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Introduction

De nombreux problémes en mathématique physique et particuliérement

en dynamique des fluides sont modélisés par des équations aux dérivées par-
tielles dans des domaines non bornés. L’étude de ces problémes passe d’abord
par la résolution d’équations portant sur des opérateurs différentiels linéaires
de base. Le but de cette thése est d’étudier les opérateurs de Laplace et
de Stokes dans différentes géométries non bornées en donnant des résultats
d’existence, d’'unicité et de régularité.
Nous connaissons les domaines non bornés les plus classiques et les plus étu-
diés comme, en premier lieu, 'espace R™ tout entier ou bien un domaine
extérieur, i.e. le complémentaire d'un compact dans R"”, ou encore le demi
espace supérieur R’} . Ici nous souhaitons étudier d’autres géométries non bor-
nées, plus particuliéres, pour lesquelles on ne connait pas ou peu de résultats,
a plus forte raison dans le cadre fonctionnel que nous avons choisi. Parmi
elles, une géométrie mixte, i.e. un “mélange” de géométries classiques (do-
maine extérieur et demi-espace) ou encore des géomeétries originales comme
un demi-espace perturbé ou un “aperture domain”.

De plus, si nous avons opté pour des conditions aux limites non homo-
génes assez classiques, a savoir de type Dirichlet ou Neumann, nous regardons
également, pour 'opérateur de Laplace, le cas de conditions mixtes, i.e. avec
une condition de type Dirichlet sur une partie du bord (bornée ou non sui-
vant les cas) et une condition de Neumann sur 'autre partie (bornée ou non),
les deux parties étant disjointes.

Le fait d’étudier des domaines non bornés conduit, au contraire du cas
borné, a décrire le comportement a 'infini des données et éventuellement des
solutions. De plus, dans la plupart des cas ol nous nous placgons, la frontiére
elle-méme n’est pas bornée ce qui implique de devoir définir des espaces de
traces permettant, 14 encore, de décrire le comportement & l'infini de leurs
éléments.

Plusieurs cadres fonctionnels ont été proposés pour résoudre ces pro-
blémes en domaine non borné. Il y a par exemple le complété de D(2) pour
la norme LP du gradient ou bien encore le sous espace des fonctions loca-
lement LP dont le gradient est LP. Mais ces espaces présentent plusieurs
inconvénients. En effet, pour le premier, il existe, dans le cas o p > n et
Q = R", des suites de Cauchy dans D(R™) qui ne convergent pas vers des
distributions. Ce comportement a été décrit par Deny et Lions en 1954 (voir
[20]). Remarquons que dans le cadre fonctionnel que nous choisissons, ces
suites seront éliminées car nous équipons nos espaces de la norme compléte
et pas seulement de la norme du gradient. De plus, cela nous permet d’évi-
ter 'imprécision a l'infini de la seconde approche, imprécision inhérente a la



définition de la norme L .

L’approche que nous choisissons ici est celle des espaces de Sobolev avec
poids Wgtg(ﬂ) Ces espaces sont des extensions des espaces de Sobolev clas-
siques, munis de poids qui permettent de controler la croissance ou la décrois-
sance des fonctions & l'infini. Ce sont des espaces qui présentent 1’avantage
de donner des informations sur les fonctions elles-mémes, en plus de leurs
dérivées.

Outre la description a I'infini des fonctions, la raison fondamentale de
I'ajout des poids et donc d'une généralisation des espaces de Sobolev clas-
siques provient des inégalités de type Poincaré. En effet, dans les espaces
classiques et pour des domaines non bornés, elles ne sont plus vérifiées. Or,
ces inégalités de Poincaré jouent un role clé dans les méthodes variation-
nelles permettant de résoudre des problémes aux limites elliptiques. Il est
donc judicieux d’introduire des poids qui nous permettent de les retrouver.
Le premier poids que I'on introduit (voir [30]) est :

p=(1+]2)".

Il apparait de fagon naturelle dans des inégalités de Hardy qui elles-mémes
sont fondamentales pour établir les inégalités de type Poincaré. Notons éga-
lement que, pour certaines valeurs critiques de n et p, 'introduction du poids
p est insuffisante pour établir ces inégalités. Il convient donc de rajouter un
facteur logarithmique lg p, défini par

lg p=1In(2+|z|)

pour lever partiellement ces restrictions. Nous pouvons remarquer ici que
I'ajout des constantes dans la définition des poids a pour but de ne pas mo-
difier le comportement & I'origine des espaces de Sobolev avec poids. Leurs
propriétés locales sont donc les mémes que celles des espaces de Sobolev clas-
siques. De nombreux auteurs ont étudié ces espaces sans poids logarithmique.
Nous pouvons citer par exemple Hanouzet |30], Kudrjavcev [36], Kufner [37],
Kufner et Opic [38] ou Avantaggiati [12]. Par contre, comparativement, peu
d’entre eux ont étudié ’espace complet avec poids logarithmique. Nous pou-
vons néanmoins nommer Lizorkin [43], Leroux [40] et Giroire [27].

Nous voudrions maintenant revenir aux différents problémes que ’on étu-
die pour diverses géométries dans le cadre de cette thése. En premier lieu,
nous nous intéressons a l'opérateur de base, a savoir le Laplacien et ce, dans
la géométrie d'un domaine extérieur, .e. le complémentaire d’'un domaine
compact dans R™. De nombreux auteurs se sont penchés sur ce probléme
avec des conditions aux bords de type Dirichlet ou bien de type Neumann.
Nous pouvons citer Leroux [40] et [41], Giroire et Nedelec [28], Nedelec [47]
ou bien Nedelec et Planchard [48] mais aussi Hsiao et Wendland [33] qui ont
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étudié le probléme avec une condition de Dirichlet en dimension 2, Cantor
[17] qui a résolu les problémes de Dirichlet et de Neumann pour certaines

n
valeurs de p et den (n > 3 et p > —2) et pour certains poids ou encore
n —_—

Giroire [27] qui a établit des isomorphismes en dimension 2 et 3 pour un
large éventail de poids. Enfin, nous citons les travaux de Amrouche, Girault
et Giroire [7] que nous rappelons également dans la section 2.2 et qui four-
nissent des résultats pour des problémes de Dirichlet et de Neumann pour
toute dimension, 1a encore avec un large éventail de poids. Dans ce premier
travail, nous souhaitons, en nous basant sur [7], considérer le cas o il y a
a la fois une condition aux limites de type Dirichlet et une autre de type
Neumann. Nous pouvons noter que nous considérons juste un cas particulier
de “mixité”, en supposant que les surfaces ou les conditions de Dirichlet et
de Neumann sont données sont disjointes et qu’il pourrait également étre in-
téressant d’étudier le cadre général, quand il y a une frontiére commune. Ici,
nous définissons donc deux compacts disjoints non vides wy et wi de frontiére
(lipschitzienne ou de classe O suivant les cas) I'g et I'; et nous voulons
établir des résultats d’existence, d'unicité et de régularité pour le probléme
suivant dans Q = “(wpUwy ), probléme que nous appelons probléme mixte
extérieur a deux corps :

—Au = f dans Q,

(P) %u: 90 sur I'g,

— = sur I'y.
on g1 1

Dans un second temps, nous voulons rester dans ce méme type d’ap-
proche, i.e. pour des problémes avec des conditions de type Dirichlet-Neumann
mais cette fois-ci, nous ne voulons plus considérer deux frontiéres compactes
mais une compacte et une autre non compacte, a savoir R*~!. Pour ce type
de géométrie, nous regardons d’abord le premier cas, ot l'on a sur les deux
parties de la frontiére des conditions aux limites de type Dirichlet ou bien
Neumann puis nous regardons les deux types de mixité, suivant le fait que
la condition de type Dirichlet (resp. Neumann) se trouve sur la partie borné
ou non bornée de la frontiére. Donc, pour wy un compact inclus dans R,
nous voulons établir des résultats d’existence, d'unicité et de régularité dans
1 = “wo NRY domaine que 'on appelle domaine extérieur dans le
demi-espace, pour les problémes suivants :

(Pp) —Au= f dans Q, u=gosur [y, u=g sur R" !

(Pn) — Au= f dans Q, g—u = go sur Iy, 9u = g; sur R" 1,
n on
Pr,) —Au= f dans Q, u = gg sur I'g, @ = g1 sur R*"7L
! 0
n

Prr,) — Au = f dans €, % =go sur Iy, u=g; sur R" L.
? 0
n
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Une maniére de voir cette géométrie est de la considérer comme 1'associa-
tion d’'un domaine extérieur classique et du demi-espace. La difficulté vient
ici du fait que la frontiére n’est pas bornée. Il convient donc de définir des
espaces de trace avec poids permettant de décrire le comportement des fonc-
tions a l'infini. Nous pouvons citer a ce sujet les travaux de Hanouzet [30]
puis ceux d’Amrouche et Necasova [8] qui ont étendu cette premiére défini-
tion aux espaces avec poids logarithmiques. Nous renvoyons aux résultats de
Boulmezaoud [15], Maz'ya, Plamanevskii et Stupyalis [44], Simader et Sohr
[49] et donc Amrouche et Necasova [8] (présentés dans la section 2.3) pour
I’'équation de Laplace dans le demi-espace avec condition de Dirichlet, ainsi
quaux résultats d’Amrouche [4] pour le méme probléme avec une condition
de Neumann.

Aprés s’étre intéressés au Laplacien, nous voulons étudier 'opérateur
de Stokes en considérant toujours des géométries non bornées, possédant
également des frontiéres non bornées. Nous nous intéressons en premier lieu
au méme domaine que précédemment, a savoir un domaine extérieur dans
le demi-espace et nous étudions le probléme suivant, avec des conditons
aux limites de type Dirichlet :

—Au+Vr=f inQ,

divu=nh in ,
(SD) U = go on FO:
U =g on R*1.

Ici encore, cette géométrie, mélange de domaine extérieur classique et de
demi-espace, est assez nouvelle mais nous pouvons rappeler des résultats pré-
cédemment établis pour les deux géométries plus classiques. Tout d’abord,
pour un domaine extérieur, citons quelques travaux dans un autre cadre
fonctionnel que celui des espaces de Sobolev avec poids, ceux de Kozono et
Sohr [34] et |35] et ceux de Galdi et Simader [24] qui établissent des résultats
d’existence et d’unicité pour un champ de vitesse dans le complété de D(2)
pour la norme LP du gradient et pour un champ de pression dans LP. En ce
qui concerne les espaces de Sobolev avec poids, nous renvoyons a Girault et
Sequeira [26] (dans les casn =2 oun =3, p =2 et a = 0), & Specovius et

Neugebauer ([52] quand n > 3 et “ia ¢ Z pour des solutions fortes et [53]
p

2
quand n = 2 et — + « ¢ 7Z pour des solutions faibles) ainsi qu’a Alliot et

Amrouche [3]. Pour le probléme de Stokes dans le demi-espace, nous pouvons
citer Cattabriga [18], Farwig et Sohr [22] et Galdi [23| pour une approche
dans les espaces homogeénes ou bien Maz'ya, Plamanevskii et Stupyalis [44]
(en dimension 3) et Amrouche, Necasova et Raudin [9] (voir la section 2.5)
pour une approche dans les espaces de Sobolev avec poids.
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Enfin, dans un dernier temps, nous nous intéressons a d’autres géomé-
tries non bornées avec frontiére non bornée, pour 'opérateur de Stokes. Nous
nous concentrons sur deux domaines particuliers que I’'on peut retrouver dans
la littérature. Le premier est un demi-espace perturbé 7.e. un domaine ob-
tenu par une perturbation locale du demi-espace. Le second est un “aperture
domain” i.e. deux demi-espaces séparés par un mur d’épaisseur d > 0 et re-
liés par un trou. Pour ces domaines, nous voulons donc établir des résultats
d’existence, d’'unicité et de régularité pour le probléme de Stokes suivant :

—Au+Vr=f dans Q,
(8) divu=nh dans Q,
u=g sur 0f).

Nous remarquons ici, comme I’a montré Heywood ([31] et [32]), I'importance,
dans le cas de 'aperture domain, de la conditon de flux

/ u-n do,
M

en tant que condition supplémentaire afin d’obtenir 'unicité de la solution.
Notons que M est une hypersurface au niveau du trou qui sépare §2 en un do-
maine supérieur 4 et un domaine inférieur €2_. Nous renvoyons également
aux travaux de Borchers et Pileckas [14], Galdi [23], Ladyzhenskaya et Solon-
nikov [39], Solonnikov [50], Solonnikov et Pileckas [51] et Farwig et Sohr [22].

Ce travail de these est découpé en sept chapitres. Les chapitres 3, 4 et 5
ont chacun donné lieu & la rédaction d’un article soumis, & paraitre ou paru.
Un dernier article en cours de rédaction regroupe les résultats des chapitres
6 et 7.

Dans le chapitre 1, nous donnons les notations principales que I'on utilise
dans ce mémoire de thése. Nous y définissons en particulier les espaces de
Sobolev avec poids de la maniére la plus générale possible, c’est & dire avec
un trés large éventail d’exposants sur le poids p ainsi que sur le poids lo-
garithmique. Ceci étant, dans la pratique nous nous contenterons de donner
des résultats dans les espaces & poids les plus basiques (exposant -1, 0 ou 1
sur p, exposant 0 sur lg p). Nous pouvons noter ici qu'une extension possible
de ce travail pourrait étre de donner des résultats similaires dans les espaces
plus généraux. Bien siir, cela entrainera des questions supplémentaires sur les
noyaux des problémes ainsi que sur les conditions de compatibilité. Nous rap-
pelons aussi les résultats connus des inégalités fondamentales de type Poin-
caré (Theoréme 1.2.1) dans différentes géométries. Nous donnons également
dans ce chapitre les définitions générales des espaces de traces avec poids.
Néanmoins, nous les énoncons ici uniquement dans le cas de espace R? ! et
nous renvoyons aux introductions respectives des chapitres 6 et 7 pour leurs
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définitions dans le cas du demi-espace perturbé et de 1™aperture domain”.
Enfin, nous donnons un résultat fondamental de relévement au Lemme 1.3.1.

Dans le second chapitre, nous nous contentons de rappeler des résultats
déja établis dans d’autres géométries plus classiques et dans le cadre des
espaces de Sobolev avec poids. Nous rappelons tout d’abord certains isomor-
phismes pour I’équation de Poisson puis des résultats pour un probléme de
Laplace en domaine extérieur ainsi que dans le demi-espace avec des condi-
tions aux limites de type Dirichlet ou Neumann. Ensuite, nous énoncgons
également des résultats pour le probleme de Stokes dans R™ puis dans R'}.
Nous précisons ici que nous ne rappelons que les résultats sur 'existence et
I'unicité de solutions généralisées et nous renvoyons a ces différents travaux
pour une étude plus compléte de ces problémes.

La suite du travail est le véritable contenu de cette thése, a savoir les nou-
veaux résultats qui sont établis ici. Tout d’abord, dans le chapitre 3, nous
nous consacrons a l’étude du probléme mixte extérieur & deux corps défini
précédemment. Nous étudions tout d’abord le cas hilbertien en démontrant
entre autres une inégalité de type Poincaré. Puis nous regardons le cas p # 2
en résolvant tout d’abord, lorsque p > 2, le probléme harmonique puis en
établissant une condition “inf-sup”. Ensuite, nous donnons une caractérisa-
tion du noyau et par dualité, nous étudions le cas p < 2. Nous établissons
également des résultats de régularité et dans la derniére partie, nous abor-
dons briévement la question des solutions homogeénes.

Le chapitre 4 est dévoué a la résolution des quatre problémes de Laplace
cités ci-dessus dans le complémentaire d’'un compact dans le demi-espace.
Chaque section de ce chapitre est consacrée a I’étude d’un de ces quatre pro-
blemes. Nous y donnons des résultats d’existence et d’unicité de solutions
faibles et de solutions fortes.

En se plagant toujours dans un domaine extérieur dans le demi-espace,
nous étudions au chapitre 5 I'opérateur de Stokes avec conditons aux limites
de type Dirichlet. Ici encore, nous cherchons a établir des théorémes d’exis-
tence et d’unicité de solutions généralisées. Pour cela nous étudions d’abord
le cas p = 2 en donnant des lemmes de relévements, une formulation va-
riationnelle équivalente et un théoréme du type De Rham au moyen d’une
condition “inf-sup”. Puis nous passons au cas p > 2 que nous résolvons en
considérant tout d’abord des données & support compact de maniére & se ra-
mener au cas hilbertien et construire une solution. Ici encore, nous traitons
le cas p < 2 grice a un raisonnement par dualité. Enfin, les deux derniéres
sections de ce chapitre sont vouées & établir des résultats pour des solutions
fortes dont un résultat de régularité mais également des théorémes permet-
tant d’obtenir des solutions trés faibles lorsque les données sur le bord sont
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peu réguliéres.

Pour terminer, dans les chapitres 6 et 7, consacrés respectivement au
demi-espace perturbé et a I™aperture domain”, nous essayons de suivre le
méme schéma de démonstration qu’au chapitre 5 afin d’obtenir des résultats
similaires. Néanmoins, et particulierement dans le cas de I'“aperture domain”,
nous devons adapter nos démonstrations & la particularité du domaine et no-
tamment & I'ajout de la condition de flux.

Enfin, pour conclure cette introduction, nous voulons rappeler les choses
qui n’ont pas été traitées ici et qui peuvent ouvrir des perspectives pour la
suite. Tout d’abord, comme nous 1'avons déja dit, il peut-étre intéressant de
donner des résultats similaires pour une classe plus large de poids. Ensuite,
on peut étudier, pour la géométrie du chapitre 3, le cas ol wg et wy ont une
frontiére commune. En ce qui concerne le probléme de Stokes, on pourrait
I'étudier dans ces différentes géométries avec d’autres conditions aux limites.
Puis, on peut penser au cas ol 'épaisseur du “mur” de ’aperture domain est
réduite & zéro. Enfin, il conviendrait d’étudier ces problématiques pour des
problémes évolutifs et non linéaires.
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Chapter 1

Functional framework

1.1 Notations

Let 2 be an open set of R® with n > 2 and T its boundary. In all the
sequel, €2 is supposed of class C'1! except in some cases where we will precise
that the boundary can be only Lipschitz-continuous. For any real number
p € |1, 400[, we denote by p’ the dual exponent of p:

1 1
p D

Let © = (x1,...,7,) be a typical point of R” and let r = |z| = (z3 +--- +
x%)l/Z denote its distance to the origin. We define the upper half-space by

RY = {x € R", z, > 0}.
We shall use two basic weights:
p=1+r>)Y% and lg p=In(2+r?)
For a multi index A = (Aq,...,\,) € N” we set

s Sl
O dap

with [A\| = Ay 4+ --- 4+ \,. For any integer ¢ we denote by P, the space of
polynomials in n variables, smaller than or equal to ¢, with the convention
that P, is reduced to {0} when ¢ is negative.

For F and F two spaces such that E C F', we define
FllE={feF VeeE, <f,z>pp=0}.

For any space E., we denote by E the space E™.
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We will denote by C a positive and real constant which may vary from
line to line.

For R > 0, we will denote by Bgr an open ball of radius R.

We remind here the definition of classical Sobolev spaces: for any non-
negative integers n and m and real numbers p > 1 setting:

W™P(Q) = {u e D'(Q); VAN :0< |\ <m, DM LP(Q)}.
We equipped this space with its natural norm. When p = 2, we note
H™(Q) = W™2(Q),

then Hz (T') is the space of traces of functions in H'(Q) and H}(Q) is the
subspace of functions in H'(£2) whose the trace is equal to zero on I

Finally, we define the following space:

LY (Q) = {u, for any compact K C Q, u € LP(K)}.

loc

1.2 Weighted Sobolev spaces

For any nonnegative integers n and m and real numbers p > 1, a and 0,
setting
N
-1 1f;—|—a§é{1,...,m},
k= k(m,n,p,a) =

m—"_q ifﬁ—kae{l,...,m},
p p

we define the following space:
Wi (@) = {u e D'(Q);
YA e N":0< A <k, p2 ™ (g p)P~1D e LP(Q);
VAeN": k+1< [N <m, p* ™ (g p)PDru e LP(Q)}.

It is a reflexive Banach space equipped with its natural norm:

[ellwrr@) = ( >l (g p)ﬂ_lDAUIl’zp(g)
0<|A|<k

Y e g p) Dl ) .
k1< <m

18



We also define the semi-norm:

[ulwmr) = (D 10%(g p)’ D ull]yp)'?.
[A|=m

When 8 = 0, we agree to drop the index 3 and denote simply the space by
WaP().

The constants 1 and 2 in p(r) and lg r are added so that they do not
modify the behaviour of the functions near the origin, in case it belongs to €.
Thus, the functions of W77 () belong to W P(O) on all bounded domains
O contained in ). Now, we define the space

o S—
W o3 (Q) =D(Q) Mei ™,

it is characterized by
W o () = {v € WE(Q); qov =mv =" = Ym-_1v =0},
where 7; is the trace of order i of a function in W7"7(Q). Now, we define

W:Z’f,ﬂ(ﬁ), the dual space of W o5 (), which is a space of distributions.

In the whole space, in the half-space and in an exterior domain in the
whole space, we remind that

D(Q) is dense in W?’g(ﬂ) (1.1)
and that we have the following Poincaré-type inequalities:

Theorem 1.2.1. Let a and 3 be two real numbers and m > 1 an integer
not satisfying stmultaneously:

ﬁ—|—oz€{1,...,m} and (f—1)p=-1
p

Let ¢ = min(q,m — 1), where q is the highest degree of the polynomials
contained in WZg(Q) Then:

i) the semi-norm | . |yymp o) defined on Wm’p( )/ Py is a norm equivalent
to the quotient norm.

[e]
ii) the semi-norm | . \ng (@) 18 a norm on W Zg(Q), which is equivalent to
the full norm || . me 7()-

We just recall here the definition of the quotient norm:

[ullwmr@)p, = kier%ij, lu+ kllwme)-
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This theorem is established by Amrouche, Girault an Giroire when ) = R"
(see [6]) or when 2 is an exterior domain in the whole space (see [7]) and by
Amrouche and Necasova when 2 = R"} (see [8]). We prove that it is easily
extended to an exterior domain in the half-space, a perturbed half-space or
an aperture domain (see Sections 1 in Chapters 5, 6 and 7).

Now, we want to recall some properties of the weighted Sobolev spaces
W5 (). First, we have the algebraic and topological imbeddings:

Wi (Q) — W’Qj_—l{g(g) e Wg’fmﬁ(fz)

ifﬁ—i—a@f{l,...,m} and
p

7 i i, 0.
Wog(Q) —...— ng_;jl’g(m SWETl ()= oW ()

ir 2 +a=j€{l,...,m}. We notice that in the first case, for any v € R
p

such that = +a—v¢{1,...,m}, the mapping
p
u € WZg(Q) — plu € Wz;p%ﬁ(ﬁ)

is an isomorphism. In both cases and for any multi-index A € N", the
mapping
; A —[ Al
u e WIHQ) — uewi WP (@)
is continuous. Finally, it can be readily checked that the highest degree ¢ of
the polynomials contained in ngg(Q) is given by

( E—I—Oze{l,...,m} and (B8—1)p> —1,
n ] P
m———a—1 if or
p n . .
q= ;-{—QE{jEZ;JSO} and fp > —1,
m-2"_a otherwise.
p

For any open subset © of R", we denote the following duality pairing:

<. .>e=<..> if © is bounded,

W-L2(0)x Wi (©)

<., . >e=<.,.> / if © is unbounded,

WO—LP(@) Xﬁ/é,;ﬂ (@)
and

< .y >Rn: < .y >Wal’p(Rn)XWé'p/(Rn) .
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1.3 The spaces of traces

Here, we want define the trace of a function in WZ’;;(Q) First, when T,
which is the boundary or a part of the boundary of 2 is bounded, the traces
of functions in WZZ%D(Q) are in the classical spaces of traces Wm_j_%’p(I‘),
with j = 0,...,m — 1 and we return to Adams [1] or Necas [46] for their
definition and for the usual trace theorems.

Now, we want to define the traces of functions when Q = R’}. We will
use these spaces in Chapters 4 and 5. For the other types of spaces of traces
(in the case of the perturbed half-space (Section 6) and in the case of the
aperture domain (Section 7)), we return to the introductions of the corre-
sponding sections.

For any o € ]0,1[, we introduce the space

WIP(R™) = {u € D'(R"),w "u € LP(R"),

lu(z) — u(y)?
— 77 dxdy < oo},
/R"XR" ‘IB - y‘n—l—ap }

n n
where w = p if = # o and w = p (Igp)'/? if — = . It is a reflexive Banach
p
space equipped with its natural norm

|u($) — u(y)‘p d:l)dy)l/p

e
R A

R™ xR™
Similarly, for any real number a € R, we define the space:
WoP(R") = {u € D'(R"),w* %u € LP(R"),
/ P (@)u(z) — p*(y)u(y)
R™ xR™

P
o — gt dxdy < 0o},

where w = p if n +a#o0and w=p (Igp)V/ =) if n + a = o. For any
s € RT, we set ! !
WiPR") = {u € D'(R");
VA eN":0< A <k, p N (1g p) DM e LP(R™);
VAEN" : k+1< N <[s]—1, p* DM e LP(R™);
VYA e N": |\ = [s], D ue WIP(R™)}.

where k= s — — —aif - +a € {o,...,0+]s]}, witho =s—[s]and k = —1
p p
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otherwise. It is a reflexive Banach space equipped with the norm

A A
lullwsr@ny = (> N> *t(ig p)~'D ull 7o @y
0<[ A<k

+ > DM, )P D DMl -
k1IN < s] -1 [A1=[s]

We can similarly define, for any real number (3, the space:

WiB([R™) = {u € D'(R"), (Ig p)’u € WEP(R™)}.
We can prove some properties of the weighted Sobolev spaces WZ”%(R").
We have the algebraic and topological imbeddings in the case where n ¢
{o,...,0+[s] — 1} P

). 17 b
WSP 5(R") — wWe™ 1%(R") ce— Wap[s] ﬁ(R"),
). 3. 07
WERR?) = WP (R o WO (RT).
When — +a=j€{o,...,0+[s] — 1}, then we have:
p
) - +17 ). ).
WZ%%...%WZ_@+1%%WZ]J%1 ...‘—>Wp[sm 1
) [S],p [S]f]+17p [S} 07
Wes =Wl = 2 Was jlip Wolsliga = o Wolig
We denote the trace of order j on R"~! of a function u by:
o9
vjeN, o’ R, yu) = o o (x',0).

We remind the following trace lemma proved by Hanouzet [30] and extended
by Amrouche and Necasova [8] to this class of weighted Sobolev spaces:

Lemma 1.3.1. For any integer m > 1 and real number «, the mapping
7 DED) — (DER™))"
= (YoUy -« -y Ym—1U)
can be extended by continuity to a linear and continuous mapping still denoted

—J=5P

—1
by v from Wa"P(R™) to H Wa (R™™1). Moreover, ~ is onto and
7=0

[¢]
Ker v =W g"P(RY).
To finish this section, for any open subset © of R"™, we denote the follow-

ing duality pairing:

<, . >pe=<.,.> 4 1y it 00 is bounded,
wTrP@eyxw ¢ (80)

<o >pe=<. > 1 e o if 0© is unbounded,
w, P @eyxw, P (90)
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Chapter 2

Known results

In this section, we want to remind some results previously established and
usually used in this work. Let us notice that it is not an exhaustive list of
all results using here but only a recall of similar results than ours for other
geometries. Indeed, here we give results for a Laplace’s problem and a Stokes
problem in the whole space or the complement of a compact in the whole
space or the half-space. In all the sequel, they will be used several times in
the proofs of our theorems.

2.1 The Poisson’s equation

First, we recall some isomorphisms established by Amrouche, Girault and
Giroire in 1994 (|6]) for the Poisson’s equation:

Theorem 2.1.1. The following Laplace operators are isomorphisms:

i) A WEPRY /Py — Wo P(R™) L Py,
i) A WIPRY)/Pupsy — WIPR™) LPu ), ifn#p
Z’LZ) A - W?H(Rn)/’Pg_n R (W(ILH(RH) N Wo—lyﬁ(Rn)) 1 R,

Then, we have also this result:

Proposition 2.1.2. Assume that p > 2 and [ € W(;l’p(R”) with compact
support and satisfying, if n = 2, the compatibility condition

< f,1 >W0_1’2(R2),Wé’2(R2) 0.

Then, the problem
—Au = fin R"

has a solution u € Wé’Q(R”) N Wé’p(R"), unique up to an additive constant
ifn=2.
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2.2 The Laplace’s equation in an exterior domain

Here we remind the main theorems for Dirichlet and Neumann problems for
the Laplace operator in exterior domains of R™. This study was done by
Amrouche, Girault and Giroire in 1997 ([7]). Let wo a compact region of R”
and T’y its boundary of class C1!. First, we are interested in a problem with
a Dirichlet boundary condition. We give the characterization of the kernel
of such a problem. We define

Ab(‘wo) = {v € Wé’p(cwo), Av =0 in “wy, v =0 on Ty}

For this, we define the function pg by:

b

po =U * (

1

where U = 2—1n(r) is the fundamental solution of the Laplace’s equation in
™

R? and dr, is defined by:

Vo € D(R?), < éry,p > :/ v do.
o

We have the following characterization:

Proposition 2.2.1. If p<n orp =n =2, then Aj(‘wy) = {0}.
If p > n >3, then A5(‘wy) = {c(\ — 1),c € R}, where X is the unique
solution in Wé’p(cwo) N W(l)’2(cw0) of the problem

AXN=0in “wyg, A=1on Iy

If p>n =2, then Aj(‘wg) = {c( — po),c € R}, where p is the unique
solution in Wé’p(cwo) N W(l)’2(cw0) of the problem

Ap=01in ‘wg, p = po on L.
Then, we have the following theorem:

1
Theorem 2.2.2. If p > 2, for any f € ng’p(cwo) and g € Wl_F’p(I‘O),
there exists a unique solution u € WP (Cwo)/AD(‘wo) of the problem

—Au=f in “wy,
u=gq on ['g.

