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Abstract

The two �elds of algebraic geometry and algorithmic geometry, though

closely related, are traditionally represented by almost disjoint communi-

ties. Both �elds deal with curves and surfaces but objects are represented

in di�erent ways. While algebraic geometry de�nes objects by the mean of

equations, algorithmic geometry use to work with linear models. The cur-

rent trend is to apply algorithmic geometry algorithms to non linear models

such as those found in algebraic geometry. Such algorithms play an im-

portant role in many practical �elds such as Computer Aided Geometric

Design. Their use raises important questions when it comes to developing

software featuring such models. First, the manipulation of their representa-

tion implies the use of symbolic numeric computations which still represent

one major research interest. Second, their visualization and manipulation is

not straightforward because of their abstract nature.

The �rst part of this thesis covers the use of algebraic methods in geometric

modeling, with an emphasis on topology, intersection and self-intersection

for arrangement computation of semi-algebraic sets with either implicit or

parametric representation. Special care is given to the genericity ofthe

algorithms which can be speci�ed whatever the context, and then specialized

to meet speci�c representation requirements.

The second part of this thesis presents a prototype of an algebraic geometric

modeling environment which aim is to provide a generic yet e�cient way to

model with algebraic geometric objects such as implicit or parametric curves

or surfaces, both from a user and developer point of view, by using symbolic

numeric computational libraries as a backend for the manipulation of the

polynomials de�ning the geometric objects.





R�esum�e

Les domaines de g�eom�etrie alg�ebrique et de g�eom�etrie algorithmique, bien

qu'�etroitement li�es, sont traditionnellement repr�esent�e s par des commu-

naut�es de recherche disjointes. Chacune d'entre elles utilisent des courbes

et surfaces, mais repr�esentent les objets de di��erentes mani�eres. Alors que

la g�eom�etrie alg�ebrique d�e�nit les objets par le biais d'�equ ations polynomi-

ales, la g�eom�etrie algorithmique a pour habitude de manipuler des mod�eles

lin�eaires. La tendance actuelle est d'appliquer les algorithmes tradition-

nels de g�eom�etrie algorithmique sur des mod�eles non lin�eairestels que ceux

trouv�es en g�eom�etrie alg�ebrique. De tels algorithmes jouent un rôle impor-

tant dans de nombreux champs d'application tels que la Conception As-

sist�ee par Ordinateur. Leur utilisation soul�eve d'importantes qu estions en

mati�ere de d�eveloppement logiciel. Tout d'abord, la manipulation de leur

repr�esentation implique l'utilisation de calculs symboliques num�eriques qui

repr�esentent toujours un domaine de recherche majeur. Deuxi�emement, leur

visualisation et leur manipulation n'est pas �evidente, en raison de leur car-

act�ere abstrait.

La premi�ere partie de cette th�ese porte sur l'utilisation de m�e thodes alg�e-

briques en mod�elisation g�eom�etrique, l'accent �etant mis sur la topologie,

l'intersection et l'auto-intersection dans le cadre du calcul d'arrangement

d'ensembles semi-alg�ebriques comme les courbes et surfaces �arepr�esentation

implicite ou param�etrique. Une attention particuli�ere est port�e e �a la g�en�eri-

cit�e des algorithmes qui peuvent être sp�eci��es quel que soit le contexte, puis

sp�ecialis�es pour r�epondre aux exigences d'une certaine repr�esentation.

La seconde partie de cette th�ese pr�esente le prototypage d'un environnement

de mod�elisation g�eom�etrique dont le but est de fournir un moyen g�en�erique et
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e�cace pour mod�eliser des solides �a partir d'objets g�eom�etriq ues �a repr�esen-

tation alg�ebrique tels que les courbes et surfaces implicites ou param�etriques,

�a la fois d'un point de vue utilisateur et d'un point de vue de d�ev eloppeur,

par l'utilisation de librairies de calcul symbolique num�erique pour la manip-

ulation des polynômes d�e�nissant les objets g�eom�etriques.
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Preface

La th�ese se d�ecompose en deux parties intrins�equement li�ees. La premi�ere,

plus th�eorique, correspond �a la proposition d'un algorithme g�en�e rique de cal-

cul d'arrangement de courbes ou surfaces par subdivision. Cet algorithme

de haut niveau mêle des m�ethodes alg�ebriques telles que des calculs de topo-

logie, d'intersection et auto-intersection, avec des m�ethodes algorithmiques

de segmentation et de parcours de graphes.

La seconde, plus pratique, correspond au prototypage d'un modeleur quise

veut alg�ebrique g�eom�etrique, en ce sens qu'il permet la manipulation de la

repr�esentation alg�ebrique des objets g�eom�etriques telles que les courbes et

surfaces implicites ou param�etriques au moyen d'algorithmes �a la fronti�ere

entre la g�eom�etrie alg�ebrique et la g�eom�etrique algorithmiq ue tels que ceux

�evoqu�es dans la premi�ere partie de cette th�ese.

Pr�eliminaires alg�ebriques. Les courbes et surfaces en g�eom�etrie alg�e-

brique sont g�en�eralement repr�esent�ees par morceaux au moyen de diverses

�equations polynomiales. Les m�ethodes telles que l'intersectionou l'auto-in-

tersection de ces objets peuvent se r�eduire �a la r�esolution desyst�emes non

lin�eaires d'�equations polynomiales exprim�ees dans la base monomiale ou la

base de Bernstein. D'autres op�erations g�eom�etriques utilisent des techniques

de projection pour lesquelles le calcul de r�esultant est un outilalg�ebrique tr�es

pratique. Les techniques de subdivision, peuvent avoir recours aux nombres

alg�ebriques pour exprimer les racines d'un polynôme de mani�ereexacte. Le

chapitre 1 introduit les notions math�ematiques n�ecessaires �a la lecture de ce

xi
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document.

Pr�eliminaires g�eom�etriques. Traditionnellement, la mod�elisation g�eo-

m�etrique identi�e un ensemble de techniques servant �a mod�eliser certaines

classes de formes. Elle a d'importantes applications dans plusieursdomaines

industriels dont l'automobile, l'a�erospatial ou l'architecture.

Les courbes et surfaces en sont les principales entit�es et sont utilis�ees pour

d�ecrire des formes r�ealistes. Il est donc n�ecessaire pour la communaut�e scien-

ti�que de s'int�eresser �a ce type d'entit�es g�eom�etrique s et aux m�ethodes as-

soci�ees. Les sections2.1 et 2.2 d�e�nissent de telles courbes et surfaces.

De mani�ere combin�ee, ces courbes et surfaces d�e�nissent des solides repr�e-

sentant des objets physiques en s'appuyant principalement sur deux grandes

classes de repr�esentation : la r�epr�esentation par les bords et larepr�esentation

constructive.

Un choix de repr�esentation est primordial pour un logiciel dans la mesure

o�u les techniques de mod�elisation sont directement li�ees �a la nature des

objets g�eom�etriques. Dans la section2.4, nous donnons un aper�cu rapide de

certains logiciels proposant des courbes et des surfaces pour la mod�elisation

g�eom�etrique.

Pr�eliminaires algorithmiques. La g�eom�etrie algorithmique a permis de

grandes avanc�ees, principalement sur le traitement des objets discrets. Ce-

pendant, les objets g�eom�etriques continus pr�esentent de nombreux avantages

par rapports aux objets g�eom�etriques discrets. D'abord, leur repr�esenta-

tion est exacte. Il est par exemple impossible de d�e�nir une sph�ere avec

un maillage alors qu'une surface Nurbs le permet. Ensuite, leur repr�esen-

tation est in�niment plus compacte. Par exemple, approcher une sph�ere de

mani�ere pr�ecise demande un nombre de sommets et de faces directement

proportionnel au niveau de d�etail requis alors qu'une �equation polynomiale

d�ecrit le même objet de mani�ere implicite. Les pr�eliminaire s algorithmiques

de cette th�ese commencent par d�e�nir une terminologie non ambigu•e pour

l'expression des probl�emes g�eom�etriques qui composent ce manuscrit, ainsi

que les structures de donn�ees utilis�ees par les algorithmes. Ensuite un �etat de

l'art r�esume les derni�eres avanc�ees dans les domaines du calculde topologie,
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d'intersection et d'auto-intersection de courbes et surfaces �a repr�esentation

implicite ou param�etrique en opposant les techniques �a base de balayage et

celles �a base de subdivision.

Algorithme g�en�erique d'arrangement. La premi�ere contribution de

cette th�ese est une m�ethode g�en�erique de calcul d'arrangement par subdi-

vision. Un arrangement d'une collection d'objets est la d�ecomposition de

l'espace en sommets, arrêtes, facesetc, induites par ces objets.

La m�ethode propos�ee est g�en�erique �a plusieurs titres. D'ab ord, elle est

ind�ependante de la dimension, quand bien même elle sera sp�ecialis�ee en

dimension 2 pour le calcul d'arrangement de courbes dans le plan et en di-

mension 3 pour le calcul d'arrangement de surfaces dans l'espace. Les m^emes

m�ethodes ont �et�e appliqu�ees avec succ�es en dimension 4 dansl'espace des

param�etres des deux surfaces param�etriques par exemple. Ensuite, elle est

h�et�erog�ene. Elle sera sp�ecialis�ee pour des repr�esentations implicites comme

param�etriques ou lin�eaires par morceaux. En�n, elle peut être appliqu�ee soit

de mani�ere dynamique pour maintenir une structure d'arrangement suppor-

tant l'insertion de nouveaux objets ou la suppression d'objets existants, soit

de mani�ere statique en consid�erant une collection �xe d'objets et en calcu-

lant le r�esultat en une seule passe. Cette g�en�ericit�e est rendue possible par

la 
exibilit�e de l'approche par subdivision.

