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Introdu
tionDe nombreux problèmes en mathématique physique et parti
ulièrementen dynamique des �uides sont modélisés par des équations aux dérivées par-tielles dans des domaines non bornés. L'étude de 
es problèmes passe d'abordpar la résolution d'équations portant sur des opérateurs di�érentiels linéairesde base. Le but de 
ette thèse est d'étudier les opérateurs de Lapla
e etde Stokes dans di�érentes géométries non bornées en donnant des résultatsd'existen
e, d'uni
ité et de régularité.Nous 
onnaissons les domaines non bornés les plus 
lassiques et les plus étu-diés 
omme, en premier lieu, l'espa
e Rn tout entier ou bien un domaineextérieur, i.e. le 
omplémentaire d'un 
ompa
t dans Rn, ou en
ore le demiespa
e supérieur Rn
+. I
i nous souhaitons étudier d'autres géométries non bor-nées, plus parti
ulières, pour lesquelles on ne 
onnaît pas ou peu de résultats,à plus forte raison dans le 
adre fon
tionnel que nous avons 
hoisi. Parmielles, une géométrie mixte, i.e. un �mélange� de géométries 
lassiques (do-maine extérieur et demi-espa
e) ou en
ore des géométries originales 
ommeun demi-espa
e perturbé ou un �aperture domain�.De plus, si nous avons opté pour des 
onditions aux limites non homo-gènes assez 
lassiques, à savoir de type Diri
hlet ou Neumann, nous regardonségalement, pour l'opérateur de Lapla
e, le 
as de 
onditions mixtes, i.e. ave
une 
ondition de type Diri
hlet sur une partie du bord (bornée ou non sui-vant les 
as) et une 
ondition de Neumann sur l'autre partie (bornée ou non),les deux parties étant disjointes.Le fait d'étudier des domaines non bornés 
onduit, au 
ontraire du 
asborné, à dé
rire le 
omportement à l'in�ni des données et éventuellement dessolutions. De plus, dans la plupart des 
as où nous nous plaçons, la frontièreelle-même n'est pas bornée 
e qui implique de devoir dé�nir des espa
es detra
es permettant, là en
ore, de dé
rire le 
omportement à l'in�ni de leurséléments.Plusieurs 
adres fon
tionnels ont été proposés pour résoudre 
es pro-blèmes en domaine non borné. Il y a par exemple le 
omplété de D(Ω) pourla norme Lp du gradient ou bien en
ore le sous espa
e des fon
tions lo
a-lement Lp dont le gradient est Lp. Mais 
es espa
es présentent plusieursin
onvénients. En e�et, pour le premier, il existe, dans le 
as où p ≥ n et

Ω = Rn, des suites de Cau
hy dans D(Rn) qui ne 
onvergent pas vers desdistributions. Ce 
omportement a été dé
rit par Deny et Lions en 1954 (voir[20℄). Remarquons que dans le 
adre fon
tionnel que nous 
hoisissons, 
essuites seront éliminées 
ar nous équipons nos espa
es de la norme 
omplèteet pas seulement de la norme du gradient. De plus, 
ela nous permet d'évi-ter l'impré
ision à l'in�ni de la se
onde appro
he, impré
ision inhérente à la9



dé�nition de la norme Lp
loc.L'appro
he que nous 
hoisissons i
i est 
elle des espa
es de Sobolev ave
poids Wm,p

α,β (Ω). Ces espa
es sont des extensions des espa
es de Sobolev 
las-siques, munis de poids qui permettent de 
ontr�ler la 
roissan
e ou la dé
rois-san
e des fon
tions à l'in�ni. Ce sont des espa
es qui présentent l'avantagede donner des informations sur les fon
tions elles-mêmes, en plus de leursdérivées.Outre la des
ription à l'in�ni des fon
tions, la raison fondamentale del'ajout des poids et don
 d'une généralisation des espa
es de Sobolev 
las-siques provient des inégalités de type Poin
aré. En e�et, dans les espa
es
lassiques et pour des domaines non bornés, elles ne sont plus véri�ées. Or,
es inégalités de Poin
aré jouent un r�le 
lé dans les méthodes variation-nelles permettant de résoudre des problèmes aux limites elliptiques. Il estdon
 judi
ieux d'introduire des poids qui nous permettent de les retrouver.Le premier poids que l'on introduit (voir [30℄) est :
ρ = (1 + |x|2)1/2.Il apparaît de façon naturelle dans des inégalités de Hardy qui elles-mêmessont fondamentales pour établir les inégalités de type Poin
aré. Notons éga-lement que, pour 
ertaines valeurs 
ritiques de n et p, l'introdu
tion du poids

ρ est insu�sante pour établir 
es inégalités. Il 
onvient don
 de rajouter unfa
teur logarithmique lg ρ, dé�ni par
lg ρ = ln(2 + |x|2)pour lever partiellement 
es restri
tions. Nous pouvons remarquer i
i quel'ajout des 
onstantes dans la dé�nition des poids a pour but de ne pas mo-di�er le 
omportement à l'origine des espa
es de Sobolev ave
 poids. Leurspropriétés lo
ales sont don
 les mêmes que 
elles des espa
es de Sobolev 
las-siques. De nombreux auteurs ont étudié 
es espa
es sans poids logarithmique.Nous pouvons 
iter par exemple Hanouzet [30℄, Kudrjav
ev [36℄, Kufner [37℄,Kufner et Opi
 [38℄ ou Avantaggiati [12℄. Par 
ontre, 
omparativement, peud'entre eux ont étudié l'espa
e 
omplet ave
 poids logarithmique. Nous pou-vons néanmoins nommer Lizorkin [43℄, Leroux [40℄ et Giroire [27℄.Nous voudrions maintenant revenir aux di�érents problèmes que l'on étu-die pour diverses géométries dans le 
adre de 
ette thèse. En premier lieu,nous nous intéressons à l'opérateur de base, à savoir le Lapla
ien et 
e, dansla géométrie d'un domaine extérieur, i.e. le 
omplémentaire d'un domaine
ompa
t dans Rn. De nombreux auteurs se sont pen
hés sur 
e problèmeave
 des 
onditions aux bords de type Diri
hlet ou bien de type Neumann.Nous pouvons 
iter Leroux [40℄ et [41℄, Giroire et Nedele
 [28℄, Nedele
 [47℄ou bien Nedele
 et Plan
hard [48℄ mais aussi Hsiao et Wendland [33℄ qui ont10



étudié le problème ave
 une 
ondition de Diri
hlet en dimension 2, Cantor[17℄ qui a résolu les problèmes de Diri
hlet et de Neumann pour 
ertainesvaleurs de p et de n (n ≥ 3 et p > n

n− 2
) et pour 
ertains poids ou en
oreGiroire [27℄ qui a établit des isomorphismes en dimension 2 et 3 pour unlarge éventail de poids. En�n, nous 
itons les travaux de Amrou
he, Giraultet Giroire [7℄ que nous rappelons également dans la se
tion 2.2 et qui four-nissent des résultats pour des problèmes de Diri
hlet et de Neumann pourtoute dimension, là en
ore ave
 un large éventail de poids. Dans 
e premiertravail, nous souhaitons, en nous basant sur [7℄, 
onsidérer le 
as où il y aà la fois une 
ondition aux limites de type Diri
hlet et une autre de typeNeumann. Nous pouvons noter que nous 
onsidérons juste un 
as parti
ulierde �mixité�, en supposant que les surfa
es où les 
onditions de Diri
hlet etde Neumann sont données sont disjointes et qu'il pourrait également être in-téressant d'étudier le 
adre général, quand il y a une frontière 
ommune. I
i,nous dé�nissons don
 deux 
ompa
ts disjoints non vides ω0 et ω1 de frontière(lips
hitzienne ou de 
lasse C1,1 suivant les 
as) Γ0 et Γ1 et nous voulonsétablir des résultats d'existen
e, d'uni
ité et de régularité pour le problèmesuivant dans Ω = c(ω0∪ω1), problème que nous appelons problème mixteextérieur à deux 
orps :

(P)





−∆u = f dans Ω,
u = g0 sur Γ0,
∂u

∂n
= g1 sur Γ1.Dans un se
ond temps, nous voulons rester dans 
e même type d'ap-pro
he, i.e. pour des problèmes ave
 des 
onditions de type Diri
hlet-Neumannmais 
ette fois-
i, nous ne voulons plus 
onsidérer deux frontières 
ompa
tesmais une 
ompa
te et une autre non 
ompa
te, à savoir Rn−1. Pour 
e typede géométrie, nous regardons d'abord le premier 
as, où l'on a sur les deuxparties de la frontière des 
onditions aux limites de type Diri
hlet ou bienNeumann puis nous regardons les deux types de mixité, suivant le fait quela 
ondition de type Diri
hlet (resp. Neumann) se trouve sur la partie bornéou non bornée de la frontière. Don
, pour ω0 un 
ompa
t in
lus dans Rn

+,nous voulons établir des résultats d'existen
e, d'uni
ité et de régularité dans
Ω = cω0 ∩ Rn

+ domaine que l'on appelle domaine extérieur dans ledemi-espa
e, pour les problèmes suivants :
(PD) − ∆u = f dans Ω, u = g0 sur Γ0, u = g1 sur Rn−1,

(PN ) − ∆u = f dans Ω,
∂u

∂n
= g0 sur Γ0,

∂u

∂n
= g1 sur Rn−1,

(PM1) − ∆u = f dans Ω, u = g0 sur Γ0,
∂u

∂n
= g1 sur Rn−1,

(PM2) − ∆u = f dans Ω,
∂u

∂n
= g0 sur Γ0, u = g1 sur Rn−1.11



Une manière de voir 
ette géométrie est de la 
onsidérer 
omme l'asso
ia-tion d'un domaine extérieur 
lassique et du demi-espa
e. La di�
ulté vienti
i du fait que la frontière n'est pas bornée. Il 
onvient don
 de dé�nir desespa
es de tra
e ave
 poids permettant de dé
rire le 
omportement des fon
-tions à l'in�ni. Nous pouvons 
iter à 
e sujet les travaux de Hanouzet [30℄puis 
eux d'Amrou
he et Ne£asová [8℄ qui ont étendu 
ette première dé�ni-tion aux espa
es ave
 poids logarithmiques. Nous renvoyons aux résultats deBoulmezaoud [15℄, Maz'ya, Plamanevskii et Stupyalis [44℄, Simader et Sohr[49℄ et don
 Amrou
he et Ne£asová [8℄ (présentés dans la se
tion 2.3) pourl'équation de Lapla
e dans le demi-espa
e ave
 
ondition de Diri
hlet, ainsiqu'aux résultats d'Amrou
he [4℄ pour le même problème ave
 une 
onditionde Neumann.Après s'être intéressés au Lapla
ien, nous voulons étudier l'opérateurde Stokes en 
onsidérant toujours des géométries non bornées, possédantégalement des frontières non bornées. Nous nous intéressons en premier lieuau même domaine que pré
édemment, à savoir un domaine extérieur dansle demi-espa
e et nous étudions le problème suivant, ave
 des 
onditonsaux limites de type Diri
hlet :
(SD)





−∆u+ ∇π = f in Ω,div u = h in Ω,
u = g0 on Γ0,
u = g1 on Rn−1.I
i en
ore, 
ette géométrie, mélange de domaine extérieur 
lassique et dedemi-espa
e, est assez nouvelle mais nous pouvons rappeler des résultats pré-
édemment établis pour les deux géométries plus 
lassiques. Tout d'abord,pour un domaine extérieur, 
itons quelques travaux dans un autre 
adrefon
tionnel que 
elui des espa
es de Sobolev ave
 poids, 
eux de Kozono etSohr [34℄ et [35℄ et 
eux de Galdi et Simader [24℄ qui établissent des résultatsd'existen
e et d'uni
ité pour un 
hamp de vitesse dans le 
omplété de D(Ω)pour la norme Lp du gradient et pour un 
hamp de pression dans Lp. En 
equi 
on
erne les espa
es de Sobolev ave
 poids, nous renvoyons à Girault etSequeira [26℄ (dans les 
as n = 2 ou n = 3, p = 2 et α = 0), à Spe
ovius etNeugebauer ([52℄ quand n ≥ 3 et n

p
+α /∈ Z pour des solutions fortes et [53℄quand n = 2 et 2

p
+ α /∈ Z pour des solutions faibles) ainsi qu'à Alliot etAmrou
he [3℄. Pour le problème de Stokes dans le demi-espa
e, nous pouvons
iter Cattabriga [18℄, Farwig et Sohr [22℄ et Galdi [23℄ pour une appro
hedans les espa
es homogènes ou bien Maz'ya, Plamanevskii et Stupyalis [44℄(en dimension 3) et Amrou
he, Ne£asová et Raudin [9℄ (voir la se
tion 2.5)pour une appro
he dans les espa
es de Sobolev ave
 poids.12



En�n, dans un dernier temps, nous nous intéressons à d'autres géomé-tries non bornées ave
 frontière non bornée, pour l'opérateur de Stokes. Nousnous 
on
entrons sur deux domaines parti
uliers que l'on peut retrouver dansla littérature. Le premier est un demi-espa
e perturbé i.e. un domaine ob-tenu par une perturbation lo
ale du demi-espa
e. Le se
ond est un �aperturedomain� i.e. deux demi-espa
es séparés par un mur d'épaisseur d > 0 et re-liés par un trou. Pour 
es domaines, nous voulons don
 établir des résultatsd'existen
e, d'uni
ité et de régularité pour le problème de Stokes suivant :
(S)





−∆u+ ∇π = f dans Ω,div u = h dans Ω,
u = g sur ∂Ω.Nous remarquons i
i, 
omme l'a montré Heywood ([31℄ et [32℄), l'importan
e,dans le 
as de l'aperture domain, de la 
onditon de �ux

∫

M
u · n dσ,en tant que 
ondition supplémentaire a�n d'obtenir l'uni
ité de la solution.Notons queM est une hypersurfa
e au niveau du trou qui sépare Ω en un do-maine supérieur Ω+ et un domaine inférieur Ω−. Nous renvoyons égalementaux travaux de Bor
hers et Pile
kas [14℄, Galdi [23℄, Ladyzhenskaya et Solon-nikov [39℄, Solonnikov [50℄, Solonnikov et Pile
kas [51℄ et Farwig et Sohr [22℄.Ce travail de thèse est dé
oupé en sept 
hapitres. Les 
hapitres 3, 4 et 5ont 
ha
un donné lieu à la réda
tion d'un arti
le soumis, à paraître ou paru.Un dernier arti
le en 
ours de réda
tion regroupe les résultats des 
hapitres6 et 7.Dans le 
hapitre 1, nous donnons les notations prin
ipales que l'on utilisedans 
e mémoire de thèse. Nous y dé�nissons en parti
ulier les espa
es deSobolev ave
 poids de la manière la plus générale possible, 
'est à dire ave
un très large éventail d'exposants sur le poids ρ ainsi que sur le poids lo-garithmique. Ce
i étant, dans la pratique nous nous 
ontenterons de donnerdes résultats dans les espa
es à poids les plus basiques (exposant -1, 0 ou 1sur ρ, exposant 0 sur lg ρ). Nous pouvons noter i
i qu'une extension possiblede 
e travail pourrait être de donner des résultats similaires dans les espa
esplus généraux. Bien sûr, 
ela entraînera des questions supplémentaires sur lesnoyaux des problèmes ainsi que sur les 
onditions de 
ompatibilité. Nous rap-pelons aussi les résultats 
onnus des inégalités fondamentales de type Poin-
aré (Theorème 1.2.1) dans di�érentes géométries. Nous donnons égalementdans 
e 
hapitre les dé�nitions générales des espa
es de tra
es ave
 poids.Néanmoins, nous les énonçons i
i uniquement dans le 
as de l'espa
e Rn−1 etnous renvoyons aux introdu
tions respe
tives des 
hapitres 6 et 7 pour leurs13



dé�nitions dans le 
as du demi-espa
e perturbé et de l'�aperture domain�.En�n, nous donnons un résultat fondamental de relèvement au Lemme 1.3.1.Dans le se
ond 
hapitre, nous nous 
ontentons de rappeler des résultatsdéjà établis dans d'autres géométries plus 
lassiques et dans le 
adre desespa
es de Sobolev ave
 poids. Nous rappelons tout d'abord 
ertains isomor-phismes pour l'équation de Poisson puis des résultats pour un problème deLapla
e en domaine extérieur ainsi que dans le demi-espa
e ave
 des 
ondi-tions aux limites de type Diri
hlet ou Neumann. Ensuite, nous énonçonségalement des résultats pour le problème de Stokes dans Rn puis dans Rn
+.Nous pré
isons i
i que nous ne rappelons que les résultats sur l'existen
e etl'uni
ité de solutions généralisées et nous renvoyons à 
es di�érents travauxpour une étude plus 
omplète de 
es problèmes.La suite du travail est le véritable 
ontenu de 
ette thèse, à savoir les nou-veaux résultats qui sont établis i
i. Tout d'abord, dans le 
hapitre 3, nousnous 
onsa
rons à l'étude du problème mixte extérieur à deux 
orps dé�nipré
édemment. Nous étudions tout d'abord le 
as hilbertien en démontrantentre autres une inégalité de type Poin
aré. Puis nous regardons le 
as p 6= 2en résolvant tout d'abord, lorsque p > 2, le problème harmonique puis enétablissant une 
ondition �inf-sup�. Ensuite, nous donnons une 
ara
térisa-tion du noyau et par dualité, nous étudions le 
as p < 2. Nous établissonségalement des résultats de régularité et dans la dernière partie, nous abor-dons brièvement la question des solutions homogènes.Le 
hapitre 4 est dévoué à la résolution des quatre problèmes de Lapla
e
ités 
i-dessus dans le 
omplémentaire d'un 
ompa
t dans le demi-espa
e.Chaque se
tion de 
e 
hapitre est 
onsa
rée à l'étude d'un de 
es quatre pro-blèmes. Nous y donnons des résultats d'existen
e et d'uni
ité de solutionsfaibles et de solutions fortes.En se plaçant toujours dans un domaine extérieur dans le demi-espa
e,nous étudions au 
hapitre 5 l'opérateur de Stokes ave
 
onditons aux limitesde type Diri
hlet. I
i en
ore, nous 
her
hons à établir des théorèmes d'exis-ten
e et d'uni
ité de solutions généralisées. Pour 
ela nous étudions d'abordle 
as p = 2 en donnant des lemmes de relèvements, une formulation va-riationnelle équivalente et un théorème du type De Rham au moyen d'une
ondition �inf-sup�. Puis nous passons au 
as p > 2 que nous résolvons en
onsidérant tout d'abord des données à support 
ompa
t de manière à se ra-mener au 
as hilbertien et 
onstruire une solution. I
i en
ore, nous traitonsle 
as p < 2 grâ
e à un raisonnement par dualité. En�n, les deux dernièresse
tions de 
e 
hapitre sont vouées à établir des résultats pour des solutionsfortes dont un résultat de régularité mais également des théorèmes permet-tant d'obtenir des solutions très faibles lorsque les données sur le bord sont14



peu régulières.Pour terminer, dans les 
hapitres 6 et 7, 
onsa
rés respe
tivement audemi-espa
e perturbé et à l'�aperture domain�, nous essayons de suivre lemême s
héma de démonstration qu'au 
hapitre 5 a�n d'obtenir des résultatssimilaires. Néanmoins, et parti
ulièrement dans le 
as de l'�aperture domain�,nous devons adapter nos démonstrations à la parti
ularité du domaine et no-tamment à l'ajout de la 
ondition de �ux.En�n, pour 
on
lure 
ette introdu
tion, nous voulons rappeler les 
hosesqui n'ont pas été traitées i
i et qui peuvent ouvrir des perspe
tives pour lasuite. Tout d'abord, 
omme nous l'avons déjà dit, il peut-être intéressant dedonner des résultats similaires pour une 
lasse plus large de poids. Ensuite,on peut étudier, pour la géométrie du 
hapitre 3, le 
as où ω0 et ω1 ont unefrontière 
ommune. En 
e qui 
on
erne le problème de Stokes, on pourraitl'étudier dans 
es di�érentes géométries ave
 d'autres 
onditions aux limites.Puis, on peut penser au 
as où l'épaisseur du �mur� de l'aperture domain estréduite à zéro. En�n, il 
onviendrait d'étudier 
es problématiques pour desproblèmes évolutifs et non linéaires.

15





Chapter 1Fun
tional framework1.1 NotationsLet Ω be an open set of Rn with n ≥ 2 and Γ its boundary. In all thesequel, Ω is supposed of 
lass C1,1 ex
ept in some 
ases where we will pre
isethat the boundary 
an be only Lips
hitz-
ontinuous. For any real number
p ∈ ]1,+∞[, we denote by p′ the dual exponent of p:

1

p
+

1

p′
= 1.Let x = (x1, . . . , xn) be a typi
al point of Rn and let r = |x| = (x2

1 + · · · +
x2

n)1/2 denote its distan
e to the origin. We de�ne the upper half-spa
e by
Rn

+ = {x ∈ Rn, xn > 0}.We shall use two basi
 weights:
ρ = (1 + r2)1/2 and lg ρ = ln(2 + r2)For a multi index λ = (λ1, . . . , λn) ∈ Nn we set

Dλ =
∂|λ|

∂xλ1
1 . . . ∂xλn

nwith |λ| = λ1 + · · · + λn. For any integer q we denote by Pq the spa
e ofpolynomials in n variables, smaller than or equal to q, with the 
onventionthat Pq is redu
ed to {0} when q is negative.For E and F two spa
es su
h that E ⊂ F , we de�ne
F ′ ⊥ E = {f ∈ F ′, ∀x ∈ E, < f, x >F ′,F = 0}.For any spa
e E, we denote by E the spa
e En.17



We will denote by C a positive and real 
onstant whi
h may vary fromline to line.For R > 0, we will denote by BR an open ball of radius R.We remind here the de�nition of 
lassi
al Sobolev spa
es: for any non-negative integers n and m and real numbers p > 1 setting:
Wm,p(Ω) = {u ∈ D′(Ω); ∀λ ∈ Nn : 0 ≤ |λ| ≤ m, Dλu ∈ Lp(Ω)}.We equipped this spa
e with its natural norm. When p = 2, we note

Hm(Ω) = Wm,2(Ω),then H 1
2 (Γ) is the spa
e of tra
es of fun
tions in H1(Ω) and H1

0(Ω) is thesubspa
e of fun
tions in H1(Ω) whose the tra
e is equal to zero on Γ.Finally, we de�ne the following spa
e:
Lp

loc(Ω) = {u, for any 
ompa
t K ⊂ Ω, u ∈ Lp(K)}.1.2 Weighted Sobolev spa
esFor any nonnegative integers n and m and real numbers p > 1, α and β,setting
k = k(m,n, p, α) =





−1 if n
p

+ α /∈ {1, . . . ,m},

m−
n

p
− α if n

p
+ α ∈ {1, . . . ,m},we de�ne the following spa
e:

Wm,p
α,β (Ω) = {u ∈ D′(Ω);

∀λ ∈ Nn : 0 6 |λ| 6 k, ρα−m+|λ|(lg ρ)β−1Dλu ∈ Lp(Ω);

∀λ ∈ Nn : k + 1 6 |λ| 6 m, ρα−m+|λ|(lg ρ)βDλu ∈ Lp(Ω)}.It is a re�exive Bana
h spa
e equipped with its natural norm:
‖u‖W m,p

α,β (Ω) = (
∑

06|λ|6k

‖ρα−m+|λ|(lg ρ)β−1Dλu‖p
Lp(Ω)

+
∑

k+16|λ|6m

‖ρα−m+|λ|(lg ρ)βDλu‖p
Lp(Ω))

1/p.18



We also de�ne the semi-norm:
|u|W m,p

α,β (Ω) = (
∑

|λ|=m

‖ρα(lg ρ)βDλu‖p
Lp(Ω))

1/p.When β = 0, we agree to drop the index β and denote simply the spa
e by
Wm,p

α (Ω).The 
onstants 1 and 2 in ρ(r) and lg r are added so that they do notmodify the behaviour of the fun
tions near the origin, in 
ase it belongs to Ω.Thus, the fun
tions of Wm,p
α,β (Ω) belong to Wm,p(O) on all bounded domains

O 
ontained in Ω. Now, we de�ne the spa
e
◦
W

m,p
α,β (Ω) = D(Ω)

‖·‖
W

m,p
α,β

(Ω)
,it is 
hara
terized by

◦
W

m,p
α,β (Ω) = {v ∈Wm,p

α,β (Ω); γ0v = γ1v = · · · = γm−1v = 0},where γi is the tra
e of order i of a fun
tion in Wm,p
α,β (Ω). Now, we de�ne

W−m,p′

−α,−β(Ω), the dual spa
e of ◦
W

m,p
α,β (Ω), whi
h is a spa
e of distributions.In the whole spa
e, in the half-spa
e and in an exterior domain in thewhole spa
e, we remind that

D(Ω) is dense in Wm,p
α,β (Ω) (1.1)and that we have the following Poin
aré-type inequalities:Theorem 1.2.1. Let α and β be two real numbers and m ≥ 1 an integernot satisfying simultaneously:

n

p
+ α ∈ {1, . . . ,m} and (β − 1)p = −1Let q′ = min(q,m − 1), where q is the highest degree of the polynomials
ontained in Wm,p

α,β (Ω). Then:i) the semi-norm | . |W m,p
α,β (Ω) de�ned on Wm,p

α,β (Ω)/Pq′ is a norm equivalentto the quotient norm.ii) the semi-norm | . |W m,p
α,β (Ω) is a norm on ◦

W
m,p
α,β (Ω), whi
h is equivalent tothe full norm ‖ . ‖W m,p

α,β (Ω).We just re
all here the de�nition of the quotient norm:
‖u‖W m,p

α,β (Ω)/Pq′
= inf

k∈Pq′

‖u+ k‖W m,p
α,β (Ω).19



This theorem is established by Amrou
he, Girault an Giroire when Ω = Rn(see [6℄) or when Ω is an exterior domain in the whole spa
e (see [7℄) and byAmrou
he and Ne£asovà when Ω = Rn
+ (see [8℄). We prove that it is easilyextended to an exterior domain in the half-spa
e, a perturbed half-spa
e oran aperture domain (see Se
tions 1 in Chapters 5, 6 and 7).Now, we want to re
all some properties of the weighted Sobolev spa
es

Wm,p
α,β (Ω). First, we have the algebrai
 and topologi
al imbeddings:

Wm,p
α,β (Ω) →֒Wm−1,p

α−1,β (Ω) →֒ . . . →֒W 0,p
α−m,β(Ω)if n

p
+ α /∈ {1, . . . ,m} and

Wm,p
α,β (Ω) →֒ . . . →֒Wm−j+1,p

α−j+1,β (Ω) →֒Wm−j,p
α−j,β−1(Ω) →֒ . . . →֒W 0,p

α−m,β−1(Ω)if n
p

+ α = j ∈ {1, . . . ,m}. We noti
e that in the �rst 
ase, for any γ ∈ Rsu
h that n
p

+ α− γ /∈ {1, . . . ,m}, the mapping
u ∈Wm,p

α,β (Ω) 7→ ργu ∈Wm,p
α−γ,β(Ω)is an isomorphism. In both 
ases and for any multi-index λ ∈ Nn, themapping

u ∈Wm,p
α,β (Ω) 7→ ∂λu ∈W

m−|λ|,p
α,β (Ω)is 
ontinuous. Finally, it 
an be readily 
he
ked that the highest degree q ofthe polynomials 
ontained in Wm,p

α,β (Ω) is given by
q =





m−
n

p
− α− 1 if n

p
+ α ∈ {1, . . . ,m} and (β − 1)p ≥ −1,or

n

p
+ α ∈ {j ∈ Z; j ≤ 0} and βp ≥ −1,

m−
n

p
− α otherwise.For any open subset Θ of Rn, we denote the following duality pairing:

< ., . >Θ= < ., . >
W−1,p(Θ)×

◦

W 1,p′ (Θ)
if Θ is bounded,

< ., . >Θ= < ., . >
W−1,p

0 (Θ)×
◦

W
1,p′

0 (Θ)
if Θ is unbounded,and

< ., . >Rn= < ., . >
W−1,p

0 (Rn)×W 1,p′

0 (Rn)
.20



1.3 The spa
es of tra
esHere, we want de�ne the tra
e of a fun
tion in Wm,p
α,β (Ω). First, when Γ,whi
h is the boundary or a part of the boundary of Ω is bounded, the tra
esof fun
tions in Wm,p

α,β (Ω) are in the 
lassi
al spa
es of tra
es Wm−j− 1
p
,p
(Γ),with j = 0, . . . ,m − 1 and we return to Adams [1℄ or Ne£as [46℄ for theirde�nition and for the usual tra
e theorems.Now, we want to de�ne the tra
es of fun
tions when Ω = Rn

+. We willuse these spa
es in Chapters 4 and 5. For the other types of spa
es of tra
es(in the 
ase of the perturbed half-spa
e (Se
tion 6) and in the 
ase of theaperture domain (Se
tion 7)), we return to the introdu
tions of the 
orre-sponding se
tions.For any σ ∈ ]0, 1[, we introdu
e the spa
e
W σ,p

0 (Rn) = {u ∈ D′(Rn), ω−σu ∈ Lp(Rn),
∫

Rn×Rn

|u(x) − u(y)|p

|x− y|n+σp
dxdy <∞},where ω = ρ if n

p
6= σ and ω = ρ (lgρ)1/σ if n

p
= σ. It is a re�exive Bana
hspa
e equipped with its natural norm

‖u‖W σ,p
0 (Rn) = (‖

u

ωσ
‖p

Lp(Rn) +

∫

Rn×Rn

|u(x) − u(y)|p

|x− y|n+σp
dxdy)1/p.Similarly, for any real number α ∈ R, we de�ne the spa
e:

W σ,p
α (Rn) = {u ∈ D′(Rn), ωα−σu ∈ Lp(Rn),

∫

Rn×Rn

|ρα(x)u(x) − ρα(y)u(y)|p

|x− y|n+σp
dxdy <∞},where ω = ρ if n

p
+ α 6= σ and ω = ρ (lgρ)1/(σ−α) if n

p
+ α = σ. For any

s ∈ R+, we set
W s,p

α (Rn) = {u ∈ D′(Rn);

∀λ ∈ Nn : 0 6 |λ| 6 k, ρα−s+|λ|(lg ρ)−1Dλu ∈ Lp(Rn);

∀λ ∈ Nn : k + 1 6 |λ| 6 [s] − 1, ρα−s+|λ|Dλu ∈ Lp(Rn);

∀λ ∈ Nn : |λ| = [s], Dλu ∈W σ,p
α (Rn)}.where k = s−

n

p
−α if n

p
+α ∈ {σ, . . . , σ+[s]}, with σ = s− [s] and k = −121



otherwise. It is a re�exive Bana
h spa
e equipped with the norm
‖u‖W s,p

α (Rn) = (
∑

06|λ|6k

‖ρα−s+|λ|(lg ρ)−1Dλu‖p
Lp(Rn)

+
∑

k+16|λ|6[s]−1

‖ρα−s+|λ|Dλu‖p
Lp(Rn))

1/p +
∑

|λ|=[s]

‖Dλu‖W σ,p
α (Rn).We 
an similarly de�ne, for any real number β, the spa
e:

W s,p
α,β(Rn) = {u ∈ D′(Rn), (lg ρ)βu ∈W s,p

α (Rn)}.We 
an prove some properties of the weighted Sobolev spa
es W s,p
α,β(Rn).We have the algebrai
 and topologi
al imbeddings in the 
ase where n

p
/∈

{σ, . . . , σ + [s] − 1}:
W s,p

α,β(Rn) →֒W s−1,p
α−1,β(Rn) →֒ . . . →֒ W σ,p

α−[s],β(Rn),

W s,p
α,β(Rn) →֒W

[s],p
α+[s]−s,β(Rn) →֒ . . . →֒W 0,p

α−s,β(Rn).When n

p
+ α = j ∈ {σ, . . . , σ + [s] − 1}, then we have:

W s,p
α,β →֒ . . . →֒W s−j+1,p

α−j+1,β →֒W s−j,p
α−j,β−1 →֒ . . . →֒W σ,p

α−[s],β−1,

W s,p
α,β →֒W

[s],p
α+[s]−s,β →֒ . . . →֒W

[s]−j+1,p
α−σ−j+1,β →֒W

[s]−j,p
α−σ−j,β−1 →֒ . . . →֒W 0,p

α−s,β−1.We denote the tra
e of order j on Rn−1 of a fun
tion u by:
∀j ∈ N, x′ ∈ Rn−1, γju(x

′) =
∂ju

∂nj
(x′, 0).We remind the following tra
e lemma proved by Hanouzet [30℄ and extendedby Amrou
he and Ne£asová [8℄ to this 
lass of weighted Sobolev spa
es:Lemma 1.3.1. For any integer m ≥ 1 and real number α, the mapping

γ : D(Rn
+) → (D(Rn−1))m

u 7→ (γ0u, . . . , γm−1u)
an be extended by 
ontinuity to a linear and 
ontinuous mapping still denotedby γ from Wm,p
α (Rn

+) to m−1∏

j=0

W
m−j− 1

p
,p

α (Rn−1). Moreover, γ is onto andKer γ =
◦
W

m,p
α (Rn

+).To �nish this se
tion, for any open subset Θ of Rn, we denote the follow-ing duality pairing:
< ., . >∂Θ= < ., . >

W
−

1
p ,p

(∂Θ)×W
1− 1

p′
,p′

(∂Θ)
if ∂Θ is bounded,

< ., . >∂Θ= < ., . >
W

−
1
p ,p

0 (∂Θ)×W
1− 1

p′
,p′

0 (∂Θ)

if ∂Θ is unbounded,22



Chapter 2Known resultsIn this se
tion, we want to remind some results previously established andusually used in this work. Let us noti
e that it is not an exhaustive list ofall results using here but only a re
all of similar results than ours for othergeometries. Indeed, here we give results for a Lapla
e's problem and a Stokesproblem in the whole spa
e or the 
omplement of a 
ompa
t in the wholespa
e or the half-spa
e. In all the sequel, they will be used several times inthe proofs of our theorems.2.1 The Poisson's equationFirst, we re
all some isomorphisms established by Amrou
he, Girault andGiroire in 1994 ([6℄) for the Poisson's equation:Theorem 2.1.1. The following Lapla
e operators are isomorphisms:
i) ∆ : W 1,p

0 (Rn)/P[1−n/p] → W−1,p
0 (Rn) ⊥ P[1−n/p′],

ii) ∆ : W 2,p
1 (Rn)/P[1−n/p] → W 0,p

1 (Rn) ⊥ P[1−n/p′], if n 6= p′

iii) ∆ : W
2, n

n−1

1 (Rn)/P2−n → (W
0, n

n−1

1 (Rn) ∩W
−1, n

n−1

0 (Rn)) ⊥ R,Then, we have also this result:Proposition 2.1.2. Assume that p > 2 and f ∈ W−1,p
0 (Rn) with 
ompa
tsupport and satisfying, if n = 2, the 
ompatibility 
ondition

< f, 1 >W−1,2
0 (R2),W 1,2

0 (R2)= 0.Then, the problem
−∆u = f in Rnhas a solution u ∈W 1,2

0 (Rn)∩ W 1,p
0 (Rn), unique up to an additive 
onstantif n = 2. 23



2.2 The Lapla
e's equation in an exterior domainHere we remind the main theorems for Diri
hlet and Neumann problems forthe Lapla
e operator in exterior domains of Rn. This study was done byAmrou
he, Girault and Giroire in 1997 ([7℄). Let ω0 a 
ompa
t region of Rnand Γ0 its boundary of 
lass C1,1. First, we are interested in a problem witha Diri
hlet boundary 
ondition. We give the 
hara
terization of the kernelof su
h a problem. We de�ne
Ap

0(
cω0) = {v ∈W 1,p

0 (cω0), ∆v = 0 in cω0, v = 0 on Γ0}.For this, we de�ne the fun
tion µ0 by:
µ0 = U ∗ (

1

|Γ0|
δΓ0)where U =

1

2π
ln(r) is the fundamental solution of the Lapla
e's equation in

R2 and δΓ0 is de�ned by:
∀ϕ ∈ D(R2), < δΓ0 , ϕ > =

∫

Γ0

ϕ dσ.We have the following 
hara
terization:Proposition 2.2.1. If p < n or p = n = 2, then Ap
0(

cω0) = {0}.If p ≥ n ≥ 3, then Ap
0(

cω0) = {c(λ − 1), c ∈ R}, where λ is the uniquesolution in W 1,p
0 (cω0) ∩W

1,2
0 (cω0) of the problem

∆λ = 0 in cω0, λ = 1 on Γ0.If p > n = 2, then Ap
0(

cω0) = {c(µ − µ0), c ∈ R}, where µ is the uniquesolution in W 1,p
0 (cω0) ∩W

1,2
0 (cω0) of the problem

∆µ = 0 in cω0, µ = µ0 on Γ0.Then, we have the following theorem:Theorem 2.2.2. If p ≥ 2, for any f ∈ W−1,p
0 (cω0) and g ∈ W

1− 1
p
,p
(Γ0),there exists a unique solution u ∈W 1,p

0 (cω0)/A
p
0(

cω0) of the problem
{

−∆u = f in cω0,
u = g on Γ0.Moreover, u satis�es

‖u‖W 1,p
0 (cω0)/A

p
0(cω0) ≤ C( ‖f‖W−1,p

0 (cω0) + ‖g‖
W

1− 1
p ,p

(Γ0)
),24



where C is a real positive 
onstant whi
h depends only on ω0 and p.If p ≤
n

n− 1
and p < 2, for any f ∈ W−1,p

0 (cω0) and g ∈ W
1− 1

p
,p
(Γ0)satisfying the 
ompatibility 
ondition

∀ϕ ∈ Ap′

0 (cω0), < f, ϕ > = < g,
∂ϕ

∂n
>Γ0 ,this problem has a unique solution u ∈W 1,p

0 (cω0).If n

n− 1
< p < 2, for any f ∈ W−1,p

0 (cω0) and g ∈ W
1− 1

p
,p
(Γ0), thisproblem has a unique solution u ∈W 1,p

0 (cω0). In both 
ases, u satis�es
‖u‖

W 1,p
0 (cω0)

≤ C( ‖f‖
W−1,p

0 (cω0)
+ ‖g‖

W
1− 1

p ,p
(Γ0)

),where C is a real positive 
onstant whi
h depends only on ω0 and p.Now, we give results for the Lapla
e operator with a Neumann boundary
ondition. We introdu
e the following partition of unity:
ψ1, ψ2 ∈ C∞(Rn), 0 ≤ ψ1, ψ2 ≤ 1, ψ1 + ψ2 = 1 in Rn,

ψ1 = 1 in BR, supp ψ1 ⊂ BR′ ,where 0 < R < R′ is su
h that ω0 ⊂ BR and we have the following theorem:Theorem 2.2.3. For any p > 1, f ∈ W−1,p
0 (cω0) ∩ Lp(cω0) and g ∈

W
− 1

p
,p
(Γ0) satisfying, if p ≤ n

n− 1
, the 
ompatibility 
ondition

∫

cω0∩BR′

fψ1 dx+ < f,ψ2 >cω0 + < g, 1 >Γ0= 0,there exists a unique solution u ∈W 1,p
0 (cω0)/P[1−n/p] of the problem

{
−∆u = f in cω0,
∂u

∂n
= g on Γ0.Moreover, u satis�es

‖u‖W 1,p
0 (cω0)/P[1−n/p]

≤ C( ‖f‖W−1,p
0 (cω0)∩Lp(cω0) + ‖g‖

W
−

1
p ,p

(Γ0)
),where C is a real positive 
onstant whi
h depends only on ω0 and p.2.3 The Lapla
e's equation in the half-spa
eHere we remind the main theorems for Diri
hlet and Neumann problemsfor the Lapla
e operator in the half-spa
e. This study was done by Am-rou
he and Ne£asová in 2001 ([8℄) for the Diri
hlet boundary 
ondition andby Amrou
he in 2002 ([4℄) for the Neumann boundary 
ondition.25



Theorem 2.3.1. For any p > 1, f ∈ W−1,p
0 (Rn

+) and g ∈ W 1− 1
p
,p(Rn−1),there exists a unique solution u ∈W 1,p

0 (Rn
+) of the problem

{
−∆u = f in Rn

+,
u = g on Rn−1.Moreover, u satis�es

‖u‖
W 1,p

0 (Rn
+)

≤ C( ‖f‖
W−1,p

0 (Rn
+)

+ ‖g‖
W

1− 1
p ,p

(Rn−1)
),where C is a real positive 
onstant whi
h depends only on p.Theorem 2.3.2. For any p > 1 su
h that n

p′
6= 1, f ∈ W 0,p

1 (Rn
+) and

g ∈W− 1
p
,p(Rn−1) satisfying, if p ≤ n

n− 1
, the 
ompatibility 
ondition

∫

Rn
+

f dx =< g, 1 >Rn−1 ,there exists a unique solution u ∈W 1,p
0 (Rn

+)/P[1−n/p] of the problem
{

−∆u = f in Rn
+,

∂u

∂n
= g on Rn−1.Moreover, u satis�es

‖u‖W 1,p
0 (Rn

+)P[1−n/p]
≤ C( ‖f‖W 0,p

1 (Rn
+) + ‖g‖

W
−

1
p ,p

(Rn−1)
),where C is a real positive 
onstant whi
h depends only on p.2.4 The Stokes equations in RnHere, we give results established by Alliot and Amrou
he in 1999 ([2℄) forthe following Stokes system in the whole spa
e:

