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Comportements Asymptotiques des Processus
Stationnaires et des Processus Empiriques dans des
Systemes Dynamiques

Cette these se consacre a I'étude de théoremes limites pour des suites de variables
aléatoires stationnaires (en particulier issues d’'un systéme dynamique). Nous nous concen-
trons sur deux résultats importants, notamment par leurs applications en statistiques.
Nous étudions tout d’abord le comportement limite des sommes de variables aléatoires,
plus précisément le théoreme limite central et son principe d’invariance. Ensuite nous
considérons le principe d’invariance pour les processus empiriques. Dans le cadre du prin-
cipe d’invariance faible de Donsker, plusieurs résultats s’obtiennent au travers d’approxi-
mations par des martingales et plus généralement par des criteres projectifs. Nous com-
parons quatre de ces criteres et montrons leur indépendance mutuelle. Les criteres étudiés
sont la décomposition martingale-cobord (Gordin, 1969), la condition de Hannan (1979),
le critere de Dedecker et Rio (2000) et la condition de Maxwell et Woodroofe (2000). En
ce qui concerne le comportement asymptotique des processus empiriques, nous établissons
un principe d’invariance dans le cas des automorphismes du tore. Cela permet de sortir
du cadre hyperbolique connu et d’obtenir un premier résultat pour une transformation
partiellement hyperbolique. Nous proposons également une nouvelle approche, basée sur
des méthodes d’opérateurs, permettant d’établir un principe d’invariance empirique. Cette
méthode s’applique en particulier aux cas ou 1’on a de bonnes propriétés pour une classe de
fonctions ne contenant pas les fonctions indicatrices. C’est en particulier le cas de certains
systemes dynamiques dont I'opérateur de transfert admet un trou spectral. En dernier lieu,
suivant une question de Burton et Denker (1987), nous nous intéressons a la classe des pro-
cessus pour lesquels le théoreme limite central a lieu. En référence au cadre des processus
empiriques, nous étudions en particulier les suites de sommes partielles des itérées d'une
fonction indicatrice.

Mots clés : Processus stationnaires ; Théoreme limite central ; Principe d’invariance faible ;
Approximations martingale ; Criteres projectifs ; Systemes dynamiques ; Distribution em-
pirique ; Processus empiriques; Inégalités de moment ; Partielle hyperbolicité; Mélange
multiple ; Généricité ; Fonctions de Morse ; Chaines de Markov ; Forte ergodicité ; Sommes
de variables aléatoires; Théoreme ergodique.

Classification AMS : 28D05; 37A50; 37D30; 57R45; 60F05; 60F17; 60G10; 60G30;
60G42; 60J10; 62G20.






Asymptotic Behaviors of Stationary Processes and
Empirical Processes in Dynamical Systems

The aim of this thesis is the study of limit theorems for stationary sequences of random
variables (in particular, from dynamical system). We concentrate on two results which are
important by their applications in statistics. We first study the asymptotique behavior of
sums of random variables, precisely the central limit theorem and its invariance principles.
We also consider the invariance principle of empirical processes. For the Donsker’s weak
invariance principle, many results can be obtained by martingale approximations and more
generaly by projective criteria. We compare four of these criteria and we show that they are
independent of each other. These criteria are the martingale-coboundary decomposition
(Gordin, 1969), the Hannan condition (1979), the Dedecker and Rio criterion (2000) and
the Maxwell-Woodroofe condition (2000). Concerning the asympotic behavior of empirical
processes, we establish an invariance principle in the case of toral automorphisms. This
permits to generalize the known hyperbolic case and to find a first result for a partially
hyperbolic transformation. We also propose a new approach, based on operator techniques,
for establishing an invariance principle. This technique is well adapted to cases when
we only have good properties for a class of functions not containing the indicators. In
particular, this is the case for some dynamical systems for which the transfer operator
admits a spectral gap. At the end, following a question by Burton and Denker (1987), we
are interested in the class of processes for which the central limit theorem holds. To refer
to the empirical processes case, we study in particular the sequences of partial sums of
iterates of indicator functions.

Keywords: Stationary processes; Central limit theorem; Weak invariance principle; Mar-
tingale approximation; Projective criterion; Dynamical systems; Empirical distribution;
Empirical processes; Partial hyperbolicity; Multiple mixing; Morse function; Genericity;
Moment inequalities; Markov chains; Strong ergodicity; Ergodic theorem; Sums of random
variables.

AMS Classification: 28D05; 37A50; 37D30; 57R45; 60F05; 60F17; 60G10; 60G30; 60G42;
60J10; 62G20.
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Présentation des Résultats

Cette these est consacrée a I'étude de certains théoremes limites classiques pour des
suites de variables aléatoires stationnaires. Nous nous intéresserons notamment au principe
d’invariance faible de Donsker et au principe d’invariance pour des processus empiriques.
La plus grande partie du travail se fera dans le cadre des systemes dynamiques. Ainsi,
ce qui suit réunira des notions liées aux statistiques et des notions relatives a la théorie
ergodique des systemes dynamiques. Nous espérons que cette these pourra intéresser un
public proche aussi bien de I'un que de I'autre de ces domaines.

Considérons un espace probabilisé (€, A, ) ainsi qu’'une transformation mesurable T,
de € dans lui méme, qui préserve la mesure . On a donc pour chaque ensemble A € A,
w(T~PA) = pu(A). L’ensemble (Q, A, u, T) sera appelé systéme dynamique. Si X désigne
une variable aléatoire réelle définie sur €2, alors la suite de variables aléatoires (X o T");en
forme un processus stationnaire. Nous noterons souvent X; la variable X o T%. Lorsque la
transformation 7" est bijective, on pourra aussi considérer le processus stationnaire bi-infini
(X.)iez- Nous rappelons qu'il y a stationnarité si quelques soient les entiers n et k, la loi
du vecteur aléatoire (Xo,...,X,) est la méme que celle de (X, ..., X 1x). En terme de
processus aléatoires stationnaires, le fait de ne considérer que des processus dans le cadre de
systemes dynamiques n’est en fait pas une restriction. En effet, a tout processus aléatoire
réel (Y;);ez correspond un systeme dynamique (€2, A, u, T') et une variable aléatoire réelle
X sur Q tels que (X o T%);cz et (Y)iez aient la méme loi.

Ici, l'intérét principal est 1’étude du comportement asymptotique du processus (X;);ez
et plus particulierement celui de ses sommes partielles. Notons 5,, les sommes de Birkhoff

n—1
Sn:ZXoTi, n > 1.

i=0
Le théoreme ergodique de Birkhoff [7] assure que si la fonction X appartient a l’espace

Sn

L'(y), alors pour p-presque tout w dans €, C)
n

E(X|T)(w) on T ={A € A|T'A= A} désigne la tribu des invariants pour 7. Lorsque Z

converge vers 'espérance conditionnelle

11



12 Présentation des Résultats

est la tribu triviale (ses éléments sont de mesure 0 ou 1), on dit que le systéme est ergodique.
Le processus (X o T");ez sera dit ergodique si le systeme (2, A, u, T') est ergodique.

L’ensemble des processus stationnaires et ergodiques contient évidemment celui des pro-
cessus i.i.d. (indépendants identiquement distribués) pour lesquels de nombreux résultats
concernant le comportement asymptotique sont déja bien connus.

Théoreme limite central.
Le résultat classique, connu sous le nom de Théoreme Limite Central (TLC), assure que
pour toute suite de variables aléatoires réelles i.i.d. (X;);eny d’espérance nulle et de variance

n—1
1
finie 0, la suite (7 E X; converge en loi vers une variable aléatoire suivant une
ovn
=0

n>1
loi normale centrée réduite. Ce type de résultat est a la base de nombreux développements

notamment en statistique. Cependant, I’hypothese d’indépendance est souvent restrictive.
C’est pourquoi de nombreux travaux portent sur I’adaptation du TLC au cas dépendant.
Nous nous concentrerons ici sur le cas stationnaire qui donne déja un cadre de travail
plus réaliste. D’une maniere générale, on dit qu'un TLC a lieu pour une suite de variables

aléatoires (X;);en si
Sn D

On P LN,

\/ﬁ n—oo
. D 4. o .
ol — désigne la convergence étroite et N/ une loi normale.

Au début des années soixante, indépendemment, Billingsley [5] et Ibragimov [58] ont
obtenu un TLC pour des suites stationnaires ergodiques d’accroissements d’'une martingale
(ou différences de martingale). On dit qu’une suite de variables aléatoires stationnaire
(Xi)iez est une suite d’accroissements d’'une martingale par rapport a une filtration (F;);cz
si pour tout i € Z, X; est F;-mesurable et E(X;1]|F;) = 0.

Théoreme (Billingsley, 1961 et Ibragimov, 1963). Soit (X;);cz une suite ergodique

S,
d’accroissements d’une martingale telle que Xy € L*. Alors (\/—n_ converge étroitement
N/ >

vers une loi normale.

Ce résultat fondamental a connu plusieurs généralisations comme présentées dans le
livre de Hall et Heyde [50], il ouvre également la voie a plusieurs théorémes limites basés
sur des approximations par des martingales.

Dans la suite, nous supposerons que 71" est bijective bi-mesurable et que F est une sous
tribu de A telle que F € T'F. Nous poserons F; = T'F, i € Z, F_o = m]-}- et

Fioo = \/E Une variable aléatoire X telle que E(X|F_) =0 et E(X|F i) = X sera
€L
dite réguliere.
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Le premier résultat utilisant des approximations par des martingales est du a Gordin
[44], en 1969. 11 observe que si la suite (X;);ez est suffisament ”proche” d’une différence de
martingale, alors un TLC a lieu. Notons H; I'espace des fonctions F;-mesurables de carré
intégrable et () 'ensemble des fonctions Y telles qu'il existe deux entiers [ et k (I < k)
pour lesquels Y € H, © H,.

Théoreme (Gordin, 1969). Soit (2, A, u, T) un systéme dynamique ergodique. Si X €
L? est une variable aléatoire centrée et si

n—1 2
e 1 i\
1yelf limsup —F ( E (X-Y) oT) =0, (1)

n—oo M i=0

alors (—n) converge étroitement vers une loi normale centrée.
V/ﬁ n>1
Notons que I’hypotheése (1) est équivalente a l'existence une fonction Y € Hy© H_;
telle que
1 n—1 2
lim — — “1 =o.
lim ~F (Z(X Y) oT> 0
i=0

En particulier, si 'on peut décomposer X en

X=m+g—goT

ot (m o T");ez forme une suite d’accroissements d'une martingale dans L* par rapport &
une filtration (F;)icz (i.e. m € Hy & H_1) et g est une fonction mesurable (on parle de
décomposition martingale-cobord) alors, sous '’hypothese d’ergodicité, on peut appliquer
le théoreme de Billingsley et Ibragimov au processus (m o T");cz, tandis que les sommes

n—1

partielles Z(g —goT)oT" = g— goT" sont stochastiquement bornées. On en déduit un
i=0

TLC pour la suite (X;);ez. Dans le cas ou X est Fo-mesurable (on parlera du cas adapté),

n—1

une telle décomposition a lieu avec m et ¢ dans L? des que la série Z E(X;|Fy) converge

i=0

dans L?. Dans le cas non adapté, c’est a dire si X, n’est pas Fo-mesurable, si de plus la
n—1

série Z<X_" — E(X_;|F)) converge dans L?, alors la méme décomposition a lieu (voir
i=0

Hall et Heyde [50]). Cependant, il n’est pas nécessaire que g soit dans L? pour que le TLC
ait lieu. Plus généralement, voir Volny [85],ona X =m+g—goT avecm,g € LP, p > 1
de sorte que (m o T");cz forme une suite d’accroissements d’une martingale par rapport a

n—1 n—1

la filtration (F;);ez si et seulement si ZE(XA]—"O) et Z(X—i — E(X_;|Fo)) convergent
=0 i=0

dans LP.
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Notons P, I'opérateur de projection de L? sur 'orthocomplément H; & H;_1, i.e.
PAX) = B(X|F) — B(X|Fy).

En conséquence d'un résultat de Heyde [55], on obtient le TLC sous la condition projective
suivante.

Théoréme (Heyde, 1974). Soit (2, A, u, T) un systéeme dynamique ergodique. Si X est
une variable aléatoire réquliere centrée vérifiant

STIPX)2 < oo, (2)

1€ZL

S

ot ||.||2 désigne la norme de l’espace L*(p), alors (\/—TL> converge étroitement vers une
n
n>1

lot normale centrée.

Plus récemment, Dedecker [15] a donné un critére projectif pour le TLC. Son travail
s’applique aux champs aléatoires pour lesquels les criteres précédents paraissent difficiles
a étendre. Bien que le critere soit de nature projective, il n’y a pas directement ici d’ap-
proximation par une martingale. C’est une adaptation de la méthode de Lindeberg [67]
qui permet d’obtenir le résultat. En dimension 1 (ce qui nous intéresse ici), le critere reste
intéressant puisque, comme nous le verrons, il est disjoint des résultats précédents.

Théoréme (Dedecker, 1998). Soit (Q, A, u, T) un systeme dynamique ergodique. Soit
X € L? une variable aléatoire centrée Fo-mesurable et X; = X o T*. Si

n—1
ZXOE(Xi|FO) converge dans L', (3)

=0

S, . :
alors (—n converge étroitement vers une loi normale.
n>1

NG

En 2000, Maxwell et Woodroofe [69] ont établi un TLC pour des chaines de Markov. Ils
ont également utilisé des approximations par des martingales en passant par des solutions
d’une approximation de I’équation de Poisson h = g+ Qh, ou () est 'opérateur de la chaine
Markov. Ce travail s’inscrit a la suite de ceux de Gordin et LifSic [46], Kipnis et Varadhan
[60] et Woodroofe [89]. Bien qu’étant établi pour des chaines de Markov dans leur article,
le théoreme de Maxwell et Woodroofe se transcrit en terme de systéeme dynamique (avec
les notations précédentes).
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Théoreme (Maxwell et Woodroofe, 2000). Soit (2, A, 1, T) un systéme dynamique
ergodique. Si X € L* est une variable aléatoire centrée Fo-mesurable telle que

o0

> R E(Sa|Fo)|2 < o0, (4)

n=1

alors (—n> converge étroitement vers une loi normale.
\/ﬁ n>1
D’apres Volny [86], le théoreme reste valable dans le cas non adapté en ajoutant a la
condition (4) I’hypothese

oo

> 021y = E(Sul Fa)l2 < oo (5)
n=1

Notons que les résultats précédents s’étendent au cas non ergodique (en considérant
chaque composante ergodique du systeme). La loi limite devient alors un mélange de lois
normales.

Ces quatre théoremes ne représentent pas une liste exhaustive des résultats concernant
le TLC pour des variables dépendantes. Dans un cadre de travail proche, on pourra citer
les articles de Derriennic et Lin [25], [24], [26] ainsi que Woodroofe et Wu [92]. Evidemment
d’autres approches ont également porté leurs fruits, par exemple les travaux basés sur des
propriétés de trou spectral pour U'opérateur de transfert (voir Hennion et Hervé [54], Baladi
[2]) sur lesquels nous reviendrons. On pourra voir aussi le travail de synthese de Derriennic
[23] sur la question du TLC en théorie ergodique.

Principe d’invariance faible.

Le terme de principe d’invariance remonte aux travaux de Erdos et Kac [42] qui ob-
serverent que certaines fonctions des sommes partielles d’une suite de variables aléatoires
i.i.d. possedent une limite étroite qui ne dépend pas de la suite elle méme. La version
fonctionnelle du TLC suivante, connue sous le nom de principe d’invariance faible (souvent
nous dirons seulement principe d’invariance), a été établie par Donsker [28] en 1951.

Théoréme (Donsker, 1951). Soit (X;)ien une suite i.i.d. de variables aléatoires de
moyenne nulle et variance finie o2, alors le processus

{=—7= Sty — (nt = [nt]) Xy 1), ¢ € [0, 1]}

1
ovn

converge en loi vers une mesure de Wiener dans ’espace C[0, 1] muni de la norme uniforme.
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Nous rappelons que la mesure de Wiener est une loi de probabilité sur l'espace des
fonctions continues C[0, 1]. Par définition, un processus {z(t), 0 < ¢ < 1} admet la mesure
de Wiener comme distribution s’il possede des accroissements indépendants et si pour
chaque t, x(t) suit une loi normale centrée de variance t. Un tel processus est appelé
mouvement brownien. On pourra voir le livre de Billingsley [6] pour la démonstration de
I’existence de la mesure de Wiener. Notons également que ’on peut formuler le théoreme de
Donsker dans l'espace D[0, 1] des fonctions cadlag (continues & droite et limitées a gauche)
muni de la topologie de Skorohod (voir Billingsley [6], pour la définition). Sous les mémes

1
hypotheses, on a la convergence en loi, dans D]0, 1], du processus {—\/_S lnt] > t € [0,1]}
o\/n

vers un mouvement brownien.

La aussi, de nombreuses généralisations de ce théoreme au cas dépendant existent. Nous
nous intéressons a celles qui constituent des prolongements des résultats précédemment
mentionnés pour le TLC.

En ce qui concerne la méthode de Gordin, Heyde [56] a montré que la décomposition
martingale cobord dans L? entraine également le principe d’invariance. Mais, si X = m +
g—goT avec (moT");cz une suite d’accroissements d’une martingale, il n’est pas nécessaire
que ¢ soit dans L? pour avoir le résultat. En revanche, contrairement au TLC, il existe
des exemples ot m est dans L?, g est dans L' et le principe d’invariance n’a pas lieu (voir

Volny et Samek [88]). D’apres Gordin [45], la décomposition a lieu avec m € L? et g € L'
n—1 n—1
1
si ;HE(XA]-'O)HI < 00, ;HX_i — B(X_i|F)|h < oo et ligglf%E|Sn| < 0. Plus

précisement, une condition nécessaire et suffisante pour qu’'une telle décomposition ait lieu

n—1 n—1
1
est que Z E(X;|Fo) et Z(X—i_E(X—i|f0)) convergent dans L' et li}giggf —nE|Sn| < 00,
i=0 =0

voir Volny [85]. De plus, dans le cas ott m € L?, le principe d’invariance a lieu si et seulement

1 )
si NG max |g o T"| converge en probabilité vers zéro (voir Hall et Heyde [50]). Dans le cas
n 1<n

adapté, on obtient le résultat suivant.

Théoreme. Soit (Q, A, p, T) un systéme dynamique ergodique. Soit X € L? une variable
aléatoire centrée Fy-mesurable et X; = X o T. Si

n—1

1
ZE(XA]—"O) converge dans L' et liminf —

E\|S, 6
minf —B1S, | < oo ©)

1
alors {TSWJ , t €10,1]} converge en loi vers un mouvement brownien si et seulement si
n
1

—max|go T —— 0 en probabilité.
n—oo

V/n in
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En ce qui concerne la condition (2), dans le cas adapté, Hannan [51], [52] a établi qu’elle
entraine le principe d’invariance sous une condition de mélange pour 7". En 2003, Dedecker
et Merlevede [16] se sont affranchis de cette condition de mélange. Le cas général (non
adapté) fut établi par Dedecker, Merlevede et Volny [17]. On a donc le théoréme suivant.

Théoréeme (Dedecker, Merlevede et Volny, 2007). Soit (0, A, u, T) un systéeme dy-
namique ergodique. Si X € L? est une variable aléatoire réquliére centrée vérifiant la

condition (2), alors {—
\/_

Dans larticle de Dedecker et Rio [19], la condition (3) est étendue au cas du principe

Sint|, t € [0,1]} converge en loi vers un mouvement brownien.

d’invariance.

Théoreme (Dedecker et Rio, 2000). Soit (2, A, i, T') un systéme dynamique ergodique.
Soit X G L? une variable aléatoire centrée Fy-mesurable et X; = X o T". Si (3) a lieu,

alors {— \/_

En 2005, Peligrad et Utev [76] ont établi une nouvelle inégalité maximale qui permet

Sint| > t € [0,1]} converge en loi vers un mouvement brownien.

de généraliser le résultat de Maxwell et Woodroofe.

Théoreme (Peligrad et Utev, 2005). Soit (2, A, uu, T') un systéme dynamique ergodique.
Si X € L? est une variable aléatoire centrée Fy-mesurable telle que (4) ait lieu, alors

(7

Ce résultat reste vrai dans le cas non adapté en ajoutant la condition (5), voir Volny

Sint| > t € [0,1]} converge en loi vers un mouvement brownien.

[87]. De plus, la condition (4) est optimale dans le sens ot pour toute suite décroissante
(an)nen tendant vers zéro, il existe une variable aléatoire X € L? vérifiant (4) telle que la

suite | —= n’est pas stochastiquement bornée (voir Peligrad et Utev [76]).

\/ﬁ n>1

Encore une fois, les résultats précédents s’étendent au cas non ergodique, le processus
limite pouvant alors étre un mélange de processus gaussiens.

Les quatre derniers résultats cités fournissent donc quatre critéres permettant de mon-
trer qu’'un processus stationnaire vérifie un principe d’invariance faible. Dans le premier
chapitre de cette these, nous avons voulu préciser la relation entre ces différents criteres. Ces
résultats faisant intervenir des conditions projectives similaires, il est intéressant de savoir
si certains sont plus faibles ou plus forts que d’autres. Déja, dans 'article de Merlevede,
Peligrad et Utev [70], les performances des deux théoréemes précédents sont comparées,
notamment pour des suites a-mélangeantes et des suites p-mélangeantes. En fait, le cha-
pitre 1 de cette these permet de montrer qu’en toute généralité les quatre criteres sont
indépendants. Nous y établissons le théoreme suivant.
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Théoreme (1.4). Dans tout systéme dynamique d’entropie positive, quelque soit le critére
parmi (6), (2), (3) et (4), il existe une variable aléatoire dans L* vérifiant seulement ce
critére, et il existe une variable aléatoire dans L* vérifiant seulement les autres critéres.

Nous montrons ceci en donnant des exemples différents pour chaque criteres. Il est a
noter que tous nos exemples correspondent a des variables aléatoires adaptées a la filtration
donnée. Les quatre conditions restent donc indépendantes si 1’on se restreint au cas adapté.

Dans la suite, nous étudierons un autre théoreme limite important qui concerne la
fonction de répartition empirique.

Fonction de répartition empirique.

En statistiques inférentielles, il est souvent question de la fonction de répartition em-
pirique. Le théoreme de Glivenko-Cantelli montre que cette fonction peut fournir une ap-
proximation de la fonction de répartition et permet de construire des tests statistiques. Soit
(X;)ien un processus aléatoire stationnaire & valeurs réelles défini sur un espace probabilisé
(Q, A, pt). On note F(t) = u(Xo < t), t € R, la fonction de répartition commune des Xj.
Pour chaque entier n, la fonction de répartition empirique de 1’échantillon Xq,..., X,

est donnée par
n—1

1
Fn<t) = E Z H{Xiét}v teR.
=0

Théoréme (Glivenko-Cantelli, 1933). Soit (X;);en une suite de variables aléatoires
réelles i.i.d., alors avec probabilité 1,

D,, :=sup|F,(t) — F(t)] —— 0.

Notons que le théoreme de Glivenko-Cantelli reste vrai pour les suites stationnaires
ergodiques réelles (voir par exemple Dehling et Philipp [21], Théoreme 1.1).

Processus empiriques.
Le processus empirique associé a la suite (X;);ey est donné par

[y

n—

5=

Il
o

1

Le processus aléatoire {W,,(t),t € R} est un processus stationnaire centré. Lorsque la
fonction de répartition est suffisament réguliere, en utilisant sa fonction pseudo-inverse
(voir section 2.2.3), on peut se ramener au cas ou F est la distribution uniforme sur [0, 1].
Le processus empirique associé sera alors appelé processus empirique uniforme. Le principe
d’invariance pour le processus empirique dans le cas i.i.d. est encore une fois dit & Donsker
[29], qui justifie une conjecture énoncée en 1949 par Doob [30].
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Théoréeme (Donsker, 1952). Soit (X;);en une suite i.i.d. de variables aléatoires uni-
formément réparties sur [0,1], alors le processus {W,(t), t € [0,1]} converge en loi dans
Uespace D)0, 1] vers un pont brownien standard W (t)o<i<1, i.e. un processus gaussien de
moyenne nulle, a trajectoires continues et de covariances Cov(W (s), W (t)) = s At — st,
s,t €[0,1].

C’est en fonction de ce résultat qu’est construit le test d’adéquation non-paramétrique
basé sur la statistique D,,, développé par Kolmogorov et Smirnov (test KS). Le processus
empirique joue donc un role central en statistique non-paramétrique. De nombreux autres
résultats dans le cas indépendant ont été obtenus ainsi que de nombreuses applications.
On pourra voir les ouvrages de Pollard [79] et de Van der Vaart et Wellner [83]. Encore
une fois, nous allons nous intéresser aux extensions de ce résultat au cas des variables
dépendantes.

Les premiers travaux dans ce sens figurent dans le livre de Billingsley [6], oi un principe
d’invariance empirique pour des fonctions de certaines suites ¢-mélangeantes est énoncé
(voir [6] Théoreme 22.2). Une application remarquable concerne la transformation 7' de
I'intervalle [0, 1] définie par Tz = 2z mod 1. Si X est une variable uniformément répartie
sur [0, 1], alors le processus empirique associé a la suite stationnaire (X oT™),cn converge
en loi vers un processus gaussien. Le méme résultat est établi pour la transformation 77,

1
relative au développement en fraction continue, définie par Tix = — — L—J D’autres
x x

théoremes pour d’autres conditions de dépendance faible ont été démontrés plus tard par
plusieurs auteurs. Pour une synthese de tous ces résultats, on pourra voir l'ouvrage de
Dehling et Philipp [21] ainsi que les références s’y trouvant. Un des résultats figurant dans
cet ouvrage concerne les processus absolument réguliers. Le principe d’invariance pour ce
type de processus, établi par Borovkova, Burton et Dehling [8], s’applique en particulier
aux suites de variables aléatoires issues d’un systeme dynamique hyperbolique.

Systemes uniformément hyperboliques.

En théorie des systemes dynamiques, on parle de systeme hyperbolique lorsque le
systeme présente a la fois des propriétés de contraction et d’expansion. Soit M une variété
riemanienne compacte et f : M — M un C*-difféomorphisme. On dit que f est un
difféfomorphisme d’Anosov (ou uniformément hyperbolique) si f(M) = M et si pour chaque
point x de M, 'espace tangent T, M s’écrit comme somme directe

T,M = ES® E*

ou E? et E varient continiment avec x et D,f est une contraction sur E; tandis que
c’est une dilatation sur £} (dont les constantes sont uniformes en z). Les espaces E; et £}
sont respectivement appelés sous-espace stable et sous-espace instable. Grace au travail de
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Bowen [9], nous savons que, d'une maniere générale, les systemes d’Anosov peuvent étre
codés sous forme de processus absolument réguliers. Nous pouvons donc, en appliquant
le théoreme de Borovkova et al. [8], obtenir un principe d’invariance pour les processus
empirique associés a des systemes d’Anosov, voir section 2.2.1.

Théoréeme. Soit (M, M, pu, f) un systéme d’Anosov et g : M — [0,1] une fonction
mesurable holderienne dont la fonction de répartition est lipschitzienne. Alors le processus
empirique associé a (go f')ien converge en loi vers un processus gaussien centré (Y (t))o<i<1
de covariance

Cov(Y(s),Y (1)) =Y _ Cov(lpg(goT%), Ipg(goT)) + > Cov(lyy(goT), (g o T7)).

i=1 =2

Systémes partiellement hyperboliques.

En marge du cadre uniformément hyperbolique, les systemes partiellement hyperbo-
liques font I'objet de récentes études (voir Hasselblatt et Pesin [53]). Le terme partiellement
hyperbolique signifie que la transformation possede une partie uniformément hyperbolique
mais qu’il reste une direction suivant laquelle elle n’est ni une contraction ni une expansion.
Une grande partie des théoremes limites connus dans le cas hyperbolique restent valables
dans le cas partiellement hyperbolique. Ce qui est en partie démontré par Dolgopyat [27].
La question qui se pose a nous est celle du principe d’invariance empirique.