Quelle que soit la dimension, le type d'objet ou la m�ethode de calcul, l'algo-

rithme a un tr�es bon comportement num�erique. D'abord les calculs pouvant

n�ecessiter des outils approch�es sont e�ectu�es une seule foisa�n de certi�er

le r�esultat et d'assurer la coh�erence de la m�ethode. Ensuite, l'utilisation

de structures de segmentation permet d'exhiber des conditions n�ecessaires

�a l'intersection d'objets qui permettent de �ltrer les appels aux outils de

r�esolution et de limiter leur nombre au strict minimum.

Toute m�ethode de partitionnement adaptative est guid�ee par un crit �ere de

subdivision, aussi la m�ethode proc�ede de la fa�con suivante : tant que l'on ne

peut d�eduire la topologie d'un objet (resp. d'un ensemble d'objets) dans le

domaine courant, ce dernier est subdivis�e et les cellules de subdivision ainsi

obtenues sont test�ees �a leur tour. Les r�egions d�e�nies par la topologie de

l'objet (resp. des objets) sont �nalement d�eduites localementdans les cellules
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qui ont pass�e le test avec succ�es puis assembl�ees de mani�ere ascendante �a

travers la structure hi�erarchique de subdivision pour obtenir l'ensemble des

r�egions d�e�nies globalementpar l'objet (resp. les objets) dans le domaine de

d�epart.

Sp�ecialisation aux courbes. Le chapitre 5 est la sp�ecialisation de l'algo-

rithme g�en�erique de calcul d'arrangement par subdivision au cas des courbes

dans le plan. Cette sp�ecialisation revient �a fournir un test de r�egularit�e (uti-

lis�e comme crit�ere de subdivision dans l'algorithme g�en�eriqu e) pour chaque

type de courbe parmi implicite, param�etrique et lin�eaire par morc eaux. Ce

test de r�egularit�e permet de v�eri�er que la topologie d'un objet ( resp. d'un

ensemble d'objets) peut être d�etermin�e �a partir d'informat ions sur le bord de

la cellule de subdivision. Le calcul de topologie �etant directementli�e au test

de r�egularit�e, ce dernier est �egalement fourni par la sp�ecialisation. La gestion

globale �etant fournie par l'algorithme g�en�erique, ce chapitre ne s' int�eresse

qu'�a traiter le probl�eme localement.

Le calcul d'arrangement de courbes implicites est celui qui pose le plus de

probl�emes. La section5.1 distingue le cas de cellules non singuli�eres de celui

de cellules singuli�eres. Dans le premier cas les d�eriv�ees partielles des po-

lynômes qui repr�esentent la courbe fournissent les informations n�ecessaires

�a l'analyse du comportement des segments d'une même courbe dans une

cellule. En utilisant des indices pour une direction donn�ee, unalgorithme

de connexion de branches permet d'obtenir localement la topologie de la

courbe, puis d'en d�eduire les r�egions. Dans le second cas, celui d'une auto-

intersection transverse ou tangente, ou d'un point isol�e, un calcul de degr�e

topologique permet de d�eduire le nombre de branches �emanant du lieusin-

gulier et ainsi de fournir un algorithme trivial de connexion. Dans tous les

cas, les points d'intersection de la courbe avec le bord de la cellule, les points

critiques, extremums et singuliers sont obtenus au moyen des solveurs par

subdivision pr�esent�es dans le chapitre 1 en utilisant la repr�esentation de

Bernstein des polynômes qui repr�esentent les courbes. En consid�erant des

bornes inf�erieurs et sup�erieurs pour les coe�cients des polynômes dans la

base de Bernstein, nous obtenons une technique d'enveloppement qui per-

met la gestion optimis�ee de courbes repr�esent�ees par des polyn^omes de haut

degr�e �a grand coe�cients.
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Le cas param�etrique ne pose pas de probl�eme majeur. En e�et les points d'in-

tersection de la courbe avec le bord de la cellule de subdivision et les points

critiques sont ais�ement calcul�es. L'obtention des points singuliers tels que

les points de rebroussement est rendue possible par l'utilisationde solveurs

non lin�eaires �a condition que la repr�esentation des courbes soit polynomiale.

Des m�ethodes de segmentation permettent �egalement d'approcherles points

critiques et singuliers �a une pr�ecision donn�ee par un pas d'�echantillonnage de

l'espace des param�etres. Les algorithmes de connexion sont sensiblement les

mêmes que dans le cas implicite, seules les m�ethodes utilis�ees pour calculer

les entit�es g�eom�etriques interm�ediaires varient.

La gestion de courbes lin�eaires par morceaux (s�equence de segments de

droite) peut conceptuellement se d�eduire du cas parametr�e de parle fait

qu'une s�equence de segments s'apparente �a l'�echantillonnage d'une courbe

param�etrique. Pour obtenir les points critiques et les points d'auto-inter-

section, on utilise une structure dite de segmentation monotone qui permet

l'isolation e�cace des changements de direction des segments de droites.

Sp�ecialisation aux surfaces. Si le cas des courbes commence �a être bien

document�e pour ce qui est des calculs de topologie et d'intersection, le cas

des surfaces pose encore bien des d�e�s et de nombreuses propositions sont

r�eguli�erement publi�ees principalement pour le calcul d'int ersection de sur-

faces param�etriques (polynomiales rationnelles, B�ezier, B-spline ou Nurbs).

L'intersection de surfaces implicites m�ene au calcul topologique d'un courbe

implicite spatiale par d�e�nition même de leur lieu d'intersec tion.

La topologie d'une surface implicite peut se caract�eriser localement de la

mani�ere suivante. �A proximit�e d'une strate de dimension 2, la topologie de

la surface est similaire �a celle d'un hyperplan. �A proximit�e d'une strate de

dimension 1, la topologie de la surface est similaire �a celle d'un cylindre.
�A proximit�e d'une strate de dimension 0, la topologie de la surface est si-

milaire �a celle d'un cône. L'intersection d'une surface avec les bords de la

cellule de subdivision (un cube dans l'espace) peut être de deux natures :

soit une courbe implicite quand il s'agit d'une face, soit un point quand

il s'agit d'une arrête ou d'un coin. Le lieu singulier d'une telle surface est

contenu dans sa silhouette que l'on d�e�nit formellement par la vari�et�e po-

laire de la surface. Aussi dans le cas d'une strate de dimension 2, le crit�ere
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de r�egularit�e op�ere uniquement sur les faces en utilisant l'out illage que nous

fournit la sp�ecialisation aux courbes implicites. Dans le cas d'unestrate de

dimension 1, le crit�ere de r�egularit�e s'enrichit par le test de r�egularit�e de la

vari�et�e polaire de la surface. Ce dernier n�ecessite le calcul de la topologie

d'une courbe implicite spatiale d�e�nie comme l'intersection de deux sur-

faces implicites, fournit en suivant une approche par subdivisionexploitant

le champ de vecteurs tangents �a la courbe. Finalement, nous traitonsle cas

d'une strate de dimension 0 par le test de r�egularit�e de la projection de la

vari�et�e polaire sur la plan d�e�ni par l'unique point singulier de la strate dans

la cellule.

Contrairement au cas des courbes, les probl�emes d'intersection etd'auto-in-

tersection de surfaces �a repr�esentation param�etr�ees ne sont pastriviaux et

m�enent naturellement �a la manipulation de courbes implicites dans l'espace

des param�etres. Aussi, les crit�eres exhib�es dans le chapitre5 sont directement

applicables aussi bien pour traiter la topologie singuli�ere d'un objetque pour

traiter les con
its qui peuvent survenir entre deux objets. La subdivision

�etant conduite dans l'espace euclidien, il est cependant n�ecessaire de garder

un certain contrôle sur le r�esultat de ces tests dans l'espace desparam�etres.

En v�eri�ant que les images des espaces respectifs ne s'intersectent pas dans

l'espace euclidien, on garantit la nature injective de l'approche.

Applications. Le chapitre 7 introduit deux applications imm�ediates de

l'algorithme g�en�erique d'arrangement. La premi�ere illustre son utilisation

statique dans un contexte de CAO o�u des surfaces rogn�ees sont d�e�nies

soit au moyen d'une proc�edure d'intersection soit par nature dans le cas

d'une surface qui s'auto-intersecte comme c'est souvent le cas dessurfaces

construites par extrusion. L'algorithme d'arrangement, appliqu�e dans l'es-

pace des param�etres de la surface permet l'identi�cation des r�egions �a sup-

primer.

La seconde application propos�ee constitue une avanc�ee majeure en g�eom�etrie

algorithmique, elle permet le calcul du diagramme de Voronoi d'un ensemble

de courbes d�e�nies de mani�ere param�etrique par des polynômes (courbes

appel�ees rationnelles). Cette application utilise de mani�ere dynamique le

calcul localis�e de r�egions dans l'espace des param�etres form�e par les courbes

en con
it. Une succession d'op�erations bool�eennes sur les r�egionsobtenues
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permet de d�e�nir incr�ementalement le diagramme de Voronoi avec une com-

plexit�e optimale en termes de calculs d'intersection.