{
−∆u+ ∇π = f in Rn,
div u = h in Rn.We have the following theorem:Theorem 2.4.1. For any p > 1, f ∈W−1,p

0 (Rn) and h ∈ Lp(Rn) satisfying,if p ≤ n

n− 1
, the 
ompatibility 
ondition

∀i = 1, . . . , n, < fi, 1 >Rn= 0,this problem has a solution (u, π) ∈ W 1,p
0 (Rn) × Lp(Rn). Moreover, (u, π)is unique up to an element of P [1−n/p] × {0} and satis�es

inf
λ∈P[1−n/p]

‖u+ λ‖
W

1,p
0 (Rn) + ‖π‖Lp(Rn) ≤ C( ‖f‖

W
−1,p
0 (Rn) + ‖h‖Lp(Rn)),where C is a real positive 
onstant whi
h depends only on p.26



2.5 The Stokes equations in the half-spa
eFinally, to �nish this se
tion, we give results established by Amrou
he,Ne£asová and Raudin in 2008 ([9℄) for the Stokes system in Rn
+. We havethe following theorem:Theorem 2.5.1. For any p > 1, f ∈ W

−1,p
0 (Rn

+), h ∈ Lp(Rn
+) and g ∈

W
1− 1

p
,p

0 (Rn−1), there exists a unique solution (u, π) ∈W 1,p
0 (Rn

+) × Lp(Rn
+)of the problem 




−∆u+ ∇π = f in Rn
+,

div u = h in Rn
+,

u = g on Rn−1.Moreover, (u, π) satis�es
‖u‖

W
1,p
0 (Rn

+)+‖π‖Lp(Rn
+) ≤ C( ‖f‖

W
−1,p
0 (Rn

+)+‖h‖Lp(Rn
+)+‖g‖

W
1− 1

p ,p

0 (Rn−1)
),where C is a real positive 
onstant whi
h depends only on p.
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Chapter 3Mixed exterior Lapla
e'sproblem3.1 Introdu
tion and preliminariesIn this 
hapter, we want to study the mixed exterior Lapla
e's problem,with both a boundary 
ondition of Diri
hlet and a boundary 
ondition ofNeumann. Let ω0 and ω1 be two 
ompa
t, dis
onne
ted and not emptyregions of Rn, n ≥ 2, let Γ0 and Γ1 be their respe
tive boundary, of 
lass
C1,1 when p 6= 2 and Lips
hitz-
ontinuous when p = 2 and let Ω be the
omplement of ω0 ∪ ω1. We set Γ = Γ0 ∪ Γ1 = ∂Ω.This 
hapter is devoted to solve the following problem:

(P)





−∆u = f in Ω,
u = g0 on Γ0,
∂u

∂n
= g1 on Γ1.This 
hapter is organized as follows. Se
tions 3.2, 3.3 and 3.4 are devotedto the study of questions of existen
e, uniqueness and regularity of solutionsrespe
tively in 
ases p = 2, p > 2 and p < 2 and Se
tion 3.5 deals withdi�erent behaviours at the in�nity of the solution a

ording to the data.The main results are Theorem 3.2.2, Theorem 3.3.6 and Theorem 3.4.3 forgeneralized solutions and Theorems 3.3.8 and 3.4.4 for regularity results.Now, we de�ne the spa
e Y p(Ω) = W−1,p

0 (Ω)∩Lp(Ω) equipped with thefollowing norm:
‖u‖Y p(Ω) = (‖u‖p

W−1,p
0 (Ω)

+ ‖u‖p
Lp(Ω))

1/p.We easily 
he
k that Y p(Ω) is 
omplete. We introdu
e the partition of unity:
ψ1, ψ2 ∈ C∞(Rn), 0 ≤ ψ1, ψ2 ≤ 1, ψ1 + ψ2 = 1 in Rn,

ψ1 = 1 in BR, supp ψ1 ⊂ BR+1.29



where R > 0 is su
h that ω0 ∪ ω1 ⊂ BR. For any v ∈ W 1,p′

0 (Ω), we set
v1 = ψ1v and v2 = ψ2v. We have supp v1 ⊂ ΩR+1 = BR+1 ∩ Ω and so
v1 ∈W 1,p′(ΩR+1). Furthermore v2 = 0 on Γ be
ause ψ2 = 0 on ΩR = BR∩Ω,so v2 ∈

◦
W

1,p′

0 (Ω). For f ∈ Y p(Ω), we set:
∀v ∈W 1,p′

0 (Ω), Tf (v) =

∫

ΩR+1

fv1 dx + < f, v2 >Ω .We easily noti
e that Tf is well de�ned, linear and we 
he
k that:
∀ϕ ∈ D(Ω), Tf (ϕ) =

∫

Ω
fϕ dx, (3.1)and for any f ∈ Y p(Ω) and v ∈W 1,p′

0 (Ω),
|Tf (v)| ≤ C ‖f‖Y p(Ω) ‖v‖W 1,p′

0 (Ω)
, (3.2)where C > 0 is a 
onstant whi
h does not depend of f and v.3.2 Case p = 2We begin to introdu
e the spa
e

D2 = {v ∈W 1,2
0 (Ω), v = 0 on Γ0}.and to establish a Poin
aré type inequality:Proposition 3.2.1. There exists a 
onstant C > 0 su
h that:

∀u ∈ D2, ‖u‖W 1,2
0 (Ω) ≤ C |u|W 1,2

0 (Ω).Proof - We use an absurd argument; so, assume that
∀n ∈ N∗, ∃ wn ∈ D2, ‖wn‖W 1,2

0 (Ω)
> n |wn|W 1,2

0 (Ω)
.Then the sequen
e de�ned by un =

wn

‖wn‖W 1,2
0 (Ω)

satisfy
‖un‖W 1,2

0 (Ω)
= 1 and |un|W 1,2

0 (Ω)
<

1

n
. (3.3)Here, we de�ne another partition of unity:

ϕ1, ϕ2 ∈ C∞(Rn), 0 ≤ ϕ1, ϕ2 ≤ 1, ϕ1 + ϕ2 = 1 in Rn,

ϕ1 = 1 in BR1 , supp ϕ1 ⊂ BR′

1
,30



where 0 < R1 < R′
1 are su
h that ω1 ⊂ BR1 , ω0 ∩ BR′

1
= ∅ and BR′

1
⊂ BR.We set u1

n = ϕ1un and u2
n = ϕ2un, so that un = u1

n + u2
n. We dedu
e from(3.3) the existen
e of u ∈ D2 su
h that:

un ⇀ u in W 1,2
0 (Ω) and ∇u = 0 in Ω.As Ω is 
onne
ted and u ∈ D2, then u = 0 in Ω and

un ⇀ 0 in W 1,2
0 (Ω). (3.4)Thanks to the Relli
h's 
ompa
tness theorem, un → 0 in L2(ΩR′

1
) and by(3.3), we easily dedu
e that u1

n → 0 in W 1,2
0 (Ω). Now, we prove that u2

n → 0inW 1,2
0 (Ω). First, we noti
e that u2

n ∈
◦
W

1,2
0 (Ω). Setting Ω′ = (Ω\BR1)∪ω0,we 
all again u2

n the restri
tion of u2
n to Ω \BR1 and we de�ne:

ũ2
n = u2

n in Ω \BR1 , ũ2
n = 0 in ω0We easily 
he
k that ũ2

n ∈
◦
W

1,2
0 (Ω′) with ‖ũ2

n‖W 1,2
0 (Ω′)

= ‖u2
n‖W 1,2

0 (Ω\BR1
)
.Noti
ing that Ω′ = cBR1 and applying a result established by Giroire [27℄,we have:

‖ũ2
n‖W 1,2

0 (Ω′) ≤ C |ũ2
n|W 1,2

0 (Ω′).We easily show that |ũ2
n|W 1,2

0 (Ω′) → 0, so in parti
ular ‖u2
n‖W 1,2

0 (Ω\BR1
) → 0.To �nish, sin
e u2

n = 0 on ΩR1 , we have: ‖u2
n‖W 1,2

0 (Ω)
= ‖u2

n‖W 1,2
0 (Ω\BR1

)
→

0. So, u2
n → 0 in W 1,2

0 (Ω) whi
h implies that un = u1
n + u2

n → 0 in W 1,2
0 (Ω),and whi
h 
ontradi
ts (3.3). In 
onsequen
e, we have the result sear
hed.

� Remark: For some geometries of 
ompa
ts ω0 and ω1 (for example,when they almost penetrate ea
h other and when they have 
on
ave parts),the de�nition of balls BR1 and BR′

1
where 0 < R1 < R′

1 are su
h that
ω1 ⊂ BR1 and ω0 ∩BR′

1
= ∅ is impossible. Nevertheless, the same reasoningholds taking suitable open neighborhoods instead of open balls.Theorem 3.2.2. For any f ∈ Y 2(Ω), g0 ∈ H

1
2 (Γ0) and g1 ∈ H− 1

2 (Γ1),there exists a unique u ∈W 1,2
0 (Ω) solution of the problem (P). Moreover, usatis�es

‖u‖W 1,2
0 (Ω) ≤ C (‖f‖Y 2(Ω) + ‖g0‖

H
1
2 (Γ0)

+ ‖g1‖
H−

1
2 (Γ1)

),where C is a real positive 
onstant whi
h depends only on Ω.31



Proof - First, a

ording to Theorem 2.2.2, there exists a unique u0 ∈
W 1,2

0 (Ω0) where Ω0 = Ω ∪ ω1, solution of:
∆u0 = 0 in Ω0, u0 = g0 on Γ0,and su
h that
‖u0|Ω‖W 1,2

0 (Ω)
≤ C ‖g0‖

H
1
2 (Γ0)

.We noti
e that sin
e u0|Ω ∈ W 1,2
0 (Ω) and 0 = ∆u0 ∈ L2(Ω), then ∂u0

∂n
∈

H− 1
2 (Γ1). Moreover, we know that there exists a unique v ∈ D2 solution ofthe variational formulation:

∀w ∈ D2, a(v,w) = L(w),where for v,w ∈ D2,
a(v,w) =

∫

Ω
∇v · ∇w dx and L(w) = Tf (w) + < g1 −

∂u0

∂n
, w >Γ1 .Indeed, this result is a simple 
onsequen
e of the Lax-Milgram theorem andof Proposition 3.2.1 whi
h shows that the form a is 
oer
ive. Then, we 
he
kthat this solution v ∈W 1,2

0 (Ω) satis�es




−∆v = f in Ω,
v = 0 on Γ0,
∂v

∂n
= g1 −

∂u0

∂n
on Γ1.Indeed, 
learly, v = 0 on Γ0 be
ause v ∈ D2. Now, let show the �rst and thethird relation. Let w ∈ D(Ω), then:

∫

Ω
fw dx = Tf (w) =

∫

Ω
∇v · ∇w dx = < −∆v,w >D′(Ω),D(Ω),i.e. f = −∆v in Ω. Now, let w ∈ H1(Ω) su
h that supp w ⊂ BR1 . Then

∫

Ω
−w ∆v dx =

∫

Ω
fw dx.Sin
e v ∈ W 1,2

0 (Ω) and ∆v ∈ L2(Ω), then ∂v

∂n
∈ H− 1

2 (∂ΩR1). In otherrespe
ts, we have
∫

Ω
−w ∆v dx =

∫

ΩR1

−w ∆v dx =

∫

ΩR1

∇v · ∇w dx − <
∂v

∂n
, w >∂ΩR1

.But, supp w ⊂ BR1 , so ∫

ΩR1

∇v · ∇w dx =

∫

Ω
∇v · ∇w dx and

∫

Ω
∇v · ∇w dx =

∫

Ω
fw dx + <

∂v

∂n
, w >Γ1 .32



As v is solution of (FV), we dedu
e that
∫

Ω
fw dx + <

∂v

∂n
, w >Γ1= Tf (w) + < g1 −

∂u0

∂n
, w >Γ1 .As the support of w is in
luded in BR1 , then Tf (w) =

∫

Ω
fw dx and so

<
∂v

∂n
, w >Γ1= < g1 −

∂u0

∂n
, w >Γ1 .Now, let h ∈ H

1
2 (Γ1); we set

h0 = h sur Γ1, h0 = 0 sur ∂BR1 .Sin
e h0 ∈ H
1
2 (Γ1 ∪ ∂BR1), there exists wh0 ∈ H1(ΩR1), wh0 = h0 on

Γ1 ∪ ∂BR1 . Let wh be the extension of wh0 by 0 outside ΩR1 . Then wh ∈
H1(Ω) and supp wh ⊂ BR1 ; moreover, on Γ1, wh = h. So, we have, for any
h ∈ H

1
2 (Γ1):

<
∂v

∂n
, h >Γ1= < g1 −

∂u0

∂n
, h >Γ1 ,i.e. ∂v

∂n
= g1 −

∂u0

∂n
sur Γ1. Moreover, we easily show that

‖v‖
W 1,2

0 (Ω)
≤ C (‖f‖Y 2(Ω) + ‖g1 −

∂u0

∂n
‖

H−
1
2 (Γ1)

).Finally, the fun
tion u = u0|Ω + v is the solution of (P) and the estimatesear
hed is a 
onsequen
e of the two previous inequalities. �3.3 Case p > 2We propose the following approa
h: �rst we solve the harmoni
 problem, thiswill enable us to establish an "inf-sup" 
ondition whi
h in turn will solve thefull problem by the theorem of Babu²ka-Brezzi.In all this se
tion we suppose p > 2 (ex
ept for the subse
tion 3.3.5. wherewe suppose p ≥ 2) and Γ of 
lass C1,1.3.3.1 Resolution of the harmoni
 problemLet g0 be in W
1− 1

p ,p

(Γ0) and g1 be in W
−

1
p ,p

(Γ1). Here, we 
onsider theproblem: �nd u in W 1,p
0 (Ω) ∩W 1,2

0 (Ω) solution of
(P0)





∆u = 0 in Ω,
u = g0 on Γ0,
∂u

∂n
= g1 on Γ1.33



Theorem 3.3.1. For any p > 2, g0 ∈ W
1− 1

p ,p

(Γ0) and g1 ∈ W
−

1
p ,p

(Γ1),there exists a unique u ∈ W 1,p
0 (Ω) ∩W 1,2

0 (Ω) solution of (P0). Moreover, usatis�es:
‖u‖W 1,p

0 (Ω) + ‖u‖W 1,2
0 (Ω) ≤ C ( ‖g0‖

W
1− 1

p ,p
(Γ0)

+ ‖g1‖
W

−
1
p ,p

(Γ1)
), (3.5)where C is a real positive 
onstant whi
h depends only on p and Ω.Proof - By Corollary 2.6 in [7℄, we know there exists u0 ∈ W 1,p
0 (Ω0) ∩

W 1,2
0 (Ω0) solution of

∆u0 = 0 in Ω0, u0 = g0 on Γ0,where we remind that Ω0 = Ω ∪ ω1, with the following estimate:
‖u0‖W 1,p

0 (Ω0) + ‖u0‖W 1,2
0 (Ω0) 6 C ‖g0‖

W
1− 1

p ,p
(Γ0)

. (3.6)We noti
e that sin
e u0|Ω ∈ W 1,p
0 (Ω) and 0 = ∆u0 ∈ Lp(Ω), we have ∂u0

∂n
∈

W
−

1
p ,p

(Γ1). Moreover
‖
∂u0

∂n
‖

W
−

1
p ,p

(Γ1)
≤ C ‖g0‖

W
1− 1

p ,p
(Γ0)Then, we are going to show that there exists a unique v inW 1,2

0 (Ω)∩W 1,p
0 (Ω)solution of the following problem:

(P ′
0)





∆v = 0 in Ω,
v = 0 on Γ0,
∂v

∂n
= g1 −

∂u0

∂n
on Γ1.with the estimate:

‖v‖W 1,p
0 (Ω) + ‖v‖W 1,2

0 (Ω) 6 C ( ‖g0‖
W

1− 1
p ,p

(Γ0)
+ ‖g1‖

W
−

1
p ,p

(Γ1)
). (3.7)As p > 2, g1 − ∂u0

∂n
∈ H− 1

2 (Γ1) and by Theorem 3.2.2, there exists a unique
v ∈ W 1,2

0 (Ω) solution of (P ′
0) and satisfying (3.7) with p = 2. It remains toshow that v ∈ W 1,p

0 (Ω). For this, we use the partition of unity previouslyde�ned:
ϕ1, ϕ2 ∈ C∞(Rn), 0 ≤ ϕ1, ϕ2 ≤ 1, ϕ1 + ϕ2 = 1 in Rn,

ϕ1 = 1 in BR1 , supp ϕ1 ⊂ BR′

1
,34



where 0 < R1 < R′
1 are su
h that ω1 ⊂ BR1 , ω0 ∩ BR′

1
= ∅ and BR′

1
⊂ BR.We set v1 = ϕ1v, v2 = ϕ2v and

ṽ2 = v2 in Ω, ṽ2 = 0 in ω1.We remind that v2 ∈
◦
W

1,2
0 (Ω) and so that ṽ2 ∈ W 1,2

0 (Ω0). Moreover, wehave:
−∆v2 = ∆v1 = v ∆ϕ1 + 2∇ϕ1 · ∇v := f1 in Ω.Setting

f̃1 = f1 in Ω, f̃1 = 0 in ω1,it is obvious that f̃1 ∈ L2(Ω0) with supp f̃1 ⊂ ΩR′

1
and that −∆ṽ2 = f̃1 in

Ω0. Now, we set s = ṽ2 and we are going to show that s ∈ W 1,p
0 (Ω0). Forthis, we de�ne another partition of unity:

ξ1, ξ2 ∈ C∞(Rn), 0 ≤ ξ1, ξ2 ≤ 1, ξ1 + ξ2 = 1 in Rn,

ξ1 = 1 in BR0 , supp ξ1 ⊂ BR′

0
,where 0 < R0 < R′

0 are su
h that ω0 ⊂ BR0 , ω1 ∩ BR′

0
= ∅ and BR′

0
⊂ BR.We set s1 = ξ1s and s2 = ξ2s, and we noti
e that:

−∆s2 = f̃1 + ∆s1 = f̃1 + s ∆ξ1 + 2∇ξ1 · ∇s := F in Ω0.Finally, we set:̃
s2 =

{
s2 in Ω0,
0 in ω0,

and F̃ =

{
F in Ω0,
0 in ω0.We have s̃2 ∈ W 1,2

0 (Rn) be
ause s2 ∈
◦
W

1,2
0 (Ω0), F̃ ∈ L2(Rn) with supp

F̃ ⊂ ΩR′

0
∩ ΩR′

1
, and also −∆s̃2 = F̃ in Rn.i) Case 2 < p ≤

2n

n− 2
and n ≥ 3 or p > 2 and n = 2.Thanks to the inje
tions of Sobolev, , we have F̃ ∈ W−1,p

0 (Rn). In 
onse-quen
e, by Theorem 2.1.1 i), (there is no 
ondition of 
ompatibility be
ause
p > 2), we show that s̃2 ∈ W 1,p

0 (Rn) and so s2 ∈ W 1,p
0 (Ω0) and we easily
he
k that:

‖s̃2‖W 1,p
0 (Rn)/P[1− n

p ]
≤ C ‖g1 −

∂u0

∂n
‖

W
−

1
p ,p

(Γ1)
. (3.8)Outside of BR′

0
, ξ1 = 0 so s = s2 and the tra
e of s2 on ∂BR′

0
belongs to

W 1− 1
p
,p(∂BR′

0
). So s satis�es:

−∆s = f̃1 in ΩR′

0
, s = s2 on ∂BR′

0
, s = 0 on Γ0.35



Consequently, (see Lions and Magenes [42℄ ), s ∈W 1,p(ΩR0+1) and:
‖s‖W 1,p(ΩR′

0
) ≤ C (‖f̃1‖W−1,p(ΩR′

0
) + ‖s2‖

W
1− 1

p ,p
(∂BR′

0
)
) (3.9)We dedu
e of this that s ∈W 1,p

0 (Ω0); and with (3.8) and (3.9), we have:
‖s‖W 1,p

0 (Ω0) ≤ C ‖g1 −
∂u0

∂n
‖

W
−

1
p ,p

(Γ1)
. (3.10)ii) Case n ≥ 3 and p > 2n

n− 2
.The argument used above with p =

2n

n− 2
shows that s ∈ W

1, 2n
n−2

0 (Ω0) andwe use the same proof as i) with s ∈ W
1, 2n

n−2

0 (Ω0) instead of s ∈ W 1,2
0 (Ω0).So, we obtain the result for n = 3, n = 4 and n = 5 if p < 2n

n− 4
; then wetake 2n

n− 4
instead of 2n

n− 2
, and we start again; so we rea
h for all dimen-sions, all values of p.Consequently, we have s = ṽ2 ∈W 1,p

0 (Ω0), v2 ∈W 1,p
0 (Ω) and

‖v2‖W 1,p
0 (Ω) ≤ C ‖g1 −

∂u0

∂n
‖

W
−

1
p ,p

(Γ1)
. (3.11)Outside of BR′

1
, ϕ1 = 0 and v = v2 and the tra
e of v2 on ∂BR′

1
belongs to

W 1− 1
p
,p(∂BR′

1
). So v satis�es:

∆v = 0 in ΩR′

1
, v = v2 on ∂BR′

1
,

∂v

∂n
= g1 −

∂u0

∂n
on Γ1.In 
onsequen
e, (see Lions and Magenes [42℄ ), v ∈W 1,p(ΩR′

1
) and

‖v‖W 1,p(ΩR′

1
) ≤ C (‖ g1 −

∂u0

∂n
‖

W
−

1
p ,p

(Γ1)
+ ‖v2‖

W
1− 1

p ,p
(∂BR′

1
)
). (3.12)We dedu
e of this that v ∈W 1,p

0 (Ω) and with (3.11) and (3.12), we have:
‖v‖

W 1,p
0 (Ω)

≤ C ‖ g1 −
∂u0

∂n
‖

W
−

1
p ,p

(Γ1)
.Then, we easily 
he
k (3.7). Finally the fun
tion u = u0|Ω + v ∈ W 1,2

0 (Ω) ∩

W 1,p
0 (Ω) suits and with (3.6) and (3.7), we have (3.5). �Remark: In this proof, we 
an do the same remark as Page 30 when wede�ne balls BR1 , BR′

1
, BR0 and BR′

0
.36



3.3.2 An �inf-sup� 
onditionSetting for any p > 1,
Dp = {v ∈W 1,p

0 (Ω), v = 0 on Γ0}.we noti
e that, equipped with the norm ‖∇.‖Lp(Ω), Dp is a re�exive Bana
hspa
e. In this subse
tion, we are interested in the existen
e of β > 0, a
onstant su
h that:
inf

w∈Dp′

w 6=0

sup
v∈Dp

v 6=0

∫

Ω
∇v · ∇w dx

‖∇v‖Lp(Ω)‖∇w‖Lp′ (Ω)

≥ β.We de�ne:
◦
Hp (Ω) = {z ∈ Lp(Ω), div z = 0 in Ω, z · n = 0 on Γ1}.Proposition 3.3.2. For any g ∈ Lp(Ω), there exists z ∈

◦
Hp (Ω) and ϕ ∈

Dp, su
h that:
g = ∇ϕ+ z,

‖∇ϕ‖Lp(Ω) ≤ C ‖g‖Lp(Ω)where C is a real positive 
onstant whi
h depends only on p and Ω.Proof - Let g be in Lp(Ω) and g̃ the extension by 0 of g in Rn; so wehave g̃ ∈ Lp(Rn) and by a result established in [6℄,div g̃ ∈W−1,p
0 (Rn) ⊥ P[1−n/p′] with

‖ div g̃‖W−1,p
0 (Rn) ≤ C ‖g̃‖Lp(Rn) = C ‖g‖Lp(Ω).A

ording to Theorem 2.1.1 i), we know there exists v ∈W 1,p

0 (Rn) su
h that
∆v = div g̃ in Rn, and we show that ‖∇v‖Lp(Rn) ≤ C1 ‖g‖Lp(Ω). So, wehave:

g̃ −∇v ∈ Lp(Rn) and div(g̃ −∇v) = 0 in Rn.Consequently, (g − ∇v) · n ∈ W
−

1
p ,p

(Γ1) and v|Γ0
∈ W

1− 1
p ,p

(Γ0). Here, weapply the results of Theorem 3.3.1. There exists a unique w ∈ W 1,p
0 (Ω) ∩

W 1,2
0 (Ω) solution of:

∆w = 0 in Ω, w = −v on Γ0,
∂w

∂n
= (g −∇v) · n on Γ1,and we show that ‖∇w‖Lp(Ω) ≤ C2 ‖g‖Lp(Ω).Finally the fun
tions ϕ = v|Ω +w and z = g−∇ϕ 
omply with the question.
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Theorem 3.3.3. There exists a 
onstant β > 0 su
h that
inf

w∈Dp′

w 6=0

sup
v∈Dp

v 6=0

∫

Ω
∇v · ∇w dx

‖∇v‖Lp(Ω)‖∇w‖Lp′(Ω)

≥ β (3.13)Proof - Let w be in Dp′ with w 6= 0. We noti
e that ∇w 6= 0 be
auseotherwise w is 
onstant in the 
onne
ted open region Ω, i.e. w = 0 in Ωbe
ause w = 0 on Γ0. We have
‖∇w‖

Lp′ (Ω)
= sup

g∈Lp(Ω)
g6=0

∫

Ω
∇w · g dx

‖g‖Lp(Ω)
.We suppose that g /∈

◦
Hp (Ω). By Proposition 3.3.2, there exists z ∈

◦
Hp

(Ω) and ϕ ∈ Dp, with ∇ϕ 6= 0 su
h that g = z + ∇ϕ and ‖∇ϕ‖Lp(Ω) ≤
C ‖g‖Lp(Ω). Thus,

∫

Ω
∇w · g dx

‖g‖Lp(Ω)
≤ C

∫

Ω
∇w · ∇ϕ dx

‖∇ϕ‖Lp(Ω)
≤ C sup

ϕ∈Dp

ϕ 6=0

∫

Ω
∇w · ∇ϕ dx

‖∇ϕ‖Lp(Ω)
.Noti
ing that, if g ∈

◦
Hp (Ω), we have ∫

Ω
∇w · g dx = 0, this implies that,for any g in Lp(Ω):

‖∇w‖
Lp′ (Ω)

= sup
g∈Lp(Ω)

g6=0

∫

Ω
∇w · g dx

‖g‖Lp(Ω)
≤ C sup

ϕ∈Dp

ϕ 6=0

∫

Ω
∇w · ∇ϕ dx

‖∇ϕ‖Lp(Ω)
.We dedu
e the estimate (3.13) with β =

1

C
> 0. �3.3.3 The full problemWe remind here the following result:Theorem 3.3.4. Let X and M be two re�exive Bana
h spa
es and X ′ and

M ′ their dual spa
es. Let b be a bilinear form de�ned and 
ontinuous on
X ×M , let B ∈ L(X;M ′) and B′ ∈ L(M,X ′) be the operators de�ned by:

∀v ∈ X, ∀w ∈M, b(v,w) = < Bv,w > = < v,B′w >38



The following statements are equivalent:i) There exists β > 0, su
h that inf
w∈M
w 6=0

sup
v∈X
v 6=0

b(v,w)

‖v‖X‖w‖M
≥ β.ii) The operator B is an isomorphism from X/Ker B to M ′ and 1

β
is the
ontinuity 
onstant of B−1.iii) The operator B′ is an isomorphism from M to X ′ ⊥ Ker B and 1

β
isthe 
ontinuity 
onstant of B′−1.Here, we apply this theorem with X = Dp, M = Dp′ and:

b(v,w) =

∫

Ω
∇v · ∇w dx.A

ording to (3.13),

B is an isomorphism from Dp/Ker B to (Dp′)
′. (3.14)Then, we de�ne for f ∈ Y p(Ω) and g ∈W

−
1
p ,p

(Γ1) the linear form T by
∀w ∈ Dp′ , T (w) = Tf (w) + < g,w >Γ1 .We 
he
k that T ∈ (Dp′)

′ and by (3.14), we dedu
e the existen
e of v ∈ Dp,unique up to an element of Ker B, su
h that Bv = T , i.e. solution of thevariational formulation:
∀w ∈ Dp′ ,

∫

Ω
∇v · ∇w dx = Tf (w) + < g,w >Γ1 .Corollary 3.3.5. For any p > 2, f ∈ Y p(Ω) and g ∈ W

−
1
p ,p

(Γ1), thereexists a unique v ∈W 1,p
0 (Ω)/Ker B solution of

−∆v = f in Ω, v = 0 on Γ0,
∂v

∂n
= g on Γ1.Moreover, v satis�es

‖v‖W 1,p
0 (Ω)/Ker B ≤ C (‖f‖Y p(Ω) + ‖g‖

W
−

1
p ,p

(Γ1)
) (3.15)where C is a real positive 
onstant whi
h depends only on p and Ω.Proof - As we have done in Theorem 3.2.2, we show that the solution ofthe variational formulation is also solution of this problem. �39



Theorem 3.3.6. For any p > 2, f ∈ Y p(Ω), g0 ∈ W
1− 1

p ,p

(Γ0) and g1 ∈

W
−

1
p ,p

(Γ1), there exists a unique u ∈W 1,p
0 (Ω)/Ker B solution of (P). More-over, u satis�es

‖u‖W 1,p
0 (Ω)/Ker B ≤ C( ‖f‖Y p(Ω) + ‖g0‖

W
1− 1

p ,p
(Γ0)

+ ‖g1‖
W

−
1
p ,p

(Γ1)
),where C is a real positive 
onstant whi
h depends only on p and Ω.Proof - First of all, by Theorem 2.2.2, we know there exists a unique

u0 ∈W 1,p
0 (Ω0) where Ω0 = Ω ∪ ω1, solution of

∆u0 = 0 in Ω0, u0 = g0 on Γ0,and su
h that
‖u0‖W 1,p

0 (Ω0) ≤ C‖g0‖
W

1− 1
p ,p

(Γ0)
. (3.16)By Corollary 3.3.5, we dedu
e that there exists v ∈ W 1,p
0 (Ω), unique up toan element of Ker B, solution of

−∆v = f in Ω, v = 0 on Γ0,
∂v

∂n
= g1 −

∂u0

∂n
on Γ1.Finally, the fun
tion u = u0|Ω + v is solution of (P) and the estimate 
omesfrom (3.15) and (3.16). �3.3.4 Chara
terization of the kernel of the operator BWe set:

Mp
0(Ω) = {v ∈W 1,p

0 (Ω); ∆v = 0 in Ω, v = 0 on Γ0,
∂v

∂n
= 0 on Γ1}.Thanks to the density of D(Ω) in W 1,p′

0 (Ω), we easily 
he
k that
Ker B = Mp

0(Ω).Now, we 
hara
terize Mp
0(Ω). For this, �rst of all, we remind that we de�ne:

µ0 = U∗(
1

|Γ|
δΓ), where U =

1

2π
ln(r) is the fundamental solution of Lapla
e'sequation in R2 and δΓ is the distribution de�ned by:

∀ϕ ∈ D(R2), < δΓ, ϕ > =

∫

Γ
ϕ dσProposition 3.3.7. We have the following statements:i) If p < n, then Mp

0(Ω) = {0}. 40



ii) If p ≥ n ≥ 3, then Mp
0(Ω) = {c(λ − 1), c ∈ R} where λ is the onlysolution in W 1,2

0 (Ω) ∩W 1,p
0 (Ω) of the following problem (P1):

∆λ = 0 in Ω, λ = 1 on Γ0,
∂λ

∂n
= 0 on Γ1.iii) If p > n = 2, then Mp

0(Ω) = {c(µ − µ0), c ∈ R} where µ is the onlysolution in W 1,2
0 (Ω) ∩W 1,p

0 (Ω) of the following problem (P2):
∆µ = 0 in Ω, µ = µ0 on Γ0,

∂µ

∂n
=
∂µ0

∂n
on Γ1.Proof - Let z ∈ Mp

0(Ω) and let η be the tra
e of z on Γ1. We have
η ∈ W

−
1
p ,p

(Γ1). We know there exists a unique ξ ∈ W 1,p(
◦
ω1), where ◦

ω1 isthe interior of the 
ompa
t ω1, su
h that:
∆ξ = 0 in ◦

ω1, ξ = η on Γ1.Let z̃ be de�ned bỹ
z = z in Ω, z̃ = ξ in ω1, z̃ = 0 in ω0.It is obvious that z̃ ∈ W 1,p

0 (Rn) and ∆z̃ ∈ W−1,p
0 (Rn). Moreover, for any

ϕ ∈ D(Rn), we have:
< ∆z̃, ϕ >D′(Rn),D(Rn)= − <

∂z

∂n
, ϕ >Γ0 − <

∂ξ

∂n
, ϕ >Γ1 .We set h = ∆z̃. Then, h ∈ W−1,p

0 (Rn) and h has a 
ompa
t support. Atthis stage, the dis
ussion splits into two parts a

ording to the dimension n:i) Case n ≥ 3. By Proposition 2.1.2, we know there exists a unique wsu
h that:
w ∈W 1,p

0 (Rn) ∩W 1,2
0 (Rn) and ∆w = h in Rn.The di�eren
e z̃ − w is in W 1,p

0 (Rn) and is harmoni
 in Rn. If p < n, then
w = z̃ in Rn, the restri
tion of w to Ω is in W 1,p

0 (Ω) ∩W 1,2
0 (Ω), and sin
e

z = w in Ω, Se
tion 3.2 implies that w = 0 in Ω i.e. Mp
0(Ω) = {0}.If p ≥ n ≥ 3, we have w = z̃+ c in Rn so w ∈W 1,p

0 (Ω)∩W 1,2
0 (Ω) is the onlysolution of the problem:

∆w = 0 in Ω, w = c on Γ0,
∂w

∂n
= 0 on Γ1.Consequently Mp

0(Ω) = {c(λ− 1), c ∈ R} where λ is the solution of (P1).41



ii) Case n = 2. The problem
∆w = h in R2,does not have a solution inW 1,2

0 (R2) unless h satis�es the ne
essary 
ondition
< h, 1 >R2 = 0. In this 
ase, with the arguments above, we obtain z = c(λ−
1). However, when n = 2, the 
onstant fun
tions are in W 1,p

0 (Ω) ∩W 1,2
0 (Ω)so λ = 1 ∈ W 1,p

0 (Ω) ∩W 1,2
0 (Ω) is solution of (P1). So z = 0, whi
h is thetrivial 
ase. Thus, we suppose that < h, 1 >R2 6= 0 and we 
onsider theproblem:

∆w = h − < h, 1 >R2 ∆µ0 in R2. (3.17)We know that µ0 ∈W 1,q
0 (R2) for any q > 2 and moreover

∆µ0 = 0 in Ω ∪
◦
ω0 ∪

◦
ω1 and < ∆µ0, 1 >R2= 1.The right-hand side of (3.17) is orthogonal to 
onstants, has 
ompa
t supportand belongs to W−1,p

0 (R2). So, by Proposition 2.1.2, the problem (3.17) hasa solution (unique up to an additive 
onstant) w ∈ W 1,2
0 (R2) ∩W 1,p

0 (R2).Moreover, the fun
tion w + < h, 1 >R2 µ0 − z̃ is harmoni
 in R2. So, thereexists c > 0 su
h that w + < h, 1 >R2 µ0 − z̃ = c. The restri
tion of w to
Ω is in W 1,p

0 (Ω) ∩W 1,2
0 (Ω) and w = c+ w1 where w1 is the only solution in

W 1,2
0 (Ω) ∩W 1,p

0 (Ω) of the problem:
∆w1 = 0 in Ω, w1 = − < h, 1 >R2 µ0 on Γ0,

∂w1

∂n
= − < h, 1 >R2

∂µ0

∂n
on Γ1.The fun
tion µ being the only solution in W 1,2

0 (Ω)∩W 1,p
0 (Ω) of the problem

(P2), we have Mp
0(Ω) = {c(µ− µ0), c ∈ R}. �3.3.5 A regularity resultWe suppose, in this subse
tion, that p ≥ 2. Here, we propose to study thequestion of the regularity of the solutions when the data are more regular.More pre
isely, we suppose that:

g0 ∈W 2− 1
p
,p(Γ0), g1 ∈W 1− 1

p
,p(Γ1) and f ∈ X0,p

1 (Ω)where
X0,p

1 (Ω) =

{
W 0,p

1 (Ω) if p 6= n

n− 1
,

W 0,p
1 (Ω) ∩W−1,p

0 (Ω) otherwise,equipped with its natural norm: (we remind that W 0,p
1 (Ω) is in
luded in

W−1,p
0 (Ω) if and only if W 1,p′

0 (Ω) ⊂ W−1,p′

0 (Ω), this last in
lusion takingpla
e if and only if p 6= n

n− 1
). 42



Theorem 3.3.8. For any p ≥ 2, g0 ∈W 2− 1
p
,p(Γ0), g1 ∈W 1− 1

p
,p(Γ1), and f ∈

X0,p
1 (Ω), there exists a unique u ∈ W 2,p

1 (Ω)/Mp
0(Ω) solution of (P). More-over, u satis�es:

‖u‖W 2,p
1 (Ω)/Mp

0(Ω) ≤ C (‖f‖X0,p
1 (Ω) + ‖g0‖

W
2− 1

p ,p
(Γ0)

+ ‖g1‖
W

1− 1
p ,p

(Γ1)
),(3.18)where C is a real positive 
onstant whi
h depends only on p and Ω.Proof - For p ≥ 2 and g0 ∈ W

2− 1
p
,p
(Γ0), we have, by the remark 2.11 in[7℄ that the solution u0 ∈W 1,p

0 (Ω0) (where Ω0 = Ω ∪ ω1) of the problem
∆u0 = 0 in Ω0, u0 = g0 on Γ0,is in W 2,p

1 (Ω0) and it satis�es:
‖u0‖W 2,p

1 (Ω0)
≤ C ‖g0‖

W
2− 1

p ,p
(Γ0)

. (3.19)Now, we noti
e that ∂u0

∂n
∈ W

1− 1
p
,p
(Γ1) be
ause u0 ∈ W 2,p

1 (Ω0). Thus, as
f ∈ X0,p

1 (Ω) ⊂ Y p(Ω) and g1 − ∂u0

∂n
∈ W

1− 1
p
,p
(Γ1) ⊂ W

−
1
p ,p

(Γ1), applyingCorollary 3.3.5 when p > 2 and Theorem 3.2.2 when p = 2, there exists, for
p ≥ 2, v ∈W 1,p

0 (Ω) solution of the problem
−∆v = f in Ω, v = 0 on Γ0,

∂v

∂n
= g1 −

∂u0

∂n
on Γ1.It remains to show that v ∈W 2,p

1 (Ω) and that
‖v‖W 2,p

1 (Ω)/Mp
0(Ω) ≤ C (‖f‖X0,p

1 (Ω) + ‖g0‖
W

2− 1
p ,p

(Γ0)
+ ‖g1‖

W
1− 1

p ,p
(Γ1)

).(3.20)For this, we follow the same reasoning as in Theorem 3.3.1 using Theorem2.1.1 ii) if p 6=
n

n− 1
and Theorem 2.1.1 iii) otherwise, and using regularityresults in bounded open regions (see Lions and Magenes [42℄ for instan
e).Finally, the fun
tion u = u0|Ω + v ∈ W 2,p

1 (Ω) is solution of (P) and theestimate (3.18) is a 
onsequen
e of (3.19) and (3.20). �3.4 Case p < 2We are going to pro
eed in two steps. First of all, by an argument of duality,whi
h allows us to use results of the previous se
tion, we solve the problemin the 
ase where f = 0 and g1 = 0. The sum of the solution of this problemand of a solution of a Neumann problem will permit us to solve the generalproblem (P).In all the se
tion, we suppose that p < 2 and that Γ is of 
lass C1,1.43



3.4.1 Case where f = 0 and g1 = 0.Let g0 ∈W
1− 1

p ,p

(Γ0) satisfying the 
ondition of 
ompatibility
∀z ∈ Mp′

0 (Ω) , <
∂z

∂n
, g0 >Γ0= 0. (3.21)With this hypothesis, we 
onsider the problem: �nd v ∈ W 1,p

0 (Ω) solutionof:
(Q)





∆v = 0 in Ω,
v = g0 on Γ0,
∂v

∂n
= 0 on Γ1.and this other problem (Q′): �nd v ∈W 1,p

0 (Ω) su
h that for any u ∈ Xp′(Ω)satisfying u = 0 on Γ0 and ∂u

∂n
= 0 on Γ1, we have:

T−∆u(v) = − <
∂u

∂n
, g0 >Γ0 (3.22)where

Xp′(Ω) = {u ∈W 1,p′

0 (Ω), ∆u ∈ Lp′(Ω)}.Proposition 3.4.1. The problem (Q) is equivalent to the problem (Q′).Proof - Let v ∈ W 1,p
0 (Ω) be a solution of (Q). Then ∆v ∈ Y p(Ω) andfor any ϕ ∈ D(Ω):

