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que pour les nombreuses discussions techniques qu’il a soulevées, et les idées qu’il a initiées en vue
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Je souhaiterais enfin remercier les anciens étudiants Laurent Leplat, Emmanuel Thibierge, Philippe

Josse et Lyse Laurent (HEI) pour leurs travaux de TER effectués en 2005 et 2006, ainsi qu’Aymeric

Ansel qui les a dirigés, dont les études sont souvent utilisées par des thésards sans pour autant être

citées. Leur travail m’a permis de gagner un temps précieux sur la validation du modèle électrique.



Abstract

This thesis focuses on the reduction of the audible magnetic noise radiated by induction machines

due to air-gap radial Maxwell forces in variable-speed traction application (e.g. subways and light-

rail vehicles). It especially accounts for the interaction between the motor and its inverter, and aims

at giving low magnetic noise rules which apply at the design stage of the motor.

In a first part, an overview of the electrical and vibro-acoustic modelling techniques of induction ma-

chines and their associated assumptions is done. A review of the existing low magnetic noise design

rules is done, and the influence of the motor and inverter various design variables (slot combination,

slot shapes, switching frequency, etc) is discussed. Finally, the optimisation works applied to the

induction machines are reported, and especially those aiming at decreasing magnetic noise.

In a second part, a fully analytical model of the vibro-acoustic and electrical behaviour of the in-

duction machine is established. The electromagnetic model, which aims at computing the motor

traction characteristics (output torque, efficiency), and its radial air-gap flux density distribution

responsible for audible magnetic noise, is detailed. Some simulation results are validated with finite

element methods (FEM). Saturation, load and pulse-width modulation (PWM) effects are consid-

ered. An equivalent 2D ring model of the stator is adopted to compute its natural frequencies in the

vibro-acoustic model, which is validated on different motors with tests and FEM. The vibrations

of the stator stack and the sound power level are then validated with tests and boundary element

method (BEM). The implementation in Matlab of this full model gave a fast and accurate simulation

tool called Diva.

In a third part, an exhaustive analytical description of the main magnetic forces is done. The exciting

force harmonics are classified, and their characteristics (frequency and propagation direction, number

of nodes, magnitude) are validated using experimental sonagrams and operational deflection shapes.

On the ground on this analysis and Diva simulations, some new low-noise design rules are inferred,

especially on the slot numbers combination, the slot openings and the switching frequency.

The model is then coupled to a mixed variable constrained multi-objective optimisation algorithm,

NSGA-II, in order to design a new low-noise motor achieving specified traction characteristics. Two

rotor prototypes are designed to decrease the noise of a given industrialised motor. Some new

switching frequency values are also proposed in order to decrease PWM noise.



Some tests are run on the first prototype, and up to a 15 dB decrease is observed at certain speeds

on the total noise level (magnetic+aerodynamic) in no-load sinusoidal case, while Diva simulations

predicted a 20 dB reduction on magnetic noise only. In on-load case, improvements reach up to

10 dB. The new switching frequencies decrease PWM noise from 5 to 10 dB in the starting phase,

in accordance with analytical predictions. Furthermore, this new prototype successfully reached

specified output torque without increasing iron losses neither phase current.



Résumé

Cette thèse porte sur la réduction du bruit audible d’origine magnétique émis par les machines asyn-

chrones alimentées par modulation de largeur d’impulsion (MLI), et plus particulièrement par les

moteurs de traction ferroviaire pour des applications de type métro ou tramway. Ce bruit magnétique

est supposé provenir des forces radiales de Maxwell présentes dans l’entrefer et à l’origine des vibra-

tions du stator. Ce travail tient en particulier compte de l’interaction entre le moteur et l’onduleur,

et cherche à établir des règles de conception silencieuses qui puissent s’appliquer dès le stade de

conception.

Dans une première partie, une vue générale des travaux de modélisation vibro-acoustique des ma-

chines asynchrones et de leurs hypothèses est donnée. L’ensemble des règles de conception silen-

cieuse existantes est présenté, et les effets des variables de conception du moteur (nombres et formes

d’encoches, etc) et de l’onduleur (fréquence de découpe, etc) sur le bruit sont rapportés. Les travaux

portant sur la conception optimale des machines asynchrones sont discutés, et plus particulièrement

ceux s’intéressant au facteur acoustique.

En second lieu, un modèle analytique complet du comportement vibro-acoustique et électrique du

moteur est établi. Le modèle électromagnétique, qui calcule les caractéristiques de traction du mo-

teur (couple utile, rendement), ainsi que la distribution du flux radial d’entrefer à l’origine du bruit,

est d’abord détaillé. Des résultats de simulation sont également présentés et validés par éléments

finis ou par expérience. La saturation, la MLI et la charge sont pris en compte dans le modèle.

Un modèle d’anneau équivalent est utilisé pour calculer les fréquences naturelles du stator, et il

est validé sur différents moteurs par éléments finis et par tests. La détermination de l’amplitude

des vibrations dynamiques du stator et de la puissance acoustique est enfin validée par tests et

par éléments frontières. La programmation en Matlab de ce modèle complet a donné un outil de

simulation rapide et précis nommé DIVA.

En troisième partie, une description analytique exhaustive des ondes principales de force magnétique

est faite. Les harmoniques de force excitatrice sont classés, et leurs caractéristiques (fréquence, sens

de propagation, nombre de noeuds, amplitude) sont validées à l’aide de spectrogrammes expérimentaux

et de déformées opérationnelles. A partir de cette analyse et de simulations avec DIVA, de nou-

velles règles de conception silencieuse sont établies, qui portent en particulier sur les combinaisons

d’encoche, l’ouverture des encoches, et la fréquence de découpe. Le modèle est ensuite couplé à un



algorithme d’optimisation multi-objectif à variables mixtes et sous contraintes, NSGA-II, afin de

concevoir un nouveau moteur à faible bruit magnétique respectant les caractéristiques de traction

spécifiées (couple fonction de la vitesse). Deux prototypes de rotor sont conçus, et les simulations

prévoient des gains significatifs (jusqu’à 20 dB de réduction du bruit magnétique en sinus à vide).

Des essais sont réalisés sur un premier prototype, et un gain de 15 dB est observé sur le bruit total

(aérodynamique+magnétique) en fonctionnement sinus à vide. En charge, une réduction de 10 dB

est encore observée. En régime MLI, les nouvelles fréquences de découpe proposées donnent un gain

de 5 à 10 dB pendant le démarrage du moteur. Enfin, le nouveau moteur atteint le couple spécifié

sans accrôıtre les pertes ni le courant de phase.
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Chapter 1

Introduction

1.1 Background

As the urgency of a global sustainable development policy grows in public consciousness, searching for a sus-

tainable mobility - safe, efficient, eco-friendly and human-friendly - is one of the current greatest scientific

challenge.

Among the existent means of transportation, the electric railway system has many advantages: its engine

does not emit any greenhouse gas and runs with electricity, on the cleanest sources of energy today, assuming

that cleanliness does not apply to the management of long-term nuclear wastes.

Furthermore, noise has become a major factor in qualifying our environment quality: one third of the

Europeans complains about noise (100). At same exposure level, the noise emitted by planes is more unpleasant

than the one emitted by cars, whereas noise due to railway traffic, which concerns between 2 and 4 % of the

european population, is generally less annoying than the car traffic one. The estimated cost of railway noise

(through its effects on health, the building of noise-reducing infrastructures, the depreciation of lands, etc.) is

inferior to the ones of road and air traffics.

However, light-rail vehicles often drive close to residents, alike subways in the aerial parts of their track, and

the demand of higher transport capacity tends to place passengers closer to the engine. The noise requirements

of operators have therefore become stricter, and low noise traction motors are now a key success factor for

railway industries.

1.1.1 Noise of railway transport systems

1.1.1.1 Sources of noise

The sources of noise in railway transport systems are traditionally classified in three types:

• aerodynamic source (e.g. train turbulence and ventilation, motor fan)

• mechanical source (e.g. train wheel-rail squealing noise, motor bearings and gearbox)

• magnetic source (e.g. traction box transformers, inductances and rheostatic braking resistances, motor

stator and cables)
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1.1 Background

Audible noise always has an aerodynamic origin, in the sense that it is produced by air vibrations occurring

in the audible range [20 Hz, 20 kHz]. The magnetic source of noise is defined as audible noise coming from

vibrations due to magnetic forces, and therefore stops as soon as the machine is current-free. However, bearings

noise comes from the shaft rotation, which comes itself from the action of electromagnetic torque: mechanical

noise could therefore be considered as a type of magnetic noise1. Such a classification has no physical founda-

tion, and was probably more guided by the different specialisations of engineers (aerodynamics, mechanics or

electromagnetism).

The contribution of these three sources to the global sound power level, and the class of people exposed

to noise, depend on the application (subway, light-rail vehicle, regional or high-speed train), on the traction

motor topology (water-cooled or fan-cooled motor, self-ventilated or not, opened or closed enclosure) and type

(synchronous permanent magnet motor, induction motor), and on speed. In starting phase, the aerodynamic

source is generally low, and the current level is maximum in order to develop the maximum torque, leading to

high magnitude magnetic forces. On the contrary, at high speed, the air-gap flux is lower, and aerodynamic noise

generally covers magnetic noise. In both starting and braking phases, several PWM strategies are employed

and significantly enrich the magnetic noise spectrum. The noise of high speed trains mainly affect residents,

whereas the noise emitted by subways and light-rail vehicles can annoy both passengers (including the driver)

and frontage residents, as traction and braking mainly occur in railway stations.

Magnetic noise generally occurs in traction machines at relatively high frequencies (500 Hz to 4 kHz, far

from mechanical frequencies), and is often characterised by high tonalities: the total noise spectrum presents

sharp peaks, creating an unpleasant sound which is penalised by acoustic norms. These tonalities are also

characteristic of fan noise (siren effect).

1.1.1.2 Acoustic norms

The only current international acoustic norm on traction motors is the International Electrotechnical Commis-

sion standard IEC 60034-9 (Rotating electrical machines - Part 9: Noise limits). It specifies a total sound power

level (SWL) limit in dBA 2 depending on speed, as shown in Fig. 1.1.

Figure 1.1: IEC 60034-9 norm noise limit

1Magnetic noise is also sometimes called electrical noise, but the term of electromagnetic noise is reserved to the electromagnetic

compatibility (EMC) field.
2The dBA is a SWL measure in dB weighted by human’s ear sensitivity, see Fig. 2.8.
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1.2 Objectives

This norm also defines how to penalise the pure tones occurring in the one-third octave band spectrum (Fig.

1.2).

Figure 1.2: IEC 60034-9 norm tonalities penalisation. ∆L is the average of the sound levels of the adjacent

one-third octaves: the correction in dB must be added to the global sound power level in dBA.

The noise level must be measured at no-load and under sinusoidal supply. These normalised test conditions

are highly questionable, as it has been already pointed out by some authors (109), notably because pulse-width

modulation (PWM) supply significantly changes the motor noise (see section 2.2.1.3): some operators have

already reported some complaints coming from residents or passengers, even when the IEC norm was fulfilled.

The prediction of the audible magnetic noise due to PWM is therefore especially important when designing a

traction motor.

1.1.2 PROSODIE Project

This thesis work is a part of a larger project, called PROSODIE (”PROpulsion Silencieuse Optimisée et Di-

mensionnée pour l’Environnement”), which aims at understanding and predicting the audible magnetic noise

emitted by inverter-fed traction motors, and by passive components such as inductors and transformers. Our

work dealing with traction motors, which started in December 2005 and ended in September 2008, followed

two main thesis works : Vibro-acoustic dimensioning and sensitivity analysis of alternative current variable-

speed machines (3), and Contribution to the study of acoustic noise generated by the association of an electrical

machine and its static power converter - application to the induction machine (83).

Besides the company ALSTOM-Transport and the laboratories L2EP and LEC, another important actor

of the PROSODIE project is the company VIBRATEC, specialised in acoustic, vibration measurements and

numerical simulation. They have performed three of the four test campaigns run on ALSTOM motors (three

more campaigns have been carried on our own in LEC laboratory), and performed several simulations with the

mechanical finite element method (FEM) software Ideas, and the acoustic boundary element method (BEM)

software Sysnoise.

1.2 Objectives

The main objective of this work is to build some models able to predict the audible magnetic SWL emitted by

a squirrel-cage induction machine in function of the motor design variables (slot numbers, dimensions, ...) and

its PWM strategy parameters (switching frequency, type of PWM strategy, ...). These models must also be

3
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1.3 General approach

able to compute the motor performances (output torque, efficiency) in order to help designing low-noise motors

achieving some specified traction characteristics.

The simulation tool must be especially fast: firstly, it is necessary to calculate noise at variable speed

(traction and breaking phases) in order to take into account resonance effects ; secondly, as induction motor

design involves several conflicting objectives, the programme will be coupled to a multi-objective optimisation

tool: if this task has to be handled by a 2 GHz laptop, the evaluation of one motor design must not last more

than a few minutes. Therefore, the use of analytical models are favoured in this thesis, and FEM are only used

as numerical validations besides experiments.

An underlying objective of this work is to break the limits of Ait-Hammouda and Hubert works (3; 83),

comprising:

1. unsaturated hypothesis (linearity of voltage/current curve, and no saturation of the air-gap flux density

shape) for both works

2. sinusoidal hypothesis (no inverter model) for Ait-Hammouda work

3. off-load hypothesis (zero slip, no rotor currents, no output torque computation) for Ait-Hammouda work

4. uncoupled mechanical structure and magnetic excitation for Hubert work

5. prohibitive computing time (up to 10 mn per motor speed) for both works

The first simulation tool programmed by Ait-Hammouda (referred as Diva1 1.0, opposed to Diva 2.0

which was developed during our work) also suffered from several computing limitations (shorted-pitch was not

correctly taken into account, and fractional-slot modelling was not possible), and a lack of visualisation tools.

Other problems came from the fact that all the electromagnetic air-gap distributions (windings and permeance)

were calculated as Fourier series in the programme, giving low-accuracy and time-consuming results. This old

version has therefore been completely reworked, and nothing remains of it in Diva 2.0.

1.3 General approach

In a first part, a general overview of previous works is done (chapter 2). The different electromagnetic and

vibro-acoustic models found in literature are presented, and the analytical models adopted in this thesis, as well

as their underlying assumptions, are argued. The noise reduction methods seen during the bibliographic study

are then detailed: they include low-noise design rules, based on the influence on magnetic noise of motor design

variables, environment and supply current, and active methods such as current injection. Finally, the works

dealing with induction machine optimal design are considered, especially when they include the vibro-acoustic

factor.

In a second part, the analytical models chosen along the first part are exposed in depth (chapter 3), and at

its stage of the computations, some simulation results with Diva (2.0 will be omitted in the rest of the thesis)

1Diva means DImensionnement VibroAcoustique.
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1.3 General approach

are presented and validated. The air-gap radial flux density computation is first presented and validated includ-

ing load, PWM and saturation effects. The mechanical and acoustic analytical models are also presented and

validated by FEM and/or tests on induction machines from 0.7 to 350 kW. Along this part, some experimental

validations will be made on different motors, noted from M1 to M7, whose main characteristics are given in

Appendix A.2 (note that M2, M3 and M4 share the same stator, as well as M5 and M7). Indeed, ALSTOM test-

benches were not enough available and flexible to ensure all the test campaigns, and they required a high safety

level which did permit all needed measurements. Moreover, ALSTOM experimental data was not necessarily

gathered on the same motor. Validations have thus been carried on two main types of motors: the small power

motor of LEC laboratory (M1), on which any PWM strategy could be implemented and any measurement could

be carried, and the medium power motors of ALSTOM Transport (M2 to M6). More than a lack of coherence,

this should be seen as the opportunity to validate the model implemented in this thesis on a very wide power

range. Note that when ALSTOM motors are concerned, some data (drawings, noise levels) have been modified

for confidentiality reasons.

In a third part, new methods to reduce magnetic noise annoyance at the design stage are investigated (chapter

4). The most important magnetic force waves are first analytically characterised in terms of frequency, number

of nodes and propagation direction, and experimentally validated. On the ground of these analytical results,

some noise reduction guidelines are established acting on the motor geometry (slot numbers, slot openings) and

PWM strategy. Finally, a constrained multi-objective optimisation technique is presented and applied to an

industrialised traction machine. To ensure the validity of these approaches, two low-noise motor prototypes for

a subway application are designed. One of them is manufactured and successfully tested: it improves the noise

level on the whole speed range, and noise reduction reaches 15 dBA in off-load sinusoidal case. Some changes

are also proposed on the PWM strategy, and a 5 dBA noise reduction is obtained.

In a last part (chapter 5.1), the conclusions of this thesis work are drawn. Some weaknesses of Diva

analytical models are then pointed out for future work, and some new research fields that could be investigated

using Diva are finally proposed.

More resources about this thesis work can be found on the internet at the following address:

http://l2ep.univ-lille1.fr/pagesperso/lebesnerais/
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Chapter 2

State of the art and orientation of the

work

In this chapter, an overview of the most important works seen during the bibliographic study are presented.

As the thesis scope involves several fields of physics (electromagnetism, mechanics, acoustics) and mathematics

(optimisation), an exhaustive list of all the references studied during these three years would be inappropriate:

the more distinctive publications have been selected in terms of clearness, scientific rigour, synoptic view and

pioneering work.

Modelling magnetic noise generation requires to model both the electromagnetic exciting force and the

mechanical response of the excited structure (magnetic force / structure vibration transfer). Once the vibrations

of this structure are known, an acoustic model is necessary to compute the sound power level radiated by the

machine (air vibrations / SWL transfer). This first part details the different analytical models that were found

in literature. The most appropriate ones to fulfil our goals (cf. section 1.2) are chosen, and all their assumptions

are clarified.

2.1 Electromagnetic and vibro-acoustic modelling

2.1.1 Electromagnetic forces modelling

Magnetic forces occurring in electrical machines are traditionally classified in three types:

1. Maxwell forces (sometimes called reluctance forces)

2. Laplace forces

3. magnetostrictive forces

This classification, which is often reported in literature, is as ill-defined as the previous one on noise sources:

indeed, as pointed out in (15), one must distinguish force distributions or densities, acting on differential vol-

umes or surfaces of the machine, from total forces, which are integrals of force distributions on some parts of the

machine (e.g. conductors for Laplace forces). Moreover, Maxwell forces are often expressed from the definition

of the Maxwell tensor, whose general definition already contains the Lorentz force.
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2.1 Electromagnetic and vibro-acoustic modelling

Neglecting the electrical fields, the i-th component of the force density applying on a given volume element

of the motor can be written under the form (136) :

fi = [div(Y)]i + [j × B]i −
1

2

3∑

j,k=1

HjHk∂iµjk − 1

2
[rot(H × B)]i + [div(Φ)]i + [div(Ψ)]i (2.1)

where fi stands for the i-th (i=1,2,3 being the Cartesian coordinates in basis (x1,x2,x3)) component of

force vector f, and µjk is the magnetic permeability second order tensor (matrix) assuming the medium is

anisotropic. The meaning of these six components is the following:

1. Y = C(E) is the mechanical stress tensor, C is the elasticity tensor and E the strain tensor. In the linear

case we have yij =
∑3

k,l=1 cijklǫkl (Hooke’s law).

2. j×B is the Lorentz force per unit volume which applies to a coil flowed by a current j in an external flux

density field B (also called Laplace force in its integral form).

3. − 1
2HjHk∂iµjk describes the force per unit volume caused by magnetic permeability inhomogeneities,

assuming that it does not depend of the magnetic field intensity.

4. − 1
2 [rot(H × B)]i represents a torque (136) which vanishes if H and B are colinear.

5. Φ is the magnetostriction tensor, related to the strain dependence of the magnetic permeability.

6. Ψ is the thermal stress tensor.

Using the conservation of magnetic flux, the magnetic force densities number 2, 3 and 4 can be expressed

by a magnetic tensor called Maxwell tensor (96):

Tij =
1

2
(HiBj + HjBi −

3∑

k=1

δijHkBk) (2.2)

The extra-diagonal terms of this tensor stand for magnetic shear stresses, whereas the diagonal terms stand

for magnetic normal stresses. All the magnetic stress present in an electrical machine parts, which vanishes

when it is magnetic-field free (i.e. current-free in induction motors), either comes from Maxwell stress or

magnetostrictive stress.

Focusing of these magnetic forces, the electromagnetic force density can be be written as

f = div(T + Φ) (2.3)

2.1.1.1 Maxwell forces

Assuming that B = µH (isotropic permeability), and taking a surface dS with normal direction x3 (Fig. 2.1),

the magnetic stresses in its normal and tangential direction are given by

σt = T23 = µHnHt σn = T33 =
1

2
µ(H2

n − H2
t ) (2.4)
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2.1 Electromagnetic and vibro-acoustic modelling

Figure 2.1: Left: definition of dS surface and its normal and tangential directions. Right: definition of the local

coordinate system defined by a magnetic field line (from (14)).

In an induction machine, where cylindrical coordinates (r, θ, z) are more adapted, σn becomes σr and σt

becomes σθ. The modulus of this stress is constant and independent of the surface orientation. It is given by

√
σ2

t + σ2
n =

µ

2
|H|2 (2.5)

which is the electromagnetic energy density (homogeneous to a pressure, which explains the use of the

expression ”Maxwell pressure”) at that point. A geometrical interpretation of that magnetic stress is also

reported in (14): the angle ∆ between the magnetic force which applies to a given surface and its normal

direction is twice the one between the local magnetic field line direction and the surface normal direction. As a

consequence, when H is perpendicular to a surface (∆ = 0), the magnetic force seen by that surface is collinear

to H; when H is parallel to a surface (∆ = π/2), the magnetic force is also perpendicular to the surface, but in

opposite direction (see Fig. 2.2).

Figure 2.2: Direction of total Maxwell stress for different magnetic line directions.

If Maxwell tensor is expressed in the local coordinates defined by a given magnetic field line (cf. Fig. 2.1),

it becomes

T = µ




− 1

2 |H|2 0 0
0 − 1

2 |H|2 0
0 0 1

2 |H|2



 (2.6)

Two different stresses therefore occur in the perpendicular plane of the magnetic line, and in the direction

of the magnetic line: the first one can be interpreted as an hydrostatic magnetic pressure, which tends to keep

the magnetic field lines away from one another; the second one can be interpreted as a magnetic tension which

tends to make magnetic field lines shorter (14). The first one also corresponds to the law of maximum flux,

8
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2.1 Electromagnetic and vibro-acoustic modelling

which ”inflates” a deformable solenoid, while the second one corresponds to the law of minimal reluctance,

which tenses the solenoid.

Expression (2.4) can also be found using the Ostrogradsky theorem (or divergence theorem) (15), which

shows that the volume integral of the Maxwell stress divergence can be reduced to a surface integral enclosing

the volume under consideration:

F =

∫

V

fdτ =

∫

S/V⊂S

T.dS (2.7)

If we want to calculate the total Maxwell force which applies on the volume V of the full stator, we can define

a closed surface S composed of a cylinder in the air-gap, another cylinder outside the motor, and two rings in

the motor end-regions. Assuming that the magnetic field vanishes outside the machine, the surface integration

integration over S is reduced to a surface integration over the air-gap cylinder:

Fstator =

∫ 2π

θ=0

∫ Ls

z=0

T.urrdθdz =

∫ 2π

θ=0

∫ Ls

z=0

(µ0HrHθur +
1

2
µ0(H

2
r − H2

θ )uθ)rdθdz (2.8)

The Maxwell stress at the interface between the air-gap and the stator stack can therefore be expressed as

σn =
1

2
µi(H

2
n − H2

t ) − 1

2
µ0(H

′2
n − H ′2

t ) (2.9)

σt = µiHnHt − µ0H
′
nH ′

t (2.10)

where µi stands for the magnetic permeability of iron, H stands for magnetic field values in the iron, whereas

H ′ stand for magnetic field value in the air. Using the continuity laws of flux density and magnetic field, we

have Ht = H ′
t and Bn = B′

n, so that

σn =
H ′2

t

2
(µ0 − µi) +

B′2
n

2
(

1

µi
− 1

µ0
) =

1

2
(µ0µiH

′2 + B′2
n)(

1

µi
− 1

µ0
) (2.11)

σt = 0 (2.12)

Maxwell stress at the interface between air-gap and stator iron (in front of stator teeth) is therefore a normal

stress, in radial direction. Note that at this stage of the analysis, no assumption has been made on the fact that

magnetic flux density lines radially enter in stator teeth. The property of a purely radial Maxwell stress at the

interface is independent of the incidence angle of the flux density lines, and only comes from continuity laws.

This radial stress tends to pull stator towards rotor (law of minimal reluctance), it is a negative pressure

which applies on the inner surface of the stator. As illustrated in Fig. 2.3, only a small amount of flux density

lines enters in teeth sides. If the inner surface of stator slots had been included in the surface integration, we

would have found some additional Maxwell forces acting on stator teeth sides in transverse direction. These

tangential forces can play an important vibro-acoustic role in certain cases, e.g. in large turbines (66; 68; 127)

where the teeth bending natural frequencies can be excited (their natural frequency computation is detailed for

instance in (63)). In (137), some tangential tooth forces linked to PWM supply are also shown to be superior or

equal to radial tooth forces in sinusoidal case. However, teeth radial compression is directly transmitted to the

9



2.1 Electromagnetic and vibro-acoustic modelling

stator yoke and frame, and efficiently radiated in audible sound power level, whereas their bending is damped

by windings and wedges, and badly transmitted to the stator frame: these tangential Maxwell forces will be

neglected in this work.

Figure 2.3: Example of flux density lines distribution in an induction machine, in unsaturated case: the main

part of the magnetic flux enters perpendicularly to tooth tips.

As µ0 ≪ µi, the radial Maxwell stress can finally be approximated by

σn ≈ − 1

2µ0
(µ0µiH

′2
t + B′2

n) = − 1

2µ0
(
µi

µ0
B′2

t + B′2
n) (2.13)

In non-saturated case, magnetic flux lines enter almost perpendicularly into the iron (cf. Fig. 2.3), so that

µiB
′
t ≪ µ0B

′
n, and a new approximation of σn can be made:

σn ≈ −B′2
n

2µ0
(2.14)

This negative radial pressure is here assumed to be the only significant source of audible magnetic noise in

traction machines. In order to compute it analytically, the expression of the radial flux density B′
n at the outer

surface of stator teeth is needed. As the air-gap is generally very thin, B′
n is approximated by the flux density

value in the middle of the air-gap.

Expression (2.14) is only valid considering that stator iron has a linear characteristic. The effect of satura-

tion will therefore have to be treated separately (see section 2.1.1.3.2).

Laplace forces are the integral expression of Maxwell forces on conductors, i.e. stator windings and rotor

bars in an induction machine. They can produce high vibrations of the stator end-windings in both starting

transient and steady state conditions (115). However, the stator slots flux density is too low to produce

significant vibrations of the yoke, and stator conductors are wedged into slots. Acoustic noise due to Laplace

forces is therefore neglected in this work.

10
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2.1 Electromagnetic and vibro-acoustic modelling

2.1.1.2 Magnetostriction forces

The general phenomenon of magnetostriction in active materials comprise an isotropic phenomenon called

volume magnetostriction, and an anisotropic phenomenon called Joule and transverse magnetostriction (15).

Volume magnetostriction occurs in the iron at magnetic fields superior to 8 kA/m, but it can be neglected

in the two-dimensional iron sheets of the stator stack: magnetostriction will therefore only refer to Joule and

transverse magnetostriction in the following.

Magnetostriction is a magnetomagnetic phenomenon which stretches or shrinks a material in the magnetic

field lines direction (Fig. 2.4), keeping its volume constant (15; 69). The elongation value for an electrical iron

sheet can reach from 1 to 10 µm/m, which is also the order of magnitude of Maxwell relative displacements1.

Figure 2.4: Simplified representation of a material flux density lines (left) and the resulting magnetostrictive

effect (right).

Magnetostrictive forces are defined as the force field which creates the same strain than the magnetostrictive

stress. This stress is partly due to the overlapping of the dipoles electronic clouds that compose the iron

ferromagnetic material, when they naturally align with an external magnetic field. Another part of this stress

is produced at a larger scale between different domains of the crystalline structure (11; 99). As Maxwell forces,

magnetostrictive forces depend on the observation direction and are therefore properly represented by a tensor.

Magnetostrictive vibrations occur at same frequencies than Maxwell vibrations (99): it is therefore impossible

to distinguish them on a vibration spectrum. Moreover, it is hard to quantify how much Maxwell efforts are

greater than magnetostrictive efforts. It was shown in particular that in can depend on the deflection shape

of the stator (99): magnetostrictive deflections can either limit or reinforce Maxwell deflections at a given

frequency. An example of Maxwell and magnetostrictive force distributions is displayed in Fig. 2.5.

The relative importance of magnetostrictive and Maxwell forces strongly depends on the air-gap width, on

the intrinsic magnetic properties of the iron (for instance, silicium-enriched materials limit magnetostriction

(92)), and on the frequency range. Many studies were carried on different motors with different assumptions,

leading to different conclusions.

As an example, a first study was made by Belmans (19) who suggested that magnetostriction was negligible.

Then, Garvey (67) proposed a method to compute magnetostriction effects, and its numerical application on a

large machine showed that magnetostriction was negligible. Some other works (94) on a 2.2 kW motor showed

that 10 to 30% of the magnitude of magnetic vibration lines were due to magnetostriction. The thesis work of

Laftman (99) conluded that magnetostrictive forces magnitude could be as high as Maxwell forces magnitude

1Taking the magnitude B2
0
/(2µ0) of the fundamental Maxwell force, which has a 2p spatial order and 2fs frequency, gives for

B0 = 1.5 T on motor M5 an elongation of Y s
2pω ≈ 310−6 (see equation (3.39)). Note that kind of comparison can be misleading as

magnetic noise does not come from the low frequency fundamental magnetic vibration, but from some of its harmonics of higher

frequencies and smaller magnitude (the same remark applies to magnetostrictive and Laplace forces).
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2.1 Electromagnetic and vibro-acoustic modelling

Figure 2.5: Maxwell (left) and magnetostrictive (right) force fields in a 37 kW induction machine (15). Note

that different scales have been used in both figures: as discussed in (15), the FEA representation of nodal

forces can be misleading because tooth tips mesh is generally finer: few but long arrows can stand for the same

pressure as numerous but short arrows.

in mean power machines (50 kW), and suggested that magnetostriction could even make machines quieter.

However, the comparison between Maxwell and magnetostriction is made on stator displacements magnitude,

without considering the frequency factor: if magnetostriction is as high as Maxwell forces larger component

occuring at two times the supply frequency, it can still be unconsequential on the A-weighted sound power level.

This is precisely the conclusion of a FEM-based work of Delaere (51), who compared the vibration spectra

induced by reluctance forces and magnetostriction on a 45 kW up to 2 kHz, and concluded that magnetostriction

vibrations are considerably smaller than Maxwell ones, apart from the twice supply frequency component where

both vibrations have same order of magnitude.

Given the complexity of the subject, we suggest to take the work of Belahcen (15), probably the most

advanced in the domain, as a reference. His rigorous work suggested in particular that magnetostriction may

only produce significant vibrations at frequencies inferior to 1500 Hz.

There exist different models of magnetostriction (15). The most commonly used model in FEM simulation

(16; 49; 50; 51; 78; 79; 152) is the force-based one: magnetostrictive forces are assimilated as a thermal

tensor whose characteristics are a function of magnetostriction coefficients. These coefficients are obtained by

experiments made on iron sheets (7; 41).

Magnetostrictive effects will be neglected in this thesis. We will see thereafter that magnetostriction mod-

elling is not necessary to satisfyingly explain the acoustic behaviour of ALSTOM traction machines studied

along this thesis.

2.1.1.3 Conclusion

The only electromagnetic forces that are assumed to play a significant role in acoustic noise radiation are air-gap

radial Maxwell forces, which depend on the air-gap radial flux density.

12
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2.1 Electromagnetic and vibro-acoustic modelling

2.1.1.3.1 Air-gap flux density modelling

There are two main analytical methods able to determine the air-gap radial flux density distribution. The

first one consists in decomposing the flux density as the product of a permeance function and magnetomotive

forces (mmf), the latter being decomposed in current and winding functions (wf) (34; 70). The second method

consists in analytically solving the electromagnetic field equations in a simplified geometry by applying conformal

transformations (128; 135). However, the latter does not take into account iron saturation yet, and some progress

is needed to make it a viable design option to other analytical models and FEA.

The permeance/winding function decomposition is therefore adopted in this thesis.

2.1.1.3.2 Saturation modelling

Saturation of stator and rotor iron sheets (see B(H) curve in Fig. 2.6) has several influences on our electromag-

netic model. Firstly, it decreases the magnetising inductance, which also increases stator and rotor currents.

This effect can be modelled by introducing in the electrical circuit a dependence of the magnetising inductance

with respect to the saturation level, quantified by the saturation factor (32; 110). Secondly, the top of the

air-gap flux density distribution cannot increase proportionally to the applied current, given the saturation of

the B(H) curve in the active parts and the magnetic flux conservation: the flux density distribution in the

air-gap is therefore flattened. This way, saturation changes the electromagnetic force spectrum, and can have a

strong influence on magnetic noise.
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Figure 2.6: Typical flux density versus magnetic field curve.

This second effect is taken into account by adding a saturation permeance wave (64; 114). It can be also

modelled more precisely by introducing a local saturation factor, varying along the air-gap (121). These two

methods are well adapted to the permeance/fmm decomposition of the radial flux density distribution, but the

former is adopted in this thesis as it requires less computations.

Furthermore, saturation of the tooth tips tends to widen the effective slot openings, and increase the average

length of flux density lines entering the slots. As a first approximation, these effects will not be included in the

permeance computation.
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2.1 Electromagnetic and vibro-acoustic modelling

2.1.2 Vibro-acoustic modelling

2.1.2.1 Static displacements

Although the rotor is also subjected to Maxwell forces, its radial vibrations are damped by the air-gap and

cannot make meaningfully vibrate the stator stack. Of course, axial rotor vibrations can be transmitted to the

end-plates, but they are generally too small to relevantly participate to the global sound power level, especially

when the rotor is not skewed (skewing introduces an axial dependence of Maxwell forces, which have then a

non-zero axial component). In addition, the end-plates area is much smaller than the stator frame one on

ALSTOM motors: at same vibration level, the SPL radiation difference between an end-shield and the frame

or stator stack is approximately

∆Lw = 10 log

(
Lf

Df

)
≈ 6 dB (2.15)

It is thus assumed that magnetic noise mainly comes from Maxwell radial forces excitation of the mechanical

structure composed of stator stack (teeth and yoke) and frame.

In order to compute the vibrations of that structure, its static deflections must first be determined. This can

be done by decomposing the electromagnetic force in Fourier series, and modelling the structure as an equivalent

ring subjected to several sinusoidally distributed loads. Let us notice that if the total Maxwell force distribution

pull stator teeth towards the rotor, it is not necessarily the case for its Fourier harmonics whose sign can change

along the air-gap (see Fig. 2.7 where the spatial orders1 0, 1 and 2 are showed). In that simplified case of

sinusoidal force waves, some analytical expressions of stator ring deflections can be established (89; 148; 169).

Figure 2.7: Illustration of the electromagnetic force decomposition in several sinusoidal force waves (spatial

orders 0, 1 and 2). The magnitude, velocity, propagation direction of these elementary force waves are given by

the 2D FFT of the air-gap electromagnetic pressure distribution.

2.1.2.2 Natural frequencies and dynamic deflections

Dynamic deflections are then obtained by modelling the dynamic response of the structure as a second order

filter. Its damping factors cannot be analytically modelled, however some experimental laws have already been

established on induction machines (169), showing that they lie between 1 and 4 % (Timar also proposed an

1The spatial modes are here defined as the spatial frequencies coming from the two dimensional Fast Fourier Transform of

distributions which depend on time and on the mechanical angle αs, not the electrical angle. As an example, the fundamental

stator mmf has a spatial order p. One must also distinguish the orders of the exciting forces from the modes of the excited structure.
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2.1 Electromagnetic and vibro-acoustic modelling

average value of 2 % (148)), and linearly increase with the natural frequency. The analytical determination

of these natural frequencies has been widely investigated (71; 106; 142; 154; 165), considering for instance the

effects of teeth, frame (124), end-shields (170), windings (124), laminations (167), boundary conditions (162)

and motor length (161).

Let us remark that this way of modelling the dynamic behaviour of the mechanical structure assumes that

a resonance occur if and only if there is a matching between both the spatial order of the force wave and

the mode number of the cylinder, and between the electrical frequency of the force wave and the cylinder

mode natural frequency. This two conditions are also found when exactly solving the equations of the cylinder

surface movement under a sinusoidal load, using Green’s function method (142) (see Appendix B.2.2). Green’s

function method can be considered as another analytical method, which allows to directly express the cylinder

surface deflection in function of the applied load. It has two advantages: its clear, compact formalism, and

the use of the load expression in the time and space domain, which avoids a computationally expensive Fourier

development. However, this useful formalism was found lately during the thesis, and the first analytical model

of stator deflections has been adopted.

It is also noteworthy that as soon as Maxwell forces are supposed to be radial and independent of the motor

axial direction (case of non-skewed and long enough motors), the calculation of natural frequencies involving

longitudinal modes (e.g. modes id. 3 and 4 in Table ) is useless. In this work, motor natural frequencies are

calculated by modelling the stator and frame structure as an equivalent 2D ring.