Un modeleur alg�ebrique g�eom�etrique. La seconde contribution de

cette th�ese est un prototype de modeleur alg�ebrique g�eom�etrique nomm�e

Axel. Le logiciel tient une place importante dans chacune des communaut�es

scienti�ques de g�eom�etrie alg�ebrique et g�eom�etrie algorith mique. Alors que

le premier produit des syst�emes de calcul alg�ebrique (CAS) etdes librairies

de calcul symbolique et num�erique comme Maple, Magma, Singular, Ma-

themagix, Synapsetc, le second fournit des librairies algorithmiques telles

que Cgal. D'autres solutions, plus d�edi�ees �a la CAO sont aussi disponibles

comme l'environnement Irit ou les librairies Sisl et GoTools.

D'un point de vue utilisateur, Axel permet la visualisation et la man ipu-

lation interactive des objets g�eom�etriques tels que les courbeset surfaces

param�etriques, implicites ou discr�etes. La visualisation dynamique d'objets

g�eom�etriques �a repr�esentation implicite est en soit une avan c�ee majeure ren-

due possible par des calculs topologiques dans un domaine o�u les solutions

propos�ees jusqu'�a lors fournissent un r�esultat statique au moyen de tech-

niques bas�ees sur le lancer de rayon. La manipulation est non seulement

rendue possible par un syst�eme avanc�e de calques tri-dimensionnels et par

les points de contrôle de certains mod�eles param�etr�es, mais aussi par le biais

d'algorithmes qui manipulent directement la repr�esentation alg�ebrique des

objets g�eom�etriques.

D'un point de vue d�eveloppeur, Axel est une application qui fournit une in-

terface virtuelle sur les objets �el�ementaires en mod�elisation g�eom�etrique dans

une architecture modulaire bas�ee sur un syst�eme de noyaux et deplugins.

Cette architecture a pour vocation de simpli�er la connexion avec d'autres

outils et leur interop�erabilit�e.

Le chapitre 8 pr�esente le logiciel �a la fois d'un point de vue utilisateur et

d'un point de vue d�eveloppeur. Les objets et les outils sont d'abord pr�esent�es

en illustrant les calculs de topologie, d'intersection, d'auto-intersection et

d'arrangement, ainsi que les diverses interfaces de 
ux de �chier, de script

et l'interface graphique qui fournit des moyens interactifs et intuitifs d'in-

teragir avec la repr�esentation alg�ebrique des objets g�eom�etriques. Ensuite,
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l'architecture interne du logiciel est pass�ee en revue, en particulier avec ses

hi�erarchies de classes virtuelles pour les objets et les outils qui permettent

un double niveau de s�election et des facilit�es de codage. Finalement, les

concepts de noyau et de plugins sont bri�evement introduits.

Annexes. Le premier annexe correspond au manuel de r�ef�erence du format

de �chier d�e�ni par Axel, bas�e sur XML. Il rappelle les concepts de b ase du

m�etalangage de description puis d�e�nit la grammaire du langage et illustre

chaque sp�eci�cation d'objet par des exemples.

Le second annexe illustre le m�ecanisme de noyaux et ses capacit�es de conne-

xion avec pour exemple la librairie Sisl. Il illustre le m�ecanisme de bijection

entre les objets virtuels d'Axel et les instances des objets fournies par des

librairies connect�ees au noyau g�eom�etrique et son utilisation dans, entre

autres, des calculs d'o�set.

Le troisi�eme annexe illustre le m�ecanisme de plugins et ses capacit�es de

connexion avec pour exemple le syst�eme Irit. Il illustre en particulier com-

ment d�e�nir un nouveau type objet �a l'int�erieur du plugin et com ment le

raccrocher �a la hi�erarchie virtuelle d'objets d'Axel. Dans cet exemple, le

plugin modi�e l'interface graphique de l'application en ajoutant des entr�ees

de menu pour invoquer ses parseurs. Les objets charg�es sont ensuite graphi-

quement rendus par Irit dans Axel �a travers le syst�eme de plugins.

Le dernier annexe rend compte du portage des modules internes d'Axel�a un

environnement de r�ealit�e virtuelle. Ce travail est bas�e sur l 'enrichissement

par l'�equipe d'ing�enieurs de recherche de l'Inria Sophia Antipolis du moteur

3D Ogre pour la gestion des concepts et du mat�eriel utilis�es par un tel

environnement.



Introduction

Domain. Solid modeling has emerged as a central area of research in such

diverse applications as CAD (Computer-Aided Design) and CAM (Computer-

Aided Manufacturing) in automobile, aeronautic, architecture or movie in-

dustries.

To specify elaborated shapes, solid modeling mainly has recourse to two fam-

ilies of representations. The �rst one is a constructive representation called

CSG (Constructive Solid Geometry) which consists in assembling elements

of simpler geometry such as cubes or spheres by the mean of boolean oper-

ations like union, intersection or di�erence. With this approach, a solid is

represented by a tree which leaves are primitive solids and internal nodes are

either rigid motions (translation, rotation, scaling) or boolean operations.

The second one, calledB-Rep (Boundary Representation), describes ob-

jects by their boundaries in terms of n-dimensional entities such as vertices

(0-dimensional entity), edges (1-dimensional entity), faces (2-dimensional

entity), volumes (3-dimensional entity) and so on. The topological model is

then a structure gathering thesen-dimensional entities together with inci-

dency and adjacency relationships.

CSG and B-Rep representations have inherent strength and weaknesses.

CSG models are intuitive and o�er an easy work
ow for design. B-Rep

models are more 
exible for many operations. As a consequence, there isa

strong tendency to combine these two representations to bene�t from both

their advantages.

1
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As a �eld, solid modeling spans several disciplines from computer science

to mathematics. It is therefore a broad subject that bene�ts a diversity of

viewpoints. In particular it �nds its main entities in geometric mo deling

with curves and surfaces which have brought powerful design possibilities

e.g. with freeform surface modeling.

Curves and surfaces with algebraic representation feature many advantages

which have made of them the representation of choice in CAD. First they

provide better accuracy by their exact nature. Second, they yieldcompact

models. Such representations include implicit and parametric ones.

Problem. To use such curves and surfaces in solid modeling it is neces-

sary to be able to perform boolean operations on them and to describe the

resulting shapes by their boundary. Arrangements are high-level algorithms

that allow to solve such problems.

Arrangements of geometric objects have been intensively studied incombi-

natorial and computational geometry for several decades. Given a collection

of objects their arrangement is the decomposition of the space into regions

induced by these objects. They allow to perform any boolean operation on

the input objects and represent regions by a set of vertices, edges,faces and

so on. The problem is then to be able to compute an arrangement of implicit

or parametric curves or surfaces.

Besides the fact that implicit or parametric curves or surfaces havenumerous

advantages, their representation is however di�cult to manipulate. Alge-

braic methods therefore play then an important role in geometric modeling

and so, in solid modeling as well.

Computing an arrangement of objects with such representations implies one

to carry out topology computation, intersection computation and possibly,

self-intersection computation.

All these operations may necessitate algebraic computations such as poly-

nomial system solving, resultant computation or algebraic numbers manip-

ulation, which enlarges even more the scope of methods needed by an ar-

rangement computation.
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Approach. We propose a generic approach to the arrangement computa-

tion using a subdivision scheme.

The method is generic in several respects. First, it does not dependent on

the dimension, even though it will be specialized in dimension 2 forthe

computation of an arrangement of curves in the plane and in dimension 3

for the computation of an arrangement of surfaces in the space.

Secondly, it is heterogeneous. It can be specialized for either implicit, para-

metric or piecewise-linear representations.

Finally, it can be applied either dynamically in order to maintain an ar-

rangement structure while new objects are inserted or existing objects are

removed, or statically considering a collection of objects and computing the

result in a single pass. This genericity is made possible by the 
exibility of

the subdivision scheme.

Any method of adaptive partitioning is guided by a subdivision criter ion.

The method proceeds the following way: while we can not infer thetopology

of an object (or a set of objects) in the current subdivision cell, thelatter is

subdivided and resulting cells are tested in turn. This test, called regularity

criterion has a local nature and is provided by a specialization of the generic

algorithm.

Regions are then locally de�ned by the topology of the object (or objects)

in so called regular cells. Their de�nition is directly related to the regularity

test and therefore also provided in a specialization of the algorithm.

The generic part then merges all theselocal regions across the hierarchical

subdivision structure to obtain the set of regions globally de�ned by the

object (or the set of objects) in the input domain.

The use of a subdivision scheme, as opposed to a sweep scheme, allowsto

avoid costly projections at critical points as well as subsequent numerical

errors, by enclosing these critical parts in a region in which the con�guration

can be deduced from information on its boundary.

Whatever the dimension, the type of the objects or the computation method,

the algorithm has a very good numerical behavior. First, some computations

that may require approximate tools are performed only once to ensure the

consistency of the method. Second, the use of segmentation structures brings
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necessary conditions for the con
ict of regions that allow to �lter the u se of

algebraic solvers and reduce the algorithm complexity.

Validation. We specialize the generic algorithm to the case of curves and

surfaces. These specializations �rst consist in providing a regularity test that

will serve as a subdivision criterion for the generic algorithm for eachtype

of object among implicit, parametric and piecewise linear. It assuresthat

objects in a cell of subdivision are in a con�guration that allows to deduce

regions from information on the boundary of the cell. The determination of

regions from the topology of objects within the cell is directly linked to the

regularity test, it is therefore also provided by the specialization together

with the regularity test. The overall management being provided by the

generic algorithm, a specialization only deals with the problem locally.