Moreover, u satisfies

),

||UHW5’P(CUJO)/A{;(%0) < C( ||f||WO—17P(ch) + HQHWF%W(FO)
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where C' is a real positive constant which depends only on wg and p.
n _ _1
If p < T and p < 2, for any f € W, YP(cuo) and g € w! »P(Tg)
n pa—
satisfying the compatibility condition

/ 0
Vo € A (wo), < fip>=<g.55 >,
this problem has a unique solution u € Wé’p(cwo).
n _ _1 _
If | <p <2 forany f e W, 1’p(cw0) and g € wt »P(Ty), this
n —
problem has a unique solution u € W(l)’p(cwo). In both cases, u satisfies

)7

ey < OO gty + 19l gy

where C' is a real positive constant which depends only on wg and p.

Now, we give results for the Laplace operator with a Neumann boundary
condition. We introduce the following partition of unity:

Y1, Yo € CP(R™), 0 <9y, 902 <1, Yy 4+ 9P =1in R",
Y1 =1in Bgr, supp ¢ C Bp,

where 0 < R < R’ is such that wg C Br and we have the following theorem:

Theorem 2.2.3. For any p > 1, f € Wal’p(cwo) N LP(‘wy) and g €
1
W »P(Ty) satisfying, if p < Ll’ the compatibility condition
n—

/ fﬂ)l d$+<fa¢2 >Cw0+<gvl>l—‘o:07
CwoﬂBR/

there exists a unique solution u € Wé’p(cwo)/P[l,n/m of the problem

—Au=f in “wy,
ou
8_’]’1, =dg on FO.

Moreover, u satisfies

Hu||w(1)’p(%o)/7’[1—n/p] < O ||f||W51’P(ch)mLp(cwo) + HgHW—%,p(FO))?

where C' s a real positive constant which depends only on wg and p.

2.3 The Laplace’s equation in the half-space

Here we remind the main theorems for Dirichlet and Neumann problems
for the Laplace operator in the half-space. This study was done by Am-
rouche and Necasova in 2001 (|8]) for the Dirichlet boundary condition and
by Amrouche in 2002 ([4]) for the Neumann boundary condition.
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Theorem 2.3.1. For any p > 1, f € Wy"P(R) and g € Wlf%’p(Rnfl),
there exists a unique solution u € Wé’p(R’}F) of the problem

—Au=f inR7%,
uUu=g on R*1,

Moreover, u satisfies
HUHW(l)yP(Ri) < C( Hf”ng'p(]Rj_) + ||gHW1—%,p(Rn_1))7

where C' is a real positive constant which depends only on p.

Theorem 2.3.2. For any p > 1 such that ]% £ 1, f € W?’p(Ri) and

1
g € W »P(R"1) satisfying, if p < Ll’ the compatibility condition
n—

fder=<g,1>pn-1,
RZ

there exists a unique solution u € Wé’p(Rﬁ)/P[l,n/p} of the problem

(—9Au =f inRY,
% =g onR"1L

Moreover, u satisfies

lellwyr ey < OO Iwer@y) + 19040 o))

where C' is a real positive constant which depends only on p.

2.4 The Stokes equations in R”

Here, we give results established by Alliot and Amrouche in 1999 ([2]) for
the following Stokes system in the whole space:

—Au+Vr=f inR"
divu=h in R™.

We have the following theorem:
Theorem 2.4.1. Foranyp > 1, f € Wal’p(Rn) and h € LP(R™) satisfying,
ifp < Ll’ the compatibility condition
n —_—
Vi=1,...,n, <fi,1>]Rn:07
this problem has a solution (u,m) € Wé’p(R") x LP(R™). Moreover, (u,)

is unique up to an element of Py p ¥ {0} and satisfies

et My + o) < I oy + Ihliven),

where C' is a real positive constant which depends only on p.
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2.5 The Stokes equations in the half-space

Finally, to finish this section, we give results established by Amrouche,
Necasova and Raudin in 2008 (|9]) for the Stokes system in R’'. We have
the following theorem:

Theorem 2.5.1. For any p > 1, f € W(;l’p(]R:‘_), h € LP(RY) and g €

1-1
W, " p(Rn_l), there exists a unique solution (u, ) € Wé’p(Ri) x LP(R?)
of the problem
—Au+Vr=f inRY,
divu=nh in RY,
u=g on R*1,

Moreover, (u, ) satisfies
Huuwéd’(u@z)"’_H7THLP(R’+L) < O( HfHWal’p(Rﬁ)—i_HhHLp(Ri)+HgHW1—%’P(Rn,1))’
0

where C' is a real positive constant which depends only on p.
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Chapter 3

Mixed exterior Laplace’s
problem

3.1 Introduction and preliminaries

In this chapter, we want to study the mixed exterior Laplace’s problem,
with both a boundary condition of Dirichlet and a boundary condition of
Neumann. Let wg and w; be two compact, disconnected and not empty
regions of R™, n > 2, let I'g and I'y be their respective boundary, of class
CYH! when p # 2 and Lipschitz-continuous when p = 2 and let Q be the
complement of wy Uwi. We set I' = g U Ty = 99Q.

This chapter is devoted to solve the following problem:

—Au=f in,
(P) %: 90 on o,
a—:i =g onlj.

This chapter is organized as follows. Sections 3.2, 3.3 and 3.4 are devoted
to the study of questions of existence, uniqueness and regularity of solutions
respectively in cases p = 2, p > 2 and p < 2 and Section 3.5 deals with
different behaviours at the infinity of the solution according to the data.
The main results are Theorem 3.2.2, Theorem 3.3.6 and Theorem 3.4.3 for
generalized solutions and Theorems 3.3.8 and 3.4.4 for regularity results.

Now, we define the space YP(Q2) = W(;l’p(Q) N LP(Q) equipped with the
following norm:

Jullysioy = (1l gy + Tl )
We easily check that YP(2) is complete. We introduce the partition of unity:
Y1, Yo € CF(R™), 0 <9hy,9p9 <1, 91 + 12 = 1in R",
Y1 =1in Bg, supp ¢1 C Bpry1.
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where R > 0 is such that wg Uw; C Bgr. For any v € Wé’p,(Q), we set
vy = Y1v and ve = You. We have supp v; C Qry1 = Bry1 N Q and so
v € Wl’pl(QRH). Furthermore v9 = 0 on I" because ¢ = 0 on Qg = BrN,

50 vy € T é’pl(Q). For f € YP(Q2), we set:

VORS W(l)’p/(Q), Ty(v) = / foide + < f,ua >q .

Qr11

We easily notice that Ty is well defined, linear and we check that:

Vo € D), Ty(p) = /Q fo de, (3.1)

and for any f € YP(Q) and v € WP (Q),
|Tf(7))‘ <C HfHYP(Q) H/UHWg),P’(Q)a (32)

where C' > 0 is a constant which does not depend of f and v.

3.2 Casep = 2
We begin to introduce the space

Dy ={v e W}*(€), v="0 on Ig}.
and to establish a Poincaré type inequality:

Proposition 3.2.1. There exists a constant C' > 0 such that:
Yu € DQ, HUHW(I)’Q(Q) < C |U‘W(1)’2(Q)'
Proof- We use an absurd argument; so, assume that

Vn € N*, 3w, € Do, Hwn||W(1),2(Q) >n \wn\Wé,z(Q).

Then the sequence defined by u,, = satisfy

HwnuwéaQ(Q)

1
Hun||W(1),2(Q) =1 and |un|W(1),2(Q) < — (3.3)
Here, we define another partition of unity:

o1, p2 € CP(R"), 0 < 1,02 <1, 1 + 2 = 1in R",
¢1=1in Bg,, supp ¢1 C B,
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where 0 < Ry < R} are such that w1 C Bp,, wo N Br; =0 and Bg, C Bg.

We set u}l = p1u, and u% = Paun, so that u, = u}l + u% We deduce from
(3.3) the existence of u € Dy such that:

Up — U in Wé’Z(Q) and Vu=0in Q.
As Q is connected and u € Ds, then v = 0 in € and
U, — 0 in Wy2(Q). (3.4)

Thanks to the Rellich’s compactness theorem, u, — 0 in LQ(QRII) and by
(3.3), we easily deduce that ul — 0 in Wé’Q(Q). Now, we prove that u2 — 0

in Wé’Q(Q). First, we notice that u2 € W (1)’2(9). Setting ' = (Q\ Bg, ) Uwo,
we call again u2 the restriction of u2 to Q\ Bg, and we define:

2 =wu?in Q\ Bgr,, u2=0Iinwp
. ~ ° 1,2 . ~
We easily check that a2 € W ;~(€') with HunHWé,g(Q,) = HU%HWé’Q(Q\ERI)'
Noticing that ' = ¢Bpg, and applying a result established by Giroire [27],
we have:

~2 ~2
HunHWé’2(Q/) <C ‘Un|w(1)!2(9/)-
. ~2 . . 2
We easily show that |un‘Wé‘2(Q’) — 0, so in particular ||un||W(1)'2(Q\§R1) — 0.

To finish, since u2 = 0 on Qg,, we have: |u —

2 — |02

nuwéﬂ(g) = ||un||W(1)*2(Q\§R1)
0. So, u2 — 0 in Wé’Q(Q) which implies that u, = ul +u2 — 0in Wé’Q(Q),
and which contradicts (3.3). In consequence, we have the result searched.

O

Remark: For some geometries of compacts wy and wy (for example,
when they almost penetrate each other and when they have concave parts),
the definition of balls Bg, and BR’l where 0 < R; < R are such that
wi C Br, and wp N BR/1 = () is impossible. Nevertheless, the same reasoning
holds taking suitable open neighborhoods instead of open balls.

Theorem 3.2.2. For any f € Y?(Q), go € H%(Fo) and g1 € Hfé(I’l),
there exists a unique u € W(l)’2(Q) solution of the problem (P). Moreover, u
satisfies

lullyrzgy < C (Ifllyz) + ”90‘|H%(p0) + H91||H—%(F1))7

where C' s a real positive constant which depends only on Q.
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Proof- First, according to Theorem 2.2.2, there exists a unique ug €
Wé’Q(QO) where Qg = Q U w1, solution of:

A’u,o =0 in Qo, Uuog = 4o on Fo,
and such that
lugalysz@y < C llgol g,

0
We notice that since ugq € W2 (Q) and 0 = Aug € L*(Q), then % €
n

1
H™2(I"y). Moreover, we know that there exists a unique v € Dy solution of
the variational formulation:

Vw € Dy, a(v,w) = L(w),

where for v, w € D,

8UO >
—,w .
on I
Indeed, this result is a simple consequence of the Lax-Milgram theorem and

of Proposition 3.2.1 which shows that the form a is coercive. Then, we check
that this solution v € W(l)’2(Q) satisfies

a(v,w) = / Vv -Vw de and L(w) =Tf(w) + < g1 —
Q

—Av=f in Q,
v=20 on I'y,
@— —% on T
8n—91 ) 1

Indeed, clearly, v = 0 on I'y because v € Dy. Now, let show the first and the
third relation. Let w € D(2), then:

/ fwdz =Tr(w / Vo - Vw dx = < —Av,w >pi ) p@)

i.e. f=—Avin Q. Now, let w € H'(Q) such that supp w C Bg,. Then

/—wAvd:B :/fwda:.
Q Q

0

Since v € Wé’Q(Q) and Av € L%(Q), then 8—U € H‘%(@QRI). In other
n

respects, we have

w >8QR1 .

/—wAvd:B:/ —w Av dx = Vv-dew—<@,
Q Qr, Qr, on

But, supp w C Bg,, so Vv - Vw dm:/Vv-Vw dx and
Q

Qr,

/Vv-dea::/fwdw+<@,w>rl.
0 QO on
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As v is solution of (FV), we deduce that

ov 8’LLO
/wa de + < a—n,w >, = Tf(w) +<g1— a—n,w >r; -

As the support of w is included in Bg,, then T(w) = / fw dz and so
Q
< ov o < Oug -
—,w = - =, w .
o’ Iy 9= 3 Iy
Now, let h € H%(I‘l); we set
ho = h sur I'y, hg =0 sur 0Bp,.

Since hy € H%(Fl U OBg,), there exists wy, € HY(Qg,), wh, = ho on
I't UOBR,. Let wy, be the extension of wp, by 0 outside 2z,. Then wy, €
H'(Q) and supp wy, C Bg,; moreover, on 'y, wy = h. So, we have, for any
he Hz(T):

ov 8u0
< —,h>pr,=<g1— —,h>r,,
on 1 I on I
ov ou
re. — =g — =9 sur I'y. Moreover, we easily show that
on on
8UO

Wiy = € Uy +llor = 5711 )

Finally, the function u = ugp + v is the solution of (P) and the estimate
searched is a consequence of the two previous inequalities. O

3.3 Casep > 2

We propose the following approach: first we solve the harmonic problem, this
will enable us to establish an "inf-sup" condition which in turn will solve the
full problem by the theorem of Babugka-Brezzi.

In all this section we suppose p > 2 (except for the subsection 3.3.5. where
we suppose p > 2) and T of class C11.

3.3.1 Resolution of the harmonic problem

1—%,11

1
Let go be in W (o) and g1 be in W ?”7(I'y). Here, we consider the
problem: find u in W(l)’p(Q) N W(l)’Q(Q) solution of

Au=0 in €,
(Po) %: 90 on Iy,
% =g onl}y.
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1
Theorem 3.3.1. For any p > 2, g0 € W (To) and g1 € W 7 (Ty),
there exists a unique u € WyP(Q) N W () solution of (Po). Moreover, u
satisfies:

P

=

@y + Ny <€ Claol

D=

T'o

+ _1 , (35
P U RS

where C' is a real positive constant which depends only on p and €.

Proof- By Corollary 2.6 in [7], we know there exists ug € Wé’p(Qo) N
Wé’Q(QO) solution of

AUO =0 in Qo, Uuo = go on Fo,
where we remind that g = Q Uwq, with the following estimate:

||UOHW(1J’1’(QO) + ||u0HWé’2(QO) < Cgoll

0
We notice that since ugq € W(l)’p(Q) and 0 = Aug € LP(Q2), we have % €
n

-1,

W " (T'1). Moreover

duo

_1 S C 0 1
8” ||W p,p(Fl) Hg ||W1 p,p(FO)
Then, we are going to show that there exists a unique v in W52 (Q)NW P ()
solution of the following problem:

Av = in Q,
! v = on Iy,
POV o
on YT o M

with the estimate:

ol +Ilhwysy < € Clool g+ Il o ) B
Ouyg _1 . .
Asp>2,¢g1 — I € H 2(I'1) and by Theorem 3.2.2, there exists a unique
n

v E Wé’Q(Q) solution of (Py) and satisfying (3.7) with p = 2. It remains to
show that v € Wé’p(Q). For this, we use the partition of unity previously
defined:

o1, p2 € CF(R"), 0 < 1,00 <1, o1+ 02 =1 in RY,
¢1=1in Bg,, supp ¢1 C Bpy,

34



where 0 < Ry < Rj are such that wi C Bg,, wo N B, = () and Bp, C Bkg.
We set v1 = p1v, v9 = w9v and

Uy = w9 in Q, 03 =0 in wy.

[¢]
We remind that v € W é’Q(Q) and so that vy € Wé’Q(QO). Moreover, we
have:

—Avy = Avy = v Apy + 2V - Vo := fi in Q.
Setting N B
f1:f1 inQ, f1:Oinw1,
it is obvious that f; € L?() with supp fiC Qp, and that —Auvy = fi in

Qy. Now, we set s = U5 and we are going to show that s € Wé’p(Qo). For
this, we define another partition of unity:

£1, e CPR"), 0,6 <1, & +&=1inR",
&1 =1in BRO’ supp &1 C BR6?

where 0 < Ry < R{, are such that wy C Bpg,, w1 ﬂBR{J = () and BR{J C Bgpg.
We set s1 = £1s and sg = £95, and we notice that:

—Aszzﬁ-l—Asl:fl-i-s A& 4+ 2VE - Vs = F in Q.

Finally, we set:

(;2:{32 in Qo, and ﬁ:{F in Q,

0 in wy, 0 in wg.

We have s; € W(l)’Z(R") because sg € W (1)’2(90), F € L2(R™) with supp
F CQp NQpg, and also —Asy = Fin R™.

2
i) Case 2 < p < nQananSOrp>2andn:2.

n —
Thanks to the injections of Sobolev, , we have F € Wal’p(]R"). In conse-
quence, by Theorem 2.1.1 i), (there is no condition of compatibility because
p > 2), we show that s3 € Wé’p(Rn) and so sg € Wé’p(Qo) and we easily
check that:

ou
< C g — o

||82||W(1)‘7(R")/P[17%] >~ % (3.8)

1 .
Iy 7 ()

Outside of BRE)’ & = 0so s = s9 and the trace of so on 8336 belongs to
Wlf%’p(@BR/ ). So s satisfies:
0

—As = f1in QR()’ 5 = S9 onﬁBRé, s =0 on I'y.
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Consequently, (see Lions and Magenes [42] ), s € WP(Qp, 1) and:

) (3.9)

||3||W17P(QR6) <C (||f1||W‘1’P(QR6) + H52||W1‘%’P(83R6)

We deduce of this that s € W47 (9p); and with (3.8) and (3.9), we have:

8’LLO
Hs”wéap(go) < C g1 — 8—n||W7%'p(F1). (3.10)

2n
n—2

The argument used above with p =

ii) Case n > 3 and p >

2 172_"
n2 shows that s € W, "7*(Qp) and

1,22 .
we use the same proof as i) with s € W "% (Qp) instead of s € W(l)’2((20).

So, we obtain the result forn =3, n=4and n=5if p < _n4 then we
7 —

take instead of

, and we start again; so we reach for all dimen-

sions, all values of p.

Consequently, we have s = v € W(l)’p(Qo), vy € Wé’p(ﬂ) and

Ouo

IA

C g — (3.11)

P

||U2HW(1)’1’(Q) on HW 1 (Fl)'

Outside of Bp;, ¢1 = 0 and v = v3 and the trace of vy on 8BR/1 belongs to
1
Wlf?p(aBR/l). So v satisfies:

ov 8’LLO
— =g — — onI'.
on

szOinQer, v:vgonaBer, 3
n

In consequence, (see Lions and Magenes [42] ), v € Wl’p(QR/l) and

lelwroan < € (=20 o+ Toalyagngy )e (312

We deduce of this that v € W(l)’p(ﬂ) and with (3.11) and (3.12), we have:
[ollyrrgy < Cllar— 8—n||W7;},p

Then, we easily check (3.7). Finally the function u = ugq +v € Wé’Q(Q) N
Wy (Q) suits and with (3.6) and (3.7), we have (3.5). 0

Remark: In this proof, we can do the same remark as Page 30 when we
define balls Bg,, Bg;, Br, and Bp;.
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3.3.2 An “inf-sup” condition

Setting for any p > 1,
D, = {v e WP(Q), v =0 on [p}.

we notice that, equipped with the norm [|V.|[zrq), Dy is a reflexive Banach
space. In this subsection, we are interested in the existence of § > 0, a
constant such that:

Vv -Vw dx
inf sup > 4.
wEDp/ veED) ||VU||LP(Q) vaHLP/(Q)
w#0  v#£0

We define:
H, () ={z€LP(Q), divz=0inQ, z-n=0o0nTI1}.

Proposition 3.3.2. For any g € LP(Q), there exists z € Hy, (Q) and ¢ €

Dy, such that:

9=Vyp+z,
IVelzr) < C llglzr)

where C' is a real positive constant which depends only on p and €.

Proof- Let g be in LP(Q2) and g the extension by 0 of g in R™; so we
have g € LP(R™) and by a result established in [6],
div g € Wy "P(R™) L Py, with

I div glly-1o@ny < Cllgllr@ny = C llgllr)-

According to Theorem 2.1.1 i), we know there exists v € Wé’p(R") such that
Av = div g in R", and we show that ||[Vv||prgny < C1 ||lgllzr)- So, we
have:

g—VveLP(R") and div(g—Vv)=0 inR".

1-=.p

_1
Consequently, (g — Vo) -n e W o (I'1) and vy, € W (Tp). Here, we
apply the results of Theorem 3.3.1. There exists a unique w € W(l)’p(Q) N
Wé’Q(Q) solution of:

Bl

0
Aw=0in Q, w= —von Iy, 8—w:(g—Vv)-nonF1,
n
and we show that ||[Vw||rrq) < Co [|glzr ()
Finally the functions ¢ = vjg+w and z = g — V¢ comply with the question.
O
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Theorem 3.3.3. There exists a constant 3 > 0 such that

Vv -Vw dx
inf sup > B (3.13)
weDyr yeD, HVUHLP(Q)va||LP’(Q)
w#0  v#£0

Proof- Let w be in D,y with w # 0. We notice that Vw # 0 because
otherwise w is constant in the connected open region 2, i.e. w = 0 in

because w = 0 on I'y. We have
/ Vuw - g dx
vaHLp’(Q) = Sup

gerr@) 9ler@)
g7#0

We suppose that g ¢ H, (€2). By Proposition 3.3.2, there exists z € H,
() and ¢ € Dy, with Vi # 0 such that g = z + Vo and [|[Ve|[pr) <
C ||gllLr(q)- Thus,

/Vw g dx /Vw-Vgoda: /Vw Vo dx
< C 22 < C sup
gl IVellLr (o) veD, IVellrra
»#0

Noticing that, if g € H, (£2), we have / Vw - g de = 0, this implies that,
Q
for any g in LP(Q):

/Vw'gda: /Vw Vi dx
Vw1 = sup 2 < C sup
L@ ey llglloe@) veD, |IVellLro)
970 ©#0
1
We deduce the estimate (3.13) with § = o 0. O

3.3.3 The full problem

We remind here the following result:

Theorem 3.3.4. Let X and M be two reflezive Banach spaces and X' and
M’ their dual spaces. Let b be a bilinear form defined and continuous on
X x M, let Be L(X; M) and B' € L(M,X") be the operators defined by:

Yo e X, Yw € M, bv,w) = < Bv,w > = < v, B'w >
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The following statements are equivalent:

b
i) There exists 3 > 0, such that inf sup ﬂ =
weM yex ||l x[lwl]ar
w#0 v#£0

1
i1) The operator B is an isomorphism from X/Ker B to M' and 3 is the

continuity constant of B~

1
ii1) The operator B’ is an isomorphism from M to X' | Ker B and E 18

the continuity constant of B/~

Here, we apply this theorem with X = D,,, M = D, and:
b(v,w) = / Vv - Vw dz.
Q

According to (3.13)

Y

B is an isomorphism from D,/Ker B to (D,)'. (3.14)

_1
Then, we define for f € YP(Q2) and g € W P (I'1) the linear form T by
Vw € Dy, T(w)=Ts(w)+ < g,w >r, .

We check that T' € (D,y)" and by (3.14), we deduce the existence of v € Dy,
unique up to an element of Ker B, such that Bv = T, i.e. solution of the
variational formulation:

Yw € Dy, /Vv-Vw de =Tf(w) + < g,w >, .
Q

_1
Corollary 3.3.5. For anyp > 2, f € YP(Q) and g € W pp(I’l), there
exists a unique v € Wé’p(Q)/Ker B solution of

—U:gonI‘l.

—Av=fin Q, v=0on Iy, 3
n

Moreover, v satisfies

Iolhwgoiayice 5 < C Wlbvay +lgll 4o ) (1)

where C' is a real positive constant which depends only on p and €.

Proof- As we have done in Theorem 3.2.2, we show that the solution of
the variational formulation is also solution of this problem. [
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1

Theorem 3.3.6. For anyp > 2, f € Y?(Q), go € W " ([y) and g1 €

1
W P"(Ty), there exists a unique u € W(l)’p(Q)/Ker B solution of (P). More-
over, u satisfies

P

D=

U|| /L, < C + 1 + 1 ,
el goayer 5 < CUS Iy + ool g +lanll g )

where C' is a real positive constant which depends only on p and €.

Proof- First of all, by Theorem 2.2.2, we know there exists a unique
ug € Wé’p(Qo) where €y = Q U wq, solution of

A’u,o =0 in Qo, Uuyg = go on Fo,

and such that
(3.16)

p

<
HuOHWé!P(QO) > CHQOHW1—}—'}, (To)

By Corollary 3.3.5, we deduce that there exists v € W(l)’p(Q), unique up to

an element of Ker B, solution of

—Av=fin €, v=0on Iy, g—vzgl—%onfy
n n

Finally, the function u = ug|q + v is solution of (P) and the estimate comes
from (3.15) and (3.16). O

3.3.4 Characterization of the kernel of the operator B
We set:

0
MEQ)={ve Wé’p(Q); Av=0 inQ, v=0 on Ty, 8_:; =0 onIy}.

Thanks to the density of D(f2) in Wé’p/(Q), we easily check that
Ker B = ML(Q).

Now, we characterize M5 (£2). For this, first of all, we remind that we define:

1 1
Mo = U*(mér), where U = %ln(r) is the fundamental solution of Laplace’s

equation in R? and dr is the distribution defined by:

Yo € D(R?), <(5r,g0>:/g0da
r

Proposition 3.3.7. We have the following statements:
i) If p < n, then ME(Q2) = {0}.
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i) If p > n > 3, then ME(Q) = {c(A — 1), ¢ € R} where X is the only
solution in Wé’Q(Q) N Wé’p(Q) of the following problem (P,):

AX=0in Q, A =1 on Iy, 8—)\:0011111.
on

i) If p > n = 2, then M5(QY) = {c(p — po), ¢ € R} where p is the only
solution in Wé’Q(Q) N Wé’p(Q) of the following problem (P,):

Ap=01in Q, pu= po on I'p, S—Z:%ODFL

Proof- Let z € M{(Q) and let n be the trace of z on I';. We have

1
new '’ p(Fl). We know there exists a unique & € WIP(w,), where w; is
the interior of the compact wy, such that:

A¢ =0in ac))l, &E=nonly.
Let Z be defined by
Z=2zinQ, z=¢inwy;, z=0Iin wp.

It is obvious that Z € W(l)’p(R”) and Az € ng’p(R”). Moreover, for any
v € D(R™), we have:

< AZ,p > ——<% > —<§ >
y P ZD/(R),D(RM) = anaSO To 8n’90 ry -

We set h = AZ. Then, h € Wal’p(]R") and h has a compact support. At
this stage, the discussion splits into two parts according to the dimension n:

i) Case n > 3. By Proposition 2.1.2, we know there exists a unique w
such that:

we WP(R") N W (R?) and Aw = h in R™.

The difference z — w is in Wé’p(Rn) and is harmonic in R™. If p < n, then
w = Z in R”, the restriction of w to Q is in WP(2) N W?(Q), and since
z =w in ©, Section 3.2 implies that w = 0 in Q i.e. ME(Q) = {0}.
Ifp>n>3 wehavew=Z+cin R"sow € W(l)’p(Q) N Wé’Q(Q) is the only
solution of the problem:

Aw=01in Q, w = c on [y, a—w:OOHI‘l.
on

Consequently M5 (Q) = {¢(A — 1), ¢ € R} where X is the solution of (Py).
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ii) Case n = 2. The problem
Aw =h in R?

does not have a solution in Wé’Q(RQ) unless h satisfies the necessary condition
< h,1 >g2 = 0. In this case, with the arguments above, we obtain z = ¢(\ —
1). However, when n = 2, the constant functions are in W ?(Q) N W ()
soA=1¢€ W(l)’p(ﬂ) N W(l)’2((2) is solution of (P;). So z = 0, which is the
trivial case. Thus, we suppose that < h,1 >p2 # 0 and we consider the
problem:

Aw=h — < h,1 >g2 Apg in R% (3.17)

We know that pg € W(l)’q(]RQ) for any ¢ > 2 and moreover
A/J,O =0 in QU (,50 @] (51 and < A,U,(],l >p2= 1.

The right-hand side of (3.17) is orthogonal to constants, has compact support
and belongs to Wal’p(RQ). So, by Proposition 2.1.2, the problem (3.17) has
a solution (unique up to an additive constant) w € Wy?(R2) N WP (R?).
Moreover, the function w + < h,1 >g2 pg — 2 is harmonic in R2. So, there
exists ¢ > 0 such that w + < h,1 >g2 po — 2 = c¢. The restriction of w to
Qis in Wé’p(ﬂ) N W(l)’Q(Q) and w = ¢ + w; where w; is the only solution in
W% (Q) N WP(Q) of the problem:

8w1

on

0
Aw; =0inQ, wy = — < h,1 >p2 pgon Ly, =—<h,1>p 8,“0 onI'.
n
The function p being the only solution in W(l)’2((2) N W(l)’p(Q) of the problem
(P,), we have ME(Q) = {c(u — po), c € R}. O

3.3.5 A regularity result

We suppose, in this subsection, that p > 2. Here, we propose to study the
question of the regularity of the solutions when the data are more regular.
More precisely, we suppose that:

1 1
go € W2wP(Ly), g1 € W' #P(ly) and f e XVP(Q)
where n
WoP(Q if p A ——
X(l),p(Q): 1( ) lp#n_]_?
WIP@Q) N W, P(Q)  otherwise,
equipped with its natural norm: (we remind that W?’p(Q) is included in
W5 lP(Q) if and only if WE?'(Q) ¢ W5 (), this last inclusion taking
: ) n
place if and only if p # —1)
n —_—
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Theorem 3.3.8. For anyp > 2, gy € W27%’p(f‘0), q1 € Wlf%’p(l“l), and [ €
XYP(Q), there exists a unique u € W2P(Q)/ME(Q) solution of (P). More-
over, u satisfies:

lelly 2oy aziy < C (1 llxorq) + Hgo\lw%%,p(ro) + Hglllwlf%,p(m),

(3.18)

where C' is a real positive constant which depends only on p and €.