Des exemples simples de difféomorphismes d’Anosov sont les automorphismes du tore
qui n’ont que des valeurs propres de module différent de 1 (appelé automorphismes hy-
perboliques du tore, voir les travaux de Katznelson [59]). On parlera d’automorphisme
quasi-hyperbolique du tore lorsque la transformation possede des valeurs propres de mo-
dule 1 (a ce propos on pourra voir l'article de Lind [66] et celui de Le Borgne [62] pour
la question du TLC). Dans cette situation, il n’est plus question de se ramener au cas
des processus absolument réguliers. Dans le chapitre 2 de cette these, nous allons mon-
trer que néanmoins un principe d’invariance empirique a lieu pour les automorphismes
quasi-hyperboliques. Nous établissons le théoreme suivant.

Théoréme (2.2). Soit T un automorphisme ergodique du tore T* de dimension d > 2.
Soit f : T? — R une fonction borélienne, bornée, dont la fonction de répartition est
continue et vérifiant

3C, € >0 tel que Vt € R et Ve >0, Lebesgue(0.{f < t}) < Ce*. (%)

ou 0. A désigne le bord de [’ensemble A élargi d’une distance €. Alors le processus empirique
associé a (f oT");en converge en loi vers un processus gaussien centré.
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Dans la suite du chapitre 2, la condition (*) est étudiée. Nous montrons qu’elle est plus
générale que celle du théoreme précédent car satisfaite des que la fonction f et sa fonction
de répartition sont holderiennes. De plus, elle est vérifiée de facon générique parmi les
fonctions de classe C*, k > 2 (voir Corollaire 2.17). Pour démontrer cela nous passons par
I’étude de la régularité des fonctions de répartition des fonctions de Morse définies sur une
variété riemannienne compacte. Nous rappelons qu’une fonction de Morse est une fonction
de classe au moins C?, dont les singularités sont isolées et non dégénérées. Nous obtenons
le résultat général suivant.

Théoréme (2.16). Soit M une variété riemannienne compacte munie de sa mesure de
probabilité naturelle. Soit f : M — R une fonction de Morse et F' sa fonction de
répartition.

1
Sidim M =1 ou 2, la fonction de répartition F' est E—hdlderienne et C' en dehors des
singularités de f.
Si dim M > 3, la fonction de répartition F est C'.

Technique de démonstration.

Dans le chapitre 2, nous utilisons pour montrer le théoreme 2.2 une technique habi-
tuelle pour obtenir un principe d’invariance. La preuve s’effectue en deux temps. Tout
d’abord on établit la convergence finie-dimensionnelle du processus puis on montre que
le processus est tendu. La premiere partie découle en générale du TLC pour le processus
(Wi(t))n>1 &t fixé. La tension est le plus souvent établie par une méthode de chainage qui
repose sur une inégalité de moment d’ordre quatre (ou plus) des accroissements du pro-
cessus empirique W, (s) — W, (t). Cette technique est utilisée dans la plupart des articles
concernant le principe d’invariance pour les processus empiriques, le point difficile étant
souvent l'obtention de I'inégalité de moment. En 2004, Collet, Martinez et Schmitt [13] ont
démontré un principe d’invariance pour une classe d’applications dilatantes de 'intervalle.
En s’appuyant sur le travail de Broise [10], qui donne un trou spectral pour 'opérateur de
transfert agissant sur ’espace des fonctions a variation bornée, ils obtiennent I'inégalité de
moment d’ordre quatre voulue. Pour ce faire, on utilise le fait que les fonctions indicatrices
Loy, 0 <t < 1 sont des fonctions a variation bornée.

Trou spectral.
On dit que le systeme (€2, A, u, T') admet un trou spectral sur un espace de fonctions
intégrables B si I'opérateur de transfert P : L' — L', défini par la relation

[Produ=[raeTin feriger~,
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conserve ’espace B et possede sur B une unique valeur propre de module 1, qui est simple,
tandis que le reste de son spectre est contenu dans un disque de rayon strictement inférieur
a 1. Classiquement, cette propriété de trou spectral permet aussi d’obtenir un TLC (voir
Rouseau-Egele [81], Guivarc’h et Hardy [48] ou Baladi [2]), ici pour les fonctions & varia-
tion bornée, duquel découle le TLC fini-dimensionnel. Cependant, il existe de nombreuses
situations oul un trou spectral s’obtient plus naturellement pour un espace de fonctions
plus petit (voir Hennion et Hervé [54]), et en particulier ne contenant pas les indicatrices.
L’exemple de Gouézel [47] montre qu’il existe des transformations dilatantes de I'intervalle
qui présentent un trou spectral sur ’espace des fonctions lipschitziennes mais pas sur celui
de fonctions a variation bornée. Dans une telle situation, on ne peut pas directement en
déduire une convergence finie-dimensionnelle pour le processus empirique.

Nouvelle technique.

Dans le chapitre 3, nous proposons une autre méthode, qui reste basée sur la tech-
nique de chainage, pour obtenir un principe d’invariance. Supposons, par exemple, que
notre systeme admet un trou spectral sur ’espace £ des fonctions lipschitziennes. Alors,
nous obtenons l'inégalité de moment d’ordre 4 suivante (voir section 3.5), qui n’est pas
directement utilisable pour la technique de chainage usuelle.

Théoréme (3.13). Pour toute fonction f € L telle que E, (f) =0 et || f|lo <1,
N 4
E, (ZfoTZ) < K [nf| fll:log® (I f1I + 1) + n?|| £11F log* (| FII + 1)] .
i=1

i 1] = 11l 4+ sup L&) = @
z#y |1' - y|

Nous développons donc dans la premiere partie du chapitre 3 une méthode basée sur
une approximation du processus empirique {W,(t), t € [0,1]},>1 par une suite de pro-
cessus {W ™ (t), t € [0,1]}nm>1 construits & partir de fonctions lipschitziennes. Lorsque
I’on veut approcher une fonction indicatrice par une suite de fonctions lipschitziennes, la
norme lipschitzienne est d’autant plus grande que 'approximation est bonne. L’intéréet de
I'inégalité ci-dessus est que la norme lipschitzienne n’apparait qu’au travers de son loga-
rithme. Notre méthode repose sur le théoreme suivant, qui correspond a une version pour
les espaces complets du théoreme 4.2 de Billingsley [6].

Théoréme (3.3). Soit (S, p) un espace métrique séparable et complet et X,,, X™ et XM
n,m > 1 des variables aléatoires a valeurs dans S vérifiant

xm 2, xm quand n — oo, Vm

lim limsup P(p(X,, X™) > ¢) = 0,Ve > 0.

m—=00 np—oo
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Alors il existe une variable aléatoire X a valeurs dans S telle que
D
X, — X quand n — oo.

Afin de montrer que la deuxieme assertion est réalisée, nous adaptons la méthode de
chainage en utilisant seulement des fonctions lipschitziennes et notre inégalité précédente.
Le résultat obtenu est un nouveau principe d’invariance, Théoreme 3.1. Bien que la méthode
soit nouvelle, ce théoreme fournit des applications comparables, par exemples, aux résultats
de Dedecker et Prieur [18] ou Wu et Shao [91]. Ces applications sont discutées en section
3.6.

Sommes de fonctions indicatrices.

Ce travail concernant la fonction de répartition empirique, nous amene a travailler avec
des sommes de fonctions indicatrices. De ce fait, nous avons voulu étudier la question
du TLC pour les fonctions indicatrices. Dans le chapitre 4, nous donnons des résultats
concernant les sommes de fonctions indicatrices dans les systemes dynamiques.

En 1987, Burton et Denker [11] ont montré que tout systeme dynamique apériodique
(2, A, 1, T) admet un processus (X o T");ey qui vérifie le TLC. Ils montrérent également
que I’ensemble des variables X € L? qui vérifient cette propriété est dense dans l'espace Lg
des fonctions de carré intégrable telles que E(X|Z) = 0. En 1990, Volny [84] a montré que
néanmois, il existe un G, dense dans Lg, de fonctions X telles que la suite des distributions

S, e s , .
de (—n> est dense dans l'espace des probabilités sur R. Ce résultat reste vrai si 'on
neN

NG

remplace la normalisation en —\/_ par une normalisation en — pour n’importe quelle suite
n n,
. a . .
croissante (a,)nen telle que a, /" 0o et — — 0 quand n tend vers l'infini. Remarquons
n
que 'on obtient ainsi une nouvelle preuve de la convergence arbitrairement lente dans le

théoreme ergodique.

Ici, nous montrons que ’on peut obtenir un résultat similaire pour les fonctions 14 —
u(A), A e A. Sur A, on considere la pseudo-métrique définie par la mesure de la différence
symétrique. Le théoreme démontré au chapitre 4 est le suivant.

Théoréeme (4.1). Soit (0, A, u, T) un systéme dynamique apériodique et ergodique et
an, ,
(an)n>1 C Ry une suite croissante telle que a, /" oo et — — 0 quand n — oo. Il existe
= n

un Gy dense composé d’ensembles A € A ayant la propriété suivante :
Pour toute probabilité v sur R, il existe une sous-suite (ng)ren telle que

1
S, (L~ p(4) —— .

o k—o0
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On donnera également une construction explicite d’un tel ensemble, qui restera valable
valable dans le cas non ergodique.

Commentaires.

La these est rédigée de maniere a ce que les quatre chapitres puissent étre lus de
maniere indépendante. L’annexe concerne une proposition du chapitre 2. L’essentiel de la
these reprend les résultats des articles [20], [36], [37], [38], [39], [40], qui ont été conservés
dans leur langue d’origine.



Chapitre 1

On Projective Criteria leading to the
Weak Invariance Principle

Abstract

The aim of this chapter is to compare four projective criteria leading to the central
limit theorem and to the Donsker’s weak invariance principle. These criteria are

- the martingale-coboundary decomposition developed by Gordin (see [44], [45]);

- the projective criterion introduced by Dedecker and Rio (see [15], [19]);

- the Maxwell and Woodroofe condition (see [69], [76], [86], [87]);

- the Hannan condition (see [52], [16], [17]).

We prove that in every ergodic dynamical system with positive entropy, these four
criteria are independent in the following sense: if we consider one of these criteria, we can
find a function in L? which satisfies this one but not the three others or the inverse.

Keywords: Stationary process; Central limit theorem; Weak invariance principle; Martin-
gale approximation; Projective criterion.

AMS Classification: 60F05, 60F17, 60G10, 28D05, 60G42.
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1.1 Introduction

Let (2, A, 1) be a probability space and T : 2 — ) a bijective bimeasurable transforma-
tion preserving the measure p (i.e. u(T tA) = u(A), VA € A). We will assume that it is
ergodic, i.e. T™'A = A implies u(A) = 0 or u(A) = 1.

Let f be a measurable function defined on €2, then the sequence of random variables
(f o T%);ez is a stationary process. Note that, on the other hand, for every stationary
random process (X;);ez, there exist a dynamical system (2,4, u, T') and a function f on
Q such that the processes (f o T");cz and (X;)iez have the same distribution (see, e.g.,
Cornfeld et al. [14] p. 178).

For all n > 1, let

1
We say that the function f satisfies the Central Limit Theorem (CLT) if TSn( f) converges
n

in distribution to a normal law.
For alln > 1 and t € [0, 1], let

[tn]
Sulfit) = Sy () =Y fo T"
=0

where [z] denotes the greatest integer that is smaller than x. We say that the function f
satisfies the Weak Invariance Principle (also called Donsker’s invariance principle) if the

1

process {—3S,,(f,t) /t € [0,1]} converges in distribution to some Gaussian process in the
n

space D|0, 1] of cadlag functions equipped with the Skorohod topology (see Billingsley [6]).

In the sequel, invariance principle always designates the weak invariance principle.

These two limit theorems are known to hold in the independent case and have been
extensively studied also in dependent cases. Several methods of proving them have been
developed. In the sequel, we restrict our attention to four of them, which present some
projective conditions.

Let F be a sub-o-algebra of A such that T-'F O F. We denote by F; the o-algebra
T~"F. The function f is called regular with respect to the filtration (F;);cz if

E(f|F-0) = 0 and E(f|Fi0) = f.

We assume that f is a square integrable zero-mean function and we write L? for LP(u),
p =1
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1.1.1 Martingale-coboundary decomposition

This method of proving the CLT was first used by Gordin [44]. The idea is to represent f
in the form
f=m+g—goT,

where (m o T");cz is a martingale difference sequence. The term g — g o T is called a
coboundary and g is the transfer function. This decomposition is called a martingale-
coboundary decomposition.

If m € L? the CLT for martingale differences of Billingsley [5] and Ibragimov [58]
n—1
1

% Z(g —goT)oT" goes to zero in
i=0

probability. So, if we can find the above decomposition with m € L? and g measurable,
the CLT holds for f by application of theorem 4.1 of Billingsley [6]. Moreover, in this case,
if the transfer function g belongs to L?, we also have the invariance principle, as proved by
Heyde [56] (see also Hall and Heyde [50]).

applies. If g is measurable, the telescopic sum

On the other hand, there exist counterexamples with ¢ € L' and g — go T € L? where
the invariance principle does not hold, see Volny and Samek [88]. According to Hall and
Heyde [50] (see also Volny and Samek [88]), if m € L*, a necessary and sufficient condition
to have the invariance principle is

1 - . .
—max |[go T — 0 in probability. (1.1)

\/ﬁ i<n

We say that the process (f o7");cz (or the function f) admits a martingale-coboundary
decomposition in LP, p > 1, if m and ¢ are in LP. If the function f is regular with respect to
(Fi)iez, then f admits a martingale-coboundary decomposition in LP with the martingale
difference (m o T");ez with respect to the filtration (F;)scz if and only if the series

Y E(foT|F) and Y (foT ' — E(foT 7))
=0 =0

converge in L, see Volny [85]. Remark that if the process (f o T")scz is adapted to (F;)iez,
the second sum is equal to zero.

According to what precedes, the existence of a martingale-coboundary decomposition
in LP, with p > 2 implies the invariance principle. If p = 1, m € L* and condition (1.1)
holds, we also have the invariance principle. In the following, as we will see, we almost
only study the martingale-coboundary decomposition in L'. For proofs in this situation,
see Gordin [45] and Esseen and Janson [43]. To summarize, the martingale-coboundary
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decomposition in L' holds if and only if
ZE(f o T"|Fy) and Z(f oT " — E(foT "|F)) converge in L (M-C)
i=0 i=0

and in the adapted case, the second sum vanishes (so, it clearly converges).

This method gives results in various situations. An interesting example is its application
to differentiable dynamical system. It is well adapted to the hyperbolic case (e.g. Liverani
[68]), or the partially hyperbolic case (e.g. Le Borgne [62]).

1.1.2 Dedecker-Rio criterion

Another method is to establish a projective property developed by Dedecker [15]. He
introduced this criterion to prove CLT for random fields. Dedecker and Rio [19] have
shown that it gives a powerful criterion for proving the invariance principle (in dimension
one). We say that the sequence (f o T");cz (or the function f) satisfies the Dedecker-Rio
criterion if

Z fE(foT*|F,) convergesin L'. (D-R)
k=1
According to Dedecker and Rio [19], if f € L* is adapted to the filtration (JF;);cz and
(D-R) holds, then f satisfies the invariance principle.

1.1.3 Maxwell-Woodroofe condition

We say that the sequence (f o T%);cz (or the function f) satisfies the Mazwell-Woodroofe
condition if

i IES(HIFo)llz _ (M-W)

Nl

This criterion was first introduced by Maxwell and Woodroofe [69]. In the adapted case,
they proved that the CLT holds under this condition and Peligrad and Utev [76] proved
that this condition implies the weak invariance principle. In the general case, the weak
invariance principle holds as soon as (M-W) and

2 1Su(f) — E(Su(f)]Fn
ZIH (f) = E(Su(f)|Fn)

3 H2 < +00,
n?2

(see Volny [86], [87]).

For example of applications of the last two methods, the reader can see the survey by
Merlevede, Peligrad and Utev [70].
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1.1.4 Hannan criterion

Let us denote by Hj, = L*(F;) the space of Fj-measurable functions which are square
integrable and denote by P the orthogonal projection operator onto the space Hp © Hy_1.
For f € L?,

Pi(f) = E(f|Fx) — E(f[Fr-1)-

Let f be a regular function for the filtration (F;);cz. As a consequence of a result given
by Heyde [55] (see Volny [85] Theorem 6) the CLT holds as soon as

> IPo(f o T2 < 0. (HC)
1€Z
In the adapted case, this result and the weak invariance principle were proved by Hannan
[51], [52] under the assumption that 7" is weakly mixing. Hannan’s weak invariance principle
was proved without the extra assumption by Dedecker and Merlevede [16], Corollary 3.
Finally, in the general case, the weak invariance principle under (HC) is due to Dedecker,
Merlevede and Volny [17], Corollary 2.

Our purpose is to compare the dependence between these four criteria. Section 1.2
contains the statement of our main result while the remainder of the chapter is devoted
to its proof. Section 1.3 and Section 1.4 present a general type of a suitable function in a
dynamical system. In Section 1.5, this model is used to produce specific counterexamples
proving our result. In Section 1.6, we adapt our model to get the counterexamples of
Section 1.7.

1.2 Comparison of the criteria

It is of interest to know whether one of the considered criteria implies another. This is the
question that we propose to answer. First, note that a simple application of the Holder
inequality

HZ fE(fo Tk‘|]:0)H1 < HZ E(fo Tk|_7-"0)Hp 171, (1.2)

1 1
with — + — = 1, leads to the following remarks.
P q

Remark 1.1. The martingale-coboundary decomposition in L* implies the Dedecker-Rio
criterion.

Proof.

It follows from the convergence of (Z E(foT* |.7-"0)> in L? and the inequality
k=1 n>1
(1.2) with p = ¢ = 2. O
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Remark 1.2. The martingale-coboundary decomposition in L* also implies the Mazwell-
Woodroofe condition.

So we are interested in the martingale-coboundary decomposition in L'. The same kind
of arguments show

Remark 1.3.

(a) For bounded functions, the martingale-coboundary decomposition in L' implies the
Dedecker-Rio criterion.

(b) For a function f such that |f| > C > 0, the inverse implication is true.

Proof.
(a) follows from application of (1.2) with p = 1 and ¢ = co. For (b), it is enough to
note that 7 is a bounded function. O

We will see, by counterexamples in L?, that in general, the martingale-coboundary
decomposition in L', the Dedecker-Rio criterion, the Maxwell-Woodroofe condition and
the Hannan criterion do not result from each other, even if the function verifies the CLT
or the invariance principle. Clearly, for the example given by Volny and Samek [88], which
satisfies the martingale-coboundary decomposition in L' but not the invariance principle,
the three other criteria do not hold. But, we can also find counterexamples in the class of
functions satisfying the invariance principle. Our main result is the following.

Theorem 1.4. The martingale-coboundary decomposition in L' (M-C), the Dedecker-Rio
criterion (D-R), the Mazwell-Woodroofe condition (M-W) and the Hannan criterion (HC)
are independent:

i all ergodic dynamical system with positive entropy, for each condition among the
four, there exists an L*-function satisfying it but not the three others and there exists an
L2-function satisfying the three others but not this one.

In particular, the four criteria are pairwise independent.

In other words, in each case, there exists a function in L? satisfying
(i) (M-C) and the invariance principle but neither (D-R), (M-W) nor (HC);
(ii) (D-R) but neither (M-C), (M-W) nor (HC);
(iii) (M-W) but neither (M-C), (D-R) nor (HC);

(iv) (HC) but neither (M-C), (D-R) nor (M-W);
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(v) (M

(vi

-C), (D-R) and (M-W) but not (HC);
-C), (D-R

Q), (M-
D-R), (M-W) and (HC) but not (M

)

) and (HC) but not (M-

M
5 (M

(vii

—_— ~—

W)
W) and (HC) but not (D-R);
Q)

(viii .

To prove Theorem 1.4, we shall give eight examples of functions in L? satisfying (i)-(viii).
These functions will be defined in the same way, so we begin by a general construction.
The first step is to choose disjoint sets having a nice property. Next section is devoted to
the exposition of the construction of these sets.

1.3 A preliminary result

Let C be a sub-o-algebra of A such that 77!C = C. We assume that the measure g
restricted to C is non-atomic. The goal is to establish Lemma 1.7 corresponding to the
construction of disjoint sets A; quasi-invariant under a finite number of iterations of the
transformation. Moreover, we want to control the measure of the A,. First, we recall the
following lemma. A proof can be found in the article by del Junco and Rosenblatt [22], as
a particular case of theorem 2.2. It can also be done directly by using Rokhlin Lemma.

Lemma 1.5. Let N € N, 0 < p < 1 and € > 0. There exists a set A € C such that
w(A) = p and for all i,7 € {0,...,N},

wW(TTPANTTA) < e.

Proof.
We choose d < __° such that M = d € N. We can find a Rokhlin tower
2(N+1) d
{E.T7'F,..., TN F} with N' > N, such that F € C and u(F) = d. Set
A=FUT'FU..UT MHFE

Thus
u(A) =Md=p

and if 4, j € {0, ..., N} then

W(TPAANT7A) < (N +1)2u(F) <e.
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Remark 1.6. Let Ay, Ay, By, By be mesurable sets and 1,69 > 0. If n(A1AA2) < &1 and
/L(BlﬂBg) S &g, then /L((Al AN Bl)A<A2 AN Bg)) S €1 + &2.

We are going to use this remark as well as Lemma 1.5 to show the following key lemma.

Lemma 1.7. Let (Ng)ken C N with Ny /" 00, (pr)ren be a decreasing sequence of positive

reals such that Z pr < 1 and (ep)gen be a strictly decreasing sequence of positive reals
kEN

converging to zero. Choose 0 < a <1 — Z Pk -
keN
There ezists a sequence of sets (Ax)ren C C such that

(1) the sets Ay are mutually disjoint;
(2) apx < u(Ax) < pg, for all k > 0;
(3) for all k > 1 and for alli,j € {0,..., Ny}, p(T Ay AT 7 AL) < &y

Proof.

First, set 6 = €, — epy1, kK >0, /\:Zpk <land a =
keN

1-A—a

3 € (0,1).

For k = 0, by Lemma 1.5, there exists a set Ay € C such that u(Ay) = po and
(T AGAT I A,) < 6 for all 4,5 € {0, ..., Ny}

We will proceed by induction. Assume there exist sets Ay, A7, ..., A}, € C such that
(a) for all I € {0, ....k}, n(A) = pi;
(b) for all I € {0, ...k}, for all 4,5 € {0,..., N}, (T A AT A) < &;

(c) forall i # j € {0,....k}, p(A; N A%) < (1+ a)u(A)u(A)).

and an integer

N | —

By Birkoff’s ergodic theorem, there exist a set F € C with u(E) >
N > 1 such that for all j € {0,...,k}, for all w € E, for all n > N,

= 5u(ag — (45 @) < ap. (1.3)

+ d
measurable set /' C F which is the base of a Rokhlin tower of height at least M such that

w(F) = d. We set

— J
Let N = max{Ny,1, N} and d < 2N1 ; such that M = 21 ¢ N. There exists a

Ay =FUT'FU...uTMF

Then
1(Ayyy) = Mpu(F) = prya,
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for all i, € {0, ..., Njy1},
N(T_iA;cHAT_jA;cH) < Ok

and further, by (1.3), for all ¢ € {0, ..., k},

pATN AL, = M(F)/FSM(I[A;)CZM

< u(F)(Mp(A) + api)
< (L+ a)u(Ap)u(A).

We thus get a sequence of sets (A} )ren satisfying (a)-(c) for all £ > 0.

We define
Av=A~ | A

j=k+1

Hence, (1) holds by construction. We have pu(Ay) < p(A,) = py, and

[e.9]

p(A) > p(Ay) = Y p(A N A
j=k+1

pe—pr(l+a) ) p(A))
j=k+1

= apg.

v

So, (2) is verified.

For (3), we use the preceding remark to have, for all £ > 0, for all 7,5 € {0,...Ny},
(T ANT I AL) <Y 6 =&
I=k
O

Note that if the p;’s decrease exponentially fast, we can prove Lemma 1.7 without the
help of Birkoft’s ergodic theorem (see Durieu and Volny [40]).

An important feature of Lemma 1.7 is that there is no dependence between (Ng)ren
and (pr)reny and the e;’s can be chosen arbitrarily small.
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1.4 (eneral approach

Here, we give the general model from which the counterexamples will be deduced, proving
Theorem 1.4. We will define a ”pattern function” depending on sequences (Ny)ren C N,
(Or)ken C Ry, (pr)ren C (0,1) and (e)gen (6 < pr). In Section 1.5, we will see that
changing the values of the sequences provides different counterexamples.

The model:

(Q, A, 11, T) is an ergodic dynamical system with positive entropy. By Sinai’s theorem,
it admits a factor which is a Bernoulli shift with the same entropy (see Sinai [82]). So, it is

sufficient to consider the case where (2, A, i, T') is a Bernoulli shift with positive entropy.
!

This means there exist [ € N* and p; > 0,7 =0, ...,] with Zp,- = 1 such that
i=0

Q=1{0,1,...1}%

A is the product o-algebra;

p is the product measure given by p({w € Q /wy =i}) = p;, for i =0, ..., [;
T is the left shift on Q, i.e. (Tw); = wiy1.

Now, using Ornstein isomorphism theorem (see Ornstein [73]), we can see that a
Bernoulli shift is isomorphic to a product of two Bernoulli shifts. In particular, our sys-
tem admits two independent Bernoulli factors. We denote by B and C the T-invariant
o-algebras corresponding to them. In order to simplify some proofs, we assume that the

first one is a Bernoulli 373 ) The reader can check that all the upcoming proofs remain
valid for another Bernoulli shift.

So, we can define a B-measurable function e :  — {—1, 1} such that

n({eo =—1}) = u({ea =1}) = %

and if e; = eg o T" for i € Z, then (e;)icz is an ii.d. sequence. Of course, the sequence
of random variables (e;);cz is independent of C. Let Fy = CV o{e;, i < 0} and F, =
T*Fy=CVole, i<k}, ke

We introduce three sequences with the following properties:

(0k)ken C (0, +00);

(pr)ken C (0,1) a decreasing sequence such that Z o < 1;
k>0
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(Nk)ken C N such that Ngiq > Ny.
These sequences being fixed, we can choose a decreasing sequence (eg)reny C (0, 1) such
that

k=1

which implies Z 0r Niep < 00.
k=1

By application of Lemma 1.7, we consider the sets Ay € C corresponding to the se-
quences (Ng)ren, (pr)ken and (ex)ren. The function f is defined by

f: Z@ke_Nk]lAk, (15)
k=1

where 1,4 is the indicator function of the set A.

We consider the stationary process (f oT");cz which is adapted to the filtration (F;);ez.

Proposition 1.8. The function f belongs to L* if and only ifzeipk < 00.
k=1

Proof.
By disjointness of the sets Ay,

I£1I5 = Z 1 fila, N3 = Z%M(Ak)-
k=1 =1

Now, by Lemma 1.7, apr, < p(Ax) < pg. Thus,

ad 0o < IfII3 <D 62on
k=1 k=1
]

In what follows, we apply the four studied criteria to our function f. We express the
fact that f satisfies one of them by conditions concerning the sequences (Ng)ren, (Ok)ren

and (Pk)keN-

Proposition 1.9. The stationary process (f o T")icz admits a martingale-coboundary de-

composition in L'(Q) if and only if Z O/ Nkpr, < 00.
k=1
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Proof.
We recall that the function f admits a martingale-coboundary decomposition in L' if
and only if (M-C) holds and here the second sum of (M-C) vanishes.

Necessary condition. We assume that Zﬁk\/Nkpk = 00. We shall show that if
k=1

> E(f o T'|F)

i=1

Z E(f o T"|Fy) converges in L' then E

=1

= 00, a contradiction.

