
❈❊◆❚❘❊ ❉❊ ❘❊❈❍❊❘❈❍❊❙ ❆❙❚❘❖P❍❨❙■◗❯❊❙ ❉❊ ▲❨❖◆

▲❆❇❖❘❆❚❖■❘❊ ❆▼P➮❘❊✱ ➱❈❖▲❊ ❈❊◆❚❘❆▲❊ ❉❊ ▲❨❖◆

➱❈❖▲❊ ❉❖❈❚❖❘❆▲❊ ➱▲❊❈❚❘❖◆■◗❯❊✱
➱▲❊❈❚❘❖❚❊❈❍◆■◗❯❊✱ ❆❯❚❖▼❆❚■◗❯❊ ❉❊ ▲❨❖◆

❚❤ès❡ ♣rés❡♥té❡ ♣❛r

❈❧é♠❡♥t✐♥❡ ❇é❝❤❡t

♣♦✉r ♦❜t❡♥✐r ❧❡ ❣r❛❞❡ ❞❡

❉♦❝t❡✉r ❞❡ ❧✬➱❝♦❧❡ ❈❡♥tr❛❧❡ ❞❡ ▲②♦♥

❈♦♠♠❛♥❞❡ ♦♣t✐♠❛❧❡ r❛♣✐❞❡

♣♦✉r ❧✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡

❞❡s ❢✉t✉rs té❧❡s❝♦♣❡s ❤❡❝t♦♠étr✐q✉❡s

❏✉r② ✿

●ér❛r❞ ❘♦✉ss❡t ❘❛♣♣♦rt❡✉r
❏❡❛♥✲❋r❛♥ç♦✐s ●✐♦✈❛♥♥❡❧❧✐ ❘❛♣♣♦rt❡✉r
❍❡♥r✐✲❋r❛♥ç♦✐s ❘❛②♥❛✉❞ ❊①❛♠✐♥❛t❡✉r
❏❡❛♥✲P✐❡rr❡ ❱ér❛♥ ❊①❛♠✐♥❛t❡✉r
➱r✐❝ ❇❧❛♥❝♦ ❊①❛♠✐♥❛t❡✉r
●ér❛r❞ ❚❤♦♠❛s ❉✐r❡❝t❡✉r ❞❡ t❤ès❡
▼✐❝❤❡❧ ❚❛❧❧♦♥ ❉✐r❡❝t❡✉r ❞❡ t❤ès❡

❆♥♥é❡ ✷✵✵✽



✷

❘és✉♠é ✿
▲❡ ♥♦♠❜r❡ ❞❡ ❞❡❣rés ❞❡ ❧✐❜❡rté à ❝♦♥trô❧❡r ❞❛♥s ✉♥ s②stè♠❡ ❞✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡

✭❖❆✮ ♣❛ss❡ ❞❡ q✉❡❧q✉❡s ❝❡♥t❛✐♥❡s ♣♦✉r ❧❡s ❣r❛♥❞s té❧❡s❝♦♣❡s ❛❝t✉❡❧s à ♣❧✉s✐❡✉rs ♠✐❧✲
❧✐❡rs ♣ré✈✉s s✉r ❧❡s ❢✉t✉rs té❧❡s❝♦♣❡s ❞❡ ✸✵ à ✶✵✵ ♠ètr❡s ❞❡ ❞✐❛♠ètr❡✳ ▲❛ ♠ét❤♦❞❡ ❞❡
❝♦♠♠❛♥❞❡ ❞❡ ❝❡tt❡ ❖❆ ❞♦✐t êtr❡ r❡♣❡♥sé❡ à ❧❛ ❢♦✐s ♣♦✉r êtr❡ ❡♥ ❛❞éq✉❛t✐♦♥ ❛✈❡❝ ❧❡s
♥♦✉✈❡❛✉① ❝r✐tèr❡s ❞❡ ♣❡r❢♦r♠❛♥❝❡ ❡t ♣♦✉r ♣♦✉✈♦✐r ❡st✐♠❡r ✉♥ s✐ ❣r❛♥❞ ♥♦♠❜r❡ ❞❡ ♣❛r❛✲
♠ètr❡s ❡♥ t❡♠♣s ré❡❧✳ ❏❡ ♠♦♥tr❡ ❞✬❛❜♦r❞ q✉✬✐❧ ❡st ♣♦ss✐❜❧❡ ❞✬❛♠é❧✐♦r❡r ❧✬❡st✐♠❛t✐♦♥ ❞❡
❧❛ ❞é❢♦r♠❛t✐♦♥ ❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡✱ ❞✬✉♥ ❢❛❝t❡✉r ✷ s✉r ❧❛ ✈❛r✐❛♥❝❡ ❞❡ ❧✬❡rr❡✉r✱ ❡♥ t❡♥❛♥t
❝♦♠♣t❡ ❞❡ ❝♦♥♥❛✐ss❛♥❝❡s ❛ ♣r✐♦r✐ s✉r ❧❛ st❛t✐st✐q✉❡ ❞❡ ❧❛ t✉r❜✉❧❡♥❝❡ ❛t♠♦s♣❤ér✐q✉❡
❡t ❝❡✱ t♦✉t ❡♥ ✉t✐❧✐s❛♥t ✉♥ ❛❧❣♦r✐t❤♠❡ r❛♣✐❞❡ ❛❞❛♣té ❛✉① ❣r❛♥❞s s②stè♠❡s✳ ❊♥s✉✐t❡✱
❧✬♦♣t✐♠✐s❛t✐♦♥ ❞✬✉♥ ❝r✐tèr❡ ❡♥ ❜♦✉❝❧❡ ❢❡r♠é❡ ♠❡ ❝♦♥❞✉✐t à ✉♥❡ ❝♦♠♠❛♥❞❡ ♦♣t✐♠❛❧❡
♣❛r ♠♦❞è❧❡ ✐♥t❡r♥❡✱ ❛♣♣❧✐❝❛❜❧❡ ❡♥ t❡♠♣s ré❡❧ s✉r ✉♥ té❧❡s❝♦♣❡ ❤❡❝t♦♠étr✐q✉❡ ❣râ❝❡ à
❧✬❛❧❣♦r✐t❤♠❡ r❛♣✐❞❡ ❝✐té ♣ré❝é❞❡♠♠❡♥t✳ ▲❛ r♦❜✉st❡ss❡ ❞❡ ❝❡tt❡ ♥♦✉✈❡❧❧❡ ♠ét❤♦❞❡ ❞❡
❝♦♠♠❛♥❞❡ ❛ ❡♥✜♥ été é♣r♦✉✈é❡ s✉r ✉♥ s✐♠✉❧❛t❡✉r ❝♦♠♣❧❡t ❞✬❖❆ ❡t s❡s ♣❡r❢♦r♠❛♥❝❡s
♦♥t été ❝♦♠♣❛ré❡s à ❞✬❛✉tr❡s ❛♣♣r♦❝❤❡s✳

❆❜str❛❝t ✿
❚❤❡ ♥✉♠❜❡r ♦❢ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ t♦ ❜❡ ❝♦♥tr♦❧❧❡❞ ✐♥ ❛♥ ❆❞❛♣t✐✈❡ ❖♣t✐❝s ✭❆❖✮

s②st❡♠ ✐s ❡✈♦❧✈✐♥❣ ❢r♦♠ ❛ ❢❡✇ ❤✉♥❞r❡❞s ♦♥ t❤❡ ❝✉rr❡♥t t❡❧❡s❝♦♣❡s t♦ s❡✈❡r❛❧ t❤♦✉s❛♥❞s
❢♦r❡s❡❡♥ ♦♥ t❤❡ ❝♦♠✐♥❣ ❡①tr❡♠❡❧② ❧❛r❣❡ t❡❧❡s❝♦♣❡s ✇✐t❤ ❞✐❛♠❡t❡rs ♦❢ ♦r❞❡r ✸✵ t♦ ✶✵✵
♠❡t❡rs✳ ❚❤❡ ❝♦♥tr♦❧ str❛t❡❣✐❡s s❤♦✉❧❞ ❜❡ ❛❞❛♣t❡❞ ❜♦t❤ t♦ ❝♦♠♣❧② ✇✐t❤ t❤❡ ♥❡✇ ♣❡r❢♦r✲
♠❛♥❝❡ ❝r✐t❡r✐❛ ❛♥❞ t♦ ❡♥❛❜❧❡ r❡❛❧✲t✐♠❡ ❡st✐♠❛t✐♦♥ ♦❢ s✉❝❤ ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ♣❛r❛♠❡t❡rs✳
❋✐rst✱ ■ ❞❡♠♦♥str❛t❡ t❤❡ q✉❛♥t✐t❛t✐✈❡ ✐♠♣r♦✈❡♠❡♥t ♦❢ t❤❡ ❡st✐♠❛t✐♦♥✱ ❛ ❢❛❝t♦r ♦❢ ✷ ♦♥
❡rr♦r ✈❛r✐❛♥❝❡✱ ❛✈❛✐❧❛❜❧❡ ✇❤❡♥ ✐♥s❡rt✐♥❣ ♣r✐♦rs ❛❜♦✉t t✉r❜✉❧❡♥❝❡ st❛t✐st✐❝s✱ ❡✈❡♥ ✇✐t❤ ❛
❢❛st ❛❧❣♦r✐t❤♠ ❞❡s✐❣♥❡❞ ❢♦r ❧❛r❣❡ s②st❡♠s✳ ◆❡①t✱ t❤❡ ♦♣t✐♠✐s❛t✐♦♥ ♦❢ ❛ ❝❧♦s❡❞✲❧♦♦♣ ❝r✐✲
t❡r✐♦♥ ❧❡❛❞s t♦ ❛♥ ♦♣t✐♠❛❧ ❧❛✇ ✇✐t❤ ❛♥ ✐♥t❡r♥❛❧ ♠♦❞❡❧ ❝♦♥tr♦❧✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ ✐♥
r❡❛❧ t✐♠❡ t❤❛♥❦s t♦ t❤❡ s❛♠❡ ❢❛st ❛❧❣♦r✐t❤♠✳ ❚❤❡ r♦❜✉st♥❡ss ♦❢ t❤✐s ♥❡✇ ❝♦♥tr♦❧ ♠❡t❤♦❞
✐s ✜♥❛❧❧② ❝❤❡❝❦❡❞ ♦♥ ❛♥ ❡♥❞✲t♦✲❡♥❞ ❆❖ s✐♠✉❧❛t♦r ❛♥❞ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ✐s ❝♦♠♣❛r❡❞ t♦
♦t❤❡r ❛♣♣r♦❛❝❤❡s✳



✸

■❧ ❢❛❧❧❛✐t êtr❡ ◆❡✇t♦♥ ♣♦✉r s✬❛♣❡r❝❡✈♦✐r q✉❡ ❧❛ ▲✉♥❡ t♦♠❜❡
q✉❛♥❞ t♦✉t ❧❡ ♠♦♥❞❡ ✈♦✐t ❜✐❡♥ q✉✬❡❧❧❡ ♥❡ t♦♠❜❡ ♣❛s✳

▼é❧❛♥❣❡✱
P❛✉❧ ❱❛❧ér②



✹



✺

❘❡♠❡r❝✐❡♠❡♥ts

▼❡s ♣r❡♠✐❡rs r❡♠❡r❝✐❡♠❡♥ts s♦♥t ❛❞r❡ssés ❛✉① ❝❤❡r❝❤❡✉rs s♦✉s t♦✉t❡s ❧❡✉rs ❢♦r♠❡s✱
♣❧✉s ♣❛rt✐❝✉❧✐èr❡♠❡♥t à ❝❡✉① q✉❡ ❥✬❛✐ ❝r♦✐sés ❛✉ ❝♦✉rs ❞❡ ♠❛ ♣❡t✐t❡ ✈✐❡ ❡t q✉✐ ♦♥t s✉ ♠❡
❝♦♠♠✉♥✐q✉❡r ❧❡✉r ♣❛ss✐♦♥✳ P♦✉r ♠♦✐✱ ❝♦♠♠❡ ♣♦✉r ❜❡❛✉❝♦✉♣ ❞❡ ❥❡✉♥❡s✱ ✐❧s ❥♦✉❡♥t ✉♥
rô❧❡ ❡ss❡♥t✐❡❧ ♣♦✉r ♥♦✉s ❞♦♥♥❡r ❡♥✈✐❡ ❞❡ ❝♦♠♣r❡♥❞r❡ ❧❡ ♠♦♥❞❡✳

P❧✉s ♣❡rs♦♥♥❡❧❧❡♠❡♥t✱ ❥❡ s✉✐s très r❡❝♦♥♥❛✐ss❛♥t❡ ❡♥✈❡rs ▼✐❝❤❡❧ ❚❛❧❧♦♥ q✉✐ ❛ s✉♣❡r✲
✈✐sé ♠❡s tr❛✈❛✉① ❞❡ r❡❝❤❡r❝❤❡ ❞❡ ♣rès ♣❡♥❞❛♥t ❝❡s tr♦✐s ❛♥s✳ ❏✬❛✐ ❜❡❛✉❝♦✉♣ ❛♣♣ré❝✐é ❧❛
❝♦♥✜❛♥❝❡ q✉✬✐❧ ♠✬❛ ❛❝❝♦r❞é❡ ❡t ❧❛ ❧✐❜❡rté ❞✬♦r✐❡♥t❛t✐♦♥ q✉✬✐❧ ♠✬❛ ❧❛✐ssé❡✳ ❏✬❛❞♠✐r❡ ❧❛ ♣ré✲
❝✐s✐♦♥ ❞❡ s❡s r❛✐s♦♥♥❡♠❡♥ts✱ q✉✐ ❛ s✉ ❜✐❡♥ ❞❡s ❢♦✐s r❡❞r❡ss❡r ♠❛ ❞é♠❛r❝❤❡✳ ❏❡ r❡♠❡r❝✐❡
é❣❛❧❡♠❡♥t ➱r✐❝ ❚❤✐é❜❛✉t ♣♦✉r ❧✬é♥❡r❣✐❡ q✉✬✐❧ ❛ ❞é♣❧♦②é ♣♦✉r q✉❡ ❥❡ ❢❛ss❡ ♠❡s ♣r❡♠✐❡rs
♣❛s ❡♥ ♦♣t✐♠✐s❛t✐♦♥✳ ▲❛ r❛♣✐❞✐té ❞❡ s❡s r❛✐s♦♥♥❡♠❡♥ts ❡t s❡s ✐❞é❡s t♦✉❥♦✉rs ♥♦✈❛tr✐❝❡s
❝♦♥st✐t✉❡♥t ✉♥❡ s♦✉r❝❡ ❞❡ ♠♦t✐✈❛t✐♦♥ s❛♥s ✜♥✳ ❆✈❡❝ ➱r✐❝✱ ✐❧ ❡st t♦✉❥♦✉rs q✉❡st✐♦♥ ❞✬✉♥❡
♥♦✉✈❡❧❧❡ ✐❞é❡✳ ❏❡ r❡st❡ ✐♠♣r❡ss✐♦♥♥é❡ ♣❛r ❧❛ ✈✐t❡ss❡ à ❧❛q✉❡❧❧❡ ✐❧ ❡st ❝❛♣❛❜❧❡ ❞❡ ♥♦✐r❝✐r
❧❡s ❞❡✉① t❛❜❧❡❛✉① ❞✉ ❝♦✉❧♦✐r ♣♦✉r é❧❛❜♦r❡r ✉♥❡ ♥♦✉✈❡❧❧❡ str❛té❣✐❡✳ ❏❡ ❣❛r❞❡ ❛✉ss✐ ❞❡
♠é♠♦r❛❜❧❡s s♦✉✈❡♥✐rs ❞❡s ❞✐s❝✉ss✐♦♥s ❞❡ ♥♦✉✈❡❧❧❡s ♣✐st❡s ❞❡ r❡❝❤❡r❝❤❡ ❡♥ ✈♦✐t✉r❡ ❧❡ s♦✐r
♣♦✉r r❡❣❛❣♥❡r ▲②♦♥ ❧♦rsq✉❡ ❥❡ ♥✬❛✈❛✐s ♣❧✉s ❧❡ ❝♦✉r❛❣❡ ❞❡ ♣r❡♥❞r❡ ❧❡ ✈é❧♦✳

●ér❛r❞ ❚❤♦♠❛s ❛ ❧✉✐ ❛✉ss✐ ❞✉ ♠ér✐t❡ ❞❛♥s ❝❡tt❡ ❛✛❛✐r❡✳ ❏✬❡♥ ❛✐ ♣♦✉r ♣r❡✉✈❡ s♦♥
é♠ér✐t❛t ♦❜t❡♥✉ ❡♥ ✷✵✵✼✱ ♠❛✐s ❛✉ss✐ ❧❡ ❢❛✐t q✉✬✐❧ ❛✐t ❛❝❝❡♣té ❞❡ ❞✐r✐❣❡r ♠❡s tr❛✈❛✉①
♣❡♥❞❛♥t ❝❡s tr♦✐s ❛♥s✱ ❛✈❡❝ s♦♥ ♦❡✐❧ ❝r✐t✐q✉❡ ❞✬❛✉t♦♠❛t✐❝✐❡♥✳ ❏❡ ❧✉✐ s✉✐s ❡①trê♠❡♠❡♥t
r❡❝♦♥♥❛✐ss❛♥t❡ ❞✉ t❡♠♣s q✉✬✐❧ ♠✬❛ ❛❝❝♦r❞é ❡t ❞❡ ❧❛ ♣❛t✐❡♥❝❡ ❞♦♥t ✐❧ ❛ ❢❛✐t ♣r❡✉✈❡ ❢❛❝❡
à ♠♦♥ ✐❣♥♦r❛♥❝❡ ❡♥ ❛✉t♦♠❛t✐q✉❡✳ ❈❡ ❢✉t ♥♦t❛♠♠❡♥t ✉♥ ré❡❧ ♣❧❛✐s✐r ❞❡ ♣♦✉✈♦✐r✱ ❛✈❡❝
➱r✐❝ ❇❧❛♥❝♦ ❡t ●ér❛r❞✱ tr♦✉✈❡r ✉♥ t❡rr❛✐♥ ❞✬❡♥t❡♥t❡ s❝✐❡♥t✐✜q✉❡ ♠❛❧❣ré ❧❡s ❢♦ssés ❞❡
✈♦❝❛❜✉❧❛✐r❡ ❡①✐st❛♥t ❡♥tr❡ ❧❡s ❛str♦♥♦♠❡s ❡t ❧❡s ❛✉t♦♠❛t✐❝✐❡♥s✳ ❏❡ ❧❡s r❡♠❡r❝✐❡ ❞❡ ❧❡✉r
♦✉✈❡rt✉r❡ ❞✬❡s♣r✐t ❡t ❥❡ s♦✉❤❛✐t❡ à ●ér❛r❞ ✉♥❡ très ❛❣ré❛❜❧❡ r❡tr❛✐t❡ ✦

▼❡s ❞❡✉① r❛♣♣♦rt❡✉rs✱ ●ér❛r❞ ❘♦✉ss❡t ❡t ❏❡❛♥✲❋r❛♥ç♦✐s ●✐♦✈❛♥♥❡❧❧✐✱ ♦♥t ❢❛✐t ♣r❡✉✈❡
❞✬✉♥ ❣r❛♥❞ ❝♦✉r❛❣❡ ♣♦✉r ✐♥❣✉r❣✐t❡r ❝❡ ♠❛♥✉s❝r✐t ❞♦♥t ❥✬❡st✐♠❡ ❧❛ ❧❡❝t✉r❡ ♣❡✉ ❞✐❣❡st❡✳
❏✬❛✐ ❛♣♣ré❝✐é ❧❡✉rs ❝♦♠♠❡♥t❛✐r❡s ❝♦♥str✉❝t✐❢s✳ ❏❡ s❛❧✉❡ ♣❛rt✐❝✉❧✐èr❡♠❡♥t ❧✬❤❛❜✐❧❡té ❞❡
❏❡❛♥✲❋r❛♥ç♦✐s ♣♦✉r ♠✬♦✉✈r✐r ❧❡s ②❡✉① s✉r ❞❡s ♣✐st❡s ❞❡ r❡❝❤❡r❝❤❡ s✉❜✈❡rs✐✈❡s✳

❏❡ t✐❡♥s é❣❛❧❡♠❡♥t à r❡♠❡r❝✐❡r ❏❡❛♥✲P✐❡rr❡ ❱ér❛♥ ♣♦✉r ❛✈♦✐r ❛❝❝❡♣té ❞❡ ❥✉❣❡r ♠♦♥
tr❛✈❛✐❧ ❡t ♣❛rt✐❝✉❧✐èr❡♠❡♥t ♠❛ s♦✉t❡♥❛♥❝❡ à tr❛✈❡rs ✉♥❡ ✈✐❞é♦✲❝♦♥❢ér❡♥❝❡ ❞❡ ❢♦rt✉♥❡✱
❛✉ ♣❡t✐t ❥♦✉r✳ ❉❡ ♠ê♠❡✱ ❥❡ s✉✐s très ❤❡✉r❡✉s❡ q✉✬❍❡♥r✐✲❋r❛♥ç♦✐s ❘❛②♥❛✉❞ ❛✐t ❛❝❝❡♣té
❞✬❡①❛♠✐♥❡r ♠♦♥ tr❛✈❛✐❧✳ ❏✬❛✐ s❛♥s ❞♦✉t❡ ❡✉ t♦rt✱ ❝♦♠♠❡ ✐❧ ♠❡ ❧✬❛ ❢❛✐t r❡♠❛rq✉é✱ ❞❡
♣❧❛❝❡r ❞❛♥s ❧✬✐♥t✐t✉❧é ❞❡ ♠♦♥ ♠❛♥✉s❝r✐t ❧✬❡①♣r❡ss✐♦♥ ❝♦♠♠❛♥❞❡ ♦♣t✐♠❛❧❡✳ ❏✬❛✐ t♦✉t❡❢♦✐s
s♦✉❤❛✐té ❝♦♥s❡r✈❡r ❝❡ t✐tr❡ ♣❛r❝❡ q✉❡ ❥❡ ♣❡♥s❡ q✉✬✐❧ ❡st ré✈é❧❛t❡✉r ❞✉ ❢❛✐t q✉✬✐❧ ❡①✐st❡
❛✉t❛♥t ❞❡ ❢❛ç♦♥ ❞✬êtr❡ ♦♣t✐♠❛❧✱ q✉✬✐❧ ❡①✐st❡ ❞✬❤②♣♦t❤ès❡s ❡t ❞✬♦❜❥❡❝t✐❢s ❞é✜♥✐ss❛❜❧❡s✳

▼♦♥ tr❛✈❛✐❧✱ ❞✉r❛♥t ❝❡s tr♦✐s ❛♥♥é❡s✱ ❛ été ❡♥r✐❝❤✐ ❞❡ ♠✉❧t✐♣❧❡s ❞✐s❝✉ss✐♦♥s✱ ❛✈❡❝
❞❡s ❣❡♥s q✉✐ ♠✬♦♥t ♣❡r♠✐s ❞❡ ❝♦♠♣r❡♥❞r❡ ❞❛✈❛♥t❛❣❡ t♦✉t❡ ❧❛ ❝♦♠♣❧❡①✐té ❞❡ ❧✬♦♣t✐q✉❡
❛❞❛♣t❛t✐✈❡✳ ❈❛r❧♦s ❈♦rr❡✐❛ s✬❡st ♠♦♥tré t♦✉❥♦✉rs à ❧✬é❝♦✉t❡ ❡t ❞✐s♣♦sé à é❝❧❛✐r❝✐r ❞❡s
③♦♥❡s ❞✬♦♠❜r❡s✳ ❏✬❛✐ ❛✉ss✐ ♣✉ r❡♥❝♦♥tr❡r✱ à ❧✬❖◆❊❘❆✱ ❏❡❛♥✲▼❛r❝ ❈♦♥❛♥ ❡t ❈②r✐❧ P❡t✐t✱
❡t ❛✐♥s✐ q✉❡ ❈❛r♦❧✐♥❡ ❑ü❧❝sár✱ ❛✉ ▲✷❚■✱ q✉✐ s♦♥t t♦✉❥♦✉rs ❞✐s♣♦♥✐❜❧❡s ♣♦✉r ❝♦♥✈❡rs❡r ❡t
❛✉♣rès ❞❡sq✉❡❧s ❥✬❛✐ ❛♣♣r✐s ❜❡❛✉❝♦✉♣✳

❏❡ t✐❡♥s é❣❛❧❡♠❡♥t à r❡♠❡r❝✐❡r ▼✐s❦❛ ▲❡ ▲♦✉❛r♥✱ ❞❡ ❧✬❊✉r♦♣❡❛♥ ❙♦✉t❤❡r♥ ❖❜s❡r✲
✈❛t♦r②✱ ♣♦✉r ❛✈♦✐r ♣r✐s ❧❡ t❡♠♣s ❞❡ ♠❡ ♣rés❡♥t❡r s♦♥ s✐♠✉❧❛t❡✉r ♥♦♠♠é ❖❝t♦♣✉s ❡t
♠✬❛✈♦✐r ♣❡r♠✐s ❞❡ t❡st❡r ♠❡s ❛❧❣♦r✐t❤♠❡s ❞❡ss✉s✳ ❏❡ ❧✉✐s s✉✐s très r❡❝♦♥♥❛✐ss❛♥t❡ ❞✉
t❡♠♣s q✉✬✐❧ ❛ ♣❛ssé ✭❡t q✉✬✐❧ ♣❛ss❡ ❡♥❝♦r❡✮ à ré♣♦♥❞r❡ ♣❛t✐❡♠♠❡♥t à ♠❛ ❧✐st❡ ✐♥✜♥✐❡ ❞❡
q✉❡st✐♦♥s ❝♦♥❝❡r♥❛♥t ❧✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡✳ ▲♦rs ❞❡ ❝❡tt❡ ❡①♣ér✐♠❡♥t❛t✐♦♥ s✉r ❧❡ s✐♠✉✲



✻

❧❛t❡✉r ❖❝t♦♣✉s✱ ❥✬❛✐ ❛♣♣ré❝✐é ❞❡ tr❛✈❛✐❧❧❡r ❛✈❡❝ ■❝✐❛r ▼♦♥t✐❧❧❛✱ s❛♥s q✉✐ ❧❛ ❝♦♠♣❛r❛✐s♦♥
❞❡s tr♦✐s ❛❧❣♦r✐t❤♠❡s ❝♦♥t❡♥✉❡ à ❧❛ ✜♥ ❞❡ ❝❡ ♠❛♥✉s❝r✐t ♥✬❡①✐st❡r❛✐t ♣❛s✳

➱tr❛♥❣❡♠❡♥t✱ ❥❡ s♦✉❤❛✐t❡ ❛✉ss✐ r❡♠❡r❝✐❡r ✉♥ ✐♥tr✉s ❞❛♥s ❝❡ ♠♦♥❞❡ ❞✬♦♣t✐q✉❡ ❛❞❛♣✲
t❛t✐✈❡✳ ■❧ s✬❛❣✐t ❞❡ ❋r❛♥ç♦✐s ❉♦ré✱ q✉✐ ❛ ❡✉ ❧❛ s②♠♣❛t❤✐❡ ❞❡ r❡t❛r❞❡r s❛ ré❞❛❝t✐♦♥ ♣♦✉r
❛❝❤❡✈❡r s❛ t❤ès❡ ❡♥ ♠ê♠❡ t❡♠♣s q✉❡ ♠♦✐✳ ❊t ♠ê♠❡ s✐ ❝❡ ♥✬❡st q✉❡ ❝♦ï♥❝✐❞❡♥❝❡✱ ❧❡s
❞✐s❝✉ss✐♦♥s ❝♦♥❝❡r♥❛♥t ♥♦s r❡❝❤❡r❝❤❡s r❡s♣❡❝t✐✈❡s ❡t ♥♦s ♣❡rs♣❡❝t✐✈❡s ♠✬♦♥t ❜❡❛✉❝♦✉♣
❛♣♣♦rté✳

❊t s✐ t♦✉s ❝❡s ❣❡♥s ♠✬♦♥t ❛✐❞é ❞❛♥s ♠♦♥ tr❛✈❛✐❧ ❞❡ r❡❝❤❡r❝❤❡✱ ✐❧s s♦♥t é❣❛❧❡♠❡♥t
♥♦♠❜r❡✉① à ♠✬❛✈♦✐r ❛❝❝♦♠♣❛❣♥é❡ ❛✉ q✉♦t✐❞✐❡♥ ❡t à ❛✈♦✐r tr❛♥s❢♦r♠é ❝❡s tr♦✐s ❛♥♥é❡s
❡♥ ✉♥❡ ❡①♣ér✐❡♥❝❡ ♠é♠♦r❛❜❧❡✳ ▲❡s ❢♦✉s r✐r❡s✱ ❧❡s ❞é❝❤❛r❣❡s ❡①♣❧♦s✐✈❡s ❡t ❧❡s é♠♦t✐♦♥s
❢♦rt❡s s♦♥t ♠♦♥♥❛✐❡ ❝♦✉r❛♥t❡ ❛✉ s❡✐♥ ❞❡ ❧✬éq✉✐♣❡ ❆■❘■✳ ❈❤❛❝✉♥ ② ❝♦♥tr✐❜✉❡ à s❛ ❢❛ç♦♥ ✿
❋r❛♥ç♦✐s❡✱ ■s❛❜❡❧❧❡✱ ❘❡♥❛✉❞✱ ▼✐❝❤❡❧✱ ➱r✐❝✱ P❛✉❧✱ ❋❡rré♦❧ ❡t ❳❛✈✐❡r✳ ❏❡ ♠❡ ♣❡r♠❡ts ♠ê♠❡
❞✬✐♥❝❧✉r❡ ▼❛❣❛❧✐ à ❝❡tt❡ ❧✐st❡ ♣♦✉r t♦✉s ❧❡s ❡✛♦rts q✉✬❡❧❧❡ ❛ ❢❛✐t ❡♥ s✉♣♣♦rt❛♥t ♠❡s
❝❛♣r✐❝❡s ❞❡ ❝②❝❧✐st❡ ❡t ♣♦✉r ♦s❡r ♣é♥étr❡r ré❣✉❧✐èr❡♠❡♥t ❧❡ ❜♦✉t ❞✉ ❝♦✉❧♦✐r ❆■❘■❡♥ ✦ ❏❡
r❡♠❡r❝✐❡ t♦✉s ❧❡s ❛♠✐s q✉❡ ❥✬❛✐ ❡✉ ❧❛ ❝❤❛♥❝❡ ❞❡ r❡♥❝♦♥tr❡r à ❧✬❖❜s❡r✈❛t♦✐r❡ ❞❡ ▲②♦♥✱ ❡t
❛✈❡❝ q✉✐ ❥✬❛✐ ♣❛rt❛❣é ♣❛rt✐❡s ❞❡ ✈♦❧❧❡②✱ r❛♥❞♦♥♥é❡s à s❦✐✱ ❝♦✉rs❡s ❣❧❛❝✐❛✐r❡s ❡t s✉rt♦✉t ❧❡
❝❤❛❧❧❡♥❣❡ ❞♦♠✐❝✐❧❡✲tr❛✈❛✐❧ à ✈é❧♦ s♦✉s ❧❛ ♣❧✉✐❡ ❡♥ ❛✉t♦♠♥❡ ✦

❈❡ s♦♥t ❝❡s ♣❡t✐ts ♣❧❛✐s✐rs q✉✐ ❛✐❞❡♥t à ❛✛r♦♥t❡r ❧❡ r❡st❡✳
❏❡ t✐❡♥s é❣❛❧❡♠❡♥t à r❡♠❡r❝✐❡r ♠❛ ❢❛♠✐❧❧❡ ❡t ♠❡s ❛♠✐s ❞❡ ▲②♦♥ ❡t ❞❡ ◆❛✈❛rr❡✱ ♣♦✉r

❧❡✉r ♣rés❡♥❝❡ à t♦✉t❡s ❧❡s ❜♦♥♥❡s ♦❝❝❛s✐♦♥s✳ ❊♥✜♥✱ ❥❡ r❡♠❡r❝✐❡ ❝❡❧✉✐ q✉✐ ❛ ❞û s♦✉✛r✐r ❧❡
♣❧✉s ❞❡ ♠♦♥ ♠❛♥q✉❡ ❞❡ ❞✐s♣♦♥✐❜✐❧✐té✱ ❞❡ ♠❡s ❧♦♥❣✉❡s ❛❜s❡♥❝❡s ❛✉t❛♥t q✉❡ ❥✬❛✐ ❡♥❞✉ré
❧❡s s✐❡♥♥❡s✳ ▼❡r❝✐ ❆❧❜❡rt♦ ❞❡ ♠✬❛✈♦✐r ❛❝❝♦♠♣❛❣♥é❡ s✉r ❝❡tt❡ ✈♦✐❡✱ ♣♦✉r ✉♥❡ ♦✉✈❡rt✉r❡
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✺✳✶ ▲❛ ♠♦❞é❧✐s❛t✐♦♥ ❞✉ s②stè♠❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✼

✺✳✶✳✶ ▲❛ st❛t✐st✐q✉❡ ❞❡s ❡rr❡✉rs ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✽
✺✳✶✳✷ ▲❛ st❛t✐st✐q✉❡ ❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ t✉r❜✉❧❡♥t❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✽
✺✳✶✳✸ ❘❡t♦✉r à ❧✬éq✉❛t✐♦♥ ❞❡ ♠❡s✉r❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✽

✺✳✷ ▲❡ ❝r✐tèr❡ ❞❡ r❡❝♦♥str✉❝t✐♦♥ ❡t ❧❡s r❡❝♦♥str✉❝t❡✉rs ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✾
✺✳✸ ❆rt✐❝❧❡ ❇é❝❤❡t ❡t ❛❧✳ ❏❖❙❆ ❆✳ ✷✵✵✾ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✶
✺✳✹ ▲❛ ❝♦♠♣❛r❛✐s♦♥ t❤é♦r✐q✉❡ ❞❡s ❡rr❡✉rs ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✹

✺✳✹✳✶ ▲❡ r❡❝♦♥str✉❝t❡✉r RKL ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✹
✺✳✹✳✷ ▲❡ r❡❝♦♥str✉❝t❡✉r RMAP ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✺
✺✳✹✳✸ ▲❡ r❡❝♦♥str✉❝t❡✉r RMNML ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✺
✺✳✹✳✹ ❙②♥t❤ès❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✺

✺✳✺ ❈♦♥❝❧✉s✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✻

✻ ▲❡s ❛❧❣♦r✐t❤♠❡s r❛♣✐❞❡s ❞❡ r❡❝♦♥str✉❝t✐♦♥ ✶✶✾
✻✳✶ ▲❛ r❡❝♦♥str✉❝t✐♦♥ ♣❛r ❚r❛♥s❢♦r♠é❡ ❞❡ ❋♦✉r✐❡r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✶
✻✳✷ ▲✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ C−1

w ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✷
✻✳✷✳✶ ▲✬❛♣♣r♦①✐♠❛t✐♦♥ ❞✐❛❣♦♥❛❧❡ ❞❛♥s ❧❡ ❞♦♠❛✐♥❡ ❞❡ ❋♦✉r✐❡r ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✸
✻✳✷✳✷ ▲✬❛♣♣r♦①✐♠❛t✐♦♥ ❝r❡✉s❡ ♣❛r ❧❡ ▲❛♣❧❛❝✐❡♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✸
✻✳✷✳✸ ▲✬❛♣♣r♦①✐♠❛t✐♦♥ ❢r❛❝t❛❧❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✸

✻✳✸ ▲❛ ❢❛❝t♦r✐s❛t✐♦♥ ❞❡ ❈❤♦❧❡s❦② ❝r❡✉s❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✸
✻✳✹ ▲❡s ❣r❛❞✐❡♥ts ❝♦♥❥✉❣✉és ♣ré❝♦♥❞✐t✐♦♥♥és ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✹

✻✳✹✳✶ ▲❡s ♣ré❝♦♥❞✐t✐♦♥♥❡✉rs ❡♥ ♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✻



❚❆❇▲❊ ❉❊❙ ▼❆❚■➮❘❊❙ ✾

✻✳✹✳✷ ❆❧❣♦r✐t❤♠❡ ❞❡s ❣r❛❞✐❡♥ts ❝♦♥❥✉❣✉és ♣ré❝♦♥❞✐t✐♦♥♥és ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✽
✻✳✺ ❈♦♥❝❧✉s✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✽

✼ ❈♦♠♣❛r❛✐s♦♥ ❞❡s r❡❝♦♥str✉❝t❡✉rs ♣❛r s✐♠✉❧❛t✐♦♥s ✶✸✶
✼✳✶ ❙✐♠✉❧❛t✐♦♥ ❞❡ s✉r❢❛❝❡ ❞✬♦♥❞❡ t✉r❜✉❧❡♥t❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✷
✼✳✷ ▲❡s r❡❝♦♥str✉❝t✐♦♥s ❞❡ t②♣❡ ♠❛①✐♠✉♠ ❞❡ ✈r❛✐s❡♠❜❧❛♥❝❡ s✉r ❞❡s ❣r❛♥❞s

s②stè♠❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✹
✼✳✷✳✶ ▲❡ ♣ré❝♦♥❞✐t✐♦♥♥❡♠❡♥t ♣♦✉r ❧❛ r❡❝♦♥str✉❝t✐♦♥ ❞❡ ♠❛①✐♠✉♠ ❞❡

✈r❛✐s❡♠❜❧❛♥❝❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✹
✼✳✷✳✷ ❘és✉❧t❛ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✺

✼✳✸ ▲❛ ❝♦♠♣❛r❛✐s♦♥ ❞❡ ❋r■▼ ▼◆▼▲ ❡t ❋r■▼ ▼❆P ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✼
✼✳✸✳✶ ▲❛ ✈✐t❡ss❡ ❞❡ ❝♦♥✈❡r❣❡♥❝❡ ❞❡ ❋r■▼ ▼❆P ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧✬é❝❤❡❧❧❡

❡①t❡r♥❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✽
✼✳✸✳✷ ▲❛ ❝♦♠♣❛r❛✐s♦♥ ❞❡s ❡rr❡✉rs ❞❡ ❋r■▼ ▼❆P ❡t ❞❡ ❋r■▼ ▼◆▼▲ ✳ ✳ ✶✹✵

✼✳✹ ❆♣♣❧✐❝❛t✐♦♥ ❛✉① ét♦✐❧❡s ❧❛s❡r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✶
✼✳✹✳✶ P✉❜❧✐❝❛t✐♦♥ ❚❛❧❧♦♥ ❡t ❛❧✳ ♣rés❡♥té❡ à ❙P■❊ ▼❛rs❡✐❧❧❡ ✭❥✉✐♥ ✷✵✵✽✮ ✳ ✶✹✶
✼✳✹✳✷ ▲❛ ❝♦rré❧❛t✐♦♥ ❞❡s ❡rr❡✉rs ❞❡ ♠❡s✉r❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✶
✼✳✹✳✸ ▲✬✐♠♣❛❝t ❞❡s ❝♦rré❧❛t✐♦♥s s✉r ❧❛ r❡❝♦♥str✉❝t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✶

✼✳✺ ▲✬✐♠♣❛❝t ❞✬✉♥❡ ❡rr❡✉r s✉r ❧❡s ❛ ♣r✐♦r✐ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✷
✼✳✺✳✶ ▲✬❡rr❡✉r ❞✬❡st✐♠❛t✐♦♥ ❞❡ ❧✬é❝❤❡❧❧❡ ❡①t❡r♥❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✸
✼✳✺✳✷ ▲✬❡rr❡✉r s✉r ❧❡ ♣♦✐❞s ❞❡ ❧❛ ré❣✉❧❛r✐s❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✺

✼✳✻ ❈♦♥❝❧✉s✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✶

✽ ▲❛ ❝♦rr❡❝t✐♦♥ ❞❡ s✉r❢❛❝❡ ❞✬♦♥❞❡ t✉r❜✉❧❡♥t❡ ✶✻✸
✽✳✶ ▲❡ ❝r✐tèr❡ ❞❡ ❝♦rr❡❝t✐♦♥ ❡t s♦♥ ♦♣t✐♠✐s❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✹

✽✳✶✳✶ ▲❡s éq✉❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✹
✽✳✶✳✷ ▲❛ r❡❢♦r♠✉❧❛t✐♦♥ ❞✉ ❝r✐tèr❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✺
✽✳✶✳✸ ▲✬♦♣t✐♠✐s❛t✐♦♥ ❞✉ ❝r✐tèr❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✺

✽✳✷ ▲✬✐♥t❡r♣rét❛t✐♦♥ ❞❡ ❧✬❡st✐♠❛t❡✉r ♣♦✉r ❧❛ ❝♦rr❡❝t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✻
✽✳✷✳✶ ▲❛ r❡❢♦r♠✉❧❛t✐♦♥ ❞❡ E ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✻
✽✳✷✳✷ ▲✬❡①t❡♥s✐♦♥ à ❧❛ ❝♦rr❡❝t✐♦♥ s✉r ♣❧✉s✐❡✉rs ♠✐r♦✐r ❞é❢♦r♠❛❜❧❡ ✳ ✳ ✳ ✳ ✶✻✼

✽✳✸ ▲✬❡rr❡✉r ❞❡ ❝♦rr❡❝t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✽
✽✳✸✳✶ ▲✬❡rr❡✉r ❞❡ s♦✉s✲❞✐♠❡♥s✐♦♥♥❡♠❡♥t

〈
ǫ2
〉
M⊥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✽

✽✳✸✳✷ ▲✬❡rr❡✉r ❞✉❡ ❛✉ r❡♣❧✐❡♠❡♥t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✾
✽✳✸✳✸ ▲❛ ❝♦♠♣❛r❛✐s♦♥ ❞❡s ❝♦rr❡❝t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✷

■■■ ▲✬❖❆ ❡♥ ❜♦✉❝❧❡ ❢❡r♠é❡ s✉r ✉♥ té❧❡s❝♦♣❡ ❤❡❝t♦♠étr✐q✉❡ ✶✼✺

✾ Pr♦❜❧è♠❡ ✐♥✈❡rs❡ ❡♥ ❜♦✉❝❧❡ ❢❡r♠é❡ ✶✼✼
✾✳✶ ▲❡s éq✉❛t✐♦♥s ❡♥ ❜♦✉❝❧❡ ❢❡r♠é❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✼
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❞❡s ❛❝t✐♦♥♥❡✉rs ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸✷

✶✶✳✷ ❙❝❤é♠❛ ❞❡ ❧❛ ♣r♦❝é❞✉r❡ ❞❡ s✐♠✉❧❛t✐♦♥s s✉r ❖❝t♦♣✉s ♣♦✉r ❝♦♠♣❛r❡r ❧❡s
♠ét❤♦❞❡s ❋r■▼ ❈▼■ ❡t ▼▼❱✲■ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸✹

✶✶✳✸ ❈♦♠♣❛r❛✐s♦♥ ❞✉ ♠♦❞è❧❡ ❞✬❆❙❖ ❞✬❖❝t♦♣✉s ❛✈❡❝ ❧❡ ♠♦❞è❧❡ t❤é♦r✐q✉❡ ❞❡s
❛♥❣❧❡s ❞✬❛rr✐✈é❡ s✉r ✉♥❡ ❞é❢♦❝❛❧✐s❛t✐♦♥✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸✻

✶✶✳✹ ❈♦♠♣❛r❛✐s♦♥ ❞✉ ♠♦❞è❧❡ ❞✬❖❝t♦♣✉s ❡♥ ♣rés❡♥❝❡ ❞❡ ❜r✉✐t ❞❡ ♣❤♦t♦♥s ❡t
❞✉ ♠♦❞è❧❡ ❞❡s ❆❆ t❤é♦r✐q✉❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸✼

✶✶✳✺ ❈♦♠♣❛r❛✐s♦♥ ❞✉ ♠♦❞è❧❡ ❞✬❖❝t♦♣✉s ❡♥ ♣rés❡♥❝❡ ❞❡ ❜r✉✐t ❞❡ ♣❤♦t♦♥s ❡t
❞❡s ♠♦❞é❧✐s❛t✐♦♥s ❧✐♥é❛✐r❡s ❛♣♣r♦❝❤é❡s ♣♦✉r ❱▲❚2 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸✾

✶✶✳✻ ❈♦♠♣❛r❛✐s♦♥ ❞✉ ♠♦❞è❧❡ ❞✬❖❝t♦♣✉s ❡♥ ♣rés❡♥❝❡ ❞❡ ❜r✉✐t ❞❡ ♣❤♦t♦♥s ❡t
❞❡s ♠♦❞é❧✐s❛t✐♦♥s ❧✐♥é❛✐r❡s ❛♣♣r♦❝❤é❡s ♣♦✉r ❊✲❊▲❚1 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸✾

✶✶✳✼ ❙tr❡❤❧ ❡♥ ❝♦rr❡❝t✐♦♥ s✐♠♣❧❡ ♣♦✉r ❊✲❊▲❚1 ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧✬❤②♣❡r♣❛r❛♠ètr❡ ✷✹✶

✶✷✳✶ ❋❡r♠❡t✉r❡ ❞❡ ❧❛ ❜♦✉❝❧❡ s✉r ❖❝t♦♣✉s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✹✹
✶✷✳✷ ❈♦♠♣❛r❛✐s♦♥ ❞❡s tr♦✐s ♠ét❤♦❞❡s ❡♥ ❢♦♥❝t✐♦♥ ❞❡s ❝♦♥❞✐t✐♦♥s ❞❡ t✉r❜✉❧❡♥❝❡

♣♦✉r ❊✲❊▲❚2 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✹✺
✶✷✳✸ ❘❛♣♣♦rt ❞❡ ❙tr❡❤❧ ❝♦✉rt❡ ♣♦s❡ ❛✉ ❢✉r ❡t à ♠❡s✉r❡ ❞❡s ❜♦✉❝❧❡s ♣♦✉r ❞✐❢✲

❢ér❡♥ts ❞és❛❧✐❣♥❡♠❡♥ts ❞✉ s②stè♠❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✹✻
✶✷✳✹ ❙t❛❜✐❧✐té ❞❡ ❋r■▼ ❈▼■ ❥✉sq✉✬à ✉♥ ❞é❢❛✉t ❞✬❛❧✐❣♥❡♠❡♥t ❞❡ dl/2 ♣♦✉r ❊✲❊▲❚2✷✹✼



❚❆❇▲❊ ❉❊❙ ❋■●❯❘❊❙ ✶✺

✶✷✳✺ ❈♦♠♣❛r❛✐s♦♥ ❞❡s tr♦✐s ♠ét❤♦❞❡s ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ♠❛❣♥✐t✉❞❡ ❞❡ ❧✬ét♦✐❧❡
❞❡ ré❢ér❡♥❝❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✹✽

✶✷✳✻ ❈♦♠♣❛r❛✐s♦♥ ❞❡ ▼▼❱✲■ ❡t ❋r■▼ ❈▼■✲■ ♣♦✉r N♣❤ = 100 ♣❤♦t♦♥s ✳ ✳ ✳ ✳ ✷✹✾
✶✷✳✼ ❈♦♠♣❛r❛✐s♦♥ ❞❡ ▼▼❱✲■ ❡t ❋r■▼ ❈▼■✲■ ♣♦✉r N♣❤ = 10 ♣❤♦t♦♥s ✳ ✳ ✳ ✳ ✳ ✷✹✾
✶✷✳✽ ❈♦♠♣❛r❛✐s♦♥ ❞❡ ▼▼❱✲■ ❡t ❋r■▼ ❈▼■✲■ ♣♦✉r N♣❤ = 1 ♣❤♦t♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✷✺✵



✶✻ ❚❆❇▲❊ ❉❊❙ ❋■●❯❘❊❙



▲✐st❡ ❞❡s t❛❜❧❡❛✉①

✶ ❆❝r♦♥②♠❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽
✷ ◆♦t❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾

✶✶✳✶ P❛r❛♠ètr❡s ❞❡s ❝♦♥✜❣✉r❛t✐♦♥s t❡sté❡s s✉r ❖❝t♦♣✉s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸✷

✶✼
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❖❆ ❖♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡
❋❊P ❋♦♥❝t✐♦♥ ❞✬ét❛❧❡♠❡♥t ❞❡ ♣♦✐♥t
❋❚❖ ❋♦♥❝t✐♦♥ ❞❡ tr❛♥s❢❡rt ♦♣t✐q✉❡
❆❙❖ ❆♥❛❧②s❡✉r ❞❡ s✉r❢❛❝❡ ❞✬♦♥❞❡
▼❉ ▼✐r♦✐r ❞é❢♦r♠❛❜❧❡
❆❆ ❆♥❣❧❡s ❞✬❛rr✐✈é❡

❖❆♠❈ ❖♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ♠♦♥♦❝♦♥❥✉❣✉é❡
❖❆❳ ❖♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ❡①trê♠❡
❖❆▼❈ ❖♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ♠✉❧t✐❝♦♥❥✉❣✉é❡
❖❆▼❖ ❖♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ♠✉❧t✐♦❜❥❡t
❖❆❈▲ ❖♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ❞❡ ❝♦✉❝❤❡ ❧✐♠✐t❡
❖❆❚▲ ❖♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ t♦♠♦❣r❛♣❤✐q✉❡ ❛✈❡❝ s♦✉r❝❡ ❞❡ ré❢ér❡♥❝❡ ❧❛s❡r
❘❙❇ ❘❛♣♣♦rt s✐❣♥❛❧ à ❜r✉✐t
▼❆P ▼❛①✐♠✉♠ ❛ ♣♦st❡r✐♦r✐
❈▼■ ❈♦♠♠❛♥❞❡ ♣❛r ♠♦❞è❧❡ ✐♥t❡r♥❡
❋r■▼ ❆❧❣♦r✐t❤♠❡ ❞❡ r❡❝♦♥str✉❝t✐♦♥ ✐tér❛t✐❢ ❛✈❡❝ ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❢r❛❝t❛❧❡

❋r■▼ ▼❆P ❆❧❣♦r✐t❤♠❡ ❞❡ r❡❝♦♥str✉❝t✐♦♥ ▼❆P ❞❡ ❧❛ ♠ét❤♦❞❡ ❋r■▼
❋r■▼ ❈▼■ ❆❧❣♦r✐t❤♠❡ ❞❡ ❝♦♠♠❛♥❞❡ ✉t✐❧✐s❛♥t ❋r■▼ ▼❆P ❡t ✉♥❡ ❝♦♠♠❛♥❞❡ ❈▼■
P❖▲❈ ❈♦♠♠❛♥❞❡ ❡♥ ♣s❡✉❞♦✲❜♦✉❝❧❡ ♦✉✈❡rt❡ ♣r♦♣♦sé❡ ♣❛r ●✐❧❧❡s ✭✷✵✵✺✮
▼▼❱ ▼✉❧t✐♣❧✐❝❛t✐♦♥ ♠❛tr✐❝❡✲✈❡❝t❡✉r
❋❚❘ ❘❡❝♦♥str✉❝t❡✉r ♣❛r ❚r❛♥s❢♦r♠é❡ ❞❡ ❋♦✉r✐❡r

▼▼❱✲■ ❆❧❣♦r✐t❤♠❡ ❞❡ ❝♦♠♠❛♥❞❡ ❞❡ t②♣❡ ▼▼❱ ❝♦♠❜✐♥é ❛✈❡❝ ✉♥ ✐♥té❣r❛t❡✉r
❋❚❘✲■ ❆❧❣♦r✐t❤♠❡ ❞❡ ❝♦♠♠❛♥❞❡ ❞❡ t②♣❡ ❋❚❘ ❝♦♠❜✐♥é ❛✈❡❝ ✉♥ ✐♥té❣❛t❡✉r

❋r■▼ ❈▼■✲■ ❆❧❣♦r✐t❤♠❡ ❋r■▼ ❈▼■ ❝♦♠❜✐♥é ❛✈❡❝ ✉♥❡ ❝♦rr❡❝t✐♦♥ ✐♥té❣r❛❧❡ ✭t②♣❡ P❖▲❈✮
❋❋❚ ❆❧❣♦r✐t❤♠❡ ❞❡ ❚r❛♥s❢♦r♠é❡ ❞❡ ❋♦✉r✐❡r r❛♣✐❞❡
●❈ ❆❧❣♦r✐t❤♠❡ ❞❡s ❣r❛❞✐❡♥ts ❝♦♥❥✉❣✉és
♠❛s ♠✐❧❧✐s❡❝♦♥❞❡s ❞✬❛r❝
♠s ♠✐❧❧✐s❡❝♦♥❞❡s
❊❙❖ ❖❜s❡r✈❛t♦✐r❡ ❊✉r♦♣é❡♥ ❆✉str❛❧
❱▲❚ ❚rès ❣r❛♥❞s té❧❡s❝♦♣❡s ❞❡ ❧✬❊❙❖✱ ❛✉ ❈❡rr♦ P❛r❛♥❛❧ ✭❈❤✐❧✐✮
❖❲▲ ❚é❧❡s❝♦♣❡ ✐♥❝r♦②❛❜❧❡♠❡♥t ❧❛r❣❡✱ ♣r♦❥❡t ❡✉r♦♣é❡♥ ❞❡ ✶✵✵ ♠ ❞❡ ❞✐❛♠ètr❡
❊▲❚ ❚é❧❡s❝♦♣❡s ❡①trê♠❡♠❡♥t ❣r❛♥❞s ♦✉ té❧❡s❝♦♣❡s ❤❡❝t♦♠étr✐q✉❡s
❊✲❊▲❚ ❚é❧❡s❝♦♣❡ ❤❡❝t♦♠étr✐q✉❡ ❡✉r♦♣é❡♥
❚▼❚ ❚é❧❡s❝♦♣❡ ❞❡ tr❡♥t❡ ♠ètr❡s ✭❯✳❙✳❆✳✮
●▼❚ ❚é❧❡s❝♦♣❡ ❣é❛♥t ❞❡ ▼❛❣❡❧❧❛♥
▲❇❚ ●r❛♥❞ t❡❧❡s❝♦♣❡ ❜✐♥♦❝✉❧❛✐r❡✱ ❡♥ ❆r✐③♦♥❛
◆❆❖❙ ❙②stè♠❡ ❞✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐❢ ◆❛s♠②t❤✱ s✉r ✉♥ ❱▲❚
❙❖❆❘ ❙♦✉t❤❡r♥ ❆str♦♥♦♠✐❝❛❧ ❘❡s❡❛r❝❤
❙❆▼ ▼♦❞✉❧❡ ❛❞❛♣t❛t✐❢ ❞❡ ❙❖❆❘
❲❍❚ ❲✐❧❧✐❛♠ ❍❡rs❝❤❡❧ ❚❡❧❡s❝♦♣❡
●▲❆❙ ❖❆ ❞❡ ❝♦✉❝❤❡ ❧✐♠✐t❡ ❝♦♥ç✉❡ ♣♦✉r ❧❡ ❲❍❚

❚❛❜✳ ✶ ✕ ❆❝r♦♥②♠❡s
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r = (r, θ) ❱❡❝t❡✉r ❞❡ ❝♦♦r❞♦♥♥é❡s ♣♦❧❛✐r❡s ❞❛♥s ❧❡ ♣❧❛♥ ♣✉♣✐❧❧❡
βi✱ βd ❱❡❝t❡✉rs ❞❡ ❝♦♦r❞♦♥♥é❡s ❛♥❣✉❧❛✐r❡s ♣❛r r❛♣♣♦rt à ❧✬❛①❡ ♦♣t✐q✉❡ ❞✉ té❧❡s❝♦♣❡
A ❉♦♠❛✐♥❡ ❝♦✉✈❡rt ♣❛r ❧✬♦✉✈❡rt✉r❡ ❞✉ té❧❡s❝♦♣❡ ❞❛♥s ❧❡ ♣❧❛♥ ♣✉♣✐❧❧❡
SA ❙✉r❢❛❝❡ ❞❡ ❧✬♦✉✈❡rt✉r❡
D ❉✐❛♠ètr❡ ❞✉ ♠✐r♦✐r ♣r✐♠❛✐r❡ ❞✉ té❧❡s❝♦♣❡
λI ▲♦♥❣✉❡✉r ❞✬♦♥❞❡ ❞✬♦❜s❡r✈❛t✐♦♥
λOA ▲♦♥❣✉❡✉r ❞✬♦♥❞❡ ❞✬❛♥❛❧②s❡ ❞❡ ❧✬❖❆
r0 P❛r❛♠ètr❡ ❞❡ ❋r✐❡❞
n❛ ◆♦♠❜r❡ ❞❡ ❞❡❣rés ❞❡ ❧✐❜❡rté ❞✉ ♠✐r♦✐r ❞é❢♦r♠❛❜❧❡ ✭▼❉✮
φs ❋❧✉❝t✉❛t✐♦♥s ❞❡ ♣❤❛s❡ ❞✉❡s ❛✉① ❛❜❡rr❛t✐♦♥s st❛t✐q✉❡s ❞✉ té❧❡s❝♦♣❡

φ✱ φc✱ φr❡s ❱❛r✐❛t✐♦♥s ❞❡ ❧❛ ♣❤❛s❡ ✐♥❝✐❞❡♥t❡✱ ♣r♦❞✉✐t❡ ♣❛r ❧❡ ♠✐r♦✐r ❡t rés✐❞✉❡❧❧❡
l ❋❧✉❝t✉❛t✐♦♥s ❞✬❛♠♣❧✐t✉❞❡ ❞❡ ❧✬♦♥❞❡ ✐♥❝✐❞❡♥t❡

w✱ wr❡s ❙✉r❢❛❝❡s ❞✬♦♥❞❡ t✉r❜✉❧❡♥t❡ ❡t rés✐❞✉❡❧❧❡
wc ❉é❢♦r♠é❡ ❣é♥éré❡ ♣❛r ❧❡ ♠✐r♦✐r
P✱ P0 ❋♦♥❝t✐♦♥ ♣✉♣✐❧❧❡ ❣é♥ér❛❧✐sé❡ ❡t tr❛♥s♠✐tt❛♥❝❡ ❞✉ té❧❡s❝♦♣❡

Ht❡❧✱ H̃t❡❧ ❋❊P ❡t ❋❚❖ ❞✉ té❧❡s❝♦♣❡ ❡♥ ❧✬❛❜s❡♥❝❡ ❞✬❛t♠♦s♣❤èr❡
〈H̃❛t♠〉 ❋❚❖ ❧♦♥❣✉❡ ♣♦s❡ ❞❡ ❧✬④❆t♠♦s♣❤èr❡⑥
O ❉✐str✐❜✉t✐♦♥ ❞❡ ❧✉♠✐♥❛♥❝❡ ❞✬✉♥ ♦❜❥❡t ❛str♦♣❤②s✐q✉❡ s✉r ❧❡ ❝✐❡❧
I ■♥t❡♥s✐té ❞❛♥s ❧❡ ♣❧❛♥ ✐♠❛❣❡

R✱ 〈R〉 P♦✉✈♦✐rs ❞❡ rés♦❧✉t✐♦♥ ❛✉ s❡♥s ❞❡ ❙tr❡❤❧ ✿ ✐♥st❛♥t❛♥é ❡t ❧♦♥❣✉❡ ♣♦s❡
D ❋♦♥❝t✐♦♥ ❞❡ str✉❝t✉r❡ ❞❡ ❧✬♦♥❞❡ ✐♥❝✐❞❡♥t❡ ψ✱ ❡♥ ❧♦❣❛r✐t❤♠❡
Dw ❋♦♥❝t✐♦♥ ❞❡ str✉❝t✉r❡ ❞❡ ❧❛ ♣❤❛s❡ ✐♥❝✐❞❡♥t❡ φ
Sw ❉❡♥s✐té s♣❡❝tr❛❧❡ ❞❡ ♣✉✐ss❛♥❝❡ s♣❛t✐❛❧❡ ❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ w
τ ❚❡♠♣s ❞❡ ♣♦s❡ ❡t ❞❡ tr❛♥s❢❡rt ❞❡ ❝❤❛r❣❡ ❞✉ ❞ét❡❝t❡✉r

So z
−1 ▼♦❞è❧❡ ❧✐♥é❛✐r❡ ♥♦♠✐♥❛❧ ❞❡ ❧✬❆❙❖

Mo ▼♦❞è❧❡ ❧✐♥é❛✐r❡ ♥♦♠✐♥❛❧ ❞✉ ▼❉
S ▼♦❞è❧❡ ❞❡ ❧✬❛♥❛❧②s❡✉r ❞❡ s✉r❢❛❝❡ ❞✬♦♥❞❡ ✭❆❙❖✮
m ❋♦♥❝t✐♦♥s ❞✬✐♥✢✉❡♥❝❡ ❞✉ ▼❉
α ❆♥❣❧❡ ❞✬❛rr✐✈é❡ ❞✬✉♥❡ s✉r❢❛❝❡ ❞✬♦♥❞❡

d✱ a ❱❡❝t❡✉r ❞❡ ♠❡s✉r❡s ❞❛♥s R
m ❡t ❞❡ ❝♦♠♠❛♥❞❡ ❞❛♥s R

n❛

e ❱❡❝t❡✉r ❞❡s ✐♥❝❡rt✐t✉❞❡s ❞❡ ♠❡s✉r❡ ❞❛♥s R
m

y ❱❡❝t❡✉r ❞❡ ♠❡s✉r❡s ❜♦✉❝❧❡ ♦✉✈❡rt❡ ♠♦❞é❧✐sé❡s✱ s❛♥s ❜r✉✐t✱ ❞❛♥s R
m

b Pr♦❥❡❝t✐♦♥ ❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ s✉r ❧✬❡s♣❛❝❡ ❞❡s ❛❝t✐♦♥♥❡✉rs R
n❛

G ▼❛tr✐❝❡ ❞✬✐♥t❡r❛❝t✐♦♥ ❞✉ s②stè♠❡
Q(z) P❛rt✐❡ ❞②♥❛♠✐q✉❡ ❞✉ ❝♦rr❡❝t❡✉r ❞✬❖❆ ❞❛♥s ✉♥❡ ❛r❝❤✐t❡❝t✉r❡ ❝❧❛ss✐q✉❡
Q▼■(z) ❈♦rr❡❝t❡✉r ❛❞❞✐t✐♦♥♥❡❧ s❝❛❧❛✐r❡ ❞❛♥s ✉♥❡ ❛r❝❤✐t❡❝t✉r❡ ❞✬❖❆ ❛✈❡❝ ♠♦❞è❧❡ ✐♥t❡r♥❡

R ❘❡❝♦♥str✉❝t❡✉r ❞❡ s✉r❢❛❝❡ ❞✬♦♥❞❡
F ❖♣ér❛t❡✉r ❞❡ ♣r♦❥❡❝t✐♦♥ ♦rt❤♦❣♦♥❛❧❡ s✉r ❧✬❡s♣❛❝❡ ❞❡s ❛❝t✐♦♥♥❡✉rs R

n❛

Γ ❖♣ér❛t❡✉r ❞❡ ♣ré❞✐❝t✐♦♥
E ❖♣ér❛t❡✉r ❞✬❡st✐♠❛t✐♦♥ ❞❛♥s ❧❛ ❝♦rr❡❝t✐♦♥

Ce✱ We = C−1
e ❈♦✈❛r✐❛♥❝❡ ❞❡s ❡rr❡✉rs ❞❡ ♠❡s✉r❡✱ ❡t s♦♥ ✐♥✈❡rs❡

Cw ❈♦✈❛r✐❛♥❝❡ s♣❛t✐❛❧❡ ❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ t✉r❜✉❧❡♥t❡
M ❊s♣❛❝❡ ✐♠❛❣❡ ❞✉ ♠✐r♦✐r ❞é❢♦r♠❛❜❧❡
M⊥ ❊s♣❛❝❡ ♦rt❤♦❣♦♥❛❧ à ❧✬✐♠❛❣❡ ❞✉ ♠✐r♦✐r ❞é❢♦r♠❛❜❧❡
〈ǫ2〉∞ ❊rr❡✉r ❞✉❡ à ❧❛ ♣❛r❛♠étr✐s❛t✐♦♥
〈ǫ2〉r❡❝♦♥st ❊rr❡✉r ❞❡ r❡❝♦♥str✉❝t✐♦♥

〈ǫ2〉M⊥✱ 〈ǫ2〉M ❊rr❡✉r ❞❡ s♦✉s✲❞✐♠❡♥s✐♦♥♥❡♠❡♥t ❡t s♦♥ ❝♦♠♣❧é♠❡♥t
〈ǫ2〉τ ❊rr❡✉r ❞✉❡ ❛✉ r❡t❛r❞ ❞❡ ❧❛ ❝♦rr❡❝t✐♦♥
(f |g) Pr♦❞✉✐t s❝❛❧❛✐r❡ ❞❡s ❢♦♥❝t✐♦♥s f ❡t g ❞❡ C(A; R)
dl P❛s ❞✬é❝❤❛♥t✐❧❧♦♥♥❛❣❡ ❞❡s ♠❡s✉r❡s ❞❡ ❣r❛❞✐❡♥ts ❞❡ ❧✬❆❙❖
de P❛s ❞✬é❝❤❛♥t✐❧❧♦♥♥❛❣❡ ❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ ❡♥ r❡♣rés❡♥t❛t✐♦♥ ③♦♥❛❧❡

❚❛❜✳ ✷ ✕ ◆♦t❛t✐♦♥s



✷✵ ▲■❙❚❊ ❉❊❙ ❚❆❇▲❊❆❯❳



■♥tr♦❞✉❝t✐♦♥

▲❡s ❛str♦♥♦♠❡s s❝r✉t❡♥t ❞❡ ♣❧✉s ❡♥ ♣❧✉s ❧♦✐♥ ❞❛♥s ❧✬✉♥✐✈❡rs ♣♦✉r tr♦✉✈❡r ❞❡s tr❛❝❡s
❡t ❞❡s ❡①♣❧✐❝❛t✐♦♥s ❞❡ s❛ ❢♦r♠❛t✐♦♥ ❡t ❞❡ s♦♥ é✈♦❧✉t✐♦♥✳ P♦✉r ❝♦♥t✐♥✉❡r à ♣r♦❣r❡ss❡r
❞❛♥s ❝❡tt❡ r❡❝❤❡r❝❤❡✱ ✐❧s ✈✐s❡♥t ❞❡s ♦❜❥❡ts s❝✐❡♥t✐✜q✉❡s ❞❡ ♣❧✉s ❡♥ ♣❧✉s ❞✐✣❝✐❧❡s ❞✬❛❝❝ès✱
♣❛r❝❡ q✉❡ s♦✉✈❡♥t très é❧♦✐❣♥és✱ ♦✉ ❞✉ ♠♦✐♥s ♣❡✉ ❜r✐❧❧❛♥ts ✈✉s ❞❡ ♥♦tr❡ ❚❡rr❡✳ ■❧s
s♦✉❤❛✐t❡♥t é❣❛❧❡♠❡♥t ❛✈♦✐r ❛❝❝ès à ❞❡s ❞ét❛✐❧s ❞❡ ♣❧✉s ❡♥ ♣❧✉s ♣❡t✐ts✱ ❝❡ q✉✐ s✉r ❧❡ ❝✐❡❧
r❡✈✐❡♥t à ♦❜t❡♥✐r ✉♥❡ rés♦❧✉t✐♦♥ ❛♥❣✉❧❛✐r❡ t♦✉❥♦✉rs ♣❧✉s ✜♥❡✳ ❈❡s ❞❡✉① ❛♠é❧✐♦r❛t✐♦♥s
s♦♥t ❧✐é❡s à ✉♥ ♠ê♠❡ ♣❛r❛♠ètr❡ ❞❡ ❝♦♥❝❡♣t✐♦♥ ❞✉ té❧❡s❝♦♣❡ ✿ s♦♥ ❞✐❛♠ètr❡✳ ❊♥ ❡✛❡t✱ ♣♦✉r
❛❝❝é❞❡r à ❞❡s ♦❜❥❡ts ❞♦♥t ❧❡ r❛②♦♥♥❡♠❡♥t ❞❡✈✐❡♥t très ❢❛✐❜❧❡ ✐❧ ❢❛✉t ❛✉❣♠❡♥t❡r ❧❛ s✉r❢❛❝❡
❝♦❧❧❡❝tr✐❝❡ ❞❡ ♣❤♦t♦♥s✳ ❈❡❧❧❡✲❝✐ ❝r♦ît ♣r♦♣♦rt✐♦♥♥❡❧❧❡♠❡♥t ❛✉ ❝❛rré ❞✉ ❞✐❛♠ètr❡ ❞✉ ♠✐r♦✐r
♣r✐♠❛✐r❡ ❞✉ té❧❡s❝♦♣❡✳ P❛r ❛✐❧❧❡✉rs✱ ❧❛ rés♦❧✉t✐♦♥ ❛♥❣✉❧❛✐r❡ t❤é♦r✐q✉❡ ❞✬✉♥ té❧❡s❝♦♣❡ ❡st
é❣❛❧❡♠❡♥t ❞✐r❡❝t❡♠❡♥t ❢♦♥❝t✐♦♥ ❞✉ ❞✐❛♠ètr❡ ❞❡ ❝❡tt❡ ♣✉♣✐❧❧❡✳ ❈✬❡st ❝❡ q✉✐ ❛ ❝♦♥❞✉✐t
❥✉sq✉✬à ♥♦s ❥♦✉rs à ❧❛ ❝♦♥str✉❝t✐♦♥ ✐♥❝❡ss❛♥t❡ ❞❡ té❧❡s❝♦♣❡s ❞❡ ♠✐r♦✐rs ♣r✐♠❛✐r❡s t♦✉❥♦✉rs
♣❧✉s ❣r❛♥❞s✳ ▲❡s ❛♥♥é❡s ✶✾✾✵ ♦♥t ✈✉ ✢❡✉r✐r ❧❛ ❣é♥ér❛t✐♦♥ ❞❡s té❧❡s❝♦♣❡s ❞é❝❛♠étr✐q✉❡s✳
▲❡s ♣❧✉s ❣r❛♥❞s ♣❛r♠✐s ❝❡✉①✲❝✐ s♦♥t ❧❡s ❞❡✉① té❧❡s❝♦♣❡s ❑❡❝❦ ✭❍❛✇❛✐✐✮ ❞❡ ✾✳✽ ♠ètr❡s
✭✶✾✾✸ ❡t ✶✾✾✻✮✱ ❧❡ té❧❡s❝♦♣❡ ❥❛♣♦♥❛✐s ❙✉❜❛r✉ ✭❍❛✇❛✐✐✱ ✶✾✾✽✮✱ ❧❡s ❞❡✉① té❧❡s❝♦♣❡s ●❡♠✐♥✐
◆♦rt❤ ✭❍❛✇❛✐✐✱ ✶✾✾✾✮ ❡t ●❡♠✐♥✐ ❙♦✉t❤ ✭❈❤✐❧✐✱ ✷✵✵✶✮ ❞❡ ✽✳✶ ♠ètr❡s ❝❤❛❝✉♥✱ ❡t ❧❡s ✹
✉♥✐tés ❞✉ ❱❡r② ▲❛r❣❡ ❚é❧❡s❝♦♣❡ ✭❱▲❚✱ ❈❤✐❧✐ ❡♥tr❡ ✶✾✾✽ ❡t ✷✵✵✶✮ ❛✉① ♠✐r♦✐rs ♣r✐♠❛✐r❡s
❞❡ ✽✳✷ ♠ètr❡s ❞❡ ❞✐❛♠ètr❡✳ ▲❡ ●r❛♥❞ ❚é❧❡s❝♦♣❡ ❞❡s ❈❛♥❛r✐❡s ✭●❚❈✮ ❡st ❞és♦r♠❛✐s ❧❡
♣❧✉s ❣r❛♥❞ ♠✐r♦✐r ♣r✐♠❛✐r❡ ❛✈❡❝ s♦♥ ❞✐❛♠ètr❡ ❞❡ ✶✵✳✹ ♠ètr❡s q✉✬✐❧ ❛ ♣♦✐♥té ✈❡rs ❧❡ ❝✐❡❧
♣♦✉r ❧❛ ♣r❡♠✐èr❡ ❢♦✐s ❛✉ ❝♦✉rs ❞❡ ❧✬été ✷✵✵✼✳ ❊♥✜♥ ❛✉ ♣r✐♥t❡♠♣s ✷✵✵✽✱ ❧❡ ❣r❛♥❞ té❧❡s❝♦♣❡
❜✐♥♦❝✉❧❛✐r❡ ✭▲❇❚✮✱ ❡♥ ❆r✐③♦♥❛✱ ❛ ❝♦♠❜✐♥é s❡s ❞❡✉① ♣✉♣✐❧❧❡s ❞❡ ✽✳✹ ♠ètr❡s ❞❡ ❞✐❛♠ètr❡
❝❤❛❝✉♥❡s ❛✜♥ ❞❡ ré❛❧✐s❡r ❞❡s ♦❜s❡r✈❛t✐♦♥s éq✉✐✈❛❧❡♥t❡s à ❝❡❧❧❡s ❞✬✉♥ té❧❡s❝♦♣❡ ❞❡ ✶✶✳✽
♠ètr❡s✳

▲❛ s♦✐❢ ❞✬♦❜s❡r✈❛t✐♦♥s ❞❡s ❛str♦♥♦♠❡s ♥❡ s✬ét❛♥❝❤❛♥t ❥❛♠❛✐s✱ ❧❡s ♥♦✉✈❡❛✉① ♣r♦✲
❣r❛♠♠❡s s❝✐❡♥t✐✜q✉❡s ♣ré✈✉s ♣♦✉r ❧❛ ✈✐♥❣t❛✐♥❡ ❞✬❛♥♥é❡s à ✈❡♥✐r ♥é❝❡ss✐t❡r♦♥t ❝❡♣❡♥✲
❞❛♥t ❞❡s té❧❡s❝♦♣❡s ❡♥❝♦r❡ ♣❧✉s ❣r❛♥❞s✱ ❤❡❝t♦♠étr✐q✉❡s✱ ❛✉tr❡♠❡♥t ❞✐t ❞❡s té❧❡s❝♦♣❡s
❣é❛♥ts✳ ❯♥❡ ♣r❡♠✐èr❡ s♦❧✉t✐♦♥ ❡st ❛❞♦♣té❡ ♣♦✉r ❧❡ té❧❡s❝♦♣❡ ❣é❛♥t ❞❡ ▼❛❣❡❧❧❛♥ ✭●▼❚✮✱
❝♦♥s✐st❛♥t à ❛❝❝♦❧❡r ✼ ♠✐r♦✐rs ♠♦♥♦❧✐t❤✐q✉❡s ❞❡ ✽ ♠ètr❡s ❞❡ ❞✐❛♠ètr❡s ❡♥ ♣ét❛❧❡s✳ ❈❡ té✲
❧❡s❝♦♣❡ ❞❡✈r❛✐t ✈♦✐r s❛ ♣r❡♠✐èr❡ ❧✉♠✐èr❡ ❡♥ ✷✵✶✻✳ P❛r ❛✐❧❧❡✉rs✱ ❧❡s ➱t❛ts✲❯♥✐s tr❛✈❛✐❧❧❡♥t
à ❧❛ ❝♦♥❝❡♣t✐♦♥ ❞✉ té❧❡s❝♦♣❡ ❞❡ tr❡♥t❡ ♠ètr❡s ✭❚▼❚✮✱ q✉✐ ❝♦♠♠❡ s♦♥ ♥♦♠ ❧✬✐♥❞✐q✉❡
♣♦ssè❞❡r❛ ✉♥ ♠✐r♦✐r ♣r✐♠❛✐r❡ ❞❡ ✸✵ ♠ètr❡s ❞❡ ❞✐❛♠ètr❡✳ ▲✬❊✉r♦♣❡ ❛ q✉❛♥t à ❡❧❧❡ ❡♥✈✐✲
s❛❣é ❞✐✛ér❡♥ts ♣r♦❥❡ts✱ ❞✬❛❜♦r❞ ❧✬❖✈❡r✇❤❡❧♠✐♥❣❧② ▲❛r❣❡ ❚❡❧❡s❝♦♣❡ ✭❖❲▲✮ s②♠❜♦❧✐s❛♥t
❧❛ ❞é♠❡s✉r❡ ❛✈❡❝ s❡s ✶✵✵ ♠ètr❡s ❞❡ ❞✐❛♠ètr❡✱ ♣♦✉r ✜♥❛❧❡♠❡♥t s❡ ❝♦♥❝❡♥tr❡r s✉r ✉♥
té❧❡s❝♦♣❡ ❞❡ ✹✷ ♠ètr❡s✱ ❧❡ té❧❡s❝♦♣❡ ❡①trê♠❡♠❡♥t ❧❛r❣❡ ❡✉r♦♣é❡♥ ✭❊✲❊▲❚✮✳ ❙✐ t♦✉t ✈❛
❜✐❡♥✱ ❧✬❊✲❊▲❚ ❡t ❧❡ ❚▼❚ ♣♦✐♥t❡r♦♥t ❧✬✉♥✐✈❡rs ❧♦✐♥t❛✐♥ à ♣❛rt✐r ❞❡ ✷✵✶✼ ♦✉ ✷✵✶✽✳ ❈✬❡st
❞❛♥s ❧❡ ❝❛❞r❡ ❞❡ ❧✬ét✉❞❡ ❞❡ ❞✐♠❡♥s✐♦♥♥❡♠❡♥t ❞✉ té❧❡s❝♦♣❡ ❊✲❊▲❚ q✉❡ ❥✬❛✐ ❡✛❡❝t✉é ♠❛
t❤ès❡✳

■❧ ❡st ✈r❛✐ q✉❡ ❧❛ t✉r❜✉❧❡♥❝❡ ❞❡ ❧✬❛t♠♦s♣❤èr❡ t❡rr❡str❡ ❛✛❡❝t❡ ❧❛ rés♦❧✉t✐♦♥ ❞❡s té✲

✷✶



✷✷ ▲■❙❚❊ ❉❊❙ ❚❆❇▲❊❆❯❳

❧❡s❝♦♣❡s ❛✉ s♦❧✱ ❝❡ q✉✐ ♣♦✉rr❛✐t ❢❛✐r❡ ❧❛ ♣❛rt ❜❡❧❧❡ ❛✉① té❧❡s❝♦♣❡s s♣❛t✐❛✉① q✉✐✱ ❡✉①✱
s✬❛✛r❛♥❝❤✐ss❡♥t ♥❛t✉r❡❧❧❡♠❡♥t ❞❡ ❝❡ ♣r♦❜❧è♠❡✳ ❈❡♣❡♥❞❛♥t✱ ❧❡s té❧❡s❝♦♣❡s ❞❛♥s ❧✬❡s♣❛❝❡
r❡q✉✐èr❡♥t ❞❡s ♠♦②❡♥s ✜♥❛♥❝✐❡rs ❜❡❛✉❝♦✉♣ ♣❧✉s ✐♠♣♦rt❛♥ts ❡t ✐❧ ❡st ♣❛rt✐❝✉❧✐èr❡♠❡♥t ❞✐❢✲
✜❝✐❧❡ ❞❡ ❝♦♥❝❡✈♦✐r ✉♥ té❧❡s❝♦♣❡ s♣❛t✐❛❧ ❛✈❡❝ ✉♥❡ s✉r❢❛❝❡ ❝♦❧❧❡❝tr✐❝❡ ❞é♣❛ss❛♥t ✶✵ ♠ètr❡s
❞❡ ❞✐❛♠ètr❡✳ ▲❡s s❝✐❡♥t✐✜q✉❡s ♦♥t ❞♦♥❝ ♠✐s ❛✉ ♣♦✐♥t ❞❡s s②stè♠❡s ❞✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡
✭❖❆✮ ♣♦✉r ❝♦♠♣❡♥s❡r ❧❡s ♣❡rt✉r❜❛t✐♦♥s ❞❡ ❧✬❛t♠♦♣s❤èr❡ ❡t r❡❞♦♥♥❡r ❛✉① té❧❡s❝♦♣❡s
t❡rr❡str❡s ✉♥❡ rés♦❧✉t✐♦♥ ♣r♦❝❤❡ ❞❡ ❧❡✉r ❧✐♠✐t❡ ❞❡ ❞✐✛r❛❝t✐♦♥✳ ❯♥❡ ♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡
❡♥ ❛str♦♥♦♠✐❡ ❛ ♣♦✉r ♦❜❥❡❝t✐❢ ❞❡ ❝♦rr✐❣❡r ❧❡s ❡✛❡ts ❞❡ ❧❛ t✉r❜✉❧❡♥❝❡ ❛t♠♦s♣❤ér✐q✉❡ ❡♥
❞é❢♦r♠❛♥t ❡♥ t❡♠♣s ré❡❧ ✉♥ ♠✐r♦✐r ❞✉ té❧❡s❝♦♣❡✳ ▲❛ q✉❛❧✐té ❞❡ ❧❛ ❝♦rr❡❝t✐♦♥ ❛✉❣♠❡♥t❡
❛✈❡❝ ❧❡ ♥♦♠❜r❡ ❞❡ ❞❡❣rés ❞❡ ❧✐❜❡rté ❞❡ ❝❡ ♠✐r♦✐r✳

■❧ ❢❛✉t ♥♦t❡r q✉❡ ❧❡s s②stè♠❡s ❞✬❖❆ ❡①✐st❛♥ts ♦♥t ❞✬♦r❡s ❡t ❞é❥à ❞é♠♦♥tré q✉✬✐❧
ét❛✐t ♣♦ss✐❜❧❡ ❞✬♦❜t❡♥✐r ❞❡s ✐♠❛❣❡s ❞❡ ♠❡✐❧❧❡✉r❡ rés♦❧✉t✐♦♥ ❛✉ s♦❧ q✉❡ ❝❡❧❧❡s ❣é♥ér❛❧❡✲
♠❡♥t ♦❜t❡♥✉❡s ❞❛♥s ❧✬❡s♣❛❝❡✳ ❆✐♥s✐ ❧❛ r❛✐s♦♥ ❞✬êtr❡ ❞❡s té❧❡s❝♦♣❡s t❡rr❡str❡s ♥✬❡st ♣❧✉s
à r❡♠❡ttr❡ ❡♥ q✉❡st✐♦♥ ❡t ❧❡✉r ❞é✈❡❧♦♣♣❡♠❡♥t s✬❛❝❝♦♠♣❛❣♥❡r❛ ♥é❝❡ss❛✐r❡♠❡♥t ❞❡ ❧❛
❝♦♥❝❡♣t✐♦♥ ❞✬✉♥ ♦✉ ♣❧✉s✐❡✉rs s②stè♠❡s ❞✬❖❆✳

❚♦✉t❡❢♦✐s✱ ❧❡ ❝❤❛♥❣❡♠❡♥t ❞✬é❝❤❡❧❧❡ ❡♥tr❡ ❧❡s té❧❡s❝♦♣❡s ❞é❝❛♠étr✐q✉❡s ❡t ❝❡✉① ❤❡❝✲
t♦♠étr✐q✉❡s s♦✉❧è✈❡♥t ❞❡ ♥♦♠❜r❡✉① ❞é✜s✱ ♥♦t❛♠♠❡♥t ❝♦♥❝❡r♥❛♥t ❧✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡✳
❯♥ ❞❡s ♣♦✐♥ts ❝r✐t✐q✉❡s ♣♦rt❡ s✉r ❧✬❛❧❣♦r✐t❤♠❡ ❞❡ ❝♦♠♠❛♥❞❡ ❞❡ ❝❡tt❡ ❖❆✱ ❝✬❡st✲à✲❞✐r❡
s✉r ❧❛ ♠ét❤♦❞❡ ❞❡ ❝❛❧❝✉❧ ❡♥ t❡♠♣s ré❡❧ ❞❡ ❧❛ ❝♦rr❡❝t✐♦♥ à ❛♣♣❧✐q✉❡r✳ ❊♥ ❡✛❡t✱ ❧❛ ❝♦♠✲
♠❛♥❞❡ ❢❛✐s❛♥t ♦✣❝❡ s✉r ❧❡s s②stè♠❡s ❛❝t✉❡❧s ♥✬❡st ♣❧✉s ❛❞❛♣té❡ ❛✉① ♦♣t✐q✉❡s ❛❞❛♣t❛t✐✈❡s
❝♦♠♣❧❡①❡s ♣ré✈✉❡s ♣♦✉r ❧❡s té❧❡s❝♦♣❡s ❤❡❝t♦♠étr✐q✉❡s✳ ❈✬❡st ❛✐♥s✐ ❧❛ ♠ét❤♦❞❡ ❞❡ ❝❛❧✲
❝✉❧ ❞❡ ❝❡tt❡ ❝♦♠♠❛♥❞❡ q✉✐ ❡st r❡✈✐s✐té❡ ❞❛♥s ❝❡ ♠❛♥✉s❝r✐t✱ ❛✜♥ ❞✬✐♥✈❡st✐❣✉❡r ❝♦♠♠❡♥t
rés♦✉❞r❡ ❝❡ ♣r♦❜❧è♠❡ ❞❡ ❝♦rr❡❝t✐♦♥ ❡♥ t❡♠♣s ré❡❧ s✉r ✉♥ s②stè♠❡ à très ❣r❛♥❞ ♥♦♠❜r❡
❞❡ ❞❡❣rés ❞❡ ❧✐❜❡rté✳

❈❡ ♠❛♥✉s❝r✐t ❡st ❝♦♠♣♦sé ❞❡ q✉❛tr❡ ♣❛rt✐❡s✳ ❉❛♥s ✉♥ ♣r❡♠✐❡r t❡♠♣s✱ ❥❡ ♣rés❡♥t❡
❧❡ ❝♦♥t❡①t❡ ❞❡ ❝❡tt❡ ét✉❞❡✳ ❙♦♥t ♠✐s ❡♥ ❛✈❛♥t ❧❡s ♦❜❥❡❝t✐❢s ❞❡ ❧❛ ❝♦rr❡❝t✐♦♥ ❞✬♦♣t✐q✉❡
❛❞❛♣t❛t✐✈❡ ❡♥ t❡r♠❡ ❞❡ rés♦❧✉t✐♦♥ ❛♥❣✉❧❛✐r❡✱ ❧❡ ♣r✐♥❝✐♣❡ ❞❡ ❢♦♥❝t✐♦♥♥❡♠❡♥t ❞❡s s②s✲
tè♠❡s ❞✬❖❆ ❡t ❧❡s ♦✉t✐❧s q✉✐ ❡①✐st❡♥t ♣♦✉r ❞ét❡r♠✐♥❡r ❧❛ ❝♦rr❡❝t✐♦♥✱ q✉✬✐❧ s✬❛❣✐ss❡ ❞❡
♠♦❞é❧✐s❛t✐♦♥ ❞❡ ❧❛ ♣❡rt✉r❜❛t✐♦♥ ♦✉ ❞❡ t❤é♦r✐❡ ❞❡ ❧✬❡st✐♠❛t✐♦♥✳ ❉❡ ❝❡tt❡ ♣rés❡♥t❛t✐♦♥✱
r❡ss♦rt❡♥t ♣❧✉s✐❡✉rs ét❛♣❡s ❝❛r❛❝tér✐st✐q✉❡s ❞❡ ❧❛ ❝♦rr❡❝t✐♦♥ ✿ ✉♥❡ r❡❝♦♥str✉❝t✐♦♥✱ ✉♥❡
♣r♦❥❡❝t✐♦♥ ❡t ✉♥❡ ❝♦rr❡❝t✐♦♥ ❞②♥❛♠✐q✉❡ ✭❧✐é❡ à ✉♥❡ ♣ré❞✐❝t✐♦♥✮✳

▲❛ s❡❝♦♥❞❡ ♣❛rt✐❡ ❞❡ ❝❡ ♠❛♥✉s❝r✐t ❡st ❡ss❡♥t✐❡❧❧❡♠❡♥t ❝♦♥s❛❝ré❡ à ❧✬ét❛♣❡ ❞❡ r❡❝♦♥s✲
tr✉❝t✐♦♥ ❞❡ ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❛t♠♦s♣❤ér✐q✉❡ ♣♦✉r ✉♥ s②stè♠❡ à ❣r❛♥❞ ♥♦♠❜r❡ ❞❡ ♣❛r❛✲
♠ètr❡s✳ ❊❧❧❡ ❝♦♥❞✉✐t à ❧❛ ❞é✜♥✐t✐♦♥ ❞✬✉♥ ❛❧❣♦r✐t❤♠❡ ❞❡ r❡❝♦♥str✉❝t✐♦♥ r❛♣✐❞❡ ❛❞❛♣té à
❞❡s ❝♦♥tr❛✐♥t❡s ❞❡ t❡♠♣s ré❡❧ s✉r ✉♥ té❧❡s❝♦♣❡ ❤❡❝t♦♠étr✐q✉❡✳

❉❛♥s ✉♥❡ tr♦✐s✐è♠❡ ♣❛rt✐❡✱ ❧✬♦♣t✐♠✐s❛t✐♦♥ ❞✬✉♥ ❝r✐tèr❡ ❞❡ ❝♦rr❡❝t✐♦♥ ❝♦♥❞✉✐t à ✉♥❡
♠ét❤♦❞❡ ❞❡ ❝♦♠♠❛♥❞❡ ♣♦✉r ❧✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ❡♥ ❜♦✉❝❧❡ ❢❡r♠é❡ s✉r ✉♥ ❣r❛♥❞ s②s✲
tè♠❡✳ ❏❡ ♠♦♥tr❡ q✉✬✐❧ ❡st ♣♦ss✐❜❧❡ ❞❡ ♠❡ttr❡ à ♣r♦✜t ❧❛ ♠ét❤♦❞❡ ❞❡ r❡❝♦♥str✉❝t✐♦♥
r❛♣✐❞❡ ét✉❞✐é❡ ❞❛♥s ❧❛ ♣❛rt✐❡ ♣ré❝é❞❡♥t❡ ♣♦✉r ❧❡ ❝❛❧❝✉❧ ❞❡ ❝❡tt❡ ❝♦♠♠❛♥❞❡ ❡♥ ❜♦✉❝❧❡
❢❡r♠é❡✳ ▲❡s ♣❡r❢♦r♠❛♥❝❡s ❞❡ ❝❡tt❡ ❝♦rr❡❝t✐♦♥ ♣♦✉r ✉♥❡ ❛♣♣❧✐❝❛t✐♦♥ ❡♥ t❡♠♣s ré❡❧ s✉r
✉♥ s②stè♠❡ à ❣r❛♥❞ ♥♦♠❜r❡ ❞❡ ❞❡❣rés ❞❡ ❧✐❜❡rté s♦♥t é✈❛❧✉é❡s à ♣❛rt✐r ❞❡ s✐♠✉❧❛t✐♦♥s
s✐♠♣❧❡s✳

❊♥✜♥✱ ❞❛♥s ✉♥❡ q✉❛tr✐è♠❡ ♣❛rt✐❡✱ ❝❡tt❡ ♠ét❤♦❞❡ ❞❡ ❝♦♠♠❛♥❞❡ ❡st ✈❛❧✐❞é❡ s✉r ❧❡
s✐♠✉❧❛t❡✉r ❝♦♠♣❧❡t ❖❝t♦♣✉s✱ ✐♠♣❧é♠❡♥té à ❧✬♦❜s❡r✈❛t♦✐r❡ ❡✉r♦♣é❡♥ ❛✉str❛❧ ✭❊❙❖✱ ❆❧❧❡✲
♠❛❣♥❡✮✳ ❈❡❝✐ ❝♦♥st✐t✉❡ ✉♥❡ ♣r❡♠✐èr❡ ét❛♣❡ ✈❡rs ❧❛ ✈❛❧✐❞❛t✐♦♥ ❞❡ ❝❡tt❡ ❧♦✐ ❞❡ ❝♦♠♠❛♥❞❡
❛✉① ❝♦♥❞✐t✐♦♥s ré❡❧❧❡s ❞❡ ❢♦♥❝t✐♦♥♥❡♠❡♥t ❞✬✉♥❡ ♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡✳ ❈❡s t❡sts s✉r ❧❡
s✐♠✉❧❛t❡✉r ♠❡tt❡♥t ❡♥ é✈✐❞❡♥❝❡ ❧❡s ❛t♦✉ts ❡t ❧❡s ❧✐♠✐t❡s ❞❡ ❝❡ ♥♦✉✈❡❧ ❛❧❣♦r✐t❤♠❡ ❞❡
❝♦♠♠❛♥❞❡ ♣♦✉r ❧❡ té❧❡s❝♦♣❡ ❊✲❊▲❚✳



Pr❡♠✐èr❡ ♣❛rt✐❡

❈♦♥t❡①t❡ ❞❡ ❧✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡

♣♦✉r ✉♥ té❧❡s❝♦♣❡ ❤❡❝t♦♠étr✐q✉❡

✷✸





❈❤❛♣✐tr❡ ✶

❘és♦❧✉t✐♦♥ ❛♥❣✉❧❛✐r❡ ❞❡s ❣r❛♥❞s

té❧❡s❝♦♣❡s t❡rr❡str❡s

▲❛ rés♦❧✉t✐♦♥ ❛♥❣✉❧❛✐r❡ ♦✉ ♣♦✉✈♦✐r sé♣❛r❛t❡✉r ❞✬✉♥ té❧❡s❝♦♣❡ ❝❛r❛❝tér✐s❡ ❧❛ ✜♥❡ss❡
❞❡s ❞ét❛✐❧s q✉✐ ♣❡✉✈❡♥t êtr❡ ❞✐s❝❡r♥és s✉r ❧❛ ✈♦ût❡ ❝é❧❡st❡✳ ❯♥ ✐♥str✉♠❡♥t ♦♣t✐q✉❡ ❞✬♦✉✲
✈❡rt✉r❡ ❞❡ ❞✐♠❡♥s✐♦♥ ✜♥✐❡ ❛ ✉♥❡ rés♦❧✉t✐♦♥ ❧✐♠✐t❡ ✜♥✐❡✱ ❞✉ ❢❛✐t ❞❡ ❧❛ ❞✐✛r❛❝t✐♦♥ ❞❡ ❧❛
❧✉♠✐èr❡✳ ❈❡tt❡ ❧✐♠✐t❡ ❡st ❛♣♣❡❧é❡ rés♦❧✉t✐♦♥ ❞✉ té❧❡s❝♦♣❡ à ❧❛ ❧✐♠✐t❡ ❞❡ ❞✐✛r❛❝t✐♦♥ ❡t
❡st ✜①é❡ ♣❛r ❧❡ r❛♣♣♦rt ❞❡ ❧❛ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡ ❞✬♦❜s❡r✈❛t✐♦♥ ❛✉ ❞✐❛♠ètr❡ ❞❡ ❧✬♦✉✈❡r✲
t✉r❡✱ λI/D✳ ❈✬❡st ❧❛ rés♦❧✉t✐♦♥ ❡✛❡❝t✐✈❡ ❞❡s té❧❡s❝♦♣❡s s♣❛t✐❛✉①✱ ❛✉① ❞é❢❛✉ts ♣rès ❞❡s
♦♣t✐q✉❡s ❡t ❞❡ ❧✬é❝❤❛♥t✐❧❧♦♥♥❛❣❡ ♣❛r ❧❡ ❞ét❡❝t❡✉r✳ ▲❡ té❧❡s❝♦♣❡ ❍✉❜❜❧❡ ♦✛r❡ ❛✐♥s✐ ✉♥❡
rés♦❧✉t✐♦♥ ♦♣t✐q✉❡ ❞❡ q✉❡❧q✉❡s ✶✵✵ ♠✐❧❧✐s❡❝♦♥❞❡s ❞✬❛r❝ ✭♠❛s✮ ❞❛♥s ❧❡ ✈✐s✐❜❧❡ ♣♦✉r ✉♥
❞✐❛♠ètr❡ ❞❡ ♠✐r♦✐r ♣r✐♠❛✐r❡ ❞❡ ✷✹✵❝♠✳

❆✐♥s✐ ❝♦♥str✉✐r❡ ❞❡s té❧❡s❝♦♣❡s ❞❡ ❞✐❛♠ètr❡ ❞❡ ♣❧✉s ❡♥ ♣❧✉s ❡♥ ❣r❛♥❞ ♣❡r♠❡t ❞❡ r❡✲
♣♦✉ss❡r ❧❡s ❧✐♠✐t❡s ❞❡ rés♦❧✉t✐♦♥ ❞❡s ♦❜s❡r✈❛t✐♦♥s ❛str♦♥♦♠✐q✉❡s✳ ❚♦✉t❡❢♦✐s✱ ❧❛ rés♦❧✉t✐♦♥
❞✬✉♥ ❣r❛♥❞ té❧❡s❝♦♣❡ ❡st ❞é❣r❛❞é❡ s✬✐❧ ❡st ♣❧❛❝é s✉r ❚❡rr❡✱ ♣❛r❝❡ q✉❡ ❧✬❛t♠♦s♣❤èr❡ t❡r✲
r❡str❡✱ t✉r❜✉❧❡♥t❡✱ ♣❡rt✉r❜❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ ✈❡♥❛♥t ❞✉ ❝✐❡❧✳ ◗✉❡❧ q✉❡ s♦✐t ❧❡ ❞✐❛♠ètr❡
❞✬✉♥ té❧❡s❝♦♣❡ t❡rr❡str❡✱ s❛ rés♦❧✉t✐♦♥ ❛♥❣✉❧❛✐r❡ ❧✐♠✐t❡ ❡st ❞ét❡r♠✐♥é❡ ♣❛r ❧❛ t✉r❜✉❧❡♥❝❡
❛t♠♦s♣❤ér✐q✉❡ ❛✉✲❞❡ss✉s ❞❡ s♦♥ ♦✉✈❡rt✉r❡✳

▲✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ✭❖❆✮ ❡st ✉♥ s②stè♠❡ ❛ss❡r✈✐ q✉✐ ✈✐s❡ à ❝♦♠♣❡♥s❡r ❧❡s ❞é❢♦r✲
♠❛t✐♦♥s ❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ ✐♥❝✐❞❡♥t❡ ❡♥ t❡♠♣s ré❡❧✳ ❯♥❡ ♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ✐❞é❛❧❡✱
❝♦♠♣❡♥s❛♥t ♣❛r❢❛✐t❡♠❡♥t ❧❡s ♣❡rt✉r❜❛t✐♦♥s✱ ♣❡r♠❡ttr❛✐t ❞❡ r❡tr♦✉✈❡r ❧❛ rés♦❧✉t✐♦♥ à ❧❛
❧✐♠✐t❡ ❞❡ ❞✐✛r❛❝t✐♦♥ ❞✬✉♥ té❧❡s❝♦♣❡ s✉r ❚❡rr❡✳

❈❡ ❝❤❛♣✐tr❡ ❡st ❞❡st✐♥é à ♣rés❡♥t❡r ❧❡s ♦❜❥❡❝t✐❢s ❞✬✉♥❡ ♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡✱ ❡♥ ❡①♣❧✐✲
q✉❛♥t q✉❡❧s s♦♥t ❧❡s ♣❛r❛♠ètr❡s ✐♥✢✉❛♥t s✉r ❧❛ rés♦❧✉t✐♦♥ ❛♥❣✉❧❛✐r❡✳ ❉❛♥s ✉♥ ♣r❡♠✐❡r
t❡♠♣s✱ ❥❡ r❛♣♣❡❧❧❡ ❝♦♠♠❡♥t ❝❛r❛❝tér✐s❡r ❧❛ rés♦❧✉t✐♦♥ ❞✬✉♥ té❧❡s❝♦♣❡ ❡♥ ❧✬❛❜s❡♥❝❡ ❞✬❛t✲
♠♦s♣❤èr❡✳ ❈❡ ❝r✐tèr❡ ♥✬❡st ♣❧✉s s✉✣s❛♥t ❡♥ ♣rés❡♥❝❡ ❞✬❛t♠♦s♣❤èr❡✱ ✐❧ ❡st ♥é❝❡ss❛✐r❡ ❞❡
t❡♥✐r ❝♦♠♣t❡ ❞❡ ❧❛ ❞é❣r❛❞❛t✐♦♥ ❞❡ ❧❛ rés♦❧✉t✐♦♥ ❞✉❡ à ❧✬❛t♠♦s♣❤èr❡✳ ▲♦rsq✉❡ ❧❡ té❧❡s❝♦♣❡
❡st ✉t✐❧✐sé ❛✈❡❝ ✉♥❡ ♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡✱ ✉♥ ❝r✐tèr❡ ❡ss❡♥t✐❡❧ ♣♦✉r q✉❛❧✐✜❡r ❧❛ q✉❛❧✐té ❞❡
❧❛ ❝♦rr❡❝t✐♦♥ ❡st ❧❡ r❛♣♣♦rt ❞❡ ❙tr❡❤❧✳

✶✳✶ ▲❛ rés♦❧✉t✐♦♥ ❞✬✉♥ té❧❡s❝♦♣❡

▲❛ tr❛♥s♠✐ss✐♦♥ ❞✬✉♥ té❧❡s❝♦♣❡ ❡st ❞é❝r✐t❡ ♣❛r ❧❛ ❢♦♥❝t✐♦♥ ♣✉♣✐❧❧❡ ❣é♥ér❛❧✐sé❡

P(r) = P0(r) ❡iφs(r) . ✭✶✳✶✮

✷✺
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P0 ❡t φs s♦♥t r❡s♣❡❝t✐✈❡♠❡♥t ❧❛ tr❛♥s♠✐tt❛♥❝❡ ❡t ❧❡s ❛❜❡rr❛t✐♦♥s ❞❡ ♣❤❛s❡ ❞✉ té❧❡s❝♦♣❡✳
❈❡ s♦♥t ❞❡✉① ❢♦♥❝t✐♦♥s ré❡❧❧❡s ❞❡ r = (r, θ)✱ ✈❡❝t❡✉r ❞❡ ❝♦♦r❞♦♥♥é❡s ♣♦❧❛✐r❡s ❞❛♥s ❧❡ ♣❧❛♥
♣✉♣✐❧❧❡ ❞✉ té❧❡s❝♦♣❡✳ ❊❧❧❡s s♦♥t s✉♣♣♦sé❡s st❛t✐q✉❡s ♦✉ q✉❛s✐✲st❛t✐q✉❡s ❡t ❞é♣❡♥❞❡♥t ❞❡
❧❛ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡ ❞✬♦❜s❡r✈❛t✐♦♥ λI ✳ ❉❛♥s t♦✉t❡s ❧❡s éq✉❛t✐♦♥s ❞❡ ❝❡ ❝❤❛♣✐tr❡✱ i =

√
−1✳

Plan pupille

βi

r

Axe optique Source

β
d Plan image

du telescope
Ouverture

❋✐❣✳ ✶✳✶ ✕ ❙❝❤é♠❛ ♦♣t✐q✉❡✳ ▲❛ s♦✉r❝❡ s❡ tr♦✉✈❡ ❞❛♥s ❧❡ ♣❧❛♥ ♦❜❥❡t✱ à ❧✬✐♥✜♥✐✱ s✉r ❧❡ ❝✐❡❧
❞❛♥s ✉♥ ❞✐r❡❝t✐♦♥ ❞✬✐♥❝✐❞❡♥❝❡ βi ♣❛r r❛♣♣♦rt à ❧✬❛①❡ ♦♣t✐q✉❡ ❞✉ té❧❡s❝♦♣❡✳ ▲❡ ♣❧❛♥ ✐♠❛❣❡
❡st ❝♦♥❥✉❣✉é ❞✉ ♣❧❛♥ ♦❜❥❡t à tr❛✈❡rs ❧❡ té❧❡s❝♦♣❡✳ ▲❛ r❡❧❛t✐♦♥ ✭✶✳✷✮ ❞♦♥♥❡ ❧✬❡①♣r❡ss✐♦♥
❞❡ ❧✬❛♠♣❧✐t✉❞❡ ❞✐✛r❛❝té❡ ♣❛r ❧❡ té❧❡s❝♦♣❡ ❞❛♥s ❧❛ ❞✐r❡❝t✐♦♥ βd ❞✉ ♣❧❛♥ ✐♠❛❣❡ à ♣❛rt✐r
❞❡ ❧❛ s♦✉r❝❡ ♦❜s❡r✈é❡✳

❯♥❡ s♦✉r❝❡ ♣♦♥❝t✉❡❧❧❡ ♠♦♥♦❝❤r♦♠❛t✐q✉❡ é♠❡t ✉♥❡ ♦♥❞❡ s♣❤ér✐q✉❡✱ ♠❛✐s r❡❣❛r❞é❡
♣❛r ✉♥❡ ♦✉✈❡rt✉r❡ ❞❡ ❞✐❛♠ètr❡ D ♣❡t✐t ❞❡✈❛♥t ❧❛ ❞✐st❛♥❝❡ à ❝❡tt❡ s♦✉r❝❡✱ ❧❛ s✉r❢❛❝❡
❞✬♦♥❞❡ ✐♥❝✐❞❡♥t❡ ❡st ❛♣♣r♦①✐♠❛t✐✈❡♠❡♥t ♣❧❛♥❡✳ ❉✬❛♣rès ❧❛ t❤é♦r✐❡ ❞❡ ❧❛ ❞✐✛r❛❝t✐♦♥ ❞❡
❋r❛✉♥❤♦❢❡r ✭●♦♦❞♠❛♥✱ ✷✵✵✺✮✱ ❧✬❛♠♣❧✐t✉❞❡ ❞✐✛r❛❝té❡ P̃(βd,βi) à ✉♥ ❛♥❣❧❡ βd ❞❛♥s ❧❡
♣❧❛♥ ✐♠❛❣❡✱ ❞❡ ❧✬♦♥❞❡ é♠✐s❡ ♣❛r ✉♥❡ t❡❧❧❡ s♦✉r❝❡ à ✉♥ ❛♥❣❧❡ βi ❞❡ ❧✬❛①❡ ♦♣t✐q✉❡ s✉r ❧❡
❝✐❡❧✱ s✬é❝r✐t

P̃(βd,βi) = C(βi)

∫
P(r) ❡−2 i πβd ·r/λI dr , ✭✶✳✷✮

♦ù βd ❡st ✉♥ ✈❡❝t❡✉r ❞❡ ❝♦♦r❞♦♥♥é❡s ❛♥❣✉❧❛✐r❡s ❜✐❞✐♠❡♥s✐♦♥♥❡❧❧❡s ❞❛♥s ❧❡ ♣❧❛♥ ✐♠❛❣❡ ❡t
C ❞é♣❡♥❞ ❞❡ ❧❛ ♣♦s✐t✐♦♥ ❛♥❣✉❧❛✐r❡ ✭❜✐❞✐♠❡♥s✐♦♥♥❡❧❧❡ ❛✉ss✐✮ βi ❞❡ ❧❛ s♦✉r❝❡ ✭❝❢✳ ✜❣✉r❡ ✶✳✶✮✳
❉✬❛♣rès ❧✬éq✉❛t✐♦♥ ✭✶✳✷✮✱ ❧❡ s②stè♠❡ ♦♣t✐q✉❡ s❡ ❝♦♠♣♦rt❡ ❝♦♠♠❡ ✉♥ ♦♣ér❛t❡✉r ❞❡ ❋♦✉r✐❡r
❡♥tr❡ ❧❡ ♣❧❛♥ ♣✉♣✐❧❧❡ ❡t ❧❡ ♣❧❛♥ ✐♠❛❣❡✳ βd ❡st ❧❛ ✈❛r✐❛❜❧❡ ❝♦♥❥✉❣✉é❡ ❞❡ r/λI ✳

✶✳✶✳✶ ▲❛ ❢♦♥❝t✐♦♥ ❞✬ét❛❧❡♠❡♥t ❞❡ ♣♦✐♥t ❞✉ té❧❡s❝♦♣❡

▲❛ ❢♦♥❝t✐♦♥ ❞✬ét❛❧❡♠❡♥t ❞❡ ♣♦✐♥t ✭❋❊P✮✱ ♣♦✐♥t s♣r❡❛❞ ❢✉♥❝t✐♦♥ ❡♥ ❛♥❣❧❛✐s✱ ❡st ❧❛
❞✐str✐❜✉t✐♦♥ ❞✬✐♥t❡♥s✐té H ❞❛♥s ❧❡ ♣❧❛♥ ✐♠❛❣❡ ❡♥❣❡♥❞ré❡ ♣❛r ❧✬♦❜s❡r✈❛t✐♦♥ ❞✬✉♥❡ s♦✉r❝❡
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♣♦♥❝t✉❡❧❧❡ ♠♦♥♦❝❤r♦♠❛t✐q✉❡ à ❧✬✐♥✜♥✐ à ✉♥ ❛♥❣❧❡ βi ❞❡ ❧✬❛①❡ ♦♣t✐q✉❡✱ ✐✳❡✳

H(βd,βi) = P̃(βd,βi) P̃∗(βd,βi) =
∣∣∣P̃(βd,βi)

∣∣∣
2

✭✶✳✸✮

♦ù ❧❛ ♥♦t❛t✐♦♥ P̃∗ ❞és✐❣♥❡ ❧❡ ❝♦♥❥✉❣✉é ❞❡ P̃✱ ❡t |P̃| s♦♥ ♠♦❞✉❧❡✳
❉❛♥s ❧❡ ❝❛s ✐❞é❛❧ ❞✬✉♥❡ ♦✉✈❡rt✉r❡ ❝✐r❝✉❧❛✐r❡ ❞❡ ❞✐❛♠ètr❡ D ❞❡ tr❛♥s♠✐ss✐♦♥ ♥♦r♠❛✲

❧✐sé❡

P0(r) =

{
2/(
√
πD) si r ≤ D/2

0 sinon
✭✶✳✹✮

❡t s❛♥s ❛❜❡rr❛t✐♦♥s ❞❡ ♣❤❛s❡ φs = 0✱ ❧❛ ❋❊P✱ ♣♦✉r βi = 0✱ ❡st ❧❛ t❛❝❤❡ ❞✬❆✐r②✳
❊♥ ♣r❛t✐q✉❡✱ ❧❛ ❢♦♥❝t✐♦♥ ♣✉♣✐❧❧❡ ❞✬✉♥ té❧❡s❝♦♣❡ ❡st r❛r❡♠❡♥t ❞é❝r✐t❡ ♣❛r ❧✬éq✉❛✲

t✐♦♥ ✭✶✳✹✮✱ ❞✉ ❢❛✐t ❞❡ ❧❛ ♣rés❡♥❝❡ ❞✬✉♥❡ ♦❜str✉❝t✐♦♥ ❝❡♥tr❛❧❡✱ ❡♥❣❡♥❞ré❡ ♣❛r ❧❛ ♣rés❡♥❝❡
❞✉ ♠✐r♦✐r s❡❝♦♥❞❛✐r❡✱ ♦✉ ❞✬✉♥❡ ❛r❛✐❣♥é❡ ✭❧❡s ❜r❛s ❞✉ s✉♣♣♦rt ❞❡ ❝❡ ♠ê♠❡ ♠✐r♦✐r✮✳ ❊♥
❝♦♥séq✉❡♥❝❡✱ ❧❛ ❋❊P s✉r ❧✬❛①❡ ♦♣t✐q✉❡ ♥✬❡st ♣❛s ❡①❛❝t❡♠❡♥t ❧❛ t❛❝❤❡ ❞✬❆✐r②✱ ♠❛✐s ✉♥❡
❢♦♥❝t✐♦♥ s✐♠✐❧❛✐r❡ ❛♣♣❡❧é❡ ♣❧✉s ❣é♥ér❛❧❡♠❡♥t t❛❝❤❡ ❞❡ ❞✐✛r❛❝t✐♦♥ ❞✉ té❧❡s❝♦♣❡Ht❡❧✳ ❉❛♥s
❧❛ ♠❡s✉r❡ ❞✉ ♣♦ss✐❜❧❡✱ ❥❡ ♣r❡♥❞s ❡♥ ❝♦♠♣t❡ ❞❛♥s ❧❛ s✉✐t❡ ❧❛ ♣rés❡♥❝❡ ❞❡ ❧✬♦❜str✉❝t✐♦♥
❝❡♥tr❛❧❡ ❞❡ ❞✐❛♠ètr❡ ηD✱ ❛✈❡❝ 0 ≤ η ≤ 1 ❡t

P0(r) =

{
2/(
√
π (1− η2)D) si ηD/2 ≤ r ≤ D/2

0 sinon .
✭✶✳✺✮

▲❡ ❞♦♠❛✐♥❡ ❞✬✐s♦♣❧❛♥ét✐s♠❡ ❞✉ té❧❡s❝♦♣❡ ❞é❧✐♠✐t❡ ❧❡ ❝❤❛♠♣ ❛♥❣✉❧❛✐r❡ s✉r ❧❡ ❝✐❡❧
♣♦✉r ❧❡q✉❡❧ ❧❛ ❋❊P ❛ ❧❛ ♠ê♠❡ ❢♦r♠❡ ❞❛♥s t♦✉t❡s ❧❡s ❞✐r❡❝t✐♦♥s ❞✬♦❜s❡r✈❛t✐♦♥s βi✱ ❛❧♦rs
H(βd,βi) = H(βd − βi)✳

▲❡s ♦❜❥❡ts ❛str♦♣❤②s✐q✉❡s ♣❡✉✈❡♥t ❣é♥ér❛❧❡♠❡♥t êtr❡ ❝♦♥s✐❞érés ❝♦♠♠❡ ✉♥ ❡♥s❡♠❜❧❡
❞❡ s♦✉r❝❡s ♣♦♥❝t✉❡❧❧❡s ✐♥❝♦❤ér❡♥t❡s✳ ▲✬✐♠❛❣❡ ♣❛r ❧❡ té❧❡s❝♦♣❡ ❞✬✉♥ t❡❧ ♦❜❥❡t ❡st ❧❛ s✉✲
♣❡r♣♦s✐t✐♦♥ ❞❡s ✐♠❛❣❡s ❞✉❡s à ❝❡s s♦✉r❝❡s ♣♦♥❝t✉❡❧❧❡s

I(βd) =

∫
O(βi)H(βd,βi) dβi .

♦ù I ❞és✐❣♥❡ ❧✬✐♥t❡♥s✐té ❞❡ ❧✬✐♠❛❣❡ ❡t O ❧✬✐♥t❡♥s✐té ❧✉♠✐♥❡✉s❡ ❞❡ ❧✬♦❜❥❡t é♠✐s❡ ❞❡♣✉✐s
❧❛ ❞✐r❡❝t✐♦♥ βi✳ ❊♥ s✉♣♣♦s❛♥t q✉❡ ❧✬♦❜❥❡t ❛str♦♣❤②s✐q✉❡ ❡st ❝♦♥t❡♥✉ ❞❛♥s ❧❡ ❞♦♠❛✐♥❡
❞✬✐s♦♣❧❛♥ét✐s♠❡✱ ❛❧♦rs s♦♥ ✐♠❛❣❡ ❡st

I(βd) =

∫
O(βi)H(βd − βi) dβi

= [O ∗H] (βd) , ✭✶✳✻✮

q✉✐ ❡st ❧❡ ♣r♦❞✉✐t ❞❡ ❝♦♥✈♦❧✉t✐♦♥ ❞❡ s❛ ❞✐str✐❜✉t✐♦♥ ❞✬✐♥t❡♥s✐té s✉r ❧❡ ❝✐❡❧ ❡t ❞❡ ❧❛
❋❊P✳ ▲❡ s✐❣♥❡ ∗ ❞és✐❣♥❡ ❧❡ ♣r♦❞✉✐t ❞❡ ❝♦♥✈♦❧✉t✐♦♥✳ ▲❛ ❋❊P r❡♣rés❡♥t❡ ❞♦♥❝ ❧❛ ré♣♦♥s❡
✐♠♣✉❧s✐♦♥♥❡❧❧❡ ❞✉ té❧❡s❝♦♣❡✳

✶✳✶✳✷ ▲❛ ❢♦♥❝t✐♦♥ ❞❡ tr❛♥s❢❡rt ♦♣t✐q✉❡ ❞✉ té❧❡s❝♦♣❡

▲❛ r❡❧❛t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡ ✭✶✳✻✮ ♣❡✉t êtr❡ tr❛❞✉✐t❡ ❡♥ ❢réq✉❡♥❝❡s ♣❛r ✉♥ s✐♠♣❧❡ ♣r♦✲
❞✉✐t

Ĩ(f) = H̃(f) Õ(f) .

♦ù f ❡st ❧❛ ✈❛r✐❛❜❧❡ ❝♦♥❥✉❣✉é❡ ❞❡ βd ❡♥ ❢réq✉❡♥❝❡s s♣❛t✐❛❧❡s✳ ❯♥ s②stè♠❡ ♦♣t✐q✉❡ ❡st
❞♦♥❝ ❛✉ss✐ ❝❛r❛❝tér✐sé ♣❛r s❛ ré♣♦♥s❡ ❡♥ ❢réq✉❡♥❝❡ s♣❛t✐❛❧❡✱ ❧❛ ❢♦♥❝t✐♦♥ ❞❡ tr❛♥s❢❡rt
♦♣t✐q✉❡ ✭❋❚❖✮ H̃(f)✳
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❉✬❛♣rès ❧❡ t❤é♦rè♠❡ ❞❡ ❲✐❡♥❡r✲❑❤✐♥t❝❤✐♥❡✱ ♦♥ ♣❡✉t réé❝r✐r❡ ❧❛ ❋❚❖ ❝♦♠♠❡

H̃(f) = B
∫
P(r)P∗(r − λIf)dr , ✭✶✳✼✮

♣♦✉r ❢❛✐r❡ ✐♥t❡r✈❡♥✐r ❧❛ ❢♦♥❝t✐♦♥ ❞✬❛✉t♦✲❝♦rré❧❛t✐♦♥ ❞❡ ❧✬❛♠♣❧✐t✉❞❡ ❝♦♠♣❧❡①❡ P ❞❛♥s ❧❡
♣❧❛♥ ♣✉♣✐❧❧❡✳ ▲✬éq✉❛t✐♦♥ ❞❡ ❝♦♥s❡r✈❛t✐♦♥ ❞❡ ❧✬é♥❡r❣✐❡ ❧✉♠✐♥❡✉s❡✱

H̃(0) = B
∫
|P(r)|2 dr = 1 , ✭✶✳✽✮

❢♦✉r♥✐t ❧❛ ✈❛❧❡✉r ❞❡ ❧❛ ❝♦♥st❛♥t❡ ❞❡ ♥♦r♠❛❧✐s❛t✐♦♥ B✳ ❆❧♦rs ❧❛ ❋❚❖ ❞❛♥s ❧✬éq✉❛t✐♦♥ ✭✶✳✼✮
❞❡✈✐❡♥t

H̃(f) =

∫
P(r)P∗(r − λIf)dr∫

|P(r)|2 dr
. ✭✶✳✾✮

▲❡ ♣♦✉✈♦✐r ❞❡ rés♦❧✉t✐♦♥ R ❞✉ té❧❡s❝♦♣❡ ❛✉ s❡♥s ❞❡ ❙tr❡❤❧ ❡st ❞é✜♥✐ à ♣❛rt✐r ❞❡ ❧❛
❋❚❖ ♣❛r

R =

∫
H̃(f)df ✭✶✳✶✵✮

P♦✉r ✉♥ té❧❡s❝♦♣❡ ❝✐r❝✉❧❛✐r❡✱ ❝✬❡st✲à✲❞✐r❡ ❧♦rsq✉❡ ❧❛ ❋❊P ❡st ❧❛ t❛❝❤❡ ❞✬❆✐r②✱

Rt❡❧ =
π

4

(
D

λI

)2

. ✭✶✳✶✶✮

▲❛ rés♦❧✉t✐♦♥ ❞✉ té❧❡s❝♦♣❡ ❡st ❞♦♥❝ ❝❛r❛❝tér✐sé❡ ♣❛r λI/D✳ ▲♦rsq✉❡ ❧❡ ❞✐❛♠ètr❡ ❞❡
❧❛ ♣✉♣✐❧❧❡ D ❛✉❣♠❡♥t❡✱ ❧❛ rés♦❧✉t✐♦♥ ❛♥❣✉❧❛✐r❡ ❡st ♠❡✐❧❧❡✉r❡✳

■❧ ❡①✐st❡ ❛❧♦rs ❞❛♥s ❧❡ ❝✐❡❧ ❞❡s ét♦✐❧❡s rés♦❧✉❡s ❡t ❞✬❛✉tr❡s ♥♦♥ rés♦❧✉❡s ♣❛r ❧❡ té❧❡s❝♦♣❡✳
▲❡s ét♦✐❧❡s ♥♦♥ rés♦❧✉❡s ♣❛r ❧❡ té❧❡s❝♦♣❡ ♣❡✉✈❡♥t à ❥✉st❡ t✐tr❡ êtr❡ ❝♦♥s✐❞éré❡s ❝♦♠♠❡
❞❡s s♦✉r❝❡s ♣♦♥❝t✉❡❧❧❡s ♣♦✉r ♦❜t❡♥✐r ❧❛ ❋❊P ❞✉ té❧❡s❝♦♣❡ Ht❡❧✳

✶✳✷ ▲❛ rés♦❧✉t✐♦♥ ❡♥ ♣rés❡♥❝❡ ❞✬❛t♠♦s♣❤èr❡

▲❛ rés♦❧✉t✐♦♥ ❡t ❧❡ tr❛♥s❢❡rt ♦♣t✐q✉❡ ❞✉ té❧❡s❝♦♣❡ s♦♥t ❞é✜♥✐s ❞❛♥s ❧❛ s❡❝t✐♦♥ ♣ré✲
❝é❞❡♥t❡ ❝♦♠♠❡ ❞❡s ♣r♦♣r✐étés ✐♥tr✐♥sèq✉❡s ❛✉ ❞✐♠❡♥s✐♦♥♥❡♠❡♥t ❡t s♣é❝✐✜❝❛t✐♦♥s ♣❤②✲
s✐q✉❡s ❞✉ s②stè♠❡✳ ❈❡❝✐ ❡st ✈r❛✐ ♣♦✉r ✉♥ té❧❡s❝♦♣❡ ❞❛♥s ❧✬❡s♣❛❝❡✱ ♠❛✐s ❝❡ ♥✬❡st ♣❧✉s
s✉✣s❛♥t ♣♦✉r ❞é❝r✐r❡ ❧❛ rés♦❧✉t✐♦♥ ❞✬✉♥ té❧❡s❝♦♣❡ s✉r ❚❡rr❡✱ à ❝❛✉s❡ ❞❡ ❧✬❛t♠♦s♣❤èr❡✳

▲❛ s✉r❢❛❝❡ ❞❡ ❧✬♦♥❞❡ é♠✐s❡ ♣❛r ✉♥❡ ét♦✐❧❡ ♥♦♥ rés♦❧✉❡✱ ❞❛♥s ❧❡ ❝✐❡❧✱ s✉❜✐t ❞❡s ❞é✲
❢♦r♠❛t✐♦♥s ❞❡ ❧✬♦r❞r❡ ❞❡ q✉❡❧q✉❡s ♠✐❝r♦♥s ❛✉ ❝♦✉rs ❞❡ s❛ tr❛✈❡rsé❡ ❞❡ ❧✬❛t♠♦s♣❤èr❡
t❡rr❡str❡✳ ▲❛ t✉r❜✉❧❡♥❝❡ ❛t♠♦s♣❤ér✐q✉❡ ♣❡rt✉r❜❡ ❞❡ ❢❛ç♦♥ ❛❧é❛t♦✐r❡ ❧✬❛♠♣❧✐t✉❞❡ ❝♦♠✲
♣❧❡①❡ ✐♥❝✐❞❡♥t❡ s✉r ❧❡ té❧❡s❝♦♣❡✱ q✉✐ ♣❡✉t ❛❧♦rs s✬é❝r✐r❡ s♦✉s ❧❛ ❢♦r♠❡

Ψ(r,βi, t) = ❡l(r,βi,t)+iφ(r,βi,t) , ✭✶✳✶✷✮

♦ù l ❡t φ s♦♥t ❞❡✉① ♣r♦❝❡ss✉s st♦❝❤❛st✐q✉❡s ré❡❧s ✐❧❧✉str❛♥t r❡s♣❡❝t✐✈❡♠❡♥t ❧❡s ✢✉❝t✉❛✲
t✐♦♥s ❞✬❛♠♣❧✐t✉❞❡ ✭❡♥ ❧♦❣❛r✐t❤♠❡✮ ❡t ❞❡ ♣❤❛s❡ ❞❡ ❧✬♦♥❞❡ ✐♥❝✐❞❡♥t❡ ❞❛♥s ❧❡ ♣❧❛♥ ♣✉♣✐❧❧❡ ❡t
❞❛♥s ❧❡ t❡♠♣s✳ ❈❡s ♣❡rt✉r❜❛t✐♦♥s ❞é♣❡♥❞❡♥t ❞✉ ✈♦❧✉♠❡ ❞✬❛t♠♦s♣❤èr❡ tr❛✈❡rsé ❡t ❞♦♥❝
s♦♥t ❞❡s ❢♦♥❝t✐♦♥s ❞❡ ❧❛ ❞✐r❡❝t✐♦♥ ❞❡ ✈✐sé❡ β✳ ▲✬éq✉❛t✐♦♥ ✭✶✳✷✮ ❞❡ ❧✬❛♠♣❧✐t✉❞❡ ❝♦♠♣❧❡①❡
❞❛♥s ❧❡ ♣❧❛♥ ♣✉♣✐❧❧❡ ❡st r❡♠♣❧❛❝é❡ ♣❛r ❧✬❛♠♣❧✐t✉❞❡ ❝♦♠♣❧❡①❡ ❣❧♦❜❛❧❡ ❞❡ ❧✬♦♥❞❡ ❞❛♥s ❧❡
♣❧❛♥ ♣✉♣✐❧❧❡ q✉✐ s✬é❝r✐t

U(r,βi, t) = P0(r) ❡l(r,βi,t)+i (φ(r,βi,t)+φs(r)) . ✭✶✳✶✸✮
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✶✳✷✳✶ ▲❛ ❋❊P ❡t ❧❛ ❋❚❖ ✐♥st❛♥t❛♥é❡s

❉✬❛♣rès ❧❛ ❞é✜♥✐t✐♦♥ ❞❡ ❧✬éq✉❛t✐♦♥ ✭✶✳✸✮✱ ❧❛ ❋❊P ✐♥st❛♥t❛♥é❡ ❞❡ ❧✬❡♥s❡♠❜❧❡ ④❆t♠♦✲
s♣❤èr❡ ✰ ❚é❧❡s❝♦♣❡⑥ s✬é❝r✐t ❛❧♦rs

H(βd,βi, t) = Ũ(βd,βi, t) Ũ∗(βd,βi, t) =
∣∣∣Ũ(βd,βi, t)

∣∣∣
2
, ✭✶✳✶✹✮

▲❡ ❞♦♠❛✐♥❡ ❞✬✐s♦♣❧❛♥ét✐s♠❡ ❞♦✐t✱ ❡♥ ♣rés❡♥❝❡ ❞✬❛t♠♦s♣❤èr❡✱ êtr❡ ❞é✜♥✐ t❡❧ q✉❡ ❧❡s ♣❡r✲
t✉r❜❛t✐♦♥s l ❡t φ s♦✐❡♥t ❛✉ss✐ à ♣❡✉ ♣rès ✐♥❞é♣❡♥❞❛♥t❡s ❞❡ βi✳ ❉❛♥s ❝❡ ❝❤❛♠♣✱ ❧✬❡♥s❡♠❜❧❡
④ ❆t♠♦s♣❤èr❡ ✰ ❚é❧❡s❝♦♣❡ ⑥ ❡st ❞é❝r✐t ♣❛s s❛ ❋❚❖ ✐♥st❛♥t❛♥é❡

H̃(f , t) =

∫
P(r)P(r − λIf)❡l(r,t)+l(r−λIf,t)+iφ(r,t)−φ(r−λIf,t) dr∫

|P(r)|2 dr
, ✭✶✳✶✺✮

❊♥ ❝❤♦✐s✐ss❛♥t ❞❡ ♥♦✉✈❡❛✉ ❧❛ ❧✐♠✐t❡ ❞❡ ❞✐✛r❛❝t✐♦♥ ❝♦♠♠❡ ré❢ér❡♥❝❡ ❞❛♥s ❧✬éq✉❛t✐♦♥ ✭✶✳✶✺✮✱
❧❡s ♣❡r❢♦r♠❛♥❝❡s s♦♥t q✉❛♥t✐✜é❡s ♣❛r r❛♣♣♦rt ❛✉ té❧❡s❝♦♣❡ ❡♥ ❧✬❛❜s❡♥❝❡ ❞❡ t✉r❜✉❧❡♥❝❡
✭❊❧❧❡r❜r♦❡❦ ❡t ❚②❧❡r✱ ✶✾✾✾✮✳

❈♦♠♠❡ l ❡t φ✱ ❧❛ ❋❊P ✭✶✳✶✹✮ ❡t ❧❛ ❋❚❖ ✭✶✳✶✺✮ ✐♥st❛♥t❛♥é❡s ❞❡ ❧✬❡♥s❡♠❜❧❡ ④❆t♠♦✲
s♣❤èr❡ ✰ ❚é❧❡s❝♦♣❡⑥ s♦♥t ❞♦♥❝ ❞❡s q✉❛♥t✐tés st♦❝❤❛st✐q✉❡s✳

✶✳✷✳✷ ▲❡s ✐♠❛❣❡s ❝♦✉rt❡ ♣♦s❡

▲❡s ♦❜s❡r✈❛t✐♦♥s✱ ♦✉ ♠❡s✉r❡s✱ ❡✛❡❝t✉é❡s ❡♥ s♦rt✐❡ ❞✉ té❧❡s❝♦♣❡ ♥❡ s♦♥t ♣❛s ✐♥st❛♥✲
t❛♥é❡s✳ ▲✬✐♠❛❣❡ ❞✬✉♥❡ s♦✉r❝❡ ♥♦♥ rés♦❧✉❡ ❡st ❞♦♥❝ ♦❜t❡♥✉❡ ♣❛r ✐♥té❣r❛t✐♦♥ ❞❡ ❧✬éq✉❛✲
t✐♦♥ ✭✶✳✶✹✮ ♣❡♥❞❛♥t ❧❡ t❡♠♣s ❞❡ ♣♦s❡ T ✱ ✐✳❡✳

〈H(βd, t)〉T =
1

T

∫ T

0
H(βd, t) dt , ✭✶✳✶✻✮

♣♦✉r ✉♥❡ s♦✉r❝❡ s✉r ❧✬❛①❡ ✭βi = 0)✳
❉❡s ♠❡s✉r❡s ❝♦✉rt❡ ♣♦s❡✱ ✐✳❡✳ T ❞❡ ❧✬♦r❞r❡ ❞❡ q✉❡❧q✉❡s ♠✐❧❧✐s❡❝♦♥❞❡s ✭♠s✮✱ ♣❡r✲

♠❡tt❡♥t ❞❡ ❣❡❧❡r ❧❛ t✉r❜✉❧❡♥❝❡✳ ❆✐♥s✐✱ l✱ φ ❡t ❞♦♥❝ H(βd, t) s♦♥t à ♣❡✉ ♣rès ✜①❡s s✉r ❝❡t
✐♥t❡r✈❛❧❧❡ ❞❡ t❡♠♣s✱ ❡t ❧✬✐♠❛❣❡ ❝♦✉rt❡✲♣♦s❡ ❞✬✉♥❡ s♦✉r❝❡ ♥♦♥ rés♦❧✉❡ ❢♦✉r♥✐t ✉♥❡ ❋❊P
✭♣r❡sq✉❡✮ ✐♥st❛♥t❛♥é❡✳

P♦✉r ✉♥ ♦❜❥❡t ❛str♦♣❤②s✐q✉❡ ❝♦♥t❡♥✉ ❞❛♥s ❧❡ ❞♦♠❛✐♥❡ ❞✬✐s♦♣❧❛♥ét✐s♠❡✱ ❧✬✐♠❛❣❡
❝♦✉rt❡ ♣♦s❡ ❡st ❞é❝r✐t❡ ❣râ❝❡ à ❧❛ ❋❊P ✐♥st❛♥t❛♥é❡ H(βd, t)✱ ♣❛r ❧❡ ♣r♦❞✉✐t ❞❡ ❝♦♥✈♦✲
❧✉t✐♦♥

I(βd, t) = O(βd) ∗H(βd, t) . ✭✶✳✶✼✮

✶✳✷✳✸ ▲❡s ✐♠❛❣❡s ❧♦♥❣✉❡ ♣♦s❡

▲❡s ❣r❛♥❞s té❧❡s❝♦♣❡s ♦✛r❡♥t ❧❛ ♣♦ss✐❜✐❧✐té ❛✉① ❛str♦♥♦♠❡s ❞✬♦❜s❡r✈❡r ❞❡s ♦❜❥❡ts
❞✬✐♥t❡♥s✐té ❝❤❛q✉❡ ❢♦✐s ♣❧✉s ❢❛✐❜❧❡✱ à ♠❡s✉r❡ q✉❡ ❧❡✉r s✉r❢❛❝❡ ❝♦❧❧❡❝tr✐❝❡ ✭♠✐r♦✐r ♣r✐♠❛✐r❡✮
❛✉❣♠❡♥t❡✳ P♦✉r ❞❡ t❡❧s ♦❜❥❡ts✱ ❧❡s t❡♠♣s ❞❡ ♣♦s❡ T s❡ ❝❛❧❝✉❧❡♥t ❡♥ s❡❝♦♥❞❡s✳ ❉❡ ❝❡ ❢❛✐t✱
❧❛ t✉r❜✉❧❡♥❝❡ ♥✬❡st ♣❧✉s ❣❡❧é❡ s✉r ❧✬✐♠❛❣❡✱ ❡❧❧❡ ❡st ❛✉ ❝♦♥tr❛✐r❡ ♠♦②❡♥♥é❡ ✭❡♥ ✐♥t❡♥s✐té
s✉r ❧✬✐♠❛❣❡✮ à tr❛✈❡rs ❧❡ t❡♠♣s✳ ▲✬éq✉❛t✐♦♥ ✭✶✳✶✻✮ ❛♣♣r♦❝❤❡ ✉♥❡ ✈❛❧❡✉r ❧✐♠✐t❡ ✭q✉❛♥❞ T
t❡♥❞ ✈❡rs ❧✬✐♥✜♥✐✮ ❜✐❡♥ ❞é✜♥✐❡ ✿ ❧❛ ❋❊P ❧♦♥❣✉❡ ♣♦s❡ 〈H(βd)〉✳ ❊♥ ❡✛❡t✱ ❧❛ t✉r❜✉❧❡♥❝❡ ❡st
st❛t✐♦♥♥❛✐r❡ ❡t ❡r❣♦❞✐q✉❡✳ ❈❡❝✐ s✐❣♥✐✜❡ q✉❡ ❧❛ ♠♦②❡♥♥❡ t❡♠♣♦r❡❧❧❡ ❞❛♥s ❧✬éq✉❛t✐♦♥ ✭✶✳✶✻✮
❢♦✉r♥✐t ✉♥❡ ✈❛❧❡✉r ❛♣♣r♦❝❤é❡ ❞❡ ❧✬❡s♣ér❛♥❝❡ ♠❛t❤é♠❛t✐q✉❡ ❞❡ ❧❛ ❋❊P ✐♥st❛♥t❛♥é❡ à t♦✉t
✐♥st❛♥t✳ ❈❡ r❛✐s♦♥♥❡♠❡♥t ✈❛✉t ❛✉ss✐ ♣♦✉r ❧❛ ❋❚❖ ❡♥ ♣rés❡♥❝❡ ❞❡ t✉r❜✉❧❡♥❝❡✳ ❏❡ ♥♦t❡
❧❛ ❋❊P ❧♦♥❣✉❡ ♣♦s❡ 〈H(βd)〉 ❡t ❧❛ ❋❚❖ ❧♦♥❣✉❡ ♣♦s❡ 〈H̃(f)〉✳
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❉✬❛♣rès ❝❡rt❛✐♥❡s ❤②♣♦t❤ès❡s s✉r ❧❛ str✉❝t✉r❡ ❡t ❧❛ ❞②♥❛♠✐q✉❡ ❞❡ ❧✬❛t♠♦s♣❤èr❡✱
✐❧ ❡st ♣♦ss✐❜❧❡ ❞❡ ❞é✜♥✐r ❞❡s ♠♦❞è❧❡s st❛t✐st✐q✉❡s ♣♦✉r ❧❡s ✈❛r✐❛t✐♦♥s ❧♦❣❛r✐t❤♠✐q✉❡s
❞✬❛♠♣❧✐t✉❞❡ l ❡t ❧❡s r❡t❛r❞s ❞❡ ♣❤❛s❡ φ s✉r ❧❛ ♣✉♣✐❧❧❡✳ ▲❡s ♠♦❞è❧❡s ❞❡ t✉r❜✉❧❡♥❝❡ ❛t✲
♠♦s♣❤ér✐q✉❡s s✉♣♣♦s❡♥t q✉❡ l ❡t φ s♦♥t ❞❡✉① ✈❛r✐❛❜❧❡s ❛❧é❛t♦✐r❡s ✐♥❞é♣❡♥❞❛♥t❡s ❞❡
st❛t✐st✐q✉❡s ●❛✉ss✐❡♥♥❡s✱ ✐s♦tr♦♣❡s ❡t ❧♦❝❛❧❡♠❡♥t ❤♦♠♦❣è♥❡s ✭❋r✐❡❞✱ ✶✾✻✻✮✱ ❞✬♦ù

〈
❡l(r)+l(r−λI f)+i(φ(r)−φ(r−λI f))

〉
= ❡−

1

2
Dln Ψ(λI f) ∀ r , ✭✶✳✶✽✮

♦ù Dln Ψ ❡st ❧❛ ❢♦♥❝t✐♦♥ ❞❡ str✉❝t✉r❡ ❞❡ ❧✬♦♥❞❡ ✭❡♥ ❧♦❣❛r✐t❤♠❡ ❞❡ s♦♥ ❛♠♣❧✐t✉❞❡ ❝♦♠✲
♣❧❡①❡✮ ❡t f ❡st ❧❡ ♠♦❞✉❧❡ ❞❡ ❧❛ ❢réq✉❡♥❝❡ s♣❛t✐❛❧❡ f ✳ ❏❡ r❛♣♣❡❧❧❡ q✉❡ ❧❛ ❢♦♥❝t✐♦♥ ❞❡
str✉❝t✉r❡ Dx ❞✬✉♥ ♣r♦❝❡ss✉s st♦❝❤❛st✐q✉❡ x ❞é✜♥✐ s✉r A s✬é❝r✐t

Dx(r, r′) =
〈
(x(r)− x(r + r′))2

〉
, ✭✶✳✶✾✮

♦ù A ❞és✐❣♥❡ ❧✬❡♥s❡♠❜❧❡ ❞❡s ❝♦♦r❞♦♥♥é❡s r ❞✉ ♣❧❛♥ s✐t✉és à ❧✬✐♥tér✐❡✉r ❞❡ ❧✬♦✉✈❡rt✉r❡✳
❉✬❛✉tr❡ ♣❛rt✱ ♥♦✉s ♥♦✉s ✐♥tér❡ss♦♥s à ❞❡ ❣r❛♥❞s té❧❡s❝♦♣❡s ♦♣t✐q✉❡s✱ ✐✳❡✳ ❞❡s ✐♥s✲

tr✉♠❡♥ts ♣♦✉r ❧❡sq✉❡❧s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❝❤❛♠♣ ♣r♦❝❤❡ D >>
√
LλI ❡st ✈ér✐✜é❡✱ L

ét❛♥t ❧✬é♣❛✐ss❡✉r ❞✬❛t♠♦s♣❤èr❡ tr❛✈❡rsé❡✳ ❉❛♥s ❝❡ ❝❛❞r❡✱ ❧❡s ✢✉❝t✉❛t✐♦♥s ❞✬❛♠♣❧✐t✉❞❡ l
♣r♦❞✉✐s❛♥t ❧❛ s❝✐♥t✐❧❧❛t✐♦♥✱ ♦♥t ✉♥ ✐♠♣❛❝t ♥é❣❧✐❣❡❛❜❧❡ ♣❛r r❛♣♣♦rt ❛✉① ♣❡rt✉r❜❛t✐♦♥s ❞❡
♣❤❛s❡✱ s✐ ❜✐❡♥ q✉❡ ❧✬♦♥ ♣❡✉t ❛♣♣r♦①✐♠❡r Dln Ψ ♣❛r ❧❛ ❢♦♥❝t✐♦♥ ❞❡ str✉❝t✉r❡ ❞❡ ❧❛ ♣❤❛s❡
Dφ ✭❚❛t❛rs❦✐✱ ✶✾✻✶❀ ❋r✐❡❞✱ ✶✾✻✻✮✳

❉❛♥s t♦✉t❡ ❧❛ s✉✐t❡ ❞❡ ❝❡ ♠❛♥✉s❝r✐t✱ ❥❡ r❡t✐❡♥s ❝❡tt❡ ❤②♣♦t❤ès❡ ❞❡ ❝❤❛♠♣ ♣r♦❝❤❡✱ s✐
❜✐❡♥ q✉❡ ❥❡ ♠❡ ❝♦♥❝❡♥tr❡ s✉r ❧❡s ♣❡rt✉r❜❛t✐♦♥s ❞❡ ❧❛ ♣❤❛s❡ ❞✉❡s à ❧✬❛t♠♦s♣❤èr❡✳

❉❡ ♣❧✉s✱ ❥❡ ♥♦t❡ p ❧❡ r❡t❛r❞ ✉♥✐❢♦r♠❡ ❞❡ ♣❤❛s❡ s✉r ❧❛ ♣✉♣✐❧❧❡ ❞✉ té❧❡s❝♦♣❡✱ ❞é✜♥✐❡
t❡❧❧❡ q✉❡ ∫

A
p(r) dr = 1 . ✭✶✳✷✵✮

❈❡tt❡ ❛❜❡rr❛t✐♦♥ s✬❛♣♣❡❧❧❡ ❛✉ss✐ ❧❡ ♣✐st♦♥✳ ❊❧❧❡ s✬é❝r✐t à ❧✬❛✐❞❡ ❞❡ ❢♦r♠✉❧❡s s❡♠❜❧❛❜❧❡s à
❝❡❧❧❡s ❞❡ ❧❛ tr❛♥s♠✐ss✐♦♥ ♥♦r♠❛❧✐sé❡ ❞❡ ❧❛ ♣✉♣✐❧❧❡✱ ✭✶✳✹✮ ❡t ✭✶✳✺✮✱ ✐✳❡✳

p(r) =

{
4/(πD2) si r ≤ D/2
0 sinon

✭✶✳✷✶✮

❡t

p(r) =

{
4/(π(1− η2)D2) si η D/2 ≤ r ≤ D/2
0 sinon

✭✶✳✷✷✮

r❡s♣❡❝t✐✈❡♠❡♥t ❞❛♥s ❧❡s ❝❛s s❛♥s ♦❜str✉❝t✐♦♥ ❝❡♥tr❛❧❡✱ ❡t ❛✈❡❝ ♦❜str✉❝t✐♦♥ ❝❡♥tr❛❧❡✳ P❛r
❞é✜♥✐t✐♦♥✱ ❧❛ ❢♦♥❝t✐♦♥ ❞❡ str✉❝t✉r❡ Dφ ❞❡ ❧❛ ♣❤❛s❡ ❡st ✐♥❞é♣❡♥❞❛♥t❡ ❞❡ ❝❡tt❡ ❛❜❡rr❛t✐♦♥✳
❊♥ ❝♦♥séq✉❡♥❝❡✱ ❞❛♥s ❧❛ s✉✐t❡ ❞❡ ❝❡ ♠❛♥✉s❝r✐t✱ ❧❡s ♣❡rt✉r❜❛t✐♦♥s ❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡
s♦♥t ❡♥t❡♥❞✉❡s ❝♦♠♠❡ ❞❡s é❝❛rts ❞❡ ♣❤❛s❡ ♣❛r r❛♣♣♦rt à ✉♥❡ ♣❤❛s❡ ❛r❜✐tr❛✐r❡ ✉♥✐❢♦r♠❡
s✉r t♦✉t❡ ❧❛ ♣✉♣✐❧❧❡✳

▲❛ ❋❚❖ ❧♦♥❣✉❡ ♣♦s❡ ❞❡ ❧✬❡♥s❡♠❜❧❡ ④ ❆t♠♦s♣❤èr❡ ✰ ❚é❧❡s❝♦♣❡ ⑥ s✬é❝r✐t ✭❋r✐❡❞✱ ✶✾✻✻✮

〈
H̃(f)

〉
=

∫
P(r)P(r − λIf)❡−

1

2
Dφ(λI f) dr∫

|P(r)|2 dr
= H̃t❡❧(f) ❡−

1

2
Dφ(λI f) . ✭✶✳✷✸✮



✶✳✷✳ ▲❆ ❘➱❙❖▲❯❚■❖◆ ❊◆ P❘➱❙❊◆❈❊ ❉✬❆❚▼❖❙P❍➮❘❊ ✸✶

❈❡ rés✉❧t❛t r❡♣♦s❡ s✉r ❧✬❤②♣♦t❤ès❡ q✉❡ ❧✬✐♠❛❣❡ ✐♥té❣ré❡ ♣❡♥❞❛♥t ✉♥ t❡♠♣s très ❧♦♥❣ ❡st
r❡♣rés❡♥t❛t✐✈❡ ❞❡s ♠♦♠❡♥ts st❛t✐st✐q✉❡s ❞✉ ❞❡✉①✐è♠❡ ♦r❞r❡ ❞❡ ❧❛ ♣❤❛s❡ φ✳ ❍✉❢♥❛❣❡❧ ❡t
❙t❛♥❧❡② ✭✶✾✻✹✮ ♦♥t ♠✐s ❡♥ é✈✐❞❡♥❝❡ ❝❡ ❞é❝♦✉♣❧❛❣❡ ♣♦ss✐❜❧❡ ❞❛♥s ❧❡ ❝❛s ❞✬✐♠❛❣❡s ❧♦♥❣✉❡
♣♦s❡ ❡♥tr❡ ❧❛ ❋❚❖ ❞✉ té❧❡s❝♦♣❡ ❡t ❧❛ ❋❚❖ éq✉✐✈❛❧❡♥t❡ ❧♦♥❣✉❡ ♣♦s❡ ❞❡ ❧✬❛t♠♦s♣❤èr❡

〈H̃❛t♠〉(f) = ❡−
1

2
Dφ(λI f) . ✭✶✳✷✹✮

❙✐ ❧✬♦❜❥❡t ❛str♦♣❤②s✐q✉❡ ♦❜s❡r✈é ❡st st❛t✐♦♥♥❛✐r❡ ❡t ❝♦♥t❡♥✉ ❞❛♥s ❧❡ ❞♦♠❛✐♥❡ ❞✬✐s♦✲
♣❧❛♥ét✐s♠❡✱ ❛❧♦rs ❧❛ ❞✐str✐❜✉t✐♦♥ ❞✬✐♥t❡♥s✐té ❞❛♥s ❧✬✐♠❛❣❡ ❧♦♥❣✉❡ ♣♦s❡ ❝♦♥s❡r✈❡ ❧❛ ❢♦r♠❡
❞✬✉♥ ♣r♦❞✉✐t ❞❡ ❝♦♥✈♦❧✉t✐♦♥

〈I(α)〉 = [O ∗ 〈H〉] (α) . ✭✶✳✷✺✮

P♦✉r ❞❡s ✐♠❛❣❡s ❝♦✉rt❡ ♣♦s❡✱ ❧❛ ❋❚❖ ♠♦②❡♥♥❡ ♣❡✉t é❣❛❧❡♠❡♥t êtr❡ ❞é❝♦♠♣♦sé❡
❝♦♠♠❡ ❧❡ ♣r♦❞✉✐t ❞❡ ❧❛ ❋❚❖ ❞❡ ❧✬✐♥str✉♠❡♥t ❛✈❡❝ ✉♥❡ ❋❚❖ ❞❡ ❧✬❛t♠♦s♣❤èr❡ ❡♥ ❝♦✉rt❡✲
♣♦s❡✱ ♠❛✐s ✐❧ ❢❛✉t ❛❧♦rs ❞✐st✐♥❣✉❡r ♣❧✉s✐❡✉rs ré♣♦♥s❡s s✉✐✈❛♥t q✉❡ ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡
❝❤❛♠♣ ♣r♦❝❤❡ ❡st ♦✉ ♥♦♥ r❡s♣❡❝té❡ ✭❋r✐❡❞✱ ✶✾✻✻❀ ❲❛♥❣✱ ✶✾✼✼✮✳

✶✳✷✳✹ ▲❛ rés♦❧✉t✐♦♥ ❧♦♥❣✉❡ ♣♦s❡

▼ê♠❡ s✐ ✉♥ té❧❡s❝♦♣❡ s♣❛t✐❛❧ ❛ ❧✬❛✈❛♥t❛❣❡ ❞❡ ♣r♦♣♦s❡r ✉♥❡ rés♦❧✉t✐♦♥ à ❧❛ ❧✐♠✐t❡
❞❡ ❞✐✛r❛❝t✐♦♥✱ ❧❡s ♣❧✉s ❣r❛♥❞s ❞✐❛♠ètr❡s ❞❡ té❧❡s❝♦♣❡s s❡ tr♦✉✈❡♥t s✉r ❚❡rr❡✳ ❉❡ ♥♦s
❥♦✉rs✱ ❧❡s ♣r♦❥❡ts ❞✬❡①♣❧♦r❛t✐♦♥ ❡①tr❛✲❣❛❧❛❝t✐q✉❡ ♦✉ ❞❡ ❞ét❡❝t✐♦♥ ❞✬❡①♦✲♣❧❛♥èt❡s ✈✐s❡♥t
❧✬♦❜s❡r✈❛t✐♦♥ ❞❡ ❝✐❜❧❡s très ❢❛✐❜❧❡s✱ ♣♦✉r ❧❡sq✉❡❧❧❡s ✉♥❡ ❣r❛♥❞❡ s✉r❢❛❝❡ ❝♦❧❧❡❝tr✐❝❡ ✭∝ D2✮
❡st ♥é❝❡ss❛✐r❡✳ ■❧ ❡①✐st❡ ✸ té❧❡s❝♦♣❡s ❞❡ ✶✵ ♠✱ ❞❡✉① à ❍❛✇❛✐✐ ❡t ✉♥ ❛✉① ❈❛♥❛r✐❡s✱ ♣❧✉s✐❡✉rs
té❧❡s❝♦♣❡s ✐♥t❡r♥❛t✐♦♥❛✉① ❞❡ ✽ ♠ètr❡s✱ ❡t ❧❡s ♣r♦❥❡ts ❞❡ té❧❡s❝♦♣❡s ♣❧✉s ❣r❛♥❞s s♦♥t
❞é❥à ❜✐❡♥ ❡♥❣❛❣és ❞❡ ♣❛r ❧❡ ♠♦♥❞❡✳ ◆♦♠❜r❡✉① s♦♥t ❧❡s ❛str♦♥♦♠❡s ✐♥tér❡ssés ♣❛r ❝❡s
❣r❛♥❞❡s s✉r❢❛❝❡s ❝♦❧❧❡❝tr✐❝❡s✱ ♠❛✐s ✐❧s ♥❡ ✈❡✉❧❡♥t ♣❛s ❝é❞❡r ♣♦✉r ❛✉t❛♥t ❧❡s ♣❡r❢♦r♠❛♥❝❡s
❞❡ rés♦❧✉t✐♦♥ ❛❝❝❡ss✐❜❧❡s ✈✐❛ ❧❡s té❧❡s❝♦♣❡s s♣❛t✐❛✉①✳

❖r ❧❛ rés♦❧✉t✐♦♥ ❞❡ ❧✬❡♥s❡♠❜❧❡ ④❆t♠♦s♣❤èr❡ ✰ ❚é❧❡s❝♦♣❡⑥ ❡♥ ♣♦s❡ ❧♦♥❣✉❡ s✬é❝r✐t

〈R〉 =

∫
H̃t❡❧(f) 〈H̃❛t♠〉(f) df ✭✶✳✷✻✮

▲❛ rés♦❧✉t✐♦♥ ❧✐♠✐t❡ ❡♥ ♣rés❡♥❝❡ ❞✬❛t♠♦s♣❤èr❡ ❛ été q✉❛♥t✐✜é❡ ♣❛r ❋r✐❡❞ ✭✶✾✻✻✮✱

〈R〉max = lim
D→∞

〈R〉 =
π

4

(
r0
λI

)2

✭✶✳✷✼✮

♦ù r0 ❡st ❧❡ ♣❛r❛♠ètr❡ ❞❡ ❋r✐❡❞ ✭✶✾✻✻✮✳ r0 ❞é♣❡♥❞ ❞❡ ❧❛ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡ λI ❞✬✐♠❛❣❡r✐❡

✭r0 ∝ λ
6/5
I ✮ ❡t ❞❡ ❧❛ t✉r❜✉❧❡♥❝❡ s✉r ❧❡ s✐t❡ ❞✬♦❜s❡r✈❛t✐♦♥✱ ♠❛✐s ♥❡ ❞é♣❡♥❞ ♣❧✉s ❞✉

❞✐❛♠ètr❡ D✳ ❖♥ r❡♠❛rq✉❡✱ ❞✬❛♣rès ❧❛ ❝♦♠♣❛r❛✐s♦♥ ❞❡s éq✉❛t✐♦♥s ✭✶✳✶✶✮ ❡t ✭✶✳✷✼✮✱ q✉❡
r0 ❡st ❞é✜♥✐ ❝♦♠♠❡ ❧❡ ❞✐❛♠ètr❡ ❞✬✉♥ té❧❡s❝♦♣❡ q✉✐ ❛✉r❛✐t ❧❛ ♠ê♠❡ rés♦❧✉t✐♦♥ s❛♥s
t✉r❜✉❧❡♥❝❡ ✭à ❧❛ ❧✐♠✐t❡ ❞❡ ❞✐✛r❛❝t✐♦♥✮ q✉❡ ❧❡ s②stè♠❡ ④❆t♠♦s♣❤èr❡ ✰ ❚é❧❡s❝♦♣❡⑥ ❡♥
❧♦♥❣✉❡ ♣♦s❡✳ ❚②♣✐q✉❡♠❡♥t✱ s✉r ❧❡s s✐t❡s ❞✬♦❜s❡r✈❛t✐♦♥✱ ❞❛♥s ❧❡ ✈✐s✐❜❧❡✱ r0✱ ❣é♥ér❛❧❡♠❡♥t
❡①♣r✐♠é à λI = 500 ♥♠✱ ✢✉❝t✉❡ ❡♥tr❡ ✷ ❡t ✷✵ ❝♠✳ ▲❛ ♣❡rt❡ ❞❡ rés♦❧✉t✐♦♥ ❡t ❞♦♥❝
❝♦♥s✐❞ér❛❜❧❡ ♣♦✉r ✉♥ té❧❡s❝♦♣❡ t❡rr❡str❡ ❞❡ ♣❧✉s✐❡✉rs ♠ètr❡s ❞❡ ❞✐❛♠ètr❡✳

❈✬❡st ♣♦✉r ❝❡tt❡ r❛✐s♦♥ q✉❡ ❧❡s ❣r❛♥❞s té❧❡s❝♦♣❡s ❛✉ s♦❧ s♦♥t ❞és♦r♠❛✐s éq✉✐♣és
❞✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ❀ ♣♦✉r ❝♦♥tr❡r ❝❡s ♠é❢❛✐ts ❞❡ ❧✬❛t♠♦♣s❤èr❡✳
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✶✳✸ ▲❛ rés♦❧✉t✐♦♥ ❛✈❡❝ ✉♥❡ ♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡

▲❛ ❞✐s❝✉ss✐♦♥ ❞❡ ❧❛ s❡❝t✐♦♥ ♣ré❝é❞❡♥t❡ ❛ été ♠❡♥é❡ ❡♥ s✉♣♣♦s❛♥t q✉❡ ❧❡s ❡✛❡ts ❞❡
❧❛ t✉r❜✉❧❡♥❝❡ ♥✬ét❛✐❡♥t ♣❛s ❝♦rr✐❣és✳ ❯♥❡ ♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ❡st ✉♥ s②stè♠❡ ❛ss❡r✈✐✱
❞❡st✐♥é à ❝♦rr✐❣❡r ❧❡s ♣❡rt✉r❜❛t✐♦♥s ❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ ❛✉ ❝♦✉rs ❞❡ ♠❡s✉r❡s ❧♦♥❣✉❡s
♣♦s❡s✳ ▲❛ ✜❣✳ ✷✳✶ s❝❤é♠❛t✐s❡ ❧❡ ♣r✐♥❝✐♣❡ ❞❡ ❧✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ s✉r ✉♥ té❧❡s❝♦♣❡✱ ✐❧ ❡st
❞ét❛✐❧❧é ❞❛♥s ❧❡ ❝❤❛♣✐tr❡ s✉✐✈❛♥t ❞❡ ❝❡ ♠❛♥✉s❝r✐t✳

▲✬❡①t❡♥s✐♦♥ ❞❡ ❧❛ ♥♦t✐♦♥ ❞❡ rés♦❧✉t✐♦♥ ❛♥❣✉❧❛✐r❡ à ✉♥ té❧❡s❝♦♣❡ ♠✉♥✐ ❞✬✉♥❡ ♦♣t✐q✉❡
❛❞❛♣t❛t✐✈❡ s✬♦❜t✐❡♥t ❡♥ ❝♦♥s✐❞ér❛♥t q✉❡ ❧❡ t❡r♠❡ ❞❡ ♣❤❛s❡ ❞❛♥s ❧✬éq✉❛t✐♦♥ ✭✶✳✶✷✮ ❡st ❡♥
❢❛✐t ✉♥❡ ♣❤❛s❡ ♣❡rt✉r❜é❡ rés✐❞✉❡❧❧❡ φr❡s✱ ✐✳❡✳ ♣❛rt✐❡❧❧❡♠❡♥t ❝♦rr✐❣é❡✳ ❊❧❧❡ ❡st é❣❛❧❡♠❡♥t
❛❧é❛t♦✐r❡✱ ♠❛✐s ♥❡ ♣♦ssè❞❡ ♣❛s ❧❡s ♠ê♠❡s ♣r♦♣r✐étés st❛t✐st✐q✉❡s ❞❡ ✢✉❝t✉❛t✐♦♥s s♣❛t✐❛❧❡s
❡t t❡♠♣♦r❡❧❧❡s✱ ❞✬✐s♦tr♦♣✐❡ ❡t ❞✬✉♥✐❢♦r♠✐té ❧♦❝❛❧❡ ♣❛r ❡①❡♠♣❧❡✱ q✉❡ ❧❛ ♣❤❛s❡ ✐ss✉❡ ❞❡ ❧❛
t✉r❜✉❧❡♥❝❡ ❛t♠♦s♣❤ér✐q✉❡ φ✳ ❉✬✉♥❡ ❢❛❝♦♥ ❣é♥ér❛❧❡✱ ❧❛ ❋❚❖ ❧♦♥❣✉❡ ♣♦s❡ ❞✉ s②stè♠❡ ♥❡
♣❡✉t ♣❛s s❡ ❞✐ss♦❝✐❡r ❡♥ ❞❡✉① ❝♦♠♣♦s❛♥t❡s✱ ④❆t♠♦s♣❤èr❡⑥ ❡t ④❚é❧❡s❝♦♣❡⑥ ❝♦♠♠❡ ❞❛♥s
❧✬éq✉❛t✐♦♥ ✭✶✳✷✻✮ ✭❲❛♥❣✱ ✶✾✼✼✮✳ ▲❛ ❢♦♥❝t✐♦♥ ❞❡ str✉❝t✉r❡ Dφr❡s ❞❡ ❧❛ ♣❤❛s❡ rés✐❞✉❡❧❧❡
❞é♣❡♥❞ à ❧❛ ❢♦✐s ❞❡ r ❡t ❞❡ λI f ✱ s✐ ❜✐❡♥ q✉❡ ❧✬❡①♣♦♥❡♥t✐❡❧❧❡ ♥❡ ♣❡✉t êtr❡ str✐❝t❡♠❡♥t
✐s♦❧é❡ ❞❡ ❧✬✐♥té❣r❛t✐♦♥ ❞❛♥s ❧✬éq✉❛t✐♦♥ ✭✶✳✷✸✮✳ ❈❡ ❝❛s ❛ été ét✉❞✐é ♣❧✉s ❡♥ ❞ét❛✐❧s ♣❛r
❲❛♥❣ ✭✶✾✼✼✮ ❡t ♣❛r ❊❧❧❡r❜r♦❡❦ ❡t ❚②❧❡r ✭✶✾✾✾✮✳ ▲❛ ❝♦♥❝❧✉s✐♦♥ ❡♥ ❡st q✉❡ ❧✬❛♣♣r♦①✐♠❛✲
t✐♦♥ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❞❡ ❧✬éq✉❛t✐♦♥ ✭✶✳✷✻✮ r❡st❡ ✉♥❡ ❜♦♥♥❡ ❛♣♣r♦❝❤❡ ♣♦✉r q✉❛♥t✐✜❡r ❧❡s
♣❡r❢♦r♠❛♥❝❡s ❞✬✉♥ s②stè♠❡ ❝♦♠♣r❡♥❛♥t ✉♥❡ ♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡✳ ❖♥ é❝r✐t ❛❧♦rs

〈R〉❖❆ =

∫
H̃t❡❧(f) exp(−Dφr❡s(λIf)/2) df . ✭✶✳✷✽✮

✶✳✸✳✶ ▲❡ r❛♣♣♦rt ❞❡ ❙tr❡❤❧

▲❡ r❛♣♣♦rt ❞❡ ❙tr❡❤❧ ❡st ❞é✜♥✐ ❝♦♠♠❡ ❧❡ r❛♣♣♦rt ❞✉ ♠❛①✐♠✉♠ ❞❡ ❧❛ ❋❊P ❧♦♥❣✉❡
♣♦s❡ ❛✉ ♠❛①✐♠✉♠ ❞❡ ❧❛ t❛❝❤❡ ❞❡ ❞✐✛r❛❝t✐♦♥ ❞✉ té❧❡s❝♦♣❡ s❛♥s t✉r❜✉❧❡♥❝❡✳ ▲❡ r❛♣♣♦rt
❞❡ ❙tr❡❤❧ ❧♦♥❣✉❡ ♣♦s❡ 〈❙❘〉 s✬❡①♣r✐♠❡ ❞♦♥❝ ❛✐♥s✐

〈❙❘〉 =
〈H(0)〉
Ht❡❧(0)

=

∫
〈H(f)〉 df∫
Ht❡❧(f) df

=
〈R〉❖❆

Rt❡❧
. ✭✶✳✷✾✮

❖♥ r❡♠❛rq✉❡ q✉❡✱ ♣❛r ❞é✜♥✐t✐♦♥✱ 〈❙❘〉 ❡st é❣❛❧ à ✶ ❡♥ ❧✬❛❜s❡♥❝❡ ❞❡ t♦✉t❡ ❛❜❡rr❛t✐♦♥ ❡t
✐♥❢ér✐❡✉r à ✶ s✐♥♦♥✳

◗✉❛❧✐t❛t✐✈❡♠❡♥t✱ ✉♥❡ ♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ❝♦rr✐❣❡ ❛✈❛♥t t♦✉t ❧❡s ❞é❢♦r♠❛t✐♦♥s ❞❡
❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ à ❣r❛♥❞❡ é❝❤❡❧❧❡✱ s✐ ❜✐❡♥ q✉❡ ❧❛ ❝♦✈❛r✐❛♥❝❡ ❞❡ ❧❛ ♣❤❛s❡ rés✐❞✉❡❧❧❡
〈φr❡s(r)φr❡s(r + r′)〉r ❞é❝r♦ît très r❛♣✐❞❡♠❡♥t q✉❛♥❞ r′ ❛✉❣♠❡♥t❡✳ ❆✐♥s✐ ❧❛ ❢♦♥❝t✐♦♥ ❞❡
str✉❝t✉r❡ ♣❡✉t êtr❡ ❛♣♣r♦①✐♠é❡ ♣❛r ❧❛ s♦♠♠❡ ❞❡s ✈❛r✐❛♥❝❡s ✭❈♦♥❛♥✱ ✷✵✵✵✮

Dφr❡s(r′) =
〈(
φr❡s(r)− φr❡s(r + r′)

)2〉

r

=
〈
[φr❡s(r)]2

〉
+
〈
[φr❡s(r + r′)]2

〉
. ✭✶✳✸✵✮

P♦✉r ❞❡ ❢❛✐❜❧❡s ❞é❢♦r♠❛t✐♦♥s rés✐❞✉❡❧❧❡s✱ ❧❛ ✈❛❧❡✉r ❞❡s ✈❛r✐❛♥❝❡s ❡♥ ✉♥ ♣♦✐♥t✱ ❞❛♥s
❧✬éq✉❛t✐♦♥ ✭✶✳✸✵✮✱ ❡st ♣❡✉ ❞✐✛ér❡♥t❡ ❞❡ ❧❛ ✈❛❧❡✉r ♠♦②❡♥♥❡ ❞❡ ❧❛ ✈❛r✐❛♥❝❡ ❞❡ ❧❛ ♣❤❛s❡
rés✐❞✉❡❧❧❡ s✉r ❧❛ ♣✉♣✐❧❧❡ aφr❡s ✭❈♦♥❛♥✱ ✷✵✵✵✮ q✉✐ s✬é❝r✐t

aφr❡s =
1

SA

∫

A

〈(
φr❡s − 1

SA

∫

A
φr❡s(r′) dr′

)2
〉
dr . ✭✶✳✸✶✮
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❆✐♥s✐ exp(Dφr❡s(λIf)/2) ≃ exp(−aφr❡s) ❡t ❞♦♥❝ ❧❛ ❋❚❖ ❧♦♥❣✉❡ ♣♦s❡ à ❜❛ss❡ ❢réq✉❡♥❝❡
s✬✉♥✐❢♦r♠✐s❡✱ ♣r❡♥❛♥t ✉♥❡ ✈❛❧❡✉r ❝♦♥st❛♥t❡ exp(−aφr❡s)✳ ▲❛ ❋❊P ❧♦♥❣✉❡ ♣♦s❡ ❞✉ s②stè♠❡
❡st ❛❧♦rs ❧❛ s✉♣❡r♣♦s✐t✐♦♥ ❞✬✉♥❡ t❛❝❤❡ ❞❡ ❞✐✛r❛❝t✐♦♥ s✐♠✐❧❛✐r❡ à ❧❛ t❛❝❤❡ ❞✬❆✐r② ❡t ❞✬✉♥
❤❛❧♦ ♣❧✉s ❧❛r❣❡ ❞û à ❝❡tt❡ ❝♦♥tr✐❜✉t✐♦♥ rés✐❞✉❡❧❧❡✳

▲❡ r❛♣♣♦rt ❞❡ ❙tr❡❤❧ ❧♦♥❣✉❡ ♣♦s❡ ✈❛✉t ❞♦♥❝ à ♣❡✉ ♣rès

〈❙❘〉 ≃ exp(−aφr❡s) , ✭✶✳✸✷✮

❧♦rsq✉❡ ❧❡s ❞é❢♦r♠❛t✐♦♥s rés✐❞✉❡❧❧❡s ♥❡ s♦♥t ♣❛s tr♦♣ ❣r❛♥❞❡s✳

✶✳✸✳✷ ▲❡s ♣❡r❢♦r♠❛♥❝❡s ❞❡ ❧✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ✿ ❞❡s❝r✐♣t✐♦♥ ❞✉ ❢♦r✲
♠❛❧✐s♠❡ ✉t✐❧✐sé

▲✬é✈❛❧✉❛t✐♦♥ ❞❡s ♣❡r❢♦r♠❛♥❝❡s ❞✬✉♥❡ ♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ r❡♣♦s❡ ❞♦♥❝ ❡♥ ❣é♥ér❛❧
s✉r ❧❡ ❝❛❧❝✉❧ ❞❡ ❧❛ ✈❛r✐❛♥❝❡ ❞❡ ♣❤❛s❡ à ✉♥❡ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡ ❞✬♦❜s❡r✈❛t✐♦♥ ❞♦♥♥é❡✱ ♦✉
❞❡s ❞é❢♦r♠❛t✐♦♥s ❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡✱ ❡♥ ♠♦②❡♥♥❡ s✉r ❧❛ ♣✉♣✐❧❧❡ ❡t ❞❛♥s ❧❡ t❡♠♣s✳ ▲❛
❞é❢♦r♠é❡ w s✬❡①♣r✐♠❡ ❡♥ ♠ètr❡s ❡t ❡st r❡❧✐é❡ ❛✉① ✢✉❝t✉❛t✐♦♥s ❞❡ ♣❤❛s❡ φ à ✉♥❡ ❧♦♥❣✉❡✉r
❞✬♦♥❞❡ λI ❞♦♥♥é❡ ♣❛r

φ(r) =
2π

λI
w(r) ∀r ∈ A . ✭✶✳✸✸✮

❆✐♥s✐ ❧❡s ❢♦♥❝t✐♦♥s ❞❡ str✉❝t✉r❡ ❞❡ ❧❛ ♣❤❛s❡ φ ❡t ❞❡ ❧❛ ❞é❢♦r♠❛t✐♦♥ ❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡
w ✈ér✐✜❡♥t

Dφ(r) =
4π2

λ2
I

Dw(r) . ✭✶✳✸✹✮

❏❡ ❞é❝r✐s ✐❝✐ ❧❡ ❢♦r♠❛❧✐s♠❡ ♠❛t❤é♠❛t✐q✉❡ ✉t✐❧✐sé ❞❛♥s t♦✉t ❝❡ ♠❛♥✉s❝r✐t ♣♦✉r ❝❛r❛❝✲
tér✐s❡r ❧❡s ❞é❢♦r♠❛t✐♦♥s s♣❛t✐❛❧❡s ❞✬✉♥❡ s✉r❢❛❝❡ ❞✬♦♥❞❡✳

▲❛ ❞é❢♦r♠é❡ ❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ w ❡st ✉♥❡ ❢♦♥❝t✐♦♥ ❝♦♥t✐♥✉❡ ❞✉ t❡♠♣s ❡t ❞❡ ❧✬❡s♣❛❝❡
s✉r ❧✬♦✉✈❡rt✉r❡ ❞✉ té❧❡s❝♦♣❡✱ ❡❧❧❡ ❛♣♣❛rt✐❡♥t ❞♦♥❝ à ❧✬❡s♣❛❝❡ ❞❡ ❍✐❧❜❡rt C0(A,R) ❞❡s
❢♦♥❝t✐♦♥s à ✈❛❧❡✉rs ré❡❧❧❡s ❞❡ ❝❛rré s♦♠♠❛❜❧❡ s✉r ❧❛ ♣✉♣✐❧❧❡ A ✭❊❧❧❡r❜r♦❡❦✱ ✶✾✾✹✮✳ ■❧
s✬❛❣✐t ❞❡ ❧✬❡s♣❛❝❡ ✈❡❝t♦r✐❡❧ ❞❡ ❞✐♠❡♥s✐♦♥ ✐♥✜♥✐❡ ❡♥❣❡♥❞ré ♣❛r ❝❡s ❢♦♥❝t✐♦♥s✱ ❡t ♠✉♥✐ ❞✉
♣r♦❞✉✐t s❝❛❧❛✐r❡ ❡t ❞❡ ❧❛ ♥♦r♠❡ ❞é✜♥✐s ♣❛r

(f |g) =

∫

A
fg ❛nd ‖f‖ =

(∫

A
f2

)1/2

♦ù f ❡t g s♦♥t ❞❡✉① ❢♦♥❝t✐♦♥s ❞❡ C0(A,R)✳
▲❛ ♣❤❛s❡ ❛ss♦❝✐é❡ à ✉♥❡ s✉r❢❛❝❡ ❞✬♦♥❞❡ à ✉♥❡ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡ ❞♦♥♥é❡ ❡st é❣❛❧❡♠❡♥t

✉♥❡ ❢♦♥❝t✐♦♥ ❞❡ C0(A,R)✳
❖♥ ♥♦t❡ ❡♥ ♣❛rt✐❝✉❧✐❡r q✉❡ ♣♦✉r ❧✬❛❜❡rr❛t✐♦♥ ❞❡ ♣❤❛s❡ ✉♥✐❢♦r♠❡ s✉r ❧❛ ♣✉♣✐❧❧❡✱ é❣❛❧❡

à ✉♥❡ ❞é❢♦r♠❛t✐♦♥ ❞❡ s✉r❢❛❝❡ ❞✬♦♥❞❡ ✉♥✐❢♦r♠❡✱ ❛♣♣❡❧é❡ ❧❡ ♣✐st♦♥✱ p ✭❝❢✳ éq✉❛t✐♦♥s ✭✶✳✷✶✮
❡t ✭✶✳✷✷✮✱

‖p‖2 = (p|p) = 1/SA , ✭✶✳✸✺✮

♦ù SA ❡st ❧❛ s✉r❢❛❝❡ ❞❡ ❧✬♦✉✈❡rt✉r❡✳ ❆✐♥s✐✱ ❧❛ ♠♦②❡♥♥❡ s♣❛t✐❛❧❡ ❞❡ ❧❛ ❞é❢♦r♠❛t✐♦♥ ❞❡ ❧❛
s✉r❢❛❝❡ ❞✬♦♥❞❡ w s✉r ❧✬❛✐r❡ ❞❡ ❧❛ ♣✉♣✐❧❧❡ s✬é❝r✐t

(w|p) =

∫

A
p(r)w(r) dr . ✭✶✳✸✻✮

❏❡ r❛♣♣❡❧❧❡ q✉❡ ❝❡tt❡ ❞é❢♦r♠é❡ ♠♦②❡♥♥❡ ✭✶✳✸✻✮ r❡♣rés❡♥t❡ ✉♥ ❞é❝❛❧❛❣❡ ❝♦♥st❛♥t ❞❡
♣❤❛s❡ q✉✐ ♥✬❛✛❡❝t❡ ♣❛s ❧❛ ❢♦♥❝t✐♦♥ ❞❡ str✉❝t✉r❡✱ ❡t ❞♦♥❝ ♣❛s ❧❛ rés♦❧✉t✐♦♥ ❞❡s ✐♠❛❣❡s✳
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❊❧❧❡ ❡st ❞♦♥❝ ♦té❡ ❞❡ t♦✉t❡ s✉r❢❛❝❡ ❞✬♦♥❞❡ rés✐❞✉❡❧❧❡ ❝♦♥s✐❞éré❡ ♣♦✉r é✈❛❧✉❡r ❧❡ ❝r✐tèr❡
❞❡ ♣❡r❢♦r♠❛♥❝❡✳

●râ❝❡ à ❧❛ ❧✐♥é❛r✐té ❞❡ ❧✬✐♥té❣r❛❧❡ ❡t ❛✜♥ ❞❡ s✐♠♣❧✐✜❡r ❧❡s ♥♦t❛t✐♦♥s✱ ❥❡ ♥♦t❡ ❞❛♥s
t♦✉t❡ ❧❛ s✉✐t❡ P ❧✬♦♣ér❛t❡✉r ❧✐♥é❛✐r❡ ❞❡ C0(A,R) ❞❛♥s C0(A,R)✱ ❞é✜♥✐ ♣❛r

P (f) = f − (f |p)
(p|p) p . ✭✶✳✸✼✮

P ❡st ✉♥ ♣r♦❥❡❝t❡✉r ♦rt❤♦❣♦♥❛❧ ✭❊❧❧❡r❜r♦❡❦✱ ✶✾✾✹✮✳
P♦✉r ✉♥ ♣r♦❝❡ss✉s ●❛✉ss✐❡♥ ❝❡♥tré x✱ ❞❡ C0(A,R) ❡t ❞❡ ❢♦♥❝t✐♦♥ ❞❡ str✉❝t✉r❡ Dx✱

✉♥ ❞é✈❡❧♦♣♣❡♠❡♥t ✭❢❛st✐❞✐❡✉① ♠❛✐s s❛♥s ♦❜st❛❝❧❡✮ ♠♦♥tr❡ q✉❡ ❧❡s ❞❡✉① ❡①♣r❡ss✐♦♥s
s✉✐✈❛♥t❡s s♦♥t éq✉✐✈❛❧❡♥t❡s

ax =
1

SA

〈
‖P (x)‖2

〉
✭✶✳✸✽✮

=
1

2

∫

A

∫

A
p(r) p(r′)Dx(r − r′) dr dr′ ✭✶✳✸✾✮

❙✐ ♦♥ ❝♦♥s✐❞èr❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ rés✐❞✉❡❧❧❡ wr❡s ❝♦♠♠❡ ✉♥ ♣r♦❝❡ss✉s ●❛✉ss✐❡♥ ❝❡♥tré
❝♦♥t✐♥✉ s✉r ❧❛ ♣✉♣✐❧❧❡✱ ❧❡s ❡①♣r❡ss✐♦♥s ✭✶✳✸✽✮✲✭✶✳✸✾✮ ♣❡r♠❡tt❡♥t ❞✬é✈❛❧✉❡r ❧❛ ✈❛r✐❛♥❝❡ ❞❡
❧❛ ❞é❢♦r♠é❡ rés✐❞✉❡❧❧❡ ❞é♣✐st♦♥♥é❡ ♠♦②❡♥♥é❡ s✉r ❧❛ ♣✉♣✐❧❧❡ awr❡s ❡t ❞♦♥❝ ❧❡ r❛♣♣♦rt ❞❡
❙tr❡❤❧ ❞✬❛♣rès ❧✬éq✉❛t✐♦♥ ✭✶✳✸✷✮✳

❆✐♥s✐ ❧❛ ❞é♣❡♥❞❛♥❝❡ ❞✉ r❛♣♣♦rt ❞❡ ❙tr❡❤❧ ❧♦♥❣✉❡ ♣♦s❡ ✭✶✳✸✷✮ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛
❧♦♥❣✉❡✉r ❞✬♦♥❞❡ ❞✬♦❜s❡r✈❛t✐♦♥ λI ❡st ❡①♣❧✐❝✐té❡ ❣râ❝❡ à ❧✬éq✉❛t✐♦♥ ✭✶✳✸✸✮✱ q✉✐ ❝♦♥❞✉✐t à
❧❛ ❢♦r♠✉❧❛t✐♦♥

〈❙❘〉 ≃ exp

(
−4π2

λ2
I

awr❡s

)
, ✭✶✳✹✵✮

▲❡s ❡①♣r❡ss✐♦♥s ✭✶✳✸✷✮✲✭✶✳✸✽✮✲✭✶✳✸✾✮✲✭✶✳✹✵✮ s♦♥t ❡♠♣❧♦②é❡s à ♣❧✉s✐❡✉rs r❡♣r✐s❡s ❞❛♥s
❝❡ ♠❛♥✉s❝r✐t✱ ♣❛r❝❡ q✉✬❡❧❧❡s ♣❡r♠❡tt❡♥t ❞❡ ❝❛r❛❝tér✐s❡r ❧❡s ♣❡r❢♦r♠❛♥❝❡s ❞❡ ❧✬♦♣t✐q✉❡
❛❞❛♣t❛t✐✈❡ ❡♥ t❡r♠❡ ❞❡ ♣❡rt✉r❜❛t✐♦♥s rés✐❞✉❡❧❧❡s ❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ s✉r ❧❛ ♣✉♣✐❧❧❡✳

❆✜♥ ❞✬❛tt❡✐♥❞r❡ ✉♥ r❛♣♣♦rt ❞❡ ❙tr❡❤❧ ♠♦②❡♥ 〈SR〉 ❞❡ ❧✬♦r❞r❡ ❞❡ ✺✵✪✱ ❧✬é❝❛rt✲t②♣❡
❞❡s ♣❡rt✉r❜❛t✐♦♥s rés✐❞✉❡❧❧❡s ♠♦②❡♥♥❡s ❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ ❞♦✐t êtr❡ ❞❡ ❧✬♦r❞r❡ ❞❡√
awr❡s = λI/7.5✳ P♦✉r ❞❡s ♦❜s❡r✈❛t✐♦♥s à ❧❛ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡ λI = 1µm✱ ❝❡❝✐ ❝♦rr❡s♣♦♥❞

à q✉❡❧q✉❡s ✶✸✵♥♠ ❞❡ ♣❡rt✉r❜❛t✐♦♥s rés✐❞✉❡❧❧❡s✳ ❙✐ ❧❡s ♦❜s❡r✈❛t✐♦♥s s❡ ❢♦♥t à λI = 2.2 µm✱
❞❛♥s ❧✬✐♥❢r❛✲r♦✉❣❡✱ ❧❡s ❝♦♥tr❛✐♥t❡s s♦♥t ♠♦✐♥s ❢♦rt❡s✱ ✐❧ ❢❛✉t ré❞✉✐r❡ ❧❡s ♣❡rt✉r❜❛t✐♦♥s ❞❡
❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ à ✉♥ é❝❛rt✲t②♣❡ ❞❡ ✷✾✵ ♥♠ ❡♥✈✐r♦♥✳

❉✬❛✉tr❡s ❝r✐tèr❡s ❞❡ ♣❡r❢♦r♠❛♥❝❡ s✬❛✈èr❡♥t ❝♦♠♣❧é♠❡♥t❛✐r❡s ❞✉ r❛♣♣♦rt ❞❡ ❙tr❡❤❧
s✉✐✈❛♥t ❧❡s ❛♣♣❧✐❝❛t✐♦♥s ❡♥✈✐s❛❣é❡s ♣♦✉r ❧✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡✳ ▲✬é♥❡r❣✐❡ ❡♥❝❡r❝❧é❡ ✭♦✉
❡♥❝❛❞ré❡✮✱ EE ❞é✜♥✐❡ ♣❛r

EE(∆α) =

∫
S∆α

H(α′) dα′
∫

R2 H(α′) dα′ , ✭✶✳✹✶✮

q✉❛♥t✐✜❡ ❧❛ ❢r❛❝t✐♦♥ ❞✬é♥❡r❣✐❡ ❧✉♠✐♥❡✉s❡ ❝♦♥❝❡♥tré❡ ❛✉t♦✉r ❞✉ ❝❡♥tr❡ ❞❡ ❧❛ ❋❊P✱ ❞❛♥s
✉♥ ❝❡r❝❧❡ ❞❡ ❞✐❛♠ètr❡ ✭♦✉ ✉♥ ❝❛rré✮ ❞❡ s✉r❢❛❝❡ S∆α✱ ♦ù ∆α r❡♣rés❡♥t❡ ❧❡ ❞✐❛♠ètr❡ ♦✉
❧❡ ❝ôté ❞❡ ❝❡tt❡ ❛✐r❡✳

❏❡ q✉❛♥t✐✜❡ ❧❡s rés✉❧t❛ts ❞❛♥s ❝❡ ♠❛♥✉s❝r✐t ❡♥ t❡r♠❡ ❞❡ ✈❛r✐❛♥❝❡ ❞❡s ❞é❢♦r♠❛t✐♦♥s
rés✐❞✉❡❧❧❡s✱ ✈❛r✐❛♥❝❡ ❞❡ ❧❛ ♣❤❛s❡ rés✐❞✉❡❧❧❡ ♦✉ r❛♣♣♦rt ❞❡ ❙tr❡❤❧ éq✉✐✈❛❧❡♥t à ✉♥❡ ❧♦♥✲
❣✉❡✉r ❞✬♦♥❞❡ ❞♦♥♥é❡✱ ♣❛r❝❡ q✉❡ ❧✬ét✉❞❡ ❡st ❣é♥ér❛❧❡ ❡t ♥❡ ❝♦♥❝❡r♥❡ ♣❛s ✉♥❡ ❛♣♣❧✐❝❛t✐♦♥
❛str♦♣❤②s✐q✉❡ ❞♦♥♥é❡✳
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▼❛✐♥t❡♥❛♥t q✉❡ ❧❡s ♦❜❥❡❝t✐❢s ❞❡ ❧✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ s♦♥t ♣rés❡♥tés ❡♥ t❡r♠❡ ❞❡
rés♦❧✉t✐♦♥ ❛♥❣✉❧❛✐r❡✱ ❧❡ ❝❤❛♣✐tr❡ s✉✐✈❛♥t ❞é❝r✐t ❧❡ ♣r✐♥❝✐♣❡ ❞❡ ❝❡tt❡ ♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡
❡t s❡s ❞✐✛ér❡♥t❡s ❝♦♠♣♦s❛♥t❡s✳
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❈❤❛♣✐tr❡ ✷

▲✬❖♣t✐q✉❡ ❆❞❛♣t❛t✐✈❡

▲❡ ❝❤❛♣✐tr❡ ♣ré❝é❞❡♥t ♠❡t ❡♥ é✈✐❞❡♥❝❡ ❧❡ ❣❛✐♥ ❡♥ rés♦❧✉t✐♦♥ ❛♥❣✉❧❛✐r❡ q✉❡ ♣❡✉t
❛♣♣♦rt❡r ❧✬✉t✐❧✐s❛t✐♦♥ ❞✬✉♥❡ ♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ✭❖❆✮ s✉r ✉♥ ❣r❛♥❞ té❧❡s❝♦♣❡ t❡rr❡str❡
✭D > r0✮✳ ■❧ ❡st ♠❛✐♥t❡♥❛♥t ♥é❝❡ss❛✐r❡ ❞❡ ❝♦♠♣r❡♥❞r❡ ❧❡ ❢♦♥❝t✐♦♥♥❡♠❡♥t ❣é♥ér❛❧ ❞✬✉♥❡
♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ❡t ❝✬❡st ❧✬♦❜❥❡❝t✐❢ ♣r❡♠✐❡r ❞❡ ❝❡ s❡❝♦♥❞ ❝❤❛♣✐tr❡✳

▲✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ❝♦rr✐❣❡ ❡♥ t❡♠♣s ré❡❧ ❧❡s ♣❡rt✉r❜❛t✐♦♥s ❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡
❞✉❡s à ❧❛ t✉r❜✉❧❡♥❝❡ ❛t♠♦s♣❤ér✐q✉❡✳ ❈❡tt❡ ❝♦rr❡❝t✐♦♥ ❡st ❛♣♣❧✐q✉é❡ ♣❛r ❧❡ ❜✐❛✐s ❞✬✉♥
é❧é♠❡♥t ♦♣t✐q✉❡ ❝♦rr❡❝t❡✉r✳ ❊♥ ❛str♦♥♦♠✐❡✱ ❧✬✉t✐❧✐s❛t✐♦♥ ❞✬✉♥ ♠✐r♦✐r ❞é❢♦r♠❛❜❧❡ ✭▼❉✮
♣❡r♠❡t ❞✬❡✛❡❝t✉❡r ✉♥❡ ❝♦rr❡❝t✐♦♥ ❛❝❤r♦♠❛t✐q✉❡✳ ▲❛ ✜❣✉r❡ ✷✳✶ ♣rés❡♥t❡ ✉♥ ❡①❡♠♣❧❡
❞✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ❡♥ ❜♦✉❝❧❡ ❢❡r♠é❡ ❝♦♠♣r❡♥❛♥t ♦✉tr❡ ❧❡ ♠✐r♦✐r ❞é❢♦r♠❛❜❧❡✱ ✉♥ ❛♥❛✲
❧②s❡✉r ❞❡ s✉r❢❛❝❡ ❞✬♦♥❞❡ ✭❆❙❖✮✱ ♦❜s❡r✈❛♥t ✉♥❡ s♦✉r❝❡ ❞❡ ré❢ér❡♥❝❡✱ ❡t ✉♥ s②stè♠❡ ❞❡
❝♦♠♠❛♥❞❡ ✭❝♦rr❡❝t❡✉r✮✳ ❈❡ s❝❤é♠❛ ❡st ❝❛r❛❝tér✐st✐q✉❡ ❞✬✉♥❡ ♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ❝❧❛s✲
s✐q✉❡ ❡♥ ❛str♦♥♦♠✐❡✳

Objet de l’observation Source de reference

Telescope

MD

ASOCorrecteur

Surface d’onde plane

Surface d’onde deformee

Observation
corrigee

Atmosphere turbulente

❋✐❣✳ ✷✳✶ ✕ ❙❝❤é♠❛ ❞❡ ♣r✐♥❝✐♣❡ ❞✬✉♥❡ ♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ❡♥ ❜♦✉❝❧❡ ❢❡r♠é❡✳

▲✬❛❝❝❡♥t ❡st ♠✐s✱ ❞❛♥s ❝❡ ❝❤❛♣✐tr❡✱ s✉r ❧❡ ♥♦♠❜r❡ ❞❡ ❞❡❣rés ❞❡ ❧✐❜❡rté ❞✉ s②stè♠❡ ❛✜♥

✸✼
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❞❡ s✐t✉❡r ❧❡ tr❛✈❛✐❧ ❡①♣♦sé ❞❛♥s s♦♥ ❝♦♥t❡①t❡✳ ❊♥ ❡✛❡t✱ ❧✬♦r❞r❡ ❞❡ ❣r❛♥❞❡✉r ❞✉ ♥♦♠❜r❡ ❞❡
♣❛r❛♠ètr❡s ❞✬❡♥tré❡ ❡t ❞❡ s♦rt✐❡ ❞❡ ❧✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ❝r♦ît ❞✬✉♥ ❢❛❝t❡✉r 102 à 103 ❛✈❡❝
❧✬❛rr✐✈é❡ ❞❡s té❧❡s❝♦♣❡s ❤❡❝t♦♠étr✐q✉❡s✳ ❈❡s ♣❛r❛♠ètr❡s s♦♥t ❧❡s ♠❡s✉r❡s ❞é❧✐✈ré❡s ♣❛r
❧✬❛♥❛❧②s❡✉r ❞❡ s✉r❢❛❝❡ ❞✬♦♥❞❡ ❡t ❧❡s ❛❝t✐♦♥♥❡✉rs à ❝♦♠♠❛♥❞❡r s✉r ❧❡ ♠✐r♦✐r ❞é❢♦r♠❛❜❧❡ à
❝❤❛q✉❡ ❜♦✉❝❧❡✱ ❝✬❡st✲à✲❞✐r❡ à ✉♥❡ ❢réq✉❡♥❝❡ ❞❡ ❧✬♦r❞r❡ ❞❡ ✶ ❦❍③✳ ❈❡s ♥♦✉✈❡❧❧❡s ❞✐♠❡♥s✐♦♥s
s♦✉❧è✈❡♥t ❞❡ ♥♦♠❜r❡✉① ♣r♦❜❧è♠❡s ❞♦♥t ❝❡❧✉✐ ❞❡s ❛❧❣♦r✐t❤♠❡s ❞❡ ❝♦♠♠❛♥❞❡ à ❡♠♣❧♦②❡r
❛✜♥ ❞❡ ♣♦✉✈♦✐r ❝♦rr✐❣❡r ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❡♥ t❡♠♣s ré❡❧✳

❚r♦✐s ♣❛rt✐❡s ♣❡✉✈❡♥t êtr❡ ❞✐st✐♥❣✉é❡s ❞❛♥s ❝❡ ❝❤❛♣✐tr❡✳ ▲❛ ♣r❡♠✐èr❡ ✐♥tr♦❞✉✐t tr♦✐s
é❧é♠❡♥ts ❡ss❡♥t✐❡❧s ❞✬✉♥❡ ♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ❡♥ ❛str♦♥♦♠✐❡ ✿ ❧❡s s♦✉r❝❡s ❞❡ ré❢ér❡♥❝❡✱
❧❡s ❛♥❛❧②s❡✉rs ❞❡ s✉r❢❛❝❡ ❞✬♦♥❞❡ ❡t ❧❡s ♠✐r♦✐rs ❞é❢♦r♠❛❜❧❡s✳ ▲❡ ❝❤♦✐① ❞❡ ❝❡s ❝♦♠♣♦s❛♥ts
❞ét❡r♠✐♥❡ ❧❡ ♥♦♠❜r❡ ❞✬❡♥tré❡s ❡t ❞❡ s♦rt✐❡s ❞❡ ❧✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡✳ ❊♥s✉✐t❡✱ ❥❡ ❞é❝r✐s
❧❡s ♥♦✉✈❡❛✉① ❝♦♥❝❡♣ts ❞✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ q✉✐ ❛♣♣❛r❛✐ss❡♥t ♣♦✉r ❧❡s ❣r❛♥❞s té❧❡s❝♦♣❡s
t❡rr❡str❡s✳ ❈❡s ❞✐✛ér❡♥t❡s s♦❧✉t✐♦♥s✱ ❛❞❛♣té❡s ❛✉① ❞✐✈❡rs ❜❡s♦✐♥s ❞❡s ❛str♦♣❤②s✐❝✐❡♥s✱
❝♦♥❞✉✐s❡♥t à ❞❡s s②stè♠❡s à très ❣r❛♥❞ ♥♦♠❜r❡ ❞❡ ❞❡❣rés ❞❡ ❧✐❜❡rté ✭♥♦♠❜r❡ ❞❡ ♠❡s✉r❡s
♦✉ ♥♦♠❜r❡ ❞❡ ❝♦♠♠❛♥❞❡s✮ à tr❛✐t❡r ❡♥ t❡♠♣s ré❡❧✳ ❏❡ s♦✉❧✐❣♥❡ ♣❧✉s ♣❛rt✐❝✉❧✐èr❡♠❡♥t
❧❡s ✈❛❧❡✉rs q✉❡ ♣r❡♥♥❡♥t ❝❡s ❞✐♠❡♥s✐♦♥s ♣♦✉r ❧❡ ♣r♦❥❡t ❡✉r♦♣é❡♥ ❊✲❊▲❚✱ ❞❛♥s ❧❡ ❝❛❞r❡
❞✉q✉❡❧ s✬❡st ❞ér♦✉❧é❡ ❝❡tt❡ t❤ès❡✳ ❊♥✜♥✱ ❥❡ ♣rés❡♥t❡ ❧✬✐♠♣❛❝t ❞❡ ❝❡s ❣r❛♥❞s ♥♦♠❜r❡s ❞❡
❞❡❣rés ❞❡ ❧✐❜❡rté s✉r ❧❡ ❝♦rr❡❝t❡✉r ❞❡ ❧✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡✳

✷✳✶ ▲❡s s♦✉r❝❡s ❞❡ ré❢ér❡♥❝❡

❯♥❡ ♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ♣❡✉t ❢♦♥❝t✐♦♥♥❡r à ♣❛rt✐r ❞❡ s♦✉r❝❡s ❞❡ ré❢ér❡♥❝❡s ♥❛t✉r❡❧❧❡s
♦✉ ❛rt✐✜❝✐❡❧❧❡s✳ ❖♥ ❝♦♠♣r❡♥❞ ♣❛r ❝❡s t❡r♠❡s q✉❡ ❧❡s ♣r❡♠✐èr❡s s♦♥t ♣rés❡♥t❡s ❞❛♥s
❧❡ ❝❤❛♠♣ ❞✬♦❜s❡r✈❛t✐♦♥ ✭♦✉ à ♣r♦①✐♠✐té✮ s❛♥s q✉✬✉♥❡ ✐♥t❡r✈❡♥t✐♦♥ ❤✉♠❛✐♥❡ ❧❡s ② ❛✐t
♣❧❛❝é❡s✱ t❛♥❞✐s q✉❡ ❧❡s s❡❝♦♥❞❡s s♦♥t ❧❡ ❢r✉✐t ❞✬✉♥ ❛rt✐✜❝❡ ❞❡st✐♥é à ❣é♥ér❡r ✉♥❡ s♦✉r❝❡
❧✉♠✐♥❡✉s❡ ❞❡ ré❢ér❡♥❝❡✳

P❛r ❛❜✉s ❞❡ ❧❛♥❣❛❣❡✱ ❡♥ ❛str♦♥♦♠✐❡ ♣♦✉r ❧❡s ♦❜s❡r✈❛t✐♦♥s ♥♦❝t✉r♥❡s✱ ♦♥ ♣❛r❧❡ ❣é✲
♥ér❛❧❡♠❡♥t ❞✬ét♦✐❧❡s ❞❡ ré❢ér❡♥❝❡✱ ♥❛t✉r❡❧❧❡s ♦✉ ❛rt✐✜❝✐❡❧❧❡s✳ P♦✉rt❛♥t✱ ❝❡rt❛✐♥❡s ♦♣t✐q✉❡
❛❞❛♣t❛t✐✈❡ s♦♥t ❝♦♥ç✉❡s ♣♦✉r ♣♦✉✈♦✐r ✉t✐❧✐s❡r ❝♦♠♠❡ ré❢ér❡♥❝❡ ❞❡s ♦❜❥❡ts ❛str♦♣❤②✲
s✐q✉❡s ✭♥❛t✉r❡❧s✮ q✉✐ ♥❡ s♦♥t ♣❛s ♥é❝❡ss❛✐r❡♠❡♥t ❞❡s ét♦✐❧❡s✳ ❉✬❛✉tr❡ ♣❛rt✱ ❧❡ ♥♦♠
❞✬ét♦✐❧❡ ❛rt✐✜❝✐❡❧❧❡ s✬❡st ré♣❛♥❞✉ ♣♦✉r ❞és✐❣♥❡r ❧❛ s♦✉r❝❡ ❣é♥éré❡ ♣❛r ❧✬❡①❝✐t❛t✐♦♥ ❞❡
❝❡rt❛✐♥s ❛t♦♠❡s ❞❛♥s ❧✬❛t♠♦s♣❤èr❡ à ❧✬❛✐❞❡ ❞✬✉♥ ❧❛s❡r✳

❏✬✉t✐❧✐s❡ ❛✐♥s✐ ❞❛♥s ❝❡ ♠❛♥✉s❝r✐t ❡ss❡♥t✐❡❧❧❡♠❡♥t ❧✬❡①♣r❡ss✐♦♥ ❞✬ét♦✐❧❡ ❞❡ ré❢ér❡♥❝❡
❛✉ ❧✐❡✉ ❞❡ s♦✉r❝❡ ❞❡ ré❢ér❡♥❝❡✳ ▲❡s ♣❛rt✐❝✉❧❛r✐tés ❞❡ ❝❡s ❞❡✉① t②♣❡s ❞❡ s♦✉r❝❡s s♦♥t
✐❞❡♥t✐✜é❡s ❞❛♥s ❧❡s ❞❡✉① ♣r♦❝❤❛✐♥❡s str♦♣❤❡s✳

✷✳✶✳✶ ▲❡s ét♦✐❧❡s ❞❡ ré❢ér❡♥❝❡ ♥❛t✉r❡❧❧❡s

▲❡s ét♦✐❧❡s ♥❛t✉r❡❧❧❡s ♥♦♥ rés♦❧✉❡s s♦♥t ✐❞é❛❧❡s ♣❛r❝❡ q✉✬❡❧❧❡s s♦♥t ❢❛❝✐❧❡♠❡♥t ❛ss✐♠✐✲
❧❛❜❧❡s à ✉♥❡ s♦✉r❝❡ ♣♦♥❝t✉❡❧❧❡ s✐t✉é❡ à ❧✬✐♥✜♥✐✳ ▲✬❛♥❛❧②s❡ ❞❡ ❧❛ ♣❡rt✉r❜❛t✐♦♥ à ❝♦rr✐❣❡r
❡♥ ❡st ❢❛❝✐❧✐té❡✳

❚♦✉t❡❢♦✐s✱ ❧✬é✈♦❧✉t✐♦♥ t❡♠♣♦r❡❧❧❡ ❞❡ ❧❛ t✉r❜✉❧❡♥❝❡ ✐♠♣♦s❡ ✉♥❡ ❢réq✉❡♥❝❡ ❞❡ ♠❡s✉r❡s
❞❡ ❧✬❛♥❛❧②s❡✉r ❞❡ ❧✬♦r❞r❡ ❞❡ 1 ❦❍③✳ ▲❛ ✈❛r✐❛♥❝❡ ❞✉ ❜r✉✐t ❞❡ ♣❤♦t♦♥s✶ s✉r ❧❡s ♠❡s✉r❡s ❡st
✐♥✈❡rs❡♠❡♥t ♣r♦♣♦rt✐♦♥♥❡❧ ❛✉ ♥♦♠❜r❡ ❞❡ ♣❤♦t♦♥s r❡ç✉s✳ ▲❛ q✉❛❧✐té ❞❡s ♠❡s✉r❡s ❡t ❞♦♥❝

