzy, Semigroups of linear operators and applications to partial differential
equations, vol. 44 of Applied Mathematical Sciences, Springer-Verlag, New York,
1983.

Y. PERSHIN, S. SAIKIN, AND V. PRIVMAN, Semiclassical transport models for

semiconductor spintronics, Electrochem. Soc. Proc., 2004-13 (2005), pp. 183—
205.

Y. V. PERSHIN AND V. PRIVMAN, Focusing of spin polarization in semicon-
ductors by inhomogeneous doping, Phys. Rev. Lett., 90 (2003), p. 256602.

F. PouprAuD, Diffusion approximation of the linear semiconductor Boltzmann

equation : analysis of boundary layers, Asymptotic Anal., 4 (1991), pp. 293-317.

Y. QI AND S. ZHANG, Spin diffusion at finite electric and magnetic fields,
Phys. Rev. B, 67 (2003), p. 052407.

Y. P. RAIZER, Gas Discharge Physics, Springer, Berlin, 1997.

M. REED AND B. SIMON, Methods of modern mathematical physics., Academic

Press, New York, second ed., 1975. Functional analysis.

S. SAIKIN, A drift-diffusion model for spin-polarized transport in a two-
dimensional non-degenerate electron gas controlled by spin orbit interaction,
Journal of Physics : Condensed Matter, 16 (2004), pp. 5071-5081.

S. SAIKIN, Y. PERSHIN, AND V. PRIVMAN, Modelling for semiconductor spin-
tronics, IEE Proceedings Circuits, Devices and Systems, 152 (2005), pp. 366—
376.

C. SCHMEISER AND A. ZWIRCHMAYR, FElastic and drift-diffusion limits of

electron-phonon interaction in semiconductors, Math. Models Methods Appl.
Sci., 8 (1998), pp. 37-53.

T. VALET AND A. FERT, Theory of the perpendicular magnetoresistance in
magnetic multilayers, Phys. Rev. B, 48 (1993), pp. 7099-7113.

C. VILLANI, Limite hydrodynamiques de l’équation de Boltzmann, Séminaire
Bourbaki, 53¢me année, no 893 (2000-2001).

Z. G. YU AND M. E. FLATTE, Electric-field dependent spin diffusion and spin
injection into semiconductors, Phys. Rev. B, 66 (2002), p. 201202.



REFERENCES 125

[47] Z. G. YU AND M. E. FLATTE, Spin diffusion and injection in semiconductor
structures : electric field effects, Phys. Rev. B, 66 (2002), p. 235302.

[48] 1. ZuTic, J. FABIAN, AND S. DAS SARMA, Spin-Polarized Transport in Inho-
mogeneous Magnetic Semiconductors : Theory of Magnetic/Nonmagnetic p—n
Junctions, Phys. Rev. Lett., 88 (2002), p. 066603.

[49] 1. ZuTic, J. FABIAN, AND S. D. SARMA, Spintronics : Fundamentals and
applications, Reviews of Modern Physics, 76 (2004), p. 323.






Chapter 3

NUMERICAL APPLICATIONS

Abstract

The purpose of this chapter is to somewhere validate numerically the models derived
in the previous chapters. Two numerical applications are carried out. The first one
concerns the simulation of transistor with spin rotation effect (spin-FET). Following
the work of [6, 22], a subband drift-diffusion Schrédinger-Poisson model with spin
rotation and relaxation effects is derived and used for the simulation. The second
application is a well known effect in semiconductor spintronics : the accumulation of
spin polarization density at the interface between two semi-conductor regions with
different doping levels [18, 17]. This phenomena is illustrated using two-component
drift-diffusion Poisson model. Moreover, we show the action of the Rashba spin-orbit
coupling on this spin accumulation effect by means of spin vector drift-diffusion Pois-

son model.
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3.1 Modelling and numerical implementation of
spin-FET

3.1.1 Introduction

Recently, the spin-related properties of charge carries in semiconductors have
generated a huge attention leading to proposition of new magnetoelectronics devices.
The Rashba term in the spin-orbit coupling [11] appearing in a quantum well under
electric field along the growth direction makes feasible the control of electron spin
orientation through the confining electric field. This mechanism leads to the concept
of the spin Field Effect Transistor, the spin-FET [14].

The spin-FET is a High Mobility Transistor (HEMT) in which the source and
drain contacts are ferromagnetics. A HEMT transistor is composed of a channel
which is an active region connected to two electrodes called the source and drain. It is
based on the formation of electron confined gas in the channel at the heterointerface
between different semiconductor heterostructures. The confinement in the channel
is commanded by a Schottky gate. The source and drain are high doped regions
and play the role of two small reservoirs. Apply at the electrodes a drain-source
potential, Vpg, a drain current can be established.

The idea of spin-FET, due to Datta and Das [14], consists in replacing the source
and drain by ferromagnetic contacts. The source then acts as polarizer and injects
a spin polarized current. In the channel, the control of electron spin orientation
is possible by the applied gate potential through the Rashba spin-orbit coupling.
The drain plays the role of selector. It collects preferentially electrons with spin
orientation depending on its magnetic moment.

The device considered here is a double gate MOSFET represented by Figure 3.1.
We do not take a ferromagnetic contacts at the source and drain. We assume that
a spin polarized current is injected from the source to the channel. The object is to
show numerically the action of the gate voltage (via the Rashba coupling) on the
spin dynamics in 1DEG. To this aim, we take a two dimension device in the (xz)
plane. We assume that the particles are confined in the z direction and the transport
is allowed in the x direction. The Rashba spin precession vector is then oriented in
the y direction (perpendicular to device plane (zz)) and does not change direction.
The aim of the simulation is to illustrate the efficiency of the gate control of the spin
orientation in this case.

The results presented here are well known in semiconductor spintronics. See for
example [8] for the study of IDEG. However, when taking a two dimensional chan-
nel with width equal to W in the y direction, the situation is more complicated.

Indeed, in two-dimensional electron gas, the Rashba effective field direction depends
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strongly on v (or on the wave vector). Then, the electron/crystal scattering ran-
domize the Rashba effective field direction. So, during the motion of one electron,
its spin orientation becomes progressively incoherent. The spin polarization of the
electron population may be thus fast relaxed (by the D’yakonov-Perel relaxation me-
chanism). Using Monte Carlo technique, A. Bournel and al study the gate induced
spin precession in 2DEG [8, 9, 10]. They studied the influence of the width W on
the spin diffusion length L, or spin relaxation length induced by the interactions. It
is shown that the D’yakonov-Perel spin relaxation mechanism tends to vanish (or to
disappear as in the IDEG case) when the channel width decreases. They prove that
it is sufficient to take W less than 100 nm at the room temperature to have a spin re-
laxation length exceeding 1um. In this case, one obtains an efficient gate-controlled
spin precession in the channel as in the one dimensional case presented here. For
this, the spin orientation injected by the source contact has to be perpendicular to
the source/channel interface. We refer also to [20, 21] for the study of gate-induced
spin precession in 2DEGs. We don’t study here the 2D channel case. The study of
spin transport properties in 2DEG will be the subject of future works.

The model used for the simulation is a coupled quantum classical model. In the
confinement direction, the length scale is of the order of the electron de Broglie
wavelength and a quantum models have to be adapted in this direction. However
the length scale in the transport direction is much bigger and a classical transport
model can be used. This gives rise to the subband theory [1, 2, 15]. The subband
models are the subject of many recent works. In [3], as mentioned in the first chapter
of this thesis, a partially quantum/kinetic subband model is derived by a partially
semi-classical limit from a full quantum model. A rigorous analysis of the limit model
(Vlasov Schrodinger-Poisson model) is then investigated in [4]. We refer also to [7, 22,
5], for the derivation and study of quantum/fluid type models. The next subsection
is dedicated to give more precise description on the subband quantum/drift-diffusion

model.

3.1.2 A coupled quantum/drift diffusion model with spin-
orbit effect

In this part, we will derive a macroscopic subband model by performing a dif-
fusion limit of the Boltzmann Schrodinger system with spin-orbit term. We adapt
the work of [22]. Assume that the quantum effects take place in one direction of the
space denoted by z, z € [0,1], and in the other directions, z € R?, the particles
move classically. At a time ¢t > 0 and a position (z,z) € R? x [0, 1], the density of
the system is given by
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Ne(t 2, 2) = Z(/ FE(t, 2, 0)dv)xa(t, 7, 2)|2. (3.1.1)

n>1 Re
The unknowns of the problem are (€, Xn, F;)n>1. The subbands are characterized by

the complete set, (€, Xn)n, of the eigenelements of the one dimensional Schrodinger
2

operator —-—— +V with homogeneous Dirichlet data. More precisely, the sequence
z
(€En(t,x), xn(t,z,.)), verifies

2

! (3.1.2)
Xn(ta z, ) € H&(Oa 1)7 / XnXm = 5nm
0

The potential V (¢, x, z) is supposed to be given and regular function (see Assumption
3.1.2). Generally, V' is not given but satisfies the Poisson equation if one accounts the
electrostatic forces. For each subband, the distribution function, F:(t, x,v) € Hy (C),

satisfies the following scaled spinor Boltzmann equation

1 1 '
OF; + ~(0.VaF; = Vo€, Vo) = 5Q(F), + %[9;.5, e, (3.1.3)
where .
Q (t,x,v) = EQZ(t,x, v) + Q5 (t, z,v) (3.1.4)

such that 22, Q¢ are respectively odd and even functions with respect to v satisfying

Assumption 3.1.3. Here, the collision operator takes the form

Q) = Z /R2 Tt (U, V) { M (V) i (V1) — Mo (V') Fy (v) }do' (3.1.5)

which accounts the transition between the subbands. The normalized Maxwellian

M, is given by

1 )
M, (v) = ———e GPIPHED (3.1.6)

where Z is the repartition function

Z(tw) =Y e o), (3.1.7)

n

Initially, we will take

F:(0,2,v) = Fipn(z,0). (3.1.8)

We fix as in the previous chapter the following assumptions on the cross-section, the

potential and the effective field.
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Assumption 3.1.1. The cross-section is assumed to be symmetric and bounded
from above and below. Namely,

Jag, a0 >0, 0<a; <ope(v,0) <ay, Vn,n' >1,Voe RV € R
Assumption 3.1.2. For any fized T > 0, (t,z,2) — V(t,x, z) is a real non negative
function belonging to C1([0, T], WL*°(R? x (0,1))).

Assumption 3.1.3. For any T > 0, (22)nen+, (2%)nen- C CL([0,T] x RE x R4, R?)

are two sequences of respectively odd and even functions. In addition, there exists
(Co)n € (1(RT) and m € N such that

Q00| + Z 10,9209 < Cp (1 + [v])™ (3.1.9)
ne{z;,v;}

We will denote by ¢*(LL%,) the space given by

flawz{( R W) Y [ Lo < o }

n>1
It is simple to show that the collision operator (3.1.5) is a linear, self-adjoint and

nonpositive operator on ¢*(L%,) satisfying

L. Zn>1 fRd dU—O
2. Ker(Q) = {F € El(]Lﬁ,l), such that IN € Hy (C), F,(v) = NM,(v),Vn > 1},

3. R(Q) = Ker(Q)*+ = {F = (Fu)n € fl(ﬂ%), such that ) fRd v)dv = ( 8 8 > } .

4o =3 s (QUF )y o) aa 2 a1 Yoy |1 F = P(F)n|lm, when P is the orthogonale
projection on Ker(Q).

The matrices, (ID;);=1. 4, appearing in the general drift diffusion model derived in

Section 6 of the previous chapter are defined in this case as follows.

Proposition 3.1.4. Let Dy, Dy, D3 and D4 be the matrices defined respectively by

D, = Z/Rd(el,n(v) ®v)dv € Mgq(R) , Dy = Z/Rd(” ® Oo,0(v))dv € Mys(R),

Ds = Z/Rd(%(v) ® 01,(v))dv € Msq(R) , Dy = Z/ (62,0 (v) ® Q2(v))dv € Mys(R)

(3.1.10)
where 01, 05 are respectively the unique solutions of

—Q(011d)y = vMan( Z/Rdeln =0, (3.1.11)

—Q(0:1d),, = Q)M Z/Rde” =0. (3.1.12)

Then, The matrices Dy and D, are symmetric positive definite and 'Dg = Dy.



132 CHAPTER 3. NUMERICAL APPLICATIONS

Passing to the limit ¢ — 0, we get an hybrid Drift-Diffusion Schrodinger system.
Namely, applying the same ideas as in the previous chapter, the following results
hold.

Theorem 3.1.5. Let T > 0, (Fy)n € (*(L3,(dzdv)) and assume that Assump-
tions 3.1.1, 3.1.2 and 3.1.3 hold. Then, for all € > 0, the model (3.1.3)...(3.1.8)
admits a unique weak solution (FZ), € C°([0,T]; ¢*(LA,(dzdv))). In addition, there

N,
exists Ny € L*([0,T] x R? H; (C)) such that F. — Z‘S((tt’x))/\/ln(t,x,v) weak *
T

in L>=([0,T], *(L3,(dzdv))) and the surface density N: := Z/ Fi(t, z,v)dv
>1 /RY

converges weakly to N, in L*([0, T} x R¢, H5 (C)). If we decompose_the density matriz
N, into a spin independent and a spin dependent parts : Ny = %1—2 + 1i5.0 then, the

charge density n. and the spin density g satisfy

(0. — divy(Dy(Vane + Vo Vine)) = 0,

0tﬁs — dlvx(Dl . (Vm (024 ’ﬁ:s + Vx‘/s & ﬁs) + 2(D]2€ X ﬁs)k=1,2,3) =

g 7. (3.1.13
—Q x iy + (Dy — trDy) (/) — 2-2, ( )

Tsf
Ny(0,z) = Ny, = Zéd Fipn(z,v)dv,

n>1

\

with Q = div,Dy — D5(V,V;) + He, He(t,x) = Z/ Q (t, x,v) M, (t, z,v)dv.
n Rd
(3.1.14)
The potential Vy is given by

V, = —Log(y_ e ).

Furthermore, the model (3.1.13) satisfies the mazimum principle. i.e. if initially
Nin € L*(R4, HS(C)) then, N,(t, ) is an Hermitian positive matriz for all t € [0,T]
and v € R,

Remark 3.1.6. The total density N¢(t,xz, z) given by (4.5.3) converges weakly to N
in L2([0,T] x R¢ x [0,1]., Hs (C)) such that

Ns(t,l’) — xT
N(ta2) = Zps D e O halt e,

1
and Ng(t,z) = / N(t,z,z)dz is the surface density satisfying (3.1.13).
0
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3.1.3 Setting of the problem and numerical results

For the application, we will take the Rashba spin-orbit effect. The Rashba effec-
tive field in the subband kinetic/quantum model is given in 2DEG by

QZ :an(tax)(_v%vlao)v (3115)

where

1
an(t ) = / OV (b, 2) (b, 2, 2) 2. (3.1.16)
0

See the first chapter. In the example considered here, the transport takes place in
one dimension and the subband Rashba spin-orbit effect is then characterized by

the following effective field
Q0 (t,2,v) = an(t, x)ve,, V(t,z,v) € RT xR2 . (3.1.17)

We denote by (e, ey, e,) an orthonormal basis of the space with e, and e, are
respectively the unit vectors of the transport direction x and the confinement direc-
tion z. We suppose in addition, for simplicity, that the cross-section o,/ (v,v') is a

constant independent of n,n’,v,v" and let 7 > 0 be the relaxation time such that

Opnr(v,0") = =, for all n,n’,v,v’. Then, 6; and fy can be explicitly computed
T
01, = TOM,(V), O, = T (V) M, (V). (3.1.18)

In this case, the matrices Dy, Dy, D3 and Dy are equal to
D, = 71d, Dy = Dg_TZ/ (v (v v)dv, ]D>4_TZ/ (2202 M, dv.
Thus, for d = 1 and Q2 given by (3.1.17), we have

1
Dy =7ld, D3="'Dy=r71Ce, where () = Z zn: Odne_en (3.1.19)

and

1
1
Dy — trDy = —7C5 8 where Cy = Z zn:aie_E”. (3.1.20)

o O O
_ o O

Let us now summarize the complete stationary Drift Diffusion Schrodinger Pois-
son model written with the physical constants used for the simulation. We assume
that the device occupies a 2D domain denoted by [0, L] x [0,¢]. At a position
(x,z) €0, L] x [0,£], the total density matrix for Boltzmann statistics is

[ee)

Ny(t, z _ .
N(t,x,z) = #I))Ze pEnlt, xn(t, z, 2)|?, (3.1.21)
’ n=1
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1
where 3 = T kp is the Boltzmann constant and 7" denotes the temperature. The
B

complete set of eigenfunctions and eigenvalues (x,, €,)n>1 satisfies

h? d?
@Xn + (V + ‘/C)XTL = 6an7

B 2me,

‘ (3.1.22)
Xn(ta xz, ) € H(%<07€>7 / XnX;l = (Snn/a
0

where h is the planck constant, m, is the effective mass and V, is a given potential
barrier between the silicon and the oxyde in the nanotransistor (see Fig. 3.1). The
electrostatic potential is given by U = % where e is the elementary charge and

satisfies the Poisson equation

(&

—A,.V = ——(tr(N) — Np) (3.1.23)

Er€o

where ¢, is the relative permittivity, £y the permittivity constant of the vacuum
and Np is the doping density which is equal to N* € R" in the drain and the
source and N~ € R™ in the channel. Writing the surface matrix density, N, as :
N(t,a) = 2elb D)

diffusion equations

Iy + 7is(t,z) - &, n. and 7, satisfy the following stationary drift

(

_d1Vm<Jc) = 07 jc = ]D)(aznc + 6&%%”6)7

¢ —dive(5y) = —D(8,Cy — 9,V,Ch)ey X Ty — DCyiit, (3.1.24)

s = D(Oyits + B0, Vil + 20 (e, X 7)),

\

where D is the diffusion constant D = pkgT for a constant mobility p and

+o0o
Vs = —kgT log (Z e‘ﬂ€k> . (3.1.25)

k=1

The functions C4, Cy are given in (3.1.19) and (3.1.20) and 7L is the part of 7, in
the (ox, 0z) plane perpendicular to the Rashba effective field (or to e,) :

i =ity — (s - e)ey.