For all k£ and 7, 14, o T' is Fy-measurable, so
Y E(foT|Fo) =YY 0E(e_y, o T'|Fo)la, o T".
i=1 i=1 k=1

We will use the fact that the measure of A, AT A, is small when i < N}, to simplify the
summation. Note that E(e;|Fo) = e; if i < 0 and E(e;|Fy) =01if i > 0, so

o) 00 Ny
Z E(foT'|F) = Z O, Z e_Nytillp—ia,
=1 i—
= Z O Z e_Ny+illa,

k=1 i=1

i=

Note that |1p-ia, <4, — La,~1-ia,| = Ip-ia, na, and by construction, (T ALNAL) < ey
for ¢ < Nj. Therefore,

oS N 00 Ny
E Z O Z e-Nptrillp—iaa, — Lagr—ia,)| < Z O Z Elpia,a, — La,~1-ia,
i -

< ) OeNpgp < oo, by (1.4).

k=1
Hence, it remains to prove the L'-divergence of the first term in (1.6).

By disjointness of the sets A and by independence between the random variable e; and
the set Ay foralli € Z and k > 1,

oo Ny N
E Z O Z e nNp+ila, Z e Nyti| H(Ak)
[ E— =1

k=1
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Now, by independence of the e;’s, we can use the Marcinkiewicz-Zygmund inequality (see
e.g. Theorem 8.1. in [49] or Theorem 10.3.2 in [12]). There exists a constant A > 0, such
that

Ny 2
> AFE (Z e%vw.) = Ay/N,.

=1

Ng

§ :e—Nk+i

=1

Recall that pu(Ay) > apy, (Lemma 1.7). So,

E

N

[o.¢]
E O E e—Nk+i]1Ak
k=1 i=1

This concludes the proof of the necessary condition.

E

> agA Z Ox/ Nipr = 00, by assumption.
k=1

Sufficient condition. We assume that Z Ox/ Nipr < 0.

k=1

Let I,, = Z E(foT'|F). We will prove that I, € L' for all n > 1 and that the sequence
i=1
(I)n>1 is a Cauchy sequence in L'. The proposition will follow from the completeness of

the space L.

To begin, we use the structure of the sets A, in the same way as in the first part of the
proof. We have

L = D D B(fioT|Fo)ly oT"
i=1 k=1
min(n,Ng)

D
= E O, E e_Nyt+illa,
k=1 =1

00 min(n,Ng)

+ Z 91{: Z e—Nk-f—i(IlT_iAk\Ak - ]lAk\T_iAk)

k=1 =1

(1.7)

and

min(n,Ng)

E’Fi‘ S Z ek’ Z E |€—Nk+i(]1T7iAk\Ak - ]lAk\TfiAk)l
k=1 =1
min(n,Ng)

< ) b (T AR NAy)
k=1 =1

< ) OkNpgp < oo, by (L4). (1.8)

k=1
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On the other hand, by Marcinkiewicz-Zygmund inequality, there exists a constant B > 0
such that

min(n,N) min(n,Ng)

L Z e-N+i| < BE Z 32—Nk+z‘

i=1 i=1

Recall that p(Ax) < pr (Lemma 1.7). Because e; is independent of Ay for alli € Z, k > 1,
we have

min(n,N)

Al o< 80 Y ] n
k=1

=1

< B Z@k Nipr < 0o, by assumption. (1.9)
k=1

Applying (1.8) and (1.9) to (1.7) shows that I, € L' for all n € N.
Now, we will show that (I,,),>; is a Cauchy sequence in L.

We fix p € N*. We have

Ly — L= E(fy o T Fo)la, o T".

oo  min(n+p,Ng)
k=1 j=min(n,Ny)+1

Using successively assumption (1.4), Marcinkiewicz-Zygmund inequality and the indepen-
dence between the e;’s and the sets A (see the calculus made before for 1,,), we obtain

) min(n+p,Ng) 2
Ellyy—I| < BY 6,E Yoo @i | o
k=1 i=min(n,Ng)+1

min(n+p,Ng)

+ > 0 Y uTTALAY).
k=1

t=min(n,Ny)+1

min(n+p,Ng)

Note that the sum Z is empty if Ny < n, is composed of N, — (n + 1) terms if
t=min(n,Ny)+1

n < N, < n-+p and of p terms otherwise. In the second and in the third case, the number

of terms in the sum is less than Nj. So, for all p € N*,

E|In+p—fn| S B Z Qk\/Nkpk"i‘ Z Hka&?k (110)

k:Np>n k:Ng>n



1.4. General approach 39

By assumption and hypothesis (1.4), Z@k\/Nkpk < oo and Z@kaek < oo. Hence,
k=1 k=1
both sums in (1.10) go to 0 with n — oo uniformly for all p € N*. (1,,),>1 is thus a Cauchy

sequence. ]

Proposition 1.10. If the function f belongs to L?, the stationary process (foT");cz verifies
the Dedecker-Rio criterion if and only z'fz 027/ Nypp < 0.

k=1
Proof.
It follows the idea of the proof of Proposition 1.9. So, some similar passages are given
with less details.

Necessary condition. We assume that Z 9,% Nipp = 0.
k=1

Y JE(f o T'|Fy)

=1

We shall show that if Z fE(f oT"Fy) converges in L', then E

=1

0. First,

Y FE(foT!|F) = D f0r > Ele_n, o T'|Fo)lg-in,
=1

k=1 =1
[e.e] Nk

= D [0 e ngillria, (1.11)
k=1 =1

As in the proof of Proposition 1.9, we decompose lp—i 4, into 14, +(Ir—ia,a, —La,1-ia,)-
Applying the Cauchy-Scharwz inequality, we obtain

oo Ny, 0 Ny
E\> f0Y enprillpiaon, — Lagr-ia)| < IF12D 06> 1 r-ia,nnlle
k=1 = -

< Nfll2 Y 0k Niv/Ere
k=1

Hypothesis (1.4), the fact that f belongs to L?, and (1.11) show that the convergence of
the integral

> [E(foT'|F)

i=1

E

is equivalent to the convergence of

00 Ny
Z fek (Z eNkJri) ]lAk :
k=1 =1

E
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Now, the sets Ay being disjoint, we have

oo N 0o 0o Ny,
Z J O (Z €Nk+z'> 14, = Z Z Oje_n, 0k (Z eNk+i> T, Ty,
| =1 =1 j—1 =1

00 Ny
§ : 2 2 :

= er,Nk €_Np+i IlAk-
k=1 1=1

Using the disjointness of the sets Ay, the independence between e; and Ay for all i € Z
and £ > 1, the independence between the random variables e_y, 4, ¢ = 0,..., Ny, the
Marcinkiewicz-Zygmund inequality and the assumption, we obtain

fe’e) Ny,
Z J O <Z €—Nk+z'> 14,
k=1

i=1

Ng

S ew|u(A)  (112)

i=1

E

= Y 6iEle_n,|E
k=1

1
min(n,Ng) 2

A RE[ D | (A
k=1

=1

vV

> aAZ@,% Nipr = o0,

k=1

where a comes from Lemma 1.7 and A > 0 comes from the Marcinkiewicz-Zygmund
inequality.

oo
Sufficient condition. We assume that Z 02/ Nipr < 0.
k=1

Let J, = Z fE(f o T"|Fy). We shall prove that (J,),>; is a Cauchy sequence in L',
i=1
which proves the proposition.

First, we show that J,, € L' for all n, i.e., E|.J,| < oo for all n. Indeed,

min(n,Ng)

In = Z JOx Z € Nytillp-ia, -
=1

=1

So, decomposing Ip-i 4, into La, + (Ip—ia,a, — 14, r-ia,), using the Cauchy-Schwarz
inequality and (1.4), we show that it is enough to prove the convergence of

min(n,Ng)

E Zfek Z e—ne+i | Lag|-
k=1

i=1
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We repeat the calculus leading to (1.12) and we apply the Marcinkiewicz-Zygmund in-
equality. So, there exists B > 0 such that

min(n,Ng) 00 min(n,Ng)

E Zfek Z €— Nj+i ]lAk = ZeiE |6*Nk| E Z €—Nj+i M(Ak)
k=1

i=1 k=1 i=1
o0
< B Z 02/ Nppr < 00, by assumption.

Now, we fix p € N*. By similar arguments, we can show that

) min(n+p,Ny) 2
ElJyp—Ju| < B Z 0B Z 62—Nk+i Pk
= i=min(n,Ng)+1
min(n+p,Ng)

+ ||f||229k Z [17-ia, 4, l2-
k=1

i=min(n,Ny)+1

min(n+p,Ng)
The same considerations about the sum Z as in the proof of Proposition 1.9 lead

i=min(n,Ny)+1
to

By =l < B Y BN+ Ifll S 6N/

k:Nip>n k:Np>n

By assumption and by (1.4), both sums go to 0 with n — oo, uniformly for p € N*. Hence,
(Jn)n>1 is a Cauchy sequence in the space L', which is complete. O

Proposition 1.11. For the previously defined function f,

1
E(S,(f)|F - > 02min(n, N, 2
Z | 3 HIFo)ll2 < oo if and only if Z (2 kmlr;(n K)p) < 0.
nz — n2
Proof.
Note that
min(n,Ng) 00 min(n,Ng)

E(Su(f)|Fo) = ZQk Z e Nptilla, + Zek Z e Nyti(Mr-ia,~a, — La,r-ia,)

i=1 k=1 i=1
and

min(n,Ng)

oo oo
g O E e—Nk+i(IlT—iAk\Ak - ]lAk\T—iAk E O min(n, Ni)\/2x.
k=1 k=1

=1 9
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So, by (1.4),
o9 E 00 oo 0 min(n,Nk) B z:ﬂ
Z || (Sn(f;)|~7:0)||2 < oo if and only if Z ||Zk:1 kzz:l . €—Ni+ Ak||2 < 00
n=1 nz n=1 nz

Now, by independence, applying the Marcinkiewicz-Zygmund inequality, we can see that
there exist A, B > 0 such that

2
min(n,Ng)

aAZQ,Z min(n, Ny)pr < E ZQk Z e_n+illa,| < BZH% min(n, Ni)pk-
k=1 k=1 i=1 k=1
The proposition is proved. O

Proposition 1.12. For the previously defined function f,
Z | Po(f o T")||2 < oo if and only if Z@k\/ﬁ < 00.
i€z k>1
Proof.
First of all, the sequence (f o T");cz is adapted to the filtration and then for all i < 0,
Py(foT") =0.
For 7 > 0, we have
Py(foT") = E(foT'|Fo)— E(foT"|F)
= > O [Ble—n4ilFo) = Ele—nysil Fo1) D, o T

k>1

Since the function e; is Fyp-measurable for j < 0 and independent of F; for j > 0,

eo if 7= Ng
E(G_Nk+i|f0) - E(e—Nk+’i|f_1) { ()0 otherwise
= eolji=n,}-

Thus

Po(f o Ti) = Zekeoﬂ{i:Nk}]lAk + Z eke()]l{i:Nk}(]lT*iAk - ]1Ak)

k>1 k>1

= L(7) + I(7)
For I, we use the fact that M(AkAT_iAk) < g for 0 < i < Ni to get

[12(i)[]2 < Z Orlgi=n,y |leoda, ar-i4, |2

k>1

< Z Orli=n, ) ek

k>1
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Remark for each ¢ > 0, there is at most one integer k such that N, = ¢ and for each £ > 1,
there exists an integer ¢ such that : = N,. We deduce

Z [12(@)[]2 < Z Z O =N VER

i>0 i>0 k>1

— Z@k\/a

k>1
which is finite by the assumptions.

Thus, Z IIP;(f)|l2 is converging if and only if Z |11(7)]|]2 is converging. Now for a
i>0 >0
fixed 7, since the sets Ay are disjoint and since there is at most one k such that N, = i, we

have

L@l = [> 0 inyu(Ar)
k>1
= ZQkﬂ{isz} p(Ag).
k>1
Finally,
D@l = Y O lmng V(A
i>0 i>0 k>1
= Z Hk\/ ,U,(Ak)
k>1
We can conclude the proof using apy < u(Ax) < pi. O

1.5 Some counterexamples

Counterexample 1, proof of (viii)

In this section, we give an example of a function satisfying the Dedecker-Rio criterion,
the Maxwell-Woodroofe condition and also the Hannan criterion but not the martingale-
coboundary decomposition in L'. To do this, we consider the function f defined in (1.5)

by the sequences
1

= N, = 4%% and 6, =

Pk k>1.

1
k’ Y
First,

Zeipk = Z k;214k < o9
k=1 k=1
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then, by Proposition 1.8, the function f belongs to L?. We have

Zek Nipr = Z% = 00,
=1 =1

hence, by Proposition 1.9, the stationary process (f o T");cz does not admit a martingale-
coboundary decomposition in L. But,

Z@k Nkpk Z%<OO

and Proposition 1.10 show that it satisfies the Dedecker-Rio criterion.

To verify that the process (f o T%);ez satisfies the Maxwell-Woodroofe condition, by
Proposition 1.11, we have to study the sums

Inn

00 2In4 00
292 min(n, Ny)pr = Z OZNppe + n Z 02 pr.. (1.13)
k=1 k=1 k=[ g2 |+1

The first term on the right can be estimated by

204 BT Ak 254 )
Z eiN’“pk’_ Z k2 = Z 4h =
k=1 k=1
For the second term,
> G- Y s X 5-0(%)
k=|3ig)+1 k=|3ig+1 k=|3ig)+1

From (1.13), we derive
ZQk min(n, Ny)pr = O(vV/n)

and

(Zzozl 9[% min(nka)pk)§ _ r)
ns
Therefore, by Proposition 1.11,

Finally,
1
DO/ =D 1w <o
k>1 E>1

Thus, by Proposition 1.12, the Hannan criterion holds and (viii) is proved.
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Counterexample 2, proof of (vii)

Here, we give a process which satisfies the martingale-coboundary decomposition in
L', the Hannan criterion and the Maxwell-Woodroofe condition but fails to satisfy the
Dedecker-Rio criterion. We consider the function f defined in (1.5), this time, by the

sequences

1 . ok
Pk —Nk:k‘ and@k:k—g,kzl.
2

= T
We have
(e.0) (o] 1
k=1 k=1
(0.) [o.¢] k‘
Zé’k\/ Nkpk = 22—\/; < 00
k=1 k=1
and

S VN =3 = oo
k=1 k=1

By Propositions 1.8, 1.9 and 1.10, the function f belongs to L? and admits a martingale-
coboundary decomposition in L' but does not satisfy the Dedecker-Rio criterion.

The process (f o T");cz verifies the Maxwell-Woodroofe condition. Indeed,

. 1
Y 6rmin(n, No)pr = > k +n > E§=(XVE
k=1 k=1 k:[nzlej+l

and, as in counterexample 1, using Proposition 1.11, we deduce

H2<c>o

2 NE(S,.(H)Fo
;H ( Elf)! )

(NI

By Proposition 1.12, the Hannan criterion holds because

> O =Y < oo,

k>1 k>1

This prove (vii).
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Counterexample 3, proof of (v)
This counterexample shows that none of the conditions (M-C), (D-R) and (M-W) im-
plies (HC). We consider the function f defined by the sequences

1 2k
Pk = 4k,Nk—kand9k—?k>1

Then f € L? and using Propositions 1.9, 1.10, 1.11 and 1.12, we get:

0
; kpk\/ﬁk ;Qk\/_

and then (M-C) is verified;

Z@kpk\/]\f = Z— < 00
k>1 w1 P
and then (D-R) is verified;
min(n, k)
Z@kmln , Ne)pr = ZT

k>1 k>1

<1+ In(n) and Z % <1, then
k=1 k=n+1

e

Z g(ZHkmlnnNk ><an +2< o0

n>1 k>1 n>1

and (M-W) is verified;

1
D Onpr=) ;=0
k>1 k>1
and then (HC) is not satisfied.
(v) is proved

Counterexample 4, proof of (iv)
We will show that (HC) does not imply any conditions (M-C), (D-R) or (M-W). We
consider the function f defined by the sequences

k

2
Ny=2"and 6, = =,k > 1.

Pr — 4k’ R
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Then f € L? and:
2k
D OpeV/Ne =) = o0,
k>1 k>1 k2

thus (M-C) does not hold;

2k
POUTSVATED SR

k>1 k>1
thus (D-R) does not hold;

, min(n, 2*F) 1 n
Zszm(n,Nk)pk:ZT n Z FZSIHQQ 5

k>1 k>1 E>| In n |

v

and then

1
5 ’ 1
> n72 [ ) 6rmin(n, N >8In*2) =
n>1n 2( - min(n, k)pk> > 8ln T = %

k>1

thus (M-W) does not hold.
On the other hand,

S o=y oy <o

k>1 k>1

and then (HC) holds proving (iv).

Counterexample 5, proof of (iii)

This example shows (iii). We consider the function f defined by the sequences

C
pk:k—g,Nk:kfande:Lkrzl,

2

-1
= 1
where 0 < C' < (2;/{2_2) )
Then f € L? and:

ST RVATEC) PEEES

k>1 E>1

thus (M-C) does not hold;

S /N =CY 1 =,

E>1 k>1

47
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thus (D-R) does not hold;

Zek\/—_cz—:

k>1 k>1

and then (HC) does not hold. But,

k
Z@,%min(n,Nk)pk = C mm(g, )
k>1 k>1 k2
"1 =1
< CY —=+nC > —
v VK b1 B2

and then .
2
n: (Z 07 min(n ) < 00,
n>1 k>1

thus (M-W) holds.

Counterexample 6, proof of (i)

In this paragraph our example will verify the martingale-coboundary decomposition in
L' with the invariance principle but not the other criteria. We consider the function f
defined by (1.5) with the sequences

1
pkzm, Nk:4k and@k:2k,k2 1.
We have
Zﬁipk Zﬁ<oo and Z@k Nppr = ﬁ<oo
k=1

This implies that f belongs to L? and admits a martingale-coboundary decomposition in
L' (Propositions 1.8 and 1.9).

Further,

and - -
1
9 =N - =

Hence the Dedecker-Rio criterion and the Hannan criterion do not hold.
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For the Maxwell-Woodroofe condition,

1
Tud

4k > 1 n
Zﬁkmm Pr = ——l—n Z EZCIT’

n‘n
k=1 k=[]

for some C' > 0. Therefore,

[un

i (>, 07 mig(me)/)k )2 > \/_Z

n2 nlnn

n=1

and by Proposition 1.11, the Maxwell-Woodroofe condltlon does not hold.

To prove (i), it remains to show that the invariance principle holds. Actually, to do
that, we will add hypotheses in the definition of the sets Ag. All the preceding results of
this paragraph will remain valid.

We have shown that f admits a martingale-coboundary decomposition in L'. Thus,
f=m+g—goT, where m, g € L' and (m o T");cz is a martingale difference sequence.
Here, we assume that p (T_(N’“H)AkAAk) < ¢ for all k (in Lemma 1.7, take Ny +1 instead
of Ny). It is clear that this assumption does not change the previous results. Now, we can
show

Proposition 1.13. In the decomposition f =m + g — goT, m belongs to L.

By the Billingsley and Ibragimov theorem for martingale difference sequences and by
stochastic boundedness of partial sums of g — g o T', it follows

Corollary 1.14. The process (f o T");cz verifies the CLT.

Proof.
Actually, we shall prove that g—goT € L*. In fact, see Volny [85], g = i E(foT"Fy).
So, 0
g=goT = ) B(foT'|Fo) = E(foT"!|F)
i;o . i=0 .
= Z O (Z € Nyrillp-ia, — Z € Nj+it+1 ]lT(i+1)Ak)
k=1 i=0 i=0

o0

= Qk(e_Nk —61)11Ak
k=

+ Z Ok Z e—Nk—l-i(]lT*iAk\Ak - ]lAk\T*iAk)

=0

- E O E e Netit1(Dp—cvn g, a,, — Dy 1640 4,)-
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Now, by (1.4),

IA

E €—Np+i ]1T TARNAE T ﬂAk\Tﬂ‘Ak)
=0

[e'e] N
> 0> | 1r-ianall,
k=1 =0

< Y OkNpy/Er < 0. (1.14)
k=1

2

In the same way,

00 & 00
Z Qk Z e—Nk+i+1(]1T*<i+l>Ak\Ak — ]lAk\T—(iJrl)Ak) < Z Qka\/a < Q. (1.15)
7 k=1

2

By disjointness of the sets Ay, by independence of the functions e_y, — ey and 14,,

2 o0
—e)la || < D6 lle-n, — el u(Ar)
= 2 k=1
< 4 Oipr < oo (1.16)
k=1
(1.14), (1.15) and (1.16) lead to the proposition. O
Ny R
Let v, = 6y Ze_Nk oT'. For each R € N*, the quantity Z ||ug]l. is finite. Thus,
i=0 k=1

there exists an (not necessarily strictly) increasing sequence (R, ),eny — 00 such that

R,—1

\/— Z [ollc ——— 0. (1.17)

The sequence (R, ),en being fixed, we construct the sets Ay in the following way. For all £,
let ny be the greatest integer such that R,, < k. To define the sets Ay, we apply Lemma
1.7 with (max(ny, Ny + 1))gen instead of (Ng)ren. Again, it is easy to see that previous
results remain valid. With this construction, we have the following property.

Vk > Ry, Vi, j €{0,...,n}, p(T"AAT7A) < ey (1.18)
Proposition 1.15. The process (f o T")icz satisfies the invariance principle.

Proof.
Since m € L?, as recalled in introduction, it is enough to show that

1
— max |g o TZ’ —— 0 in probability.

\/ﬁ i<n n—00
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We have

g = ZE(fOTiU'—O)

0 Ny,
= Z Ok (Z e—Nk—i-i) Ly, + Y O (Z e-Np+i(Dr-iaa, — ﬂAk\T—iAk)>

i=0 k=1 i=0
= a1 + 92

By Markov inequality, for all A > 0,

FE (max;<, |g2 o T")

RE

[ {m<ax g2 0 T'| > A\/ﬁ} <

So, max |g2 0 T"| converges to 0 in probability.
<n

vk
o

It remains to prove the same thing for g; = Z vly,. By (1.17),

k=1
1 R,—1 R,—1
rmax| > vo 'y, o7 Z loell.e —— 0
- k=1

Hence, it converges to zero in probability.

Now, for all A > 0, i max Z vpo Ty, o T > 2)\\/5} is smaller than
k=Rn

Z Vg O Ti]lA,C

—In

{ oo
max
H <n

k=R

> )\\/ﬁ} + u {m<ax Z ’Uk OTZ’ ﬂT*iAkAAk > )\\/ﬁ} .
~ k=R,

For the first term, the Tchebychev inequality gives

{max E vkoTZ]lAk
i<n

k=R,

>)\\/_} < N{ZI?E;LX‘UICOTi‘ﬂAkZ)\\/ﬁ}

k:Rn -

FE ((ZEO:RH maX;<n |Ul€ e} TZ| ]lAk)%>
An

1
> rer, O (Nk +1)3py,

)\ng n—00

W= Ol

IA
o
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because

Z%ng’ﬂk - Z 2ok < OO
k=1 k=1
For the second term, Markov inequality, assumptions (1.18) and (1.4) show convergence to

1 )
zero with n. Thus, — max ’ g1 0 TZ‘ —— 0 in probability. U

vn

(i) is proved.

1.6 A slightly different model

To prove (ii) and (vi), we have to improve our general model. We assume
Nypsr > 2Ny, VE > 1. (1.19)

We introduce a new model function A defined by

2N},

h=> 0 Y e_jlu

where the sets A are defined by applying Lemma 1.7 with 2V, instead of Nj. Moreover,
we assume that the e;’s are sufficiently small to have

D N2 /e < 0. (1.20)
k=1

Proposition 1.16. The function h belongs to L* if and only zfz 0 Nipy, < 00.

k=1
Proof.
It suffices to see that
00 2Ny, 2 oo 2Ny 2
ED 6 Y ela| =Y GE| D eyl u(Ay)
k=1  j=Ngp+1 k=1 J=Np+1
and to use the independence between the e;’s. U

From now on, we assume that h € L?. Remark that the stationary process (h o T%);cz
is also adapted to the filtration (F;);ez.

Proposition 1.17. The stationary process (h o T")icz, admits a martingale-coboundary

> 3
decomposition in L*(Q) if and only if Z 0N, pr, < 0.
k=1



1.6. A slightly different model 53

Proof.

Let I, = Z E(h o T"F). As in the proof of Proposition 1.9, using the properties of
i=1
the sets Ay, the independence between the Ay’s and the e;’s and (1.20) we can see that

| 1|l < oo if and only if

00 n 2Ny
S 0[S S Bty <o
k=1 i=1 j=Np+1
n QNk
Let us denote by B” the function Z Z E(e;—;|Fo). Recall that E(e;|Fy) is equal to
i=1 j=Nj+1
e; for i < 0 and is equal to 0 for ¢ > 0. Then
for n > 2Ny,
Ny—1 Nyp—1

B = Ny Z e—j + Z (N — J)e-n—j
i=0 =0

for N < n < 2N,

2NL—n Ni—1 Ni—1
Bsz Z(n—Nk—Fj—l)e_j—i- Z Nke—]+ZNk_]€Nk —js
j=0 J=2Np—n+1

and for n < N,

n Ng

By =) (n—jenqj+ Z min(n, Ny — j)e—n,—j-

=0 j=1

In each case, by independence between the e;, there exists B > 0 such that for all n > 1,

3
| BE|l2 < BNEZ.

Then
00 n 2Ny, 00
k=1 i=1 j=Ni+1 k=1

k=1

This implies that I,, belongs to the space L' for all n. In the same way, we can see that it
also implies that (I,,)nen is a Cauchy sequence in L' (the details are left to the reader).
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Further, by the Marcinkiewicz-Zygmund inequality, there exists A > 0, such that for
all n > 2N, we have

3
|BEl: = AN,
Therefore

E|Y E(hoT'|F)
=1

> A 0,NE p(Ay).
k=1

i

Proposition 1.18. [fz 02 NZpy < 0o, then the stationary process (hoT")icy satisfies the
k=1
Dedecker-Rio criterion.

Proof.
Let J, = Z hE(h o T"|F,). As in the proof of Proposition 1.10, using the properties

=1

of the sets Ay and (1.20) we can see that ||.J,|; < oo if and only if

ZE:Hkh (j{: j{: f;«%_ijb)> ﬂAk

i=1 j=Nj+1

E

< Q.

3
Let us define BY as in the previous proof. We have || B%||, < BN?, where B is a positive
constant.

Thus, by the Cauchy-Schwarz inequality,

[e’e) [e'e] 2Ny, fe'e)
SIS 31 I St TR S o
k=1 k=1 |lj=Np+1 5 k=1
Therefore, 29,%]\/;3 pr < oo implies that J, belongs to L' for all n. In the same way, we
k=1
can prove that it also implies that (J,)ney is a Cauchy sequence in L' (again, the details
are left to the reader). O

Proposition 1.19. For the previously defined function h,

Z | Po(h o T2 < oo if and only if Z@ka\/p_k < 00.

1€Z k>1
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Proof.
We have, for all i > 1,

Py(hoT") = E(hoT'|F) — E(hoT'|F_)

2Ny,
=) b [ Y Eleij|Fo) = EleiylFa)| a0 T"

k>1 =N+1
2Ny, 2Nk
= ) Oreo > Dumpyla, + > Oreo > Lmjy(lp-ig, — 1a,)
E>1 j=Ni+1 E>1 j=Ni+1

= 1(i) + L(i).