For the case of curves, we will distinguish two major families of con�gura-

tions: non-singular con�gurations and singular con�gurations. In the �rst

case, algebraic tools permit us to ask for a certain level of monotony of the

objects within the cell of subdivision so that we are able to providean al-

gorithm connecting intersection points of the curves with the border of the

cell to obtain branches locally isotopic to the input objects. In the second

case, using degree theory to compute the topological degree of a unique sin-

gular point within the cell, we want to ensure a star shaped con�guration

by counting the number of branches stemming out from a singular point.

The corresponding connection algorithm is then trivial.

If the case of curves begins to be well documented as far as topology and

intersection computation are concerned, surfaces still pose many challenges

and many proposals are regularly published mainly for the computation

of the intersection of parametric surfaces (rational polynomial, B�ezier, B-

spline or Nurbs). The intersection of implicit surfaces leads to a topology

computation of an implicit space curve by de�nition of the intersecti on locus.

The topology of a surface can be locally characterized as follows. Nearby

a 2-dimensional stratum, the topology of a surface is similar to the one of

a hyperplane. Nearby a 1-dimensional stratum, the topology of a surface

is similar to the one of a cylinder. Nearby a stratum of dimension 0, the

topology of a surface is similar to the one of a cone. The singular locus of
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such a surface is contained in its silhouette that is formally de�nedby the

polar variety of the surface. The general idea to deal with implicit surfaces

is to compose regularity criteria using the planar ones on the facets of the

subdivision cell together with the analysis of the polar variety in the case of

1-dimensional strata or of its projection in the case of 0-dimensional strata.

Since parametric surfaces naturally lead to the de�nition of implicit curves

in some parameter space we will see how the local treatment of a cell of

subdivision in an arrangement of parametric surfaces can bene�t from the

local treatment of implicit curves.

We validate this study into an algebraic geometric modeling environment

called Axel. It allows the visualization and manipulation of geometric ob-

jects with algebraic representation such as implicit or parametric curves or

surfaces.

Its main features are topology, interpolation, approximation, intersection,

self-intersection and arrangement computation of implicit and parametric

curves and surfaces.

The arrangement implementation follows its design. Using the template

method design pattern together with virtual methods it is generic and runs

inside the modeler as a daemon which looks for insertions or deletionsof

objects to maintain the arrangement structure.

Outline. The �rst three chapters set the framework with an emphasis

on objects, algorithms and software. These preliminaries aim at setting

the terminology used throughout this thesis and remind some state of the

art investigations namely in the �elds of geometric modeling, algorithmic

geometry and algebraic geometry.

Second, the main theoretical achievement of the thesis, arrangement compu-

tation, is presented. Chapter 4 introduces the generic subdivision approach

and the next two chapters specialize it to the cases of curves and surfaces.

The latter are followed by the evocation of immediate yet very usefulappli-

cations of the algorithm. Most of the necessary mathematical background

is presented in chapter1, however, some concepts that are used only once

are discussed right where they are introduced.

Chapter 8 illustrates the main technical achievement of the thesis, the pro-
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totyping of a new kind of software to let the disjoint �elds of algebraic and

algorithmic geometry meet in a geometric modeling context. The appendices

give more details about its data �le formalism, its highly modular archit ec-

ture using dynamic kernels and plugins built on top of external computa-

tional libraries as a support and �nally a �rst attempt at using its inte rnals

in a virtual reality environment.



Chapter 1
Algebraic preliminaries

Curves and surfaces in algebraic geometry are usually represented by piece-

wise polynomial equations of various types. Many interrogations on such

objects such as intersection or self-intersection reduce to solving systems

of non linear polynomial equations in either monomial or Bernstein basis.

Many geometric operations use projection techniques for which a resultant

computation is a very convenient algebraic tool. Subdivision solving meth-

ods provide approximate solutions but algebraic numbers allow to exactly

represent roots of polynomials.

This chapter presents some algebraic ingredients that will be extensively

used in the di�erent computations proposed in this thesis.

1.1 Bernstein basis

The Bernstein basisis often used in a subdivision process involving algebraic

geometric objects since they have a number of useful properties [48] which

make them a convenient tool to encode their representation withina given

domain. The representation of a polynomial in the Bernstein basis is known

to be numerically more stable than the monomial basis representation [49].

Moreover, it has a direct geometric meaning, in terms of control points

and useful properties such as the convex hull and the variation diminishing

properties.

7
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1.1.1 Univariate Bernstein basis

Given an arbitrary univariate polynomial function f (x) 2 K , we can convert

it to a representation of degreed in Bernstein basis, which is de�ned by:

f (x) =
X

i

bi B d
i (x) (1.1)

B d
i (x) =

 
d

i

!

x i (1 � x)d� i (1.2)

where bi is usually referred to as control coe�cients. The above formula

can be generalized to an arbitrary interval [a; b] by a variable substitution

x0 = ( b� a)x + a. We denote by B i
d(x; a; b) =

� d
i

�
(x � a) i (b� x)d� i (b� a) � d

the corresponding Bernstein basis on [a; b].

There are several useful properties regarding Bernstein basis given as follows.

Property 1.1 (Convex-Hull): Since
P

i B i
d(x) � 1 and B i

d(x; a; b) � 0

for all x 2 [a; b], where i = 0 ; :::; d, the graph of f (x) = 0, which is given

by (x; f (x)), should always lie within the convex-hull de�ned by the control

coe�cients ( i
d ; bi ) [48].

Property 1.2 (De Casteljau Subdivision): Given x0 2 [0; 1], f (x) can

be represented piece-wisely by:

f (0) (x) =
dX

i =0

b(i )
0 B d

i (x); x 2 [0; x0] (1.3)

f (1) (x) =
dX

i =0

b(d� i )
i B d

i (x); x 2 [x0; 1] (1.4)

b(k)
i = (1 � x0)b(k� 1)

i + x0b(k� 1)
i +1 (1.5)

De�nition 1.1: The number of sign changesV(b) is de�ned recursively for

a sequence of coe�cientsbk = b1 : : : bk :

V (bk+1 ) = V (bk ) +

(
1; if bi bi +1 < 0

0; otherwise
(1.6)
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1.1.2 Multivariate Bernstein basis

The univariate Bernstein basis representation can be generalized tomulti-

variate ones. Brie
y speaking, we can rewrite the de�nition (see equation

1.1) in the form of tensor products. Suppose forx = ( x1; :::; xn ) 2 Rn ,

f (x) 2 K[x] having the maximum degreed = ( d1; :::; dn ) has the form:

f (x) =
d1X

k1=0

:::
dnX

kn =0

bk1 :::kn B d1
k1

(x1):::B dn
kn

(xn ) (1.7)

The De Casteljau subdivision for the multivariate case proceeds similarly

to the univariate one, since the subdivision can be done independently with

regards to a particular variable x i . The Descartes' law also applies for the

multivariate case. For a polynomial of n variables, the coe�cients can be

viewed as a tensor or dimensionn.

1.2 Bernstein solvers

A critical operation, which we will have to perform in geometric computa-

tions on curves and surfaces, is to solve polynomial equations. In such com-

putations, we start with input polynomial equations (possibly with som e

incertitude on the coe�cient) and we want to compute an approximation of

the real roots of these equations or boxes containing these roots. Suchop-

eration should be performed very e�ciently and with guarantee, since they

will be used intensively in geometric computations.

This section describes subdivision solvers which are based oncerti�ed ex-

clusion criteria. In other words, starting from an initial bounded domain,

sub-domains which are guaranteed not to contain a real solution of the poly-

nomial equations are removed. A parameter� > 0 is controlling the size of

the boxes that are kept while existence and uniqueness criteriaare applied to

produce certi�ed isolation intervals which contain a single root. The inter-

est of these subdivision methods (e.g. [63]), compared to homotopy solvers

[103], [60] or algebraic solvers [85] is that only local information related to

the initial domain are used, avoiding an approximation of all the complex

roots of the system. The methods are particularly e�cient for systems where
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the number of real roots is much smaller that the number of complex roots

or where the complex roots are far from the domain of interest. Multiple

roots however usually reduce their performance if their isolation is required,

in addition to their approximation.

1.2.1 Univariate Bernstein solver

Let us consider �rst an exact polynomial f =
P d

i =0 ai x i 2 Q[x]. Our objec-

tive is to isolate the real roots of f , i.e. to compute intervals with rational

endpoints that contain one and only one root off , as well as the multiplicity

of every real root. Here is the general scheme of the subdivision solverthat

we consider, augmented appropriately so that it also outputs the multiplici-

ties. It uses an external functionV (f; I ), which bounds the number of roots

of f in the interval I (see property 1.1).

Algorithm 1.1 : Real root isolation
Input : A polynomial f 2 Z[x], such that deg(f ) = d.

Output : A list of intervals with rational endpoints, which contain one and

only one real root of f and the multiplicity of every real root.

Compute the square-free part off , i.e. f red ;

Compute an interval I 0 = ( � B; B ) ;

Initialize a queue Q with I 0 ;

while Q 6= ; do
Pop an interval I from Q and compute v := V (f; I ) ;

if v = 0 then discard I ;

if v = 1 then output I ;

if v � 2 then split I into I L and I R and push them to Q ;
end

Determine the multiplicities of the real roots, using the square-free

factorization of f ;

Another interesting property of the univariate Bernstein representation re-

lated to the Descartes' law of signs (see proposition1.3) is that there is a

simple and yet e�cient test for the existence of real roots in a given interval.