0 =

∫

Ω
−ϕ ∆v dx =

∫

Ω
∇v · ∇ϕ dx − <

∂v

∂n
, ϕ >Γ0 ,As D(Ω) is dense in W 1,p′

0 (Ω), we have for any u ∈W 1,p′

0 (Ω):
∫

Ω
∇v · ∇u dx = <

∂v

∂n
, u >Γ0 .Moreover, if ∆u ∈ Lp′(Ω) then:

T−∆u(v) =

∫

Ω
∇v · ∇u dx − <

∂u

∂n
, v >Γ .In parti
ular, for any u ∈ Xp′(Ω) su
h that u = 0 on Γ0 and ∂u

∂n
= 0 on Γ1,we have:

T−∆u(v) = − <
∂u

∂n
, g0 >Γ0i.e. v is solution of (Q′). 44



Conversely, let v ∈W 1,p
0 (Ω) be a solution of (Q′). For any u ∈ D(Ω), wehave:

0 = T−∆u(v) = < v,−∆u >D′(Ω),D(Ω)= < −∆v, u >D′(Ω),D(Ω)i.e. ∆v = 0 in Ω. For any u ∈ Xp′(Ω), we dedu
e that
0 = −

∫

Ω
∇v ·∇u dx+ <

∂v

∂n
, u >Γ= −T−∆u(v)− <

∂u

∂n
, v >Γ + <

∂v

∂n
, u >Γ .Moreover, if u = 0 on Γ0 and ∂u

∂n
= 0 on Γ1, then

<
∂u

∂n
, g0 >Γ0 − <

∂u

∂n
, v >Γ0 + <

∂v

∂n
, u >Γ1= 0.Let R > 0 be su
h that ω0 ∪ ω1 ⊂ BR and let µ be in W 2− 1

p′
,p′

(Γ1). Weknow there exists a raising up u ∈W 2,p′(ΩR) su
h that
u =

∂u

∂n
= 0 on Γ0 ∪ ∂BR, u = µ and ∂u

∂n
= 0 on Γ1.Let ũ be the extension by 0 outside BR of the fun
tion u. Then ũ belongsto Xp′(Ω), ũ = 0 on Γ0 and ∂ũ

∂n
= 0 on Γ. So, we have < ∂v

∂n
, µ >Γ1= 0 forany µ ∈W

2− 1
p′

,p′
(Γ1). Thus ∂v

∂n
= 0 on Γ1. It remains to show that v = g0on Γ0. Let µ be in W 1− 1

p′
,p′

(Γ0); we know there exists u ∈ W 2,p′(ΩR) su
hthat
u = 0 and ∂u

∂n
= µ on Γ0, u =

∂u

∂n
= 0 on Γ1 ∪ ∂BR.The extension ũ by 0 of the fun
tion u outside BR belongs to Xp′(Ω), ũ = 0on Γ and ∂ũ

∂n
= 0 on Γ1. Thus, we have for any µ ∈W

1− 1
p′

,p′
(Γ0)

< µ, g0 − v >Γ0= 0.So, v = g0 on Γ0 and problems (Q) and (Q′) are equivalents. �Theorem 3.4.2. For any g0 ∈W
1− 1

p ,p

(Γ0) satisfying the 
ompatibility 
on-dition (3.21), there exists a unique v ∈W 1,p
0 (Ω) solution of the problem (Q).Moreover, v satis�es

‖v‖W 1,p
0 (Ω) ≤ ‖g0‖

W
1− 1

p ,p
(Γ0)

,where C is a real positive 
onstant whi
h depends only on p and Ω.45



Proof - Let f be in Y p′(Ω). It is obvious that Tf ∈ (W 1,p
0 (Ω))′. Sin
e p′ >

2, by Theorem 3.3.6, we know there exists a unique u ∈ W 1,p′

0 (Ω)/Mp′

0 (Ω)su
h that
−∆u = f in Ω, u = 0 on Γ0,

∂u

∂n
= 0 on Γ1,and satisfying

‖u‖
W 1,p′

0 (Ω)/Mp′

0 (Ω)
≤ C ‖Tf‖(W 1,p

0 (Ω))′
(3.23)Let L be the linear form de�ned on (W 1,p

0 (Ω))′ by:
L(Tf ) = − <

∂u

∂n
, g0 >Γ0 .We are going to show that L is 
ontinuous. Let z be in Mp′

0 (Ω), then, by(3.21), we have < ∂u

∂n
, g0 >Γ0= <

∂(u+ z)

∂n
, g0 >Γ0 . Now, let θ be an openregion of 
lass C1,1 su
h that ω0 ⊂ θ ⊂ BR where R is the radius asso
iatedto the partition of unity used in the de�nition of Tf . We set Ωθ = θ\ω0 andlet ϕ ∈W 1,p(Ωθ) be su
h that ϕ = 0 on ∂θ. We have:

| <
∂(u+ z)

∂n
, ϕ >Γ0 | ≤ ‖∇(u+z)‖Lp′ (Ωθ)‖∇ϕ‖Lp(Ωθ)+|

∫

Ωθ

ϕ ∆(u+z) dx| .But,
|

∫

Ωθ

ϕ ∆(u+ z) dx| = |

∫

Ωθ

ϕ ∆u dx| = |T−∆u(ϕ̃)|,where ϕ̃ ∈W 1,p
0 (Ω) is de�ned by ϕ̃ = ϕ in Ωθ, ϕ̃ = 0 in Ω\θ. In 
onsequen
e,

| <
∂(u+ z)

∂n
, ϕ >Γ0 | ≤ ‖∇(u+z)‖Lp′ (Ωθ)‖∇ϕ‖Lp(Ωθ)+ ‖Tf‖(W 1,p

0 (Ω))′ ‖ϕ‖W 1,p(Ωθ).Now, for any µ ∈W
1− 1

p
,p
(Γ0), we know there exists ϕ ∈W 1,p(Ωθ) su
h that

ϕ = µ on Γ0 and ϕ = 0 on ∂θ satisfying
‖ϕ‖W 1,p(Ωθ) ≤ C ‖µ‖

W
1− 1

p ,p
(Γ0)

,where C > 0 is a 
onstant whi
h depends only on Ωθ and on µ. So
| <

∂(u+ z)

∂n
, µ >Γ0 | ≤ C ( ‖∇(u+z)‖Lp′ (Ωθ)+ ‖Tf‖(W 1,p

0 (Ω))′ ) ‖µ‖
W

1− 1
p ,p

(Γ0)
.Thus, we dedu
e of (3.23) that

inf
z∈Mp′

0 (Ω)

‖
∂(u+ z)

∂n
‖W−1/p′,p′ (Γ0) ≤ C ‖Tf‖(W 1,p

0 (Ω))′ .46



So
|L(Tf )| = | <

∂u

∂n
, g0 > | ≤ C ‖Tf‖(W 1,p

0 (Ω))′ ‖g0‖
W

1− 1
p ,p

(Γ0)
,and the linear form L is 
ontinuous on (W 1,p

0 (Ω))′. Sin
e the spa
e W 1,p
0 (Ω)is re�exive, we 
an identify L to an element of W 1,p

0 (Ω), i.e. there exists aunique v ∈W 1,p
0 (Ω) su
h that:

Tf (v) = − <
∂u

∂n
, g0 >Γ0 ,and satisfying the estimate sear
hed. In 
onsequen
e, the fun
tion v is solu-tion of the problem (Q′) equivalent to the problem (Q). �3.4.2 The general problem when p < 2.Let f ∈ Y p(Ω), g0 ∈ W

1− 1
p ,p

(Γ0) and g1 ∈ W
−

1
p ,p

(Γ1). We remind thatwe sear
h u ∈ W 1,p
0 (Ω) solution of the problem (P). Assuming that a su
hsolution u ∈W 1,p

0 (Ω) exists, for any ϕ ∈ Mp′

0 (Ω), we have by the density of
D(Ω) in W 1,p′

0 (Ω):
Tf (ϕ) =

∫

Ω
∇u · ∇ϕ dx − < g1, ϕ >Γ1 . (3.24)Sin
e D(Ω) is also dense in W 1,p
0 (Ω), we have, for any ϕ ∈ Mp′

0 (Ω):
∫

Ω
∇ϕ · ∇u dx = <

∂ϕ

∂n
, g0 >Γ0 . (3.25)We dedu
e from (3.24) and (3.25) that if u ∈ W 1,p

0 (Ω) is solution of theproblem (P), the data must satisfy the following 
ondition of 
ompatibility:
∀ϕ ∈ Mp′

0 (Ω), Tf (ϕ) = <
∂ϕ

∂n
, g0 >Γ0 − < g1, ϕ >Γ1 . (3.26)Theorem 3.4.3. For any p < 2 and f ∈ Y p(Ω), g0 ∈W

1− 1
p ,p

(Γ0) and g1 ∈

W
−

1
p ,p

(Γ1) satisfying the 
ondition of 
ompatibility (3.26) if 1 < p ≤
n

n− 1
,there exists a unique u ∈W 1,p

0 (Ω) solution of the problem (P). Moreover, usatis�es
‖u‖W 1,p

0 (Ω) ≤ C( ‖f‖Y p(Ω) + ‖g0‖
W

1− 1
p ,p

(Γ0)
+ ‖g1‖

W
−

1
p ,p

(Γ1)
),where C is a real positive 
onstant whi
h depends only on p and Ω.47



Proof - First of all, we noti
e that the 
ondition (3.26) is always satis�edif n

n− 1
< p < 2 be
ause in this 
ase p′ < n and Mp′

0 (Ω) = {0}. Let θ bethe 
onstant de�ned by:
Tf (1) + < g1, 1 >Γ1 + < θ, 1 >Γ0= 0. (3.27)A

ording to Theorem 2.2.3, by (3.27), there exists a unique w ∈ W 1,p

0 (Ω)su
h that:
(Q1) − ∆w = f in Ω,

∂w

∂n
= θ on Γ0,

∂w

∂n
= g1 on Γ1.Moreover, for any ϕ ∈ Mp′

0 (Ω), we have, by (3.26), that
<
∂ϕ

∂n
, g0 − w >Γ0= 0. (3.28)So, we 
an apply Theorem 3.4.2 whi
h assures existen
e of a unique v ∈

W 1,p
0 (Ω) su
h that:

(Q2) ∆v = 0 in Ω, v = g0 − w on Γ0,
∂v

∂n
= 0 on Γ1,satisfying

‖v‖
W 1,p

0 (Ω)
≤ C ( ‖w‖

W 1,p
0 (Ω)

+ ‖g0‖
W

1− 1
p ,p

(Γ0)
). (3.29)Finally, the fun
tion u = v + w ∈ W 1,p

0 (Ω) is the solution sear
hed and theinequality of 
ontinuous dependan
e 
omes from (3.29) and:
‖w‖W 1,p

0 (Ω) ≤ C ( ‖f‖Y p(Ω) + ‖g1‖
W

−
1
p ,p

(Γ1)
). �3.4.3 A regularity resultWe suppose, in this subse
tion, that p < 2. Here, we study the regularity ofsolutions when the data are more regular.Theorem 3.4.4. For any g0 ∈W 2− 1

p
,p(Γ0), g1 ∈W 1− 1

p
,p(Γ1), f ∈ X0,p

1 (Ω)satisfying the 
ondition (3.26) if 1 < p <
n

n− 1
, there exists a unique u ∈

W 2,p
1 (Ω) solution of (P). Moreover u satis�es
‖u‖W 2,p

1 (Ω) ≤ C (‖f‖X0,p
1 (Ω) + ‖g0‖

W
2− 1

p ,p
(Γ0)

+ ‖g1‖
W

1− 1
p ,p

(Γ1)
), (3.30)where C is a real positive 
onstant whi
h depends only on p and Ω.48



Proof - We take ba
k the proof of Theorem 3.4.3. We know, by Propo-sition 3.12 in [7℄ that the solution w ∈ W 1,p
0 (Ω) of the problem (Q1) is, inthis 
ase, in W 2,p

1 (Ω) and satis�es:
‖w‖

W 2,p
1 (Ω)

≤ C (‖f‖
X0,p

1 (Ω)
+ ‖g1‖

W
1− 1

p ,p
(Γ1)

). (3.31)Now, we noti
e that, on Γ0, g0 − w ∈ W
2− 1

p
,p
(Γ0) ⊂ W

1− 1
p ,p

(Γ0). Thus,applying Theorem 3.4.3, the 
ondition of 
ompatibility (3.26) being satis�edif 1 < p <
n

n− 1
, there exists a unique v ∈W 1,p

0 (Ω) solution of the problem
(Q2). It remains to show that v ∈W 2,p

1 (Ω) and that
‖v‖W 2,p

1 (Ω) ≤ C (‖f‖X0,p
1 (Ω) + ‖g0‖

W
2− 1

p ,p
(Γ0)

+ ‖g1‖
W

1− 1
p ,p

(Γ1)
). (3.32)For this, we follow the same reasoning as in Theorem 3.3.1 using Theo-rem 2.1.1 ii) if p 6=

n

n− 1
and Theorem 2.1.1 iii) otherwise and also usingregularity results in bounded open regions (see Lions and Magenes [42℄ forinstan
e).Finally, u = w + v ∈ W 2,p

1 (Ω) is the solution sear
hed and by (3.31) and(3.32), we have (3.30). �3.5 Solutions in homogeneous spa
esIn all the se
tion we suppose that p < n.Let v∞ be in R. It is frequent to meet in the literature the following problem:�nd v ∈ D′(Ω), with ∇v ∈ Lp(Ω) solution of
(R)





−∆v = f in Ω,
v = g0 on Γ0,
∂v

∂n
= g1 on Γ1,

v ⇀ v∞ at in�nity.where the sense of the 
onvergen
e v ⇀ v∞ is spe
i�ed in the followingproposition (see [11℄).Proposition 3.5.1. We suppose that 1 < p < n and z ∈ D′(Ω) su
h that
∇z ∈ Lp(Ω). Then, there exists a unique 
onstant z∞ ∈ R su
h that z−z∞ ∈
W 1,p

0 (Ω), where z∞ is de�ned by:
z∞ = lim

|x|→+∞

1

|Sn|

∫

Sn

z(σ|x|) dσ

49



Moreover, we have the following proprieties:
z − z∞ ∈ L

np
n−p (Ω),

‖z − z∞‖
L

np
n−p (Ω)

≤ C‖∇z‖Lp(Ω),

lim
|x|→+∞

1

|Sn|

∫

Sn

|z(σ|x|) − z∞| dσ = lim
|x|→+∞

1

|Sn|

∫

Sn

|z(σ|x|) − z∞|p dσ = 0

∫

Sn

|z(rσ) − z∞|p dσ ≤ Crp−n

∫

{x∈ Ω,|x|>r}
|∇z|p dx.Let z ∈ D′(Ω) be su
h that ∇z ∈ Lp(Ω). So, we say that z ⇀ z∞ if andonly if:

lim
|x|→+∞

1

|Sn|

∫

Sn

(z(σ|x|) − z∞) dσ = 0.It is obvious that if z ∈ D′(Ω), ∇z ∈ Lp(Ω), then z ⇀ z∞ is equivalent to
z − z∞ ∈ L

np
n−p (Ω) or to z − z∞ ∈W 1,p

0 (Ω).Proposition 3.5.2. For any f ∈ Y p(Ω), g0 ∈W
1− 1

p ,p

(Γ0), g1 ∈W
−

1
p ,p

(Γ1)and v∞ ∈ R, with 1 < p < n, there exists a unique v ∈ D′(Ω) with ∇v ∈
Lp(Ω) solution of (R). Moreover, we have the following estimate:
‖v − v∞‖

W 1,p
0 (Ω)

≤ C ( ‖f‖Y p(Ω) + ‖g0 − v∞‖
W

1− 1
p ,p

(Γ0)
+ ‖g1‖

W
−

1
p ,p

(Γ1)
),where C is a real positive 
onstant whi
h depends only on p and Ω.Proof - The previous se
tions allow us to say that there exists a unique

u ∈W 1,p
0 (Ω) solution of

−∆u = f in Ω, u = g0 − v∞ on Γ0,
∂u

∂n
= g1 on Γ1,and su
h that

‖u‖W 1,p
0 (Ω) ≤ C ( ‖f‖Y p(Ω) +‖g0 − v∞‖

W
1− 1

p ,p
(Γ0)

+‖g1‖
W

−
1
p ,p

(Γ1)
). (3.33)It is obvious that u ⇀ 0. Thus, the fun
tion v = u+ v∞ belongs to D′(Ω),satis�es ∇v ∈ Lp(Ω) and v ⇀ v∞. So, v is solution of (R) and the estimatesear
hed 
omes from the inequality (3.33). �Now, let a∞ be in Rn. We want to solve the following problem: �nd

v ∈ D′(Ω), su
h that for any i, j = 1, ..., n, we have ∂2v

∂xi∂xj
∈ Lp(Ω), solutionof

(R′)





−∆v = f in Ω,
v = g0 on Γ0,
∂v

∂n
= g1 on Γ1,

∇v ⇀ a∞ at in�nity.50



Proposition 3.5.3. For any f ∈ Lp(Ω), g0 ∈W 2− 1
p
,p(Γ0), g1 ∈W 1− 1

p
,p(Γ1)and a∞ ∈ Rn, with 1 < p < n, there exists a unique v ∈ D′(Ω) with, for any

i, j = 1, ..., n,
∂2v

∂xi∂xj
∈ Lp(Ω), solution of (R′) and we have the followingestimate:

‖v−a∞·x‖W 2,p
0 (Ω) ≤ C(‖f‖Lp(Ω)+‖g0−a∞·x‖

W
2− 1

p ,p
(Γ0)

+‖g1−a∞·n‖
W

1− 1
p ,p

(Γ1)
),where C is a real positive 
onstant whi
h depends only on p and Ω.Proof - First of all, we set f̃ the extension of f by 0 on Rn. So, we have

f̃ ∈ Lp(Rn). Moreover, we know that ∆ : W 2,p
0 (Rn)/P[2−n/p] → Lp(Rn)is an isomorphism, so there exists ũ ∈ W 2,p

0 (Rn) unique up to an additive
onstant, su
h that −∆ũ = f̃ in Rn. We have ũ|Ω ∈W 2,p
0 (Ω) and −∆ũ|Ω = fin Ω.Thanks to the regularity results of the previous se
tions, we know there existsa unique z ∈W 2,p

1 (Ω) ⊂W 2,p
0 (Ω) solution of the problem

∆z = 0 in Ω, z = g0 − a∞ ·x− ũ on Γ0,
∂z

∂n
= g1 −a∞ ·n− (

∂ũ

∂n
) on Γ1.So the fun
tion u = ũ|Ω + z is in W 2,p

0 (Ω) and is solution of the problem
−∆u = f in Ω, u = g0 − a∞ · x on Γ0,

∂u

∂n
= g1 − a∞ · n on Γ1,satisfying the following estimate:

‖u‖W 2,p
0 (Ω) ≤ C(‖f‖Lp(Ω)+‖g0−a∞·x‖

W
2− 1

p ,p
(Γ0)

+‖g1−a∞·n‖
W

1− 1
p ,p

(Γ1)
).(3.34)We have also ∇u ∈ W 1,p

0 (Ω) and ∇u ⇀ 0. Now, we set v = u + a∞ · x.We have v ∈ D′(Ω) and ∀i, j = 1, ..., n,
∂2v

∂xi∂xj
=

∂2u

∂xi∂xj
∈ Lp(Ω) be
ause

u ∈ W 2,p
0 (Ω). Moreover ∇v = ∇u + a∞ so ∇v ⇀ a∞. So v is solution of

(R′) and the estimate sear
hed 
omes from (3.34). �Now, let a∞ be in Rn and b∞ in R. We want to solve the followingproblem: �nd v ∈ D′(Ω) with, for any i, j = 1, ..., n,
∂2v

∂xi∂xj
∈ Lp(Ω),solution of

(R′′)





−∆v = f in Ω,
v = g0 on Γ0,
∂v

∂n
= g1 on Γ1,

v − a∞ · x− b∞ ⇀ 0 at in�nity.51



Proposition 3.5.4. For any f ∈ X0,p
1 (Ω), g0 ∈W 2− 1

p
,p(Γ0), g1 ∈W 1− 1

p
,p(Γ1),

a∞ ∈ Rn and b∞ ∈ R, there exists a unique v ∈ D′(Ω) with, for any
i, j = 1, ..., n,

∂2v

∂xi∂xj
∈ Lp(Ω), solution of the problem (R′′).Proof - Thanks to regularity results of the previous se
tions, we knowthere exists a unique w ∈W 2,p

1 (Ω) solution of the problem




−∆w = f in Ω,
w = g0 − a∞ · x− b∞ on Γ0,
∂w

∂n
= g1 − a∞ · n on Γ1.Sin
e w ∈W 2,p

1 (Ω), so w ∈W 1,p
0 (Ω) whi
h implies that w ⇀ 0. Now, we set

u = w + a∞ · x, u ∈ D′(Ω) with, for any i, j = 1, ..., n,
∂2u

∂xi∂xj
∈ Lp(Ω).Moreover, sin
e w ⇀ 0, we have u− a∞ · x⇀ 0 and u is solution of





−∆u = f in Ω,
u = g0 − b∞ on Γ0,
∂u

∂n
= g1 on Γ1.Finally, we set v = u + b∞. We have v ∈ D′(Ω) with, for any i, j =

1, ..., n,
∂2v

∂xi∂xj
∈ Lp(Ω) and v is solution of (R′′). �
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Chapter 4Exterior problems in thehalf-spa
e for the Lapla
eoperator4.1 Introdu
tion and preliminariesIn this 
hapter, we want to study the Lapla
e's equation in an exterior do-main in the half-spa
e, i.e. the 
omplement of a 
ompa
t in the half-spa
e.Here, we remind that one of the additional di�
ulties is that the boundaryis not bounded anymore sin
e it 
ontains Rn−1. We refer to Se
tion 1.3 forthe de�nitions of spa
es of tra
es with weights. Fortunately, the half-spa
ehas a useful symmetri
 property whi
h allows us to return several times ina problem setted in an exterior domain in the whole spa
e. Moreover, wewant to study 
ases where there is a Diri
hlet and/or a Neumann boundary
ondition.So, we de�ne ω0 a 
ompa
t and non-empty subset of Rn
+, Γ0 its boundaryand we denote by Ω the 
omplement of ω0 in Rn

+. We easily 
he
k that theproperty (1.1) is satis�ed. We want to solve the four following problems:
(PD) − ∆u = f in Ω, u = g0 on Γ0, u = g1 on Rn−1,

(PN ) − ∆u = f in Ω,
∂u

∂n
= g0 on Γ0,

∂u

∂n
= g1 on Rn−1,

(PM1) − ∆u = f in Ω, u = g0 on Γ0,
∂u

∂n
= g1 on Rn−1,

(PM2) − ∆u = f in Ω,
∂u

∂n
= g0 on Γ0, u = g1 on Rn−1,We supposed that Ω is 
onne
ted. We suppose too that Ω is of 
lass C1,1,even if, for some values of the exponent p, Ω 
an be less regular.53



Ea
h se
tion of this 
hapter is devoted to the study of one of these four prob-lems. We will 
all (PM1) and (PM2) the �rst and the se
ond mixed problem.The main results of this 
hapter are Theorems 4.2.2, 4.3.3, 4.4.3 and 4.5.4.We de�ne ω′
0 the symmetri
 region of ω0 with respe
t to Rn−1, Γ′

0 theboundary of ω′
0, Ω′ the symmetri
 region of Ω, Ω̃ = Ω ∪ Ω′ ∪ Rn−1 and

Γ̃0 = Γ0 ∪ Γ′
0.We de�ne too the following fun
tions ℓ∗ and ℓ∗. For (x′, xn) ∈ Rn and ℓany fun
tion, we set:

ℓ∗(x′, xn) =

{
ℓ(x′, xn) if xn > 0,
−ℓ(x′,−xn) if xn < 0,and

ℓ∗(x
′, xn) =

{
ℓ(x′, xn) if xn > 0,
ℓ(x′,−xn) if xn < 0.4.2 The problem of Diri
hletIn this se
tion, we want to solve the following problem of Diri
hlet:

(PD)





−∆u = f in Ω,
u = g0 on Γ0,
u = g1 on Rn−1.First, we 
hara
terize the following kernel:

Dp
0(Ω) = {z ∈W 1,p

0 (Ω), ∆z = 0 in Ω, z = 0 on Γ0, z = 0 on Rn−1}.Proposition 4.2.1. For any p > 1, Dp
0(Ω) = {0}.Proof - Let z be in Dp

0(Ω), we de�ne, for almost all (x′, xn) ∈ Ω̃ thefun
tion z∗ ∈ ◦
W

1,p
0 (Ω̃). For any ϕ ∈ D(Ω̃), we have:

< ∆z∗, ϕ >
D′(eΩ),D(eΩ)

= < z∗,∆ϕ >
D′(eΩ),D(eΩ)

=

∫

Ω
z(x′, xn)∆ϕ(x′, xn) dx−

∫

Ω′

z(x′,−xn)∆ϕ(x′, xn) dx.Moreover
∫

Ω
z(x′, xn)∆ϕ(x′, xn) dx = − <

∂z

∂n
, ϕ >Rn−1 .Setting ψ(x′, xn) = ϕ(x′,−xn), we have ψ ∈ D(Ω̃) and

∫

Ω′

z(x′,−xn)∆ϕ(x′, xn) dx =

∫

Ω
z(x′, xn)∆ψ(x′, xn) dx

= − <
∂z

∂n
, ϕ >Rn−1 .54



Thus, we dedu
e that < ∆z∗, ϕ >D′(eΩ),D(eΩ)= 0, i.e. ∆z∗ = 0 in Ω̃. So, thefun
tion z∗ is in the spa
e Ap
0(Ω̃) de�ned by:

Ap
0(Ω̃) = {v ∈W 1,p

0 (Ω̃), ∆v = 0 in Ω̃, v = 0 on Γ̃0}.Now, we use the 
hara
terization of Ap
0(Ω̃) (see Proposition 2.2.1):i) If p < n or p = n = 2, then Ap

0(Ω̃) = {0} and z∗ = 0 in Ω̃, i.e. z = 0in Ω and Dp
0(Ω) = {0}.ii) If p ≥ n ≥ 3, then we have z∗ = c(λ − 1), where c is a real 
onstantand λ is the unique solution in W 1,p

0 (Ω̃) ∩W 1,2
0 (Ω̃) of the problem

∆λ = 0 in Ω̃, λ = 1 on Γ̃0.Thus, on Rn−1, z∗ = z = c(λ − 1) = 0. This implies that c = 0 be-
ause otherwise, λ will be equal to 1 on Rn−1, that is not possible be
ause
1 /∈W

1
2
,2

0 (Rn−1). Finally, we dedu
e that z = 0, i.e. Dp
0(Ω) = {0}.iii) If p > n = 2, then we have z∗ = c(µ−µ0), where c is a real 
onstantand the fun
tion µ is the unique solution inW 1,p

0 (Ω̃)∩W 1,2
0 (Ω̃) of the problem

∆µ = 0 in Ω̃, µ = µ0 on Γ̃0.Thus, on R, z = c(µ − µ0) = 0. This implies again that c = 0 be
auseotherwise µ will be equal to µ0 on R, that is not possible be
ause µ0 /∈

W
1
2
,2

0 (R). Indeed, let x = (x′, 0) be in R, sin
e
µ0(x) =

1

2π|Γ̃0|

∫

eΓ0

ln(|y − x|) dσy,then µ0(x
′) ≥ C ln|x′| if |x′| > α with α enough big and
∫

|x′ |>α

|µ0(x
′, 0)|2

|x′| ln2(2 + |x′|)
dx′ ≥ C

∫

|x′|>α

dx′

|x′|
= +∞that is 
ontradi
tory with µ0 ∈ W

1
2
,2

0 (R). Thus c = 0 and we dedu
e that
z = 0, i.e. Dp

0(Ω) = {0}. �Theorem 4.2.2. For any p > 1, f ∈ W−1,p
0 (Ω), g0 ∈ W

1− 1
p ,p

(Γ0) and
g1 ∈ W

1− 1
p
,p

0 (Rn−1), there exists a unique u ∈ W 1,p
0 (Ω) solution of (PD).Moreover, u satis�es

‖u‖W 1,p
0 (Ω) ≤ C( ‖f‖W−1,p

0 (Ω) + ‖g0‖
W

1− 1
p ,p

(Γ0)
+ ‖g1‖

W
1− 1

p ,p

0 (Rn−1)
), (4.1)where C is a real positive 
onstant whi
h depends only on p and ω0.55



Proof - i) We begin to show that solving (PD) amounts to solve aproblem with homogeneous boundary 
onditions. We know there exists
ug1 ∈W 1,p

0 (Rn
+) su
h that ug1 = g1 on Rn−1 and

‖ug1‖W 1,p
0 (Rn

+) ≤ C ‖g1‖
W

1− 1
p ,p

0 (Rn−1)
. (4.2)We set u1 = ug1|Ω. Then u1 ∈ W 1,p

0 (Ω) and the tra
e η of u1 on Γ0 isin W 1− 1
p ,p

(Γ0). Setting z = u − u1, the problem (PD) is equivalent to theproblem:
−∆z = f + ∆u1 in Ω, z = g0 − η on Γ0, z = 0 on Rn−1.We set g = g0 − η and R > 0 su
h that ω0 ⊂ BR ⊂ Rn

+. The fun
tion h0de�ned by:
h0 = g on Γ0, h0 = 0 on ∂BR,is in W 1− 1

p
,p(Γ0 ∪ ∂BR). We know there exists uh0 ∈ W 1,p(ΩR), where

ΩR = Ω ∩BR, su
h that uh0 = h0 on Γ0 ∪ ∂BR and satisfying the estimate:
‖uh0‖W 1,p(ΩR) ≤ C ‖h0‖

W
1− 1

p ,p
(Γ0∪∂BR)

.We set
u0 = uh0 in ΩR, u0 = 0 in Ω \ ΩR.We have u0 ∈W 1,p(Ω), u0 = g on Γ0, u0 = 0 on Rn−1 and u0 satis�es

‖u0‖W 1,p
0 (Ω) ≤ C( ‖g0‖

W
1− 1

p ,p
(Γ0)

+ ‖g1‖
W

1− 1
p ,p

0 (Rn−1)
). (4.3)Finally, setting v = z−u0, the problem (PD) is equivalent to the problemwith homogeneous boundary 
onditions:

(P ′) − ∆v = h in Ω, v = 0 on Γ0, v = 0 on Rn−1,where h = f + ∆u1 + ∆u0 ∈W−1,p
0 (Ω).ii) Now, we want to return to a problem setted in the open region Ω̃,problem that we know solving. Let ϕ be in ◦

W
1,p′

0 (Ω̃), we set for almost all
(x′, xn) ∈ Ω,

πϕ(x′, xn) = ϕ(x′, xn) − ϕ(x′,−xn).It is obvious that πϕ ∈
◦
W

1,p′

0 (Ω) and, for any ϕ ∈
◦
W

1,p′

0 (Ω̃), we de�ne theoperator hπ by
< hπ, ϕ >:= < h, πϕ >

W−1,p
0 (Ω)×

◦

W
1,p′

0 (Ω)
.56



We noti
e that hπ is in W−1,p
0 (Ω̃) and satis�es

‖hπ‖W−1,p
0 (eΩ) ≤ 2‖h‖W−1,p

0 (Ω). (4.4)Now, we suppose that p ≥ 2. By Theorem 2.2.2, we know there exists
w ∈W 1,p

0 (Ω̃) solution of
−∆w = hπ in Ω̃, w = 0 on Γ̃0,satisfying the estimate
‖w‖W 1,p

0 (eΩ) ≤ C ‖hπ‖W−1,p
0 (eΩ). (4.5)The fun
tion v =

1

2
πw belongs to ◦

W
1,p
0 (Ω) and we have:

‖v‖
W 1,p

0 (Ω)
≤ 2‖w‖

W 1,p
0 (eΩ)

. (4.6)Now, let us show that −∆v = h in Ω. Let ϕ be in D(Ω), then:
2 < ∆v, ϕ >D′(Ω),D(Ω) = 2 < v,∆ϕ >D′(Ω),D(Ω)

=

∫

Ω
[w(x′, xn) − w(x′,−xn)]∆ϕ dx.Moreover, setting ψ(x′, xn) = ϕ(x′,−xn), then ψ ∈ D(Ω′) and we have therelations ∫

Ω
w(x′, xn)∆ϕ dx = < ∆w,ϕ >D′(Ω),D(Ω)and∫

Ω
w(x′,−xn)∆ϕ dx =

∫

Ω′

w(x′, xn)∆ψ dx = < ∆w,ψ >D′(Ω′),D(Ω′) .Setting ϕ̃ and ψ̃ the extensions by 0 in Ω̃ of ϕ and ψ respe
tively, we dedu
ethat:
2 < ∆v, ϕ >D′(Ω),D(Ω) = < ∆w, ϕ̃− ψ̃ >D′(eΩ),D(eΩ)

= − < hπ, ϕ̃− ψ̃ >D′(eΩ),D(eΩ)

= − < h, πϕ̃− πψ̃ >D′(Ω),D(Ω)

= −2 < h,ϕ >D′(Ω),D(Ω),i.e. −∆v = h in Ω. So, we have 
he
ked that, if p ≥ 2, the operator
∆ :

◦
W

1,p
0 (Ω) 7→W−1,p

0 (Ω)is a isomorphism, and, by duality, the operator
∆ :

◦
W

1,p′

0 (Ω) 7→W−1,p′

0 (Ω)is an isomorphism too. So, if p < 2, the problem with homogeneous boundary
onditions has also a unique solution v ∈W 1,p
0 (Ω). Thus, the problem (PD)has a unique solution for 1 < p < ∞. Finally, by (4.2), (4.3), (4.4), (4.5)and (4.6), we have the estimate (4.1). �57



4.3 The problem of NeumannWe remind that in this se
tion and in the following ones, Ω is of 
lass C1,1.In this se
tion, we want to solve the following problem:
(PN )





−∆u = f in Ω,
∂u

∂n
= g0 on Γ0,

∂u

∂n
= g1 on Rn−1.First, we 
hara
terize the following kernel:

N p
0(Ω) = {z ∈W 1,p

0 (Ω), ∆z = 0 in Ω,
∂z

∂n
= 0 on Γ0,

∂z

∂n
= 0 on Rn−1}.Proposition 4.3.1. For any p > 1, N p

0(Ω) = P[1−n/p].Proof - First, we noti
e that P[1−n/p] ⊂ N p
0(Ω). Let us show the otherin
lusion. Let z be in N p

0(Ω) and its asso
iated fun
tion z∗ whi
h is in
W 1,p

0 (Ω̃). Sin
e ∂z

∂n
= 0 on Γ0, we have ∂z∗

∂n
= 0 on Γ̃0 and we 
he
k, likedone in the proof of Proposition 4.2.1, that ∆z∗ = 0 in Ω̃. So, the fun
tion

z∗ belongs to the spa
e {v ∈ W 1,p
0 (Ω̃), ∆v = 0 in Ω̃,

∂v

∂n
= 0 on Γ̃0} whi
his equal to P[1−n/p] (see Theorem 2.2.3). Thus, if p < n, z∗ = 0 in Ω̃ and

z = 0 in Ω. If p ≥ n, z∗ is 
onstant in Ω̃, so z is 
onstant in Ω. In otherwords, we have N p
0(Ω) = P[1−n/p]. �The following theorem allows us to obtain strong solutions of the problem

(PN ).Theorem 4.3.2. For any p > 1 su
h that n
p′

6= 1 and for any f ∈W 0,p
1 (Ω),

g0 ∈ W
1− 1

p
,p
(Γ0) and g1 ∈ W

1− 1
p
,p

1 (Rn−1) satisfying, if p <
n

n− 1
, thefollowing 
ompatibility 
ondition:

∫

Ω
f dx+

∫

Γ0

g0 dσ +

∫

Rn−1

g1 dx
′ = 0, (4.7)the problem (PN ) has a unique solution u ∈W 2,p

1 (Ω)/P[1−n/p]. Moreover, usatis�es
‖u‖

W 2,p
1 (Ω)/P[1−n/p]

≤ C( ‖f‖
W 0,p

1 (Ω)
+ ‖g0‖

W
1− 1

p ,p
(Γ0)

+ ‖g1‖
W

1− 1
p ,p

1 (Rn−1)
),(4.8)where C is a real positive 
onstant whi
h depends only on p and ω0.58



Proof - First, we noti
e that, thanks to the hypothesis on the data, anyintegral of (4.7) has a meaning when p < n

n− 1
, the last one being �nishedbe
ause W 1− 1

p
,p

1 (Rn−1) ⊂ W 0,p
1
p

(Rn−1) ⊂ L1(Rn−1). We know there existsa fun
tion ug1 ∈ W 2,p
1 (Rn

+) su
h that ∂ug1

∂n
= g1 and ug1 = 0 on Rn−1satisfying:

‖ug1‖W 2,p
1 (Rn

+) ≤ C ‖g1‖
W

1− 1
p ,p

1 (Rn−1)
. (4.9)We set u1 the restri
tion of ug1 to Ω and η the normal derivative of u1 on

Γ0. Finally, we set g = g0 − η ∈ W
1− 1

p
,p
(Γ0) and h = f + ∆u1 ∈ W 0,p

1 (Ω).Then, setting v = u− u1 ∈ W 2,p
1 (Ω), the problem (PN ) is equivalent to thefollowing problem (P ′):

(P ′)





−∆v = h in Ω,
∂v

∂n
= g on Γ0,

∂v

∂n
= 0 on Rn−1.We 
onstru
t the two fun
tions h∗ ∈ W 0,p

1 (Ω̃) and g∗ ∈ W
1− 1

p
,p
(Γ̃0) whi
hsatisfy, if p < n

n− 1
and by (4.7), the equality ∫

eΩ
h∗ dx+

∫

eΓ0

g∗ dσ = 0. ByProposition 3.12 in [7℄, there exists a fun
tion w ∈ W 2,p
1 (Ω̃), unique up toan element of P[1−n/p], solution of

−∆w = h∗ in Ω̃,
∂w

∂n
= g∗ on Γ̃0,su
h that:

‖w‖W 2,p
1 (eΩ)/P[1−n/p]

≤ C( ‖h‖W 0,p
1 (eΩ) + ‖g‖

W
1− 1

p ,p
(eΓ0)

).Now, let w0 ∈ W 2,p
1 (Ω̃) be a solution of the above problem. For almost any

(x′, xn) ∈ Ω̃, we set v0(x′, xn) = w0(x
′,−xn). As h∗ is even with respe
tto xn, we easily 
he
k that we have −∆v0 = h∗ in Ω̃. Moreover, by thede�nition of the normal derivative on Γ̃0, we noti
e that we have, for almostall (x′, xn) ∈ Γ̃0:

∂v0
∂n

(x′, xn) =
∂w0

∂n
(x′,−xn).As g∗ is even with respe
t to xn, we again easily 
he
k that we have ∂v0

∂n
= g∗on Γ̃0. So v0 ∈ W 2,p

1 (Ω̃) is solution of the same problem that w0 satis�es.Thus, the di�eren
e v0 − w0 is equal to a 
onstant c whi
h is ne
essary nil.59



So w0(x
′, xn) = w0(x

′,−xn) and thus ∂w0

∂n
= 0 on Rn−1. The restri
tion vof w0 to Ω being in W 2,p

1 (Ω), is solution of (P ′) and satis�es:
‖v‖

W 2,p
1 (Ω)/P[1−n/p]

≤ C( ‖h‖
W 0,p

1 (Ω)
+ ‖g‖

W
1− 1

p ,p
(Γ0)

).Finally, from this inequality and (4.9), 
omes the estimate (4.8). �Now, we sear
h weak solutions of the problem (PN ):Theorem 4.3.3. For any p > 1 su
h that n
p′

6= 1, and for any f ∈W 0,p
1 (Ω),

g0 ∈ W
− 1

p
,p
(Γ0) and g1 ∈W

− 1
p
,p

0 (Rn−1) satisfying, if p < n

n− 1
, the follow-ing 
ondition of 
ompatibility:

∫

Ω
f dx+ < g0, 1 >Γ0 + < g1, 1 >Rn−1= 0, (4.10)the problem (PN ) has a unique solution u ∈W 1,p

0 (Ω)/P[1−n/p]. Moreover, usatis�es
‖u‖W 1,p

0 (Ω)/P[1−n/p]
≤ C( ‖f‖W 0,p

1 (Ω) + ‖g0‖
W

−
1
p ,p

(Γ0)
+ ‖g1‖

W
−

1
p ,p

0 (Rn−1)
)(4.11)where C is a real positive 
onstant whi
h depends only on p and ω0.Proof - i) First, we suppose n

p′
> 1.Theorem 4.3.2 assures the existen
e of a fun
tion s ∈W 2,p

1 (Ω) ⊂W 1,p
0 (Ω)solution of the problem

−∆s = f in Ω,
∂s

∂n
= 0 on Γ0,

∂s

∂n
= 0 on Rn−1,and su
h that

‖s‖W 1,p
0 (Ω)/P[1−n/p]

≤ ‖s‖W 2,p
1 (Ω)/P[1−n/p]

≤ C ‖f‖W 0,p
1 (Ω). (4.12)Then, by [4℄, there exists a fun
tion z ∈W 1,p

0 (Rn
+) solution of

∆z = 0 in Rn
+

∂z

∂n
= g1 on Rn−1,satisfying the estimate

‖z‖W 1,p
0 (Rn

+) ≤ C ‖g1‖
W

−
1
p ,p

0 (Rn−1)
. (4.13)60



We denote again by z the restri
tion of z to Ω. It is obvious that the normalderivative η of z on Γ0 is in W− 1
p
,p
(Γ0). We set g = g0 −η ∈W

− 1
p
,p
(Γ0) andwe want to solve the following problem:

(P ′) ∆v = 0 in Ω,
∂v

∂n
= g on Γ0,

∂v

∂n
= 0 on Rn−1.Let µ be in W 1− 1

p′
,p′

(Γ̃0). For almost any (x′, xn) ∈ Γ0, we set
πµ(x′, xn) = µ(x′, xn) + µ(x′,−xn).We noti
e that πµ ∈W

1− 1
p′

,p′
(Γ0) and we de�ne

< gπ, µ >:= < g, πµ >Γ0 .It is obvious that gπ ∈ W− 1
p
,p(Γ̃0) and that g is the restri
tion of gπ to Γ0.Moreover, we easily 
he
k that gπ is even with respe
t to xn, i.e.