Hence, because of assumption (1.19), for all ¢ > 1,

L@ = ZHiM(Ak)< > ﬂ{i:j}>

k>1 j=Np+1
= ZQk\/ P(AR) Ve (N1, 28,1} -
k>1

Finally, for each k > 1 there exist Nj integers ¢ such that i € {Ny + 1,...,2Ny}, then

Z [111(7)[]2 = ZGka\/u(Ak).

i>1 k>1

Further, by (1.20),
> IH2(8)]l2 < oo,

i>1

which concludes the proof. 0

1.7 Other counterexamples

Counterexample 7, proof of (vi)
We choose the sequences for the definition of the function h taking

Then,
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and by Proposition 1.16, h belongs to L?. We also have

[e.e] 3 o 1
IS e
k=1 k=1

2K2

ZeszPk %< 00,
k>1 k>1

Propositions 1.17, 1.18 and 1.19 show that the function h satisfies (M-C), (D-R) and (HC).
Using hypothesis (1.20) and the same observations as in the proof of Proposition 1.11,

we see that the convergence of Z n: |E(Sn(f)|Fo)ll2 is equivalent to the convergence of

n=1

o] 00 n 2Ny, 2 %
_3
St [S0EY S Bl o
n=1 k=1 i=1 j=Np+1
For all n > 2N,
n 2Nk Nk—l Nk—l
DY BleulF) =N > e+ Y (Ne—j)e-ny
i=1 j=Nj+1 §=0 j=0
and so,
n 2Nk 2
E|>" Y Ele_julF)| >N (1.21)
1= 1] Nk-‘rl
Here, N, = 2%, so
00 n  2Ng 2 nel-
MDD DTN PRS o
k=1 =1 j=Np+1
Hﬁ?J— ok
- k3
k=1
n
- In%n’

where C' is a positive constant. We derive that

Z LEGET,

i.e. the Maxwell-Woodroofe condition does not hold and (vi) is proved.
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Counterexample 8, proof of (ii)

Here we choose

1

Pr = k2k7

4k

Then, the function h € L? and satisfies the Dedecker-Rio criterion. Indeed

1
Z@kapk Z 4k |2 < 00

and
ZQ,%N,Cpk = Z% < 00.
But,
Z QkNEPk = Z % =
k=1 k=1
and

N =Y =
k=1 k=1

Then, h does not admit a martingale-coboundary decomposition in L' and fails to the
Hannan criterion. Further, here, N;, = 4%, so by (1.21),

n 2Ny 2 g1

DUGED S D EleuilFo)| o = Y GiNipk
k=1 i=1 j=Ni+1 k=1
L%Jfl 4k
B k2
k=1
S n
- In%n’

As in counterexample 1.7 we deduce that the Maxwell-Woodroofe condition does not hold
and (ii) is proved.

Comments

A large part of this chapter comes from the papers by Durieu and Volny [40] and Durieu
[37]. Lemma 1.7 as well as Counterexamples 5, 6 and 8 do not appear in these papers. The
idea to include the Hannan criterion in the comparison was suggested by Jérome Dedecker.
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Chapitre 2

Empirical Invariance Principle for
Ergodic Torus Automorphisms ;
Genericity

Abstract

In this chapter, we consider the dynamical system given by an algebraic ergodic au-
tomorphism 7" on a torus. We study a Central Limit Theorem for the empirical process
associated to the stationary process (f o T");en, where f is a given R-valued function. We
give a sufficient condition on f for this Central Limit Theorem to hold. In a second part,
we prove that the distribution function of a Morse function is continuously differentiable if
the dimension of the manifold is at least 3 and Holder continuous if the dimension is 1 or
2. As a consequence, the Morse functions satisfy the empirical invariance principle, which
is therefore generically verified.

Keywords: Empirical process; Partially hyperbolic dynamical system; Functional central
limit theorem; Multiple mixing; Distribution function; Morse function; Genericity.

AMS Classification: 60G30; 60F17; 28D05; 37D30; 57R45.
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2.1 Introduction

We are interested in the study of the convergence of an empirical process defined on a
dynamical system. This kind of work already appears in the book of Billingsley [6] where
a limit theorem for the empirical process defined by the transformation x —— 22 mod 1
on [0, 1] is established. In 2004, the case of expanding maps of the interval was studied by
Collet, Martinez and Schmitt [13], using properties of the transfer operator. The reader
can also see (for more examples) the paper by Dedecker and Prieur [18]. Here, we deal
with the empirical invariance principle (Central Limit Theorem for an empirical process)
in the case of a linear transformation of the torus.

Let us begin with some definitions. Let (X, .A, 1) be a probability space and T': X —
X a measurable p-invariant transformation of X (i.e. u(T 'A) = u(A), VA € A). If
f is a measurable function from X to [0, 1], the distribution function associated to f is
F :]0,1) — [0, 1] defined by

F(t)=p{f <t}, tel0,1].

The empirical distribution function of order n associated to f is the function on X defined
for each t by,

1 ,
Fult) = ‘ T (foT).

We define the empirical process {Y,,(t), t € [0,1]} _y by

neN

[y

1 —
Vi 4

We say that the empirical invariance principle holds if {Y;(¢), ¢t € [0, 1]}, . converges in

(Ljog (foT") — F(t)).

I
o

distribution to a Gaussian process in the space D([0, 1]) of cadlag functions, provided with
the Skorohod topology.

Herein X is a torus and T an ergodic algebraic automorphism. Ergodicity means that
for all A € A, T"'(A) = A implies 1(A) = 0 or 1. For this kind of transformation there
are two cases: T' can be hyperbolic or quasi-hyperbolic (see next Section).

Actually, for hyperbolic torus automorphism, an empirical invariance principle can be
deduced from known results about fonctionals of absolutely regular (or S-mixing) processes
using a well adapted Markov partition which is weak Bernoulli.

In the quasi-hyperbolic case, according to Lind [66], no regular partition of the torus is
weak Bernoulli. So the Borovkova, Burton and Dehling theorem ([8]) cannot apply. The
question is the following: does the empirical invariance principle hold in this case?
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In Section 2.2, we first prove that the answer is positive under a rather technical con-
dition on f, see Theorem 2.2. The proof uses a multiple mixing property of ergodic torus
automorphisms and works as well in the hyperbolic case.

In fact, the technical condition on the function f holds as soon as f and its distribution
function are Holder continuous, see Theorem 2.3.

In Section 2.3, we show that the distribution functions of Morse functions defined on
a compact Riemannian manifold are at least Holder continuous, in fact C' as soon as the
dimension of the manifold is at least 3, see Theorem 2.16.

This result is used in Section 2.2 in order to prove that the set of functions for which
the empirical invariance principle holds contains an open and dense subset of C"(T¢) for
r > 2, see Theorem 2.5.

2.2 Empirical Invariance Principle

Let T¢ = R?/Z? be the d-dimensional torus and let 7' : T — T¢ be an algebraic ergodic
automorphism. The transformation 7" can be represented by a square matrix with integer
coefficients and determinant equal to £1. Here, ergodicity is equivalent to the fact that
no eigenvalue of 7' is a root of unity. In that case, it is known that the modulus of at least
one eigenvalue is strictly bigger than 1 (and the modulus of another one is strictly smaller
than 1). The automorphism 7T is said to be hyperbolic if no eigenvalue has modulus 1 and
quasi-hyperbolic (or partially hyperbolic) otherwise.

For example of an hyperbolic torus automorphism, we can consider, on T?, the trans-
formation T : © —— Mx mod 1, where

v=(i1)

V5

which has two eigenvalues A = 3 "5 and AL

For example of quasi-hyperbolic torus automorphism, we need to consider at least the
torus of dimension 4. The following example is given in Le Borgne [61]. Consider 7" on T,
defined by T': z —— Mz mod 1, where

—1

o O = O
o = O O
_ o O O
N O N

We denote by g the Lebesgue measure on T (product measure). The aim is to get a
limit theorem for the empirical process associated to a function f defined on the torus.
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2.2.1 Hyperbolic case

Assume that the automorphism 7' is hyperbolic. One can show that the empirical in-
variance principle holds for Hélder continuous function f having a Lipschitz continuous
distribution function. This is a consequence of Borovkova, Burton and Dehling [8], Theo-
rem 5, which is recalled here.

We say that a process (Xy)rez is a functional of a process (Zy)rez if there exists a
function g : R — R such that for any k € Z, X;; = g(Zp1)nez. By definition, a station-
ary process (Xy)rez is a I-approxzimating functional of (Zy)kez if there exist nonnegative
constants (ay)g>o with ar — 0 as k — oo and

E|Xo— E(Xo|Z_g, ..., Zk)| < ak

holds for any k£ > 0.

Recall also, that the sequence of random variables (Z,),ez is B-mizing if G — 0,

Bp=sup  sup > > (AN B) — u(A)u(B)|,
neN g e P(A}) AcABeB
B e P(AY L)

where P(AL) = { Al -measurable partitions }.

Theorem (Borovkova, Burton and Dehling, 2001). Let (X)kez and (Zg)kez be two
stationary processes.
If, for some 0 <9 < 1,

5
(1) (Zp)nez is B-mizing with Z k2 2 < o0,
k>0

5
(i) (Xn)nez is a L-approximation of (Zy,)nez, with Z k2a,§+25 < 00,
k>0

(iii) the distribution function of Xy :  — [0, 1] is Lipschitz continuous,

then the empirical invariance principle holds for (X, )nez-

To apply this theorem, the strategy is to encode the dynamical system into a stationary
process (Z;)iez having a 3-mixing property. Then the stationary process (f o T");cz will
be viewed as a functional of (Z;);cz and one can show that it is a l-approximation with
coefficients decreasing to zero exponentially fast. This can be done using a well adapted
Markov partition of the torus. Since the transformation T is hyperbolic, there exist two
stable sub-spaces E° and E" associated to the eigenvalues with modulus smaller than 1
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(resp. eigenvalues with modulus greater than 1) such that R? = E* @ E*. A collection

P ={Ry,...,R,} of compact rectangles along these two directions is a Markov partition
if

(i) CJ R, =T%
=1

(ii) for all 7 # 7, int(R; N R;) = 0;
(iii) for all ¢, there exists j such that 0°TR; C 0°R;;
(iv) for all 4, there exists j such that 0“T'R; D 0"R;;

where for any subset A, the notation JA stands for the boundary of A and if R = A x B
is a rectangle along the directions F* and £, 0°R = 0A x B and "R = A X 0B.

According to Bowen [9], every hyperbolic torus automorphism admits a Markov par-
!

tition. In particular, if P = {Ry,...,R,} is a Markov partition and if P} = \/ TP,
=k

then ¢(P>_) = B and diam(P",) < CA' for A < 1. We say that the partition is regular.

Further, if

T 1,...
ZOZ{ — {L.n

r +—— 1 ifzxeR;

and Z; = Zy o T, again by Bowen [9], (Z;)icz is a (-mixing stationary process with
exponential rate (we say that the partition P is weak Bernoulli).

Now, if @« > 0 and C' > 0 are the Holder constants of a Holder continuous function f
which is defined on the torus,

E|f — E(f|PL)| < Cdiam(P,)* < CA*.

Thus the process (f o T%);ez is a l-approximation of (Z;);cz with exponential rate. There-
fore, we proved the following corollary.

Corollary 2.1. Let T be an hyperbolic torus automorphism, f : T — [0,1] a Holder-

continuous fonction such that its distribution function F' is Lipschitz. Then the empirical
invariance principle holds for the process (f o T");cz.

Note that this can be done, in general, for the class of Anosov diffeomorphisms.
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2.2.2 Quasi-hyperbolic case

Let T be a quasi-hyperbolic torus automorphism. According to Lind [66], Theorem 4, we
cannot find a regular partition of the torus which is weak Bernoulli. So, we cannot use the
same techniques. Nevertheless, we are able to prove that the empirical invariance principle
holds as well in the quasi-hyperbolic case.

As hyperbolicity is a particular case of quasi-hyperbolicity, the following statements
and proofs work in both cases.

For any subset A of the torus, the notation 0.A stands the "e-boundary” of A:
0.A:={x/d(z,0A) <&}
where d is the Euclidian metric on the torus.
Our main result is the following.

Theorem 2.2. Let f : T — R be a bounded measurable function satisfying the condition
3C, ¢ > 0 such that Vt € R and Ve >0, u(0.{f <t}) < O (%)

Moreover, its distribution function F' is assumed to be continuous.

Then the process (f o T")ien verifies the empirical invariance principle:
let [a,b] be a compact interval of R such that f(T%) C [a,b],

n Z ﬂ[at - F(t>)7 te [avb]}neN

converges in distribution to a Gaussian process Y in D([a,b]). Further, Y is p-almost
surely continuous.

This theorem is proved in Section 2.2.3.

The following theorem shows that even in the hyperbolic case, our result is slightly
more general than the one deduced from the theorem of Borovkova et al.

Theorem 2.3. If f : T* — R is a Hélder continuous function having a Hélder continuous
distribution function, then the process (foT")cn satisfies the empirical invariance principle.

Proof.
Let f: T — R be a function satisfying the assumptions of Theorem 2.3 and F its
distribution function. We will show that Condition (*) holds.

For e > 0 and t € R, the set 0.{f < t} is the union of the two following disjoint sets:

as{f < t}Jr = as{f < t} N {f > t}?
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O{f <t} =aff<tin{f <tk

First of all, the continuity of the function f implies that 0{f <t} C {f = t}.

Now, for x € 0.{f < t}*, f(z) <t+ Ke*, where K and ¢ denote the Holder constants
of f. We have

/L(&{fﬁﬂﬂ < M(f§t+K55)—M(f§t)
= F(t+Ke') - F(t)
< L(Ke%)*

where L and ( are the Holder constants of F'.
We obtain the same result for 0.{f < ¢}~ and thus
w0 f <t}) <2LKE.

O

Remark 2.4. The fact that the function is Hélder continuous is not enough to get Con-

dition (x), even if its distribution function is continuous. A counterezample is given in
Section 2.2.J.

Now Theorem 2.3 together with the upcoming result of Section 2.3 (Theorem 2.16)
leads to the following genericity result.

Theorem 2.5. The set of functions f for which (foT");cy satisfies the empirical invariance
principle contains an open and dense subset of C"(T?) for r > 2.

2.2.3 Proof of Theorem 2.2

We will deduce Theorem 2.2 from the following:

Theorem 2.6. Let f : T — [0, 1] be a uniformly distributed function such that Condition
(x) is satisfied.

n—1
1 )
Then {Y,(t) = NG g (pg(foT") —t), t €[0,1]}nen converges in distribution to a
=0

pi-almost surely continuous Gaussian process in D([0,1]).

Theorem 2.6 implies Theorem 2.2.

Let f : T — R be a bounded function verifying Condition () with a continuous
distribution function F. We can assume f(T%) C [0, 1] without loss of generality.
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Let us defined as usual the pseudo-inverse function of the distribution function by
F~'(t) = sup{s € [0,1]/F(s) < t}, t € [0,1]. Then, thanks to the continuity of F,
Fo F7' =id. Let us consider the function ¢ := F o f. We have

lg<tt={Fof<ty={f<F ()}

thanks again to the continuity of F. From this equality we deduce that ¢ is uniformly
distributed and satisfies Condition (x) (with the same constants as f).

Let us denote by Y,, and Z,, the empirical processes respectively defined by the functions
f and g. For each t € [0, 1], the equality Y,,(¢) = Z,, o F(t) holds u-almost surely, because

1 Toy(f) = Do ray(e)} = 1.

Moreover the equality Lp(f) = Lo #)(g) holds as soon as F~" does not have a jump at
t. Therefore the process equality Y,, = Z,, o F' holds p-almost surely.

By Theorem 2.6, Z,, converges in distribution to an almost surely continuous Gaussian
process Z. We recall the following result (see Theorem 5.1 in Billingsley [6]):

Let ¢ : D(]0,1]) — D(][0,1]) and Dy, the set of discontinuities of 1. If a sequence of
random variables h,, converges in distribution to a variable h such that u(h € Dy) = 0,
then ¥ (h,) converges in distribution to ¥ (h).

Let us consider the mapping ¢ : h — ho F from D(][0, 1]) to D([0,1]). It is continuous
on C([0,1]) for the induced topology which is the topology of the uniform convergence (see
Billingsley [6] p.112). The theorem of Billingsley applied to ¢ gives the result for Y,, and
Theorem 2.2 is proved. U

Proof of Theorem 2.6.

We consider a uniformly distributed function f: T — [0,1] (i.e. F = Idjp ).

Since we cannot find a regular partition of the torus which is weak Bernoulli, our proof
will not use the theorem of Borovkova et al. To get the invariance principle, the proof
consists in two steps. First we get the finite-dimensional Central Limit Theorem and then
we show the tightness of the process using a multiple mixing inequality to prove a suitable
4-th moment bound.

The following proposition was proved by Le Borgne [61].

Proposition 2.7. Let T : T — T% be an ergodic torus automorphism. If a measurable
set A wverifies:

3C, € >0, Ve > 0, p(0.A) < Ce,
then the Central Limit Theorem holds for the function 14 — pu(A).
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For each t € [0, 1], we denote by ¢; the function

pr = lgpey — 1.
Applying Proposition 2.7, we get the following one.

Proposition 2.8. If a function f satisfies Condition (%), then for allt € [0,1], ¢; satisfies
the Central Limit Theorem. i.e.

n—oo

n—1
1 .
%Zwt oT" —2— N(0,0).
1=0

It follows easily that the same is true for the finite dimensional case.

Proposition 2.9. If a function f satisfies Condition (x), then for all k € N and for all
(ti, ..., tr) € [0,1)%, (Yo(t1), ..., Ya(tr)) converges in distribution to a k-dimensional Gaus-
sian vector.

Now it remains to show that the process {Y,(t),t € [0,1]},en is tight. Following
Billingsley [6], it is sufficient to prove:

Ve > 0, Vn > 0, 3¢ €]0, 1], Ing € N such that Vn > ny,

I ( sup |V (t) = Yn(s)| = 6) <1 (2.1)

|t—s|<¢

The first step is to establish the following lemma.

Lemma 2.10. There exist C > 0 and § € (0,1) such that for all s < t € [0,1], if
Y =%t = Ps;

E (Zn:gpoTi) gc(nQ(t—s)% +n(t—s)#).

To prove Lemma 2.10, we will use a multiple mixing property of ergodic torus auto-
morphisms.

A version of the following proposition (in the case of diagonal flows and for Holder
observables) can be found in the paper by Le Borgne [63] (see also Le Borgne and Pene
[64]). Here, it is adapted to the case of ergodic torus automorphisms and for C* functions.
For a proof of the next proposition, the reader can see the appendix.
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Proposition 2.11. 3C > 0, Ja > 0, Vm, p € N*, Yoy, ..., o, V1, ..., b, € CH(TY), Vky <
i <kp <0< <...<1,, Vn €N,

Cov (ﬁ ¢;o ", ﬁ ;o le'm)
j=1

j=1
<C (ZH ||¢i||00||¢j||(31|kj|r> (ZH II@/JiIIooIijIIcl) e "
J=1 i#j =1 i#j

where r is the size of the biggest Jordan’s block of T restricted to its neutral subspace.

In Lemma 2.10, ¢ is a discontinuous function. We will use the fact that the boundary
of the set {s < f <t} is enough regular (Condition (x)) to approximate ¢ by C* functions.
In the sequel, C' always denotes a constant, but its value may change.

Lemma 2.12. Under Condition (*), there exists C > 0, for all 3 > 0, for all s,t € [0, 1],
there exists a sequence (og)ren of C' functions such that

lorller < Ce™ and || — gille < Ce™ >, Wp>1

where v = y and p = Yy — Ps.

+1

Proof.
The considered balls are defined with respect to the Euclidian norm of R? which is
inducted on the torus by identifying T to [0,1]%. Let p: T — [0, +00) be a C* function

such that F(p) =1 and p equals 0 outside B(0, 5)

Write

1
Then py, is C*, p; ' ((0, +00)) C B(0, ie_d%), E(py) =1and fori=1,...,d,

Bkd Bk

Opill o244 ot < Ot
81’1‘ 00 - €T; 0 -
Write ¢ = ¢ * pr. Then
d 0 da |0
louler = ol +mite o SEC < 1 i | 222N < o
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and
lor —@llb = E(lgx —9lf) < Elpr — ¢l
< ek — lloo 1 (ale_fﬁ{f - (s,t]})
< Ce™ fhf
Ce'*,

O

The function ¢ is always bounded by 1. From this, we deduce the following remark
which is useful in the proof of Lemma 2.10.

Remark 2.13. For allp > 1, E(|p]?) < 2|t — 5.

Proof of Lemma 2.10.

Developing the term F (Z poT Z) , we will have to study terms like

E(ppoTipoT™ ¢oTHith
with ¢ + 7 + k < n. We fix three integers 7, j, k like this. Note that,
E(ppoT @oT™ @oT ) = Cov(p,(ppoT?poT ™) oT).

We wish to apply Proposition 2.11. To do that, we consider the sequence of C' functions
(¢1)1en defined by Lemma 2.12. We have

Cov(p, (ppo TV po TjJrk) o Ti) = ((pZ (pipio T7 p; o T”k) o TZ) (2.2)
E((p— i) (ppoT poT™)oT)  (2.3)
E(pi((p—@i)poT!@oT ™) oT") (2.4)
E(gi (pi (p— i) o TV 9o T ) o T")  (2.5)
E(pi (pipio T’ (p — @i) o TV ) o T). (2.6)

We will distinguish two cases.

First case : |t — s| > e ",

Notice that ~ is the constant equal to d£6
of clarity it will be fixed farther.

1 that appears in Lemma 2.12. For the seek
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1 3
Let p,q > 1 such that — + — = 1. By Holder inequality and Lemma 2.12,
p q

(23)] < lle —willollel
i
< Ce 7l
TN 3
< Ce 724t — s|a.

On the other hand,
1(2.6)] < [l = @illollwsll;
and

e
@illy < ll = @illy + llellg < Cema + lolly.

Thus by assumption,

SR

e 3
26) < Ce¥ [CeTV + ol

i 1 1 173
Ce » [C’|t—s|q+2q|t—s|q}

IN

< Ce_%|t— s|§

In the same way,
3

i
(2.4)] < lle — @il l@illgllell < Ce™ v ]t —s]s.
The same thing is true for (2.5). We get

1(2.3) + (2.4) + (2.5) + (2.6)] < Ce 7 |t — s]4. (2.7)

Now (2.2) = Cov (s, (¢s i 0 TV @; 0 TV*) o T, because E(p;) = 0. So we can apply the
multiple mixing inequality. There exist constants C' > 0 and a > 0 which depend only on
T, such that

(22)] < Cligiller-leillZleilicre™
<

CeQ,@ie—ai
because ||@illoo < 1. As [t — 5| > e,
(2.2)] < Ce ™|t — s|a (2.8)
3
Wheren:a—Qﬁ—l.
q
2(d+1
The constant [ being arbitrary, we can choose § > 0 such that %6 < %.
1+

Then, for all ¢ > 3, n > % > 0. Now, we can fix 6 € (0,1) and choose p = (so,

J
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g =3+ 30) in order to have 7 < 7. This is possible because p — oo when § — 0. We get
p
e < e 7 and by (2.7) and (2.8),

~

|E(p (ppoTipoTi*)oTh| < Clt—s|ie >
9@

= Ot — s|e .

Second case : |t —s| < e .
By Holder inequality with p and ¢ previously fixed,

[E(p(ppoT!poT™)oT)| < ellelq
< 2|t — s|p2e|t — s
_ai 3
< Ce 7t —s|a
= C|t—3\%+ée_%.
In each case, we have
[E(ppoT 9o T poTHh)| < Ot — s|te 45", (2.9)

In the same way, playing with k instead of i, we get

[BE(ppoT poT™ poTH )| = |Cov((ppoT ¢oT™) poT™ o T")
< Clt— s/ (1+ (i +5)")e 1o (2.10)
where the term (i 4 j)" is related to the neutral subspace of T" and appears in application
of Proposition 2.11.
Now, with j, there is a remainder term:

|E(ppoT poT™ poTHHh)

= |[Cov((ppoT?),(poT o T ) o T7) + E(pp o T")E(pp o T*)]

< Clt— s[5 (1+i")e T + |E(pp o T E(p @ o TF)|

Again the term ¢" appears in application of Proposition 2.11.
So, we study
E(ppoT') = E(pipioT)

+E((p— i) po T
+ E(pi (o — i) o T").
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By Proposition 2.11 (or by the exponential mixing inequality (see Lind [66])),
|E(pipioT")| < Ollpilldre™ < G,
As above, considering two cases and keeping the same notations, we have
. 1 Y5
[E(ppoT)| < Ot — s[Te T
and the same inequality holds for k. Thus we get

E(pgoTiooT™ oo Tt < Clt—s|m(1+(i+k))e ™ (2.11)

+C|t — s|$e_%(i+k).

Now we can obtain the desired majoration.

n 4
E (ngoTi) < A4ln Z |E(ppoT @oT™ poTHith)|

i=1 (i3, ksi-Hj+k<n}

IN

4ln [Z > IE(p(ppoT oo T ™) o T

i=1 jk<i

+ > D |E(ppoT)poT poT) o TY)|

=1 ik<j
+ > D |E(ppoT 9o T)poT™ oT)
k=1 ij<k

By (2.9),

L < C ZZe_lﬁii] |t—s|ﬁ

Li=1 j,k<i

[ n

9 8y 1

C E i‘e 1+5Z] |t — s|T+s
Li=1

< Clt— s|17i6

IN

because the series converges.
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By (2.10),

I; < C ZZ(1+(¢+y)T)eﬁﬁsk] It — |55

| k=1 i,j<k

C Zk?(H(%)r)eﬂfsk] It — |55

Lk=1

IN

< CJt—s|m.

Finally, by (2.11),

3

=1 i,k<j

J=14,k<j

i=1 k=1

SIS ] I
n
6

< C Z] 1+j")e 1+6J] t— s + C |n

Lj=1

< C|t—s|™ + Cnlt — 5|75

because, again, the series converge.

In conclusion, there exists § > 0 such that for all s,¢ € [0, 1],

" 4
(ngoTi> §C<n2\t—s]1%+n\t—s|fié).
i=1

O

Lemma 2.10 is the key inequality for the sequel. Now, the method leading to the
tightness of the process (Y}, )nen is the classical chaining one. The reader can see, for more
details, the paper by Dehling and Philipp [21]. For convenience, we expose here the main
steps of the method.

To check Condition (2.1), we study |Y,,(t) — Yn(s)| for s <t < s+ ¢ where ( is to be
determined. The idea is to introduce a subdivision of step h of the interval, where A is also
to be determined. Next Lemma is proved in Billingsley [6].

Lemma 2.14. Vh € [0,1] and Vs <t < s+ h,

YV, (t) — Yo (s)| < |Ya(s+ h) — Yu(s)| + hv/n.

We deduce
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Lemma 2.15. Vs, h € [0,1) and Ym € N such that s + mh <1,

sup  |Yn(t) = Ya(s)| < 3 max Y, (s +ih) — Y, (s)| + hy/n.

s<t<s+mh
The proof is left to the reader.
€
Now, assume that h < —. Then Lemma 2.15 gives

N

m ( sup  |Y,(t) — Y(s)| > 45) < u (3 %;bqyn(s +ih) — Y, (s)| + hv/n > 45)

s<t<s+mh

IN

u (n%% V(s + ih) — Yy (s)| > g> . (2.12)

Lemma 2.10 gives: Vs, t € [0,1],
4 2 1 e
E((Ya(t) = Ya(s)") < C (|t — s|T5 + —|t — s ).
n
Applying this with s +ih and s+ (i + k)h, we get

2 1 1
E((Ya(s+ (i + k)h) = Yo(s +ih)*") < C ((kh)ms 4 ;<k‘h)l+5> ,
< L eTH e
(for n large enough). Thus, we get hTH > > (e <1)and
n n

We can choose h >
i+

E((Ya(s+ (i 4+ k)h) — Y (s + ih))4) <C <(kh)1i6 + (kh)lié) < 2C(kh)%.

According to Billingsley [6], Theorem 12.2,

L <m<ax Y, (s +ih) — Yu(s)| > E) < C(WZ;)I 6 (2.13)
From (2.12) and (2.13), we derive
u ( Swp [Valt) = Yals)| 2 45) < Glmh) (2.14)
s<t<s+mh £

In conclusion, let €, n be fixed, ¢ defined by Lemma 2.10, and ¢ belonging to [0, 1] such

5\ 5
that ¢ < (%) . Pick ng large enough to verify

CnéM _ C\/no > 1.
€

3
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Then for all n > ng, there exist m € N and h € (0,1) such that

L <h<=  and (=mh

nité — \/ﬁ

Finally, (2.14) implies

i (s m - vl = 1e) < St <

s<t<s+(

The tightness condition (2.1) is verified and the result is proved. U

2.2.4 A counterexample

We have shown in Theorem 2.3 that Condition (x) holds as soon as the function f and its
distribution function F' are Holder continuous. In this section, we prove that the fact that
f is Holder continuous function is not enough to get Condition (%), even if F' is continuous.