Remark that the total charge density appearing in the right hand side of (3.1.23) is
given by

ne(t, r) o= _ -
tr(N)(t,z,z) = %Ze By (8 2, 2) 2. (3.1.26)
’ n=1

Description of the scheme. To solve numerically the model (3.1.22)-(3.1.26),

A finite element method with Gummel iterations is used [16]. We give here a brief
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description of the algorithm. We refer to [6, 19] for more details. We mesh the domain
by Ny x N, (%;, 2j)1<i<N.1<j<N., nodes.

We begin by resolving the 2D Schrodinger-Poisson system when there is no ap-
plied voltage. The boundary conditions used are as follows. At the source and the
drain, the potential does not depend on the transport direction, we take V(z =
0,z) =V(x = L,z) =V, with V,(2) is the solution of 1D Schrédinger-Poisson sys-
tem in the z direction. The surface density at the source and the drain is taken equal
to Nt x lg;. For z =0 or z = {, we take a Dirichlet boundary condition on the gate
contacts, V(z,z=0) =V (z,z =1) = V.

When a drain source voltage, Vpg, is applied, we resolve the Schrodinger-Poisson
system coupled to the charge Drift Diffusion equation (the first equation of (3.1.24))
by Gummel iterations starting from the obtained potential in the first step and
incrementing by 0.02V. For the drift diffusion equation a Dirichlet conditions are
used at x = 0 and x = L. For the potential we impose Dirichlet boundary conditions
at the Gate and at the source and the Drain contacts : V(z = 0,2) = V,(2), V(z =
L,z) =Vy(z) + Vps.

The Gummel iterations can be summarized as follows. For a given potential, V4,
a diagonalization of the one dimensional Schrodinger operator (3.1.22) gives N, sets
of eigenfunctions {xx(z;, 2) }i=1, n, and eigenvalues {€(x;)}. The effective potential
Vs is then computed from (3.1.25). This allows to obtain the surface charge density
n. by solving the first drift diffusion equation of (3.1.24) and then to compute a
new potential V., thanks to the resolution of (3.1.23) with (3.1.26). We repeat
these steps until the difference ||V,ew, — Voud|| L be sufficiently small. Noting that the
Poisson equation is resolved by implementing a quasi-Newton method [12].

Finally the spin part of the drift diffusion model (3.1.24) is resolved using Diri-
chlet boundary conditions. We assume that at = 0 or © = L, the vectors 7is(z = 0)
and 7s(z = L) are in the plane of the domain ((zz) plane). Then, the spin vector
density 75 remains in this plane or it has no component in the y direction (parallel

to e,) and its perpendicular part, 7L (in the (xz) plane) solves

—dive(j}) = ~D(Coit = (001 — B, Vi) (k)
= D0, + 5O, Vit + 20\Z(iik))

0 —1
with 7 = _ ), it € R? = C. We resolve this equation in C, in which Z is

the pur imaginary unit.
Numerical results. The geometry of the device is given by Figure 3.1. We
summarize in Table 3.1 the main values used in the simulation. We assume that

the electrons are injected into the domain with spin vector density along the z-axis.
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F1G. 3.1 — Schematic of the modeled device.

TAB. 3.1 — Table of the main values used.

Parametre | Valeur m Longueur ‘ Valeur ‘
N+ 10%5¢m =3 Lg 5 nm
N~ 10%tem =3 Le 20 nm

U. 3 ev Lp 5 nm
£,(S5105) 3.9 Loy 2nm
e-(S1) 11.7 Lg; 6 nm
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More precisely, we take ris(x = 0) = (n.(z = 0),0). This means that the injected

current in the device is supposed 100% spin polarized. Recall that the density spin
|75 (z=0)|
ne(x=0)
of the angle between 77+ and the z-axis for different values of the gate potential Vi

polarization in this case is equal to = 1. We present in Figure 3.2 the sinus
and for drain source voltage Vpg = 0.1V. Figure 3.2 shows that the spin orientation
rotates in the (zz) plane with an angular frequency proportional to the gate voltage.
This shows also that the spin vector orientation reaching the drain contact can be
controlled by V.

F1G. 3.2 — The sinus of the angle (a) between the the density vector i+ and the z-axis for
different values of the gate potential denoted by Vs and for Vpg = 0.1V

F1G. 3.3 — I — V,, characteristics for the device for Vpg = 0.1V. At the left, the charge current
in a standard HEMT is represented. At the right, we plot the spin current density at the drain in

spin-FET with spin selective drain in the direction parallel to z.

In Figure 3.3, we plot the current-voltage (I —V;) characteristics for Vpg = 0.1V
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In standard MOSFET, the current (or charge current given by the first equation of
(3.1.24)) increases with the gate potential (left). The diffusion constant is given by
the Einstein relation : D = pkgT where p = 0.12m?V ~'s~t and T' = 300K . However,
if we assume that the drain is a selective contact of electron spin. The magnitude
of the drain current depends then on the orientation of the spin of the electrons
reaching the drain with respect to the orientation of the magnetic moment of this
contact. We consider a drain contact which selects spins parallel to the z direction.
The z-part of the spin drain current as function of Vi, is illustrated in Figure 3.3
(right). It is not any more an increasing function. It oscillates with respect to the
gate voltage Vg,. If the spin density reached the drain contact is oriented parallel
to the = axis, the drain’s current is important. In the other case, the current in the

device is weak.

3.2 Spin accumulation in inhomogeneous semicon-

ductor interfaces

The accumulation of electron spin polarization density at an interface separating
two semiconductor regions with different doping levels is a well known effect in spin-
tronics. We refer to [18, 17, 13] in which this effect was studied using two-component
type models. In this section, some numerical results illustrating the propagation of
spin polarization density through a boundary between two different doped semi-
conductor regions will be presented and interpreted. Two kind of transport models
are used : two-component and spin vector Drift-Diffusion models coupled with the

Poisson equation for self-consistent forces.

3.2.1 Presentation of the system

The geometry of the system under consideration is represented by figure 3.4. We
consider in dimension one, two semi-conductor layers with doping densities N; and
N5 respectively such that N, > N;. Supposing that a spin-polarized electrons are
injected in the left semiconductor, under influence of the electric field, the spin pola-
rized current is driven toward the second higher doped region. It was found that, see
[18], the electron spin polarization density is accumulated near the interface between

the two regions and becomes more pronounced when Ny increases. To illustrate this



3.2. SPIN ACCUMULATION IN INHOMOGENEOUS SEMICONDUCTOR INTERFACES139

F1G. 3.4 — Schematic of the system under investigation : spin-polarized electrons are injected in
the first semiconductor (S7, N1) with doping N7 and transported under the action of the electric

field in the z direction toward another Ny doped semiconductor region (Sa, Na).

phenomena, we begin by using a self consistent two-component drift-diffusion model

( L ni) = M
Oy — divajiy) = ———
sf
. e
Jr) = D (Vxn]‘(i) + WVIV’RT(U> , (3.2.1)
. B
\ Er€o
We assume that the system lies on the interval I = [—10zg, 10x¢] with z( is the

scale of the transport direction x. For the numerical simulation we will take z¢y =
1.37 x 10~"m in the sequel. The boundary between the two regions is supposed
at point b € I. The spin-up and spin-down densities, n¢(¢t,z) and n(¢,z), sa-
tisfy the 2-component drift-diffusion system (3.2.1) with spin-flip collision term.
The constant 75 is the spin-flip relaxation time and D is the diffusion constant.
We denote by V the electrostatic potential satisfying the Poisson equation in which
n(t,z) = ny(t,x)+n (¢, x) is the total density of the particles (or the charge density)
and N;(z) is the doping function

Ni(z) = (3.2.2)

N1 1fx<b,

3.2.2 Numerical results

We have solved numerically system (3.2.1) using finite elements method with
Gummel iterations and taking Dirichlet boundary conditions for the potential and

the densities. The results presented here are representative for the general idea of
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N-
F1G. 3.5 — Electric field profil near the boundary, E = —8,V, for Fz =5.
1

the spin accumulation in inhomogeneous semiconductor interfaces. The values used
for the different parameters are : 9y = 1.37 x 107"m, b = —0.8 x 1077, N; =
102'm~3, T = 300K. Figure 3.5 shows the electric field profile (£ = —9, V') near the
boundary in the case when Ny = 5N;. A peak is formed at the boundary due to the
electrons diffusing from the highly doped right region to the less doped left region.

Let us now present the evolution of the spin polarization density p(¢, x) defined by

p(t,x) =ny(t,x) —n (t, ).

Figure 3.6 shows the evolution of p(t, z) for different values of Ny with respect to Nj.
The initial spin-polarization (at ¢ = 0) is represented by the dashed lines. In each of
the different cases presented, p(t,z) is plotted for different instances; it converges
when ¢ increases to an equilibrium profile. In the case Ny = Nj, no accumulation of
spin-polarization is present at the boundary and p decreases exponentially to zero.
However, when Nj is greater than N; (we give in Figure 3.6 three cases : Ny = 5Ny,
Ny = 10N; and Ny = 20N;), we see that a peak of spin polarization is formed near

the boundary in the right region and becomes more pronounced when N, increases.

3.2.3 Spin accumulation and Rashba spin-orbit effect

The aim of this subsection is to study numerically the effect of the spin-orbit

interaction on the spin accumulation in inhomogeneous semiconductor interfaces.



3.2. SPIN ACCUMULATION IN INHOMOGENEOUS SEMICONDUCTOR INTERFACES141

F1G. 3.6 — The evolution of the spin-polarization density for different values of Ny with respect
to Np. In each case, the dashed line is the initial spin-polarization profile (at ¢ = 0). The continuum

curves represent the spin-polarization density for different instances.
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We will use the spin vector drift-diffusion model derived in the previous chapter
coupled with the Poisson equation. Let us write this model in the case of relaxation
time approximation and with one dimensional Rashba spin-orbit effect where the
effective field is given by

Q = ave,

such that « is the order of the Rashba interaction and e, is the unit vector of
the y direction (perpendicular to the transport direction x). This effective field can
appear for example if an electric field is applied along the z direction. The model is

the following

(

One — div,(D(0zn. + 0,V n.)) =0,
8N, — div,(D(9,N, + 0,V N, + 2ae, x N,)) =

. . N, 3.2.3
afBDd,V (e, x Ng) — a’?DN; — —=2 ( )
Tsf
_Axv - ‘ (nc - Nz)a
\ Er&o

where § = % and D is the diffusion constant. We recall that n. is the charge
B

density and N, is the spin-vector density where || N,|| represents the polarization
density (or ny —n, in the 2-component description). We denoted in the second equa-
tion by N L the perpendicular part of N, with respect to the effective field direction
(or e, direction). We have plotted in figure 3.7 the polarization density profile (i.e.
the equilibrium profile of | N (¢, x)|| when t increases) for different values of the spin-
orbit coefficient («). Figure 3.7 shows the variation of the spin accumulation at the
boundary with respect to a. Let us mentioned the presence of oscillation effect of
the spin accumulation due to the rotational and relaxation effects induced by the
Rashba interactions.
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F1G. 3.7 — The polarization profile as a function of the transport direction x and the coefficient

of the Rashba spin-orbit coupling «.
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Chapter 4

DIFFUSION AND GUIDING CENTER
APPROXIMATION FOR PARTICLE
TRANSPORT IN STRONG MAGNETIC
FIELDS

Joint work with Naoufel Ben Abdallah published in KRM (Kinetic and Related
Models)-AIMS : Diffusion and guiding center approzimation for particle transport
in strong magnetic fields, Kinetic and Related Models, Vol. 1, No. 3, PP. 331-354,
2008.

Abstract

The diffusion limit of the linear Boltzmann equation with a strong magnetic field is
performed. The Larmor radius is supposed to be much smaller than the mean free
path. The limiting equation is shown to be a diffusion equation in the parallel direc-
tion while in the orthogonal direction, the guiding center motion is obtained. The
diffusion constant in the parallel direction is obtained through the study of a new
collision operator obtained by averages of the original one. Moreover, a correction

to the guiding center motion is derived.

Keywords. Diffusion limit, guiding-center approximation, high magnetic field.
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4.1 Introduction

The motion of charged particles under the action of a strong magnetic field is
an important phenomena encountered in artificial and natural plasmas (Tokamakas,
ionospheric plasmas, etc). In the presence of constant magnetic field B , a charged
particle (electron in our case) of mass m and charge ¢ with velocity v follow a helical
trajectory around magnetic field line. The gyration radius of the particles, called
Larmor radius ry, is inversely proportional to the magnitude of the magnetic field

mu
(rp = —B) This means that when the magnetic field becomes large, the particles
q

get trapped along the direction of B.In addition, when an electric field E is applied,
the particles experience a drift of the instantaneous centers of Larmor circles, called
in the literature the guiding center motion, in the direction perpendicular to both
the electric and magnetic fields. The velocity of this drift is given by the following
formula
Vdrift = B2

Direct simulations of Vlasov or Boltzmann equations in the presence of such large
magnetic fields requires the numerical resolutions of the small position and time
scales induced by the gyration along the magnetic field. Hence, the question of deri-
ving approximate models, numerically less expensive, is of great importance. Various
models have been developed to this aim like the “guiding-center” and the gyrokine-
tic models. The guiding center approximation consists in averaging the motion over
the gyroperiod when supposing B goes to +oo (r;, — 0) [26] and the gyrokinetic
approximation is a generalization of the guiding center one in the case of kinetic
equations. For a complete physical review, we refer for instance to [27, 15, 28, 31].
Mathematically speaking, homogenization techniques were used in [19, 20] by E.
Frénod and E. Sonnendriicker to justify the high magnetic field limit of Vlasov and
Vlasov-Poisson systems. It is proven in [19] that the tridimensional guiding center
approximation leads to a one-dimensional kinetic model in the direction of the ma-
gnetic field. The drift phenomenon perpendicular to the magnetic field is rigourously
obtained in [20] for the two dimensional Vlasov equation on a sufficiently long time
scale. Other asymptotic regimes of the Vlasov equation with strong magnetic fields
are studied [21, 18, 22, 16, 17]. The gyrokinetic approximation of the Vlasov-Poisson
system has also been intensively studied by F. Golse and L. Saint-Raymond for the

two and tridimensional motions in various asymptotic regimes [24, 33, 25, 34].