< gπ, ξ >eΓ0
= < gπ, µ >eΓ0

,where ξ(x′, xn) = µ(x′,−xn) with (x′, xn) ∈ Γ̃0. By Theorem 2.2.3, thereexists a fun
tion w ∈W 1,p
0 (Ω̃), unique up to an element of P[1−n/p] solutionof the following problem:

∆w = 0 in Ω̃,
∂w

∂n
= gπ on Γ̃0,and su
h that:

‖w‖
W 1,p

0 (eΩ)/P[1−n/p]
≤ C ‖gπ‖

W
−

1
p ,p

(eΓ0)
≤ C ‖g‖

W
−

1
p ,p

(Γ0)
.Let w0 be a solution of the problem and we set for almost all (x′, xn) ∈ Ω̃:

v0(x
′, xn) = w0(x

′,−xn).The fun
tion v0 is in W 1,p
0 (Ω̃) and sin
e ∆w0 = 0 on Ω̃, we easily 
he
k that

∆v0 is nil too. Thus, ∂v0
∂n

has a meaning in W− 1
p
,p(Γ̃0). Now, we want toshow that ∂v0

∂n
= gπ on Γ̃0. Let µ be in W 1− 1

p′
,p′

(Γ̃0). We know there exists
ϕ ∈ W 1,p′

0 (Ω̃) su
h that ϕ = µ on Γ̃0 and ‖ϕ‖
W 1,p′

0 (eΩ)
≤ C ‖µ‖

W
1− 1

p′
,p′

(eΓ0)
.We have:

<
∂v0
∂n

, µ >eΓ0
=

∫

eΩ
∇v0 · ∇ϕ dx.For almost any (x′, xn) ∈ Ω̃, we set ψ(x′, xn) = ϕ(x′,−xn). The fun
tion ψis in W 1,p′

0 (Ω̃) and we set ξ ∈ W
1− 1

p′
,p′

(Γ̃0) the tra
e of ψ on Γ̃0. We noti
ethat ξ(x′, xn) = µ(x′,−xn). Moreover, we show that
∫

eΩ
∇v0 · ∇ϕ dx =

∫

eΩ
∇w0 · ∇ψ dx.61



Thus,
<
∂v0
∂n

, µ >eΓ0
= <

∂w0

∂n
, ξ >eΓ0

= < gπ, ξ >eΓ0
= < gπ, µ >eΓ0

.So ∂v0
∂n

= gπ on Γ̃0 and v0 is solution of the same problem that w0 satis�es,whi
h implies that v0−w0 is a 
onstant, 
onstant whi
h is ne
essary nil. Therestri
tion of w0 to Ω, that we denote by v, being in W 1,p
0 (Ω), is solution ofthe problem (P ′) and we have the estimate

‖v‖W 1,p
0 (Ω)/P[1−n/p]

≤ C ‖g‖
W

−
1
p ,p

(Γ0)
. (4.14)Finally, the fun
tion u = z + s + v ∈ W 1,p

0 (Ω) is solution of the problem
(PN ) and by (4.12), (4.13) and (4.14), we have (4.11).ii) Now, we suppose that n

p′
< 1.Let α be inW 0,p

1 (Ω), β inW 1− 1
p
,p
(Γ0) and γ inW 1− 1

p
,p

1 (Rn−1) su
h that:
∫

Ω
α dx =

∫

Γ0

β dσ =

∫

Rn−1

γ dx′ = 1.Here, we noti
e that we have W 1− 1
p
,p
(Γ0) ⊂ W

− 1
p
,p
(Γ0) and sin
e n

p′
6= 1,

W
1− 1

p
,p

1 (Rn−1) ⊂W
− 1

p
,p

0 (Rn−1). We set
F = (

∫

Ω
f dx) α, G0 = < g0, 1 >Γ0 β and G1 = < g1, 1 >Rn−1 γ.By Theorem 4.3.2, we know there exists r ∈W 2,p

1 (Ω) ⊂W 1,p
0 (Ω) solution ofthe problem

∆r = f − F in Ω,
∂r

∂n
= 0 on Γ0,

∂r

∂n
= 0 on Rn−1,satisfying by (4.8) (sin
e n

p
> 1):

‖r‖W 1,p
0 (Ω) ≤ ‖r‖W 2,p

1 (Ω) ≤ C ‖f − F‖W 0,p
1 (Ω).We noti
e, by the Hölder's inequality and be
ause n

p′
< 1, that

‖F‖W 0,p
1 (Ω) ≤ C ‖f‖L1(Ω) ≤ C ‖f‖W 0,p

1 (Ω).So, we have the estimate
‖r‖

W 1,p
0 (Ω)

≤ C ‖f‖
W 0,p

1 (Ω)
. (4.15)62



Now, by Theorem 2.3.2, sin
e < G1 − g1, 1 >Rn−1= 0, there exists a fun
tion
z ∈W 1,p

0 (Rn
+) solution of

∆z = 0 in Rn
+,

∂z

∂n
= g1 −G1 on Rn−1,su
h that:

‖z‖
W 1,p

0 (Rn
+)

≤ C ‖g1 −G1‖
W

−
1
p ,p

0 (Rn−1)
≤ C ‖g1‖

W
−

1
p ,p

0 (Rn−1)
. (4.16)We denote again by z the restri
tion of z to Ω. It is obvious that the normalderivative η of z on Γ0 is in W− 1

p
,p
(Γ0) and satisfy the following equality:

< η, 1 >Γ0= 0.We set g = g0 − G0 − η ∈ W
− 1

p
,p
(Γ0), and we may pro
eed with the samereasoning as in the point i) to show there exists v ∈W 1,p

0 (Ω) solution of theproblem
∆v = 0 in Ω,

∂v

∂n
= g on Γ0,

∂v

∂n
= 0 on Rn−1,su
h that:

‖v‖W 1,p
0 (Ω) ≤ C ‖g‖

W
−

1
p ,p

(Γ0)
≤ C( ‖g0‖

W
−

1
p ,p

(Γ0)
+ ‖g1‖

W
−

1
p ,p

0 (Rn−1)
).(4.17)We noti
e that the 
ompatibility 
ondition on gπ is satis�ed be
ause <

gπ, 1 >eΓ0
= 2 < g, 1 >Γ0= 0. Finally, noti
ing that F ∈ W 0,p

1 (Ω), G0 ∈

W
1− 1

p
,p
(Γ0), G1 ∈ W

1− 1
p
,p

1 (Rn−1) and that the 
ondition (4.10) is satis�ed,thanks to Theorem 4.3.2, there exists a fun
tion s ∈ W 2,p
1 (Ω) ⊂ W 1,p

0 (Ω)solution of the problem
∆s = F in Ω,

∂s

∂n
= G0 on Γ0,

∂s

∂n
= G1 on Rn−1,and satisfying the following estimate:

‖s‖W 1,p
0 (Ω) ≤ C( ‖F‖W 0,p

1 (Ω) +‖G0‖
W

1− 1
p ,p

(Γ0)
+‖G1‖

W
1− 1

p ,p

1 (Rn−1)
). (4.18)Finally, the fun
tion u = r+ z + v + s ∈W 1,p

0 (Ω) is solution of the problem
(PN ) and the estimate (4.11) is given by (4.15), (4.16) (4.17) and (4.18). �Remark: We noti
e that, when the data are more regular, the weaksolution is also more regular; in fa
t, it is the solution of Theorem 4.3.2.63



4.4 The �rst mixed problemIn this se
tion, we want to solve the following problem:
(PM1)





−∆u = f in Ω,
u = g0 on Γ0,
∂u

∂n
= g1 on Rn−1.First, we 
hara
terize the following kernel:

Ep
0(Ω) = {z ∈W 1,p

0 (Ω), ∆z = 0 in Ω, z = 0 on Γ0,
∂z

∂n
= 0 on Rn−1}.We have the following result:Proposition 4.4.1. i) If p < n or p = n = 2, then Ep

0(Ω) = {0}.ii) If p ≥ n ≥ 3, then Ep
0(Ω) = {c(λ − 1), c ∈ R} where λ is the uniquesolution in W 1,2

0 (Ω) ∩W 1,p
0 (Ω) of the following problem (P1):

(P1) ∆λ = 0 in Ω, λ = 1 on Γ0,
∂λ

∂n
= 0 on Rn−1.iii) If p > n = 2, then Ep

0(Ω) = {c(µ − µ0), c ∈ R} where µ is the uniquesolution in W 1,2
0 (Ω) ∩W 1,p

0 (Ω) of the following problem (P2):
(P2) ∆µ = 0 in Ω, µ = µ0 on Γ0,

∂µ

∂n
= 0 on R.Proof - Let z be in Ep

0(Ω). We de�ne, for almost all (x′, xn) ∈ Ω̃ thefun
tion z∗ ∈W 1,p
0 (Ω̃), z∗ = 0 on Γ̃0 and we 
he
k, like done in the proof ofProposition 2.1 that ∆z∗ = 0 in Ω̃. So the fun
tion z∗ is in the spa
e

Ap
0(Ω̃) = {z ∈W 1,p

0 (Ω̃), ∆z = 0 in Ω̃, z = 0 on Γ̃0}Now, we use the 
hara
terization of Ap
0(Ω̃) (see Proposition 2.2.1).i) If p < n or if p = n = 2, then Ap
0(Ω̃) = {0} whi
h implies that z∗ = 0in Ω̃ and so z = 0 in Ω, i.e. Ep

0(Ω) = {0}.ii) If p ≥ n ≥ 3, then z∗ = c(λ̃ − 1), where c is a real 
onstant and λ̃ isthe unique solution in W 1,p
0 (Ω̃) ∩W 1,2

0 (Ω̃) of the problem
∆λ̃ = 0 in Ω̃, λ̃ = 1 on Γ̃0.Now, we set, for almost all (x′, xn) ∈ Ω̃, β(x′, xn) = λ̃(x′,−xn). We eas-ily 
he
k that β, belonging to W 1,p

0 (Ω̃) ∩W 1,2
0 (Ω̃), is solution of the sameproblem that λ̃ satis�es, but this solution is unique, so we dedu
e that64



β = λ̃ and so on Rn−1, ∂λ̃
∂n

= 0. Thus, setting λ the restri
tion of λ̃ to
Ω, λ ∈ W 1,p

0 (Ω) ∩W 1,2
0 (Ω) is solution of the problem (P1). Moreover, thissolution is unique. Indeed, if θ is another solution, θ∗ is solution of the sameproblem that λ̃ satis�es in Ω̃, so θ∗ = λ̃ in Ω̃ and θ = λ in Ω.iii) If p > n = 2, so, we have z∗ = c(µ̃ − µ0), where c is a real 
onstantand µ̃ the unique solution in W 1,p

0 (Ω̃) ∩W 1,2
0 (Ω̃) of the problem

∆µ̃ = 0 in Ω̃, µ̃ = µ0 on Γ̃0.But, we noti
e that µ0 
an also be written
µ0(x) =

1

2π|Γ̃0|

∫

eΓ0

ln(|y − x|) dσy.As Γ̃0 is symmetri
 with respe
t to Rn−1, we dedu
e that µ0 is symmetri
too, and so ∂µ0

∂n
= 0 on Rn−1. Now, for (x′, xn) ∈ Ω̃, we set ξ(x′, xn) =

µ̃(x′,−xn). We 
he
k that ξ, belonging to W 1,p
0 (Ω̃)∩W 1,2

0 (Ω̃), is solution ofthe same problem that µ̃ satis�es, but this solution being unique, we dedu
ethat ξ = µ̃ and so, on Rn−1, ∂µ̃
∂n

= 0. Thus, setting µ the restri
tion of µ̃to Ω, µ ∈ W 1,p
0 (Ω) ∩W 1,2

0 (Ω) is solution of the problem (P2) and we showthat this solution is unique like in the point ii). Noti
ing that we have also
∆µ0 = 0 in Ω, the other in
lusion be
omes obvious. �Let f be in W 0,p

1 (Ω), g0 in W 1− 1
p
,p(Γ0) and g1 in W

− 1
p
,p

0 (Rn−1). Weremind that we sear
h u ∈ W 1,p
0 (Ω) solution of the problem (PM1). Wesuppose that su
h a solution u ∈W 1,p

0 (Ω) exists. Then, for any v ∈W 1,p′

0 (Ω),we have:
∫

Ω
−v∆u dx =

∫

Ω
∇u · ∇v dx − <

∂u

∂n
, v >Γ0∪Rn−1 .In parti
ular, for any ϕ ∈ Ep′

0 (Ω):
∫

Ω
fϕ dx =

∫

Ω
∇u · ∇ϕ dx − < g1, ϕ >Rn−1 .We have too:

0 =

∫

Ω
−u∆ϕ dx =

∫

Ω
∇ϕ · ∇u dx − <

∂ϕ

∂n
, g0 >Γ0 .65



We dedu
e from this that if u ∈ W 1,p
0 (Ω) is solution of the problem (PM1),the data must satisfy the following 
ompatibility 
ondition:

∀ϕ ∈ Ep′

0 (Ω),

∫

Ω
fϕ dx = <

∂ϕ

∂n
, g0 >Γ0 − < g1, ϕ >Rn−1 . (4.19)Now, we are going to sear
h strong solutions for the problem (PM1).Theorem 4.4.2. For any p >

n

n− 1
, and for any f ∈ W 0,p

1 (Ω), g0 ∈

W 2− 1
p
,p(Γ0) and g1 ∈W

1− 1
p
,p

1 (Rn−1), there exists a unique u ∈W 2,p
1 (Ω)/Ep

0(Ω)solution of (PM1). Moreover, u satis�es
‖u‖W 2,p

1 (Ω)/Ep
0(Ω) ≤ C( ‖f‖W 0,p

1 (Ω) + ‖g0‖
W

2− 1
p ,p

(Γ0)
+ ‖g1‖

W
1− 1

p ,p

1 (Rn−1)
),(4.20)where C is a real positive 
onstant whi
h depends only on p and ω0.Proof - We know there exists a fun
tion ug1 ∈W 2,p

1 (Rn
+) su
h that ug1 =

0 and ∂ug1

∂n
= g1 on Rn−1 satisfying the estimate:

‖ug1‖W 2,p
1 (Rn

+)
≤ C ‖g1‖

W
1− 1

p ,p

1 (Rn−1)
. (4.21)We set u1 the restri
tion of ug1 to Ω and η the tra
e of u1 on Γ0. Then, weset g = g0 − η ∈ W 2− 1

p
,p(Γ0) and h = f + ∆u1 ∈ W 0,p

1 (Ω). Now, we must�nd v ∈W 2,p
1 (Ω) solution of the following problem (P ′):

(P ′) − ∆v = h in Ω, v = g on Γ0,
∂v

∂n
= 0 on Rn−1.For this, we de�ne the fun
tions h∗ ∈ W 0,p

1 (Ω̃) and g∗ ∈ W 2− 1
p
,p(Γ̃0). Bythe remark 2.11 in [7℄, there exists a fun
tion w ∈W 2,p

1 (Ω̃), unique up to anelement of Ap
0(Ω̃), solution of

−∆w = h∗ in Ω̃, w = g∗ on Γ̃0,and satisfying the estimate:
‖w‖

W 2,p
1 (eΩ)/Ap

0(eΩ)
≤ C( ‖h‖W 0,p

1 (Ω) + ‖g‖
W

2− 1
p ,p

(Γ0)
).Let w0 be a solution of this problem and for almost all (x′, xn) ∈ Ω̃, we set:

v0(x
′, xn) = w0(x

′,−xn).Thanks to the symmetry of h∗, g∗, Ω̃ and Γ̃0 with respe
t to Rn−1, we easilyshow that v0 is solution of the same problem that w0. Thus v0 = w0 + k66



where k ∈ Ap
0(Ω̃). Moreover, we show that ∂k

∂n
= 0 on Rn−1 and we dedu
ethat ∂w0

∂n
= 0 on Rn−1, so, the fun
tion v, restri
tion of w0 to Ω, is in

W 2,p
1 (Ω), is solution of (P ′) and satis�es:
‖v‖

W 2,p
1 (Ω)

≤ C( ‖f‖
W 0,p

1 (Ω)
+ ‖g0‖

W
2− 1

p ,p
(Γ0)

+ ‖g1‖
W

1− 1
p ,p

1 (Rn−1)
). (4.22)Finally, u = v + u1 ∈ W 2,p

1 (Ω) is solution of (PM1) and (4.20) 
omes from(4.21) and (4.22). �Now we sear
h weak solutions of the problem (PM1). For this, in thefollowing theorem, we shall introdu
e a lemma between points i) and ii).This lemma, proved thanks to the point i), allows us to obtain an �inf-sup�
ondition, fundamental 
ondition for the resolution of the point ii).Theorem 4.4.3. For any p > 1 su
h that n
p′

6= 1, and for any f ∈W 0,p
1 (Ω),

g0 ∈ W 1− 1
p
,p(Γ0) and g1 ∈ W

− 1
p
,p

0 (Rn−1), satisfying, if p < n

n− 1
, the 
om-patibility 
ondition (4.19), there exists a unique u ∈W 1,p

0 (Ω)/Ep
0(Ω) solutionof (PM1). Moreover, u satis�es

‖u‖
W 1,p

0 (Ω)/Ep
0(Ω)

≤ C( ‖f‖
W 0,p

1 (Ω)
+ ‖g0‖

W
1− 1

p ,p
(Γ0)

+ ‖g1‖
W

−
1
p ,p

0 (Rn−1)
),(4.23)where C is a real positive 
onstant whi
h depends only on p and ω0.Proof - i) First, we suppose n

p′
> 1, i.e. p > n

n− 1
.By the previous theorem, we begin to show that there exists a fun
tion

s ∈W 2,p
1 (Ω) ⊂W 1,p

0 (Ω) solution of the problem
−∆s = f in Ω, s = 0 on Γ0,

∂s

∂n
= 0 on Rn−1,and satisfying the estimate:

‖s‖W 1,p
0 (Ω) ≤ ‖s‖W 2,p

1 (Ω) ≤ C ‖f‖W 0,p
1 (Ω). (4.24)Moreover, by Theorem 2.3.2, there exists a fun
tion z ∈ W 1,p

0 (Rn
+) solutionof

∆z = 0 in Rn
+,

∂z

∂n
= g1 on Rn−1,and su
h that

‖z‖W 1,p
0 (Rn

+) ≤ C ‖g1‖
W

−
1
p ,p

0 (Rn−1)
. (4.25)67



We denote again by z the restri
tion of z to Ω, so z ∈ W 1,p
0 (Ω) and ∆z = 0in Ω. Now, let η be the tra
e of z on Γ0. The fun
tion η is in W 1− 1

p
,p(Γ0).We set g = g0 − η ∈ W

1− 1
p
,p
(Γ0). Like done in the proof of Theorem 4.4.2and by Theorem 2.2.2, we show there exists v ∈W 1,p

0 (Ω) solution of:
∆v = 0 in Ω, v = g on Γ0,

∂v

∂n
= 0 on Rn−1,and satisfying the estimate:

‖v‖W 1,p
0 (Ω) ≤ C ‖g‖

W
1− 1

p ,p
(Γ0)

. (4.26)Finally, the fun
tion u = s + z + v ∈ W 1,p
0 (Ω) is solution of the problem

(PM1) and the estimate (4.23) 
omes from (4.24), (4.25) and (4.26).Now, we set
Dp = {v ∈W 1,p

0 (Ω), v = 0 on Γ0},and we introdu
e the following lemma to solve the point ii) of the theorem:Lemma 4.4.4. Let p be su
h that p > n

n− 1
. There exists a real 
onstant

β > 0 su
h that
inf

w∈Dp′

w 6=0

sup
v∈Dp

v 6=0

∫

Ω
∇v · ∇w dx

‖∇v‖Lp(Ω)‖∇w‖Lp′(Ω)

≥ β,and the operators B from Dp/Ker B to (Dp′)
′ and B′ from Dp′ to (Dp)

′ ⊥
Ker B de�ned by:

∀v ∈ Dp, ∀w ∈ Dp′ , < Bv,w > = < v,B′w > =

∫

Ω
∇v · ∇w dxare isomorphisms.Proof of the Lemma- We must �rstly show an equivalent propositionto Proposition 3.3.2, i.e. for any g ∈ Lp(Ω), there exists z ∈

◦
Hp (Ω) and

ϕ ∈ Dp, su
h that:
g = ∇ϕ+ z,

‖∇ϕ‖Lp(Ω) ≤ C ‖g‖Lp(Ω)where C > 0 is a real 
onstant whi
h depends only on Ω and p and
◦
Hp (Ω) = {z ∈ Lp(Ω), div z = 0 in Ω, z · n = 0 on Rn−1}.68



The proof takes its inspiration from the proof of Proposition 3.3.2. First,setting
g̃ = g in Ω, g̃ = 0 in ω0, g̃ = 0 in Rn

−,we remind (see [6℄) that there exists v ∈ W 1,p
0 (Rn), unique if p < n andunique up to an additive 
onstant otherwise, solution of

∆v = div g̃ in Rnand satisfying
‖∇v‖Lp(Rn) ≤ C ‖div g̃‖

W−1,p
0 (Rn)

≤ C ‖g‖Lp(Ω).We denote again by v the restri
tion of v to Ω. We noti
e that, by [9℄,
(g −∇v) · n ∈W

− 1
p
,p

0 (Rn−1) be
ause div (g −∇v) = 0 ∈W 0,p
1 (Ω) and

‖(g −∇v) · n‖
W

−
1
p ,p

0 (Rn−1)
≤ C ‖g −∇v‖Lp(Ω).Moreover, thanks to the point i), there exists a unique w ∈W 1,p

0 (Ω) solutionof:
∆w = 0 in Ω, w = −v on Γ0,

∂w

∂n
= (g −∇v) · n on Rn−1,su
h that

‖w‖W 1,p
0 (Ω) ≤ C (‖v‖

W
1− 1

p ,p
(Γ0)

+ ‖(g −∇v) · n‖
W

−
1
p ,p

0 (Rn−1)
)

≤ C (‖v‖
W 1,p

0 (Rn)
+ ‖g −∇v‖Lp(Ω)) ≤ C ‖g‖Lp(Ω).Then, setting ϕ = v+w and z = g −∇ϕ, we have the sear
hed result, and,like done in Se
tion 3.3.2, the �inf-sup� 
ondition. The se
ond part of thelemma 
omes from the Babu²ka-Brezzi's theorem (see Theorem 3.3.4). �End of the proof of Theorem 4.4.3- ii) We suppose n

p′
< 1, i.e. p <

n

n− 1
. Thanks to Se
tion 4.2, we know there exists a unique z ∈ W 1,p

0 (Ω)solution of the problem
∆z = 0 in Ω, z = g0 on Γ0, z = 0 on Rn−1,and satisfying the estimate:

‖z‖W 1,p
0 (Ω) ≤ C ‖g0‖

W
1− 1

p ,p
(Γ0)

. (4.27)Sin
e ∆z = 0 ∈ W 0,p
1 (Ω), η =

∂z

∂n
has a meaning in W− 1

p
,p

0 (Rn−1). We set
g = g1 − η ∈W

− 1
p
,p

0 (Rn−1) and we want to solve the following problem (P ′):
(P ′) − ∆v = f in Ω, v = 0 on Γ0,

∂v

∂n
= g on Rn−1.69



For this, for any w ∈ Dp′ we de�ne the operator:
Tw =

∫

Ω
fw dx + < g,w >Rn−1 .We easily 
he
k that T ∈ (Dp′)

′. We de�ne the following problem (FV):�nd v ∈ Dp su
h that for any w ∈ Dp′ , we have:
∫

Ω
∇v · ∇w dx = Tw.We noti
e that if v ∈W 1,p

0 (Ω) is solution of (P ′), it is also solution of (FV).Conversely, let v ∈ Dp be a solution of (FV) and let ϕ be in D(Ω) ⊂ Dp′ .So
< ∆v, ϕ >D′(Ω),D(Ω)= −

∫

Ω
∇v · ∇ϕ dx = −Tϕ = − < f,ϕ >D′(Ω),D(Ω),i.e. −∆v = f in Ω. The fun
tion ∆v ∈ W 0,p

1 (Ω), so ∂v

∂n
has a meaning in

W
− 1

p
,p

0 (Rn−1). Now, we want to show that we have ∂v

∂n
= g on Rn−1. Weknow that, for any µ ∈ W

2− 1
p′

,p′

1 (Rn−1), there exists u1 ∈ W 2,p′

1 (Rn
+) su
hthat

u1 = µ and ∂u1

∂n
= 0 on Rn−1,with ‖u1‖W 2,p′

1 (Rn
+)

≤ C ‖µ‖
W

2− 1
p′

,p′

1 (Rn−1)

. We denote again by u1 ∈W 2,p′

1 (Ω)the restri
tion of u1 to Ω and ξ ∈W 2− 1
p′

,p′
(Γ0) the tra
e of u1 on Γ0. Thereexists u0 ∈ W 2,p′(ΩR), where R > 0 is su
h that ω0 ⊂ BR ⊂ Rn

+, BR is anopen ball of radius R and ΩR = Ω ∩BR, satisfying
u0 = ξ and ∂u0

∂n
= 0 on Γ0, u0 =

∂u0

∂n
= 0 on ∂BRand

‖u0‖W 2,p′(ΩR) ≤ C ‖ξ‖
W

2− 1
p′

,p′

(Γ0)We set ũ0 the extension of u0 by 0 outside BR. We have ũ0 ∈W 2,p′

1 (Ω) and
ũ0 = ξ and ∂ũ0

∂n
= 0 on Γ0, ũ0 =

∂ũ0

∂n
= 0 on Rn−1,with ‖ũ0‖W 2,p′

1 (Ω)
≤ C ‖u1‖W 2,p′

1 (Ω)
. We set u = u1 − ũ0 ∈W 2,p′

1 (Ω), then usatis�es
u = 0 on Γ0, u = µ and ∂u

∂n
= 0 on Rn−170



and
‖u‖

W 2,p′

1 (Ω)
≤ C ‖µ‖

W
2− 1

p′
,p′

1 (Rn−1)Thus, noti
ing that u ∈ Dp′ and µ ∈W
1− 1

p′
,p′

0 (Rn−1) be
ause, for any valueof n and p′, W 2,p′

1 (Ω) ⊂W 1,p′

0 (Ω), we have
<
∂v

∂n
, µ >Rn−1= <

∂v

∂n
, u >Γ0∪Rn−1 =

∫

Ω
u∆v dx+

∫

Ω
∇v · ∇u dx

= −

∫

Ω
fu dx+ Tu

= < g, µ >Rn−1 ,i.e. ∂v

∂n
= g on Rn−1. So, problems (P ′) and (FV) are equivalents. More-over, sin
e p < n

n− 1
, p′ > n

n− 1
and we apply the previous lemma noti
ingthat we have Ker B = Ep′

0 (Ω). We dedu
e that
B′ is an isomorphism from Dp to (Dp′)

′ ⊥ Ep′

0 (Ω). (4.28)Moreover T ∈ (Dp′)
′ ⊥ Ep′

0 (Ω). Indeed, for any ϕ ∈ Ep′

0 (Ω), we have
Tϕ =

∫

Ω
fϕ dx + < g1, ϕ >Rn−1 − < η,ϕ >Rn−1and

< η,ϕ >Rn−1= <
∂z

∂n
, ϕ >Γ0∪Rn−1=

∫

Ω
∇z · ∇ϕ dx = <

∂ϕ

∂n
, g0 >Γ0 ,whi
h implies, by the 
ondition (4.19), that Tϕ = 0. This allows us todedu
e, by (4.28), that there exists a unique v ∈ Dp su
h that B′v = T ,i.e. solution of (FV) and 
onsequently of (P ′) and we have the followingestimate:

‖v‖
W 1,p

0 (Ω)
≤ C (‖f‖

W 0,p
1 (Ω)

+ ‖g0‖
W

1− 1
p ,p

(Γ0)
+ ‖g1‖

W
−

1
p ,p

0 (Rn−1)
). (4.29)Finally, u = z + v ∈W 1,p

0 (Ω) is solution of (PM1) and we have the estimate(4.23) by (4.27) and (4.29). �Remark: We noti
e that when p > n

n− 1
and when the data are moreregular, the weak solution is more regular too; it is in fa
t the solution ofTheorem 4.4.2. 71



4.5 The se
ond mixed problemIn this se
tion, we want to solve the following problem:
(PM2)





−∆u = f in Ω,
∂u

∂n
= g0 on Γ0,

u = g1 on Rn−1.First, we 
hara
terize the following kernel:
Fp

0(Ω) = {z ∈W 1,p
0 (Ω), ∆z = 0 in Ω,

∂z

∂n
= 0 on Γ0, z = 0 on Rn−1}.Proposition 4.5.1. For any p > 1, Fp

0(Ω) = {0}.Proof - Let z be in Fp
0(Ω). We de�ne, for almost all (x′, xn) ∈ Ω̃ thefun
tion z∗ ∈ W 1,p

0 (Ω̃). Then ∂z∗

∂n
= 0 on Γ̃0 and we 
he
k, like done in theproof of Proposition 4.2.1 that ∆z∗ = 0 in Ω̃. The fun
tion z∗ is in the spa
e

{z ∈W 1,p
0 (Ω̃), ∆z = 0 in Ω̃,

∂z

∂n
= 0 on Γ̃0} whi
h is equal to P[1−n/p] (seeTheorem 2.2.3). Thus, if p < n, z∗ = 0 in Ω̃ and z = 0 in Ω and if p ≥ n, z∗is a 
onstant in Ω̃ so z is 
onstant in Ω, but z = 0 on Rn−1, so z = 0 in Ωand Fp

0(Ω) = {0}. �The following theorem allows us to obtain strong solutions of the problem
(PM2).Theorem 4.5.2. For any p >

n

n− 1
, and for any f ∈ W 0,p

1 (Ω), g0 ∈

W 1− 1
p
,p(Γ0) and g1 ∈ W

2− 1
p
,p

1 (Rn−1), there exists a unique u ∈ W 2,p
1 (Ω)solution of (PM2). Moreover, u satis�es

‖u‖W 2,p
1 (Ω) ≤ C( ‖f‖W 0,p

1 (Ω) + ‖g0‖
W

1− 1
p ,p

(Γ0)
+ ‖g1‖

W
2− 1

p ,p

1 (Rn−1)
), (4.30)where C is a real positive 
onstant whi
h depends only on p and ω0.Proof - We know there exists a fun
tion ug1 ∈W 2,p

1 (Rn
+) su
h that ug1 =

g1 and ∂ug1

∂n
= 0 on Rn−1, satisfying the estimate:

‖ug1‖W 2,p
1 (Rn

+)
≤ C ‖g1‖

W
2− 1

p ,p

1 (Rn−1)
. (4.31)We set u1 the restri
tion of ug1 to Ω and η the normal derivative of u1 on

Γ0. Then, we set g = g0 − η ∈ W 1− 1
p
,p(Γ0) and h = f + ∆u1 ∈ W 0,p

1 (Ω).Now, we want to �nd v ∈W 2,p
1 (Ω) solution of the following problem (P ′):

(P ′) − ∆v = h in Ω,
∂v

∂n
= g on Γ0, v = 0 on Rn−1.72



We de�ne the fun
tions h∗ ∈W 0,p
1 (Ω̃) and g∗ ∈W 1− 1

p
,p(Γ̃0) and, by Proposi-tion 3.12 in [7℄, there exists a fun
tion w ∈W 2,p

1 (Ω̃), unique up to an elementof P[1−n/p], solution of
−∆w = h∗ in Ω̃,

∂w

∂n
= g∗ on Γ̃0,and satisfying the estimate:

‖w‖
W 2,p

1 (eΩ)/P[1−n/p]
≤ C( ‖h‖

W 0,p
1 (Ω)

+ ‖g‖
W

1− 1
p ,p

(Γ0)
).Let w0 be a solution of this problem and, for almost all (x′, xn) ∈ Ω̃, we set:

v0(x
′, xn) = −w0(x

′,−xn).We easily 
he
k that v0 is solution of the same problem that w0 satis�es.Thus v0 − w0 ∈ P[1−n/p].i) We suppose that n
p
> 1. In this 
ase, v0 = w0 in Ω̃ and we dedu
ethat w0 = 0 on Rn−1. So, the fun
tion v ∈ W 2,p

1 (Ω), restri
tion of w0 to Ωis a solution of (P ′).ii) We suppose that n
p
≤ 1. In this 
ase, v0 = w0 + α in Ω̃, where α is areal 
onstant, and, setting c = −

1

2
α, we dedu
e that w0 = c on Rn−1. Thefun
tion v = w0|Ω − c is an element of W 2,p

1 (Ω) and v is solution of (P ′).Moreover, v, solution of (P ′), satis�es the estimate:
‖v‖

W 2,p
1 (Ω)

≤ C( ‖f‖
W 0,p

1 (Ω)
+ ‖g0‖

W
1− 1

p ,p
(Γ0)

+ ‖g1‖
W

2− 1
p ,p

1 (Rn−1)
). (4.32)Finally, the fun
tion u = v + u1 ∈ W 2,p

1 (Ω) is solution of (PM2) and theestimate (4.30) 
omes from (4.31) and (4.32). �Now, we sear
h weak solutions of the problem (PM2). We set
Np = {v ∈W 1,p

0 (Ω), v = 0 on Rn−1},and we �rstly give the following lemma that we demonstrate like to Lemma4.4.4 reversing only Γ0 and Rn−1 (and so, using in its proof the result of thepoint i) of the following theorem): 73



Lemma 4.5.3. Let p be su
h that p > n

n− 1
. There exists a real 
onstant

β > 0 su
h that
inf

w∈Np′

w 6=0

sup
v∈Np

v 6=0

∫

Ω
∇v · ∇w dx

‖∇v‖Lp(Ω)‖∇w‖Lp′ (Ω)

≥ β,and the operators B from Np/Ker B to(Np′)
′ and B′ from Np′ to (Np)

′ ⊥
Ker B de�ned by:

∀v ∈ Np, ∀w ∈ Np′ , < Bv,w > = < v,B′w > =

∫

Ω
∇v · ∇w dxare isomorphisms.Theorem 4.5.4. For any p > 1 su
h that n

p′
6= 1, and for any f ∈W 0,p

1 (Ω),
g0 ∈W

− 1
p
,p
(Γ0) and g1 ∈W

1− 1
p
,p

0 (Rn−1), there exists a unique u ∈W 1,p
0 (Ω)solution of (PM2). Moreover, u satis�es

‖u‖W 1,p
0 (Ω) ≤ C( ‖f‖W 0,p

1 (Ω) + ‖g0‖
W

−
1
p ,p

(Γ0)
+ ‖g1‖

W
1− 1

p ,p

0 (Rn−1)
), (4.33)where C is a real positive 
onstant whi
h depends only on p and ω0.Proof - i) We suppose n

p′
> 1, i.e. p > n

n− 1
.First, we apply Theorem 4.5.2 to have the existen
e of s ∈ W 2,p

1 (Ω) ⊂

W 1,p
0 (Ω) solution of the problem

−∆s = f in Ω,
∂s

∂n
= 0 on Γ0, s = 0 on Rn−1,and satisfying:

‖s‖
W 1,p

0 (Ω)
≤ ‖s‖

W 2,p
1 (Ω)

≤ C ‖f‖
W 0,p

1 (Ω)
. (4.34)Then, by Theorem 2.3.1, there exists a fun
tion z ∈W 1,p

0 (Rn
+) solution of

∆z = 0 in Rn
+ z = g1 on Rn−1,satisfying:

‖z‖W 1,p
0 (Rn

+) ≤ C ‖g1‖
W

1− 1
p ,p

0 (Rn−1)
. (4.35)We denote again by z the restri
tion of z to Ω. It is obvious that the normalderivative η of z on Γ0 is in W− 1

p
,p
(Γ0). We set g = g0 −η ∈W

− 1
p
,p
(Γ0) andwe want to solve the following problem (P ′):

(P ′) ∆v = 0 in Ω,
∂v

∂n
= g on Γ0, v = 0 on Rn−1.74



Let µ be in W 1− 1
p′

,p′
(Γ̃0). For almost any (x′, xn) ∈ Γ0, we set
πµ(x′, xn) = µ(x′, xn) − µ(x′,−xn).We noti
e that πµ ∈W

1− 1
p′

,p′
(Γ0), and we de�ne

< gπ, µ >:= < g, πµ >Γ0 .It is obvious that gπ ∈ W− 1
p
,p(Γ̃0) and that g is the restri
tion of gπ to Γ0.Moreover, we easily 
he
k that

< gπ, ξ >eΓ0
= − < gπ, µ >eΓ0

,where ξ(x′, xn) = µ(x′,−xn) with (x′, xn) ∈ Γ̃0. By Theorem 2.2.3, thereexists a fun
tion w ∈W 1,p
0 (Ω̃), unique up to an element of P[1−n/p] solutionof the following problem:

∆w = 0 in Ω̃,
∂w

∂n
= gπ on Γ̃0,and su
h that:

‖w‖W 1,p
0 (eΩ)/P[1−n/p]

≤ C ‖gπ‖
W

−
1
p ,p

(eΓ0)
.Let w0 be a solution of this problem. We set for almost all (x′, xn) ∈ Ω̃:

v0(x
′, xn) = −w0(x

′,−xn).The fun
tion v0 is in W 1,p
0 (Ω̃) and sin
e ∆w0 is nil in Ω̃, we easily 
he
kthat ∆v0 is nil too. Thus ∂v0
∂n

has a meaning in W− 1
p
,p(Γ̃0) and we show,like done in the proof of Theorem 4.3.3 that ∂v0

∂n
= gπ on Γ̃0. So, thefun
tion v0 is solution of the same problem that w0 satis�es, whi
h impliesthat v0 − w0 ∈ P[1−n/p]. We 
on
lude like done in the proof of the previoustheorem to show the existen
e of the solution v ∈ W 1,p
0 (Ω) of the problem

(P ′) satisfying:
‖v‖W 1,p

0 (Ω) ≤ C ‖g‖
W

−
1
p ,p

(Γ0)
. (4.36)Finally, the fun
tion u = z + s + v ∈ W 1,p

0 (Ω) is solution of the problem
(PN ) and the estimate (4.33) 
omes from (4.34), (4.35) and (4.36).ii) We suppose n

p′
< 1, i.e. p < n

n− 1
.Thanks to Se
tion 4.2, we know there exists a unique z ∈ W 1,p

0 (Ω) solu-tion of the problem
∆z = 0 in Ω, z = 0 on Γ0, z = g1 on Rn−1,75



satisfying the estimate:
‖z‖W 1,p

0 (Ω) ≤ C ‖g1‖
W

1− 1
p ,p

0 (Rn−1)
. (4.37)Sin
e ∆z = 0 ∈ Lp(Ω), η =

∂z

∂n
has a meaning in W

− 1
p
,p
(Γ0). We set

g = g0 − η and we want to �nd v ∈ W 1,p
0 (Ω) solution of the followingproblem:

(P ′) − ∆v = f in Ω,
∂v

∂n
= g on Γ0, v = 0 on Rn−1.For this, we de�ne, for any w ∈ Np′ the operator:

Tw =

∫

Ω
fw dx + < g,w >Γ0 .We easily 
he
k that T ∈ (Np′)

′. We de�ne the following problem (FV): �nd
v ∈ Np su
h that for any w ∈ Np′ , we have

∫

Ω
∇v · ∇w dx = Tw.We noti
e that if v ∈W 1,p

0 (Ω) is solution of (P ′), it is also solution of (FV).Conversely, let v ∈ Np be solution of (FV) and let ϕ be in D(Ω) ⊂ Np′ .Then
< ∆v, ϕ >Ω= −

∫

Ω
∇v · ∇ϕ dx = −Tϕ = − < f,ϕ >Ω,i.e. −∆v = f in Ω. The fun
tion ∆v is in Lp(Ω), so ∂v

∂n
has a meaning in

W− 1
p
,p(Γ0). Let us show now that ∂v

∂n
= g on Γ0. We know that for any

µ ∈ W
2− 1

p′
,p′

(Γ0), there exists u ∈ W 2,p′(ΩR), where R > 0 is su
h that
ω0 ⊂ BR ⊂ Rn

+ and ΩR = Ω ∩BR satisfying




u = µ and ∂u

∂n
= 0 on Γ0,

u =
∂u

∂n
= 0 on ∂BR,We denote by ũ the extension of u by 0 outside BR. We have ũ ∈W 2,p′