We define :

Vk > 1,
2 1
Sk:l_z_k and Sk:l_z_k

and the intervals I, = [sg, Sk], k > 1. Further, for each k > 2, we write
[ 2 ok kil

2_
Sl(k):Sk—i_W: 2k2 , O§l§2k k.

K2—k
So, we have, s, = s?k) and Sy = Sy -

Let f:]0,1] — [0, 1] be defined as follows:

[ 1
Vi € O’ZJ’ f(ilf):l?,
11 1
Vx € -Z,§:| s f(l‘) = 5—1’,
0 if [ is even
2_
Yk > 2, VO <1 <2k fsiny) = .
— if [ is odd
ok
and f affine function on each interval [s{,, sl(jg)l].

\

Finally, we obtain a continuous function with f(1) = 0. Further, f is continuous on the
one dimensional torus.
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Hence, f is clearly Lipschitz continuous with a Lipschitz constant equal to 1. Remark
that its distribution function is continuous (the preimages by f of each point are at most
countable).

We will show that f does not satisfy Condition ().

1
Let ¢ = TR k > 2. Then, by definition of f, for all £ > 2,

Thus,

p (0 =0)) > 5 = 2]

BN

2
Now, for all C' > 0 and ¢ > 0, there exists an integer kg > 2 such that 2% > C and o < &.
0
So, there exist € = ¢, and ¢ = 0 such that

p(0A4f <t}) > Ces.

To get a counterexample in dimension d > 1, it is enough to take the function
g: 0,1 — [0,1]
1
($17"'axd) — C_i(f(xl)++f<xd))

2.3 Regularity of the distribution functions of Morse

functions

In Theorem 2.3 the empirical invariance principle is stated under the assumption that the
distribution function of f is Holder continuous. For this reason it is of interest to determine
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a class as large as possible of functions that present some characteristics allowing the study
of the regularity properties of their distribution functions.

The class of Morse functions seems to be a good candidate. Let us recall that a C"
function f, with » > 2, is a Morse function if

(i) its critical points, or singularities, that is the points where the differential vanishes,
are isolated;

(ii) at each critical point the Hessian, which is well defined (see Hirsch [57] or Milnor
[72]), is a non degenerate quadratic form.

According to the well known Morse Lemma, it is possible to find local coordinates in a
neighbourhood of a critical point such that f can be written

2 2 2 2 2 2
f(xl,...,xd)—x1+x2+-~—|—mp—56p+1—$p+2—'--—xd

with d = dim M since the critical point is not degenerate.

On the one hand these characteristics are sufficient to study the behaviour of the
distribution function of f. On the other hand the set of Morse functions is open and dense
in the set of C" functions, with » > 2 or r = 400, for the C" convergence topology.

In the statement of next Theorem we consider a compact Riemannian manifold M
instead of a torus because this generalization does not change anything in the proof.

The measure on the compact Riemannian manifold is of course the natural Lebesgue
one defined by its metric (it exists even if M is not orientable, see Berger-Gostiaux [3]).
We will assume that the volume of M is equal to 1 but this does not matter. Notice that
the torus, viewed as R? / 7%, is a compact Riemannian manifold, the measure of which is
the Lebesgue measure on [0, 1]%.

2.3.1 Main result

Theorem 2.16. Let M be a compact, d-dimensional Riemannian manifold. The natural
measure is denoted by u and we assume p(M) = 1.
Let f be a Morse function on M and F its distribution function: F(a) = p{f < a}.

1
1. dim M = 1. The distribution function F is §—Hé'lde7" continuous and is C' outside

the singular values of f.

1
2. dim M = 2. If f has some hyperbolic singularities, then F' is é—HO'lder continuous.

Otherwise, F is piecewise C' hence Lipschitz. In any case it is C' outside the singular
values of f.
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3. dim M > 3. The distribution function F is C'.

This theorem will be proved in next Section. The following corollary is straightforward.

1
Corollary 2.17. The set of C" functions whose distribution functions are C' (resp. 5"

Hélder continuous) contains an open and dense subset of C"(M;R) for dim M > 3 (resp.
dimM =1,2).

The dimension 2 is particular. On the sphere S? it is easy to find functions without
hyperbolic singularities, hence functions whose all critical points are extrema: consider for
example the "height” function. According to Theorem 2.16 their distribution functions are
piecewise C' and therefore Lipschitz. Moreover the set of these functions is open (but not
dense!) in C"(M) because the non degenerate singularities are stable.

On the opposite any Morse function on the 2-dimensional torus has at least two hy-
perbolic singularities. This intuitive fact can be proved by considering the index of the
gradient of f, see for instance Hirsch [57]. Therefore the distribution function of a Morse
function on the torus T? is never Lipschitz and we can state:

The set of C" functions on the 2-dimensional torus T? whose distribution functions are
Lipschitz is contained in a closed subset with empty interior of C"(T* R) for r > 2.

2.3.2 Proof of Theorem 2.16

Let us begin with some notations. A point of M is usually denoted by x. With a clear
abuse of notation the local coordinates for the same point will be x = (21, 29, ...,x4) or
even (z,y) = (z1,...,%p, Y1, - - -, Yy) When we will identify R? with the product R? x RY.

Around the hyperbolic singularities we will consider the domain D, ,(r) of R? x R?
defined as the intersection of

2 2 2 2
{lyll <r, ll=ll” < lyl” + 2o {llall < v Dyl < ll=l” + 7%}

and
{ll ]l [yl <}

There are two reasons to define these rather complicated sets. The first one is that D, ,(r)
has to be symmetric with respect to x and y. Secondly we need the boundary of D, ,(r)
to be parallel to the gradient of f near the set {||z| = ||y||}. In these local coordinates f
is given by

fay)=at+ad+ +2—yi—yi——y2+a=|z)* - |y|’ +a
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and one can verify that grad f is parallel to the hypersurface {||z|| ||y|| = r*}.

To finish the following change of coordinates is used several times:

RY x S — R?

(s,z) — sz

where S%! stands for the (d — 1)-dimensional sphere. Let us denote by ¢ this diffeomor-
phism, by dz the canonical volume of R%, and by o the induced volume on S, Then we
have

o*dr = s lds Ao

or, in other words, we replace dz by s 'ds A o in the integrals (see Berger-Gostiaux [3]).
In the proof of Lemma 2.19 we will do two changes of variable of this kind and will write
04—1 instead of ¢ to avoid confusion.

In order to prove Theorem 2.16 we will first consider the regular values of f and then
the singular ones. If a is a singular value we can assume without loss of generality that the
set {f = a} contains an unique singularity o, according to the fact that the singularities
are isolated. We will distinguish the case where x( is an extremum, and the one where z,
is a hyperbolic singularity.

First case: a is a reqular value of f.
We proceed as in [72]. Let r > 0 such that the set {a — 2r < f < a + 2r} does not
contain any singularity. Let X be a C' vector field on M that verifies

Vee{a—r<f<a+r} XW:%

and vanishes outside the set {a — 2r < f < a + 2r}. The vector field X is complete, and
we denote its flow by ®;. For all z € {a —r < f < a+r} we have

d grad f
—f(P4(x)) =< grad f, ——— > |¢,(2) = 1,
dt lgrad fIF ~ ™

and therefore f(®y(x)) = f(z) +t, as long as ®,(z) € {a —r < f < a+r}. Consequently
we have

{f<a+t}=0{f <a}
for |t] < r. Then
Flat ) =u({f S+t =p(@{f <)) = [ |1afd
{r<a)

where J®,(z) stands for the Jacobian of ®,; evaluated between orthonormal basis at the
points = and O;(z).
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Now f is C?%, the vector field X and its flow ®; are C'. Thus J®, is continuously
derivable with respect to ¢t and does not vanish. As a conclusion the distribution function
FisC'onla—r,a+r]and

, 0
Flla+t)= — | J®y| dpu.
{r<ay 01

Second case: f(xo) = a is a local extremum.
We can assume without loss of generality that xg is a minimum.

Let (U, ¢) be a local card centered at xy such that (U) = B(0,2r), where B(0,2r) is
the the ball of radius 2r > 0 in R, and f can be written
f@)=ai+ai+ - +ag+a=|o|’ +a

We can assume that z is the unique singularity of the set {a — 2r < f < a4+ 2r}. Let us
consider the manifold with boundary N = M \ U. If theset {a —2r < f <a+2r} NN is
not empty we can build a vector field X on N as in the previous case which verifies

rad f(x
veefa—r<fatr}( N X(@) = ||ggra_d}f((x))||2

and is zero outside of {a — 2r < f < a+ 2r}. The previous proof shows that
Fi(a+t) = p({f <a+t}NN)
is C* for t €] — r,7[. Now let us consider the function
Fy(a+t) = p({f <a+13NU) = ule™ (B0, V1))
We have

Fg(a—l—t):/ | Jo ™ ()| da
B(0,Vt)

where Jo~!(x) stands for the Jacobian of ¢! evaluated between orthonormal basis at the
points 2 and ¢~ (z). According to Lemma 2.18, with § = ‘Jcp’l}, this function is C' (resp.

1
piecewise C') (resp. E—Hélder continuous) for —r < ¢t < rif d > 3 (resp. d = 2) (resp.
d=1)and sois F'= F| + F.

Third case: f(xo) = a is a hyperbolic singularity.
Let (U, ) be a local card centered at zy such that p(U) = D, ,(2r), and such that in
these coordinates f is given by

fay)=at+ad+ +2—yi—yi——y2+a=|z)* - |y’ +a
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We can assume that z( is the unique singularity of the set {a — 2r < f < a+ 2r}. Let us
consider the manifold with corners N = M \ U.

The vector field grad f is tangent to the boundary of N at any point (z,y) of this
boundary such that ||z||||y|| = 47>. Therefore we can build a vector field X on N that

verifies q
(z) = &2 f(z)

lgrad f ()|
that is zero outside of {a — 2r < f < a + 2r}, and that is tangent to the boundary of N.
The function

Vxe{a—r§f§a+r}ﬂN

Fila+t)=p{f <a+t}NN)

is as previously C' for t €] — r,r[. Now the function
Fya+t)=p{f <a+t}nNU)

is equal to
Fy(a+1t) = / |Jo ™ (z, y)| dudy.
Dp,q(r)

1
According to Lemma 2.19 this function is C' (resp. §—H61der continuous) for —r <t <r
if d >3 (resp. d =2) and so is F = F| + F. O

Lemma 2.18. Let 6 be a C' positive map on B(0,r) C R, the ball of radius r > 0, and

V(t) = /B(O . 0(z)dz.

Ifd > 2 then V is a C* function on [0,r%] with

V'(0) =0 ifd>3
V'(0) = 76(0) ifd=2"

If d =1 then V is not derivable at 0 but the function
t— V(t%)
is C* on [0,7].

Proof.
Let us do the change of variable
R x S — R?

(s,2) — sz~
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We have

Vit Vit
V(t) = / 0(s2)s* tds No = / sd_lds/ 0(sz)o = / s w(s)ds
[0,/t] x Sd-1 0 gd—1 0

where w(s) is the C* function defined by

w(s) = /S b0

Whenever d > 2 we set u = s and we obtain

d—2

As d > 2, the function u — u 2 w(y/u) is continuous and V is C'. Moreover V'(0) = 0 if
1
d>3and V'(0) = 3 (0) = 76(0) if d = 2.

In the case d = 1, the function

is not derivable at 0 because 6 is positive. But clearly

t— V(t?) = t 0(z)dx

—t

is C'. g
Lemma 2.19. Let 6 be a C' positive map on D, ,(r) C R x RY, and

V(t) = / O(z,y)dzdy.
{llz1>~lly|*<t}NDp.q(r)

Ifd=p+q>3thenV isC' on]—1r* 1%
Ifd=p+q=2 then V is not derivable at 0 but the function

t— V(%)
is C* on | — 17|

Proof.

Because of the symmetry of the domain D, ,(r) it is enough to compute V' (¢) for ¢t > 0
and to verify that its derivative at 0 is symmetric with respect to p and ¢, in order to
ensure that V is C', not only piecewise C.
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For this purpose we first compute the integral of # on the domain

2 2 2
Uyl <, llyll™ < ll=l” < lylI” + ¢}

and we denote this integral by V;(t). We use the two changes of variable
R} x S9! — RY

RY x SP71 — RP
and )
(1.) — 7¢

(s,2) — sz

y)dz

v = | oz,
{gl<r} JUgl<iel<y/IiP+6)
V|l +t
_/ / Sp—ldS/ 9<S’Z7y)0-p—1(z>
{llylI<ry Jlyll gp—1

= [ [ a0 f T s e

r T2+t
= / Tq_ldT/ Pl w(s, T)ds
0 T

wr)= [ 027002 Ay (O

where

is a C' map. We have now to distinguish three cases.

First case: p > 2
We can set u = s and obtain

Clearly V; is C* on [0,7%] and

1 (" p—
Vi(t) = 5/ (1% 4 t)72w(\/7'2 +t,7)dT.
0
In particular at t =0
1 T
Vi (0) = 5/ Td*Sw(T, T)drT.
0

Second case: p=1,q> 2
We set .
g(u,7) = / w(s,7)ds and h(t,7)=71""g(V72 +t,7).

83



84 Chapitre 2. Empirical Invariance Principle for Ergodic Torus Automorphisms

ForO<T§r,and()gtgr?,wehave

) 0 1
- — 91 7 /2 -
g7 =7 8u§( LT
1
< q—2 /2
and P P 1 .0
1' B — = — = — q_2— .
lim = h(t,7) = 5-h(0,7) = 57175 -g(7,7)

Therefore V; is C! and
T 1 1 T
Vi (0) = / 57‘1_2%9(7, T)dT = 5/ 730(T, T)dT.
0 0

Third case: p=q =1
We have

Y ==
Vi(t) :/ dT/ w(s, T)ds.
0 T

In the particular case where w = 1, it is clear that V; is not derivable at ¢ = 0 because
the slope at 0 is infinite (the computation is left to the reader). In the general case there
exists m > 0 such that w > m, and V) is no more derivable at ¢t = 0.

However let us consider

Y e
‘/1(232):/ dT/ (s, 7)ds.
0 T

We have
o [Vt "
E/ w(s, T)ds = T — wVT24+t2 1) <w(VT2+12,7)
T VT
and
o [V
—/ w(s,7)ds — 0.
8t r t—0

Therefore ¢ — V;(*) is C' and its derivative vanishes at ¢ = 0.

It remains to compute the integral of 6 on the compact

2 2 2
{lyll < yll” < Dl < yl” + e (Yl vl < 723

Let us denote this integral by W (t). We have

Vvl +t
/ O(x,y)dx

W(t) = / "
{m((t)<|ly||<r} 72

lyll
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2
where m(t) is the minimum value of ||y|| for which ||r_|| </ |lyl* +t. Notice that
Y

V2 +4rt —t

m(t) = 5

is C! and has a positive lower bound as long as t < r2. Therefore

R
Y(t,y) = / 0(z,y)dx

2

Tl
is C', and, using a now classical change of variable,
W)= [ star [ w000
m(t) Sa—1

is also C*. Let us show that W’(0) = 0. First at all we have ¢(0,7¢) = 0 because for t = 0,
m(t) = r and the bounds of the integral are r and r. Hence

wio = [ ool ([ vergea©)

m(0) t=0

0 (77 [ 00.5000) =

Sa—1 7=m(0)

Comments

Almost all this chapter correspond to the paper by Durieu and Jouan [38]. This work took
advantage of discussions with Stéphane Le Borgne.
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Chapitre 3

New Techniques for Empirical
Processes of Dependent Data

Abstract

In this chapter, we present a new technique for proving empirical process invariance
principle for stationary processes (X,)n>0. The main novelty of our approach lies in the
fact that we only require the central limit theorem and a moment bound for a restricted
class of functions (f(X,))n>0, not containing the indicator functions. Our approach can be
applied to Markov chains and dynamical systems, using spectral properties of the transfer
operator. Our proof consists of a novel application of chaining techniques.

Keywords: Stationary processes; Moment inequalities; Strongly ergodic Markov chains;
Dynamical system; Empirical distribution; Invariance principle.

AMS Classification: 60G10; 60J10; 60F17; 28D05; 62G20.
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3.1 Introduction

Let (X,)n>0 be a stationary process of R-valued random variables with marginal distribu-
tion function F'(t) = P(Xy < t). Define the empirical distribution function (F,(¢));cr and
the empirical process (U, (t))icr by

1 n
E,(t) = - D Disey(Xi), tER,
=1

Un(t) = Vn(F,(t)— F(t)), t € R.

The empirical process plays a prominent role in non-parametric statistical inference about
the distribution function F. In many statistical applications, information about the dis-
tribution of the empirical process is needed.

In the case of i.i.d. observations, Donsker [29] proved in 1952 that the empirical pro-
cess converges in distribution to a Brownian bridge process, thus confirming an earlier
conjecture of Doob [30]. In 1968, Billingsley [6] extended Donsker’s theorem to some
weakly dependent processes, specifically to functionals of ¢-mixing processes. One of the
applications of Billingsley’s theorem is to the empirical process of data generated by the
continued fraction dynamical system 7" : [0,1] — [0, 1], where T'(z) is the fractional part

of l Since 1968, many authors have studied the empirical process of weakly dependent
datxa. Invariance principles for empirical distribution of strong mixing random variables
were proved in 1977 by Berkes and Philipp [4] and in 1980 for the multivariate case by
Philipp and Pinzur [78]. Later, absolutely regular processes were studied by Doukhan et al.
[31] and Borovkova et al. [8]. Many other weak dependence conditions have been studied,
see Doukhan and Louichi [32], Prieur [80], Dedecker and Prieur [18], Wu and Shao [91],
Wu [90]. From the point of view of dynamical systems, an empirical process invariance
principle for expanding maps of the interval was proved by Collet et al [13]. Another one
for ergodic torus automorphisms was proved by Durieu and Jouan [38] (see Chapter 2).

Proofs of empirical process invariance principles usually consist of two parts, establish-
ing finite-dimensional convergence and tightness of the empirical process.

Finite-dimensional convergence, i.e. convergence in distribution of the sequence of
vectors (Up(t1), ..., Un(tk))n>1, is an immediate consequence of the multivariate CLT for
partial sums of the process

(]l(*ooﬂfl](Xn)a SRR ]l(foo,tk}(Xn))nZL

Tightness is far more difficult to establish. One ingredient is usually a probability bound
on the increments of the empirical process

Un(t) — Unls) = - 3" {1g(X)) — (F(H) — F(s))).
7 4
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for a fixed pair s < t. Such bounds can in the simplest approach be obtained from bounds
on the 4-th moments of U,,(t) — U,(s). Other results require higher order moment bounds
or even exponential bounds.

The traditional approach to empirical process invariance principles, as outlined above,
works well in situations when the sequence of indicator variables (1(s4(X;))n>0 inherits
good properties from the original process (X, ),>0. This holds, for example, when (X,,),>0
is strong (uniform, beta) mixing, because then (15 ,(X,))n>0 has the same property (for
an overview of this theory, see Dehling and Philipp [21] and references therein). There are,
however, situations where this is not the case or at least not easy to establish. For some
types of Markov processes and dynamical systems, see e.g. Hennion and Hervé [54], one
has good control over the properties of (f(X,,))n>0 when f is a Lipschitz function, but not
for indicator functions. For example, Gouézel [47] gave an uniformly expanding map of the
interval which has a spectral gap on the space of Lipschitz functions but not on the space
of bounded variation functions (see Section 3.6). In this chapter, we develop an approach
that is strictly based on properties of Lipschitz functions f(X;) of the original data (we
could also work with another class of function approximating well the indicators). We
make two basic assumptions, namely that the partial sums of Lipschitz functions satisfy
the CLT and that a suitable 4-th moment bound is satisfied.

For our proof we develop a variant of the classical chaining technique that uses only
Lipschitz functions at all stages of the chaining argument. We replace the usual finite-
dimensional convergence plus tightness approach by a method of approximation by a se-
quence of finite-dimensional processes, which are different from the coordinate projections
(Un(t1),...,Un(ty)). We show convergence in distribution of the finite-dimensional pro-
cesses and prove that the finite-dimensional process approximates the empirical process.
In the final step, we use an improved version of a Theorem of Billingsley [6], see our
Theorem 3.3 below, to establish convergence in distribution of the empirical process.

3.2 Main results

In the present section, we make two assumptions concerning the process (X;);>0,

1. For any Lipschitz function f, the CLT holds, i.e.
1 < D )
NG ;{fm) — Ef(X:)} = N(0,0%), (3.1)
where N(0,0?) denotes a normal law with mean zero and variance

0” = B(f(Xo) = Ef(X0))* +2)_ Cov(f(Xo), f(X:)).

=1
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2. A bound on the 4-th central moments of partial sums of (f(X;))i>0, f bounded
Lipschitz with E(f(Xy)) = 0, of the type

E {Z f(Xz)} < Cmi (nll f(Xo)ll1 log™ (1 + [Lf1) +n? | f(Xo)lIFlog” (1 + (I £1)) .

(3.2)
where C is some universal constant, o and (8 are some nonnegative integers,
| f(z) — fy) |
| f [l=sup | f(z) | +sup

and
my = mas{1,sup | £(z) [}

In Section 3.5, some conditions under which such an upper bound holds are given.

We shall assume some regularity for the distribution function of X,. We define the
modulus of continuity of a function f : R — R by

wr(0) =sup{|f(s) — f(t)] : s,t eR,|s —t| < I}.
We can now state our main result.

Theorem 3.1. Let (X;)i>o be a R-valued stationary random process such that the condi-
tions (3.1) and (3.2) hold. Assume that Xy has a distribution function F satisfying the
following condition,

wr(0) < D|log(8)|™7 for some D >0 and v > max{%,ﬁ}, (3.3)

then
D

(Un(t))ier — (W (1)) ter,

where W (t) is a mean-zero Gaussian process with covariances
EW(s) - W(t) = Cov(]l( o (X0), 1oy (X0))

+ Z Cov(I(—oo,s)(Xo0), N0, (Xk))

+ZCov (—o0,5) (Xk)s T—o0,4(X0))-

Further, almost surely, (W (t))er has continuous sample paths.

Remark 3.2. In particular, if the random variable Xy has a Holder-continuous distribution
function then (3.3) holds.
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In order to prove Theorem 3.1, we apply the following theorem, which is a stronger
version of Theorem 4.2 of Billingsley [6] in the complete case. We do not need to assume
a priori that X™ has a limit in distribution.

Theorem 3.3. Let (S, p) be a complete separable metric space and let X,,, X™ and X™,
n,m > 1 be S-valued random variables satisfying

Xm L. XM asn — 00, ¥m (3.4)

lim limsup P(p(X,, X™) > ¢) = 0,Ve > 0.

m—o0  n—oo

Then there exists an S-valued random variable X such that
D
X, — X asn — oo.
Moreover X ™ 2, X as m — oo.

Both theorems are proved in Section 3.3 and Section 3.4.

3.3 Proof of Theorem 3.1

3.3.1 The bounded case

We first prove the result for bounded variables. Let (X;);>0 be a [0, 1]-valued stationary
random process such that (3.1), (3.2) and (3.3) hold.

In our approach we work with Lipschitz continuous approximations to the indicator
functions 1(_ (). Given a partition

O=ty<...<th, =1

we define
t; = F(t))
where F~! is given by
F7l(t) = sup{s € [0,1] : F(s) < t}.

Thus, by continuity of F', we have a partition
0<tyg<- - <tpy=1.
We introduce the functions ¢, : [0,1] — R by

.
goj(x):gp(u), forj=2,...,m

tj,1 — tj,Q
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where

o) = Noo—1)(z) — 2T (_1 () (3.6)
and ¢ = 0.
The function ¢; will serve as a Lipschitz-continuous approximation to the indicator function
I(—co,t,_y(w). Note that ¢;(z) depends on the partition, not only on the point ¢;_;. We now
define the process

. 1 n m
FTE )(t> = E Z Z I[[t]'_l,tj)(t)gpj (Xl)

i=1 j=1

- Z (% Z@j(Xi)> Tty 1) (1)

j=1 i=1

Note that F™(t) is a piecewise constant approximation to the empirical distribution func-
tion F,(t). For t € [t;_1,t;], we have the inequality

Folty—s) < FY™(t) < Fultyoa),
We define further

m

FU(t) = B (FM () = Y E (9;(X0)) Ly (1),

j=1
and finally the centered and normalized process
U™ () = Vi (E™(t) — FU™(1)) . (3.7)

Our proof of Theorem 3.1 now consists of two parts, each of which will be formulated
separately as a proposition below. The theorem will follow by application of Theorem 3.3,
where (S, p) is the space of cadlag functions D|0, 1] provided with the Skorohod metric.

Proposition 3.4. For any partition 0 = t; < ... < t,, = 1, there exists a piecewise

constant Gaussian process (W(m) (t))0<t<1 such that

m D m
(Uf(z )<t>)0§t§1 - (W( )(t))ogtgl :
The sample paths of the processes (W(m) (t))0<t<1 are constant on each of the intervals

[t 1,t;), 1 <4 <m, and W™ (0) = 0. The vector (W™ (t)),..., W™(t,)) has a multi-
variate normal distribution with mean zero and covariances

Cov(Wm (t,_1), W™ (t;1)) = Cov(pi(Xo),¢;(Xo))

+ZCOV(%(XO)>‘PJ'(XI<:>>

k=1

-i—ZCOV(SOi(Xk)a ©;(Xo))
k=1
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Proof.
Using (3.1) and the Cramér-Wold device, we can show that for any Lipschitz functions
fi, -+, fr, the multivariate CLT holds, i.e.

where N (0,3,
matrix

.....