In all the above references, the transport is assumed to be ballistic, which means
that particles do not suffer any collision during their motion. We are here interested
in regimes were collisions are important and we propose to study the interplay

between the fluid limit induced by collisions and the high frequency gyrations around
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the magnetic field. To simplify the study, we shall only consider collisions with a
thermal bath at a given temperature. In this case, the diffusion limit of the obtained
Boltzmann equation leads to the so-called drift diffusion equation. The question of
deriving diffusions equations from the Boltzmann equation has been widely studied
during the last three decades in the context of radiative transfer [5, 6, 35, 1, 7], in
semiconductors and plasmas [32, 23, 30, 2, 3, 4, 8, 9, 10] and many other contexts that
we do not mention here. In the presence of a magnetic field, an important quantity
to be considered is the gyroperiod measuring the time that a particle of mass m
with charge ¢ and submitted to the constant magnetic field B makes a 27 rotation
around this field (7. = 2wm/qB). When the gyroperiod is much larger than the
relaxation time, then the magnetic field effect disappear in the diffusion limit as will
be seen later on. When 7T is of the same order of magnitude as the relaxation time,
the diffusion matrix has an antisymmetric component, generated by the magnetic
field (this has been proven for collision with walls by P. Degond & al [8, 11, 14]).
Formal results for binary gas mixtures can also be found in [29, 12, 13, 9]. We
shall consider in this paper the situation where the gyroperiod is much smaller than
the relaxation time. In that case, one expects that the diffusion matrix is obtained
through the analysis of an averaged collision operator. Also, the high frequency
oscillations only occur in the direction perpendicular to the magnetic field while
parallel velocity stay unaffected. Therefore, the behaviours of the solutions in these
directions are expected to be different. We shall show in this paper that the transport
is diffusive along the magnetic field, while it is dominated by the guiding center drift
in the orthogonal direction. The diffusion coefficient in the parallel direction will be

obtained by averaging the collision cross section around the magnetic field.

The outline of the paper is as follows. In the next section, we introduce the
scaling, notations and state the main results. The proofs rely on the study of the
operator accounting for collisions and gyration around the magnetic field. The ana-
lysis of this operator is done in Section 3. Section 4 is devoted to the asymptotics
of this operator when the scaled gyration period tends to zero. It is shown that this
limit is well described by a collision operator with a cross section averaged around
the magnetic field. This result is then used in Section 5 in order to prove the main

results of the paper. Some concluding remarks are listed in the last section of the
paper.
4.2 Setting of the problem and main results

The problem we are interested in is a singular perturbation of the three dimensio-

nal Boltzmann equation with a constant large magnetic field. The position variable
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is denoted by r = (z,v, 2), the velocity variable is denoted v = (v,,vy,v,). The
magnetic field is assumed to be constant and parallel to the z axis. We shall denote
by r; = (z,y) and v, = (v, v,), the orthogonal variables. The distribution function

is a solution of the following singularly perturbed Boltzmann equation

of"  Tfm T (vxe:) Q")
ot * £ i en * £2n? g2 (4.2.1)
fé‘n(t = O) = fO(er)v

where 7, and 7, are the respectively perpendicular and parallel parts of the transport

VL T =

operator
TL:VL'VrL"i_EL'VvL; 7;:UZ82+EZ81,Z.

The collision operator is given by

QUf)(v) = /Rj o(v,V)IM(V) f(V)) = M(V) f(v)]dV'. (4.2.2)
The function M is the normalized Maxwellian :
e
M(v) (27r)% e , (4.2.3)

and the cross section ¢ is symmetric and bounded from below and above by two

positive constants. The parameter € is intended to go to zero and represents the

E
scaled mean free path. The scaled magnetic field is given by ;722 , while E = < EL )

z

is the scaled electric field. The gyroperiod is en? and we shall consider the situation
where 7 and € go to zero simultaneously and the situation where € tends to zero for
n given then n tends to zero. Since the magnetic field strongly confines the motion
of the particles in the perpendicular direction (x,y), we have rescaled this direction
with the prefactor 7. This is why the orthogonal operator 7, comes with a different
scaling from the parallel one 7,. By doing so, we shall obtain a non trivial motion

in the orthogonal direction (guiding center).

4.2.1 Scaling

In this subsection, we shall explain the hypotheses that lead to the scaled Boltz-
mann equation (4.2.1). In particular, we highlight the differences of the position
scales in the parallel and perpendicular directions (with respect to the magnetic
field). The starting point is the diffusion scaling in the absence of a magnetic field.

The unscaled Boltzmann equation in this case reads

Vi
OF +V - VyF 4+ 1¥X

Vv =Q(F)
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where (¢, X, V') are the physical time position and velocity variables, while ® is the
electrostatic potential, e is the elementary charge and m the mass of the electron

(to fix the ideas, we consider electrons). The collision operator Q has the form
QUF) = [ V.V (V)P V) = M (V) V)]V

> is the transition rate and My is the Maxwellian at the temperature T’

2nKgT . mu?
S By 32 oxp(—

Mr(V) = (— KT

),

K being the Boltzmann constant. The thermal energy and velocity are respectively

defined by
KgT
Un = KT, Vi =1/ jL .

The electrostatic energy is assumed to be of the order of the thermal energy and

varies over a macroscopic length scale L :

$(X) = Uno( 7).

The transition rate X is the inverse of a time. The typical value of this time, the

scattering time, is denoted by 7,. So we write

| A
SV, V) == —o(—, —
( ? ) Tso-(‘/th"/th

where o is its scaled version assumed to be of order 1. The mean free path L, will
be defined as the distance that a thermal electron crosses during the scattering time

Ts

Ls = V;ths‘

This distance is assumed to be much smaller than the macroscopic distance L and

we shall denote it by

The only thing left to know is the macroscopic time scale. Since the kernel of the
collision operator is generated by the Maxwellian which carries no flux, one has to

go to the diffusion scaling and define the macroscopic time 7, by
TS
Tim L

Using (7, L, Vin, Uy,) as units for time, position, velocity and energy, the Boltzman

equation can be written

Q(f)

g2’

atf+ é(v'vrf_vr(b'vvf) =
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where () is the scaled Boltzmann operator (4.2.2).

Let us now look at the effect of a large magnetic field B = Be,. The scaled
Boltzmann equation contains the additional term —Z(V x B) - Vy,F. An electron
submitted to this magnetic field spins around it following the equation

dv
m_
dt

The period of this precession, called the cyclotron period is given by

= —qV x B.

m

Tc:q—B.

We shall assume that this period is much smaller than the scattering time and we
write

2
Te =1 Ts.

Of course the motion along the magnetic field stays unchanged and we shall not
change the length scale in this direction. In the orthogonal direction however, the
combined action of the electric field and the magnetic field results in the drift of
the guiding center (the electron motion is a rotation around a center which is now
drifting under the action of the electric field). The velocity of this drift is given by

ExB
Vo= =
Its order of magnitude is then given by
E,
‘/:: = 5
B

wher F| is the perpendicular component of the electric field.

The last hypothesis that we make is the potential ® varies in the orthogonal
direction on a lengthscale L, which is not equal to the parallel lengthscale L. Mo-
reover, L, is such that the guiding center moves during the macroscopic time by a

distance of the order of L, itself. In other words, we want

U,
E, = —th, VeTwn = L.
qL |

Replacing the thermal energy by its expression given above in this section, we find

after straightforward computations that

Li _ Tn;gth _ 772L2-

Now rescaling the orthogonal position variable by L, we obtain the Boltzmann

equation (4.2.1).
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Remark 4.2.1. From the scaling hypotheses, we see that between two successive
collisions, the electron precesses a large number of times around the magnetic field.
Therefore, one might expect that the collision cross section will be averaged along
these precessions. On the other hand, since the orthogonal lengthscale has been
designed in order to see the guiding center drift, the limiting equation should exhibit
this term. Finally, since the parallel motion to the magnetic field does not feel the
magnetic field, one is entitled to expect a non vanishing diffusion in this direction.
This is exactly what we shall prove in this paper : drift in the orthogonal direction,
finite diffusion in the parallel direction governed by a collision operator averaged

over precessions around the magnetic field.

4.2.2 Notations

The analysis of the limit ¢ — 0 naturally leads to the study of the operator

(v xe,)

Q"=0Q — 5 Vv, (4.2.4)
n
while the limit 7 — 0, involves the cylindrical averaging around the vector e,. To
this aim, we denote by R(7) the rotation around e, with angle 7 which is the

multiplication operator by the following matrix

cosTt sint 0
R(r)=| —sinT cosT 0 |. (4.2.5)
0 0 1

The cylindrical average of a function h = h(v) is defined by

Ah)(V) == h(v) = ! /0 Wh(R(T)V) dr. (4.2.6)

T or
It is clear that A is the orthogonal projector (in the L? sense) on the set of cylin-

drically invariant functions. We also define the partial average

1

"o

A-(h) (V) == h.(v) /OT h(R(s)v)ds. (4.2.7)

We shall moreover define the averaged function @ and the symmetric average & by

1

ag(v,v') = Py
m

/0 ", (R(T)v, V') dr

. 1 2T 2T 1 2T
V) = g /0 /0 7 (R(r)v, R(z')V) drdr' = /O & (v, R(¥ V) d7,
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and the corresponding collision operators

QUN(v) = /RS (v, VIIM@)f(V) = MV f(v)]dv', (4.2.8)

QUN(v) = /RS (v, V)IM(V) (V') = M(V) f(v)]dv" (4.2.9)

We define the functional spaces

2, = {f = f(v)/ / P 4 —1—00} , (4.2.10)
rs M(V)
and its cylindrically symmetric subspace
Lu=1{feI’/) fR(r)V)=Ff(v), Vrel0 2]} (4.2.11)
We also define the space
H3A, = {f € LA,, such that, 0°f € L3,, for |a| < 2}. (4.2.12)
We shall make the following hypotheses

Assumption 4.2.2. The cross-section o belongs to W (R®) and is supposed to be

symmetric and bounded from above and below :
Jar, 0y >0, 0<a; <o(v,V)=0(V,v)<ay, V(v,v)eR" (4.2.13)

Assumption 4.2.3. There exists a potential V (t,r) in C*(RT; Wh>°(R3)), such that
E=-V,V.

We finally define the space

L?MV = {f = f(r,v)/ |f(r V)|2r) dv < +OO} . (4.2.14)

re M(v)e=V(
4.2.3 Main results

The main results of this paper are summarized in the following two theorems. The
first one deals with the limit ¢ — 0 while n > 0 is kept fixed.

Theorem 4.2.4. Let n > 0 be fized. Let T' € R, and assume that the initial data of
(4.2.1), fo, belongs to L%AV. Then, with Assumptions 4.2.2 and 4.2.3, the problem
(4.2.1) has a unique weak solution in C°([0,T7], L3, ). Moreover, the sequence (f).
converges weakly to py(t,x)M(v) in L=((0,T); L}, )) weak « where p, satisfies

Orpy — div(D"(Vp, — p,E)) =0 (4.2.15)
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and the diffusion matriz D" is given by the formula
1 n
D" = / nvL ® Xl dv,
v X7
X7

X" = being the only solution of (4.53.7).
X7
Remark 4.2.5. In the relaxation time case o(v,v') = 1, the matrix D7 can be

computed explicitly :

2

7244 7'27Tn4 0
2
D=7 —mhs =pp O
0 0 1
In the limit n — 0, the upper 2 x 2 block of the matrix reduces to the antisymmetric
0 1
matrix 7 = , whereas its symmetric part is of order n?. The following
-1 0

proposition shows that these features are still valid in the case of a non constant
scattering section o.

n

X
Proposition 4.2.6. Writing X" = ( Xi ), we have the following expansions in

Hi, as n tends to zero
X1 =X 4+ n’X + 00",
0 1
X1 =X +’XP +00).
The diffusion matriz D" is a definite positive matrix. Its symmetric and antisymme-

tric parts, D7 and D7

1., have respectively the following expansions

772/VL®X(J_1)dV 0

D} = +7°DLY) + O?),
0 D,
0 10
DI=| -1 0 0 |+ nDioﬁ + O(n*)
0 0 0
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Remark 4.2.7. The above theorem shows that the diffusion is of order O(1) in
the parallel direction while it scales like n? in the orthogonal one, exactly like in
the relaxation time coefficient. The antisymmetric part of the diffusion matrix acts
essentially on the orthogonal direction and leads to the guiding center motion. Ho-
wever, the above formula shows a correction of order n of the guiding center motion,

which is due to collisions. Indeed, it is readily seen that for any three dimensional

vector Z
—D"Z =u" x Z + O(n*)
where
—anéo)vzdv
u’ = ang(co)vzdv :
1

and (XQ(CU), X (0)) are the components of X(O) This leads to
=V (D3,(Vepy = pyE)) = V - (p, B x u") + O(n").

Theorem 4.2.8. Under the same hypotheses as for Theorem 4.2.4, we now let €
and n simultaneously and independently tend to zero (there is no assumption on the
relative scale between € and n). In this case, the sequence (f")., of weak solutions
of (4.2.1) converges weakly to p(t,xr)M(v) in L>([0,T], L3, ) weak * where p is
the solution of

thJré? J.+V-(pE xe,)=0

/ folev) dv. (4.2.16)

The parallel current density, J, is given by
Jz = _Dz<azp - Ezp>7

where D, is the diffusion constant given by
D, = / XDy, dv, (4.2.17)
R3

and X is the zero-th order term of X7 (defined by (4.4.7)).

4.3 Analysis of the operator ()"

Let us consider the space L3, introduced in (4.2.10) and define the scalar product

Iy
= “Zdv.
M /R M

on this space by
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Let D(Q") be defined by

D=D(Q") :={f eI/ (vxe.) Vyf € L3} (4.3.1)

We have the following result.

Proposition 4.3.1. The operator Q" given by (4.2.4) with domain D defined by
(4.3.1) satisfies the following properties.

1. For any f € D, we have [ Q"(f)dv =0 (mass conservation).
R3

2. (=Q", D) is a mazximal monotone operator.

3. The kernel of Q" is the real line spanned by the Mazwellian :

Ker(Q") = {f € L},/ 3a € R such that f(v) = aM(v)}.