The total stator deflection is then obtained by summing the dynamic deflections associated to each force

harmonic. Indeed, modelling the vibratory behaviour of stator ring as a system of masses and springs leads to

the following linear differential equation (155):

Mx′′ + Cx′ + Kx = F (2.16)

where M is the mass matrix, C is the damping matrix, K is the stiffness matrix, F is the exciting force

vector and x is the stator deflection vector.

2.1.2.3 Radiation factor and sound power level

The sound power level radiated by the motor can then be determined by summing the vibrational powers

associated to each mode, weighted by the modal radiation factor, which represents the ability of the structure

to radiate a given spatial mode. The analytical computation of the radiation factor can be hard, even when

modelling the stator frame as a finite-length cylindrical shell (162): according to the motor shape and the aimed

accuracy, several analytical models can be used. The simplest ones are plane radiator, infinite-length cylindrical

or pulsating sphere models (149; 169; 171). There exist more elaborate models, integrating the finite-length

of the motor and its boundary conditions (160; 162; 163). Let us notice that the use of a 3D radiation factor

model is not incompatible with a 2D natural frequency model as soon as a modal-averaged radiation efficiency

is used in the sound power level expression (160). Moreover, acoustic measurements are only able to estimate

the modal-averaged radiation factor.

An alternative to this deterministic model of sound power level computation is the Statistical Energy Analy-

sis (SEA) method (52; 112), which is especially adapted for complex structures involving several dynamical
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couplings. However, that method relies on the coupling loss factors involved in the system: if some theoretical

expressions of these coupling factors exist in simple cases, and an experimental database have been built, the

relevance of such technique in motor noise prediction is still to be proved (166).

2.2 Noise reduction methods

Noise reduction techniques are usually qualified as active or passive. Active noise control methods (also called

anti-noise or noise-cancelling methods) are active in the sense that they use sound or vibration data from the

motor in a closed control loop: they usually determine the vibration waves frequency, magnitude and phase in

order to destructively interfere with them, by the aid of an additional vibration wave of same magnitude and

frequency, but with opposite phase. Active techniques are generally expensive as they involve electromechanical

devices and control loops; they are used once the motor is built and proves to be particularly noisy. On the

contrary, passive devices such as dampers (shock and vibration absorbers) are low-cost, and can be planned at

the design stage of the motor. In this chapter, this kind of passive methods will not be considered, but the

acoustic influence of the motor and supply strategy design variables are looked over, as well as the resulting

low-noise design guidelines. As pointed out in the introduction, there is still a leeway to decrease magnetic noise

radiation at the design stage, and some new guidelines will be proposed in this work (see section 4.2).

2.2.1 Low-noise design rules

2.2.1.1 Design variables influence

The influence of motor geometrical characteristics on magnetic noise has been widely studied, the first work

being the one of Fritz in 1921. If a full vibro-acoustic model of the induction machine involves more than a

hundred variables, the most influential ones on noise have already been identified using a sensitivity analysis

tool (3; 21): they comprise rotor and stator slot opening widths, rotor and stator slot numbers, the stator outer

diameter and height of yoke, and the air-gap width.

2.2.1.1.1 Rotor and stator slot number combination

The air-gap flux density distribution is modulated by the stator and rotor slots (see Fig. 3.23), so the electro-

magnetic force is directly linked to the stator and rotor teeth numbers. More precisely, when developing in 2D

Fourier series its distribution which depends on time t and angular position αs, its time frequencies depends

on Zr an p (due to rotor rotation), whereas its spatial orders (corresponding to the spatial frequencies) depend

on Zr, Zs and p (148). Therefore, the choice of discrete parameters Zr and Zs directly influences the matching

between the exciting frequencies and motor natural frequencies, and strongly affects magnetic noise level.

Many different empirical rules for choosing the quietest slot numbers combinations have been elaborated

early (98). Timar has listed most of them in his book (148), and other lists can be found in (18; 53; 71; 90).

However, some of these rules are contradictory, as they never take into account the motor specific natural

frequencies neither its specific speed range. Moreover, some of them were established in order to decrease

torque pulsations, although they do not necessarily generate magnetic noise: torque ripple is a function of the
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2.2 Noise reduction methods

air-gap tangential flux density distribution, whereas magnetic noise due to radial Maxwell forces only depends

on its radial component as seen in section 2.1.1.1.

An exhaustive experimental study of rotor slot number influence for Zs = 36, p = 2 and p = 3 has been

carried by Hirotsuka (80), and compared to an analytical development of Maxwell force harmonics. However,

if the natural frequencies of the motor are specified in the paper, their associated mode shapes are not mentioned

and therefore not compared to the electromagnetic force spatial orders. In addition, the analysis is carried at a

fixed supply frequency (fs = 60 Hz), and cannot take into account resonance effects.

Huang (82) successfully proposed some redesigns of noisy induction motors on the base of the analytical

expression of Maxwell force harmonics, but still without considering the motor natural frequencies and the

variable-speed effects.

Finally, Kobayashi (97) studied by FEM and experiments the vibro-acoustic behaviour of three different

rotors, and correctly considered the variable-speed factor and the spatial orders of the Maxwell force. However,

FEM computations are too much computationally greedy to be used during an optimisation process.

2.2.1.1.2 Rotor and stator slots shape

Stator and rotor slot openings considerably affect radiated noise. Decreasing them reduces the variation of

permeance, and thus the magnitude of reluctance forces, lowering the noise (130). Nevertheless, closed rotor

slots dramatically increase leakage flux (71). In a same way, the variation of permeance can be lowered by

reducing the mean length of flux density lines entering into the slots.

These effects were studied for example by Salon (138) with FEM simulations. His work also concluded that

if smaller openings decrease Maxwell force waves magnitude, they increase saturation force waves magnitude.

Indeed, saturation of the tooth tips tends to increase the effective slot opening width, and the mean length

of flux density lines in the slot. Other studies on the rotor and stator slot shapes led to similar conclusions

(45; 129).

2.2.1.1.3 Skewing

Skewing the rotor is a widely-used technique for lowering magnetic noise and vibrations. It consists in cancelling

a given space harmonic of the air-gap flux density by properly choosing a biasing angle of rotor slots (118; 123).

Stator skewing is rarely used as it makes windings manufacturing harder. As the main flux density space

harmonics involved in Maxwell force distribution are Zs + p and Zs − p (see for instance Fig. 3.22), the

corresponding optimal skewing angles of the rotor are given by Zs/(Zs + p) and Zs/(Zs − p) stator slot pitch.

Usually, these two harmonics are both reduced by choosing a one (Zs/(Zs ± p) ≈ 1) stator slot pitch skewing

of the rotor.

As seen in section 2.1.2, skewing also increases axial electromagnetic forces, and is therefore not recommended

for large machines. It can also create high saturation levels in loaded case (32).

2.2.1.1.4 Stator stack dimensions

Apart from the obvious influence of the stator dimensions on its natural frequencies, the outer diameter to

height of yoke ratio sizes the ability of the stator structure to transmit vibrations: the larger is the stator
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diameter and the thinner is its yoke, the more it plays the role of a sound box (29; 83) (see Fig. 3.32).

The stator and frame dimensions also affect the motor radiation efficiency: the longer is the motor and the

smaller is its diameter, the less its radiates vibrational power into sound power (71).

2.2.1.1.5 Eccentricities

Static and dynamic eccentricities modify the electromagnetic forces by acting on the air-gap permeance (148).

Static eccentricity appears at the manufacturing stage of the motor, and modify the spatial harmonics of

Maxwell forces. It has been studied in particular by Delaere (48). The effect of dynamic eccentricity, which

modifies both the frequencies and spatial orders of reluctance forces, has been studied for instance by Dorrell

(56). Both eccentricities introduce odd spatial orders in the exciting force spectrum, and especially some order

1 which can excite the rotor bending mode.

2.2.1.1.6 Manufacturing errors: tolerances, asymmetries

Lo (111) showed that manufacturing errors could result in significant differences in noise radiation. More gen-

erally, the effect of geometrical asymmetries has been examined by Chang and Yacamini (42), who concluded

the importance to build the most symmetric machines, and especially a perfectly symmetric winding.

2.2.1.1.7 Materials

The works of Verma and Balan (155) especially showed the importance of the amount of ”damping materials”

present in the motor. These materials (mainly lamination, windings and insulation) allow to damping the

vibrational power through viscous and coulombian phenomena.

Stator radial vibrations magnitude are inversely proportional to stator stack radial stiffness. Laminations,

which aim at reducing the core Foucault losses, decrease the stator axial stiffness and increases its number of

resonances in the audible range (155). The axial clamping pressure due to struss rods increases the stator axial

stiffness: consequently, the motor tends to exhibit purely radial vibrations (167). This property comforts the

choice in this thesis of a purely radial model of the electromagnetic forces, and a 2D cylinder model for natural

frequencies computation.

Let us finally notice that the use of soft magnetic alloys help reducing magnetostrictive effects (92). The

change of the intrinsic material properties could also possibly reduce Maxwell vibrations by the aid of opposite

magnetostrictive vibrations (11; 99).

2.2.1.2 Mounting and coupling influences

Vibro-acoustic tests are often carried in no-load case on a test-bench: therefore, the motor is not in its normal

running conditions, coupled to the load and mounted on the bogie. Whether test-bench acoustic measurements

are significantly affected by motor mounting and coupling or not (at same magnetic excitation) is thus an

important question.

On the one hand, loading the motor increases its stiffness and can therefore lower the noise (172) 1; on

the other hand, loading changes the Maxwell forces spectrum (rotor mmf harmonics combine with permeance

1The effect of stiffness itself is not that simple to predict: an infinitely rigid body do not move, and therefore transmits all the

vibrations to its environment, which can creates structure-borne noise.
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harmonics and give new flux density harmonics, and rotor harmonic fields induce in stator windings new

harmonics (153)1), shifts all Maxwell forces frequencies by a larger slip, and increases the number of the

structure natural frequencies, which can either lead to more or less noise... Coupling, as a mechanical effect,

only influences the lowest part of the magnetic acoustic spectrum, and may therefore have a stronger influence

on magnetic noise at lower speed as magnetic forces frequencies are proportional to the supply frequency (165).

Mounting the motor also increases its stiffness, and changes its natural frequencies, but it also adds damping

to the system (172) which can possibly reduce noise.

2.2.1.3 Supply current influence

2.2.1.3.1 Supply frequency

As it was underlined by the work of Timar and Lai (149), the noise level of a sinusoidally-fed induction motor

increases with speed, as magnetic vibrations are proportional to the square of the exciting force frequency, which

is itself proportional to the supply frequency. Moreover, in starting phase, increasing the supply frequency moves

the magnetic noise frequencies in a higher sensitivity zone of the human’s ear (see Fig. 2.8), which naturally

heightens the dBA level even if no resonance is encountered.
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Figure 2.8: A-weigthing in function of frequency (dBA = dB + ∆La) in the audible range 20 Hz to 20 kHz: the

human’s ear maximum sensitivity is reached around 2500 Hz.

2.2.1.3.2 PWM strategy

The inverter voltage time harmonics generate additional current frequencies besides the fundamental supply

frequency, which modifies the air-gap flux density distribution spectrum and consequently magnetic noise spec-

trum. This new harmonic content depends on two main parameters: the applied PWM strategy, which can be

a function of the supply frequency, and the switching frequency.

In traction machines, during starting phase, the following strategies are generally applied:

1. asynchronous

1This effect of multiple armature reaction will not be considered in this thesis, assuming that stator harmonic currents induced

by rotor harmonic fields are too low to have a significant vibro-acoustic effect.
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2.2 Noise reduction methods

2. synchronous

3. angle-calculated

4. full wave

Asynchronous and synchronous strategies are obtained with regular sampling PWM, where commuting

angles are determined by intersecting a symmetrical triangular carrier with a sinusoidal modulating signal.

In angle-calculated strategies and full wave mode, the commuting angles are precomputed by optimisation of

several criteria (e.g. elimination of harmonics rejected to the catenary, and low frequency torque pulsations).

The vibro-acoustic influence of the supply strategy was first studied by Timar (147). Since this work,

some authors tried to link in a general way the supply current shape or distortion rate to noise radiation

(54; 86; 146; 168), or tested different PWM strategies (33; 102; 141; 164).

The strategies that were studied the most in terms of acoustic effects are spread-spectrum methods, which

consists in spreading the current spectrum, creating more harmonics but with lower magnitude. They are

widely applied in electromagnetic interference (EMI) field at higher frequencies (150). These techniques are

usually separated in deterministic and non-deterministic ones, or scalar and vectorial ones. However, they all

can be brought down to a natural sampling scalar PWM whose parameters are varied in a deterministic or way

or not (103). These parameters are the modulating magnitude, the triangular carrier slope, and the carrier

frequency. A classical deterministic spread-spectrum technique is for instance the Pulse Frequency Modulation

(PFM) method, which consists in sinusoidally modulating the carrier frequency (144). A complete review of

random strategies (RPWM) has been done by Stankovic (143), whose article also deals with the analytical

prediction of RPWM voltage spectrum. All these techniques keep the fundamental current unchanged, and so

for motor fundamental performances. When the PWM parameters remain unchanged on average, motor and

inverter harmonic losses might also be unchanged.

Spread-spectrum techniques can lower noise annoyances due to a given current harmonic by reducing its

magnitude, but increase the probability to meet a resonance by spreading the exciting forces spectrum. In

addition, it has been reported in (95; 104) that random strategies could result in a bad sound quality. Psycho-

acoustic factors are still missing to describe the quality of non-stationary sounds such as noise radiation of a

random PWM fed motor (173).

Consequently, the experiments which aim at qualifying the PWM strategies acoustic properties may again

differ according to the motor natural frequencies and PWM switching frequency, all the more when they are only

carried at a single supply frequency. Ertan (58) and Stemmler (144) experimented that PFM was quieter

than PWM. Boys successfully tested the noise mitigation properties of random switching frequency method

(RSF) (36). In Lo work (111), SVM was as noisy as symmetrical regular sampling PWM. Xu studied the Direct

Torque Control strategy and experimented that it was not quieter than RFPWM. Na (122) experimented the

effect of RPPM. Random slope PWM has been studied by Liaw (108) and Habetler (73). Other authors

have studied mixed random techniques (1).
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2.2.1.3.3 Switching frequency

Independently of the supply strategy, the switching frequency plays a major role in noise generation (18; 19;

113; 159): as its determines the frequencies at which the groups of current harmonics appear, a high switching

strategy can push them out of the ear’s sensitivity (cf. Fig. 2.8) (72). However, this method dramatically

increases the switches stress and the inverter losses, and is therefore inapplicable to traction chains.

2.2.1.3.4 Comparison between PWM noise and slotting noise

It is important to notice that compared to the sinusoidal case, the PWM does not excite some new modes of the

stator structure, and only adds new Maxwell forces frequencies (114). In a motor fed with an ideal frequency

inverter, Maxwell forces only create some so-called slotting harmonics 1, whose frequencies are proportional to

the supply frequency (148):

fslotting = fs(kr(1 − s)
Zr

p
± 0, 2) = ZrfR ± 0, 2fs kr ∈ N

∗ (2.17)

When feeding the motor with PWM, these harmonics remain, but some new harmonics appear. These

new harmonics are pure PWM harmonics, of spatial order 0 or 2p, or combination between slotting and PWM

harmonics (111): a noisy motor in sinusoidal case will remain noisy when PWM-fed. The definition, the origin

and the expression of slotting lines, pure PWM lines and combination between slotting and PWM lines will be

treated in section 4.1.

PWM noise and slotting noise can be hardly compared in general case, as they strongly depend on the motor

natural frequencies, speed range and inverter switching frequency. However, PWM noise generally dominates

the overall noise radiated by the machine in starting phase (164): when the supply frequency is close to 0,

slotting frequencies are too low to be heard, whereas asynchronous PWM lines occur at higher frequencies,

generally in the ear’s most sensitive frequency range (cf. Fig. 2.8) for traction motors.

2.2.2 Active methods

After having detailed the influence of motor and supply strategy variables on noise, in order to reach low noise

levels at the motor design stage, a short review of noise reduction active methods is presented.

2.2.2.1 Current injection methods

A first active method consists in adding a magnitude and phase-controlled current harmonic in the PWM

sinusoidal modulating (101). This additional current harmonic creates two magnetic force waves (as Maxwell

forces are a quadratic function of the air-gap flux density), one of which is chosen to destructively interfere with

the magnetic force wave identified as noisy (17; 40; 46). However, this method is only applicable when noise

comes from a slotting harmonic of order 0 or 2p, which supposes that PWM noise is negligible compared to

1Indeed, the absence of rotor and stator slots would reduce the reluctivity changes in the air-gap, and Maxwell forces harmonics.

More precisely, a smooth air-gap sinusoidally-fed machine only creates two Maxwell force harmonics of same magnitude: a DC

component of spatial order 0 and frequency 0, and an AC component of mode 2p and frequency 2fs (30). In traction induction

machines, fs < 200 Hz: these harmonics have therefore relatively low frequencies, and do not size the A-weighted total SWL.

Moreover, they cannot resonate with the stator structure as 0 and 2p natural frequencies reach a few kHz (see section 4.1).

However, they can play an important role in structure-borne noise problems.
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slotting noise. Unfortunately, traction motors have all 2 or 3 pole pairs, and their magnetic noise usually comes

from slotting harmonics of order 2, which makes current injection technique inapplicable. Moreover, one must

be sure that the second additional force does not resonate with the stator structure. Finally, as the injected

current is added to the inverter modulating wave, the PWM switching frequency fc must be much higher than

the injected frequency: as magnetic noise harmful frequencies lie between 1 and 4 kHz, fc must be of a few kHz,

which is inconceivable in traction application.

Some other methods consists in adding a secondary winding to the machine (43; 84), and controlling in a

same way the injected current.

2.2.2.2 Piezo-electric methods

Another class of active methods consists in creating noise-canceling vibration waves at the stator surface by the

aid of piezo-electrical devices. In electrical engineering, it has been especially applied to synchronous reluctance

machines (119; 120).

2.2.2.3 Other methods

Programmed PWM techniques allow to avoid switching frequency values that create high noise levels (57). In

a similar way, Kim (93) experimented an active construction of the random switching frequency distribution.

Hashemi (74) also proposed an active control of the switching frequency in order to avoid resonances during

starting and breaking phase.

2.3 Vibro-acoustic optimisation

Induction machine design is a multidisciplinary problem involving electrical, mechanical, thermal and acoustic

aspects, and the analytical equations that rule these numerous models cannot be inverted. In that case,

optimisation methods can help reaching some given technical specifications, and finding designs that even

overcome the objectives.

Nurdin (126) makes an excellent history of the use of optimisation techniques in electrical engineering from

1964 to 1990. Previous works have used the optimisation techniques of non-linear programming techniques

(4) such as boundary search along active constraints (9) and Han-Powell methods (62; 81), univariant search

(5; 6; 133), Hooke-Jeeves method (60), and sequential quadratic programming (140).

These techniques can be classified according the following criteria:

• convergence to a global or local minimum

• accuracy

• convergence rate

• robustness

• constraints handling

• necessity to start from a feasible design (synthesis)
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• multi-objective handling

• mixed variable handling (i.e. continuous, discrete and integer variables)

• use of decision making tools

As time-consuming FEM simulations are often necessary when evaluating the induction machine objectives,

special efforts have been made in order to reduce the optimisation time. These techniques comprise surrogate

models based on neural networks (85), kriging techniques (105), or experimental designs (157), and space

mapping (12).

Evolutionary algorithms such as multi-objective genetic algorithms (91), niching genetic algorithms (44),

particle swarms (13) and simulated annealing (134), are widely used in the most recent works.

To our knowledge, the only article that treated the optimal design of an induction machine including the

acoustic criterion is the one of Hadj Amor (5). The optimisation technique that he used, univariant search,

does not handle several objectives, and converges to a local minimum. He compared the optimal designs obtained

by noise minimisation and cost minimisation, and tried to define the cost of 1 dB in the neighbourhood of the

optimal solution.

2.4 Conclusion

2.4.1 Modelling assumptions

The chosen analytical models are based on the following assumptions:

1. magnetic noise mainly comes from the radial component of the air-gap Maxwell forces, which are supposed

to be independent the motor axial direction

2. magnetic noise is mainly radiated by the motor outer frame (or stator stack if the motor only has end-

shields)

3. motor structure natural frequencies are computed using an equivalent 2D ring

4. motor radiation factor is close from the one of a sphere or an infinite-length cylinder

Some improvements of these assumptions are proposed all along the thesis.

2.4.2 Position of the work

As seen in this first chapter, several investigations aiming at modelling and reducing the electromagnetic noise

emitted by induction machines suffer some too strong hypothesis or fast assertions. They comprise in particular:

1. generalising some laws based on experimental results carried at nominal speed, on a particular motor

2. minimising noise at a given speed, without considering resonance effects

3. studying the exciting force without considering its interaction with the mechanical structure

4. ignoring the exciting force harmonics spatial orders
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5. minimising noise without taking into account PWM or saturation effects, though they can dominate

magnetic noise level

Consequently, a simulation tool able to predict the magnetic SWL radiated by a given motor with a rea-

sonable error has not been implemented yet; no publication explicitly compares an experimental vibration or

acoustic spectrum to a simulated one with similar accuracy. Moreover, a mixed-variable global multi-objective

constrained optimisation technique has never been applied to induction motors, and even less with the noise

criterion. We will see in section 3.3 that some numerical problems may have prevented some works from

successfully building a fast and accurate simulation tool, and coupling it to some optimisation algorithms.

The magnetic noise issue is therefore far to be sorted out, and the use of active techniques to solve magnetic

noise problems is probably premature in railway traction machines since a lot of progress seems to be possible in

the analytical modelling, simulation and optimisation of audible magnetic noise: the potential noise reduction

at the design stage has not been fully used yet. S
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Chapter 3

Electromagnetic and vibro-acoustic

models

In this chapter are detailed the analytical models used in Diva. They comprise an electromagnetic model,

which computes the air-gap flux density distribution and the motor traction characteristics, a mechanical model

which computes the dynamic vibrations of the stator stack, and an acoustic model which determines the SWL

radiated by the stator (Fig. 3.1).

Figure 3.1: Diva models and their main input/output.

3.1 Electromagnetic model

The electromagnetic part of the model computes the radial air-gap flux density distribution Bg(t, αs), which

gives the expression of air-gap radial Maxwell forces as seen in section 2.1.1.1. It also computes the motor

performances (output torque, efficiency, etc) implied in the optimization process (see section 4.3.2).

By applying the Ampere’s law to a properly chosen closed path in the induction machine (34), one finds

that the air-gap radial distribution can be written under the form

Bg(t, αs) = Λ(t, αs)





Zr∑

b=1
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(3.1)
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3.1 Electromagnetic model

where Λ is the local air-gap permeance per unit area (the inverse of reluctance), and rotor and stator mmf

are decomposed as the product of current (isq or irb) and winding functions (Nq
s or N b

r ).

Equation (3.1) can be viewed as a local and magnetic equivalent of Ohm’s law: the air-gap radial magnetic

flux plays the role of the electrical current, the inverse of permeance (the reluctance) stands for the electrical

resistance, and the total magnetomotive force for voltage. The electromagnetic model first performs stator and

rotor currents computation, which must be determined from the knowledge of supply voltages (electrical coupling

circuit). Then, winding functions are computed according to the windings type (shorted-pitch, fractional-slot),

and the permeance distribution is evaluated taking into account eccentricities and saturation effects.

Along this section, the time and/or space harmonic content of various functions are presented: they will be

analytically detailed and discussed in section 4.1.

3.1.1 Currents computation

In transient state, stator and rotor currents can be computed by numerically solving the equations (see for

instance (2; 117))

V = RI +
dϕ

dt
(3.2)

ϕ = LI (3.3)

where V is the voltage vector, R is the resistance matrix, I is the current vector, L is the inductance

matrix, and ϕ is the flux vector. In order to evaluate the magnetic noise level radiated by a motor during its

starting or braking phase, one can consider that the steady state is reached as soon as the motor speed variation

characteristic time τmec is much larger than the characteristic time-scale of the motor circuit:

τmec ≫ max(L0
1,2/R0

1,2) ≈ 0.01s for motor M5 (3.4)

A steady state interpretation of the equations (3.2) (d/dt = jωs) leads to an equivalent electrical circuit

similar to a transformer one (139). An excellent review of the equivalent circuit models can be found in

Hubert thesis (83). He established an equivalent circuit including time harmonics induced by stator mmf

space harmonics in rotor bar currents, and time harmonics due to PWM supply, whose resolution can be

formalised in a convenient matrix inversion.

An other method of currents computation (qualified as semi-analytical), consists in locally expressing the

equations (3.2) and creating a so-called permeance or reluctance network (2; 131), which is also referred to an

equivalent magnetic circuit (145). The network equations can be formalised with matrices, and fastly solved

numerically. Permeance network method has also the advantage to take into account local saturation effects.

However, in this thesis, an equivalent circuit modelling is used following the works of Ait Hammouda (3)

and Hubert (83). Local saturation effects will be included by modifying the permeance function. Since this

equivalent circuit takes the phase voltage spectrum as an input, voltage computation must be validated first.
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3.1.1.1 Voltage computation

3.1.1.1.1 Method

Phase voltage depend on the applied PWM strategy (asynchronous, synchronous, angle-calculated, full-wave,

random strategies). For asynchronous, synchronous, full-wave and RSF strategies, a PWM inverter Simulink

model has been elaborated in Diva (see Fig. 3.2). The possibility to add a third harmonic voltage (at frequency

3fs, in order to increase the fundamental voltage component without over-modulating) has been also included.

A direct vectorised implementation of sinus/triangle intersecting PWM is also available in Diva for faster

computations than the Simulink model; it is used in particular during optimisations.

In angle-calculated mode, the phase voltage waveform is built from an Excel sheet commuting angles table.

Main block

Carrier block Random carrier block

Figure 3.2: Simulink inverter model.

3.1.1.1.2 Validation

Simulated and experimental supply voltage have been compared for different strategies. In Fig. 3.3 is for

instance displayed the asynchronous PWM experimental and simulated phase voltage spectra on motor M1
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3.1 Electromagnetic model

(fc = 1600 Hz, fs = 50 Hz). We can see that in this particular case, there are some slight difference on

the voltage harmonics magnitude: the motor M1 PWM is generated on the ground of a numerical modulating

(tabulated sinusoid which is scanned more or less quickly according to the supply frequency), whereas simulated

PWM is generated from the Simulink sinusoidal modulating with a much higher number of discretising points.
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Figure 3.3: Comparison between experimental and simulated (Diva) stator phase voltage in asynchronous mode

on M1 motor (U0=6 V, fc=1600 Hz,fs=50 Hz).

3.1.1.2 Extended single phase equivalent circuit

3.1.1.2.1 Fundamental case

3.1.1.2.1.1 Expression

The classical single phase equivalent circuit (SPEC, see Fig. 3.4) allows to compute fundamental currents and

motor performances.
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1 L0

1 I0
1 I0
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I0
sh
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2
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U0 E0L0
µ

I0
µ

Rir

Iir

Figure 3.4: Fundamental single phase equivalent circuit

The analytical expression of the circuit elements can be found for instance in (35; 83; 110). The iron losses

resistance Rir in the shunt branch is a function of fundamental iron losses, which are computed according to a

model described in section 3.1.5.
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3.1 Electromagnetic model

3.1.1.2.1.2 Saturation factor computation

As explained in the overview (cf. section 2.1.1.3.2), the saturation model of Diva does not account for local

saturation phenomena, but models the magnetisation inductance L0
µ decrease with saturation through the

computation of a global saturation factor.

The saturation factor computation relies on the evaluation the total mmf along an equivalent flux line (see

Fig. 3.5). Along this path are computed stator and rotor back cores mmf Fsy and Fry, stator and rotor teeth

mmf Ftr and Fts, and the air-gap mmf Fg. The total mmf is therefore 2Fg + 2Fst + 2Frt + Fsy + Fry, and the

saturation factor is defined as:

Ks =
Fg + (2Fst + 2Frt + Fsy + Fry)

Fg
(3.5)

To evaluate these different parts mmfs, the peak flux densities Bi are first computed using the flux conser-

vation law. The teeth peak flux densities are determined by dividing the teeth in three different sections. The

B(H) curve (cf. Fig. 2.6) is then used to compute the magnetic fields Hi, and each mmf Fi is finally computed

as

Fi = Hili (3.6)

where li is the mean flux line length in part i. Since Fg is proportional to the air-gap width g, the saturation

factor represents the air-gap enlargement in saturated case from g to Ksg: when the active materials are

saturated, their magnetic permeability tends to be closer to the air one, so the air-gap is artificially enlarged

(from the magnetic point of view). The magnetisation inductance is inversely proportional to the air-gap width,

so saturation tends to make it decrease. At the beginning of the simulation, the saturation database is built

by computing Ks as a function of the air-gap flux E0/fs. The magnetising inductance L0
µ (cf. Fig. 3.4) is also

computed as a function of the air-gap flux (see Fig. 3.5).
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Figure 3.5: Left: mean flux line for saturation factor computation. Right: typical magnetising inductance curve

in function of air-gap flux.

More details on the saturation factor computation can be found in (32; 110).
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3.1 Electromagnetic model

3.1.1.2.2 Harmonic extension

The fundamental circuit does take into account PWM voltage time harmonics, and the space harmonics coming

from the stator stepped mmf distribution, which induce rotor bars harmonic currents. Therefore, an extended

multilevel equivalent circuit is computed in Diva following the model proposed by Hubert (83) (see Fig. 3.6).

This model resolution is expressed as a simple matrix inversion for each time harmonic (29):

Zn.In = Un (3.7)

where the matrix Zn has n lines (number of time harmonics) and m columns (number of space harmonics of

stator mmf induced in rotor currents). For instance, the component Rn
2 /smn of this extended circuit corresponds

to the R0
2/s component of the fundamental circuit (cf. Fig. 3.4). The resistances Rn

1 and Rn
2 , as well as the

reactances Xn
1 and Xmn

2 , are modified to account for skin effect (116). smn represents the slip between the

fundamental rotor mmf field (pulsation ΩR) and an harmonic stator mmf field due to a n-th PWM time harmonic

and a m-th winding space harmonic (pulsation ΩS):

smn =
ΩS − ΩR

ΩS
= 1 − (1 − s)ωs/p

±ωn/m
(3.8)

where the ±1 factor accounts for the stator field propagation direction (1 for forward direction, which is the

one of the fundamental field, -1 otherwise). If m = p and n = 0, we can see that smn equals the fundamental

slip s.

Figure 3.6: Multi-layer single phase equivalent circuit.

3.1.1.3 Validations

3.1.1.3.1 No-load saturated sinusoidal case

The saturation factor computation has been validated by comparing the phase current obtained with Diva to

the experimental phase current measured at different saturation levels (Fig. 3.7).

3.1.1.3.2 On-load unsaturated sinusoidal case

Simulated and experimental stator phase current in function of slip are compared in Fig. 3.8. If there is a 10

% maximal error, the trends are well respected and the nominal phase current is close from experiments.

The current distribution among rotor bars has been favourably compared to FEM simulations (see Fig. 3.9).

We can see that the rotor instantaneous current is sinusoidally distributed over rotor bars.
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Figure 3.7: Experimental and simulated stator phase currents at several supply frequencies and supply voltages

(motor M2, s = 0.01%).
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Figure 3.8: Experimental and simulated (Diva) phase current as a function of slip on M3 motor (U0=810 V,

fs= 150 Hz). The nominal slip is 1.56 %.
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Figure 3.9: Rotor current distributions among bars obtained with FEM (left) and Diva (right) (motor M2,

fs = 150 Hz, s = 1%).

The frequency and magnitude of rotor current harmonics induced by stator mmf space harmonics have been

also qualitatively validated using FEM (Fig. 3.10): we can see that the harmonics of spatial order νs = 7p and

νs = −11p coming from stator mmf (see Fig. 3.15) creates the main rotor current harmonics at frequencies
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3.1 Electromagnetic model

Figure 3.10: Rotor bar current waveforms obtained with FEM (left) and Diva (right) (motor M2, fs = 150 Hz,

s = 1%). FEM spectrum abscissa is graduated in multiples of the supply frequency (harmonics 6 and 12 stand

for 6fs and 12fs frequencies), whereas Diva spectrum is directly graduated in Hz.

|1 − (1 − s)νs/p|fs = 11.89fs = 1783.5 Hz and 5.93fs = 889.5 Hz.

3.1.1.3.3 No-load unsaturated PWM case

PWM phase current has been validated on different machines with different PWM strategies. As an example,

Fig. 3.11 compares the harmonic distributions of experimental and simulated phase current in an asynchronous

case, and the main current harmonics magnitude are displayed in Table 3.1. Note that motor M5 has a skewed

rotor, and tends to saturate a lot (Ks=1.4 in starting phase).
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Figure 3.11: Experimental and simulated (Diva) stator phase current on M5 motor (asynchronous PWM with

fc= 1280 Hz, U0=30 V, fs=5 Hz, s=0.01 %).
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3.1 Electromagnetic model

Frequency fs fc − fs fc + fs 2fc − fs 2fc + fs 3fc − fs 3fc + fs 4fc − fs 4fc + fs

Tests 199.8 0.234 0.359 5.16 5.28 0.261 0.298 2.62 2.75

Diva 200.6 0.24 0.245 4.75 4.5 0.206 0.202 2.74 2.81

Table 3.1: Stator current harmonics magnitude on motor M5 (asynchronous regular sampling PWM with fc=

1280 Hz, U0=30 V, fs=5 Hz, s=0.01 %).

3.1.2 Magnetomotive forces computation

3.1.2.1 Stator magnetomotive force

The stator winding function Nq
s represents the number of turns associated to the q-th phase current at angle

αs. It can be decomposed in a sum of piecewise linear turn functions (tf) weighted by the current sign as

illustrated in Fig. 3.12 (83). The stator turn functions comprise a linear rise in front of stator slots (88). Such

a decomposition enables to model any type of winding: it is therefore especially useful for the description of

shorted-pitch winding (Fig. 3.13) and fractional-slot winding, which have a fractional number of slot per pole

and per phase (Fig. 3.14).
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Figure 3.12: Left: decomposition of a stator winding function (wf) in a sum of two turn functions (tf). Right:

stator turn function of a single coil.

More precisely, any stator winding can be represented in a single matrix Mw of size (Zs, qs) which contains

for each phase the number of cumulated turns under each stator tooth. For shorted-pitch windings, this matrix

can be built following the algorithm detailed in appendix A.3. The winding function of the q-th phase is then

Figure 3.13: Motor M2 winding pattern, winding functions and resulting mmf in full-pitch case (left, Y/sps=6/6)

and shorted-pitch case (right, Y/sps=5/6).
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Figure 3.14: Motor M1 winding pattern, winding functions and resulting stator mmf.

obtained as:

Nq
s (αs) =

Zs∑

i=1

Mw(i, q)TFs(αs − (i − 1)
2π

Zs
) (3.9)

where TFs(αs) is the turn function associated to one stator coil placed at αs = 0 (cf. Fig. 3.12). The total

stator mmf is then obtained as:

fs
mm(t, αs) =

qs∑

q=1

iqs(t)N
q
s (αs) (3.10)

The typical stepped distribution of stator mmf along the air-gap, and its corresponding space harmonics

νs = p(2qshs ± 1) (hs ∈ N), is represented in Fig. 3.15 for a shorted-pitch integral winding.
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Figure 3.15: Stator mmf distribution along the air-gap at t=0 (motor M2 to M4, 5/6 shorted-pitch winding cf.

Fig. 3.13). The main space harmonics are here 11p = 33 and 13p = 39.

34

Chapter2/Chapter2Figs/MASUTCwind3.eps
Chapter2/Chapter2Figs/X60fmms_space.eps


3.1 Electromagnetic model

3.1.2.2 Rotor magnetomotive force

Rotor mmf is computed using the same principle (76; 87): its equivalent Zr-phase winding is decomposed as a

sum of turn functions TFr (see Fig. 3.16) such as

N b
r (t, αs) = TFr(αs − (b − 1)

2π

Zr
+ λRωrt) (3.11)

The obtained rotor mmf distribution is displayed in Fig. 3.16, with its space harmonic content.
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Figure 3.16: Left: rotor turn function. Right: rotor mmf distribution along the air-gap at t=0 (motor M2).

The main space harmonics are here Zr − p = 25 and Zr + p = 31.

3.1.3 Permeance computation

3.1.3.1 Expression

The permeance distribution is given by

Λ(t, αs) =
µ0

gfic(t, αs)
(3.12)

where gfic is the fictitious air-gap width (i.e. the magnetic width of the air-gap): it stands for the mean flux

density lines length along the air-gap. The mean flux lines entering the slots are computed using some fictitious

slot depths df
s and df

r which are proportional to the slot openings, as suggested in (37; 38):

s

gfic(t, αs) = g + df
sCs(αs) + df

r Cr(t, αs) (3.13)

where df
s = bs/5, df

r = br/5, and Cs and Cr functions mark the stator and rotor slot openings locations (see

Fig. 3.17). Note that these fictitious slot depths do not depend on the real slot depth, but on the slot opening

width: for closed rotor slots, df
r = 0.