Efl ,,,,, fe = (Ufi7fj )1§i,j5k

where for any Lipschitz functions f, g we define

019 = Cov(f(Xo), 9(Xo)) + > Cov(f(Xo). g(Xs))

+ ZCOV<f(Xk>vg(XO))'

k=1

This result proves the proposition. 0

Proposition 3.5. For any £,m > 0 there exists a partition 0 = t5 < ... <t =1 such

that
lim sup P ( sup |Uy(t) — U,(lm)(t)| > 5) <.

n— oo 0<t<1

Proof.
By a variant of the well known chaining technique we will control

P < sup |Un(t) — U™ (t)| > 5) :

0<t<1

and then show that this probability can be made arbitrarily small by choosing a partition

0=ty <...<t, =1that is fine enough. From here on we assume that the partition
1
0=ty <...<t =1isregularly distributed. Let h = = th =t forj=1,...,m.
On the interval [t)_,,t.] we introduce a sequence of refining partitions

Jj—1 %5

/ (k) 1(k) k)
iy =50 <81 <...<S8y =1

~

h
SO =t gy, 0<I<2n
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Let us define

sl(k) = F’l(sg(k)) , 0<I <2
We now have partitions of [t;_i,;],
- 1—8(()k)<8§) <sg,i)—tJ

For convenience, we also consider the points

and the points

For any t € [tj_1,t;) and k > 0 we define the index
[(k,t) = max {l : sl(k) < t} :
In this way we obtain a chain
<t < si

linking the left endpoint ¢,y to t. Note that for ¢ € [t;_1,t;) we have by definition
U™ (t) = U™(t;_1). We define the functions wl(k), E>0,0<1<2 by

(k) x
wl (l’) - 80 < k k ) )
=P

where ¢ is defined as in (3.6). Note that wl((o&t)( Sz(?o) 1) = @;(z). To be consistent, in

the case j = 1, we have to fix @D(()k) = 0, for all £ > 0. We build a chain bridging the gap

between
1 n
—_= E Z; :ﬂ(—oo,t} (X )

(0) (1) (k)
ti—1= S0 < Sity S = Siy

and
e
o i=1 7

by the functions

pi(z) = sz((ogt (x — 31((3 ))
< Wy (@ = sl y)
< Ui (@ = Siik)
< Joog(e)
< wl(Kt+2( Sl((KK)t)+2)
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where K is some integer to be chosen later. In this way we get

K n
- 1 (k) (k—1) (k—1)
B0 = 0 = 303 (vl (X sil) = vli (% = 46000
—n
1 n
(K)
+H Z (11 oot] wl(m (X Sl(K,t))> : (3:8)
=1

Observe that by definition of sl(fk) 9 and of )

o
IA

K K
Do (X3) — {13 (Xi = 5110

(K) (K) (K)
1/’1 Kt +2(X SI(K, t)+2) z(K,t)(Xi - Sl(K,t))'

IN

From (3.8) we get by centering and normalization

Wwazziiwmwl>me — Siiee)
NGX

k=1
(k—1) (k—1) (k—1) (k—1)
- ( l(kfl,t)(X Si(k—1,t) ) — Eqﬂl(kfl,t)(Xi - Sl(kq,t)))}
1 n
T Z { (Mo (Xi) = F(1))
(K) (K) (K) (K)
- ( Z(K,t)(Xi - Sl(K,t)> - Ewl(K,t) (Xi — SI(K, t)))}
For the last term on the r.h.s. we have the following upper and lower bounds,

(K) (K) (K) (K)
\/— Z { —00 t] - F(t)) - <wl(K,t) (Xl - SZ(K,t)) - Ewl(K,t) (Xl - Sl(K,t))>}

(K) (K)
Z {(%(K t)+2 ~ Sk H+2 2) — sz Kt +2(X SI(K, t)+2)>

(K) (K) (K)
( Sl(Kt)) Ewl(K,t) (Xi - Sl(Kyt)))}

\/_ (Ewl Kt) +2(X B Sz(gc),t)ﬁ) - F(t)>

+

and

3

(K) (K) (K) (K)
{(ﬂ(*w,t](Xi) - F(t)) - (wl(K,t)(X Sl(Kt)) ES@z(Kt)(X Sz(m))>}

n(F) = Bul) (X - s(,).

v |-
3&
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Now choose K =4 + {log (@) log_l(Q)J and note that
€

and thus
(K) (K) (K)
‘Ewl Kt)+2(X SI(K, t)+2) E¢1(K,t)(Xi - Sl(K,t))
(K)
< \/_ ’F Sl(K t)+2 F(SZ(K - 1)
< —
2

Thus we get for all ¢t € [t;_1,t;],

|Ua(t) = U™(1)]
1

(k) (k) (k) (k)
D { (00 (X = i) = BoiRy (X = s{i)
(k—1) (k—1) (k—1) (k—1)
- <wl(k71,t) (Xi — Si(k—1,t) ) — E%(k 1,t) ¢ — Si(k— 1t))>}’

(K) (K) (K) (K)
Z {( l(K,t)+2(Xi - 51(K,t)+2) - Ewl(K,t)+2(Xi - Sl(K,t)+2))

(K) (K) (K) (K)
- <¢l(K,t)( — Sk, t)) Ewl(K,t) (X — Sl(K,t))> H
g
+-.

2
Note that by definition of I(k,t) and of sl(k), we have sg(kk 11 o € { l(k B sl y-1} and thus

1= |0

Therefore

sup  |Un(t) — U™ (1))

tj—1<t<t;

> (WP = ) = B (X, = )

k=1 =
—(wlt V= sl ) - Bl o = sl )
\_2J \_2 |_2J
1 " K «
o a5 (W00 =) — B 0x i)

~@X - 51 = B - )
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K
€ )
and note that Z g < 1 Then we obtain
k=1

3
Now tak =—
ow take g, (k£ 1)

P < sup U, (t) — Uflm)(t)‘ > 8)

K 2k—1
< 330 (g5 [ { (- o) - - )
k=1 [=0
_<¢ng )(X - (LI:JU) By V(X - (L]ZJD)>H > e
2K _1 n
3 P (S { (w90 o) B o)
1=0 =1

= (@006 = ) - B = )} 2 ).

At this point we use Markov’s inequality together with the 4-th moment bound (3.2).

)
))

1 E k k—1 k—1
o [0 % = ) = 0 V% - )|

o (14 -y

+C Z {_ me (Xo —siiy) =¥ (Xo — SZ(K))H

1
log® (1 + H%(fz) - wl(K)H)
o — )
z+2 0 1+2 1

log” (1 + H%(fz) - wf’“H)} :
Note that

IN

[0 =) =i =D < |EGE - PG

L5]-1
k k

< |Pe) - Psity)

3h

o

1



98 Chapitre 3. New 'Techniques for Empirical Processes of Dependent Data

and

K K K K
90 = 1) — (% — )

K K
< |PGED - PG

3h
Q_K.

1

If (3.3) is satisfied,
B!
le]| < 1+ [inf{s >0: VL F(t+s) = F(t) > —H

< 1+ {inf {s > 0: D|log(s)| ™ > —H B

, D2F\ 3
= l+4+exp <T) .
Thus we have

p (tj_sfiif Un(t) — Unltj)| = 6)
< 44022’“ k+1 13hlog <2+exp ((%)i))
+44022k ktl (?;];3 log” (Q—i-exp((DT%)i))
44021(113—21%;0‘ (2 + exp ((D—Zk>)>
+4*C2" 4(;’2}2 log <2+exp< >>

/K k K Kk
< 1C (DQ) gz (DQ)
- n54 4

-1

alC, % K 277 8
< w5§h< ) kz +Dw h Zk
< QC_ \/_H 7[(9_‘_C_h2*%

n et € gl

o0
. L(B_1
where C’ and C” are some constants and we used convergence of the series E 32k,

k=1
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Finally, using mh =1,

P ( sup |Un(t) — U™ (t)| > 5)

0<t<1
< Z P < sup n(t) — Uflm)(t)’ > 6)
e t_1<t<t;

C/I C// 8

1 9 28

< mhn> 54+%K +m6—4h v

N o4 h 9 "
< nE /s (4—|—10g\/ﬁ ) +—4h1’€
e 9 £

Now, the first of the two final summands converges to zero as n — oco. The second can be
made arbitrarily small by choosing a partition that is fine enough (i.e. h small). O

We used a different technique than the usual finite dimensional convergence plus tight-
ness. Of course, since the weak convergence implies the finite dimensional convergence
and the tightness, these two properties are satified. Nevertheless, we can also deduce a
thightness criterion implying that, almost surely, the limit process has continuous sample
paths (see Billingsley [6], Theorem 15.5).

Proposition 3.6. For all e, 7 > 0, there exist 6 > 0 and N > 0 such that for alln > N,

[t—s|<d

P ( sup |Un(t) — Un(s)| > 8) <.

In particular, P(W € C(R)) = 1.

Proof.
Let € > 0 and n > 0.

Let m be an integer such that

(3.9)

=~

By Proposition 3.5, there exists N > 0 such that for all n > N,

)hld

0<t<1

P(sup U (1) Uém)(t)| > ;) <
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Let 6 > 0 such that 6 < min{t; —#;_, : j=1...m}. Then, for alln > N,

P ( sup |U,(t) — Un(s)] > 8)

[t—s|<d

Wl ™
w| M

< 2P ( sup |Uy(t) = U (t)| >

n
0<t<1

)

)+P<wpwmw—m%nz

[t—s|<é

<

VIS

+P<wpwmw—mwnz3.

[t—s|<d
We recall that

i (Xo) —@j1(Xo)h < Ptj2 < Xo<t;) <

D\~
lpill < 14exp| (—
m

Thus, by the 4-th moment bound (3.2),

. " e\ _C (D\" C D
P( sup |U"(t) — UM (s)| Zg) §—4(—) +—m1+%.

[t—s|<d

Now there exists N’ > N such that

Finally, by (3.9),

3.3.2 The unbounded case

Let (X;)i>0 be a R-valued stationary random process such that (3.1), (3.2) and (3.3) hold.
We will show that it can be reduced to the case of bounded variables.

For all x < y € R, we say that the closed interval [z,y] is a 'bad’ interval (for the
function F) if
Fly) = F(z) >y — .
We say that [z,y] is a maximal 'bad’ interval (for the function F) if for all 'bad’ intervals
la,b], we have [a,b] C [z,y] or [a,b] N [z,y] = 0.
We denote by 1™ the set of all maximal ’bad’ intervals.
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Lemma 3.7.

(1) The Lebesgue measure of

r= U

[z,ylelmas

is smaller than 1.
(it) For all [x,y] € I"™**, we have
Fly) = F(r) =y —=.

Proof.
Because the distribution function F' is non-decreasing and takes values in [0, 1], the first
assertion is clear.

If for z <y, F(y) — F(x) >y — x, then there exists € > 0 such that
F(y)— F(z) >y —xz +e.

Thus, for all z > y such that z — y < ¢, by monotonicity of F', we have

F(z) = F(x) > F(y) - F()
> y—x+e¢€
> z—x
and then [z, y] is not maximal. O

We define the function g from R to |0, 1] by
for all [x,y] € I™**, for allt € [z,y], g(t) = F(x)+t—=x

and
for all t ¢ I, g(t) := F(t).
Then g is a 1-Lipschitz function.

We define the [0, 1]-valued stationary random process (Y;);>o by

Since g is Lipschitz, (Y;);>0 satisfies (3.1) and (3.2).
We also have
Gt)=PYy<t)=Fog '(t)
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where
g '(t) =sup{s €R : F(s) <t}.

Clearly, G is the identity on g(R \ I). Further, for all [z,y] € ™ the graph of G on
g([x,y]) is the graph of F on [z,y] and the Lebesgue measure of g([z,y]) is equal to the
Lebesgue measure of [z, y]. Then

we(6) < max{wr(d),d}

and (3.3) holds.

We define the associated distribution functions and empirical processes

1 n
Fit) = ~ D Bicoey(Xi), tER,
=1
Un(t) = Vn(Fu(t) = F(t), t € R,
1 n
@@;:EZNMMLMQSL
=1

Vo(t) = Vn(Gn(t)—G(), 0<t<1.

We have
Un(t) =V,(g(t)), t € R,

By the theorem for bounded variables (Section 3.3.1),

(Va(®))ozr<r — (V(t))ozi<,

where V (t) is a mean-zero Gaussian process such that P(V € C[0,1]) = 1.
Applying Theorem 5.1 of Billingsley [6] with

h:D[0,1] — D(R)

T = zoy,
we get the weak convergence of (U, (t));er to a Gaussian process
(W(t))ier = (Vo g(t))cr

such that P(W € C(R)) = 1.

This concludes the proof of Theorem 3.1.
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3.4 Proof of Theorem 3.3

Theorem 3.3 is an improvement of Theorem 4.2 of Billingsley [6] for complete separable
metric space. Note that, in Billingsley, the not complete case is considered and the fact
that X(™ 25 X asm — oo is required as an assumption. The proof is based on the
following lemma.

()x eX,n>1lm>1

Lemma 3.8. Let (X, d) be a complete metric space and let x,,, x,!

be given with the properties

lim d(z™ z(™) = 0  Vm (3.10)
lim limsup d(z,,z™) = 0 (3.11)

m—o0 p—oo

Then x := lim 2" exists and
m—0o0

lim d(z,,z) = 0.
Proof. We will first show that 2™ is a Cauchy sequence. Given e > 0, choose M so
big that Vm > M -
lim sup d(z,, z™) < =

TL
n—oo 4

Now take mi,ms > M. For all n sufficiently large, we have then

£

d(z(m) 2m)) < g
d(z(m) M2y < g
d(zy, 2i™)) < g
d(zn, 2™)) < 1

and hence, by the triangle inequality d(z™),z™?)) < e. Thus (z™),,>; is a Cauchy

sequence and hence z := lim 2™ exists.
m—0o0

It remains to show that lim z,, = z. Given £ > 0, choose mg so that
n—oo

lim sup d(z,,, ™)) <

n
n—oo

o] o

and d(z™) z) < Z Then choose N such that for all n > N

d(z,, 2M0)) <

n

d(:p;m‘)), x(m‘))) <

=0 M
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Using the triangle inequality, we get

d(x,,x) <€
for all n > N. O

Proof of Theorem 3.3. Let p,, MW and 1™ denote the distributions of the random
variables Xn,Xflm) and X™ respectively. These are elements of M;(S), the space of
probability measures on S. We consider the Prohorov metric d on M;(S), defined by

d(p,v) =inf{e > 0: p(A) <v(A°) +e¢ VA C S measurable}.

Note that (M;(S), d) is a complete metric space. If Y, Z are two S-valued random variables
with distributions Py, Py, satisfying

P(p(Y,Z) > 5) <eg,

then d(Py, P7) < e. Moreover d metrizes the topology of weak convergence, i. e. p, — u
if and only if d(j,, ;1) — 0. We now apply Lemma 3.1 to s, 1™, u™. Note that (3.10)
is a direct consequence of (3.4). Given € > 0, by (3.5) we can find my such that for all
m Z my,

lim sup P(p(X,,, X™) > ¢) < e.

n—oo

Fix such an m; then we can find ny such that ¥n > ng

P(p(Xn, X™) > ) <

and thus d(,, p™) < e. Hence

n

lim sup d(pin, ™) < €

n—oo

for all m > my, showing that (3.11) holds. Thus by Lemma 3.1, there exists a probability
distribution g on S such that

lim d(u™, ) = 0

n—oo

lim d(pn, ) = 0.

Finally, let X be an S-valued random variable with distribution . Then X ™) 2 X as
m — oo and X,, —» X asn — oo. O
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3.5 A Fourth Moment Inequality for Functionals of
Stationary Processes

Fourth moment bound for partial sums of stationary processes is a key tool in the study
of functional limit theorems. In particular, it is the case in the investigation of empirical
process invariance principle. As recalled in introduction, since the work of Donsker [29]
and the work of Billingsley [6], the chaining technique seems to be a suitable way to get
the tightness of the process (Y;,),>0. Fourth moment inequality is a central point in this
technique. In many cases (such as the i.i.d. case), if an inequality of the type

n—1 4

E|Y (Lug(X) - (F() ~ F(s)}| <Clalt—s) 402t —5)),  (3.12)

i=0
for all s <t is established then the tightness of the process follows (as in Chapter 2).

Again, the difficulty is to deal with the sequence of indicator variables (1(s4(X;))i>0. In
2004, Collet, Martinez and Schmitt [13] proved a fourth moment inequality for expanding
maps of the interval (see also Dedecker and Prieur [18]). They use spectral properties of
the transfer operator associated on the space of bounded variation functions and the fact
that indicators belong to this space. In other cases, such as some type of Markov chains
and dynamical system (see Hennion and Hervé [54]), one can have good properties of the
Markov operator or the transfer operator on other spaces of functions which do not contain
the indicator functions (for example, on the space of Lipschitz function, see the example

by Gouézel [47]).

In the previous sections, a new technique for proving empirical process invariance prin-
ciple is developed using approximations of indicators by regular functions. The fourth
moment bound that we develop in Corollary 3.11 is well adapted to this situation. The
main point to note is that the Banach norm only appears through its logarithm. In Sub-
section 3.5.1 and Subsection 3.5.2 the fourth moment inequality is stated and proved for
strongly ergodic Markov chain. In Subsection 3.5.3, we state the same moment bound for
a class of dynamical systems.

3.5.1 Fourth moment inequality for Markov chains

Let (X,),~, be a homogeneous Markov chain with a stationary measure v. Denote by P
the associated Markov operator and E the state space. Consider a Banach space (B, ||.]]) of
v-measurable functions from £ to R, which contains the function 1 = 1g. We will assume
that the chain is B-geometrically ergodic.
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Definition 3.9. The Markov chain (Xn)nzo 18 B-geometrically ergodic or strongly ergodic
(with respect to B) if
a) there exist k > 0 and 0 < 0 < 1 such that for all f € B,
1P f —ILf|| < k0" f] (3.13)
where I1f = E, (f) 1.

b) there exists p > 1 such that (B, ||.||) is continuously included in (LP (v), ||.||,)-
i.e. 3C > 0 such that Vf € B,

ahere |1, = ( [ 177"

Further, we assume that there exists a constant M > 0 such that for all f € B and for
all n € N,

1fllp < CIIf (3.14)

LFPFI < MIFIIP" - (3.15)

In particular, this is the case if (B, ||.||) is a Banach algebra. In the sequel, with no loss of
generality, we assume M = 1.

Strong ergodicity covers a large class of examples (discussed in Section 3.6). It cor-
responds to the fact that the Markov transition operator acting on B has 1 as simple
eigenvalue and the rest of the spectre is included in a closed ball of radius strictly smaller
than 1.

For a function ¢ : E — R, we consider the partial sum
S (p) =D @(X)).
i=1
The aim is to get a fourth moment inequality for this partial sum when the function ¢

belongs to the space B. Our main results are the following.

Theorem 3.10. If (Xn)n20 is a B-geometrically ergodic Markov chain with stationary
measure v, then for all ¢ € B such that E, (p) =0 and o € L*(v) N L% (v),

E, [Su(#)"]
< K [n]l¢ (Xo)* |1 log?(l¢ll + 1)
+1 (o (X0)? lg + e (Xo)* llg + llo (Xo) lg + [l (Xo) [I2) log® ([l ]| + 1)

0 (Ilp (Xo)? [ Tog(llell + 1) + Il (Xo) )]

1 1
where — + — =1 and K 1is a constant.
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As consequence, the following corollary gives a simpler inequality in the case in which
the function ¢ is bounded.

Corollary 3.11. If (Xn)n20 18 a B-geometrically ergodic Markov chain with stationary
measure v, then for all ¢ € B such that E, (@) = 0 and ¢ is bounded,

E, [Sn (¢)'] < Km? [nlle (Xo) [lolog® (]l + 1) + n?|l¢ (Xo) |12 1og (|1l + 1)] ,

where m, = max{1, sup |¢(z)|}.

Assume that one can prove a multivariate central limit theorem for functions in B,
then by the technique of the preceding sections, if the space B contains a class of functions
approximating the indicators, an empirical process invariance principle follows.

To be complete, we state the following result, which is a corollary of Gordin’s Theorem
[44] and from which we can deduce a multivariate central limit theorem.

Proposition 3.12. If (X,,)n>0 is ergodic and B-geometrically ergodic with p > 2 in (3.14),

Sul(p — Evp)
then for all p € B, ——=
Vn

See Hennion and Hervé [54], Thm.IX.2, for sufficient conditions on B to have the

property that strong ergodicity implies ergodicity.

converges in distribution to a centred normal law.

3.5.2 Proof of Theorem 3.10

Let us consider the assumptions of Theorem 3.10 hold. In the sequel, all the expectations
are considered with respect to the measure v and F; denotes the o-algebra generated by
X;.

Let ¢ € B with E (p) = 0. As the Markov chain is a stationary process, we have the
following bound:

E[S.(p)'] <dn Y E(o(Xo) (X)) o (Xirg) @ (Xinjar))

which can be decomposed into three sums.

E[Si(9)'] < 4| Y E(e(Xo)e (X))@ (Xiry) ¢ (Xirjin) (3.16)

i=1 j,k<i
+2_ 2 Ble(X0) @ (X0) 9 (Xis) @ (X)) (3.17)
+) D E(p(Xo) o (X))  (Xiny) o (Xivja)) | (3.18)

k=1 14,j<k
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So to study the terms E (¢ (Xo) ¢ (X;) ¢ (Xit;) ¢ (Xitj+x)), we will consider three cases
according to the greatest integer between ¢, 7 and k.

Before, we can see that in all cases, by Holder inequality, we have

E (¢ (Xo0)  (X5) 0 (Xit) ¢ (Xiwsra))| < o (Xo) I < Nl (X0)* [l (3.19)
Further, let ng be a positive integer such that

_log(flell +1) _log(flell + 1)

<
log 0 < 7o log 0

+ 1.

Note that 0™ ||| < 1.

First case: 1,7 < k.

Here, we use the properties of the Markov operator P on the space B to get another
majoration. Applying successively Holder inequality, properties (3.14) and (3.13), we get

|E (¢ (Xo) ¢ (Xi) ¢ (Xing) @ (Xigjrr)) |
(
< [l (Xo)
< |l¢ (Xo) I13,CNP*e — g
< Jlp (Xo)® [l{CrO |- (3.20)

Now, for sum (3.18), using (3.19) for the ny — 1 first terms and (3.20) for the others,
we obtain

YN B0 (X0) 0 (X0) @ (Xins) 9 (Xisgin))

k=1 1j<k
no—1 n

< Rlle (Xo) I+ Y FCxlle (Xo) [|6* [l
k=1 k=ng

< (no = 1o (Xo)* 1 + Cilleo (Xo)’ [l Y k0¥

k=ng

There exists a constant C; which only depends on 6, such that

zn: k29k—no < Z (k, +ng — 2)2 6)k—2

k=no k>2
< D KO 2ng —2) Y KOV 4 (ng —2)° ) 64k
k>2 k>2 k>2

< Ci(no — 1)%,
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because the three series converge.

Thus, writing Cy = — we get ng — 1 < Cylog(|le|| + 1) and

1
log 6’

Z Z E (¢ (Xo) 0 (Xi) 0 (Xitj) 0 (Xivjir))

k=114,j<k

< G3lle (X0)* [l 1og? (el + 1) + Cllg (Xo)” [l log® (lloll + 1), (3.21)
where Cs = CkC1C5.

Second case: i,k < j.
We can decompose the expectation as follows,
1B (0 (Xo) ¢ (Xi) 0 (Xigy) @ (Xinjn)) |
< B (¢ (Xo) ¢ (Xi) (B (¢ (Xig) £ (@ (Xijun) [Fins) [Fi) — E (0 (Xo) 0 (Xk)))) |
+E (0 (Xo) ¢ (Xi)) E (0 (Xo) ¢ (X)) |- (3.22)
In the right hand side, let us call (1) the first term and (/1) the second one.
Since E (pP"¢ (Xo)) = E (¢ (Xo) E (¢ (Xi) [F0)) = E (¢ (Xo) ¢ (X)), we have

(1) < e (Xo) e (X)) 4IP7 (9P*¢) (Xo) — T (¢ P%p) (Xo) |,
<l (Xo) [13,CI1P? (9P ¢) =TI (P ) |
< Clle(Xo) |48l Pry)|

and by assumption (3.15),
lpP ol < llellllPrell < w6 [le]|*.

Therefore,
(1) < CR? 1o (Xo) 167l (3.23)

Now, thanks to the decomposition (3.22) (using also inequality (3.19)), for n big enough,

2 Z.E“” (X0) ¢ (X1) ¢ (Xing) 0 (Xisyon)

<ZJ||<PX0 I + Z >

j=2no—1,k<j
n

< 8(ng =1 lp (X0) I+ ) j2(1)+zz (I1),

j=2no—1 j=1 i,k<j
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where ng has been defined previously.

Inequality (3.23) and 6"°||¢|| < 1 imply

Y < D SR e (Xo) el
Jj=2n0—1 j=2ng—1
< CRle (Xo) llg Y 52607

j=2ng—1

As before, there exists a constant C; depending on 6 such that,

n

Z j20j_2n0 S 04(710 - 1)2

j=2np—1

So,

n

Y. () < OR e (Xo) [lCalno — 1)

j=2no—1

For the third term, we have

> > n<n (Z B (i (Xo) ¢ (X0) |) (Z 1B (p (Xo)  (X4) |) .

j=1 i,k<j k=1

We can see that

|E (¢ (Xo) ¢ (Xi)) | o (Xo) [lq]l PP (Xo) — g (Xo) |1,
Clle (Xo) [l P'e — T

Crille (Xo) [l8" I

IAIA A

and, in the same way,

B (¢ (Xo) ¢ (X0)) | < Crllg (Xo) 6"l

Alternatively, by Holder inequality,

B (9 (Xo) 9 (X)) | < llp (Xo)* b and | E ( (Xo) ¢ (X)) | < I (Xo0)” |-
Thus, by (3.24), (3.25) and (3.26),

S IE@ X)) < D e ()l + 3 Crll (Xo) 87l

< (no—1)lle (Xo)* 1 + Crlle (Xo) [lg 3 _ 6™

1=ng

< (o= Dlle(X0)* 1 + Csllp (Xo) [l

(3.24)

(3.25)

(3.26)
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where C5 = Oﬁz 0" < oo and

D IE (9 (Xo) ¢ (Xi) | < (no — Dl (X0)? Il + Cslle (Xo) llg-

Finally,

Z Z E (¢ (Xo) ¢ (Xi) o (Xivj) 0 (Xigjr)

J=1 k<]
< 8C3 ]l (X0)" [l 1og® (lell + 1) + Csllp (Xo)* Il Log?(lll] + 1) (3.27)
2
+1 (Calle (Xo)* [l log([lell + 1) + Csllp (Xo) llg)

where Cs = Cr*C,C5.

Third case: 7,k < i.

Three uses of the operator properties give

1B (¢ (Xo) ¢ (Xi) ¢ (Xins) 0 (Xigjun) |
= |E (¢ (Xo) E (¢ (Xi) B (¢ (Xiyj) E (¢ (Xiwjir) | Firs) [Fi) [F0)) |
= |E [p (X0) [E (¢ (X3) E (¢ (Xitj) E (@ (Xirjin) [Firg) [F) [ Fo)
E (o (X))o z+j)90(Xi+j+k))H|
<l (Xo) | P (P’ (pP*)) (Xo) —IT (P (9P ¢)) (Xo) I,
< |lp (Xo) 1,Cx8" lpP? (P ) | (3.28)

E
E

and

leP? (9P | lell|P? (¢P o) ||
lell (I1P7 (P ) — P ol + |E (¢ (Xo) ¢ (X)) |)
|l (k67 [| P 0|l + | E (¢ (Xo) ¢ (X)) |)

K207l + Crllo (Xo) 10" 1011, (3.29)

VAN VAN VAN VAN

where we used inequality (3.25) at the last line.
From (3.28) and (3.29), we derive

|E (0 (Xo) @ (Xi) @ (Xitg) o (Xigjan)) |
< Cr?|lo (Xo) 1877 0] + C*R2[l 0 (Xo) (1267 ||

< Gl (Xo) llallell” (el + [l (Xo) Ilo)
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where Cr = max{Cr®, C?k*}.

With this last inequality and (3.19), the sum (3.16) can be bounded in the same way
as before. We use the integer ng to get

SN E (e (X0) @ (X)) ¢ (Xity) @ (Xirsin)

i=1 jk<i
3ng—3 n ‘

<Y Plle(Xo) I+ 07 Y 20 (Xo) llallel® Ulell + lle (Xo) llq)
=1 1=3ng—2

n

<27 (no = 1" o (X0 Il + Cr (Il (Xo) o + llp (Xo) I2) D7 26,

i=3ng—2

The sum is bounded by the corresponding serie which is finite (majoration by Cg(ng —
1)?, where Cg depends only on #). So, we can conclude the study of the third case by

SN E(e(Xo) ¢ (X0) @ (Xins) ¢ (Xirjan)

i=1 §,k<i
< 2703l (Xo)" |1 1og? (I|l| + 1) (3.30)
+C7CsC3 ([l (Xo) llg + Nl (Xo) [12) log?([lll + 1)

To conclude, let K be the maximum of all the constants appearing in (3.21), (3.27) and
(3.30):

E [Sn (90)4]
< 4K [n]lo (Xo)" 1 log*(ll¢ll + 1)
+n (lo (X0)® llg + lle (X0)* g + o (Xo) llg + Il (Xo) 112) log?(lleo]l + 1)

2 (i (X0)* 1 ol + 1)+l (Xo) )]

3.5.3 Fourth moment inequality for dynamical systems

In Section 3.5.1, we dealt with homogeneous Markov chains through its operator. In the
sam way, the techniques can be applied to dynamical systems, using transfer operator.
Here, we state the result for dynamical systems but the proof (which is essentially the
same as in Section 3) is left to the reader.
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Let (92,.A, 1) be a probability space and 7" a measurable measure preserving transfor-

mation (i.e. VA € A, u(T 'A) = u(A)). Let us consider the Perron-Frobenius operator
(or the transfer operator) of T', P : L*(u) — L'(u) defined by

[ Pr@g@dnta) = [ 190 T)dnto
Q Q
for all f € L'(u) and g € L™ ().