✶▲❡ ❜r✉✐t ❞❡ ♣❤♦t♦♥s ❧✐♠✐t❡ t♦✉t s②stè♠❡ ❞❡ ❞ét❡❝t✐♦♥ ❞❡ ✢✉① ❧✉♠✐♥❡✉①✳ ■❧ ❡st ❞✐r❡❝t❡♠❡♥t ❧✐é à
❧❛ ♥❛t✉r❡ ❝♦r♣✉s❝✉❧❛✐r❡ ❞❡ ❧❛ ❧✉♠✐èr❡✳ ▲❡s ♣❤♦t♦♥s r❡ç✉s ♣❛r ✉♥ ❞ét❡❝t❡✉r s✉✐✈❡♥t ✉♥❡ st❛t✐st✐q✉❡ ❞❡
P♦✐ss♦♥✳ ❙✐ ❧❛ s✉r❢❛❝❡ ❞✉ ❞ét❡❝t❡✉r r❡ç♦✐t ❡♥ ♠♦②❡♥♥❡ N♣❤ ♣❤♦t♦♥s ♣❡♥❞❛♥t ✉♥ t❡♠♣s ❞✬✐♥té❣r❛t✐♦♥ T ✱
❧✬é❝❛rt✲t②♣❡ s✉r ❧❡ ♥♦♠❜r❡ ❞❡ ♣❤♦t♦♥s r❡ç✉s ❡st

p

N♣❤✳



✷✳✶✳ ▲❊❙ ❙❖❯❘❈❊❙ ❉❊ ❘➱❋➱❘❊◆❈❊ ✸✾

❝❡❧❧❡ ❞❡ ❧❛ ❝♦rr❡❝t✐♦♥ s♦♥t ❞é❣r❛❞é❡s ❧♦rsq✉❡ ❧✬ét♦✐❧❡ ❞❡ ré❢ér❡♥❝❡ ❡st tr♦♣ ❢❛✐❜❧❡✳ ❖♥ ♣❡✉t
❛✐♥s✐ ❞é✜♥✐r ✉♥❡ ♠❛❣♥✐t✉❞❡ ❧✐♠✐t❡✱ s♣é❝✐✜q✉❡ à ❝❤❛q✉❡ ♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡✱ ♣❡r♠❡tt❛♥t
✉♥❡ ❝♦rr❡❝t✐♦♥ s❛t✐s❢❛✐s❛♥t❡ à ❞é✜♥✐r✳ ▲❛ ré✉♥✐♦♥ ❞❡s ❞♦♠❛✐♥❡s ❞✬✐s♦♣❧❛♥ét✐s♠❡ s✐t✉és
❛✉t♦✉r ❞❡ t♦✉t❡s ❧❡s ét♦✐❧❡s ♥❛t✉r❡❧❧❡s ♣❧✉s ❜r✐❧❧❛♥t❡s q✉❡ ❝❡tt❡ ♠❛❣♥✐t✉❞❡ ❧✐♠✐t❡ r❡♣ré✲
s❡♥t❡ ❧❛ ♣♦rt✐♦♥ ❞✉ ❝✐❡❧ q✉✐ ♣❡✉t êtr❡ ❡①♣❧♦ré❡ ❣râ❝❡ à ✉♥❡ ♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ❝❧❛ss✐q✉❡✳
❈❡tt❡ ❢r❛❝t✐♦♥ ❞❡ ❧❛ ✈♦ût❡ ❝é❧❡st❡ ❡st ❛♣♣❡❧é❡ ❧❛ ❝♦✉✈❡rt✉r❡ ❞✉ ❝✐❡❧ ❞✉ s②stè♠❡ ❞✬♦♣t✐q✉❡
❛❞❛♣t❛t✐✈❡✳

❈❡tt❡ ♥♦t✐♦♥ ❡st ❞é✈❡❧♦♣♣é❡ ❞❛♥s ❧❛ s❡❝t✐♦♥ ✷✳✹ ♣♦✉r ❞❡s s②stè♠❡s ❞✬♦♣t✐q✉❡ ❛❞❛♣✲
t❛t✐✈❡ à ❧❛r❣❡ ❝❤❛♠♣✳

✷✳✶✳✷ ▲❡s ét♦✐❧❡s ❞❡ ré❢ér❡♥❝❡ ❧❛s❡r

❆✜♥ ❞✬❛✉❣♠❡♥t❡r ❧❛ ❝♦✉✈❡rt✉r❡ ❞✉ ❝✐❡❧ ❞✬✉♥❡ ♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ❝❧❛ss✐q✉❡✱ ✐❧ ❡st
♣♦ss✐❜❧❡ ❞❡ ❝ré❡r ✉♥❡ s♦✉r❝❡ ❞❡ ré❢ér❡♥❝❡ ❞❛♥s ❧❡ ❝❤❛♠♣ à ♦❜s❡r✈❡r à ❧✬❛✐❞❡ ❞✬✉♥ ❧❛s❡r
✭❋♦② ❡t ▲❛❜❡②r✐❡✱ ✶✾✽✺✮✳ ▲❡ ♣r✐♥❝✐♣❡ ❝♦♥s✐st❡ à ❛♥❛❧②s❡r ❧❡ ✢✉① ❧✉♠✐♥❡✉① é♠✐s ♣❛r ❞❡s
♣❛rt✐❝✉❧❡s ❡①❝✐té❡s ❞❛♥s ❝❡rt❛✐♥❡s ❝♦✉❝❤❡s ❞❡ ❧✬❛t♠♦s♣❤èr❡✱ ❣râ❝❡ à ❝❡ ❧❛s❡r✳ ❊♥ ❛str♦✲
♥♦♠✐❡✱ ♦♥ ❞✐st✐♥❣✉❡ ❣é♥ér❛❧❡♠❡♥t ❞❡✉① t②♣❡s ❞✬ét♦✐❧❡s ❧❛s❡r ✿ ❧❡s ♣r❡♠✐èr❡s ♣r♦✈✐❡♥♥❡♥t
❞❡ ❧❛ ❞✐✛✉s✐♦♥ ❘❛②❧❡✐❣❤ ❞❡ ❧✬❛t♠♦s♣❤èr❡ ✭❡♥tr❡ ✶✵ ❡t ✸✵ ❦♠ ❞✬❛❧t✐t✉❞❡ ❡♥✈✐r♦♥✮ ❡t ❧❡s
s❡❝♦♥❞❡s s♦♥t ❣é♥éré❡s ❞❛♥s ✉♥❡ ❝♦✉❝❤❡ ❞❡ ❧✬❛t♠♦s♣❤èr❡ très ❝♦♥❝❡♥tré❡ ❡♥ ❛t♦♠❡s ❞❡
s♦❞✐✉♠ ✭∼ 90 ❦♠ ❞✬❛❧t✐t✉❞❡✮✳

▲✬✉t✐❧✐s❛t✐♦♥ ❞❡ ❝❡s ét♦✐❧❡s ❞❡ ré❢ér❡♥❝❡ ❛rt✐✜❝✐❡❧❧❡s ❡st ❧✐♠✐té❡ ❞✉ ❢❛✐t ❞❡ ❝❡rt❛✐♥❡s
♣❛rt✐❝✉❧❛r✐tés ✐♥tr✐♥sèq✉❡s à ❧❡✉r ♠♦❞❡ ❞❡ ❝ré❛t✐♦♥✱ q✉✐ ❝♦♠♣❧✐q✉❡♥t ❧✬❛♥❛❧②s❡ ❞❡s ♣❡r✲
t✉r❜❛t✐♦♥s à ❝♦rr✐❣❡r✳ ❏❡ ❞é❝r✐s ✐❝✐ tr♦✐s ❞❡ ❝❡s ❧✐♠✐t❡s ♠❛❥❡✉r❡s ✿ ❧✬✐♥❞ét❡r♠✐♥❛t✐♦♥ ❞✉
t✐♣✲t✐❧t✱ ❧✬❡✛❡t ❞❡ ❝ô♥❡✱ ❡t ❧✬é❧♦♥❣❛t✐♦♥ ❞❡ ❧❛ tâ❝❤❡ s✉r ❧✬❛♥❛❧②s❡✉r✳

▲✬✐♥❞ét❡r♠✐♥❛t✐♦♥ ❞✉ ❜❛s❝✉❧❡♠❡♥t ✭t✐♣✲t✐❧t✮

▲❡ ♣r✐♥❝✐♣❡ ❞❡ ré✈❡rs✐❜✐❧✐té ❞✉ ❝❤❡♠✐♥ ♦♣t✐q✉❡ ❢❛✐t q✉❡ ❧❛ ♣♦s✐t✐♦♥ s✉r ❧❡ ❝✐❡❧ ❞✬✉♥❡
ét♦✐❧❡ ❧❛s❡r r❡st❡ t♦✉❥♦✉rs ✐♥❝♦♥♥✉❡✳ ❉❡ ❝❡tt❡ ❢❛ç♦♥✱ ❞❡✉① ❝♦♠♣♦s❛♥t❡s ❞❡ ❧❛ ❞é❢♦r♠❛t✐♦♥
❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ ♥❡ ♣❡✉✈❡♥t ♣❛s êtr❡ ❛♥❛❧②sé❡s✱ ❧❡s ❜❛s❝✉❧❡♠❡♥ts ❡♥ x ❡t ❡♥ y ✭♠♦❞❡s
t✐♣✲t✐❧t✮✳ ❈❡s ♠♦❞❡s r❡♣rés❡♥t❡♥t ♣♦✉rt❛♥t ❞❡s ❞é❢♦r♠❛t✐♦♥s ❞✬❛♠♣❧✐t✉❞❡ ♠❛❥❡✉r❡s s✉r ❧❛
s✉r❢❛❝❡ ❞✬♦♥❞❡ t✉r❜✉❧❡♥t❡✳ ■❧s ❞♦✐✈❡♥t ❞♦♥❝ êtr❡ ❞ét❡r♠✐♥és ♣❛r ✉♥❡ ♠ét❤♦❞❡ ❛✉①✐❧✐❛✐r❡
♣♦✉r ♣♦✉✈♦✐r êtr❡ ❝♦rr✐❣és✳

❯♥❡ ♣♦ss✐❜✐❧✐té ❝♦♥s✐st❡ à ✉t✐❧✐s❡r ✉♥❡ ét♦✐❧❡ ❞❡ ré❢ér❡♥❝❡ ♥❛t✉r❡❧❧❡ ❛❞❞✐t✐♦♥♥❡❧❧❡ ❞❛♥s
❧❡ ❝❤❛♠♣✳ ❙✐ ✉♥❡ ét♦✐❧❡ ❧❛s❡r ♣❡r♠❡t ❞❡ ❝♦rr✐❣❡r ❧❡s ❛✉tr❡s ❝♦♠♣♦s❛♥t❡s ❞❡ ❧❛ ♣❡rt✉❜❛t✐♦♥
❛t♠♦s♣❤ér✐q✉❡ s✉r ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ ❛❧♦rs ❧✬❛♥❛❧②s❡ ❞✉ ❜❛s❝✉❧❡♠❡♥t ❣❧♦❜❛❧ ❞❡ ❧❛ s✉r❢❛❝❡
❞✬♦♥❞❡ ❛✉✲❞❡ss✉s ❞❡ ❧❛ ♣✉♣✐❧❧❡ ♣❡✉t êtr❡ ❡✛❡❝t✉é❡ s✉r ✉♥❡ ét♦✐❧❡ ♥❛t✉r❡❧❧❡✱ ♠ê♠❡ ♣❡✉
❜r✐❧❧❛♥t❡✱ ❞❛♥s ❧❡ ❞♦♠❛✐♥❡ ❞✬✐s♦♣❧❛♥ét✐s♠❡ ❛✉t♦✉r ❞❡ ❧✬ét♦✐❧❡ ❧❛s❡r✳

❯♥❡ ❛✉tr❡ ❛♣♣r♦❝❤❡ ❛ été ♣r♦♣♦sé❡ ♣❛r ❋♦② ❡t ❛❧✳ ✭✶✾✾✺✮ q✉✐ ❝♦♥s✐st❡ à ❣é♥ér❡r ✉♥❡
ét♦✐❧❡ ▲❆❙❊❘ ♣♦❧②❝❤r♦♠❛t✐q✉❡ ❞❛♥s ❝❡tt❡ ♠ê♠❡ ❝♦✉❝❤❡ ❞❡ s♦❞✐✉♠✳ ▲❡ ❜❛s❝✉❧❡♠❡♥t
❞✐✛ér❡♥t✐❡❧ ❡♥tr❡ ♣❧✉s✐❡✉rs ❧♦♥❣✉❡✉rs ❞✬♦♥❞❡ ❞✬❛♥❛❧②s❡ ♣❡r♠❡t ❞❡ ❧❡✈❡r ❧✬✐♥❞ét❡r♠✐♥❛t✐♦♥
❞✉ t✐♣✲t✐❧t ✭❙❝❤ö❝❦ ❡t ❛❧✳✱ ✷✵✵✷❀ ❘♦♥❞❡❛✉ ❡t ❛❧✳✱ ✷✵✵✽✮✳

▲✬❡✛❡t ❞❡ ❝ô♥❡

▲❡s ét♦✐❧❡s ♥❛t✉r❡❧❧❡s s♦♥t s✐t✉é❡s à ✉♥❡ ❞✐st❛♥❝❡ ❞❡ ❧✬❛t♠♦s♣❤èr❡ t❡rr❡str❡ très
❣r❛♥❞❡ ❞❡✈❛♥t ❧❡ ❞✐❛♠ètr❡ ❞✉ té❧❡s❝♦♣❡✳ ❈❡❝✐ ♣❡r♠❡t ❞✬❛♣♣r♦①✐♠❡r ❧✬♦♥❞❡ ♣é♥étr❛♥t
❧✬❛t♠♦s♣❤èr❡ t✉r❜✉❧❡♥t❡ ❛✉✲❞❡ss✉s ❧❛ ♣✉♣✐❧❧❡ à ✉♥❡ ♦♥❞❡ ♣❧❛♥❡✳ ❈❡tt❡ ❛♣♣r♦①✐♠❛t✐♦♥
♥❡ ♣❡✉t ♣❧✉s êtr❡ ❢❛✐t❡ ♣♦✉r ❧❡s ét♦✐❧❡s ❧❛s❡r✱ ♣❛r❝❡ q✉✬❡❧❧❡s s♦♥t ❣é♥éré❡s à tr♦♣ ❣r❛♥❞❡



✹✵ ❈❍❆P■❚❘❊ ✷✳ ▲✬❖P❚■◗❯❊ ❆❉❆P❚❆❚■❱❊

♣r♦①✐♠✐té ✭♣♦✉r ♥❡ ♣❛s ❞✐r❡ ❛✉ s❡✐♥ ♠ê♠❡✮ ❞❡ ❧❛ t✉r❜✉❧❡♥❝❡ ❛t♠♦s♣❤ér✐q✉❡✱ ♣❛r r❛♣♣♦rt
❛✉① ❞✐♠❡♥s✐♦♥s ❞❡ ❧❛ ♣✉♣✐❧❧❡✳ ❈❡tt❡ ❝❛r❛❝tér✐st✐q✉❡ s❡ tr❛❞✉✐t ♣❛r ❝❡ q✉✐ ❡st ♥♦♠♠é
❧✬❡✛❡t ❞❡ ❝ô♥❡ ✭❚❛❧❧♦♥ ❡t ❋♦②✱ ✶✾✾✵✮ ❡t q✉✐ ❡st ✐❧❧✉stré s✉r ❧❛ ✜❣✉r❡ ✷✳✷✳

Zone de turbulence
non analysee

Telescope

Objet de l’observation

Hauteur de la couche

Etoile laser

excitee

❋✐❣✳ ✷✳✷ ✕ ❊✛❡t ❞❡ ❝ô♥❡ ❛ss♦❝✐é à ✉♥❡ ét♦✐❧❡ ❧❛s❡r✳

P♦✉r ✉♥ ❞✐❛♠ètr❡ ❞❡ té❧❡s❝♦♣❡ ❞♦♥♥é✱ ♣❧✉s ❧✬ét♦✐❧❡ ❞❡ ré❢ér❡♥❝❡ ❡st ❤❛✉t❡✱ ♣❧✉s ❧✬❛♥❣❧❡
q✉❡ ❢❛✐t ❧❛ ③♦♥❡ ❞❡ t✉r❜✉❧❡♥❝❡ ❛♥❛❧②sé❡ ♣❛r r❛♣♣♦rt à ❧❛ ✈❡rt✐❝❛❧❡ ❡st ❢❛✐❜❧❡✳ ❆✐♥s✐ ✉♥
♦❜❥❡t ❛str♦♣❤②s✐q✉❡ ❞❛♥s ❧❡ ❝❤❛♠♣ ❡st ♠✐❡✉① ❝♦rr✐❣é ❧♦rsq✉❡ ❧✬❛❧t✐t✉❞❡ ❞❡ ❧✬ét♦✐❧❡ ❧❛s❡r
❛✉❣♠❡♥t❡✱ ♣❛r❝❡ q✉❡ ♣r♦❣r❡ss✐✈❡♠❡♥t ❧❡ ✈♦❧✉♠❡ ❞❡ t✉r❜✉❧❡♥❝❡ ❝♦rr❡❝t❡♠❡♥t ❛♥❛❧②sé ❡st
❞❡ ♣❧✉s ❡♥ ♣❧✉s ❤❛✉t✳

❈❡❝✐ ❡st ✉♥ ❛r❣✉♠❡♥t ❡♥ ❢❛✈❡✉r ❞❡s ét♦✐❧❡s ❧❛s❡r ❞❡ s♦❞✐✉♠ ♣♦✉r ✉♥ té❧❡s❝♦♣❡ ❞❡
❧✬♦r❞r❡ ❞❡ ✶✵ ♠ètr❡s ❞❡ ❞✐❛♠ètr❡ ♦✉ ♣❧✉s✳ ▲❡ ❝❤♦✐① ❞✬ét♦✐❧❡s ❧❛s❡r ❞❡ t②♣❡ ❘❛②❧❡✐❣❤ r❡st❡
♥é❛♥♠♦✐♥s ✐♥tér❡ss❛♥t ♣♦✉r ❞❡s s②stè♠❡s ✈✐s❛♥t ❧❛ ❝♦rr❡❝t✐♦♥ ❞❡s ❝♦✉❝❤❡s t✉r❜✉❧❡♥t❡s
❞❡ ❢❛✐❜❧❡ ❛❧t✐t✉❞❡ s✉r ❞❡s té❧❡s❝♦♣❡s ❞❡ ♣❧✉s ❢❛✐❜❧❡ ❞✐❛♠ètr❡ ✭❝❢✳ ❧❡s s②stè♠❡s ❙❆▼ ❡t
●▲❆❙ ❝✐tés à ❧❛ s❡❝t✐♦♥ ✷✳✹✳✷✮✳

▲✬é❧♦♥❣❛t✐♦♥ ❞❡ ❧❛ t❛❝❤❡ s✉r ❧✬❛♥❛❧②s❡✉r

▲❛ s♦✉r❝❡ ❧❛s❡r ❣é♥éré❡ ♥✬❡st ♣❛s ✉♥❡ s♦✉r❝❡ ♣♦♥❝t✉❡❧❧❡✳ ❊❧❧❡ ❡st ét❡♥❞✉❡ ✈❡rt✐✲
❝❛❧❡♠❡♥t ❝♦♠♠❡ ✉♥ ✜♥ ♣✐♥❝❡❛✉✱ ❞❛♥s ❧✬é♣❛✐ss❡✉r ❞❡ ❧❛ ❝♦✉❝❤❡ ❞✬❛t♦♠❡s ❡①❝✐tés✳ ❈❡tt❡
❡①t❡♥s✐♦♥ ✈❡rt✐❝❛❧❡ ❞❡ ❧✬ét♦✐❧❡ ❧❛s❡r✱ ❣é♥ér❛❧❡♠❡♥t ✉♥❡ ❝❡♥t❛✐♥❡ ❞❡ ♠ètr❡s ♣♦✉r ❧❡s ét♦✐❧❡s
❞❡ t②♣❡ ❘❛②❧❡✐❣❤ ❡t ❞❡ ❧✬♦r❞r❡ ❞❡ ✶✵❦♠ ♣♦✉r ✉♥❡ ét♦✐❧❡ ❞❡ s♦❞✐✉♠✱ ❞♦✐t êtr❡ ♣r✐s❡ ❡♥
❝♦♠♣t❡ ♣♦✉r ♦♣t✐♠✐s❡r ❧✬❛♥❛❧②s❡ ❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡✳ P❧✉s ❧✬❛♥❛❧②s❡ ❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡
s❡ ❢❛✐t à ❣r❛♥❞❡ ❞✐st❛♥❝❡ ❞✉ ♣♦✐♥t ❞❡ ❧❛♥❝❡♠❡♥t ❞✉ ❧❛s❡r ❛✉ s♦❧✱ ♣❧✉s ❧✬❡①t❡♥s✐♦♥ ✈❡rt✐❝❛❧❡
❞❡ ❧❛ s♦✉r❝❡ ✐♥t❡r✈✐❡♥t ❞❛♥s ❧❛ ♠❡s✉r❡ ✭♣❛r ✉♥ ♣❤é♥♦♠è♥❡ ❞❡ ♣❛r❛❧❧❛①❡✮✳ ❈❡❝✐ ❡♥tr❛î♥❡
✉♥❡ ♣❡rt❡ ❞❡ ♣ré❝✐s✐♦♥ ❞❡ ❧❛ ♠❡s✉r❡ ❞❛♥s ❧❛ ❞✐r❡❝t✐♦♥ ❞✉ ♣♦✐♥t ❞❡ ❧❛♥❝❡♠❡♥t✱ à ❣r❛♥❞❡
❞✐st❛♥❝❡✳

❉❛♥s ❧❡ ❝❛s ❞✬✉♥ ❛♥❛❧②s❡✉r ❞❡ ❙❤❛❝❦✲❍❛rt♠❛♥♥ q✉✐ s❡r❛ ✐♥tr♦❞✉✐t à ❧❛ s❡❝t✐♦♥ ✷✳✷✱
❝❡❝✐ s❡ tr❛❞✉✐t ♣❛r ✉♥❡ é❧♦♥❣❛t✐♦♥ ❞❡ ❧❛ t❛❝❤❡ s✉r ❧❡s s♦✉s✲♣✉♣✐❧❧❡s ✭❝❢✳ s❡❝t✐♦♥ ✼✳✹✮✳

▲✬✉t✐❧✐s❛t✐♦♥ ❞✬✉♥ ❧❛s❡r ♣✉❧sé ♣♦✉r ❣é♥ér❡r ✉♥❡ ét♦✐❧❡ ❧❛s❡r ❞❡ t②♣❡ ❘❛②❧❡✐❣❤ ♣❡r♠❡t
❞❡ ♠❛✐♥t❡♥✐r s♦♥ ❡①t❡♥s✐♦♥ ✈❡rt✐❝❛❧❡ à ✉♥❡ ❝❡♥t❛✐♥❡ ❞❡ ♠ètr❡s ❡♥✈✐r♦♥✱ ❝❡ q✉✐ ❧✐♠✐t❡
❝❡t ❡✛❡t ❞❡ ♣❛r❛❧❧❛①❡ ❞❡ ❢❛ç♦♥ ❛❝❝❡♣t❛❜❧❡ s✉r ✉♥ té❧❡s❝♦♣❡ ❞❡ q✉❡❧q✉❡s ♠ètr❡s ❞❡ ❞✐❛✲
♠ètr❡✳ ▲❛ ❝♦✉❝❤❡ ❞❡ s♦❞✐✉♠ ❞❡ ❧✬❛t♠♦♣s❤èr❡✱ à ❡♥✈✐r♦♥ ✾✵❦♠ ❞✬❛❧t✐t✉❞❡✱ ❛ ✉♥❡ é♣❛✐ss❡✉r
♠♦②❡♥♥❡ ❞❡ ✶✵ ❦✐❧♦♠ètr❡s✳ ❯♥❡ ét♦✐❧❡ ❧❛s❡r ❞❡ t②♣❡ s♦❞✐✉♠✱ ❝réé❡ à ♣❛rt✐r ❞✬✉♥ ❧❛s❡r
♥♦♥ ♣✉❧sé✱ ❡st s✉✣s❛♠♠❡♥t ❤❛✉t❡ ♣♦✉r q✉❡ ❝❡t ❡✛❡t s♦✐t ♥é❣❧✐❣❡❛❜❧❡ s✉r ❧❡s té❧❡s❝♦♣❡s



✷✳✷✳ ▲❊❙ ❆◆❆▲❨❙❊❯❘❙ ❉❊ ❙❯❘❋❆❈❊ ❉✬❖◆❉❊ ✹✶

❞❡ ✽ ❡t ✶✵ ♠ètr❡s ❛❝t✉❡❧s✳ ❈❡ ♥✬❡st ❡♥ r❡✈❛♥❝❤❡ ♣❧✉s ❧❡ ❝❛s ♣♦✉r ❧❛ ❢✉t✉r❡ ❣é♥ér❛t✐♦♥ ❞❡
té❧❡s❝♦♣❡s t❡rr❡str❡s✱ ❞❡ ♣❧✉s✐❡✉rs ❞✐③❛✐♥❡s ❞❡ ♠ètr❡s ❞❡ ❞✐❛♠ètr❡✳

✷✳✷ ▲❡s ❛♥❛❧②s❡✉rs ❞❡ s✉r❢❛❝❡ ❞✬♦♥❞❡

▲✬♦❜❥❡❝t✐❢ ❞✬✉♥ ❛♥❛❧②s❡✉r ❞❡ s✉r❢❛❝❡ ❞✬♦♥❞❡ ✭❆❙❖✮ ❡♥ ♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ❡st ❞❡
♣♦✉✈♦✐r ❝❛r❛❝tér✐s❡r ❧❡s ❞é❢♦r♠❛t✐♦♥s ❞❡ ❝❡tt❡ s✉r❢❛❝❡ ❞✬♦♥❞❡ à ✉♥❡ rés♦❧✉t✐♦♥ s✉✣s❛♥t❡
♣♦✉r ♣♦✉✈♦✐r ❛♣♣❧✐q✉❡r ♣❛r ❧❛ s✉✐t❡ ✉♥❡ ❝♦rr❡❝t✐♦♥ ✉t✐❧❡✳ ❉✐✛ér❡♥ts t②♣❡s ❞✬❛♥❛❧②s❡✉r
♦♥t été ét✉❞✐és✱ ♠❛✐s ❛✉❝✉♥ ♥❡ s❡♠❜❧❡ s✉r♣❛ss❡r ❧❡s ❛✉tr❡s à t♦✉s ♣♦✐♥ts ❞❡ ✈✉❡✳ ▲❡ ❝❤♦✐①
❞✬✉♥ ❛♥❛❧②s❡✉r ❞♦✐t ❞♦♥❝ êtr❡ ❡✛❡❝t✉é ♣❛r r❛♣♣♦rt ❛✉① ❝♦♥❞✐t✐♦♥s ❞❡ ❢♦♥❝t✐♦♥♥❡♠❡♥t
❛tt❡♥❞✉❡s ❡t ❛✉① ♦❜❥❡❝t✐❢s ❞❡ ❧✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡✳

❖♥ ❞✐st✐♥❣✉❡ ❡ss❡♥t✐❡❧❧❡♠❡♥t ❞❡✉① ❛♣♣r♦❝❤❡s ✿ ❧❡s ❛♥❛❧②s❡✉rs ❞❡ ♣❧❛♥ ❢♦❝❛❧ ❡t ❝❡✉①
❞❡ ♣❧❛♥ ♣✉♣✐❧❧❡✳ ❏❡ ❞é❝r✐s ❞✬❛❜♦r❞ r❛♣✐❞❡♠❡♥t ❧❡ ♣r✐♥❝✐♣❡ ❞❡ ❧✬❛♥❛❧②s❡ ❡♥ ♣❧❛♥ ❢♦❝❛❧✳ ▲❡s
❛♥❛❧②s❡✉rs ❝♦✉r❛♠♠❡♥t ✉t✐❧✐sés ❡♥ ♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ s♦♥t ❞❡s ❛♥❛❧②s❡✉rs ❞❡ s✉r❢❛❝❡
❞✬♦♥❞❡ ❡♥ ♣❧❛♥ ♣✉♣✐❧❧❡✳

✷✳✷✳✶ ▲✬❛♥❛❧②s❡ ❡♥ ♣❧❛♥ ❢♦❝❛❧

❈❡tt❡ ❛♣♣r♦❝❤❡ ❡st ❞é❝r✐t❡ ♣❧✉s ❡♥ ❞ét❛✐❧s ♣❛r ❘♦✉ss❡t ✭✶✾✾✾✮✳ ▲✬❛♥❛❧②s❡ ❡♥ ♣❧❛♥ ❢♦❝❛❧
❝♦♥s✐st❡ à r❡tr♦✉✈❡r ❧❛ ❢♦r♠❡ ❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ ❞✐r❡❝t❡♠❡♥t à ♣❛rt✐r ❞❡ ❧✬✐♥t❡♥s✐té
❞✬✉♥❡ ✐♠❛❣❡ ❝♦✉rt❡ ♣♦s❡ ❞✬✉♥ ♦❜❥❡t ❝♦♥♥✉ ♦✉ ♠❛❧ ❝♦♥♥✉✳ ■❧ s✬❛❣✐t ❞♦♥❝ ❞❡ rés♦✉❞r❡ ❧❡
♣r♦❜❧è♠❡ ✐♥✈❡rs❡ ❞é✜♥✐ ♣❛r ❧✬éq✉❛t✐♦♥

I(βd, t) = [O ∗H] (βd, t) . ✭✷✳✶✮

❡♥ t❡♥❛♥t ❝♦♠♣t❡ ❞✉ ❜r✉✐t ❞❡ ♠❡s✉r❡✳ ▲❛ ♥♦♥ ❧✐♥é❛r✐té ❞❡ ❧✬✐♥t❡♥s✐té ✈✐s✲à✲✈✐s ❞❡ ❧❛ ♣❤❛s❡
♣❡rt✉r❜é❡ ❡t ❧✬❡①✐st❡♥❝❡ ❞❡ ❞é❣é♥ér❡s❝❡♥❝❡s ❝♦♠♣❧✐q✉❡♥t ❧❛ r❡❝❤❡r❝❤❡ ❞❡ ❧❛ s♦❧✉t✐♦♥✳ ❊♥
❝♦♥s✐❞ér❛♥t ♣❧✉s✐❡✉rs ✐♠❛❣❡s ❝♦✉rt❡ ♣♦s❡ ♣r✐s❡s ❛✉ ♠ê♠❡ ✐♥st❛♥t s✉r ❞❡✉① ❞ét❡❝t❡✉rs
❞✐✛ér❡♥ts✱ s✐ ❧❛ r❡❧❛t✐♦♥ ❡♥tr❡ ❧❡s ♣❤❛s❡s ♣r♦❞✉✐s❛♥t ❝❡s ❞❡✉① ✐♠❛❣❡s ❡st ❝♦♥♥✉❡✱ ❧❡ ♣r♦✲
❜❧è♠❡ ♣❡✉t êtr❡ rés♦❧✉ ❡♥ ❧❡✈❛♥t ❧❡s ❞é❣é♥ér❡s❝❡♥❝❡s✳ ❈❡s t❡❝❤♥✐q✉❡s✱ ❞✐t❡s ❞❡ ❞✐✈❡rs✐té
❞❡ ♣❤❛s❡✱ ✭▼✉❣♥✐❡r ❡t ❛❧✳✱ ✷✵✵✻❀ ❘♦♥❞❡❛✉ ❡t ❛❧✳✱ ✷✵✵✽✮✱ ♣❡✉✈❡♥t ❡♥ t❤é♦r✐❡ ❢♦✉r♥✐r ❞❡s
rés✉❧t❛ts ✐♥tér❡ss❛♥ts ❡t ❞✬✉♥❡ ❣r❛♥❞❡ ♣ré❝✐s✐♦♥✳ ❈❡♣❡♥❞❛♥t✱ ❧❛ rés♦❧✉t✐♦♥ ❡♥ t❡♠♣s ré❡❧
❞❡ ❝❡ ♣r♦❜❧è♠❡ ✐♥✈❡rs❡ ♣♦✉r ✉♥❡ ♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ à ❣r❛♥❞ ♥♦♠❜r❡ ❞❡ ❞❡❣rés ❞❡ ❧✐✲
❜❡rté ♥✬❛ ♣❛s ❡♥❝♦r❡ été ❞é♠♦♥tré❡✳ ❊♥ ♦✉tr❡✱ ❝❡s t❡❝❤♥✐q✉❡s ❞✬❛♥❛❧②s❡ ❡♥ ♣❧❛♥ ❢♦❝❛❧
r❡q✉✐èr❡♥t ✉♥❡ ❞ét❡❝t✐♦♥ s✉r ✉♥❡ ❢❛✐❜❧❡ ❜❛♥❞❡ s♣❡❝tr❛❧❡ ♣✉✐sq✉❡ ❧❛ ❢♦♥❝t✐♦♥ ❞✬ét❛❧❡♠❡♥t
❞❡ ♣♦✐♥t ✭❋❊P✮ ❡st ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡✳

✷✳✷✳✷ ▲✬❛♥❛❧②s❡ ❡♥ ♣❧❛♥ ♣✉♣✐❧❧❡

P♦✉r ❧✬❛♥❛❧②s❡ ❡♥ ♣❧❛♥ ♣✉♣✐❧❧❡✱ ❧❡s ❞é❢♦r♠❛t✐♦♥s ❞❡ ❧❛ s✉r❢❛❝❡ w s♦♥t ❞ét❡❝té❡s ✈✐❛
s❡s ❞ér✐✈é❡s s♣❛t✐❛❧❡s✱ ❣r❛❞✐❡♥t ♦✉ ❧❛♣❧❛❝✐❡♥✳ ❈❡tt❡ ❛♣♣r♦❝❤❡ ❛ ❧✬❛✈❛♥t❛❣❡ ❞❡ ❢♦✉r♥✐r ❞❡s
♠❡s✉r❡s q✉✐ s♦♥t r❡❧✐é❡s ❧✐♥é❛✐r❡♠❡♥t à ❧❛ q✉❛♥t✐té r❡❝❤❡r❝❤é❡ w✱ ❛✉① ❛♣♣r♦①✐♠❛t✐♦♥s
❞✉ s②stè♠❡ ❞❡ ♠❡s✉r❡ ré❡❧ ♣rès✳

▲❡s tr♦✐s ❛♥❛❧②s❡✉rs ❡♥ ♣❧❛♥ ♣✉♣✐❧❧❡ ♣rés❡♥tés ❝✐✲❛♣rès ♦♥t ✉♥ ♣r✐♥❝✐♣❡ ❞❡ ❢♦♥❝t✐♦♥✲
♥❡♠❡♥t ❛❝❤r♦♠❛t✐q✉❡✳ ■❧ ❡st ❞♦♥❝ ♣♦ss✐❜❧❡ ❞✬❛✉❣♠❡♥t❡r ❧❡ ✢✉① ❞❡ ♣❤♦t♦♥s r❡ç✉ ❡♥ ❧❡s
✉t✐❧✐s❛♥t ❡♥ ❜❛♥❞❡ ❧❛r❣❡✳

▲✬❛♥❛❧②s❡✉r ❞❡ s✉r❢❛❝❡ ❞✬♦♥❞❡ ❢♦✉r♥✐t ✉♥ ❥❡✉ ❞❡ ♠❡s✉r❡s d ∈ R
m✱ ❝❛r❛❝tér✐sé ♣❛r ✉♥

♠♦❞è❧❡ ❞❡ ❧❛ ❢♦r♠❡
d = S(w) ✭✷✳✷✮



✹✷ ❈❍❆P■❚❘❊ ✷✳ ▲✬❖P❚■◗❯❊ ❆❉❆P❚❆❚■❱❊

♦ù S ❡st ❧❡ ♠♦❞è❧❡ ❧✐♥é❛✐r❡ ❞❡ ❧✬❛♥❛❧②s❡✉r✱ w(r) ❡st ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ ✐♥❝✐❞❡♥t❡ s✉r
❧✬❛♥❛❧②s❡✉r ❞❛♥s ❧❡ ♣❧❛♥ ♣✉♣✐❧❧❡✳

❏❡ ❞é❝r✐s ❜r✐è✈❡♠❡♥t✱ ♣❛r♠✐ ❧❡s ❛♥❛❧②s❡✉rs ❡♥ ♣❧❛♥ ♣✉♣✐❧❧❡✱ ❝❡❧✉✐ ❞❡ t②♣❡ ❝♦✉r❜✉r❡ ❡t
❝❡❧✉✐ ❞❡ t②♣❡ ♣②r❛♠✐❞❡✱ ♣✉✐s ❥❡ ❞ét❛✐❧❧❡ ❞❛✈❛♥t❛❣❡ ❧❡ ❙❤❛❝❦✲❍❛rt♠❛♥♥ q✉✐ ❡st ❝♦♥s✐❞éré
❧❡s s✐♠✉❧❛t✐♦♥s ❞✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ♣rés❡♥té❡s ❞❛♥s ❝❡ ♠❛♥✉s❝r✐t✳

▲✬❛♥❛❧②s❡✉r ❞❡ ❝♦✉r❜✉r❡

▲❡ ♣r✐♥❝✐♣❡ ❞❡ ❧✬❛♥❛❧②s❡✉r ♣❛r ❧❛ ❝♦✉r❜✉r❡ ❛ été ❞é✈❡❧♦♣♣é ♣❛r ❘♦❞❞✐❡r ✭✶✾✽✽✮ ❡t s♦♥
éq✉✐♣❡✳ ■❧ r❡♣♦s❡ s✉r ❧❛ ❝♦♠♣❛r❛✐s♦♥ ❞❡ ❧✬✐♥t❡♥s✐té ❧✉♠✐♥❡✉s❡ ✐♥❝✐❞❡♥t❡ s✉r ❞❡✉① ♣❧❛♥s
♣❛r❛❧❧è❧❡s ❧♦❝❛❧✐sés ❞❡ ♣❛rt ❡t ❞✬❛✉tr❡ ❞❡ ❧❛ ♣✉♣✐❧❧❡✳ ▲✬é❝❧❛✐r❡♠❡♥t ♣❛r ✉♥❡ ♦♥❞❡ ♣❧❛♥❡
❡♥❣❡♥❞r❡ ✉♥❡ ré♣❛rt✐t✐♦♥ ❞✬✐♥t❡♥s✐té ✉♥✐❢♦r♠❡ ❡♥ t♦✉t ♣♦✐♥t ❞❡s ❞❡✉① ♣❧❛♥s✳ ▲à ♦ù ❧❛
s✉r❢❛❝❡ ❞✬♦♥❞❡ ❡st ❞é❢♦r♠é❡ ❞❡ ❢❛ç♦♥ ❝♦♥✈❡①❡✱ ♦♥ ♦❜s❡r✈❡ ✉♥❡ ✐♥t❡♥s✐té ♠♦✐♥❞r❡ ❞❛♥s ❧❡
♣❧❛♥ ❛♠♦♥t q✉❡ ❞❛♥s ❧❡ ♣❧❛♥ ❛✈❛❧✳ ❊t ré❝✐♣r♦q✉❡♠❡♥t✱ s✐ ❧❛ ❞é❢♦r♠❛t✐♦♥ ❡st ❧♦❝❛❧❡♠❡♥t
❝♦♥❝❛✈❡✱ ❧✬✐♥t❡♥s✐té ❡st s✉♣ér✐❡✉r❡ ❞❛♥s ❧❡ ♣❧❛♥ ❛♠♦♥t✳ ▲✬é✈❛❧✉❛t✐♦♥ ❞✉ ❝♦♥tr❛st❡ ❡♥tr❡
❧❡s ✐♠❛❣❡s ♦❜t❡♥✉❡s ❞❛♥s ❝❤❛❝✉♥ ❞❡ ❝❡s ❞❡✉① ♣❧❛♥s ❢♦✉r♥✐t ✉♥❡ ♠❡s✉r❡ ❞✉ ▲❛♣❧❛❝✐❡♥ ❞❡
❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ ✐♥❝✐❞❡♥t❡✳

▲✬❛❥✉st❡♠❡♥t ❞❡ ❧❛ ♣♦s✐t✐♦♥ ❞❡s ♣❧❛♥s ❛♠♦♥t ❡t ❛✈❛❧ à ❝♦♥s✐❞ér❡r ❞é♣❡♥❞ ❞❡ ❧❛
❢réq✉❡♥❝❡ s♣❛t✐❛❧❡ ❞❡s ❞é❢♦r♠❛t✐♦♥s ❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ q✉❡ ❧✬♦♥ s♦✉❤❛✐t❡ ❛♥❛❧②s❡r✱
❡t ❞✉ ♥✐✈❡❛✉ ❞❡ s❡♥s✐❜✐❧✐té q✉❡ ❧✬♦♥ r❡❝❤❡r❝❤❡✳ ❈❡❝✐ r❡♥❞ ❧✬❛♥❛❧②s❡✉r ❞❡ ❝♦✉r❜✉r❡ ♣❡✉
❛❞❛♣té à ❧❛ ♠❡s✉r❡ ❞✬✉♥❡ ❧❛r❣❡ ❣❛♠♠❡ ❞❡ ❢réq✉❡♥❝❡s s♣❛t✐❛❧❡s s✉r ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡
♣❡rt✉r❜é❡ ❡t ❞♦♥❝ ✐❧ ♥✬❡st ❛❝t✉❡❧❧❡♠❡♥t ♣❛s ❝♦♥s✐❞éré ♣❛r♠✐ ❧❡s ❛♥❛❧②s❡✉rs s✉s❝❡♣t✐❜❧❡s
❞✬êtr❡ ✐♥❝❧✉s ❞❛♥s ✉♥❡ ♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ s✉r ✉♥ té❧❡s❝♦♣❡ ❞❡ ♣❧✉s ❞❡ ✶✵ ♠ètr❡s✳

▲❡ té❧❡s❝♦♣❡ ❞❡ ✹✳✷✵ ♠ètr❡s ❞✉ ❚é❧❡s❝♦♣❡ ❈❛♥❛❞❛✲❋r❛♥❝❡✲❍❛✇❛✐✐ ✭❈❋❍❚✮✱ à ❍❛✇❛✐✐✱
❡st éq✉✐♣é ❞✬✉♥❡ ♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ♥♦♠♠é❡ P❯❊❖✱ ❛✈❡❝ ✉♥ ❛♥❛❧②s❡✉r ❞❡ ❝♦✉r❜✉r❡✳

▲✬❛♥❛❧②s❡✉r ♣②r❛♠✐❞❡

▲✬❛♥❛❧②s❡✉r ❞❡ t②♣❡ ♣②r❛♠✐❞❡ ❛ été ♣r♦♣♦sé ♣❛r ❘❛❣❛③③♦♥✐ ✭✶✾✾✻✮✳ ■❧ ❣é♥ér❛❧✐s❡ ❧❡
♣r✐♥❝✐♣❡ ❞✉ ❝♦✉t❡❛✉ ❞❡ ❋♦✉❝❛✉❧t✳ P♦✉r ❝❡❧❛✱ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ ❡st ❢♦❝❛❧✐sé❡ ❛✉ s♦♠♠❡t
❞✬✉♥ ♣r✐s♠❡ ♣②r❛♠✐❞❛❧✱ à q✉❛tr❡ ❢❛❝❡s✱ ❝♦♠♠❡ ✐♥❞✐q✉é s✉r ❧❡ s❝❤é♠❛ ❞❡ ❧❛ ✜❣✉r❡ ✷✳✸✳

▲❛ ♣②r❛♠✐❞❡ ❛ ♣♦✉r ❡✛❡t ❞❡ ❞✐✈✐s❡r ❧❡ ❢❛✐s❝❡❛✉ ❡♥ q✉❛tr❡ s♦✉s✲❢❛✐s❝❡❛✉① q✉✐ s♦♥t
♣r♦❥❡tés s✉r ❧❡ ❞ét❡❝t❡✉r ❣râ❝❡ à ✉♥❡ ♦♣t✐q✉❡ ❞❡ r❡❧❛✐s✳ ▲❛ ♠❡s✉r❡ ❞❡s ❣r❛❞✐❡♥ts ❞❡
❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ ❞é❝♦✉❧❡ ❛❧♦rs ❞✬✉♥❡ ❝♦♠❜✐♥❛✐s♦♥ ❧✐♥é❛✐r❡ ❞❡s ✐♥t❡♥s✐tés r❡ç✉❡s ❞❛♥s
❝❤❛❝✉♥❡ ❞❡s ✹ ♣✉♣✐❧❧❡s✳ ▲❛ ♣rés❡♥❝❡ ❞✉ ♠✐r♦✐r ❞❡ ❜❛s❝✉❧❡♠❡♥t ♣❡r♠❡t ❞❡ ❞é❝❛❧❡r ❧é✲
❣èr❡♠❡♥t ❧❡ ♣♦✐♥t ❞❡ ❢♦❝❛❧✐s❛t✐♦♥ ❛✉t♦✉r ❞✉ s♦♠♠❡t ❞❡ ❧❛ ♣②r❛♠✐❞❡ ❛✜♥ ❞✬❛✉❣♠❡♥t❡r
❧❛ s❡♥s✐❜✐❧✐té ❞❡ ❧✬❛♥❛❧②s❡✉r ❛✉① ❢réq✉❡♥❝❡s s♣❛t✐❛❧❡s ❞❡ ❞é❢♦r♠❛t✐♦♥s ❧❡s ♣❧✉s é❧❡✈é❡s
✭❊s♣♦s✐t♦ ❡t ❛❧✳✱ ✷✵✵✵✮✳ ❈❡tt❡ ❛❝t✐♦♥ ❡st ❞és✐❣♥é❡ ♣❛r ❧❡ t❡r♠❡ ❞❡ ♠♦❞✉❧❛t✐♦♥✳

▲✬❛♥❛❧②s❡✉r ♣②r❛♠✐❞❡ ❛ ❢❛✐t ❧✬♦❜❥❡t ❞❡ ♥♦♠❜r❡✉s❡s ét✉❞❡s ❝❡s ❞❡r♥✐èr❡s ❛♥♥é❡s ✭❊s✲
♣♦s✐t♦ ❡t ❛❧✳✱ ✷✵✵✵❀ ❱ér✐♥❛✉❞ ❡t ❛❧✳✱ ✷✵✵✺❀ ❱ér✐♥❛✉❞✱ ✷✵✵✹✮✱ ❛✜♥ ❞❡ ❞ét❡r♠✐♥❡r ❧❡s ❛t♦✉ts
❡ss❡♥t✐❡❧s ❞❡ ❝❡ ♥♦✉✈❡❧ ❛♥❛❧②s❡✉r✳ ■❧ s✬❛✈èr❡ êtr❡ ♣❧✉s s❡♥s✐❜❧❡ ❛✉① ❜❛ss❡s ❢réq✉❡♥❝❡s s♣❛✲
t✐❛❧❡s ❞❡ ❧❛ ❞é❢♦r♠❛t✐♦♥ ❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ q✉❡ ❧✬❛♥❛❧②s❡✉r ❞❡ ❙❤❛❝❦✲❍❛rt♠❛♥ ♣rés❡♥té
❝✐✲❞❡ss♦✉s ✭❱ér✐♥❛✉❞✱ ✷✵✵✹✮✳ ▲❛ ♣ré❝✐s✐♦♥ ❞❡ ❧❛ ❝♦rr❡❝t✐♦♥ ❞❡ ❝❡s ❜❛s ♦r❞r❡s ♣❡r♠❡t ❞❡
ré❞✉✐r❡ ❧❡ ❤❛❧♦ ❞❡ ❧❛ ❋❊P ❧♦♥❣✉❡ ♣♦s❡ ❡t ❢❛✐t ❞♦♥❝ ❞❡ ❝❡t ❛♥❛❧②s❡✉r ✉♥ ❝❛♥❞✐❞❛t ♣r♦♠❡t✲
t❡✉r ♣♦✉r ✉♥❡ ♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ✈✐s❛♥t ❧❛ ❞ét❡❝t✐♦♥ ❞❡ ♣❧❛♥èt❡s ❡①tr❛s♦❧❛✐r❡s ✭❱ér✐♥❛✉❞
❡t ❛❧✳✱ ✷✵✵✻✮✳
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surface d’onde 

sur la pupille

plan conjugué

au plan pupille

miroir de 

basculement

pyramide 

à base carrée

optique de

relais

images de la pupille

dans le plan du détecteur

❋✐❣✳ ✷✳✸ ✕ ❙❝❤é♠❛ ❞❡ ♣r✐♥❝✐♣❡ ❞❡ ❧✬❛♥❛❧②s❡✉r ♣②r❛♠✐❞❡✳ ❙♦✉r❝❡ ✿ ❊s♣♦s✐t♦ ❡t ❛❧✳ ✭✷✵✵✵✮✳

▲✬❛♥❛❧②s❡✉r ❞❡ ❙❤❛❝❦✲❍❛rt♠❛♥♥

▲✬❛♥❛❧②s❡✉r ❞❡ t②♣❡ ❙❤❛❝❦✲❍❛rt♠❛♥♥ ❡st ❧❡ ♣❧✉s ❝♦✉r❛♠♠❡♥t ✉t✐❧✐sé ❡♥ ♦♣t✐q✉❡
❛❞❛♣t❛t✐✈❡ ♣♦✉r ❧✬❛str♦♥♦♠✐❡✳ ■❧ ❡st ❝♦♥ç✉ ♣♦✉r ♠❡s✉r❡r✱ ✐❞é❛❧❡♠❡♥t✱ ❧✬❛♥❣❧❡ ❞✬❛rr✐✈é❡
✭❆❆✮✱ ♥♦té α✱ ❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ ✐♥❝✐❞❡♥t❡ s✉r ❧❛ ♣✉♣✐❧❧❡✳ ▲✬❛♥❣❧❡ ❞✬❛rr✐✈é❡ ❡♥ ✉♥
♣♦✐♥t ❞❡ ❝♦♦r❞♦♥♥é❡s r s✉r ❧❛ ♣✉♣✐❧❧❡ ❡st ❞é✜♥✐ ❝♦♠♠❡ ❧✬❛♥❣❧❡ ♦r✐❡♥té ❡♥tr❡ ❧❛ ♥♦r♠❛❧❡
à ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ ❡♥ ❝❡ ♣♦✐♥t ❡t ❧❛ ❞✐r❡❝t✐♦♥ ❞❡ ♣r♦♣❛❣❛t✐♦♥✱ ❞❡ s♦rt❡ q✉❡

α(r) = ∇w(r) =
λAO

2π
∇φ(r) , ✭✷✳✸✮

♦ù ∇ ❡st ❧✬♦♣ér❛t❡✉r ❞❡ ❣r❛❞✐❡♥t s♣❛t✐❛❧ à ✷ ❞✐♠❡♥s✐♦♥s✱ w ❡st ❧❛ ❞é❢♦r♠é❡ ❞❡ ❧❛ s✉r❢❛❝❡
❞✬♦♥❞❡ ❡t φ ❧❛ ♣❤❛s❡ ❛ss♦❝✐é❡ à ❧❛ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡ λAO ❞❛♥s ❧❡ ♣❧❛♥ ♣✉♣✐❧❧❡✳ ❈❡tt❡
❞é✜♥✐t✐♦♥ ❡st ✐❧❧✉stré❡ s✉r ❧❛ ♣❛rt✐❡ ❣❛✉❝❤❡ ❞❡ ❧❛ ✜❣✉r❡ ✷✳✹ ❞❛♥s ✉♥ ❝❛s ♠♦♥♦❞✐♠❡♥s✐♦♥❡❧
♣♦✉r s✐♠♣❧✐❢❡r ❧❛ r❡♣rés❡♥t❛t✐♦♥✳

▲✬❛♥❣❧❡ ❞✬❛rr✐✈é❡ ❝❛r❛❝tér✐s❡ ❞♦♥❝ ❧❡ ❣r❛❞✐❡♥t ❞❡ ❧❛ ❞é❢♦r♠é❡ ❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡
✐♥❝✐❞❡♥t❡✳

◆❛t✉r❡❧❧❡♠❡♥t✱ ✐❧ ♥✬❡st ♣❛s ♣♦ss✐❜❧❡ ❞❡ ♠❡s✉r❡r ❧✬❛♥❣❧❡ ❞✬❛rr✐✈é❡ ❡♥ t♦✉t ♣♦✐♥t ❞❡ ❧❛
♣✉♣✐❧❧❡✱ ♠❛✐s ❧✬❛♥❛❧②s❡✉r ❞❡ ❙❤❛❝❦✲❍❛rt♠❛♥♥ ❢♦✉r♥✐t ❞❡s ✈❛❧❡✉rs ♠♦②❡♥♥❡s ❧♦❝❛❧❡s ❞❡ α✳
P♦✉r ❝❡❧❛✱ ❧❡ ❢❛✐s❝❡❛✉ ❞❛♥s ❧❡ ♣❧❛♥ ♣✉♣✐❧❧❡ ❡st ❞é❝♦✉♣é s✉r ✉♥❡ ♠❛tr✐❝❡ ❞❡ ♠✐❝r♦✲❧❡♥t✐❧❧❡s
❝❛rré❡s✱ q✉✐ ❥♦✉❡♥t ❝❤❛❝✉♥❡ ❧❡ rô❧❡ ❞❡ s♦✉s✲♣✉♣✐❧❧❡✳ ▲❛ ♠❛tr✐❝❡ ❞❡ ❈❈❉ ❞✉ ❞ét❡❝t❡✉r
❡st s✐t✉é❡ ❞❛♥s ❧❡ ♣❧❛♥ ❢♦❝❛❧ ❞❡ ❝❡s ❧❡♥t✐❧❧❡s✳ ▲❛ ♣♦rt✐♦♥ ❞❡ s✉r❢❛❝❡ ❞✬♦♥❞❡ ✐♥❝✐❞❡♥t❡ s✉r
❝❤❛q✉❡ s♦✉s✲♣✉♣✐❧❧❡ ♣r♦❞✉✐t ✉♥❡ t❛❝❤❡ ✐♠❛❣❡ s✉r ❧❡ ❞ét❡❝t❡✉r✳

▲❡ ♣r✐♥❝✐♣❡ ❡st ❧❡ ♠ê♠❡ ♣♦✉r t♦✉t❡s ❧❡s s♦✉s✲♣✉♣✐❧❧❡s✳ ❆✐♥s✐✱ ❥❡ ♠❡ ❝♦♥t❡♥t❡ ❞✬❡①♣❧✐✲
q✉❡r ❝❡ q✉✐ s❡ ♣❛ss❡ ❛✉ ♥✐✈❡❛✉ ❞❡ ❧✬✉♥❡ ❞✬❡❧❧❡s✳ ❙✐ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ ❛ ✉♥ ❛♥❣❧❡ ❞✬❛rr✐✈é❡
α ✉♥✐❢♦r♠❡ s✉r ❧❛ ♣❡t✐t❡ s✉r❢❛❝❡ ❝❛rré❡✱ ❞❡ ❝ôté dl✱ ❞é❧✐♠✐té❡ ♣❛r ✉♥❡ ♠✐❝r♦✲❧❡♥t✐❧❧❡✱ ❛❧♦rs
❧❛ s✐t✉❛t✐♦♥ ❡st ✐❧❧✉stré❡ s✉r ❧❛ ♣❛rt✐❡ ❞r♦✐t❡ ❞❡ ❧❛ ✜❣✉r❡ ✷✳✹✳ ▲❡ ❞é♣❧❛❝❡♠❡♥t ❞✉ ❝❡♥tr❡
❞❡ ❣r❛✈✐té ❞❡ ❧❛ ❞✐str✐❜✉t✐♦♥ ❞✬✐♥t❡♥s✐té ✭t❛❝❤❡ ✐♠❛❣❡✮ ♣❛r r❛♣♣♦rt à ❧✬❛①❡ ♦♣t✐q✉❡ s✉r
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surface d’onde

 déformée    

Axe des x

dans le plan pupille

direction de 

propagation

micro-lentille

surface

d’onde plane     

plan du

détecteur

tache

 image

❋✐❣✳ ✷✳✹ ✕ ❉é✜♥✐t✐♦♥ ❡t ♣r✐♥❝✐♣❡ ❞❡ ♠❡s✉r❡ ❞✬❛♥❣❧❡ ❞✬❛rr✐✈é❡✳

❧❡ ❞ét❡❝t❡✉r s✬é❝r✐t
∆c = fl α . ✭✷✳✹✮

❙✐ ❧✬❛♥❣❧❡ ❞✬❛rr✐✈é❡ ❡st ♥✉❧ s✉r ❧❛ s♦✉s✲♣✉♣✐❧❧❡✱ ❛❧♦rs ❧❛ t❛❝❤❡ ✐♠❛❣❡ ❡st ❝❡♥tré❡ s✉r ❧✬❛①❡
♦♣t✐q✉❡ ❞❡ ❧❛ ♠✐❝r♦✲❧❡♥t✐❧❧❡✳ ▲❡ ❞é♣❧❛❝❡♠❡♥t ∆c ♣❛r r❛♣♣♦rt à ❝❡tt❡ ♣♦s✐t✐♦♥ ❞❡ ré❢ér❡♥❝❡
❝❡♥tré❡✱ ❡st ♣r♦♣♦rt✐♦♥♥❡❧ à ❧✬❛♥❣❧❡ ❞✬❛rr✐✈é❡✳

❈❡♣❡♥❞❛♥t✱ ❧♦rsq✉✬✉♥❡ s✉r❢❛❝❡ ❞✬♦♥❞❡ t✉r❜✉❧❡♥t❡ ❡st ❛♥❛❧②sé❡✱ ❧❡s ❢réq✉❡♥❝❡s s♣❛✲
t✐❛❧❡s ❞❡s ❞é❢♦r♠❛t✐♦♥s ❞é♣❛ss❡♥t ❝❡❧❧❡ ❞❡ ❧✬é❝❤❛♥t✐❧❧♦♥♥❛❣❡ ♣❛r ❧❡s ♠✐❝r♦✲❧❡♥t✐❧❧❡s 1/(2dl)✳
❆✉tr❡♠❡♥t ❞✐t✱ ❧✬❛♥❣❧❡ ❞✬❛rr✐✈é❡ ♥✬❡st ♣❛s ✉♥✐❢♦r♠❡ s✉r ✉♥❡ s♦✉s✲♣✉♣✐❧❧❡✳ ◆é❛♥♠♦✐♥s✱ ❧❡
❞é♣❧❛❝❡♠❡♥t ❞✉ ❝❡♥tr❡ ❞❡ ❣r❛✈✐té ❞❡ ❧❛ t❛❝❤❡ ✐♠❛❣❡ s✉r ❧❡ ❞ét❡❝t❡✉r ❢♦✉r♥✐t ❡♥❝♦r❡ ❧❛
✈❛❧❡✉r ♠♦②❡♥♥❡ ❞❡ α ✐♥té❣ré❡ s✉r ❧❛ s✉r❢❛❝❡ ❞❡ ❧❛ s♦✉s✲♣✉♣✐❧❧❡✱ ✐✳❡✳

∆c =
fl

d2
l

∫ dl/2

−dl/2

∫ dl/2

−dl/2
α . ✭✷✳✺✮

❈❡❝✐ ❡st ✐❧❧✉stré✱ à ✉♥❡ ❞✐♠❡♥s✐♦♥✱ ♣❛r ❧❡ s❝❤é♠❛ ❞❡ ❧❛ ✜❣✉r❡ ✷✳✺✱ ❛✈❡❝ s✉r ❧❛ ♣❛rt✐❡ ❞❡
❞r♦✐t❡ ✉♥ ❞ét❛✐❧ ❞❡ ❧✬✐♥té❣r❛t✐♦♥ ❞❡ ❧✬❛♥❣❧❡ ❞✬❛rr✐✈é❡ s✉r ✉♥❡ s♦✉s✲♣✉♣✐❧❧❡✳

■❧ ❡st ✐♠♣♦rt❛♥t ❞❡ ♥♦t❡r q✉❡ ♣✉✐sq✉❡ ∆c ❞❛♥s ❧✬éq✉❛t✐♦♥ ✭✷✳✺✮ ♥❡ ❞é♣❡♥❞ ♣❛s
❞❡ ❧❛ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡ ❞✬❛♥❛❧②s❡✳ ❈❡❝✐ s✐❣♥✐✜❡ q✉❡ ❧✬❛♥❛❧②s❡✉r ❞❡ ❙❤❛❝❦✲❍❛rt♠❛♥♥ ❡st
✐♥tr✐♥sèq✉❡♠❡♥t ❛❝❤r♦♠❛t✐q✉❡✳

❏❡ ❝♦♥s✐❞èr❡ ❞❛♥s ❧❛ s✉✐t❡ ❞❡ ❝❡ ♠❛♥✉s❝r✐t q✉❡ ❧❡s ♠❡s✉r❡s ✜♥❛❧❡s✱ ♥♦té❡s d ❡♥ s♦rt✐❡
❞❡ ❧✬❛♥❛❧②s❡✉r ❞❡ ❙❤❛❝❦✲❍❛rt♠❛♥♥✱ s♦♥t ❞❡s ❡st✐♠é❡s ❞❡s ❣r❛❞✐❡♥ts ♠♦②❡♥s ❞❡ ❧❛ s✉r❢❛❝❡
❞✬♦♥❞❡ s✉r ❝❤❛q✉❡ s♦✉s✲♣✉♣✐❧❧❡✱ ✐✳❡✳

1

d2
l

∫ dl/2

−dl/2

∫ dl/2

−dl/2
∇w =

1

d2
l

∫ dl/2

−dl/2

∫ dl/2

−dl/2
α =

1

fl
∆c , ✭✷✳✻✮
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détecteur

matrice de 

micro-lentilles

surface d’onde

 incidente

❋✐❣✳ ✷✳✺ ✕ ❙❝❤é♠❛ ❞❡ ♣r✐♥❝✐♣❡ ♦♣t✐q✉❡ ❞❡ ❧✬❛♥❛❧②s❡✉r ❞❡ s✉r❢❛❝❡ ❞✬♦♥❞❡ ❞❡ ❙❤❛❝❦✲
❍❛rt♠❛♥♥✳ ❙♦✉r❝❡ ✿ ◆✐❝♦❧❧❡ ✭✷✵✵✻✮✳

❡①♣r✐♠é❡s ❡♥ ♠ètr❡s ♣❛r t❛✐❧❧❡ ❞❡ s♦✉s✲♣✉♣✐❧❧❡ dl✳ ❈❡tt❡ ♠❡s✉r❡ r❡♣rés❡♥t❡ ❛❧♦rs ❧❛
❞✐✛ér❡♥❝❡ ❞❡ ♠❛r❝❤❡ ❡♥tr❡ ❞❡✉① ❜♦r❞s ❞✬✉♥❡ s♦✉s✲♣✉♣✐❧❧❡✳ ❉❡ ❝❡tt❡ ❢❛ç♦♥✱ ❡❧❧❡ ❡st ✐♥❞é✲
♣❡♥❞❛♥t❡ ❞❡ ❧❛ ❞✐st❛♥❝❡ ❢♦❝❛❧❡ ❞❡s ♠✐❝r♦✲❧❡♥t✐❧❧❡s✳ ▲❡ ✈❡❝t❡✉r d ❞❡s ♠❡s✉r❡s ♣❡✉t êtr❡
❞é❝♦♠♣♦sé ❡♥ ❞❡✉① s♦✉s✲✈❡❝t❡✉rs ✿ ❧❡s ♠❡s✉r❡s ❞❡s ♣❡♥t❡s ❧♦❝❛❧❡s ♠♦②❡♥♥❡s ❞❛♥s ❧❛
❞✐r❡❝t✐♦♥ x✱ dx✱ ❡t ❝❡❧❧❡s ❞❡s ♣❡♥t❡s ❧♦❝❛❧❡s ♠♦②❡♥♥❡s ❡♥ ❞✐r❡❝t✐♦♥ y✱ dy✳ ❙✐ ❧❡ ❞♦✉❜❧❡t
(i, j) ✐❞❡♥t✐✜❡ ❧❛ s♦✉s✲♣✉♣✐❧❧❡ ❞❡ ❧❛ i−è♠❡ r❛♥❣é❡ ❡t ❞❡ ❧❛ j✲è♠❡ ❝♦❧♦♥♥❡ ❞❡ ❧❛ ♠❛tr✐❝❡
❞❡ ❧✬❛♥❛❧②s❡✉r✱ ❛❧♦rs

dx(i, j) =
1

d2
l

∫ (j+1/2)dl

(j−1/2)dl

[w((i+ 1/2)dl, y)− w((i− 1/2)dl, y)] dy ✭✷✳✼✮

dy(i, j) =
1

d2
l

∫ (i+1/2)dl

(i−1/2)dl

[w(x, (j + 1/2)dl)− w(x, (j − 1/2)dl)] dx ✭✷✳✽✮

❈❡s éq✉❛t✐♦♥s ❞é✜♥✐ss❡♥t ✉♥ ♠♦❞è❧❡ ❧✐♥é❛✐r❡ St❤ ❞✉ ♣r♦❝❡ss✉s ❞❡ ♠❡s✉r❡ ❞❡ ❧✬❛♥❛❧②s❡✉r
❞❡ ❙❤❛❝❦✲❍❛rt♠❛♥♥ t❡❧ q✉❡

d = St❤(w) , ✭✷✳✾✮

q✉❡ ❥❡ ❝♦♥s✐❞èr❡ ❞❛♥s ❧❛ s✉✐t❡ ❞❡ ❝❡ ♠❛♥✉s❝r✐t ❝♦♠♠❡ ❧❡ ♠♦❞è❧❡ t❤é♦r✐q✉❡ ❞❡ ❧✬❛♥❛❧②s❡✉r
❞❡ ❙❤❛❝❦✲❍❛rt♠❛♥♥✳

✷✳✷✳✸ ▲❡s ✐♥❝❡rt✐t✉❞❡s ❞❡ ❧❛ ♠❡s✉r❡

❚♦✉t❡ ♠❡s✉r❡ ❢❛✐t ❧✬♦❜❥❡t ❞✬✉♥❡ ✐♥❝❡rt✐t✉❞❡✱ q✉✬✐❧ ❡st ✐♠♣♦rt❛♥t ❞❡ ♠✐♥✐♠✐s❡r s✐ ❧✬♦♥
✈❡✉t ♣♦✉✈♦✐r ❡①tr❛✐r❡ ✉♥❡ ✐♥❢♦r♠❛t✐♦♥ ✐♥tér❡ss❛♥t❡ ❞❡ ❝❡tt❡ ♠❡s✉r❡✳

❏❡ r❡str❡✐♥s ❧❛ ❞❡s❝r✐♣t✐♦♥ ❞❡s ✐♥❝❡rt✐t✉❞❡s ❞❡ ♠❡s✉r❡ ❛✉① ❝❛s ❞❡s ❛♥❛❧②s❡✉rs ❡♥ ♣❧❛♥
♣✉♣✐❧❧❡✱ ♥✬❛②❛♥t ♣❛s ét✉❞✐é ❧❡s ❛♥❛❧②s❡✉rs ❡♥ ♣❧❛♥ ❢♦❝❛❧✳

▲✬✐♥❝❡rt✐t✉❞❡ ❞❡ ❧❛ ♠❡s✉r❡ ♣❡✉t êtr❡ r❡♣rés❡♥té❡ ♣❛r ✉♥ ❜r✉✐t e ∈ R
m✱ ♣r♦❝❡ss✉s

st♦❝❤❛st✐q✉❡ ré❡❧✱ ❞❡ s♦rt❡ q✉❡ ❧✬éq✉❛t✐♦♥ q✉✐ ❝❛r❛❝tér✐s❡ ❧❛ ♠❡s✉r❡ ✭✷✳✷✮ ♣❡✉t êtr❡ é❝r✐t❡



✹✻ ❈❍❆P■❚❘❊ ✷✳ ▲✬❖P❚■◗❯❊ ❆❉❆P❚❆❚■❱❊

à ♥♦✉✈❡❛✉ s♦✉s ❧❛ ❢♦r♠❡
d = S(w) + e . ✭✷✳✶✵✮

❈❡tt❡ éq✉❛t✐♦♥ ❞❡ ♠❡s✉r❡ ❡st r❡♣r✐s❡ t♦✉t ❛✉ ❧♦♥❣ ❞❡ ❝❡ ♠❛♥✉s❝r✐t✳ ❊❧❧❡ ❡st ❡ss❡♥t✐❡❧❧❡
♣♦✉r ❝❛r❛❝tér✐s❡r ❧❡ s②stè♠❡ ❡t ♣♦✉r ❞é✜♥✐r ❧❛ ❝♦rr❡❝t✐♦♥ ❡♥ ♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡✳

▲❡ ❜r✉✐t ❞❡ ♠❡s✉r❡ ❡st ❡♥ ❣é♥ér❛❧ s✉♣♣♦sé êtr❡ ❞é❝♦rré❧é ❞✉ s✐❣♥❛❧✱ w ❀ ❝❡ q✉❡ ❥❡
❞✐s❝✉t❡ ✉♥ ♣❡✉ ♣❧✉s ❧♦✐♥ ♣❛r ❧❡ ❜✐❛✐s ❞❡s ✐♥❝❡rt✐t✉❞❡s ❞❡ ♠♦❞è❧❡ ❞❡ ❧✬❛♥❛❧②s❡✉r✳

P❛r ❛✐❧❧❡✉rs✱ e ♣♦ssè❞❡ ❞❡✉① ♦r✐❣✐♥❡s ♣r✐♥❝✐♣❛❧❡s ✿
✕ ❧❡ ❜r✉✐t ❞✉ ❞ét❡❝t❡✉r
✕ ❧❡ ❜r✉✐t ❞❡ ♣❤♦t♦♥s

▲❡ ❜r✉✐t ❞✉ ❞ét❡❝t❡✉r

▲❡ ❜r✉✐t ❞✉ ❞ét❡❝t❡✉r ❡st ❧✐é à s❡s ✐♠♣❡r❢❡❝t✐♦♥s✱ ❡ss❡♥t✐❡❧❧❡♠❡♥t ❛✉ ❜r✉✐t ❞❡ ❧❡❝t✉r❡✳
▲✬❛♥❛❧②s❡✉r ❞❡ ❝♦✉r❜✉r❡ ❧♦rsq✉✬✐❧ ❡st ✉t✐❧✐sé ❛✈❡❝ ❞❡s ♣❤♦t♦✲❞✐♦❞❡s à ❛✈❛❧❛♥❝❤❡✱ ❝♦♠♠❡
s✉r ❧✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ P❯❊❖ ❛✉ ❈❋❍❚✱ ♥✬❛ ♣❛s ❞❡ ❜r✉✐t ❞❡ ❧❡❝t✉r❡✳

▲❡s ❛♥❛❧②s❡✉rs ❞❡ t②♣❡ ♣②r❛♠✐❞❡ ❡t ❙❤❛❝❦✲❍❛rt♠❛♥♥ ♣❡✉✈❡♥t êtr❡ ❝♦♥ç✉s ❛✈❡❝ ❧❡
♠ê♠❡ t②♣❡ ❞❡ ❞ét❡❝t❡✉rs ❈❈❉✳ ▲❛ ♥♦✉✈❡❧❧❡ ❣é♥ér❛t✐♦♥ ❞❡ ❞ét❡❝t❡✉rs ❣é♥èr❡ ✉♥ ❜r✉✐t ❞❡
❧❡❝t✉r❡ très ❢❛✐❜❧❡✱ ✐♥❢ér✐❡✉r à ✶ é❧❡❝tr♦♥ ✭✶e−✮ ♣❛r tr❛♠❡ ♣♦✉r ❧❡s ▲✸❈❈❉ ♣❛r ❡①❡♠♣❧❡✳
❉❡ ♣❧✉s✱ s✐ ✉♥❡ ❜♦♥♥❡ ❝♦rr❡❝t✐♦♥ ❛t♠♦s♣❤ér✐q✉❡ s✉r ✉♥ té❧❡s❝♦♣❡ ❤❡❝t♦♠étr✐q✉❡ ❛✈❡❝
✉♥ ❛♥❛❧②s❡✉r ❞❡ ❙❤❛❝❦✲❍❛rt♠❛♥♥ r❡q✉✐❡rt q✉❡❧q✉❡ ✶✵✵ ♣❤♦t♦♥s ❡♥ ♠♦②❡♥♥❡ ♣❛r s♦✉s✲
♣✉♣✐❧❧❡ ❡t ♣❛r ♣♦s❡ ✭●❛✈❡❧✱ ✷✵✵✶✮✱ ❛❧♦rs ❞❛♥s ❝❡s ❝♦♥❞✐t✐♦♥s✱ ❧❡ ❜r✉✐t ❞❡ ❧❡❝t✉r❡ ❡st ❞❡
t♦✉t❡ ❢❛ç♦♥ ♥é❣❧✐❣❡❛❜❧❡ ❞❡✈❛♥t ❧❡ ❜r✉✐t ❞❡ ♣❤♦t♦♥s✳

▲❡ ❜r✉✐t ❞❡ ♣❤♦t♦♥s

▲❡ ❜r✉✐t ❞❡ ♣❤♦t♦♥s ❡st ❡♥❣❡♥❞ré ♣❛r ❧❡ ♥♦♠❜r❡ ✜♥✐ ❞❡ ♣❤♦t♦♥s r❡ç✉s s✉r ❧❡ ❞é✲
t❡❝t❡✉r✳ ❈✬❡st ✉♥ ❜r✉✐t q✉✐ s✉✐t ✉♥❡ st❛t✐st✐q✉❡ ❞❡ P♦✐ss♦♥✳ ■❧ ❡st ✐♥❤ér❡♥t à t♦✉s ❧❡s
s②stè♠❡s ❞❡ ♠❡s✉r❡ ❞❡ ✢✉①✱ ❞♦♥❝ à t♦✉s ❧❡s ❛♥❛❧②s❡✉rs✳ ❈❡♣❡♥❞❛♥t✱ ✐❧ ❡st s✉s❝❡♣t✐❜❧❡
❞❡ ✈❛r✐❡r ❢♦rt❡♠❡♥t s✉✐✈❛♥t ❧❡s ❛♥❛❧②s❡✉rs ♣❛r❝❡ q✉✬✐❧ ❡st ❧✐é à ❧❛ ❝♦♥❝❡♣t✐♦♥ ♦♣t✐q✉❡
❡t é❧❡❝tr♦♥✐q✉❡ ❞✉ s②stè♠❡ ❞❡ ❞ét❡❝t✐♦♥✳ ■❧ ♣❡✉t é❣❛❧❡♠❡♥t ❞é❣r❛❞❡r ✐♥❞✐r❡❝t❡♠❡♥t ❧❛
♠❡s✉r❡ s✐ ❧❡ ❝❛❧❝✉❧ ❞❡ ❧✬❡st✐♠é❡ ✜♥❛❧❡ ✭❝♦✉r❜✉r❡ ♦✉ ♣❡♥t❡ ❧♦❝❛❧❡s ✐❝✐✮ ♥✬❡st ♣❛s ♦♣t✐♠✐sé✳

P♦✉r ❧✬❛♥❛❧②s❡✉r à ❝♦✉r❜✉r❡ ❞❡ ❧✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ P❯❊❖✱ ❧✬✐♥té❣r❛t✐♦♥ ❞❡s ♣❤♦✲
t♦♥s ✐♥❝✐❞❡♥ts s✉r ❧❡s ❞❡✉① ♣❧❛♥s ✐♠❛❣❡ ❛ été ♦♣t✐♠✐sé❡ ♣♦✉r ré❞✉✐r❡ ❝❡ ❜r✉✐t ❞❡ ♣❤♦t♦♥s✳
❆✐♥s✐ ❧❡ s②stè♠❡ ❞❡ ❞ét❡❝t✐♦♥ ♥✬❡st ❞✐✈✐sé q✉✬❡♥ ✶✾ s♦✉s✲♣✉♣✐❧❧❡s✱ ❛✉t❛♥t q✉❡ ❞❡ ❞❡❣rés
❞❡ ❧✐❜❡rté ❞✉ s②stè♠❡✱ ❡t ❧❡ ✢✉① t♦t❛❧ ❞❡ ❝❤❛q✉❡ s♦✉s✲♣✉♣✐❧❧❡ ❡st ✐♥té❣ré ❡t ❝♦♠♣t❛❜✐❧✐sé
à tr❛✈❡rs ✉♥❡ ♣❤♦t♦✲❞✐♦❞❡ à ❛✈❛❧❛♥❝❤❡ ✭❱ér❛♥✱ ✶✾✾✼✮✱ ♣♦✉r ❢♦✉r♥✐r ❞✐r❡❝t❡♠❡♥t ❧❛ ✈❛❧❡✉r
❞❡ ❧❛ ❝♦✉r❜✉r❡✳ ❈❡tt❡ ♦♣t✐♠✐s❛t✐♦♥ ♣❡r♠❡t à ❧✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ P❯❊❖ ❞❡ ❢♦♥❝t✐♦♥♥❡r
❥✉sq✉✬à ✉♥❡ ♠❛❣♥✐t✉❞❡ ❞✬ét♦✐❧❡ ❞❡ ré❢ér❡♥❝❡ ❞❡ ❧✬♦r❞r❡ ❞❡ mR = 17✱ ❞❛♥s ❧❡ r♦✉❣❡✳

❉✉ ❢❛✐t ❞❡ s❡s ✹ ✐♠❛❣❡s ❞❡ ❧❛ ♣✉♣✐❧❧❡✱ ❧✬❛♥❛❧②s❡✉r ❞❡ t②♣❡ ♣②r❛♠✐❞❡ r❡q✉✐❡rt ❛✉t❛♥t
❞❡ ♣✐①❡❧s ❈❈❉ q✉✬✉♥ ❛♥❛❧②s❡✉r ❙❤❛❝❦✲❍❛rt♠❛♥♥ ❞♦♥t ❝❤❛q✉❡ s♦✉s✲♣✉♣✐❧❧❡ s❡r❛✐t ✐♠❛✲
❣é❡ s✉r 2× 2 ♣✐①❡❧s✱ ✐✳❡✳ ❞❡ t②♣❡ q✉❛tr❡ q✉❛❞r❛♥ts✳ ▲❡ ❜r✉✐t ❞❡ ♣❤♦t♦♥s s✉r ❧❡s ♠❡s✉r❡s
❞❡ ❣r❛❞✐❡♥ts ❧♦❝❛✉① ❞❡ ❧❛ ♣❤❛s❡ ♣♦✉r ❧✬❛♥❛❧②s❡✉r ♣②r❛♠✐❞❡ ❡st ♣r♦♣♦rt✐♦♥♥❡❧ à ❧✬✐♥✈❡rs❡
❞✉ ♥♦♠❜r❡ ❞❡ ♣❤♦t♦♥s ♠♦②❡♥s ✐♥té❣rés✱ 1/N♣❤ ✭❱ér✐♥❛✉❞✱ ✷✵✵✹✮✳ ❙♦♥ ❡①♣r❡ss✐♦♥ ❡①❛❝t❡
❛ ❢❛✐t ❧✬♦❜❥❡t ❞❡ ♣❧✉s✐❡✉rs ét✉❞❡s ✭❘❛❣❛③③♦♥✐ ❡t ❋❛r✐♥❛t♦✱ ✶✾✾✾❀ ❱ér✐♥❛✉❞✱ ✷✵✵✹✮✱ ♠♦♥✲
tr❛♥t q✉✬✐❧ ❞é♣❡♥❞ à ❧❛ ❢♦✐s ❞❡ ❧❛ ❢réq✉❡♥❝❡ s♣❛t✐❛❧❡ ❞❡s ❞é❢♦r♠❛t✐♦♥s ♠❡s✉ré❡s ❡t ❞❡
❧✬✉t✐❧✐s❛t✐♦♥ ♦✉ ♥♦♥ ❞❡ ❧❛ t❡❝❤♥✐q✉❡ ❞❡ ♠♦❞✉❧❛t✐♦♥ s✉r ❧✬❛♥❛❧②s❡✉r ♣②r❛♠✐❞❡✳

▲❡ ❜r✉✐t ❞❡ ♣❤♦t♦♥s s✉r ❧✬❡st✐♠❛t✐♦♥ ❞❡s ❣r❛❞✐❡♥ts ❧♦❝❛✉① ❞❡ ❧❛ ♣❤❛s❡ ❞❛♥s ❧❡ ❝❛s
❞✬✉♥ ❛♥❛❧②s❡✉r ❙❤❛❝❦✲❍❛rt♠❛♥♥ s✉✐t ✉♥❡ ❞é♣❡♥❞❛♥❝❡ s✐♠✐❧❛✐r❡ ✈✐s✲à✲✈✐s ❞✉ ♥♦♠❜r❡ ❞❡



✷✳✷✳ ▲❊❙ ❆◆❆▲❨❙❊❯❘❙ ❉❊ ❙❯❘❋❆❈❊ ❉✬❖◆❉❊ ✹✼

♣❤♦t♦♥s ♠♦②❡♥s r❡ç✉s✱ q✉✐ s✬❡①♣r✐♠❡ ❛✐♥s✐ ✭◆✐❝♦❧❧❡ ❡t ❛❧✳✱ ✷✵✵✹✮ ✿

σ2
e =

π2

2 ln 2Nph

(
θb dl

λOA

)2

✭✷✳✶✶✮

♦ù N♣❤ ❡st ❧❡ ♥♦♠❜r❡ ❞❡ ♣❤♦t♦♥s ❞ét❡❝tés ❞❛♥s ❧❛ s♦✉s✲♣✉♣✐❧❧❡✱ θb ❡st ❧❛ ❧❛r❣❡✉r à ♠✐✲
❤❛✉t❡✉r ❛♥❣✉❧❛✐r❡ ❞❡ ❧❛ t❛❝❤❡ ✐♠❛❣❡✳ P♦✉r ❞❡s s♦✉s✲♣✉♣✐❧❧❡s à ❧❛ ❧✐♠✐t❡ ❞❡ ❞✐✛r❛❝t✐♦♥✱
θb = λOA/dl✱ ❛❧♦rs q✉❡ ♣♦✉r ❞❡s s♦✉s✲♣✉♣✐❧❧❡s ❧✐♠✐té❡s ♣❛r ❧❛ t✉r❜✉❧❡♥❝❡ θb = λOA/r0✳

✷✳✷✳✹ ▲❡s ✐♥❝❡rt✐t✉❞❡s ❞❡ ♠♦❞è❧❡ ✭❛♥❛❧②s❡✉r ❞❡ ❙❤❛❝❦✲❍❛rt♠❛♥♥✮

◆✬❛②❛♥t ♣❛s ét✉❞✐é ❧❡s ❛♥❛❧②s❡✉rs ❞❡ t②♣❡s ❝♦✉r❜✉r❡ ❡t ♣②r❛♠✐❞❡✱ ❥❡ ♥❡ ❞ét❛✐❧❧❡ ✐❝✐
q✉❡ ❧❡s ✐♥❝❡rt✐t✉❞❡s ❞❡ ♠♦❞è❧❡ ❛ss♦❝✐é❡s ❛✉ ❙❤❛❝❦✲❍❛rt♠❛♥♥✳

▲❛ ♠ét❤♦❞❡ ❞❡ ❝❡♥tr❛❣❡

❊♥ ♣r❛t✐q✉❡✱ ❧✬❛♥❛❧②s❡✉r ❞❡ ❙❤❛❝❦✲❍❛rt♠❛♥♥ ❝♦♥❞✉✐t à ✉♥❡ ♠❛tr✐❝❡ ❞✬✐♠❛❣❡s s✉r ❧❡
❞ét❡❝t❡✉r✱ q✉✐ ❞♦✐✈❡♥t êtr❡ tr❛✐té❡s ♣♦✉r ❡st✐♠❡r ❧❡ ❞é♣❧❛❝❡♠❡♥t ❞❡ ❝❡♥tr❡ ❞❡ ❣r❛✈✐té
❞❡ ❧❛ t❛❝❤❡ ❛ss♦❝✐é❡ à ❝❤❛q✉❡ s♦✉s✲♣✉♣✐❧❧❡✳ ❈❡❝✐ ❢❛✐t ❧✬♦❜❥❡t ❞✬✉♥ ❛❧❣♦r✐t❤♠❡ ❞✐t ❞❡
❝❡♥tr❛❣❡✳ ❉❡ ♥♦♠❜r❡✉s❡s ét✉❞❡s ❡t ❝♦♠♣❛r❛✐s♦♥s ❞❡s ♠ét❤♦❞❡s ❞❡ ❝❡♥tr❛❣❡ ♦♥t été
❢❛✐t❡s✱ ❝♦♥❝❡r♥❛♥t ❧❡s t❡❝❤♥✐q✉❡s ❞❡ ❝❡♥tr❡ ❞❡ ❣r❛✈✐té s✐♠♣❧❡ ♦✉ s❡✉✐❧❧é ❡t é❣❛❧❡♠❡♥t ❞❡s
♠ét❤♦❞❡s ❞❡ ❝♦rré❧❛t✐♦♥s ✭❚❤♦♠❛s✱ ✷✵✵✺❀ ◆✐❝♦❧❧❡✱ ✷✵✵✻✮✳

P♦✉r ❧❡s ét♦✐❧❡s ❞❡ ré❢ér❡♥❝❡ ❧❛s❡r s✉r ✉♥ té❧❡s❝♦♣❡ ❤❡❝t♦♠étr✐q✉❡✱ ❧✬é❧♦♥❣❛t✐♦♥ ❞❡
❧❛ t❛❝❤❡ ✐♠❛❣❡ s✉r ❧❡ ❞ét❡❝t❡✉r r♦♠♣t ❧❛ s②♠étr✐❡ ❡♥ x ❡t y✱ ❝❡ q✉✐ ❛ ❞♦♥♥é ♥❛✐ss❛♥❝❡
à ❞❡ ♥♦✉✈❡❛✉① ❛❧❣♦r✐t❤♠❡s ❞❡ ❝❡♥tr❛❣❡ ❛❞❛♣tés ✿ ❧❡ ✜❧tr❡ ❛❞❛♣té ✭●✐❧❧❡s ❡t ❊❧❧❡r❜r♦❡❦✱
✷✵✵✻✮ ❡t ❧❡ ❝❡♥tr❡ ❞❡ ❣r❛✈✐té ♣♦♥❞éré ✭❋✉s❝♦ ❡t ❛❧✳✱ ✷✵✵✻❝✮✳ ❈❡t ❛❧❧♦♥❣❡♠❡♥t ✐♥tr♦❞✉✐t
❞❡s ❝♦rré❧❛t✐♦♥s ❡♥tr❡ ❧❡s ♠❡s✉r❡s ❞❡ ♣❡♥t❡s s✉✐✈❛♥t ❧❡s ❞✐r❡❝t✐♦♥s x ❡t y ❞❛♥s ✉♥❡ ♠ê♠❡
s♦✉s✲♣✉♣✐❧❧❡✳

▲❡s ❛♣♣r♦①✐♠❛t✐♦♥s ❞✉ ♠♦❞è❧❡ ❛✉ ❜♦r❞ ❞❡ ❧❛ ♣✉♣✐❧❧❡

P❛r ❛✐❧❧❡✉rs✱ ❧❡s s♦✉s✲♣✉♣✐❧❧❡s ét❛♥t ❝❛rré❡s ❡t ❧❛ ♣✉♣✐❧❧❡ ❞✉ té❧❡s❝♦♣❡ ❝✐r❝✉❧❛✐r❡✱ ✐❧
❡①✐st❡ ❡♥ ♣r❛t✐q✉❡ ❞❡s s♦✉s✲♣✉♣✐❧❧❡s ♣❛rt✐❡❧❧❡♠❡♥t ✐❧❧✉♠✐♥é❡s✳ ❯♥ tr❛✐t❡♠❡♥t ♣❛rt✐❝✉❧✐❡r
❞❡s ♠❡s✉r❡s ❞❡ ❝❡♥tr❛❣❡ ❞❛♥s ❝❡s s♦✉s✲♣✉♣✐❧❧❡s ❞♦✐t êtr❡ ✐♠♣❧é♠❡♥té✳

❉❛♥s t♦✉t❡s ❧❡s s✐♠✉❧❛t✐♦♥s ♣rés❡♥té❡s ❞❛♥s ❧❡s ♣❛rt✐❡s ■■ ❡t ■■■✱ ❧❡s ♠❡s✉r❡s ✐ss✉❡s
❞❡s s♦✉s✲♣✉♣✐❧❧❡s ♣❛rt✐❡❧❧❡♠❡♥t ✐❧❧✉♠✐♥é❡s ♥❡ s♦♥t ♣❛s ❝♦♠♣té❡s ♣❛r♠✐ ❧❡s ♠❡s✉r❡s à
tr❛✐t❡r✳ ▲✬❛♥❛❧②s❡ ❡st s✐♠♣❧❡♠❡♥t ❢❛✐t❡ ❛✈❡❝ ✉♥ ♣❡✉ ♠♦✐♥s ❞❡ ❞♦♥♥é❡s q✉❡ ❝❡ q✉✐ s❡r❛✐t
❛❝❝❡ss✐❜❧❡ ❞❡ ❢❛ç♦♥ ♦♣t✐♠❛❧❡✳ P♦✉r ❧❡s t❡sts ❞✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ♣rés❡♥tés ❞❛♥s ❧❛
♣❛rt✐❡ ■❱✱ ré❛❧✐sés s✉r ❧❡ s✐♠✉❧❛t❡✉r ❖❝t♦♣✉s✱ ❧❡s s♦✉s✲♣✉♣✐❧❧❡s ✐❧❧✉♠✐♥é❡s ❛✉✲❞❡❧à ❞✬✉♥
❝❡rt❛✐♥ t❛✉① ✭∼ 75% ❞❡ ❧❡✉r s✉r❢❛❝❡✮ s♦♥t ❣❛r❞é❡s ♣♦✉r ❞ét❡r♠✐♥❡r ❧❛ ❝♦rr❡❝t✐♦♥✳

▲❡ ♠♦❞è❧❡ ❞❡ ❋r✐❡❞ ❞✉ ❙❤❛❝❦✲❍❛rt♠❛♥♥

▲✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❋r✐❡❞ ✭✶✾✼✼✮ ❞❡ ❧✬❛♥❛❧②s❡✉r ❞❡ ❙❤❛❝❦✲❍❛rt♠❛♥♥ ❝♦♥❞✉✐t ❛✉
♠♦❞è❧❡ ❞❡ ❋r✐❡❞ Sf ✳ ❈❡ ♠♦❞è❧❡ ❛♣♣r♦①✐♠❡ ❧❡s ✐♥té❣r❛❧❡s ❞❡s ❊qs✳ ✭✷✳✼✮✲✭✷✳✽✮ ♣❛r ✉♥❡
✐♥té❣r❛t✐♦♥ tr❛♣é③♦ï❞❛❧❡✱ ♥❡ ❝♦♥s✐❞ér❛♥t q✉❡ ❧❡s ✈❛❧❡✉rs ❞❡ s✉r❢❛❝❡ ❞✬♦♥❞❡ ❛✉① ❝♦✐♥s ❞❡s



✹✽ ❈❍❆P■❚❘❊ ✷✳ ▲✬❖P❚■◗❯❊ ❆❉❆P❚❆❚■❱❊

s♦✉s✲♣✉♣✐❧❧❡s✳ ❆❧♦rs ❧❡s ♠❡s✉r❡s ♠♦❞é❧✐sé❡s s✬é❝r✐✈❡♥t ✿

dx(i, j) =
1

2 dl

[
w((i+ 1/2)dl, (j − 1/2)dl) + w((i+ 1/2)dl, (j + 1/2)dl)

− w((i− 1/2)dl, (j − 1/2)dl)− w((i− 1/2)dl, (j + 1/2)dl)
]

✭✷✳✶✷✮

dy(i, j) =
1

2 dl

[
w((i− 1/2)dl, (j + 1/2)dl) + w((i+ 1/2)dl, (j + 1/2)dl)

− w((i− 1/2)dl, (j − 1/2)dl)− w((i− 1/2)dl, (j − 1/2)dl)
]
. ✭✷✳✶✸✮

▲✬éq✉❛t✐♦♥ ❞❡ ♠❡s✉r❡ ♥♦♥ ❜r✉✐té❡ ❞✉ ♠♦❞è❧❡ ❞❡ ❋r✐❡❞ s✬é❝r✐t

d = Sf (w) . ✭✷✳✶✹✮

✷✳✸ ▼✐r♦✐r ❞é❢♦r♠❛❜❧❡

■❧ ❡①✐st❡ ♣❧✉s✐❡✉rs t❡❝❤♥♦❧♦❣✐❡s ♣♦ss✐❜❧❡s ♣♦✉r ré❛❧✐s❡r ✉♥ ♠✐r♦✐r ❞é❢♦r♠❛❜❧❡✳ ▲❡s
♣r✐♥❝✐♣❛❧❡s s♣é❝✐✜❝❛t✐♦♥s ♣♦✉r ✉♥ ♠✐r♦✐r ❞é❢♦r♠❛❜❧❡ s✬❡①♣r✐♠❡♥t ❡♥ t❡r♠❡s ❞✬❛♠♣❧✐t✉❞❡
❞❡ ❞é❢♦r♠❛t✐♦♥ ♠❛①✐♠❛❧❡✱ ❞❡ t❡♠♣s ❞❡ ré♣♦♥s❡✱ ❞❡ q✉❛❧✐té ❞❡ s✉r❢❛❝❡✱ ❞✬❤②stérés✐s✱ ❞❡
❞✐ss✐♣❛t✐♦♥ ❞✬é♥❡r❣✐❡ ♦✉ ❡♥❝♦r❡ ❞✬❡♥❝♦♠❜r❡♠❡♥t✳ ▲✬❛♠♣❧✐t✉❞❡ ♠❛①✐♠❛❧❡ r❡q✉✐s❡ ❞é♣❡♥❞
❞✉ ❞✐❛♠ètr❡ ❞✉ té❧❡s❝♦♣❡ D✱ s✐ ❜✐❡♥ q✉✬❡❧❧❡ ❡st ❞❡ ❧✬♦r❞r❡ ❞❡ q✉❡❧q✉❡s ♠✐❝r♦♥s ♣♦✉r
✉♥ té❧❡s❝♦♣❡ ❞❡ ✶✵ ♠✱ ♠❛✐s q✉✬❡❧❧❡ ❞♦✐t ❝♦✉✈r✐r ✶✵ à ✷✵ ♠✐❝r♦♥s ♣♦✉r ❧❡s té❧❡s❝♦♣❡s
❤❡❝t♦♠étr✐q✉❡s ❡♥ ♣r♦❥❡t✳ ▲❡s ❞é❢❛✉ts ❞❡ r✉❣♦s✐té ❞❡ ♣❡t✐t❡ é❝❤❡❧❧❡ ❞♦✐✈❡♥t ♣❛r ❛✐❧❧❡✉rs
êtr❡ é✈✐tés ♣❛r❝❡ q✉✬✐❧s ♥❡ ♣❡✉✈❡♥t êtr❡ ❝♦rr✐❣és ♣❛r ❧✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡✳

❉✐✛ér❡♥t❡s t❡❝❤♥♦❧♦❣✐❡s ♦♥t été ❡①♣ér✐♠❡♥té❡s ❥✉sq✉✬✐❝✐ ♣♦✉r ré❛❧✐s❡r ❝❡s ♠✐r♦✐rs
✭❙é❝❤❛✉❞✱ ✶✾✾✾✮✳ ▲❡s ♣r❡♠✐❡rs ♠✐r♦✐rs ❞é❢♦r♠❛❜❧❡s ét❛✐❡♥t s❡❣♠❡♥tés✱ ❝✬❡st✲à✲❞✐r❡ q✉✬✐❧s
s♦♥t ❝♦♥st✐t✉és ❞✬✉♥ ❡♥s❡♠❜❧❡ ❞❡ ♣❡t✐ts ♠✐r♦✐rs ♣❧❛♥s ❝♦♥t✐❣üs✳ ❙✉✐✈❛♥t ❧❡ t②♣❡ ❞❡
♠✐r♦✐rs s❡❣♠❡♥tés ❝♦♥s✐❞éré✱ ❧❡s s❡❣♠❡♥ts s♦♥t ❝♦♠♠❛♥❞és ♣♦✉r ❝♦rr✐❣❡r ✶ à ✸ t②♣❡s ❞❡
❞é❢♦r♠❛t✐♦♥s ✿ ❧❡ ♣✐st♦♥ ❧♦❝❛❧ ✉♥✐q✉❡♠❡♥t ♦✉ ❧❡ ♣✐st♦♥ ❡t ❧❡s ❜❛s❝✉❧❡♠❡♥ts ❡♥ x ❡t ❡♥ y✳

❉és♦r♠❛✐s✱ ✐❧ ❡①✐st❡ ❞❡s ♠✐r♦✐rs ❞é❢♦r♠❛❜❧❡s à s✉r❢❛❝❡ ❝♦♥t✐♥✉❡✳ ■❧s ❞é❢♦r♠❡♥t ✉♥❡
♠❡♠❜r❛♥❡ ré✢é❝❤✐ss❛♥t❡ à ❧✬❛✐❞❡ ❞✬❛❝t✐♦♥♥❡✉rs✳

▲❡s ♠✐r♦✐rs ❜✐♠♦r♣❤❡s s♦♥t ❝♦♥st✐t✉és ❞❡ ❞❡✉① ♠❡♠❜r❛♥❡s ❝♦❧❧é❡s ❞♦s✲à✲❞♦s✱ ❛✈❡❝ ✉♥
rés❡❛✉ ❞✬é❧❡❝tr♦❞❡s ❡♥tr❡ ❝❡❧❧❡s✲❝✐ ♣♦✉r ✐♥✢✉❡r s✉r ❧❛ ❝♦✉r❜✉r❡ ❧♦❝❛❧❡✳ ■❧s s♦♥t ✐❞é❛❧❡♠❡♥t
❝♦♥ç✉s ♣♦✉r êtr❡ ❝♦♠❜✐♥és à ✉♥ ❛♥❛❧②s❡✉r ❞❡ ❝♦✉r❜✉r❡✳ ❆✐♥s✐✱ ❧✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡
P❯❊❖ ✭❈❋❍❚✮ ❝♦♠♠❛♥❞❡ ✉♥ ♠✐r♦✐r ❜✐♠♦r♣❤❡✳

▲❛ t❡❝❤♥♦❧♦❣✐❡ ❧❛ ♣❧✉s ❝♦✉r❛♠♠♠❡♥t ✉t✐❧✐sé❡ à ❧✬❤❡✉r❡ ❛❝t✉❡❧❧❡ ❡♥ ❛str♦♥♦♠✐❡ ❡st
❝♦♥st✐t✉é❡ ❞✬✉♥❡ s❡✉❧❡ ♠❡♠❜r❛♥❡✱ ré✢é❝❤✐ss❛♥t❡✱ ❛✉ ❞♦s ❞❡ ❧❛q✉❡❧❧❡ s♦♥t ❛tt❛❝❤és ❞❡s
❛❝t✐♦♥♥❡✉rs ♣✐❡③♦✲é❧❡❝tr✐q✉❡s✳ ▲❛ ✜❣✉r❡ ✷✳✻ s❝❤é♠❛t✐s❡ ❧❛ ❞é❢♦r♠❛t✐♦♥ ❞❡ ❧❛ ♠❡♠❜r❛♥❡
ré✢é❝❤✐ss❛♥t❡ ❣râ❝❡ ❛✉① ❛❝t✐♦♥♥❡✉rs ♣✐❡③♦✲é❧❡❝tr✐q✉❡s✳ ❯♥❡ t❡♥s✐♦♥ ❞❡ ❧✬♦r❞r❡ ❞❡ ✶✺✵
❱♦❧ts ♣r♦❞✉✐t ✉♥❡ ❞é❢♦r♠❛t✐♦♥ ❞❡ ❧✬♦r❞r❡ ❞❡ ✶✵ ♠✐❝r♦♥s ❞✬❛♠♣❧✐t✉❞❡✳

▲❡s ❛❝t✐♦♥♥❡✉rs ♣✐❡③♦✲é❧❡❝tr✐q✉❡s s♦♥t r❡s♣♦♥s❛❜❧❡s ❞✬✉♥ ♣❤é♥♦♠è♥❡ ❞✬❤②stérés✐s
❣é♥ér❛♥t ✉♥❡ ❡rr❡✉r ❞❡ ❝♦rr❡❝t✐♦♥ ❞❡ ❧✬♦r❞r❡ ❞❡ ✶✵ à ✷✵✪ ❞❡ ❧✬❛♠♣❧✐t✉❞❡ ❞❡ ❧❛ ❞é❢♦r♠❛✲
t✐♦♥✳ ■❧ ❡st ❤❡✉r❡✉s❡♠❡♥t ♣♦ss✐❜❧❡ ❞❡ ré❞✉✐r❡ ❝❡tt❡ ❡rr❡✉r à ❡♥✈✐r♦♥ ✶✪ ❡♥ ✐♥tr♦❞✉✐s❛♥t
❞❡s ❝❛♣t❡✉rs ❞❡ ♣♦s✐t✐♦♥ s✉r ❧❡s ❛❝t✐♦♥♥❡✉rs✳ ❈❡❝✐ ❡st ré❛❧✐sé s✉r ❧✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡
◆❆❖▼■ ❞✉ té❧❡s❝♦♣❡ ❲✐❧❧✐❛♠ ❍❡rs❝❤❡❧ ✭▼②❡rs ❡t ❛❧✳✱ ✷✵✵✸✮✳

P♦rtés ♣❛r ❧✬✐♥❞✉str✐❡ ❞❡s ❝✐r❝✉✐ts ✐♥té❣rés✱ ✉♥❡ ♥♦✉✈❡❧❧❡ t❡❝❤♥♦❧♦❣✐❡ s✉s❝✐t❡ ✉♥❡ ❛t✲
t❡♥t✐♦♥ ❝r♦✐ss❛♥t❡✳ ■❧ s✬❛❣✐t ❞❡s ♠✐r♦✐rs ♠✐❝r♦ ♦♣t♦✲é❧❡❝tr♦✲♠é❝❛♥✐q✉❡s✱ ▼❖❊▼✱ q✉✐ s♦♥t
♣r♦♠❡tt❡✉rs ♣♦✉r ❧❡✉r ❢❛✐❜❧❡ ❝♦ût ❡t ❧❛ ♣♦ss✐❜✐❧✐té ❞✬✉♥ très ❣r❛♥❞s ♥♦♠❜r❡ ❞✬❛❝t✐♦♥✲
♥❡✉rs✳ ■❧s ♥❡ s♦♥t ❡♥❝♦r❡ ✉t✐❧✐sés q✉✬à ✉♥ st❛❞❡ ❞❡ t❡sts ❡♥ ❧❛❜♦r❛t♦✐r❡s ❡t ❧❡✉r ❞✐♠❡♥s✐♦♥



✷✳✹✳ ▲❊❙ ❖P❚■◗❯❊❙ ❆❉❆P❚❆❚■❱❊❙ ➚ ●❘❆◆❉ ◆❖▼❇❘❊ ❉❊ P❆❘❆▼➮❚❘❊❙✹✾

❋✐❣✳ ✷✳✻ ✕ ❙❝❤é♠❛ ❞❡ ❞é❢♦r♠❛t✐♦♥ ❞❡ ❧❛ ♠❡♠❜r❛♥❡ ré✢é❝❤✐ss❛♥t❡ à ❧✬❛✐❞❡ ❞✬❛❝t✐♦♥♥❡✉rs
♣✐❡③♦✲é❧❡❝tr✐q✉❡s ❞❛♥s ❧❡ ♠✐r♦✐r ❞é❢♦r♠❛❜❧❡ ❞❡ ❧✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ◆❆❖❙ ✭❊❙❖✱ ❈❤✐❧✐✮✳
❙♦✉r❝❡ ✿ ❤tt♣ ✿✴✴✇✇✇✳♦♥❡r❛✳❢r✴❝♦♥❢❡r❡♥❝❡s✴♥❛♦s✴✐♥❞❡①✳♣❤♣

❛❝t✉❡❧❧❡ ❡st tr♦♣ ré❞✉✐t❡ ♣♦✉r ♦✛r✐r ❧✬❛♠♣❧✐t✉❞❡ ❞❡ ❝♦rr❡❝t✐♦♥ ❡①✐❣é❡ ♣❛r ❧❡s ❞✐❛♠ètr❡s
❞❡s té❧❡s❝♦♣❡s ❤❡❝t♦♠étr✐q✉❡s✳

❉❛♥s ❝❡ ♠❛♥✉s❝r✐t✱ ❧❛ ❞é❢♦r♠é❡ ❞✉ ♠✐r♦✐r wc ❞és✐❣♥❡ ❧❛ ❝♦rr❡❝t✐♦♥ ❡♥❣❡♥❞ré❡ ♣❛r ❧❛
❝♦♠♠❛♥❞❡ a s✉r ✉♥ ♥♦♠❜r❡ n❛ ❞✬❛❝t✐♦♥♥❡✉rs✳

▲❛ ré♣♦♥s❡ ❞✉ i✲è♠❡ ❛❝t✐♦♥♥❡✉r ❡st ♠♦❞é❧✐sé❡ ♣❛r ✉♥❡ ❢♦♥❝t✐♦♥ ❝♦♥t✐♥✉❡ mi s✉r ❧❛
s✉r❢❛❝❡ ❞✉ ♠✐r♦✐r ❞é❢♦r♠❛❜❧❡✱ ❛♣♣❡❧é❡ ❢♦♥❝t✐♦♥ ❞✬✐♥✢✉❡♥❝❡✳ ▲✬❛❝t✐♦♥ ❞✉ ♠✐r♦✐r ❞é❢♦r✲
♠❛❜❧❡ ❡st ❛❧♦rs ❞é❝r✐t❡ ♣❛r ❧✬éq✉❛t✐♦♥

wc(r) =

n❛∑

i=1

mi(r)ai = (mT ·a)(r) . ✭✷✳✶✺✮

▲❛ ❧✐♥é❛r✐té ❞✉ ♣r♦❝❡ss✉s ❡st ❣é♥ér❛❧❡♠❡♥t ✈ér✐✜é❡ s✉r ❧❡s ♠✐r♦✐rs ❞é❢♦r♠❛❜❧❡s ❡①✐st❛♥ts✳
❏❡ ♥é❣❧✐❣❡ ❞❛♥s ❝❡ ♠❛♥✉s❝r✐t ❧❛ ❞②♥❛♠✐q✉❡ t❡♠♣♦r❡❧❧❡ ❞✉ ♠✐r♦✐r✳ ❉❡ ♣❧✉s✱ ❥❡ ♥❡

♠♦❞é❧✐s❡ ❧❡ ♠✐r♦✐r q✉❡ ♣❛r ❞❡s ❢♦♥❝t✐♦♥s ❞✬✐♥✢✉❡♥❝❡ ❞❡ t②♣❡ s♣❧✐♥❡s ❧✐♥é❛✐r❡s✱ ❞❡ s✉♣♣♦rt
é❣❛❧ à ❞❡✉① ❢♦✐s ❧✬❡s♣❛❝❡ ❡♥tr❡ ❧❡s ❛❝t✐♦♥♥❡✉rs✳ ❈❡tt❡ ♠♦❞é❧✐s❛t✐♦♥ ♥é❣❧✐❣❡ ❧❡s ❝♦✉♣❧❛❣❡s
❡♥tr❡ ❧❡s ❛❝t✐♦♥♥❡✉rs ♦✉ ❞✬❛✉tr❡s ❡✛❡ts ♣❛rt✐❝✉❧✐❡rs à ❝❡rt❛✐♥❡s t❡❝❤♥♦❧♦❣✐❡s ❞❡ ♠✐r♦✐r
❞é❢♦r♠❛❜❧❡ ❝♦♠♠❡ ❧✬❤②stérés✐s✳

✷✳✹ ▲❡s ♦♣t✐q✉❡s ❛❞❛♣t❛t✐✈❡s à ❣r❛♥❞ ♥♦♠❜r❡ ❞❡ ♣❛r❛♠ètr❡s

▲❛ ✜❣✉r❡ ✷✳✶ ❞é♣❡✐♥t ❧❡s ♣r❡♠✐èr❡s ✐❞é❡s ❞❡s ❛str♦♥♦♠❡s ♣♦✉r ♣❛❧✐❡r ❧❡s ♠é❢❛✐ts
❞❡ ❧✬❛t♠♦s♣❤èr❡ s✉r ❧❛ rés♦❧✉t✐♦♥ ❞❡s ♦❜s❡r✈❛t✐♦♥s✳ ❯♥❡ ♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ é❧❛❜♦ré❡ à
♣❛rt✐r ❞✬✉♥ s❡✉❧ ❛♥❛❧②s❡✉r ♦❜s❡r✈❛♥t ✉♥❡ s❡✉❧❡ ét♦✐❧❡ ❞❡ ré❢ér❡♥❝❡ ❡st ❞és✐❣♥é❡ ❞❛♥s ❧❛
s✉✐t❡ ❞❡ ❝❡ ♠❛♥✉s❝r✐t ♣❛r ❧❡ t❡r♠❡ ❞✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ❝❧❛ss✐q✉❡✳

▲❡ ♣r✐♥❝✐♣❡ ❞❡ ❧✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ❝❧❛ss✐q✉❡ ❛ ❝♦♠♠❡♥❝é à ❞é♠♦♥tr❡r s♦♥ ❡✣❝❛❝✐té
s✉r ❧❡ ❝✐❡❧ ❡♥ ✶✾✾✵ ❛✈❡❝ ❧✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ❈❖▼❊✲❖◆ s✉r ❧❡ té❧❡s❝♦♣❡ ❞❡ ✸✳✻♠ ❞❡
❧✬❊❙❖ ✭❘✐❣❛✉t ❡t ❛❧✳✱ ✶✾✾✶✮✳ ❈❡ ♣r❡♠✐❡r s②stè♠❡ ❝♦♠♣♦rt❛✐t ✉♥ ♠✐r♦✐r ❞é❢♦r♠❛❜❧❡ à
✶✾ ❛❝t✐♦♥♥❡✉rs✱ ♣✉✐s ✐❧ ❛ été r❡♠♣❧❛❝é ♣❛r ❧✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ❈❖▼❊✲❖◆✰ ❛✈❡❝ ✉♥
♠✐r♦✐r à ✺✷ ❛❝t✐♦♥♥❡✉rs ❡♥ ✶✾✾✷ ✭❘♦✉ss❡t ❡t ❛❧✳✱ ✶✾✾✹✮✳ ❉❡♣✉✐s ❞❡ ♥♦♠❜r❡✉① s②stè♠❡s
❞✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ❝❧❛ss✐q✉❡s ♦♥t été ré❛❧✐sés✱ t♦✉❥♦✉rs ❛✈❡❝ ✉♥ ♥♦♠❜r❡ ❝r♦✐ss❛♥t
❞✬❛❝t✐♦♥♥❡✉rs✱ ❣❛r❛♥ts ❞✬✉♥❡ rés♦❧✉t✐♦♥ ❛♥❣✉❧❛✐r❡ t♦✉❥♦✉rs ♣❧✉s ♣r♦❝❤❡ ❞❡ ❧❛ ❧✐♠✐t❡ ❞❡
❞✐✛r❛❝t✐♦♥ ❞✉ té❧❡s❝♦♣❡✳ ❆❝t✉❡❧❧❡♠❡♥t✱ ❧❡s ♦♣t✐q✉❡s ❛❞❛♣t❛t✐✈❡s ❝❧❛ss✐q✉❡s ♠✐s❡s ❡♥



✺✵ ❈❍❆P■❚❘❊ ✷✳ ▲✬❖P❚■◗❯❊ ❆❉❆P❚❆❚■❱❊

♦❡✉✈r❡ ❡♥ ❛str♦♥♦♠✐❡ ✉t✐❧✐s❡♥t ❞❡s ♠✐r♦✐rs à q✉❡❧q✉❡s ❝❡♥t❛✐♥❡s ❞❡ ❞❡❣rés ❞❡ ❧✐❜❡rté
✭✸✹✾ ❛❝t✐♦♥♥❡✉rs ♣♦✉r ❧❡ té❧❡s❝♦♣❡ ❞é❝❛♠étr✐q✉❡ ❑❡❝❦ ■■ à ❍❛✇❛✐✐✮ ✭✈❛♥ ❉❛♠ ❡t ❛❧✳✱
✷✵✵✹✮✳

▲✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ❝❧❛ss✐q✉❡ ❡st ♠❛❧❤❡✉r❡✉s❡♠❡♥t ❧✐♠✐té❡ ♣❛r ❧❡ ❞♦♠❛✐♥❡ ❞✬✐s♦✲
♣❧❛♥ét✐s♠❡ ❞✉ s②stè♠❡✳ ❖♥ r❡tr♦✉✈❡ ❧❛ r❡♠❛rq✉❡ ❢❛✐t❡ ❛✉ ❝❤❛♣✐tr❡ ♣ré❝é❞❡♥t s✉r ❧✬✉♥✐✲
❢♦r♠✐té ❞❡ ❧❛ ❋❊P ❧♦♥❣✉❡ ♣♦s❡ ❞❛♥s ❧❡ ❝❤❛♠♣ ✭❝❢✳ s❡❝t✐♦♥ ✶✳✷✳✶✮✳ P❧✉s ❧✬♦❜❥❡t ❛str♦♣❤②✲
s✐q✉❡ à ♦❜s❡r✈❡r ❡st é❧♦✐❣♥é ❛♥❣✉❧❛✐r❡♠❡♥t s✉r ❧❡ ❝✐❡❧ ❞❡ ❧✬ét♦✐❧❡ ❞❡ ré❢ér❡♥❝❡ ❞❡ ❧✬♦♣t✐q✉❡
❛❞❛♣t❛t✐✈❡✱ ♠♦✐♥s ❧❡s s✉r❢❛❝❡s ❞✬♦♥❞❡ ✐♥❝✐❞❡♥t❡s s✉r ❧❛ ♣✉♣✐❧❧❡ s♦♥t ❝♦rré❧é❡s ❡t ❞♦♥❝
♠♦✐♥s ♣❡rt✐♥❡♥t❡ ❡st ❧❛ ❝♦rr❡❝t✐♦♥ ❛♣♣❧✐q✉é❡ ❞❛♥s ❧❡ ♣❧❛♥ ❝♦♥❥✉❣✉é ❞✉ ♣❧❛♥ ♣✉♣✐❧❧❡ ♣❛r
❧❡ ♠✐r♦✐r ❞é❢♦r♠❛❜❧❡ ✭❋r✐❡❞✱ ✶✾✽✷✮✱ ❝❡ q✉✐ ❡st ✐❧❧✉stré ♣❛r ❧❛ ✜❣✉r❡ ✷✳✼✳

Telescope

Zone de turbulence
non analysee

Objet astrophysiqueEtoile de reference

Hauteur d’atmosphere
turbulente

❋✐❣✳ ✷✳✼ ✕ ❊✛❡t ❞✬❛♥✐s♦♣❧❛♥ét✐s♠❡✳

❉✉ ❢❛✐t ❞❡ ❝❡t ❛♥✐s♦♣❧❛♥ét✐s♠❡✱ ❧❡ ❝❤❛♠♣ ❞❡s ♦❜s❡r✈❛t✐♦♥s ❜é♥é✜❝✐❛♥t ❞❡ ❧❛ ❝♦rr❡❝✲
t✐♦♥ ❞✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ❡st ❧✐♠✐té à q✉❡❧q✉❡s 30′′ ✭s❡❝♦♥❞❡s ❞✬❛r❝✮ ❞❡ r❛②♦♥ ❛✉t♦✉r ❞❡
❧✬ét♦✐❧❡ ❞❡ ré❢ér❡♥❝❡ ❞❛♥s ❧✬✐♥❢r❛✲r♦✉❣❡✳ ❈❡ ♣♦✐♥t s♦✉❧è✈❡ ❞❡✉① ♣r♦❜❧è♠❡s ✿

✕ ◗✉❡❧❧❡ ❡st ❧❛ ♣r♦❜❛❜✐❧✐té q✉✬✐❧ ❡①✐st❡ ✉♥❡ ét♦✐❧❡ ❞❡ ré❢ér❡♥❝❡ s✉✣s❛♠♠❡♥t ❜r✐❧❧❛♥t❡
à ♣r♦①✐♠✐té ❞✬✉♥ ♦❜❥❡t ❛str♦♣❤②s✐q✉❡ à ♦❜s❡r✈❡r ♣♦✉r q✉❡ ❝❡❧✉✐✲❝✐ ♣✉✐ss❡ ❜é♥é✜❝✐❡r
❞❡ ❧❛ ❝♦rr❡❝t✐♦♥ ❄ ❖✉✱ ❞✬✉♥ ❛✉tr❡ ♣♦✐♥t ❞❡ ✈✉❡✱ q✉❡❧❧❡ ❡st ❧❛ ❢r❛❝t✐♦♥ ❞✉ ❝✐❡❧ q✉✐
♣❡✉t ❢❛✐r❡ ❧✬♦❜❥❡t ❞✬♦❜s❡r✈❛t✐♦♥s ❝♦rr✐❣é❡s ❛✈❡❝ ❝❡tt❡ ♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ❄

✕ ❈♦♠♠❡♥t ♦❜t❡♥✐r ✉♥❡ ❝♦rr❡❝t✐♦♥ ❞✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ s✉r ✉♥ ❝❤❛♠♣ ♣❧✉s ❧❛r❣❡ ❄
▲❡ ♣r❡♠✐❡r ♣♦✐♥t ✐♥tr♦❞✉✐t ❧❛ ♥♦t✐♦♥ ❞❡ ❝♦✉✈❡rt✉r❡ ❞✉ ❝✐❡❧✳ ❊❧❧❡ ❡st ❛ss♦❝✐é❡ à ❧❛

❢♦✐s ❛✉ ❝r✐tèr❡ ❞❡ q✉❛❧✐té ❞❡ ❧❛ ❝♦rr❡❝t✐♦♥ ❡t à ❧❛ ré♣❛rt✐t✐♦♥ s✉r ❧❛ ✈♦ût❡ ❝é❧❡st❡ ❞❡s
ét♦✐❧❡s ❞✬✉♥❡ ♠❛❣♥✐t✉❞❡ ❞♦♥♥é❡✳ ❉✬✉♥❡ ♣❛rt✱ ❧❛ q✉❛❧✐té ❞❡ ❧❛ ❝♦rr❡❝t✐♦♥ ♣❡✉t êtr❡ s♣é✲
❝✐✜é❡ ❡♥ t❡r♠❡ ❞❡ ✈❛❧❡✉r ❡t ❞✬✉♥✐❢♦r♠✐té ❞❛♥s ❧❡ ❝❤❛♠♣ ♦❜s❡r✈é ❞✉ r❛♣♣♦rt ❞❡ ❙tr❡❤❧
♦✉ ❞✬✉♥ ❛✉tr❡ ❝r✐tèr❡ ❞❡ ♣❡r❢♦r♠❛♥❝❡✳ ❉✬❛✉tr❡ ♣❛rt✱ ❝❡tt❡ q✉❛❧✐té ❞❡ ❝♦rr❡❝t✐♦♥ r❡q✉✐❡rt
❧❛ ♣rés❡♥❝❡ ❞❛♥s ❝❡ ❝❤❛♠♣ ♦✉ à ♣r♦①✐♠✐té ❞✬✉♥❡ ♦✉ ♣❧✉s✐❡✉rs ét♦✐❧❡s ❞❡ ré❢ér❡♥❝❡ ♥❛t✉✲
r❡❧❧❡s s✉✣s❛♠♠❡♥t ❜r✐❧❧❛♥t❡s ♣♦✉r ❛tt❡✐♥❞r❡ ❝❡s ♣❡r❢♦r♠❛♥❝❡s✳ ▲❛ ♣r✐s❡ ❡♥ ❝♦♠♣t❡ ❞❡
❝❡s ♣❛r❛♠ètr❡s ♣❡r♠❡t ❞❡ ❝❛r❛❝tér✐s❡r ❧❛ ❝♦✉✈❡rt✉r❡ ❞✉ ❝✐❡❧ ❞✬✉♥❡ ♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡
✭◆✐❝♦❧❧❡✱ ✷✵✵✻✮✳

❈❡tt❡ ❝♦✉✈❡rt✉r❡ ❞✉ ❝✐❡❧ ♥✬❡st ♠❛❧❤❡✉r❡✉s❡♠❡♥t q✉❡ ❞❡ ❧✬♦r❞r❡ ❞❡ ✶✪ ♣♦✉r ❧❡s s②s✲
tè♠❡s ❞✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ❛❝t✉❡❧s q✉✐ ❢♦♥❝t✐♦♥♥❡♥t ❛✈❡❝ ❞❡s ét♦✐❧❡s ❞❡ ré❢ér❡♥❝❡ ♥❛t✉✲
r❡❧❧❡s✳

❆✐♥s✐ ❧❛ ❞❡r♥✐èr❡ ❞é❝❡♥♥✐❡ ❛ ✈✉ ✢❡✉r✐r ❞❡ ♥♦✉✈❡❛✉① ❝♦♥❝❡♣ts ❞✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡
♣♦✉r ❞é♣❛ss❡r ❝❡s ❞✐✣❝✉❧tés✳ ❏❡ ♣rés❡♥t❡ ❞❛♥s ❝❡tt❡ s❡❝t✐♦♥ ❧❡s ❞✐✛ér❡♥ts ❝♦♥❝❡♣ts ♣r♦✲



✷✳✹✳ ▲❊❙ ❖P❚■◗❯❊❙ ❆❉❆P❚❆❚■❱❊❙ ➚ ●❘❆◆❉ ◆❖▼❇❘❊ ❉❊ P❆❘❆▼➮❚❘❊❙✺✶

♣♦sés ❛✜♥ ❞✬❛❞❛♣t❡r ❧✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ❛✉① ❜❡s♦✐♥s ❞❡s ❛str♦♥♦♠❡s s✉r ❧❡s ❣r❛♥❞s
té❧❡s❝♦♣❡s ❡①✐st❛♥ts ♦✉ ❡♥ ♣r♦❥❡t✳ ■❧s ♣❡✉✈❡♥t êtr❡ ❝❧❛ssés ❡♥ ❞❡✉① ❣r❛♥❞s ❣r♦✉♣❡s ✿

✕ ❧❡s ♦♣t✐q✉❡s ❛❞❛♣t❛t✐✈❡s ❞❡ ❝❤❛♠♣ r❡str❡✐♥t ✿ ❧✬❖❆ ♠♦♥♦❝♦♥❥✉❣✉é❡ ✭❖❆♠❈✮✱ ❧✬❖❆
♣❛r t♦♠♦❣r❛♣❤✐❡ ❧❛s❡r ✭❖❆❚▲✮ ❡t ❧✬❖❆ ❡①trê♠❡ ✭❖❆❳✮

✕ ❧❡s ♦♣t✐q✉❡s ❛❞❛♣t❛t✐✈❡s ❞❡ ❝❤❛♠♣ ❧❛r❣❡ ✿ ❧✬❖❆ ♠✉❧t✐❝♦♥❥✉❣✉é❡ ✭❖❆▼❈✮✱ ❧✬❖❆ ❞❡
❝♦✉❝❤❡ ❧✐♠✐t❡ ✭❖❆❈▲✮✱ ❡t ❧✬❖❆ ♠✉❧t✐♦❜❥❡ts ✭❖❆▼❖✮

▲❡ ♣r♦❥❡t ❞❡ té❧❡s❝♦♣❡ ❤❡❝t♦♠étr✐q✉❡ ❡✉r♦♣é❡♥✱ ❧✬❊✲❊▲❚✱ ♣ré✈♦✐t q✉❡ ❝❤❛❝✉♥ ❞❡ ❝❡s
❝♦♥❝❡♣ts ❞✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ♣✉✐ss❡ êtr❡ ✉t✐❧✐sé s✉r ❧❡ ❢✉t✉r té❧❡s❝♦♣❡✱ s♦✐t ❡♥ t❛♥t q✉❡
s②stè♠❡ ✐♥té❣ré ❛✉ té❧❡s❝♦♣❡ ♦✉ s②stè♠❡ ❞é❞✐é à ✉♥ ✐♥str✉♠❡♥t ♣❛rt✐❝✉❧✐❡r✳ ❏❡ ♣ré❝✐s❡
✉♥ ♣❡✉ ♣❧✉s ❧♦✐♥ ♣♦✉r ❝❤❛❝✉♥ ❞❡ ❝❡s s②stè♠❡s ❧❡ ♥♦♠❜r❡ ❞❡ ♠❡s✉r❡s ❡t ❞✬❛❝t✐♦♥♥❡✉rs
❡♥✈✐s❛❣é ❞❛♥s ❝❤❛❝✉♥❡ ❞❡ ❝❡s ❝♦♥✜❣✉r❛t✐♦♥s ♣♦✉r ❝❡ ♣r♦❥❡t ❊✲❊▲❚✳

✷✳✹✳✶ ▲❡s ♦♣t✐q✉❡s ❛❞❛♣t❛t✐✈❡s ❞❡ ❝❤❛♠♣ r❡str❡✐♥t

▲❡s ♦♣t✐q✉❡s ❛❞❛♣t❛t✐✈❡s ❞❡ ❝❤❛♠♣ r❡str❡✐♥t ♥✬✉t✐❧✐s❡♥t q✉✬✉♥ s❡✉❧ ♠✐r♦✐r ❞é❢♦r♠❛❜❧❡
♦♣t✐q✉❡♠❡♥t ❝♦♥❥✉❣✉é ❛✈❡❝ ❧❡ ♣❧❛♥ ♣✉♣✐❧❧❡ ❞✉ té❧❡s❝♦♣❡✳

▲✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ♠♦♥♦❝♦♥❥✉❣✉é❡ ✿ ❖❆♠❈

❈❡tt❡ ❝♦♥✜❣✉r❛t✐♦♥ ❡st ❝❡❧❧❡ ❞♦♥t ❥✬❛✐ ❞é❥à ❢❛✐t ♠❡♥t✐♦♥✱ ❛✈❡❝ ✉♥ ❛♥❛❧②s❡✉r ♦❜s❡r✈❛♥t
✉♥❡ s❡✉❧❡ ét♦✐❧❡ ❞❡ ré❢ér❡♥❝❡ ✭❝❢✳ ✜❣✉r❡ ✷✳✶✮✱ ❡♥ ❝♦♥s✐❞ér❛♥t ✉♥ ♠✐r♦✐r ❞é❢♦r♠❛❜❧❡ ❞♦♥t
❧❛ ❢réq✉❡♥❝❡ s♣❛t✐❛❧❡ ❧✐♠✐t❡ ❞❡ ❞é❢♦r♠❛t✐♦♥ ❡st ♣r♦❝❤❡ ❞❡ 1/(2 r0)

✷ ✳ ❉❡ ❝❡tt❡ ❢❛ç♦♥✱
❧✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ♣❡r♠❡t ✉♥❡ ❜♦♥♥❡ ❝♦rr❡❝t✐♦♥ ❞❛♥s ❧❡ ❞♦♠❛✐♥❡ ❞✬✐s♦♣❧❛♥ét✐s♠❡ ❛✉✲
t♦✉r ❞❡ ❧✬ét♦✐❧❡ ❞❡ ré❢ér❡♥❝❡✱ ❝✬❡st✲à✲❞✐r❡ s✉r q✉❡❧q✉❡s ❞✐③❛✐♥❡s ❞❡ s❡❝♦♥❞❡s ❞✬❛r❝ ❞❛♥s ❧❡
♣r♦❝❤❡ ✐♥❢r❛✲r♦✉❣❡ ✳ ❏✬❡♥t❡♥❞s✱ ♣❛r ❜♦♥♥❡ ❝♦rr❡❝t✐♦♥✱ ✉♥ r❛♣♣♦rt ❞❡ ❙tr❡❤❧ ❧♦♥❣✉❡ ♣♦s❡
❞❡ ❧✬♦r❞r❡ ❞❡ 70✪ s✐ ❧✬ét♦✐❧❡ ❡st ❜r✐❧❧❛♥t❡✳ ➚ ♣❛rt✐r ❞❡s s❡✉❧❡s ét♦✐❧❡s ❞❡ ré❢ér❡♥❝❡ ♥❛t✉✲
r❡❧❧❡s✱ ❧❛ ❝♦✉✈❡rt✉r❡ ❞✉ ❝✐❡❧ ❞✬✉♥ t❡❧ s②stè♠❡ ❡st ❞❡ ❧✬♦r❞r❡ ❞❡ ✶✪✳ ▲✬✉t✐❧✐s❛t✐♦♥ ❞✬ét♦✐❧❡s
❧❛s❡r s✉r ✉♥❡ t❡❧❧❡ ♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ♣❡r♠❡t ❞✬❛❝❝r♦îtr❡ ❞❡ ❢❛ç♦♥ ♣❤é♥♦♠é♥❛❧❡ ❝❡tt❡
❝♦✉✈❡rt✉r❡ ❞✉ ❝✐❡❧ ✭✶✵✵✪ ❡♥ t❤é♦r✐❡✮✳ ❈✬❡st ❛✐♥s✐ q✉❡ ❧❡ té❧❡s❝♦♣❡ ❞❡ ✶✵ ♠ ❑❡❝❦ ■■
✭❍❛✇❛✐✐✮ ❡st éq✉✐♣é ❞✬✉♥❡ ♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ❛✈❡❝ ✉♥❡ ét♦✐❧❡ ❧❛s❡r ❞❡ t②♣❡ s♦❞✐✉♠✳

❚♦✉t❡❢♦✐s✱ ❧❡ ♣r✐♥❝✐♣❡ ❞❡ ❧✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ♠♦♥♦❝♦♥❥✉❣✉é❡ ❛♥❛❧②s❛♥t ❞❡s ét♦✐❧❡s
❧❛s❡r ♥✬❡st ♣❧✉s ✈❛❧❛❜❧❡ ♣♦✉r ❧❡s té❧❡s❝♦♣❡s ❤❡❝t♦♠étr✐q✉❡s✱ ❡♥ r❛✐s♦♥ ❞❡ ❧✬❡✛❡t ❞❡ ❝ô♥❡
✭❝❢✳ s❡❝t✐♦♥ ✷✳✶✳✷✮ q✉✐ ❞♦♠✐♥❡ ❛❧♦rs ❢♦rt❡♠❡♥t ❧❡s ❡rr❡✉rs ❞❡ ❝♦rr❡❝t✐♦♥✳

▲✬❊✲❊▲❚ ❡st ♣ré✈✉ ♣♦✉r ❛❝❝✉❡✐❧❧✐r ❡♥ t❡♠♣s q✉✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ❞❡ ♣r❡♠✐èr❡ ❧✉✲
♠✐èr❡ ✉♥❡ ❖❆♠❈ ❜❛sé❡ s✉r ❧✬❛♥❛❧②s❡ ❞✬ét♦✐❧❡s ♥❛t✉r❡❧❧❡s✱ ❛✈❡❝ ✉♥ ❛♥❛❧②s❡✉r ❝♦♠♣r❡♥❛♥t
✽✹ s♦✉s✲♣✉♣✐❧❧❡s ❧❡ ❧♦♥❣ ❞✉ ❞✐❛♠ètr❡ ✭D/dl = 84✮✳

▲✬❛♥❛❧②s❡ ❞❡s ét♦✐❧❡s ❧❛s❡r ♣♦✉r ❛✉❣♠❡♥t❡r ❧❛ ❝♦✉✈❡rt✉r❡ ❞✉ ❝✐❡❧ ❡st ♣ré✈✉❡ ❣râ❝❡
à ✉♥❡ ♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ❞❡ ❝❤❛♠♣ r❡str❡✐♥t ♣❧✉s ❝♦♠♣❧❡①❡✱ ♥♦♠♠é❡ ❖❆❚▲✱ ✈✐s❛♥t à
é❧✐♠✐♥❡r ❧❡s ❡✛❡ts ♥é❢❛st❡s ❞❡ ❧✬❡✛❡t ❞❡ ❝ô♥❡✳

▲✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ❞❡ ❝❤❛♠♣ r❡str❡✐♥t ❡♥ t♦♠♦❣r❛♣❤✐❡ ❧❛s❡r ✿ ❖❆❚▲

▲❡ ❝♦♥❝❡♣t ❖❆❚▲✱ ♣♦✉r ❧❛s❡r t♦♠♦❣r❛♣❤② ❛❞❛♣t✐✈❡ ♦♣t✐❝s✱ ❞é❝♦✉❧❡ ❞❡ ❧✬✐♠♣❛❝t ❞❡
❧✬❡✛❡t ❞❡ ❝ô♥❡ s✉r ❧❛ q✉❛❧✐té ❞❡ ❧❛ ❝♦rr❡❝t✐♦♥ ❛✈❡❝ ét♦✐❧❡ ❧❛s❡r ❧♦rsq✉❡ ❧❡ ❞✐❛♠ètr❡ ❞✉
té❧❡s❝♦♣❡ ❡st s✉♣ér✐❡✉r à ✶✵ ♠✳ ▲✬✐❞é❡ ❡st ❞❡ ♠❛✐♥t❡♥✐r ✉♥❡ ❜♦♥♥❡ q✉❛❧✐té ❞❡ ❝♦rr❡❝t✐♦♥
s✉r ✉♥ ❝❤❛♠♣ r❡str❡✐♥t✱ ❝♦♠♠❡ ❡♥ ❖❆♠❈✱ à ❧✬❛✐❞❡ ❞✬✉♥ s❡✉❧ ♠✐r♦✐r ❞é❢♦r♠❛❜❧❡ ❝♦♥❥✉❣✉é

✷
r0 ❡st ❧❡ ♣❛r❛♠ètr❡ ❞❡ ❋r✐❡❞ ❞❡ ❧❛ t✉r❜✉❧❡♥❝❡ ❛t♠♦s♣❤ér✐q✉❡ ❝❛r❛❝tér✐st✐q✉❡ ❞✉ s✐t❡ ❞✬♦❜s❡r✈❛t✐♦♥

❝♦♥s✐❞éré ❡t ❡①♣r✐♠é ✐❝✐ à ❧❛ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡ ❞❡ ❧✬♦❜s❡r✈❛t✐♦♥ λI ✳ ❏❡ r❛♣♣❡❧❧❡ q✉❡ r0 ❡st ♣r♦♣♦rt✐♦♥♥❡❧
à λ

6/5

I ✳
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❛✉ ♣❧❛♥ ♣✉♣✐❧❧❡✱ ♠❛✐s ❡♥ ❛♥❛❧②s❛♥t ♣❧✉s✐❡✉rs ét♦✐❧❡s ❧❛s❡r✱ ❝♦♥❥✉❣✉é❡s ❝❤❛❝✉♥❡s à ✉♥
❛♥❛❧②s❡✉r✳ ❈❡❝✐ ❡st ✐❧❧✉stré ♣❛r ❧❛ ✜❣✉r❡ ✷✳✽✳

Objet de l’observation

Etoiles laser

Telescope

ASO ASOinstrument

MD

commande

❋✐❣✳ ✷✳✽ ✕ ❚♦♠♦❣r❛♣❤✐❡ ❧❛s❡r ❡♥ ❝❤❛♠♣ r❡str❡✐♥t ✿ ❖❆❚▲

❈❡tt❡ ♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ♣ré✈✉❡ s✉r ❧✬❊✲❊▲❚ ❡st ❞✐♠❡♥s✐♦♥♥é❡ ♣♦✉r ❡♠♣❧♦②❡r ✻
ét♦✐❧❡s ❧❛s❡r✱ ❛✜♥ ❞❡ ❝♦rr✐❣❡r ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ s✉r ✉♥ ❝❤❛♠♣ ❞❡ ✶ ♠✐♥✉t❡ ❞✬❛r❝✳ ▲✬✐♥❞é✲
t❡r♠✐♥❛t✐♦♥ ❞❡ ❧❛ ♣♦s✐t✐♦♥ ❞❡s ét♦✐❧❡s ❧❛s❡r✱ ❞❛♥s ❝❡tt❡ ❝♦♥✜❣✉r❛t✐♦♥ à ♣❧✉s✐❡✉rs ét♦✐❧❡s✱
r❡♥❞ é❣❛❧❡♠❡♥t ❞✐✣❝✐❧❡ ❧✬❛♥❛❧②s❡ ❞❡s ♣r❡♠✐❡rs ♦r❞r❡s ✭s♣❛t✐❛✉①✮ ❞❡ ❧❛ ♣❡rt✉r❜❛t✐♦♥✱
❛✉✲❞❡❧à ❞❡s s✐♠♣❧❡s ❜❛s❝✉❧❡♠❡♥ts ❡♥ x ❡t y ✭▲❡ ▲♦✉❛r♥ ❡t ❚❛❧❧♦♥✱ ✷✵✵✷✮✳ ▲✬❛♥❛❧②s❡
❛❞❞✐t✐♦♥♥❡❧❧❡ ❞✬✉♥❡ à tr♦✐s ét♦✐❧❡s ♥❛t✉r❡❧❧❡s ❞❛♥s ❧❡ ❝❤❛♠♣ ❡st ❛❧♦rs ♥é❝❡ss❛✐r❡ ♣♦✉r
❞ét❡r♠✐♥❡r ❝❡s ❞é❢♦r♠❛t✐♦♥s ❞❡ ❜❛ss❡ ❢réq✉❡♥❝❡ s♣❛t✐❛❧❡ ❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡✳

▲✬❛♥❛❧②s❡ ❞❡s ét♦✐❧❡s ❧❛s❡r ❡st ❡♥✈✐s❛❣é❡ à ♣❛rt✐r ❞❡ ✻ ❛♥❛❧②s❡✉rs ❞❡ ❙❤❛❝❦✲❍❛rt♠❛♥♥
❛✈❡❝ D/dl = 84 ❡t ❧❡s ét♦✐❧❡s ♥❛t✉r❡❧❧❡s s♦♥t ❛♥❛❧②sé❡s à ♣❛rt✐r ❞✬✉♥ ❛♥❛❧②s❡✉r ❙❤❛❝❦✲
❍❛rt♠❛♥♥ ❞❡ ❜❛s✲♦r❞r❡s✱ ❝✬❡st✲à✲❞✐r❡ q✉✬✐❧ ♥❡ ❝♦♠♣r❡♥❞ q✉❡ 3 × 3 s♦✉s✲♣✉♣✐❧❧❡s ♣♦✉r
é❝❤❛♥t✐❧❧♦♥♥❡r ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ ❛✉✲❞❡ss✉s ❞❡ t♦✉t❡ ❧❛ ♣✉♣✐❧❧❡✳ ▲❡ ♥♦♠❜r❡ ❞❡ ♠❡s✉r❡s
à tr❛✐t❡r ❡♥ t❡♠♣s ré❡❧ ♣♦✉r ❧❛ t♦♠♦❣r❛♣❤✐❡ s✬é❧è✈❡ à ♣❧✉s ❞❡ 6× 104✱ ❡t ❧❡ ♥♦♠❜r❡ ❞❡
❝♦♠♠❛♥❞❡s à ❛♣♣❧✐q✉❡r ❛✉ ♠✐r♦✐r ❡st ❞❡ ❧✬♦r❞r❡ ❞❡ 5× 103✳

▲✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ❡①trê♠❡ ✿ ❖❆❳

❯♥❡ ♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ❡①trê♠❡✱ ❖❆❳✱ ❡st ♦♣t✐♠✐sé❡ ♣♦✉r s♦♥❞❡r ❧✬❡♥t♦✉r❛❣❡ très
♣r♦❝❤❡ ❞✬✉♥❡ ét♦✐❧❡✱ ❛✈❡❝ ❝♦♠♠❡ ♦❜❥❡❝t✐❢s ❞✐r❡❝t❡✉rs ❧❛ ❞ét❡❝t✐♦♥ ❞❡ ♣❧❛♥èt❡s ❡①tr❛s♦✲
❧❛✐r❡s ♦✉ ❧✬ét✉❞❡ ❞❡ ❞✐sq✉❡s ❞❡ ♣♦✉ss✐èr❡s ✭●❛✈❡❧✱ ✷✵✵✶✮✳ ❆✐♥s✐ ♣♦✉r ❝❡tt❡ ❝♦♥✜❣✉r❛t✐♦♥✱
❧✬❛♥✐s♦♣❧❛♥ét✐s♠❡ ❞❛♥s ❧❡ ❝❤❛♠♣ ♥✬❡st ♣❧✉s ✉♥ ♣r♦❜❧è♠❡ ♣✉✐sq✉❡ ❧✬ét♦✐❧❡ ❞♦♥t ❧✬❡♥✈✐r♦♥✲
♥❡♠❡♥t ♣r♦❝❤❡ ❢❛✐t ❧✬♦❜❥❡t ❞✬✉♥❡ ♦❜s❡r✈❛t✐♦♥ s❡rt ❡❧❧❡✲♠ê♠❡ ❞✬ét♦✐❧❡ ❞❡ ré❢ér❡♥❝❡✳ ❯♥
s❡✉❧ ❛♥❛❧②s❡✉r ❡t ✉♥ s❡✉❧ ♠✐r♦✐r ❞é❢♦r♠❛❜❧❡ s♦♥t ❞♦♥❝ ✉t✐❧✐sés✱ ❝♦♠♠❡ ❡♥ ❖❆♠❈✳
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❆✜♥ ❞❡ s♦♥❞❡r ❧❡s ♦❜❥❡ts ❢❛✐❜❧❡s ❛✉t♦✉r ❞❡ ❧✬ét♦✐❧❡ ✭♣❧❛♥èt❡s ♦✉ ♣♦✉ss✐èr❡✮✱ ✉♥ ❝♦r♦✲
♥♦❣r❛♣❤❡ ♠❛sq✉❡ ❧✬ét♦✐❧❡✳ ❈❡❝✐ ♣❡r♠❡t ❞✬✐♥té❣r❡r ❧❡ ✢✉① ✐ss✉ ❞❡s ③♦♥❡s ✐♠♠é❞✐❛t❡s ❞❡
❝❡❧❧❡✲❝✐ ♣❡♥❞❛♥t ✉♥ t❡♠♣s ❞❡ ♣♦s❡ ❡①trê♠❡♠❡♥t ❧♦♥❣ ❛✜♥ ❞❡ ❢❛✐r❡ ❛♣♣❛r❛îtr❡ ❧❡s s✐❣♥❡s
❞✬❡①✐st❡♥❝❡ ❞✬✉♥❡ ♣❧❛♥èt❡ ♣❛r ❡①❡♠♣❧❡✳

❈❡tt❡ ♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ❞♦✐t êtr❡ ❡①trê♠❡♠❡♥t ♣❡r❢♦r♠❛♥t❡ ❛✜♥ ❞❡ ♠❛①✐♠✐s❡r ❧❛
rés♦❧✉t✐♦♥ ❡t ♣❡r♠❡ttr❡ ❧✬✐❞❡♥t✐✜❝❛t✐♦♥ ❞❡s ♦❜❥❡ts très ❢❛✐❜❧❡s ❞❛♥s ❧❡ ✈♦✐s✐♥❛❣❡ ✐♠♠é❞✐❛t
❞❡ ❧✬ét♦✐❧❡✳ ▲❡ s②stè♠❡ ❞♦✐t ❛ss✉r❡r ✉♥ très ❤❛✉t r❛♣♣♦rt ❞❡ ❙tr❡❤❧ ✭ > 90✪ à λI =
1.65 µm✮✳ ▲❡s ♣❡r❢♦r♠❛♥❝❡s ❛✉✲❞❡❧à ❞❡ ❝❡tt❡ ✈❛❧❡✉r s♦♥t é✈❛❧✉é❡s ❡♥ t❡r♠❡ ❞❡ ❝♦♥tr❛st❡✱
❝✬❡st✲à✲❞✐r❡ ❧❛ q✉❛♥t✐té ❞❡ ❧✉♠✐èr❡ ❞✐s♣❡rsé❡ ❞❛♥s ❧❛ ❋❊P à ✉♥❡ ❞✐st❛♥❝❡ ❛♥❣✉❧❛✐r❡
❞♦♥♥é❡ ❞❡ ❧✬ét♦✐❧❡✳

❉❡✉① s②stè♠❡s ❖❆❳ s♦♥t ❛❝t✉❡❧❧❡♠❡♥t ❡♥ ❝♦✉rs ❞❡ ❝♦♥❝❡♣t✐♦♥✳ ❯♥ ♣r❡♠✐❡r ❡st
❞❡st✐♥é à ❧✬✐♥str✉♠❡♥t ●❡♠✐♥✐ P❧❛♥❡t ■♠❛❣❡r✱ s✉r ❧❡ té❧❡s❝♦♣❡ ❞❡ ✽ ♠ètr❡s ●❡♠✐♥✐ ◆♦r❞
✭❈♦♥s♦rt✐✉♠ ●❡♠✐♥✐✱ ❍❛✇❛✐✐✮ ✭P♦②♥❡❡r ❡t ❛❧✳✱ ✷✵✵✽✮✳ ❯♥ s❡❝♦♥❞ ♣r♦❥❡t✱ ❙❆❳❖✱ s❡r❛
✐♥❝❧✉s ❞❛♥s ❧✬✐♥str✉♠❡♥t ❙P❍❊❘❊ ♣ré✈✉ ♣♦✉r ❧❡ ❱▲❚ ✭❊❙❖✱ ❈❤✐❧✐✮ ✭❋✉s❝♦ ❡t ❛❧✳✱ ✷✵✵✻❛✮✳
❈❡s ❞❡✉① s②stè♠❡s ❞✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ s♦♥t ❝♦♥ç✉s ❛✈❡❝ ✉♥❡ q✉❛r❛♥t❛✐♥❡ ❞✬❛❝t✐♦♥♥❡✉rs
❧❡ ❧♦♥❣ ❞✉ ❞✐❛♠ètr❡ ✭D = 8 ♠✮✳

❈❡tt❡ ❝♦♥✜❣✉r❛t✐♦♥ ❞✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ❡st é❣❛❧❡♠❡♥t ♣ré✈✉❡ ♣♦✉r ❧❡ ❢✉t✉r ✐♥s✲
tr✉♠❡♥t ❊P■❈❙ ❞❡ ❧✬❊✲❊▲❚ ✭❱ér✐♥❛✉❞ ❡t ❛❧✳✱ ✷✵✵✻✮✱ ♠❡tt❛♥t ❡♥ ❥❡✉ ❝❡tt❡ ❢♦✐s✲❝✐ ✉♥
❛♥❛❧②s❡✉r ❞✬❡♥✈✐r♦♥ 210× 210 s♦✉s✲♣✉♣✐❧❧❡s✳ ▲❡ ♥♦♠❜r❡ ❞❡ ♠❡s✉r❡s ❢♦✉r♥✐❡s ♣❛r ❧✬❛♥❛✲
❧②s❡✉r ❡st ❞♦♥❝ ❞❡ ❧✬♦r❞r❡ ❞❡ 6 × 104 ❡t ❧❡ ♥♦♠❜r❡ ❞❡ ❝♦♠♠❛♥❞❡s à ❡♥✈♦②❡r ❛✉ ♠✐r♦✐r
❞é❢♦r♠❛❜❧❡ ✈❛✉t ❡♥✈✐r♦♥ ♠♦✐t✐é ♠♦✐♥s✱ 3× 104✳

✷✳✹✳✷ ▲❡s ♦♣t✐q✉❡s ❛❞❛♣t❛t✐✈❡s ❞❡ ❝❤❛♠♣ ❧❛r❣❡

▲❡s ❧✐♠✐t❛t✐♦♥s ❞❡ ❝❤❛♠♣ ❞✉❡s à ❧✬❛♥✐s♦♣❧❛♥ét✐s♠❡ ❞❡s s②stè♠❡s ♣rés❡♥tés ♣ré❝é❞❡♠✲
♠❡♥t s♦♥t ❢❛✐ts ♥♦t♦✐r❡s ❞❡♣✉✐s ❧❡s ❞é❜✉ts ❞❡ ❧✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ✭❋r✐❡❞✱ ✶✾✽✷✮✳ ❆✜♥
❞❡ ♣♦✉✈♦✐r ♦❜s❡r✈❡r ❞❡s s❝è♥❡s ét❡♥❞✉❡s ❛✈❡❝ ✉♥❡ ❝♦rr❡❝t✐♦♥ ❞✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ✉♥✐✲
❢♦r♠❡✱ ✐❧ ❡st ♥é❝❡ss❛✐r❡ ❞❡ ❝♦♠♣❡♥s❡r ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❛t♠♦s♣❤ér✐q✉❡ ❞❛♥s s♦♥ ✈♦❧✉♠❡✳
▲❡s ♠♦❞è❧❡s ❞❡ ❧❛ t✉r❜✉❧❡♥❝❡ ❛t♠♦s♣❤ér✐q✉❡ ✭❝❢✳ ❝❤❛♣✐tr❡ s✉✐✈❛♥t✮ ❥✉st✐✜❡♥t ❧✬✐♥térêt ❞❡
❝♦♥❥✉❣✉❡r ♣❧✉s✐❡✉rs ♠✐r♦✐rs ❞é❢♦r♠❛❜❧❡s à ❞❡s ❛❧t✐t✉❞❡s ❞✐✛ér❡♥t❡s✱ ❝♦rr❡s♣♦♥❞❛♥t à ❞❡s
❝♦✉❝❤❡s ❞✬❛t♠♦s♣❤èr❡ ♣❛rt✐❝✉❧✐èr❡♠❡♥t t✉r❜✉❧❡♥t❡s✱ ❛✜♥ ❞✬✉♥✐❢♦r♠✐s❡r ♦✉ ❞✬♦♣t✐♠✐s❡r
❧❛ ❢♦♥❝t✐♦♥ ❞✬ét❛❧❡♠❡♥t ❞❡ ♣♦✐♥t ✭❋❊P✮ ❞❛♥s ❧❡ ❝❤❛♠♣✳ ▲❡s tr♦✐s ❝♦♥❝❡♣ts ❞✬♦♣t✐q✉❡
❛❞❛♣t❛t✐✈❡ ❞❡ ❝❤❛♠♣ ❧❛r❣❡ ♣rés❡♥tés ❝✐✲❛♣rès r❡♣♦s❡♥t s✉r ❝❡ ♣r✐♥❝✐♣❡✳

▲✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ♠✉❧t✐❝♦♥❥✉❣✉é❡ ✿ ❖❆▼❈

➚ ♣❛rt✐r ❞❡ ❧✬❛♥❛❧②s❡ ❞❡ ✸ ét♦✐❧❡s ❞❡ ré❢ér❡♥❝❡ ♥❛t✉r❡❧❧❡s ❡t ❞❡ ✷ ♠✐r♦✐rs ❞é❢♦r✲
♠❛❜❧❡s ♦♣t✐q✉❡♠❡♥t ❝♦♥❥✉❣✉és à ❞❡s ❛❧t✐t✉❞❡s ❞✐✛ér❡♥t❡s✱ ✐❧ ❡st ❞és♦r♠❛✐s ❞é♠♦♥tré
q✉❡ ❧✬❡✛❡t ❞✬❛♥✐s♦♣❧❛♥ét✐s♠❡ ♣❡✉t êtr❡ s✐❣♥✐✜❝❛t✐✈❡♠❡♥t ré❞✉✐t s✉r ❧❡s ♦❜s❡r✈❛t✐♦♥s ❞✬✉♥
❝❤❛♠♣ st❡❧❧❛✐r❡ ❞❡ ✷ ❛r❝♠✐♥✉t❡s ❣râ❝❡ à ❝❡tt❡ ♠✉❧t✐❝♦♥❥✉❣❛✐s♦♥ ✭▼❛r❝❤❡tt✐ ❡t ❛❧✳✱ ✷✵✵✼✮✳
▲❡s ❛♣♣❧✐❝❛t✐♦♥s ❞❡ ❝❡tt❡ ❛♣♣r♦❝❤❡✱ ❖❆▼❈✱ s♦♥t ♥♦♠❜r❡✉s❡s ❡♥ ❛str♦♣❤②s✐q✉❡ ❡①tr❛✲
❣❛❧❛❝t✐q✉❡✱ ♣❛r ❡①❡♠♣❧❡ ♣♦✉r ét✉❞✐❡r ❧❛ ♣♦✉ss✐èr❡ ✐♥t❡rst❡❧❧❛✐r❡ ❞❡s ③♦♥❡s ❞✬ét♦✐❧❡s ❡♥
❢♦r♠❛t✐♦♥✳

❖♥ ❞✐st✐♥❣✉❡ ❞❡✉① t②♣❡s ❞✬❖❆▼❈✱ ❝❡❧❧❡ ♦r✐❡♥té❡ ét♦✐❧❡ ❡t ❝❡❧❧❡ ♦r✐❡♥té❡ ❝♦✉❝❤❡✳ ▲❡
s❝❤é♠❛ ❞❡ ❧❛ ✜❣✉r❡ ✷✳✾ ✐❧❧✉str❡ ❧❡ ❝♦♥❝❡♣t ❞✬❖❆▼❈ ♦r✐❡♥té❡ ét♦✐❧❡✳ ❉❛♥s ❝❡ ❝❛s✱ ✐❧ ②
❛ ✉♥ ❛♥❛❧②s❡✉r ♣❛r ét♦✐❧❡ ❞❡ ré❢ér❡♥❝❡✳ ❈✬❡st ❧❛ r❡❝♦♠❜✐♥❛✐s♦♥ ❞❡s ❞✐✛ér❡♥ts ❥❡✉① ❞❡
♠❡s✉r❡ q✉✐ ♣❡r♠❡t ❞✬❡st✐♠❡r ❧❛ ♣❡rt✉r❜❛t✐♦♥ ✐♥tr♦❞✉✐t❡ ❞❛♥s ❝❤❛q✉❡ ❝♦✉❝❤❡ t✉r❜✉❧❡♥t❡
♠♦❞é❧✐sé❡ à ❧❛ ✈❡rt✐❝❛❧❡ ❞❡ ❧❛ ♣✉♣✐❧❧❡✳ ❯♥ ❢❛✐❜❧❡ ♥♦♠❜r❡ ❞❡ ❝♦✉❝❤❡s ❡st ❣é♥ér❛❧❡♠❡♥t
✉t✐❧✐sé✱ ❡t ❝❡❝✐ ❡st ❥✉st✐✜é ♣❛r ❧❡s ét✉❞❡s ❞❡ t✉r❜✉❧❡♥❝❡ s✉r ❧❡s s✐t❡s ❞✬♦❜s❡r✈❛t✐♦♥ ✭❝❢✳



✺✹ ❈❍❆P■❚❘❊ ✷✳ ▲✬❖P❚■◗❯❊ ❆❉❆P❚❆❚■❱❊

s❡❝t✐♦♥ ✸✳✶✮✳ P❧✉s✐❡✉rs ♠✐r♦✐rs ❞é❢♦r♠❛❜❧❡s s♦♥t ✐♥sérés ❞❛♥s ❧❛ ❜♦✉❝❧❡ ❢❡r♠é❡ ❞✉ s②s✲
tè♠❡ ❞✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡✱ ❡♥ ❧❡s ❝♦♥❥✉❣❛♥t ♦♣t✐q✉❡♠❡♥t à ❞❡s ❛❧t✐t✉❞❡s ❞❡ ❝♦✉❝❤❡s
❞✐✛ér❡♥t❡s✳ ❉✬❛♣rès ❧❡ s❝❤é♠❛ ❞❡ ❧❛ ✜❣✉r❡ ✷✳✾✱ ♦♥ r❡♠❛rq✉❡ q✉❡ ♣❧✉s ❧❛ ❝♦✉❝❤❡ ❡st é❧❡✲
✈é❡✱ ♣❧✉s ❧❡ ♠✐r♦✐r ❞é❢♦r♠❛❜❧❡ ❡st s✉s❝❡♣t✐❜❧❡ ❞❡ ❝♦rr✐❣❡r ✉♥❡ ❧❛r❣❡ s✉r❢❛❝❡ ♣r♦❥❡té❡✱
✐♥❝❧✉s❡ ❞❛♥s ❧❛ ré✉♥✐♦♥ ❞❡s ♣r♦❥❡❝t✐♦♥s ❞❡ ❧❛ ♣✉♣✐❧❧❡ ❞✉ té❧❡s❝♦♣❡ s✉r ❝❡tt❡ ❝♦✉❝❤❡ ❞❛♥s
❧❡s ❞✐r❡❝t✐♦♥s ❞❡s ét♦✐❧❡s ❞❡ ré❢ér❡♥❝❡✳

(couches)

ASO1ASO3

ASO2

Correcteur

Altitude de conjugaison

Altitude de conjugaison

Altitude de conjugaison

du MD1

du MD2

du MD3

Plan pupille

Sources de reference

Distribution

turbulence

verticale
de la

❋✐❣✳ ✷✳✾ ✕ ❙❝❤é♠❛ ❞❡ ♣r✐♥❝✐♣❡ ❞❡ ❧✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ♠✉❧t✐❝♦♥❥✉❣✉é❡✱ ❖❆▼❈✳ P❧✉✲
s✐❡✉rs ét♦✐❧❡s ❞❡ ré❢ér❡♥❝❡ s♦♥t ❛♥❛❧②sé❡s✱ ré♣❛rt✐❡s ❞❛♥s ✉♥ ❝❤❛♠♣ ❞❡ ✈✉❡ ❧❛r❣❡ à ❝♦r✲
r✐❣❡r✳ ❊♥ ❝♦♥✜❣✉r❛t✐♦♥ ♦r✐❡♥té❡ ét♦✐❧❡✱ ❝❤❛q✉❡ ét♦✐❧❡ ❡st ❛♥❛❧②sé❡ ♣❛r ✉♥ ❛♥❛❧②s❡✉r
❞✐✛ér❡♥t✳ ▲❛ ♣❡rt✉r❜❛t✐♦♥ ❡st ♠♦❞é❧✐sé❡ ❝♦♠♠❡ ❧✬❡♥s❡♠❜❧❡ ❞❡ ♣❧✉s✐❡✉rs ❞é❢♦r♠❛t✐♦♥s à
❞❡s ❛❧t✐t✉❞❡s ❞✐s❝rèt❡s ♦ù ❡st ❝♦♥❝❡♥tré❡ ❧❛ t✉r❜✉❧❡♥❝❡✳ ➚ ♣❧✉s✐❡✉rs ❞❡ ❝❡s ❛❧t✐t✉❞❡s s♦♥t
❝♦♥❥✉❣✉és ❞❡s ♠✐r♦✐rs ❞é❢♦r♠❛❜❧❡s ♣♦✉r ❛♣♣❧✐q✉❡r ✉♥❡ ❝♦rr❡❝t✐♦♥ s✉r t♦✉t ❧❡ ❝❤❛♠♣✳

❯♥ s❡❝♦♥❞ ❝♦♥❝❡♣t ❞✬▼❈❆❖ ❛ été ❞é✈❡❧♦♣♣é ♣❛r ❘❛❣❛③③♦♥✐ ❡t ❛❧✳ ✭✷✵✵✵✮✱ ❞és✐❣♥é
❝♦♠♠❡ ❖❆▼❈ ♦r✐❡♥té❡ ❝♦✉❝❤❡✳ ❈❡tt❡ ❝♦♥✜❣✉r❛t✐♦♥ ✉t✐❧✐s❡ ❛✉t❛♥t ❞✬❛♥❛❧②s❡✉rs q✉❡ ❞❡
♠✐r♦✐rs ❞é❢♦r♠❛❜❧❡s✳ ❈❤❛q✉❡ ❛♥❛❧②s❡✉r ❡st ♦♣t✐q✉❡♠❡♥t ❝♦♥❥✉❣✉é à ✉♥❡ ❛❧t✐t✉❞❡ ❞❡
❝♦✉❝❤❡ à ❧❛q✉❡❧❧❡ ❡st ❛ss♦❝✐é❡ ✉♥ ♠✐r♦✐r ❞é❢♦r♠❛❜❧❡✳ ❈♦♥tr❛✐r❡♠❡♥t à ❧✬❖❆▼❈ ♦r✐❡♥té❡
ét♦✐❧❡✱ ❧❡s ❛♥❛❧②s❡✉rs ♦❜s❡r✈❡♥t t♦✉s ❧❡ ✢✉① ✐ss✉ ❞❡ ♣❧✉s✐❡✉rs ét♦✐❧❡s ❞❡ ré❢ér❡♥❝❡ ❞❛♥s
❧❡ ❝❤❛♠♣✳ ▲❛ ❝♦rr❡❝t✐♦♥ ♣❡✉t ❛❧♦rs êtr❡ ❞é❝♦♠♣♦sé❡ ❡♥ ❜♦✉❝❧❡s ❢❡r♠é❡s ❞✐s❥♦✐♥t❡s ❀ ✉♥❡
❜♦✉❝❧❡ ♣❛r ❝♦✉♣❧❡ ❛♥❛❧②s❡✉r♠✐r♦✐r ❞é❢♦r♠❛❜❧❡ ❝♦♥❥✉❣✉é✳ ▲❛ ❝♦♠♣❧❡①✐té ❞❡ ❧❛ ❝♦rr❡❝t✐♦♥
❝r♦ît ❛❧♦rs ❛✈❡❝ ❧❡ ♥♦♠❜r❡ ❞❡ ♠✐r♦✐rs ❡t ♥♦♥ ♣❧✉s ❛✈❡❝ ❧❡ ♥♦♠❜r❡ ❞✬ét♦✐❧❡s ❞❡ ré❢ér❡♥❝❡
❝♦♠♠❡ ❡♥ ❖❆▼❈ ♦r✐❡♥té❡ ét♦✐❧❡✳ ❉❡ ♣❧✉s✱ ❧❡ ❢❛✐t ❞✬✐♥té❣r❡r ❧❡ ✢✉① r❡ç✉ ❞❡ t♦✉t❡s ❧❡s
ét♦✐❧❡s ❞❡ ré❢ér❡♥❝❡ s✉r ❝❤❛q✉❡ ❛♥❛❧②s❡✉r✱ ♣❡r♠❡t ❞✬❛✉❣♠❡♥t❡r ❧❛ s❡♥s✐❜✐❧✐té ❞❡ ❧✬❛♥❛✲
❧②s❡ ❡t ❞♦♥❝ ❞❡ ❢❛✐r❡ ❢♦♥❝t✐♦♥♥❡r ❝❡ s②stè♠❡ s✉r ❞❡s ét♦✐❧❡s ❞❡ ré❢ér❡♥❝❡ ♣❧✉s ❢❛✐❜❧❡s✳



✷✳✹✳ ▲❊❙ ❖P❚■◗❯❊❙ ❆❉❆P❚❆❚■❱❊❙ ➚ ●❘❆◆❉ ◆❖▼❇❘❊ ❉❊ P❆❘❆▼➮❚❘❊❙✺✺

▼❛❧❤❡✉r❡✉s❡♠❡♥t✱ ❧❛ ❞✐s♣❛r✐té ❞❡s ♠❛❣♥✐t✉❞❡s ❞❡s ét♦✐❧❡s ❞❡ ré❢ér❡♥❝❡ ♥❛t✉r❡❧❧❡s ❞❛♥s
❧❡ ❝❤❛♠♣ ❝♦♠♣❧✐q✉❡ ❧✬❡st✐♠❛t✐♦♥ ❞❡ ❧❛ ♣❡rt✉r❜❛t✐♦♥ à ❝♦rr✐❣❡r✱ ♣❛r❝❡ q✉❡ ❧❛ t✉r❜✉❧❡♥❝❡
❡st ♠✐❡✉① ❛♥❛❧②sé❡ ❞❛♥s ❧❡s ❞✐r❡❝t✐♦♥s ❞✬ét♦✐❧❡s ❜r✐❧❧❛♥t❡s q✉❡ ❞❛♥s ❧❡s ❛✉tr❡s ✭◆✐❝♦❧❧❡✱
✷✵✵✻✮✳

▲❡ ♣r♦❥❡t ❞✬❊✲❊▲❚ ❝♦♠♣r❡♥❞ ✉♥❡ ♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ♠✉❧t✐❝♦♥❥✉❣✉é❡✱ ♥♦♠♠é❡ ▼❆❖❘❨✱
❞♦♥t ❧✬ét✉❞❡ à ❝♦♠♠❡♥❝❡r ❝❡tt❡ ❛♥♥é❡✳ ❙♦♥ ❞✐♠❡♥s✐♦♥♥❡♠❡♥t ♥✬❡st ♣❛s ❡♥❝♦r❡ ❛rrêté
♠❛✐s ✐❧ ❝♦♠♣r❡♥❞r❛ ✈r❛✐s❡♠❜❧❛❜❧❡♠❡♥t ✉♥ ♥♦♠❜r❡ t♦t❛❧ ❞❡ ♠❡s✉r❡s ♣r♦❝❤❡ ❞❡ 105✱ ❡t
❞❡✉① à tr♦✐s ♠✐r♦✐rs ❞é❢♦r♠❛❜❧❡s ❛✜♥ ❞❡ ❢♦✉r♥✐r ❧❛ q✉❛❧✐té ❞❡ ❝♦rr❡❝t✐♦♥ ❛tt❡♥❞✉❡✳

▲✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ❞❡ ❝♦✉❝❤❡ ❧✐♠✐t❡ ✿ ❖❆❈▲

▲❡ ❝❤❛♠♣ q✉✐ ♣❡✉t êtr❡ ❝♦rr✐❣é ❞❡ ❢❛ç♦♥ ✉♥✐❢♦r♠❡ ❣r❛❝❡ à ❧✬❖❆▼❈ ❡st r❡str❡✐♥t à ✶ à
✷ ♠✐♥✉t❡s ❞✬❛r❝✱ ❞✉ ❢❛✐t ❞✉ ❣r❛♥❞ ♥♦♠❜r❡ ❞❡ ♣❛r❛♠ètr❡s q✉✬❡❧❧❡ ❢❛✐t ✐♥t❡r✈❡♥✐r✳ P♦✉rt❛♥t✱
❝❡rt❛✐♥❡s ♦❜s❡r✈❛t✐♦♥s ❛str♦♣❤②s✐q✉❡s r❡q✉✐èr❡♥t ❛✈❛♥t t♦✉t ✉♥ très ❣r❛♥❞ ❝❤❛♠♣ ❛✈❡❝
✉♥❡ ❝♦rr❡❝t✐♦♥ ♣❛rt✐❡❧❧❡ ♠❛✐s ✉♥✐❢♦r♠❡✳ ❈✬❡st ❧✬♦❜❥❡❝t✐❢ ❞❡ ❧✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ❞❡ ❝♦✉❝❤❡
❧✐♠✐t❡✱ ❖❆❈▲✳ ❙♦♥ ♣r✐♥❝✐♣❡ r❡♣♦s❡ s✉r ❧❡ ❢❛✐t q✉❡ ❧✬❡ss❡♥t✐❡❧ ❞❡ ❧❛ t✉r❜✉❧❡♥❝❡ ♦♣t✐q✉❡ ❡st
❣é♥ér❛❧❡♠❡♥t ❝♦♥❝❡♥tré❡ ❞❛♥s ❧❡s ♣r❡♠✐èr❡s ❝❡♥t❛✐♥❡s ❞❡ ♠ètr❡s ❛✉✲❞❡ss✉s ❞✉ té❧❡s❝♦♣❡✱
q✉❡ ❧✬♦♥ ♥♦♠♠❡ ❧❛ ❝♦✉❝❤❡ ❧✐♠✐t❡✳ P❛r ❛✐❧❧❡✉rs✱ ❞❛♥s ❝❡ ✈♦❧✉♠❡ ❞❡ ❜❛ss❡ ❛❧t✐t✉❞❡✱ ❧❛
t✉r❜✉❧❡♥❝❡ ❛t♠♦s♣❤ér✐q✉❡ ❛✛❡❝t❡ ❧❡s s✉r❢❛❝❡s ❞✬♦♥❞❡✱ ♠ê♠❡ ✐ss✉❡s ❞✬ét♦✐❧❡s é❧♦✐❣♥é❡s
❞❛♥s ❧❡ ❝❤❛♠♣✱ à ♣❡✉ ♣rès ❞❡ ❧❛ ♠ê♠❡ ❢❛ç♦♥✳

❆✐♥s✐✱ ❧✬❛♥❛❧②s❡ ❞❡ ♣❧✉s✐❡✉rs ét♦✐❧❡s ❞❡ ré❢ér❡♥❝❡ ❞❛♥s ✉♥ ❝❤❛♠♣ ❞❡ q✉❡❧q✉❡s ✺ ♠✐✲
♥✉t❡s ❞✬❛r❝ ♣❡r♠❡t ❞❡ r❡❝♦♥st✐t✉❡r ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❝♦♠♠✉♥❡ ❞❡ ❜❛ss❡ ❛❧t✐t✉❞❡ ❡t ❞❡
❧❛ ❝♦rr✐❣❡r ❣râ❝❡ à ✉♥ ✉♥✐q✉❡ ♠✐r♦✐r ❞é❢♦r♠❛❜❧❡ ♦♣t✐q✉❡♠❡♥t ❝♦♥❥✉❣✉é à ✉♥❡ ❢❛✐❜❧❡
❛❧t✐t✉❞❡✱ r❡♣rés❡♥t❛t✐✈❡ ❞❡ ❝❡tt❡ ❝♦✉❝❤❡ ❧✐♠✐t❡✳

▲❡ s②stè♠❡ ❖❆❈▲ ♣❡✉t ❢♦♥❝t✐♦♥♥❡r ❛✈❡❝ ❞❡s ét♦✐❧❡s ❞❡ ré❢ér❡♥❝❡ ♥❛t✉r❡❧❧❡s ♦✉ ❧❛s❡r✳
❉❛♥s ❧❡ ❝❛s ❞❡ ❧✬✉t✐❧✐s❛t✐♦♥ ❞✬ét♦✐❧❡s ❧❛s❡r✱ ❧❛ ❝♦✉✈❡rt✉r❡ ❞✉ ❝✐❡❧ ❞✬✉♥ s②stè♠❡ ❖❆❈▲ ❡st
♣r♦❝❤❡ ❞❡ ✶✵✵✪✱ ♣✉✐sq✉❡ ❧❡ ❣r❛♥❞ ❝❤❛♠♣ ❝♦♥s✐❞éré ❛✉❣♠❡♥t❡ ❧❛ ♣r♦❜❛❜✐❧✐té ❞✬② tr♦✉✈❡r
✉♥❡ ♦✉ ♣❧✉s✐❡✉rs ét♦✐❧❡s ♥❛t✉r❡❧❧❡s s✉✣s❛♠♠❡♥t ❜r✐❧❧❛♥t❡s ♣♦✉r ❛♥❛❧②s❡r ❧❡s ❜❛s ♦r❞r❡s
❞❡ ❧❛ t✉r❜✉❧❡♥❝❡✳ ❈✬❡st ✉♥ ❛t♦✉t s✉♣♣❧é♠❡♥t❛✐r❡ ❞❡ ❝❡ ❝♦♥❝❡♣t ❞✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡✳

❉❡✉① ♦♣t✐q✉❡s ❛❞❛♣t❛t✐✈❡s ❞❡ t②♣❡ ❖❆❈▲ s♦♥t ❛❝t✉❡❧❧❡♠❡♥t ❝♦♥ç✉❡s ♣♦✉r ❢♦♥❝✲
t✐♦♥♥❡r ❛✈❡❝ ✉♥❡ s❡✉❧❡ ét♦✐❧❡ ❧❛s❡r ❞❡ t②♣❡ ❘❛②❧❡✐❣❤✳ ■❧ s✬❛❣✐t ❞❡ ❙❆▼ s✉r ❧❡ té❧❡s❝♦♣❡
❙❖❆❘ ✭❈❤✐❧✐✮ ✭❚❤♦♠❛s✱ ✷✵✵✺✮ ❡t ❞❡ ●▲❆❙ s✉r ❧❡ té❧❡s❝♦♣❡ ❲✐❧❧✐❛♠ ❍❡rs❝❤❡❧ ✭▼♦rr✐s
❡t ❛❧✳✱ ✷✵✵✻✮✳ ▲❡s ❞❡✉① té❧❡s❝♦♣❡s r❡❝❡✈❛♥t ❝❡s s②stè♠❡s ❞✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ♦♥t ✉♥
❞✐❛♠ètr❡ ❞❡ ✹✳✷♠✳ ❉✬❛✉tr❡s ♣r♦❥❡ts ❞✬❖❆❈▲ s♦♥t ❛❝t✉❡❧❧❡♠❡♥t à ❧✬ét✉❞❡✱ ❡t ♥♦t❛♠♠❡♥t
✉♥ s②stè♠❡ ✐♥té❣ré ❛✉ té❧❡s❝♦♣❡ ❊✲❊▲❚✳

▲✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ♠✉❧t✐♦❜❥❡ts ✿ ❖❆▼❖

❈♦♥tr❛✐r❡♠❡♥t ❛✉ ❝❛s ❞❡ ❧❛ ❖❆▼❈✱ ❧❡s ♠✐r♦✐rs ❞é❢♦r♠❛❜❧❡s ❡♥ ❖❆▼❖ ♥❡ s♦♥t ♣❧✉s
❞✐✛ér❡♥❝✐és ♣❛r ❧❡✉r ❛❧t✐t✉❞❡ ❞❡ ❝♦♥❥✉❣❛✐s♦♥ ♠❛✐s ♣❛r ❧❡✉r ❞✐r❡❝t✐♦♥s ❞❡ ❝♦rr❡❝t✐♦♥✳
▲✬❛✈❛♥t❛❣❡ ❞❡ ❝❡tt❡ t❡❝❤♥✐q✉❡ ❡st ❞❡ ♣♦✉✈♦✐r ♦♣t✐♠✐s❡r ❧❛ ❝♦rr❡❝t✐♦♥ ❞❛♥s ❝❤❛❝✉♥❡ ❞❡s
❞✐r❡❝t✐♦♥s ❞✬♦❜s❡r✈❛t✐♦♥✳ ❉❡ ♣❧✉s✱ ✐❧ ❡st ♣♦ss✐❜❧❡ ❞❡❧❛ ❦✐s❡ ❡♥ ♣r❛t✐q✉❡ ❞❡ ❝❡tt❡ ❝♦rr❡❝✲
t✐♦♥ s❡ ❢❛✐t ❡♥ ❝♦♠❜✐♥❛♥t ✉♥ ♠✐r♦✐r ❞é❢♦r♠❛❜❧❡ ❞❡ ❣r❛♥❞ ❝❤❛♠♣ ♣♦✉r ❧❛ ❝♦rr❡❝t✐♦♥
❞❡ ❧❛ t✉r❜✉❧❡♥❝❡ ❝♦♠♠✉♥❡ ❛✉ s♦❧✱ ❛✈❡❝ ♣❧✉s✐❡✉rs ♠✐r♦✐rs ❞❡ ❝❤❛♠♣ r❡str❡✐♥t ❡♥ ❛❧t✐✲
t✉❞❡ ❞é❞✐és ❛✉① ❞✐✛ér❡♥t❡s ❝✐❜❧❡s✳ ▲✬♦❜❥❡❝t✐❢ ❞❡ ❧✬❖❆▼❖ ❡st ❛✐♥s✐ ❞❡ ❢♦✉r♥✐r ✉♥ ❣r❛♥❞
❝❤❛♠♣ ❞✬♦❜s❡r✈❛t✐♦♥ ❛✈❡❝ ✉♥❡ ❝♦rr❡❝t✐♦♥ ♦♣t✐♠✐sé❡ ❞❛♥s ✶✵ à ✷✵ ❞✐r❡❝t✐♦♥s✳ ❈❡ ❝♦♥❝❡♣t
❞✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ❡st ♣♦rté ♣❛r ❧❡s ❜❡s♦✐♥s ❞❡ ❧❛ s♣❡❝tr♦s❝♦♣✐❡ tr✐❞✐♠❡♥s✐♦♥♥❡❧❧❡ ❡♥
❛str♦♣❤②s✐q✉❡✳ ▲❡s ♦❜❥❡ts ♦❜s❡r✈és s♦♥t très ❢❛✐❜❧❡s ❡t ❜é♥é✜❝✐❡r♦♥t ❞♦♥❝ ❞❡ ❧✬✉t✐❧✐s❛t✐♦♥
❞✬✉♥❡ ♦✉✈❡rt✉r❡ ❞❡ ✹✷ ♠ ❞❡ ❞✐❛♠ètr❡ ♣♦✉r ❝♦❧❧❡❝t❡r ❧❡ ✢✉① ✐♥❝✐❞❡♥t✳ ▲❛ ❝♦♠♣ré❤❡♥s✐♦♥
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❞❡ ❧❛ ❢♦r♠❛t✐♦♥ st❡❧❧❛✐r❡ ♣❛ss❡ ♣❛r ✉♥❡ ❛♥❛❧②s❡ st❛t✐st✐q✉❡ ❞❡s ♦❜s❡r✈❛t✐♦♥s ❡t ❞♦♥❝
❧✬♦❜t❡♥t✐♦♥ ❞✬✉♥ ❣r❛♥❞ ♥♦♠❜r❡ ❞❡ ❞♦♥♥é❡s✳ ❉❛♥s ❝❡ ❝♦♥t❡①t❡✱ ❧✬❛t♦✉t ❢♦♥❞❛♠❡♥t❛❧ ❞❡ ❧❛
❖❆▼❖ ❡st ❞❡ ♣❡r♠❡ttr❡ ❧✬♦❜s❡r✈❛t✐♦♥ s✐♠✉❧t❛♥é❡ ❞✬✉♥❡ ❞✐③❛✐♥❡ ❞✬♦❜❥❡ts ❛str♦♣❤②s✐q✉❡s
❝♦rr✐❣és✳

▲❛ ❞✐✣❝✉❧té ♠❛❥❡✉r❡ ❞✬✉♥ t❡❧ ❝♦♥❝❡♣t ❡st q✉❡ ❧❛ ❝♦rr❡❝t✐♦♥ ❡♥ ❛❧t✐t✉❞❡✱ s♣é❝✐✜q✉❡ à
❝❤❛q✉❡ ❞✐r❡❝t✐♦♥ ❞✬♦❜s❡r✈❛t✐♦♥✱ s❡ ❢❛✐t ❡♥ ❜♦✉❝❧❡ ♦✉✈❡rt❡✳ ▲❡s ♣❡r❢♦r♠❛♥❝❡s s♦♥t ❡♥❝♦r❡
❞✐✣❝✐❧❡s à q✉❛♥t✐✜❡r à ❧✬❤❡✉r❡ ❛❝t✉❡❧❧❡✳

❯♥ s②stè♠❡ ❞❡ t②♣❡ ▼❖❆❖ ❡st ♣ré✈✉ s✉r ❧✬❊✲❊▲❚✱ ✐❧ ❡st ♥♦♠♠é ❊❆●▲❊✱ ❡t ❡st ❡♥
❝♦✉rs ❞✬ét✉❞❡✳

❈♦♥❝❧✉s✐♦♥ s✉r ❧❡s ♦♣t✐q✉❡s ❛❞❛♣t❛t✐✈❡s à ❣r❛♥❞s ♥♦♠❜r❡ ❞❡ ♣❛r❛♠ètr❡s

▲❡s ♣r♦❥❡ts ❞❡ té❧❡s❝♦♣❡s ❤❡❝t♦♠étr✐q✉❡s ❛✈❡❝ ❧❡✉rs ❞✐✈❡rs ❝♦♥❝❡♣ts ❞✬♦♣t✐q✉❡ ❛❞❛♣✲
t❛t✐✈❡ ♠❛rq✉❡♥t ✉♥ s❛✉t ❡♥ t❡r♠❡ ❞❡ ♥♦♠❜r❡ ❞❡ ♣❛r❛♠ètr❡s à ❝♦♥trô❧❡r ❡♥ t❡♠♣s ré❡❧✳
❚❛♥❞✐s q✉❡ ❧❡ s②stè♠❡ ❞✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ❞✉ té❧❡s❝♦♣❡ ❑❡❝❦ ■■ ❝♦♠♣♦rt❡ ✸✹✾ ❛❝t✐♦♥✲
♥❡✉rs✱ ❧❡ s②stè♠❡ ♠♦♥♦❝♦♥❥✉❣✉é ❞❡ ❧✬❊✲❊▲❚ ❡♥ ❝♦♠♣♦rt❡r❛ ♣❧✉s ❞❡ ✺✵✵✵✳ ▲❡s ❝♦♥❝❡♣ts
❞✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ❞❡ ❝❤❛♠♣ ❧❛r❣❡ ❡♥ ❝♦♠♣♦rt❡r♦♥t ❡♥❝♦r❡ ❞❛✈❛♥t❛❣❡✳ ❈❡❝✐ ♥✬❡st ♣❛s
s❛♥s ❝♦♥séq✉❡♥❝❡ s✉r ❧❛ str❛té❣✐❡ ❞❡ ❝♦rr❡❝t✐♦♥ ❞✉ s②stè♠❡ ❡t ♣❧✉s ♣❛rt✐❝✉❧✐èr❡♠❡♥t s✉r
❧✬❛❧❣♦r✐t❤♠❡ ♣❡r♠❡tt❛♥t ❞❡ ♣❛ss❡r ❞❡s ♠❡s✉r❡s ❛✉① ❝♦♠♠❛♥❞❡s à ❛♣♣❧✐q✉❡r✳

▲❡s ❞❡✉① ♣r♦❝❤❛✐♥❡s s❡❝t✐♦♥s ♣rés❡♥t❡♥t ❧❡s str❛té❣✐❡s ❛❝t✉❡❧❧❡s ❞❡ ❝♦rr❡❝t✐♦♥ ❞❡ ❧❛
❝♦♠♠❛♥❞❡ ❡t ❧❡✉rs ♣❡rs♣❡❝t✐✈❡s ♣♦✉r ❧❡s ❞✐♠❡♥s✐♦♥s ❞❡s s②stè♠❡s à ✈❡♥✐r✳

✷✳✺ ▲❛ ♠❛tr✐❝❡ ❞✬✐♥t❡r❛❝t✐♦♥ ❞✉ s②stè♠❡

▲❛ ♠❛tr✐❝❡ ❞✬✐♥t❡r❛❝t✐♦♥ G ♥♦♠♠❡ ❧✬♦♣ér❛t❡✉r ❞❡ ♣❛ss❛❣❡ ❞❡ ❧✬❡s♣❛❝❡ ❞❡s ❝♦♠✲
♠❛♥❞❡s R

n❛ à ❝❡❧✉✐ ❞❡s ♠❡s✉r❡s R
m✱ à tr❛✈❡rs ❧❡ s②stè♠❡ ❞✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ❡♥

❧✬❛❜s❡♥❝❡ ❞❡ ♣❡rt✉r❜❛t✐♦♥s✱ ✐✳❡✳
d = G ·a , ✭✷✳✶✻✮

♦ù a ❡st ✉♥ ✈❡❝t❡✉r ❞❡ ❝♦♠♠❛♥❞❡s ❡t d ❡st ✉♥ ✈❡❝t❡✉r ❞❡ ♠❡s✉r❡s✳
❏❡ ❞✐st✐♥❣✉❡ ✐❝✐ ❞❡✉① ❛♣♣r♦❝❤❡s ♣♦ss✐❜❧❡s ♣♦✉r ♠♦❞é❧✐s❡r G ✿ ❧❛ ❝❛❧✐❜r❛t✐♦♥ ♦✉ ❧❛

s②♥t❤ès❡ t❤é♦r✐q✉❡✳

▼♦❞è❧❡ ❞❡ G ❝❛❧✐❜ré

❊♥ s✉♣♣♦s❛♥t q✉❡ ❧❛ ré♣♦♥s❡ ❞✉ s②stè♠❡ ❞✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ à ✉♥❡ ❝♦♠♠❛♥❞❡ a

❡st ❧✐♥é❛✐r❡✱ ✐❧ ❡st ♣♦ss✐❜❧❡ ❞✬♦❜t❡♥✐r G ♣❛r ❝❛❧✐❜r❛t✐♦♥ ❡♥ ♦❜s❡r✈❛♥t ✉♥❡ s♦✉r❝❡ ♥♦♥ ❛❢✲
❢❡❝té❡ ♣❛r ❧❛ t✉r❜✉❧❡♥❝❡ ❛t♠♦s♣❤ér✐q✉❡✳ ❈❤❛q✉❡ ❝♦❧♦♥♥❡ ❞❡ ❧❛ ♠❛tr✐❝❡ G ❡st ❧❡ ✈❡❝t❡✉r
❞❡ ♠❡s✉r❡ ♦❜t❡♥✉ ❡♥ ❛♣♣❧✐q✉❛♥t ❛✉ ♠✐r♦✐r ❞é❢♦r♠❛❜❧❡ ✉♥ ✈❡❝t❡✉r ❞❡ ❜❛s❡ ❞❡ ❧✬❡s♣❛❝❡
❞❡s ❝♦♠♠❛♥❞❡s✳ ▲❛ ♠❛tr✐❝❡ G ❡st ❛❧♦rs st♦❝❦é❡ ❡♥ ♠é♠♦✐r❡✱ ❞❛♥s ❧❡ s②stè♠❡ ❞❡ ❝♦♠✲
♠❛♥❞❡ ❞❡ ❧✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡✳ ❈✬❡st ❧❛ ♣r♦❝é❞✉r❡ ❡♠♣❧♦②é❡ s✉r ❧❛ ♣❧✉♣❛rt ❞❡s s②stè♠❡s
❞✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ❡①✐st❛♥ts ✭❡✳❣✳ ✭✈❛♥ ❉❛♠ ❡t ❛❧✳✱ ✷✵✵✹✮✮✳

P♦✉r ✉♥❡ ♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ❞❡ ❝❤❛♠♣ ❧❛r❣❡✱ ❝❡tt❡ ♠❛tr✐❝❡ ❞✬✐♥t❡r❛❝t✐♦♥ ❡st ❢♦♥❝t✐♦♥
❞❡ ❧❛ ❞✐r❡❝t✐♦♥ ❞✬❛♥❛❧②s❡✱ ❝✬❡st✲à✲❞✐r❡ ❞❡ ❧❛ ♣♦s✐t✐♦♥ ❞❡ ❧✬ét♦✐❧❡ ❞❡ ré❢ér❡♥❝❡✱ ❞❛♥s ❝❡
❝❤❛♠♣✳ ❈❡❝✐ ❡♥tr❛î♥❡ ✉♥❡ r❡❝❛❧✐❜r❛t✐♦♥ ❢réq✉❡♥t❡ ❞❡ ❧❛ ♠❛tr✐❝❡ ❞✬✐♥t❡r❛❝t✐♦♥✳

▼♦❞è❧❡ ❞❡ G s②♥t❤ét✐q✉❡

❆✜♥ ❞✬é✈✐t❡r ❧✬ét❛♣❡ ❞❡ ❝❛❧✐❜r❛t✐♦♥ ❞❡ ❧❛ ♠❛tr✐❝❡ ❞✬✐♥t❡r❛❝t✐♦♥ G✱ ✐❧ ❡st ❛✉ss✐ ♣♦ss✐❜❧❡
❞❡ s②♥t❤ét✐s❡r ❧❛ ♠❛tr✐❝❡ à ♣❛rt✐r ❞❡s ♠♦❞è❧❡s sé♣❛rés ❞❡s ❛♥❛❧②s❡✉rs ❡t ❞❡s ♠✐r♦✐rs ❞é✲
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❢♦r♠❛❜❧❡s✳ ❈❡tt❡ ❛♣♣r♦❝❤❡ ❡st ✐♥tér❡ss❛♥t❡ ❧♦rsq✉❡ ❧✬♦♥ ❛ ✉♥ ❜♦♥ ♠♦❞è❧❡ ❞❡ ❝♦♥♥❛✐ss❛♥❝❡
❞❡ ❧✬❛♥❛❧②s❡✉r ❡t ❞✉ ♠✐r♦✐r✱ ❡t ❧♦rsq✉✬✐❧s s♦♥t ❧✐♥é❛✐r❡s✳ ❆✐♥s✐

d = G ·a = S(mT ·a) , ✭✷✳✶✼✮

❉❡ ♣❧✉s✱ ❧❡s ♠✐r♦✐rs ❡t ❧❡s ❛♥❛❧②s❡✉rs ♥❡ s♦♥t ♣❧✉s ♥é❝❡ss❛✐r❡♠❡♥t ❞é❝r✐ts ♣❛r ❞❡s
♠❛tr✐❝❡s✱ ♠❛✐s ✐❧s ♣❡✉✈❡♥t êtr❡ ✐♠♣❧é♠❡♥tés à ♣❛rt✐r ❞❡ ♠♦❞è❧❡s ❛♥❛❧②t✐q✉❡s ♣❧✉s ♣ré❝✐s✳
▲❛ ❞✐r❡❝t✐♦♥ ❞✬❛♥❛❧②s❡ ♣❡✉t êtr❡ ❝♦♥s✐❞éré❡ ❝♦♠♠❡ ✉♥ ♣❛r❛♠ètr❡ ❞✉ ♠♦❞è❧❡ ✐♠♣❧é♠❡♥té
♣♦✉r ❝❤❛q✉❡ ❛♥❛❧②s❡✉r✳ P♦✉r ❞❡ ❣r❛♥❞s s②stè♠❡s ❞✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡✱ ❝❡tt❡ ❛♣♣r♦❝❤❡
♣❡✉t é✈✐t❡r ❧❡ st♦❝❦❛❣❡ ❡♥ ♠é♠♦✐r❡ ❞✬✉♥❡ ♠❛tr✐❝❡ ❞❡ ❞✐♠❡♥s✐♦♥ n❛ × m✱ ♦ù n❛ ❡t m
r❡♣rés❡♥t❡♥t r❡s♣❡❝t✐✈❡♠❡♥t ❧❡ ♥♦♠❜r❡ t♦t❛❧ ❞✬❛❝t✐♦♥♥❡✉rs ✭❝♦♠♣r❡♥❛♥t t♦✉s ❧❡s ♠✐r♦✐rs
❞é❢♦r♠❛❜❧❡s✮ ❡t ❧❡ ♥♦♠❜r❡ t♦t❛❧ ❞❡ ♠❡s✉r❡s ✭❝♦♠♣r❡♥❛♥t t♦✉s ❧❡s ❛♥❛❧②s❡✉rs✮✳

✷✳✺✳✶ ❈❛s ♣❛rt✐❝✉❧✐❡r ❞❡ ❧❛ ❣é♦♠étr✐❡ ❞❡ ❋r✐❡❞

❉❛♥s ❧❡s s②stè♠❡s ❞✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ s✐♠♣❧❡s q✉❡ ❥✬ét✉❞✐❡ ❞❛♥s ❝❡ ♠❛♥✉s❝r✐t✱
❧❡s ❝♦✐♥s ❞❡s s♦✉s✲♣✉♣✐❧❧❡s ❞❡ ❧✬❛♥❛❧②s❡✉r ❞❡ ❙❤❛❝❦✲❍❛rt♠❛♥♥ s♦♥t ❛❧✐❣♥és ❛✈❡❝ ❧❡s ❛❝✲
t✐♦♥♥❡✉rs ❞✉ ♠✐r♦✐r ❞é❢♦r♠❛❜❧❡✳ ❈✬❡st ❧❡ ❝❛s ❣é♥ér❛❧❡♠❡♥t ♣♦✉r ❧❡s s②stè♠❡s ❞✬♦♣t✐q✉❡
❛❞❛♣t❛t✐✈❡ ✉t✐❧✐s❛♥t ❝❡ t②♣❡ ❞✬❛♥❛❧②s❡✉r✳ P❛r ❡①❡♠♣❧❡✱ ❧❛ ❝♦♥✜❣✉r❛t✐♦♥ ❞✉ s②stè♠❡
◆❆❖❙ ✐♥st❛❧❧é s✉r ✉♥ té❧❡s❝♦♣❡ ❱▲❚✱ ❛✉ ❈❤✐❧✐✱ ❡st r❡♣rés❡♥té❡ s✉r ❧❛ ✜❣✉r❡ ✷✳✶✵✳ ❈❡tt❡
❣é♦♠étr✐❡ ❡st ❞és✐❣♥é❡ ♣❛r ❧✬❛♣♣❡❧❧❛t✐♦♥ ❣é♦♠étr✐❡ ❞❡ ❋r✐❡❞✳ ■❧ ❡st ✐♥tér❡ss❛♥t ❞❡ r❡✲
♠❛rq✉❡r q✉❡ ❞❛♥s ❧❡ ❝❛s ❞✬✉♥ ♠✐r♦✐r ❛✉① ❢♦♥❝t✐♦♥s ❞✬✐♥✢✉❡♥❝❡ ❜✐❧✐♥é❛✐r❡s✱ ❧❡ ♠♦❞è❧❡ ❞❡
❋r✐❡❞ ❞❡ ❧✬❛♥❛❧②s❡✉r ✭❝❢✳ s❡❝t✐♦♥ ✷✳✷✮ ❡st ✉♥ ♠♦❞è❧❡ ♣❛r❢❛✐t ❞❡ ❙❤❛❝❦✲❍❛rt♠❛♥♥✱ ✐✳❡✳

d = Sf (mT ·a) = St❤(m
T ·a) . ✭✷✳✶✽✮

❊♥ ❡✛❡t✱ ❧❛ ♠♦②❡♥♥❡ rés✉❧t❛♥t ❞❡ ❧✬✐♥té❣r❛❧❡ s✉r ❧❛ ❢r♦♥t✐èr❡ ❞❛♥s ❧❡s éq✉❛t✐♦♥s ✭✷✳✼✮✲
✭✷✳✽✮ ❡st éq✉✐✈❛❧❡♥t❡ à ❧❛ ❞❡♠✐✲s♦♠♠❡ ❡✛❡❝t✉é❡ ♣❛r ❧❡ ♠♦❞è❧❡ ❞❡ ❋r✐❡❞ ❞❛♥s ❧❡s éq✉❛✲
t✐♦♥s ✭✷✳✶✷✮✲✭✷✳✶✸✮✳

❋✐❣✳ ✷✳✶✵ ✕ ❈♦♥✜❣✉r❛t✐♦♥ ❞✉ s②stè♠❡ ◆❆❖❙ s✉r ✉♥ té❧❡s❝♦♣❡ ❞✉ ❱▲❚
❛✉ ❈❤✐❧✐✳ ▲❡s ❛❝t✐♦♥♥❡✉rs s♦♥t ❛❧✐❣♥és ❛✈❡❝ ❧❡s ❝♦✐♥s ❞❡s s♦✉s✲♣✉♣✐❧❧❡s
❞❡ ❧✬❛♥❛❧②s❡✉r ❞❡ ❙❤❛❝❦✲❍❛rt♠❛♥♥✳ ❈✬❡st ❧❛ ❣é♦♠étr✐❡ ❞❡ ❋r✐❡❞✳ ❙♦✉r❝❡ ✿
❤tt♣ ✿✴✴✇✇✇✳♦♥❡r❛✳❢r✴❝♦♥❢❡r❡♥❝❡s✴♥❛♦s✴✐♥❞❡①✳♣❤♣

❉❛♥s ❧❛ ❣é♦♠étr✐❡ ❞❡ ❋r✐❡❞✱ ✐❧ ❡①✐st❡ ❛✉① ♠♦✐♥s ❞❡✉① ♠♦❞❡s ♥♦♥ ✈✉s ❞✉ ♠✐r♦✐r✱ ✐✳❡✳
❞✐♠ ❑❡rG ≥ 2✳ ❯♥❡ ❞é❢♦r♠❛t✐♦♥ ✉♥✐❢♦r♠❡ ❞❛♥s ❧❡ ♣❧❛♥ ♣✉♣✐❧❧❡✱ ❝✬❡st✲à✲❞✐r❡ ✉♥ ♣✐st♦♥✱
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♣r♦❞✉✐t ✉♥ ❥❡✉ ❞❡ ♠❡s✉r❡s ♥✉❧❧❡s✳ ❉❡ ♣❧✉s✱ ❧❡ ♠♦❞❡ ❣❛✉✛r❡ ♦✉ ❞❛♠✐❡r ❡st é❣❛❧❡♠❡♥t
✉♥ ♠♦❞❡ s✐♥❣✉❧✐❡r ❞✉ s②stè♠❡✳ ❙✐ ♦♥ ♥❡ ❝♦♥s✐❞èr❡ q✉❡ ❧❡s ♠❡s✉r❡s ♣r♦✈❡♥❛♥t ❞❡s s♦✉s✲
♣✉♣✐❧❧❡s ❡♥t✐èr❡♠❡♥t ✐❧❧✉♠✐♥é❡s ❡t q✉✬✐❧ ❡①✐st❡ ✉♥ ❛❝t✐♦♥♥❡✉r ❛✉① ✹ ❝♦✐♥s ❞❡ ❝❤❛q✉❡ s♦✉s✲
♣✉♣✐❧❧❡ ❡♥t✐èr❡♠❡♥t ✐❧❧✉♠✐♥é❡✱ ❛❧♦rs ❝❡s ❞❡✉① ♠♦❞❡s ♦rt❤♦❣♦♥❛✉① ❞✉ ♥♦②❛✉ ❞❡ G s♦♥t
r❡♣rés❡♥tés s✉r ❧❛ ✜❣✉r❡ ✷✳✶✶ ♣♦✉r ✉♥❡ ♣✉♣✐❧❧❡ ❝✐r❝✉❧❛✐r❡✳ ▲❡ ♠♦❞❡ ❞❛♠✐❡r ❝♦rr❡s♣♦♥❞ ❛✉
♠♦❞❡ ♣♦✉r ❧❡q✉❡❧ ❝❤❛q✉❡ ❛❝t✐♦♥♥❡✉r ❡st ❞é♣❧❛❝é ❞✬✉♥❡ ♠ê♠❡ ❛♠♣❧✐t✉❞❡ ♠❛✐s ❞❡ s✐❣♥❡
♦♣♣♦sé à ❝❡❧✉✐ ❞❡ s❡s ♣❧✉s ♣r♦❝❤❡s ✈♦✐s✐♥s✳
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❋✐❣✳ ✷✳✶✶ ✕ ▲❡s ❞❡✉① ♠♦❞❡s ♥♦♥ ✈✉s ❞❡ ❧❛ ♠❛tr✐❝❡ ❞✬✐♥t❡r❛❝t✐♦♥ G ❞✉ s②stè♠❡ ❞❛♥s
❧❛ ❣é♦♠étr✐❡ ❞❡ ❋r✐❡❞ s✉r ✉♥❡ ♣✉♣✐❧❧❡ ❝✐r❝✉❧❛✐r❡✳ ➚ ❣❛✉❝❤❡✱ ❧❡ ♠♦❞❡ ♣✐st♦♥✱ ♣♦✉r ❧❡q✉❡❧
❧❡s ❛❝t✐♦♥♥❡✉rs ❣é♥èr❡♥t ✉♥❡ ❞é❢♦r♠é❡ ♣❧❛♥❡ s✉r ❧❛ ♣✉♣✐❧❧❡✳ ➚ ❞r♦✐t❡✱ ❧❡ ♠♦❞❡ ❞❛♠✐❡r
❝♦♠♣r❡♥❛♥t ❧❡s ✈❛❧❡✉rs ✲✶ ❡t ✶✱ ❡♥ ❛❧t❡r♥❛♥❝❡ s✉r ❧❛ ♣✉♣✐❧❧❡✳

❚♦✉t ❛❝t✐♦♥♥❡✉r ❞♦♥t ❧❛ ❞é❢♦r♠é❡ s❡ tr♦✉✈❡ ❡♥ ❞❡❤♦rs ❞❡ ❧❛ ♣✉♣✐❧❧❡ ❡st ❛✉ss✐ r❡s✲
♣♦♥s❛❜❧❡ à ❧✉✐ s❡✉❧ ❞✬✉♥ ♠♦❞❡ ♥♦♥ ✈✉ ❛❞❞✐t✐♦♥♥❡❧ ♣♦✉r G✳

✷✳✻ ▲✬❛ss❡r✈✐ss❡♠❡♥t ❞✉ s②stè♠❡

▲✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ❡st ✉♥ s②stè♠❡ ❛ss❡r✈✐✳ ❙♦♥ ✐❧❧✉str❛t✐♦♥ s✉r ❧❛ ✜❣✉r❡ ✷✳✶ ♣❡✉t
êtr❡ tr❛♥s❝r✐t❡ s♦✉s ❧❛ ❢♦r♠❡ ❞✬✉♥ s❝❤é♠❛✱ ❝❡ q✉✐ ❡st ❡✛❡❝t✉é s✉r ❧❛ ✜❣✉r❡ ✷✳✶✷✳

vers la voie d’observation

e

d a
++

−
+ MDASO CORRECTEURw w wres c

perturbation

❋✐❣✳ ✷✳✶✷ ✕ ❙❝❤é♠❛ ❞✬✉♥❡ ♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ❡♥ ❜♦✉❝❧❡ ❢❡r♠é❡✳ ▲❛ s✉r❢❛❝❡ ❞✬♦♥❞❡
✐♥❝✐❞❡♥t❡ ❡st ♥♦té❡ w✱ ❧❛ ❞é❢♦r♠é❡ ❞✉ ♠✐r♦✐r ❞é❢♦r♠❛❜❧❡ wc ❡t ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ rés✐❞✉❡❧❧❡
wr❡s✳ ▲❡s ♠❡s✉r❡s d ✐ss✉❡s ❞❡ ❧✬❛♥❛❧②s❡✉r s♦♥t ❡♥t❛❝❤é❡s ❞✬✐♥❝❡rt✐t✉❞❡s✱ ♠♦❞é❧✐sé❡s ♣❛r
✉♥ ❜r✉✐t ●❛✉ss✐❡♥ ❝❡♥tré e✳

▲❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ ✐♥❝✐❞❡♥t❡ ♣❡rt✉r❜é❡ ♣❛r ❧✬❛t♠♦s♣❤èr❡ ❡st ♥♦té❡ w✱ ❡t ❧❛ ❝♦rr❡❝t✐♦♥
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❛♣♣❧✐q✉é❡ ♣❛r ❧❡ ❜✐❛✐s ❞✉ ♠✐r♦✐r ❞é❢♦r♠❛❜❧❡ wc✳ ▲✬❛♥❛❧②s❡✉r ♦❜s❡r✈❡ ❛❧♦rs ❧❛ ❞é❢♦r♠é❡
rés✐❞✉❡❧❧❡ wr❡s✳ ❈❡tt❡ ♣❡rt✉r❜❛t✐♦♥ rés✐❞✉❡❧❧❡ ❡st ❝❛r❛❝tér✐st✐q✉❡ ❞❡s ❞é❢♦r♠❛t✐♦♥s ❛✛❡❝✲
t❛♥t ❧❡s ♦❜s❡r✈❛t✐♦♥s ❛str♦♣❤②s✐q✉❡s ❡✛❡❝t✉é❡s ❡♥ ♣❛r❛❧❧è❧❡ ❞❡ ❧❛ ❝♦rr❡❝t✐♦♥✱ ❛✉① ❡✛❡ts
❞✬✐s♦♣❧❛♥ét✐s♠❡ ♣rès✳

➚ ♣❛rt✐r ❞❡s s②stè♠❡s ❞✬❛♥❛❧②s❡✉rs ❡t ❞❡ ♠✐r♦✐rs ❞é❢♦r♠❛❜❧❡s ♣rés❡♥tés ❞❛♥s ❧❡s
s❡❝t✐♦♥s ♣ré❝é❞❡♥t❡s✱ ✐❧ ❢❛✉t ❝♦♥❝❡✈♦✐r ✉♥ ❝♦rr❡❝t❡✉r ♣❡r♠❡tt❛♥t ❞✬❛tt❡✐♥❞r❡ ❧❡s ♣❡r✲
❢♦r♠❛♥❝❡s s♣é❝✐✜é❡s ♣❛r ❧❡s ❜❡s♦✐♥s ❞❡s ❛str♦♥♦♠❡s✳ ❏❡ ❞é❝r✐s ❞❛♥s ✉♥ ♣r❡♠✐❡r t❡♠♣s
❧❡s ❝♦rr❡❝t❡✉rs ✉t✐❧✐sés ♣♦✉r ❞❡s s②stè♠❡s ❞✬❖❆♠❈ ❡①✐st❛♥ts✳ P✉✐s✱ ❥❡ ♣rés❡♥t❡ ❧❡s ♥♦✉✲
✈❡❧❧❡s ♣r♦❜❧é♠❛t✐q✉❡s ❞❡ s②♥t❤ès❡ ❞✉ ❝♦rr❡❝t❡✉r ✐♥tr♦❞✉✐t❡s ♣❛r ❧❡s ❝♦♥❝❡♣ts ❞✬♦♣t✐q✉❡
❛❞❛♣t❛t✐✈❡ ❞❡ ❝❤❛♠♣ ❧❛r❣❡ ❡t ❞❡ t♦♠♦❣r❛♣❤✐❡✳

✷✳✻✳✶ ❈♦rr❡❝t❡✉r ♣♦✉r ✉♥❡ ❖❆♠❈

❉❛♥s ✉♥❡ ♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ♠♦♥♦✲❝♦♥❥✉❣✉é❡ ✭❖❆♠❈✮✱ ❝♦♠♠❡ ❞❛♥s ✉♥❡ ♦♣t✐q✉❡
❛❞❛♣t❛t✐✈❡ ❡①trê♠❡ ✭❖❆❳✮ ❞✬❛✐❧❧❡✉rs✱ ❧❛ ❝♦rr❡❝t✐♦♥ ❡st ❝❛❧❝✉❧é❡ ♣♦✉r ❝♦rr✐❣❡r ❧❛ s✉r❢❛❝❡
❞✬♦♥❞❡ ✐ss✉❡ ❞❡ ❧✬ét♦✐❧❡ ❞❡ ré❢ér❡♥❝❡✳ ❊♥ ❝♦♥séq✉❡♥❝❡✱ ❝♦rr✐❣❡r ❧❡s ❞é❢♦r♠❛t✐♦♥s ❡st
éq✉✐✈❛❧❡♥t à ❛♥♥✉❧❡r ❧❡s ❞ér✐✈é❡s s♣❛t✐❛❧❡s ❞❡ w s✉r ❧❛ ♣✉♣✐❧❧❡✱ ❛✉tr❡♠❡♥t ❞✐t ❛♥♥✉❧❡r
❧❡s ♠❡s✉r❡s d s✬✐❧ ♥✬② ❛✈❛✐t ♣❛s ❞❡ ❜r✉✐t✳

❍✐st♦r✐q✉❡♠❡♥t✱ ❧❛ s②♥t❤ès❡ ❞✉ ❝♦rr❡❝t❡✉r ét❛✐t ❞é❝♦♠♣♦sé❡ ❡♥ ❞❡✉① ét❛♣❡s ❞✐s✲
t✐♥❝t❡s✱ ✉♥❡ ét❛♣❡ st❛t✐q✉❡✱ ❡t ❧✬❛✉tr❡ ❞②♥❛♠✐q✉❡✳ ▲✬ét❛♣❡ st❛t✐q✉❡ ✈✐s❡ ❧✬✐♥✈❡rs✐♦♥ ❞❡ ❧❛
❝❤❛î♥❡ ❞✐r❡❝t❡ ❞✉ s②stè♠❡ ❞✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡✳ ▲❛ ♣❛rt✐❡ ❞②♥❛♠✐q✉❡ ❞❡ ❧❛ ❝♦rr❡❝t✐♦♥
❡st s♦✉✈❡♥t ré❛❧✐sé❡ à ❧✬❛✐❞❡ ❞✬✉♥ ❝♦rr❡❝t❡✉r ❞❡ t②♣❡ ✐♥té❣r❛t❡✉r✳ ❆✜♥ ❞❡ ré❛❧✐s❡r ❝❡s
❞❡✉① ét❛♣❡s✱ ✐❧ ❢❛✉t ♠♦❞é❧✐s❡r ❧❛ ❝❤❛î♥❡ ❞✐r❡❝t❡ ❞❡ ❧✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡✱ ❝❡ q✉✐ ❡st ❢❛✐t
❞❛♥s ❧❡ ♣r♦❝❤❛✐♥ ♣❛r❛❣r❛♣❤❡✳ ❊♥s✉✐t❡✱ ❥❡ ❞é❝r✐s ❧❡ ♣r♦❝❡ss✉s ❞❡ s②♥t❤ès❡ ❞✬✉♥ ❝♦rr❡❝t❡✉r
❞❡ t②♣❡ ✐♥té❣r❛t❡✉r ❡♥ ♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡✳

▲❛ ❢♦♥❝t✐♦♥ ❞❡ tr❛♥s❢❡rt ❞❡ ❧❛ ❝❤❛î♥❡ ❞✐r❡❝t❡

▲❛ ❝❤❛î♥❡ ❞✐r❡❝t❡ ❝♦rr❡s♣♦♥❞ ❛✉ tr❛♥s❢❡rt ❞❡ ❧✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ❡♥tr❡ ❧✬❡♥tré❡ a

❡t ❧❛ s♦rt✐❡ d✱ ❝✬❡st✲à✲❞✐r❡ à ❧✬❡♥s❡♠❜❧❡ ④▼❉ ✰ ❆❙❖⑥ ✐❧❧✉stré ♣❛r ❧❡ s❝❤é♠❛ ❡♥ ❤❛✉t ❞❡
❧❛ ✜❣✉r❡ ✷✳✶✸✳

−1

d
ASOMD

a

da
z   G

❋✐❣✳ ✷✳✶✸ ✕ ❈❤❛î♥❡ ❞✐r❡❝t❡ ❞❡ ❧✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡✳ ❊♥ ❤❛✉t ✿ ❙❝❤é♠❛ ❞❡ ♣r✐♥❝✐♣❡✳ ❊♥
❜❛s ✿ ❘❡♣rés❡♥t❛t✐♦♥ à ♣❛rt✐r ❞❡ ❧❛ ❢♦♥❝t✐♦♥ ❞❡ tr❛♥s❢❡rt ❞✉ s②stè♠❡ ❞❛♥s ❧❡ ❝❛s ❞✬✉♥❡
♠♦❞é❧✐s❛t✐♦♥ ❧✐♥é❛✐r❡ ❡t ❞✐s❝rèt❡✳

▲❛ ❞②♥❛♠✐q✉❡ ❞✉ ♠✐r♦✐r ❞é❢♦r♠❛❜❧❡ ❡st ❣é♥ér❛❧❡♠❡♥t ♥é❣❧✐❣❡❛❜❧❡ ❡♥ ♦♣t✐q✉❡ ❛❞❛♣✲
t❛t✐✈❡✳ ▲✬❛♥❛❧②s❡✉r ❛ ❡♥ r❡✈❛♥❝❤❡ ✉♥❡ ❞②♥❛♠✐q✉❡ ♥♦♥ ♥é❣❧✐❣❡❛❜❧❡✱ ♣✉✐sq✉❡ ❧❡ ❞ét❡❝t❡✉r
❞♦✐t ✐♥té❣r❡r ❧✬✐♥t❡♥s✐té r❡ç✉❡ ❞❡ ❧✬ét♦✐❧❡ ❞❡ ré❢ér❡♥❝❡ ♣❡♥❞❛♥t ✉♥ ❝❡rt❛✐♥ t❡♠♣s✳ ▲✬♦♣é✲
r❛t✐♦♥ ❞❡ ♠♦②❡♥♥❡ t❡♠♣♦r❡❧❧❡ ❞✉ s✐❣♥❛❧ éq✉✐✈❛❧❡♥t❡ à ❝❡ t❡♠♣s ❞❡ ♣♦s❡ ❛ ✉♥ ❡✛❡t
♥é❣❧✐❣❡❛❜❧❡ s✉r ❧❛ s②♥t❤ès❡ ❞✉ ❝♦rr❡❝t❡✉r ♣♦✉r ❧❡s ♣❡r❢♦r♠❛♥❝❡s r❡❝❤❡r❝❤é❡s ❡♥ ♦♣t✐q✉❡
❛❞❛♣t❛t✐✈❡✳ ❈❡♣❡♥❞❛♥t✱ ❧❡ r❡t❛r❞ ❛✈❡❝ ❧❡q✉❡❧ ❧❡s ♠❡s✉r❡s ❞❡ ❧✬❛♥❛❧②s❡✉r ❞❡✈✐❡♥♥❡♥t ❛❝✲



✻✵ ❈❍❆P■❚❘❊ ✷✳ ▲✬❖P❚■◗❯❊ ❆❉❆P❚❆❚■❱❊

❝❡ss✐❜❧❡s✱ ❞û à ❝❡ t❡♠♣s ❞❡ ♣♦s❡ ❡t à ❧❛ ❧❡❝t✉r❡ ❞✉ ❞ét❡❝t❡✉r✱ ❞♦✐t êtr❡ ♣r✐s ❡♥ ❝♦♠♣t❡
✭▼❛❞❡❝✱ ✶✾✾✾✮✳

❏❡ ❞✐s❝rét✐s❡ t❡♠♣♦r❡❧❧❡♠❡♥t ❧❡ ♠♦❞è❧❡ ❞✉ s②stè♠❡✱ ❛✈❡❝ ✉♥ ♣❛s ❞✬é❝❤❛♥t✐❧❧♦♥♥❛❣❡
t❡♠♣♦r❡❧ T é❣❛❧ à ❧❛ ♣ér✐♦❞❡ ❛✈❡❝ ❧❛q✉❡❧❧❡ ✉♥ ♥♦✉✈❡❛✉ ❥❡✉ ❞❡ ♠❡s✉r❡s ❞❡ ❧✬❛♥❛❧②s❡✉r ❞❡✲
✈✐❡♥t ❛❝❝❡ss✐❜❧❡✳ ❆❧♦rs ❧❛ tr❛♥s❢♦r♠é❡ ❡♥ z ❞❡ ❧❛ ❝❤❛î♥❡ ❞✐r❡❝t❡ ❞✉ s②stè♠❡ s✬é❝r✐t z−1G✱
❝♦♠♠❡ r❡♣rés❡♥té❡ ❡♥ ❜❛s ❞❡ ❧❛ ✜❣✉r❡ ✷✳✶✸✱ ♦ù G ❡st t♦✉❥♦✉rs ❧❛ ♠❛tr✐❝❡ ❞✬✐♥t❡r❛❝t✐♦♥
❞✉ s②stè♠❡✳

▲❛ ❞é✜♥✐t✐♦♥ ❞❡ ❧❛ ❢♦♥❝t✐♦♥ ❞❡ tr❛♥s❢❡rt ❡♥ t❡♠♣s ❞✐s❝r❡t ❡st r❛♣♣❡❧é❡ ❞❛♥s ❧✬❛♥✲
♥❡①❡ ❇✳

❏✬✐♥s✐st❡ s✉r ❧❡ ❢❛✐t q✉❡ ❧❡s tr❛♥s❢❡rts ❡♥ z s♦♥t ❡①♣r✐♠és ✐❝✐ ❡♥ ♠✉❧t✐✈❛r✐❛❜❧❡✱ ❝✬❡st✲
à✲❞✐r❡ ✱ q✉✬✐❧s s♦♥t ❢♦♥❝t✐♦♥ à ❧❛ ❢♦✐s ❞❡ ❧❛ ❢réq✉❡♥❝❡ t❡♠♣♦r❡❧❧❡ ✭✈✐❛ z✮ ❡t ❞❡s ✈❛r✐❛❜❧❡s
✭s♣❛t✐❛❧❡s✮ ❞❡s ❡s♣❛❝❡s ❞✬❡♥tré❡ ❡t ❞❡ s♦rt✐❡ ❞❡s ❜❧♦❝s ✭❆❙❖✱ ▼❉✱ ❡t❝✮✳

▼❛✐♥t❡♥❛♥t q✉❡ ❧✬♦♥ ❝♦♥♥❛ît ❧❡ tr❛♥s❢❡rt ❞✉ s②stè♠❡ ④ ▼❉ ✰ ❆❙❖ ⑥✱ ✐❧ ❡st ♣♦ss✐❜❧❡
❞❡ s②♥t❤ét✐s❡r ✉♥ ❝♦rr❡❝t❡✉r ♣♦✉r ❧✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ❡♥ ❜♦✉❝❧❡ ❢❡r♠é❡ s❝❤é♠❛t✐sé❡ s✉r
❧❛ ✜❣✉r❡ ✷✳✶✷✱ ❛✜♥ ❞❡ ré❣✉❧❡r ❧❛ s♦rt✐❡ d✳ ▲❡s s♣é❝✐✜❝❛t✐♦♥s ❞❡ ❝❡ s②stè♠❡ ❜♦✉❝❧é s♦♥t
❡①♣r✐♠é❡s à ♣❛rt✐r ❞❡s ♠❡s✉r❡s d✳ ❊♥ ré❣✐♠❡ tr❛♥s✐t♦✐r❡✱ ❡❧❧❡s ❝♦♥❝❡r♥❡♥t ❧❛ r❛♣✐❞✐té ❡t
❧✬❛♠♦rt✐ss❡♠❡♥t✳ ❊♥ ré❣✐♠❡ ♣❡r♠❛♥❡♥t✱ ♦♥ ét✉❞✐❡ ❧❛ ♣ré❝✐s✐♦♥ ❡t ❧❛ st❛❜✐❧✐té ❞❡ d✳

▲❛ ❧♦✐ ❞❡ ❝♦♠♠❛♥❞❡ ✉t✐❧✐sé❡ ❞❛♥s ❧❡s s②stè♠❡s ❞✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ♠♦♥♦✲❝♦♥❥✉❣✉é❡
✭❖❆♠❈✮ s✉r ❧❡ ❝✐❡❧ ❡st ❞❡ t②♣❡ ✐♥té❣r❛❧❡✳

❈♦rr❡❝t❡✉r ✐♥té❣r❛t❡✉r s❝❛❧❛✐r❡

▲❡s ♣r❡♠✐❡rs s②stè♠❡s ❞✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡✱ ❝♦♠♠❡ ❈❖▼❊✲❖◆✱ ét❛✐❡♥t s②♥t❤ét✐sés
❡♥ ❞é❝♦✉♣❧❛♥t ❧❡s ❛s♣❡❝ts t❡♠♣♦r❡❧s ❞❡s ❛✉tr❡s ✈❛r✐❛❜❧❡s ❞✉ s②stè♠❡✳ ▲❡ ❝♦rr❡❝t❡✉r ❡st
❛✐♥s✐ ❝♦♠♣♦sé ❞❡ ❞❡✉① é❧é♠❡♥ts s❝❤é♠❛t✐sés ♣❛r ❧❡s ❞❡✉① ❜❧♦❝s ♣❧❛❝és ❡♥ sér✐❡ à ❧❛ ♣❧❛❝❡
❞✉ ❝♦rr❡❝t❡✉r ❞❛♥s ❧❡ ❞✐❛❣r❛♠♠❡ ❞❡ ❧❛ ✜❣✉r❡ ✷✳✶✹✳
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z  So
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Q(z)

a
Mo++

−
+ G+w w wres

❋✐❣✳ ✷✳✶✹ ✕ ❘❡♣rés❡♥t❛t✐♦♥ ❞❡s tr❛♥s❢❡rts ❞✬✉♥❡ ♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ❞❛♥s ❧❡ ❝❛s ❞✬✉♥❡
♠♦❞é❧✐s❛t✐♦♥ ❧✐♥é❛✐r❡ ❡t ❡♥ t❡♠♣s ❞✐s❝r❡t✳ ▲❡s ♠♦❞è❧❡s ♥♦♠✐♥❛✉① ❞❡ ❧✬❛♥❛❧②s❡✉r ❡t ❞✉
♠✐r♦✐r ❞é❢♦r♠❛❜❧❡ s♦♥t ❞és✐❣♥és ♣❛r z−1So ❡t Mo r❡s♣❡❝t✐✈❡♠❡♥t✳

❉❛♥s ❧❡ ♣r❡♠✐❡r ❜❧♦❝✱ G+ ❡st ✉♥❡ ✐♥✈❡rs❡ ❣é♥ér❛❧✐sé❡ ♦✉ ✉♥❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❞❡
❧✬✐♥✈❡rs❡ ❞✉ ♣r♦❝❡ss✉s ❞é❝r✐t ♣❛r G✳ ❈❡❝✐ ♣❡r♠❡t ❞❡ ♣❛ss❡r ❞❡ ❧✬❡s♣❛❝❡ ❞❡s ♠❡s✉r❡s à
❧✬❡s♣❛❝❡ ❞❡s ❝♦♠♠❛♥❞❡s✱ ♣♦✉r ❛♣♣❧✐q✉❡r ✉♥❡ ❝♦rr❡❝t✐♦♥ q✉✐ rét❛❜❧✐r❛ ❧❛ s♦rt✐❡ ❞és✐ré❡✳ ❈❡
❜❧♦❝ ❝♦♥st✐t✉❡ ❧❛ ♣❛rt✐❡ st❛t✐q✉❡ ❞✉ ❝♦rr❡❝t❡✉r✱ ❛✉ s❡♥s ♦ù ✐❧ ❡st ❞é✜♥✐ ✐♥❞é♣❡♥❞❛♠♠❡♥t
❞❡s ❞②♥❛♠✐q✉❡s ❞✉ s②stè♠❡ ❡t ❞❡s ♣❡rt✉r❜❛t✐♦♥s✳

❉❛♥s ❧❡ ❞❡✉①✐è♠❡ ❜❧♦❝✱ ♦♥ tr♦✉✈❡ ❧❛ ❧♦✐ ❞❡ ❝♦♠♠❛♥❞❡ ♣r♦♣r❡♠❡♥t ❞✐t❡✱ ❧✬✐♥té❣r❛t❡✉r
s❝❛❧❛✐r❡

Q(z) =
Ki

1− z−1
, ✭✷✳✶✾✮

♦ù Ki ❞és✐❣♥❡ ❧❡ ❣❛✐♥ ❞❡ ❧✬✐♥té❣r❛t❡✉r✳
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❈❡ t②♣❡ ❞❡ ❝♦rr❡❝t✐♦♥ ❛ ✉♥❡ ❧✐♠✐t❛t✐♦♥ ♠❛❥❡✉r❡✳ ◗✉❛♥❞ ❧❛ ❞✐♠❡♥s✐♦♥ ❞❡ d ❛✉❣♠❡♥t❡
❡♥ ♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡✱ ❝✬❡st q✉❡ ❧✬♦♥ s♦✉❤❛✐t❡ ❝♦rr✐❣❡r ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ ❞❛♥s ✉♥ ❡s♣❛❝❡
❞❡ ♣♦ss✐❜✐❧✐tés ❞❡ ♣❡rt✉r❜❛t✐♦♥s ✭♦✉ ❞❡ ♠♦❞❡s✮ ❞❡ ♣❧✉s ❡♥ ♣❧✉s ❣r❛♥❞✳ ❖r t♦✉s ❝❡s
♠♦❞❡s ❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ ♥✬é✈♦❧✉❡♥t ♣❛s ❛✈❡❝ ❧❛ ♠ê♠❡ ❞②♥❛♠✐q✉❡ ✭❈♦♥❛♥ ❡t ❛❧✳✱ ✾✺✮✳
■❧ ❡st ❞♦♥❝ ♣é♥❛❧✐s❛♥t ❞❡ ❞é✜♥✐r ✉♥❡ s❡✉❧❡ ❧♦✐ ❞❡ ❝♦♠♠❛♥❞❡ ❛♣♣❧✐q✉é❡ ✉♥✐❢♦r♠é♠❡♥t
s✉r ❧✬❡s♣❛❝❡ ❞❡s ♣❛r❛♠ètr❡s✳

❈♦rr❡❝t❡✉r ✐♥té❣r❛t❡✉r ♠♦❞❛❧

❯♥❡ ❛♠é❧✐♦r❛t✐♦♥ ❞❡ ❝❡ ❝♦rr❡❝t❡✉r ❝♦♥s✐st❡ à tr❛♥s❢♦r♠❡r ❧❡ s②stè♠❡ ❞✬♦♣t✐q✉❡ ❛❞❛♣✲
t❛t✐✈❡ à na ✈❛r✐❛❜❧❡s ❞✬❡♥tré❡ ❡♥ na s②stè♠❡s ❞✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ♠♦♥♦✲❡♥tré❡ ✐♥❞é✲
♣❡♥❞❛♥ts✱ ❢♦♥❝t✐♦♥♥❛♥t ❡♥ ♣❛r❛❧❧è❧❡✳ ●❡♥❞r♦♥ ❡t ▲❡♥❛ ✭✶✾✾✹✮ ♦♥t ♠♦♥tré q✉❡ ❝❡❝✐ ét❛✐t
♣♦ss✐❜❧❡ s✐ ❝❤❛❝✉♥ ❞❡s na s②stè♠❡s ♠♦♥♦✲❡♥tré❡ ❝♦♠♠❛♥❞❡ ✉♥ ♠♦❞❡ s♣❛t✐❛❧ ♣r♦♣r❡ ❞✉
s②stè♠❡✱ ✐✳❡✳ ✉♥ ✈❡❝t❡✉r ♣r♦♣r❡ ❞❡ ❧❛ ♠❛tr✐❝❡ s②♠étr✐q✉❡ ♣♦s✐t✐✈❡ (GT ·G)✳ ❊♥ ❡✛❡t✱
♦♥ ♣❡✉t ♥♦t❡r

(GT ·G) = V ·Λ ·VT , ✭✷✳✷✵✮

❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❡♥ ✈❛❧❡✉rs s✐♥❣✉❧✐èr❡s ✭❙❱❉✮✱ q✉✐ s♦♥t ❛✉ss✐ ❧❡s ✈❛❧❡✉rs ♣r♦♣r❡s✱ ❞❡
(GT ·G)✳ ▲❛ ♠❛tr✐❝❡ V ❡st ♦rt❤♦❣♦♥❛❧❡✱ ❝❡ q✉✐ s✐❣♥✐✜❡ q✉❡ VT ·V = V ·VT = I ❡t
Λ ❡st ❞✐❛❣♦♥❛❧❡✳ ❙✐ ❧❡ ♠♦❞è❧❡ ❞❡ ❧❛ ♠❛tr✐❝❡ ❞✬✐♥t❡r❛❝t✐♦♥ ❞✉ s②stè♠❡ ❡st ❝♦rr❡❝t✱ ❛❧♦rs
G = So ·Mo s✉r ❧❛ ✜❣✉r❡ ✷✳✶✹✳ ◗✉❡ G+ s♦✐t ❧❛ ♣s❡✉❞♦✲✐♥✈❡rs❡ ❞❡ G

G+ ·G =
(
GT ·G

)† ·GT ·G = V ·Λ† ·Λ ·VT , ✭✷✳✷✶✮

♦✉ ❜✐❡♥ q✉✬❡❧❧❡ s♦✐t ♦❜t❡♥✉❡ ♣❛r ❙❱❉ tr♦♥q✉é❡

G+ ·G = V ·Λ+ ·Λ ·VT , ♦ù Λ+
ii =

{
1/Λii s✐ Λii > ǫ > 0
0 s✐♥♦♥ .