1 (Ω),




ũ = µ and ∂ũ

∂n
= 0 on Γ0,

ũ =
∂ũ

∂n
= 0 on Rn−1,and the following estimate

‖ũ‖
W 2,p′

1 (Ω)
≤ C ‖µ‖

W
2− 1

p′
,p′

1 (Γ0)

.76



Thus
<
∂v

∂n
, µ >Γ0=<

∂v

∂n
, ũ >Γ0∪Rn−1 =

∫

Ω
ũ∆v dx+

∫

Ω
∇v · ∇ũ dx

= −

∫

Ω
fũ dx+ T (ũ)

=< g, µ >Γ0 ,i.e. ∂v

∂n
= g on Γ0 and so, problems (P ′) and (FV) are equivalents. More-over, sin
e p < n

n− 1
, then p′ >

n

n− 1
and we apply the previous lemmanoti
ing that Ker B = Fp′

0 (Ω) = {0}. We dedu
e from this that
B′ is an isomorphism from Np to (Np′)

′. (4.38)Sin
e T ∈ (Np′)
′, we 
an dedu
e from this that there exists a unique v ∈ Npsu
h that B′v = T , i.e. solution of (FV) and so of (P ′) and we have thefollowing estimate:

‖v‖W 1,p
0 (Ω) ≤ C (‖f‖W 0,p

1 (Ω) + ‖g0‖
W

−
1
p ,p

(Γ0)
+ ‖g1‖

W
1− 1

p ,p

0 (Rn−1)
). (4.39)Finally, u = z + v ∈W 1,p

0 (Ω) is solution of (PM2) and we have the sear
hedestimate. �Remark: We noti
e that when p > n

n− 1
and when the data are moreregular, the weak solution is more regular too; it is in fa
t the solution ofTheorem 4.5.2.
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Chapter 5Exterior Stokes problem in thehalf-spa
e5.1 Introdu
tion and preliminariesIn this 
hapter, we 
onsider the same domain as the previous one and herewe want to study the Stokes operator with Diri
hlet boundary 
ondition. Let
ω0 be a 
ompa
t region of Rn

+, Γ0 the boundary of ω0 and Ω the 
omplementof ω0 in Rn
+. We remind that the property (1.1) is satis�ed in su
h a domain.This paper is devoted to the resolution of the Stokes system

(SD)





−∆u+ ∇π = f in Ω,div u = h in Ω,
u = g0 on Γ0,
u = g1 on Rn−1.The 
hapter is organized as follows. Se
tions 5.2 and 5.3 are devoted tothe 
ase of generalized solutions respe
tively when p = 2 and p 6= 2. In Se
-tion 5.4, we 
onsider strong solutions and give regularity results a

ordingto the data. Finally, in Se
tion 5.5, we �nd very weak solutions to the ho-mogeneous problem with singular boundary 
onditions. The main results ofthis work are Theorems 5.2.5 and 5.3.6 for generalized solutions, Theorems5.4.2 and 5.4.4 for strong solutions and Theorems 5.5.2 and 5.5.3 for veryweak solutions.In all this arti
le, we suppose that Γ0 is of 
lass C1,1, ex
ept when p = 2,where Γ0 
an be only 
onsidered Lips
hitz-
ontinuous.Corresponding to Theorem 1.2.1, the following Poin
aré-type inequalitieshold in an exterior domain in the half-spa
e. We give here the theorem andthe proof only for the 
ase that we use, the basis spa
e W 1,2

0 (Ω). We easilyextend to the general 
ase. 79



Theorem 5.1.1. i) The semi-norm | · |W 1,2
0 (Ω) de�ned on W 1,2

0 (Ω)/P[1−n/2]is a norm equivalent to the quotient norm.ii) The semi-norm | · |W 1,2
0 (Ω) de�ned on ◦

W
1,2
0 (Ω) is a norm equivalent tothe full norm ‖ · ‖W 1,2

0 (Ω).Proof - We extend the problem in Ω̃ = Ω∪Ω′∪Rn−1 with Ω′ the symmet-ri
 region of Ω with respe
t to Rn−1 and we use results of [7℄ in an exteriordomain. Here, we prove only the 
ase i), the 
ase ii) is similar.Let u be in W 1,2
0 (Ω) and u∗ ∈W 1,2

0 (Ω̃) its extension in Ω̃ de�ned by
u∗(x

′, xn) =

{
u(x′, xn) if xn > 0,
u(x′,−xn) if xn < 0.We have

‖u∗‖W 1,2
0 (eΩ)

≤ C ‖u‖
W 1,2

0 (Ω)
.Moreover, by [7℄

inf
k∈P[1−n/2]

‖u∗ + k‖W 1,2
0 (eΩ) ≤ C |u∗|W 1,2

0 (eΩ).Finally, sin
e for all k ∈ P[1−n/2],
‖u+ k‖W 1,2

0 (Ω) ≤ ‖u∗ + k‖W 1,2
0 (eΩ),we have

inf
k∈P[1−n/2]

‖u+ k‖W 1,2
0 (Ω) ≤ C |u∗|W 1,2

0 (eΩ) ≤ C |u|W 1,2
0 (Ω). �5.2 Study of the problem (SD) when p = 2.First, we noti
e that it is equivalent to solve the problem with homogeneousboundary 
onditions. Indeed, the fun
tion g1 is in W 1− 1

2
,2

0 (Rn−1), so, byLemma 1.3.1, there exists u1 ∈W 1,2
0 (Rn

+) su
h that u1 = g1 on Rn−1 and
‖u1‖W

1,2
0 (Rn

+)
≤ C ‖g1‖

W
1− 1

2 ,2

0 (Rn−1)
.Now, let η be the tra
e of u1 on Γ0, g = g0 − η ∈ H

1
2 (Γ0) and let R > 0be su
h that ω0 ⊂ BR ⊂ Rn

+. It is 
lear that the fun
tion h0 de�ned by
h0 = g on Γ0, h0 = 0 on ∂BR,
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belongs to H 1
2 (Γ0 ∪ ∂BR). We know that there exists an extension uh0

∈
H1(ΩR), where ΩR = Ω ∩ BR, su
h that uh0

= h0 on Γ0 ∪ ∂BR and su
hthat ‖uh0
‖H1(ΩR) ≤ C ‖h0‖

H
1
2 (Γ0∪∂BR)

. We set
u0 =

{
uh0

in ΩR,
0 in Ω \ ΩR.We have u0 ∈H1(Ω), u0 = g on Γ0, u0 = 0 on Rn−1 and

‖u0‖H1(Ω) ≤ C ‖g‖
H

1
2 (Γ0)

.Thus the fun
tion u0 + u1|Ω is in W 1,2
0 (Ω) and its tra
es are g0 on Γ0 and

g1 on Γ1. This allows us to solve only the following problem: let f be in
W

−1,2
0 (Ω) and h be in L2(Ω), we want to �nd (u, π) ∈ W 1,2

0 (Ω) × L2(Ω)solution of
(S0)

{
−∆u+ ∇π = f in Ω, div u = h in Ω,
u = 0 on Γ0, u = 0 on Rn−1.Now, we want to establish Lemma 5.2.2 to have a data for the divergen
eredu
ed to zero. For this, we use this preliminary lemma:Lemma 5.2.1. For any h ∈ L2(Ω), there exists a unique ϕ ∈ W 2,2

0 (Ω)/Rsolution of
∆ϕ = h in Ω and

∂ϕ

∂n
= 0 on Γ0 ∪ R

n−1.Moreover, ϕ satis�es
‖ϕ‖W 2,2

0 (Ω)/R
≤ C ‖h‖L2(Ω),where C is a real positive 
onstant whi
h depends only on ω0.Proof - First, we de�ne Ω′ the symmetri
 region of Ω with respe
t to

Rn−1, Ω̃ = Ω ∪ Ω′ ∪ Rn−1 and Γ̃0 = ∂Ω̃. Let h be in L2(Ω) and let thefun
tion h∗ be de�ned, for almost all (x′, xn) ∈ Ω̃, by
h∗(x

′, xn) =

{
h(x′, xn) if xn > 0,
h(x′,−xn) if xn < 0.Then, we set in Rn the fun
tion

h̃ =

{
h∗ in Ω̃,

0 in Rn \ Ω̃.So, h̃ ∈ L2(Rn) and, supposing �rst that n > 2, as [6℄ allows us to say that
∆ : W 2,2

0 (Rn) −→ L2(Rn)81



is onto, we dedu
e that there exists ũ ∈ W 2,2
0 (Rn) su
h that ∆ũ = h̃ in Rnand ‖ũ‖W 2,2

0 (Rn) ≤ C ‖h‖L2(Ω). We denote by u ∈ W 2,2
0 (Ω̃) the restri
tionof ũ to Ω̃. We noti
e that we have ∆u = h∗ in Ω̃ and that ∂u

∂n
∈ H

1
2 (Γ̃0).By Proposition 3.12 in [7℄, (there is no 
ondition of 
ompatibility be
ause

n > 2), there exists z ∈W 2,2
1 (Ω̃) ⊂W 2,2

0 (Ω̃) su
h that
∆z = 0 in Ω̃ and ∂z

∂n
=
∂u

∂n
on Γ̃0,and satisfying

‖z‖W 2,2
0 (eΩ) ≤ C ‖u‖W 2,2

0 (eΩ).Now, we set w = u− z. Then w ∈W 2,2
0 (Ω̃) satis�es

∆w = h∗ in Ω̃ and ∂w

∂n
= 0 on Γ̃0, (5.1)and we have

‖w‖
W 2,2

0 (eΩ)
≤ C ‖h‖L2(Ω).If n = 2, we 
an not apply this reasoning be
ause a 
ondition of 
ompatibil-ity appears when we want to use Proposition 3.12 of [7℄. Nevertheless, we
an �nd dire
tly w ∈ W 2,2

0 (Ω̃), solution of (5.1), without needing the spa
e
W 2,2

1 (Ω̃) (see Theorem 7.13 in [27℄). Then, we set, for almost all (x′, xn) ∈ Ω̃,
v(x′, xn) = w(x′,−xn).As h∗ is even with respe
t to xn, we easily 
he
k that v is solution of the sameproblem that w satis�es. So, noti
ing that the kernel of this problem is R, wededu
e that v = w+ c in Ω̃, with c ∈ R, and 
onsequently, ∂w

∂n
= 0 on Rn−1.Thus, the fun
tion w|Ω ∈W 2,2

0 (Ω) is solution of our problem. Moreover, thissolution is unique up to a real 
onstant. Indeed, if z ∈ W 2,2
0 (Ω) is in thekernel of this problem, z∗ ∈W 2,2

0 (Ω̃) is in R, the kernel of the problem (5.1),so z ∈ R. �Lemma 5.2.2. There exists a real 
onstant C > 0 depending only on ω0su
h that for any h ∈ L2(Ω), there exists w ∈
◦
W

1,2
0 (Ω) satisfying

div w = h in Ω and ‖w‖
W

1,2
0 (Ω)

≤ C ‖h‖L2(Ω).Proof - Let h be in L2(Ω). We know, by the previous lemma, that thereexists a unique ϕ ∈W 2,2
0 (Ω)/R satisfying

∆ϕ = h in Ω and
∂ϕ

∂n
= 0 on Γ0 ∪ R

n−1,82



with
‖ϕ‖W 2,2

0 (Ω)/R
≤ C ‖h‖L2(Ω).We set v = ∇ϕ ∈W 1,2

0 (Ω). So ‖v‖
W

1,2
0 (Ω) ≤ C ‖h‖L2(Ω). Moreover, we set

g0 = v|Γ0
∈H

1
2 (Γ0) and g1 = v|Rn−1 ∈W

1− 1
2
,2

0 (Rn−1). By Theorem 2.5.1,there exists (z, θ) ∈W 1,2
0 (Rn

+) × L2(Rn
+) solution of

−∆z + ∇θ = 0 in Rn
+, div z = 0 in Rn

+, z = g1 on Rn−1,satisfying
‖z‖

W
1,2
0 (Rn

+)
≤ C ‖g1‖

W
1− 1

2 ,2

0 (Rn−1)
.We denote again by z the restri
tion of z to Ω and g = g0−z|Γ0

∈H
1
2 (Γ0).We observe that

∫

Γ0

g · n dσ =

∫

Γ0

v · n dσ −

∫

Γ0

z · n dσ =

∫

Γ0

∂ϕ

∂n
dσ −

∫

ω0

div z dx = 0.Now, let R > 0 be su
h that ω0 ⊂ BR ⊂ Rn
+ and ΩR = BR ∩ Ω. Then, theprevious 
ondition being 
he
ked, we have the following result (see Lemma3.3 in [5℄): there exists y ∈H1(ΩR) su
h thatdiv y = 0 in ΩR, y = g on Γ0, y = 0 on ∂BR,and

‖y‖H1(ΩR) ≤ CR (‖g0‖
H

1
2 (Γ0)

+ ‖g1‖
W

1− 1
2 ,2

0 (Rn−1)
).We denote again by y its extension by 0 in Ω. So y ∈W 1,2

0 (Ω) anddiv y = 0 in Ω, y = g on Γ0, y = 0 on Rn−1,Finally, we set u = z|Ω + y ∈W 1,2
0 (Ω). The fun
tion u satis�esdiv u = 0 in Ω, u = g0 on Γ0, u = g1 on Rn−1,and the estimate

‖u‖
W

1,2
0 (Ω) ≤ C ‖v‖

W
1,2
0 (Ω).Finally the fun
tion w = v − u is solution of our problem. �So to solve (S0), it is su�
ient to solve the following problem (S00): �nd

(u, π) ∈W 1,2
0 (Ω) × L2(Ω) solution of

(S00)

{
−∆u+ ∇π = f in Ω, div u = 0 in Ω,
u = 0 on Γ0, u = 0 on Rn−1.For this, as an immediate 
onsequen
e of the previous lemma, we derive�rst the following Babu²ka-Brezzi 
ondition (see [13℄ and [16℄).83



Corollary 5.2.3. There exists a real 
onstant β > 0, depending only on ω0,su
h that
inf

h∈L2(Ω)
sup

w∈
◦

W
1,2
0 (Ω)

∫

Ω
h div w dx

‖w‖ ◦

W
1,2
0 (Ω)

‖h‖L2(Ω)
≥

1

β
. (5.2)We introdu
e the 
ontinuous bilinear form de�ned on ◦

W
1,2
0 (Ω)×L2(Ω)by

b(w, q) = −

∫

Ω
q div w dx.Let B ∈ L (

◦
W

1,2
0 (Ω), L2(Ω)) be the asso
iated linear operator and let

B′ ∈ L (L2(Ω),W−1,2
0 (Ω)) the dual operator of B, i.e.

b(w, q) = < Bw, q >L2(Ω)×L2(Ω)= < w, B′q > ◦

W
1,2
0 (Ω),W−1,2

0 (Ω)
.It is 
lear that B = − div and that B′ = ∇. As a 
onsequen
e of the �inf-sup� 
ondition (5.2), we know that B is an isomorphism from ◦

W
1,2
0 (Ω)/Vonto L2(Ω) and B′ is an isomorphism from L2(Ω) onto V ◦ with

V = {v ∈
◦
W

1,2
0 (Ω), div v = 0 in Ω},whi
h is an Hilbert spa
e and

V ◦ = {f ∈W−1,2
0 (Ω), ∀w ∈ V , < f ,w >

W
−1,2
0 (Ω),

◦

W
1,2
0 (Ω)

= 0}.Thus, we have the following De Rham's theorem:Corollary 5.2.4. The operator ∇ is an isomorphism from L2(Ω) to V ◦.Now, we de�ne the problem: �nd u ∈ V su
h that
∀v ∈ V ,

∫

Ω
∇u : ∇v dx = < f ,v >

W
−1,2
0 (Ω),

◦

W
1,2
0 (Ω)

.Using the Poin
aré-type inequality given in Theorem 5.1.1 ii) and apply-ing Lax-Milgram theorem, we 
he
k that the variational formulation hasa unique solution u ∈ V and we noti
e that it is equivalent to (S00),obtaining the pressure by Corollary 5.2.4. Thus, there exists a unique
(u, π) ∈W 1,2

0 (Ω) × L2(Ω) solution of (S00).In 
onsequen
e, we have the following theorem:
84



Theorem 5.2.5. For any f ∈ W
−1,2
0 (Ω), h ∈ L2(Ω), g0 ∈ H

1
2 (Γ0) and

g1 ∈W
1− 1

2
,2

0 (Rn−1), there exists a unique (u, π) ∈W 1,2
0 (Ω)×L2(Ω) solutionof the problem

(SD)

{
−∆u+ ∇π = f in Ω, div u = h in Ω,
u = g0 on Γ0, u = g1 on Rn−1.Moreover, (u, π) satis�es

‖u‖
W

1,2
0 (Ω) + ‖π‖L2(Ω) ≤ C (‖f‖

W
−1,2
0 (Ω) + ‖h‖L2(Ω)

+ ‖g0‖
H

1
2 (Γ0)

+ ‖g1‖
W

1− 1
2 ,2

0 (Rn−1)
),where C is a real positive 
onstant whi
h depends only on ω0.5.3 Study of the problem (SD) when p 6= 2.First, we suppose that p > 2 and we want to study the kernel of the Stokessystem. We set:

Dp
0(Ω) = {(z, η) ∈

◦
W

1,p
0 (Ω)× Lp(Ω), −∆z +∇η = 0 and div z = 0 in Ω}.To 
hara
terize this spa
e, it is useful to show the following lemma:Lemma 5.3.1. Let p > 2, f be in W−1,p

0 (Rn
+) and h be in Lp(Rn

+), bothwith 
ompa
t support in Rn
+, and (v, η) ∈ W 1,2

0 (Rn
+) × L2(Rn

+) the uniquesolution of
(S+)





−∆v + ∇η = f in Rn
+,

div v = h in Rn
+,

v = 0 on Rn−1.Then, we have (v, η) ∈W 1,p
0 (Rn

+) × Lp(Rn
+) and (v, η) satis�es

‖v‖
W

1,p
0 (Rn

+) + ‖η‖Lp(Rn
+)

+ ‖v‖
W

1,2
0 (Rn

+)
+ ‖η‖L2(Rn

+) ≤ C (‖f‖
W

−1,p
0 (Rn

+)
+ ‖h‖Lp(Rn

+)),where C is a real positive 
onstant whi
h depends only on p, ω0 and thesupport of f and h.Proof - Let f be in W−1,p
0 (Rn

+) and h in Lp(Rn
+), both with 
ompa
tsupport in Rn

+; we easily 
he
k that f ∈W−1,2
0 (Rn

+) and h ∈ L2(Rn
+) be
ause

p > 2 and let (v, η) ∈W 1,2
0 (Rn

+)×L2(Rn
+) be the solution of (S+) satisfying

‖v‖
W

1,2
0 (Rn

+) + ‖η‖L2(Rn
+) ≤ C (‖f‖

W
−1,2
0 (Rn

+) + ‖h‖L2(Rn
+)). (5.3)85



By Theorem 2.5.1, there exists (u, π) ∈W 1,p
0 (Rn

+)×Lp(Rn
+) solution of (S+)su
h that

‖u‖
W

1,p
0 (Rn

+) + ‖π‖Lp(Rn
+) ≤ C (‖f‖

W
−1,p
0 (Rn

+) + ‖h‖Lp(Rn
+)). (5.4)We set (w, τ) = (u− v, π − η) whi
h satis�es

−∆w + ∇τ = 0 in Rn
+, div w = 0 in Rn

+, w = 0 on Rn−1,and we want to prove that (w, τ) = (0, 0). We easily show (see Proposi-tion 4.1 in [9℄) that wn, the nth 
omponent of w, whi
h is in W 1,p
0 (Rn

+) +

W 1,2
0 (Rn

+), satis�es
∆2wn = 0 in Rn

+, wn = 0 on Rn−1,
∂wn

∂xn
= 0 on Rn−1.Here, the dis
ussion splits into three steps: �rst, if p 6= n and n 6= 2, then

wn ∈W 0,p
−1(R

n
+) +W 0,2

−1(R
n
+). For almost all (x′, xn) ∈ Rn, we set

w̃n(x′, xn) =





wn(x′, xn) if xn > 0,

(−wn − 2xn
∂wn

∂xn
− x2

n∆wn)(x′,−xn) if xn < 0,and we 
he
k (see [10℄, [21℄) that w̃n is the unique extension of wn su
h that
∆2w̃n = 0 in Rn. Moreover, for any ϕ ∈ D(Rn), we have

< w̃n, ϕ >D′(Rn),D(Rn)=

∫

Rn
+

wn[ϕ− 5ψ − 6xn
∂ψ

∂xn
− x2

n∆ψ] dxwhere ψ ∈ D(Rn) is de�ned by ψ(x′, xn) = ϕ(x′,−xn), whi
h allows us toprove that w̃n is in W−2,p
−3 (Rn) + W−2,2

−3 (Rn). So w̃n is a biharmoni
 tem-pered distribution and 
onsequently a biharmoni
 polynomial. Finally, asthe spa
e W−2,p
−3 (Rn) +W−2,2

−3 (Rn) does not 
ontain polynomial, we dedu
efrom this that w̃n = 0 in Rn and so wn = 0 in Rn
+. Now, if n = p, wehave W 1,p

0 (Rn
+) ⊂ W 0,p

−1,−1(R
n
+), and we may pro
eed with the same reason-ing sin
e the logarithmi
 fa
tor does not 
hange the proof. When n = 2,we have W 1,2

0 (Rn
+) ⊂ W 0,2

−1,−1(R
n
+) and get the same result with the samearguments, simply noti
ing that wn 
ould be equal to a 
onstant in Rn

+ butthat this 
onstant would be ne
essary equal to zero be
ause wn = 0 on Rn−1.Consequently, in any 
ase, we have wn = 0 in Rn
+. We dedu
e from this(see Proposition 4.1, [9℄) that τ ∈ Lp(Rn

+) + L2(Rn
+) satis�es

∆τ = 0 in Rn
+,

∂τ

∂n
= 0 on Rn−1.86



Now, we set for almost all (x′, xn) ∈ Rn,
τ∗(x

′, xn) =

{
τ(x′, xn) if xn > 0,
τ(x′,−xn) if xn < 0,and we easily 
he
k that τ∗ is a harmoni
 tempered distribution, so a har-moni
 polynomial, in
luded in Lp(Rn) + L2(Rn), a spa
e whi
h does not
ontain polynomial. Thus, we 
on
lude that τ = 0 in Rn

+. Then, we showthat w′ = (w1, . . . wn−1) ∈W
1,p
0 (Rn

+) +W 1,2
0 (Rn

+) satis�es
∆w′ = 0 in Rn

+, w′ = 0 on Rn−1.We set for almost all (x′, xn) ∈ Rn,
w′∗(x′, xn) =

{
w′(x′, xn) if xn > 0,
−w′(x′,−xn) if xn < 0,and we easily 
he
k that w′∗ ∈ W 1,p

0 (Rn) +W
1,2
0 (Rn) is a harmoni
 tem-pered distribution, so a harmoni
 polynomial in Rn. Thus, w′ is a harmoni
polynomial in Rn

+ and ∇w′ is a harmoni
 polynomial in Lp(Rn
+) +L2(Rn

+),a spa
e whi
h does not 
ontain polynomial. So ∇w′ = 0 in Rn
+ and sin
e

w′ = 0 in Rn−1, we have w′ = 0 in Rn
+. Finally, we dedu
e from this that

(w, τ) = (0, 0). �Now, we have the following theorem:Theorem 5.3.2. The kernel Dp
0(Ω) is redu
ed to {(0, 0)} when p > 2.Proof - Let (z, π) be in Dp

0(Ω). We denote by z̃ and π̃ the extensionsby 0 of z and π in Rn
+. We have z̃ ∈ W 1,p

0 (Rn
+) and π̃ ∈ Lp(Rn

+). We set
h̃ = −∆z̃ + ∇π̃ ∈ W−1,p

0 (Rn
+) and we easily 
he
k that h̃ has a 
ompa
tsupport in Rn

+. Thus, we 
an apply the previous lemma whi
h assures us thatthere exists a unique (v, η) ∈ (W 1,p
0 (Rn

+)∩W 1,2
0 (Rn

+))× (Lp(Rn
+)∩L2(Rn

+))solution of
−∆v + ∇η = h̃ in Rn

+, div v = 0 in Rn
+, v = 0 on Rn−1.Noti
ing that div z̃ = 0 in Rn

+, we see that (z̃, π̃) and (v, η) are solutionsof the same problem, whi
h, by Theorem 2.5.1, has a unique solution in
W

1,p
0 (Rn

+) × Lp(Rn
+). So (z̃, π̃) = (v, η) in Rn

+ and, setting again v and ηthe restri
tions of v and η to Ω, we dedu
e that
v = z, η = π in Ω.So, (v, η) ∈W 1,p

0 (Ω) × Lp(Ω) satis�es
−∆v + ∇η = 0 in Ω, div v = 0 in Ω, v = 0 on Γ0 ∪ R

n−1.87



But, (v, η) ∈W 1,2
0 (Ω)×L2(Ω) and in this spa
e, there is, by Theorem 5.2.5,a unique solution to the above problem, whi
h is (0, 0). Thus, Dp

0(Ω) =
{(0, 0)}. �Now, supposing that p > 2, we want to solve the Stokes system withhomogeneous boundary 
onditions, that is to say: let f be inW−1,p

0 (Ω) and
h be in Lp(Ω), we want to �nd (u, π) ∈ W 1,p

0 (Ω) × Lp(Ω) solution of theproblem
(S0)

{
−∆u+ ∇π = f in Ω, div u = h in Ω,
u = 0 on Γ0, u = 0 on Rn−1.First, we establish the following lemma:Lemma 5.3.3. For ea
h p > 2 and for any f ∈W−1,p

0 (Ω) and h ∈ Lp(Ω),both with 
ompa
t support in Ω, there exists a unique (u, π) ∈ (W 1,p
0 (Ω) ∩

W
1,2
0 (Ω)) × (Lp(Ω) ∩ L2(Ω)) solution of (S0).Proof - Let f be in W−1,p

0 (Ω) and h be in Lp(Ω), both with 
ompa
tsupport in Ω. Then, sin
e p > 2, we easily 
he
k that f ∈ W−1,2
0 (Ω) and

h ∈ L2(Ω) and that
‖f‖

W
−1,2
0 (Ω) + ‖h‖L2(Ω) ≤ C (‖f‖

W
−1,p
0 (Ω) + ‖h‖Lp(Ω)),where C is a real positive 
onstant whi
h depends only on p, ω0 and thesupports of f and h. We dedu
e from Theorem 5.2.5 that there exists aunique (u, π) ∈W 1,2

0 (Ω) × L2(Ω) solution of (S0). It remains to show that
(u, π) ∈ W 1,p

0 (Ω) × Lp(Ω). We denote by ũ ∈ W 1,2
0 (Rn

+) and π̃ ∈ L2(Rn
+)the extensions by 0 in Rn

+ of u and π and we set
f̃ = −∆ũ+ ∇π̃ and h̃ = div ũ.Let us show now that f̃ ∈ W

−1,p
0 (Rn

+) and h̃ ∈ Lp(Rn
+). We de�ne thefun
tion χ ∈ D(Ω) su
h that χ = 1 in θ where θ is open bounded subset of

Ω su
h that supp f ⊂ θ. We denote by χ̃ the extension of χ by 0 in Rn
+. For

ϕ ∈ D(Rn
+), we have

< f̃ ,ϕ >D′(Rn
+),D(Rn

+)= < f̃ , χ̃ϕ >D′(Rn
+),D(Rn

+)= < f , χϕ >D′(Ω),D(Ω)and for ϕ ∈ D(Rn
+), we have

< h̃, ϕ >D′(Rn
+),D(Rn

+)=

∫

Ω
hϕ dx.So, f̃ ∈ W

−1,p
0 (Rn

+) and h̃ ∈ Lp(Rn
+). Finally, we 
an apply Lemma5.3.1 to 
on
lude that (ũ, π̃) ∈ W 1,p

0 (Rn
+) × Lp(Rn

+). Thus, by restri
tion,
(u, π) ∈W 1,p

0 (Ω) × Lp(Ω). �Now, we establish the following theorem:88



Theorem 5.3.4. For any p > 2, g0 ∈W 1− 1
p
,p
(Γ0) and g1 ∈W

1− 1
p
,p

0 (Rn−1),there exists a unique (u, π) ∈W 1,p
0 (Ω) × Lp(Ω) solution of

(S ′)

{
−∆u+ ∇π = 0 in Ω, div u = 0 in Ω,
u = g0 on Γ0, u = g1 on Rn−1.Moreover, (u, π) satis�es

‖u‖
W

1,p
0 (Ω)

+ ‖π‖Lp(Ω) ≤ C (‖g0‖
W

1− 1
p ,p

(Γ0)
+ ‖g1‖

W
1− 1

p ,p

0 (Rn−1)
),where C is a real positive 
onstant whi
h depends only on p and ω0.Proof - The uniqueness 
omes from Theorem 5.3.2. Then, thanks toTheorem 2.5.1, there exists a unique (w, τ) ∈W 1,p

0 (Rn
+) × Lp(Rn

+) solutionof
−∆w + ∇τ = 0 in Rn

+, div w = 0 in Rn
+, w = g1 on Rn−1.We denote again by w and τ the restri
tions of w and τ to Ω and we set

g = g0 − w|Γ0
∈ W 1− 1

p
,p(Γ0). Thus, it remains to show that there exists

(y, λ) ∈W 1,p
0 (Ω) × Lp(Ω) solution of (S ′′)

(S ′′)

{
−∆y + ∇λ = 0 in Ω, div y = 0 in Ω,
y = g on Γ0, y = 0 on Rn−1.For this, let R > 0 be su
h that w0 ⊂ BR ⊂ Rn

+, ΩR = BR ∩ Ω and
ψ ∈ D(Rn) with support in
luded in ΩR su
h that

∫

ΩR

ψ(x) dx+

∫

Γ0

g · n dσ = 0.Thanks to results in bounded domains (see [5℄), there exists (v, η) ∈W 1,p(ΩR)×
Lp(ΩR) su
h that

{
−∆v + ∇η = 0 in ΩR, div v = ψ in ΩR,
v = g on Γ0, v = 0 on ∂BR.Next, we extend (v, η) by (0, 0) in Ω and we denote by (ṽ, η̃) ∈W 1,p

0 (Ω) ×
Lp(Ω) this extension whi
h satis�es

{
−∆ṽ + ∇η̃ = ξ in Ω, div ṽ = ψ in Ω,
ṽ = g on Γ0, ṽ = 0 on Rn−1,where ξ ∈W−1,p

0 (Ω). We noti
e that ξ and ψ have a 
ompa
t support in ΩR,so that by the previous lemma, that there exists (z, ν) ∈W 1,p
0 (Ω) × Lp(Ω)solution of

{
−∆z + ∇ν = −ξ in Ω, div z = −ψ in Ω,
z = 0 on Γ0, z = 0 on Rn−1.89



Finally, (y, λ) = (ṽ + z, η̃ + ν) ∈ W 1,p
0 (Ω) × Lp(Ω) is solution of (S ′′), so

(u, π) = (w + y, µ+ λ) ∈W 1,p
0 (Ω) × Lp(Ω) is solution of (S ′) and the esti-mate follows immediately. �Now, we 
an solve the problem with homogeneous boundary 
onditionsin the 
ase p > 2.Theorem 5.3.5. For any p > 2, f ∈W−1,p

0 (Ω) and h ∈ Lp(Ω), there exists
(u, π) ∈W 1,p

0 (Ω) × Lp(Ω) solution of (S0). Moreover, (u, π) satis�es
‖u‖

W
1,p
0 (Ω) + ‖π‖Lp(Ω) ≤ C (‖f‖

W
−1,p
0 (Ω) + ‖h‖Lp(Ω)),where C is a real positive 
onstant whi
h depends only on p and ω0.Proof - The uniqueness 
omes from Theorem 5.3.2. Then, there exists, asa 
onsequen
e of Theorem 5.1.1 ii), a tensor of se
ond order F ∈ [Lp(Ω)]n×nsu
h that div F = f . We extend F (respe
tively h) by 0 in Rn, and wedenote by F̃ (respe
tively h̃) this extension. Then, we set f̃ = div F̃ andwe noti
e that f̃ |Ω = f . We have f̃ ∈ W

−1,p
0 (Rn) and h̃ ∈ Lp(Rn). ByTheorem 2.4.1, there exists (v, η) ∈W 1,p

0 (Rn) × Lp(Rn) solution of
−∆v + ∇η = f̃ and div v = h̃ in Rn.We denote again by v ∈ W 1,p

0 (Ω) and η ∈ Lp(Ω) the restri
tions of v and
η to Ω. We have v|Γ0

∈W 1− 1
p
,p
(Γ0) and v|Rn−1 ∈W

1− 1
p
,p

0 (Rn−1), thus, byTheorem 5.3.4, there exists (w, τ) ∈W 1,p
0 (Ω) × Lp(Ω) solution of

{
−∆w + ∇τ = 0 in Ω, div w = 0 in Ω,
w = −v|Γ0

on Γ0, w = −v|Rn−1 on Rn−1.So, (u, π) = (v +w, η + τ) ∈ W 1,p
0 (Ω) × Lp(Ω) is solution of (S0) and theestimate follows immediately. �Now, we suppose that 1 < p < 2. By the previous theorem,

S :
◦
W

1,p′

0 (Ω) × Lp′(Ω) −→W
−1,p′

0 (Ω) × Lp′(Ω),

(u, π) −→ (−∆u+ ∇π,−div u),then, S is an isomorphism. So, by duality,
S∗ :

◦
W

1,p
0 (Ω) × Lp(Ω) −→W

−1,p
0 (Ω) × Lp(Ω),is also an isomorphism and, as it is standard to 
he
k that S∗(u, π) =

(−∆u+ ∇π,−div u), we have Theorem 5.3.5 for any p < 2. �90



Finally, it remains to return to the general problem with p 6= 2 andnonhomogeneous boundary 
onditions. For this, like for the 
ase p = 2, weshow that there exists a fun
tion w ∈ W
1,p
0 (Ω) su
h that w = g0 in Γ0and w = g1 in Rn−1. Then, we have just seen that there exists a unique

(v, π) ∈W 1,p
0 (Ω) × Lp(Ω) solution of
{

−∆v + ∇π = f + ∆w in Ω, v = 0 on Γ0,div v = h− div w in Ω, v = 0 on Rn−1.In 
onsequen
e, the fun
tion (u = v+w, π) ∈W 1,p
0 (Ω)×Lp(Ω) is a solutionof the problem (SD) and we have the following theorem:Theorem 5.3.6. For any p 6= 2, f ∈ W

−1,p
0 (Ω), h ∈ Lp(Ω) , g0 ∈

W
1− 1

p
,p
(Γ0) and g1 ∈W

1− 1
p
,p

0 (Rn−1), there exists a unique (u, π) ∈W 1,p
0 (Ω)×

Lp(Ω) solution of the problem (SD)

(SD)

{
−∆u+ ∇π = f in Ω, div u = h in Ω,
u = g0 on Γ0, u = g1 on Rn−1.Moreover, (u, π) satis�es

‖u‖
W

1,p
0 (Ω)

+ ‖π‖Lp(Ω) ≤ C (‖f‖
W

−1,p
0 (Ω)

+ ‖h‖Lp(Ω)

+ ‖g0‖
W

1− 1
p ,p

(Γ0)
+ ‖g1‖

W
1− 1

p ,p

0 (Rn−1)
),where C is a real positive 
onstant whi
h depends only on p and ω0.5.4 Strong solutions and regularity for the Stokessystem (SD).In this se
tion, we are interested in the existen
e of strong solutions of theStokes system (SD), i.e. of solutions (u, π) ∈ W 2,p

ℓ+1(Ω) ×W 1,p
ℓ+1(Ω). Here,we limit ourselves to the two 
ases ℓ = 0 and ℓ = −1.First, we give results for the 
ase ℓ = 0. We noti
e that in this 
ase,we have the 
ontinuous inje
tions W 2,p

1 (Ω) →֒ W
1,p
0 (Ω) and W 1,p

1 (Ω) →֒
Lp(Ω). So, the two theorems whi
h follow show that generalized solutionsof Theorems 5.2.5 and 5.3.6, with a stronger hypothesis on the data, are infa
t strong solutions.Theorem 5.4.1. For any p > 1 satisfying n

p′
6= 1, f ∈ W 0,p

1 (Ω) and h ∈

W 1,p
1 (Ω), there exists a unique (u, π) ∈W 2,p

1 (Ω)×W 1,p
1 (Ω) solution of (S0).Moreover, (u, π) satis�es

‖u‖
W

2,p
1 (Ω)

+ ‖π‖
W 1,p

1 (Ω)
≤ C (‖f‖

W
0,p
1 (Ω)

+ ‖h‖
W 1,p

1 (Ω)
),where C is a real positive 
onstant whi
h depends only on p and ω0.91



Proof - First, we noti
e that we have the 
ontinuous inje
tionsW 0,p
1 (Ω) →֒

W
−1,p
0 (Ω) be
ause n

p′
6= 1 and W 1,p

1 (Ω) →֒ Lp(Ω). Thus, by Theorems 5.2.5(p = 2) and 5.3.6 (p 6= 2), there exists a unique (u, π) ∈ W 1,p
0 (Ω) × Lp(Ω)solution of (S0). It remains to show that (u, π) ∈W 2,p

1 (Ω) ×W 1,p
1 (Ω). Forthis, we introdu
e the following partition of unity:

ψ1, ψ2 ∈ C∞(Rn), 0 ≤ ψ1, ψ2 ≤ 1, ψ1 + ψ2 = 1 in Rn,

ψ1 = 1 in BR, supp ψ1 ⊂ BR′ ,with 0 < R < R′ <∞ su
h that ω0 ⊂ BR ⊂ BR′ ⊂ Rn
+. We set ΩR = Ω∩BR,

ΩR′ = Ω ∩BR′ , ui = ψiu ∈
◦
W

1,p
0 (Ω) and πi = ψiπ ∈ Lp(Ω) for i = 1 or 2.We noti
e that supp (u1, π1) ⊂ ΩR′ and we denote by (ũ1, π̃1) the extensionby (0, 0) of (u1, π1) in cω0. Finally, we set

f̃1 = −∆ũ1 + ∇π̃1, h̃1 = div ũ1and (f1, h1) their restri
tion to Ω. We have in Ω:
f1 = −∆u1 + ∇π1 = ψ1f − 2∇ψ1 · ∇u− ∆ψ1 u+ π∇ψ1and

h1 = div u1 = ψ1h+ div ψ1u.As u ∈W 1,p
0 (Ω) and supp ψ1 ⊂ ΩR′ , then f1 ∈W 0,p

1 (Ω) and h1 ∈W 1,p
1 (Ω).Thus f̃1 ∈W 0,p

1 (cω0), h̃1 ∈W 1,p
1 (cω0) and (ũ1, π̃1) satis�es





−∆ũ1 + ∇π̃1 = f̃1 in cω0,div ũ1 = h̃1 in cω0,
ũ1 = 0 on Γ0.So, by regularity results in a �
lassi
al� exterior domain (see Theorem 3.1 in[3℄), we have (ũ1, π̃1) ∈W

2,p
1 (cω0)×W 1,p

1 (cω0) and 
onsequently (u1, π1) ∈

W
2,p
1 (Ω) ×W 1,p

1 (Ω).Now, we denote by (ũ2, π̃2) the extension by (0, 0) of (u2, π2) in Rn
+ and

f̃2 = −∆ũ2 + ∇π̃2, h̃2 = div ũ2.As supp (f̃2, h̃2) ⊂ Ω and as f̃2|Ω = f − f1 ∈W 0,p
1 (Ω) and h̃2|Ω = h− h1 ∈

W 1,p
1 (Ω), we have

f̃2 ∈W 0,p
1 (Rn

+), and h̃2 ∈W 1,p
1 (Rn

+).Thus, by Theorem 5.2 of [9℄, we dedu
e from this that ũ2 ∈W 2,p
1 (Rn

+), and
π̃2 ∈ W 1,p

1 (Rn
+). By restri
tion, we have u2 ∈ W 2,p

1 (Ω), π2 ∈ W 1,p
1 (Ω) and92



so (u, π) ∈W 2,p
1 (Ω) ×W 1,p

1 (Ω). The estimate follows immediately. �Now, as at the end of the previous se
tion, we 
an solve the problem withnonhomogeneous boundary 
onditions.Theorem 5.4.2. For any p > 1 su
h that n

p′
6= 1, f ∈ W

0,p
1 (Ω), h ∈

W 1,p
1 (Ω), g0 ∈ W 2− 1

p
,p(Γ0) and g1 ∈ W

2− 1
p
,p

1 (Rn−1), there exists a unique
(u, π) ∈W 2,p

1 (Ω)×W 1,p
1 (Ω) solution of the problem (SD). Moreover, (u, π)satis�es

‖u‖
W

2,p
1 (Ω) + ‖π‖W 1,p

1 (Ω) ≤ C (‖f‖
W

0,p
1 (Ω) + ‖h‖W 1,p

1 (Ω)

+ ‖g0‖
W

2− 1
p ,p

(Γ0)
+ ‖g1‖

W
2− 1

p ,p

1 (Rn−1)
),where C is a real positive 
onstant whi
h depends only on p and ω0.Now, we examine the basi
 
ase ℓ = −1, 
orresponding to f ∈ Lp(Ω).First, we study the kernel of su
h a problem. We set