As in the Markov case, we assume there exists a Banach space (B, ||.||) of y-measurable
functions from Q to R which contains 1 and satisfies (3.15) and that P verifies same
assumptions:

() there exist k > 0 and 0 < 6 < 1 such that for all f € B,
[P f = ILf[| < s0"| £ (3.31)
where I1f = E, (f) 1.
(ii) there exists p > 1 such that (B, ||.||) is continuously included in (LP (x), ||.||»)-

Again, assertion (i) follows from some quasi-compactness of the Perron-Frobenius op-

erator, see Hennion and Hervé [54], Baladi [2].

Under these assumptions, we have same fourth moment bound:

Theorem 3.13. For all f € B such that E,(f) =0 and f is bounded,

n 4
E, (Zf ° Ti) < Kmj [n] fllglog* (1] + 1) +n?| fI7log* (1] + 1)] -
=1

1 1
where — + — =1 and my = max{1,sup |f(x)|}.
p q T

3.6 Applications

We give some examples where the fourth moment inequality applies and then leads to some
empirical process invariance principles.
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3.6.1 Uniform ergodicity

Let (X,)n>0 be a Markov chain on the state space E. Denote by (B>, ||.||») the space of
bounded measurable functions from E to R provided with the uniform norm. One says
that the Markov chain (X,,),>0 is uniformly ergodic if it is B*-geometrically ergodic. This
condition is equivalent to the fact that the process satisfies the so-called Doeblin’s condition
(see Meyn and Tweedie [71]).

In this situation, if Xy has a distribution function which is enough regular, our fourth
moment bound (Corollary 3.11) implies inequality (3.12). Then tightness follows and em-
pirical process invariance principle will follow from the multivariate central limit theorem.
Note that this result is already known since Billingsley [6].

See many examples of uniformly ergodic Markov chains in Meyn and Tweedie [71], like
T-chains on compact spaces. Another example is given by the Knudsen Gas model (see

e.g. Pene [77]).

3.6.2 Expanding maps

For a large class of expanding maps of the interval (the class of Lasota-Yorke transfor-
mations), empirical process invariance principles have already been established in Collet,
Martinez and Schmitt [13] and Dedecker and Prieur [18]. Our result also covers these
ones. Many of such transformation are studied in Broise [10], as continuous fraction ex-
pansions, (-transformations, Gauss maps. For these examples, one can show that the
Perron-Frobenius operator admits a spectral gap on the space BV of bounded variation
functions. Since the indicator functions belong to BV, Theorem 3.13 with condition on the
initial distribution prove inequality (3.12).

But according to Gouézel [47], there exist some uniformly expanding maps of the inter-
val for which the transfer operator does not act continuously on the space BV, but admits
a spectral gap on the space of Lipschitz functions. The example given by Gouézel is a

transformation of the interval [0,1). Let (a,)n,>1 be a sequence of positive numbers with
n—1 n

Z a, < i and let N > 0 be an integer. Denote by I,, the subintervals [42; a;, 4 21: a;).
We decompose I, into two subintervals of lenght 2a, denoted by IV and I'. We can
find a map v, (resp. wy) on [0,1) with image IV (resp. I'¥) such that the derivative at
a point x is equal to a,(1 4 2cos?(2mn'z)) (resp. an,(1 + 2sin?®(27n*z))). The map T is
defined on I, in such a way that v, and w, are two inverse branches of it. It remains the

interval [4 Z a;, 1) that we subdivide into N subintervals of equal lenght. T is defined as
i=1

an affine transformation on each of these subintervals onto [0, 1).
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1
Th . e, I = T3
eorem. (Gouézel [47]) If a, 10073

serving transformation and its associated transfer operator has a spectral gap on the space

and N = 4, then T s a Lebesque measure pre-

of Lipschitz functions with a simple eigenvalue at 1 and no other eigenvalue of modulus 1.
Further, the transfer operator does not act continuously on BV.

For this example, we cannot apply the result by Collet et al. [13]. But, the spectral
gap property gives the condition (3.31) on the space of Lipschitz functions. By Theorem
3.13, the 4-th moment bound (3.2) can be deduced and then, Theorem 3.1 can be used to
get an invariance principle for the associated empirical process.

3.6.3 Subshifts
Let E be a finite set and £ = E. The metric d defined on £ is
d(.’];, y) — 2— inf{kEO:mHéyk}'
Let A = (a(i,7))ijer be a matrix with coefficients in {0,1} and
Q={ze€f : a(zy,rp+1) = 1,Vk > 0}.

Write T the shift operator on Q, i.e. (T'z), = xpy1, Yk > 0. Denote by B the space of
complex valued functions on €2, which are Lipschitz continuous with respect to the metric

d. The norm on B is ||.|| = ||.||« + m(.), where
m(f) :sup{w,x#y}. (3.32)

Note that, since (€2, d) is compact, B C L. The Ruelle-Perron-Frobenius Theorem shows
that the transfer operator P has some quasi-compact properties on B. See Parry and
Pollicott [74] or Hennion and Hervé [54]. If 1 is the only eigenvalue of modulus 1 and is
simple, then conditions (i) and (ii) holds and Theorem 3.13 is satisfied. If f is a Lipschitz
continuous function on €2, then by Theorem 3.1, an empirical process invariance principle
is satisfied for the process (f o T");>o.

3.6.4 Linear processes

Let (A, ]].]|a) be a measurable Banach space and (a;);>o a sequence of linear forms on A
such that there exist C' > 0 and 0 < 6 < 1 such that

ja;| < €', (3.33)
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where |a;| = sup |a;(z)|. Let (e;)iez be an i.i.d. bounded random sequence with values
llzlla<1

in a compact subset B C A and marginal distribution . We define the real-valued linear
process (Xg)r>0 by
Xk = Zai(ek_i), k Z 0.

i>0
Several results have already been established for empirical processes of linear processes (see
Doukhan and Surgailis [33], Wu [90], Dedecker and Prieur [18]). Here, assumption on the
(a;);>0 is stronger than in the mentioned papers, but there will be no assumption on the
distribution of the e;’s and assumption on the distribution function of X, will be weaker.
Note that (Xj)i>0 can be viewed as a functional of a Markov chain.

Let Yy = (eg, €x—1, ... ), then (Yi)r>o is a stationary Markov chain on BY (with station-
ary measure 4®V) and X, = ®(Y},) where

©:BY — R, Bz, 21,...) = Y ai(x).
i>0
Let @ be the Markov transition operator of the chain. On BY, we define a metric d by
d(z,y) = Z 0" [|z; — yill 4
i>0

where x = (;);>0 and y = (y;)is0. As B is compact, then (BY,d) is also compact. Let us
denote by £ the space of all Lipschitz functions from B to R provided with the norm ||.||

defined b
’ () — 1)
d(z,y)

For all f € £ and for all z = (2;)i>0 and y = (1;)i>0 € B", we have

Q" f(2) = Q" f(y)l = |[E(f(Y)|Yo = 2) = BE(f(Y)[Yo = y)]

= |E(f(ek,.--,e1,z0,...)) — E(f(ex,-.-,e1,90,--.))]
IFIIE{d((ek, .- e1,Z0,--), (€, --s€1,%0,---))}
CO*|| flld(z, y),

[f]l = sup |f(z)| + sup
zeBN TH#Y

<
<

and

Qf(2) = Ef(Yo)| = [E(f(Yo)Yo =) — Ef(Ys)|
E|f(eg,er—1,--.,e1,20,...) — f(ex,ex_1,...)]

<
< CO|IfIIE{d(z,Y0)}-

Then, we have for all f € L,
1Q"f = E(f(Yo))ll < CO™[flI.
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Since (L, |.]) € (L=(u®M),]|.]|s), by Corallary 3.11, (Y;)r>o satisfies the 4-th moment
bound (3.2) with & = 3 and 8 = 2 for all Lipschitz functions. Further, for all f € L the

n

sequence Z Q' f(Yy) converges in L?(u®") and so by Gordin’s theorem (see Gordin [44]),
i=0

the CLT (3.1) is satisfied. Clearly, the function ® is a Lipschitz continuous function on BN,

and for all Lipschitz function g : R — R, g o ® is also a Lipschitz continuous function on

BY. Thus conditions (3.1) and (3.2) hold for the process (X )x>0, for all Lipschitz function

on R. Then Theorem 3.1 applies and we have

Corollary 3.14. Let (Xy)r>0 be a real linear process defined by a sequence of linear forms
(ai)i>o and a sequence of i.i.d. bounded random wvariables (e;)icz, both on a measurable
Banach space A. Assume (a;) satisfies (3.33) and the distribution function F' of X satisfies

wr(6) < Dllog(0)|™” for some D >0 and v > 2.
Then (Uy(t))ier converges in distribution to a mean-zero Gaussian process.

In the paper by Dedecker and Prieur [18], Corollary 1, X, has a bounded density. Here,
the existence of a density is not needed. Our result is comparable to a result of Wu and
Shao [91].

2
—, %2 >0 and e, = 0 or 1 with

For a concrete example, consider A = {0,1}, a; = 3

1
probability 3 k € Z. Then

szgzegj, k>0

i>0

is a stationary process with values in [0, 1] and the common distribution function of all the

X}, is the Cantor function, which is not absolutly continuous but -Holder continuous

log
(see Dovgoshey et al. [34]).

3.6.5 Random iterative Lipschitz models

Let G be a semi-group of Lipschitz transformations of a metric space (F,d) and let G be
a o-algebra on G. We assume that the action of G on E is measurable.
Let (gn)n>1 be an i.i.d. sequence of G-valued random variables with distribution 7. Let
Xo be a E-valued random variable independent of (g,)n>1. We consider the Markov chain
(X)n>o0 defined by
Xn = gn(Xn1)

with transition operator P definied by

Pi(x) = /G F(g(x))dn(g).
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One says n is contracting if

. d(9(2),9Y)) 4 ni oy . o . "
hinsup{/awdn (9) : x,y € E, #y} <1

where """ denotes the distribution of g, o -0 g;.

Assume (F,d) is compact. Let By be the space of C-valued Lipschitz continuous func-
tions on F provided with the norm |[|.||o = ||.||cc +m(.), where m is defined as in (3.32). It
is shown in Hennion and Hervé [54], Thm.X.3, that if n is contracting, then there exists a
unique P-invariant measure on E and (X,,),>o is Byp-geometrically ergodic with respect to
this measure. Then fourth moment bound holds and thanks to Theorem 3.1, an empirical
invariance principle follows. One example of application is given by products of invertible
random matrices (see Hennion and Hervé [54] X.4).

In the case where (F, d) is not compact but every closed ball in F is compact, one can
have a similar result but with another Banach space (see Hennion and Hervé [54] Thm.X.4).
Here, the Banach space is the space By of locally Lipschitz functions with weight. These
are the C-valued functions f such that

|f(x) — f(y)]
(2, y)p(x)p(y

ml(f)zsup{d )rﬂc#y}<oo

where p(z) = 1+ d(z, z) for a fixed o € E. The norm is

1l = Sup{% NS E} +ma(f).

As an example, we can mention a large class of autoregressive models.

3.6.6 Autoregressive models

The autoregressive (AR) processess are used in statistical time series analysis. The process
(Xp)n>0 C R? is called autoregessive with initial value X, € R? if it satisfies, for all n > 1,

Xy = AXn—l +Y,

where A € M(R?) and (Y},),>1 C R?is an i.i.d. sequence of random variables, independent
of Xy. See Hennion and Hervé [54] Thm.X.16 for conditions under which (X,,)nen is Bi-
geometrically ergodic.
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Comments

The fourth moment inequality comes from the paper by Durieu [36] while the remainder of
the chapter corresponds to the paper by Dehling, Durieu and Volny [20]. We are grateful
to Loic Hervé for several lectures introducing us to the spectral gap method, and to Jerome
Dedecker for his critical comments on an earlier version of the second paper.
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Chapitre 4

On Sums of Indicator Functions in
Dynamical Systems

Abstract

In this chapter, we are interesting in the limit theorem question for sums of indicator
functions. We show that in every aperiodic dynamical system, for every increasing sequence
(an)nen C Ry such that a, /" 0o and En — 0 as n — oo, there exist a measurable set A

1 n—1 '
such that the sequence of the distributions of the partial sums - Z(]l A— (A))oT" is
n
dense in the set of the probability measures on R. Further, in the (Ze;godic case, we prove

that there exists a dense (G5 of such sets.

Keywords: Dynamical system; Ergodic theorem; Sums of random variables; Limit theorem;
Genericity.

AMS Classification: 28D05; 37A50; 60F05; 60G10.
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4.1 Introduction

In [11], Burton and Denker found that in every aperiodic dynamical system there exists a
process (f oT") for which the CLT holds and they posed the question how big is the subset
of f € L* with this property. Clearly, we have to study the space Lj of f with E(f|Z) = 0.
As already observed by Burton and Denker, because the coboundaries are dense in L?, this

set is dense. In Volny [84], it has been found that for any sequence a, — oo, — — 0,

n
there exists a dense G5 part G of L3 such that for any f € G and any probability law

v there exists a sequence ny — oo such that —S,,, (f) converge in law to v. The same
A,
result takes place for all spaces LP, 1 < p < oo. In Liardet and Volny [65] a similar result

was found for the space of continuous functions and for irrational rotations of the circle for
spaces of smooth functions. As a corollary we get that generically, the rate of convergence
in the ergodic theorems (of Birkhoff and of von Neumann) is arbitrarily slow. This gave
a new proof of a result of del Junco and Rosenblatt [22]. In the paper of del Junco and
Rosenblatt a similar result on the rate of convergence in the ergodic theorems was found
for functions 14 — u(A), the genericity was studied in the space of A € A equipped with
the (pseudo)metric of the measure of symmetric difference.

Here we shall study the distributional convergence for the functions 14 — p(A). The
research was motivated by the study of the invariance principle of the empirical process of
strictly stationary sequences (X;);en in Dehling, Durieu and Volny [20].

4.2 Result

Let (€2, A, 1) be a probability space. We say that a measurable transformation T, from
to €, is measure preserving if for all A € A, u(T~'A) = u(A). If it is the case, (Q, A, u, T)
is called a dynamical system. Further, the dynamical system is aperiodic if

pufr e Q/In>1,T"x =z} = 0.

It is ergodic if for any A € A, if T™'A = A then u(A) =0 or 1.

On A we consider the pseudo-metric © defined by
O(A,B) = u(AAB), A, Bec A
Our main result is the following.

Theorem 4.1. Let (2, A, 1, T) be an aperiodic ergodic dynamical system, (an)neny C Ry

. . ap
be an increasing sequence such that a, /" oo and — — 0 as n — oo.
n
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There exists a ©-dense G of sets A € A having the property that for all probability v
on R, there ezists a subsequence (ng)ren satisfying

g (- u(4)) —2

Nk k—o0

4.3 Some preliminary results

Let M be the set of all probability measures on R and M be the set of all probability
measures on R which have zero-mean. Recall that M is dense in M for the topology of
the weak convergence. We denote by d the Lévy metric on M. For all u and v in M with
distribution functions F' and G,

dp,v) =inf{le >0/ Gt —¢e)—ec < F(t) <G(t+¢e)+e}.
The space (M, d) is a complete separable metric space (see Dudley [35]).
If X :Q — R is a random variable, we denote by Lq(X) the distribution of X on R.

Lemma 4.2. Let (2, A, 1) be a non-atomic probability space and v be a probability on R.
Then, there exists a measurable random variable X : 0 — R, such that

£Q(X) = V.

Proof.

It is well known that (€2, .4, i) is isomorphic to ([0, 1], B[0, 1], A), where A is the Lebesgue
measure on [0, 1] (see, Parthasarathy [75]). Using the pseudo-inverse of the distribution
function of v, we can find a random variable X such that Lo(X) = v. O

Let v be a probability on R. For B € B(R), v denotes the probability on R defined
by
vp(A) = v(B) 'v(AN B).

For x € R, v, denotes the probability on R defined by
v,(B) = v(zB)

where xB = {zb /b € B}.

Lemma 4.3.

(i) For each probability v on R, for all Borelian sets B,

d(vg,v) <v(R~\ B).
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(ii) For all probabilities v and n on R, for all x > 1,

d(”a:v 771’) < d(y7 77)

Proof.
(i) For all A, B € B(R), we have

vp(A) = v(B) 'wv(ANB)

v(R\ B)

= v(ANB)+ v(AN B)

< v(A)+v(R\ B)
and
v(A)=v(ANB)+v(AN (RN B)) <vp(A)+v(R~\ B).
By definition of the Lévy metric, this gives (i).

(ii) Let x > 1. For all t € R, for any € > d(n, v),

nx((_oo7t]) = U((‘OO,WD
< v((—oo,tx+¢|) +e
< v ((—oo,t+¢e]) +¢
and
ne((—o0,t —¢|) —e = n((—oo,tx —ex]) —¢
< v((—oo,tz])
= v, ((—00,t]).
807 d(qunx) S d(Va 77) U

Lemma 4.4. Let (a,)neny C R be an increasing sequence such that a,, /" oo as n — oo.
For each probability v € Mgy and € > 0, there exist Cy > 1 and ng € N, for all C' > Cy and
n > ng, there exists a probability n on Z with support S C [—a,C, a,C] such that

(1, v) < €

and

E(n) =0.
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Proof.
Let v € My and € > 0 be fixed and choose a > 0 such that 4o < e and a < 1. There

exists Cy > 1 such that
/ |z|dv(z) < a.
R\[—Co,Co]

In particular, v(R \ [=Cy, Cp]) < . Let C > Cy and define 7 = v_¢ . By Lemma 4.3,

d(it,v) <v(R\[-C,C)) <«

and we have

«

|E(7)] = v([-C.CD)ME@) —/ vdv(z)] <

R~[-C,C] l—a

1
Now, choose ny € N (independent of C') such that — < « and fix n > ny. Then we

Qg
E k+1
define the probability ' on Z by n'({k}) =7 ({—, i )), keZ.
a,’ an
We have, for all £ € R,

Mo, ((—00,1]) = 7' ((—00, [tan]])

()
S(GN)

T((—OO, t]) S 77;”((_007 t])

IN

and

1
Thus d(n;, ,7) < — < aand d(n,, ,v) < 20

Qp

Further,
a,B(1) =1 < E(n) < a,B(7).
Thus
E@)| < anl ()| +1 € anr——+1 < 20,0
—«

Now we denote by 7 the probability on {—|a,C], ..., |a,C]} defined by

(s E(n) . .
atip =4 T g F IO
7(0) if =0
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Then E(n) =0 and

(15, Nan) < d(n',m) < 'Qfa(:gJ

Therefore d(n,,,v) < €. O

‘§2a.

Proposition 4.5. Let (2, A, u, T') be an aperiodic ergodic dynamical system, (a,)nen C Ry
be an increasing sequence such that a, /" oo and In 0asn — oo ande > 0. Let A€ A

n
be a set such that p(A) < 1 and v be a probability in My. There exists N € N such that
for any n > N, there exists a set B € A such that u(B) <e, ANB =10 and

d(Lo(~8,(15 — u(B))),v) < ¢

Proof.
Fix e > 0 and A € A such that p(A) < 1. Let a be a positive constant such that o <
and pu(A) + 2o < 1.

(SN

By Lemma 4.4 applied to v and « we get the constants Cy > 1 and nyg > 1 for which

the conclusion of the lemma holds. Fix C' > Cj and set v := Cjé— T Let nq be an integer
such that, for all n > nq,
1
O, (4.1)
n

By Birkoft’s ergodic theorem, there exist a set £ € A of measure greater than 1 — J

and an integer ny > 1 such that for all n > ns, for all x € E,
1
L5y - u(A)(@)| < o (4.2

We denote by  the maximum of ng, n; and ny and we choose N € N such that

n <
— <o
N =
For any n > N, there exists a Rokhlin tower of height n with base F' C E and junk set
of measure smaller than ~.

Indeed, let G be the base of a Rokhlin tower of height n and of measure greater than
1— % Because pu(2 N E) < %, there exists an integer ig € {0,...,n — 1} such that

(TG NE) > 20 -1 T =127

If F=T"GNE,then F C E and the sets F, TF,....T" ' F are disjoint. So, F is the base
of a Rokhlin tower of height n with a junk set of measure smaller than ~.
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From now on, n is fixed. By Lemma 4.4, there exists a centered probability n on Z
with support S C [—a,C, a,C] such that
Aoy, V) < 0.

By Lemma 4.2, there exists a function h : F' — Z such that Lg(h) = 7. In particular,
E(h) =0. We set d = |a,C] + 1 and

g:F — Z
r — h(x)+d.

Note that 1 < g < 2d almost surely and E(g) = d. We now set
Fi=g'({i}),i=1,...,2d.

Note that the F;’s depend on v, a, C and n. Further {F}, Fy, ..., Fy,} is a partition of the
set F'.
By (4.2), for each z € F, the sub-orbit {z, Tx,...,T" 'z} hits A at most A(u(A4) + a)
2
times. Since by (4.1), — < o and p(A) + 2a < 1, we can find 2d points in this sub-orbit
n

-1
which are not in A. So, for each i = 1,...,2d, we can find a measurable set B; C U T7F;,
=0
such that B; N A = () and for any = € F;, Sz(1p,)(z) = i.
Finally, we set
2d
B=|JB.
i=1
We have B € A and AN B = 0.
From the definition of B and (4.1),
a,C +1
wB) = B(g)u(F) = du(F) < ———<a<e
We define .
Q= J T7F, k=1,...2d
=0
and
2d
Q=%
k=1
Since the T "F}, are disjoint, using (4.1) and the fact that v < «, we have
@) =n—mu(F)>1—7y— 2 >1-3a. (4.3)

S
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Further, by definition, S,(15)(z) = k if and only if z € €. Therefore, for all £k =

1,...,2d,

PRI

p(Sn(p) = k) = () = pr(Fr).
Thus Lq(S.(15)) = Lr(g) and by (4.3) and Lemma 4.3,

d(La(Sn(15)), Lr(g)) < 3.

Again, by Lemma 4.3,

d(La(-Su(1)). £r( L) < 30
and ) 0 d
Lol ~(Sn(lp) = ), Lr(=—)) < 3a. (4.4)
Now, remark that
Lol (S0(15) = d)).Lo(=—S,(1s — n(B)) < o (4.5)
Indeed, since u(B) = du(F), we have
—vd <nu(B)—d <0
and then
L5y — p(B) ~ (5,(15) ~d)| < L <

h
To conclude, using (4.4), (4.5) and the fact that d(Lp(—),v) < «, we get
an

1

Qn

d(Lo(—5n(1p — u(B))),v) < ba <.

0

Proposition 4.6. Let (2, A, u, T') be an aperiodic ergodic dynamical system, (a,)neny C Ry
Qnp,

be an increasing sequence such that a,, /' oo and — — 0 as n — oo and € > 0. For any
n

set A € A such that u(A) < 1, there exists a set B € A such that

() W(AAB) <,

(i) there exists a sequence (ng)g>1 such that for all k > 1,

A Lo (-

U,

Sﬂk(ﬂB - M(B)))760) <e.

where dq is the centered Dirac measure.
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This proposition will be proved as a corollary of the following lemma.

Lemma 4.7. Let (2, A, 1, T) be an aperiodic ergodic dynamical system, (a,)neny C Ry be
Qn
an increasing sequence such that a, /" co and — — 0 asn — oo and € > 0. For any set

n
A € A such that u(A) < 1, for any N € N, there exist n > N and a set C € A such that

p(AAC) < e and
1

An

d(Lo(—Sn(lo — u(C))), d) <e.

Proof.
Let ¢ > 0, A € A such that u(A) < 1 and N € N be fixed and let a be a positive
constant such that 6o < e and pu(A) + 2o < 1.

By Birkoft’s ergodic theorem there exist a set G € A with u(G) > 1 — « and an integer
M such that for all £ > M and for all z € G,

‘%SMA - M(A))’ <a. (4.6)

There exists an integer n > N, such that
M
— <. (4.7)

Qn,

1 -2«

We choose an integer p > and we set N = Mnp.

Let F be the base of a Rokhlin tower of height N" with a junk set of measure smaller
than a. For £k =0,..., M — 1, we define the sets

np—1
Fe= | TM*F.

i=0
Since u(G) > 1 — a, there exists kg € {0,..., M — 1} such that

2a0
M(Fko N G) < M

Further, H = T™F is the base of a Rokhlin tower of height N’ with a junk set J such that
wu(J) < 2a.

For z € Q, we denote by s;(z) = {2, Tx,...,T" "'z} the sub-orbit of lenght I which
begins at x. The set A will be modified in a way that for each sub-orbit sy,(x), z € Fj,,
the average of visits of the set along the sub-orbit be close to the measure p(A).

For x € H, we define the following transformation:
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e If z € G, by (4.6), along the sub-orbit s;/(z), the number of visits of the set A belongs
to [M(u(A) — a), M(u(A) + «)]. Further, M(u(A) + o) < (1 — a)M. So by adding or
removing at most aM points to A along the sub-orbit sy;(z), we can transform the set
A to get a set Ag(x) (which differs from A only on sy, (x)) such that along the sub-orbit
syr(z), the number of visits of the set Ag(z) belongs to [Mu(A) — 1, Mu(A) + 1].

o If z ¢ GG, we can also transform A in order to have that the number of visits of the
set Ag(x) along the segment sp/(z) belongs to [Mu(A) — 1, Mu(A) + 1]. Here, to do that
we possibly need to add or remove M points to A along sy (z).

Doing this transformation for all points of H, we can get a set Ay € A (taking into

account all the changes done to A along {H,TH,...,T""'H}) having the property that
forall z € H,

S0 (Lay — p(A))(2)] <1 (4.8)
(the problem of measurability for Ag is not discussed, but we can see that the transforma-
tions can be done in a measurable way).

Now we do the same transformations for all points of TM H, T? H, ... ,and T®"YM
Finally, we can get a measurable set B deduced from A and having the property (4.8) on
each T"™ H. Further, doing these transformations level per level, we can have B in such a
way that for all z € H and for all k € {1,...,pn},

1Sk (g — p(A))(2)] < 1.

Note that we did not change the set A on the junk set J, so ANJ = BNJ. Recall that
we did at most M changes for points of Fj, NG and at most M for points of Fj, \ G, so

M(AAB) aMM(Fko N G) + M:u(Fko ~ G)

3a. (4.9)

IAIA

We also have

lu(B) —p(A)] < | / Sne(Ip)(w)dp(x) + (BN J) — p(A)N' u(H) — pu(A)p(J)]
< / 1Sy (I — p(A)) (@) dpa() + (B 1 ) — (Al )
< p(H) + (B O J) = p(A)u(])].

Then, by changing the set B on only one level of the tower and on the junk set, we can
obtain a new set C' € A such that p(A) = u(C) and p(BAC) < pu(H) + pu(J) < 3a. Thus,
by (4.9), u(AAC) < 6 < € and we have the following property: for all x € H, for all
k. k' e{1,...,pn},

Sk (e = p(C)) () = S (e — p(C))(2)] < 3. (4.10)
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N'—n
Let Q = U T'H. We have
1=0

p(2 N Q) <3a

and, by (4.10) and (4.7), for all z € Q,

— [Sule — p(C) (@) < 222 <30

n an

From theses two inequalities, we deduce that

d(Lo(~

Qn,

Sp(le — pu(C))),0) < 6 < €.