. ✭✷✳✷✷✮

❧❛ ♠❛tr✐❝❡ ♦rt❤♦❣♦♥❛❧❡ VT ❞é✜♥✐t ✉♥ ❝❤❛♥❣❡♠❡♥t ❞❡ ✈❛r✐❛❜❧❡s à ♣❛rt✐r ❞❡ ❧✬❡s♣❛❝❡ ❞❡s
❛❝t✐♦♥♥❡✉rs t❡❧ q✉❡ ❧❡ s②stè♠❡ ❞❡ ❝♦♠♠❛♥❞❡ ♣♦✉r ❝❤❛❝✉♥ ❞❡s ♠♦❞❡s ♣r♦♣r❡s ✭✈❡❝t❡✉rs
❝♦❧♦♥♥❡s ❞❡ VT✮ s♦✐t ❞é❝♦✉♣❧é ❞❡s ❛✉tr❡s✳

❉❛♥s ❝❤❛❝✉♥ ❞❡ ❝❡s s♦✉s✲❡s♣❛❝❡s✱ ❧❡s ❞✐❛❣r❛♠♠❡s ♠♦♥♦✲✈❛r✐❛❜❧❡s éq✉✐✈❛❧❡♥ts à ❝❡❧✉✐
❞❡ ❧❛ ✜❣✉r❡ ✷✳✶✹ ♥❡ ❢♦♥t ♣❧✉s ✐♥t❡r✈❡♥✐r q✉✬✉♥ ❜❧♦❝ z−1 ♣♦✉r ❧✬❛♥❛❧②s❡✉r ❡t ✉♥ ❜❧♦❝ Q(z)
♣♦✉r ❧❡ ❝♦rr❡❝t❡✉r ❀ ❧❡s ❛✉tr❡s ❜❧♦❝s ❞✐s♣❛r❛✐ss❡♥t✳ ▲❡s s②stè♠❡s ét❛♥t ❞é❝♦✉♣❧és✱ ✐❧ ❡st
✜♥❛❧❡♠❡♥t ♣♦ss✐❜❧❡ ❞❡ ❞é✜♥✐r ✉♥ ❝♦rr❡❝t❡✉r Qi(z) s♣é❝✐✜q✉❡ à ❝❤❛q✉❡ ♠♦❞❡ ♣r♦♣r❡✳

❊♥ ♣r❛t✐q✉❡✱ ❧❡ ❞é❝♦✉♣❧❛❣❡ ❞❡s s②stè♠❡s ♥é❝❡ss✐t❡ ❞❛♥s ❝❡ ❝❛s ❞❡ ♣ré❝❛❧❝✉❧❡r ❧❛
❞é❝♦♠♣♦s✐t✐♦♥ ❡♥ ✈❛❧❡✉rs s✐♥❣✉❧✐èr❡s ❞❡ ❧❛ ♠❛tr✐❝❡ ❞✬✐♥t❡r❛❝t✐♦♥ G ❞✉ s②stè♠❡✱ ❛✜♥ ❞❡
❝♦♥♥❛îtr❡ ❧❡s ♠❛tr✐❝❡s ❞❡ ♣❛ss❛❣❡ ❞❛♥s ❧❡s ❡s♣❛❝❡s ❞❡ ♠♦❞❡s s✐♥❣✉❧✐❡rs ♣♦✉r ❧❛ ❝♦♠♠❛♥❞❡
a ❡t ❧❡s ♠❡s✉r❡s d✳

❊❧❧❡r❜r♦❡❦ ❡t ❛❧✳ ✭✶✾✾✹✮ ♦♥t ❣é♥ér❛❧✐sé ❝❡tt❡ ❛♣♣r♦❝❤❡ ♠♦❞❛❧❡ ❞❡ ❧❛ ❝♦rr❡❝t✐♦♥
à ❞✬❛✉tr❡s ❛♣♣r♦①✐♠❛t✐♦♥s G+ ❞❡ ❧✬✐♥✈❡rs❡ ❞❡ ❧❛ ♠❛tr✐❝❡ ❞✬✐♥t❡r❛❝t✐♦♥ G✱ ❛✈❡❝ ❧❛
❝♦♥tr❛✐♥t❡ q✉❡ G+ ·G s♦✐t ✉♥❡ ♠❛tr✐❝❡ ❞✐❛❣♦♥❛❧❡✳ ❚♦✉t❡❢♦✐s✱ ❝❡tt❡ ❢♦✐s✲❝✐✱ ❧❡s ♠♦❞❡s ♦r✲
t❤♦❣♦♥❛✉① ❡t ❧❡s ❣❛✐♥s ❞❡s ✐♥té❣r❛t❡✉rs s♦♥t ❞é❞✉✐ts ❞✬✉♥❡ ♦♣t✐♠✐s❛t✐♦♥ t❡♥❛♥t ❝♦♠♣t❡ à
❧❛ ❢♦✐s ❞❡ ❧❛ ♣r♦♣❛❣❛t✐♦♥ ❞✉ ❜r✉✐t ❞❛♥s ❧❛ ❝♦♠♠❛♥❞❡ ❡t ❞❡ ❧❛ ❞②♥❛♠✐q✉❡ ❞❡ ❧❛ t✉r❜✉❧❡♥❝❡
s♣é❝✐✜q✉❡s à ❝❡s ❞✐✛ér❡♥ts ♠♦❞❡s✳

❉❛♥s ❧❛ s✉✐t❡ ❞❡ ❝❡ ♠❛♥✉s❝r✐t✱ ❥✬❡♥t❡♥❞s ♣❛r ❝♦rr❡❝t❡✉r ♠♦❞❛❧ ✉♥ ❝♦rr❡❝t❡✉rQ(z) ·G+✱
t❡❧ q✉❡ G+ ·G s♦✐t ✉♥ ♠❛tr✐❝❡ ❞✐❛❣♦♥❛❧✐s❛❜❧❡ ❞❛♥s ✉♥❡ ❜❛s❡ ❞❡ ♠♦❞❡s ♦rt❤♦❣♦♥❛✉① ❞❡
❧✬❡s♣❛❝❡ ❞❡ ❝♦♠♠❛♥❞❡ ✭❛❝t✐♦♥♥❡✉rs✮ ❡t q✉❡ Q(z) s♦✐t ❞✐❛❣♦♥❛❧ ❞❛♥s ❝❡tt❡ ♠ê♠❡ ❜❛s❡✳



✻✷ ❈❍❆P■❚❘❊ ✷✳ ▲✬❖P❚■◗❯❊ ❆❉❆P❚❆❚■❱❊

P❧✉s✐❡✉rs ❝♦rr❡❝t❡✉rs ♠♦❞❛✉① ❛✈❡❝ ✉♥ ✐♥té❣r❛t❡✉r ♦♥t été ♠✐s ❡♥ ♦❡✉✈r❡ ❛✈❡❝ s✉❝✲
❝ès s✉r ❞❡s s②stè♠❡s ❞✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ❡♥ ❛str♦♥♦♠✐❡✳ ❖♥ ♣❡✉t ❝✐t❡r ♥♦t❛♠♠❡♥t
❈❖▼❊✲❖◆ P▲❯❙ ♣♦✉r ❧✬❊❙❖ ✭●❡♥❞r♦♥ ❡t ▲❡♥❛✱ ✶✾✾✺✮✱ ❧❡ s②stè♠❡ P❯❊❖ ❞✉ ❚é❧❡s✲
❝♦♣❡ ❈❛♥❛❞❛✲❋r❛♥❝❡✲❍❛✇❛✐✐ ✭❘✐❣❛✉t ❡t ❛❧✳✱ ✶✾✾✽✮✱ ❆❧t❛ïr s✉r ❧❡ té❧❡s❝♦♣❡ ●❡♠✐♥✐ ◆♦r❞✱
♦✉ ❡♥❝♦r❡ ◆❆❖❙ ❛✉ ❱❡r② ▲❛r❣❡ ❚é❧❡s❝♦♣❡ ✭❊❙❖✮✳

❉✬❛✉tr❡s ❝♦rr❡❝t❡✉rs ♠♦❞❛✉① ♦♥t été ét✉❞✐és ❞❛♥s ❧❡ ♣❛ssé ♣♦✉r ❞❡s s②stè♠❡s ❞✬❖❆♠❈✳
▼❛❞❡❝ ✭✶✾✾✾✮ ❛ ❝♦♠♣❛ré ❧❡s ♣❡r❢♦r♠❛♥❝❡s ❞❡ ♣❧✉s✐❡✉rs ❝❤♦✐① ♣♦ss✐❜❧❡s ❞❡ ❝♦rr❡❝t❡✉rs
♠♦❞❛✉① ✿ ✉♥ ✐♥té❣r❛t❡✉r ♣✉r✱ ✉♥ ♣r♦♣♦rt✐♦♥♥❡❧ ✐♥té❣r❛t❡✉r✱ ❡t ✉♥ ✐♥té❣r❛t❡✉r ❛✈❡❝
♣ré❞✐❝t❡✉r ❞❡ ❙♠✐t❤✳ ❉❡ss❡♥♥❡ ❡t ❛❧✳ ✭✶✾✾✽✮ ♦♥t ❣é♥ér❛❧✐sé ❧✬❛♣♣r♦❝❤❡ ♠♦❞❛❧❡ à ❞❡s
❝♦rr❡❝t❡✉rs ❛r❜✐tr❛✐r❡s✱ ❞❛♥s ❧❡ ❜✉t ♣❛rt✐❝✉❧✐❡r ❞❡ ❞ét❡r♠✐♥❡r ✉♥ ♣ré❞✐❝t❡✉r✳

✷✳✻✳✷ ❈♦rr❡❝t❡✉r ♣♦✉r ✉♥❡ ♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ❡♥ ❝❤❛♠♣ ❧❛r❣❡ ♦✉ ❡♥
t♦♠♦❣r❛♣❤✐❡

❈❡tt❡ ❛♣♣r♦❝❤❡ ♥✬❡st ♣❛s ❢❛❝✐❧❡♠❡♥t ❛❞❛♣t❛❜❧❡ ❛✉① ♥♦✉✈❡❛✉① ❝♦♥❝❡♣ts ❞✬♦♣t✐q✉❡
❛❞❛♣t❛t✐✈❡✳

❈♦♠♠❡ ♣ré❝✐sé à ❧❛ s❡❝t✐♦♥ ✷✳✺✱ ❧❛ ♠❛tr✐❝❡ ❞✬✐♥t❡r❛❝t✐♦♥ G ❞✉ s②stè♠❡ ❞♦✐t êtr❡
r❡❝❛❧❝✉❧é❡ à ❝❤❛q✉❡ ♥♦✉✈❡❧❧❡ ❝♦♥✜❣✉r❛t✐♦♥ ❞✬❛♥❛❧②s❡✳ ❉♦♥❝ s❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❡♥ ♠♦❞❡s
s✐♥❣✉❧✐❡rs ❞♦✐t é❣❛❧❡♠❡♥t êtr❡ r❡❝❛❧❝✉❧é❡✱ ♣♦✉r r❡❞é✜♥✐r ❧❡s ✈❡❝t❡✉rs ♣r♦♣r❡s ❛ss♦❝✐és ❛✉
❝♦♥trô❧❡ ♠♦❞❛❧✳ ❈❡❝✐ r❡♣rés❡♥t❡ ❞✉ t❡♠♣s ❞❡ ❝❛❧✐❜r❛t✐♦♥ ❡t ❞✉ t❡♠♣s ❞❡ ♣ré❝❛❧❝✉❧ ❛✈❛♥t
❝❤❛q✉❡ sér✐❡ ❞✬♦❜s❡r✈❛t✐♦♥s✳ ▲✬❛✈❛♥t❛❣❡ ❞❡s s②stè♠❡s à ét♦✐❧❡s ❞❡ ré❢ér❡♥❝❡ ❧❛s❡r ❡st q✉❡
❧❛ ❞✐s♣♦s✐t✐♦♥ ❞❡s ét♦✐❧❡s ❛rt✐✜❝✐❡❧❧❡s ❞❛♥s ❧❡ ❝❤❛♠♣ ♣❡✉t êtr❡ ✜❣é❡ ❡t ❛❧♦rs ❧❛ ♠❛tr✐❝❡
❞✬✐♥t❡r❛❝t✐♦♥ ❡st ❝♦♥st❛♥t❡ ✈✐s✲à✲✈✐s ❞❡ ❝❡s ❞✐r❡❝t✐♦♥s ❞✬❛♥❛❧②s❡✳ ■❧ ♥❡ r❡st❡ ❛❧♦rs ♣❧✉s
q✉✬à ✐♥té❣r❡r ❧❛ ♣❛rt✐❡ ❞❡ ❧❛ ♠❛tr✐❝❡ ❞✬✐♥t❡r❛❝t✐♦♥ q✉✐ t✐❡♥t ❝♦♠♣t❡ ❞❡s ét♦✐❧❡s ♥❛t✉r❡❧❧❡s
♣♦✉r ❧❡s ❜❛ss❡s ❢réq✉❡♥❝❡s s♣❛t✐❛❧❡s ✭❜❛s❝✉❧❡♠❡♥ts ♣r✐♥❝✐♣❛❧❡♠❡♥t✮ ❞❡ ❧❛ ♣❡r✉r❜❛t✐♦♥✳

P❛r ❛✐❧❧❡✉rs✱ ♣♦✉r ❧❛ ❝♦rr❡❝t✐♦♥ à ❧✬❛✐❞❡ ❞❡ ♣❧✉s✐❡✉rs ♠✐r♦✐rs✱ ❧✬✐♥✈❡rs✐♦♥ ❞❡ ❧❛ ♠❛tr✐❝❡
❞✬✐♥t❡r❛❝t✐♦♥✱ ✐✳❡✳ ❧❛ ♣❛rt✐❡ st❛t✐q✉❡ ❞✉ ❝♦rr❡❝t❡✉r✱ ❞❡✈✐❡♥t ♣❧✉s ❝♦♠♣❧❡①❡✳ ❊♥ ❡✛❡t✱ ❧✬✉t✐✲
❧✐s❛t✐♦♥ ❞❡ ♠✐r♦✐rs ❝♦♥❥✉❣✉és à ❞❡s ❛❧t✐t✉❞❡s ❞✐✈❡rs❡s ♣r♦✈♦q✉❡ ❧✬❛♣♣❛r✐t✐♦♥ ❞❡ ♠♦❞❡s
♥♦♥ ✈✉s✱ ❞❛♥s ❧❡s ❞✐r❡❝t✐♦♥s ❞✬❛♥❛❧②s❡✱ ❞❡ ❢réq✉❡♥❝❡s s♣❛t✐❛❧❡s s✉✣s❛♠♠❡♥t ❜❛ss❡s ♣♦✉r
❞é❣r❛❞❡r s✐❣♥✐✜❝❛t✐✈❡♠❡♥t ❧❡s ♦❜s❡r✈❛t✐♦♥s ❞❛♥s ❞✬❛✉tr❡s ❞✐r❡❝t✐♦♥s ✭▲❡ ❘♦✉① ❡t ❛❧✳✱
✷✵✵✹✮✳ ■❧ ❡st ♥é❝❡ss❛✐r❡ ❞❡ ❧❡✈❡r ❝❡s ❞é❣é♥ér❡s❝❡♥❝❡s ❧♦rs ❞❡ ❧✬✐♥✈❡rs✐♦♥ ❞❡ ❧❛ ♠❛tr✐❝❡
❞✬✐♥t❡r❛❝t✐♦♥✱ ♦✉ ❧♦rs ❞❡ ❧❛ ❞ét❡r♠✐♥❛t✐♦♥ ❞❡ ❧✬❡s♣❛❝❡ ♠♦❞❛❧ à ❝♦♥s✐❞ér❡r ♣♦✉r ❧❡ ❝♦r✲
r❡❝t❡✉r✳ ▲❛ ré❣✉❧❛r✐s❛t✐♦♥ ❞❡ ❝❡tt❡ ✐♥✈❡rs✐♦♥ ❞♦✐t r❡♣♦s❡r s✉r ❞❡s ❛ ♣r✐♦r✐ ❝♦♥❝❡r♥❛♥t ❧❛
s✉r❢❛❝❡ ❞✬♦♥❞❡ t✉r❜✉❧❡♥t❡ ❛✉ ♥✐✈❡❛✉ ❞❡s ❝♦✉❝❤❡s ❛t♠♦s♣❤ér✐q✉❡s ♣❡rt✉r❜é❡s ♠♦❞é❧✐sé❡s✳
❈❡ ❜❡s♦✐♥ s♣é❝✐✜q✉❡ ❛✉① s②stè♠❡s ❞✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ❝♦♠♣♦rt❛♥t ♣❧✉s✐❡✉rs ♠✐r♦✐rs
❞é❢♦r♠❛❜❧❡s r❡q✉✐❡rt ❞♦♥❝ ❧✬✐♥tr♦❞✉❝t✐♦♥ ❞✬✉♥ ❡s♣❛❝❡ s✉♣♣❧é♠❡♥t❛✐r❡ ❞❛♥s ❧❛ ♠♦❞é❧✐s❛✲
t✐♦♥ ❞✉ s②stè♠❡ ✿ ❧✬❡s♣❛❝❡ ❞❡s s✉r❢❛❝❡s ❞✬♦♥❞❡ ❛✉① ❛❧t✐t✉❞❡s ❞❡ ❝♦♥❥✉❣❛✐s♦♥ ❞❡s ♠✐r♦✐rs
❞é❢♦r♠❛❜❧❡s✳

▲❛ ♠❛tr✐❝❡ ❞✬✐♥t❡r❛❝t✐♦♥ ❡st ❛❧♦rs ♠♦❞é❧✐sé❡ ❞❡ ❢❛ç♦♥ ❝♦♠♣♦sé❡

G = S(m) = S ·M . ✭✷✳✷✸✮

♦ù M ❡t S s♦♥t ❞❡s ♠❛tr✐❝❡s r❡♣rés❡♥t❛♥t ❧❡s ♠✐r♦✐rs ❡t ❧❡s ❛♥❛❧②s❡✉rs ❡♥ ✉t✐❧✐s❛♥t
✉♥❡ r❡♣rés❡♥t❛t✐♦♥ ♣❛r❛♠étr✐q✉❡ ❡♥tr❡ ❝❡s ❞❡✉① é❧é♠❡♥ts ❞❡s s✉r❢❛❝❡s ❞✬♦♥❞❡s ❛✉① ❞✐❢✲
❢ér❡♥t❡s ❛❧t✐t✉❞❡s w✳ ▲✬❡s♣❛❝❡ ❞❡ ❞é✜♥✐t✐♦♥ ❞❡s ♣❛r❛♠ètr❡s w ❝♦✉✈r❡ ❧✬❡s♣❛❝❡ ✐♠❛❣❡
❞❡s ♠✐r♦✐rs M✱ ❡♥❣❡♥❞ré ♣❛r ❧❡s ❢♦♥❝t✐♦♥s ❞✬✐♥✢✉❡♥❝❡ (mi)1≤i≤n❛ ✳ ❈❡t ❡s♣❛❝❡ ❞é✜♥✐t
é❣❛❧❡♠❡♥t ❧✬❡s♣❛❝❡ ❞❡ ❞é✜♥✐t✐♦♥ ❞❡ ❧❛ ♠❛tr✐❝❡ S✳

▲✬✐♥✈❡rs✐♦♥ ❞❡ G s❡ ❢❛✐t ❛❧♦rs ❡♥ ❞❡✉① ét❛♣❡s ✿ ❧✬✐♥✈❡rs✐♦♥ ❞✉ ♣r♦❝❡ss✉s ❞❡ ♠❡s✉r❡
S ❡t ❧✬✐♥✈❡rs✐♦♥ ❞✉ ♠✐r♦✐r ❞é❢♦r♠❛❜❧❡✳ ▲❡s ✐♥❝❡rt✐t✉❞❡s ❛ss♦❝✐é❡s à ❧❛ ❝♦♠♠❛♥❞❡ ❞✉ ♠✐✲
r♦✐r ❞é❢♦r♠❛❜❧❡ s♦♥t ❣é♥ér❛❧❡♠❡♥t ♥é❣❧✐❣❡❛❜❧❡s ❡♥ ♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡✳ ▲✬✐♥✈❡rs✐♦♥ ❞✉



✷✳✻✳ ▲✬❆❙❙❊❘❱■❙❙❊▼❊◆❚ ❉❯ ❙❨❙❚➮▼❊ ✻✸

♠✐r♦✐r ❞é❢♦r♠❛❜❧❡ ❡st ❞♦♥❝ ❡✛❡❝t✉é❡ ♣❛r ✉♥❡ s✐♠♣❧❡ ♣r♦❥❡❝t✐♦♥ F ❞❡s s✉r❢❛❝❡s ❞✬♦♥❞❡
s✉r ❧✬❡s♣❛❝❡ ❞❡s ❛❝t✐♦♥♥❡✉rs ✭❊❧❧❡r❜r♦❡❦✱ ✶✾✾✹❀ ❋✉s❝♦ ❡t ❛❧✳✱ ✷✵✵✶✮✳ ❊♥ r❡✈❛♥❝❤❡✱ ❧❡s ✐♥✲
❝❡rt✐t✉❞❡s ❞❡ ♠❡s✉r❡s ❞❡ ❧✬❛♥❛❧②s❡✉r s♦♥t ♣❧✉s ✐♠♣♦rt❛♥t❡s✱ à ❝❛✉s❡ ❞❡s ❞✐✈❡rs❡s s♦✉r❝❡s
❞❡ ❜r✉✐t ✐♥t❡r✈❡♥❛♥t ✿ ❜r✉✐t ❞❡ ♣❤♦t♦♥✱ ❜r✉✐t ❞❡ ❧❡❝t✉r❡ ❡t ❡rr❡✉r ❞❡ ❝❡♥tr❛❣❡ ❛✈❡❝ ✉♥
❙❤❛❝❦✲❍❛rt♠❛♥♥ ♣❛r ❡①❡♠♣❧❡✳ ❈✬❡st ♣♦✉r ❝❡tt❡ r❛✐s♦♥ q✉❡ ❧✬✐♥✈❡rs✐♦♥ ❞✉ ♣r♦❝❡ss✉s ❞❡
♠❡s✉r❡✱ S✱ ❡st tr❛✐té❡ ❝♦♠♠❡ ✉♥ ♣r♦❜❧è♠❡ ✐♥✈❡rs❡ ✭❝❢✳ ❝❤❛♣✐tr❡ ✹✮ ♣❛rt✐❝✉❧✐èr❡♠❡♥t ♣♦✉r
❧❡s s②stè♠❡s ❞✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ❞❡ ❝❤❛♠♣ ❧❛r❣❡ ❡t ❡♥ t♦♠♦❣r❛♣❤✐❡ ❧❛s❡r ✭❊❧❧❡r❜r♦❡❦✱
✶✾✾✹❀ ❋✉s❝♦ ❡t ❛❧✳✱ ✷✵✵✶✮✳ ▲✬✐♥✈❡rs✐♦♥ ❞✉ ♣r♦❝❡ss✉s ❞✉ ♠❡s✉r❡ ❡st ❞és✐❣♥é❡ ❞❛♥s t♦✉t
❝❡ ♠❛♥✉s❝r✐t ♣❛r ❧❡ t❡r♠❡ ❞❡ r❡❝♦♥str✉❝t✐♦♥✳ ▲❛ ❞ét❡r♠✐♥❛t✐♦♥ ❞✬✉♥ ❡st✐♠❛t❡✉r ♦♣t✐♠❛❧
R ♣♦✉r ❝❡tt❡ r❡❝♦♥str✉❝t✐♦♥ ❢❛✐t ❧✬♦❜❥❡t ❞✉ ❝❤❛♣✐tr❡ ✺✱ ❥❡ ♣ré❝✐s❡ s✐♠♣❧❡♠❡♥t ✐❝✐ q✉❡ ❧❛
♠❛tr✐❝❡ R ❝♦♠♣r❡♥❞ ✉♥ t❡r♠❡ ❞❡ ré❣✉❧❛r✐s❛t✐♦♥ ❛✜♥ ❞❡ ❞é✜♥✐r ✉♥❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❞❡
❧✬✐♥✈❡rs❡ ❞✉ ♣r♦❝❡ss✉s S✳

➚ ♣❛rt✐r ❞❡ F ❡t R✱ ✐❧ ❡st ❞♦♥❝ ♣♦ss✐❜❧❡ ❞❡ ❞é✜♥✐r ✉♥❡ ♥♦✉✈❡❧❧❡ ❛♣♣r♦①✐♠❛t✐♦♥

G+ = F ·R ✭✷✳✷✹✮

❈❡tt❡ s②♥t❤ès❡ ❞❡ ❧❛ ♣❛rt✐❡ st❛t✐q✉❡ ❞✉ ❝♦rr❡❝t❡✉r ❡st ét✉❞✐é❡ ❞❛♥s ❧❛ ♣❛rt✐❡ ■■ ❞❡ ❝❡
♠❛♥✉s❝r✐t✳

❙✐ R ❡st ✉♥ r❡❝♦♥str✉❝t❡✉r ❞❡ t②♣❡ ♠❛①✐♠✉♠ ❛ ♣♦st❡r✐♦r✐ ✭❝❢✳ ❝❤❛♣✐tr❡ ✹✮✱ G+ ·G
♥✬❡st ♣❧✉s ♥é❝❡ss❛✐r❡♠❡♥t ❞✐❛❣♦♥❛❧✐s❛❜❧❡ ✭♣❛r❝❡ q✉❡ ❧❛ s②♠étr✐❡ ♥✬❡st ♣❛s ❣❛r❛♥t✐❡✮✱ ❝❡
q✉✐ ♥❡ ♣❡r♠❡t ♣❛s ✉♥ ❞é❝♦✉♣❧❛❣❡ t❡❧ q✉✬❡✛❡❝t✉é ❞❛♥s ❧❛ s❡❝t✐♦♥ ♣ré❝é❞❡♥t❡✳ ■❧ ❡st ❛❧♦rs
♣♦ss✐❜❧❡ ❞❡ r❡❝♦♥s✐❞ér❡r ✉♥❡ str✉❝t✉r❡ ❞✬❛ss❡r✈✐ss❡♠❡♥t ✐❞❡♥t✐q✉❡ à ❝❡❧❧❡ ❞✉ ❜❛s ❞❡ ❧❛
✜❣✉r❡ ✷✳✶✹✱ ❛✈❡❝ G+ ❞é✜♥✐❡ ♣❛r ✉♥❡ ❢♦r♠❡ ❞✉ t②♣❡ ✭✷✳✷✹✮ ❡t Q(z) ✉♥ ❝♦rr❡❝t❡✉r s❝❛❧❛✐r❡✳

❉✬✉♥❡ ❢❛ç♦♥ ❡♥❝♦r❡ ♣❧✉s ❣é♥ér❛❧❡✱ ♦♥ ♣❡✉t r❡t❡♥✐r q✉❡ ♠ê♠❡ s✐ ✉♥ ❡s♣❛❝❡ ♠♦❞❛❧
❛❞éq✉❛t ❡st tr♦✉✈é ♣❡r♠❡tt❛♥t ✉♥ ❞é❝♦✉♣❧❛❣❡ s♣❛t✐❛❧ ❞❡ ❧❛ ❝♦♠♠❛♥❞❡✱ ❛❧♦rs ✐❧ ❢❛✉t
♣r❡♥❞r❡ ❝♦♥s❝✐❡♥❝❡ q✉❡ ❧❡ ❝❤❛♥❣❡♠❡♥t ❞❡ ✈❛r✐❛❜❧❡ ❡♥tr❡ ❧✬❡s♣❛❝❡ ❞❡s ♠❡s✉r❡s ❡♥ s♦rt✐❡
❞❡ ❧✬❛♥❛❧②s❡✉r ❡t ❝❡t ❡s♣❛❝❡ ♠♦❞❛❧ ♣♦✉r ❧❡s ♠❡s✉r❡s✱ ♦✉ ❧❡ ❝❤❛♥❣❡♠❡♥t ❞❡ ✈❛r✐❛❜❧❡ ❡♥tr❡
❧✬❡s♣❛❝❡ ❞❡ ❝♦♠♠❛♥❞❡ ❞❡s ✈♦❧t❛❣❡s s✉r ❧❡s ❛❝t✐♦♥♥❡✉rs ❡t ❧✬❡s♣❛❝❡ ♠♦❞❛❧ ♦rt❤♦❣♦♥❛❧
s♦✉❤❛✐té s♦♥t ❛ ♣r✐♦r✐ ❞é✜♥✐s ♣❛r ❞❡s ♠❛tr✐❝❡s ♣❧❡✐♥❡s ❞❡ ❞✐♠❡♥s✐♦♥ R

m×m ♦✉ R
n❛×n❛ ✳

▲✬❛♣♣❧✐❝❛t✐♦♥ ❞❡ t❡❧❧❡s ♠❛tr✐❝❡s à ❞❡s ✈❡❝t❡✉rs ❡♥ t❡♠♣s ré❡❧ ♣♦✉r ❧❡s ♦r❞r❡s ❞❡ ❣r❛♥❞❡✉r
❞❡ m ❡t n❛ ❡♥✈✐s❛❣és s✉r ✉♥ té❧❡s❝♦♣❡ ❤❡❝t♦♠étr✐q✉❡ r❡st❡ ♣r♦❜❧é♠❛t✐q✉❡✳ ❈❡❝✐ ❡st
❞ét❛✐❧❧é ❞❛♥s ❧❡ ♣r♦❝❤❛✐♥ ♣❛r❛❣r❛♣❤❡✳

❊♥✜♥✱ ♦♥ ♣❡✉t ♥♦t❡r q✉❡ ❧❡ ❝r✐tèr❡ ❞❡ ♣❡r❢♦r♠❛♥❝❡ ♣♦✉r ❧❡s s②stè♠❡s ❞✬♦♣t✐q✉❡
❛❞❛♣t❛t✐✈❡ à ♣❧✉s✐❡✉rs ♠✐r♦✐rs ❞é❢♦r♠❛❜❧❡s ❞♦✐t êtr❡ ❡①♣r✐♠é ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡s s✉r❢❛❝❡s
❞✬♦♥❞❡ ❡t ♥♦♥ ♣❧✉s ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡s ♠❡s✉r❡s✳ ❈❡❝✐ r❡♠❡t ❡♥ q✉❡st✐♦♥ ❧❡ ❝❤♦✐① ❞✬✉♥
❝♦rr❡❝t❡✉r ❞❡ t②♣❡ ✐♥té❣r❛t❡✉r s❝❛❧❛✐r❡✳ ▲❛ ♣❛rt✐❡ ■■■ ❞❡ ❝❡ ♠❛♥✉s❝r✐t ❡st ❝♦♥s❛❝ré❡ à
❧❛ ❞é✜♥✐t✐♦♥ ❞✬✉♥❡ ♥♦✉✈❡❧❧❡ ❝♦rr❡❝t✐♦♥ à ♣❛rt✐r ❞❡ ❧✬♦♣t✐♠✐s❛t✐♦♥ ❞✬✉♥ ❝r✐tèr❡ ❡①♣r✐♠é
❞❛♥s ❧✬❡s♣❛❝❡ ❞❡s s✉r❢❛❝❡s ❞✬♦♥❞❡✳

✷✳✻✳✸ ❈❛❧❝✉❧ ❡♥ t❡♠♣s ré❡❧ ❞❡ ❧❛ ❝♦rr❡❝t✐♦♥

▲✬❛rr✐✈é❡ ❞❡s ♥♦✉✈❡❛✉① s②stè♠❡s ❞✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ♥✬✐♠♣♦s❡ ♣❛s s❡✉❧❡♠❡♥t ✉♥❡
ré✈✐s✐♦♥ ❞❡ ❧❛ s②♥t❤ès❡ ❞✉ ❝♦rr❡❝t❡✉r ❞❛♥s s♦♥ ♣r✐♥❝✐♣❡✱ ❡❧❧❡ ❝♦♥❞✉✐t ❛✈❛♥t t♦✉t à ❞❡
♥♦✉✈❡❧❧❡s ❝♦♥tr❛✐♥t❡s ❛❧❣♦r✐t❤♠✐q✉❡s ❡t ❝✬❡st ❞❛♥s ❝❡ ❝♦♥t❡①t❡ ♣❛rt✐❝✉❧✐❡r q✉❡ ❧❡ tr❛✈❛✐❧
♣rés❡♥té ❛ été ♠❡♥é✳ ❏✬❡①♣❧✐q✉❡ ✐❝✐ ❝❡tt❡ ❝♦♥tr❛✐♥t❡✳

◗✉❡❧ q✉❡ s♦✐t ❧❡ t②♣❡ ❞✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡✱ ❞❡ ❝❤❛♠♣ r❡str❡✐♥t ♦✉ ❞❡ ❝❤❛♠♣ ❧❛r❣❡✱
❧❛ ♠❛tr✐❝❡ ❞❡ ❝♦♠♠❛♥❞❡ ❞✉ s②stè♠❡ G+ ❡st ✉♥❡ ♠❛tr✐❝❡ ♣❧❡✐♥❡✳ ❈❡❝✐ ♣r♦✈✐❡♥t ❞✉
❢❛✐t q✉❡ ❧✬❛♥❛❧②s❡✉r ♠❡s✉r❡ ❧❡s ❞ér✐✈é❡s s♣❛t✐❛❧❡s ❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡✳ ▲❛ ♠♦❞✐✜❝❛t✐♦♥
❞✬✉♥❡ ✈❛❧❡✉r ❞❡ ♠❡s✉r❡ ❛ ❞❡s ré♣❡r❝✉ss✐♦♥s s✉r t♦✉t❡s ❧❡s ❝♦♠♠❛♥❞❡s✳ ❆❝t✉❡❧❧❡♠❡♥t✱



✻✹ ❈❍❆P■❚❘❊ ✷✳ ▲✬❖P❚■◗❯❊ ❆❉❆P❚❆❚■❱❊

❞❛♥s ❧❡s ♣❧✉s ❣r❛♥❞s s②stè♠❡s ❞✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ❡♥ ❛str♦♥♦♠✐❡✱ ❧❛ ♠❛tr✐❝❡ G+ ❡st
❛♣♣❧✐q✉é❡ ❛✉ ✈❡❝t❡✉r ❞❡ ♠❡s✉r❡s ❛✜♥ ❞❡ ❞ét❡r♠✐♥❡r ❧❡s ❝♦♠♠❛♥❞❡s à ❛♣♣❧✐q✉❡r✳ ❈❡tt❡
♠❛♥✐♣✉❧❛t✐♦♥ ♥✉♠ér✐q✉❡✱ ♥♦té❡ ▼▼❱ ♣♦✉r ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♠❛tr✐❝❡✲✈❡❝t❡✉r✱ r❡q✉✐❡rt ❞❡
❧✬♦r❞r❡ ❞❡ O(n2) ♦♣ér❛t✐♦♥s ❡♥ ✢♦tt❛♥ts✱ ❡♥ ❝♦♥s✐❞ér❛♥t q✉✬✐❧ ② ❛ ❣é♥ér❛❧❡♠❡♥t ❡♥✈✐r♦♥
✷ ❢♦✐s ♣❧✉s ❞❡ ♠❡s✉r❡s q✉❡ ❞✬❛❝t✐♦♥♥❡✉rs à ❝♦♥trô❧❡r n✳ ❈❡tt❡ ❞é♣❡♥❞❛♥❝❡ ❞✉ ❝❛❧❝✉❧ ❡♥
n ❛✉ ❝❛rré ❡st ♣r♦❜❧é♠❛t✐q✉❡ ♣♦✉r ❧❛ tr❛♥s♣♦s✐t✐♦♥ ❞✬✉♥❡ t❡❧❧❡ str❛té❣✐❡ s✉r ❧✬♦♣t✐q✉❡
❛❞❛♣t❛t✐✈❡ ❞✬✉♥ té❧❡s❝♦♣❡ ❤❡❝t♦♠étr✐q✉❡✳

❈❡❝✐ ❡st ✐❧❧✉stré ♣❛r ❧❛ ✜❣✉r❡ ✷✳✶✺✳ ▲❛ ❜❛♥❞❡ ❤❛❝❤✉ré❡ ♠♦♥tr❡ ❧❛ ♠❛r❣❡ ❞❡ ♠❛♥♦❡✉✈r❡
❛ss♦❝✐é❡ à ❧❛ ❢réq✉❡♥❝❡ ❞❡ ❧❛ ❜♦✉❝❧❡ ❞❡ ❝♦♠♠❛♥❞❡ ❡♥tr❡ ✺✵✵ ❍③ ❡t ✷ ❦❍③✳

MMV

2 kHz
500 Hz

 ~2005

 ~2015 (loi de Moore)

 ~2020 (loi de Moore)

NAOS    

SAXO 

E−OAmC (84x84) 

E−OAX (210x210) 

10+2 10+4 10+6

10+6

10+8

10+10

10+12

10+14

 Nb de degrés de liberté n

N
b 

d’
op

ér
at

io
ns

 / 
se

co
nd

e

❋✐❣✳ ✷✳✶✺ ✕ ◆♦♠❜r❡ ❞✬♦♣ér❛t✐♦♥s ♣❛r s❡❝♦♥❞❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ❞✐♠❡♥s✐♦♥ ❞✉ s②stè♠❡
n ❞❛♥s ❧❡ ❝❛s ❞✬✉♥❡ r❡❝♦♥str✉❝t✐♦♥ ♣❛r ❧❛ ♠ét❤♦❞❡ ❞❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♠❛tr✐❝❡✲✈❡❝t❡✉r
✭▼▼❱✮✳ ▲❛ ❜❛♥❞❡ ❤â❝❤✉ré❡ r❡♣rés❡♥t❡ ❧❡s ❝♦ûts ❞❡ ❧❛ ♠ét❤♦❞❡ ▼▼❱ ❡♥tr❡ ✺✵✵ ❍③ ❡t
✷ ❑❍③✳

❊♥ ✶✾✻✺✱ ❧❡ ❞✐r❡❝t❡✉r ❞❡ ❧❛ s♦❝✐été ■♥t❡❧✱ ●♦r❞♦♥ ▼♦♦r❡✱ ❢❛✐t r❡♠❛rq✉❡r q✉❡ ❧❡s
❝❛♣❛❝✐tés ❞❡s ♣r♦❝❡ss❡✉rs ❞♦✉❜❧❡♥t t♦✉s ❧❡s ✶✽ ♠♦✐s✳ ❈❡tt❡ ❧♦✐✱ ❛✐♥s✐ ❜❛♣t✐sé❡ ❧❛ ❧♦✐ ❞❡
▼♦♦r❡✱ s✬❡st ❛✈éré❡ très ♣r♦❝❤❡ ❞❡ ❧❛ ré❛❧✐té ❥✉sq✉✬à ❛✉❥♦✉r❞✬❤✉✐✳ ▲❡s ❧✐❣♥❡s ❤♦r✐③♦♥t❛❧❡s
s✉r ❧❛ ✜❣✉r❡ ✻✳✶ ♠♦♥tr❡♥t ❧❡s ♣ré❞✐❝t✐♦♥s ❞❡s ❝❛♣❛❝✐tés ❞❡s ♣r♦❝❡ss❡✉rs s❡❧♦♥ ❝❡tt❡ ❧♦✐✳

▲❡ s②stè♠❡ ◆❆❖❙ ❡st ❧❡ s②stè♠❡ ❞✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ❡♥ ❢♦♥❝t✐♦♥♥❡♠❡♥t ❛✉ ❱▲❚
s✉r ✉♥ té❧❡s❝♦♣❡ ❞❡ ✽♠ ❞❡ ❞✐❛♠ètr❡✳ ▲✬✐♥str✉♠❡♥t ❞❡ ❞❡✉①✐è♠❡ ❣é♥ér❛t✐♦♥ ❞✉ ❱▲❚
❙P❍❊❘❊✱ ✈✐s❛♥t à ✐♠❛❣❡r ❞❡s ♣❧❛♥èt❡s ❡①tr❛s♦❧❛✐r❡s✱ r❡q✉✐❡rt ✉♥ s②stè♠❡ ❞✬♦♣t✐q✉❡
❛❞❛♣t❛t✐✈❡ ❞❡ t②♣❡ ❖❆❳✳ ❈✬❡st ❧❡ s②stè♠❡ ❙❆❳❖ ❛❝t✉❡❧❧❡♠❡♥t à ❧✬ét✉❞❡✳ ▲✬❊✲❊▲❚ ❡t ❧❡
❚▼❚ s♦♥t s✉♣♣♦sés ✈♦✐r ❧❡✉r ♣r❡♠✐èr❡ ❧✉♠✐èr❡ ❞❛♥s ❧❡s ❛♥♥é❡s ✷✵✶✻✲✷✵✶✼✳ P♦✉r ❧✬❊▲❚
❡✉r♦♣é❡♥✱ ❧❡ s②stè♠❡ ❞✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ♠♦♥♦❝♦♥❥✉❣✉é ❡st ❞és✐❣♥é ♣❛r ❊✲❖❆♠❈
s✉r ❧❛ ✜❣✉r❡✱ ❛✈❡❝ n = 84× 84 ❞❡❣rés ❞❡ ❧✐❜❡rté✳ ■❧ ❡st ❞♦r❡s ❡t ❞é❥à ❡♥✈✐s❛❣é ❞✬✉t✐❧✐s❡r
❧✬❊▲❚ ❡✉r♦♣é❡♥ ♣♦✉r ❞❡s ❛♣♣❧✐❝❛t✐♦♥s à très ❤❛✉t❡ rés♦❧✉t✐♦♥ ❛✈❡❝ ✉♥ s②stè♠❡ ❞✬♦♣t✐q✉❡
❛❞❛♣t❛t✐✈❡ ❝♦♥t❡♥❛♥t ❞❛✈❛♥t❛❣❡ ❞❡ ❞❡❣rés ❞❡ ❧✐❜❡rté✳ ❈✬❡st ❧❡ s②stè♠❡ ❊✲❖❆❳ r❡♣rés❡♥té
s✉r ❧❛ ✜❣✉r❡ ❛✈❡❝ n = 210× 210 ❛❝t✐♦♥♥❡✉rs✳ ❖♥ ♥♦t❡ q✉❡ ❧❡s té❧❡s❝♦♣❡s ❣é❛♥ts ♣ré✈✉s
❛✈❛♥t ✷✵✷✵ ♣♦s❡♥t ✉♥ ❞é✜ q✉❛♥❞ à ❧✬✐♠♣❧é♠❡♥t❛t✐♦♥ ❞❡ ❧❛ r❡❝♦♥str✉❝t✐♦♥ ❞❛♥s ❧❛ ❜♦✉❝❧❡
❞❡ ❝♦♠♠❛♥❞❡ ❞❡ ❧✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡✳



✷✳✼✳ ❈❖◆❈▲❯❙■❖◆ ✻✺

▲❡s ❛✉tr❡s ❝♦♥❝❡♣ts ❞✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ❝✐tés ❞❛♥s ❝❡ ❝❤❛♣✐tr❡ ♣rés❡♥t❡r♦♥t ❞❛♥s
❧❡ ❝❛s ❞❡ ❧✬❊✲❊▲❚ ❞❡s ♥♦♠❜r❡ ❞❡ ❞❡❣ré ❞❡ ❧✐❜❡rté s❡♠❜❧❛❜❧❡s à ❝❡ ❞❡r♥✐❡r s②stè♠❡ ❞✉
❢❛✐t ❞❡s ♥♦♠❜r❡✉s❡s ét♦✐❧❡s ❞❡ ré❢ér❡♥❝❡ ❡t é✈❡♥t✉❡❧❧❡♠❡♥t ❞❡s ❞✐✈❡rs ♠✐r♦✐rs ❝♦♥❥✉❣✉és✳
❉✬❛♣rès ❧❡s ❡st✐♠❛t✐♦♥s ❛❝t✉❡❧❧❡s✱ n ❡st s✉s❝❡♣t✐❜❧❡ ❞✬❛tt❡✐♥❞r❡ ❞❡s ✈❛❧❡✉rs s✉♣ér✐❡✉r❡s
à 105✳

❈❡tt❡ ✐❧❧✉str❛t✐♦♥ ❞é♠♦♥tr❡ q✉✬✐❧ ❡st ❝r✉❝✐❛❧ ❞✬✐♥✈❡st✐❣✉❡r ❞❡ ♥♦✉✈❡❛✉① ❛❧❣♦r✐t❤♠❡s
❞❡ ❝❛❧❝✉❧ ❞❡ ❧❛ ❝♦♠♠❛♥❞❡✱ ❛✜♥ ❞✬❛tté♥✉❡r ❝❡tt❡ ❞é♣❡♥❞❛♥❝❡ ❡♥ n ❞✉ ❝❛❧❝✉❧ ❡t s✬❛ss✉r❡r
❧❛ ❝❛♣❛❝✐té ❞❡ ❝♦♠♠❛♥❞❡r ❡♥ t❡♠♣s ré❡❧ ✉♥❡ ♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ s✉r ❧✬❊✲❊▲❚✳ ❈❡ ♣♦✐♥t
❝r✉❝✐❛❧ ❝♦♥st✐t✉❡ ❧❡ ♣♦✐♥t ❞❡ ❞é♣❛rt ❞✉ tr❛✈❛✐❧ ❡①♣♦sé ❞❛♥s ❝❡ ♠❛♥✉s❝r✐t✳ ▲❡s ❞✐✛ér❡♥ts
é❧é♠❡♥ts ❞✉ ❝♦rr❡❝t❡✉r ❞♦✐✈❡♥t ré♣♦♥❞r❡ à ❝❡tt❡ ❡①✐❣❡♥❝❡ ❞❡ ❢❛✐❜❧❡ ❝♦ût ❝❛❧❝✉❧❛t♦✐r❡✳

✷✳✼ ❈♦♥❝❧✉s✐♦♥

❈❡ ❝❤❛♣✐tr❡ ❛ ❛✈❛♥t t♦✉t ♣❡r♠✐s ❞❡ s❡ ❢❛♠✐❧✐❛r✐s❡r ❛✈❡❝ ❧❛ str✉❝t✉r❡ ❞❡s s②stè♠❡s
❞✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡✳ ▲❡s é❧é♠❡♥ts ❝♦♥st✐t✉t✐❢s ❞❡s s②stè♠❡s ❛❝t✉❡❧s ♦♥t été ✐♥tr♦❞✉✐ts ✿
ét♦✐❧❡s ❞❡ ré❢ér❡♥❝❡✱ ❛♥❛❧②s❡✉r✱ ♠✐r♦✐r ❞é❢♦r♠❛❜❧❡ ❡t ❝♦rr❡❝t❡✉rs✳ P❛r ❛✐❧❧❡✉rs✱ ❧❛ ♣rés❡♥✲
t❛t✐♦♥ ❞❡s ❞✐✛ér❡♥ts ❝♦♥❝❡♣ts ❞✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ❡♥ ✈✉❡ ❞❡ ❞é♣❛ss❡r ❧❡s ❧✐♠✐t❡s ❞❡s
s②stè♠❡s ❞✬♦r✐❣✐♥❡ ✜①❡ ❧❡ ❝♦♥t❡①t❡ ❞❡ ♠♦♥ tr❛✈❛✐❧ ❞❡ t❤ès❡✳ P❧✉s ♣❛rt✐❝✉❧✐èr❡♠❡♥t✱ ❧❡s
♦r❞r❡s ❞❡ ❣r❛♥❞❡✉rs ❞✉ ♥♦♠❜r❡ ❞❡ ♣❛r❛♠ètr❡s à ❝♦♠♠❛♥❞❡r ♣♦✉r ✉♥❡ ♦♣t✐q✉❡ ❛❞❛♣✲
t❛t✐✈❡ s✉r ✉♥ té❧❡s❝♦♣❡ ❤❡❝t♦♠étr✐q✉❡ ✭∼ 104 − 105✮ ♠❡tt❡♥t ❡♥ é✈✐❞❡♥❝❡ ❧❡ ❜❡s♦✐♥ ❞❡
♥♦✉✈❡❧❧❡s ♠ét❤♦❞❡s ❞❡ ❝❛❧❝✉❧ ❞❡ ❧❛ ❝♦♠♠❛♥❞❡✳
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❈❤❛♣✐tr❡ ✸

▲❛ ♠♦❞é❧✐s❛t✐♦♥ ❞❡ ❧❛ ♣❡rt✉r❜❛t✐♦♥

❛t♠♦s♣❤ér✐q✉❡

❆✜♥ ❞❡ ♣♦✉✈♦✐r ét✉❞✐❡r ❞❡ ♥♦✉✈❡❧❧❡s str❛té❣✐❡s ❞❡ ❝♦♠♠❛♥❞❡ ♣♦✉r ❧✬♦♣t✐q✉❡ ❛❞❛♣✲
t❛t✐✈❡✱ ✐❧ ❡st ❛✈❛♥t t♦✉t ♥é❝❡ss❛✐r❡ ❞❡ ♠♦❞é❧✐s❡r ❧❡s ❞✐✛ér❡♥ts é❧é♠❡♥ts ❞✉ s②stè♠❡✳ ▲❡s
♠♦❞è❧❡s ❞❡s ❛♥❛❧②s❡✉rs ❡t ❞❡s ♠✐r♦✐rs ❞é❢♦r♠❛❜❧❡s ♦♥t été ✐♥tr♦❞✉✐ts ❛✉ ❝❤❛♣✐tr❡ ♣ré✲
❝é❞❡♥t✱ ❛✐♥s✐ q✉❡ ❧❡ ❜r✉✐t ❞❡ ♠❡s✉r❡✳ ■❧ r❡st❡ ♠❛✐♥t❡♥❛♥t à ❝❛r❛❝tér✐s❡r ❧❛ ♣❡rt✉r❜❛t✐♦♥
❛t♠♦s♣❤ér✐q✉❡ à ❝♦♠♣❡♥s❡r✳ ❈✬❡st ❧✬♦❜❥❡❝t✐❢ ❞❡ ❝❡ ❝❤❛♣✐tr❡✳

❉❛♥s ✉♥ ♣r❡♠✐❡r t❡♠♣s✱ ❥❡ ❞é❝r✐s ❧❛ ♠♦❞é❧✐s❛t✐♦♥ st❛t✐st✐q✉❡ ♣❛r ❝♦✉❝❤❡s ❞❡ ❧❛ ♣❡r✲
t✉r❜❛t✐♦♥ ❛t♠♦s♣❤ér✐q✉❡✳ ▲❡s ❞❡✉① ❝❛r❛❝tér✐s❛t✐♦♥s st❛t✐st✐q✉❡s ❧❡s ♣❧✉s ❧❛r❣❡♠❡♥t r❡✲
❝♦♥♥✉❡s s♦♥t ♣rés❡♥té❡s ❀ ✐❧ s✬❛❣✐t ❞✉ ♠♦❞è❧❡ ❞❡ ❑♦❧♠♦❣♦r♦✈ ❡t ❞❡ ❝❡❧✉✐ ❞❡ ✈♦♥ ❑ár♠á♥✳
■❧ ❡st ❡♥ ♣r❛t✐q✉❡ ♥é❝❡ss❛✐r❡ ❞✬❛ss♦❝✐❡r à ❝❡s ♠♦❞è❧❡s ❞❡ ♣❡rt✉r❜❛t✐♦♥ ✉♥ ❝❤♦✐① ❞❡ ♣❛r❛✲
♠étr✐s❛t✐♦♥ ❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡✳ ❈❡❝✐ ❡st ❞✐s❝✉té ❞❛♥s ❧❛ ❞❡✉①✐è♠❡ ♣❛rt✐❡ ❞❡ ❝❡ ❝❤❛♣✐tr❡
❡t ♣❡r♠❡t ❞✬✐♥tr♦❞✉✐r❡ ❧❛ r❡♣rés❡♥t❛t✐♦♥ ❢r❛❝t❛❧❡ q✉✐ ❡st ✉t✐❧✐sé❡ ❞❛♥s ❧❛ ♠❛❥♦r✐té ❞❡s
s✐♠✉❧❛t✐♦♥s ♣rés❡♥té❡s ❞❛♥s ❝❡ ♠❛♥✉s❝r✐t✳ ❊♥✜♥✱ ❥✬❛❜♦r❞❡ ❧❡s ❛s♣❡❝ts ❞②♥❛♠✐q✉❡s ❞❡ ❧❛
♣❡rt✉r❜❛t✐♦♥ ❡♥ ♣rés❡♥t❛♥t ❧❡ ♠♦❞è❧❡ ❞✬é✈♦❧✉t✐♦♥ t❡♠♣♦r❡❧❧❡ ❞❡ ❚❛②❧♦r✳

✸✳✶ ▲❛ st❛t✐st✐q✉❡ ❞❡ ❧❛ t✉r❜✉❧❡♥❝❡ ♦♣t✐q✉❡ ✿ ♠♦❞é❧✐s❛t✐♦♥

s♣❛t✐❛❧❡ ♣❛r ❝♦✉❝❤❡

❏✬✐♥tr♦❞✉✐s ❞❛♥s ❝❡tt❡ s❡❝t✐♦♥ ❧❡s ♠♦❞è❧❡s st❛t✐st✐q✉❡s ❞❡ ❧❛ t✉r❜✉❧❡♥❝❡ ♦♣t✐q✉❡ ❞❛♥s
❧✬❛t♠♦s♣❤èr❡✳ ❖♥ ❞és✐❣♥❡ ♣❛r t✉r❜✉❧❡♥❝❡ ♦♣t✐q✉❡ ❧❡s ❡✛❡ts ❞❡ ❧❛ t✉r❜✉❧❡♥❝❡ ❛t♠♦s♣❤é✲
r✐q✉❡✱ ❛✉ s❡♥s ❞❡ ❧❛ ♠é❝❛♥✐q✉❡ ❞❡s ✢✉✐❞❡s✱ s✉r ❧❡s ✢✉❝t✉❛t✐♦♥s ❞❡ ❧✬✐♥❞✐❝❡ ❞❡ ré❢r❛❝t✐♦♥
❞❡ ❧✬❛✐r✳ ❆♣rès ✉♥❡ ❜rè✈❡ ❞❡s❝r✐♣t✐♦♥ ❞❡s ♣❤é♥♦♠è♥❡s ♣❤②s✐q✉❡s q✉✐ s♦♥t r❡s♣♦♥s❛❜❧❡s
❞❡ ❝❡tt❡ t✉r❜✉❧❡♥❝❡ ♦♣t✐q✉❡✱ ❥✬❡①♣❧✐❝✐t❡ ❧❡s éq✉❛t✐♦♥s ❞❡s ♠♦❞è❧❡s ❞❡ ❑♦❧♠♦❣♦r♦✈ ❡t ❞❡
✈♦♥ ❑ár♠á♥ ❝♦♥❝❡r♥❛♥t ❧❡s ❞é❢♦r♠❛t✐♦♥s ❞✬✉♥❡ s✉r❢❛❝❡ ❞✬♦♥❞❡✳

▲❛ ✈✐s❝♦s✐té ❝✐♥é♠❛t✐q✉❡ ❞❡ ❧✬❛✐r νo = 1.5 10−5♠2s−1 ❡st t❡❧❧❡♠❡♥t ❢❛✐❜❧❡ q✉❡ ❧❡s
♠♦✉✈❡♠❡♥ts ❞❡ ♠❛ss❡ ❞✬❛✐r ❞❛♥s ❧✬❛t♠♦s♣❤èr❡ s♦♥t ♣r❡sq✉❡ t♦✉❥♦✉rs t✉r❜✉❧❡♥ts✳ ❊♥
❞✬❛✉tr❡ t❡r♠❡s✱ ❧❡ ♥♦♠❜r❡ ❞❡ ❘❡②♥♦❧❞s Re = V0D0/ν0✱ q✉✐ r❡♣rés❡♥t❡ ❧❡ r❛♣♣♦rt ❡♥tr❡
❧❡s ♣❤é♥♦♠è♥❡s ❝♦♥✈❡❝t✐❢s ❡t ❧❡s ♣❤é♥♦♠è♥❡s ✈✐sq✉❡✉①✱ ② ❡st ❣é♥ér❛❧❡♠❡♥t s✉♣ér✐❡✉r à
q✉❡❧q✉❡ 105✳

▲❡ ♠♦❞è❧❡ ❞❡ ❑♦❧♠♦❣♦r♦✈ ❞✬✉♥ t❡❧ ♠✐❧✐❡✉ t✉r❜✉❧❡♥t s✉♣♣♦s❡ q✉❡ ❧✬é♥❡r❣✐❡ ❝✐♥ét✐q✉❡
à ❣r❛♥❞❡ é❝❤❡❧❧❡ ❡st tr❛♥s❢éré❡ ♣❡t✐t à ♣❡t✐t ✈❡rs ❧❡s é❝❤❡❧❧❡s ✐♥❢ér✐❡✉r❡s✱ t❡❧❧❡ ✉♥❡ ❝❛s✲
❝❛❞❡✳ ❈❡❝✐ ❡st ✈❛❧❛❜❧❡ ❞❛♥s ❧❡ ❞♦♠❛✐♥❡ ✐♥❡rt✐❡❧✱ ♣♦✉r ❧❡q✉❡❧ ♦♥ ♣❛r❧❡ ❛❧♦rs ❞❡ t✉r❜✉❧❡♥❝❡
♣❧❡✐♥❡♠❡♥t ❞é✈❡❧♦♣♣é❡✳ ❈❡tt❡ ❝❛s❝❛❞❡ ❞✬é♥❡r❣✐❡ ❡st r❡s♣♦♥s❛❜❧❡ ❞✬✐♥❤♦♠♦❣é♥é✐tés ❞❡

✻✼
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t❡♠♣ér❛t✉r❡ ❡t ❞✬❤✉♠✐❞✐té✳ ▲❡s s♣❡❝tr❡s ❞❡ ♣✉✐ss❛♥❝❡ ❞❡s ✢✉❝t✉❛t✐♦♥s ❞❡ t❡♠♣ér❛t✉r❡
S❚r❡(κ) ❡t ❞✬❤✉♠✐❞✐té S❍(κ) s♦♥t t♦✉s ❞❡✉① ♣r♦♣♦rt✐♦♥♥❡❧s à |κ|−5/3✱ ♦ù |κ| ❡st ✉♥ ✈❡❝✲
t❡✉r ❞❡ ❢réq✉❡♥❝❡s s♣❛t✐❛❧❡s ✭❘♦❞❞✐❡r✱ ✶✾✽✶✮✳ ❈❡s ✢✉❝t✉❛t✐♦♥s s♣❛t✐❛❧❡s ❞❡ t❡♠♣ér❛t✉r❡
❡t ❞✬❤✉♠✐❞✐té ❡♥❣❡♥❞r❡♥t ❞❡s ✈❛r✐❛t✐♦♥s ❞❡ ❧✬✐♥❞✐❝❡ ❞❡ ré❢r❛❝t✐♦♥ ❞❡ ❧✬❛✐r n❛✐r✳ ❱❡rt✐❝❛❧❡✲
♠❡♥t✱ ✐✳❡✳ ❧❡ ❧♦♥❣ ❞✬✉♥❡ ❞✐r❡❝t✐♦♥ ❞❡ ✈✐sé❡ à tr❛✈❡rs ❧✬❛t♠♦s♣❤èr❡✱ ❝❡s ♣❡rt✉r❜❛t✐♦♥s s♦♥t
❝❛r❛❝tér✐sé❡s ♣❛r ❧❡ ♣r♦✜❧ ❞❡ ❧❛ ❝♦♥st❛♥t❡ ❞❡ str✉❝t✉r❡ ❞❡ ❧✬✐♥❞✐❝❡ ❞❡ ré❢r❛❝t✐♦♥✱ C2

n❛✐r
(z)✱

♦ù z ❡st ❧✬❛❧t✐t✉❞❡✳ ❙❛ ❤❛✉t❡✉r ❝❛r❛❝tér✐st✐q✉❡ ❞✬é✈♦❧✉t✐♦♥ ❡st ❞❡ ❧✬♦r❞r❡ ❞❡ ♣❧✉s✐❡✉rs
♠ètr❡s✱ s✐ ❜✐❡♥ q✉❡ ❧✬♦♥ ♣❡✉t ♠♦❞é❧✐s❡r ❧✬❛t♠♦s♣❤èr❡ ♣❛r ✉♥❡ ♠✉❧t✐t✉❞❡ ❞❡ ✜♥❡s ❝♦✉❝❤❡s
t✉r❜✉❧❡♥t❡s ❤♦r✐③♦♥t❛❧❡s✱ ❞♦♥t ❧✬é♥❡r❣✐❡ t✉r❜✉❧❡♥t❡ r❡❧❛t✐✈❡ ❡st ✐❧❧✉stré❡ ♣❛r ❧❛ ✈❛❧❡✉r
✐♥té❣ré❡ ♣❛r ❝♦✉❝❤❡ ❞❡ C2

n❛✐r
✳

P♦✉r ❧❡s ♦❜s❡r✈❛t✐♦♥s ❛str♦♥♦♠✐q✉❡s✱ ♦♥ ❞✐st✐♥❣✉❡ ❣é♥ér❛❧❡♠❡♥t ❧❡s ♣❤é♥♦♠è♥❡s
t✉r❜✉❧❡♥ts à ✹ é❝❤❡❧❧❡s ✿ ❛✉ ♥✐✈❡❛✉ ❞✉ té❧❡s❝♦♣❡ ❡t ❞❡ s♦♥ ❞ô♠❡✱ ❛✉ ♥✐✈❡❛✉ ❞✉ s♦❧
✭❝♦✉❝❤❡ ❧✐♠✐t❡ ❞❡ s✉r❢❛❝❡✮✱ ❧❡s ♣❡rt✉r❜❛t✐♦♥s ♦r♦❣r❛♣❤✐q✉❡s ✭❝♦✉❝❤❡ ❧✐♠✐t❡ ♣❧❛♥ét❛✐r❡✮
❡t ❧❡s ♠♦✉✈❡♠❡♥ts ❞❡ ❧❛ tr♦♣♦♣❛✉s❡ ✭❘♦❞❞✐❡r✱ ✶✾✽✶✮✳ ▲❡s ❞❡✉① ♣r❡♠✐❡rs ♣❤é♥♦♠è♥❡s
s♦♥t ♣❛r ❛❜✉s ❞❡ ❧❛♥❣❛❣❡ ❝♦♠♠✉♥é♠❡♥t ❝♦♥s✐❞érés ❝♦♠♠❡ ❧❛ ❝♦✉❝❤❡ ❧✐♠✐t❡ ❡♥ ♦♣t✐q✉❡
❛❞❛♣t❛t✐✈❡✳ ➚ ❡✉① ❞❡✉①✱ ✐❧s s✬ét❡♥❞❡♥t ❥✉sq✉✬à ✉♥❡ ❛❧t✐t✉❞❡ ❞❡ ✶✵✵ à ✸✵✵ ♠ètr❡s✱ ❡t
s♦♥t r❡s♣♦♥s❛❜❧❡s ❞❡ ✺✵ à ✼✵✪ ❞❡ ❧❛ t✉r❜✉❧❡♥❝❡✱ ✐✳❡✳ ❞✉ ♣r♦✜❧ t♦t❛❧ ✐♥té❣ré

∫
C2

n❛✐r
(z)dz

✭❏♦❧✐ss❛✐♥t✱ ✷✵✵✻✮✳
➚ ♣❛rt✐r ❞✉ ♠♦❞è❧❡ ❞❡ t✉r❜✉❧❡♥❝❡ ♣r♦♣♦sé ♣❛r ❑♦❧♠♦❣♦r♦✈✱ ❧❛ ❧♦✐ ❞✬❖❜✉❦❤♦✈ ❞é❝r✐t

❧❛ ❢♦♥❝t✐♦♥ ❞❡ str✉❝t✉r❡ ❞❡ ❧✬✐♥❞✐❝❡ ❞❡ ré❢r❛❝t✐♦♥ ❞❡ ❧✬❛✐r ❞❛♥s ✉♥❡ ❝♦✉❝❤❡ é❧é♠❡♥t❛✐r❡
❞❡ ❧✬❛t♠♦s♣❤èr❡

Dn❛✐r
(r) = C2

n❛✐r
(z) r2/3 ✭✸✳✶✮

♦ù r = (r, θ) ❡st ✉♥ ✈❡❝t❡✉r ❞❡ ❝♦♦r❞♦♥♥é❡s ♣♦❧❛✐r❡s ❞❛♥s ❧❛ ❝♦✉❝❤❡ ❡t z r❡♣rés❡♥t❡
❧✬❛❧t✐t✉❞❡ ❞❡ ❧❛ ❝♦✉❝❤❡✳ ▲❡ s♣❡❝tr❡ ❞❡ ♣✉✐ss❛♥❝❡ ❛ss♦❝✐é s✬é❝r✐t ✭❘♦❞❞✐❡r✱ ✶✾✽✶✮

Sn❛✐r
(κ) = 0.033C2

n❛✐r
(z)κ−11/3 ✭✸✳✷✮

❖♥ ♥♦t❡ q✉❡ κ ❡st ❧❛ ✈❛r✐❛❜❧❡ ❝♦♥❥✉❣✉é❡ ❞❡ r ❡♥ ❢réq✉❡♥❝❡s✳ ❈✬❡st ❝❡tt❡ ❞✐str✐❜✉t✐♦♥
❛❧é❛t♦✐r❡ ❞❡ ❧✬✐♥❞✐❝❡ ❞❡ ré❢r❛❝t✐♦♥ ❞❡ ❧✬❛✐r q✉✐ ♣❡rt✉r❜❡ ❧✬♦♥❞❡ ♣❧❛♥❡ ✐ss✉❡ ❞✬✉♥❡ s♦✉r❝❡
♣♦♥❝t✉❡❧❧❡ à ❧✬✐♥✜♥✐ ❡t q✉✐ ✐♠♣♦s❡ ❞❡ ❞é❝r✐r❡ ❧✬❛♠♣❧✐t✉❞❡ ❝♦♠♣❧❡①❡ ❞❡ ❧✬♦♥❞❡ ❞❛♥s ❧❡
♣❧❛♥ ♣✉♣✐❧❧❡ s♦✉s ❧❛ ❢♦r♠❡ ✭✶✳✶✷✮✳

▲✬✐♥❞✐❝❡ ❞❡ ré❢r❛❝t✐♦♥ ❞❛♥s ❝❤❛q✉❡ ❝♦✉❝❤❡ ♣♦ssè❞❡ ✉♥❡ ❢♦♥❝t✐♦♥ ❞❡ str✉❝t✉r❡ ✭✸✳✶✮ ❞❡
t②♣❡ ❑♦❧♠♦❣♦r♦✈ ❞❛♥s ❧❡ ❞♦♠❛✐♥❡ ✐♥❡rt✐❡❧✳ ❉❡ ❝❡tt❡ ❢❛ç♦♥✱ ❝❤❛q✉❡ ❝♦✉❝❤❡ é❧é♠❡♥t❛✐r❡
❝♦♥tr✐❜✉❡ ❛❧é❛t♦✐r❡♠❡♥t à ❧❛ ❞é❢♦r♠❛t✐♦♥ ❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡✱ t❡❧s ✉♥ é❝r❛♥ ❞❡ ♣❤❛s❡
✐♥❞é♣❡♥❞❛♥t✳

▲❡s r❡t❛r❞s ❞❡ ♣❤❛s❡ s✉r ❧❛ ♣✉♣✐❧❧❡ ❞✉ té❧❡s❝♦♣❡ rés✉❧t❡♥t ❞❡s ✢✉❝t✉❛t✐♦♥s ❞❡ n❛✐r
✐♥té❣ré❡s ✈❡rt✐❝❛❧❡♠❡♥t ❧❡ ❧♦♥❣ ❞❡ ❧❛ ❞✐r❡❝t✐♦♥ ❞❡ ✈✐sé❡✱ ❞♦♥❝ ❞❡ ❧✬❛❝t✐♦♥ ❝✉♠✉❧é❡ ❞❡ t♦✉s
❧❡s é❝r❛♥s ❞❡ ♣❤❛s❡ é❧é♠❡♥t❛✐r❡s✳ ▲❡ ♣❛r❛♠ètr❡ ❞❡ ❋r✐❡❞ ❞é✜♥✐ ♣❛r ❧✬éq✉❛t✐♦♥ ✭✶✳✷✼✮
♣❡✉t ❛✉ss✐ êtr❡ réé❝r✐t ❡♥ t❡♥❛♥t ❝♦♠♣t❡ ❞❡ ❝❡tt❡ ❞✐str✐❜✉t✐♦♥ ✈❡rt✐❝❛❧❡ ❞❡ ❧❛ t✉r❜✉❧❡♥❝❡
❛t♠♦s♣❤ér✐q✉❡ ✭❚❛t❛rs❦✐✱ ✶✾✻✶✮

r0 =

[
0.423κ2

cos γ

∫
C2

n❛✐r
(z) dz

]−3/5

, ✭✸✳✸✮

♦ù γ ❡st ❧❛ ❞✐st❛♥❝❡ ❛♥❣✉❧❛✐r❡ ❞❡ ❧❛ s♦✉r❝❡ ❛✉ ③é♥✐t❤✳

❖♥ ♣❡✉t ❞é❥à ♣❛r ❞❡s ❝♦♥s✐❞ér❛t✐♦♥s ♣❤②s✐q✉❡s s✐♠♣❧❡s ❢♦✉r♥✐r q✉❡❧q✉❡s ❝❛r❛❝tér✐s✲
t✐q✉❡s st❛t✐st✐q✉❡s ❞❡ ❧❛ ❞é❢♦r♠❛t✐♦♥ w ❞✬✉♥❡ s✉r❢❛❝❡ ❞✬♦♥❞❡✳
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✕ ❉✬❛♣rès ❧❡ t❤é♦rè♠❡ ❝❡♥tr❛❧ ❧✐♠✐t❡✱ w ét❛♥t ❧❡ ❢r✉✐t ❞✬✉♥❡ ❣r❛♥❞❡ s✉❝❝❡ss✐♦♥ ❞❡ ♣r♦✲
❝❡ss✉s ❛❧é❛t♦✐r❡s ✭❝♦✉❝❤❡s é❧é♠❡♥t❛✐r❡s✮✱ ❧❛ st❛t✐st✐q✉❡ ❞❡ w(r)✱ ❢♦♥❝t✐♦♥ ❝♦♥t✐♥✉❡
❡♥ t♦✉t ♣♦✐♥t ❞❡ ❝♦♦r❞♦♥♥é❡s r s✉r ✉♥ ❞♦♠❛✐♥❡A✱ s✉✐t ✉♥❡ st❛t✐st✐q✉❡ ●❛✉ss✐❡♥♥❡✳

✕ ❉❛♥s ❝❤❛q✉❡ ❝♦✉❝❤❡ ❛t♠♦s♣❤ér✐q✉❡✱ ❧❡s ♣r♦♣r✐étés st❛t✐st✐q✉❡s ❞❡ ❧✬✐♥❞✐❝❡ ❞❡ ré✲
❢r❛❝t✐♦♥ s♦♥t ✉♥✐❢♦r♠❡s✱ ❞♦♥❝ ❧❛ ♣r♦❜❛❜✐❧✐té ❞✬❛✈♦✐r ♣❛r❝♦✉r✉ ✉♥ ❝❡rt❛✐♥ ❝❤❡♠✐♥
♦♣t✐q✉❡ ♣♦✉r ❞❡✉① r❛②♦♥s ♣❛r❛❧❧è❧❡s ✐♥❝✐❞❡♥ts s✉r ❧❛ s✉r❢❛❝❡ A ❡st ❧❛ ♠ê♠❡✳ ❊♥
❞✬❛✉tr❡s t❡r♠❡s✱ ❧❛ ❞✐✛ér❡♥❝❡ ❞❡ ♠❛r❝❤❡ ❡♥tr❡ ❞❡✉① ♣♦✐♥ts ❞❡ ❧❛ ♣✉♣✐❧❧❡ ❛ ✉♥❡
❡s♣ér❛♥❝❡ ♠❛t❤é♠❛t✐q✉❡ ♥✉❧❧❡✱ ❝✬❡st✲à✲❞✐r❡ q✉❡ ❧✬❡s♣ér❛♥❝❡ ♠❛t❤é♠❛t✐q✉❡ ❞❡ ❞é✲
❢♦r♠❛t✐♦♥ ❡st ✉♥✐❢♦r♠❡ ❀ 〈w(r)〉 = w0 ∀r✱ ♦ù w0 ❡st ✉♥❡ ❝♦♥st❛♥t❡✳

✕ ❉❛♥s ❝❤❛q✉❡ ❝♦✉❝❤❡ ❛t♠♦s♣❤ér✐q✉❡✱ ❧❡s ♣r♦♣r✐étés st❛t✐st✐q✉❡s ❞❡ ❧✬✐♥❞✐❝❡ ❞❡ ré✲
❢r❛❝t✐♦♥ ❡t ❞♦♥❝ ❞❡ ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ s♦♥t ❧♦❝❛❧❡♠❡♥t ✉♥✐❢♦r♠❡s✱
st❛t✐♦♥♥❛✐r❡s ❡t ✐s♦tr♦♣❡s✳ ❊♥ ❝♦♥séq✉❡♥❝❡✱ ♦♥ ♣❡✉t s✉♣♣♦s❡r ✉♥❡ ✈❛r✐❛♥❝❡ ❧♦❝❛❧❡
✉♥✐❢♦r♠❡ σ2

w✱ ✉♥❡ ❝♦✈❛r✐❛♥❝❡ st❛t✐♦♥♥❛✐r❡ ✉♥✐❢♦r♠❡ ✐s♦tr♦♣❡ Cw(r′, r′ + r) =
Cw(0, r) = Cw(r)✳ ■❧ ❡st ❛✉ss✐ ♣♦ss✐❜❧❡ ❞❡ ❝❛r❛❝tér✐s❡r ❧❡s ❞é❢♦r♠❛t✐♦♥s ❞❡ ❧❛ s✉r✲
❢❛❝❡ ❞✬♦♥❞❡ ❞❛♥s ✉♥❡ ❝♦✉❝❤❡ ❛t♠♦s♣❤ér✐q✉❡ ♦✉ ❞❛♥s ❧❛ ♣✉♣✐❧❧❡✱ à ♣❛rt✐r ❞✬✉♥❡

❢♦♥❝t✐♦♥ ❞❡ str✉❝t✉r❡ ✐s♦tr♦♣❡ Dw(r) =
〈
(w(r′)− w(r′ + r))2

〉

r′

✳

✸✳✶✳✶ ▼♦❞è❧❡ ❞❡ t✉r❜✉❧❡♥❝❡ ❞❡ ❑♦❧♠♦❣♦r♦✈

▲❡ ♠♦❞è❧❡ ❞✬❛t♠♦s♣❤èr❡ ❞❡ ❑♦❧♠♦❣♦r♦✈ ❝♦♥s✐❞èr❡ q✉❡ ❧❛ t✉r❜✉❧❡♥❝❡ ❡st ♣❧❡✐♥❡♠❡♥t
❞é✈❡❧♦♣♣é❡ ❞❛♥s ✉♥ ❞♦♠❛✐♥❡✱ ❛♣♣❡❧é ❞♦♠❛✐♥❡ ✐♥❡rt✐❡❧✱ ❝♦♠♣r✐s ❡♥tr❡ ❞❡✉① é❝❤❡❧❧❡s ❝❛✲
r❛❝tér✐st✐q✉❡s l0 ❡t L0✳ ▲❛ ♣❡t✐t❡ é❝❤❡❧❧❡ l0 ❝♦rr❡s♣♦♥❞ à ❧❛ t❛✐❧❧❡ ❞❡s str✉❝t✉r❡s ❞♦♥t
❧✬é♥❡r❣✐❡ ❝✐♥ét✐q✉❡ s❡ ❞✐ss✐♣❡ ♣❛r ❢r♦tt❡♠❡♥t ✈✐sq✉❡✉①✳ ▲❛ ❣r❛♥❞❡ é❝❤❡❧❧❡ ❝♦rr❡s♣♦♥❞ à
❞❡s ♣❤é♥♦♠è♥❡s ♠❛❝r♦s❝♦♣✐q✉❡s t❡❧s q✉❡ ❧❡ ❞é♣❧❛❝❡♠❡♥t ❞❡ ♠❛ss❡s ❞✬❛✐r ♣❛r ❧❡ ✈❡♥t✳
❊♥tr❡ ❝❡s ❞❡✉① é❝❤❡❧❧❡s✱ ❧❛ ♣r♦❥❡❝t✐♦♥ ❞❡ ❧❛ ❧♦✐ ❞✬❖❜✉❦❤♦✈ ❝♦♥❞✉✐t à ❧❛ ❢♦♥❝t✐♦♥ ❞❡
str✉❝t✉r❡ ❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ q✉✐ ❛ tr❛✈❡rsé ✉♥❡ ♦✉ ♣❧✉s✐❡✉rs ❝♦✉❝❤❡s t✉r❜✉❧❡♥t❡s ❞❡
t②♣❡ ❑♦❧♠♦❣♦r♦✈

Dw(r) = 6.88

(
r

r0

)5/3

, ✭✸✳✹✮

♦ù r0 ❡st ❧❡ ♣❛r❛♠ètr❡ ❞❡ ❋r✐❡❞ éq✉✐✈❛❧❡♥t✳ ■❧ ❡st ❞é✜♥✐ ♣❛r ❧✬éq✉❛t✐♦♥ ✭✸✳✸✮ s✐ ♦♥ ❝♦♥s✐✲
❞èr❡ ❧✬❡♥s❡♠❜❧❡ ❞❡s ❝♦✉❝❤❡s ❞❡ ❧✬❛t♠♦s♣❤èr❡ ❞❛♥s ❧❛ ❞✐r❡❝t✐♦♥ ❞✬❛♥❛❧②s❡ γ ♣❛r r❛♣♣♦rt
❛✉ ③é♥✐t❤✳ P✉✐sq✉❡ Dw s✬❡①♣r✐♠❡ s♦✉s ❧❛ ❢♦r♠❡ ❞✬✉♥❡ ♣✉✐ss❛♥❝❡ ❞❡ r✱ ✉♥ ❝❤❛♥❣❡♠❡♥t
❞✬é❝❤❡❧❧❡ s❡ tr❛❞✉✐t s✐♠♣❧❡♠❡♥t ♣❛r ✉♥ ❢❛❝t❡✉r à ❛♣♣❧✐q✉❡r ✭▲❛♥❡ ❡t ❛❧✳✱ ✶✾✾✷✮✱ ✐✳❡✳

Dw(ρ r) = ρ5/3Dw(r) ∀ρ > 0 . ✭✸✳✺✮

❉❡ ❝❡tt❡ ❢❛ç♦♥✱ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ ✐♥❝✐❞❡♥t❡ ❛ ✉♥❡ ❢♦♥❝t✐♦♥ ❞❡ str✉❝t✉r❡ s✐♠✐❧❛✐r❡ à t♦✉t❡s
❧❡s é❝❤❡❧❧❡s ✭❛✉ s❡✐♥ ❞✉ ❞♦♠❛✐♥❡ ✐♥❡rt✐❡❧✮✳ ❈❡tt❡ ♣r♦♣r✐été ❞✬❛✉t♦✲s✐♠✐❧❛r✐té ❝♦♥❢èr❡ à ❧❛
s✉r❢❛❝❡ ❞✬♦♥❞❡ t✉r❜✉❧❡♥t❡ ✉♥❡ ♥❛t✉r❡ ❢r❛❝t❛❧❡✳

▲❛ ❞❡♥s✐té s♣❡❝tr❛❧❡ ❞❡ ♣✉✐ss❛♥❝❡ ✭❉❙P✮ ❞❡ ❧❛ ❞é❢♦r♠❛t✐♦♥ Sw ❡st r❡❧✐é❡ à ❧❛ ❢♦♥❝t✐♦♥
❞❡ str✉❝t✉r❡ ♣❛r ❧✬éq✉❛t✐♦♥ s✉✐✈❛♥t❡

Dw(r) = 2

∫
dκSw(κ) (1− cos(2π κ · r)) . ✭✸✳✻✮

❞❡ t❡❧❧❡ s♦rt❡ q✉❡ ✭◆♦❧❧✱ ✶✾✼✽✮

Sw(κ) =
0.0229

r
5/3
0

κ−11/3 . ✭✸✳✼✮
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❉❛♥s ❧❡ ♠♦❞è❧❡ ❞❡ ❑♦❧♠♦❣♦r♦✈✱ ❧❛ ♣❤❛s❡ ❛ ✉♥❡ ✈❛r✐❛♥❝❡ ❧♦❝❛❧❡ σ2
w ✐♥✜♥✐❡ ❡t ❞♦♥❝ ❧❛

❝♦✈❛r✐❛♥❝❡

Cw(r) = σ2
w −

1

2
Dw(r) ✭✸✳✽✮

♥✬❡st ♣❛s ♥♦♥ ♣❧✉s ❞é✜♥✐❡✳

✸✳✶✳✷ ▼♦❞è❧❡ ❞❡ t✉r❜✉❧❡♥❝❡ ❞❡ ✈♦♥ ❑ár♠á♥

▲❡s ♣✉♣✐❧❧❡s ❞❡s té❧❡s❝♦♣❡s ❞é❝❛♠étr✐q✉❡s ❛tt❡✐❣♥❡♥t ❞❡s é❝❤❡❧❧❡s q✉✐ s♦♥t à ❧❛ ❧✐♠✐t❡
❞✉ ❞♦♠❛✐♥❡ ❞❡ ✈❛❧✐❞✐té ❞❡ ❧❛ t✉r❜✉❧❡♥❝❡ ❞❡ ❑♦❧♠♦❣♦r♦✈✳ ❯♥❡ s❛t✉r❛t✐♦♥ ❞❡ ❧❛ ❢♦♥❝t✐♦♥
❞❡ str✉❝t✉r❡ ❛ été ♦❜s❡r✈é❡ s✉r ❧❡s ét✉❞❡s ❞❡ s✐t❡ à ❝❡s❣r❛♥❞❡s é❝❤❡❧❧❡s s♣❛t✐❛❧❡s✳ ❉❛♥s
❝❡ ❝❛s✱ ❧❡ ♠♦❞è❧❡ ❞❡ ✈♦♥ ❑ár♠á♥ ❡st ♣❧✉s ❛❞❛♣té q✉❡ ❧❡ ♠♦❞è❧❡ ❞❡ ❑♦❧♠♦❣♦r♦✈✱ ♣❛r❝❡
q✉✬✐❧ ✐♥tr♦❞✉✐t ✉♥❡ é❝❤❡❧❧❡ ❡①t❡r♥❡ ❞❡ ❝♦❤ér❡♥❝❡ s♣❛t✐❛❧❡ ❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ L0 ✭❈♦♥❛♥✱
✷✵✵✵✮✳ ❏❡ ♣ré❝✐s❡ q✉❡ ❧✬é❝❤❡❧❧❡ s✉♣ér✐❡✉r❡ ❧✐♠✐t❡ ❞✉ ❞♦♠❛✐♥❡ ✐♥❡rt✐❡❧ ❞❡ ❧❛ t❤é♦r✐❡ ❞❡
❑♦❧♠♦❣♦r♦✈✱ ♥♦té❡ ♣❧✉s ❤❛✉t L0✱ ❡st ❞✐✛ér❡♥t❡ ❞❡ ❝❡ ♣❛r❛♠ètr❡ L0 ❛❞ ❤♦❝ ❞❡ ❧❛ t❤é♦r✐❡
❞❡ ✈♦♥ ❑ár♠á♥ q✉✐ ❝❛r❛❝tér✐s❡ ❧❛ ❞é❝♦rré❧❛t✐♦♥ s♣❛t✐❛❧❡ ❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡✳

P♦✉r ❝❡ ♠♦❞è❧❡ ❞❡ ✈♦♥ ❑ár♠á♥✱ ❧❛ ❢♦♥❝t✐♦♥ ❞❡ str✉❝t✉r❡✱ ❧❛ ✈❛r✐❛♥❝❡ ❧♦❝❛❧❡ ❡t ❧❛
❝♦✈❛r✐❛♥❝❡ s♦♥t ❞é✜♥✐❡s ♣❛r ✭❈♦♥❛♥✱ ✷✵✵✵✮ ✿

Dw(r) = 2σ2
w − 2Cw(r) ✭✸✳✾✮

Cw(r) = α

(
L0

r0

)5/3(2πr

L0

)5/6

K5/6

(
2πr

L0

)
✭✸✳✶✵✮

σ2
w = Cw(0) ✭✸✳✶✶✮

♦ù K5/6 ❡st ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ❇❡ss❡❧ ♠♦❞✐✜é❡ ❞❡ ✸è♠❡ ❡s♣è❝❡ ❡t ❞✬♦r❞r❡ 5/6 ✭❢♦♥❝t✐♦♥ ❞❡
▼❛❝ ❉♦♥❛❧❞✮ ❡t

α = [12/5 Γ(6/5)]5/6 Γ(11/6)/π8/3 ≃ 0.0858 . ✭✸✳✶✷✮

▲❡ s♣❡❝tr❡ ❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ t✉r❜✉❧❡♥t❡ s✉r ❧❛ ♣✉♣✐❧❧❡ ♣♦✉r ❧❡ ♠♦❞è❧❡ ❞❡ ✈♦♥
❑ár♠á♥ s✬é❝r✐t ✭❈♦♥❛♥✱ ✷✵✵✵✮ ✿

Sw(κ) = 0.0229 r
−5/3
0

(
κ2 + 1/L2

0

)−11/6
. ✭✸✳✶✸✮

✸✳✶✳✸ ❙t❛t✐st✐q✉❡ ◆♦r♠❛❧✐sé❡

▲❡ ❝❤♦✐① ❞❡ ❧✬✉♥ ♦✉ ❧✬❛✉tr❡ ❞❡s ♠♦❞è❧❡s ❝✐✲❞❡ss✉s ❡st ✜①é ♣❛r ❧❡ r❛♣♣♦rt D/L0✱
❡♥tr❡ ❧❡ ❞✐❛♠ètr❡ ❞❡ ❧❛ ♣✉♣✐❧❧❡ ❞✉ té❧❡s❝♦♣❡ ❡t ❧✬é❝❤❡❧❧❡ ❡①t❡r♥❡ ❞❡ ❝♦❤ér❡♥❝❡ s♣❛t✐❛❧❡
❞❡ ❧❛ t✉r❜✉❧❡♥❝❡✳ ▲❡ ❝❤♦✐① ❞✉ ♠♦❞è❧❡ ❞❡ ❑♦❧♠♦❣♦r♦✈ ❝♦rr❡s♣♦♥❞ ❛✉ ❝❛s ❧✐♠✐t❡ ❞❡ ❧❛
t✉r❜✉❧❡♥❝❡ ❞❡ ✈♦♥ ❑ár♠á♥ ♣♦✉r D/L0 = 0✱ ♣✉✐sq✉❡ L0 ❡st ✐♥✜♥✐❡✳

❏❡ ❝❤♦✐s✐s ❞❡ r❡❣r♦✉♣❡r ❧❡s ❞❡✉① ♠♦❞è❧❡s ❡♥ ♥♦t❛♥t ✉♥❡ s❡✉❧❡ ❢♦♥❝t✐♦♥ ❞❡ str✉❝t✉r❡
♥♦r♠❛❧✐sé❡ ♣❛r (D/r0)

5/3

Dw(r̄) =





6.88 r̄5/3 si D/L0 = 0

α
(

D
L0

)−5/3
[
25/6 Γ

(
5
6

)
− 2

(
2πr̄ D

L0

)5/6
K5/6

(
2πr̄ D

L0

)]
sinon

✭✸✳✶✹✮
❛✈❡❝ r̄ = r/D✳ ❏❡ ❥✉st✐✜❡ ❝♦♠♠❡ s✉✐t ❧✬✐♥térêt ❞❡ ♠❡ttr❡ (D/r0)

5/3 ❡♥ ❢❛❝t❡✉r ❞❛♥s ❧❛
st❛t✐st✐q✉❡✳
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❉❛♥s ❧❡ ❝❛s ❞✬✉♥❡ t✉r❜✉❧❡♥❝❡ ❞❡ t②♣❡ ❑♦❧♠♦❣♦r♦✈ ♥♦♥ ❝♦♠♣❡♥sé❡✱ ❲❛❧❧♥❡r ✭✶✾✽✸✮
❛ ✐♥tr♦❞✉✐t ❧❡s ♥♦t❛t✐♦♥s s✉✐✈❛♥t❡s ✿

aw =
1

SA

〈
‖P (w)‖2

〉
✭✸✳✶✺✮

g(r) =
1

2

∫

A
p(r′)Dw(‖r − r′‖) dr′ ✭✸✳✶✻✮

▲✬éq✉❛t✐♦♥ ✭✸✳✶✺✮ ♥✬❡st ❛✉tr❡ q✉❡ ❧✬éq✉❛t✐♦♥ ✭✶✳✸✽✮ ❛♣♣❧✐q✉é❡ à ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ t✉r✲
❜✉❧❡♥t❡✳ ❯♥❡ ❢♦✐s ❡♥❝♦r❡✱ ❥❡ r❡t✐❡♥s ❧❛ ♥♦t❛t✐♦♥ aw ❡t g ♣♦✉r ❞és✐❣♥❡r ❧❡s ❢♦♥❝t✐♦♥s
♥♦r♠❛❧✐sé❡s

aw = aw/ (D/r0)
5/3 ❡t g(r) = g(r) /(D/r0)

5/3 . ✭✸✳✶✼✮

P♦✉r ✉♥❡ t✉r❜✉❧❡♥❝❡ ❞❡ t②♣❡ ❑♦❧♠♦❣♦r♦✈ ❛✉✲❞❡ss✉s ❞✬✉♥❡ ♦✉✈❡rt✉r❡ ❝✐r❝✉❧❛✐r❡ ❞❡ ❞✐❛✲
♠ètr❡ D ✭❲❛♥❣ ❡t ▼❛r❦❡②✱ ✶✾✼✽✮✱

aw = 1.0324(D/r0)
5/3 ❞♦♥❝ aw = 1.0324 . ✭✸✳✶✽✮

❖♥ ♣❡✉t ♠❡♥❡r ✉♥ ❝❛❧❝✉❧ ♣❧✉s ❣é♥ér❛❧ à ♣❛rt✐r ❞❡ ❧❛ ❢♦♥❝t✐♦♥ ❞❡ str✉❝t✉r❡ ♥♦r♠❛❧✐✲
sé❡ ✭✸✳✶✹✮ ❡t ❡♥ t❡♥❛♥t ❝♦♠♣t❡ ❞✬✉♥❡ ♦❜str✉❝t✐♦♥ ❝❡♥tr❛❧❡ ❞❡ ❞✐❛♠ètr❡ ηD ✭❝❢✳ éq✉❛✲
t✐♦♥ ✭✶✳✺✮✮✳ ❙✐ ❧✬♦r✐❣✐♥❡ ❞❡s ❝♦♦r❞♦♥♥é❡s r ❡st ♣r✐s❡ ❛✉ ❝❡♥tr❡ ❞❡ ❧❛ ♣✉♣✐❧❧❡✱ ❧❛ s②♠étr✐❡ ❞❡
ré✈♦❧✉t✐♦♥ ❞❡ A ✐♠♣❧✐q✉❡ q✉❡ g✱ ❞❛♥s ❧✬éq✉❛t✐♦♥ ✭✸✳✶✻✮✱ ♥✬❡st ❢♦♥❝t✐♦♥ q✉❡ ❞❡ ❧❛ ♥♦r♠❡
❞❡ r✱ r = D r̄✳ ❖♥ ♣❡✉t ❞♦♥❝ ❝❛❧❝✉❧❡r g ❡♥ ❝❤♦✐s✐ss❛♥t ✉♥❡ ♦r✐❡♥t❛t✐♦♥ ♣❛rt✐❝✉❧✐èr❡✱ ♣❛r
❡①❡♠♣❧❡ r/D = (r̄/D, 0) ❡♥ ❝♦♦r❞♦♥♥é❡s ♣♦❧❛✐r❡s✳ ❆✈❡❝ r′/D = (r̄′, θ′)✱ ♦♥ ❡♥ ❞é❞✉✐t

g(r̄ D) =
4

π(1− η2)

∫ π

0

∫ 1/2

η/2
Dw(

√
r̄ + r̄′ − 2r̄ r̄′ cos θ′) r̄′ dθ′ dr̄′ ✭✸✳✶✾✮

❡t

aw(D/L0, η) =
8

(1− η2)

∫ 1/2

η/2
r̄ g(r̄ D) dr̄ . ✭✸✳✷✵✮

❏✬❛✐ ❡①♣❧✐❝✐té ❞❛♥s ❧✬éq✉❛t✐♦♥ ✭✸✳✷✵✮ ❧❡s ❞é♣❡♥❞❛♥❝❡s ❞❡ aw✳ P♦✉r ❝❡rt❛✐♥s t②♣❡s ❞❡ t✉r✲
❜✉❧❡♥❝❡✱ ❧❡s ✐♥té❣r❛❧❡s ❞❡s ❡qs✳ ✭✸✳✶✾✮ ❡t ✭✸✳✷✵✮ ♣❡✉✈❡♥t êtr❡ ❛♣♣r♦❝❤é❡s ❡♥ ✉t✐❧✐s❛♥t ❞❡s
tr❛♥s❢♦r♠é❡s ❞❡ ❍❛♥❦❡❧ ♦✉ êtr❡ ❡st✐♠é❡s ♥✉♠ér✐q✉❡♠❡♥t✳ ❉❡s ❡st✐♠❛t✐♦♥s ♥✉♠ér✐q✉❡s
♦♥t été ré❛❧✐sé❡s ❞❛♥s ❝❡ ♠❛♥✉s❝r✐t q✉❛♥❞ ♥é❝❡ss❛✐r❡✳ ▲✬✐♥térêt ✐❝✐ ❞❡ ❝❡s ❞❡✉① ❞❡r♥✐èr❡s
éq✉❛t✐♦♥s ❡st q✉✬❡❧❧❡s ❢♦✉r♥✐ss❡♥t ❧❡s ❞é♣❡♥❞❛♥❝❡s ❞✉ ♣❛r❛♠ètr❡ aw ❡♥ ❢♦♥❝t✐♦♥ ❞❡s
❣r❛♥❞❡✉rs ❛❞✐♠❡♥s✐♦♥♥és D/r0✱ D/L0 ❡t η✳ ❖♥ ♥♦t❡ q✉❡ ♣♦✉r ✉♥❡ t✉r❜✉❧❡♥❝❡ ❞❡ t②♣❡
❑♦❧♠♦❣♦r♦✈ ♦✉ ✈♦♥ ❑ár♠á♥✱ ❡♥ ♣rés❡♥❝❡ ♦✉ ♥♦♥ ❞✬✉♥❡ ♦❜str✉❝t✐♦♥ ❝❡♥tr❛❧❡✱ aw s✬é❝r✐t
s♦✉s ❧❛ ❢♦r♠❡

aw = aw(D/L0, η) (D/r0)
5/3 , ✭✸✳✷✶✮

❯♥❡ é❝❤❡❧❧❡ ❡①t❡r♥❡ ✜♥✐❡ L0 ♦✉ ✉♥❡ ♦❜str✉❝t✐♦♥ ❝❡♥tr❛❧❡ ♦♥t ♣♦✉r ❡✛❡t ❞✬❛tté♥✉❡r ❧❡
♥✐✈❡❛✉ ❞❡ t✉r❜✉❧❡♥❝❡ ❛✉✲❞❡ss✉s ❞❡ ❧✬♦✉✈❡rt✉r❡ aw✱ r❡♥❞❛♥t ❧❡ ❢❛❝t❡✉r aw ✐♥❢ér✐❡✉r à
1.0324✳

P♦✉r ❧❡s ❞❡✉① ♠♦❞è❧❡s ❞❡ t✉r❜✉❧❡♥❝❡✱ Dw ❡t aw s♦♥t ✐♥❞é♣❡♥❞❛♥t❡s ❞❡ r0✳
▲❛ ❞❡♥s✐té s♣❡❝tr❛❧❡ ❞❡ ♣✉✐ss❛♥❝❡ ❡st é❣❛❧❡♠❡♥t ♥♦té❡ ♣❛r ✉♥❡ ❢♦r♠✉❧❛t✐♦♥ ❝♦♠♠✉♥❡

♣♦✉r ❧❡s ❞❡✉① ♠♦❞è❧❡s✱ à ♣❛rt✐r ❞❡s éq✉❛t✐♦♥s ✭✸✳✼✮ ❡t ✭✸✳✶✸✮ ✿

Sw(κ) =

{
0.0229 r

−5/3
0 κ−11/3 si D/L0 = 0

0.0229 r
−5/3
0

(
κ2 + 1/L2

0

)−11/6
sinon

✭✸✳✷✷✮
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❏❡ s✉♣♣♦s❡ ♠❛✐♥t❡♥❛♥t q✉❡ ❧❡s ❝❛r❛❝tér✐st✐q✉❡s st❛t✐st✐q✉❡s σ2
w✱ Cw✱ Dw✱ s♦♥t ❜✐❡♥

❞é✜♥✐❡s ❡t ❝♦♥♥✉❡s ♣♦✉r ✉♥ t②♣❡ ❞❡ t✉r❜✉❧❡♥❝❡ ❞♦♥♥é✱ ❛✜♥ ❞❡ ♠♦♥tr❡r ❞❛♥s ❧❡ ♣❛r❛✲
❣r❛♣❤❡ s✉✐✈❛♥t ❝♦♠♠❡♥t ❡❧❧❡s ♣❡✉✈❡♥t ❝♦♥❞✉✐r❡ à ❞✐✈❡rs❡s r❡♣rés❡♥t❛t✐♦♥s ❞❡ ❧❛ s✉r❢❛❝❡
❞✬♦♥❞❡ t✉r❜✉❧❡♥t❡✳

✸✳✷ ▲❛ r❡♣rés❡♥t❛t✐♦♥ s♣❛t✐❛❧❡ ❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡

❏❡ r❛♣♣❡❧❧❡ q✉❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ ❞❛♥s ❧❡ ♣❧❛♥ ♣✉♣✐❧❧❡✱ ♦✉ ❡♥ ❛❧t✐t✉❞❡ ❞❛♥s ✉♥❡
❝♦✉❝❤❡ ❛t♠♦s♣❤ér✐q✉❡✱ ❡st ✉♥❡ ❢♦♥❝t✐♦♥ ❝♦♥t✐♥✉❡ ❞❡ ❧✬❡s♣❛❝❡✱ w✱ ❞é✜♥✐❡ ❞❛♥s ✉♥ ❡s✲
♣❛❝❡ ❞❡ ❍✐❧❜❡rt ❞❡ ❞✐♠❡♥s✐♦♥ ✐♥✜♥✐❡ ✭❊❧❧❡r❜r♦❡❦✱ ✶✾✾✹✮✳ ❈❡tt❡ s✉r❢❛❝❡ ❞✬♦♥❞❡ ♣❡✉t êtr❡
❞é❝♦♠♣♦sé❡ s✉r ✉♥❡ ❜❛s❡ ❞❡ ❢♦♥❝t✐♦♥s (hi)i∈N✱ ❝♦♥t✐♥✉❡s ❞❡ R

2 ❞❛♥s R✱ ✐✳❡✳

w(r) =

∞∑

i=1

hi(r)wi . ✭✸✳✷✸✮

❊♥ ♣r❛t✐q✉❡✱ ❧♦rsq✉✬✐❧ ❡st ♥é❝❡ss❛✐r❡ ❞❡ r❡♣rés❡♥t❡r ✉♥❡ s✉r❢❛❝❡ ❞✬♦♥❞❡✱ ♦♥ s❡ ❧✐♠✐t❡ à ✉♥
♥♦♠❜r❡ ✜♥✐ n ❞❡ ❢♦♥❝t✐♦♥s ❞❡ ❜❛s❡ hi✱ ❡t ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ ❡st ❛❧♦rs ♣❛r❛♠étré❡ ♣❛r ✉♥
✈❡❝t❡✉r w ❞❡ R

n✳ ❏❡ ❞é❝r✐s ❞❛♥s ❧❡s ♣r♦❝❤❛✐♥❡s str♦♣❤❡s ❞✐✛ér❡♥t❡s ❜❛s❡s ✉t✐❧✐sé❡s ❞❛♥s
❧❛ ❧✐ttér❛t✉r❡ ♣♦✉r r❡♣rés❡♥t❡r ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡✳ ❆✉ ❝♦✉rs ❞❡ ♠❛ t❤ès❡✱ ❥❡ ♥✬❛✐ ✉t✐❧✐sé
♣❛r♠✐ ❝❡❧❧❡s✲❝✐ q✉❡ ❧❛ r❡♣rés❡♥t❛t✐♦♥ ③♦♥❛❧❡ ❡t ❧❛ r❡♣rés❡♥t❛t✐♦♥ ❢r❛❝t❛❧❡✳

◗✉❡❧❧❡ q✉❡ s♦✐t ❧❛ r❡♣rés❡♥t❛t✐♦♥ ❡♥ ❞✐♠❡♥s✐♦♥ ✜♥✐❡ n ❝❤♦✐s✐❡✱ ❡❧❧❡ ❡st ❛ss♦❝✐é❡ à ✉♥❡
❡rr❡✉r q✉❛❞r❛t✐q✉❡ ♠♦②❡♥♥❡ q✉❡ ❥❡ ♥♦t❡

〈
ǫ2
〉
∞ =

1

SA

〈∥∥P (w − hT ·w)
∥∥2
〉

✭✸✳✷✹✮

❞✉❡ à ❝❡tt❡ ♣❛r❛♠étr✐s❛t✐♦♥✳

✸✳✷✳✶ ❘❡♣rés❡♥t❛t✐♦♥ ③♦♥❛❧❡

▲❛ r❡♣rés❡♥t❛t✐♦♥ ③♦♥❛❧❡ ✉t✐❧✐s❡ ❝♦♠♠❡ ❢♦♥❝t✐♦♥s ❞❡ ❜❛s❡ ❞❡s ❢♦♥❝t✐♦♥s ❞✬✐♥t❡r♣♦❧❛✲
t✐♦♥s à s✉♣♣♦rt ❝♦♠♣❛❝t✳

❉❛♥s ❝❡ ♠❛♥✉s❝r✐t✱ ♣❛r ❛❜✉s ❞❡ ❧❛♥❣❛❣❡✱ ❧♦rsq✉❡ ❥❡ ♣❛r❧❡ ❞❡ r❡♣rés❡♥t❛t✐♦♥ ③♦♥❛❧❡✱
❝❡❧❧❡✲❝✐ ❡st ❝♦♥str✉✐t❡ à ♣❛rt✐r ❞❡ ❢♦♥❝t✐♦♥s s♣❧✐♥❡s ❧✐♥é❛✐r❡s ❞é✜♥✐❡s s✉r ✉♥❡ ❣r✐❧❧❡ ré✲
❣✉❧✐èr❡ à ❞❡✉① ❞✐♠❡♥s✐♦♥s ✭❜✐❧✐♥é❛✐r❡s✮✳ ❈❡❧❛ s✐❣♥✐✜❡ q✉❡ ❧✬♦♥ ♦♠❡t ❧❡s ❞é❢♦r♠❛t✐♦♥s ❞❡
❢réq✉❡♥❝❡s s✉♣ér✐❡✉r❡s à ❧❛ ❢réq✉❡♥❝❡ ❞❡ ◆②q✉✐st 1/(2de) ❀ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ ❡st ❧✐ssé❡✳
▲❛ ♣❤❛s❡ ❡st r❡♣rés❡♥té ♣❛r ✉♥ ✈❡❝t❡✉r w ∈ R

n✱ q✉✐ s♦♥t ❧❡s ❝♦❡✣❝✐❡♥ts ❞❡s ❢♦♥❝t✐♦♥s
❞✬✐♥t❡r♣♦❧❛t✐♦♥s✳ ▲✬✐♠❛❣❡ ❞❡ ❣❛✉❝❤❡ ❞❡ ❧❛ ✜❣✉r❡ ✸✳✶ ♠♦♥tr❡ ❝❡tt❡ r❡♣rés❡♥t❛t✐♦♥ w✳ ▲❛
✈❛❧❡✉r ❞❡ ❝❤❛q✉❡ ♣✐①❡❧ ❝♦rr❡s♣♦♥❞ ❛✉ ❝♦❡✣❝✐❡♥t ❞❡ ❧❛ s♣❧✐♥❡ ❧✐♥é❛✐r❡ ❝❡♥tré❡ s✉r ❝❡ ♣✐①❡❧✳
◆✉♠ér✐q✉❡♠❡♥t✱ ❝❡ ✈❡❝t❡✉r w ❡st ❡♥r❡❣✐stré ❡♥ ❞❡✉① ❞✐♠❡♥s✐♦♥s✱ N×N ✱ ❛✈❡❝ N =

√
n✱

t♦✉t ❝♦♠♠❡ ♣♦✉r s❛ ✈✐s✉❛❧✐s❛t✐♦♥ s✉r ❧❛ ✜❣✉r❡ ✸✳✶✳

✸✳✷✳✷ ❘❡♣rés❡♥t❛t✐♦♥ ♠♦❞❛❧❡

❖♥ ♥♦♠♠❡ r❡♣rés❡♥t❛t✐♦♥ ♠♦❞❛❧❡✱ ♣❛r ♦♣♣♦s✐t✐♦♥ à ③♦♥❛❧❡✱ ✉♥❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❞❡
❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ ❞é❝r✐t❡ s✉r ✉♥❡ ❜❛s❡✱ ✜♥✐❡ ♦✉ ✐♥✜♥✐❡✱ ❞❡ ❢♦♥❝t✐♦♥s hi ❞♦♥t ❧❡ s✉♣♣♦rt
s✬ét❡♥❞ s✉r t♦✉t❡ ❧❛ ♣✉♣✐❧❧❡ ✿ ❧❡s ♠♦❞❡s✳

▲❡s r❡♣rés❡♥t❛t✐♦♥s ♠♦❞❛❧❡s ❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ ❧❡s ♣❧✉s ❝♦✉r❛♥t❡s s♦♥t ❧❛ ❞é❝♦♠✲
♣♦s✐t✐♦♥ ❡♥ sér✐❡ ❞❡ ❋♦✉r✐❡r✱ ❧❡s ♣♦❧②♥ô♠❡s ❞❡ ❩❡r♥✐❦❡ ❡t ❧❡s ♠♦❞❡s ❞❡ ❑❛r❤✉♥❡♥✲▲♦è✈❡✳



✸✳✷✳ ▲❆ ❘❊P❘➱❙❊◆❚❆❚■❖◆ ❙P❆❚■❆▲❊ ❉❊ ▲❆ ❙❯❘❋❆❈❊ ❉✬❖◆❉❊ ✼✸
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❋✐❣✳ ✸✳✶ ✕ ➚ ❣❛✉❝❤❡ ✿ ❘❡♣rés❡♥t❛t✐♦♥ ③♦♥❛❧❡ ❞✬✉♥❡ s✉r❢❛❝❡ ❞✬♦♥❞❡ s✉r ✉♥ é❝❤❛♥t✐❧❧♦♥♥❛❣❡
65 × 65✱ ✐✳❡✳ N =

√
n = 65✳ ❆✉ ❝❡♥tr❡ ✿ ▼♦❞✉❧❡ ❞❡s ❝♦❡✣❝✐❡♥ts ❞❡ ❧❛ sér✐❡ ❞❡ ❋♦✉r✐❡r

❞❡ ❧❛ ♠ê♠❡ s✉r❢❛❝❡ ❞✬♦♥❞❡✱ ❡♥ é❝❤❡❧❧❡ ❧♦❣❛r✐t❤♠✐q✉❡✳ ➚ ❞r♦✐t❡ ✿ ❘❡♣rés❡♥t❛t✐♦♥ ❢r❛❝t❛❧❡
❞❡ ❧❛ ♠ê♠❡ s✉r❢❛❝❡ ❞✬♦♥❞❡✳

❙ér✐❡ ❞❡ ❋♦✉r✐❡r

▲❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ ❡♥ sér✐❡ ❞❡ ❋♦✉r✐❡r ❞✐s❝rèt❡ s❡ ❢❛✐t é❣❛❧❡♠❡♥t
s✉r ✉♥❡ ❣r✐❧❧❡ ❝❛rré❡ ré❣✉❧✐èr❡ N ×N ❞❡ ❢réq✉❡♥❝❡s s♣❛t✐❛❧❡s✱ ❞♦♥t ❧❡s ❝♦❡✣❝✐❡♥ts s♦♥t
♥♦tés ak,l✱ ❛✈❡❝ 0 ≤ k, l ≤ N−1✳ ▲❡s ❢♦♥❝t✐♦♥s ❞❡ ❜❛s❡ s♦♥t ❧❡s ❡①♣♦♥❡♥t✐❡❧❧❡s ❝♦♠♣❧❡①❡s
❞✐s❝rèt❡s ✭❋r❡✐s❝❤❧❛❞ ❡t ❑♦❧✐♦♣♦✉❧♦s✱ ✶✾✽✻❀ P♦②♥❡❡r ❡t ❛❧✳✱ ✷✵✵✷✮

Zk,l(k
′, l′) =

1

N
exp

[
2iπ

N
(kk′ + ll′)

]
✭✸✳✷✺✮

∀ 1 ≤ k′, l′ ≤ N ❡t 0 ≤ k, l ≤ N − 1✱ ❡t i =
√
−1 ❞❛♥s ❝❡ ♣❛r❛❣r❛♣❤❡✳ ❈❡s ❢♦♥❝t✐♦♥s ❞❡

❜❛s❡ ❞é✜♥✐ss❡♥t ❧❡ ❝❤❛♥❣❡♠❡♥t ❞❡ ✈❛r✐❛❜❧❡ ❧✐♥é❛✐r❡✱ ❧❛ ❚r❛♥s❢♦r♠é❡ ❞❡ ❋♦✉r✐❡r ❉✐s❝rèt❡✱
❡①✐st❛♥t ❡♥tr❡ ❧❛ r❡♣rés❡♥t❛t✐♦♥ ❞❡ ❋♦✉r✐❡r w̃ ❡t ❧❛ r❡♣rés❡♥t❛t✐♦♥ ③♦♥❛❧❡ w✱ ✐✳❡✳

w(k′, l′) =

N−1∑

k=0

N−1∑

l=0

w̃(k, l)Zk,l(k
′, l′) ✭✸✳✷✻✮

∀ 1 ≤ k′, l′ ≤ N ✳ ▲❛ ❜❛s❡ ❞❡s ❡①♣♦♥❡♥t✐❡❧❧❡s ❝♦♠♣❧❡①❡s ❞✐s❝rèt❡s ✉t✐❧✐sé❡ ❡st ♦rt❤♦♥♦r✲
♠é❡✳ ▲❡s ❣r❛♣❤✐q✉❡s ❞❡ ❣❛✉❝❤❡ ❡t ❞✉ ❝❡♥tr❡ ❞❡ ❧❛ ✜❣✳ ✸✳✶ ✐❧❧✉str❡♥t ❧❡ ❝❤❛♥❣❡♠❡♥t ❞❡
✈❛r✐❛❜❧❡ ❡♥tr❡ ❧❛ r❡♣rés❡♥t❛t✐♦♥ ③♦♥❛❧❡ ❡t ❝❡❧❧❡ ❞❡ ❋♦✉r✐❡r ❞✬✉♥❡ s✉r❢❛❝❡ ❞✬♦♥❞❡ é❝❤❛♥✲
t✐❧❧♦♥♥é❡✳

P♦❧②♥ô♠❡s ❞❡ ❩❡r♥✐❦❡

▲❛ ❞❡s❝r✐♣t✐♦♥ ♣rés❡♥t❡ ❡st ✉♥ rés✉♠é ❞❡ ❝❡❧❧❡ ❢❛✐t❡ ♣❛r ❏❡❛♥✲P✐❡rr❡ ❱ér❛♥ ❞❛♥s s❛
t❤ès❡ ✭❱ér❛♥✱ ✶✾✾✼✮✳

▲✬✉t✐❧✐s❛t✐♦♥ ❞❡s ♣♦❧②♥ô♠❡s ❞❡ ❩❡r♥✐❦❡ ♣♦✉r ❞é❝♦♠♣♦s❡r ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ ❡st é❣❛✲
❧❡♠❡♥t ✉♥❡ ❛♣♣r♦❝❤❡ ❢♦rt ✉t✐❧✐sé❡✳ ■❧s s♦♥t ❞é✜♥✐s s✉r ✉♥ ❞✐sq✉❡ ❡t s✬é❝r✐✈❡♥t ❝♦♠♠❡ ❧❡
♣r♦❞✉✐t ❞✬✉♥❡ ❢♦♥❝t✐♦♥ ♣♦❧②♥♦♠✐❛❧❡ ❡t ❞✬✉♥❡ ❢♦♥❝t✐♦♥ tr✐❣♦♥♦♠étr✐q✉❡

Zi(r) = Rl
k(r)Θ

l
k(θ) ✭✸✳✷✼✮

(r, θ) ét❛♥t t♦✉❥♦✉rs ❧❡s ❝♦♦r❞♦♥♥é❡s ♣♦❧❛✐r❡s ❞✉ ✈❡❝t❡✉r r✳ ▲❛ ♥✉♠ér♦t❛t✐♦♥ i✱ i ∈ N✱
❞❡s ♣♦❧②♥ô♠❡s ❡st ❞é✜♥✐❡ à ♣❛rt✐r ❞❡s ❝♦♥✈❡♥t✐♦♥s s✉✐✈❛♥t❡s ✿

✕ ➚ ❝❤❛q✉❡ ♣♦❧②♥ô♠❡ ❞❡ ❩❡r♥✐❦❡ i ❡st ❛ss♦❝✐é ✉♥ ❞❡❣ré r❛❞✐❛❧ k ❡t ✉♥ ❞❡❣ré ❛③✐♠✉✲
t❤❛❧ l✳



✼✹ ❈❍❆P■❚❘❊ ✸✳ ▲❆ ▼❖❉➱▲■❙❆❚■❖◆ ❉❊ ▲❆ P❊❘❚❯❘❇❆❚■❖◆

✕ ❙❡✉❧s ❧❡s ❝♦✉♣❧❡s (k, l) t❡❧s q✉❡ 0 ≤ l ≤ k ❡t ❛✈❡❝ k ❡t l ❞❡ ♠ê♠❡ ♣❛r✐té ❝❛r❛❝té✲
r✐s❡♥t ❞❡s ♣♦❧②♥ô♠❡s ❞❡ ❩❡r♥✐❦❡✳

✕ ❈❡❝✐ ét❛♥t✱ s✐ l = 0✱ ❛❧♦rs ❧❡ ❝♦✉♣❧❡ (k, l) ❞é✜♥✐t ✉♥ ♣♦❧②♥ô♠❡ ❞❡ ❩❡r♥✐❦❡✱ t❛♥❞✐s
q✉❡ s✐ l 6= 0✱ ❛❧♦rs (k, l) ❡st ❛ss♦❝✐é à ❞❡✉① ♣♦❧②♥ô♠❡s ❞✐st✐♥❝ts✳

✕ ▲❡ ❝❧❛ss❡♠❡♥t s❡❧♦♥ ❧✬✐♥❞✐❝❡ i ❝♦rr❡s♣♦♥❞ à ✉♥ ❞❡❣ré r❛❞✐❛❧ ❝r♦✐ss❛♥t k✱ ❡t à ♠ê♠❡
❞❡❣ré r❛❞✐❛❧✱ à ✉♥ ❞❡❣ré ❛③✐♠✉t❤❛❧ ❝r♦✐ss❛♥t l✳

▲❡ ♣♦❧②♥ô♠❡ r❛❞✐❛❧ Rl
k✱ ❞❡ ❞❡❣ré k✱ ❡st ❞é✜♥✐ ♣❛r

Rl
k(|r|) =

(k−l)/2∑

s=0

(−1)s(k − s)!
s! [(k + l)/2− s]! [(k − l)/2− s]! |r|

k−2s ✭✸✳✷✽✮

▲❛ ❢♦♥❝t✐♦♥ tr✐❣♦♥♦♠étr✐q✉❡ Θl
k s✬é❝r✐t

Θl
k(θ) =





√
k + 1 si l = 0√
2(k + 1) cos(lθ) si l 6= 0 et i est pair√
2(k + 1) sin(lθ) si l 6= 0 et i est impair

✭✸✳✷✾✮

▲❡s ♣♦❧②♥ô♠❡s ❞❡ ❩❡r♥✐❦❡ ♦♥t ✉♥❡ ❢♦r♠❡ ❛♥❛❧②t✐q✉❡ r❡❧❛t✐✈❡♠❡♥t s✐♠♣❧❡✱ ❡t✱ s✉r ✉♥❡
♣✉♣✐❧❧❡ ❝✐r❝✉❧❛✐r❡ ❡♥ ❧✬❛❜s❡♥❝❡ ❞✬♦❜str✉❝t✐♦♥ ❝❡♥tr❛❧❡✱ ✐❧s ❢♦r♠❡♥t ✉♥❡ ❜❛s❡ ♦rt❤♦♥♦r♠❛❧❡
❞❡ ❞✐♠❡♥s✐♦♥ ✐♥✜♥✐❡✳ ▲❡✉r ♣♦♣✉❧❛r✐té ❞❛♥s ♥♦tr❡ ❞♦♠❛✐♥❡ ❞✬ét✉❞❡ ✈✐❡♥t ❞✉ ❢❛✐t q✉❡ ❧❡s
♣r❡♠✐❡rs ♣♦❧②♥ô♠❡s s♦♥t ✐♥t❡r♣rétés ❝♦♠♠❡ ❞❡s ❛❜❡rr❛t✐♦♥s ♦♣t✐q✉❡s ❝❧❛ss✐q✉❡s ✭❡✳❣✳
❜❛s❝✉❧❡♠❡♥t✱ ❞é❢♦❝❛❧✐s❛t✐♦♥✱ ❛st✐❣♠❛t✐s♠❡✱ ❡t❝✮✳

P❛r ❛✐❧❧❡✉rs✱ ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❡♥ ♣♦❧②♥ô♠❡s ❞❡ ❩❡r♥✐❦❡ ❡st ❛ss❡③ ♣r♦❝❤❡ ❞❡ ❧❛ ❞é✲
❝♦♠♣♦s✐t✐♦♥ ❡♥ sér✐❡ ❞❡ ❋♦✉r✐❡r✱ s✐ ❜✐❡♥ q✉❡ ❧❡✉r ❝❧❛ss❡♠❡♥t ♣❛r ♦r❞r❡ r❛❞✐❛❧ ❝r♦✐ss❛♥t
❡st à ♣❡✉ ♣rès ✉♥ ❝❧❛ss❡♠❡♥t ♣❛r ❢réq✉❡♥❝❡ s♣❛t✐❛❧❡ ❝r♦✐ss❛♥t❡✳

P♦✉r ✉♥❡ t✉r❜✉❧❡♥❝❡ ❞❡ t②♣❡ ❑♦❧♠♦❣♦r♦✈✱ ❧❡s ✈❛r✐❛♥❝❡s ❡t ❝♦✈❛r✐❛♥❝❡s ❞❡s ❝♦❡✣✲
❝✐❡♥ts ❞❡ ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❡♥ ❩❡r♥✐❦❡ zi s✬é❝r✐✈❡♥t ✭◆♦❧❧✱ ✶✾✼✻❀ ❲❛♥❣ ❡t ▼❛r❦❡②✱ ✶✾✼✽❀
❈♦♥❛♥✱ ✷✵✵✵✮ ✿

〈zi zj〉 = αij

(
D

r0

)5/3

∀i, j ∈ N . ✭✸✳✸✵✮

▲❡ ♣✐st♦♥✱ ♠♦❞❡ ❝♦♥st❛♥t s✉r ❧❛ ♣✉♣✐❧❧❡ ❡st ❧❡ ♣r❡♠✐❡r ♠♦❞❡ ❞❡ ❩❡r♥✐❦❡✳ ▲❡s ♠♦❞❡s ❞❡
❩❡r♥✐❦❡ ét❛♥t ♦rt❤♦❣♦♥❛✉①✱ ♦♥ ♣❡✉t réé❝r✐r❡ ❧✬éq✉❛t✐♦♥ ✭✸✳✶✺✮ s♦✉s ❧❛ ❢♦r♠❡

aw =

i=∞∑

i=2

αii(D/r0)
5/3 ✭✸✳✸✶✮

▲❡s ♠♦❞❡s ❞❡ ❑❛r❤✉♥❡♥✲▲♦è✈❡

■❧ ❡①✐st❡ ✉♥❡ ❜❛s❡ ❞❡ ❢♦♥❝t✐♦♥s (hj)i∈N✱ t❡❧❧❡ q✉❡ ❧✬❡rr❡✉r q✉❛❞r❛t✐q✉❡ ♠♦②❡♥♥❡ ❞✬❛♣✲
♣r♦①✐♠❛t✐♦♥ 〈‖w − w̄‖2〉 ❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ t✉r❜✉❧❡♥t❡ w s✉r ✉♥ ♥♦♠❜r❡ ✜♥✐ n ❞❡
❝♦♠♣♦s❛♥t❡s ✭❞❛♥s ❧✬éq✉❛t✐♦♥ ✭✸✳✷✸✮✮✱

w̄(r) =

n∑

j=1

hi(r)wi , ✭✸✳✸✷✮

s♦✐t ♠✐♥✐♠❛❧❡✳ ❈❡s ❢♦♥❝t✐♦♥s s♦♥t ❧❡s ♠♦❞❡s ❞❡ ❑❛r❤✉♥❡♥✲▲♦è✈❡✳ ■❧s ♦♣t✐♠✐s❡♥t ❝❡ ❝r✐tèr❡
❞✬❛♣♣r♦①✐♠❛t✐♦♥ ❡♥ r❛✐s♦♥ ❞❡ ❞❡✉① ❝❛r❛❝tér✐st✐q✉❡s ❡ss❡♥t✐❡❧❧❡s ✿ ✐❧s s♦♥t ♦rt❤♦❣♦♥❛✉① ❡t
st❛t✐st✐q✉❡♠❡♥t ✐♥❞é♣❡♥❞❛♥ts ♣♦✉r ✉♥ ♠♦❞è❧❡ ❞❡ t✉r❜✉❧❡♥❝❡ ❞♦♥♥é✳ ❉❛♥s ❧❡ ❝❛s ❞✬✉♥❡



✸✳✷✳ ▲❆ ❘❊P❘➱❙❊◆❚❆❚■❖◆ ❙P❆❚■❆▲❊ ❉❊ ▲❆ ❙❯❘❋❆❈❊ ❉✬❖◆❉❊ ✼✺

s✉r❢❛❝❡ ❞✬♦♥❞❡ ❞❡ t②♣❡ ❑♦❧♠♦❣♦r♦✈ ❞é✜♥✐❡ s✉r ✉♥❡ ♣✉♣✐❧❧❡ ❝✐r❝✉❧❛✐r❡ s❛♥s ♦❜str✉❝t✐♦♥
❝❡♥tr❛❧❡✱ ♦♥ ♥✬♦❜t✐❡♥t ♣❛s ❞❡ ❢♦r♠❡ ❛♥❛❧②t✐q✉❡ s✐♠♣❧❡✱ ♠❛✐s ✉♥❡ ❛♣r♦①✐♠❛t✐♦♥ ♥✉♠ér✐q✉❡
❡st ♣♦ss✐❜❧❡ ✭❲❛♥❣ ❡t ▼❛r❦❡②✱ ✶✾✼✽✮✳ ▲✬❛t♦✉t ♠❛❥❡✉r ❞✬✉♥❡ t❡❧❧❡ r❡♣rés❡♥t❛t✐♦♥ ❡st q✉❡
❧❛ ❝♦♠♣❡♥s❛t✐♦♥ ♣❛r❢❛✐t❡ ❞❡s n ♣r❡♠✐❡rs ♠♦❞❡s ❞❡ ❑❛r❤✉♥❡♥✲▲♦è✈❡ ❡st ❧❛ ♠❡✐❧❧❡✉r❡
❝♦rr❡❝t✐♦♥ q✉❡ ❧✬♦♥ ♣✉✐ss❡ ❢❛✐r❡ ❞❛♥s ✉♥ ❡s♣❛❝❡ à n ❞✐♠❡♥s✐♦♥s ✭✐✳❡✳ ❛✈❡❝ n ❞❡❣rés ❞❡
❧✐❜❡rté✮✳ ❈❡❝✐ ✈❛✉t ♣❛r❝❡ q✉❡ ❧❡ ♣✐st♦♥ ❡st ❧❡ ♣r❡♠✐❡r ♠♦❞❡ ❞❡ ❑❛r❤✉♥❡♥✲▲♦è✈❡✱ ❞♦♥❝
♣❛r❛♠étr❡r ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ s✉r ❧❡s n ♣r❡♠✐❡rs ♠♦❞❡s ❞❡ ❑❛r❤✉♥❡♥✲▲♦è✈❡ r❡✈✐❡♥t à
♠✐♥✐♠✐s❡r ❧✬❡rr❡✉r ❞✉❡ à ❧❛ ♣❛r❛♠étr✐s❛t✐♦♥ 〈ǫ2〉∞ ❞é✜♥✐❡ ♣❛r ❧✬❡①♣r❡ss✐♦♥ ✭✸✳✷✹✮✳

❈❡tt❡ ❜❛s❡ ❞❡ ❢♦♥❝t✐♦♥s t❤é♦r✐q✉❡♠❡♥t ✐♥tér❡ss❛♥t❡ ❛ été ♣❡✉ ✉t✐❧✐sé❡ ❞✉ ❢❛✐t ❞❡
❧✬❛❜s❡♥❝❡ ❞✬❡①♣r❡ss✐♦♥ s✐♠♣❧❡ ♣♦✉r ❞é❝r✐r❡ s❡s ♠♦❞❡s✳ ❇❡❛✉❝♦✉♣ ❧✉✐ ♣ré❢èr❡ ❧❡s ♠♦❞❡s
❞❡ ❩❡r♥✐❦❡✱ ❞✬❛✉t❛♥t q✉❡ ♣♦✉r ❧❡s ♣r❡♠✐❡rs ♦r❞r❡s ❧❡s ❞❡✉① ❞é✈❡❧♦♣♣❡♠❡♥ts s♦♥t très
♣r♦❝❤❡s✳ ❲❛♥❣ ❡t ▼❛r❦❡② ✭✶✾✼✽✮ ♦♥t ♠♦♥tré q✉❡ ❥✉sq✉✬à ✉♥❡ ✈✐♥❣t❛✐♥❡ ❞❡ ♠♦❞❡s ❝♦r✲
r✐❣és✱ ❧❡ ❝❤♦✐① ❞❡s ♠♦❞❡s ❞❡ ❩❡r♥✐❦❡ ♦✉ ❞❡s ♠♦❞❡s ❞❡ ❑❛r❤✉♥❡♥✲▲♦è✈❡ ♥❡ ❝❤❛♥❣❛✐❡♥t
♣❛s s✐❣♥✐✜❝❛t✐✈❡♠❡♥t ❧❡s ♣❡r❢♦r♠❛♥❝❡s✳ ❈❡♣❡♥❞❛♥t✱ ❝❡❝✐ ❡st ❞❡ ♠♦✐♥s ❡♥ ♠♦✐♥s ✈r❛✐ à
♠❡s✉r❡ q✉❡ ❧❡ ♥♦♠❜r❡ ❞❡ ♠♦❞❡s ❝♦rr✐❣és ❞❡✈✐❡♥t ❣r❛♥❞✳ P❛r ❡①❡♠♣❧❡✱ ✐❧ ❢❛✉t ❝♦rr✐❣❡r
♣rès ❞❡ ✷✺✵ ♠♦❞❡s ❞❡ ❩❡r♥✐❦❡ ♣♦✉r ♦❜t❡♥✐r ❧❡ ♥✐✈❡❛✉ ❞❡ ❝♦rr❡❝t✐♦♥ éq✉✐✈❛❧❡♥t❡ à ✶✸✵
♠♦❞❡s ❞❡ ❑❛r❤✉♥❡♥✲▲♦è✈❡ s✉r ✉♥❡ ♣✉♣✐❧❧❡ ❝✐r❝✉❧❛✐r❡ ✭▲❛♥❡ ❡t ❚❛❧❧♦♥✱ ✶✾✾✷✮✳ ❙✉r ✉♥
té❧❡s❝♦♣❡ ❤❡❝t♦♠étr✐q✉❡✱ ❧❡ s②stè♠❡ ❞✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ❝♦rr✐❣❡r❛ ♣❧✉s✐❡✉rs ♠✐❧❧✐❡rs ❞❡
♠♦❞❡s✱ ❝❡ q✉✐ ❞❡✈r❛✐t ❡♥❝♦r❡ ❛❣r❛♥❞✐r ❧✬é❝❛rt ❞❡ ♣❡r❢♦r♠❛♥❝❡ ❡♥tr❡ ❧❡s ❞❡✉① ❡s♣❛❝❡s✳

❘♦❞❞✐❡r ✭✶✾✾✵✮ ❛ ❝♦♥s✐❞éré ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❞✬✉♥❡ s✉r❢❛❝❡ ❞✬♦♥❞❡ s✉r ✉♥ ♥♦♠❜r❡
✜♥✐ n ❞❡ ♣♦❧②♥ô♠❡s ❞❡ ❩❡r♥✐❦❡✱ ❝✬❡st✲à✲❞✐r❡ ✉♥❡ s✉r❢❛❝❡ ❞✬♦♥❞❡ ❧✐ssé❡✳ ❊♥ ❞✐❛❣♦♥❛❧✐s❛♥t
❧❛ ♠❛tr✐❝❡ ❞❡ ❝♦✈❛r✐❛♥❝❡ ❞❡s ❝♦❡✣❝✐❡♥ts ❞❡ ❩❡r♥✐❦❡✱ ❞é✜♥✐s ♣❛r ✭✸✳✸✵✮✱ ✐❧ ❛ ♦❜t❡♥✉ ✉♥❡
❢♦r♠❡ ❛♣♣r♦❝❤é❡ ❞❡ ♠♦❞❡s ❞❡ ❑❛r❤✉♥❡♥✲▲♦è✈❡✳ ❊♥ ❡✛❡t✱ ❧❡s ❝♦❧♦♥♥❡s ❞❡ ❧❛ ♠❛tr✐❝❡
❞❡ ♣❛ss❛❣❡ à ❧❛ ❝♦✈❛r✐❛♥❝❡ ❞✐❛❣♦♥❛❧❡ s♦♥t ❧❡s ♠♦❞❡s st❛t✐st✐q✉❡♠❡♥t ✐♥❞é♣❡♥❞❛♥ts ❡t
♦rt❤♦❣♦♥❛✉① ❡①♣r✐♠és ❞❛♥s ❧❛ ❜❛s❡ ❞❡s ❩❡r♥✐❦❡✳ ❈❡♣❡♥❞❛♥t✱ ❧❛ ❞✐s❝✉ss✐♦♥ ❞✉ ♣❛r❛❣r❛♣❤❡
♣ré❝é❞❡♥t ♠♦♥tr❡ q✉❡ ❝♦rr✐❣❡r ❧❡s n ♠♦❞❡s ❛♣♣r♦❝❤és ❞❡ ❑❛r❤✉♥❡♥✲▲♦è✈❡ ❛✐♥s✐ ♦❜t❡♥✉s
éq✉✐✈❛✉t à ❝♦rr✐❣❡r ❧❡s n ♠♦❞❡s ❞❡ ❩❡r♥✐❦❡✳ ■❧ ♥✬❡st ❛❧♦rs ✐♥tér❡ss❛♥t ❞✬❡✛❡❝t✉❡r ❝❡
❝❤❛♥❣❡♠❡♥t ❞❡ ❜❛s❡ q✉❡ s✐ ❧✬♦♥ ❡♥✈✐s❛❣❡ ❞❡ ❝♦rr✐❣❡r ✉♥ ♥♦♠❜r❡ ❞❡ ♠♦❞❡s très ✐♥❢ér✐❡✉r
à n✳

❯♥❡ ❛✉tr❡ ❛♣♣r♦❝❤❡ ✿ ❧❛ r❡♣rés❡♥t❛t✐♦♥ ❢r❛❝t❛❧❡

❏❡ ♣rés❡♥t❡ ✐❝✐ ❧❛ ♠ét❤♦❞❡ ❞❡ r❡♣rés❡♥t❛t✐♦♥ ❢r❛❝t❛❧❡ ❞é✈❡❧♦♣♣é❡ ♣❛r ❚❤✐é❜❛✉t ❡t
❚❛❧❧♦♥ ✭✷✵✵✽✮✳ ▲✬❛rt✐❝❧❡ q✉✐ ❧❛ ❞é❝r✐t ♥✬ét❛♥t ♣❛s ❡♥❝♦r❡ ♣❛r✉✱ ✐❧ ❡st ❛tt❛❝❤é ❞❛♥s ❧✬❛♥✲
♥❡①❡ ❆✳ ❏❡ rés✉♠❡ ✐❝✐ ❧❡ ♣r✐♥❝✐♣❡ ❡t ❧❡s ♣❛rt✐❝✉❧❛r✐tés ❞❡ ❝❡tt❡ ♠ét❤♦❞❡✳

▲❛ r❡♣rés❡♥t❛t✐♦♥ ❢r❛❝t❛❧❡ ✭❚❤✐é❜❛✉t ❡t ❚❛❧❧♦♥✱ ✷✵✵✽✮ ❝♦♥s✐st❡ à ❡✛❡❝t✉❡r ✉♥❡ s♦rt❡
❞❡ r❡♣rés❡♥t❛t✐♦♥ ❞❡ ❑❛r❤✉♥❡♥✲▲♦è✈❡ ❞✬✉♥❡ s✉r❢❛❝❡ ❞✬♦♥❞❡ ❞é❥à ❧✐ssé❡✳ ❈♦♥tr❛✐r❡♠❡♥t
à ❧❛ ♠ét❤♦❞❡ ❞❡ ❘♦❞❞✐❡r ✭✶✾✾✵✮✱ ❧❡ ♣♦✐♥t ❞❡ ❞é♣❛rt ♥✬❡st ♣❛s ✉♥ ❞é✈❡❧♦♣♣❡♠❡♥t s✉r
❧❡s ❩❡r♥✐❦❡ ✭r❡♣rés❡♥t❛t✐♦♥ ♠♦❞❛❧❡✮ ♠❛✐s ❞✐r❡❝t❡♠❡♥t ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ é❝❤❛♥t✐❧❧♦♥♥é❡
✭r❡♣rés❡♥t❛t✐♦♥ ③♦♥❛❧❡ ❞❡ ❧❛ ✜❣✉r❡ ✸✳✶✮✳

❖♥ ❝♦♥s✐❞èr❡ ✉♥ ❞é✈❡❧♦♣♣❡♠❡♥t ❞❡ ❧♦♥❣✉❡✉r ✜♥✐❡ n✱ ✐✳❡✳ ✉♥❡ r❡♣rés❡♥t❛t✐♦♥ ③♦♥❛❧❡
❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ ♣❛r ❧❡ ✈❡❝t❡✉r w ∈ R

n✱ ❝♦♠♠❡ ❧❡ ❣r❛♣❤✐q✉❡ ❞❡ ❣❛✉❝❤❡ ❞❡ ❧❛
✜❣✉r❡ ✸✳✶✳ ▲❛ ♠❛tr✐❝❡ ❞❡ ❝♦✈❛r✐❛♥❝❡ ❞❡s ❝♦❡✣❝✐❡♥ts ❞❡ ❝❡tt❡ r❡♣rés❡♥t❛t✐♦♥ Cw ❡st
s②♠étr✐q✉❡ ♣♦s✐t✐✈❡✳ ❖♥ ♣❡✉t ❞é✜♥✐r ✉♥ ❝❤❛♥❣❡♠❡♥t ❞❡ ✈❛r✐❛❜❧❡ ❧✐♥é❛✐r❡ K ❞é✜♥✐ ♣❛r

w = K ·u , ✭✸✳✸✸✮

t❡❧ q✉❡ ❧❡s ❝♦❡✣❝✐❡♥ts u s♦✐❡♥t ❞❡s ✈❛r✐❛❜❧❡s ❛❧é❛t♦✐r❡s ♥♦r♠❛❧❡s ✐♥❞é♣❡♥❞❛♥t❡s✱ ✐✳❡✳
u ∼ N (0, I)✱ ♣♦✉r ✉♥❡ st❛t✐st✐q✉❡ ❞❡ t✉r❜✉❧❡♥❝❡ ❞♦♥♥é❡✳
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▲✬❡①✐st❡♥❝❡ ❞✬✉♥ t❡❧ ❝❤❛♥❣❡♠❡♥t ❞❡ ✈❛r✐❛❜❧❡ K ✐♠♣❧✐q✉❡ q✉❡ ❧❛ ❝♦✈❛r✐❛♥❝❡ ❞❡s ✈❛✲
r✐❛❜❧❡s w ♣✉✐ss❡ êtr❡ ❢❛❝t♦r✐sé❡ ❞❡ ❧❛ ❢♦r♠❡

Cw = 〈w ·wT〉 = K ·KT . ✭✸✳✸✹✮

▲❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❞❡ ❈❤♦❧❡s❦② ❞❡ Cw ❝♦♥❞✉✐t à ✉♥❡ ❡①♣r❡ss✐♦♥ ❞❡ ❝❡ t②♣❡✱ ❞é♠♦♥tr❛♥t
❛✐♥s✐ q✉✬✐❧ ❡①✐st❡ ❛✉ ♠♦✐♥s ✉♥ ♦♣ér❛t❡✉r K s❛t✐s❢❛✐s❛♥t ❧✬éq✉❛t✐♦♥ ✭✸✳✸✹✮✳ ❈❡♣❡♥❞❛♥t✱
❝❡tt❡ ❢❛❝t♦r✐s❛t✐♦♥ ♥✬❡st ♣❛s ✉♥✐q✉❡✳

▲❡s ❝♦❧♦♥♥❡s ❞❡ ❧❛ ♠❛tr✐❝❡ K s♦♥t ❛❧♦rs ❧❡s ♠♦❞❡s ❞❡ ❧❛ ♥♦✉✈❡❧❧❡ ❞é❝♦♠♣♦s✐t✐♦♥
❡①♣r✐♠és ❞❛♥s ❧❛ r❡♣rés❡♥t❛t✐♦♥ ③♦♥❛❧❡✳ ■❧s s♦♥t st❛t✐st✐q✉❡♠❡♥t ✐♥❞é♣❡♥❞❛♥ts ❝♦♠♠❡ ❧❡s
♠♦❞❡s ❑❛r❤✉♥❡♥✲▲♦è✈❡✱ ♠❛✐s ♣❛s ♥é❝❡ss❛✐r❡♠❡♥t ♦rt❤♦❣♦♥❛✉① ❞✬❛♣rès ❧❡s ❤②♣♦t❤ès❡s
❝✐✲❞❡ss✉s✳

▲✬❛♣♣r♦❝❤❡ ❢r❛❝t❛❧❡ ✭❚❤✐é❜❛✉t ❡t ❚❛❧❧♦♥✱ ✷✵✵✽✮ ❝♦♥s✐st❡ à tr♦✉✈❡r ✉♥❡ t❡❧❧❡ ❢❛❝t♦r✐✲
s❛t✐♦♥ ❛✈❡❝ ✉♥❡ ♠❛tr✐❝❡ ❞❡ ❝❤❛♥❣❡♠❡♥t ❞❡ ✈❛r✐❛❜❧❡ ♥♦té❡ K❢r❛❝ ❝r❡✉s❡✳ ▲❡s éq✉❛t✐♦♥s
❡t ❞ét❛✐❧s ❞❡ ❧❛ ♠ét❤♦❞❡ s♦♥t ♣ré❝✐sés ❞❛♥s ❧❛ ❙❡❝t✳ ✸ ❞❡ ❧✬❛rt✐❝❧❡ ❞❡ ❚❤✐é❜❛✉t ❡t ❚❛❧❧♦♥
✭✷✵✵✽✮ ✭❝❢✳ ❛♥♥❡①❡ ❆✮✳ ❏❡ rés✉♠❡ ✐❝✐ ❧❡ ♣r✐♥❝✐♣❡ ❞❡ ❝❡tt❡ ♣❛r❛♠étr✐s❛t✐♦♥✳

▲✬✐❞é❡ ❝♦♥s✐st❡ à ❡①♣❧♦✐t❡r ❧❛ ♥❛t✉r❡ ❢r❛❝t❛❧❡ ❞❡ ❧❛ ❢♦♥❝t✐♦♥ ❞❡ str✉❝t✉r❡ ❞❡ ❑♦❧♠♦❣♦✲
r♦✈ ♣♦✉r ❣é♥ér❡r ✉♥❡ s✉r❢❛❝❡ ❞✬♦♥❞❡ t✉r❜✉❧❡♥t❡✱ ❞❡ ❢❛ç♦♥ ré❝✉rs✐✈❡ ✈❡rs ✉♥❡ rés♦❧✉t✐♦♥
❞❡ ♣❧✉s ❡♥ ♣❧✉s ✜♥❡✳ ❈❡tt❡ ♠ét❤♦❞❡ ❞❡ s✐♠✉❧❛t✐♦♥ ❞❡ s✉r❢❛❝❡ ❞✬♦♥❞❡ ❝♦♥❞✉✐t à ❝♦♥str✉✐r❡
❧✬♦♣ér❛t❡✉r K❢r❛❝✱ ❝❡ q✉✐ ❞é✜♥✐t ❛✐♥s✐ ❧❛ r❡♣rés❡♥t❛t✐♦♥ ❢r❛❝t❛❧❡ ♦❜t❡♥✉❡✳

▲❡ ♣♦✐♥t ❞❡ ❞é♣❛rt ❞❡ ❧❛ ♠ét❤♦❞❡ ❝♦♥s✐st❡ à ❣é♥ér❡r ✉♥❡ s✉r❢❛❝❡ ❞✬♦♥❞❡ ❛✈❡❝ s❡✉❧❡✲
♠❡♥t ✹ ✈❛❧❡✉rs✱ ❛✉① ✹ ❝♦✐♥s✱ ❝♦rr❡s♣♦♥❞❛♥t à ❧❛ ♣❧✉s ❣r❛♥❞❡ é❝❤❡❧❧❡ ✭❝❢✳ ❙❡❝t✳ ✸✳❆✳ ❞❛♥s
❚❤✐é❜❛✉t ❡t ❚❛❧❧♦♥ ✭✷✵✵✽✮✮✳ ❙✐ ♦♥ ♥♦t❡ wout ∈ R

4 ❧❡ ✈❡❝t❡✉r ③♦♥❛❧ ❞❡ ❝❡s ✈❛❧❡✉rs✱ ♦♥
♣❡✉t é❝r✐r❡ ❧❡✉r ❝♦✈❛r✐❛♥❝❡✱ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ❢♦♥❝t✐♦♥ ❞❡ str✉❝t✉r❡ ❡t ❞❡ ❧❡✉r ✈❛r✐❛♥❝❡ ✿

C♦ut =




c0 c1 c2 c1
c1 c0 c1 c2
c2 c1 c0 c1
c1 c2 c1 c0




❛✈❡❝

c0 = σ2
w

c1 = σ2
w −Dw(L)/2

c3 = σ2
w −Dw(

√
2L)/2

❡t L ❧❛ ❧♦♥❣✉❡✉r ❞✬✉♥ ❝ôté ❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡✳
▲❛ ❞✐❛❣♦♥❛❧✐s❛t✐♦♥ ❞❡ C♦ut ❡t ❧❛ ❞é✜♥✐t✐♦♥ ❞✬✉♥❡ ✈❛❧❡✉r ♣♦✉r ❧❛ ✈❛r✐❛♥❝❡ σ2

w ❢♦✉r✲
♥✐ss❡♥t ❧❛ ♠❛tr✐❝❡ ❞❡ ♣❛ss❛❣❡ K♦ut ❞✬✉♥ ❥❡✉ u ∈ R

4 à w♦ut✳ ❙✐ ❝❡s q✉❛tr❡s ♣♦✐♥ts ❞❡
♣❤❛s❡ ❢♦r♠❡♥t ✉♥ ❝❛rré ❞❡ ❝ôté L✱ ❛❧♦rs ♦♥ ♣❡✉t ♣❛r ❧❛ ♠ét❤♦❞❡ ❢r❛❝t❛❧❡ r❛✣♥❡r ❞❡
❢❛ç♦♥ ré❝✉rr❡♥t❡ ❝❡t é❝r❛♥ ❞❡ ♣❤❛s❡ à ❞❡s rés♦❧✉t✐♦♥s ❞❡ L/2p✱ ❛✈❡❝ p ❧❡ ♥♦♠❜r❡ ❞❡ ♣❛s
❞❡ ré❝✉rr❡♥❝❡✳

▲❛ ♣r♦❝é❞✉r❡ ❞❡ r❛✣♥❡♠❡♥t ❞✬✉♥❡ é❝❤❡❧❧❡ à ❧❛ s✉✐✈❛♥t❡ s✬❡✛❡❝t✉❡ ❡♥ tr♦✐s ét❛♣❡s✱
✐❧❧✉stré❡s ♣❛r ❧❛ ❋✐❣✳ ✹ ❞❛♥s ❚❤✐é❜❛✉t ❡t ❚❛❧❧♦♥ ✭✷✵✵✽✮✳ ▲❡s ❞❡✉① ❞❡r♥✐èr❡s ét❛♣❡s
♣❡✉✈❡♥t êtr❡ ❝❛❧❝✉❧é❡s ❡♥ ♣❛r❛❧❧è❧❡✱ ❧✬✉♥❡ ❣é♥ér❛♥t ❞❡s ♣♦✐♥ts s✉r ❧❛ ❢r♦♥t✐èr❡ ❞❡ ❧✬é❝r❛♥
❞❡ ♣❤❛s❡ ✭4× 2p−1 ♥♦✉✈❡❛✉① ♣♦✐♥ts✮ ❡t ❧✬❛✉tr❡ ❞❡s ♣♦✐♥ts ✐♥tér✐❡✉rs✳

❈❤❛q✉❡ ♥♦✉✈❡❧❧❡ ✈❛❧❡✉r ❞❡ ❧❛ ❞é❢♦r♠é❡ wi ❡st ✉♥❡ ❝♦♠❜✐♥❛✐s♦♥ ❧✐♥é❛✐r❡ ❞❡s ✈❛❧❡✉rs
❞❡ ♣❤❛s❡ ❞❡s ♣❧✉s ♣r♦❝❤❡s ✈♦✐s✐♥s ❞❛♥s ❧✬é❝❤❡❧❧❡ s✉♣ér✐❡✉r❡ ❡t ❞✬✉♥❡ ♥♦✉✈❡❧❧❡ ✈❛r✐❛❜❧❡
❛❧é❛t♦✐r❡ ui ✭❝❢✳ éq✉❛t✐♦♥ ✷✸ ❞❛♥s ❚❤✐é❜❛✉t ❡t ❚❛❧❧♦♥ ✭✷✵✵✽✮✮✳ ▲❡s ❝♦❡✣❝✐❡♥ts ❞❡ ❧❛



✸✳✷✳ ▲❆ ❘❊P❘➱❙❊◆❚❆❚■❖◆ ❙P❆❚■❆▲❊ ❉❊ ▲❆ ❙❯❘❋❆❈❊ ❉✬❖◆❉❊ ✼✼

❝♦♠❜✐♥❛✐s♦♥ ❧✐♥é❛✐r❡ s♦♥t ♣ré❝❛❧❝✉❧és à ♣❛rt✐r ❞❡ ❧❛ ❢♦♥❝t✐♦♥ ❞❡ str✉❝t✉r❡ ❛✉① é❝❤❡❧❧❡s
❡♥ q✉❡st✐♦♥ ❡t ❞❡ ❧❛ ✈❛❧❡✉r ❞❡ ❧❛ ✈❛r✐❛♥❝❡ σ2

φ✳
▲❛ ♣r♦❝é❞✉r❡ ❣❧♦❜❛❧❡ ❝♦rr❡s♣♦♥❞ à ✉♥ ❛❧❣♦r✐t❤♠❡ ❞❡ ♣♦✐♥t ♠✐❧✐❡✉✳ P❛r ❝♦♥str✉❝t✐♦♥✱

✐❧ ❣é♥èr❡ ❞♦♥❝ ❞❡s s✉r❢❛❝❡s ❞✬♦♥❞❡ ♣❛r❛♠étré❡s ♣❛r 2p+1×2p+1 ✈❛❧❡✉rs✳ ❈♦♥tr❛✐r❡♠❡♥t
à ❧❛ ♠ét❤♦❞❡ ❢r❛❝t❛❧❡ ♣r♦♣♦sé❡ ♣❛r ▲❛♥❡ ❡t ❛❧✳ ✭✶✾✾✷✮✱ ❝❡ ♥♦✉✈❡❧ ♦♣ér❛t❡✉r ❢r❛❝t❛❧ K❢r❛❝

❡st ❝♦♥str✉✐t ❝♦♠♠❡ ✉♥❡ ❜✐❥❡❝t✐♦♥✳
■❧ ♥✬❛ ♣❛s été ♠✐s ❡♥ é✈✐❞❡♥❝❡ ❞✬❡①♣r❡ss✐♦♥ ❛♥❛❧②t✐q✉❡ ♣❛rt✐❝✉❧✐èr❡ ♣♦✉r ❧❡s ♠♦❞❡s

❞❡ ❝❡tt❡ ❞é❝♦♠♣♦s✐t✐♦♥ ❢r❛❝t❛❧❡✳ ◆é❛♥♠♦✐♥s✱ ❧❛ str✉❝t✉r❡ ❞❡s ❝♦❧♦♥♥❡s ❞❡ K❢r❛❝ ré✈è❧❡
❧❡ ❢❛✐t q✉❡ ❧❛ ♣❧✉♣❛rt ❞❡s ♣♦✐♥ts ❞❡ ♣❤❛s❡ s♦♥t ✉♥✐q✉❡♠❡♥t ❞é❞✉✐ts ❞❡ ❧❡✉r ♣❧✉s ♣r♦❝❤❡s
✈♦✐s✐♥s✳ ▲❛ ✜❣✉r❡ ✸✳✷ ♠♦♥tr❡ ❧❡s ♠♦❞❡s ❛ss♦❝✐és à ❝❡rt❛✐♥❡s ❝♦❧♦♥♥❡s ❞❡ K❢r❛❝ ♣♦✉r ✉♥❡
s✉r❢❛❝❡ ❞✬♦♥❞❡ é❝❤❛♥t✐❧❧♦♥♥é❡ s✉r ✉♥❡ ❣r✐❧❧❡ 17 × 17✳ ▲❡s ♠♦❞❡s ♣rés❡♥tés s♦♥t ❝❡✉①
❞♦♥t ❧❡ ♥✉♠ér♦ ❞❡ ❧❛ ❝♦❧♦♥♥❡ ❞❛♥s K❢r❛❝ ❡st ✉♥ ❝❛rré✳ ❖♥ r❡♠❛rq✉❡ q✉✬✉♥❡ ♠❛❥♦r✐té ❞❡
♠♦❞❡s ❛ ✉♥❡ ✐♥✢✉❡♥❝❡ très ❧♦❝❛❧✐sé❡✳
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❋✐❣✳ ✸✳✷ ✕ ❘❡♣rés❡♥t❛t✐♦♥ ❞❡s ♠♦❞❡s ❝❛rrés ✭i2✲è♠❡ ❝♦❧♦♥♥❡ ❞❡ ❧❛ ♠❛tr✐❝❡ K❢r❛❝✮ ♣♦✉r
n = 172✳

▲❛ ✜❣✉r❡ ✸✳✸ ♠♦♥tr❡ ❧❡s é❧é♠❡♥ts ♥♦♥ ♥✉❧s ✭❡♥ ♥♦✐r✮ ❞❡ ❧❛ ♠❛tr✐❝❡ K❢r❛❝ ♣♦✉r ❣é✲
♥ér❡r ❞❡s ♣❤❛s❡s 5 × 5✱ 9 × 9 ❡t 17 × 17✳ ❊❧❧❡ ❡st ❝r❡✉s❡✳ ▲✬♦♣ér❛t❡✉r ❢r❛❝t❛❧ K❢r❛❝ ❡st
❞♦♥❝ ✉♥ ❝❤❛♥❣❡♠❡♥t ❞❡ ✈❛r✐❛❜❧❡ ❢❛❝✐❧❡ à ❛♣♣❧✐q✉❡r✳ P❧✉s ♣ré❝✐sé♠❡♥t✱ ❧❛ ♠❛tr✐❝❡ K❢r❛❝

♥✬❡st ❥❛♠❛✐s ❝♦♥str✉✐t❡ ❡♥ ♣r❛t✐q✉❡✱ ♠❛✐s ❧✬♦♣ér❛t❡✉r ❡st r❡♣rés❡♥té ♣❛r ✉♥ ❛❧❣♦r✐t❤♠❡
q✉✐ ♣❡r♠❡t ❞❡ tr❛♥s❢♦r♠❡r ✉♥ ✈❡❝t❡✉r u ❞❡ ✈❛r✐❛❜❧❡s ❛❧é❛t♦✐r❡s ●❛✉ss✐❡♥♥❡s ❝❡♥tré❡s
ré❞✉✐t❡s ❡♥ ✉♥❡ s✉r❢❛❝❡ ❞✬♦♥❞❡ ❞é❝♦♠♣♦sé❡ ③♦♥❛❧❡♠❡♥t ✭❚❤✐é❜❛✉t ❡t ❚❛❧❧♦♥✱ ✷✵✵✽✮ ❡♥
s❡✉❧❡♠❡♥t ∼ 6× n ♦♣ér❛t✐♦♥s ❡♥✈✐r♦♥✳

❊♥ ❝♦♥❝❧✉s✐♦♥ ❞❡ ❝❡tt❡ s❡❝t✐♦♥ s✉r ❧❛ r❡♣rés❡♥t❛t✐♦♥ ❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡✱ ❥❡ ❢❛✐s
r❡♠❛rq✉❡r q✉❡ ❧❡s ♣❛r❛♠étr✐s❛t✐♦♥s ♣♦ss✐❜❧❡s ❞❡ ❧❛ ♣❡rt✉r❜❛t✐♦♥ s♦♥t ✈❛r✐é❡s✱ ❝❡rt❛✐♥❡s
❛♥❛❧②t✐q✉❡s✱ ❞✬❛✉tr❡s ♥✉♠ér✐q✉❡s✳ ▲❛ r❡♣rés❡♥t❛t✐♦♥ ❢r❛❝t❛❧❡ ❛ ✉♥ ❛✈❛♥t❛❣❡ ❝♦♥s✐❞ér❛❜❧❡
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❋✐❣✳ ✸✳✸ ✕ ➱❧é♠❡♥ts ♥♦♥ ♥✉❧s ✭❡♥ ♥♦✐r✮ ❞❛♥s ❧❛ ♠❛tr✐❝❡ ❞❡ ❧✬♦♣ér❛t❡✉r ❢r❛❝t❛❧ K❢r❛❝✱
♣♦✉r ❞❡s ❞✐♠❡♥s✐♦♥s ❞❡ s✉r❢❛❝❡ ❞✬♦♥❞❡ é❝❤❛♥t✐❧❧♦♥♥é ❡♥ 5 × 5 ✭à ❣❛✉❝❤❡✮✱ 9 × 9 ✭❛✉
♠✐❧✐❡✉✮ ❡t 17× 17 à ❞r♦✐t❡✳ ❈❡❧❛ ❝♦rr❡s♣♦♥❞ r❡s♣❡❝t✐✈❡♠❡♥t à ❞❡s t❛✉① ❞❡ r❡♠♣❧✐ss❛❣❡
❞❡ ✷✽✱ ✶✺ ❡t ✼✪✳

s✉r ❧❡s r❡♣rés❡♥t❛t✐♦♥s ❝❧❛ss✐q✉❡s ❞❡ ❑❛r❤✉♥❡♥✲▲♦è✈❡ ❡t ❞❡ ❩❡r♥✐❦❡ ♣♦✉r s✐♠✉❧❡r ❞❡s
s②stè♠❡s ❞✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ❞❡ ❣r❛♥❞❡s ❞✐♠❡♥s✐♦♥s✱ ♣❛r❝❡ q✉❡ ❧❡ ❝❤❛♥❣❡♠❡♥t ❞❡
✈❛r✐❛❜❧❡s K❢r❛❝ ❡st ♣❡✉ ❝♦ût❡✉① à ❛♣♣❧✐q✉❡r ♣♦✉r ❢♦✉r♥✐r ✉♥❡ r❡♣rés❡♥t❛t✐♦♥ ③♦♥❛❧❡
éq✉✐✈❛❧❡♥t❡ ❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡✳ ❊t ❧❛ r❡♣rés❡♥t❛t✐♦♥ ③♦♥❛❧❡ ❢❛❝✐❧✐t❡ ❧❛ ♠♦❞é❧✐s❛t✐♦♥ ❞✉
s②stè♠❡ ❞❡ ♠❡s✉r❡ ✭❝❢✳ ♠♦❞è❧❡ ❞❡ ❋r✐❡❞ à ❧❛ s❡❝t✐♦♥ ✷✳✷✮✳ ▲❛ r❡♣rés❡♥t❛t✐♦♥ ❞❡ ❋♦✉r✐❡r
❡st é❣❛❧❡♠❡♥t ✐♥tér❡ss❛♥t❡ ♣❛r s♦♥ ❝❤❛♥❣❡♠❡♥t ❞❡ ✈❛r✐❛❜❧❡ ❡♥ O(n ln(n)) à ♣❛rt✐r ❞❡
❧❛ r❡♣rés❡♥t❛t✐♦♥ ③♦♥❛❧❡✱ ♠❛✐s ❧❡s ❡✛❡ts s❡❝♦♥❞❛✐r❡s ❞❡ ❧❛ ♣ér✐♦❞✐s❛t✐♦♥ ❞❡ ❧❛ s✉r❢❛❝❡
❞✬♦♥❞❡ ❝♦♠♣❧✐q✉❡♥t ❣é♥ér❛❧❡♠❡♥t s♦♥ ✉t✐❧✐s❛t✐♦♥✳

❉❛♥s ❧❛ s✉✐t❡ ❞❡ ❝❡ ♠❛♥✉s❝r✐t✱ ❝✬❡st ❧❛ r❡♣rés❡♥t❛t✐♦♥ ③♦♥❛❧❡ ❡t ❧❛ r❡♣rés❡♥t❛t✐♦♥
❢r❛❝t❛❧❡ q✉✐ s♦♥t ✉t✐❧✐sé❡s✳

P♦✉r rés✉♠❡r ❧❡s ♣r✐♥❝✐♣❛❧❡s ❝❛r❛❝tér✐st✐q✉❡s ❞✉ ❝❤❛♥❣❡♠❡♥t ❞❡ ✈❛r✐❛❜❧❡ ❢r❛❝t❛❧
K❢r❛❝ ♣r♦♣♦sé ♣❛r ❚❤✐é❜❛✉t ❡t ❚❛❧❧♦♥ ✭✷✵✵✽✮✱ ♦♥ ♣❡✉t ♥♦t❡r q✉❡ ✿

✕ ❧❡s ♠♦❞❡s✱ ♦✉ ❢♦♥❝t✐♦♥s ❞❡ ❜❛s❡ ♣♦✉r ❧❛ r❡♣rés❡♥t❛t✐♦♥ u✱ ♦✉ ✈❡❝t❡✉rs ❝♦❧♦♥♥❡s ❞❡
K❢r❛❝✱ s♦♥t st❛t✐st✐q✉❡♠❡♥t ✐♥❞é♣❡♥❞❛♥ts ♣♦✉r ❧❛ t✉r❜✉❧❡♥❝❡ ❞❡ ❑♦❧♠♦❣♦r♦✈✳

✕ ❧❡s ♠♦❞❡s ♥❡ s♦♥t ♣❛s ♦rt❤♦❣♦♥❛✉① ❛ ♣r✐♦r✐✳
✕ ❧✬❤②♣♦t❤ès❡ ❡st ❢❛✐t❡ ❞✬✉♥❡ ✈❛r✐❛♥❝❡ ❧♦❝❛❧❡ ✉♥✐❢♦r♠❡ ✜♥✐❡ ♣♦✉r ❧❛ ❞é❢♦r♠❛t✐♦♥ w✳
✕ ❧❡s ❛♣♣❧✐❝❛t✐♦♥s ❞❡ K❢r❛❝✱ K−1

❢r❛❝✱ KT
❢r❛❝ ❡t K−❚

❢r❛❝ à ✉♥ ✈❡❝t❡✉r ❞❡ ❞✐♠❡♥s✐♦♥ n ♥é✲
❝❡ss✐t❡♥t ❝❤❛❝✉♥❡ ∼ 6× n ♦♣ér❛t✐♦♥s✳

✸✳✸ ▲❛ ♠♦❞é❧✐s❛t✐♦♥ t❡♠♣♦r❡❧❧❡ ❞❡ ❧✬é✈♦❧✉t✐♦♥ ❞❡ ❧❛ t✉r❜✉✲

❧❡♥❝❡

▲❡ t❡♠♣s ❝❛r❛❝tér✐st✐q✉❡ ❞❡s ✐♥❤♦♠♦❣é♥é✐tés ❞❡ t❡♠♣ér❛t✉r❡ ❞❛♥s ❧✬❛✐r ❡st très s✉✲
♣ér✐❡✉r ❛✉ t❡♠♣s ❞❡ ♣❛ss❛❣❡ ❞✬✉♥❡ ♠❛ss❡ ❞✬❛✐r ♣♦rté❡ ♣❛r ❧❡ ✈❡♥t à tr❛✈❡rs ❧❡ ❝❤❛♠♣ ❞❡
✈✐sé❡✳ ❈❡❝✐ ❝♦♥❞✉✐t à ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❚❛②❧♦r✱ s❡❧♦♥ ❧❛q✉❡❧❧❡ ❧❛ t✉r❜✉❧❡♥❝❡ ❞❛♥s ✉♥❡
❝♦✉❝❤❡ ❡st ❣❡❧é❡✱ ❡t s❡ ❞é♣❧❛❝❡ ❡♥ tr❛♥s❧❛t✐♦♥ ❤♦r✐③♦♥t❛❧❡ ❛✉ ❝♦✉rs ❞✉ t❡♠♣s à ❧❛ ✈✐t❡ss❡
❞✉ ✈❡♥t ❞❛♥s ❝❡tt❡ ❝♦✉❝❤❡✳

▲❡s ét✉❞❡s ❞❡ ❧❛ t✉r❜✉❧❡♥❝❡ ♦♣t✐q✉❡ s✉r ❧❡s s✐t❡s ❞✬♦❜s❡r✈❛t✐♦♥s ♠❡t ❡♥ é✈✐❞❡♥❝❡
q✉❡❧q✉❡s ❝♦✉❝❤❡s ❞♦♠✐♥❛♥t❡s ré♣❛rt✐❡s ❡♥ ❛❧t✐t✉❞❡✱ ❛✈❡❝ ❞❡s ✈✐t❡ss❡s ❞❡ ✈❡♥t ✐♥❞é♣❡♥✲
❞❛♥t❡s ✭❚r✐♥q✉❡t ❡t ❱❡r♥✐♥✱ ✷✵✵✼✮✳ ▲❡ ✈♦❧✉♠❡ ❞❡ t✉r❜✉❧❡♥❝❡ ❛✉✲❞❡ss✉s ❞✉ té❧❡s❝♦♣❡ ❡st
❞♦♥❝ ❣é♥ér❛❧❡♠❡♥t ♠♦❞é❧✐sé ♣❛r ✉♥ ❝❡rt❛✐♥ ♥♦♠❜r❡ ❞❡ ❝♦✉❝❤❡s ❞✐s❝rèt❡s ✭✉♥❡ ❞✐③❛✐♥❡
❛✉ ♣❧✉s ❡♥ ❣é♥ér❛❧✮ q✉✐ ❝♦♥st✐t✉❡♥t ❞❡s é❝r❛♥s ❞❡ ♣❤❛s❡ ❡♥ tr❛♥s❧❛t✐♦♥✳
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❙✐ ♦♥ ❝♦rr✐❣❡ ♣❛r❢❛✐t❡♠❡♥t ❧❡s ❞é❢♦r♠❛t✐♦♥s ❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ w ❞❛♥s ✉♥❡ ❝♦✉❝❤❡
❡♥ tr❛♥s❧❛t✐♦♥ à ❧❛ ✈✐t❡ss❡ v ♠❛✐s ❛✈❡❝ ✉♥ r❡t❛r❞ τ ✱ ❧❛ ♣❡rt✉r❜❛t✐♦♥ rés✐❞✉❡❧❧❡ s✬é❝r✐t
w(r, t)−w(r − v τ, t)✳ ❆✉ ♥✐✈❡❛✉ ❞❡ ❧❛ ♣✉♣✐❧❧❡✱ ♦♥ ♣❡✉t ❞é✜♥✐r ✉♥ t❡♠♣s ❞❡ ❝♦❤ér❡♥❝❡
τ0 ♣♦✉r ❧❡q✉❡❧ ❧❛ ✈❛r✐❛♥❝❡ ❞❡s rés✐❞✉s ❡st ❞❡ ✶ r❛❞✐❛♥2 à ❧❛ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡ λ = 0.5 µm✱
✐✳❡✳

a∆w =
〈
(w(r, t+ τ0)− w(r, t))2

〉

r,t
= 1r❛❞✳2

= 6.88

(‖V̄ τ0‖
r0

)5/3

♦ù V̄ ❡st ❧❛ ✈✐t❡ss❡ ❝❛r❛❝tér✐st✐q✉❡ ❞❡ ❧❛ t✉r❜✉❧❡♥❝❡ ❡♥ ✈♦❧✉♠❡✱ ❞é✜♥✐❡ ♣❛r

V̄ =

(∫∞
0 C2

n❛✐r
(z) ‖v(z)‖5/3 dz∫∞

0 C2
n❛✐r

(z) dz

)3/5

❡t r0 ❡st t♦✉❥♦✉rs ❧❡ ♣❛r❛♠ètr❡ ❞❡ ❋r✐❡❞ ❡①♣r✐♠é ❧✉✐ ❛✉ss✐ à ❧❛ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡ ❞❡
0.5 µm✳

▲❡ t❡♠♣s ❞❡ ❝♦❤ér❡♥❝❡ s✬é❝r✐t

τ0 ≃ 0.314
r0
V̄
.