Sp
0(Ω) = {(z, π) ∈ W

2,p
0 (Ω) ×W 1,p

0 (Ω), −∆z + ∇π = 0 in Ω,div z = 0 in Ω and z = 0 on Γ0 ∪ R
n−1}.The 
hara
terization of this kernel is given by this proposition:Proposition 5.4.3. For ea
h p > 1 su
h that n

p′
6= 1, we have the followingstatements: i) If p < n, Sp

0(Ω) = {(0, 0)}.ii) If p ≥ n, Sp
0(Ω) = {(v(λ) − λ, η(λ) − µ), λ ∈ (Rxn)n−1 × {0}, µ ∈ R}where (v(λ), η(λ)) ∈W 2,p

1 (Ω) ×W 1,p
1 (Ω) is the unique solution of

{
−∆v + ∇η = 0 in Ω, div v = 0 in Ω,
v = λ on Γ0, v = 0 on Rn−1.Proof - Let (z, π) ∈ Sp

0(Ω). We easily show that there exists (z̃, π̃) ∈

W
2,p
0 (Rn

+) ×W 1,p
0 (Rn

+) su
h that (z̃, π̃)|Ω = (z, π). We set
ξ = −∆z̃ + ∇π̃ and σ = div z̃ in Rn

+.Then, ξ ∈ Lp(Rn
+), σ ∈ W 1,p

0 (Rn
+) and (z̃, π̃) ∈ W

2,p
0 (Rn

+) × W 1,p
0 (Rn

+)satis�es
(S+)





−∆z̃ + ∇π̃ = ξ in Rn
+,

div z̃ = σ in Rn
+,

z̃ = 0 on Rn−1.Moreover, ξ and σ have a 
ompa
t support, so ξ ∈W 0,p
1 (Rn

+), σ ∈W 1,p
1 (Rn

+)and by Theorem 5.2 of [9℄, we know there exists (v, η) ∈ (W 2,p
1 (Rn

+) ×93



W 1,p
1 (Rn

+)) ⊂ (W 2,p
0 (Rn

+)×W 1,p
0 (Rn

+)) solution of (S+). Thus, (see Theorem5.6 in [9℄), if p < n, we dedu
e from this that
z̃ = v and π̃ = η in Rn

+,and if p ≥ n, there exists λ ∈ (Rxn)n−1 × {0} and µ ∈ R su
h that
v − z̃ = λ and η − π̃ = µ in Rn

+.So, if p < n, we have (z, π) ∈ W
2,p
1 (Ω) × W 1,p

1 (Ω) and by the unique-ness of the solution of the problem of Theorem 5.4.2, we 
on
lude that
(z, π) = {(0, 0)} and if p ≥ n, we have the 
hara
terization we were lookingfor. �We have the following result, 
orresponding to Theorem 5.4.2:Theorem 5.4.4. For any p > 1 satisfying n

p′
6= 1, f ∈ Lp(Ω), h ∈W 1,p

0 (Ω),
g0 ∈ W 2− 1

p
,p
(Γ0) and g1 ∈ W

2− 1
p
,p

0 (Rn−1), there exists a unique (u, π) ∈

(W 2,p
0 (Ω)×W 1,p

0 (Ω))/Sp
0(Ω) solution of the problem (SD). Moreover, (u, π)satis�es

inf
(z,p)∈Sp

0(Ω)
(‖u+ z‖

W
2,p
0 (Ω) + ‖π + p‖W 1,p

0 (Ω)) ≤ C (‖f‖Lp(Ω) + ‖h‖W 1,p
0 (Ω)

+ ‖g0‖
W

2− 1
p ,p

(Γ0)
+ ‖g1‖

W
2− 1

p ,p

0 (Rn−1)
),where C is a real positive 
onstant whi
h depends only on p and ω0.Proof - We easily show that there exists extensions f̃ ∈ Lp(Rn) of fand h̃ ∈ W 1,p

0 (Rn) of h in Rn and, by Theorem 3.10 of [3℄, there exists
(v, η) ∈W 2,p

0 (Rn) ×W 1,p
0 (Rn) solution of

−∆v + ∇η = f̃ in Rn, div v = h̃ in Rn.Now, it remains to solve the problem: �nd (z, µ) ∈W 2,p
0 (Ω)×W 1,p

0 (Ω) su
hthat {
−∆z + ∇µ = 0 in Ω, div z = 0 in Ω,
z = g0 − v|Γ0

on Γ0, z = g1 − v|Rn−1 on Rn−1,By Theorem 5.6 of [9℄, there exists (w, τ) ∈W 2,p
0 (Rn

+)×W 1,p
0 (Rn

+) solutionof
−∆w + ∇τ = 0 in Rn

+, div w = 0 in Rn
+, w = g1 − v|Rn−1 on Rn−1.Moreover, by Theorem 5.4.2, there exists (y, p) ∈ (W 2,p

1 (Ω) ×W 1,p
1 (Ω)) ⊂

(W 2,p
0 (Ω) ×W 1,p

0 (Ω)) solution of
{

−∆y + ∇p = 0 in Ω, div y = 0 in Ω,
y = g0 − v|Γ0

−w|Γ0
on Γ0, y = 0 on Rn−1.94



So, (z, µ) = (y+w, p+ τ) ∈W 2,p
0 (Ω)×W 1,p

0 (Ω) and (u, π) = (v+ z, η+µ)is solution to our problem. The estimate follows immediately. �5.5 Very weak solutions for the homogeneous StokessystemThe aim of this se
tion is to study the system (SD) with f = 0, h = 0 andsingular data on the boundary. For this, we must �rstly give a meaning tosingular data for this problem. More pre
isely, we want to show that bound-ary 
onditions of the form g0 ∈ W
− 1

p
,p
(Γ0) and g1 ∈ W

− 1
p
,p

ℓ−1 (Rn−1) aremeaningful. Here, we limit ourselves to the two 
ases ℓ = 0 and ℓ = 1. Ourwork is related to that of Amrou
he, Ne£asová and Raudin for the half spa
e([9℄) and of Amrou
he and Girault for a bounded domain ([5℄). We refer tothese papers for the ideas of proofs for the �rst results of this se
tion. Here,we suppose that n
p
6= 1.We introdu
e the spa
e:

M ℓ(Ω) = {u ∈W 2,p′

−ℓ+1(Ω), u = 0 and div u = 0 on Γ0 ∪ R
n−1},and we show that we have the identity

M ℓ(Ω) = {u ∈W 2,p′

−ℓ+1(Ω), u = 0 and ∂u

∂n
· n = 0 on Γ0 ∪ R

n−1}.Then, we de�ne
Xℓ(Ω) = {v ∈

◦
W

1,p′

−ℓ (Ω), div v ∈
◦
W

1,p′

−ℓ+1(Ω)},whi
h is a re�exive Bana
h spa
e for the norm
‖v‖Xℓ(Ω) = ‖v‖

W
1,p′

−ℓ (Ω)
+ ‖div v‖

W 1,p′

−ℓ+1(Ω)
.We 
he
k that D(Ω) is dense in Xℓ(Ω) and we denote by X ′

ℓ(Ω) the dualspa
e of Xℓ(Ω). Now, we introdu
e the spa
es
T ℓ(Ω) = {v ∈W 0,p

ℓ−1(Ω), ∆v ∈X ′
ℓ(Ω)},

T ℓ,σ(Ω) = {v ∈ T ℓ(Ω), div v = 0 dans Ω},whi
h are re�exive Bana
h spa
es for the norm
‖v‖T ℓ(Ω) = ‖v‖

W
0,p
ℓ−1(Ω) + ‖∆v‖X′

ℓ(Ω),95



where ‖ · ‖X′

ℓ(Ω) denotes the dual norm of the spa
e X ′
ℓ(Ω). It 
an beshown that the spa
e D(Ω) is dense in T ℓ(Ω) and that the spa
e {v ∈

D(Ω), div v = 0} is dense in T ℓ,σ(Ω).Finally, using exa
tly the same reasoning as in Lemma 6.4 and Remark6.5 of [9℄ and Se
tion 4.2 of [5℄, we 
on
lude that for a fun
tion u ∈ T ℓ,σ(Ω),the tra
e of u on Γ0 is in W− 1
p
,p
(Γ0) and the tra
e of u on Rn−1 is in

W
− 1

p
,p

ℓ−1 (Rn−1). Moreover, we have for any ϕ ∈ M ℓ(Ω) and for any v ∈
T ℓ,σ(Ω)

<∆v,ϕ >X′

ℓ(Ω),Xℓ(Ω)= < v,∆ϕ >
W

0,p
ℓ−1(Ω),W0,p′

−ℓ+1(Ω)
(5.5)

− < v,
∂ϕ

∂n
>

W
−

1
p ,p

(Γ0),W
1
p ,p′

(Γ0)
− < v,

∂ϕ

∂n
>

W
−

1
p ,p

ℓ−1 (Rn−1),W
1
p ,p′

−ℓ+1(R
n−1)

.We remind that, for any g0 ∈ W− 1
p
,p
(Γ0) and g1 ∈ W

− 1
p
,p

ℓ−1 (Rn−1), wewant to �nd (u, π) ∈W 0,p
ℓ−1(Ω) ×W−1,p

ℓ−1 (Ω) solution of




−∆u+ ∇π = 0 in Ω, (5.6)div u = 0 in Ω, (5.7)
u = g0 on Γ0, (5.8)
u = g1 on Rn−1. (5.9)First, we remark that if (u, π) ∈ W

0,p
ℓ−1(Ω) ×W−1,p

ℓ−1 (Ω) satis�es (5.6) and(5.7), then u ∈ T ℓ,σ(Ω) and thus (5.8) and (5.9) make sense. Indeed, thefun
tion u is in W 0,p
ℓ−1(Ω) and div u = 0 in Ω. Moreover, be
ause D(Ω)is dense in Xℓ(Ω), we easily show that ∇π ∈ X ′

ℓ(Ω). Thus, by (5.6), wehave ∆u ∈ X ′
ℓ(Ω) and u ∈ T ℓ,σ(Ω). So, in this 
ase, we have seen that

u|Γ0
∈W− 1

p
,p
(Γ0) and u|Rn−1 ∈W

− 1
p
,p

ℓ−1 (Rn−1).Proposition 5.5.1. For ea
h p > 1 su
h that n
p

6= 1, we suppose that thefun
tions g0 ∈W− 1
p
,p(Γ0) and g1 ∈W

− 1
p
,p

ℓ−1 (Rn−1) satisfy
g0 ·n = 0 on Γ0 and g1 ·n = 0 on Rn−1. (5.10)Then, problem (5.6)-(5.9) is equivalent to �nd (u, π) ∈W 0,p

ℓ−1(Ω)×W−1,p
ℓ−1 (Ω)su
h that for any v ∈M ℓ(Ω) and for any η ∈W 1,p′

−ℓ+1(Ω), we have
(FV) < u,−∆v + ∇η >

W
0,p
ℓ−1(Ω),W0,p′

−ℓ+1(Ω)
− < π,div v >

W−1,p
ℓ−1 (Ω),

◦

W
1,p′

−ℓ+1(Ω)
=

− < g0,
∂v

∂n
>

W
−

1
p ,p

(Γ0),W
1
p ,p′

(Γ0)
− < g1,

∂v

∂n
>

W
−

1
p ,p

ℓ−1 (Rn−1),W
1
p ,p′

−ℓ+1(R
n−1)
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Proof - Let (u, π) ∈ W 0,p
ℓ−1(Ω) ×W−1,p

ℓ−1 (Ω) be a solution of (5.6)-(5.9).Thanks to the previous remark, we have u ∈ T ℓ,σ(Ω). Let v be in M ℓ(Ω).We dedu
e from (5.5) and (5.6) that
< u,−∆v >

W
0,p
ℓ−1(Ω),W0,p′

−ℓ+1(Ω)
− < π,div v >

W−1,p
ℓ−1 (Ω),

◦

W
1,p′

−ℓ+1(Ω)
=

− < g0,
∂v

∂n
>

W
−

1
p ,p

(Γ0),W
1
p ,p′

(Γ0)
− < g1,

∂v

∂n
>

W
−

1
p ,p

ℓ−1 (Rn−1),W
1
p ,p′

−ℓ+1(R
n−1)

.Moreover, sin
e n
p
6= 1, the spa
e {v ∈ D(Ω), div v = 0} is dense in T ℓ,σ(Ω)and using (5.7) and (5.10), we show that for any η ∈W 1,p′

−ℓ+1(Ω)

< u,∇η >
W

0,p
ℓ−1(Ω),W0,p′

−ℓ+1(Ω)
= 0.Thus, we 
on
lude that (u, π) is solution of (FV). Re
ipro
ally, let (u, π) ∈

W
0,p
ℓ−1(Ω)×W−1,p

ℓ−1 (Ω) be a solution of (FV). With η = 0 and v ∈ D(Ω), wehave
< −∆u+ ∇π,v >D′(Ω),D(Ω)= 0,and with v = 0 and η ∈ D(Ω), we have

< div u, η >D′(Ω),D(Ω)= 0.Thus, (5.6) and (5.7) hold. It remains to show (5.8) and (5.9). Let v ∈
M ℓ(Ω). Thanks to Green's formula (5.5) and (FV), we have
< u,

∂v

∂n
>

W
−

1
p ,p

(Γ0),W
1
p ,p′

(Γ0)
+ < u,

∂v

∂n
>

W
−

1
p ,p

ℓ−1 (Rn−1),W
1
p ,p′

−ℓ+1(R
n−1)

=

< g0,
∂v

∂n
>

W
−

1
p ,p

(Γ0),W
1
p ,p′

(Γ0)
+ < g1,

∂v

∂n
>

W
−

1
p ,p

ℓ−1 (Rn−1),W
1
p ,p′

−ℓ+1(R
n−1)

.Now, let µ be inW 1
p
,p′(Γ0). We denote by µτ the tangential 
omponent of

µ. It is de�ned by
µ = µτ + (µ · n)n.We easily show that there exists w ∈W 2,p′

−ℓ+1(Ω) su
h that




w = 0 and ∂w

∂n
= µτ on Γ0,

w =
∂w

∂n
= 0 on Rn−1.So, w ∈M ℓ(Ω) and

< u,
∂w

∂n
>

W
−

1
p ,p

(Γ0),W
1
p ,p′

(Γ0)
= < g0,

∂w

∂n
>

W
−

1
p ,p

(Γ0),W
1
p ,p′

(Γ0)
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Thus
< u,µτ >

W
−

1
p ,p

(Γ0),W
1
p ,p′

(Γ0)
= < g0,µτ >

W
−

1
p ,p

(Γ0),W
1
p ,p′

(Γ0)
.Finally, sin
e u ·n = 0 on Γ0 and by hypothesis g0 ·n = 0 on Γ0, we 
on
ludethat

< u,µ >
W

−
1
p ,p

(Γ0),W
1
p ,p′

(Γ0)
= < g0,µ >

W
−

1
p ,p

(Γ0),W
1
p ,p′

(Γ0)
,i.e. u = g0 on Γ0. Now, let µ be in W 1

p
,p′

−ℓ+1(R
n−1). We know that thereexists s ∈W 2,p′

−ℓ+1(R
n
+) su
h that
s = 0 and ∂s

∂n
= µτ on Rn−1.Moreover, as above, we 
an �nd y ∈W 2,p′

−ℓ+1(Ω) su
h that




y = −s and ∂y

∂n
= −

∂s

∂n
on Γ0,

y =
∂y

∂n
= 0 on Rn−1.So, z = s|Ω + y ∈W 2,p′

−ℓ+1(Ω) satis�es




z =
∂z

∂n
= 0 on Γ0,

z = 0 and ∂z

∂n
= µτ on Rn−1.Then, z ∈ M ℓ(Ω) and we easily 
on
lude like above that u = g1 on Rn−1.Thus, we have the equivalen
e of the two problems. �Now, we 
an solve the homogeneous Stokes system (5.6)-(5.9) with sin-gular boundary 
onditions. We will give separately the results for ℓ = 0 and

ℓ = 1. Note that the �rst theorem (for the 
ase ℓ = 0) extends Theorems5.2.5 and 5.3.6 (with f = 0 and h = 0) sin
e W 1,p
0 (Ω) ⊂W 0,p

−1(Ω) if n 6= p.Theorem 5.5.2. For any p > 1 su
h that n
p
6= 1, g0 ∈W− 1

p
,p
(Γ0) and g1 ∈

W
− 1

p
,p

−1 (Rn−1) satisfying (5.10), there exists a unique (u, π) ∈ W
0,p
−1(Ω) ×

W−1,p
−1 (Ω) solution of (5.6)-(5.9). Moreover, (u, π) satis�es
‖u‖

W
0,p
−1(Ω) + ‖π‖W−1,p

−1 (Ω) ≤ C (‖g0‖
W

−
1
p ,p

(Γ0)
+ ‖g1‖

W
−

1
p ,p

−1 (Rn−1)
),where C is a real positive 
onstant whi
h depends only on p and ω0.98



Proof - In fa
t, we solve (FV). For this, we argue by duality. Sin
e
n

p
6= 1, by Theorem 5.4.1, we 
an say that for any f ∈ W

0,p′

1 (Ω) and
h ∈

◦
W

1,p′

1 (Ω), there exists a unique (v, η) ∈W 2,p′

1 (Ω) ×W 1,p′

1 (Ω) solutionof {
−∆v + ∇η = f in Ω, div v = h in Ω,
v = 0 on Γ0, v = 0 on Rn−1,satisfying

‖v‖
W

2,p′

1 (Ω)
+ ‖η‖

W 1,p′

1 (Ω)
≤ C (‖f‖

W
0,p′

1 (Ω)
+ ‖h‖

W 1,p′

1 (Ω)
).Then,

| < g0,
∂v

∂n
>

W
−

1
p ,p

(Γ0),W
1
p ,p′

(Γ0)
+ < g1,

∂v

∂n
>

W
−

1
p ,p

−1 (Rn−1),W
1
p ,p′

1 (Rn−1)
|

≤ C (‖g0‖
W

−
1
p ,p

(Γ0)
+ ‖g1‖

W
−

1
p ,p

−1 (Rn−1)
)(‖f‖

W
0,p′

1 (Ω)
+ ‖h‖

W 1,p′

1 (Ω)
).We 
an dedu
e from this that the linear mapping T de�ned by

T (f , h) = < g0,
∂v

∂n
> + < g1,

∂v

∂n
>, (5.11)on W 0,p′

1 (Ω)×
◦
W

1,p′

1 (Ω) is 
ontinuous. So, a

ording to the Riesz repre-sentation theorem, there exists a unique (u, π) ∈W 0,p
−1(Ω)×W−1,p

−1 (Ω) su
hthat
< u,f >

W
0,p
−1(Ω),W0,p′

1 (Ω)
+ < π, h >

W−1,p
−1 (Ω),W 1,p′

1 (Ω)
=

− < g0,
∂v

∂n
>

W
−

1
p ,p

(Γ0),W
1
p ,p′

(Γ0)
− < g1,

∂v

∂n
>

W
−

1
p ,p

−1 (Rn−1),W
1
p ,p′

1 (Rn−1)
.Thus, noti
ing that v ∈M 0(Ω), we dedu
e that (u, π) satis�es (FV). �The next 
orollary relaxes the 
onstraint (5.10) on the data. In order toestablish this 
orollary, we give the following lemma.Lemma 5.5.3. For any p > 1, g0 ∈ W

− 1
p
,p
(Γ0) and g1 ∈ W

− 1
p
,p

−1 (Rn−1),there exists a fun
tion s ∈W 1,p
−1(Ω) solution of

∆s = 0 in Ω,
∂s

∂n
= g0 on Γ0,

∂s

∂n
= g1 on Rn−1.Moreover, s satis�es

‖s‖W 1,p
−1(Ω) ≤ C (‖g0‖

W
−

1
p ,p

(Γ0)
+ ‖g1‖

W
−

1
p ,p

−1 (Rn−1)
),where C is a real positive 
onstant whi
h depends only on p and ω0.99



Proof - Using results in the half spa
e (see Theorem 3.7 in [4℄), we knowthere exists z ∈W 1,p
−1(R

n
+) solution of

−∆z = 0 in Rn
+,

∂z

∂n
= g1 on Rn−1,satisfying

‖z‖W 1,p
−1(Rn

+) ≤ C ‖g1‖
W

−
1
p ,p

−1 (Rn−1)
.We have g = g0 −

∂z

∂n
∈ W− 1

p
,p(Γ0) and it remains to solve the followingproblem: �nd v ∈W 1,p

−1(Ω) solution of
∆v = 0 in Ω,

∂v

∂n
= g on Γ0,

∂v

∂n
= 0 on Rn−1. (5.12)To solve this problem, we solve �rst the following one: �nd y ∈ W 1,p

−1(Ω̃)solution of
∆y = 0 in Ω̃,

∂y

∂n
= g̃ on Γ̃0 (5.13)su
h that

‖y‖W 1,p
−1(eΩ) ≤ C (‖g0‖

W
−

1
p ,p

(Γ0)
+ ‖g1‖

W
−

1
p ,p

−1 (Rn−1)
);here we remind that Ω̃ = Ω∪Ω′∪Rn−1 with Ω′ the symmetri
 region of Ω withrespe
t to Rn−1 and Γ̃0 = ∂Ω̃ and that g̃ is an extension of g in W− 1

p
,p
(Γ̃0)symmetri
 with respe
t to Rn−1 (we refer to the proof of Theorem 4.3.3 to
onstru
t su
h an extension). To �nd a solution y of (5.13), we split theproof into two 
ases. First, if n

p′
> 1, we apply Theorem 2.2.3 (there is no
ondition of 
ompatibility), so there exists y ∈W 1,p

0 (Ω̃) ⊂W 1,p
−1(Ω̃) solutionof (5.13) and satisfying the estimate. Next, if n

p′
≤ 1, we set for any x in Ω̃

w(x) = −
1

2π

∫

eΓ0

E(x− y) dx,where E is the fundamental solution of the Lapla
ian and we easily show that
w ∈ W 1,p

−1(Ω̃) (but w /∈ W 1,p
0 (Ω̃)), that ∆w = 0 in Ω̃ and < ∂w

∂n
, 1 >eΓ0

6= 0.We de�ne λ by
λ =

< g̃, 1 >eΓ0

<
∂w

∂n
, 1 >eΓ0

,so that the 
ompatibility 
ondition
< g̃ − λ

∂w

∂n
, 1 >eΓ0

= 0100



is satis�ed. By Theorem 2.2.3, there exists u ∈W 1,p
0 (Ω̃) ⊂W 1,p

−1(Ω̃) solutionof
∆u = 0 in Ω̃,

∂u

∂n
= g̃ − λ

∂w

∂n
on Γ̃0satisfying

‖u‖
W 1,p

0 (eΩ)
≤ C ‖g̃ − λ

∂w

∂n
‖

W
−

1
p ,p

(Γ0)
.Thus, y = λw + u is solution of (5.13) and satis�es the estimate. Now, let

y0 ∈W 1,p
−1(Ω̃) a solution of (5.13) and let s0 ∈W 1,p

−1(Ω̃) be de�ned, for almostall (x′, xn) ∈ Ω̃, by
s0(x

′, xn) = y0(x
′,−xn).Thanks to the symmetry of Ω̃ and g̃ with respe
t to Rn−1, we prove that s0is also a solution of (5.13) (here again, for more details, we refer to the proofof Theorem 4.3.3). Then, setting v =

1

2
(y0 + s0)|Ω ∈W 1,p

−1(Ω), we show that
v satis�es (5.12) and we have

‖v‖W 1,p
−1(Ω) ≤ C (‖g0‖

W
−

1
p ,p

(Γ0)
+ ‖g1‖

W
−

1
p ,p

−1 (Rn−1)
).Finally, the fun
tion s = z + v solves the problem and the estimate followsimmediately. �Corollary 5.5.4. For any p > 1 su
h that n

p
6= 1, g0 ∈ W

− 1
p
,p(Γ0) and

g1 ∈ W
− 1

p
,p

−1 (Rn−1) there exists a unique (u, π) ∈ W
0,p
−1(Ω) × W−1,p

−1 (Ω)solution of (5.6)-(5.9). Moreover, (u, π) satis�es
‖u‖

W
0,p
−1(Ω) + ‖π‖W−1,p

−1 (Ω) ≤ C (‖g0‖
W

−
1
p ,p

(Γ0)
+ ‖g1‖

W
−

1
p ,p

−1 (Rn−1)
),where C is a real positive 
onstant whi
h depends only on p and ω0.Proof - The uniqueness 
omes from Theorem 5.5.2. For the existen
e,by the previous lemma, there exists s ∈W 1,p

−1(Ω) solution of
∆s = 0 in Ω,

∂s

∂n
= g0 · n on Γ0,

∂s

∂n
= g1 · n on Rn−1.Now, we de�ne w by w = ∇s ∈ W

0,p
−1(Ω). Then, w ∈ T 0,σ(Ω) and soits tra
es on Γ0 and Rn−1 have a sense respe
tively in W− 1

p
,p
(Γ0) and

W
− 1

p
,p

−1 (Rn−1). We set g0∗ = g0 − w|Γ0
and g1∗ = g0 − w|Rn−1 and wenoti
e that the fun
tions g0∗ and g1∗ satisfy (5.10). So we 
an apply theprevious theorem and there exists (v, π) ∈W 0,p

−1(Ω) ×W−1,p
−1 (Ω) solution of

{
−∆v + ∇π = 0 in Ω, div v = 0 in Ω,
v = g0

∗ on Γ0, v = g1
∗ on Rn−1,101



and satisfying
‖v‖

W
0,p
−1(Ω)

+ ‖π‖
W−1,p

−1 (Ω)
≤ C (‖g0‖

W
−

1
p ,p

(Γ0)
+ ‖g1‖

W
−

1
p ,p

−1 (Rn−1)
),Finally, (u = v + w, π) is solution of (5.6)-(5.9) and the estimates followsimmediately. �Now, we des
ribe a result for the 
ase ℓ = 1.Theorem 5.5.5. For any p > 1 su
h that n

p
6= 1, g0 ∈W− 1

p
,p(Γ0) and g1 ∈

W
− 1

p
,p

0 (Rn−1) satisfying (5.10) and the following 
ompatibility 
ondition if
p ≤

n

n− 1
: for ea
h (z, p) ∈ Sp′

0 (Ω)

< g0,
∂z

∂n
>Γ0 + < g1,

∂z

∂n
>Rn−1= 0, (5.14)there exists a unique (u, π) ∈ Lp(Ω) × W−1,p

0 (Ω) solution of (5.6)-(5.9).Moreover, (u, π) satis�es
‖u‖Lp(Ω) + ‖π‖

W−1,p
0 (Ω)

≤ C (‖g0‖
W

−
1
p ,p

(Γ0)
+ ‖g1‖

W
−

1
p ,p

0 (Rn−1)
),where C is a real positive 
onstant whi
h depends only on p and ω0.Proof - In fa
t, here again, we solve (FV). For this, we apply a du-ality argument. Sin
e n

p
6= 1, by Theorem 5.4.4, we 
an say that for any

f ∈ Lp′(Ω) and h ∈
◦
W

1,p′

0 (Ω), there exists a unique (v, η) ∈ W 2,p′

0 (Ω) ×

W 1,p′

0 (Ω)/Sp′

0 (Ω) solution of
{

−∆v + ∇η = f in Ω, div v = h in Ω,
v = 0 on Γ0, v = 0 on Rn−1,satisfying

inf
(z,p)∈Sp′

0 (Ω)

(‖v+z‖
W

2,p′

0 (Ω)
+‖η+p‖

W 1,p′

0 (Ω)
) ≤ C (‖f‖

Lp′(Ω)
+‖h‖

W 1,p′

0 (Ω)
).Then, for any (z, p) ∈ Sp′

0 (Ω)

| < g0,
∂v

∂n
>

W
−

1
p ,p

(Γ0),W
1
p ,p′

(Γ0)
+ < g1,

∂v

∂n
>

W
−

1
p ,p

0 (Rn−1),W
1
p ,p′

0 (Rn−1)
|

= | < g0,
∂

∂n
(v + z) >

W
−

1
p ,p

(Γ0),W
1
p ,p′

(Γ0)

+ < g1,
∂

∂n
(v + z) >

W
−

1
p ,p

0 (Rn−1),W
1
p ,p′

0 (Rn−1)
|

≤ C (‖g0‖
W

−
1
p ,p

(Γ0)
+ ‖g1‖

W
−

1
p ,p

0 (Rn−1)
)(‖f‖Lp′ (Ω) + ‖h‖

W 1,p′

0 (Ω)
).102



We 
an dedu
e from this that the linear mapping T de�ned by (5.11) on
Lp′(Ω)×

◦
W

1,p′

0 (Ω) is 
ontinuous. So, a

ording to the Riesz representationtheorem, there exists a unique (u, π) ∈ Lp(Ω) ×W−1,p
0 (Ω) su
h that

< u,f >Lp(Ω),Lp′ (Ω) + < π, h >
W−1,p

0 (Ω),W 1,p′

0 (Ω)
=

− < g0,
∂v

∂n
>

W
−

1
p ,p

(Γ0),W
1
p ,p′

(Γ0)
− < g1,

∂v

∂n
>

W
−

1
p ,p

0 (Rn−1),W
1
p ,p′

0 (Rn−1)
.Thus, noti
ing that v ∈M 1(Ω), we dedu
e that (u, π) satis�es (FV). �Here again, with a similar proof to that of Corollary 5.5.4, we want torelax the 
onstraint on the data:Corollary 5.5.6. For any p > n

n− 1
, g0 ∈W− 1

p
,p(Γ0) and g1 ∈W

− 1
p
,p

0 (Rn−1),there exists a unique (u, π) ∈ Lp(Ω) × W−1,p
0 (Ω) solution of (5.1)-(5.4).Moreover, (u, π) satis�es

‖u‖Lp(Ω) + ‖π‖W−1,p
0 (Ω) ≤ C (‖g0‖

W
−

1
p ,p

(Γ0)
+ ‖g1‖

W
−

1
p ,p

0 (Rn−1)
),where C is a real positive 
onstant whi
h depends only on p and ω0.Proof - When p > n

n− 1
, we follow the same reasoning as in Corollary5.5.4 using Theorem 4.3.3 to �nd s ∈W 1,p

0 (Ω) su
h that
∆s = 0 in Ω,

∂s

∂n
= g0 · n on Γ0,

∂s

∂n
= g1 · n on Rn−1.and using the previous theorem. �Remark: When 1 < p ≤

n

n− 1
, we noti
e that, be
ause of the 
om-patibility 
ondition (5.14), we 
an not prove a result similar to Corollary5.5.4.
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Chapter 6A Stokes problem in aperturbed half-spa
e indimension n ≥ 36.1 Introdu
tion and preliminariesIn this 
hapter, we want to study a Stokes system in dimension n ≥ 3in a parti
ular unbounded domain with an unbounded boundary, namelya perturbed half-spa
e. Let Ω ⊂ Rn a domain obtained by an arbitrarymodi�
ation of the half-spa
e
Rn

+ = {x = (x1, . . . , xn) ∈ Rn, xn > 0}.We are interested in the following problem:
(S1)





−∆u+ ∇π = f in Ω,
div u = h in Ω,
u = g on Γ = ∂Ω.This 
hapter is organized as follows. First, we give some de�nitions andpreliminary results. Next, Se
tions 6.2 and 6.3 are respe
tively devoted tothe resolution of (S1) in 
ases p = 2 and p 6= 2 and in Se
tion 6.4, we studythe 
ase of strong and very weak solutions.Now, we want to give a pre
ise de�nition of a perturbed half-spa
e. Let

Ω an open and 
onne
ted domain su
h that
Rn

+ ⊂ Ω ⊂ Rn.There exists an open ball B ⊂ Rn su
h that
Ω ∪B = Rn

+ ∪B.105



We set Γ = ∂Ω the boundary of Ω that we suppose of 
lass C1,1; then, we
an 
hoose some bounded subdomain G ⊂ Ω with boundary ∂G of 
lass C1,1su
h that Ω ∩B ⊂ G. The ball B 
an be 
hosen 
entered on the origin andsu�
iently large so that there exists another ball B0 
entered on the originwith 
losure B0 ⊂ B su
h that
Ω ∪B0 = Rn

+ ∪B0.Then, we de�ne the following domains: Σ = Γ ∩ Rn−1, D = Rn−1 \ Σ and
S = Γ\Σ. Moreover, we de�ne also ω = Ω\Rn

+ (we noti
e that ∂ω = D∪S)and ω′ the symmetri
 region of ω with respe
t to Rn−1. Finally, we 
hoose B0and B su�
iently large so that they satisfy ω′ ⊂ B0 ⊂ B and we introdu
ethe following partition of unity
ψ1, ψ2 ∈ C∞(Rn), 0 ≤ ψ1, ψ2 ≤ 1, ψ1 + ψ2 = 1 in Rn,

ψ1 = 1 in B0, supp ψ1 ⊂ B.We easily 
he
k that the property (1.1) is satis�ed and that, 
orrespond-ing to Theorem 1.2.1, the following Poin
aré-type inequalities hold in a per-turbed half-spa
e:Theorem 6.1.1. We suppose that n ≥ 3.i) The semi-norm | · |
W 1,2

0 (Ω)
de�ned on W 1,2

0 (Ω) is a norm equivalent to thefull norm ‖ · ‖
W 1,2

0 (Ω)
.ii) The semi-norm | · |

W 1,2
0 (Ω)

de�ned on ◦
W

1,2
0 (Ω) is a norm equivalent tothe full norm ‖ · ‖

W 1,2
0 (Ω)

.Here again, we give the theorem only for the 
ase that we use, the ba-sis spa
e W 1,2
0 (Ω). We easily prove it thanks to the previous partition ofunity using results already known for the Poin
aré-type inequalities in thebounded domain G and in the half-spa
e.The boundary Γ is unbounded. So, like for the domain Rn

+, we de�neweighted Sobolev tra
es spa
es. For any σ ∈ ]0, 1[, we set
ω1 =





ρ if n
p
6= σ,

ρ(lgρ)1/σ if n
p

= σ.We de�ne the spa
e
W σ,p

0 (Γ) = {u, ω−σ
1 u ∈ Lp(Σ), u ∈ Lp(S),

∫

Γ×Γ

|u(x) − u(y)|p

|x− y|n+σp
dxdy <∞}.106



It is a re�exive Bana
h spa
e equipped with its natural norm
(‖
u

ωσ
1

‖p
Lp(Σ) + ‖u‖p

Lp(S) +

∫

Γ×Γ

|u(x) − u(y)|p

|x− y|n+σp
dxdy)1/p.For any s ∈ R+, we set

W s,p
0 (Γ) = {u ∈W

[s],p
[s]−s(Γ), ∀|λ| = [s], Dλu ∈W

s−[s],p
0 (Γ)}.It is a re�exive Bana
h spa
e equipped with its natural norm

‖u‖W s,p
0 (Γ) = ‖u‖

W
[s],p
[s]−s

(Γ)
+

∑

|λ|=s

‖Dλu‖
W

s−[s],p
0 (Γ)

.Then, for any s ∈ R+ and α ∈ R, we set
W s,p

α (Γ) = {u ∈W
[s],p
[s]+α−s(Γ), ∀|λ| = [s], ραDλu ∈W

s−[s],p
0 (Γ)}.Next, we prove that the following tra
es lemma is satis�ed:Lemma 6.1.2. For any integer m ≥ 1 and real number α, we de�ne themapping

γ : D(Ω) → (D(Γ))m

u 7→ (γ0u, . . . , γm−1u)where for any k = 0, . . . ,m − 1, γku =
∂ku

∂nk
. Then, γ 
an be extendedby 
ontinuity to a linear and 
ontinuous mapping still denoted by γ from

Wm,p
α (Ω) to m−1∏

j=0

W
m−j− 1

p
,p

α (Γ). Moreover, γ is onto andKer γ =
◦
W m,p

α (Ω).Proof - We prove this lemma only in the basi
 
ase of a fun
tion in
W 1,p

0 (Ω), the generalization being obvious.First, let u be in D(Ω). We set ui = ψiu for i = 1, 2 and we have
‖γu2‖

W
1− 1

p ,p

0 (Γ)
= ‖γu2‖

W
1− 1

p ,p

0 (Σ)be
ause γu2 = 0 on S. Sin
e Σ ⊂ Rn−1 and that γ is 
ontinuous from
W 1,p

0 (Rn
+) to W 1− 1

p
,p

0 (Rn−1) (see [8℄), we dedu
e that
‖γu2‖

W
1− 1

p ,p

0 (Γ)
≤ C ‖u2‖W 1,p

0 (Rn
+)

≤ C ‖u‖
W 1,p

0 (Ω)
.107



Next, we noti
e that γu1 = 0 on Γ ∩ cB, so we have
‖γu1‖

W
1− 1

p ,p

0 (Γ)
≤ C ‖γu1‖

W
1− 1

p ,p
(Γ∩B)

.Sin
e Γ ∩ B ⊂ ∂G and sin
e, thanks to results in bounded domains, γ is
ontinuous from W 1,p(G) to W 1− 1
p
,p(∂G), we have

‖γu1‖
W

1− 1
p ,p

0 (Γ)
≤ C ‖u1‖W 1,p(G) ≤ C ‖u‖

W 1,p
0 (Ω)

.Finally
‖γu‖

W
1− 1

p ,p

0 (Γ)
≤ C ‖u‖W 1,p

0 (Ω).So, by density, γ 
an be extended by 
ontinuity to a linear and 
ontinuousmapping from W 1,p
0 (Ω) to W 1− 1

p
,p

0 (Γ).Now, we want to show that γ is onto. Let g be in W 1− 1
p
,p

0 (Γ). We set
gi = ψig, i = 1, 2 and

g̃2 = g2 on Σ, g̃2 = 0 on D.We have g̃2 ∈ W
1− 1

p
,p

0 (Rn−1) and there exists (see [8℄) v ∈ W 1,p
0 (Rn

+) su
hthat v = g̃2 on Rn−1. We de�ne
ṽ = v in Rn

+, ṽ = 0 in ω.Then, ṽ ∈W 1,p
0 (Ω) and ṽ = g2 on Γ. We set also

g̃1 = g1 on ∂G ∩ Γ, g̃1 = 0 on ∂G ∩ Rn
+.We have g̃1 ∈ W 1− 1

p
,p(∂G) and there exists, thanks to results in boundeddomains, w ∈W 1,p(G) su
h that w = g̃1 on ∂G. We de�ne
w̃ = w in G, w̃ = 0 in Ω \G.Then, w̃ ∈ W 1,p

0 (Ω) and w̃ = g1 sur Γ. Consequently, there exists u =

ṽ + w̃ ∈W 1,p
0 (Ω) su
h that u = g on Γ. So, γ is onto.Finally, it remains to show that Ker γ =

◦
W

1,p
0 (Ω) = D(Ω)

‖.‖
W

1,p
0

(Ω) . Let
u be in ◦

W
1,p
0 (Ω). Then, there exists a sequen
e (ϕℓ)ℓ∈N ⊂ D(Ω) su
h that

‖u− ϕℓ‖W 1,p
0 (Ω) → 0 when ℓ→ +∞. Sin
e γ is 
ontinuous, we have

‖γ(u − ϕℓ)‖
W

1− 1
p ,p

0 (Γ)
≤ C ‖u− ϕℓ‖W 1,p

0 (Ω)
→ 0.108



But γϕℓ = 0 for any ℓ ∈ N be
ause ϕℓ ∈ D(Ω), so, γu = 0 in W 1− 1
p
,p

0 (Γ)and u ∈ Ker γ. Conversely, let u be in Ker γ, ui = ψiu for i = 1, 2.We have u2 = 0 on Rn−1 so u2 ∈
◦
W

1,p
0 (Rn

+) (see [8℄). Thus, there exists
(ϕℓ)ℓ∈N ⊂ D(Rn

+) ⊂ D(Ω) su
h that ‖u2−ϕℓ‖W 1,p
0 (Rn

+) → 0. Moreover, sin
e,for any ℓ ∈ N, u2 = ϕℓ = 0 in ω, we dedu
e that
‖u2 − ϕℓ‖W 1,p

0 (Ω) → 0,i.e u2 ∈
◦
W

1,p
0 (Ω). With the same idea, u1 = 0 on ∂G so u1 ∈

◦
W 1,p(G)(see [19℄). Thus, there exists (ψℓ)ℓ∈N ⊂ D(G) ⊂ D(Ω) su
h that ‖u1 −

ψℓ‖W 1,p(G) → 0. Moreover, sin
e for any ℓ ∈ N, u1 = ϕℓ = 0 in Ω \ G, wehave
‖u1 − ϕℓ‖W 1,p

0 (Ω)
→ 0,i.e u1 ∈

◦
W

1,p
0 (Ω). Consequently, u = u1 + u2 ∈

◦
W

1,p
0 (Ω) and Ker

γ =
◦
W

1,p
0 (Ω). �For n ≥ 3, p ∈ ]1,+∞[, f ∈ W−1,p

0 (Ω), h ∈ Lp(Ω) and g ∈ W
1− 1

p
,p

0 (Γ)we want to �nd (u, π) ∈W 1,p
0 (Ω) × Lp(Ω) solution of (S1).6.2 Case p = 2.Thanks to Lemma 6.1.2, we noti
e �rst that there exists ug ∈W 1,2