Proof- For p > 2 and gg € WQ_%’p(FO), we have, by the remark 2.11 in
[7] that the solution ug € Wé’p(Qo) (where Qp = QU wy) of the problem

A’u,o =0 in Qo, Uuog = 4o on Fo,
is in WP(Qp) and it satisfies:

lwollwzr g < C 9ol 22 (3.19)

0 1
Now, we notice that % ew! ;’p(lﬁ) because ug € W%p(Qo). Thus, as
n
0 _1 -1,
J e XPP(Q) C YP(Q) and g1 - S0 € WTR(T) € WP (D), applying
Corollary 3.3.5 when p > 2 and Theorem 3.2.2 when p = 2, there exists, for
p>2,ve WP (Q) solution of the problem

0 0
v:gl—ﬂonfl.

on on

It remains to show that v € W%p(Q) and that

—Av=finQ, v=0on Iy,

||U||W%P(Q)/Mg(g) <C (Hf”xgap(g) + HQOHW%%,;)(FO) + Hgluwlf%,p(rl))'

(3.20)
For this, we follow the same reasoning as in Theorem 3.3.1 using Theorem
2.1.111) if p # - " 1 and Theorem 2.1.1 iii) otherwise, and using regularity
results in bounded open regions (see Lions and Magenes [42] for instance).
Finally, the function u = uglg + v € WTP(Q) is solution of (P) and the
estimate (3.18) is a consequence of (3.19) and (3.20). O

3.4 Casep < 2

We are going to proceed in two steps. First of all, by an argument of duality,
which allows us to use results of the previous section, we solve the problem
in the case where f = 0 and g; = 0. The sum of the solution of this problem
and of a solution of a Neumann problem will permit us to solve the general
problem (P).

In all the section, we suppose that p < 2 and that I is of class C11.
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3.4.1 Case where f =0 and ¢g; = 0.

1 P

S

Let go € W 7" (T) satisfying the condition of compatibility
» 0z
Vz € MO (Q) , < %790 >To= 0. (321)

With this hypothesis, we consider the problem: find v € W(l)’p(Q) solution
of:

Av=0 in ,
(Q) 1:9: go  on Iy,
a_v =0 only.
n

and this other problem (Q'): find v € W(l)’p(Q) such that for any u € X,/ ()

satisfying 4 = 0 on I'g and u _ 0 on I'y, we have:

on
ou
T au() =~ < 5% 00 51, (3.2
where ,
Xy (Q) = {u e Wy (Q), Auec LF (Q)}.
Proposition 3.4.1. The problem (Q) is equivalent to the problem (Q').

Proof- Let v € W(l)’p(Q) be a solution of (Q). Then Av € YP(Q) and

for any ¢ € D(Q):

0
o= [ o dvia= [Voode <P on,
0 o on

As D(Q) is dense in Wé’p/(Q)., we have for any u € Wé’p/(Q):

/Vv-Vud:B :<@,u>p0.
0 on

Moreover, if Au € L (Q) then:

0
TAu(U)Z/Vv 'Vuda:—<8—u,v > .
Q n

0
In particular, for any u € X, (€2) such that u = 0 on I'g and 6_u =0 on I'y,
n
we have:

ou
T_Au(’U) =—-< %790 >Tg

i.e. v is solution of (Q).
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Conversely, let v € W P(Q) be a solution of (Q'). For any u € D(Q2), we
have:

0= T_Au(v) =<wv,—Au >'D/(Q),D(Q): < —Av,u >D’(Q),D(Q)

i.e. Av=0in Q. For any u € X,/(£2), we deduce that

19} 19} 19}
0= —/ Vv -Vude + < —v,u >Sr= =T ay(v)— < —u,v >+ < —v,u >r.
Q on on on
. ou
Moreover, if u =0 on I'yg and I 0 on I'y, then
n
< Ou > < Ou >, + < Ov > 0
— —< —,v —u =0.
an 90 ~To on’  ~To on’

L

Let R > 0 be such that wgUw; C Bpg and let u be in WP (T'y). We
know there exists a raising up u € W2 (Qg) such that

u:%:OOHFOLJaBR, u:,uand%:OOHI‘l.
on on

Let @ be the extension by 0 outside Bg of the function w. Then w belongs

- 0 0
to X,y (), u=0on I'y and % =0 on I'. So, we have < %,u >p,= 0 for

1 /
vy

any i € W (I';). Thus 8_11 =0 on I'y. Tt remains to show that v = gy
n

L

on T'g. Let y be in W' #" (To); we know there exists u € W2? (Qg) such

that

0 0
u:()and—u:,uonfo, u:—u:()onfluaBR.
on on

The extension @ by 0 of the function v outside Bg belongs to X,/ (2), u =0

1 /
g—u =0 on I'y. Thus, we have for any pe W' P (To)
n

on I' and

< ;90 — v >1,= 0.

So, v = gg on 'y and problems (Q) and (Q') are equivalents. O

-4,
Theorem 3.4.2. For any go € W p(I‘O) satisfying the compatibility con-
dition (3.21), there exists a unique v € Wé’p(Q) solution of the problem (Q).
Moreover, v satisfies

S

V|71, < _1
| HWOP(Q) H90HW1 7 g

where C' is a real positive constant which depends only on p and €.
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Proof- Let f bein Y7 (Q). It is obvious that Ty € (W¢P(€))". Since p/ >
2, by Theorem 3.3.6, we know there exists a unique u € Wé’p,(Q)/./\/lg/(Q)
such that

—Au=fin Q, u=0on I, g—u:00nI‘1,
n

and satisfying
lely i q@aey @ = € 1Tl wyr iy (3.23)

Let L be the linear form defined on (W(l)’p(Q))’ by:

L(Tf) = —< g_:iago >Ty -

We are going to show that L is continuous. Let z be in Mg/(Q), then, by
O(u+ z)
on
region of class C''! such that wg C # C Br where R is the radius associated
to the partition of unity used in the definition of T. We set Qy = 6\wp and

let ¢ € W1P(Qp) be such that ¢ = 0 on 90. We have:

0
(3.21), we have < 8—u,go >r,= < ,90 >1, - Now, let # be an open
n

o(u—+ z)

< P52 on | < IV 2y g Vel +| | o Aluts) del.
6

But,
|| e Alutz)de[=]| [ ¢ Audr|=|T_rus)l,
Qg QG

where $ € WP (Q) is defined by § = ¢ in Qp, & = 0in Q\4. In consequence,

olu+z
KL 2) ooty | < 19ty IVl [Ty I2lhrcay

| <
1

Now, for any ;€ W' #P(Ty), we know there exists ¢ € W1P(€y) such that

¢ =pon 'y and ¢ = 0 on 90 satisfying

lellwrr@e < Cllellpa-go

)

where C' > 0 is a constant which depends only on €y and on u. So

I(u+ =)

< S5 ry | < C OV @) g+ W7y ) Il

Thus, we deduce of (3.23) that

O(u+ z)

lnf,‘ HTHWfl/p’,p/(FO) S C ||Tf||(Wé’p(Q))/

zeMb ()
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So

P Y

ou
‘L(Tf)‘ = ‘ <70 >|<C ||Tf||(Wé’p(Q))/ ||QOHW1—%, To)

on

and the linear form L is continuous on (W§P(€))’. Since the space WP ()
is reflexive, we can identify L to an element of Wé’p(Q), i.e. there exists a
unique v € W(l)’p(Q) such that:

ou
Tf(v) = —< a_nng >To>

and satisfying the estimate searched. In consequence, the function v is solu-
tion of the problem (Q’) equivalent to the problem (Q). O

3.4.2 The general problem when p < 2.

1—

1 1

Let f € YP(Q), go € W 7" (To) and g1 € W p’p(Fl). We remind that
we search u € W(l)’p(Q) solution of the problem (P). Assuming that a such
solution u € W(l)’p(Q) exists, for any ¢ € /\/lg/(Q), we have by the density of
D(Q) in W17 (Q):

P

Ty(p) = / Vu-Vedr — < g1, >r, - (3.24)
Q
Since D(RQ) is also dense in Wé’p(Q), we have, for any ¢ € Mg/(Q):

Iy
Vo -Vudr =< ———,90 >r, - 3.25
/Q ¢-Vudx I 90 >To (3.25)
We deduce from (3.24) and (3.25) that if u € W(l)’p(Q) is solution of the
problem (P), the data must satisfy the following condition of compatibility:

/ agp
Vo e My (), Ti(p) =< 9n 90 >To = < g1,@ >Ty - (3.26)

1

Theorem 3.4.3. Foranyp <2 and f € YP(Q), go € W (To) and g1 €
1
wr p(Fl) satisfying the condition of compatibility (3.26) if 1 < p < Ll’
n —
there exists a unique u € W(l)’p(Q) solution of the problem (P). Moreover, u
satisfies

Ll

lellwyrey < CCIME e +lgoll i-z +||g1||W7%,p( );

1
P (T T)

where C' is a real positive constant which depends only on p and €.

47



Proof- First of all, we notice that the condition (3.26) is always satisfied
if [ <P< 2 because in this case p’ < n and Mg,(Q) = {0}. Let 6 be
n—
the constant defined by:

Tf(l) +<g,1>p, +< 0,1 >r,= 0. (3.27)

According to Theorem 2.2.3, by (3.27), there exists a unique w € W(l)’p(Q)
such that:

0 0
(Q1) —Aw= fin Q, %z@onfo, %zgl on I'y.
Moreover, for any ¢ € Mg,(Q), we have, by (3.26), that

Iy
< 90w >1,= 0. (3.28)

So, we can apply Theorem 3.4.2 which assures existence of a unique v €
Wé’p(Q) such that:

(Q2) Av=0inQ, v=gg—w on Iy, @ZOOHIH,
on
satisfying
ez < € Clulgoy+ looll gy ) (329)

Finally, the function u = v +w € W(l)’p(Q) is the solution searched and the
inequality of continuous dependance comes from (3.29) and:

ol < € (il + lorll 3, ) O

1

3.4.3 A regularity result

We suppose, in this subsection, that p < 2. Here, we study the regularity of
solutions when the data are more regular.

1 1
Theorem 3.4.4. For any gy € W> #P([y), g1 € W' P(I')), f € XVP(Q)
satisfying the condition (3.26) if 1 < p < Ll’ there exists a unique u €
n—
W%p(Q) solution of (P). Moreover u satisfies

lullyzo@y < € (I lxon@y+ 90l oo, + 19201 s s (3:30)

BEGY)

_1
»'P(Ty

where C' is a real positive constant which depends only on p and €.
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Proof- We take back the proof of Theorem 3.4.3. We know, by Propo-
sition 3.12 in [7] that the solution w € Wé’p(Q) of the problem (Q,) is, in
this case, in W%p(Q) and satisfies:

). (3.31)

kuw%l’(g) < C (Hf”)(?!P(Q) + ||91HW17%,p(F1)

1 -1
Now, we notice that, on T'g, go — w € W? »P(Ty) C W' "(T'y). Thus,
applying Theorem 3.4.3, the condition of compatibility (3.26) being satisfied

. n . . 1, .
ifl<p< T there exists a unique v € Wy () solution of the problem
(Q,). It remains to show that v € W?’p(Q) and that

ol < C (I lxon + 90l o g + 1910 gy ) (332)

T (T'1)

For this, we follow the same reasoning as in Theorem 3.3.1 using Theo-
rem 2.1.1 ii) if p £ —°
n—

regularity results in bounded open regions (see Lions and Magenes [42] for
instance).

Finally, v = w+ v € W%’p(Q) is the solution searched and by (3.31) and
(3.32), we have (3.30). O

1 and Theorem 2.1.1 iii) otherwise and also using

3.5 Solutions in homogeneous spaces

In all the section we suppose that p < n.
Let vo be in R. It is frequent to meet in the literature the following problem:
find v € D'(Q), with Vv € LP(Q) solution of

—Av=f in{,

v = go on I,
(R)< Ov

2 — g onTy,

on

V= Vg at infinity.

where the sense of the convergence v — v, is specified in the following
proposition (see [11]).

Proposition 3.5.1. We suppose that 1 < p < n and z € D'(Q) such that
Vz e LP(Q). Then, there exists a unique constant zo, € R such that z—zo, €

Wé’p(Q), where zoo is defined by:

1
Zoo = lim —/ z(olx|) do
@l —-+oo |9nl Js,
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Moreover, we have the following proprieties:

ﬂ
Z— Zoo € L7 (Q),
2= 2acll, 22, ) < CITZl10),

|:r|—>+oo ‘m‘—>+o<>

/ |2(ro) — zeo|P do < Crp”/ |VzP de.
Sn {xe Q,|x|>r}

Let z € D'(Q) be such that Vz € LP(Q2). So, we say that z — 2z if and
only if:

1 1
lim —/ z(o|x]) — 200| do = lim —/ z(olz|) — 200/P do =0
S Sn\ (o]x]) \ N Sn\ (o]x]) \

lim =
[wl—+o0 [Shl Jg,
It is obvious that if z € D'(Q), Vz € LP(Q), then z — z4 is equivalent to

Z— Zoo € L"L*pP(Q) or to z — 20 € W(lfp(Q)-

(z(0lz|) — 200) do = 0.

1

_ 1
Proposition 3.5.2. For any f € YP(Q), go € W (To), g1 € W p’p(I‘l)
and Voo € R, with 1 < p < n, there exists a unique v € D'(Q) with Vv €
LP(Q) solution of (R). Moreover, we have the following estimate:

P

=

V— 1, < C(|f + |lgo — v _1 + 91|l _1 ,
| wllwir) (I fllyreo) + | OOHWI 52 | ||W p,p(rl))

where C' is a real positive constant which depends only on p and €.

Proof- The previous sections allow us to say that there exists a unique
u € W(l)’p(Q) solution of

—Au= fin Q, u= gy — ve on Iy, g—u:gl on I'y,
n

and such that

lullwyr@ = € Clfllve@ +ligo —vooll 1-1s +H91\|W_%,p( )- (3:33)

17
P (o) 1)

It is obvious that u — 0. Thus, the function v = u + v belongs to D'(),
satisfies Vv € LP(2) and v — vs. So, v is solution of (R) and the estimate
searched comes from the inequality (3.33). O

Now, let aco be in R®. We want to solve the following problem: find
2

€ LP(Q), solution

v € D'(Q), such that for any i, = 1, ...,n, we have 3

L0
of
—Av=f inQ,
V= go on I'y,
(RY{ oOv
~— =01 on Fl,
on

Vv — aso  at infinity.



Proposition 3.5.3. For any f € LP(Q), g0 € W27%’p(1ﬂ0), g1 € Wlf%’p(I‘l)
and oo € R™, with 1 < p < n, there exists a unique v € D'(Q) with, for any
0%v

——— € LP(Q), solution of (R') and we have the followin
T € () f(®) foltowing

1,9 =1,..,n,
estimate:

1-1 )7

||U_a00'm||Wg7P(Q) < C(HfHLP(Q)"‘HgO_aoomHW2 1 O)+||gl_a00'n||w FP )

*Eyp(l—x
where C' is a real positive constant which depends only on p and €.

Proof- First of all, we set fthe extension of f by 0 on R™. So, we have
f € LP(R™). Moreover, we know that A : Wg’p(]R")/P[g,n/p} — LP(R™)
is an isomorphism, so there exists u € Wg’p(]R") unique up to an additive
constant, such that —Au = j“vin R™. We have g € Wg’p(Q) and —Aujg = f
in €.
Thanks to the regularity results of the previous sections, we know there exists
a unique z € W2P(Q) C W(Q)’p(Q) solution of the problem

~ 0 ou
Az=0inQ), 2=¢gy— Geo- T —uon Iy, a—Z:gl—aw~n—(8—Z) on I'y.

So the function u = ujg + 2 is in W(z)’p(Q) and is solution of the problem

0
—Au=finQ, u=gyp— ac - on Iy, a—u:gl—aoo-non Iy,
n
satisfying the following estimate:
||UHW§”’(Q) < C(HfHLP(Q)+Hgo_aoo'mHWz—%,p(FO)‘i‘Hgl—aoo'nHWI_%,p(Fl)).

(3.34)
We have also Vu € Wé’p(Q) and Vu — 0. Now, we set v = u + Qoo - .
We have v € D'(Q) and Vi, j =1,...,n O = Pu
’ B 8951833] 8@83:]
u € W%’p(Q). Moreover Vv = Vu + Qoo 80 VU — @oo. So v is solution of
(R’) and the estimate searched comes from (3.34). O

€ LP(Q) because

Now, let aoo be in R™ and by, in R. We want to solve the following

2
problem: find v € D/(Q) with, for any 4,5 = 1,....n, v e LP(Q),
aiiaxj

solution of

—Av=f in €,

v = go on I'g,

(R") < ow
~— =01 on Fl,
on

V— 000 T — by — 0 at infinity.
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Proposition 3.5.4. For any f € X"7(Q), go € WZi%’p(Fo), g1 € Wlf%’p(I‘l),
oo € R" and by € R, there exists a unique v € D'(Q) with, for any

82
ij=1,.n Y

,n, M € LP(Q), solution of the problem (R").

Proof- Thanks to regularity results of the previous sections, we know
there exists a unique w € W1P(Q) solution of the problem

—Aw=f in €,
W=¢g)— Goo X — by on Iy,
ow
—— =01 " Qo' N onFl.
on
Since w € W%’p(Q), SO W € Wé’p(Q) which implies that w — 0. Now, we set
62
U =W+ Qoo - T, u € D'(Q) with, for any i,5 = 1,...,n, ami;xj e LP(Q).

Moreover, since w — 0, we have 4 — @oo - © — 0 and wu is solution of

—Au=f in €,
u=go— b on Iy,

0
% =g on I'y.
Finally, we set v = u + by,. We have v € D'(Q) with, for any i,j =
62
1,...,n, W;ﬂﬁg € LP(Q) and v is solution of (R"”). O
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Chapter 4

Exterior problems in the
half-space for the Laplace
operator

4.1 Introduction and preliminaries

In this chapter, we want to study the Laplace’s equation in an exterior do-
main in the half-space, i.e. the complement of a compact in the half-space.
Here, we remind that one of the additional difficulties is that the boundary
is not bounded anymore since it contains R"~!. We refer to Section 1.3 for
the definitions of spaces of traces with weights. Fortunately, the half-space
has a useful symmetric property which allows us to return several times in
a problem setted in an exterior domain in the whole space. Moreover, we
want to study cases where there is a Dirichlet and/or a Neumann boundary
condition.

So, we define wg a compact and non-empty subset of R | I'g its boundary

and we denote by € the complement of wy in R’}. We easily check that the
property (1.1) is satisfied. We want to solve the four following problems:

(Pp) —Au=finQ, u=goonly, u=g; on R

(PN) —Au= fin (, Z_Z:go on I'y, S—Z:gl on}R”_l,
. ou i
(Pary) —Au=fin Q, u=gyon Iy, 8_’11:91 on R" %,

ou
—=goonTy, u=g on R},

on

We supposed that € is connected. We suppose too that  is of class C11,
even if, for some values of the exponent p, {2 can be less regular.

(PMQ) —Au= f in Qv

23



Each section of this chapter is devoted to the study of one of these four prob-
lems. We will call (Pay,) and (Ppy,) the first and the second mixed problem.
The main results of this chapter are Theorems 4.2.2, 4.3.3, 4.4.3 and 4.5.4.

We define w), the symmetric region of wy with respect to R*~%, T the
boundary of wf), ' the symmetric region of Q, @ = QU Q' UR" ! and
To=ToUT)

We define too the following functions ¢* and ¢,. For (’,x,) € R™ and ¢
any function, we set:

* 4 _ E(:B,axn) lf Ln > 07

and

(@, 3y) = { oz, xy) if x, >0,

’
Uz, —zy,) if z, <O.

4.2 The problem of Dirichlet

In this section, we want to solve the following problem of Dirichlet:

—Au=f in Q,
(Pp)R u=go on Iy,
U= g on R"~ 1

First, we characterize the following kernel:

DI(Q) = {z e WyP(Q), Az=0inQ, z=0o0n Ty, z=0on R* 1}
Proposition 4.2.1. For any p > 1, D(Q2) = {0}.

Proof- Let z be in D5(Q), we define, for almost all (z’,z,) € Q the
function z* € I/?/ é’p(ﬁ). For any ¢ € D(ﬁ), we have:

<A rp@p@= < AP @ p@

:/z(w',xn)Ago(a:',$n) dm—/ 2(x, —xp)Ap(x’, ) d.
Q !

Moreover

/ 2z, 20 Ap(x 2y) de = — < 92 © >gn-1 .
Q

on’
Setting ¢ (', x,) = @(x’, —1,), we have ¢ € D(Q) and
/ 2(x, —xp)Ap(x’, 2,) doe = / 2(x 20 A (2! 2y d
o Q

_ - 0z S
— an,sp Rnfl .
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Thus, we deduce that < Az*, ¢ > (@) D@~ 0, 7.e. Az* =0 in Q. So, the
function z* is in the space .Ag(ﬁ) defined by:

.Ag(ﬁ) ={ve W(l)’p(ﬁ), Av=0inQ, v=0on Ly}

Now, we use the characterization of Ag(ﬁ) (see Proposition 2.2.1):
i)If p<norp=mn=2, then A5(Q) = {0} and 2* =0in Q, i.e. 2=0
in Q and D}(Q2) = {0}.

ii) If p > n > 3, then we have 2* = ¢(\ — 1), where c is a real constant
and A is the unique solution in W(l)’p(Q) N Wé’2(Q) of the problem

AA=0inQ, X=1onTl,.

Thus, on R*7! 2* = 2 = ¢(A — 1) = 0. This implies that ¢ = 0 be-
cause otherwise, A will be equal to 1 on R®~!, that is not possible because

1
1¢W;s ’Q(R”’l). Finally, we deduce that z = 0, i.e. Df(2) = {0}.

iii) If p > n = 2, then we have z* = ¢(u — o), where ¢ is a real constant

J

and the function g is the unique solution in Wy (Q)NW () of the problem
Ap =0in ﬁ, W= o on L.

Thus, on R, z = ¢(pu — o) = 0. This implies again that ¢ = 0 because
otherwise p will be equal to up on R, that is not possible because po ¢

1
W ’Z(R). Indeed, let & = («’,0) be in R, since

1
27| To| /o

puo() In(ly — z) doy,

then po(x’) > C In|z’| if |2’| > « with « enough big and

’ 2 ’
[ Ly S
|z’ |>a |m ‘ In (2 + |m D |2’ |>a |m |

1
that is contradictory with po € W ’Q(R). Thus ¢ = 0 and we deduce that
z=0, e DEQ)={0}. O

1
Theorem 4.2.2. For any p > 1, f € W5"P(Q), g0 € W p’p(Fo) and

1

1777p . . .
g € Wy PH(R™1), there exists a unique u € W(l)’p(Q) solution of (Pp).
Moreover, u satisfies

HunwévP(Q) < C( HfHW(;l!P(Q) + HQOHWF%,p(FO) + g1l é

_1, ), (4.1)
p Rn—
where C' is a real positive constant which depends only on p and wy.
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Proof- i) We begin to show that solving (Pp) amounts to solve a
problem with homogeneous boundary conditions. We know there exists
ug, € WiP(R™) such that u, = gi on R"! and
(4.2)

s gy < € ol oy

1)

17
0
We set u; = ug,|o. Then uy € Wé’p(Q) and the trace n of u; on I’y is

1-1,
inw "? p(I‘O). Setting z = u — wuq, the problem (Pp) is equivalent to the

problem:
~Az=f+Au;inQ, z=gy—nonTy z=0onR"L

We set g = go —n and R > 0 such that wg C Br C R’}. The function hg
defined by:
ho =g on Fo, ho =0 on 8BR,

1
is in WPy U OBR). We know there exists up, € WHP(QpR), where
Qpr = QN Bg, such that uy, = hg on I'g U OBR and satisfying the estimate:

<
l[unellwir@y) <€ ||h0||W17%‘p(FOU63R)'

We set
Uy = Up, in Qr, ug=0in O\ Qp.

We have ug € WP(Q), ug = g on I'g, ug = 0 on R"~! and wugq satisfies

luollwgr@ < CClgoll o2 A lonll g - (4.3)

1 )
W P (To) W

Finally, setting v = z—wuq, the problem (Pp) is equivalent to the problem
with homogeneous boundary conditions:

(P) —Av=hinQ, v=00nTy, v=0onR"1

where h = f + Auy + Aug € W5 "P(Q).

ii) Now, we want to return to a problem setted in the open region ﬁ,

problem that we know solving. Let ¢ be in W é’p/(ﬁ), we set for almost all
($,7 xn) S Q:

/

W@(mlv xn) = 90(:13,7 xn) - @(m ) _$n)~

It is obvious that 7y € V(E/ é’p,(Q) and, for any ¢ € I/?/ é’p/(ﬁ), we define the
operator h, by

< hg, o >:= < h,mp >Wg1'P(Q)xv?/é'P/(Q) .
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We notice that kg is in Wy ?(€) and satisfies
||h7rHWO—1’P(§) < 2||hHWal’p(Q)' (4-4)

Now, we suppose that p > 2. By Theorem 2.2.2, we know there exists
w € W(l)’p(Q) solution of

—Aw = hy, in(NZ, szonfo,
satisfying the estimate
HwHW(l)!P(ﬁ) <C ||h7rHWO*1!P(§)' (4.5)
1 o
The function v = ST belongs to W (l)’p(Q) and we have:
H/UHW(I)’I’(Q) < 2||w||wé7p(§)' (4.6)
Now, let us show that —Av = h in Q. Let ¢ be in D(Q2), then:
2 < Av, o >prayp@) = 2 < v,A¢ >pra)p@Q)
= / [w(z’, x,) — w(x’, —2,)]Ap dz.
Q

Moreover, setting ¥ (x’,x,) = p(x’, —x,), then ¢ € D(') and we have the
relations

/Qw(-’ﬂl,xn)ﬁw dr = < Aw, » >pa)p@Q)
and
/ w(x!, —2,)Ap dx = / w(x', z,)AY dx = < Aw, 1 >pi() Do) -
Q !
Setting ¢ and QZ the extensions by 0 in Q of @ and Y respectively, we deduce
that:
2< Av,p >p(Q),pQ) = < Aw,p — ¢ >D’(§~2),D((~2)
== <@ =¥ >p@)p@)
= — < h,79 — ™ >pi(a)DQ)
= —2<h¥ >p@)p©),
i.e. —Av = hin . So, we have checked that, if p > 2, the operator
AW Q) — W)
is a isomorphism, and, by duality, the operator
AW g7 () - W (@)

is an isomorphism too. So, if p < 2, the problem with homogeneous boundary
conditions has also a unique solution v € W(l)’p(Q). Thus, the problem (Pp)
has a unique solution for 1 < p < oo. Finally, by (4.2), (4.3), (4.4), (4.5)
and (4.6), we have the estimate (4.1). O
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4.3 The problem of Neumann

We remind that in this section and in the following ones, Q is of class C'+!.
In this section, we want to solve the following problem:

—Au=f in Q,

P a_u =go On Lo,
(Pn) gn
U

— = on R L,
on g1 n

First, we characterize the following kernel:
NP(Q) ={ze W P(Q), Az=0inQ %:OODI‘ %:OOHRH_I}
0 0 ) ’ on 0 on .

Proposition 4.3.1. For any p > 1, N§(Q) = Pli—n/p)-

Proof- First, we notice that Ppy_, /) C NG(€). Let us show the other
inclusion. Let z be in N5(Q) and its associated function z, which is in

Wé’p(ﬁ). Since g—; = 0 on Ty, we have gj: =0 on Iy and we check, like

done in the proof of Proposition 4.2.1, that Az, = 0 in Q. So, the function

2z« belongs to the space {v € W(l)’p(ﬁ), Av=0in €, g_v =0 on fo} which
n

is equal to Pj_y/p (see Theorem 2.2.3). Thus, if p < n, 2, = 0 in Q and

z=01in Q. If p > n, 2, is constant in ), so z is constant in €. In other
words, we have N{(Q) = Pp_p/p)- O

The following theorem allows us to obtain strong solutions of the problem

(Pn).
Theorem 4.3.2. For any p > 1 such that ﬁ/ # 1 and for any f € W?’p(Q),
p

1-1p 1—2.p 1 e n
go € W »" () and g1 € W, " (R"™) satisfying, if p < — the
n_
following compatibility condition:

/fd:n—l—/ 90 da—l—/ g1 dx’ =0, (4.7)
Q I'o Rn—1

the problem (Px) has a unique solution u € W%’p(Q)/P[l_n/p]. Moreover, u

satisfies

%’p(Rnfl))7
(4.8)

where C' is a real positive constant which depends only on p and wy.

lezotenp - S COM oy + ool oo + ol o
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Proof- First, we notice that, thanks to the hypothesis on the data, any
n

integral of (4.7) has a meaning when p < — the last one being finished
n —_

1-1,
because W, * p(Rnfl) C W()l,p(an) C LYR™1!). We know there exists

P
ou
a function ug, € W%’p(R’j_) such that 891 = g1 and ug = 0 on R™"!
n

satisfying:

Huglnw%P(Rz) <C HngWi_%’p(Rnfl). (4-9)

We set u; the restriction of ug, to € and n the normal derivative of u; on
1

To. Finally, we set g = go —n € W' »P(Ty) and h = f + Au, € W(l)’p(Q).

Then, setting v =u —uy € W%p(Q), the problem (Py) is equivalent to the

following problem (P’):

—Av=~h in €,
) ov r
(PSS an g only,
a—:; =0 onR"!