4. Let P be the orthogonal projection on KerQ". The following coercivity inequa-
lity holds for any function f € D

—(Q"(f), Flm = anllf = P(f)Ias (4.3.2)

where oy > 0 is the lower bound of o (4.2.13).
5. The range of Q", denoted by Im(Q"), is the set of functions g € LA, satisfying

the solvability condition : / g(v)dv = 0. In addition, for all g € Im(Q") there
R3

exists a unique function f € D satisfying both Q"(f) = g and f(v)dv = 0.
R3

Proof. First of all, we recall that the operator () satisfies all items of Proposi-
tion 4.3.1 (by substituting D by L3,). Now Items 1., 3. and 4. of the Proposition
follow immediately from these properties since we have [p,(e, x v) - V(f)dv =
Jas divy[(e. x v) fldv = 0 and ((e. X v) - V. f, fp = 0. In order to prove Item 2.,
we need to prove that I — Q" is one-to-one from D to L3,. In order to do so, we

rewrite the equation f — Q"(f) = ¢g under the following form

%w x ) Vof +(1+v(v)f =Q*(f) +g,

where we have written

QUf)=Q"(f) —vf. (4.3.3)
Q) = ([ ot V) )a) M) (134

v(v) = /]RB o(v,v') M(v')dv'. (4.3.5)
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The characteristics of the equation are defined by

dv 1
E = ?(V X ez)
V’t:O =Vy

t
whose solution is v(t) = R(—;)vo. The solution of the equation can then be defined

by integration over the characteristics and finally leads to f = F(Q*(f) + g) where

2

2

T] 2 T 1% S)v S

F(h)(v) =5 (V)/o h(R(r)v)er J§ v R(sy)ds g
n

(v) =€ JoT A RE s _ 1

B

n

A fixed point argument leads to the existence and uniqueness of f € L3, solving the
equation f — Q"(f) = g in the distributional sense. Since @ is a bounded operator
on L3,, we immediately obtain that (v x e,) - Vf € L%, so that the constructed

solution is in the domain D of the operator Q". Let us now prove item 5. Consider
g € LA, such that / g(v)dv = 0. From the maximal monotonicity of Q", for each

R3
A > 0, Md — Q" is surjective. Therefore, for all A > 0, there exists f\, € D(Q")

satisfying
AMa—= Q') =g (4.3.6)

Integrating this equation with respect to v gives A / Hrdv = / gdv = 0 and with
R3 R3
(4.3.2) we get —(Q"(f2), a)m = aa| frllA4 Taking the scalar product of (4.3.6) with

frin L3, one obtains

Mallae + aal[ Al < llgllae

This implies that (fy)x=o is bounded in L3,. Up to an extraction of a subsequence,
there exists f € L3, such that (f)) converges weakly to f. By passing to the limit
A — 0 in the weak form of equation (4.3.6), we get
1 .
;(V xe.) Vof =Q(f) =g in D'(R).
In addition, Q(f) and g belong to L3, then (v xe,)-V,f € L3, and then f € D(Q").
Of course [gs fdv = 0 since this is true for fy. Now if there is another solution of
—Q(-) = g with zero velocity average, the difference of this solution with f is in the

kernel of Q" and has a zero average. It is necessarily equal to zero.
|

The following corollary is a direct consequence of Proposition 4.3.1.
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X1
Corollary 4.3.2. For all n > 0, there exists a unique X,, = in (D(QM))?
X!
satisfying
1
—V
Q"X = | 72T | M(v) and X"(v)dv = 0 (4.3.7)
v, R3

and from the coercivity inequality (4.3.2), (X7),, and (n*X'), are bounded sequences

in L3,. Namely, we have the following a priori estimates
1
X[+ 177X g < v Ml (4.3.8)

The following proposition allows to reformulate the problem Q"(f) = —g by

using the characteristics.

Proposition 4.3.3. For all g € Im(Q"), we have the following equivalence

—Q'(f) =g & [ = Ly(Q"(f) = Ly(g) (4.3.9)

where Q is given by (4.3.4) and L, is the operator on L3, given by the expression :

2 2m 27
Ln(f) = n—/ f(R(T)U)€n2 N V(R(S)U)d8d7_7 Cn(v) _ 6772 Jo T v(R(s)v)ds __ 1.
Cy(v) Jo

(4.3.10)
Proof. Let (S", D(S")) be the unbounded operator on L3, defined by
D(S") = {felLi,/(vxe,) V.feLi} (4.3.11)
1
SUf) = ?(V xe,) - Vof+uv(v)f YfeD(S. (4.3.12)

With the decomposition (4.3.3), we have Q7 = Q* —S". Proceeding as in the proof of
Proposition 4.3.1 (replacing v+ 1 by v), we show that S7 is invertible and its inverse
is nothing but L,. The equation —Q"(f) = g is equivalent to f — (S")"HQ*(f)) =
(SM)~!(g) which concludes the proof. |

Lemma 4.3.4. For all f € L}, (R?), we have :

loc

2

LD < s [ IR (431

627|'041772 —

Proof. This estimate follows immediately from the definition of L, (4.3.10) using
Assumption 4.2.2. [ ]
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Proposition 4.3.5. Under Assumption 4.2.2, the solution X" of (4.3.7) belongs to
(H3,(R?*))? and X" and all its derivatives with respect to v of order less than or
equal 2 (up to dividing by the Mazwellian) are polynomially increasing when |v| goes

to +00. Namely, we have
X7 (v)] < Q{(Iv[)M(v), (4.3.14)

0°X"(v)] < Q5([v])M(v), (4.3.15)
3
for all a = (ay,an) € N? with ay + ay < 2 and where 9% = Z 05052 Here, Qf
ij=1
and Q5 are two polynomials of degrees 1 and 3 respectively (depending on n).

Proof. From (4.3.9), we deduce the identity
X" = Ly(v'M) + Ly(Q7 (X)),

where
1
vi=| n?

Uy

Moreover, we have |Q1(X")| < a2(/ X' (v dv YM(v) < ceM(v) and with (4.3.13)
R3
one obtains (4.3.14). Estimate (4.3.15) follows by derivation of the above equation

with respect to v and by using the fact that the cross-section o(v,v’) belongs to
W2’OO(R6).
|

4.4 Expansion of X7 with respect to 7

A rigourous expansion of X, around n = 0 will be carried out in this section.
Corollary 4.3.2 provides us with bounds of order O(1) for X7 and of order (9(17%)
for X'I. We shall prove in this section that X" is actually bounded in H3%,. This
is due to the fast precession around the axis e, generated by the differential term
n%(v X e,) - Vy. Filtering out these oscillations is done through the reformulation
(4.3.9) of the equation satisfied by X". Moreover, we shall expand X" in powers of
n? up to the first order.

Definition 4.4.1. Let Q be the operator on L%, defined by (4.2.8) and let 5 the one
defined on zi,( by (4.2.9). Then, Q restricted to Zi,t coincides with Q.

We now list the properties of 5 which are completely inherited from those of Q.
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Proposition 4.4.2 (Properties of5 ). The 0pemt0r5 15 a bounded operator on
fi,l equipped with the L}, scalar product. It satisfies the following properties whose

proof are immediate and are left to the reader.

1. Forall f € fi/l, we have 5(]”) = Q(f) = Q(f).

2. —5 18 a bounded, symmetric, non-negative operator on fi/[.

3. The null set 0f5 15 given by
N(@) = {nM(v).n € R}.
4. Let P : fi/l — N(é) be the orthogonal projection on N(é), the following
coercivity inequality holds,
~@): P 2 aallf =P
i.e —Q is coercive on N(@)L.
5. The range ofa mn fi/, 15 given by

1@ = N@* = { £ € Thu/ [ fiv=0} = m(@ n T,

In the sequel, we shall also need the properties of ) considered on the whole
space L3, (whereas (@ is restricted to cylindrically symmetric functions). Some of
the properties of Q are inherited from those of @ but some of these properties like

the symmetry are lost. The following proposition summarizes these properties.

Proposition 4.4.3 (Properties of Q ). The operator Q is a bounded operator. It

satisfies the following properties.

1. The null set of Q is
N(Q) = N(Q) = {nM(v),n € R}.

2. The range of Q in L%, is the following set

m(Q) = {QGLM// v = } (4.4.1)

3. For each g € Im(Q), there exists a unique function f € LA, satisfying fdv =
R3

0 such that Q(f) = g. The solution can be written f = f + @ where the
B 7
isotropic part of f, f = A(f

),
SF .9 "9

an=7+a"(*>7), (142)
and where we have denoted () = @Jr — . In addition, there exists a constant

C > 0 independent of g (and f) such that

1 £llm < Cligllam: (4.4.3)
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Proof. Let us begin with item 1. It is clear that if f is Maxwellian, it is in the kernel of
Q. Let now f € N(Q). We have @+( f)—7f = 0. Since the Maxwellian is cylindrically
symmetric, it is readily seen that @Jr( f) is always cylindrically symmetric. Therefore,
f= %@Jr( f), is cylindrically symmetric and thus

QL) =Q(f)=0.

In view of Proposition 4.4.2, f is proportional to the maxwellian.

In order to prove items 2. and 3., we consider g € Im(Q), and f € L%, such that
Q(f) = g. Decomposing f and g as f = f+h; (resp. g = g+ h,) where hy = h, = 0,
we have

= | At _ _
Q(f) +Q (hg) =g = hg +Vhy.

The left hand side of the above equality is cylindrically symmetric, whereas cylin-

drical averages of the right hand side vanish. Therefore, both are equal to zero. We

deduce that

whereas f satisfies
QN =75-Q (hy)

which can be rewritten 5(?) =7-Q (g%g) and also

This equation has a solution if and only if the right hand side has zero velocity

average (see Proposition 4.4.2). A straightforward computation shows that this is

equivalent to the condition @dv = 0. Let us finally show estimate (4.4.3).
R3 1%

Remark first that for any f € L3, with f = f + h; and hy = 0, we have ||f||%, =
17112, + 4112, and then || f]lm < ||f|la- Besides, equation (4.4.2) is posed on ZL
then, from the coercivity of —5 on N (5)L (see Proposition 4.4.2), there exists a
constant C'; > 0 such that

Tl < Gl + @ E=D)aa) < gl + 1Q* E=Dllan) < Gillglae

v

In addition, since hy = J — I and with (4.2.13), there exists Cy > 0 such that

v
Ihsllm < Collgllm and estimate (4.4.3) holds.

Definition 4.4.4. We define the gyration operator G by G(f) = (v xe,) -V f, with

domain D.
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The kernel of this operator is nothing but the set of cylindrically symmetric
functions. It is clear that its range is contained in the set of L3, functions which

have zero cylindrical averages. The following lemma shows that both sets coincide.

Lemma 4.4.5. Let g € L%, with zero cylindrical average (A(g) = 0). Then, the set

of solutions of the equation
g(f) =y, (4.4.4)

in nonempty. Any solution f can be written

f=fH+A9)

where fi si an arbitrary cylindrically symmetric function (which means that A(f;) =
f1) and the average operator A; is defined by
1 2 1 2m T
Ai(g) = %/0 g(R(r)v)vrdr = %7 /. g(R(T)U)/O v(R(s)v)dsdr. (4.4.5)
Moreover, we have

A(vAi(g)) = 0.

Proof. Let us consider the problem

g(fn) + 772an =g

This problem has a unique solution f, defined by

1 2 5 o
=—L = / R(7)v)e" Jo v(R(s)v)ds g
f77 772 "7(9> C»,I(U) 0 g( ( ) )
1 o 2 [T u(R(s)v)ds
= o [ oRE e ey
n

where
Cn<’lj) _ 6772 f0271' v(R(s)v)ds 1= 627”725 1

Passing to the limit 7 — 0, we find that f, converges almost everywhere towards
Ai(g). Moreover A(n*vf,) = A(g) = 0, which proves after passing to the limit
n — 0 that A(rA;(g)) = 0. Of course, any other solution of the equation G(f) = ¢
is obtained by adding an arbitrary cylindrically symmetric function.

|

Let us now consider the problem

G(f) =g
{A(Q(f)) - 449

It is clear that the above system does not have a solution unless A(g) = 0 and
h € fi,l with fRs hdv = 0. The proposition below shows that these conditions are
sufficient and gives the general solution of the problem.
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Proposition 4.4.6. Let g and h be in L%, such that A(g) = 0, A(h) = h and
[ hdv =0. Then the problem (4.4.6) has a unique solution up to a Mazwellian (the
Mazwellian is the only solution of the homogeneous problem). The unique solution

f which has zero average is given by

f=f+A9)

Q(f) = —vAi(9) +h

with f1 is an arbitrary cylindrically symmetric function. Moreover, the mapping

(g,h) — [ is linear and continuous both on L3, and H3,, i.e.
1fllzz, < CUANLy, +llglle2,)s 1z, < CURIE, + 9llaz,)
Proof. First of all, Lemma 4.4.5 shows that f = f; + A;(g). Besides, we have
QUf) = AQ(f) + A(vf) —7f.

Since f; is cylindrically symmetric, then A(vf;) — 7f; = 0, which leads, thanks to
the identity A(vA1(g)) = 0, to Q(f) = —v.Ai(g) + h. It is now enough, in view of
the solvability condition (4.4.1) to check that [ %(—7.A;(g) + h)dv = 0, which is
readily seen.

|

4.4.1 Expansion of X/

The idea is to make a Hilbert expansion of X7 in powers of n* :
X1=) Xy,

We have the following equations

gx”) = o,
¢x) = QXY)+vu.M,

gxXiy = Q(x¥), i>1,

where we have taken advantage of the fact that A(v,M) = v, M. The solvability

conditions become

AQXD) + v, M) =0
AQXD) =0, i>1.

A -
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Therefore, the terms of the expansion can be successively computed by solving the

G(x) = 0
AQEY)) = —uM

problems

gxMy = QXY)+wv.M
AQXM) = 0

g(Xgi-&-l)) _ Q(X,(f))
AQXE™)) = 0.
From Proposition 4.4.6, we deduce that X,(Z) are uniquely determined by the above

equations and are in H3,.

Proposition 4.4.7. Let X" be defined by (4.3.7). The function X s uniquely
determined by

—Q(XO) =y, M, XO(v)dv =0 (4.4.7)
R3
and Xgl) is the unique solution in L3, of

~QXY) = PA(QEY) + 0. M) = PAQXY) - QX)) [ XO(w)v =0
R3
(4.4.8)
where Ay is the averaging operator defined by (4.4.5). Then the following expansion
holds in the strong topology of HA,

X1 =XO 42X 1 o). (4.4.9)
Proof. We write
X7 = XO + XY 4,
From the definitions of Xg), it is readily seen that
G(r") = *Q(r") + QXLY)
A(Q(r")) = 0.

Hence, we have that

QU = v A (PQ(r") + Q(X)).
Using estimate (4.4.3), we obtain for some constant C' > 0 independent of 7
Il < COPlrles, + 11X es,)

which shows the boundedness of r7 in L3,. Differentiating the above identity with
respect to the velocity variable, on can show simply the boundedness of 77 in H3,.
|
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4.4.2 Expansion of X#

In this subsection, we expand the orthogonal part of X"7. We follow the same
steps as for X7 and write the equations satisfied by the formal expansion of X".

Namely, we have

gxy = viM,
gxy = QxD,

gxit)y = x), i>1.

As for X7, the above system can be reformulated as follows

Q(X(f)> = v M
AQEX) = 0

gxty = ox)
AQXY) = 0

{ gxi™y = xD)

Proposition 4.4.8. The expansion
X =X + XY + o),

holds true in H%,. Morever, X(f) satisfies

withI:< 0 1).
-1 0

The proof of this proposition is identical to that of Proposition 4.4.7 and is
skipped. The only thing which has to be checked is the expression of the anisotropic
part of X(f) which can be deduced from the identities

—VLM == g(I(VLM)), A(I(VLM)) =0.

4.5 Proof of the main theorems

We begin this section by making precise the definition of weak solutions of the
Boltzmann equation and give quite standard a priori estimates on this solution.
For the moment, £ and 7 are arbitrary and all the constants are, unless specified,

independent of these parameters.
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Definition 4.5.1. Let T € R, a function f € L; ([0,T] x R®) is called weak
solution of (4.2.1) if it satisfies

_/OT/RJW [8““2“723

T
= l2 / Q(f*Mdtdrdv + [ fo(x,v)y (0,2, v)drdv, (4.5.1)
€ Jo Jmrs R6

1 T
dtdrdv — —/ "G (Y)dtdrdv
e2n? Jo  Jgo

for all ¢ € CL([0,T) x RP).

Theorem 4.5.2. Assume that fo € L3, (drdv). Then, Ve,n > 0 and VT € R,
there exists a unique weak solution f € C°([0,T7], L3, (drdv)) of (4.2.1). In addi-

tion, the following mass conservation equation holds
O p™" + div T =0 (4.5.2)

where
1 L1 _
Pt x) = / frdv,  J = —/ v, fdv, J"=— [ v fdv, (4.5.3)
R3 € JRrs3 EN JRr3

and there exists a constant C' > 0 independent of € and n such that
1" O aravy < € VEE0,T], (4.5.4)

1F5" = p" M| L2 o.17,22, (arav)) < Ce. (4.5.5)

An immediate consequence of the integrability properties of the function f€7,
with respect to v is that the weak formulation (4.5.1) is satisfied by test functions

which are not necessarily compactly supported in velocity. More precisely, we have

Corollary 4.5.3. Let " be the solution exhibited in Theorem 4.5.2. Then the weak
formulation (4.5.1) is satisfied by test functions lying in the set

T = {(t,r,v) € CY([0,T) x R®) compactly supported w.r.t. t and r and
dneN,CeRy, |Vie¥(tr,v) <C(1+]v])"}. (4.5.6)

We shall not prove this corollary which is straightforward. The proof of Theorem
4.5.2 is also classical (see for example [32]). We show here how the a priori estimates
(4.5.4) and (4.5.5) can be obtained. We simply multiply the Boltzmann equation
(4.2.1) by /{/l_:]/ and integrate with respect to r and v. Straightforward computations
show that this leads to the entropy inequality
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d [(f")? _/ (fe1)?
7 oMy drdv oV oMy
I

1 «
:g/Qn(fsn)MV drdv < _5_21”f8n _ psnMH%iAv'

drdv

Thanks to the boundedness of the potential V' and its derivatives, estimate (4.5.4)
follows by applying Gronwall Lemma and then the bound (4.5.5) follows immedia-
tely.