✸✳✹ ❈♦♥❝❧✉s✐♦♥

❈❡ ❝❤❛♣✐tr❡ ✐♥tr♦❞✉✐t ❧❛ ❝❛r❛❝tér✐s❛t✐♦♥ st❛t✐st✐q✉❡ ❞❡ ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❛t♠♦s♣❤ér✐q✉❡
à ❝♦rr✐❣❡r✳ ❏✬❛✐ ♣rés❡♥té ❧❡s ♣❛r❛♠étr✐s❛t✐♦♥s ❧❡s ♣❧✉s ❝♦♠♠✉♥❡s ❞✬✉♥❡ s✉r❢❛❝❡ ❞✬♦♥❞❡
w✱ ❛✐♥s✐ q✉❡ ❧❛ ♠ét❤♦❞❡ ❢r❛❝t❛❧❡ ré❝❡♥t❡ ❞❡ ❚❤✐é❜❛✉t ❡t ❚❛❧❧♦♥ ✭✷✵✵✽✮✳

P❛r ❛✐❧❧❡✉rs✱ ❥✬❛✐ ♥♦té ♣❛r ✉♥❡ s❡✉❧❡ ❢♦♥❝t✐♦♥ ❞❡ str✉❝t✉r❡ ♥♦r♠❛❧✐sé❡ ❧❡s ♠♦❞è❧❡s ❞❡
t✉r❜✉❧❡♥❝❡ ❞❡ ✈♦♥ ❑ár♠á♥ ❡t ❞❡ ❑♦❧♠♦❣♦r♦✈✱ ❡♥ ✐♥sér❛♥t ❧❛ ❞é♣❡♥❞❛♥❝❡ ❞✉ ♠♦❞è❧❡
✈✐s✲à✲✈✐s ❞❡ ❧✬é❝❤❡❧❧❡ ❡①t❡r♥❡ L0 ♣❛r ❧❡ ❜❛✐s ❞✬✉♥❡ ✈❛r✐❛❜❧❡ s✉♣♣❧é♠❡♥t❛✐r❡ D/L0✳ ❈❡s
♥♦t❛t✐♦♥s s♦♥t ❝♦♥s❡r✈é❡s t♦✉t ❛✉ ❧♦♥❣ ❞❡ ❝❡ ♠❛♥✉s❝r✐t✳
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❈❤❛♣✐tr❡ ✹

❆♣♣r♦❝❤❡ ♣r♦❜❧è♠❡ ✐♥✈❡rs❡ ♣♦✉r

❧✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡

❈❡ ❝❤❛♣✐tr❡ r❡♣r❡♥❞ ♥❛t✉r❡❧❧❡♠❡♥t ❞❡s ❤②♣♦t❤ès❡s ❝❛r❛❝tér✐st✐q✉❡s ❞✬✉♥ s②stè♠❡
❞✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ t❡❧ q✉❡ ❞é❝r✐t ♣ré❝é❞❡♠♠❡♥t✳ ❏❡ s✉♣♣♦s❡ ❛✐♥s✐ q✉❡ ❧❡ s✐❣♥❛❧ ❡t ❧❡
❜r✉✐t s✉✐✈❡♥t ❞❡s st❛t✐st✐q✉❡s ●❛✉ss✐❡♥♥❡s✳

❏❡ r❛♣♣❡❧❧❡ ✐❝✐ q✉❡❧q✉❡s rés✉❧t❛ts ❢♦♥❞❛♠❡♥t❛✉① ❞❡ ❧✬❛♣♣r♦❝❤❡ ♣r♦❜❧è♠❡ ✐♥✈❡rs❡✱
♦✉ t❤é♦r✐❡ ❞❡ ❧✬❡st✐♠❛t✐♦♥✱ q✉✐ s♦♥t ✉t✐❧✐sés ❞❛♥s ❧❛ s✉✐t❡ ❞❡ ❝❡ ♠❛♥✉s❝r✐t✳ ▼♦♥ ✐❞é❡
❡st ❞❡ ♣rés❡♥t❡r ❧❛ t❤é♦r✐❡ ❞❡ ❧✬❡st✐♠❛t✐♦♥ ❡♥ ♣rés❡♥❝❡ ❞❡ s✐❣♥❛✉① ❡t ♣❡rt✉r❜❛t✐♦♥s
❞❡ st❛t✐st✐q✉❡s ●❛✉ss✐❡♥♥❡s ❝♦♠♠❡ ❥❡ ❧✬❛✐ ❝♦♠♣r✐s✳ ▲❛ ❞é♠❛r❝❤❡ s✉✐t ✉♥❡ ❝♦♠♣❧❡①✐té
❝r♦✐ss❛♥t❡ ❞✉ ♣r♦❜❧è♠❡ tr❛✐té✱ ❞♦♥t ❧❡ ❜✉t ❡st ❞✬❛♠é❧✐♦r❡r ❡♥ ♣❡r♠❛♥❡♥❝❡ ❧✬❡st✐♠❛t✐♦♥✳
❙♦r❡♥s♦♥ ✭✶✾✼✵✮ ❛ é❝r✐t ✉♥❡ ♣✉❜❧✐❝❛t✐♦♥ ✐♥t✐t✉❧é❡ ❞❡ ▲❡❛st✲❙q✉❛r❡s ❊st✐♠❛t✐♦♥ ✿ ❢r♦♠
●❛✉ss t♦ ❑❛❧♠❛♥✳ ❏❡ ♥✬❛✐ ♣❛s ❧✬✐♥t❡♥t✐♦♥ ❞✬êtr❡ ❛✉ss✐ ❡①❤❛✉st✐✈❡ q✉❡ ❧✉✐✱ ♠❛✐s ❥❡ ✈♦✉❞r❛✐s
❢❛✐r❡ r❡ss♦rt✐r ❧❛ ❞é♠❛r❝❤❡ q✉✐ ❝♦♥❞✉✐t q✉❡❧q✉✬✉♥ à ♣❛ss❡r ❞✉ ❢♦r♠❛❧✐s♠❡ ❞❡ ●❛✉ss à
❝❡❧✉✐ ❞❡ ❑❛❧♠❛♥✳ ❈❡❝✐ s❛♥s ✐♠♣♦s❡r ❞✐r❡❝t❡♠❡♥t ❧❡ ❢♦r♠❛❧✐s♠❡ ♠②stér✐❡✉① ❞✉ ♠♦❞è❧❡
❞✬ét❛t à ❝❡✉① q✉✐ ♥❡ s❡r❛✐❡♥t ♣❛s ❢❛♠✐❧✐❡rs ❛✈❡❝ ❝❡❧✉✐✲❝✐✳

P♦✉r t❡♥t❡r ❞❡ ❣❛r❞❡r ✉♥ r❛✐s♦♥♥❡♠❡♥t ❝❧❛✐r✱ ❥✬♦♠❡ts ✈♦❧♦♥t❛✐r❡♠❡♥t ❞❛♥s ❝❡ ❝❤❛♣✐tr❡
❞✬❡st✐♠❛t✐♦♥ ❧❛ ❝♦♠♠❛♥❞❡ q✉✐ ✐♥t❡r✈✐❡♥t ❞❛♥s ❧✬éq✉❛t✐♦♥ ❞❡ ♠❡s✉r❡ ❡♥ ❜♦✉❝❧❡ ❢❡r♠é❡✳
▲✬✐❞é❡ ❡st ❞❡ ❝♦♥s✐❞ér❡r ❝❡tt❡ ❝♦♠♠❛♥❞❡ ❝♦♠♠❡ ❝❡rt❛✐♥❡✱ ❝❡ q✉✐ ♥❡ ♠♦❞✐✜❡ ♣❛s ❧❡
r❛✐s♦♥♥❡♠❡♥t✱ ❡t très ♣❡✉ ❧❡s éq✉❛t✐♦♥s✳ ▲✬✐♥tr♦❞✉❝t✐♦♥ ❞❡ ❝❡tt❡ ❝♦♠♠❛♥❞❡ ❡st tr❛✐té❡
❞❛♥s ❧❛ ♣❛rt✐❡ ■■■ ❞❡ ❝❡ ♠❛♥✉s❝r✐t✳

✹✳✶ ❯♥ ♣r♦❜❧è♠❡ ✐♥✈❡rs❡ ❧✐♥é❛✐r❡ ●❛✉ss✐❡♥ s✐♠♣❧❡

❏❡ ❝♦♥s✐❞èr❡ ♣♦✉r ❝♦♠♠❡♥❝❡r ✉♥ ♣r♦❜❧è♠❡ ✐♥✈❡rs❡ ❧✐♥é❛✐r❡ s✐♠♣❧❡✱ ❝✬❡st✲à✲❞✐r❡ ❧✬❡st✐✲
♠❛t✐♦♥ ❞✬✉♥ ❡♥s❡♠❜❧❡ ❞❡ ♣❛r❛♠ètr❡s w ∈ R

n à ♣❛rt✐r ❞✬✉♥ ❥❡✉ ❞❡ m ❞♦♥♥é❡s✱ d ∈ R
m✳

❈❡❝✐ éq✉✐✈❛✉t à ❧❛ r❡❝❤❡r❝❤❡ ❞✬✉♥ s✐❣♥❛❧ à ♣❛rt✐r ❞❡ ♠❡s✉r❡s✱ ❡♥ ♣r❛t✐q✉❡ ❡♥t❛❝❤é❡s
❞✬✐♥❝❡rt✐t✉❞❡s✳

▼❛❧❣ré ❧❡s ❝♦♥tr♦✈❡rs❡s✱ ✐❧ ❡st ❝♦♠♠✉♥é♠❡♥t ❛❞♠✐s q✉❡ ❧❡ ❥❡✉♥❡ ❑❛r❧ ❋r✐❡❞r✐❝❤
●❛✉ss ✐♥✈❡♥t❛ ❧❛ ♠ét❤♦❞❡ ❞❡s ♠♦✐♥❞r❡s ❝❛rrés ❡♥ ✶✼✾✺✳ ❈❡tt❡ ♠ét❤♦❞❡ ❧✉✐ ❛✉r❛✐t ♣❡r✲
♠✐s ❞❡ r❡❧✐❡r s❡s ♠❡s✉r❡s ❞✬♦❜s❡r✈❛t✐♦♥s ❛str♦♥♦♠✐q✉❡s ❛✉① ♣❛r❛♠ètr❡s ❞❡ ♠♦✉✈❡♠❡♥t
❞❡s ♣❧❛♥èt❡s ❡t ❞❡s ❝♦♠èt❡s ✭❙♦r❡♥s♦♥✱ ✶✾✼✵✮✳ ■❧ s♦✉❧è✈❡ ❞❛♥s ❚❤❡♦r✐❛ ▼♦t✉s ❞❡s ❜❡✲
s♦✐♥s ❡ss❡♥t✐❡❧s ❞❡ ❧❛ t❤é♦r✐❡ ❞❡ ❧✬❡st✐♠❛t✐♦♥ ✿ ✉♥ ♥♦♠❜r❡ ♠✐♥✐♠✉♠ ❞❡ ♠❡s✉r❡s✱ ✉♥❡
r❡❞♦♥❞❛♥❝❡ ❞❡s ♠❡s✉r❡s ♣❛r❝❡ q✉✬❡❧❧❡s s♦♥t ❡♥t❛❝❤é❡s ❞✬❡rr❡✉rs✱ ✉♥❡ ❞❡s❝r✐♣t✐♦♥ s❛t✐s✲
❢❛✐s❛♥t❡ ❞✉ s②stè♠❡✱ ✉♥❡ ❝❛r❛❝tér✐s❛t✐♦♥ st❛t✐st✐q✉❡ ❞❡s ❡rr❡✉rs ❞❡ ♣ré❝✐s✐♦♥✱ ❛✐♥s✐ q✉❡

✽✶
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❧✬♦♣t✐♠✐s❛t✐♦♥ ❞✬✉♥ ❝r✐tèr❡ ❞❡ ♣ré❝✐s✐♦♥✳
❉❡ ♥♦s ❥♦✉rs✱ ❧❡ ❧✐❡♥ ❡st ❢❛✐t ❡♥tr❡ ❧❛ ♠ét❤♦❞❡ ❞❡s ♠♦✐♥❞r❡s ❝❛rrés ❞❡ ●❛✉ss ❡t

❧✬❛♣♣r♦❝❤❡ ♣r♦❜❛❜✐❧✐st❡ ❞❡ ❧✬❡st✐♠❛t✐♦♥✳ ❚♦✉t❡s ❞❡✉① ♠❛①✐♠✐s❡♥t ✉♥ ♠ê♠❡ ❝r✐tèr❡✱ ❧❛
♣r♦❜❛❜✐❧✐té ❝♦♥❞✐t✐♦♥♥❡❧❧❡ ❞❡s ♣❛r❛♠ètr❡s w s❛❝❤❛♥t ❧❡s ❞♦♥♥é❡s d✱ ♥♦té❡ Pr(w|d)✳

❉✬❛♣rès ❧❡ t❤é♦rè♠❡ ❞❡ ❇❛②❡s✱ ❝❡tt❡ ♣r♦❜❛❜✐❧✐té ❝♦♥❞✐t✐♦♥♥❡❧❧❡ s✬❡①♣r✐♠❡ é❣❛❧❡♠❡♥t
s♦✉s ❧❛ ❢♦r♠❡

Pr(w|d) =
Pr(d|w)Pr(w)

Pr(d)
, ✭✹✳✶✮

♦ù Pr(d|w) ❡st ❧❛ ♣r♦❜❛❜✐❧✐té ❞❡s ❞♦♥♥é❡s d ét❛♥t ❞♦♥♥és ❧❡s ♣❛r❛♠ètr❡s w✱ Pr(w) ❡st
❧❛ ♣r♦❜❛❜✐❧✐té ❞❡s ♣❛r❛♠ètr❡s ❡t Pr(d) ❧❛ ♣r♦❜❛❜✐❧✐té ❞❡s ❞♦♥♥é❡s✳ ◆❛t✉r❡❧❧❡♠❡♥t✱ ❧❡s
❞♦♥♥é❡s ét❛♥t ♣❛r ❞é✜♥✐t✐♦♥ ré❛❧✐sé❡s✱ Pr(d) ♣r❡♥❞ ✉♥❡ ✈❛❧❡✉r ♣❛rt✐❝✉❧✐èr❡ ✭❛r❜✐tr❛✐r❡
♣♦✉r ❧✬♦♣t✐♠✐s❛t✐♦♥✮✳

✹✳✶✳✶ ▲❛ ♠♦❞é❧✐s❛t✐♦♥ ❞❡ ❧❛ ♠❡s✉r❡

▲✬éq✉❛t✐♦♥ ❞❡ ♠❡s✉r❡

▲✬❡st✐♠❛t✐♦♥ ❞❡s ♣❛r❛♠ètr❡s w ♥é❝❡ss✐t❡ ❛✈❛♥t t♦✉t ❞❡ ♠♦❞é❧✐s❡r ❧❡ ♣r♦❝❡ss✉s ❞❡
♠❡s✉r❡✱ ❝✬❡st✲à✲❞✐r❡ ❞✬é❝r✐r❡ ✉♥❡ éq✉❛t✐♦♥ ❞❡ ♠❡s✉r❡✱ ❡✳❣✳

d = S ·w + e . ✭✹✳✷✮

♦ù S ❡st ✐❝✐ ✉♥ ♠♦❞è❧❡ ❧✐♥é❛✐r❡ ❞✉ ♣r♦❝❡ss✉s ❞❡ ♠❡s✉r❡ ❡t e ∈ R
m r❡♣rés❡♥t❡ ❧❡s ✐♥❝❡rt✐✲

t✉❞❡s✱ ❝♦♥t❡♥❛♥t à ❧❛ ❢♦✐s ❧❡s ❡rr❡✉rs ❞❡ ♠❡s✉r❡ ❡t ❧❡s ❡rr❡✉rs ❞✉❡s ❛✉① ❛♣♣r♦①✐♠❛t✐♦♥s
❞✉ ♠♦❞è❧❡ S✳ ❖♥ s✉♣♣♦s❡ q✉❡ ❧✬❤②♣♦t❤ès❡ ❞❡ ❧✐♥é❛r✐té ❞❡ S ❡st r❛✐s♦♥♥❛❜❧❡♠❡♥t ❥✉st✐✜é❡
❡t q✉❡ ❧❡ ❜r✉✐t e s✉✐t ✉♥❡ st❛t✐st✐q✉❡ ●❛✉ss✐❡♥♥❡ ❝❡♥tré❡✱ ❞❡ ♠❛tr✐❝❡ ❞❡ ❝♦✈❛r✐❛♥❝❡ Ce✳
❖♥ ❝♦♥s✐❞èr❡ ❞❛♥s ✉♥ ♣r❡♠✐❡r t❡♠♣s q✉❡ ❧✬♦♥ ♥✬❛ ♣❛s ❞✬✐♥❢♦r♠❛t✐♦♥ s✉r ❧❛ st❛t✐st✐q✉❡
❞❡s ♣❛r❛♠ètr❡s à ❡st✐♠❡r✳

▲❡ ♠❛①✐♠✉♠ ❞❡ ✈r❛✐s❡♠❜❧❛♥❝❡

▲♦rsq✉✬♦♥ ♥✬❛ ♣❛s ❞✬✐♥❢♦r♠❛t✐♦♥ st❛t✐st✐q✉❡ s✉r ❧❡s ♣❛r❛♠ètr❡s w r❡❝❤❡r❝❤és✱ ♦✉ ❞❡
❢❛ç♦♥ éq✉✐✈❛❧❡♥t❡ ❧♦rsq✉❡ ❧❡✉r ❞❡♥s✐té ❞❡ ♣r♦❜❛❜✐❧✐té ❡st ✉♥✐❢♦r♠❡ ✭Pr(w) ❝♦♥st❛♥t❡
❛r❜✐tr❛✐r❡✮✱ ❛❧♦rs ❧❡ t❤é♦rè♠❡ ❞❡ ❇❛②❡s ✭✹✳✶✮ ♣❡r♠❡t ❞❡ ♠♦♥tr❡r q✉❡ ❧❛ ♠ét❤♦❞❡ ❞❡s
♠♦✐♥❞r❡s ❝❛rrés ♠❛①✐♠✐s❡ ❧❛ ♣r♦❜❛❜✐❧✐té Pr(d|ŵ) ❞✬♦❜t❡♥✐r ❧❡s ❞♦♥♥é❡s d ét❛♥t ❞♦♥♥é
✉♥ ❥❡✉ ❞❡ ♣❛r❛♠ètr❡s ❡st✐♠és ŵ ✿

ŵML = arg min
bw

(d− S · ŵ)T ·C−1
e · (d− S · ŵ) . ✭✹✳✸✮

❏✬✉t✐❧✐s❡ ❞❛♥s t♦✉t ❝❡ ♠❛♥✉s❝r✐t ❧❛ ♥♦t❛t✐♦♥ x̂ ♣♦✉r ❞és✐❣♥❡r ❧✬❡st✐♠é❡ ❞✬✉♥❡ q✉❛♥t✐té x✳
▲✬❛♣♣r♦❝❤❡ ♣r♦❜❛❜✐❧✐st❡ ❞❡ ❝❡tt❡ ♠ét❤♦❞❡ ❛ été ❞é✈❡❧♦♣♣é❡ ♣❛r ❋✐s❤❡r s♦✉s ❧❡ ♥♦♠

❞❡ ♠❛①✐♠✉♠ ❞❡ ✈r❛✐s❡♠❜❧❛♥❝❡ ✭❋✐s❤❡r✱ ✶✾✷✺✮ ✭▼❛①✐♠✉♠ ▲✐❦❡❧✐❤♦♦❞ ❞✬♦ù ❧❛ ♥♦t❛t✐♦♥
ML ❞❛♥s ❧✬éq✉❛t✐♦♥ ✭✹✳✸✮✮✳ ❈❡tt❡ s♦❧✉t✐♦♥ ❢❛✐t ♣❛rt✐❡ ❞❡ ❧✬❡♥s❡♠❜❧❡ ❞❡s s♦❧✉t✐♦♥s ❞❡s
éq✉❛t✐♦♥s ♥♦r♠❛❧❡s✱ ✐✳❡✳ ŵML ∈ ΩML✱ ❛✈❡❝ ✿

ΩML =
{
w ∈ R

n | ST ·We ·S ·w = ST ·We ·d
}

✭✹✳✹✮

♦ù We = C−1
e ✳ P♦✉r ✉♥ ❛♥❛❧②s❡✉r ❞❡ ♣❧❛♥ ♣✉♣✐❧❧❡ t❡❧ q✉❡ ❝❡✉① ♣rés❡♥tés à ❧❛ s❡❝t✐♦♥ ✷✳✷✱

❧❡ s②stè♠❡ ❞❡ ♠❡s✉r❡s S ♥✬❡st ♣❛s ✐♥✈❡rs✐❜❧❡ s✉r ❧✬❡s♣❛❝❡ ❞❡s ♣❛r❛♠ètr❡s✳ ❊♥ ❡✛❡t✱ ❧❡
♣✐st♦♥ ♥✬❡st ♣❛s ♦❜s❡r✈é ♣❛r ❧✬❛♥❛❧②s❡✉r✳ ❆❧♦rs ❞❡s ❝♦♥tr❛✐♥t❡s s✉♣♣❧é♠❡♥t❛✐r❡s s♦♥t



✹✳✶✳ ❯◆ P❘❖❇▲➮▼❊ ■◆❱❊❘❙❊ ▲■◆➱❆■❘❊ ●❆❯❙❙■❊◆ ❙■▼P▲❊ ✽✸

♥é❝❡ss❛✐r❡s ♣♦✉r ❞é✜♥✐r ✉♥❡ s♦❧✉t✐♦♥ ✉♥✐q✉❡ ❛✉ ♣r♦❜❧è♠❡ ❞✬❡st✐♠❛t✐♦♥✳ P❛r ❡①❡♠♣❧❡✱ ✐❧
❡st ❢réq✉❡♥t ❞❡ r❡t❡♥✐r ❧❛ s♦❧✉t✐♦♥ ❞❡ ♠♦✐♥❞r❡ ♥♦r♠❡ ♣❛r♠✐ ΩML✱ ✐✳❡✳

ŵMNML = arg min
bw∈ΩML

‖ŵ‖2 = RMNML ·d ✭✹✳✺✮

❛✈❡❝
RMNML =

(
ST ·We ·S

)† ·ST ·We ✭✹✳✻✮

♦ù ❧✬❡①♣♦s❛♥t † r❡♣rés❡♥t❡ ❧❛ ♣s❡✉❞♦✲✐♥✈❡rs❡ ❞❡ ▼♦♦r❡✲P❡♥r♦s❡ ✭P❡t❡rs❡♥ ❡t P❡❞❡rs❡♥✱
✷✵✵✼✮✳

✹✳✶✳✷ ▲✬✐♥❢♦r♠❛t✐♦♥ st❛t✐st✐q✉❡ ❛ ♣r✐♦r✐ s✉r ❧❡s ♣❛r❛♠ètr❡s

❉❡♥s✐té ❞❡ ♣r♦❜❛❜✐❧✐té ♥♦♥ ✉♥✐❢♦r♠❡ ❛ ♣r✐♦r✐

❙❛♥s ❝♦♥♥❛✐ss❛♥❝❡ ❛ ♣r✐♦r✐ ❞❡ ❧❛ ❞❡♥s✐té ❞❡ ♣r♦❜❛❜✐❧✐té ❞❡s ♣❛r❛♠ètr❡s✱ ♦✉ ❡♥❝♦r❡
s✐ ❝❡❧❧❡✲❝✐ ❡st ✉♥✐❢♦r♠❡✱ ❧✬❡st✐♠❛t❡✉r ♦♣t✐♠❛❧ ❡st ❢♦✉r♥✐ ♣❛r ❧❛ ♠ét❤♦❞❡ ❞✉ ♠❛①✐♠✉♠
❞❡ ✈r❛✐s❡♠❜❧❛♥❝❡ ♣ré❝é❞❡♥t❡ ✭❚❛r❛♥t♦❧❛✱ ✷✵✵✺✮✳ ❙✐✱ ❡♥ r❡✈❛♥❝❤❡✱ ❧❡s ♣❛r❛♠ètr❡s s✉✐✈❡♥t
✉♥❡ ❞✐str✐❜✉t✐♦♥ ♥♦♥ ✉♥✐❢♦r♠❡ ❞❡ ♣r♦♣r✐étés ❝♦♥♥✉❡s✱ ❛❧♦rs ❝❡tt❡ ✐♥❢♦r♠❛t✐♦♥ ♣❡✉t êtr❡
♣r✐s❡ ❡♥ ❝♦♠♣t❡ ♣♦✉r ❛♠é❧✐♦r❡r ❧✬❡st✐♠❛t✐♦♥✳

❯♥❡ ❛✉tr❡ ❢❛❝♦♥ ❞❡ ♣rés❡♥t❡r ❧❡s ❝❤♦s❡s ❝♦♥s✐st❡ à ❞✐r❡ q✉❡ ❞❡ ♠ê♠❡ q✉❡ ❧✬♦♥ ❢❛✐t
❞❡s ❤②♣♦t❤ès❡s s✉r ❧❛ st❛t✐st✐q✉❡ ❞❡s ❡rr❡✉rs ❞❛♥s ❧❡ ♠❛①✐♠✉♠ ❞❡ ✈r❛✐s❡♠❜❧❛♥❝❡✱ ✐❧ ❡st
♣♦ss✐❜❧❡ ❞❡ t❡♥✐r ❝♦♠♣t❡ ❞✬❤②♣♦t❤ès❡s st❛t✐st✐q✉❡s s✉r ❧❡s ✈❛❧❡✉rs ❞❡s ♣❛r❛♠ètr❡s w✳
❋✐♥❛❧❡♠❡♥t✱ w ❡t e s♦♥t ❞❡✉① ♣r♦❝❡ss✉s st♦❝❤❛st✐q✉❡s ✐♥❞é♣❡♥❞❛♥ts ✐♥t❡r✈❡♥❛♥t ❞❛♥s
❧❡s ✈❛❧❡✉rs ❞❡ ♠❡s✉r❡s✳ ▲✬❡st✐♠❛t✐♦♥ ❞❡ ❧✬✉♥ ✐♥❞✉✐t ✐♠♣❧✐❝✐t❡♠❡♥t ❧✬❡st✐♠❛t✐♦♥ ❞❡ ❧✬❛✉tr❡
❞✬❛♣rès ❧✬éq✉❛t✐♦♥ ❞❡ ♠❡s✉r❡ ✭✹✳✷✮ ✿ d = S · ŵ + ê✳ ▲❛ ❞✐✛ér❡♥❝❡ ❢♦♥❞❛♠❡♥t❛❧❡ ❡st q✉❡
❧✬♦♥ ♥❡ ❝❤❡r❝❤❡ ♣❛s à ❝♦♥♥❛îtr❡ ê✱ t❛♥❞✐s q✉❡ ❧✬♦♥ s♦✉❤❛✐t❡ ❜✐❡♥ ♦❜t❡♥✐r ❧❡s ✈❛❧❡✉rs ❞❡ ŵ✳
▲✬❡①♣r❡ss✐♦♥ ❝♦♥♥❛✐ss❛♥❝❡s ❛ ♣r✐♦r✐ ❞és✐❣♥❡ ❧❡s ❝❛r❛❝tér✐st✐q✉❡s st❛t✐st✐q✉❡s s✉♣♣♦sé❡s
❝♦♥♥✉❡s ❞❡s ♣❛r❛♠ètr❡s à ❡st✐♠❡r w✳

❏❡ s✉♣♣♦s❡ ❞❛♥s ❧❛ s✉✐t❡ q✉❡ ❧❡s ♣❛r❛♠ètr❡s s✉✐✈❡♥t ✉♥❡ ❞✐str✐❜✉t✐♦♥ ●❛✉ss✐❡♥♥❡✱
❞❡ ♠♦②❡♥♥❡ 〈w〉 ❡t ❞❡ ❝♦✈❛r✐❛♥❝❡ Cw✳

▲❡ ♠❛①✐♠✉♠ ❛ ♣♦st❡r✐♦r✐

P✉✐sq✉❡ ❧❛ st❛t✐st✐q✉❡ ❞❡s ❡rr❡✉rs ❡t ❧❛ st❛t✐st✐q✉❡ ❞❡s ♣❛r❛♠ètr❡s s♦♥t t♦✉t❡s ❧❡s
❞❡✉① ●❛✉ss✐❡♥♥❡s ❡t ✐♥❞é♣❡♥❞❛♥t❡s ❡♥tr❡ ❡❧❧❡s✱ ❧❛ s♦❧✉t✐♦♥ ❞❡s ♠♦✐♥❞r❡s ❝❛rrés ❛✈❡❝ ❛
♣r✐♦r✐ s✬é❝r✐t

ŵMAP = arg min
bw

(d− S · ŵ)T ·C−1
e · (d− S · ŵ) + (ŵ − 〈w〉)T ·C−1

w · (ŵ − 〈w〉)
✭✹✳✼✮

❈❡tt❡ s♦❧✉t✐♦♥ ŵMAP ❡st ❛✉ss✐ ❧✬❡s♣ér❛♥❝❡ ❝♦♥❞✐t✐♦♥❡❧❧❡ ❞❡s ♣❛r❛♠ètr❡s s❛❝❤❛♥t ❧❡s ❞♦♥✲
♥é❡s✱ ♦✉ ❧❛ s♦❧✉t✐♦♥ ❞✉ ♠❛①✐♠✉♠ ❛ ♣♦st❡r✐♦r✐✱ ❞✬♦ù ❧❛ ♥♦t❛t✐♦♥ MAP ❞❛♥s ❧✬❡①♣r❡ss✐♦♥
✭✹✳✼✮✳ ❈❡tt❡ s♦❧✉t✐♦♥ ♠✐♥✐♠✐s❡ ❧❛ ❝♦✈❛r✐❛♥❝❡ ❞❡ ❧✬❡rr❡✉r ❞✬❡st✐♠❛t✐♦♥✳ ❈✬❡st ❛✉ss✐ ❞✬✉♥❡
❢❛ç♦♥ ♣❧✉s ❣é♥ér❛❧❡✱ ❧❛ s♦❧✉t✐♦♥ ❞❡ ♠✐♥✐♠✉♠ ❞❡ ✈❛r✐❛♥❝❡✱ ♠❛✐s ❢♦r♠✉❧é❡ ✐❝✐ ❞❛♥s ❧❡ ❝❛s
♣❛rt✐❝✉❧✐❡r ♦ù ❧❡ ♠♦❞è❧❡ ❡st ❧✐♥é❛✐r❡ ❡t ❧❡s s✐❣♥❛✉① ●❛✉ss✐❡♥s✳

▲❛ ❞ér✐✈❛t✐♦♥ ❞✉ ❝r✐tèr❡ ❝♦♥✈❡①❡ ❞❛♥s ❧✬éq✉❛t✐♦♥ ✭✹✳✼✮ ❢♦✉r♥✐t

ŵMAP = 〈w〉+ Cw ·ST ·
(
S ·Cw ·ST + Ce

)−1 · (d− S · 〈w〉) ✭✹✳✽✮

= 〈w〉+
(
ST ·C−1

e ·S + C−1
w

)−1 ·ST ·C−1
e · (d− S · 〈w〉) ✭✹✳✾✮

=
(
ST ·C−1

e ·S + C−1
w

)−1 ·
(
ST ·C−1

e ·d + C−1
w · 〈w〉

)
✭✹✳✶✵✮
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▲✬éq✉✐✈❛❧❡♥❝❡ ❡♥tr❡ ❝❡s ❡①♣r❡ss✐♦♥s ❛ été ❞é♠♦♥tré❡ ♣❛r ❚❛r❛♥t♦❧❛ ❡t ❱❛❧❡tt❡ ✭✶✾✽✷✮✳
❙✉✐✈❛♥t ❧❡ ♣r♦❜❧è♠❡ à tr❛✐t❡r✱ ❧✬✉♥❡ ❞❡s tr♦✐s é❝r✐t✉r❡s ❝✐✲❞❡ss✉s ♣❡✉t êtr❡ ♣ré❢ér❛❜❧❡
❛✉① ❛✉tr❡s✱ ♥♦t❛♠♠❡♥t ♣♦✉r ❧✬✐♠♣❧é♠❡♥t❛t✐♦♥ ♥✉♠ér✐q✉❡ ❞❡ ❧✬❡st✐♠❛t❡✉r✳ ❈❡ ♣♦✐♥t ❡st
❞✐s❝✉té ❞❛♥s ❧❡ ❝❛s ❞❡ ❧✬❡st✐♠❛t✐♦♥ ❞✬✉♥❡ s✉r❢❛❝❡ ❞✬♦♥❞❡ t✉r❜✉❧❡♥t❡ ❞❛♥s ❧✬❛rt✐❝❧❡ ❞❡
❚❤✐é❜❛✉t ❡t ❚❛❧❧♦♥ ✭✷✵✵✽✮ ❥♦✐♥t ❞❛♥s ❧✬❛♥♥❡①❡ ❆✳

❏❡ s②♥t❤ét✐s❡ ❧❡ rés✉❧t❛t ♣ré❝é❞❡♥t à ❧✬❛✐❞❡ ❞✬✉♥ ❧❡♠♠❡ ✭●♦♦❞✇✐♥ ❡t ❙✐♥✱ ✶✾✽✹✮✱
❛✈❡❝ ❞❡s ♥♦t❛t✐♦♥s ♣❧✉s ❣é♥ér❛❧❡s ✉t✐❧✐s❛♥t ❧❡s ♣r♦♣r✐étés ❞❡s ❞✐str✐❜✉t✐♦♥s ❥♦✐♥t❡s ●❛✉s✲
s✐❡♥♥❡s✳ ❈❡ ❧❡♠♠❡ ❡st ré✉t✐❧✐sé s♦✉s ♣❧✉s✐❡✉rs ❢♦r♠❡s ♣❛r ❧❛ s✉✐t❡✳

▲❡♠♠❡

❙✐ X ❡st ✉♥❡ ✈❛r✐❛❜❧❡ ❛❧é❛t♦✐r❡ ♠✉❧t✐❞✐♠❡♥s✐♦♥♥❡❧❧❡ ●❛✉ss✐❡♥♥❡ ❞✬❡s♣ér❛♥❝❡ X0 ❡t
❞❡ ❝♦✈❛r✐❛♥❝❡ Σ0 ❡t q✉❡ ❧✬♦♥ ♣❡✉t ♣❛rt✐t✐♦♥♥❡r X s♦✉s ❧❛ ❢♦r♠❡ ✿

X =

(
Y

Z

)
, X0 =

(
Y 0

Z0

)
❡t Σ0 =

(
CY Y CY Z

CZY CZZ

)
✭✹✳✶✶✮

❛❧♦rs Y ❡st ✉♥❡ ✈❛r✐❛❜❧❡ ❛❧é❛t♦✐r❡ ●❛✉s✐❡♥♥❡ ❞✬❡s♣ér❛♥❝❡ Y 0 ❡t ❞❡ ❝♦✈❛r✐❛♥❝❡ CY Y ✳
▲❛ ❞✐str✐❜✉t✐♦♥ ❝♦♥❞✐t✐♦♥❡❧❧❡ ❞❡ Y s❛❝❤❛♥t Z = z ❡st ●❛✉ss✐❡♥♥❡ ❞✬❡s♣ér❛♥❝❡ 〈Y |Z =
z〉 = Y 0 + CY Z ·C−1

ZZ · (z −Z0) ❡t ❞❡ ❝♦✈❛r✐❛♥❝❡ CY Y −CY Z ·C−1
ZZ ·CZY ✳

❙✐ ♦♥ ♥♦t❡ Y = w ❡t Z = d ❞❛♥s ❧❡ ❧❡♠♠❡ ♣ré❝é❞❡♥t✱ ❛❧♦rs ♦♥ r❡tr♦✉✈❡ ❧✬éq✉❛✲
t✐♦♥ ✭✹✳✽✮✳

▲❛ ❝♦✈❛r✐❛♥❝❡ ❛ ♣♦st❡r✐♦r✐✱ ♦✉ ❝♦✈❛r✐❛♥❝❡ ❞❡ ❧✬❡rr❡✉r ❞✬❡st✐♠❛t✐♦♥ s✬é❝r✐t

C
bw = 〈(ŵ −w✈r❛✐) · (ŵ −w✈r❛✐)〉 ✭✹✳✶✷✮

♦ù w✈r❛✐ ❡st ❧❛ ✈ér✐t❛❜❧❡ s✉r❢❛❝❡ ❞✬♦♥❞❡ t✉r❜✉❧❡♥t❡✱ q✉✐ s✉✐t ❡❧❧❡ ❛✉ss✐ ❧❛ st❛t✐st✐q✉❡
●❛✉ss✐❡♥♥❡ ❝❡♥tré❡ ❞❡ ❝♦✈❛r✐❛♥❝❡ Cw✳ ▲❡ ❞é✈❡❧♦♣♣❡♠❡♥t ❞❡ ❧✬éq✉❛t✐♦♥ ✭✹✳✶✷✮ ♣♦✉r ❧❛
s♦❧✉t✐♦♥ MAP ❞♦♥♥❡

C
bwMAP

=
(
ST ·C−1

e ·S + C−1
w

)−1
✭✹✳✶✸✮

▲❛ ❞é♠❛r❝❤❡ ❞❡ ❝❡tt❡ ❡st✐♠❛t✐♦♥ ♣❡✉t êtr❡ rés✉♠é❡ ❝♦♠♠❡ s✉✐t✳ ▲✬❡st✐♠é❡ ❞❡s ❝♦✲
❡✣❝✐❡♥ts ❞❡ ❧❛ ♣❤❛s❡ t✉r❜✉❧❡♥t❡ w ét❛✐t ✐♥❝♦♥♥✉❡ ❛✈❛♥t ❧❛ ♠❡s✉r❡✳ ❙✐ ❛✉❝✉♥❡ ♠❡s✉r❡
♥✬❡st ❡✛❡❝t✉é❡ ❡t q✉✬❛✉❝✉♥❡ ✐♥❢♦r♠❛t✐♦♥ st❛t✐st✐q✉❡ ♥✬❡st ❝♦♥♥✉❡✱ ❛❧♦rs ❧✬❡st✐♠❛t✐♦♥ ❡st
✐♠♣r♦❜❛❜❧❡✳ ❙❛♥s ♠❡s✉r❡✱ ♠❛✐s ❛✈❡❝ ❧❛ ❝♦♥♥❛✐ss❛♥❝❡ ❛ ♣r✐♦r✐ ❞✉ ♠♦♠❡♥t st❛t✐st✐q✉❡ ❞✉
♣r❡♠✐❡r ♦r❞r❡ ❞❡ ❧❛ ♣❤❛s❡✱ ♦♥ ♣❡✉t ❞é❥à ❢♦✉r♥✐r ✉♥❡ ❡st✐♠❛t✐♦♥ ♣❛r ❞é❢❛✉t✳ ❈❡tt❡ ❡st✐✲
♠❛t✐♦♥ ❡st ❧❛ ♣❤❛s❡ ❞❡ ♣r♦❜❛❜✐❧✐té ♠❛①✐♠❛❧❡✱ ❝✬❡st à ❞✐r❡ ❧✬❡s♣ér❛♥❝❡ ♠❛t❤é♠❛t✐q✉❡ ❞❡
w✱ ♥♦té❡ 〈w〉✳ ❯♥❡ ❢♦✐s q✉❡ ❞❡s ♠❡s✉r❡s s♦♥t ❛❝❝❡ss✐❜❧❡s✱ ♦♥ ♣❡✉t ❛♠é❧✐♦r❡r ❧✬❡st✐♠❛t✐♦♥✳
❖♥ ♦❜t✐❡♥t ❝♦♠♠❡ ❡st✐♠❛t✐♦♥ ❧✬❡s♣ér❛♥❝❡ ♠❛t❤é♠❛t✐q✉❡ ❞❡ w s❛❝❤❛♥t ❧❡s ❞♦♥♥é❡s d✱
♥♦té❡ 〈w|d〉✳

✹✳✶✳✸ ▲✬❡st✐♠❛t✐♦♥ ❡♥ ♣rés❡♥❝❡ ❞✬✉♥❡ ❝♦♠♠❛♥❞❡

❏✬♦✉✈r❡ ✉♥❡ ♣❛r❡♥t❤ès❡ ❞❛♥s ❝❡tt❡ s❡❝t✐♦♥ ♣♦✉r ✐♥tr♦❞✉✐r❡ ❧❡ ♣r♦❜❧è♠❡ q✉✐ s❡ ♣♦s❡r❛
❞❛♥s ✉♥❡ ♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ❡♥ ❜♦✉❝❧❡ ❢❡r♠é❡✳ ▲✬éq✉❛t✐♦♥ ❞❡ ♠❡s✉r❡ q✉✐ ❞é❝r✐t ✉♥❡
♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ❡♥ ❜♦✉❝❧❡ ❢❡r♠é❡ ❢❛✐t ✐♥t❡r✈❡♥✐r ❧❛ ❝♦♠♠❛♥❞❡ ❛♣♣❧✐q✉é❡ ❛✉ ♠✐r♦✐r



✹✳✷✳ ▲✬❊❙❚■▼❆❚■❖◆ ❊◆ ❈❆❙❈❆❉❊ ❉✬❯◆ ❙■●◆❆▲ ❈❖◆❙❚❆◆❚ ✽✺

❞é❢♦r♠❛❜❧❡ ✭▼❉✮✳ ▲❡ s②stè♠❡ ❞❡ ♠❡s✉r❡ ét❛♥t ❧✐♥é❛✐r❡✱ ❧✬éq✉❛t✐♦♥ ✭✷✳✶✻✮ tr❛❞✉✐t ❧✬✐♥✲
✢✉❡♥❝❡ ❞✉ ✈❡❝t❡✉r ❞❡ ❝♦♠♠❛♥❞❡ a s✉r ❧❡s ❞♦♥♥é❡s✳ ❊♥ ♣rés❡♥❝❡ ❞❡ t✉r❜✉❧❡♥❝❡ ❡t ❞✬✉♥❡
❝♦♠♠❛♥❞❡ ♥♦♥ ♥✉❧❧❡ ❛♣♣❧✐q✉é❡ ❛✉ ♠✐r♦✐r ❞é❢♦r♠❛❜❧❡✱ ❧✬éq✉❛t✐♦♥ ❞❡ ♠❡s✉r❡ ❞❡✈✐❡♥t

d = S ·w −G ·a + e . ✭✹✳✶✹✮

❈❡tt❡ ❢♦✐s✲❝✐✱ ❧❡s ❡rr❡✉rs e r❡♥❞❡♥t ❝♦♠♣t❡ à ❧❛ ❢♦✐s ❧❡s ✐♥❝❡rt✐t✉❞❡s ❞❡ ♠❡s✉r❡✱ ❡t ❞❡s
❡rr❡✉rs ❞✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡s ♠♦❞è❧❡s S ❡t G✳ ❏❡ s✉♣♣♦s❡ ♥é❛♥♠♦✐♥s q✉❡ ❝❡s ❡rr❡✉rs
r❡st❡♥t ❣❛✉ss✐❡♥♥❡s ❝❡♥tré❡s ❞❡ ❝♦✈❛r✐❛♥❝❡ t♦✉❥♦✉rs ♥♦té❡ Ce✳

▲❛ ❝♦♠♠❛♥❞❡ ❡st s✉♣♣♦sé❡ ❝♦♥♥✉❡ ❀ ❝❛❧❝✉❧é❡ ♣❛r ❧❡ ❝♦rr❡❝t❡✉r ❡t ❛♣♣❧✐q✉é❡ ❛✉ ♠✐✲
r♦✐r ❞é❢♦r♠❛❜❧❡✳ ▲❛ ♠❡s✉r❡ d ❡st ❞♦♥❝ t♦✉❥♦✉rs ✉♥❡ ✈❛r✐❛❜❧❡ ❛❧é❛t♦✐r❡ ❞❡ st❛t✐st✐q✉❡
●❛✉ss✐❡♥♥❡✳ ❙♦♥ ❡s♣ér❛♥❝❡ ✈❛✉t ❞és♦r♠❛✐s

〈d〉 = S · 〈w〉 −G ·a ✭✹✳✶✺✮

♠❛✐s s❛ ♠❛tr✐❝❡ ❞❡ ❝♦✈❛r✐❛♥❝❡ r❡st❡ ❞é❝r✐t❡ ♣❛r

〈
(d− 〈d〉) · (d− 〈d〉)T

〉
=
〈
(d− S · 〈w〉+ G ·a) · (d− S · 〈w〉+ G ·a)T

〉

= S ·Cw ·ST + Ce . ✭✹✳✶✻✮

➚ ♣❛rt✐r ❞✉ ❧❡♠♠❡ ✭✹✳✶✶✮✱ ❡♥ r❡♠♣❧❛ç❛♥t à ♥♦✉✈❡❛✉ Y ♣❛r w ❡t Z ♣❛r d✱ ♦♥ ♦❜t✐❡♥t
❧✬❡st✐♠❛t✐♦♥ ▼❆P ŵMAP ❡♥ ❜♦✉❝❧❡ ❢❡r♠é❡✱ ✐✳❡✳

ŵMAP = 〈w〉+ Cw ·ST ·
(
S ·Cw ·ST + Ce

)−1 · (d− S · 〈w〉+ G ·a) . ✭✹✳✶✼✮

❉❡ ❢❛✐t✱ ♥✬✐♠♣♦rt❡ q✉❡❧❧❡ ❡①♣r❡ss✐♦♥ ♣❛r♠✐ ❧❡s éq✉❛t✐♦♥s ✭✹✳✽✮✲✭✹✳✾✮ ❢♦✉r♥✐t ❧❛ s♦❧✉t✐♦♥
▼❆P ❡♥ ❜♦✉❝❧❡ ❢❡r♠é❡ à ❝♦♥❞✐t✐♦♥ ❞❡ r❡♠♣❧❛❝❡r S · 〈w〉 ♣❛r S · 〈w〉−G ·a✱ ❧✬❡s♣ér❛♥❝❡
❞❡s ♠❡s✉r❡s ❡♥ ❜♦✉❝❧❡ ❢❡r♠é❡✳

❏✬❛✐ ♠♦♥tré ✐❝✐ ❧✬✐♠♣❛❝t s✉r ❧✬❡st✐♠❛t✐♦♥ ▼❆P ❞✬✉♥❡ ❡♥tré❡ ❛♣♣❧✐q✉é❡ ❛✉ s②stè♠❡✱
❧❛ ❝♦♠♠❛♥❞❡✳ ❏✬❛♥❛❧②s❡ ❝❡ rés✉❧t❛t ❞❛♥s ❧✬ét✉❞❡ t❤é♦r✐q✉❡ ❞✉ ♣r♦❜❧è♠❡ ✐♥✈❡rs❡ ❞❡ ❧❛
❜♦✉❝❧❡ ❢❡r♠é❡ ❛✉ ❝❤❛♣✐tr❡ ✾✳ ❊♥ ❛tt❡♥❞❛♥t✱ ❥❡ ❢❡r♠❡ ❝❡tt❡ ♣❛r❡♥t❤ès❡ ❡t r❡♣r❡♥❞s ❧❛
❞✐s❝✉ss✐♦♥ s✉r ❞❡s ♠❡s✉r❡s ❡♥ ❜♦✉❝❧❡ ♦✉✈❡rt❡✱ ✐✳❡✳ s❛♥s ❝♦♠♠❛♥❞❡✱ ❥✉sq✉✬à ❧❛ ✜♥ ❞❡ ❝❡
❝❤❛♣✐tr❡✳

✹✳✷ ▲✬❡st✐♠❛t✐♦♥ ❡♥ ❝❛s❝❛❞❡ ❞✬✉♥ s✐❣♥❛❧ ❝♦♥st❛♥t

❉és♦r♠❛✐s✱ ❧❛ q✉❡st✐♦♥ ❡st ❞❡ s❛✈♦✐r ❝♦♠♠❡♥t ❛♠é❧✐♦r❡r ❧✬❡st✐♠❛t✐♦♥✳ ❯♥❡ ♣♦ss✐❜✐❧✐té
❝♦♥s✐st❡ à ♣r❡♥❞r❡ ❞❡ ♥♦✉✈❡❧❧❡s ♠❡s✉r❡s ❞✉ ♠ê♠❡ s✐❣♥❛❧✱ ❝✬❡st✲à✲❞✐r❡ ❞❡ ❧❛ ♠ê♠❡ s✉r❢❛❝❡
❞✬♦♥❞❡ ✈r❛✐❡ w✈r❛✐✳

❙✉♣♣♦s♦♥s q✉❡ ❧✬♦♥ ❛✐t ❛❝❝ès à p ❥❡✉① ❞❡ ♠❡s✉r❡s d1,d2, ..,dp ❞✉ ♠ê♠❡ s✐❣♥❛❧✱ ❛✈❡❝
❞❡s ❜r✉✐ts ❞é❝♦rré❧és ❞✬✉♥ ❥❡✉ ❞❡ ♠❡s✉r❡ à ❧✬❛✉tr❡✳ ❆❧♦rs ❡♥ r❡♣r❡♥❛♥t ❧❡s ♥♦t❛t✐♦♥s ❞✉
❧❡♠♠❡✱ ♦♥ ♣❡✉t é❝r✐r❡ ✿

Z =




d1

d2

...
dp


 =




S1 ·w + e1

S2 ·w + e2

...
Sp ·w + ep


 ✭✹✳✶✽✮



✽✻❈❍❆P■❚❘❊ ✹✳ ❆PP❘❖❈❍❊ P❘❖❇▲➮▼❊ ■◆❱❊❘❙❊ P❖❯❘ ▲✬❖P❚■◗❯❊ ❆❉❆P❚❆❚■❱❊

❖♥ s❡ r❛♠è♥❡ ❛✐♥s✐ ❛✉ ❝❛s ♣ré❝é❞❡♥t ❡t ❧✬❡st✐♠❛t✐♦♥ MAP ❢♦✉r♥✐❡ ❧❛ s♦❧✉t✐♦♥

ŵMAP = 〈w|d1, ..,dp〉 ✭✹✳✶✾✮

= 〈w〉+
(

p∑

i=1

ST
i ·C−1

ei ·Si + C−1
w

)−1

·
(

p∑

i=1

ST
i ·C−1

ei ·di + C−1
w · 〈w〉

)
,

✭✹✳✷✵✮

❛✈❡❝ ✉♥❡ ❝♦✈❛r✐❛♥❝❡ ❛ ♣♦st❡r✐♦r✐ Cw|d1,..,dp
=
(∑p

i=1 ST
i ·C−1

ei ·Si + C−1
w

)−1
✳

❈❡tt❡ ❡①♣r❡ss✐♦♥ ♣❡r♠❡t ❞✬♦❜t❡♥✐r ❞✐r❡❝t❡♠❡♥t ❧✬❡st✐♠❛t✐♦♥ ♦♣t✐♠❛❧❡ ét❛♥t ❞♦♥♥és
❧❡s p ❥❡✉① ❞❡ ♠❡s✉r❡✳ ❙✐✱ ❡♥ r❡✈❛♥❝❤❡✱ ❧❡s ♠❡s✉r❡s ♥❡ ❞❡✈✐❡♥♥❡♥t ❛❝❝❡ss✐❜❧❡s q✉❡ ❧❡s
✉♥❡s ❛♣rès ❧❡s ❛✉tr❡s✱ ♦♥ ❝❛❧❝✉❧❡ ❛✉ ❢✉r ❡t à ♠❡s✉r❡ 〈w|d1〉✱ 〈w|d1,d2〉✱ ❡t 〈w|d1, ..,dp〉✳
P✉✐sq✉❡ ❧❡ ❜r✉✐t ❞❡s ♠❡s✉r❡s ❡st ❞é❝♦rré❧é✱ ♦♥ ♣❡✉t rés♦✉❞r❡ ❝❡tt❡ ❡st✐♠❛t✐♦♥ ❡♥ ❝❛s❝❛❞❡
✭❚❛r❛♥t♦❧❛✱ ✷✵✵✺✮✳

▲❛ ❞é♠♦♥str❛t✐♦♥ ❡st ❢❛✐t❡ ✐❝✐ ♣♦✉r p = 2✱ ❧❡ ❝❛s ❣é♥ér❛❧ ét❛♥t ❞é❞✉❝t✐❜❧❡ ♣❛r
ré❝✉rr❡♥❝❡✳ ❖♥ ♥♦t❡

〈w|d1〉 =
(
ST

1 ·C−1
e1 ·S1 + C−1

w

)−1 ·
(
ST

1 ·C−1
e1 ·d1 + C−1

w · 〈w〉
)

❡t

Cw|d1
=
(
ST

1 ·C−1
e1 ·S1 + C−1

w

)−1
.

❊♥ r❡♠❛rq✉❛♥t ❧✬é❣❛❧✐té s✉✐✈❛♥t❡ ✿
(

2∑

i=1

ST
i ·C−1

ei ·Si + C−1
w

)−1

= Cw|d1
−
(

2∑

i=1

ST
i ·C−1

ei ·Si + C−1
w

)−1

·ST
2 ·C−1

e2 ·S2 ·Cw|d1

✭✹✳✷✶✮
❡t ❡♥ ❧✬✐♥sér❛♥t ❞❛♥s ❧✬éq✉❛t✐♦♥ ✭✹✳✷✵✮ ♣♦✉r p = 2✱ ♦♥ ♦❜t✐❡♥t

〈w|d1,d2〉 =
(
ST

2 ·C−1
e2 ·S2 + C−1

w|d1

)−1
·
(
ST

2 ·C−1
e2 ·d2 + C−1

w|d1
· 〈w|d1〉

)
✭✹✳✷✷✮

❖♥ r❡❝♦♥♥❛ît ❞❛♥s ❧✬éq✉❛t✐♦♥ ✭✹✳✷✷✮✱ ❧✬❡①♣r❡ss✐♦♥ ❞❡ ❧✬❡s♣ér❛♥❝❡ ❝♦♥❞✐t✐♦♥♥❡❧❧❡ ❢♦✉r♥✐t
♣❛r ❧❡ ❧❡♠♠❡ q✉❛♥❞ Y = 〈w|d1〉 ❡t Z = d2✳ ▲❛ st❛t✐st✐q✉❡ ●❛✉ss✐❡♥♥❡ ❞❡ ❧❛ ❞✐str✐❜✉t✐♦♥
❝♦♥❞✐t✐♦♥♥❡❧❧❡ w|d1 ✭❛ ♣♦st❡r✐♦r✐✮ ❞❡✈✐❡♥t ❞♦♥❝ ❧✬✐♥❢♦r♠❛t✐♦♥ ❛ ♣r✐♦r✐ ♣♦✉r tr❛✐t❡r ❧❡
❞❡✉①✐è♠❡ ❥❡✉ ❞❡ ❞♦♥♥é❡s✳ ❆✜♥ ❞✬é✈✐t❡r t♦✉t❡ ❝♦♥❢✉s✐♦♥ ❡♥tr❡ ❝❡ q✉✐ à ✉♥❡ ét❛♣❡ ❡st
❝♦♥s✐❞éré ❝♦♠♠❡ ❛ ♣♦st❡r✐♦r✐ ❡t à ❧❛ s✉✐✈❛♥t❡ ❝♦♠♠❡ ❛ ♣r✐♦r✐✱ ✐❧ ❡st ♣❧✉s ❝❧❛✐r ❞✬❡①♣❧✐❝✐t❡r
❧❡s ❝♦♥❞✐t✐♦♥s s❛❝❤❛♥t ❧❡s ❞♦♥♥é❡s di✱ ❞✐r❡❝t❡♠❡♥t ❞❛♥s ❧❛ ♥♦t❛t✐♦♥ ❞❡ ❧✬❡st✐♠é❡✱ ♣❛r
❡①❡♠♣❧❡ ŵ|d1, ..di✳

✹✳✸ ❆♣♣r♦❝❤❡ ✐♥✈❡rs❡ ❛✈❡❝ é✈♦❧✉t✐♦♥ t❡♠♣♦r❡❧❧❡

❏✬é❝r✐s à ♥♦✉✈❡❛✉ ❧❡s éq✉❛t✐♦♥s ❞❡ ♠❡s✉r❡ ✭✹✳✶✽✮ ❞✬✉♥❡ ❢❛ç♦♥ ♣❧✉s ❣é♥ér❛❧❡✱ ❡♥ ❛❞✲
♠❡tt❛♥t q✉❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ ❡st s✉s❝❡♣t✐❜❧❡ ❞✬é✈♦❧✉❡r ❡♥tr❡ ❞❡✉① ♠❡s✉r❡s ✿

Z =




d1

d2

...
dp


 =




S1 ·w1 + e1

S2 ·w2 + e2

...
Sp ·wp + ep


 ✭✹✳✷✸✮
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❆❧♦rs✱ ❧❡ rés✉❧t❛t ❞✉ ❧❡♠♠❡ ❢❛✐t ✐♥t❡r✈❡♥✐r ❞❡s ❝♦✈❛r✐❛♥❝❡s s♣❛t✐♦✲t❡♠♣♦r❡❧❧❡s ❞❡ ❧❛
s✉r❢❛❝❡ ❞✬♦♥❞❡ 〈(wi − 〈wi〉) · (wj − 〈wj〉)T〉 ❛✈❡❝ i 6= j✳ ▲❡s ❞❡✉① ❝❛s ❞✬❡st✐♠❛t✐♦♥
tr❛✐tés ❞❛♥s ❧❡s s❡❝t✐♦♥s ♣ré❝é❞❡♥t❡s s♦♥t ❝❛r❛❝tér✐st✐q✉❡s ❞❡ ❞❡✉① s✐t✉❛t✐♦♥s ❡①trê♠❡s
❡♥ ♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡✳

❙✉♣♣♦s♦♥s q✉❡ ❧❡s s✉r❢❛❝❡s ❞✬♦♥❞❡ s✉❝❝❡ss✐✈❡s s♦✐❡♥t ❡♥t✐èr❡♠❡♥t ❞é❝♦rré❧é❡s✱ ❛❧♦rs
❝❤❛q✉❡ ♥♦✉✈❡❧❧❡ ❡st✐♠❛t✐♦♥ ❡st ✉♥ ♣r♦❜❧è♠❡ ✐♥✈❡rs❡ s✐♠♣❧❡ ❝♦♠♠❡ ❞é❝r✐t à ❧❛ s❡❝t✐♦♥ ✹✳✶✳
❊♥ ❡✛❡t✱ di ♥❡ s❡rt q✉✬à ❧✬❡st✐♠❛t✐♦♥ ❞❡ wi✳ ❆✉❝✉♥ ❧✐❡♥ ♥❡ ♣❡✉t êtr❡ ❢❛✐t ❛✈❡❝ ✉♥ wj ✱
j 6= i✳

❙✉♣♣♦s♦♥s✱ à ❧✬✐♥✈❡rs❡✱ q✉❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ ❡st ❝♦♥st❛♥t❡✳ ❆❧♦rs ♦♥ s❡ r❛♠è♥❡
❞✐r❡❝t❡♠❡♥t ❛✉ ❝❛s ❞❡ ❧❛ s❡❝t✐♦♥ ✹✳✷✳

▲❛ ré❛❧✐té ❞❛♥s ❧❡ ❝❛s ❞❡ ❧❛ t✉r❜✉❧❡♥❝❡ ❛t♠♦s♣❤ér✐q✉❡ s❡ s✐t✉❡ é✈✐❞❡♠♠❡♥t ❡♥tr❡ ❝❡s
❞❡✉① s✐t✉❛t✐♦♥s✱ ❡t ♦♥ s♦✉❤❛✐t❡ t✐r❡r ♣r♦✜t ❞❡s ✐♥❢♦r♠❛t✐♦♥s s✉❝❝❡ss✐✈❡♠❡♥t ❛♣♣♦rté❡s
♣❛r ❧❡s ❥❡✉① ❞❡ ❞♦♥♥é❡s d1, ..,dp✱ q✉✐ é❝❤❛♥t✐❧❧♦♥♥❡♥t t❡♠♣♦r❡❧❧❡♠❡♥t ❧❡ s✐❣♥❛❧ w(tk)✱
❛✉① ✐♥st❛♥ts tk ❛✈❡❝ 1 ≤ k ≤ p✳ ❖♥ ❞✐st✐♥❣✉❡ tr♦✐s t②♣❡s ❞✬❡st✐♠❛t✐♦♥ ❞❡ ŵ ✿

✕ ❧❡ ❧✐ss❛❣❡ ❡st✐♠❡ ŵ(tk − τ)✱ τ > 0✱ à ✉♥ ✐♥st❛♥t ❛♥tér✐❡✉r à ❝❡❧✉✐ ❞❡ ❧❛ ♠❡s✉r❡✳
✕ ❧❡ ✜❧tr❛❣❡ ❡st✐♠❡ ŵ(tk)✱ à ❧✬✐♥st❛♥t ❞❡ ❧❛ ♠❡s✉r❡✳
✕ ❧❛ ♣ré❞✐❝t✐♦♥ ❡st✐♠❡ ŵ(tk +τ)✱ τ > 0✱ à ✉♥ ✐♥st❛♥t ♣♦stér✐❡✉r à ❝❡❧✉✐ ❞❡ ❧❛ ♠❡s✉r❡✳

❖♥ ❝♦♠♣r❡♥❞ ❜✐❡♥ q✉❡ ❝❡s ❞✐st✐♥❝t✐♦♥s ♥✬♦♥t ❞❡ s❡♥s q✉✬à ♣❛rt✐r ❞✉ ♠♦♠❡♥t ♦ù ❧✬é✈♦✲
❧✉t✐♦♥ t❡♠♣♦r❡❧❧❡ ❞❡ ❧❛ t✉r❜✉❧❡♥❝❡ ❛ été ♠♦❞é❧✐sé❡✳ ▲❡s s❡❝t✐♦♥s ✹✳✶ ❡t ✹✳✷✱ ♥❡ ❢❛✐s❛♥t
♣❛s ✐♥t❡r✈❡♥✐r ❞❡ ❝♦♥s✐❞ér❛t✐♦♥ t❡♠♣♦r❡❧❧❡✱ tr❛✐t❡♥t s✐♠♣❧❡♠❡♥t ❞✉ ✜❧tr❛❣❡✳

✹✳✸✳✶ ▲✬✐♥tr♦❞✉❝t✐♦♥ ❞✬✉♥ ♠♦❞è❧❡ ❞✬é✈♦❧✉t✐♦♥ t❡♠♣♦r❡❧❧❡

❆♠é❧✐♦r❡r ❧✬❡st✐♠❛t✐♦♥ ❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ t✉r❜✉❧❡♥t❡ ❡♥ ♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ r❡♣♦s❡
s✉r ❧❛ ♠♦❞é❧✐s❛t✐♦♥ ❞❡ ❧✬é✈♦❧✉t✐♦♥ t❡♠♣♦r❡❧❧❡ ❞❡ w✳ ▲❡s ♣r♦❝❡ss✉s ♣❤②s✐q✉❡s s♦♥t s♦✉✈❡♥t
♠♦❞é❧✐sés ♣❛r ❞❡s éq✉❛t✐♦♥s ❞✐✛ér❡♥t✐❡❧❧❡s✳ ❏❡ r❡t✐❡♥s ✐❝✐ ❧❡s ♠♦❞è❧❡s ❆❘▼❆❳ ♣♦✉r
❛✉t♦r❡❣r❡ss✐✈❡ ♠♦✈✐♥❣✲❛✈❡r❛❣❡ ♠♦❞❡❧ ✇✐t❤ ❛✉①✐❧✐❛r② ✐♥♣✉t q✉✐ s✬é❝r✐✈❡♥t s♦✉s ❧❛ ❢♦r♠❡

w(k) =

q∑

i=1

Ai ·w(k − i) + v(k) ✭✹✳✷✹✮

♦ù ❧❡s Ai s♦♥t ❞❡s ♠❛tr✐❝❡s✱ q r❡♣rés❡♥t❡ ❧✬❤♦r✐③♦♥ ❞✉ ♠♦❞è❧❡ ❛✈❡❝ 1 ≤ q ≤ k ❡t v

❞és✐❣♥❡ ✉♥❡ ♣❡rt✉r❜❛t✐♦♥ q✉✐ ✐❧❧✉str❡ ❧❡ ❢❛✐t q✉❡ ❧✬é✈♦❧✉t✐♦♥ t❡♠♣♦r❡❧❧❡ ❞❡ ❧❛ t✉r❜✉❧❡♥❝❡
❡st ✉♥ ♣r♦❝❡ss✉s st♦❝❤❛st✐q✉❡✳

▲❡ ❝❛s ♣❛rt✐❝✉❧✐❡r ❞✬✉♥ ♠♦❞è❧❡ ❛✉t♦ré❣r❡ss✐❢ ❞✬♦r❞r❡ ✶ s✉♣♣♦s❡

w(k) = A ·w(k − 1) + v(k) . ✭✹✳✷✺✮

❚✐r❡r ❧❡ ♠❛①✐♠✉♠ ❞✬✐♥❢♦r♠❛t✐♦♥ ♣♦ss✐❜❧❡ ❞❡ w(k − 1) ♣♦✉r ♠♦❞é❧✐s❡r w(k) s✉♣♣♦s❡
q✉❡ w(k − 1) ❡t v(k) s♦♥t ❞é❝♦rré❧és✳ ❉❛♥s ❧❡ ❝❛s ❞✬✉♥ ♣r♦❝❡ss✉s st❛t✐♦♥♥❛✐r❡✱ ❝♦♠♠❡
❧❛ t✉r❜✉❧❡♥❝❡✱ ❧❛ ♠❛tr✐❝❡ A s❛t✐s❢❛✐t ❛❧♦rs

Cw = A · 〈w(k − 1) ·w(k)T〉 . ✭✹✳✷✻✮

◆♦s ♣❛r❛♠ètr❡s à ❡st✐♠❡r ❞♦✐✈❡♥t ❞és♦r♠❛✐s s❛t✐s❢❛✐r❡ ❞❡✉① éq✉❛t✐♦♥s ✿ ❧✬éq✉❛t✐♦♥
❞❡ ♠❡s✉r❡ ❡t ❧✬éq✉❛t✐♦♥ ❞✬é✈♦❧✉t✐♦♥ t❡♠♣♦r❡❧❧❡✳ ❖♥ ❛ ❞é❥à ✈✉ ❝♦♠♠❡♥t ❥♦✐♥❞r❡ ❧❡s
❞✐str✐❜✉t✐♦♥s ❞❡s di ❡t ❞❡ w(k) à ❧✬✐♥tér✐❡✉r ❞❡ X ♣♦✉r ❛♣♣❧✐q✉❡r ❧❡ ❧❡♠♠❡✳ ❉és♦r♠❛✐s✱
✐❧ ❢❛✉t ❛❥♦✉t❡r à X ❧❡s q ❥❡✉① ❞❡ ♣❛r❛♠ètr❡s ♣❛ssés✱ ♣♦✉r ♣♦✉✈♦✐r r❡tr♦✉✈❡r ✉♥❡ é❝r✐t✉r❡
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s❡♠❜❧❛❜❧❡ à ❝❡❧❧❡ ❞✉ ❧❡♠♠❡ ❡♥ r❡❣r♦✉♣❛♥t ❧❡s ❞❡✉① éq✉❛t✐♦♥s ❡♥ ✉♥❡✳ ❖♥ é❝r✐t ❛❧♦rs✱

X =




w(k)
w(k − 1)
... d(k − 1), ..d(1)
w(k − q)
d(k)




✭✹✳✷✼✮

P♦✉r s✐♠♣❧✐✜❡r ❧❡s é❝r✐t✉r❡s✱ ♦♥ ♣❡✉t r❡♥♦♠♠❡r x(k) = [w(k),w(k− 1), ...,w(k− q)]T✱
❝❡ q✉✐ ♣❡r♠❡t ❞❡ s❡ r❛♠❡♥❡r à ♥♦✉✈❡❛✉ à ✉♥ s②stè♠❡ ❞❡ ❧❛ ❢♦r♠❡

x(k + 1) = Ā ·x(k) + v̄(k) ✭✹✳✷✽✮

d(k) = S̄ ·x(k) + e(k) ✭✹✳✷✾✮

♦ù Ā ❡t S̄ s♦♥t ❞❡✉① ♠❛tr✐❝❡s ❝r❡✉s❡s ♣❛r ❜❧♦❝s✱ ❞é✜♥✐❡s à ♣❛rt✐r ❞❡s Ai ❡t ❞❡ S✳ ▲❡
❜r✉✐t v̄(k) ❡st ❛✉ss✐ ✉♥❡ ✈❡rs✐♦♥ ❛✉❣♠❡♥té❡ q ❢♦✐s ❞❡ v✳

x(k) s❡rt à ❝❛r❛❝tér✐s❡r ❧✬ét❛t ❞❡ ❧✬❡st✐♠❛t✐♦♥✱ ❧❛ q✉❛♥t✐té ❞✬✐♥❢♦r♠❛t✐♦♥ ❝♦♥♥✉❡ à
❧✬ét❛♣❡ (k)✳ ❙✐ x ❝♦♥t✐❡♥t ❥✉st❡ ❧❛ q✉❛♥t✐té ♠✐♥✐♠✉♠ ❞✬✐♥❢♦r♠❛t✐♦♥ ♥é❝❡ss❛✐r❡ à ❞é❝r✐r❡
t♦✉t ❧❡ s②stè♠❡✱ ❛❧♦rs ♦♥ ❞✐t q✉❡ x ❡st ❧❛ ✈❛r✐❛❜❧❡ ❞✬ét❛t ❞❡ ❝❡ s②stè♠❡✳

●râ❝❡ à ❝❡ ❝❤❛♥❣❡♠❡♥t ❞❡ ♥♦t❛t✐♦♥✱ ♦♥ ♣❡✉t r❡tr♦✉✈❡r s✐♠♣❧❡♠❡♥t ❧❛ ❢♦r♠✉❧❛t✐♦♥
❞✉ ❧❡♠♠❡✱ ❡♥ t❡r♠❡ ❞✬ét❛t✳

✹✳✸✳✷ ❉❡ ●❛✉ss à ❑❛❧♠❛♥

❆✜♥ ❞✬♦❜t❡♥✐r ❧✬❡st✐♠❛t❡✉r ❞❡ ❑❛❧♠❛♥✱ ✐❧ ❢❛✉t ❢❛✐r❡ ❧❡s ✸ ❤②♣♦t❤ès❡s s✉✐✈❛♥t❡s ✿
✕ ▲✬é✈♦❧✉t✐♦♥ ❞❡ ❧✬ét❛t s✉✐t ✉♥ ♠♦❞è❧❡ ❞❡ ▼❛r❦♦✈✱ ✐✳❡✳

Pr(x(k)|x(k − 1),x(k − 2), ...,x(k − q)) = Pr(x(k)|x(k − 1)) ✭✹✳✸✵✮

✕ ▲❡ ♠♦❞è❧❡ ❞✉ s②stè♠❡ st♦❝❤❛st✐q✉❡ ❡st ❧✐♥é❛✐r❡ ❞❡ ❧❛ ❢♦r♠❡

x(k + 1) = Ā ·x(k) + v̄(k) ✭✹✳✸✶✮

d(k) = S̄ ·x(k) + e(k) ✭✹✳✸✷✮

❛✈❡❝ v̄ ❡t e ❞❡s ♣r♦❝❡ss✉s ●❛✉ss✐❡♥s ❝❡♥trés st❛t✐♦♥♥❛✐r❡s ✐♥❞é♣❡♥❞❛♥ts✱ ❞❡ ❝♦✈❛✲
r✐❛♥❝❡ Cv ❡t Ce r❡s♣❡❝t✐✈❡♠❡♥t✳

✕ ▲✬ét❛t ✐♥✐t✐❛❧ x(0) ❡st ✉♥❡ ✈❛r✐❛❜❧❡ ❛❧é❛t♦✐r❡ ❞✬❡s♣ér❛♥❝❡ 〈x(0)〉 ❡t ❞❡ ❝♦✈❛r✐❛♥❝❡
Cx(0)✳

❙✐ ♦♥ ❝♦♥s✐❞èr❡ q✉❡ ❝❡s tr♦✐s ❤②♣♦t❤ès❡s s♦♥t ❛❝❝❡♣t❛❜❧❡s ♣♦✉r ❧❡ s②stè♠❡ ♠♦❞é❧✐sé✱
❛❧♦rs ✐❧ s✉✣t ❞❡ ❞ér♦✉❧❡r ❧❡ ❧❡♠♠❡ ♣❛r ré❝✉rr❡♥❝❡ ♣♦✉r ♦❜t❡♥✐r ❧✬❡st✐♠❛t✐♦♥ ❞❡ x(k+1)✱
q✉✐ ❝♦♥t✐❡♥t ❧✬❡st✐♠❛t✐♦♥ ❞❡ w(k + 1) ❛✉ ♠♦✐♥s✳ ❏❡ ♥♦t❡ X = [x(k + 1) d(k)]T✳ ▲❛
❞✐str✐❜✉t✐♦♥ ❥♦✐♥t❡ ❞❡ X s❛❝❤❛♥t d(k − 1), ..,d(0) ❡st ●❛✉ss✐❡♥♥❡✱ ❞✬❡s♣ér❛♥❝❡

〈X|d(k − 1), ..,d(0)〉 =

[
Ā

S̄

]
· 〈x(k)|d(k − 1), ..,d(0)〉 ✭✹✳✸✸✮

❡t ❞❡ ❝♦✈❛r✐❛♥❝❡
[

Ā ·Cx(k) · ĀT + Cv Ā ·Cx(k) · S̄T

S̄ ·Cx(k) · ĀT S̄ ·Cx(k) · S̄T + Ce

]
. ✭✹✳✸✹✮
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❊♥ ❝♦♥séq✉❡♥❝❡✱ ❧✬❡st✐♠❛t✐♦♥ ❞❡ x̂(k + 1) ❛✉ s❡♥s ❞❡s ♠♦✐♥❞r❡s ❝❛rrés✱ ♦✉ ❡♥❝♦r❡
❧✬❡s♣ér❛♥❝❡ ❝♦♥❞✐t✐♦♥♥❡❧❧❡ ❞❡ x̂(k + 1) s❛❝❤❛♥t d(k),d(k − 1), ..,d(0) s✬❡①♣r✐♠❡ ❛✐♥s✐ ✿

x̂k+1|k = 〈x(k + 1)|d(k),d(k − 1), ..,d(0)〉 ✭✹✳✸✺✮

= Ā · x̂k|k−1

+Ā ·Cx(k) · S̄T ·
(
S̄ ·Cx(k) · S̄T + Ce

)−1 ·
(
d(k)− S̄ · x̂k|k−1

)
✭✹✳✸✻✮

❡t s❛ ❝♦✈❛r✐❛♥❝❡ ❛ ♣♦st❡r✐♦r✐ ✿

Cx(k + 1) =
(
Ā ·Cx(k) · ĀT + Cv

)

−Ā ·Cx(k) · S̄T ·
(
S̄ ·Cx(k) · S̄T + Ce

)−1 · S̄ ·Cx(k) · ĀT .✭✹✳✸✼✮

❖♥ r❡❝♦♥♥❛ît ❧❛ str✉❝t✉r❡ ❞❡ ❧✬éq✉❛t✐♦♥ ✭✹✳✾✮ ❞❛♥s ❧❛ ❢♦r♠❡ ✭✹✳✸✻✮ ❝✐✲❞❡ss✉s✳ ❉❡
♣❧✉s✱ ❝❡tt❡ ❝♦♠♣❛r❛✐s♦♥ ♠❡t ❡♥ é✈✐❞❡♥❝❡ q✉❡ ❧❛ ♠♦②❡♥♥❡ ❛ ♣r✐♦r✐ ❞❡s ♣❛r❛♠ètr❡s s✬é❝r✐t
S̄ · x̂k|k−1✱ ❞✐r❡❝t❡♠❡♥t ❞é❞✉✐t❡ ❞✉ ♠♦❞è❧❡ ❞✬é✈♦❧✉t✐♦♥ t❡♠♣♦r❡❧❧❡✳

P♦✉r ✉♥❡ s✉r❢❛❝❡ ❞✬♦♥❞❡ ❝♦♥st❛♥t❡✱ Ā = I ❡t ¯v(k) ❞✐s♣❛r❛ît✱ s✐ ❜✐❡♥ q✉❡ ❧✬♦♥ r❡tr♦✉✈❡
❡①❛❝t❡♠❡♥t ❧❛ ❢♦r♠✉❧❛t✐♦♥ ❞❡ ❧❛ ❝❛s❝❛❞❡ ✈✉❡ ❞❛♥s ❧❛ s❡❝t✐♦♥ ✹✳✷✳

▲✬❡st✐♠❛t❡✉r ❞❡ ❑❛❧♠❛♥ ♣❡r♠❡t ❞♦♥❝ à ♣❛rt✐r ❞❡ ❧❛ ♠♦❞é❧✐s❛t✐♦♥ ❞❡ ❧❛ ♠❡s✉r❡ ❡t
❞❡ ❧✬é✈♦❧✉t✐♦♥ t❡♠♣♦r❡❧❧❡ ❞✉ s✐❣♥❛❧ ❞❡ ❢♦✉r♥✐r ♣❛r ré❝✉rr❡♥❝❡ ❧✬❡st✐♠❛t✐♦♥ ❛✉ s❡♥s ❞❡s
♠♦✐♥❞r❡s ❝❛rrés ❞❡ t♦✉s ❧❡s ❥❡✉① ❞❡ ♣❛r❛♠ètr❡s✳

❊♥ ♣r❛t✐q✉❡✱ ❝❡ ❢♦r♠❛❧✐s♠❡ ❡st ❞✐✣❝✐❧❡ à ♠❡ttr❡ ❡♥ ♦❡✉✈r❡ ❧♦rsq✉❡ ❧❡s ♠❛tr✐❝❡s s♦♥t
❞❡ ❣r❛♥❞❡s t❛✐❧❧❡s✳ ■❧ ❡①✐st❡ ❝❡♣❡♥❞❛♥t ❞❡s ❛♣♣r♦①✐♠❛t✐♦♥s ❡t s✐♠♣❧✐✜❝❛t✐♦♥s ♣♦ss✐❜❧❡s✳
❉✬❛♣rès ❧✬éq✉❛t✐♦♥ ✭✹✳✸✼✮✱ s✐ ❧❛ s✉✐t❡ (Cx(k))k∈N ❝♦♥✈❡r❣❡✱ ❛❧♦rs s❛ ❧✐♠✐t❡ C∞

x ✈ér✐✜❡
❧✬éq✉❛t✐♦♥ ❛❧❣é❜r✐q✉❡ ❞❡ ❘✐❝❝❛t✐ ✿

C∞
x = Ā ·C∞

x · ĀT + Ā ·C∞
x · S̄T ·

(
S̄ ·C∞

x · S̄T + Ce

)−1 · S̄ ·C∞
x · ĀT −Cv . ✭✹✳✸✽✮

❘és♦✉❞r❡ ❧✬éq✉❛t✐♦♥ ❛❧❣é❜r✐q✉❡ ❞❡ ❘✐❝❝❛t✐ ♣❡r♠❡t ❞✬♦❜t❡♥✐r ✉♥❡ ❡①♣r❡ss✐♦♥ ❞❡ ❧❛
❝♦✈❛r✐❛♥❝❡ ❧✐♠✐t❡ C∞

x ✳ ❙✐ ❧❛ ❝♦♥✈❡r❣❡♥❝❡ ❡st r❛♣✐❞❡✱ ❝❡tt❡ ❝♦✈❛r✐❛♥❝❡ ❧✐♠✐t❡ ♣❡✉t r❡♠✲
♣❧❛❝❡r ❧❛ ❝♦✈❛r✐❛♥❝❡ ❛ ♣r✐♦r✐ Cx(k) à t♦✉s ❧❡s ♣❛s ❞❛♥s ❧✬❡①♣r❡ss✐♦♥ ❞❡ ❧✬❡st✐♠❛t❡✉r ❞❡
❑❛❧♠❛♥ ✭✹✳✸✻✮✳

✹✳✹ ■♥t❡r♣rét❛t✐♦♥ ❡♥ ♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡

❊♥ ♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡✱ ❝❡tt❡ ❛♣♣r♦❝❤❡ ♦♣t✐♠❛❧❡ ❞❡ ❧✬❡st✐♠❛t✐♦♥ ❛ été ét✉❞✐é❡ à
♣❧✉s✐❡✉rs r❡♣r✐s❡s✳ ❍✐st♦r✐q✉❡♠❡♥t✱ ✐❧ ❡①✐st❡ ✉♥ ❞éséq✉✐❧✐❜r❡ ❞❡ ❝♦♥s✐❞ér❛t✐♦♥ ❡♥tr❡ ❧❡s
❛s♣❡❝ts s♣❛t✐❛✉① ❡t t❡♠♣♦r❡❧s ❞❡ ❧❛ t✉r❜✉❧❡♥❝❡✳ P❛r❝❡ q✉❡ ❧❛ q✉❛❧✐té ❞❡ ❧❛ ❝♦rr❡❝t✐♦♥
❞é♣❡♥❞ ❛✈❛♥t t♦✉t ❞❡ ❧✬❡st✐♠❛t✐♦♥ s♣❛t✐❛❧❡ ❞❡ ❧❛ ♣❡rt✉r❜❛t✐♦♥✱ ❧❡ r❡t❛r❞ ❞✉ s②stè♠❡
ét❛✐t ❞✬❛❜♦r❞ ❝♦♥s✐❞éré ❝♦♠♠❡ ✉♥❡ s♦✉r❝❡ ❞✬❡rr❡✉r s❡❝♦♥❞❛✐r❡✳ ❊♥ ❝♦♥séq✉❡♥❝❡✱ ✉♥❡
♣r❡♠✐èr❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❝♦♥s✐st❡ à tr❛✐t❡r ❧❡ s②stè♠❡ ❝♦♠♠❡ ✐♥st❛♥t❛♥é✱ ❡♥ ♦♠❡tt❛♥t
❧❛ ❞②♥❛♠✐q✉❡ t❡♠♣♦r❡❧❧❡ ❡t ❡♥ s❡ ré❞✉✐s❛♥t à ✉♥ ❝♦♥trô❧❡ s♣❛t✐❛❧✳ ❈✬❡st ❡♥ ❝❡ s❡♥s q✉❡
❲❛❧❧♥❡r ✭✶✾✽✸✮ ❛ ✐♥tr♦❞✉✐t ❧❡ ❝♦♥trô❧❡ ♦♣t✐♠❛❧ ❞❡ ❧✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ q✉✐ r❡♣♦s❡ s✉r
✉♥❡ ❡st✐♠❛t✐♦♥ ▼❆P ❞❡ ❧❛ ❝♦♠♠❛♥❞❡ à ❛♣♣❧✐q✉❡r s❛♥s ❛ ♣r✐♦r✐ t❡♠♣♦r❡❧s✳ P❛s❝❤❛❧❧ ❡t
❆♥❞❡rs♦♥ ✭✶✾✾✸✮ ♦♥t ✐♥tr♦❞✉✐t ✉♥ ♠♦❞è❧❡ ❞✬é✈♦❧✉t✐♦♥ t❡♠♣♦r❡❧❧❡ ✭❝❢✳ éq✉❛t✐♦♥ ✭✹✳✷✹✮
q✉✐ ❧❡s ❝♦♥❞✉✐t à ✉♥❡ ❧♦✐ ❞❡ ❝♦♠♠❛♥❞❡ ❧✐♥é❛✐r❡ q✉❛❞r❛t✐q✉❡ ●❛✉ss✐❡♥♥❡ ✭▲◗●✮ ✭●♦♦❞✲
✇✐♥ ❡t ❙✐♥✱ ✶✾✽✹✮ r❡♣♦s❛♥t s✉r ❧❡ ❢♦r♠❛❧✐s♠❡ ❞✬ét❛t ❡t ✉♥ ❡st✐♠❛t❡✉r ❞❡ ❑❛❧♠❛♥✳ P♦✉r
❞❡s ❖❆♠❈ ♦✉ ❖❆❳ s✉r ❞❡s té❧❡s❝♦♣❡s ❞é❝❛♠étr✐q✉❡s✱ ✐❧ ❡st ♣♦ss✐❜❧❡ ❞✬ét❡♥❞r❡ ❧✬❛♣✲
♣r♦❝❤❡ ♠♦❞❛❧❡ ❞✉ ❝♦rr❡❝t❡✉r ♣rés❡♥té❡ ❞❛♥s ❧❛ s❡❝t✐♦♥ ✷✳✻✳✶ à ✉♥❡ ❧♦✐ ❞❡ ❝♦♠♠❛♥❞❡
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▲◗● ♣❛r ♠♦❞❡✳ ❈❡❝✐ ❛ été ♣r♦♣♦sé ♣❛r ▲♦♦③❡ ❡t ❛❧✳ ✭✷✵✵✸✮ ♣♦✉r ✉♥❡ ❖❆♠❈ ❡t ♣❧✉s
ré❝❡♠♠❡♥t ❛❞❛♣té ♣❛r P♦②♥❡❡r ❡t ❛❧✳ ✭✷✵✵✼✮ à ❧❛ ❝♦♠♠❛♥❞❡ ❞✬✉♥❡ ❖❆❳ ❡♥ ✉t✐❧✐s❛♥t ❧❛
r❡♣rés❡♥t❛t✐♦♥ ♠♦❞❛❧❡ ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡ ❋♦✉r✐❡r✳

❈♦♠♠❡ ❥❡ ❧✬❛✐ ♣ré❝✐sé ❞❛♥s ❧❛ s❡❝t✐♦♥ ✷✳✻✳✷✱ ❧❛ ❝♦rr❡❝t✐♦♥ ❞❡s ♦♣t✐q✉❡s ❛❞❛♣t❛t✐✈❡s
❞❡ ❝❤❛♠♣ ❧❛r❣❡ ❡t ❧❛ t♦♠♦❣r❛♣❤✐❡ r❡q✉✐èr❡♥t ❧✬✐♥tr♦❞✉❝t✐♦♥ ❞✬❛ ♣r✐♦r✐ s♣❛t✐❛✉① s✉r ❧❛
s✉r❢❛❝❡ ❞✬♦♥❞❡✳ ❆✉tr❡♠❡♥t ❞✐t✱ ✉♥❡ ❡st✐♠❛t✐♦♥ ❞❡ t②♣❡ ▼❆P ♦✉ ❑❛❧♠❛♥ ❡st ♥é❝❡s✲
s❛✐r❡ ♣♦✉r ré❣✉❧❛r✐s❡r ❧❛ r❡❝♦♥str✉❝t✐♦♥✱ ♥♦té❡ R ✭❝❢✳ s❡❝t✐♦♥ ✷✳✻✳✷✮✳ ❊♥ ✐♠❛❣✐♥❛♥t ✉♥❡
❞é❝♦♠♣♦s✐t✐♦♥ ❡♥ ✈❛❧❡✉r ❙✐♥❣✉❧✐èr❡s ❞❡s ❞✐✛ér❡♥t❡s ♠❛tr✐❝❡s ♠✐s❡s ❡♥ ❥❡✉ ♣♦✉r ❧❛ r❡✲
❝♦♥str✉❝t✐♦♥✱ ❧❛ ♣r♦❥❡❝t✐♦♥ ♦✉ ❧❡ ♠♦❞è❧❡ ❞✬é✈♦❧✉t✐♦♥ t❡♠♣♦r❡❧❧❡✱ ♦♥ ♥♦t❡ q✉❡ ❧❛ s✉r❢❛❝❡
❞✬♦♥❞❡ ♣❡✉t êtr❡ ♣❛r❛♠étré❡ s✉✐✈❛♥t ❞✐✛ér❡♥ts ❡s♣❛❝❡s ✿ ✉♥ ❡s♣❛❝❡ ❞❡ ♠♦❞❡s s✐♥❣✉❧✐❡rs
❡♥ s♦rt✐❡ ❞❡ ❧❛ r❡❝♦♥str✉❝t✐♦♥✱ ✉♥ ❡s♣❛❝❡ ❞❡ ♠♦❞❡s s✐♥❣✉❧✐❡rs ♣♦✉r ❧❛ ♣r♦❥❡❝t✐♦♥✱ ✉♥ ❡s✲
♣❛❝❡ ❞❡ ♠♦❞❡s s✐♥❣✉❧✐❡rs ♣♦✉r ❧❡ ♣r♦❝❡ss✉s ❞❡ ♠❡s✉r❡ ré❡❧ ❡t é✈❡♥t✉❡❧❧❡♠❡♥t ✉♥ ♦✉ ❞❡✉①
❡s♣❛❝❡s ❞❡ ♠♦❞❡s s✐♥❣✉❧✐❡rs ✈✐s✲à✲✈✐s ❞✉ ♠♦❞è❧❡ ❞✬é✈♦❧✉t✐♦♥ t❡♠♣♦r❡❧❧❡ A✳ ▲❡s ♣❛ss❛❣❡s
❡♥tr❡ ❧❡s ❞✐✛ér❡♥ts ❡s♣❛❝❡s ❝♦♥s✐❞érés ♣♦✉r ♠♦❞é❧✐s❡r ❧❡s ♣r♦❝❡ss✉s ❡t ❧❡s ❛ ♣r✐♦r✐ s✬❛♣✲
♣❧✐q✉❛♥t s✉r ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ ✐♠♣❧✐q✉❡♥t ❣é♥ér❛❧❡♠❡♥t ❞❡s ♠❛tr✐❝❡s ❞❡ ❝❤❛♥❣❡♠❡♥t
❞❡ ✈❛r✐❛❜❧❡ ♣❧❡✐♥❡s ❞❛♥s R

n×n✱ ✐✳❡✳ ❞❡s ❝♦ûts ❝❛❧❝✉❧❛t♦✐r❡s ♣r♦❤✐❜✐t✐❢s ❡♥ O(n2) ♣♦✉r
✉♥❡ ♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ à ❣r❛♥❞ ♥♦♠❜r❡ ❞❡ ♣❛r❛♠ètr❡s à ❝❤❛q✉❡ ❜♦✉❝❧❡✳ ❈✬❡st ❝❡ q✉✐
❢r❡✐♥❡ ❛❝t✉❡❧❧❡♠❡♥t ❧❛ ♠✐s❡ ❡♥ ♦❡✉✈r❡ ❞❡ ❧❛ ❧♦✐ ❞❡ ❝♦♠♠❛♥❞❡ ▲◗● ❛✈❡❝ ✉♥ ❡st✐♠❛t❡✉r
❞❡ ❑❛❧♠❛♥ ♣♦✉r ❧❡s s②stè♠❡s à ❣r❛♥❞s ♥♦♠❜r❡s ❞❡ ♣❛r❛♠ètr❡s✳ ▲❛ ❧♦✐ ❞❡ ❝♦♠♠❛♥❞❡
♣r♦♣♦sé❡ ♣❛r ▲❡ ❘♦✉① ✭✷✵✵✸✮✱ ♣✉✐s ❞é✈❡❧♦♣♣é❡ ♣❛r P❡t✐t ✭✷✵✵✻✮✱ ♣♦✉r ❧✬❖❆▼❈ ♠❡t ❡♥
é✈✐❞❡♥❝❡ ❝❡t ♦❜st❛❝❧❡✳ ■❧ ❡♥ ❡st ❞❡ ♠ê♠❡ ♣♦✉r ❞✬❛✉tr❡s str❛té❣✐❡s ❞❡ ❝♦♠♠❛♥❞❡ ❞❡ t②♣❡
▲◗● ♣r♦♣♦sé❡s ♣❛r ●❛✈❡❧ ❡t ❲✐❜❡r❣ ✭✷✵✵✸✮ ❡t ❍✐♥♥❡♥ ❡t ❛❧✳ ✭✷✵✵✼✮✳



❈♦♥❝❧✉s✐♦♥

❆✉ ♠♦♠❡♥t ❞❡ ❝❧♦r❡ ❝❡tt❡ ♣rés❡♥t❛t✐♦♥ ❞✉ ❝♦♥t❡①t❡ ❞❡ tr❛✈❛✐❧ ❞❡ ♠❛ t❤ès❡✱ ❥❡ s♦✉✲
❤❛✐t❡ ♠❡ttr❡ ❡♥ ❡①❡r❣✉❡ ❧❡s ♣r✐♥❝✐♣❛✉① ♣♦✐♥ts q✉✐ ♦♥t ❣✉✐❞és ♠❛ ❞é♠❛r❝❤❡ ❡t q✉✐ s❡r♦♥t
✈✐s✐❜❧❡s✱ ❥❡ s✉♣♣♦s❡✱ ❞❛♥s ❧❛ s✉✐t❡ ❞❡ ❝❡ ♠❛♥✉s❝r✐t✳

▲✬ét✉❞❡ ❞✬✉♥❡ ❝♦♠♠❛♥❞❡ ❞✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ♣♦✉r ✉♥ té❧❡s❝♦♣❡ ❞❡ t②♣❡ ❊✲❊▲❚
r❡q✉✐❡rt ✉♥❡ ♥♦✉✈❡❧❧❡ ❛♣♣r♦❝❤❡ ♣♦✉r ❧❛ ❝♦rr❡❝t✐♦♥✱ à ❧❛ ❢♦✐s ❞✉ ♣♦✐♥t ❞❡ ✈✉❡ ❞✉ ❝r✐tèr❡
❡t ❞✉ ♣♦✐♥t ❞❡ ✈✉❡ ❛❧❣♦r✐t❤♠✐q✉❡✳ ❈♦♥❝❡r♥❛♥t ❧❡ ❝r✐tèr❡✱ ❧❛ s❡❝t✐♦♥ ✷✳✻ ♠♦♥tr❡ ❧❡ ❜❡s♦✐♥
❞❡ ❞é❝♦♠♣♦s❡r ❧❡ ♣r♦❜❧è♠❡ ❞❡ ❧✬❡st✐♠❛t✐♦♥ ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡s ❝♦♠♠❛♥❞❡s ❡♥ ❞❡✉① s♦✉s✲
♣r♦❜❧è♠❡s ✿ ✉♥❡ r❡❝♦♥str✉❝t✐♦♥ ❞❡ s✉r❢❛❝❡s ❞✬♦♥❞❡ ❡t ✉♥❡ ♣r♦❥❡❝t✐♦♥ s✉r ❧❡s ♠✐r♦✐rs
❞é❢♦r♠❛❜❧❡s✳ ❆❧♦rs q✉❡ ❧❛ ♣r♦❥❡❝t✐♦♥ ❡st ✉♥❡ ♦♣ér❛t✐♦♥ ❣é♥ér❛❧❡♠❡♥t ♣❡✉ ❝♦ût❡✉s❡✱
❧✬ét❛♣❡ ❞❡ r❡❝♦♥str✉❝t✐♦♥ ❛ ❢❛✐t ❧✬♦❜❥❡t ❞❡ ♥♦♠❜r❡✉s❡s ét✉❞❡s ❞❡♣✉✐s ❧❡ ♠✐❧✐❡✉ ❞❡s ❛♥♥é❡s
✾✵ ❛✜♥ ❞❡ ré❞✉✐r❡ s♦♥ ❝♦ût ❝❛❧❝✉❧❛t♦✐r❡✱ t♦✉t ❡♥ ♣❡r♠❡tt❛♥t ✉♥❡ q✉❛❧✐té ❞✬❡st✐♠❛t✐♦♥
♦♣t✐♠❛❧❡✳

▲✬❛♣♣r♦❝❤❡ ♦♣t✐♠❛❧❡ ❞❡ ❧✬❡st✐♠❛t✐♦♥ ✐♥tr♦❞✉✐t❡ ♣❛r ❧❡ ❜✐❛✐s ❞❡ ❧✬❡st✐♠❛t❡✉r ❞❡ ❑❛❧✲
♠❛♥ ❞❛♥s ❧❡ ❝❤❛♣✐tr❡ ✹ ❡st ✉♥❡ ❛♣♣r♦❝❤❡ très ✐♥tér❡ss❛♥t❡ ♣♦✉r ❜ât✐r ✉♥❡ ❧♦✐ ❞❡ ❝♦♠✲
♠❛♥❞❡ ❞❡ t②♣❡ ▲◗● ❡♥ ♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ✭▲❡ ❘♦✉①✱ ✷✵✵✸❀ P❡t✐t✱ ✷✵✵✻❀ ●❛✈❡❧ ❡t
❲✐❜❡r❣✱ ✷✵✵✸❀ ▲♦♦③❡ ❡t ❛❧✳✱ ✷✵✵✸✮✱ t♦✉t❡❢♦✐s s♦♥ ✐♠♣❧é♠❡♥t❛t✐♦♥ ❛✈❡❝ ❞❡s ❛❧❣♦r✐t❤♠❡s
r❛♣✐❞❡s ♣♦✉r ❞❡ ❣r❛♥❞s s②stè♠❡s ♥✬❡st ♣❛s ❡♥❝♦r❡ ❛❝❝❡ss✐❜❧❡✳

➚ ♣❛rt✐r ❞❡ ❝❡s é❧é♠❡♥ts✱ ❥✬❛✐ ét✉❞✐é ❧❛ ♣♦ss✐❜✐❧✐té ❞✬♦✛r✐r ✉♥ ❛❧❣♦r✐t❤♠❡ ❞❡ ❝♦♠♠❛♥❞❡
r❛♣✐❞❡ ♣♦✉r ✉♥❡ ♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ s✉r ✉♥ té❧❡s❝♦♣❡ ❤❡❝t♦♠étr✐q✉❡✳

✾✶
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❉❡✉①✐è♠❡ ♣❛rt✐❡

▲❛ r❡❝♦♥str✉❝t✐♦♥ ❞❡ s✉r❢❛❝❡ ❞✬♦♥❞❡

t✉r❜✉❧❡♥t❡ s✉r ✉♥ ❣r❛♥❞ ♥♦♠❜r❡ ❞❡

♣❛r❛♠ètr❡s

✾✸





✾✺

▲❛ r❡❝♦♥str✉❝t✐♦♥ ❞❡ s✉r❢❛❝❡ ❞✬♦♥❞❡ ❝♦♥st✐t✉❡ ❣é♥ér❛❧❡♠❡♥t ✉♥❡ ét❛♣❡ st❛t✐q✉❡ ❞❡
❧❛ ❝♦rr❡❝t✐♦♥ ❡♥ ♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡✱ ❝♦♠♠❡ ❡①♣❧✐q✉é ❞❛♥s ❧❛ s❡❝t✐♦♥ ✷✳✻✳ ❊❧❧❡ ✈✐s❡ à
rés♦✉❞r❡ ✉♥ ♣r♦❜❧è♠❡ ✐♥✈❡rs❡ ❡♥ ❡st✐♠❛♥t ❧❛ ♣❡rt✉r❜❛t✐♦♥ ✐♥❝✐❞❡♥t❡ à ♣❛rt✐r ❞❡ ♠❡✲
s✉r❡s d ❢♦✉r♥✐❡s ♣❛r ❧✬❛♥❛❧②s❡✉r ✭❝❢✳ ❝❤❛♣✐tr❡ ✹✮✳ ❉❛♥s ❝❡ ♠❛♥✉s❝r✐t✱ ❥❡ ♥❡ tr❛✐t❡ ♣❛s
❞✬❡st✐♠❛t✐♦♥ ♦♣t✐♠❛❧❡ ♣r❡♥❛♥t ❡♥ ❝♦♠♣t❡ ✉♥ ♠♦❞è❧❡ ❞✬é✈♦❧✉t✐♦♥ t❡♠♣♦r❡❧❧❡✳ ❏❡ ❝♦♠✲
♣❛r❡ ❧❡s ❛♣♣r♦❝❤❡s ❞❡ t②♣❡ ♠❛①✐♠✉♠ ❞❡ ✈r❛✐s❡♠❜❧❛♥❝❡ ❡t ♠❛①✐♠✉♠ ❛ ♣♦st❡r✐♦r✐ ♣♦✉r
❧✬❡st✐♠❛t✐♦♥✳

❉❡✉① ❛s♣❡❝ts ❞❡ ❧❛ r❡❝♦♥str✉❝t✐♦♥ s♦♥t ❡①❛♠✐♥és ✿ s❛ ♠✐s❡ ❡♥ ♦❡✉✈r❡ ❛❧❣♦r✐t❤♠✐q✉❡
r❛♣✐❞❡ ♣♦✉r ❞❡s ♦♣t✐q✉❡s ❛❞❛♣t❛t✐✈❡s à ❣r❛♥❞ ♥♦♠❜r❡ ❞❡ ♣❛r❛♠ètr❡s ❡t ❧❛ q✉❛❧✐té ❞❡
❧✬❡st✐♠❛t✐♦♥✳

▲❡ ♣r❡♠✐❡r ❝❤❛♣✐tr❡ ❞❡ ❝❡tt❡ ♣❛rt✐❡ ♣rés❡♥t❡ ✉♥❡ ❛♥❛❧②s❡ ❛❧❣é❜r✐q✉❡ ❣é♥ér❛❧❡ ❞❡ ❧❛
q✉❛❧✐té ❞❡ r❡❝♦♥str✉❝t✐♦♥ ♦❜t❡♥✉❡ ❛✈❡❝ tr♦✐s ❡st✐♠❛t❡✉rs ❝❧❛ss✐q✉❡s ❡♥ ♦♣t✐q✉❡ ❛❞❛♣t❛✲
t✐✈❡✳

❊♥s✉✐t❡✱ ✉♥ r❛♣♣❡❧ ❞❡ ❧✬ét❛t ❞❡ ❧✬❛rt ❞❡s ❛❧❣♦r✐t❤♠❡s r❛♣✐❞❡s ♣♦✉r ❧❛ r❡❝♦♥str✉❝t✐♦♥
❞❡ s✉r❢❛❝❡ ❞✬♦♥❞❡ t✉r❜✉❧❡♥t❡ ❡♥ ♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ♣❡r♠❡t ❞❡ ❝♦♠♣❛r❡r ❧❡s ❝♦ûts ❞❡s
❛❧❣♦r✐t❤♠❡s q✉✐ ♣❡✉✈❡♥t êtr❡ ❡♠♣❧♦②és ♣♦✉r ✐♠♣❧é♠❡♥t❡r ❞❡ t❡❧s r❡❝♦♥str✉❝t❡✉rs s✉r ✉♥
❣r❛♥❞ s②stè♠❡ ❞✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡✳ ❈❡tt❡ ét✉❞❡ ❝♦♠♣❛r❛t✐✈❡ ♠♦♥tr❡ ❝❡rt❛✐♥s ❛t♦✉ts
❞❡ ❧❛ ♠ét❤♦❞❡ ❢r❛❝t❛❧❡ ✐tér❛t✐✈❡ ✭❋r■▼✱ ♣♦✉r ❋r❛❝t❛❧ ■t❡r❛t✐✈❡ ▼❡t❤♦❞✮ ❞é✈❡❧♦♣♣é❡ ♣❛r
❚❤✐é❜❛✉t ❡t ❚❛❧❧♦♥ ✭✷✵✵✽✮✳ ▲✬❛❝❝❡♥t ❡st ♠✐s s✉r ❧❛ ♣♦ss✐❜✐❧✐té ❞✬❛♣♣❧✐❝❛t✐♦♥ ❞❡ ❧❛ ♠ét❤♦❞❡
❡♥ t❡♠♣s ré❡❧ ♣♦✉r ✉♥ ❣r❛♥❞ ♥♦♠❜r❡ ❞❡ ♣❛r❛♠ètr❡s✳

❉❛♥s ✉♥ tr♦✐s✐è♠❡ ❝❤❛♣✐tr❡✱ ❧❡s ♣❡r❢♦r♠❛♥❝❡s q✉❛♥t✐t❛t✐✈❡s ❞❡ ❝❡tt❡ ♠ét❤♦❞❡ s♦♥t
é✈❛❧✉é❡s ❡♥ t❡r♠❡ ❞❡ q✉❛❧✐té ❞❡ r❡❝♦♥str✉❝t✐♦♥ ❡t ❞❡ r♦❜✉st❡ss❡ ❞❡ ❧✬❡st✐♠❛t✐♦♥✱ à ❧✬❛✐❞❡
❞❡ s✐♠✉❧❛t✐♦♥s ❞❡ s✉r❢❛❝❡s ❞✬♦♥❞❡ à ❣r❛♥❞ ♥♦♠❜r❡ ❞❡ ♣❛r❛♠ètr❡s✳

❊♥✜♥✱ ❧❛ r❡❝♦♥str✉❝t✐♦♥ ❞❡ s✉r❢❛❝❡ ❞✬♦♥❞❡ ♣ré❝è❞❡ ✉♥❡ ❛✉tr❡ ét❛♣❡ st❛t✐q✉❡ q✉✐ ❡st
❧❛ ♣r♦❥❡❝t✐♦♥✳ ❆✐♥s✐✱ ❥✬❛❜♦r❞❡ ❞❛♥s ✉♥ ❞❡r♥✐❡r ❝❤❛♣✐tr❡ ❧❡ ♣r♦❜❧è♠❡ ❞❡ ❧❛ ❞ét❡r♠✐♥❛t✐♦♥
❞❡ ❧❛ ❝♦rr❡❝t✐♦♥✱ t♦✉❥♦✉rs ♣❛r ✉♥❡ ❛♣♣r♦❝❤❡ ❞❡ t②♣❡ ♣r♦❜❧è♠❡ ✐♥✈❡rs❡ s✐♠♣❧❡✳
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❈❤❛♣✐tr❡ ✺

▲❛ r❡❝♦♥str✉❝t✐♦♥ ❞❡ s✉r❢❛❝❡

❞✬♦♥❞❡ ✿ ✉♥ ♣r♦❜❧è♠❡ ✐♥✈❡rs❡

s✐♠♣❧❡

▲❛ r❡❝♦♥str✉❝t✐♦♥ ❡♥ ♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ❛ été ♠❛✐♥t❡s ❢♦✐s ❛♥❛❧②sé❡ ❝♦♠♠❡ ✉♥
♣r♦❜❧è♠❡ ❞✬❡st✐♠❛t✐♦♥ rés♦❧✉ ♣❛r ✉♥❡ ♠ét❤♦❞❡ ❞❡ t②♣❡ ♠❛①✐♠✉♠ ❞❡ ✈r❛✐s❡♠❜❧❛♥❝❡
✭❋r✐❡❞✱ ✶✾✼✼❀ ◆♦❧❧✱ ✶✾✼✽❀ ❍❡rr♠❛♥♥✱ ✶✾✽✵❀ ●❡♥❞r♦♥ ❡t ▲❡♥❛✱ ✶✾✾✹✮✳ ❈❡ ❝❤❛♣✐tr❡ ♣rés❡♥t❡
✉♥❡ ❛♥❛❧②s❡ t❤é♦r✐q✉❡ ❞✉ ♣r♦❜❧è♠❡ ❞✬❡st✐♠❛t✐♦♥ ❛ss♦❝✐é à ❧❛ r❡❝♦♥str✉❝t✐♦♥ ❞❡ s✉r❢❛❝❡
❞✬♦♥❞❡✱ ❡♥ t❛♥t q✉❡ ♣r♦❜❧è♠❡ ✐♥✈❡rs❡ s✐♠♣❧❡✳ ❚r♦✐s r❡❝♦♥str✉❝t❡✉rs ✐♠♣♦rt❛♥ts s♦♥t
❝♦♠♣❛rés ✿ ❞❡✉① s♦♥t ❞❡ t②♣❡ ♠❛①✐♠✉♠ ❞❡ ✈r❛✐s❡♠❜❧❛♥❝❡ ❡t ❧❡ tr♦✐s✐è♠❡ ❡st ❧✬❡st✐♠❛t❡✉r
▼❆P✳

▲❡✉rs ♣❡r❢♦r♠❛♥❝❡s s♦♥t é✈❛❧✉é❡s ❡♥ t❡r♠❡ ❞❡ ♣ré❝✐s✐♦♥ ❡t ❞❡ ♣r♦♣❛❣❛t✐♦♥ ❞✉ ❜r✉✐t✳
▲✬❡♥s❡♠❜❧❡ ❞❡ ❝❡tt❡ ét✉❞❡ ❢❛✐t ❧✬♦❜❥❡t ❞✬✉♥❡ ♣❛rt✐❡ t❤é♦r✐q✉❡ ❞❛♥s ✉♥ ❛rt✐❝❧❡ ♣✉❜❧✐é ♣❛r
❧❡ ❏♦✉r♥❛❧ ♦❢ ❖♣t✐❝❛❧ ❙♦❝✐❡t② ♦❢ ❆♠❡r✐❝❛ ❆✱ ❡♥ ❢é✈r✐❡r ✷✵✵✾✳ ❈❡t ❛rt✐❝❧❡ ❡st ❝♦♣✐é ❞❛♥s
❧❛ s❡❝t✐♦♥ ✺✳✸ ❞❡ ❝❡ ❝❤❛♣✐tr❡✱ ❛✜♥ ❞❡ ❢❛❝✐❧✐t❡r ❧✬❛♥❛❧②s❡ ❞❡s éq✉❛t✐♦♥s✳ ❏❡ ♠❡ ❝♦♥t❡♥t❡
❛✐♥s✐✱ ❞❛♥s ❧❡ ❝♦r♣s ❞❡ ❝❡ ❝❤❛♣✐tr❡✱ ❞❡ rés✉♠❡r ❧❡ r❛✐s♦♥♥❡♠❡♥t s✉✐✈✐ ❞❛♥s ❧✬❛rt✐❝❧❡ ❡♥
t❡♥t❛♥t ❞❡ s♦✉❧✐❣♥❡r ❧❡s ♣♦✐♥ts ❡ss❡♥t✐❡❧s q✉✐ ❞✐st✐♥❣✉❡♥t ❧❡s tr♦✐s r❡❝♦♥str✉❝t❡✉rs ❡t
❧❡✉rs ♣❡r❢♦r♠❛♥❝❡s✳

✺✳✶ ▲❛ ♠♦❞é❧✐s❛t✐♦♥ ❞✉ s②stè♠❡

▲❛ r❡❝♦♥str✉❝t✐♦♥ ❞❡ s✉r❢❛❝❡ ❞✬♦♥❞❡ t✉r❜✉❧❡♥t❡ ❡st ❝❛r❛❝tér✐sé❡ ♣❛r ❧✬éq✉❛t✐♦♥ ❞❡
♠❡s✉r❡ ✭✷✳✶✵✮✱ q✉❡ ❥✬é❝r✐s à ♥♦✉✈❡❛✉ ✐❝✐ ♣♦✉r ♣❧✉s ❞❡ ❧✐s✐❜✐❧✐té ✿

d = S(w) + e

❏❡ r❛♣♣❡❧❧❡ q✉❡ d ❛♣♣❛rt✐❡♥t à R
m✱ q✉❡ S ❡st ✉♥ ♠♦❞è❧❡ ❧✐♥é❛✐r❡ ❞❡ ❧✬❛♥❛❧②s❡✉r✱ ❧❛ s✉r❢❛❝❡

❞✬♦♥❞❡ w ❡st ✉♥❡ ❢♦♥❝t✐♦♥ ❞❡ C(A; R) ❡t e r❡♣rés❡♥t❡ ❧❡s ✐♥❝❡rt✐t✉❞❡s✳ ▲❡ ❞♦♠❛✐♥❡ A
r❡♣rés❡♥t❡ ❧✬❛✐r❡ ❝♦✉✈❡rt❡ ♣❛r ❧❛ ♣✉♣✐❧❧❡ ❞✉ té❧❡s❝♦♣❡✳

▲❡ s✐❣♥❛❧ w ❡t ❧❡s ❡rr❡✉rs e s♦♥t ❞❡✉① ♣r♦❝❡ss✉s st♦❝❤❛st✐q✉❡s ❞♦♥t ❧❛ st❛t✐st✐q✉❡
❡st s✉♣♣♦sé❡ ●❛✉ss✐❡♥♥❡ ❝❡♥tré❡✳

✾✼
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✺✳✶✳✶ ▲❛ st❛t✐st✐q✉❡ ❞❡s ❡rr❡✉rs

▲❛ ♠❛tr✐❝❡ ❞❡ ❝♦✈❛r✐❛♥❝❡ ❞❡s ❡rr❡✉rs ❡st ♥♦té❡ Ce✳ ❏✬✉t✐❧✐s❡ ♣❛r ❧❛ s✉✐t❡ ✉♥❡ ❝♦✈❛✲
r✐❛♥❝❡ ♥♦r♠❛❧✐sé❡

Ce = Ce/σ
2
e ✭✺✳✶✮

♦ù σ2
e = tr(Ce)/m ❡st ❧❛ ✈❛r✐❛♥❝❡ ♠♦②❡♥♥❡ ❞❡s ❡rr❡✉rs ❞❡ ♠❡s✉r❡ ❡t tr(.) ❞és✐❣♥❡

❧✬♦♣ér❛t❡✉r ❚r❛❝❡ ❞✬✉♥❡ ♠❛tr✐❝❡✳ ❉❛♥s ❧❡ ❝❛s ♣❛rt✐❝✉❧✐❡r ❞✬❡rr❡✉rs ❞❡ ✈❛r✐❛♥❝❡ ✉♥✐❢♦r♠❡✱
Ce ❡st ❧❛ ♠❛tr✐❝❡ ❞❡ ❝♦rré❧❛t✐♦♥ ❞❡s ❡rr❡✉rs ❡t σ2

e ❡st ❡①❛❝t❡♠❡♥t ❧❛ ✈❛r✐❛♥❝❡ ❞✉ ❜r✉✐t
σ2

e✳
▲❛ ❝♦✈❛r✐❛♥❝❡ ♥♦r♠❛❧✐sé❡ ❞❡s ❡rr❡✉rs Ce ❡st ✉♥❡ ♠❛tr✐❝❡ s②♠étr✐q✉❡ ❞é✜♥✐❡ ♣♦s✐t✐✈❡

♣✉✐sq✉❡ t♦✉t❡s ❧❡s ♠❡s✉r❡s s♦♥t ❜r✉✐té❡s✳ ▲❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❞❡ ❈❤♦❧❡s❦② ❞❡ ❝❡tt❡ ♠❛tr✐❝❡
Ce ❡st ♥♦té❡

Ce = L ·LT

♦ù L ❞é✜♥✐t ❞♦♥❝ ✉♥ ❛✉tr❡ ❝❤❛♥❣❡♠❡♥t ❞❡ ✈❛r✐❛❜❧❡ ❧✐♥é❛✐r❡ e =
√
σ2

e L · e′✳ ▲❡s ❡rr❡✉rs
e′ s♦♥t ✐♥❞é♣❡♥❞❛♥t❡s ❡t s✉✐✈❡♥t ❛✐♥s✐ ✉♥❡ st❛t✐st✐q✉❡ ♥♦r♠❛❧❡✱ e′ ∼ N (0, I)✳

✺✳✶✳✷ ▲❛ st❛t✐st✐q✉❡ ❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ t✉r❜✉❧❡♥t❡

❇✐❡♥ q✉❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ w s♦✐t ❞é✜♥✐❡ ❞❛♥s ✉♥ ❡s♣❛❝❡ ❞❡ ❞✐♠❡♥s✐♦♥ ✐♥✜♥✐❡✱ ✐❧ ♥✬❡st
♣♦ss✐❜❧❡ ❡♥ ♣r❛t✐q✉❡ ❞✬❡st✐♠❡r q✉✬✉♥ ♥♦♠❜r❡ ✜♥✐ n ❞❡ ♣❛r❛♠ètr❡s ❧❛ ❝❛r❛❝tér✐s❛♥t✳ ❊♥
❞✬❛✉tr❡s t❡r♠❡s✱ ♦♥ s❡ r❛♠è♥❡ à ✉♥❡ ❞❡s❝r✐♣t✐♦♥ ♣❛r❛♠étr✐q✉❡ w ❞❛♥s R

n ❞❡ ❧❛ s✉r❢❛❝❡
❞✬♦♥❞❡✳ ❈❡tt❡ ❞❡s❝r✐♣t✐♦♥ ❡st ❛ss♦❝✐é❡ à ✉♥❡ ❜❛s❡ (hi)1≤i≤n ❞❡ ❢♦♥❝t✐♦♥s ❞❡ C(A; R) t❡❧❧❡
q✉❡

w(r) ≃
n∑

i=1

hi(r)wi = h(r)T ·w ∀r ∈ A .

▲❛ ♠❛tr✐❝❡ ❞❡ ❝♦✈❛r✐❛♥❝❡ ❞❡ w ❡st ♥♦té❡ Cw✳ ❉❡ ❧❛ ♠ê♠❡ ❢❛ç♦♥ q✉❡ ♣♦✉r ❧❡ ❜r✉✐t✱
❥✬❛❞♦♣t❡ ❧❛ ♥♦t❛t✐♦♥ ♥♦r♠❛❧✐sé❡ s✉✐✈❛♥t❡

Cw = σ2
wCw ✭✺✳✷✮

❛✈❡❝ σ2
w = tr(Cw)/n✱ ❧❛ ✈❛r✐❛♥❝❡ ♠♦②❡♥♥❡ ❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡✳ ▲❛ s✉r❢❛❝❡ ❞✬♦♥❞❡

❛♣♣r♦❝❤é❡ ❡st ❞♦♥❝ ❞é✜♥✐❡ s✉r ✉♥ s♦✉s✲❡s♣❛❝❡ F ❞❡ C(A; R)✳
❏❡ ❝♦♥s✐❞èr❡ é❣❛❧❡♠❡♥t ✉♥❡ ♣❛r❛♠étr✐s❛t✐♦♥ ♣❛rt✐❝✉❧✐èr❡ ❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ s✉r F ✱

♥♦té❡ u ❞❛♥s R
n✱ t❡❧❧❡ q✉❡ ❧❡s ❢♦♥❝t✐♦♥s ❞❡ ❜❛s❡ ❞❡ ❝❡tt❡ r❡♣rés❡♥t❛t✐♦♥ ✭❧❡s ♠♦❞❡s✮

s♦✐❡♥t st❛t✐st✐q✉❡♠❡♥t ✐♥❞é♣❡♥❞❛♥ts ❞❡ ✈❛r✐❛♥❝❡ ✉♥✐té✱ ✐✳❡✳ u ∼ N (0, I)✳ ❏❡ ♥♦t❡ K ❧❡
❝❤❛♥❣❡♠❡♥t ❞❡ ✈❛r✐❛❜❧❡ ♥♦r♠❛❧✐sé✱ t❡❧ q✉❡

w =
√
σ2

w K ·u . ✭✺✳✸✮

✺✳✶✳✸ ❘❡t♦✉r à ❧✬éq✉❛t✐♦♥ ❞❡ ♠❡s✉r❡

▲❡ ♣r♦❜❧è♠❡ ❞❡ ❧❛ r❡❝♦♥str✉❝t✐♦♥ s✉r F ❡st ❛❧♦rs ❞é❝r✐t ♣❛r ❧✬éq✉❛t✐♦♥s ❞❡ ♠❡s✉r❡
✭✹✳✷✮✱ ♦ù S ❡st ✉♥❡ ♠♦❞é❧✐s❛t✐♦♥ ✭❧✐♥é❛✐r❡✮ ♠❛tr✐❝✐❡❧❧❡ ❞❡ S t❡❧❧❡ q✉❡

S(

n∑

i=1

hi(r)wi) =

n∑

i=1

S(hi) wi = S ·w ∀w ∈ R
n .
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▲❡ ♣r♦❜❧è♠❡ ❞❡ r❡❝♦♥str✉❝t✐♦♥ ♣❡✉t ❛❧♦rs êtr❡ ❞é❝r✐t ❞❡ ❢❛ç♦♥ éq✉✐✈❛❧❡♥t❡ ♣❛r ❧✬éq✉❛✲
t✐♦♥ ✭✹✳✷✮ ❛✈❡❝ ❧❡s ❝♦✈❛r✐❛♥❝❡ Cw ❡t Ce✱ ♦✉ ♣❛r ❧✬éq✉❛t✐♦♥ ❞❡ ♠❡s✉r❡

L−1 ·d = L−1 ·S ·K ·u +
√
σ2

e e′ ✭✺✳✹✮

❛✈❡❝ 〈u ·uT〉 = I ❡t 〈e′ · e′T〉 = I✳ ❏✬❛♣♣❡❧❧❡ ❝❡tt❡ éq✉❛t✐♦♥ ❞❡ ♠❡s✉r❡ ♦ù ❧❡ s✐❣♥❛❧ ❡t ❧❡
❜r✉✐t s✉✐✈❡♥t t♦✉s ❞❡✉① ✉♥❡ st❛t✐st✐q✉❡ ♥♦r♠❛❧❡✱ ❧✬éq✉❛t✐♦♥ ❞❡ ♠❡s✉r❡ ❣é♥ér❛❧✐sé❡✳

✺✳✷ ▲❡ ❝r✐tèr❡ ❞❡ r❡❝♦♥str✉❝t✐♦♥ ❡t ❧❡s r❡❝♦♥str✉❝t❡✉rs

❙✐ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ ❡st✐♠é❡ ŵ ❧♦rs ❞❡ ❧❛ r❡❝♦♥str✉❝t✐♦♥ ♣❡✉t êtr❡ r❡♣r♦❞✉✐t❡ ♣❛r
✉♥ ♠✐r♦✐r ❞é❢♦r♠❛❜❧❡ ♣♦✉r ❝♦♠♣❡♥s❡r ❧❡s ♣❡rt✉r❜❛t✐♦♥s ❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ ✐♥❝✐❞❡♥t❡✱
❛❧♦rs ❧✬❡st✐♠❛t❡✉r ♦♣t✐♠❛❧✱ ❝❡❧✉✐ q✉✐ ♠❛①✐♠✐s❡ ❧❡ r❛♣♣♦rt ❞❡ ❙tr❡❤❧✱ ♠✐♥✐♠✐s❡ ❧❡ ❝r✐tèr❡
s✉✐✈❛♥t 〈

ǫ2
〉

=
1

SA

〈∥∥P (w − hT · ŵ)
∥∥2
〉

✭✺✳✺✮

♦ù P ❡st ❞é✜♥✐ ♣❛r ❧✬éq✉❛t✐♦♥ ✭✶✳✸✼✮✱ 〈.〉 r❡♣rés❡♥t❡ ❧✬❡s♣ér❛♥❝❡ ♠❛t❤é♠❛t✐q✉❡ s✉r ❧❛
st❛t✐st✐q✉❡ ❥♦✐♥t❡ ❞✉ ❜r✉✐t ❡t ❞❡ ❧❛ t✉r❜✉❧❡♥❝❡✳ ❈❡ ❝r✐tèr❡ ♣❡✉t êtr❡ ❞é❝♦♠♣♦sé ❡♥ ❞❡✉①
t❡r♠❡s

〈
ǫ2
〉

=
〈
ǫ2
〉
∞ +

〈
ǫ2
〉
r❡❝♦♥st

✭✺✳✻✮

❛✈❡❝✱ ❧❛ ❝♦♥tr✐❜✉t✐♦♥ ❞❡ ❧✬❡rr❡✉r ❞✉❡ à ❧❛ ♣❛r❛♠étr✐s❛t✐♦♥

〈
ǫ2
〉
∞ =

1

SA

〈∥∥P (w − hT ·w)
∥∥2
〉

❡t ❝❡❧❧❡ ❛ss♦❝✐é❡ ❛✉ ❝❤♦✐① ❞❡ ❧✬❡st✐♠❛t❡✉r

〈
ǫ2
〉
r❡❝♦♥st

=
1

SA

〈∥∥P (hT · (w − ŵ))
∥∥2
〉
. ✭✺✳✼✮

▲✬❡rr❡✉r ❞✉❡ à ❧❛ ♣❛r❛♠étr✐s❛t✐♦♥ à été ✐♥tr♦❞✉✐t❡ ♣❛r ❧✬éq✉❛t✐♦♥ ✭✸✳✷✹✮✳ ◗✉❛♥❞ n→∞✱
〈ǫ2〉∞ → 0✳ ❈❡tt❡ ❡rr❡✉r ❡st ❞✐r❡❝t❡♠❡♥t ❧✐é❡ ❛✉① ❞❡❣rés ❞❡ ❧✐❜❡rté ❞✉ s②stè♠❡ ❞❡
❝♦rr❡❝t✐♦♥ ❡♥✈✐s❛❣é✳ ❊♥ r❡✈❛♥❝❤❡✱ ❧❡ ♥♦♠❜r❡ m ❞❡ ♠❡s✉r❡s ét❛♥t ✜♥✐✱ 〈ǫ2〉r❡❝♦♥st s❛t✉r❡
✈❡rs ✉♥❡ ❡rr❡✉r ♠✐♥✐♠❛❧❡ q✉❛♥❞ n→∞✳

❘❡♠❛rq✉❡ ✿ ▲❛ ❞é❝♦♠♣♦s✐t✐♦♥ ✭✺✳✻✮ ♥❡ ❢❛✐t ♣❛s ✐♥t❡r✈❡♥✐r ❞❡ t❡r♠❡ ❝r♦✐sé s✐ ♦♥
s✉♣♣♦s❡ q✉❡ ❧❡ ♣✐st♦♥ s✉r ❧❛ ♣✉♣✐❧❧❡ ❡st ❜✐❡♥ ✉♥ ✈❡❝t❡✉r ❝♦♥t❡♥✉ ❞❛♥s ❧✬❡s♣❛❝❡ ❡♥❣❡♥❞ré
♣❛r ❧❡s ❢♦♥❝t✐♦♥s hi✳ ❉❛♥s ❝❡ ❝❛s✱ ❧❡ t❡r♠❡ ❝r♦✐sé ❡st ♥✉❧ ♣❛r❝❡ q✉✬✐❧ ❝♦rr❡s♣♦♥❞ ❛✉ ♣r♦❞✉✐t
s❝❛❧❛✐r❡ ❞❡ ✈❡❝t❡✉rs ♦rt❤♦❣♦♥❛✉①✱ ❡t ♥♦♥ ♣❛r❝❡ q✉❡ ❝❡s ✈❡❝t❡✉rs s❡r❛✐❡♥t st❛t✐st✐q✉❡♠❡♥t
❞é❝♦rré❧és✳

❉❛♥s ❧❛ s✉✐t❡ ❞❡ ❝❡ ❝❤❛♣✐tr❡✱ 〈ǫ2〉r❡❝♦♥st ❞és✐❣♥❡ ❧❡ ❝r✐tèr❡ ❞❡ ❧❛ r❡❝♦♥str✉❝t✐♦♥ ❞❡
s✉r❢❛❝❡ ❞✬♦♥❞❡ ❡♥ ♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡✳ ❏❡ ♥♦t❡ N ❧❛ ♠❛tr✐❝❡ ❞❡ R

n×n ❞♦♥t ❧❡s é❧é♠❡♥ts
s♦♥t ❞é✜♥✐s ♣❛r

N i,j =
1

SA
(P (hi)|P (hj)) ∀ 1 ≤ i, j ≤ n . ✭✺✳✽✮

▲❛ ❢❛❝t♦r✐s❛t✐♦♥ ❞❡ ❈❤♦❧❡s❦② ❞❡ ❝❡tt❡ ♠❛tr✐❝❡ s②♠étr✐q✉❡ ♣♦s✐t✐✈❡ ❡st ♥♦té❡

N = NT ·N , ✭✺✳✾✮
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❞❡ s♦rt❡ q✉❡ ❧❡ ❝r✐tèr❡ ❞❡ ❧✬éq✉❛t✐♦♥ ✭✺✳✼✮ ❞❡✈✐❡♥t ✭❊❧❧❡r❜r♦❡❦✱ ✶✾✾✹✮
〈
ǫ2
〉
r❡❝♦♥st

= tr
〈
N · (w − ŵ) · (w − ŵ)T ·NT

〉
. ✭✺✳✶✵✮

❏✬ét✉❞✐❡ ❡t ❥❡ ❝♦♠♣❛r❡ ❞❛♥s ❝❡ ❝❤❛♣✐tr❡ ♣❧✉s✐❡✉rs ❡st✐♠❛t❡✉rs✳ ■❧s s♦♥t t♦✉s ❞é✜♥✐s
à ♣❛rt✐r ❞✬✉♥ r❡❝♦♥str✉❝t❡✉r ❧✐♥é❛✐r❡ R ❢♦✉r♥✐ss❛♥t ✉♥❡ ❡st✐♠é❡

ŵ = R ·d , .

◗✉❡❧ q✉❡ s♦✐t ❧❡ r❡❝♦♥str✉❝t❡✉r R ❛✐♥s✐ ❞é✜♥✐✱ ❧❡ ❝r✐tèr❡ ❞❡ ❧✬éq✉❛t✐♦♥ ✭✺✳✼✮ s❡ ❞é❝♦♠♣♦s❡
à s♦♥ t♦✉r ❡♥ ❞❡✉① ❝♦♥tr✐❜✉t✐♦♥s ❞✬❡rr❡✉r ✿

〈
ǫ2
〉
r❡❝♦♥st

= b+ v ✭✺✳✶✶✮

❛✈❡❝

b = tr
(
N · (I−R ·S) ·Cw · (I−R ·S)T ·NT

)
σ2

w ✭✺✳✶✷✮

❧❡ t❡r♠❡ ❞❡ ❜✐❛✐s✱ ❡t

v = tr
(
N ·R ·Ce ·RT ·NT

)
σ2

e . ✭✺✳✶✸✮

❝❡❧✉✐ ❞❡ ✈❛r✐❛♥❝❡✳ ❉✬❛♣rès ❧✬éq✉❛t✐♦♥ ✭✺✳✶✷✮✱ ❧❡ t❡r♠❡ ♥♦♠♠é ✐❝✐ ❜✐❛✐s b q✉❛♥t✐✜❡✱ ❞❡
❢❛ç♦♥ q✉❛❞r❛t✐q✉❡✱ ❧❛ q✉❛❧✐té ❞❡ ❧✬✐♥✈❡rs✐♦♥ ❞✉ ♣r♦❝❡ss✉s ❞❡ ♠❡s✉r❡ S ♣❛r ❧❡ r❡❝♦♥str✉❝✲
t❡✉r✳ ▲❡ t❡r♠❡ v ❞❛♥s ❧✬éq✉❛t✐♦♥ ✭✺✳✶✸✮ ❡st ✉♥❡ ❡rr❡✉r q✉❛❞r❛t✐q✉❡ ❞✉❡ à ❧❛ ♣r♦♣❛❣❛t✐♦♥
❞✉ ❜r✉✐t ❞❛♥s ❧✬❡st✐♠❛t✐♦♥✳ ▲✬♦♣t✐♠✐s❛t✐♦♥ ❞✉ ❝r✐tèr❡ 〈ǫ2〉r❡❝♦♥st ✐♠♣♦s❡ ❛✉ r❡❝♦♥str✉❝✲
t❡✉r à ❧❛ ❢♦✐s ♣ré❝✐s✐♦♥ ✭♠♦✐♥❞r❡ ❜✐❛✐s✮ ❡t st❛❜✐❧✐té ✭♠♦✐♥❞r❡ ♣r♦♣❛❣❛t✐♦♥ ❞✉ ❜r✉✐t✮✳ ❈❡s
❝♦♥tr✐❜✉t✐♦♥s ❞✬❡rr❡✉rs s♦♥t ❛♥❛❧②sé❡s ♣♦✉r ❧❡s ❞✐✛ér❡♥ts r❡❝♦♥str✉❝t❡✉rs✳

▼ê♠❡ s✐ ❧❛ s♦❧✉t✐♦♥ ❞❡ ♠♦✐♥❞r❡ ❝❛rrés ♦♣t✐♠✐s❡ ✉♥ ❝r✐tèr❡ ❞✐✛ér❡♥t✱ ❧❡ ❝❤❛♣✐tr❡ ♣ré✲
❝é❞❡♥t ♥♦✉s ❢♦✉r♥✐t ♣❧✉s✐❡✉rs r❡❝♦♥str✉❝t❡✉rs ❞✬✐♥térêt✳ ❚♦✉t ❞✬❛❜♦r❞✱ ❧❡ r❡❝♦♥str✉❝t❡✉r
❞❡ ♠❛①✐♠✉♠ ❛ ♣♦st❡r✐♦r✐ RMAP ❡st ♦❜t❡♥✉ à ♣❛rt✐r ❞❡ ❧✬éq✉❛t✐♦♥ ✭✹✳✾✮✱ ❡♥ ♥♦t❛♥t q✉❡
❧✬❡s♣ér❛♥❝❡ ♠❛t❤é♠❛t✐q✉❡ ❛ ♣r✐♦r✐ 〈w〉 ❡st ♥✉❧❧❡✳ ❆❧♦rs✱

RMAP =
(
ST ·C−1

e ·S + µ0C
−1
w

)−1 ·ST ·C−1
e , ✭✺✳✶✹✮

♦ù
µ0 = σ2

e/σ
2
w ✭✺✳✶✺✮

r❡♣rés❡♥t❡ ❧❡ ♣♦✐❞s r❡❧❛t✐❢ ♦♣t✐♠❛❧ ❞❡s ❛ ♣r✐♦r✐ ❛✉ s❡♥s ❇❛②❡s✐❡♥✳ ❊♥ ❞é❧❛✐ss❛♥t ❧❡s ❛
♣r✐♦r✐ s✉r ❧❛ st❛t✐st✐q✉❡ ❞❡ ❧❛ t✉r❜✉❧❡♥❝❡✱ ♦♥ ♦❜t✐❡♥t ❧❡s r❡❝♦♥str✉❝t❡✉rs ❞❡ ♠❛①✐♠✉♠ ❞❡
✈r❛✐s❡♠❜❧❛♥❝❡✳ ■❧s s♦♥t ✉♥❡ ✐♥✜♥✐té ♣❛r❝❡ q✉❡ ❧❡ s②stè♠❡ ❞❡ ♠❡s✉r❡ S ♥✬❡st ♣❛s ✐♥✈❡rs✐❜❧❡✳
❊♥ ❡✛❡t✱ ❡♥ ♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡✱ ❧❡s ❛♥❛❧②s❡✉rs ❞❡ s✉r❢❛❝❡ ❞✬♦♥❞❡ ♥✬♦♥t ❣é♥ér❛❧❡♠❡♥t ♣❛s
❞❡ ré❢ér❡♥❝❡ ❞❡ ♣❤❛s❡ ❡t ♥❡ ♠❡s✉r❡♥t ❞♦♥❝ ♣❛s ❧❡ ♠♦❞❡ ♣✐st♦♥ ❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡✳ ❏❡
r❡t✐❡♥s ✐❝✐ ❞❡✉① r❡❝♦♥str✉❝t❡✉rs ❞❡ ♠❛①✐♠✉♠ ❞❡ ✈r❛✐s❡♠❜❧❛♥❝❡ ♣❛rt✐❝✉❧✐❡rs✳ ▲❡ ♣r❡♠✐❡r
❡st ❧❡ r❡❝♦♥str✉❝t❡✉r RMNML ❞❡ ♠❛①✐♠✉♠ ❞❡ ✈r❛✐s❡♠❜❧❛♥❝❡ ❡t ❞❡ ♠♦✐♥❞r❡ ♥♦r♠❡ ❞❛♥s
❧✬❡s♣❛❝❡ ❞❡s ♣❛r❛♠ètr❡s w✱ ❞é✜♥✐ ♣❛r ❧✬éq✉❛t✐♦♥ ✭✹✳✻✮✱ ❛✈❡❝ We = C−1

e ✱ ✐✳❡✳

RMNML =
(
ST ·C−1

e ·S
)† ·ST ·C−1

e ✭✺✳✶✻✮

▲❡ s❡❝♦♥❞ ❡st s♦♥ ❤♦♠♦❧♦❣✉❡✱ ❧❡ r❡❝♦♥str✉❝t❡✉r RKL✱ ❞❡ ♠❛①✐♠✉♠ ❞❡ ✈r❛✐s❡♠❜❧❛♥❝❡
❡t ❞❡ ♠♦✐♥❞r❡ ♥♦r♠❡✱ ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡s u✳ ■❧ ❡st ❞é✜♥✐ à ♣❛rt✐r ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡ ♠❡s✉r❡
✭✺✳✹✮✱ t❡❧ q✉❡

RKL = K ·
(
KT ·ST ·C−1

e ·S ·K
)† ·KT ·ST ·C−1

e , ✭✺✳✶✼✮
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1. INTRODUCTION
Turbulent wavefront reconstruction has been intensively
investigated for the estimation step of large adaptive op-
tics (AO). Nowadays, particular attention concerns two
aspects of the problem: high reconstruction quality and
high-speed algorithms. On the one hand, in some AO con-
cepts such as multiconjugate AO (MCAO) or laser tomog-
raphy AO, introduction of priors in the wavefront estima-
tion is required to ensure a good correction quality,
allowing correction of unseen modes [1,2]. This is why the
historical minimum-norm maximum likelihood (MNML)
approach [3] has been replaced, for a few years now, by
maximum a posteriori (MAP) reconstructions [4–9]. This
evolution also illustrates the fact that turbulent wave-
front reconstruction is now tackled, in a general frame-
work, as an inverse problem to solve. On the other hand,
Extremely Large Telescopes (ELT) currently being de-
signed will have to deal with wavefront reconstructions
with a huge number of parameters n�104. Even adaptive
optics systems (AOSs) on smaller telescopes, such as the
SPHERE extreme AO concept [10] on the Very Large Tele-
scope in Chile, will have to face more than 103 actuators.
In order to control the AOS in real time, around 1 kHz,
efficient algorithms are required for estimating the large
number of parameters with a low computational load.

Discussing these two issues, the aim of this paper is
twofold. First, in Section 2, we provide an algebraic analy-
sis of the wavefront reconstruction inverse problem in or-
der to justify the optimal trade-off provided by MAP
methods. This study involves a detailed comparison of
MNML and MAP reconstructors in terms of contributions
to the reconstruction error. Then, in Section 3, we quan-

tify the benefits of using a particular MAP method with
the help of simulations. As mentioned above, we are also
concerned with the computational cost of the reconstruc-
tor, which is why the chosen algorithm for the simulations
is the fractal iterative method (FrIM) [9].

2. WAVEFRONT RECONSTRUCTION: AN
INVERSE PROBLEM
A. Inverse Problem and Parameterization
Wavefront reconstruction aims to solve an ill-posed in-
verse problem, characterized by the following measure-
ment equation:

d = S�w� + e, �1�

where d�R
m are the data, S is a model of the sensing de-

vice, w�x ,y� is the wavefront phase in the pupil plane, and
e�R

m are the errors due to noise and model approxima-
tions.

Wavefront w�x ,y� is a continuous function of space de-
fined in an infinite-dimension Hilbert space [11]. In prac-
tice, however, reconstruction is limited to a finite-
dimension space and the recovered wavefront is
characterized by w�R

n with n a finite number of param-
eters. For instance, using a basis of 2D functions fj�x ,y�,
the true wavefront is approximated by

w�x,y� � �
j=1

n

wjfj�x,y�. �2�

Most wavefront sensors are approximately linear
[12,13]; then the measurement equation (1) becomes
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d = S · w + e, �3�

where, according to Eq. (2), the coefficients of the model
matrix S�R

m�n are Si,j=Si�fj�. Note that the error term e

in Eq. (3) accounts for the modeling errors due to the lin-
ear approximation of the sensing device and to the wave-
front description given by Eq. (2). In the following, we no-
tate Ce the covariance of the measurements errors e, and
we widely use the rescaled covariance

C� e = Ce/ae, �4�

where ae=tr�Ce� /m is the mean variance of the measure-
ments errors. Note that tr(.) is the trace operator. In the
particular case of a uniform variance of errors, C� e is the
correlation matrix of the measurements errors and ae ex-
actly is the noise variance �e

2.
Without loss of generality, we define here the wavefront

parameters w�R
n to be equal to the values of the wave-

front phase sampled on an evenly spaced N�N grid at
least as large as the optics pupil. In this particular zonal

representation, the basis functions are simply interpola-
tion functions. A number of alternative wavefront repre-
sentations can be obtained by any bijective change of vari-
ables:

w = K · u, �5�

where u�R
n are the coefficients of the alternative expan-

sion and where the columns of K�R
n�n are the linearly

independent new wavefront basis functions expressed in
the former basis function. The new basis functions are
usually called modes when they spread over the whole pu-
pil. In this paper we specifically consider two different
wavefront representations: a zonal one parameterized by
w, evenly sampling the wavefront in the pupil plane, and
a modal one parameterized by u based on the Karhunen–
Loève modes. The latter one is chosen such that the new
variables are normally distributed: u�N�0 ,I�. This can
be obtained by factorizing the covariance of the variables
w as

Cw = awK · Cu · KT = awK · KT, �6�

using the rescaled linear change of variable

w = �awK · u �7�

with aw=tr�Cw� /n, the mean variance of the phase.
Cholesky decomposition leads to a possible expression

for K and shows that there exists, at least, one linear op-
erator K satisfying Eqs. (6) and (7). However, this factor-
ization is not unique, and we consider in Section 3 a res-
caled version of the fractal factorization proposed by
Thiébaut and Tallon [9], in their FrIM method.

B. Mean Squared Error, Bias, and Variance
The objective of the phase reconstruction problem is to re-
cover a good estimate ŵ of the true parameters w given
the measurements d. In this stochastic study, the quality
of the reconstruction is assessed by the mean squared er-
ror (MSE) of the phase [14]:

�2 =
1

n
tr��w − ŵ� · �w − ŵ�T�w,e, �8�

where �.�x denotes expectation over the statistics of the
variable x. In the particular case of a turbulent wave-
front, w and e are two independent random processes
obeying zero-mean Gaussian statistics and the MSE is ob-
tained from the expectation over both turbulence and
noise statistics. In this paper, we consider solutions ob-
tained by a linear reconstructs R, that is,

ŵ = R · d. �9�

This is supported by the fact that, for a linear model and
Gaussian statistics, the so-called minimum-variance solu-
tion that has the smallest MSE is equal to a linear opera-
tor applied to the data as recalled in what follows. The ex-
pansion of �2 in Eq. (8) for a linear reconstructor yields

�2 = b + v, �10�

b = tr��I − R · S� · C� w · �I − R · S�T�aw/n, �11�

v = tr�R · C� e · RT�ae/n, �12�

where I is the identity matrix.
Equations (10)–(12) make explicit the MSE as the sum

of two terms. The so-called bias term, b, is a quadratic
measure of how well the reconstructor R approximates
the inverse of the sensing operator S. The so-called vari-
ance term, v, is the quadratic error due to the noise propa-
gation in the solution. This readily illustrates that a given
reconstructor R yields some trade-off between accuracy
(i.e., least bias) and stability (i.e., least variance).

In this paper, we are particularly interested in turbu-
lent wavefront reconstruction for AO. In this case, neither
the piston mode nor the phase outside the telescope pupil
have any effect on the image quality. This leads to an AO-
specific formulation of the MSE for which the piston-
removed MSE averaged over the aperture is written

�2 =
1

n�
tr�P · �w − ŵ� · �w − ŵ�T · PT�w,e, �13�

where P is a linear operator that combines aperture
masking and 2D integration over the pupil for piston re-
moval and where n� is the rank of P. Similarly to the
MSE defined in Eq. (10), the AO-specific MSE in Eq. (13)
is the sum of a bias and a variance term:

b = tr�P · �I − R · S� · C� w · �I − R · S�T · PT�aw/n�, �14�

v = tr�P · R · C� e · RT · PT�ae/n�. �15�

The remainder of this paper is devoted to an extensive
study of these two terms for different reconstructors and
turbulence statistics.

C. Minimum-Norm Maximum Likelihood
For Gaussian distributed errors, the maximum likelihood
(ML) wavefront minimizes the �2 discrepancy between
the model and the data:
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ŵML = arg min
ŵ

�d − S · ŵ�T · C� e
−1 · �d − S · ŵ�, �16�

and, as a consequence, belongs to the set of solutions to
the normal equations, i.e., ŵML��ML, with

�ML = 	w � R
n
ST · We · S · w = ST · We · d� �17�

with We=C� e
−1. Since the model matrix S is not invertible

over the parameter space (at least because the piston
mode and phase outside the pupil are not measured by
the sensor), additional constraints are required to yield a
unique solution. This can be achieved by choosing the
minimum-norm solution from among the ones in �ML and
leads to the MNML solution:

ŵMNML = arg min
ŵ��ML

�ŵ�2 = RMNML · d �18�

with

RMNML = �ST · We · S�† · ST · We, �19�

where exponent † denotes Moore–Penrose pseudo–inverse
[15].

However, since the norm depends on the particular ba-
sis of functions, the MNML solution may be different for a
different basis. Choosing the ML solution that has mini-
mal Euclidean norm for the Karhunen–Loève wavefront
coefficients u yields the modal MNML solution:

ŵKL = arg min
ŵ��ML

�ŵ�KL = RKL · d, �20�

where �w�KL= �u�2= �K−1 ·w�2 /�aw and with

RKL = K · �KT · ST · We · S · K�† · KT · ST · We. �21�

Unless K satisfies some properties preserving orthogonal-
ity mentioned later (see Appendix A), zonal and modal
MNML reconstructors produce two different solutions.
Historically, MNML with the zonal representation was
the first approach to find a unique estimate to the wave-
front reconstruction problem [3].

One may notice that MNML solutions produce by con-
struction a null piston-mode component. As a matter of
fact, a nonnull piston not only belongs to the null space of
the sensing process S but also necessarily produces a
larger norm for the solution in both wavefront represen-
tations. MNML optimizations simply rely on the famous
Gauss least-squares analysis [16], taking into account a
model for the measurement uncertainties.

D. Maximum a Posteriori
Following the minimum-variance approach, it is possible
to define the linear reconstructor that directly minimizes
the MSE. Since wavefront reconstruction deals with zero-
mean Gaussian signal and perturbation, the linear recon-
structor providing the minimal MSE is also the MAP re-
constructor [9,17]:

RMAP = arg min
R

�2 = �ST · We · S + �0Ww�−1 · ST · We,

�22�

where Ww=C� w
−1 and �0=ae /aw�0. The relative-priors

weight �0 scales as the inverse of the square of the signal-
to-noise ratio (SNR). Unlike MNML and since the de-

nominator in Eq. (22) is full rank, the MAP solution is
uniquely defined whatever the parameterization. The op-
erator RMAP generalizes the well-known Wiener filter.

E. Algebraic Analysis of Performances
In order to analytically compare the performances of the
different approaches to recover the wavefront, we make
use of the generalized singular-value decomposition
(GSVD) to factorize the wavefront reconstructors. These
developments are detailed in Appendix A. GSVD leads to
the following three expressions:

RMAP = Q · U · ��T · � + �0I�−1 · �T · V1
T · L−1, �23�

RKL = Q · U · �† · V1
T · L−1, �24�

RMNML = Q · U · Z · �† · V1
T · L−1, �25�

for the MAP reconstructor, the modal MNML reconstruc-
tor in Karhunen–Loève (KL-MNML) basis, and the zonal
MNML reconstructor, respectively. The origins of the vari-
ous matrices are explained in Appendix A. In particular,
matrices Q, U, V1, and L are regular. Matrix Z is defined
in Eq. (A11), and � is a diagonal matrix, whose diagonal
elements ��i�1�i�n are the generalized singular values of
the measurement process [see Eq. (A3)]. Furthermore,
�i=0 ∀ i�p, so that p is the rank of the measurement pro-
cess.

We use a general expression for the three reconstruc-
tors

R = Q · U · G · V1
T · L−1 �26�

where matrix G is the only term that depends on the par-
ticular reconstruction criterion. From Eq. (24), Eq. (23),
and Eq. (25),

GKL = �†, �27�

GMAP = ��T · � + �0I�−1 · �T, �28�

GMNML = Z · �†. �29�

Note that the matrices G can be seen as different ap-
proximations of the inverse of � using minimum-norm or
regularization to remove the degeneracies and improve
the conditioning of the inverse problem.

Combining Eq. (26) with the definitions of the bias and
variance terms in Eqs. (11) and (12) or Eqs. (14) and (15)
gives rise to general expressions for these terms:

b = tr�W · �I − G · �� · �I − G · ��T�aw, �30�

v = tr�W · G · GT�ae, �31�

where, for an MSE averaged over the whole phase screen,

W =
1

n
UT · U, �32�

or, for an AO specific MSE,
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W =
1

n�
UT · QT · PT · P · Q · U. �33�

To obtain the factorizations in Eqs. (30)–(33), we make
use of the properties that Q is unitary (see Appendix A)
and that tr�A ·B�=tr�B ·A� for any matrices A and B of
compatible sizes. Note that, by construction, the diagonal
terms �Wi,i�1�i�n of matrix W are all nonnegative.

From these notations, the bias, variance, and MSE of
the modal MNML reconstructor in KL-MNML basis can
be decomposed (see Appendix B) into

bKL = ae �
i=p+1

i=n
Wi,i

�0

, �34�

vKL = ae�
i=1

i=p
Wi,i

�i
2 , �35�

�KL
2 = ae�

i=1

i=p
Wi,i

�i
2 + �

i=p+1

i=n
Wi,i

�0
� , �36�

where ��i�1�i�p are the nonnull singular values of the
wavefront sensing system, independent of the criterion
[see Eq. (A4)]. The matrix W and the singular values �i

are defined to depend only on the dimensions and model
of the sensing process and on the correlations of the per-
turbations. A change in the wavefront perturbations’
mean level aw or in the noise level ae has no influence on
these quantities.

From Eq. (34), the bias error bKL is due to all the un-
seen modes. In contrast, Eq. (35) shows that the noise
propagation is exclusively introduced over the subspace of
the nonsingular modes of the measurement process, i.e.,
those with �i�0. Equation (35) enhances the expected re-
sult that the more singular a mode, the higher the noise
propagation on this reconstructed mode. Futhermore, the
bias error bKL is proportional to the mean variance of the
wavefront phase fluctuations aw but independent of the
noise level. In contrast, the variance error vKL is propor-
tional to the noise level but independent of the turbulence
strength.

Detailed formulation of the bias, variance, and MSE of
the MAP reconstructor in Appendix B leads to the follow-
ing simplified expressions:

bMAP = ae�
i=1

i=p
�0Wi,i

��0 + �i
2�2

+ �
i=p+1

i=n
Wi,i

�0
� , �37�

vMAP = ae�
i=1

i=p �i
2Wi,i

��0 + �i
2�2� , �38�

�MAP
2 = ae�

i=1

i=p
Wi,i

�0 + �i
2 + �

i=p+1

i=n
Wi,i

�0
� . �39�

As Wi,i�0, ∀i from 1 to n, comparing Eq. (34) and Eq.
(37) shows that the KL-MNML estimation has a lower
bias than the MAP estimation. As a matter of fact, the
bias on the unseen modes stays unchanged, but MAP re-
construction adds a bias on the nonsingular modes. In

contrast, comparing Eq. (35) and Eq. (38) shows that
MAP yields a lower noise propagation than KL-MNML.

Finally, the second sums in Eqs. (36) and (39) are equal,
demonstrating the inability to recover invisible modes.
The first sum is, however, clearly smaller in Eq. (39) than
in Eq. (36). The gain in MSE produced by the MAP then
comes from a well-constrained noise propagation over the
sensed modes. Comparison of Eqs. (36) and (39) shows
that this is all the more significant as �0 increases, i.e., as
the SNR decreases. This confirms the advantage of using
priors when the data quality degrades.

Concerning the zonal MNML reconstructor perfor-
mance, the detailed expressions are also provided in Ap-
pendix B. Equation (B8) demonstrates that the bias of the
zonal MNML can be written as

bMNML = bKL + b0 �40�

with b0�0, which shows that the bias of zonal MNML is
always larger than the bias of modal KL-MNML. This
property can be generalized: in a minimum-norm solu-

tion, the bias contribution is minimized when the param-

eter space is spanned by statistically independent modes.

Equations (B2) and (B11) demonstrate that the vari-
ance of zonal MNML is smaller than that of KL-MNML in
the non-AO-specific case. This means that using statisti-
cally independent parameters in the MNML approach re-
sults in worse noise propagation. However, zonal MNML
does not reconstruct anything outside the aperture and,
as already mentioned, provides a solution with null piston
component. Then, from Eqs. (15) and (19),

vMNML = tr�P · �ST · We · S�† · PT�ae/n�

= tr�ST · We · S�†ae/n�, �41�

which is n /n� times the non-AO-specific variance of the
error [see Eq. (12)], so the AO specific variance is always
larger than the non-AO-specific one, for zonal MNML, but
we cannot analytically compare AO-specific vMNML with
the variance of the other methods. In fact, neither is the
analytical comparison of zonal MNML MSE with the
MSE of the other reconstructors available.

Finally, the algebraic comparison of the three recon-
structors leads to a few more conclusions. Among all pos-
sible reconstructors, KL-MNML yields the smallest bias.
However, its noise propagation is not optimal and needs
to be decreased with the help of a regularization strategy.
In other words, the trade-off between bias and variance
errors must be optimized. Truncation is widely used to de-
crease the number of terms in Eq. (35), hence artificially
increasing the subspace of unseen modes along with the
bias contribution. The zonal MNML method constitutes
an alternative regularization strategy. It provides larger
bias too, but the noise propagation comparison had not
been carried out analytically. Eventually, MAP method
provides the optimal trade-off, thanks to the introduction
of priors on the second-order statistics of the wavefront.

Obviously, our analysis is not specific to wavefront re-
construction; it is general to any inverse problems with a
linear model, Gaussian statistics for the errors and
parameters.
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3. APPLICATION TO LARGE AO SYSTEMS
The algebraic analysis in Section 2 provides a suitable ba-
sis to compare performance of several wavefront recon-
struction methods. As no analytical comparisons are
drawn with respect to the MSE of the zonal MNML
method, such a comparison is investigated in this section
with use of simulations. Futhermore, while the qualita-
tive comparison of the MSE for KL-MNML and MAP is
enhanced in Section 2, we also investigate in this section
the quantitative gain of using a MAP method on an AO
system with a large number of degrees of freedom.

We consider the reconstruction step of a single conju-
gate AO (SCAO) system with a Shack–Hartmann wave-
front sensor (WFS) simulated by Fried’s model [3] and ob-
serving a natural guide star (NGS). Numerical
simulations are involved so as to quantitatively compare
zonal MNML, modal MNML, and MAP reconstruction
performance. The reconstruction algorithms are based on
the code of the FrIM [9].

A. Wavefront and Noise Statistics
For a NGS observed by a Shack–Hartmann sensor, the
noise is uniform and uncorrelated to a good approxima-
tion. Otherwise, it is possible to perform a change of vari-
ables for the data to obtain uncorrelated pseudodata with
uniform variance �e

2. The underlying idea is to separate
what depends on the brightness of the guide star, which
directly affects the mean noise level ae, from what de-
pends on the sensing device such as noise correlation or
aperture masking. In any cases and for now, we consider
that we work with data such that C� e=I and �ae=�e, the
uniform standard deviation of the noise expressed in ra-
dians per subaperture size d.

The turbulent wavefront w is simulated with use of N

�N bilinear interpolation functions, with a sampling step
d equal to the subaperture size. This means that the true
turbulence is low-pass filtered, which leads to two re-
marks. On the one hand, the MSE is assessed with re-
spect to this filtered wavefront w, so the fitting error [18]
of the SCAO system associated with these simulations
does not appear in this study. This enhances our choice to
investigate the reconstruction contribution to the correc-
tion error, i.e., the MSE, here. On the other hand, no
aliasing appears in the data with such smoothed repre-
sentation. Thus noise is really uncorrelated with the tur-
bulent wavefront. With a real Shack–Hartmann WFS,
aliasing exists but has negligible effects until the global
correction error is strongly dominated by the fitting error.

In Fried’s model of the wavefront sensing device [3,9],
the matrix S simply computes the local derivative of the
phase by finite difference between corners of the fully il-
luminated subapertures. However, note that if the data
are transformed by a change of variables, it is also neces-
sary to modify the WFS model matrix S. Fried’s model S

is used for both simulation of the measurements d accord-
ing to Eq. (3), and definition of the reconstructors.

The wavefront covariance Cw also needs to be modeled.
From Kolmogorov’s theory of the atmospheric turbulence
in the inertial domain, wavefront phase distortions in the
pupil plane can be characterized by a stationary isotropic
stochastic process with structure function:

Dw�r� = ��w�r�� − w�r� + r��2�r�
= 6.88 �  r

r0
�5/3

, �42�

where r and r� are positions in the pupil plane, r= 
r
�0
is the length of r, and r0 is Fried’s parameter. Outside the
inertial domain—that is, for large r—saturation of the
structure function cannot be neglected [19]. In the case of
large telescopes, a better approximation than Kolmogor-
ov’s model is provided by von Kármán’s model, which ac-
counts for an outer scale L0 of the spatial coherence of the
turbulence [20]. In von Kármán’s model, the structure
function and the covariance of the wavefront are written

Dw�r� = 2�w
2 − 2Cw�r�, �43�

Cw�r� = 	L0

r0
�5/32
r

L0
�5/6

K5/62
r

L0
� ,

�44�

where �w
2 =Cw�0� is the local phase variance that has a fi-

nite value, K5/6 is the modified Bessel function of third
kind and of order 5/6, and

	 = �12/5��6/5��5/6��11/6�/
8/3 � 0.0858. �45�

In their FrIM method, improving over the midpoint al-
gorithm proposed by Lane et al. [21], Thiébaut and Tallon
[9] have shown that it is possible to approximate the
Karhunen–Loève change of variables for any stationary
isotropic random process thanks to a fractal operator that
can be applied in O�n� operations. In practice, we use
their method to build the operator K such that C� w

�K ·KT as in Eq. (6). The only requirement is to know the
covariance law Cw�r� or, by Eq. (43), the structure func-
tion Dw�r� and the local variance �w

2 that is supposed to be
uniform. For von Kármán’s model of turbulence, the cova-
riance function is everywhere finite, so that the fractal op-
erator for von Kármán’s can be built directly. This is not
the case for Kolmogorov’s model, which does not yield a
finite variance value. In the original FrIM method [9],
only Kolmogorov’s model was considered, and the authors
had to introduce an arbitrary value for �w

2 to solve for this
issue. They chose this value to be equal to half the struc-
ture function value at the largest scale L of the recon-
struction domain: �w

2 = 1
2Cw�L�. This choice can be inter-

preted as uncorrelating scales larger than the
reconstruction domain, involving as well saturation of the
structure function. Since the aperture diameter D is
smaller than the side of the reconstruction domain, then
the saturation scale is L��2D, which yields an average
variance: �w

2 �3.44��2D /r0�5/3.
Figure 1 shows different structure functions for typical

seeing conditions at paranal [22] which we use in all our
simulations: r0=0.159 m and L0=25 m. It appears that
the structure function used by Thiébaut and Tallon yields
stronger correlations at large scales than a von Kármán
model and that the correlations increase with the diam-
eter of the telescope. On the other hand, their approxima-
tion has the advantage of following the “five-thirds” theo-
retical law of Kolmogorov inside the inertial domain.
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In the remainder of this paper, we consider both satu-
rated Kolmogorov and von Kármán models for Cw�r�,
which we normalize by factorizing out the turbulence
strength [23]:

Cw�r� = �D/r0�5/3C� w�r�, �46�

where the normalized covariances for von Kármán and
saturated Kolmogorov models can be respectively written:

C� w�r� = 0.0858 � L0

D
�5/32
r

L0
�5/6

K5/62
r

L0
� , �47�

C� w�r� = 3.44 � ��2�N − 1�d

D
�5/3

−  r

D
�5/3� , �48�

for an N�N wavefront sampled with a step d. The turbu-
lence strength can then be factorized out of the fractal op-
erator K to write the Karhunen–Loève change of vari-
ables as

w = �D/r0�5/6K · u �49�

with u�N�0 ,I�. The covariance of the wavefront is then
written as in Eq. (6) but with aw= �D /r0�5/3��w

2 , the vari-
ance of the piston removed turbulent wavefront averaged
over a circular aperture of diameter D for the Kolmogorov
theory [14,23,24]. We extend the use of this factorization
to the von Kármán model, as it still characterizes the tur-
bulence strength for a given ratio L0 /D. Note that al-
though K does not depend on the turbulence strength, it
is, however, a function of the number of wavefront
samples n and the ratios L0 /D or L /D whether or not the
outer scale and the saturation scale of the turbulence are
defined.

In the following simulations, turbulent wavefronts to
be reconstructed are generated by applying Eq. (49) to a
vector u of independent Gaussian random values of vari-
ance equal to unity.

Dealing with Gaussian statistics, the MSE in Eq. (8)
can be normalized by the noise variance ae=�e

2:

�2/�e
2 = � + /�0, �50�

where the noise propagation coefficient � is the ratio of
the variance term in the MSE to the noise variance,

� =
def

v/�e
2, �51�

and where

 =
def

�D/r0�−5/3b = �0b/�e
2 �52�

characterizes the fraction of variance of the turbulence
over the aperture contained in the bias term of the MSE.

B. MSE for the MNML Reconstructors
Performance properties of the zonal MNML reconstructor
have already been studied [3,25,26] for Fried’s geometry.
Here we extend the study to large AO systems and use it
as an introduction toward the achievable benefits of the
fractal change of variable.

From Eqs. (51) and (41), the noise propagation coeffi-
cient

�MNML =
1

n�
tr�ST · S�† �53�

depends only on the model of the wavefront sensing de-
vice, on the shape of the pupil, and on the number n� of
wavefront samples inside the aperture.

Due to the definition of the Moore–Penrose pseudo-
inverse, �I− �ST ·S�† ·ST ·S� is a projection onto the null
space of S. Then the bias error in Eq. (14) for the zonal
MNML method reduces to the variance of unseen modes
of the WFS above the aperture, the removed piston ex-
cepted. In the case of Fried’s model, the only concerned
mode is a chessboard mode over the pupil, so that MNML
is fixed by the AO system dimensions and the number of
subapertures.

Nevertheless, the relative weight of the two contribu-
tions in Eq. (50) for the zonal MNML reconstruction de-
pends on the SNR values, through �0. This is why the
performance is studied in the following with the normal-
ized MSE defined in Eq. (50) and with respect to �0, to the
system dimensions n, and to the aperture shape.

1. Square Aperture
Fried found [3] that for an N�N square aperture

�MNML � 0.6558 + 0.16028 ln n, �54�

where n=N2 is the number of wavefront samples. The
small black squares on Fig. 2 show the noise propagation
as a function of n and confirm this logarithmic depen-
dency for our simulated data on large AO systems [26].
On small systems—that is, up to 65�65—our simulated
reconstructions have been checked to provide a mean
value equal to the numerical evaluation of Eq. (53), with
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Fig. 1. Models of wavefront structure functions. Dotted line,
Kolmogorov theoretical five-thirds law. Dashed line, saturated
Kolmogorov model with minimal saturation set for a 42-m tele-
scope. Solid line, saturated Kolmogorov model with minimal
saturation set for an 8-m telescope. Dashed–dotted curve, von
Kármán structure function for r0=0.159 m and L0=25 m.
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an accuracy close to a few percent. However Fried’s law
(dashed line) does not perfectly fit our simulations. The
best fit of our simulations is given by the experimental
law (solid line):

�MNML � 0.748 + 0.138 ln n. �55�

In addition, considering the MSE normalized by the
noise variance, in Fig. 2 we observe that the contribution
of the bias error becomes more and more negligible as the
size of the aperture is increased. This means that the
logarithmic increase of the noise propagation coefficient
dominates the MSE evolution for large n. As �MNML con-
stitutes a fixed threshold for the value of �MNML

2 /�e
2, inde-

pendent of �0 level, Fried’s law is kept as a reference
curve in the remainder of this paper.

2. Circular Aperture
Noll [25] provided an alternative formula for a circular
aperture with a total number of wavefront samples n�:

�MNML � 0.0136 + 0.1592 ln n�. �56�

Compared to a square aperture, the slope is similar but
the offset is very different. Noll explains [25] this discrep-
ancy admitting that his law may underestimate some
low-order aberrations but argues that the logarithmic de-
pendency is still valid in the case of a circular aperture.
By fitting the results of our simulations of zonal MNML
reconstructions for a circular aperture (see Fig. 3), we ob-
tain the following law:

�MNML � 0.842 + 0.127 ln n�. �57�

Again the small-system results have been checked to be
consistent with numerical evaluation of the noise propa-
gation term. On the one hand, our simulations tend to
confirm what Noll expected, i.e., an underestimation of
his constant but still a logarithmic increase with the sys-
tem dimension. On the other hand, the behavior of the
noise propagation coefficient for zonal MNML method is
quite similar for square and circle apertures.

Another ML method has been proposed by Poyneer et

al. [27]: the Fourier transform reconstructor (FTR). As it
involves a very low computational burden, it constitutes
an alternative to the matrix-vector multiplication (MVM)
method when solving the zonal ML problem for large sys-
tems. The dotted curve in Fig. 3 plots the law given by
Poyneer et al. for the noise propagation of the first version
of the FTR method [27] in the case of circular apertures
with Fried’s geometry:

�FTR � 0.1456�ln n��2 − 1.7922 ln n� + 7.6175. �58�

The FTR algorithm with Fried’s geometry involves a regu-
larization strategy that produces a very large and inad-
equate local waffle mode [27]. This strategy, which is
based on the geometrical model of the WFS and not on the
signal statistics, badly constrains the unseen modes so
that the performance is in the end worse than with the
zonal minimum-norm regularization. It is important,
however, to mention that significantly better performance
is obtained with the FTR on a modified Hudgin’s geom-
etry for the model of a Shack–Hartmann, which still
makes the FTR algorithm a very competitive method for
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Fig. 2. Noise propagation on a square aperture for zonal
MNML. Small black squares, noise propagation coefficient �MNML
averaged over 100 simulations of zonal MNML reconstruction of
a null wavefront (dispersion given by error bars); solid line, law
fitted on these values. Dashed line, Fried’s law for �MNML over a
square aperture. Large white diamonds, ratio �MNML

2 /�e
2 esti-

mated from averaging 50 simulations of zonal MNML recon-
structions on Kolmogorov turbulence (dispersion given by corre-
sponding error bars). The conditions of the simulations are r0

=0.5d (where d is the sampling step size) and
�e=�0.1 rad./sub-aperture. The number of wavefront samples
are n= �2q+1�2=52, 92, 172, 332, 652, 1292, 2572, and 5132.
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Fig. 3. Comparison of �MNML on square and circular apertures.
Dashed line, Fried’s law for square aperture. Dashed–dotted line,
Noll’s law for circular aperture. Dotted curve, Poyneer et al. [27]
law for circular aperture with FTR, �FTR on Fried’s geometry.
Other symbols are average results of 100 simulations of zonal
MNML reconstructions on null signal. Squares, for a square ap-
erture. Circles, for a circular aperture. Number of subapertures
across the pupil diameter: 16, 32, 64, 128, 256, and 512. Other
simulation parameters are the same as for Fig. 2.

Béchet et al. Vol. 26, No. 3 /March 2009/J. Opt. Soc. Am. A 503



wavefront reconstruction on large systems [28,29].
To evaluate the effect of the aperture shape on the bias

term of the AO-specific MSE, we simulated 100 zonal
MNML reconstructions for circular apertures. Results are
displayed by circle symbols on Fig. 4 and show that, as for
the noise propagation coefficient, the aperture shape has
little effect on the global performance of the method.

3. Zonal and Modal MNML
According to the conclusions of Subsection 2.E, it is pos-
sible to minimize the bias error of the MNML reconstruc-
tion by using a decomposition on statistically independent
modes. However, an algebraic comparison of the AO-
specific noise propagation coefficients �MNML and �KL was
not achieved. Figure 5 provides this comparison by means
of simulations. The AO-specific normalized MSEs are
plotted for the two MNML approaches.

For system sizes smaller than 128 subapertures across
the diameter, the two MNML approaches exhibit similar
performance. Nevertheless, for larger systems, the AO-
specific normalized MSE is lower for KL-MNML recon-
struction. It has also been observed in unpublished simu-
lations that KL-MNML reconstructors performs better
whatever the turbulence model, Kolmogorov or von
Kármán, used to build K.

C. MAP Reconstruction Benefits
MAP reconstruction quality is assessed in the following
relative to the best of the two MNML approaches, that is,
the KL-MNML method. Moreover, in Section 2 we have
already analytically proved that MAP performs better
than KL-MNML.

Figures 6 and 7 quantify the gain in using the FrIM
MAP reconstructor, respectively, for an 8-m telescope and
a 42-m telescope with, for each case, several system di-
mensions. The fractal operator K� defines a change of vari-
able on a �2q+1�� �2q+1� domain, with q an integer. So, if
the number of subapertures across the diameter is of this
form 2q, the telescope pupil is inscribed in the reconstruc-
tion domain. The particular cases of 40�40 and 84�84
do not correspond to such a configuration, but they re-
spectively represent an extreme AO-like configuration for
the Very Large Telescope (Chile) [10] and a SCAO case ex-
pected for the European (E-ELT). We added these two
cases to confirm that the noninscription of the aperture in
the square reconstruction domain does not degrade FrIM
performance.

On the one hand, for small systems, some simulated
cases have such low �0 value that the bias error contrib-
utes significantly to the MSE for FrIM MAP as well as for
the KL-MNML reconstruction. On the other hand, the
simulated reconstructions confirm that MAP produces
lower MSE than the KL-MNML method, according to
Eqs. (36) and (39). Figure 7 even shows that while zonal
MNML MSE is well known to increase as ln�n��, FrIM
MAP MSE is almost constant when n� increases for a
fixed SNR.

The same data are gathered on Fig. 8, with enhance-
ment of the gain factor between the two methods, depend-
ing on the parameter �0 and hence on the SNR. Each
curve represents a system dimension, solid curves for the
42-m telescope case and dashed–dotted curves for the 8-m
one. This time, markers evolve with �0 values. Of course,
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Fig. 4. Comparison of noise propagation coefficient �MNML and
MSE normalized by noise variance for zonal MNML reconstruc-
tions on square and circular apertures. Dashed line, Fried’s law
on square apertures. Solid line, our experimental law on circular
apertures; see Eq. (57). White symbols, �MNML

2 /�e
2 from our simu-

lations. Black symbols, noise propagation coefficient �MNML from
our simulations. Squares, square aperture. Circles, circular ap-
erture. System dimensions are the same as in Fig. 3. Other simu-
lation parameters are the same as for Fig. 2.
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Fig. 5. Comparison of zonal and modal MSE normalized by the
noise variance. Dashed line, Fried’s law for �MNML. Large white
symbols, �MNML

2 /�e
2, i.e., reconstruction by zonal MNML. Small

black symbols, �KL
2 /�e

2, i.e., reconstruction by modal MNML. Sym-
bols correspond to the average of 50 reconstructions of Kolmog-
orov turbulence over circular apertures. Noise level was set to
�e=�0.1 rad/subaperture. System dimensions are the same as in
Fig. 3. For every system size, the turbulence conditions are: r0

=0.1d, 0.5d, d, and 2d.
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for a given system size, the major gain occurs when �0 in-
creases, that is, when the SNR decreases. This means
that the priors introduced by the Bayesian method will
have a special influence, improving performance.

On the one hand, using a 40�40 system on an 8-m
telescope means low noise, and high Strehl ratio SR
=exp�−�2� is sought. For an r0 value of 16 cm (at 500 nm)

and a noise variance �e
2=0.014 rad2/subaperture for an

AO wavelength of 700 nm, then �0=3.1�10−5, which is
represented in Fig. 8. The MSE achieved by FrIM is re-
duced by a factor of 1.2 with respect to the MSE produced
by the KL-MNML method. This implies a reduction of the
rms wavefront estimation error from 16.5 to 15 nm. In
such application, the gain is not so relevant. On the other
hand, let us consider the case of a 42-m telescope with 84
subapertures across the diameter, with the same r0 and a
noise variance �e

2=1.8 rad2/subaperture for an AO wave-
length of 700 nm. This corresponds to one point of the
curves in Fig. 8, for which �KL

2 /�FrIM
2 =1.7. Such conditions

correspond to a SNR of 3.6 per subaperture. The MNML
method would produce a total MSE of 1.9 rad2, while
FrIM can reduce it to 1.13 rad2. This allows the associ-
ated Strehl ratio SR=exp�−�2� to increase from 17% to
35% when imaging at 1 �m.

Finally, given the AO system dimensions and the aper-
ture shape, Figs. 6 and 7 provide a mean to predict opti-
mal performance of MAP reconstruction, which is useful
in controling the error budget of the AO system.

4. DISCUSSION
The general algebraic analysis of the inverse problem of
turbulent wavefront reconstruction yields a quantitative
comparison of performance between zonal and modal
minimum-norm maximum likelihood and maximum a

posteriori reconstructors. The modal description, for
which the parameters of the system are statistically inde-
pendent, allows minimization of the bias error. Neverthe-
less, only the maximum a posteriori solution achieves the
optimal error trade-off between bias and noise propaga-
tion.
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Fig. 6. Comparison of KL-MNML and MAP performance on an
8-m telescope. Dashed line, Fried’s law for �MNML on square ap-
ertures. White symbols, �KL

2 /�e
2, i.e., reconstruction by KL-

MNML. Black symbols, �MAP
2 /�e

2, i.e., reconstruction by FrIM
MAP. Markers stand for average results over 200 simulations of
von Kármán turbulent wavefronts on circular apertures. Iso-�0

are linked with solid lines. �0 varies along with noise variance
values �e

2=5�10−3, 10−2, 10−1, 1, and 2 rad2 per subaperture.
L0=24 m, r0=25 cm, D /d=16, 32, 40, and 64.
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Fig. 7. Comparison of KL-MNML and MAP performance on a
42-meter telescope. Legend is the same as for Fig. 6. Changing
parameters values are L0=21 m, r0=32 cm, D /d=64, 84, 128,
and 256.
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The results of both the algebraic analysis and the simu-
lations apply for several pupil shapes (square and circu-
lar) and several turbulence models (Kolmogorov and von
Kármán).

While Fried’s law described the noise propagation evo-
lution with the system size for zonal minimum-norm
maximum likelihood reconstruction on small systems, we
provide here an extension of these experimental laws to a
larger range of system dimensions. Simulations also dem-
onstrate that the minimum-norm regularization performs
better with the Karhunen–Loève modal description than
with the zonal one, even though maximum a posteriori re-
construction with FrIM can divide the MSE by two com-
pared with the performance of the modal minimum norm
approach. Moreover, the fractal iterative method had al-
ready been demonstrated by Thiébaut and Tallon [9] to be
a fast wavefront reconstruction method, so that the maxi-
mum a posteriori optimal reconstructor can effectively be
of benefit to large AO systems.

APPENDIX A: FACTORIZATION BY
GENERALIZED SINGULAR-VALUE
DECOMPOSITION
In order to compare MNML and MAP wavefront recon-
struction, we need unified expressions of their reconstruc-
tors and of the resulting MSE’s. In this Appendix we de-
rive these expressions by means of the generalized
singular-value decomposition (GSVD) of the square roots
of the matrices A=ST ·We ·S and Ww that appear in the
denominator of RMAP given by Eq. (22).

By Cholesky decomposition of the noise covariance C� e

=We
−1, we derive

We = L−T · L−1 �A1�

where L�R
m�m is a nonsingular matrix. Then the matrix

M = L−1 · S �A2�

is the square root of A as MT ·M=A. Besides, since (see
Section 2) C� w=K ·KT, K−1 is the square root of Ww=C� w

−1.
The objective is now to use GSVD [30] to simulta-

neously diagonalize M�R
m�n and K−1

�R
n�n. Since K−1

is regular, we actually tackle a particular case of GSVD,
which is detailed in what follows.

We first proceed to a singular-value decomposition
(SVD [30,31]) of the rectangular matrix M ·K�R

m�n:

M · K = V1 · � · V2
T, �A3�

where V1�R
m�m and V2�R

n�n are two unitary matrices,
i.e., V1 ·V1

T=V1
T ·V1=Im and V2 ·V2

T=V2
T ·V2=In. The con-

sidered SVD algorithm [30] lets us write the rectangular
matrix ��R

m�n as

� = ��11 0

0 0� with �11 = diag��1,�2, . . . ,�p�, �A4�

where the singular values are such that �1��2� ¯ ��p

�0 and where p�min�m ,n� is the rank of M ·K, which is
also that of M.

The next step consists of the QR decomposition [30,31]
of the regular matrix K ·V2:

K · V2 = Q · U, �A5�

where Q�R
n�n is unitary and U�R

n�n is an upper-
triangular regular matrix. Using block notation,

U = �U11 U12

0 U22
� , �A6�

where U11�R
p�p and U22�R

�n−p���n−p� are regular upper-
triangular matrices and U12�R

n��n−p�. One may notice
that the U22 and U12 blocks do not exist when M is full
rank, i.e., for an invertible measurement operator S. Fur-
thermore, U12=0 only if orthogonality between ker�M ·K�
and ker��M ·K� is maintained after application of the K

operator to these subspaces. In such a case, the
minimum-norm solution in the modal space is also the
minimum-norm solution in the zonal one.

Finally, we can express the GSVD of M and K−1:

M = V1 · � · U−1 · QT, �A7�

K−1 = V2 · U−1 · QT. �A8�

If K is unitary, that is, if Ww=K ·KT=I, then the matrix U

is also unitary (in fact, U becomes useless in the decom-
position) and Eqs. (A7) and (A8) will be plain (not gener-
alized) SVDs.

Using the GSVD of M and K−1, we can factorize the nu-
merator and the terms in the denominator of the MAP re-
constructor in Eq. (22),

ST · We = Q · U−T · �T · V1
T · L−1,

ST · We · S = MT · M = Q · U−T · �T · � · U−1 · QT,

Ww = K−T · K−1 = Q · U−T · U−1 · QT,

to rewrite RMAP as in Eq. (23).
To simplify the MNML reconstructor RKL in Eq. (21),

we use the GSVD of M and K−1 to compute

KT · ST · We · S · K = V2 · �T · � · V2
T,

�KT · ST · We · S · K�† = V2 · ��T · ��† · V2
T, �A9�

and we note that for the particular matrix � defined in
Eq. (A4), we have

��T · ��† · �T = �† = �11
−1 0

0 0
� �A10�

to finally obtain the expression of RKL given in Eq. (24).
Using GSVD to rewrite RMNML is not as straightfor-

ward as for the other reconstructors. We first rewrite the
normal equations [see Eq. (17)], which must be obeyed by
any ML solution, as

Q · U−T · �T · � · U−1 · QT · w = Q · U−T · �T · V1
T · L−1 · d.

Since Q and U are invertible, we introduce the invertible
change of variables w=Q ·U ·y and simplify the normal
equations:
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�T · � · y = �T · z with z = V1
T · L−1 · d.

Using the same block decomposition as for U in Eq. (A6)
and � in Eq. (62), y= �y1

T ,y2
T�T and z= �z1

T ,z2
T�T, the normal

equations are equivalent to

y1 = �11
−1 · z1.

As Q is unitary, the Euclidean quadratic norm of w ex-
pands as

�w�2
2 = �U · y�2

2 = �U11 · y1 + U12 · y2�2
2 + �U22 · y2�2

2,

which, as y1 is uniquely set by the normal equations,
must be minimized with respect to y2 to obtain the
MNML solution. Taking the derivatives of �w�2

2 with re-
spect to y2, this is achieved by solving

�U12
T · U12 + U22

T · U22� · y2 = − U12
T · U11 · y1.

In the left-hand-side matrix above, U12
T ·U12 is at least

positive semidefinite and, as U22 is invertible, U22
T ·U22 is

positive definite. The left-hand-side matrix is therefore
positive definite and invertible, which means that y2 is
uniquely defined. Hence

yMNML = y1

y2
� = Z · �† · z with Z =  I11 Z12

Z21 Z22
� ,

�A11�

where I11 is the p�p identity matrix, and:

Z21 = − �U12
T · U12 + U22

T · U22�−1 · U12
T · U11. �A12�

Note that Z12 and Z22 are irrelevant to the computation of
yMNML and can be any matrices. Without loss of general-
ity, one can take Z12=0 and Z22=0. Finally, the MNML
wavefront can be written

wMNML = Q · U · Z · �† · V1
T · L−1 · d,

and the corresponding reconstructor RMNML is Eq. (25).

APPENDIX B: BIAS, VARIANCE, AND MSE
EXPRESSIONS
A general formulation is found to describe the three re-
constructors with common notation, according to Eqs.
(26)–(29). From this notation, one can insert the various
G forms into Eqs. (30) and (31) to obtain the bias, vari-
ance, and MSE associated with each reconstructor. Such
expressions are derived in this section.

Taking G=�† yields the bias, variance and MSE of the
modal MNML reconstructor in Karhunen–Loève basis:

bKL = aw tr�W · �I − �† · �� · �I − �† · ��T� = aw tr�W22�,

�B1�

vKL = ae tr�W · �† · ��†�T� = ae tr�W11 · �11
−2�, �B2�

�KL
2 = ae tr�W11 · �11

−2� + aw tr�W22�, �B3�

where we make use of the block decomposition of W over
the same subspaces as �:

W = W11 W12

W21 W22
� , �B4�

with W11�R
p�p and W22�R

�n−p���n−p�.
Taking G=GMAP from Eq. (28) and noticing that

I − GMAP · � = �0��T · � + �0I�−1,

yields the bias, variance, and MSE of the MAP recon-
structor:

bMAP = �0ae tr�W · ��T · � + �0I�−2�

= �0ae tr�W11 · ��11
2 + �0I11�−2� + aw tr�W22�,

�B5�

vMAP = ae tr�W · �T · � · ��T · � + �0I�−2�

= ae tr�W11 · �11
2 · ��11

2 + �0I11�−2�, �B6�

�MAP
2 = ae tr�W · ��T · � + �0I�−1�. �B7�

Quantifying the MSE of the MNML reconstructor in
the zonal description requires some more algebra. We
first note that

I − GMNML · � = I − Z · �† · � =  0 0

− Z21 I22
� ,

hence

�I − GMNML · �� · �I − GMNML · ��T = 0 0

0 I22 + Z21 · Z21
T � ,

which lets us write the bias of the zonal MNML as

�B8�

By the Sherman–Morrison–Woodbury identity [15] and
since U22 is invertible, the matrix Z21 in Eq. (A12) can be
rewritten as

Z21 = − U22
−1 · U22

−T · U12
T · �I11 + B11�−1 · U11, �B9�

where I11 is the identity over R
p and

B11 = U12 · U22
−1 · U22

−T · U12
T . �B10�

As a result of the block decomposition,

U · GMNML = Y11 · �11
−1 0

Y21 · �11
−1 0

�
with

Y11 = U11 + U12 · Z21 = �I11 + B11�−1 · U11,

Y21 = U22 · Z21 = − U22
−T · U12

T · �I11 + B11�−1 · U11.
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Then, considering the non-AO-specific case, the variance
of the zonal MNML reconstructor can be written:

vMNML = tr�U · GMNML · GMNML
T · UT�ae/n

= tr�Y11
T · Y11 · �11

−2�ae/n + tr�Y21
T · Y21 · �11

−2�ae/n

= tr�U11
T · U11 · �11

−2 · �I11 + B11�−1�ae/n,

and finally, noting that W11=U11
T ·U11 /n, the variance of

the zonal MNML estimator is

vMNML = aetr�W11 · �11
−2 · �I11 + B11�−1�. �B11�

The matrix B11 is by construction positive semidefinite;
then �I11+B11�−1�I11 and therefore vMNML�vKL in Eq.
(72).
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✺✳✹ ▲❛ ❝♦♠♣❛r❛✐s♦♥ t❤é♦r✐q✉❡ ❞❡s ❡rr❡✉rs

➚ ♣❛rt✐r ❞✬✉♥❡ ❞é❝♦♠♣♦s✐t✐♦♥ ❡♥ ✈❛❧❡✉rs s✐♥❣✉❧✐èr❡s ❞✉ ♣r♦❝❡ss✉s ❞❡ ♠❡s✉r❡ ❣é♥é✲
r❛❧✐sé ❞é✜♥✐ ❞❛♥s ❧✬éq✉❛t✐♦♥ ✭✺✳✹✮✱ ✐✳❡✳

L−1 ·S ·K = V1 ·Σ ·VT
2 , ✭✺✳✶✽✮

❥✬❛✐ ♠♦♥tré ❞❛♥s ❧✬❛rt✐❝❧❡ ♣ré❝é❞❡♥t q✉❡ ❧❡s tr♦✐s r❡❝♦♥str✉❝t❡✉rs ❝✐tés ♣♦✉✈❛✐❡♥t s✬é❝r✐r❡
s♦✉s ❧❛ ❢♦r♠❡

R = Q ·U ·D ·V1 ·L ✭✺✳✶✾✮

❛✈❡❝ ✉♥✐q✉❡♠❡♥t ❧❛ ♠❛tr✐❝❡ D q✉✐ r❡st❡ ♣❛rt✐❝✉❧✐èr❡ à ❝❤❛q✉❡ ♠ét❤♦❞❡✱ ✐✳❡✳

DKL = Σ† ✭✺✳✷✵✮

DMAP =
(
ΣT ·Σ + µ0 I

)−1 ·ΣT ✭✺✳✷✶✮

DMNML = Z ·Σ† . ✭✺✳✷✷✮

▲❡s ♠❛tr✐❝❡s V1 ❡t V2 s♦♥t ❞❡✉① ♠❛tr✐❝❡s ♦rt❤♦❣♦♥❛❧❡s✳ ▲❛ ♠❛tr✐❝❡ Σ ❡st ✉♥❡ ♠❛tr✐❝❡
❞✐❛❣♦♥❛❧❡ ❞❡s ✈❛❧❡✉rs s✐♥❣✉❧✐èr❡s ❝❧❛ssé❡s ♣❛r ♦r❞r❡ ❞é❝r♦✐ss❛♥t✳ ▲❡s ♠❛tr✐❝❡sQ ❡t U s♦♥t
♦❜t❡♥✉❡s ♣❛r ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ ◗❘ ❞❡ K ·V2✳ ▲❛ ♠❛tr✐❝❡ Z ❛ ✉♥❡ str✉❝t✉r❡ ♣❛rt✐❝✉❧✐èr❡
q✉❡ ❥❡ ♥❡ ❞ét❛✐❧❧❡ ♣❛s ✐❝✐ ✭❝❢✳ ❛rt✐❝❧❡✮✳ ❊♥✜♥✱ ❥❡ r❛♣♣❡❧❧❡ q✉❡ ❥✬❛✐ ♠♦❞✐✜é ❧❛ ♥♦t❛t✐♦♥ G

❞❡ ❧✬❛rt✐❝❧❡ ♣♦✉r ❧❛ r❡♠♣❧❛❝❡r ♣❛r ❧❛ ♥♦t❛t✐♦♥ D✱ ❛✜♥ ❞✬é✈✐t❡r t♦✉t❡ ❝♦♥❢✉s✐♦♥ ❛✈❡❝ ❧❛
♠❛tr✐❝❡ ❞✬✐♥tér❛❝t✐♦♥ ❞✉ s②stè♠❡ ✐♥tr♦❞✉✐t❡ à ❧❛ s❡❝t✐♦♥ ✷✳✺✳ ❖♥ ♥♦t❡ q✉❡ ❧❡s ❞✐✛ér❡♥t❡s
❢♦r♠❡s ❞❡ ❧❛ ♠❛tr✐❝❡ D ❞❛♥s ❧❡s éq✉❛t✐♦♥s ✭✺✳✷✵✮✲✭✺✳✷✷✮ ✐❧❧✉str❡♥t ❧❡s ❛♣♣r♦①✐♠❛t✐♦♥s
❢❛✐t❡s ❞❡ ❧✬✐♥✈❡rs❡ ❞❡ Σ ♣❛r ❧❡s r❡❝♦♥str✉❝t❡✉rs✱ ❝✬❡st✲à✲❞✐r❡ ❞❡ ❧✬✐♥✈❡rs❡ ❞✉ ♣r♦❝❡ss✉s ❞❡
♠❡s✉r❡ ❣é♥ér❛❧✐sé✳

➚ ♣❛rt✐r ❞❡ ❝❡ ❢♦r♠❛❧✐s♠❡ ❝♦♠♠✉♥✱ ❥✬❛✐ ♣✉ ❝♦♠♣❛r❡r ❧❡s ❝♦♥tr✐❜✉t✐♦♥s ❞✬❡rr❡✉r ❞❡s
tr♦✐s r❡❝♦♥str✉❝t❡✉rs ❝✐tés✳

✺✳✹✳✶ ▲❡ r❡❝♦♥str✉❝t❡✉r RKL

bKL = σ2
e

i=n∑

i=p+1

Wi,i

µ0
, ✭✺✳✷✸✮

vKL = σ2
e

i=p∑

i=1

Wi,i

σ2
i

, ✭✺✳✷✹✮

〈
ǫ2
〉
KL

= σ2
e




i=p∑

i=1

Wi,i

σ2
i

+

i=n∑

i=p+1

Wi,i

µ0


 , ✭✺✳✷✺✮

♦ù ❧❡s (Wi,i)1≤i≤n s♦♥t ❧❡s é❧é♠❡♥ts ❞✐❛❣♦♥❛✉① ❞✬✉♥❡ ♠❛tr✐❝❡ s②♠étr✐q✉❡ ♣♦s✐t✐✈❡ W ∈
R

n×n ✳ ▲❡s (σi)1≤i≤p s♦♥t ❧❡s ✈❛❧❡✉rs s✐♥❣✉❧✐èr❡s ♥♦♥ ♥✉❧❧❡s ❞✉ ♣r♦❝❡ss✉s ❞❡ ♠❡s✉r❡✳
❈❡ s♦♥t ❞♦♥❝ ❧❡s é❧é♠❡♥ts ♥♦♥ ♥✉❧s ❞❡ Σ✱ ❡t p ❡st ❧❡ r❛♥❣ ❞✉ ♣r♦❝❡ss✉s ❞❡ ♠❡s✉r❡✳ ▲❛
♠❛tr✐❝❡ W ❡t ❧❡s σi ♥❡ ❞é♣❡♥❞❡♥t q✉❡ ❞❡s ❞✐♠❡♥s✐♦♥s ❞✉ s②stè♠❡✱ ❞❡ s❛ ♠♦❞é❧✐s❛t✐♦♥
❡t ❞❡s ❝♦rré❧❛t✐♦♥s ❞✉ s✐❣♥❛❧ ❡t ❞✉ ❜r✉✐t✳ ❊♥ r❡✈❛♥❝❤❡✱ ✉♥❡ ♠♦❞✐✜❝❛t✐♦♥ ❞✉ ♥✐✈❡❛✉ ❞❡
t✉r❜✉❧❡♥❝❡ σ2

w ♦✉ ❞✉ ♥✐✈❡❛✉ ❞❡ ❜r✉✐t σ2
e ♥✬❛ ♣❛s ❞✬❡✛❡t s✉r ❝❡s ❣r❛♥❞❡✉rs✳
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✺✳✹✳✷ ▲❡ r❡❝♦♥str✉❝t❡✉r RMAP

❆✈❡❝ ❧❡s ♠ê♠❡s ♥♦t❛t✐♦♥s✱

bMAP = σ2
e




i=p∑

i=1

µ0Wi,i(
µ0 + σ2

i

)2 +

i=n∑

i=p+1

Wi,i

µ0


 , ✭✺✳✷✻✮

vMAP = σ2
e

(
i=p∑

i=1

σ2
i Wi,i(

µ0 + σ2
i

)2

)
✭✺✳✷✼✮

〈
ǫ2
〉
MAP

= σ2
e




i=p∑

i=1

Wi,i

µ0 + σ2
i

+

i=n∑

i=p+1

Wi,i

µ0


 . ✭✺✳✷✽✮

✺✳✹✳✸ ▲❡ r❡❝♦♥str✉❝t❡✉r RMNML

❏❡ ♠♦♥tr❡ ✉♥✐q✉❡♠❡♥t q✉❡

bMNML = bKL + b0 , ✭✺✳✷✾✮

❛✈❡❝ b0 ≥ 0✳ ❆✉❝✉♥❡ ❡①♣r❡ss✐♦♥ s✐♠♣❧❡ ❞❡ vMNML ❡t ❞❡ 〈ǫ2〉MNML ♥✬❛ été tr♦✉✈é❡ ♣♦✉r
♣♦✉✈♦✐r ❧❡s ❝♦♠♣❛r❡r ❛❧❣é❜r✐q✉❡♠❡♥t ❛✈❡❝ ❧❡s ❡rr❡✉rs ❞❡s ❛✉tr❡s ♠ét❤♦❞❡s✳

✺✳✹✳✹ ❙②♥t❤ès❡

▲❡ ❝❤♦✐① ❞✬✉♥ r❡❝♦♥str✉❝t❡✉r RKL✱ ✐✳❡✳ ❞❡ ♠❛①✐♠✉♠ ❞❡ ✈r❛✐s❡♠❜❧❛♥❝❡ ❡t ❞❡ ♠♦✐♥❞r❡
♥♦r♠❡ ❞❛♥s ✉♥ ❡s♣❛❝❡ ❞❡ ♠♦❞❡s st❛t✐st✐q✉❡♠❡♥t ✐♥❞é♣❡♥❞❛♥ts✱

✕ ✐♠♣❧✐q✉❡ q✉❡ ❧❡ ❜✐❛✐s bKL ❡st ❧❡ rés✉❧t❛t ❞❡ t♦✉s ❧❡s ♠♦❞❡s ♥♦♥✲✈✉s ❞✉ s②stè♠❡ ❞❡
♠❡s✉r❡

✕ ✐♠♣❧✐q✉❡✱ ❡♥ r❡✈❛♥❝❤❡✱ q✉❡ ❧❛ ♣r♦♣❛❣❛t✐♦♥ ❞✉ ❜r✉✐t ♥❡ s❡ ❢❛✐t q✉✬à tr❛✈❡rs ❧✬❡s♣❛❝❡
❞❡s ♠♦❞❡s ♥♦♥✲s✐♥❣✉❧✐❡rs

✕ ✐♠♣❧✐q✉❡ q✉❡ ♣❧✉s ❧❛ ✈❛❧❡✉r s✐♥❣✉❧✐èr❡ σi ❞✬✉♥ ♠♦❞❡ ❡st ❞❡ ♠♦❞✉❧❡ ❢❛✐❜❧❡ ✭♠❛✐s
♥♦♥ ♥✉❧✮✱ ♣❧✉s ❧❛ ♣r♦♣❛❣❛t✐♦♥ ❞✉ ❜r✉✐t s✉r ❝❡ ♠♦❞❡ r❡❝♦♥str✉✐t ❡st ❢♦rt❡

✕ ❡♥❣❡♥❞r❡ ✉♥ ❜✐❛✐s bKL ♣r♦♣♦rt✐♦♥♥❡❧ à σ2
w ♠❛✐s ✐♥❞é♣❡♥❞❛♥t ❞✉ ♥✐✈❡❛✉ ❞❡ ❜r✉✐t

σ2
e

✕ ❡♥❣❡♥❞r❡✱ ❛✉ ❝♦♥tr❛✐r❡✱ ✉♥❡ ✈❛r✐❛♥❝❡ ❞✬❡rr❡✉r vKL ♣r♦♣♦rt✐♦♥♥❡❧❧❡ à σ2
e ♠❛✐s ✐♥✲

❞é♣❡♥❞❛♥t❡ ❞✉ ♥✐✈❡❛✉ ❞❡ t✉r❜✉❧❡♥❝❡ σ2
w

✕ ♠✐♥✐♠✐s❡ ❧❡ ❜✐❛✐s ✿ ✐❧ ❡st ✐♥❢ér✐❡✉r à ❝❡❧✉✐ ❞✉ r❡❝♦♥str✉❝t❡✉r ▼❆P ❡t ✐♥❢ér✐❡✉r à t♦✉t
❛✉tr❡ r❡❝♦♥str✉❝t❡✉r ❞❡ t②♣❡ ♠❛①✐♠✉♠ ❞❡ ✈r❛✐s❡♠❜❧❛♥❝❡ ❡t ❞❡ ♠♦✐♥❞r❡ ♥♦r♠❡
✭q✉❡❧ q✉❡ s♦✐t ❧✬❡s♣❛❝❡ ❝❤♦✐s✐✮

P♦✉r ❧❡ r❡❝♦♥str✉❝t❡✉r ▼❆P ✿
✕ ❧❡ ❜✐❛✐s ❡st à ❧❛ ❢♦✐s ❧❡ rés✉❧t❛t ❞❡s ♠♦❞❡s ♥♦♥✲✈✉s ✭❞♦♥❝ bKL✮ ❡t ❞✬✉♥❡ ❡rr❡✉r

❝♦♠♠✐s❡ s✉r ❧❡s ♠♦❞❡s ♥♦♥✲s✐♥❣✉❧✐❡rs
✕ ❧❡ ❜✐❛✐s bMAP ❡st ❞♦♥❝ t♦✉❥♦✉rs ♣❧✉s ❣r❛♥❞ q✉❡ bKL

✕ ❧❛ ♣r♦♣❛❣❛t✐♦♥ ❞✉ ❜r✉✐t ❡st ♣❧✉s ❢❛✐❜❧❡ q✉✬❛✈❡❝ ❧❡ r❡❝♦♥str✉❝t❡✉r ▼◆▼▲✲❑▲
✕ ❧✬❡rr❡✉r q✉❛❞r❛t✐q✉❡ ♠♦②❡♥♥❡ t♦t❛❧❡ 〈ǫ2〉r❡❝♦♥st ❡st ♥é❛♥♠♦✐♥s t♦✉❥♦✉rs ♣❧✉s ❢❛✐❜❧❡

♣♦✉r ❧❡ r❡❝♦♥str✉❝t❡✉r ▼❆P ✭♣❛r ❞é✜♥✐t✐♦♥✮✱ ❞✉ ❢❛✐t q✉✬✐❧ ❝♦♥tr❛✐♥t ♠✐❡✉① ❧❛
♣r♦♣❛❣❛t✐♦♥ ❞✉ ❜r✉✐t s✉r ❧❡s ♠♦❞❡s ♥♦♥✲s✐♥❣✉❧✐❡rs
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✕ ❧❡ ❣❛✐♥ ❡♥ 〈ǫ2〉r❡❝♦♥st ❡♥tr❡ ✉♥ r❡❝♦♥str✉❝t❡✉r RKL ❡t ❧❡ r❡❝♦♥str✉❝t❡✉r ▼❆P ❡st
❞✬❛✉t❛♥t ♣❧✉s s✐❣♥✐✜❝❛t✐❢ q✉❡ ❧❡ r❛♣♣♦rt s✐❣♥❛❧ à ❜r✉✐t ❞é❝r♦ît ✭µ0 ❝r♦✐ss❛♥t✮✱ ❝❡
q✉✐ ❝♦♥✜r♠❡ ❧✬✐♥térêt ❞✬✉t✐❧✐s❡r ❞❡ ❜♦♥s ❛ ♣r✐♦r✐ ❧♦rsq✉❡ ❧❛ q✉❛❧✐té ❞❡s ❞♦♥♥é❡s s❡
❞é❣r❛❞❡

P♦✉r ❧❡ r❡❝♦♥str✉❝t❡✉r RMNML✱ ❡♥✜♥ ✿
✕ ❧❡ ❜✐❛✐s bMNML ❡st t♦✉❥♦✉rs ♣❧✉s ❣r❛♥❞ q✉❡ bKL

✕ ❧❛ ♣r♦♣❛❣❛t✐♦♥ ❞✉ ❜r✉✐t ❡st ♠✐❡✉① ❝♦♥tr❛✐♥t❡ q✉❡ ♣♦✉r ✉♥ r❡❝♦♥str✉❝t❡✉r RKL

✕ ✐❧ ♥✬❛ ♣❛s été ♣♦ss✐❜❧❡ ❞❡ ❢♦✉r♥✐r ❞❡ ❝♦♠♣❛r❛✐s♦♥ ❞❡ 〈ǫ2〉r❡❝♦♥st ❞❛♥s ❝❡ ❝❛s ❛✈❡❝
❧❡s ❛✉tr❡s ♠ét❤♦❞❡s

✕ ❧❡s s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s ♣rés❡♥té❡s ❞❛♥s ❧❛ s✉✐t❡ ❞❡ ❝❡ ❝❤❛♣✐tr❡ ♣❡r♠❡tt❡♥t
❞✬❡✛❡❝t✉❡r ✉♥❡ ❝♦♠♣❛r❛✐s♦♥ ❞❡ 〈ǫ2〉r❡❝♦♥st ❛✈❡❝ ❧❡s ❛✉tr❡s r❡❝♦♥str✉❝t❡✉rs

❈❡tt❡ ét✉❞❡ ♠♦♥tr❡ ❝♦♠♠❡♥t ❧❡ ❝❤♦✐① ❥✉❞✐❝✐❡✉① ❞❡ ❧✬❡s♣❛❝❡ ❞❡s ♣❛r❛♠ètr❡s ❡t ❞❡ ❧❛
ré❣✉❧❛r✐s❛t✐♦♥ ♣❡✉t ✐♥✢✉❡♥❝❡r ❧❛ ♣ré❝✐s✐♦♥ ♦✉ ❧❛ st❛❜✐❧✐té ❞❡ ❧❛ s♦❧✉t✐♦♥✳ ■❧ ❡st ✐♥tér❡ss❛♥t
❞❡ ♥♦t❡r q✉❡✱ ❧❡ s②stè♠❡ ét❛♥t ❧✐♥é❛✐r❡✱ ❧❡ ♣❛r❛♠ètr❡ µ0 = σ2

e/σ
2
w ❡st ✐♥✈❡rs❡♠❡♥t

♣r♦♣♦rt✐♦♥♥❡❧ ❛✉ ❝❛rré ❞✉ r❛♣♣♦rt s✐❣♥❛❧ à ❜r✉✐t✳ ❈❡ ❧✐❡♥ s❡r❛ ❞ét❛✐❧❧é ♣❛r ❧❛ s✉✐t❡✳
■❧ ❡st é❣❛❧❡♠❡♥t ♣♦ss✐❜❧❡ ❞❡ ❝♦♠♣❛r❡r ❧❡s rés✉❧t❛ts ❛✈❡❝ ✉♥ r❡❝♦♥str✉❝t❡✉r tr♦♥q✉é

✭●❡♥❞r♦♥ ❡t ▲❡♥❛✱ ✶✾✾✹✮✱ très s♦✉✈❡♥t ✉t✐❧✐sé ❡♥ ♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡✳ ❉❛♥s ❧✬❡s♣❛❝❡ ❞❡s
♣❛r❛♠ètr❡s u✱ ✉♥ t❡❧ r❡❝♦♥str✉❝t❡✉r ❡st ❞é✜♥✐ ❡♥ ✜①❛♥t ✉♥ s❡✉✐❧ σ2

0 > 0✱ s✐ ❜✐❡♥ q✉❡ D

❡st ✉♥❡ ♠❛tr✐❝❡ ❞✐❛❣♦♥❛❧❡ ❛✈❡❝ ♣♦✉r i ❞❡ 1 à n✱

Dtr♦♥❝ i,i =

{
1/σ2

i si σ2
i ≥ σ2

0

0 sinon
✭✺✳✸✵✮

❈❡tt❡ tr♦♥❝❛t✉r❡ éq✉✐✈❛✉t à ✉t✐❧✐s❡r ❧❡ r❡❝♦♥str✉❝t❡✉r RKL ❛✈❡❝ ✉♥ r❛♥❣ p ré❞✉✐t ♣♦✉r ❧❡
♣r♦❝❡ss✉s ❞❡ ♠❡s✉r❡✳ ▲❡s ❡rr❡✉rs ♦♥t ❞♦♥❝ ❧❛ ♠ê♠❡ ❢♦r♠❡ q✉❡ ❞❛♥s ❧❡s éq✉❛t✐♦♥s ✭✺✳✷✸✮✲
✭✺✳✷✺✮✱ ❛✈❡❝ ✉♥ p ✐♥❢ér✐❡✉r✳ ❈❡tt❡ str❛té❣✐❡ ❞é❝r♦ît ❧❡ ♥♦♠❜r❡ ❞❡ ♠♦❞❡s s✉r ❧❡sq✉❡❧s s❡
♣r♦♣❛❣❡♥t ❧❡ ❜r✉✐t✱ ❝✬❡st✲à✲❞✐r❡ ❧❡ ♥♦♠❜r❡ ❞❡ t❡r♠❡s ❞❛♥s ❧❛ s♦♠♠❡ ✭✺✳✷✹✮✳ ❊❧❧❡ ♣❡r♠❡t
❞❡ ❧✐♠✐t❡r ❧❛ ♣r♦♣❛❣❛t✐♦♥ ❞✉ ❜r✉✐t s✉r ❧❡s ♠♦❞❡s ♠❛❧ ❡st✐♠és✱ ❝❡✉① ♣♦✉r ❧❡sq✉❡❧s σ2

i ❡st
❢❛✐❜❧❡✳ ❊♥ r❡✈❛♥❝❤❡✱ ❝❡❝✐ ❛❝❝r♦ît ❛rt✐✜❝✐❡❧❧❡♠❡♥t ❧✬❡s♣❛❝❡ ❞❡s ♠♦❞❡s s✐♥❣✉❧✐❡rs✱ ❡t ❞♦♥❝
❧✬❡rr❡✉r ❞❡ ❜✐❛✐s ❞✉ r❡❝♦♥str✉❝t❡✉r ❞❛♥s ❧✬éq✉❛t✐♦♥ ✭✺✳✷✸✮✳

✺✳✺ ❈♦♥❝❧✉s✐♦♥

▲✬❛♥❛❧②s❡ ❛❧❣é❜r✐q✉❡ ♠❡t ❡♥ é✈✐❞❡♥❝❡ ♣❛r ❞❡s éq✉❛t✐♦♥s ✜♥❛❧❡♠❡♥t s✐♠♣❧❡s q✉❡ ❧❡
r❡❝♦♥str✉❝t❡✉r ▼❆P ❢♦✉r♥✐t ❧❡ ❝♦♠♣r♦♠✐s ♦♣t✐♠❛❧ ❡♥tr❡ ❜✐❛✐s ❡t ✈❛r✐❛♥❝❡✳

❯♥❡ r❡♠❛rq✉❡ ❡ss❡♥t✐❡❧❧❡ ❞❡ ❝❡tt❡ s②♥t❤ès❡ ❡st q✉✬❡❧❧❡ ❛ été ♠❡♥é❡ ❞❡ ❧❛ ❢❛ç♦♥ ❧❛ ♣❧✉s
❣é♥ér❛❧❡ ♣♦ss✐❜❧❡✱ ♣♦✉r ✉♥ ♣r♦❜❧è♠❡ ✐♥✈❡rs❡ ♠✉❧t✐✲✈❛r✐❛❜❧❡s✱ s✐♠♣❧❡ ❛✉ s❡♥s ❞♦♥♥é ❛✉
❝❤❛♣✐tr❡ ✹✱ ❛✈❡❝ ✉♥ ♠♦❞è❧❡ ❞❡ ♠❡s✉r❡ ❧✐♥é❛✐r❡ ❡t ❞❡s st❛t✐st✐q✉❡s ❞❡ ❜r✉✐t ❡t ❞❡ s✐❣♥❛❧
●❛✉ss✐❡♥♥❡s ❝❡♥tré❡s✳ ❊❧❧❡ s✬❛♣♣❧✐q✉❡ ❞♦♥❝ ❞❛♥s t♦✉s ❧❡s ❞♦♠❛✐♥❡s✳ ❉❛♥s ❧❡ ❝❛s ❞❡
❧✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡✱ ❛✉❝✉♥❡ ❤②♣♦t❤ès❡ ♣❛rt✐❝✉❧✐èr❡ ♥✬❛ été ❢❛✐t❡ s✉r ❧❡ t②♣❡ ❞✬❛♥❛❧②s❡✉r
✉t✐❧✐sé✱ ♥✐ s✉r s❛ ♠♦❞é❧✐s❛t✐♦♥ ✭❡①❝❡♣té ❧❛ ❧✐♥é❛r✐té✮✱ ♥✐ s✉r ❧❛ ❢réq✉❡♥❝❡ ❞❡ ❝♦✉♣✉r❡ ❞❡
❧✬❛♣♣r♦①✐♠❛t✐♦♥ ③♦♥❛❧❡ ❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡✳

P❛r ❛✐❧❧❡✉rs✱ ❝❡s ❝♦♥❝❧✉s✐♦♥s ♣❡✉✈❡♥t êtr❡ ❢❛❝✐❧❡♠❡♥t ❣é♥ér❛❧✐sé❡s à ✉♥ s②stè♠❡ ❞✬♦♣✲
t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ❞❡ ❝❤❛♠♣ ❧❛r❣❡ ♦✉ ❞❡ t♦♠♦❣r❛♣❤✐❡ ❧❛s❡r✳ ■❧ s✉✣t ♣♦✉r ❝❡❧❛ ❞❡ ❝♦♥❝❛té✲
♥❡r ❧❡s ♠❡s✉r❡s ❡t ❧❡ ❜r✉✐t ♣r♦✈❡♥❛♥t ❞❡s ❞✐✛ér❡♥ts ❛♥❛❧②s❡✉rs à ❧✬✐♥tér✐❡✉r ❞❡s ✈❡❝t❡✉rs
d ❡t e ❡t ❧❡s ♠✉❧t✐♣❧❡s s✉r❢❛❝❡s ❞✬♦♥❞❡ ♣❛r❛♠étré❡s ❞❛♥s ❧❡s ❝♦✉❝❤❡s ❡♥ ❛❧t✐t✉❞❡ ❞❛♥s
❧❡ ✈❡❝t❡✉r w ✭❊❧❧❡r❜r♦❡❦ ❡t ❛❧✳✱ ✶✾✾✹❀ ❋✉s❝♦ ❡t ❛❧✳✱ ✷✵✵✶✮✳ ▲❡s ♠♦❞è❧❡s ❞✬❛♥❛❧②s❡✉rs r❛s✲
s❡♠❜❧és ❞❛♥s S ❞♦✐✈❡♥t ❝♦♥t❡♥✐r ❧❛ ♠♦❞é❧✐s❛t✐♦♥ ❞❡ ❧❛ ♣r♦♣❛❣❛t✐♦♥ ❞❡s s✉r❢❛❝❡s ❞✬♦♥❞❡
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❥✉sq✉✬à ❧❛ ♣✉♣✐❧❧❡ ❞✉ té❧❡s❝♦♣❡ ❞❛♥s ❧❛ ❞✐r❡❝t✐♦♥ ❞✬❛♥❛❧②s❡ ❞❡ ❝❤❛q✉❡ ❛♥❛❧②s❡✉r✳ ❈❡❝✐ ❡st
✉♥ ♣r♦❝❡ss✉s ❧✐♥é❛✐r❡✳ ❊♥✜♥✱ ❧✬♦♣ér❛t❡✉r P ❞♦✐t êtr❡ ♠♦❞✐✜é s✉✐✈❛♥t ❧❡ ❝r✐tèr❡ ❞❡ ♣❡r❢♦r✲
♠❛♥❝❡ r❡❝❤❡r❝❤é✳ P❛r ❡①❡♠♣❧❡✱ s✐ ❧❛ ❝♦rr❡❝t✐♦♥ ❞♦✐t êtr❡ ♦♣t✐♠✐sé❡ ❞❛♥s ✉♥❡ ❞✐r❡❝t✐♦♥
❞❡ ✈✐sé❡ ♣❛rt✐❝✉❧✐èr❡✱ ❛❧♦rs P ❝♦♥t✐❡♥t ❧❛ ♠♦❞é❧✐s❛t✐♦♥ ❞❡ ❧❛ ♣r♦♣❛❣❛t✐♦♥ ❞❡s s✉r❢❛❝❡s
❞✬♦♥❞❡ ❝♦♥t❡♥✉❡s ❞❛♥s w ❡t ❞❛♥s ŵ à tr❛✈❡rs ❧❡s ❝♦✉❝❤❡s ❞❛♥s ❝❡tt❡ ❞✐r❡❝t✐♦♥ ❞❡ ✈✐sé❡✱
❥✉sq✉✬à ❛tt❡✐♥❞r❡ ❧❡ ♣❧❛♥ ♣✉♣✐❧❧❡ ♦ù ❧❡ ♠♦❞❡ ♣✐st♦♥ ❡st ôté❡ à ❧❛ ❞✐✛ér❡♥❝❡ ❞❡s s✉r❢❛❝❡s
❞✬♦♥❞❡ rés✉❧t❛♥t❡s✳ P♦✉r ✉♥❡ ♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ♠✉❧t✐✲❝♦♥❥✉❣✉é❡ ✭❖❆▼❈✮✱ ❧✬✉♥✐❢♦r✲
♠✐té ❞❡ ❧✬❡rr❡✉r q✉❛❞r❛t✐q✉❡ ♠♦②❡♥♥❡ ❡st r❡q✉✐s❡✳ ❈❡❝✐ ❝♦rr❡s♣♦♥❞ à ✐♥❝❧✉r❡ ❞❛♥s P
✉♥❡ ♠♦②❡♥♥❡ ✭♣❛r ✐♥té❣r❛❧❡✮ s✉✐✈❛♥t t♦✉t❡s ❧❡s ❞✐r❡❝t✐♦♥s βi ♣♦ss✐❜❧❡s ❞❛♥s ❧❡ ❝❤❛♠♣ à
❝♦rr✐❣❡r✳ ◗✉✬✐❧ s✬❛❣✐ss❡ ❞❡ ❧❛ ♣r♦♣❛❣❛t✐♦♥ ❞❡s s✉r❢❛❝❡s ❞✬♦♥❞❡ à tr❛✈❡rs ❧❡s ❝♦✉❝❤❡s ♦✉
❞❡ ❧❛ ♠♦②❡♥♥❡ ❞❛♥s ❧❡s ❞✐r❡❝t✐♦♥s ❞❡ ✈✐sé❡ à ❝♦rr✐❣❡r✱ ❝❡ s♦♥t ❞❡s ♣r♦❝❡ss✉s ❧✐♥é❛✐r❡s q✉✐
♣❡✉✈❡♥t êtr❡ ✐♥❝❧✉s ❞❛♥s ❧✬❛♥❛❧②s❡✱ s❛♥s ❡♥ ♠♦❞✐✜❡r ❧❡s ❝♦♥❝❧✉s✐♦♥s✳
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❈❤❛♣✐tr❡ ✻