0 (Ω) su
hthat ug = g on Γ and satisfying
‖ug‖W

1,2
0 (Ω) ≤ C ‖g‖

W
1
2 ,2

0 (Γ)
.So, it is equivalent to solve the problem with homogeneous boudary 
ondi-tions: for any f ∈W−1,2

0 (Ω) and h ∈ L2(Ω), �nd (u, π) ∈W 1,2
0 (Ω)×L2(Ω)su
h that

(S10)





−∆u+ ∇π = f in Ω,div u = h in Ω,
u = 0 on Γ,Now, we want to establish Lemma 6.2.2 to have a data for the divergen
eredu
ed to zero. For this, we use this preliminary lemma:Lemma 6.2.1. We suppose that n > 2. For any h in L2(Ω), there exists

u ∈W 2,2
0 (Ω) solution of

∆u = h in Ω and
∂u

∂n
= 0 on Γ.Moreover, u satis�es

‖u‖W 2,2
0 (Ω) ≤ C ‖h‖L2(Ω), (6.1)where C is a real positive 
onstant whi
h depends only on Ω.109



Proof - Let h be in L2(Ω). We set h1 = ψ1h ∈ L2(Ω) and h2 = ψ2h ∈
L2(Ω).i) By Theorem 3.1 in [4℄, there exists v ∈W 2,2

0 (Rn
+) su
h that

∆v = h2 in Rn
+ and ∂v

∂n
= 0 on Rn−1,and satisfying

‖v‖W 2,2
0 (Rn

+) ≤ C ‖h‖L2(Ω).We set for almost all (x′, xn) ∈ Rn:
v∗(x

′, xn) =

{
v(x′, xn) if xn > 0,
v(x′,−xn) if xn < 0.It is 
lear that v∗ ∈W 2,2

0 (Rn) and that
‖v∗‖W 2,2

0 (Rn) ≤ C ‖h‖L2(Ω).and we show that
∆v∗ = h2 in Ω. (6.2)Indeed, for ϕ in D(Ω), we have

∫

Ω
ϕ∆v∗ dx =

∫

Ω
v∗∆ϕ dx =

∫

Rn
+

v∆ϕ dx+

∫

ω
v∗∆ϕ dxand next ∫

Rn
+

v∗∆ϕ dx =

∫

Rn
+

h2ϕ dx +

∫

D
v
∂ϕ

∂n
dσand ∫

ω
v∗∆ϕ dx = −

∫

D
v
∂ϕ

∂n
dσ.Moreover, we noti
e that ∂v∗

∂n
∈W

1
2
,2

0 (Γ) and that its support is in
luded in
S. ii) Now, we want to �nd w ∈W 2,2

0 (Ω) solution of
∆w = h1 in Ω and ∂w

∂n
= −

∂v∗
∂n

on Γ, (6.3)satisfying
‖w‖

W 2,2
0 (Ω)

≤ C ‖h‖L2(Ω). (6.4)Sin
e h1 ∈ L2(Ω) and ∂v∗
∂n

∈ W
1
2
,2

0 (Γ) have a 
ompa
t support, we have
h1 ∈ W−1,2

0 (Ω) and ∂v∗
∂n

∈ W
− 1

2
,2

0 (Γ) and there is a sense to sear
h �rst110



a solution w ∈ W 1,2
0 (Ω). For this, we easily prove that this problem isequivalent to the following variational formulation: �nd w ∈ W 1,2

0 (Ω) su
hthat for any z ∈W 1,2
0 (Ω)

(FV)

∫

Ω
∇w · ∇z dx =

∫

Ω
h1z dx − <

∂v∗
∂n

, z >Γ,and that there exists a unique solution of (FV) applying the theorem of Lax-Milgram in (W 1,2
0 (Ω), ‖ · ‖W 1,2

0 (Ω)) (the 
oer
ivity is satis�ed by the point i)of Theorem 6.1.1).Next, we prove that w is in W 2,2
0 (Ω). For this, we set w1 = ψ1w ∈

W 1,2
0 (Ω) and w2 = ψ2w ∈ W 1,2

0 (Ω). Sin
e supp w1 ⊂ G and ∆w = h1 ∈
L2(Ω), we have

∆w1 = w∆ψ1 + 2∇ψ1 · ∇w + ψ1h1 ∈ L2(G),and sin
e ψ1 =
∂ψ1

∂n
= 0 on ∂G ∩ Rn

+ and ∂w

∂n
= −

∂v∗
∂n

∈ H
1
2 (∂G ∩ Γ), wehave

∂w1

∂n
= ψ1

∂w

∂n
+
∂ψ1

∂n
w ∈ H

1
2 (∂G).Thanks to regularity results in bounded domains (see [42℄ when the boundaryis very smooth and the te
hnique of Grisvard [29℄ for the extension to a C1,1boundary), we dedu
e from this that w1 ∈ H2(G) and sin
e supp w1 ⊂ G,then w1 ∈ W 2,2

0 (Ω). Thus, in Rn
+ ∆w2 ∈ L2(Rn

+) and ∂w2

∂n
∈ W

1
2
,2

0 (Rn−1).We easily 
on
lude thanks to Corollary 3.3 of [4℄ that w2 ∈ W 2,2
0 (Rn

+) andsin
e supp w2 ⊂ Rn
+, w2 ∈ W 2,2

0 (Ω). So, w = w1 + w2 ∈ W 2,2
0 (Ω), satis�es(6.3) and the estimate (6.4). Finally, from (6.2) and (6.3), u = v∗ + w issolution of our problem and the estimate (6.1) follows immediately. �Lemma 6.2.2. For any h ∈ L2(Ω), there exists w ∈

◦
W

1,2
0 (Ω) satisfying

{
div w = h in Ω,
‖w‖

W
1,2
0 (Ω)

≤ C ‖h‖L2(Ω),where C is a real positive 
onstant depending only on Ω.Proof - Let h be in L2(Ω). We know, thanks to the previous lemma, thatthere exists ϕ ∈W 2,2
0 (Ω) solution of
∆ϕ = h in Ω and ∂ϕ

∂n
= 0 on Γ,with

‖ϕ‖
W 2,2

0 (Ω)
≤ C ‖h‖L2(Ω).111



We set v = ∇ϕ ∈W 1,2
0 (Ω). So ‖v‖

W
1,2
0 (Ω) ≤ C ‖h‖L2(Ω). Moreover, we set

g = v|Γ, g1 = ψ1g, g2 = ψ2g and we noti
e that g, g1 and g2 belong to
W

1
2
,2

0 (Γ) . First, we want to solve the following problem: �nd t ∈W 1,2
0 (Ω)su
h that

div t = 0 in Ω and t = g2 on Γ. (6.5)We de�ne the fun
tion g̃2 by
g̃2 = g2 on Σ and g̃2 = 0 on D.Noti
ing that supp g2 ⊂ Σ, we have g̃2 ∈ W

1− 1
2
,2

0 (Rn−1). Moreover, weknow, thanks to results in the half-spa
e, that there exists u ∈ W 1,2
0 (Rn

+)su
h that
div u = 0 in Rn

+ and u = g̃2 on Rn−1and satisfying the estimate
‖u‖

W
1,2
0 (Rn

+)
≤ C ‖g̃2‖

W
1− 1

2 ,2

0 (Rn−1)
≤ C ‖h‖L2(Ω).We de�ne the fun
tion t by

t = u in Rn
+ and t = 0 in ω.We easily 
he
k that t ∈ W 1,2

0 (Ω) and that div t = 0 in Ω. Thus, sin
e on
Σ, t = g2 and on S, t = g2 = 0, we have established that t ∈ W 1,2

0 (Ω) issolution of (6.5) and that we have the estimate
‖t‖

W
1,2
0 (Ω) ≤ C ‖g‖

W
1
2 ,2

0 (Γ)
≤ C ‖h‖L2(Ω).Now, we want to solve the following problem: �nd z ∈W 1,2

0 (Ω) su
h that
div z = 0 in Ω and z = g1 on Γ. (6.6)We de�ne the fun
tion g̃1 by

g̃1 = g1 on ∂G ∩ Γ and g̃1 = 0 on ∂G ∩ Rn
+.Noti
ing that supp g1 ⊂ ∂G ∩ Γ, we have g̃1 ∈H

1
2 (G) and we noti
e that

∫

∂G
g̃1 · n dσ =

∫

∂G∩Γ
g1 · n dσ =

∫

∂G∩Γ
ψ1
∂ϕ

∂n
dσ = 0, (6.7)be
ause ∂ϕ

∂n
= 0 on ∂G ∩ Γ. We dedu
e from (6.7), thanks to results inbounded domain that there exists u0 ∈H1(G) su
h that

div u0 = 0 in G and u0 = g̃1 on ∂G112



and satisfying the estimate
‖u0‖H1(G) ≤ C ‖g̃1‖

H
1
2 (∂G)

≤ C ‖h‖L2(Ω).We de�ne the fun
tion z by
z = u0 in G and z = 0 in Ω \G.We easily 
he
k that z ∈ W

1,2
0 (Ω) and that div z = 0 in Ω. Thus, wehave established that z ∈W 1,2

0 (Ω) is solution of (6.6) and that we have theestimate
‖z‖

W
1,2
0 (Ω)

≤ C ‖g‖
W

1
2 ,2

0 (Γ)
≤ C ‖h‖L2(Ω).So, w = v − t − z ∈ W 1,2

0 (Ω) is solution of our problem and we have theestimate sear
hed. �So to solve (S10), it is su�
ient to solve the following problem (S100):�nd (u, π) ∈W 1,2
0 (Ω) × L2(Ω) solution of

(S100)





−∆u+ ∇π = f in Ω,div u = 0 in Ω,
u = 0 on Γ,and, the study of this problem is exa
tly equivalent to the one of the end ofSe
tion 5.2. In 
onsequen
e, we have the following theorem:Theorem 6.2.3. For any f ∈ W

−1,2
0 (Ω), h ∈ L2(Ω) and g ∈ W

1
2
,2

0 (Γ)there exists a unique (u, π) ∈W 1,2
0 (Ω) × L2(Ω) solution of (S1). Moreover,

(u, π) satis�es
‖u‖

W
1,2
0 (Ω)

+ ‖π‖L2(Ω) ≤ C (‖f‖
W

−1,2
0 (Ω)

+ ‖h‖L2(Ω) + ‖g‖
W

1
2 ,2

0 (Γ)
),where C is a real positive 
onstant whi
h depends only on Ω.6.3 Case p 6= 2.First, we suppose that p > 2 and we want to study the kernel of the Stokessystem. We set:

Dp
0(Ω) = {(z, π) ∈

◦
W

1,p
0 (Ω)×Lp(Ω), −∆z+∇π = 0 and div z = 0 in Ω}.We have the following result:Theorem 6.3.1. For ea
h p > 2, the kernel Dp

0(Ω) is redu
ed to {(0, 0)}.113



Proof - Let (z, π) be in Dp
0(Ω). We set (z1, π1) = (ψ1z, ψ1π) ∈

◦
W

1,p
0 (Ω) × Lp(Ω). Sin
e supp (z1, π1) is in
luded in G whi
h is bounded, wehave

(z1, π1) ∈W
1,2
0 (Ω) × L2(Ω)and so

−∆z1 + ∇π1 ∈W−1,2
0 (Ω) and div z1 ∈ L2(Ω).Now, we set (z2, π2) = (ψ2z, ψ2π) ∈

◦
W

1,p
0 (Ω) × Lp(Ω) and

f = − ∆z2 + ∇π2 = ∆z1 −∇π1 ∈W−1,2
0 (Ω)

h = div z2 = − div z1 ∈ L2(Ω).Thus, (f , h) ∈ W
−1,2
0 (Rn

+) × L2(Rn
+) and by Theorem 2.5.1, there exists

(s, θ) ∈W 1,2
0 (Rn

+) × L2(Rn
+) solution of

−∆s+ ∇θ = f in Rn
+, div s = h in Rn

+, s = 0 on Rn−1. (6.8)But, noti
ing that on Rn−1, z2 = 0 (be
ause z2 = 0 on Σ and ψ2 = 0 on
D), it is obvious that (z2, π2) ∈W

1,p
0 (Rn

+)×Lp(Rn
+) is solution of (6.8). So,

(w, τ) = (s− z2, θ − π2) satisfy
−∆w + ∇τ = 0 in Rn

+, div w = 0 in Rn
+, w = 0 on Rn−1,and we easily dedu
e that (w, τ) = (0, 0) in Rn
+ (see Lemma 5.3.1). Thus

(z2, π2) = (s, θ) ∈ W
1,2
0 (Rn

+) × L2(Rn
+) and sin
e supp (z2, π2) ⊂ Rn

+,we dedu
e that (z2, π2) ∈ W
1,2
0 (Ω) × L2(Ω). Finally, we 
on
lude that

(z, π) ∈W 1,2
0 (Ω)×L2(Ω), whi
h implies that (z, π) ∈ D2

0(Ω). But, we haveseen at Theorem 6.2.3 that when p = 2 problem (S10) has a unique solution.Here, (0, 0) is solution, so we have our result. �Now, supposing that p > 2, we want to study the Stokes system withhomogeneous boundary 
onditions, that is to say: let f be inW−1,p
0 (Ω) and

h be in Lp(Ω), we want to �nd (u, π) ∈ W 1,p
0 (Ω) × Lp(Ω) solution of theproblem

(S10)





−∆u+ ∇π = f in Ω,div u = h in Ω,
u = 0 on Γ.First, we establish the following lemma:Lemma 6.3.2. For ea
h p > 2 and for any f ∈ W−1,p

0 (Ω) and h ∈ Lp(Ω)with a 
ompa
t support in Ω, there exists a unique (u, π) ∈ (W 1,2
0 (Ω) ∩

W
1,p
0 (Ω)) × (L2(Ω) ∩ Lp(Ω)) solution of (S10).114



Proof - Let f be in W−1,p
0 (Ω) and h be in Lp(Ω) with a 
ompa
t sup-port in Ω. Then, sin
e p > 2, we easily 
he
k that f ∈ W

−1,2
0 (Ω) and

h ∈ L2(Ω) and we dedu
e from Theorem 6.2.3 that there exists a unique
(u, π) ∈W 1,2

0 (Ω)×L2(Ω) solution of (S10). It remains to show that (u, π) ∈

W
1,p
0 (Ω)×Lp(Ω). We set (u1, π1) = (ψ1u, ψ1π) ∈

◦
W

1,2
0 (Ω)×L2(Ω), it hasa 
ompa
t support in
luded in G. An elementary 
al
ulation shows that wehave

−∆u1 +∇π1 = ψ1f +F 1 in G, div u1 = ψ1h+H1 in G, u1 = 0 on ∂G,where
F 1 = −(2∇u∇ψ1 + u∆ψ1) + π∇ψ1 ∈ L2(G),and

H1 = u · ∇ψ1 ∈H1(G).Thanks to the Sobolev imbeddings, we have
(F 1 ,H1) ∈W

−1,s(G) × Ls(G), ∀1 < s ≤ 2∗,where 2∗ =
2n

n− 2
. So, if p ≤ 2∗, thanks to results in bounded domains (see[5℄), we have

(u1, π1) ∈W
1,p(G) × Lp(G) (6.9)and

‖u1‖W1,p(G) + ‖π1‖Lp(G) ≤ C (‖f‖
W

−1,p
0 (Ω) + ‖h‖Lp(Ω)).Now, if p > 2∗, we 
an show that (u1, π1) ∈ W 1,2∗(G) × L2∗(G) be
ause

(ψ1f , ψ1h) ∈ W−1,2∗(G) × L2∗(G). Thus, we have (F 1,H1) ∈ L2∗(G) ×
W 1,2∗(G) and we apply the same argument as previously with 2∗ instead of
2. Finally, starting again, we rea
h any value of p > 2. Thus, we have (6.9)in any 
ase and sin
e supp (u1, π1) ⊂ G, we dedu
e that

(u1, π1) ∈W
1,p
0 (Ω) × Lp(Ω) (6.10)Now, we set (u2, π2) = (ψ2u, ψ2π) ∈
◦
W

1,2
0 (Ω) × L2(Ω) and

f2 = − ∆u2 + ∇π2 = f − (−∆u1 + ∇π1) ∈W
−1,p
0 (Ω),

h2 = div u2 = h− div u1 ∈ Lp(Ω).We have (f2, h2) ∈W
−1,p
0 (Rn

+)×Lp(Rn
+) and by Theorem 2.5.1, there exists

(s, θ) ∈W 1,p
0 (Rn

+) × Lp(Rn
+) solution of

−∆s+ ∇θ = f2 in Rn
+, div s = h2 in Rn

+, s = 0 on Rn−1,But, noti
ing that on Rn−1, u2 = 0 (be
ause u2 = 0 on Σ and ψ2 = 0 on
D), it is obvious that inW 1,2

0 (Rn
+)×L2(Rn

+), (u2, π2) is solution of the same115



problem that (s, θ) satis�es. We use the same reasoning as in Theorem 6.3.1to 
on
lude that
(u2, π2) ∈W

1,p
0 (Ω) × Lp(Ω) (6.11)Finally, (u, π) ∈W 1,p

0 (Ω) × Lp(Ω) by (6.10) and (6.11). �Now, we establish the following theorem:Theorem 6.3.3. For any p > 2 and g ∈W
1− 1

p
,p

0 (Γ), there exists a unique
(u, π) ∈W 1,p

0 (Ω) × Lp(Ω) solution of
−∆u+ ∇π = 0 in Ω, div u = 0 in Ω, u = g on Γ. (6.12)Moreover, (u, π) satis�es

‖u‖
W

1,p
0 (Ω) + ‖π‖Lp(Ω) ≤ C ‖g‖

W
1− 1

p ,p

0 (Γ)
,where C is a real positive 
onstant whi
h depends only on p and Ω.Proof - The uniqueness 
omes from Theorem 6.3.1. Now, let g be in

W
1− 1

p
,p

0 (Γ). We set
g1 = ψ1g ∈W

1− 1
p
,p

0 (Γ) and g2 = ψ2g ∈W
1− 1

p
,p

0 (Γ)First, we want to �nd (v, µ) ∈W 1,p
0 (Ω) × Lp(Ω) su
h that

−∆v + ∇µ = 0 in Ω, div v = 0 in Ω, v = g1 on Γ. (6.13)We noti
e that supp g1 ⊂ ∂G ∩ Γ. We de�ne the fun
tion g̃1 by
g̃1 = g1 on ∂G ∩ Γ and g̃1 = 0 on ∂G ∩ Rn

+.We easily 
he
k that g̃1 ∈W 1− 1
p
,p
(∂G). Let ψ be in D(Rn) with a 
ompa
tsupport in G su
h that

∫

G
ψ(x) dx =

∫

∂G
g̃1 · n dσ.Thanks to this 
ondition and results in bounded domains (see [5℄), thereexists (z, π) ∈W 1,p(G) × Lp(G) su
h that

−∆z + ∇π = 0 in G, div z = ψ in G, z = g̃1 on ∂G,We denote again by (z, π) ∈ W 1,p
0 (Ω) × Lp(Ω) its extension by (0, 0) in Ω.Thus, (z, π) ∈W 1,p

0 (Ω) × Lp(Ω) satis�es
−∆z + ∇π = σ in Ω, div z = ψ in Ω, z = g1 on Γ,116



where we noti
e that σ ∈ W
−1,p
0 (Ω) has a 
ompa
t support in Ω. As ψhas a 
ompa
t support too, we dedu
e from Lemma 6.3.2 that there exists

(t, τ) ∈W 1,p
0 (Ω) × Lp(Ω) su
h that

−∆t+ ∇τ = −σ in Ω, div t = −ψ in Ω, t = 0 on Γ,Finally, (v, µ) = (z + t, π + τ) ∈W 1,p
0 (Ω) × Lp(Ω) is solution of (6.13).Now, we want to �nd (w, η) ∈W 1,p

0 (Ω) × Lp(Ω) solution of
−∆w + ∇η = 0 in Ω, div w = 0 in Ω, w = g2 on Γ. (6.14)For this, we noti
e that supp g2 ⊂ Σ. We de�ne the fun
tion g̃2 by

g̃2 = g2 on Σ and g̃2 = 0 on D.We easily 
he
k that g̃2 ∈W
1− 1

p
,p

0 (Rn−1). Thanks to Theorem 2.5.1, thereexists (z, π) ∈W 1,p
0 (Rn

+) × Lp(Rn
+) su
h that

−∆z + ∇π = 0 in Rn
+, div z = 0 in Rn

+, z = g̃2 on Rn−1.We denote again by (z, π) ∈ W 1,p
0 (Ω) × Lp(Ω) its extension by (0, 0) in Ω.So, (z, π) ∈W 1,p

0 (Ω) × Lp(Ω) satis�es
−∆z + ∇π = ξ in Ω, div z = 0 in Ω, z = g2 on Γ,where ξ has a 
ompa
t support in Ω. We dedu
e from Lemma 6.3.2 thatthere exists (t, τ) ∈W 1,p

0 (Ω) × Lp(Ω) su
h that
−∆t+ ∇τ = −ξ in Ω, div t = 0 in Ω, t = 0 on Γ.Finally, (w, η) = (z + t, π + τ) ∈W 1,p

0 (Ω) × Lp(Ω) is solution of (6.14).In 
onsequen
e, (u, π) = (v +w, p + η) ∈ W 1,p
0 (Ω) × Lp(Ω) is solutionof (6.12) and the estimate follows immediately. �Now, we 
an solve the problem with homogeneous boundary 
onditionsin the 
ase p > 2.Theorem 6.3.4. For any p > 2, f ∈W−1,p

0 (Ω) and h ∈ Lp(Ω), there existsa unique (u, π) ∈ W
1,p
0 (Ω) × Lp(Ω) solution of (S10). Moreover, (u, π)satis�es

‖u‖
W

1,p
0 (Ω) + ‖π‖Lp(Ω) ≤ C (‖f‖

W
−1,p
0 (Ω) + ‖h‖Lp(Ω)),where C is a real positive 
onstant whi
h depends only on p and Ω.117



Proof - The uniqueness 
omes from Theorem 6.3.1. Then, as a 
onse-quen
e of Theorem 6.1.1 ii), we know that there exists a tensor of the se
ondorder F ∈ [Lp(Ω)]n×n su
h that div F = f . We extend F (respe
tively h)by 0 in Rn, and we denote by F̃ (respe
tively h̃) this extension. Then, weset f̃ = div F̃ and we noti
e that f̃ |Ω = f . We have f̃ ∈ W−1,p
0 (Rn) and

h̃ ∈ Lp(Rn). By [2℄, there exists (v, η) ∈W 1,p
0 (Rn) × Lp(Rn) solution of

−∆v + ∇η = f̃ in Rn and div v = h̃ in Rn,satisfying the estimate
‖v‖

W
1,p
0 (Rn) + ‖η‖Lp(Rn) ≤ C (‖f‖

W
−1,p
0 (Ω) + ‖h‖Lp(Ω)).We denote again by v ∈ W 1,p

0 (Ω) and η ∈ Lp(Ω) the restri
tions of v and
η to Ω. We have v|Γ ∈ W

1− 1
p
,p

0 (Γ), thus, thanks to Theorem 6.3.3, thereexists (w, τ) ∈W 1,p
0 (Ω) × Lp(Ω) solution of

−∆w + ∇τ = 0 in Ω, div w = 0 in Ω, w = −v|Γ on Γ,satisfying the estimate
‖w‖

W
1,p
0 (Ω) + ‖τ‖Lp(Ω) ≤ C (‖f‖

W
−1,p
0 (Ω) + ‖h‖Lp(Ω)).Finally, (u, π) = (v +w, η + τ) ∈W 1,p

0 (Ω) × Lp(Ω) is solution of (S10) andthe estimate follows immediately. �Now, we suppose that p is su
h that p < 2. Thanks to the previoustheorem, if we set
S :

◦
W

1,p′

0 (Ω) × Lp′(Ω) −→W
−1,p′

0 (Ω) × Lp′(Ω),

(u, π) −→ (−∆u+ ∇π,−div u),then, S is an isomorphism. So, by duality,
S∗ :

◦
W

1,p
0 (Ω) × Lp(Ω) −→W

−1,p
0 (Ω) × Lp(Ω),is an isomorphism too, and, as it is standard to 
he
k that S∗(u, π) =

(−∆u+ ∇π,−div u), we have Theorem 6.3.4 for any p < 2. �Finally, it remains to return to the general problem with p 6= 2 andnonhomogeneous boundary 
onditions. For this, like for the 
ase p = 2,we show that there exists a fun
tion w ∈ W 1,p
0 (Ω) su
h that w = g in Γ.Then, we have just seen that there exists a unique (v, π) ∈W 1,p

0 (Ω)×Lp(Ω)solution of
−∆v + ∇π = f + ∆w in Ω, div v = h− div w in Ω, v = 0 on Γ.In 
onsequen
e, the fun
tion (u = v +w, π) ∈W 1,p

0 (Ω) × Lp(Ω) is solutionof the problem (S1) and we have the following theorem:118



Theorem 6.3.5. For any f ∈ W−1,p
0 (Ω), h ∈ Lp(Ω) and g ∈ W

1− 1
p
,p

0 (Γ),there exists a unique (u, π) ∈W 1,p
0 (Ω)×Lp(Ω) solution of the problem (S1)

−∆u+ ∇π = f in Ω, div u = h in Ω, u = g on Γ.Moreover, (u, π) satis�es
‖u‖

W
1,p
0 (Ω) + ‖π‖Lp(Ω) ≤ C (‖f‖

W
−1,p
0 (Ω) + ‖h‖Lp(Ω) + ‖g‖

W
1− 1

p ,p

0 (Γ)
),where C is a real positive 
onstant whi
h depends only on p and Ω.6.4 Regularity, strong solutions and very weak so-lutions.First, in this se
tion, we are interested in the existen
e of strong solutionsof the Stokes system (S1), i.e. of solutions (u, π) ∈ W 2,p

ℓ+1(Ω) ×W 1,p
ℓ+1(Ω).Here, we limit ourselves to the two 
ases ℓ = 0 and ℓ = −1.We give at the beginning a regularity result studying the 
ase ℓ =

0. Indeed, we noti
e that in this 
ase, we have the 
ontinuous inje
tions
W

2,p
1 (Ω) ⊂ W

1,p
0 (Ω) and W 1,p

1 (Ω) ⊂ Lp(Ω). So, Theorem whi
h followsshows that the generalized solution of Theorems 6.2.3 and 6.3.5, with astronger hypothesis on the data, is in fa
t a strong solution.Theorem 6.4.1. For any p > 1 su
h that n
p′

6= 1, and for any f ∈W 0,p
1 (Ω),

h ∈ W 1,p
1 (Ω) and g ∈W

2− 1
p
,p

1 (Γ), there exists a unique (u, π) ∈W 2,p
1 (Ω) ×

W 1,p
1 (Ω) solution of the problem (S1). Moreover, (u, π) satis�es

‖u‖
W

2,p
1 (Ω)

+ ‖π‖
W 1,p

1 (Ω)
≤ C (‖f‖

W
0,p
1 (Ω)

+ ‖h‖
W 1,p

1 (Ω)
+ ‖g‖

W
2− 1

p ,p

1 (Γ)
),where C is a real positive 
onstant whi
h depends only on p and Ω.Proof - First, we want to solve the problem with homogeneous bound-ary 
onditions. For this, we noti
e that we have the 
ontinuous inje
tions

W
0,p
1 (Ω) ⊂W

−1,p
0 (Ω) be
ause n

p′
6= 1 and W 1,p

1 (Ω) ⊂ Lp(Ω). Thus, thanksto Theorems 6.2.3 and 6.3.5, there exists a unique (u, π) ∈W 1,p
0 (Ω)×Lp(Ω)solution of (S10). Next, it remains to show that (u, π) ∈W 2,p

1 (Ω)×W 1,p
1 (Ω).We set (u1, π1) = (ψ1u, ψ1π) ∈

◦
W

1,p
0 (Ω)×Lp(Ω), it has a 
ompa
t supportin
luded in G. An elementary 
al
ulation shows that we have

−∆u1 +∇π1 = ψ1f +F 1 in G, div u1 = ψ1h+H1 in G, u1 = 0 on ∂G,119



where
F 1 = −(2∇u∇ψ1 + u∆ψ1) + π∇ψ1 ∈ Lp(G),and

H1 = u · ∇ψ1 ∈W 1,p(G).Thus, ψ1f + F 1 ∈ Lp(G) and ψ1h + H1 ∈ W 1,p(G). So, using results inbounded domains, we have (u1, π1) ∈ W 2,p(G) ×W 1,p(G) and sin
e supp
(u1, π1) ⊂ G,

(u1, π1) ∈W
2,p
1 (Ω) ×W 1,p

1 (Ω). (6.15)Now, we set (u2, π2) = (ψ2u, ψ2π) ∈
◦
W

1,p
0 (Ω) × Lp(Ω) and

f2 = − ∆u2 + ∇π2 = f − (−∆u1 + ∇π1) ∈W
0,p
1 (Ω),

h2 = div u2 = h− div u1 ∈W 1,p
1 (Ω).We have (f2, h2) ∈ W 0,p

1 (Rn
+) ×W 1,p

1 (Rn
+) and by [9℄, there exists (s, θ) ∈

W
2,p
1 (Rn

+) ×W 1,p
1 (Rn

+) solution of
−∆s+ ∇θ = f2 in Rn

+, div s = h2 in Rn
+, s = 0 on Rn−1, (6.16)But, noti
ing that (u2, π2) is also solution of (6.16) and that, by Theorem2.5.1, the solution of this problem is unique inW 1,p

0 (Rn
+)×Lp(Rn

+), we have
(u2, π2) = (s, θ) ∈ W 2,p

1 (Rn
+) ×W 1,p

1 (Rn
+). The support of (u2, π2) beingin
luded in Rn

+, we dedu
e that
(u2, π2) ∈W

2,p
1 (Ω) ×W 1,p

1 (Ω) (6.17)So, (u, π) ∈ W
2,p
1 (Ω) × W 1,p

1 (Ω) by (6.15) and (6.17). Finally, thanks toLemma 1.2, we 
ome ba
k to a problem with nonhomogeneous boundary
onditions. �Now, we examine the basi
 
ase ℓ = −1, 
orresponding to f ∈ Lp(Ω)and �rst, we study the kernel of su
h a problem. We set
Sp

0(Ω) = {(z, π) ∈ W
2,p
0 (Ω) ×W 1,p

0 (Ω), −∆z + ∇π = 0 in Ω,div z = 0 in Ω and z = 0 on Γ}.The 
hara
terization of this kernel is given by this proposition:Proposition 6.4.2. For ea
h p > 1 su
h that n
p′

6= 1, we have the followingstatements: i) If p < n, Sp
0(Ω) = {(0, 0)}.ii) If p ≥ n, Sp

0(Ω) = {(v(λ) − λ, η(λ) − µ), λ ∈ (Rxn)n−1 × {0}, µ ∈ R}where (v(λ), η(λ)) ∈W 2,p
1 (Ω) ×W 1,p

1 (Ω) is the unique solution of
−∆v + ∇η = 0 in Ω, div v = 0 in Ω, v = λ on Γ.120



Proof - Let (z, π) ∈ Sp
0(Ω). We set (zi, πi) = (ψiz, ψiπ) ∈ W 2,p

0 (Ω) ×

W 1,p
0 (Ω) (for i = 1 or 2). Sin
e supp (z1, π1) is bounded, we have (z1, π1) ∈

W
2,p
1 (Ω) ×W 1,p

1 (Ω). Now, we set
f2 = −∆z2 + ∇π2 = ∆z1 −∇π1, h2 = div z2 = − div z1.We have (f2, h2) ∈W

0,p
1 (Ω)×W 1,p

1 (Ω), so by Theorem 5.2 of [9℄, there exists
(s, θ) ∈ (W 2,p

1 (Rn
+) ×W 1,p

1 (Rn
+)) ⊂ (W 2,p

0 (Rn
+) ×W 1,p

0 (Rn
+)) solution of

(S+) − ∆s+ ∇θ = f2 in Rn
+, div s = h2 in Rn

+, s = 0 on Rn−1.Noti
ing that (z2, π2) ∈ W 2,p
0 (Rn

+) ×W 1,p
0 (Rn

+) is solution of the problem
(S+), we 
an dedu
e, using Theorem 5.6 in [9℄), the following results:i) If p < n, the solution of (S+) is unique in W 2,p

0 (Rn
+) ×W 1,p

0 (Rn
+), so

(z2, π2) = (s, θ). Thus, as the support of (z2, π2) is in
luded in Rn
+, we have

(z2, π2) ∈ W
2,p
1 (Ω)×W 1,p

1 (Ω) and so (z, π) ∈ W
2,p
1 (Ω)×W 1,p

1 (Ω). Thanksto Theorem 6.4.1, we have ne
essarily (z, π) = (0, 0).ii) If p ≥ n, there exists λ ∈ (Rxn)n−1 × {0} and µ ∈ R su
h that
z2 = s− λ and π2 = θ − µ in Rn

+.We de�ne w by w = s in Rn
+, w = λ in ω and ξ by ξ = θ in Rn

+, ξ = µ in
ω. We easliy 
he
k that (w, ξ) ∈W 2,p

1 (Ω) ×W 1,p
1 (Ω) and that

z2 = w − λ and π2 = ξ − µ in Ω.Finally, we set
v = z + λ and η = π + µ in Ω.Then, (v, η) is inW 2,p
1 (Ω)×W 1,p

1 (Ω) and is the unique (see Theorem 6.4.1)solution of
−∆v + ∇η = 0 in Ω, div v = 0 in Ω, v = λ on Γ.In 
onsequen
e, we have the 
hara
terization of the kernel. �We have the following result, 
orresponding to Theorem 6.4.1:Theorem 6.4.3. For any p > 1 su
h that n

p′
6= 1, and for any f ∈ Lp(Ω),

h ∈W 1,p
0 (Ω) and g ∈W

2− 1
p
,p

0 (Γ), there exists a unique (u, π) ∈ (W 2,p
0 (Ω)×

W 1,p
0 (Ω))/Sp

0(Ω) solution of the problem (S1). Moreover, (u, π) satis�es
inf

(z,α)∈Sp
0(Ω)

(‖u+ z‖
W

2,p
0 (Ω) + ‖π + α‖W 1,p

0 (Ω))

≤ C (‖f‖Lp(Ω) + ‖h‖W 1,p
0 (Ω) + ‖g‖

W
2− 1

p ,p

0 (Γ)
),where C is a real positive 
onstant whi
h depends only on p and Ω.121



Proof - i) First, we solve the following problem: �nd (u, π) ∈W 2,p
0 (Ω)×

W 1,p
0 (Ω) solution of

−∆u+ ∇π = 0 in Ω, div u = 0 in Ω, u = g on Γ.For this, we set gi = ψig ∈ W
2− 1

p
,p

0 (Γ) (for i = 1 or 2) and we de�ne thefun
tion g̃2 by
g̃2 = g2 on Σ, g̃2 = 0 on D.So g̃2 ∈ W

2− 1
p
,p

0 (Rn−1) and by Theorem 5.6 of [9℄, there exists (w, τ) ∈

W
2,p
0 (Rn

+) ×W 1,p
0 (Rn

+) solution of
−∆w + ∇τ = 0 in Rn

+, div w = 0 in Rn
+, w = g̃2 on Rn−1.Now, we de�ne for almost all (x′, xn) ∈ Rn, the following fun
tions w∗ and

τ∗ by
w∗(x′, xn) = w(x′, xn) if xn > 0, w∗(x′, xn) = −w(x′,−xn) if xn < 0and
τ∗(x

′, xn) = τ(x′, xn) if xn > 0, τ∗(x
′, xn) = τ(x′,−xn) if xn < 0.Then, we set

w̃ = w in Rn
+, w̃ = w∗ in ωand

τ̃ = τ in Rn
+, τ̃ = τ∗ in ω.We easily 
he
k that w̃ ∈W 2,p

0 (Ω) and that τ̃ ∈W 1,p
0 (Ω). Finally, we denoteby µ ∈W

2− 1
p
,p

0 (Γ) the tra
e of the fun
tion w̃ and we set
−∆w̃ + ∇τ̃ = ξ in Ω, div w̃ = σ in Ω.The fun
tions ξ ∈ Lp(Ω) and σ ∈ W 1,p

0 (Ω) have 
learly a 
ompa
t support,so, by Theorem 6.4.1, there exists (t, β) ∈W 2,p
1 (Ω) ×W 1,p

1 (Ω) su
h that
−∆t+ ∇β = −ξ in Ω, div t = −σ in Ω, t = 0 on Γ,(indeed, ξ ∈W 0,p

1 (Ω) and σ ∈W 1,p
1 (Ω)). The pair (z, η) = (w̃ + t, τ̃ + β) ∈

W
2,p
0 (Ω) ×W 1,p

0 (Ω) satisfy
−∆z + ∇η = 0 in Ω, div z = 0 in Ω, z = µ on Γ.In a last step, noti
ing that on Σ ∩ B0, µ = 0 be
ause µ = g2 on Σ, we
an say that the fun
tion γ, de�ned by γ = −µ on S and γ = 0 on Σ,belongs to W 2− 1

p
,p

0 (Γ). Moreover, sin
e g1 and γ have a 
ompa
t support,122



they belong to the spa
e W 2− 1
p
,p

1 (Γ). Thus, applying Theorem 6.4.1, thereexists (v, p) ∈ (W 2,p
1 (Ω) ×W 1,p

1 (Ω)) ⊂ (W 2,p
0 (Ω) ×W 1,p

0 (Ω)) su
h that
−∆v + ∇p = 0 in Ω, div v = 0 in Ω, v = γ + g1 on Γ.Noti
ing that on Γ, µ+γ+ g1 = g, we 
on
lude that (u, π) = (z+v, η+ p)answers the question.ii) We easily show that there exists extensions f̃ ∈ Lp(Rn) of f and

h̃ ∈ W 1,p
0 (Rn) of h in Rn and, by Theorem 3.10 of [3℄, there exists (w, η) ∈

W
2,p
0 (Rn) ×W 1,p

0 (Rn) solution of
−∆w + ∇η = f̃ in Rn, div w = h̃ in Rn.Moreover, by i), there exists (z, µ) ∈W 2,p

0 (Ω) ×W 1,p
0 (Ω) su
h that

−∆z + ∇µ = 0 in Ω, div z = 0 in Ω, z = g −w|Γ on Γ.Thus, (u, p) = (z +w, µ+ η) is solution of our problem. �On the other hand, we want to study the 
ase of very weak solutions i.e.,we study (S1) with f = 0, h = 0 and singular data on the boundary. We useprevious results for strong solutions and we argue by duality. The proofs areexa
tly the same as Se
tion 5.5. We give the two following theorems:Theorem 6.4.4. For ea
h p > 1 su
h that n
p
6= 1 and for any g ∈W

− 1
p
,p

−1 (Γ)satisfying
g · n = 0 on Γ, (6.18)there exists a unique (u, π) ∈ W

0,p
−1(Ω) × W−1,p

−1 (Ω) solution of (S1) with
f = 0, h = 0. Moreover, (u, π) satis�es

‖u‖
W

0,p
−1(Ω) + ‖π‖W−1,p

−1 (Ω) ≤ C ‖g‖
W

−
1
p ,p

−1 (Ω)
,where C is a real positive 
onstant wi
h depends only on Ω and p.Theorem 6.4.5. For ea
h p > 1 su
h that n

p
6= 1 and for any g ∈W

− 1
p
,p

0 (Γ)satisfying (6.18) and the following 
ondition if p ≤
n

n− 1
: for any (z, p) ∈

Sp′

0 (Ω)

< g,
∂z

∂n
>

W
−

1
p ,p

0 (Γ),W
1
p ,p′

0 (Γ)
= 0,there exists a unique (u, π) ∈ Lp(Ω)×W−1,p

0 (Ω) solution of (S1) with f = 0,
h = 0. Moreover, (u, π) satis�es

‖u‖Lp(Ω) + ‖π‖W−1,p
0 (Ω) ≤ C ‖g‖

W
−

1
p ,p

0 (Γ)
,where C is a real positive 
onstant wi
h depends only on Ω and p.123





Chapter 7A Stokes problem in anaperture domain in dimension
n ≥ 37.1 Introdu
tion and preliminariesIn this 
hapter, we want to study a Stokes system in dimension n ≥ 3 in another parti
ular unbounded domain with an unbounded boundary, namelyan aperture domain i.e. two half-spa
es separated by some wall of thi
kness
d > 0 and 
onne
ted by some hole (aperture). We 
an remind that theaperture domain be
ame interesting sin
e Heywood ([31℄, [32℄, in the Hilbert
ase) found the important role of the �ux 
ondition

∫

M
u · n dσas an additional boundary 
ondition in order to get uniqueness for the Stokesproblem with a Diri
hlet 
ondition (see also [14℄, [39℄, [50℄ or [51℄). So, wewant to �nd (u, π, a+, a−) ∈W 1,p

0 (Ω)×Lp
loc(Ω)×R×R su
h that π− a+ ∈

Lp(Ω+), π − a− ∈ Lp(Ω−) and
(S2)





−∆u+ ∇π = f in Ω,
div u = h in Ω,
u = g on Γ,∫

M
u · n dσ = α.This 
hapter is organized as follows. First, we give some de�nitions andpreliminary results. Next, Se
tions 7.2 and 7.3 are respe
tively devoted tothe resolution of (S2) in 
ases p = 2 and p 6= 2 and in Se
tion 6.4, we give aregularity result. 125