The typical distribution of permeance in space and time is presented in Fig. 3.18. We can see that the

main space harmonics are here Zs = 36 and 3Zs = 108, whereas frequencies are proportional to ZrfR (the time

harmonics location is similar to the one of a Zr blades fan).
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Figure 3.17: Cs function marking the location of stator slot openings on motor M2.
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Figure 3.18: Permeance per unit area distribution along the air-gap (motor M2, fs = 50 Hz) at t=0 (left) and

in function of time at αs=0 (right).

3.1.3.2 Skewed case

Rotor skew can be modelled by computing the averaged permeance along the axial direction:

Λskew(t, αs) =
1

n

n∑

k=1

Λ

(
t, αs − αsk(−Lr/2 +

k − 1

n − 1
Lr)

)
(3.14)

where n is the number of slices in the axial direction, and αsk(z) is the rotor skew angle at height z ∈
[−Lr/2, Lr/2].

3.1.3.3 Saturated case

As explained in the first chapter, we have chosen to take into account the saturation influence on the flux density

distribution by modifying the permeance function, adding the new harmonics (64; 114; 121; 153) that flatten

the air-gap flux density distribution:

Λsat(t, αs) = Λ(t, αs) +

∞∑

ka=1

Λka
cos(2kaωst + 2pkaαs + φa) (3.15)

We can see that these saturated permeance harmonics rotate as same speed as the fundamental flux density

(2kaωs/(2kap) = ωs/p). The main saturation permeance wave (ka=1) has the magnitude (64; 114)

Λ1 =
µ0

gKcKs

2Asat

1 + Asat
Asat =

Fst + Frt

Fg + Fsy + Fry
(3.16)
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3.1 Electromagnetic model

where Kc is the Carter coefficient, i.e. the ratio between the peak air-gap sinusoidal flux density in an ideal

machine with a non-slotted air-gap and sinusoidal mmf, and the effective peak flux density of a slotted machine

with a stepped mmf (32). This ratio can be expressed as:

Kc =
τs

τs − bs/(5g + bs)

τr

τr − br/(5g + br)
(3.17)

where τr = πDro/Zr and τs = πDsi/Zs are rotor and stator slot pitches.

If there is no saturation of the tooth tips (Fst = Frt = 0), we can see that Asat = 0 and Λ1 = 0 which shows

that this permeance saturation harmonic account for the teeth saturation effect on the flux density distribution.

Fig. 3.19 shows how the permeance distribution is modified by saturation harmonics: we can see that a space

harmonics of order 2p = 6 appears besides the unsaturated permeance harmonics of Fig. 3.18. Combined with

the fundamental flux of order p, this saturation permeance wave gives an additional flux density wave of order

3p which flattens the flux density distribution (cf. Fig. 3.20).
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Figure 3.19: Saturated permeance per unit area distribution along the air-gap (motor M2, fs = 50 Hz) at t=0

(left) and in function of time at αs=0 (right).
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Figure 3.20: Illustration of the air-gap radial flux density flattening due to even order saturation permeance

waves.
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3.1 Electromagnetic model

3.1.3.4 Eccentric case

3.1.3.4.1 Static eccentricity

To take into account static eccentricity, the fictitious air-gap width must be modulated following

gfic(t, αs) =
(
g + df

sCs(αs) + df
r Cr(t, αs)

)
(1 − λse cos(αs)) (3.18)

The resulting permeance distribution is displayed in Fig. 3.21.
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Figure 3.21: Left: permeance per unit area distribution along the air-gap (motor M2, 5% static eccentricity,

fs = 50 Hz) at t=0. Right: permeance per unit area distribution in function of time (motor M2, 5% dynamic

eccentricity, fs = 50 Hz) at αs=0.

3.1.3.4.2 Dynamic eccentricity

For dynamic eccentricity, the fictitious air-gap width is expressed as

gfic(t, αs) =
(
g + df

sCs(αs) + df
r Cr(t, αs)

)
(1 − λde cos(αs − ΩRt)) (3.19)

The resulting permeance distribution in time is displayed in Fig. 3.21.

3.1.4 Air-gap radial flux density computation

The air-gap radial flux density distribution is computed as the product of permeance and total mmf. Its

typical shape and harmonic content are displayed in Fig. 3.22: the main space harmonics are Zs − p = 33 and

Zs + p = 39, which do not come from stator mmf but from permeance.

The distribution of the Maxwell pressure along the air-gap is displayed in Fig. ??.

3.1.4.1 Offload sinusoidal validations

3.1.4.1.1 Unsaturated case

The fundamental radial air-gap flux density value has been validated with FEM at different phase voltages on

two different motors (Fig. 3.23).

The flux distribution has been successfully compared with FEM simulations at different supply frequencies

on two different motors (Fig. 3.24).
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Figure 3.22: Lef: radial air-gap flux density distribution along the air-gap at t=0 (motor M2). The main space

harmonics are here Zs − p = 33 and Zs + p = 39. Right: Maxwell pressure, stator and rotor magnetomotive

forces, and permeance distributions at t=0 (motor M2).
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Figure 3.23: FEM and Diva fundamental radial air-gap flux density as a function of phase voltage on M3 motor

at fs = 150.2 Hz (left) and M2 motor at fs = 50.11 Hz (right) (no-load unsaturated case, s = 10−4).
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Figure 3.24: FEM and Diva radial flux density distribution along the air-gap (left) and in function of time

(right) (motor M3, sinusoidal no-load case, s = 10−4, fs = 150.2 Hz, U0 = 763 V).
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3.1 Electromagnetic model

To get an idea of the mmf distribution computed by FEM, the FEM flux density distribution has been

divided by Diva permeance distribution. In a same way, the FEM flux distribution has been divided by Diva

mmf in order to have an approximation of the FEM permeance distribution. These results are displayed in Fig.

3.25.

Figure 3.25: Approximated FEM and Diva stator mmf (left) and permeance (right) distributions along the

air-gap (motor M2, fs = 50.11 Hz, U0 = 173.2 V, s = 10−4).

3.1.4.1.2 Saturated case

Some FEM simulations have been run on M2 motor at different saturation levels, and the magnitude of the

main flux density harmonic due to saturation has been compared to Diva. However, saturated flux density

harmonics computed by Diva were too large, although their evolution with the saturation level was the same as

in FEM: a fitting coefficient (≈ 1/6) has therefore been multiplied to the analytical expression of the saturation

permeance waves magnitude (cf. (3.16)). This kind of fit is usually used in analytical models ; it will be shown

in next chapter that it gives a good approximation of saturation acoustic lines appearing on motor M5a and

M3.

The resulting simulated flux density harmonics due to saturated permeance (cf. section 3.1.3.3), as well as

the saturated air-gap flux-density distribution, are displayed and compared to FEM in Fig. 3.26.

3.1.4.2 On-load sinusoidal validations

The on-load flux density distribution has also been favourably compared to FEM (Fig. 3.27). However, the phase

angle between rotor and stator mmf computed by Diva in the equivalent electrical circuit did not correspond to

the one of FEM simulations, and consequently, the fundamental electromagnetic torque was neither the same.

This might come from some different values of the equivalent circuit rotor components. The phase angle of

Diva rotor mmf has therefore been shifted in order to have the same electromagnetic torque level, and compare

the air-gap flux density distributions assuming that the phase angle between mmfs was correct.
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Figure 3.26: Left: FEM and Diva main flux density saturation harmonic of spatial order 3p in function of the

applied phase voltage on motor M2, after having fit the analytical model. Right: FEM and Diva flux density

distribution along the air-gap in saturated case.
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Figure 3.27: Diva and FEM radial flux density distribution along the air-gap in sinusoidal on-load case (U0 =

173.2 V, fs = 50 Hz, s = 1%).

3.1.5 Traction characteristics computation

3.1.5.1 Torque, power factor, efficiency expressions

The iron losses model is based on a Steinmetz/Bertotti formulation, whose coefficients were adapted to FEM

simulations at several supply frequencies and voltages (Loss Surface Model of FLUX2D software). Its elaboration

is detailed in (61).

The friction losses model is expressed as a cubic function of the mechanical speed N0

Pfri = αN0 + βN3
0 (3.20)

where α and β are determined from experiments. As an example, for motor M5, we have α = 0.167 and

β = 8.33 10−8.

41

Chapter2/Chapter2Figs/DIVA_OPERA_recalage.eps
Chapter2/Chapter2Figs/Bsat.eps
Chapter2/Chapter2Figs/Bload.eps


3.1 Electromagnetic model

The efficiency η is given by the ratio between input and output powers:

η =
Pout

Pin
=

Pmec − P r
IR − Pfri

Pem + P sy
IR + P st

IR + P s
J

(3.21)

where Pem = P r
J/s is the air-gap electromagnetic power, P r

J and P s
J are the rotor and stator Joule power losses,

Pmec = (1 − s)Pem is the mechanical air-gap power, P r
IR represents the total rotor iron power losses, P sy

IR and

P st
IR the stator yoke and teeth iron power losses.

The output torque in traction phase is computed as:

Tout =
Pout

ΩR
(3.22)

The power factor pf0 in sinusoidal case is expressed as

pf0 =
ℜ(Z0)

|Z0|
(3.23)

where Z0 is the total complex impedance of the fundamental circuit (cf. Fig. 3.4).

3.1.5.2 Variable-speed characteristics

The traction motor has a torque/speed curve to fulfil (see Fig. 3.28) which is sized according to the track

profile and the train load. Given a motor design, one must check that it can reach the aimed output torque

with a sufficiently high efficiency, reasonable heating and current densities in stator winding and rotor bars.

The traction phase is therefore discretised in several speeds, at which phase current, efficiency, output power

and torque are computed. The torque/speed curve is decomposed in two domains: a first phase at constant

and maximal air-gap flux (E0/fs = Φmax for N0 < Nmains), and a second phase at constant phase voltage

(U0 = Umax for N0 ≥ Nmains), where the output torque is an hyberbola (ToutN0=cstt).

At each speed N0, the supply frequency is first approximated with a null slip (fs ≈ N0p/60). During the first

phase, the emf E0 = Φmaxfs is imposed, and the slip is computed by iterations on the equivalent circuit in order

to reach the specified output torque T spe
out at speed N0. The fundamental circuit of Fig. 3.4 indeed defines an

equation Tout = h1(U0, fs), but as U0 is an unknown, the output torque is expressed as a function of the air-gap

flux by the equation Tout = h2(Φmax, fs). An iterative root search algorithm is then performed on the function

fs 7→ h2(Φmax, fs) − T spe
out . At the end of the iterations, the actual slip is computed as s = 1 − pN0/(60fs).

Once the supply frequency and the slip are known, the phase voltage is determined solving the whole equivalent

circuit, i.e. computing U0 = g(Φmax, fs).

During the second phase, the phase voltage is kept at its last value Umax, and the slip is computed in the

same way by finding the root of the equation fs 7→ h3(Umax, fs) − T spe
out . As the input phase voltage is known,

the full equivalent circuit is then simply solved computing I = Z−1U.

3.1.5.3 Validation

All the traction characteristics have been checked by comparing Diva results to ALSTOM simulation tool (Fig.

3.28). Power factor, output torque and power have been validated with test at different slip values (Fig. 3.29).
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3.1 Electromagnetic model

3.1.6 Instantaneous electromagnetic torque

The instantaneous electromagnetic torque is computed in Diva in order to be able to compute torque pulsations.

It can be expressed as

Te =
∂Wm

∂Θ
|i=cst (3.24)

where ∂/∂Θ represents an infinitesimal virtual rotation of the rotor, and Wm is the total magnetic energy

contained in the air-gap:

W =

∫ L1

0

∫ 2π

0

∫ Rre+g

Rre

Bg(t, αs)
2

2µ0
dzrdαsdr =

L1((Rre + g)2 − R2
re)

4µ0

∫ 2π

0

Bg(t, αs)
2dαs

≈ L1Rreg

2µ0

∫ 2π

0

Bg(t, αs)
2dαs (3.25)

The electromagnetic torque is therefore given by

Te =
L1Rreg

2µ0

∫ 2π

0

∂B2
g

∂Θ
|i=cstdαs (3.26)

We have

∂B2
g

∂Θ
|i=cst = 2Λ

∂Λ

∂Θ
f2

mm + Λ2

(
2fmm

∂fr
mm

∂Θ
|i=cst

)
(3.27)

as

∂fs
mm(t, αs)

∂Θ
|i=cst =

3∑

q=1

isq(t)
∂Ns

q (αs)

∂Θ︸ ︷︷ ︸
=0

= 0 (3.28)

Rotor mmf derivative can be obtained as (assuming λR = 1)

∂fr
mm(t, αs)

∂Θ
|i=cst =

∂fr
mm(t, αs)

∂αs
(3.29)

while permeance derivative is obtained as

∂Λ(t, αs)

∂Θ
=

∂Λ(t, αs)

ΩR∂t
(3.30)

The electromagnetic torque can then be decomposed in a reluctant torque Trel (which is null if there is no

reluctance variation along the air-gap) and a fundamental electromagnetic torque Temf (which is null when

s = 0):

Te =
L1Rreg

ΩRµ0

∫ 2π

0

Λ(t, αs)f
2
mm(t, αs)

∂Λ(t, αs)

∂t
dαs

︸ ︷︷ ︸
Trel

+
L1Rreg

µ0

∫ 2π

0

Λ2(t, αs)fmm(t, αs)
∂fr

mm(t, αs)

∂αs
dαs

︸ ︷︷ ︸
Temf

(3.31)

We therefore have in no-load case ∂Wm

∂Θ |i=cst = Trel, where Wm is the total air-gap electromagnetic energy,

which is also the volume integral of Maxwell pressure in the air-gap. Therefore, a strong correlation between

magnetic noise and torque pulsations should not be surprising, as they have a common origin. However, whether

magnetic noise generally increases or decreases with higher torque pulsations is still to be investigated.

If Diva can calculate these torque pulsations, we did not have enough time to validate their computation.
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Figure 3.28: Phase current, air-gap flux E0/fs, output torque, output power, efficiency, phase voltage and slip

in function of speed, obtained with ALSTOM simulation tool and Diva (motor M5a). Friction losses have been

experimentally determined and used both simulation tools.

44

Chapter2/Chapter2Figs/LAUSANNE_Is_OrDi.eps
Chapter2/Chapter2Figs/LAUSANNE_EF_OrDi.eps
Chapter2/Chapter2Figs/LAUSANNE_To_OrDi.eps
Chapter2/Chapter2Figs/LAUSANNE_Po_OrDi.eps
Chapter2/Chapter2Figs/LAUSANNE_rend_OrDi.eps
Chapter2/Chapter2Figs/LAUSANNE_U0_OrDi.eps
Chapter2/Chapter2Figs/LAUSANNE_slip_OrDi.eps


3.1 Electromagnetic model
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Figure 3.29: Experimental and simulated (Diva) power factor, output torque and output power as a function

of slip on M3 motor (U0=810 V, fs= 150 Hz).
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3.2 Vibro-acoustic model

3.2 Vibro-acoustic model

Before looking for some analytical models of the stator vibro-acoustic behaviour, it is important to characterise

the geometry of the equivalent cylinders of ALSTOM motor ranges. The dimensions of the stator stack (without

teeth and frame, see Fig. 3.30) are given in Table 3.2. Two characteristic frequencies have been computed: the

ring frequency frg, which is the breathing mode natural frequency (without modifying the stator mass density

to account for teeth and winding mass, as it is done in section 3.2.1), and the critical frequency fct:

frg =
1

2πa

√
Es

ρs
fct =

c0

2πh

√
12ρs(1 − µ2

s)

Es
(3.32)

where c0 is the speed of sound waves in the air, and µs is the stator stack Poisson ratio. frg is also the

frequency at which the wavelength of the shell extensional waves equal the shell circumference, whereas fct is

the frequency at which the acoustic wavelength in the air is the same as in the stator.

Figure 3.30: Left: stator stack equivalent cylinder dimensions. Right: motor M5 stator stack and end-plates.

Motor name h/a L/a h/L f0 (Hz) fct (Hz) Application

M1 0.1895 1.6842 0.1125 17330 1316 LEC test-bench

M2-M4 0.23606 1.8158 0.13 3370 334 Regional train

M5 0.23401 1.3818 0.1693 2872 291 Subway

M6 0.31299 1.2431 0.2518 3033 205 Subway

X 0.33557 1.4765 0.2272 4217 1257 High-speed train

X 0.14874 1.2652 0.1175 2067 375 High-speed train

X 0.17359 1.28 0.1356 1853 377 Intercity train

X 0.22703 1.2613 0.18 2365 238 Locomotive

X 0.23048 1.1524 0.2 2378 248 Regional train

X 0.20952 1.5928 0.1315 2761 284 Commuter train

X 0.23201 1.7621 0.1317 3750 391 Light-rail vehicle

X 0.22281 1.3263 0.168 3274 380 Subway

Table 3.2: Parameters of the equivalent cylinders representing ALSTOM motor ranges (cf. Fig. 3.30). The

extremal values encountered in ALSTOM motors have been underlined. f0 is the breathing mode natural

frequency and fct is the critical frequency.
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3.2 Vibro-acoustic model

We can see that all the studied motors have a critical frequency fct which is inferior to the ring frequency frg,

which shows that all the stator stacks behave like acoustically thick shells (162) 1. An important consequence

of that property is that the cylinder radiation efficiency strongly depends on the excitation type (59), and on

its length L contrary to acoustically thin shells.

The end-plates have also a significant vibro-acoustic role (170), as their total length can be as high as the

stator stack length on ALSTOM motors (cas of motor M5, cf. Fig. 3.30). However, we will see that they can be

neglected to estimate the stator natural frequencies. During the experiments run on motor M5, measurements

showed that the end-plates radial vibrations could be as high as the stator stack radial vibrations. The end-plates

length is therefore not neglected in the radiation factor and in the sound power level computations.

3.2.1 Natural frequencies computation

3.2.1.1 Expression

Two main analytical models have been successfully experimented: the one used by Hubert (83) (method m1 ),

which uses corrective coefficient to take into account the third dimension, and the one described by Gieras

(71) (method m2 ).

This last method computes the breathing mode natural frequency F0 as:

f0 =
1

2πa

√
Es

Kfs∆mρs
(3.33)

where Kfs is the stator stacking factor, a = (Dso + hf − hsy)/2 is the stator mean radius taking into account

the frame width hf , and ∆m is the mass increase due to winding and teeth:

∆m = 1 +
Wst + Wsw

Wf + Wsy
(3.34)

where Wst, Wsw, Wf and Wsy respectively stand for the mass of stator teeth, winding, frame and yoke.

The natural frequency f1 of the rotor first bending mode will have to be determined (see section 3.2.2.1), it

is computed modelling the rotor as a beam loaded with a ring. When the rotor is symmetrically supported by

the bearings, this frequency can be approximated by (114)

f1 =
1

2π

√
K

M
K =

3π

4

ErD
4
sh

l3rb

M = ρrπLr(D
2
ro − D2

sh)/4 + ρshπlshD2
sh/8 (3.35)

where lrb is the distance between the two bearings that support the rotor shaft of length lsh, diameter Dsh and

mass density ρsh.

For modes m > 1, fm is computed as

fm = Kmf0
h

2
√

3a

m(m2 − 1)√
m2 + 1

(3.36)

where h = hsy + hf , and Km is a corrective coefficient whose expression can be found in (8; 71; 114).

1A shell can be thin (h ≪ a) but acoustically thick.
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3.2 Vibro-acoustic model

3.2.1.2 Effect of magnetic stiffness

Besides the effects on natural frequencies of temperature, boundary conditions, frame, and manufacturing errors

which have already been studied, Bekemans (14) suggested that the magnetic flux in the induction machine

acts on the stator and rotor coupling like a magnetic spring, and could change the stator natural frequencies.

He showed that the distribution of the air-gap magnetic lines can be interpreted as the result of a balance

between a magnetic tension (due to Maxwell forces), which tends to reduce the magnetic lines length (law of

minimal reluctance), and an hydrostatic magnetic pressure, which tends to keep the magnetic lines far from

one another. When slightly moving the stator inner surface away from this balanced position, the interaction

between stator and rotor can be approximated at first order by a magnetic spring of stiffness 2B2
0/(µ0g), B0

being the fundamental air-gap flux density.

The natural frequencies expression of a circular cylindrical shell with an additional spring have been estab-

lished, and computations showed that magnetic stiffness should reduce the elliptical mode natural frequency of

only a few %. This fact has been validated experimentally by carrying two experimental modal analysis, one on

a current-free motor and the other one on a motor supplied with maximum current. The second analysis has

been done as fast as possible so that the motor remained cool, and results were not affected by the temperature

change. In agreement with analytical computations, no significant shift was observed on the stator elliptical

mode near 600 Hz, which shows that the effect of magnitude stiffness can be neglected.

3.2.1.3 Validation

A first validation was done on motor M1, using some FEM and test results carried by Hubert, namely the

hammer shock method and the sinus method 1. Another experimental test was done using an operational modal

analysis (OMA2). These results are presented in Table 3.3, and the OMA modal deflection shapes are also shown

in Fig. 3.31. We can see that the analytical method m1 is slightly more adapted to the small motor M1.

(m,n) 2-D FEM Hammer Method Sinus Method Diva-m1 Diva-m2 OMA

(0,0) 14656 OR OR 14860 15465 14400

(1,0) ND 1200 1273 1234 1234 1148

(2,0) 2364 2400 2423 2485 2270 2345

(3,0) 6473 6100 6210 6415 6420 6370

(4,0) 11898 11700 OR 12065 12310 11790

Table 3.3: Stator natural frequencies computation (Hz) of motor M1 using different methods. OR: Out of

Range, ND: Non Definite.

Another validation was carried on ALSTOM motor M5 using three different 3D FEM models, all simulated

in free-free boundary conditions:

1This method consists in feeding the motor with a variable high-frequency current, and determining at which frequency noise

peaks occur.
2In an experimental modal analysis, an external excitation (hammer shock for instance) is used to determine the natural

frequencies of the structure. In an operational model analysis (OMA), the internal excitation of the structure is used as an excitation

force to determine the natural frequencies. An OMA is therefore relevant for structures with wide-band internal excitation forces.

In our case, the internal forces are magnetic forces, and OMA measurements are done by starting the motor in PWM mode from

fs = 0 to fs = 80 Hz in order to produce the widest and richest exciting spectrum.
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3.2 Vibro-acoustic model

Mode (0,0) Mode (1,0) Mode (2,0) Mode (3,0) Mode (4,0)

Figure 3.31: Deflection shapes of the first five stator circumferential modes (m = 0: breathing mode, m = 1:

rotor bending mode, m = 2: elliptical mode, m = 3: 3-order elliptical mode, m = 4: 4-order elliptical mode.

1. plate model of the equivalent cylindrical shell, i.e. with a modified mass density accounting for teeth and

winding

2. solid model of the equivalent cylindrical shell, i.e. with a modified mass density accounting for teeth and

winding

3. real geometry of the motor whose material properties were fitted to experiments

An experimental modal analysis (EMA) was also carried on the stator alone and on the whole motor (stator

+ end-plates + rotor). All these results are displayed in Table 3.4, where the damping factors appear in

parenthesis. On this application, we can see that analytical methods m1 and m2 are both close to FEM results.

Some longitudinal modes natural frequencies have been also computed using m2 method, although there are

not used in Diva as Maxwell forces are assumed to be independent of the axial direction, and the results are

close to solid-based FEM results.

Method Diva-m1 Diva-m2 FEM plate FEM solid EMA stator EMA full FEM fitted

(m,n)

(0,0) 2870 2890 2830 2870 OR OR OR

(2,0) 595 526(1.2) 516 580 584+670(0.92) 606(0.8) 582+730

(2,1) X 820 573 800 513(1.3)+651 537+892 876

(3,0) 1535 1490 1410 1570 1402 NI 1252

(3,1) X 2020 1520 1930 1260 NI NI

(4,0) 2885 2850 2590 2840 1955 OR OR

(4,1) X 3500 2720 3240 1454 OR OR

Table 3.4: Stator natural frequencies computation (Hz) and damping coefficient (between parenthesis, in %) of

motor M5 using different methods. OR: Out of Range, NI: Not Identified.

The influence of frame and fixations has already been studied in Ait-Hammouda thesis (3) on ALSTOM

motor M2, which has a totally different architecture than motor M5: the stator stack is totally enclosed in a

frame as it is a water-cooled motor. He used three 2D FEM models of the motor real geometry: model A of the

stator stack, model B of the stator stack and frame, and model C of the stator stack, frame and fixations. These
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3.2 Vibro-acoustic model

FEM results in free-free conditions are recalled and compared with Diva 2.0 in Table 3.5. We can see that the

breathing mode natural frequency is decreased by 10 % due to fixations. Moreover, it is close from the 4 lobes

mode natural frequency like on motor M5 (cf. Table 3.4). Diva results were obtained without accounting for

the frame width in the equivalent cylindrical model, which explains why its results are closer to FEM model B

than A.

Method Diva-m1 Diva-m2 FEM A FEM B FEM C EMA full stator

(m,n)

(0,0) 3453(2.5) 3681(2.6) 3648 3642 3353 3283(1.5)

(2,0) 719(1.3) 673(1.27) 555 699 710+758 616(2.16)+731(2.22)

(3,0) 1857(1.8) 1904(1.72) 1487 1831 1797+1934 1406(1.47)+1622(2.1)+1769(1.16)

(4,0) 3493(2.5) 3651(2.28) 2666 3200 3560+4015 3106(0.96)+3383(0.88)

Table 3.5: Stator natural frequencies computation (Hz) and damping coefficient (in parenthesis, in %) of motor

M2 using Diva and FEM (Ansys).

Methods m1 and m2 give similar results on traction motors, and behave well for both self-ventilated motors,

where the stator stack is apparent and the end-plates are thick, and water-cooled motors, where the stator stack

is totally enclosed in a frame. Let us remind that a 15 % relative error on the natural frequency computation

is still acceptable in order to avoid variable speed resonances: as the exciting magnetic force frequency is

proportional to the supply frequency, it gives a 15 % relative error on the speed at which the resonance occurs.

Method m1 is the default method used in Diva.

3.2.2 Vibration computation

3.2.2.1 Expression

The magnetic pressure B2
g/(2µ0) is first decomposed in 2D Fourier series to obtain a set of sinusoidal force

waves of complex magnitude Pmω, spatial order m and pulsation ω (cf. the forces waves illustrated in Fig. 2.7).

The static displacements under each sinusoidal load are then computed. Static displacement associated to order

0 is (89)

Y s
0ω = P0ω

RsyRsi

Echsy
(3.37)

Y s
1ω is generated by the force per unit area P1ω: as seen in Fig.2.7, it generates a rigid body motion of the

stator. From the rotor point of view, where Maxwell forces also apply1, this motion excites its first bending

mode. This rotor deflection can be modelled as a simply supported beam loaded with pressure P1ω:

Y s
1ω = P1ω

4Rsil
3
shLr

3EshD4
sh

(3.38)

1We can show that the total force acting on the rotor is also given by the surface integration of Maxwell stress over an air-gap

cylinder. The expression B2
g/2/µ0 is therefore also valid to approximate the effect of radial Maxwell forces on the rotor. The

bending deflection of the rotor can therefore be computed from the 1 order space harmonic of σn. All the other force harmonics

are supposed not to produce any rotor deflection, as its radial stiffness is much greater than the stator one.
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3.2 Vibro-acoustic model

Note that this deflection only exists if some odd spatial orders are generated by the magnetic force distribution.

If its distribution in the air-gap is totally symmetric, only even orders exist. In fact, since the radial force

distribution is a quadratic function of the flux density, it has an even number of pole pairs (2p) and the only

way to break the symmetry is to have an odd number of rotor or stator slots, or eccentricities.

Notice that in equation (3.38), Y s
1ω holds for rotor deflection, although it will be used to compute the sound

power level radiated by the stator. This very strong hypothesis implicitly done in (114) assumes that the

bending deflection of the rotor is totally transferred to the stator, i.e. that a infinite stiffness coupling exists

between rotor and stator. This coupling is not a mechanical one, through bearings and end-shields, but a

magnetic one: if a rotor bending deflection exists, it creates an eccentricity which locally enlarges and reduces

the air-gap width. Consequently, Maxwell forces which apply on the stator are locally reduced (as the air-gap

flux density is inversely proportional to the air-gap reluctance i.e. the air-gap width) and enlarged, which also

creates a kind of bending deflection of the stator. This dynamic coupling between rotor and stator bending

deflection is therefore complex, and this model is rather rough; fortunately, ALSTOM motors do not have any

eccentricities, and have even slot numbers, so this special bending mode has not a great influence on acoustic

noise.

For orders m ≥ 2, static deflections are expressed as

Y s
mω = Pmω

12RsiR
3
sy

Esh3
sy(m2 − 1)2

(3.39)

If we compare the static displacements of order m > 1 to the zero-th order one, we get

Y s
mω

Y s
0ω

∝ Pmω

P0ω

1

(m2 − 1)2
R2

sy

h2
sy

(3.40)

The ratio Rsy/hsy therefore sizes the ability of the motor to generate high displacements of order m > 1.

Moreover, the higher is the spatial order, the lower is the displacement. This ratio has been plotted for different

orders in Fig. 3.32.

Dynamic deflections Y d
mω, which account for resonance effects, are computed as

Y d
mω = Y s

mω[
(
1 − f2/f2

m

)2
+ 4ξ2

mf2/f2
m]−1/2 (3.41)

where ξm is the modal damping coefficient associated to the m-th flexural mode, and fm is the m-th mode

natural frequency. As a first approximation, ξm can be computed using the experimental law established by

(169)

2πξm = 2.76 × 10−5fm + 0.062 (3.42)

If this law gives the right order of magnitude (between 1 % to 3 % for mode m = 0, 2 and 4, while Timar

suggested an average of 2% (148)), it was established on small power motors (10 kW) compared to ALSTOM

motors. Moreover, the increase of damping with frequency is not that physical: at low frequencies, global modes

appear, involving more damping, whereas at high frequencies, the damping is expected to be the one of the

stator core (which is higher to the one of a steel core because of insulated laminations). This more physical

behaviour is indeed observed during tests (cf. Table 3.5).
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Figure 3.32: Relative static displacement in function of Rsy/hsy ratio for several modes. Doubling the relative

static displacement increases the SWL at resonance of 10 log10(2
2) ≈ 6 dB.

Experiments have shown that the damping coefficient was slightly over-estimated on motor M5 elliptical

mode (1.2 % against 0.8 % experimentally, cf. Fig. 3.4). Note that the determination of damping coefficient

has a great influence on the SWL level: at resonance,

∆Lw = 20 log10(ξ
′

/ξ) (3.43)

which gives in our case 20 log10(1.2/0.8) ≈ 3.5 dB.

3.2.2.2 Experimental validation

3.2.2.2.1 Sinusoidal case

Some acceleration measurements have been done on motor M1 at fixed supply frequency (Fig. 3.33) and variable

speed (spectrogram1 Fig. 3.34). This spectrogram, as well as all the other ones presented in that thesis, is run

at constant flux (U0/fs = cstt ≈ E0/fs) in order to keep a constant magnetic excitation during starting phase.

In Fig. 3.33, we can see that in the lowest part of the spectrum, a high difference exists between Diva and

tests: it is mainly due to mechanical vibrations which are not modelled in Diva. At high frequencies (≤ 500

Hz), simulated acceleration spectrum compares favourably with experimental spectrum.

In the spectrogram of Fig. 3.34, run from 12 to 60 Hz, the parts that are amplified independently of

motor speed (vertical lines) stand for the motor natural frequencies. In the experimental spectrogram, two

main natural frequencies show up at 700 Hz and 1100 Hz. The latter is the bending mode identified in the

OMA (Fig. 3.31) and modelled analytically in section 3.2.2.1. In fact, the OMA showed that the first natural

frequency around 700 Hz is another bending mode (Fig. 3.35).

1In a spectrogram or a sonagram, time or motor speed are reported in abscissa, frequencies are reported in ordinates, and the

sound or vibration level is indicated with a colour gradient.
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Figure 3.33: Experimental and simulated vibratory spectrum obtained (motor M1, s = 3 %, fs = 75 Hz, U0 = 6

V).

Figure 3.34: Experimental (left) and simulated (right) acceleration spectrogram in sinusoidal case (motor M1,

fs=12 to 60 Hz). An uncertainty exists on the experimental supply frequency as no tachometer probe could be

used.

Figure 3.35: Left: OMA deflection shape at 713 Hz (second bending mode, motor M1). Right: M1 motor

test-bench.
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3.2 Vibro-acoustic model

These two modes are especially amplified on motor M1 because it is not clamped at both ends (see the motor

photography in Fig. 3.35). The experimental spectrogram also contains three lines that are not proportional

to the supply frequency because they do not start at the origin, when fs = 0: these harmonics which are not

present in simulations are generated by the DSP card interrupting frequency, which creates an artificial PWM

effect at fc = 1500 Hz (the effect of PWM will be detailed in next chapter).

We can see that in Diva spectrogram, the mode 2 natural frequency around 2400 Hz is more amplified than

in tests. However, the experimental response of a given natural frequency on a spectrogram highly depends on

the position of the accelerometer (nodes or anti-nodes of the mode).

In both figures, we can see that the main slotting magnetic vibration lines are well predicted by Diva. These

vibration lines will be identified lately on the ground of the analytical work of section 4.1.3.2.2.2: the idea of

this chapter is to show that there is a good agreement between tests and simulation, without detailing the

theoretical origin of the vibration or acoustic lines.

3.2.2.2.2 PWM case

Fig. 3.36 shows the comparison between a measured and simulated spectrograms on motor M1 supplied with

1600 Hz asynchronous PWM. The measurement conditions are identical to Fig. 3.34. We can see that the main

resonance, due to some slotting PWM vibrations that meet the stator elliptical mode near 2400 Hz as it will be

explained in section 4.1.3.3.2, is correctly predicted by Diva.

Figure 3.36: Measured (left) and simulated (right) acceleration spectrogram in on-load asynchronous PWM

case (motor M1, fc = 1600 Hz, fs = 10 to 80 Hz).

Diva simulation has been run imposing a sinusoidal stator mmf, which explains that some lines are missing

compared to the sinusoidal case of Fig. 3.34. This change has been done because contrary to an integral winding

mmf, the fractional-slot winding mmf of motor M1 contains an odd order space harmonic νs = 1: this relatively

large odd order space harmonic creates a high number pure PWM vibrations of spatial order p− νs = 2− 1 = 1

(see section 4.1.3.3.1) which are all transmitted to the rotor in the model (cf. section 3.2.2.1 where the modelling

assumptions of 1-order vibrations have been criticised), creating vibrations of unrealistically large magnitude.

We can see that a few lines of the spectrogram take negative frequency values a low speed. These non-physical

vibrations may come from numerical problems that are still unidentified.
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3.2 Vibro-acoustic model

3.2.3 Radiation factor computation

3.2.3.1 Expression

Since all ALSTOM stators are quite short (they fulfil the condition 1 < L/a < 4, even when including in L the

total length of the end-plates), the analytical model that has been used as a first approximation is the pulsating

sphere one rather than the infinite cylinder one (149). Contrary to the infinite length cylinder model, this model

depends on the cylinder length, which is coherent with the fact that ALSTOM stators have been identified as

acoustically thick cylindrical shells.

The radiation factor of a sphere of radius R is expressed as:

σm(f) = ℜ




∑m

i=0
(m+i)!
(m−i)!

m!
i! ( 4jπR

λ )m−i

∑m
i=0

(m+i)!
(m−i)!

m!
i! ( 4jπR

λ )m−i(1 + 2jπR+i
λ )



 (3.44)

where j =
√
−1 and λ = c0/f is the wavelength in the air. The equivalent sphere radius is computed as

R = max(a, L/2).

3.2.3.2 Validation

Some FEM simulations have been carried to compute the radiation efficiency of a motor equivalent cylinder

under some typical magnetic excitation, that is to say rotating or standing waves of order 0, 2 and 4 (see section

4.1.2).

The radiation efficiency of the equivalent cylinder of motor M5 (h = 5.25 cm, a = 44.75 cm, L = 31 cm)

has been computed by FEM with the model used in section 3.2.1.3. The full modal base decomposition of that

cylinder is presented in Appendix B.1.

Its radiation efficiency has been computed using different excitation force waves (Fig. 3.37 and 3.38). We

can see that the cut-off frequency is correct, and that the pulsating sphere model is accurate enough (a 20%

error on the radiation efficiency gives a 10 log(1/0.8) ≈ 1 dB error on the SWL). Some small numerical noise

appears at high frequencies in BEM results because the acoustic mesh is not enough fine at these frequencies.
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Figure 3.37: Diva and FEM radiation efficiency under an exciting force wave of order 0 (left) and order 1 (right)

(magnitude 250 N/m2).
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Figure 3.38: Diva and FEM radiation efficiency under an exciting force wave of order 2 (left) and order 4 (right)

(magnitude 250 N/m2).

3.2.4 Sound power level computation

3.2.4.1 Expression

Sound power radiated by vibrations of mode m and frequency f is

Wm(f) =
1

2
ρ0c0Scσm(f) < v2

mω > (3.45)

where Sc is the stator outer surface, ρ0 the air density, and σm the modal radiation efficiency. σm is approximated

using either its pulsating sphere expression or its infinite cylinder expression according to stator dimensions (149)

− on ALSTOM motors, the pulsating sphere model is always used. The 1/2 factor in (3.45) takes into account

backward and forward-travelling vibration waves.