~ 1 ~
We construct the two functions h, € W(l)’p(Q) and g, € W' »P(I'y) which

satisfy, if p < and by (4.7), the equality /~h* dx —I—/~ g« do = 0. By
Q

I'o
Proposition 3.12 in [7], there exists a function w € W%p(Q), unique up to
an element of P[;_,,/p), solution of

n—1

-9 -
—Aw = hy in Q, v _ g« on I'g,
on
such that:
Il @ypy_,,y S CCMRIwer@) + 9l 1t )

Now, let wy € W?p(fl) be a solution of the above problem. For almost any
(x',z,) € Q, we set vo(x’, ) = wo(w’, —zy). As hy is even with respect
to x,, we easily check that we have —Avg = h, in Q. Moreover, by the
definition of the normal derivative on fo, we notice that we have, for almost
all (z,z,) € Ty

0 (! 2) =

on

awo ,

a—n(.’n s —an).

ov
As g, is even with respect to x,, we again easily check that we have 8—0 = G«
n

on Ty. So vg € W?p(fl) is solution of the same problem that wq satisfies.
Thus, the difference vy — wyg is equal to a constant ¢ which is necessary nil.
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n

ow -
So wo(x’, ) = wo(x’, —x,) and thus 8—0 =0 on R""!. The restriction v
of wy to Q being in W%’p(Q), is solution of (P’) and satisfies:

ollw2rqymy .y < CCIRIwor @) + 9l 30 1 -

Finally, from this inequality and (4.9), comes the estimate (4.8). O

Now, we search weak solutions of the problem (Py):
Theorem 4.3.3. For any p > 1 such that ﬁl # 1, and for any [ € W(l)’p(ﬂ),
p

_1
go € Wﬁi’p(Fo) and g1 € W, p7p(R"_1) satisfying, if p < Ll’ the follow-
n—

ing condition of compatibility:
/ fdx+ < go,1 >y + < g1,1 >gn-1= 0, (4.10)
Q

the problem (Px) has a unique solution u € W(l)’p(Q)/P[l_n/p]. Moreover, u
satisfies

Il o @y p - < OO gty + Mool g+l o)

1, 1
P (FO 0 P (Rn—l)
where C' is a real positive constant which depends only on p and wy.
N n
Proof- i) First, we suppose — > 1.
p

Theorem 4.3.2 assures the existence of a function s € WiP(Q) ¢ WP(Q)
solution of the problem

ﬁ =0on R,

s
— =0onT
on 1o, 81’),

—As=fin Q
Sfm’@n

and such that

HSHW(%!P(Q)/p[I_n/p] < ||5||W%P(Q)/73[1_n/p] <C Hf”w‘llp(g)- (4.12)
Then, by [4], there exists a function z € W(l)’p(R’j_) solution of
0z
Az=0inR? == =g on R" !,
*t on g
satisfying the estimate
Ielhgoa < C loall 3, (113)

1 .
o p (Rnfl)
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We denote again by z the restriction of z to €. It is obvious that the normal

1 1
derivative i of z on g isin W~ »P(Ty). We set g = go—n € W~ »P(Ty) and
we want to solve the following problem:

(P) Av=0in , S—Z:gonfo, S—Z:OOHRnl.

1 .7 ~
Let p be in W' w7 (To). For almost any (x/,z,) € Ty, we set
ﬂ-u(a:,v Tp) = H(aj,7 Tn) + :u(m,7 —Tp).

1

We notice that mp e W' v ’p/(FO) and we define
< Gm, b >= < G, TU>T -

1 ~
It is obvious that g, € W™ »(Ty) and that g is the restriction of g to I'y.
Moreover, we easily check that g, is even with respect to x,, i.e.

< gr,§ >f0: < Gms 1 >f0’

where £(z/, x,) = p(z’, —x,) with (z/,2,) € Ty. By Theorem 2.2.3, there
exists a function w € W(l)’p(Q), unique up to an element of PJ;_,,/, solution
of the following problem:

- 9 -
Aw =01in €, —w:g7r on Iy,
on
and such that:
5 < <
‘|wHW(l)’p(Q)/P[17n/p] — C Hgﬂ'HW—%,P(f‘O) — C ||gHW—%7P(FO)

Let wg be a solution of the problem and we set for almost all (z/,z,) € Q:

vo(@', z) = wo(x’, —xy).

The function vy is in Wé’p(ﬁ) and since Awy = 0 on €, we easily check that

L Vo . 1.~
Ay is nil too. Thus, n has a meaning in W~ »*(Ty). Now, we want to
n
L

0 ~ 1~
show that a—vo = gr on I'g. Let p bein Wl w P (Fo) We know there exists
n

Ly & o =
€ W™ (Q) such that ¢ = p.on To and ol 1 < C ”””wl‘ﬁ’p'(fo)'
We have: 3
(%) o
< a—n,u >5, = /QVUO -V de.

For almost any (@, z,) € Q, we set (x’, z,) = ¢(a/, —x,). The function

/o~ 1 .7 ~ ~
is in W(l)’p (©) and we set € € WP (T'o) the trace of ¢ on I'y. We notice
that £(x/, ) = p(x’, —x,,). Moreover, we show that

/NVUO-Vgodm:/NVwO-V@bda:.
Q Q
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Thus,

87)0 o 871)0 . o
< Mt = < a—naf >5,= <9 & >F,= < m b >f, -
o ~ . : .
So — = g, on 'y and vy is solution of the same problem that wq satisfies,

n
which implies that vg—wjq is a constant, constant which is necessary nil. The
restriction of wq to 2, that we denote by v, being in Wé’p(Q), is solution of
the problem (P’) and we have the estimate

lollwyr oy < C U902 (4.14)

Finally, the function u = z + s+ v € W(l)’p(Q) is solution of the problem
(Pn) and by (4.12), (4.13) and (4.14), we have (4.11).

.. n
ii) Now, we suppose that — < 1.
p

1—1,
Let o be in WOP(Q), Bin W' »?(Ig) and v in W, *” (R*1) such that:

/adm:/ﬁda:/ v dz' = 1.
Q I'o Rn—1

Here, we notice that we have Wl_%’p(f‘o) C W_%’p(Fo) and since ﬁ/ # 1,
p
_1
W, PP(Rr) € W, PR, We set
F = (/ fda:) a, Gy= < go,l >FOB and G1; = < ¢g1,1 >Rn-1 7.
Q

By Theorem 4.3.2, we know there exists r € W2?(Q) C W(l)’p(Q) solution of
the problem

or 0 on R* 1

on

ﬁzOonI‘o,

Ar=f—Fin Q, n

satisfying by (4.8) (since oS 1):
p

HTHWé'p(Q) < ||THW%1’(Q) < Cf - FHW?’Z"(Q)’
We notice, by the Hélder’s inequality and because ﬁ/ < 1, that
p
||F||W?7P(Q) < C HfHLl(Q) < C ||f||W(1)’p(Q)’

So, we have the estimate

HTHWé’p(Q) <C HfHW(f’p(Q)' (4-15)
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Now, by Theorem 2.3.2, since < G1 —g1,1 >pn-1= 0, there exists a function
z € W(l)’p(R’j_) solution of

0
Az =0in R, £ =g — Gy on R" L
such that:
< — < . .
gy < Clon=Gill S Ol gy o (416)

We denote again by z the restriction of z to Q. It is obvious that the normal

1
derivative 1 of z on I'g is in W~ »"P(T') and satisfy the following equality:
<n,1>p,=0.

1
We set g = go — Go —n € W~ »P(['y), and we may proceed with the same

reasoning as in the point i) to show there exists v € W(l)’p(ﬂ) solution of the
problem

0 0
Av=0in §, —U:gonfo, —U:00n}Rn_1,
on on
such that:
< <
g < 9l S OGN o+l g
(4.17)

We notice that the compatibility condition on g, is satisfied because <
Gy 1 >F, = 2 < g,1 >p,= 0. Finally, noticing that F' & W(l)’p(ﬂ)7 Gy €

1-1
Wl_%’p(I‘o), GireW,? p(Rnfl) and that the condition (4.10) is satisfied,
thanks to Theorem 4.3.2, there exists a function s € W2P(Q) ¢ WP(Q)
solution of the problem

0

0
As=Fin €, —S:Goonf‘o, —s:Gl on R* 71,
on on

and satisfying the following estimate:

lsllwiriey < CCOIFlyery +1Golya g p +IG ) (419

_1 _1
P’p(FO 1 P’p(Rn—l
Finally, the function u =r+z24+v+s € Wé’p(Q) is solution of the problem

(Pn) and the estimate (4.11) is given by (4.15), (4.16) (4.17) and (4.18). O

Remark: We notice that, when the data are more regular, the weak
solution is also more regular; in fact, it is the solution of Theorem 4.3.2.
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4.4 The first mixed problem

In this section, we want to solve the following problem:

—Au=f in Q,
(Par) { =90 on I'g,

ou i

I g1 on R" .

First, we characterize the following kernel:

EPQ) ={z e W5P(), Az=0inQ, z=0on Iy, 9=

pro 0 on R™ '}

We have the following result:

Proposition 4.4.1. 3) If p <n or p=n =2, then E5(Q) = {0}.
i) If p > n > 3, then EH(Q) = {c¢(A — 1), ¢ € R} where X is the unique
solution in Wé’Q(Q) N Wé’p(Q) of the following problem (P,):

A
(P;) AAX=0inQ, A=1on Ty, g—n:00nR”1.

i) If p > n = 2, then E5(Q) = {c(p — po), ¢ € R} where p is the unique
solution in Wé’Q(Q) N Wé’p(Q) of the following problem (P.,):

0
(Py) Ap=01inQ, p=po on Iy, 8_ZZOOHR

Proof- Let z be in £§(Q2). We define, for almost all (z’,z,) € Q the

function z, € Wé’p(Q), z« = 0 on 'y and we check, like done in the proof of
Proposition 2.1 that Az, = 0 in . So the function z, is in the space

Ag(fl) ={z € Wé’p(ﬁ), Az=0in €, z=0o0n Iy}
Now, we use the characterization of Ag(ﬁ) (see Proposition 2.2.1).

i) If p<norif p=n=2 then Ag(ﬁ) = {0} which implies that z, =0
in Q and so z =01in Q, i.e. EH(Q) = {0}.

ii) If p > n > 3, then 2z, = c(X — 1), where c is a real constant and \is
the unique solution in WP (Q) N W§?(€) of the problem

AX=0inQ, X=1onTl,.
Now, we set, for almost all (z’,z,) ENKNZ, B(x',z,) = X(:c',—xn). We eas-

ily check that (3, belonging to W(l)’p(Q) N W(l)’2(Q)7 is solution of the same
problem that A satisfies, but this solution is unique, so we deduce that
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- N -
B = X and so on R* 1, n 0. Thus, setting A the restriction of A to
n

0, )€ W(l)’p(Q) N W(l)’2((2) is solution of the problem (P;). Moreover, this
solution is unique. Indeed, if 6 is another solution, 6, is solution of the same
problem that A satisfies in €, so 8, = Ain Q and § = X in Q.

iii) If p > n = 2, so, we have z, = c(fi — pp), where c is a real constant
and i the unique solution in WP (Q) N W§?(€) of the problem

Aﬁ:Oinﬁ, 1= o on L.

But, we notice that pg can also be written

1
27T‘f0‘ fo

pro() In(ly — @) doy.

As fo is symmetric with respect to R"~!, we deduce that pg is symmetric
0 ~
too, and so % = 0 on R*""!. Now, for (2’ ,z,) € Q, we set &(z’,z,) =

p(x’, —x,). We check that &, belonging to W(l)’p(ﬁ) N Wé’2(§), is solution of
the same problem that j satisfies, but this solution being unique, we deduce
~ on
that ¢ = 12 and so, on R* 1, el
n
to Q, p € Wé’p(Q) N W(l)’Q(Q) is solution of the problem (P2) and we show
that this solution is unique like in the point ii). Noticing that we have also
Apg = 0 in , the other inclusion becomes obvious. (|

= 0. Thus, setting p the restriction of g

_1
Let f be in W(l)’p(Q), go in Wlfi’p(lﬂo) and g; in W pﬁ(R”’l). We
remind that we search u € Wé’p(Q) solution of the problem (P,s). We

suppose that such a solution u € W{P(Q) exists. Then, for any v € Wé’p,(Q).,
we have:

ou

/ —vAu dx = / Vu-Vovdr — < 8—,@ >PoURn-1 -
Q Q n
In particular, for any ¢ € 58/(9):

/fgodm :/Vu-Vgodm—<gl,g0>Rn_1.
Q Q
We have too:

0
0:/—uAg0dac:/Vg0-Vudw—<—¢go>p0.
Q Q 0

)
n
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We deduce from this that if u € WP (Q) is solution of the problem (Pyy,)
the data must satisfy the following compatibility condition:

: o
Yo € & (Q), /wa dx = < %ﬂo >ry = < g1, >ro-1 - (4.19)

Now, we are going to search strong solutions for the problem (P, ).
Theorem 4.4.2. For any p > Ll’ and for any f € W(l)’p(Q), go €
7 —

1 1-1 ) .
W2_P’p(F0) andgr € W, ¥ p(R"_l), there exists a unique u € W%p(Q)/é’g(Q)
solution of (Par,). Moreover, u satisfies

%’p(Rnfl))’
(4.20)

where C' is a real positive constant which depends only on p and wy.

||UHW%1’(Q)/56’(Q) < C( ||f||W(1)*P(Q) + ||90||W2—%,p ) + HngWI_

(To

Proof- We know there exists a function u,, € W%’p(RT}F) such that ug, =

ou
0 and 8—91 = ¢, on R" ! satisfying the estimate:
n

(4.21)

p

Huglnw?l’(u{z) < C HngWi_%’ (Rnfl).

We set u; the restriction of ug, to € and 7 the trace of u; on I'g. Then, we
set g =go—1n € WZf%’p(FO) and h = f + Auy € WP(Q). Now, we must
find v € WP() solution of the following problem (P'):

(P'Yy —Av="hinQ, v=gonT, S—Z:Ooan_l.

For this, we define the functions h, € W(l)’p(ﬁ) and g, € W27%’p(f0). By
the remark 2.11 in [7], there exists a function w € W%p(Q), unique up to an
element of A}((2), solution of

—Aw = hy in ﬁ, W = gy onfo,
and satisfying the estimate:

Let wg be a solution of this problem and for almost all (2’ z,,) € (NZ, we set:
vo(x, 2p) = wo(x', —xy).

Thanks to the symmetry of hy, g, Q and fo with respect to R"~!, we easily
show that vy is solution of the same problem that wy. Thus vg = wg + k
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~ ok
where k € AP(2). Moreover, we show that I 0 on R"~! and we deduce
n
8w0 1 . .. ..
that —— = 0 on R™™", so, the function v, restriction of wy to €, is in

on
W3P(Q), is solution of (P') and satisfies:

Iolhyoy < CCIS gy + 90l +lotl o

e )). (4.22)

%’p(Rnfl
Finally, u = v +u; € WTP(Q) is solution of (Pyy,) and (4.20) comes from
(4.21) and (4.22). O

Now we search weak solutions of the problem (Pas,). For this, in the
following theorem, we shall introduce a lemma between points i) and ii).
This lemma, proved thanks to the point i), allows us to obtain an “inf-sup”
condition, fundamental condition for the resolution of the point ii).

Theorem 4.4.3. For any p > 1 such that Z% # 1, and for any f € W?’p(Q),

go € W »"(Ig) and g1 € Wy " (R"4), satisfying, if p < — the com-
n pa—

patibility condition (4.19), there exists a unique u € Wé’p(Q)/é'g(Q) solution

of (Puy). Moreover, u satisfies

<
Hunwévp(g)/gg(g) > C( HfHW?’p(Q) + HgOHWlf%,p(FO) + ||gl||W;%,p(Rn_1))7
(4.23)
where C' is a real positive constant which depends only on p and wy.
Proof- i) First, we suppose — >1,4e p> )
P n—1

By the previous theorem, we begin to show that there exists a function
s € WPP(Q) € WP(Q) solution of the problem

& =0on R" !,

—As=fin Q, s=0on Iy, 3
n

and satisfying the estimate:
HSHWé’p(Q) < HSHW%Z’(Q) < C ||f||W(l)'p(Q)’ (4.24)

Moreover, by Theorem 2.3.2, there exists a function z € W(l)’p(R’_}_) solution
of

Az =0in RY, =g on R* 71,

on
and such that

”ZHW};P(M) < C ||91||Wg%,p(Rn71)- (4.25)

67



We denote again by z the restriction of z to €, so z € Wé’p(Q) and Az =0
1
in Q. Now, let 1 be the trace of z on I'g. The function 7 is in W'~ #?(T).

Weset g =gp—n € Wl_%’p(Fo). Like done in the proof of Theorem 4.4.2
and by Theorem 2.2.2, we show there exists v € W(Q) solution of:

Qv _ 0 on R* 1,
n

Av=0in Q, v =g on [y, 3

and satisfying the estimate:

”U”W(l)‘p(ﬂ) <C H9||W1_%,p(ro)- (4.26)

Finally, the function u = s+ 2+ v € W(l)’p(Q) is solution of the problem
(Par,) and the estimate (4.23) comes from (4.24), (4.25) and (4.26).

Y

Now, we set

D, = {v e WyP(Q), v=0on Ty},

and we introduce the following lemma to solve the point ii) of the theorem:

n

Lemma 4.4.4. Let p be such that p > 1 There exists a real constant
7 —

6 > 0 such that

/ Vv -Vuw dx
inf sup Q > 3,
wEDy veD,, HVUHLP(Q)HVU)HLP’(Q)
w#0  v#£0

and the operators B from Dy/Ker B to (D) and B’ from Dy to (D,)" L
Ker B defined by:

Vv € Dy, Yw € Dy, <Bv,w>:<v,B'w>:/Vv'dem
Q

are 1somorphisms.

Proof of the Lemma- We must firstly show an equivalent proposition
[e]

to Proposition 3.3.2, i.e. for any g € LP(Q), there exists z € Hp (2) and
¢ € Dy, such that:

g=Ve+z,
IVellr) < C llgllze)

where C' > 0 is a real constant which depends only on 2 and p and

I;p (Q)={zcLP(Q), divz=0inQ, z-n=0on R" '}
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The proof takes its inspiration from the proof of Proposition 3.3.2. First,
setting
g=ginQ, g=0inwy, g=0in R",

we remind (see [6]) that there exists v € W(l)’p(R”), unique if p < n and
unique up to an additive constant otherwise, solution of

Av =div g in R"
and satisfying
IV0llpon) < C v Glly-ton < C lallzr)-
We denote again by v the restriction of v to . We notice that, by [9],
(g—Vov)-neW, %”’(Rn—l) because div (g — Vv) =0 € W)?(Q) and
(g = Vo) - n]

1
Wo_ﬁ’p(Rn—l

: < C g = Voo
Moreover, thanks to the point i), there exists a unique w € Wé’p(Q) solution
of:

ow

Aw=0in Q, w= —v on Iy, a—n:(g—Vv)%zon]R”*l,
such that

w1, < C (o] -1 + —Vv)-n|| _1

lwllyyie (Il ||W1 b2 ) (g ) HWO ;,;;(Rn*l))

< C (Il + 19 = Vellwey) < C llgllzr)

Then, setting ¢ = v+ w and z = g — Vg, we have the searched result, and,
like done in Section 3.3.2, the “inf-sup” condition. The second part of the
lemma comes from the Babuska-Brezzi’s theorem (see Theorem 3.3.4). O

End of the proof of Theorem 4.4.3- ii) We suppose ﬁ/ <1l,1e p<
p
n

. Thanks to Section 4.2, we know there exists a unique z € W(l)’p(Q)

n —_—
solution of the problem

Az=0inQ, z=gyoonTy z=0onR"1
and satisfying the estimate:

Izlly1e) < C llgoll 1 (4.27)

1 .
w7 (To)
_1
Since Az =0 € W?’p(Q), n= g_z has a meaning in W, p’p(Rn_l). We set
n

1
g=qg—new, ”7p(R"’1) and we want to solve the following problem (P’):

(P) —Av=finQ, v=0onTy, g—Z:gonR”_l.
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For this, for any w € D,y we define the operator:
Tw:/fw dr + < g,w >gn-1 .
Q

We easily check that T € (D,)’. We define the following problem (FV):
find v € D, such that for any w € D,/, we have:

/Vv-dea::Tw.
Q

We notice that if v € W(l)’p(Q) is solution of (P’), it is also solution of (FV).
Conversely, let v € D), be a solution of (FV) and let ¢ be in D(Q) C D,y .
So

< Av, 9 >prqa)p@)= — /Q Vo -Vode=-Ty=— < [,0>p@)p@):

0
i.e. —Av = f in Q. The function Av € WP(Q), so 8—U has a meaning in
n
1 0
w, p’p(]R"_l). Now, we want to show that we have 8_U =g on R"1 We
n

(R™~1), there exists u; € W?’p/(Rﬁ) such

1 7
p/vp

2—
know that, for any p € Wy
that

up = p and ur =0on R" !,
on

with ||u1\|W2,p/(Rn) <Clull oo . We denote again by u; € W%’pl(Q)
P e
the restriction of uy to Q and £ € W 77 (T'o) the trace of u; on I'g. There
exists ug € W2’p/(QR), where R > 0 is such that wg C Bg C R", Bp is an
open ball of radius R and QQp = 2 N Bpg, satisfying
6u0

ug = & and %zoonfo, ug = — = 0 on 0BR
on on

and

ol < C ey

We set @g the extension of ug by 0 outside Br. We have 1y € W%p/(Q) and

ug =¢ and %:OOHI‘O, ﬁoz%zooanﬂ’
on on

. ~ ~ 2,p
with ||u0\|W%p/ Q) < C lually, . We set u=uy —ug € WP (Q), then u

( 27 (@)

satisfies

0
u=0onTy, uw=p and U — 0 on R
on
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and

[l < Clull oy

2,p"
Wl (Q) Wl P (Rnfl)

1 .7
?717

1—
Thus, noticing that v € D,y and p € W, (R"~1) because, for any value

of n and p/, W%p/(Q) C Wé’pl(Q), we have

0 0
< —v,u Spn-1= < —U,u >PoURn-1 = / uAv dx +/ Vv -Vudzx
Q Q

on on
= —/ fudx+Tu
Q
= < g, b ZRn-1,
. v —1 / ;
i.e. 5 =gon R™ . So, problems (P’) and (FV) are equivalents. More-
" n , n . .
over, since p < 1P > ] and we apply the previous lemma noticing
n— n—

that we have Ker B = 58,(9). We deduce that
B’ is an isomorphism from D), to (D,)" L 58/(9). (4.28)

Moreover T' € (D) L 58,(9). Indeed, for any ¢ € E‘SI(Q), we have

ng):/fgp de + < g1, >pn-1 — < 0,9 >Spn-1
Q

and

15) 0
<N, @ Spa-1= < gz Y >puRn-1= / Vz-Veodr =< 8_g07go >T0s
0 n

on’
which implies, by the condition (4.19), that T = 0. This allows us to
deduce, by (4.28), that there exists a unique v € D, such that B'v = T,
i.e. solution of (FV) and consequently of (P’) and we have the following
estimate:

Iolhyoi) < € (g + ool g Hlanll g (429

Finally, u = z + v € Wé’p(Q) is solution of (Pyy,) and we have the estimate
(4.23) by (4.27) and (4.29). O

Remark: We notice that when p > and when the data are more

regular, the weak solution is more regular too; it is in fact the solution of
Theorem 4.4.2.
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4.5 The second mixed problem

In this section, we want to solve the following problem:

—Au=f in Q,
ou
(PM2) a_ =90 on FO’
n
U= g on R* 1,

First, we characterize the following kernel:

Fh(Q) ={z € Wé’p(Q), Az=0in Q, g—; =0onTy, z=0onR" '}

Proposition 4.5.1. For any p > 1, F5(Q2) = {0}.
Proof- Let z be in F{(Q2). We define, for almost all (z’,z,) € Q the

- 9 ~
function 2* € Wé’p(Q). Then 8Z = 0 on I'g and we check, like done in the
n

proof of Proposition 4.2.1 that Az* =0 in Q). The function z* is in the space
- ~ 9 -

{z € Wé’p(Q), Az=0in Q, £ = 0 on I'o} which is equal to Pjy_y,/, (see

Theorem 2.2.3). Thus, if p<n, 2" =0in Q and 2 =0 in Q and if p > n, 2*

is a constant in  so z is constant in §, but z =0 on R*"! s0 2 =01in Q
and FH(Q)) = {0}. O

The following theorem allows us to obtain strong solutions of the problem

(PM2)
Theorem 4.5.2. For any p > Ll’ and for any f € W(l)’p(Q), go €
n_

1-1p 25D on—1 : - 2,p
W "»P(Ty) and g1 € W, P (R" ), there exists a unique v € W7P(Q)
solution of (Pu,). Moreover, u satisfies

HUHW%T’(Q) < C( ||f||W(1)’p(Q) + HQOHW ) + Hngwff%,p )7 (4-30)

1)

where C' is a real positive constant which depends only on p and wy.

_1
1 p,P(FO

Proof- We know there exists a function u,, € W%p(RT}F) such that u,, =

0
g1 and ;gl =0 on R""!, satisfying the estimate:
n
ppny < C 1 . 4.31
Huglnwa(RH > HngWi_’l”p(R"*) ( )

We set u; the restriction of ugy, to €2 and n the normal derivative of u; on
1

To. Then, we set g = go —n € W' #P([g) and h = f + Auy € W(l)’p(Q).

Now, we want to find v € W>P(£2) solution of the following problem (P'):

(P") —Av=hinQ, S—Z:gonfo, v=0onR"
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We define the functions h* € W(l)’p(ﬁ) and g* € Wlfi’p(fo) and, by Proposi-
tion 3.12 in [7], there exists a function w € W%’p(Q), unique up to an element
of P1_p/p|, solution of

~  Ow ~
—Aw="h"inQ, — =g" on Ty,
on
and satisfying the estimate:

-1, ).

HwHW%p(ﬁ)/P[l_n/p] < C( ||hHW?’p(Q) + 19l ?(T)

w
Let wp be a solution of this problem and, for almost all (2, x,) € ﬁ, we set:
vo(x!, 2y) = —wo(x’, —x,).

We easily check that vy is solution of the same problem that wg satisfies.
Thus vy — wg € P[l—n/p]-

. n . LN
i) We suppose that — > 1. In this case, vg = wg in 2 and we deduce
p

that wg = 0 on R"~1. So, the function v € W%p(Q), restriction of wy to
is a solution of (P’).

.o n . .= .
ii) We suppose that — < 1. In this case, vg = wg + « in €, where « is a

real constant, and, setting ¢ = —=a, we deduce that wg = ¢ on R*~!. The

function v = wy)q — ¢ is an element of WP(Q) and v is solution of (P’).

Moreover, v, solution of (P’), satisfies the estimate:

Iolhyzoay < CCIS Tty + 1900y + ot acgs - (432)

Finally, the function v = v +u; € W%’p(Q) is solution of (Paz,) and the
estimate (4.30) comes from (4.31) and (4.32). O

Now, we search weak solutions of the problem (Pys,). We set
N, ={ve WiP(Q), v="0on R" 1},

and we firstly give the following lemma that we demonstrate like to Lemma
4.4.4 reversing only I'y and R"~! (and so, using in its proof the result of the
point i) of the following theorem):
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n
Lemma 4.5.3. Let p be such that p > 1 There exists a real constant
7 —

6 > 0 such that

/ Vv - Vw dx
inf sup Q > B,
weN, ven, [[VllLe@) [Vl g g,
w#0  v#£0

and the operators B from N,/Ker B to(Ny) and B' from Ny to (Np) L
Ker B defined by:

Vv € Np, Yw € Ny, <Bv,w>:<v,B'w>:/Vv~de:c
Q

are 1somorphisms.

Theorem 4.5.4. For any p > 1 such that Z% # 1, and for any [ € W(l)’p(Q),

_1 1—1 _ .
go € W »P(Tg) and gy € W P p(Rn_l), there exists a unique u € Wé’p(Q)
solution of (Par,). Moreover, u satisfies

Iy < CCM ooy + 1900, o +l011omp ) (459

1—

0

where C' is a real positive constant which depends only on p and wy.
n

Proof- i) We suppose E/ >1,ie p> .
P n—1

First, we apply Theorem 4.5.2 to have the existence of s € W%p(Q) C
W(l]’p () solution of the problem

0
—8:00nI‘0, s=0onR"!