▲❡s ❛❧❣♦r✐t❤♠❡s r❛♣✐❞❡s ❞❡

r❡❝♦♥str✉❝t✐♦♥

▲❡ ❝❤❛♣✐tr❡ ♣ré❝é❞❡♥t tr❛✐t❡ ❧❡ ♣r♦❜❧è♠❡ t❤é♦r✐q✉❡ ❞❡ ❧❛ r❡❝♦♥str✉❝t✐♦♥ ❞❡ s✉r❢❛❝❡
❞✬♦♥❞❡ ❞❡ ❢❛ç♦♥ s✉✣s❛♠♠❡♥t ❣é♥ér❛❧❡ ♣♦✉r q✉❡ s❡s rés✉❧t❛ts s♦✐❡♥t ❛♣♣❧✐q✉és à t♦✉s ❧❡s
❝♦♥❝❡♣ts ❞✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ❝♦♥ç✉s ♦✉ ❡♥✈✐s❛❣és ❛❝t✉❡❧❧❡♠❡♥t ❡♥ ❛str♦♥♦♠✐❡✳ ❉❛♥s
❧❡ ♣rés❡♥t ❝❤❛♣✐tr❡✱ ❥❡ s✉✐s ❛♠❡♥é❡ à ❡✛❡❝t✉❡r ❞❡s ❝❤♦✐① ❞❡ r❡♣rés❡♥t❛t✐♦♥ ♣❛rt✐❝✉❧✐❡rs
❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ ❡t ❞❡ ❧✬❛♥❛❧②s❡✉r ♣♦✉r ❞✐s❝✉t❡r ❞❡s ❞✐✣❝✉❧tés ❞✬✐♠♣❧é♠❡♥t❛t✐♦♥ ❞❡s
r❡❝♦♥str✉❝t❡✉rs q✉❛♥❞ n ❡st ❣r❛♥❞ ✭≥ 104✮✳

▲❛ ❞✐s❝✉ss✐♦♥ ❡st ♠❡♥é❡ s✉r ❧❛ ❜❛s❡ ❞✬✉♥❡ ♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ♠♦♥♦✲❝♦♥❥✉❣✉é❡
✭❖❆♠❈✮ ♦✉ ❡①trê♠❡ ✭❖❆❳✮✱ ❛✜♥ ❞❡ s✐♠♣❧✐✜❡r ❧❡s ♥♦t❛t✐♦♥s✳ ❊♥ ❞✬❛✉tr❡s t❡r♠❡s✱ ❧❛
s✉r❢❛❝❡ ❞✬♦♥❞❡ ❝♦♥s✐❞éré❡ w ❡st ❞❛♥s ❧❡ ♣❧❛♥ ♣✉♣✐❧❧❡ ❡t ✐❧ ♥✬② ❛ q✉✬✉♥ s❡✉❧ ❛♥❛❧②s❡✉r
❞♦♥t ❧❡ ♠♦❞è❧❡ ❡st ♥♦té S✳ ▲♦rsq✉❡ ❧❡s ❝♦♥s✐❞ér❛t✐♦♥s ♥❡ s♦♥t ♣❛s ❞✐r❡❝t❡♠❡♥t ét❡♥✲
❞❛❜❧❡s à ❞❡s s②stè♠❡s ❞✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ❞❡ ❝❤❛♠♣ ❧❛r❣❡ ♦✉ à ❧❛ t♦♠♦❣r❛♣❤✐❡✱ ❥❡ ❧❡
♣ré❝✐s❡✳

▲❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ ❡st r❡♣rés❡♥té❡ ③♦♥❛❧❡♠❡♥t ♣❛r ❧❡ ✈❡❝t❡✉r w ❞❡ R
n✳ ▲✬❛♥❛❧②s❡✉r

❡st ❞❡ t②♣❡ ❙❤❛❝❦✲❍❛rt♠❛♥♥✳ ▲❛ ♠♦❞é❧✐s❛t✐♦♥ ❞❡ ❧❛ ♠❛tr✐❝❡ S s❡ ❢❛✐t à ♣❛rt✐r ❞❡s
éq✉❛t✐♦♥s ❞✬❛♥❣❧❡s ❞✬❛rr✐✈é❡ t❤é♦r✐q✉❡s ✭✷✳✼✮✲✭✷✳✽✮✳ ❊♥ ✉t✐❧✐s❛♥t ❧❛ r❡♣rés❡♥t❛t✐♦♥ ③♦♥❛❧❡
w✱ ❧❛ ♠❛tr✐❝❡ S ❛ ❧✬❛✈❛♥t❛❣❡ ❞✬êtr❡ ❝r❡✉s❡✱ ♣✉✐sq✉❡ ❧✬✐♥té❣r❛❧❡ ❞❛♥s ❝❡s ❢♦r♠✉❧❡s ♣❡✉t
êtr❡ ♠♦❞é❧✐sé❡ à ❧✬❛✐❞❡ ❞❡ ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡s tr❛♣è③❡s✳ P♦✉r ❧❡ ♠♦❞è❧❡ ❞❡ ❋r✐❡❞ ❞❡
❧✬❛♥❛❧②s❡✉r ✭❝❢✳ éq✉❛t✐♦♥s ✭✷✳✶✷✮✲✭✷✳✶✸✮✮✱ w ❡st é❝❤❛♥t✐❧❧♦♥♥é❡ s♣❛t✐❛❧❡♠❡♥t ❛✈❡❝ ✉♥ ♣❛s
de = dl✱ é❣❛❧ à ❧❛ t❛✐❧❧❡ ❞✬✉♥❡ s♦✉s✲♣✉♣✐❧❧❡ ❞❡ ❧✬❛♥❛❧②s❡✉r ❡t S ♣♦ssè❞❡ ✹ é❧é♠❡♥ts ♥♦♥
♥✉❧s ♣❛r ❧✐❣♥❡✳

❏❡ r❡♣r❡♥❞s ❧❡s ✸ r❡❝♦♥str✉❝t❡✉rs ✐♥tr♦❞✉✐ts ❞❛♥s ❧❡ ❝❤❛♣✐tr❡ ♣ré❝é❞❡♥t✳ ▲❡ r❡❝♦♥s✲
tr✉❝t❡✉r ❞❡ ♠❛①✐♠✉♠ ❞❡ ✈r❛✐s❡♠❜❧❛♥❝❡ ❡t ❞❡ ♠♦✐♥❞r❡ ♥♦r♠❡ ③♦♥❛❧ RMNML ❡st ❧❡
r❡❝♦♥str✉❝t❡✉r ❧❛r❣❡♠❡♥t ét✉❞✐é ❞❛♥s ❧❛ ❧✐ttér❛t✉r❡ ❡♥ ♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ✭❋r✐❡❞✱ ✶✾✼✼❀
◆♦❧❧✱ ✶✾✼✽❀ ❍❡rr♠❛♥♥✱ ✶✾✽✵✮✳

❏✬✉t✐❧✐s❡ ❞❛♥s ❧❛ s✉✐t❡ ❧❡s ♥♦t❛t✐♦♥s s✉✐✈❛♥t❡s ✿

AMNML = ST ·C−1
e ·S ✭✻✳✶✮

AKL = KT ·ST ·C−1
e ·S ·K ✭✻✳✷✮

AMAP = ST ·C−1
e ·S + µ0C

−1
w , ✭✻✳✸✮

s✐ ❜✐❡♥ q✉❡ ❧❡s r❡❝♦♥str✉❝t❡✉rs RMNML✱ RKL ❡t RMAP ❞é✜♥✐s ♣❛r ❧❡s éq✉❛t✐♦♥s ✭✺✳✶✻✮✱

✶✶✾



✶✷✵ ❈❍❆P■❚❘❊ ✻✳ ▲❊❙ ❆▲●❖❘■❚❍▼❊❙ ❘❆P■❉❊❙ ❉❊ ❘❊❈❖◆❙❚❘❯❈❚■❖◆

✭✺✳✶✼✮ ❡t ✭✺✳✶✹✮ ♣❡✉✈❡♥t êtr❡ ♠✐s s♦✉s ❧❛ ❢♦r♠❡

RMNML = A
†
MNML ·ST ·C−1

e ✭✻✳✹✮

RKL = K ·A†
KL ·KT ·ST ·C−1

e ✭✻✳✺✮

❡t

RMAP = A−1
MAP ·ST ·C−1

e . ✭✻✳✻✮

❉❡ ❝❡tt❡ ❢❛ç♦♥✱ ❞❛♥s ❧❛ s✉✐t❡✱ ❥✬❛ss♦❝✐❡ à ❝❤❛q✉❡ r❡❝♦♥str✉❝t❡✉r R ét✉❞✐é✱ ❧❛ ❢♦r♠❡
♠❛tr✐❝✐❡❧❧❡ A q✉✐ ❧✉✐ ❡st ❛ss♦❝✐é❡✳ ▲❛ ♠❛tr✐❝❡ A ❡st ❧❛ ♣❛rt✐❡ à ✐♥✈❡rs❡r ❞❛♥s ❧✬❡①♣r❡ss✐♦♥
❣é♥ér❛❧❡ ❞✉ r❡❝♦♥str✉❝t❡✉r✳

❉❛♥s ❧❡s s②stè♠❡s ❞✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ❛❝t✉❡❧s✱ ♣♦✉r ❧❡sq✉❡❧s n ❡st ❞❡ ❧✬♦r❞r❡ ❞❡
q✉❡❧q✉❡s ❝❡♥t❛✐♥❡s✱ ❧❛ ♠❛tr✐❝❡ ❞✉ r❡❝♦♥str✉❝t❡✉r R ❝❤♦✐s✐ ❡st st♦❝❦é❡ ❡♥ ♠é♠♦✐r❡ ❡t
❛♣♣❧✐q✉é❡ ❛✉① ✈❡❝t❡✉rs ❞❡ ♠❡s✉r❡ d à ❧❛ ❢réq✉❡♥❝❡ ❞❡ ❝♦♠♠❛♥❞❡ ❞✉ s②stè♠❡✳ R ❡st
✉♥❡ ♠❛tr✐❝❡ n × m✱ ❡t ✐❧ ② ❛ ❣é♥ér❛❧❡♠❡♥t q✉❡❧q✉❡ m ≃ 2n ♠❡s✉r❡s✱ ❞♦♥❝ s♦♥ ❝♦ût
❞✬❛♣♣❧✐❝❛t✐♦♥ à ✉♥ ✈❡❝t❡✉r ❡st ❞❡ ❧✬♦r❞r❡ ❞❡ O(n2)✳ R ♥✬❡st ♣❛s ✉♥❡ ♠❛tr✐❝❡ ❝r❡✉s❡
♣✉✐sq✉❡ ❧✬❛♥❛❧②s❡✉r ❢♦✉r♥✐t ❞❡s ❞ér✐✈é❡s s♣❛t✐❛❧❡s ❞❡ w✱ q✉✬✐❧ ❢❛✉t ✐♥té❣r❡r✳ ❯♥❡ ✈❛r✐❛t✐♦♥
❞✬✉♥❡ ✈❛❧❡✉r ❞❡ ♠❡s✉r❡ ❛ ❞❡s ré♣❡r❝✉ss✐♦♥s s✉r t♦✉s ❧❡s ♣❛r❛♠ètr❡s✱ ❞✉ ❢❛✐t ❞❡ ❝❡tt❡
✐♥té❣r❛t✐♦♥✳

▲❛ ✜❣✉r❡ ✻✳✶ r❛♣♣❡❧❧❡ ❧❡s ❞✐✣❝✉❧tés ❞✬❛♣♣❧✐❝❛t✐♦♥ ❞❡ ❧❛ ♠ét❤♦❞❡ ❞❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥
♠❛tr✐❝❡✲✈❡❝t❡✉r ✭▼▼❱✮ ❧♦rsq✉❡ ❧❛ t❛✐❧❧❡ ❞❡s s②stè♠❡s ❛tt❡✐♥❞r❛ ❧❡s ♦r❞r❡s ❞❡ ❣r❛♥❞❡✉r
♣ré✈✉s s✉r ❧❡s té❧❡s❝♦♣❡s ❤❡❝t♦♠étr✐q✉❡s ✭❝❢✳ s❡❝t✐♦♥ ✷✳✻✳✸✮✳

MMV

2 kHz
500 Hz

 ~2005

 ~2015 (loi de Moore)

 ~2020 (loi de Moore)

NAOS    

SAXO 

E−OAmC (84x84) 

E−OAX (210x210) 

10+2 10+4 10+6

10+6

10+8

10+10

10+12

10+14

 Nb de degrés de liberté n

N
b 

d’
op

ér
at

io
ns

 / 
se

co
nd

e

❋✐❣✳ ✻✳✶ ✕ ◆♦♠❜r❡ ❞✬♦♣ér❛t✐♦♥s ♣❛r s❡❝♦♥❞❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ❞✐♠❡♥s✐♦♥ ❞✉ s②stè♠❡
n ❞❛♥s ❧❡ ❝❛s ❞✬✉♥❡ r❡❝♦♥str✉❝t✐♦♥ ♣❛r ❧❛ ♠ét❤♦❞❡ ❞❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♠❛tr✐❝❡✲✈❡❝t❡✉r
✭▼▼❱✮✳ ❝❢✳ ❧é❣❡♥❞❡ ❝♦♠♣❧èt❡ s✉r ❧❛ ✜❣✉r❡ ✷✳✶✺✳
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■❧ ❡st ❞♦♥❝ ✐♠♣♦rt❛♥t ❞❡ ré❞✉✐r❡ ❧❡s ❝♦ûts ❝❛❧❝✉❧❛t♦✐r❡s ❞❡ ❧❛ r❡❝♦♥str✉❝t✐♦♥ ❡t ❞❡ ❧❛
❝♦♠♠❛♥❞❡ ❛✈❡❝ ❞❡s ❛❧❣♦r✐t❤♠❡s ♣♦✉r ❧❡sq✉❡❧s ❧❡ ♥♦♠❜r❡ ❞✬♦♣ér❛t✐♦♥s r❡q✉✐s ❡st ♣❧✉s
❢❛✐❜❧❡ q✉❡ O(n2)✳ ❉✐✈❡rs❡s ❛♣♣r♦❝❤❡s ♦♥t été ♣r♦♣♦sé❡s ❞❡♣✉✐s ✉♥❡ ❞✐③❛✐♥❡ ❞✬❛♥♥é❡ ♣♦✉r
ré❞✉✐r❡ ❝❡s ❝❛❧❝✉❧s✳ ❏❡ r❛♣♣❡❧❧❡ ❞❛♥s ❝❡ ❝❤❛♣✐tr❡ ❧❡s ♣r✐♥❝✐♣❛✉① ❛❧❣♦r✐t❤♠❡s ❛❝t✉❡❧❧❡♠❡♥t
ét✉❞✐és ❞❛♥s ❧❛ ❝♦♠♠✉♥❛✉té ♣♦✉r ❧❛ r❡❝♦♥str✉❝t✐♦♥ ❞❡ s✉r❢❛❝❡ ❞✬♦♥❞❡ s✉r ❞❡ ❣r❛♥❞s
s②stè♠❡s✳

✻✳✶ ▲❛ r❡❝♦♥str✉❝t✐♦♥ ♣❛r ❚r❛♥s❢♦r♠é❡ ❞❡ ❋♦✉r✐❡r

❈❡tt❡ ♠ét❤♦❞❡ ❞❡ r❡❝♦♥str✉❝t✐♦♥ q✉❡ ❥❡ ♥♦t❡ ♣❛r ❋❚❘ ❞❛♥s t♦✉t❡ ❧❛ s✉✐t❡ ❞❡ ❝❡
♠❛♥✉s❝r✐t ♥❡ ❝♦rr❡s♣♦♥❞ à ❛✉❝✉♥❡ ❞❡s ❢♦r♠❡s ✭✻✳✹✮✲✭✻✳✻✮ ♣rés❡♥té❡s ❝✐✲❞❡ss✉s✱ ♠❛✐s ♣❡✉t
êtr❡ ❛ss✐♠✐❧é❡ à ✉♥ ✜❧tr❛❣❡ ❞❡s ♠❡s✉r❡s ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡ ❋♦✉r✐❡r✳ ❙❛ ♣r❡♠✐èr❡ ✈❡rs✐♦♥ ❛
été ♣r♦♣♦sé❡ ♣❛r ❋r❡✐s❝❤❧❛❞ ❡t ❑♦❧✐♦♣♦✉❧♦s ✭✶✾✽✻✮ ♣♦✉r ✉♥ s✉♣♣♦rt ❞❡ ♠❡s✉r❡s ❝❛rré ❡t
✉♥❡ s✉r❢❛❝❡ ❞✬♦♥❞❡ r❡❝♦♥str✉✐t❡ ③♦♥❛❧❡♠❡♥t w✱ ❝❛rré❡ N×N ✳ ❊❧❧❡ r❡♣♦s❡ s✉r ❧❡ ❢❛✐t q✉❡
❧❡ ♣r♦❝❡ss✉s ❞❡ ♠❡s✉r❡✱ ✐✳❡✳ ❧✬❛♥❛❧②s❡✉r✱ ❡st ❜✐❡♥ ❛♣♣r♦①✐♠é ♣❛r ✉♥ ❝❛❧❝✉❧ ❞❡ ❞✐✛ér❡♥❝❡s
✜♥✐❡s s✉r ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ r❡♣rés❡♥té❡ ③♦♥❛❧❡♠❡♥t ♣❛r w ❡t ❡♥ sér✐❡ ❞❡ ❋♦✉r✐❡r ♣❛r w̃

✭❝❢✳ s❡❝t✐♦♥ ✸✳✷✳✷✮✳
❏✬✐❧❧✉str❡ ❝❡❧❛ ❞❛♥s ❧❡ ❝❛s ❞✉ ❙❤❛❝❦✲❍❛rt♠❛♥♥ ❛✈❡❝ ❧❛ ❣é♦♠étr✐❡ ❞❡ ❋r✐❡❞✱ ♦ù ❧❛

s✉r❢❛❝❡ ❞✬♦♥❞❡ ❡st ❡st✐♠é❡ ❛✉① ❝♦✐♥s ❞❡s s♦✉s✲♣✉♣✐❧❧❡s ❞❡ ❧✬❛♥❛❧②s❡✉r✳ ❉✬❛♣rès ❧❡s éq✉❛✲
t✐♦♥s ✭✷✳✶✷✮✲✭✷✳✶✸✮ ❞❡ ❝❡ ♠♦❞è❧❡✱ ❧❛ tr❛♥s❢♦r♠é❡ ❞❡ ❋♦✉r✐❡r ❞✐s❝rèt❡ ✭❚❋❉✮ ✐♥✈❡rs❡ ❞❡s
♠❡s✉r❡s s✬é❝r✐t ❛✉ss✐

d̃
x
(k, l) = F−1

(
dx(k′, l′)

)
=

1

2 dl
w̃(k, l)

(
❡

2π i k
N − 1

)(
1 + ❡

−2π i l
N

)
✭✻✳✼✮

d̃
y
(k, l) = F−1

(
dy(k′, l′)

)
=

1

2 dl
w̃(k, l)

(
❡

2π i l
N − 1

)(
1 + ❡

−2π i k
N

)
✭✻✳✽✮

❛✈❡❝ N =
√
n✳ ❆✐♥s✐ ✐❧ ❡st ♣♦ss✐❜❧❡ ❡♥ ❝♦♠❜✐♥❛♥t ❧❡s ❞✐✛ér❡♥t❡s ♠❡s✉r❡s ❞✬♦❜t❡♥✐r

❧✬❡①♣r❡ss✐♦♥ ❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡ ❋♦✉r✐❡r ❝♦♠♠❡ ✉♥ ✜❧tr❛❣❡ s✉r ❧❡s
♠❡s✉r❡s ❡♥ ❢réq✉❡♥❝❡✳

w̃(k, l) =





0 s✐ k, l = 0 ♦✉ k, l = N/2
„

❡
−

2π i k
N −1

«„

❡
2π i l

N +1

«

d̃
x
(k,l)+

„

❡
−

2π i l
N −1

«„

❡
2π i k

N +1

«

d̃
y
(k,l)

8 (sin2 π k
N

cos2 π l
N

+sin2 π l
N

cos2 π k
N )

s✐♥♦♥

✭✻✳✾✮
❈❡tt❡ ♠ét❤♦❞❡ s✬❛♣♣❧✐q✉❡ ❞♦♥❝ t❤é♦r✐q✉❡♠❡♥t ❡♥ tr♦✐s ét❛♣❡s ✿
✕ ❊✛❡❝t✉❡r ❧❛ ❚❋❉ ✐♥✈❡rs❡ ❞❡s ♠❡s✉r❡s✱ ❡♥ O(n lnn) ♦♣ér❛t✐♦♥s
✕ ❆♣♣❧✐q✉❡r ❧❡ ✜❧tr❡ ❞é❝r✐t ♣❛r ❧✬éq✉❛t✐♦♥ ✭✻✳✾✮✱ ❡♥ O(n) ♦♣ér❛t✐♦♥s
✕ ❘❡♣❛ss❡r ❞❛♥s ❧✬❡s♣❛❝❡ ③♦♥❛❧ ❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ ♣❛r ❚❋❉ ❞✐r❡❝t❡✱ ❡♥ O(n lnn)
♦♣ér❛t✐♦♥s

▲❛ r❛♣✐❞✐té ❞❡s ❚❋❉ ❡♥ O(n lnn) ❡st ♦❜t❡♥✉❡ ♣♦✉r ❞❡s ❞✐♠❡♥s✐♦♥s ♣❛rt✐❝✉❧✐èr❡s ❞❡
s②stè♠❡✱ ✐✳❡✳ ❧♦rsq✉❡ N ❡st ✉♥❡ ♣✉✐ss❛♥❝❡ ❞❡ ✷ ❛✜♥ ❞❡ ♣♦✉✈♦✐r ♠❡ttr❡ ❡♥ ♦❡✉✈r❡ ✉♥
❛❧❣♦r✐t❤♠❡ ❞❡ ❚r❛♥s❢♦r♠é❡ ❞❡ ❋♦✉r✐❡r r❛♣✐❞❡ ✭❋❋❚ ♣♦✉r ❋❛st ❋♦✉r✐❡r ❚r❛♥s❢♦r♠✮✳
❈❡❝✐ ❡st ♥é❝❡ss❛✐r❡ ♣♦✉r ❢❛✐r❡ ❝❤✉t❡r ❧❡ ❝♦ût ❝❛❧❝✉❧❛t♦✐r❡ à ✉♥❡ ✈❛❧❡✉r ♣r♦♣♦rt✐♦♥♥❡❧❧❡ à
n lnn✳

❚♦✉t❡❢♦✐s✱ ❝❡tt❡ ♠ét❤♦❞❡ ♣rés❡♥t❡ ✉♥❡ ❞✐✣❝✉❧té ♠❛❥❡✉r❡ ♣♦✉r ❧❛ r❡❝♦♥str✉❝t✐♦♥ ❞❡
s✉r❢❛❝❡ ❞✬♦♥❞❡ ❡♥ ❛str♦♥♦♠✐❡✳ ▲❡s ♠❡s✉r❡s ❞❡ ❧✬❛♥❛❧②s❡✉r s♦♥t ❞é❧✐✈ré❡s s✉r ✉♥ s✉♣♣♦rt
❝✐r❝✉❧❛✐r❡ ❝❛r❛❝tér✐st✐q✉❡ ❞❡ ❧❛ ♣✉♣✐❧❧❡ ❞✉ té❧❡s❝♦♣❡✱ ♦✉ ❛♥♥✉❧❛✐r❡ ❡♥ ♣rés❡♥❝❡ ❞✬✉♥❡



✶✷✷ ❈❍❆P■❚❘❊ ✻✳ ▲❊❙ ❆▲●❖❘■❚❍▼❊❙ ❘❆P■❉❊❙ ❉❊ ❘❊❈❖◆❙❚❘❯❈❚■❖◆

♦❜str✉❝t✐♦♥ ❝❡♥tr❛❧❡✳ ❈❡❝✐ ♥✬❡st ♣❛s ❞✐r❡❝t❡♠❡♥t ❝♦♠♣❛t✐❜❧❡ ❛✈❡❝ ❧✬❛♣♣❧✐❝❛t✐♦♥ ❞❡ ❧❛
❚❋❉ ❡t r❡♠♣❧✐r ❧❡ s✉♣♣♦rt ❝❛rré ❞❡ ③ér♦s ❧à ♦ù ✐❧ ♥✬② ❛ ♣❛s ❞❡ ♠❡s✉r❡s ❡♥❣❡♥❞r❡ ❞❡s
❡rr❡✉rs ❞❡ r❡❝♦♥str✉❝t✐♦♥ ✐♥❛❝❝❡♣t❛❜❧❡s ✭P♦②♥❡❡r ❡t ❛❧✳✱ ✷✵✵✷✮✳ ❋✐♥❛❧❡♠❡♥t✱ P♦②♥❡❡r
❡t ❛❧✳ ✭✷✵✵✷✮ ♦♥t ♣r♦♣♦sé ❞✐✈❡rs❡s ♠ét❤♦❞❡s ♣♦✉r r❡♠♣❧✐r ❧❡ s✉♣♣♦rt ❝❛rré (N − 1) ×
(N − 1) ❞❡s ♠❡s✉r❡s ❞❡ ❢❛ç♦♥ à ré❞✉✐r❡ ❧❛ ✈❛r✐❛♥❝❡ ❞❡ ❧✬❡rr❡✉r ❞❡ r❡❝♦♥str✉❝t✐♦♥ s✉r ❧❛
♣✉♣✐❧❧❡✳ ■❧s ♦♥t ♣❛r ❛✐❧❧❡✉rs ❝♦♠♣❛rés ❞✐✛ér❡♥ts ✜❧tr❡s ✐♥✈❡rs❡s ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡ ❋♦✉r✐❡r✱
❛ss♦❝✐és à ❞❡s ♠♦❞é❧✐s❛t✐♦♥s ❞❡ ❧✬❛♥❛❧②s❡✉r ♣❛r ❞✐✈❡rs❡s ❝❛❧❝✉❧s ❞❡ ❞✐✛ér❡♥❝❡s ✜♥✐❡s s✉r
❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡✳ ❈❡rt❛✐♥s ✜❧tr❡s ✐♥✈❡rs❡s ♣r♦❞✉✐s❡♥t ✉♥❡ très ❜♦♥♥❡ r❡❝♦♥str✉❝t✐♦♥
❞❛♥s ❧❛ ♣✉♣✐❧❧❡✱ ✐✳❡✳ ❧à ♦ù ✐❧ ② ❛ ❡✉ ❞❡s ♠❡s✉r❡s ✭P♦②♥❡❡r ❡t ❛❧✳✱ ✷✵✵✷✱ ✷✵✵✸❀ P♦②♥❡❡r ❡t
❱ér❛♥✱ ✷✵✵✺✮✳

■❧ ❡st ✐♠♣♦rt❛♥t ❞❡ ♥♦t❡r q✉❡ ❧❡s t❡❝❤♥✐q✉❡s ❞✬❡①t❡♥s✐♦♥ ❡♠♣❧♦②é❡s s♦♥t ❞ét❡r♠✐♥é❡s
❞❡ ❢❛ç♦♥ ❛❞ ❤♦❝ ❡♥ ❝♦❤ér❡♥❝❡ ❛✈❡❝ ❧❛ ♣ér✐♦❞✐s❛t✐♦♥ ✐♠♣♦sé❡ ♣❛r ❧❛ ❉❋❚ ❡t ❧❡ ❢❛✐t q✉❡ ❧❡
♠♦❞è❧❡ ❞✬❛♥❛❧②s❡✉r ♥♦♥ ❜r✉✐té ✐♠♣❧✐q✉❡ q✉❡ ❧❡ r♦t❛t✐♦♥♥❡❧ ❞❡s ♠❡s✉r❡s s♦✐t ♥✉❧ ♣✉✐sq✉✬✐❧
s✬❛❣✐t ❞❡ ❣r❛❞✐❡♥ts✳ ✶ ❊♥ ❧✬❛❜s❡♥❝❡ ❞✬❤②♣♦t❤ès❡ s✉r ❧❡ ❜r✉✐t ❞❡s ♠❡s✉r❡s ❡t ❧❛ st❛t✐st✐q✉❡
❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡✱ ❝❡tt❡ ♠ét❤♦❞❡ ❡st ❛ss✐♠✐❧❛❜❧❡ à ✉♥❡ ♠ét❤♦❞❡ ❞❡ ♠❛①✐♠✉♠ ❞❡
✈r❛✐s❡♠❜❧❛♥❝❡✳ P❛r ❛✐❧❧❡✉rs✱ ✐❧ ♥✬❡st ♣❛s tr✐✈✐❛❧ ❞❡ ❝♦♥❝❧✉r❡ q✉❡ ❧❡s t❡❝❤♥✐q✉❡s ❞✬❡①t❡♥s✐♦♥
♥✬♦♥t ♣❛s ❞✬✐♠♣❛❝t s✉r ❧✬❡①tr❛♣♦❧❛t✐♦♥ ❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ r❡❝♦♥str✉✐t❡ à ❧✬❡①tér✐❡✉r ❞❡
❧❛ ♣✉♣✐❧❧❡✳ ❈❡♣❡♥❞❛♥t✱ ♣✉✐sq✉❡ P♦②♥❡❡r ❡t ❛❧✳ ✭✷✵✵✽✮ ❡♥✈✐s❛❣❡♥t ❞✬✉t✐❧✐s❡r ❧❛ ♠ét❤♦❞❡
❋❚❘ ♣♦✉r ❧❛ ❝♦rr❡❝t✐♦♥ ❞✬✉♥ s②stè♠❡ ❞✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ❡①trê♠❡ ✭❖❆❳✮✱ ♣ré✈✉ ♣♦✉r
❧✬✐♥str✉♠❡♥t ●❡♠✐♥✐ P❧❛♥❡t✲■♠❛❣❡r✱ ❧❛ r❡❝♦♥str✉❝t✐♦♥ ❤♦rs ❞❡ ❧❛ ♣✉♣✐❧❧❡ ♥✬❛ ♣❛s ❞✬❡✛❡t
s✉r ❧❡s ♣❡r❢♦r♠❛♥❝❡s ❞✉ s②stè♠❡✳

❈❡tt❡ ♠ét❤♦❞❡ ❞❡ r❡❝♦♥str✉❝t✐♦♥ r❡q✉✐❡rt ❡♥✈✐r♦♥ 7.5n log(n) + 20n ♦♣ér❛t✐♦♥s ❡♥
✢♦tt❛♥ts ♣♦✉r ♣❛ss❡r ❞❡s ♠❡s✉r❡s d à ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ ❡st✐♠é❡ ŵ ✭P♦②♥❡❡r ❡t ❱ér❛♥✱
✷✵✵✺✮✳

❘é❝❡♠♠❡♥t✱ ❈♦rr❡✐❛ ❡t ❛❧✳ ✭✷✵✵✽✮ ♦♥t ❞é✈❡❧♦♣♣é ✉♥ ❛❧❣♦r✐t❤♠❡ ✐tér❛t✐❢ ♣♦✉r ét❡♥❞r❡
❧❡s ♠❡s✉r❡s s✉r ❧❡ s✉♣♣♦rt ❝❛rré ♥é❝❡ss❛✐r❡ ❡♥ ✐♥tr♦❞✉✐s❛♥t ❞❡s ❛ ♣r✐♦r✐ s✉r ❧❛ st❛t✐st✐q✉❡
❞✉ s✐❣♥❛❧ ❡t ❞✉ ❜r✉✐t✳ ❈❡❝✐ ♦✉✈r❡ ❞❡ ♥♦✉✈❡❧❧❡s ♣❡rs♣❡❝t✐✈❡s ❛✉ r❡❝♦♥str✉❝t❡✉r ❋❚❘✱ ♠❛✐s
❧❛ q✉❛❧✐té ❞❡ ❧✬❡①tr❛♣♦❧❛t✐♦♥ ♥✬❛ ♣❛s été é✈❛❧✉é❡✳ ❈❡ r❛✣♥❡♠❡♥t ✐♥❞✉✐t ✉♥ ❝♦ût ❝❛❧❝✉❧❛✲
t♦✐r❡ s✉♣♣❧é♠❡♥t❛✐r❡ ❞é♣❡♥❞❛♥t ❞✉ ♥♦♠❜r❡ ❞✬✐tér❛t✐♦♥s ❡✛❡❝t✉é❡s ♣♦✉r ❡①tr❛♣♦❧❡r ❧❡s
♠❡s✉r❡s à ❧✬❡①tér✐❡✉r ❞❡ ❧❛ ♣✉♣✐❧❧❡✳

✻✳✷ ▲✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ C−1
w

▲✬✉t✐❧✐s❛t✐♦♥ ❞✬✉♥ r❡❝♦♥str✉❝t❡✉r RKL ♦✉ ❞✉ r❡❝♦♥str✉❝t❡✉r RMAP ✐♠♣❧✐q✉❡ ❧❛ ♠♦✲
❞é❧✐s❛t✐♦♥ ❞❡ Cw ♦✉ C−1

w ✳ ❈❡tt❡ ♠❛tr✐❝❡ ♣❧❡✐♥❡ ❞❡ ❞✐♠❡♥s✐♦♥ n×n✱ ❞♦♥t ❧❛ str✉❝t✉r❡ ❛
été ♣rés❡♥té❡ ❞❛♥s ❧❛ s❡❝t✐♦♥ ✸✳✷✳✷✱ r❡♥❞ ❧❡ ❝❛❧❝✉❧ ❞❡ ❝❡s r❡❝♦♥str✉❝t✐♦♥s ❝♦ût❡✉s❡s ♣♦✉r
n ❣r❛♥❞✳ ❈❡♣❡♥❞❛♥t✱ ❝❡tt❡ ❝♦✈❛r✐❛♥❝❡ ❛❣✐t ❝♦♠♠❡ ✉♥❡ ré❣✉❧❛r✐s❛t✐♦♥ ♣♦✉r ❧❡ ♣r♦❜❧è♠❡
✐♥✈❡rs❡ ❝♦♥s✐❞éré✱ ❡❧❧❡ ♣❡✉t êtr❡ ❛♣♣r♦①✐♠é❡ s❛♥s ❞é❣r❛❞❡r ❢♦rt❡♠❡♥t ❧❡s ♣❡r❢♦r♠❛♥❝❡s
❞✉ r❡❝♦♥str✉❝t❡✉r ✭❝❡❝✐ ❡st ❞✐s❝✉té ❞❛♥s ❧❛ s❡❝t✐♦♥ ✼✳✺✮✳

❏❡ r❛♣♣❡❧❧❡ ✐❝✐ ❧❡s ❞✐✛ér❡♥t❡s ❛♣♣r♦①✐♠❛t✐♦♥s ❞❡ Cw q✉✐ ♦♥t été ét✉❞✐é❡s ❞❛♥s ❧❛
❧✐ttér❛t✉r❡ ♣♦✉r n ❣r❛♥❞✳ ❊❧❧❡s ♦♥t ❧❛ ♣❛rt✐❝✉❧❛r✐té ❞❡ ♣♦✉✈♦✐r êtr❡ ❛♣♣❧✐q✉é❡s à ✉♥
✈❡❝t❡✉r ❡♥ ✉♥ ♥♦♠❜r❡ ❞✬♦♣ér❛t✐♦♥s O(n log n) ♦✉ O(n)✱ ♣❧✉tôt q✉❡ O(n2) ❧♦rsq✉❡ ❧❛
♠❛tr✐❝❡ ❡st ♣❧❡✐♥❡✳

✶❈❡❝✐ ✈✐❡♥t ❞❡ ❧❛ ♣r♦♣r✐été ❞❡s ♦♣ér❛t❡✉rs r♦t❛t✐♦♥♥❡❧s ❡t ❣r❛❞✐❡♥ts ✿ r♦t∇w = 0✳
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✻✳✷✳✶ ▲✬❛♣♣r♦①✐♠❛t✐♦♥ ❞✐❛❣♦♥❛❧❡ ❞❛♥s ❧❡ ❞♦♠❛✐♥❡ ❞❡ ❋♦✉r✐❡r

❯♥❡ ♣r❡♠✐èr❡ ❛♣♣r♦❝❤❡ ❝♦♥s✐st❡ à ❞✐❛❣♦♥❛❧✐s❡r ❧❛ ♠❛tr✐❝❡ ❞❡ ❝♦✈❛r✐❛♥❝❡ Cw ❞❛♥s
❧✬❡s♣❛❝❡ ❞❡ ❋♦✉r✐❡r✳ ❊♥ ❡✛❡t✱ ♣♦✉r ✉♥ ♠♦❞è❧❡ ❞❡ t✉r❜✉❧❡♥❝❡ st❛t✐♦♥♥❛✐r❡ ❧❛ ♠❛tr✐❝❡ ❞❡
❝♦✈❛r✐❛♥❝❡ ③♦♥❛❧❡ Cw ❡st ✉♥❡ ♠❛tr✐❝❡ ❚♦❡♣❧✐t③✳ ▲❡s ♠❛tr✐❝❡s ❞❡ ❚♦❡♣❧✐t③ s♦♥t s♦✉✈❡♥t
❛♣♣r♦①✐♠é❡s ♣❛r ❞❡s ♠❛tr✐❝❡s ❝✐r❝✉❧❛♥t❡s ♣❛r❝❡ q✉❡ ❝❡s ❞❡r♥✐èr❡s s♦♥t ❞✐❛❣♦♥❛❧✐sé❡s ♣❛r
✉♥❡ ❚r❛♥s❢♦r♠é❡ ❞❡ ❋♦✉r✐❡r ❉✐s❝rèt❡ ✭❚❋❉✮ ✷✲❉✳ ❆✐♥s✐✱

Cw ≃ F−1 · diag(Sw) · F , ✭✻✳✶✵✮

♦ù F ❞és✐❣♥❡ ❧❛ ❚❋❉ ❡t diag(Sw) ❡st ❞✐❛❣♦♥❛❧❡ ❡t ❛♣♣r♦①✐♠❡ ❧❛ ❞❡♥s✐té s♣❡❝tr❛❧❡
s♣❛t✐❛❧❡ ❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ t✉r❜✉❧❡♥t❡ ❞é❝r✐t❡ ♣❛r ❧✬éq✉❛t✐♦♥ ✭✸✳✷✷✮ q✉❡ ❥❡ r❛♣♣❡❧❧❡ ✐❝✐

Sw(κ) =

{
0.0229 r

−5/3
0 κ−11/3 si D/L0 = 0

0.0229 r
−5/3
0

(
κ2 + 1/L2

0

)−11/6
sinon

✭✻✳✶✶✮

▲✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❧❛ ♠❛tr✐❝❡ ❚♦❡♣❧✐t③ ♣❛r ✉♥❡ ♠❛tr✐❝❡ ❝✐r❝✉❧❛♥t❡ éq✉✐✈❛✉t à ét❡♥❞r❡
♣ér✐♦❞✐q✉❡♠❡♥t ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ à ❧✬✐♥✜♥✐ ✭●✐❧❧❡s ❡t ❛❧✳✱ ✷✵✵✷❛✮✳

✻✳✷✳✷ ▲✬❛♣♣r♦①✐♠❛t✐♦♥ ❝r❡✉s❡ ♣❛r ❧❡ ▲❛♣❧❛❝✐❡♥

➚ ♣❛rt✐r ❞❡ ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❝✐r❝✉❧❛♥t❡ ❝✐✲❞❡ss✉s ❡t ❡♥ ❝♦♥s✐❞ér❛♥t 11/3 ≃ 4 ❞❛♥s
❧✬❡①♣r❡ss✐♦♥ ❞❡ ❧❛ ❞❡♥s✐té s♣❡❝tr❛❧❡ ❞❡ ♣✉✐ss❛♥❝❡ Sw ❞❡ ❧✬éq✉❛t✐♦♥ ✭✸✳✷✷✮✱ ❊❧❧❡r❜r♦❡❦
✭✷✵✵✷✮ ❛ ♣r♦♣♦sé ✉♥❡ ❞é❝♦♠♣♦s✐t✐♦♥

C−1
w ≃ CT ·C ✭✻✳✶✷✮

♦ù C ❡st ♣r♦♣♦rt✐♦♥♥❡❧❧❡ à ✉♥❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❞✐s❝rèt❡ ❞❡ ❧✬♦♣ér❛t❡✉r ❞❡ ▲❛♣❧❛❝❡✳ ▲❛
♠❛tr✐❝❡ C ❡st ❝r❡✉s❡ ♣✉✐sq✉✬❡❧❧❡ ♥❡ ❝♦♥t✐❡♥t ♣❛s ♣❧✉s ❞❡ ✺ é❧é♠❡♥ts ♥♦♥ ♥✉❧s ♣❛r ❧✐❣♥❡✳
❈❡tt❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❣é♥èr❡ ♥é❛♥♠♦✐♥s ✉♥❡ s✐♥❣✉❧❛r✐té ♣♦✉r ❧❡ ♠♦❞❡ ♣✐st♦♥✱ q✉✐ ❡st
❝♦rr✐❣é❡ ❡♥ r❛❥♦✉t❛♥t ✉♥ t❡r♠❡ ❞❡ ré❣✉❧❛r✐③❛t✐♦♥ s✉♣♣❧é♠❡♥t❛✐r❡ ❞❛♥s AMAP✱ ✐✳❡✳

AMAP ≃ ST ·C−1
e ·S + CT ·C + z · zT ✭✻✳✶✸✮

♦ù z ❡st ✈❡❝t❡✉r ❞❡ R
n ❛✈❡❝ ✉♥ s❡✉❧ é❧é♠❡♥t ♥♦♥ ♥✉❧✱ é❣❛❧ à ✶✱ s❡r✈❛♥t ❞❡ ré❢ér❡♥❝❡ ❞❡

♣❤❛s❡ ♣♦✉r ❞é✜♥✐r ❧❡ ♣✐st♦♥✳

✻✳✷✳✸ ▲✬❛♣♣r♦①✐♠❛t✐♦♥ ❢r❛❝t❛❧❡

▲✬❛♣♣r♦①✐♠❛t✐♦♥ ❢r❛❝t❛❧❡ ❞é✈❡❧♦♣♣é❡ ♣❛r ❚❤✐é❜❛✉t ✫ ❚❛❧❧♦♥ ❡①♣r✐♠❡ C−1
w s♦✉s ❧❛

❢♦r♠❡
Cw = K−❚

❢r❛❝ ·K−1
❢r❛❝ ,

♦ù K❢r❛❝ ❛ été ❞é✜♥✐ ❞❛♥s ❧❛ s❡❝t✐♦♥ ✸✳✷✳✷✳
➚ ♣❛rt✐r ❞❡ ❝❡s tr♦✐s ❛♣♣r♦①✐♠❛t✐♦♥s ❞✐✛ér❡♥t❡s✱ ❞❡s ❛❧❣♦r✐t❤♠❡s r❛♣✐❞❡s ❞❡ r❡❝♦♥s✲

tr✉❝t✐♦♥ ▼❆P ♦♥t été ❞é✈❡❧♦♣♣és ❛✉ ❝♦✉rs ❞❡ ❧❛ ❞❡r♥✐èr❡ ❞é❝❡♥♥✐❡✳ ❏❡ ❧❡s ❞é❝r✐s ❝✐✲❛♣rès✳

✻✳✸ ▲❛ ❢❛❝t♦r✐s❛t✐♦♥ ❞❡ ❈❤♦❧❡s❦② ❝r❡✉s❡

❊❧❧❡r❜r♦❡❦ ✭✷✵✵✷✮ ❛ ❞é✈❡❧♦♣♣é ✉♥ ❛❧❣♦r✐t❤♠❡ ❞❡ r❡❝♦♥str✉❝t✐♦♥ ❜❛sé s✉r ✉♥❡ ❛♣♣r♦①✐✲
♠❛t✐♦♥ ❝r❡✉s❡ ❞❡ ❧❛ ♠❛tr✐❝❡ ❞❡ r❡❝♦♥str✉❝t✐♦♥✱ q✉❡ ❥✬❡①♣❧✐q✉❡ ❜r✐è✈❡♠❡♥t ✐❝✐✳ ❊❧❧❡ r❡♣♦s❡
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s✉r ❧❡ ❝❛r❛❝tèr❡ ❝r❡✉① ❞❡ A✳ ❉❛♥s ❧❡ ❝❛s ❞✉ r❡❝♦♥str✉❝t❡✉r RMNML✱ ❝❡❝✐ ❡st ✐♠♠é❞✐❛t✳
P♦✉r ❧❡ r❡❝♦♥str✉❝t❡✉r RMAP ❡♥ r❡✈❛♥❝❤❡✱ ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ✭✻✳✶✸✮ ❡st ✉t✐❧✐sé❡✳

▲❛ ♠❛tr✐❝❡ A ❛✐♥s✐ ♦❜t❡♥✉❡ ❡st s②♠étr✐q✉❡ ❛✈❡❝ ✉♥❡ str✉❝t✉r❡ ❝r❡✉s❡ ♣❛rt✐❝✉❧✐èr❡✱
♣♦✉r ❧❛q✉❡❧❧❡ ❧❛ ❢❛❝t♦r✐s❛t✐♦♥ ❞❡ ❈❤♦❧❡s❦② s✬é❝r✐t

A = E ·ET ✭✻✳✶✹✮

❛✈❡❝ E ✉♥❡ ♠❛tr✐❝❡ tr✐❛♥❣✉❧❛✐r❡ ✐♥❢ér✐❡✉r❡ ❝r❡✉s❡✳ ❉❡ ❝❡tt❡ ❢❛ç♦♥✱ ❧✬✐♥✈❡rs✐♦♥ x =
(E ·ET)−1 · b ❡t rés♦❧✉❡ ❡♥ ❞❡✉① ét❛♣❡s ✿

{
E ·y = b

ET ·x = y ,
✭✻✳✶✺✮

♣❛r s✉❜st✐t✉t✐♦♥✳ ■❧ ❡st ❞✐✣❝✐❧❡ ❞❡ q✉❛♥t✐✜❡r ❧❡ ❝♦ût ❞❡ ❝❡tt❡ rés♦❧✉t✐♦♥ ♣❛r❝❡ q✉✬❡❧❧❡
❞é♣❡♥❞ ❢♦rt❡♠❡♥t ❞❡ ❧❛ str✉❝t✉r❡ ❞❡ ❧❛ ♠❛tr✐❝❡ E✳ ▲❡ ❣❛✐♥ ❡ss❡♥t✐❡❧ ❞❡ ❧❛ ♠ét❤♦❞❡
♣❛r r❛♣♣♦rt à ❧❛ ▼▼❱ rés✐❞❡ ❞❛♥s ❧❛ ♣❤❛s❡ ❞❡ ♣ré❝❛❧❝✉❧ ✭❊❧❧❡r❜r♦❡❦✱ ✷✵✵✷✮✳ ❆❧♦rs
q✉❡ ❧✬✐♥✈❡rs✐♦♥ ♠❛tr✐❝✐❡❧❧❡ r❡q✉✐❡rt O(n3) ♦♣ér❛t✐♦♥s ❛✜♥ ❞❡ ♣♦✉✈♦✐r st♦❝❦❡r A−1✱ ❧❛
❢❛❝t♦r✐s❛t✐♦♥ ❝r❡✉s❡ ❞❡ ❈❤♦❧❡s❦② ♥❡ ♥é❝❡ss✐t❡ q✉❡O(n3/2) ♣♦✉r ❞ét❡r♠✐♥❡r E✳ ❈❡ ❝♦ût ❞❡
♣ré❝❛❧❝✉❧ ❛ été q✉❛♥t✐✜é ♣❛r ❊❧❧❡r❜r♦❡❦ ✭✷✵✵✷✮ ❞❛♥s ❧❡ ❝❛s ❞✉ r❡❝♦♥str✉❝t❡✉r RMNML s✉r
✉♥ s②stè♠❡ ❞✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ à ✉♥ s❡✉❧ ❛♥❛❧②s❡✉r ❡t ✉♥ s❡✉❧ ♠✐r♦✐r ❞é❢♦r♠❛❜❧❡✳ ❈❡tt❡
♠ét❤♦❞❡ ♣❡✉t êtr❡ ✐♥tér❡ss❛♥t❡ ♣♦✉r ❞❡s s②stè♠❡ ❞✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ❡①trê♠❡s✱ ❝✬❡st✲
à✲❞✐r❡ ❞❡ t②♣❡ ❙❆❳❖ ♦✉ ❊✲❖❆❳✱ s✐ ❧❡ r❡❝♦♥str✉❝t❡✉r ❞❡ ♠❛①✐♠✉♠ ❞❡ ✈r❛✐s❡♠❜❧❛♥❝❡
③♦♥❛❧ ♣❡r♠❡t ✉♥❡ q✉❛❧✐té ❞❡ r❡❝♦♥str✉❝t✐♦♥ s❛t✐s❢❛✐s❛♥t❡✳

▼❛❧❤❡✉r❡✉s❡♠❡♥t✱ ♣♦✉r ❞❡s s②stè♠❡s ♣❧✉s ❝♦♠♣❧❡①❡s✱ ❧♦rsq✉❡ ♣❧✉s✐❡✉rs s✉r❢❛❝❡s
❞✬♦♥❞❡ ❞♦✐✈❡♥t êtr❡ ❡st✐♠é❡s à ❞✐✛ér❡♥t❡s ❛❧t✐t✉❞❡s ❛✈❡❝ ❞❡s ❛ ♣r✐♦r✐ s✉r ❧❛ t✉r❜✉❧❡♥❝❡✱
❝❡tt❡ ❢❛❝t♦r✐s❛t✐♦♥ ❞❡✈✐❡♥t ♣❧✉s ❝♦ût❡✉s❡✳ P♦✉r ✉♥❡ ♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ♠✉❧✐t✲❝♦♥❥✉❣✉é❡
✭❖❆▼❈✮ ❛✈❡❝ n ≥ 2× 104✱ ❧❡ st♦❝❦❛❣❡ ❞❡ ❧❛ ❢❛❝t♦r✐s❛t✐♦♥ ❞❡ ❈❤♦❧❡s❦② ❝r❡✉s❡ ❞❡ AMAP

❞❡✈✐❡♥t ♣r♦❜❧é♠❛t✐q✉❡ ✭❊❧❧❡r❜r♦❡❦✱ ✷✵✵✷✮✳

✻✳✹ ▲❡s ❣r❛❞✐❡♥ts ❝♦♥❥✉❣✉és ♣ré❝♦♥❞✐t✐♦♥♥és

❈❡tt❡ ❞❡r♥✐èr❡ ♠ét❤♦❞❡ ❝♦♥s✐st❡ à r❡♠♣❧❛❝❡r ❧❡ ❝❛❧❝✉❧ ❞❡s r❡❝♦♥tr✉❝t❡✉rs ✭✻✳✹✮✲✭✻✳✻✮
♣❛r ❧❛ rés♦❧✉t✐♦♥ ✐tér❛t✐✈❡ ❞❡s s②stè♠❡s ❧✐♥é❛✐r❡s éq✉✐✈❛❧❡♥ts

A · x̂ = b ✭✻✳✶✻✮

❛✈❡❝ ❧❛ ❝♦♥❞✐t✐♦♥ x̂ ❞❡ ♠♦✐♥❞r❡ ♥♦r♠❡ s✐ A ♥✬❡st ♣❛s ✐♥✈❡rs✐❜❧❡✳ P♦✉r ❧❡s ❝❛s ♣❛rt✐❝✉❧✐❡rs
ét✉❞✐és ✐❝✐✱ ❝❡❧❛ s✐❣♥✐✜❡

bMNML = ST ·C−1
e ·d

bKL = KT ·ST ·C−1
e ·d

bMAP = KT ·ST ·C−1
e ·d ,

❡t AMNML✱ AKL ❡t AMAP ❞é✜♥✐s ♣❛r ❧❡s éq✉❛t✐♦♥s ✭✻✳✶✮✲ ✭✻✳✸✮✳ ▲✬❛❧❣♦r✐t❤♠❡ ❞❡s ❣r❛✲
❞✐❡♥ts ❝♦♥❥✉❣✉és ✭●❈✮ ♣❡r♠❡t ❞❡ rés♦✉❞r❡ ❡✣❝❛❝❡♠❡♥t ❝❡ t②♣❡ ❞❡ s②stè♠❡✱ ♣♦✉r ✉♥❡
♠❛tr✐❝❡A s②♠étr✐q✉❡ ❞é✜♥✐❡ ♣♦s✐t✐✈❡ q✉❡ ❧✬♦♥ s❛✐t ❛♣♣❧✐q✉❡r à ✉♥ ✈❡❝t❡✉r ✭❇❛rr❡tt ❡t ❛❧✳✱
✶✾✾✹✮✳ ❆✉tr❡♠❡♥t ❞✐t✱ ❧❡ st♦❦❛❣❡ ❞❡ A ♥✬❡st ♣❛s ♥é❝❡ss❛✐r❡✱ ❝❡ q✉✐ ❡st ✉♥ ❛✈❛♥t❛❣❡ q✉❛♥❞
n ❡st ❣r❛♥❞✳ ❉❛♥s ❧❡ ❝❛s ♣❛rt✐❝✉❧✐❡r ♦ù A ❡st ♥✬❡st ♣❛s ✐♥✈❡rs✐❜❧❡✱ ❧❛ ♠ét❤♦❞❡ ❞❡s ●❈
✉t✐❧✐sé❡ à ♣❛rt✐r ❞✬✉♥❡ ❧✬❡st✐♠é❡ ✐♥✐t✐❛❧❡ x✐♥✐t ♥✉❧❧❡ ❢♦✉r♥✐t ❧❛ s♦❧✉t✐♦♥ ❞❡ ♠♦✐♥❞r❡ ♥♦r♠❡



✻✳✹✳ ▲❊❙ ●❘❆❉■❊◆❚❙ ❈❖◆❏❯●❯➱❙ P❘➱❈❖◆❉■❚■❖◆◆➱❙ ✶✷✺

❞✉ s②stè♠❡✳ ▲✬❛❧❣♦r✐t❤♠❡ ♣❡✉t ❞♦♥❝ ❜✐❡♥ êtr❡ ♠✐s ❡♥ ♦❡✉✈r❡ ♣♦✉r ❧❡s r❡❝♦♥str✉❝t✐♦♥s
❞❡ t②♣❡ ♠❛①✐♠✉♠ ❞❡ ✈r❛✐s❡♠❜❧❛♥❝❡ ét✉❞✐é❡s ✐❝✐✳

❏❡ r❛♣♣❡❧❧❡ ❜r✐è✈❡♠❡♥t ❧❡ ♣r✐♥❝✐♣❡ ❞❡s ●❈✳ P♦✉r ✉♥❡ ♣rés❡♥t❛t✐♦♥ ❝❧❛✐r❡ ❞❡ ❧✬❛❧❣♦✲
r✐t❤♠❡ s♦✉s s❡s ❞✐✈❡rs❡s ❢♦r♠❡s✱ ❥❡ ❝♦♥s❡✐❧❧❡ ❧❛ ❧❡❝t✉r❡ ❞❡ ❧✬✐♥tr♦❞✉❝t✐♦♥ ❞❡ ❙❤❡✇❝❤✉❝❦
✭✶✾✾✹✮✳

▲❡s ●❈ ♠✐♥✐♠✐s❡♥t ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ♣é♥❛❧✐s❛t✐♦♥ ∆ = ‖A · x̂ − b‖2✱ q✉✐ ♥✬❡st ❛✉tr❡
q✉❡ ❧❡ ❝❛rré ❞❡ ❧❛ ♥♦r♠❡ ❞❡s rés✐❞✉s ❞❡ ❧✬❡st✐♠❛t✐♦♥✳ ➚ ❝❤❛q✉❡ ✐tér❛t✐♦♥✱ ✉♥❡ r❡❝❤❡r❝❤❡
❧✐♥é❛✐r❡ ❞❡ ♠✐♥✐♠✉♠ ❡st ❡✛❡❝t✉é❡ ❞❛♥s ✉♥❡ ❞✐r❡❝t✐♦♥ ❞❡ ❞❡s❝❡♥t❡ ♣♦✉r ❧❛ ❢♦♥❝t✐♦♥ ❞❡
♣é♥❛❧✐s❛t✐♦♥✳ ▲❡s ❞✐r❡❝t✐♦♥s ❞❡ r❡❝❤❡r❝❤❡ s♦♥t ♦rt❤♦❣♦♥❛❧❡s ❛✉ s❡♥s ❞❡ ❧❛ ♠❛tr✐❝❡ A✱
❝✬❡st✲à✲❞✐r❡ q✉❡ pT ·A · q = 0 ♣♦✉r t♦✉t❡s ❧❡s ❞✐r❡❝t✐♦♥s ❞❡ ❞❡s❝❡♥t❡s p ❡t q ❡♠♣r✉♥té❡s✳
❈❡❝✐ ❣❛r❛♥t✐t ❢♦r♠❡❧❧❡♠❡♥t ❧❛ ❝♦♥✈❡r❣❡♥❝❡ ❞❡ ❧❛ ♠ét❤♦❞❡ ❛✉ ❜♦✉t ❞❡ n ✐tér❛t✐♦♥s ❛✉
♣❧✉s✱ s✐ ♦♥ ♥❡ t✐❡♥t ♣❛s ❝♦♠♣t❡ ❞❡s ❡rr❡✉rs ❞✬❛rr♦♥❞✐s ♥✉♠ér✐q✉❡s✳ ❈❡tt❡ ❝♦♥❞✐t✐♦♥
❞✬♦rt❤♦❣♦♥❛❧✐té ✈✐s✲à✲✈✐s ❞❡ A ❞✐st✐♥❣✉❡ ❧❡s ●❈ ❞❡s ❛✉tr❡s ❛❧❣♦r✐t❤♠❡s ❞❡ ♠✐♥✐♠✐s❛t✐♦♥✱
❝♦♠♠❡ ❧❛ ♠ét❤♦❞❡ ❞❡ ♣❧✉s ❣r❛♥❞❡ ♣❡♥t❡ ♣❛r ❡①❡♠♣❧❡✱ ❞♦♥t ❧❡s t❛✉① ❞❡ ❝♦♥✈❡r❣❡♥❝❡ s♦♥t
♣❧✉s ❢❛✐❜❧❡s ♣❛r❝❡ q✉❡ ❧❡s ❞✐r❡❝t✐♦♥s ❞❡ r❡❝❤❡r❝❤❡ ♣❡✉✈❡♥t ❞❡✈❡♥✐r ♣r❡sq✉❡ ♦rt❤♦❣♦♥❛❧❡s
à ❧❛ ❞✐r❡❝t✐♦♥ ❞✉ ✈r❛✐ ♠✐♥✐♠✉♠✳

▲❛ ❝♦♥✈❡r❣❡♥❝❡ ❞❡s ●❈ ❞é♣❡♥❞ ♥é❛♥♠♦✐♥s ❢♦rt❡♠❡♥t ❞✉ ❝♦♥❞✐t✐♦♥♥❡♠❡♥t ❞❡ ❧❛
♠❛tr✐❝❡ A✳ ▲❡ ♥♦♠❜r❡ ❞❡ ❝♦♥❞✐t✐♦♥♥❡♠❡♥t ❡st ❧❡ r❛♣♣♦rt ❡♥tr❡ ❧❛ ♣❧✉s ❣r❛♥❞❡ ❡t ❧❛ ♣❧✉s
♣❡t✐t❡ ✈❛❧❡✉r ♣r♦♣r❡ ♥♦♥ ♥✉❧❧❡ ❞❡ A✳ ▲❛ ❝♦♥✈❡r❣❡♥❝❡ ❡st ♣❧✉s ❧❡♥t❡ ❧♦rsq✉❡ ❧❡ ♥♦♠❜r❡ ❞❡
❝♦♥❞✐t✐♦♥♥❡♠❡♥t ❛✉❣♠❡♥t❡✳ ▲❛ ✈✐t❡ss❡ ❞❡ ❝♦♥✈❡r❣❡♥❝❡ ❞é♣❡♥❞ ❛✉ss✐ ❞✉ r❡❣r♦✉♣❡♠❡♥t
❞❡s ✈❛❧❡✉rs ♣r♦♣r❡s✳ P❛r ❡①❡♠♣❧❡✱ s✐ ❝❡rt❛✐♥❡s ✈❛❧❡✉rs ♣r♦♣r❡s s♦♥t ♠✉❧t✐♣❧❡s✱ ❝❡❝✐ ♣❡✉t
❛❝❝é❧ér❡r ❧❛ ❝♦♥✈❡r❣❡♥❝❡✳

P♦✉r ❧❛ r❡❝♦♥str✉❝t✐♦♥ ❞❡ ♠❛①✐♠✉♠ ❛ ♣♦st❡r✐♦r✐✱ ❧❡ ❝♦♥❞✐t✐♦♥♥❡♠❡♥t ❞❡ AMAP

é✈♦❧✉❡ ❛✈❡❝ ❧❡ r❛♣♣♦rt s✐❣♥❛❧✲à✲❜r✉✐t ✭❘❙❇✮ ❞✉ ♣r♦❜❧è♠❡✱ ❞é✜♥✐ ❞❛♥s ❧❛ ❧✐ttér❛t✉r❡
✭●✐❧❧❡s ❡t ❛❧✳✱ ✷✵✵✷❜❀ ▲❡ ❘♦✉① ❡t ❛❧✳✱ ✷✵✵✹❀ ▲❡ss❛r❞ ❡t ❛❧✳✱ ✷✵✵✽✮ ♣❛r

❘❙❇ =

√
〈wT ·ST ·S ·w〉

σ2
e

≃
√
Dw(
√

2 dl)

2µ0
✭✻✳✶✼✮

▲❛ ❞❡✉①✐è♠❡ ❡①♣r❡ss✐♦♥ ❡st ♦❜t❡♥✉❡ ❡♥ s✉♣♣♦s❛♥t q✉❡ ❧❡s st❛t✐st✐q✉❡s ❞✉ s✐❣♥❛❧ ❡t ❞✉
❜r✉✐t s♦♥t ✐❞❡♥t✐q✉❡s ❞❛♥s t♦✉t❡s ❧❡s s♦✉s✲♣✉♣✐❧❧❡s✳

▲❡ ❝♦ût ❝❛❧❝✉❧❛t♦✐r❡ ♣❛r ✐tér❛t✐♦♥ ❞❡ ❧✬❛❧❣♦r✐t❤♠❡ ❡st ❞♦♠✐♥é ♣❛r ❧✬❛♣♣❧✐❝❛t✐♦♥ ❞❡
❧❛ ♠❛tr✐❝❡ A à ✉♥ ✈❡❝t❡✉r✳ ❊♥ ❝❡ s❡♥s✱ ❧❡s ❛♣♣r♦①✐♠❛t✐♦♥s ❞❡ A ♣rés❡♥té❡s ❞❛♥s ❧❡s
♣❛r❛❣r❛♣❤❡s ♣ré❝é❞❡♥ts ♣❡r♠❡tt❡♥t ❞❡ ré❞✉✐r❡ ❧❡ ♥♦♠❜r❡ ❞✬♦♣ér❛t✐♦♥s ♥é❝❡ss❛✐r❡s ♣♦✉r
❧❛ r❡❝♦♥str✉❝t✐♦♥✳ ❈❡♣❡♥❞❛♥t✱ ❧❡ ❝♦ût ❝❛❧❝✉❧❛t♦✐r❡ ❣❧♦❜❛❧ ❞❡ ❧✬❡st✐♠❛t✐♦♥ ❞é♣❡♥❞ ❛✉ss✐
❞❡ ❧❛ ✈✐t❡ss❡ ❞❡ ❝♦♥✈❡r❣❡♥❝❡ ❞❡ ❧❛ ♠ét❤♦❞❡✳ ■❧ ❡st ♣❛r❢♦✐s ♣ré❢ér❛❜❧❡ ❞❡ rés♦✉❞r❡ ✉♥
s②stè♠❡ éq✉✐✈❛❧❡♥t

M ·A = M · b ✭✻✳✶✽✮

❛✈❡❝ M ✐♥✈❡rs✐❜❧❡✳ ▲✬❛♣♣❧✐❝❛t✐♦♥ ❞❡ M ·A à ❝❤❛q✉❡ ✐tér❛t✐♦♥ ❡st ✉♥ ♣❡✉ ♣❧✉s ❝♦ût❡✉①✱
♠❛✐s s✐ ❧❡ ♥♦♠❜r❡ ❞❡ ❝♦♥❞✐t✐♦♥♥❡♠❡♥t ❞❡ M ·A ❡st ♠❡✐❧❧❡✉r✱ s❡✉❧❡s q✉❡❧q✉❡s ✐tér❛t✐♦♥s
s❡r♦♥t ♥é❝❡ss❛✐r❡s ♣♦✉r ❧❛ ❝♦♥✈❡r❣❡♥❝❡✳ ▲❡ ❝♦ût ❝❛❧❝✉❧❛t♦✐r❡ ❣❧♦❜❛❧ ♣❡✉t ❞❡ ❝❡tt❡ ❢❛ç♦♥
êtr❡ ré❞✉✐t✳ ❈❡❝✐ ❢❛✐t ❞❡ ❧❛ ♠❛tr✐❝❡ M✱ ❛♣♣❡❧é❡ ♣ré❝♦♥❞✐t✐♦♥♥❡✉r✱ ✉♥ é❧é♠❡♥t ❡ss❡♥t✐❡❧
❞❡ ❧✬❛❧❣♦r✐t❤♠❡✳
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✻✳✹✳✶ ▲❡s ♣ré❝♦♥❞✐t✐♦♥♥❡✉rs ❡♥ ♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡

❊♥ ♣r❛t✐q✉❡✱ s✐ ❧❛ ♠❛tr✐❝❡ M ❛♣♣r♦①✐♠❡ ❧✬✐♥✈❡rs❡ ❞❡ A✱ ❡❧❧❡ ❛ ❞❡ ❜♦♥♥❡s ❝❤❛♥❝❡s
❞✬êtr❡ ✉♥ ♣ré❝♦♥❞✐t✐♦♥♥❡✉r ✐♥tér❡ss❛♥t✳ P❧✉s✐❡✉rs ♠ét❤♦❞❡s ❞❡ r❡❝♦♥str✉❝t✐♦♥ ❞❡ s✉r✲
❢❛❝❡ ❞✬♦♥❞❡ ♣♦✉r ❧❡s ❣r❛♥❞s té❧❡s❝♦♣❡s r❡♣♦s❡♥t s✉r ❧✬❛❧❣♦r✐t❤♠❡ ❞❡s ❣r❛❞✐❡♥ts ❝♦♥❥✉✲
❣✉és✳ ❊❧❧❡s ✉t✐❧✐s❡♥t ❞✐✛ér❡♥t❡s ♠ét❤♦❞❡s ❞❡ ♣ré❝♦♥❞✐t✐♦♥♥❡♠❡♥t✳ ❏❡ ♣rés❡♥t❡ ✐❝✐ ❧❡ ♣ré✲
❝♦♥❞✐t✐♦♥♥❡♠❡♥t ♠✉❧t✐❣r✐❧❧❡✱ ❧❡ ♣ré❝♦♥❞✐t✐♦♥♥❡♠❡♥t ❞❛♥s ❧❡ ❞♦♠❛✐♥❡ ❞❡ ❋♦✉r✐❡r ❡t ❧❡
♣ré❝♦♥❞✐t✐♦♥♥❡♠❡♥t ❢r❛❝t❛❧✳

▲✬❛❧❣♦r✐t❤♠❡ ❞❡s ❣r❛❞✐❡♥ts ❝♦♥❥✉❣✉és ♣ré❝♦♥❞✐t✐♦♥♥és ❡st r❛♣♣❡❧é à ❧❛ ✜♥ ❞❡ ❝❡tt❡
s❡❝t✐♦♥✳

▲❡ ♣ré❝♦♥❞✐t✐♦♥♥❡♠❡♥t ♠✉❧t✐❣r✐❧❧❡

●✐❧❧❡s ❡t ❛❧✳ ✭✷✵✵✷❜✮ ❢❛✐t r❡♠❛rq✉❡r q✉❡ ❧❡s ♠ét❤♦❞❡s ♠✉❧t✐❣r✐❧❧❡ s♦♥t ré♣✉té❡s ❡✣✲
❝❛❝❡s ♣♦✉r rés♦✉❞r❡ ❧❡s éq✉❛t✐♦♥s ❛✉① ❞ér✐✈é❡s ♣❛rt✐❡❧❧❡s ❢♦rt❡♠❡♥t ❡❧❧✐♣t✐q✉❡s✱ ❝❡ q✉✐
❡st ❧❡ ❝❛s ✐❝✐ ❧♦rsq✉❡ A ❡st ♠♦❞é❧✐sé❡ à ♣❛rt✐r ❞❡ ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❝r❡✉s❡ ✭✻✳✶✷✮✳ ▲❡s
❣r✐❧❧❡s r❡♣rés❡♥t❡♥t ❧❡ s②stè♠❡ à ✉♥ ♥✐✈❡❛✉ ❞❡ rés♦❧✉t✐♦♥ ❞❡ ♣❧✉s ❡♥ ♣❧✉s ❣r♦ss✐❡r✱ à ♣❛r✲
t✐r ❞✬✉♥ ♦♣ér❛t❡✉r ❞❡ ❧✐ss❛❣❡✳ ▲❛ ❣r✐❧❧❡ ❧❛ ♣❧✉s ✜♥❡ ❛ ❧❛ ♠ê♠❡ rés♦❧✉t✐♦♥ q✉❡ ❧❡ ✈❡❝t❡✉r
à ❡st✐♠❡r x✳ ❉✬✉♥❡ ❣r✐❧❧❡ ❞♦♥♥é❡ à ❧❛ ❣r✐❧❧❡ ❞❡ rés♦❧✉t✐♦♥ ✐♠♠é❞✐❛t❡♠❡♥t ✐♥❢ér✐❡✉r❡✱ ✉♥
♦♣ér❛t❡✉r ❞❡ ❧✐ss❛❣❡ ❡st ❛♣♣❧✐q✉é✳ ❈❡t ♦♣ér❛t❡✉r ❞♦✐t êtr❡ ❝❛♣❛❜❧❡ ❞❡ rés♦✉❞r❡ ❞❡ ❢❛ç♦♥
❡✣❝❛❝❡ ❧❡s ❤❛✉t❡s ❢réq✉❡♥❝❡s✱ ❛✜♥ q✉❡ ❧❡ rés✐❞✉ ❞✬❡rr❡✉r ♥❡ ❝♦♥t✐❡♥♥❡ q✉❡ ❞❡s ❜❛ss❡s
❢réq✉❡♥❝❡s✳ ❙✐ ❧❡ ❧✐ss❛❣❡ ✐❞❡♥t✐✜❡ ❝♦rr❡❝t❡♠❡♥t ❧❡s ❜❛ss❡s ❢réq✉❡♥❝❡s✱ ❝❡❧❧❡s✲❝✐ ♣♦✉rr♦♥t
êtr❡ ❝♦rr✐❣é❡s ❞❡ ❢❛❝♦♥ ❡✣❝❛❝❡ s✉r ✉♥❡ ❣r✐❧❧❡ ♣❧✉s ❣r♦ss✐èr❡✱ ✐✳❡✳ s✉r ✉♥ s②stè♠❡ ❞❡ ♣❧✉s
♣❡t✐t❡ ❞✐♠❡♥s✐♦♥✳ ▲✬❛♣♣❧✐❝❛t✐♦♥ ré❝✉rs✐✈❡ ❞❡ ❝❡ ♣r✐♥❝✐♣❡ s✉r ❧❡s ❣r✐❧❧❡s ❞❡ ♣❧✉s ❡♥ ♣❧✉s
❣r♦ss✐èr❡s ♣❡r♠❡t ❞❡ rés♦✉❞r❡ ❧❡ s②stè♠❡ ❡♥ ✶ ❝②❝❧❡ ❞❡ ❞❡s❝❡♥t❡ ❡t ❞❡ r❡♠♦♥té❡ ♣r♦✲
❣r❡ss✐✈❡ ❞❡ ❧✬✐♥❢♦r♠❛t✐♦♥ ✈❡rs ❧❡s ❤❛✉t❡s rés♦❧✉t✐♦♥s✳ ❙✐ ❧✬♦♣ér❛t❡✉r ❞❡ ❧✐ss❛❣❡ ♥✬✐❞❡♥t✐✜❡
♣❛s ♣❛r❢❛✐t❡♠❡♥t ❧❡s ❜❛ss❡s ❢réq✉❡♥❝❡s ❛❧♦rs ♣❧✉s✐❡✉rs ❝②❝❧❡s ♣❡✉✈❡♥t êtr❡ ♥é❝❡ss❛✐r❡s✳
▲✬✉t✐❧✐s❛t✐♦♥ ❞❡ ❧✬❛❧❣♦r✐t❤♠❡ ♠✉❧t✐❣r✐❧❧❡ ❝♦♠♠❡ ♣ré❝♦♥❞✐t✐♦♥♥❡✉r ❝♦♥s✐st❡ à ❡✛❡❝t✉❡r ✉♥
❝②❝❧❡ ❞❡ ❝❡tt❡ ♠ét❤♦❞❡✳

▲✬♦♣ér❛t❡✉r ❞❡ ❧✐ss❛❣❡ ✉t✐❧✐sé ♣❛r ●✐❧❧❡s ❡t ❛❧✳ ✭✷✵✵✷❜✱ ✷✵✵✸✮ ❡st ❧✬♦♣ér❛t❡✉r ❞❡ ●❛✉ss✲
❙❡✐❞❡❧ s②♠étr✐q✉❡✳ ●✐❧❧❡s ❡t ❛❧✳ ✭✷✵✵✸✮ ♦♥t ♠♦♥tré q✉❡ ♣♦✉r ✉♥❡ ❖❆❳✱ ✐✳❡✳ ❛✈❡❝ r0/dl ≃ 3✱
❧❡s ●❈ ♣ré❝♦♥❞✐t✐♦♥♥és ♣❛r ❝❡tt❡ ♠ét❤♦❞❡ ♠✉❧t✐❣r✐❧❧❡ ✐♠♣❧✐q✉❡♥t ≃ 260× n ♦♣ér❛t✐♦♥s
♣❛r ✐tér❛t✐♦♥✳ P♦✉r ❧❡s r❛♣♣♦rts s✐❣♥❛❧✲à✲❜r✉✐t s✐♠✉❧és ✭❘❙❇ < 3✮✱ ❧❛ ♠ét❤♦❞❡ ❝♦♥✈❡r❣❡
❡♥ s❡✉❧❡♠❡♥t ✷ ✐tér❛t✐♦♥s ●✐❧❧❡s ❡t ❛❧✳ ✭✷✵✵✸✮✳

▲❡ ♣ré❝♦♥❞✐t✐♦♥♥❡♠❡♥t ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡ ❋♦✉r✐❡r

❨❛♥❣ ❡t ❛❧✳ ✭✷✵✵✻✮ ♦♥t ✉t✐❧✐sé ❝♦♠♠❡ ♣ré❝♦♥❞✐t✐♦♥♥❡✉r ✉♥❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❞✐❛❣♦♥❛❧❡
✐♥✈❡rs✐❜❧❡ ❞❡ A ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡ ❋♦✉r✐❡r✱ ✐✳❡✳

M−1 ≃ F ·A · F−1 . ✭✻✳✶✾✮

■❧s ♦♥t ❛♣♣❧✐q✉é ❝❡tt❡ ❛♣♣r♦①✐♠❛t✐♦♥ à ✉♥❡ r❡❝♦♥str✉❝t✐♦♥ t♦♠♦❣r❛♣❤✐q✉❡ ❞❡ ❧❛ t✉r✲
❜✉❧❡♥❝❡ ❡t✱ ♣❧✉s ré❝❡♠♠❡♥t✱ ❧✬❛❧❣♦r✐t❤♠❡ ❛ été ét✉❞✐é ♣♦✉r ❧❡ ❝❛s ❞❡ ❧❛ s✐♠♣❧❡ r❡❝♦♥s✲
tr✉❝t✐♦♥ ❞❡ s✉r❢❛❝❡ ❞✬♦♥❞❡ ❞❛♥s ✉♥❡ ♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ♠♦♥♦✲❝♦♥❥✉❣✉é❡ ✭❖❆♠❈✮ ♣❛r
▲❡ss❛r❞ ❡t ❛❧✳ ✭✷✵✵✽✮✳

➚ ❝❤❛q✉❡ ✐tér❛t✐♦♥✱ ❧✬ét❛♣❡ ❞❡ ♣ré❝♦♥❞✐t✐♦♥♥❡♠❡♥t r❡q✉✐❡rt ❞♦♥❝ ✷ ❋❋❚ à ✷ ❞✐♠❡♥✲
s✐♦♥s✳ ▲❡ ❝♦ût ♣❛r ✐tér❛t✐♦♥ ❡st ❞♦♥❝ ❞❡ ❧✬♦r❞r❡ ❞❡ O(n lnn)✳

❈❡tt❡ ♠ét❤♦❞❡ ❡st ♣❛rt✐❝✉❧✐èr❡♠❡♥t ✐♥tér❡ss❛♥t❡ ♣♦✉r ❧❛ r❡❝♦♥str✉❝t✐♦♥ ❞❡ s✉r❢❛❝❡s
❞✬♦♥❞❡s s✉r ♣❧✉s✐❡✉rs ❝♦✉❝❤❡s ♣❛r❝❡ q✉❡ ❧❛ ✈✐t❡ss❡ ❞❡ ❝♦♥✈❡r❣❡♥❝❡ s❡♠❜❧❡ ✐♥❞é♣❡♥❞❛♥t❡



✻✳✹✳ ▲❊❙ ●❘❆❉■❊◆❚❙ ❈❖◆❏❯●❯➱❙ P❘➱❈❖◆❉■❚■❖◆◆➱❙ ✶✷✼

❞❡ n✱ ❝❡ q✉✐ ♥✬❡st ♣❛s ❧❡ ❝❛s ♣♦✉r ❧❡s ❈● ♣ré❝♦♥❞✐t✐♦♥♥és ❛✈❡❝ ❧❛ ♠ét❤♦❞❡ ♠✉❧t✐❣r✐❧❧❡
✭❨❛♥❣ ❡t ❛❧✳✱ ✷✵✵✻✮✳ P♦✉r ✉♥❡ r❡❝♦♥str✉❝t✐♦♥ ♠✉❧t✐❝♦✉❝❤❡s ❛✈❡❝ ✉♥ ❘❙❇ ❝♦♠♣r✐s ❡♥tr❡
✺ ❡t ✷✵✱ ❧❛ ❝♦♥✈❡r❣❡♥❝❡ ❡st ❛tt❡✐♥t❡ ❡♥ ♠♦✐♥s ❞❡ ✶✵ ✐tér❛t✐♦♥s✳ ❉❛♥s ❝❡ ❝❛s✱ ❧❡ ♣ré✲
❝♦♥❞✐t✐♦♥♥❡♠❡♥t ♠✉❧t✐❣r✐❧❧❡ ❝♦♥❞✉✐t à ✉♥❡ ❝♦♥✈❡r❣❡♥❝❡ ♣❧✉s ❧❡♥t❡ ✭❨❛♥❣ ❡t ❛❧✳✱ ✷✵✵✻✮✳
▲❛ ♠ét❤♦❞❡ ❞❡ ♣ré❝♦♥❞✐t✐♦♥♥❡♠❡♥t ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡ ❋♦✉r✐❡r ❛ ❞♦♥❝ ✉♥❡ très ❜♦♥♥❡
❝♦♥✈❡r❣❡♥❝❡ ♠❛✐s s♦♥ t❡♠♣s ❞❡ ❝❛❧❝✉❧ ❡st ❞♦♠✐♥é ♣❛r ❧✬❛♣♣❧✐❝❛t✐♦♥ ❞❡s ❋❋❚ ♣♦✉r ❧❡
♣ré❝♦♥❞✐t✐♦♥♥❡✉r✳

▲❡ ♥♦♠❜r❡ ❞✬♦♣ér❛t✐♦♥s ❡♥ ✢♦tt❛♥ts r❡q✉✐s ♣♦✉r ❝❡tt❡ ♠ét❤♦❞❡ ❡st ❡st✐♠é❡ ♣❛r
❈♦rr❡✐❛ ✭✷✵✵✻✮ à

25n+ (24 + 10 ln(n))N✐t❡r n . ✭✻✳✷✵✮

▲❡ ♣ré❝♦♥❞✐t✐♦♥♥❡♠❡♥t ❢r❛❝t❛❧

❚❤✐é❜❛✉t ❡t ❚❛❧❧♦♥ ✭✷✵✵✽✮ ♦♥t ♣r♦♣♦sé ❡t ❛♥❛❧②sé ♣❧✉s✐❡✉rs ♠ét❤♦❞❡s ❞❡ ♣ré❝♦♥❞✐✲
t✐♦♥♥❡♠❡♥t ♣♦✉r ❧❛ r❡❝♦♥str✉❝t✐♦♥✳ ❚♦✉t ❞✬❛❜♦r❞✱ ❧❡ ❝♦♥❞✐t✐♦♥♥❡♠❡♥t ❞✉ s②stè♠❡ ♣❡✉t
êtr❡ ❛♠é❧✐♦ré ♣❛r ❧❡ ❝❤❛♥❣❡♠❡♥t ❞❡ ✈❛r✐❛❜❧❡ ❢r❛❝t❛❧✳ ▲❡ ♥♦✉✈❡❛✉ s②stè♠❡✱ éq✉✐✈❛❧❡♥t✱ à
rés♦✉❞r❡ ❞❡✈✐❡♥t ❛❧♦rs

A❢r❛❝ · û = b❢r❛❝ ✭✻✳✷✶✮

❛✈❡❝

A❢r❛❝ = KT
❢r❛❝ ·ST ·C−1

e ·S ·K❢r❛❝ + µ0I ✭✻✳✷✷✮

❡t

b❢r❛❝ = KT
❢r❛❝ ·ST ·C−1

e ·d . ✭✻✳✷✸✮

P✉✐s✱ ♦♥ ♦❜t✐❡♥t ❧❛ s♦❧✉t✐♦♥ r❡❝❤❡r❝❤é❡ ❡♥ ❝❛❧❝✉❧❛♥t ŵ = K❢r❛❝ · û✳
❯♥ ♣ré❝♦♥❞✐t✐♦♥♥❡✉r ❞✐❛❣♦♥❛❧ M ♣❡✉t êtr❡ ❛❥♦✉té ❛✉ s②stè♠❡ ✭✻✳✷✶✮✳ ❚❤✐é❜❛✉t ❡t

❚❛❧❧♦♥ ✭✷✵✵✽✮ ❞ér✐✈❡♥t ❝❡ ♣ré❝♦♥❞✐t✐♦♥♥❡✉r ❞❡ ❧✬♦♣t✐♠✐s❛t✐♦♥ ❞❡ ❧❛ ❞✐st❛♥❝❡ ❡♥tr❡ ❧❡
♣r♦❞✉✐t M ·A ❡t ❧❛ ♠❛tr✐❝❡ ✐❞❡♥t✐té✳ ❙✉✐✈❛♥t q✉❡ ❝❡tt❡ ❞✐st❛♥❝❡ ✭♥♦r♠❡✮ ❡st é✈❛❧✉é❡
❞❛♥s ❧✬❡s♣❛❝❡ ❞❡s ❞♦♥♥é❡s ♦✉ ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡s ♣❛r❛♠ètr❡s✱ ❞❡✉① ♣ré❝♦♥❞✐t✐♦♥♥❡✉rs
❞✐❛❣♦♥❛✉① ❞✐st✐♥❝ts s♦♥t ♦❜t❡♥✉s✳ ❉❛♥s ❧✬❡s♣❛❝❡ ❞❡s ❞♦♥♥é❡s✱

M❥❛❝ = arg min
M ❞✐❛❣♦♥❛❧

〈
(A ·x−M−1 ·x)T · (A ·x−M−1 ·x)

〉
=

1

diag(A)
.

❈❡ ♣ré❝♦♥❞✐t✐♦♥♥❡✉r✱ é❣❛❧ à ❧✬✐♥✈❡rs❡ ❞❡ ❧❛ ❞✐❛❣♦♥❛❧❡ ❞❡ A✱ ❡st ❧❡ ♣ré❝♦♥❞✐t✐♦♥♥❡✉r ❞❡
❏❛❝♦❜✐ ✭❇❛rr❡tt ❡t ❛❧✳✱ ✶✾✾✹✮✳

❙✉✐✈❛♥t q✉❡ ❧❛ ❞✐st❛♥❝❡ ❡st ❝❛❧❝✉❧é❡ ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡s ♣❛r❛♠ètr❡s w ♦✉ ❝❡❧✉✐ ❞❡s u✱
A ❝♦rr❡s♣♦♥❞ r❡s♣❡❝t✐✈❡♠❡♥t à AMAP ♦✉ à A❢r❛❝✱ ❡t ❧✬♦♣t✐♠✐s❛t✐♦♥ s✉✐✈❛♥t❡

M♦♣t = arg min
Mdiag

〈
(M ·A ·x− x)T · (M ·A ·x− x)

〉

❝♦♥❞✉✐t à ✉♥❡ ♠❛tr✐❝❡ ❞♦♥t ❧❡s é❧é♠❡♥ts ❞✐❛❣♦♥❛✉① s♦♥t ✿

M♦♣t,ii =
Aii∑
j A

2
ij

. ✭✻✳✷✹✮
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❈❡s ♣ré❝♦♥❞✐t✐♦♥♥❡✉rs ❞✐❛❣♦♥❛✉① s♦♥t ♣ré❝❛❧❝✉❧és ✭✐✳❡✳ ❝❛❧❝✉❧és ❤♦rs ❧✐❣♥❡✮ à ♣❛rt✐r ❞❡
AMAP ♦✉ A❢r❛❝ s✉✐✈❛♥t ❧✬❡s♣❛❝❡ ❞✬❡st✐♠❛t✐♦♥✳ ▲❡✉r ❛♣♣❧✐❝❛t✐♦♥ ♥❡ r❛❥♦✉t❡ q✉❡ n ♦♣ér❛✲
t✐♦♥s ♣❛r ✐tér❛t✐♦♥ à ❧❛ ❝❤❛r❣❡ ❞❡ ❧❛ ♠ét❤♦❞❡✳ P♦✉r ❝♦♠♣❛r❛✐s♦♥✱ ❧❡ ♣ré❝♦♥❞✐t✐♦♥♥❡♠❡♥t
❞❛♥s ❧✬❡s♣❛❝❡ ❞❡ ❋♦✉r✐❡r ✭✻✳✶✾✮ r❡q✉✐❡rt ∼ n lnn ♦♣ér❛t✐♦♥s ♣❛r ✐tér❛t✐♦♥s✳

❚♦✉t❡s ❝❡s ♣♦ss✐❜❧✐tés ❞❡ ♣ré❝♦♥❞✐t✐♦♥♥❡♠❡♥t ❞✉ s②stè♠❡ ❞✬♦r✐❣✐♥❡ ✭✻✳✶✻✮ à ♣❛rt✐r ❞❡
❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❢r❛❝t❛❧❡ ♦♥t été ❝♦♠♣❛ré❡s ♣❛r ❚❤✐é❜❛✉t ❡t ❚❛❧❧♦♥ ✭✷✵✵✽✮ ❡♥ t❡r♠❡s ❞❡
♥♦♠❜r❡ ❞✬♦♣ér❛t✐♦♥s ♥é❝❡ss❛✐r❡s ♣❛r ✐tér❛t✐♦♥ ❡t ❞❡ ✈✐t❡ss❡ ❞❡ ❝♦♥✈❡r❣❡♥❝❡✳ ▲❡s ✜❣✉r❡s
✻ à ✶✵ ❞❡ ❧✬❛rt✐❝❧❡✱ ❥♦✐♥t ❞❛♥s ❧✬❛♥♥❡①❡ ❆✱ ♠❡tt❡♥t ❡♥ é✈✐❞❡♥❝❡ ❧✬❛❝❝é❧ér❛t✐♦♥ ❞❡ ❧❛
❝♦♥✈❡r❣❡♥❝❡ ♣❛r ❧❡ ❝❤❛♥❣❡♠❡♥t ❞❡ ✈❛r✐❛❜❧❡ ❢r❛❝t❛❧ ❡t ❧❡s ♣ré❝♦♥❞✐t✐♦♥♥❡✉rs ❞✐❛❣♦♥❛✉①✳

❋✐♥❛❧❡♠❡♥t✱ q✉❡❧ q✉❡ s♦✐t ❧❡ s②stè♠❡ ❝❤♦✐s✐ AMAP · ŵ = b ♦✉ ✭✻✳✷✶✮✱ ❧❡ ♥♦♠❜r❡
❞✬♦♣ér❛t✐♦♥s ❣❧♦❜❛❧ ❞❡ ❧❛ ♠ét❤♦❞❡ ❡st ❞❡ ❧✬♦r❞r❡ ❞❡ (23 + 33N✐t❡r) × n ♣♦✉r ❧❡s ●❈
❡t ❞❡ (23 + 34N✐t❡r) × n ♣♦✉r ❧❡s ●❈ ❛✈❡❝ ✉♥ ♣ré❝♦♥❞✐t✐♦♥♥❡✉r ❞✐❛❣♦♥❛❧✳ ❉❛♥s t♦✉t❡
❧❛ s✉✐t❡✱ ❝✬❡st ❧❛ ♠ét❤♦❞❡ ❞❡ r❡❝♦♥str✉❝t✐♦♥ ❛✈❡❝ ❝❤❛♥❣❡♠❡♥t ❞❡ ✈❛r✐❛❜❧❡ ❢r❛❝t❛❧ ❡t ❧❡
♣ré❝♦♥❞✐t✐♦♥♥❡✉r M♦♣t q✉✐ s♦♥t ✉t✐❧✐sés ♣♦✉r ❧❡s r❡❝♦♥str✉❝t✐♦♥s✱ ♣❛r❝❡ q✉❡ ❝✬❡st ❧❛
♠ét❤♦❞❡ q✉✐ ❝♦♥✈❡r❣❡ ❧❡ ♣❧✉s ✈✐t❡✳ ❏❡ ♥♦t❡ ❝❡tt❡ ♠ét❤♦❞❡ ❋r■▼ ▼❆P ❞❛♥s ❧❛ s✉✐t❡ ❞❡
❝❡ ♠❛♥✉s❝r✐t✳ ❚❤✐é❜❛✉t ❡t ❚❛❧❧♦♥ ✭✷✵✵✽✮ ♦♥t ét✉❞✐é ❧❛ ✈✐t❡ss❡ ❞❡ ❝♦♥✈❡r❣❡♥❝❡ ❞❡ ❋r■▼
▼❆P ❡♥ ❢♦♥❝t✐♦♥ ❞❡ n ❡t ❞✉ ❘❙❇ ♣♦✉r ✉♥❡ t✉r❜✉❧❡♥❝❡ ❞❡ ❑♦❧♠♦❣♦r♦✈ ✭✜❣✉r❡s ✶✷ ❡t ✶✸
❞❛♥❞ ❧✬❛♥♥❡①❡ ❆✮✳ ▲❛ ✜❣✉r❡ ✶✸ ♠♦♥tr❡ q✉❡ ❧❛ ✈✐t❡ss❡ ❞❡ ❝♦♥✈❡r❣❡♥❝❡ ❞é♣❡♥❞ ♣❡✉ ❞❡ n✱
❡♥ r❡✈❛♥❝❤❡ ❡❧❧❡ ❞✐♠✐♥✉❡ ❧♦rsq✉❡ ❧❡ ❘❙❇ ❛✉❣♠❡♥t❡✳ ▲❡s ❘❙❇ ♣rés❡♥tés s✉r ❝❡tt❡ ✜❣✉r❡
s✬é❝❤❡❧♦♥♥❡ ❡♥tr❡ ✷ ❡t ✺✵✳

✻✳✹✳✷ ❆❧❣♦r✐t❤♠❡ ❞❡s ❣r❛❞✐❡♥ts ❝♦♥❥✉❣✉és ♣ré❝♦♥❞✐t✐♦♥♥és

✕ ❡st✐♠é❡ ✐♥✐t✐❛❧❡ x0

✕ k = 0
✕ ∆0 = b−A ·x0

✕ P♦✉r k = 0, 1, ... ❥✉sq✉✬à ❧❛ ❝♦♥✈❡r❣❡♥❝❡ ❋❛✐r❡ ✿
✕ zk = M ·∆k ✭♣ré❝♦♥❞✐t✐♦♥♥❡✉r✮
✕ ρk = ∆T

k ·zk

✕ pk = zk

✕ ❙✐ k 6= 0✱ ❛❧♦rs pk = pk + (ρk/ρk−1)pk−1

✕ qk = A ·pk

✕ αk = ρk/(p
T
k · qk)

✕ xk+1 = xk + αkpk

✕ ∆k+1 = ∆k − αkqk

✕ k ← k + 1

✻✳✺ ❈♦♥❝❧✉s✐♦♥

❈❡ ❝❤❛♣✐tr❡ rés✉♠❡ ❧✬ét❛t ❞❡ ❧✬❛rt ❞❡s ❛❧❣♦r✐t❤♠❡s ❞❡ r❡❝♦♥str✉❝t✐♦♥ r❛♣✐❞❡s ♣♦✉r ❞❡s
s✉r❢❛❝❡s ❞✬♦♥❞❡ à ❣r❛♥❞ ♥♦♠❜r❡ ❞❡ ♣❛r❛♠ètr❡s✳ ▲❛ ✜❣✉r❡ ✻✳✷ rés✉♠❡ ❛❧♦rs ❧❡s ♣r♦❣rès
❢❛✐ts ❡♥ t❡r♠❡ ❞❡ ❝♦ûts ❞❡ ❝❛❧❝✉❧ ❣râ❝❡ à ❝❡s ♠ét❤♦❞❡s✳ ▲❛ ❜❛♥❞❡ ❤â❝❤✉ré❡ r❡♣rés❡♥t❡
t♦✉❥♦✉rs ❧❡ ♥♦♠❜r❡ ❞✬♦♣ér❛t✐♦♥s ❞✬✉♥❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♠❛tr✐❝❡✲✈❡❝t❡✉r ✭▼▼❱✮ ❡♥tr❡
✺✵✵ ❍③ ❡t ✷ ❦❍③✱ t❛♥❞✐s q✉❡ ❧❡s ❜❡s♦✐♥s ❞❡s ❛✉tr❡s ♠ét❤♦❞❡s s♦♥t tr❛❝és ♣♦✉r ✉♥❡
❢réq✉❡♥❝❡ ❞❡ ✶ ❦❍③ ✉♥✐q✉❡♠❡♥t✳

▲❡s ♥♦✉✈❡❛✉① ❛❧❣♦r✐t❤♠❡s ❛❜❛✐ss❡♥t ❧❛ ❞é♣❡♥❞❛♥❝❡ ❡♥ n ❞✉ ♥♦♠❜r❡ ❞✬♦♣ér❛t✐♦♥s à



✻✳✺✳ ❈❖◆❈▲❯❙■❖◆ ✶✷✾

MMV

2 kHz
500 Hz

 ~2005

 ~2015 (loi de Moore)

 ~2020 (loi de Moore)

NAOS    

SAXO 

E−OAmC (84x84) 

E−OAX (210x210) 

10+2 10+4 10+6

10+6

10+8

10+10

10+12

10+14
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❋✐❣✳ ✻✳✷ ✕ ❈♦♠♣❛r❛✐s♦♥s ❞❡s ❝♦ûts ❝❛❧❝✉❧❛t♦✐r❡s ♣♦✉r ❧❛ r❡❝♦♥str✉❝t✐♦♥ ❞❡ s✉r❢❛❝❡ ❞✬♦♥❞❡
❡♥ ❢♦♥❝t✐♦♥ ❞✉ ♥♦♠❜r❡ ❞❡ ♣❛r❛♠ètr❡s n✳ ▼ê♠❡ ❧é❣❡♥❞❡ q✉❡ ♣♦✉r ❧❛ ✜❣✉r❡ ✷✳✶✺✳ ▲❛ ❜❛♥❞❡
❤â❝❤✉ré❡ r❡♣rés❡♥t❡ ❧❡s ❝♦ûts ❞❡ ❧❛ ♠ét❤♦❞❡ ▼▼❱ ❡♥tr❡ ✺✵✵ ❍③ ❡t ✷ ❦❍③✳ ▼ét❤♦❞❡
❋❚❘ ❞❡ P♦②♥❡❡r ❡t ❱ér❛♥ ✭✷✵✵✺✮ ✭tr❛✐t t✐r❡té✮✱ ♠ét❤♦❞❡ ❋r■▼ ▼❆P ❞❡ ❚❤✐é❜❛✉t ❡t
❚❛❧❧♦♥ ✭✷✵✵✽✮ ♣♦✉r ✶✵ ✐tér❛t✐♦♥s ✭tr❛✐t ♣❧❡✐♥✮✱ ♠ét❤♦❞❡ ❞❡ ●❈ ❛✈❡❝ ♣ré❝♦♥❞✐t✐♦♥♥❡♠❡♥t
❞❛♥s ❋♦✉r✐❡r ❞❡ ❨❛♥❣ ❡t ❛❧✳ ✭✷✵✵✻✮ ♣♦✉r ✺ ✐tér❛t✐♦♥s ✭tr❛✐t ♣♦✐♥t✐❧❧é✲t✐r❡té✮✳ ▲❡s ❝♦ûts ❞❡
❝❡s ♠ét❤♦❞❡s s♦♥t é✈❛❧✉és à ✶ ❦❍③ ❡t ❡♥ ♥é❣❧✐❣❡❛♥t ❧❡s ❝♦♥tr❛✐♥t❡s ❞❡ ❞✐♠❡♥s✐♦♥s ❞❡s
s✉♣♣♦rts ✭♣✉✐ss❛♥❝❡ ❞❡ ✷✮ ♥é❝❡ss❛✐r❡s à ❞❡s ✐♠♣❧é♠❡♥t❛t✐♦♥s r❛♣✐❞❡s✳

❞❡s ✈❛❧❡✉rs ♣r♦♣♦rt✐♦♥♥❡❧❧❡s à n ln(n) ♦✉ n✳ ▲❛ ❞é♣❡♥❞❛♥❝❡ ❡♥ n s❡♠❜❧❡ ✐♠♠é❞✐❛t❡♠❡♥t
♣❧✉s ✐♥tér❡ss❛♥t❡ q✉❡ ❝❡❧❧❡ ❡♥ n lnn✳ ❈❡ s❡r❛✐t ♥é❛♥♠♦✐♥s s❡ ♠é♣r❡♥❞r❡ q✉❡ ❞❡ ❝♦♥❝❧✉r❡
❛✐♥s✐✱ ♣❛r❝❡ q✉❡ ❧❡s ♥♦♠❜r❡s ❞❡ ♣❛r❛♠ètr❡s n ❡♥✈✐s❛❣és ♥❡ s♦♥t ♣❛s s✉✣s❛♠♠❡♥t ❣r❛♥❞s
♣♦✉r q✉❡ ❧❡ ❢❛❝t❡✉r lnn s♦✐t ❢♦rt❡♠❡♥t ♣é♥❛❧✐s❛♥t✳ P❛r ❡①❡♠♣❧❡✱ ♣♦✉r n = 105✱ lnn ≃
11.5✳ ❈✬❡st ❛✐♥s✐ q✉❡ ❧❛ ♠ét❤♦❞❡ ❋❚❘ ❞❡ P♦②♥❡❡r ❡t ❛❧✳ ✭✷✵✵✷✮ ❢♦✉r♥✐t ✉♥❡ r❡❝♦♥str✉❝t✐♦♥
♠♦✐♥s ❝♦ût❡✉s❡ q✉❡ ❧❛ ♠ét❤♦❞❡ ❋r■▼ ▼❆P q✉✐ s✬é✈❛❧✉❡ ❡♥O(n) ♦♣ér❛t✐♦♥s✳ ◆é❛♥♠♦✐♥s✱
❥❡ r❛♣♣❡❧❧❡ q✉❡ ❧❛ ♠ét❤♦❞❡ ❋❚❘ ♥✬❡st ♣❛s ✉♥ ❡st✐♠❛t❡✉r ❞❡ t②♣❡ ▼❆P ❡t q✉✬❡❧❧❡ ♥✬❡st
♣❛s ♥é❝❡ss❛✐r❡♠❡♥t ❛❞❛♣té❡ à ❧❛ t♦♠♦❣r❛♣❤✐❡ ❞✉ ❢❛✐t ❞❡ ❧❛ ♠ét❤♦❞❡ ❛❞ ❤♦❝ ❞✬❡①t❡♥s✐♦♥✳

▲❛ ♠ét❤♦❞❡ ❋r■▼ ▼❆P ❡t ❧❛ ♠ét❤♦❞❡ ❞❡ ❣r❛❞✐❡♥ts ❝♦♥❥✉❣✉és ❛✈❡❝ ♣ré❝♦♥❞✐t✐♦♥✲
♥❡♠❡♥t ❞❛♥s ❋♦✉r✐❡r ✭❋❉✲P❈●✮ s♦♥t ❧❡s ❞❡✉① r❡❝♦♥str✉❝t✐♦♥s ❞❡ t②♣❡ ▼❆P ❧❡s ♠♦✐♥s
❝♦ût❡✉s❡s✳ ❊❧❧❡s s♦♥t r❡♣rés❡♥té❡s s✉r ❧❛ ✜❣✉r❡ ✻✳✷ ♣❛r ✉♥ tr❛✐t ♣❧❡✐♥ ❡t ✉♥ tr❛✐t ♣♦✐♥t✐❧❧é✲
t✐r❡té r❡s♣❡❝t✐✈❡♠❡♥t✳ ▲❛ ♠ét❤♦❞❡ ❋❚❘ ✐tér❛t✐✈❡ ❞❡ ❈♦rr❡✐❛ ❡t ❛❧✳ ✭✷✵✵✽✮ ♣♦✉r ✷ ✐tér❛✲
t✐♦♥s ❡♥❣❡♥❞r❡r❛✐t s✉r ❧❛ ✜❣✉r❡ ✉♥❡ ❞r♦✐t❡ ❝♦♥❢♦♥❞✉❡ ❛✈❡❝ ❝❡❧❧❡ ❞❡ ❧❛ ♠ét❤♦❞❡ ❋❉✲P❈●✳

❋r■▼ ▼❆P ❡st ❧❛ ♠ét❤♦❞❡ ❞❡ r❡❝♦♥str✉❝t✐♦♥ q✉✐ ♣❡r♠❡t ❞❡ t❡♥✐r ❝♦♠♣t❡ ❞✉ r❛♣♣♦rt
s✐❣♥❛❧ à ❜r✉✐t ❡t ❞❡ ❧❛ st❛t✐st✐q✉❡ ❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ ♣♦✉r ré❣✉❧❛r✐s❡r ❧❛ s♦❧✉t✐♦♥✱ t♦✉t
❡♥ ♦✛r❛♥t ❧❡ ♣❧✉s ❢❛✐❜❧❡ ❝♦ût ❞❡ r❡❝♦♥str✉❝t✐♦♥✳

❏❡ t✐❡♥s à ❢❛✐r❡ r❡♠❛rq✉❡r q✉❡ ❧❛ ✜❣✉r❡ ✻✳✷ ♥❡ ♣r❡♥❞ ♣❛s ❡♥ ❝♦♠♣t❡ ❞✬é✈❡♥t✉❡❧❧❡s
str❛té❣✐❡s ❞✬✐♠♣❧é♠❡♥t❛t✐♦♥s ♣❛rt✐❝✉❧✐èr❡s à ❝❤❛q✉❡ ♠ét❤♦❞❡✳ ▲❡s r❡❝♦♥str✉❝t✐♦♥s ✉t✐✲
❧✐s❛♥t ❧❛ ❋❋❚ ✐♠♣♦s❡♥t s✐♠♣❧❡♠❡♥t ✉♥ ♥♦♠❜r❡ ❞❡ ♣❛r❛♠ètr❡s n ❞❡ ❧❛ ❢♦r♠❡ 2p × 2p✳
▲❛ ♠ét❤♦❞❡ ❢r❛❝t❛❧❡ r❡q✉✐❡rt ✉♥❡ ❞❡s❝r✐♣t✐♦♥ 2p + 1 × 2p + 1✳ ❉❡ ❝❡ ♣♦✐♥t ❞❡ ✈✉❡✱



✶✸✵ ❈❍❆P■❚❘❊ ✻✳ ▲❊❙ ❆▲●❖❘■❚❍▼❊❙ ❘❆P■❉❊❙ ❉❊ ❘❊❈❖◆❙❚❘❯❈❚■❖◆

❧❡s ❝♦♥tr❛✐♥t❡s s♦♥t ❞♦♥❝ éq✉✐✈❛❧❡♥t❡s✳ ■❧ ❡st ✈r❛✐ q✉❡ ❧❡ t❡♠♣s ❞❡ ❝❛❧❝✉❧ ré❡❧ ♣❡✉t êtr❡
♦♣t✐♠✐sé ♣♦✉r ❝❤❛q✉❡ ♠ét❤♦❞❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ s♦♥ ✐♠♣❧é♠❡♥t❛t✐♦♥✱ ♦✉ ❞❡ s❛ ♣❛r❛❧❧é❧✐✲
s❛t✐♦♥ ♣♦ss✐❜❧❡✳ ▲❡ ❜✉t ❞❡ ❝❡tt❡ ✜❣✉r❡ ❡st s✐♠♣❧❡♠❡♥t ❞❡ ❞♦♥♥❡r ✉♥ ♦r❞r❡ ❞❡ ❣r❛♥❞❡✉r
❞❡s ❝♦ûts ❝❛❧❝✉❧❛t♦✐r❡s ❞❡ ❝❡s ❛❧❣♦r✐t❤♠❡s✱ ♣♦✉r s♦✉❧✐❣♥❡r ❧❡✉r ✐♥térêt✳

❈✬❡st ❧❛ ♠ét❤♦❞❡ ❋r■▼ ▼❆P ❡t s❡s ♣❡r❢♦r♠❛♥❝❡s q✉✐ s♦♥t ét✉❞✐é❡s très ❡♥ ❞ét❛✐❧
❞❛♥s ❧❛ s✉✐t❡ ❞❡ ❝❡tt❡ ♣❛rt✐❡✳



❈❤❛♣✐tr❡ ✼

❈♦♠♣❛r❛✐s♦♥ ❞❡s r❡❝♦♥str✉❝t❡✉rs

♣❛r s✐♠✉❧❛t✐♦♥s

❏❡ ♣rés❡♥t❡ ❞❛♥s ❝❡ ❝❤❛♣✐tr❡ ❞❡s s✐♠✉❧❛t✐♦♥s ❞❡ r❡❝♦♥str✉❝t✐♦♥s ❞❡ s✉r❢❛❝❡ ❞✬♦♥❞❡
t✉r❜✉❧❡♥t❡✱ ❡✛❡❝t✉é❡s à ❧✬❛✐❞❡ ❞❡ ❧✬❛❧❣♦r✐t❤♠❡ ❞❡ r❡❝♦♥str✉❝t✐♦♥ ❞❡s ❣r❛❞✐❡♥ts ❝♦♥❥✉❣✉és
✭●❈✮ ❝♦♠❜✐♥é ❛✈❡❝ ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❢r❛❝t❛❧❡ ✭❝❢✳ ❝❤❛♣✐tr❡ ✻✮✳ ❉❛♥s ✉♥ ♣r❡♠✐❡r t❡♠♣s✱
❧✬❛❧❣♦r✐t❤♠❡ ❡st ✉t✐❧✐sé ♣♦✉r ❧❛ r❡❝♦♥str✉❝t✐♦♥ ❞❡ t②♣❡ ♠❛①✐♠✉♠ ❞❡ ✈r❛✐s❡♠❜❧❛♥❝❡ s✉r
❞❡s s②stè♠❡s ❞❡ t②♣❡ ♦♣t✐q✉❡s ❛❞❛♣t❛t✐✈❡s ❡①trê♠❡s ✭❖❆❳✮✳ P✉✐s ❧❡s ♣❡r❢♦r♠❛♥❝❡s s♦♥t
❝♦♠♣❛ré❡s à ❝❡❧❧❡s ❞❡ ❧❛ ♠ét❤♦❞❡ ❋r■▼▼❆P✱ ❝✬❡st✲à✲❞✐r❡ ❞❡ ❧✬❡st✐♠❛t❡✉r ▼❆P ❝♦♥str✉✐t
à ♣❛rt✐r ❞❡ ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❢r❛❝t❛❧❡ ✭❝❢✳ s❡❝t✐♦♥ ✻✳✹✳✶✮✳ ❯♥❡ ♣❛rt✐❡ ❞❡ ❝❡s rés✉❧t❛ts ❡st
❝♦♥t❡♥✉❡ ❞❛♥s ❧✬❛rt✐❝❧❡ r❡♣r♦❞✉✐t ❞❛♥s ❧❛ s❡❝t✐♦♥ ✺✳✸✳ ❏❡ ❝♦♠♠❡♥❝❡ ❞♦♥❝ ♣❛s rés✉♠❡r ❧❡s
♣♦✐♥ts ✐♠♣♦rt❛♥ts ❞❡s rés✉❧t❛ts ♣rés❡♥tés ❞❛♥s ❝❡t ❛rt✐❝❧❡✳ ▲❛ r❛♣✐❞✐té ❞❡ ❧✬❛❧❣♦r✐t❤♠❡
❡t ❧❛ q✉❛❧✐té ❞❡ ❧❛ r❡❝♦♥str✉❝t✐♦♥ s♦♥t t♦✉t❡s ❞❡✉① ❛♥❛❧②sé❡s✳

P❛r ❧❛ s✉✐t❡✱ ❥✬ét✉❞✐❡ é❣❛❧❡♠❡♥t ❧✬✐♠♣❛❝t ❞✬✉♥❡ ❡rr❡✉r ❞❡ ♠♦❞é❧✐s❛t✐♦♥ ❞❡s ❝♦rré❧❛✲
t✐♦♥s ❞❡s ❡rr❡✉rs ❞❡ ♠❡s✉r❡s ❡t ❧✬✐♠♣❛❝t ❞✬✉♥❡ ❡rr❡✉r ❞✬❛ ♣r✐♦r✐ s✉r ❧❛ r❡❝♦♥str✉❝t✐♦♥
❞❡ s✉r❢❛❝❡ ❞✬♦♥❞❡✳ ▲à ❡♥❝♦r❡✱ ❥❡ ❢♦✉r♥✐s ✉♥ rés✉♠é ❞❡s rés✉❧t❛ts ♣rés❡♥tés ❞❛♥s ❧✬❛r✲
t✐❝❧❡ ❲❛✈❡❢r♦♥t ❘❡❝♦♥str✉❝t✐♦♥ ✇✐t❤ ▲❛s❡r ●✉✐❞❡ ❙t❛r ❙♣♦t ❡❧♦♥❣❛t✐♦♥ r❡♣r♦❞✉✐t ❞❛♥s
❧❛ s❡❝t✐♦♥ ✼✳✹✳ ❈❡t ❛rt✐❝❧❡ ❛ ❢❛✐t ❧✬♦❜❥❡t ❞✬✉♥❡ ♣rés❡♥t❛t✐♦♥ à ❧❛ ❝♦♥❢ér❡♥❝❡ ❙P■❊ ❞❡
▼❛rs❡✐❧❧❡ ❡♥ ❏✉✐♥ ✷✵✵✽✳ ❉✬❛✉tr❡s ❡rr❡✉rs ❞❡ ♠♦❞é❧✐s❛t✐♦♥ ❡t ❧❡✉r ✐♠♣❛❝t s✉r ❧❛ q✉❛❧✐té
❞❡ ❧❛ r❡❝♦♥str✉❝t✐♦♥ s♦♥t ❛♥❛❧②sé❡s ❞❛♥s ❝❡ ❝❤❛♣✐tr❡✳

▲❡s ✈❛❧❡✉rs ❞❡ r0 ❝✐té❡s ❝✐✲❛♣rès s♦♥t ❝❛❧❝✉❧é❡s à ❧❛ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡ ❞❡ ❧✬❛♥❛❧②s❡✉r
λAO s✐ ❝❡❧❧❡✲❝✐ ♥✬❡st ♣❛s ♣ré❝✐sé❡✳ ▲❡s ❡rr❡✉rs ❞❡ ♠❡s✉r❡ ❞❡ ❧✬❛♥❛❧②s❡✉r s♦♥t ❡①♣r✐♠é❡s✱
❝♦♠♠❡ ❧❡s ♠❡s✉r❡s✱ ❡♥ ❞✐✛ér❡♥❝❡ ❞❡ ♣❤❛s❡ ❡♥tr❡ ❞❡✉① ❜♦r❞s ❞✬✉♥❡ s♦✉s✲♣✉♣✐❧❧❡ à ❧❛
❧♦♥❣❡✉r ❞✬♦♥❞❡ ❞❡ ❧✬❛♥❛❧②s❡✉r✱ ❝✬❡st✲à✲❞✐r❡ ❡♥ r❛❞✐❛♥/dl✳ ▲✬❡rr❡✉r ❞❡ r❡❝♦♥str✉❝t✐♦♥ ❡st
é✈❛❧✉é❡ ♣❛r aφr❡s ✱ ❡♥ r❛❞✐❛♥2✱ ❡♥ ♠♦②❡♥♥❡ s✉r ❧❛ ♣✉♣✐❧❧❡✱ ❛✈❡❝ φr❡s = 2πwr❡s/λAO✳

❉❛♥s t♦✉t ❝❡ ❝❤❛♣✐tr❡✱ ❧❡s s✐♠✉❧❛t✐♦♥s s♦♥t ❢❛✐t❡s ❛✈❡❝ dl = de✱ ❝✬❡st✲à✲❞✐r❡ q✉❡ ❧❛
s✉r❢❛❝❡ ❞✬♦♥❞❡ t✉r❜✉❧❡♥t❡ s✐♠✉❧é❡ ❡t ❝❡❧❧❡ r❡❝♦♥tr✉✐t❡ s♦♥t ♣❛r❛♠étré❡s ❛✈❡❝ ✉♥ ♣❛s
❞✬é❝❤❛♥t✐❧❧♦♥♥❛❣❡ de✱ ❡♥ r❡♣rés❡♥t❛t✐♦♥ ③♦♥❛❧❡✱ é❣❛❧ à dl✱ ❧❛ t❛✐❧❧❡ ❞✬✉♥❡ s♦✉s✲♣✉♣✐❧❧❡ ❞❡
❧✬❛♥❛❧②s❡✉r✳ ❊♥ ❞✬❛✉tr❡s t❡r♠❡s✱ ❧❡ ♠♦❞è❧❡ ❞❡ ❋r✐❡❞ ❞❡ ❧✬❛♥❛❧②s❡✉r ❡st ✉♥ ♠♦❞è❧❡ ♣❛r❢❛✐t
❞✉ ♣r♦❝❡ss✉s ❞❡ ♠❡s✉r❡✳ ▲❛ q✉❛❧✐té ❞❡ ❧❛ r❡❝♦♥str✉❝t✐♦♥ ❡st é✈❛❧✉é❡ à ♣❛rt✐r ❞❡ ❧✬❡rr❡✉r
〈ǫ2〉r❡❝♦♥st ❞é✜♥✐❡ ♣❛r ❧❡s éq✉❛t✐♦♥s ✭✺✳✶✶✮✲✭✺✳✶✸✮✳

✶✸✶
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✼✳✶ ❙✐♠✉❧❛t✐♦♥ ❞❡ s✉r❢❛❝❡ ❞✬♦♥❞❡ t✉r❜✉❧❡♥t❡

▲✬ét✉❞❡ ❞❡s ❛❧❣♦r✐t❤♠❡s ❞❡ ❝♦♠♠❛♥❞❡ ♣♦✉r ❧✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ♣❛ss❡ ♣❛r ❧❛ s✐✲
♠✉❧❛t✐♦♥ ❞✉ ❝♦♠♣♦rt❡♠❡♥t ❞✉ s②stè♠❡✳ ❏✬❛✐ ❞♦♥❝ été ❛♠❡♥é❡ à s✐♠✉❧❡r ❞❡s s✉r❢❛❝❡s
❞✬♦♥❞❡ ❛✉ ❝♦✉rs ❞❡ ♠❛ t❤ès❡✳

➚ ♣❛rt✐r ❞❡s ❞✐✛ér❡♥t❡s ♣❛r❛♠étr✐s❛t✐♦♥s ❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ ✐♥tr♦❞✉✐t❡s ❞❛♥s ❧❛
s❡❝t✐♦♥ ✸✳✷ ❡t ❞❡ ❧❛ ❢♦♥❝t✐♦♥ ❞❡ str✉❝t✉r❡ ♦✉ ❞✉ s♣❡❝tr❡ ❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡✱ ✐❧ ❡st
♣♦ss✐❜❧❡ ❞❡ ❝♦♥str✉✐r❡ ❞✐✈❡rs ❣é♥ér❛t❡✉rs ❞❡ s✉r❢❛❝❡s ❞✬♦♥❞❡ t✉r❜✉❧❡♥t❡s✳ ▲❛ ♠ét❤♦❞❡
❧❛ ♣❧✉s ❧❛r❣❡♠❡♥t ✉t✐❧✐sé❡ r❡♣♦s❡ s✉r ❧❛ tr❛♥s❢♦r♠é❡ ❞❡ ❋♦✉r✐❡r ❞✐s❝rèt❡ ✭❚❋❉✮ ❞❡ ❧❛
s✉r❢❛❝❡ ❞✬♦♥❞❡✱ ❞♦♥❝ s✉r ✉♥❡ ❞é❝♦♠♣♦s✐t✐♦♥ ❡♥ ❝♦❡✣❝✐❡♥ts w̃k,l t❡❧s q✉❡ ❞é✜♥✐s ♣❛r ❧❡s
éq✉❛t✐♦♥s ✭✸✳✷✺✮✲✭✸✳✷✻✮✳ ❏✬❛✐ ét✉❞✐é ❝❡tt❡ ♠ét❤♦❞❡ ❞❡ s✐♠✉❧❛t✐♦♥ ♣♦✉r ❣é♥ér❡r ❞❡s é❝r❛♥s
❞❡ ♣❤❛s❡ t✉r❜✉❧❡♥ts ♣♦✉r ❧❡s ❣r❛♥❞s té❧❡s❝♦♣❡s ✭▲❛♥❡ ❡t ❛❧✳✱ ✶✾✾✷✮✳

P♦✉r ❝❤❛q✉❡ ❢réq✉❡♥❝❡ (k, l)✱ ♦♥ ❣é♥èr❡ ✉♥❡ ✈❛r✐❛❜❧❡ ❛❧é❛t♦✐r❡ ❝♦♠♣❧❡①❡ ●❛✉ss✐❡♥♥❡
❝❡♥tré❡ t❡❧❧❡ q✉❡ 〈|w̃k,l|2〉 = Sw(

√
k2 + l2)✳ ❉❡ ❝❡tt❡ ❢❛ç♦♥✱ ♦♥ ♦❜t✐❡♥t à ♣❛rt✐r ❞❡s

♣❛rt✐❡s ré❡❧❧❡s ❡t ✐♠❛❣✐♥❛✐r❡s ❞❡ ❧❛ ❚❋❉ ❞❡ ❝❡tt❡ ❞é❝♦♠♣♦s✐t✐♦♥✱ ❞❡✉① s✉r❢❛❝❡s ❞✬♦♥❞❡
t✉r❜✉❧❡♥t❡s ✐♥❞é♣❡♥❞❛♥t❡s✳

P❛r ❝❡tt❡ t❡❝❤♥✐q✉❡✱ ❧❛ r❡♣rés❡♥t❛t✐♦♥ ❞❡s ❜❛ss❡s ❢réq✉❡♥❝❡s ❡st ❧✐♠✐té❡ ♣❛r ❧❛ t❛✐❧❧❡
❞❡ ❧✬é❝r❛♥ ❞❡ ♣❤❛s❡ ✜♥❛❧✳ ❖r ❧❡s ❜❛s ♦r❞r❡s s♦♥t ❝❡✉① q✉✐ ❝♦♥t✐❡♥♥❡♥t ❧❡ ♣❧✉s ❞✬é♥❡r❣✐❡
❞❛♥s ❧❛ t✉r❜✉❧❡♥❝❡✱ ✐❧ ❡st ❞♦♥❝ ✐♠♣♦rt❛♥t ❞❡ ❜✐❡♥ ❧❡s s✐♠✉❧❡r✳ ▲❛♥❡ ❡t ❛❧✳ ✭✶✾✾✷✮ ♦♥t
♣r♦♣♦sé ✉♥❡ ♠ét❤♦❞❡ ❞✬✐♥tr♦❞✉❝t✐♦♥ ❞❡ s♦✉s✲❢réq✉❡♥❝❡s✱ ♠❛✐s s♦♥ ✐♠♣❧é♠❡♥t❛t✐♦♥ ♥❡
♠✬❛ ♣❛s ❝♦♥❞✉✐t à ❞❡s rés✉❧t❛ts s❛t✐s✜s❛♥ts✳ ❉❛♥s ❧❛ ❧✐ttér❛t✉r❡✱ ❧❡ ♣r♦❜❧è♠❡ ❞❡s ❜❛ss❡s
❢réq✉❡♥❝❡s ♣♦✉r ❧❡s s✐♠✉❧❛t✐♦♥s ❡st ❣é♥ér❛❧❡♠❡♥t rés♦❧✉ ❡♥ ❣é♥ér❛♥t ✉♥ é❝r❛♥ ❞❡ ♣❤❛s❡
❜❡❛✉❝♦✉♣ ♣❧✉s ❧❛r❣❡ q✉❡ ❧❛ ♣✉♣✐❧❧❡ ❛✜♥ ❞✬❛ss✉r❡r ✉♥❡ r❡♣rés❡♥t❛t✐✈✐té ❝♦rr❡❝t❡ ❞❡s ❜❛s
♦r❞r❡s ❞❡ ❧❛ t✉r❜✉❧❡♥❝❡✳ ❏✬❛✐ é❝❛rté ❝❡tt❡ s♦❧✉t✐♦♥ ♣♦✉r ❣é♥ér❡r ♠❡s s✐♠✉❧❛t✐♦♥s ♣❛r❝❡
q✉❡ ❥❡ ❝♦♥s✐❞èr❡ ❞❡s ♣✉♣✐❧❧❡s ❧❛r❣❡s ❞❛♥s ❧❡ ❝❛s ❞❡s té❧❡s❝♦♣❡s ❤❡❝t♦♠étr✐q✉❡s ❡t ❧❛
r❡♣rés❡♥t❛t✐♦♥ ❡♥ ♠é♠♦✐r❡ s❡r❛✐t ❛❧♦rs très ❝♦ût❡✉s❡✳

❏✬❛✐ ✜♥❛❧❡♠❡♥t ❝♦♥s✐❞éré ❧❛ ♠ét❤♦❞❡ ❢r❛❝t❛❧❡ ❞❡ ❚❤✐é❜❛✉t ❡t ❚❛❧❧♦♥ ✭✷✵✵✽✮ ♣♦✉r
s✐♠✉❧❡r ❧❡s s✉r❢❛❝❡s ❞✬♦♥❞❡ t✉r❜✉❧❡♥t❡s✳ ❈❡tt❡ ♠ét❤♦❞❡ ♣❡r♠❡t ❞❡ ❣é♥ér❡r ✉♥❡ s✉r❢❛❝❡
❞✬♦♥❞❡ w ❞❛♥s ✉♥❡ r❡♣rés❡♥t❛t✐♦♥ ③♦♥❛❧❡ ❞❡ ❞✐♠❡♥s✐♦♥ 2p + 1 × 2p + 1✱ à ♣❛rt✐r ❞✬✉♥
✈❡❝t❡✉r u ❞❡ R

(2p+1)×(2p+1) ✈❛❧❡✉rs ❛❧é❛t♦✐r❡s ✐♥❞é♣❡♥❞❛♥t❡s ❡t ❞❡ st❛t✐st✐q✉❡ ♥♦r♠❛❧❡
✭✐✳❡✳ ●❛✉ss✐❡♥♥❡ ❝❡♥tré❡ ré❞✉✐t❡✮✳ ❈❡❝✐ s✬❡✛❡❝t✉❡ ❡♥ s❡✉❧❡♠❡♥t 6 × n ♦♣ér❛t✐♦♥s✱ n =
(2p + 1)× (2p + 1)✱ ❡♥ ❛♣♣❧✐q✉❛♥t ❧✬♦♣ér❛t❡✉r ❢r❛❝t❛❧ K❢r❛❝

w = K❢r❛❝ ·u .

▲✬❛❧❣♦r✐t❤♠❡ ❞❡ ❚❤✐é❜❛✉t ❡t ❚❛❧❧♦♥ ✭✷✵✵✽✮ s✉♣♣♦s❡ ✉♥❡ st❛t✐st✐q✉❡ ❞❡ ❑♦❧♠♦❣♦r♦✈✳
❚♦✉t❡❢♦✐s✱ ❥✬❛✐ ♣ré❝✐sé ❛✉ ❞é❜✉t ❞❡ ❝❡ ♠❛♥✉s❝r✐t q✉❡ ♣♦✉r ❧❡s té❧❡s❝♦♣❡s ❤❡❝t♦♠étr✐q✉❡s
❧✬✐♠♣❛❝t ❞✬✉♥❡ é❝❤❡❧❧❡ ❡①t❡r♥❡ ❞❡ ❝♦❤ér❡♥❝❡ s♣❛t✐❛❧❡ ✜♥✐❡ L0 s✬❛✈èr❡ ✐♠♣♦rt❛♥t ✭❈♦♥❛♥✱
✷✵✵✵❀ ❊❧❧❡r❜r♦❡❦✱ ✶✾✾✼✮✳ ❆✜♥ ❞❡ ♣♦✉✈♦✐r t❡♥✐r ❝♦♠♣t❡ ❞❡ ❝❡t ❡✛❡t ❞❛♥s ♠❡s s✐♠✉❧❛t✐♦♥s✱
❥✬❛✐ ♠♦❞✐✜é ❧❛ ❞é✜♥✐t✐♦♥ ❞❡ ❧✬♦♣ér❛t❡✉r ❢r❛❝t❛❧ K❢r❛❝ ♣♦✉r q✉✬✐❧ ♣✉✐ss❡ ❝❛r❛❝tér✐s❡r ✉♥❡
st❛t✐st✐q✉❡ ❞❡ t✉r❜✉❧❡♥❝❡ ❞❡ t②♣❡ ✈♦♥ ❑ár♠á♥✳

❉✬❛♣rès ❧❡ rés✉♠é ❞❡ ❧❛ ♠ét❤♦❞❡ ♣rés❡♥té ❞❛♥s ❧❛ s❡❝t✐♦♥ ✸✳✷✳✷✱ ❧❛ ❝♦♥str✉❝t✐♦♥ ❞❡
❧✬❛❧❣♦r✐t❤♠❡ ❞❡ ♣♦✐♥ts ♠✐❧✐❡✉①✱ ❡t ❞♦♥❝ ❞❡ K❢r❛❝✱ ❞é❝♦✉❧❡ ❞❡ ❧❛ ✈❛r✐❛♥❝❡ ❧♦❝❛❧❡ σ2

w ❡t ❞❡s
✈❛❧❡✉rs ❞❡ ❧❛ ❢♦♥❝t✐♦♥ ❞❡ str✉❝t✉r❡ ❛✉① ❞✐✛ér❡♥t❡s é❝❤❡❧❧❡s de✱

√
2 de✱ 2 de✱ 2

√
2de ❡t ❛✐♥s✐

❞❡ s✉✐t❡ ❥✉sq✉✬à
√

2L ♦ù L ❡st ❧❛ ❧♦♥❣✉❡✉r ❞✬✉♥ ❝ôté ❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡✳ ❆✜♥ ❞✬ét❡♥❞r❡
❧❡ ❣é♥ér❛t❡✉r ❢r❛❝t❛❧ à ✉♥❡ st❛t✐st✐q✉❡ ❞❡ t②♣❡ ✈♦♥ ❑ár♠á♥✱ ✐❧ s✉✣t ❞❡ r❡♠♣❧❛❝❡r ❝❡s
✈❛❧❡✉rs ❞❡ ✈❛r✐❛♥❝❡ ❡t ❞❡ ❢♦♥❝t✐♦♥ ❞❡ str✉❝t✉r❡ ♣❛r ❝❡❧❧❡s ❢♦✉r♥✐❡s ♣❛r ❧❡ ♠♦❞è❧❡ ❞❡
✈♦♥ ❑ár♠á♥✳ ❈❡❝✐ ❡st ❞✬❛✉t❛♥t ♣❧✉s s✐♠♣❧❡ q✉❡ ❧❛ st❛t✐st✐q✉❡ ❞❡ ✈♦♥ ❑ár♠á♥ s✉♣♣♦s❡
✉♥❡ ✈❛❧❡✉r ✜♥✐❡ ❞❡ ❧❛ ✈❛r✐❛♥❝❡ ❧♦❝❛❧❡ σ2

w✱ ❞é♣❡♥❞❛♥t❡ ❞✉ r❛♣♣♦rt D/L0✳ ▲❛ ♣r♦❝é❞✉r❡



✼✳✶✳ ❙■▼❯▲❆❚■❖◆ ❉❊ ❙❯❘❋❆❈❊ ❉✬❖◆❉❊ ❚❯❘❇❯▲❊◆❚❊ ✶✸✸

♣r♦♣♦sé❡ ♣❛r ❚❤✐é❜❛✉t ❡t ❚❛❧❧♦♥ ✭✷✵✵✽✮ ♣♦✉r ✉♥❡ st❛t✐st✐q✉❡ ❞❡ ❑♦❧♠♦❣♦r♦✈ ✐♠♣❧✐q✉❡✱
❡❧❧❡✱ ❞❡ ✜①❡r ❛r❜✐tr❛✐r❡♠❡♥t ❧❛ ✈❛❧❡✉r ❞❡ ❧❛ ✈❛r✐❛♥❝❡ ❧♦❝❛❧❡ σ2

w✱ ❝❡❧❧❡✲❝✐ ét❛♥t ✐♥✜♥✐❡ ❡♥
t❤é♦r✐❡✳

❋✐♥❛❧❡♠❡♥t✱ ✐❧ ❡st ❞és♦r♠❛✐s ♣♦ss✐❜❧❡ ❞❡ s✐♠✉❧❡r ❞❡s s✉r❢❛❝❡s ❞✬♦♥❞❡ t✉r❜✉❧❡♥t❡s
❛✈❡❝ ✉♥ ♦♣ér❛t❡✉r ❢r❛❝t❛❧ K❢r❛❝ ✐ss✉ ❞❡ ❧❛ st❛t✐st✐q✉❡ ♥♦r♠❛❧✐sé❡ ❞é❝r✐t❡ ❞❛♥s ❧❛ s❡❝✲
t✐♦♥ ✸✳✶✳ ❈❡❝✐ s✐❣♥✐✜❡ q✉❡✱ ❞❛♥s ❧❡s s✐♠✉❧❛t✐♦♥s✱ K❢r❛❝ ❞é♣❡♥❞ ❞❡ D/de✱ D/r0 ❡t D/L0✳
❏❡ ❞é❝r✐s ❞❛♥s ❧❡ ♣r♦❝❤❛✐♥ ♣❛r❛❣r❛♣❤❡ ❧❡s ✐♠♣❧✐❝❛t✐♦♥s ❞❡ ❝❡tt❡ ♥♦✉✈❡❧❧❡ st❛t✐st✐q✉❡ ♣♦✉r
❧✬♦♣ér❛t❡✉r ❢r❛❝t❛❧✳

▲❛ s❛t✉r❛t✐♦♥ ❞❡ ❧❛ ❢♦♥❝t✐♦♥ ❞❡ str✉❝t✉r❡ ❞❛♥s ❧❛ r❡♣rés❡♥t❛t✐♦♥ ❢r❛❝t❛❧❡

❉❛♥s t♦✉t❡ ❧❛ s✉✐t❡ ❞❡ ❝❡ ♠❛♥✉s❝r✐t✱ ❧✬♦♣ér❛t❡✉r ❢r❛❝t❛❧ K❢r❛❝ ❡st ♥♦r♠❛❧✐sé✱ ❝✬❡st✲
à✲❞✐r❡ q✉✬✐❧ ❡st ❝♦♥str✉✐t à ♣❛rt✐r ❞❡ ❧❛ ❢♦♥❝t✐♦♥ ❞❡ str✉❝t✉r❡ ♥♦r♠❛❧✐sé❡ Dw ❞é✜♥✐❡
♣❛r ❧✬éq✉❛t✐♦♥ ✭✸✳✶✹✮✳ ▲❡ ❣é♥ér❛t❡✉r K❢r❛❝ r❡s♣❡❝t❡ ❧❛ ♥❛t✉r❡ ❢r❛❝t❛❧❡ ❞❡ ❧❛ ❢♦♥❝t✐♦♥
❞❡ str✉❝t✉r❡ ❞❡ ❧❛ ♣❤❛s❡ t✉r❜✉❧❡♥t❡ s✐ ♦♥ ♣❡✉t ♠✉❧t✐♣❧✐❡r ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ ♥♦r♠❛❧✐sé❡
w̄ = K❢r❛❝ ·u ♣❛r (D/r0)

5/6 ♣♦✉r ♦❜t❡♥✐r ❧❛ ❢♦♥❝t✐♦♥ ❞❡ str✉❝t✉r❡ ❞és✐ré❡✳ ❈❡❝✐ ♥✬❡st ✈r❛✐
q✉❡ ♣♦✉r ❧❛ t✉r❜✉❧❡♥❝❡ ❞❡ ❑♦❧♠♦❣♦r♦✈✳ ❊♥ ❡✛❡t✱ ❧✬♦♣ér❛t❡✉r ♥♦r♠❛❧✐sé K❢r❛❝ ♣♦✉r ✈♦♥
❑ár♠á♥ ❡st ❞é✜♥✐ ♣♦✉r ✉♥ ❝❡rt❛✐♥ r❛♣♣♦rt D/L0✳ ❙❡✉❧ ❧❡ r❛♣♣♦rt D/r0 ❡st ❛❥✉st❛❜❧❡
s✉r ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ ♣♦✉r ✉♥ ❝❤❛♥❣❡♠❡♥t ❞✬é❝❤❡❧❧❡✳ ▲❛ s❛t✉r❛t✐♦♥ ❞❡ ❧❛ ❢♦♥❝t✐♦♥ ❞❡
str✉❝t✉r❡✱ ✈✐❛ D/L0✱ ❡st ✜❣é❡ à ❧❛ ❝♦♥str✉❝t✐♦♥ ❞❡ ❧✬♦♣ér❛t❡✉r ♥♦r♠❛❧✐sé K❢r❛❝✳

P✉✐sq✉❡ ❧❛ ✈❛r✐❛♥❝❡ ❞❡ ❧❛ ♣❤❛s❡ σ2
w ❡st ✐♥✜♥✐❡ ♣♦✉r ❧❛ t✉r❜✉❧❡♥❝❡ ❞❡ ❑♦❧♠♦❣♦r♦✈✱

✉♥❡ ✈❛❧❡✉r ❛r❜✐tr❛✐r❡ σ2
w ❛ été s✉❣❣éré❡ ♣❛r ❚❤✐é❜❛✉t ❡t ❚❛❧❧♦♥ ✭✷✵✵✽✮ ♣♦✉r ❝♦♥str✉✐r❡

❧✬♦♣ér❛t❡✉r K❢r❛❝ ❞❡ ❑♦❧♠♦❣♦r♦✈✳ ■❧s ♦♥t ❝❤♦✐s✐ σ2
w é❣❛❧❡ à ❧❛ ♠♦✐t✐é ❞❡ ❧❛ ❢♦♥❝t✐♦♥ ❞❡

str✉❝t✉r❡ ❝❛❧❝✉❧é❡ s✉r ❧❛ ♣❧✉s ❣r❛♥❞❡ é❝❤❡❧❧❡ ❞❡ ❧✬é❝r❛♥ ❞❡ ♣❤❛s❡✱ ✐✳❡✳ σ2
w = 1

2 Cw(L)✱ ❛✈❡❝
L ❧❛ ❞✐❛❣♦♥❛❧❡ ❞❡ ❧✬é❝r❛♥ ❞❡ ♣❤❛s❡✳ ❈❡ ❝❤♦✐① ♣❡✉t êtr❡ ✐♥t❡r♣rété ❝♦♠♠❡ ❧❛ ❞é❝♦rré❧❛t✐♦♥
❞❡s ♣❧✉s ❜❛ss❡s ❢réq✉❡♥❝❡s✱ ✐♥tr♦❞✉✐s❛♥t ✉♥❡ s❛t✉r❛t✐♦♥ ❞❡ ❧❛ ❢♦♥❝t✐♦♥ ❞❡ str✉❝t✉r❡✳
P✉✐sq✉❡ ❧❛ ♣✉♣✐❧❧❡ ❡st t♦✉❥♦✉rs ♣❧✉s ♣❡t✐t❡ q✉❡ ❧✬é❝r❛♥ ❞❡ ♣❤❛s❡✱ ♦♥ ❛ L ≥ √

2D✳ ❉♦♥❝ ❧❛
✈❛❧❡✉r ♠✐♥✐♠❛❧❡ ❞❡ ✈❛r✐❛♥❝❡ ✐♠♣♦sé❡ ♣❛r ❧✬♦♣ér❛t❡✉r ❢r❛❝t❛❧ ❡st σ2

w ≥ 3.44 (
√

2D/r0)
5/3✳

▲❛ ✜❣✉r❡ ✼✳✶ ♠♦♥tr❡ ❧❡s ❞✐✛ér❡♥t❡s ❢♦♥❝t✐♦♥s ❞❡ str✉❝t✉r❡✳ ❈❡❧❧❡ ❞❡ ✈♦♥ ❑❛r♠❛♥ ❡st
❝❛❧❝✉❧é❡ ♣♦✉r ❞❡s ❝♦♥❞✐t✐♦♥s ❞❡ t✉r❜✉❧❡♥❝❡ t②♣✐q✉❡s à ❈❡rr♦ P❛r❛♥❛❧ ✭❱▲❚ ❛✉ ❈❤✐❧✐✮
✭▼❛rt✐♥ ❡t ❛❧✳✱ ✷✵✵✵✮✳ ❖♥ ♦❜s❡r✈❡ q✉❡ ❧❛ ✈❛r✐❛♥❝❡ ✉t✐❧✐sé❡ ♣❛r ❧❛ ♠ét❤♦❞❡ ❢r❛❝t❛❧❡ ❛✈❡❝
❧❡ ♠♦❞è❧❡ ❞❡ ❑♦❧♠♦❣♦r♦✈ ✐♥❞✉✐t ❞❡s ❝♦rré❧❛t✐♦♥s ♣❧✉s ❢♦rt❡s à ❣r❛♥❞❡ é❝❤❡❧❧❡ q✉❡ ❝❡ q✉❡
❢❛✐t ❧❡ ♠♦❞è❧❡ ❞❡ ✈♦♥ ❑ár♠á♥✳ ❈❡s ❝♦rré❧❛t✐♦♥s ❛✉❣♠❡♥t❡♥t ❡♥❝♦r❡ ❛✈❡❝ ❧❡ ❞✐❛♠ètr❡ ❞✉
té❧❡s❝♦♣❡ ❝♦♥s✐❞éré✳ ◆é❛♥♠♦✐♥s✱ ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞✉ ♠♦❞è❧❡ ❞❡ ❑♦❧♠♦❣♦r♦✈ ♣❛r K❢r❛❝

❛ ❧✬❛✈❛♥t❛❣❡ ❞❡ s✉✐✈r❡ ❧❛ ❧♦✐ ❞❡ ♣✉✐ss❛♥❝❡ ❞❡ ❑♦❧♠♦❣♦r♦✈ ❞❛♥s ❧❡ ❞♦♠❛✐♥❡ ✐♥❡rt✐❡❧✳

❖♥ ♣❡✉t ❞és♦r♠❛✐s réé❝r✐r❡ ❧❛ ❝♦✈❛r✐❛♥❝❡ ♥♦r♠❛❧✐sé❡ ❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ ✉t✐❧✐sé❡
♣❛r ❧❡ ❣é♥ér❛t❡✉r ❢r❛❝t❛❧ ✿

Cw(r̄) =





3.44

[(√
2(N−1)de

D

)5/3
− r̄5/3

]
si D/L0 = 0

0.0858
(

D
L0

)−5/3 (
2πr̄ D

L0

)5/6
K5/6

(
2πr̄ D

L0

)
sinon

♦ù r̄ = r/D ❡t ♣♦✉r ✉♥ é❝r❛♥ ❞❡ ♣❤❛s❡ N ×N é❝❤❛♥t✐❧❧♦♥♥é ❛✈❡❝ ✉♥ ♣❛s de✳

❈✬❡st à ♣❛rt✐r ❞❡ ❝❡ ❢♦r♠❛❧✐s♠❡ q✉❡ ❥✬❛✐ s✐♠✉❧é ❞❡s s✉r❢❛❝❡s ❞✬♦♥❞❡ t✉r❜✉❧❡♥t❡s ♣♦✉r
❝♦♠♣❛r❡r ❧❡s ♠ét❤♦❞❡s ❞❡ r❡❝♦♥str✉❝t✐♦♥✳



✶✸✹❈❍❆P■❚❘❊ ✼✳ ❈❖▼P❆❘❆■❙❖◆ ❉❊❙ ❘❊❈❖◆❙❚❘❯❈❚❊❯❘❙ P❆❘ ❙■▼❯▲❆❚■❖◆❙

1.0 10.0 100.0
10+0

10+2

10+4

10+6

r (metres)

fo
nc

tio
n 

de
 s

tr
uc

tu
re

 d
e 

la
 p

ha
se

 (
ra

di
an

s 
ca

rr
es

)

❋✐❣✳ ✼✳✶ ✕ ▼♦❞è❧❡s ❞❡ ❢♦♥❝t✐♦♥ ❞❡ str✉❝t✉r❡ ❞❡ s✉r❢❛❝❡s ❞✬♦♥❞❡ t✉r❜✉❧❡♥t❡s✳ tr❛✐t
♣♦✐♥t✐❧❧és ✿ ❧♦✐ t❤é♦r✐q✉❡ ❞❡ ❑♦❧♠♦❣♦r♦✈ ❡♥ ♣✉✐ss❛♥❝❡ 5/3✳ tr❛✐t t✐r❡tés ✿ ♠♦❞è❧❡ ❞❡
❑♦❧♠♦❣♦r♦✈ ♣❛r ❧❡ ❣é♥ér❛t❡✉r ❢r❛❝t❛❧ ❛✈❡❝ ❧❡ ♥✐✈❡❛✉ ❞❡ s❛t✉r❛t✐♦♥ ♠✐♥✐♠✉♠ ♣♦✉r ✉♥
té❧❡s❝♦♣❡ ❞❡ 42♠✳ tr❛✐t ♣❧❡✐♥ ✿ ♠♦❞è❧❡ ❞❡ ❑♦❧♠♦❣♦r♦✈ ♣❛r ❧❡ ❣é♥ér❛t❡✉r ❢r❛❝t❛❧ ❛✈❡❝
❧❡ ♥✐✈❡❛✉ ❞❡ s❛t✉r❛t✐♦♥ ♠✐♥✐♠✉♠ ♣♦✉r ✉♥ té❧❡s❝♦♣❡ ❞❡ 8♠s✳ tr❛✐t ♣♦✐♥t✐❧❧és✲t✐r❡tés ✿
❢♦♥❝t✐♦♥ ❞❡ str✉❝t✉r❡ ❞❡ ✈♦♥ ❑ár♠á♥ ♣♦✉r r0 = 0.159♠ ❡t L0 = 25♠✳

✼✳✷ ▲❡s r❡❝♦♥str✉❝t✐♦♥s ❞❡ t②♣❡ ♠❛①✐♠✉♠ ❞❡ ✈r❛✐s❡♠❜❧❛♥❝❡

s✉r ❞❡s ❣r❛♥❞s s②stè♠❡s

❉❛♥s ❧❡ ❝❛s ❞❡s ♦♣t✐q✉❡s ❛❞❛♣t❛t✐✈❡s ♠♦♥♦✲❝♦♥❥✉❣✉é❡s ✭❖❆♠❈✮ ♦✉ ❡①trê♠❡s ✭❖❆❳✮✱
❝✬❡st✲à✲❞✐r❡ ❛✈❡❝ ✉♥ s❡✉❧ ❛♥❛❧②s❡✉r ❡t ✉♥ s❡✉❧ ♠✐r♦✐r ❞é❢♦r♠❛❜❧❡✱ ❧❛ r❡❝♦♥str✉❝t✐♦♥ ❞❡
♠❛①✐♠✉♠ ❞❡ ✈r❛✐s❡♠❜❧❛♥❝❡ ③♦♥❛❧❡✱ ✐✳❡✳ ❛✈❡❝ RMNML ♦✉ AMNML ✭❝❢✳ éq✉❛t✐♦♥s ✭✻✳✹✮
♦✉ ✭✻✳✶✮✮✱ ♣❡✉t êtr❡ ❡♥✈✐s❛❣é❡✳

▲❡s ♣r♦♣r✐étés ❞✉ r❡❝♦♥str✉❝t❡✉r RMNML ♣♦✉r ❧❛ ❣é♦♠étr✐❡ ❞❡ ❋r✐❡❞ ♦♥t ❞é❥à été
ét✉❞✐é❡s ❞❛♥s ❧❛ ❧✐ttér❛t✉r❡ ✭❋r✐❡❞✱ ✶✾✼✼❀ ◆♦❧❧✱ ✶✾✼✽❀ ❍❡rr♠❛♥♥✱ ✶✾✽✵✮✱ ❝♦♥❝❡r♥❛♥t ❞❡s
♣❡t✐ts s②stè♠❡s ❞❡ q✉❡❧q✉❡s ❞✐③❛✐♥❡s ❞❡ ♣❛r❛♠ètr❡s ❛✉ ♣❧✉s✳ ❖♥ s❛✐t q✉❡ s♦♥ ❝♦❡✣❝✐❡♥t
❞❡ ♣r♦♣❛❣❛t✐♦♥ ❞✉ ❜r✉✐t

γ
def
= vMNML/σ

2
e ✭✼✳✶✮

❛✉❣♠❡♥t❡ ♣r♦♣♦rt✐♦♥♥❡❧❧❡♠❡♥t à ln(n)✳ ❏✬❛✐ ét❡♥❞✉ ❝❡tt❡ ét✉❞❡ à ❞❡ ♣❧✉s ❣r❛♥❞s s②s✲
tè♠❡s✱ ✐✳❡✳ ❥✉sq✉✬à n ∼ 2 × 105✱ à ♣❛rt✐r ❞❡ s✐♠✉❧❛t✐♦♥s✳ ❈❡s rés✉❧t❛ts s♦♥t ♣rés❡♥tés
❞❛♥s ❧✬❛rt✐❝❧❡ r❡♣r♦❞✉✐t ❞❛♥s ❧❛ s❡❝t✐♦♥ ✺✳✸✳ ❏❡ r❛♣♣❡❧❧❡ ✐❝✐ ❧❡s ♣♦✐♥ts ✐♠♣♦rt❛♥ts ❞❡
❝❡tt❡ ❛♥❛❧②s❡✳

✼✳✷✳✶ ▲❡ ♣ré❝♦♥❞✐t✐♦♥♥❡♠❡♥t ♣♦✉r ❧❛ r❡❝♦♥str✉❝t✐♦♥ ❞❡ ♠❛①✐♠✉♠ ❞❡
✈r❛✐s❡♠❜❧❛♥❝❡

❏✬❛✐ ♣✉ ❢❛❝✐❧❡♠❡♥t ❡✛❡❝t✉❡r ❞❡s s✐♠✉❧❛t✐♦♥s ❞❡ r❡❝♦♥tr✉❝t✐♦♥s ❞❡ t②♣❡ ♠❛①✐♠✉♠
❞❡ ✈r❛✐s❡♠❜❧❛♥❝❡ s✉r ❞❡s ❣r❛♥❞s s②stè♠❡s ❣râ❝❡ à ❧✬❛❧❣♦r✐t❤♠❡ ❞❡s ●❈✳ ❉❛♥s ❧❡ ❝❛s
❞✉ r❡❝♦♥str✉❝t❡✉r ③♦♥❛❧✱ RMNML✱ ❥✬❛✐ ♣ré❝♦♥❞✐t✐♦♥♥é ❧❡ s②stè♠❡ ❛✈❡❝ ❧❡ ♣ré❝♦♥❞✐t✐♦♥✲
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♥❡✉r ♦♣t✐♠❛❧ ❞é✜♥✐ ♣❛r ❧✬éq✉❛t✐♦♥ ✭✻✳✷✹✮ ❛♣♣❧✐q✉é à ❧❛ ♠❛tr✐❝❡ AMNML✳ ❈❡♣❡♥❞❛♥t✱
❧❛ ♠❛tr✐❝❡ AMNML ♥✬❡st ♣❛s ✐♥✈❡rs✐❜❧❡✱ ❞♦♥❝ ❥❡ ♥✬❛✐ ♣ré❝♦♥❞✐t✐♦♥♥é q✉❡ ❧❡s ♠♦❞❡s ♥♦♥
s✐♥❣✉❧✐❡rs✱ ❧❡s ❛✉tr❡s é❧é♠❡♥ts ❞✐❛❣♦♥❛✉① ❞✉ ♣ré❝♦♥❞✐t✐♦♥♥❡✉r ét❛♥t ♠✐s à ✶✳

P♦✉r ❧❡ r❡❝♦♥str✉❝t❡✉r RKL ✭❝❢✳ éq✉❛t✐♦♥ ✭✻✳✺✮✮✱ ❥✬✉t✐❧✐s❡ ❧✬❛❧❣♦r✐t❤♠❡ ❞❡s ●❈ ❛✈❡❝
❧❡ ❝❤❛♥❣❡♠❡♥t ❞❡ ✈❛r✐❛❜❧❡ ❢r❛❝t❛❧ K❢r❛❝ ❡t ❧❡ ♣ré❝♦♥❞✐t✐♦♥♥❡✉r ❡st ❛✉ss✐ ❝❛❧❝✉❧é à ♣❛rt✐r
❞❡ ❧✬éq✉❛t✐♦♥ ✭✻✳✷✹✮ ❛♣♣❧✐q✉é ❝❡tt❡ ❢♦✐s à ❧❛ ♠❛tr✐❝❡ AKL✳ ❉❡ ❧❛ ♠ê♠❡ ❢❛ç♦♥✱ ❥❡ ♥✬❛✐
♣❛s ♣ré❝♦♥❞✐t✐♦♥♥é ❧❡s ♠♦❞❡s s✐♥❣✉❧✐❡rs✳ ❈❡tt❡ ♠ét❤♦❞❡ ❡st ♥♦té❡ ❋r■▼ ▼◆▼▲ ♣❛r ❧❛
s✉✐t❡ ♣❛r❝❡ q✉✬❡❧❧❡ ❡①♣❧♦✐t❡ ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❢r❛❝t❛❧❡ K❢r❛❝ ♣♦✉r ✉♥❡ r❡❝♦♥str✉❝t✐♦♥ ❞❡
t②♣❡ ♠❛①✐♠✉♠ ❞❡ ✈r❛✐s❡♠❜❧❛♥❝❡ ❞❡ ♠♦✐♥❞r❡ ♥♦r♠❡✳

❆✐♥s✐✱ ❞❛♥s ❝❡s ✷ ❝❛s✱ ❧❡ ♣ré❝♦♥❞✐t✐♦♥♥❡✉r ♦♣t✐♠❛❧ ❡st ❝❛❧❝✉❧é ❞✬✉♥❡ ❢❛ç♦♥ ♣❧✉s ❣é✲
♥ér❛❧❡ ♣❛r

M♦♣t,ii =

{
Aii

P

j A2
ij

si
∑

j A
2
ij 6= 0

1 sinon
✭✼✳✷✮

▲✬❤②♣♦t❤ès❡ ❡st ❢❛✐t❡✱ ❞❛♥s ❧❡s ét✉❞❡s ❛♥tér✐❡✉r❡s ✭❋r✐❡❞✱ ✶✾✼✼❀ ◆♦❧❧✱ ✶✾✼✽❀ ❍❡rr♠❛♥♥✱
✶✾✽✵✮ ❝♦♠♠❡ ❞❛♥s ♠❡s s✐♠✉❧❛t✐♦♥s✱ q✉❡ ❧❛ ✈❛r✐❛♥❝❡ ❞✉ ❜r✉✐t ❞❡ ♠❡s✉r❡ ❡st ✉♥✐❢♦r♠❡ ✿
σ2

e = σ2
e✳

✼✳✷✳✷ ❘és✉❧t❛ts

❉✬❛♣rès ❧✬éq✉❛t✐♦♥ ✭✺✳✶✸✮ ❡t ❧✬❡①♣r❡ss✐♦♥ ❞✉ r❡❝♦♥str✉❝t❡✉r RMNML✱ ❧❛ ♣r♦♣❛❣❛t✐♦♥
❞✉ ❜r✉✐t

γMNML = tr(N ·ST ·S ·NT) ✭✼✳✸✮

♥❡ ❞é♣❡♥❞ ♣❛s ❞✉ s✐❣♥❛❧✱ ✐✳❡✳ ❞❡ ❧❛ t✉r❜✉❧❡♥❝❡✳ ❊❧❧❡ ❡st ❞♦♥❝ é✈❛❧✉é❡ ♣❛r ❞❡s r❡❝♦♥str✉❝✲
t✐♦♥s ❞❡ s✉r❢❛❝❡ ❞✬♦♥❞❡ ♥✉❧❧❡✱ w = 0✱ à ♣❛rt✐r ❞❡ ♠❡s✉r❡s ❜r✉✐té❡s✳

▲❡s rés✉❧t❛ts s♦♥t ♣rés❡♥tés s✉r ❧❛ ✜❣✉r❡ ✼✳✷✱ à ❧✬❛✐❞❡ ❞❡ s②♠❜♦❧❡s ❝❛rrés ♣♦✉r ✉♥❡
♣✉♣✐❧❧❡ ❝❛rré❡ ❡t ❞❡ s②♠❜♦❧❡s ❝✐r❝✉❧❛✐r❡s ♣♦✉r ✉♥❡ ♣✉♣✐❧❧❡ ❝✐r❝✉❧❛✐r❡✳

▲♦✐ ❞❡ ♣r♦♣❛❣❛t✐♦♥ ❞✉ ❜r✉✐t ♣♦✉r ✉♥❡ ♣✉♣✐❧❧❡ ❝❛rré❡

▲❛ ❧♦✐ ❞❡ ❋r✐❡❞ ✭✶✾✼✼✮ ❡st

γMNML ≃ 0.6558 + 0.16028 lnn . ✭✼✳✹✮

▼♦♥ ❛❥✉st❡♠❡♥t ❞♦♥♥❡
γMNML ≃ 0.748 + 0.138 lnn . ✭✼✳✺✮

❖♥ ♥♦t❡ q✉❡ ❧❛ ❧♦✐ ❛✈❛♥❝é❡ ♣❛r ❋r✐❡❞ ✭✶✾✼✼✮ ♣♦✉r ❞❡s ♣✉♣✐❧❧❡s ❝❛rré❡s ❡st très ♣r♦❝❤❡ ❞❡
♠♦♥ ❛❥✉st❡♠❡♥t✳ ❋r✐❡❞ ✭✶✾✼✼✮ ❛ é✈❛❧✉é ❝❡tt❡ ❧♦✐ à ♣❛rt✐r ❞❡ s✐♠✉❧❛t✐♦♥ s✉r ❞❡s s②stè♠❡s
♣❧✉s ♣❡t✐t q✉❡ 41× 41✱ ❝❡ q✉✐ ♣❡✉t ❡①♣❧✐q✉❡r ❧✬é❝❛rt q✉❛♥❞ n ❝r♦ît✳

▲♦✐ ❞❡ ♣r♦♣❛❣❛t✐♦♥ ❞✉ ❜r✉✐t ♣♦✉r ✉♥❡ ♣✉♣✐❧❧❡ ❝✐r❝✉❧❛✐r❡

◆♦❧❧ ✭✶✾✼✽✮ ❛ ♣r♦♣♦sé ✉♥❡ ❧♦✐ ♣♦✉r ❞❡s ♣✉♣✐❧❧❡s ❝✐r❝✉❧❛✐r❡s ✿

γMNML ≃ 0.0136 + 0.1592 lnn . ✭✼✳✻✮

▼♦♥ ❛❥✉st❡♠❡♥t ❢♦✉r♥✐t
γMNML ≃ 0.842 + 0.127 lnn . ✭✼✳✼✮
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❋✐❣✳ ✼✳✷ ✕ ❈♦❡✣❝✐❡♥t ❞❡ ♣r♦♣❛❣❛t✐♦♥ ❞✉ ❜r✉✐t γMNML ♣♦✉r ❞❡s ♦✉✈❡rt✉r❡ ❝❛rré❡s
✭s②♠❜♦❧❡s ❝❛rrés✮ ❡t ❞❡s ♦✉✈❡rt✉r❡s ❝✐r❝✉❧❛✐r❡s ✭s②♠❜♦❧❡s ❝✐r❝✉❧❛✐r❡s✮ ❡♥ ❢♦♥❝t✐♦♥ ❞✉
♥♦♠❜r❡ ❞❡ ♣❛r❛♠ètr❡s n✳ ❚r❛✐t t✐r❡té✲♣♦✐♥t✐❧❧é ✿ ▲♦✐ ❞❡ ◆♦❧❧ ✭✶✾✼✽✮ ♣♦✉r ❞❡s ♦✉✈❡rt✉r❡s
❝✐r❝✉❧❛✐r❡s✳ ❚r❛✐t ♣♦✐♥t✐❧❧é ✿ ▲♦✐ ❞❡ P♦②♥❡❡r ❡t ❛❧✳ ✭✷✵✵✷✮ ♣♦✉r ✉♥❡ r❡❝♦♥str✉❝t✐♦♥ ♣❛r❧❛
♠ét❤♦❞❡ ❋❚❘✳ ❚r❛✐t t✐r❡té ✿ ▲♦✐ ❞❡ ❋r✐❡❞ ✭✶✾✼✼✮ ♣♦✉r ✉♥❡ ♦✉✈❡rt✉r❡ ❝❛rré❡✳ ❚r❛✐t ♣❧❡✐♥ ✿
▲♦✐ ❛❥✉sté❡ à ♣❛rt✐r ❞❡ ♠❡s s✐♠✉❧❛t✐♦♥s ♣♦✉r ❞❡s ♦✉✈❡rt✉r❡s ❝✐r❝✉❧❛✐r❡s✳

▲❛ ♣❡♥t❡ ❡st ❜✐❡♥ ✐❞❡♥t✐✜é❡ ♣❛r ◆♦❧❧ ✭✶✾✼✽✮✱ ♠❛✐s ❧❛ ❝♦♥st❛♥t❡ ❡st ❧❛r❣❡♠❡♥t s♦✉s✲
❡st✐♠é❡✳ ◆♦❧❧ ✭✶✾✼✽✮ ❧✉✐✲♠ê♠❡ ❡①♣❧✐q✉❡ q✉✬✐❧ ❛ s❛♥s ❞♦✉t❡ s♦✉s✲❡st✐♠é ❞❡s ❛❜❡rr❛t✐♦♥s
❞❡ ❜❛s ♦r❞r❡s✱ r❡s♣♦♥s❛❜❧❡s ❞❡ ❝❡t é❝❛rt✱ ❞❛♥s s♦♥ ❝❛❧❝✉❧✳

❊♥ ❝♦♥❝❧✉s✐♦♥✱ ❧❛ ❧♦✐ ❞✬é✈♦❧✉t✐♦♥ ❞❡ γMNML ❞é♣❡♥❞ ♣❡✉ ❞✉ ❝❛r❛❝tèr❡ ❝❛rré ♦✉ ❝✐r✲
❝✉❧❛✐r❡ ❞❡ ❧❛ ♣✉♣✐❧❧❡✳ ❉❡ ♣❧✉s✱ ❧❡s ❝♦❡✣❝✐❡♥ts ❞❡ ❝❡tt❡ ❧♦✐ ❧♦❣❛r✐t❤♠✐q✉❡ ♦♥t été ❛❥✉stés
à ♣❛rt✐r ❞❡ s✐♠✉❧❛t✐♦♥s s✉r ❞❡ ♣❧✉s ❣r❛♥❞s s②stè♠❡s✳

▲❛ ♠ét❤♦❞❡ ❞❡ r❡❝♦♥str✉❝t✐♦♥ ❋❚❘ ✭❝❢✳ s❡❝t✐♦♥ ✻✳✶✮ ❢♦✉r♥✐t ✉♥❡ r❡❝♦♥str✉❝t✐♦♥ ❞❡
t②♣❡ ♠❛①✐♠✉♠ ❞❡ ✈r❛✐s❡♠❜❧❛♥❝❡✱ ♠❛✐s ❛✈❡❝ ✉♥❡ ré❣✉❧❛r✐s❛t✐♦♥ ♣❛rt✐❝✉❧✐èr❡ ✐♠♣♦sé❡ ♣❛r
❧❛ ♠ét❤♦❞❡ ❞✬❡①t❡♥s✐♦♥ ❛ss♦❝✐é❡✳ ▲❡ t❡r♠❡ ❞❡ ✈❛r✐❛♥❝❡ v ❞❡ ❧✬❡rr❡✉r ♣♦✉r ❝❡tt❡ ♠ét❤♦❞❡
❡st é❣❛❧❡♠❡♥t ✐♥❞é♣❡♥❞❛♥t ❞❡ ❧❛ t✉r❜✉❧❡♥❝❡ ✭P♦②♥❡❡r ❡t ❛❧✳✱ ✷✵✵✷✮✳ ❈❡❝✐ ♣❡r♠❡t ❞❡
❞é✜♥✐r ❧❡ ❝♦❡✣❝✐❡♥t ❞❡ ♣r♦♣❛❣❛t✐♦♥ ❞✉ ❜r✉✐t ❞❡ ❝❡tt❡ ♠ét❤♦❞❡ γ❋❚❘ q✉✐ ❛ été é✈❛❧✉é
♣❛r P♦②♥❡❡r ❡t ❛❧✳ ✭✷✵✵✷✮ ✿

γFTR ≃ 0.1456 (lnn)2 − 1.7922 lnn+ 7.6175 . ✭✼✳✽✮

❖♥ ♦❜s❡r✈❡ s✉r ❧❛ ✜❣✉r❡ ✼✳✷ q✉❡ ❝❡tt❡ ♠ét❤♦❞❡✱ ✉t✐❧✐sé❡ ❞❛♥s ❧❡ ❝❛s ❞❡ ❧❛ ❣é♦♠étr✐❡
❞❡ ❋r✐❡❞✱ ♥✬❡st ♣❛s ❛❞❛♣té❡ ♣❛r❝❡ q✉✬❡❧❧❡ ♥❡ ❝♦♥tr❛✐♥t ♣❛s ❝♦rr❡❝t❡♠❡♥t ❧❡ ♠♦❞❡ ❣❛✉✛r❡✱
♥♦♥ ✈✉ ♣❛r ❧❡ ❙❤❛❝❦✲❍❛rt♠❛♥♥ ✭P♦②♥❡❡r ❡t ❛❧✳✱ ✷✵✵✷✮✳ ▲❛ ♠ét❤♦❞❡ ❞❡ r❡❝♦♥str✉❝t✐♦♥
♣❛r tr❛♥s❢♦r♠é❡ ❞❡ ❋♦✉r✐❡r ♦✛r❡ ♥é❛♥♠♦✐♥s ❞❡ ♠❡✐❧❧❡✉rs rés✉❧t❛ts ❞❛♥s ❧❛ ❣é♦♠étr✐❡
❞✬❍✉❞❣✐♥✱ ♦✉ ❛✈❡❝ ✉♥ ❛✉tr❡ ♠♦❞è❧❡ ❞✬❛♥❛❧②s❡✉r ✭P♦②♥❡❡r✱ ✷✵✵✸❀ P♦②♥❡❡r ❡t ❛❧✳✱ ✷✵✵✸✮✳

❉✬❛✉tr❡s rés✉❧t❛ts ❞❡ s✐♠✉❧❛t✐♦♥s s♦♥t ✐♥❝❧✉s ❞❛♥s ❧✬❛rt✐❝❧❡ r❡♣r♦❞✉✐t ❞❛♥s ❧❛ s❡❝✲
t✐♦♥ ✺✳✸✱ ♠♦♥tr❛♥t q✉❡ ❧✬❡rr❡✉r ❞❡ r❡❝♦♥str✉❝t✐♦♥ 〈ǫ2〉r❡❝♦♥st ❞✉ r❡❝♦♥str✉❝t❡✉r RMNML

❡st ❞♦♠✐♥é❡ ♣❛r ❧❛ ♣r♦♣❛❣❛t✐♦♥ ❞✉ ❜r✉✐t✳ ❏✬❛✐ é❣❛❧❡♠❡♥t ❝♦♠♣❛ré ❧❡s ❡rr❡✉rs ♥♦r♠❛❧✐✲
sé❡s 〈ǫ2〉r❡❝♦♥st/σ2

e ♣♦✉r ❧❡s r❡❝♦♥str✉❝t❡✉rs RMNML ❡t ❋r■▼ ▼◆▼▲✳ ▲❡s rés✉❧t❛ts s♦♥t



✼✳✸✳ ▲❆ ❈❖▼P❆❘❆■❙❖◆ ❉❊ ❋❘■▼ ▼◆▼▲ ❊❚ ❋❘■▼ ▼❆P ✶✸✼

♣rés❡♥tés s✉r ❧❛ ✜❣✉r❡ ✼✳✸✳ ■❧ ❡st ✐♥tér❡ss❛♥t ❞❡ ♥♦t❡r q✉❡ ❧✬ét✉❞❡ ❛❧❣é❜r✐q✉❡ ♠❡♥é❡ ❞❛♥s
❧❛ s❡❝t✐♦♥✺✳✹ ♥❡ ♣❡r♠❡t ♣❛s ❞❡ ❝♦♠♣❛r❡r ❧❡s ❡rr❡✉rs ❞❡ RMNML ❛✈❡❝ ❝❡❧❧❡s ❞❡s ❛✉tr❡s r❡✲
❝♦♥str✉❝t❡✉rs✱ ♦♥ ♦❜s❡r✈❡ s✉r ❝❡tt❡ ✜❣✉r❡ q✉❡ ❧❛ ♠ét❤♦❞❡ ❋r■▼ ▼◆▼▲ ♣r♦❞✉✐t t♦✉❥♦✉rs
✉♥❡ ❡rr❡✉r ♣❧✉s ❢❛✐❜❧❡ q✉❡ ❝❡❧❧❡ ❞✉ r❡❝♦♥str✉❝t❡✉r ③♦♥❛❧✳
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❋✐❣✳ ✼✳✸ ✕ ❊rr❡✉r ♥♦r♠❛❧✐sé❡ 〈ǫ2〉r❡❝♦♥st/σ2
e ♣♦✉r ❧❡s r❡❝♦♥str✉❝t❡✉rs RMNML ✭❣r❛♥❞s

s②♠❜♦❧❡s ❜❧❛♥❝s✮ ❡t ❋r■▼ ▼◆▼▲ ✭♣❡t✐ts s②♠❜♦❧❡s ♥♦✐rs✮✳ ❚r❛✐t t✐r❡té ✿ ▲♦✐ ❞❡
❋r✐❡❞ ✭✶✾✼✼✮ ♣♦✉r γMNML✳ ▲❡s s②♠❜♦❧❡s r❡♣rés❡♥t❡♥t ❧❛ ♠♦②❡♥♥❡ s✉r ✺✵ r❡❝♦♥s✲
tr✉❝t✐♦♥s✱ ❛✈❡❝ ❧✬é❝❛rt✲t②♣❡✱ à ♣❛rt✐r ❞✬✉♥❡ t✉r❜✉❧❡♥❝❡ ❞❡ ❑♦❧♠♦❣♦r♦✈ ♦❜s❡r✈é❡ s✉r
✉♥❡ ♣✉♣✐❧❧❡ ❝✐r❝✉❧❛✐r❡✳ σe =

√
0.1r❛❞✳/dl✳ ▲❡s s②stè♠❡s s✐♠✉❧és ♦♥t ❞❡s ❞✐♠❡♥s✐♦♥s

D/dl ✿✶✻✱✸✷✱✻✹✱✶✷✽✱✷✺✻✱✺✶✷✳ P♦✉r ❝❤❛q✉❡ D/dl✱ ✐✳❡✳ ❝❤❛q✉❡ n ❡♥ ❛❜s❝✐ss❡✱ ❧❡s ❝♦♥❞✐t✐♦♥s
❞❡ t✉r❜✉❧❡♥❝❡ s✐♠✉❧é❡s s♦♥t s✉❝❝❡ss✐✈❡♠❡♥t r0 = 0.1 dl✱ 0.5 dl✱ dl✱ ❛♥❞ 2 dl✳

❉❡ ♣❧✉s✱ ❧✬❛❧❣♦r✐t❤♠❡ ❞❡s ●❈ ❛✈❡❝ ❧❡ r❡❝♦♥str✉❝t❡✉r ③♦♥❛❧ ♥✬❡st ❛❝❝é❧éré✱ ❞❛♥s ♠❡s
s✐♠✉❧❛t✐♦♥s✱ q✉❡ ♣❛r ❧❡ ♣ré❝♦♥❞✐t✐♦♥♥❡✉r ❞✐❛❣♦♥❛❧✱ ❝❡ q✉✐ ❛ ✉♥ ❡✛❡t très ré❞✉✐t✳ ❯♥❡
❝❡♥t❛✐♥❡ ❞✬✐tér❛t✐♦♥s s♦♥t ♥é❝❡ss❛✐r❡s ♣♦✉r ❝♦♥✈❡r❣❡r ❧♦rsq✉❡ n ❡st ❞❡ ❧✬♦r❞r❡ ❞❡ ✻✵✳
❊♥ r❡✈❛♥❝❤❡✱ ❧❛ ♠ét❤♦❞❡ ❋r■▼ ▼◆▼▲ ❜é♥é✜❝✐❡ à ❧❛ ❢♦✐s ❞✉ ❝❤❛♥❣❡♠❡♥t ❞❡ ✈❛r✐❛❜❧❡
❢r❛❝t❛❧ ❡t ❞✉ ♣ré❝♦♥❞✐t✐♦♥♥❡✉r ❞✐❛❣♦♥❛❧✱ ❝❡ q✉✐ ❧✉✐ ♣❡r♠❡t ❞❡ ❝♦♥✈❡r❣❡r ❡♥ ♠♦✐♥s ❞❡
✶✵ ✐tér❛t✐♦♥s✳ ❊♥✜♥✱ ❥✬❛✐ ✈ér✐✜é❡ q✉❡ ❧❛ ✈✐t❡ss❡ ❞❡ ❝♦♥✈❡r❣❡♥❝❡ ❞❡ ❋r■▼ ▼◆▼▲ ❡st
s❡♠❜❧❛❜❧❡ à ❝❡❧❧❡ ❞❡ ❋r■▼ ▼❆P✱ ❝✬❡st✲à✲❞✐r❡ q✉✬✉♥❡ ❞✐③❛✐♥❡ ❞✬✐tér❛t✐♦♥s s✉✣s❡♥t ♣♦✉r
❧❛ r❡❝♦♥str✉❝t✐♦♥✳

✼✳✸ ▲❛ ❝♦♠♣❛r❛✐s♦♥ ❞❡ ❋r■▼ ▼◆▼▲ ❡t ❋r■▼ ▼❆P

▲❡s s✐♠✉❧❛t✐♦♥s ♣rés❡♥té❡s ❝✐✲❞❡ss✉s ♠♦♥tr❡♥t q✉❡ ❋r■▼ ▼◆▼▲ ❡st ♣❧✉s ♣❡r❢♦r♠❛♥t
q✉❡ ❧❡ r❡❝♦♥str✉❝t❡✉r ❞❡ ♠❛①✐♠✉♠ ❞❡ ✈r❛✐s❡♠❜❧❛♥❝❡ ③♦♥❛❧✱ ❡t ❧✬ét✉❞❡ ❛❧❣é❜r✐q✉❡ ✭❝❢✳
✺✳✹✮ ❞é♠♦♥tr❡ q✉❡ ❧✬❡rr❡✉r ♣r♦❞✉✐t❡ ♣❛r ❧❡ r❡❝♦♥str✉❝t❡✉r ▼❆P ❡st ✐♥❢ér✐❡✉r❡ à ❝❡❧❧❡
❞✉ r❡❝♦♥str✉❝t❡✉r ❋r■▼ ▼◆▼▲✳ ❈✬❡st ♣♦✉rq✉♦✐✱ ❥❡ ❝♦♥s✐❞èr❡ ❞❛♥s ❧❛ s✉✐t❡ q✉❡ ❋r■▼
▼◆▼▲ ❡st ❧❡ r❡❝♦♥str✉❝t❡✉r ❞❡ ♠❛①✐♠✉♠ ❞❡ ✈r❛✐s❡♠❜❧❛♥❝❡ ❞❡ ré❢ér❡♥❝❡✱ ❡t ❥✬ét✉❞✐❡
❧✬✐♥térêt ❞✬✉t✐❧✐s❡r ❋r■▼ ▼❆P ♣❛r r❛♣♣♦rt à ❝❡tt❡ ré❢ér❡♥❝❡✱ s✉r ❞❡s s②stè♠❡s ❛✈❡❝ n



✶✸✽❈❍❆P■❚❘❊ ✼✳ ❈❖▼P❆❘❆■❙❖◆ ❉❊❙ ❘❊❈❖◆❙❚❘❯❈❚❊❯❘❙ P❆❘ ❙■▼❯▲❆❚■❖◆❙

❝♦♠♣r✐s ❡♥tr❡ 102 ❡t 2× 105✳
❉❛♥s ✉♥ ♣r❡♠✐❡r t❡♠♣s✱ ❥❡ ♠♦♥tr❡ q✉❡ ❧❛ ✈✐t❡ss❡ ❞❡ ❝♦♥✈❡r❣❡♥❝❡ ♥❡ ❞é♣❡♥❞ ♣❛s

❞✉ t②♣❡ ❞❡ t✉r❜✉❧❡♥❝❡ ❝♦♥s✐❞éré❡ ✭s✐♠✉❧é❡ ❡t ✉t✐❧✐sé❡ ❞❛♥s ❧❡s ❛ ♣r✐♦r✐✮✳ ❊♥s✉✐t❡✱ ✉♥❡
❝♦♠♣❛r❛✐s♦♥ ❞❡s ♣❡r❢♦r♠❛♥❝❡s ❡♥ t❡r♠❡s ❞✬❡rr❡✉r✱ 〈ǫ2〉r❡❝♦♥st/σ2

e✱ ❝♦♠♣❧èt❡ ❧❡s rés✉❧t❛ts
♣❧✉s ♥♦♠❜r❡✉① ❝♦♥t❡♥✉s ❞❛♥s ❧✬❛rt✐❝❧❡ ❞❡ ❧❛ s❡❝t✐♦♥ ✺✳✸✳

✼✳✸✳✶ ▲❛ ✈✐t❡ss❡ ❞❡ ❝♦♥✈❡r❣❡♥❝❡ ❞❡ ❋r■▼▼❆P ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧✬é❝❤❡❧❧❡
❡①t❡r♥❡

❏❡ ♠♦♥tr❡ ✐❝✐ q✉❡ ❧❛ ♣r✐s❡ ❡♥ ❝♦♠♣t❡ ❞✬✉♥❡ é❝❤❡❧❧❡ ❡①t❡r♥❡ ✜♥✐❡ L0 ❞❡ ❧❛ t✉r❜✉❧❡♥❝❡
♥❡ ♠♦❞✐✜❡ ♣❛s s✐❣♥✐✜❝❛t✐✈❡♠❡♥t ❧❛ ✈✐t❡ss❡ ❞❡ ❝♦♥✈❡r❣❡♥❝❡ ❞❡ ❧❛ ♠ét❤♦❞❡ ❋r■▼ ▼❆P✳

❏✬❛✐ s✐♠✉❧é ♣♦✉r ❝❡❧❛ ❧❡s ♠ê♠❡s ❝♦♥❞✐t✐♦♥s ❞❡ r❡❝♦♥str✉❝t✐♦♥ q✉❡ ❧❡s ✜❣✉r❡s ✶✷ ❡t ✶✸
❞❡ ❚❤✐é❜❛✉t ❡t ❚❛❧❧♦♥ ✭✷✵✵✽✮✱ ♠❛✐s ❛✈❡❝ ✉♥❡ é❝❤❡❧❧❡ ❡①t❡r♥❡ ❞❡ ❝♦❤ér❡♥❝❡ s♣❛t✐❛❧❡ ❞❡ ❧❛
t✉r❜✉❧❡♥❝❡ L0 = 44 d✱ ♦ù d ❡st ❧❛ ❞✐♠❡♥s✐♦♥ ❞✬✉♥❡ s♦✉s✲♣✉♣✐❧❧❡✳ P♦✉r ❞❡s s♦✉s✲♣✉♣✐❧❧❡s
❞❡ ✺✵ ❝♠ ❞❡ ❝ôté✱ ❝❡❧❛ r❡✈✐❡♥t à ✉♥❡ é❝❤❡❧❧❡ ❡①t❡r♥❡ L0 = 22 ♠✳ ▲✬❡♥s❡♠❜❧❡ ❞❡s rés✉❧t❛ts
s♦♥t r❡♣rés❡♥tés s✉r ❧❡s ✜❣s✳ ✼✳✹ ❡t ✼✳✺✳ ▲❡s ❞✐✛ér❡♥ts t②♣❡s ❞❡ ❝♦✉r❜❡ ✭tr❛✐ts ♣❧❡✐♥✱ t✐r❡té✱
♣♦✐♥t✐❧❧é✮ ❝♦rr❡s♣♦♥❞❡♥t à ❞❡s r❛♣♣♦rts s✐❣♥❛❧✲à✲❜r✉✐t ✭❘❙❇✮ ❝♦♠♣r✐s ❡♥tr❡ ✷ ❡t ✹✵✳ ▲❡s
✹ ❥❡✉① ❞❡ ❝♦✉r❜❡s ✭❞✉ ❤❛✉t ✈❡rs ❧❡ ❜❛s ♣♦✉r ❧❛ ✜❣✉r❡ ✼✳✹ ❡t ❞✉ ❜❛s ✈❡rs ❧❡ ❤❛✉t ♣♦✉r ❧❛
✜❣✉r❡ ✼✳✺✮ s♦♥t ❛ss♦❝✐és ❛✉① ❞✐♠❡♥s✐♦♥s ❞❡ s✉r❢❛❝❡ ❞✬♦♥❞❡ é❝❤❛♥t✐❧❧♦♥♥é❡s s✉✐✈❛♥t❡s ✿
n = 257× 257✱ 129× 129✱ 65× 65 ❡t 33× 33✳ ▲❡s ❣r❛♣❤✐q✉❡s ❞❡ ❧❛ ✜❣✉r❡ ✼✳✹ ♠♦♥tr❡♥t
❧✬é✈♦❧✉t✐♦♥ ❞❡ ❧✬❡rr❡✉r ❞✬❡st✐♠❛t✐♦♥ 〈ǫ2〉r❡❝♦♥st ❡♥ ❢♦♥❝t✐♦♥ ❞✉ ♥♦♠❜r❡ ❞✬✐tér❛t✐♦♥s ❞❡s
❣r❛❞✐❡♥ts ❝♦♥❥✉❣✉és✳ ▲✬❡st✐♠é❡ ❞❡ ❞é♣❛rt ❡st t♦✉❥♦✉rs ✉♥ ❢r♦♥t ❞✬♦♥❞❡ ♥✉❧ s✉r t♦✉t❡
❧❛ ❣r✐❧❧❡✳ ▲❡s ❧✐❣♥❡s ❤♦r✐③♦♥t❛❧❡s ❞é♠❛rq✉❡♥t ❧❡s r❛♣♣♦rt ❞❡ ❙tr❡❤❧ éq✉✐✈❛❧❡♥ts à ✉♥❡
❡rr❡✉r ❞❡ ❝♦rr❡❝t✐♦♥ é❣❛❧❡ ❛✉ ♥✐✈❡❛✉ ❞❡ ❜r✉✐t ✐♥tr♦❞✉✐t ❞❛♥s ❧❛ s✐♠✉❧❛t✐♦♥ σe = 1✱ 0.3
❡t 0.1r❛❞✐❛♥/r0✳
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❋✐❣✳ ✼✳✹ ✕ ❈♦♥✈❡r❣❡♥❝❡ ❞❡ ❧✬❛❧❣♦r✐t❤♠❡ ❋r■▼ ▼❆P ♦❜s❡r✈❛♥t ✉♥❡ t✉r❜✉❧❡♥❝❡ ❞❡ t②♣❡
❑♦❧♠♦❣♦r♦✈ ✭à ❣❛✉❝❤❡✮ ❡t ❞❡ t②♣❡ ✈♦♥ ❑ár♠á♥ ✭à ❞r♦✐t❡✮✳ ▲❡s ❝♦✉r❜❡s r❡♣rés❡♥t❡♥t
❧✬❡rr❡✉r q✉❛❞r❛t✐q✉❡ ♠♦②❡♥♥❡ 〈ǫ2〉r❡❝♦♥st ❡♥ r❛❞✐❛♥s2 ❡♥ ❢♦♥❝t✐♦♥ ❞✉ ♥♦♠❜r❡ ❞✬✐tér❛t✐♦♥s
❞❡ ❧✬❛❧❣♦r✐t❤♠❡ ❞❡s ❣r❛❞✐❡♥ts ❝♦♥❥✉❣✉és ♣ré❝♦♥❞✐t✐♦♥♥és✳

▲❡s ❞❡✉① ❥❡✉① ❞❡ s✐♠✉❧❛t✐♦♥s s♦♥t ré❛❧✐sé❡s à dl/r0 ❝♦♥st❛♥t✳ ❊♥ ❝♦♥séq✉❡♥❝❡✱ s✉r ❧❛
✜❣✉r❡ ✼✳✹✱ ❧❡s s✉r❢❛❝❡s ❞✬♦♥❞❡ ❞❡ t②♣❡ ❑♦❧♠♦❣♦r♦✈ s✐♠✉❧é❡s ♣❛r ❧❛ ♠ét❤♦❞❡ ❢r❛❝t❛❧❡ ♦♥t
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❋✐❣✳ ✼✳✺ ✕ ❘é❞✉❝t✐♦♥ r❡❧❛t✐✈❡ ❞❡s ❡rr❡✉rs s✉r ❧❛ ♣✉♣✐❧❧❡ ✭〈ǫ2〉r❡❝♦♥st/aw✮ ❛✈❡❝ ❧❛ ♠ét❤♦❞❡
❋r■▼ ▼❆P✱ ♦❜s❡r✈❛♥t ✉♥❡ t✉r❜✉❧❡♥❝❡ ❞❡ t②♣❡ ❑♦❧♠♦❣♦r♦✈ ✭à ❣❛✉❝❤❡✮ ❡t ❞❡ t②♣❡ ✈♦♥
❑ár♠á♥ ✭à ❞r♦✐t❡✮✳

✉♥❡ ✈❛r✐❛♥❝❡ ❞❡ ♣❤❛s❡ ♠♦②❡♥♥é❡ s✉r ❧❛ ♣✉♣✐❧❧❡✱ σ2
w✱ ❝r♦✐ss❛♥t❡ ❛✈❡❝ ❧✬é❝❤❛♥t✐❧❧♦♥♥❛❣❡ ❞❡

❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ D/dl✳ ❈❡❝✐ ❡st ❞û ❛✉ ❝❤♦✐① ❛r❜✐tr❛✐r❡ ❞❡ ❧❛ ✈❛r✐❛♥❝❡ ❧♦❝❛❧❡ ❞❡ ❧❛ ♣❤❛s❡
❞❛♥s ❧✬❛❧❣♦r✐t❤♠❡ ❞❡ s✐♠✉❧❛t✐♦♥ ❢r❛❝t❛❧✱ q✉✐ ❝r♦ît ❡❧❧❡ ❛✉ss✐ ❛✈❡❝ D/dl✳ ❊♥ r❡✈❛♥❝❤❡✱
♣♦✉r ❧❛ t✉r❜✉❧❡♥❝❡ ❞❡ ✈♦♥ ❑ár♠á♥✱ ❧❛ ✈❛r✐❛♥❝❡ ❡st ✜①é❡ ♣❛r ❧❡s r❛♣♣♦rts D/L0 ❡t
D/dl✳ ▼ê♠❡ s✐ ❧✬é❝❤❛♥t✐❧❧♦♥♥❛❣❡ s✉r ❧✬♦✉✈❡rt✉r❡ ❞✉ té❧❡s❝♦♣❡ ❛✉❣♠❡♥t❡ ❞❡ D/dl = 32 à
D/dl = 256✱ ❝❡tt❡ ✈❛r✐❛♥❝❡ σ2

w ✈❛r✐❡ ♣❡✉✳ ❈✬❡st ♣♦✉r ❝❡tt❡ r❛✐s♦♥ q✉❡ t♦✉t❡s ❧❡s ❝♦✉r❜❡s
❞✉ ❣r❛♣❤✐q✉❡ ❞❡ ❞r♦✐t❡ ❞❡ ❧❛ ✜❣✉r❡ ✼✳✹ ♣❛rt❡♥t ❛♣♣r♦①✐♠❛t✐✈❡♠❡♥t ❞✉ ♠ê♠❡ ♥✐✈❡❛✉
❞✬❡rr❡✉r aw✱ ❝♦♥tr❛✐r❡♠❡♥t à ❝❡❧❧❡s ❞✉ ❣r❛♣❤✐q✉❡ ❞❡ ❣❛✉❝❤❡✳

❈❡tt❡ ❡①♣❧✐❝❛t✐♦♥ ❛✐❞❡ é❣❛❧❡♠❡♥t à ✐♥t❡r♣rét❡r ❧❡s ❞✐✛ér❡♥❝❡s ❡♥tr❡ ❧❡s ❞❡✉① ❣r❛✲
♣❤✐q✉❡s ❞❡ ❧❛ ✜❣✉r❡ ✼✳✺✳ ❏❡ r❛♣♣❡❧❧❡ q✉❡ ❧✬♦r❞r❡ ✈❡rt✐❝❛❧ ❞❡s ❝♦✉r❜❡s ❡st ✐♥✈❡rsé ♣❛r
r❛♣♣♦rt à ❝❡❧❧❡s ❞❡ ❧❛ ✜❣✉r❡ ✼✳✹ ✿ ❧❡s ❝♦✉r❜❡s ❞✉ ❤❛✉t ❝♦rr❡s♣♦♥❞❡♥t ❛✉① ❞✐♠❡♥s✐♦♥s
33 × 33 t❛♥❞✐s q✉❡ ❝❡❧❧❡s ❞✬❡♥ ❜❛s r❡♣rés❡♥t❡♥t ❧❡ ❝❛s 257 × 257✳ ▲❡ ❣r❛♣❤✐q✉❡ ❞✉ ❝❛s
❑♦❧♠♦❣♦r♦✈ ♠❡t ❡♥ é✈✐❞❡♥❝❡ q✉❡ ❧❛ ré❞✉❝t✐♦♥ ❞❡ ❧✬❡rr❡✉r ❡st ❞✬❛✉t❛♥t ♣❧✉s s✐❣♥✐✜❝❛✲
t✐✈❡ q✉❡ ❧✬❡rr❡✉r ❞❡ ❞é♣❛rt ❡st ✐♠♣♦rt❛♥t❡✳ ❈❡❝✐ s✬❛♣♣❧✐q✉❡ ❞❡ ♠ê♠❡ ❛✉ ❣r❛♣❤✐q✉❡ ❞❡
❞r♦✐t❡✱ ♠❛✐s s✉rt♦✉t ❝❡❧❛ ♣❡r♠❡t ❞✬✐♥t❡r♣rét❡r ❧❛ ❞✐✛ér❡♥❝❡ ❞❡ ❤❛✉t❡✉r ❢r❛♣♣❛♥t❡ ❡♥tr❡
❧❡s ❝♦✉r❜❡s ❞❡ ❣❛✉❝❤❡ ❡t ❞❡ ❞r♦✐t❡✳ P✉✐sq✉❡ ❧❡s s✉r❢❛❝❡s ❞✬♦♥❞❡ s✐♠✉❧é❡s ❞❡ t②♣❡ ✈♦♥
❑ár♠á♥ s♦♥t ❜✐❡♥ ♠♦✐♥s t✉r❜✉❧❡♥t❡s q✉❡ ❝❡❧❧❡s ❞❡ t②♣❡ ❑♦❧♠♦❣♦r♦✈✱ ❛❧♦rs ❧❛ ré❞✉❝t✐♦♥
r❡❧❛t✐✈❡ ❡st ♠♦✐♥s ✐♠♣♦rt❛♥t❡ ♣♦✉r ❧❡ ❝❛s ✈♦♥ ❑ár♠á♥✳

P♦✉r ❧❡s ❞❡✉① t②♣❡s ❞❡ t✉r❜✉❧❡♥❝❡✱ ❧❡ ♥✐✈❡❛✉ ❞❡ ré❞✉❝t✐♦♥ ♦❜t❡♥✉ ❡st ❢♦♥❝t✐♦♥ ❞✉
r❛♣♣♦rt s✐❣♥❛❧ à ❜r✉✐t✳ ❉❛♥s ❧❡s ❞❡✉① ❝❛s✱ ❧❛ ✈✐t❡ss❡ ❞❡ ❝♦♥✈❡r❣❡♥❝❡ ❛✉❣♠❡♥t❡ ❧♦rsq✉❡
❧❡ ❘❙❇ ❞✐♠✐♥✉❡✳ P♦✉r ❧❡s ♣❡t✐ts s②stè♠❡s✱ 33× 33 ❡t 65× 65✱ ❧❛ ✈✐t❡ss❡ ❞❡ ❝♦♥✈❡r❣❡♥❝❡
❡st s❡♠❜❧❛❜❧❡ ♣♦✉r ❧❡s ❞❡✉① ♠♦❞è❧❡s ❞❡ t✉r❜✉❧❡♥❝❡✳ ❊♥ r❡✈❛♥❝❤❡✱ à ❢♦rt r❛♣♣♦rt s✐❣♥❛❧
à ❜r✉✐t ♣♦✉r ❞❡ ♣❧✉s ❣r❛♥❞❡s ❞✐♠❡♥s✐♦♥s✱ ❧❡ ♠♦❞è❧❡ ❞❡ ✈♦♥ ❑ár♠á♥ s❡♠❜❧❡ ❝♦♥✈❡r❣❡r
♣❧✉s ❧❡♥t❡♠❡♥t✳
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❚♦✉t ❞✬❛❜♦r❞✱ ❧❛ ✜❣✉r❡ ✼✳✻ ✈✐❡♥t s♦✉t❡♥✐r ❧❛ ❝♦♥❝❧✉s✐♦♥ ❞✉ ♣❛r❛❣r❛♣❤❡ ♣ré❝é❞❡♥t
s❡❧♦♥ ❧❛q✉❡❧❧❡ ❧❡s ♣❡r❢♦r♠❛♥❝❡s ❞❡ ❋r■▼ ▼❆P s♦♥t s❡♠❜❧❛❜❧❡s q✉❡ ❧❛ t✉r❜✉❧❡♥❝❡ s♦✐t ❞✉
t②♣❡ ❑♦❧♠♦❣♦r♦✈ ♦✉ ❞✉ t②♣❡ ✈♦♥ ❑ár♠á♥✳ ❈❡❝✐ ❡st ♦❜s❡r✈é s✉r ❞❡✉① ❝❛s t②♣✐q✉❡s✳ ❉❛♥s
❧❡ ❝❛s ❞✬✉♥ té❧❡s❝♦♣❡ ❞❡ ✽ ♠ètr❡s✱ ❥✬❛✐ ❝❤♦✐s✐ ❞❡s ❞✐♠❡♥s✐♦♥s ❝♦❤ér❡♥t❡s ❛✈❡❝ ✉♥❡ ♦♣t✐q✉❡
❛❞❛♣t❛t✐✈❡ ❡①trê♠❡ ✭❖❆❳✮✱ ✐✳❡✳ r0/dl = 1.25 à ❧❛ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡ ❞❡ ❧✬❛♥❛❧②s❡✉r✳ ❉❡
♣❧✉s✱ ♣♦✉r ✉♥ t❡❧ ❞✐❛♠ètr❡✱ ❧✬é❝❤❡❧❧❡ ❡①t❡r♥❡ ❞❡ ✈♦♥ ❑ár♠á♥ L0 ❡st tr♦✐s ❢♦✐s ♣❧✉s ❣r❛♥❞❡
q✉❡ ❧❡ ❞✐❛♠ètr❡✳ ❆✉ ❝♦♥tr❛✐r❡✱ ❧❡ té❧❡s❝♦♣❡ ❞❡ ✹✷♠ s✐♠✉❧é s✉r ❧❡ ❣r❛♣❤✐q✉❡ ❞❡ ❞r♦✐t❡
❝♦rr❡s♣♦♥❞ à ✉♥❡ ♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ♠♦♥♦✲❝♦♥❥✉❣✉é❡ ✭❖❆♠❈✮✱ ❛✈❡❝ r0 à ❧❛ ❧♦♥❣✉❡✉r
❞✬♦♥❞❡ ❞❡ ❧✬❛♥❛❧②s❡✉r ♣❧✉s ♣❡t✐t q✉❡ ❧❛ t❛✐❧❧❡ ❞✬✉♥❡ s♦✉s✲♣✉♣✐❧❧❡✱ r0/dl = 0.65✳ ❉✬❛✉tr❡
♣❛rt✱ ❞❛♥s ❝❡ ❝❛s✱ ❧✬é❝❤❡❧❧❡ ❡①t❡r♥❡ ❞❡ ❝♦❤ér❡♥❝❡ s♣❛t✐❛❧❡ ❞❡ ❧❛ t✉r❜✉❧❡♥❝❡ ♠❡s✉r❡ à ♣❡✐♥❡
❧❛ ♠♦✐t✐é ❞✉ ❞✐❛♠ètr❡ ❞❡ ❧❛ ♣✉♣✐❧❧❡✳
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ABSTRACT

The current projects of Extremely Large Telescopes rely on adaptive optics systems using several sodium laser guide stars
(LGSs). Because of the thickness of the sodium layer, the subapertures of a Shack-Hartmann wavefront sensor will see
the LGS all the more elongated as its position is distant from the launching point of the laser. This effect is significant and
prompts the lasers to be launched from behind the secondary instead of from around the telescope. The elongations increase
centroiding errors and new smarter algorithms have been designed to mitigate this effect, but the loss of accuracy is still
significant. Further, the measurement uncertainties are no more uniform across the pupil and correlations are introduced
between the two coordinates of the gradients. From numerical simulations, we analyze the benefit of taking into account
this structured correlations in wavefront reconstruction algorithms and compare the reconstruction accuracy when using
least squares, weighted least squares, or minimum variance using von Kármán turbulence priors.

For a single LGS launched behind the secondary, numerical simulations show effective improvements when using both
noise correlations and priors in wavefront reconstruction. When combining the measurements from several LGSs in a
Ground Layer adaptive optics system, we show that taking into account the noise covariances yields better reconstructions
when LGSs are launched from around the telescope than from behind the secondary. Further, results indicate that we could
discard the measurements along the elongated direction where this elongation is greater than a given threshold.

Keywords: Adaptive Optics, Extremely Large Telescopes, wavefront reconstruction, laser guide star elongation, Ground
Layer Adaptive Optics, Maximum A Posteriori, Minimum Variance

1. INTRODUCTION

When a laser beam is tuned on the sodium line and launched from the ground, a resonant backward-diffusion from the
atmospheric sodium atoms allows some light to be collected for wavefront sensing.1 Atmospheric sodium atoms are
concentrated at ≈ 90km in altitude, in a ≈ 10km thick layer.2, 3 Since the laser beam is focused at this layer, the lighten
volume can be seen approximately as a cylindric source ≈ 1m in diameter and ≈ 10km long. When imaging this source
from the ground, the image is all the more elongated as the point of view is far away from the launching point, because of
an increased parallax. This elongation is very significant on Extremely Large Telescopes (ELT).

The elongation of the spots at the focus of the subapertures of a Shack-Hartmann wavefront sensor reduces the accuracy
on the measurement of the centroid displacements. Indeed, noises increase with the size of the spots: the magnitude of
photon noise is proportional to the size of the image,4 and additive noises (detector read-out noise, backgrounds) are
increased because more pixels are necessary to image elongated spots. New centroiding algorithms have been devised to
cope with this problem, in particular the so-called matched filter.5, 6

Our aim is here to assess the effect of the spot elongation on the wavefront reconstruction. When using a Shack-
Hartmann wavefront sensor with Laser Guide Stars (LGSs), the elongation of the sub-images varies in amplitude and
orientation. This makes the noise non-uniform across the pupil and introduces correlations between x and y coordinates of
the slopes in each subaperture.

We expect that taking into account the non-uniformity of the noise and the correlations of the measurement can improve
the quality of the reconstruction, compared to ignoring them. Further, we expect that introducing Kolmogorov (or von
Kármán) priors can yet improve the reconstruction. From numerical simulations, we compare the wavefront reconstruction
capability of these different approaches in Sec. 3. Furthermore, when using several LGSs on an Extremely Large Telescope
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(ELT), we can combine differently the measurements, depending on the geometry of the AO system. The particular case of
Ground Layer Adaptive Optics (GLAO) is studied in Sec. 4, comparing LGSs launched from the center or from the edge of
the telescope pupil. Prior to present our results, we summarize in Sec. 2 our assumptions and our modeling for addressing
these questions.

2. RECONSTRUCTION METHODS AND MODELING OF THE ELONGATION

2.1 Reconstruction Methods Considered

For the matter of the comparison, we will use four reconstruction methods described in this section, either using a model
of the covariances of the noise or considering the noise as uniform, and using priors or not. All of them start with the same
model of data:

d = S · w + n, (1)

where the vector of data, d, is obtained from the vector of wavefront samples on a suitable grid, w, using a linear model S
of the wavefront sensor. Vector n stands both for an additive zero-mean noise independent from the data and for modeling
errors. In the following, we assume a Shack-Hartmann wavefront sensor with Fried’s geometry for S.7

Several methods can be used to invert Eq. (1). If we assume an uniform Gaussian noise, maximum likelihood yields
pure least squares: (

ST · S
)

· w = ST · d, (2)

which becomes weighted least squares in case of non-uniform noise:

(
ST · C−1

n
· S
)

· w = ST · C−1
n

· d. (3)

Former equations are written in the form A · x = y where we are looking for x, instead of the form x = A−1 · y.
Indeed, our matrices are generally not invertible, so we have to specify some recipe for the inversion. One method is
"truncated SVD",8 where the inverses of the singular values lower than a given threshold are set to zero. Here we solve the
system with the conjugate gradient method.9 This yields the "minimal norm" solution, i.e. the method used is equivalent
to derive:

lim
ǫ→0

(A + ǫI)−1. (4)

Also, conjugate gradient method does not need to compute the inverse of A which can be a huge matrix for an ELT. For
instance, we will consider here a 100× 100 subapertures wavefront sensor.

Using maximum a priori (MAP) yields:4

(
ST · C−1

n
· S + C−1

w

)
· w = ST · C−1

n
· d, (5)

where Cw is the a priori covariance matrix of the wavefront. Assuming uniform and independent noise with variance σ2
n

in Eq. (5) leads to: (
ST · S + σ2

nC−1
w

)
· w = ST · d, (6)

For computing efficiency, we use the Fractal Iterative Method10, 11 for solving these equations, i.e. a preconditioned
conjugate gradient method applied in a fractal approximation of the Karhunen-Loève basis, and using an optimal diagonal
preconditioner.

2.2 General Assumptions

In this section, we introduce some simplifications in order to focus on the essential trends of the wavefront reconstruction
with elongated spots.

The vertical density profile of the sodium atoms is supposed to be a Gaussian distribution centered at altitude h0, with
a standard deviation σh. This assumption seems to be quite reasonable since, although the laser beam looks like a very
thin needle (≈ 1m in diameter and ≈ 10km in length), the elongated spots are at most ≈ 1′′ in width for ≈ 10′′ in length.
So the image is highly smoothed, and the small-scale details of the sodium profile (sporadics3) can hardly be seen. In the
following, we will set h0 = 90km, considering a telescope pointing at zenith where the spot elongations are maximum.



Figure 1. Layout of the elongated sub-images for centered LGSs (left) and for three LGSs at 120
◦ on the edge of the pupil (right). The

diameter of the pupil is 42m. In the two cases, h0 = 90km, the FWHM of the Sodium layer is 10km, and the minimal FWHM of the
spots is 1.2

′′ (spot size with no elongation). The field of view of the 3.8m subapertures is 10
′′. In these plots, the squares represent both

the subaperture shapes and the field-of-view limits of the subapertures.