Sound power level at frequency f is

Lw(f) = 10 log10(
∑

m

Wm(f)/W0), W0 = 10−12W (3.46)

A-weighted total sound power level is finally obtained as

LwA = 10 log10




∑

f

100.1(Lw(f)+∆LA(f))



 (3.47)

where ∆LA(f) weight is a function of human’s ear sensitivity (cf. Fig. 2.8). Note that the acoustic power loss

is totally insignificant compared to other motor losses (friction and thermal losses): a 120 dBA sound power

level only represents a power of 1 W.

3.2.4.2 Validation

3.2.4.2.1 FEM/BEM simulations

Some numerical simulations have been done by coupling the FEM software IDEAS output (vibration velocity

field on the equivalent cylinder surface) to the boundary element method (BEM) software SYSNOISE. Some

magnetic force waves have been applied to a FEM plate model of Diva equivalent cylinder (motor M5), and

the velocity field at the stator surface has been then injected in SYSNOISE acoustic mesh to compute the

associated SWL. A frequency sweep has been realised in order to capture the resonance effects.
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3.2 Vibro-acoustic model

For instance, Fig. 3.39 presents the FEM/BEM results of the acoustic noise radiated by the cylinder under

a rotating force wave of order 2, whose electrical frequency varies from 240 to 4000 Hz (its rotation frequency

therefore goes from 120 to 2000 turn per second). Diva results are very close to numerical results, even for a

rotating force of order 4. Note that IDEAS cylinder natural frequencies were imposed in Diva (cf. Table 3.4),

as well as a 1 % damping, in order to focus on the accuracy of SWL computation.

The behaviour of Diva model has been also tested when the stator is submitted to a standing force wave of

order 0, and to a mix of different force waves (Fig. 3.40). The comparison with FEM software IDEAS is again

very good.
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Figure 3.39: Diva and FEM+BEM sound power level generated by a rotating force wave of order 2 (left) and

4 (right).
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Figure 3.40: Diva and FEM+BEM sound power level generated by a pulsating force wave of order 0, and a

combination of a order 2 and 3 rotating force waves.

A rotating force of order m therefore only resonates with the cylinder circumferential mode of same number.

Even a rotating force wave of order 2 does not excite the circumferential mode m = 4. At resonance, the stator

deflection visualised in IDEAS software has exactly the same shape as the exciting force. These two facts can

be analytically proved using the Green’s function formalism (142) (see appendix B.2). This is contrary to the

experimental conclusions of Verma and Balan (154), who studied the vibration response of a stator submitted

to magnetic forces of different spatial orders using special windings, and concluded that a four-pole excitation

force could resonate with the stator two-pole mode. A first explanation comes form the real motor geometrical
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3.2 Vibro-acoustic model

asymmetries: if an asymmetry is introduced is the FEM cylinder model, the rotating force wave of order 4 is

indeed able to appropriate the elliptical mode of the cylinder, and the mode number 4 natural frequency is

doubled (see Fig. 3.41 study). Another explanation comes from the difference between the simulated force (a

pure sinusoidal wave taking positive and negative values) and the experimental force (a rectified quasi-sinusoidal

wave which only takes positive values, and contains other space harmonics than the fundamental due to the

imperfections of the winding). These two explanations are actually similar, as they apply either on the ”purity”

of the excited structure modes, or on the ”purity” of the exciting force orders. These asymmetries are not taken

into account in Diva analytical model, but they only create secondary resonances.

Figure 3.41: Study of the vibration response of symmetrical or asymmetrical cylinder subjected to a rotating

force wave of order 4.
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3.2 Vibro-acoustic model

3.2.4.2.2 Experiments

3.2.4.2.2.1 No-load sinusoidal case

Fig. 3.42 shows an experimental and simulated sonagram of the water-cooled M3 motor run from 0 to 200

Hz. We can see that the main natural frequencies (vertical line) near 720 Hz, which corresponds to the stator

elliptical mode (cf. section 3.2.1.3), is correctly predicted by Diva. The main magnetic lines are also well

predicted, as the resonance near 50 Hz. The origin of all these acoustic lines (winding, slotting and saturation

harmonics) is detailed in section 4.1.3.2.

Figure 3.42: Experimental (left) and simulated (right) sonagram on motor M3 in sinusoidal no-load case. Note

that experimental sonagram abscissa is time in seconds, as no tachometer prove was available, whereas simulated

sonagram abscissa is fs in Hz.

3.2.4.2.2.2 No-load PWM case

Fig. 3.43 shows the comparison between experimental and simulated acoustic spectra on motor M5 at low speed

(150 rpm i.e. fs=5 Hz), in asynchronous mode (1280 Hz switching frequency). At this speed, the slotting lines

have very low frequencies (inferior to 1000 Hz), and noise due to PWM dominates. These slotting lines are

overestimated by Diva: motor M5 has skewed rotor, which was not simulated in this case.

Diva correctly predicts the frequencies of the PWM main lines (groups 1, 2 and 3) and secondary lines

(groups 4a, 4b, 5a, 5b, 6a, 6b), but on certain lines, some difference of 10 dBA can be observed between test

and simulation. As seen in section 3.1.1.3.3, PWM currents are correctly estimated by Diva, so it does not come

from the calculation of the exciting force. These gaps probably come from a difference in damping coefficient:

some of PWM lines excite 0 and 4 stator modes, as it will be experienced in section 4.3.3.3.4, which makes

damping more important (cf. equation (3.43)). Besides that, the stator stack of motor M5 and M5a is far from

being circular as illustrated in Fig. 3.44. Four metallic plates with struss rods are welded along the four corners

of the stator stack and to the end-plates in order to stiffen the whole structure in its axial direction. The effect

of the octagonal stack and bars may strongly change the static deflections of order 0 and 4, which leads to

different acoustic radiation.
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Figure 3.43: Experimental and simulated (Diva) A-weighted SWL spectrum in asynchronous PWM case (motor

M5, fs=5 Hz, fc=1280 Hz).
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3.2 Vibro-acoustic model

Figure 3.44: Schematic view of motor M5/M5a stator stack and welded plated with rods (the slot number and

the slot shapes have been changed on purpose).

Diva spectrum contain less harmonics than the experimental one. This fact has a numerical origin (see

section 3.3), and a physical origin: simulated current contain far less low frequency harmonics than the ex-

perimental one (Fig. 3.45). For instance, a large component at 3fs due to current unbalance is not present

in Diva. Some components 2fs, 4fs, etc., probably due to commutation dead time, are also missing in Diva.

The harmonics of the form (6k ± 1)fs are present in both simulations, but their magnitude are sometimes very

different: the way the PWM pattern is generated in the real motor has not been investigated, but may differ

from the way is it generated with Simulink. These magnitude deviations could also come from some deviations

in the third harmonic injection process.

These additional harmonics create new pure PWM lines. For instance, the component 4fs creates some

harmonics at 4fc ± 2 × 4fs i.e. 5080 Hz and 5160 Hz in our example. These lines around group number 3 are

missing in Diva simulation.
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Figure 3.45: Experimental and simulated (Diva) stator phase current magnitude spectrum at low frequencies

(motor M5, I0 = 200 A, fs=5 Hz, fc=1280 Hz). The experimental supply frequency was slightly over-estimated,

which explains why experimental and simulated current harmonics do not appear at exactly the same place.
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3.3 Numerical considerations

3.3 Numerical considerations

If all the models of Diva were established decades ago, but their numerical simulation arises several computing

and numerical difficulties which have prevented some researches from reaching a good agreement between

experimental and measured noise or vibration spectrum, and from carrying some optimisations including the

noise objective function.

3.3.1 Fourier versus time/space domain modelling

Diva simulations last a few seconds on a 1 Gb RAM and 2.13 GHz laptop (computation of all the electrical

output, and of magnetic noise radiation at a given speed). This time varies from 2 s when the motor is

sinusoidally-fed in no-load case (no rotor mmf to compute), to 40 s when the motor is PWM-fed in on-load case.

The number of space harmonics to include in the extended equivalent circuit also influences the computing time.

A low supply frequency or a high switching frequency also strongly impacts the computing time in PWM case.

This relatively low computing time was achieved by several ways. First, the literature often presents the

magnetic forces expression in its Fourier development, as it will be done in section 4.1.3, which usually results

in very large expressions like
∑∞

n=1

∑∞

ks=1

∑∞

kr=1

∑∞

ka=1

∑∞

hs=1

∑∞

hr=1. They are useful to identify the fre-

quencies and spatial orders of magnetic force harmonics, but when the model has to be implemented, using the

Fourier series developments leads to time-consuming and inaccurate results, as the infinite summations must be

truncated. Moreover, the Fourier series development of stator and rotor mmf are often limited to the winding

nature, and cannot be adapted to fractional-slot windings for instance. Several works made that mistake, and

were then unable to fully use the potentialities of their software.

This point was already raised in the thesis of Bekemans (14), who noticed that these infinite Fourier

harmonics contain some redundant information as they only account for the discrete property of the air-gap

flux density (stepped mmf and permeance functions). He therefore proposed a full formalism for the computation

of magnetic forces and electromagnetic torque based on a vectorial description of the air-gap flux density along

the air-gap. His model does account for linear rise of mmf across slots as done in Diva (88), and assumes that

the permeance is uniform. Consequently, the stator magnetic field is given by

H(t) =
1

g
NI(t) (3.48)

where N of size (Zs, qs) is the matrix of ”cumulated turns under each teeth” for each phase (winding functions

described in section 3.1.2), and I is a vector of size (qs, 1) representing the stator instantaneous currents in each

phase. This vectorial formalism led to promising geometrical interpretations.

Hubert (83) has adopted a Fourier series approach in both time and space domains, but with a winding

function decomposition, and an adapted matrix formalism which should have speeded up the computation of

Fourier harmonics. Moreover, as the mechanical model is based on the Fourier description of the magnetic forces,

performing the FFT on vectors at the beginning of the simulation avoids the time-consuming computation of
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the final FFT of the force distribution in time and space domains. He expressed the stator magnetic flux density

as

B̂ = Λ̂F̂T
mm, F̂mm =

1

2
ŵîT (3.49)

where ŵ is the stator winding functions space harmonics matrix, î is the stator currents time harmonics matrix,

Λ̂ is the permeance space and time harmonics matrix. The force harmonics are then computed as

F̂ =
1

2µ0
B̂B̂T (3.50)

The matrix F̂ of magnetic force space and time harmonics can then be directly used as an input of the

mechanical model. However, this matrix formulation did not help decreasing the high computing time due to

the large number of space harmonics necessary for an accurate description of slotting effects.

These different works show that a Fourier series description of temporal currents is relevant: storing and

manipulating a vector of nt time steps describing a sinusoidal current takes more memory and computing time

than using its Fourier development, which is reduced in that case to a 3×nh matrix (3 for the magnitude, phase

and frequency, nh for the number of current harmonics) whereas the temporal vector must have nt ≫ fn/fs

elements 1. This assumes that a kind of ”compression algorithm” removes the null components from FFT

vectors, which is actually done in Diva. Of course, when the complexity of the PWM current time waveform

is increased to extremes, none of the components of the FFT vector is negligible, and the time description is

equivalent to the Fourier description. Moreover, when computing the magnetic noise in the electrical steady

state, the use of the equivalent circuit imposes a time harmonic description of the supply phase voltage (cf.

section 3.1.1).

On the contrary, the stator winding distributions along the air-gap must clearly be coded in the space

domain, since their stepped waveform would result in a high number of space harmonics to achieve a reasonable

accuracy. This direct implementation also allows to easily model fractional-slot windings, as done in this thesis

work for motor M1. The permeance distribution along the air-gap has also a stepped shape, but it changes

with time as the rotor rotates. The time/space domains description of the permeance distribution is also better:

its results in faster computations, it can be coded in a vectorial way in a few lines, and it can easily include

eccentricities effect.

Since a Simulink PWM model is used, with a time domain voltage output, Diva uses both the time and

Fourier domain description of voltage and currents. However, the winding functions and the permeance distri-

butions are all coded in the time and space domains. Once that the magnetic force distribution is computed as

a function of time and air-gap angle, a FFT is performed and force harmonics are injected into the mechanical

model. This FFT computation could be however avoided using the Green’s function formalism, which directly

expresses the vibration velocity in time and space domain as a function of the exciting force in time and space

domain (see appendix B.2).

1This effect is particularly striking when considering a single high frequency current harmonic at fn ≫ fs. In that case, the

FFT matrix has 2 × 3 = 6 components (fundamental and harmonic currents) whereas the temporal vector has nt ≫ fn/fs ≫ 1

elements.
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3.3 Numerical considerations

Diva also use a matrix formalism, which can be seen as an extension of the one presented in (3.48) with

only Zs discretisation points along the air-gap, under each stator tooth. The matrix Fmms containing stator

mmf space and time values is computed in Diva as

Fmms = Is[w
1
s ... wqs

s ] (3.51)

where Is is the stator current matrix of size (pNti, qs), and wq
s is the q-th phase winding function vector of size

(pNsp, 1), Nsp being the number of angular discretisation steps along the air-gap under one pole pair, and Nti

being the number of discretisation time steps per electrical period.

3.3.2 Computing tricks

To achieve a low computation time, several computing tricks are used. Firstly, in the case of even slot numbers,

the stator flux density is symmetrical with respect to π, which divides by two the number of angular points to

consider. Secondly, calculations that do not change with motor speed (e.g. geometrical quantities, magnetisation

properties, radiation factor, unsaturated permeance distribution, etc) are computed once at the lowest speed

and stored for the rest of computations. Finally, only the rotor bar number 1 winding function TFr is computed

at t=0 s, its evolution with time being obtained as

N1
r (t, αs) = TFr(αs − ΩRt) (3.52)

while the other bar winding functions are obtained with

N b
r (t, αs) = N1

r

(
t, αs − (b − 1)

2π

Zr

)
(3.53)

Both rotations are done by permuting the values of the first rotor bar winding function TFr which is stored

in a vector TFr = (TF j
r )j=1..pNsp

of size (1, pNsp). That permutation is done finding at time t the index k such

as

k = mod (E((Zr − b + 1)/Zr − ΩRt)pNsp), pNsp) (3.54)

where mod(x, n) means x modulo n, and E stand for the floor function. The winding function of bar b at

time t is then given by the vector

[TF k+1
r ... TF pNsp

r , TF 1
r ... TF k

r ] (3.55)

if k ≥ 0, and otherwise

[TF 1
r ... TF−k

r , TF−k+1
r ... TF pNsp

r ] (3.56)

We can see that for k = 0, b = 1 and t = 0, and the initial TFr vector is found. This method is only

applicable when the number of angular steps is sufficient. More precisely, it must fulfill

Nsp >
Nti

1 − s
(3.57)
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3.3 Numerical considerations

In high slip on-load case, and especially when fs is close to 0, this method therefore requires a very high

number of angular discretisation steps.

3.3.3 Discretisation quality, spectral range and resolution

3.3.3.1 Time and space discretisation

The number of angular steps Nsp can be intuitively sized considering that the permeance distribution must

be discretised enough in order to capture the smallest angular variation, given by min(bs, br)/(2πRg). The

following inequality must therefore be respected:

Nsp ≫ 2πRg

pmin(bs, br)
(3.58)

The same consideration for the number of time steps Nti leads to

Nti ≫
2πRg(1 − s)

pbr
(3.59)

In practice, a factor 2 or 3 is suitable in both criteria. Note that the use of powers of 2 for Nti and Nsp

(e.g. Nti = Nsp = 29) speeds up the Fast Fourier Transform algorithm. Another criterion can be established

on the ground of more physical considerations as done in (14) : Nsp defines a maximum spatial order of Nsp/2

which corresponds to a wavelength of 2Rg/Nsp. If this wavelength is much smaller than the air-gap width,

the corresponding waves vanish in the air-gap and to not affect stator vibrations. This other criterion can be

written as

Nsp ≫ 2Rg

g
(3.60)

which gives Nsp ≫ 266 for Rg = 20 cm and g = 1.5 mm.

3.3.3.2 Speed discretisation

The speed discretisation step ∆fs must be chosen in order to correctly account for resonance phenomena. As

the structure dynamic response is modelled by a second order filter (cf. equation (3.41)), the minimum value

of ∆fs can be sized considering the 3 dB bandwidth:

∆fs < min
m

2ξmfm (3.61)

Experimentally, ξm ≥ 0.8% (cf. section 3.2.1.3) and fm ≥ 250 Hz on ALSTOM motors, so that condition

(3.61) is satisfied with ∆fs ≤ 4 Hz.

3.3.3.3 Spectral resolution

At each speed, p electric periods (i.e. p/fs seconds) are simulated, which nearly represents one rotor turn.

Simulating pNtrs electric periods, i.e. nearly Ntrs rotor turns, radial forces are computed until final time

pNtrs/fs, leading to the following spectral resolution:

∆F =
fs

pNtrs
(3.62)
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3.3 Numerical considerations

Thus, ∆F line spacing worsens with speed, and the number of simulated rotor turns Ntrs must be progres-

sively increased during starting phase in order to keep an estimation of the sound power level enough accurate.

3.3.3.4 Spectral range

According to Shannon theorem, if each electric period 1/fs is discretised with Nti time steps, the maximal

spectrum frequency Fmax is given by

Fmax = fsNti/2 (3.63)

In sinusoidal case, Fmax must be sized according to the most important natural frequencies of the motor

(orders 0, 2 and 4). In PWM case, Fmax must be greater than f0 and f2p in order to account for pure PWM

resonances at it will be seen in section 4.1.3.3.1, and greater than 2fc + 2fmax in order to account for the first

PWM current harmonics in asynchronous case. Therefore, the following inequality must be respected:

Fmax =
Nti

2
fs > max (f0, f4, f2p, 2fc) ⇒ Nti >

2

fs
max (f0, f4, f2p, 2fc + 2fmax) (3.64)

In PWM case, at low supply frequency and relatively high switching frequency, the number of necessary

time steps Nti can dramatically increase. For instance, for fs = 5 Hz, fc = 1280 Hz and fmax = 105 Hz

(motor M5), Nti must be approximately superior to 2050 to account for PWM lines around 4fc (cf. Fig.

3.43). For a 5% slip, equation (3.57) imposes Nsp ≥ 2160. Consequently, the magnetic forces matrix of size

(pNti, pNsp) = (4100, 4320) takes a memory of 4100 × 4320 × 8 = 141696000 bytes, that is to say 141.696 Mb.

3.3.3.5 Conclusion

The computing time therefore increases at both high speed (equation (3.62)) and low speed (equation (3.64)

and (3.57)). In on-load PWM case, at very low supply frequencies, the computation can turn to be impossible

due to memory limitations.
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Chapter 4

Characterisation and reduction of noise

As it was pointed out in the introduction, this thesis work is attached to explore the possibilities of magnetic

noise reduction at the design stage. Consequently, this chapter firstly aims at determining all the potentially

harmful radial force waves in terms of frequency, number of nodes (spatial order), and propagation direction,

including the interacting effects of PWM, saturation, and load. These analytical expression can also be useful

to check and interpret Diva simulation results.

To achieve this goal, a Fourier-based method is presented and validated by visualising the stator operational

deflection shapes (ODS1). From this analytical work, some novel low-noise design rules are proposed. Some

simulations are also carried to find the quietest slot number combinations. Besides these methods, the simulation

tool Diva is coupled to an evolutionary multi-objective method in order to find quiet, efficient and light motor

designs.

4.1 Analytical charaterisation of magnetic force lines

4.1.1 General method

As the noise spectrum lines have the same position in frequency that the vibration spectrum, and since the

vibration spectrum lines have the same frequency position as in the exciting force spectrum, we will focus on the

force spectrum, keeping in mind that high spatial orders are quickly negligible when transmitted as vibrations

(cf. section 3.2.2.1), and that the A-weighting curve makes the very low and high frequencies inaudible (cf. Fig.

2.8). Decomposing the magnetic radial force Frad in Fourier series, we get:

Frad(t, αs) =
∑

m,n

Amn cos(mαs + 2πfnt + φmn) =
∑

m,n

Amn{(m, fn)} = {(mi, fi)}i∈I (4.1)

where (mi, fi) stands for a travelling wave (also called progressive wave) with 2mi nodes, whose velocity is

given by 2πfi/mi. This wave has a propagation direction: it goes in the direction of the decreasing αs (clockwise

direction, referred as backward direction) if fimi ≤ 0, and in the anti-clockwise or forward direction if fimi ≥ 0.

The information of the propagation direction can therefore be either carried by negative frequencies, or negative

spatial orders. In this thesis, the negative spatial orders convention is used.

1An operational deflection shape allows to visualising the animation of the stator deflection at a given frequency.
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4.1 Analytical charaterisation of magnetic force lines

The radial force spectrum (mi, fi) comes from the interaction of currents spectra, magnetomotive forces

spectra and permeance spectrum. These spectra can be found using the Fourier series development of permeance

and mmf distributions.

In order to analytically find these spectra, the following trigonometric properties will be used:

{(mi, fi)}i∈I + {(mj , fj)}j∈J = {(mi, fi)}i∈I∪J (4.2)

{(mi, fi)}i∈I × {(mj , fj)}j∈J =
∑

i,j

{(mi, fi)} × {(mj , fj)}

=
∑

i,j

{(mi + mj , fi + fj), (mi − mj , fi − fj)}

=
∑

i,j

{(mi + ηijmj , fi + ηijfj)}ηij=±1

= {(mi + ηijmj , fi + ηijfj)}i∈I,j∈J,ηij=±1 (4.3)

This last relation expresses the interaction of two travelling waves. The notation {(mi ±mj , fi ± fj)} is not

used because after several wave interactions, the expressions of the force waves contain several ± which do not

allow any more to associate a given frequency to its corresponding spatial order.

Note that this formalism has the main drawback to occult phase and magnitude information. In particular,

two force lines of same magnitude, same spatial order and same frequency but with a π phase angle can

destructively interfere. The case of two force waves (m, f) and (m,−f) that come from the same harmonics

interactions, and therefore have the same magnitude, will be considered with special care (see example of section

4.1.3.3.1.4).

4.1.2 Standing versus rotating waves

A second drawback of Fourier development is to occult the wave type: if two rotating forces waves (m, f) and

(m,−f) exist together with same magnitude and phase angle, they create a standing (also called pulsating)

force wave which have the particularity to have null speed nodes (Fig. 4.1).

Order 4, rotating Order 4, standing Order 3, standing Order 0, standing

Figure 4.1: Illustration of different force waves types. The nodes of rotating waves travel along the air-gap,

whereas standing waves ones stay at the same place.

Let’s compare the sound power level generated by a rotating vibration wave vr of order q > 0 to a pulsating

vibration wave vp of same order and same magnitude. The vibration waves can be expressed as

vp = Vq cos(qΩt) cos(qθ) (4.4)
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4.1 Analytical charaterisation of magnetic force lines

vr = Vq cos(qΩt − qθ) (4.5)

The corresponding radiated powers are

Wr ∝< v2
r >=

1

T

∫ T

0

1

2π

∫ 2π

0

v2
r(t, θ)dtdθ =

V 2
q

2
(4.6)

and

Wp ∝< v2
r >=

1

T

∫ T

0

1

2π

∫ 2π

0

v2
p(t, θ)dtdθ =

V 2
q

4
(1 − sinc(2qΩT )) (4.7)

Therefore, at resonance, a rotating vibration wave generates a SWL Lmax
r 3 dB higher than a standing

vibration wave SWL Lmax
p :

Lmax
r = Lmax

p + 10 log10(2) = Lmax
p + 3 dB (4.8)

This conclusion can be explained by the fact that in the standing case, some of the stator frame points do

not move at all (nodes) and therefore do not contribute to pressure waves. This fact has been checked with

both Diva and SYSNOISE (see Fig. 4.2). Rotating waves are therefore more dangerous than standing ones in

term of acoustic noise level.
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Figure 4.2: Simulated SWL of a standing or rotating force wave of spatial order 4 and magnitude 250 N/m2.

At resonance, there is exactly a 3dB difference.

In the case q = 0, the conclusion is of course different because no distinction can be made between the

rotating and standing waves:

vr = vp = V0 cos(2πft) ⇒ Lmax
r = Lmax

p (4.9)

Another important property is that the stator vibration wave has exactly the same shape as the exciting

force: a stator subjected to a standing force of order 4 has a standing deflection of order 4, and a stator

subjected to a rotating force of order 2 has a rotating elliptical deflection. This can be proved analytically using

the Green’s function (142) (see Appendix B.2).
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4.1 Analytical charaterisation of magnetic force lines

Name/Amplitude Spatial orders Frequencies Comments

Ps ǫsksZs 0 ks ≥ 1, stator slotting

Pr krZr krZrfR kr ≥ 1, rotor slotting

Psr ksZs + ǫsrkrZr krZrfR stator and rotor slotting interaction

Pa 2kap 2kafs ka ≥ 1, saturation

P0 0 0 mean value

Kse ǫsekse 0 kse ≥ 1, static eccentricity

Kde kde −kdefR kde ≥ 1, dynamic eccentricity

Table 4.1: Permeance harmonic groups orders and frequencies. The fundamental flux density wave is supposed

to rotate in forward direction (λR = 1), its expression is therefore (p, fs).

4.1.3 Expression of main magnetic lines orders and frequencies

A given flux density harmonic Bh can be written in a schematic form as

Bh = (1 + Kse)(1 + Kde)(P0 + Ps + Pr + Psr + Pa) ((Ns
0 + Ns

h)(is0 + isn) + (Nr
0 + Nr

h)(ir0 + irn)) (4.10)

where N
s/r
0 are the fundamental stator/rotor winding functions, and N

s/r
h the corresponding winding space

harmonics, i
s/r
0 are the fundamental stator/rotor currents, and i

s/r
n the corresponding PWM time harmonics,

P0 is the fundamental permeance, and Ps,r,sr the slotting permeance harmonics, Pa the saturation permeance

harmonics, and Kde and Kse stand for dynamic and eccentricity harmonics.

The air-gap flux density therefore contains 2 × 5 × 8 = 96 different types of harmonics, which result in

962 = 9216 magnetic force harmonics. All these harmonics (which are accounted for in Diva simulations) cannot

be exhaustively expressed: consequently, some very low magnitude force harmonics (e.g. PaPh′Ns
hNr

h′isnirn′) will

be implicitly ignored in that section. Since a low magnitude force harmonic can become significant at resonance,

the border between negligible and not negligible harmonics has to be drawn subjectively. The validity of that

subjective border is of course prone to experience: if a spectrogram contains a line which cannot be explained

on the base of the following developments, the expressions of lower magnitude force harmonics will have to be

explored.

4.1.3.1 General case

In this part are detailed the expressions of Maxwell radial magnetic force harmonics in the general case, i.e.

considering PWM, load, saturation and eccentricities effect

With the rules of section 4.1.1, one can easily find that the permeance waves have the spectrum of Table

4.1 (37; 77). P0 represent the permeance DC component, Ps, Pr and Psr represent the stator and rotor slotting

permeance harmonics, Pa represents the saturation permeance harmonics, and Kse and Kde represent static

and dynamic eccentricities harmonics (which have to be multiplied to the other permeance harmonics). These

orders and frequencies can be found in the simulation results of permeance distribution plotted in Fig. 3.18 and

3.19.

To obtain the stator magnetomotive forces spectra, the stator current spectrum (0, fs
n) has to be multiplied

to the stator winding functions. The summation on the qs stator phases cancel some of the spatial harmonics
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4.1 Analytical charaterisation of magnetic force lines

of the winding function. A careful analysis (29) gives the stator harmonics Fs presented in Table 4.2. In a

same way, the rotor current spectrum (0, fs
mνs

) (representing the rotor harmonic currents induced by the space

harmonic νs and the time harmonic fs
n coming from stator winding function and current) has to be multiplied

by the rotor winding function, which gives the harmonics displayed in Table 4.2. These space harmonics can

be observed in simulation results displayed in Fig. 3.15 and 3.16.

Name/Amplitude Spatial orders Frequencies Comments

Fs νs = p(2qshs + ηs) ηsf
s
n hs ≥ 0, stator mmf

Fr νr = p(hrZr/p + ηr) νrfR + ηrf
r
νsn hr ≥ 0, rotor mmf

Table 4.2: Stator and rotor mmf harmonics orders and frequencies.

Note that when hs/r = 0 (fundamental mmf waves of order νs = νr = p), we have necessarily ηs/r = 1.

ηs and ηr give the propagation direction of the mmf harmonics due to a winding space harmonic. These

propagation directions can be visualised on the complex FFT of the mmf distribution. For instance, in Fig.

4.3, we can see that the fundamental mmf wave is (p,−fs) (it would have been (p, fs) if the rotor turned in the

opposite direction), and the harmonic mmf due to stator winding space harmonic 5p is (−5p,−fs) = (5p, fs),

and therefore rotates in the opposite direction of the fundamental mmf wave. The spectrum is symmetrical

with respect to 0 because the stator mmf is real.
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Figure 4.3: Complex FFT of shorted-pitch motor M2 stator mmf in sinusoidal case (fs = 50 Hz).

The air-gap flux density harmonics are obtained by combining the permeance and mmf harmonics one with

another. The resulting spectrum is presented in Table 4.3 where coefficients βx stand for some ±1 factors

resulting from the multiplication of a mmf harmonic with a permeance harmonic.

In order to find the whole radial force spectrum, all the flux density lines are then multiplied one to each

other. The obtained force spectrum is exhaustively detailed in Table C.1 of the appendix, where the notation Fij

means the force harmonic coming from the multiplication of flux harmonics Bi and Bj , and δx letters are used

to represent the ±1 factors involved in flux harmonic multiplication. The redundant force lines (e.g. PsFsPrFr
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4.1 Analytical charaterisation of magnetic force lines

Name/Amplitude Spatial orders Frequencies

B1 = PsFs ǫsksZs + βssνs βssηsf
s
n

B2 = PsFr ǫsksZs + βsrνr βsr(νrfR + ηrf
r
νsn)

B3 = PrFs krZr + βrsνs krZrfR + βrsηsf
s
n

B4 = PrFr krZr + βrrνr (krZr + βrrνr)fR + βrrηrf
r
νsn

B5 = PsrFs ksZs + ǫsrkrZr + βisνs ǫsrkrZrfR + βisηsf
s
n

B6 = PsrFr ksZs + ǫsrkrZr + βirνr (ǫsrkrZr + βirνr)fR + βirηrf
r
νsn

B7 = PaFs 2kap + βasνs 2kafs + βasηsf
s
n

B8 = PaFr 2kap + βarνr 2kafs + βar(νrfR + ηrf
r
νsn)

B9 = P0Fs νs ηsf
s
n

B10 = P0Fr νr νrfR + ηrf
r
νsn

B11 = PsFsKse ǫsksZs + βssνs + βsesǫsekse βssηsf
s
n

B12 = PsFsKde ǫsksZs + βssνs + βdeskde βssηsf
s
n − βdeskdefR

B13 = PrFsKse krZr + βrsνs + βserǫsekse krZrfR + βrsηsf
s
n

B14 = PrFsKse krZr + βrsνs + βderkde (krZr − βderkde)fR + βrsηsf
s
n

B15 = PaFsKse 2kap + βasνs + βseaǫsekse 2kafs + βasηsf
s
n

B16 = PaFsKde 2kap + βasνs + βdeakde 2kafs + βasηsf
s
n − βdeakdefR

Table 4.3: Radial air-gap flux density harmonics orders and frequencies.

and PrFsPsFr) have been removed, and the lines associated to particularly high spatial orders are ticked. Using

that table, it is important to keep in mind that νs/r is a function of ηs/r: for instance, taking the mmf harmonic

νs = 5p implies ηs = −1. The spatial orders and frequencies expressions can take either negative or positive

values, according to the propagation direction of the vibration wave. Finally, it is important to remember that

each line of this table do not represent one force harmonics, but an infinite group of harmonics (kr, ks, ka,

fs
n, etc. take an infinite number of different values). The force harmonics can sorted by magnitude using the

following inequalities :

P0 ≫ Ps, Pr, Psr

Pa ≪ Ps, Pr

Psr ≪ Ps, Pr

Fr ≪ Fs

(4.11)

With the Fourier series development, one can also show that (29):

Fs ∝ 1/ν2
s

Fr ∝ 1/νr

Ps ∝ 1/ks

Pr ∝ 1/kr

Psr ∝ 1/(kskr)

(4.12)
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4.1 Analytical charaterisation of magnetic force lines

Moreover, the largest force line are always given by νs = νr = p (mmf fundamentals), kr = ks = 1, and

fs
n = fs. For saturation and eccentricities harmonics, the highest magnitude is obtained with ka = 1 and

kse = kde = 1. Let’s finally remind that the deflection magnitude due to a force line of order m is proportional

to 1/m4 (for m ≥ 2).

All the expressions of Table C.1 can be used in the case of a fractional-slot winding by replacing the stator

winding space harmonics νs by the right ones (see (158)) for the analytical expression of fractional slot winding

space harmonics). In a same way, these expressions can be adapted to different rotors (wounded rotors for

instance) by changing the harmonics νr, and to any PWM strategy by changing the current harmonics fs
n.

In next sections, some assumptions are going to be made in order to classify these force harmonics and

express their frequency and order in simple analytical forms. High order force harmonics of Table C.1 are

neglected as they do not generate high deflections (cf. equation (3.38)). The force harmonics that will be

considered are therefore summed up in the appendix Table C.2.

4.1.3.2 Sinusoidal case

4.1.3.2.1 Expression of main lines

In this first part, the motor is assumed to be fed with sinusoidal currents (fs
n = fs). Considering that mmfs

are also sinusoidal (νs = νr = p, and consequently fr
νsn = sfs), removing static force harmonics (0, 0) and low

magnitude harmonics (e.g. PsrFrPsrFr), we obtain Table C.3 force harmonics. In that table, low frequency (≤
400 Hz) force harmonics have been ticked. Indeed, traction machines that we here consider are supplied with a

maximum frequency fmax = 200 Hz: the force lines that are inferior to 2fs are then necessarily inferior to 400

Hz. Even if a resonance could occur at this frequency, at maximum speed it is assumed that the aerodynamic

noise dominates magnetic noise, so these force lines are excluded from the following acoustic analysis. These

low-frequency lines should be taken into account in a structure-borne noise study, since low frequency vibration

can be transmitted for example to the motor case and resonate with some larger systems with lower natural

frequencies.

It is noteworthy that for all harmonics (apart from eccentricity ones), the parity of the sinusoidal case

magnetic forces spatial orders m1 are all given by:

m = krZr − ksZs (4.13)

On medium power machines, Zr is often even to avoid a strong magnetic unbalance of the rotor (10).

Moreover, if the stator is wound with an integral winding, Zs must be proportional to 2pqs, which imposes

that Zs is also even. For motors M2 to M5, we therefore have m = 0, which means that all magnetic force

harmonics have even spatial orders (excluding eccentricity harmonics). In particular, the rotor bending mode

cannot be excited if there is no eccentricity. On the contrary, small power M1 has a fractional-slot winding with

an odd number of stator teeth, and an odd number of rotor slots: some odd modes of the motor can therefore

be excited (24; 29).

Among these force harmonics, excluding the low frequency ones, we can make distinction between:

1By definition, m equals 0 if m is even, and 1 if m is odd.
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4.1 Analytical charaterisation of magnetic force lines

1. pure slotting lines, from the combination of fundamental mmf and permeance slotting harmonics (F13−16, F24, F35,

F55, F59, F510)

2. saturation lines, from the combination of a saturated permeance wave, a fundamental mmf and some

slotting permeance harmonics (F57)

3. eccentricity lines, from the combination of slotting permeance waves, fundamental mmf and eccentricity

harmonics (F113,F114)

Another type of force harmonics is obtained by combining a space harmonics of stator mmf (νs 6= p),

combining it with a of fundamental mmf, and some permeance slotting harmonics. This particular lines, whose

magnitude can be decreased by a proper choice of the coil-pitch, are here called winding force harmonics.

4.1.3.2.2 Pure slotting force lines

4.1.3.2.2.1 Expression

Pure slotting lines have always the same frequency and spatial order form which are summed up in Table 4.4.

The highest ones are F13 family as they do not involve rotor mmf.

Frequency f Spatial order m

F−

slot fs(krZr(1 − s)/p − 2) krZr − ksZs − 2p

F 0
slot fs(krZr(1 − s)/p) krZr − ksZs

F+
slot fs(krZr(1 − s)/p + 2) krZr − ksZs + 2p

Table 4.4: Pure slotting force lines expression.

4.1.3.2.2.2 Validation

The expression of the slotting force harmonics can be validated using the spectrogram of Fig. 4.4, which was

already showed as a validation of the vibration model (cf. section 3.2.2.2.1). The characteristics of the main

vibrations appearing in this spectrogram are detailed in Table 4.5 (these expressions can be easily found using

the Table 4.4, or the line F13 of Table C.3).

nb. ks kr βss βrs Frequency f Spatial order m

1 1 1 -1 1 fs(Zr(1 − s)/p + 2) -2

3 3 4 1 -1 fs(4Zr(1 − s)/p − 2) -1

4 4 5 ±1 ±1 fs(5Zr(1 − s)/p) -3

5 4 5 -1 1 fs(5Zr(1 − s)/p + 2) 1

6 6 8 1 -1 fs(8Zr(1 − s)/p − 2) 2

7 7 9 ±1 ±1 fs(9Zr(1 − s)/p) 0

8 8 10 -1 1 fs(10Zr(1 − s)/p + 2) -2

9 10 13 1 -1 fs(13Zr(1 − s)/p − 2) -1

10 10 13 ±1 ±1 fs(13Zr(1 − s)/p) 3

11 14 18 ±1 ±1 fs(18Zr(1 − s)/p) 0

Table 4.5: Characterisation of motor M1 (Zs = 27, Zr = 21, p = 2) pure slotting vibration lines.
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4.1 Analytical charaterisation of magnetic force lines

Figure 4.4: Experimental and simulated (Diva) acceleration spectrogram in sinusoidal case (motor M1, fs=12

to 60 Hz).