—As=fin Q
Sfm’an

and satisfying:
Hsuwéd’(g) < HSHWf’p(Q) <C ||f||W(l)'p(Q)‘ (4.34)
Then, by Theorem 2.3.1, there exists a function z € W(l)’p(]RT}F) solution of
Az=0in R} z=g; on R

satisfying:

HZHW%;P(M) < Clall - (4.35)

Wo %!p(Rn_l)'
We denote again by z the restriction of z to €. It is obvious that the normal
derivative n of z on I'g is in W_%’p(FO). Weset g =go—n € W_%’p(Fo) and
we want to solve the following problem (P’):

(P") Av=10in Q, S—Z:gonfo, v=0onR"L
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L

Let p be in W' 7 ’p,(fo). For almost any (2, z,) € Ty, we set
(@', an) = p(@’, 2n) — p(@’, —ay).
We notice that wu € Wlfi’p/(lﬂo), and we define
< Gry b >i= < g, T >T -

1 ~
It is obvious that g, € W™ »?(I'g) and that g is the restriction of g, to I'g.
Moreover, we easily check that

< g7r7§ >fO: — < gmM >f07

where ¢(a’,x,) = p(a’, —x,) with (z’,2,) € Ty. By Theorem 2.2.3, there

exists a function w € Wy (€2), unique up to an element of Pl1—n/p) solution
of the following problem:

~  dw -
Aw=01in Q, — = g, on I,
on
and such that:
lllwir@py s < € N9nl o,
Let wp be a solution of this problem. We set for almost all (z’, z,,) € Q:
vo(@’, zn) = —wo(x’, —z5,).
The function v is in Wé’p(ﬁ) and since Awy is nil in ﬁ, we easily check
(Y 1, ~

that Awvg is nil too. Thus 8—0 has a meaning in W~ »*(Ty) and we show,

n
like done in the proof of Theorem 4.3.3 that % = gp on fo. So, the
function vy is solution of the same problem that wq satisfies, which implies
that vo — wo € Pj1_p/p). We conclude like done in the proof of the previous
theorem to show the existence of the solution v € WyP(Q) of the problem
(P’) satisfying:

oo < C gl o, (4.30)

Finally, the function u = z + s+ v € W(l)’p(Q) is solution of the problem
(Pn) and the estimate (4.33) comes from (4.34), (4.35) and (4.36).

n n
ii) We suppose — < 1,i.e. p< —.
P n—1

Thanks to Section 4.2, we know there exists a unique z € W(l)’p(Q) solu-
tion of the problem

Az=0inQ, z=0onTy, z=g; on R" 1
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satisfying the estimate:

L, (4.37)

ez < Cllalliopn

1—
0

0 _1
Since Az = 0 € LP(Q), n = % has a meaning in W ;’p(I‘O). We set

" on
g = go —n and we want to find v € Wé’p(Q) solution of the following
problem:

(P") —Av=finQQ, g—;}l:gonfo, v=0onR"

For this, we define, for any w € N, the operator:

Tw:/fwda:+<g,w>po.
Q

We easily check that T' € (N,)". We define the following problem (FV): find
v € N, such that for any w € N, we have

/Vv-dea::Tw.
Q

We notice that if v € W(l)’p(Q) is solution of (P’), it is also solution of (FV).
Conversely, let v € N, be solution of (FV) and let ¢ be in D(2) C Ny.
Then

<Av,<p>g=—/Vv-Vg0dm:—Tg0:—<f,<p>Q,
Q

i.e. —Av = fin Q. The function Awv is in LP(2), so g_v has a meaning in
n

_1 0
w Il"p(I‘o). Let us show now that 6_U = g on I'g. We know that for any
n

1 / ,
u e W2 e P (T'o), there exists u € WP (Qr), where R > 0 is such that
wp C Br C R} and Qg = Q2 N Bp satisfying

u:,uand%zo on Iy,
ou On
u=—=0 on 0Bpg,
on

We denote by u the extension of u by 0 outside Br. We have u € W%p,(Q).,

ﬁ:,uand—u:O on [y,

T

U=——= on R 1,

- On

and the following estimate

il o o <C lll o
W1 p (Q) W? o’ P (FO)
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Thus

0 ov _ ~ ~
< —v,u >1,=< —U,u >yURn—1 = / uAv dx + / Vv - Vu dz
on on Q Q
:—/ fudx+ T (u)
Q
=< g, >y,

i.e. g_v = g on I’y and so, problems (P’) and (FV) are equivalents. More-
n

. n , n :
over, since p < 1 then p’ > ] and we apply the previous lemma
n —

noticing that Ker B = .7:75/(52) = {0}. We deduce from this that
B’ is an isomorphism from N,, to (N,)". (4.38)

Since T' € (N,y)', we can deduce from this that there exists a unique v € N,
such that B'v = T, i.e. solution of (FV) and so of (P’) and we have the
following estimate:

||U||W(1)7P(Q) <C (Hf”w%l’(g) + ||go||W7%,p

g ) (439

1-1,
(To W, P (Rn-

Finally, u = z + v € W(l)’p(Q) is solution of (Pys,) and we have the searched
estimate. [

n
Remark: We notice that when p > ] and when the data are more

n —
regular, the weak solution is more regular too; it is in fact the solution of

Theorem 4.5.2.
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Chapter 5

Exterior Stokes problem in the
half-space

5.1 Introduction and preliminaries

In this chapter, we consider the same domain as the previous one and here
we want to study the Stokes operator with Dirichlet boundary condition. Let
wp be a compact region of R’} , I'g the boundary of wp and €2 the complement
of wp in R”. We remind that the property (1.1) is satisfied in such a domain.
This paper is devoted to the resolution of the Stokes system

—Au+Vr=f inQ,

divu=nh in ,
(SD) U = go on FOv
u =g on R*~ 1,

The chapter is organized as follows. Sections 5.2 and 5.3 are devoted to
the case of generalized solutions respectively when p = 2 and p # 2. In Sec-
tion 5.4, we consider strong solutions and give regularity results according
to the data. Finally, in Section 5.5, we find very weak solutions to the ho-
mogeneous problem with singular boundary conditions. The main results of
this work are Theorems 5.2.5 and 5.3.6 for generalized solutions, Theorems
5.4.2 and 5.4.4 for strong solutions and Theorems 5.5.2 and 5.5.3 for very
weak solutions.

In all this article, we suppose that I'g is of class C"!, except when p = 2,
where I'g can be only considered Lipschitz-continuous.

Corresponding to Theorem 1.2.1, the following Poincaré-type inequalities
hold in an exterior domain in the half-space. We give here the theorem and
the proof only for the case that we use, the basis space Wé’Q(Q). We easily
extend to the general case.
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Theorem 5.1.1. i) The semi-norm | - \W(l),zm) defined on Wé’Z(Q)/P[l,n/g]
18 a norm equivalent to the quotient norm.

[¢]
ii) The semi-norm | - |W1’2(Q) defined on W () is a norm equivalent to
0

the full norm || - HWé’Q(Q)'

Proof- We extend the problem in Q = QUQ'UR" ! with Q' the symmet-
ric region of Q with respect to R"~! and we use results of [7] in an exterior
domain. Here, we prove only the case i), the case ii) is similar.

Let u be in Wé’2(Q) and u, € Wé’2(5~2) its extension in Q defined by

u(x’,zy)  if xy, >0,
u(x!, —x,) if x, <O.

ue(a', ) = {

We have
HU*HW})’Q@) <C HUHW(l)’Q(Q)'

Moreover, by [7]

rertd et kllizg) < €l g).

Finally, since for all k € Pj1_,, /9,
Hu + kHWé’Q(Q) < HU* + kHWé’Q(ﬁV
we have

peril | Metklwizg) < O ludwyzg < Clulyyzg: O

5.2 Study of the problem (Sp) when p = 2.

First, we notice that it is equivalent to solve the problem with homogeneous

L . . 13,2
boundary conditions. Indeed, the function g; is in W ? (R™1), so, by
Lemma 1.3.1, there exists u; € Wé’Z(]R"}r) such that uq = g1 on R ! and

2

Hu1||Wé’2(R1) < C Hgl”W(l)_%’ (Rn—l)'

Now, let i be the trace of uy on 'y, g =gog — 1 € H%(Fo) and let R > 0
be such that wg C Br C R’}. It is clear that the function hg defined by

h():gOIl Fo, h0:00n 8BR,

80



belongs to H%(I‘O U dBR). We know that there exists an extension up, €
H'(QR), where Qp = QN Bg, such that up, = hg on 'y UdBr and such

that [[unolrzt ) = C ol g g, WE St

o — Up, in Qg,
° 10 inQ\Q

We have ug € Hl(Q)a ug =g on I'g, ug =0 on R7» 1 and
luollzzri) < C llgla

Thus the function ug + uyq is in Wé’Z(Q) and its traces are gg on I'g and
g1 on I';. This allows us to solve only the following problem: let f be in
W, h2(Q) and h be in L2(Q), we want to find (u,7) € Wy*(Q) x L*(Q)

solution of

(So) —Au+Vr=f inQ, divu=~h inQ,
0 u=0 onTy, wu=0 on R"~ 1

Now, we want to establish Lemma 5.2.2 to have a data for the divergence
reduced to zero. For this, we use this preliminary lemma:

Lemma 5.2.1. For any h € L*(Q), there exists a unique ¢ € W(Q)’Q(Q)/R
solution of

Ap=~hin  and 9 =0onTyUR™ !
on

Moreover, ¢ satisfies
HSOHW%Q(Q)/]R < C ||hHL2(Q)7
where C' s a real positive constant which depends only on wy.

Proof- First, we define Q the symmetric region of 2 with respect to
R"™ Q=QUQUR"! and Iy = 9Q. Let h be in L*(Q) and let the
function h, be defined, for almost all (’,x,) € Q, by

, .
ha(2!, 1) = { h(x!,z,) if 2, >0,

hx', —xy,) if x, <O.

Then, we set in R™ the function

~ h, In (NZ,
h = ] ~
0 inR™\Q.

So, he L?(R™) and, supposing first that n > 2, as [6] allows us to say that

A WEAR™) — L2(R™)
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is onto, we deduce that there exists u € Wg’Q(]R") such that A% = h in R®
and HﬁHW(Q),z(Rn) < C ||hllz2¢). We denote by u € W(Q)’Q(Q) the restriction

= ~ 0 ~
of u to £2. We notice that we have Au = h, in Q and that 8_u € H: (o).
n

By Proposition 3.12 in [7], (there is no condition of compatibility because
n > 2), there exists z € W3%(Q) ¢ W2*(Q) such that

~ 0z  Ou ~
Az =01in Q d —=—onTl
z in and o= = =~ on I,
and satisfying

HZHW(%’?(Q) < C HUHW%Q(Q)-

Now, we set w =u — 2. Then w € W3’2(§) satisfies

Aw=h, in Q and w =0 on I, (5.1)
on

and we have

lwllyaegy < C Il
If n = 2, we can not apply this reasoning because a condition of compatibil-
ity appears when we want to use Proposition 3.12 of [7|. Nevertheless, we

can find directly w € W(Q)’Q((Z), solution of (5.1), without needing the space
W%2(Q) (see Theorem 7.13 in [27]). Then, we set, for almost all (&, z,,) € Q,

v(x' ) = wx', —x,).
As h, is even with respect to x,,, we easily check that v is solution of the same
problem that w satisfies. So, noticing that the kernel of this problem is R, we

~ w
deduce that v = w+ ¢ in Q, with ¢ € R, and consequently, — = 0 on R?~!.

on

Thus, the function wyg € W(2)’2(Q) is solution of our problem. Moreover, this
solution is unique up to a real constant. Indeed, if z € W§’2(Q) is in the

kernel of this problem, z, € Wg’Q(ﬁ) is in R, the kernel of the problem (5.1)
so z € R. (]

Y

Lemma 5.2.2. There exists a real constant C > 0 depending only on wy
[¢]
such that for any h € L*(Q), there ezists w € W (1)’2(52) satisfying

divw=hin Q and HwHWé,Q(Q) < C |l z2()-

Proof- Let h be in L?(2). We know, by the previous lemma, that there
exists a unique ¢ € W5(2)/R satisfying

Ap=hin Q and a—gononFoUR”_l,
on
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with
HSOHW%Q(Q)/]R < C ||hHL2(Q)-
We set v = Vp € W(l)’2(Q). So ||v||W(1),2(Q) < C [|h]|r2(q). Moreover, we set

_1
go = V|, € H%(I‘O) and g1 = vgn-1 € W(l) 2’Z(R”’l). By Theorem 2.5.1,

there exists (z,0) € W(l)’Q(R:‘_) x L*(R") solution of
—Az+VO=0inR}, divz=0inR"}, z=g;on R,
satisfying
||ZHW(1J!2(R1) < C g1l 1-12 .

WO (Rn— 1 )

We denote again by z the restriction of z to 2 and g = go — 2|, € H: (To).
We observe that

/g-nda:/ v-nda—/ z-ndo= 3_g0d0_/ div z de = 0.
I'o I'o To Foan wo

Now, let R > 0 be such that wg C Bg C R} and Qr = Br N ). Then, the
previous condition being checked, we have the following result (see Lemma
3.3 in [5]): there exists y € H'(Qg) such that

divy=0in Qr, y=gonly, y=0onJdBg,

and
19ler @ < Cr (lgollggy oy + l9nll ooy )

We denote again by y its extension by 0 in Q. Soy € Wé’Q (©) and
divy=0inQ, y=gonly y=0o0nR"!
Finally, we set u =2z +y € Wé’Q(Q). The function w satisfies
divu=0inQ, w=goonly wu=g;onR"

and the estimate
Hunw(l)’?(g) <C Hv‘|wéa2(9)~
Finally the function w = v — w is solution of our problem. [
So to solve (Sp), it is sufficient to solve the following problem (Spp): find
(u,m) € W(l)’2(Q) x L?(Q) solution of

(Soo) —Au+Vr=f inQ, divu=0 in{,
0o u=0 onl'y, u=0 on R*~1.

For this, as an immediate consequence of the previous lemma, we derive
first the following Babugka-Brezzi condition (see [13] and [16]).
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Corollary 5.2.3. There exists a real constant 3 > 0, depending only on wy,

such that
/ h div w dx 1
inf sup 2 > . (5.2)
2 o o h
heL* () Wé’2(ﬂ) HwHWéQ(Q)H ||L2(Q) B

We introduce the continuous bilinear form defined on W é’Q(Q) x L2(€2)
by

b(w,q) = —/ q div w dz.
Q

o

Let B € L (W (1)’2((2),L2(Q)) be the associated linear operator and let
B’ e L (L*(2), W;"%(Q)) the dual operator of B, i.e.

= B = B, o .
b(w’Q) < bw,q >L2(Q)><L2(Q) <w,bq >W(1)‘2(Q),W51‘2(Q)

It is clear that B = — div and that B’ = V. As a consequence of the “inf-

sup” condition (5.2), we know that B is an isomorphism from W (1)’2((2)/V
onto L?(Q) and B’ is an isomorphism from L?(£2) onto V° with

V={ve W ?), dive=0inQ},
which is an Hilbert space and

o __ —1,2 _
Ve={feW, " (Q), VweV, <fw >W51'2(9),V°Vé'2(ﬂ)_ 0}.

Thus, we have the following De Rham’s theorem:
Corollary 5.2.4. The operator YV is an isomorphism from L?*(Q) to V°.

Now, we define the problem: find w € V such that

YveV, /QVu :Vode =< f,v >W51’2(Q),VOV(1)’2(Q) .

Using the Poincaré-type inequality given in Theorem 5.1.1 ii) and apply-
ing Lax-Milgram theorem, we check that the variational formulation has
a unique solution w € V and we notice that it is equivalent to (Spo),
obtaining the pressure by Corollary 5.2.4. Thus, there exists a unique

(u,7) € Wy2(Q) x L2(2) solution of (Sg).

In consequence, we have the following theorem:
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Theorem 5.2.5. For any f € W(;l’Z(Q), h € L*(), go € H%(Fo) and

_1
g1 € W(l) 2’2(]1%”’1), there exists a unique (u, ) € W(l)’2(Q) x L2(Q) solution
of the problem

(Sp) —Au+Vr=f inQ, divu=~h in$,
P u = go onI'y, u=gq on R L,

Moreover, (u, ) satisfies

lullypragy + Imllzz@ < C (1F l-szgy + IRl

190l g3 gy + 91l )
0

%’2(Rn—l)

where C s a real positive constant which depends only on wy.

5.3 Study of the problem (Sp) when p # 2.

First, we suppose that p > 2 and we want to study the kernel of the Stokes
system. We set:

DE(Q) = {(z,7) € W P(Q) x LP(Q), —Az+ V=0 and div z = 0 in Q}.
To characterize this space, it is useful to show the following lemma:

Lemma 5.3.1. Let p > 2, f be in W(;l’p(Rﬁ) and h be in LP(R?), both
with compact support in R” | and (v,n) € Wé’Q(R’}r) x L2(R%) the unique
solution of
—Av+Vn=jf inR%,
(S4)g dive=nh in R,
v=0 on R 1.

Then, we have (v,n) € Wé’p(Ri) x LP(R) and (v,n) satisfies
HUHW})»P(R?_) + ||77HLP(R1)
+ ||v‘|wé’2(]1§1) + HnHLQ(R:{) < C (Hf”wal’P(Rz‘z_) + HhHLP(Ri))y

where C' is a real positive constant which depends only on p, wy and the
support of f and h.

Proof- Let f be in W, "P(R%) and h in LP(R?), both with compact
support in R" ; we easily check that f € WEI’Q(RK) and h € L*(R") because
p>2andlet (v,n) € W(l)’Q(]RT}r) x L?(R™) be the solution of (Sy) satisfying

lollws ey + @ < C (1flwora@e) + Blgn). (53)
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By Theorem 2.5.1, there exists (u, ) € Wé’p(R’}r) x LP(R" ) solution of (S1)
such that

ety + Ielnen) < € (W lwrryy + @) (54
We set (w,7) = (u — v, ™ —n) which satisfies
~Aw+Vr=0inR}, divw=0inR}, w=0onR"

and we want to prove that (w,7) = (0,0). We easily show (see Proposi-
tion 4.1 in [9]) that w,,, the nth component of w, which is in Wé’p(Rﬁ) +

Wé’Q(R’j_), satisfies
ow
A%w, =0 in R}, wp, =0on R*Y —2 =0onR" L
o,
Here, the discussion splits into three steps: first, if p # n and n # 2, then
wy, € W(l’zf(Ri) + W%?(Rﬁ) For almost all (z’,z,,) € R, we set

wp (', ) if z, >0,

Wy (', x,) = dwy,

(—wy, — 2z, — $%Awn)(a:', —xy,) if z, <0,

Ln
and we check (see [10], [21]) that w,, is the unique extension of w,, such that
A%, = 0 in R™. Moreover, for any ¢ € D(R"), we have

~ 0
< Wn, P >p/(Rn), DERM)= /R wplp — 5Y — Gxn% — 22 Ay de
T n

where ¢ € D(R") is defined by ¢ (2, z,) = ¢(2’, —x,), which allows us to
prove that w, is in W:g’p(R") + W:§’2(]R"). So w,, is a biharmonic tem-
pered distribution and consequently a biharmonic polynomial. Finally, as
the space W:g’p(Rn) + W:§’2(R") does not contain polynomial, we deduce
from this that w, = 0 in R” and so w, = 0 in R’}. Now, if n = p, we
have W(l)’p(Ri) C W(i’If’_l(Ri), and we may proceed with the same reason-
ing since the logarithmic factor does not change the proof. When n = 2,
we have W(l)’Q(R’_}_) C W(i’i_l(R’j_) and get the same result with the same
arguments, simply noticing that w, could be equal to a constant in R’} but
that this constant would be necessary equal to zero because w, = 0 on R? 1.

Consequently, in any case, we have w, = 0 in R’}. We deduce from this
(see Proposition 4.1, [9]) that 7 € LP(R") 4+ L*(R") satisfies

0
A1 =0 in R, a—;:Ooanfl.
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Now, we set for almost all (z’,z,) € R",

T(x',x,) i z, >0,

(', —xy) if z, <O,

r(@',z0) = {

and we easily check that 7, is a harmonic tempered distribution, so a har-
monic polynomial, included in LP(R™) + L?(R"), a space which does not
contain polynomial. Thus, we conclude that 7 = 0 in R’}. Then, we show
that w’ = (wy,...w,—1) € Wé’p(Rﬁ) + Wé’%Rﬁ) satisfies

Aw'=0in R}, w' =0on R L.

We set for almost all (/,x,) € R”,

w™ (2 x,) =

w!(x/, x,) if z, >0,
—w'(z/, —x,) if z, <0,

and we easily check that w’* € W(l)’p(R") + W(l)’Q(R”) is a harmonic tem-
pered distribution, so a harmonic polynomial in R™. Thus, w’ is a harmonic
polynomial in R} and Vaw’ is a harmonic polynomial in LP(R"}) + L2(R’j_),
a space which does not contain polynomial. So Vw’ = 0 in R’} and since

w’ =0 in R""!, we have w’ = 0 in R". Finally, we deduce from this that
(w,7) =(0,0). O

Now, we have the following theorem:

Theorem 5.3.2. The kernel DE(SY) is reduced to {(0,0)} when p > 2.

Proof- Let (z,m) be in Di(£2). We denote by Z and 7 the extensions
by 0 of z and 7 in R’}. We have 2z € Wé’p(R’j_) and 7 € LP(R"). We set
h=—-AZ+Vre W(;l’p(]R"}r) and we easily check that h has a compact
support in R’f. Thus, we can apply the previous lemma which assures us that
there exists a unique (v,7n) € (Wé’p(Rﬁ) N Wé’%Rﬁ)) x (LP(R") N LA(R™))
solution of

—A'v—l—Vn:;LinR"}r, div v =0 in R, v=0onR"!

Noticing that div Z = 0 in R", we see that (2,7) and (v,n) are solutions
of the same problem, which, by Theorem 2.5.1, has a unique solution in
W(l)’p(R’j_) x LP(R%). So (z,7) = (v,n) in R} and, setting again v and 7
the restrictions of v and n to 2, we deduce that

v=z, n=mx in{.

So, (v,n) € W(l)’p(Q) x LP(Q) satisfies

—Av+Vnp=0inQ, divv=0inQ, v=0o0nT UR" !
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But, (v,n) € W(l)’Q(Q) x L%(Q) and in this space, there is, by Theorem 5.2.5,
a unique solution to the above problem, which is (0,0). Thus, Di(Q) =

{(0,0)}. O

Now, supposing that p > 2, we want to solve the Stokes system with
homogeneous boundary conditions, that is to say: let f be in Wal’p(Q) and
h be in LP(§2), we want to find (u,7) € W(l)’p(Q) x LP(Q2) solution of the
problem

(5){ —Au+Vr=f inQ, divu=h in{2,
0 u=20 only, u=0 on R* 1,

First, we establish the following lemma:

Lemma 5.3.3. For each p > 2 and for any f € Wal’p(Q) and h € LP(Q),
both with compact support in §, there exists a unique (u, ) € (W(l)’p(Q) N
W% (Q)) x (LP(Q) N L2(Q)) solution of (Sp).

Proof- Let f be in W(;l’p(Q) and h be in LP(§2), both with compact
support in . Then, since p > 2, we easily check that f € Wal’Q(Q) and
h € L*() and that

112 + 102 @) < C (Il re ) + 17l @)

where C' is a real positive constant which depends only on p, wy and the
supports of f and h. We deduce from Theorem 5.2.5 that there exists a
unique (u,m) € W(l)’Q(Q) x L?(Q) solution of (Sp). It remains to show that
(u,m) € WP(Q) x LP(Q). We denote by & € Wy*(R?) and 7 € L2(R%)
the extensions by 0 in R} of w and 7 and we set

?:—Aﬁ%—v%' and h = div a.

Let us show now that f € ng’p(R’j_) and h € LP(R%). We define the
function x € D(2) such that x = 1 in 6 where 6 is open bounded subset of
2 such that supp f C 6. We denote by X the extension of x by 0 in R’}. For
¢ € D(R?}), we have

< }#P ZD'(R7),DRY) ™ < }JFP D' (R7),DRY) ™ < I X >p),p0)

and for ¢ € D(R’ ), we have

< h, (%2 >'D/(R1),'D(Ri): /g;hg@ dx.
So, f € Wy'"P(R?) and h e LP(R%). Finally, we can apply Lemma
5.3.1 to conclude that (w,7) € Wé’p(Rﬁ) x LP(R"). Thus, by restriction,
(u,7) € WiP(Q) x LP(Q). O

Now, we establish the following theorem:
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1—l D 171717 —1
Theorem 5.3.4. For anyp >2,g0 € W »"(I'g) andg, € W, * (R*"),
there ezists a unique (u,m) € W(l)’p(Q) x LP(Q) solution of

() —Au+Vr=0 inQ, divu=0 in {,
U = go on 'y, u=g; on R* 1,

Moreover, (u, ) satisfies

[ellwyo @)+ ¥l < C (g0l g, + o

1 1
»P(Ty pP )’

1—
o (Rn—1)

where C' is a real positive constant which depends only on p and wy.
Proof- The uniqueness comes from Theorem 5.3.2. Then, thanks to

Theorem 2.5.1, there exists a unique (w,7) € Wé’p(R’j_) x LP(R') solution
of

—Aw+V7r=0inR"}, divw=0inRY}, w=g;on R L,

We denote again by w and 7 the restrictions of w and 7 to Q and we set
1

g =9go—wpr, € Wl_E’p(I‘O). Thus, it remains to show that there exists

(y,\) € W(l)’p(Q) x LP(£2) solution of (8")

(S//) _Ay + V)\ =0 in Q, div Yy = 0 in Q,
y=g only, y=0 on R~ 1L,

For this, let R > 0 be such that wg C Br C R}, Qg = BrNQ and
1 € D(R™) with support included in Qg such that

(x) dm—l—/ g-ndo =0.
QR To

Thanks to results in bounded domains (see [5]), there exists (v,n) € WP (Qg)x
LP(Qp) such that

—Av+Vn=0 inQp, dive=1 in Qpg,
v=g onl'y, v=0 on JBpg.

Next, we extend (v,n) by (0,0) in Q and we denote by (v,n) € Wé’p(Q) X
LP(Q) this extension which satisfies

—Av+Vnp=€ inQ, divo=1¢ inQ,
v=g onTy, v=0 on R~ 1,

where & € W P(Q). We notice that £ and 1 have a compact support in Qpg,
0

so that by the previous lemma, that there exists (z,v) € W(l)’p(Q) x LP(Q)
solution of

—Az4+Vv=—-£ in, divz=—¢Y in{,
z=0 onITy, z=0 on R* 1,
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Finally, (y,\) = (¥ + 2,7 + v) € WP(Q) x LP(Q) is solution of (S”), so
(u,7) = (w +y, u+ A) € WyP(Q) x LP(Q) is solution of (S’) and the esti-
mate follows immediately. O

Now, we can solve the problem with homogeneous boundary conditions
in the case p > 2.

Theorem 5.3.5. For anyp > 2, f € Wal’p(Q) and h € LP(QY), there exists
(u,m) € W(l)’p(Q) x LP(Q) solution of (Sp). Moreover, (u,m) satisfies

[ullwir @) +I7lle@) < C (IFflwore ) + 17l @)

where C' is a real positive constant which depends only on p and wy.

Proof- The uniqueness comes from Theorem 5.3.2. Then, there exists, as
a consequence of Theorem 5.1.1 ii), a tensor of second order F' € [LP(£2)]"*"
such that div F' = f. We extend F (respectively h) by 0 in R", and we
denote by F (re@pechvely h) this extension. Then, we sef f = div F and
we notice that fio = f. We have fe W, ’p(]R") and h € LP(R"). By

Theorem 2.4.1, there exists (v,7n) € Wo’p(R") x LP(R™) solution of
—A'v—i—Vn:f and div v = h in R™

We denote again by v € W(l)’p(Q) and n € LP(Q) the restrictions of v and

1-1,
n to Q. We have v, € Wlf%’p(I‘o) and vgn-1 € Wy 7 p(}Rn_l), thus, by
Theorem 5.3.4, there exists (w, 7) € W(l)’p(Q) x LP(Q) solution of

—Aw+Vr=0 inQ, divw=0 in Q,
w = —v|p, onI'g, w=—vRge-1 on R,

So, (u,m) = (v+w,n+7) € W(l)’p(Q) x LP(§2) is solution of (Sp) and the
estimate follows immediately. O

Now, we suppose that 1 < p < 2. By the previous theorem,

S W L (Q) x LV (Q) — Wi (Q) x LV (@),
(u,m) — (—Au + V7, —div u),

then, S is an isomorphism. So, by duality,
S* W P(Q) x LP(Q) — W P(Q) x LP(Q),

is also an isomorphism and, as it is standard to check that S*(u,w) =
(=Au + Vm, —div u), we have Theorem 5.3.5 for any p < 2. [
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Finally, it remains to return to the general problem with p # 2 and
nonhomogeneous boundary conditions. For this, like for the case p = 2, we
show that there exists a function w € Wé’p(Q) such that w = gg in Iy
and w = g1 in R?~!. Then, we have just seen that there exists a unique

(v,7) € WP (Q) x LP(2) solution of

—Av+Vr=f+Aw in), v=0 on [y,
divev =h —divw inQ, v=0 onR"™1

In consequence, the function (v = v+w, ) € W(l)’p(Q) x LP(Q) is a solution
of the problem (Sp) and we have the following theorem:

Theorem 5.3.6. For any p # 2, f € Wal’p(Q), h € LP(Q) , go €

-1
Wl_%’p(Fo) andgy € W, ° p(R”’l), there exists a unique (u, ) € W(l)’p(Q)x
LP(Q) solution of the problem (Sp)

(Sp) —Au+Vr=f inQ, divu=~h inQ,
P u = go onI'y, u=gy on R L,

Moreover, (u, ) satisfies

lllwir @) +ITlle@) < C (Il re@) + 171
);
p

+ ||90||W 52 (0y) +llgall o1 ®-1)

1—=.,p 1—
P
(To o

where C' is a real positive constant which depends only on p and wy.

5.4 Strong solutions and regularity for the Stokes
system (Sp).

In this section, we are interested in the existence of strong solutions of the

Stokes system (Sp), i.e. of solutions (u, ) € W?fl(Q) X W;fl(Q). Here,

we limit ourselves to the two cases f =0 and ¢ = —1.

First, we give results for the case £ = 0. We notice that in this case,
we have the continuous injections W2P(Q) — WP(Q) and WP(Q) —
LP(Q). So, the two theorems which follow show that generalized solutions
of Theorems 5.2.5 and 5.3.6, with a stronger hypothesis on the data, are in
fact strong solutions.

Theorem 5.4.1. For any p > 1 satisfying ﬁ/ #1, f e W(l)’p(Q) and h €
p

W%’p(Q), there exists a unique (u, ) € W%’p(Q) X W%’p(Q) solution of (Sp).
Moreover, (u, ) satisfies

Huuw%l’(g) + kuw%l’(g) < C (HfHW?’p(Q) + Hh‘HWi’p(Q))?

where C' is a real positive constant which depends only on p and wy.
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Proof- First, we notice that we have the continuous injections W?’p(Q) —
W(;LP(Q) because ﬁ/ # 1 and W}’p(Q) — LP(Q). Thus, by Theorems 5.2.5
p

(p = 2) and 5.3.6 (p # 2), there exists a unique (u,7) € WyP(Q) x LP(Q)
solution of (Sp). It remains to show that (u,7) € W%’p(Q) X W%’p(Q). For
this, we introduce the following partition of unity:

1, o€ CF(R™), 0 < 91,900 <1, Y1 + 1P = 1in R”,
1 =11in Bg, supp ¥1 C Bpr,

with 0 < R < R’ < oo such that wg C Bgr C B C R’l. Weset Qg = QNBp,

Qr = QN Br, u; = iu € W (P(Q) and m; = ¢y € LP(Q) for i = 1 or 2.
We notice that supp (u1,m) C Qg and we denote by (wq,71) the extension
by (0,0) of (u1,71) in “wp. Finally, we set

_]?1 = —Auq + VT, 7L1 = div uq
and (f1,h1) their restriction to 2. We have in Q:
f1=-Aur +Vmi =iy f — 2V - Vu — Ay u + 7V

and

h1 =div u; = ¢Y1h + div Y1 u.

Asu € W(l)’p(Q) and supp ¢ C Qp/, then f1 € WP(Q) and hy € W1P(Q).
Thus fi € WP (Cwy), hy € WP (Cwp) and (@1, 7,) satisfies

—Auq + V7 = f1 in Swy,
div ﬁl = h1 in Cu)(],

u1 =0 on I'g.