Property 1.3 (Descartes' Law of signs): Given a polynomial f (x) =
P n

i bi B d
i (x; a; b), the number N of real roots of f on ]a; b[ is less than or
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equal to V (b), where b = ( bi ) i =1 :::n and N � V (b) mod 2.

With this property,

� if V (b) = 0, the number of real roots of f in [a; b] is 0.

� if V (b) = 1, the number of real roots of f in [a; b] is 1.

The approach can also be extended to polynomials with interval coe�cients,

by counting 1 sign variation for a sign sub-sequence (+; ?; � ) or ( � ; ?; +), 2

sign variations for a sign sub-sequence (+; ?; +) or ( � ; ?; � ), 1 sign variation

for a sign sub-sequence (?; ?; ?), where ? is the sign of an interval containing

0. Again in this case, if a family f of polynomials is represented by the

sequence of intervals�b = [ �b0; : : : ; �bd] in the Bernstein basis of the interval

[a; b]:

� if V ( �b) = 1, all the polynomials of the family f have one root in [a; b],

� if V ( �b) = 0, all the polynomials of the family f have no roots in [a; b].

This subdivision algorithm, using interval arithmetic, yields ei ther intervals

of size smaller than� , which might contain the roots of f = 0 in [ a; b] or

isolating intervals for all the polynomials of the family de�ned by the i nterval

coe�cients.

1.2.2 Multivariate Bernstein solver

We consider here the problem of computing the solutions of a polynomial

system: 8
>><

>>:

f 1(x1; : : : ; xn ) = 0
...

f s(x1; : : : ; xn ) = 0

(1.8)

in an interval I := [ a1; b1] � � � � � [an ; bn ] � Rn . The method for approx-

imating the real roots of this system, that we describe now, uses the rep-

resentation of multivariate polynomials in Bernstein basis, analysis ofsign

variations and univariate solvers (section1.2.1). The output is a set of small-

enough boxes, which contain these roots. This subdivision solver which can

be seen as an improvement of theInterval Projected Polyhedron algorithm

in [97], is described in more details in [80].
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In the following, we use the Bernstein basis representation of a multivariate

polynomial f in the domain I := [ a1; b1] � � � � � [an ; bn ] � Rn :

f (x1; : : : ; xn ) =
d1X

i 1=0

� � �
dnX

i n =0

bi 1 ;:::;i n B d1
i 1

(x1; a1; b1) � � � B dn
i n

(xn ; an ; bn ):

De�nition 1.2: For any f 2 R[x] and j = 1 ; : : : ; n, let:

mj (f ; x j ) =
djX

i j =0

min
f 0� i k � dk ;k6= j g

bi 1 ;:::;i n B dj
i j

(x j ; aj ; bj ) (1.9)

M j (f ; x j ) =
djX

i j =0

max
f 0� i k � dk ;k6= j g

bi 1 ;:::;i n B dj
i j

(x j ; aj ; bj ) (1.10)

Theorem 1.1 (Projection Lemma): For any u = ( u1; : : : ; un ) 2 I , and

any j = 1 ; : : : ; n, we have

m(f ; uj ) � f (u) � M (f ; uj ) (1.11)

As a direct consequence, we obtain the following corollary:

Corollary 1.1: For any root u = ( u1; : : : ; un ) of the equation f (x) = 0 in

the domain I , we have�
j

� uj � � j where:

1. �
j

(resp. � j ) is either a root of mj (f ; x j ) (resp. of M j (f ; x j )) in [ aj ; bj ]

or equal to aj (resp. bj ) in the case wheremj (f ; x j ) (resp. M j (f ; x j ))

has no root on [aj ; bj ]

2. mj (f ; u) � 0 � M j (f ; u) on [�
j
; � j ].

The solver proceeds in the following main steps: 1. apply a preconditioning

step to the equations, 2. reduce the domain, 3. if the reduction ratio is too

small, split the domain, until the size of the domain is smaller than a given

epsilon.

The following important ingredients parameterize the algorithm.

Preconditioning strategy. That is, a transformation of the initial sys-

tem into a system, which has a better numerical behavior. Solvingthe
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system f = 0 is equivalent to solving the system M f = 0, where M is an

s� s invertible matrix. As such a transformation may increase the degree of

some equations, with respect to some variables, it has a cost, which might

not be negligible in some cases. Moreover, if for each polynomial of the

system not all the variables are involved, that is if the system is sparse with

respect to the variables, such a preconditioner may transform it into a sys-

tem which is not sparse anymore. In this case, we would prefer a partial

preconditioner on a subset of the equations sharing a subset of variables.

We consider global transformations, which minimize the distance between

the equations, considered as vectors in an a�ne space of polynomials of a

given degree and local straightening (fors = n), which locally transform the

system f into a system J � 1f , where J = ( @x i f j (u))1� i;j � s is the Jacobian

matrix of f at a point u of the domain I , where it is invertible.

It can be proved that the reduction based on the polynomial boundsm

and M behaves like Newton iteration near a simple root, that is, we have a

quadratic convergence with this transformation.

Reduction strategy. That is, the technique used to reduce the initial

domain for searching the roots of the system. It can be based on convex hull

properties as in [97] or on root localization, which is a direct improvement

of the convex hull reduction and consists in computing the �rst (resp. last)

root of the polynomial mj (f k ; uj ), (resp. M j (f k ; uj )), in the interval [ aj ; bj ].

The current implementation of this step allows us to consider the convex

hull reduction, as one iteration step of this reduction process.

The guarantee that computed intervals contain the roots of f , is obtained

by controlling the rounding mode of the operations during the De Casteljau

computation.

Subdivision strategy. That is, the technique used to subdivide the do-

main, in order to simplify forthcoming steps for searching the rootsof the

system. Some simple rules can be used to subdivide a domain and reduce

its size. The approach, that we are using in our implementation is the pa-

rameter domain bisection: a domainb is then split in half in a direction

j for which jbj � aj j is maximal. But instead of choosing the size of the

interval as a criterion for the direction in which we split, we may choose
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another criterion depending also on the values of the functionsmi ; M j or f j

(for instance whereM j � mj is maximal).

A bound for the complexity of this method is detailed in [80]. It involves

metric quantities related to the system f = 0, such as the Lipschitz constant

of f in B , the entropy of its near-zero level sets, a boundd on the degree of

the equations in each variable and the dimensionn.

1.3 Algebraic numbers

Algebraic numbers are of particular importance in geometric problems such

as arrangement or topology computation. In geometric modeling the treat-

ment of algebraic curves or surfaces implicitly or explicitly leads to the

manipulation of algebraic numbers. They provide an exact representation

of the roots of the polynomials de�ning theses curves or surfaces.

An algebraic numberis a root of a polynomial p(x) with coe�cients in K

(p(x) 2 K[x]). An algebraic integer is a root of a polynomial where the

leading coe�cient is 1.

Let � be an algebraic number andp(x) be a polynomial of degreed with

p(� ) = 0. If p(x) is irreducible over K (cannot be written in K[x] as the

product of two polynomials di�erent from 1), it is called the minimal poly-

nomial of � . The other roots � 2; : : : ; � d of the minimal polynomial in K

are the conjugatesof � . The degreeof the algebraic number � is the de-

gree of the minimal polynomial de�ning � . If �; � are algebraic numbers,

then � � �; � � �; �=� (if � 6= 0) and k
p

� are algebraic numbers. If�; � are

algebraic integers, then� � �; � � � and k
p

� are algebraic integers.

A natural way to encode a real algebraic number� over Q is by using a

polynomial p(x) of Q[x], which vanishes at� , and an isolating interval [a; b]

containing � such that a; b2 Q and p(x) has exactly one real root in [a; b].

This representation is not unique, since the size of the interval [a; b] can

reduce to any � > 0 close to 0. If we assume moreover thatP is a square-

free polynomial (gcd(p; p0) = 1), then � is a simple root ofp and the sign of

p changes at� .



1.3. ALGEBRAIC NUMBERS 15

Remark 1.1: An alternative representation is Thom encoding [12]. The

basic idea behind this representation is that the signs of all derivatives of

p obtained by evaluation over the real roots ofp uniquely characterize and

order these real roots. This representation beside the uniqueness property

is also more general than the isolating interval representation. �

To compare algebraic numbers we have recourse to another algebraic tool,

namely, Sturm sequences.

De�nition 1.3 (Sturm sequence): Let p; q be two univariate polynomi-

als. A polynomial sequencef 0 = p; f 1 = q; : : : ; fs is a Sturm sequence if:

1. f s divides all the f i , i = 1 : : : s. Let � i = f i =f s, i = 1 : : : s.

2. If c is a real number such that � j (c) = 0 with 0 < j < s then

� j � 1(c)� j +1 (c) < 0 (1.12)

3. If c is a real number such that � 0(c) = 0 then � 0(x)� 1(x) has the sign of

x � c in a neighborhood ofc.

For any sequenceS of real polynomials and a 2 R, we denote by V (S; a)

the number of variations of signs of the values of the polynomials inS at a.

Then we have the well-known theorem of Sturm (see for instance [12]).