Figure 4.5: Stator deflection of order 3 due to a slotting vibration (motor M1, sinusoidal case, fs = 50 Hz).

Only one vibration cannot be explained using the slotting lines expressions: it is line nb. 2, a winding

force harmonic which will be analysed later in section 4.1.3.2.5. We can see in that spectrogram that the main

resonances come from line nb. 3 of order 1 with the bending mode natural frequency near 1100 Hz, and the line

nb. 10 of of order 3 with the mode 3 of the stator near 6000 Hz (for motor M1 natural frequencies determination,

cf. section 3.2.1.3). Using the analytical expressions of Table 4.5, one could easily predict at which speed f1
s

and f3
s these resonances would occur:

f1
s =

f1

4Zr(1 − s)/p − 2
≈ 30Hz f3

s =
f3

13Zr(1 − s)/p
≈ 49Hz (4.14)

Line nb. 1 is a very large magnetic magnetic line of order 2 because it is obtained with kr = ks = 1.

However, the elliptical mode natural frequency of the stator is too high (2400 Hz) to be excited during starting

phase. The resonance of line nb. 10 with the stator mode 3 has been checked by visualising the stator deflection

at this frequency with the Operational Deflection Shape tool of Pulse Labshop software (Fig. 4.5).

Another characteristic which is important to validate is the propagation direction of the force waves. This

validation has been done with an Operational Deflection Shape (Fig. 4.6). For instance, Table 4.5 shows that

line nb. 1 has a spatial order of -2, whereas line nb. 6 has a 2 spatial order: these two slotting vibrations should
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4.1 Analytical charaterisation of magnetic force lines

Line nb. 1, c.c. r. Line nb. 6, c. r. Line nb. 8, c.c. r.

Line nb. 4, c.c. r. Line nb. 10, c. r.

Figure 4.6: Pure slotting force waves on motor M1, and their propagation direction (c.c. r.: counter-clockwise

rotation, c. r.: clockwise rotation). Grey deflection indicates a time anterior to black deflection.

therefore have opposite propagation directions, which can be observed in the ODS of Fig. 4.6.

In a same way, the expressions of pure slotting lines occurring on motor M3 have been computed in Table

4.6. The sonagrams of Fig. 4.7 already showed in section 3.2.4.2.2.1 shows that all the slotting lines are well

predicted. Line number 1 is a saturation line that is detailed in section 4.1.3.2.3, and line number 2 is a winding

line that is detailed in section 4.1.3.2.5.

nb. ks kr βss βrs Frequency f Spatial order m

3 1 1 -1 1 fsZr(1 − s)/p 4

4 2 3 -1 1 fs(3Zr(1 − s)/p − 2) 0

5 3 4 -1 1 4fsZr(1 − s)/p 4

6 3 4 -1 1 fs(4Zr(1 − s)/p + 2) -2

7 5 7 -1 1 7fsZr(1 − s)/p -2

8 5 7 -1 1 fs(7Zr(1 − s)/p − 2) 4

Table 4.6: Characterisation of motor M2 (Zs = 36, Zr = 26, p = 3) pure slotting vibration lines.

These expressions have also been checked by analysing some spectrograms measured on other motors.
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4.1 Analytical charaterisation of magnetic force lines

Figure 4.7: Experimental (left) and simulated (right) sonagram on motor M2 in sinusoidal no-load case.

4.1.3.2.2.3 Effect of current magnitude

As the slotting force is proportional to the stator fundamental current I0
1 , the effect of a current change from

I0
1 to I0′

1 on the slotting noise level is given by

∆Lslot
w = 40 log10

(
I0′

1

I0
1

)
(4.15)

If the current is twice higher, slotting noise should therefore increase of 12 dB independently of the spatial

orders of magnetic forces.

4.1.3.2.3 Saturation force lines

4.1.3.2.3.1 Expression

The highest group of saturation lines is given by F57, their expressions are summed up in Table 4.7. We can

see that saturation lines can occur at exactly the same frequencies than some pure slotting lines, but with a

different spatial order. The frequency expression fs(Zr(1 − s)/p ± 4) is however characteristic of a saturation

phenomenon.

Frequency f Spatial order m

F−
sat fs(krZr(1 − s)/p − 2(1 + ka)) krZr − ksZs − 2p(1 + ka)

F 0
sat fs(krZr(1 − s)/p ± 2ka) krZr − ksZs ± 2pka

F+
sat fs(krZr(1 − s)/p + 2(1 + ka)) krZr − ksZs + 2p(1 + ka)

Table 4.7: Saturation force lines expression.

4.1.3.2.3.2 Validation

The frequency and spatial order of this line has been validated on M5 motor (Zr = 38, Zs = 48, p = 2). Table

4.7 shows that a saturation force line of order Zr −Zs + 4p = −2 and frequency fs(krZr(1− s)/p + 4) exists in

this motor. As its elliptical mode natural frequency f2 is around 600 Hz (cf. 3.4), a resonance can occur around
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4.1 Analytical charaterisation of magnetic force lines

30 Hz. This resonance was observed during tests, as shown in the order analysis1 of Fig. 4.8 where the line

46fR ≈ 23fs ≈ fs(Zr(1− s)/p + 4) is responsible for two resonances. An Operational Deflection Shape analysis

confirmed the spatial order 2 of that saturation line (see Fig. 4.9).

Figure 4.8: Order analysis of motor M5 in sinusoidal case. Saturation line of spatial order m = −2 and frequency

fs(Zr(1 − s)/p + 4) ≈ 46fR therefore appears at the order 46 abscissa.

Figure 4.9: Operational Deflection Shape of motor M5 near 600 Hz (fs ≈ 30 Hz i.e. 900 rpm). An elliptical

deflection of the stator stack is observed.

A noisy saturation vibration was also observed on motor M3. Indeed, Table 4.7 shows that for kr = ks = 1,

a saturation force line of spatial order 2 = Zr −Zs−4p occurs at frequency fs(Zr(1−s)/p+4). As the elliptical

mode of the stator is near 600 Hz like in motor M5, a resonance will appear near f2/(Zr/p + 4) ≈ 50 Hz. This

resonance can be clearly observed in both experiments and simulation (cf. line number 1 in the sonagrams of

Fig. 4.7).

1An order analysis is similar to a sonagram: time or supply frequency is displayed in ordinates, but the sampling frequency

used for FFT analysis is not constant, it is proportional to speed. This way, a vibration line of frequency kfs appears as a vertical

line in an order analysis at abscissa k, and the evolution of a given line in function of speed is captured more easily. Coefficient k

is called the order of the vibration line, but it has nothing to do with the spatial order of the vibration wave. Natural frequencies,

which appear as vertical lines in the sonagram, appear as hyperbolas in an order analysis. Note that the order analysis is only

interesting in no-load case: if slip varies with time, magnetic force lines frequencies are not proportional any more to speed, and

they do not appear as vertical lines in the order analysis.
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4.1 Analytical charaterisation of magnetic force lines

4.1.3.2.3.3 Interaction with rotor skewing

Some old tests on motor M5 and M5a showed, as expected, that skewing a rotor improved the noise level in

sinusoidal no-load case ; however, it increased noise in on-load case: in Fig. 4.10, a strong resonance occurs

near 50 Hz with the skewed rotor.
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Figure 4.10: Influence of rotor skewing on the sound pressure level in on-load sinusoidal case.

Analysing the sonagrams, it was found that the resonance was caused by the saturation line of order 2

and frequency fs(Zr(1 − s)/p + 4) identified in previous section, with a mode near 1150 Hz. An Operational

Deflection Shape showed that this mode was a bending mode of the frame, which is not a pure bending as it

involves the end-plates, and a strong coupling between rotor and stator (Fig. 4.11). A similar mode at this

frequency was also found in the mechanical FEM analysis of the motor real geometry elaborated by VIBRATEC.

Figure 4.11: Operational Deflection Shape of motor M5 at 1138 Hz (maximal flux, PWM no-load case, fs ≈ 50

Hz - test by VIBRATEC).

It is therefore assumed that the combination between saturation and skewing gave a magnetic force varying

along the axial motor direction, making it able to excite some longitudinal modes of the motor. This assumption

has been comforted with the following analytical work.

The slotting permeance harmonic Psr involved in the saturation force can be expressed for a skewed rotor
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4.1 Analytical charaterisation of magnetic force lines

as

Psr(t, αs, z) ∝ cos

(
(Zs − Zr)αs − ZrωR(t − αsk(z)

ωR
)

)
(4.16)

where the skew angle αsk is given for a one slot pitch skew by

αsk(z) =
πz

ZrLr
, z ∈ [−Lr/2, Lr/2] (4.17)

The first order saturation permeance harmonic Pa can be written as

Pa(t, αs) ∝ cos (2pαs + 2ωst − π) (4.18)

while the fundamental stator mmf Fs is

Fs(t, αs) ∝ cos (pαs + ωst) (4.19)

The combination between Fs andPa gives rise to a flux density harmonic B1 such as

B1(t, αs) ∝ cos (3pαs + 3ωst − π) (4.20)

while the combination between Fs and Psr gives rise to a flux density harmonic B2 such as

B2(t, αs, z) ∝ cos

(
(Zs − Zr − p)αs − ZrωR(t − αsk(z)

ωR
) − ωst

)
(4.21)

Finally, the multiplication of B1 and B2 gives in particular a force harmonic Fsat of the form

Fsat(t, αs, z) ∝ cos

(
(Zs − Zr − 3p)αs − ZrωR(t − αsk(z)

ωR
) − 4ωst + π

)
(4.22)

The 3D shape of this saturation force harmonic is displayed in Fig. 4.12. We can see that this kind of force

distribution may excite the mode of Fig. 4.11 when rotating.

Figure 4.12: 3D shape of the saturation force harmonic of equation (4.22) due to rotor skewing.
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4.1 Analytical charaterisation of magnetic force lines

4.1.3.2.4 Eccentricity force lines

Dynamic eccentricity lines are showed in Table 4.8 (static eccentricity lines are obtained by setting kde = 0 in

the frequencies expression). We can see that the main dynamic eccentricity harmonics (kde = 1) do not overlap

with pure slotting harmonics. The highest eccentricity lines are given by F113 and F114.

Frequency f Spatial order m

F−

de fs(krZr(1 − s)/p − 2 ± kde(1 − s)/p) krZr − ksZs − 2p ± kde

F 0
de fs(krZr(1 − s)/p ± kde(1 − s)/p) krZr − ksZs ± kde

F+
de fs(krZr(1 − s)/p + 2 ± kde(1 − s)/p) krZr − ksZs + 2p ± kde

Table 4.8: Eccentricity lines expression.

These eccentricity lines characteristics have not been validated, and their influence on noise has not been

investigated as ALSTOM motors are balanced, and do not have much eccentricity.

4.1.3.2.5 Winding force lines

4.1.3.2.5.1 Expression

If a fundamental mmf is combined with a space harmonic mmf, and with slotting permeance harmonics, we get

from F13 group the so-called winding harmonics. Their expressions are summed up in Table 4.9.

Frequency f Spatial order m

F−
w fs(krZr(1 − s)/p − 1 − ηs) krZr − ksZs − p − νs(ηs)

F 0
w fs(krZr(1 − s)/p − 1 + ηs) krZr − ksZs − p + νs(ηs)

F 0
w fs(krZr(1 − s)/p + 1 − ηs) krZr − ksZs + p − νs(ηs)

F+
w fs(krZr(1 − s)/p + 1 + ηs) krZr − ksZs + p + νs(ηs)

Table 4.9: Winding force lines expression.

4.1.3.2.5.2 Validation

In the motor M1 spectrograms (Fig. 4.4), the line number 2 expression could not be identified as a pure slotting

line. It is actually a winding harmonic of frequency fs(2Zr/p − 2), which has been checked using Diva by

computing a spectrogram with a sinusoidal mmf.

In the same way, the line number 2 expression of motor M3 sonagram (Fig. 4.7) could not be characterised

as a slotting line: it is a winding harmonic of order −2 = Zr − Zs − p + 5p (kr = ks = 1, etas = −1, hs = 1)

and frequency fs(Zr(1 − s)/p − 2), which resonates with the mode number 2 of the stator near fs = 100 Hz.

Another winding line of spatial order 2 = Zr −Zs−p+7p and frequency fsZr(1−s)/p exists, and was observed

in an operational deflection shape (Fig. 4.13).

The analytical expressions of Table 4.9 have exhaustively been checked with Diva simulations. Motor M3

magnetic noise spectrum has been computed removing the fundamental mmf wave of order p, and forcing the

permeance to be constant (smooth air-gap) in order to obtain only the effect of winding forces in the noise

spectrum. All the simulated acoustic lines frequencies and spatial orders1 can be found using Table 4.9, which

1Diva visualisation tools comprise a noise spectrum where lines are coloured according to the spatial orders of the magnetic

forces that contribute to its noise level.
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Figure 4.13: Operational deflection shape at 942 Hz at two successive instants (motor M5, fs ≈ 50 Hz, sinusoidal

case).

shows that the analytical expressions of winding lines are correct. Fig. 4.14 shows Diva noise spectrum of

winding lines, and Table 4.10 presents their characteristics (frequency and spatial order).

Line nb. kr ks νs Frequency f Spatial order m

1 1 1 5p fs(Zr(1 − s)/p − 2) = 666 Hz 2

2 2 1 7p,5p 2fsZr(1 − s)/p = 1733 Hz -2

3 2 2 7p fs(2Zr(1 − s)/p + 2) = 1933 Hz 4

4 3 3 11p fs(3Zr(1 − s)/p − 2) = 2400 Hz 0

5 3 3 11p,13p 3fsZr(1 − s)/p = 2600 Hz 6

6 4 4 11p 4fsZr(1 − s)/p = 3466 Hz -4

7 4 2 11p fs(4Zr(1 − s)/p + 2) = 3666 Hz 2

8 5 4 7p 5fsZr(1 − s)/p = 4333 Hz 4

9 7 6 7p 7fsZr(1 − s)/p = 6066 Hz 2

Table 4.10: Expression of motor M3 main winding lines.
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Figure 4.14: Left: stator mmf without the fundamental. Right: corresponding magnetic noise spectrum with

stator modes contribution (motor M3, fs = 100 Hz).

These winding force lines magnitude can be reduced by a proper choose of the coil pitch (26). However,

their magnitude is much smaller than the one of pure slotting lines (their ratio is the one of the stator mmf

fundamental magnitude with its space harmonic), and in on-load case the effect of the coil pitch is hardly visible

on the noise spectrum.
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4.1 Analytical charaterisation of magnetic force lines

4.1.3.3 PWM case

Considering the effect of PWM, the main force lines can be classified in two types:

1. pure PWM force lines, which come from the combination between a mmf PWM harmonic, a fundamental

mmf, and mean permeances (F99, F910 and F1010), which were neglected in sinusoidal case because of

their low frequency)

2. PWM slotting force lines, which come from the combination between a mmf PWM harmonic, a funda-

mental mmf, and some slotting permeance harmonics (F99 and F910)

4.1.3.3.1 Pure PWM force lines

4.1.3.3.1.1 Expression

The main pure PWM lines, obtained by combining a stator fundamental mmf with a PWM harmonic mmf, are

summed up in Table 4.11.

Frequency f Spatial order m

F−
pwm fs − ηsf

s
n 0

F+
pwm fs + ηsf

s
n 2p

Table 4.11: Pure PWM force lines expression.

In the case of an intersective PWM with triangular carrier, the harmonics fs
n can be written as (151):

fs
n = n1fs ± n2fc (4.23)

where n1 and n2 are integers with opposite parity, and fc is the chopping frequency. The current harmonics

of highest magnitude depend on the carrier type, and on the modulation index. As an example, the main group

of current harmonics of motor M1 is fc ± fs and fc ± 2fs due to a forward saw-tooth carrier shape, while it is

2fc ± fs on motor M5 on which a classical triangular carrier is used. Furthermore, the magnitude of current

harmonics depends on speed (see Fig. 4.15 and (151)): in starting phase, the group 2fc ± fs dominates on

motor M5, whereas at maximum speed, it is the group fc ± 2fs.

However, PWM magnetic noise is only annoying at low speed when the aerodynamic noise is lower. In the

asynchronous case with a triangular carrier, the noisiest PWM lines can therefore be characterised by Table

4.12.

Group 1 (2fc ± fs) Group 3 (4fc ± fs) Group 0 (fc ± 2fs) Group 2 (3fc ± 2fs)

m f m f m f m f

F+
pwm 2fc − 2fs −2p 4fc − 2fs −2p fc + fs −2p 3fc + fs −2p

F−
pwm 2fc 0 4fc 0 fc + 3fs 0 3fc + 3fs 0

F−
pwm 2fc 0 4fc 0 fc − 3fs 0 3fc − 3fs 0

F+
pwm 2fc + 2fs 2p 4fc + 2fs 2p fc − fs 2p 3fc − fs 2p

Table 4.12: Highest pure PWM force lines expression (frequency f , spatial order m) in asynchronous case

(triangular carrier, case of motor M2 to M7). Groups 0 to 3 stand for current harmonics groups identified in

Fig 4.15.

83



4.1 Analytical charaterisation of magnetic force lines

0 10 20 30 40 50 60 70 80 90 100
0

2

4

6

8

10

12

14

16

Supply frequency (Hz)

S
ta

to
r 

ph
as

e 
cu

rr
en

t h
ar

m
on

ic
s 

(A
)

 

 

group fc+/−2fs
group 2fc+/−fs
group 3fc+/−2fs
group 4fc+/−fs

Figure 4.15: Experimental stator current harmonic groups magnitude in function of supply frequency (motor

M5, asynchronous PWM with triangular carrier, fc = 1280 Hz).

The expressions of these lines are obtained by replacing ηsf
s
n of Table 4.11 by the corresponding current

harmonics. One must be aware of the propagation direction of the mmf waves ηs: in the same way that the

propagation direction of a space harmonic mmf depends on the space harmonic number (cf. Table 4.2 and Fig.

4.3), the travelling direction of a time harmonic mmf depends on the frequency (see Fig. 4.16).
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Figure 4.16: Complex FFT of shorted-pitch motor M2 stator mmf in asynchronous PWM case (fs = 50 Hz,

fc = 1280 Hz).

For instance, to find the PWM force lines associated to the group 1 of current harmonics of frequencies

2fc ± fs, the PWM harmonic stator mmf Fs to take are (−p,−2fc − fs) = (p, 2fc + fs) and (−p, 2fc − fs) =

(p,−2fc + fs).
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4.1 Analytical charaterisation of magnetic force lines

In the case of a triangular carrier, the highest pure PWM lines are therefore centred around twice the

switching frequency. It is different for a saw-tooth carrier as (case of motor M1), where the main asynchronous

PWM current harmonic group is centred around the the switching frequency at frequencies fc ± fs and fc ± 3fs

(see Table 4.13).

Group 1 (fc ± fs) Group 2 (fc ± 2fs)

m f m f

F+
pwm fc − 2fs −2p fc − fs 2p

F−
pwm fc 0 fc − 3fs 0

F−
pwm fc 0 fc + 3fs 0

F+
pwm fc + 2fs 2p fc + fs −2p

Table 4.13: Highest pure PWM force lines expression (frequency f , spatial order m) in asynchronous PWM case

(saw-tooth carrier, case of motor M1). Groups 1 and 2 stand for main PWM current harmonics at frequencies

fc ± 1, 2fs).

4.1.3.3.1.2 Validation

All the harmonic groups of Table 4.12 were observed in the experimental data of motor M5 which has been

presented in the previous chapter. As an example, in Fig. 3.43, the three lines number 1 around 2fc = 2580

Hz correspond to the group number 1 of PWM force lines characterised in Table 4.12. In a same way, the four

lines number 2 around 3fc = 3840 Hz correspond to the group number 2 of PWM force lines, and the three

lines number 3 around 4fc = 5120 He correspond to the group number 3.

The spatial orders, frequency and propagation direction of various pure PWM lines have also been checked

on motor M1 during an ODS analysis (30) (Fig. 4.17). For instance, the vibration waves of Table 4.13 at fc±fs

have a spatial order of 4, and should rotate in opposite directions, which can be observed in Fig. 4.17.

The fact that pure PWM vibration lines have only 0 or 2p spatial orders has also been checked by measuring

a spectrogram at fixed supply frequency, but sweeping the switching frequency from 2.5 kHz to 10 kHz in order

to see if the 0 and 4 circumferential modes around 11kHz and 14 kHz excited (see Fig. 4.18).

4.1.3.3.1.3 Influence of current magnitude

As the pure PWM force harmonics are proportional to the stator fundamental current I0
1 and a stator harmonic

current In
1 , the effect of a current change from I0

1 to I0′

1 on the pure PWM noise is given by

∆Lpwm
w = 20 log10

(
I0′

1

I0
1

)
(4.24)

A harmonic current change from In
1 to In′

1 causes a noise change of

∆Lpwm
w = 20 log10

(
In′

1

In
1

)
(4.25)

These expressions are useful when post-processing some experimental data in order to properly compare two

spectrograms, or remove the effect of a current magnitude change as done in next section.

85



4.1 Analytical charaterisation of magnetic force lines

f = fc − 3fs, m = 0 f = fc − 2fs, m = −2p, c.c. r. f = fc − fs, m = 2p, c. r.

f = fc, m = 0 f = fc + fs, m = −2p, c.c. r. f = fc + 2fs, m = 2p, c. r.

f = fc + 3fs, m = 0

Figure 4.17: Pure PWM vibration waves (motor M1, fc=4 kHz), and their propagation direction (c.c. r.:

counter-clockwise rotation, c. r.: clockwise rotation).
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4.1 Analytical charaterisation of magnetic force lines

Figure 4.18: Measured spectrogram sweeping the switching frequency from 2.5 kHz to 10 kHz (motor M1,

fs = 50 Hz).

4.1.3.3.1.4 Influence of phase angle

The phase angle of fundamental current has a high influence on the pure PWM vibration line magnitude at

frequency 2fc in the case of a triangular carrier, and fc in the case of a sawtooth carrier. Indeed, in the example

of motor M5, this vibration results from the addition of two vibration waves (cf. Table 4.12), each one resulting

from the interaction of the fundamental current and a PWM current harmonic at frequency 2fc +fs or 2fc−fs.

In the electrical equivalent circuit, PWM current harmonics phase angle do not depend on fundamental slip

(when considering high frequency harmonics, the resistance Rn
2 /smn is close to Rn

2 as smn ≈ 1). On the contrary,

the fundamental current phase angle highly depends on slip s. This fact is illustrated by simulations of Fig.

4.19, where the magnitude of the force line at twice the switching frequency significantly changes with slip.

This fact was confirmed during experiments. The sound pressure level has been measured varying the output

torque from 200 to 2000 Nm near fs = 40 Hz (as slip varies, the speed slightly changed from 1290 rpm to 1230

rpm). As a consequence, the phase current increased from 180 to 600 A, whereas the PWM current harmonics

magnitude at 2fc ± fs frequencies remained unchanged. According to equation (4.24), the sound pressure level

of line 2fc should have increase with the increasing current I0
1 : on the contrary, it decreased of 2 dB. However,

this noise level must be corrected in order to delete the effect of the increasing fundamental current magnitude,

by computing

L
′

p(t) = Lp(t) − 20 log10

(
I0
1 (t)

I0
1 (0)

)
(4.26)

where L
′

p is the sound pressure level of the PWM line assuming that the fundamental phase current I0
1 remains

constant, and Lp is the measured sound pressure level evolution with time, when progressively increasing the
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Figure 4.19: 2D FFT of motor M5 magnetic radial force for s ≈ 1% (left) and s = 0 (right) in on-load

asynchronous PWM case (fc = 1280 Hz, fs = 40 Hz).

load. The graph of L
′

p is displayed in Fig. 4.20: we can see that a 25 dB change occurs.
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Figure 4.20: Evolution of the pure PWM acoustic line of frequency 2fc = 2560 Hz when progressively increasing

the load at constant fundamental stator current.

This fact shows that independently of the stator current spectrum, the load can have a great influence on

PWM noise through the stator current harmonics phase angles. It was already known that the ICE norm is not

realistic enough as it applies in sinusoidal no-load case, although PWM noise clearly dominates slotting noise

at low speeds ; it is now also clear that acoustic measurements in PWM no-load case are not representative of

the motor acoustic noise radiation in its real running conditions.

Noise limits should therefore be specified in on-load PWM conditions, following the motor traction char-

acteristics in order to ”simulate” during the acoustic measurements the motor real starting phase conditions

speed by speed.

4.1.3.3.2 Slotting PWM force lines

4.1.3.3.2.1 Expression

The same analysis was carried the lines resulting from the combination of a PWM harmonic mmf wave (p, fs
n),

with the fundamental stator mmf wave (p, fs) and the slotting permeance harmonics PsPr (30). This group of
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4.1 Analytical charaterisation of magnetic force lines

force lines, that we here call slotting PWM lines, is characterised in Table 4.14.

Frequency f Spatial order m

F−

slotpwm fs(krZr(1 − s)/p − 1) − ηsf
s
n krZr − ksZs − 2p

Fslotpwm fs(krZr(1 − s)/p − 1) − ηsf
s
n krZr − ksZs

Fslotpwm fs(krZr(1 − s)/p + 1) + ηsf
s
n krZr − ksZs

F+
slotpwm fs(krZr(1 − s)/p + 1) + ηsf

s
n krZr − ksZs + 2p

Table 4.14: Slotting PWM force lines expression.

Table 4.15 shows the expression of motor M1 main slotting PWM lines of order 2, F+
slotpwm, due to stator

current harmonics fc ± fs and fc ± 2fs with kr = ks = 1. We can see that these slotting PWM lines have the

same spatial orders than the pure slotting lines, but occur at higher frequencies. On motor M1, an important

slotting line of order 2 has been previously characterised, and it was shown that it was not noisy as the motor

elliptical mode was much higher in frequency, near 2400 Hz. When feeding the motor with PWM, according to

the switching frequency, the slotting PWM lines of Table 4.15 can easily resonate with the stator in starting

phase.

Frequency f Spatial order m

fc − fs(Zr(1 − s)/p + 2) 2

fc − fs(Zr(1 − s)/p + 1) 2

fc + fs(Zr(1 − s)/p + 1) -2

fc + fs(Zr(1 − s)/p + 2) -2

Table 4.15: Characterisation of some M1 motor slotting PWM force lines.

In Fig. 4.21 are displayed the evolution of these slotting PWM lines running the motor M1 from 0 to 80 Hz

for a switching frequency of 1600 Hz. We can see that if the motor elliptical mode lies between 600 and 2600

Hz, which is the case, the slotting PWM harmonics will be noisy. This resonance was clearly experimented

during the tests run on motor M1 (see spectrogram of Fig. 4.22).
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Figure 4.21: Frequency shift of main slotting PWM lines of motor M1 during starting phase in PWM asynchro-

nous case (fc = 1600 Hz).
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4.1 Analytical charaterisation of magnetic force lines

Figure 4.22: Experimental spectrogram measured on motor M1 from fs = 0 to 70 Hz in PWM asynchronous

case (fc = 1600 Hz).

4.1.3.3.2.2 Validation

In order to check the validity of slotting PWM lines expression of Table 4.15, and ODS has been run on motor

M1. Results are displayed in Fig. 4.23: the spatial order, the frequency and the propagation direction of the

vibration waves all match the analytical predictions.

Some spectrograms have also been measured at fixed supply frequency, changing the switching frequency

from 1 to 6 kHz in order to identify the vibration lines that were linked to the PWM supply. Results are

displayed in Fig. 4.24, where the four slotting PWM vibration lines of Table 4.15 appear, and resonate with

the elliptical mode of the stator near 2400 Hz. The pure PWM lines in the middle of the slotting PWM lines

can also be observed.

Some slotting PWM lines have also been observedd during motor M5 tests. The first group of slotting PWM

harmonics, given for fs
n = 2fc ± fs, is presented in Table 4.16.

Frequency f Spatial order m

2fc ± fs(Zr(1 − s)/p − 3) Zs − Zr + 2p

2fc ± fs(Zr(1 − s)/p − 1) Zs − Zr

2fc ± fs(Zr(1 − s)/p + 1) Zs − Zr

2fc ± fs(Zr(1 − s)/p + 3) Zs − Zr − 2p

Table 4.16: Characterisation of some M5 motor slotting PWM force lines.

These groups of lines clearly appear in experiments (cf. groups number 4a and 4b in Fig. 3.43, and lines in

spectrogram of Fig. 4.25).

4.1.4 Expression of main magnetic lines magnitude

In this part are detailed the expressions of the magnitude of main magnetic lines identified in previous section

(slotting, PWM and slotting PWM). Such expressions are useful to determine whether pure PWM noise is
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4.1 Analytical charaterisation of magnetic force lines

f = fc − fs(Zr(1 − s)/p + 2), m = 2, c.c. r. f = fc − fs(Zr(1 − s)/p + 1), m = 2, c.c. r.

f = fc + fs(Zr(1 − s)/p − 1), m = −2, c. r. f = fc + fs(Zr(1 − s)/p + 2), m = −2, c. r.

Figure 4.23: Slotting PWM vibration waves (motor M1, fc=4 kHz), and their propagation direction (c.c. r.:

counter-clockwise rotation, c. r.: clockwise rotation).

Figure 4.24: Experimental spectrogram measured on motor M1 from fc = 1 to 6 kHz in PWM asynchronous

case (fs = 50 Hz).

greater than slotting noise (in term of magnitude, independently of their spatial order).

91

Chapter3/Chapter3Figs/3375Hz_m2.eps
Chapter3/Chapter3Figs/3525Hz_m2.eps
Chapter3/Chapter3Figs/4475Hz_m2.eps
Chapter3/Chapter3Figs/4625Hz_m2.eps
Chapter3/Chapter3Figs/rampefclec.eps


4.1 Analytical charaterisation of magnetic force lines

Figure 4.25: Experimental spectrogram measured on motor M5 in asynchronous PWM no-load case (fc = 1280

Hz).

The pure slotting force line F13 magnitude (cf. Table C.3) is given by

Fslot =
PsPrI

02
1 N2

s

2µ0
(4.27)

where Ns is the magnitude of the fundamental stator mmf wave divided by stator phase current magnitude.

Ns can be expressed analytically with

Ns =
qsnsk

s
w0

πp
(4.28)

where ks
w0 is the fundamental stator winding distribution factor, ns the number of turns in series per phase,

and qs the number of stator phases. Ps and Pr can also be expressed analytically from the Fourier transform

of permeance function (37):

Pr = 2
µ0

Ks
Ar sin(πslrkr0)

2kr0
Ps = 2

µ0

Ks
As sin(πslsks0)

2ks0
(4.29)

assuming that the pure slotting line is linked to the terms ks0 and kr0 of the permeance Fourier series develop-

ment. The coefficients As and Ar are given by

As =
2df

s

πgMgr

(
1 + (1 +

gM

g
)
df

r slr
gs

)
Ar =

2df
r

πgMgs

(
1 + (1 +

gM

g
)
df

s sls
gr

)
(4.30)

where

gM = g + df
s + df

r gs = g + df
s gr = g + df

r (4.31)

The slotting ratios sls and slr are given by

sls = 1 − bs

τs
slr = 1 − br

τr
(4.32)

The pure PWM force lines magnitude is

Fpwm =
P 2

0 InI0
1N2

s

2µ0
(4.33)
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where

P0 =
µ0

gMKs

(
1 +

df
s sls
gr

+
df

r slr
gs

+ (1 +
gM

g
)
df

s sls
gr

df
r slr
gs

)
(4.34)

The term P0 follows the inequality
µ0

gMKs
< P0 <

µ0

gKs
(4.35)

Therefore, a slotting force harmonic is equivalent in terms of magnitude to a pure PWM force harmonic

generated by the harmonic current In such as

In = Is
PsPr

P 2
0

(4.36)

It is also the order of magnitude of the current harmonic to be added in the stator current spectrum in order

to cancel the slotting harmonic force in the active noise reduction method (40). Equation (4.36) helps converting

a slot ripple into a current ripple, in order to compare both effects. The comparison is distorted by the fact

that Ps and Pr terms depend on kr0 and ks0 which define the slotting force spatial order, and might be different

from pure PWM force spatial orders 0 and 2p. To address this problem, we can imagine that the motor has

the same number of stator and rotor slots (Zr = Zs): this way, the main slotting lines given for kr0 = ks0 = 1

have necessarily orders 0 and 2p, and the ratio Fslot/Fpwm gives a good idea of the respective roles of slotting

and PWM forces in noise radiation. This comparison only holds for asynchronous mode, because slotting noise

can dominate at medium speed (otherwise, magnetic slotting lines have too low frequencies, resulting in a low

dBA level).

The slotting PWM force line magnitude is given by

Fslotpwm =
PsPrInI0

1N2
s

2µ0
≪ Fslot, Fpwm (4.37)

As an illustration, these magnitudes have been computed for motors M1 and M5, taking for In value the

largest PWM current harmonic magnitude. The results are displayed in Table 4.17. We can see motor M5

PWM forces magnitude increase from 5 Hz to 50 Hz, because the 2fc ± fs current harmonics magnitude with

frequency (cf. Fig. 4.15), while the current fundamental remains the same at the beginning of the starting

phase (constant flux). Interpreting that table, one must keep in mind that the static deflections magnitude

associated to these exciting forces magnitude change according to their spatial orders. As an example, in motor

M1 which was proven to be noisy due to slotting PWM lines when fc = 1600 Hz (cf. section 4.1.3.3.2), slotting

PWM static deflections of order 2 are nearly 40 times more amplified that pure PWM static deflections of order

0, independently of the exciting force magnitude.

M1 (fs = 50 Hz) M5 (fs = 50 Hz) M5 (fs = 5 Hz)

Fpwm 31.0 103 61.1 103 20.7 103

Fslot 4.6 103 23.7 103 23.7 103

Fslotpwm 0.5 103 2.3 103 0.8 103

Table 4.17: Qualitative comparison between different magnetic pressures (N/m2) occurring in motors M1 (fc =

1600 Hz) and M5 (fc = 1280 Hz) in asynchronous PWM case.
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4.1.5 Conclusion

A general method has been established in order to analytically derive the frequency, the spatial order, the

propagation direction and the magnitude of any magnetic force line coming from the combination of slotting

harmonics, saturation harmonics, stator and rotor mmf harmonics, PWM harmonics and eccentricities harmon-

ics. The main magnetic lines (low spatial order, high magnitude and frequency superior to 400 Hz) characteristics

have been detailed and validated using operational deflection shapes, spectrograms and numerical simulations

using Diva which has been extensively validated in previous chapter.

This analytical work can be used to quickly interpret sonagrams and diagnose magnetic problems, but also

to infer some low noise design rules as it is going to be done.
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4.2 Low-noise design rules

As explained in the introduction, this thesis aims at reducing magnetic noise and vibrations at the design stage,

through a better understanding of the noise generation process. Once the main magnetic vibration lines have

been analytically derived in terms of frequency, spatial order but also magnitude, some rules to design quieter

machines can be inferred (27).

Three main approaches are possible:

1. acting on the response magnitude of the excited structure (e.g. by acting on the motor radiation factor,

on its ratio height of yoke to diameter, or by imposing the exciting force to have high spatial orders as

done in section 4.2.1)

2. acting on the exciting force magnitude (e.g. by cancelling the slotting force magnitude by a proper choice

of the slot openings as done in section 4.2.2, or spreading the PWM forces spectrum as done in section

4.2.3.1)

3. acting on the match between exciting force frequencies and orders and excited structure modes (e.g. by

properly choosing the switching frequency as done in section 4.2.3.2, and by properly choosing the rotor

slot number)

To reduce magnetic noise in sinusoidal case (slotting and saturation vibrations), the main levers are the

number of rotor and stator teeth, and the slot opening widths. In PWM case (pure PWM vibrations), the main

levers are the switching frequency value and the type of PWM strategy.

These three approaches can be explored at the same time using an optimisation algorithm, which will be

done in section 4.3.

4.2.1 Slot combination

4.2.1.1 Exhaustive search

As seen in section 2.2.1.1.1, many attempts have been made in order to find the slot number combinations

leading to low magnetic noise and vibrations 1. Such rules have however two drawbacks: they do not account

for the motor natural frequencies neither its speed range, and they are continuous (e.g. 0.75Zs ≤ Zr < Zs)

although the discrete nature of slot numbers implies some discontinuous resonance phenomena.

If some rules can be established, they highly depend on the stator natural frequencies. For instance, motor

M1 slot number combination leads to a high magnitude force line of order 2 (cf. section 4.1.3.2.2) which is not

noisy at all since the stator elliptical mode has a high natural frequency (near 2400 Hz, cf. section 3.2.1.3).

However, using these slot numbers on motor M5 whose elliptical mode is near 600 Hz would have generated a

strong resonance near fs = f2/(Zr/p + 2) ≈ 50 Hz.