So, by regularity results in a "classical“ exterior domain (see Theorem 3.1 in
3]), we have (@1, 71) € WTP(wg) x WP (“wp) and consequently (uy,) €
W2P(Q) x WP (Q).

Now, we denote by (uz,72) the extension by (0,0) of (ug,72) in R’} and
]?2 = —Aﬁz + v%g, EQ = div {12.

As supp (f2,h2) C Q and as fajq = f — f1 € WP(Q) and hyg = h—hy €
W%’p(Q), we have

f2 € WOP(R?), and hy € WIP(R?).

Thus, by Theorem 5.2 of [9], we deduce from this that @z € W3P(R'), and
Ty € W}’p(Rﬁ). By restriction, we have ug € W37P(Q), m € W1?(Q) and
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so (u,m) € WiP(Q) x W1P(€). The estimate follows immediately.  [J

Now, as at the end of the previous section, we can solve the problem with
nonhomogeneous boundary conditions.

Theorem 5.4.2. For any p > 1 such that ]% +1, f € W(l)’p(Q), h €

1

1 2—=, . .
W%’p(Q), go € W* pP(Ty) and g4 € w,” p(R”_l), there exists a unique
u,m) € W2P(Q) x WHP(Q) solution of the problem (Sp). Moreover, (u, 7
1 1
satisfies

||U||W%P(Q) + ||7r||W}’p(Q) <C (HfHW(l)vP(Q) + ||hHW}’p(Q)

)7

_|_
lgoll ,, T

27%,;7(110) + Hgluwif%,p

where C' is a real positive constant which depends only on p and wy.

Now, we examine the basic case £ = —1, corresponding to f € LP(Q).
First, we study the kernel of such a problem. We set

SP(Q) = {(z,71) € WEP(Q) x WyP(Q), —Az+Vr=0inQ,
div z=0in Q and z =0 on Ty UR" '}

The characterization of this kernel is given by this proposition:

Proposition 5.4.3. For each p > 1 such that ﬁ/ # 1, we have the following
p

statements: i) If p < n, SH(Q) = {(0,0)}.

i) I p > n, SBQ) = {(0A) = A(A) — 1), A€ (Ra)™" x {0}, p € R}

where (vV(A),n(A)) € W%p(Q) X W%’p(Q) is the unique solution of

—Av+Vn=0 inQ, diveo=0 in{,
v=A onIy, v=0 on R~ 1,

Proof- Let (z,7) € S5(Q). We easily show that there exists (2,7) €
WEP(RY) x WoP(R) such that (Z,7)g = (2, 7). We set

£=—-AzZ+V7m® and o=divz inR’.

Then, ¢ € LP(R?), 0 € WyP(R?) and (2,7) € WiP(R?) x WP(R?)
satisfies
~AZ+Vi=¢ iR,
(S4)g divz=o in R,
z=0 on R* 1,

Moreover, £ and o have a compact support, so & € W?’p(R’j_), o€ W%’p(}R’j_)
and by Theorem 5.2 of [9], we know there exists (v,n) € (W%’p(Rﬁ) X
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W1P(RE)) € (WP (R2) x WP (R™)) solution of (Sy). Thus, (see Theorem
5.6 in [9]), if p < n, we deduce from this that
z=wv and 7=7n inRY},
and if p > n, there exists A € (Rz,)" ! x {0} and p € R such that
v—z=A and n—-7=p inR}.

So, if p < n, we have (z,7) € W%’p(Q) X W}’p(Q) and by the unique-
ness of the solution of the problem of Theorem 5.4.2, we conclude that
(z,7) ={(0,0)} and if p > n, we have the characterization we were looking

for. O

We have the following result, corresponding to Theorem 5.4.2:

Theorem 5.4.4. For any p > 1 satisfying 2, #1, f € LP(N), h € Wé’p(Q),
p

2—1
go € WZf%’p(I’O) and g € Wy * p(Rn_l), there exists a unique (w,m) €
(W%’p(Q) X W(l)’p(Q))/Sg(Q) solution of the problem (Sp). Moreover, (u, )

satisfies

omE (e 2oy 7+ Plygoy) < © (v + Wl
!

+ HQOHW br o)

_1
2 paP(FO

+ HQIH 2—
) w,

where C' is a real positive constant which depends only on p and wy.

Proof- We easily show that there exists extensions } € LP(R™) of f
and h € W(l)’p(R”) of h in R™ and, by Theorem 3.10 of [3|, there exists
(v,n) € Wg’p(R”) X Wé’p(R”) solution of

—A'v—i—Vn:}'in R", div v = h in R”.

Now, it remains to solve the problem: find (z, u) € W(Q)’p(Q) X W(l)’p(Q) such

that
{—Az—i—Vu:O inQ, divz=0 in Q,

zZ=go— v, onl'y, z=g1—Vgs-1 oOn R L

By Theorem 5.6 of [9], there exists (w,T) € W%’p(Ri) X Wé’p(Ri) solution
of

—Aw+V7r=0inR}, divw=0nR]}, w=gs—vg.1on R™L,

Moreover, by Theorem 5.4.2, there exists (y,p) € (WTP(Q) x W1P(Q)) C
(W2P(Q) x W P(Q)) solution of

—Ay+Vp=0 inQ, divy=0 in €,
Yy=9go—vr, - wr, only y=0 on R 1,
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So, (z,1) = (y+w,p+7) € WiP(2) x WP(Q) and (u,7) = (v+ 2,9+ p)
is solution to our problem. The estimate follows immediately. O

5.5 Very weak solutions for the homogeneous Stokes
system

The aim of this section is to study the system (Sp) with f =0, h = 0 and
singular data on the boundary. For this, we must firstly give a meaning to
singular data for this problem. More precisely, we want to show that bound-

1
ary conditions of the form gg € W_%’p(I‘O) and g1 € W;f{p(R”’l) are
meaningful. Here, we limit ourselves to the two cases { =0 and £ = 1. Our
work is related to that of Amrouche, Nec¢asova and Raudin for the half space
(19]) and of Amrouche and Girault for a bounded domain ([5]). We refer to
these papers for the ideas of proofs for the first results of this section. Here,

n
we suppose that — # 1.
p

We introduce the space:

M,Q)={ue€ W%?;I(Q), w=0and divu =0 on Ty UR" '},

and we show that we have the identity

0

/ u —
Mg(Q):{uEW%Z_l(Q), u = 0 and 8—n-n200n Ty UR™ 1Y,

Then, we define
X(Q) ={ve W (Q), dvoew " ()},
which is a reflexive Banach space for the norm
Iollx,@) = 0l g + 1AV vl o)

We check that D(Q) is dense in X4(Q2) and we denote by X/(£2) the dual

space of X (). Now, we introduce the spaces
Ty(Q) = {v € WP (Q), Av e X,(Q)},

T)s(2) ={v € Te(Q2), divv =0 dans Q},

which are reflexive Banach spaces for the norm

[vllzye) = [0lwor @ + 1A]x; @)
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where || - [|x;(q) denotes the dual norm of the space X;(Q). Tt can be

shown that the space D(Q) is dense in Ty(Q) and that the space {v €
D(Q), div v = 0} is dense in Ty, (Q).

Finally, using exactly the same reasoning as in Lemma 6.4 and Remark
6.5 of [9] and Section 4.2 of [5], we conclude that for a function w € T ,(2),

1
the trace of u on I'g is in W™ »P(I'y) and the trace of w on R"™! is in

_1
We_pl’p(R”’l). Moreover, we have for any ¢ € M () and for any v €
T.+(Q)

<AV, > X)X (DT < VAP Zyp0p (o) st (o) (5.5)
—<wv, 8_90 > 1, —<w, a—(P > 1 1 .
"On T we (To), Wp P (To) > On W p (Rn 1), WP [ 1(Rn 1)

_1
We remind that, for any go € W_%’p(I‘O) and g1 € Wefl’p(R”’l), we
want to find (u,7) € WP, (Q) x W, (Q) solution of

—Au+Vr =0 in (), (5.6)
divu =0 in Q, (5.7)
U = go on I, (5.8)
u =g on R*~1. (5.9)

First, we remark that if (u,7) € ngl(Q) X nglip(Q) satisfies (5.6) and
(5.7), then w € T ,(2) and thus (5.8) and (5.9) make sense. Indeed, the
function w is in ngl(Q) and div w = 0 in Q. Moreover, because D(f2)
is dense in X ,(2), we easily show that Vzr € X}(Q2). Thus, by (5.6), we
have Au € X}(Q) and u € Ty,(Q). So, in this case, we have seen that

wip, € WHP(Ty) and wge: € W, (RP1),
Proposition 5.5.1. For each p > 1 such fhm‘ » # 1, we suppose that the
functions go € Wﬁi’p(lﬂo) and gy € W;fl’p(R”’l) satisfy

goom=0 only and g1-m=0 onR" L (5.10)

Then, problem (5.6)-(5.9) is equivalent to find (u, 71') € Wo’p () XWZ_lip(Q)
such that for any v € M ;(Q) and for any n € w! £+1(Q)’ we have

(FV) <u,—Av+Vn> — < m,divo >

[¢] 1,p /

WP ()W §+1(Q)

ov
—<g1,7— > 1

— < 9o, e .
on " w, 5" @ W mee)

— > 1 1
On ~ W pP(Ig),Wr P (Ty)
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Proof- Let (u,m) € WP (Q) x W, '#(Q) be a solution of (5.6)-(5.9).
Thanks to the previous remark, we have u € T ,(£2). Let v be in M ().
We deduce from (5.5) and (5.6) that

—<mdive > 04 . =
’ WP (@)W ()

<u,—Av >
’ WP (), WO (9)

ov ov

—<go, 7> 1 1 —<gi,7—> _1 1 .
"On "W, wh () "on W, B e W o)

Moreover, since n # 1, the space {v € D(Q), div v = 0} is dense in T ()
p

and using (5.7) and (5.10), we show that for any 7 € Wlfgjrl(Q)

<u,Vn > = 0.

/
WP (Q), W, (Q)

Thus, we conclude that (u,7) is solution of (FV). Reciprocally, let (u, ) €
ngl(Q) X We__lip(Q) be a solution of (FV). With n = 0 and v € D(Q), we
have

< —Au+ Vm,v >’D’(Q),’D(Q): 0,

and with v = 0 and n € D(Q2), we have
< div u, n >'D’(Q),D(Q): 0.

Thus, (5.6) and (5.7) hold. It remains to show (5.8) and (5.9). Let v €
M (). Thanks to Green’s formula (5.5) and (FV), we have

< v > + < v >
U, — _1 1. u, — _1 1. =
Yo T W), W (1) Ton T w, B et Wl (R
< v > + < v >
go, 53— -1 1o g1, 5 1, 1 .
'O T WTB (1), W () Ton T w, B e WP (re-1)

1.7
Now, let u be in W#»"? (T'y). We denote by p, the tangential component of
. It is defined by

= pr+(p-n)n.
We easily show that there exists w € w2 (©) such that

—0+1
0

w:Oand—w:uT on Iy,
Sw on

w=—=0 on R*1,
on

So, w € M () and
< ow S _ ow -
Y on Tworrag w10 9% an Tw bt g, W (rg)
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Thus

<u, pr > = <go; U+ >

1 1 _1 1 .
W B P (10), W (1) W B P (1), W e P (1)

Finally, since w-n = 0 on I'g and by hypothesis gg-nn = 0 on 'y, we conclude
that

<u,p > =<go,pn >

_1 1 _1 1
w p’p(Fo),Wp’pl(Fo) w p,p(FO),Wp’pl(Fo)’

i.e. u = go on I'g. Now, let p be in W7 £+1(Rn_1)' We know that there
exists s € W2 £+1(R7}r) such that

0
s=0 and —s:u,. on R"™1,
on

Moreover, as above, we can find y € W? £+1(Q) such that

0 0
y=—sand — 9 _ 9 on Iy,
P on  On
8y on R*~1,
n
So, z=s8otyE w? Z+1(Q) satisfies
0
z = oz _ 0 on I'g,
on oy
z=0and —— = pu, on R"!
on

Then, z € M () and we easily conclude like above that u = g; on R™"~1,
Thus, we have the equivalence of the two problems. O

Now, we can solve the homogeneous Stokes system (5.6)-(5.9) with sin-
gular boundary conditions. We will give separately the results for £ = 0 and
¢ = 1. Note that the first theorem (for the case ¢ = 0) extends Theorems
5.2.5 and 5.3.6 (with f = 0 and h = 0) since W(l)’p(Q) c W22(Q) if n # p.

Theorem 5.5.2. For any p > 1 such that = 75 1,goe W P’p(Fo) and g1 €

w pm(R" Yy satisfying (5.10), there ezists a unique (u,T) € Wo’p(Q) X
W_%’p(Q) solution of (5.6)-(5.9). Moreover, (u,m) satisfies

oo

||UHW0_’§’(Q) + ||7T||W:1,P(Q) < C (HgOH (Rn—1)

+llgall -
w

1
W—ﬁJ’(FO)

kST

where C' is a real positive constant which depends only on p and wy.
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Proof- In fact, we solve (FV). For this, we argue by duality. Since
n # 1, by Theorem 5.4.1, we can say that for any f € W(l)’p,(Q) and
p

heW %’p,(Q), there exists a unique (v,7) € W%p,(Q) X W%’p/(Q) solution

of
—Av+Vnyp=Ff inQ, divev=h in
v=0 only, v=0 on R*1,

satisfying
lllyy2sr @)+ 10llyyrm gy < C (I llyporr g + 1Pl 10 g))-

Then,

ov
‘ < gO7_ >

ov
an Wfé’p(FO),W%’p,(Fo) t< 9 50 = .

on

w
o)

1 1.
p’p(an)’WlP P (Rn—1)

< Cllgollyy-sn ) + ||91||W_ IRl )

( 15 o

ST

We can deduce from this that the linear mapping T" defined by

ov ov
T(f,h) = < go, o2 > + < g1, = >, 5.11
(f,h) 9o, 5 > T <91, 5 (5.11)
on W(l)’p/(Q)x w i’p/(Q) is continuous. So, according to the Riesz repre-
sentation theorem, there exists a unique (u,7) € WY?(9) x W~ 1?(Q) such
that

<u,f> +<7r,h>W,1

WO (@), Wi (@) “he)wh )T

ov
—<gi,=— > /

ov
— <90, 5~ > 1, 1, .
on = w_rfme-1),wr” (re-1)

on ~ W B P(Te), WP (Ty)
Thus, noticing that v € My(Q2), we deduce that (u,n) satisfies (FV). O

The next corollary relaxes the constraint (5.10) on the data. In order to
establish this corollary, we give the following lemma.

1 -1
Lemma 5.5.3. For anyp > 1, go € W »?(Ig) and gy € W _7 p(Rnfl),
there exists a function s € WE?(Q) solution of

0s 0s

8—n =gop On FO, 8_’]1 =gr on Rn_l'

As=0 1in Q,
Moreover, s satisfies

lsllwrsy < € Ulgolly, g, + ot 3o ).

( 71P (Rn—1)

where C' is a real positive constant which depends only on p and wy.
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Proof- Using results in the half space (see Theorem 3.7 in [4]), we know
there exists z € Wl_’if(Rﬁ) solution of

. 0z 1
—Az=0 inRY, = on R"™,
satisfying
Iohwsgegy < C lorll, o,
0 _1
We have g = go — 8_Z ew Il”p(Fo) and it remains to solve the following
n
problem: find v € W'?(Q) solution of
0 0
Av=0 1in Q, %:g on Ty, %:0 on R"1, (5.12)

To solve this problem, we solve first the following one: find y € Wl_’yf(ﬁ)
solution of

Ay=0 inQ, g—z =37 onTy (5.13)
such that

v

HyHWl_’f(ﬁ) < C (HQOHW—%J) (Rn—1)

+ -
oy Flal

(

S0

here we remind that Q = QUQ/UR™ ! with €' the symmetric region of Q with
respect to R"™! and Ty = 8 and that § is an extension of g in Wﬁi’p(fo)
symmetric with respect to R~ (we refer to the proof of Theorem 4.3.3 to
construct such an extension). To find a solution y of (5.13), we split the

proof into two cases. First, if — > 1, we apply Theorem 2.2.3 (there is no

condition of compatibility), so there exists y € W*(Q) € WH2(Q) solution
of (5.13) and satisfying the estimate. Next, if ﬁ/ < 1, we set for any « in
p

1
w(z) = “or ) E(x —y) dz,
0

where F is the fundamental solution of the Laplacian and we easily show that
we WH(Q) (but w ¢ WP(Q)), that Aw = 0 in Q and < g—tnv,l >5,# 0.
We define A by N
<g,1 >1:O
ow ’

< 8_’1171 >f0

so that the compatibility condition

ow
<g—)\%,1 >I':O:0
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is satisfied. By Theorem 2.2.3, there exists u € Wé’p(ﬁ) C Wlff(ﬁ) solution
of

Au=0 in(NZ, gu zﬁ—)\g—w on Iy
satisfying
~ ow
lulwyr@ = Clla=2g0l,-2n )

Thus, y = Aw + w is solution of (5.13) and satisfies the estimate. Now, let
Yo € Wlff(ﬁ) a solution of (5.13) and let s¢ € Wlff(ﬁ) be defined, for almost
all (z/,x,) € Q, by

so(x’,xn) = yo(a', —xn).
Thanks to the symmetry of Q and g with respect to R"~!, we prove that sg
is also a solution of (5.13) (here again, for more details, we refer to the proof

1
of Theorem 4.3.3). Then, setting v = §(y0 +s0)j0 € Wlff(Q), we show that

v satisfies (5.12) and we have

ol < C g0l gy +lonll 4 )

7 b

(

Finally, the function s = z + v solves the problem and the estimate follows
immediately. O

Corollary 5.5.4. For any p > 1 such that n %1, go € Wﬁi’p(I‘o) and
p

1
E7p

g1 € W_P"(R™ ) there exists a unique (u,m) € W(fzf(Q) X Wj’p(Q)
solution of (5.6)-(5.9). Moreover, (u, ) satisfies

oD

||UHW0—’€(Q) + ||7T||W:}7P(Q) < C (HgOHW—%,p (Rn-1)

+ _
o) ||91HW

S0

where C' is a real positive constant which depends only on p and wy.

Proof- The uniqueness comes from Theorem 5.5.2. For the existence,
by the previous lemma, there exists s € W'?(Q) solution of

0 0
As=0 in Q, —Szgo-n on Iy, —S:gl-n on R 1,
on on

Now, we define w by w = Vs € W%’(Q) Then, w € T ,(2) and so
1
its traces on I'p and R™"! have a sense respectively in W~ »*(Ty) and

W:f’p(Rnfl). We set go*™ = go — wyr, and g1* = go — wgn-1 and we
notice that the functions go* and g;* satisfy (5.10). So we can apply the
previous theorem and there exists (v, 7) € W(l’zlg(Q) X W:}’p(Q) solution of

—Av+Vr=0 inQ, dive=0 inQ,
v=go* onTy, v=g1* onR* L
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and satisfying

tlloall 1, ),

HUHW?’?(Q) + ||7T||Wj,p(9) (HQOH W_fl: (Rn—1)

)
Finally, (u = v 4+ w, m) is solution of (5.6)-(5.9) and the estimates follows
immediately. ]

Now, we describe a result for the case £ = 1.
Theorem 5.5.5. For any p > 1 such that = 75 1,goe W~ P’p(Fo) and g1 €

W(;;’p(R”’l) satisfying (5.10) and the follmumg compatibility condition if
p < Ll for each (z,p) € Sgl(Q)
n—
z
— Spn-1= 0, 514
0 s o (5.14)

there exists a unique (w,m) € LP(Q) X ng’p(Q) solution of (5.6)-(5.9).
Moreover, (u, ) satisfies

0z
<90’% >To + < 91,

+ HQIH )?

ey + ey < € (1900 o+l o
where C' is a real positive constant which depends only on p and wy.

Proof- In fact, here again, we solve (FV). For this, we apply a du-
n

ality argument. Since — # 1, by Theorem 5.4.4, we can say that for any
p

fe /Lp/(Q) fmd h € W (l)’p,(Q), there exists a unique (v,n) € W(Q)’p,(Q) X
Wé’p (£2)/SE (£2) solution of

—Av+Vnp=f inQ, dive=~h in
v=0 onl'y, v=0 on R* 1,

satisfying

inf - (Jo+zllyze g+ In+plye ) < CUFll o)+ 1Bl )
(zp)€SE () 0

Then, for any (z,p) € S§ ()

ov
+<g1,— >

| < v >
907 an 8” Wil% (]R" 1) WPP (Rn 1)

_1 1./
WP P(Tg),Wr? (I'g)

0
=1 <90, %(v +2) >W_%’p(Fo),W%’p/(Fo)

9
T g A > W @
< Cgoll g ryy + 191l o JUIF ) + Rl )
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We can deduce from this that the linear mapping 7" defined by (5.11) on

’ o !
LP (Q)x W (l)’p (€2) is continuous. So, according to the Riesz representation
theorem, there exists a unique (u,7) € LP(§2) x Wal’p(Q) such that

< F>porr@ T <R >y g wie g

ov
—<g1,7->

ov
—<4go, 57— p) —%,p %,P/ :
n W, (Rnil)vwo (Rn—1)

on "W r) W )
Thus, noticing that v € M(Q2), we deduce that (u,7) satisfies (FV). O

Here again, with a similar proof to that of Corollary 5.5.4, we want to
relax the constraint on the data:

_1
Corollary 5.5.6. For anyp > Ll’ go € W_%’p(I’O) and g1 € W, pm(Rn_l),
n—

there exists a unique (w,m) € LP(Q) X ng’p(Q) solution of (5.1)-(5.4).
Moreover, (u, ) satisfies

Jullzo@) + [y < € (9ol por

where C' is a real positive constant which depends only on p and wy.

Proof- When p > Ll’ we follow the same reasoning as in Corollary
n —

5.5.4 using Theorem 4.3.3 to find s € W(l)’p(Q) such that

0 0
As=0 1in , —Szgo-n on [y, —Szgl-n on R*1,
on on
and using the previous theorem. O

n
Remark: When 1 < p < 1 we notice that, because of the com-
n —

patibility condition (5.14), we can not prove a result similar to Corollary
5.5.4.
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Chapter 6

A Stokes problem in a
perturbed half-space in
dimension n > 3

6.1 Introduction and preliminaries

In this chapter, we want to study a Stokes system in dimension n > 3
in a particular unbounded domain with an unbounded boundary, namely
a perturbed half-space. Let @ C R™ a domain obtained by an arbitrary
modification of the half-space

RY = {z = (z1,...,2,) € R", 2, > 0}.
We are interested in the following problem:

—Au+Vr=f in
(S1)4 divu=nh in Q,
u=g on I' = 00.

This chapter is organized as follows. First, we give some definitions and
preliminary results. Next, Sections 6.2 and 6.3 are respectively devoted to
the resolution of (S7) in cases p =2 and p # 2 and in Section 6.4, we study
the case of strong and very weak solutions.

Now, we want to give a precise definition of a perturbed half-space. Let
Q an open and connected domain such that

R} Cc Q CR™
There exists an open ball B C R" such that

QUB=R?UB.
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We set I' = 99 the boundary of € that we suppose of class Cb!; then, we
can choose some bounded subdomain G C Q with boundary G of class C1!
such that QN B C G. The ball B can be chosen centered on the origin and
sufficiently large so that there exists another ball By centered on the origin
with closure By C B such that

QU By = R? U By.

Then, we define the following domains: ¥ = T'NR* !, D = R*7 1\ ¥ and
S =T\ X. Moreover, we define also w = Q\R" (we notice that dw = DUJS)
and o’ the symmetric region of w with respect to R”~!. Finally, we choose By
and B sufficiently large so that they satisfy w’ C By C B and we introduce
the following partition of unity

Y1, P2 € CPR™), 0 <y, 90 <1, thy + 1 =1 in R,
Y =1in By, supp ¢; C B.

We easily check that the property (1.1) is satisfied and that, correspond-
ing to Theorem 1.2.1, the following Poincaré-type inequalities hold in a per-
turbed half-space:

Theorem 6.1.1. We suppose that n > 3.
i) The semi-norm | - \Wl,z(m defined on Wé’Q(Q) is a norm equivalent to the
0
full norm || - HWé’Q(Q)'
[¢]
ii) The semi-norm | - |W1’2(Q) defined on W (1)’2((2) is a norm equivalent to
0

the full norm || - HWé’Q(Q)'

Here again, we give the theorem only for the case that we use, the ba-
sis space Wé’2(Q). We easily prove it thanks to the previous partition of
unity using results already known for the Poincaré-type inequalities in the
bounded domain G and in the half-space.

The boundary I' is unbounded. So, like for the domain R” | we define
weighted Sobolev traces spaces. For any o € ]0, 1], we set

p if = 4o,

w1 = .
WWWUﬁ;:a

We define the space
_ P
WP(T) = {u,w;u € LP(X),u € Lp(S),/ Ju(@) = u(y)]” dxdy < co}.

rxr |z —y[ntop
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It is a reflexive Banach space equipped with its natural norm

uw) =)l
(15 ey + il + [ it dady)

For any s € R, we set

WP(D) = {u e WP (1), VA = [s], D ue W ()},

It is a reflexive Banach space equipped with its natural norm
fullwieey = Nallyins oy + 32 1D ulyg-tn gy
[A|=s

Then, for any s € R and a € R, we set

WD) = {ue WEZ (1), VAl = [s], p"DPu € Wi (D)),

Next, we prove that the following traces lemma is satisfied:

Lemma 6.1.2. For any integer m > 1 and real number o, we define the
mapping
v:D(Q) — (D)™
= (’YOUa s 7’melu)
o

Pt
n
by continuity to a linear and continuous mapping still denoted by ~v from

where for any k = 0,...,m — 1, ypu = Then, v can be extended

—j— 7p .
Wa ’p ) to H Wa (T'). Moreover, v is onto and

Ker v = W P Q).

Proof- We prove this lemma only in the basic case of a function in
Wé’p(Q), the generalization being obvious.

First, let u be in D(Q). We set u; = v;u for i = 1,2 and we have

lvuell i1, = llyuell

1
we PP P

-1
W, P(®)

because yus = 0 on S. Since ¥ C R"! and that v is continuous from

1-1
Wé’p(Rﬁ) to W, ” p(]Rnfl) (see [8]), we deduce that

Iy < C Jusllyirgyy < C lullyrr

lfl,p
W, F(D)

R?) Q)
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Next, we notice that yu; =0 on I' 1 ¢B, so we have

< C
||’YU1HW » < ||’YU1HW

-1, -1, .
s PP »P(I'NB)

Since ' N B C 0G and since, thanks to results in bounded domains, + is
1
continuous from WLP(G) to W' #P(9G), we have

eall1op, < C Tl < C lulyyagy

1—
WO

Finally
< .
by S O ilwira
So, by density, v can be extended by continuity to a linear and continuous

_1
mapping from W(l)’p(Q) to W(l) ”7p(F).

lyull .-
Wy

1-1,
Now, we want to show that 7 is onto. Let g be in W * P

9i = g, 1 =1,2 and

(T'). We set

g2=geon, ¢go=0onD.
1-1
We have go € W, * p(R”’l) and there exists (see [8]) v € W(l)’p(R’j_) such
that v = g on R"1. We define
v=vinR}, v=0inw.

Then, v € Wé’p(Q) and v = go on I'. We set also

g1=g1on 90GNT, g =0o0ndGNRY.

We have g; € Wl_%’p(aG) and there exists, thanks to results in bounded
domains, w € W1P(G) such that w = g1 on OG. We define

w=winG, w=0inQ\G.
Then, w € W(l]’p(Q) and w = g1 sur I'. Consequently, there exists u =

v+w e W(l)’p(Q) such that w = g on I'. So, v is onto.

Finally, it remains to show that Ker v = W oP(Q) = D(Q)”'”Wé’p(m. Let
u be in I/?/ é’p(Q). Then, there exists a sequence (¢y)eny C D(€2) such that

l|lu — gngWé,p(Q) — 0 when ¢ — +o00. Since 7 is continuous, we have

Iy(u = )l < O Ju—illying — 0.

1
1—5.p
P
W
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1-1,
But vy, = 0 for any ¢ € N because ¢, € D(Q2), so, yu = 0 in W, 7 p(F)

and u € Ker . Conversely, let u be in Ker v, u; = 9u for i = 1,2.
We have ug = 0 on R" ! so uy € W (l)’p(Rﬁ) (see [8]). Thus, there exists
(we)een € D(RTY) C D(Q) such that Hu2—gog||W(1),p(R1) — 0. Moreover, since,
for any £ € N, us = ¢y = 0 in w, we deduce that

[ug — SDKHW(l)’p(Q) — 0,

i.e up € W oP(Q). With the same idea, u; = 0 on dG so u; € W Lr(@)
(see [19]). Thus, there exists (¢y)eny C D(G) C D(2) such that [ju; —
Yellwrrgy — 0. Moreover, since for any £ € N, u; = ¢, = 0 in Q\ G, we
have

Hul - @é”wévp(ﬂ) — 0,

i.e up € i (l)’p(Q). Consequently, v = u; + ug € W (l)’p(Q) and Ker
21
y=W (). O

L1

1- )
Forn >3, p e ]l,+ocf, f € W, "(Q), h € LP(Q) and g € W, " (I

we want to find (u,7) € WyP() x LP(2) solution of (Sy).

6.2 Case p=2.

Thanks to Lemma 6.1.2, we notice first that there exists ug € W(l)’2((2) such
that ug = g on I' and satisfying

||ug||w(1)72(9) <C ‘|g‘|Wé’2(F)'

So, it is equivalent to solve the problem with homogeneous boudary condi-
tions: for any f € W5 ?(Q) and h € L2(Q), find (u, 1) € Wy*(Q) x L2(Q)
such that
—Au+Vr=f inQ,
(S10)¢ divu=nh in Q,
u=20 on I,

Now, we want to establish Lemma 6.2.2 to have a data for the divergence
reduced to zero. For this, we use this preliminary lemma:

Lemma 6.2.1. We suppose that n > 2. For any h in L*(Q), there erists
u € W(Q)’Q(Q) solution of

Au=hin Q and @:Oonf.
on

Moreover, u satisfies

lullyzag < C b2, (6.1)

where C' is a real positive constant which depends only on ).
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Proof- Let h be in L?(Q2). We set hy = ¢1h € L*(Q) and hy = 1oh €
L3(9).

i) By Theorem 3.1 in [4], there exists v € W(Q)’Q(R:‘_) such that

0
Av =hy in R} and P —0on R
on

and satisfying
ol < C Ihlz2@y.