4.5.1 Proof of Theorem 4.2.4

In this section, we are interested in the limit ¢ — 0, while 7 is fixed. To this
aim, we follow the usual approach based on the moment method. Namely, thanks to
estimates (4.5.4) and (4.5.5), the sequences f<, (p°), (J:") and (J") are bounded
with respect to e. One can find p,(¢,z) € L?((0,T) x R®) such that p*7 converges
weakly to p, in L?((0,7) x R?*) and f*" — p, M in L>(0,T; L3,(R®)). Similarly, J"
converges weakly to J7 in L2((0,7T) x R3). We have of course, the mass conservation
equation

Opy + diveJ" = 0.

Now the only thing left to show is to identify J”7. The way to proceed for identifying
J" is standard (see for instance [1, 5, 35, 7, 32, 10, 2, 3, 4]). The Boltzmann equation

can be rewritten
oy T Q(fe)

7. " 457
€5 + T+ ; . ( )
Let now X" be the solution of
1
QT (X)) =—| n? M(v) and X™(v)dv =0,
U, R3

where Q™ := (Q")* is the adjoint in L}, of Q". It is readily seen that Q" has the
same expression as Q7 except that n? is replaced by —n?. We then have the following

result.

Corollary 4.5.4. The following expansion holds in H3,

X1 = -XP+pXP oY) 5 X =X0 —pxW + 0.

X
We multiply (4.5.7) by ./\jt and integrate w.r.t. v. The right hand side of the

obtained equation is nothing but

L QXY 1Ry
e [ SR =
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Therefore

—Jj”zs@t/fM"‘ dv+/ /\iszf":”dv—l—E/ ,/\leLfendV'

Thanks to the bounds (4.5.4) and (4.3.14), we can pass to the limit in the above
equation as € tends to zero and obtain

—J! = WTz(PnM)dVJFE o LlpgM)dv,

which leads to the expression
1
2= ([ X wav)(@.p,+ p,0V) + o [ XTVLAV - (Vb 0,01,

X'
Multiplying the Boltzmann equation (4.5.7) by D21 and proceeding analogously,

M
we find out that
_J?_ = 7][/ XTUde](azpn + py0:V) + [/ XT @ vLdv](Ve, py+ py Ve, V).
Using the property [ X7 v.dv = [v,X1dv as well as [ Xv dv = n* [0, X dv

and analogous formulae for the terms appearing in the expression of J', we finally
obtain the expression

J7==D"(Vip, + pyV:V)

n 1 1 n
D" = / L) g [0V ) av = / M e [ P v
X v, v, X7

One can then expand D" as

where

D" =D’ + D7+ nD?,

where
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4.5.2 Proof of Proposition 4.2.6

Let us expand first D' . Following the expansion of X'I" and that of X", we obtain

that
D = DY + 7D + O("),

) () ()5 )
() (2o )+ ()

It is clear that ]D)(f) is antisymmetric while ]D(f) is symmetric and we have

DY = —/ ( X0 _?(X(f)) ) ® ( P )dv.

Since X(f) — .A(X(f)) = —Z(v, M), we have

where

and

I’/(VJ_@VJ_)MCZU 0
R3

DO _ /I(VJ_M)@VJ_CZU 0\
1= Jes =
0 0 0 0
0 10
=] -1 0 0
0 00

where we have noticed that / V| ® v, Mdv is nothing but the identity matrix on
R3
R%. Let us now expand D7. We have

D? = DY + "D + O(y*)

z z

where

which D, = [ sz,(zo) dv. Comparing the expansions of X7 and X7*, we deduce that

DY is equal to zero. Let us now expand D”, . Of course we have

D!, =D +7°DL) + 00,
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X(O) X(O)
DQ:/ 0 e *t dv—/ Pel ? )av
v, 0 0 v,
(1) (1)
]D)SJE:/<O>®<XL )dv—k/(XL)@(O)dv.
v, 0 0 v,

We can now make explicit the expansion of D7 = D7 + D7 where the indices s and

where

as stand for the symmetric and antisymmetric parts

v, ® X(Ll)dv 0 M
D} = ; o DL+ O

70 )
D, = +1DE) + 0.
0 0

4.5.3 Proof of Theorem 4.2.8

Lemma 4.5.5. The density p" and the parallel current J" (4.5.3) are bounded
in L7 ([0, T] x R?) with respect to € and n. In addition, there exist p and J. in

L*([0,T] x R3) such that, up to extraction of subsequences, we have

p = p  weakly in L7,
£ pM i ([0, T), L3 (drdv))

en . 2
JT—=J. in Li,.

However, estimates (4.5.5) and (4.5.4) do not give a bound to J9" and are not
sufficient to close the limit equation or to find relations between the corresponding
limits of the current and the density. To deal with this lack of compactness, we
have to filter out the oscillations generated by the magnetic field in the orthogonal

direction.

Proposition 4.5.6. Let JV" be the perpendicular part of the current given by (4.5.3).
Then,
J"—=J, inD'([0,T) x R?)

with
JJ_ = (pEJ_ — Ver) X €e,.

nX""

Proof. Multiplying (4.2.1) by and integrating with respect to v, we get

eny X* XT*
JUX) dv + TLfEUWJ‘dV—i-U T.f"=L dv.
R3

_J = end)
LT M - M
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e
1

More precisely, by taking a test function ¢(t,x) in the weak formulation

(4.5.1), where ¢(t,z) € CX([0,T) x R?) we have

T
/ / J(t, x)p(t, x)dtdx
0o Jrs

T T Xn*
= 577/ fgn}jfl Oypdtdrdv + /0 g fTL( Ail(b)dtdrdv
X
+77/ / )dtdrdv + en fo(:c v)=L¢(0, v)dzdv.
RS M

In view of Corollary 4.5.4, X" — —X(f) strongly in ‘H3, while (f*") converges to
pM weakly L?(0,T, L},(drdv)). Therefore, we can pass to the limit in the above

formula and get

T
lim/ /Ji"(t,m)gb(t,x)dtdx = / /
e,n—0 0 R3 R6

- /0 /R PL(Ve, 6 — Ve, Vo)drdt,

)drdvdt

where
0 1
7= = — X(f) Qv dv.
-1 0 R?

This concludes the proof of the proposition.
|

The only thing left to do is to give the expression of the limiting parallel current.
n*

(t,x) in the weak formulation where ¢ is

a regular compactly supported function

/T /Rg JI(t, x)p(t, x)dtdx
- [ L
1

+€/ fE"XZ Orpdtdrdv + — / [T (——
0 JrS M nJo Jre

X7
/ folz,v)—=- IV ¢(0, x)dxdv.
T

X1

IV )dtdrdv.

(4.5.8)

The first term of the right hand side converges as € and 7 tend to zero towards

//RGPMT )dtdrdv—/ /RsﬂD 0.6 — $0.V) dtdr.
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The second and third terms obviously tend to zero. The following lemma shows that

the last term of (4.5.8) converges to zero.

Lemma 4.5.7. Let ¢(t,t) be a compactly supported C? function. Then, we have

1 [T X

lim — N7, (—=)dtdrdv = 0.

dim = [T

Proof. Since we have X7 = X + O(5?) in H3, strong, we can replace X7* by X
(0)

Now, we remark that X" is cylindrically symmetric so that
XP¢

AT =0

Therefore, one can find a test function ¥ (¢, z,v) in the set 7 such that

The fact that ¢ lies in 7 comes from the formula ¢ = Al(’]l(xj{y)). Using this

function 1 in the weak formulation, we obtain

1 T X,(zo)gzﬁ 1 T
_ en _ 1 o
77/0 /Rﬁf 7. ( v Ydtdrdv 77/0 /Rﬁf G(v)dtdrdv.

Using the weak formulation (4.5.1), the right hand side of the above identity can be

immediately estimated as O(g), which tends to zero as £ and 7 tend to zero.
[

4.6 Concluding remarks

We have proven in this paper that the diffusion limit of the Boltzmann equation
with an ultrastrong magnetic field leads to a diffusion equation in the parallel direc-
tion and a guiding center motion in the orthogonal one. The proof has been done
for the linear Boltzmann equation and in the case of a constant magnetic field and
involved the analysis of the operator involving collisions and gyrations around the
electrostatic field. If the magnetic field has a constant direction but smoothly varies
in position and time while staying away from zero, the analysis can be carried out
without difficulty and the results can be generalized. A more difficult problem ap-
pear if one couples the Boltzmann equation to the scaled Poisson equation or when
the collision operator has nonlinear features. In this case, the method used in this
paper might not be sufficient and the use of double scale limits might be necessary

as it is for gyrokinetic limits.
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Chapter 5

HIGH DENSITY LIMIT OF THE
STATIONARY ONE DIMENSIONAL
SCHRODINGER-POISSON SYSTEM

Joint work with Naoufel Ben Abdallah published in STAM Multiscale Model.
Simul. : High density limit of the stationary one dimensional Schrédinger-Poisson
system, STAM Multiscale Model. Simul., Vol.7 (2008), No. 1, pp. 124-146.

Abstract

The stationary one dimensional Schrodinger—Poisson system on a bounded interval
is considered in the limit of a small Debye length (or small temperature). Electrons
are supposed to be in a mixed state with the Boltzmann statistics. Using various
reformulations of the system as convex minimization problems, we show that only
the first energy level is asymptotically occupied. The electrostatic potential is shown
to converge towards a boundary layer potential with a profile computed by means

of a half space Schrodinger—Poisson system.

Keywords. convex minimization, min-max theorem, concentration-compactness

principle, boundary layer.
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5.1 Introduction and main results

5.1.1 Introduction

The Schrodinger—Poisson system is one of the most used models for quantum
transport of charged particles in semiconductors as well as for quantum chemistry
problems [3, 5, 8, 13, 14, 15, 18, 19, 20, 22, 21, 23, 30]. It describes the quantum
motion of an ensemble of electrons submitted to and interacting with an electrostatic
potential. The electron ensemble might be completely confined or in interaction with
reservoirs. In the latter case, one speaks about open systems for which the particles
are described by means of the scattering states of the Schrédinger Hamiltonian cor-
responding to the electrostatic potential which is in turn coupled to electron particle
density through the electrostatic interaction. This leads to nonlinear partial diffe-
rential equations whose analysis involves scattering theory techniques and limiting
absorption theorems [23, 4, 3] and in which the repulsive character of the electro-
static interaction plays an important role in the analysis (it provides the necessary
a priori estimates for solving the problem).

For closed systems, the particles are described thanks to the eigenstates and
eigenenergies of the Schrodinger Hamiltonian. The electron density is the superpo-
sition of the densities of the eigenstates with an occupation number decreasingly
depending on their eigenenergy. The coupling is again obtained through the Poisson
equation modeling the electrostatic interaction. This problem was reformulated by
Nier [20, 22, 21] as a minimization of a convex function (whose unknown is the elec-
trostatic potential) which allows us to prove existence and uniqueness results. In [15],
one can find generalizations including local contributions to the potential and which
can be included in the functional to be minimized. This short review partially covers
stationary problems. For evolution problems, an extended bibliography is available,
and we refer the reader to the books of Markowich, Ringhofer, and Schmeiser [19]
and Cazenave [10] for references.

In this paper we are interested in a singularly perturbed version of the Schro-
dinger—Poisson system which arises from the description of the so-called two dimen-
sional electron gases [1, 11]. The electrons, in such systems, are strongly confined
in one direction, at the interface between two material, and are free to move in
the two remaining ones. In [6], the analysis of the Schrodinger equation of strongly
confined electrons in one direction is performed. The confined direction is called z
and the confining potential is assumed to be given and scaled as E%VC(E), where e
is a small parameter. Approximate models for the transport direction (orthogonal
to z) derived heuristically in the previous works [26, 27, 25] are then analyzed in

[6, 24]. The aim of the present work is to somehow justify the scaling 5V.(2) by the
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analysis of the self-consistent Schrodinger—Poisson system in the z direction. This
is why we shall forget about the transport issues in the orthogonal direction and
assume that the considered system is invariant with respect to it. The parameter
in the present work is linked to the scaled Debye length as shall be explained later.
The analysis relies on the minimization formulation of the problem leading to a sin-
gularly perturbed functional. After a rescaling argument, we are led to the analysis
of a half space Schrodinger—Poisson system in which only the first eigenstate is occu-
pied. Additional estimates are obtained thanks to reformulation of the single state
Schrodinger—Poisson system as another minimization problem whose unknown is
the first eigenfunction (and not the potential). This formulation is used in quantum
chemistry [9].

Let us now come to the precise description of the problem and the results. The
system is one dimensional and occupies the interval [0, 1]. The electrostatic energy
is given by V.(z). It satisfies the following one dimensional stationary Schrodinger—
Poisson system :
( _d290p

dz?

1
op € HY0.1), 0,(0) =0, (1) =0, / o 00 = Oy
0
2V 1 =
3 _ —-&p 2 _ 781)
5@—526 ool Z_p;e :

V(0) =0, %(1) —0.

+ Vop = Eppp, z €[0,1],

(5.1.1)

\

The dimensionless parameter € is a small parameter which is devoted to tending
to zero. The choice of the third power is done for notational convenience as shall
be understood later. This parameter is related to the Debye length and shall be
explicitly given by the rescaling of the Schrédinger—Poisson system (5.1.19) (see
subsection 1.3). The eigenvalues of the Schrodinger operator (&,), are the energy
levels in the potential well. The sum in the right-hand side of the Poisson equation
includes all eigenvalues of the Schrodinger operator. In the limit € — 0, one expects
that the wave functions concentrate at z = 0. The boundary condition for the
potential at z = 1 is physically justified in some physical situations such as in bulk
materials. However, a Dirichlet condition is more commonly used in such problems.
The analysis can be carried out in that case with the cost of technical complexity
since a new boundary layer at z = 1 will appear and the eigenvalues will have
asymptotically a double multiplicity. For simplicity, we do not consider this case.
Since the density is very high in the limit ¢ — 07, the Boltzmann statistics should
be replaced by the Fermi-Dirac ones. The analysis can be done in this case with

the cost of technical complications. More detailed comments about this are given in
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the last section of this paper. In order to analyze the boundary layer, we make the

change of variables
1 z 1 1 z z

—Ep
Then, U verifies —d—£2 =1 Zp L€ =" |4h, | with Z = Zp L€ 2" Since there is a

uniform gap with respect to € between E; and E, for p > 2 (see Lemma 5.4.4), the
terms e = with p > 2 are expected to be negligible when compared to the first one
(p = 1). Therefore, it is natural to expect the solution of (5.1.1) to be asymptotically
close to the solution of the following Schrédinger—Poisson system in which only the

first energy level is taken into account :

( d2¢1 . ~
B dz? + Vo = &9, S [O 1]
& = ) inf {/ ' + / }’
@eHE(0,1), |||l 2=1 (5.1.3)
3d2V 2
—€ 12 = |1,
- dv
0)=0 0.
T =0, )=

Moreover, when € goes to zero, we will prove that the electrostatic potential, V.,
solution of (5.1.3) converges towards a boundary layer potential with profile, Uy,
solution of the following half line problem :

( 2
_ddfwzl + Uty = Eqin, £ € [0, 400,

+o00 +o0
B, = inf {/ ¢/ +/ UW} :
YeHG(RY), [¥l2=1 {Jo 0 (5,1,4)

d2
d£2 |1/J1 |2
dU

| v =0, e L*(R").