1These rules have been used by some engineers although Jordan pointed out since 1952 that there were no absolutely good

slot combinations, and that the choice should be made ”in the knowledge of the magnetic force waves components, the mechanical

behaviour of the machine structure and the radiation properties of the machine surface” (169).
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Nevertheless, some rules can still be established on specific motor ranges, by making a distinction between

small power motors like M1, and medium power motors like M2 to M5. If a new motor is built with similar

power, its diameter will be also similar, and its natural frequencies will not shift very much. As noise is evaluated

at variable-speed, and magnetic noise is more annoying at low to medium speed, where the magnetic excitation

is held constant because the air-gap flux is constant, an error on the natural frequency computation simply

shifts the resonance without changing its noise level. The application of the same slot combination rules is then

still relevant.

4.2.1.1.1 Realisation of the slot combination database

As Diva simulation tool is very fast (a few seconds for noise computation at a given speed), all the slot number

combinations can exhaustively be tested at variable-speed. A virtual motor has been therefore defined by

averaging an ALSTOM motor range, and all the even combinations of Zs and Zr have been simulated from 0

to 3500 rpm and for p = 2 and p = 3, with sinusoidal supply and sinusoidal mmf in order to experiment pure

slotting noise. The same analysis has been done on motor M1, but including the odd slot numbers, and running

the motor from 0 to 3000 rpm.

In all cases, the stator current has been forced to keep the same peak value, in order to have a magnetic

excitation of constant magnitude (I0
1I0

1=cstt). As seen in equation 4.29, the slotting permeance harmonics

magnitude depend on fictitious slot depth df
s,r ∝ bs,r and slotting ratios sls,r. The fictitious slot depths have

therefore been forced to a constant value, and the product Zrbr and Zsbs have also been forced to be constant

in order to have a constant slotting ratio (otherwise, increasing the number of slots would have reduced the

slot openings, and reduce the magnetic force lines magnitude). This way, the values of the computed average

noise and maximum noise levels during starting phase only reflect the effect of the slot combination on the

coincidence between the exciting magnetic spatial orders and the stator modes.

An example of the database obtained on motor M1 is displayed in Fig. 4.26 for Zs = 27, p = 2, and in Fig.

4.27 for Zs = 36, p = 2. In this graphs, the excited modes and their relative magnitude in noise radiation are

displayed for each choice of rotor slot number. We can see that mode number 1 is always excited for Zs = 27

as it is an odd slot number, but is only excited for odd Zr when Zs = 36. The rotor slot numbers that create a

main saturation vibration wave of order 2 are been also emphasised in the graphs.
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Figure 4.26: Rotor slot number noise database for Zs = 27, p = 2 (motor M1).
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Figure 4.27: Rotor slot number noise database for Zs = 36, p = 2 (motor M1).

The quietest rotor slot number for Zs = 27, p = 2 is therefore Zr = 18 (Zr = Zs should be avoided at its

creates high synchronous torque pulsations). For Zs = 36, p = 2, we can see that many rotor slot numbers lead

to a low noise level (Zr = Zs ± 4q, q ∈ Z∗). All the other possible combinations are given in the Appendix C.4.

The same database has been built for ALSTOM motors.

4.2.1.1.2 Application

Fig. 4.28 presents the acoustic measurements that were made in no-load sinusoidal case on motor M2, M3

and M4, which have the same stator, during Ait-Hammouda thesis (3) whose conclusions led to motor M4

prototype manufacturing. These tests are compared in Table 4.18 to the noise database results in order to see

if it properly predicts the relative noise levels of different slot combinations.
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Figure 4.28: Sound power level (dB) measured on motors M2 (Zr = 28), M3 (Zr = 26), M4 (Zr = 44) which

share the same stator, but with different rotor slot numbers, rotor slot shapes, and air-gap widths.

We can see that the database built with Diva simulations correctly predicts that the 26 rotor slots is quieter

than the 28 rotor slots, for which a strong resonance of order 2 occurs because Zr −Zs +2p = 28−36+6 = −2.

However, the database predicts that the 44 rotor slots, independently of the slot shapes, and keeping all other

motor parameters constant, is nearly as noisy as the 28 rotor slots: this is because the 44 rotor slots has also a

strong resonance due to a slotting force of order 2 (Zr − Zs − 2p = 44 − 36 − 6 = 2)1.

1Zr = 44 is actually the symmetric of Zr = 28 with respect to Zs = 36. If a rotor slot number of the form Zr = Zs + q

creates a strong magnetic force of order 2, i.e. there exist γ ∈ [0, 1,−1] such as (Zs + q) − Zs + γ2p = q + γ2p = ±2, consequently
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Measurements (SWL in dB) Database (fictitious SWL in dBA)

M2 (Zr = 28) M3 (Zr = 26) M4 (Zr = 44) Zr = 28 Zr = 26 Zr = 44

Average noise 87.7 78.3 76.2 84 74 88

Maximum noise 98.7 90.4 88.9 112 90 110

Table 4.18: Comparison between noise measurements on motors M2, M3 and M4 (having different rotor slot

numbers, but also different slot shapes and air-gap widths), and fictitious noise levels simulated on the ALSTOM

average motor.

All the motors M2, M3 and M4 elliptical modes are actually excited: for M2 and M4 it is due to the first

(kr = ks = 1) pure slotting harmonic, whereas for the motor M3, it is the first saturation force harmonic (ka =

kr = ks = 1) as seen in section 4.1.3.2.3. The resonances of motor M3 and M4 occur at same supply frequencies in

no-load case because their exciting force harmonics have same order and same frequency expressions (fs(44/3−
2) = fs(26/3 + 4)).

Nevertheless, contrary to the database, the acoustic measurements made on motor M4 show that is much

quieter than motor M2. In fact, the difference between motor M2 and M4 does not only come from the rotor

slot number as in Diva database: the M4 motor has a wider air-gap (g = 1.6 mm against g = 1.5 mm), and

some much smaller rotor slot openings (br = 1.5 mm against br = 3 mm). The air-gap enlargement reduces in

theory the global noise level of 40 log10(1.6/1.5) ≈ 1.12 dB. To estimate the impact of the slot closures bs and

br, the magnitude of main slotting forces F13 which is proportional to AsAr in equation (4.30) has been drawn

in Fig. 4.29.
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Figure 4.29: Magnitude of main slotting forces in function of stator and rotor slot opening widths bs and br.

We can see that dividing br from 3 mm to 1.5 mm nearly reduces the magnitude of slotting forces by a

factor 2, which gives a general noise reduction of 20 log10(2) ≈ 6 dB. It is therefore expected that motor M4

reduces motor M2 noise level at resonance of 7.1 dB (measurements give a 9.8 dB decrease). This shows that

even with the worst slot combination (Zr ±Zs ± 0, 2p = 2 on this kind of motor), a motor can still be relatively

−q − γ2p = ∓2 and there exist γ
′

∈ [0, 1,−1] such as −q + γ
′

= ±2, which means that the rotor slot number Zr = Zs − q is also

to avoid.
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quiet 1 if the slotting force harmonics magnitude is significantly reduced by acting on the slot closure or the

air-gap width. Another factor that reduces the magnitude of magnetic forces when closing the slot openings is

the mean flux lines entering the slots (fictitious slot depth): it can get smaller than br/5, an effect which has

not been taken into account in the study of Fig. 4.29. Note that prototype M4 had however a too large slot

leakage flux to be industrialised.

This slot combination database is also going to be validated for Zs = 48 and p = 2 on the prototype defined

in section 4.3.3.1.

4.2.1.2 Special slot numbers

Besides the database, another property of main slotting and saturation force spatial orders m can be used.

They can be expressed as

m = krZr − ksZs ± 2pγ (4.38)

where γ = 0 or γ = 1 for slotting lines, and γ = 2 for saturation lines. If Zr is chosen of the form Zr = 2pnr,

where nr is a positive integer, we get

m = kr2pmr − ks2pqsms ± 0, 2p = 2p(krmr − ksms ± 0, 1) (4.39)

Therefore, all the pure slotting lines and saturation lines are proportional to 2p. If p = 2, the main excited

stator modes will be its breathing mode and its mode number 4. If p = 3, the expected noise reduction is

greater, since the only excited modes are 0, 6, 12, etc.

As an example, the simulated sonagram of motor M6 (p = 2, Zs = 36 = 2p× 9, Zr = 28 = 2p× 7) is shown

in Fig. 4.30: its elliptical mode natural frequency near 600 Hz to do not appear at all as no magnetic force of

order 2 exist.

Figure 4.30: Simulated sonagram of motor M6 in sinusoidal no-load case.

1Measurements of Fig. 4.28 were however made with a too low speed resolution to draw firm conclusions. For instance, the

critical speed occurs near 90 Hz on motor M4, but contrary to motor M2 and M3, the region was not explored enough in order to

measure noise level at resonance.
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4.2 Low-noise design rules

This class of motors is however known to generate large synchronous parasitic torques at zero speed (32).

In traction motors, these parasitic torques are however much smaller that torque pulsations due to PWM in

the starting phase.

4.2.2 Slot openings width

4.2.2.1 Optimal choice

As seen in section 4.2.1.1.2, a wrong choice of slot combination can be limited by decreasing the slotting force

magnitude: since PsPr ∝ AsAr, it was done by decreasing the product AsAr, acting on stator and/or rotor slot

openings as

lim
bs/r→0

As/r = 0 (4.40)

However, the product PsPr is also proportional to (cf. equation (4.29))

PsPr ∝ sin(πkr0slr)

kr0

sin(πks0sls)

ks0
(4.41)

If slr = 0 or sls = 0 (no rotor or stator teeth), the slotting harmonic is null. Another way to cancel it is to

choose slr or sls according to1

kr0slr = i0, i0 ∈ Z
∗ ks0sls = j0, j0 ∈ Z

∗ (4.42)

that is to say

br = τr(1 − i0
kr0

), i0 ∈ [1, kr0 − 1] bs = τs(1 − j0
ks0

), j0 ∈ [1, ks0 − 1] (4.43)

The highest slotting force magnitude (kr0 = ks0 = 1) can only be cancelled by removing the teeth (sls = 0

or slr = 0) or closing the slots (sls = 1 or slr = 1). However, if ks0 ≥ 2 or kr0 ≥ 2, the slotting harmonic can

be cancelled according to (4.43). The slot openings value should be chosen as small as possible in order to limit

the other slotting harmonics magnitude: for the rotor, it imposes i0 = kr0 − 1 which gives

bopt
r = τr/kr0 (4.44)

Note that if br is chosen according to (4.44), all the rotor slotting permeance harmonics which are multiple

of kr0 are cancelled as slrkr0 is an integer.

In a same way, the smallest possible value gives bs = τs/ks0 for stator slot openings (see Fig. 4.31).

In the case of rectangular opened stator slots, the choice of their opening width is however more constrained

as it has a direct influence on the available space for windings. In general, we have nearly as much air as iron

in stator slotting, so the optimal value of stator slot should be given by j0 such as

j0 = argmin{| j

ks0
− 1

2
|/j ∈ [1, ks0 − 1]} (4.45)

1Ps is also proportional to (−1)ks+1 sin(πksbs/τs)/ks. This expression is very similar to a light beam complex magnitude

diffracted by a network: it is proportional to sin(πuǫ)/u, where u is the wave vector magnitude, quantified by a wave number when

imposing a constructive or destructive interference, and ǫ is the network hole width.
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Figure 4.31: Rotor or stator slot opening smallest optimal value to cancel a slotting harmonic linked to integers

kr and ks.

If ks0 is even (ks0 = 2ms0), one can easily see that the optimal value of stator slot opening can be reached

by j0 = ms0 and gives

bopt
s = τs/2 (4.46)

If bs follows equation (4.46), all the stator slotting permeance harmonics with even ks are cancelled. On

the contrary, if ks0 is odd (ks0 = 2ms0 + 1), one can see that the two optimal opening width values that give a

air/iron ratio the closest from the unity are

bopt1
s = τs

ms0

ks0
bopt2
s = τs

ms0 + 1

ks0
(4.47)

Note that the slot opening optimal values are highly sensitive (see for instance Fig. 4.33), and that the

theoretical values of the slots openings are modified by saturation effects and manufacturing errors. Moreover,

the higher are ks0 and kr0, the more there are some choices in the optimal slot openings values, but the lower

is the magnetic noise.

The optimal value of bs must be slightly oversized in order to take into account saturation effects: one can

use for instance the analytical formulation of the slot opening increase due to saturation presented in (71).

Note that this technique can also be used to cancel a saturation, a winding or an eccentricity force harmonic

as they are all linked with some air-gap reluctance harmonics. The optimal values of bs and br can also be

chosen independently in order to cancel two different families of harmonics associated to ks0 and k
′

r0.

4.2.2.2 Application

Motor M7 rotor slot number has been chosen in order to make appear only magnetic force spatial orders

proportional to 2p = 4 (cf. 4.2.1.2). On that motor, the highest slotting lines are fs(4Zr(1 − s)/p + 2) of

order 4Zr − 3Zs + 2p = 4, fs(4Zr(1 − s)/p − 2) of order 4Zr − 3Zs − 2p = −4, and fs(4Zr(1 − s)/p) of order

4Zr − 3Zs = 0. These three slotting lines are linked to the permeance harmonics ks0 = 3 and kr0 = 4. They

can be cancelled choosing

br = τr(1 − i0
4

), i0 ∈ [1, 2, 3] ⇒ br =
3

4
τr,

1

2
τr,

1

4
τr (4.48)
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or

bs = τs(1 − j0
3

), j0 ∈ [1, 2] ⇒ bs =
2

3
τs,

1

3
τs (4.49)

On that motor, br = 1
4τr = 6.6 mm was chosen as the smaller br is, the smaller slotting forces are. The

initial rotor slot opening on that motor (M5a version) is br = 3.5 mm: if the main slotting force harmonics of

orders 4 will be cancelled by the new rotor slot opening value, the other slotting harmonics will increase due to

a larger rotor slot opening. This is illustrated by the Diva simulation of Fig. 4.32.
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Figure 4.32: A-weighted SWL spectrum at motor M7 mode number 4 resonance (fs = 44.2 Hz), for the initial

rotor slot opening value (left) and the optimal value (right).

The sensitivity of the optimal br value is illustrated in Fig. 4.33, where the noise associated to the slotting

lines ks0 = 3, kr0 = 4 has been computed in function of br. We can see that a 5% error on the optimal value

highers the noise level from 0 to 57 dB, the maximum noise level being 73 dB. Such an error can be relativised

as a magnetic noise line inferior to 60 dB may be covered by some higher magnetic lines, or other sources of noise.

Figure 4.33: SWL radiated by the slotting lines associated to ks0 = 3 and kr0 = 4 in function of the rotor slot

opening br varying from 0 to τr (motor M7). The three non zero minima correspond to the three br values of

equation (4.48).

This technique is also going to be validated on the prototype defined in section 4.3.3.1.
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4.2 Low-noise design rules

4.2.3 PWM supply

In this part, some rules are proposed in order to limit the audible noise due to pure PWM lines and slotting

PWM lines.

4.2.3.1 Psychoacoustic factors

Pure PWM noise is more complex than pure slotting noise: it usually involves several peaks with similar mag-

nitude and frequency, creating a non stationary sound whose quality cannot be easily quantified in an objective

way: some psychoacoustic metrics are necessary, such as tonality, roughness, loudness (which accounts for mask-

ing effects), and sharpness. Klemenz (95) showed in particular that the more important psychoacoustic metrics

sizing the pleasantness of PWM noise were tonality (which is also important in slotting noise) and roughness.

A global psychoacoustic metric, called annoyance, aggregates all these factors.

In Table 4.12, we can see that in asynchronous case with a symmetrical triangular carrier, some PWM lines

occur at frequencies 2fc and 2fc ± 2fs. In starting phase (fs ≈ 0), these lines have close frequencies, and

progressively move away from one another as the supply frequency fs increases: this is this small frequency

interval that creates roughness which is measured in aspers. The frequencies 2fc ± 2fs are characteristic of a

modulation effect, created by the interaction of a high frequency fh phenomenon with a low frequency fl ≪ fh

phenomenon (2 cos(fht) cos(flt) = cos((fh + fl)t) + cos((fh − fl)t)). The term of stridulation, which applies to

the typical sound emitted by some insects when they rub one organ to another, can also be used to qualify that

particular sound: the entomologists even call the cricket organ with the smaller granularity the carrier.

At the very beginning of starting (2fs ≤ 10− 15 Hz, or 4fs ≤ 10− 15 Hz if the line at 2fc magnitude is low

in on-load case, as seen in section 4.1.3.3.1.4), these three tones 2fc and 2fc±2fs appear fused as audible beats.

As speed increases, these fused tones start to sound rough. They are then perceived as rough separate tones,

and for 2fs ≥ 150 Hz (or 4fs ≥ 150 Hz), as smooth separate tones. Roughness is maximal when 2fs ≈ 70 Hz

(173) (or 4fs ≈ 70 Hz), but it can be significantly decreased by switching frequency modulation strategies (95).

However, when using a random carrier frequency modulation, other psychoacoustic effects appear. A highly

random sound (for instance in mixed random modulation techniques (1)) can alter the perception of a smooth

motor starting, given by the correlation between the motor supply frequency and the dominant noise frequencies:

when slotting noise is still audible when feeding the motor with PWM, the perception of the motor starting is

present as slotting lines are proportional to the supply frequency ; however, at the very beginning of the starting

phase that is necessarily asynchronous, the passenger cannot hear the motor acceleration because slotting lines

have too low frequencies to be audible. If the asynchronous switching frequency is randomly modulated, this

perception of acceleration is far more degraded, and the passenger can feel a bit ”disorientated”. Traction

applications where a synchronous phase follows the asynchronous one do not present such a problem, as PWM

lines are then proportional to speed.

Besides that, random sounds can give an impression of motor poor quality (104). The perception of ran-

domness, as well as the perception of a deterministic switching frequency modulation noise, are also strongly
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influenced by the frequency fch of the switching frequency change. To sum-up, the most influential parameters

of a PWM spread spectrum strategy on noise are:

• the degree of randomness of the switching frequency change, and the correlation of the switching frequency

with speed.

• the variation range ∆fc of the switching frequency: in random modulation techniques, a larger interval

increases the probability to excite stator natural frequencies 1, but decreases the main PWM exciting

forces magnitude. In deterministic modulation techniques as sinusoidal modulation, a large variation of

fc can strongly increase roughness.

• the type of switching frequency distribution in random techniques: discrete (the switching frequency takes

its value in a finite set of frequencies) or continuous.

• the shape of switching frequency distribution: gaussian, uniform, etc.

• the rate of change of the switching frequency.

An exhaustive study of the influence of these parameters on the main psychoacoustic factors should be

carried to design a novel spread spectrum PWM strategy, but it is not in the scope of this thesis.

4.2.3.2 Choice of the switching frequency

4.2.3.2.1 Pure PWM noise

As seen in sections 4.1.3.3.1 and 4.1.3.3.2, pure PWM lines can resonate with 0 or 2p stator modes, whereas

combinations between slotting and PWM lines can resonate with any krZr − ksZs ± 0, 2p mode. To avoid the

first case in asynchronous case, the switching frequency must be chosen so that 2fc ± 2fs, 4fc ± 2fs, ... groups

do not meet the natural frequencies f0 and f2p. On the small motor M1, for which f0 and f2p are above 11

kHz, a switching frequency inferior to 5 kHz is enough to avoid these pure PWM lines resonances. For motor

M5, for which f0 and f2p = f4 are assumed to be close from 2900 Hz according to Diva computations and FEM

simulations (cf. Table 3.4), we should have

2fc + 2fmax ≪ f0, f2p ⇒ fc ≪ 1350Hz (4.50)

or

2fc − 2fmax ≫ f0, f2p ⇒ fc ≫ 1550Hz (4.51)

The meaning of ≪ can be quantified more precisely using an estimation of the damping coefficient: the

gap between the exciting force frequency and the natural frequency should be more than ξmfm, which gives 60

Hz for fm = 3000 Hz and ξm = 2%. As pure PWM lines at 2fc ± 2fs are never alone (all the current PWM

1Random modulation techniques have even been used as a way to find the motor natural frequencies (31).
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subharmonics create other pure PWM lines), the condition 2fc + 2fmax + ξmfm < f0, f2p is certainly not hard

enough, and one should use

2fc + 2fmax ≪ f0,2p − ξ0,2pf0,2p ⇒ fc ≪ 1290Hz (4.52)

or

2fc − 2fmax ≫ f0,2p + ξ0,2pf0,2p ⇒ fc ≫ 1610Hz (4.53)

where the use of ≫ and ≪ should mean at least a +10% gap for a robust design. On motor M5, the current

switching frequency fc = 1280 Hz could therefore make pure PWM lines slightly resonate with the stator modes

0 or 4. For other traction motors with p = 3, f2p = f6 is much larger than f0 frequency, and one must also

check that the groups 4fc ± fs does not match f2p frequency. This design rule is going to be validated during

the prototype tests in section 4.3.3.3.4.

4.2.3.2.2 Slotting PWM noise

We saw that on motor M1, the combination of slotting harmonics and PWM harmonics excites the stator

elliptical mode during starting when the switching frequency is fixed at fc = 1600 Hz. To avoid this resonance,

the switching frequency must be fixed according to

fc − fmax(Zr(1 − s)/p + 2) > f2 or fc + fmax(Zr(1 − s)/p + 2) < f2 (4.54)

It is better to respect the first inequality, as in the second one, some higher slotting PWM groups (linked

to stator current harmonic 2fc, 3fc, ...) can still resonate with the elliptical mode. For motor M1, the first

inequality is equivalent to fc ≥ 3400 Hz.

In the general case, one must find the low order slotting PWM line in Table 4.14, and according to the

associated kr value and the type of PWM strategy, the same form of inequalities as in equation (4.54) has to

be applied. For motor M5 and for all traction motors, as f2 ≪ fc, slotting PWM lines cannot resonate with

the elliptical mode, and the switching frequency should be fixed in priority in order to avoid pure PWM lines

resonance.

4.2.3.3 Current injection method

The principle of current injection method consists in adding in the PWM modulating signal a current harmonic

which generates an additional magnetic force in counter-phase with a given magnetic force to cancel. Before

investigating that method through the Simulink PWM model, some simulations have been run on motor M7 in

order to see how an additional current harmonic in the stator phase current spectrum could effectively cancel

a given slotting force harmonic.

The acoustic spectrum of motor M7 without any current injection is displayed in Fig. 4.34.

As pointed out in section 4.2.2.1, motor M7 main slotting lines are of order 4 and frequencies fs(4Zr(1 −
s)/p ± 2). These two lines have been cancelled by injecting respectively the currents

In1 = 0.259 cos(2πfs(4Zr(1 − s)/p + 1)t + 1.375) (4.55)
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and

In2 = 0.23 cos(2πfs(4Zr(1 − s)/p + 1)t − 0.93) (4.56)

The resulting noise spectra are displayed in Fig. 4.35.
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Figure 4.34: Simulated sound power level of motor M7 without current injection (no-load sinusoidal case, fs ≈ 31

Hz).
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Figure 4.35: Simulated sound power level of motor M7 with current injection, cancelling the slotting force of

frequency fs(4Zr(1−s)/p+2) and order 4 (left), and cancelling the slotting force of frequency fs(4Zr(1−s)/p−2))

and order 4 (right).

The values of injected currents magnitude and phase angle were obtained by a trial/error method, launching

several simulations in order to find which current phase and magnitude lead to the lowest noise. The theoretical

magnitude of injected current can be obtained by comparing the slotting force harmonic to the pure PWM force

harmonic resulting form the additional current. The expression of the injected current to cancel a pure slotting

force of spatial order krZr − ksZs + γ2p (γ = 0, −1 or +1) is then :

In =
Λr

kr
Λs

ks

4Λ2
0

I0
1

√
2 cos(2πfs(krZr(1 − s)/p + γ) + φi)) (4.57)

The phase angle φi cannot be easily expressed because it depends on the permeance harmonics phase angle,

and stator mmf phase angle. The analytical expression of equation (4.57) gives a 0.16 A injected current magni-

tude, to be compared to the 0.23 A magnitude found in simulations. Moreover, the predicted current magnitude

should be the same for both magnetic force lines, since they come from the same harmonics interaction. These
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differences can be explained by the fact that the force lines that we consider here do not only come from the

slotting permeance harmonics kr = 4, ks = 3. For instance the combination FsP0FsPsr also creates a force

line of order 4 and frequency fs(Zr(1 − s)/p + 2) which interferes with the pure slotting harmonic previously

identified, so that a higher magnitude current is necessary to fully decrease the magnetic noise line at that

frequency.

When creating this additional current by injecting a current in the PWM modulating signal, the aimed

current harmonic correctly appear if the switching frequency is greater than the injected current frequency (40),

that is to say

fc ≫ fs(krZr(1 − s)/p ± 0, 1) (4.58)

As annoying slotting magnetic noise appear in the same frequency range than the switching frequency in

traction motors, the method is inapplicable. However, another possible way to cancel slotting force harmonics

is to make them destructively interfere with pure PWM lines. This idea is more adapted to motors whose slot

combinations make only appear spatial orders proportional to 2p (cf. section 4.2.1.2 and the example of motor

M7). In asynchronous case, the highest pure PWM lines are (2fc − 2fs,−2p), (2fc, 0) and (2fc + 2fs, 2p) (cf.

Table 4.12). Consequently, fixing the switching frequency as

fc = fskrZr(1 − s)/(2p) (4.59)

makes the frequency and orders of main pure PWM lines match the ones of main slotting harmonics. If the

magnitude and phase angle of the first group of PWM current harmonics can be controlled, pure slotting and

PWM forces can interfere in a destructive way. In no-load case, on motor M7, the synchronous PWM strategy

defined by equation (4.59) gives a switching frequency fc = Zrfs = 36fs.
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4.3 Noise minimisation

Once the simulation tool Diva has been extensively validated on various motors, it can be coupled to an

optimisation algorithm in order to find low-noise motors by acting on both the exciting force spectrum (through

slot numbers, switching frequency, etc) and the excited structure (through the motor natural frequencies, the

radiation factor, etc). Besides the noise minimisation goal, it is important to design motors that are still able

to achieve requested traction performances: for instance, a motor with a very large air-gap will easily reach the

low magnetic noise objective, but will result in poor efficiency ; similarly, motor M4 prototype has a relatively

low magnetic noise, but had too a large slot leakage flux. Multi-objective optimisation techniques are the ideal

tool to handle this kind of trade-off that cannot be analytically solved by the engineer.

4.3.1 Optimisation problem

The induction machine optimum design problem can be written as

{
min f(X)
subject to G(X) ≤ 0

(4.60)

where f = (f1, ..., fM ) is the objective function vector to minimise (magnetic noise, inefficiency, etc), X =

(X1, ...,XN ) is the design variable vector (number of slots, switching frequency, etc), and G is the inequality

constraints vector. f is also called fitness function, even though it is minimised.

4.3.1.1 Objectives

A single variable-speed noise objective function is hard to define, since a motor can have a low average noise

level but a high maximum noise level (25). It was thus decided to introduce both the starting average noise level

and maximum noise level in the objectives. The other objectives that can be introduced in the optimisation

are:

• inefficiency (evaluated at nominal speed, where the motor runs the most)

• weight, material cost

• torque ripple

4.3.1.2 Design variables

There are more than a hundred motor and PWM supply design variables. However, some previous studies (3)

have already identified the more influential variables on noise, efficiency and weight using a sensitivity analysis

tool based on the evaluation of the model responses varying the design variables of ±5%. This method must

however applied with extreme care (21), because

• the model contains some discrete variables, especially Zr and Zs which have a strong influence on noise: a

±5% variation of the slot number does not have any sense, and these design variables cannot be included

in the sensitivity analysis.
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• its conclusions are highly dependent of the initial value of the motor design variables, as it assumes that

the model response can be developed in a polynomial function around the initial point (156): in our case,

the model response contains some singularities, and some design variable values give a non differentiable

noise response (cf. Fig. 4.33 where according to the slot opening value, the noise sensitivity can be very

high or close to zero).

• it cannot be applied at a single supply frequency, as the influence on noise highly depends on the supply

frequency: at a given speed, increasing the height of yoke can move a natural frequency closer to the

exciting force, and increase the noise level ; at an other speed, it can move the natural frequency farther

from the exciting force, and decrease the noise level. The sensitivity analysis must therefore be carried at

variable speed, considering for instance the maximum and average noise levels during starting as responses.

The choice of the most influential design variables on the optimisation objectives therefore results from an

”empirical” knowledge, considering Diva numerical simulations as experience. For instance, some optimisations

with a very high number of variables have been run, and the correlations between design variables and objec-

tives have been quantified by averaging the correlations of all the individuals along all the generations (25): this

method gives more accurate results than the sensitivity analysis one, and is also applicable to discrete variables.

The most influential variables on the objectives presented in previous section are summed up in Table 4.19,

they involve both continuous variables and integer/discrete variables. The induction machine model considered

in optimisations is a squirrel-cage motor with rectangular stator slots, and trapezoidal rotor slots.

4.3.1.3 Constraints

Independently of the optimisation, a full set of geometrical constraints exist. The following additional constraints

can be included in the optimisation:

• maximum saturation coefficient

• maximum peak flux densities in rotor/stator teeth, and rotor/stator yokes

• maximum rotor/stator mean temperatures, when Diva is coupled to the nodal network (22)

• maximum current densities in rotor/stator slots

• fulfilment of the specified torque/speed curve, which can be written as Tspe./Tcomp ≤ 11 where Tspe is

the vector of specified output torque at each speed, and Tcomp is the vector of computed output torque

at each speed

• improvement of a given industrial design Xref , written as f ./fref ≤ 1 where fref = f(Xref )

1The notations ./ and .∗ come from Matlab language, they represent some element-wise operators which apply on matrix and

vectors. This way, u./v is a vector of elements ui/vi.
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Design Description Type

variables (D:discrete, C:continuous)

hf Frame width C

Ls Stator stack length C

Dso Stator stack diameter C

hs Stator height of yoke C

bs Stator slot opening width C

H1 Stator slot isthmus height C

H3 Stator slot depth under wedge C

Zs Stator teeth number D

ns Stator winding number of turns in series per phase D

Y Stator winding coil pitch D

g air-gap width C

Lr Rotor stack length C

Dsh Rotor shaft diameter C

br Rotor slot opening width C

B5 Rotor slot small basis C

B6 Rotor slot large basis C

H5 Rotor slot depth under isthmus C

H4 Rotor slot isthmus height C

Zr Rotor teeth number D

fc Asynchronous PWM switching frequency C

Table 4.19: Main design variables used in the optimisations.

4.3.2 Optimisation method

Our optimisation problem is therefore a multi-objective, mixed-variable, constrained optimisation problem. To

solve it, the Non Dominated Sorting Genetic Algorithm (NSGA-II) (47) has been chosen. It is based on two

main notions: constrained non-domination sorting, and crowding distance.

Non-dominated order 1 is a generalisation of the natural order of single objective problem, where individuals

are simply sorted by decreasing fitness (an individual i dominates j if fi < fj , in a minimisation problem).

When working with several objectives, the optimisation cannot lead to a single best individual, but to a set of

”best individuals” called the Pareto front. This set is defined by splitting the population in several ranks (see

Fig. 4.36) which are based on the number of individuals that each individual dominates.

The domination order ≻ is defined as:

j ≻ i (j dominates i) ⇔ fk(Xj) ≤ fk(Xi) ∀k ∈ [1,M ] (4.61)

Constraints are then handled by defining a constrained non-domination relation order. A motor design Xj

of fitness fj is said to be constraint non-dominated by another design Xi of fitness fi if

1. Xj is feasible (G(Xj) ≤ 0), and Xi is not.

1It is not an order relation in the mathematical sense: it is a reflexive and transitive binary relation, but it is not antisymmetric

as j ≻ i and i ≻ i ; i = j.
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Figure 4.36: Illustration of NSGA ranking method in case of two objectives f1 and f2. Individual j is non-

dominated by i if there exist k ∈ [1, N ] such as f j
k < f i

k, f i
k denoting the k-th objective function of individual

i.

2. Xj and Xi are both infeasible but Xj has a smaller overall constraint violation (quantified as the norm of

G(X) positive values).

3. Xj and Xi are both feasible and j ≻ i.

If some optimisation methods aggregate the objective functions according to some weights fixed by the

designer according to the respective importance of the different goals, and therefore lead to a single optimal

solution, their main drawback is to not offer any degree of freedom left in order to include design constraints

that are not included in the model.

The second notion used in NSGA-II algorithm, crowding distance, permits to uniformly spread the Pareto

front individuals in the objective function space. This way, at the end of the optimisation, the designer has a

wide set of solutions representing all the possible trade-offs.

NSGA-II algorithm can be summed up by the following steps:

1. Generate a random population P0 of size P , sort them using constraint non-domination order and compute

their crowding distance.

2. Initialize current population Pn = P0.

3. Create a mating pool of parents of size P/2 from Pn using a standard binary tournament based on Pareto-

front ranking and crowding distance.

4. Randomly select couples from mating pool and apply bimodal crossover and polynomial mutation operators

in order to generate offspring population Qn of size P .

5. Combine current population Pn and offspring Qn and sort them using constraint non-domination order

relation.
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6. Take the best individuals in terms of constraint non-domination ranking and crowding distance in order

to generate new population Pn+1 of size P .

7. Go to step 3. with Pn = Pn+1.

The Matlab algorithm NSGA-II has been downloaded on the internet, but it was modified in order to

handle mixed design variables by coding some discrete crossover and mutation operators. In addition, the non-

domination order relation has been modified to handle constraints. A stochastic repair algorithm has been also

implemented in order to ”fix” the motor design which do not fulfil the geometrical constraints, making some

slight random modifications in repaired individuals in order to maintain diversity.

4.3.3 Application

In this part, the optimisation algorithm is coupled to Diva in order to design a low-noise motor reaching

specified traction characteristics (output torque versus speed curve), without degrading the efficiency. The idea

is to improve a given industrialised design (motor M5a) by only acting on the squirrel-cage design, as a stator

manufacturing is far more expensive.

4.3.3.1 Rotor optimisation

A first optimisation has been launched on motor M5a rotor, considering the N = 6 design variables br, B5,

B6, H5, H4 and Zr. The M = 4 objective functions were the average noise and the maximum noise level,

the efficiency and the material cost. Note that material cost is not an unrealistic objective: motor casting

raw materials have become significantly more expensive in the last years, and cost reduction constraints weigh

traction chains down.

The motor noise was simulated varying fs from 5 to 105 Hz in no-load case. Some constraints were set on

the maximum saturation level and the maximum flux density levels, and another constraint has been added

in order to improve the initial design of motor M5a: its fitness fref has been computed, and the additional

constraint f ≤ fref has been set in the constraint vector. This way, all the obtained individuals necessarily

improve the magnetic noise level of the current design, as well as its efficiency, and its material cost. The initial

population contained P = 30 individuals, and was randomly generated 20 % around motor M5a design (apart

from rotor slot numbers, which have been randomly generated as even numbers lying betweeen 20 and 80), and

NSGA algorithm was run during G = 100 generations.

Some typical results of this optimisation process can be found in (22; 23; 25; 28), as well as useful visualisa-

tions of the Pareto front multi-dimensional objectives and variables, but the results of this application will not

be fully detailed here as they involve confidential ALSTOM motor geometries. As an example, a Pareto front

obtained when minimising noise (average noise Lm
w and maximum noise LM

w ), inefficiency (1/η) and material

cost Mc on motor M6 (Zs = 36, Zr = 28, p = 2) is displayed in Fig. 4.37 (all the individuals objectives have

been projected in 2D for readability purpose, and the industrial design objectives have been marked to quickly

see which individuals improve it).
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The convexity of these curves are useful to identify the hardest trade-offs to make: for instance, a strong

trade-off exists between efficiency and material cost, whereas average and maximum noise can clearly be min-

imized at the same time. The other projections show more scattered individuals, which means in particular

that lowering magnetic noise does not necessarily lead to a higher material cost: indeed, a slight change of Zr

remain material cost unchanged, while it can significantly alter noise radiation.
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Figure 4.37: Final population (Pareto front) objectives 2-D projections (motor M6 optimisation).

In this final Pareto front, it is interesting to visualise the design associated to extreme values of objective

functions. The lowest and highest average noise individuals are represented in Fig. 4.38. We can see that the

motor with Zr = 32 is the noisiest: it creates a large Maxwell force wave of order Zs − Zr − 2p = 2 which

resonates with the ovalization mode of the stator, whose natural frequency is around 800 Hz. The optimisation

algorithm has therefore correctly identified the noisiest motors.

In the final Pareto Front set obtained when optimising M5a rotor, the quietest designs (minimum average

noise and minimum noise at resonance) were successfully compared to the rotor slot numbers database for

Zs = 48 and p = 2. Two designs have been chosen in the final Pareto front as they did fulfil specfications: a

motor with a higher number of rotor teeth (Zr = 60, prototype M8), and a motor with a number of rotor teeth

close from the original one (Zr = 36, prototype M7). The results of the optimisation were slightly changed in

order to fulfil additional mechanical constraints (reuse of motor M5a squirrel-cage rotor bars), and prototype

M7 rotor slot opening value was also changed in order to apply the technique exposed in section 4.2.2.1: the
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Industrial motor (Zr = 28) Quietest motor(Zr = 30) Noisiest machine (Zr = 32)

Figure 4.38: Motor sections of different individuals.
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Figure 4.39: Diva simulation of magnetic noise emitted by industrial motor M5a and prototype M7 during

starting phase (no-load sinusoidal case).

optimisation algorithm did not ”find” this optimal value of rotor slot opening, as it was out of the design variable

bounds.