We set for almost all (/,z,) € R™

(e a0,
'U*(m ’xn) - { v(m', —an) if z,, <0.

It is clear that v, € W(Q)’Q(R”) and that
[oclhy 22 < € Illz2)

and we show that

Av, = hs in Q. (6.2)
Indeed, for ¢ in D(Q), we have

/@Av* dm:/v*Agodm:/
Q Q R

vAp dx + / v A dx

n
+

and next 9
/ VA dm:/ hoy dx +/ v 22 o
R? R? p on
and 9
P
Ap dx = — — do.
/w v Ap dx /D Vo 9
: Ovs 12 . - .
Moreover, we notice that n € W (I') and that its support is included in
n
S.

ii) Now, we want to find w € W(Q)’Q(Q) solution of

0 0
Aw=h;in Q and 8_::_817};OHF’ (6.3)
satisfying
lwllyae@ < € Ihllzz) (6.4)
Since h; € L*(Q) and (8;:: € Wg’Q(F) have a compact support, we have
O

_1
hi € W(;l’Q(Q) and e W, 2’Q(I‘) and there is a sense to search first

on
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a solution w € Wé’Q(Q). For this, we easily prove that this problem is
equivalent to the following variational formulation: find w € Wé’2(Q) such
that for any z € W(l)’Q(Q)

(FV) /Vw'Vzda:: /hlzdm—<%,z>p,
Q Q on

and that there exists a unique solution of (FV) applying the theorem of Lax-

Milgram in (Wé’2(Q), Il - HWI’Q(Q)) (the coercivity is satisfied by the point i)
0

of Theorem 6.1.1).

Next, we prove that w is in WS’Q(Q). For this, we set w; = Y w €
Wé’2(Q) and wy = Yow € Wé’2(Q). Since supp w1 C G and Aw = hy €
L?(2), we have

Aw, = wAipy + 2V - Vw +p1hy € LX(G),
[ ow Ovy
on

1
= 0on 0GNRY anda—n:—an € H2(0GNT), we

and since Y =

have 9 9 o
wy ow 1 1

In ~ Vign T an v € H200).

Thanks to regularity results in bounded domains (see [42| when the boundary
is very smooth and the technique of Grisvard [29] for the extension to a C1!
boundary), we deduce from this that wy; € H?(G) and since supp w; C G,

2,2 ; n 2(mn 871)2 %72 n—1
then wy € Wy“(Q). Thus, in R} Awy € L*(R}) and on e W (R" ).
n
We easily conclude thanks to Corollary 3.3 of [4] that we € W%’Q(Rﬁ) and

since supp wy C R”, wq € Wg’Q(Q). So, w = wy +wsy € WS’Z(Q), satisfies
(6.3) and the estimate (6.4). Finally, from (6.2) and (6.3), u = v, + w is
solution of our problem and the estimate (6.1) follows immediately. O

Lemma 6.2.2. For any h € L*(Q), there ezists w € w (1)’2(9) satisfying
div w = h in ,
{ w2 < € Ihllzzqo.
where C' is a real positive constant depending only on ).
Proof- Let h be in L?(Q2). We know, thanks to the previous lemma, that

there exists ¢ € W3’2(Q) solution of

Ap=hin Q and a—sononF,
on
with

Ielhwzaiy < € Il
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We set v = Vp € Wé’Q(Q). So ||'v||W1,2(Q) < C ||h|lz2(q)- Moreover, we set
0
g = v, g1 = Y19, g2 = P29 and we notice that g, g1 and g2 belong to

1
W§’2(F) . First, we want to solve the following problem: find t € Wé’Z(Q)
such that

divt=0inQ and t=gzonT. (6.5)

We define the function go by
g2=gzonY. and g2 =0on D.
.. ~ 1-12,
Noticing that supp g2 C ¥, we have g2 € W, 2 (R"!). Moreover, we
know, thanks to results in the half-space, that there exists u € W(l)’2(]Rﬁ)

such that
divu=0inR} and w=gzon R

and satisfying the estimate

w2 gan) < C [[hllz2(0)-

Hu‘|wé’2(]1y+t) < C H§2H
We define the function t by
t=uinR} and t=0inw.

We easily check that ¢t € W(l)’Q(Q) and that div ¢ = 0 in Q. Thus, since on
Y, t=g2 and on S, t = go = 0, we have established that t € W(l)’2(Q) is
solution of (6.5) and that we have the estimate

Ithwyzy < O lallpag < C Mhlli)

Now, we want to solve the following problem: find z € W(l)’2(Q) such that
divz=0inQ and z=g;onl. (6.6)
We define the function g; by
g1=g10on 0GNT and g; =0o0ndGNRY.

Noticing that supp g1 C G N T, we have g1 € H%(G) and we notice that

/ §1-ndaz/ gl~nda:/ 1/}18—S0d0'20, (67)
oG 8GAT scnr On

3}
because 8_90 =0 on OGNT. We deduce from (6.7), thanks to results in
n

bounded domain that there exists ug € H'(G) such that

divug=0in G and wug =gy on 0G
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and satisfying the estimate

< C |llz2()-

Juoll iy < € 1G]l 3 ey <

We define the function z by
z=upinG and z=0inN\G.

We easily check that z € Wé’Z(Q) and that div z = 0 in Q. Thus, we
have established that z € Wé’2 () is solution of (6.6) and that we have the
estimate

Il < Cllgl ey < € bl

So, w=v—-t—z¢€ Wé’Z(Q) is solution of our problem and we have the
estimate searched. [

So to solve (Syp), it is sufficient to solve the following problem (Sigo):

Y

find (u,7) € Wy2(Q) x L*(Q) solution of

—Au+Vr=§Ff inQ,
(8100) divu=0 in Q,
u=0 on I

and, the study of this problem is exactly equivalent to the one of the end of
Section 5.2. In consequence, we have the following theorem:

1
Theorem 6.2.3. For any f € W(;l’z(Q), h € L*(Q) and g € WS’Q(F)
there ezists a unique (u,m) € Wé’Q(Q) x L2(2) solution of (S1). Moreover,
(u, ) satisfies

lullwaz @ + I17lliz@) < € (1 Iy + Wallzzey + gl )

19
o (n)

where C' is a real positive constant which depends only on ).

6.3 Case p # 2.

First, we suppose that p > 2 and we want to study the kernel of the Stokes
system. We set:

DHQ) = {(z,7) € W $P(Q) x LP(Q), —Az+ V7 =0 and div z = 0 in Q}.
We have the following result:

Theorem 6.3.1. For each p > 2, the kernel D{j(Q) is reduced to {(0,0)}.
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Proof- Let (z,7) be in Dy(Q). We set (z1,m) = (Y12,¢171) € W
é’p(Q) x LP(£2). Since supp (z1,m) is included in G which is bounded, we
have

(z1,m1) € W§2(Q) x LA(Q)

and so

—Az +Vm € W5 (Q) and div 21 € L2(Q).
Now, we set (zz,72) = (a2, or) € W 1P(Q) x LP() and

f=—Azy+Vm=Az — V€ W, Q)
h = div zp = — div z; € L*(Q).

Thus, (f,h) € W(;l’Q(R’j_) x L*(R"}) and by Theorem 2.5.1, there exists
(s,0) € Wé’%Rﬁ) x L*(R") solution of

~As+V0=finR?, divs=hinR}, s=0onR"" (6.8)

But, noticing that on R"™!, 2z = 0 (because z2 = 0 on X and 12 = 0 on
D), it is obvious that (z2,m2) € W(l)’p(R’j_) x LP(R") is solution of (6.8). So,
(w,7) = (s — 22,0 — ma) satisfy

~Aw+Vr=0inR}, divw=0inR}, w=0onR",

and we easily deduce that (w,7) = (0,0) in R’} (see Lemma 5.3.1). Thus
(z2,m2) = (s,0) € Wé’Z(Rﬁ_) x L*(R") and since supp (z2,m2) C RZ,
we deduce that (zg,m) € W(l)’2((2) x L?(Q). Finally, we conclude that
(z,m) € W(l)’2(Q) x L?(€), which implies that (z,7) € D3(Q2). But, we have
seen at Theorem 6.2.3 that when p = 2 problem (S7¢) has a unique solution.
Here, (0,0) is solution, so we have our result. [

Now, supposing that p > 2, we want to study the Stokes system with
homogeneous boundary conditions, that is to say: let f be in ng’p(Q) and
h be in LP(§2), we want to find (u,7) € W(l)’p(Q) x LP(§2) solution of the
problem

—Au+Vr=f inQ,
(S10)§ divu=nh in Q,
u=20 on I'.

First, we establish the following lemma:

Lemma 6.3.2. For each p > 2 and for any f € ng’p(Q) and h € LP(Q)
with a compact support in §, there exists a unique (w,m) € (W(l)’Z(Q) N
W P(Q)) x (L2(Q) N LP()) solution of (So).
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Proof- Let f be in W5 "(Q) and h be in LP(Q) with a compact sup-
port in §2. Then, since p > 2, we easily check that f € WEI’Q(Q) and
h € L?*(Q) and we deduce from Theorem 6.2.3 that there exists a unique
(u,m) € W(l)’Q(Q) x L?(Q) solution of (S1p). It remains to show that (u,7) €

WP (Q) x LP(). We set (ug,m1) = (Yru, 1) € W §%(Q) x L2(2), it has
a compact support included in G. An elementary calculation shows that we
have

—Au+Vm =iyy1f+F1inG, divu, =¢v1h+H;inG, wup=0o0ndG,

where

Fi = —(2VuV + uli) + 7V € L3(G),

and
Hy =u Vi € H(G).

Thanks to the Sobolev imbeddings, we have

(F,,H,) e W (G) x L*(G), V1< s< 2%,

where 2% = n2. So, if p < 2%, thanks to results in bounded domains (see

n —

[5]), we have
(uy,m) € WHP(G) x LP(G) (6.9)

and

[urllwrrgy + Imllzee < C (Iflly-re ) + 1P @)-

Now, if p > 2%, we can show that (uy,71) € WH(GQ) x L¥(G) because

(U1f,¥1h) € WLH(@Q) x L**(G). Thus, we have (Fy, H) € L*(G) x

W12%(@) and we apply the same argument as previously with 2x instead of

2. Finally, starting again, we reach any value of p > 2. Thus, we have (6.9)

in any case and since supp (u1,71) C G, we deduce that

(u1,m1) € WP(Q) x LP() (6.10)

Now, we set (ug,m2) = (You, o) € W (1)’2((2) x L*(Q) and

fo=—Aug+Vmy = f — (—Auy + V1) € W, P(Q),
hg = div ug = h — div uq € LP(Q)

We have (fa, ho) € Wal’p(RT}r) x LP(R" ) and by Theorem 2.5.1, there exists
(s,0) € Wé’p(Rﬁ) x LP(R?) solution of

~As+VO=fyinR}, divs=hyinR}, s=0onR"",

But, noticing that on R"™!, ugy = 0 (because ug = 0 on ¥ and ¥9 = 0 on
D), it is obvious that in Wé’Q(Rﬁ) x L%(R"), (uz,2) is solution of the same

Y
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problem that (s, ) satisfies. We use the same reasoning as in Theorem 6.3.1
to conclude that

(ug, ) € WP(Q) x LP(Q) (6.11)
Finally, (u,7) € W§P(Q) x LP(Q) by (6.10) and (6.11). [

Now, we establish the following theorem:
1-1,
Theorem 6.3.3. For anyp >2 andge W, * p(I‘), there exists a unique
(u,m) € W(l)’p(Q) x LP(Q2) solution of
“Au+Vr=0in, divu=0inQ, u=gonl. (6.12)

Moreover, (u, ) satisfies

lwllwyo ey + 7l < C llgl

sP )

@)

Bl

1—
0
where C' is a real positive constant which depends only on p and €.

Proof- The uniqueness comes from Theorem 6.3.1. Now, let g be in

1_l7p
W, " (I'). We set

17%,p 1*%@
gi=1vige W, 7 (') and go =12g € W, " (I

First, we want to find (v, ) € WyP(Q) x LP(Q) such that
—Av+Vpu=0inQ, dive=0inQ, v=gyonl. (6.13)
We notice that supp g1 C G NT'. We define the function gy by

g1=g1ondGNT and g1 =0o0ndGNR].

We easily check that g1 € Wl_%’p(ﬁG). Let ¢ be in D(R™) with a compact
support in G such that

/G¢(m) dx:/BGﬁl-nda.

Thanks to this condition and results in bounded domains (see [5]), there
exists (z,7) € WLP(G) x LP(G) such that

—Az+Vr=0inG, divz=vinG, z=g;ondG,

We denote again by (z,7) € W(l)’p(Q) x LP(Q) its extension by (0,0) in .
Thus, (z,7) € WP() x LP(Q) satisfies

—Az4+Vr=0cinQ, divz=9¢YinQ, z=g;onl,
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where we notice that o € Wal’p(Q) has a compact support in Q. As ¥
has a compact support too, we deduce from Lemma 6.3.2 that there exists

(t,7) € WP() x LP(Q) such that
—At+Vr=—-0in(), divt=—¢vin), t=0onTl,
Finally, (v,p) =(z+t, 7+ 7) € W(l)’p(Q) x LP(2) is solution of (6.13).
Now, we want to find (w,n) € WP() x LP(Q) solution of
—Aw+Vn=0in(Q, divw=0inQ, w=gzonl. (6.14)
For this, we notice that supp g2 C X. We define the function go by

gz2=gz2on¥ and g2=0onD.

1—1,
We easily check that g € W © p(]R"_l). Thanks to Theorem 2.5.1, there
exists (z,7) € WyP(R™) x LP(R™) such that

~Az+Vr=0inR}, divz=0inR}?, z=gsonR""

We denote again by (z,7) € W(l)’p(Q) x LP(§2) its extension by (0,0) in €.
So, (z,7) € W(l)’p(Q) x LP(Q) satisfies

—Az+Vr=€£in, divz=0in, z=gponl,

where & has a compact support in 2. We deduce from Lemma 6.3.2 that
there exists (t,7) € W(l)’p(Q) x LP(Q2) such that

—At+Vr=—-€£inQ, divt=0inQ, t=0onTl.
Finally, (w,n) = (z+t, 7+ 1) € W(l)’p(Q) x LP(Q) is solution of (6.14).

In consequence, (u,7) = (v+w,p+1n) € W(l)’p(Q) x LP(Q) is solution
of (6.12) and the estimate follows immediately. [

Now, we can solve the problem with homogeneous boundary conditions
in the case p > 2.

Theorem 6.3.4. For anyp > 2, f € Wal’p(Q) and h € LP(QY), there exists
a unique (u,m) € W(l)’p(Q) x LP(Q) solution of (Si0). Moreover, (u,)
satisfies

[ullwir ) +I7lle@) < C (IFflwore ) + [0l @)

where C' is a real positive constant which depends only on p and €.
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Proof- The uniqueness comes from Theorem 6.3.1. Then, as a conse-
quence of Theorem 6.1.1 ii), we know that there exists a tensor of the second
order F' € [LP(Q)]"*™ such that div F' = f. We extend F' (respectively h)
by 0 in R", and we denote by F (reqpe(’tlvely h) this extension. Then, we
set f = div F and we notice that fio = f. We have f € W_l’p(]R") and

h € LP(R™). By [2], there exists (v,7) € Wé’p(Rn) x LP(R™) solution of
—Av—i—Vn:fin R"™ and divvzﬁinR",
satisfying the estimate
[ollyyio ey + Inllon) < € (1Fllye (g + Ml

We denote again by v € Wé’p(Q) and n € LP(Q) the restrictions of v and

1-1
n to . We have vp € W, * p(I‘), thus, thanks to Theorem 6.3.3, there
exists (w,T) € W(l)’p(Q) x LP(Q) solution of

—Aw+V7r=0inQ, divw=0inQ, w=-vyronl,
satisfying the estimate
lwllyirg) +ITle@) < C (Ifllworrq) + [1AllLe@)-

Finally, (u,7) = (v +w,n+7) € Wé’p(Q) x LP() is solution of (Syp) and
the estimate follows immediately. ]

Now, we suppose that p is such that p < 2. Thanks to the previous
theorem, if we set

S W L (Q) x I¥ (Q) — Wi (@) x L7 (),
(u,m) — (—Au + V7, —div u),
then, S is an isomorphism. So, by duality,
S* W P(Q) x LP(Q) — W P(Q) x LP(Q),
is an isomorphism too, and, as it is standard to check that S*(u,w) =

(=Au + Vm, —div u), we have Theorem 6.3.4 for any p < 2. [

Finally, it remains to return to the general problem with p # 2 and
nonhomogeneous boundary conditions. For this, like for the case p = 2,
we show that there exists a function w € W(l)’p(Q) such that w = g in I'.
Then, we have just seen that there exists a unique (v, 7) € W(l)’p(Q) x LP(Q)
solution of

—Av+Vr=f+AwinQ, divv=h—divwin, v=0onT.
In consequence, the function (u = v 4+ w,7) € Wé’p(Q) x LP(2) is solution

of the problem (S;) and we have the following theorem:
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1—1,
Theorem 6.3.5. For any f € Wy'"?(Q), h € LP(Q) and g € W, * "),

there exists a unique (u, ) € Wé’p(Q) x LP(Q) solution of the problem (Sy)
—Au+Vr=finQ, divu=hinQ, u=gonl.
Moreover, (u, ) satisfies

» D

-1
w, P ()

lullgproay + Iellzoy < C (1 lyp-toy + [hlzoey + lgl

where C' is a real positive constant which depends only on p and €.

6.4 Regularity, strong solutions and very weak so-
lutions.

First, in this section, we are interested in the existence of strong solutions

of the Stokes system (S7), i.e. of solutions (u,7) € W?fl(Q) X Wéfl(Q).

Here, we limit ourselves to the two cases £ =0 and £ = —1.

We give at the beginning a regularity result studying the case ¢ =
0. Indeed, we notice that in this case, we have the continuous injections
W(Q) c W(l)’p(Q) and W1P(Q) c LP(€). So, Theorem which follows
shows that the generalized solution of Theorems 6.2.3 and 6.3.5, with a
stronger hypothesis on the data, is in fact a strong solution.

Theorem 6.4.1. For any p > 1 such that ﬁ/ # 1, and for any f € W?’p(Q),
p

2-1
h e W}’p(Q) andge W, ”* p(F), there exists a unique (u,m) € W?’p(Q) X
W%’p(Q) solution of the problem (S1). Moreover, (u, ) satisfies

||UHW%P(Q) + HWHW}’I’(Q) <C (H-fHW?’p(Q) + HhHW}’p(Q) + ||g||Wi—%,p(F))7

where C' is a real positive constant which depends only on p and €.

Proof- First, we want to solve the problem with homogeneous bound-
ary conditions. For this, we notice that we have the continuous injections

W(l)’p(Q) C W(;l’p(Q) because E; # 1 and W%’p(Q) C LP(Q2). Thus, thanks
p

to Theorems 6.2.3 and 6.3.5, there exists a unique (u,7) € W(l)’p(Q) x LP(Q)
solution of (S1g). Next, it remains to show that (u,7) € W%p(Q) X W%’p(Q).

[¢]
We set (u1,m) = (Y1u,1m) € W é’p(Q) x LP(2), it has a compact support
included in G. An elementary calculation shows that we have

—Aur+Vm =1 f+F1inG, divu, =vY1h+Hiin G, wuy =0o0n0dG,
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where

F1 = —(2VuV + uliy) + 7V € LP(G),

and
Hy =u Vi € WH(Q).

Thus, ¢1 f + F1 € LP(G) and ¢1h + H; € WP?(G). So, using results in
bounded domains, we have (uy,m) € W?P(G) x WLP(G) and since supp
(U1,7T1) C G,

(u1,m1) € W2P(Q) x W1P(Q). (6.15)

Now, we set (uz, m3) = (ot, ham) € W SP(92) x LP(Q) and
fo=—Aug +Vmy = f — (—Auy + V) € WIP(Q),
hy = div ug = h — div uy € WiP(Q).

We have (fa,ho) € W?’p(Ri) X W}’p(Rﬁ) and by [9], there exists (s,0) €
W3IP(R) x W1P(R™) solution of
~As+VO=fyinR}, divs=hyinR}, s=0onR"'  (6.16)

But, noticing that (wug,m2) is also solution of (6.16) and that, by Theorem
2.5.1, the solution of this problem is unique in Wé’p(Ri) x LP(R"), we have

(ug,m) = (s,0) € W%’p(Ri) X W%’p(Ri). The support of (ug,ms) being
included in R}, we deduce that

(ug, ) € W2P(Q) x W1P(Q) (6.17)

So, (u,m) € W2P(Q) x W1P(€) by (6.15) and (6.17). Finally, thanks to
Lemma 1.2, we come back to a problem with nonhomogeneous boundary
conditions. U

Now, we examine the basic case £ = —1, corresponding to f € LP(Q)
and first, we study the kernel of such a problem. We set

SP(Q) = {(z,m) € W P(Q) x WyP(Q), —Az+ Vr =0 in Q,
divz=0in  and z=0on I'}.

The characterization of this kernel is given by this proposition:

n
Proposition 6.4.2. For each p > 1 such that 2? % 1, we have the following

statements: i) If p < n, S5(2) = {(0,0)}.
ii) If p > n, S§Q) = {(v(A) = X\, n(A) —p), A€ (Ran)" ! x {0}, n€R}
where (vV(A),n(N)) € W%p(Q) X W%’p(Q) is the unique solution of

—Av+Vnp=0inQ, dive=0in, v=Aonl.
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Proof- Let (z,7) € SB(Q). We set (zi,m;) = (¢iz,9m) € WP (Q) x
Wé’p(Q) (for ¢ =1 or 2). Since supp (21, 1) is bounded, we have (z1,71) €
W?’p(Q) X Wi’p(Q). Now, we set

fo=—Azy+Vmy=Azy —Vm, hy= div z90 = — div 2z7.
We have (fa, ha) € WOP(Q) x W1P(Q), so by Theorem 5.2 of [9], there exists
(5,0) € (WIP(RL) x WiP(R™)) € (WiP(RY) x WP(R')) solution of
(Sy) —As+VO=frinR}, divs=hyinR}, s=0onR" "

Noticing that (zg,ms) € W(Z)’p(]Rﬁ) X Wé’p(Rﬁ) is solution of the problem
(S4+), we can deduce, using Theorem 5.6 in [9]), the following results:

i) If p < n, the solution of (S ) is unique in WP (R%) x WP (R%), so
(z2,m2) = (s,0). Thus, as the support of (22, m2) is included in R’} , we have
(z2,m) € WIP(Q)x WP(Q) and so (z,7) € WTP(Q) x WIP(Q). Thanks
to Theorem 6.4.1, we have necessarily (z,7) = (0, 0).

ii) If p > n, there exists A € (Rxz,)" ! x {0} and p € R such that
zg=s—A and m=0-p inRY.
We define w by w =sin R}, w=Ainwand { by { =0 in R}, { = pin
w. We easliy check that (w,€&) € W2P(Q) x W1P(2) and that
zo=w—AXA and m=&—pu in .

Finally, we set
v=z+A and n=7w+p in .

Then, (v,n) is in W%’p(Q) X W%’p(Q) and is the unique (see Theorem 6.4.1)
solution of

—Av+Vn=0inQ, divv=0in, v=Aonl.

In consequence, we have the characterization of the kernel. O

We have the following result, corresponding to Theorem 6.4.1:

Theorem 6.4.3. For any p > 1 such that ﬁ/ # 1, and for any f € LP(Q),
p

1

h e W(l)’p(Q) and g € W(Z)i?p(lﬂ), there exists a unique (u, ) € (W%’p(Q) X
Wé’p(Q))/Sg(Q) solution of the problem (S1). Moreover, (u, ) satisfies

(ol o) 1+ 2l o) +lm+ allyir o)

< C (Ifllee@) + Ihllyirg) + HQHW%%!?(F))’
0

where C' is a real positive constant which depends only on p and €.
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Proof- i) First, we solve the following problem: find (u, ) € W(Q)’p(Q) X
Wé’p(Q) solution of

—Au+Vr=0inQ, divu=0in, u=gonl.

2-1
For this, we set g; = 9,9 € W, * p(F) (for i = 1 or 2) and we define the
function gg by
§2:gzon2, §2:OOHD.

2-1,
So g2 € W, *? p(Rn_l) and by Theorem 5.6 of [9], there exists (w,7) €
WP(R) x WiP(R?) solution of

—Aw+V7r=0inR}, divw=0inRY}, w=gson R™L,

Now, we define for almost all (x’,z,,) € R™, the following functions w* and
Ty by

w*(z’',x,) = w@’, z,) if v, >0, w*(@',z,)=—-w —z,)if 2, <0
and
(@ xy) = 7(2 2y) if 2y, >0, T2 z) = 7(2), —2p) if 2, <O.

Then, we set
w=winR}, w=w"inw

and
?:TinRTj_, T =7, 1n w.

We easily check that w € W(Q)’p(Q) and that 7 € W(l)’p(Q). Finally, we denote

27;7 ~
by pe W, * p(I‘) the trace of the function w and we set

—Aw+V7T=£inQ, divw=o0in Q.

The functions & € LP(2) and o € W(l)’p(Q) have clearly a compact support,
50, by Theorem 6.4.1, there exists (£, 3) € W>P(€2) x WP(Q) such that

—At+VE=—€inQ, divt=—0cin{), t=0onT,

(indeed, £ € WIP(Q) and o € W1P(Q)). The pair (z,7) = (@ +t,7 + ) €
WP (Q) x WP (Q) satisfy

—Az+Vnp=0inQ, divz=0in, z=ponl.
In a last step, noticing that on ¥ N By, u = 0 because = go on Y, we

can say that the function -, defined by v+ = —pp on S and v = 0 on %,

2-1
belongs to W * p(I‘). Moreover, since g7 and < have a compact support,
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2-1
they belong to the space W * p(F). Thus, applying Theorem 6.4.1, there

exists (v,p) € (W2P(Q) x WP(Q)) € (WP(Q) x WiP(Q)) such that
—Av+Vp=0inQ, divev=0inQ), v=+v+ggonl.
Noticing that on T', w4+ + g1 = g, we conclude that (u,7) = (2 +v,7+p)

answers the question.

_ii) We easily show that there exists extensions f € LP(R™) of f and
h e Wé’p(R”) of h in R™ and, by Theorem 3.10 of [3], there exists (w,n) €
W(Z)’p(R”) X W(l)’p(R”) solution of
—Aw—i—Vn:}' in R", divw = h in R,
Moreover, by i), there exists (z,u) € Wg’p(Q) X W(l)’p(Q) such that
—Az+Vp=0inQ, divz=0in, z=g—-—wronl.
Thus, (u,p) = (2 + w, 1+ n) is solution of our problem. O

On the other hand, we want to study the case of very weak solutions i.e.,
we study (S1) with f =0, h = 0 and singular data on the boundary. We use
previous results for strong solutions and we argue by duality. The proofs are

exactly the same as Section 5.5. We give the two following theorems:
1

Theorem 6.4.4. For each p > 1 such that n % 1 and for any g € W:f’p(lj)
p
satisfying
g-n=0 onl, (6.18)

there ezists a unique (u,m) € W(l’zf(Q) X W:%’p(Q) solution of (S1) with
f =0, h=0. Moreover, (u,m) satisfies

P ’

lellwosio) + Ilhy=toe) < €l

S0

where C' is a real positive constant wich depends only on € and p.
1
Theorem 6.4.5. For each p > 1 such that n # 1 and for any g € W, pm(F)
p

n
satisfying (6.18) and the following condition if p < — for any (z,p) €
n—

St (Q)
0z
<g,—>

=0
on W(: ’

\p Ly =
o,wg (1)

there exists a unique (u, ) € LP(Q) X W(;l’p(Q) solution of (S1) with f =0,
h =0. Moreover, (u, ) satisfies

S

sP )

™)

where C' is a real positive constant wich depends only on € and p.

=

el zo(e) + 7y 100y < € Nl

0
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Chapter 7

A Stokes problem in an
aperture domain in dimension

n >3

7.1 Introduction and preliminaries

In this chapter, we want to study a Stokes system in dimension n > 3 in an
other particular unbounded domain with an unbounded boundary, namely
an aperture domain i.e. two half-spaces separated by some wall of thickness
d > 0 and connected by some hole (aperture). We can remind that the
aperture domain became interesting since Heywood ([31], [32], in the Hilbert
case) found the important role of the flux condition

/ u-ndo
M

as an additional boundary condition in order to get uniqueness for the Stokes
problem with a Dirichlet condition (see also [14], [39], [50] or [51]). So, we
want to find (u,m,a4,a_) € W(l)’p(Q) x LP () x R x R such that 7 —ay €
LP(Q4), m—a_ € LP(2_) and

—Au+Vr=f inQ,
divu=~h in €,
(S2)8 u=g onT,

/ u-ndo=ao.
M

This chapter is organized as follows. First, we give some definitions and
preliminary results. Next, Sections 7.2 and 7.3 are respectively devoted to
the resolution of (Ss) in cases p = 2 and p # 2 and in Section 6.4, we give a
regularity result.

125



Now, we want to give a precise definition of an aperture domain. For
this, we set d € R} and R"; = {& € R", 2, < —d}. Let Q an open domain
such that

R} UR”; C Q CR"™

There exists an open ball B C R" such that
QUB =R} UR",UB.