5.1.2 Main results

In this paper, a rigourous analysis and comparison of the systems presented above
will be provided. Namely, (5.1.1) and (5.1.3) are posed on a bounded domain. The
one dimensional Schrodinger—Poisson system on a bounded interval was studied by
Nier in [20]. Each of these systems can be reformulated as a minimization problem
(see section 2 for details). However, the limit problem (5.1.4) is posed on an unboun-
ded domain. Our first result deals with the study of (5.1.4). We also prove that it

can be formulated as a minimization problem.
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Theorem 5.1.1. Let Jy(.) be the energy functional defined on H&(RJF) (given by
(5.1.22)) by

(0) = / TP - Er), (5.1.5)

where E°[U] is the fundamental mode of the Schrodinger operator given by (5.3.1).
The limit problem (5.1.4) has a unique solution (Uy, E10,v10), and Uy satisfies the
following minimization problem :
UcHL(RT)
The comparison of the systems presented above is established by our second main
theorem.

Theorem 5.1.2. Let V., V., and Uy be the potentials satisfying problems (5.1.1),
(5.1.3), and (5.1.4), respectively. Then the following estimates hold :

|Vz — ‘75HH1(0,1) = 0(6_6%) (5.1.7)

and

= O(e™ %), (5.1.8)

~ 1 )
- 2
€ €7 H1(0,1)

where ¢ is a general strictly positive constant independent of c.

The paper is organized as follows. In the next subsection, we present some re-
marks on the scaling giving model (5.1.1), and we end this section by fixing some
notation and definitions. In section 5.2, we recall the spectral properties of the
Schrodinger operator on a bounded domain and state the optimization problems
corresponding to (5.1.1) and (5.1.3) (or more precisely to the intermediate systems
(5.1.10) and (5.1.11)). Section 5.3 is devoted to the analysis of the limit problem
(5.1.4) posed on the half line (proof of Theorem 5.1.1). We will first study the pro-
perties of the fundamental mode of the Schrédinger operator (Proposition 5.3.2).
The limit problem leads us to the study of a minimization problem posed on an
unbounded domain. This will be done by means of the concentration-compactness
principle introduced by Lions in [17]. Estimates (5.1.7) and (5.1.8) are proved in
section 5.4. Some comments concerning the Fermi-Dirac statistics, the choice of the
boundary conditions, and the problems of the multidimensional case are given in
section 5.5. Finally, Appendix A.1.1 is devoted to the proof of Lemma 5.3.4.

First, let us make this remark.
Remark 5.1.3. To prove (5.1.7)—(5.1.8), we use the scaled versions of (5.1.1) and
(5.1.3) when applying the changes of variables (5.1.2) and

F1(2) = %151 (g) , &= 8121571, V() = =0 (5). == (5.1.9)
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Then the intermediate Schrodinger—Poisson models write

( d21/1 1
—d€2p+U¢p:Ep¢pa 56[0,5},
1 1 1 é
¢p cH 07 g 7 wp(()) — O, @Z)p g = 0, wp,@bq = 510(17
0
. 1 in . 2 ) i’i . (5.1.10)
_—— = — e 2 |’¢p| s Z: 65727
d€2 Z p=1 p=1
dU (1
U0)=0, —|-)=0
| VO=0 G <e)
and
( d277/;1 o -~ 1
e + Uty = B, §€ [075}7
R R AT M
e H(0,2), ¢l 2=1 | Jo 0 (5.1.11)
>PU -
_d_§2 = |¢1|2>
~ dU (1
o0 G (5) -0

Remark that it is natural to expect (5.1.11) to be close, when € goes to zero, to the

limit problem (5.1.4) posed on [0, +00).

5.1.3 Remark on the scaling

Here we show how the system (5.1.1) can be obtained by a rescaling of the
Schrodinger—Poisson system written with the physical dimensional variables. Indeed,
let (xp(Z),A,) be the eigenfunctions and the eigenenergies of the one dimensional
Schrodinger operator (the confinement operator) —%% -+ W with homogeneous

Dirichlet data :

———— 4+ Wx, = Apxy, (5.1.12)
where h is the Planck constant and m denotes the effective mass of the electrons in
the crystal. The (x,), is an orthonormal basis of L*(0, L). The variable Z belongs to
[0, L], where L is the typical length of the confinement. Denoting by n the electronic

density, this can be written

n(Z) =3 nyla (2 (5.1.13)
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In this formula, |x,(Z)|? is the probability of presence at point Z of an electron in

the pth state. Using Boltzmann statistics, the occupation factor n, is given by

N, A, - A
_ s _ Z = E — 1.14
Np z exp ( kBT> ) p exXp ( kBT) ) (5 )

where kg is the Boltzmann constant, 7' denotes the temperature, and Ny is the

surface density assumed to be given. With this notation we have fOL n(Z)dZ = Nj,
which means that the total number of electrons in the interval [0, L] (per unit surface
in the two remaining spatial directions) is given. The electrostatic potential W and

the electron density n are coupled through the Poisson equation :

d>*W q*
_ = 5.1.15
dzZ? aoern ( )
with boundary conditions
aw
= —(L)=0. 1.1
W) =0, (5)=0 (5.1.16)

In (5.1.15), the constant ¢ is the elementary electric charge and e, ¢, are, respecti-
vely, the permittivity of the vacuum and the relative permittivity of the material.
Let us rescale the problem (5.1.12)—(5.1.16) by noticing that

s=Febal W2 =@ (7). &= @) == (7 )

(5.1.17)
We assume that % is of the same order of the thermal energy (kgT'). In order to

simplify the mathematical presentation, we suppose that

h2

By inserting (5.1.17) into the system (5.1.12)—(5.1.16), we obtain, after straight-
forward computation, the system (5.1.1) in which ¢ is related to the scaled Debye

)\D 2 kgTege
3 B ocr
€ ( i ) ) D =/ PN (5.1.19)

where N = NT is the average volume density of electrons.

length :

5.1.4 Notation and definitions

We summarize in this subsection the different variables and notation used in this

paper.
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— For the Schrédinger—Poisson problems posed on [0,1], z denotes the space
variable, V' denotes the potential variable, and (€, ) represents any eigen-
value and the corresponding eigenfunction of the Schrodinger operator. For
systems posed on [0, %] or on RT, we use &, U, and (E, ) as variables. The
same notation with ~, i.e., (V,¢&, Q) or (U, E, 1)), is used for the variables of
Schrodinger—Poisson systems in which only the first eigenstate is taken into
account.

— For any real valued function V' € L?(0, L), where L > 0 is given (L =1 or 1

here), we denote by H[V] the Dirichlet—Schrédinger operator
H[V] = —oa V(z) (xz =z or & here) (5.1.20)

defined on the domain D(H|[V]) = H?(0,L) N H}(0, L). In addition, the se-
quence of eigenenergies and eigenfunctions of H[V] will be denoted by (E,[V], ¥,[V])pen--
We give in the next section the main properties satisfied by the functions
Vi Ep[V] and V +— ,[V] for any p € N*.

— The potentials satisfying (5.1.1) and (5.1.3) are denoted by V. and V.. In ad-
dition, (&,¢, ¢pe) and (Sps,wpe) with p € N*, represent the corresponding
energy couples of H|V.] and H[V.], respectively. In other words, &,. = E,[Vi],
e = Vi), Epe = BE,[Vi], and ¢,. = 1,[V.]. Similarly, the solutions
of (5.1.10) and (5.1.11) will be denoted, respectively, by (U, E, ., ¢,.) and
(U., E,.,1,.). Finally, we fix (U, E19,11,0) to denote the solution of the limit
problem (5.1.4).

Let us now define some spaces which will be used throughout this paper.

Definition 5.1.4. (i) For L > 0, we define
HY(0,L)={U € H'(0,L), U(0) =0} . (5.1.21)
(ii) The space HE(R*) is defined as follows :
Hy(RT) ={U € L} (R"), U’ € L*R"), U(0) =0, and U > 0} . (5.1.22)

(iii) For any 0 < L < 400, we shall denote by Sy, the set of normalized functions
of HY(0, L) with respect to the L*-norm

L
S, = {<peHg(o,L),/ 902:1}. (5.1.23)
0
Here H} (0, L) is the space of H'-functions vanishing on 0 and L, and when L = +00

Hy(RY) = {¢ € H'(R), 1(0) = 0} .
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5.2 Schrodinger—Poisson system on a bounded do-
main

We begin this part by recalling some basic properties satisfied by the eigenvalues
and the eigenfunctions of the one dimensional Schrédinger operator (5.1.20). These
properties are standard and can be found in [16, 20, 28, 29]. The operator H[V] is self-
adjoint, is bounded from below, and has compact resolvent. There exists a strictly
increasing sequence (E,[V]), of real numbers tending to +o0o and an orthonormal
basis of L*(0, L), (1,[V]),, such that ¥,[V] € D(H[V]) and

HV]ip[V] = Ep[V]p[V]. (5.2.1)

For V = 0, we have by a simple calculation

E,[0] = %, ,[0)(z) = \/%sm (%) . (5.2.2)

The eigenvalues E,[V] are simple and satisfy the following characterization (min-

max principle) [29] :

H[V
E,[V] = min max (H#)Lz, (5.2.3)
Vo€V, (DHIV]) 9V 020 ||]|2,

where V,, (D(H[V])) is the set of the subspaces of D(H[V]) with dimension equal to
p, and (., .) denotes the scalar product in L?. In view of the min-max formula (5.2.3),

one can verify that for any p € N*, E,[.] is an increasing function, which means that
E, V] <E,W] ifV <W ae.

Moreover, we have the Lipschitz property, for any real valued functions V,W in
L>(0, L),
|Ep[V] = Ep[W]| <[V = WllL~(0,1)- (5.2.4)

Besides, one can prove the following lemma [20].

Lemma 5.2.1. For any p € N*, the maps
E,[]: L*(0,L) — R, ,[]: L®(0,L) — L'(0, L)

are Gateaux differentiable, and their derivatives are given, respectively, by

L
dEp[V].W:/ [0, [V][*Wdz  and
0

' (5.2.5)

ol = S BT B (] wovaz) o

for any V,W € L*(0,L).
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Using the spectral properties of the Schrodinger operator, one can prove the

following proposition. For details on the proof see [20].

Proposition 5.2.2. The systems (5.1.10) and (5.1.11) are well posed. They are

equivalent, respectively, to the following minimization problems :

Jg UE = inf JE U 5.2.6
( ) UeH}’O(O,ME) ( ) ( )
and
; 175 = inf J U 2.
J ( ) Uc H%,I(}(q]‘ [a) J ( >’ (5 7)

where M, = % The energy functionals J. and J. are given by

I ]
Ja(U):§/ U] +c%log | > e = (5.2.8)

and

J(U) = 5/0 U = B[], (5.2.9)

Each one of problems (5.2.6) and (5.2.7) admits a unique solution.

Remark 5.2.3. One can similarly study the systems (5.1.1) and (5.1.3) and prove

that each one is equivalent to an optimization problem.

5.3 Analysis of the limit problem (5.1.4)

The aim of this part is to study the well-posedness of the limit problem (5.1.4) po-
sed on the half line. Namely, this part is concerned with the proof of Theorem 5.1.1.
We begin with the study of the fundamental mode, E$°[.], of the Schrédinger ope-

rator. Its main properties are listed in Proposition 5.3.2.

5.3.1 Properties of the fundamental mode of the Schrodin-

ger operator on [0, 400)
We begin by defining the fundamental mode.

Definition 5.3.1. For any real and positive function U € L, (RT), the fundamental

loc

mode of the Schrodinger operator is

EFU) = inf Ju(w), (5.3.1)

where for any 1 € Sy (defined by (5.1.23)) we have

“+oo +oo
&szl WW+A Uy, (5.3.2)
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One difficulty due to the unboundedness of the interval [0, +00) is that E{°[]
might not be an eigenvalue but only the lower bound of the essential spectrum. The
following proposition gives some properties of Ef°[.] and some sufficient conditions

on the potential for which Ef°[.] is an eigenvalue.

Proposition 5.3.2. 1. The map U — E{°[U] is a continuous, concave, and in-
creasing function with values in Rt := [0, +00] satisfying
EX[U] <limsup U(§). (5.3.3)
£—to0

2. If U € L}, (RY), U > 0 such that E{°[U] < liminfe_ o U(E), then E®[U] is

reached by a unique positive function 1[U], which means that there exists

a unique positive function P1[U] € So such that EP[U| = Jy(yn[U]). In
addition, we have

dE®

dU

for any function W in LP(R™), the space of bounded functions with compact

(U)W = /O - |1 [U]|*W d€ (5.3.4)

support on RT.

3. Let U € L},.(RY) be a positive function such that lime_ o U(E) exists, U <

loc

lime 400 U(E), and E°[U] = limg_ oo U(E). Then we have

dE>®
U

[U].W =0

for any W € LE(R™).

4. Let a be an arbitrary positive constant. Then we have

Elay/g] = as EX[V/E]. (5.3.5)

Remark 5.3.3. There is quite a difference between the third case of this proposi-
tion, where EY°[U] = lime_ 4o, U(E), and the second case, which includes EY°[U]| <
lime 400 U(E). This result is natural and can be interpreted as follows. The classically
allowed region for a particle with energy E is the set A = {& € [0,+0); U(§) < E}.
In the case E > U(&) on [0,+00), the set A extends to +oo so that there is no
bound state, while in the case E < lime_, o U(§) the set A is bounded and E is a
bounded state energy.

Lemma 5.3.4. Let U € HY(R') such that E[U] < liminf, o, U. Then all minimi-
zing sequences (), of problem (5.3.1) are relatively compact in L?(RT).

This lemma is needed for the proof of the second point of Proposition 5.3.2. It
is proved in Appendix A.1.1. The proof is based on the concentration-compactness

principle.
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Proof of Proposition 5.3.2. 1. Remark first that for any positive function U,
E°[U] exists and belongs to RT. It is easy to check, from the definition of E[.],
that it is a continuous, concave, and increasing function. To prove inequality (5.3.3),
let 1 € S be fixed and set 15 = v/0v(5€) for any real positive 6. Then 15 € S,
and since ET°[U] verifies (5.3.1), we have

EFU] < Ju(ts)- (5.3.6)

Moreover, we have Jy(15) = 62 [[7 [¢/(€)[?d€ + f % ¥?(€)d¢. Then

. oo §\ 2 .
im sup Jy (15) < / limsup U (| 2 | ¥*(§)d€ < limsup U(§).
0

6—0 6—0 d {—+oo

Taking the lim sup;_,, of (5.3.6), one obtains inequality (5.3.3).

2. Let (1), be a minimizing sequence of Ef°[U]; i.e., ¥, € S for any n € N*
and Jy (¥n) —n—ioo E°[U]. The sequence (v,), is bounded in H} (R™), there exist a
function ¢ € Hj(RT) and a subsequence also denoted (1,,) such that (¢,) converges
weakly to 1 in H}(R™T), and since Jy(.) is weakly lower semicontinuous (it is strictly

convex and lower semicontinuous) we have Jy(¢) < liminf, ;. Ju(1,). Then
Ju () < EF[U. (5.3.7)

Besides, the hypothesis Ef°[U] < liminf,,, U implies that the sequence (1,), is
relatively compact in L*(R™) (see Lemma 5.3.4). Then, up to an extraction of sub-
sequence, (¢,,), converges strongly to ¢ in L?(R*). Since |4, |32 2+ = L, for all n,
we have ||w|]%2(R+) =1, and then v belongs to S,. Therefore, in view of the defini-
tion of E{°[U] (5.3.1), E*[U] < Jy(v) and with (5.3.7) we have ES°[U] = Jy(¢). Let
us now show that E°[U] is a simple eigenvalue and the corresponding eigenfunction

has a constant sign. Indeed, let ¥; and 1y be two minimizers of Jy(.) on Sy, i.e.,

U1,y € Sa, such that EX[U] = Jy(i) = Jy(i), and let ¢ = /4 + 2. The

function ¢ belongs to S, and we have
2 +o00o w w/ . 112
= EX[U _/ ‘#
rwl- | ”

P10y — Yot
Since EfO[U] < JU((ZB) (¢ c SOO)’ we get fo-l—oo b —arp] |2

+o00
Io(@) = i)~ [

2¢
26

Yy and 1, are proportional, and so E°[U] is simple. In particular, ¢ and [¢| are

= 0, which implies that

two minimizers of E{°[U]; they are then proportional, and since fOJrOO [P]2 =1 we
conclude that ¢ = %|¢|. We then choose 91 [U] = ||, which is positive. This is
the unique positive eigenfunction corresponding to E{°[U]. To end the proof of
the second point of Proposition 5.3.2, let W be a compactly supported bounded
function (W € Li°(RT)) and remark that for a small real ¢ we have E°[U +
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tW] < ERU] + [H[|W]leo < liminfe o U(E). In addition, since W € L, we have
liminfe o U = liminfe o (U(&) + tW()). Then, for any small real ¢, we have
EXIU +tW] < lime_ 4 (U(§) + tW(€)). Therefore, for all bounded and compactly
supported functions W and for all ¢ € R small, E°[U + W] is an eigenvalue. Let
1y be the corresponding positive eigenfunction. We have

+oo +oo +o0
XU+ W) = [ uPde+ [ oWl 2 BV ve [ Wi,

0 0 0

Similarly, one has

EXU] > ER[U +tW] —t W [U]Pde.