Following these modifications, some simulations have been run in order to see if the differences between

the objective functions of the individual obtained by optimisation and the final definition of the prototype is

satisfactory. Prototype M7 has relatively wide rotor slot openings, so a FEM simulation has been run with the

electromagnetic software OPERA in order to check if a stator tooth flux density variation with rotor rotation

was acceptable: it was found that the variations were not much higher than on the initial motor M5a, and that

stator iron losses by flux pulsations should not be higher. The automatic coupling between Diva and OPERA

is detailed in appendix A.4.

According to Diva simulations, these two prototypes M7 and M8 gave respectively a reduction of 10 and 6

dB on the average noise level, and of 14 and 7 dB on the maximum noise level. At certain speeds, the decrease

in magnetic noise in no-load case is expected to reach 20 dB for motor M7 (see Fig. 4.39). These predictions

have to be put into perspective, since they only apply to magnetic noise. M7 theoretically gives better results

than M8, but it is more risky as it relies on the slot opening optimal choice technique, whose results can be

limited by local saturation effects.
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4.3 Noise minimisation

4.3.3.2 PWM strategy optimisation

Motor M5a is fed with an asynchronous strategy at 1280 Hz. This default PWM pattern could not be changed,

so the only degree of freedom was the switching frequency. On that motor, PWM noise is only due to pure

PWM lines which are suspected to excite 0 or 2p = 4 stator circumferential modes near 2900 Hz (cf. Table

3.4 and section 4.2.3.2.1): as shown in section 4.2.3.2.2, slotting PWM lines do not contribute to the overall

PWM noise. As the optimisation focuses on the rotor design, the stator natural frequencies f0 and f2p are fixed,

and including the switching frequency in the optimisation would simply lead to 2fc ≪ f0, f2p or 2fc ≫ f0, f2p.

In order to decrease computational time, it was decided not to include the switching frequency in the design

variables, and simulate the motor magnetic noise in sinusoidal case. The switching frequency has therefore

been optimised ”by hand”, choosing the switching frequency fc = 1000 Hz which is much inferior to f0/2 and

f2p/2 = f4/2 near 1450 Hz. Experiments will prove that this choice significantly limits PWM noise during

starting.

4.3.3.3 Experimental validation

M7 rotor prototype is displayed in Fig. 4.40. The experimental set-up is presented in Fig. 4.41: four microphones

record some sound pressure levels around the motor, and a clamp-on ammeter measures the motor phase current.

These signals are brought to a laptop through a Bruel & Kjaer LAN data acquisition module, and treated with

Pulse Labshop: some sonagrams are drawn, as well as a spectrogram of the phase current, the evolution of the

sound pressure levels, and of the fundamental phase current.

Figure 4.40: Rotor of prototype M7.
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Figure 4.41: Experimental set-up.

4.3.3.3.1 Traction characteristics

A first series of tests have been run in order to check if the motor electrical characteristics were unchanged.

Power factor, output power and phase current were measured at several supply frequencies and voltages. The

no-load starting phase current was the same (135 A), and the iron losses were even slightly lower than on motor

M5a. The on-load behaviour of the prototype was also identical: the output torque 2270 Nm was correctly

reached with the same current level (600 A).

4.3.3.3.2 No-load sinusoidal tests

In order to be able to compare the new prototype M7 noise to the industrialised motor M5a and its skewed

version M5 noise, the same running conditions and noise measurements have been followed: the same current

level (138 A) has been imposed at several speeds, giving the maximal air-gap flux E0/fs = 4.32, and the sound

pressure level has been recorded at 1 m of the center of the motor right side. The same microphone used in

previous tests on M5a and M5 has also been used to ensure the most valid comparison.

Results are displayed in Fig. 4.42. We can see that the prototype noise level is nearly linear with speed:

during the tests, this was especially striking as it seemed that only the aerodynamic noise was measured.

No resonance occurred, contrary to motors M5a and M5. Near fs = 35 Hz, a 15 dB decrease on global noise

is obtained compared to the industrialised motor, whereas a 20 dB decrease on magnetic noise was predicted

by simulation (cf. Fig. 4.39)1: assuming that the aerodynamic noise increases the magnetic noise level of 5 dB

at that speed, the correlation between simulation and experiments is excellent, although motor M5a resonance

1Diva results are given in sound power Lw, whereas experiments are given in sound pressure Lp. However, a variation of sound

power ∆Lw equals its variation in sound pressure ∆Lp.
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Figure 4.42: Sound pressure level of prototype M7, compared to the industrialised motor M5a, and its skewed

rotor version M5 (sinusoidal no-load case).

is due to a saturation harmonic of order 2 (cf. 4.1.3.2.3). This resonance of stator elliptical mode is limited

by the use of a skewed rotor (motor M5), but skewing makes another noise peak appear near 50 Hz, which is

especially harmful in on-load case (see Fig. 4.43) as it corresponds to a modal excitation (cf. 4.1.3.2.3.3).

The new rotor has all the advantages of the skewed one (low radial magnetic forces), but without its

drawbacks (excitation of stator longitudinal modes, high saturation levels due to ”uncompensated” or ”skewing”

mmf (32), reduced magnetisation inductance and additional leakage inductance). Note that the prototype also

generates a relatively high magnitude saturation wave of order 4 (Zr −Zs + 4p = 36− 48 + 8 = −4). However,

it only resonates with mode 4 near fs = f4/(Zr/p + 4) ≈ 3000/32 ≈ 140 Hz which is superior to fmax = 105

Hz: even with a higher flux, the experiments showed that it was hardly visible in the sonagrams.

4.3.3.3.3 On-load sinusoidal tests

The on-load tests were carried similarly to no-load tests, except that the phase current was kept around 600

A in order to provide a 2270 Nm output torque. During the measurements, the prototype was so quiet that

the gearbox (53 and 39 teeth) noise controlled the over-all sound pressure level 1. All the spectra have been

post-treated in order to remove the first order gear-box harmonic and obtain the aerodynamic and magnetic

noise of the motors. Results are displayed in Fig. 4.43. As in no-load tests, no resonance did occur on the

prototype, and its noise linearly evolves with speed: a 10 dB decrease compared to the industrialised motor was

observed at low speeds (0 to 30 km/h i.e. fs = 50 Hz).

4.3.3.3.4 No-load PWM tests

As no measurement had been done on motor M5 and M5a in PWM case, a first goal of these tests was to

decrease the PWM noise by choosing another switching frequency than 1280 Hz. Another goal was to check if

the first slotting lines do not add with pure PWM lines, as they have same frequencies and spatial orders.

1The noisy gearbox of the test-bench was not the one which is effectively coupled to motor M5 in the subway frame.
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Figure 4.43: Sound pressure level of prototype M7, compared to the industrialised motor M5a, and its skewed

rotor version M5 (sinusoidal on-load case).

Figure 4.44: Sound pressure level spectrum of prototype M7 (asynchronous 1280 Hz PWM no-load case).

It is noteworthy that as the prototype magnetic noise has been drastically reduced, only the PWM noise and

the aerodynamic noise were then measured when supplying motor M7 with PWM. This is particularly striking

in spectrum Fig. 4.44, where the three main slotting lines identified in section 4.2.2.2 only reach 55 dBA, while

the three main PWM lines (cf. 4.12) reach 83 dBA. The continuous and progressively high-pitched whistle

characteristic of slotting magnetic noise was totally covered by the stridulation of PWM.

As seen in section 4.2.3.2.1, the switching frequency value must be chosen in order to avoid resonance of

pure PWM lines with 0 or 2p stator modes identified near 2900 Hz. Various switching frequencies have therefore

been experimented to see if a maximum PWM noise was encountered near fc = 1450 Hz (Fig. 4.45). We can

see that a variation of more than 15 dB can be experimented according to the switching frequency, and that a

maximum is effectively reached near fc = 1500 Hz. The impact of the switching frequency is magnified by the

fact that 0 and 2p stator modes are close in frequency (cf. section 3.2.1.3) on M5 stator. If 0 and 4 modes are
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Figure 4.45: Sound pressure level of prototype M7 during starting phase, using various switching frequencies

(left: noise level in function of time, right: maximum and average noise levels from 10 to 50 Hz). The default

asynchronous PWM switching frequency used on the industrialised motor M5a is 1280 Hz.

also close on M2 stator, the switching frequency may have less impact as it has three pole pairs, so pure PWM

lines are not able to excite both f0 and f2p = f6 natural frequencies.

Note that the maximum of Fig. 4.45 is not symmetric: to the effect of getting far from the PWM lines

resonance with 0 and 2p modes by increasing the switching frequency fc is overlaid the effect of PWM current

harmonics magnitude reduction with fc. If the default switching frequency on the industrialised motor M5a is

1280 Hz, a lower switching frequency (1000 Hz or 1200 Hz) can improve the noise level of 5 to 10 dB at certain

speeds in starting phase, while a higher one (1900 Hz) can improve the noise level up to 10 dB during starting.

Of course, the lower one is preferred as it also decreases inverter losses.

In the experimental data, one can also observe that a clear border separates the speeds affected by the

switching frequency from the ones independent of the supply strategy (Fig. 4.45). This way, the phase where

PWM noise dominates can clearly be identified as 10 to 50 Hz (30 km/h), whereas aerodynamic noise dominates

at higher speeds (> 30 km/h).

It was shown in section 4.2.3.3 that on motor M7, the three main slotting lines spatial orders match the

ones of the main asynchronous PWM lines, and that their frequency can also match at a certain speed, given

by equation (4.59) :

fs =
2pfc

4Zr(1 − s)
≈ fc

Zr
= 35.55 Hz (4.62)

At this speed, depending on the phase angle of PWM and slotting vibrations, there was a risk of constructive

interference. Although no resonance was observed during no-load PWM experiments, some further tests have

been run at this particular speed of 35.55 Hz in order to investigate the effect of the interference between slotting

and PWM lines. Results are displayed in Fig. 4.46: nothing occurs, because PWM vibrations magnitude are

much larger than slotting vibrations magnitude.
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Figure 4.46: Illustration of the interference between main slotting lines (in black) and pure PWM lines (in blue),

in asynchronous 1280 Hz PWM no-load case (left: fs = 35.43 Hz, middle: fs = 35.55 Hz, right: fs = 35.66 Hz).

120

Chapter3/Chapter3Figs/pwmslotting.eps


Chapter 5

Conclusion, future work and prospects

5.1 Conclusion

In collaboration with ALSTOM and VIBRATEC companies, and directed by LEC and L2EP laboratories,

this thesis work aimed at understanding and predicting the generation of audible magnetic noise in PWM-fed

induction machines, as well as establishing low-noise design rules on both the motor and its PWM strategy.

A fully analytical model of the vibro-acoustic and electrical behaviour of a PWM-fed induction machine has

been elaborated. The model is able to determine the sound power level radiated by the stator vibrations due to

radial Maxwell forces and the motor traction characteristics (output torque, efficiency, etc.) at variable speed.

This model has been implemented in a Matlab fast simulation tool, Diva, which contains several visualisation

tools and useful output to correctly interpret the sources of magnetic noise. Numerical simulation allows in

particular to virtually isolate the different sources of noise harmonics: winding harmonics can be cancelled

by imposing sinusoidal mmfs, PWM harmonics can be removed by imposing sinusoidal currents, saturation

harmonics by cancelling saturation permeance harmonics, slotting harmonics by imposing a smooth air-gap,

etc.

The electrical model, which accounts for the influence of stepped mmf space harmonics and PWM currents

time harmonics (extended equivalent circuit) and determines the air-gap radial flux density, has been success-

fully validated with FEM (OPERA2D, FLUX2D) and tests. The vibratory model has been also favourably

compared to FEM (ANSYS, and IDEAS validations thanks to VIBRATEC) and tests, while the acoustic model

based on a pulsating sphere radiation efficiency has been validated with BEM (SYSNOISE validation thanks

to VIBRATEC) and tests. Some vibratory and acoustic spectra obtained by simulation have been successfully

overlaid with some experimental spectra.

For further understanding of the phenomena, and to infer some low noise rules, the analytical model has

been used in order to derive the exact expression of the spatial order and frequency of the most dangerous

Maxwell vibrations, including load, PWM, saturation, winding and eccentricities effects. Five main types of

vibrations have been identified, namely pure slotting lines, saturation lines, winding lines, pure PWM lines,

and slotting PWM lines. Their characteristics (number of nodes, velocity, propagation direction) have been

validated using advanced vibro-acoustic tools (operational deflection shapes, spectrograms and order analysis).
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It was proven that slotting PWM lines cannot be dangerous in medium to high power traction applications.

It was also shown that saturation lines can significantly increase the magnetic noise level of a traction motor

according to its slot numbers. Furthermore, it was observed that the interaction between skewing and saturation

can excite some stator longitudinal modes, so that a motor whose slot combination creates a 2 order saturation

vibration should not be skewed, but have its rotor slot number changed to avoid such a saturation vibration.

Finally, an important effect of slip on the pure PWM line magnitude at twice the switching frequency has been

observed, showing that it is necessary to make noise tests in PWM on-load case in order to measure the motor

noise radiation in real running conditions.

On the ground of this analytical work, and by the aid of Diva simulations, some new low magnetic noise

design rules have been established. The old empirical laws on the rotor and stator slot numbers choice, which

could not be general as they did not account for stator natural frequencies neither for the starting phase speed

range, were replaced by an exhaustive database. This database has been built for a small power motor (M1

of elliptical mode near 2400 Hz), and a medium power motor representative of ALSTOM machines (elliptical

mode near 600 Hz). The maximum and average noise levels from 0 to 3500 rpm, as well as the number of

resonances and the order of the excited modes, are contained in these tables for p = 2 and p = 3.

A method to reduce magnetic noise due to a given slotting harmonic by choosing a relatively wide optimal

slot opening value has been presented. Some design rules have also been established to limit PWM noise, and

some psycho-acoustic aspects have been put in emphasis.

The analytical model has been coupled to a mixed-variable, multi-objective, constrained genetic algorithm

(NSGA-II) in order to find some new induction machines achieving the specified output torque with low magnetic

noise and high efficiency. This coupling has been applied to redesign the industrialised motor M5a: on the

ground of some optimisation results, and of low noise rules established during the thesis, two prototypes have

been designed. Only the first one, M7, was built and tested before the end of the thesis: it has reduced the noise

level of motor M5a in the whole speed range, in both no-load an on-load PWM cases. While Diva predicted up

to a 20 dB reduction of the magnetic noise near 30 Hz in no-load sinusoidal case, a 15 dB reduction of the total

noise (including fan noise which may have covered the prototype magnetic noise) was experienced. Similarly,

up to a 10 dB decrease was experimented during on-load tests, and no resonance occurred on the prototype.

This new motor has been obtained without enlarging the air-gap, which is a strong lever for magnetic noise

reduction but lowers the efficiency, and without closing the rotor slot openings, which can also strongly decrease

noise (cf. section 4.2.1.1.2), but increases the slot leakage inductance: on the contrary, the low noise prototype

has wide slot openings, which shows that an enlargement of the slot openings do not necessary lead to higher

magnetic noise.

The effect of the asynchronous switching frequency on noise has been also investigated on motor M7, and

in agreement with Diva predictions, a resonance was found around fc ≈ 1550 Hz. It was shown that a bad

choice of the switching frequency can increase PWM noise up to 15 dB in starting phase. A lower switching

frequency has therefore been proposed, giving up to a 5 dB reduction in PWM noise, and decreasing inverter
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switching losses. The industrialised motor noise has therefore been improved on its whole speed range, with a

15 dB reduction at certain speeds.

5.2 Future work

Diva simulation tool could be improved in several directions:

• the origin of non-physical lines in the PWM fractional-slot simulations should be further investigated, as

well as the 1-order vibro-acoustic model.

• a reluctance network could be added in order to account for saturation more accurately (75; 131), without

increasing much the computing time. In a same way, a more accurate analytical model of the mean flux line

length entering into the slots could be developed based on FEM simulations or conformal transformations

(132; 135) (the expression df
s/r = bs/r/5 should change according to the whole slot shape), as well as a

more accurate model of the effective slot opening widths which change with tooth tips saturation level.

• a better description of permeance function could be used. For the moment, a simple crenel function is

used to express the air-gap reluctance variation, but a better analytical model could be found, for instance

based on gaussian shapes (145). This new model would also change the expression of permeance harmonics

magnitude obtained by Brudny (37), and allow to have a better analytical prediction of the exact current

level to inject for active magnetic noise reduction techniques.

• the iron losses model could be extended to account for PWM time harmonics (125), and a model of inverter

switching losses could be added. Indeed, depending on the supply frequency, increasing the switching

frequency could decrease global losses (motor and inverter) and decrease magnetic noise radiation.

• the possibility to put slotting force waves in counter-phase with PWM force waves should be investigated

by acting on the switching strategy.

Using the psychoacoustic work of A. Leroy (107), a new spread spectrum should be designed by shaping the

distribution function of the switching frequency in an optimal way, taking as objective function an aggregation

of different psychoacoustic indices. The validation of the load angle computation should also be pursued by

investigating the differences between FEM and Diva rotor equivalent circuit components, and the magnetic

coupling between rotor and stator when submitted to a 1 order force (unbalanced magnetic pull (10; 55)) should

be further studied. Finally, the effect of slot combination on reluctant torque should be further investigated:

indeed, it seems that reducing magnetic noise in traction motors generally leads to slot combinations generating

a high reluctant torque.

5.3 Prospects

Diva model could be adapted to other motor topologies (external rotor (39)) and types (permanent magnet

synchronous motor, even if magnetic noise is much lower as the equivalent air-gap is larger), or to turbo-

generators and switched reluctance machines (8; 20; 65). It could also be easily extended to transient state
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5.3 Prospects

computations. Finally, an important application of Diva could be fault diagnosis (the effect of a broken bar

on the air-gap flux density and on vibration can be easily simulated) and non destructive control (using the

external magnetic field).
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Appendix A

A.1 English/French electromechanical glossary

Bore radius Diamètre d’alésage

Coil-pitch Pas de bobinage

Counter-phase Antiphase

End-plate / End-shield Flasque

Fractional-slot winding Bobinage à pas fractionnaire

Frame Carcasse

Shorted-pitch A pas raccourci

Strain Déformation

Stress Contrainte

Shear Cisaillement

Tooth tip Tête de dent

Wedge Clavette

Yoke Culasse

Table A.1: English/French glossary.

A.2 Motor parameters and main slotting vibrations

The parameters of the different motors used during the thesis are summed up in Table A.2. Motors M2, M3

and M4 have the same stator. Motors M5, M5a, M7 and M8 have also the same stator. Motor M1 is the LEC

laboratory motor, the other ones are ALSTOM motors.

The main pure slotting lines that appear on these motors are detailed in Table A.3.
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A.3 Winding matrix filling algorithm

Variables/Name M1 M2 M3 M4 M5 M5a M6 M7 M8

Zs 27 36 36 36 48 48 36 48 48

Zr 21 28 26 44 38 38 28 36 60

p 2 3 3 3 2 2 2 2 2

Nominal Power (kW) 0.7 275 275 275 350 350 250 350 350

Skewed rotor no no no no yes no no no no

Table A.2: Motor parameters.

A.3 Winding matrix filling algorithm

Let Mw be the matrix representing the stator winding, representing the number of turns of each stator phase

in each slot and in each layer, weighted by the current sign. It has a size of nl ×Zs × qs, and can be filled using

the following algorithm (for shorted-pitch windings only):

for q=1 to qs do
for k=1 to p do

for n=1 to ms do
s1 = (k − 1)sps + (q − 1)ms + n;
for l=1 to nl do

s2 = mod (s1 − (Y − sps)(l − 1), Zs − 1) + 1;
Mw(l, s2, q) = Mw(l, s2, q) + (−1)k+1nt;

end

end

end

end

This algorithm is also used in OPERA software in order to launch FEM simulations with a parametrised

winding induction machine.

A.4 Diva/OPERA coupling

Diva has been coupled to the electromagnetic software OPERA in order to validate some highly saturated

cases, in which the slot opening width and depth seen by the flux distribution are strongly modified, altering the

predicted magnitude of magnetic vibrations. All the models of OPERA are built following a set of instructions

stored in text files, which define the motor geometry, mesh, electrical circuit and winding. All these instructions

have been fully parametrised, including the description of the winding pattern as seen in section A.3: this way,

Diva motor input variables can be automatically used to generate the OPERA model of a given induction

machine. Then, Matlab calls the OPERA solver, and another parametrised OPERA script is used as a post-

processor to obtain the air-gap radial flux density distribution in on-load sinusoidal case.

An example of OPERA model obtained from Diva in displayed in Fig. A.1.
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A.4 Diva/OPERA coupling

M1 (27/21/2) M2 (36/28/3) M3 (36/26/3) M4 (36/44/3)

m ks kr γ r m ks kr γ r m ks kr γ r m ks kr γ r

0 7 9 0 0 0 7 9 0 1 0 2 3 -1 1 -2 1 1 -1 1

1 3 4 -1 1 2 1 1 1 1 -2 3 4 1 1 -2 5 4 1 1

-1 4 5 1 1 2 3 4 -1 1 -2 5 7 0 1 2 6 5 -1 1

2 1 1 1 0 -2 4 5 1 1 2 6 8 1 1 2 10 8 1 1

-2 6 8 -1 1 -2 6 8 -1 1 -2 7 10 -1 1 4 5 4 0 1

2 8 10 1 1 2 8 10 1 1 4 1 1 1 0 -4 6 5 0 1

-3 3 4 0 0 -4 3 4 0 1 4 3 4 0 1 6 4 3 1 1

3 4 5 0 0 4 4 5 0 1 4 5 7 -1 1 -6 7 6 -1 1

4 7 9 -1 0 -6 2 3 -1 0 -6 2 3 0 0

-4 7 9 1 0 6 5 6 1 1 -6 4 6 -1 1

-5 2 3 -1 0 6 7 9 -1 1

5 5 6 1 0 -6 7 9 1 1

6 1 1 0 0

-6 6 8 0 0

6 8 10 0 0

M5 (48/38/2) M6 (36/28/2) M7 (48/36/2) M8 (48/60/2)

m ks kr γ r m ks kr γ r m ks kr γ r m ks kr γ r

0 8 10 1 1 0 3 4 -1 1 0 3 4 0 1 0 5 4 0 1

-2 4 5 1 1 0 4 5 1 1 0 6 8 0 1 0 10 8 0 1

2 4 5 0 1 0 7 9 0 1 4 3 4 -1 1 4 5 4 -1 1

-2 7 9 -1 1 4 1 1 1 0 -4 3 4 1 1 -4 5 4 1 1

-4 3 4 -1 1 -4 3 4 0 1 4 6 8 -1 1 4 10 8 -1 1

4 8 10 0 1 4 4 5 0 1 -4 6 8 1 1 -4 10 8 1 1

6 1 1 1 0 -4 6 8 -1 1

6 4 5 -1 1 4 7 9 -1 1

-6 7 9 0 1 -4 7 9 1 1

4 8 10 1 1

Table A.3: Highest pure slotting lines of order m = krZr − ksZs + 2pγ and frequency fs(Zr(1 − s)/p + 2γ)

(γ=0,+1 or -1) on motors M1 to M8 (Zs/Zr/p) (r = 1 indicates a resonance during starting phase).
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A.4 Diva/OPERA coupling

Figure A.1: FEM model of motor M7 (OPERA software).
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Appendix B

B.1 Mode shapes of a finite-length cylindrical shell

Table B.1 and Fig. B.1 to B.3 show the modal base decomposition of a plate model of motor M5 equivalent

cylinder using IDEAS finite element software (thanks to J. Berger, VIBRATEC company).
Mode id Frequency Identification Description
1 and 2 516 Hz Mode (2,0) Elliptical deflection - cylinder ends in phase
3 and 4 573 Hz Mode (2,1) Elliptical deflection - cylinder ends in counter-phase
5 and 6 1410 Hz Mode (3,0) Order 3 deflection - cylinder ends in phase
7 and 8 1520 Hz Mode (3,1) Order 3 deflection - cylinder ends in counter-phase
9 and 10 2480 Hz Shear deflection of cylinder ends
11 and 12 2590 Hz Mode (4,0) Order 4 deflection - cylinder ends in phase
13 and 14 2720 Hz Mode (4,1) Order 4 deflection - cylinder ends in counter-phase
15 2840 Hz Cylinder first torsional deflection
16 2850 Hz Mode (0,0) Breathing deflection
17 and 18 3230 Hz Mode (2,1) bis Elliptical and flexural deflections - cylinder ends in counter-phase
19 and 20 3370 Hz Mode (2,0) bis Elliptical and flexural deflections - cylinder ends in phase
21 3440 Hz Cylinder first flexural deflection
22 and 23 3520 Hz Cylinder second torsional deflection
24 and 25 3530 Hz Mode (3,0) bis Order 3 and flexural deflections - cylinder ends in phase
26 and 27 3980 Hz Mode (0,0) Breathing and flexural deflection

28 and 29 3980 Hz Mode (5,0) Order 5 deflection - cylinder ends in phase
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B.1 Mode shapes of a finite-length cylindrical shell

Figure B.1: Modal base of a cylindrical shell (I).
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B.1 Mode shapes of a finite-length cylindrical shell

Figure B.2: Modal base of a cylindrical shell (II).
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B.1 Mode shapes of a finite-length cylindrical shell

Figure B.3: Modal base of a cylindrical shell (III).
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B.2 Green’s function formalism

B.2 Green’s function formalism

In this appendix is detailed the Green’s function formalism allowing to express the vibration velocity at the

surface of a cylinder in function of the internal load distribution, the exciting force and the response being

both expressed in time and space domains. Two cases will be successively considered: the case of a rotating

circumferential load wave on a circular cylindrical shell, and the case of a standing load wave (142).

B.2.1 Rotating circumferential load wave on a circular cylindrical shell

The radial load wave, which stands for a radial Maxwell force distribution harmonic, can be expressed as

qr(θ, t) =
F

a
cos (q(θ − Ωt)) (B.1)

where F
a is the force per unit length along the stator circumference of internal radius a. At a given time t,

it has the q maxima

qθl − qΩt = 2πl[2π] ⇔ θl =
2πl

q
[2π] + Ωt =

2πl

q
+ Ωt l ∈ [0, q − 1] (B.2)

i.e. 2q nodes (null force points) and anti-nodes (maximum magnitude force points). The force wave first

maximum θ0 travels with angular speed
dθ0

dt
= Ω (B.3)

so the force wave travels with speed v = aΩ. If the form qr(θ, t) = F
a cos (qθ − Ωt) is used, the velocity speed

becomes v = aΩ
q .

Using dynamic influence Green’s function on a steady closed circular cylindrical shell, the radial velocity

response ur can be written as (142)

ur(θ, z, t) =

∫ t

0

∫ L

0

∫ 2π

0

Grr(θ, z, t; θ∗, z∗, t∗)qr(θ
∗, t∗)adθ∗dz∗dt∗ (B.4)

where

Grr(θ, z, t; θ∗, z∗, t∗) =
1

ρh

∞∑

m=1

∞∑

n=0

3∑

p=0

∑

nφ=0,π/2

1

Nmnp
Ur,mnp(θ, z)Ur,mnp(θ

∗, z∗)Smnp(t − t∗)

=
1

ρh

∞∑

m=1

∞∑

n=0

3∑

p=1

∑

nφ=0,π/2

1

Nmnp
C2

mnpγm(z)γm(z∗) cos(n(θ − φ)) cos(n(θ∗ − φ))Smnp(t − t∗) (B.5)

Sk is given for subcritical damping (ξ < 1) by

Sk(t) =
1

bk
exp−ξkωkt sin(bkt)U(t) (B.6)

U is the unit step function, and bk = ωk

√
1 − ξ2

k. p goes from 1 to 3 to take into account 3 natural frequencies

for each mode (m,n) (the lowest is associated with the mode where the transverse component dominates (142)).

γm is the beam function which depends on the boundary conditions (165). Ck and Nk and coefficients defined

in (142; 165).
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B.2 Green’s function formalism

We can show that (142)

Grr(θ, z, t; θ∗, z∗, t∗) =
1

ρh

∞∑

m=1

∞∑

n=0

3∑

p=1

C2
mnp

Nmnp
γm(z)γm(z∗) cos(n(θ − θ∗))Smnp(t − t∗) (B.7)

therefore

ur(θ, z, t) =
a

ρh

∞∑

m=1

∞∑

n=0

3∑

p=1

C2
mnp

Nmnp
γm(z)

∫ t

0

∫ L

0

∫ 2π

0

γm(z∗) cos(n(θ − θ∗))Smnp(t − t∗)qr(θ
∗, t∗)dθ∗dz∗dt∗

=
F

ρh

∞∑

m=1

∞∑

n=0

3∑

p=1

C2
mnp

Nmnp
γm(z)

∫ t

0

∫ L

0

∫ 2π

0

γm(z∗) cos(n(θ − θ∗))Smnp(t − t∗) cos (q(θ∗ − Ωt∗)) dθ∗dz∗dt∗

(B.8)

At this point, one has to separate the variables using by developing cos (q(θ∗ − Ωt∗)) = cos(qθ∗) cos(qΩt∗)+

sin(qθ∗) sin(qΩt∗):

ur(θ, z, t) =

F

ρh

∞∑

m=1

∞∑

n=0

3∑

p=1

C2
mnp

Nmnp
γm(z)

∫ t

0

Smnp(t − t∗) cos(qΩt∗)dt∗
∫ L

0

γm(z∗)dz∗
∫ 2π

0

cos(n(θ − θ∗)) cos(qθ∗)dθ∗

+
F

ρh

∞∑

m=1

∞∑

n=0

3∑

p=1

C2
mnp

Nmnp
γm(z)

∫ t

0

Smnp(t − t∗) sin(qΩt∗)dt∗
∫ L

0

γm(z∗)dz∗
∫ 2π

0

cos(n(θ − θ∗)) sin(qθ∗)dθ∗

(B.9)

We have

∫ 2π

0

cos(n(θ − θ∗)) cos(qθ∗)dθ∗ = cos(nθ)

∫ 2π

0

cos(nθ∗) cos(qθ∗)dθ∗ = π cos(nθ)(δn,q + δn,−q) (B.10)

where δi,j is the Kronecker symbol (δi,j=1 if i = j, 0 otherwise). In a similar way,

∫ 2π

0

cos(n(θ − θ∗)) sin(qθ∗)dθ∗ = sin(nθ)

∫ 2π

0

sin(nθ∗) sin(qθ∗)dθ∗ = π sin(nθ)(δn,q − δn,−q) (B.11)

Assuming that q ≥ 0 we have δn,−q = 0, and the expression of the radial velocity becomes

ur(θ, z, t)

=
Fπ

ρh

∞∑

m=1

3∑

p=1

C2
mqp

Nmqp
γm(z)

∫ L

0

γm(z∗)dz∗
∫ t

0

Smqp(t − t∗){cos(qΩt∗) cos(qθ) + sin(qΩt∗) sin(qθ)}dt∗

=
Fπ

ρh

∞∑

m=1

3∑

p=1

C2
mqp

Nmqp
γm(z)

∫ L

0

γm(z∗)dz∗
∫ t

0

Smqp(t − t∗) cos(q(θ − Ωt∗)dt∗

=
Fπ

ρh

∞∑

m=1

3∑

p=1

C2
mqp

Nmqpbmqp
γm(z)

∫ L

0

γm(z∗)dz∗
∫ t

0

exp−amqp(t−t∗) sin(bmqp(t − t∗)) cos(q(θ − Ωt∗)dt∗

(B.12)
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B.2 Green’s function formalism

where ak = ξkωk.

This expression is exactly the q-th component of the response ur in the case of a rotating point load

qr(θ, t) = F
a δ(x − ξ)δ(θ − Ωt) (see (142), p. 268). By identification with Soedel expression, we therefore have

ur(θ, z, t) =
Fπ

ρh

∞∑

m=1

3∑

p=1

C2
mqp

Nmqpbmqp
γm(z)

∫ L

0

γm(z∗)dz∗{Ymqp cos (q(θ − Ωt) − Φmqp)

+ exp−ampqt Tmpq(θ, t)}

(B.13)

where

Yk(q,Ω, ωk, ξk) =

√
a2

k(ζ2
k − η2

k)2 + [ηk(a2
k + ζ2

k) − ζk(a2
k + η2

k))]2

2[a4
k + 2a2

k(q2Ω2 + b2
k) + (q2Ω2 − b2

k)2]
(B.14)

Φk(q,Ω, ωk, ξk) = tan−1

(
ak(ζ2

k − η2
k)

ηk(a2
k + ζ2

k) − ζk(a2
k + η2

k)

)
(B.15)

ζk(q,Ω, ωk, ξk) = qΩ − bk ηk(q,Ω, ωk, ξk) = qΩ + bk (B.16)

We can see that the response steady state magnitude is proportional to Yk, a fourth order polynomial of Ω

which reaches its maximum at the following condition:

0 =
d

dΩ

(
a4

k + 2a2
k(q2Ω2 + b2

k) + (q2Ω2 − b2
k)2
)

⇔ 0 = 4a2
kq2Ω + 4q2Ω(q2Ω2 − b2

k)

⇔ 0 = a2
k + q2Ω2 − b2

k = ξ2
kω2

k + q2Ω2 − ω2
k(1 − ξ2

k)

⇔ Ω = ±wk

q

√
1 − 2ξ2

k ≈ ±wk

q
(B.17)

A rotating magnetic force wave of spatial order q and frequency f , which rotates at angular speed Ω =

2πf
q , therefore excites all the stator modes satisfying wmqp = 2πf independently of its rotation direction. In

particular, a magnetic force wave of circumferential order q = 2 is expected to successively excite the modes

(m = 0,n = 2) and (m = 1,n = 2) at variable speed.

If the rotating load resonates with mode (m′, q, p′) i.e. Ω =
wm′qp′

q

√
1 − 2ξ2

m′qp′ , and considering that

Ym′qp′ ≫ Ymqp, the steady state response becomes at resonance:

ur(θ, z, t) ≈ Fπ

ρh

C2
m′qp′

Nm′qp′bm′qp′

γm′(z)

∫ L

0

γm′(z∗)dz∗Ym′qp′ cos (q(θ − Ωt) − Φm′qp′) (B.18)

which shows that the vibration waves are also rotating at angular speed Ω. As the excitation cannot

be exactly rotating at the resonance frequency, the vibration wave peak may lag or lead the travelling load

depending on the damping.

An order of magnitude of the characteristic time of the establishment of the steady state can be calculated

considering that the natural frequencies lie between 200 Hz and 10 kHz, and damping coefficient between 0.1

and 4 % :

0.4ms ≈ 1

2π10000 × 0.04
<

1

ωkξk
<

1

2π200 × 0.001
≈ 0.8s (B.19)
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B.2 Green’s function formalism

B.2.2 Standing circumferential load wave on a circular cylindrical shell

This time, we consider a standing (or stationary) force of the form

qr(θ, t) =
F

a
cos(qθ) cos(Ωt) =

F

2a
(cos (q(θ − Ωt)) + cos (q(θ + Ωt))) (B.20)

A stationary force wave of order q is equivalent to the sum of two force waves of same magnitude rotating in

opposite directions. This time, the maxima θl are given by :

θl =
2πl

q
l ∈ [0, q − 1] (B.21)

They do not depend on time. The response under a standing force wave can be found by summing the

responses under two rotating waves as given in previous section:

ur(θ, z, t) ≈ Fπ

ρh

C2
m′qp′

Nm′qp′bm′qp′

γm′(z) cos(qθ)

∫ L

0

γm′(z∗)dz∗Ym′qp′ cos (qΩt + Φm′qp′) (B.22)

The vibration response is also a standing wave, and we obtain exactly the same resonance condition as in

the rotating wave case:

Ω = ±wk

q

√
1 − 2ξ2

k (B.23)

Note that the steady state magnitude of the circumferential response is the same whether the load wave is

rotating or pulsating, whereas the sound power radiation is not (cf. section 4.1.2).
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Appendix C

C.1 Exhaustive magnetic force lines characteristics

Table C.1 shows the expression of all the radial Maxwell force lines including PWM, saturation and load effects.