The full width at half maximum (FWHM) of the sodium density profile is typically ≈ 10km, but varies up to 13 − 14km
in the worst cases.2, 3

We will consider Shack-Hartmann wavefront sensors, where each subaperture gives an elongated "sub-image" of the
LGS. The sodium Gaussian profile will induce sub-images with elongated Gaussian shapes. Accurate simulations show
that this assumption is realistic [5, Fig. 4].

In the field of view of each subaperture, the apparent elongation is described with a vector β = (β1, β2) whose
magnitude β is the projection of the standard deviation of the Gaussian sodium profile in the field of view. Using simple
geometry, we obtain:

β ≈ σh

h2
0

(b− e), (7)

where e stands for the position vector of the launching point of the LGS in pupil plane, and b is the position vector of the
subaperture in the same frame. Equation 7 shows that the elongation only depends on the position of the LGS launching
point, not on its position in the whole field of view of the telescope.

When deriving Eq. (7), we neglect a slight distortion of the image of the sodium profile because of a variation of the
scaling factor with the altitude, so that the average altitude is actually slightly displaced from the median. This distortion
induces quasi-static aberrations in the reconstructed wavefront.12, 13 These effects are not considered here since they involve
other types of corrections. The distorted image of the sodium profile is here approximated by a Gaussian profile centered
at h0 and with standard deviation approximated by the first order expansion of β, with a relative error less than 1%.

In our study, we will not include two well-known problems when using LGSs. First we assume that the LGSs, all
focused at altitude h0, can measure tip/tilts. This avoids introducing separate natural guide stars in the reconstruction,
with specific noise independent of the elongation, although this assumption will overestimate the effect of elongation since
it will affect tip/tilt. Second, focus anisoplanatism14 is not taken into account in the reconstruction since it is a problem
separated from the effect of spot elongation. Also, if the elongation is larger than the isoplanatic patch, another isoplanatic
effect is introduced. This effect is neither considered here. Considering a single turbulent layer in the pupil plane will avoid
these anisoplanatisms.

2.3 Noise Covariance Matrix

We need to devise a model for the covariance matrix of the noise Cn appearing in Eqs (3) and (5). We will assume that the
rms noise on a centroid measurement is proportional to the size of the sub-image. This is the case with photon noise,4 but



could also be the case with additive noise if a centroiding method like the matched filtering is used.5 Indeed, in such a case,
the number of pixels can be proportional to the elongation, while in the usual case the number of pixels for centroiding is
proportional to the square of the size of the sub-image.

When no elongation the sub-images are considered as symmetric Gaussians with standard deviation σ. The variance of
the error on the centroid measurements, σ2

n, is chosen as the reference noise.

With elongation, the sub-images are modeled as elongated Gaussians with standard deviations σ and
√
σ2 + β2 along

their main axis, taking into account the projected sodium profile is convolved by the shape of the sub-images without
elongation.

Estimates of centroids from different subapertures are independent. So the covariance matrix Cn will have 2 × 2
blocks, [Cn]2×2, along its diagonal. Considering sub-images as elongated Gaussians, and assuming the noise proportional
to the size of the sub-images, the expression of the covariance matrix, for one block, is:

[Cn]2×2 = σ2
n

(
1 + β2

1/σ
2 β1β2/σ

2

β1β2/σ
2 1 + β2

2/σ
2

)
, (8)

which becomes Cn = σ2
nI, where I is the identity matrix, when the elongation is zero (β = 0). Its inverse is:

[Cn]−1
2×2 =

1

σ2
n

1

1 + β2/σ2

(
1 + β2

2/σ
2 −β1β2/σ

2

−β1β2/σ
2 1 + β2

1/σ
2

)
. (9)

We can notice that we only need that β (standard deviation of the elongation) and σ (standard deviation of the not-
elongated image) are expressed with the same unit. They could also be both FWHM instead of standard deviations. The
unit of the noise is given by the reference noise σ2

n.

Figure 1 compares the layout of the elongated spots between launching the LGSs from behind the secondary and three
LGSs launched from the edge of the pupil of a 42m telescope. Launching from the center minimizes the elongation and
produces radially elongated spots: this is the chosen configuration for the Thirty Meter Telescope (TMT).5 We can notice
that this geometry will suffer from the so-called "fratricide effects" (i.e. Rayleigh scattering will be seen by some of the
subapertures).

Taking realistic numbers like σh = 4.25km (i.e. 10km at FWHM) and h0 = 90km gives β = 2.3′′ (or 5.4′′ FWHM)
seen from the edge of the pupil of diameter 42m.

In the case of LGSs launched from the edge of the pupil as shown in Fig. 1, the fratricide effect does not appear but
the elongation is twice higher. Since each subaperture can see elongations in various directions, we could try to combine
measurements optimally to recover from the increased elongations. This is what we want to explore through the simulations
presented in the next sections.

3. SIMULATION RESULTS FOR A SINGLE LGS

From simulated data, the aim is to compare the errors of the wavefront reconstructions obtained with the different recon-
struction algorithms listed in Sec. 2.1. We consider here the particular case of a single LGS focused at 90km, at the center
of the sodium layer, and launched from the center of the pupil (behind the secondary) as shown on Fig. 1 (left).

Turbulent wavefronts are generated in the pupil plane, so we do not suffer from any focus anisoplanatism and can focus
on reconstruction errors. Seeing is 0.7′′ at 589nm (i.e. r0 = 17.4cm at 589nm), corresponding approximately to median
conditions at Paranal observatory, with an outer scale L0 = 22m.

The 42m telescope pupil with 30% central obscuration is sampled with 100× 100 subapertures.

Noise has been fixed to σ2
n = 1rad2/subaperture where no elongation, with a spot size of 1.2′′ FWHM. This is the

phase error at 589 nm. This corresponds to ≈ 0.046′′ rms of jitter, or ≈ 94nm rms of wavefront error, measured as the
rms path difference between the edges of the subapertures. In the chosen turbulence conditions, the signal to noise ratio
per subaperture is ≈ 5.5.
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Figure 2. Comparison of the wavefront errors (on the left) and corresponding Strehl ratios in K (on the right) obtained with the different
reconstruction methods, depending on the amount of elongation (FWHM), in the case of a single LGS launched from the center of the
pupil. The dashed vertical line corresponds to the typical mean FWHM of sodium density profile. Noise covariance matrix is only used
for Weighted LS (Eq. 3) and MAP (Eq. 5), while priors are only used for MAP and MAP+uniform noise (Eq. 6).

We assess the effect of elongation by varying the FWHM of the sodium density profile. For each value of FWHM,
noisy wavefront sensing data are simulated, and each wavefront reconstruction method is applied successively on the same
data.

The comparison of the results from the different reconstruction methods is shown in Fig. 2 as a function of the amount of
elongation (FWHM of the sodium layer is varied from 0 to 15 km). If we consider the FWHM for the mean sodium profile
(10km), we can see a significant difference between the worse method (Least Squares) where the elongation increases the
phase error by a factor of 2.4, and the best method (MAP) where this factor is only 1.6. For such an elongation, MAP gives
a phase error half as big as Least Squares.

When no elongation, we can see that using priors (MAP methods) allows the variance of the error to be reduced by
almost a factor of two as already found by Béchet et al.15 The curves show that the usefulness of the priors increases with
the elongation. We interpret this behavior by an increasing error on the radial modes because of the radial elongation:
priors allow reducing this error by using covariances with the other modes that are less affected by the elongation. This
can be seen on the azimuthal averages of the residual wavefront errors in the pupil shown on Fig. 3, where priors flatten
the residuals from the center to the edge of the pupil.

Also seen on Fig. 2 is the importance of taking into account noise covariances, which effect is almost as important as
the use of priors in this particular case.

4. SIMULATION RESULTS FOR SEVERAL LGS (GLAO)

In this section, we consider an array of three LGSs, either launched from the center of the pupil, or from the edge of the
pupil. The layout is shown on Fig. 1 (right). When launched from the center, the three LGSs give three times the same
radially elongated spots. On the opposite, each subaperture can see elongations in different directions when launching
from the edge of the pupil. We want to know if these crossed elongations (see Fig. 1) can be of any help for improving the
quality of the wavefront reconstruction.

In order to keep the previous single LGS case as a reference case, we assume here that the total flux is shared
evenly among the three LGSs, so that the variance of the photon noise for each measure is three times higher (i.e. 3
rad2/subaperture at 589 nm) when no elongation. Thus, when launching from the center, mixing the measurements from
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Figure 3. Azimuthal average of the residual wavefront errors for the different reconstruction methods. The FWHM of the sodium profile
is 9km. Noise covariance matrix is only used for Weighted LS (Eq. 3) and MAP (Eq. 5), while priors are only used for MAP and
MAP+uniform noise (Eq. 6). As expected from the geometry (one LGS launched from the center, radial elongations), the wavefront
errors are larger at the outer edge of the pupil. The curves show how the priors flatten the residuals from the center to the edge of the
pupil.

the 3 LGSs will give the same total accuracy than using one single LGS three times brighter, and the same curves will be
obtained. The other parameters are kept the same as for the previous single LGS case.

Of course, we need to combine the measurements in an optimal way. When using several LGSs, the MAP (or minimum
variance) estimator is now obtained from this equation:

(
ST ·

[
#LGS∑

k=1

Cn

−1
k

]
· S + C−1

w

)
· w = ST ·

#LGS∑

k=1

Cn

−1
k

· dk, (10)

which is a generalization of Eq. (5) used for MAP method, when assuming that identical wavefront sensors are used for all
the LGSs. As in Sec. 2.1, the other estimators are obtained from Eq. (10) by removing priors Cw when using Least Squares

or Weighted least squares methods, or by approximating the noise covariance matrices with an uniform noise (Cnk = σ2
nI)

for Least Squares or MAP with uniform noise methods.

Results are plotted on Fig. 4. As expected, when launching from the center, using three LGSs gives exactly the same
results as the previous case with one single LGS three times brighter.

On the opposite, when launching from the edge, the use of noise covariances is now critical. Indeed, not to take
into account the noise covariances makes the residual wavefront errors to be much higher (Least Squares and MAP with

uniform noise methods). The noise covariance matrix allows the reconstruction to properly weight the measurements in
each subaperture in order to take into account mainly the measurements in the most accurate directions (i.e. the directions
perpendicular to the elongations). This allows the increase of the residual wavefront errors to be maintained under a factor
1.5 for any elongation with methods Weighted least squares and MAP.

Further, Fig. 4 seems to show an asymptotic behavior of these methods as the sodium profile FWHM increases. This
may be explained as follows. As seen from Eq. (9), the relative weight of the measurement along the elongated direction
is proportional to the inverse of the square of the relative elongation β/σ. As soon as this elongation is significant, this
relative weight is so small that the corresponding measurement has no more influence. Yet increasing the elongation does
no more degrade the situation.

In such a regime, we could then set to zero the weights on these measurements without significant loss of accuracy.
This would also mean that we don’t need to even measure the displacement of the centroid along the elongated directions
of the spots when this elongation is high enough.
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Figure 4. Comparison of the wavefront errors obtained with the different reconstruction methods, depending on the amount of elongation
(FWHM), in the case of three LGSs launched from the center (on the left) or from the edge (on the right) of the pupil.
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Figure 5. Comparison of the azimuthal averages of the residual wavefront errors for the different reconstruction methods, in case of three
LGSs launched from the center (on the left) or from the edge (on the right) of the pupil. The FWHM of the sodium profile is 9km.

On the opposite, using priors does not significantly prevail as in the previous single LGS case, probably because we no
longer have the previous systematic radial effect thanks to the crossed elongations. Figure 5 shows the azimuthal averages
of the residual wavefront errors in the pupil.

We can notice that using both the correct covariance matrix and the priors with any elongation gives a better recon-
struction than using least squares (weighted or not) without elongation.

5. CONCLUSION

From this work, we can conclude that taking into account the noise covariances in the reconstruction algorithm is very
important. The minimum is to use weighted least squares (or equivalently maximum likelihood). Using the correct covari-
ance matrix allows the effect of elongation to be significantly reduced, and further, thanks to this matrix, we obtain best
results when launching from the edge of the pupil than when launching from the center.



Figure 6. Example of meta-pupils as seen at 10km altitude for a 42m telescope when launching three LGS from the center (left) or from
the edge (right) of the pupil. The LGS are pointed on a circle of radius 2 arcmin in the field-of-view. The other parameters are the same
as for Fig. 1. When launched from the edge, the elongation is minimum (best accuracy) where the turbulent layer is probed once.

Priors are also helpful, particularly when launching from the center. When launching from the edge of the pupil, the
improvement of the reconstruction is approximately the same for any elongation.

These results should be confirmed for various signal to noise ratios, i.e. for various measurement noises and various
turbulence strengths. Also, we have analyzed the two extreme cases of the perfect knowledge of the noise covariance matrix
or its total ignorance. Intermediate cases should be addressed in order to determine the requirements on the accuracy we
need on the model of the noise. Numerous effects affect the noise in practice so that we can hardly expect to be able to rely
on an accurate model of the noise.

But as noticed previously, the asymptotic behavior of the residual wavefront error as the elongation increases when
launching from the edge of the pupil (Fig. 4 on the right) seems to indicate that we could easily discard the measurements
of the centroids along the direction of the elongation, where the elongation is greater than a given threshold. This would
allow, for instance, the use of a smaller CCD for the Shack-Hartmann wavefront sensor by allowing some truncations of
the sub-images in the elongated directions. A study of this possibility, taken into account the loss of photons would be
helpful to potentially reduce the costs of the wavefront sensors.

Finally, cone effect when using LGSs on large telescopes yields the need of tomography.16 Effect of elongation in
this case must still be analyzed. For instance, Fig. 6 shows the meta-pupil at 10km altitude when the LGS are pointed
on a circle of radius 2 arcmin in the field-of-view. The figure shows that when launching from the edge, the elongation is
minimum where the turbulent layer is probed once, i.e. exactly where the best accuracy is required. This single observation
may indicate that the advantage of this configuration may be kept for the estimation of the corrugations introduced by each
layers.
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❞❡s s♦✉s✲♣✉♣✐❧❧❡s ♦ù ❧❡s ✐♠❛❣❡s s♦♥t ❛❧❧♦♥❣é❡s✳ ❯t✐❧✐s❡r ✉♥ ♠♦❞è❧❡ ❝♦rr❡❝t ♣♦✉r Ce

❡st ♥é❝❡ss❛✐r❡ ♣♦✉r ✉♥✐❢♦r♠✐s❡r ❡t ♠✐♥✐♠✐s❡r ❧❡s ❡rr❡✉rs ❞❡ r❡❝♦♥str✉❝t✐♦♥✳ ▲✬✐♥térêt
❞✬✉♥❡ ❜♦♥♥❡ ♠♦❞é❧✐s❛t✐♦♥ ❞❡ Ce ❛♣♣❛r❛ît ❡♥❝♦r❡ ♣❧✉s é✈✐❞❡♥t ❧♦rs ❞❡ ❧❛ ❝♦♠❜✐♥❛✐s♦♥
❞❡ ✸ ét♦✐❧❡s ❧❛s❡r ♣♦✉r r❡❝♦♥str✉✐r❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ ✭❝❢✳ à ❞r♦✐t❡ ❞❡ ❧❛ ✜❣✉r❡ ✼✳✼✮✳ ▲❡s
♣❡r❢♦r♠❛♥❝❡s ♦♣t✐♠❛❧❡s s♦♥t ❛❧♦rs ♦❜t❡♥✉❡s ❧♦rsq✉❡ ❧❡s ❧❛s❡rs s♦♥t é♠✐s ❞❡♣✉✐s ❧❡s ❜♦r❞s
❞❡ ❧❛ ♣✉♣✐❧❧❡✱ ♣❧✉tôt q✉❡ ❞❡♣✉✐s ❧❡ ❝❡♥tr❡✱ ❞❡rr✐èr❡ ❧❡ ♠✐r♦✐r s❡❝♦♥❞❛✐r❡✳ ▲❡s ♣r♦✜❧s ❞❡
❧✬❡rr❡✉r ❞✬❡st✐♠❛t✐♦♥ s✉r ❧❛ ♣✉♣✐❧❧❡ s♦♥t r❡♣rés❡♥tés s✉r ❧❛ ✜❣✉r❡ ✼✳✽ ❞❛♥s ❧❡s ❞❡✉① ❝❛s
❞✐s❝✉tés✳

❊♥✜♥✱ ♦♥ ♣❡✉t ♥♦t❡r q✉❡ ❧à ♦ù ❧❛ ♣ré❝✐s✐♦♥ ❞❡s ♠❡s✉r❡s ❡st ❞é❣r❛❞é❡ ♣❛r ✉♥❡ tr♦♣
❣r❛♥❞❡ é❧♦♥❣❛t✐♦♥✱ ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡s ❛ ♣r✐♦r✐ ❞❡ ❋r■▼ ▼❆P ♣❡r♠❡t ❞❡ ré❞✉✐r❡ ❧✬❡rr❡✉r
❞❡ r❡❝♦♥str✉❝t✐♦♥✳

❈❡tt❡ ét✉❞❡ ♠♦♥tr❡ à q✉❡❧ ♣♦✐♥t ❧❛ ♠♦❞é❧✐s❛t✐♦♥ ❝♦rr❡❝t❡ ❞❡s ❝♦rré❧❛t✐♦♥s ❞✬❡rr❡✉rs
❡st ❡ss❡♥t✐❡❧❧❡✳ ▲❡ ❝❛r❛❝tèr❡ très ❝r❡✉① ❞❡ Ce r❡♥❞ ❧❛ ♣r✐s❡ ❡♥ ❝♦♠♣t❡ ❞❡ ❝❡s ❝♦rré❧❛t✐♦♥s
♣❡✉ ❝♦ût❡✉s❡s✳ ❉❡ ♣❧✉s✱ ❡❧❧❡s ♥❡ ❞é♣❡♥❞❡♥t q✉❡ ❞❡s ❡♠♣❧❛❝❡♠❡♥ts ♣❤②s✐q✉❡s ❞❡s ♣r♦❥❡❝✲
t❡✉rs ❧❛s❡r✱ ❡t ❞❡ ❧❛ ❝♦♥✜❣✉r❛t✐♦♥ ❞❡s ❛♥❛❧②s❡✉rs✳ ❊❧❧❡s ♣❡✉✈❡♥t ❞♦♥❝ êtr❡ ♣ré❝❛❧❝✉❧é❡s✳
P✉✐sq✉❡ ❧❛ ♠❛tr✐❝❡ Afrac ♥✬❡st ♣❛s ♣ré❝❛❧❝✉❧é❡ ♠❛✐s s✐♠♣❧❡♠❡♥t ❛♣♣❧✐q✉é❡ ❡♥ ♠♦❞✐✜❛♥t
Ce q✉❛♥❞ ♥é❝❡ss❛✐r❡✱ ❧❡ ❝♦ût ❡st ❢❛✐❜❧❡✳ ▲✬❛❧❣♦r✐t❤♠❡ ❋r■▼ ▼❆P ♣❡r♠❡t ❛❧♦rs ❞✬♦♣t✐✲
♠✐s❡r ❧❡s ♣❡r❢♦r♠❛♥❝❡s ❞❡ r❡❝♦♥tr✉❝t✐♦♥ ❡♥ t❡♥❛♥t ❝♦♠♣t❡ ❞❡ ❝❡s ❝♦rré❧❛t✐♦♥s ❡t ❞❡s ❛
♣r✐♦r✐ t✉r❜✉❧❡♥ts✱ à ♠♦✐♥❞r❡ ❝♦ût ❝❛❧❝✉❧❛t♦✐r❡✳
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❋✐❣✳ ✼✳✼ ✕ ❆❧❧♦♥❣❡♠❡♥t ❞❡s t❛❝❤❡s ✐♠❛❣❡s s✉r ❧❡s s♦✉s✲♣✉♣✐❧❧❡s ❞✉ ♦✉ ❞❡s ❛♥❛❧②s❡✉rs
♣♦✉r ✉♥❡ ✭à ❣❛✉❝❤❡✮ ❡t tr♦✐s ✭à ❞r♦✐t❡✮ ét♦✐❧❡s ❞❡ ré❢ér❡♥❝❡ ❧❛s❡r✳ ▲❡s ❝r♦✐① r❡♣rés❡♥t❡♥t
❧❛ ♣♦s✐t✐♦♥ ❞❡s ♣♦✐♥ts ❞✬é♠✐ss✐♦♥ ❞❡s ❧❛s❡rs ♣❛r r❛♣♣♦rt à ❧❛ ♣✉♣✐❧❧❡✳

✼✳✺ ▲✬✐♠♣❛❝t ❞✬✉♥❡ ❡rr❡✉r s✉r ❧❡s ❛ ♣r✐♦r✐

▲✬ét✉❞❡ ❞❡ ❧❛ r❡❝♦♥str✉❝t✐♦♥ s✬❡st ❢❛✐t❡ ❥✉sq✉✬✐❝✐ ❡♥ s✉♣♣♦s❛♥t q✉❡ ❧❡s ❤②♣♦t❤ès❡s
s✉r ❧❛ st❛t✐st✐q✉❡ ❞✉ s✐❣♥❛❧ ❡t ❞✉ ❜r✉✐t ét❛✐❡♥t ❝♦rr❡❝t❡s ✭❛✉tr❡♠❡♥t ❞✐t ❜✐❡♥ ❝♦♥♥✉❡s✮✳
▲❛ ré❛❧✐té ❡st ❛✉tr❡ ❡t ❝✬❡st ♣♦✉r ❝❡❧❛ q✉❡ ❥✬✐♥✈❡st✐❣✉❡ ✐❝✐ ❧✬✐♠♣❛❝t ❞❡ ❝❡rt❛✐♥❡s ❡rr❡✉rs
❞✬❛ ♣r✐♦r✐ s✉r ❧❡s ♣❡r❢♦r♠❛♥❝❡s ❞❡ ❧❛ r❡❝♦♥str✉❝t✐♦♥✳ ❈♦♥❝rèt❡♠❡♥t✱ ❥✬ét✉❞✐❡ ❧❡s ❡✛❡ts
❞✬✉♥❡ ♠❛✉✈❛✐s❡ ❡st✐♠❛t✐♦♥ ❞❡s ♣❛r❛♠ètr❡s ❞✉ r❡❝♦♥str✉❝t❡✉r✳

▲❡ r❡❝♦♥str✉❝t❡✉r ❋r■▼ ▼❆P ❛♣♣♦rt❡ ✉♥ ❣❛✐♥ ❧♦rsq✉❡ ❧✬✐♥❢♦r♠❛t✐♦♥ ❛ ♣r✐♦r✐ ❡st
❢♦rt❡♠❡♥t ❡①♣❧♦✐té❡ ❡t à ❜♦♥ ❡s❝✐❡♥t✳ ❉✬❛♣rès ❧✬❡①♣r❡ss✐♦♥ ✭✻✳✸✮✱ ❋r■▼ ▼❆P ❡st ❝♦♥str✉✐t
à ♣❛rt✐r ❞✬✉♥❡ ❡st✐♠❛t✐♦♥ ❞❡ D/L0 ❞❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❢r❛❝t❛❧❡ Cw = K❢r❛❝ ·KT

❢r❛❝ ❡t
❞✉ ❘❙❇ ❞❛♥s µ0✳ ❏❡ ♠♦♥tr❡ ❞❛♥s ❝❡tt❡ s❡❝t✐♦♥ q✉❡ s✐ ❝❡s ✐♥❢♦r♠❛t✐♦♥s ❛ ♣r✐♦r✐ ♥❡ s♦♥t
♣❛s ❛❞❛♣té❡s ❛✉ s✐❣♥❛❧ ❡t ❛✉ ❜r✉✐t ré❡❧s✱ ❛❧♦rs ❧❡s ♣❡r❢♦r♠❛♥❝❡s ❞❡ ❧✬❡st✐♠❛t✐♦♥ ♣❡✉✈❡♥t
❞❡✈❡♥✐r ♣❧✉s ❞és❛str❡✉s❡s q✉❡ ❝❡❧❧❡s ❞✬✉♥ ❡st✐♠❛t❡✉r ❞❡ ♠❛①✐♠✉♠ ❞❡ ✈r❛✐s❡♠❜❧❛♥❝❡✳

▲❡ r❡❝♦♥str✉❝t❡✉r RMNML✱ ❞✬❛♣rès ❧✬éq✉❛t✐♦♥ ✭✺✳✶✻✮✱ ♥❡ ❞é♣❡♥❞ ♥✐ ❞✉ ♥✐✈❡❛✉ ❞❡
❜r✉✐t✱ ♥✐ ❞❡s ♣r♦♣r✐étés st❛t✐st✐q✉❡s ❞✉ s✐❣♥❛❧✳ ▲❡ r❡❝♦♥str✉❝t❡✉r ❋r■▼ ▼◆▼▲ ❝♦♥t✐❡♥t✱
❧✉✐✱ ❞❡s ✐♥❢♦r♠❛t✐♦♥s s✉♣♣❧é♠❡♥t❛✐r❡s✱ s✉r ❧❡s ❝♦rré❧❛t✐♦♥s ❞✉ s✐❣♥❛❧ ♣❛r ❧❡ ❜✐❛✐s ❞❡ K❢r❛❝✳
◆♦t❛♠♠❡♥t✱ K❢r❛❝ ❡st ❢♦♥❝t✐♦♥ ❞❡ D/L0✳ ❏❡ ❝♦♥s✐❞èr❡ ✐❝✐ RMNML ❡t ❋r■▼ ▼◆▼▲
❝♦♠♠❡ ré❢ér❡♥❝❡s✱ ✐✳❡✳ ❝♦♠♠❡ ❞❡s r❡❝♦♥str✉❝t❡✉rs ❞❡ ♠♦✐♥❞r❡ ❡✛♦rt ❞❡ ♠♦❞é❧✐s❛t✐♦♥
❞❡s ♣r♦♣r✐étés st❛t✐st✐q✉❡s ❞✉ s②stè♠❡✳

▲❡ ♠♦❞è❧❡ ❞❡ ✈♦♥ ❑ár♠á♥✱ ❛✉q✉❡❧ ❝♦rr❡s♣♦♥❞ ✉♥❡ ✈❛❧❡✉r ✜♥✐❡ ♣♦✉r L0✱ ❡st ❡♥
❛❞éq✉❛t✐♦♥ ❛✈❡❝ ❧❡s rés✉❧t❛ts ❞❡ ♣❧✉s✐❡✉rs ❝❛♠♣❛❣♥❡s ❞✬♦❜s❡r✈❛t✐♦♥s ✭❩✐❛❞ ❡t ❛❧✳✱ ✷✵✵✵✱
✷✵✵✹✮✳ ■❧ ❡st ❝❡♣❡♥❞❛♥t ❞✐✣❝✐❧❡ ❞✬❡st✐♠❡r L0 ❛✈❡❝ ♣ré❝✐s✐♦♥ ❡t ❧❡s ✈❛❧❡✉rs ♣r✐s❡s ♣❛r L0

❛✉ ❝♦✉rs ❞❡s ♦❜s❡r✈❛t✐♦♥s ♣❡✉t ✈❛r✐❡r ❞❡ ♣❧✉s✐❡✉rs ❞✐③❛✐♥❡s ❞❡ ♠ètr❡s✳ ■❧ ❡st é❣❛❧❡♠❡♥t
❞✐✣❝✐❧❡ ❞✬❡st✐♠❡r µ0 ❛✈❡❝ ♣ré❝✐s✐♦♥✳ ❚❛♥❞✐s q✉❡ D/L0 tr❛❞✉✐t ❧❛ ❧✐♠✐t❡ ❞❡ ❝♦rré❧❛t✐♦♥
❞❡s s✉r❢❛❝❡s ❞✬♦♥❞❡ à ❣r❛♥❞❡ é❝❤❡❧❧❡✱ ❧❡ ♣❛r❛♠ètr❡ µ0 r❡♣rés❡♥t❡ ❧✉✐ ❧✬❛♠♣❧✐t✉❞❡ ❞❡ ❝❡s
❝♦rré❧❛t✐♦♥s✳ P❧✉s ♣ré❝✐sé♠❡♥t✱ µ0 ❡st ❧❡ ♣♦✐❞s ❞❡s ❛ ♣r✐♦r✐ r❡❧❛t✐✈❡♠❡♥t ❛✉ ♣♦✐❞s ❞✉
t❡r♠❡ ❞✬❛tt❛❝❤❡ ❛✉① ❞♦♥♥é❡s✳ ❏✬ét✉❞✐❡ s✉❝❝❡ss✐✈❡♠❡♥t ❧❡s ❝♦♥séq✉❡♥❝❡s ❞✬✉♥❡ ❡rr❡✉r
❞✬❡st✐♠❛t✐♦♥ ❞❡ ❝❤❛❝✉♥ ❞❡ ❝❡s ❞❡✉① ♣❛r❛♠ètr❡s✱ D/L0 ❡t µ0✳



✼✳✺✳ ▲✬■▼P❆❈❚ ❉✬❯◆❊ ❊❘❘❊❯❘ ❙❯❘ ▲❊❙ ❆ P❘■❖❘■ ✶✺✸

Least Squares

Weighted LS
MAP & unif. noise

MAP

 0  5  10  15  20
 0

 200

 400

 600

radius (m)

re
si

du
al

 w
av

ef
ro

nt
 e

rr
or

 (
nm

)
Least Squares

Weighted LS

MAP & unif. noise

MAP

 0  5  10  15  20
 0

 200

 400

 600

radius (m)

re
si

du
al

 w
av

ef
ro

nt
 e

rr
or

 (
nm

)

❋✐❣✳ ✼✳✽ ✕ Pr♦✜❧ ❞❡ ❧✬❡rr❡✉r ❞❡ r❡❝♦♥str✉❝t✐♦♥
√
〈ǫ2〉r❡❝♦♥st ❡♥ ♥❛♥♦♠ètr❡s s✉r ❧❛ ♣✉♣✐❧❧❡

❞✉ té❧❡s❝♦♣❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ♠ét❤♦❞❡ ❞❡ r❡❝♦♥str✉❝t✐♦♥ ♣♦✉r ✸ ét♦✐❧❡s ❞❡ ré❢ér❡♥❝❡
❧❛s❡r✳ ▼ét❤♦❞❡s ❝♦♠♣❛ré❡s ✿ Rmnml ❡♥ s✉♣♣♦s❛♥t Ce ❞✐❛❣♦♥❛❧ ✭♥♦✐r✮✱ RMNML ❛✈❡❝ ❧❡s
❜♦♥♥❡s ❝♦rré❧❛t✐♦♥s Ce ✭❜❧❡✉✮✱ ❋r■▼▼❆P ❡♥ s✉♣♣♦s❛♥t Ce ❞✐❛❣♦♥❛❧ ✭♠❛❣❡♥t❛✮ ❡t ❋r■▼
▼❆P ❛✈❡❝ ❧❡s ❜♦♥♥❡s ❝♦rré❧❛t✐♦♥s Ce ✭r♦✉❣❡✮✳ ➚ ❣❛✉❝❤❡ ✿ ❧❡s ❧❛s❡rs s♦♥t t✐rés ❞❡♣✉✐s ❧❡
❝❡♥tr❡✳ ➚ ❞r♦✐t❡ ✿ ❧❡s ❧❛s❡rs s♦♥t t✐rés ❞❡♣✉✐s ❧❡s ❜♦r❞s ❞✉ té❧❡s❝♦♣❡ ✭❝❢✳ ✜❣✉r❡ ✼✳✼✮✳

✼✳✺✳✶ ▲✬❡rr❡✉r ❞✬❡st✐♠❛t✐♦♥ ❞❡ ❧✬é❝❤❡❧❧❡ ❡①t❡r♥❡

❏✬❛✐ r❡t❡♥✉ ❞❡✉① ❛♣♣r♦❝❤❡s✳ ▲✬✉♥❡ ❝♦♥s✐st❡ à ♠❛✐♥t❡♥✐r ❞❛♥s ❧❡ r❡❝♦♥str✉❝t❡✉r ❋r■▼
▼❆P ❧✬❤②♣♦t❤ès❡ ❞✬✉♥❡ t✉r❜✉❧❡♥❝❡ ❞❡ t②♣❡ ❑♦❧♠♦❣♦r♦✈ ❛✉✲❞❡ss✉s ❞✬✉♥ té❧❡s❝♦♣❡ ❤❡❝✲
t♦♠étr✐q✉❡✱ q✉❛♥❞ ❜✐❡♥ ♠ê♠❡ ❡❧❧❡ s❡r❛✐t ❢❛✉ss❡✳ ❊t ❧✬❛✉tr❡ s✉♣♣♦s❡ q✉❡ ❧❛ st❛t✐st✐q✉❡
❞❡ ❧❛ t✉r❜✉❧❡♥❝❡ ❡st ♣❧✉s ♣r♦❝❤❡ ❞✬✉♥❡ st❛t✐st✐q✉❡ ❞❡ t②♣❡ ✈♦♥ ❑ár♠á♥ ❛✈❡❝ ✉♥❡ é❝❤❡❧❧❡
❡①t❡r♥❡ L0 ❞❛♥s ❋r■▼ ▼❆P ✜❣é❡ à ❧❛ ✈❛❧❡✉r ♠é❞✐❛♥❡ ❞✉ s✐t❡ ❝♦♥s✐❞éré✳ ❈❡s ❞❡✉① ❝❛s
s♦♥t tr❛✐tés s✉❝❝❡ss✐✈❡♠❡♥t ✐❝✐✳

▲❛ t✉r❜✉❧❡♥❝❡ ♦❜s❡r✈é❡ ♣❛r ❧✬❛♥❛❧②s❡✉r ❡st t♦✉❥♦✉rs ❞❡ t②♣❡ ✈♦♥ ❑ár♠á♥✱ ❛✈❡❝ ✉♥❡
é❝❤❡❧❧❡ ❡①t❡r♥❡ L0 ✈❛r✐❛❜❧❡✱ ❝♦♠♣r✐s❡ ❡♥ ✶✺ ❡t ✹✺ ♠ètr❡s✳ ▲❛ ✈❛❧❡✉r ❞✉ ♣❛r❛♠ètr❡ ❞❡
❋r✐❡❞✱ r0 à ✺✵✵♥♠✱ ❡st ❝❤♦✐s✐❡ ✜①❡ é❣❛❧❡ à ✶✺❝♠✱ ✐✳❡✳ ❧❛ ✈❛❧❡✉r ♠é❞✐❛♥❡ ❛✉ ❈❡rr♦ P❛r❛✲
♥❛❧ ✭❩✐❛❞ ❡t ❛❧✳✱ ✷✵✵✵✮✳ ❏❡ s✐♠✉❧❡ ✉♥❡ ♣✉♣✐❧❧❡ ❞❡ ❞✐❛♠ètr❡ D = 42♠✱ ❛✈❡❝ ♦❜str✉❝t✐♦♥
❝❡♥tr❛❧❡ ✭η = 0.28✮✱ é❝❤❛♥t✐❧❧♦♥♥é❡ ❛✈❡❝ D/dl = 32✱ ✻✹✱ ✶✷✽ ❡t ✷✺✻ s♦✉s✲♣✉♣✐❧❧❡s s✉❝❝❡s✲
s✐✈❡♠❡♥t✱ ♦❜s❡r✈❛♥t à λAO = 700 ♥♠✳ P♦✉r ❝❤❛q✉❡ ❞✐♠❡♥s✐♦♥ ❡t ❝❤❛q✉❡ ✈❛❧❡✉r ❞❡ L0✱
✶✵✵ r❡❝♦♥str✉❝t✐♦♥s ❞❡ t②♣❡ ❋r■▼ ▼◆▼▲ ❡t ✶✵✵ r❡❝♦♥str✉❝t✐♦♥s ❞❡ t②♣❡ ❋r■▼ ▼❆P
s♦♥t ❡✛❡❝t✉é❡s✳ ❉❡✉① ♥✐✈❡❛✉① ❞❡ ❜r✉✐t ❞✐✛ér❡♥ts s♦♥t s✐♠✉❧és ♣♦✉r ❝❤❛q✉❡ ❝♦♥✜❣✉r❛t✐♦♥✱
σ2

e = 1rad2 ❡t 0.01rad2 ♣❛r s♦✉s✲♣✉♣✐❧❧❡✳

❏❡ s✐♠✉❧❡ ❞❛♥s ✉♥ ♣r❡♠✐❡r t❡♠♣s ❞❡s r❡❝♦♥str✉❝t✐♦♥s ❞❡ t②♣❡ ❋r■▼ ▼◆▼▲ ❡t ❋r■▼
▼❆P✱ ♣♦✉r ❧❡sq✉❡❧❧❡s ❧✬♦♣ér❛t❡✉r K❢r❛❝ ❡st ❝♦♥str✉✐t à ♣❛rt✐r ❞✬✉♥ ♠♦❞è❧❡ ❞❡ t✉r❜✉❧❡♥❝❡
❑♦❧♠♦❣♦r♦✈✳ ▲❛ ✜❣✉r❡ ✼✳✾ ♠♦♥tr❡ ❧❡ r❛♣♣♦rt ❞❡ ❧✬❡rr❡✉r 〈ǫ2〉r❡❝♦♥st ❞✉ r❡❝♦♥str✉❝t❡✉r
RMNML s✉r ❧✬❡rr❡✉r 〈ǫ2〉r❡❝♦♥st ❞❡ ❋r■▼▼❆P✳ ◗✉❡❧ q✉❡ s♦✐t ❧❡ ♥✐✈❡❛✉ ❞❡ ❜r✉✐t ✭❣r❛♣❤✐q✉❡
❞❡ ❣❛✉❝❤❡ ❡t ❣r❛♣❤✐q✉❡ ❞❡ ❞r♦✐t✮✱ q✉❡❧ q✉❡ s♦✐t ❧❛ ❞✐♠❡♥s✐♦♥ ❞✉ s②stè♠❡ ❝♦♥s✐❞éré
✭❞✐✛ér❡♥ts t②♣❡s ❞❡ s②♠❜♦❧❡s✮✱ ❧❡ r❛♣♣♦rt ❞❡s ❡rr❡✉rs ❡st à ♣❡✉ ♣rès ✐♥❞é♣❡♥❞❛♥t ❞❡
❧✬é❝❤❡❧❧❡ ❡①t❡r♥❡ ❞❡ ❧❛ t✉r❜✉❧❡♥❝❡ ♦❜s❡r✈é❡ L0✳ ▲❛ ✜❣✉r❡ ✼✳✶✵ ❡st ❝♦♥str✉✐t❡ s✉r ❧❡ ♠ê♠❡
♣r✐♥❝✐♣❡✱ ✐❧❧✉str❛♥t ❝❡tt❡ ❢♦✐s✲❝✐✱ ❧❡ r❛♣♣♦rt ❡♥tr❡ ❧✬❡rr❡✉r 〈ǫ2〉r❡❝♦♥st ❞✉ r❡❝♦♥str✉❝t❡✉r
❋r■▼ ▼◆▼▲ ❡t ❝❡❧❧❡ ❞✉ r❡❝♦♥str✉❝t❡✉r ❋r■▼ ▼❆P✳ ❈♦♠♠❡ s✉r ❧❛ ✜❣✉r❡ ✼✳✾✱ ❧❡ r❛♣♣♦rt
❞❡s ❡rr❡✉rs ❡st à ♣❡✉ ♣rès ✐♥❞é♣❡♥❞❛♥t ❞❡ ❧❛ ✈❛❧❡✉r ❞❡ ❧✬é❝❤❡❧❧❡ ❡①t❡r♥❡ ré❡❧❧❡ L0✳ ❙✉r



✶✺✹❈❍❆P■❚❘❊ ✼✳ ❈❖▼P❆❘❆■❙❖◆ ❉❊❙ ❘❊❈❖◆❙❚❘❯❈❚❊❯❘❙ P❆❘ ❙■▼❯▲❆❚■❖◆❙

Noise Variance : 1 rad2Noise Variance : 1 rad2Noise Variance : 1 rad2Noise Variance : 1 rad2
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Noise Variance : 0.01 rad2Noise Variance : 0.01 rad2Noise Variance : 0.01 rad2Noise Variance : 0.01 rad2
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❋✐❣✳ ✼✳✾ ✕ ❘❛♣♣♦rt ❡♥tr❡ 〈ǫ2〉r❡❝♦♥st ♣♦✉r ♣♦✉r RMNML ❡t 〈ǫ2〉r❡❝♦♥st ♣♦✉r ❋r■▼ ▼❆P✱
❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧✬é❝❤❡❧❧❡ ❡①t❡r♥❡ L0 ❞❡ ❧❛ t✉r❜✉❧❡♥❝❡ ♦❜s❡r✈é❡✳ ❋r■▼ ▼❆P ❡st ❝♦♥str✉✐t
s✉r ✉♥ ♠♦❞è❧❡ ❞❡ t✉r❜✉❧❡♥❝❡ ❞❡ ❑♦❧♠♦❣♦r♦✈✳ D = 42♠✱ r0 = 15❝♠ ❡t σ2

e = 1r❛❞2/dl ✭à
❣❛✉❝❤❡✮ ❡t ✵✳✵✶r❛❞2/dl ✭à ❞r♦✐t❡✮✳ ▲❡s s②♠❜♦❧❡s ♠❛rq✉❡♥t ❧❛ ♠♦②❡♥♥❡ s✉r ✶✵✵ ré❛❧✐s❛✲
t✐♦♥s ❞❡ t✉r❜✉❧❡♥❝❡ r❡❝♦♥str✉✐t❡s✳D/dl = 32 ✭tr✐❛♥❣❧❡s✮✱ ✻✹ ✭❤❡①❛❣♦♥❡s✮✱ ✶✷✽ ✭❧♦s❛♥❣❡s✮✱
✷✺✻ ✭❝r♦✐①✮✳

❧❡s ❞❡✉① ✜❣✉r❡s ✼✳✾ ❡t ✼✳✶✵✱ ❧❡ r❛♣♣♦rt ❞❡s ❡rr❡✉rs ❡st ❣é♥ér❛❧❡♠❡♥t ♣❧✉s ❣r❛♥❞ q✉❡ ✶✱ ❝❡
q✉✐ s✐❣♥✐✜❡ q✉❡ ❧❡s ❛ ♣r✐♦r✐ ❞❡ t②♣❡ ❑♦❧♠♦❣♦r♦✈ ❛♠é❧✐♦r❡♥t t♦✉❥♦✉rs ❧❛ r❡❝♦♥str✉❝t✐♦♥✳
➚ ❢❛✐❜❧❡ ❜r✉✐t✱ ❧❡s ❛ ♣r✐♦r✐ ♦♥t ♣❡✉ ❞✬✐♥✢✉❡♥❝❡ s✉r ❧❡ ♣r♦❝❡ss✉s ❞❡ r❡❝♦♥str✉❝t✐♦♥✱ ❡t ❧❡
❣❛✐♥ ❡st ❞♦♥❝ ♠♦✐♥s ✐♠♣♦rt❛♥t ✭♣❧✉s ♣r♦❝❤❡ ❞❡ ✶✮✳

❏❡ s✐♠✉❧❡ ❡♥s✉✐t❡ ❞❡s r❡❝♦♥str✉❝t✐♦♥s ❞❡ s✉r❢❛❝❡ ❞✬♦♥❞❡ ❞❛♥s ❧❡s ♠ê♠❡s ❝♦♥❞✐t✐♦♥s
❞❡ s✐❣♥❛❧ ❡t ❞❡ ❜r✉✐t q✉❡ ♣ré❝é❞❡♠♠❡♥t✱ ♠❛✐s ❡♥ ✉t✐❧✐s❛♥t ✉♥❡ é❝❤❡❧❧❡ ❡①t❡r♥❡ ✜①❡ ❞❛♥s
❧✬♦♣ér❛t❡✉r ❢r❛❝t❛❧ K❢r❛❝ ❞❡s r❡❝♦♥str✉❝t❡✉rs ❋r■▼ ▼◆▼▲ ❡t ❋r■▼ ▼❆P✳ ▲❛ ✈❛❧❡✉r ❞❡
L0 ❝❤♦✐s✐❡ ♣♦✉r K❢r❛❝ ❞♦✐t êtr❡ ❝❛r❛❝tér✐st✐q✉❡ ❞✉ s✐t❡ ❞✬♦❜s❡r✈❛t✐♦♥✳ ■❝✐ ❝❡tt❡ é❝❤❡❧❧❡
❡st✐♠é❡ L̂0 ✈❛✉t ✷✷♠✱ ❧❛ ✈❛❧❡✉r ♠é❞✐❛♥❡ ♠❡s✉ré❡ ❛✉ ❈❡rr♦ P❛r❛♥❛❧ ✭❈❤✐❧✐✮✳

▲❡s ✜❣✉r❡s ✼✳✶✶ ❡t ✼✳✶✷ ♠♦♥tr❡♥t ❧❡s rés✉❧t❛ts ❞❡ ❝❡s s✐♠✉❧❛t✐♦♥s✳ ▲❛ ✜❣✉r❡ ✼✳✶✶ r❡✲
♣rés❡♥t❡ ❧❡ r❛♣♣♦rt ❞❡ ❧✬❡rr❡✉r ❞✉ r❡❝♦♥str✉❝t❡✉r RMNML s✉r ❧✬❡rr❡✉r ❞✉ r❡❝♦♥str✉❝t❡✉r
▼❆P ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ✈❛❧❡✉r ré❡❧❧❡ ❞❡ L0✳ ▲❛ ✜❣✉r❡ ✼✳✶✷ r❡♣rés❡♥t❡ ❧✬é✈♦❧✉t✐♦♥ ❞✉ r❛♣✲
♣♦rt ❞❡ ❧✬❡rr❡✉r ❞❡ ❋r■▼ ▼◆▼▲ ❡t ❞❡ ❧✬❡rr❡✉r ❞❡ ❋r■▼ ▼❆P✳ ❚❛♥t q✉❡ ❧✬é❝❤❡❧❧❡ ❡①t❡r♥❡
ré❡❧❧❡ L0 ❡st ♣❧✉s ♣❡t✐t❡ q✉❡ L̂0✱ ♦♥ r❡♠❛rq✉❡ q✉❡ ❧❡s ♣❡r❢♦r♠❛♥❝❡s s♦♥t s❡♠❜❧❛❜❧❡s ❛✉
❝❛s ❑♦❧♠♦❣♦r♦✈✱ ♣rés❡♥té s✉r ❧❡s ✜❣s✳ ✼✳✾ ❡t ✼✳✶✵✳ ❊♥ r❡✈❛♥❝❤❡✱ s✐ L̂0 s♦✉s✲❡st✐♠❡ ❧❛
✈❛❧❡✉r ré❡❧❧❡✱ ❧✬❛✈❛♥t❛❣❡ ❞❡ ❋r■▼ ▼❆P ❡st ♣r♦❣r❡ss✐✈❡♠❡♥t ♣❡r❞✉✳ ❈❡❝✐ ❡st ❞✬❛✉t❛♥t
♣❧✉s r❡♠❛rq✉❛❜❧❡ à ❢♦rt ❜r✉✐t ✭❝r♦✐① s✉r ❧❡s ❣r❛♣❤✐q✉❡s ❞❡ ❣❛✉❝❤❡✮ ♣✉✐sq✉❡ q✉❡ ❝✬❡st ❧à
q✉❡ ❧❡s ❛ ♣r✐♦r✐ ✐♥t❡r✈✐❡♥♥❡♥t ❞❛✈❛♥t❛❣❡ ♣♦✉r ❝♦♥tr❛✐♥❞r❡ ❧❛ s♦❧✉t✐♦♥✳ ▲❡ r❡❝♦♥str✉❝✲
t❡✉r ❋r■▼ ▼❆P ❞❡✈✐❡♥t ♠ê♠❡ ♠♦✐♥s ♣❡r❢♦r♠❛♥t q✉❡ ❧❡s ♠ét❤♦❞❡s ❞❡ ♠❛①✐♠✉♠ ❞❡
✈r❛✐s❡♠❜❧❛♥❝❡ ❧♦rsq✉❡ ❧✬é❝❤❡❧❧❡ ❡①t❡r♥❡ L0 ❡st ❢♦rt❡♠❡♥t s♦✉s✲❡st✐♠é❡ ✭❞✬✉♥ ❢❛❝t❡✉r ✷✮✳

❊♥ ❝♦♥❝❧✉s✐♦♥✱ ❧❡s ✜❣✉r❡s ✼✳✾✱ ✼✳✶✵✱ ✼✳✶✶ ❡t ✼✳✶✷ ♠♦♥tr❡♥t q✉✬✐❧ ❡st ♣ré❢ér❛❜❧❡ ❞❡
s✉r❡st✐♠❡r L0✳ ❯♥ ♠♦②❡♥ s✐♠♣❧❡ ❞❡ s✉r❡st✐♠❡r L0 ❡st ❞❡ ♠♦❞é❧✐s❡r s②sté♠❛t✐q✉❡♠❡♥t
✉♥❡ t✉r❜✉❧❡♥❝❡ ❞❡ ❑♦❧♠♦❣♦r♦✈ ❞❛♥s ❧❡ r❡❝♦♥str✉❝t❡✉r✳
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Noise Variance : 1 rad2Noise Variance : 1 rad2Noise Variance : 1 rad2Noise Variance : 1 rad2

 10  20  30  40  50

1.0

1.5

2.0

L0 of the observed turbulence in meters

M
S

E
 L

S
 / 

M
S

E
 M

A
P

L0 of the observed turbulence in meters

M
S

E
 L

S
 / 

M
S

E
 M

A
P

L0 of the observed turbulence in meters

M
S

E
 L

S
 / 

M
S

E
 M

A
P

L0 of the observed turbulence in meters

M
S

E
 L

S
 / 

M
S

E
 M

A
P

Noise Variance : 0.01 rad2Noise Variance : 0.01 rad2Noise Variance : 0.01 rad2Noise Variance : 0.01 rad2
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❋✐❣✳ ✼✳✶✵ ✕ ❘❛♣♣♦rt ❡♥tr❡ 〈ǫ2〉r❡❝♦♥st ♣♦✉r ❋r■▼ ▼◆▼▲ ❡t ♣♦✉r ❋r■▼ ▼❆P✱ ❡♥ ❢♦♥❝t✐♦♥
❞❡ ❧✬é❝❤❡❧❧❡ ❡①t❡r♥❡ L0 ❞❡ ❧❛ t✉r❜✉❧❡♥❝❡ ♦❜s❡r✈é❡✳ ❋r■▼ ▼◆▼▲ ❡t ❋r■▼ ▼❆P s♦♥t
t♦✉s ❞❡✉① ❝♦♥str✉✐ts s✉r ✉♥ ♠♦❞è❧❡ ❞❡ t✉r❜✉❧❡♥❝❡ ❞❡ ❑♦❧♠♦❣♦r♦✈✳ ▲❡s ♣❛r❛♠ètr❡s ❞❡
s✐♠✉❧❛t✐♦♥ ❡t ❧❛ ❧é❣❡♥❞❡ s♦♥t ✐❞❡♥t✐q✉❡s à ❝❡✉① ❞❡ ❧❛ ✜❣✉r❡ ✼✳✶✵✳

✼✳✺✳✷ ▲✬❡rr❡✉r s✉r ❧❡ ♣♦✐❞s ❞❡ ❧❛ ré❣✉❧❛r✐s❛t✐♦♥

▲✬❛♥❛❧②s❡ ❛❧❣é❜r✐q✉❡

❏✬❛✐ ❝♦♥s✐❞éré ❥✉sq✉✬✐❝✐ q✉❡ ❧❡ r❡❝♦♥str✉❝t❡✉r ▼❆P ét❛✐t ❞é✜♥✐ ❡♥ ❝♦♥♥❛✐ss❛♥t ♣❛r✲
❢❛✐t❡♠❡♥t µ0 = σ2

e/(D/r0)
5/3✱ ❧❡ ♣♦✐❞s ♦♣t✐♠❛❧ ❞❡ ❧❛ ré❣✉❧❛r✐s❛t✐♦♥✳ ❊♥ ♣r❛t✐q✉❡✱ ❝❡

♣❛r❛♠ètr❡ ❞♦✐t êtr❡ ❡st✐♠é✱ µ̂0✳ ❏❡ ♥♦t❡ ❛✐♥s✐ ❞❛♥s t♦✉t❡ ❧❛ s✉✐t❡ µ = µ̂0/µ0✱ q✉✐ tr❛✲
❞✉✐t s✐ µ0 ❡st s✉r❡st✐♠é ♦✉ s♦✉s✲❡st✐♠é✳ ▲❡s ♣❡r❢♦r♠❛♥❝❡s ❞✬✉♥ r❡❝♦♥str✉❝t❡✉r ❞é✜♥✐
♣❛r µ0 6= 1 s♦♥t ❞♦♥❝ ❞✐st✐♥❝t❡s ❞❡ ❝❡❧❧❡s ❞✉ r❡❝♦♥str✉❝t❡✉r ▼❆P ♦♣t✐♠❛❧ ✭µ = 1✮✳
❏✬ét✉❞✐❡ ✐❝✐ ❝❡t é❝❛rt ❞❡ ♣❡r❢♦r♠❛♥❝❡✳ ❚♦✉t ❞✬❛❜♦r❞✱ ❡♥ ❡♠♣❧♦②❛♥t ❧❡s ♠ê♠❡s ♥♦t❛t✐♦♥s
q✉❡ ❞❛♥s ❧❛ s❡❝t✐♦♥ ✺✳✹✱ ❥❡ ❝❛❧❝✉❧❡ ✐❝✐ ❧❡ ❜✐❛✐s b✱ ❧❛ ✈❛r✐❛♥❝❡ v ❡t ❧✬❡rr❡✉r t♦t❛❧❡ 〈ǫ2〉r❡❝♦♥st
❞✉ r❡❝♦♥str✉❝t❡✉r ❡♥ ❢♦♥❝t✐♦♥ ❞❡ µ✳ ▲✬éq✉❛t✐♦♥ ✭✺✳✶✷✮ s❡ ❞é✈❡❧♦♣♣❡ ❛✐♥s✐ ✿

b

σ2
e

=
µ̂0

µ0
tr
[
N ·K❢r❛❝ ·

(
KT

❢r❛❝ ·ST ·C−1
e ·S ·K❢r❛❝ + µ̂0C

−1
w

)−2 ·KT
❢r❛❝ ·NT

]

=

p∑

i=1

µ µ̂0
Wii

(µ̂0 + σ2
i )

2
+

n∑

i=p+1

Wii

µ0
✭✼✳✾✮

=

p∑

i=1

µ µ̂0
Wii

(µ̂0 + σ2
i )

2
+
bKL

σ2
e

. ✭✼✳✶✵✮

▲❡ ♣❛ss❛❣❡ ❞❡ ❧✬éq✉❛t✐♦♥ ✭✼✳✾✮ à ❧✬éq✉❛t✐♦♥ ✭✼✳✶✵✮ ♠❡t ❡♥ é✈✐❞❡♥❝❡ ❧❛ ♣❡r♠❛♥❡♥❝❡ ❞✉
t❡r♠❡ ❞❡ ❜✐❛✐s s✉r ❧❡s ♠♦❞❡s ♥♦♥ ✈✉s✱ é❣❛❧ à bKL✳ ❊♥ r❡✈❛♥❝❤❡✱ ❧❡ ❜✐❛✐s s✉r ❧❡s ❛✉tr❡s
♠♦❞❡s ❡st é❣❛❧ ❛✉ ❜✐❛✐s q✉❡ ❧✬♦♥ ♣❡♥s❡ êtr❡ ♦♣t✐♠❛❧ ♠❛✐s ♠✉❧t✐♣❧✐é ♣❛r ♥♦tr❡ ❡rr❡✉r
❞✬❡st✐♠❛t✐♦♥ µ = µ̂0/µ0✳ ❊♥ ❞✬❛✉tr❡s t❡r♠❡s✱ ❝❡tt❡ ❝♦♥tr✐❜✉t✐♦♥ ❞❡ ❧✬❡rr❡✉r ❝r♦ît ♣r♦✲
♣♦rt✐♦♥♥❡❧❧❡♠❡♥t à µ✳
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Noise Variance : 1 rad2Noise Variance : 1 rad2Noise Variance : 1 rad2Noise Variance : 1 rad2
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Noise Variance : 0.01 rad2Noise Variance : 0.01 rad2Noise Variance : 0.01 rad2Noise Variance : 0.01 rad2
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❋✐❣✳ ✼✳✶✶ ✕ ▼ê♠❡ ❧é❣❡♥❞❡ q✉❡ ❧❛ ✜❣✉r❡ ✼✳✾✱ ♠❛✐s ❋r■▼ ▼❆P s♦♥t ❝♦♥str✉✐ts s✉r ✉♥
♠♦❞è❧❡ ❞❡ t✉r❜✉❧❡♥❝❡ ❞❡ ✈♦♥ ❑ár♠á♥ ❛✈❡❝ ✉♥❡ é❝❤❡❧❧❡ ❡①t❡r♥❡ ✜①❡ ❡st✐♠é❡ à L0 = 22♠✳

❈♦♥❝❡r♥❛♥t ❧❛ ✈❛r✐❛♥❝❡✱ ❧✬éq✉❛t✐♦♥ ✭✺✳✶✸✮ ❞❡✈✐❡♥t

v

σ2
e

= tr
[
N ·K❢r❛❝ ·

(
KT

❢r❛❝ ·ST ·C−1
e ·S ·K❢r❛❝ + µ̂0C

−1
w

)−1 ·KT
❢r❛❝ ·NT

]
− µ0 b

σ2
e

=

n∑

i=1

Wii σ
2
i

(µ̂0 + σ2
i )

2
. ✭✼✳✶✶✮

▲❡ ❝♦❡✣❝✐❡♥t ❞❡ ♣r♦♣❛❣❛t✐♦♥ ❞✉ ❜r✉✐t ❞é♣❡♥❞ ❞♦♥❝ ✉♥✐q✉❡♠❡♥t ❞❡ µ̂0 ❡t ♥♦♥ ❞✉ µ0 ré❡❧✳
❊♥ ❝♦♥séq✉❡♥❝❡✱ ♦♥ ré❞✉✐t ❞❡ ❢❛ç♦♥ ❡✛❡❝t✐✈❡ ❧❛ ♣r♦♣❛❣❛t✐♦♥ ❞✉ ❜r✉✐t ❡♥ ❛✉❣♠❡♥t❛♥t
µ̂0✱ q✉❡❧ q✉❡ s♦✐t µ0✱ ❧❡ ♣♦✐❞s ♦♣t✐♠❛❧ ré❡❧✳ ❈❡tt❡ ré❞✉❝t✐♦♥ s❡ ❢❛✐t ♥é❛♥♠♦✐♥s ❛✉ r✐sq✉❡
❞✬✉♥❡ ❝r♦✐ss❛♥❝❡ ❞✉ t❡r♠❡ ❞❡ ❜✐❛✐s ❞❛♥s ❧✬éq✉❛t✐♦♥ ✭✼✳✶✵✮✳

❋✐♥❛❧❡♠❡♥t✱ ❧✬❡rr❡✉r q✉❛❞r❛t✐q✉❡ ♠♦②❡♥♥❡ ♥♦r♠❛❧✐sé❡ ♣❛r ❧❡ ♥✐✈❡❛✉ ❞❡ ❜r✉✐t ré❡❧ σ2
e

s✬é❝r✐t ❞és♦r♠❛✐s 〈
ǫ2
〉
r❡❝♦♥st

σ2
e

=
bKL

σ2
e

+

p∑

i=1

(µ µ̂0 + σ2
i )Wii

(µ̂0 + σ2
i )

2
✭✼✳✶✷✮

▲❛ ✈❛❧❡✉r ♠✐♥✐♠❛❧❡ ❞❡ ❝❡tt❡ ❡rr❡✉r ❡st ♦❜t❡♥✉❡ ♣♦✉r µ̂0 = µ0✱ ❝✬❡st✲à✲❞✐r❡ ❛✈❡❝ ❧❡
r❡❝♦♥tr✉❝t❡✉r ▼❆P ✐❞é❛❧✳ ▲♦rsq✉❡ µ̂0 t❡♥❞ ✈❡rs ✵✱ ❧✬❡st✐♠❛t❡✉r s❡ r❛♣♣r♦❝❤❡ ♣r♦❣r❡s✲
s✐✈❡♠❡♥t ❞✉ r❡❝♦♥str✉❝t❡✉r ❞❡ ♠❛①✐♠✉♠ ❞❡ ✈r❛✐s❡♠❜❧❛♥❝❡ ❞❡ ♠♦✐♥❞r❡ ♥♦r♠❡ ♠♦❞❛❧❡
RKL✱ ♦❜t❡♥✉ ♣♦✉r µ̂0 = 0 ❡①❛❝t❡♠❡♥t✳ ▲❛ ♣r♦♣❛❣❛t✐♦♥ ❞✉ ❜r✉✐t ❡st ♠❛①✐♠❛❧❡ ♣♦✉r
❝❡ r❡❝♦♥str✉❝t❡✉r ❞✬❛♣rès ❧✬éq✉❛t✐♦♥ ✭✼✳✶✶✮✳ ❉❡s éq✉❛t✐♦♥s ✭✼✳✶✵✮✲✭✼✳✶✷✮✱ ♦♥ ♣❡✉t ❞é✲
❞✉✐r❡ ❧❡ ❝♦♠♣♦rt❡♠❡♥t ❛s②♠♣t♦t✐q✉❡ ❞❡ 〈ǫ2〉r❡❝♦♥st/σ2

e q✉❛♥❞ µ̂0 ❞❡✈✐❡♥t très ❣r❛♥❞✳ ▲❛
♣r♦♣❛❣❛t✐♦♥ ❞✉ ❜r✉✐t t❡♥❞ ✈❡rs ✵ ❡t ❧❡ t❡r♠❡ ❞❡ ❜✐❛✐s ✈❡rs ❧❛ ❧✐♠✐t❡ s✉✐✈❛♥t❡

b

σ2
e

→
n∑

i=1

Wii

µ0
. ✭✼✳✶✸✮

❊♥ ❝♦♥séq✉❡♥❝❡✱ ❧❛ ❧✐♠✐t❡ ❞❡ ❧✬❡rr❡✉r ❣❧♦❜❛❧❡ ❡st
〈
ǫ2
〉
r❡❝♦♥st

σ2
e

→
n∑

i=1

Wii

µ0
. ✭✼✳✶✹✮
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Noise Variance : 1 rad2Noise Variance : 1 rad2Noise Variance : 1 rad2Noise Variance : 1 rad2Noise Variance : 1 rad2Noise Variance : 1 rad2Noise Variance : 1 rad2Noise Variance : 1 rad2
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Noise Variance : 0.01 rad2Noise Variance : 0.01 rad2Noise Variance : 0.01 rad2Noise Variance : 0.01 rad2Noise Variance : 0.01 rad2Noise Variance : 0.01 rad2Noise Variance : 0.01 rad2Noise Variance : 0.01 rad2
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❋✐❣✳ ✼✳✶✷ ✕ ▼ê♠❡ ❧é❣❡♥❞❡ q✉❡ ❧❛ ✜❣✉r❡ ✼✳✶✵✱ ♠❛✐s ❋r■▼ ▼◆▼▲ ❡t ❋r■▼ ▼❆P s♦♥t
t♦✉s ❞❡✉① ❝♦♥str✉✐ts s✉r ✉♥ ♠♦❞è❧❡ ❞❡ t✉r❜✉❧❡♥❝❡ ❞❡ ✈♦♥ ❑ár♠á♥ ❛✈❡❝ ✉♥❡ é❝❤❡❧❧❡
❡①t❡r♥❡ ✜①❡ ❡st✐♠é❡ à L0 = 22♠✳

❈❡tt❡ ❧✐♠✐t❡ ❡st t♦✉❥♦✉rs s✉♣ér✐❡✉r❡ à ❧✬❡rr❡✉r ♠✐♥✐♠❛❧❡ ❡♥❣❡♥❞ré❡ ♣❛r ❧✬❡st✐♠❛t❡✉r
▼❆P ✐❞é❛❧ ✭µ = 1✮✳ ❉❡ ♣❧✉s✱ s✐ µ0 ❡st ✐♥❢ér✐❡✉r à t♦✉s ❧❡s ❝❛rrés ❞❡s ✈❛❧❡✉rs s✐♥❣✉❧✐èr❡s
❞✉ s②stè♠❡ σ2

i ✱ ❡❧❧❡ ❡st ❛✉ss✐ s✉♣ér✐❡✉r❡ à ❧✬❡rr❡✉r ♣r♦❞✉✐t❡ ♣❛r ❧❡ r❡❝♦♥str✉❝t❡✉r RKL✳
▲❛ ✜❣✉r❡ ✼✳✶✸ ✐❧❧✉str❡ ❧❡ ❝♦♠♣♦rt❡♠❡♥t ❝❛r❛❝tér✐st✐q✉❡ ❞❡ ❧✬❡①♣r❡ss✐♦♥ ✭✼✳✶✷✮ ❡♥

❢♦♥❝t✐♦♥ ❞❡ µ✳ P♦✉r ♦❜t❡♥✐r ❝❡tt❡ r❡♣rés❡♥t❛t✐♦♥✱ ❥✬❛✐ s✐♠♣❧❡♠❡♥t tr❛❝é ❧❛ ❝♦✉r❜❡ ❞é✜♥✐❡
♣❛r ❧✬éq✉❛t✐♦♥ ✭✼✳✶✷✮ ❡♥ ♣r❡♥❛♥t ❞❡s ✈❛❧❡✉rs ❛r❜✐tr❛✐r❡s ♣♦✉r µ0✱ Wi,i✱ σi✱ n ❡t p✳ ❊♥
❧✬♦❝❝✉rr❡♥❝❡✱ ❥✬❛✐ ❝❤♦✐s✐ p = 1✱ n = 2 ❡t µ0 ♣❧✉s ♣❡t✐t q✉❡ t♦✉s ❧❡s σi✳ ❈❡tt❡ ❝♦✉r❜❡
♠❡t ❡♥ é✈✐❞❡♥❝❡ ❧❡ ♣✉✐ts ❛✉ ❢♦♥❞ ❞✉q✉❡❧ s❡ tr♦✉✈❡ ❧✬❡rr❡✉r ❡♥❣❡♥❞ré❡ ♣❛r ❧❛ s♦❧✉t✐♦♥
▼❆P ♦♣t✐♠❛❧❡✳ ▲❡s ❞❡✉① ♣❛❧✐❡rs s♦♥t ❝❛r❛❝tér✐st✐q✉❡s ❞❡s ✈❛❧❡✉rs ❛✉① ❧✐♠✐t❡s✱ q✉❛♥❞
µ̂0 = 0 ❡t q✉❛♥❞ µ̂0 → ∞✳ ❉❛♥s ❧❡s ❝❛s ❞❡ r❡❝♦♥str✉❝t✐♦♥ ❞❡ s✉r❢❛❝❡ ❞✬♦♥❞❡ q✉❡
❥✬❛✐ ❛♥❛❧②sés✱ ❧❡ ♣❛❧✐❡r ❞❡ ❞r♦✐t❡ ét❛✐t t♦✉❥♦✉rs t❡❧ q✉❡ s✉r ❧❛ ✜❣✉r❡ ✼✳✶✸✱ ♣❧✉s ❤❛✉t
q✉❡ ❧❛ s♦❧✉t✐♦♥ ❞❡ ♠❛①✐♠✉♠ ❞❡ ✈r❛✐s❡♠❜❧❛♥❝❡ ❞❡ ♠♦✐♥❞r❡ ♥♦r♠❡ ♠♦❞❛❧❡✳ P♦✉r ✉♥
t❡❧ ❝♦♠♣♦rt❡♠❡♥t✱ ❧❛ ③♦♥❡ ❛❝❝❡♣t❛❜❧❡ ❞✬❡rr❡✉r ❞✬❡st✐♠❛t✐♦♥ ❞❡ µ0 ❡st ❞é❧✐♠✐té❡ ♣❛r ❧❡s
✈❛❧❡✉rs ❞❡ µ t❡❧❧❡s q✉❡ ❧❛ ❝♦✉r❜❡ ❡♥ tr❛✐t ♣❧❡✐♥ s♦✐t s♦✉s ❧❛ ❧✐❣♥❡ ❡♥ tr❛✐t t✐r❡té✳ ❉❛♥s
❝❡t ❡①❡♠♣❧❡✱ ❝❡s ✈❛❧❡✉rs ❞❡ µ s♦♥t ❝♦♠♣r✐s❡s ❡♥tr❡ ✵ ❡t ✻✳ ❉✬✉♥❡ ❢❛ç♦♥ ♣❧✉s ❣é♥ér❛❧❡✱
❧❡s éq✉❛t✐♦♥s ❢♦✉r♥✐ss❡♥t ✉♥❡ ✈❛❧❡✉r s❡✉✐❧ ❞❡ ❧❛ ❜♦r♥❡ s✉♣ér✐❡✉r❡ ❞❡s µ ❛❝❝❡♣t❛❜❧❡s ✿ ✷✳
❊♥ ❡✛❡t✱ ❞✬❛♣rès ❧✬éq✉❛t✐♦♥ ✭✼✳✶✷✮ ❡t ❝❡❧❧❡ ❞❡ ❧✬❡rr❡✉r ❞✉ r❡❝♦♥str✉❝t❡✉r ❑▲✲▼◆▼▲ ✭❝❢✳
éq✉❛t✐♦♥ ✭✺✳✷✺✮✮✱ ❧✬❡rr❡✉r ❞❡ r❡❝♦♥str✉❝t✐♦♥ ❡st ♣❧✉s ❢❛✐❜❧❡ ❛✈❡❝ ❛ ♣r✐♦r✐ s✐

p∑

i=1

Wii

(
(µ µ̂0 + σ2

i

(µ̂0 + σ2
i )

2
− 1

σ2
i

)
≤ 0 ✭✼✳✶✺✮

P✉✐sq✉❡✱ q✉❡❧ q✉❡ s♦✐t i✱ Wii ❡t µ̂0 s♦♥t ♣♦s✐t✐❢s ❡t✱ µ0 ❡t σ2
i str✐❝t❡♠❡♥t ♣♦s✐t✐❢s✱ ❛❧♦rs

❝❡tt❡ ❝♦♥❞✐t✐♦♥ ❡st ✈ér✐✜é❡ s✐

µ(1− µ0/σ
2
i ) ≤ 2 ∀i = 1, .., p . ✭✼✳✶✻✮

P♦✉r ❧❡s i t❡❧s q✉❡ σ2
i ≤ µ0✱ ❧❛ ❝♦♥❞✐t✐♦♥ ✭✼✳✶✻✮ ❡st s❛t✐s❢❛✐t❡ ♣♦✉r t♦✉t µ ♣♦s✐t✐❢✳

P♦✉r ❧❡s ❛✉tr❡s i✱ ❡❧❧❡ ✐♠♣❧✐q✉❡ µ ≤ 2/(1 − µ0/σ
2
i )✳ P❛r ❝♦♥séq✉❡♥t✱ ♣♦✉r t♦✉t µ ≤ 2✱
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❋✐❣✳ ✼✳✶✸ ✕ ❆❧❧✉r❡ t❤é♦r✐q✉❡ ❞❡ 〈ǫ2〉r❡❝♦♥st/σ2
e ❡♥ ❢♦♥❝t✐♦♥ ❞❡ µ ✭tr❛✐t ♣❧❡✐♥✮✱ ❞✬❛♣rès

❧✬éq✉❛t✐♦♥ ✭✼✳✶✷✮✳ ❉❡s ✈❛❧❡✉rs ❛r❜✐tr❛✐r❡s ♦♥t été ❝❤♦✐s✐❡s ♣♦✉r µ0✱ Wii✱ σ2
i ✱ p✱ s❛✉❢ q✉❡

❧✬♦♥ ❛ ❝❤♦✐s✐ µ0 < σ2
i ∀i✳ ❚r❛✐t t✐r❡té ❂ ✈❛❧❡✉r ❧✐♠✐t❡ ♣♦✉r µ̂0 = 0✳ ❚r❛✐t ♣♦✐♥t✐❧❧é ✿ ❱❛❧❡✉r

❧✐♠✐t❡ q✉❛♥❞ µ̂0 →∞✳

❧❡s ❝♦♥❞✐t✐♦♥s ✭✼✳✶✻✮ s♦♥t ✈ér✐✜é❡s ♣♦✉r t♦✉t i✱ ❛❧♦rs ❧✬❡st✐♠❛t❡✉r ▼❆P ❛✈❡❝ µ ≤ 2 ❡st
t♦✉❥♦✉rs ♣❧✉s ♣❡r❢♦r♠❛♥t q✉❡ ❧❡ r❡❝♦♥str✉❝t❡✉r ❑▲✲▼◆▼▲✳ ❉❡ ♣❧✉s✱ ❧❛ ❜♦r♥❡ s✉♣ér✐❡✉r❡
❞❡ ❧✬✐♥t❡r✈❛❧❧❡ ❛❝❝❡♣t❛❜❧❡ ❛✉❣♠❡♥t❡ q✉❛♥❞ µ0 ❝r♦ît✱ à s②stè♠❡ ❞♦♥♥é✱ ✐✳❡✳Wii ❡t σ2

i ✜①és✳
P❧✉s ❣é♥ér❛❧❡♠❡♥t✱ s♦✉s✲❡st✐♠❡r µ0 r❡✈✐❡♥t s✐♠♣❧❡♠❡♥t à ♣❡r❞r❡ ❡♥ ♣❡r❢♦r♠❛♥❝❡

❡t à t❡♥❞r❡ ✈❡rs ❧❛ s♦❧✉t✐♦♥ s♦✉s♦♣t✐♠❛❧❡ ❞❡ RKL✳ ■❧ ❛rr✐✈❡ ❞❡ ♠ê♠❡ s✐ ♦♥ s✉r❡st✐♠❡
µ0 ❞✬✉♥ ❢❛❝t❡✉r ✐♥❢ér✐❡✉r à ❧❛ ❜♦r♥❡ s✉♣ér✐❡✉r❡ ❞❡ ❧✬✐♥t❡r✈❛❧❧❡ ❛❝❝❡♣t❛❜❧❡ ✭❛✉ ♠✐♥✐♠✉♠
❞✬✉♥ ❢❛❝t❡✉r ✷✮✳ ❙✉r❡st✐♠❡r µ0 ❞✬✉♥ ❢❛❝t❡✉r s✉♣ér✐❡✉r ❝♦♥❞✉✐t ❡♥ r❡✈❛♥❝❤❡ à ✉♥ rés✉❧t❛t
♠♦✐♥s ✐♥tér❡ss❛♥t q✉❡ ❝❡❧✉✐ ❞❡ ♠♦✐♥❞r❡ ❡✛♦rt ♣r♦❞✉✐t ♣❛r RKL✳

▲❡s s✐♠✉❧❛t✐♦♥s

❏✬✐❧❧✉str❡ ♠❛✐♥t❡♥❛♥t ❝❡tt❡ ❛♥❛❧②s❡ ❛❧❣é❜r✐q✉❡ ♣❛r ❧❡s rés✉❧t❛ts ❞❡ ❞❡✉① s✐♠✉❧❛t✐♦♥s
❛✈❡❝ ❋r■▼ ▼❆P✳ ■❧ s✬❛❣✐t ❞❡ ❞❡✉① té❧❡s❝♦♣❡s ❞❡ ✹✷♠✱ ❛✈❡❝ D/dl = 128 ❡t ✷✺✻✳ ▲❛
✜❣✉r❡ ✼✳✶✹ ♠♦♥tr❡ ❧❡s ✈❛r✐❛t✐♦♥s ❞❡ 〈ǫ2〉r❡❝♦♥st/σ2

e ❡♥ ❢♦♥❝t✐♦♥ ❞❡ µ✱ ♣♦✉r ❞✐✛ér❡♥ts
♥✐✈❡❛✉① ❞❡ ❜r✉✐t✳ ❙✉r ❝❤❛q✉❡ ❣r❛♣❤✐q✉❡✱ t♦✉t❡s ❧❡s ❝♦✉r❜❡s t❡♥❞❡♥t ✈❡rs ❧❛ ♠ê♠❡ ✈❛❧❡✉r
∼ γKL✱ q✉❛♥❞ µ→ 0✳ ❈❡❝✐ ❡st ✈r❛✐ ♣❛r❝❡ q✉❡ ❧❡ t❡r♠❡ ❞❡ ❜✐❛✐s ❡st ♥é❣❧✐❣❡❛❜❧❡ ♣♦✉r ❧❡s
✈❛❧❡✉rs µ0 ❞❡ ❝❡s s✐♠✉❧❛t✐♦♥s ✭❝❢✳ ❛rt✐❝❧❡ ❞❡ ❧❛ s❡❝t✐♦♥ ✺✳✸✮✳ P❛r ❛✐❧❧❡✉rs✱ ❧❡ ♣❛❧✐❡r ❧✐♠✐t❡
✈❡rs ❧✬✐♥✜♥✐ ♥✬❡st ♣❛s ♦❜s❡r✈é s✉r ❝❡s ❝♦✉r❜❡s✱ ♣❛r❝❡ q✉✬✐❧ s❡ s✐t✉❡ à ✉♥ ♥✐✈❡❛✉ ❜❡❛✉❝♦✉♣
tr♦♣ ❤❛✉t ♣❛r r❛♣♣♦rt ❛✉① ♣❡r❢♦r♠❛♥❝❡s q✉✐ ♥♦✉s ✐♥tér❡ss❡♥t✳ ❖♥ ♣❡✉t ❞é❥à ♥♦t❡r q✉❡
❧❡ t❛✉① ❞❡ ❝r♦✐ss❛♥❝❡ ❞❡ ❧✬❡rr❡✉r ✭❛♠♣❧✐t✉❞❡ ❞❡ ❧❛ ❞ér✐✈é❡✮ ♣♦✉r µ > 1 ✭à ❞r♦✐t❡ ❞❡
♠✐♥✐♠✉♠✮ ❡st ❜❡❛✉❝♦✉♣ ♣❧✉s ❢♦rt q✉❡ ♣♦✉r µ < 1 ✭à ❣❛✉❝❤❡ ❞✉ ♠✐♥✐♠✉♠✮✳

▲❛ ✜❣✉r❡ ✼✳✶✺ r❡♣r❡♥❞ ❝❡s ♠ê♠❡s rés✉❧t❛ts✱ r❡❝❛❞rés ❛✉t♦✉r ❞❡ ❧❛ ③♦♥❡ ❞✬✐♥térêt✱ ❡t
❡♥ ♥♦r♠❛❧✐s❛♥t ❧✬♦r❞♦♥♥é❡ ♣❛r ❧❛ ✈❛❧❡✉r ❧✐♠✐t❡ ❡♥ ✵✳ ▲❛ ③♦♥❡ ❛❝❝❡♣t❛❜❧❡ ❞✬❡rr❡✉r ❞✬❡st✐✲



✼✳✺✳ ▲✬■▼P❆❈❚ ❉✬❯◆❊ ❊❘❘❊❯❘ ❙❯❘ ▲❊❙ ❆ P❘■❖❘■ ✶✺✾

# of phase samples along D: 129
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# of phase samples along D: 257
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❋✐❣✳ ✼✳✶✹ ✕ ➱✈♦❧✉t✐♦♥ ❞❡ 〈ǫ2〉r❡❝♦♥st/σ2
e ❡♥ ❢♦♥❝t✐♦♥ ❞❡ µ à ♣❛rt✐r ❞❡ s✐♠✉❧❛t✐♦♥s ❞❡

r❡❝♦♥str✉❝t✐♦♥ ❞❡ t②♣❡ ❋r■▼ ▼❆P✳ D = 42♠✱ r0 = 15❝♠ à ✺✵✵♥♠ ❡t L0 = 22♠✱
λ❆O = 0.7µ♠✳ ✶✵✵ r❡❝♦♥str✉❝t✐♦♥s ❞❡ s✉r❢❛❝❡s ❞✬♦♥❞❡ s♦♥t ❡✛❡❝t✉é❡s ♣❛r ♣♦✐♥t ♠❛té✲
r✐❛❧✐sé✳ ❉✐✛ér❡♥ts ♥✐✈❡❛✉① ❞❡ ❜r✉✐t s♦♥t s✐♠✉❧és ✿ σe = 0.01 ✭❝❛rrés✮✱ ✵✳✵✾ ✭❝r♦✐①✮✱ ✵✳✷✺
✭tr✐❛♥❣❧❡s✮✱ ✵✳✻✹ ✭❤❡①❛❣♦♥❡s✮✱ ✶ ✭❧♦s❛♥❣❡s✮ rad2/dl✳ ➚ ❣❛✉❝❤❡ ✿ D/dl = 128✳ ➚ ❞r♦✐t❡ ✿
D/dl = 256✳

♠❛t✐♦♥ ❞❡ µ0 ✭♦r❞♦♥♥é❡ ✐♥❢ér✐❡✉r❡ à ✶✮ ❝r♦ît ❧é❣èr❡♠❡♥t ❛✈❡❝ µ0 ❡t ❛✈❡❝ ❧✬é❝❤❛♥t✐❧❧♦♥♥❛❣❡
❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ ♣❛r ❧✬❛♥❛❧②s❡✉r✱ ✐✳❡✳ D/dl✳ ❈❡♣❡♥❞❛♥t✱ ❞❛♥s ❧❡ ♣✐r❡ ❞❡s ❝❛s ✭❧❡s ❝❛r✲
rés à ❣❛✉❝❤❡✮✱ ❧✬❡rr❡✉r ❛❝❝❡♣t❛❜❧❡ ♣❛r ✈❛❧❡✉rs s✉♣ér✐❡✉r❡s ❝♦rr❡s♣♦♥❞ à µ = 5✳ ❉❛♥s
❧❡ ♠❡✐❧❧❡✉r ❞❡s ❝❛s✱ ✭❧❡s ❧♦s❛♥❣❡s à ❞r♦✐t❡✮✱ ❧❛ ❧✐♠✐t❡ ✈❛✉t µ = 40✳ ❊♥ ❞✬❛✉tr❡s t❡r♠❡s✱
❧✬❡rr❡✉r ❞✬❡st✐♠❛t✐♦♥ ❞❡ µ0 ❛❝❝❡♣t❛❜❧❡ ♣❛r ✈❛❧❡✉rs s✉♣ér✐❡✉r❡s ❡st ✈❛r✐❛❜❧❡ ❡t ♥✬❡st ♣❛s
♥é❝❡ss❛✐r❡♠❡♥t très é❧❡✈é❡✳

❈❡s ♠ê♠❡s rés✉❧t❛ts ❞❡ s✐♠✉❧❛t✐♦♥s s♦♥t é❣❛❧❡♠❡♥t ♣rés❡♥tés s✉r ❧❛ ✜❣✉r❡ ✼✳✶✻✱
tr❛❞✉✐ts ❡♥ r❛♣♣♦rt ❞❡ ❙tr❡❤❧ éq✉✐✈❛❧❡♥t à 1µ♠✳ ❈✬❡st ✉♥❡ ❛✉tr❡ ❢❛ç♦♥ ❞❡ ♠❡ttr❡ ❡♥ é✈✐✲
❞❡♥❝❡ ❧❡ ❣❛✐♥ ♣♦t❡♥t✐❡❧ ❞❡ ❧✬❡st✐♠❛t❡✉r ▼❆P s✉r ❝❡❧✉✐ ❞❡ ♠❛①✐♠✉♠ ❞❡ ✈r❛✐s❡♠❜❧❛♥❝❡ ❞❡
♠♦✐♥❞r❡ ♥♦r♠❡✳ ❖♥ ♥♦t❡r❛ ♣❛r ❡①❡♠♣❧❡ q✉❡ ♣♦✉r ✉♥ s②stè♠❡ ❞❡ 128×128 s♦✉s✲♣✉♣✐❧❧❡s
s✉r ❝❡ té❧❡s❝♦♣❡ ❞❡ ✹✷♠✱ ♣♦✉r ✉♥ ♥✐✈❡❛✉ ❞❡ ❜r✉✐t ❞❡ σe = 1rad/dl✱ ❧❡ r❡❝♦♥str✉❝t❡✉r
RKL ❢♦✉r♥✐t ✉♥ ❙tr❡❤❧ éq✉✐✈❛❧❡♥t ❞❡ ✹✵✪✳ ❋r■▼ ▼❆P ♣❡r♠❡t ❞✬❛tt❡✐♥❞r❡ ♣❧✉s ❞❡ ✺✵✪
s✐ µ0 ❡st ❝♦rr❡❝t❡♠❡♥t ❡st✐♠é à ✉♥ ❢❛❝t❡✉r ✷ ♣rès✳ ❙✐ µ0 ❡st s♦✉s✲❡st✐♠é ❞✬✉♥ ❢❛❝t❡✉r
✶✵✵ ♦✉ s✉r❡st✐♠é ❞✬✉♥ ❢❛❝t❡✉r ✺✱ ❧❡ ❙tr❡❤❧ r❡st❡ s✉♣ér✐❡✉r à ✹✺✪✳

■❧ ❡st ✐♥tér❡ss❛♥t ❞❡ ♥♦t❡r q✉✬✉♥❡ s✉r❡st✐♠❛t✐♦♥ ❞✬✉♥ ❢❛❝t❡✉r 4 s✉r µ0 éq✉✐✈❛✉t à ♣❡✉
♣rès à ✉♥❡ s✉r❡st✐♠❛t✐♦♥ ❞✬✉♥ ❢❛❝t❡✉r 2 ❞❡ ❧❛ ❜❛rr❡ ❞✬❡rr❡✉r ❞❡s ♠❡s✉r❡s✱ ♦✉ ❞❡ r0✳ ■❧ ❡st
❞♦♥❝ ❞✐✣❝✐❧❡ ❞✬❛✣r♠❡r q✉❡ ❧✬♦♥ ❡st à ❧✬❛❜r✐ ❞✬✉♥❡ t❡❧❧❡ ❡rr❡✉r✳ ❈❡tt❡ ❛♥❛❧②s❡ ❛♣♣❡❧❧❡ ❞♦♥❝
✉♥❡ ét✉❞❡ s✉♣♣❧é♠❡♥t❛✐r❡ ❛✜♥ ❞❡ ❞ét❡r♠✐♥❡r ❝♦♠♠❡♥t ❡t ❛✈❡❝ q✉❡❧❧❡ ♣ré❝✐s✐♦♥ ✐❧ ❡st
❡♥✈✐s❛❣❡❛❜❧❡ ❞✬❡st✐♠❡r ❝❡s ♣❛r❛♠ètr❡s ❛✉①✐❧✐❛✐r❡s✱ ❜❛rr❡s ❞✬❡rr❡✉r ♦✉ ❛♠♣❧✐t✉❞❡ ♠♦②❡♥♥❡
❞❡s ♣❡♥t❡s✳ ❯♥❡ ♣❡rs♣❡❝t✐✈❡ ❝♦♥s✐st❡ à r❡❝❤❡r❝❤❡r ✉♥❡ ❡st✐♠é❡ ❞❡ ❝❡t ❤②♣❡r♣❛r❛♠ètr❡ µ
♣❛r ♦♣t✐♠✐s❛t✐♦♥✱ à ♣❛rt✐r ❞❡ ♣❧✉s✐❡✉rs r❡❝♦♥str✉❝t✐♦♥s s✉❝❝❡ss✐✈❡s✳ ❯♥❡ ❛❧t❡r♥❛t✐✈❡ ❡st
❞❡ s❡ ❝♦♥t❡♥t❡r ❞❡ s♦✉s✲❡st✐♠❡r µ0✳
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❋✐❣✳ ✼✳✶✺ ✕ ➱✈♦❧✉t✐♦♥ ❞✉ r❛♣♣♦rt ❡♥tr❡ ❧✬❡rr❡✉r 〈ǫ2〉r❡❝♦♥st ❞❡ RMAP ❡t ❧✬❡rr❡✉r 〈ǫ2〉r❡❝♦♥st
❞❡ RKL ❡♥ ❢♦♥❝t✐♦♥ ❞❡ µ à ♣❛rt✐r ❞❡s ♠ê♠❡s s✐♠✉❧❛t✐♦♥s q✉❡ ♣♦✉r ❧❛ ✜❣✉r❡ ✼✳✶✹ ✭♠ê♠❡
❧é❣❡♥❞❡✮✳

# of phase samples along D: 129
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# of phase samples along D: 257
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❋✐❣✳ ✼✳✶✻ ✕ ➱✈♦❧✉t✐♦♥ ❞✉ r❛♣♣♦rt ❞❡ ❙tr❡❤❧ éq✉✐✈❛❧❡♥t✱ à 1µ♠✱ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ µ à ♣❛rt✐r
❞❡s ♠ê♠❡s s✐♠✉❧❛t✐♦♥s q✉❡ ♣♦✉r ❧❛ ✜❣✉r❡ ✼✳✶✹ ✭♠ê♠❡ ❧é❣❡♥❞❡✮✳
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✼✳✻ ❈♦♥❝❧✉s✐♦♥

❈❡ ❝❤❛♣✐tr❡ ♣❡r♠❡t ❞❡ q✉❛♥t✐✜❡r ❧❡s ❣❛✐♥s ❡♥ ♣❡r❢♦r♠❛♥❝❡ ❛❝❝❡ss✐❜❧❡s ♣❛r ❧❛ ♠ét❤♦❞❡
❞❡ r❡❝♦s♥tr✉❝t✐♦♥ ❋r■▼ ▼❆P ♣♦✉r ❧❛ r❡❝♦♥str✉❝t✐♦♥✳ ■❧ ❝♦♥st✐t✉❡ ❞♦♥❝ ✉♥ ❝♦♠♣❧é♠❡♥t
♥é❝❡ss❛✐r❡ à ❧✬❛♥❛❧②s❡ t❤é♦r✐q✉❡ ♠❡♥é❡ ❞❛♥s ❧❡ ❝❤❛♣✐tr❡ ✺ ❡t ❛✉① ❝♦♥s✐❞ér❛t✐♦♥s ❝❛❧❝✉✲
❧❛t♦✐r❡s ❛❜♦r❞é❡s ❞❛♥s ❧❡ ❝❤❛♣✐tr❡ ✻✳

❈❡s rés✉❧t❛ts ❞é♠♦♥tr❡♥t q✉✬✉♥ ❣❛✐♥ ❞✬✉♥ ❢❛❝t❡✉r ✷ ❡♥ ✈❛r✐❛♥❝❡ s✉r ❧✬❡rr❡✉r ❞❡
r❡❝♦♥str✉❝t✐♦♥ ❡st ♦❜t❡♥✉ ♣❛r ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡ ❋r■▼ ▼❆P à ❢❛✐❜❧❡ ❘❙❇✳

P❛r ❛✐❧❧❡✉rs✱ ❧❛ r♦❜✉st❡ss❡ ❞❡ ❧✬❡st✐♠❛t❡✉r ❛ été ❛♥❛❧②sé❡ ✈✐s✲à✲✈✐s ❞❡s ❡rr❡✉rs ❞❡
♠♦❞é❧✐s❛t✐♦♥✳ ▲❛ ♣r✐s❡ ❡♥ ❝♦♠♣t❡ ❞❡s ❝♦rré❧❛t✐♦♥s ❞❛♥s ❧❡s ♠❡s✉r❡s s✬❛✈èr❡ ❡ss❡♥t✐❡❧❧❡
♣♦✉r ♠❛✐♥t❡♥✐r ✉♥❡ ❜♦♥♥❡ ❡st✐♠❛t✐♦♥ ❧♦rsq✉❡ ❧❡s ét♦✐❧❡s ❞❡ ré❢ér❡♥❝❡ ❧❛s❡r ❣é♥èr❡♥t ❞❡s
t❛❝❤❡s ✐♠❛❣❡s s✐❣♥✐✜❝❛t✐✈❡♠❡♥t ❛❧❧♦♥❣é❡s s✉r ❧❡s s♦✉s✲♣✉♣✐❧❧❡s ❞❡ ❧✬❛♥❛❧②s❡✉r✳ ■❧ s❡♠❜❧❡
♣ré❢ér❛❜❧❡ ❞❡ s✉r❡st✐♠❡r ❧✬é❝❤❡❧❧❡ ❡①t❡r♥❡ ❞❡ ❝♦❤ér❡♥❝❡ s♣❛t✐❛❧❡ ❞❡ ❧❛ t✉r❜✉❧❡♥❝❡ L0✳
❊♥✜♥✱ ❧❡ ♣♦✐❞s ❞❡ ❧❛ ré❣✉❧❛r✐s❛t✐♦♥ ét❛♥t ❞✐✣❝✐❧❡ à ❡st✐♠❡r✱ ✐❧ ❡st ♠♦✐♥s ♣é♥❛❧✐s❛♥t ❞❡
❧❡ s♦✉s✲❡st✐♠❡r q✉❡ ❞❡ r✐sq✉❡r ❞❡ ❧❡ s✉r❡st✐♠❡r✳
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❈❤❛♣✐tr❡ ✽

▲❛ ❝♦rr❡❝t✐♦♥ ❞❡ s✉r❢❛❝❡ ❞✬♦♥❞❡

t✉r❜✉❧❡♥t❡

▲❛ r❡❝♦♥str✉❝t✐♦♥ ❡♥ ♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ s❡rt ❣é♥ér❛❧❡♠❡♥t à ❝♦♠♠❛♥❞❡r ✉♥ ♠✐r♦✐r
❞é❢♦r♠❛❜❧❡ ♣♦✉r ❝♦rr✐❣❡r ❧❡s ♣❡rt✉r❜❛t✐♦♥s ❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡✳ ❈✬❡st ♣♦✉rq✉♦✐ ❞❛♥s
❝❡ ♥♦✉✈❡❛✉ ❝❤❛♣✐tr❡ ❧✬❡①✐st❡♥❝❡ ❞✬✉♥ ♠✐r♦✐r ❞é❢♦r♠❛❜❧❡ ❡st ♣r✐s❡ ❡♥ ❝♦♠♣t❡✳ ❏✬ét✉❞✐❡
❛✐♥s✐ ❧❡s ♣❡r❢♦r♠❛♥❝❡s ❞❡ ❧❛ ❝♦rr❡❝t✐♦♥ ❡♥ t❡♥❛♥t ❝♦♠♣t❡ ❞❡ ❧❛ ❢réq✉❡♥❝❡ s♣❛t✐❛❧❡ ❧✐♠✐t❡
❞❡ ❝♦rr❡❝t✐♦♥ ❞❡ ❝❡ s②stè♠❡ ❝♦♠♠❛♥❞é✳ ❈❡tt❡ ❢réq✉❡♥❝❡ s♣❛t✐❛❧❡ ❧✐♠✐t❡ ♥✬❡st ❛✉tr❡ q✉❡
❧✬❡s♣❛❝❡ ✐♥t❡r✲❛❝t✐♦♥♥❡✉r✱ ♥♦té ✐❝✐ da✳

❉❛♥s ❧❡ ❝❤❛♣✐tr❡ ✺✱ ❧✬❡st✐♠❛t✐♦♥ ❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ s❡ ❢❛✐t ❞❛♥s ✉♥ ❡s♣❛❝❡ ❞❡ r❡♣ré✲
s❡♥t❛t✐♦♥ ❞❡ ❞✐♠❡♥s✐♦♥ ✜♥✐❡ à ❝❤♦✐s✐r✳ P♦✉r ✉♥❡ r❡♣rés❡♥t❛t✐♦♥ ③♦♥❛❧❡✱ ❛✈❡❝ ❞❡s s♣❧✐♥❡s
❧✐♥é❛✐r❡s✱ s✉r ✉♥❡ ❣r✐❧❧❡ ❞✬é❝❤❛♥t✐❧❧♦♥♥❛❣❡ ❞❡ ♣❛s de = dl✱ ♦ù dl ❡st ❧❛ t❛✐❧❧❡ ❞✬✉♥❡ s♦✉s✲
♣✉♣✐❧❧❡✱ ❛❧♦rs ❧✬❡st✐♠é❡ ❞✉ r❡❝♦♥str✉❝t❡✉r ▼❆P ŵ ♣❡✉t êtr❡ ❛♣♣❧✐q✉é❡ ❞✐r❡❝t❡♠❡♥t à ✉♥
♠✐r♦✐r ❞é❢♦r♠❛❜❧❡ ❞❡ ❢♦♥❝t✐♦♥s ❞✬✐♥✢✉❡♥❝❡ ❜✐❧✐♥é❛✐r❡s ❛✈❡❝ ✉♥ ❡s♣❛❝❡ ✐♥t❡r✲❛❝t✐♦♥♥❡✉r
da = de✱ ❛✜♥ ❞❡ ❝♦rr✐❣❡r ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡✳ ❍♦rs ♠✐s ❧❡s ♣r♦❜❧è♠❡s ❞❡ s❛t✉r❛t✐♦♥ ❞❡s ❛❝✲
t✐♦♥♥❡✉rs✱ q✉❡ ❥❡ ♥✬ét✉❞✐❡ ♣❛s ❞❛♥s ❝❡ ♠❛♥✉s❝r✐t✱ ♦♥ ♦❜t✐❡♥t ❛❧♦rs ❧❛ ♠❡✐❧❧❡✉r❡ ❝♦rr❡❝t✐♦♥
♣♦ss✐❜❧❡ ♣♦✉r ❝❡tt❡ r❡♣rés❡♥t❛t✐♦♥ ❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡✳

❚♦✉t❡❢♦✐s✱ ❝❡tt❡ r❡♣rés❡♥t❛t✐♦♥ ♥é❣❧✐❣❡ ❧❡s ♣❡rt✉r❜❛t✐♦♥s ❞❡ ❢réq✉❡♥❝❡s s✉♣ér✐❡✉r❡s à
1/(2dl)✳ ❖r ❝❡s ❝♦♠♣♦s❛♥t❡s ❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ ♥❡ s♦♥t ♣❛s ❛❜s❡♥t❡s ❞❡s ♠❡s✉r❡s ❀ ❡❧❧❡s
s♦♥t r❡♣❧✐é❡s✳ ❉✉ ❢❛✐t ❞❡ ❝❡ r❡♣❧✐❡♠❡♥t✱ ❧✐♠✐t❡r ❧❛ r❡❝♦♥str✉❝t✐♦♥ à ✉♥ é❝❤❛♥t✐❧❧♦♥♥❛❣❡
✐❞❡♥t✐q✉❡ à ❝❡❧✉✐ ❞❡s s♦✉s✲♣✉♣✐❧❧❡s ✭✐✳❡✳ dl = de✮ ♣❡✉t ❞é❣r❛❞❡r ❧❛ ❝♦rr❡❝t✐♦♥ ❛♣♣❧✐q✉é❡✳
❈✬❡st ❝❡ ♣♦✐♥t q✉✐ ❡st ét✉❞✐é ❞❛♥s ❝❡ ❝❤❛♣✐tr❡✳

❏✬ét❡♥❞s ❛✐♥s✐ ❧❛ r❡❝♦♥str✉❝t✐♦♥ ❞❡ s✉r❢❛❝❡ ❞✬♦♥❞❡ tr❛✐té❡ ❛✉ ❝❤❛♣✐tr❡ ✺ à ❧❛ ❝♦rr❡❝✲
t✐♦♥ st❛t✐q✉❡ ❞❡ s✉r❢❛❝❡ ❞✬♦♥❞❡✳ P♦✉r ❝❡❧❛ ❥❡ ❞é✜♥✐s ✉♥ ♥♦✉✈❡❛✉ ❝r✐tèr❡ à ♦♣t✐♠✐s❡r✳
❙♦♥ ♦♣t✐♠✐s❛t✐♦♥ ♣❡r♠❡t ❞❡ ❞é❝♦♠♣♦s❡r ❧❡ ♣r♦❝❡ss✉s ❞❡ ❝♦rr❡❝t✐♦♥ ❡♥ ✷ ét❛♣❡s ✿ ❧❛
r❡❝♦♥str✉❝t✐♦♥ ❞❡ s✉r❢❛❝❡ ❞✬♦♥❞❡ ❡t ❧❛ ♣r♦❥❡❝t✐♦♥ s✉r ❧❡ ♠✐r♦✐r ❞é❢♦r♠❛❜❧❡✳ ▲❡s ❡rr❡✉rs
❛ss♦❝✐é❡s ❛✉ r❡♣❧✐❡♠❡♥t s♦♥t ✐❞❡♥t✐✜é❡s ❛✉ s❡✐♥ ❞✉ ❜✉❞❣❡t ❞✬❡rr❡✉r ❞❡ ❧❛ ❝♦rr❡❝t✐♦♥✳
❊♥✜♥✱ ❞❡s s✐♠✉❧❛t✐♦♥s ❡✛❡❝t✉é❡s s✉r ✉♥ ❝❛s s✐♠♣❧❡ ♠♦♥tr❡♥t ❧❡ ♣♦✐❞s r❡❧❛t✐❢ ❞❡s ❡rr❡✉rs
❡♥ ❢♦♥❝t✐♦♥ ❞❡s ❞✐♠❡♥s✐♦♥s ❞✉ s②stè♠❡ ❡t ❞❡s ❝❛r❛❝tér✐st✐q✉❡s ❞✉ s✐❣♥❛❧ ❡t ❞✉ ❜r✉✐t✳
❉❡✉① ♠ét❤♦❞❡s ❞❡ ❝♦rr❡❝t✐♦♥ s♦♥t ❛✐♥s✐ ❝♦♠♣❛ré❡s✳ ▲❛ ♣r❡♠✐èr❡ r❡❝♦♥str✉✐t ❧❛ s✉r❢❛❝❡
❞✬♦♥❞❡ s✉r ❧❡ ♠ê♠❡ é❝❤❛♥t✐❧❧♦♥♥❛❣❡ q✉❡ ❧❡ ♠✐r♦✐r ❞é❢♦r♠❛❜❧❡✳ ▲❛ s❡❝♦♥❞❡ ✉t✐❧✐s❡ ✉♥
♠♦❞è❧❡ ❞✬❛♥❛❧②s❡✉r ♣❧✉s r❛✣♥é✱ ♥♦té ❙❍3 × 3 ♣♦✉r r❡❝♦♥str✉✐r❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ s✉r
✉♥❡ ❣r✐❧❧❡ é❝❤❛♥t✐❧❧♦♥♥é❡ ❞❡✉① ❢♦✐s ♣❧✉s ✜♥❡✳

✶✻✸
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✽✳✶ ▲❡ ❝r✐tèr❡ ❞❡ ❝♦rr❡❝t✐♦♥ ❡t s♦♥ ♦♣t✐♠✐s❛t✐♦♥

✽✳✶✳✶ ▲❡s éq✉❛t✐♦♥s

P♦✉r r❡♣r❡♥❞r❡ ❧❡s ♥♦t❛t✐♦♥s ✐♥tr♦❞✉✐t❡s à ❧❛ s❡❝t✐♦♥ ✷✳✸✱ ❧❡ ♠✐r♦✐r ❞é❢♦r♠❛❜❧❡ ✭▼❉✮
♣❡✉t ❣é♥ér❛❧❡♠❡♥t êtr❡ ♠♦❞é❧✐sé ❝♦♠♠❡ ✉♥ ♣r♦❝❡ss✉s ❧✐♥é❛✐r❡ ❝♦♠♠❛♥❞é ♣❛r ✉♥ ✈❡❝t❡✉r
a ❞❡ n❛ é❧é♠❡♥ts✱ n❛ ét❛♥t ❧❡ ♥♦♠❜r❡ ❞✬❛❝t✐♦♥♥❡✉rs à ❛ss❡r✈✐r✳ ▲❛ ❞é❢♦r♠é❡ ❞✉ ♠✐r♦✐r
wc ❡st ✉♥❡ ❢♦♥❝t✐♦♥ ❝♦♥t✐♥✉❡ s✉r ❧❛ ♣✉♣✐❧❧❡ A✱ ❡❧❧❡ ♣❡✉t ❛❧♦rs s✬é❝r✐r❡

wc(r) = m(r)T ·a =
∑

i

aimi(r) ∀ r ∈ A ✭✽✳✶✮

♦ù ❧❡s mi s♦♥t ❛♣♣❡❧é❡s ❧❡s ❢♦♥❝t✐♦♥s ❞✬✐♥✢✉❡♥❝❡ ❞✉ ♠✐r♦✐r✳
▲✬éq✉❛t✐♦♥ ❞❡ ♠❡s✉r❡ ❡st t♦✉❥♦✉rs ❞♦♥♥é❡ ♣❛r ❧✬❡①♣r❡ss✐♦♥ ✭✷✳✶✵✮

d = S(w) + e = y + e , ✭✽✳✷✮

♦ù ❧❛ ♥♦t❛t✐♦♥ ✐♥tr♦❞✉✐t❡ y = S(w) ♠♦❞é❧✐s❡ ❧❡s ♠❡s✉r❡s ♥♦♥ ❜r✉✐té❡s✳
▲❡ ❝r✐tèr❡ ❞❡ ❝♦rr❡❝t✐♦♥ st❛t✐q✉❡ s✬é❝r✐t

〈
ǫ2
〉

=
1

SA

〈∥∥P (w −mT ·a)
∥∥2
〉

✭✽✳✸✮

♦ù ❧❛ ❝♦♠♠❛♥❞❡ a ❡st à ❞ét❡r♠✐♥❡r à ♣❛rt✐r ❞❡s ♠❡s✉r❡s d✳ ❏❡ ❝❤❡r❝❤❡ ❧✬❡st✐♠❛t❡✉r
❧✐♥é❛✐r❡ E t❡❧❧❡ q✉❡ ❧❛ ❝♦♠♠❛♥❞❡

a = E ·d ✭✽✳✹✮

♠✐♥✐♠✐s❡ ❧❡ ❝r✐tèr❡ ✭✽✳✸✮✳

▲✬❡s♣❛❝❡ ✐♠❛❣❡ M ❞✉ ♠✐r♦✐r ❞é❢♦r♠❛❜❧❡

■❧ ❡st ♣♦ss✐❜❧❡ ❞❡ ❞é❝♦♠♣♦s❡r ❧✬❡s♣❛❝❡ ❞❡ ❞✐♠❡♥s✐♦♥ ✐♥✜♥✐❡ C(A; R) s✉r ❧❡q✉❡❧ ❡st
❞é✜♥✐❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ w✱ ❡♥ ❞❡✉① s♦✉s✲❡s♣❛❝❡ ♦rt❤♦❣♦♥❛✉① ❝♦♠♣❧é♠❡♥t❛✐r❡s M ❡t
M⊥✱ ♦ùM ❡st ❧✬❡s♣❛❝❡ ❡♥❣❡♥❞ré ♣❛r ❧❡s ❢♦♥❝t✐♦♥s ❞✬✐♥✢✉❡♥❝❡mi ❞✉ ♠✐r♦✐r ❞é❢♦r♠❛❜❧❡✳
❆❧♦rs✱

〈
ǫ2
〉

=
〈
ǫ2
〉
M⊥ +

〈
ǫ2
〉
M ✭✽✳✺✮

♦ù

〈
ǫ2
〉
M⊥ =

1

SA

〈∥∥∥P (wM⊥)
∥∥∥

2
〉

✭✽✳✻✮

❡t

〈
ǫ2
〉
M =

1

SA

〈∥∥P (mT · (b− a))
∥∥2
〉
. ✭✽✳✼✮

wM⊥ ❡t (mT · b) s♦♥t ❧❡s ♣r♦❥❡❝t✐♦♥s ♦rt❤♦❣♦♥❛❧❡s ❞❡ w s✉rM⊥ ❡tM r❡s♣❡❝t✐✈❡♠❡♥t✳
▲❡ ✈❡❝t❡✉r b ❡st ❛✐♥s✐ ❞é✜♥✐ ❞❛♥s R

n❛ ✳ ❏❡ ❞és✐❣♥❡ ❧❡ ♣r❡♠✐❡r t❡r♠❡ 〈ǫ2〉M⊥ ❞❡ ❝❡tt❡
❞é❝♦♠♣♦s✐t✐♦♥ ❝♦♠♠❡ ❧✬❡rr❡✉r ❞❡ s♦✉s✲❞✐♠❡♥s✐♦♥♥❡♠❡♥t ❞✉ s②stè♠❡ ❞✬♦♣t✐q✉❡ ❛❞❛♣✲
t❛t✐✈❡✳ ❊❧❧❡ ❡st ❝♦♠♠✉♥é♠❡♥t ❛♣♣❡❧é❡ ❞❛♥s ❧❛ ❧✐ttér❛t✉r❡ ✜tt✐♥❣ ❡rr♦r✳ ❏❡ ❞ét❛✐❧❧❡ s❛
❝♦♥tr✐❜✉t✐♦♥ ❛✉ ❜✉❞❣❡t ❞✬❡rr❡✉r ♣❧✉s ❧♦✐♥ ❞❛♥s ❧❛ s❡❝t✐♦♥ ✽✳✸✳✶✳ ❏❡ r❡t✐❡♥s s✐♠♣❧❡♠❡♥t
✐❝✐ q✉✬❡❧❧❡ ❡st ✜①é❡ ♣❛r ❧✬❡s♣❛❝❡♠❡♥t ❡♥tr❡ ❧❡s ❛❝t✐♦♥♥❡✉rs ❞✉ ♠✐r♦✐r ❞é❢♦r♠❛❜❧❡✱ da✱ ❡t
♣❛r ❧❡s ❞✐♠❡♥s✐♦♥s ❞❡ ❧❛ ♣✉♣✐❧❧❡ ❞✉ té❧❡s❝♦♣❡✳ ❊♥ ❞✬❛✉tr❡s t❡r♠❡s✱ ❡❧❧❡ ❡st ✐♥❞é♣❡♥❞❛♥t❡
❞❡ ❧✬♦♣t✐♠✐s❛t✐♦♥ ❞❡ E✳
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✽✳✶✳✷ ▲❛ r❡❢♦r♠✉❧❛t✐♦♥ ❞✉ ❝r✐tèr❡

❖♣t✐♠✐s❡r E ❝♦♥s✐st❡ ❞♦♥❝ à ♠✐♥✐♠✐s❡r ❧✬❡rr❡✉r 〈ǫ2〉M ❞❡ ❧✬éq✉❛t✐♦♥ ✭✽✳✼✮✳ P♦✉r
❛❧❧é❣❡r ❧❡s ❢♦r♠✉❧❡s✱ ❞❡ ❢❛ç♦♥ ❛♥❛❧♦❣✉❡ à ❧✬❡①♣r❡ss✐♦♥ ✭✺✳✽✮ ✐♥tr♦❞✉✐t❡ s✉r ❧❛ ❜❛s❡ ❞❡s
❢♦♥❝t✐♦♥s ❞❡ ❧✬❡st✐♠❛t✐♦♥✱ ❥❡ ❞é✜♥✐s ✉♥❡ ♥♦✉✈❡❧❧❡ ♠❛tr✐❝❡ N ❞❡ R

n❛×n❛ ❞♦♥t ❧❡s é❧é♠❡♥ts
s♦♥t

N i,j =
1

SA
(P (mi)|P (mj))∀ 1 ≤ i, j ≤ n❛ . ✭✽✳✽✮

▲❛ ❢❛❝t♦r✐s❛t✐♦♥ ❞❡ ❈❤♦❧❡s❦② ❞❡ ❝❡tt❡ ♠❛tr✐❝❡ s②♠étr✐q✉❡ ♣♦s✐t✐✈❡ ❡st ♥♦té❡

N = NT ·N , ✭✽✳✾✮

s✐ ❜✐❡♥ q✉❡ ❧❡ ❝r✐tèr❡ à ♦♣t✐♠✐s❡r ❞❡✈✐❡♥t

〈
ǫ2
〉
M =

〈
(b− a)T ·N · (b− a)

〉

= tr
〈
N · (b− a) · (b− a)T ·NT

〉

= tr
〈
N · (b−E ·d) · (b−E ·d)T ·NT

〉
. ✭✽✳✶✵✮

❏❡ ❣❛r❞❡ ❧❛ ♥♦t❛t✐♦♥ N ♣❛r❝❡ q✉✬✐❧ ♥✬② ❛✉r❛ ♣❛s ❞❡ ❝♦♥❢✉s✐♦♥ ❛✈❡❝ ❧❛ ♠❛tr✐❝❡ ❞é✜♥✐❡ ❛✉
❝❤❛♣✐tr❡ ✺✳ ■❧ ❡st s✐♠♣❧❡♠❡♥t ✐♠♣♦rt❛♥t ❞❡ ♥♦t❡r q✉❡ ❝❡tt❡ ♥♦✉✈❡❧❧❡ ♠❛tr✐❝❡ ❡st ❞é✜♥✐❡
❞❛♥s R

n❛×n❛ ❡t ♥♦♥ ♣❧✉s ❞❛♥s R
n×n✳

✽✳✶✳✸ ▲✬♦♣t✐♠✐s❛t✐♦♥ ❞✉ ❝r✐tèr❡

▲❡ ❝r✐tèr❡ ✭✽✳✶✵✮ ❡st ✉♥❡ ❢♦r♠❡ q✉❛❞r❛t✐q✉❡ ❡♥ E✳ ❙♦♥ ♦♣t✐♠✐s❛t✐♦♥ ✐♠♣❧✐q✉❡

∂
〈
ǫ2
〉
M

∂E
= 0 .

❖r
∂
〈
ǫ2
〉
M

∂E
= 2NT ·N ·

〈
(E ·d− b) ·dT

〉
. ✭✽✳✶✶✮

❊♥ r❡♠♣❧❛ç❛♥t d ♣❛r s♦♥ ❡①♣r❡ss✐♦♥ ✭✷✳✶✵✮✱ ♦♥ ♦❜t✐❡♥t

∂
〈
ǫ2
〉
M

∂E
= 2NT ·N ·

[
E ·
(〈

y ·yT
〉

+
〈
e · eT

〉)
−
〈
b ·yT

〉]
, ✭✽✳✶✷✮

♦ù ❥✬❛✐ t❡♥✉ ❝♦♠♣t❡ ❞✉ ❢❛✐t q✉❡ ❧❡ ❜r✉✐t ❞❡ ♠❡s✉r❡ ❡st s✉♣♣♦sé ❞é❝♦rré❧é ❞❡ ❧❛ s✉r❢❛❝❡
❞✬♦♥❞❡ t✉r❜✉❧❡♥t❡✱ ✐✳❡✳ 〈

b · eT
〉

= 0 ❡t
〈
y · eT

〉
= 0 . ✭✽✳✶✸✮

❯♥❡ ❝♦♥❞✐t✐♦♥ s✉✣s❛♥t❡ ♣♦✉r ❛♥♥✉❧❡r ❧✬éq✉❛t✐♦♥ ✭✽✳✶✷✮ ❝♦♥s✐st❡ à ❝❤♦✐s✐r E t❡❧ q✉❡

E =
〈
b ·yT

〉
·
(〈

y ·yT
〉

+
〈
e · eT

〉)−1
. ✭✽✳✶✹✮

P✉✐sq✉❡ t♦✉t❡s ❧❡s ♠❡s✉r❡s s♦♥t ❜r✉✐té❡s✱ ❧❛ ♠❛tr✐❝❡ (〈y ·yT〉+ 〈e · eT〉) ❞❛♥s ❧✬éq✉❛t✐♦♥
❝✐✲❞❡ss✉s ❡st ❜✐❡♥ s②♠étr✐q✉❡ ❞é✜♥✐❡ ♣♦s✐t✐✈❡✱ ❞♦♥❝ ✐♥✈❡rs✐❜❧❡✳
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✽✳✷ ▲✬✐♥t❡r♣rét❛t✐♦♥ ❞❡ ❧✬❡st✐♠❛t❡✉r ♣♦✉r ❧❛ ❝♦rr❡❝t✐♦♥

✽✳✷✳✶ ▲❛ r❡❢♦r♠✉❧❛t✐♦♥ ❞❡ E

▲❛ ♠✐s❡ ❡♥ ♦❡✉✈r❡ ❞❡ ❧✬♦♣ér❛t❡✉r E✱ ❞é✜♥✐ ♣❛r ❧ ✬éq✉❛t✐♦♥ ✭✽✳✶✹✮✱ ♣♦✉r ❝❛❧❝✉❧❡r ❧❛
❝♦♠♠❛♥❞❡ r❡q✉✐❡rt ❧❛ ♠♦❞é❧✐s❛t✐♦♥ ❞❡s ❝♦✈❛r✐❛♥❝❡s 〈b ·yT〉✱ 〈y ·yT〉 ❡t

〈
e · eT

〉
✳ ❈♦♠♠❡

❞❛♥s ❧❛ s❡❝t✐♦♥ ✺✳✶✱ ❧❛ ❝♦✈❛r✐❛♥❝❡ ❞❡s ❡rr❡✉rs ❡st ♥♦té❡ Ce = 〈e · eT〉✳
❏❡ r❡♣r❡♥❞s ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ ✭✸✳✷✸✮ ❞❡ w s✉r ✉♥❡ ❜❛s❡ ✐♥✜♥✐❡ (hi)i∈N ❞❡ C(A; R)✳

▲❡s ♠❡s✉r❡s ♥♦♥ ❜r✉✐té❡s s✬é❝r✐✈❡♥t

y =

∞∑

i=1

S(hi) ·wi = S ·w . ✭✽✳✶✺✮

❏✬ét❡♥❞s ♠♦♠❡♥t❛♥é♠❡♥t ❧❛ ♥♦t❛t✐♦♥ ❞❡ ♣r♦❞✉✐t ♠❛tr✐❝✐❡❧ ❛✉① ❛♣♣❧✐❝❛t✐♦♥s ❧✐♥é❛✐r❡s
❡♥ ❞✐♠❡♥s✐♦♥ ✐♥✜♥✐❡ ❛✜♥ ❞✬❛❧❧é❣❡r ❧❡s ♥♦t❛t✐♦♥s✳ ▲❛ ♣r♦❥❡❝t✐♦♥ ♦rt❤♦❣♦♥❛❧❡ ❞❡ w s✉r
❧✬❡s♣❛❝❡ ✐♠❛❣❡ ❞✉ ♠✐r♦✐r ❡st ♥♦té❡ F✱ ❞é✜♥✐❡ ♣❛r

F : (C0(A,R); (hi)i∈N) → (M; (mi)1≤i≤na)

w → b . ✭✽✳✶✻✮

❆✐♥s✐✱ ❧✬❡①♣r❡ss✐♦♥ ❞❡ E ❞❛♥s ❧✬éq✉❛t✐♦♥ ✭✽✳✶✹✮ ❞❡✈✐❡♥t

E = F ·Cw ·ST ·
(
S ·Cw ·ST + Ce

)−1
. ✭✽✳✶✼✮

♦ù Cw ❡st ❧❛ ❝♦✈❛r✐❛♥❝❡ s♣❛t✐❛❧❡ ❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ t✉r❜✉❧❡♥t❡ ❞é❝r✐t❡ ❞❛♥s ❧❛ ❜❛s❡
✐♥✜♥✐❡ (hi)i∈N ❞❡ C0(A,R)✳ ▲❡s ♥♦t❛t✐♦♥s ❞❡ tr❛♥s♣♦s✐t✐♦♥ s♦♥t ét❡♥❞✉❡s à ❞❡s ❛♣♣❧✐❝❛✲
t✐♦♥s ❧✐♥é❛✐r❡s ❡♥ ❞✐♠❡♥s✐♦♥ ✐♥✜♥✐❡✱ ❡♥ ✉t✐❧✐s❛♥t ❧❛ ♠ê♠❡ ❜❛s❡ ✐♥✜♥✐❡✱ ♣♦✉r s✐♠♣❧✐✜❡r ❧❛
❢♦r♠✉❧❛t✐♦♥ ❞❡ ❧✬éq✉❛t✐♦♥ ✭✽✳✶✼✮✳

❊♥ ♣r❛t✐q✉❡✱ ❧❡ ❝❛❧❝✉❧ ❞❡ E s❡ ❢❛✐t ❣é♥ér❛❧❡♠❡♥t à ♣❛rt✐r ❞✬ ❛♣♣r♦①✐♠❛t✐♦♥s ❞❡
❞✐♠❡♥s✐♦♥ ✜♥✐❡ ❞❡ F✱ S ❡t Cw✳

❉❛♥s ❧❛ s✉✐t❡ ❞❡ ❝❡ ❝❤❛♣✐tr❡✱ ❥❡ s✉♣♣♦s❡ q✉❡ ❧❛ r❡♣rés❡♥t❛t✐♦♥ ❞✉ ❢r♦♥t ❞✬♦♥❞❡ ❡st
❢❛✐t❡ ❞❛♥s ✉♥ ❡s♣❛❝❡ ❞❡ ❞✐♠❡♥s✐♦♥ n✱ ❝❡ q✉✐ ❛♣♣❡❧❧❡ ❞❡✉① r❡♠❛rq✉❡s ✿

✕ ▲✬❡rr❡✉r ❞❡ ♠♦❞é❧✐s❛t✐♦♥ ❞❡s ♠❡s✉r❡s ♥♦♥ ❜r✉✐té❡s y ❛ss♦❝✐é❡ à ❝❡tt❡ ♣❛r❛♠étr✐✲
s❛t✐♦♥ ❞♦✐t êtr❡ ♣r✐s❡ ❡♥ ❝♦♠♣t❡ ❞❛♥s ❧❛ ♣❡rt✉r❜❛t✐♦♥ e ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡ ♠❡s✉r❡
✭✾✳✸✮✳ ❆✜♥ ❞✬♦♣t✐♠✐s❡r ❧❛ ❝♦♠♠❛♥❞❡✱ ✐❧ ❡st ✐♠♣♦rt❛♥t q✉❡ ❧❡s ♣❡r❢♦r♠❛♥❝❡s s♦✐❡♥t
❧✐♠✐té❡s ♣❛r ❧❡s ✐♥❝❡rt✐t✉❞❡s ❞✉ s②stè♠❡ ❞❡ ♠❡s✉r❡ ❧✉✐✲♠ê♠❡ ❡t ♥♦♥ ♣❛s ♣❛r ❧❡s
❛♣♣r♦①✐♠❛t✐♦♥s ❞✉ ♠♦❞è❧❡ q✉✐ ❡♥ ❡st ❢❛✐t✳ ❈❡❝✐ s✐❣♥✐✜❡ q✉✬✐❧ ❡st ♣ré❢ér❛❜❧❡ ❞❡
❝❤♦✐s✐r n t❡❧ q✉❡ ❧✬❡rr❡✉r ❞❡ ♠♦❞é❧✐s❛t✐♦♥ ❞❡ y s♦✐t ♥é❣❧✐❣❡❛❜❧❡ ❞❡✈❛♥t ❧❡s ❡rr❡✉rs
❞✉❡s ❛✉ s②stè♠❡ ❞❡ ♠❡s✉r❡✳

✕ ❉❡ ❢❛ç♦♥ ❛♥❛❧♦❣✉❡✱ ✐❧ ❢❛✉t s✬❛ss✉r❡r q✉❡ ❧✬é❝❛rt à ❧❛ ✈r❛✐❡ s✉r❢❛❝❡ ❞✬♦♥❞❡✱ ✐✳❡✳
(w−hT ·w)✱ s❡ tr♦✉✈❡ ❞❛♥s ❧✬♦rt❤♦❣♦♥❛❧ à ❧✬❡s♣❛❝❡ ❡♥❣❡♥❞ré ♣❛r ❧❡ ♠✐r♦✐r✱ ❛✜♥ q✉❡
❧❛ r❡str✐❝t✐♦♥ ❞❡ F à ✉♥ ❡s♣❛❝❡ ❞❡ ❞✐♠❡♥s✐♦♥ ✜♥✐❡ r❡st❡ ✐❞❡♥t✐q✉❡ à ❧❛ ♣r♦❥❡❝t✐♦♥
✐❞é❛❧❡✳

▲❡s ❞❡✉① r❡♠❛rq✉❡s ❝✐✲❞❡ss✉s ♠♦♥tr❡♥t q✉❡ ❧❛ ♣❛r❛♠étr✐s❛t✐♦♥ ❞❡ w ❞♦✐t êtr❡ ♦♣t✐✲
♠✐sé❡ ❡♥ ❢♦♥❝t✐♦♥ ❞✉ t②♣❡ ❞✬❛♥❛❧②s❡✉r ❡t ❞❡ ♠✐r♦✐r ❝♦♥s✐❞érés✳

▲❛ ♠❛tr✐❝❡ ❞❡ ❝♦✈❛r✐❛♥❝❡ Cw ❡st s②♠étr✐q✉❡ ❞é✜♥✐❡ ♣♦s✐t✐✈❡✱ ❞♦♥❝ ✐♥✈❡rs✐❜❧❡✳ ❈❡❝✐
♣❡r♠❡t ❞❡ ❞é❝r✐r❡ ❧❡ ❝❛❧❝✉❧ ❞❡ ❧❛ ❝♦♠♠❛♥❞❡

a = E ·d = F ·R ·d ✭✽✳✶✽✮



✽✳✷✳ ▲✬■◆❚❊❘P❘➱❚❆❚■❖◆ ❉❊ ▲✬❊❙❚■▼❆❚❊❯❘ P❖❯❘ ▲❆ ❈❖❘❘❊❈❚■❖◆ ✶✻✼

❡♥ ❞❡✉① ét❛♣❡s✱ ❡♥ ❛♣♣❧✐q✉❛♥t ❧❡s ♠❛tr✐❝❡s

R = Cw ·ST ·
(
S ·Cw ·ST + Ce

)−1

=
(
ST ·C−1

e ·S + C−1
w

)−1 ·ST ·C−1
e ,

✭✽✳✶✾✮

❡t F✳ ❈❡s ❞❡✉① ét❛♣❡s ❝♦rr❡s♣♦♥❞❡♥t r❡s♣❡❝t✐✈❡♠❡♥t à ✉♥❡ r❡❝♦♥str✉❝t✐♦♥ ▼❆P ❡t ✉♥❡
♣r♦❥❡❝t✐♦♥✳

❏✬❛♥❛❧②s❡ ✉♥ ♣❡✉ ♣❧✉s ❧♦✐♥ ❧❡s ♣r♦♣r✐étés ❞❡ ❝❤❛❝✉♥❡ ❞❡ ❝❡s ét❛♣❡s✳

✽✳✷✳✷ ▲✬❡①t❡♥s✐♦♥ à ❧❛ ❝♦rr❡❝t✐♦♥ s✉r ♣❧✉s✐❡✉rs ♠✐r♦✐r ❞é❢♦r♠❛❜❧❡

▲✬❛✈❛♥t❛❣❡ ❞❡ ❧❛ ❢♦r♠❡ ❣é♥ér❛❧❡ ❞❡s éq✉❛t✐♦♥s tr❛✐té❡s ❞❛♥s ❧❡ ❝❤❛♣✐tr❡ ✺✱ t♦✉t
❝♦♠♠❡ ♣♦✉r ❝❡❧❧❡s ♣rés❡♥té❡s ✐❝✐✱ ❡st q✉❡ ❧✬❛♣♣r♦❝❤❡ ❡t ❧❡s rés✉❧t❛ts s♦♥t ❡♥❝♦r❡ ✈❛❧❛❜❧❡s
♣♦✉r ❧❛ ❝♦rr❡❝t✐♦♥ ❞✬✉♥❡ ♦✉ ♣❧✉s✐❡✉rs s✉r❢❛❝❡s ❞✬♦♥❞❡ ❡♥ ❛❧t✐t✉❞❡✳ ❏❡ ♥❡ ❞ér✐✈❡ ♣❛s à
♥♦✉✈❡❛✉ ❧❡s éq✉❛t✐♦♥s ✐❝✐ ♣♦✉r ❝❡ ❝❛s✳ ▲❡✉rs ❡①♣r❡ss✐♦♥s ❝♦♠♣❧èt❡s s♦♥t ❞ét❛✐❧❧é❡s ♣❛r
❊❧❧❡r❜r♦❡❦ ✭✶✾✾✹✮ ❡t ❋✉s❝♦ ❡t ❛❧✳ ✭✷✵✵✶✮✳ ▲✬❡st✐♠❛t❡✉r ♦❜t❡♥✉ ❡st é❣❛❧❡♠❡♥t ❝♦♠♣♦sé
❞✬✉♥❡ ét❛♣❡ ❞❡ r❡❝♦♥str✉❝t✐♦♥✱ ♣✉✐s ❞✬✉♥❡ ét❛♣❡ ❞❡ ♣r♦❥❡❝t✐♦♥✳

❏❡ s♦✉❤❛✐t❡ s♦✉❧✐❣♥❡r ✐❝✐ ❧❡s ♣r✐♥❝✐♣❛❧❡s ❞✐✛ér❡♥❝❡s ❡①✐st❛♥t ❡♥tr❡ ❧❛ ❝♦rr❡❝t✐♦♥ ❞✬✉♥❡
s✉r❢❛❝❡ ❞✬♦♥❞❡ ♣rés❡♥té❡ ❞❛♥s ❝❡tt❡ s❡❝t✐♦♥✱ ❡t ❧❛ ❝♦rr❡❝t✐♦♥ ❞❡ ♣❧✉s✐❡✉rs ❝♦✉❝❤❡s ❡♥
❛❧t✐t✉❞❡✳

✕ ▲✬❡s♣❛❝❡ ❞❡ ❞✐♠❡♥s✐♦♥ ✐♥✜♥✐❡ ❞❡ ❞é✜♥✐t✐♦♥ ❞❡ w ❞❡✈✐❡♥t ❧❛ ré✉♥✐♦♥ ❞❡s (C(A♠❡t❛
i ; R))(1≤i≤N❝♦✉❝❤❡s)

♦ù A♠❡t❛
i ❡st ❧❛ ré✉♥✐♦♥ ❞❡s ♣✉♣✐❧❧❡s ❞✉ té❧❡s❝♦♣❡ ♣r♦❥❡té❡s s✉r ❧❡s ❝♦✉❝❤❡s ❡♥ ❛❧✲

t✐t✉❞❡ ❞❛♥s ❧❡s ❞✐✛ér❡♥t❡s ❞✐r❡❝t✐♦♥ ❞✬❛♥❛❧②s❡ ✭❝❢✳ ✜❣✉r❡ ✷✳✾✮✳
✕ S r❡st❡ ✉♥ ♦♣ér❛t❡✉r ❧✐♥é❛✐r❡ ♠❛✐s ✐❧ ❞é♣❡♥❞ ❞❡ ❧❛ ❞✐r❡❝t✐♦♥ ❞❡ ❧❛✱ ♦✉ ❞❡s✱ ét♦✐❧❡s
❞❡ ré❢ér❡♥❝❡ ❡t ✐❧ ✐♥❝❧✉t ❧❛ ♠♦❞é❧✐s❛t✐♦♥ ❞❡ ❧❛ ♣r♦♣❛❣❛t✐♦♥ ❞❡ ❧✬♦♥❞❡ à tr❛✈❡rs
❧❡s ❞✐✛ér❡♥t❡s ❝♦✉❝❤❡s✳ ▲❡s ♠❡s✉r❡s s♦♥t ❧❡s ❞ér✐✈é❡s ❧♦❝❛❧❡s ❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡
rés✉❧t❛♥t❡ ❛✉ ♥✐✈❡❛✉ ❞✉ ♣❧❛♥ ♣✉♣✐❧❧❡✱ ❞❛♥s ❝❤❛q✉❡ ❞✐r❡❝t✐♦♥ ❞✬❛♥❛❧②s❡✳

✕ ▲❡ ✈❡❝t❡✉r d ❡st ✉♥ ✈❡❝t❡✉r ❞❡ R
m ♦ù m ❞és✐❣♥❡ ❞és♦r♠❛✐s ❧❡ ♥♦♠❜r❡ t♦t❛❧ ❞❡

♠❡s✉r❡s✱ ❝✬❡st✲à✲❞✐r❡ ❡♥ t❡♥❛♥t ❝♦♠♣t❡ ❞❡ t♦✉s ❧❡s ❛♥❛❧②s❡✉rs✳
✕ ▲✬♦♣ér❛t❡✉r P r❡st❡ ❧✐♥é❛✐r❡✳ ❙✐ ❧❛ r❡❝♦♥str✉❝t✐♦♥ ❞❡ s✉r❢❛❝❡ ❞✬♦♥❞❡ ❞♦✐t êtr❡ ♦♣✲
t✐♠✐sé❡ ♣♦✉r ✉♥❡ ❝♦rr❡❝t✐♦♥ ❞❛♥s ✉♥❡ ❞✐r❡❝t✐♦♥ ❞❡ ✈✐sé❡ ♣❛rt✐❝✉❧✐èr❡ θ✱ ❛❧♦rs ♦♥ ❧❡
♥♦t❡ Pθ ❡t ✐❧ ♠♦❞é❧✐s❡ ❧❛ ♣r♦♣❛❣❛t✐♦♥ ❞❡ ❧✬❡rr❡✉r ❞✬❡st✐♠❛t✐♦♥ ❞❡ w à tr❛✈❡rs ❧❡s
❞✐✛ér❡♥t❡s ❝♦✉❝❤❡s ❞❛♥s ❝❡tt❡ ❞✐r❡❝t✐♦♥ θ✱ ❡t ôt❡ ❧❡ ♣✐st♦♥ à ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ rés✐✲
❞✉❡❧❧❡ rés✉❧t❛♥t❡ ❞❛♥s ❧❡ ♣❧❛♥ ♣✉♣✐❧❧❡✳ ❙✐ ♦♥ s♦✉❤❛✐t❡ ♦♣t✐♠✐s❡r ❧❛ r❡❝♦♥str✉❝t✐♦♥
❞❛♥s ♣❧✉s✐❡✉rs ❞✐r❡❝t✐♦♥ ❞✬♦❜s❡r✈❛t✐♦♥ θj ✱ P ❞❡✈✐❡♥t ❛❧♦rs ❧❛ s♦♠♠❡ ❞❡ ❝❡s Pθ✳
❊t ❧✬❡①t❡♥s✐♦♥ ❞❡ ❧✬♦♣t✐♠✐s❛t✐♦♥ ❛✉ ❝❤❛♠♣ ❞✬♦❜s❡r✈❛t✐♦♥ t♦✉t ❡♥t✐❡r✱ ❝♦♠♠❡ ❝✬❡st
❧❡ ❝❛s ❞❡ ❧✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ♠✉❧t✐✲❝♦♥❥✉❣✉é❡ ✭❖❆▼❈✮✱ ❝♦♥❞✉✐t à ✐♥sér❡r ✉♥❡
♠♦②❡♥♥❡ s✉r t♦✉s ❧❡s ❛♥❣❧❡s θ ❞✉ ❝❤❛♠♣✱ ❝✬❡st✲à✲❞✐r❡ q✉❡ P ❝♦♥t✐❡♥t ✉♥❡ ✐♥té❣r❛❧❡
s✉r θ✳

✕ ◗✉♦✐ q✉✬✐❧ ❡♥ s♦✐t✱ ❧❡ ❝r✐tèr❡ à ♦♣t✐♠✐s❡r ♣❡✉t ❡♥❝♦r❡ s❡ ♠❡ttr❡ s♦✉s ❧❛ ❢♦r♠❡
❞❡ ❧✬éq✉❛t✐♦♥ ✭✽✳✸✮✳ ▲✬❛♥❛❧②s❡ t❤é♦r✐q✉❡ ❞❡ ❝❡ ❝❤❛♣✐tr❡ ❡st s✉✣s❛♠♠❡♥t ❣é♥ér❛❧❡
♣♦✉r q✉❡ t♦✉t❡s ❧❡s ❝♦♥❝❧✉s✐♦♥s q✉✐ s✉✐✈❡♥t ❧✬éq✉❛t✐♦♥ ✭✽✳✸✮ s♦✐❡♥t ✈❛❧❛❜❧❡s ♣♦✉r
❧❛ r❡❝♦♥str✉❝✐♦♥ ❞❛♥s ♣❧✉s✐❡✉rs ❝♦✉❝❤❡s✳

✕ ▲✬❡st✐♠❛t❡✉r ♦❜t❡♥✉ ❡st ❛❧♦rs ❝♦♠♣♦sé ❞✉ r❡❝♦♥str✉❝t❡✉r ▼❆P E ❡t ❞✉ ♣r♦❥❡❝t❡✉r
♦rt❤♦❣♦♥❛❧ F ❛ss♦❝✐é à ❝❡ s②stè♠❡ ❡t à s❛ ♠♦❞é❧✐s❛t✐♦♥✳

✕ ▲❡ r❡❝♦♥str✉❝t❡✉r E ♥❡ ❞é♣❡♥❞ ♣❛s ❞❡ ❧❛ ❞✐r❡❝t✐♦♥ θ ❞❛♥s ❧❡q✉❡❧ ❧❡ ❝r✐tèr❡ ❞♦✐t
êtr❡ ♦♣t✐♠✐sé ✭❊❧❧❡r❜r♦❡❦✱ ✶✾✾✹✮✳
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✕ ▲❡ ♣r♦❥❡❝t❡✉r F ❞é♣❡♥❞ ❞❡ ❧❛ ❞✐r❡❝t✐♦♥ ❞✬♦♣t✐♠✐s❛t✐♦♥ ❞❡ ❧❛ ❝♦rr❡❝t✐♦♥✳
✕ ▲❡s ❞❡✉① r❡♠❛rq✉❡s ❢❛✐t❡s ❛✉ ♣❛r❛❣r❛♣❤❡ ♣ré❝é❞❡♥t s✉r ❧❛ ♥é❝❡ss✐té ❞✬✉♥ ❡s♣❛❝❡ ❞❡

♣❛r❛♠étr✐s❛t✐♦♥ s✉✣s❛♥t ❞❡ ❧❛ ♣❡rt✉r❜❛t✐♦♥ ♣♦✉r q✉❡ ❧❛ ♣r♦❥❡❝t✐♦♥ s♦✐t s❛t✐s❢❛✐✲
s❛♥t❡ ♣❡✉✈❡♥t êtr❡s ét❡♥❞✉❡s à ❧✬❡s♣❛❝❡ ❞❡s s✉r❢❛❝❡s ❞✬♦♥❞❡ ♠✉❧t✐♣❧❡s ♠♦❞é❧✐sé❡s
❡♥ ❛❧t✐t✉❞❡✳ ❊♥ ❞✬❛✉tr❡s t❡r♠❡s✱ ✐❧ ❢❛✉t ♠♦❞é❧✐s❡r ❛✉ ♠♦✐♥s ❛✉t❛♥t ❞❡ s✉r❢❛❝❡s
❞✬♦♥❞❡ ❡♥ ❛❧t✐t✉❞❡ q✉✬✐❧ ② ❛ ❞✬❛❧t✐t✉❞❡s ❞❡ ❝♦♥❥✉❣❛✐s♦♥ ❞❡s ♠✐r♦✐rs ❞é❢♦r♠❛❜❧❡s✳

❈❡ ♣❛r❛❣r❛♣❤❡ ❝♦♥st✐t✉❡ ✉♥ ❛♣❛rté ❞❛♥s ❝❡ ❝❤❛♣✐tr❡✳ ❏❡ r❡♣r❡♥❞s ❞és♦r♠❛✐s ❧❛ ❞✐s✲
❝✉ss✐♦♥ à ♣❛rt✐r ❞❡s éq✉❛t✐♦♥s ❞ér✐✈é❡s s✉r ✉♥ ❝❛s ❞✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ s✐♠♣❧❡✱ ❞❡
❝♦rr❡❝t✐♦♥ ❞❛♥s ❧❡ ♣❧❛♥ ♣✉♣✐❧❧❡✳

✽✳✸ ▲✬❡rr❡✉r ❞❡ ❝♦rr❡❝t✐♦♥

▲✬❡rr❡✉r ❞❡ ❝♦rr❡❝t✐♦♥ ♥✬❡st ❛✉tr❡ q✉❡ ❧❡ ❝r✐tèr❡ 〈ǫ2〉 ❞❛♥s ❧✬éq✉❛t✐♦♥ ✭✽✳✸✮ é✈❛❧✉é ❡♥
❢♦♥❝t✐♦♥ ❞❡ ❧✬❡①♣r❡ss✐♦♥ ✭✽✳✶✽✮ ❞❡ ❧✬❡st✐♠❛t❡✉r E

〈
ǫ2
〉

=
〈
ǫ2
〉
M⊥ +

〈
ǫ2
〉
M

♦ù

〈
ǫ2
〉
M =

1

SA

〈∥∥P
(
mT · (b− F ·R ·d)

)∥∥2
〉
. ✭✽✳✷✵✮

❈♦♠♠❡ ❞é❥à s✐❣♥❛❧é✱ ❧❡ t❡r♠❡ ❞✬❡rr❡✉r 〈ǫ2〉M⊥ ❡st ❝❛r❛❝tér✐st✐q✉❡ ❞✉ ❞✐♠❡♥s✐♦♥♥❡✲
♠❡♥t ❞✉ s②stè♠❡✳ ■❧ ♥❡ ❞é♣❡♥❞ ❞♦♥❝ ♣❛s ❞❡ ❧❛ ♠♦❞é❧✐s❛t✐♦♥ ❝♦♥t❡♥✉❡ ❞❛♥s F ❡t R✱ à
♣❛rt✐r ❞✉ ♠♦♠❡♥t ♦ù ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ ❡st r❡❝♦♥str✉✐t❡ s✉r ✉♥ ❡s♣❛❝❡ ❝♦♥t❡♥❛♥t ❡♥t✐èr❡✲
♠❡♥tM✳ ❊♥ r❡✈❛♥❝❤❡✱ ❧✬❡rr❡✉r 〈ǫ2〉M ❡st✱ ❡❧❧❡✱ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ♠♦❞é❧✐s❛t✐♦♥ ❞❡ ❧❛ s✉r❢❛❝❡
❞✬♦♥❞❡ ❡t ❞❡ ❧✬❛♥❛❧②s❡✉r✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ♣❛r❝❡ q✉❡ ❧✬❛♥❛❧②s❡✉r ❞❡ ❙❤❛❝❦✲❍❛rt♠❛♥♥ ❣é✲
♥èr❡ ❞✉ r❡♣❧✐❡♠❡♥t ❞❛♥s ❧❡s ♠❡s✉r❡s✱ ❧❡ ❝❤♦✐① ❞✉ ♠♦❞è❧❡ ❞✬❛♥❛❧②s❡✉r ❡t ❞❡s ❛ ♣r✐♦r✐
❛ss♦❝✐és ✐♥✢✉❡ s✉r ❝❡ t❡r♠❡ ❞✬❡rr❡✉r✳

▲✬❛✉❣♠❡♥t❛t✐♦♥ ❞❡ ❧✬❡rr❡✉r ❞❡ s♦✉s✲❞✐♠❡♥s✐♦♥♥❡♠❡♥t 〈ǫ2〉M⊥ ❡♥tr❛î♥❡ ✉♥❡ ❛✉❣♠❡♥✲
t❛t✐♦♥ ❞✉ r❡♣❧✐❡♠❡♥t ❞❛♥s ❧❡s ❞♦♥♥é❡s✳ ❏✬ét✉❞✐❡ ❝♦♥❥♦✐♥t❡♠❡♥t ❞❛♥s ❧❛ s✉✐t❡ ❞❡ ❝❡tt❡
s❡❝t✐♦♥ ❧❡s ❞❡✉① ❡rr❡✉rs 〈ǫ2〉M⊥ ❡t 〈ǫ2〉M✳

❈❡tt❡ s❡❝t✐♦♥ ♥❡ ♣rét❡♥❞ ♣❛s ❛♥❛❧②s❡r ❞❡ ❢❛ç♦♥ ❣é♥ér❛❧❡ ❧❛ ❞✐♠✐♥✉t✐♦♥ ❞❡ ❧✬❡rr❡✉r
❞❡ ❝♦rr❡❝t✐♦♥ ❞✉❡ ❛✉ r❡♣❧✐❡♠❡♥t ❣râ❝❡ à ✉♥ ♠♦❞è❧❡ ❞✬❛♥❛❧②s❡✉r s✉ré❝❤❛♥t✐❧❧♦♥♥é✱ ♠❛✐s
❡❧❧❡ ❢♦✉r♥✐t ✉♥ ❛♣❡rç✉ ❞❡s ♦r❞r❡s ❞❡ ❣r❛♥❞❡✉r ❞❡s t❡r♠❡s ❞✬❡rr❡✉r ✐♥✢✉❛♥t ❞❛♥s ❧❛
❝♦rr❡❝t✐♦♥ à ❧✬❛✐❞❡ ❞✬✉♥❡ s✐♠✉❧❛t✐♦♥✳ ❈♦♠♠❡ ❞❛♥s ❧❡ ❝❤❛♣✐tr❡ ♣ré❝é❞❡♥t✱ ❥✬❛✐ s✐♠✉❧é ✉♥
❝❛s ❞✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ♠♦♥♦✲❝♦♥❥✉❣✉é❡ ✭❖❆♠❈✮✱ ✐✳❡✳ ✉♥ s❡✉❧ ❛♥❛❧②s❡✉r ❡t ✉♥ s❡✉❧
♠✐r♦✐r ❞é❢♦r♠❛❜❧❡✳ ❈❡tt❡ ❢♦✐s✲❝✐✱ ❡♥ r❡✈❛♥❝❤❡✱ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ t✉r❜✉❧❡♥t❡ ✐♥❝✐❞❡♥t❡
❡st ♠♦❞é❧✐sé❡ à ♣❛rt✐r ❞✬✉♥❡ r❡♣rés❡♥t❛t✐♦♥ ③♦♥❛❧❡ ❞❡ ♣❛s ❞✬é❝❤❛♥t✐❧❧♦♥♥❛❣❡ de = dl/2✳
❆✉tr❡♠❡♥t ❞✐t✱ ❧❡s ♠❡s✉r❡s s✐♠✉❧é❡s ❝♦♥t✐❡♥♥❡♥t ❞✉ r❡♣❧✐❡♠❡♥t ❡t ❧❡ ♠✐r♦✐r ❞é❢♦r♠❛❜❧❡✱
❞♦♥t ❧✬❡s♣❛❝❡♠❡♥t ❞❡s ❛❝t✐♦♥♥❡✉rs r❡st❡ é❣❛❧ à da = dl✱ ❡st r❡s♣♦♥s❛❜❧❡ ❞✬✉♥❡ ❡rr❡✉r ❞❡
s♦✉s✲❞✐♠❡♥s✐♦♥♥❡♠❡♥t✳

✽✳✸✳✶ ▲✬❡rr❡✉r ❞❡ s♦✉s✲❞✐♠❡♥s✐♦♥♥❡♠❡♥t 〈ǫ2〉M⊥

▲✬❡rr❡✉r ❞❡ s♦✉s✲❞✐♠❡♥s✐♦♥♥❡♠❡♥t
〈
ǫ2
〉
M⊥ ❝♦rr❡s♣♦♥❞ à ❧✬❡s♣ér❛♥❝❡ ♠❛t❤é♠❛t✐q✉❡

❞❡ ❧❛ ✈❛❧❡✉r ♠✐♥✐♠❛❧❡ ❞❡ ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ♣é♥❛❧✐s❛t✐♦♥ ❞✉ ♣r♦❜❧è♠❡ ❞✬♦♣t✐♠✐s❛t✐♦♥ s✉✐✈❛♥t

â = arg min
a

1

SA

∥∥P (w −mT ·a)
∥∥2

. ✭✽✳✷✶✮



✽✳✸✳ ▲✬❊❘❘❊❯❘ ❉❊ ❈❖❘❘❊❈❚■❖◆ ✶✻✾

❈❡tt❡ ❡rr❡✉r ✐❧❧✉str❡ ❧✬✐♥❝❛♣❛❝✐té ❞✉ ♠✐r♦✐r ❞é❢♦r♠❛❜❧❡ à ❝♦rr✐❣❡r ❝❡rt❛✐♥❡s ❞✐st♦r✲
t✐♦♥s✳ ❊♥ ❞✬❛✉tr❡s t❡r♠❡s✱ 〈ǫ2〉M⊥ ❝♦rr❡s♣♦♥❞ à ❧✬❡rr❡✉r q✉❛❞r❛t✐q✉❡ ♠♦②❡♥♥❡ ❣é♥éré❡
♣❛r ❧❡s ❞é❢♦r♠❛t✐♦♥s ❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ ❞♦♥t ❧❛ ❢réq✉❡♥❝❡ s♣❛t✐❛❧❡ ❡st s✉♣ér✐❡✉r❡ à
❧❛ ❢réq✉❡♥❝❡ ❞❡ ❝♦✉♣✉r❡ ❞✉ ♠✐r♦✐r ❞é❢♦r♠❛❜❧❡✳ ❈❡tt❡ ❡rr❡✉r ❛ été ét✉❞✐é❡ à ♣❧✉s✐❡✉rs
r❡♣r✐s❡s ❞❛♥s ❧❛ ❧✐ttér❛t✉r❡ ✭❍✉❞❣✐♥✱ ✶✾✼✼❀ ●r❡❡♥✇♦♦❞✱ ✶✾✼✾❀ ❲❛❧❧♥❡r✱ ✶✾✽✸❀ P❛r❡♥t✐ ❡t
❙❛s✐❡❧❛✱ ✶✾✾✹❀ ❊❧❧❡r❜r♦❡❦✱ ✶✾✾✹❀ ❱ér❛♥✱ ✶✾✾✼❀ ❘✐❣❛✉t ❡t ❛❧✳✱ ✶✾✾✽✮ ♣♦✉r ✉♥❡ t✉r❜✉❧❡♥❝❡
❞❡ t②♣❡ ❑♦❧♠♦❣♦r♦✈✳ ❊❧❧❡ ❝♦♥st✐t✉❡ ✉♥ ❝r✐tèr❡ ✐♠♣♦rt❛♥t ♣♦✉r ❞é✜♥✐r ❧❡s s♣é❝✐✜❝❛t✐♦♥s
t❡❝❤♥♦❧♦❣✐q✉❡s ❞✉ ♠✐r♦✐r ❞é❢♦r♠❛❜❧❡✱ ♥♦t❛♠♠❡♥t ❧✬❡s♣❛❝❡♠❡♥t ❞❡ s❡s ❛❝t✐♦♥♥❡✉rs✳ P♦✉r
❧❡s ❣é♦♠étr✐❡s ❞❡ ♠✐r♦✐r ❡t ❞✬❛♥❛❧②s❡✉r ❝♦♥s✐❞éré❡s ❞❛♥s ❝❡ ♠❛♥✉s❝r✐t✱ ❧✬❡s♣❛❝❡ ❡♥tr❡ ❧❡s
❛❝t✐♦♥♥❡✉rs ❡st é❣❛❧ ❛✉ ❝ôté ❞✬✉♥❡ s♦✉s✲♣✉♣✐❧❧❡ dl✳ ❲❛❧❧♥❡r ✭✶✾✽✸✮ s✉❣❣èr❡ ❞✬é❝r✐r❡ ❝❡tt❡
❡rr❡✉r s♦✉s ❧❛ ❢♦r♠❡ 〈

ǫ2
〉
M⊥ ≃ α

M⊥ (dl/r0)
5/3 , ✭✽✳✷✷✮

♦ù r0 ❡st ❧❡ ♣❛r❛♠ètr❡ ❞❡ ❋r✐❡❞ ❝❛❧❝✉❧é à ❧❛ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡ à ❧❛q✉❡❧❧❡ ❧✬❡rr❡✉r ❞❡ ♣❤❛s❡
〈ǫ2〉M⊥ ❡st é✈❛❧✉é❡ ❡t αM⊥ ❡st ❧❡ ❝♦❡✣❝✐❡♥t ❞❡ ❧✬❡rr❡✉r ❞❡ s♦✉s✲❞✐♠❡♥s✐♦♥♥❡♠❡♥t ✭✜tt✐♥❣
❞❛♥s ❧❛ ❧✐ttér❛t✉r❡✮✳ P♦✉r ❞❡s s♦✉s✲♣✉♣✐❧❧❡s ❝❛rré❡s✱ ❧❛ ❣é♦♠étr✐❡ ❞✬❛❧✐❣♥❡♠❡♥t ❞❡s s♦✉s✲
♣✉♣✐❧❧❡s ❡t ❞❡s ❛❝t✐♦♥♥❡✉rs ❛ ♣❡✉ ❞✬✐♥✢✉❡♥❝❡ s✉r ❝❡ ❝♦❡✣❝✐❡♥t✳ ❏❡ ❝♦♥s✐❞èr❡ t♦✉❥♦✉rs
q✉❡ ❧❡s ❢♦♥❝t✐♦♥s ❞✬✐♥✢✉❡♥❝❡ ❞✉ ♠✐r♦✐r s♦♥t ❞❡s s♣❧✐♥❡s ❧✐♥é❛✐r❡s à ❞❡✉① ❞✐♠❡♥s✐♦♥s✳

▲♦rsq✉❡ ❧❡s ❛❝t✐♦♥♥❡✉rs s♦♥t ❞✐s♣♦sés ré❣✉❧✐èr❡♠❡♥t s✉r ✉♥ ♠✐r♦✐r ❝❛rré ♣❧✉s ❣r❛♥❞
q✉❡ ❧❛ ♣✉♣✐❧❧❡ ❝✐r❝✉❧❛✐r❡ ❞✉ té❧❡s❝♦♣❡ s❛♥s ♦❜str✉❝t✐♦♥ ❝❡♥tr❛❧❡✱ ❍✉❞❣✐♥ ✭✶✾✼✼✮ ❞♦♥♥❡
❧✬❡st✐♠❛t✐♦♥ s✉✐✈❛♥t❡

αM⊥ = 0.287 . ✭✽✳✷✸✮

❊❧❧❡r❜r♦❡❦ ✭✶✾✾✹✮ ❝❛❧❝✉❧❡✱ ♣♦✉r ❧❛ ❣é♦♠étr✐❡ ❞❡ ❋r✐❡❞ ❛✈❡❝ D/dl ≥ 12✱

αM⊥ ≃ 0.3 . ✭✽✳✷✹✮

➚ ♣❛rt✐r ❞✬✉♥ ❝❛❧❝✉❧ ❜❛sé s✉r ❧❛ ❞❡♥s✐té s♣❡❝tr❛❧❡ ❞❡ ♣✉✐ss❛♥❝❡✱ ❘✐❣❛✉t ❡t ❛❧✳ ✭✶✾✾✽✮
é✈❛❧✉❡♥t ❝❡ ❝♦❡✣❝✐❡♥t à

αM⊥ = 0.23 . ✭✽✳✷✺✮

❈❡tt❡ ❡rr❡✉r ❞❡ s♦✉s✲❞✐♠❡♥s✐♦♥♥❡♠❡♥t 〈ǫ2〉M⊥ ♥✬❡st ♣❛s ✐♥❝❧✉s❡ ❞❛♥s ❧❡s s✐♠✉❧❛t✐♦♥s
q✉❡ ❥❡ ♣rés❡♥t❡ ❛✉ ❝❤❛♣✐tr❡ ✼ ♣❛r❝❡ q✉❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ t✉r❜✉❧❡♥t❡ ❡st ❣é♥éré❡ à ♣❛rt✐r
❞❡ ❢♦♥❝t✐♦♥s ❞✬✐♥t❡r♣♦❧❛t✐♦♥ hi q✉✐ s♦♥t ✐❞❡♥t✐q✉❡s à ❝❡❧❧❡s ❞❡ ❧✬❡st✐♠❛t✐♦♥✳

❏❡ ❝♦♥s✐❞èr❡ ♠❛✐♥t❡♥❛♥t ✉♥ té❧❡s❝♦♣❡ ❞❡ ❞✐❛♠ètr❡ D = 8♠✱ ❛✈❡❝ ✉♥❡ ♦❜str✉❝t✐♦♥
❝❡♥tr❛❧❡ 0.15D✱ éq✉✐♣é ❞✬✉♥ s②stè♠❡ ❞✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ❛✈❡❝ ✉♥ ❛♥❛❧②s❡✉r ❞❡ ❙❤❛❝❦✲
❍❛rt♠❛♥♥ ❡t ✉♥ ♠✐r♦✐r ❞é❢♦r♠❛❜❧❡ ❞❛♥s ❧❛ ❣é♦♠étr✐❡ ❞❡ ❋r✐❡❞✱ dl = da✳ ❉❡s ❛❝t✐♦♥♥❡✉rs
s♦♥t ♣♦s✐t✐♦♥♥és ❞❛♥s t♦✉t❡ ❧❛ ♣✉♣✐❧❧❡ ❡t✱ ❝♦♠♠❡ s✉❣❣éré ♣❛r P❛r❡♥t✐ ❡t ❙❛s✐❡❧❛ ✭✶✾✾✹✮✱
❥✬❛✐ ❛❥♦✉té ✉♥❡ r❛♥❣é❡ ❞✬❛❝t✐♦♥♥❡✉rs ❡♥ ♣ér✐♣❤ér✐❡ ❞❡ ❧✬♦✉✈❡rt✉r❡ ❡t ❞❛♥s ❧✬♦❜str✉❝t✐♦♥
❝❡♥tr❛❧❡✳ P♦✉r ♣❧✉s✐❡✉rs ❞✐♠❡♥s✐♦♥♥❡♠❡♥ts D/dl ✭❖❆♠❈ ♦✉ ❖❆❳✮✱ à ♣❛rt✐r ❞❡ s✐♠✉❧❛✲
t✐♦♥s ❞✬✉♥❡ t✉r❜✉❧❡♥❝❡ ❞❡ ✈♦♥ ❑ár♠á♥ s✉r ✉♥❡ s✉r❢❛❝❡ ❞✬♦♥❞❡ é❝❤❛♥t✐❧❧♦♥♥é❡ ③♦♥❛❧❡♠❡♥t
❛✈❡❝ ✉♥ ♣❛s de = dl/2✱ ❧✬❡rr❡✉r ❞❡ ❞✐♠❡♥s✐♦♥♥❡♠❡♥t s✐♠✉❧é❡ ❡st ❡♥ ❛❞éq✉❛t✐♦♥ ❛✈❡❝ ❧❛
❧♦✐ ❞❡ ❲❛❧❧♥❡r ✭✶✾✽✸✮ ✭❝❢✳ éq✉❛t✐♦♥ ✭✽✳✷✷✮✮ ❛✈❡❝

αM⊥ = 0.294 . ✭✽✳✷✻✮

✽✳✸✳✷ ▲✬❡rr❡✉r ❞✉❡ ❛✉ r❡♣❧✐❡♠❡♥t

❉❛♥s ❧❛ ❣é♦♠étr✐❡ ❞❡ ❋r✐❡❞✱ ❧✬❛❜s❡♥❝❡ ❞✬❡rr❡✉r ❞❡ s♦✉s✲❞✐♠❡♥s✐♦♥♥❡♠❡♥t ✈❛ ❞❡ ♣❛✐r❡
❛✈❡❝ ❧✬❛❜s❡♥❝❡ ❞❡ r❡♣❧✐❡♠❡♥t ❞❛♥s ❧❡s ♠❡s✉r❡s✳ ❉❛♥s ❧❡s s✐♠✉❧❛t✐♦♥s ❞✉ ❝❤❛♣✐tr❡ ✼✱



✶✼✵ ❈❍❆P■❚❘❊ ✽✳ ▲❆ ❈❖❘❘❊❈❚■❖◆ ❉❊ ❙❯❘❋❆❈❊ ❉✬❖◆❉❊ ❚❯❘❇❯▲❊◆❚❊

❧✬❡rr❡✉r ❞❡ s♦✉s✲❞✐♠❡♥s✐♦♥♥❡♠❡♥t ❡st ♥✉❧❧❡ ❡t ✐❧ ♥✬② ❛ ♣❛s ❞❡ r❡♣❧✐❡♠❡♥t ❞❛♥s ❧❡s ♠❡✲
s✉r❡s✳ ❉❛♥s ✉♥ s②stè♠❡ ré❡❧✱ ❧✬❛♥❛❧②s❡✉r ❣é♥èr❡ ❞✉ r❡♣❧✐❡♠❡♥t ❞❛♥s ❧❡s ❛♥❣❧❡s ❞✬❛rr✐✈é❡s
t❤é♦r✐q✉❡s ✭✷✳✼✮✲✭✷✳✽✮ ❡♥ r❛✐s♦♥ ❞❡ ❧✬✐♥té❣r❛❧❡ s✉r ❧❛ ❢r♦♥t✐èr❡ ❞❡ ❧❛ s♦✉s✲♣✉♣✐❧❧❡✳ ❈❡ r❡✲
♣❧✐❡♠❡♥t ♣r♦❞✉✐t ✉♥❡ ♣❡rt❡ ❞✬✐♥❢♦r♠❛t✐♦♥✱ ♣❛r❝❡ q✉❡ s♦♥ ♣r♦❝❡ss✉s ♥✬❡st ♣❛s ✐♥✈❡rs✐❜❧❡✳
■❧ ❝♦♥st✐t✉❡ ❞♦♥❝ ✉♥❡ s♦✉r❝❡ ❞✬❡rr❡✉r s✉♣♣❧é♠❡♥t❛✐r❡ q✉✬✐❧ ❢❛✉t ♣r❡♥❞r❡ ❡♥ ❝♦♠♣t❡✳

▲❛ ❞é❢♦r♠é❡ ❞✉ ♠✐r♦✐r ❞❛♥s ❧❛ ❣é♦♠étr✐❡ ❞❡ ❋r✐❡❞ ♥❡ ♣r♦❞✉✐t ♣❛s ❞❡ r❡♣❧✐❡♠❡♥t
s✐ ❧❡s ❢♦♥❝t✐♦♥s ❞✬✐♥✢✉❡♥❝❡ s♦♥t ❜✐❧✐♥é❛✐r❡s✳ ❏❡ r❡♣r❡♥❞s ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❞❡ ❧❛ s✉r❢❛❝❡
❞✬♦♥❞❡

w = wM⊥ + wM = wM⊥ + mT · b , ✭✽✳✷✼✮

s✉r ❧❡s ❡s♣❛❝❡sM ❡tM⊥✱ ❞♦♥t s❡✉❧❡ ❧❛ ❝♦♠♣♦s❛♥t❡ wM⊥ ❡st r❡s♣♦♥s❛❜❧❡ ❞✉ r❡♣❧✐❡♠❡♥t
❞❛♥s ❧❡s ♠❡s✉r❡s✳ ▲✬éq✉❛t✐♦♥ ❞❡ ♠❡s✉r❡ ♣❡✉t é❣❛❧❡♠❡♥t êtr❡ ❞é❝♦♠♣♦sé❡

d = S(wM⊥) + S · b + e . ✭✽✳✷✽✮

♦ù ❧✬✐♥❝❡rt✐t✉❞❡ e r❡♥❞ ❝♦♠♣t❡ ❞✉ ❜r✉✐t ❞❡ ♠❡s✉r❡ ❡t ❧❛ ♥♦t❛t✐♦♥ ♠❛tr✐❝✐❡❧❧❡ S · b =
S(mT · b) ❡st ❛❞♦♣té❡✳ ❙✉✐✈❛♥t ❧❡ ♠♦❞è❧❡ ❞✬❛♥❛❧②s❡✉r S ✉t✐❧✐sé ❞❛♥s ❧❡ r❡❝♦♥str✉❝t❡✉r
▼❆P ❞é✜♥✐ à ♣❛rt✐r ❞❡ ❝❡tt❡ éq✉❛t✐♦♥ ❞❡ ♠❡s✉r❡ ✭✽✳✷✽✮✱ ❧✬❡st✐♠é❡ ❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡
❞✐✛èr❡ ❡t ❧❛ ❝♦rr❡❝t✐♦♥ wc = mT ·a ❛✉ss✐✳

❏✬ét✉❞✐❡ ✐❝✐ ❧✬✐♥térêt ❞❡ r❛✣♥❡r ❧❡ ♠♦❞è❧❡ ❞✬❛♥❛❧②s❡✉r ❡♥ t❡♥❛♥t ❝♦♠♣t❡ ❞✉ r❡♣❧✐❡✲
♠❡♥t ❛✜♥ ❞✬❛♠é❧✐♦r❡r ❧❛ ❝♦rr❡❝t✐♦♥✳ ▲✬❛♥❛❧②s❡ s✬❛♣♣✉✐❡ s✉r ❞❡s rés✉❧t❛ts ❞❡ s✐♠✉❧❛t✐♦♥s
♣♦✉r ✉♥ s②stè♠❡ ❞❡ ❞✐♠❡♥s✐♦♥ D/dl = 32✱ ❛✈❡❝ D/L0 = 1/3 ❡t ❞❡s ✈❛❧❡✉rs ❞✉ ♣❛r❛✲
♠ètr❡ ❞❡ ❋r✐❡❞ ✈❛r✐❛♥t ❡♥tr❡ 0.1 dl ❡t 2 dl✱ à ❧❛ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡ ❞✬❛♥❛❧②s❡✳ ▲❛ s✉r❢❛❝❡
❞✬♦♥❞❡ ✐♥❝✐❞❡♥t❡ ❡st ❝❡tt❡ ❢♦✐s✲❝✐ r❡♣rés❡♥té❡ ③♦♥❛❧❡♠❡♥t ♣❛r w s✉r ✉♥❡ ❣r✐❧❧❡ ❞❡ ♣❛s
❞✬é❝❤❛♥t✐❧❧♦♥♥❛❣❡ de = dl/2✳ ▲✬❛♥❛❧②s❡✉r ✉t✐❧✐sé ♣♦✉r ❡✛❡❝t✉❡r ❧❡s ♠❡s✉r❡s d ❡st ❞ér✐✈é
❞❡s éq✉❛t✐♦♥s ❞❡s ❛♥❣❧❡s ❞✬❛rr✐✈é❡ t❤é♦r✐q✉❡s ✭✷✳✼✮✲✭✷✳✽✮✱ ♠❛✐s ❧✬✐♥té❣r❛❧❡ s✉r ❧❛ ❢r♦♥t✐èr❡
❞❡ ❧❛ s♦✉s✲♣✉♣✐❧❧❡ ❡st ♦❜t❡♥✉❡ ♣❛r ✉♥❡ s♦♠♠❡ ❞❡ tr❛♣è③❡s✱ à ♣❛rt✐r ❞❡ tr♦✐s ♣♦✐♥ts ❞❡
♣❤❛s❡✳ ❈❡t ❛♥❛❧②s❡✉r ❡st ♥♦♠♠é ❞❛♥s ❧❛ s✉✐t❡ ❙❍3 × 3✳ ■❧ ♠♦❞é❧✐s❡ t♦✉t ❧❡ r❡♣❧✐❡♠❡♥t
q✉✐ ❛ ❧✐❡✉ ❞❛♥s ❧❛ s✐♠✉❧❛t✐♦♥✱ ♠❛✐s s❡✉❧❡♠❡♥t ✉♥❡ ♣❛rt✐❡ ❞✉ r❡♣❧✐❡♠❡♥t ❣é♥éré ♣❛r ✉♥
❙❤❛❝❦✲❍❛rt♠❛♥♥ ré❡❧✳

▲❛ ✜♥❛❧✐té ❞❡ ❝❡tt❡ ét✉❞❡ ❡st ❞❡ ❢♦✉r♥✐r ❞❡s é❧é♠❡♥ts ❞❡ ré♣♦♥s❡ à ❧❛ q✉❡st✐♦♥ ✿
❡st✲❝❡ q✉❡ ❧❛ ❝♦r❡❝t✐♦♥ ❡st ♠❡✐❧❧❡✉r❡ s✐ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ ❡st r❡❝♦♥str✉✐t❡ s✉r ✉♥❡ ❣r✐❧❧❡
é❝❤❛♥t✐❧❧♦♥♥é❡ ❞❡ ❢❛ç♦♥ ♣❧✉s ❞❡♥s❡ q✉❡ ❝❡❧❧❡ ❞❡s ❛❝t✐♦♥♥❡✉rs✱ ❝✬❡st✲à✲❞✐r❡ ❡♥ ✉t✐❧✐s❛♥t ❧❡
♠♦❞è❧❡ ❞✬❛♥❛❧②s❡✉r S❙❍3×3 ❞❛♥s ❧✬❡st✐♠❛t❡✉r ❄ P♦✉r ✉♥ r❡❝♦♥str✉❝t❡✉r ❞❡ ♠❛①✐♠✉♠ ❞❡
✈r❛✐s❡♠❜❧❛♥❝❡ ❞❡ ♠♦✐♥❞r❡ ♥♦r♠❡ ③♦♥❛❧✱ ❧❛ ré♣♦♥s❡ à ❝❡tt❡ q✉❡st✐♦♥ ❡st ♥♦♥✳ ❊♥ ❡✛❡t✱
❧❡s ✈❛❧❡✉rs ❞❡ ♣❤❛s❡ ❡♥tr❡ ❧❡s ❝♦✐♥s ❞❡s s♦✉s✲♣✉♣✐❧❧❡s s❡r❛✐❡♥t ❧❛ ❞❡♠✐✲s♦♠♠❡ ❞❡s ✈❛❧❡✉rs
❞❡ ♣❤❛s❡ ❛✉① ❝♦✐♥s ❞❡ ❝❡❧❧❡s✲❝✐✳ ❊♥ r❡✈❛♥❝❤❡✱ ❧✬✉t✐❧✐s❛t✐♦♥ ❞✬❛ ♣r✐♦r✐ s✉r ❧❛ t✉r❜✉❧❡♥❝❡
❝♦rrè❧❡ ❝❡s ✈❛❧❡✉rs ❞❡ ♣❤❛s❡ ✐♥t❡r♠é❞✐❛✐r❡s ❛✈❡❝ t♦✉t❡s ❧❡s ❛✉tr❡s ✈❛❧❡✉rs ❞❡ ❧❛ ❣r✐❧❧❡✳ ▲❡✉r
❞ét❡r♠✐♥❛t✐♦♥ ♥✬❡st ❞♦♥❝ ♣❧✉s s✐♠♣❧❡♠❡♥t ❧✐é❡ à ❧❛ ♠✐♥✐♠✐s❛t✐♦♥ ❞✉ t❡r♠❡ ❞✬❛tt❛❝❤❡ ❛✉①
❞♦♥♥é❡s✳

❉❛♥s ❧❡s s✐♠✉❧❛t✐♦♥s✱ ❧❛ ❝♦rr❡❝t✐♦♥ ❡st ❝❛❧❝✉❧é❡ ❞✬❛♣rès ❧✬éq✉❛t✐♦♥ ✭✽✳✶✽✮✱ ❛✈❡❝ ❞❡✉①
♠♦❞é❧✐s❛t✐♦♥s ❞✐✛ér❡♥t❡s ❞❡ ❧✬❛♥❛❧②s❡✉r S✱ ❛✜♥ ❞❡ ❝♦♠♣❛r❡r ❧✬❡rr❡✉r ❞❡ ❝♦rr❡❝t✐♦♥✳ ▲❛
♣r❡♠✐èr❡ ♠ét❤♦❞❡ ❞é✜♥✐t ❧❡ r❡❝♦♥str✉❝t❡✉r ❋r■▼ ▼❆P R❙❍3×3 à ♣❛rt✐r ❞✉ ♠♦❞è❧❡
❞✬❛♥❛❧②s❡✉r ❙❍3× 3✳ ▲❛ ❞❡✉①✐è♠❡ ♠ét❤♦❞❡ ét❛❜❧✐t s♦♥ r❡❝♦♥str✉❝t❡✉r ❋r■▼ ▼❆P Rf

à ♣❛rt✐r ❞✉ ♠♦❞è❧❡ ❞❡ ❋r✐❡❞ ❞❡ ❧✬❛♥❛❧②s❡✉r✳ ●râ❝❡ ❛✉① ❛ ♣r✐♦r✐ s✉r ❧❛ t✉r❜✉❧❡♥❝❡✱ ❧❡s
❞❡✉① r❡❝♦♥str✉❝t❡✉rs Rf ❡t R❙❍3×3 ✜❧tr❡♥t ❧❡s ❢réq✉❡♥❝❡s r❡♣❧✐é❡s✳ ▲❛ ❝♦♠♣❛r❛✐s♦♥ ❞❡s
❡rr❡✉rs ❞❡ ❝♦rr❡❝t✐♦♥ ❡st ♣rés❡♥té❡ s✉r ❧❛ ✜❣✉r❡ ✽✳✶✳ ▲❡✉r ✐♥t❡r♣rét❛t✐♦♥ ❡st ❞é✈❡❧♦♣♣é❡
❞❛♥s ❧❡s tr♦✐s ♣r♦❝❤❛✐♥❡s str♦♣❤❡s✳
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❋✐❣✳ ✽✳✶ ✕ ❈♦♥tr✐❜✉t✐♦♥s ❞❡s t❡r♠❡s ❞✬❡rr❡✉rs ❞❡ ❝♦rr❡❝t✐♦♥✱ ♥♦r♠❛❧✐sés ♣❛r ❧❛ ✈❛r✐❛♥❝❡
❞✉ ❜r✉✐t ❞❡ ♠❡s✉r❡✳ ▲❡ s②stè♠❡ ❞✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ s✐♠♣❧❡ s✐♠✉❧é ❡st ❝❛r❛❝tér✐sé ♣❛r
❧❡s ♣❛r❛♠ètr❡s s✉✐✈❛♥ts ✿ D = 8♠ ❛✈❡❝ ✉♥❡ ♦❜str✉❝t✐♦♥ ❝❡♥tr❛❧❡ ❞❡ ❞✐❛♠ètr❡ 0.15D✱
D/dl = 32✱ D/L0 = 1/3✱ r0 ✈❛r✐❡ ❡♥tr❡ 0.1 dl ❡t 2 dl à ❧❛ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡ ❞✬❛♥❛❧②s❡✳ ▲❡s
t❡r♠❡s ❞✬❡rr❡✉r r❡♣rés❡♥tés s♦♥t 〈ǫ2〉M⊥/σ2

e ✭❧♦s❛♥❣❡s ❜❧❛♥❝s✮✱ 〈ǫ2〉r❡♣❧✐/σ2
e ✭❤❡①❛❣♦♥❡s

♥♦✐rs✮✱ 〈ǫ2〉M/σ2
e ✭❝❛rrés ♥♦✐rs✮ ❡t 〈ǫ2〉/σ2

e ✭❧♦s❛♥❣❡s ♥♦✐rs✮✳ ➚ ❣❛✉❝❤❡ ✿ ❆✈❡❝ ❧❡ ♠♦❞è❧❡
❞❡ ❋r✐❡❞✱ ✐✳❡✳ Rf ❡t Ff ✳ ➚ ❞r♦✐t❡ ✿ ❆✈❡❝ ❧❡ ♠♦❞è❧❡ ❙❍3× 3✱ ✐✳❡✳ R❙❍3×3 ❡t F❙❍3×3✳

▲❛ r❡❝♦♥str✉❝t✐♦♥ ❛✈❡❝ ❧❡ ♠♦❞è❧❡ ❙❍3× 3

▲✬éq✉❛t✐♦♥ ❞❡ ♠❡s✉r❡ ❛ss♦❝✐é❡ à ❝❡ ♠♦❞è❧❡ ❞✬❛♥❛❧②s❡✉r s✬é❝r✐t

d = S❙❍3×3 ·w + e ✭✽✳✷✾✮

❉✬❛♣rès ❧❡ ❝❤❛♣✐tr❡ ✺✱ q✉✐ ❡st s✉✣s❛♠♠❡♥t ❣é♥ér❛❧ ♣♦✉r q✉❡ ❧❡s rés✉❧t❛ts s♦✐❡♥t ❛♣✲
♣❧✐❝❛❜❧❡s à ❝❡tt❡ ♥♦✉✈❡❧❧❡ éq✉❛t✐♦♥ ❞❡ ♠❡s✉r❡✱ ❧❡ r❡❝♦♥str✉❝t❡✉r ❋r■▼ ▼❆P R❙❍3×3

❡st

R❙❍3×3 =
(
ST
❙❍3×3 ·C−1

e ·S❙❍3×3 + µ0 Cw

)−1 ·ST
❙❍3×3 ·C−1

e , ✭✽✳✸✵✮

♦ù ❥✬❛✐ ❣❛r❞é ❧❡s ♠ê♠❡s ♥♦t❛t✐♦♥s q✉❡ ❞❛♥s ❧❡ ❝❤❛♣✐tr❡ ✺ ♣♦✉r ❧❡s ❝♦✈❛r✐❛♥❝❡s ❡t ♣♦✉r
µ0✳

❚♦✉t❡❢♦✐s✱ ❧❡s ❝♦✉r❜❡s ❞❡ q✉❛❧✐té ❞❡ r❡❝♦♥str✉❝t✐♦♥ à ❛tt❡♥❞r❡ ❞❡ ❝❡ r❡❝♦♥str✉❝t❡✉r
♥❡ s♦♥t ♣❛s ❧❡s ♠ê♠❡s q✉❡ ❝❡❧❧❡s ❞❡ ❧❛ ✜❣✉r❡ ✼✳✻ ❞❛♥s ❧❡ ❝❤❛♣✐tr❡ ✼✱ ♣❛r❝❡ q✉❡ ❧❡ ♠♦❞è❧❡
❞✬❛♥❛❧②s❡✉r ❡st ❞✐✛ér❡♥t✳ ▲♦rsq✉❡ r0 ❞✐♠✐♥✉❡✱ µ0 = σ2

e/(D/r0)
5/3 ❞✐♠✐♥✉❡ ❛✉ss✐✱ ❞♦♥❝

❧❡ ♣♦✐❞s r❡❧❛t✐❢ ❞❡ ❧❛ ré❣✉❧❛r✐s❛t✐♦♥ ❞✐♠✐♥✉❡✳ ❖r ❧❡ r❡♣❧✐❡♠❡♥t ❛✉❣♠❡♥t❡✳ ▼❛✐s ❝♦♠♠❡
❧❡ r❡♣❧✐❡♠❡♥t ♥✬❡st ♣❛s ✉♥ ♣r♦❝❡ss✉s ✐♥✈❡rs✐❜❧❡✱ ✐❧ ❡st ❛✐❞é ♣❛r ❧❛ ré❣✉❧❛r✐s❛t✐♦♥✳ ▲❡ ❢❛✐t
q✉❡ ❝❡❧❧❡✲❝✐ s♦✐t ♠♦✐♥s ❢♦rt❡ ❡♥tr❛î♥❡ ❛❧♦rs ✉♥❡ ❞é❣r❛❞❛t✐♦♥ ❞❡ ❧❛ r❡❝♦♥str✉❝t✐♦♥✳

▲❛ r❡❝♦♥str✉❝t✐♦♥ ❛✈❡❝ ❧❡ ♠♦❞è❧❡ ❞❡ ❋r✐❡❞

➚ ♣❛rt✐r ❞❡ ❧✬éq✉❛t✐♦♥ ✭✽✳✷✽✮✱ ❥❡ ❞é❝r✐s ❧❡s ♠❡s✉r❡s ♣❛r

d = S❙❍3×3 · (wM + wM⊥) + e ✭✽✳✸✶✮
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♦ù wM ❡t wM⊥ s♦♥t r❡s♣❡❝t✐✈❡♠❡♥t ❧❡s ♣r♦❥❡❝t✐♦♥s ❞❡ w s✉r ❧✬❡s♣❛❝❡ ❞✉ ♠✐r♦✐rM ❡t
s♦♥ ♦rt❤♦❣♦♥❛❧M⊥✳ ▲❡ ♠♦❞è❧❡ ❞❡ ❋r✐❡❞ Sf ét❛♥t ♣❛r❢❛✐t s✉rM✱

S❙❍3×3 ·wM = Sf ·wM . ✭✽✳✸✷✮

❉❡ ♣❧✉s✱ ❧❡ ♠♦❞è❧❡ ❞❡ ❋r✐❡❞ ♥❡ ♠♦❞é❧✐s❡ ♣❛s ❧❡ r❡♣❧✐❡♠❡♥t✳ ❉❛♥s ❧✬éq✉❛t✐♦♥ ❞❡ ♠❡s✉r❡
q✉✐ ❧✉✐ ❡st ❛ss♦❝✐é❡✱

d = Sf · b + e′ , ✭✽✳✸✸✮

❧❡s ✐♥❝❡rt✐t✉❞❡s s♦♥t
e′ = S❙❍3×3 ·wM⊥ + e . ✭✽✳✸✹✮

▲✬éq✉❛t✐♦♥ ✭✽✳✸✸✮ ❡st ✉♥❡ éq✉❛t✐♦♥ ❞❡ ♠❡s✉r❡ t❡❧❧❡ q✉❡ ❝❡❧❧❡s tr❛✐té❡s ❞❛♥s ❧❡ ❝❤❛♣✐tr❡ ✺✱
♠❛✐s ❧❡s ✐♥❝❡rt✐t✉❞❡s s♦♥t ♣❧✉s é❧❡✈é❡s✱ à ✈❛r✐❛♥❝❡ ❞❡ e é❣❛❧❡✳ ❉❡ ♣❧✉s✱ ❡❧❧❡s ♥❡ s♦♥t
♣❛s ré❡❧❧❡♠❡♥t ❞é❝♦rré❧é❡s ❞✉ s✐❣♥❛❧ à ❡st✐♠❡r wM✳ ❊♥ ❝♦♥s✐❞ér❛♥t t♦✉t❡❢♦✐s q✉✬❡❧❧❡s ❧❡
s♦♥t✱ ❛❧♦rs ♦♥ ♣❡✉t ❡♥ ❞é❞✉✐r❡ ✉♥ r❡❝♦♥str✉❝t❡✉r ❋r■▼ ▼❆P Rf q✉✐ s✬é❝r✐t

Rf =
(
ST

f ·Ce′
−1 ·Sf + µ′0 C−1

w

)−1
·Sf ·Ce′

−1 , ✭✽✳✸✺✮

❛✈❡❝

Ce =
Ce + S❙❍3×3 · 〈wM⊥ ·wM⊥T〉 ·ST

❙❍3×3

σ2
e + 〈wM⊥T ·ST

❙❍3×3 ·S❙❍3×3 ·wM⊥〉
=

Ce′

σ2
e′

,

❡t

µ′0 = σ2
e′

(r0
D

)5/3
.

❊♥ ❝♦♥séq✉❡♥❝❡✱ µ′0 ❡st ♣❧✉s ❣r❛♥❞ q✉❡ ❝❡❧✉✐ ❝♦♥s✐❞éré ❛✉ ❝❤❛♣✐tr❡ ♣ré❝é❞❡♥t✱ à ♥✐✈❡❛✉
❞❡ ❜r✉✐t ❞❡ ♠❡s✉r❡ σ2

e ❝♦♥st❛♥t✳ ▲❛ ré❣✉❧❛r✐s❛t✐♦♥ ♣r❡♥❞ ❞♦♥❝ ❞❛✈❛♥t❛❣❡ ❞✬✐♠♣♦rt❛♥❝❡
♣❛r❝❡ q✉❡ ❧❡s ❞♦♥♥é❡s s♦♥t ♠♦✐♥s ❜✐❡♥ ♠♦❞é❧✐sé❡s✳ ▲❡s ♣❡r❢♦r♠❛♥❝❡s s♦♥t ❛❧♦rs é❣❛❧❡✲
♠❡♥t ♠♦✐♥s ❜♦♥♥❡s q✉❡ ❝❡❧❧❡s ♣rés❡♥té❡s ❛✉ ❝❤❛♣✐tr❡ ✼✳

❉❛♥s ❧❡s s✐♠✉❧❛t✐♦♥s ❡✛❡❝t✉é❡s✱ ❧❡ r❡♣❧✐❡♠❡♥t ♣rés❡♥t ❞❛♥s ❧❡s ♠❡s✉r❡s ❡st t♦✉t
❞❡ ♠ê♠❡ ❧✐♠✐té ♣✉✐sq✉❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ ✐♥❝✐❞❡♥t❡ ❛ ✉♥❡ r❡♣rés❡♥t❛t✐♦♥ ❢réq✉❡♥t✐❡❧❧❡
❧✐♠✐té❡ ❝♦♥tr❛✐r❡♠❡♥t à ❝❡❧❧❡ ❞❡ ❧❛ t✉r❜✉❧❡♥❝❡ ré❡❧❧❡✳ ▲✬❡rr❡✉r ✐♥tr♦❞✉✐t❡s ❞❛♥s ❧✬éq✉❛t✐♦♥
❞❡ ♠❡s✉r❡ ♣❛r ❝❡tt❡ ♣❛r❛♠étr✐s❛t✐♦♥ ❞❡✉① ❢♦✐s ♣❧✉s ✜♥❡ ♣❡✉t s✬é❝r✐r❡

〈wM⊥T ·ST
❙❍3×3 ·S❙❍3×3 ·wM⊥〉 = αr❡♣❧✐

(
dl

r0

)5/3

, ✭✽✳✸✻✮

♦ù ❧❡ ❝♦❡✣❝✐❡♥t αr❡♣❧✐ ❡st tr♦✉✈é é❣❛❧ à ✵✳✶✵✺ ❞❛♥s t♦✉t❡s ♥♦s s✐♠✉❧❛t✐♦♥s✳ ❈❡tt❡ ❡rr❡✉r
❡st q✉❛♥t✐✜é❡ ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡s ♠❡s✉r❡s✳ ▲✬❡rr❡✉r ❞❡ ❝♦rr❡❝t✐♦♥ ❞✉❡ ❛✉ r❡♣❧✐❡♠❡♥t ❡st
✐♥tr✐♥sèq✉❡♠❡♥t ❧✐é❡ ❛✉ r❡❝♦♥str✉❝t❡✉r✱ ❡t ❧❡ ♣r♦❝❤❛✐♥ ♣❛r❛❣r❛♣❤❡ ♠♦♥tr❡ q✉❡ ❝❡❧❧❡✲❝✐
❞é♣❡♥❞ ❞✉ ♠♦❞è❧❡ ❞✬❛♥❛❧②s❡✉r ❡t ❞❡s ❛ ♣r✐♦r✐ ✉t✐❧✐sés✳

✽✳✸✳✸ ▲❛ ❝♦♠♣❛r❛✐s♦♥ ❞❡s ❝♦rr❡❝t✐♦♥s

▲❡s s✉r❢❛❝❡s ❞✬♦♥❞❡ r❡❝♦♥str✉✐t❡s ♣❛r Rf ❡t R❙❍3×3 ♥❡ s♦♥t ♣❛s ❞é✜♥✐❡s s✉r ❧❡ ♠ê♠❡
❡s♣❛❝❡ ❡t ❞♦♥❝ ♥❡ s♦♥t ♣❛s ❝♦♠♣❛r❛❜❧❡s✳ ❊♥ r❡✈❛♥❝❤❡✱ ♦♥ ♣❡✉t ❝♦♠♣❛r❡r ❧❡s ❝♦rr❡❝t✐♦♥s
❡♥❣❡♥❞ré❡s ♣❛r ❝❡s ❞❡✉① ❝❤♦✐① ❞❡ ♠♦❞è❧❡s ❛♣rès ♣r♦❥❡❝t✐♦♥ s✉r ❧❡ ♠✐r♦✐r ❞é❢♦r♠❛❜❧❡✱

wc
❙❍3×3 = mT ·F❙❍3×3 ·R❙❍3×3 ·d ❡t wc

f = mT ·Ff ·Rf ·d .
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▲✬❡rr❡✉r ❞❡ t♦t❛❧❡ ❞❡ ❝♦rr❡❝t✐♦♥ 〈ǫ2〉 ❛ss♦❝✐é❡ à ❝❡s ❞❡✉① ♠ét❤♦❞❡s ❡st r❡♣rés❡♥té s✉r
❧❛ ✜❣✉r❡ ✽✳✶✱ ♥♦r♠❛❧✐sé❡ ♣❛r ❧❡ ♥✐✈❡❛✉ ❞❡ ❜r✉✐t σ2

e✱ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ µ0✳ ❙✉r ❧❡ ❣r❛♣❤✐q✉❡
❞❡ ❣❛✉❝❤❡✱ ❧❡s ❧♦s❛♥❣❡s ♥♦✐rs ✐❧❧✉str❡♥t ❧❛ ♠♦②❡♥♥❡ ❞❡ ❧✬❡rr❡✉r ❞❡ ❝♦rr❡❝t✐♦♥ 〈ǫ2〉/σ2

e

s✉r ✶✵✵ s✐♠✉❧❛t✐♦♥s ♣♦✉r ❧❡ ♠♦❞è❧❡ ❞❡ ❋r✐❡❞✳ ❙✉r ❧❡ ❣r❛♣❤✐q✉❡ ❞❡ ❞r♦✐t❡✱ ❧✬❡rr❡✉r ❞❡
❝♦rr❡❝t✐♦♥ 〈ǫ2〉/σ2

e ❡st r❡♣rés❡♥té❡ ♣♦✉r ❧❡ ♠♦❞è❧❡ ❙❍3 × 3✳ ▲✬é✈♦❧✉t✐♦♥ ❞❡ ❧✬❡rr❡✉r ❞❡
s♦✉s✲❞✐♠❡♥s✐♦♥♥❡♠❡♥t ♥♦r♠❛❧✐sé❡✱ 〈ǫ2〉M⊥/σ2

e✱ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ µ0 ❡st ♠❛tér✐❛❧✐sé❡ ♣❛r
❞❡s ❧♦s❛♥❣❡s ❜❧❛♥❝s✳ ❊❧❧❡ ❡st ✐❞❡♥t✐q✉❡ s✉r ❧❡s ❞❡✉① ❣r❛♣❤✐q✉❡s ♣✉✐sq✉✬❡❧❧❡ ♥❡ ❞é♣❡♥❞
♣❛s ❞✉ ♠♦❞è❧❡ ❞✬❛♥❛❧②s❡✉r✳

▲❡s ❝♦✉r❜❡s ❛✈❡❝ ❧❡s ❝❛rrés ♥♦✐rs r❡♣rés❡♥t❡♥t ❧✬❡rr❡✉r ❞❡ ❝♦rr❡❝t✐♦♥ ❞❛♥s ❧✬❡s♣❛❝❡
✐♠❛❣❡ ❞✉ ♠✐r♦✐r ❞é❢♦r♠❛❜❧❡✱ 〈ǫ2〉M/σ2

e✱ ♥♦r♠❛❧✐sé❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ µ0✳ ❖♥ ♥♦t❡ s✉r ❧❛
✜❣✉r❡ ✽✳✶✱ q✉❡ ♣♦✉r ❞❡ ♠ê♠❡s ❝♦♥❞✐t✐♦♥s ❞❡ s✐♠✉❧❛t✐♦♥✱ ❝❡tt❡ ❡rr❡✉r ✭❝❛rrés ♥♦✐rs✮ s✉r
❧❡ ❣r❛♣❤✐q✉❡ ❞❡ ❞r♦✐t❡ ❛tt❡✐♥t ❞❡s ✈❛❧❡✉rs ❡♥✈✐r♦♥ ✷ ❢♦✐s ♣❧✉s ❢❛✐❜❧❡s q✉❡ s✉r ❧❡ ❣r❛♣❤✐q✉❡
❞❡ ❣❛✉❝❤❡ ❧♦rsq✉❡ µ0 ❞✐♠✐♥✉❡✱ ❝✬❡st✲à✲❞✐r❡ ❧♦rsq✉❡ ❧❡ r❡♣❧✐❡♠❡♥t ❛✉❣♠❡♥t❡✳

❊♥ ❞é❝♦♠♣♦s❛♥t ❧❡s ♠❡s✉r❡s d ❡♥ ❞❡✉① ❝♦♥tr✐❜✉t✐♦♥s

d = d1 + d2

❛✈❡❝

d1 = S❙❍3×3 ·wM + e = Sf ·wM + e

❡t

d2 = S❙❍3×3 ·wM⊥ ,

❧❛ ❧✐♥é❛r✐té ❞❡ t♦✉s ❧❡s ♦♣ér❛t❡✉rs ♣❡r♠❡t ❧✬é❝r✐t✉r❡ s✉✐✈❛♥t❡

wc
❙❍3×3 = mT ·F❙❍3×3 ·R❙❍3×3 ·d1 + mT ·F❙❍3×3 ·R❙❍3×3 ·d2

❡t

wc
f = mT ·Ff ·Rf ·d1 + mT ·Ff ·Rf ·d2 .