Proof of Proposition 4.6.
Let € > 0 and A € A such that u(A) < 1 be fixed and choose £; < g

By Lemma 4.7, there exist n; € N and a set C; € A such that u(AAC)) < &7 and

1

Apy

d(La(—5n, (Ie, — u(Ch))), o) < €1

€
Let e9 < 2—1 By Lemma 4.7, there exist an integer ny > ny and a set Cy € A such
ny

that pu(C1AC) < g9 and

A(La(— 5,y (10, — u(C1))). ) < e

n2

Ek—
We will procede by induction. After step k—1, we choose g5, < 5 i

. By application of
Nk
Lemma 4.7, there exist an integer ny > ni_; and a set Cy, € A such that u(Cy_1ACk) < &

and
1

Qn,,

d(ﬁﬂ( Snk(]lck - M(Ck)))’ 50) < &

Finally, we set B = U ﬂ Ck. We have

n>1k>n

WAAB) <> e, <e
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and for all k£ > 1,

d(La(-5,, (15 — u(B))), 5)

Nk

deM;%&AL%—M@DDﬁ®+de?%

< ep + npp(BACY)
< é&p+ng Z w(Ci1 AC;)

i>k+1

<éep+ng Z i

i>k+1

S, (Ipac, — p(BACY))), do)

<e.

4.4 Proof of Theorem 4.1

Let (Q, A, u,T) be an aperiodic ergodic dynamical system. Let (a,)nen € Ry be an
a,

increasing sequence such that a,, /" o0 and — — 0 as n — oo.
n

Let (ex)k>1 be a decreasing sequence of positive reals such that €5 goes to 0 as k goes
to oo.

For each v € My and for each k£ > 1, we define

1
H{ ={A € A/3In >k such that d(Lo(— S, (14 — u(A))),v) < ex}.
an
For each v € M, and for each k > 1, it is clear that H/ is an open set in 4. We now prove
that it is dense.

Assume that v and k are fixed and letg»s > 0 and A € A. By Proposition 4.6, there
exists a set B € A such that u(AAB) < 5 and there exists a sequence (n;);>; such that

for all i > 1,

A(Lal 5, (I — u(B))),6o) < . (4.11)

By Proposition 4.5, there exists an integer ¢y such that, for the integer n = n;, > k,
€
there exists a set C' € A satisfying u(C) < 3 CNB=10and

wmi&wfmm»m<% (4.12)
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Hence, u((BUC)AA) < € and by (4.11) and (4.12),

d<cﬂ<isn<nm — W(BUO)),v)
< d(ﬁg(isn(ﬂc — (O v) + d(@(a—isn(nB — u(B))), &)
< Ek;

i.e. BUC belongs to H. Therefore H; is dense in A for the pseudo-metric ©.

Let M be a countable subset of M which is dense in M and set

By Baire’s theorem, H is a dense Gy (for the metric of the measure of the symetric differ-

ence).

1
Further, for each A € H, the sequence (Lo(—S,(1a — 11(A))))n>1 is dense in M for
a

n

the Lévy metric d.
Indeed, let A € H, n € M and € > 0. By density of M, there exist v € M such that

d(v,n) <

DO ™

But A € H{ for all £k > 1, then there exists an increasing sequence (ng);>1 such that

ALl S0, (s — p(A)),) < o

Nk

Thus, there exists K € N such that

A(La(— S (11 — u(A))),v) <

nKg

| ™

and
ALl =Sy (L — p(A))), 1) < =

nK

4.5 A remark on the non-ergodic case

Assume that (2, A, u, T) is an aperiodic dynamical system which is not ergodic. Denote
by Z the o-algebra of the invariant sets and (4%),e, the ergodic components of the measure
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. If there exist a set A € A, a probability measure v on R and a sequence (nj)gen such
that
1 D

— S (La = p(A)) —— v,

g k—oo

then E(14|Z) = u(A) almost surely.

Indeed, if there exists « € x such that p®(A) — u(A) = ¢ > 0, then by Birkoff’s ergodic
theorem,

~Su(la— (4) —— ¢

n—oo

pu*-almost surely. Therefore

PRy p————

nk k—oo

and we have a contradiction.

So, to find a set which satisfies the conclusion of Theorem 4.1, we have to consider
the sets A such that E(14|Z) is almost surely constant. The class of such sets is not, in
general, dense in A. So, in the non-ergodic case, we cannot expect the result of genericity.

Nevertheless, in the forthcoming section, we prove the existence of such sets by an
explict construction.

4.6 A constructive proof

We fix, for all the section, an aperiodic dynamical system (2,4, u, 7)) and an increasing

a
sequence (a,)neny C Ry such that a, /oo and — — 0 as n — oo.
n

In this section, we show that one can prove the existence of an arbitrarily small set

1
A € A such that the sequence of the distributions of (—Sn(]l A— ,LL(A))) is dense in
a neN

n

M without the help of the ergodic theorem. In the following proposition, ergodicity is not
needed.

Proposition 4.8. For all € > 0, there ezists a set A € A, with u(A) < e such that for all
probability measure v on R, there exists a subsequence (ng)ken Such that

k—oo

1
S, (L= p(A) —— .

Nk

Using the separability of the set Mg which is dense in M, we can prove that the next
proposition is equivalent to Proposition 4.8.
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Proposition 4.9. For all € > 0 and for all sequences (Vi)ren in My, there exist a set
A e A, with u(A) < e, and a subsequence (ny)ren such that

L S (L = p(A)), 1) —— 0.

ank k—oo

d(Laf

Proposition 4.9 implies Proposition 4.8. Indeed, if M is a countable and dense subset
of My, we can find a sequence (vg)reny such that for all n € M, there exists an infinite
set K, € N verifying that for all £ € K,, v, = 1. Let A be the set corresponding to the
sequence (Vg)ren. Let 7 € My, by density of M, there exist a probability n € M such that
d(7,n) is small enough.

There also exists a subsequence (k;)jen such that v, = 7 for all j € N and by Propo-
sition 4.9, there exists a sequence (ny;)jen such that

L S (La— u(A))m) —— 0.

ankj J j—00

d(La(

This prove one implication and the converse is clear.

Now to prove Proposition 4.9, we will construct explicitly the set A. To do that, we
will use the two following lemmas.

Lemma 4.10. For all probability v on R, for all € > 0, there exists Cy > 1 and ng € N,
for all C' > Cy and n > nyg, there exists a probability n on Z with support S C [—a,C,a,C)|

such that for all i € Z, n({i}) € Q,
d(narﬂ V) S €

and
E(n) = 0.

Proof.

This Lemma is a consequence of Lemma 4.4 (which has a constructive proof) and of
the fact that for all probability measure on Z with finite support, we can find a probability
on Z with same support which is arbitrarily close to the first one and takes values in Q. [J

Lemma 4.11. For all n > 1 and for all ¢ > 0, there exists a set F' € A such that
{F,...,T"'F} is a Rokhlin tower of measure greater than 1 — ¢ and the stay time in the
junk set J = Q ~ (Ul T'F) is almost surely 1, i.e. for a.e. v € J, Tx € F.

Proof.

This can be view as a consequence of the Alpern’s theorem [1], by constructing a castle
with two towers of height n and n 4+ 1 and the base of the second tower of measure less
than e. ([l
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Proof of Proposition 4.9
Let (vg)k>1 be a fixed sequence in Mg and € > 0. Let (ex)r>1 be a decreasing sequence

of nonnegative real such that Z gL < € and Z ke < 00.
k>1 k>1
We will give a sequence of pairewise disjoint sets Ay € A with pu(Ax) decreasing suffi-

ciently fast and a sequence (ng)x>; such that for all j =1,... k,
1 k
d(ﬁﬂ(a—nsnj(]lu;;lm — (U A)),v) <) e (4.13)
J i=j

Thus, if A= U2, A;, then A € A and satisfies the conclusion of Proposition 4.9.

Some definitions
By induction, we will define some sequences that help us to fgind a good set A. We first
consider the probability v; and the constant ;. We set a; = gl Applying Lemma 4.10

5
to v and 51, we get two constants C'(vy,e1) and n(vy,e1) and we choose C; = C(vy,€1)

and ny > n(vy,eq) such that
An,y Cl +1
ML <
n
Let d; = |a,,C1| + 1. We get a corresponding probability n; on {—d; + 1,... ’d.l -1}
such that d(nia,, ,71) < a;. Since for all 4, n1({i}) € Q, there exist ¢; € N and 4" €N,
1 =1...,2dy, such that
o
m({i—d}) =2, foralli=1,...,2d,.

41
We set N1 = qini.

By induction, we define the sequences (ag)r>2, (Ck)k>2, (Mk)k>2, (qr)r>2 as follows. We

€
consider the probability v, and e;. Applying Lemma 4.10 to v and Ek’ we get two constants

Ay,
C(vk, ex) and n(vg, ;). We define oy, = 5 *~Ler. We choose Cj, = max{C (v, ax),Cr_1}

NE—1
and ny > n(vg, o) a multiple of Ny_; such that
. Cr + 1
R, (4.14)
ng
and N
L <o (4.15)
A,

We set dy, = |a,, Ck| + 1. We get a corresponding probability meon {—dp+1,...,d,—1}
such that d(nya,, ,vr) < ag. There exist ¢x € N and q,(f) € N, i =1...,2d;, such that
(4)
. q
ﬁk({l — dk}) = qL Set Nk = qrNyg.
k
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n

For k > 1, we also set p, = L and we consider a sequence (Bk)gk>1 such that for all
N -

k>,

> B < o (4.16)

jzk

We define the sequence (yx)g>1 such that
Bri1

< ) 4.17
= 2Pk 41 (4.17)
Note, we will also use the fact that in particular,
Yk < It Oy 1. (418)
Nk41
and even that v, < G Further, for all & > 1, we apply Lemma 4.11. We get a set
ng
F), € Asuch that {F},, TFy, ..., T"+"'F,} is a Rokhlin tower of height n;,; and the junk
le+1—1
set J, = Q U T'F} is a set with stay time 1 and u(J;) < .
i=0

Step 1: the set A;
As we saw in Proposition 4.5, we can find a set A; and an integer n; such that

A(Lal =80, (Ly, — p(A)),m) < o1

ni

But, we want that the set A; becomes negligible for larger partial sums. In this way we
will be able to find a set Ay to approach vy with a partial sum of lenght ny and the set A;
will not interfere. We procede as follows.

The set A,

Consider the set F} € A which is defined before. Then {Fy,TFy,..., T™ 'F} is a
Rokhlin tower given by Lemma 4.11 of measure greater than 1 — ;. Write F} = T F,
i=0,...,p1 — 1. We thus have p; towers {F},..., T 'F} of height n,.

By Lemma 4.2, let hy be a measurable function from Fj to Z such that Lg(hy) = 1.
We denote by g; the positive function equal to hy + d;. Let

Api= A = gr ({a}), i=1,...,2d,.
Now, forall ¢ = 1,...,2d;, let {Ap i1, .. ,AF1 iq(i)} be a partition of the set Ap, ; into sets
04y

1
of measure —. We thus have a partition of Fj into
q1

{AFl,l,la e ’AFl,l,qil)’AFlvll’ e ’AF1,2 () PR 7AF1,2d1,1a ‘e ’AFl,thqdel)}'



138 Chapitre 4. On Sums of Indicator Functions in Dynamical Systems

By induction, we deduce partitions of F! for [ =1,...,p; — 1 setting

T Ay 1< <q ™V
Apig =14 T"Ap-r,, it j=q” and i < 2d,
T A if j = ¢ and i = 24,

Fimla

Forall[=0,...,py —1and forall i =1,...,2d;, we set

s
Apr; = U AF{,z’,j
j=1

and
2d,

Ap = 7" A, /k=0,...i—1}.
=1

Now, we can define a "first version” of the set Ay, called A; 1, as follows,

p1—1
A= Am
=0
Lemma 4.12.
(1) p(Arr) < aq;
(ii)
p1—1
Ay J{TmER Ji=0,..2d, — 1}
=0
(iii)
1
d(ﬁﬂ(a—sm(ﬂm,l — (A1), 1) < er;
(iv)
1
d(Lao(—Sn,(1a,, — (A11))),d0) < g,

where dg is the zero-mean Dirac measure.

Proof.
Foreach I =0,...,p; — 1, M(AF{) = FE(q1)u(F1) = dip(Fy). Therefore, by (4.14),

p1—1
dy

p(Aiq) Z iz AFl =prdip(Fy) < %dl — < ag.
1=0 2

ni
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(ii) is clear.
p1—1ni—2d1—1
Let € = U U T'F!. Then, we have

=0 1=0

1
‘Cﬂl (a_Sm (]lAl,l)) = ‘CF1 (91)

ni

and since v < ay,

1— 2
( %):1—71——121—3041.
n2 ny

(1) = pi(n — 2dy)p(Fr) = (ng — 2pady)

Th
us 1

d(£9<_‘9ﬂ1 (]1A1,1))7 ‘CF1 (gl)) < 3041'

n1

We can conclude as in the proof of Proposition 4.5 that

A(La(— 8, (La, — p(Ar), Lr(g) < o1

and (iii) follows.

For (iv), by definition of A;;, we have

(Pr —q)di < Spy(1a, ) < (p1+q1)dy

and
1S, (May, — (A1) < prda|1 — nop(F1)| + qudy < prdiyy + qudy.

. Qnp,
Thus, using 71 < —2ay, we have
N2

1 d di N
_|Sn2(IlA1,1 - /I’(Al,l))| S _1062 + _1_1 S 20{10{2 S Q9.
n2 nl nl a'I’LQ

0

Unfortunetly, the set A;; is not enough well defined to be negligible for higher partial
sums. So, we will need to change a small part of A;; at each step. The set A;; can be
considered as a first version of the set A;. In the sequel we procede by induction.

The sets A, k> 2
We give here the general algorithm to deduce the set A, from A; ;.

Consider Fj, € A. Then {F;,TFy,...,T™+ 'F.} is a Rokhlin tower given by Lemma
4.11 of measure greater than 1 — .
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We are going to adapt the set A; ;_; in order to make it negligible for partial sum of
size ngy1. To do that, we will change this set on a part of measure smaller than §; to get
Ak

For all z in F},, we define the first time in Fj,_; by n(z) = inf{n >0 /T"z € F;_;} and

Fi= ] 1" = <© T"Fk> N Fr_y.

xeFy, 1=0
For z € F) and i =0,...,p, — 1, let

i+1)n,—1

(
pl(x) = Z ]lAl,k—l OTj(ZE).

J=ing

For all © € Fy, po(x) = S, (Ma,, ,)(z) = %dl but for ¢ > 0 it can be different.

The differences appear when the orbit of the pOiIllt x meets the junk set Ji_;. But by
defintion of the Rokhlin tower (see Lemma 4.11), it can meet J,_; only one time in every
ny consecutive iterates of T

We have for i > 0, (p1 — q1)dy < pi(x) < (p1 + q1)ds.

For p;(x) = pidy — 7, j > 0, let B;(z) be a set composed by j elements of the
set {1z, ... ,T(”l)”’“_lx} N Aj;_1, in such a way that every ni-consecutive points in
{T" .. .. ,T(i“)”’“_lx} meet Ay ;1 U B;(x) at most 2d; times.

If pi(x) = prdy + 4, j > 0, let C;i(x) be the set composed by the j first elements of
(T, .. N A .

Let
pr—1 pr—1
B=|J UBix) , ¢=J | Cil)
zeF] =0 zeF] =0
and
Al,k = (Al,k—l AN C) U B.
Lemma 4.13.

/UL(AL]C_1AA1,1@) < Br;

1
d(ﬁﬂ(—snkJrl(]lAl,k - N(Al,k))a 50) < Q-

ank+1
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Proof.
First, since the orbit of a point x can only meet Ji_; one time every n; and using
(4.17), we have

(A1 k-1 0AL k) < 2pep(Ji—1) < 2pkye—1 < k.

On the other hand, for all z € F} and i = 0,...,px — 1, we have

(i-i-l)nk—l
> A, 0T (x) = prordis
J=ing
and thus
Nk41
Snk+1(ﬂAl,k)(m) = PkPr—1dp—1 = nk+ dp—1.
—1

Further p(A ;) = Dkl
n

dg_11(Fy) and

k1
(Pk — 1) pr—1dp—1 < Sy (Ta,,) < (P + 1) pr—1dp—1.

Then, by (4.18) and (4.15),

1 1 Npa1dp—
—— Sy (L4, — p(Arp))] < ( am el I”Yk +pk1dk1> < Qpo1Qgg1 + 1041
Onyiq N1 N1
(ii) follows. O
The set A;

We can now define the set we want as

Al = lim Al,k

k—o0

which is well defined because the sequence (pu(A; xA A k11))k>1 is summable.
Lemma 4.14.
(i) p(Ar) < 204

(ii)
d(Lo(—5n, (La, — pu(Ar))), 1) < 2e1.

(iii) For all k > 2,
d(La(——Sn, (La, — p(A1))), do) < .

Nk
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Proof.
For all £ > 1, we have
(A1 AA; ) < Z p(Ar o104 ;) < Z B < apq (4.19)
j=k+1 j=k+1

and then p(A;) < p(Aiq) + p(A1AA; 1) < 2ay. Further (4.19) implies, for all n,

L (Su(ay, — (A1) — SulLay — p(AD)))). 60) < g,

7 Qn

d(La(

(ii) and (iii) follows. O

Step 2: The set A,

The set Ay,

We will consider F, € A and we repeat what we did to find the set A;;, working
with ng, qa, pa, ds instead of nq, ¢, p1,d;. The difference comes to the fact that we want
A; N Ay = (). Recall that 7, is the probability measure on Z given by Lemma 4.10 applied
to 15 and as and with constants Cy and ny. Let hy be a function from F, to Z given by
Lemma 4.2 such that L (hse) = 12 and we called g5 the positive function equal to hy + ds.
Let

Apyi =AY =g ({i}), i=1,...,2d,

and for all i = 1,...,2dy, let {Ap,;1,... 7AF277::‘1§i)} be a partition of the set Ap, ; into sets

1
of measure —. We thus have a partition of F3 into
q2

{AF271,1, . ’AF271,q£1)’ AF272,1, e ,AF272’q§2), ......... aAF2,2d1,17 e ’AF2,2d1,q§2d1)}'
By induction, we deduce partitions of Fi = T F, for [ = 1,...,py — 1. We set

m : . i—1
T QAFé_l’M if1 <y § qé )
= TnQAFéfl,iJrl,l lfj = q%;)d and i < 2d2
1

T Ay, if j =g and i = 24,

+1

71;7j
Forall [ =0,...,po —1and for all : = 1,...,2ds, we set

o
Apga = U AR
j=1
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2ds

Because we want disjointness, we cannot define Apy as U{TkAFQzﬂ- /k=0,...,i—1}. So,
i=1

for each I € {0,...,ps — 1}, for each x € F}, if x € Api;, we denote by Dy(z) the set

composed by the i first elements of {x, Tz, ...} \ A; and we set

Dl = U Dl(l’)
xEle
Since A; contains at most 2d; points in each orbit of size n; and since dy > dj,

4do—1
D c |J TR
=0

We define A, 5 as

p2—1

AQ’Q = U Dl'
1=0
Lemma 4.15.
(1) p(Az2) < ag;
(i)

1
d(EQ(_Sm(]lAQ,z - M<A2,2>>>7 V2) < é&3;

n2

(i)

1
d(£Q(a_Sn3(]1A2,2 - M(A2,2>>>7 50) < as.
n3
Proof.
The proof follows the one of Lemma 4.12 and is left to the reader. O

The sets Ay, k>3
Now we define a sequence Ay i, k > 3 such that

p(Ag -1 AAs ) < By

and for all £ > 3,
1
d(‘cﬂ(a—snk+1(ﬂ/‘2,k - M(Alk)))a 60) < Of41-
Nk+1

To do that we use the same techniques than before, preserving the fact that for all £ > 1,
Ay i, contains at most 2dy points in each orbit of lenght ns.
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The set A,
The set
Ag = khm A27k
is well defined, disjoint of A; and satisfies the following lemmas.
Lemma 4.16.
(i) p(A2) < 2as;
(i)
1
d(La(=——5n,(1a, — p(Az2))), 1) < 2ey;

n2

(iii) For all k > 3,

1
d(ﬁﬂ(a—snk(ﬂflz — (A2))), 6) < &y
ng
Proof.
The proof follows the one of Lemma 4.14. O
Further
Lemma 4.17.
(i) X
A(La(—Sn, (14,04, — 1(A1 U Ap))),v1) < 261 + 2
ny
(i)
1
d(La(—Sn, (1,04, — p(A1 U Ag))), 15) < 3eo.
n2
Proof.

By disjointness, for all n > 1,
Sn(]lA1UA2 - M(Al U A2)) = Sn<11A1 - M(A1)> + Sﬂ1(]1142 - M(AQ))

and

d(ﬁﬂ(isnl(]l/hUAz - :u(Al U AQ)))? Vl) < d(£9<i8n1(]1141 - M(Al)))7 l/l)

ni ni

FA(Lal =S (L, ~ p(A2))), ).

From Lemma 4.14, the first term is smaller than 2¢; and since p(As) < 2aw, by definition
of a9,
1 n
(Lo (—Sn, (La, — 1(A2))), o) < 2—20 < 265,
ni ni

This give (i). In the same way, using Lemma 4.16 and Lemma 4.14, we get (ii). O
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Step k: the set Ay, £ >3
By induction, we can find a set Ay disjoint of the sets A;, ¢ < k, satisfying the following
lemma.

Lemma 4.18.
(1) w(Ag) < 2a4;

(i)

1
ALl =S, (s, — p(A))), %) < 255
ny,
(iii) Forallj > k+1,
1
d(£Q<a_Snj<ﬂAk - :U'(Ak)))v 50) < €j-
Final step: the set A
Set
A=A
k>1
Then p(A) = Zu(Ak) < Zak < e and for all j > 1,
k>1 k>1

ALl S0, (La — u(A)), 1) <23 i

" i>j

which goes to 0 when j goes to co.
Thus Proposition 4.9 is proved. 0

Comments

The content of this chapter comes from the paper by Durieu and Volny [39]. Thanks to
Jean-Pierre Conze who found an error in an earlier version of this paper and thanks to
Sébastien Gouézel who suggested us a simplification in the proof which is done in Section
4.4.
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Annexe A

Multiple Mixing for Ergodic Torus
Automorphisms

We prove here the multiple mixing inequality for ergodic torus automorphisms which is
used in Chapter 2.

A version of this inequality in the case of diagonal flows and for Holder observables
can be found in the paper by Le Borgne [63] (see also Le Borgne and Pene [64]). Here, it
is adapted to the case of ergodic torus automorphisms and for C' functions (because it is
enough in our situation). Hence the proof is not new and follows the one of [64]. Because
the setting is different, for convenience of the reader, we give here the main ideas.

Let T be a general (quasi-hyperbolic) ergodic automorphism of the torus of dimension
d and p the Lebesgue measure on T

Proposition. There ezxist C' > 0, a > 0, for all m,p € N*, for all ¢1, ..., o, V1, ..., 0, €
CHT), for allky < ... <k, <0<y < ... <1, for alln €N,

Cov (ﬁ ¢jo " ﬁ ;o le+n>

i=1 j=1
<C (ZH ||¢i||oo||¢j||c1|kjl7") (ZH ||¢z-||oo||¢jllc1) I
=1 i#j =1 it

where 1 is the size of the biggest Jordan’s block of T restricted to its neutral subspace.

Proof.
Denote by E*, E* and E° the T-stable subspaces of R? corresponding respectively

to the stabe , the unstable and the central directions of T' (where T is identified to its
reprensentative matrix). We have

R¢Y=E*® E*® E°

147
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and there exists A > 1 such that for all n > 1,
|T"v| < A7"|v] for all v € E?|

|T"v| > A"|v| for all v € E*,
|T"v| < n"|v| for all v € £,

where |.| denotes the maximum norm on R? and r is the size of the greatest Jordan block
of T restricted to the space E°. Further p can be written as the product measure of g,
1y, and pe. Set

Bi(0,p) ={zx € E"/|z| < p}, p>0,i=s,u,c

It is well known, since the work of Lind [66], that we have an exponential mixing
inequality of the type

3C > 0,3a > 0,Y¢, ¢ € CH(T% R), |Cov(p,1p o T™)| < C||d||cr ||¢0]|cre ™, (A1)
where ||g[ler = ||9]loc + sup [[Dg(2)||oo-

z€Td

We cannot deduce directly the proposition because the C'-norm behaves badly with
the composition by 7. But from this, we can deduce a property of good distribution of the
stable leaves. Denote by ||.|lc1 (resp. ||.|[ctw.) the C'-norm is the stable direction (resp.
unstable-central direction).

Lemma. (good distribution of stable leaves) There exist 0 such that for all ¢ € C*, x € T¢
and p > 0,

1
ps(T"Bs(0, p))

/ H(T "2+ )ds| < C|@l|csmee.
T-7B(0,p)

Let Ag be a sub-o-algebra of the Borelian one for which the atoms are pieces of stable
leaves and set A, = T "Ay. Let ¢ and ¢ be two C'-function with zero mean.

Cov(g,1poT") = Cov(¢p— E(¢|A-z)),¢ o T") + Cov(E(S|A-|z)),¢poT")
< [Wlllle — E(@lA-12)) oo + |0l | E(¥]Arz1) || oo-

But, since the diameter of the atoms of A_,, decreases exponentially fast,

an

16 — E(¢]Ak) |00 < C||@]lcr e~ 2

and, by the lemma,

n

[E@W|Arz)]le < Clltfleruee™ 2
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Thus, for v = max{a, 0}, we get

[Cov(g, ¥ o T")| < Clidllersllller uee™" (A.2)
Further, for all n > 0 and for all ¢ € C', we have
[¢ 0T lers < Clidllers- (A.3)
Indeed, if v € E® and h > 0, by linearity of the map 7',
poT(x)— g0 T @+ )| _ |6oT (@) - o(T"(x) + hT"(v))
h h
[@llcr,s|T"v]

<
< [@llersA ™" vl
And, in the same way, we get

||¢OT_HHC1,U,C < CnrHQbHCl,u,c (A‘4)

Now, to prove the proposition, we apply what precedes to
m p
¢=]]oj0T" and ¢ = [ 0 T".
j=1 j=1
Using (A.3) and (A.4), the computation shows that

m
16llerue < D [T Igilloolslier aelksl”

=1 itj
and )
[llers <> T T Iilloliellcr s
=1 i
Then, by (A.2), the proposition is proved. O

Proof of the lemma.
Let K =z + Bs(0, p1) + Buc(0, p2), where x € T? and py, p» > 0 and set ¢ = 1. Let
¢ € C' such that E¢ = 0 and fix an integer k. We have

< boTh > = /T_chﬁdu

/ O(T "z 4+t + 8)dps (t) dptac(s)
T~*Bs(0,01)XT % By, c(0,02)

/ ST 2+t 4+ 5) — ST+ )y (1) dptuo(s)
T*ICB5 (O,pl) XT*kBu,c(O,pz)

e (T B0 0,2) [ BT + t)du, (1)

T_kBS (Oapl)
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By the mean-value theorem, the first term is less than
1K) |9 lle w2
The rectangle K being regular, there exist a C' function ¢ and a constant C' > 0 such that
[$ller < Cet* and [l — ||, < Cem@™,
see Lemma 2.12. Then, by (A.1), we get
| < ¢ oTF > | < Cllg|lere™ 2"

and
| < ¢, 00T — o T > | < Cllgllollt> — Pll1e” 20",

we deduce that there exists 8 > 0 such that

/ o(T * 2 4 5)ds
T-kB(0,p1)

Now, the goal is to get the norm ||.||¢, u,c instead of the C'-norm in the previous

1
ps(T7By(0, p1))

< Clgllere™".

inequality. Assume that ¢ has a support in a small rectangle L = x¢+ B(0, p1) + By (0, p2)
(ortherwise, we can decompose the function ¢ as a sum of functions with supports in small

rectangles). We can show there exists a C' function y defined on L, such that [ x = [ ¢,
L L

X (o + s)dus(s) is close to / d(xo + s)dps(s)

TikBs (Oyﬂl)

Iler < Cloles e and [

T*kBs(O,pl)
when £ is large enough.

To do that we consider a C* function I' defined on B;(0, p;) which has integral equal
to 1 and we define x by

X0 + 5+ 1) = / B0 + 1+ t)dpa ()T ().

BS(07p1)

We can check that the wondering properties hold and we deduce the lemma. O
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