When HO column is ticked, the exciting force harmonic has a too high order to be significant (or when it has

a low order, it necessary have a very low magnitude). Column A gives a qualitative appreciation of the force

harmonic magnitude.
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Name Spatial orders Frequencies HO

F11 = PsFsPsFs Zs(ks + δ11k
′
s) + βssνs + δ11β

′
ssν

′
s βssηsf

s
n + δ11β

′
ssη

′
sf

s′

n

F12 = PsFsPsFr Zs(ks + δ12k
′
s) + βssνs + δ12βsrνr βssηsf

s
n + δ12βsrηrf

r
νsn

F13 = PsFsPrFs Zsks + δ13Zrkr + βssνs + δ13βrsν
′
s βssηsf

s
n + δ13krZrfR + δ13βrsη

′
sf

s′

n

F14 = PsFsPrFr Zsks + δ14Zrkr + βssνs + δ14βrrνr βssηsf
s
n + δ14(βrrνr + krZr)fR + δ14βrrηrf

r
νsn

F15 = PsFsPsrFs Zs(ks + δ15k
′
s) + δ15ǫsrkrZr + βssνs + δ15βisν

′
s ηsβssf

s
n + δ15βisη

′
sf

s′

n + δ15ǫsrkrZrfR

F16 = PsFsPsrFr Zs(ks + δ16k
′
s) + δ16ǫsrkrZr + βssνs + δ16βirν

′
R ηsβssf

s
n + δ16(βirνr + ǫsrkrZr)fR + δ16βirηrf

r
νsn

F17 = PsFsPaFs ksZs + βssνs + δ17(βasν
′
s + 2kap) ηsβssf

s
n + δ17(βasη

′
sf

s′

n + 2kafs) X
F18 = PsFsPaFr ksZs + βssνs + δ18(βarνr + 2kap) ηsβssf

s
n + 2δ18kafs + δ18βar(ηrf

r
νsn + νrfR) X

F19 = PsFsP0Fs Zsks + δ19νs + βssνs βssηsf
s
n + δ19η

′
sf

s′

n X
F110 = PsFsP0Fr Zsks + δ110νr + βssνs βssηsf

s
n + δ110(ηrf

r
νsn + νrfR) X

F22 = PsFrPsFr (ks + δ22k
′
s)Zs + βsrνr + δ22β

′
srν

′
r βsrηrf

r
νsn + δ22β

′
srη

′
rf

r′

νsn

F24 = PsFrPrFr ksZs + δ24krZr + βsrνr + δ24βrrν
′
r ηrβsrf

r
νsn + (βsrνr + δ24(ν

′
rβrr + krZr))fR + δ24βrrη

′
rf

r′

νsn

F26 = PsFrPsrFr (ks + δ26k
′
s)Zs + βsrνr + δ26(ǫsrkrZr + βirνr) βsrηrf

r
νsn + (δ26ǫsrkrZr + δ26βirνr + βsrνs)fR + δ26βirη

′
rf

r′

νsn

F28 = PsFrPaFr ksZs + βsrνr + δ28(βarν
′
r + 2kap) βsrηrf

r
νsn + βarη

′
rf

r′

νsn + δ28(2kafs + fR(δ28βarν
′
r + βsrνr) X

F210 = PsFrP0Fr ksZs + βsrνr + δ210ν
′
r (βsrνr + δ210ν

′
r)fR + βsrηrf

r
νsn + δ210η

′
rf

r′

νsn X

F33 = PrFsPrFs (kr + δ33k
′
r)Zr + βrsνs + δ33β

′
rsν

′
s (kr + δ33k

′
r)ZrfR + βrsηsf

s
n + δ33β

′
rsη

′
sf

s′

n

F34 = PrFsPrFr (kr + δ34k
′
r)Zr + βrsνs + δ34βrrνr ((kr + δ34k

′
r)Zr + δ34βrrνr)fR + βrsηsf

s
n + δ34βrrηrf

r
νsn

F35 = PrFsPsrFs (kr + δ35ǫsrk
′
r)Zr + βrsνs + δ35(βisν

′
s + ksZs) ((kr + ǫsrδ35k

′
r)Zr + δ35βirz)fR + βrsηsf

s
n + δ35βisη

′
sf

s′

n

F36 = PrFsPsrFr (1 + δ36ǫsrkr)Zr + βrsνs + δ36(βirνr + ksZs) ((kr + ǫsrδ36k
′
r)Zr + δ36βirνr)fR + βrsηsf

s
n + δ36βirηrf

r
νsn

F37 = PrFsPaFs δ372kap + krZr + δ37βasν
′
s + βrsνs βrsηsf

s
n + krZrfR + δ37(2kafs + βasη

′
sf

s′

n ) X
F38 = PrFsPaFr δ372kap + krZr + δ38βarνr + βrsνs βrsηsf

s
n + 2δ38kafs + (krZr + δ38βarνrfR)fR + δ38βarηrf

r
νsn X

F39 = PrFsP0Fs krZr + βrsνs + δ39ν
′
s βrsηsf

s
n + krZrfR + δ30ν

′
sf

s′

n X
F310 = PrFsP0Fr krZr + βrsνs + δ310νr βrsηsf

s
n + (krZr + δ310νr)fR + δ310ηrf

r
νsn X

F44 = PrFrPrFr (kr + δ44k
′
r)Zr + βrrνr + δ44β

′
rrν

′
r (νrβrr + δ44ν

′
rβ

′
rr + (kr + δ44k

′
r)Zr)fR + βrrηrf

r
νsn + δ44β

′
rrη

′
rf

r′

νsn

F46 = PrFrPsrFr (kr + δ46ǫsrk
′
r)Zr + δ46ksZs + βrrνr + δ46βirν

′
r (βrrνr + δ46βirνr + (kr + δ46ǫsrk

′
r)Zr)fR + βrrηrf

r
νsn + δ46βirη

′
rf

r′

νsn

F48 = PrFrPaFr 2δ48kap + krZr + βrrνr + δ48βarνr (krZr − βrrνr − δ48βarνr)fR + βrrηrf
r
νsn + δ48βarη

′
rf

r′

νsn + 2δ48kafs X
F410 = PrFrP0Fr krZr + βrrνR + δ410νr (krZr + βrrνr)fR + βrrηrf

r
νsn + δ410(νrfR + ηrf

r
νsn) X

F55 = PsrFsPsrFs (ǫsrkr + δ55ǫ
′
srk

′
r)Zr + (ks + δ55k

′
s)Zs + βisνs + δ55β

′
isν

′
s (ǫsrkr + δ55ǫ

′
srk

′
r)ZrfR + βisηsf

s
n + δ55β

′
isη

′
sf

s′

n

F56 = PsrFsPsrFr (ǫsrkr + δ55ǫ
′
srk

′
r)Zr + (ks + δ55k

′
s)Zs + βisνs + δ56βirνr ((ǫsrkr + δ56ǫ

′
srk

′
r)Zr + δ56βirνr)fR + βisηsf

s
n + δ56βirηrf

s
νsn

F57 = PsrFsPaFs 2δ57kap + δ57βasν
′
s + βisνs + ǫsrkrZr + ksZs 2δ57kafs + δ57βasη

′
sf

s′

n + βisηsf
s
n + ǫsrkrZrfR
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F58 = PsrFsPaFr δ58(2kap + βarνr) + βisνs + ǫsrkrZr + ksZs δ58(2kafs + βarηrf
r
νsn) + βisηsf

s
n + (δ58νrβar + ǫsrkrZr)fR

F59 = PsrFsP0Fs ǫsrkrZr + ksZs + βisνs + δ59)ν
′
s ǫsrkrZrfR + βisηsf

s
n + δ59η

′
sf

s′

n

F510 = PsrFsP0Fr ǫsrkrZr + ksZs + βisνs + δ610νr (δ610νr + ǫsrkrZr)fR + βisηsf
s
n + δ610ηrf

r
νsn

F66 = PsrFrPsrFr (ǫsrkr + δ66ǫ
′
srk

′
rZr) + (ks + δ66k

′
s)Zs + βirνr + δ56β

′
irν

′
r (βirνr + δ66β

′
irν

′
r + (ǫsrkr + δ66ǫ

′
srk

′
r)Zr)fR + βirηrf

r
νsn + δ66β

′
irη

′
rf

r′

νsn

F68 = PsrFrPaFr δ682kap + βirνr + δ68βarν
′
r + ǫsrkrZr + ksZs δ68βarη

′
rf

r′

νsn + βirηrf
r
νsn + (ǫsrkrZr + βirνr + δ68βarν

′
r)fR + 2δ68kafs

F77 = PaFsPaFs 2(ka + δ77k
′
a)p + βasνs + δ77β

′
asν

′
s 2(ka + δ77k

′
a)fs + βasηsf

s
n + δ77β

′
asη

′
sf

s′

n

F78 = PaFsPaFr 2(ka + δ78k
′
a)p + δ78βarνr + βasνs 2(ka + δ78k

′
a)fs + δ78βarηrf

r
νsn + βasηsf

s
n

F79 = PaFsP0Fs 2kap + βasνs + δ79νs 2kafs + βasηsf
s
n + δ79η

′
sf

s′

n

F710 = PaFsP0Fr 2kap + βasνs + δ710νr 2kafs + βasηsf
s
n + δ710(ηrf

r
νsn + νrfR)

F88 = PaFrPaFr 2(ka + δ88k
′
a)p + βarνr + δ88β

′
arν

′
r 2(ka + δ88k

′
a)fs + βarηrf

r
νsn + δ88β

′
arη

′
rf

r′

νsn + (βarνr + β′
arν

′
r)fR

F810 = PaFrP0Fr 2kap + βarνr + δ810νr 2kafs + (βarνr + δ810ν
′
r)fR + βarηrf

r
νsn + δ810η

′
rf

r′

νsn

F99 = P0FsP0Fs νs + δ99ν
′
s ηsf

s
n + δ99η

′
sf

s′

n

F910 = P0FsP0Fr νs + δ910νr ηsf
s
n + δ910(νsfR + ηrf

r
νsn)

F1010 = P0FrP0Fr νr + δ1010ν
′
r ηrf

r
n + δ1010η

′
rf

r′

νsn + (νr + δ1010ν
′
r)fR

F113 = PsFsPrFsKse ksZs + βssνs + δ113(krZr + βrsν
′
s + βserǫsekse) βssηsf

s
n + δ113βrsη

′
sf

s′

n + δ113krZrfR

F114 = PsFsPrFsKde ksZs + βssνs + δ114(krZr + βrsν
′
s + βderkde) βssηsf

s
n + δ114βrsη

′
sf

s′

n + δ114(krZr + βderkde)fR
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C.2 Low order magnetic force lines characteristics

Table C.2 results from the restriction of previous section Table C.1 to low spatial order force harmonics.
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F11 = PsFsPsFs Zs(ks − k′
s) + βssνs − β′

ssν
′
s βssηsf

s
n − β′

ssη
′
sf

s′

n

F12 = PsFsPsFr Zs(ks − k′
s) + βssνs − βsrνr βssηsf

s
n − βsrηrf

r
νsn

F13 = PsFsPrFs Zsks − Zrkr + βssνs − βrsν
′
s βssηsf

s
n − krZrfR − βrsη

′
sf

s′

n

F14 = PsFsPrFr Zsks − Zrkr + βssνs − βrrνr βssηsf
s
n − (βrrνr + krZr)fR − βrrηrf

r
νsn

F15 = PsFsPsrFs Zs(ks − k′
s) − ǫsrkrZr + βssνs − βisν

′
s ηsβssf

s
n − βisη

′
sf

s′

n − ǫsrkrZrfR

F16 = PsFsPsrFr Zs(ks − k′
s) − ǫsrkrZr + βssνs − βirν

′
R ηsβssf

s
n − (βirνr + ǫsrkrZr)fR − βirηrf

r
νsn

F22 = PsFrPsFr βsrνr − β′
srν

′
r βsrηrf

r
νsn − β′

srη
′
rf

r′

νsn

F24 = PsFrPrFr ksZs − krZr + βsrνr − βrrν
′
r ηrβsrf

r
νsn + (βsrνr − (ν′

rβrr + krZr))fR − βrrη
′
rf

r′

νsn

F26 = PsFrPsrFr (ks − k′
s)Zs + βsrνr − (ǫsrkrZr + βirνr) βsrηrf

r
νsn + (−ǫsrkrZr − βirνr + βsrνs)fR − βirη

′
rf

r′

νsn

F33 = PrFsPrFs βrsνs − β′
rsν

′
s βrsηsf

s
n − β′

rsη
′
sf

s′

n

F34 = PrFsPrFr βrsνs − βrrνr (−βrrνr)fR + βrsηsf
s
n − βrrηrf

r
νsn

F35 = PrFsPsrFs (1 − δ35kr)Zr + βrsνs + δ35(βisν
′
s + ksZs) (kr − δ35k

′
r)ZrfR + βrsηsf

s
n + δ35βisη

′
sf

s′

n

F36 = PrFsPsrFr (1 − δ36kr)Zr + βrsνs + δ36(βirνr + ksZs) (kr − δ36k
′
r)ZrfR + βrsηsf

s
n + δ36βirηrf

r
νsn

F44 = PrFrPrFr βrrνr − β′
rrν

′
r (νrβrr − ν′

rβ
′
rr)fR + βrrηrf

r
νsn − β′

rrη
′
rf

r′

νsn

F46 = PrFrPsrFr (kr − δ46k
′
r)Zr + δ46ksZs + βrrνr + δ46βirν

′
r (βrrνr + δ46βirνr + (kr − δ46k

′
r)Zr)fR + βrrηrf

r
νsn + δ46βirη

′
rf

r′

νsn

F55 = PsrFsPsrFs (ǫsrkr + δ55ǫ
′
srk

′
r)Zr + (ks + δ55k

′
s)Zs + βisνs + δ55β

′
isν

′
s (ǫsrkr + δ55ǫ

′
srk

′
r)ZrfR + βisηsf

s
n + δ55β

′
isη

′
sf

s′

n

F56 = PsrFsPsrFr (ǫsrkr + δ55ǫ
′
srk

′
r)Zr + (ks + δ55k

′
s)Zs + βisνs + δ56βirνr ((ǫsrkr + δ56ǫ

′
srk

′
r)Zr + δ56βirνr)fR + βisηsf

s
n + δ56βirηrf

s
νsn

F57 = PsrFsPaFs 2δ57kap + δ57βasν
′
s + βisνs − krZr + ksZs 2δ57kafs + δ57βasη

′
sf

s′

n + βisηsf
s
n − krZrfR

F58 = PsrFsPaFr δ58(2kap + βarνr) + βisνs + ǫsrkrZr + ksZs δ58(2kafs + βarηrf
r
νsn) + βisηsf

s
n + (δ58νrβar + ǫsrkrZr)fR

F59 = PsrFsP0Fs −krZr + ksZs + βisνs + δ59ν
′
s −krZrfR + βisηsf

s
n + δ59η

′
sf

s′

n

F510 = PsrFsP0FR −krZr + ksZs + βisνs + δ610νr (δ610νr − krZr)fR + βisηsf
s
n + δ610ηrf

r
νsn

F66 = PsrFrPsrFr (ǫsrkr + δ66ǫ
′
srk

′
r)Zr + (ks + δ66k

′
s)Zs + βirνr + δ56β

′
irν

′
r (βirνr + δ66β

′
irν

′
r + (ǫsrkr + δ66ǫ

′
srk

′
r)Zr)fR + βirηrf

r
νsn + δ66β

′
irη

′
rf

r′

νsn

F68 = PsrFrPaFr δ682kap + βirνr + δ68βarν
′
r − krZr + ksZs δ68βarη

′
rf

r′

νsn + βirηrf
r
νsn + (−krZr + βirνr + δ68βarν

′
r)fR + 2δ68kafs

F77 = PaFsPaFs 2(ka + δ77k
′
a)p + βasνs + δ77β

′
asν

′
s 2(ka + δ77k

′
a)fs + βasηsf

s
n + δ77β

′
asη

′
sf

s′

n

F78 = PaFsPaFr 2(ka + δ78k
′
a)p + δ78βarνr + βasνs 2(ka + δ78k

′
a)fs + δ78βarηrf

r
νsn + βasηsf

s
n

F79 = PaFsP0Fs 2kap + βasνs + δ79νs 2kafs + βasηsf
s
n + δ79η

′
sf

s′

n

F710 = PaFsP0Fr 2kap + βasνs + δ710νr 2kafs + βasηsf
s
n + δ710(ηrf

r
νsn + νrfR)

F88 = PaFrPaFr 2(ka + δ88k
′
a)p + βarνr + δ88β

′
arν

′
r 2(ka + δ88k

′
a)fs + βarηrf

r
νsn + δ88β

′
arη

′
rf

r′

νsn + (βarνr + β′
arν

′
r)fR

F810 = PaFrP0Fr 2kap + βarνr + δ810νr 2kafs + (βarνr + δ810ν
′
r)fR + βarηrf

r
νsn + δ810η

′
rf

r′

νsn

F99 = P0FsP0Fs νs + δ99ν
′
s ηsf

s
n + δ99η

′
sf

s′

n

F910 = P0FsP0Fr νs + δ910νr ηsf
s
n + δ910(νsfR + ηrf

r
νsn)

F1010 = P0FrP0Fr νr + δ1010ν
′
r ηrf

r
n + δ1010η

′
rf

r′

νsn + (νr + δ1010ν
′
r)fR

F113 = PsFsPrFsKse ksZs + βssνs − (krZr + βrsν
′
s + βserǫsekse) βssηsf

s
n − βrsη

′
sf

s′

n − krZrfR

F114 = PsFsPrFsKde ksZs + βssνs − (krZr + βrsν
′
s + βderkde) βssηsf

s
n − βrsη

′
sf

s′

n − (krZr + βderkde)fR
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C.3 Low order magnetic force lines characteristics with sinusoidal supply and
sinusoidal mmfs

C.3 Low order magnetic force lines characteristics with sinusoidal

supply and sinusoidal mmfs

Table C.3 results from the simplification of previous section Table C.2 in sinusoidal case, and considering

sinusoidal mmfs. LF column ticks indicate a low frequency harmonic (< 400 Hz).
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Name Spatial orders Frequencies LF

F11 = PsFsPsFs 2p 2fs X
F12 = PsFsPsFr 2p 2fs X
F13 = PsFsPrFs Zsks − Zrkr + (βss − βrs)p −fs(krZr(1 − s)/p + βrs − βss)
F14 = PsFsPrFr Zsks − Zrkr + (βss − βrr)p −fs(krZr(1 − s)/p + βrr − βss

F15 = PsFsPsrFs Zs(ks − k′
s) − ǫsrkrZr + (βss − βis)p −fs(ǫsrkrZr(1 − s)/p + βis − βss)

F16 = PsFsPsrFr Zs(ks − k′
s) − ǫsrkrZr + (βss − βir)p −fs(krZr/p + βir − βss)

F22 = PsFrPsFr 2p 2sfs X
F24 = PsFrPrFr ksZs − krZr + (βsr − βrr)p −fs(krZr/p + βrr − βsr)
F33 = PrFsPrFs 2p 2fs X
F34 = PrFsPrFr 2p 2fs

F35 = PrFsPsrFs (kr − δ35k
′
r)Zr + βrsp + δ35(βisp + ksZs) −fs((δ35k

′
r − kr)(1 − s)Zr/p − δ35βis − βrs)

F44 = PrFrPrFr 2p 2fs X
F55 = PsrFsPsrFs (ǫsrkr + δ55ǫ

′
srk

′
r)Zr + (ks + δ55k

′
s)Zs + (βis + δ55β

′
is)p fs((ǫsrkr + δ55ǫ

′
srk

′
r)Zr(1 − s)/p + βis + δ55β

′
is)

F57 = PsrFsPaFs (2δ57ka + δ57βas + βis)p − krZr + ksZs −fs(krZr(1 − s)/p − βis − δ57(βas + 2ka))
F59 = PsrFsP0Fs −krZr + ksZs + (βis + δ59)p −fs(krZr(1 − s)/p − βis − δ59)
F510 = PsrFsP0FR −krZr + ksZs + (βis + δ610)p −fs(krZr(1 − s)/p − βis − δ610)
F79 = PaFsP0Fs 2p 2fs X
F710 = PaFsP0Fr 2p 2fs X
F810 = PaFrP0Fr 2p 2fs X
F99 = P0FsP0Fs 2p 2fs X
F910 = P0FsP0Fr 2p 2fs X
F1010 = P0FrP0Fr 2p 2fs X

F113 = PsFsPrFsKse ksZs − krZr + (βss − βrs)p − βserǫsekse −fs(krZr(1 − s)/p + βrs − βss)
F114 = PsFsPrFsKde ksZs − krZr + (βss − βrs)p − βderkde −fs(krZr(1 − s)/p + βrs − βss + βderkde)
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C.4 Slot combination database of motor M1

In this appendix are presented the maximum and average sound power levels in dBA for all the slot combinations

Zs/Zr from 10 to 50, including odd numbers, on motor M1 during starting phase from 5 to 90 Hz (p = 2). This

database has been built following the method exposed in section 4.2.1.1.1, similarly to the ALSTOM database

which has been partly used to design the low magnetic noise prototype M7. Note that this database can only

be used for a motor whose natural frequencies are close to motor M1 ones (cf. Table 3.3).
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1

P
P

P
P

P
P

Zr

Zs
10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29

10 52/66 65/88 63/86 66/86 61/85 63/80 62/86 65/85 63/86 63/81 54/70 63/86 64/89 64/86 63/86 62/85 63/81 63/85 62/80 69/103

11 64/88 54/67 67/87 64/80 65/88 69/88 70/93 70/93 70/87 68/97 66/89 65/80 55/71 66/80 63/88 68/86 67/84 70/88 72/90 65/88

12 64/88 66/93 34/42 66/82 63/89 63/80 34/42 65/79 61/84 63/80 35/43 64/85 67/93 67/85 37/46 67/86 65/89 67/92 35/44 68/107

13 63/77 63/79 66/87 52/63 66/84 59/76 63/91 70/88 68/87 72/93 72/93 70/97 71/87 63/79 63/85 69/93 54/64 68/93 63/86 69/91

14 60/80 66/82 65/98 65/87 52/64 65/82 61/81 65/79 65/92 66/86 63/85 53/67 62/79 67/90 67/98 65/81 65/90 69/98 54/67 71/105

15 61/75 67/95 61/80 62/74 65/88 51/60 65/84 60/71 61/86 63/79 67/87 69/87 73/96 72/93 69/87 69/87 62/84 67/91 64/87 72/110

16 63/87 69/101 34/42 68/97 65/91 66/85 36/45 66/82 61/76 63/88 35/44 68/84 69/101 66/81 37/45 66/82 67/100 70/93 36/46 69/104

17 68/93 69/98 61/77 66/89 68/98 60/79 66/85 51/61 66/88 61/82 64/90 63/78 68/105 70/87 69/87 72/93 72/93 68/87 70/87 71/97

18 67/95 69/92 63/92 67/88 66/95 61/77 62/88 65/82 52/65 66/89 64/100 62/81 68/99 65/78 61/77 62/78 68/97 53/64 69/96 61/77

19 65/89 68/95 63/77 68/95 64/89 63/78 63/84 59/80 67/84 49/63 66/87 65/101 61/76 60/78 63/82 65/84 73/102 69/87 72/93 72/93

20 57/72 67/96 35/44 71/100 64/93 66/82 36/45 67/90 63/88 67/85 38/48 67/90 65/97 64/87 37/46 65/79 70/102 69/88 37/46 69/112

21 65/86 65/77 64/79 68/97 54/62 66/87 59/74 62/79 64/86 63/101 67/84 53/65 68/83 65/97 64/83 59/75 67/96 63/79 54/64 70/87

22 66/97 56/75 67/96 68/84 62/81 70/94 65/93 62/78 69/92 61/74 65/98 68/83 62/81 68/82 66/96 62/87 63/87 65/87 60/81 66/83

23 66/89 66/81 66/81 68/90 69/91 71/97 62/76 66/82 66/89 62/77 63/92 65/95 69/84 60/75 68/85 65/102 65/91 59/80 67/91 62/77

24 67/96 66/94 36/45 66/90 69/97 67/91 37/46 68/87 64/85 65/86 37/47 65/93 66/101 70/89 40/50 70/87 68/98 66/92 37/48 68/92

25 64/84 69/94 67/85 67/86 71/96 69/89 64/80 70/94 59/78 58/72 60/72 63/78 59/75 65/96 70/90 60/81 70/91 66/96 67/92 60/67

26 65/87 66/86 67/95 54/68 66/92 63/79 68/100 70/92 65/90 66/83 62/78 65/79 67/93 61/77 66/93 71/94 58/73 71/95 66/95 68/92

27 69/92 66/93 64/94 69/94 68/94 68/91 70/89 66/86 52/61 67/95 64/101 61/74 68/99 61/74 63/81 65/97 72/98 50/63 72/100 66/96

28 65/88 69/89 36/45 65/95 55/69 64/88 37/47 67/82 67/95 70/101 37/47 55/67 66/95 68/98 39/48 62/83 67/98 72/100 42/52 74/107

29 69/98 64/81 66/100 65/85 71/95 71/95 68/89 71/99 60/84 70/96 68/108 67/88 63/89 62/75 66/84 61/74 65/86 67/98 74/103 51/64

30 58/74 69/97 62/89 65/79 65/96 52/66 63/92 63/77 65/89 67/90 56/70 67/96 67/99 61/76 61/83 65/87 64/86 64/91 67/96 75/113

31 69/104 62/80 68/99 71/95 68/89 71/95 71/95 71/89 73/94 69/94 67/105 70/102 61/76 60/85 58/80 61/79 69/91 60/75 66/97 67/93

32 65/90 70/104 35/44 67/95 70/99 63/92 38/47 63/89 67/91 63/87 37/46 70/96 70/104 66/81 35/42 59/73 65/93 70/100 37/47 67/108

33 68/98 57/76 67/97 65/90 69/89 68/89 72/95 72/95 70/89 70/89 69/99 67/95 60/82 67/84 67/98 56/76 67/94 63/82 69/92 58/72

34 69/96 70/101 62/80 67/83 67/101 60/81 65/91 53/65 65/96 60/70 66/99 65/81 70/108 70/96 60/94 60/76 64/87 63/79 64/93 68/92

35 65/83 62/80 70/104 64/77 55/69 69/89 67/89 73/95 73/95 68/89 70/89 57/68 61/75 71/101 71/103 64/83 62/78 61/74 59/76 64/78

36 69/98 71/95 37/45 70/91 68/98 62/79 37/47 64/86 54/67 65/98 38/48 64/86 71/102 66/96 40/49 66/92 69/99 56/70 39/48 62/82

37 64/85 63/86 71/103 63/89 67/85 67/88 71/95 70/89 74/95 73/95 70/89 72/93 64/82 65/83 70/101 69/98 62/80 59/74 60/78 65/84

38 65/91 68/93 61/86 71/97 68/93 65/91 65/92 62/75 64/89 50/66 64/97 61/81 65/89 63/83 61/89 69/95 72/106 66/82 60/81 61/78

39 62/83 64/88 68/97 55/68 70/93 63/85 69/101 72/98 69/90 74/95 74/95 70/89 72/94 67/95 68/95 65/86 58/72 65/96 69/96 63/79

40 56/69 63/78 37/46 72/103 63/78 67/82 38/47 64/79 64/89 65/91 40/50 66/97 63/88 64/77 38/48 64/82 72/105 70/102 39/50 62/78

41 58/85 66/87 69/101 62/79 71/100 60/72 67/95 62/82 71/89 68/90 74/95 74/95 69/90 71/89 62/74 65/93 60/78 69/97 71/102 65/91

42 62/89 62/75 61/85 68/96 54/68 68/90 62/82 65/89 65/89 61/76 66/89 53/64 67/91 63/75 65/85 63/80 68/100 65/85 56/72 67/95

43 60/79 61/79 67/96 63/75 72/104 63/77 67/87 65/85 61/79 70/89 69/90 74/95 75/95 69/89 70/89 63/81 63/86 66/93 71/103 70/102

44 66/95 59/76 38/48 70/92 63/89 71/97 38/48 61/79 69/95 63/81 39/49 66/85 65/84 67/85 39/49 64/76 67/96 61/76 39/49 70/97

45 63/77 61/77 64/90 64/83 69/98 54/67 68/93 63/77 53/70 66/92 70/89 70/89 75/95 74/95 69/89 70/89 65/93 56/70 68/97 65/86

46 67/92 59/79 62/89 64/83 67/94 71/100 62/78 67/82 68/92 62/78 65/100 59/76 67/87 61/77 67/90 57/68 66/98 62/74 66/96 65/81

47 66/90 61/85 61/78 66/89 67/83 63/84 71/100 61/73 57/72 65/89 66/95 71/89 68/89 75/95 75/95 69/89 72/92 65/84 63/80 59/77

48 64/86 61/82 34/41 64/77 67/100 69/93 39/49 69/90 66/86 64/92 38/50 64/77 63/87 68/96 42/52 67/93 61/83 66/82 41/52 64/85

49 69/93 64/78 59/76 61/79 58/75 61/82 72/99 64/82 68/86 65/87 68/102 59/70 71/93 68/89 75/95 75/95 69/89 71/89 60/75 67/96

50 57/72 64/80 57/80 60/77 67/99 67/83 63/83 72/97 61/84 60/76 59/77 64/84 62/88 59/74 68/88 59/83 69/87 58/70 64/84 64/79
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30 31 32 33 34 35 36 37 38 39 40 41 42 43 44 45 46 47 48 49 50

10 55/72 70/105 64/83 71/97 68/92 70/91 68/97 69/88 64/90 72/94 55/73 72/94 65/90 69/87 68/93 69/89 68/99 69/92 66/94 72/95 57/80

11 70/95 61/83 71/99 58/76 72/102 62/82 72/98 60/83 70/90 70/88 62/76 71/97 65/90 73/94 60/80 73/94 65/90 71/89 62/85 70/88 69/86

12 60/83 70/109 36/45 68/101 62/85 74/101 37/46 74/106 61/80 71/92 36/44 71/92 63/91 71/94 37/46 69/87 67/91 73/94 38/47 73/94 66/85

13 66/85 72/92 69/88 69/88 72/90 66/82 69/99 62/81 74/99 57/69 74/100 63/86 71/94 62/79 72/91 65/83 65/77 71/91 62/84 69/88 66/83

14 65/91 69/105 67/96 69/91 71/103 56/73 71/108 68/90 67/102 70/95 63/81 75/101 56/72 74/100 64/79 71/91 67/89 71/90 67/96 58/69 68/98

15 54/67 73/112 62/89 70/104 61/77 72/91 65/82 69/88 68/88 65/82 72/90 59/74 70/97 64/78 75/101 56/67 76/106 66/79 72/100 62/71 71/90

16 64/85 75/106 39/49 74/110 63/90 73/103 36/45 72/102 64/91 72/105 37/46 72/110 61/84 71/98 37/48 71/95 65/82 75/100 39/50 75/98 65/82

17 62/75 70/99 63/91 75/105 55/70 76/109 63/84 74/107 60/74 70/91 65/82 65/82 69/89 69/89 65/79 66/80 71/90 61/73 71/97 67/84 76/106

18 65/93 70/91 66/93 69/99 65/91 76/108 54/72 76/113 64/82 72/100 62/80 70/91 68/101 61/80 73/105 57/73 74/110 61/76 69/104 70/89 61/79

19 69/86 72/100 63/84 69/92 58/78 72/102 64/86 77/111 52/67 77/106 64/82 74/106 61/82 71/91 61/73 67/87 66/85 69/87 68/87 65/83 65/81

20 59/77 70/113 37/48 72/106 69/100 71/91 38/47 73/105 65/86 78/108 41/51 77/113 65/84 74/100 38/48 71/91 64/87 70/99 38/50 73/102 59/78

21 71/97 72/93 72/93 69/87 69/86 58/71 62/76 71/98 60/75 72/101 65/87 78/107 55/72 78/107 65/88 74/98 61/73 71/91 63/74 59/70 64/83

22 73/103 65/79 71/108 60/83 72/111 64/83 73/107 64/87 62/78 69/92 64/79 72/99 67/93 78/108 65/87 78/104 67/93 74/98 64/92 71/91 63/77

23 70/98 66/85 68/87 69/87 72/93 73/93 68/86 69/86 64/87 69/104 62/75 71/91 62/82 73/101 66/88 78/109 62/74 78/104 67/83 74/97 61/78

24 66/92 65/83 38/47 71/100 66/96 74/110 39/48 74/114 65/90 72/102 38/49 65/85 68/88 71/91 40/51 73/103 68/84 79/108 43/54 79/104 68/88

25 67/92 57/76 58/71 65/85 71/102 69/87 68/86 72/93 72/93 69/90 68/87 67/98 64/89 60/74 61/75 71/91 61/77 73/102 68/92 79/105 64/83

26 64/87 69/92 61/86 65/81 71/103 67/83 70/108 62/86 74/107 59/78 74/109 62/83 70/103 66/83 68/98 64/77 64/82 72/91 66/94 73/99 70/88

27 69/94 58/70 70/92 59/74 66/98 64/82 56/76 63/78 70/89 68/85 72/92 72/92 68/87 69/87 62/72 58/70 63/83 65/91 63/77 72/90 60/80

28 66/98 71/108 35/42 70/92 62/82 59/73 39/50 66/85 69/97 73/103 40/50 75/109 56/74 75/109 39/51 72/99 68/98 66/88 40/51 61/76 64/79

29 74/105 67/102 71/109 59/79 70/92 63/85 59/85 66/85 70/99 68/81 58/76 68/85 68/85 72/92 72/92 68/87 69/86 61/72 67/89 68/102 64/86

30 56/73 76/115 65/97 72/107 63/78 69/92 60/80 63/79 66/93 65/75 59/77 64/79 73/106 61/71 75/110 59/76 76/115 62/75 73/109 66/79 63/86

31 76/110 65/86 75/115 66/92 73/106 61/78 71/92 63/79 59/72 61/77 61/82 64/85 71/101 63/78 69/84 69/84 72/93 72/93 69/85 67/84 60/74

32 65/93 76/109 43/53 76/113 64/98 73/106 37/48 70/92 61/94 62/76 36/45 61/79 70/106 66/82 39/51 71/105 61/85 76/110 42/54 76/106 62/82

33 69/104 66/99 77/109 67/86 78/112 68/98 72/108 58/76 69/91 63/77 65/82 57/71 67/100 64/80 62/82 65/80 67/99 68/86 69/90 71/92 71/92

34 61/75 69/102 66/100 78/108 57/75 79/113 66/92 74/110 61/75 70/92 63/79 63/87 65/82 64/84 61/83 66/85 71/106 65/78 72/105 62/78 76/115

35 69/92 59/77 70/102 68/91 79/109 60/74 79/114 68/102 74/107 61/75 71/92 61/70 61/78 61/75 63/80 65/85 72/101 67/84 62/84 62/75 67/87

36 64/82 72/92 37/47 71/102 67/99 79/111 44/54 79/116 67/91 74/103 39/50 70/93 64/84 64/83 39/47 59/73 69/87 66/80 41/50 65/75 65/95

37 67/95 64/77 71/92 59/74 72/103 67/95 80/115 60/80 80/113 68/102 74/104 61/77 72/92 63/70 62/81 65/80 61/75 63/78 64/85 66/80 70/101

38 66/100 62/80 61/92 69/92 60/81 72/106 67/95 80/114 54/73 80/109 67/90 73/110 64/86 71/92 64/77 62/79 65/88 62/78 60/80 63/80 70/97

39 65/94 62/80 64/81 64/82 70/92 60/73 73/109 68/97 80/108 61/75 80/110 69/102 75/104 61/75 71/92 64/78 62/78 61/74 64/86 58/76 68/91

40 61/80 63/80 39/47 67/90 62/83 71/92 38/48 73/108 68/94 80/111 45/55 81/116 69/92 74/104 41/49 72/91 63/79 65/83 40/48 62/78 59/73

41 60/75 56/74 57/73 63/77 66/84 63/80 70/92 61/81 72/103 68/96 80/116 68/90 81/110 70/97 74/109 62/79 71/92 63/74 62/80 61/77 60/74

42 69/100 63/80 63/86 65/83 66/89 61/77 62/79 71/92 60/72 73/105 69/96 81/110 59/77 81/110 69/97 74/101 66/85 72/92 67/91 60/72 64/87

43 60/73 64/90 60/75 61/78 67/89 67/86 65/85 65/79 71/92 60/72 73/109 70/93 81/113 56/68 81/115 69/91 75/110 61/72 73/92 66/83 64/90

44 73/106 68/83 40/50 64/86 61/85 65/87 41/52 64/94 63/78 71/92 39/47 74/102 69/102 81/111 46/56 81/107 69/101 75/101 41/51 72/92 63/78

45 58/72 67/87 69/99 63/84 62/79 66/88 58/79 67/85 63/82 63/74 71/92 61/76 74/107 70/91 81/111 63/75 81/116 70/95 75/110 65/82 72/92

46 72/101 70/96 61/80 63/78 66/85 63/86 63/90 63/78 66/96 63/77 61/75 70/92 64/85 74/105 70/97 81/112 64/86 81/108 70/91 76/100 63/79

47 61/77 70/99 72/105 65/81 64/78 61/74 62/90 65/81 68/96 64/77 65/86 64/82 71/92 61/74 74/105 71/99 82/111 57/70 82/116 72/100 75/110

48 69/95 69/93 42/52 68/91 69/99 63/84 34/41 63/80 63/100 67/83 41/51 65/86 66/86 71/91 39/49 74/106 70/90 82/111 47/58 82/107 71/97

49 65/84 64/82 72/107 70/90 62/77 60/76 61/83 61/74 66/94 64/77 65/83 62/77 61/74 65/79 72/92 60/71 74/105 72/96 82/113 57/73 82/116

50 60/78 58/75 58/76 69/93 73/106 65/80 62/87 61/79 60/79 62/75 59/81 61/81 64/97 63/77 62/80 72/91 61/78 74/105 71/100 82/108 70/93
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harmoniques d’espace. PhD thesis, INPL, France, July 2004. 26

[118] Michel, J. Bobinage des machines tournantes courant alternatif. Techniques de l’Ingénieur, D 3 430.

17
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