Proposition 1.1 (Sturm theorem): AssumeS = Sturm( p; p0q) and ]a; b[

is an interval such that p(a)p(b) 6= 0. The di�erence V(S; a) � V (S; b) is

equal to the di�erence between the number of roots� of p in ]a; b[ (without

multiplicity) such that q(� ) > 0 and the number of roots� of p in ]a; b[ such

that q(� ) < 0:

V (S; a) � V (S; b) = Zq> 0(p) � Zq< 0(p) (1.13)

Remark 1.2: If in proposition 1.1, p or q is square-free, the computation

of Sturm(p; q) is su�cient. �

We recall here the de�nition of pseudo-remainder as de�ned in the book of

Basu-Pollack and Roy [12].
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De�nition 1.4 (Pseudo-remainder): Let

P = apxp + � � � + a0 (1.14)

Q = bqxq + � � � + b0 (1.15)

be two polynomials in D [x] where D is a subring of R. Note that the

only denominators occurring in the euclidean division ofP by Q are bi
q; i �

p + q � 1.

The signed pseudo-remainder denoted Prem(P; Q), is the remainder in the

euclidean division ofbd
qP by Q, where d is the smallest even integer greater

than or equal p � q + 1. Note that the euclidean division of bd
qP by Q can

be performed in D and that Prem(P; Q) 2 D[x].

An e�cient way to compute a Sturm sequence is to compute a Sturm-

Habicht sequence.

De�nition 1.5 (Sturm-Habicht sequence): Let p and q be univariate

polynomials, d = max(deg(p); deg(q) + 1), coef k (p) the coe�cient of xk in

p, and � k = ( � 1)k(k� 1)=2.

The Sturm-Habicht sequence ofp and q is de�ned inductively as follows:

1. Hd = p, hd = 1

2. Hd� 1 = q

Assume that we have computedHd; : : : ; H j � 1, hd; : : : ; hj with hj 6= 0 and

H j � 1 6= 0. Let k = deg(H j � 1). Then if k < j � 1, let Hk = � j � k
coefk (H j � 1 ) j � 1� k

h j � 1� k
j

H j � 1; hj � 1 = 1 for l 2 N with k < l < j � 1, let H l = 0, hl = 0,

hk = coefk (Hk ) Hk� 1 = � j � k+2
Prem( H j ;H j � 1 )

h j � k +1
j

.

This Sturm-(Habicht) sequence can also be useful for gcd computations,

since the gcd corresponds to the last non-zero term of the sequence.In

particular, it yields a way to compute the square-free part p=(gcd(p; p0) of a

polynomial p 2 Q[x].

Comparison. Let us describe brie
y how we use Sturm's theorem to com-

pare two algebraic numbers� = ( p; ]a; b[) and � = ( q;]c; d[), assuming for
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simplicity that � and � are simple rootsof p and q. If b < c (resp. d < a) we

have � < � (resp. � < � ). Let us assume now thata < c < b < d (the other

cases being treated similarly). First we compute the signs of p(a)p(c). If

s < 0, then we have� 2]a; c[ and � < � . If s = 0, we have � = c (since

� 6= a), which implies that � < � . Otherwise s > 0, p has no root in the

interval [ a; c]. We compute S = Sturm( p; p0q) and v := V (S; c) � V (S; b).

Let us assume �rst that q(c) > 0, q(b) < 0. Then if v = 1, by Sturm's

theorem q(� ) > 0 and � < � . If v = � 1, q(� ) < 0 and � > � . If v = 0,

then q(� ) = 0 and � = � . If now q(c) < 0, q(b) > 0, we negate the previous

output. Finally, if q(c) and q(b) are of the same sign, then� < � .

1.4 Resultants

A projection operator is an operator which associates to an overdetermined

polynomial system in several variables, a polynomial depending only on the

coe�cients of this system, which vanishes when the system has a solution.

Let us �rst overview the case of two univariate polynomials. Given two

polynomials f and g 2 K[x] of positive degree, say

f = a0x l + � � � + al ; a0 6= 0 ; l > 0 (1.16)

g = b0xm + � � � + bm ; b0 6= 0 ; m > 0 (1.17)

the resultant of f and g, denoted Res(f; g ), is the determinant of the (l +

m) � (l + m) matrix

Res(f; g ) = det

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

a0 b0

a1 a0 b1 b0

a2 a1
. . . b2 b1

. . .
... a2

. . . a0
... b2

. . . b0

al
...

. . . a1 bm
...

. . . b1

al a2 bm b2
. . .

...
. . .

...

al bm

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

(1.18)

where empty positions are �lled with zeroes is called theSylvester matrix of
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f and g.

Remark 1.3: The two most common representations for the resultant of

two polynomials in one variable are the Sylvester matrix and the Bezout ma-

trix [ 106]. Each entry of the Sylvester matrix is either zero or a coe�cient of

one of the original polynomial equations. The entries of the Bezout matrix

are more complicated, but the Bezout resultant employs a much smaller ma-

trix. Resultants of two polynomials in one variable can also be represented

by hybrids of the Sylvester and Bezout matrices as well as by companion

matrices (see example1.1). �

Property 1.4 (Integer polynomial): Res(f; g) is an integer polynomial

in the coe�cients of f and g.

Property 1.5 (Common factor): Res(f; g ) = 0 if and only if f and g

have a common factor inK[x].

Property 1.6 (Elimination): There are polynomials A and B 2 K[x]

such that Af + Bg = Res(f; g ). The coe�cients of A and B are integer

polynomials in the coe�cients of f and g.

Resultants are also useful to compute the squarefree part of a polynomial.

Theorem 1.2: Let f; g 2 K[x] be two polynomials of degrees deg(f ) = n >

0 and deg(g) = m > 0. Then f and g have a common factor of degree

greater than l � 0 if and only if there are polynomials A and B in K[x],

with deg(A) < m � l and deg(B ) < n � l which are not both zero, and such

that Af + Bg = 0.

As an immediate consequence we obtain a statement about the degree of

the greatest common divisor off and g.

Corollary 1.2: The degree of the gcd of two polynomialsf; g 2 K[x] is

equal to the smallest indexh such that for all polynomials A and B 2 K[x],

with deg(A) < m � h and deg(B ) < n � h: Af + Bg 6= 0.

Corollary 1.3: The degree of the gcd of two polynomialsf; g 2 K[x] is

equal to the smallest indexh such that for all rational polynomials A and
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B with deg(A) < m � h and deg(B ) < n � h: deg(Af + Bg) � h.

We are interested in determining the degree of the greatest common divisor

of two polynomials f and g. According to corollary 1.3 we have to test in

succession whether forl = 1 ; 2; 3; : : : there exist polynomials A and B , with

the claimed restriction of the degrees such that the degree ofAf + Bg is

strictly smaller than l. The �rst index h, for which this test gives a negative

answer, is equal to the degree of the gcd. The test forl = 0 can be made by

testing whether the resultant of f and g is equal to zero. Forl = 1 ; 2; 3; : : : ,

we proceed in a similar way. Letl be a �xed index and let

f (x) = f nxn + f n� 1xn� 1 + � � � + f 0; (1.19)

g(x) = gm xm + gm� 1xm� 1 + � � � + g0: (1.20)

We are looking for two polynomials

A(x) = am� l � 1xm� l � 1 + � � � + a1x + a0 (1.21)

B (x) = bn� l � 1xn� l � 1 + � � � + b1x + b0; (1.22)

such that deg(Af + Bg) < l . There are m + n � 2l unknown coe�cients

am� l � 1; : : : ; a0, bn� l � 1; : : : ; b0. The polynomial A(x)f (x)+ B (x)g(x) has de-

gree at mostn+ m� l � 1. The m+ n� 2l coe�cients of x l ; x l+1 ; : : : ; xm+ n� l � 1

have to be zero in order to achieve deg(Af + Bg) < l . This leads to a linear

system

(am� l � 1; : : : ; a0; bn� l � 1; : : : ; b0) � Sl = (0 ; : : : ; 0) (1.23)

where Sl is the submatrix of the Sylvester matrix of f and g obtained by

deleting the last 2l columns, the last l rows of f -entries, and the last l rows

of g-entries. We call Srl (f; g ) = det Sl the l th subresultant of f and g. For

l = 0, the equality Res(f; g ) = Sr 0(f; g ) holds. In fact, Sl is a submatrix of

Si for l > i � 0. The 2l � 2 l minors of the submatrix of the Sylvester matrix

of f and g obtained by deleting the last l rows of f -entries, can be collected

in order to construct a polynomial, which has interesting properties. To be

more speci�c, we need the following de�nition.
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De�nition 1.6 (Determinant polynomial): Let M be a s � t matrix,

s � t, over an integral domain D . The determinant polynomial of M is:

detpol(M ) = jM sj x t � s + � � � + jM t j (1.24)

where M j denotes the submatrix ofM consisting of the �rst s � 1 columns

followed by the j th column, for s � j � t .

De�nition 1.7 (Subresultant): Let f; g 2 K[x], two polynomials with

deg(f ) = n > 0, deg(g) = m > 0. For 0 � l � min( f; g ), we de�ne:

M l = mat( xn� l � 1f (x); xn� l � 2f (x); : : : ; f (x); xm� l � 1g(x); : : : ; g(x)) (1.25)

Then the l th subresultant polynomial of f and g is Sl = Sr l (f; g ) = detpol( M l ).

Notice that the coe�cient of x l in Sresl (P; g) is the l th subresultant coe�-

cient, denoted Srj (f; g ).

Proposition 1.2: [12, 104] Two polynomials f and g of positive degree have

a gcd of degreeh if and only if h is the least index l for which Srl (f; g ) 6= 0.

In this case, their gcd is Srl (f; g )(x).

Using subresultants, one can compute the squarefree part of a univariate

polynomial, as shown in algorithm 1.2.