■❞é❛❧❡♠❡♥t ❧❛ ❝♦rr❡❝t✐♦♥ ❛ss♦❝✐é❡ à d2 ❞❡✈r❛✐t êtr❡ ♥✉❧❧❡ ♣✉✐sq✉✬❡❧❧❡ ❡st ❞é✜♥✐❡ ♣♦✉r
❝♦♠♣❡♥s❡r ✉♥❡ ❝♦♠♣♦s❛♥t❡ ❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ q✉❡ ❧❡ ♠✐r♦✐r ♥❡ ❣é♥èr❡ ♣❛s✳ ▲❛ ✈❛r✐❛♥❝❡
❞❡ ❧✬é❝❛rt ❡♥tr❡ ❝❡ t❡r♠❡ ❡t ✉♥❡ ❝♦rr❡❝t✐♦♥ ♥✉❧❧❡

〈
ǫ2
〉
r❡♣❧✐

=
1

SA

〈∥∥P (mT ·F ·R ·d2)
∥∥2
〉

✭✽✳✸✼✮

❡st r❡♣rés❡♥té❡ s✉r ❧❡s ❣r❛♣❤✐q✉❡s ❞❡ ❧❛ ✜❣✉r❡ ✽✳✶ ♣❛r ❧❛ ❝♦✉r❜❡ ❛✈❡❝ ❞❡s ❤❡①❛❣♦♥❡s
♥♦✐rs✳ ❈❡tt❡ ❡rr❡✉r ❛✉❣♠❡♥t❡ q✉❛♥❞ µ0 ❞✐♠✐♥✉❡✳ ❊♥ ❡✛❡t✱ ❧❛ ré❣✉❧❛r✐s❛t✐♦♥ ❞✐♠✐♥✉❡ ❡t
❧❡ ♣r♦❝❡ss✉s ❞❡ r❡❝♦♥str✉❝t✐♦♥ ❞❡✈✐❡♥t ♠♦✐♥s ♣ré❝✐s✳ ❖♥ ♥♦t❡ q✉✬❡❧❧❡ ❡st ❧é❣èr❡♠❡♥t ♣❧✉s
❢❛✐❜❧❡ ♣♦✉r ❧❡ ♠♦❞è❧❡ ❙❍3 × 3 q✉❡ ♣♦✉r ❧❡ ♠♦❞è❧❡ ❞❡ ❋r✐❡❞✱ ❞❡ q✉❡❧q✉❡s ♣♦✉r❝❡♥ts ❡♥
✈❛r✐❛♥❝❡ ❞✬❡rr❡✉r✳ ➚ ♣❛rt✐r ❞✉ r❡♣❧✐❡♠❡♥t ❞✉ s♣❡❝tr❡ ❞❡ ❧❛ t✉r❜✉❧❡♥❝❡✱ ❘✐❣❛✉t ❡t ❛❧✳
✭✶✾✾✽✮ ❞é♠♦♥tr❡♥t q✉❡ ❧✬❡rr❡✉r ❞❡ ❝♦rr❡❝t✐♦♥ ♣♦✉r ✉♥ r❡❝♦♥str✉❝t❡✉r ❞❡ t②♣❡ ♠❛①✐♠✉♠
❞❡ ✈r❛✐s❡♠❜❧❛♥❝❡ ③♦♥❛❧ ❛✈❡❝ ❧❡ ♠♦❞è❧❡ ❞❡ ❋r✐❡❞ s✬é❝r✐t

〈
ǫ2
〉
r❡♣❧✐
≃ 0.08

(
dl

r0

)5/3

. ✭✽✳✸✽✮



✶✼✹ ❈❍❆P■❚❘❊ ✽✳ ▲❆ ❈❖❘❘❊❈❚■❖◆ ❉❊ ❙❯❘❋❆❈❊ ❉✬❖◆❉❊ ❚❯❘❇❯▲❊◆❚❊

❈✬❡st✲à✲❞✐r❡ q✉❡ 〈ǫ2〉r❡♣❧✐ ✈❛✉t ❡♥✈✐r♦♥ ✉♥ t✐❡rs ❞❡ ❧✬❡rr❡✉r ❞❡ s♦✉s✲❞✐♠❡♥s✐♦♥♥❡♠❡♥t✳ ❆✈❡❝
❧❡s r❡❝♦♥str✉❝t❡✉rs ▼❆P ét✉❞✐és ✐❝✐✱ 〈ǫ2〉r❡♣❧✐ ♥❡ ❞é♣❡♥❞ ♣❧✉s ✉♥✐q✉❡♠❡♥t ❞✉ r❛♣♣♦rt
(dl/r0)✳

❖♥ r❡♠❛rq✉❡ é❣❛❧❡♠❡♥t s✉r ❧❛ ✜❣✉r❡ ✽✳✶ q✉✬à ❣r❛♥❞ µ0✱ ❧✬❡rr❡✉r ❞❡ s♦✉s✲❞✐♠❡♥s✐♦♥♥❡♠❡♥t
✭❧♦s❛♥❣❡s ❜❧❛♥❝s✮ ❡st ♥é❣❧✐❣❡❛❜❧❡ ❞❡✈❛♥t ❧✬❡rr❡✉r 〈ǫ2〉M ❞❛♥s ❧✬❡s♣❛❝❡ ✐♠❛❣❡ ❞✉ ♠✐r♦✐r✳
❙♦✐t ❧❡ r❡♣❧✐❡♠❡♥t ❡st ♣r❡sq✉❡ ✐♥❡①✐st❛♥t✱ s♦✐t ❧❡ ♥✐✈❡❛✉ ❞❡ ❜r✉✐t ❡st t❡❧❧❡♠❡♥t é❧❡✈é
q✉❡ ❧❡ r❡❝♦♥str✉❝t❡✉r ❡st ♣❡✉ ♣❡r❢♦r♠❛♥t✱ ♣❛r❝❡ q✉✬✐❧ r❡♣♦s❡ ♣r✐♥❝✐♣❛❧❡♠❡♥t s✉r ❧❡s ❛
♣r✐♦r✐✳ ▲❛ ❝♦✉r❜❡ ❞❡ 〈ǫ2〉M à ❧✬❡①trê♠✐té ❞r♦✐t❡ ❞❡s ❣r❛♣❤✐q✉❡s ❡st s❡♠❜❧❛❜❧❡ à ❝❡❧❧❡s ❞❡
❧❛ ✜❣✉r❡ ✼✳✻✳ ❊♥ r❡✈❛♥❝❤❡✱ ❧♦rsq✉❡ µ0 ❞✐♠✐♥✉❡ ❧✬❡rr❡✉r ❞✉❡ ❛✉① ♠♦❞❡s r❡♣❧✐és 〈ǫ2〉r❡♣❧✐
❞♦♠✐♥❡ r❛♣✐❞❡♠❡♥t 〈ǫ2〉M✳ ❆❧♦rs q✉❡ ❧✬❡①trê♠✐té ❞r♦✐t❡ ❞❡s ❝♦✉r❜❡s 〈ǫ2〉M s♦♥t s❡♠✲
❜❧❛❜❧❡s ♣♦✉r ❧❡s ❞❡✉① ♠♦❞è❧❡s✱ ❋r✐❡❞ ❡t ❙❍3× 3✱ ❧✬❡rr❡✉r 〈ǫ2〉M ❡st ♣❧✉s ❢❛✐❜❧❡✱ t♦✉❥♦✉rs
❞❡ q✉❡❧q✉❡s ♣♦✉r❝❡♥ts✱ ♣♦✉r ❧❡ ♠♦❞è❧❡ ❙❍3× 3 ❧♦rsq✉❡ µ0 ❞✐♠✐♥✉❡✳

❋✐♥❛❧❡♠❡♥t✱ ❧❡s ❞❡✉① ♠♦❞è❧❡s s❡ ❞✐✛ér❡♥❝✐❡♥t ❞❛♥s ❧❡✉rs ❡rr❡✉rs ❞❡ ❝♦rr❡❝t✐♦♥ ❧♦rsq✉❡
µ0 ❡st très ♣❡t✐t✳ ▲❡ r❡♣❧✐❡♠❡♥t ✐♠♣♦rt❛♥t ❞♦♥♥❡ ✉♥ ❧é❣❡r ❛✈❛♥t❛❣❡ ❛✉ ♠♦❞è❧❡ s✉ré❝❤❛♥✲
t✐❧❧♦♥♥é ❙❍3 × 3✳ ❚♦✉t❡❢♦✐s✱ ❧❡s ✈❛❧❡✉rs ❞❡ µ0 ♣♦✉r ❧❡sq✉❡❧❧❡s ❝❡t é❝❛rt ❞✬❡rr❡✉r ❡st ❞❡
❧✬♦r❞r❡ ❞❡ ♣❧✉s✐❡✉rs ♣♦✉r❝❡♥ts✱ ❝♦ï♥❝✐❞❡♥t ❛✈❡❝ ✉♥ ré❣✐♠❡ ♦ù ❧✬❡rr❡✉r ❞♦♠✐♥❛♥t❡ ❡st ❞✉❡
❛✉ s♦✉s✲❞✐♠❡♥s✐♦♥♥❡♠❡♥t✳ ▲❡s ❝❛r❛❝tér✐st✐q✉❡s ❞✉ s②stè♠❡ s✐♠✉❧é s♦♥t ♣r♦❝❤❡s ❞❡ ❝❡❧❧❡s
❞✬✉♥ s②stè♠❡ ❞❡ t②♣❡ ♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ❡①trê♠❡ ✭❖❆❳✮ ♣♦✉r ✉♥ ❞❡s té❧❡s❝♦♣❡s ❱▲❚
✭❈❡rr♦ P❛r❛♥❛❧✱ ❈❤✐❧✐✮✳ ❈❡♣❡♥❞❛♥t✱ ❧❡s ✈❛❧❡✉rs ❞❡ µ0 r❡♥❝♦♥tré❡s ♣❡♥❞❛♥t ❧❡ ❢♦♥❝t✐♦♥✲
♥❡♠❡♥t ❞✬✉♥ t❡❧ s②stè♠❡ s❡ s✐t✉❡♥t ♣❧✉tôt ❞❛♥s ❧❡ ✶ ❡r t✐❡rs ❞r♦✐t ❞❡ ❝❡s ❣r❛♣❤✐q✉❡s✳
❉❛♥s ❞❡ t❡❧❧❡s ❝♦♥❞✐t✐♦♥s✱ ❧❡s ❞❡✉① ♠❞è❧❡s s❡♠❜❧❡♥t ❛✈♦✐r ❞❡s ♣❡r❢♦r♠❛♥❝❡s s✐♠✐❧❛✐r❡s✳
▲❡ r❡♣❧✐❡♠❡♥t ❛ ✉♥ ❡✛❡t ♠❛r❣✐♥❛❧ s✉r ❧❡s ♣❡r❢♦r♠❛♥❝❡s ❞✬✉♥ t❡❧ s②stè♠❡✳



❚r♦✐s✐è♠❡ ♣❛rt✐❡

▲✬❖❆ ❡♥ ❜♦✉❝❧❡ ❢❡r♠é❡ s✉r ✉♥

té❧❡s❝♦♣❡ ❤❡❝t♦♠étr✐q✉❡

✶✼✺





❈❤❛♣✐tr❡ ✾

▲✬❛♣♣r♦❝❤❡ ♣r♦❜❧è♠❡ ✐♥✈❡rs❡ ❡♥

❜♦✉❝❧❡ ❢❡r♠é❡

▲❛ ♣❛rt✐❡ ■■ ❞❡ ❝❡ ♠❛♥✉s❝r✐t tr❛✐t❡ ❧❛ r❡❝♦♥str✉❝t✐♦♥ ❡t ❧❛ ❝♦rr❡❝t✐♦♥ ❞❡ s✉r❢❛❝❡
❞✬♦♥❞❡ ❝♦♠♠❡ ✉♥ ♣r♦❜❧è♠❡ ✐♥✈❡rs❡✳ ❊♥ s✉♣♣♦s❛♥t q✉❡ ❧✬♦♥ ♣✉✐ss❡ ❛♣♣❧✐q✉❡r ❧✬❡st✐♠é❡
❞❡ ❧❛ ✭♦✉ ❧❡s✮ s✉r❢❛❝❡✭s✮ ❞✬♦♥❞❡ à ✉♥ ✭♦✉ ❞❡s✮ ♠✐r♦✐r✭s✮ ❞é❢♦r♠❛❜❧❡✭s✮✱ ♦♥ ♦❜t✐❡♥t ✉♥❡
❝♦rr❡❝t✐♦♥ ❞❡ ❧❛ t✉r❜✉❧❡♥❝❡✳ ❈♦♠♠❡ ❞✐s❝✉té ❛✉ ❝❤❛♣✐tr❡ ✹✱ ❝❡tt❡ ❡st✐♠❛t✐♦♥ r❡♣♦s❡ s✉r
✉♥ ♣r♦❜❧è♠❡ ✐♥✈❡rs❡ s✐♠♣❧❡ ❡t ❡❧❧❡ ♣❡✉t êtr❡ ❛♠é❧✐♦ré❡ ❣râ❝❡ à ❞❡ ♥♦✉✈❡❧❧❡s ♠❡s✉r❡s✳
❊✛❡❝t✉❡r ❞❡s ♠❡s✉r❡s ❡t ❞❡s ❝♦rr❡❝t✐♦♥s ❞❡ ❢❛ç♦♥ ♣ér✐♦❞✐q✉❡✱ ❝✬❡st ✜♥❛❧❡♠❡♥t ré❛❧✐s❡r
✉♥ s②stè♠❡ ❞✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡✳

❉❛♥s ❧❛ ♣❛rt✐❡ ♣ré❝é❞❡♥t❡✱ ❧✬❡st✐♠❛t✐♦♥ tr❛✐té❡ ❝♦rr❡s♣♦♥❞ à ✉♥ s②stè♠❡ ❡♥ ❜♦✉❝❧❡
♦✉✈❡rt❡✱ ❝✬❡st✲à✲❞✐r❡ q✉❡ ❧✬❛♥❛❧②s❡✉r ❞❡ s✉r❢❛❝❡ ❞✬♦♥❞❡ ✭❆❙❖✮ ♥❡ ✈♦✐t ♣❛s ❧❛ ❝♦rr❡❝t✐♦♥
❛♣♣❧✐q✉é❡ s✉r ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ t✉r❜✉❧❡♥t❡✳ ❯♥❡ t❡❧❧❡ ❝♦rr❡❝t✐♦♥ ❝♦rr❡s♣♦♥❞ s❝❤é♠❛t✐✲
q✉❡♠❡♥t ❛✉ ❞✐❛❣r❛♠♠❡ ❜♦✉❝❧❡ ♦✉✈❡rt❡ ❡♥ ❤❛✉t ❞❡ ❧❛ ✜❣✉r❡ ✾✳✶✱ ❛✈❡❝ G+ ❧✬❡st✐♠❛t❡✉r
st❛t✐q✉❡ ❡t Q(z) ❧❛ tr❛♥s❢♦r♠é❡ ❡♥ z ❞❡ ❧❛ ♣❛rt✐❡ ❞②♥❛♠✐q✉❡ ❞✉ ❝♦rr❡❝t❡✉r ✭❝❢✳ s❡❝✲
t✐♦♥ ✷✳✻✮ q✉✐ ♥❡ s❡r❛✐t ✐❝✐ q✉❡ ❧❛ ♠❛tr✐❝❡ ✐❞❡♥t✐té✳ ❈❡♣❡♥❞❛♥t✱ ✉♥ s②stè♠❡ ❞✬♦♣t✐q✉❡
❛❞❛♣t❛t✐✈❡ ✭❖❆✮ s❡rt à ré❣✉❧❡r ❧❡s ❞é❢♦r♠❛t✐♦♥s ❞✉ s✉r❢❛❝❡ ❞✬♦♥❞❡✱ ❡t ✐❧ ❡st ❞♦♥❝ ♣❧✉s
✐♥tér❡ss❛♥t ❞❡ ❧❡ ❝♦♥❝❡✈♦✐r ❝♦♠♠❡ ✉♥ s②stè♠❡ ❡♥ ❜♦✉❝❧❡ ❢❡r♠é❡ ✭❝❢✳ ❡♥ ❜❛s ❞❡ ❧❛ ✜❣✳ ✾✳✶✮✳
▲❛ ❜♦✉❝❧❡ ❞❡ rétr♦❛❝t✐♦♥ ♣❡r♠❡t ✉♥❡ ♠❡✐❧❧❡✉r❡ s❡♥s✐❜✐❧✐té✱ ✉♥ ♠❡✐❧❧❡✉r ❝♦♥trô❧❡ ❞✉ ré✲
❣✐♠❡ tr❛♥s✐t♦✐r❡✱ ré❞✉✐t ❧✬❡✛❡t ❞❡s ♣❡rt✉r❜❛t✐♦♥s ❡①t❡r♥❡s ❡t ❧✬❡rr❡✉r st❛t✐q✉❡✳ ❉❡ ♣❧✉s✱
❡♥ ♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡✱ ❧✬❛♥❛❧②s❡✉r ❞❡ s✉r❢❛❝❡ ❞✬♦♥❞❡ ❛ ✉♥ ❞♦♠❛✐♥❡ ❞❡ ❧✐♥é❛r✐té r❡str❡✐♥t
♣❛r s❡s ❝❛r❛❝tér✐st✐q✉❡s ♣❤②s✐q✉❡s✳ ❆✜♥ ❞❡ ❧✐♠✐t❡r ❧❡s ❝♦ûts ♠❛tér✐❡❧s✱ ✐❧ ❡st ♣ré❢ér❛❜❧❡
❞❡ ♠❡s✉r❡r ❧❡s ❞é❢♦r♠❛t✐♦♥s rés✐❞✉❡❧❧❡s ❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ wr❡s✳

❈❡ ❝❤❛♣✐tr❡ ♣rés❡♥t❡ ✉♥❡ ❧♦✐ ❞❡ ❝♦♠♠❛♥❞❡ ♣♦✉r ❧❡ ❝♦♥trô❧❡ ❡♥ ❜♦✉❝❧❡ ❢❡r♠é❡ ❞✬✉♥
s②stè♠❡ ❞❡ ❣r❛♥❞❡ ❞✐♠❡♥s✐♦♥✳ ▲❡s éq✉❛t✐♦♥s ♥❡ s♦♥t ❞ér✐✈é❡s q✉❡ ♣♦✉r ✉♥❡ ❝♦♥✜❣✉r❛t✐♦♥
❞❡ t②♣❡ ♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ♠♦♥♦✲❝♦♥❥✉❣✉é❡ ✭❖❆♠❈✮ ♦✉ ❡①trê♠❡ ✭❖❆❳✮✳

✾✳✶ ▲❡s éq✉❛t✐♦♥s ❡♥ ❜♦✉❝❧❡ ❢❡r♠é❡

✾✳✶✳✶ ▲❡ ♠♦❞è❧❡ ❞❡s ♠❡s✉r❡s

❏❡ r❡♣r❡♥❞s ❧❡s ♥♦t❛t✐♦♥s ✐♥tr♦❞✉✐t❡s à ❧❛ s❡❝t✐♦♥ ✽✳✶ ❀ ❧❛ ❞é❢♦r♠é❡ ❞✉ ♠✐r♦✐r wc

s✬é❝r✐t

wc(r) = m(r)T ·a =

n❛∑

i=1

aimi(r) ∀ r ∈ A ✭✾✳✶✮

✶✼✼
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e

d
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res
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−
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❋✐❣✳ ✾✳✶ ✕ ❊♥ ❤❛✉t ✿ ❉✐❛❣r❛♠♠❡ ❞✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ❡♥ ❜♦✉❝❧❡ ♦✉✈❡rt❡✳ ❊♥ ❜❛s ✿
❉✐❛❣r❛♠♠❡ ❡♥ ❜♦✉❝❧❡ ❢❡r♠é❡✳ ▲❡s ❞❡✉① r❡♣rés❡♥t❛t✐♦♥s s♦♥t ❡♥ t❡♠♣s ❞✐s❝r❡t✱ ❛✈❡❝
❧❡s tr❛♥s❢♦r♠é❡s ❡♥ z ❞❡s é❧é♠❡♥ts ❞✉ s②stè♠❡✳ Mo ❡t So r❡♣rés❡♥t❡♥t ❧❡s ♠♦❞è❧❡s
❧✐♥é❛✐r❡s ♥♦♠✐♥❛✉① ❞✉ ♠✐r♦✐r ❞é❢♦r♠❛❜❧❡ ❡t ❞❡ ❧✬❛♥❛❧②s❡✉r✱ q✉✐ s♦♥t r❡♣rés❡♥tés ❞❛♥s
❧❡s éq✉❛t✐♦♥s ♣❛r m ❡t S✳

♦ù ❧❡s mi s♦♥t ❧❡s ❢♦♥❝t✐♦♥s ❞✬✐♥✢✉❡♥❝❡ ❡t n❛ ❧❡ ♥♦♠❜r❡ ❞❡ ❞❡❣rés ❞❡ ❧✐❜❡rté ❞✉ ♠✐r♦✐r
❞é❢♦r♠❛❜❧❡✳

❊♥ ❜♦✉❝❧❡ ❢❡r♠é❡✱ ❧✬❛♥❛❧②s❡✉r ♦❜s❡r✈❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ rés✐❞✉❡❧❧❡ wres✱ ✐✳❡✳ ❧❛ ❞✐❢✲
❢ér❡♥❝❡ ❡♥tr❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ ✐♥❝✐❞❡♥t❡ w✱ t✉r❜✉❧❡♥t❡✱ ❡t ❧❛ ❞é❢♦r♠é❡ ❞✉ ♠✐r♦✐r wc✳
▲✬éq✉❛t✐♦♥ ❞❡ ♠❡s✉r❡ ✭✷✳✶✵✮ ❡st ♠♦❞✐✜é❡ ❝♦♠♠❡ s✉✐t

d = S(wres) + e

= S(w −mT ·a) + e ✭✾✳✷✮

▲❛ ❧✐♥é❛r✐té ❞✉ ♠♦❞è❧❡ ❞✬❛♥❛❧②s❡✉r ♣❡r♠❡t ❞✬é❝r✐r❡

d = y −G ·a + e ✭✾✳✸✮

❛✈❡❝ ❧❡s ♥♦t❛t✐♦♥s

y = S(w) ❡t G ·a = S(mT ·a) ∀a ∈ R
n❛ , ✭✾✳✹✮

♦ù y r❡♣rés❡♥t❡ ❧❡s ♠❡s✉r❡s éq✉✐✈❛❧❡♥t❡s ❜♦✉❝❧❡ ♦✉✈❡rt❡ ♥♦♥ ❜r✉✐té❡s✳
❏❡ r❛♣♣❡❧❧❡ q✉❡ ❧❡s st❛t✐st✐q✉❡s ❞❡s ❡rr❡✉rs ❞❡ ♠❡s✉r❡s e ❡t ❞❡s ❞é❢♦r♠❛t✐♦♥s ❞❡ ❧❛

s✉r❢❛❝❡ ❞✬♦♥❞❡ w s♦♥t s✉♣♣♦sé❡s ❣❛✉ss✐❡♥♥❡s ❝❡♥tré❡s✱ ✐✳❡✳

〈e〉 = 0 , 〈w(r)〉 = 0 ∀r ∈ A ❡t ❞♦♥❝ 〈y〉 = 0 . ✭✾✳✺✮

✾✳✶✳✷ ▲❛ ❞✐s❝rét✐s❛t✐♦♥ t❡♠♣♦r❡❧❧❡

▲❡ s②stè♠❡ ❜♦✉❝❧é ❝♦♠♣r❡♥❞ à ❧❛ ❢♦✐s ❞❡s ✈❛r✐❛❜❧❡s ❝♦♥t✐♥✉❡s ❡t ❞❡s ✈❛r✐❛❜❧❡s ❞✐s✲
❝rèt❡s✳ ▲❡ ♣r✐♥❝✐♣❡ ❞❡ ❧✬❛♥❛❧②s❡✉r ✐♠♣♦s❡ ✉♥❡ ❞✐s❝rét✐s❛t✐♦♥ t❡♠♣♦r❡❧❧❡ ❞❡s ♠❡s✉r❡s✱
❝♦♠♠❡ ✐❧❧✉stré ♣❛r ❧❡ ❝❤r♦♥♦❣r❛♠♠❡ ❞❡ ❧❛ ✜❣✉r❡ ✾✳✷✳ ❏❡ ♥♦t❡ τ ❧❡ t❡♠♣s ❞❡ ♣♦s❡ ❡t ❞❡
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surface d’onde reconstruite

mesures non bruitees

bruit de mesure

mesures
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w w

y y

d d

ee

^ ŵw ŵ
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k+2

k

k

k+1

k+1
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k+2
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k+1

k+2

k+1
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w
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a

kτ (k+1) (k+2)τ τtemps continu

surface d’onde incidente

❋✐❣✳ ✾✳✷ ✕ ❈❤r♦♥♦❣r❛♠♠❡ ❞❡ ❧❛ ❜♦✉❝❧❡ ❢❡r♠é❡ ❞✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ❛✈❡❝ ❞❡✉① tr❛♠❡s ❞❡
r❡t❛r❞✳ ▲❡s ♥✉❛♥❝❡s ❞❡ ❣r✐s ✐♥❞✐q✉❡♥t ❧❡s tr❛♥s❢❡rts ❞❡ ❧✬✐♥❢♦r♠❛t✐♦♥✳ ▲❛ s✉r❢❛❝❡ ❞✬♦♥❞❡
✐♥❞✐❝é❡ k ♦❜s❡r✈é❡ ♣❡♥❞❛♥t ❧❡ t❡♠♣s ❞❡ ♣♦s❡ [(k − 1/2)τ, (k + 1/2)τ ] ❞♦♥♥❡ ❧✐❡✉ à ✉♥
❥❡✉ ❞❡ ♠❡s✉r❡s ❡t ❞✬❡st✐♠é❡s ✐♥❞✐❝é❡s k + 1✳ P✉✐s✱ ❡♥ ❡st ❞é❞✉✐t❡ ❧❛ ❝♦♠♠❛♥❞❡ ✐♥❞✐❝é❡
k + 2✱ ❛♣♣❧✐q✉é❡ ♣❡♥❞❛♥t ❧❡ t❡♠♣s ❞❡ ♣♦s❡ [(k + 3/2)τ, (k + 5/2)τ ]✳

tr❛♥s❢❡rt ❞❡ ❝❤❛r❣❡ ❞✉ ❞ét❡❝t❡✉r✳ ❈✬❡st ❧❡ t❡♠♣s ♥é❝❡ss❛✐r❡ ♣♦✉r ❛❝q✉ér✐r ✉♥❡ tr❛♠❡ ❞❡
❞♦♥♥é❡s✳ ❊♥s✉✐t❡✱ ❝♦♠♠❡♥❝❡♥t s✉❝❝❡ss✐✈❡♠❡♥t ❡t ❞ès q✉❡ ❧✬✐♥❢♦r♠❛t✐♦♥ ♠✐♥✐♠❛❧❡ ❡st
❞✐s♣♦♥✐❜❧❡✱ ❧❛ ❧❡❝t✉r❡✱ ❧❡ ❝❛❧❝✉❧ ❞❡s ♣❡♥t❡s ♣❛r ✉♥ ❛❧❣♦r✐t❤♠❡ ❞❡ ❝❡♥tr❛❣❡ ❡t ❧❡ ❝❛❧❝✉❧
❞❡ ❧❛ r❡❝♦♥str✉❝t✐♦♥ ❡t ❞❡ ❧❛ ❝♦♠♠❛♥❞❡✳ ❏❡ s✉♣♣♦s❡ q✉❡ ❧❡ s②stè♠❡ ❢♦♥❝t✐♦♥♥❡ ❛✈❡❝ ✉♥
❈❈❉ à ❧❡❝t✉r❡ r❛♣✐❞❡✱ ❞❡ s♦rt❡ q✉❡ ❝❡tt❡ ét❛♣❡ ❞✉r❡ ❡♥✈✐r♦♥ τ/3 s❡❝♦♥❞❡s✳ ❏❡ s✉♣♣♦s❡
é❣❛❧❡♠❡♥t q✉❡ ❧❛ s✉✐t❡ ❞❡s ❝❛❧❝✉❧s ♣❡✉t êtr❡ ❡✛❡❝t✉é❡ ❞❛♥s ❧❡s 2τ/3 s❡❝♦♥❞❡s r❡st❛♥t❡s✱
❛✜♥ ❞✬❛♣♣❧✐q✉❡r ❧❛ ❝♦rr❡❝t✐♦♥ ❛✈❡❝ ✜♥❛❧❡♠❡♥t ✷ tr❛♠❡s ❞❡ r❡t❛r❞ ✭❑✉❧❝s❛r ❡t ❛❧✳✱ ✷✵✵✻✮✳
■❧ ❡st ♣♦ss✐❜❧❡ ❞✬❡♥✈✐s❛❣❡r ✉♥ s②stè♠❡ ❛s②♥❝❤r♦♥❡✱ ♣♦✉r ❧❡q✉❡❧ ❧❡ ❞é❜✉t ❞❡ ❧❛ ❝♦rr❡❝t✐♦♥
♥❡ s❡r❛✐t ♣❛s s②♥❝❤r♦♥✐sé ❛✈❡❝ ❧❡ ❞é❜✉t ❞✬✉♥❡ ♣♦s❡✳ ❈❡❝✐ ♥❡ ❞❡✈r❛✐t ♣❛s ♠♦❞✐✜❡r ❧❡s
❝♦♥❝❧✉s✐♦♥s ❞❡ ❧✬ét✉❞❡ ❢❛✐t❡ ❞❛♥s ❝❡ ❝❤❛♣✐tr❡✱ ♠❛✐s ❧❡s éq✉❛t✐♦♥s s❡r❛✐❡♥t ♠♦✐♥s ❝❧❛✐r❡s✳
P♦✉r ❝❡tt❡ r❛✐s♦♥✱ ❧❛ ❞✐s❝rét✐s❛t✐♦♥ t❡♠♣♦r❡❧❧❡ ❞❡s ✈❛r✐❛❜❧❡s ❞✉ s②stè♠❡ s✉✐t ❧❡s ✐♥❞✐✲
❝❛t✐♦♥s ♣♦rté❡s s✉r ❧❛ ✜❣✉r❡ ✾✳✷✳ wk ❡t ak ♠♦❞é❧✐s❡♥t ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ ♦❜s❡r✈é❡ ❡t ❧❛
❝♦♠♠❛♥❞❡ ❛♣♣❧✐q✉é❡ ❡♥tr❡ ❧❡s ✐♥st❛♥ts (k − 1/2)τ ❡t (k + 1/2)τ ✳ ▲❡s ♠❡s✉r❡s ❡t ❧❡s
❡st✐♠❛t✐♦♥s q✉✐ ❞❡✈✐❡♥♥❡♥t ❞✐s♣♦♥✐❜❧❡s ❞❛♥s ❝❡ ♠ê♠❡ ✐♥t❡r✈❛❧❧❡ ❞❡ t❡♠♣s s♦♥t ♥♦té❡s
❛✈❡❝ ❧✬✐♥❞✐❝❡ k✱ ✐✳❡✳ yk✱ dk✱ ek ❡t ŵk✳

❆✐♥s✐✱ ❧✬éq✉❛t✐♦♥ ❞❡ ♠❡s✉r❡ ✭✾✳✸✮ ❞❡✈✐❡♥t

dk = yk −G ·ak−1 + ek , ✭✾✳✻✮

❛✈❡❝ yk = S(wk−1)✳

✾✳✷ ▲❛ ❧♦✐ ❞❡ ❝♦♠♠❛♥❞❡ ❡t ❧❡ ❝r✐tèr❡ à ♦♣t✐♠✐s❡r

❉✬❛♣rès ❧❡ ❝❤r♦♥♦❣r❛♠♠❡ s❝❤é♠❛t✐sé s✉r ❧❛ ✜❣✉r❡ ✾✳✷✱ ❧❛ ❝♦♠♠❛♥❞❡ ak ❡st ❝❛❧❝✉❧é❡
à ♣❛rt✐r ❞❡s ❞♦♥♥é❡s dk−1✳ ▲✬éq✉❛t✐♦♥ ✭✾✳✻✮ ♠♦♥tr❡ q✉❡ ❝❡s ♠❡s✉r❡s s♦♥t ✐♥✢✉❡♥❝é❡s
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♣❛r ❧❛ ❝♦♠♠❛♥❞❡ ♣ré❝é❞❡♥t❡ ak−2✳ ▲✬✐❞é❡ ❞❡ ❝❡ ❝❤❛♣✐tr❡ ❡st ❞❡ tr❛✐t❡r ❧✬❡st✐♠❛t✐♦♥ ❞❡
❧❛ ❝♦♠♠❛♥❞❡ ♣❛r ✉♥❡ ❛♣♣r♦❝❤❡ ♣r♦❜❧è♠❡ ✐♥✈❡rs❡ s✐♠♣❧❡✳

❏❡ ❝❤♦✐s✐s ❧❛ ❢♦r♠❡ ❞❡ ❧✬❡st✐♠❛t❡✉r ❛✜♥ ❞❡ t❡♥✐r ❝♦♠♣t❡ ❡①♣❧✐❝✐t❡♠❡♥t ❞✉ ♥♦✉✈❡❛✉
❥❡✉ ❞❡ ♠❡s✉r❡ ❛❝❝❡ss✐❜❧❡ dk−1 ❡t ❞❡ ❧❛ ❝♦♠♠❛♥❞❡ ♣ré❝é❞❡♥t❡ ak−2 q✉✐ ❛ ✐♥✢✉é s✉r ❝❡s
♠❡s✉r❡s✳ ❊t ♣❧✉s ♣❛rt✐❝✉❧✐èr❡♠❡♥t✱ ❥❡ ♥❡ ❞ét❡r♠✐♥❡ ❧❛ ❝♦♠♠❛♥❞❡ q✉✬à ♣❛rt✐r ❞❡ ❝❡s ❞❡✉①
❣r❛♥❞❡✉rs✳ ▲❛ ❧✐♥é❛r✐té ❞❡s ❞✐✛ér❡♥ts é❧é♠❡♥ts ❞✉ s②tè♠❡ ❥✉st✐✜❡ ❛❧♦rs ✉♥❡ é❝r✐t✉r❡ s♦✉s
❧❛ ❢♦r♠❡

ak = E ·dk−1 + U ·ak−2 . ✭✾✳✼✮

❉✬❛✉tr❡ ♣❛rt✱ ❥❡ ❝❤❡r❝❤❡ ❡♥ t♦✉t❡ ❣é♥ér❛❧✐té ❧❡s ♦♣ér❛t❡✉rs E ❡t U st❛t✐♦♥♥❛✐r❡s ♦♣t✐✲
♠❛✉①✳

❏❡ ❝♦♥s✐❞èr❡ ✐❝✐ q✉❡ ❧❡ s②stè♠❡ ❞✬❖❆ ❝♦rr✐❣❡ ❧❛ t✉r❜✉❧❡♥❝❡ ❞❛♥s ❧❛ ♠ê♠❡ ❞✐r❡❝t✐♦♥
q✉❡ ❧❛ ❞✐r❡❝t✐♦♥ ❞✬❛♥❛❧②s❡✳ ❈❡❝✐ s✐❣♥✐✜❡ q✉❡ ❧❛ ❝♦rr❡❝t✐♦♥ ❡st ♦♣t✐♠✐sé❡ ♣♦✉r ❧❡s ♦❜❥❡ts
❞❛♥s ❧❡ ❞♦♠❛✐♥❡ ❞✬✐s♦♣❧❛♥ét✐s♠❡ ❞✉ s②stè♠❡✳ ❈❡❝✐ s♦✉s✲❡♥t❡♥❞ ❞❡ ♣❧✉s q✉✬✐❧ ❡①✐st❡ ✉♥❡
ét♦✐❧❡ ❞❡ ré❢ér❡♥❝❡ ✭s✉✣s❛♠♠❡♥t ❜r✐❧❧❛♥t❡✮ ❞❛♥s ❝❡ ❝❤❛♠♣✳ ▲❡ r❛♣♣♦rt ❞❡ ❙tr❡❤❧ ❡st
♦♣t✐♠✐sé q✉❛♥❞ ❧❛ ✈❛r✐❛♥❝❡ ❞❡s ❞✐st♦rt✐♦♥s rés✐❞✉❡❧❧❡s ❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ s✉r ❧❛ ♣✉♣✐❧❧❡✱

〈
ǫ2k
〉

=
1

SA

〈
‖P (wres)‖2

〉
=

1

SA

〈∥∥P (wk −mT ·ak)
∥∥2
〉

✭✾✳✽✮

❡st ♠✐♥✐♠❛❧❡✳
➚ ♣❛rt✐r ❞❡ ❧❛ ♠ê♠❡ ❞é❝♦♠♣♦s✐t✐♦♥ q✉❡ ❞❛♥s ❧❡ ❝❤❛♣✐tr❡ ♣ré❝é❞❡♥t ✭❝❢✳ s❡❝t✐♦♥ ✽✳✶✳✶✮✱

❥✬✐s♦❧❡ ❧✬❡rr❡✉r ❛ss♦❝✐é❡ ❛✉ s♦✉s✲❞✐♠❡♥s✐♦♥♥❡♠❡♥t ❞✉ s②stè♠❡ 〈ǫ2k〉M⊥ ❞❡ ❧✬❡rr❡✉r à ♦♣✲
t✐♠✐s❡r s✉r ❧✬❡s♣❛❝❡ ✐♠❛❣❡ ❞✉ ♠✐r♦✐r 〈ǫ2k〉M✳ ❊♥ r❡♣r❡♥❛♥t ❧❡s ♠ê♠❡s ♥♦t❛t✐♦♥s q✉✬à ❧❛
s❡❝t✐♦♥ ✽✳✶✳✷✱ ❧❡ ❝r✐tèr❡ à ♦♣t✐♠✐s❡r ❞❡✈✐❡♥t

〈
ǫ2k
〉
M = tr

〈
N · (bk − ak) · (bk − ak)

T ·NT
〉
. ✭✾✳✾✮

➱t❛♥t ❞♦♥♥é❡ ❧❛ ❢♦r♠❡ ❞❡ ❧❛ ❝♦♠♠❛♥❞❡ ❞❛♥s ❧✬éq✉❛t✐♦♥ ✭✾✳✼✮✱ ♦♥ ♣❡✉t ❛✉ss✐ é❝r✐r❡

〈
ǫ2k
〉
M = tr

〈
N · (bk −E ·dk−1 −U ·ak−2) · (bk −E ·dk−1 −U ·ak−2)

T ·NT
〉
.

✭✾✳✶✵✮

✾✳✸ ▲✬♦♣t✐♠✐s❛t✐♦♥ ❞✉ ❝r✐tèr❡

❖♥ r❡♠❛rq✉❡ q✉❡ ❧✬❡①♣r❡ss✐♦♥ ❞❡ ❧❛ ❝♦♠♠❛♥❞❡ ✭✾✳✼✮ ❞é✜♥✐t ak ♣❛r ✉♥❡ r❡❧❛t✐♦♥ ❞❡
ré❝✉rr❡♥❝❡✳ ▲✬éq✉❛t✐♦♥ ✭✾✳✶✵✮ ♣❡✉t ❛❧♦rs êtr❡ ❞é✈❡❧♦♣♣é❡ ♣♦✉r q✉✬❡❧❧❡ ♥❡ ❞é♣❡♥❞❡ ♣❧✉s
q✉❡ ❞❡s ❞♦♥♥é❡s ♣❛ssé❡s (dk−i)(1≤i≤k) ❡t ❞❡ ❧❛ ❝♦♠♠❛♥❞❡ ✐♥✐t✐❛❧❡ a0✳ ❊♥ ♦♣t✐♠✐s❛♥t
❝❡ ❝r✐tèr❡ ❞é✈❡❧♦♣♣é ♣❛r r❛♣♣♦rt à E ❡t U✱ ✉♥❡ s♦❧✉t✐♦♥ ♦♣t✐♠❛❧❡ s❡r❛✐t ♦❜t❡♥✉❡✳ ▲❡
❝❛❧❝✉❧ ❡st ❝❡♣❡♥❞❛♥t ❞✐✣❝✐❧❡ à ♠❡♥❡r✳ ❏❡ ❝❤♦✐s✐s ✐❝✐ ✉♥❡ ❛✉tr❡ ❛♣♣r♦❝❤❡ q✉✐ ❝♦♥s✐st❡ à
♦♣t✐♠✐s❡r ❞✐r❡❝t❡♠❡♥t ❧❡ ❝r✐tèr❡ ❞❡ ❧✬éq✉❛t✐♦♥ ✭✾✳✶✵✮ ❡♥ s✉♣♣♦s❛♥t ❞ét❡r♠✐♥é❡ ❡t ❝♦♥♥✉❡
❧❛ ✈❛❧❡✉r ❞❡ ❧❛ ❝♦♠♠❛♥❞❡ ♣❛ssé❡ ak−2✳ ❏❡ ♥❡ ❢❛✐s ❛✉❝✉♥❡ ❤②♣♦t❤ès❡ s✉r ❧✬♦r✐❣✐♥❡ ❞❡ ❝❡tt❡
❝♦♠♠❛♥❞❡✱ ♠❛✐s ❝♦♥s✐❞èr❡ s✐♠♣❧❡♠❡♥t ❝♦♥♥❛îtr❡ ♣❛r❢❛✐t❡♠❡♥t s❛ ✈❛❧❡✉r✳ ◗✉❡❧ q✉❡ s♦✐t
❧✬ét❛t ❛❝t✉❡❧ ❞✉ s②stè♠❡✱ ❥❡ ❝❤❡r❝❤❡ ❧❛ ♠❡✐❧❧❡✉r❡ s♦❧✉t✐♦♥ st❛t✐♦♥♥❛✐r❡ ♣♦✉r E ❡t U✳ ❏❡
♠❡ r❛♠è♥❡ ❛✐♥s✐ à ❧✬♦♣t✐♠✐s❛t✐♦♥ ❞✬✉♥ ❝r✐tèr❡ q✉❛❞r❛t✐q✉❡ ❡♥ E ❡t U✳

▲❡s s♦❧✉t✐♦♥s E∗ ❡t U∗ ❞❡ ❝❡ ♣r♦❜❧è♠❡ ❞✬♦♣t✐♠✐s❛t✐♦♥ ✈ér✐✜❡♥t




∂〈ǫ2k〉M
∂U

(U∗,E) = 0 ∀E
∂〈ǫ2k〉M

∂E
(U,E∗) = 0 ∀U

,
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❡t✱ ❡♥ ♣❛rt✐❝✉❧✐❡r✱ 



∂〈ǫ2k〉M
∂U

(U∗,E∗) = 0
∂〈ǫ2k〉M

∂E
(U∗,E∗) = 0

✾✳✸✳✶ ▲✬♦♣t✐♠✐s❛t✐♦♥ ♣❛r r❛♣♣♦rt à U

❚♦✉t ❞✬❛❜♦r❞✱ ❧❛ ❞ér✐✈é❡ ♣❛r r❛♣♣♦rt à U✱ q✉❡❧ q✉❡ s♦✐t E✱ s✬é❝r✐t

∂
〈
ǫ2k
〉
M

∂U
(U,E) = 2NT ·N ·

〈
(E ·dk−1 + U ·ak−2 − bk) ·aT

k−2

〉

❊♥ r❡♠♣❧❛ç❛♥t ❧❡ ✈❡❝t❡✉r ❞❡ ❞♦♥♥é❡s dk−1 ♣❛r s♦♥ ❡①♣r❡ss✐♦♥ ✭✾✳✻✮✱ ♦♥ ♦❜t✐❡♥t

∂
〈
ǫ2k
〉
M

∂U
= 2NT ·N ·

〈(
E · (yk−1 + ek−1) + (U−E ·G) ·ak−2 − bk

)
·aT

k−2

〉
.

❏❡ r❛♣♣❡❧❧❡ q✉❡ ❧❛ ❝♦♠♠❛♥❞❡ ak−2 ❡st ❝♦♥s✐❞éré❡ ❝♦♠♠❡ ✉♥❡ ❣r❛♥❞❡✉r ❞ét❡r♠✐♥é❡✱ ❡t
♣❧✉s ♣ré❝✐sé♠❡♥t ❥❡ ♥❡ s✉♣♣♦s❡ ❛✉❝✉♥❡ ❝♦rré❧❛t✐♦♥ ♣❛rt✐❝✉❧✐èr❡ ❡♥tr❡ ak−2 ❡t ❧❡s ♣❡rt✉r✲
❜❛t✐♦♥s ♣♦stér✐❡✉r❡s bk✱ yk−1 ❡t ek−1✳ ❈♦♠♠❡ ❧❡s ♠❡s✉r❡s ❞❡ ❧✬❆❙❖ ♦♥t ✉♥❡ ❡s♣ér❛♥❝❡
♠❛t❤é♠❛t✐q✉❡ ♥✉❧❧❡ 〈d〉 = 0✱ ❡t q✉❡ ❧✬❡s♣ér❛♥❝❡ ♠❛t❤é♠❛t✐q✉❡ ❞❡ ❧❛ ♣♦s✐t✐♦♥ ❞❡s ❛❝✲
t✐♦♥♥❡✉rs ♣♦✉r ❝♦♠♣❡♥s❡r ❧❡s ♣❡rt✉r❜❛t✐♦♥s ❞❡ ❧❛ ♣❤❛s❡ ❛t♠♦s♣❤ér✐q✉❡ ❡st é❣❛❧❡♠❡♥t
♥✉❧❧❡ 〈b〉 = 0✱ ❛❧♦rs

〈
yk−1 ·aT

k−2

〉
=
〈
yk−1

〉
·aT

k−2 = 0 ,
〈
ek−1 ·aT

k−2

〉
= 〈ek−1〉 ·aT

k−2 = 0

❡t
〈
bk ·aT

k−2

〉
= 〈bk〉 ·aT

k−2 = 0 .

❊♥ ❝♦♥séq✉❡♥❝❡✱ ❝❤♦✐s✐r U∗ = E ·G ❣❛r❛♥t✐t ❧✬❛♥♥✉❧❛t✐♦♥ ❞❡ ❧❛ ❞ér✐✈é❡ ♣❛rt✐❡❧❧❡ ❞✉
❝r✐tèr❡ ♣❛r r❛♣♣♦rt à U✳ ▲❛ ❧♦✐ ❞❡ ❝♦♠♠❛♥❞❡ ✭✾✳✼✮ s❡ s✐♠♣❧✐✜❡ ❛❧♦rs

ak = E · (dk−1 + G ·ak−2) . ✭✾✳✶✶✮

P✉✐sq✉❡ ak−2 ❡st ❧❛ ❝♦♠♠❛♥❞❡ q✉✐ ❛ ❛✛❡❝té ❧❡s ♠❡s✉r❡s dk−1 ✭❝❢✳ ❝❤r♦♥♦❣r❛♠♠❡ ❞❡
❧❛ ✜❣✳ ✾✳✷✮✱ ❧❛ ❢♦r♠❡ ❞❡ ❧❛ ❝♦♠♠❛♥❞❡ ❞❛♥s ❧✬éq✉❛t✐♦♥ ✭✾✳✶✶✮ ♣❡r♠❡t ❞❡ ♣r❡♥❞r❡ ❡♥
❝♦♠♣t❡ ❝❡tt❡ ❛❝t✐♦♥ ❛✜♥ ❞❡ ❧❛ s♦✉str❛✐r❡ ❞❡s ♠❡s✉r❡s rés✐❞✉❡❧❧❡s✳ ▲❡s ♣s❡✉❞♦ ❞♦♥♥é❡s
❛✐♥s✐ ❣é♥éré❡s s♦♥t ♥♦té❡s ❞❛♥s ❧❛ s✉✐t❡ ❞❡ ❝❡ ♠❛♥✉s❝r✐t

d̃k−1 = dk−1 + G ·ak−2 = yk−1 + ek−1 . ✭✾✳✶✷✮

✾✳✸✳✷ ▲✬♦♣t✐♠✐s❛t✐♦♥ ♣❛r r❛♣♣♦rt à E

▼❛✐♥t❡♥❛♥t✱ ❧❛ ❞ér✐✈é❡ ❞✉ ❝r✐tèr❡ ♣❛r r❛♣♣♦rt à E✱ ❛✈❡❝ U = E ·G✱ ✈❛✉t

∂
〈
ǫ2k
〉
M

∂E
(U∗,E) = 2NT ·N ·

(
E ·
〈
d̃k−1 · d̃

T

k−1

〉
−
〈
bk · d̃

T

k−1

〉)
.

❯♥❡ ❝♦♥❞✐t✐♦♥ s✉✣s❛♥t❡ ♣♦✉r ❛♥♥✉❧❡r ❝❡tt❡ ❞ér✐✈é❡ ❡st ❞♦♥♥é❡ ♣❛r

E =
〈
bk ·yT

k−1

〉
·
(〈

yk−1 ·yT
k−1

〉
+
〈
ek−1 · eT

k−1

〉)−1
. ✭✾✳✶✸✮

P✉✐sq✉❡ t♦✉t❡s ❧❡s ♠❡s✉r❡s s♦♥t ❜r✉✐té❡s✱ ❧❛ ♠❛tr✐❝❡ (〈yk−1 ·yT
k−1〉+〈ek−1 · eT

k−1〉) ❞❛♥s
❧✬éq✉❛t✐♦♥ ❝✐✲❞❡ss✉s ❡st ❜✐❡♥ s②♠étr✐q✉❡ ❞é✜♥✐❡ ♣♦s✐t✐✈❡✱ ❞♦♥❝ ✐♥✈❡rs✐❜❧❡✳ ❖♥ r❡tr♦✉✈❡
❞❛♥s ❧✬éq✉❛t✐♦♥ ✭✾✳✶✸✮ ✉♥ rés✉❧t❛t ♣r♦❝❤❡ ❞✉ ❝♦rr❡❝t❡✉r st❛t✐q✉❡ E ❞ér✐✈é ❛✉ ❝❤❛♣✐tr❡
♣ré❝é❞❡♥t ✭❝❢✳ s❡❝t✐♦♥ ✽✳✶✳✸✮✱ ♠❛✐s ❡♥ t❡♥❛♥t ❝♦♠♣t❡ ✐❝✐ ❞❡ ❧✬é✈♦❧✉t✐♦♥ t❡♠♣♦r❡❧❧❡✳
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✾✳✹ ▲❛ ♠✐s❡ ❡♥ ♦❡✉✈r❡ ❞❡ ❧❛ ❧♦✐ ❞❡ ❝♦♠♠❛♥❞❡

✾✳✹✳✶ ▲❛ r❡❢♦r♠✉❧❛t✐♦♥ ❞❡ ❧✬❡st✐♠❛t❡✉r E

▲❛ ♠✐s❡ ❡♥ ♦❡✉✈r❡ ❞❡ ❧✬❡st✐♠❛t❡✉r E✱ ❞é✜♥✐ ♣❛r ❧✬éq✉❛t✐♦♥ ✭✾✳✶✸✮✱ ♣♦✉r ❝❛❧❝✉✲
❧❡r ❧❛ ❝♦♠♠❛♥❞❡ r❡q✉✐❡rt ❧❛ ♠♦❞é❧✐s❛t✐♦♥ ❞❡s ❝♦✈❛r✐❛♥❝❡s 〈bk ·yT

k−1〉✱ 〈yk−1 ·yT
k−1〉 ❡t〈

ek−1 · eT
k−1

〉
✳ P♦✉r ❝❡❧❛✱ ❥❡ ♣r♦❝è❞❡ ❝♦♠♠❡ à ❧❛ s❡❝t✐♦♥ ✽✳✷✳✶✳ ❏❡ r❡♣r❡♥❞s ❧❛ ❞é❝♦♠✲

♣♦s✐t✐♦♥ ✭✸✳✷✸✮ ❞❡ w s✉r ✉♥❡ ❜❛s❡ ✐♥✜♥✐❡ (hi)i∈N ❞❡ C(A; R)✳ ▲❡s ♠❡s✉r❡s ♥♦♥ ❜r✉✐té❡s
s✬é❝r✐✈❡♥t

y =

∞∑

i=1

S(hi) ·wi = S ·w . ✭✾✳✶✹✮

▲❛ ♣r♦❥❡❝t✐♦♥ ♦rt❤♦❣♦♥❛❧❡ ❞❡ w s✉r ❧✬❡s♣❛❝❡ ✐♠❛❣❡ ❞✉ ♠✐r♦✐r ❡st ♥♦té❡ F ✭❝❢✳ ❞é✜♥✐✲
t✐♦♥ ✭✽✳✶✻✮✮✳ ❆✐♥s✐✱ ❧✬❡①♣r❡ss✐♦♥ ❞❡ E ❞❛♥s ❧✬éq✉❛t✐♦♥ ✭✾✳✶✸✮ ❞❡✈✐❡♥t

E = F ·Tw ·ST ·
(
S ·Cw ·ST + Ce

)−1
. ✭✾✳✶✺✮

❛✈❡❝

Ce =
〈
ek−1 · eT

k−1

〉
∀k ≥ 1 ✭✾✳✶✻✮

❡t

Tw =
〈
wk ·wT

k−2

〉
✭✾✳✶✼✮

❡t

Cw =
〈
wk ·wT

k

〉
✭✾✳✶✽✮

s♦♥t r❡s♣❡❝t✐✈❡♠❡♥t ❧❛ ❝♦✈❛r✐❛♥❝❡ s♣❛t✐♦✲t❡♠♣♦r❡❧❧❡ ❡t ❧❛ ❝♦✈❛r✐❛♥❝❡ s♣❛t✐❛❧❡ ❞❡ ❧❛ s✉r✲
❢❛❝❡ ❞✬♦♥❞❡ t✉r❜✉❧❡♥t❡✱ t❡♠♣♦r❡❧❧❡♠❡♥t st❛t✐♦♥♥❛✐r❡✱ ❞é❝r✐t❡s ❞❛♥s ❧❛ ❜❛s❡ ✐♥✜♥✐❡ (hi)i∈N

❞❡ C0(A,R)✳
❊♥ ♣r❛t✐q✉❡✱ ❧❡ ❝❛❧❝✉❧ ❞❡ E s❡ ❢❛✐t ❣é♥ér❛❧❡♠❡♥t à ♣❛rt✐r ❞✬❛♣♣r♦①✐♠❛t✐♦♥s ❞❡ ❞✐✲

♠❡♥s✐♦♥ ✜♥✐❡ ❞❡ F✱ S✱ Tw ❡t Cw✳ ▲❛ ♠❛tr✐❝❡ ❞❡ ❝♦✈❛r✐❛♥❝❡ Cw ❡st s②♠étr✐q✉❡ ❞é✜♥✐❡
♣♦s✐t✐✈❡✱ ❞♦♥❝ ✐♥✈❡rs✐❜❧❡✳ ❈❡❝✐ ♣❡r♠❡t ❞❡ ❞é❝r✐r❡ ❧❡ ❝❛❧❝✉❧ ❞❡ ❧❛ ❝♦♠♠❛♥❞❡

ak = E · (dk−1 + G ·ak−2) = F ·Γ ·R · d̃k−1 ✭✾✳✶✾✮

❡♥ tr♦✐s ét❛♣❡s✱ ❡♥ ❛♣♣❧✐q✉❛♥t ❧❡s ♠❛tr✐❝❡s

R = Cw ·ST ·
(
S ·Cw ·ST + Ce

)−1

=
(
ST ·C−1

e ·S + C−1
w

)−1 ·ST ·C−1
e , ✭✾✳✷✵✮

Γ = Tw ·C−1
w ✭✾✳✷✶✮

❡t F✳ ❈❡s tr♦✐s ét❛♣❡s ❝♦rr❡s♣♦♥❞❡♥t r❡s♣❡❝t✐✈❡♠❡♥t à ✉♥❡ r❡❝♦♥str✉❝t✐♦♥ R✱ ✉♥❡ ♣ré✲
❞✐❝t✐♦♥ Γ ❡t ✉♥❡ ♣r♦❥❡❝t✐♦♥ F✳

❖♥ r❡❝♦♥♥❛ît ✐❝✐ ❧❡s ét❛♣❡s ❞❡ r❡❝♦♥str✉❝t✐♦♥ ❡t ❞❡ ♣r♦❥❡❝t✐♦♥ ♦❜t❡♥✉❡s ❛✉ ❝❤❛♣✐tr❡ ✽✳
▲❡s r❡♠❛rq✉❡s ❢❛✐t❡s à ❧❛ s❡❝t✐♦♥ ✽✳✷✳✶ s✉r ❧❛ ♣❛r❛♠étr✐s❛t✐♦♥ ❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ s♦♥t
à ♥♦✉✈❡❛✉ ✈❛❧❛❜❧❡s ✐❝✐✳

❏✬❛♥❛❧②s❡ ✉♥ ♣❡✉ ♣❧✉s ❧♦✐♥ ❧❡s ♣r♦♣r✐étés ❞❡s ✸ ét❛♣❡s R ❡t Γ ❡t F ❞❛♥s ❧❡ s②stè♠❡
❡♥ ❜♦✉❝❧❡ ❢❡r♠é❡✳
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✾✳✹✳✷ ▲❡ ❞ét❛✐❧ ❞❡s ✸ ét❛♣❡s ❞❡ E

▲❛ r❡❝♦♥str✉❝t✐♦♥ ▼❆P ❛✈❡❝ R

❖♥ r❡❝♦♥♥❛ît ❞❛♥s ❧✬❡①♣r❡ss✐♦♥ ✭✾✳✷✵✮ ❞❡ R ❧❡ r❡❝♦♥str✉❝t❡✉r ▼❆P ✐♥tr♦❞✉✐t à ❧❛
s❡❝t✐♦♥ ✺✳✷✳ ❏❡ r❡♣r❡♥❞s ❧❡s ♥♦t❛t✐♦♥s ♥♦r♠❛❧✐sé❡s ❞❡s ❝♦✈❛r✐❛♥❝❡s ❞✉ ❜r✉✐t ❡t ❞❡ ❧❛
t✉r❜✉❧❡♥❝❡ ♣♦✉r é❝r✐r❡ ❧❡ rés✉❧t❛t ❞❡ ❧❛ ♣r❡♠✐èr❡ ét❛♣❡ ❞✉ ❝❛❧❝✉❧ ❞❡ ❧❛ ❝♦♠♠❛♥❞❡ ✭✾✳✶✾✮
s♦✉s ❧❛ ❢♦r♠❡

ŵk−2 = RMAP · d̃k−1 , ✭✾✳✷✷✮

❛✈❡❝

RMAP =
(
ST ·C−1

e ·S + µ0 C−1
w

)−1 ·ST ·C−1
e .

▲❛ ♥♦t❛t✐♦♥ ŵk−2 ♥✬❡st ♣❛s ✐♥♥♦❝❡♥t❡ ♣✉✐sq✉❡ d̃k−1 ✭❝❢✳ ❡q✳ ✭✾✳✶✷✮✮ r❡♣rés❡♥t❡ ❞❡s
♣s❡✉❞♦ ♠❡s✉r❡s ❡♥ ❜♦✉❝❧❡ ♦✉✈❡rt❡ ❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ wk−2✳ ❉❡ ❢❛✐t✱ ♦♥ r❡tr♦✉✈❡ ❞❛♥s
❧✬éq✉❛t✐♦♥ ✭✾✳✷✷✮ ❧✬❡①♣r❡ss✐♦♥ ✭✹✳✶✼✮ ❛✈❡❝ ❧✬❤②♣♦t❤ès❡ 〈wk−2〉 = 0✱ ❝✬❡st à ❞✐r❡ q✉❡ ŵk−2

❡st ✉♥❡ r❡❝♦♥tr✉❝t✐♦♥ ❞❡ t②♣❡ ▼❆P ❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ t✉r❜✉❧❡♥t❡✱ ❞❛♥s ✉♥ s②stè♠❡
❞❡ ♠❡s✉r❡ ❛✈❡❝ ✉♥❡ ❡♥tré❡ ak−2 ❝❡rt❛✐♥❡✳

P❧✉s ♣ré❝✐sé♠❡♥t✱ ❝❡❝✐ ❝♦rr❡s♣♦♥❞ à ✉♥❡ r❡❝♦♥str✉❝t✐♦♥ ▼❆P s✐♠♣❧❡✱ ❝✬❡st✲à✲❞✐r❡ à
♣❛rt✐r ❞✬✉♥ ❥❡✉ ❞❡ ♠❡s✉r❡ ✐s♦❧é✳ ❊♥ ❡✛❡t✱ ❧❡s ❛ ♣r✐♦r✐ ✉t✐❧✐sés s♦♥t 〈w〉 = 0 ❡t ❧❛ ♠❛tr✐❝❡
❞❡ ❝♦✈❛r✐❛♥❝❡ Cw✱ ❝✬❡st✲à✲❞✐r❡ ❞❡s ❛ ♣r✐♦r✐ ♣♦rt❛♥t s✉r ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ t✉r❜✉❧❡♥t❡✳

▲❛ q✉❛❧✐té ❞❡ ❝❡tt❡ r❡❝♦♥str✉❝t✐♦♥ ❡st q✉❛♥t✐✜é❡ ♣❛r ❧❡ ❝r✐tèr❡
〈
ǫ2
〉
r❡❝♦♥st

❞é✜♥✐
♣❛r ❧✬éq✉❛t✐♦♥ ✭✺✳✼✮✳ ❈♦♠♠❡ ♣♦✉r ❧❛ r❡❝♦♥str✉❝t✐♦♥ ▼❆P ét✉❞✐é❡ ❞❛♥s ❧❛ ♣❛rt✐❡ ■■✱〈
ǫ2
〉
r❡❝♦♥st

❞é♣❡♥❞ ❞✉ r❛♣♣♦rt s✐❣♥❛❧ à ❜r✉✐t ✭❘❙❇✮ ✈✐❛ µ0 = σ2
e/σ

2
w✱ ❞❡s ❞✐♠❡♥s✐♦♥s

❞✉ s②stè♠❡ D/dl ❡t ❞❡ D/L0 ♣♦✉r ✉♥ ♠♦❞è❧❡ ❞❡ ❋r✐❡❞ ❞❡ ❧✬❛♥❛❧②s❡✉r ❛✈❡❝ dl/de = 1✳
❙✐ ✉♥ ❛✉tr❡ ♠♦❞è❧❡ ❞✬❛♥❛❧②s❡✉r ❡st ✉t✐❧✐sé✱ ❧✬❡rr❡✉r ❞❡ r❡❝♦♥str✉❝t✐♦♥ ❞é♣❡♥❞ ❛✉ss✐ ❞✉
r❛♣♣♦rt de/dl ✭❝❢✳ s❡❝t✐♦♥ ✽✳✸✮✳

P❛r ❛✐❧❧❡✉rs✱ ❞❛♥s ❝❡tt❡ ❝♦♥✜❣✉r❛t✐♦♥ ❡♥ ❜♦✉❝❧❡ ❢❡r♠é❡✱ ❧✬❡rr❡✉r ❞❡ r❡❝♦♥str✉❝t✐♦♥〈
ǫ2
〉
r❡❝♦♥st

❞é♣❡♥❞ ❞✉ ♠♦❞è❧❡ G ❞✉ s②stè♠❡✱ q✉✐ ✐♥t❡r✈✐❡♥t ❞❛♥s ❧❛ ❢♦r♠❛t✐♦♥ ❞❡s ♣s❡✉❞♦
♠❡s✉r❡s ❜♦✉❝❧❡ ♦✉✈❡rt❡ ❞✬❛♣rès ❧✬éq✉❛t✐♦♥ ✭✾✳✶✷✮✮✳

▲❛ ♣ré❞✐❝t✐♦♥ ❛✈❡❝ Γ

❏✬❛♥❛❧②s❡ ❞❛♥s ✉♥ ♣r❡♠✐❡r t❡♠♣s ❧✬❡①♣r❡ss✐♦♥ ♣❛rt✐❝✉❧✐èr❡

Γ = Tw ·C−1
w =

〈
wk−2 ·wT

k

〉
· (
〈
wk ·wT

k

〉
)−1 ✭✾✳✷✸✮

♦❜t❡♥✉❡ ❞❛♥s ❧✬❡①♣r❡ss✐♦♥ ✭✾✳✶✺✮ ❞❡ E✳ ▲❛ ♠❛tr✐❝❡ Γ ❡✛❡❝t✉❡ ✉♥❡ ♣ré❞✐❝t✐♦♥ ❞❡ ❧❛
s✉r❢❛❝❡ ❞✬♦♥❞❡ à ❝♦rr✐❣❡r à ❧✬✐♥st❛♥t k✱ à ♣❛rt✐r ❞❡ ❧❛ ❝♦♥♥❛✐ss❛♥❝❡ ❞❡ ŵk−2✳ ❉❡s ✸
ét❛♣❡s ❝♦♥s✐❞éré❡s ❞❛♥s ❝❡tt❡ s❡❝t✐♦♥ ✭r❡❝♦♥str✉❝t✐♦♥✱ ♣ré❞✐❝t✐♦♥✱ ♣r♦❥❡❝t✐♦♥✮✱ ❝✬❡st ❧❛
s❡✉❧❡ q✉✐ ❢❛✐t ✐♥t❡r✈❡♥✐r ❧✬é✈♦❧✉t✐♦♥ t❡♠♣♦r❡❧❧❡ ❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡✳ ❈❡tt❡ ♠❛tr✐❝❡ ❞❡
♣ré❞✐❝t✐♦♥ Γ r❡♥❞ ❝♦♠♣t❡ ❞✉ ❢❛✐t q✉❡ ❧✬♦♥ ❝♦♥s✐❞èr❡ ✉♥ s②stè♠❡ ❞②♥❛♠✐q✉❡✱ ❝✬❡st✲à✲❞✐r❡
q✉✬❛♣♣❧✐q✉❡r ✉♥❡ ❝♦rr❡❝t✐♦♥ r❡♣♦s❛♥t ✉♥✐q✉❡♠❡♥t s✉r ŵk−2 ♥✬❡st ♣❛s ♦♣t✐♠❛❧ ♣✉✐sq✉❡
❧❛ ❝♦♠♠❛♥❞❡ ❡st ❡♥✈♦②é❡ ❛✉ ♠✐r♦✐r ❛✈❡❝ ❞❡✉① tr❛♠❡s ❞❡ r❡t❛r❞✳

❏❡ ♠✬❛tt❛r❞❡ ❞❛♥s ❝❡ ♣❛r❛❣r❛♣❤❡ s✉r ❧✬✐♥t❡r♣rét❛t✐♦♥ ❞❡ ❝❡tt❡ ♣ré❞✐❝t✐♦♥ Γ✱ ❡♥ ❝♦♠✲
♣❛r❛♥t ❝❡❧❧❡✲❝✐ à ❞✬❛✉tr❡ ❞❡s❝r✐♣t✐♦♥ ♣♦ss✐❜❧❡ ❞❡ ❧✬é✈♦❧✉t✐♦♥ t❡♠♣♦r❡❧❧❡ ❞✉ s②stè♠❡✳ ❉✬✉♥❡
❢❛ç♦♥ ❣é♥ér❛❧❡✱ ❧❡ ♣r♦❜❧è♠❡ ❞❡ ❧❛ ♣ré❞✐❝t✐♦♥ ❞❡ wk à ♣❛rt✐r ❞❡ wk−2 à ❧✬❛✐❞❡ ❞✬✉♥ ❡st✐✲
♠❛t❡✉r ❧✐♥é❛✐r❡ Γ̄✱ ♣♦✉r wk ❡t wk−2 ❞❡ st❛t✐st✐q✉❡s ❣❛✉ss✐❡♥♥❡s ❝❡♥tré❡s✱ s✬é❝r✐t

Γ = arg min
Γ̄

〈(
wk − Γ̄ ·wk−2

)T ·
(
wk − Γ̄ ·wk−2

)〉
. ✭✾✳✷✹✮
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▲❛ s♦❧✉t✐♦♥ s✬♦❜t✐❡♥t ✐♠♠é❞✐❛t❡♠❡♥t ♣❛r ❞ér✐✈❛t✐♦♥ ❞✉ ❝r✐tèr❡ ✭✾✳✷✹✮ ♣❛r r❛♣♣♦rt à Γ̄✱
❡t ❡❧❧❡ ❡st é❣❛❧❡ à Γ ❞é✜♥✐ ♣❛r ❧✬éq✉❛t✐♦♥ ✭✾✳✷✶✮✳ ❉♦♥❝ Γ ❡st ❧✬❡st✐♠❛t❡✉r ❛✉ s❡♥s ❞❡s
♠♦✐♥❞r❡s ❝❛rrés ❞❡ wk à ♣❛rt✐r ❞❡ wk−2✱ ♠❛✐s ❛✉ss✐ ❞❡ wk à ♣❛rt✐r ❞❡ ŵk−2 ❛♣rès
❧✬ét❛♣❡ ✭✾✳✷✷✮✳

P❧✉s ❣é♥ér❛❧❡♠❡♥t✱ ♣r❡♥❞r❡ ❡♥ ❝♦♠♣t❡ ❞❡s ✐♥❢♦r♠❛t✐♦♥s t❡♠♣♦r❡❧❧❡s s✉r ❧❛ s✉r❢❛❝❡
❞✬♦♥❞❡ à ❡st✐♠❡r ✐♠♣♦s❡✱ ❝♦♠♠❡ s✉❣❣éré à ❧❛ s❡❝t✐♦♥ ✹✳✸✱ ❞❡ ♠♦❞é❧✐s❡r ❧✬é✈♦❧✉t✐♦♥ ❞❡
❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ ❞❛♥s ❧❡ t❡♠♣s✳ Γ ❡st ❧❡ ♣ré❞✐❝t❡✉r ❧✐♥é❛✐r❡ ♦♣t✐♠❛❧ s✐ ❧❛ s❡✉❧❡ ✐♥❢♦r✲
♠❛t✐♦♥ q✉❡ ❧✬♦♥ ❝♦♥♥❛ît ❡st ❝♦♥t❡♥✉❡ ❞❛♥s wk−2✳ ❈❡♣❡♥❞❛♥t✱ Γ ❡st ❝♦♥str✉✐t à ♣❛rt✐r
❞❡ ❧❛ ❝♦✈❛r✐❛♥❝❡ t❡♠♣♦r❡❧❧❡ ❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ Tw✳ ❖r s✐ ❝❡tt❡ ❝♦✈❛r✐❛♥❝❡ ❡st ❝♦♥♥✉❡✱
❡❧❧❡ ♣❡r♠❡t ❞❡ ♠♦❞é❧✐s❡r ❧✬é✈♦❧✉t✐♦♥ t❡♠♣♦r❡❧❧❡ ❞❡ ❢❛ç♦♥ ♣❧✉s ♣ré❝✐s❡ q✉❡ s✐♠♣❧❡♠❡♥t
❛✉ tr❛✈❡rs ❞❡ Γ✳ ❏✬✐♥✈❡st✐❣✉❡ ❞❛♥s ❧❛ s✉✐t❡ ❞❡ ❝❡ ♣❛r❛❣r❛♣❤❡ q✉❡❧q✉❡s ♣♦ss✐❜✐❧✐tés ❞❡
♠♦❞é❧✐s❛t✐♦♥ ❞❡ ❝❡tt❡ é✈♦❧✉t✐♦♥ t❡♠♣♦r❡❧❧❡ ❣râ❝❡ à ✉♥ ♠♦❞è❧❡ ❧✐♥é❛✐r❡ ♣❧✉s r❛✣♥é✳ ❏❡
♠✬❡✛♦r❝❡ à ❢❛✐r❡ r❡ss♦rt✐r q✉❡❧q✉❡s ♣♦✐♥ts à r❡s♣❡❝t❡r ♣♦✉r q✉❡ ❝❡tt❡ ♠♦❞é❧✐s❛t✐♦♥ ❛♠é✲
❧✐♦r❡ ❧❛ ♣ré❞✐❝t✐♦♥✱ à ♣❛rt✐r ❞✉ ♠♦♠❡♥t ♦ù ❧❛ ❝♦✈❛r✐❛♥❝❡ t❡♠♣♦r❡❧❧❡ ❞✉ ♣r♦❝❡ss✉s Tw

st❛t✐♦♥♥❛✐r❡ ❡st ❝♦♥♥✉❡✳

▲❡ ♠♦❞è❧❡ ❞❡ t✉r❜✉❧❡♥❝❡ ❞❡ ❑♦❧♠♦❣♦r♦✈ ♠♦♥tr❡ q✉❡ ❧❡s s✉r❢❛❝❡s ❞✬♦♥❞❡ s✉❝❝❡ss✐✲
✈❡♠❡♥t ♦❜s❡r✈é❡s s♦♥t ❝♦rré❧é❡s✳ ❏❡ ♥♦t❡ Ti = 〈wk ·wT

k−i〉✱ q✉❡❧ q✉❡ s♦✐t k ❡♥t✐❡r✱ ❧❛
❝♦✈❛r✐❛♥❝❡ t❡♠♣♦r❡❧❧❡ st❛t✐♦♥♥❛✐r❡ ❞❡s s✉r❢❛❝❡s ❞✬♦♥❞❡✳ ❊♥ s✉♣♣♦s❛♥t q✉✬✉♥❡ s✉r❢❛❝❡
❞✬♦♥❞❡ é✈♦❧✉❡ ❧✐♥é❛✐r❡♠❡♥t ❞❛♥s ❧❡ t❡♠♣s✱ ❛❧♦rs

wk+1 =

∞∑

i=0

Bi ·wk−i + vk ✭✾✳✷✺✮

❛✈❡❝ (Bi)i∈N ✉♥❡ ❢❛♠✐❧❧❡ ❞❡ ♠❛tr✐❝❡s ❞❡ R
n×n st❛t✐♦♥♥❛✐r❡s ✭✐✳❡✳ ✐♥❞é♣❡♥❞❛♥t❡s ❞❡

k✮ ❡t vk ✉♥ ♣r♦❝❡ss✉s st♦❝❤❛st✐q✉❡ st❛t✐♦♥♥❛✐r❡ ❞é❝♦rré❧é ❞❡s (wk−i)i∈N✳ ❈❡ ♣r♦❝❡ss✉s
st♦❝❤❛st✐q✉❡✱ ❛♣♣❡❧é ❜r✉✐t ❣é♥ér❛t❡✉r✱ ✐❧❧✉str❡ ❧❡ ❢❛✐t q✉❡ ❧❡ ♠♦❞è❧❡ ❞✬é✈♦❧✉t✐♦♥ ❞❡ ❧❛ t✉r✲
❜✉❧❡♥❝❡ ♥✬❡st ♣❛s ❞ét❡r♠✐♥✐st❡✳ ▲❡s (vk)k∈N s✉✐✈❡♥t ✉♥❡ st❛t✐st✐q✉❡ ❣❛✉ss✐❡♥♥❡ ❝❡♥tré❡✱
❞❡ ✈❛r✐❛♥❝❡ σ2

v✱ ♣✉✐sq✉❡ t♦✉s ❧❡s wk−i ❡t wk+1 s♦♥t ❞❡s s✉r❢❛❝❡s ❞✬♦♥❞❡ ❞❡ st❛t✐st✐q✉❡
❣❛✉ss✐❡♥♥❡ ❝❡♥tré❡✳ ▲❡ ♠♦❞è❧❡ ❞❡ ❧✬éq✉❛t✐♦♥ ✭✾✳✷✺✮ ❡st ♥♦♠♠é ♠♦❞è❧❡ ❛✉t♦✲ré❣r❡ss✐❢
✭❆❘✮✳

▲❡ ♣r♦❝❡ss✉s t✉r❜✉❧❡♥t ♥✬❛②❛♥t ♣❛s ❞❡ ❞é❜✉t ♥✐ ❞❡ ✜♥✱ ❧❡ ♠♦❞è❧❡ ✭✾✳✷✺✮ ❝♦♥t✐❡♥t ✉♥❡
✐♥✜♥✐té ❞❡ t❡r♠❡s✳ ❊♥ ré❛❧✐té ❧❛ ❝♦✈❛r✐❛♥❝❡ t❡♠♣♦r❡❧❧❡ Ti ❞é❝r♦ît ❧♦rsq✉❡ i ❛✉❣♠❡♥t❡✱
❞♦♥❝ ❧❡ ❞é✈❡❧♦♣♣❡♠❡♥t ✭✾✳✷✺✮ ♣❡✉t êtr❡ ❛♣♣r♦①✐♠é ♣❛r tr♦♥❝❛t✉r❡ ❛✉ Ni✲è♠❡ t❡r♠❡ ❡♥
♣r❡♥❛♥t ❣❛r❞❡ q✉❡ ❧❛ ❝♦♥❞✐t✐♦♥

〈∥∥∥∥∥wk+1 −
Ni∑

i=0

Bi ·wk−i

∥∥∥∥∥

2〉
<< σ2

v . ✭✾✳✷✻✮

s♦✐t r❡s♣❡❝té❡✳ Ni s✬❛♣♣❡❧❧❡ ❛❧♦rs ❧✬❤♦r✐③♦♥ ❞✉ ♠♦❞è❧❡✳ P♦✉r ✉♥ ♠♦❞è❧❡ ❞❡ ❝♦✈❛r✐❛♥❝❡
t❡♠♣♦r❡❧❧❡ ❞♦♥♥é✱ ❧❡ ❝❤♦✐① ❞✬✉♥❡ ✈❛❧❡✉r ❞✬❤♦r✐③♦♥ Ni ✜①❡ ✉♥❡ ❜♦r♥❡ ✐♥❢ér✐❡✉r❡ ♣♦✉r σ2

v✳
❘é❝✐♣r♦q✉❡♠❡♥t✱ ❧❛ ✈❛r✐❛♥❝❡ σ2

v ❞❡ ❧✬✐♥❝❡rt✐t✉❞❡ ✜①❡ ✉♥❡ ❜♦r♥❡ ✐♥❢ér✐❡✉r❡ ♣♦✉r ❧✬❤♦r✐③♦♥
Ni✳ ▲❛ tr♦♥❝❛t✉r❡ ❞✉ ♠♦❞è❧❡ ✭✾✳✷✺✮ à ❧✬❤♦r✐③♦♥ Ni ♣r♦❞✉✐t ❝❡ q✉❡ ❧✬♦♥ ♥♦♠♠❡ ✉♥ ♠♦❞è❧❡
❆❘ ❞✬♦r❞r❡ Ni✳

▲❡s ♠❛tr✐❝❡s (Bi)i∈N s♦♥t ❞é✜♥✐❡s à ♣❛rt✐r ❞❡ Tw✱ ❞❡ t❡❧❧❡ s♦rt❡ q✉✬❡♥ ♠✉❧t✐♣❧✐❛♥t
❧✬éq✉❛t✐♦♥ ✭✾✳✷✺✮ ♣❛r ❝❤❛❝✉♥ ❞❡s (wk−i)0≤i≤Ni ✱ ♦♥ ♦❜t✐❡♥t ✉♥ s②stè♠❡ ❞❡ Ni + 1 éq✉❛✲
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t✐♦♥s à Ni + 1 ✐♥❝♦♥♥✉❡s




Cw T1 T2 ... TNi

T1 Cw T1 ... TNi−1

T2 T1 Cw ... TNi−2

... ... ... ... ...
TNi TNi−1 TNi−2 ... Cw



·




B0

B1

B2

...
BNi




=




T1

T2

T3

...
TNi+1




✭✾✳✷✼✮

▲❛ ♠❛tr✐❝❡ ❞❡ ❝❡ s②stè♠❡ ❡st ❚♦❡♣❧✐t③ ♣❛r ❜❧♦❝s ❡t s②♠étr✐q✉❡ ♣♦s✐t✐✈❡✳ ❙✐ ❧✬❤♦r✐③♦♥
Ni ❡st ❥✉❞✐❝✐❡✉s❡♠❡♥t ❝❤♦✐s✐ ♣♦✉r q✉❡ ❧❡s ❝♦✈❛r✐❛♥❝❡s t❡♠♣♦r❡❧❧❡s (Ti)1≤i≤Ni s♦✐❡♥t
s✐❣♥✐✜❝❛t✐✈❡s✱ ❛❧♦rs ❧❛ ♠❛tr✐❝❡ ❞✉ s②stè♠❡ ✭✾✳✷✼✮ ❡st ✐♥✈❡rs✐❜❧❡ ❡t ❧❡s Bi s♦♥t ❞ét❡r♠✐♥és
♣❛r ❧❡ ♠♦❞è❧❡ ❞❡ ❝♦✈❛r✐❛♥❝❡ t❡♠♣♦r❡❧❧❡ ❞❡ ❧❛ t✉r❜✉❧❡♥❝❡ Tw✳

❊♥ ♣❛rt✐❝✉❧✐❡r✱ ♣♦✉r ✉♥ ♠♦❞è❧❡ ❆❘ ❞✬♦r❞r❡ ✶✱

wk+1 = B0 ·wk + vk . ✭✾✳✷✽✮

❙✐ vk ❡st ✉♥ ♣r♦❝❡ss✉s st❛t✐♦♥♥❛✐r❡ ❞é❝♦rré❧é ❞❡ wk✱ ❛❧♦rs

B0 = T1 ·C−1
w . ✭✾✳✷✾✮

❈❡ ♠♦❞è❧❡ ♣❡r♠❡t ❞❡ ❞é✜♥✐r ✉♥❡ ♣ré❞✐❝t✐♦♥ ❞❡ wk−1✱ à ♣❛rt✐r ❞❡ wk−2 ♦✉ ❞❡ ŵk−2✳ ❖♥
r❡❝♦♥♥❛ît ❡♥ ❡✛❡t ❧✬❡st✐♠❛t❡✉r éq✉✐✈❛❧❡♥t à Γ ✭❝❢✳ éq✳ ✭✾✳✷✶✮✮ ♣♦✉r ✉♥❡ ♣ré❞✐❝t✐♦♥ à ✉♥
♣❛s ✭✐✳❡✳ ✉♥❡ s❡✉❧❡ tr❛♠❡ ❞❡ r❡t❛r❞✮✳

❖♥ ♣❡✉t é❣❛❧❡♠❡♥t ❞é❞✉✐r❡✱ ❞✉ ♠♦❞è❧❡ ❆❘ ❞✬♦r❞r❡ ✶ ✭✾✳✷✽✮✱ ✉♥ ♣ré❞✐❝t❡✉r ♦♣t✐♠❛❧
à ❞❡✉① ♣❛s Γ❆❘✶✱ ❡♥ ♦♣t✐♠✐s❛♥t à ♥♦✉✈❡❛✉ ❧❡ ❝r✐tèr❡ ✭✾✳✷✹✮✳ ❊♥ r❡♠♣❧❛ç❛♥t wk−2 ♣❛r
❧❛ r❡❧❛t✐♦♥ ❞❡ ré❝✉rr❡♥❝❡ ❞✉ ♠♦❞è❧❡ ❆❘ ❞✬♦r❞r❡ ✶ ✭✾✳✷✽✮✱ ♦♥ ♦❜t✐❡♥t

Γ❆❘✶ = B2
0 = T1 ·C−1

w ·T1 ·C−1
w . ✭✾✳✸✵✮

P❧✉s ❧✬♦r❞r❡ ❞✉ ♠♦❞è❧❡ ❆❘ ❡st é❧❡✈é✱ ♠❡✐❧❧❡✉r❡ s❡r❛ ❧❛ ♣ré❞✐❝t✐♦♥✱ à ❝♦♥❞✐t✐♦♥ é✈✐✲
❞❡♠♠❡♥t q✉❡ ❧❡ ♠♦❞è❧❡ s♦✐t ❜♦♥✳

❊♥ ❝♦♥❝❧✉s✐♦♥✱ s✐ Γ ❛♣♣♦rt❡ ✉♥❡ ✐♥❢♦r♠❛t✐♦♥ ❞❡ ♣ré❞✐❝t✐♦♥✱ ✐❧ ❡st ♥é❛♥♠♦✐♥s ❡♥✈✐s❛✲
❣❡❛❜❧❡ ❞✬✉t✐❧✐s❡r ✉♥ ♠♦❞è❧❡ ❞✬é✈♦❧✉t✐♦♥ t❡♠♣♦r❡❧❧❡ ♣❧✉s r❛✣♥é q✉❡ r❡♣♦s❛♥t s✐♠♣❧❡♠❡♥t
s✉r Tw✳ ❊♥ ♣r❛t✐q✉❡✱ ✐❧ ❡st ♣❛r❢♦✐s ❞✐✣❝✐❧❡ ❞❡ s✬❛ss✉r❡r q✉❡ ❧❡ ♠♦❞è❧❡ ❞✬é✈♦❧✉t✐♦♥ ❡st
s❛t✐s❢❛✐s❛♥t✱ ❞♦♥❝ ✐❧ ❡st ✐♥tér❡ss❛♥t ❞❡ ❝♦♠♣❛r❡r ❧❡s ♣❡r❢♦r♠❛♥❝❡s ❞✬✉♥ ♣ré❞✐❝t❡✉r à ✉♥
❡st✐♠❛t❡✉r ❞❡ ré❢ér❡♥❝❡✱ ❞❡ ♠♦✐♥❞r❡ ❡✛♦rt✳ ❈❡tt❡ ♥♦t✐♦♥ ❞❡ ♠♦✐♥❞r❡ ❡✛♦rt ❝♦♥st✐t✉❡
❧✬❛♥❛❧♦❣✉❡ ❞❡ ❝❡❧❧❡ q✉❡ ❥✬❛✐ ✉t✐❧✐sé❡ ♣♦✉r q✉❛❧✐✜❡r ❧❡s ♠ét❤♦❞❡s ❞❡ ♠❛①✐♠✉♠ ❞❡ ✈r❛✐✲
s❡♠❜❧❛♥❝❡ ❡♥ r❡❝♦♥str✉❝t✐♦♥ ❞❡ s✉r❢❛❝❡ ❞✬♦♥❞❡ ✭❝❢✳ s❡❝t✐♦♥ ✼✳✺✮✳ ❚❡♠♣♦r❡❧❧❡♠❡♥t✱ ❧❡
♠♦✐♥❞r❡ ❡✛♦rt ❡♥ ❖❆ ❝♦♥s✐st❡ à ❝♦♥s✐❞ér❡r q✉❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ ♥✬é✈♦❧✉❡ ♣❛s ❞❛♥s ❧❡
t❡♠♣s✱ ✐✳❡✳

Tw ≃ Cw , Tw ≃ Cw ❡t ❞♦♥❝ Γ ≃ I . ✭✾✳✸✶✮

❈❡♣❡♥❞❛♥t✱ ❥❡ ♥✬❛✐ ♣❛s ❡✛❡❝t✉é ❛✉ ❝♦✉rs ❞❡ ♠❛ t❤ès❡ ❧❛ ❝♦♠♣❛r❛✐s♦♥ ❞✉ ♣ré❞✐❝t❡✉r
Γ ❛✈❡❝ ❧❡ ♣ré❞✐❝t❡✉r ❞❡ ♠♦✐♥❞r❡ ❡✛♦rt✱ ♣❛r ♠❛♥q✉❡ ❞❡ t❡♠♣s✳ ❏✬❛✐ ❞✐r❡❝t❡♠❡♥t ✉t✐❧✐sé
❧✬❛♣♣r♦①✐♠❛t✐♦♥ ✭✾✳✸✶✮✳ ❊♥ ❞✬❛✉tr❡s t❡r♠❡s✱ ❞❛♥s t♦✉t❡s ♠❡s s✐♠✉❧❛t✐♦♥s✱ ✐❧ ♥✬② ❛ ♣❛s
❞❡ ♣ré❞✐❝t✐♦♥✳

▲❛ ♣r♦❥❡❝t✐♦♥ ❛✈❡❝ F

▲❛ ❞❡r♥✐èr❡ ét❛♣❡ ❞❡ ❧❛ ❧♦✐ ❞❡ ❝♦♠♠❛♥❞❡ ✭✾✳✶✾✮ ❡st ❧❛ ♣r♦❥❡❝t✐♦♥ ♦rt❤♦❣♦♥❛❧❡ ❞❡
❧✬❡st✐♠❛t✐♦♥ ✭r❡❝♦♥str✉❝t✐♦♥ ❡t ♣ré❞✐❝t✐♦♥✮ s✉r ❧✬❡s♣❛❝❡ ✐♠❛❣❡ ❞✉ ♠✐r♦✐r ❞é❢♦r♠❛❜❧❡M✱
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✐✳❡✳ s✉r ❧❛ ❜❛s❡ ❞❡s (mi)1≤i≤na ✳ ❖♥ r❡♠❛rq✉❡ q✉❡ s✐ ❧✬❡st✐♠é❡ ❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ ♦❜t❡✲
♥✉❡ à ❧❛ s✉✐t❡ ❞❡s ❞❡✉① ét❛♣❡s ❝✐✲❞❡ss✉s ❡st r❡♣rés❡♥té❡ ❞❛♥s ✉♥ ❡s♣❛❝❡ q✉✐ ♥❡ ❝♦♥t✐❡♥t
♣❛s ❡♥t✐èr❡♠❡♥t M✱ ❛❧♦rs ❧❛ ❝♦♠♠❛♥❞❡ ❝❛❧❝✉❧é❡ ♣❛r F s❡r❛ ❡♥t❛❝❤é❡ ❞✬✉♥❡ ❡rr❡✉r ❞❡
s♦✉s✲♣❛r❛♠étr✐s❛t✐♦♥ q✉✐ s✬❛❥♦✉t❡ à ❧✬❡rr❡✉r ❞❡ s♦✉s✲❞✐♠❡♥s✐♦♥♥❡♠❡♥t 〈ǫ2〉M⊥ ❞é✜♥✐❡
♣❛r ❧✬éq✳ ✭✽✳✻✮✳ ■❧ ❡st ❞♦♥❝ ✐♠♣♦rt❛♥t ❞✬♦♣t✐♠✐s❡r ❧❛ ♣❛r❛♠étr✐s❛t✐♦♥ ❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡
à ❧❛ ❢♦✐s ♣♦✉r ♦♣t✐♠✐s❡r ❧❡ r❡❝♦♥str✉❝t❡✉r ▼❆P R ❡t ♣♦✉r q✉✬❡❧❧❡ ❝♦♥t✐❡♥♥❡ ❧✬❡s♣❛❝❡
✐♠❛❣❡ ❞✉ ♠✐r♦✐rM✳ ❈❡❝✐ ❞é❝♦✉❧❡ ❞❡ ❧✬♦r❞r❡ ❞❡s ❝❤♦s❡s ♣✉✐sq✉❡ ❧✬ét❛♣❡ ❞❡ r❡❝♦♥str✉❝t✐♦♥
s❡ ❢❛✐t ❛✈❛♥t ❝❡❧❧❡ ❞❡ ❧❛ ♣r♦❥❡❝t✐♦♥✳ ▲❛ ❞é❣r❛❞❛t✐♦♥ ❞❡ ❧✬❡st✐♠❛t✐♦♥ ♣❡✉t êtr❡ r❡s♣♦♥✲
s❛❜❧❡ ❞✬✉♥❡ ♣r♦❥❡❝t✐♦♥ s♦✉s✲♦♣t✐♠❛❧❡✳ ❈✬❡st ♣♦✉rq✉♦✐ ❧✬❡st✐♠❛t✐♦♥ ✭r❡❝♦♥str✉❝t✐♦♥ ❡t
♣ré❞✐❝t✐♦♥✮ ❞♦✐t êtr❡ ❧❛ ♣❧✉s ♣ré❝✐s❡ ♣♦ss✐❜❧❡✳

❏✬❛❥♦✉t❡ ❛✉ss✐ q✉❡ ❧❡ ♠✐r♦✐r ❡st ❝♦♥s✐❞éré ✐❝✐✱ ❝♦♠♠❡ ✉♥ ♣r♦❝❡ss✉s ❞ét❡r♠✐♥é✱ ❝♦♠♠❡
❞❛♥s ❧❛ ♣❧✉♣❛rt ❞❡s ét✉❞❡s ❞✬❖❆✳ ❉♦♥❝ ❝❡tt❡ ét❛♣❡ ❞❡ ❝❛❧❝✉❧ ❞✉ ✈❡❝t❡✉r ❞❡ ❝♦♠♠❛♥❞❡
à ❛♣♣❧✐q✉❡r ❛✉① ❛❝t✐♦♥♥❡✉rs ♥❡ ❢❛✐t ♣❛s ❧✬♦❜❥❡t ❞✬✉♥ ♣r♦❜❧è♠❡ ✐♥✈❡rs❡✳

❊♥✜♥✱ ✐❧ ❡st ✐♥tér❡ss❛♥t ❞❡ ♥♦t❡r q✉❡ ❧✬❡rr❡✉r ❞❡ ❝♦rr❡❝t✐♦♥
〈
ǫ2k
〉
M ❞❛♥s ❧✬éq✳ ✭✾✳✶✵✮ ❡st
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Résumé -
Les images astrophysiques issues des télescopes au sol sont dégradées par la turbulence de l’atmosphère

terrestre. Un système d’Optique Adaptative (OA) doit corriger en temps réel ces perturbations. L’étude
d’une nouvelle génération de télescopes, de plus de 30 mètres de diamètre, avec de nouveaux concepts d’OA
ayant de 104 à 105 degrés de liberté, appelle de nouveaux algorithmes pour la commande du système.
L’optimisation d’un critère nous a conduit à une commande en boucle fermée par modèle interne. Cette
structure permet d’exploiter les a priori sur la turbulence en utilisant l’algorithme FrIM, particulièrement
adapté à ces systèmes à grands nombres de degrés de liberté.

1 Introduction

L’observation d’objets de plus en plus faibles dans l’Univers requiert des télescopes au sol toujours
plus grands. Cependant, la résolution des images fournies par ces grands télescopes est dégradée par la
turbulence atmosphérique. Pour allier sensibilité et haute résolution angulaire, les télescopes au sol sont
désormais associés à des systèmes d’optique adaptative (OA)[1]. L’OA doit corriger en temps réel les effets
de la turbulence atmosphérique grâce à une boucle comprenant un analyseur de front d’onde (AFO), un
système de commande et un miroir déformable (MD) pour appliquer la correction, comme schématisé sur
la Fig. 1.
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Fig. 1 : Schéma de principe d’une OA simple.

Les systèmes d’OA actuellement mis en oeuvre en astronomie utilisent des miroirs à quelques centaines
d’actionneurs tout au plus, i.e. quelques centaines de degrés de liberté. Ils sont asservis de façon à ce que
les mesures de perturbations résiduelles du front d’onde, fournies par l’AFO, soient nulles. Pour les futurs
systèmes d’OA, la démarche est désormais différente. D’une part, la portion de front d’onde analysée par
l’AFO ne cöıncide pas toujours avec la portion de front d’onde destinée à la voie d’observation, ce qui n’im-
plique pas nécessairement l’annulation des mesures résiduelles. Il est alors nécessaire d’extrapoler le front
d’onde reconstruit. Nous traitons ici cette reconstruction par une approche de type problème inverse, avec
une régularisation déduite des propriétés statistiques de la turbulence. D’autre part, les OA de nouvelle gé-
nération en astronomie compteront quelques dizaines de milliers d’actionneurs, d’où l’exigence d’algorithmes
de reconstruction rapide, adaptés à ces grands nombres de degrés de liberté.

Nous considérons ici un système d’OA simple (cf. Fig. 1), i.e. comprenant un seul AFO et un seul MD,
en boucle fermée.

Dans un premier temps, nous expliquons la spécificité des signaux mis en jeu dans un système d’OA,
notamment leurs caractéristiques statistiques. Puis, nous montrons que l’optimisation d’un critère de qualité
concernant les images astrophysiques conduit à un reconstructeur de type maximum a posteriori [3] et
une loi de commande de type modèle interne [4]. Enfin, nous proposons d’utiliser un algorithme itératif,
FrIM, reposant sur un préconditionneur fractal, afin de calculer cette commande. FrIM permet déjà la
reconstruction de surfaces d’onde à grand nombre de paramètres en moins d’opérations qu’aucune autre
méthode existante [2]. Nous montrons finalement, comment la dynamique de la turbulence permet de réduire
encore le coût de calcul de cette méthode lorsqu’elle est utilisée dans une boucle fermée d’OA.

2 Caractériser la phase perturbée par la turbulence de l’atmosphère

D’après le modèle de turbulence de Kolmogorov [5], l’énergie cinétique turbulente est transmise en
cascade, des tourbillons à grande échelle vers les plus petites structures. Ceci engendre des fluctuations
spatiales et temporelles aléatoires de la température dans l’atmosphère, et donc de l’indice de réfraction de
l’air. Pendant l’observation d’une source lumineuse dans le ciel, la surface d’onde au niveau de la pupille,
i.e. après propagation au travers de la turbulence atmosphérique, présente des retards de phase. La théorie
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de Kolmogorov prévoit que ces fluctuations de phase w suivent une statistique gaussienne centrée en chaque
point du plan pupille, avec une fonction de structure qui s’écrit :

Dw(ρ)
def
=
〈
[w(ρ′ + ρ)− w(ρ′)]2

〉
ρ

′ = 6.88

( |ρ|
r0

)5/3

(1)

où 〈.〉 représente l’espérance mathématique, ρ et ρ′ sont des vecteurs de position dans le plan pupille du
télescope et r0 est le paramètre de Fried qui caractérise la quantité de turbulence [6]. La notation |.| représente
la distance dans le plan pupille, mesurée par la norme Euclidienne.

L’OA vise à compenser en temps réel les déformations du front d’onde sur la pupille, à l’aide d’un AFO et
d’un nombre Nact d’actionneurs sur un MD. Étant donné que la phase est une fonction continue de l’espace et
du temps, le nombre de degrés de liberté Nact, le diamètre D de la pupille ou encore la fréquence de la boucle,
définissent certaines limites de performance du système. Nous considérons ces valeurs comme fixées et nous
nous ramenons ici à un système d’OA linéarisé équivalent, discrétisé à la fois spatialement et temporellement.
Les vecteurs w et wc, de R

N , sont les valeurs échantillonnées des fronts d’onde, respectivement incident et
corrigé, sur une grille régulière à 2 dimensions, définie dans le plan pupille du télescope. L’AFO est un Shack-
Hartmann, qui est l’analyseur le plus couramment utilisé. Il fournit un vecteur de mesures de gradients locaux
de la phase résiduelle, d dans R

M . L’équation de mesure du système s’écrit

dk = S · (wk−1 −wc
k−1) + ek (2)

avec S un modèle linéaire de l’AFO et e le vecteur de bruit et d’erreur de modélisation de l’AFO. Les indices
k permettent de représenter les retards caractéristiques du système ; ici, le temps de pose de l’AFO. Les
erreurs de mesure sont supposées gaussiennes centrées et indépendantes entre elles, ce qui est très proche de
la réalité lorsque la source de référence est une étoile naturelle (i.e. à l’infini). La matrice de covariance du
bruit Ce est alors diagonale.

La surface d’onde corrigée wc est la déformée du miroir, générée à partir du vecteur de commande a de
R

Nact . Le miroir est modélisé par un opérateur linéaire M, injectif, communément appelé matrice d’influence,
tel que

wc
k−1 = M · ak−1 (3)

La dynamique du miroir est négligée. On peut alors écrire l’Eq. (2) sous la forme équivalente

dk = yk−1 −G · ak−1 + ek (4)

yk−1 = S ·wk−1

et G = S ·M est la matrice d’interaction du système.
L’objectif est donc de contrôler un système multi-entrées (a) multi-sorties (y) à plusieurs milliers de

degrés de liberté et à une fréquence de l’ordre de 1 kHz. Or la mesure de la perturbation à compenser n’est
pas directement accessible. Seules ses dérivées spatiales locales le sont, et donc le temps de calcul nécessaire
crôıt avec les dimensions du système.

3 L’optimisation du critère

La qualité des images, quantifiée en astronomie par le rapport de Strehl, crôıt lorsque la variance de la
phase résiduelle intégrée sur la pupille,

〈
ǫ2
〉

= 〈‖P · (wk −wc
k)‖2〉 (5)
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diminue. P est un operateur linéaire qui ôte à la phase sa composante constante sur la pupille, le piston, et
annule la phase hors de la pupille. Le mode piston n’influe pas sur le critère

〈
ǫ2
〉
, parce qu’un retard de phase

uniforme sur la pupille ne dégrade pas l’image. La norme ‖.‖ représente la norme Euclidienne canonique de
R

N . w et wc étant définis sur un même espace, on peut décomposer la surface d’onde turbulente comme

wk = wM⊥
k + wM

k

= wM⊥
k + M · bk (6)

où wM
k représente la partie commandable de la turbulence, i.e. sa projection orthogonale sur l’espace image

du miroir M. Au contraire, wM⊥
k constitue la partie non commandable de la phase perturbée, qui est donc

responsable dans le critère (5) d’une erreur que l’on ne peut compenser. M étant injective, la décomposition
dans l’Eq. (6) est définie de façon unique, avec bk la reprsentation vectorielle de la partie commandable de
la perturbation dans l’espace des actionneurs. Le critère réduit à optimiser s’écrit alors

〈
ǫ2
〉M

= 〈‖P ·M · (bk − ak)‖2〉. (7)

La commande ici est supposée être une combinaison linéaire des mesures résiduelles et de la commande
appliquée pendant la pose

ak = R · dk−1 + Q · ak−2. (8)

R et Q sont les opérateurs linéaires et stationnaires à déterminer par optimisation du critère (7). Un
deuxième retard majeur du système est implicitement pris en compte dans l’Eq. (8) par le décalage d’indice
entre ak et dk−1 : le temps de lecture du CCD et de calcul de la nouvelle commande. Pour simplifier les
notations, on a considéré que ce deuxième retard était égal au premier (cf. Eq. (2)), le temps de pose.
On peut remarquer que la commande s’exprime par une relation de récurrence dans l’Eq. (8). En utilisant
cette propriété, il est possible de développer l’Eq. (7) pour exprimer le critère en fonction de toutes les
valeurs de mesures successives et de la commande initiale. Optimiser le critère par rapport à R et à Q

fournirait une solution optimale, mais la détermination de R et à Q dans ces conditions est complexe. Nous

avons opté pour une autre approche, qui consiste à minimiser le critère
〈
ǫ2
〉M

étant donnée la valeur de la
commande précédemment appliquée ak−2, bien déterminée. Nous ne faisons aucune hypothèse particulière
sur son origine mais considérons simplement la connâıtre parfaitement. En conséquence, nous recherchons
R et Q optimaux, quel que soit l’état actuel du système. En remplaçant l’expression (8) dans l’Eq. (7),

le critère à optimiser est bien une fonction quadratique de R et Q. Alors, minimiser
〈
ǫ2
〉M

, quel que soit
l’instant k, étant donnés dk−1 et ak−2, implique

∂
〈
ǫ2
〉M

∂Q
= 0 et

∂
〈
ǫ2
〉M

∂R
= 0 (9)

La linéarité de tous les opérateurs implique

∂
〈
ǫ2
〉M

∂Q
= N ·

〈
(R · dk−1 + Q · ak−2 − bk) · aT

k−2

〉
(10)

= N ·
〈(

R · yk−2 + (Q−R ·G) · ak−2 − bk

)
· aT

k−2

〉
(11)

avec N = 2MT·PT·P·M. L’Eq. (11) est obtenue à partir de (10) en remplaçant dk−1 par son expression dans
l’Eq. (4) et parce que le bruit ek−1 est décorrélé de la commande ak−2. Puisque les espérances mathématiques
des dérivées spatiales de la phase yk−2 et des déformées à corriger bk sont toutes deux nulles,

〈yk−2 · aT
k−2〉 = 〈yk−2〉 · aT

k−2 = 0

〈bk · aT
k−2〉 = 〈bk〉 · aT

k−2 = 0 .
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Choisir Q = R ·G garantit d’annuler la dérivée partielle (11). La loi de commande devient désormais

ak = R · (dk−1 + G · ak−2) = R · d̃k−1 (12)

où d̃k−1 = yk−2 + ek−1 fournit une estimation de mesures en boucle ouverte, i.e. de la phase turbulente. De
la même façon, en dérivant par rapport à R,

∂
〈
ǫ2
〉M

∂R
= N ·

(〈
bk · yT

k−2

〉
−R ·

(〈
yk−2 · yT

k−2

〉
+
〈
ek−1 · eT

k−1

〉))
(13)

La statistique des signaux est supposée stationnaire, si bien que l’on note ∀k,
Ce =

〈
ek · eT

k

〉
et Cw =

〈
wk ·wT

k

〉
. (14)

Choisir
R =

〈
bk ·wT

k−2

〉
· ST

(
S ·Cw · ST + Ce

)−1
(15)

est donc une condition suffisante pour optimiser le critère d’après l’Eq. (13). D’autre part, l’Eq. (6) permet
de montrer facilement que

〈
bk ·wT

k−2

〉
= (MT ·M)† ·MT ·

〈
wk ·wT

k−2

〉

= (MT ·M)† ·MT ·Tw. (16)

où l’exposant † désigne la pseudo-inverse [7] d’une matrice. Alors, la commande (12) une fois optimisée
devient

ak = (MT ·M)† ·MT ·Tw · ST
(
S ·Cw · ST + Ce

)−1
d̃k−1 . (17)

4 Algorithme rapide FrIM, et simulations

À partir de la formule (17) pour la commande, on peut représenter le système d’OA discretisé par le
diagramme Fig. 2. On observe une commande par modèle interne [4].

−1

+
+

+
+

aF M −
+w

w

w

ndd
~

r=0
+

−
c

t

res

z    G z    S

z    E−1

−1

Fig. 2 : Diagramme du système d’OA en boucle fermée.

L’OA doit être commandée en temps réel. Pour un système à N = 104 degrés de liberté et environ 2
fois plus de mesures M , si on précalcule la matrice de commande de l’Eq. (17), son application à un vecteur
de pseudo mesures boucle ouverte d̃k−1 à la fréquence de 1 kHz nécessiterait ≃ 4 × N2 × 103 ≈ 4 × 1011

opérations par seconde. On voit sur la Fig. 3 que, même si cette multiplication matricielle est la méthode
implémentée sur les systèmes d’OA existants, elle n’est plus applicable pour de grands systèmes. Étant
données les capacités des processeurs actuellement disponibles dans le commerce, et leur supposée évolution,
il est nécessaire de développer des méthodes plus rapides.
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Fig. 3 : Nombres d’opérations par seconde nécessaires pour différents algorithmes de reconstruction, en
fonction du nombre de degrés de liberté du système d’OA. Sur les OA actuelles : Multiplication

matrice-vecteur. Récemment suggéré : GCP dans le domaine de Fourier [10]. Mis en oeuvre ici : FrIM, i.e.

GCP avec changement de variables fractal.

On peut découper le calcul de la commande d’après l’Eq. (17) en 3 étapes caractérisées par les opérateurs
suivants

E = Cw · ST ·
(
S ·Cw · ST + Ce

)−1
(18)

=
(
ST ·C−1

e
· S + C−1

w

)−1 · ST ·C−1
e

(19)

Γ = Tw ·C−1
w

(20)

F = (MT ·M)† ·MT . (21)

L’opérateur E correspond à l’estimateur maximum a posteriori de la surface d’onde turbulente, puisque les
signaux sont gaussiens centrés et que le modèle d’AFO est linéaire. Les 2 formes (18) et (19) sont équivalentes
[3]. Γ effectue une prédiction basée simplement sur la covariance spatio-temporelle de la turbulence Tw.
Enfin, F correspond à la projection de moindre norme dans l’espace commandable par le miroir.

Dans notre étude, nous considérons le cas simple où la base de fonctions décrivant la déformée 2D du
miroir à partir du vecteur de commande appliqué aux actionneurs, i.e. les fonctions d’influence, sont des
B-splines bilinéaires. De plus, les sommets de ces fonctions d’influence cöıncident avec les coins des sous-
pupilles du Shack-Hartmann, ce qui correspond à la géométrie de Fried [8]. En utilisant alors le modèle de
Fried pour l’AFO [2], les matrices S, Ce, M et F sont creuses dans la représentation zonale que nous avons
choisie. Ceci permet d’appliquer chacune de ces matrices à un vecteur en un nombre d’opérations de l’ordre
de N . De fait, l’étape (21) dans son intégralité ne requiert que O(N) opérations. En revanche, les matrices
de covariance de la turbulence et leurs inverses ne le sont pas. Nous souhaitons pourtant prendre en compte
ces a priori sur le signal.

Une première approximation consiste à simplifier l’expression (20) en remarquant que le temps de co-
hérence de la turbulence au-dessus de la pupille est supérieur à la période du système. En d’autres termes,
la surface d’onde perturbée change suffisamment peu d’une boucle à l’autre pour écrire Tw ≃ Cw. Alors,
Γ ≃ Id, la matrice identité, et l’étape (20) disparâıt des calculs à effectuer. Par ailleurs, les simulations, dont
un exemple est fourni ci-après, mettent en évidence des corrections satisfaisantes malgré cette approximation
dans le calcul de la commande.

6



Il reste à étudier le coût calculatoire d’application de (18) ou de (19). Les dénominateurs, dans l’une
comme dans l’autre expression, sont des matrices pleines, dont le précalcul ne permettra qu’une application
à un vecteur en O(N2) opérations. Afin d’éviter cela, il a été suggéré[9, 10, 2] de résoudre itérativement,
dans un premier temps, le système

A · ŵk = b (22)

avec
A = ST ·C−1

e
· S + C−1

w
et b = ST ·C−1

e
· d̃k−1 (23)

par un algorithme de gradients conjugués préconditionnés (GCP). On obtient ainsi l’estimée recherchée

ŵk = E · d̃k−1

Pour appliquer A à chaque itération, Yang et al. [10] ont proposé d’approximer la régularisation C−1
w

dans le
domaine de Fourier par une matrice diagonale. Dans ce cas, le coût d’application des GCP dans le domaine
de Fourier est de l’ordre de O(N logN), représenté sur la Fig. 3 (trait tireté - pointillé). Nous retenons ici
une autre méthode, FrIM [2] qui permet l’approximation suivante

Cw ≈ K ·KT (24)

où K est un opérateur inversible décrit par un algorithme de points-milieux. La nature fractale de la turbu-
lence permet à cette approximation de respecter la fonction de structure de Kolmogorov (cf. Eq. (1)) pour
la phase et de définir une bijection w = K ·u. Le vecteur u de R

N représente alors aussi un signal gaussien
centré mais de matrice de covariance égale à l’identité. L’atout majeur du changement de variable fractal est
que l’application de K, de KT ou de leurs inverses à un vecteur de dimension N ne nécessite que ≃ 6×N
opérations. La méthode fractale FrIM [2] exploite ce changement de variable comme préconditionnement des
gradients conjugués, et permet de résoudre itérativement le système équivalent à (22)

A′ · ûk = b′ (25)

avec
A′ = KT · ST ·C−1

e
· S ·K + Id et b′ = KT · ST ·C−1

e
· d̃k−1 (26)

L’emploi de ce changement de variable et l’ajout d’un préconditionneur diagonal à gauche [2] accélère la
convergence des gradients conjugués. Initialement utilisée pour la reconstruction de surfaces d’onde en boucle
ouverte, FrIM est utilisée ici pour l’estimation en boucle fermée. Les a priori turbulents restent valables
parce que l’estimation se fait à partir des pseudo données boucle ouverte d̃k−1, définies par l’Eq. (12).
L’estimation de ŵk = K · ûk par FrIM implique seulement quelques 34N opérations par itération. Seule la
première itération suit une procédure différente. En boucle fermée, l’initialisation de l’algorithme nécessite
le calcul du premier résidu :

rinit = KT · ST ·C−1
e
· (dk−1 + S · (M · ak−2 −K · ûk−1))− ûk−1 . (27)

On remarque alors que l’algorithme itératif est initialisé à partir de la meilleure estimée ûk−1 de la boucle
d’OA précédente. En prenant en compte cette initialisation, le nombre total d’opérations requises par FrIM
pour estimer ûk à chaque boucle est de l’ordre de (27 + 34niter)N . Le nombre d’itérations niter nécessaires
à la convergence de l’algorithme dépend du rapport signal à bruit [2] et de la vitesse d’évolution temporelle
de la turbulence.

Nous illustrons un encadrement des valeurs de niter à attendre grâce à 3 cas extrêmes d’évolution tem-
porelle de la turbulence simulés et représentés sur la Fig. 4. La figure 5 n’est qu’un agrandissement de la
Fig. 4.
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Fig. 4 : Courbes de convergence de l’erreur de reconstruction pendant 6 boucles fermées d’OA successives
avec 15 itérations de FrIM par boucle. Trois cas sont simulés. Courbe trait plein : observation d’un front
d’onde turbulent en translation au-dessus de la pupille. Déplacement de 1/10e de sous-pupille par boucle.
Courbe en trait tireté : observation d’un front d’onde turbulent fixe au-dessus de la pupille. Courbe en

trait pointillé : observation d’une succession de fronts d’onde totalement décorrélés à chaque boucle. Les
paramètres des simulations sont N = 129× 129, une turbulence caractérisée par r0 de la taille d’une

sous-pupille d = 30cm, un bruit de mesure de variance 1radian2 par sous-pupille, une fréquence de boucle
de 1 kHz.
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Fig. 5 : Agrandissement de la Fig. 4.
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Les trois cas simulés d’OA boucle fermée ont en commun que 15 itérations de FrIM sont effectuées pour
chaque boucle et que 6 boucles d’OA sont tracées à la suite sur les figures 4 et 5. En abscisse, l’indexation
des itérations va de 1 à 6× 15 = 90. L’ordonnée représente l’erreur quadratique moyenne de correction due
à la méthode de reconstruction uniquement

〈
ǫ2
〉
reconstruction

= 〈‖P · (wk−2 −M · F ·K · ûk)‖2〉 (28)

i.e. sans inclure le retard de deux trames du système global. En effet, le retard produit une erreur incom-
pressible dans l’Eq. (5) puisque l’on n’utilise pas de prédiction. En revanche, nous souhaitons observer la
vitesse de convergence de l’estimation, qui est bien visible sur les figures 4 et 5.

Pour des rapports signal à bruit moyens, la reconstruction de surface d’onde turbulente avec FrIM en
partant d’une estimée nulle converge en moins de 10 itérations [2]. Ce taux de convergence vaut en OA
boucle fermée dans le cas où l’estimée précédente ûk−1, dans l’étape d’initialisation (27) est décorrélée de
la nouvelle turbulence à estimer uk. C’est le cas de la simulation en trait pointillé sur les figures 4 et 5,
pour laquelle nous avons simulé des surfaces d’onde totalement décorrélées d’une boucle à l’autre. Le saut
significatif toutes les 15 itérations caractérise l’erreur de correction due à l’approximation de Γ par l’identité
dans l’Eq. (20). La covariance temporelle du signal simulée étant nulle, mieux vaut n’appliquer aucune
commande puisque l’estimateur est en retard.

Au contraire, si l’OA boucle en observant une turbulence figée (courbe en trait tireté), alors la convergence
est atteinte en 2 à 3 itérations. La valeur finale n’est pas exactement la même à chaque boucle en raison du
bruit de mesure qui varie. De plus, les saut significatifs de l’erreur toutes les 15 itérations disparaissent. En
effet, la turbulence simulée vérifie exactement Γ = Id.

La réalité se situe entre ces deux cas d’étude. Elle est simulée en décalant la surface d’onde d’un dixieme
de la pupille du télescope entre deux boucles successives (courbe trait plein), ce qui dans les conditions
simulées correspond à une vitesse de vent forte de 30m.s−1 dans les couches turbulentes de l’atmosphère.
La corrélation spatio-temporelle du signal dans ce cas proche de la réalité, et le fait d’initialiser l’algorithme
avec l’estimée précédente permettent alors de converger en 3 à 4 itérations. Le coût de calcul de la commande
en temps réel pour une OA est donc réduit par rapport à la simple reconstruction de surface d’onde.

5 Conclusion

L’optimisation de la variance de l’erreur de correction en OA boucle fermée nous a conduit à une recons-
truction de front d’onde turbulent, de type maximum a posteriori sur des pseudo données boucle ouverte.
La loi de commande globale correspond à une architecture de commande par modèle interne. Les coûts
calculatoires de la commande sont minimisés par l’utilisation de la méthode FrIM pour l’étape d’estimation.
Le fonctionnement en boucle fermée de l’OA tire profit du caractère itératif de la méthode, permettant
d’accélérer la convergence en initialisant l’algorithme avec la surface d’onde estimée à la boucle précédente.
D’après la Fig. 3, le gain en nombre d’opérations par seconde sur la multiplication matricielle pour N = 104

est d’un facteur 100, si on considère deux itérations par boucle.
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✾✳✻ ▲✬❛♥❛❧②s❡ ❞✉ ❝♦rr❡❝t❡✉r

✾✳✻✳✶ ▲❡ ❞✐❛❣r❛♠♠❡ ❞❡ ❧❛ ❜♦✉❝❧❡ ❢❡r♠é❡

➚ ♣❛rt✐r ❞❡s éq✉❛t✐♦♥s ❞ér✐✈é❡s ❝✐✲❞❡ss✉s✱ ♦♥ ♣❡✉t r❡♣rés❡♥t❡r ❧❛ ❜♦✉❝❧❡ ❢❡r♠é❡
♣❛r ❧❡ ❞✐❛❣r❛♠♠❡ ❞✉ ❤❛✉t ❞❡ ❧❛ ✜❣✉r❡ ✾✳✸✱ ❛✈❡❝ Q▼■(z) = 1✳ ❖♥ ♥♦t❡ q✉❡ ❧❡ ❜❧♦❝
❝♦rr❡❝t❡✉r✱ ❞é❧✐♠✐té ♣❛r ❧❡s ♣♦✐♥t✐❧❧és✱ ❝♦♥t✐❡♥t ✉♥❡ ❜♦✉❝❧❡ ✐♥t❡r♥❡✳ ❈❡tt❡ ❛r❝❤✐t❡❝t✉r❡
♣❛rt✐❝✉❧✐èr❡ ❝♦rr❡s♣♦♥❞ à ✉♥❡ ❧♦✐ ❞❡ ❝♦♠♠❛♥❞❡ ❛✈❡❝ ♠♦❞è❧❡ ✐♥t❡r♥❡ ✭❈▼■✮ ✭▼♦r❛r✐ ❡t
❩❛✜r✐♦✉✱ ✶✾✽✾✮✳ ❊♥ ❡✛❡t✱ ❧❛ ❜♦✉❝❧❡ G z−1 ♥✬❡st ❛✉tr❡ q✉✬✉♥ ♠♦❞è❧❡ ❞❡ ❧❛ ❝❤❛î♥❡ ❞✐r❡❝t❡
❞✉ s②tè♠❡ So ·Mo z

−1 = Go z
−1 ✭❝❢✳ s❡❝t✐♦♥ ✷✳✻✳✶✮✳ ❈✬❡st ❝❡tt❡ ❜♦✉❝❧❡ q✉✐ ♣❡r♠❡t ❞❡

❝♦♥str✉✐r❡ ❞❡s ♣s❡✉❞♦ ❞♦♥♥é❡s ❡♥ ❜♦✉❝❧❡ ♦✉✈❡rt❡ ✿ d̃ = d+ z−1 G ·a✱ ❝♦♠♠❡ ❞é❝r✐t ♣❛r
❧✬éq✉❛t✐♦♥ ✭✾✳✶✷✮✳

❉❛♥s ❧❛ s✉✐t❡ ❞❡ ❝❡ ♠❛♥✉s❝r✐t✱ ❥❡ ❞és✐❣♥❡ ♣❛r ♠♦❞è❧❡ ✐♥t❡r♥❡ ❝❡ tr❛♥s❢❡rt G z−1✳
▲❛ ✜❣✉r❡ ✾✳✹ ❢♦✉r♥✐t ✉♥❡ r❡♣rés❡♥t❛t✐♦♥ ♣❧✉s ❝♦♥✈❡♥t✐♦♥♥❡❧❧❡ ❞❡ ❧❛ ❝♦♠♠❛♥❞❡ ♣❛r ♠♦✲
❞è❧❡ ✐♥t❡r♥❡ ✭❈▼■✮✳ ❊❧❧❡ ♥é❝❡ss✐t❡ ❝❡♣❡♥❞❛♥t ❞✬❡①♣r✐♠❡r ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞❛♥s ❧✬❡s♣❛❝❡
❞❡s ❛❝t✐♦♥♥❡✉rs✱ ❛✜♥ ❞❡ r❡❣r♦✉♣❡r ❧❡ ♠♦❞è❧❡ ♥♦♠✐♥❛❧ ❞✉ s②stè♠❡ s②♠❜♦❧✐sé ♣❛r Mo ❡t
So z

−1✳ ❖♥ ✐❞❡♥t✐✜❡ ♣❧✉s ❢❛❝✐❧❡♠❡♥t ❧❛ ❜r❛♥❝❤❡ ♣❛r❛❧❧è❧❡ G z−1 q✉✐ ❝♦♥st✐t✉❡ ❧❡ ❢❛♠❡✉①
♠♦❞è❧❡ ✐♥t❡r♥❡ ❞✉ s②stè♠❡✳ ▲❛ ❝♦♥s✐❣♥❡ c ❡st ♥✉❧❧❡ tr❛❞✉✐s❛♥t ❧❡ ❝r✐tèr❡ ❡♥ t❡r♠❡ ❞✬é❝❛rt
♠✐♥✐♠✉♠ ❡♥tr❡ b ❡t a✳ ▲❡s ❧❡❝t❡✉rs ❢❛♠✐❧✐❡rs ❞❡ ❧❛ ❝♦♠♠❛♥❞❡ ♣❛r ♠♦❞è❧❡ ✐♥t❡r♥❡ ♥♦t❡✲
r♦♥t q✉❡ ❧❡s s✐❣♥❡s s♦♥t ♠♦❞✐✜és ♣❛r r❛♣♣♦rt à ✉♥❡ r❡♣rés❡♥t❛t✐♦♥ ❝❧❛ss✐q✉❡ ❞❡ ❝❡ t②♣❡
❞❡ ❝♦♠♠❛♥❞❡✳

✾✳✻✳✷ ▲❡ tr❛♥s❢❡rt ❡♥ ❜♦✉❝❧❡ ❢❡r♠é❡

❉✬❛♣rès ❧❛ ✜❣✉r❡ ✾✳✹✱ ❧❛ tr❛♥s❢♦r♠é❡ ❡♥ z ❞❡ ❧❛ ❝♦♠♠❛♥❞❡ a s✬❡①♣r✐♠❡ ❝♦♠♠❡

a = Q▼■(z)
[
z−1 E ·

(
z−1 G ·a + e + z−1 Go · (b− a) + e

)
− c
]
. ✭✾✳✸✷✮

▲❛ ❢♦♥❝t✐♦♥ ❞❡ tr❛♥s❢❡rt ❡♥ ❜♦✉❝❧❡ ❢❡r♠é❡ ❞✉ s②stè♠❡ ♣❡✉t ❛❧♦rs êtr❡ ❡①♣r✐♠é❡ ❡♥tr❡ b

❡t a✱ ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡s ❛❝t✐♦♥♥❡✉rs ✿

H❜❢(z) =
[
I +Q▼■(z)E · (Go −G) z−2

]−1
Q▼■(z)E ·Go z

−2 , ✭✾✳✸✸✮

♦ù I ❡st ❧❛ ♠❛tr✐❝❡ ✐❞❡♥t✐té✳
❉❛♥s ❧❛ ❧♦✐ ❞ér✐✈é❡ ❛✉ ❞é❜✉t ❞❡ ❝❡ ❝❤❛♣✐tr❡ Q▼■(z) = 1 ❞♦♥❝✱ ❞❛♥s ♥♦tr❡ ❝❛s✱

H❜❢(z) =
[
I + E · (Go −G) z−2

]−1 ·E ·Go z
−2 . ✭✾✳✸✹✮

❖♥ r❡tr♦✉✈❡ ❞❛♥s ❧❡s ❢♦♥❝t✐♦♥s ❞❡ tr❛♥s❢❡rt ✭✾✳✸✸✮✲✭✾✳✸✹✮✱ ❞❡s rés✉❧t❛ts ❝♦♥♥✉s ❞❡ ❧❛
❝♦♠♠❛♥❞❡ ♣❛r ♠♦❞è❧❡ ✐♥t❡r♥❡✱ à s❛✈♦✐r q✉❡ s✐ ❧❡ ♠♦❞è❧❡ ✐♥t❡r♥❡ ❡st ♣❛r❢❛✐t✱ ✐✳❡✳ G = Go✱
❛❧♦rs ❧❡ s②stè♠❡ ❡st st❛❜❧❡ ♣❛r❝❡ q✉❡ E ·Go ❡st ✉♥❡ ♠❛tr✐❝❡ ❞é✜♥✐❡ ✐♥❞é♣❡♥❞❛♥t❡ ❞❡
z✱ tr❛❞✉✐s❛♥t ❧❡ ✜❧tr❛❣❡ s♣❛t✐❛❧ ❞✉ ❜r✉✐t ❞❛♥s ❧❡ s②stè♠❡ ❡t q✉❡ ❧✬❛s♣❡❝t ❞②♥❛♠✐q✉❡ ❞✉
tr❛♥s❢❡rt ♥✬❡st q✉✬✉♥ r❡t❛r❞ ❞♦✉❜❧❡✱ z−2✳

■❧ ❡st ❞♦♥❝ ✐♥tér❡ss❛♥t ❞❡ ♥♦t❡r q✉❡ ❧✬♦♣t✐♠✐s❛t✐♦♥ ❞❡ ❧❛ ❝♦♠♠❛♥❞❡ ❡✛❡❝t✉é❡ ❞❛♥s
❝❡ ❝❤❛♣✐tr❡ ❝♦♥❞✉✐t à ✉♥ s②stè♠❡ st❛❜❧❡ ♣❛r ❝♦♥str✉❝t✐♦♥✱ ❡♥ ❧✬❛❜s❡♥❝❡ ❞✬❡rr❡✉rs ❞❡
♠♦❞é❧✐s❛t✐♦♥ ❞❡ ❧❛ ❝❤❛î♥❡ ❞✐r❡❝t❡✳ ❈❡❝✐ ❡st ✐♠♣♦rt❛♥t ♣✉✐sq✉❡ ❝❡tt❡ ❝❤❛î♥❡ ❝♦♥❝❡r♥❡ ❧❛
♠❛tr✐❝❡ ❞✬✐♥t❡r❛❝t✐♦♥ ❞✉ s②stè♠❡✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ❥✬❛✐ ♣ré❝✐sé ❞❛♥s ❧❛ s❡❝t✐♦♥ ✷✳✺ q✉❡ ❧❡
♠♦❞è❧❡ ❞❡ ❋r✐❡❞ ❢♦✉r♥✐ss❛✐t ✉♥❡ ❞❡s❝r✐♣t✐♦♥ ♣❛r❢❛✐t❡ ❞✉ s②stè♠❡ ❧♦rsq✉❡ ❧❡s ❢♦♥❝t✐♦♥s
❞✬✐♥✢✉❡♥❝❡ ❞✉ ♠✐r♦✐r ❞é❢♦r♠❛❜❧❡ s♦♥t ❜✐❧✐♥é❛✐r❡s✳ ◆❛t✉r❡❧❧❡♠❡♥t✱ q✉❡ G s♦✐t ❝❛❧✐❜ré❡
♦✉ s②♥t❤ét✐sé❡ ♣❛r ❡①❡♠♣❧❡ ♣❛r ❧❡ ♠♦❞è❧❡ ❞❡ ❋r✐❡❞✱ ❡❧❧❡ ♥✬❡♥ r❡st❡ ♣❛s ♠♦✐♥s ✉♥❡ ❛♣✲
♣r♦①✐♠❛t✐♦♥ ❞✉ ♠♦❞è❧❡ ♥♦♠✐♥❛❧ Go ♣❛r❝❡ q✉❡ ❧❡s ♠✐r♦✐rs ♥✬♦♥t ♣❛s ❡①❛❝t❡♠❡♥t ❞❡s
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w  
z  So

−1

e

w  
++

−
+

c
w

Mo
ad

++

z  G−1

E z −1 Q (z)
MI

res

w  
z  So

−1

e

w  
++

−
+

c
w

Mo
ad

E z −1 Q (z)
res

❋✐❣✳ ✾✳✸ ✕ ❊♥ ❤❛✉t ✿ ❉✐❛❣r❛♠♠❡ ❞✬❖❆ ❡♥ ❜♦✉❝❧❡ ❢❡r♠é❡ ❛✈❡❝ ♠♦❞è❧❡ ✐♥t❡r♥❡ Gz−1✳
▲✬❡♥s❡♠❜❧❡ ❞✉ ❝♦rr❡❝t❡✉r ❡st r❡❣r♦✉♣é à ❧✬✐♥tér✐❡✉r ❞❡s ♣♦✐♥t✐❧❧és✳ ❉✬❛♣rès ❧✬♦♣t✐♠✐s❛t✐♦♥
❞❡ ❧❛ s❡❝t✐♦♥ ✾✳✸✱ Q▼■(z) = 1✳ ❊♥ ❜❛s ✿ ❉✐❛❣r❛♠♠❡ éq✉✐✈❛❧❡♥t à ❝❡❧✉✐ ❞✉ ❤❛✉t✱ ♠❛✐s ❡♥
r❡tr♦✉✈❛♥t ❧❡s ♥♦t❛t✐♦♥s ❞❡ ❧❛ s❡❝t✐♦♥ ✷✳✻✱ ❛❧♦rs Q(z) = Q▼■(z) (I−E ·G z−2Q▼■(z))

−1✳

❢♦♥❝t✐♦♥s ❞✬✐♥✢✉❡♥❝❡ ❜✐❧✐♥é❛✐r❡s ♦✉ ❡♥❝♦r❡ ♣❛r❝❡ q✉❡ ❧❡s ♥♦♥✲❧✐♥é❛r✐tés ❞❡ ❧✬❛♥❛❧②s❡✉r
s♦♥t ❣é♥ér❛❧❡♠❡♥t ♥é❣❧✐❣é❡s✳ ❊♥ ❝♦♥séq✉❡♥❝❡✱ ✐❧ ❡st ♣❡✉ ré❛❧✐st❡ ❞❡ ❝♦♥s✐❞ér❡r q✉❡ ❧❡
♠♦❞è❧❡ ❞✉ s②stè♠❡ ❡st ♣❛r❢❛✐t✱ ❡t ❝❡❝✐ ❝♦♠♣❧✐q✉❡ ❢♦rt❡♠❡♥t ❧✬ét✉❞❡ ❞❡ ❧❛ st❛❜✐❧✐té ❞❡
❝❡tt❡ ❝♦♠♠❛♥❞❡✳ ❊❧❧❡ ❞é♣❡♥❞ ❛❧♦rs ❞❡s ♣ô❧❡s ❞❡s ✈❛❧❡✉rs ♣r♦♣r❡s ❞❡ ❧❛ ♠❛tr✐❝❡ H❜❢(z)✳
❏❡ ♥✬❛✐ ♣❛s ♠❡♥é ❞✬ét✉❞❡ t❤é♦r✐q✉❡ ♣❧✉s ❛♣♣r♦❢♦♥❞✐❡ s✉r ❝❡tt❡ q✉❡st✐♦♥✱ ❡♥ r❛✐s♦♥ ❞❡
❧❛ ❝♦♠♣❧❡①✐té ❞✬✉♥❡ t❡❧❧❡ ❢♦r♠❛❧✐s❛t✐♦♥✳ ❊♥ r❡✈❛♥❝❤❡✱ ❞❡s s✐♠✉❧❛t✐♦♥s ♦♥t été ré❛❧✐sé❡s
❞❛♥s ❞✐✛ér❡♥t❡s ❝♦♥✜❣✉r❛t✐♦♥s ❞✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ❡♥ ❜♦✉❝❧❡ ❢❡r♠é❡ ♣♦✉r ❡st✐♠❡r ❧❡s
r✐sq✉❡s ❞✬✐♥st❛❜✐❧✐té ❞✉❡s à ❝❡s ❡rr❡✉rs ❞❡ ♠♦❞è❧❡ ✐♥t❡r♥❡✳ ▲❡s rés✉❧t❛ts s✉r ❧❡ s✐♠✉❧❛t❡✉r
❖❝t♦♣✉s s♦♥t ♣rés❡♥tés ❞❛♥s ❧❛ ♣❛rt✐❡ ■❱✳ ▲❛ st❛❜✐❧✐té ✈✐s✲à✲✈✐s ❞❡s ♥♦♥✲❧✐♥é❛r✐tés ❞❡
❧✬❛♥❛❧②s❡✉r ❡st ♠✐s❡ à ❧✬é♣r❡✉✈❡ ❞❛♥s t♦✉t❡s s✐♠✉❧❛t✐♦♥s ❡♥ ❜♦✉❝❧❡ ❢❡r♠é❡ ❞✉ ❝❤❛♣✐tr❡ ✶✷✳
❉❡ ♣❧✉s✱ ❧❛ st❛❜✐❧✐té ✈✐s✲à✲✈✐s ❞✬❡rr❡✉rs ❞✬❛❧✐❣♥❡♠❡♥t ♦♣t✐q✉❡ ❞✉ ♠✐r♦✐r ❡t ❞❡ ❧✬❛♥❛❧②s❡✉r
❡st tr❛✐té❡ ❞❛♥s ❧❛ s❡❝t✐♦♥ ✶✷✳✸✳

✾✳✻✳✸ ❆♥❛❧♦❣✐❡ ❡♥tr❡ ❧❛ ❈▼■ ❡t ❧❛ ❝♦rr❡❝t✐♦♥ ❝❧❛ss✐q✉❡

▲❡s ❞❡✉① ❞✐❛❣r❛♠♠❡s ❞❡ ❧❛ ✜❣✉r❡ ✾✳✸ s♦♥t éq✉✐✈❛❧❡♥ts ♠❛✐s ❥✬❛✐ ❢❛✐t ❞✐s♣❛r❛îtr❡ ❧❛
❜♦✉❝❧❡ ✐♥t❡r♥❡ ❞❛♥s ❧❡ ❞✐❛❣r❛♠♠❡ ❞✉ ❜❛s ❛✜♥ ❞❡ r❡tr♦✉✈❡r ✉♥❡ str✉❝t✉r❡ ❞❡ ❝♦rr❡❝t✐♦♥
s❡♠❜❧❛❜❧❡ à ❝❡❧❧❡s ♣rés❡♥té❡s ❞❛♥s ❧❛ s❡❝t✐♦♥ ✷✳✻✳ ▲✬éq✉✐✈❛❧❡♥❝❡ ❡♥tr❡ ❝❡s ❞❡✉① r❡♣rés❡♥✲
t❛t✐♦♥s ✐♠♣❧✐q✉❡♥t ♠❛t❤é♠❛t✐q✉❡♠❡♥t q✉❡

Q(z) =
(
I− Q▼■(z) z

−2 E ·G
)−1

Q▼■(z) . ✭✾✳✸✺✮

❙✐ ♦♥ ❝♦♠♣❛r❡ ❝❡tt❡ ❝♦rr❡❝t✐♦♥ à ❝❡❧❧❡s ét✉❞✐é❡s ❞❛♥s ❧❛ s❡❝t✐♦♥ ✷✳✻✱ ♦♥ r❡♠❛rq✉❡ q✉❡
❧❡ ♣r❡♠✐❡r ❜❧♦❝ ❝♦♥st✐t✉❡ t♦✉❥♦✉rs ❧❛ ♣❛rt✐❡ st❛t✐q✉❡ ❞✉ ❝♦rr❡❝t❡✉r✳ ❊♥ ❡✛❡t✱ E ❡st ✉♥
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+
c=0

− Q (z)
MI

a
Mo z  So−1

e

++
+

F

z  G
−1

++

E z−1

d

w  res

w  

b

−

❋✐❣✳ ✾✳✹ ✕ ❉✐❛❣r❛♠♠❡ ❝♦♥✈❡♥t✐♦♥♥❡❧ ❞❡ ❝♦♠♠❛♥❞❡ ❛✈❡❝ ♠♦❞è❧❡ ✐♥t❡r♥❡ ♣♦✉r ❧✬❖❆✳
▲❛ ♣r♦❥❡❝t✐♦♥ F ✉t✐❧✐sé❡ ♣♦✉r ❞é✜♥✐r b✱ ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡s ❛❝t✐♦♥♥❡✉rs✱
♣❡r♠❡t ❞✬♦❜t❡♥✐r ✉♥ r❡❣r♦✉♣❡♠❡♥t ❞❡s ❜❧♦❝s Mo ❡t So z

−1✱ ❧❛ ❝❤❛î♥❡ ❞✐r❡❝t❡ ♥♦♠✐♥❛❧❡
❞✉ s②stè♠❡✱ ♠♦❞é❧✐sé❡ ♣❛r G z−1✳ ▲❛ ❝♦♥s✐❣♥❡ ❡st ♥✉❧❧❡✱ tr❛❞✉✐s❛♥t ❧✬é❝❛rt ❞és✐ré ❡♥tr❡
a ❡t b✳

❡st✐♠❛t❡✉r q✉✐ ♣❡r♠❡t ❞❡ ♣❛ss❡r ❞❡ ❧✬❡s♣❛❝❡ ❞❡s ♠❡s✉r❡s à ❧✬❡s♣❛❝❡ ❞❡s ❝♦♠♠❛♥❞❡s✳
P♦✉r ❧❛ ❧♦✐ ❞❡ ❝♦♠♠❛♥❞❡ ❞ér✐✈é❡ ♣ré❝é❞❡♠♠❡♥t ❞❛♥s ❝❡ ❝❤❛♣✐tr❡✱ Q▼■(z) ✈❛✉t

✶✱ ❞♦♥❝ ❧❛ ♣❛rt✐❡ ❞②♥❛♠✐q✉❡ ❡st ❞é✜♥✐❡ ♣❛r ❧❛ ❜♦✉❝❧❡ ✐♥t❡r♥❡ ❡t ❧✬éq✉✐✈❛❧❡♥❝❡ ❞❡ ❝❡s
r❡♣rés❡♥t❛t✐♦♥s ❡st ♦❜t❡♥✉❡ s✐

Q(z) =
(
I− z−2 E ·G

)−1
. ✭✾✳✸✻✮

➚ ❧❛ s❡❝t✐♦♥ ✷✳✻✱ ❥✬❛✐ ♣rés❡♥té ❞❡s ❝♦rr❡❝t❡✉rs ❛✈❡❝ Q(z) s❝❛❧❛✐r❡ ♦✉ ❞✐❛❣♦♥❛❧ ❞❛♥s
❧✬❡s♣❛❝❡ ❞❡s ♠♦❞❡s ♣r♦♣r❡s ❞✉ s②stè♠❡✳ ■❝✐✱ Q(z) ♥❡ ✈ér✐✜❡ ❛ ♣r✐♦r✐ ❛✉❝✉♥❡ ❞❡ ❝❡s ❞❡✉①
❝♦♥❞✐t✐♦♥s✳ ■❧ ♥✬② ❛ ♣❛s ❞❡ ❜❛s❡ é✈✐❞❡♥t❡ ♣❡r♠❡tt❛♥t ❞❡ ❞é❝♦♠♣♦s❡r ❧❡ s②stè♠❡ ❞✬❖❆
❡♥ n❛ ❜♦✉❝❧❡s ❞é❝♦✉♣❧é❡s✱ ❛✜♥ ❞❡ r❡tr♦✉✈❡r ✉♥❡ ❝♦rr❡❝t✐♦♥ ♠♦❞❛❧❡ ✭❝❢✳ s❡❝t✐♦♥ ✷✳✻✮✳ ❊♥
❡✛❡t✱ E ·G ❞❛♥s ❧✬éq✉❛t✐♦♥ ✭✾✳✸✻✮ ♥✬❡st ♣❛s ♥é❝❡ss❛✐r❡♠❡♥t ❞✐❛❣♦♥❛❧✐s❛❜❧❡✳ ❈❡❝✐ ❡st ❞û
à ❧❛ ❢♦r♠❡ ♣❛rt✐❝✉❧✐èr❡ ❞❡ E ❛♥❛❧②sé❡ ❞❛♥s ❧❛ s❡❝t✐♦♥ ♣ré❝é❞❡♥t❡✳

■❧ ❡st ❝❡♣❡♥❞❛♥t ✐♥tér❡ss❛♥t ❞❡ ❝♦♥s✐❞ér❡r ✉♥ ✐♥st❛♥t ❧❡ ❝❛s✱ ♥♦♥ ré❛❧✐st❡✱ ♦ù ❧✬é❣❛❧✐té
♠❛tr✐❝✐❡❧❧❡ E ·G = I ❡st s❛t✐s❢❛✐t❡✳ ❈❡❝✐ r❡✈✐❡♥t à ✐♠❛❣✐♥❡r ✉♥ ✐♥st❛♥t ✉♥ s②stè♠❡ ❞✬❖❆
♠♦♥♦✲❡♥tré❡ ♠♦♥♦✲s♦rt✐❡✱ ❡t ❛❧♦rs Q(z) ❞❡✈✐❡♥t s❝❛❧❛✐r❡✱ é❣❛❧ à

Q(z) =
Q▼■(z)

1− z−2Q▼■(z)
✭✾✳✸✼✮

❊t s✐ Q▼■(z) = 1✱ ❛❧♦rs

Q(z) =
1

(1− z−1)(1 + z−1)
. ✭✾✳✸✽✮

❖♥ r❡tr♦✉✈❡ ❛❧♦rs ✉♥ rés✉❧t❛t ❝❧❛ss✐q✉❡ ❞❡ ❧❛ ❝♦♠♠❛♥❞❡ ♣❛r ♠♦❞è❧❡ ✐♥t❡r♥❡ ❡♥ s❝❛✲
❧❛✐r❡ s❡❧♦♥ ❧❡q✉❡❧ ❧✬✉t✐❧✐s❛t✐♦♥ ❞✉ ♠♦❞è❧❡ ✐♥t❡r♥❡ ✐♥tr♦❞✉✐t ✉♥❡ ✐♥té❣r❛t✐♦♥ ❛✉ s❡✐♥ ❞❡ ❧❛
❝♦rr❡❝t✐♦♥✳



✷✵✵ ❈❍❆P■❚❘❊ ✾✳ P❘❖❇▲➮▼❊ ■◆❱❊❘❙❊ ❊◆ ❇❖❯❈▲❊ ❋❊❘▼➱❊

❉❛♥s ❧❡ ❝♦rr❡❝t❡✉r ❞ér✐✈é à ❧❛ s❡❝t✐♦♥ ✾✳✸✱ E ·G ❡st ❞✐✛ér❡♥t ❞❡ ❧❛ ♠❛tr✐❝❡ ✐❞❡♥t✐té✱
♣❛r ❝♦♥str✉❝t✐♦♥ ❞❡ E✳ P❧✉s ♣ré❝✐sé♠❡♥t✱

E ·G = F ·Γ ·
(
ST ·C−1

e ·S + C−1
w

)−1 ·ST ·C−1
e ·S ·M . ✭✾✳✸✾✮

❖r ❧❡s ✈❛❧❡✉rs ♣r♦♣r❡s ❞❡
(
ST ·C−1

e ·S + C−1
w

)−1 ·ST ·C−1
e ·S s♦♥t ❝♦♠♣r✐s❡s ❡♥tr❡ ✵ ❡t

✶✱ str✐❝t❡♠❡♥t ✐♥❢ér✐❡✉r❡s à ✶✱ ❡♥ r❛✐s♦♥ ❞✉ ✜❧tr❛❣❡ s♣❛t✐❛❧ ❞✉ ❜r✉✐t✳ P❛r ❞é✜♥✐t✐♦♥✱ Γ ❛
é❣❛❧❡♠❡♥t ❞❡s ✈❛❧❡✉rs ♣r♦♣r❡s t♦✉t❡s ✐♥❢ér✐❡✉r❡s à ✶✱ ♣✉✐sq✉❡ ❧❡ ♠❛①✐♠✉♠ ❞❡ ❝♦rré❧❛t✐♦♥
❡♥tr❡ ❧❡s s✉r❢❛❝❡s ❞✬♦♥❞❡ s❡ ♣r♦❞✉✐t ❧♦rsq✉✬❡❧❧❡s s♦♥t ✐❞❡♥t✐q✉❡s✳ ❉❡ ♠ê♠❡✱ ♣♦✉r ❧❛
♣r♦❥❡❝t✐♦♥ ♦rt❤♦❣♦♥❛❧❡ s✉r ❧❡ ♠✐r♦✐r✱ ❧❡s ✈❛❧❡✉rs ♣r♦♣r❡s ❞✉ ♣r♦❞✉✐t F ·M s♦♥t ❝♦♠♣r✐s❡s
❡♥tr❡ ✵ ❡t ✶✳ ■❧ ♥✬❡①✐st❡ ❞♦♥❝ ♣❧✉s ❞✬✐♥té❣r❛t❡✉r ❞❛♥s ❧❡ ❝♦rr❡❝t❡✉r ♠❛tr✐❝✐❡❧ Q ❞ér✐✈é ❞❡
❧✬♦♣t✐♠✐s❛t✐♦♥ ❡✛❡❝t✉é❡ à ❧❛ s❡❝t✐♦♥ ✾✳✸✳

✾✳✻✳✹ ▲❛ ❝♦♠♣❛r❛✐s♦♥ ❛✈❡❝ ❞✬❛✉tr❡s ❝♦rr❡❝t❡✉rs

❈❡tt❡ s❡❝t✐♦♥ ❡st ❞❡st✐♥é❡ à s✐t✉❡r ❧❡ ❝♦rr❡❝t❡✉r ❞ér✐✈é ✐❝✐ ♣❛r r❛♣♣♦rt ❛✉① ♣r✐♥❝✐♣❛✉①
❝♦rr❡❝t❡✉rs ét✉❞✐és ❡♥ ❖❆✳

❏❡ s✉♣♣♦s❡ ♠❛✐♥t❡♥❛♥t q✉❡ ❥❡ ♣❛ss❡ ❞✉ ❞✐❛❣r❛♠♠❡ ❞✉ ❤❛✉t ❞❡ ❧❛ ✜❣✉r❡ ✾✳✸ ❛✉ ❞✐❛✲
❣r❛♠♠❡ ❞✉ ❜❛s ❞❡ ❧❛ ♠ê♠❡ ✜❣✉r❡✱ ❡♥ s✉♣♣r✐♠❛♥t ❝♦♠♣❧èt❡♠❡♥t ❧❛ ❜♦✉❝❧❡ ❞❡ ♠♦❞è❧❡
✐♥t❡r♥❡✳ ❆✐♥s✐ Q(z) = Q▼■(z)✳ ❖♥ r❡tr♦✉✈❡ ❛❧♦rs ✉♥❡ ❛r❝❤✐t❡❝t✉r❡ s❡♠❜❧❛❜❧❡ à ❝❡❧❧❡s
ét✉❞✐é❡s ❞❛♥s ❧❛ s❡❝t✐♦♥ ✷✳✻✱ à ❝❡❝✐ ♣rès q✉❡ ❧✬✐♥✈❡rs❡ ❣é♥ér❛❧✐sé❡ ❞❡ ❧❛ ♠❛tr✐❝❡ ❞✬✐♥t❡r✲
❛❝t✐♦♥ ❡st ❞és♦r♠❛✐s é❣❛❧❡ à E✳ ❊♥ ❛ss♦❝✐❛♥t E à ✉♥ ✐♥té❣r❛t❡✉r s❝❛❧❛✐r❡ ♣♦✉r Q▼■(z)
✭❝❢✳ éq✳ ✷✳✶✾✮✱ ♦♥ r❡tr♦✉✈❡ ✉♥❡ ❝♦♠♠❛♥❞❡ s✐♠✐❧❛✐r❡ à ❝❡❧❧❡ ✐♠♣❧é♠❡♥té❡ ♣♦✉r ❧❡ s②stè♠❡
❈❖▼❊✲❖◆ ✭❝❢✳ ❞✐❛❣r❛♠♠❡ ❞✉ ❜❛s ❞❡ ❧❛ ✜❣✉r❡ ✾✳✶✮✳

❏❡ ♣rés❡♥t❡ ✐❝✐ ✉♥ r❛✐s♦♥♥❡♠❡♥t ❤❡✉r✐st✐q✉❡ q✉✐ ♣❡r♠❡t ❞❡ ❧✐❡r ❝❡tt❡ ❛♣♣r♦❝❤❡ ❝❧❛s✲
s✐q✉❡ ❛✉ ❝♦rr❡❝t❡✉r ♣s❡✉❞♦ ♦♣❡♥✲❧♦♦♣ ✭P❖▲❈✮ ♣r♦♣♦sé ♣❛r ●✐❧❧❡s ✭✷✵✵✺✮✳ ❈❡tt❡ ❝♦♥✜❣✉✲
r❛t✐♦♥ ❡st éq✉✐✈❛❧❡♥t❡ à ❝❡❧❧❡ ❞✉ ❤❛✉t ❞❡ ❧❛ ✜❣✉r❡ ✾✳✺✱ ♦ù ❞❡✉① ❜♦✉❝❧❡s ♦♥t été ❛❥♦✉té❡s✱
❧✬✉♥❡ ❛❞❞✐t✐♦♥♥❛♥t ✉♥❡ q✉❛♥t✐té ❡t ❧✬❛✉tr❡ ❧❛ r❡tr❛♥❝❤❛♥t ❀ ❧❡s ❞❡✉① ❛❝t✐♦♥s s❡ ❝♦♠♣❡♥✲
s❛♥t✳ ▲❛ ♥♦t❛t✐♦♥ Q▼■ ❡st ♠♦❞✐✜é❡✱ r❡♠♣❧❛❝é❡ ♣❛r QP✱ s✐♠♣❧❡♠❡♥t ♣♦✉r ♠♦♥tr❡r q✉✬✐❧
s✬❛❣✐t ❞✬✉♥❡ ❛♣♣r♦❝❤❡ ❞✐✛ér❡♥t❡✳ ■❧ ♥✬❡st ♣❛s q✉❡st✐♦♥ ✐❝✐ ❞❡ r❛❥♦✉t❡r ❝♦♥❝rèt❡♠❡♥t ❝❡s
❞❡✉① ❜♦✉❝❧❡s✱ ♠❛✐s ❝❡tt❡ ét❛♣❡ ✐♥t❡r♠é❞✐❛✐r❡ ❢❛❝✐❧✐t❡ ❧❛ ❝♦♠♣ré❤❡♥s✐♦♥ ❞✉ ❝♦rr❡❝t❡✉r
P❖▲❈✳ ❙♦♥ ❛♣♣r♦❝❤❡ ❝♦♥s✐st❡ à ❛♣♣r♦①✐♠❡r ❧❛ ❞❡✉①✐è♠❡ ❜♦✉❝❧❡ ♣❛r ✉♥ r❡t♦✉r s❝❛❧❛✐r❡
z−2✳ ❈❡tt❡ ❛r❝❤✐t❡❝t✉r❡ ♥♦♠♠é❡ P❖▲❈ ❡st r❡♣rés❡♥té❡ s✉r ❧❡ ❞✐❛❣r❛♠♠❡ ❞✉ ❜❛s ❞❡
❧❛ ✜❣✉r❡ ✾✳✺✳ ●✐❧❧❡s ✉t✐❧✐s❡ ✉♥ ✜❧tr❡ s❝❛❧❛✐r❡ ❞✬♦r❞r❡ ✷ ♣♦✉r QP(z) ❡t ✐❧ ét✉❞✐❡ ❧❡s ♣❡r✲
❢♦r♠❛♥❝❡s ❞❡ ❝❡tt❡ ❝♦♠♠❛♥❞❡ ♣♦✉r ✉♥ s②stè♠❡ ❞❡ t②♣❡ ♠✉❧t✐❝♦♥❥✉❣✉é✳ ▲✬❡st✐♠❛t❡✉r
▼❆P E q✉✬✐❧ ✉t✐❧✐s❡ ❡st ❞♦♥❝ ✉♥❡ ❡①t❡♥s✐♦♥ ❞✉ E ♣rés❡♥té ✐❝✐✱ ❛✜♥ ❞❡ r❡❝♦♥str✉✐r❡ ❞❡s
s✉r❢❛❝❡s ❞✬♦♥❞❡ ♠✉❧t✐♣❧❡s ❞❛♥s ❞❡s ❝♦✉❝❤❡s ❡♥ ❛❧t✐t✉❞❡✳

❉✬❛♣rès ❧❛ ❝♦♠♣❛r❛✐s♦♥ ❞❡s ❞❡✉① ❞✐❛❣r❛♠♠❡s ❞❡ ❧❛ ✜❣✉r❡ ✾✳✺✱ ♦♥ ♥♦t❡ q✉❡ ❧❛ ❝♦♠✲
♠❛♥❞❡ P❖▲❈ s❡r❛✐t ✐❞❡♥t✐q✉❡ à ✉♥❡ ❝♦♠♠❛♥❞❡ ❞✬❖❆ ❝❧❛ss✐q✉❡ s✐ ❧✬é❣❛❧✐té E ·G = I

ét❛✐t ✈ér✐✜é❡✳ ❈♦♠♠❡ ❞✐s❝✉té à ❧❛ s❡❝t✐♦♥ ✾✳✻✳✸✱ ❝❡tt❡ ❝♦♥❞✐t✐♦♥ ♥✬❡st t♦✉t❡❢♦✐s ♣❛s ✈é✲
r✐✜é❡ ❧♦rsq✉✬✉♥ r❡❝♦♥str✉❝t❡✉r ❞❡ t②♣❡ ♠❛①✐♠✉♠ ❛ ♣♦st❡r✐♦r✐ ❡st ✉t✐❧✐sé ❞❛♥s E✳

▲❛ ❝♦♠♠❛♥❞❡ P❖▲❈ ♣❡r♠❡t ❛✉ s②stè♠❡ ❞❡ r❡st❡r st❛❜❧❡ ❡t ❛✈❡❝ ✉♥ ♣❡rt❡ ❞❡ ❝♦rr❡❝✲
t✐♦♥ ❞❡ ✸✵✪✱ ❧♦rsq✉❡ ❧❡s ❞és❛❧✐❣♥❡♠❡♥ts ❞❡s ♠✐r♦✐rs ❛tt❡✐❣♥❡♥t ✸✵✪ ❞❡ ❧❛ ❧❛r❣❡✉r ❞✬✉♥❡
s♦✉s✲♣✉♣✐❧❧❡ ✭●✐❧❧❡s✱ ✷✵✵✺✮✳ ➱t❛♥t ❞♦♥♥é❡ ❧❛ ❢♦rt❡ s✐♠✐❧✐t✉❞❡ ❡♥tr❡ ❧❡ ❝♦rr❡❝t❡✉r q✉❡ ❥✬❛✐
❞ér✐✈é ❡t ❝❡❧✉✐ ❞❡ ●✐❧❧❡s✱ ♣❡r❝❡♣t✐❜❧❡ à tr❛✈❡rs ❧❡s ❞✐❛❣r❛♠♠❡s ✾✳✸ ❡t ✾✳✺✱ ✐❧ ❡st s✐♠♣❧❡
❞❡ ♠♦❞✐✜❡r ♠♦♥ ❝♦rr❡❝t❡✉r ♣♦✉r q✉✬✐❧ ❞❡✈✐❡♥♥❡ ✉♥❡ ❝♦♠♠❛♥❞❡ ❞❡ t②♣❡ P❖▲❈✳ ❚♦✉t❡✲
❢♦✐s✱ ❧❛ ❝♦♠♠❛♥❞❡ ❞❡ t②♣❡ P❖▲❈ r❡q✉✐❡rt ❧❛ ♠✐s❡ ❡♥ ♠é♠♦✐r❡ ❞❡ ♣❧✉s✐❡✉rs ❝♦♠♠❛♥❞❡s
❛♥tér✐❡✉r❡s✱ ❝❡ q✉✐ ♥✬❡st ♣❛s ❧❡ ❝❛s ❛✈❡❝ ❧❛ ♠ét❤♦❞❡ ♣r♦♣♦sé❡ ❞❛♥s ❝❡ ❝❤❛♣✐tr❡✳
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❋✐❣✳ ✾✳✺ ✕ ❊♥ ❤❛✉t ✿ ❉✐❛❣r❛♠♠❡ ❞✬❖❆ ❡♥ ❜♦✉❝❧❡ ❢❡r♠é❡ éq✉✐✈❛❧❡♥t❡ ❛✉① ❝♦rr❡❝t❡✉rs
❝❧❛ss✐q✉❡s ét✉❞✐és à ❧❛ s❡❝t✐♦♥ ✷✳✻✳ ❊♥ ❜❛s ✿ ❉✐❛❣r❛♠♠❡ ❞❡ ❧❛ ❝♦♠♠❛♥❞❡ P❖▲❈ ✭●✐❧❧❡s✱
✷✵✵✺✮✳

■❧ ❡st é❣❛❧❡♠❡♥t ✐♠♣♦rt❛♥t ❞❡ ♥♦t❡r ❧❡s ❞✐✛ér❡♥❝❡s ♠❛❥❡✉r❡s ❡♥tr❡ ❧✬♦♣t✐♠✐s❛t✐♦♥
ré❛❧✐sé❡ ✐❝✐✱ ❡t ❝❡❧❧❡ ❡✛❡❝t✉é❡ ❞❛♥s ✉♥❡ r❡❝❤❡r❝❤❡ ❞❡ ❝♦♠♠❛♥❞❡ ♦♣t✐♠❛❧❡ ▲✐♥é❛✐r❡ ◗✉❛✲
❞r❛t✐q✉❡ ●❛✉ss✐❡♥♥❡ ✭▲◗●✮ ❡♥ ❖❆ ✭P❛s❝❤❛❧❧ ❡t ❆♥❞❡rs♦♥✱ ✶✾✾✸❀ ●❛✈❡❧ ❡t ❲✐❜❡r❣✱ ✷✵✵✸❀
❲✐❜❡r❣ ❡t ❛❧✳✱ ✷✵✵✹❛✱❜❀ ▲♦♦③❡ ❡t ❛❧✳✱ ✷✵✵✸❀ ▲❡ ❘♦✉①✱ ✷✵✵✸❀ P❡t✐t✱ ✷✵✵✻✮✳ ▲❛ ❝♦♠♠❛♥❞❡
▲◗● ❡st ❞ét❡r♠✐♥é❡ à ♣❛rt✐r ❞✬✉♥❡ ❡st✐♠❛t✐♦♥ ♦♣t✐♠❛❧❡✱ ❡✛❡❝t✉é❡ ♣❛r ❧✬❡st✐♠❛t❡✉r ❞❡
❑❛❧♠❛♥✳ ❏✬❛✐ ❜r✐è✈❡♠❡♥t ✐♥tr♦❞✉✐t ❝❡t ❡st✐♠❛t❡✉r à ❧❛ s❡❝t✐♦♥ ✹✳✸✳✷✳ ❏❡ s♦✉❤❛✐t❡ s✐♠✲
♣❧❡♠❡♥t ❢❛✐r❡ r❡♠❛rq✉❡r ✐❝✐ q✉❡ ❝❡tt❡ ❡st✐♠❛t✐♦♥ ♦♣t✐♠❛❧❡ ✉t✐❧✐s❡ t♦✉t❡s ❧❡s ♠❡s✉r❡s
❛❝q✉✐s❡s ♣rés❡♥t❡♠❡♥t ❡t ❞❛♥s ❧❡ ♣❛ssé ❛✜♥ ❞❡ ❢♦✉r♥✐r ❧❛ ♠❡✐❧❧❡✉r❡ ❡st✐♠é❡ ♣♦ss✐❜❧❡ ❞❡
❧✬ét❛t ❞✉ s②stè♠❡✳ ❈❡❝✐ r❡♣♦s❡ s✉r ✉♥ ♠♦❞è❧❡ ❞✬é✈♦❧✉t✐♦♥ t❡♠♣♦r❡❧ ❞❡ ❧✬ét❛t✱ ❞♦♥❝ ♥♦✲
t❛♠♠❡♥t ❞❡ ❧❛ t✉r❜✉❧❡♥❝❡✳ ●râ❝❡ à ❝❡tt❡ ♠ét❤♦❞❡✱ ❧✬❡♥s❡♠❜❧❡ ❞❡s ♠❡s✉r❡s ♣❛ssé❡s ❡t
♣rés❡♥t❡s ❡st ✉t✐❧✐sé ♣♦✉r ♦♣t✐♠✐s❡r ❧✬❡st✐♠❛t✐♦♥ ❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ ❞❛♥s ❧❡s ❝♦✉❝❤❡s✱
♠❛✐s ❛✉ss✐ ♣♦✉r ❡♥ ❞é❞✉✐r❡ ❧❛ ♠❡✐❧❧❡✉r❡ ❝♦♠♠❛♥❞❡✳ ❉❛♥s ♠♦♥ ❛♣♣r♦❝❤❡ ❡♥ ❜♦✉❝❧❡ ❢❡r✲
♠é❡✱ ❧✬❡st✐♠❛t✐♦♥ ❞❡s s✉r❢❛❝❡s ❞✬♦♥❞❡ ❡t ❧❛ ❞ét❡r♠✐♥❛t✐♦♥ ❞❡ ❧❛ ❝♦♠♠❛♥❞❡ s✬❡①♣r✐♠❡♥t
t♦✉t❡s ❞❡✉① ❝♦♠♠❡ ❞❡s s♦❧✉t✐♦♥s ❞✬✉♥ ♣r♦❜❧è♠❡ ✐♥✈❡rs❡ s✐♠♣❧❡✳ ▲✬❛♣♣r♦❝❤❡ ♣r♦♣♦sé❡
✐❝✐ ❡st ❞♦♥❝ ❜✐❡♥ s♦✉s✲♦♣t✐♠❛❧❡✱ ♠❛✐s✱ ❝♦♥tr❛✐r❡♠❡♥t à ❧❛ ❝♦♠♠❛♥❞❡ ▲◗●✱ ❡❧❧❡ r❡q✉✐❡rt
♠♦✐♥s ❞❡ ♣❧❛❝❡ ❡♥ ♠é♠♦✐r❡ ❡t ♠♦✐♥s ❞✬♦♣ér❛t✐♦♥s ♣❛r ❜♦✉❝❧❡✳

✾✳✼ ❈♦♥❝❧✉s✐♦♥

➚ ♣❛rt✐r ❞❡ ❧✬♦♣t✐♠✐s❛t✐♦♥ st❛t✐♦♥♥❛✐r❡ ❞✬✉♥ ❝r✐tèr❡ ❞❡ ❝♦rr❡❝t✐♦♥✱ ❥✬❛✐ ❞ér✐✈é ✉♥❡
♥♦✉✈❡❧❧❡ ❧♦✐ ❞❡ ❝♦♠♠❛♥❞❡ ♣❛r ♠♦❞è❧❡ ✐♥t❡r♥❡ ♣♦✉r ❧✬❖❆ ❡♥ ❜♦✉❝❧❡ ❢❡r♠é❡✳ ❈❡tt❡ ❝♦♠✲
♠❛♥❞❡ r❡♣♦s❡ s✉r ✉♥❡ ❡st✐♠❛t✐♦♥ st❛t✐q✉❡ ❞❡ t②♣❡ ▼❆P✱ ✉♥❡ ♣ré❞✐❝t✐♦♥ ❡t ✉♥❡ ♣r♦✲
❥❡❝t✐♦♥ ♦rt❤♦❣♦♥❛❧❡ s✉r ❧✬❡s♣❛❝❡ ❞❡s ❝♦♠♠❛♥❞❡s✳ ▲✬❛r❝❤✐t❡❝t✉r❡ ❞❡ ❧❛ ❝♦♠♠❛♥❞❡ ♣❛r
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♠♦❞è❧❡ ✐♥t❡r♥❡ ♣❡r♠❡t ❞❡ ♠❡ttr❡ ❡♥ ♦❡✉✈r❡ ❧✬❛❧❣♦r✐t❤♠❡ r❛♣✐❞❡ ❋r■▼ ▼❆P ét✉❞✐é ❞❛♥s
❧❛ ♣❛rt✐❡ ■■ ♣♦✉r ❧✬ét❛♣❡ ❞❡ r❡❝♦♥str✉❝t✐♦♥✳

▲❡ ❝♦ût ❝❛❧❝✉❧❛t♦✐r❡ ❣❧♦❜❛❧ ❞❡ ❧❛ ♠ét❤♦❞❡ ❡st ❛❧♦rs ❢♦♥❝t✐♦♥ ❞✉ ♥♦♠❜r❡ ❞✬✐tér❛t✐♦♥s
r❡q✉✐s❡s ♣♦✉r q✉❡ ❧❛ r❡❝♦♥str✉❝t✐♦♥ ❝♦♥✈❡r❣❡ ❡♥ ❜♦✉❝❧❡ ❢❡r♠é❡✳ ❈❡ ♣♦✐♥t ❢❛✐t ❧✬♦❜❥❡t ❞✉
❝❤❛♣✐tr❡ à ✈❡♥✐r✱ ❣râ❝❡ à ❞❡s s✐♠✉❧❛t✐♦♥s ❞✬✉♥❡ ❖❆♠❈✳



❈❤❛♣✐tr❡ ✶✵

▲❡s s✐♠✉❧❛t✐♦♥s ❞✬❖❆♠❈ ❡♥ ❜♦✉❝❧❡

❢❡r♠é❡ ♣♦✉r ✉♥ té❧❡s❝♦♣❡

❤❡❝t♦♠étr✐q✉❡

❏❡ ♣rés❡♥t❡ ❞❛♥s ❝❡ ❝❤❛♣✐tr❡ ❧❡s rés✉❧t❛ts ❞❡s s✐♠✉❧❛t✐♦♥s ❞✬❖❆ ♠♦♥♦❝♦♥❥✉❣✉é❡ ❡♥
❜♦✉❝❧❡ ❢❡r♠é❡ q✉❡ ❥✬❛✐ ❡✛❡❝t✉é❡s ❡♥ ✉t✐❧✐s❛♥t ❧❛ ❧♦✐ ❞❡ ❝♦♠♠❛♥❞❡ ✭✾✳✶✾✮ ❞ér✐✈é❡ ❛✉
❝❤❛♣✐tr❡ ♣ré❝é❞❡♥t✳ ❈❡s s✐♠✉❧❛t✐♦♥s s♦♥t ré❛❧✐sé❡s ♣♦✉r ❞❡s s②stè♠❡s à ❣r❛♥❞ ♥♦♠❜r❡
❞✬❛❝t✐♦♥♥❡✉rs ❀ D/dl ≥ 65 ♣♦✉r ✉♥ té❧❡s❝♦♣❡ ❞❡ ✹✷♠✳ ▲❛ ❧♦✐ ❞❡ ❝♦♠♠❛♥❞❡ ✭✾✳✶✾✮ ❞♦✐t
êtr❡ ❝❛❧❝✉❧é❡ ♣❛r ✉♥ ❛❧❣♦r✐t❤♠❡ r❛♣✐❞❡✱ ♥♦t❛♠♠❡♥t ❧✬ét❛♣❡ ❞❡ r❡❝♦♥str✉❝t✐♦♥ ✐❞❡♥t✐✜é❡
à ❧❛ s❡❝t✐♦♥ ✾✳✹✳✷✳

P✉✐sq✉❡ ❥✬❛✐ ♠♦♥tré ❛✉ ❝❤❛♣✐tr❡ ✻ q✉❡ ❧❡ r❡❝♦♥str✉❝t❡✉r ❋r■▼▼❆P ❡st ✉♥ ❛❧❣♦r✐t❤♠❡
r❛♣✐❞❡ ❡t ♣❡r❢♦r♠❛♥t ♣♦✉r ❞❡s r❡❝♦♥str✉❝t✐♦♥s s✉r ✉♥ ❣r❛♥❞ ♥♦♠❜r❡ ❞❡ ♣❛r❛♠ètr❡s✱ ❝✬❡st
❡♥❝♦r❡ ❝❡tt❡ ♠ét❤♦❞❡ q✉❡ ❥❡ ♠❡ts ❡♥ ♦❡✉✈r❡ ✐❝✐ ❡♥ ❜♦✉❝❧❡ ❢❡r♠é❡✳

❏✬❡①♣❧✐q✉❡ ✉♥ ♣❡✉ ♣❧✉s ❧♦✐♥ q✉❡ ❧❡s ét❛♣❡s ❞❡ ♣ré❞✐❝t✐♦♥ ❡t ❞❡ ♣r♦❥❡❝t✐♦♥ ♦♥t ❞❡s
❝♦ûts ❝❛❧❝✉❧❛t♦✐r❡s ♠♦✐♥❞r❡s ♣♦✉r ❧❡s s②stè♠❡s q✉❡ ❥❡ ❝♦♥s✐❞èr❡✳ ❊♥ r❡✈❛♥❝❤❡✱ ❧❡ t❡♠♣s
✐♠♣❛rt✐ à ❧❛ r❡❝♦♥str✉❝t✐♦♥ ❡st ❝♦♥tr❛✐♥t ❞❛♥s ✉♥ s②stè♠❡ ❞✬❖❆ ♣❛r ❧❛ ❢réq✉❡♥❝❡ ❞❡ ❧❛
❜♦✉❝❧❡✳ ▲❡ ❜✉t ❞❡ ❝❡ ❝❤❛♣✐tr❡ ❡st ❞✬ét✉❞✐❡r ❞❛♥s q✉❡❧❧❡ ♠❡s✉r❡ ❧✬❛❧❣♦r✐t❤♠❡ ✐tér❛t✐❢ ❋r■▼
▼❆P ♣❡✉t ❛tt❡✐♥❞r❡ ❧❛ ❝♦♥✈❡r❣❡♥❝❡ s✐ s♦♥ ♥♦♠❜r❡ ❞✬✐tér❛t✐♦♥s ♠❛①✐♠❛❧ ❡st ✜①é ♣❛r ❞❡s
❝♦♥tr❛✐♥t❡s ❛✉①✐❧✐❛✐r❡s ✭❧❛ ♠❛❣♥✐t✉❞❡ ❞❡ ❧✬ét♦✐❧❡ ❞❡ ré❢ér❡♥❝❡✱ ❧❡ r❛♣♣♦rt s✐❣♥❛❧✲à✲❜r✉✐t✱
✳✳✳✮✳

❏❡ ❞ét❛✐❧❧❡ ❞❛♥s ✉♥ ♣r❡♠✐❡r t❡♠♣s ❧❡s ❤②♣♦t❤ès❡s r❡t❡♥✉❡s ♣♦✉r ❧❛ ♠♦❞é❧✐s❛t✐♦♥ ❞✉
s②stè♠❡ ❞❛♥s ♠❡s s✐♠✉❧❛t✐♦♥s✳ P✉✐s✱ ❥❡ ❞é❝r✐s ❝♦♠♠❡♥t ❥✬❛✐ s✐♠✉❧é ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡
♣❡rt✉r❜é❡✱ s♣❛t✐❛❧❡♠❡♥t ❡t t❡♠♣♦r❡❧❧❡♠❡♥t✳ ❯♥❡ s②♥t❤ès❡ ❞✉ ❝♦ût ❝❛❧❝✉❧❛t♦✐r❡ ❞❡ ❧❛
❝♦♠♠❛♥❞❡✱ ❡♥ ♥♦♠❜r❡ ❞✬♦♣ér❛t✐♦♥s ♣❛r ✐tér❛t✐♦♥ ❞❡ ❧❛ ♠ét❤♦❞❡ ❋r■▼ ▼❆P ❡st ❢♦✉r♥✐❡✳
❊♥✜♥✱ ❧❡s rés✉❧t❛ts ❞❡s s✐♠✉❧❛t✐♦♥s ❞❡ s②stè♠❡s ❞✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ éq✉✐❧✐❜rés s♦♥t
♣rés❡♥tés ❛✜♥ ❞❡ ❞é♠♦♥tr❡r ❧❡s ♣❡r❢♦r♠❛♥❝❡s ❞❡ ❧❛ ❧♦✐ ❞❡ ❝♦♠♠❛♥❞❡ ❡t ❞❡ ❧✬❛❧❣♦r✐t❤♠❡
s✉r ❞❡ ❣r❛♥❞s s②stè♠❡s✳

✶✵✳✶ ▲❛ ♠♦❞é❧✐s❛t✐♦♥ ❞✉ s②stè♠❡

❏❡ ❝♦♥s✐❞èr❡ ✉♥ s②stè♠❡ ❞❡ t②♣❡ ❖❆♠❈✳ ▲✬ét♦✐❧❡ ❞❡ ré❢ér❡♥❝❡ ❡st ♥❛t✉r❡❧❧❡✱ ❞♦♥❝ ❧❡
❜r✉✐t ❞❡ ♠❡s✉r❡ ❡st ●❛✉ss✐❡♥ ❝❡♥tré✱ ❞❡ ♠❛tr✐❝❡ ❞❡ ❝♦rré❧❛t✐♦♥ Ce = I ❡t ❞❡ ✈❛r✐❛♥❝❡ σ2

e✳
▲❡s ❢♦♥❝t✐♦♥s ❞✬✐♥✢✉❡♥❝❡ ❞✉ ♠✐r♦✐r ❞é❢♦r♠❛❜❧❡ s♦♥t s✉♣♣♦sé❡s ❞❡ t②♣❡ s♣❧✐♥❡s ❧✐♥é❛✐r❡s
à ✷ ❞✐♠❡♥s✐♦♥s✳ ▲❛ ❣é♦♠étr✐❡ ❞❡ ❋r✐❡❞ ❡st ❛❞♦♣té❡ ♣♦✉r ❧❛ ❝♦♥✜❣✉r❛t✐♦♥ ❞❡ ❧✬❛♥❛❧②s❡✉r

✷✵✸
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✈✐s à ✈✐s ❞❡s ❛❝t✐♦♥♥❡✉rs ❞✉ ♠✐r♦✐r✳

✶✵✳✶✳✶ ▲❛ ♠♦❞é❧✐s❛t✐♦♥ s♣❛t✐❛❧❡ ❞❡ w

▲❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ ✐♥❝✐❞❡♥t❡ ❡st s✐♠✉❧é❡ à ♣❛rt✐r ❞✉ ❣é♥ér❛t❡✉r ❢r❛❝t❛❧ K❢r❛❝✱ ❝♦♠♠❡
❡①♣❧✐q✉é à ❧❛ s❡❝t✐♦♥ ✼✳✶✱ ❛✈❡❝ ✉♥❡ é❝❤❡❧❧❡ ❡①t❡r♥❡ ❝♦♥st❛♥t❡ L0 = 3D ♣♦✉r ❧❡ té❧❡s❝♦♣❡
❞❡ ✽♠ ❡t L0 = D/2 ♣♦✉r ❝❡❧✉✐ ❞❡ ✹✷♠✳ ▲✬é❝❤❛♥t✐❧❧♦♥♥❛❣❡ ❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ s✐♠✉❧é❡
❝♦ï♥❝✐❞❡ ❛✈❡❝ ❧❡s ❝♦✐♥s ❞❡s s♦✉s✲♣✉♣✐❧❧❡s ❞❡ ❧✬❆❙❖ s✐ ❜✐❡♥ q✉❡ de = dl✳ ▲❡ ♠♦❞è❧❡ ❞❡
❋r✐❡❞ ❞❡ ❧✬❛♥❛❧②s❡✉r ✭❝❢✳ s❡❝t✐♦♥ ✷✳✷✮✱ à ♣❛rt✐r ❞❡ ❝❡tt❡ r❡♣rés❡♥t❛t✐♦♥ ❞❡ ❧❛ s✉r❢❛❝❡
❞✬♦♥❞❡✱ ❡st ✉♥ ♠♦❞è❧❡ ♣❛r❢❛✐t✳

✶✵✳✶✳✷ ▲❛ ♠♦❞é❧✐s❛t✐♦♥ t❡♠♣♦r❡❧❧❡ ❞❡ w

▲❡ ♠♦❞è❧❡ ❞❡ t✉r❜✉❧❡♥❝❡ ❞❡ ❑♦❧♠♦❣♦r♦✈ ❞♦♥♥❡ ❧✐❡✉ à ♣❧✉s✐❡✉rs ❛♣♣r♦①✐♠❛t✐♦♥s
♣♦ss✐❜❧❡s ❞❡ ❧✬é✈♦❧✉t✐♦♥ t❡♠♣♦r❡❧❧❡ ❞✬✉♥❡ s✉r❢❛❝❡ ❞✬♦♥❞❡✳ ▲✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❚❛②❧♦r
❝♦♥s✐st❡ à ❝♦♥s✐❞ér❡r q✉❡ ❧❛ t✉r❜✉❧❡♥❝❡ ❡st ❣❡❧é❡ ❞❛♥s ❞✐✛ér❡♥t❡s ❝♦✉❝❤❡s ❞❡ ❧✬❛t♠♦s♣❤èr❡
s✉r ✉♥ t❡♠♣s s✉♣ér✐❡✉r à ❧❛ ♣ér✐♦❞❡ ❞✉ s②stè♠❡ ❞✬❖❆ ❡t q✉❡ ❝❡s s✉r❢❛❝❡s ❞✬♦♥❞❡ ❣❡❧é❡s
s♦♥t ❡♥ tr❛♥s❧❛t✐♦♥ ❤♦r✐③♦♥t❛❧❡ à ❧❛ ✈✐t❡ss❡ ❞✉ ✈❡♥t ❞❛♥s ❝❤❛❝✉♥❡ ❞❡ ❝❡s ❝♦✉❝❤❡s✳ ❈❡tt❡
❛♣♣r♦①✐♠❛t✐♦♥ ❝♦♥❞✉✐t à ❞é✜♥✐r ✉♥ t❡♠♣s ❝❛r❛❝tér✐st✐q✉❡ ❞❡ ❧❛ t✉r❜✉❧❡♥❝❡ τ0✱ ✐♥tr♦❞✉✐t
à ❧❛ s❡❝t✐♦♥ ✸✳✸✳

❆✉ ❝♦✉rs ❞❡ ❝❡tt❡ ét✉❞❡✱ ♠♦♥ ❜❡s♦✐♥ ♥✬❛ ♣❛s été ❞❡ s✐♠✉❧❡r ✉♥❡ t✉r❜✉❧❡♥❝❡ ❞②♥❛✲
♠✐q✉❡ ❡♥ ✐♠♣♦s❛♥t ✉♥ v ❞♦♥♥é✱ ♠❛✐s ♣❧✉tôt ❞❡ s✐♠✉❧❡r ✉♥❡ é✈♦❧✉t✐♦♥ ❞❡ ❧❛ t✉r❜✉❧❡♥❝❡
q✉✐ ♠❡ ❢♦✉r♥✐r❛✐t ✉♥ t❡♠♣s ❞❡ ❝♦❤ér❡♥❝❡ τ ♦✉ ✉♥❡ ❡rr❡✉r ❞❡ ♣❤❛s❡ rés✐❞✉❡❧❧❡ a∆w ❞♦♥✲
♥és✳ ❊♥ ❞✬❛✉tr❡s t❡r♠❡s✱ ♣♦✉r ✉♥ t❡♠♣s ❞❡ ❝♦❤ér❡♥❝❡ ❞♦♥♥é✱ ✐❧ ♠❡ ❢❛✉t s✐♠✉❧❡r ❧❡s
♣❡rt✉r❜❛t✐♦♥s s✉❝❝❡ss✐✈❡♠❡♥t ♦❜s❡r✈é❡s ♣❛r ❧✬✐♥str✉♠❡♥t✳

➚ ❝❡tt❡ ✜♥✱ ❥✬❛✐ ét✉❞✐é ❞❡✉① ❛♣♣r♦❝❤❡s ❞✐st✐♥❝t❡s✳ ▲❛ ♣r❡♠✐èr❡ r❡♣♦s❡ ❞✐r❡❝t❡♠❡♥t s✉r
❧✬❤②♣♦t❤ès❡ ❞❡ ❚❛②❧♦r✱ ❡♥ ♥❡ ❝♦♥s✐❞ér❛♥t q✉✬✉♥❡ s❡✉❧❡ ❝♦✉❝❤❡ t✉r❜✉❧❡♥t❡✳ ▲❛ ❞❡✉①✐è♠❡
❣é♥èr❡ ✉♥ ❜♦✉✐❧❧♦♥♥❡♠❡♥t ❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ ✭●❧✐♥❞❡♠❛♥♥ ❡t ❛❧✳✱ ✶✾✾✸✮✳ ❏❡ ❞é❝r✐s ✐❝✐
❝❡s ❞❡✉① ❛♣♣r♦❝❤❡s✳

▲❛ tr❛♥s❧❛t✐♦♥ ❞✬é❝r❛♥ ❞❡ ♣❤❛s❡

❏❡ ♥❡ ♠♦❞é❧✐s❡ ✐❝✐ q✉✬✉♥❡ s❡✉❧❡ ❝♦✉❝❤❡ ❡♥ tr❛♥s❧❛t✐♦♥ ✉♥✐❢♦r♠❡ ❤♦r✐③♦♥t❛❧❡ ❡t w ❡st
✉♥❡ ré❛❧✐s❛t✐♦♥ ❞❡ ❧❛ ♣❤❛s❡ ❝♦♥t✐♥✉❡ t✉r❜✉❧❡♥t❡ ❞❛♥s ❝❡tt❡ ❝♦✉❝❤❡✳ ▲❛ ♣❤❛s❡ ❞✐✛ér❡♥t✐❡❧❧❡
❡st ♥♦té❡

δw(r) = w(r)− w(r + vτ)

❛✈❡❝ vτ ❧❡ ✈❡❝t❡✉r ❞❡ tr❛♥s❧❛t✐♦♥✳ τ s②♠❜♦❧✐s❡ ❛❧♦rs ❧❡ r❡t❛r❞ ❛✈❡❝ ❧❡q✉❡❧ ❧❛ ❝♦♠♣❡♥✲
s❛t✐♦♥ ♣❛r❢❛✐t❡ w(r + vτ) ❞❡ ❧❛ ♣❡rt✉r❜❛t✐♦♥ s❡r❛✐t ❡✛❡❝t✉é❡✳ ❚♦✉t ❝♦♠♠❡ w ❞❛♥s
❧✬éq✉❛t✐♦♥ ✭✸✳✶✹✮✱ δw ♣❡✉t êtr❡ ❝❛r❛❝tér✐sé❡ ♣❛r ✉♥❡ ❢♦♥❝t✐♦♥ ❞❡ str✉❝t✉r❡ ♥♦r♠❛❧✐sé❡
♣❛r (D/r0)

5/3✱ q✉✐ s✬é❝r✐t ✿

Dδw(‖r − r′‖) def
=
(r0
D

)5/3 〈(
δw(r)− δw(r′)

)2〉

= 2
(
Dw(‖r − r′‖) +Dw(‖vτ‖)

)

−Dw(‖r − r′ + vτ‖)−Dw(‖r − r′ − vτ‖) . ✭✶✵✳✶✮
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▲❛ ✈❛r✐❛♥❝❡ ❞❡ ❧❛ ♣❤❛s❡ rés✐❞✉❡❧❧❡ ✐♥❞✉✐t❡ ♣❛r ❧❛ ❞②♥❛♠✐q✉❡ ❞❡ ❧❛ t✉r❜✉❧❡♥❝❡ s✬é❝r✐t✱
t♦✉❥♦✉rs ❞✬❛♣rès ❧✬éq✉❛t✐♦♥ ✭✶✳✸✾✮✱

aδw =
〈
‖P (δw)‖2

〉
=

(D/r0)
5/3

2

∫

A

∫

A
p(r)p(r′)Dδw(r − r′) dr dr′ ✭✶✵✳✷✮

❊♥ r❡♠♣❧❛ç❛♥t Dδw ❞❛♥s ❧✬éq✉❛t✐♦♥ ✭✶✵✳✷✮ ♣❛r s♦♥ ❡①♣r❡ss✐♦♥ ✭✶✵✳✶✮✱ ♦♥ ♦❜t✐❡♥t ✿

aδw =2 aw + (D/r0)
5/3Dw(vτ) ✭✶✵✳✸✮

− (D/r0)
5/3

2

∫

A

∫

A
p(r)p(r′)

(
Dw(r − r′ − vτ) +Dw(r − r′ + vτ)

)
dr dr′

✭✶✵✳✹✮

❖♥ ♠♦♥tr❡ ❢❛❝✐❧❡♠❡♥t q✉❡✱ ❞❛♥s ❧❡ ❝❛s ❞✬✉♥❡ ♣✉♣✐❧❧❡ à s②♠étr✐❡ ❞❡ ré✈♦❧✉t✐♦♥✱

a+ =
1

2

∫

A

∫

A
p(r)p(r′)Dw(r − r′ − vτ) dr dr′

❡t

a− =
1

2

∫

A

∫

A
p(r)p(r′)Dw(r − r′ + vτ) dr dr′

s♦♥t é❣❛✉①✳ ❊♥ ❡✛❡t✱ ♦♥ ♣❡✉t ❞✬❛❜♦r❞ ❡①♣r✐♠❡r à ♥♦✉✈❡❛✉ a+ ❡t a− s♦✉s ❧❛ ❢♦r♠❡ ✿

a+ =

∫

A
p(r) g(r + vτ) dr

❡t

a− =

∫

A
p(r) g(r − vτ) dr .

❙✐ ♦♥ ❝❤♦✐s✐t ❧❡s ❛①❡s ❞❡s ❝♦♦r❞♦♥♥é❡s ♣♦❧❛✐r❡s ❞❛♥s ❧❡ ♣❧❛♥ ♣✉♣✐❧❧❡✱ t❡❧ q✉❡ θ = 0 ❞❛♥s
❧❛ ❞✐r❡❝t✐♦♥ ❞✉ ✈❡♥t v✳ ❆❧♦rs

r = r cos θex + r sin θey ,

r + vτ = (r cos θ + vτ)ex + r sin θey

❡t

r − vτ = (r cos θ − vτ)ex + r sin θey .

❉✬♦ù✱

‖r + vτ‖2 = r2 + v2τ2 + 2rvτ cos θ

‖r − vτ‖2 = r2 + v2τ2 − 2rvτ cos θ

❊♥ ✉t✐❧✐s❛♥t ❧❡ ❝❤❛♥❣❡♠❡♥t ❞❡ ✈❛r✐❛❜❧❡ θ′ = θ + π✱ cos θ′ = − cos θ ❡t dθ′ = dθ✱ ♦♥
♦❜t✐❡♥t

a+ = a− =

∫ π

0

∫ 1/2

η/2

8

π(1− η2)
g
(√

r̄2 + (vτ/D)2 + 2r̄(vτ/D) cos θ
)
r̄ dr̄ dθ ✭✶✵✳✺✮
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❊♥ ❝♦♥séq✉❡♥❝❡✱ ❧❛ ✈❛r✐❛♥❝❡ ❞❡ ❧❛ ♣❤❛s❡ rés✐❞✉❡❧❧❡ ✐♠♣❧✐q✉é❡ ♣❛r ❧❛ tr❛♥s❧❛t✐♦♥ ✈❛✉t

aδw = 2aw + (D/r0)
5/3 (Dw(vτ)− 2a+) . ✭✶✵✳✻✮

❖♥ ♥♦t❡r❛ q✉❡ Dw(vτ) ❡t a+ ♣❡✉✈❡♥t t♦✉t❡s ❞❡✉① êtr❡ é✈❛❧✉é❡s s✐♠♣❧❡♠❡♥t à ♣❛rt✐r ❞✉
s❝❛❧❛✐r❡ vτ/D✳

❊♥ ❣é♥ér❛♥t ✉♥❡ très ❣r❛♥❞❡ s✉r❢❛❝❡ ❞✬♦♥❞❡ ♣♦✉r D/r0 ❡t D/L0 ❞♦♥♥és✱ ✐❧ ❡st
♣♦ss✐❜❧❡ ❞✬❡♥ ❡①tr❛✐r❡ ✉♥❡ s✉✐t❡ ❞❡ s✉r❢❛❝❡s ❞✬♦♥❞❡ tr❛♥s❧❛té❡s ❧❡s ✉♥❡s ♣❛r r❛♣♣♦rt ❛✉①
❛✉tr❡s ❞❡ vτ ✳ ❊♥ ❡✛❡t✱ ♣♦✉r ✉♥❡ ❝❡rt❛✐♥❡ ❞②♥❛♠✐q✉❡ t❡♠♣♦r❡❧❧❡ ✜①é❡ ♣❛r ❧❛ ✈❛❧❡✉r
❞❡ aδw✱ ❧❛ rés♦❧✉t✐♦♥ ❞❡ ❧✬éq✉❛t✐♦♥ ✭✶✵✳✻✮ ❢♦✉r♥✐t ❧❛ ✈❛❧❡✉r ❞❡ ❧❛ tr❛♥s❧❛t✐♦♥ vτ/D à
❝♦♥s✐❞ér❡r✳ ▼❛❧❣ré ✉♥❡ ♠✐s❡ ❡♥ ♦❡✉✈r❡ s✐♠♣❧❡✱ ❝❡tt❡ ♠ét❤♦❞❡ ✐♠♣❧✐q✉❡ ❣é♥ér❛❧❡♠❡♥t
❞❡s ❞é♣❧❛❝❡♠❡♥ts ❞✬✉♥❡ ❢r❛❝t✐♦♥ ❞✉ ♣❛s ❞✬é❝❤❛♥t✐❧❧♦♥♥❛❣❡ ❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ ❞✬♦r✐❣✐♥❡✳
P♦✉r ❞❡s ✈✐t❡ss❡s ❞❡ ✈❡♥t ❝❧❛ss✐q✉❡s✱ vτ ♣❡✉t êtr❡ ❞❡ ❧✬♦r❞r❡ ❞❡ 1/100è♠❡ ❞❡ s♦✉s✲♣✉♣✐❧❧❡✳
❙✐♠✉❧❡r ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ ❞✬♦r✐❣✐♥❡ ❛✈❡❝ ✉♥ t❡❧ r❛✣♥❡♠❡♥t ♣♦✉r ✉♥❡ ❣r❛♥❞❡ ♦✉✈❡rt✉r❡
✐♠♣❧✐q✉❡ ❧❡ st♦❝❦❛❣❡ ❞✬✉♥ ✈❡❝t❡✉r ❞❡ ❧✬♦r❞r❡ ❞❡ 5 × 108 ✈❛❧❡✉rs ❞❡ ♣❤❛s❡✳ ■❧ ❡st ❛✉ss✐
♣♦ss✐❜❧❡ ❞❡ ♣ré✈♦✐r ✉♥ é❝❤❛♥t✐❧❧♦♥♥❛❣❡ ♣❧✉s ❣r♦ss✐❡r✱ ❡t ✉♥❡ ✐♥t❡r♣♦❧❛t✐♦♥ ❞❡ ❧❛ s✉r❢❛❝❡
❞✬♦♥❞❡ ❞✬♦r✐❣✐♥❡ à ❝❤❛q✉❡ tr❛♥s❧❛t✐♦♥✳ ❈❡tt❡ s♦❧✉t✐♦♥ ❛ été ét✉❞✐é ♠❛✐s ❛✉❝✉♥❡ ♠ét❤♦❞❡
❞✬✐♥t❡r♣♦❧❛t✐♦♥ s❛t✐s❢❛✐s❛♥t❡ ♥✬❛ été tr♦✉✈é❡✳

❉✬❛❜♦r❞✱ ❧✬❡✛❡t ❞❡ ❧✐ss❛❣❡ ❞❡s ❢♦♥❝t✐♦♥s ❞✬✐♥t❡r♣♦❧❛t✐♦♥s ❝❧❛ss✐q✉❡s✱ t❡❧❧❡s q✉❡ ❧❡s
s♣❧✐♥❡s ❧✐♥é❛✐r❡s ♦✉ ❝✉❜✐q✉❡s✱ ❡st tr♦♣ ♠❛rq✉é✳ P❛r ❝♦♥séq✉❡♥t✱ ❧❛ ✈❛r✐❛♥❝❡ ❞❡s ❞é❢♦r✲
♠❛t✐♦♥s s✉r ❧❛ ♣✉♣✐❧❧❡ ♥✬❡st ♣❛s ♠❛✐♥t❡♥✉❡ ❝♦♥st❛♥t❡ ❛✉ ❝♦✉rs ❞❡ ❧❛ tr❛♥s❧❛t✐♦♥✳ ▲❛
✈❛❧❡✉r ❞❡ ❧❛ ✈❛r✐❛♥❝❡ ❡st ❝♦rr❡❝t❡ ✉♥✐q✉❡♠❡♥t ❧♦rsq✉❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ ❝♦ï♥❝✐❞❡ ❛✈❡❝
❞❡s ♣♦✐♥ts ❞✬é❝❤❛♥t✐❧❧♦♥♥❛❣❡ ❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ ❞✬♦r✐❣✐♥❡✱ ♣✉✐s ❡❧❧❡ ❞é❝r♦ît ❥✉sq✉✬à ❝❡
q✉❡ ❧❡s ✈❛❧❡✉rs tr❛♥s❧❛té❡s s♦✐❡♥t à é❣❛❧❡ ❞✐st❛♥❝❡ ❞❡ ❞❡✉① é❝❤❛♥t✐❧❧♦♥s ❞✬♦r✐❣✐♥❡✳ ❉❡ ❧❛
♠ê♠❡ ❢❛ç♦♥✱ ❧❛ ✈❛r✐❛♥❝❡ ❞❡ ❧❛ ❞é❢♦r♠❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ♣♦✉r ✉♥ ❞é❝❛❧❛❣❡ vτ/D ❞♦♥♥é
✢✉❝t✉❡ ❛✉ ❝♦✉rs ❞❡s ✐♥t❡r♣♦❧❛t✐♦♥s s✉❝❝❡ss✐✈❡s✳ ▼ê♠❡ s✐ ❧❡s ❞é✜❝✐ts ❞❡ ✈❛r✐❛♥❝❡ ❡♥❣❡♥✲
❞rés ♣❛r ❝❡tt❡ ♠ét❤♦❞❡ ♥❡ s♦♥t q✉❡ ❞❡ q✉❡❧q✉❡s ♣♦✉r❝❡♥ts✱ ❥✬❛✐ ✜♥❛❧❡♠❡♥t ❡♠♣❧♦②é ✉♥❡
❛✉tr❡ ♠ét❤♦❞❡ q✉✐ é✈✐t❡ ❝❡t ❡✛❡t s②sté♠❛t✐q✉❡✳

▲❛ ♠ét❤♦❞❡ ❞❡ ❜♦✉✐❧❧♦♥♥❡♠❡♥t

❏❡ ❣é♥èr❡ ✉♥❡ s✉✐t❡ ❞❡ s✉r❢❛❝❡s ❞✬♦♥❞❡ (wk)k∈N✱ ♣❛r ❧❛ ❢♦r♠✉❧❡ ❞❡ ré❝✉rr❡♥❝❡ s✉✐✈❛♥t❡

wk = α1wk−1 + α2w♥❡✇,k ,

♦ù α1 ❡t α2 s♦♥t ❞❡✉① s❝❛❧❛✐r❡s ❡t w♥❡✇,k ❡st ❞é❝♦rré❧é❡ ❞❡ wk−1✱ q✉❡❧ q✉❡ s♦✐t k ❡♥t✐❡r
♥♦♥ ♥✉❧✳

P♦✉r δw(r) = wk(r) − wk−1(r)✱ ❧❡s ✈❛❧❡✉rs ❞❡ α1 ❡t α2 s♦♥t ❞ét❡r♠✐♥é❡s ❞❡ ❢❛ç♦♥
✉♥✐q✉❡ ❣râ❝❡ à ❞❡✉① ✷ ❝♦♥tr❛✐♥t❡s✳ Pr❡♠✐èr❡♠❡♥t✱ ❥✬✐♠♣♦s❡ à wk✱ wk−1 ❡t w♥ew,k ❞❡
s✉✐✈r❡ t♦✉t❡s ❧❛ ♠ê♠❡ st❛t✐st✐q✉❡✱ ✐✳❡✳ ❞✬êtr❡ ❞❡s ♣r♦❝❡ss✉s ●❛✉ss✐❡♥ ❞❡ ♠ê♠❡ ❢♦♥❝t✐♦♥
❞❡ str✉❝t✉r❡ ♥♦r♠❛❧✐sé❡ Dw✳ ❉❡✉①✐è♠❡♠❡♥t✱ ❥❡ ✜①❡ ❧❛ ✈❛r✐❛♥❝❡ ❞❡ ♣❤❛s❡ ❞✐✛ér❡♥t✐❡❧❧❡
aδw s♦✉❤❛✐té❡✳

▲❛ ♣r❡♠✐èr❡ ❤②♣♦t❤ès❡ ✐♠♣❧✐q✉❡

Dw(‖r − r′‖) =
〈(
α1wk−1(r) + α2w♥❡✇,k(r)− α1wk−1(r

′)− α2w♥❡✇,k(r
′)
)2〉

= α2
1Dw(r − r′) + α2

2Dw(r − r′) ,

✭✶✵✳✼✮

❞✬♦ù
α2

1 + α2
2 = 1 . ✭✶✵✳✽✮
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❉❡ ♣❧✉s✱

Dδw(r − r′) =
(r0
D

)5/3 〈
(wk(r)− wk−1(r)− wk(r

′) + wk−1(r
′))2
〉

= 2

(
Dw(r − r′)−

(r0
D

)5/3 〈
(wk(r)− wk(r

′))(wk−1(r)− wk−1(r
′))
〉)

= 2 (1− α1)Dw(r − r′) . ✭✶✵✳✾✮

❊♥ ✐♥tr♦❞✉✐s❛♥t ❧✬éq✉❛t✐♦♥ ✭✶✵✳✾✮ ❞❛♥s ❧✬éq✉❛t✐♦♥ ✭✶✵✳✷✮✱ ♦♥ ♦❜t✐❡♥t ❧❛ ❝♦♥tr❛✐♥t❡ ✐♠♣♦✲
sé❡ ♣❛r ❧❛ s❡❝♦♥❞❡ ❤②♣♦t❤ès❡ ✿

aδw = (1− α1) aw . ✭✶✵✳✶✵✮

❊♥ ❝♦♥séq✉❡♥❝❡✱

α1 = 1− aδw/aw ✭✶✵✳✶✶✮

❡t

α2 =
√

1− α2
1 . ✭✶✵✳✶✷✮

❈❡tt❡ ♠ét❤♦❞❡ ❡st ❜❡❛✉❝♦✉♣ ♣❧✉s s✐♠♣❧❡ à ♠❡ttr❡ ❡♥ ♦❡✉✈r❡ q✉❡ ❧❛ ♣ré❝é❞❡♥t❡✱ ❡t
❡❧❧❡ ♠✐♥✐♠✐s❡ ❧❡s ❜❡s♦✐♥s ♥✉♠ér✐q✉❡s✳ ❈✬❡st ✜♥❛❧❡♠❡♥t ❝❡tt❡ ❛♣♣r♦❝❤❡ q✉❡ ❥✬❛✐ ✉t✐❧✐sé❡
❞❛♥s ♠❡s s✐♠✉❧❛t✐♦♥s✳

❈❡♣❡♥❞❛♥t✱ ❧❡ ❝❤r♦♥♦❣r❛♠♠❡ ❞❡s ❖❆ ❡♥ ❜♦✉❝❧❡s ❢❡r♠é❡s s✐♠✉❧é❡s ❡st ❝❡❧✉✐ ♣ré✲
s❡♥té ❛✉ ❝❤❛♣✐tr❡ ♣ré❝é❞❡♥t ✭❝❢✳ ✜❣✳ ✾✳✷✮✳ ▲❡ s②stè♠❡ ❞✬❖❆ ❝♦rr✐❣❡ ❞♦♥❝ ❧❛ t✉r❜✉❧❡♥❝❡
❛✈❡❝ ❞❡✉① tr❛♠❡s ❞❡ r❡t❛r❞✳ ▲❛ ✈❛❧❡✉r aδw ✐♠♣♦sé❡ ♣❛r ❧✬é✈♦❧✉t✐♦♥ t❡♠♣♦r❡❧❧❡ ❞❡ ❧❛
t✉r❜✉❧❡♥❝❡✱ ❝♦rr❡s♣♦♥❞ ❛❧♦rs à

δw(r) = wk(r)− wk−2(r) . ✭✶✵✳✶✸✮

❊♥ ❝♦♥séq✉❡♥❝❡✱ ❧❡s ❝♦❡✣❝✐❡♥ts ✭✶✵✳✶✶✮ ❡t ✭✶✵✳✶✷✮ s♦♥t r❡♠♣❧❛❝és ♣❛r

α1 =
√

1− α2
2 ✭✶✵✳✶✹✮

❡t

α2 =

√
aδw

2 aw
. ✭✶✵✳✶✺✮

▲❡ ❝❛❧❝✉❧ ❞❡ ❝❡s ♥♦✉✈❡❛✉① ❝♦❡✣❝✐❡♥ts ❡st ❛✉ss✐ s✐♠♣❧❡ à ♠❡♥❡r q✉❡ ♣♦✉r ❧❡ r❡t❛r❞ ❞✬✉♥❡
tr❛♠❡✳ ▲❡s ❞ét❛✐❧s ❞❡s ❢♦r♠✉❧❡s s♦♥t ❞❛♥s ❧✬❛rt✐❝❧❡ ❥♦✐♥t à ❧❛ ✜♥ ❝❡ ❝❤❛♣✐tr❡✳ ❈❡t ❛rt✐❝❧❡
r❡♣r❡♥❞ ❧❡s ♣r✐♥❝✐♣❛✉① rés✉❧t❛ts ❞❡ ❝❡tt❡ ♣❛rt✐❡✳ ■❧ ❡st ♥é❛♥♠♦✐♥s ❡♥❝♦r❡ ❡♥ ♣ré♣❛r❛t✐♦♥✳

❏❡ ♣ré❝✐s❡ q✉❡ ♣♦✉r ✉♥ s②stè♠❡ à ❞❡✉① tr❛♠❡s ❞❡ r❡t❛r❞✱ ✐❧ ❡st é✈✐❞❡♠♠❡♥t ♥é❝❡ss❛✐r❡
❞❡ ❣é♥ér❡r ❧❛ s✉✐t❡ ❝♦♠♣❧èt❡ (wk)k∈N ❡t ♥♦♥ ♣❛s ✉♥❡ ✈❛❧❡✉r s✉r ✷✳

✶✵✳✷ ▲✬❛❧❣♦r✐t❤♠❡ ❞❡ ❝❛❧❝✉❧ ❞❡ ❧❛ ❝♦♠♠❛♥❞❡

▲✬❛❧❣♦r✐t❤♠❡ ✉t✐❧✐sé ♣♦✉r ❧❡ ❝❛❧❝✉❧ ❞❡ ❧❛ ❝♦♠♠❛♥❞❡ a ❞❛♥s ❧✬éq✉❛t✐♦♥ ✭✾✳✶✾✮ ❡st
s✐♠♣❧❡ ♣✉✐sq✉✬✐❧ s✬❛❣✐t ❞❡ r❡s♣❡❝t❡r ❧❡s ✸ ét❛♣❡s ❞é❝r✐t❡s à ❧❛ ✜♥ ❞✉ ❝❤❛♣✐tr❡ ♣ré❝é❞❡♥t✳
❏❡ ❞ét❛✐❧❧❡ ✐❝✐ ❧❡ ❝♦ût ❞❡ ❝❤❛❝✉♥❡ ❝❡s ét❛♣❡s✱ ❛✈❡❝ ❧❡✉rs ❛♣♣r♦①✐♠❛t✐♦♥s✳
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✶✵✳✷✳✶ ▲❛ r❡❝♦♥str✉❝t✐♦♥ ✐tér❛t✐✈❡ ❛✈❡❝ ❋r■▼ ▼❆P

▲❛ r❡❝♦♥str✉❝t✐♦♥ ▼❆P ❡♥ ❜♦✉❝❧❡ ❢❡r♠é❡ ✉t✐❧✐s❡ ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❢r❛❝t❛❧❡✱ ❝✬❡st✲à✲
❞✐r❡ q✉❡ ❧✬éq✉❛t✐♦♥ ✭✾✳✷✷✮ s✬é❝r✐t ❛✉ss✐

ŵk−2 = K❢r❛❝ · ûk−2

❛✈❡❝

A · ûk−2 = b

♦ù

A = KT
❢r❛❝ ·ST ·S ·K❢r❛❝ + µ0I ❡t b = KT

❢r❛❝ ·ST · (dk−1 + G ·ak−2)

❏❡ r❛♣♣❡❧❧❡ q✉❡ µ0 = σ2
e/(D/r0)

5/3✳ ▲❛ ♠ét❤♦❞❡ ❋r■▼▼❆P ✭❝❢✳ s❡❝t✐♦♥ ✻✳✹✳✶✮ ❞ét❡r♠✐♥❡
ûk−2 ❞❡ ❢❛ç♦♥ ✐tér❛t✐✈❡ ♣❛r ✉♥ ❛❧❣♦r✐t❤♠❡ ❞❡ ❣r❛❞✐❡♥ts ❝♦♥❥✉❣✉és ♣ré❝♦♥❞✐t✐♦♥♥és✳ ▲❡s
s✐♠✉❧❛t✐♦♥s ❞❡ r❡❝♦♥str✉❝t✐♦♥ ❋r■▼ ▼❆P ♣rés❡♥té❡s ❛✉ ❝❤❛♣✐tr❡ ✼ ♠❡tt❡♥t ❡♥ ♦❡✉✈r❡
❧❡ ♠ê♠❡ ❡st✐♠❛t❡✉r✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ❧❛ ♠❛tr✐❝❡ A ❞✉ s②tè♠❡ à rés♦✉❞r❡ ❡st ❧❛ ♠ê♠❡✱
❞♦♥❝ ❧❡ ❝♦♥❞✐t✐♦♥♥❡♠❡♥t ❞✉ ♣r♦❜❧è♠❡ ❡st ✐❞❡♥t✐q✉❡✳

▲❡ ♥♦♠❜r❡ ❞✬♦♣ér❛t✐♦♥s ♥é❝❡ss❛✐r❡s ♣❛r ✐tér❛t✐♦♥ ❞❡s ❣r❛❞✐❡♥ts ❝♦♥❥✉❣✉és ♣♦✉r ❝❡
s②stè♠❡ ❡st ❞ét❛✐❧❧é ♣❛r ❚❤✐é❜❛✉t ❡t ❚❛❧❧♦♥ ✭✷✵✵✽✮✳ P♦✉r ❧❛ ♣r❡♠✐èr❡ ✐tér❛t✐♦♥✱ ✐❧ ❢❛✉t
32 × n ♦♣ér❛t✐♦♥s✱ ❛✈❡❝ n ❧❡ ♥♦♠❜r❡ ❞❡ ♣♦✐♥ts ❞❡ ♣❤❛s❡ à r❡❝♦♥str✉✐r❡✳ ▲❡s ✐tér❛t✐♦♥s
s✉✐✈❛♥t❡s r❡q✉✐èr❡♥t 34× n ♦♣ér❛t✐♦♥s✳

▲✬✐♥✐t✐❛❧✐s❛t✐♦♥ ❞❡ ❧✬❛❧❣♦r✐t❤♠❡ ❡st ❞✐✛ér❡♥t ♣♦✉r ❧❛ r❡❝♦♥str✉❝t✐♦♥ ❡♥ ❜♦✉❝❧❡ ❢❡r♠é❡
♣✉✐sq✉❡ ❧❡ ♣r❡♠✐❡r r❡s✐❞✉ à ❝❛❧❝✉❧❡r ❡st

rinit = KT ·ST ·
(
d̃k−1 − S ·K · ûk−1

)
− µ0 ûk−1 ✭✶✵✳✶✻✮

= KT ·ST · (dk−1 + G ·ak−2 − S · ŵk−1))− µ0 ûk−1 ✭✶✵✳✶✼✮

❊♥ ❜♦✉❝❧❡ ❢❡r♠é❡✱ ❧✬❛❧❣♦r✐t❤♠❡ ✐tér❛t✐❢ ♣❛rt ❞❡ ❧❛ s♦❧✉t✐♦♥ ✜♥❛❧❡ ❞❡ ❧❛ r❡❝♦♥str✉❝t✐♦♥
à ❧❛ ❜♦✉❝❧❡ ♣ré❝é❞❡♥t❡✱ ûk−1✳ P✉✐sq✉❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ t✉r❜✉❧❡♥t❡ ❡st ❝❡♥sé❡ é✈♦❧✉❡r
❧❡♥t❡♠❡♥t ♣❛r r❛♣♣♦rt à ❧❛ ♣ér✐♦❞❡ ❞✬é❝❤❛♥t✐❧❧♦♥♥❛❣❡ ❞✉ s②stè♠❡ ❞✬❖❆✱ ❛❧♦rs ♣❛rt✐r
❞❡ ❧❛ s♦❧✉t✐♦♥ ✜♥❛❧❡ ♣ré❝é❞❡♥t❡ ❞❡✈r❛✐t ♣❡r♠❡ttr❡ ❞❡ ♣❛rt✐r ♣❧✉s ♣rès ❞❡ ❧❛ ♥♦✉✈❡❧❧❡
s♦❧✉t✐♦♥✱ q✉❡ ❞❡ r❡♣❛rt✐r ❞✬✉♥❡ ❡st✐♠é❡ ♥✉❧❧❡✳ ❈❡❝✐ ❞❡✈r❛✐t ❛❝❝é❧ér❡r ❧❛ ❝♦♥✈❡r❣❡♥❝❡ ❞❡
❧❛ ♠ét❤♦❞❡✳ ❉❡ ♣❧✉s✱ ♣♦✉r ❧❛ ♠♦❞é❧✐s❛t✐♦♥ ❞✉ ♠✐r♦✐r ❡t ❧❛ ♣❛r❛♠étr✐s❛t✐♦♥ ❞❡ w ❝❤♦✐s✐❡s✱
❧❡ ♥♦♠❜r❡ ❞✬♦♣ér❛t✐♦♥s ♥é❝❡ss❛✐r❡s ♣♦✉r ❛♣♣❧✐q✉❡r G ❡st à ♣❡✉ ♣rès ✐❞❡♥t✐q✉❡ à ❝❡❧✉✐
r❡q✉✐s ♣♦✉r ❛♣♣❧✐q✉❡r S✳

▲♦rsq✉✬❛✉❝✉♥❡ ❡st✐♠é❡ ♥✬❡st ❡♥❝♦r❡ ❞✐s♣♦♥✐❜❧❡✱ ak−2 ❡t ûk−1 s♦♥t t♦✉s ❧❡s ❞❡✉①
♥✉❧s✳ P♦✉r ❧❛ ♣r❡♠✐èr❡ ❜♦✉❝❧❡ ❞✬❖❆✱ ❧❡ ♥♦♠❜r❡ ❞✬♦♣ér❛t✐♦♥s ♥é❝❡ss❛✐r❡s ❛✉ ❝❛❧❝✉❧ ❞❡
rinit ❡st ❞♦♥❝ ∼ 10 × n✳ P♦✉r ❧❛ ❞❡✉①✐è♠❡ ❜♦✉❝❧❡✱ ak−2 ❡st ♥✉❧❧❡ ♠❛✐s ❧✬❡st✐♠❛t✐♦♥ ❞❡
ŵk−1 = K❢r❛❝ · ûk−1 ❛ ❞é❥à ❡✉ ❧✐❡✉✳ ❆❧♦rs ❧❡ ❝❛❧❝✉❧ ❞❡ rinit r❡q✉✐❡rt ❝❡tt❡ ❢♦✐s ❞❡ ❧✬♦r❞r❡
❞❡ 18×n ♦♣ér❛t✐♦♥s✳ ❊♥✜♥✱ ❧❡ ❝❛❧❝✉❧ ❞✉ rés✐❞✉ ✐♥✐t✐❛❧ ♣♦✉r t♦✉t❡s ❧❡s ❜♦✉❝❧❡s s✉✐✈❛♥t❡s
❞❡♠❛♥❞❡ 23× n ♦♣ér❛t✐♦♥s ❡♥✈✐r♦♥✳

▲❡ ❝♦ût t♦t❛❧ ❞❡ ❧❛ ♠ét❤♦❞❡ ❞❡ r❡❝♦♥str✉❝t✐♦♥ ❋r■▼ ▼❆P ❡♥ ❜♦✉❝❧❡ ❢❡r♠é❡ ❡st ❞♦♥❝
❞❡ (21+34N✐t❡r)×n ♦♣ér❛t✐♦♥s ♣❛r ❜♦✉❝❧❡✳ ▲❡ ♥♦♠❜r❡ ❞✬✐tér❛t✐♦♥s ❞é♣❡♥❞ ❞❡ ❧❛ ✈✐t❡ss❡
❞❡ ❝♦♥✈❡r❣❡♥❝❡ ❞❡ ❧✬❛❧❣♦r✐t❤♠❡ ❡t ❞❡ ❧❛ ❢réq✉❡♥❝❡ ❞❡ ❜♦✉❝❧❡ ❞✉ s②stè♠❡ ❞✬❖❆✳ ▲❛ ✈✐t❡ss❡
❞❡ ❝♦♥✈❡r❣❡♥❝❡ ❞❡ ❋r■▼ ▼❆P ❡st ❞✐✛ér❡♥t❡ ✐❝✐ ❞❡ ❝❡ q✉✬❡❧❧❡ ét❛✐t ❡♥ r❡❝♦♥str✉❝t✐♦♥ ❞❡
s✉r❢❛❝❡ ❞✬♦♥❞❡ ✭❝❢✳ ❝❤❛♣✐tr❡ ✼✳✸✳✶✮ ♣✉✐sq✉❡ ❧✬❛❧❣♦r✐t❤♠❡ ♣❛rt ❞❡ ❧❛ ♠❡✐❧❧❡✉r❡ ❡st✐♠é❡ ❞❡
❧❛ ❜♦✉❝❧❡ ♣ré❝é❞❡♥t❡✳



✶✵✳✸✳ ▲❊ ❇❯❉●❊❚ ❉✬❊❘❘❊❯❘❙ ✷✵✾

▲♦rsq✉❡ ❧❛ ♣r♦❝é❞✉r❡ ✐tér❛t✐✈❡ s✬❛rrêt❡✱ ✐❧ ❢❛✉t ❛♣♣❧✐q✉❡r ❧❡ ❝❤❛♥❣❡♠❡♥t ❞❡ ✈❛r✐❛❜❧❡
❢r❛❝t❛❧ K❢r❛❝ à ❧✬❡st✐♠é❡

ŵk = (r0/D)5/3 K❢r❛❝ · ûk . ✭✶✵✳✶✽✮

❆✐♥s✐ ❧❛ r❡❝♦♥str✉❝t✐♦♥ ❡♥ ❜♦✉❝❧❡ ❢❡r♠é❡ ❡st ♦❜t❡♥✉❡ ❛♣rès (27+34N✐t❡r)×n ♦♣ér❛t✐♦♥s✳

✶✵✳✷✳✷ ▲❛ ♣ré❞✐❝t✐♦♥ ❡t ❧❛ ♣r♦❥❡❝t✐♦♥

❈♦♠♠❡ ❡①♣❧✐q✉é ❞❛♥s ❧❛ s❡❝t✐♦♥ ✾✳✹✳✷✱ ❥❡ ❢❛✐s ❞❛♥s ♠❡s s✐♠✉❧❛t✐♦♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥
Γ ≃ I ♣♦✉r ❧❛ ♣ré❞✐❝t✐♦♥✳ ❈❡tt❡ ét❛♣❡ ♥✬✐♥tr♦❞✉✐t ❞♦♥❝ ♣❛s ❞❡ ❝❛❧❝✉❧s✳

▲❛ ❞❡r♥✐èr❡ ét❛♣❡ ❞✉ ❝❛❧❝✉❧ ❞❡ ❧❛ ❝♦♠♠❛♥❞❡ ❡st ❧❛ ♣r♦❥❡❝t✐♦♥ s✉r ❧✬❡s♣❛❝❡ ❞❡s ❛❝t✐♦♥✲
♥❡✉rs✳ ❈♦♠♠❡ ❧✬é❝❤❛♥t✐❧❧♦♥♥❛❣❡ ❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ ❡st✐♠é❡ ❝♦ï♥❝✐❞❡ ❛✈❡❝ ❧❡s ♣♦s✐t✐♦♥s
❞❡s ❛❝t✐♦♥♥❡✉rs✱ ❧❛ ♣r♦❥❡❝t✐♦♥ ❡st ré❞✉✐t❡ à ❧✬❡✛❡t ❞✬✉♥ ♠❛sq✉❡ s✉r ❧❡s ♣♦✐♥ts ❞❡ ♣❤❛s❡
s✐t✉és ❧à ♦ù ✐❧ ♥✬② ❛ ♣❛s ❞✬❛❝t✐♦♥♥❡✉rs✳ ❈❡tt❡ ét❛♣❡ ✐♠♣❧✐q✉❡ ❞♦♥❝ ♠♦✐♥s ❞❡ n ♦♣ér❛t✐♦♥s✳

❊♥ ❝♦♥❝❧✉s✐♦♥✱ ❧❛ ❝♦♠❜✐♥❛✐s♦♥ ❞❡s ét❛♣❡s ❞❡ r❡❝♦♥str✉❝t✐♦♥✱ ♣ré❞✐❝t✐♦♥ ❡t ♣r♦❥❡❝t✐♦♥
♣♦✉r ❧❡ ❝❛❧❝✉❧ ❞❡ ❧❛ ❝♦♠♠❛♥❞❡ ❛❜♦✉t✐t à ✉♥ ❝♦ût ❝❛❧❝✉❧❛t♦✐r❡ t♦t❛❧ ❞❡ (28+34N✐t❡r)×n
♦♣ér❛t✐♦♥s✳ ▲❡ ❝♦ût ♠✐♥✐♠❛❧ ❡st ❞❡ 62 × n ♦♣ér❛t✐♦♥s✱ ❧♦rsq✉✬✉♥❡ s❡✉❧❡ ✐tér❛t✐♦♥ ❞❡
❋r■▼ ▼❆P ❡st ❛♣♣❧✐q✉é❡✳ ▲❡ ❝♦ût ♠❛①✐♠❛❧ ❡st r❡♣rés❡♥té ♣❛r ❧❡ ❢❛✐t q✉❡ ❧❛ ♠ét❤♦❞❡
❞❡s ❣r❛❞✐❡♥ts ❝♦♥❥✉❣✉és ❝♦♥✈❡r❣❡ ❡♥ n ✐tér❛t✐♦♥s✱ ❡♥ ❧✬❛❜s❡♥❝❡ ❞✬❡rr❡✉rs ❞✬❛rr♦♥❞✐s✳ ❆✜♥
❞❡ ♣♦✉✈♦✐r ré❡❧❧❡♠❡♥t ❛ss♦❝✐é ✉♥ ❝♦ût ❝❛❧❝✉❧❛t♦✐r❡ ré❛❧✐st❡ à ❝❡t ❛❧❣♦r✐t❤♠❡ ❞❡ ❝❛❧❝✉❧ ❞❡
❧❛ ❝♦♠♠❛♥❞❡ ❡♥ ❜♦✉❝❧❡ ❢❡r♠é❡✱ ❥✬ét✉❞✐❡ ❞♦♥❝ ❞❛♥s ❧❛ ♣r♦❝❤❛✐♥❡ s❡❝t✐♦♥ ❧❡s ♣r♦♣r✐étés
❞❡ ❝♦♥✈❡r❣❡♥❝❡ ❞❡ ❋r■▼ ▼❆P à ♣❛rt✐r ❞❡ s✐♠✉❧❛t✐♦♥s✳

✶✵✳✸ ▲❡ ❜✉❞❣❡t ❞✬❡rr❡✉rs

❏❡ r❛♣♣❡❧❧❡ ❧✬❡①♣r❡ss✐♦♥ ❞❡ ❧✬❡rr❡✉r ❞❡ ❝♦rr❡❝t✐♦♥ ❞❡ ❧✬❖❆ 〈ǫ2k〉✱

〈
ǫ2k
〉

=
1

SA

〈∥∥P
(
wk −mT ·ak

)∥∥2
〉

〈
ǫ2k
〉

=
1

SA

〈∥∥P
(
wk − wk−2 + wk−2 −mT ·ak

)∥∥2
〉

✭✶✵✳✶✾✮

♦ù ❧❛ ❞❡✉①✐è♠❡ ❧✐❣♥❡ ❡st ♦❜t❡♥✉❡ ❡♥ ✐♥tr♦❞✉✐s❛♥t ❛rt✐✜❝✐❡❧❧❡♠❡♥t ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ wk−2

❞❛♥s ❧❛ ♣r❡♠✐èr❡ ❡①♣r❡ss✐♦♥✳
❉❛♥s ♠❡s s✐♠✉❧❛t✐♦♥s ❞✬❖❆ ❡♥ ❜♦✉❝❧❡ ❢❡r♠é❡✱ ❛✉ ❝❤❛♣✐tr❡ s✉✐✈❛♥t✱ ❥✬❛✐ ✉t✐❧✐sé ❧✬❛♣✲

♣r♦①✐♠❛t✐♦♥ ❞✬✉♥❡ s✉r❢❛❝❡ ❞✬♦♥❞❡ ✜①❡ ♣♦✉r ❧❛ ♣ré❞✐❝t✐♦♥✱ ✐✳❡✳ Γ ≃ I✳ ❏❡ ♣❡✉① ❛❧♦rs
✐❞❡♥t✐✜❡r ❞❛♥s ❧✬❡rr❡✉r ❞❡✉① ❝♦♠♣♦s❛♥t❡s

〈
ǫ2k
〉
≃
〈
ǫ2
〉
τ

+
〈
ǫ2
〉
❡st✐♠

✭✶✵✳✷✵✮

❡♥ s✉♣♣♦s❛♥t q✉❡ ❧✬❡rr❡✉r ❞✬❡st✐♠❛t✐♦♥ ✭❝❢✳ éq✳ ✭✺✳✼✮✮

〈
ǫ2
〉
❡st✐♠

=
1

SA

〈∥∥P (wk−2 −mT ·ak)
∥∥2
〉

✭✶✵✳✷✶✮

❡t ❧✬❡rr❡✉r ❞✉❡ ❛✉ r❡t❛r❞

〈
ǫ2
〉
τ

=
1

SA

〈
‖P (wk − wk−2)‖2

〉
✭✶✵✳✷✷✮

s♦♥t ❞é❝♦rré❧é❡s ❡t st❛t✐♦♥♥❛✐r❡s✳



✷✶✵ ❈❍❆P■❚❘❊ ✶✵✳ ▲❊❙ ❙■▼❯▲❆❚■❖◆❙ ❉✬❖❆▼❈ ❊◆ ❇❖❯❈▲❊ ❋❊❘▼➱❊

P❛r ❛✐❧❧❡✉rs✱ ❡♥ ✐♥sér❛♥t ❧❛ ❧♦✐ ❞❡ ❝♦♠♠❛♥❞❡ ✭✾✳✶✾✮ ❞❛♥s ❧✬❡①♣r❡ss✐♦♥ ❞❡ ❧✬❡rr❡✉r〈
ǫ2
〉
❡st✐♠

❝✐✲❞❡ss✉s✱ ♦♥ ♦❜t✐❡♥t

〈
ǫ2
〉
❡st✐♠

=
1

SA

〈∥∥∥P
(
wk−2 −mT ·F ·R · d̃k−1

)∥∥∥
2
〉

=
〈
ǫ2
〉
M⊥ +

〈
ǫ2
〉
M ✭✶✵✳✷✸✮

❏❡ r❛♣♣❡❧❧❡ q✉❡ M ❡st ❧✬❡s♣❛❝❡ ✐♠❛❣❡ ❞✉ ♠✐r♦✐r ❞é❢♦r♠❛❜❧❡✳ ❆❧♦rs ❧❡ ❜✉❞❣❡t ❞✬❡rr❡✉r
♣❡✉t êtr❡ ❞é❝♦♠♣♦sé ❝♦♠♠❡ s✉✐t

〈
ǫ2k
〉
≃
〈
ǫ2
〉
M⊥ +

〈
ǫ2
〉
M +

〈
ǫ2
〉
τ
. ✭✶✵✳✷✹✮

P✉✐sq✉❡ ❧❡ ♣❛s ❞✬é❝❤❛♥t✐❧❧♦♥♥❛❣❡ de ❞❡ ❧❛ ♣❛r❛♠étr✐s❛t✐♦♥ ❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ w ❡st
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〉
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〉
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I. INTRODUCTION

Large ground-based telescopes resolution is damaged by
the atmospheric turbulence, producing inhomogeneities of the
refraction index and thus distortions of the wavefront coming
from observed science objects. AO systems are dedicated to
compensate this distortions in real-time, thanks to wavefront
sensing (WFS) devices and one or several deformable mirrors
(DM) to apply a phase correction. AO systems conception is
undergoing a revolution on two aspects, in terms of correction
objectives and in terms of computational methods.