0

Then, if ¢ is a small nonnegative real (without loss of generality), one can write

0+OO W|wt|2df < ETO[U—F?&M;] _EfO[U] < O+OOW|w1[U”2df. (538)

Besides, since (¢;); is bounded in H}(R™), there exists a positive function ¢y € H}
such that 1), converges weakly to 1y, when ¢ — 07, in H} (RT) and strongly in
L} (RT). By passing to the limit ¢ — 07 in

loc
) + (U +tW), = EF°[U + tW ]y,

we obtain

—¢f + Utho = E*[Ulgo  in D'(0, +00).

Since 1) is positive, we deduce that 9y = ¢4 [U]. Finally, to obtain (5.3.4) we just
have to take the limit ¢t — 0% of (5.3.8).

3. Remark first that, since F$°[.] is a nondecreasing real function, we have for
t>0

EXU W - ErU] _ EF[U+tW] - BR[U] _ EX[U + W] — EX[U]
t - t = t '

oo
1

Therefore, it is sufficient to prove de [U].W =0 for W > 0and W < 0 (the general
case can be deduced by passing to the limit ¢ — 07 in the above inequalities).

(i) Let W € L*(RT) and W > 0. Then we have Ef°[U] < E°[U + tW]. Besides,
by (5.3.3), we have EX[U + tW] < lime o (U(&) + tW(E)) = lime 1o U(§) =
EX[U]. Then, for all W > 0 in L, EY°[U +tW] = E°[U], and the result is proved
in this case.

(il) Let W € LE(RT), let W < 0, and let (¢,)nen be a sequence decreasing

towards 07. The sequence (E°[U +t,W1),, is increasing and satisfies Ef°[U +t, W] <
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lim, o, U = E°[U] for all n € N. Therefore, either it is stationary in the vicinity of

df[}oo [U].W =0, or it satisfies

+00 and in that case
EXU +t,WV] < lJirmU Vn € N. (5.3.9)

In the latter case, E°[U +t, W] is an eigenvalue and there exists a sequence (1,,) €
Seo, Y, > 0, such that

EXU +t, W] = Juse,w (W) = wier}gf Juit,w (V).

Besides, we have E{°[U + t,W] > EX[U] +t, [, We2d¢ and

—+00

EP[U + t,W] — E[U ‘ - WRde. (5.3.10)

tn

0

The sequence (1,,),, being bounded in H}(R™), one can find a positive function ¢ €
Hj(R') and a subsequence of (¢,), also denoted by (¢,), such that 1, converges
weakly to ¢ in H. (RT) and strongly in L2 (R"). In addition ¢ satisfies, in the

loc

sense of distributions,

—" + Uy = EF[UJ = lim(U)y.

o0

This implies that ¢" = (U — lim;o U)Y < 0 with ¢ € Hg(R"). We deduce that
1 = 0 a.e., and we get the result by passing to the limit in (5.3.10), W being
compactly supported.

4. Let us now verify the identity (5.3.5). Since the potential (y/€) tends to +oo
when & goes to +oo, Ef°[ay/E] is reached by a positive function 1) € S :

—0"() + (/v = Eyfav/ely.
Setting € = a’¢ and ¥(¢) = VaP(al() for an arbitrary constant (3, we get

_ﬁmg) + a5 /CB(C) = BRlav/Eu Q).

By choosing (3 such that —20 =1+ g, so that G = _?2, we obtain
—0"(0) + VCO(Q) = a7 BXav/ER (),

which implies that E[ay/€] = a5 E°[\/€]. The proof of Proposition 5.3.2 is achie-
ved.
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5.3.2 Proof of Theorem 5.1.1

In what follows, we will show that (5.1.6) admits a unique solution verifying
(5.1.4). Indeed, the functional Jy(.) is obviously continuous and strictly convex on
H}(R*). To prove the existence of a unique Uy € H(R") satisfying (5.1.6), it
remains to verify that Jy(.) is coercive on H}(R™). For this let U € Hj(R') and
write U(€) = f(f U'(t)dt. This implies that U(£) < ||U’||z2v/€, and since Ef°[] is
an increasing function one has Et°[U] < E{°[||U']|12v/€]. Applying (5.3.5) with a =
T[22 we get E[U] < |U'||%E5°[v/E], and finally we have

1 112 00 s
Jo(U) = S|IU'|[72 = EFVELNU'|I;: ————— 400
2 Ul g1 —+o0
Let us now prove that Uy is a solution of the limit problem (5.1.4). Namely, we have
to check that ET°[Uy] is an eigenvalue. To this aim, we first write the Euler-Lagrange

equation for Uj :

dE
> 0. 0.
7y (U] 20 (5.3.11)

Therefore, Uy is a concave function belonging to H{(R*). It is thus a continuous,

" o__
_UO —

increasing, and positive function on R*, and lim, ., Uy exists in R. It now remains
to check that E°[Up] < lim,. Up, which will ensure that E°[Us] := Eij is an
eigenvalue with unique positive eigenfunction ;¢ € Sy (see point two of Propo-
sition 5.3.2). We proceed by contradiction and assume that E{°[Up] = lim; e Up.
Applying the third point of Proposition 5.3.2, one obtains %[Uo] = 0. In view of
(5.3.11) and the fact that Up is a concave positive function in H}(R*), we deduce
that Up = 0 and ming ¢ g1 g+ Jo(U) = 0. But a simple rescaling argument shows that
Jo takes negative values, and so its minimum is negative. To prove this claim, we fix
a potential U in H}(R*) such that [;" |U'|? =1, limo U = +oo and let ¢, € Sx
be the eigenfunction corresponding to E{°[U]. For ¢ > 0, setting U¢(§) = e2U(&€)
and 15(€) = v/Eib1 (<€), we have

d2¢f £./.€ _ 27100 (5
e + U i(§) = e E°[U]Y1(8),
which implies that E{°[U¢] = 2E°[U]. After straightforward computations, we
finally obtain

1 [T |dUe
Jo(U®) = =
)= [ \dg

? 0 € 65 oo 12 2 o0
df_El[U]:?o \U'|*d€ — " EY°[U]

— & EP[U <1 - #pr ’

which is negative for € small enough. The proof of Theorem 5.1.1 is complete.
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5.4 Convergence analysis

The various models presented in the first section of this work are all well posed.
In this section, we shall estimate the difference between their solutions in terms of
e. Namely, we have to prove estimates (5.1.7) and (5.1.8). The following lemma will

be useful.

Lemma 5.4.1. Let (Uy, E19,11,0) be the solution of the limit problem (5.1.4). There

exist a,b € RY independent of € such that for all € small we have

191,00l 2 (0t 00y < ae™"Me (5.4.1)
with M, = %

Proof. We have —fy + Uptro = Eiot1,0 such that 119 > 0, ¢10(§) —¢ioo 0
(Y10 € HY(RT)), E1g < lim, Uy, and Uy increases to its limit at +oo. Then one
can find two nonnegative constants ¢ and ¢ independent of € such that for all € small

enough we have
—(§) < —0tho(§) for § € [M., +00]
and ¢ o(M.) < ce™V?M Let S(§) = ce™* and ¢ = ¢, 9—S. Then we have S” = 6.5

and
—" (&) + 0(€) <0, € € [M,,+o0] (5.4.2)

with
P(M.) <0 and (+o00)=0.

By the maximum principle, one deduces that ¢» < 0 on [M,, +oo[. Thus
%,0(5) S Cei\/gé on [Msa +OO[7
which yields estimate (5.4.1). |

We begin by proving the second estimate (5.1.8) of Theorem 5.1.2. For this we
will compare (see Proposition 5.4.3) the potentials Uy and U, solutions of (5.1.6)
and (5.2.7), respectively. This will be done thanks to an idea consisting of the re-
formulation of the problems (5.1.4) and (5.1.11) as minimization problems whose

unknown is the first eigenfunction. This is the subject of the following remark.

Remark 5.4.2. For ¢ € Sy, (see Definition 5.1.4), where M, = %, let us set
ME 1 Ms M€
ado) = [ Ie@Piers [ [ #@eQuinEodac (549)
0 o Jo
and for ¢ € S

o) = [opac g [ [ @@ 0mine odsdc. (s
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The functional A, satisfies A-(|¢]) = Ac(¢) and the convexity property

A (Vi + (- 03) < o) + (1- 046

fort € (0,1), the inequality being strict if |¢1| and |p2| are not proportional (these
properties are also satisfied by Ag). The functionals are obvious weakly lower se-
micontinuous on their domain of definition, in such a way that the minimization

problems

A(d.) = min A() (5.4.5)

¢EH01 (07M5)7 ||¢HL2:1

and

Ao() = min  Ay(6) (5.4.6)

peH(RY), (|4l L2=1

have unique positive solutions. The problems (5.4.5) and (5.4.6) are equivalent, res-
pectively, to (5.1.11) and (5.1.4). Indeed, the functions ¢. and ¢y satisfy

_¢/a/ + U(¢E)¢5 = ﬂs¢6 on [07 ME]:

—¢g + U(do)do = prodo  on RT,

where . (respectively, o) is the Lagrange multiplicator associated with the constraint
|ollz2 =1 and U(¢.), U(pg) denote, respectively,

M. —+o00
U(6)(€) = / 6:(OP min(e, O)dC,  Ulgo)(€) = / 60(C) P min(€, C)d.

In addition, since ¢. and ¢o are positive and the function K(&,() = min(, () is the

kernel corresponding to the Laplacian in dimension one, we have

(U(¢a)7#a, ¢a) = (ffa, El,mlzh,a) and (U((bo),Mo, %) = (U07E1,07w1,0)-

Proposition 5.4.3. The solutions Uy and U. of (5.1.6) and (5.2.7), respectively,

verify the following estimate :

2 = O(e 9), (5.4.7)

d -
_(Ua - UO)
H dg§ L2(0,M.)

where ¢ is a strictly positive constant independent of ¢ and M, = % This yields
estimate (5.1.8).

Proof. We start by comparing Ay(¢1,) and AE(@/NJLE). Let x. € D(0,+00) be such
that x.(§) =1 on [0, M. — 1], x-(§) = 0 on [M,, +o0[, and 0 < x. < 1. The function
Xe-¥1,0](0,1.) belongs to H(0,M.), and for £ small we have Ixe-Y10ll20,00) # 0.
Let 3. = ||xe-%10l/22(0,1.)- Then we have éxe.wl,g € Sy, and, with (5.4.1), 8. =
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14+0(e™%). Then, in view of Remark 5.4.2, the following inequalities can be straight-
forwardly justified :

As(l/;lve) < A. (%Xs-d}m) < Ac(¥ip) + 0(6_5) < Ao(10) + (9(@‘?)7

where c is a strictly positive constant independent of €. Besides, we have
Ao(th10) < Ao(thre) = Ac(tr ).

Here and in what follows, we still denote by 1/;1,5 the extension of 15175 by zero on

[M., +o0o[ when it is taken as a function on R*. Consequently, we have

|A€(QZ1,€) — Ao(tr)| = Ae(lgLs) — Ao(Y10) = (9(675). (5.4.8)

Furthermore, Ay is uniformly convex on S, and 1, realizes its minimum. Then

one can find a constant ¢y > 0 independent of € such that

41,0 — 1;1,5’|?{1(R+) < col Ao(t10) — Ao(th ).

In addition, since Ag(¥y.) = Ac(¢1.) and with (5.4.8), one deduces that

[th10 = Ul @e) = Ole %), (5.4.9)
The potential Uy — Us satisfies
d? ~ ~
_d_fg(UO —U)(&) = [¥10(E) P = [¢1(E)]* on [0, M].
Then, multiplying this equation by Uy — U., one obtains after integration by parts
d - 17 U, -
|-t < TRan@n) - B.00)
§ L2(0,M¢) £
~ Mg ~
4 swp () = 0@ [ (aol = e
¢€lo,M.] 0

Moreover, in view of Remark 5.4.2, we have, for every & € [0, M,],

(U — T.)(¢) = /0 (lhrof? = [d1.2)(€) min(€, )dC + / [br.of? min(€, )dc
<M, ( [ Gl = 1nyopac + [

and Lo (M) = — [#% LU ()dg = [} |th1,0[2d€. Then

— Jas.

“+oo

|¢1,0|2(OdC>

£

2 400

q i 2
Hd_f(UO - Us.) |¢1,0|2(C)dC)

M
<M ( (10l = [G13)(C)dc +
s (o I

< 2M, (Jlro = Dreliaonny + Irolizn. o )

L2(0,M-

5
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and with (5.4.9) and (5.4.1) one obtains (5.4.7). Moreover, with the change of variable
V() =3 [76(;) one deduces that

T e

i (7= 20()

and then estimate (5.1.8) holds. [

2 2

= 0(c7),

L2(0,M;)

L2(0,1)

1 ~
= |20 = o)

’ d

Let us now give the following result, which shows the existence of a uniform gap
between the first eigenvalue E . := F;[U.] and the others E,[U.].

Lemma 5.4.4. There exists a constant G > 0, independent of €, such that
EJU.]-Ei.>G Vp>2. (5.4.10)

Proof. Since (E,[U.])p>1 is an increasing sequence, it is sufficient to show (5.4.10)
only for p = 2. We argue by contradiction and suppose that |Ey[U.] — Ey .| — 0 as ¢
goes to zero. In view of Remark 5.4.2, we have E’LE = As(l/;lﬁ) and Ey g = Ao(10).
Then, with (5.4.8), |Ey. — E1 0| = O(e~%). We deduce that Fy[U.] and E; . converge
to E o when € — 0. Then the eigenfunctions v, [Ug] and L/NJLE, corresponding, respec-
tively, to E,[U.] and EN’LE, prolonged by zero on [%, +00), are bounded in H{(R™)
with respect to €. There exists b, (respectively, 1,) € HL(R*) such that iy . (res-
pectively, 1,[U.]) converges weakly in H}

loc

(R™) to ¢ (respectively, 1s). By passing
to the limit ¢ — 07 in D’(0, +00), in the equations

_1;1/,5 + 06’1;1,8 = El,z—:l;l,sa
_(@DQ[UE]),/ + Ue¢2[ﬁa] = E2[Ua]¢2[05]

one deduces that 1); and ¢, are two eigenfunctions corresponding to E; o. In addition,

“+o00 _ ) +oco B )
/ 0P+ / Uolth. 2 — Ero
0 0

ME - Ms~ - +OO ~ ~
/ 0P+ / O.drl — Evo + / (Uo — T.) |12
0 0 0

< |El,s — By o] + sup (|Up — 051) — 0.
[07M5] e—0

we have

| Jus (V1.6) — Ero| =

b

Then (¢,.) (and similarly (15[0.])) is a minimizing sequence of “Ej o = infyes. Ju, ().
Moreover, since F o < lim; Uy (see the proof of Theorem 5.1.1) and applying
Lemma 5.3.4, (¢,.) and (¢,[U.]) (up to extraction of subsequences) converge stron-
gly in L?*(R*). Thus, since @5175 and wQ[Ua] are two normalized and orthogonal func-
tions in L?(RT) for any ¢ > 0, we deduce that their limits when ¢ — 0, ¥; and s,
which are two eigenfunctions of E) o, are also normalized and orthogonal in L*(R™).