Algorithm 1.2 : Square free part of a univariate polynomial
Input : A polynomial f 2 KZ [x].

Output : The squarefree partf r of f .

Compute the last non-zero subresultant Sr(x) of f (x) and f 0(x) ;

Compute f r = f=Sr(x) ;

Example 1.1 (Companion matrices): Using these resultant matrix for-

mulations, solving a polynomial problem can be reduced to solving the

generalized eigenvector problemT t (x)v = 0, where T(x) is a matrix of

sizeN � N with polynomial coe�cients, or equivalently a polynomial with

N � N matrix coe�cients. If d = max i;j f deg(Tij (x))g, we obtain T(x) =

Tdxd + Td� 1xd� 1 + � � � + T0, where Ti are n � n matrices. The problem is
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transformed into a generalized eigenvalue problem (A � � B ) v = 0:

A =

0

B
B
B
B
@

0 I � � � 0
...

. . . . . .
...

0 � � � 0 I

T t
0 T t

1 � � � T t
d� 1

1

C
C
C
C
A

; B =

0

B
B
B
B
B
@

I 0 � � � 0

0
. . . . . .

...
...

. . . I 0

0 � � � 0 � T t
d

1

C
C
C
C
C
A

(1.26)

where A; B are N � d constant matrices. We have the following property:

T t (x) v = 0 , (A � xB )

0

B
B
B
B
@

v

x v
...

xd� 1 v

1

C
C
C
C
A

= 0 : (1.27)

This applies for implicit curve intersection problems, like in [21]. Given two

polynomials p; q 2 Q[x; y], we compute their resultant matrix, with respect

to y. This yields a matrix T(x), from which we deduce the coordinates

of the intersection points by solving the generalized eigenvector problem

T(x)t v = 0. �

Generalizing this, suppose we are givenn + 1 homogeneous polynomials

f 0; : : : ; f n in variables x0; : : : ; xn and assume eachf i has positive total de-

gree. Then we getn + 1 equations in n + 1 unknowns:

8
>><

>>:

f 0(x0; : : : ; xn ) = 0
...

f n (x0; : : : ; xn ) = 0

(1.28)

Since f i are homogeneous of positive total degree, these equations always

have the solutionx0 = � � � = xn = 0, that we call the trivial solution. Hence,

the crucial question is whether there is anon trivial solution. In general,

the existence of a non trivial solution depends on the coe�cients of the

polynomials f 0; : : : ; f n : for most values of the coe�cients, there are no non

trivial solution, while for certain values, some exist.

Theorem 1.3: If we �x positive degrees d0; : : : ; dn , then there is a unique
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integer polynomial Res in the coe�cients of f 0; : : : ; f n which has the follow-

ing properties:

1. Res(f 0; : : : ; f n ) = 0 if ( f 0; : : : ; f n ) have a common factor inK[x]

2. Res is irreducible.

Remark 1.4: Resultants for multivariate polynomials have at least dozen

di�erent representations many of which are valid in only special cases. The

Sylvester formulation represents the resultant by a single determinant each

of whose entries is either zero or one of the coe�cients of the original

polynomial equations. The Dixon formulation uses smaller matrices than

the Sylvester one, but employs more complicated Bezoutian entries[29].

Macaulay represents the resultant as the ratio of two determinants whose

entries are similar to the Sylvester resultant [77]. There are also hybrid

representations and for low degree polynomial systems there are special for-

mulations such as the Jacobian representation [107]. �

Remark 1.5: There are two other techniques known in the literature for

eliminating a set of variables. They are Grobner bases and Ritt-Wu's algo-

rithm. The algorithm for Grobner bases generates special bases for polyno-

mial ideals and was originally formulated by Buchberger in [18]. Eliminating

a set of variables is a special application of Grobner bases. Ritt-Wu's al-

gorithm for variable elimination has been developed in [105] using an idea

proposed by Ritt [93]. �



Chapter 2
Geometric preliminaries

Geometric modeling traditionally identi�es a body of techniques that can

model certain classes of curves or surfaces subject to particular conditions of

shapes and smoothness. It has important applications in several industries

including automobile, aerospace, architectureetc.

Curves and surfaces are main entities that can be used to describe realistic

shapes. There is therefore an emerging need to research the use of such

geometric entities and techniques to interrogate them. Sections2.1 and 2.2

de�ne such curves and surfaces.

Combined together, they describe solids representing shapes of physical ob-

jects mainly relying on two representations: boundary representation and

constructive representation, brie
y presented in section2.3.

The representation of a shape is then a paramount choice for a geometric or

solid modeling software since modeling techniques are intrinsically linked to

the nature of the geometric objects. In section2.4 we brie
y overview some

software that propose curves and surfaces for geometric modeling.

2.1 Curves

Some important graphic problems are two dimensional and can be solved

with curves. Examples are technical drawing or Computer Aided Machining

23
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Figure 2.1: A piecewise linear curve.

(CAM) in which material is cut along a given curve. A lot of research e�ort

has gone into curves and many methods are known, dealing with rather

general curves that can be classi�ed into three main families: piecewise

linear curves, parametric curves or implicit curves.

2.1.1 Piecewise linear curves

A piecewise linear curve is a sequence of connected line segments. The

term is adequate in an algebraic geometry context to mark the di�erence

between linear and non linear representations of curves but some readers

may recognize this object as a planar mesh constituted of a set of vertices

and a set of edges together with adjacency relationships.

Figure 2.1 illustrates a piecewise linear curve composed ofn verticesv1 : : : vn

and n � 1 edgese1 : : : en� 1.

2.1.2 Parametric curves

Parametric representations are the most common in computer graphics since

they are, by nature, both easy to visualize and, in the case of splines,easy

to manipulate.

The representations of curves that we mention in what follows are basedon

polynomials since they are simple functions that are easy to calculate and


exible enough to create many di�erent shapes. Any function can however
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t

pt = ( x(t), y(t))

tmin tmax

x

y

Figure 2.2: A rational curve.

be used to create a parametric curvese.g. trigonometric expressions.

Polynomial rational curves. A uniform rational polynomial curve is

de�ned by the formula

c(t) =

(
x(t)=w(t)

y(t)=w(t)
(2.1)

where x : R[t] 7! R, y : R[t] 7! R and w : R[t] 7! R are polynomial

functions evaluated to obtain the image oft 2 R[t] by c in R2 as the point

pt = ( x(t)=w(t); y(t)=w(t)).

A uniform non-rational polynomial curve is derived by the previous formula

when w(t) = 1 or de�ned by the formula

c(t) =

(
x(t)

y(t)
(2.2)

B-spline curves. A B-spline curve is de�ned by the formula

c(t) =
nX

i =1

p i B i;k;t (t) (2.3)

as a linear combination of a sequence of control points and B-spline basis

functions B i;k;t uniquely determined by a knot vector t and the order k.
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Figure 2.3: A B-spline curve.

The complete representation of a B-spline curve consists of:

d The dimension of the underlying Euclidean space

n The number of vertices

k The order of the B-spline

t The knot vector of the B-spline: t = ( t1; t2; : : : ; tn+ k )

p The control points of the B-spline curve

The parameter range of a B-spline curvec is the interval [tk ; tn+1 ] and so

mathematically, the curve is a mapping c : [tk ; tn+1 ] 7! Rd, where d is the

Euclidean space dimension of its control points.

The data in the representation must satisfy certain conditions: 1. The knot

vector must be non-decreasing:t i � t i +1 . Moreover, two knots t i and t i + k

must be distinct: t i < t i + k . 2. The number of vertices should be greater

than or equal to the order of the curve: n � k.

A B-spline of order k is the sum of two B-splines of orderk � 1, each

weighted with weights in the interval [0; 1]. In fact we de�ne B-splines of

order 1 explicitly as box functions,

B i; 1(t) =

(
1 if t i � t � t i +1

0 otherwise
(2.4)
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and then the complete de�nition of a k-th order B-spline is

B i;k (t) =
t � t i

t i + k� 1 � t i
B i;k � 1(t) +

t i + k � t
t i + k � t i +1

B i � 1;k� 1(t) (2.5)

B-splines satisfy some important properties for curve and surface design.

Each B-spline is non-negative and it can be shown that they sum to one,

nX

i =1

B i;k;t (t) = 1 (2.6)

B-spline curves satisfy theconvex hull property: the curve lies in the convex

hull of its control points. Furthermore, the support of the B-spline B i;k;t is

the interval [ t i ; t i + k ] which means that B-spline curves have local control:

moving one control point only alters the curve locally.

The control polygon of a B-spline curve is the polygonal arc formed by its

control points, p1 ; : : : ; pn . This means that the control polygon, regarded

as a parametric curve, is itself a piecewise linear B-spline curve of order two.

If we increase the order, the distance between the control polygon and the

curve increases. A higher order B-spline curve tends to smooth the control

polygon and at the same time mimic its shape. For example, if the control

polygon is convex, so is the B-spline curve. Another property of the control

polygon is that it will get closer to the curve if it is rede�ned by ins erting

knots into the curve and thereby increasing the number of vertices. If the

re�nement is in�nite then the control polygon converges to the curve.

The knots of a B-spline curve describe the following properties of the curve:

1. The parameterization of the B-spline curve 2. The continuity at the joins

between the adjacent polynomial segments of the B-spline curve.

The number of equal knots determines the degree of continuity. Ifk consec-

utive internal knots are equal, the curve is discontinuous. Similarly if k � 1

consecutive internal knots are equal, the curve is continuous but notin gen-

eral di�erentiable. A continuously di�erentiable curve with a di scontinuity

in the second derivative can be modeled usingk � 2 equal knotsetc.