Now, we want to give a pre
ise de�nition of an aperture domain. Forthis, we set d ∈ R+
∗ and Rn

−d = {x ∈ Rn, xn < −d}. Let Ω an open domainsu
h that
Rn

+ ∪ Rn
−d ⊂ Ω ⊂ Rn.There exists an open ball B ⊂ Rn su
h that

Ω ∪B = Rn
+ ∪Rn

−d ∪B.We set Γ = ∂Ω the boundary of Ω that we suppose of 
lass C1,1; then, we 
an
hoose some bounded subdomain G ⊂ Ω with boundary ∂G of 
lass C1,1 su
hthat Ω∩B ⊂ G. The ball B 
an be 
hosen 
entered on (0, . . . , 0,−
d

2
) and suf-�
iently large so that there exists another ball B0 
entered on (0, . . . , 0,−

d

2
)with 
losure B0 ⊂ B su
h that

Ω ∪B0 = Rn
+ ∪Rn

−d ∪B0.We de�ne two disjoints subdomains Ω+ and Ω− of Ω and an (n − 1)-dimensional smooth manifold M with the following properties:
Ω = Ω+ ∪ Ω− ∪M, M = ∂Ω+ ∩ ∂Ω−,and

Ω+ ∪B = Rn
+ ∪B, Ω− ∪B = Rn

−d ∪B.We 
an noti
e that Ω+ and Ω− are perturbed half-spa
es. Finally, we de�nethe following partition of unity:
ψ1, ψ2 ∈ C∞(Rn), 0 ≤ ψ1, ψ2 ≤ 1, ψ1 + ψ2 = 1 in Rn,

ψ1 = 1 in B0, supp ψ1 ⊂ B.We easily 
he
k that the property (1.1) is satis�ed and that, exa
tly likefor the perturbed half-spa
e, we have the following Poin
aré-type inequali-ties:Theorem 7.1.1. i) The semi-norm | · |W 1,2
0 (Ω) de�ned on W 1,2

0 (Ω) is a normequivalent to the full norm ‖ · ‖W 1,2
0 (Ω).ii) The semi-norm | · |W 1,2

0 (Ω) de�ned on ◦
W

1,2
0 (Ω) is a norm equivalent tothe full norm ‖ · ‖W 1,2

0 (Ω).The boundary Γ is unbounded. So, like for the domain Rn
+ and theperturbed half-spa
e, we de�ne weighted Sobolev tra
es spa
es. For any

σ ∈ ]0, 1[, we set
ω1 =





ρ if n
p
6= σ,

ρ(lgρ)1/σ if n
p

= σ.126



We de�ne the spa
e
W σ,p

0 (Γ) = {u, ω−σ
1 u ∈Lp(Γ ∩ cB0), u ∈ Lp(Γ ∩B0),∫

Γ×Γ

|u(x) − u(y)|p

|x− y|n+σp
dxdy <∞}.It is a re�exive Bana
h spa
e equipped with its natural norm

(‖
u

ωσ
1

‖p
Lp(Γ∩ cB0) + ‖u‖p

Lp(Γ∩B0) +

∫

Γ×Γ

|u(x) − u(y)|p

|x− y|n+σp
dxdy)1/p.For any s ∈ R+, we set

W s,p
0 (Γ) = {u ∈W

[s],p
[s]−s(Γ), ∀|λ| = [s], Dλu ∈W

s−[s],p
0 (Γ)}.It is a re�exive Bana
h spa
e equipped with its natural norm

‖u‖W s,p
0 (Γ) = ‖u‖

W
[s],p
[s]−s

(Γ)
+

∑

|λ|=s

‖Dλu‖
W

s−[s],p
0 (Γ)

.Then, for any s ∈ R+ and α ∈ R, we set
W s,p

α (Γ) = {u ∈W
[s],p
[s]+α−s(Γ), ∀|λ| = [s], ραDλu ∈W

s−[s],p
0 (Γ)}.Next, we prove that the following tra
es lemma is satis�ed:Lemma 7.1.2. For any integer m ≥ 1 and real number α, we de�ne themapping

γ : D(Ω) → (D(Γ))m

u 7→ (γ0u, . . . , γm−1u)where for any k = 0, . . . ,m − 1, γku =
∂ku

∂nk
. Then, γ 
an be extendedby 
ontinuity to a linear and 
ontinuous mapping still denoted by γ from

Wm,p
α (Ω) to m−1∏

j=0

W
m−j− 1

p
,p

α (Γ). Moreover, γ is onto andKer γ =
◦
W

m,p
α (Ω).Proof - We prove this lemma following the same main idea as the per-turbed half-spa
e. First, for the 
ontinuity, we work like previously, in anunbounded domain and next in a bounded domain. For the surje
tivity,we easily prove, using results in half-spa
es, that we 
an �nd u ∈ W 1,p

0 (Ω)su
h that u = g2 on Γ and then, we study the bounded part like for theperturbed half-spa
e. For the 
hara
terization of the kernel, the bounded127



part is again the same as the previous 
ase and for the unbounded part, we�nd two sequen
es, the �rst one, C∞ with 
ompa
t support in Rn
+ (so in Ω)and the se
ond one in Rn

− (so in Ω) and we work with the sum of these twosequen
es. �Now, we de�ne the following spa
es:
V(Ω) = {v ∈ D(Ω), div v = 0 in Ω},

Vp(Ω) = V(Ω)
‖·‖

W
1,p
0

(Ω) ,

V̂p(Ω) = {v ∈
◦
W

1,p
0 (Ω), div v = 0 in Ω}and the polar of V̂p:

V̂ ◦
p(Ω) = {f ∈W−1,p

0 (Ω), ∀w ∈ V̂p(Ω), < f ,w >Ω= 0}.We easily show that:
∀u ∈ Vp(Ω),

∫

M
u · n dσ = 0. (7.1)Moreover, 
ontrary to 
ases of exterior domains, half-spa
e or perturbedhalf-spa
e, we noti
e (see [31℄) that, in an aperture domain, we have onlythe stri
t in
lusion:

Vp(Ω)  V̂p(Ω). (7.2)7.2 Case p = 2.Thanks to Lemma 7.1.2, there exists ug ∈W 1,2
0 (Ω) su
h that ug = g on Γand satisfying

‖ug‖W
1,2
0 (Ω) ≤ C ‖g‖

W
1
2 ,2

0 (Γ)
.Thus, we show that it is equivalent to study the problem with homogeneousboundary 
onditions.Moreover, let h be in L2(Ω). We remind that we 
an 
onsider Ω+ and

Ω− as perturbed half-spa
es, (their boundary is Lips
hitz-
ontinuous, whi
his su�
ient when p = 2). So, thanks to Lemma 6.2.2, there exists t ∈ ◦
W

1,2
0 (Ω+) su
h that

{
div t = h in Ω+,
‖t‖

W
1,2
0 (Ω+) ≤ C ‖h‖L2(Ω),128



and there exists z ∈
◦
W

1,2
0 (Ω−) su
h that

{
div z = h in Ω−,
‖z‖

W
1,2
0 (Ω−)

≤ C ‖h‖L2(Ω).We de�ne the fun
tion w by
w = t in Ω+ and w = z in Ω−.We have w ∈

◦
W

1,2
0 (Ω) be
ause t = z = 0 on the joinM and we easily showthat div w = h in Ω and ‖w‖

W
1,2
0 (Ω) ≤ C ‖h‖L2(Ω).Thus, thanks to this result, it remains only to study the following problem:for f ∈W−1,2

0 (Ω) and α ∈ R, �nd (u, π, a+, a−) ∈W 1,2
0 (Ω)×L2

loc(Ω)×R×Rsu
h that π − a+ ∈ L2(Ω+), π − a− ∈ L2(Ω−) and
(S200)





−∆u+ ∇π = f in Ω, div u = 0 in Ω,

u = 0 on Γ,

∫

M
u · n dσ = α.First, we establish the following lemma:Lemma 7.2.1. There exists b ∈ V̂2(Ω) su
h that

∫

M
b · n dσ = 1. (7.3)Proof - By Lemma 11 of Heywood in [31℄, there exists b ∈ D(Ω)

‖∇·‖
L2(Ω)su
h that div b = 0 in Ω and ∫

M
b · n dσ = 1.Moreover, thanks to Lemma 2.1 of Farwig and Sohr in [22℄, we show that,in an aperture domain, D(Ω)

‖∇·‖
L2(Ω) = {u ∈ L2

loc(Ω), ∇u ∈ L2(Ω), u =

0 on Γ}. So, it remains only to show that b ∈ W 1,2
0 (Ω). Let us set, for all

i = 1, . . . , n, si = ∇bi ∈ L
2(Ω) and

s̃i = si in Ω and s̃i = 0 in Rn \ Ω.We have s̃i ∈ L
2(Rn) and we 
he
k that for any ϕ ∈ V(Rn)

∫

Rn

s̃i ·ϕ dx =

∫

Ω
si ·ϕ dx = 0.Moreover, thanks to Lemma 4.2 of Amrou
he, Girault and Giroire in [6℄,

V(Rn) is dense in H2(Rn) = {v ∈ L2(Rn), div v = 0 in Rn}. So,
s̃i ∈ L2(Rn) ⊥ H2(Rn). Then, thanks to Proposition 9.2 of [6℄, for ea
h129



i = 1, . . . , n, there exists w̃i ∈ W 1,2
0 (Rn) su
h that ∇w̃i = s̃i in Rn. We set

wi ∈ W 1,2
0 (Ω) the restri
tion of w̃i in Ω; we have ∇wi = si i.e. ∇wi = ∇biin Ω. So, Ω being 
onne
ted, there exists a real 
onstant Ki ∈ R

n su
h that
wi = bi +Ki ∈ W 1,2

0 (Ω). Thus, sin
e bi = 0 on Γ, wi = Ki on Γ. Moreover,we noti
e that ∇w̃i = 0 in Rn\Ω, so w̃i is 
onstant in ea
h of the two in�niteand 
onne
ted 
omponents Θj (j = 1, 2) of Rn \ Ω. As w̃i ∈ W 1,2
0 (Θj) andthat 
onstants are not in this spa
e, we dedu
e that w̃i = 0 in Θ1 ∪ Θ2.Finally, reminding that wi = Ki on Γ and that w̃i ∈W

1,2
0 (Rn), we 
on
ludethat Ki = 0. Thus, bi ∈W 1,2

0 (Ω) for any i = 1, . . . , n. �Now, for any w ∈ V2(Ω), we de�ne the following bilinear and 
ontinuousappli
ation T by
Tw = < f ,w >Ω −α

∫

Ω
∇b : ∇w dx.We apply the theorem of Lax-Milgram in (V2(Ω), ‖ · ‖

W
1,2
0 (Ω)

) to 
on
ludethat there exists a unique v ∈ V2(Ω) su
h that
∫

Ω
∇v : ∇w dx = < f ,w >Ω −α

∫

Ω
∇b : ∇w dx,(we noti
e that we have the 
oer
ivity thanks to the point ii) of Theorem7.1.1 sin
e V2(Ω) ⊂

◦
W

1,2
0 (Ω)). Then, setting u = v+αb ∈ V̂2(Ω), we havefor any w ∈ V2(Ω):

∫

Ω
∇u : ∇w dx = < f ,w >Ωand, by (7.1) and (7.3), ∫

M
u · n dσ = α. (7.4)Then, let Ω′ be a 
onne
ted open bounded subset of Ω. If w ∈ V2(Ω′),we easily show that

∫

Ω′

∇u : ∇w dx = < f ,w >Ω′ .Now, let w be in H1
0(Ω

′). We de�ne the linear 
ontinuous form F by
F(w) = −

∫

Ω′

∇u : ∇w dx + < f ,w >Ω′ .We have F ∈ H−1(Ω′), F is equal to zero on V2(Ω
′) and 
onsequently on

V(Ω′). We apply a result established by Girault and Raviart in bounded130



domain (see [25℄) to dedu
e from this that there exists p ∈ L2(Ω′), uniqueup to an additive 
onstant, su
h that
∇p = F in Ω′. (7.5)This permits us to prove the following lemma:Lemma 7.2.2. There exists π ∈ L2

loc(Ω) su
h that for any ψ ∈ D(Ω), wehave ∫

Ω
π div ψ dx =

∫

Ω
∇u : ∇ψ dx − < f ,ψ >Ω (7.6)Proof - Let (Bm)m∈N∗ an in
reasing sequen
e of open balls in
luded in

Rn. We set, for any m ≥ 1, Ωm = Bm ∩Ω. For any m ≥ 1, we know, thanksto (7.5), that there exists pm ∈ L2(Ωm) su
h that
∇pm = Fm in Ωm,where Fm is de�ned, for any w ∈H1

0(Ωm), by
Fm(w) = −

∫

Ωm

∇u : ∇w dx + < f ,w >Ωm .Moreover, we easily noti
e that Fm = Fm+1 in H−1(Ωm) whi
h impliesthat, for any m ≥ 1, ∇pm = ∇pm+1 in H−1(Ωm). As ea
h Ωm is 
onne
ted,we dedu
e that ea
h pm is unique up to an additive 
onstant, 
onstant thatwe 
an 
hoose in order to have pm = pm+1 in Ωm. Thus, starting again, we
onstru
t a fun
tion π de�ned by:
∀ m ≥ 1, π = pm in Ωm.Be
ause of the de�nition of the spa
e L2

loc(Ω), it be
omes obvious that π ∈
L2

loc(Ω). Now, let ψ ∈ D(Ω), then, there exists m ∈ N∗ su
h that supp
ψ ⊂ Ωm. Sin
e π = pm in Ωm and ψ ∈H1

0(Ωm), we have
∫

Ωm

π div ψ dx =

∫

Ωm

∇u : ∇ψ dx − < f ,ψ >Ωmand 
onsequently (7.6). �Thus, we have found u ∈ V̂2(Ω) and π ∈ L2
loc(Ω) su
h that

−∆u+ ∇π = f in Ω.It remains us to �nd two real 
onstants a+ and a− su
h that
π − a+ ∈ L2(Ω+) and π − a− ∈ L2(Ω−).131



Let ϕ be in ◦
W

1,2
0 (Ω+). We de�ne F+ ∈W−1,2

0 (Ω+) by
F+(ϕ) = −

∫

Ω+

∇u : ∇ϕ dx + < f ,ϕ >Ω+= −

∫

Ω+

π div ϕ dx.We noti
e that F+ is equal to zero on V̂2(Ω+), so F+ ∈ V̂ ◦
2(Ω+). More-over, 
onsidering Ω+ as a perturbed half-spa
e, we establish that there exists

π+ ∈ L2(Ω+) su
h that ∇π+ = F+ (it is the same proof as Corollary 5.2.4).But, in Ω+ ⊂ Ω, we have F+ = ∇π. So, ∇π = ∇π+ and there exists a real
onstant a+ su
h that π − a+ = π+ ∈ L2(Ω+). Then, we may pro
eed withthe same reasoning for Ω−.Finally, we de�ne π ∈ L2(Ω) by
π =

{
π − a+ ∈ Ω+,
π − a− ∈ Ω−,and γ∞ by

γ∞ = a+ − a−,and we easily 
he
k that
‖u‖

W
1,2
0 (Ω) + ‖π‖L2(Ω) + |γ∞| ≤ C (‖f‖

W
−1,2
0 (Ω) + |α|).Thus, we have solved the problem (S200) and 
onsequently, we have thefollowing theorem:Theorem 7.2.3. For any f ∈ W

−1,2
0 (Ω), h ∈ L2(Ω), g ∈ W

1
2
,2

0 (Γ) and
α ∈ R, there exists (u, π, a+, a−) ∈ W 1,2

0 (Ω) × L2
loc(Ω) × R × R su
h that

π − a+ ∈ L2(Ω+), π − a− ∈ L2(Ω−) and
(S2)





−∆u+ ∇π = f in Ω, div u = h in Ω,

u = g on Γ,

∫

M
u · n dσ = α.Moreover u is unique, π, a+ and a− are unique up to an additive and 
ommon
onstant and it holds

‖u‖
W

1,2
0 (Ω)+‖π‖L2(Ω)+|γ∞| ≤ C (‖f‖

W
−1,2
0 (Ω)+‖h‖L2(Ω)+‖g‖

W
1
2 ,2

0 (Γ)
+|α|),where C is a real positive 
onstant whi
h depends only on Ω.Proof - It remains to prove that u is unique and that π, a+ and a− areunique up to an additive and 
ommon 
onstant. We set:

B2
0(Ω) = {(z,π, a+, a−) ∈

◦
W

1,2
0 (Ω) × L2

loc(Ω) × R× R, with π ∈ L2(Ω),

− ∆z + ∇π = 0 and div z = 0 in Ω and

∫

M
z · n dσ = 0}.132



Let (u, π, a+, a−) ∈ B2
0(Ω). For any v ∈

◦
W

1,2
0 (Ω), we de�ne the linear and
ontinuous appli
ation ℓ ∈W−1,2

0 (Ω) by
ℓ(v) =

∫

M
v · n dσ.Let ϕ ∈ D(Ω). Then, reminding that n is the unit normal ve
tor on Mdire
ted to Ω−, we have

< −∆u+ ∇π,ϕ >Ω = < −∆u,ϕ >Ω −

∫

Ω
π div ϕ dx

= < −∆u,ϕ >Ω −

∫

Ω
π div ϕ dx− a+

∫

Ω+

div ϕ dx− a−

∫

Ω−

div ϕ dx

=< −∆u+ ∇π,ϕ >Ω − a+

∫

∂Ω+

ϕ · n dx+ a−

∫

∂Ω−

ϕ · n dx

= < −∆u+ ∇π,ϕ >Ω − (a+ − a−)

∫

M
ϕ · n dx

= < −∆u+ ∇π − γ∞ℓ,ϕ >Ω,i.e. 0 = −∆u+ ∇π = −∆u+ ∇π − γ∞ℓ in Ω. Now, let v be in ◦
W

1,2
0 (Ω),we have < −∆u+ ∇π − γ∞ℓ,v >Ω = 0 and so

∫

Ω
∇u : ∇v dx−

∫

Ω
π div v dx− γ∞

∫

M
v · n dσ = 0.But u ∈

◦
W

1,2
0 (Ω), div u = 0 in Ω and ∫

M
u·n dσ = 0. Thus, ‖∇u‖L2(Ω) = 0whi
h implies that u is a 
onstant ve
tor whi
h is equal to zero be
ause u = 0on Γ. Consequently, π is 
onstant in Ω. So π − a+ ∈ L2(Ω+) is 
onstantand sin
e Ω+ is not bounded, π = a+ on Ω+. With the same reasoning,we establish that π = a− on Ω− and sin
e π is 
onstant in Ω, we have

π = a+ = a− in Ω and our result. �7.3 Case p 6= 2.First, we suppose that p > 2 and we study the kernel of the Stokes system.We set:
Bp

0(Ω) = {(z,π, a+, a−) ∈
◦
W

1,p
0 (Ω) × Lp

loc(Ω) × R×R, with π ∈ Lp(Ω),

− ∆z + ∇π = 0 and div z = 0 in Ω and

∫

M
z · n dσ = 0}.Theorem 7.3.1. We have Bp

0(Ω) = {λ(0, 1, 1, 1), λ ∈ R}.133



Proof - Let (z, π, a+, a−) be in Bp
0(Ω) and (z1, π1) = (ψ1z, ψ1π) ∈

◦
W

1,p
0 (Ω) × Lp(Ω). Sin
e supp (z1, π1) ⊂ G whi
h is bounded, we have

(z1, π1) ∈W
1,2
0 (Ω) × L2(Ω)and so

−∆z1 + ∇π1 ∈W−1,2
0 (Ω) and div z1 ∈ L2(Ω).In Rn

+, we noti
e that π = π − a+, so ∇π = ∇π whi
h implies that −∆z +

∇π = 0 in Rn
+. We set (z2, π2) = (ψ2z, ψ2π) ∈

◦
W

1,p
0 (Ω) × Lp(Ω) and

f+ = − ∆z2 + ∇π2 = ∆z1 −∇π1) ∈W
−1,2
0 (Rn

+),

h+ = div z2 = − div z1 ∈ L2(Rn
+).We may pro
eed with the same reasoning as in Theorem 6.3.1 to obtainthat (z2, π2) ∈ W

1,2
0 (Rn

+) × L2(Rn
+). Now, working on Rn

− instead of Rn
+(even if we move the origin to a distan
e equal to d), we obtain too that

(z2, π2) ∈W
1,2
0 (Rn

−d)×L
2(Rn

−d). Finally, sin
e supp (z2, π2) ⊂ R
n
+∪R

n
−d, we
on
lude that (z2, π2) ∈W

1,2
0 (Ω)×L2(Ω) and so (z, π) ∈W 1,2

0 (Ω)×L2(Ω)too. Moreover, it is obvious that π ∈ L2
loc(Ω) be
ause π ∈ Lp

loc(Ω). Thus, we
on
lude that (z, π, a+, a−) ∈ B2
0(Ω). �Now, supposing again that p > 2, we want to study the Stokes systemwith homogeneous boundary 
onditions, that is to say: for f ∈ W−1,p

0 (Ω),
h ∈ Lp(Ω) and α ∈ R, we want to �nd (u, π, a+, a−) ∈W 1,p

0 (Ω)×Lp
loc(Ω)×

R× R su
h that π − a+ ∈ Lp(Ω+), π − a− ∈ Lp(Ω−) and
(S20)





−∆u+ ∇π = f in Ω, div u = h in Ω,

u = 0 on Γ,

∫

M
u · n dσ = α.First, we establish the following lemma:Lemma 7.3.2. For ea
h p > 2, for any f ∈ W

−1,p
0 (Ω) and h ∈ Lp(Ω)with a 
ompa
t support in Ω and for any α ∈ R, there exists (u, π, a+, a−) ∈

(W 1,p
0 (Ω) ∩W 1,2

0 (Ω)) × Lp
loc(Ω) × R× R solution of (S20) with

π − a+ ∈ Lp(Ω+) ∩ L2(Ω+) and π − a− ∈ Lp(Ω−) ∩ L2(Ω−).Moreover u is unique and π, a+ and a− are unique up to an additive and
ommon 
onstantProof - Let f be in W−1,p
0 (Ω) and h be in Lp(Ω) with a 
ompa
t sup-port in Ω and α ∈ R. Then, sin
e p > 2, we easily 
he
k that f ∈

W
−1,2
0 (Ω) and h ∈ L2(Ω) and we dedu
e from Theorem 7.2.3 that thereexists (u, π, a+, a−) ∈W 1,2

0 (Ω)×L2
loc(Ω)×R×R solution of (S20) where u is134



unique and π, a+ and a− are unique up to an additive and 
ommon 
onstant.It remains to show that (u, π) ∈W 1,p
0 (Ω)×Lp

loc(Ω). For any v ∈
◦
W

1,p′

0 (Ω),we de�ne the linear and 
ontinuous appli
ation ℓ ∈W−1,p
0 (Ω) by

ℓ(v) =

∫

M
v · n dσ,and we re
all that

−∆u+ ∇π = −∆u+ ∇π − γ∞ℓ in Ω.We set, for i = 1, 2, (ui, πi) = (ψiu, ψiπ) ∈
◦
W

1,2
0 (Ω) × L2(Ω) and wenoti
e that (u1, π1) has a 
ompa
t support in
luded in G. An elementary
al
ulation shows that we have





−∆u1 + ∇π1 = ψ1f + F 1 + ψ1γ∞ℓ in G,div u1 = ψ1h+H1 in G,
u1 = 0 on ∂G,where
F 1 = −(2∇u∇ψ1 + u∆ψ1) + π∇ψ1 ∈ L2(G),and

H1 = u · ∇ψ1 ∈H1(G).Noti
ing that the support of ℓ, subset of M , is 
ompa
t and using the samereasoning as Lemma 6.3.2 for the perturbed half-spa
e, we 
on
lude that wehave (u1, π1) ∈W
1,p
0 (Ω)×Lp(Ω) and here again, we do like Lemma 6.3.2 toobtain that (u2, π2) ∈ W 1,p

0 (Ω) × Lp(Ω). Thus (u, π) ∈ W 1,p
0 (Ω) × Lp(Ω)and the estimate follows immediately. Finally, we easily dedu
e from this,sin
e π ∈ Lp(Ω), that π ∈ Lp

loc(Ω) and we have our result. �Now, we establish the following theorem:Theorem 7.3.3. For any p > 2 and g ∈W
1− 1

p
,p

0 (Γ), there exists a unique
(u, π, a+, a−) ∈ (W 1,p

0 (Ω) × Lp
loc(Ω) ×R×R)/Bp

0(Ω) with π − a+ ∈ Lp(Ω+)and π − a− ∈ Lp(Ω−) solution of




−∆u+ ∇π = 0 in Ω, div u = 0 in Ω,

u = g on Γ,

∫

M
u · n dσ = α,and satisfying

‖u‖
W

1,p
0 (Ω) + ‖π‖Lp(Ω) + |γ∞| ≤ C (‖g‖

W
1− 1

p ,p

0 (Γ)
+ |α|),where C is a real positive 
onstant whi
h depends only on p and Ω.135



Proof - The idea is the same as Theorem 6.3.3. First, using results inbounded domains, we 
an dedu
e that there exists (z, θ) ∈W 1,p
0 (Ω)×Lp(Ω)solution of

−∆z + ∇θ = σ in Ω, div z = ψ in Ω, z = g1 on Γ,where σ ∈W−1,p
0 (Ω) and ψ ∈ Lp(Ω) have a 
ompa
t support. Using Lemma7.3.2, then there exists (t, τ, a′+, a

′
−) ∈W 1,p

0 (Ω)×Lp
loc(Ω)×R×R su
h that





−∆t+ ∇τ = −σ in Ω, div t = −ψ in Ω,

t = 0 on Γ,

∫

M
t · n dσ =

1

2
α−

∫

M
z · n dσ,and

τ − a′+ ∈ Lp(Ω+) and τ − a′− ∈ Lp(Ω−).Noti
ing that θ ∈ Lp(Ω) ⊂ Lp
loc(Ω), we dedu
e that (v = z + t, µ = θ +

τ, a′+, a
′
−) ∈W 1,p

0 (Ω) × Lp
loc(Ω) × R× R is solution of





−∆v + ∇µ = 0 in Ω, div v = 0 in Ω,

v = g1 on Γ,

∫

M
v · n dσ =

1

2
α,and

µ− a′+ ∈ Lp(Ω+) and µ− a′− ∈ Lp(Ω−).Next, we follow again the same ideas as Theorem 6.3.3. First, we use resultsin Rn
+ and in Rn

−d and we extend by (0, 0) in Ω. Then, summing the twofound pairs, we 
onstru
t (r, α) ∈W 1,p
0 (Ω) × Lp(Ω) solution of

−∆r + ∇α = ξ in Ω, div r = 0 in Ω, r = g2 on Γ.Then, using like previously Lemma 7.3.2, we are able to �nd (w, η, a′′+, a
′′
−) ∈

W
1,p
0 (Ω) × Lp

loc(Ω) × R× R su
h that




−∆w + ∇η = 0 in Ω, div w = 0 in Ω,

w = g2 on Γ,

∫

M
w · n dσ =

1

2
α,and

η − a′′+ ∈ Lp(Ω+) and η − a′′− ∈ Lp(Ω−).Finally (u = v +w, π = µ+ η, a+ = a′+ + a′′+, a− = a′− + a′′−) ∈W 1,p
0 (Ω) ×

Lp
loc(Ω)×R×R is solution of our problem and the estimate follows immediately. �Theorem 7.3.4. For any p > 2, f ∈W−1,p

0 (Ω) and h ∈ Lp(Ω), there exists
(u, π, a+, a−) ∈W 1,p

0 (Ω) × Lp
loc(Ω) × R × R solution of (S20). Moreover, u136



is unique, π , a+ and a− are unique up to an additive and 
ommon 
onstantand we have
‖u‖

W
1,p
0 (Ω) + ‖π‖Lp(Ω) + |γ∞| ≤ C (‖f‖

W
−1,p
0 (Ω) + ‖h‖Lp(Ω) + |α|),where C is a real positive 
onstant whi
h depends only on p and Ω.Proof - The uniqueness 
omes from Theorem 7.3.1. Then, there exists,as a 
onsequen
e of Theorem 7.1.1 ii), a tensor of the se
ond order F ∈

[Lp(Ω)]n×n su
h that div F = f . We extend F (respe
tively h) by 0 in Rn,and we denote by F̃ (respe
tively h̃) this extension. Then, we set f̃ = div
F̃ and we noti
e that f̃ |Ω = f . We have f̃ ∈ W−1,p

0 (Rn) and h̃ ∈ Lp(Rn).By [2℄, there exists (v, η) ∈W 1,p
0 (Rn) × Lp(Rn) solution of

−∆v + ∇η = f̃ in Rn and div v = h̃ in Rn.We denote again by v ∈W 1,p
0 (Ω) and η ∈ Lp(Ω) ⊂ Lp

loc(Ω) the restri
tionsof v and η to Ω. We have v|Γ ∈W
1− 1

p
,p

0 (Γ), thus, thanks to Theorem 7.3.3,there exists (w, τ, a+, a−) ∈W 1,p
0 (Ω) × Lp

loc(Ω) × R× R solution of




−∆w + ∇τ = 0 in Ω, div w = 0 in Ω,

w = −v|Γ on Γ,

∫

M
w · n dσ = α−

∫

M
v · n dσ,and

τ − a+ ∈ Lp(Ω+) and τ − a− ∈ Lp(Ω−).Finally, (u = v + w, π = η + τ, a+, a−) ∈ W
1,p
0 (Ω) × Lp

loc(Ω) × R × R issolution of (S20) and the estimate follows immediately. �Now, we suppose that p is su
h that p < 2 and we want to solve (S20).Sin
e p < 2, its dual exponent p′ satis�es p′ > 2. So, if f ∈ W
−1,p′

0 (Ω),
h ∈ Lp′(Ω) and α ∈ R, there exists, thanks to Theorem 7.3.4, (u, π, a+, a−) ∈

W
1,p′

0 (Ω) × Lp′

loc(Ω) × R× R su
h that




−∆u+ ∇π = f in Ω, div u = h in Ω,

u = 0 on Γ,

∫

M
u · n dσ = α,and

π − a+ ∈ Lp′(Ω+) and π − a− ∈ Lp′(Ω−).We easily noti
e that it is equivalent to say that, for any (f , h, α) ∈W−1,p′

0 (Ω)×
Lp′(Ω) × R, the following problem (S20)

(S20)





−∆u+ ∇π − γ∞ℓ = f in Ω,div u = h in Ω,
ℓ(u) = α,137



possesses a unique solution (u, π, γ∞) ∈
◦
W

1,p′

0 (Ω)×Lp′(Ω)×R (the unique-ness 
omes from the de�nition of Bp′

0 (Ω)). So, the mapping
S :

◦
W

1,p′

0 (Ω) × Lp′(Ω) × R→W
−1,p′

0 (Ω) × Lp′(Ω) × R

(u, π, γ∞) 7→ (−∆u+ ∇π − γ∞ℓ,−div u,−ℓ(u))is an isomorphism. Furthermore, we have, for any (u, π, γ∞) ∈
◦
W

1,p′

0 (Ω) ×

Lp′(Ω) × R and (v, η, θ∞) ∈
◦
W

1,p
0 (Ω) × Lp(Ω) × R,

< −∆u+ ∇π − γ∞ℓ,v >Ω −

∫

Ω
div u η dx − θ∞ℓ(u)

= < −∆v + ∇η − θ∞ℓ,u >Ω −

∫

Ω
div v π dx − γ∞ℓ(v).Thus, by duality

S∗ :
◦
W

1,p
0 (Ω) × Lp(Ω) ×R→W

−1,p
0 (Ω) × Lp(Ω) × R

(v, η, θ∞) 7→ (−∆v + ∇η − θ∞ℓ,−div v,−ℓ(v))is also an isomorphism, i.e., when p < 2, there exists a unique (v, η, θ∞) ∈
◦
W

1,p
0 (Ω) × Lp(Ω) × R solution of (S20). Finally, it remains to return to theproblem (S20). For this, let c+ and c− be two 
onstants su
h that θ∞ =
c+ − c−. We set

η =

{
η + c+ in Ω+,
η + c− in Ω−,and we easily show that

−∆v + ∇η = −∆v + ∇η − θ∞ℓ in Ω.Thus, (v, η, c+, c−) ∈
◦
W

1,p
0 (Ω)×Lp

loc(Ω)×R×R is solution of (S20). For thekernel, let (w, µ, k+, k−) ∈
◦
W

1,p
0 (Ω)×Lp

loc(Ω)×R×R be an other solutionof (S20). So, setting
µ =

{
µ− k+ in Ω+,
µ− k− in Ω−,and α∞ = k+ − k−, we easily 
he
k that (w, µ, α∞) is solution of (S20),problem whi
h admits a unique solution. Consequently, w = v, µ = η and

α∞ = θ∞ and so, there exists λ ∈ R su
h that
k+ = c+ + λ, and k− = c− + λ.We easily dedu
e from this that η = µ−λ and thus, the kernel of the problemwhen p < 2 is again Bp

0(Ω). 138



Finally, it remains to return to the general problem when p 6= 2. Thanksto Lemma 7.1.2, there exists ug ∈ W
1,p
0 (Ω) su
h that ug = g on Γ andsatisfying

‖ug‖W
1,p
0 (Ω) ≤ C ‖g‖

W
1− 1

p ,p

0 (Γ)
,and thanks to previous results, we have seen that there exists a unique

(v, π, a+, a−) ∈ W
1,p
0 (Ω) × Lp

loc(Ω) × R × R su
h that π − a+ ∈ Lp(Ω+),
π − a− ∈ Lp(Ω−) and





−∆v + ∇π = f − ∆ug in Ω, div v = h− div ug in Ω,

v = 0 on Γ,

∫

M
v · n dσ = α−

∫

M
ug · n dσ.Finally, the fun
tion (u = v + ug, π, a+, a−) ∈W 1,p

0 (Ω) × Lp
loc(Ω) × R × Ris solution of the problem (S2) and the estimate follows immediately. In
onsequen
e, we have the following theorem:Theorem 7.3.5. For any p > 1, f ∈W−1,p

0 (Ω), h ∈ Lp(Ω), g ∈W
1− 1

p
,p

0 (Γ)and α ∈ R, there exists (u, π, a+, a−) ∈W 1,p
0 (Ω)×Lp

loc(Ω)×R×R su
h that
π − a+ ∈ Lp(Ω+), π − a− ∈ Lp(Ω−) and

(S2)





−∆u+ ∇π = f in Ω, div u = h in Ω,

u = g on Γ,

∫

M
u · n dσ = α.Moreover u is unique, π, a+ and a− are unique up to an additive and 
ommon
onstant and it holds

‖u‖
W

1,p
0 (Ω)

+‖π‖Lp(Ω)+|γ∞| ≤ C (‖f‖
W

−1,p
0 (Ω)

+‖h‖Lp(Ω)+‖g‖
W

1− 1
p ,p

0 (Γ)
+|α|),where C is a real positive 
onstant whi
h depends only on p and Ω.7.4 Regularity resultHere, we want to give a regularity result for the problem (S2). For this, wede�ne the spa
e:

Dp
1(Ω) = {π ∈ Lp

loc(Ω), ρ∇π ∈ Lp(Ω)}.We have the following regularity theorem:Theorem 7.4.1. For any p > 1 satisfying n
p′

6= 1 and for any f ∈W 0,p
1 (Ω),

h ∈W 1,p
1 (Ω), g ∈W

2− 1
p
,p

1 (Γ) and α ∈ R, there exists a unique (u, π, a+, a−) ∈139



(W 2,p
1 (Ω)×Dp

1(Ω)×R×R)/Bp
0(Ω) su
h that π− a+ ∈W 1,p

1 (Ω+), π− a− ∈

W 1,p
1 (Ω−) and

(S2)





−∆u+ ∇π = f in Ω, div u = h in Ω,

u = g on Γ,

∫

M
u · n dσ = α.Moreover u is unique and π, a+ and a− are unique up to an additive and
ommon 
onstant.Proof - Thanks to Lemma 7.1.2, it is easily to show that it is su�
ient tosolve the problem with g = 0. Now, we noti
e that we have the 
ontinuousinje
tions W 0,p

1 (Ω) ⊂ W
−1,p
0 (Ω) be
ause n

p′
6= 1 and W 1,p

1 (Ω) ⊂ Lp(Ω).Thus, thanks to Theorems 7.2.3 and 7.3.5, there exists (u, π, a+, a−) ∈
W

1,p
0 (Ω) × Lp

loc(Ω) × R× R solution of (S20) and su
h that
π − a+ ∈ Lp(Ω+), π − a− ∈ Lp(Ω−).Then, it remains to show that (u, π) ∈W 2,p

1 (Ω) ×Dp
1(Ω) and that

π − a+ ∈W 1,p
1 (Ω+), π − a− ∈W 1,p

1 (Ω−).We set (ui, πi) = (ψiu, ψiπ), for i = 1, 2. An elementary 
al
ulation showsthat we have 



−∆u1 + ∇π1 = ψ1f + F 1 in G,div u1 = ψ1h+H1 in G,
u1 = 0 on ∂G,where

F 1 = −(2∇u∇ψ1 + u∆ψ1) + π∇ψ1 ∈ Lp(G),and
H1 = u · ∇ψ1 ∈W 1,p(G).Thanks to results in bounded domains and sin
e supp (u1, π1) is in
ludedin G, we have

(u1, π1) ∈W
2,p
1 (Ω) ×W 1,p

1 (Ω).Now, we de�ne the fun
tion π2 by
π2 = π2 − a+ in Ω+, π2 = π2 − a− in Ω−,and we easily 
he
k that π2 ∈ Lp(Ω). Now, 
onsidering the half-spa
e Rn

+and noti
ing that ∇π2 = ∇π2 in Rn
+, we de�ne

f2 = − ∆u2 + ∇π2 = f + ∆u1 −∇π1 ∈W 0,p
1 (Rn

+),

h2 = div u2 = h− div u1 ∈W 1,p
1 (Rn

+).140



By [9℄, there exists (s, θ) ∈ (W 2,p
1 (Rn

+)×W 1,p
1 (Rn

+)) ⊂ (W 1,p
0 (Rn

+)×Lp(Rn
+))solution of

−∆s+ ∇θ = f2 in Rn
+, div s = h2 in Rn

+, s = 0 on Rn−1,and sin
e in W 1,p
0 (Rn

+)×Lp(Rn
+) there is a unique solution of this problem,we have

(u2, π2) = (s, θ) ∈W 2,p
1 (Rn

+) ×W 1,p
1 (Rn

+).We use the same reasoning in Rn
−d and sin
e supp (u2, π2) is in
luded in

Rn
+ ∪ Rn

−d, we have
(u2, π2) ∈W

2,p
1 (Ω) ×W 1,p

1 (Ω).Finally, we dedu
e from this that (u, π) ∈W 2,p
1 (Ω) ×Dp

1(Ω) and that
π − a+ ∈W 1,p

1 (Ω+), π − a− ∈W 1,p
1 (Ω−). �
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RésuméL'objet de 
ette thèse est la résolution de problèmes elliptiques dans di�érentsdomaines non bornés. Dans un premier temps, nous étudions l'opérateur deLapla
e dans un domaine extérieur ave
 des 
onditions aux limites non ho-mogènes mêlées, puis dans un domaine extérieur dans le demi-espa
e ave
des 
onditions de type Diri
hlet, Neumann et mêlées. Nous 
onsidérons en-suite le problème de Stokes dans trois géométries non bornées : un domaineextérieur dans le demi-espa
e, un demi-espa
e perturbé et un domaine ave
ouverture. Nous donnons pour 
ha
un de 
es problèmes des résultats fonda-mentaux d'existen
e et d'uni
ité en théorie Lp ave
 1 < p <∞ dans le 
adrefon
tionnel des espa
es de Sobolev ave
 poids. De plus, nous nous intéressonségalement aux 
as des solutions fortes (ave
 en parti
ulier des résultats derégularité) et aux 
as des solutions très faibles.Mots 
lés : Espa
es de Sobolev ave
 poids ; Problème de Lapla
e ; Problèmede Stokes ; Demi-espa
e ; Domaine extérieur ; Demi-espa
e perturbé ; Do-maine ave
 ouverture.���������������������������������-Abstra
tThe aim of this PhD thesis is the resolution of ellipti
 problems in severalunbounded domains. First, we study the Lapla
e operator in an exterior do-main with nonhomogeneous and mixed boundary 
onditions and next in anexterior domain in the half-spa
e with Diri
hlet, Neumann and mixed boun-dary 
onditions. Then, we 
onsider the Stokes problem in three di�erentunbounded geometries : an exterior domain in the half-spa
e, a perturbedhalf-spa
e and an aperture domain. We give, for these problems, existen
eand uniqueness fundamental results in Lp's theory with 1 < p < ∞ in thefun
tional framework of weighted Sobolev spa
es. Moreover, we are also in-terested in strong solutions (parti
ularly with regularity results) and in veryweak solutions.Keywords : Weighted Sobolev spa
es ; Lapla
e's problem ; Stokes problem ;Half-spa
e ; Exterior domain ; Perturbed half-spa
e ; Aperture domain.