This contradicts the fact that £} is a simple eigenvalue. n
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Proposition 5.4.5. The potentials U. and U. solutions of (5.1.10) and (5.1.11)
verify that
1Ue = Uellzrr0,01) = 0(6_5%)7 (5.4.11)

where ¢ is a strictly positive constant independent of €. This gives estimate (5.1.7).

Proof. Recall first that U. and U. verify, respectively, (5.2.6) and (5.2.7). To prove
estimate (5.4.11), it is sufficient to compare the energies J.(U.) and J.(U.) because

we have
HUE - Ua”?ﬂ(o,ME) < CO|JE(U€> - Js(ﬁe”a (5'4-12)
where ¢ is independent of . A straightforward comparison gives the following in-
equalities :
J(U.) < J.(U.) < J(U.) < J(U.). (5.4.13)
Besides, we have U, > 0, and E,[] is an increasing function ; then E,[U.] > E,[0] =
e2p?m2. Moreover, since Ej . converges to E) o, which is then finite, there exists a

constant ¢; > 0 independent of ¢ such that
E, U] — By > 2p*n* — c1. (5.4.14)

Combining (5.4.10) and (5.4.14), one finds ¢ > 0 and ¢z > 0 independent of € such
that
Ep[ﬁa] - El £ Z 0252P27T2 + c3 \le Z 2.

This implies that

Ep[Uc]—Eq [Ue] c3

S o)

p=2
and since

~ ~  ~ plUe [Ue
J.(0.) = J.(U.) + 2 log (1+Ze Bl 0] )
p>2

we obtain

J(0.) = J.(U.) + 0% 3),
which leads to (5.4.11) in view of (5.4.12) and (5.4.13). |

5.5 Comments

5.5.1 Fermi—Dirac statistics

It is more natural to consider Fermi—Dirac statistics in the high density limit
(¢ — 0). Here we give some remarks and elements on the limit in this case. The

scaled occupation factor of the pth state with Fermi-Dirac statistics is given by

npD = fFD(gp - 5F)7
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where Er is the Fermi level and frp is the Fermi—Dirac distribution

fFD(U) = log(l + 6_“), (551)

The scaled Boltzmann distribution function, however, is given by fg(u) = e “. The

Poisson equation in model (5.1.1) can be written as follows :

d2V +o00 )
_d_gg = ZfB(FD)(gp — &r)lpyl
p=1

under the following constraint on the Fermi energy :

400
1
D) (& — EF) = = (5.5.2)
1

p=

In the Boltzmann case, one can explicitly solve (5.5.2) with respect to Ep, and we

have
Er 1

T 3Nt __g

€ =3
€3 €

which yields (5.1.1). The first remark we give in the Fermi-Dirac case is that eF
cannot be expressed explicitly in terms of e=». The analysis of the limit can, however,
be extended to this case but with technical complications that we have avoided in
the Boltzmann statistics case. When applying the change of variables (5.1.2) and
Er = s%ep the intermediate problem (5.1.10) becomes in the Fermi-Dirac statistics
case
( dep
_ o

] ~ 1\ s
e H (o,g), 4,(0) =0, wp@—o, | =
d2U : E, — o E, — 1
_d_g‘? :€3ZfFD ( P€2 GF) |¢p|2a ZfFD( p€2 EF) = ga
p=1 p=1

U0) =0, ‘jl—g (1) —0.

+ U’@/}p = Ep¢pa 5 € |:0> §:| 5

(5.5.3)

9

\

Since frp is a regular, positive, and decreasing function on R, the Schrodinger—
Poisson system in a bounded domain in the Fermi-Dirac case is well posed and
can also be expressed as an optimization problem; see the work of Nier [20] in
the unidimensional case and [21] in higher dimensions. More precisely, (5.5.3) is

equivalent to
J.(U.)= inf J(U), (5.5.4)

UeH0(0,1)
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where

J-(U) = %/Oi |U,|2—53§§ [fFD (M) ‘fF[U]—82 [;OO - fFD(U)dU] :

plVl=er
) (5.5.5)
Replacing frp(.) by fe(u) = e ™, J.(.) is nothing else but the functional (5.2.8)
modulo a constant independent of the variable U. The uniform gap showed in
Lemma 5.4.4 remains correct. Then, as in the proof of Proposition 5.4.5, there are

two constants ¢; > 0 and ¢ > 0 such that
(Ep — EF) — (El — GF) Z 0182]727'('2 + Co Vp Z 2.

Since fpp is a decreasing function and log(1 + u) ~ u when u — 0%, then for all
p=>2

Ep—ep c

_ZP—CF _c2 2 2 _Ei—cep _c2 2 2 _Bi—cep
log (1 + e 2 ) S log (1 + e 22 efclp ™ e 2 ) < ce 22 efclp Iy e =2

_c¢2 .22 _Ei—ep
<ce Ee AT 1og<1+e <2 ),

where ¢ > 0 is a general constant independent of . This implies that

—ep

Ep
lo <1 +e 2 ) .
2 p>2 108 <o (Z eclp27r2> %

log <1 +e ElSF)

Thus, a formal analysis shows that, asymptotically when ¢ — 0, (5.5.3) is close to a

p>2

Schrodinger—Poisson system with only the first energy level. However, the rigorous
analysis of the limit, ¢ — 0, of (5.5.4)—(5.5.5) is more technically complicated than
the Boltzmann case for which the functional J. has an explicit expression given by
(5.2.8).

5.5.2 Boundary conditions and higher dimension

The choice of Neumann boundary condition at z = 1 can be justified for modula-
tion doping devices (see [2]) for which z = 1 is in the bulk of the semiconductor and
the hypothesis of a vanishing electric field is justified. This hypothesis also makes
the analysis simple because the boundary layer in the limit ¢ — 0% is located at
z = 0. If V satisfies Dirichlet boundary conditions, then another boundary layer
takes place at z = 1. The analysis can probably be extended to this case, but the
first eigenvalue will have asymptotically a multiplicity 2. The multidimensional pro-
blem is more complicated, where the location of the electrons in the boundary layer
may depend on the geometry of the boundary. Such problems have been noticed for
the Schrédinger equation with a magnetic field by [7, 12] and are beyond the scope

of our work.
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Annexe A

A.1 Concentration-Compactness principle

A.1.1 Proof of Lemma 5.3.4

This appendix is devoted to the proof of Lemma 5.3.4. We will use the concentration-
compactness principle. This principle is a general method introduced by Lions [17]
to solve various minimizing problems posed on unbounded domains. It is shown that
all minimizing sequences are relatively compact if and only if some strict subaddi-
tivity inequalities hold. The proof is based upon a lemma called the concentration-
compactness lemma. For more details on the principle, we refer the reader to [17].

Let us begin by recalling the concentration-compactness lemma.

Lemma A.1.1 (concentration-compactness lemma). 1. Let (p,)n>1 be a sequence
in L'(R) satisfying p, > 0 in R and [, podx = X for a fited X > 0. Then there

exists a subsequence (py, )k>1 satisfying one of the three following possibilities :

(i) (Compactness) : there exists y € R such that

Ve >0, dR < +o0o, P, (2)dr > X\ — €,
Yy +Br

where Br = {x € R; |z| < R}.
(ii) (Vanishing) :
lim Sup/ P, (z)dx = 0.
k——+o0 yeR Jy+Bg

(iii) (Dichotomy) : There exists o € |0, A| such that for all € > 0, there exist
ko > 1 and p}, pi € LL(R) such that for k > ko

/p,lgdx— o
R

where p;. has compact support and dist(supp(pz), supp(pi)) —x +0oo.

1on, = (o + pi) |l < ¢, <e, <e,

/Rpidw— (A —a)

205
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2. If pn = |un|* with u, bounded in H'(R), there exists a subsequence (p,,) such
that either compactness (1), vanishing (i), or dichotomy (iii) occurs as follows :
there exists a € |0, \[ such that for all € > 0 there exist kg > 1, u}, ui bounded
in H'(R) satisfying for k > ko

|unk (up +up)|l2 < 6(e) — 0,

e—0
/\uk| dr — « /]ui]de—()\—a) <eg,
R

dist (supp(uk), Supp(uz)) +o0,

k—+4o00

<e,

limkinf/ (V2 — [Vul2 — [Vi2|?}dz > 0.
\ R
First, we need to give some notation. For V € H}(RT) and ¢ € RT, we define
+oo
I. = inf {Jv(gp), ¢ € Hy(RT), / 0? = 5} : (A.1.1)
0

where Jy(¢) = [[*°|¢'2 + [, V2, and

+o00
I = inf {Joo(go), ¢ € Hy(R"), / @ = 5} : (A.1.2)
0

where J(p) = fOJrOO |o'|* + Ve f0+°° ¢* and V°° = liminf, ., V.

Lemma A.1.2. Let V € HY(RY) such that E[V] < liminf,. V. Then the follo-
wing strict subadditivity inequality holds :

I <I,+IZ, VO<a<e. (A.1.3)

Proof. Take ¢ € H}(R™) such that f0+ ©? =candlet i) = go Then ¢ € H}(R™T),
[F99? = a, and Jy () = 2Jy(p). This implies that €I, § al. for any arbitrary
a > 0and € > 0. We also deduce that 1, = al. (and similarly e/5° = «I2°) for any
e, > 0. In particular, if « = 1, e[y = I, (or eI{° = I°) for any € > 0. Moreover, by
definition we have Il E°[V] < V. Then, for all ¢ € H}(R") such that f0+00 2
1, we have I} < [77|¢'|* + V. This implies that I} < I?°, and by multiplying by
(¢ — ), which is posmve if 0 < o < ¢, one obtains ¢4 — al; < (¢ — «)I{° and
inequality (A.1.3) holds. [

Proof of Lemma 5.3.4. Applying the concentration-compactness lemma for (p,, ),
pn(7) = | (x)|> on RT and zero elsewhere, there exists a subsequence (py, )i sa-
tisfying one of the three cases given by Lemma A.1.1. If vanishing (ii) occurs, i.e.,
if

lim sup/ Pn,(z)dx =0 VR >0,
y+Br

k—+oo yer
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which implies that

y+R
lim  sup / o, (2)2dz =0 VR >0,
)

k—+o0 yER+

then, for all £ > 0 small enough, one can find a sequence (Ry); of increasing positive
real such that fOR'“ |0, (2)|?dx < € for all k. We have

+o0 +o00 +o0 Ry, +o0
/ |, |Pdx + Vo do = / |y, [Pdx + V2 dx + / Vil da
0 0 0 0 Ry,
“+oo

“+oo
z/ W Pl — Ve + (V=) [ 42 da.
0

Ry

This implies that there exists §(¢), tending to zero when € — 0, such that
v (Un,) 2 Joo(thn,) —0(e) = I1° = 6(e).
Now let k£ go to +00 and e to zero. Then we obtain
L > 1—507

which contradicts the strict subadditivity inequality (A.1.3).

Now we assume that (p,, ) verifies the dichotomy case; i.e., there exists a € ]0, 1]
such that for all € > 0 there exist ky > 1, ¥}, 1? bounded in H'(R™) satisfying for
k > ko

[, — W+ )12 < 00) — 0,
“+o0o +oo
/ k(@) Pdz — a / @) Pdz — (1 - a)| <e,
0 0
dist (supp(y), supp(v)) - T
limkinf/ {IVn, |? — |VUi? — |VYi|* Yz > 0.
R+

-~

\ Tk

<e¢

)

One can write (see [17])

Uy = Vb +Up + or, Where Ypb = Yior = Vipr =0  aee.,

and without loss of generality, we suppose that supp(v?) C [Rg,+oo[, where R
tends to +oo with k. This implies that
+00 +o00 +oo +oo
Vi = [ Vgl + [ VIgdP+ [ Vi
0 0 0 0

+o00 +oo
12 o 212
> / VIGL? + (V> —e) / 2P — IV]|oe.8()
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and

+oo +o0 +o00 +oo . +oo

/0 |w;k|2+/0 vwikz/o |¢;,C|2+/0 V|¢k|2+V°°/O 2P — 6(e).
Hence,

Ty (Uny) = i+ Jv (W) + T (7)) — (e). (A.1.4)
Besides, let ay, = [ |[Yl(z)|%dz, B = [, |¢}(2)|*dx. For all fixed £ > 0, the

sequences (ay)r and (Bg) are bounded in RT. There are subsequences, still denoted
by (ax)r and (0Gy)g, which converge in RY to . and ., respectively, where a. and
(. belong to R such that

lae —a| <e and [f. —(1—a)] <e. (A.1.5)
Inequality (A.1.4) yields
JVWnk) > Ve + Iak + [E: o 5(5)

Taking the liminf, of the last inequality and letting ¢ tend to zero, we obtain in

view of (A.1.5) and the fact that liminfy v, > 0
L >1,+I7°

l1—a

which contradicts the strict subadditivity inequality (A.1.3).
Consequently, the sequence (p,, )i verifies the compactness case of the concen-
tration-compactness lemma which yields straightforwardly that the minimizing se-

quence (v,), is relatively compact in L*(R™).

A.2 Pauli Matrices

Definition A.2.1. The Pauli matrices are the three matrices o1, 09 and o3 defined

by
01 0 —2 1 0
01 ( 10 ) ) 02 ( i 0 > ’ g3 ( 0 —1 ) ( )

These matrices satisfy the following properties

Lemma A.2.2. 1. We have the following equalities
(01, 09) = 2i03, [09,03] = 2i0y, [03,01] = 2i0y and [0, 0;] = 0.

which is equivalent to (G x & = ([09, 03], [03,01], [01,02]) )

0 X0 =2i0.

Sl
N
Il

In general, one has [@-&,b- 3] =2i(d xb) 7.
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2. The contracted product of (0;) give

—

0;:0;=20; and (@-G):(b-d)=2a-b.

-

3. (@-3)(b-3)=a-bl +i(@xb)-a.









Summary. This thesis is decomposed into three parts. The main part is
devoted to the study of spin polarized currents in semiconductor materials. An
hierarchy of microscopic and macroscopic models are derived and analyzed. These
models takes into account the spin relaxation and precession mechanisms acting on
the spin dynamics in semiconductors. We have essentially two mechanisms : the spin-
orbit coupling and the spin-flip interactions. We begin by presenting a semiclassical
analysis (via the Wigner transformation) of the Schrodinger equation with spin-
orbit hamiltonian. At kinetic level, the spinor Vlasov (or Boltzmann) equation is
an equation of distribution function with 2 x 2 hermitian positive matrix value.
Starting then from the spinor form of the Boltzmann equation with different spin-
flip and non spin-flip collision operators and using diffusion asymptotic techniques,
different continuum models are derived. We derive drift-diffusion, SHE and Energy-
Transport models of two-components or spin-vector types with spin rotation and
relaxation effects. Two numerical applications are then presented : the simulation
of transistor with spin rotational effect and the study of spin accumulation effect in
inhomogenous semiconductor interfaces.

In the second part, the diffusion limit of the linear Boltzmann equation with
a strong magnetic field is performed. The Larmor radius is supposed to be much
smaller than the mean free path. The limiting equation is shown to be a diffusion
equation in the parallel direction while in the orthogonal direction, the guiding
center motion is obtained. The diffusion constant in the parallel direction is obtained
through the study of a new collision operator obtained by averages of the original
one. Moreover, a correction to the guiding center motion is derived.

In the third part of this thesis, we are interested in the description of the confi-
nement potential in two-dimensional electron gases. The stationary one dimensional
Schrodinger—Poisson system on a bounded interval is considered in the limit of a
small Debye length (or small temperature). Electrons are supposed to be in a mixed
state with the Boltzmann statistics. Using various reformulations of the system as
convex minimization problems, we show that only the first energy level is asymptoti-
cally occupied. The electrostatic potential is shown to converge towards a boundary
layer potential with a profile computed by means of a half space Schrodinger—Poisson

system.

Key words. Semiclassical analysis, Wigner transformation, spin-orbit hamil-
tonian, spinor Boltzmann equation, micro-macro limit, diffusion limit, moment me-
thod, entropy minimization, drift-diffusion, SHE, Energy-Transport, two-component
models, Spin-FET, finite elements, Gummel iterations, guiding-center approxrima-
tion, high magnetic field, convex minimization, min-max theorem, concentration-

compactness principle, boundary layer.