B-spline curves do not in general pass through the two end control points.

Increasing the multiplicity of a knot reduces the continuity of th e curve at
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that knot. The control polygon will coincide with the curve at a knot of

multiplicity k � 1, and a knot with multiplicity k indicates C � 1 continuity

(a discontinuous curve). Repeating the knots at the endk times will force

the endpoints to coincide with the control polygon. Such knot vectors and

curves are known asclamped.

Figure 2.3 shows a clamped B-spline curve of orderk = 4 de�ned by n = 4

control points, together with its control polygon and its knot vector made

up of n + k knots, distributed along the parameter range [tk ; tn+1 ].

Nurbs curves. A Nurbs (Non-Uniform Rational B-Spline) curve is a gen-

eralization of a B-spline curve,

c(t) =
P n

i =1 wi p i B i;k;t (t)
P n

i =1 wi B i;k;t (t)
(2.7)

In addition to the de�nition of a B-spline curve, the Nurbs curve c has a

sequence of weightsw1; : : : ; wn . One of the advantages of Nurbs curves over

B-spline curves is that they can be used to represent conic sections exactly

(taking the order k to be three). A disadvantage is that Nurbs curves depend

non linearly on their weights, making some calculations, like the evaluation

of derivatives, more complicated and less e�cient than with B-spline curves.

The representation of a Nurbs curve is the same as for a B-spline except that

it also includes:

w A sequence of weightsw = ( w1; w2; : : : ; wn )

Under the condition that weights are (strictly) positive, a Nurbs cur ve, like

its B-spline cousin, enjoys the convex hull property.

2.1.3 Implicit curves

Implicit curves can also by denominated level set or isocontour since they

correspond to the section of an implicit surface with a plane in the case of

planar curves or the intersection of two or more implicit surfaces in the case

of spatial curves. An implicit curve is said to be of degreen = max(i + j ),

where n is the maximum sum of powers of all termsam x i m yj m .
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Figure 2.4: An implicit planar curve.

Planar implicit curves. A planar curve can be expressed in the implicit

form as

f (x; y) = 0 (2.8)

When f is linear in variables x and y, equation 2.8 represents a straight line.

If f (x; y) is of the second degree inx and y, 2.8 represents a class of plane

curves called conic sections.

A singular point of an algebraic curve is a point where the curve has \nasty"

behavior such as a cusp or a point of self-intersection. More formally,a point

(x; y) on a curve f (x; y) = 0 is singular if the x and y partial derivatives of

f are both zero at the point (x; y): f (x; y) = @x f (x; y) = @y f (x; y) = 0.

Figure 2.4 shows the curve represented by the a bi-variate polynomial of

degree 8. Its visualization is carried out through a topology computation in

the bounding box [� 5; 5] � [� 3; 3].

Spatial implicit curves. The implicit representation of a spatial curve

can be expressed as an intersection curve of two or more implicit surfaces:

f (x; y; z) = 0 \ g(x; y; z) = 0 (2.9)

Figure 2.5 shows for instance a spatial curve represented by two trivariate
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Figure 2.5: An implicit spatial curve.

polynomial equations of degree 4. Its visualization is performed through a

topology computation in the bounding box [� 3; 3] � [� 3; 3] � [� 3; 3].

2.2 Surfaces

Similarly to the curve case, there are many ways to represent surfaces. This

section presents linear representation such as regular meshes or subdivision

surfaces as well as non linear representations such as implicit or parametric

representations.

2.2.1 Piecewise linear surfaces

A piecewise linear surface is a collection of vertices and polygons thatde�nes

the shape of a linear geometric object.

Regular meshes. Also referred to as surface meshes or polygonal sur-

faces, they usually consist of triangles, quadrilaterals or other simple convex

polygons, since this simpli�es rendering, but they can also contain objects

made of general polygons with optional holes.

An internal representation of a piecewise linear surface contains a list of

vertices, optionally a list of indexes describing which vertices are linked to
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Figure 2.6: A piecewise linear surface.

form polygonal faces, a list of edges (pairs of indexes) and a list of polygons

that link edges.

The choice of a data structure for faces is governed by the application:it's

easier to deal with triangles than general polygons, especially in computa-

tional geometry. For optimized algorithms it is necessary to have a fast

access to topological information such as edges or neighboring faces, this

requires more complex structures such as the winged-edge representation, a

doubly connected edge list (DCEL) or combinatorial maps.

Figure 2.6 shows a triangular piecewise linear surface made up of 1843 ver-

tices and 3560 faces.

Subdivision surfaces. A smooth surface can be calculated from a coarse

piecewise linear model as the limit of an iterative process of subdividing

each polygonal face into smaller faces that better approximate the smooth

surface. The resulting model is then called a subdivision surface.

The process starts with a given polygonal mesh. A re�nement scheme is

then applied to this mesh in order to subdivide it, creating new vertices

and new faces. The positions of the new vertices in the mesh are computed

based on the positions of nearby old vertices. In some re�nement schemes,

the positions of old vertices might also be altered (possibly based on the
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Figure 2.7: Subdivision surface using Catmull-Clark scheme.

positions of new vertices). Note that the resulting mesh can be passed

through the same re�nement scheme again and so on.

Subdivision surface re�nement schemes can be broadly classi�ed into two

categories [23]: interpolating ones and approximating ones. Interpolating

schemes are required to match the original position of vertices in theorig-

inal mesh. Approximating schemes are not, they adjust these positions as

needed. In general, approximating schemes have greater smoothness, but

the user has less overall control of the outcome. This is analogous to spline

surfaces and curves, where B�ezier splines are required to interpolate certain

control points, while B-Splines are not. Another division in subdivision sur-

face is the type of polygon that they operate on, some use quadrilaterals

while others operate on triangles.

In approximation schemes, the limit surfaces approximate the initial meshes

and, after subdivision, newly generated control points are not on the limit

surfaces. The following schemes are the most widespread:

Catmull-Clark use a generalization of bi-cubic uniform B-splines to produce

their subdivision scheme. For arbitrary initial meshes, this scheme generates

limit surfaces that are C2 continuous everywhere except at extraordinary

vertices where they are C1 continuous (see �gure2.7).

Doo-Sabin extend Chaikin's corner-cutting method for curves to surfaces.

They use the analytical expression of bi-quadratic uniform B-splinesurface

to generate their subdivision procedure to produce C1 limit surfaces with

arbitrary topology for arbitrary initial meshes.

Remark 2.1: Subdivision surfaces were discovered simultaneously by Ed-

win Catmull and Jim Clark [ 24] and Daniel Doo and Malcom Sabin [33]. �
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Figure 2.8: A rational surface.

Remark 2.2: Subdivision surfaces share many properties with Nurbs sur-

faces such as the convex-hull property. �

2.2.2 Parametric surfaces

There are many types of parametric representations for surfaces. A relevant

point for organizing such geometric objects within a taxonomy is that even

though the encoding of the geometry may vary from a parametric represen-

tation to another, all parametric surfaces share common properties: they

are given in evaluation, e.g. de�ned by map s : R2 7! R3.

Polynomial rational surfaces. In parametric representation, the coor-

dinates (x; y; z) of a point of a surface patch are expressed as functions of

the parameters,e.g. u and v, in the range [umin ; umax ] � [vmin ; vmax ]:

s(u; v) =

8
><

>:

x(u; v)=w(u; v)

y(u; v)=w(u; v)

z(u; v)=w(u; v)

(2.10)

The functions x(u; v), y(u; v), z(u; v) and w(u; v) are continuous and possess

a su�cient number of partial derivatives. A parametric surface is sai d to be

of classr , if the functions have continuous partial derivatives up to order r ,

inclusively.
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Figure 2.8 illustrates a polynomial rational surface de�ned by the polynomi-

als x(u; v) = u, y(u; v) = � v and z(u; v) = � u3 � v2 + 2v � 1 (w(u; v) = 1).

B-spline surfaces. A tensor product B-spline surface is de�ned as

s(u; v) =
n1X

i =1

n2X

j =1

p i;j B i;k 1 ;u (u)B j;k 2 ;v(v) (2.11)

with control points p i;j and two variables (or parameters) u and v. The

formula shows that a basis function of a B-spline surface is a product of two

basis functions of B-spline curves. This is why a B-spline surface is called

a tensor-product surface. The following is a list of the componentsof the

representation:

d The dimension of the underlying Euclidean space

n1 The number of vertices with respect to the �rst parameter

n2 The number of vertices with respect to the second parameter

k1 The order of the B-spline surface in the �rst parameter

k2 The order of the B-spline surface in the second parameter

u The knot vector of the B-spline surface with respect to the �rst param-

eter, u = ( u1; u2; : : : ; un1+ k1 )

v The knot vector of the B-spline surface with respect to the second pa-

rameter, v = ( v1; v2; : : : ; vn2+ k2 )

p The control points of the B-spline surface

The representation of the B-spline surface must ful�ll the following require-

ments: 1. Both knot vectors must be non-decreasing. 2. The number of

vertices must be greater than or equal to the order with respect to both

parameters: n1 � k1 and n2 � k2.

The properties of the representation of a B-spline surface are similar to the

properties of the representation of a B-spline curve. The control points

p i;j form a control net as shown in �gure 2.9. The control net has similar

properties to the control polygon of a B-spline curve, described in section

2.1.2. A B-spline surface has two knot vectors, one for each parameter. In
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