We set I' = 9 the boundary of ) that we suppose of class C'b!; then, we can

choose some bounded subdomain G C Q with boundary 9G of class C1! such
d

that QN B C G. The ball B can be chosen centered on (0, ..., 0, —5) and suf-

d

ficiently large so that there exists another ball By centered on (0, ... ,0, —5)

with closure By C B such that
QU By =R} UR™,; U By.

We define two disjoints subdomains Q4 and Q_ of Q and an (n — 1)-
dimensional smooth manifold M with the following properties:

Q=0,UQ UM, M= NoQ_,

and
Q,uUB=R}TUB, Q UB=R";UB.

We can notice that 4 and 2_ are perturbed half-spaces. Finally, we define
the following partition of unity:

wlv ¢2 € COO(Rn)v 0 < ¢17¢2 < 17 ¢1 +¢2 =1lin an
Y1 =11in By, supp ¥ C B.

We easily check that the property (1.1) is satisfied and that, exactly like
for the perturbed half-space, we have the following Poincaré-type inequali-
ties:

Theorem 7.1.1. i) The semi-norm "‘Wl,Q(Q) defined on W(l)’Q(Q) is a norm
0
equivalent to the full norm || - HW”(Q)'
0

[e]
ii) The semi-norm | - |W1’2(Q) defined on W (1)’2(9) is a norm equivalent to
0

the full norm || - HWé’Q(Q)'

The boundary I' is unbounded. So, like for the domain R’} and the
perturbed half-space, we define weighted Sobolev traces spaces. For any
o €]0,1], we set

p it = #o,

w1 =
1 1/o

l if —=o.
p(lgp) p
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We define the space
WP(T) = {u,wy%u €LP(I' N °By),u € LP(T' N By),
— p
[
I'xI’

@yl
It is a reflexive Banach space equipped with its natural norm

ulz) —u @)l

e A o

xI'

For any s € R, we set

W) = {u € WEIP (), VA = [s], D*ue Wy 7))

It is a reflexive Banach space equipped with its natural norm

vy = Pl oy + 3 10 ulycthoey
[A|=s

Then, for any s € R and a € R, we set

WP(D) = {u e Wi (D), YAl = [s], p"Dru e Wi PIP(D)).

Next, we prove that the following traces lemma is satisfied:

Lemma 7.1.2. For any integer m > 1 and real number o, we define the
mapping

7:D@) — (DI)"

= (’)/()U, s ’F}/m—lu)
oFu
where for any k = 0,...,m — 1, yyu = ——. Then, v can be ertended

by mnﬁnm’fy fo a linear and continuous mapping still denoted by ~ from

—j= 7p .
WaP(Q) to H Wa (T'). Moreover, v is onto and

Ker ~ = I/?/ P Q).

Proof- We prove this lemma following the same main idea as the per-
turbed half-space. First, for the continuity, we work like previously, in an
unbounded domain and next in a bounded domain. For the surjectivity,
we easily prove, using results in half-spaces, that we can find u € W(l)’p(Q)
such that u = go on I' and then, we study the bounded part like for the
perturbed half-space. For the characterization of the kernel, the bounded
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part is again the same as the previous case and for the unbounded part, we
find two sequences, the first one, C*° with compact support in R’} (so in €2)
and the second one in R” (so in 2) and we work with the sum of these two
sequences. O

Now, we define the following spaces:

V(Q) ={veD(Q), diveo=0in Q},

Vo) = V(@) Wi,

~

Vo(Q) = {ve W jP(Q), dive=0in Q}
and the polar of Vp:

Vo(Q) = {f € Wi P(Q), Yw € Vp(Q), < f,w >q=0}.

We easily show that:

Yu € Vp(Q), / u-n do =0. (7.1)
M

Moreover, contrary to cases of exterior domains, half-space or perturbed
half-space, we notice (see [31]) that, in an aperture domain, we have only
the strict inclusion:

Vo) G Vp(9). (7.2)

7.2 Case p=2.

Thanks to Lemma 7.1.2, there exists ug € Wé’Z(Q) such that ug =g on I’
and satisfying

||ug||w(1)72(9) <C HgHWO%J(F)'

Thus, we show that it is equivalent to study the problem with homogeneous
boundary conditions.

Moreover, let h be in L?(£2). We remind that we can consider ), and
Q_ as perturbed half-spaces, (their boundary is Lipschitz-continuous, which

[¢]
is sufficient when p = 2). So, thanks to Lemma 6.2.2, there exists t € W
é’Z(QJr) such that

divt=hin Q4,
i,y < C 10l 2o,
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[¢]
and there exists z € W (1)’2((2_) such that

L <Ol

divz=~hin Q_,
HZ||W(1)72(Q

We define the function w by

w=tinQy and w=2zin Q_.

o
We have w € W (1)’2((2) because t = z = 0 on the join M and we easily show
that

divw=hin Q and HwHW(l)’2(Q) < C ||h]l2 -

Thus, thanks to this result, it remains only to study the following problem:
for f € ng(Q) and a € R, find (u, m,a4,a_) € W(l)’2(Q) xL? (Q)xRxR
such that m —ay € L}(Q4), m —a_ € L*(Q_) and

—Au+Vr=Ff in€, divu=0 in{,

(S200) —0

u on I, u-ndo = .

M

First, we establish the following lemma:

Lemma 7.2.1. There exists b € Vo(Q) such that
/ bondo=1. (7.3)
M

—TLvA
Proof- By Lemma 11 of Heywood in [31], there exists b € ’D(Q)” 22 (0)
such that

divb=01in Q and /b-ndazl.
M

Moreover, thanks to Lemma 2.1 of Farwig and Sohr in [22], we show that,

in an aperture domain, ’D(Q)”v'”’ﬁ(m ={ucL? (Q), Vuc L*Q), u =

loc

0 on I'}. So, it remains only to show that b € Wé’Q(Q). Let us set, for all
i=1,...,n, 8; = Vb; € L*(Q) and
Si=8;inQ and 5 =0inR"\ Q.

We have 8; € L?(R") and we check that for any ¢ € V(R™)

/ gi-cpd:n:/ﬂsi-cpdxzo.

Moreover, thanks to Lemma 4.2 of Amrouche, Girault and Giroire in [6],
V(R") is dense in Ha(R") = {v € L*R"), div v = 0 in R"}. So,
5; € L*(R™) L H3(R™). Then, thanks to Proposition 9.2 of [6], for each
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1 =1,...,n, there exists w; € Wé’Z(R") such that Vw; = 5; in R". We set
w; € W(l)’2((2) the restriction of w; in Q; we have Vw; = s; i.e. Vw; = Vb;
in €. So, € being connected, there exists a real constant K; € R™ such that
w; = b, + K; € W(l)’2(Q). Thus, since b; = 0 on I', w; = K; on I'. Moreover,
we notice that Vw; = 0 in R™\ Q, so @; is constant in each of the two infinite
and connected components ©; (j = 1,2) of R"\ Q. As w; € Wé’2(@j) and
that constants are not in this space, we deduce that w; = 0 in ©1 U Os.
Finally, reminding that w; = K; on I' and that w; € W(l)’Q(R”), we conclude
that K; = 0. Thus, b; € Wé’Q(Q) foranyi=1,...,n. O

Now, for any w € Va(Q2), we define the following bilinear and continuous
application T by

Tw:<f,w>g—a/Vb:dem.
Q

We apply the theorem of Lax-Milgram in (Va(Q2), ||
that there exists a unique v € V2(Q) such that

. ||W(1),2(Q)) to conclude

/VU:dem:<f,'w>Q—oz/Vb:V'wd:B,
Q Q

(we notice that we have the coercivity thanks to the point ii) of Theorem

7.1.1 since Vo(2) C W (1)2(9)) Then, setting u = v + ab € V5(Q), we have
for any w € V5(Q):

/Vu:dem:<f,'w>Q
Q

and, by (7.1) and (7.3)

Y

/M u-ndo=a. (7.4)

Then, let Q' be a connected open bounded subset of Q. If w € V5()
we easily show that

Y

Vu:Vw de =< f,w >q .
Q/

Now, let w be in H{(€'). We define the linear continuous form F by

Flw)=— Q,V'u,:deﬂr:—i—<f,'w >qr .

We have F € H- YY), F is equal to zero on Va(Q') and consequently on
V(). We apply a result established by Girault and Raviart in bounded
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domain (see [25]) to deduce from this that there exists p € L2(Q), unique
up to an additive constant, such that

Vp=ZFin Q. (7.5)
This permits us to prove the following lemma:

Lemma 7.2.2. There exists 7 € L? (Q) such that for any ¢ € D(Q), we

loc
have

/Wdiv'z,bda::/Vu:V¢da:—<_f,1/)>Q (7.6)
Q Q

Proof- Let (By,)men+ an increasing sequence of open balls included in
R™. We set, for any m > 1, Q,,, = B,, N ). For any m > 1, we know, thanks
to (7.5), that there exists p,, € L?(Qy,) such that

Vom = Fm in Qpp,

where F,, is defined, for any w € H}(Q,,), by

Y

.7-'m(w):—/Q Vu:Vwdx + < f,w >q,, .

Moreover, we easily notice that Fp, = Fmaq in H71(Q,,) which implies
that, for any m > 1, Vp,, = Vppg1 in H71(Q,,). As each Q,, is connected,
we deduce that each p,, is unique up to an additive constant, constant that
we can choose in order to have p,, = ppy1 in . Thus, starting again, we
construct a function 7 defined by:

Ym>1, m=ppin Q.

Because of the definition of the space L? (Q), it becomes obvious that 7 €

L? (Q). Now, let 1p € D(R), then, there exists m € N* such that supp

loc

P C Q. Since ™ = py, in Qp, and P € H{(Qy,), we have

/ m div ¢ de = Vu:Vy der — < f,¢ >q,,
m Qm

and consequently (7.6). O
Thus, we have found u € Vo(Q) and 7 € L7, (Q) such that
—Au+Vr = fin Q.
It remains us to find two real constants a4 and a_ such that

T—a, €L*Q,) and w—a_ € L*Q.).
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Let ¢ be in W (1)’2(Q+). We define F € W81’2(9+) by

Filp)=— Vu:chd:c—l—<f,cp>Q+:—/ m div ¢ dx.

Q4 Q4

over, considering 2 as a perturbed half-space, we establish that there exists
7. € L%(Q4) such that V. = F (it is the same proof as Corollary 5.2.4).
But, in Q4 C Q, we have F; = Vr. So, Vr = V7, and there exists a real
constant a, such that 7 —ay, = my € L?(Q,). Then, we may proceed with
the same reasoning for Q_.

We notice that F, is equal to zero on Va(€,), so Fy € V‘z’(QJr) More-

Finally, we define 7 € L?(Q) by

— T—ay € Qy,
m =
T—a- €Q_,

and 7y, by
Yoo = Q4 — Q—,

and we easily check that
lullwizq + Il + hocl € € (1Fllgp-12(q + lal).

Thus, we have solved the problem (Sypp) and consequently, we have the
following theorem:

1
Theorem 7.2.3. For any f € W(;l’Q(Q), h e L*Q), g € W§’2(I‘) and
a € R, there exists (u,m,ay,a_) € W(l)’Z(Q) x L2 () x R x R such that
T—ay € L2(Qy), T —a_ € L*(Q_) and

—Au+Vr=Ff inQ, divu=h inQ,
(S2) u=g on I, u-n do = .
M

Moreover w s unique, 7, ay and a_ are unique up to an additive and common
constant and it holds

Iellwgy 1Lz theel < € (1o Hiklz@ gl ya,, +Ha

3
o (
where C' is a real positive constant which depends only on ).

Proof- It remains to prove that w is unique and that 7, a4 and a_ are
unique up to an additive and common constant. We set:

B2(Q) = {(z.m,as,a_) € W 12(Q) x L2, () x R x R, with 7 € L}(Q),

—Az+Vr=0anddivz=0in Q and / z-n do = 0}.
M
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Let (u,m, ay,a_) € B3(). For any v € W (1)’2(9), we define the linear and
continuous application £ € Wal’Q(Q) by

e(v) :/M'v-n do.

Let ¢ € D(2). Then, reminding that m is the unit normal vector on M

directed to Q_. we have

<—Au—|—V7T,<p>Q:<—Au,cp>g—/7rdiv<pd:c
Q

:<—Au,cp>g—/ﬁdivcpdm— a+/ div ¢ dox — a/ div ¢ dx
Q Q Q_

@ -ndr+ a_/ p-ndr

=< -Au+ VT, p >q — a+/
o0

04

=< -Au+ V7, p>q — (a+—a)/ @ -ndx
M

=< —Au+ VT — 78, ¢ >q,

ie. 0= —Au+ Vr = —Au + VT — 7oL in Q. Now, let v be in W (),
we have < —Au + VT — 7..€, v >q = 0 and so

/Vu:Vvd:c—/ﬁdivvdm—%o/ v-ndo=0.
Q Q M

Butu e W é’Z(Q)., divu=0inQand [ wmndo=0. Thus, [|[Vulrq) =0

which implies that u is a constant Vectorj\évhich is equal to zero because u = 0
on I'. Consequently, 7 is constant in . So m — a, € L?(2) is constant
and since {14 is not bounded, 7 = a4 on Q;. With the same reasoning,
we establish that @ = a_ on _ and since 7 is constant in €2, we have
T =a4 =a_ in Q and our result. [

7.3 Case p # 2.

First, we suppose that p > 2 and we study the kernel of the Stokes system.
We set:

BY(Q) = {(z,m,ay,a_) € W ;P(Q) x LV _(Q) x R x R, with 7 € LP({),

—Az+Vr=0and div z=0in Q and / z-n do =0}.
M

Theorem 7.3.1. We have B5(Q) = {)\(0,1,1,1), A € R}.
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o

Proof- Let (z,m,a+,a_) be in Bj(Q) and (21,71) = (Y12, 917) €W
oP(Q) x LP(Q). Since supp (z1,71) C G which is bounded, we have

(z1,71) € W2(Q) x L*(Q)

and so

—Az + VT € Wi (Q) and div 21 € L2(9Q).
In R, we notice that T = 7 — ay, so VT = V7 which implies that —Az +
V7 =0in R?. We set (22,79) = (1haz,9o7) € W §7(Q) x LP(Q) and

fi=—Az4 VT = Az — Vm) € W, 2(RY),
hy = div 29 = — div 21 € L*(R?).

We may proceed with the same reasoning as in Theorem 6.3.1 to obtain
that (z2,72) € W{(R%) x L2(R%). Now, working on R” instead of R”
(even if we move the origin to a distance equal to d), we obtain too that
(z2,m2) € Wé’2(]R"jd) x L*(R" ;). Finally, since supp (z2,72) C RTUR™ ;, we
conclude that (zg,T2) € W§2(Q) x L2(€2) and so (z,7) € W2(Q) x L2(Q)
too. Moreover, it is obvious that 7 € L} (Q) because m € LF (Q). Thus, we

loc

conclude that (z,7m,a1,a_) € B3(). O

Now, supposing again that p > 2, we want to study the Stokes system
with homogeneous boundary conditions, that is to say: for f € Wal’p(Q).,
1 N
h e LP(Q) and « € R, we want to find (u,7,ay,a-) € WP (Q) x Lj () x
R x R such that 7 —ay € LP(Q24), m —a_ € LP(2_) and

—Au+Vr=f in, divu=h in(Q,

(S20) u=0 on T, /u-nda:a.
M

First, we establish the following lemma:

Lemma 7.3.2. For each p > 2, for any f € ng’p(Q) and h € LP(Q)
with a compact support in Q and for any o € R, there exists (w,m,a4,a_) €

(WP (Q)NW2(Q)) x LF () x R x R solution of (Sag) with
T—ay € LP(Q)NLAQ,) and 7 —a_ € LP(Q_)NL*(Q.).

Moreover w is unique and 7, ay and a_ are unique up to an additive and
common constant

Proof- Let f be in W5 ?(Q) and h be in LP(Q) with a compact sup-
port in Q and o € R. Then, since p > 2, we easily check that f €
W, %(Q) and h € L%(Q) and we deduce from Theorem 7.2.3 that there
exists (u,m,a4,a_) € W(l)’2((2) x L2 (1) x R x R solution of (Sz9) where u is

134



unique and 7, a4 and a_ are unique up to an additive and common constant.

— o ’
It remains to show that (u,7) € Wé’p(Q) x LY (Q). For any v € W (l)’p (Q),
we define the linear and continuous application £ € W(;l’p(Q) by

L(v) = /M'v -n do,

and we recall that

—Au+ V1 =—-Au+ VT — 7€ in Q.

[e]
We set, for i = 1,2, (u;,7;) = (Yiu, ;7)) € W (1)’2(9) x L?() and we
notice that (ui,71) has a compact support included in G. An elementary
calculation shows that we have

—Au; + VT =01 f+ F1+ Y170 in G,

div uqy = yY1h + Hy in G,
u; =0 on 0@,
where
F, = —(2VuVy; + uly) + 7V, € L*(G),
and

H, =u- Vi € H(G).

Noticing that the support of £, subset of M, is compact and using the same
reasoning as Lemma 6.3.2 for the perturbed half-space, we conclude that we
have (u1,71) € W(l)’p(Q) x LP(€) and here again, we do like Lemma 6.3.2 to
obtain that (ug,7s) € W(l)’p(Q) x LP(Q). Thus (u,7) € W(l)’p(Q) x LP(Q)
and the estimate follows immediately. Finally, we easily deduce from this,
since T € LP(Q2), that m € L (Q) and we have our result. [

Now, we establish the following theorem:

1—1,
Theorem 7.3.3. For anyp >2 andge W, * p(F), there exists a unique
(u,m,a4,a-) € (WyP(Q) x L (Q) x R x R)/B5(Q) with 7 — ay € LP(Q4)
and ™ —a_ € LP(Q_) solution of
—Au+Vr=0 inQ, divu=0 inQ,

u=g on I, /u-nda:a,
M
and satisfying

el + [Fllzr + bl < € (Ul 1oy +le,

_1
1 P
0

where C' is a real positive constant which depends only on p and €.
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Proof- The idea is the same as Theorem 6.3.3. First, using results in
bounded domains, we can deduce that there exists (z,6) € W(l)’p(Q) x LP(Q)
solution of

—Az+VO=0cin€), divz=9vin, =z=g;onl,

where o € Wal’p(Q) and ¢ € LP(Q2) have a compact support. Using Lemma
7.3.2, then there exists (¢,7,d/,,a_) € Wé’p(Q) x LP (Q) x R x R such that

loc

—At+V7r=—-0 in, divt=—-1¢ in(Q,

t=0 on I /t-ndazla—/z-nda,
M 2 M

T—d, € P(Qy) and 7-—d_ €LP(Q).

and

Noticing that 8 € LP(Q) C L} (Q), we deduce that (v = z +t,u = 6 +
T,al,,a) € WP (Q) x LP () x R x R is solution of
—Av+Vpu=0 in, divve=0 in{,
1
V=g on I, /'v-nda:—a,
M 2
and
p—a., €LP(Qy) and p—a € LP(Q).

Next, we follow again the same ideas as Theorem 6.3.3. First, we use results
in R and in R"; and we extend by (0,0) in €. Then, summing the two

found pairs, we construct (r,«) € Wé’p(Q) x LP(§2) solution of
—Ar+Va=£€£in, divr=0in{, r=gaonl.

Then, using like previously Lemma 7.3.2, we are able to find (w,n,a’|,a”) €
WP (Q) x LP () x R x R such that
—Aw+Vnp=0 in ), divw=0 in{,
1
w = go on I, /'w'nda:§a,
M

and

n—al €LP(Qy) and n—d’ € LP(Q).

Finally (u =v+w, 7 =p+n,ay =a, +a/,a_=a_+ad") GWé’p(Q) X

L (Q)xRxR is solution of our problem and the estimate follows immediately. [

Theorem 7.3.4. For anyp > 2, f € W(;l’p(Q) and h € LP(Q), there exists
(u,m,aq,a_) € W(l)’p(Q) x LP (Q) x R x R solution of (Szg). Moreover, u
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s unique, ™ , ay and a_ are unique up to an additive and common constant
and we have

HUHW(lJaP(Q) + HﬁHLI’(Q) + |’Yoo‘ < C (H‘fHWSLP(Q) + HhHLP(Q) + ‘O‘|)7
where C' is a real positive constant which depends only on p and €.

Proof- The uniqueness comes from Theorem 7.3.1. Then, there exists,
as a consequence of Theorem 7.1.1 ii), a tensor of the second order F' €
[LP(Q)]"™ such that div F' = f. We extend F' (respectively h) by 0 in R",
and we denote by F (respectively h) this extensmn Then, we set f = div
F and we notice that flo = f. We have fe W, LP(R™) and h € LP(R™).

By |2], there exists (v,n) € Wé’p(Rn) x LP(R™) solution of
—A'v—i—Vn:fin R" and divov =hin R™

We denote again by v € W(l)’p(Q) and € LP(Q) C L () the restrictions

1

1- )
of v and 7 to . We have v € W, * p(F), thus, thanks to Theorem 7.3.3,
there exists (w,T,at,a-) € WP(Q) x L (Q) x R x R solution of

—Aw+Vr=0 inQ, divw=0 in{,

w = —v|r on I, /w-nda:a—/ v-n do,
M M

T—ay €LP(Qy) and 7—a- € LP(Q_).
Finally, (u = v+ w, 7 = n+ T,a4,a_) € Wé’p(Q) x LV

loc
solution of (Syg) and the estimate follows immediately. [

and

() xR xR is

Now, we suppose that p is such that p < 2 and we want to qolve (820

).
Since p < 2, its dual exponent p’ satisfies p’ > 2. So, if f € Wo ( )
h e Lp/(Q) and a € R, there exists, thanks to Theorem 7.3.4, (u,m,a4,a_) €

WP (Q) x LV (Q) x R x R such that
—Au+Vr=Ff in€, divu=h in(,
u=0 on I, /u-nda:a,
M
and
r—ay €L’ (Q) and 7—a_ € LF(Q).

We easily notice that it is equivalent to say that, for any (f, h,«) € Wal’p/(Q) X
LP () x R, the following problem (So0)

—Au+ VT — o€ =Ff inQ,
(Sa0) divu=nh in Q,
£(u) = a,
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o , ,
possesses a unique solution (u, T, Vo) € W é’p (Q) x LP () x R (the unique-
ness comes from the definition of Bgl(Q)). So, the mapping

S W L (Q) x LV (Q) x R — W3 (Q) x IV (Q) x R
(U, T, Vo0) — (—AU + VT — Yook, —div u, —€(u))

o /
is an isomorphism. Furthermore, we have, for any (u,7,7s) € W é’p (Q) x

L7 (Q) x R and (0,7, 0s0) € W 1P(Q) x LP(Q) x R,

< —Au+ VT —y0l,v >0 —/ div u 7 de — 00b(u)
Q

=< -Av+ V7 —600,u >Q—/ div o T dx — Yool(v).
Q

Thus, by duality

S* LW MP(Q) x LP(Q) x R — W5 "P(Q) x LP(Q) x R
(0,7,0x) — (—Av + V7] — 08, —div v, —£(v))

is also an isomorphism, i.e., when p < 2, there exists a unique (v,7, 0 ) € VLE/
é’p(Q) x LP(Q)) x R solution of (Sgg). Finally, it remains to return to the
problem (Syg). For this, let ¢4 and c_ be two constants such that 0, =
cy —c—. We set

_ ﬁ + Cy in Q+7

N { n+c_ inQ_,

and we easily show that

—Av+Vn=—-Av+ V7 — 0L in (.

Thus, (v,7,cy,c-) € W P (Q) x LP (Q) x R xR is solution of (Sy). For the

kernel, let (w, pu, ki, k_) € W P(Q) x LP

P () x R x R be an other solution
of (Sa0). So, setting

_ —ky in Q4
M:{u + +

w—k_ inQ_,

and as = ki — k_, we easily check that (w,7i,as) is solution of (Sag),
problem which admits a unique solution. Consequently, w = v, = 7 and
Qoo = B and so, there exists A € R such that

ky=cy+A, and k_=c_+ A\

We easily deduce from this that 7 = g — A and thus, the kernel of the problem
when p < 2 is again B5(1Q).
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Finally, it remains to return to the general problem when p # 2. Thanks
to Lemma 7.1.2, there exists ug € W(l)’p(Q) such that ug = g on I' and
satisfying

P )

I )

and thanks to previous results, we have seen that there exists a unique
(v,m,a4,a-) € WyP(Q) x LP (Q) x R x R such that 7 —ay € LP(Q)
m—a_ € LP(Q_) and

D=

||ug||W(1)vP(Q) <C HQHW;—

Y

—Av+Vr=f—-Aug inQ, divev=h—-divug in,

v=0 on I, /v-nda:a—/ug~nda.
M M
Finally, the function (u = v + ug,m,a4,a_) € W(l)’p(Q) x LV () xRxR

is solution of the problem (S3) and the estimate follows immediately. In
consequence, we have the following theorem:

1-1
Theorem 7.3.5. Foranyp > 1, f € Wal’p(Q), helP(Q),ge W, " p(F)
and o € R, there ezists (u,m,a4,a_) € W(l)’p(Q) x LY () xR xR such that
m—ay € LP(Qy), m—a_ € LP(Q_) and
—Au+Vr=f inQ, divu=h in,
(S2) u=g on I, /u-nda:a.
M

Moreover w is unique, m, ay and a_ are unique up to an additive and common
constant and it holds

+la),

el oy I Flsscr bl < O (15 oy by gl g

_1
1 P
0

where C' is a real positive constant which depends only on p and €.

7.4 Regularity result

Here, we want to give a regularity result for the problem (S3). For this, we
define the space:

DY(Q) = {r € I¥ (), pVr € LP(Q)}.

We have the following regularity theorem:

Theorem 7.4.1. For any p > 1 satisfying ﬁ/ # 1 and for any f € W(l)’p(Q),
p

2-1
h e W%’p(Q), gew, ’ p(F) and « € R, there exists a unique (w, 7, a4,a_) €
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(WTP(Q) x DP(Q) x R x R)/BR(Q) such that m —ay € WiP(Q)), m—a_ €
W}’p(Q_) and

—Au+Vr=f inQ, divu=h inQ,
(52) u=g on I, /u-nda:a.
M

Moreover w is unique and m, ay and a_ are unique up to an additive and
common constant.

Proof- Thanks to Lemma 7.1.2, it is easily to show that it is sufficient to
solve the problem with g = 0. Now, we notice that we have the continuous

injections WP(Q) Wal’p(Q) because ﬁ/ # 1 and WP(Q) C LP(Q).
p

Thus, thanks to Theorems 7.2.3 and 7.3.5, there exists (u,7,ay,a_) €
WP(Q) x L (Q) x R x R solution of (S) and such that

T—ay € LP(Qy), m—a_ € LP(Q2).
Then, it remains to show that (u,7) € WTP(Q) x D?(Q) and that
T—ay e WiP(Q), m—a_ e WiP(Q).

We set (uj, ;) = (Yyu,¢;m), for i = 1,2. An elementary calculation shows

that we have
—Auy +Vm =1 f +F1 inG,

div uqy = ¢Y1h+ Hy in G,
u, =0 on 0G,
where
Fi = —(2VuVy1 + uliy) + 7V € LP(G),
and

Hi =u- Vi € WP(G).

Thanks to results in bounded domains and since supp (w1, 1) is included
in GG, we have

(u1,m) € WIP(Q) x W1P(Q).

Now, we define the function 75 by
Mg =mg —ag4 in Qp, Ty =my—a_ in Q_,

and we easily check that T € LP(£2). Now, considering the half-space R’}
and noticing that V@ = Vmy in R’} , we define

fa=—Aug + Vg = f + Auy — Vi, € WIP(RD),
hy = div ug = h — div uy € WP(R?).
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By [9], there exists (s,0) € (WTP(R?)x W P(R?)) C (W yP(R?) x LP(R™))

solution of
—As+ V0= fainR!}, divs=hyinR}, s=0on R

and since in Wé’p(Ri) x LP(R ) there is a unique solution of this problem,
we have

(uz,73) = (5,0) € WIP(R?) x W P(RY).

We use the same reasoning in R"; and since supp (uz,72) is included in
R UR™,;, we have

(u2,73) € WTP(Q) x WP (Q).
Finally, we deduce from this that (u,7) € W3P(Q) x D?(2) and that

r—ay eWP(Qy), m—a. e WP(Q). O
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Résumé

L’objet de cette thése est la résolution de problémes elliptiques dans différents
domaines non bornés. Dans un premier temps, nous étudions 'opérateur de
Laplace dans un domaine extérieur avec des conditions aux limites non ho-
mogénes mélées, puis dans un domaine extérieur dans le demi-espace avec
des conditions de type Dirichlet, Neumann et mélées. Nous considérons en-
suite le probléme de Stokes dans trois géométries non bornées : un domaine
extérieur dans le demi-espace, un demi-espace perturbé et un domaine avec
ouverture. Nous donnons pour chacun de ces problémes des résultats fonda-
mentaux d’existence et d’unicité en théorie LP avec 1 < p < oo dans le cadre
fonctionnel des espaces de Sobolev avec poids. De plus, nous nous intéressons
également aux cas des solutions fortes (avec en particulier des résultats de
régularité) et aux cas des solutions tres faibles.

Mots clés : Espaces de Sobolev avec poids; Probléme de Laplace; Probléme
de Stokes; Demi-espace; Domaine extérieur; Demi-espace perturbé; Do-
maine avec ouverture.

Abstract

The aim of this PhD thesis is the resolution of elliptic problems in several
unbounded domains. First, we study the Laplace operator in an exterior do-
main with nonhomogeneous and mixed boundary conditions and next in an
exterior domain in the half-space with Dirichlet, Neumann and mixed boun-
dary conditions. Then, we consider the Stokes problem in three different
unbounded geometries : an exterior domain in the half-space, a perturbed
half-space and an aperture domain. We give, for these problems, existence
and uniqueness fundamental results in LP’s theory with 1 < p < oo in the
functional framework of weighted Sobolev spaces. Moreover, we are also in-
terested in strong solutions (particularly with regularity results) and in very
weak solutions.

Keywords : Weighted Sobolev spaces; Laplace’s problem ; Stokes problem ;
Half-space ; Exterior domain ; Perturbed half-space ; Aperture domain.