First, existing AO systems in closed-loop are aimed at cor-
recting on-axis pertubations. In such a case, the WFS device
observes the same turbulence volume as the science camera
does, so that the objective of the AO control is to cancel the
measurements, which is usually done thanks to an integrator
as a control law [6]. Nowadays, the versatile concepts of AO
systems suggested for the future telescopes, such as Multi-
Conjugate AO or Laser Tomography AO, no longer can rely
on this control objective. The criterion to optimize must now
be formulated in the turbulent layers planes, so as to flatten
the wavefront in the conjugated layers and in possibly sev-
eral directions of observation. It has been demonstrated that
this inverse problem requires a Bayesian approach of the opti-
mization, with priors on the atmospheric turbulence, in order
to cope with unseen modes [10] of the perturbation.

Next, AO systems under study for the future generation of
telescopes, the Extremely Large Telescopes (ELT), have to
control a huge number of actuators, n ∼ 104, defining new
challenges in terms of real-time computational cost [5]. This
number of parameters n is typically 2 orders of magnitude
larger than for the currently existing AO systems and it is sup-
posed to go on increasing. Given the size and the expected
performance of those telescopes, such a high number of ac-
tuators on the DM or measurements from the WFS is nec-
essary to provide the best compensation of atmospheric per-
turbations in the science image. A new generation of order-
n algorithms came out to replace the classical Matrix-Vector
Multiply (MVM) scaling as O(n2).

Various methods have been studied in the past few years,
in order to simultaneously face these two issues. Several it-
erative methods have been proposed to estimate a maximum
a posteriori solution of the wavefront reconstruction problem
with high number of parameters. These methods include pri-
ors on the turbulence, thanks to an approximation of the tur-

∗Electronic address: Bechet@obs.univ-lyon1.fr

bulent wavefront spatial covariance matrix. The fastest recon-
structions use the Preconditioned Conjugate Gradient (PCG)
algorithm, well adapted to large systems dimensions, but each
method has its particular preconditioning. Gilles et al. [8] pro-
posed a Multigrid PCG method requiring about 28 × n log(n)
operations to converge. Next, Yang et al. [17] decreased the
required computation time with a Fourier Domain precondi-
tioning. Both methods rely on the approximation of the co-
variance matrix by a block circulant with circulant blocks ma-
trix. Another approximation of the covariance matrix of the
turbulent wavefront has been devised by Thiébaut & Tallon
[14] , based on a fractal linear operator. From this opera-
tor, Thiébaut & Tallon derived a fractal change of variable
and a diagonal preconditioner that both accelerate the con-
vergence of the PCG. The fractal iterative method (FrIM) re-
quires 34 × n operations per iteration and they demonstrated
that wavefront reconstruction could be obtained in less than
10 iterations [14]. They showed that the number of iterations
is independent of n, but yet increases with the signal-to-noise
ratio (SNR).

Fast reconstruction is required because of the AO loop fre-
quency ranging from 500Hz to 2kHz, and in this prospect, this
paper demonstrates the assets of FrIM algorithm for a closed-
loop AO.

In Sect. II, closed-loop AO equations are deduced from a
linear model of the system and from the optimization of a
quadratic criterion. Sect. III details how to make use of FrIM
algorithm in the closed-loop computation of the command
vector. The number of operations highly depends on the num-
ber of iterations allowed for the reconstruction step. This is
why we introduce in Sect. IV another criterion based on the
error budget equilibrium, in order to check the needs in terms
of iterations to maintain an optimal correction. Finally, sim-
ulations of well-balanced AO systems of typical dimensions
for an ELT telescope are used to quantify these needs over a
large range of SNR values.

II. CLOSED-LOOP AO EQUATIONS

We present here the linear equations used to model the
closed-loop Single-Conjugate AO (SCAO) system and define
the criterion to be optimized. Then, the control law is directly
derived from the optimization of this criterion.
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A. Linear Model for a closed-loop AO system

The DM is modeled as a linear process so that the compen-
sation wc induced by a given finite-length command vector a

is

wc(r) = m(r)T · a =
∑

i

ai mi(r) ∀ r ∈ A (1)

where mi represents the influence function associated with the
i-th command vector component and superscript T defines the
transpose operator. All the mi are continuous functions of
space coordinate r inside the pupil. We notate na the dimen-
sion of a, which corresponds to the number of controlled pa-
rameters in the AO system.

The wavefront sensor observes the residual phase wres, so
that measurement equation is

dk = S(wres
k−1) + ek

= S(wk−1 −mT · ak−1) + ek (2)

where d stands for the data vector, S for the linear model of the
wavefront sensor, w(r) for the continuous turbulent wavefront
and e is the measurement errors vector due to noise and model
approximation. Index k indicates the time sample.

Thanks to the linearity of all the operators, the last equation
can be simplified to write

dk = yk−1 −G · ak−1 + ek (3)

with yk−1 = S(wk−1) and G defined such that

G · a = S(mT · a) (4)

for any a ∈ Rna . Thus, yk−1 symbolizes noiseless open-loop
data and G is the interaction matrix of the system.

The presence of distinct time samples, k and k−1 in Eq. (3),
results from the WFS exposure time delay T , for the sensing is
not instantaneous. When considering a discretized represen-
tation of the system, another delay should be modeled, cor-
responding to the CCD read-out time, computation of phase
slopes and computation of the next command to apply. Al-
though any value τ for this second delay could theoretically
be taken into account, discrete equations are simplified when
τ is a multiple of T . Equations in this paper represent the sim-
plest case when τ = T , that is to say there is only one sampling
period inside the system, and the AO system is commonly re-
ferred as having a two-frame delay [9].

In this context, the command ak is computed from data
dk−1. Nevertheless, from Eq. (3), the previous command in
a closed-loop system obviously affected the measurements.
This is why one should also take into account the previous
value ak−2. This leads to a general and linear control law of
the form

ak = Q · ak−2 + R · dk−1 (5)

where Q and R are assumed to be stationary.

One may notice that we do not impose the classical form of
a closed-loop integrator, which would be written

ak = ak−1 + R · dk−1 .

B. Formalism and criterion definition

The Strehl ratio of the science image, assessing the AO sys-
tem performance, is optimized for minimum mean squared
residual fluctuations of the wavefront over the pupil,

〈
ǫ2

〉
=

〈
1

SA

∫

A

(
wres − 1

A

∫

A
wres

)2〉
(6)

whereA is the pupil domain, SA is its surface and 〈.〉 symbol-
izes the expectation over both turbulence and noise statistics.
The residual wavefront distortion wres is a space-continuous
real-valued random process defined over A. This AO crite-
rion can be formulated thanks to Hilbert-space formalism [2],
with the inner product and norm respectively

( f |g) =
∫

A
f g and ‖ f ‖ =

(∫

A
f 2

)1/2

where f and g are parts of C0(A,R), the infinite-dimension
vector space of continuous real-valued functions defined over
the pupil area. We simplify notations further notating p the
uniform phase aberration over the pupil, i.e. the piston com-
ponent, scaled such that

∫

A
p(r) dr = 1 , (7)

and P the orthogonal projector [2] defined as

P : C0(A,R) → C0(A,R)

x → x − (x|p)
(p|p)

p . (8)

Then, the AO criterion in Eq. (6) at the k-th step can be written

〈
ǫ2K

〉
=

1
SA

〈∥∥∥P(wres
k )

∥∥∥2
〉
=

1
SA

〈∥∥∥P(wk −mT · ak)
∥∥∥2

〉
. (9)

Before optimizing the criterion in Eq. (9), one should no-
tice that the residual wavefront wres compares a continuous
function w in an infinite-dimension space w with another con-
tinuous function wc defined in a finite-dimension subspace of
C0(A,R). The Hilbert-space can be decomposed into two or-
thogonal subspaces [16], the first containing uncontrollable
modes and the other one controllable modes of the system.
The controllable subspaceM is of finite dimension, generated
by the DM influence functions (mi)1≤i≤na

, which are chosen to
constitute a linearly independent family. Hence, the turbulent
wavefront has a unique decomposition of the form

w(r) = wM⊥(r) + wM(r) = wM⊥(r) +m(r)T · b ∀ r ∈ A
(10)
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where wM⊥ and wM are the orthogonal projections of w re-
spectively on the uncontrollable subspaceM⊥ and on the con-
trollable spaceM.

The piston mode is a controllable mode and since con-
trollable and uncontrollable subspaces are orthogonal to each
other, combination of Eq. (9) with (10) provides

〈
ǫ2k

〉
=

1
SA

[〈∥∥∥P(wM⊥
k

)
∥∥∥2

〉
+

〈∥∥∥P(mT · (bk − ak))
∥∥∥2

〉]
(11)

=
〈
ǫ2k

〉M⊥
+

〈
ǫ2k

〉M
(12)

where 〈ǫ2
k
〉M⊥ characterizes an intrinsic residual perturbation

and 〈ǫ2
k
〉M is the improvable part of the AO criterion.

C. Control law optimization

Given the command law chosen in Eq. (5), the criterion to
optimize is

〈
ǫ2k

〉M
=

1
SA

〈∥∥∥P(mT · (bk − R · dk−1 −Q · ak−2))
∥∥∥2

〉
(13)

=
〈
xT · N · x

〉
(14)

where we use simplified notations [2], defining the matrix N

of which components are

Ni, j =
1

SA

(
P(mi)|P(m j)

)
∀ 1 ≤ i, j ≤ na , (15)

and x = bk − R · dk−1 −Q · ak−2.
One must notice that the expression for the command in

Eq. (5) is recursive. Using this property, Eq. (14) could be
developed so as to be formulated as depending on all the suc-
cessive and past data dk−i, with i from 1 to k and of the first
command a0. Optimizing the developed criterion with respect
to R and Q would then lead to an optimal solution. However,
we decided in this paper to favour another approach, which
consists in optimizing the criterion in Eq. (13), yet given and
fixed the value of the previous command, ak−2. We do not
assume anything about the origin of this previous command
value, but just consider that we do know it perfectly. Whatever
the current system state, we want to find the best stationary R

and Q to apply. This means that the previous command is not
considered as a stochastic parameter of the system but as a de-
terministic one. With such assumption, the full expression of
the criterion to optimize is given by Eq. (14)), and thus it is a
quadratic form of R and Q operators.

Then optimizing this criterion for any time sample k,
given dk−1 and ak−2, the optimal command law implies
∂〈ǫ2

k
〉M/∂Q = 0 and ∂〈ǫ2

k
〉M/∂R = 0. Linearity of all the

operators provides

∂
〈
ǫ2

k

〉M

∂Q
= 2 N ·

〈
(R · dk−1 +Q · ak−2 − bk) · aT

k−2

〉

Replacing data vector by its expression in Eq. (3) leads to

∂
〈
ǫ2

k

〉M

∂Q
= N ·

〈(
R · (yk−2 + ek−1)

+ (Q − R ·G) · ak−2 − bk

)
· aT

k−2

〉
.

As already mentioned above, we decided to consider ak−2 as
a given deterministic value, and more precisely not to assume
anything about its origin and possible correlation with further
wavefront perturbations bk and yk−1. Then, as phase slopes
have null expectation and that the expectation of the actuators
position to correct atmospheric phase perturbations are also
null, then

〈
yk−2 · aT

k−2

〉
=

〈
yk−2

〉 · aT
k−2 = 0 ,

〈
ek−1 · aT

k−2

〉
= 〈ek−1〉 · aT

k−2 = 0

and

〈
M · bk · aT

k−2

〉
=M · 〈bk〉 · aT

k−2 = 0 .

As a consequence, we must choose Q = R · G to be sure to
cancel the partial derivative of the criterion with respect to Q.
The control law in Eq. (5) then simplifies to

ak = R · (dk−1 +G · ak−2) (16)

Since ak−2 is the command that affected dk−1 closed-loop mea-
surements, then Eq. (16) allows the control law to take into ac-
count its previous action in order to substract it from the resid-
ual data so as to generate pseudo open-loop measurements

d̃k−1 = dk−1 +G · ak−2 = yk−2 + ek−1 . (17)

Then, we can now optimize the criterion with respect to R,

∂
〈
ǫ2

k

〉M

∂R
= 2 N ·

(
R ·

〈
d̃k−1 · d̃

T
k−1

〉
−

〈
bk · d̃

T
k−1

〉)
.

It appears then that choosing

R =
〈
bk · yT

k−2

〉
·
(〈

yk−2 · yT
k−2

〉
+

〈
ek−1 · eT

k−1

〉)−1
(18)

is a sufficient condition to optimize the criterion.

D. System modeling and control expression

The wavefront can be decomposed on an infinite-dimension
basis (hi)i∈N such that

w(r) =
∞∑

i=1

hi(r) wi , (19)

In practice, one needs to restrict the representation of the
wavefront to a finite-dimension space truncating the basis to
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(hi)1≤i≤n with n < ∞. For a given n, it is then possible to define
F the matricial representation of the linear application

F : (C0(A,R); (hi)1≤i≤n) → (M; (mi)1≤i≤na
)

w → wM. (20)

S represents the linear WFS model from the basis (hi)1≤i≤n to
the canonical basis of Rm. Finally, it is possible to define the
stationary spatial and spatio-temporal covariance matrices of
the wavefront Cw = 〈wk · wk〉 and Tw = 〈wk · wk−2〉 for all k in
this finite-dimension basis (hi)1≤i≤n.

With such notations, the control matrix R in Eq. (18) be-
comes

R = F · Γ · CwST ·
(
S · Cw · ST + Ce

)−1
, (21)

where Ce = 〈ek · eT
k
〉, ∀ k, is the stationary noise covariance

matrix and

Γ = Tw · C−1
w (22)

represents the temporal correlation of the turbulence. It is
worth noticing that Eq. (21) is a general formulation of the
reconstructor, valid for any n in N, and for which notations
could even be extended to the infinite-dimension description
of the wavefront over (hi)i∈N.

E. Closed-Loop AO diagram

To simplify notations, we decompose the control law thanks
to the three matrices F, Γ and E :

E = Cw · ST ·
(
S · Cw · ST + Ce

)−1
(23)

=
(
ST · C−1

e · S + C−1
w

)−1 · ST · C−1
e .

E illustrates the turbulent wavefront estimation step, for which
one may recognize the two equivalent expressions for the
maximum a posteriori estimator [14]. F as defined in Eq. (20)
corresponds to the fitting step, an orthogonal projection on the
control space. The diagram of Fig. 1 summarizes the control
architecture induced by Eq. (21), using the notations defined
above and M standing for the application of the DM influence
functions. The z−1 variable comes from the discrete-time de-
scription, making use of z-transforms, and illustrates the de-
lays. An Internal Model Control (IMC) [11] appears in the
control architecture, for which the reference signal wref is null.
This reference symbolizes the null wavefront distortions we
are searching for. Figure 1 emphasizes two parallel paths: the
one passing through the real plant, the combination of M and
z−1S blocks, and the one passing through the modeled interac-
tion matrix z−1G. The interaction matrix G is a linear model
of the combination of DM and WFS real processes, as defined
in Eq. (4). Properties of IMC apply so that if G is a perfect
model then the system is equivalent to an open-loop AO sys-
tem. This is an interesting point for some AO concepts where

ref

+
+

+
+

a M −
+w

w

w

dd
~

+
−

c

res

z    G z    S

z    E−1

−1 −1

e

FΓw   =0

FIG. 1: Discrete-time diagram of the closed-loop AO system. M

stands for the application of the DM influence functions to the control
vector.

a part of the control is made in open-loop, which would be the
case for Multi-Objects AO systems. The results of the study
presented here would then naturally apply to such systems.

The idea to build the pseudo open-loop measurements of
Eq. (17) in the estimation part of the closed-loop AO prob-
lem has already been suggested by Ellerbroek [2] and used by
Gilles [7]. However, the global architecture differs and Gilles
added an ad hoc robust filter to the control law. At the mo-
ment, we have no filter of this kind inside our control struc-
ture. This need may arise with the study of modeling errors
and their influence on stability. We expect to derive such a
filter from a robustness analysis, which is underway.

III. COMPUTATION OF THE COMMAND WITH FRIM

We detail in this section the low-computation procedure ap-
plied to reach the optimal command given by Eq. (23) and
(21). It relies on the use of the Fractal Iterative Method (FrIM)
[14].

A. System modeling approximations

In practice, the useful expression for R from Eq. (21) de-
pends on the sensing device modeling S and on the DM influ-
ence functions m.

In what follows, we consider the common Fried’s model
of a Shack-Hartmann wavefront sensing [3, 13, 14]. Further-
more, the influence functions (mi)1≤i≤na

for our DM are as-
sumed to be two-dimensional linear splines centered at actua-
tors locations. We thus can judiciously characterize the wave-
front phase over a square grid larger than the pupil thanks to
linear splines interpolation functions hi, with a regular 2D-
sampling of spatial period d equal to the subaperture size and
to the actuators pitch. Thus, Eq. (19) is replaced by

w(r) ≃
n∑

i=1

hi(r)wi = hT · w, (24)



5

with hi = m j if the i-th phase sample position is aligned with
the j-th actuator location. The used algorithm for reconstruc-
tion, FrIM, is currently implemented to reconstruct the wave-
front over a square grid of n = (2p +1)× (2p +1) interpolation
coefficients, with p an integer. The interpolation coefficients
are equal to the wavefront samples.

Noise and wavefront covariance matrices are modeled with
the same approximations as described in Béchet et al. [1].
Considering a Shack-Hartmann observing a Natural Guide
Star (NGS), measurements uncertainties can be assumed uni-
form and uncorrelated, so that

Ce = σ
2
e I.

with σ2
e the noise variance, expressed in square radian per

subaperture size d. For the turbulent covariance, the frac-
tal change of variable is used for either Kolmogorov or von
Kármán description of the turbulence statistics. The linear in-
vertible fractal operator K allows to rewrite the wavefront in
a basis of statistically independent modes [1], such that

w =

(
D

r0

)5/6

K · u

with u ∼> N(0, I), i.e. following a standard normal stochastic
distribution, and Cw = (D/r0)5/3K · KT. Factorizing the ratio
(D/r0)5/3 out from the covariance, K becomes independent
of r0 and of D/r0. It only depends now on the number of
wavefront samples across the diameter D/d and of the ratio
D/L0, where L0 is the outer scale of the spatial coherence of
the turbulent wavefront.

With such models for the covariances, the computation pro-
cedure can now be decomposed into three steps: the recon-
struction, the prediction and the fitting. The computation
load is detailed below for each of these stages. N(L) nota-
tion is used to represent the number of floating points oper-
ations required to apply an operator L to a vector. We re-
call that the number of wavefront samples is n and with a
Shack-Hartmann, the number of measurements m approxi-
mately equals 2n.

B. Reconstruction step

The MAP estimator of Eq. (23) can be rewritten as

E = K ·
(
KT · ST · S ·K + µ0 I

)−1
KT · ST

with µ0 = σ
2
e (r0/D)5/3, which is the optimal priors weight in

the Bayesian sense. This hyperparameter is inversely propor-
tional to the squared SNR.

The reconstruction step consists in determining the best
estimate of the phase perturbations, but in the independent
modes space, i.e.

ûk =
(
KT · ST · S ·K + µ0 I

)−1
KT · ST · d̃k−1

This step includes the building of the pseudo open-loop data
(See Eq. (17)).

One should notice that in classical notations of control the-
ory, we should write ûk/k−2 or equivalently ŵk/k−2, instead of
ûk or ŵk. Indeed, we are currently estimating the best correc-
tion to compensate for wk, having observed wk−2. Our simpli-
fied notations are justified by the fact that the two-frame delay
is permanent, and that it produces clearer equations.

Estimation of ûk is done by solving iteratively the linear
system A · ûk = bk−1 with

A = KT · ST · S ·K + µ0I (25)

and

bk−1 = KT · ST · d̃k−1 .

FrIM algorithm has been demonstrated to efficiently solve this
system [14], with open-loop data instead of pseudo open-loop
data. It is based on a diagonally Preconditioned Conjugate
Gradients method (PCG). The solving here requires as many
operations per iteration since A is the same matrix. The ex-
plicit µ0 in our formula (25) does not modify the counting, as
in any case, an addition of n non-zero values must be applied.
So, the application of A to a vector requires N(A) = 23 n op-
erations. The number of operations for the first iteration also
is 32 n and the one for the subsequent iterations is 34 n.

The initialization of the algorithm differs since the first
residual to be computed is

rinit = KT · ST ·
(
d̃k−1 − S ·K · ûk−1

)
− µ0 ûk−1 (26)

We consider here a running AO system, so we make the sys-
tem start from the previous final solution ûk−1. Indeed, the
modal description of the wavefront may have not changed
much from one loop to another, this is why such a strategy
should make us start close from the optimal solution.

Once done the computation of d̃k−1, Eq. (26) requires
N(rinit) ≃ 25 n operations if one keeps σ2

e integrated in the
scaling factor of S operator and (D/r0)5/6 inside K [14].

Introducing Eq. (17) inside Eq. (26) leads to

rinit = KT · ST · (dk−1 +G · ak−2 − S · ŵk−1)
) − µ0 ûk−1 (27)

For the linear splines mi and hi chosen here, N(G) ≃ N(S).
In other words, for the first AO loop, when no estimation
is available yet, both ak−2 and ûk−1 are null, and N(rinit) ≃
N(S)+N(K) = 10 n. For the second AO loop, ak−2 is null but
ŵk−1 = K · ûk−1 has already been computed in the prediction
step (cf. below). So the computation of the first residual from
Eq. (27) for the second loop requires 18 n operations. Then,
for all the subsequent AO loops, both vectors ak−2 and ŵk−1

have been previously estimated, and thus the computation of
the first residual requires N(rinit) ≃ 23 n operations.

Starting the iterative algorithm from the last final solution
ûk−1 may impact on the required number of iterations Niter for
convergence, and then on the total computation load of the
method, which is (21 + 34 Niter)n operations per AO loop.
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Finally, once the iterative process stopped, the wavefront
estimate is obtained by applying

ŵk = (r0/D)5/3 K · ûk , (28)

so that the total number of operations involved by the first step
is (27 + 34 Niter)n operations.

C. Prediction step

Our closed-loop AO correction does not include any model
for the temporal evolution, but uses a priori statistical mo-
ments which are introduced thanks to the temporal correlation
Γ. Although such priors appear in Eq. (22), we never tried to
model them accurately. We consider instead a rough approx-
imation, and assume that the wavefront is almost unchanged
from one loop to another, thus replacing the temporal correla-
tion Γ by the identity matrix I. Under this approximation, the
prediction step vanishes and so, no floating point operation is
involved.

D. Fitting step

Last step is often called the fitting step as it consists in fit-
ting in the best way the estimated wavefront ŵk with the DM
shape. This is simply achieved applying the orthogonal pro-
jector F defined in Eq. (20). In our case, as the sampling pe-
riod of the wavefront and the actuator pitch are equal and as
the interpolation function for the wavefront are linear splines
as the influence function ones, then this step is reduced to ap-
ply a projection on the subspace of actuators locations. F is
just a mask, involving na operations to be applied.

IV. NUMBER OF ITERATIONS AND TOTAL

COMPUTATION LOAD

The combination of all the steps described in Sect. III leads
to a total number of operations scaling as (28+ 34Niter)n. Ob-
viously, this load depends on the number of iterations the al-
gorithm either needs to converge or can afford constrained by
the AO loop frequency. While the minimum burden is defined
by the number of operations obtained if only one iteration is
made, the maximum burden is just bounded by the theoret-
ical limit of conjugate gradients method which is known to
converge in at most n iterations, exception made of rounding
errors .

This is why we investigate in the following the convergence
of the estimation step in closed-loop, and how far we would
remain from the optimal solution if the AO loop frequency
imposes to stop the procedure before convergence.

First, from a well-balanced error budget, we define a pro-
cedure to simulate corresponding AO systems. Then, simu-
lations are done of such systems and assuming the iterative
estimation is stopped after a given number of iterations, we
analyze the effect on the correction quality.

The need for such a study reveals that computation load and
correction quality are strictly linked.

A. Error budget

Introducing the true wavefront wk−2 two stages before the
command ak is applied, one can divide the criterion of Eq. (9)
in two main error contributions :

〈
ǫ2k

〉
=

1
SA

〈∥∥∥∥P
(
wk − wk−2 + wk−2 −mT · ak

)∥∥∥∥
2〉

≃
〈
ǫ2k

〉delay
+

〈
ǫ2k

〉corr
(29)

where delay error

〈
ǫ2k

〉delay
=

1
SA

〈
‖P(wk − wk−2)‖2

〉
(30)

and correction error

〈
ǫ2k

〉corr
=

1
SA

〈∥∥∥∥P
(
wk−2 −mT · ak

)∥∥∥∥
2〉

(31)

are assumed mainly uncorrelated.
Combining Eqs. (5), (16), (21) and (23), the correction error

defined in Eq. (31) becomes

〈
ǫ2k

〉corr
=

1
SA

〈∥∥∥∥P
(
wk−2 −mT · F · Γ · E · d̃k−1

)∥∥∥∥
2〉

=
〈
ǫ2k

〉M⊥
+

〈
ǫ2k

〉M
(32)

where the error orthogonal to M space 〈ǫ2
k
〉M⊥ and the error

on the controllable space 〈ǫ2
k
〉M are respectively

〈
ǫ2k

〉M⊥
=

1
SA

〈∥∥∥∥P
(
wM⊥

k−2

)∥∥∥∥
2〉

(33)

and

〈
ǫ2k

〉M
=

1
SA

〈∥∥∥∥P
(
mT · (bk−2 − F · E · d̃k−1)

)∥∥∥∥
2〉
. (34)

Last expression (34) has been simplified thanks to the assump-
tions Γ = I made in the past section.

The error budget can thus be summarized by

〈
ǫ2k

〉
≃

〈
ǫ2k

〉M⊥
+

〈
ǫ2k

〉M
+

〈
ǫ2k

〉delay
. (35)

The uncontrollable error of Eq. (33) is called the fitting er-
ror of the system and is given by the Nyquist frequency of
the DM. The respective influence of the two other terms in
Eq. (35) is illustrated by the closed-loop simulation results of
Fig. 2. During the k-th loop, 15 iterates (̂uk,l)1≤l≤15 are com-
puted, from which we can evaluate successive mean-square
estimation errors

〈
ǫ2k,l

〉M
=

〈∥∥∥∥P
(
mT · (bk−2 − F · E ·K · ûk,l)

)∥∥∥∥
2〉
. (36)
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FIG. 2: Evolution of 〈ǫ2
k,l
〉M along the PCG iterations in a closed-

loop system with FrIM. Closed-loop frequency is fixed to 15 itera-
tions of the PCG algorithm, and 6 successive loops are displayed.
The number of degrees of freedom is n = 129×129, with D/d = 128
and r0 = d. The measurement noise is a Gaussian white noise of
standard deviation σ2

e = 1rad2/d. 3 different conditions turbulence
evolution are simulated. Solid curve: observing a translating wave-
front (shift of one tenth of the sub-aperture size per loop). Dashed

curve: observing of a constant wavefront. Dotted curve: observing
uncorrelated successive wavefronts.

The evolution of 〈ǫ2
k,l
〉M along iterations, and for k = 1 to

k = 6, is plotted in Fig. 2, illustrating the convergence of the
estimation procedure. By the way, the (k + 1)-th loop starts
with new measurements dk, and the initial estimate ûk+1,0

for the iterative procedure is the final estimate of the pre-
vious loop ûk,15, so that the plotted 〈ǫ2

k,0〉M actually equals

〈ǫ2
k
〉M + 〈ǫ2

k
〉delay at this particular instant. In Fig. 2, this is

illustrated by the salient jumps every 15 iterations.
On the first hand, the significant jumps occurring every 15

iterations are due to the fact that a new wavefront wk+1, in-
stead of wk, is used as the reference for the computation of
the 〈ǫ2

k
〉M. Besides, the method does not converge toward the

same value at every loop, even when the observed wavefront
stays unchanged (dashed curve), at least because of the differ-
ent noise realizations. Indeed, the level of the reconstruction
error changes with both the wavefront and the noise samples.
This is because the wavefront estimation is a random vector
depending on two other random processes: the atmospheric
turbulence and the measurement noise.

On the other hand, these three situations are characteristic
of three different control strategies. First, the dashed curve can
be considered as an optimal prediction. Since the observed
wavefront is always the same, the temporal priors introduced
by the simplification Γ = I are perfect and then the various
values to which 〈ǫ2

k
〉M is converging only reveal the change

of noise realization with every new data set. On the contrary,

the dotted curve is characteristic of the worst temporal pre-
diction. Estimated and observed wavefronts have nothing in
common when the correction is applied. This is like starting
the reconstruction from scratch at every new loop. Finally, the
solid curve shows the more realistic situation of a translating
turbulent layer. Here, the wavefront is shifted by one tenth of
a subaperture for each step of the loop. Typically, for subaper-
tures of dimension d = 30cm, and for a closed-loop frequency
of 500Hz (resp. 1kHz), this corresponds to a wind velocity of
15 m.s−1 (resp. 30 m.s−1). However, in this case, the temporal
prediction is not optimal anymore.

In Fig. 2, the AO delay error contribution gradually de-
creases in the error budget of the simulation from the dot-
ted case to the solid one and finally vanishes for the dashed
curve. The number of iterations needed for convergence
also decreases along with this delay contribution to the er-
ror. While some 10 iterations were needed for reconstruction
from scratch [14], we see here that the optimal number of iter-
ations does not only depends on the SNR, but also on the AO
loop frequency. In order to study the total computation load,
which means to determine the needs in number of iterations,
we assume in the following that the error budget should be
well-balanced. In other words, we should simulate AO sys-
tems for which

〈
ǫ2k

〉delay ≃
〈
ǫ2k

〉M
(37)

where
〈
ǫ2

k

〉M
is the theoretical reconstruction error at conver-

gence. In order to simulate such well-balanced systems, we
analyse these two errors in the next paragraphs.

B. Reconstruction error

The reconstruction error in Eq. (15) is approximated in our
computations by

〈
ǫ2k

〉M ≃ 1
na

tr
〈
P · x · xT · PT

〉
(38)

with again x = bk−R · d̃k−1. Indeed, as the influence functions
mi are linear splines, the 2D integration of Hilbert norm in the
computation of the error in Eq. (15) becomes a double trape-
zoidal rule for integration. For the large systems under study
here, i.e. for na scaling as 104 − 106, this computation is ap-
proximated using a double rectangular rule for the integration
over the pupil area. This means that we can define the piston
vector p ∈ Rna with all components equal to 1, and

(mT · x|p) ≃ xT · p ∀x ∈ Rna . (39)

Hence, the approximation leading to Eq. (38), which is al-
ways used further. The operator P becomes a matrix, of rank
na, which is just the restriction of the previous operator P (cf.

Eq. (8)) to the chosen linear splines DM representation.
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FIG. 3: f (µ0)/µ0 = 〈ǫ2k 〉M/σ2
e vs µ0. Upper: a VLT-like system,

with D/L0 = 1/3 and several values for the number of sub-apertures
across the diameter D/d: 16 (triangles), 32 (squares), 40 (diamonds),
and 64 (upside down triangles). µ0 values for markers are: 6.2 ×
10−3, 3.1 × 10−3, 3.1 × 10−4, 3.1 × 10−5 and 1.55 × 10−5. Lower:

an E-ELT-like system, with D/L0 = 2 and several D/d: 64 (upside
down triangles), 84 (diamonds), 128 (squares), and 256 (triangles).
µ0 values for markers are: 6.15 × 10−4, 3.076 × 10−4, 3.076 × 10−5,
3.076 × 10−6 and 1.54 × 10−6.

The reconstruction error can finally be developed to write

〈
ǫ2k

〉M
=
σ2

e

na

tr
[
P ·

(
ST · S + µ0 K−T ·K−1

)−1 · PT
]

〈
ǫ2

k

〉M

(D/r0)5/3
= f (µ0) (40)

where f is just a function of µ0 [1] when D/L0 and D/d

are given. Figure 3 illustrates this dependency observing von
Kármán turbulent wavefronts, for a VLT-like system (upper)
and an ELT-like system (lower). This provides us with ex-
perimental laws for the reconstruction error depending on the
system dimensions and the SNR, via iso-µ0 curves.

In order to simulate a well-balanced AO system, i.e. with
Eq. (37) satisfied, we need to find an equivalent law for the
delay error.

C. Delay error

For given system dimension, µ0, D/L0 and (D/r0)5/3, we
need to build successive wavefronts with the statistical prop-
erty

〈
ǫ2k

〉delay ≃
〈
ǫ2k

〉M
= (D/r0)5/3 f (µ0). (41)

A first possibility to simulate a running AO system produc-
ing a particular value for the delay error, was to consider Tay-
lor’s frozen flow hypothesis applied to a unique thin turbulent
layer, under translation at a wind speed v. In the Hilbert space
C0(A,R), modeling a single layer under uniform translation,
if w represents a realization of the continuous turbulent phase
on this layer, we denote the current differential phase

δw(r) = w(r) − w(r + vτ)

with vτ, the translation vector and τ the AO correction delay,
i.e. 2 frames. The structure function of a turbulent wavefront
can be factorized as

〈(
w(r) − w(r′)

)2
〉
= (D/r0)5/3Dw(‖r − r′‖) (42)

for Kolmogorov or von Kármán statistics, so thatDw does not
depend anymore on r0, nor on D/r0. Furthermore, δw can also
be characterized by a factorized structure function, which is

Dδw(‖r − r′‖) = 2Dw(‖r − r′‖) + 2Dw(‖vτ‖)
−Dw(‖r − r′ + τv‖) −Dw(‖r − r′ − vτ‖) .

(43)

However, for any random process x defined over the pupil
A, characterized by a structure function Dx, one can demon-
strate that [15]

ax =
1

SA

〈
‖P · x‖2

〉
=

1
2

∫

A

∫

A
p(r)p(r′)Dx(r − r′) dr dr′

(44)
This expression was previously used by Wallner [4, 15] for
Kolmogorov structure function. For Kolmogorov statistics
(normalized as in Eq. (42)), aw = 1.0314 [12, 15], but for
von Kármán statistics, aw also depends on D/L0.

Back to delay error, we have

〈
ǫ2k

〉delay
=

1
SA

〈
‖P · δw‖2

〉

=
(D/r0)5/3

2

∫

A

∫

A
p(r)p(r′)Dδw(‖r − r′‖) dr dr′

(45)
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Combining Eq. (43), (44) and (45), the relation between the
error level 〈ǫ2

k
〉delay and the shift rate ‖vτ‖/D is

〈
ǫ2

k

〉delay

(D/r0)5/3
= Dw(‖τv‖) + 2 aw

− 2
∫

A

∫

A
p(r)p(r′)Dw

(∥∥∥r − r′ − τv
∥∥∥
)5/3

dr dr′ .

(46)

Numerical integration of the right hand side yields the re-
construction error level 〈ǫ2

k
〉delay/(D/r0)5/3 for any shift rate

‖τv‖/D and outer scale ratio D/L0.
We could therefore simulate a very large turbulent wave-

front of given statistics, D/L0, and extract from this large layer
successive samples shifted by τv/D, producing the expected
error level to satisfy Eq. (37).

Although easy to put in practice, such a method usually
leads to wavefront displacements of a fraction of the sampling
period d, sometimes down to d/100. It implies then to in-
terpolate the wavefront phase between the original samples.
We have not yet found a satisfying interpolation method for
turbulent wavefront, since the smoothing effect of most fa-
mous basis of interpolating functions, such as bilinear splines
or cubic splines, is too strong. As a consequence, the variance
of phase perturbations over the pupil is not maintained con-
stant along the translation steps. It has the correct value when
the translated wavefront coincides with the generated samples,
but then it decreases until translated values are just at equal
distance from two original samples. In the same way, the sup-
posed variance of the differential phase δw also decreases in
practice when the wavefronts are interpolated between origi-
nal samples. Even if the variance fluctuations induced by the
interpolation method only were of a few percents, we decided
to find another method to avoid this systematic effect.

The second approach models the temporal evolution of the
wavefront thanks to a kind of boiling instead of a Taylor trans-
lation. In practice, we build new wavefronts wk from a lin-
ear combination of the previous one wk−1 and a new turbulent
layer wnew,k

wk = α1 wk−1 + α2 wnew,k

where α1 and α2 are scalar coefficients and wnew,k is uncore-
lated to wk−1 for all k. For

δw = wk − wk−2 , (47)

α1 and α2 are constrained thanks to 2 asumptions. First, wk,
wk−1 and wnew,k must follow the same statistics, that is to be
Gaussian process with the same normalized structure function
Dw. Next, the variance of the differential phase δw is given,
equal to the desired 〈ǫ2

k
〉delay. The first asumption implies

Dw(r − r′) =
〈(
α1 wk−1(r) + α2 wnew,k(r)

− α1 wk−1(r′) − α2 wnew,k(r′)
)2〉

= α2
1Dw(r − r′) + α2

2Dw(r − r′) ,

hence

α2
1 + α

2
2 = 1 . (48)

The second constraint means that

Dδw(r − r′) =
(
r0

D

)5/3 〈
(wk(r) − wk−2(r) − wk(r′) + wk−2(r′))2

〉

=
(
(α2

1 − 1)2 + α2
1 α

2
2 + α

2
2

)
Dw(r − r′)

= 2α2
2Dw(r − r′) . (49)

Last equality is obtained thanks to the constraint of Eq. (48).
From the definition of Eq. (44),

〈
ǫ2k

〉delay
= 2α2

2 aw (D/r0)5/3 , (50)

so that

α1 =

√
1 − α2

2 (51)

and

α2 =

√√ 〈
ǫ2

k

〉delay

2 aw (D/r0)5/3
=

√
f (µ0)
2 aw

. (52)

Thanks to these coefficients α1 and α2, we can run well-
balanced AO simulations.

D. Simulations results

The results of Sections IV B and IV C provide the means to
simulate a priori well-balanced AO systems, for given system
size, ratio D/L0 and SNR. The impact, on the error budget,
of the allowed number of iterations is analysed thanks to such
simulations. If the estimation convergence is achieved and if
the correlation between terms in Eq. (35) can be neglected,
the balance of Eq. (37) should be satisfied. Otherwise, the
reconstruction error may be larger than expected

〈
ǫ2

k

〉M

(D/r0)5/3
≥ f (µ0) ≃

〈
ǫ2

k

〉delay

(D/r0)5/3
.

As a consequence, the total error budget is bounded, with

ρ =

〈
ǫ2

k

〉

2 (D/r0)5/3 f (µ0)
≥ 1

The results of the simulations are plotted in Fig. 4, thanks
to the ratio ρ. The equilibrium condition in Eq. (37) is satis-
fied when this value is close to 1, or even smaller. The large
range of simulated d/r0 and σ2

e values allows to really explore
a wide range of possible signal-to-noise ratios. The simula-
tions conditions are aimed at illustrating possible cases for an
Extremely Large Telescope, in order to demonstrate that FrIM
closed-loop algorithm is well-adapted to large AO systems.

On the upper part of Fig. 4, the markers shape depends on
the number of iterations allowed for FrIM computation, for a
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FIG. 4: Ratio ρ in Eq. (IV D) as a function of SNR. Simulations
conditions corresponds to a SCAO system on an 42-meter telescope,
with D/L0 = 2 with a central obstruction of 0.28D. Each marker is
the averaged MSE over 100 simulations of 100-loop runs, for each
possible combination: r0 = 0.1 d, 0.5 d, d, 2 d and σ2

e = 5 × 10−3,
10−2, 10−1, 1 and 2 rad2 per sub-aperture. Upper: fixed D/d = 128
but varying number of iterations: Niter = 1 (squares), 2 (crosses),
3 (triangles) and 4 (hexagons). Lower: fixed Niter = 1 but varying
number of sub-apertures across the diameter D/d = 64 (squares), 84
(crosses), 128 (triangles) and 256 (hexagons).

constant system dimension. One can observe on the upper part
of fig:wellbalancedCL that for the major part of the covered
range for the SNR, three iterations are enough to maintain a
well-balanced AO system. A restriction to one iteration per
AO loop would usually lead to an globl AO correction error
multiplied by ∼ 1.5.

Now regarding the dependency of this performance on the

subaperture sampling D/d, the bottom of Fig. 4 illustrates the
case when 3 iterations are allowed. We obtain again the sat-
isfied condition of ρ ∼ 1 for D/dl = 128. The convergence
is accelerated for larger samplings dl/D. This shows that the
reconstruction convergence depends on the sytem dimension,
what had not clearly been observed so far in wavefront recos-
ntruction with FrIM.

V. CONCLUSION

This paper brings a new approach for the control architec-
ture, based on an Internal Model Control. This allows to op-
timize a criterion in the turbulent wavefront space of parame-
ters, instead of simply trying to cancel measurements as was
the aim of the classical integrators on AO systems.

This control law can easily be decomposed into three steps:
reconstruction, prediction and fitting. For the widely spread
case of a Shack-Hartmann model with a bilinear DM, we have
demonstrated the low computational load of this method us-
ing FrIM algorithm: (27 + 34 Niter) n operations, with Niter the
number of iterations.

Finally, simulations of well-balanced AO systems lead to
the conclusion that for the major range of signal-to-noise ra-
tio on large AO systems, only three iterations are sufficient
to maintain the equilibrium on the error budget. As a conse-
quence, the command can be computed in 130 n operations.
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✶✵✳✺ ▲❡s rés✉❧t❛ts ❡t ❧❡s ❝♦♥❝❧✉s✐♦♥s

▲❡ ❜✉❞❣❡t t♦t❛❧ ❞❡ ❧✬❡rr❡✉r ❞❡ ❝♦rr❡❝t✐♦♥ ❞❛♥s ❧❡s s✐♠✉❧❛t✐♦♥s ❡st ❜♦r♥é

ρ =

〈
ǫ2k
〉

2 (D/r0)5/3f(µ0)
≥ 1 ✭✶✵✳✷✻✮

❡♥ s✉♣♣♦s❛♥t q✉❡ ❧✬❡rr❡✉r ❞❡ r❡t❛r❞ ❡t ❧✬❡rr❡✉r ❞❡ r❡❝♦♥str✉❝t✐♦♥ s♦♥t ♣❡✉ ❝♦rré❧é❡s✳
▲❡s rés✉❧t❛ts ❞❡s s✐♠✉❧❛t✐♦♥s s♦♥t r❡♣rés❡♥tés s✉r ❧❛ ✜❣✉r❡ ✶✵✳✶✱ ❣râ❝❡ ❛✉ r❛♣♣♦rt

ρ✳ ❙✉r ❧❡s ❞❡✉① ♣r❡♠✐❡rs ❣r❛♣❤✐q✉❡s ❞✬❡♥ ❤❛✉t✱ ❧✬❛①❡ ❞❡s ❛❜s❝✐ss❡s ❡st ❣r❛❞✉é ❡♥ µ0✱
t❛♥❞✐s q✉❡ s✉r ❧❡s ❞❡✉① s✉✐✈❛♥ts✱ ✐❧ ❡st ❣r❛❞✉é ❡♥ ❘❙❇✳ ▲❡s rés✉❧t❛ts r❡♣rés❡♥tés s♦♥t
t♦✉t❡❢♦✐s ❧❡s ♠ê♠❡s✳ ▲❛ ❝♦♥❞✐t✐♦♥ ❞✬éq✉✐❧✐❜r❡ ❞❡s ❡rr❡✉rs ❞❡ r❡t❛r❞ ❡t ❞❡ r❡❝♦♥str✉❝t✐♦♥
❡st s❛t✐s❢❛✐t❡ ❧♦rsq✉❡ ρ ❡st ✐♥❢ér✐❡✉r à ✶✳ ❖♥ r❡♠❛rq✉❡ s✉r ❧❡s ❣r❛♣❤✐q✉❡s ❞❡ ❣❛✉❝❤❡ q✉❡
❝❡tt❡ ❝♦♥❞✐t✐♦♥ ❡st ✈ér✐✜é❡ ♣❧✉s ♦✉ ♠♦✐♥s s✉r t♦✉t❡ ❧❛ ❣❛♠♠❡ ❞❡ ❘❙❇ à ♣❛rt✐r ❞❡ ✸
✐tér❛t✐♦♥s✳ ❈♦♥tr❛✐♥❞r❡ ❧✬❛❧❣♦r✐t❤♠❡ à ♥❡ ❢❛✐r❡ q✉✬✉♥❡ ✐tér❛t✐♦♥ ❡♥tr❛î♥❡ ❞❡s ✈❛❧❡✉rs ❞❡
ρ ❞❡ ❧✬♦r❞r❡ ❞❡ ✶✳✺✱ ❝❡ q✉✐ s✐❣♥✐✜❡ q✉❡ ❧✬❡rr❡✉r ❞❡ r❡❝♦♥str✉❝t✐♦♥ ❡st ❛♣♣r♦①✐♠❛t✐✈❡♠❡♥t
❧❡ ❞♦✉❜❧❡ ❞❡ s❛ ✈❛❧❡✉r à ❧❛ ❝♦♥✈❡r❣❡♥❝❡✳ ▲❡s ❣r❛♣❤✐q✉❡s ❞❡ ❞r♦✐t❡ ♠♦♥tr❡ ❧✬é✈♦❧✉t✐♦♥ ❞❡
❧❛ ❝♦♥❞✐t✐♦♥ ❞✬éq✉✐❧✐❜r❡✱ ρ ≤ 1✱ ❧♦rsq✉❡ ❧❡ r❛♣♣♦rt D/dl ✈❛r✐❡✳ ❖♥ ♥♦t❡ q✉❡ ❧✬éq✉✐❧✐❜r❡
❡st ❛tt❡✐♥t ❛✈❡❝ tr♦✐s ✐tér❛t✐♦♥s ♣♦✉r D/dl = 128 ✭❝♦♠♠❡ s✉r ❧❡s ❣r❛♣❤✐q✉❡s ❞❡ ❣❛✉❝❤❡✮✱
♠❛✐s ✐❧ ❢❛✉❞r❛✐t ❛❧♦rs ❞❛✈❛♥t❛❣❡ ❞✬✐tér❛t✐♦♥s s✉r ✉♥ s②stè♠❡ ❞❡✉① ❢♦✐s ♣❧✉s ❣r❛♥❞✳

❊♥ ❝♦♥❝❧✉s✐♦♥✱ ♦♥ ✈♦✐t q✉❡ ♣♦✉r ✉♥ s②stè♠❡ D/dl = 128 s✉r ✉♥ té❧❡s❝♦♣❡ ❞❡ ✹✷♠✱
❧✬❛❧❣♦r✐t❤♠❡ ❝♦♥✈❡r❣❡ ❡♥ tr♦✐s ✐tér❛t✐♦♥s à ♣❡✉ ♣rès ♣♦✉r ♥✬✐♠♣♦rt❡ q✉❡❧ ❘❙❇ s✉s❝❡♣✲
t✐❜❧❡ ❞❡ ❝♦♥❝❡r♥❡r ✉♥❡ ❖❆♠❈ ♦✉ ❖❆❳✳ ❊♥ r❡✈❛♥❝❤❡✱ ❧❛ ❝♦♥✈❡r❣❡♥❝❡ ❡♥ ❜♦✉❝❧❡ ❢❡r♠é❡
❞é♣❡♥❞ ❢♦rt❡♠❡♥t ❞❡ ❧❛ t❛✐❧❧❡ ❞✉ s②stè♠❡✱ ❝❡ q✉✐ ♥✬ét❛✐t ♣❛s ❛♣♣❛r✉ ❞❡ ❢❛ç♦♥ ❝❧❛✐r❡ ❡♥
r❡❝♦♥str✉❝t✐♦♥ ❞❡ s✉r❢❛❝❡ ❞✬♦♥❞❡✳
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♥♦té❡ ❋r■▼ ❈▼■ ♣❛r ❧❛ s✉✐t❡✳ ❏❡ r❛♣♣❡❧❧❡ q✉✬❡❧❧❡ ❝♦♥s✐st❡ ❡♥ ✉♥❡ ❧♦✐ ❞❡ ❝♦♠♠❛♥❞❡ ♣❛r
♠♦❞è❧❡ ✐♥t❡r♥❡ ✭❈▼■✮ ❛✈❡❝ ✉♥❡ r❡❝♦♥str✉❝t✐♦♥ ✉t✐❧✐s❛♥t ❧✬❛❧❣♦r✐t❤♠❡ ❋r■▼ ▼❆P ❡t ✉♥❡
♣r♦❥❡❝t✐♦♥ ♦rt❤♦❣♦♥❛❧❡ s✉r ❧❡ ♠✐r♦✐r ❞é❢♦r♠❛❜❧❡ ✭▼❉✮✳ ❈♦♠♠❡ ❛✉ ❝❤❛♣✐tr❡ ♣ré❝é❞❡♥t✱
❧❛ ♣ré❞✐❝t✐♦♥ ❡st r❡♠♣❧❛❝é❡ ♣❛r ❧✬❤②♣♦t❤ès❡ ❞✬✉♥❡ t✉r❜✉❧❡♥❝❡ ✜①❡✳

❉❛♥s ✉♥ ♣r❡♠✐❡r ❝❤❛♣✐tr❡✱ ❥❡ ♣rés❡♥t❡ ❧❡ s✐♠✉❧❛t❡✉r ❝♦♠♣❧❡t ✉t✐❧✐sé ❡t s❡s ♣❛rt✐❝✉❧❛✲
r✐tés ♣❛r r❛♣♣♦rt ❛✉① s✐♠✉❧❛t✐♦♥s s✐♠♣❧✐✜é❡s q✉❡ ❥✬❛✐ ♠❡♥é❡s ❥✉sq✉✬✐❝✐✳ ❈❡❝✐ ❞♦♥♥❡ ❧✐❡✉
à ✉♥❡ ❛♥❛❧②s❡ ❞❡s ❡rr❡✉rs ❞❡ ♠♦❞é❧✐s❛t✐♦♥ ❡t à ❞❡s t❡sts ❞❡ r❡❝♦♥str✉❝t✐♦♥s s✐♠♣❧❡s✳

❊♥s✉✐t❡✱ ✉♥❡ ❢♦✐s q✉❡ ❧✬✐♥t❡r❢❛ç❛❣❡ ❡♥tr❡ ❖❝t♦♣✉s ❡t ❧❡ ❝♦❞❡ ❞❡ ❋r■▼ ❈▼■ ❛ été
✈❛❧✐❞é✱ ❧❛ ❜♦✉❝❧❡ ❢❡r♠é❡ ❞✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ❡st s✐♠✉❧é❡✳ ▲❛ ♠ét❤♦❞❡ ❋r■▼ ❈▼■ ❡st
❛❧♦rs ❝♦♠♣❛ré❡ à ❞❡✉① ❛✉tr❡s ❝♦♠♠❛♥❞❡s ❞❡ t②♣❡ ✐♥té❣r❛t❡✉r✱ ❛✜♥ ❞✬ét✉❞✐❡r ❧❡✉r ❝♦♠✲
♣♦rt❡♠❡♥t ❞❛♥s ❞❡s ❝♦♥❞✐t✐♦♥s ❞❡ ❢♦♥❝t✐♦♥♥❡♠❡♥t ❞✐✈❡rs❡s✳

✷✷✼
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❈❤❛♣✐tr❡ ✶✶

▲❡ ♣r❡♠✐❡r ❝♦♥t❛❝t ❛✈❡❝ ❖❝t♦♣✉s

▲✬❛❝r♦♥②♠❡ ❖❝t♦♣✉s s✐❣♥✐✜❡ ❖♣t✐♠✐③❡❞ ❈❧✉st❡r ❚♦♦❧ ❢♦r ❛❞❛♣t✐✈❡ ❖♣t✐❝s P❛r❛❧❧❡❧
❯♥❧✐♠✐t❡❞ ❙✐♠✉❧❛t✐♦♥s✳ ❈✬❡st ✉♥ s✐♠✉❧❛t❡✉r ❝♦♠♣❧❡t ❞é✈❡❧♦♣♣é à ❧✬♦r✐❣✐♥❡ ❞❛♥s ❧❡ ❝❛❞r❡
❞❡s ét✉❞❡s ❞❡ ❝♦♥❝❡♣t ❡t ❞❡ ❞✐♠❡♥s✐♦♥♥❡♠❡♥t ❞✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ♣♦✉r ❧❡ ♣r♦❥❡t ❞❡ té✲
❧❡s❝♦♣❡ ❞❡ ✶✵✵ ♠ètr❡s ❞❡ ❞✐❛♠ètr❡ ❖❲▲ ✭❖✈❡r❲❤❡❧♠✐♥❣❧② ▲❛r❣❡ té❧❡s❝♦♣❡✮ ✭▲❡ ▲♦✉❛r♥
❡t ❛❧✳✱ ✷✵✵✹✮✳ ❙✉✐t❡ à ❧❛ ré✈✐s✐♦♥ ❞✉ ❞✐♠❡♥s✐♦♥♥❡♠❡♥t ❞❡ ❝❡ té❧❡s❝♦♣❡✱ ❧❡s ❡✛♦rts ❡✉✲
r♦♣é❡♥s s♦♥t ❞és♦r♠❛✐s ❝♦♥❝❡♥trés s✉r ❧❛ ❝♦♥str✉❝t✐♦♥ ❞❡ ❧✬❊✲❊▲❚✱ q✉✐ ❡st ♣ré✈✉ ❞✬✉♥
❞✐❛♠ètr❡ ❞❡ ✹✷ ♠ètr❡s✳ ❖❝t♦♣✉s s❡rt ❞♦♥❝ ♣♦✉r ❧❡s ét✉❞❡s ❞✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ❞❡ ❧✬❊✲
❊▲❚✳ P❛r♠✐ ❧❡s s✐♠✉❧❛t❡✉rs ❞✬❖❆ ❡①✐st❛♥t ❞❡ ♣❛r ❧❡ ♠♦♥❞❡✱ ❝✬❡st ❧❡ s❡✉❧ q✉✐ ❛✐t été
♣❛rt✐❝✉❧✐èr❡♠❡♥t ❝♦♥ç✉ ♣♦✉r ❧❡s s②stè♠❡s à ❣r❛♥❞s ♥♦♠❜r❡ ❞❡ ❞❡❣rés ❞❡ ❧✐❜❡rté✳ ■❧ ❡st
❞♦♥❝ é❣❛❧❡♠❡♥t très ✉t✐❧❡ ♣♦✉r ❧❡s ét✉❞❡s ❞❡ s②stè♠❡s ❞✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ❞❡ s❡❝♦♥❞❡
❣é♥ér❛t✐♦♥ ♣♦✉r ❧❡ ❱❡r② ▲❛r❣❡ ❚❡❧❡s❝♦♣❡ ❛✉ ❈❤✐❧✐✱ ❝✬❡st✲à✲❞✐r❡ ❞✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡
❡①trê♠❡ ✭❖❆❳✮ s✉r ✉♥ té❧❡s❝♦♣❡ ❞❡ ✽♠✳

✶✶✳✶ ▲❛ ♣rés❡♥t❛t✐♦♥ ❞✬❖❝t♦♣✉s

❖❝t♦♣✉s ❡st ✉♥ s✐♠✉❧❛t❡✉r ♥✉♠ér✐q✉❡ ♣❛r ♦♣♣♦s✐t✐♦♥ à ❈✐❜♦❧❛ ❡t P❛♦❧❛✱ ❞é✈❡❧♦♣♣és
r❡s♣❡❝t✐✈❡♠❡♥t ♣❛r ❇✳ ❊❧❧❡r❜r♦❡❦✶ ❡t ▲✳ ❏♦❧✐ss❛✐♥t✷ ✱ q✉✐ s♦♥t ❛♥❛❧②t✐q✉❡s✳ ▲❛ s✐♠✉❧❛t✐♦♥
♥✉♠ér✐q✉❡ ❢❛❝✐❧✐t❡ ❧✬❛♥❛❧②s❡ ❝♦♥❥♦✐♥t❡ ❞✬✉♥ ❣r❛♥❞ ♥♦♠❜r❡ ❞❡ ♣❛r❛♠ètr❡s ❞❡ s✐♠✉❧❛t✐♦♥✳

❖❝t♦♣✉s ♠♦❞é❧✐s❡
✕ ❞❡s ❝♦✉❝❤❡s ♦♣t✐q✉❡♠❡♥t t✉r❜✉❧❡♥t❡s ❞❛♥s ❧✬❛t♠♦s♣❤èr❡ s♦✉s ❢♦r♠❡ ❞✬é❝r❛♥s ❞❡
♣❤❛s❡

✕ ❧❛ ❞②♥❛♠✐q✉❡ ❞❡ ❧❛ t✉r❜✉❧❡♥❝❡ ♣❛r ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❚❛②❧♦r ❞❡ ❧❛ t✉r❜✉❧❡♥❝❡
❣❡❧é❡

✕ ❧❛ ♣r♦♣❛❣❛t✐♦♥ ❞❡ ❧✬♦♥❞❡ ❞❛♥s ✉♥❡ ❞✐r❡❝t✐♦♥ ❞❡ ✈✐sé❡ à tr❛✈❡rs ❧❡s ❝♦✉❝❤❡s t✉r✲
❜✉❧❡♥t❡s ✭é❝r❛♥s ❞❡ ♣❤❛s❡✮✱ s♦✐t ♣❛r ✉♥❡ ♣r♦♣❛❣❛t✐♦♥ ❣é♦♠étr✐q✉❡✱ s♦✐t ♣❛r ✉♥❡
♣r♦♣❛❣❛t✐♦♥ ❞❡ ❋r❡s♥❡❧

✕ ❧❡s ♠❡s✉r❡s ♦❜t❡♥✉❡s ♣❛r ❧❡s ❛♥❛❧②s❡✉rs ❞❡ s✉r❢❛❝❡ ❞✬♦♥❞❡ ✭❆❙❖✮✱ s♦✐t ❞❡ t②♣❡
❙❤❛❝❦✲❍❛rt♠❛♥♥✱ s♦✐t ❞❡ t②♣❡ ♣②r❛♠✐❞❡

✕ ❧❛ ❝♦rr❡❝t✐♦♥ ❞❡s ♠✐r♦✐rs à ♣❛rt✐r ❞❡ ❧❛ ❝♦♠♠❛♥❞❡ ❛♣♣❧✐q✉é❡ ❛✉① ❛❝t✐♦♥♥❡✉rs
❡t ❞✬✉♥ ♠♦❞è❧❡ ❞❡ ❢♦♥❝t✐♦♥s ❞✬✐♥✢✉❡♥❝❡✱ s♦✐t s♣❧✐♥❡s ❧✐♥é❛✐r❡s✱ s♦✐t ❣❛✉ss✐❡♥♥❡s
tr♦♥q✉é❡s✱ à ❞❡✉① ❞✐♠❡♥s✐♦♥s✳

▲❡ ❝♦r♣s ❞✬❖❝t♦♣✉s ❡st ✉♥ ❡♥s❡♠❜❧❡ ❞✬♦r❞✐♥❛t❡✉rs ❞❡ ❜✉r❡❛✉✱ ❛❝t✉❡❧❧❡♠❡♥t ❛✉

✶❤tt♣ ✿✴✴❝❢❛♦✳✉❝♦❧✐❝❦✳♦r❣✴s♦❢t✇❛r❡✴❝✐❜♦❧❛✳♣❤♣
✷❤tt♣ ✿✴✴❝❢❛♦✳✉❝♦❧✐❝❦✳♦r❣✴s♦❢t✇❛r❡✴♣❛♦❧❛✳♣❤♣
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✷✸✵ ❈❍❆P■❚❘❊ ✶✶✳ ▲❊ P❘❊▼■❊❘ ❈❖◆❚❆❈❚ ❆❱❊❈ ❖❈❚❖P❯❙

♥♦♠❜r❡ ❞❡ ✼✻ ❡t r❡❣r♦✉♣és s✉r ✉♥ rés❡❛✉ r❛♣✐❞❡✳ P❛r♠✐ ❡✉① s❡ tr♦✉✈❡ ✉♥❡ ♠❛❝❤✐♥❡
♠❛îtr❡ ❡t ❧❡s ❛✉tr❡s s♦♥t ❞és✐❣♥és ❝♦♠♠❡ ❞❡s ❡s❝❧❛✈❡s✳ ▲❡ ❝♦❞❡ ❞❡ s✐♠✉❧❛t✐♦♥ ✐♠♣❧é✲
♠❡♥té ❞❛♥s ❖❝t♦♣✉s ✭❡♥ ❈ ❡t ❡♥ ❈++✮ ♣❡r♠❡t ❞✬❡✛❡❝t✉❡r ✉♥ ❣r❛♥❞ ♥♦♠❜r❡ ❞❡ ❝❛❧❝✉❧s
❡♥ ♣❛r❛❧❧è❧❡✳ ▲❡s ❝❤♦✐① ❢❛✐ts ♣♦✉r ♦♣t✐♠✐s❡r ❖❝t♦♣✉s ♦♥t été ❞ét❛✐❧❧és ♣❛r ▲❡ ▲♦✉❛r♥
❡t ❛❧✳ ✭✷✵✵✹✮✳ ▲❛ ♣❤✐❧♦s♦♣❤✐❡ ❣é♥ér❛❧❡ ❡st ❞❡ ♠✐♥✐♠✐s❡r ❧❡s ❛♣♣❡❧s ❡t ❧❡ st♦❝❦❛❣❡ ❡♥ ♠é✲
♠♦✐r❡✱ ❞❡ ♣❛r❛❧❧é❧✐s❡r ❧❡ ♣❧✉s ♣♦ss✐❜❧❡ ❧❡s tâ❝❤❡s✱ ❝❡❝✐ t♦✉t ❡♥ ❧✐♠✐t❛♥t ❧❡s tr❛♥s❢❡rts ❞❡
❞♦♥♥é❡s ❡♥tr❡ ❧❡s ♠❛❝❤✐♥❡s✳

✶✶✳✶✳✶ ▲❡s ♠♦❞è❧❡s ✉t✐❧✐sés ♣❛r ❖❝t♦♣✉s

❖❝t♦♣✉s ♠♦❞é❧✐s❡ ❧❡s ❝♦✉❝❤❡s t✉r❜✉❧❡♥t❡s à ♣❛rt✐r ❞❡ ❧❛ ♠ét❤♦❞❡ ❋♦✉r✐❡r✱ ♣rés❡♥té❡
❞❛♥s ❧❛ s❡❝t✐♦♥ ✼✳✶✱ ♠❛✐s ❡♥ ❝♦♥s✐❞ér❛♥t ❧❡ ♠♦❞è❧❡ ❞❡ t✉r❜✉❧❡♥❝❡ ❞❡ ✈♦♥ ❑ár♠á♥✳
❈✬❡st ❧✬❛❧❣♦r✐t❤♠❡ ❞❡ ▼❝●❧❛♠❡r② ✭✶✾✼✻✮ q✉✐ ❡st ❡♠♣❧♦②é✳ ❆✜♥ q✉❡ ❧❡s ❜❛s ♦r❞r❡s ❞❡
❧❛ t✉r❜✉❧❡♥❝❡ s♦✐❡♥t ❝♦rr❡❝t❡♠❡♥t ♠♦❞é❧✐sés✱ ✐❧ ❡st ♥é❝❡ss❛✐r❡ ❞❡ s✐♠✉❧❡r ❞❡s é❝r❛♥s ❞❡
♣❤❛s❡ ❜❡❛✉❝♦✉♣ ♣❧✉s ❧❛r❣❡s q✉❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ à ❛♥❛❧②s❡r✳ ❖❝t♦♣✉s ♣❡✉t s✐♠✉❧❡r
♣❧✉s✐❡✉rs é❝r❛♥s ❞❡ ♣❤❛s❡ é❝❤❛♥t✐❧❧♦♥♥és s✉r ♣❧✉s ❞❡ 8192× 8192 ♣♦✐♥ts✳

▲✬❛t♠♦s♣❤èr❡ ❛✉✲❞❡ss✉s ❞✉ té❧❡s❝♦♣❡ ❡st r❡♣rés❡♥té❡ ♣❛r ✉♥ ♥♦♠❜r❡ ✜♥✐ ❞❡ ❝♦✉❝❤❡s✱
✶✵ ❞❛♥s ❧❡s t❡sts q✉❡ ❥❡ ♣rés❡♥t❡ ❝✐✲❛♣rès✳ ▲❛ ♣r♦♣❛❣❛t✐♦♥ ❞❡ ❧✬♦♥❞❡ à tr❛✈❡rs ❧❡s ❝♦✉❝❤❡s
❞❛♥s ✉♥❡ ❞✐r❡❝t✐♦♥ ❞❡ ✈✐sé❡ ♣❡✉t êtr❡ ♠♦❞é❧✐sé❡ ❣é♦♠étr✐q✉❡♠❡♥t ♦✉ ♣❛r ❧❛ ♣r♦♣❛❣❛✲
t✐♦♥ ❞❡ ❋r❡s♥❡❧✳ ❈❡tt❡ ❞❡r♥✐èr❡ ❡♥tr❛î♥❛♥t ❞❡ ♠✉❧t✐♣❧❡s tr❛♥s❢♦r♠é❡s ❞❡ ❋♦✉r✐❡r✱ ❧❡s t❡sts
♣rés❡♥tés ♦♥t été ré❛❧✐sés ❛✈❡❝ ❧❡ ♠♦❞è❧❡ ❣é♦♠étr✐q✉❡ ❛✜♥ ❞❡ ❧✐♠✐t❡r ❧❡s ❝♦ûts ❝❛❧❝✉✲
❧❛t♦✐r❡s✳ ▲❡ ♠♦❞è❧❡ ❣é♦♠étr✐q✉❡ ❛ ❝♦♠♠❡ ♣r✐♥❝✐♣❛❧ ❞é❢❛✉t ❞❡ ♥é❣❧✐❣❡r ❧❡s ❡✛❡ts ❞❡ ❧❛
s❝✐♥t✐❧❧❛t✐♦♥✱ ❝❡ q✉✐ ❛ ✉♥ ✐♠♣❛❝t ♠♦✐♥❞r❡ s✉r ✉♥ s②stè♠❡ ❞❡ t②♣❡ ♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡
❡①trê♠❡ ✭❖❆❳✮ ✭❋✉s❝♦ ❡t ❛❧✳✱ ✷✵✵✻❜✮✳

❯♥❡ ❢♦✐s q✉❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ ❞❛♥s ❧❡ ♣❧❛♥ ♣✉♣✐❧❧❡ ❡st ❞ét❡r♠✐♥é❡ ♣♦✉r ✉♥❡ ❞✐r❡❝t✐♦♥
❞✬❛♥❛❧②s❡ ❞♦♥♥é❡✱ ✐❧ ❢❛✉t ♠♦❞é❧✐s❡r ❧❡ ♣r♦❝❡ss✉s ❞❡ ♠❡s✉r❡✳ ❖❝t♦♣✉s ♣❡✉t s✐♠✉❧❡r ✉♥
❛♥❛❧②s❡✉r ❞❡ ❙❤❛❝❦✲❍❛rt♠❛♥♥ ♦✉ ✉♥ ❞❡ t②♣❡ ♣②r❛♠✐❞❡ ✭▲❡ ▲♦✉❛r♥ ❡t ❛❧✳✱ ✷✵✵✺✮✳ ❈♦♠♠❡
❞❛♥s ❧❡s ♣❛rt✐❡s ♣ré❝é❞❡♥t❡s ❞❡ ❝❡ ♠❛♥✉s❝r✐t✱ ❝✬❡st ❧✬❛♥❛❧②s❡✉r ❞❡ ❙❤❛❝❦✲❍❛rt♠❛♥♥ q✉✐
❡st ✉t✐❧✐sé ♣♦✉r ❧❡s t❡sts ♣rés❡♥tés ❞❛♥s ❧❛ s✉✐t❡✳ ▲❡ ♠♦❞è❧❡ ❞✬❛♥❛❧②s❡✉r ❞❡ ❙❤❛❝❦✲
❍❛rt♠❛♥♥ ✐♠♣❧é♠❡♥té ❞❛♥s ❖❝t♦♣✉s r❡♣♦s❡ s✉r ❧❛ ♣r♦♣❛❣❛t✐♦♥ ❞❡ ❧✬♦♥❞❡ ❞✬❛♣rès ❧❛
t❤é♦r✐❡ ❞❡ ❧❛ ❞✐✛r❛❝t✐♦♥✳ ▲❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ ❛✉ ♥✐✈❡❛✉ ❞❡ ❧❛ ♣✉♣✐❧❧❡ ❡st ❞é❝♦✉♣é❡ ❡♥
❛✉t❛♥t ❞❡ ♣♦rt✐♦♥s q✉✬✐❧ ② ❛ ❞❡s s♦✉s✲♣✉♣✐❧❧❡s✳ ❈❤❛q✉❡ ♣♦rt✐♦♥ ❞✬♦♥❞❡ ♣r♦❞✉✐t✱ ♣❛r
tr❛♥s❢♦r♠é❡ ❞❡ ❋♦✉r✐❡r✱ ✉♥❡ t❛❝❤❡ ✐♠❛❣❡ ❞❛♥s ❧❡ ♣❧❛♥ ❞✉ ❞ét❡❝t❡✉r ✭❝❢✳ ✜❣✉r❡ ✷✳✺✮✳
❉❡rr✐èr❡ ❝❤❛q✉❡ s♦✉s✲♣✉♣✐❧❧❡✱ ❧❡ ❞ét❡❝t❡✉r ❡st ❝♦♠♣♦sé ❞❡ ♣❧✉s✐❡✉rs ♣✐①❡❧s✳ ▲❡s ♣❤♦t♦♥s
✐♥❝✐❞❡♥ts s♦♥t s✐♠✉❧és ♣❛r ❖❝t♦♣✉s à ♣❛rt✐r ❞✬✉♥ ♣❛r❛♠ètr❡ ❞❡ ❝♦♥✜❣✉r❛t✐♦♥ q✉✐ ♣ré❝✐s❡
❧❡ ♥♦♠❜r❡ ♠♦②❡♥ ❞❡ ♣❤♦t♦♥s ✐♥❝✐❞❡♥ts s✉r ✉♥❡ s♦✉s✲♣✉♣✐❧❧❡✳ ❈❡❝✐ ♣❡r♠❡t ❞❡ s✬❛✛r❛♥❝❤✐r
❞❡s ♣❛r❛♠ètr❡s ❧✐és à ❝❡tt❡ q✉❛♥t✐té✱ q✉❡ s♦♥t ❧❛ ♠❛❣♥✐t✉❞❡ ❞❡ ❧✬ét♦✐❧❡✱ ❧❛ tr❛♥s♠✐ss✐♦♥ ❞✉
s②stè♠❡ ❡t ❧❡ t❡♠♣s ❞❡ ♣♦s❡✳ ❖❝t♦♣✉s s✐♠✉❧❡ ❧❡ ❜r✉✐t ❞❡ ♣❤♦t♦♥s s✉r ❧❡ ❞ét❡❝t❡✉r✱ à ♣❛rt✐r
❞❡ ❧❛ st❛t✐st✐q✉❡ ❞❡ P♦✐ss♦♥ ❞❡ ❝❡tt❡ ♣❡rt✉r❜❛t✐♦♥✳ ❈♦♠♠❡ s✉r ✉♥❡ ♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡
ré❡❧❧❡✱ ✉♥ ❛❧❣♦r✐t❤♠❡ ❞❡ ❝❡♥tr❛❣❡ ❡st ✐♠♣❧é♠❡♥té ❞❛♥s ❖❝t♦♣✉s✱ ❛✜♥ ❞❡ ❞ét❡r♠✐♥❡r ❧❡
❞é♣❧❛❝❡♠❡♥t ❞❡ ❝❤❛q✉❡ t❛❝❤❡ ✐♠❛❣❡ ♣❛r r❛♣♣♦rt à s❛ ♣♦s✐t✐♦♥ ❞❡ ré❢ér❡♥❝❡✳ ▲✬❛❧❣♦r✐t❤♠❡
✐♠♣❧é♠❡♥té ❞❛♥s ❧❡ s✐♠✉❧❛t❡✉r r❡♣♦s❡ s✉r ✉♥ ❝❛❧❝✉❧ ❞✬✐♥t❡r✲❝♦rré❧❛t✐♦♥s s❛♥s s❡✉✐❧❧❛❣❡
✭❚❤♦♠❛s ❡t ❛❧✳✱ ✷✵✵✻✮✳ ❈❡s ❞é♣❧❛❝❡♠❡♥ts s♦♥t ❝♦♥✈❡rt✐s ❡♥ ♠ètr❡s ♣❛r t❛✐❧❧❡ ❞❡ s♦✉s✲
♣✉♣✐❧❧❡ ❡t s♦♥t ❢♦✉r♥✐s ❡♥ t❛♥t q✉❡ ♠❡s✉r❡ ❞❡ ♣❡♥t❡s ❧♦❝❛❧❡s ♣❛r ❖❝t♦♣✉s✳

P❛r ❛✐❧❧❡✉rs✱ ❖❝t♦♣✉s s✐♠✉❧❡ ❧❛ ❝♦rr❡❝t✐♦♥ ♣❛r ✉♥ ♠✐r♦✐r ❞é❢♦r♠❛❜❧❡✳ ■❧ ❡①✐st❡ ❞❡✉①
t②♣❡s ❞❡ ❢♦♥❝t✐♦♥s ❞✬✐♥✢✉❡♥❝❡ à ✷ ❞✐♠❡♥s✐♦♥s q✉✬❖❝t♦♣✉s ♣✉✐ss❡ s✐♠✉❧❡r ❀ ❞❡s s♣❧✐♥❡s
❧✐♥é❛✐r❡s ❡t ❞❡s ❣❛✉ss✐❡♥♥❡s tr♦♥q✉é❡s✱ ♣♦✉r ❧❡sq✉❡❧❧❡s ❧❡ ❝♦✉♣❧❛❣❡ ✐♥t❡r✲❛❝t✐♦♥♥❡✉r ❡st
❞❡ ❧✬♦r❞r❡ ❞❡ ✶✺✪✳ ▲❡s ❢♦♥❝t✐♦♥s ❞✬✐♥✢✉❡♥❝❡ ❣❛✉ss✐❡♥♥❡s s♦♥t ♣❧✉s ♣r♦❝❤❡s ❞❡ ❧❛ ré♣♦♥s❡



✶✶✳✶✳ ▲❆ P❘➱❙❊◆❚❆❚■❖◆ ❉✬❖❈❚❖P❯❙ ✷✸✶

❞✬✉♥ ♠✐r♦✐r ♣✐❡③♦✲é❧❡❝tr✐q✉❡ ♠❛✐s ✉♥❡ ❝♦♠♠❛♥❞❡ ✉♥✐❢♦r♠❡ s✉r t♦✉s ❧❡s ❛❝t✐♦♥♥❡✉rs ♥❡
♣r♦❞✉✐t ♣❛s ✉♥❡ s✉r❢❛❝❡ ♣❧❛♥❡✱ ✐✳❡✳ ✉♥ ♣✐st♦♥✳ ➚ ❧✬♦♣♣♦sé✱ ❧❡s s♣❧✐♥❡s ❧✐♥é❛✐r❡s r❡♣r♦✲
❞✉✐s❡♥t ❧❡ ♣✐st♦♥ ❧♦rsq✉✬✉♥❡ ❝♦♠♠❛♥❞❡ ✉♥✐❢♦r♠❡ ❡st ❡♥✈♦②é❡✱ ♠❛✐s ❧❛ ❞ér✐✈é❡ ♣r❡♠✐èr❡
❞❡ ❧❛ ❞é❢♦r♠é❡ ❞✉ ♠✐r♦✐r ♥✬❡st ♣❛s ❞é✜♥✐❡ ❧à ♦ù s❡ tr♦✉✈❡♥t ❧❡s ❛❝t✐♦♥♥❡✉rs✳ ❈❡❝✐ ♣❡✉t
❡♥❣❡♥❞r❡r ❞❡s ❛rt❡❢❛❝ts ❞❛♥s ❧✬é✈❛❧✉❛t✐♦♥ ♥✉♠ér✐q✉❡ ❞❡s ♣❡r❢♦r♠❛♥❝❡s ❞✉ s②stè♠❡✳

❊♥✜♥✱ ❖❝t♦♣✉s s✐♠✉❧❡ ❧✬❛ss❡r✈✐ss❡♠❡♥t ❞✉ s②stè♠❡ ❞✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡✳ ▲❛ ❞②♥❛✲
♠✐q✉❡ ❞❡ ❧✬❛t♠♦s♣❤èr❡ ét❛♥t ♠♦❞é❧✐sé❡ ♣❛r ❧✬❤②♣♦t❤ès❡ ❞❡ ❚❛②❧♦r ❞❡ t✉r❜✉❧❡♥❝❡ ❣❡❧é❡✱
❧❡s é❝r❛♥s ❞❡ ♣❤❛s❡ s♦♥t ❞é♣❧❛❝és à ❞❡s ✈✐t❡ss❡s ❞❡ ✈❡♥t ❞✐✛ér❡♥t❡s s✉✐✈❛♥t ❧✬❛❧t✐t✉❞❡✱
❡♥tr❡ ❝❤❛q✉❡ ♣r✐s❡ ❞❡ ♠❡s✉r❡s✳ ❉❡ ♣❧✉s✱ ❖❝t♦♣✉s ❛♣♣❧✐q✉❡ ❧❛ ❝♦♠♠❛♥❞❡ ❛✉ ♠✐r♦✐r ❛✈❡❝
✉♥ ❝❡rt❛✐♥ r❡t❛r❞ ❞❡ ❜♦✉❝❧❡ à ♣❛r❛♠étr❡r✳ ❆✐♥s✐✱ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ rés✐❞✉❡❧❧❡ ❡st ❝❛❧❝✉❧é❡
❡♥ t❡♥❛♥t ❝♦♠♣t❡ ❞❡ ❝❡tt❡ ❞②♥❛♠✐q✉❡ ❡t ❞❡ ❧❛ ❝♦rr❡❝t✐♦♥✳ ❊♥ ❜♦✉❝❧❡ ❢❡r♠é❡✱ ❧✬❛♥❛❧②s❡✉r
s✐♠✉❧é ♣❛r ❖❝t♦♣✉s ❢♦✉r♥✐t ❧❡s ♠❡s✉r❡s ❞❡ ♣❡♥t❡s ❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ rés✐❞✉❡❧❧❡✳

✶✶✳✶✳✷ ▲❡s ❝♦♥✜❣✉r❛t✐♦♥s t❡sté❡s

▲❛ ❞é♠❛r❝❤❡ s✉✐✈✐❡ ❛✉ ❝♦✉rs ❞❡ ❝❡s t❡sts ❞❡ ✈❛❧✐❞❛t✐♦♥ ❝♦♥s✐st❡ à ❝♦♠♣❧❡①✐✜❡r ❧❡s
❝♦♥✜❣✉r❛t✐♦♥s ❞✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ t❡sté❡s à ♠❡s✉r❡ q✉❡ ❧❡s ♣❡r❢♦r♠❛♥❝❡s ♦♥t ♣✉ êtr❡
❛♥❛❧②sé❡s ❡t ✐♥t❡r♣rété❡s✳ ❈❡❝✐ ♣❡r♠❡t ❞✬é❧✉❝✐❞❡r ❧❡s ♣r♦❜❧è♠❡s ❞✬✐♥t❡r❢❛ç❛❣❡ ❞❡s ❞❡✉①
❝♦❞❡s✱ ❖❝t♦♣✉s ❡t ❧❡ ❝♦❞❡ ✐♥❝❧✉❛♥t ❧❛ ♠ét❤♦❞❡ ❋r■▼ ❈▼■✳

❚♦✉t ❞❛❜♦r❞✱ ✉♥ s②stè♠❡ ❞❡ t❛✐❧❧❡ r❛✐s♦♥♥❛❜❧❡ ❛ été s✐♠✉❧é✱ ❛✈❡❝ ✉♥ s❡✉❧ ❛♥❛❧②s❡✉r
❡t ✉♥ s❡✉❧ ♠✐r♦✐r ❞é❢♦r♠❛❜❧❡ ♦❜s❡r✈❛♥t ✉♥❡ ét♦✐❧❡ ❞❡ ré❢ér❡♥❝❡ ♥❛t✉r❡❧❧❡✳ ❆✈❡❝ ✹✵ s♦✉s✲
♣✉♣✐❧❧❡s ❧❡ ❧♦♥❣ ❞✉ ❞✐❛♠ètr❡ ❞❡ ✽♠ ❞✉ ♠✐r♦✐r ♣r✐♠❛✐r❡✱ ❝❡❝✐ ❝♦rr❡s♣♦♥❞ à ✉♥❡ ♦♣t✐q✉❡
❛❞❛♣t❛t✐✈❡ ❡①trê♠❡ ✭❖❆❳✮✳ ▲❡s ❞❡✉① ♣r❡♠✐èr❡s ❝♦♥✜❣✉r❛t✐♦♥s ❱▲❚1 ❡t ❱▲❚2 s♦♥t
❞ét❛✐❧❧é❡s ❞❛♥s ❧❛ t❛❜❧❡ ✶✶✳✶✳ ▲❡s ❞✐✛ér❡♥❝❡s ❡♥tr❡ ❝❡s ❞❡✉① t❡sts s♦♥t ❧❛ ♣rés❡♥❝❡ ❞❡
❧✬♦❜str✉❝t✐♦♥ ❝❡♥tr❛❧❡ ❞❛♥s ❧❛ ❝♦♥✜❣✉r❛t✐♦♥ ❱▲❚2 ❡t ❧❛ ré❞✉❝t✐♦♥ ❞✉ ❝❤❛♠♣ ❞❡ ✈✉❡ ❞❡s
s♦✉s✲♣✉♣✐❧❧❡s s✉r ❧❡ ❝✐❡❧✱ ❛✜♥ ❞✬♦❜t❡♥✐r ✉♥ ♠❡✐❧❧❡✉r é❝❤❛♥t✐❧❧♦♥♥❛❣❡ ❡t ❞♦♥❝ ❧✐♠✐t❡r ❧❡s
♥♦♥✲❧✐♥é❛r✐tés ❞❡ ❧✬❛♥❛❧②s❡✉r✳

P❛r ❧❛ s✉✐t❡✱ ❝✬❡st ✉♥ s②stè♠❡ ❞✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ❞❡ ♣r❡♠✐èr❡ ❧✉♠✐èr❡ ♣♦✉r ❧✬❊✲
❊▲❚ q✉✐ ❛ été s✐♠✉❧é✳ ■❧ ❝♦♠♣r❡♥❞ ✉♥ ❛♥❛❧②s❡✉r ❡t ✉♥ ♠✐r♦✐r ❞é❢♦r♠❛❜❧❡✱ ❛✈❡❝ ✽✹
s♦✉s✲♣✉♣✐❧❧❡s ❧❡ ❧♦♥❣ ❞✉ ❞✐❛♠ètr❡ ❞✉ ♠✐r♦✐r ♣r✐♠❛✐r❡✳ ▲❡s ❞❡✉① ❞❡r♥✐èr❡s ❝♦❧♦♥♥❡s ❞✉
t❛❜❧❡❛✉ ✶✶✳✶ ❞ét❛✐❧❧❡♥t ❧❡s ♣❛r❛♠ètr❡s ❞❡ ❝❡tt❡ ❝♦♥✜❣✉r❛t✐♦♥✳ ❈❡tt❡ ❢♦✐s ❡♥❝♦r❡✱ ❝❡s t❡sts
s❡ ❞✐st✐♥❣✉❡♥t ♣❛r ❧❛ ♣r✐s❡ ❡♥ ❝♦♠♣t❡ ♦✉ ♥♦♥ ❞❡ ❧✬♦❜str✉❝t✐♦♥ ❝❡♥tr❛❧❡ ❞✉ té❧❡s❝♦♣❡✳ ❚♦✉s
❧❡s ❛✉tr❡s ♣❛r❛♠ètr❡s r❡st❡♥t ✐❞❡♥t✐q✉❡s✳

P♦✉r t♦✉t❡s ❝❡s ❝♦♥✜❣✉r❛t✐♦♥s✱ ❡♥ ❜♦✉❝❧❡ ❢❡r♠é❡✱ ❧❡ r❡t❛r❞ ❣❧♦❜❛❧ ❞❡ ❧❛ ❜♦✉❝❧❡ ❡st
❞❡ ✷ tr❛♠❡s✳ ❈❡❧❛ s✐❣♥✐✜❡ q✉❡ ❧❡ ❝❤r♦♥♦❣r❛♠♠❡ ❡st ✐❞❡♥t✐q✉❡ à ❝❡❧✉✐ ♣rés❡♥té s✉r ❧❛
✜❣✉r❡ ✾✳✷✳

✶✶✳✶✳✸ ▲✬✐♥t❡r❢❛ç❛❣❡ ❡t ❧❛ ♣r♦❝é❞✉r❡ ❞❡ s✐♠✉❧❛t✐♦♥

❆✜♥ ❞❡ ❢❛✐r❡ ❝♦♠♠✉♥✐q✉❡r ❧❡ ♠♦❞è❧❡ ❞✉ s②stè♠❡✱ ✐✳❡✳ ❖❝t♦♣✉s✱ ❛✈❡❝ ❧❡ ❝♦rr❡❝t❡✉r
❋r■▼ ❈▼■✱ ✉♥❡ ✐♥t❡r❢❛❝❡ ❛ été ❜❛t✐❡ s♦✉s ❢♦r♠❡ ❞✬é❝❤❛♥❣❡s ❞❡ ✜❝❤✐❡rs✳

P♦✉r ✉♥❡ ❝♦♥✜❣✉r❛t✐♦♥ ❞♦♥♥é❡✱ ❖❝t♦♣✉s ❣é♥èr❡ ✷ ✜❝❤✐❡rs ❞❡ t❡①t❡✱ ❝♦♠♣r❡♥❛♥t ❧❡s
❝♦♦r❞♦♥♥é❡s ❞❡s s♦✉s✲♣✉♣✐❧❧❡s ❞❡s ❛♥❛❧②s❡✉rs ❡t ❞❡s ❛❝t✐♦♥♥❡✉rs ❞❡s ♠✐r♦✐rs✳ ▲❡s ♣r❡✲
♠✐èr❡s ❧✐❣♥❡s ❞❡ ❝❡s ✜❝❤✐❡rs✱ s✉❜❛♣❡rt✉r❡s✳t①t ❡t ❛❝t✉❛t♦rs✳t①t✱ s♦♥t tr❛♥s❝r✐t❡s s✉r
❧❛ ✜❣✉r❡ ✶✶✳✶✳ ▲❡s ❝♦♦r❞♦♥♥é❡s s♦♥t ✐♥❞✐q✉é❡s ❡♥ ♠ètr❡s✳ ▲❡s ❞❡✉① ♣r❡♠✐èr❡s ❝♦❧♦♥♥❡s ❞❡
❝❤❛q✉❡ ✜❝❤✐❡r ✐♥❞✐q✉❡♥t ❧❡s ♣♦s✐t✐♦♥s (x, y) ❞✉ ❝♦✐♥ ❡♥ ❜❛s à ❣❛✉❝❤❡ ❞❡s s♦✉s✲♣✉♣✐❧❧❡s
❛❝t✐✈❡s ♦✉ ❞❡s ❛❝t✐♦♥♥❡✉rs✳ ▲❛ ❞❡r♥✐èr❡ ❝♦❧♦♥♥❡ ✐❞❡♥t✐✜❡ ❧✬❛♥❛❧②s❡✉r ♦✉ ❧❡ ♠✐r♦✐r ❛✉✲
q✉❡❧ ❧❡s ❝♦♦r❞♦♥♥é❡s ❞❡ ❧❛ ❧✐❣♥❡ s♦♥t ❛ss♦❝✐é❡s✳ ❆✉ ❝♦✉rs ❞❡s s✐♠✉❧❛t✐♦♥s✱ ❧✬é❝❤❛♥❣❡
❞❡s ✜❝❤✐❡rs ❞❡ ♠❡s✉r❡ ✭r❡s♣❡❝t✐✈❡♠❡♥t ❞❡ ❝♦♠♠❛♥❞❡s✮ s❡ ❢❛✐t ♣❛r ❧❡ ❜✐❛✐s ❞❡ ✜❝❤✐❡rs



✷✸✷ ❈❍❆P■❚❘❊ ✶✶✳ ▲❊ P❘❊▼■❊❘ ❈❖◆❚❆❈❚ ❆❱❊❈ ❖❈❚❖P❯❙

❈♦♥✜❣✉r❛t✐♦♥ ❱▲❚1 ❱▲❚2 ❊✲❊▲❚1 ❊✲❊▲❚2

D(m) ✽ ✽ ✹✷ ✹✷
t②♣❡ ❞✬❖❆ ❖❆❳ ❖❆❳ ❖❆♠❈ ❖❆♠❈
♥❜ ❞✬❆❙❖ ✶ ✶ ✶ ✶
♥❜ ❞❡ ▼❉ ✶ ✶ ✶ ✶
D/dl ✹✵ ✹✵ ✽✹

♦❜str✉❝t✐♦♥ ❝❡♥tr❛❧❡ ♥♦♥ 0.15D ♥♦♥ 0.28D
r0(❝m) à λ = 0.5µm ✶✺✳✾ ✶✺✳✾ ✶✸ ✶✸

λOA(♥m) ✺✽✾ ✺✽✾ ✼✵✵ ✼✵✵
λI(µm) ✷✳✷ ✷✳✷ ✷✳✷ ✷✳✷

a 1.067 107 1.067 107 8.976 106 8.976 106

τ ✭♠s✮ ✲ ✷ ✲ ✷
τ0(500nm) ✭♠s✮ ✸ ✸ ✸ ✸

(dl/r0)
5/3 ✶✳✵✺✻ ✶✳✵✺✻ ✹✳✽✶✼ ✹✳✽✶✼

N2
CCD 82 82 62 62

❜r✉✐t ❞❡ ❧❡❝t✉r❡ ♥♦♥ ♥♦♥ ♥♦♥ ♥♦♥
dl/de ✶✵ ✶✵ ✶✻ ✶✻

❋♦❱ ✭′′✴ss✲♣✉♣✳✮ ✹✳✽✻ ✷✳✹ ✷✳✹ ✷✳✹
N♣❤ ✶✵✵✵ ✶✵✵✵ ✶✵✵✵ ✶✵✵✵

❚❛❜✳ ✶✶✳✶ ✕ P❛r❛♠ètr❡s ❞❡s ❝♦♥✜❣✉r❛t✐♦♥s t❡sté❡s s✉r ❖❝t♦♣✉s✳

s✉❜❛♣❡rt✉r❡s✳t①t ❛❝t✉❛t♦rs✳t①t
−4.000000e+ 00 −6.000000e− 01 ✵ −4.000000e+ 00 −1.000000e+ 00 ✵
−4.000000e+ 00 −4.000000e− 01 ✵ −4.000000e+ 00 −8.000000e− 01 ✵
−4.000000e+ 00 −2.000000e− 01 ✵ −4.000000e+ 00 −6.000000e− 01 ✵
−4.000000e+ 00 0.000000e+ 00 ✵ −4.000000e+ 00 −4.000000e− 01 ✵
−4.000000e+ 00 2.000000e− 01 ✵ −4.000000e+ 00 −2.000000e− 01 ✵
−4.000000e+ 00 4.000000e− 01 ✵ −4.000000e+ 00 0.000000e+ 00 ✵
−3.800000e+ 00 −1.400000e+ 00 ✵ −4.000000e+ 00 2.000000e− 01 ✵
−3.800000e+ 00 −1.200000e+ 00 ✵ −4.000000e+ 00 4.000000e− 01 ✵
−3.800000e+ 00 −1.000000e+ 00 ✵ −4.000000e+ 00 6.000000e− 01 ✵
−3.800000e+ 00 −8.000000e− 01 ✵ −4.000000e+ 00 8.000000e− 01 ✵
−3.800000e+ 00 −6.000000e− 01 ✵ −4.000000e+ 00 1.000000e+ 00 ✵
−3.800000e+ 00 −4.000000e− 01 ✵ −3.800000e+ 00 −1.600000e+ 00 ✵

✳✳✳✳ ✳✳✳✳ ✳✳✳✳ ✳✳✳✳ ✳✳✳✳ ✳✳✳✳

❋✐❣✳ ✶✶✳✶ ✕ ❊①❡♠♣❧❡s ❞❡ ✜❝❤✐❡rs ❞❡ t❡①t❡s ♣♦✉r ❧❡s ❝♦♦r❞♦♥♥é❡s ❞❡s s♦✉s✲♣✉♣✐❧❧❡s ❡t ❞❡s
❛❝t✐♦♥♥❡✉rs✳ ▲❡s s♦✉s✲♣✉♣✐❧❧❡s s♦♥t r❡♣éré❡s ♣❛r ❧❡s ❝♦♦r❞♦♥♥é❡s ❞✉ ❝♦✐♥ ❡♥ ❜❛s à ❣❛✉❝❤❡
❞❡ ❧❛ s♦✉s✲♣✉♣✐❧❧❡✳ P♦✉r ❧❡s ❞❡✉① ✜❝❤✐❡rs ✿ ❧❛ ♣r❡♠✐èr❡ ❝♦❧♦♥♥❡ ❞♦♥♥❡ ❧❛ ❝♦♦r❞♦♥♥é❡ s✉r
❧✬❛①❡ ❞❡s x✳ ▲❛ ❞❡✉①✐è♠❡ ❞♦♥♥❡ ❧❛ ❝♦♦r❞♦♥♥é❡ s✉r ❧✬❛①❡ ❞❡s y✳ ▲❛ tr♦✐s✐è♠❡ ❝♦❧♦♥♥❡
✐❞❡♥t✐✜❡ ❧❡ ♥✉♠ér♦ ❞✬❛♥❛❧②s❡✉r ♦✉ ❧❡ ♥✉♠ér♦ ❞✉ ♠✐r♦✐r ❛ss♦❝✐és✳
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❞❡ ♥♦♠❜r❡s ✢♦tt❛♥ts ❝♦♥t❡♥❛♥t ❛✉t❛♥t ❞❡ ✈❛❧❡✉rs q✉✬✐❧ ② ❛ ❞❡ ❧✐❣♥❡s ❞❛♥s ❧❡ ✜❝❤✐❡r
s✉❜❛♣❡rt✉r❡s✳t①t ✭r❡s♣❡❝t✐✈❡♠❡♥t ❛❝t✉❛t♦rs✳t①t✮✳ ▲❛ ♣r❡♠✐èr❡ ✈❛❧❡✉r ❝♦rr❡s♣♦♥❞ à
❧❛ s♦✉s✲♣✉♣✐❧❧❡ ❞♦♥t ❧❡s ❝♦♦r❞♦♥♥é❡s s♦♥t s✉r ❧❛ ♣r❡♠✐èr❡ ❧✐❣♥❡ ❞❡ s✉❜❛♣❡rt✉r❡s✳t①t✳
▲❛ ❞❡✉①✐è♠❡ ✈❛❧❡✉r ❞❡ ♠❡s✉r❡ à ❧❛ s♦✉s✲♣✉♣✐❧❧❡ ✐❞❡♥t✐✜é❡ ♣❛r ❧❛ ❞❡✉①✐è♠❡ ❧✐❣♥❡✱ ❡t ❛✐♥s✐
❞❡ s✉✐t❡✳ ■❧ ❡♥ ✈❛ ❞❡ ♠ê♠❡ ♣♦✉r ❧❡s ❛❝t✐♦♥♥❡✉rs✳

➚ ♣❛rt✐r ❞❡ ❝❡s ✜❝❤✐❡rs✱ ❧❡ ❝♦❞❡ ❞❡ ❋r■▼ ❈▼■ ❣é♥èr❡ ❞❡s ♠❛sq✉❡s ❞❡ ♣✉♣✐❧❧❡✱ ❞❡
♠❡s✉r❡s✱ ❡t ❞✬❛❝t✐♦♥♥❡✉rs✳ ❯♥ ❝❡rt❛✐♥ ♥♦♠❜r❡ ❞❡ ♣❛r❛♠ètr❡s ❞❡ ❝♦♥✜❣✉r❛t✐♦♥ s♦♥t ✜①és
❞❛♥s ✉♥ ✜❝❤✐❡r ❞❡ t❡①t❡ ❛♥♥❡①❡✳ ■❧ ❝♦♥t✐❡♥t ♥♦t❛♠♠❡♥t ❧❛ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡ ❞✬❛♥❛❧②s❡
λAO✱ ✉♥❡ ❡st✐♠❛t✐♦♥ ❞❡ L0 ❡t ❞❡ r0✱ ❧❡ ♥♦♠❜r❡ ❞❡ tr❛♠❡s ❞❡ r❡t❛r❞ ✭s✉♣♣♦sé ❡♥t✐❡r✮ ❞✉
s②stè♠❡✱ é✈❡♥t✉❡❧❧❡♠❡♥t ✉♥ ♥♦♠❜r❡ ❧✐♠✐t❡ ❞✬✐tér❛t✐♦♥s ❛✉t♦r✐sé❡s ♣♦✉r ❧❡s ❛❧❣♦r✐t❤♠❡s
❞❡ ❣r❛❞✐❡♥ts ❝♦♥❥✉❣✉és ♣ré❝♦♥❞✐t✐♦♥♥és ✐♥t❡r✈❡♥❛♥t ❞❛♥s ❧❡ ❝♦rr❡❝t❡✉r✳ ❈❡ ✜❝❤✐❡r ♣❡✉t
❛✉ss✐ ♣ré❝✐s❡r ❧❡ t②♣❡ ❞❡ ♠♦❞è❧❡ ❞✬❛♥❛❧②s❡✉r q✉✐ ❞♦✐t êtr❡ ✉t✐❧✐sé ♣♦✉r ❧❛ r❡❝♦♥str✉❝t✐♦♥✱
✐✳❡✳ ❧❡ ♠♦❞è❧❡ ❙❍3× 3 ♦✉ ❝❡❧✉✐ ❞❡ ❋r✐❡❞ ✭❝❢✳ s❡❝t✐♦♥ ✽✳✸✳✷✮✳

▲✬❛❧❣♦r✐t❤♠❡ ❋r■▼ ▼❆P ♣♦✉r ❧❛ ♣❤❛s❡ ❞✬❡st✐♠❛t✐♦♥ ❞é❝r✐t❡ ❞❛♥s ❧❡ ❝❤❛♣✐tr❡ ✾ r❡✲
q✉✐❡rt é❣❛❧❡♠❡♥t ✉♥❡ ❡st✐♠❛t✐♦♥ ❞✉ ♥✐✈❡❛✉ ❞✬✐♥❝❡rt✐t✉❞❡ ❞❡s ♠❡s✉r❡s σ2

e✳ ❆❝t✉❡❧❧❡♠❡♥t✱
❧✬❛❧❣♦r✐t❤♠❡ ❞❡ ❝❡♥tr❛❣❡ ❞✬❖❝t♦♣✉s ♥❡ ❢♦✉r♥✐t ♣❛s ❝❡tt❡ ✈❛❧❡✉r✳ ■❧ ❢❛✉t ❛❧♦rs ✐♥❝❧✉r❡ ✉♥❡
♣❤❛s❡ s✉♣♣❧é♠❡♥t❛✐r❡ à ❧❛ ❝♦♥✜❣✉r❛t✐♦♥ ❞✉ s②stè♠❡✳ P♦✉r ❝❡❧❛✱ ❖❝t♦♣✉s ❢♦✉r♥✐t ✉♥❡
s✉r❢❛❝❡ ❞✬♦♥❞❡ ✐♥❝✐❞❡♥t❡ ❛✉ ♥✐✈❡❛✉ ❞❡ ❧❛ ♣✉♣✐❧❧❡ ❡t ❧❡ ❥❡✉ ❞❡ ♠❡s✉r❡s ❜r✉✐té❡s ❛ss♦❝✐é❡s✳
▲✬❡rr❡✉r ❞❡ ♠❡s✉r❡ σ2

e ✭❝❢✳ éq✉❛t✐♦♥ ❞❡ ♠❡s✉r❡ ✭✹✳✷✮✮ ❡st ❛❧♦rs ❝❛❧❝✉❧é❡ ❝♦♠♠❡ ❧❛ ✈❛✲
r✐❛♥❝❡ ❞❡ ❧✬é❝❛rt ❡♥tr❡ ❧❡s ♠❡s✉r❡s ❞✬♦❝t♦♣✉s ❡t ❝❡❧❧❡s ♦❜t❡♥✉❡s ♣❛r ❧❡ ♠♦❞è❧❡ ❞✬❛♥❛❧②s❡✉r
à ✉t✐❧✐s❡r ♣♦✉r ❧❛ r❡❝♦♥str✉❝t✐♦♥✳

❏❡ ♣ré❝✐s❡ ❛✉ss✐ q✉❡ ❧❡s s②stè♠❡s ❞✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ s✐♠✉❧és ♥❡ ❢♦♥❝t✐♦♥♥❡♥t ♣❛s
❡♥ t❡♠♣s ré❡❧✳ ▲❡s ❝❛❧❝✉❧s ❞❡ ❞é♣❧❛❝❡♠❡♥t ❞✬é❝r❛♥s ❞❡ ♣❤❛s❡✱ ❞❡ ♣r♦♣❛❣❛t✐♦♥ ❣é♦♠é✲
tr✐q✉❡ ❡t ❧❛ s✐♠✉❧❛t✐♦♥ ❞❡s ♠❡s✉r❡s ♣r❡♥♥❡♥t ✉♥ t❡♠♣s s✉♣ér✐❡✉r à ❧❛ ♣ér✐♦❞❡ ❞✬é❝❤❛♥✲
t✐❧❧♦♥♥❛❣❡ ❞✬✉♥ s②stè♠❡ ré❡❧ ✭q✉❡❧q✉❡s ♠✐❧❧✐s❡❝♦♥❞❡s✮✳ ❆✈❡❝ ❧❡s ❝♦♥✜❣✉r❛t✐♦♥s ❞✬❊✲❊▲❚
s✉r ❖❝t♦♣✉s✱ ❧❡ t❡♠♣s ♥é❝❡ss❛✐r❡ à ❢❛✐r❡ ❛✈❛♥❝❡r ❧❡ s②stè♠❡ ❞✬✉♥❡ ❜♦✉❝❧❡ s❡ ❝♦♠♣t❡
❡♥ s❡❝♦♥❞❡s✳ ❈❡❝✐ ❡①♣❧✐q✉❡ q✉❡ ❧✬❛❧❣♦r✐t❤♠❡ ❋r■▼ ▼❆P ♥✬❡st ♣❛s ❝♦♥tr❛✐♥t ♥♦♥ ♣❧✉s
à r❡s♣❡❝t❡r ❧❛ ❢réq✉❡♥❝❡ ❞❡ ❧❛ ❜♦✉❝❧❡ ré❡❧❧❡✳ ▲❡s ❝♦♥tr❛✐♥t❡s s✉r ❧❛ ♠ét❤♦❞❡ ✐tér❛t✐✈❡
s♦♥t ❞♦♥❝ r❡♣rés❡♥té❡s ♣❛r ❧❡ ♥♦♠❜r❡ ❞✬✐tér❛t✐♦♥s ❛✉t♦r✐sé ♣♦✉r ❧❡s ❣r❛❞✐❡♥ts ❝♦♥❥✉❣✉és
♣ré❝♦♥❞✐t✐♦♥♥és✳

✶✶✳✶✳✹ ▲❡s ♦✉t✐❧s ♣♦✉r ❧✬❛♥❛❧②s❡ ❞❡s ♣❡r❢♦r♠❛♥❝❡s

▲❡s ♣❡r❢♦r♠❛♥❝❡s ❞❡ ❧❛ ♠ét❤♦❞❡ s♦♥t q✉❛♥t✐✜é❡s à ♣❛rt✐r ❞✉ r❛♣♣♦rt ❞❡ ❙tr❡❤❧ à
2.2µm✳ ❯♥ r❛♣♣♦rt ❞❡ ❙tr❡❤❧ ❝♦✉rt❡ ♣♦s❡ ❡st ❞ét❡r♠✐♥é à ❝❤❛q✉❡ ❜♦✉❝❧❡ ❡t ✉♥ r❛♣♣♦rt
❞❡ ❙tr❡❤❧ ❧♦♥❣✉❡ ♣♦s❡ ❡st ❛❥✉sté ❛✈❡❝ ❧❡ t❡♠♣s✳ ▲❛ ❋❊P ❧♦♥❣✉❡ ♣♦s❡ ❞✉ s②stè♠❡ ❝♦rr✐❣é
❡st ❡st✐♠é❡ ❛✉ ❢✉r ❡t à ♠❡s✉r❡✳

▲✬❛♥❛❧②s❡ ❞❡ ❧❛ ♠ét❤♦❞❡ ❞❡ ❝♦♠♠❛♥❞❡ ❞ér✐✈é❡ ❛✉ ❝❤❛♣✐tr❡ ✾ ❡♥tr❡ ❞❛♥s ❧❡ ❝❛❞r❡
❞❡ ❧✬ét✉❞❡ ❡✉r♦♣é❡♥♥❡ ❞❡ ❞✐♠❡♥s✐♦♥♥❡♠❡♥t ❞❡ ❧✬❊▲❚ ✭❊▲❚ ❉❡s✐❣♥ ❙t✉❞②✮✱ q✉✐ ❛ ❝♦♠✲
♠❡♥❝é ❡♥ ✷✵✵✺ ❡t t❡r♠✐♥❡ à ❧❛ ✜♥ ❞❡ ❧✬❛♥♥é❡ ✷✵✵✽✳ ▲❡ ❣r♦✉♣❡ ❞❡ tr❛✈❛✐❧ ❆❧❣♦r✐t❤♠❡s ❞❡
r❡❝♦♥str✉❝t✐♦♥ ❡t ❞❡ ❝♦♠♠❛♥❞❡ ♣♦✉r ❧✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ❛ ♣r♦❣r❡ss✐✈❡♠❡♥t r❡t❡♥✉ ❞❡✉①
❛❧❣♦r✐t❤♠❡s r❛♣✐❞❡s ♣♦✉r ❧❡s s②stè♠❡s à ❣r❛♥❞ ♥♦♠❜r❡ ❞❡ ❞❡❣rés ❞❡ ❧✐❜❡rté✳ ▲✬✉♥ ❡st ✐ss✉
❞✉ tr❛✈❛✐❧ ♣rés❡♥té ❞❛♥s ❝❡ ♠❛♥✉s❝r✐t✱ ❋r■▼ ❈▼■✳ ▲✬❛✉tr❡ ❡st ✐ss✉ ❞✉ tr❛✈❛✐❧ ✐♥✐t✐é ♣❛r
❈♦rr❡✐❛✱ à ❧✬❊❙❖ ✭▼✉♥✐❝❤✮✱ ❡t ♣♦✉rs✉✐✈✐ ♣❛r ▼♦♥t✐❧❧❛✱ à ❧✬■❆❈ ✭❈❛♥❛r✐❡s✮✳ ❈❡ s❡❝♦♥❞
❝♦rr❡❝t❡✉r r❡♣♦s❡ s✉r ✉♥ r❡❝♦♥str✉❝t❡✉r ♣❛r tr❛♥s❢♦r♠é❡ ❞❡ ❋♦✉r✐❡r ❝♦♠♠❡ ♣rés❡♥té à
❧❛ s❡❝t✐♦♥ ✻✳✶✱ ❛✈❡❝ ✉♥ ✐♥té❣r❛t❡✉r s❝❛❧❛✐r❡✳ ❏❡ ❧❛ ❞és✐❣♥❡ ❞❛♥s ❧❛ s✉✐t❡ ♣❛r ❧✬❛❝r♦♥②♠❡
❋❚❘✲■✱ ♣♦✉r ❋♦✉r✐❡r ❚r❛♥s❢♦r♠ ❘❡❝♦♥str✉❝t♦r ❛✈❡❝ ✐♥té❣r❛t❡✉r✳ ▲❛ ♠ét❤♦❞❡ ❋❚❘✲■✱
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❋✐❣✳ ✶✶✳✷ ✕ ❙❝❤é♠❛ ❞❡ ❧❛ ♣r♦❝é❞✉r❡ ❞❡ s✐♠✉❧❛t✐♦♥s✱ ♣♦✉r ❝♦♠♣❛r❡r ❧❡s ♠ét❤♦❞❡s ❋r■▼
❈▼■ ❡t ▼▼❱✲■✳ ❆✉ ❝❡♥tr❡ ✿ ❖❝t♦♣✉s ❛✈❡❝ s❡s ♣r♦♣r❡s ♠♦❞è❧❡s ❞✬❛♥❛❧②s❡✉r So✱ ❞❡ ♠✐r♦✐r
Mo✱ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ ✐♥❝✐❞❡♥t❡ w ❡t ❧❡ ❜r✉✐t ❞❡ ♠❡s✉r❡ e✳ ▲❡s ❡♥tré❡s ❞✬❖❝t♦♣✉s s♦♥t
❧❡s ❝♦♠♠❛♥❞❡s a ❡t ❧❡s s♦rt✐❡s s♦♥t ❧❡s ♠❡s✉r❡s d✳ ➚ ❣❛✉❝❤❡ ✿ ❋r■▼ ❈▼■✳ R ❡st ❧❡
r❡❝♦♥str✉❝t❡✉r ❋r■▼ ▼❆P✳ F ❡st ❧❡ ♣r♦❥❡❝t❡✉r s✉r ❧✬❡s♣❛❝❡ ❞❡ ❝♦♠♠❛♥❞❡ ❡t G = S ·M
❡st ❧❡ ♠♦❞è❧❡ ✐♥t❡r♥❡ ❞❡ ❧❛ ♠❛tr✐❝❡ ❞✬✐♥t❡r❛❝t✐♦♥ ❞✉ s②stè♠❡✳ ➚ ❞r♦✐t❡ ✿ ▼▼❱✲■✳ Eo ❡st
❧❛ ♠❛tr✐❝❡ ❞❡ ❝♦♠♠❛♥❞❡ ❡t K ❡st ❧❡ ❣❛✐♥ ❞❡ ❧✬✐♥té❣r❛t❡✉r✳

❝♦❞é❡ ❡♥ ▼❆❚▲❆❇ ❘©✱ ✸ ❛ é❣❛❧❡♠❡♥t été ✐♥t❡r❢❛❝é❡ ❛✈❡❝ ❧❡ s✐♠✉❧❛t❡✉r ❖❝t♦♣✉s✳ ❈❡tt❡
❛♥♥é❡✱ ❧❡s ❝♦♥❝❧✉s✐♦♥s ❞♦✐✈❡♥t êtr❡ t✐ré❡s q✉❛♥t ❛✉① ♣❡r❢♦r♠❛♥❝❡s ❞❡ ❝❡s ❞❡✉① ♠ét❤♦❞❡s✳
❈❡❧❧❡s✲❝✐ s♦♥t ❡♥ ♣❛rt✐❡ ❞✐❝té❡s ♣❛r ❧❡s t❡sts ❝♦♠♣❛r❛t✐❢s ♠❡♥és s✉r ❖❝t♦♣✉s ❡t ♣rés❡♥tés
❞❛♥s ❝❡tt❡ ♣❛rt✐❡✳

P❛r ❛✐❧❧❡✉rs✱ ✉♥ tr♦✐s✐è♠❡ ❝♦rr❡❝t❡✉r ❡st ✉t✐❧✐sé ❞❛♥s ❧❡s ❝♦♠♣❛r❛✐s♦♥s✳ ❈✬❡st ❧❛ ♠é✲
t❤♦❞❡ ❞❡ ❝♦♠♠❛♥❞❡ ♣❛r ❞é❢❛✉t ❞✬❖❝t♦♣✉s✱ ❝♦❞é❡ ♣❛r ▲❡ ▲♦✉❛r♥ ❞✐r❡❝t❡♠❡♥t ❞❛♥s ❧❡
s✐♠✉❧❛t❡✉r✳ ■❧ s✬❛❣✐t ❞✬✉♥❡ ♠ét❤♦❞❡ ❞❡ t②♣❡ ▼▼❱ ❛✈❡❝ ✉♥ ✐♥té❣r❛t❡✉r s❝❛❧❛✐r❡ ✭❝❢✳
❞✐❛❣r❛♠♠❡ ❡♥ ❜❛s ❞❡ ❧❛ ✜❣✉r❡ ✾✳✶✮✳ ❏❡ ❞ét❛✐❧❧❡ ✐❝✐ r❛♣✐❞❡♠❡♥t s♦♥ ♣r✐♥❝✐♣❡✳

▲❛ ♠❛tr✐❝❡ ❞✬✐♥t❡r❛❝t✐♦♥ ❞✉ s②stè♠❡✱ G✱ ❡st ❝❛❧✐❜ré❡✱ ❞❡ ❢❛ç♦♥ s✐♠✉❧é❡✱ à ♣❛rt✐r ❞✬✉♥❡
❜❛s❡ tr♦♥q✉é❡ ❞❡ ♠♦❞❡s ❞❡ ❑❛r❤✉♥❡♥✲▲♦è✈❡ ❞❡ ❧❛ t✉r❜✉❧❡♥❝❡ ♣r♦❥❡tés s✉r ❧❡ ♠✐r♦✐r✳ ❙✐
♦♥ ♥♦t❡ Ce ❧❛ ♠❛tr✐❝❡ ❞❡ ❝♦✈❛r✐❛♥❝❡ ❞✉ ❜r✉✐t ❡t Cw ❧❛ ♠❛tr✐❝❡ ❞❡ ❝♦✈❛r✐❛♥❝❡ ❞❡ ❧❛
s✉r❢❛❝❡ ❞✬♦♥❞❡ t✉r❜✉❧❡♥t❡ ❞❛♥s ❧❛ ❜❛s❡ ❞❡s ♠♦❞❡s ❞❡ ❑❛r❤✉♥❡♥✲▲♦è✈❡ é❣❛❧❡♠❡♥t✳ ▲❛
♠❛tr✐❝❡ ❞❡ ❝♦♠♠❛♥❞❡ Eo ❡st ♦❜t❡♥✉❡ ♣❛r ❧✬❡st✐♠❛t❡✉r ▼❆P

Eo =
(
GT ·C−1

e ·G + C−1
w

)−1 ·GT ·C−1
e ✭✶✶✳✶✮

❈❡tt❡ ♠❛tr✐❝❡ ❡st ✉t✐❧✐sé❡ ❡♥ ❜♦✉❝❧❡ ❢❡r♠é❡ ❛✈❡❝ ✉♥ ✐♥té❣r❛t❡✉r✱ s❛♥s ♠♦❞è❧❡ ✐♥t❡r♥❡✳ ❊♥
❝♦♥séq✉❡♥❝❡✱ ❧❛ ré❣✉❧❛r✐s❛t✐♦♥ ❞❛♥s ❧✬❡st✐♠❛t❡✉r ✭✶✶✳✶✮ ♥✬❡st ♣❛s ❛❞❛♣té❡ à ❧❛ st❛t✐st✐q✉❡
❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ rés✐❞✉❡❧❧❡ ♠❡s✉ré❡✳ ▲❡ ♣♦✐❞s ❞❡ ❧❛ ré❣✉❧❛r✐s❛t✐♦♥ ❡st ❛❧♦rs ❧é❣èr❡♠❡♥t
♠♦❞✐✜é ❛✜♥ ❞❡ tr♦✉✈❡r ✉♥ ❝♦♠♣r♦♠✐s ❡♥tr❡ ❧❛ st❛❜✐❧✐té ❞❡ ❧✬❡st✐♠❛t✐♦♥ ❛♣♣♦rté❡ ♣❛r
✉♥❡ ré❣✉❧❛r✐s❛t✐♦♥ ❡t ❧❡ ❜✐❛✐s ❡♥❣❡♥❞ré ♣❛r ❧❛ ♠❛✉✈❛✐s❡ ❛❞éq✉❛t✐♦♥ ❞❡ ❝❡tt❡ ♣é♥❛❧✐s❛t✐♦♥
à ❧❛ st❛t✐st✐q✉❡ ❞✉ s✐❣♥❛❧✳

❏✬❛✐ ❞é❥à ❡①♣♦sé s✉r ❧❛ ✜❣✉r❡ ✻✳✶ ❧❡s ❞✐✣❝✉❧tés ❞❡ ♠✐s❡ ❡♥ ♦❡✉✈r❡ ❞✬✉♥ r❡❝♦♥str✉❝t❡✉r
▼▼❱ s✉r ✉♥ s②stè♠❡ ❞✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ à ❣r❛♥❞ ♥♦♠❜r❡ ❞✬❛❝t✐♦♥♥❡✉rs✳ ❈❡♣❡♥❞❛♥t✱
❞✉ ♣♦✐♥t ❞❡ ✈✉❡ ❞❡ ❧❛ q✉❛❧✐té ❞❡ ❧❛ r❡❝♦♥str✉❝t✐♦♥✱ ❡❧❧❡ r❡st❡ ✉♥❡ ré❢ér❡♥❝❡ ♣♦✉r ✐♥t❡r♣ré✲
t❡r ❧❡s ♣❡r❢♦r♠❛♥❝❡s ❞❡s ❞❡✉① ♥♦✉✈❡❛✉① ❛❧❣♦r✐t❤♠❡s✳ ❈✬❡st ♣♦✉rq✉♦✐ ❧❡s ❝♦♥✜❣✉r❛t✐♦♥s
❞ét❛✐❧❧é❡s ❞❛♥s ❧❛ t❛❜❧❡ ✶✶✳✶ s♦♥t é❣❛❧❡♠❡♥t t❡sté❡s ❛✈❡❝ ❝❡tt❡ ♠ét❤♦❞❡✳ ▲❛ ✜❣✉r❡ ✶✶✳✷
s❝❤é♠❛t✐s❡ ❧❛ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❞❡s ♠ét❤♦❞❡s ❞❡ ❝♦♠♠❛♥❞❡ ét✉❞✐é❡s ❛✈❡❝ ❧❡ s✐♠✉❧❛t❡✉r

✸❤tt♣ ✿✴✴✇✇✇✳♠❛t❤✇♦r❦s✳❢r



✶✶✳✷✳ ▲❊❙ ❚❊❙❚❙ ❉❊ ❈❖❘❘❊❈❚■❖◆ ❙❚❆❚■◗❯❊ ✷✸✺

❖❝t♦♣✉s✳ ▲❛ ❝♦♠♠❛♥❞❡ ✉t✐❧✐s❛♥t ❧❡ r❡❝♦♥str✉❝t❡✉r ▼▼❱ ❛✈❡❝ ✉♥ ✐♥té❣r❛t❡✉r s❝❛❧❛✐r❡
❡st ♥♦té❡ ❞❛♥s ❧❛ s✉✐t❡ ▼▼❱✲■✳ ❙✐ ❧❛ ❝♦♠♠❛♥❞❡ ❋❚❘✲■ ét❛✐t r❡♣rés❡♥té❡ s✉r ❝❡ s❝❤é♠❛✱
❡❧❧❡ ♣♦✉rr❛✐t r❡♠♣❧❛❝❡r ❧❛ ❜♦✉❝❧❡ ▼▼❱✲■ ❞❡ss✐♥é❡ à ❞r♦✐t❡✱ ❡♥ ❝♦♥s❡r✈❛♥t ❧❡ ❜❧♦❝ ✐♥té✲
❣r❛t❡✉r ❡t ❡♥ r❡♠♣❧❛ç❛♥t Eo ♣❛r ❧❡ r❡❝♦♥str✉❝t❡✉r ❋❚❘✳

✶✶✳✷ ▲❡s t❡sts ❞❡ ❝♦rr❡❝t✐♦♥ st❛t✐q✉❡

▲✬✐❞é❡ ❞❡ ❝❡tt❡ ♣r❡♠✐èr❡ ét❛♣❡ ✈❡rs ❞❡s s✐♠✉❧❛t✐♦♥s ❝♦♠♣❧èt❡s ❞✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡
❡st ❞❡ q✉❛❧✐✜❡r ❧❛ ❝❛♣❛❝✐té ❞❡ ❧✬❛❧❣♦r✐t❤♠❡ ❋r■▼ ▼❆P à ❢♦✉r♥✐r ✉♥❡ ❝♦rr❡❝t✐♦♥ s❛t✐s❢❛✐✲
s❛♥t❡ ❞❡ ❧❛ ♣❡rt✉r❜❛t✐♦♥ à ♣❛rt✐r ❞✬✉♥❡ s✐♠♣❧❡ r❡❝♦♥str✉❝t✐♦♥✳ ❉❛♥s ❝❡tt❡ s❡❝t✐♦♥ ❞♦♥❝✱
❧❛ ❜♦✉❝❧❡ ♥✬❡st ♣❛s ❢❡r♠é❡ ❡t ❧❡ r❡t❛r❞ ❞❡ ❝♦rr❡❝t✐♦♥ ♥✬❡st ♣❛s ♠♦❞é❧✐sé✳ ▲❡s rés✉❧t❛ts
❞é♠♦♥tr❡♥t ❧❛ r♦❜✉st❡ss❡ ❞❡ ❧✬❡st✐♠❛t❡✉r ❋r■▼ ▼❆P ✈✐s✲à✲✈✐s ❞✬❡rr❡✉r ❞❡ ♠♦❞é❧✐s❛t✐♦♥
❞❡ ❧❛ t✉r❜✉❧❡♥❝❡ ❡t ❞❡ ❧✬❛♥❛❧②s❡✉r✳

▲❡s ❛ ♣r✐♦r✐ ❞❡ ❧❛ r❡❝♦♥str✉❝t✐♦♥ ✉t✐❧✐s❡ ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❢r❛❝t❛❧❡ ❞❡ ❧❛ ♠❛tr✐❝❡ ❞❡
❝♦✈❛r✐❛♥❝❡ ❞❡ ❧❛ t✉r❜✉❧❡♥❝❡ t❛♥❞✐s q✉❡ ❧❛ ♠♦❞é❧✐s❛t✐♦♥ ❞❡ ❧❛ t✉r❜✉❧❡♥❝❡ ♣❛r ❖❝t♦♣✉s
r❡♣♦s❡ s✉r ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡ ❋♦✉r✐❡r✳ ▲❛ ♣❧✉♣❛rt ❞❡s s✐♠✉❧❛t❡✉rs ❞✬♦♣✲
t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ❡①✐st❛♥t s✐♠✉❧❡ ❧❛ t✉r❜✉❧❡♥❝❡ ❞✬❛♣rès ❧❛ ♠ét❤♦❞❡ ❞❡ ❋♦✉r✐❡r ❞❡ ❢❛ç♦♥
s✐♠✐❧❛✐r❡ à ❖❝t♦♣✉s✳ ▲♦rsq✉❡ ❝✬❡st ❝❡tt❡ ♠ê♠❡ ❛♣♣r♦①✐♠❛t✐♦♥ q✉✐ ❡st ✉t✐❧✐sé❡ ♣♦✉r ❧❛ ré✲
❣✉❧❛r✐s❛t✐♦♥ ❞✉ r❡❝♦♥str✉❝t❡✉r✱ ✐❧ ❡st ❞✐✣❝✐❧❡ ❞✬é✈❛❧✉❡r s❡s q✉❛❧✐tés✳ ❉❡ ❢❛ç♦♥ ❛♥❛❧♦❣✉❡✱
♣♦✉r ❧❡s s✐♠✉❧❛t✐♦♥s ❞❡ r❡❝♦♥str✉❝t✐♦♥ ♣rés❡♥té❡s ❞❛♥s ❧❛ ♣❛rt✐❡ ■■✱ ❧✬❛♣♣r♦①✐♠❛t✐♦♥
❢r❛❝t❛❧❡ ♣♦✉r ❧❛ ré❣✉❧❛r✐s❛t✐♦♥ ❛✈❛✐t été ❡♠♣❧♦②é❡ ♣♦✉r s✐♠✉❧❡r ❧❡s s✉r❢❛❝❡s ❞✬♦♥❞❡ t✉r✲
❜✉❧❡♥t❡s✳ ●râ❝❡ ❛✉① s✐♠✉❧❛t✐♦♥s s✉r ❖❝t♦♣✉s✱ ✐❧ ❡st ❞♦♥❝ ♣♦ss✐❜❧❡ ❞✬é✈❛❧✉❡r ❧❛ r♦❜✉st❡ss❡
❞❡ ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❢r❛❝t❛❧❡ ♣♦✉r ❧❛ r❡❝♦♥str✉❝t✐♦♥✳

▲✬❛♥❛❧②s❡✉r ❞❡ ré❢ér❡♥❝❡ ❡st ♣❛r ❞é✜♥✐t✐♦♥ ❝❡❧✉✐ q✉✐ ♥♦✉s ❢♦✉r♥✐t ❧❡s ♠❡s✉r❡s✳ ❏✬❡♥✲
t❡♥❞s ♣❛r ❧à q✉❡ s✐ ♦♥ ✉t✐❧✐s❡ ✉♥ ❛♥❛❧②s❡✉r ré❡❧✱ ❧❡s ✐♥❝❡rt✐t✉❞❡s ❞❡ ♠♦❞è❧❡ ❝♦♥❝❡r♥❡♥t
❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❝❡ s②stè♠❡ ♣❤②s✐q✉❡✳ ❊♥ r❡✈❛♥❝❤❡✱ ❞❛♥s ❧❡ ❝❛s ❞✉ s✐♠✉❧❛t❡✉r ❖❝t♦✲
♣✉s✱ ❧❡s ✐♥❝❡rt✐t✉❞❡s ❞❡ ♠♦❞è❧❡ s♦♥t ✐❧❧✉stré❡s ♣❛r ❧❡s ❛♣♣r♦①✐♠❛t✐♦♥s ❢❛✐t❡s ♣❛r ♥♦tr❡
❝♦rr❡❝t❡✉r✱ ✈✐s✲à✲✈✐s ❞✉ ♠♦❞è❧❡ ré❡❧ q✉❡ ❞❡✈✐❡♥t ❖❝t♦♣✉s✳ ❈✬❡st ♣♦✉r ❝❡tt❡ r❛✐s♦♥ q✉❡
❞❛♥s ❧❛ s✉✐t❡ ❥❡ ♣r✐✈✐❧é❣✐❡ ❧✬ét✉❞❡ ❞❡s ❡rr❡✉rs ✈✐s✲à✲✈✐s ❞✉ ♠♦❞è❧❡ ❞✬❛♥❛❧②s❡✉r s✐♠✉❧é ♣❛r
❖❝t♦♣✉s✳

❉❛♥s ✉♥ ♣r❡♠✐❡r t❡♠♣s✱ ❥✬ét✉❞✐❡ ❧❡s ❝❛r❛❝tér✐st✐q✉❡s ❞✉ ♠♦❞è❧❡ ❞✬❛♥❛❧②s❡✉r ❞✬❖❝t♦✲
♣✉s✳ ❊♥s✉✐t❡✱ ❥❡ ♠♦♥tr❡ ❝♦♠♠❡♥t ❝❡ ♠♦❞è❧❡ ❡st ❛♣♣r♦①✐♠é ♣❛r ❧❡s ♠♦❞è❧❡s s②♥t❤ét✐q✉❡s
❞❡ ❋r✐❡❞ ❡t ❙❍3× 3✳

✶✶✳✷✳✶ ▲❛ ❝♦♠♣❛r❛✐s♦♥ ❞✉ ♠♦❞è❧❡ ❞✬❆❙❖ ❞✬❖❝t♦♣✉s ❛✉ ♠♦❞è❧❡ ❧✐✲
♥é❛✐r❡ ❞❡s ❛♥❣❧❡s ❞✬❛rr✐✈é❡

❏✬❛✐ r❛♣✐❞❡♠❡♥t é✈♦q✉é✱ à ❧❛ s❡❝t✐♦♥ ✶✶✳✶✳✶✱ ❧❛ ♣r♦❝é❞✉r❡ ❞❡ ♠♦❞é❧✐s❛t✐♦♥ ❞❡s ♠❡s✉r❡s
♣❛r ❖❝t♦♣✉s✳ ❏✬ét✉❞✐❡ ✐❝✐ ❧❡s é❝❛rts ❡♥tr❡ ❧❡ ♠♦❞è❧❡ ❞✬❛♥❛❧②s❡✉r ♥♦♥ ❜r✉✐té ❞✬❖❝t♦♣✉s
❡t ❧❡ ♠♦❞è❧❡ t❤é♦r✐q✉❡ ❞❡ ❧✬❛♥❛❧②s❡✉r ❞❡ ❙❤❛❝❦✲❍❛rt♠❛♥♥ ❜❛sé s✉r ❧❡s ❛♥❣❧❡s ❞✬❛rr✐✈é❡
✭❆❆✮ ✭❝❢✳ éq✉❛t✐♦♥ ✭✷✳✸✮✮✳

P♦✉r ❝❡❧❛✱ ❥❡ ❝♦♥s✐❞èr❡ ✉♥❡ s✉r❢❛❝❡ ❞✬♦♥❞❡ ✐♥❝✐❞❡♥t❡ s✉r ❧❛ ♣✉♣✐❧❧❡✱ ❢♦✉r♥✐❡ ♣❛r ❖❝t♦✲
♣✉s✳ ▲❛ r❡♣rés❡♥t❛t✐♦♥ ③♦♥❛❧❡ ❞❡ ❝❡tt❡ s✉r❢❛❝❡ ❞✬♦♥❞❡ ❡st ❞♦♥♥é❡ ❛✈❡❝ ✉♥ ♣❛s ❞✬é❝❤❛♥✲
t✐❧❧♦♥♥❛❣❡ de✱ ✐♥❢ér✐❡✉r ❛✉ ❝ôté dl ❞✬✉♥❡ s♦✉s✲♣✉♣✐❧❧❡ ❞❡ ❧✬❛♥❛❧②s❡✉r✳ ▲❡s ✈❛❧❡✉rs ❞✉
r❛♣♣♦rt dl/de ♣♦✉r ❧❡s ❞✐✛ér❡♥t❡s ❝♦♥✜❣✉r❛t✐♦♥s s♦♥t ♣rés❡♥té❡s ❞❛♥s ❧❛ t❛❜❧❡ ✶✶✳✶✳
▲✬❡①♣r❡ss✐♦♥ ❞❡s ♠❡s✉r❡s t❤é♦r✐q✉❡s ❞❡s éq✉❛t✐♦♥s ✭✷✳✼✮✲✭✷✳✽✮ ❡st ❛❧♦rs ❛♣♣r♦❝❤é❡ ♣❛r
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❋✐❣✳ ✶✶✳✸ ✕ ➚ ❣❛✉❝❤❡ ✿ r❡♣rés❡♥t❛t✐♦♥ é❝❤❛♥t✐❧❧♦♥♥é❡ ❞✬✉♥❡ s✉r❢❛❝❡ ❞✬♦♥❞❡ é❣❛❧❡ à ✉♥❡
s✐♠♣❧❡ ❞é❢♦❝❛❧✐s❛t✐♦♥✳ ❆✉ ❝❡♥tr❡ ❡t à ❞r♦✐t❡ ✿ ❱❛❧❡✉rs ❞❡ ♣❡♥t❡s ❧♦❝❛❧❡s ✭❡♥ x ❡t y✮
❞♦♥♥é❡s ♣❛r ❧❡ ♠♦❞è❧❡ ❞✬❛♥❛❧②s❡✉r s✐♠✉❧é ♣❛r ❖❝t♦♣✉s ✈s✳ ❝❡❧❧❡s ❞♦♥♥é❡s ♣❛r ❧❡ ♠♦❞è❧❡
❙❍o ✭✶✶✳✹✮✳ ❆✉ ❝❡♥tr❡ ✿ ❝♦♥✜❣✉r❛t✐♦♥ ❱▲❚1✳ ➚ ❞r♦✐t❡ ✿ ❝♦♥✜❣✉r❛t✐♦♥ ❊✲❊▲❚1

♣❛r ❧❛ ♠ét❤♦❞❡ ❞❡s r❡❝t❛♥❣❧❡s

dx(i, j) =
de

dl

k=dl/de∑

k=0

[w((i+ 1/2)dl, (j − 1/2)dl + k de)− w((i− 1/2)dl, (j − 1/2)dl + k de)]

✭✶✶✳✷✮

dy(i, j) =
de

dl

k=dl/de∑

k=0

[w((i− 1/2)dl + k de, (j + 1/2)dl)− w((i− 1/2)dl + k de, (j − 1/2)dl)] .

✭✶✶✳✸✮

❉❡ ❝❡ ❝❛❧❝✉❧ ❛♣♣r♦❝❤é ❡st ❞é✜♥✐ ✉♥ ♠♦❞è❧❡ ❞✬❛♥❛❧②s❡✉r ♥♦♠♠é ❙❍o✱ t❡❧ q✉❡

d = S❙❍o ·w ✭✶✶✳✹✮

❈❡ ♠♦❞è❧❡ ❞✬❛♥❛❧②s❡✉r ❙❍o ❡st ❝♦♠♣❛ré ✐❝✐ ❛✉ ♠♦❞è❧❡ ❞✬❖❝t♦♣✉s✳

❙✉r ✉♥❡ ❞é❢♦❝❛❧✐s❛t✐♦♥

❉❛♥s ✉♥ ♣r❡♠✐❡r t❡♠♣s✱ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ ❡st ❞é❢♦r♠é❡ ✉♥✐q✉❡♠❡♥t ♣❛r ✉♥❡ ❞é❢♦✲
❝❛❧✐s❛t✐♦♥

w(r) = b r2 ∀ r ∈ A , ✭✶✶✳✺✮

♦ù b ❡st ✉♥❡ ❝♦♥st❛♥t❡ ❞♦♥♥❛♥t ❧✬❛♠♣❧✐t✉❞❡ ❞❡ ❧❛ ❞é❢♦❝❛❧✐s❛t✐♦♥✳ ▲✬❛❧❧✉r❡ ❞❡ ❧❛ s✉r❢❛❝❡
❞✬♦♥❞❡ ❡st ✐❧❧✉stré❡ à ❣❛✉❝❤❡ ❞❡ ❧❛ ✜❣✉r❡ ✶✶✳✸✳ ❈❡tt❡ ❞é❢♦r♠❛t✐♦♥ ❡st ♣r♦❞✉✐t❡ ♣❛r ❧❡
♠✐r♦✐r ❞✬❖❝t♦♣✉s ❡t ❡st ❛♥❛❧②sé❡ ❡♥ ❧✬❛❜s❡♥❝❡ ❞❡ t✉r❜✉❧❡♥❝❡ ❛t♠♦s♣❤ér✐q✉❡✳

▲❡s ♠❡s✉r❡s ❞❡ ♣❡♥t❡s ❞❛♥s ❧❛ ❞✐r❡❝t✐♦♥ x ❞✬❛♣rès ❧✬éq✉❛t✐♦♥ ✭✶✶✳✷✮ ✭r❡s♣❡❝t✐✈❡♠❡♥t
❞❛♥s ❧❛ ❞✐r❡❝t✐♦♥ y ❞✬❛♣rès ❧✬éq✉❛t✐♦♥ ✭✶✶✳✸✮✮ s♦♥t ♣r♦♣♦rt✐♦♥♥❡❧❧❡s à ❧❛ ❝♦♦r❞♦♥♥é❡ x
✭r❡s♣❡❝t✐✈❡♠❡♥t à ❧❛ ❝♦♦r❞♦♥♥é❡ y✮ ❞✉ ❝❡♥tr❡ ❞❡ ❧❛ s♦✉s✲♣✉♣✐❧❧❡✳ ❖♥ r❡♠❛rq✉❡ q✉❡ ❧❡
♠♦❞è❧❡ ❞✬❖❝t♦♣✉s ❝♦ï♥❝✐❞❡ ♣❛r❢❛✐t❡♠❡♥t ❛✈❡❝ ❧❡ ♠♦❞è❧❡ ❧✐♥é❛✐r❡ t❤é♦r✐q✉❡ ❞❡s ❆❆ ♣♦✉r
❧❛ ❝♦♥✜❣✉r❛t✐♦♥ ❱▲❚1 ✭❛✉ ❝❡♥tr❡ ❞❡ ❧❛ ✜❣✉r❡ ✶✶✳✸✮✳ ❊♥ r❡✈❛♥❝❤❡✱ ♣♦✉r ❧❛ ❝♦♥✜❣✉r❛t✐♦♥
❊✲❊▲❚1 s✐♠✉❧é❡ à ❞r♦✐t❡ ❞❡ ❧❛ ✜❣✉r❡ ✶✶✳✸✱ ❧❡ ♠♦❞è❧❡ ❞✬❖❝t♦♣✉s ❡st ♥♦♥ ❧✐♥é❛✐r❡✳ ❈❡t
❡✛❡t ❞❡ ♥♦♥✲❧✐♥é❛r✐té ❡st ♣ér✐♦❞✐q✉❡✱ ❞❡ ♣ér✐♦❞❡ é❣❛❧❡ ❛✉ ❝❤❛♠♣ ❞❡ ✈✉❡ ❞✬✉♥ ♣✐①❡❧
♠✉❧t✐♣❧✐é ♣❛r a dl✳ ❈❡tt❡ ♥♦♥✲❧✐♥é❛r✐té ❡st ❞✉❡ à ❧✬é❝❤❛♥t✐❧❧♦♥♥❛❣❡ ❞✉ ❞ét❡❝t❡✉r✳ ❊❧❧❡
ré✈è❧❡ q✉❡ ❧❡ ❝❤❛♠♣ ❞❡ ✈✉❡ ❞❡s ♣✐①❡❧s ❡st tr♦♣ ❣r❛♥❞ ♣❛r r❛♣♣♦rt à ❧❛ t❛✐❧❧❡ ♠♦②❡♥♥❡ ❞❡
❧❛ t❛❝❤❡ ✐♠❛❣❡✳ ❉❛♥s ❧❡ ❝❛s ❞❡ ❧❛ ❞é❢♦❝❛❧✐s❛t✐♦♥ ❣é♥éré❡ ♣❛r ❧❡ ♠✐r♦✐r✱ ❧✬♦♥❞❡ ❧✉♠✐♥❡✉s❡
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❋✐❣✳ ✶✶✳✹ ✕ ❈♦♠♣❛r❛✐s♦♥ ❞✉ ♠♦❞è❧❡ ❞✬❖❝t♦♣✉s✱ ❡♥ ♣rés❡♥❝❡ ❞❡ ❜r✉✐t ❞❡ ♣❤♦t♦♥s✱ ❡t ❞✉
♠♦❞è❧❡ ❙❍o✳ ❆♥❛❧②s❡ ❞✬✉♥❡ s✉r❢❛❝❡ ❞✬♦♥❞❡ t✉r❜✉❧❡♥t❡✱ ✐✳❡✳ ❡♥ ❜♦✉❝❧❡ ♦✉✈❡rt❡✳ ➚ ❣❛✉❝❤❡ ✿
❝♦♥✜❣✉r❛t✐♦♥ ❱▲❚1✳ ➚ ❞r♦✐t❡ ✿ ❝♦♥✜❣✉r❛t✐♦♥ ❊✲❊▲❚1✳

✐♥❝✐❞❡♥t❡ s✐♠✉❧é❡ ♣❛r ❖❝t♦♣✉s ❡st ✐ss✉❡ ❞✬✉♥❡ ✜❜r❡ ❞❡ ❝❛❧✐❜r❛t✐♦♥✳ ▲❛ ❝♦✉r❜❡ ❞❡ ❞r♦✐t❡
❞❡ ❧❛ ✜❣✉r❡ ✶✶✳✸ ♠♦♥tr❡ q✉❡ ❧❛ ✜❜r❡ ❞❡ ❝❛❧✐❜r❛t✐♦♥ ❝❤♦✐s✐❡ ❣é♥èr❡ ✉♥❡ t❛❝❤❡ ✐♠❛❣❡ tr♦♣
♣❡t✐t❡✳

❈❡tt❡ ❛♥❛❧②s❡ ❢♦✉r♥✐t ✉♥ ♣r❡♠✐❡r ❛♣❡rç✉ ❞❡s ❛♣♣r♦①✐♠❛t✐♦♥s ❞❡ ♠♦❞é❧✐s❛t✐♦♥ ❞✉
♣r♦❝❡ss✉s ❞❡ ♠❡s✉r❡✳ ❊♥ ♣r❛t✐q✉❡✱ ❡❧❧❡ ♣❡r♠❡t s✉rt♦✉t ❞❡ s✬❛ss✉r❡r q✉❡ ❧❡s ❞❡✉① ♠♦❞è❧❡s
❝❛❧❝✉❧❡♥t ❜✐❡♥ ❧❛ ♠ê♠❡ ❝❤♦s❡✱ à ❧❡✉rs ❛♣♣r♦①✐♠❛t✐♦♥s ♣r♦♣r❡s ♣rès✳ ❈✬❡st é❣❛❧❡♠❡♥t ✉♥❡
❢❛ç♦♥ ❞❡ ✈ér✐✜❡r q✉❡ ❧❡s ❣r❛♥❞❡✉rs é❝❤❛♥❣é❡s ❡♥tr❡ ❖❝t♦♣✉s ❡t ❧✬❛❧❣♦r✐t❤♠❡ ❞❡ ❋r■▼ s♦♥t
❜✐❡♥ ❡①♣r✐♠é❡s ❞❛♥s ❧❡s ♠ê♠❡s ✉♥✐tés✱ ♣❛r❝❡ q✉✬✐❧ ♥✬② ❛ ♣❛s ❞✬✐♥t❡r❢❛❝❡ ❣r❛♣❤✐q✉❡ ♥✐ ❞❡
❞♦❝✉♠❡♥t❛t✐♦♥✳

❙✉r ✉♥❡ s✉r❢❛❝❡ ❞✬♦♥❞❡ t✉r❜✉❧❡♥t❡

▲❛ ❧✐♥é❛r✐té ❞✉ ♠♦❞è❧❡ ❞✬❖❝t♦♣✉s ❞é♣❡♥❞ ❞❡ ❧❛ t❛✐❧❧❡ ❞❡s t❛❝❤❡s ✐♠❛❣❡ ❣é♥éré❡s
♣❛r ❝❤❛q✉❡ s♦✉s✲♣✉♣✐❧❧❡✳ ❊♥ ♣rés❡♥❝❡ ❞❡ t✉r❜✉❧❡♥❝❡✱ ❝❡❝✐ ❡st ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ❧♦♥❣✉❡✉r
❞❡ ❝♦❤ér❡♥❝❡ ❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ rés✐❞✉❡❧❧❡✳ ▲❛ ✜❣✉r❡ ✶✶✳✹ ❝♦♠♣❛r❡ ❧❡ ♠♦❞è❧❡ ❙❍o

❛♣♣❧✐q✉é ❝❡tt❡ ❢♦✐s✲❝✐ à ✉♥❡ s✉r❢❛❝❡ ❞✬♦♥❞❡ t✉r❜✉❧❡♥t❡✱ ❛✈❡❝ ❧❡s ❞♦♥♥é❡s ❢♦✉r♥✐❡s ♣❛r
❖❝t♦♣✉s ❡♥ ✐♥❝❧✉❛♥t ❧❡ ❜r✉✐t ❞❡ ♣❤♦t♦♥s✳ ▲❡s s②stè♠❡s s✐♠✉❧és s♦♥t ❧❡ ❱▲❚1 ✭à ❣❛✉❝❤❡✮
❡t ❧✬❊✲❊▲❚1 ✭à ❞r♦✐t❡✮✳ ▲❛ t✉r❜✉❧❡♥❝❡ ❡st ❝❛r❛❝tér✐sé❡ ♣❛r ❧❡s ♣❛r❛♠ètr❡s ❛ss♦❝✐és à
❝❡s ❝♦♥✜❣✉r❛t✐♦♥s ❞❛♥s ❧❛ t❛❜❧❡ ✶✶✳✶✳ ▲❡s ♠❡s✉r❡s ❞❡ ♣❡♥t❡s s♦♥t ❡✛❡❝t✉é❡s s✉r ✉♥❡
s✉r❢❛❝❡ ❞✬♦♥❞❡ ❛♥❛❧②sé❡ ❡♥ ❜♦✉❝❧❡ ♦✉✈❡rt❡✳ ❖♥ ♥♦t❡ ❡♥❝♦r❡ ✉♥❡ ❧é❣èr❡ ♥♦♥ ❧✐♥é❛r✐té ❞✉
♠♦❞è❧❡ ❞✬❖❝t♦♣✉s ♣♦✉r ❧❛ ❝♦♥✜❣✉r❛t✐♦♥ ❊✲❊▲❚1✱ ♠♦✐♥s ♣❡r❝❡♣t✐❜❧❡ ❡♥ r❛✐s♦♥ ❞✉ ❜r✉✐t
❞❡ ♣❤♦t♦♥s é❣❛❧❡♠❡♥t ♣rés❡♥t✳

▲❛ ❞✐s♣❡rs✐♦♥ ❞❡s ♣♦✐♥ts ❛✉t♦✉r ❞❡ ❧❛ ❞✐❛❣♦♥❛❧❡ s✉r ❝❡s ✜❣✉r❡s ❡st ❧❡ rés✉❧❛t ❞❡ ❧❛ ♥♦♥✲
❧✐♥é❛r✐té ❞❡ ❧✬❛♥❛❧②s❡✉r ❞✬❖❝t♦♣✉s ✭✐♥❝❡rt✐t✉❞❡s ❞❡ ❝❡♥tr❛❣❡✮ ❡t ❞✉ ❜r✉✐t ❞❡ ♣❤♦t♦♥s✳ ■❝✐
❧❡s ♠❡s✉r❡s s♦♥t s✐♠✉❧é❡s à ❢♦rt ✢✉①✱ ✶✵✵✵ ♣❤♦t♦♥s r❡ç✉s ❡♥ ♠♦②❡♥♥❡ ♣❛r s♦✉s✲♣✉♣✐❧❧❡✱
s✐ ❜✐❡♥ q✉❡ ❝❡ ❜r✉✐t ❞❡ ♠❡s✉r❡ ❣❧♦❜❛❧ ❛ ✉♥❡ ✈❛r✐❛♥❝❡ σe = 0.177 r❛❞/dl ♣♦✉r ❧❡ ❝❛s
❱▲❚1 ❡t σe = 0.489 r❛❞/dl ♣♦✉r ❧❡ ❝❛s ❊✲❊▲❚1✳
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❙✉r ✉♥❡ s✉r❢❛❝❡ ❞✬♦♥❞❡ rés✐❞✉❡❧❧❡

▲♦rsq✉❡ ❧❛ ❜♦✉❝❧❡ ❞✉ s②stè♠❡ ❞✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ❡st ❢❡r♠é❡✱ ❧✬❛♥❛❧②s❡✉r ♠❡s✉r❡ ❧❡s
♣❡♥t❡s ❞❡ ❧❛ s✉r❢❛❝❡ ❞✬♦♥❞❡ rés✐❞✉❡❧❧❡✱ q✉✐ s♦♥t s✉♣♣♦sé❡s ❛✈♦✐r ✉♥❡ ❛♠♣❧✐t✉❞❡ ♠♦②❡♥♥❡
♣❧✉s ❢❛✐❜❧❡✳ ❆✐♥s✐✱ ❝✬❡st ✉♥❡ ♣♦rt✐♦♥ ❝❡♥tr❛❧❡ ❞❡s ❣r❛♣❤✐q✉❡s ❞❡ ❧❛ ✜❣✉r❡ ✶✶✳✹ q✉✐ ❡st
♦❜s❡r✈é❡✳ ❈❡❝✐ ❡st ✐❧❧✉stré ♣❛r ❧❡s ❣r❛♣❤✐q✉❡s ❞❡ ❣❛✉❝❤❡ ❞❡s ✜❣✉r❡s ✶✶✳✺ ❡t ✶✶✳✻✱ q✉✐
❝♦rr❡s♣♦♥❞❡♥t à ✉♥ s②stè♠❡ ❱▲❚2 ❡t ❊✲❊▲❚1 r❡s♣❡❝t✐✈❡♠❡♥t✱ ❡♥ ❜♦✉❝❧❡ ❢❡r♠é❡✳ ▲✬✐♥✲
❝❡rt✐t✉❞❡ ❞❡ ❧❛ ♠❡s✉r❡✱ ✐♥❝❧✉❛♥t ❧❡ ❜r✉✐t ❞❡ ♣❤♦t♦♥s ❡t ❧❡s ✐♥❝❡rt✐t✉❞❡s ❞✉ ❝❡♥tr❛❣❡✱
❡st ❝❛r❛❝tér✐sé❡ ♣❛r ✉♥ é❝❛rt✲t②♣❡ σe = 0.148 r❛❞/dl ♣♦✉r ❱▲❚2 ❡t σe = 0.279 r❛❞/dl

♣♦✉r ❊✲❊▲❚1✳ P♦✉r ❧❡ ❝❛s ❊✲❊▲❚1✱ ❧❡ ❢❛✐t ❞❡ ♣♦✉✈♦✐r ❝♦♥❝❡♥tr❡r ❧❛ ♠❛❥♦r✐té ❞❡s ♠❡✲
s✉r❡s ❞❛♥s ✉♥ ré❣✐♠❡ ❧✐♥é❛✐r❡ ❞❡ ❧✬❛♥❛❧②s❡✉r ♣❡r♠❡t ❞❡ ré❞✉✐r❡ ❢♦rt❡♠❡♥t ❧❡s ❡rr❡✉rs ❞❡
♠♦❞é❧✐s❛t✐♦♥ ✭♣rès ❞✬✉♥ ❢❛❝t❡✉r ✹ ❡♥ ✈❛r✐❛♥❝❡✮✳

✶✶✳✷✳✷ ❈♦♠♣❛r❛✐s♦♥ ❛✉① ♠♦❞è❧❡s ❞✬❆❙❖ ✐♠♣❧✐q✉és ❞❛♥s ❧❛ r❡❝♦♥s✲
tr✉❝t✐♦♥

▲❡ ♠♦❞è❧❡ ❧✐♥é❛✐r❡ ❙❍o ❢♦✉r♥✐t ✉♥❡ ♠♦❞é❧✐s❛t✐♦♥ ❛ss❡③ ♣ré❝✐s❡ ❞❡ ❝❡ q✉❡ ❞♦♥♥❡
❧✬❛♥❛❧②s❡✉r s✐♠✉❧é ♣❛r ❖❝t♦♣✉s✱ ❛✉ ✈✉ ❞❡s ✜❣✉r❡s ✶✶✳✸ ❡t ✶✶✳✹✳ ❈❡♣❡♥❞❛♥t✱ ❧✬✉t✐❧✐s❛t✐♦♥
❞❡ ❝❡ ♠♦❞è❧❡ ❞❛♥s ✉♥ r❡❝♦♥str✉❝t❡✉r s❡r❛✐t très ❝♦ût❡✉① ❡♥ t❡♠♣s ❞❡ ❝❛❧❝✉❧ ❡t ❡♥ ❡s♣❛❝❡
♠é♠♦✐r❡✳ ❈♦♠♠❡ ❞❛♥s ❧❡ ❝❤❛♣✐tr❡ ✽✱ ❝❡ s♦♥t ❧❡ ♠♦❞è❧❡ ❞❡ ❋r✐❡❞ ❡t ❧❡ ♠♦❞è❧❡ ❙❍3 × 3
q✉✐ s♦♥t ♠✐s ❡♥ ♦❡✉✈r❡ ❞❛♥s ❧✬❛❧❣♦r✐t❤♠❡ ❋r■▼ ❈▼■ s✉r ❖❝t♦♣✉s✳

▲❡ ❝❤❛♣✐tr❡ ✽ ♠❡t ❞é❥à ❡♥ é✈✐❞❡♥❝❡ ❧❡s ❞✐✛ér❡♥t❡s ♠♦❞é❧✐s❛t✐♦♥s ❞✉ r❡♣❧✐❡♠❡♥t ❞❛♥s
❧❡s ♠❡s✉r❡s s✉✐✈❛♥t ❧❡s ❛♣♣r♦①✐♠❛t✐♦♥s ❞✉ ♠♦❞è❧❡ ❞✬❛♥❛❧②s❡✉r ❡✛❡❝t✉é❡s✳ ▲❡s ❞❡✉①
♣r♦❝❤❛✐♥❡s str♦♣❤❡s ✐❧❧✉str❡♥t ❧❛ ♠♦❞é❧✐s❛t✐♦♥ ❞✉ r❡♣❧✐❡♠❡♥t ♣❛r ❧❡ ♠♦❞è❧❡ ❞❡ ❋r✐❡❞ ❡t
♣❛r ❧❡ ♠♦❞è❧❡ ❙❍3× 3 ❧♦rs ❞❡ s✐♠✉❧❛t✐♦♥s ❡♥ ❜♦✉❝❧❡ ❢❡r♠é❡ s✉r ❖❝t♦♣✉s✳

▲❡ ♠♦❞è❧❡ ❞❡ ❋r✐❡❞

❏✬❛✐ ❞é❥à ❛❜♦r❞é ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❋r✐❡❞ ♣♦✉r ♠♦❞é❧✐s❡r ❧❡ ❙❤❛❝❦✲❍❛rt♠❛♥♥ ✭❝❢
s❡❝t✐♦♥s ✷✳✷ ❡t ✽✳✸✳✷✮✳ ▲❡ ♠♦❞è❧❡ ❞❡ ❋r✐❡❞ ♥❡ t✐❡♥t ♣❛s ❝♦♠♣t❡ ❞✉ r❡♣❧✐❡♠❡♥t✱ ❝❡ q✉✐ ✐♠✲
♣❧✐q✉❡ ✉♥ é❝❛rt ✐♠♣♦rt❛♥t ❡♥tr❡ ❧❡s ❞♦♥♥é❡s ❢♦✉r♥✐❡s ♣❛r ❖❝t♦♣✉s ❡t ❝❡❧❧❡s ♠♦❞é❧✐sé❡s✳
❈❡❝✐ ❡st ✐❧❧✉stré ♣❛r ❧❡s ❣r❛♣❤✐q✉❡s ❞✉ ❝❡♥tr❡ ❞❡s ✜❣✉r❡s ✶✶✳✺ ❡t ✶✶✳✻✳ ❈❡s ❣r❛♣❤✐q✉❡s
s♦♥t ♣❧❛❝és à ❝ôté ❞❡ ❝❡✉① ❞✉ ♠♦❞è❧❡ ❙❍o ✭à ❣❛✉❝❤❡✮✱ ❛✜♥ ❞❡ ❢❛❝✐❧✐t❡r ❧❛ ❝♦♠♣❛r❛✐s♦♥
❞❡s ♥✐✈❡❛✉① ❞✬❡rr❡✉r✳ ❖♥ r❡♠❛rq✉❡ q✉❡ ❧❡s ❛s♣❡❝ts ♥♦♥ ❧✐♥é❛✐r❡s ❞❡ ❧✬❛♥❛❧②s❡✉r ❞✬❖❝✲
t♦♣✉s ❞❛♥s ❧❡ ❝❛s ❊✲❊▲❚1 ❞✐s♣❛r❛✐ss❡♥t ♣r❛t✐q✉❡♠❡♥t ❞❡✈❛♥t ❧✬✐♠♣♦rt❛♥❝❡ ❞❡ ❧✬❡rr❡✉r
❞❡ ♠♦❞é❧✐s❛t✐♦♥ ❞✉ r❡♣❧✐❡♠❡♥t✳

▲❛ ✈❛r✐❛♥❝❡ ❞❡s ❡rr❡✉rs ❞❡ ♠♦❞é❧✐s❛t✐♦♥ ❞❡ ❋r✐❡❞ ♣❛r r❛♣♣♦rt à ❧✬❛♥❛❧②s❡✉r ❞✬❖❝t♦♣✉s
❡st ♣♦✉r ❝❡s ❞❡✉① ❝♦♥✜❣✉r❛t✐♦♥s✱ ❱▲❚2 ❡t ❊✲❊▲❚1,

σe = 0.53r❛❞./dl ❡t σe = 1.085r❛❞./dl ✭✶✶✳✻✮

r❡s♣❡❝t✐✈❡♠❡♥t✳ ❈❡❝✐ ❝♦rr❡s♣♦♥❞ à ✉♥❡ ✐♥❝❡rt✐t✉❞❡ ❞❡s ♠❡s✉r❡s ❞✉❡ ❛✉ r❡♣❧✐❡♠❡♥t

〈wM⊥T ·ST
❙❍o
·S❙❍o ·wM⊥〉 = αr❡♣❧✐

(
dl

r0

)5/3

, ✭✶✶✳✼✮

❛✈❡❝ αr❡♣❧✐ ❞❡ ❧✬♦r❞r❡ ❞❡ ✵✳✷✸ ♣♦✉r ❧❡s ❞❡✉① ❝♦♥✜❣✉r❛t✐♦♥s✳
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❋✐❣✳ ✶✶✳✺ ✕ ❈♦♠♣❛r❛✐s♦♥ ❞✉ ♠♦❞è❧❡ ❞✬❖❝t♦♣✉s ❡♥ ♣rés❡♥❝❡ ❞❡ ❜r✉✐t ❞❡ ♣❤♦t♦♥s ❡t
❞❡s ♠♦❞è❧❡s ❧✐♥é❛✐r❡s ❛♣♣r♦❝❤és s✉r ❞❡s ❞♦♥♥é❡s ❡♥ ❜♦✉❝❧❡ ❢❡r♠é❡✳ ▲❛ ❝♦♥✜❣✉r❛t✐♦♥
❞❡ s✐♠✉❧❛t✐♦♥ ❝♦rr❡s♣♦♥❞ à ❱▲❚2✳ ❊♥ ♦r❞♦♥♥é❡✱ ❧❡s ♠❡s✉r❡s ❞❡ ♣❡♥t❡s ❜r✉✐té❡s ✐ss✉❡s
❞✬❖❝t♦♣✉s✳ ❊♥ ❛❜s❝✐ss❡ ✿ ▲❡ ♠♦❞è❧❡ ❛♣♣r♦❝❤é ❢♦r♠✉❧é ♣❛r ✭✶✶✳✷✮✲✭✶✶✳✸✮ ✭à ❣❛✉❝❤❡✮✱ ❧❡
♠♦❞è❧❡ ❞❡ ❋r✐❡❞ ✭❛✉ ❝❡♥tr❡✮ ❡t ❧❡ ♠♦❞è❧❡ ❙❍3× 3 ✭à ❞r♦✐t❡✮✳ ▲❡s ❧✐❣♥❡s ❡♥ tr❛✐ts ♣❧❡✐♥s
✐♥❞✐q✉❡ ❧✬é❝❛rt✲t②♣❡ ❞❡ ❧✬❡rr❡✉r σe✱ ❡t ❝❡❧❧❡s ❡♥ tr❛✐ts t✐r❡tés ✐♥❞✐q✉❡♥t ❧❛ ❧✐♠✐t❡ à tr♦✐s
σe✳
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❋✐❣✳ ✶✶✳✻ ✕ ▼ê♠❡ ❧é❣❡♥❞❡ q✉❡ ♣♦✉r ❧❛ ✜❣✉r❡ ✶✶✳✺✱ ♠❛✐s ❧❛ ❝♦♥✜❣✉r❛t✐♦♥ s✐♠✉❧é❡ ❡st
❊✲❊▲❚1✳
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▲❡ ♠♦❞è❧❡ ❙❍3× 3

❉❡ ❧❛ ♠ê♠❡ ❢❛ç♦♥ q✉❡ ♣♦✉r ❧❡ ♠♦❞è❧❡ ❞❡ ❋r✐❡❞✱ ❥✬❛✐ ❝♦♠♣❛ré ❧❡s ♠❡s✉r❡s ❜r✉✐té❡s
❞✬❖❝t♦♣✉s à ❝❡❧❧❡s ♠♦❞é❧✐sé❡s ♣❛r S❙❍3×3✱ ❞é✜♥✐ à ❧❛ s❡❝t✐♦♥ ✽✳✸✳✷✳ ❈♦♠♠❡ ❧❡ ♠♦❞è❧❡
❙❍3 × 3 t✐❡♥t ❝♦♠♣t❡ ❞✉ r❡♣❧✐❡♠❡♥t ❞✬✉♥❡ ♣❛rt✐❡ ❞❡s ❤❛✉t❡s ❢réq✉❡♥❝❡s✱ ❧✬✐♥❝❡rt✐t✉❞❡
❞❡ ❧❛ ♠❡s✉r❡ ♠♦❞é❧✐sé❡ ❧✐é❡ ❛✉ r❡♣❧✐❡♠❡♥t ❡st ♠♦✐♥❞r❡✳ ❈❡❝✐ ❡st ♦❜s❡r✈❛❜❧❡ s✉r ❧❡s
❣r❛♣❤✐q✉❡s ❞❡ ❞r♦✐t❡ ❞❡s ✜❣✉r❡s ✶✶✳✺ ❡t ✶✶✳✻✳ ❈❡ s♦♥t ❧❡s ♠ê♠❡s ❞♦♥♥é❡s q✉❡ ❧❡s ❞❡✉①
❣r❛♣❤✐q✉❡s ❝♦rr❡s♣♦♥❞❛♥ts ♣♦✉r ❧❡ ♠♦❞è❧❡ ❙❍o ❡t ❧❡ ♠♦❞è❧❡ ❞❡ ❋r✐❡❞✳ ❖♥ r❡♠❛rq✉❡ q✉❡
❧❛ ❝♦rré❧❛t✐♦♥ ❞❡s ♠❡s✉r❡s ❡st ♣❧✉s é✈✐❞❡♥t❡ q✉❡ ❞❛♥s ❧❡ ❝❛s ❞✉ ♠♦❞è❧❡ ❞❡ ❋r✐❡❞ ✭❛✉
❝❡♥tr❡✮✳

P♦✉r ❝❡s ❞❡✉① ❝♦♥✜❣✉r❛t✐♦♥s ❱▲❚2 ❡t ❊✲❊▲❚1✱ ❧✬✐♥❝❡rt✐t✉❞❡ ❞❡ ❧❛ ♠❡s✉r❡ ❧✐é❡ à ❧❛
♣❛rt✐❡ r❡♣❧✐é❡ q✉✐ ♥✬❡st ♣❛s ♠♦❞é❧✐sé❡ ♣❛r ❙❍3 × 3 ❡st ❝❛r❛❝tér✐sé❡ ♣❛r ✉♥❡ ✈❛r✐❛♥❝❡
♣r♦❝❤❡ ❞❡ 0.07 (dl/r0)

5/3✳ ❈❡tt❡ ✈❛r✐❛♥❝❡ ❞✬❡rr❡✉r ❡st ❝❡❧❧❡ q✉✐ s✬❛❥♦✉t❡ à ❧❛ ✈❛r✐❛♥❝❡
σ2

e ❞✉ ♠♦❞è❧❡ ❙❍o✱ ♣♦✉r ❞♦♥♥❡r ❧✬❡rr❡✉r ❞✉ ♠♦❞è❧❡ ❞❡ ♠❡s✉r❡ à ❝♦♥s✐❞ér❡r ❞❛♥s ❧❡
r❡❝♦♥str✉❝t❡✉r ❋r■▼ ▼❆P✳

❘❡♠❛rq✉❡ s✉r ❧✬❡rr❡✉r ❞❡ ♠♦❞é❧✐s❛t✐♦♥ ❛✉① ❜♦r❞s

❙✉r ❧❡s ✜❣✉r❡s ✶✶✳✹✱ ✶✶✳✺ ❡t ✶✶✳✻✱ ❥✬❛✐ r❡♣rés❡♥té ❧❡s ✈❛❧❡✉rs ❞❡ ♣❡♥t❡s ❢♦✉r♥✐❡s ❡①❝❧✉✲
s✐✈❡♠❡♥t ♣❛r ❧❡s s♦✉s✲♣✉♣✐❧❧❡s ❡♥t✐èr❡♠❡♥t é❝❧❛✐ré❡s✳ ❉❛♥s t♦✉t❡s ❧❡s s✐♠✉❧❛t✐♦♥s ❡✛❡❝✲
t✉é❡s✱ ❖❝t♦♣✉s ét❛✐t ♣❛r❛♠étré ♣♦✉r ❞é❧✐✈r❡r ❞❡s ♠❡s✉r❡s ♣♦✉r t♦✉t❡s ❧❡s s♦✉s✲♣✉♣✐❧❧❡s
✐❧❧✉♠✐♥é❡s s✉r ♣❧✉s ❞❡ ✼✺✪ ❞❡ ❧❡✉r s✉r❢❛❝❡✳ ▲✬❛❧❣♦r✐t❤♠❡ ❞❡ r❡❝♦♥str✉❝t✐♦♥ ❋r■▼ ▼❆P
♣❡r♠❡t ❞❡ ♣r❡♥❞r❡ ❡♥ ❝♦♠♣t❡ ❞❡s ✐♥❝❡rt✐t✉❞❡s ❞❡ ♠♦❞è❧❡ ♥♦♥ ✉♥✐❢♦r♠❡s ❣râ❝❡ à ❧❛ ♠❛✲
tr✐❝❡ ❞❡ ❝♦rré❧❛t✐♦♥ ❞✉ ❜r✉✐t Ce✳ ■❧ ❡st ❛✐♥s✐ ♣♦ss✐❜❧❡ ❞❡ ❞✐♠✐♥✉❡r ❧❡ ♣♦✐❞s ❞❡ ❧✬❛tt❛❝❤❡
❛✉① ❞♦♥♥é❡s ❞❛♥s ❝❡s s♦✉s✲♣✉♣✐❧❧❡s ❛✉① ❢r♦♥t✐èr❡s✱ s❛❝❤❛♥t q✉❡ ❧❛ ♠♦❞é❧✐s❛t✐♦♥ ❢❛✐t❡ ♣❛r
❧✬❛♥❛❧②s❡✉r ② ❡st ♣❧✉s ✐♥❝❡rt❛✐♥❡✳

❚♦✉t❡❢♦✐s✱ ❞❛♥s ❧❡s s✐♠✉❧❛t✐♦♥s ♣rés❡♥té❡s ❞❛♥s ❝❡tt❡ ♣❛rt✐❡ ❞✉ ♠❛♥✉s❝r✐t✱ ❧✬❛❧❣♦✲
r✐t❤♠❡ ❞❡ r❡❝♦♥str✉❝t✐♦♥ ❋r■▼ ▼❆P ❡st ✉t✐❧✐sé ❛✈❡❝ ✉♥❡ ✐♥❝❡rt✐t✉❞❡ ❞❡ ♠❡s✉r❡ ✉♥✐❢♦r♠❡
s✉r ❧❛ ♣✉♣✐❧❧❡✳ ❈❡❝✐ ❡st ❝❡rt❛✐♥❡♠❡♥t r❡s♣♦♥s❛❜❧❡ ❞✬✉♥❡ ❞é❣r❛❞❛t✐♦♥ ❞❡ ❧❛ ❝♦rr❡❝t✐♦♥ à
♣r♦①✐♠✐té ❞❡s ❜♦r❞s✳ ◗✉❡❧q✉❡s s✐♠✉❧❛t✐♦♥s ♦♥t été ré❛❧✐sé❡s ❞❡♣✉✐s s✉r ❞✬❛✉tr❡s ❝♦♥✜✲
❣✉r❛t✐♦♥s✱ ❡♥ ôt❛♥t ❧❡s ♠❡s✉r❡s ✈❡♥❛♥t ❞❡s s♦✉s✲♣✉♣✐❧❧❡s ❛✉① ❢r♦♥t✐èr❡s✱ s❛♥s q✉❡ ❧❛
❞✐✛ér❡♥❝❡ ❞❡ ♣❡r❢♦r♠❛♥❝❡ s♦✐t s✐❣♥✐✜❝❛t✐✈❡✳

✶✶✳✷✳✸ ❙✐♠✉❧❛t✐♦♥s ❞❡ ❝♦rr❡❝t✐♦♥ st❛t✐q✉❡

▲❛ r❡❝♦♥str✉❝t✐♦♥ ❋r■▼ ▼❆P ❝♦♥✈❡r❣❡ ❞❡ ❢❛ç♦♥ s❡♠❜❧❛❜❧❡ à ❝❡ q✉✐ ét❛✐t ♦❜s❡r✈é s✉r
❧❡s s✐♠✉❧❛t✐♦♥s ❞❡ ❧❛ ♣❛rt✐❡ ■■✳ ▲❛ ✜❣✉r❡ ✶✶✳✼ ♠♦♥tr❡ ✉♥ ❡①❡♠♣❧❡ ❞❡ ❝♦rr❡❝t✐♦♥ ♦❜t❡♥✉❡ à
♣❛rt✐r ❞✬✉♥❡ s✐♠♣❧❡ r❡❝♦♥str✉❝t✐♦♥ ❛✈❡❝ ❋r■▼ ▼❆P ❡t ✉♥❡ ♣r♦❥❡❝t✐♦♥ ♦rt❤♦❣♦♥❛❧❡ s✉r ❧❡
♠✐r♦✐r✳ ▲❡s ✈❛❧❡✉rs r❡♣rés❡♥té❡s ❝♦rr❡s♣♦♥❞❡♥t ❛✉① r❛♣♣♦rts ❞❡ ❙tr❡❤❧ ✭à 2.2µm✮ ♠♦②❡♥s
♦❜t❡♥✉s ♣♦✉r ✺✵ r❡❝♦♥str✉❝t✐♦♥s ❋r■▼ ▼❆P ❞✬✉♥❡ ♠ê♠❡ s✉r❢❛❝❡ ❞✬♦♥❞❡ t✉r❜✉❧❡♥t❡✳
❙❡✉❧❡ ❧❛ ré❛❧✐s❛t✐♦♥ ❞✉ ❜r✉✐t ❝❤❛♥❣❡ à ❝❤❛q✉❡ ♠❡s✉r❡✳ ▲❡s r❛♣♣♦rts ❞❡ ❙tr❡❤❧ ❛tt❡✐♥ts
❡♥ ❝♦rr❡❝t✐♦♥ s✐♠♣❧❡ ♣♦✉r ❧❡s ❝♦♥✜❣✉r❛t✐♦♥s ét✉❞✐é❡s s♦♥t à ♣❡✉ ♣rès ✐❞❡♥t✐q✉❡s✱ q✉❡
❧❡ r❡❝♦♥str✉❝t❡✉r s♦✐t ❞é✜♥✐ à ♣❛rt✐r ❞✉ ♠♦❞è❧❡ ❞❡ ❋r✐❡❞ ♦✉ ❞✉ ♠♦❞è❧❡ ❙❍3 × 3✳ ▲❛
❝♦♥✜❣✉r❛t✐♦♥ ❱▲❚1 ✭à ❣❛✉❝❤❡✮✱ ❞❡ t②♣❡ ❖❆❳✱ ♣❡r♠❡t ❞✬❛tt❡✐♥❞r❡ ❞❡s ❤❛✉ts r❛♣♣♦rts
❞❡ ❙tr❡❤❧✱ ❞❡ ❧✬♦r❞r❡ ❞❡ ✾✻✪✳ ❈❡❧❧❡ ❞❡ ❧✬❊✲❊▲❚1 ✭à ❞r♦✐t❡✮ ❢♦✉r♥✐t ✉♥ r❛♣♣♦rt ❞❡ ❙tr❡❤❧
♠♦②❡♥ ❞✬❡♥✈✐r♦♥ ✽✸✪✳

▲✬❡st✐♠❛t✐♦♥ ❞❡ ❧✬✐♥❝❡rt✐t✉❞❡ ❞❡ ♠❡s✉r❡✱ q✉✐ ♣❡r♠❡t ❞❡ ré❣❧❡r ❧❡ ♣♦✐❞s r❡❧❛t✐❢ ❞❡s ❛
♣r✐♦r✐ ❣râ❝❡ à µ0✱ ♥❡ s✬❛✈èr❡ ❝❡♣❡♥❞❛♥t ♣❛s ♦♣t✐♠❛❧❡ ♣✉✐sq✉✬✉♥ ♦♣t✐♠✉♠ ❞❡ ❧❛ ❝♦rr❡❝t✐♦♥
❡st ♦❜t❡♥✉ ♣♦✉r ✉♥ ❤②♣❡r♣❛r❛♠ètr❡ ✐♥❢ér✐❡✉r à ✶✳ ■❧ ♥✬② ❛ q✉❡ ❞❛♥s ❧❡ ❝❛s ❞❡ ❧❛ ❝♦rr❡❝t✐♦♥



✶✶✳✷✳ ▲❊❙ ❚❊❙❚❙ ❉❊ ❈❖❘❘❊❈❚■❖◆ ❙❚❆❚■◗❯❊ ✷✹✶

❋✐❣✳ ✶✶✳✼ ✕ ❘❛♣♣♦rt ❞❡ ❙tr❡❤❧ ✭à 2.2µ♠✮ ✈❡rs✉s ❤②♣❡r♣❛r❛♠ètr❡ µ✳ ❈♦♥✜❣✉r❛t✐♦♥s
❱▲❚1 ✭à ❣❛✉❝❤❡✮ ❡t ❊✲❊▲❚1 ✭à ❞r♦✐t❡✮✳ ❈♦rr❡❝t✐♦♥ ❞✬✉♥❡ s✉r❢❛❝❡ ❞✬♦♥❞❡ ❣râ❝❡ à ❧✬❛❧❣♦✲
r✐t❤♠❡ ❋r■▼ ▼❆P ❛✈❡❝ ❧❡ ♠♦❞è❧❡ ❞❡ ❋r✐❡❞ ✭tr❛✐t t✐r❡té✮ ♦✉ ❧❡ ♠♦❞è❧❡ ❙❍3 × 3 ✭tr❛✐t
♣♦✐♥t✐❧❧é✲t✐r❡té✮✳ ▲❡s ❧✐❣♥❡s ❤♦r✐③♦♥t❛❧❡s r❡♣rés❡♥t❡♥t ❧❛ ♠❡✐❧❧❡✉r❡ ❝♦rr❡❝t✐♦♥ ❛tt❡✐♥t❡ ♣❛r
❝❤❛❝✉♥❡ ❞❡s ♠ét❤♦❞❡s✳ ➚ ❣❛✉❝❤❡ ✿ ✾✻✳✷✪ ✭❋r✐❡❞✮ ❡t ✾✻✳✻✪ ✭❙❍3 × 3✮ ♣♦✉r ❱▲❚1✳ ➚
❞r♦✐t❡ ✿ ✽✶✳✽✪ ✭❋r✐❡❞✮ ❡t ✽✷✳✻✪ ✭❙❍3 × 3✮ ♣♦✉r ❊✲❊▲❚−1✳ ▲❡ tr❛✐t ♣❧❡✐♥ ❤♦r✐③♦♥t❛❧
♠♦♥tr❡ ❧❛ ♣❡r❢♦r♠❛♥❝❡ ❞❡ ❧❛ ❝♦rr❡❝t✐♦♥ ❞❡ ❧❛ ▼❱▼ ✐♠♣❧é♠❡♥té❡ s✉r ❖❝t♦♣✉s ❛✈❡❝ ✉♥
✐♥té❣r❛t❡✉r✱ ❛♣rès ✺✵ ❜♦✉❝❧❡s ❢❡r♠é❡s s✉r ❧❛ ♠ê♠❡ s✉r❢❛❝❡ ❞✬♦♥❞❡ ✜①❡ ✿ ✾✼✳✶✪ ♣♦✉r
❱▲❚1 ❡t ✽✼✳✹✪ ♣♦✉r ❊✲❊▲❚1✳

❋r■▼ ▼❆P ❛✈❡❝ ❧❡ ♠♦❞è❧❡ ❙❍3 × 3 s✉r ❧❛ s✐♠✉❧❛t✐♦♥ ❱▲❚1 q✉❡ ❧✬❤②♣❡r♣❛r❛♠ètr❡ µ
♦♣t✐♠❛❧ ❡st ❞❡ ❧✬♦r❞r❡ ❞❡ ✶✳ ❈❡tt❡ ✜❣✉r❡ ♠♦♥tr❡ q✉❡ ❧✬❛♥❛❧②s❡ ❞❡s ❡rr❡✉rs ❞❡ ♠♦❞è❧❡s
❡✛❡❝t✉é❡ ❞❛♥s ❝❡tt❡ s❡❝t✐♦♥ ♥❡ ♣❡r♠❡t ♣❛s ❞✬❡st✐♠❡r ❝♦rr❡❝t❡♠❡♥t ❧❡ ♣♦✐❞s ♦♣t✐♠❛❧ ❞❡
❧❛ ré❣✉❧❛r✐s❛t✐♦♥ µ0✳ ❉✬❛♣rès ❧✬ét✉❞❡ ♣rés❡♥té❡ à ❧❛ s❡❝t✐♦♥ ✼✳✺✱ ✐❧ ❡st ♣ré❢ér❛❜❧❡ ❞❡ s♦✉s✲
❡st✐♠❡r ❧❡ ♣♦✐❞s ♦♣t✐♠❛❧ ❞❡s ❛ ♣r✐♦r✐ q✉❡ ❞❡ ❧❡ s✉r❡st✐♠❡r✳ ❊♥ ❝♦♥séq✉❡♥❝❡✱ ❞❛♥s ❧❡s
s✐♠✉❧❛t✐♦♥s ♣rés❡♥té❡s ❝✐✲❛♣rès✱ ❧✬❤②♣❡r♣❛r❛♠ètr❡ ❡st ♠✐s à ❧❛ ✈❛❧❡✉r ✵✳✶✱ ♣❛r ❞é❢❛✉t✱
❡①❝❡♣té ❧♦rsq✉✬✐❧ s✬❛❣✐t ❞❡ ❝♦rr✐❣❡r ✉♥❡ ❝♦♥✜❣✉r❛t✐♦♥ ❞❡ t②♣❡ ❱▲❚1 ❛✈❡❝ ❧❡ ♠♦❞è❧❡
❙❍3× 3✳
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❈❤❛♣✐tr❡ ✶✷

▲❡s ♣❡r❢♦r♠❛♥❝❡s ❞✬❖❆♠❈ ❡♥

❜♦✉❝❧❡ ❢❡r♠é❡

▲❛ s❡❝t✐♦♥✶✶✳✷ s❡ ❝♦♥❝❡♥tr❡ s✉r ❧❛ ❝♦rr❡❝t✐♦♥ st❛t✐q✉❡ ❛✜♥ ❞❡ s✬❛✛r❛♥❝❤✐r ❞❛♥s ✉♥
♣r❡♠✐❡r t❡♠♣s ❞❡s ❡✛❡ts ❧✐és à ❧✬é✈♦❧✉t✐♦♥ t❡♠♣♦r❡❧❧❡ ❞❡ ❧❛ t✉r❜✉❧❡♥❝❡ ❡t à ❧❛ ❧♦✐ ❞❡ ❝♦♠✲
♠❛♥❞❡✳ ❈❡❝✐ ❝♦♥st✐t✉❡ ✉♥❡ ét❛♣❡ ✐♠♣♦rt❛♥t❡ ❞❛♥s ❧❡s t❡sts ❡✛❡❝t✉és s✉r ❖❝t♦♣✉s✱ ❛✜♥
❞✬✐❞❡♥t✐✜❡r ❧❡s ♠✉❧t✐♣❧❡s s♦✉r❝❡s ❞✬❡rr❡✉rs✱ ❝✬❡st✲à✲❞✐r❡ ❞❡ ❞é❣r❛❞❛t✐♦♥ ❞❡ ❧❛ ❝♦rr❡❝t✐♦♥✳
▲❡s ♣❡r❢♦r♠❛♥❝❡s ❞❡ ❝♦rr❡❝t✐♦♥ st❛t✐q✉❡ ❞❡ ❧✬❛❧❣♦r✐t❤♠❡ ❋r■▼ ▼❆P s✉r ❖❝t♦♣✉s ét❛♥t
❝♦♥♥✉❡s✱ ✐❧ ❡st ❞és♦r♠❛✐s ♣♦ss✐❜❧❡ ❞❡ ❢❡r♠❡r ❧❛ ❜♦✉❝❧❡✳

▲❡s t❡sts ❡♥ ❜♦✉❝❧❡ ❢❡r♠é❡ ♦♥t ❢❛✐t ❧✬♦❜❥❡t ❞✬✉♥❡ ♣rés❡♥t❛t✐♦♥ à ❧❛ ❝♦♥❢ér❡♥❝❡ ❙P■❊ à
▼❛rs❡✐❧❧❡ ❡♥ ❥✉✐♥ ✷✵✵✽✳ ▲✬❛rt✐❝❧❡ ❛ss♦❝✐é ❡st ✐♥❝❧✉s à ❧❛ ✜♥ ❞❡ ❝❡ ❝❤❛♣✐tr❡✳ ▲❛ ❝♦rr❡❝t✐♦♥
❛♣♣❧✐q✉é❡ ❞❛♥s ❝❡ ❝❤❛♣✐tr❡ s❡ rés✉♠❡ à ❧❛ r❡❝♦♥str✉❝t✐♦♥ ❋r■▼ ▼❆P ❡t à ❧❛ ♣r♦❥❡❝t✐♦♥
s✉r ❧✬❡s♣❛❝❡ ❞❡s ❛❝t✐♦♥♥❡✉rs✱ str✉❝t✉ré❡ à ♣❛rt✐r ❞❡ ❧❛ ❝♦♠♠❛♥❞❡ ♣❛r ♠♦❞è❧❡ ✐♥t❡r♥❡
✭❈▼■✮ ♣rés❡♥té❡ ❞❛♥s ❧❛ s❡❝t✐♦♥ ✾✳✻✳✶✳ ❈❡tt❡ ♠ét❤♦❞❡ ❡st ♥♦♠♠é❡ ❋r■▼ ❈▼■✳ P❛r
❞é❢❛✉t✱ ❧❡ r❡❝♦♥str✉❝t❡✉r ❋r■▼ ▼❆P ❡st ❜ât✐ à ♣❛rt✐r ❞✉ ♠♦❞è❧❡ ❞❡ ❋r✐❡❞ ❞❡ ❧✬❛♥❛❧②s❡✉r✳

▲❡s ♣❡r❢♦r♠❛♥❝❡s ❞❡ ❧❛ ♠ét❤♦❞❡ ❋r■▼ ❈▼■ s♦♥t é✈❛❧✉é❡s ♣❛r ❝♦♠♣❛r❛✐s♦♥ à ❞❡✉①
❛✉tr❡s ❛❧❣♦r✐t❤♠❡s ❞❡ ❝♦♠♠❛♥❞❡ ❡♥ ♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡✳ ▲✬✉♥ ❡st ♥♦té ▼▼❱✲■✱ s✬❛❣✐s✲
s❛♥t ❞✬✉♥❡ ❝♦♠♠❛♥❞❡ ❝❧❛ss✐q✉❡ ❞❡ t②♣❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♠❛tr✐❝❡✲✈❡❝t❡✉r ✭▼▼❱✮ ❝♦♠✲
❜✐♥é❡ ❛✈❡❝ ✉♥ ♣✉r ✐♥té❣r❛t❡✉r✱ ❞✬♦ù ❧❛ ♥♦t❛t✐♦♥ ▼▼❱✲■✳ ▲✬❛✉tr❡ ❡st ❧❛ ♠ét❤♦❞❡ ❞❡
r❡❝♦s♥tr✉❝t✐♦♥ ♣❛r tr❛♥s❢♦r♠é❡ ❞❡ ❋♦✉r✐❡r ✭❋❚❘✮✱ ❡❧❧❡ ❛✉ss✐ ❝♦♠❜✐♥é❡ à ✉♥ ❝♦♥trô❧❡ ❞❡
t②♣❡ ✐♥té❣r❛❧✱ ❞✬♦ù ❧❛ ♥♦t❛t✐♦♥ ❋❚❘✲■✳ ▲❛ ❝♦♠♣❛r❛✐s♦♥ ❡♥tr❡ ❋r■▼ ❈▼■ ❡t ▼▼❱✲■ ❡st
♣rés❡♥té❡ ❞❛♥s ❧✬❛rt✐❝❧❡ ❞❡ ❝♦♥❢ér❡♥❝❡ ❥♦✐♥t✱ ♠❛✐s s❡✉❧ ❧❡ ❝♦r♣s ❞❡ ❝❡ ❝❤❛♣✐tr❡ ré❛❧✐s❡ ❧❛
❝♦♠♣❛r❛✐s♦♥ ❝♦♠♣❧èt❡ ❛✈❡❝ ❧❡s tr♦✐s ♠ét❤♦❞❡s✳ P❛r ❛✐❧❧❡✉rs✱ ❝❡rt❛✐♥s ♣♦✐♥ts s♦♥t ét✉❞✐és
❞❡ ❢❛ç♦♥ ♣❧✉s ❛♣♣r♦❢♦♥❞✐❡✱ ❝♦♠♠❡ ❧❛ st❛❜✐❧✐té ✈✐s✲à✲✈✐s ❞❡s ❞é❢❛✉ts ❞✬❛❧✐❣♥❡♠❡♥t ♦✉ ❧❛
r♦❜✉st❡ss❡ ❞❡ ❧❛ ❝♦rr❡❝t✐♦♥ à très ❢❛✐❜❧❡ ✢✉①✳ ❈❡ ❝❤❛♣✐tr❡ ❡st ✜♥❛❧❡♠❡♥t ❧❡ ❢r✉✐t ❞✬✉♥
tr❛✈❛✐❧ ❝♦❧❧❡❝t✐❢ ré❛❧✐sé ❛✈❡❝ ▼✳ ▲❡ ▲♦✉❛r♥ ❡t ■✳ ▼♦♥t✐❧❧❛✳ ❈❤❛❝✉♥ ❞❡ ♥♦✉s tr♦✐s ❛ ❢❛✐t
t♦✉r♥❡r ❧❡s s✐♠✉❧❛t✐♦♥s ❛✈❡❝ ❧❛ ♠ét❤♦❞❡ ❞❡ ❝♦rr❡❝t✐♦♥ q✉✬✐❧ ♦✉ ❡❧❧❡ ❛ ✐♠♣❧é♠❡♥té❡✳

▲❛ ❝♦♥✜❣✉r❛t✐♦♥ ❞❡ ré❢ér❡♥❝❡ ♣♦✉r ❧❡s t❡sts ❡st ❞é✜♥✐❡ ♣❛r ❧❡s ✈❛❧❡✉rs ❞❡ ❧❛ ❝♦❧♦♥♥❡
❊✲❊▲❚2 ❞❛♥s ❧❛ t❛❜❧❡ ✶✶✳✶✳ ❖❝t♦♣✉s s✐♠✉❧❡ ❧❛ t✉r❜✉❧❡♥❝❡ ❛t♠♦s♣❤ér✐q✉❡ s✉r ✶✵ ❝♦✉❝❤❡s
❞✐str✐❜✉é❡s ❡♥tr❡ ✵ ❡t ✶✽✳✺❑♠✱ ❛✈❡❝ ❡♥✈✐r♦♥ ✻✺✪ ❞❡ ❧✬é♥❡r❣✐❡ t✉r❜✉❧❡♥❝❡ ❝♦♥❝❡♥tré❡ ❞❛♥s
❧❡s ✶ ✷✵✵ ♣r❡♠✐❡rs ♠ètr❡s ❞✬❛❧t✐t✉❞❡ ❛✉✲❞❡ss✉s ❞✉ té❧❡s❝♦♣❡✳ ▲❡s t❡sts ❢♦♥t ✐♥t❡r✈❡r♥✐r ❞❡s
✈❛r✐❛t✐♦♥s ❞❡ ❝❡rt❛✐♥s ♣❛r❛♠ètr❡s ❞❡ ❧❛ ❝♦♥✜❣✉r❛t✐♦♥ ❊✲❊▲❚2 ❛✜♥ ❞✬é✈❛❧✉❡r ❧❛ r♦❜✉st❡ss❡
❞❡s ♠ét❤♦❞❡s ❋r■▼ ❈▼■✱ ❋❚❘✲■ ❡t ▼▼❱✲■✳ ▲❡s ♠♦❞✐✜❝❛t✐♦♥s ❞❡ ❧❛ ❝♦♥✜❣✉r❛t✐♦♥ ❊✲
❊▲❚2 ♣❛r ❞é❢❛✉t ♥❡ ❝♦♥❝❡r♥❡ q✉✬✉♥ ♣❛r❛♠ètr❡ à ❧❛ ❢♦✐s✳

✷✹✸
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❋✐❣✳ ✶✷✳✶ ✕ ❋❡r♠❡t✉r❡ ❞❡ ❧❛ ❜♦✉❝❧❡ s✉r ❖❝t♦♣✉s ♣♦✉r ❊▲❚2✳ ❘❛♣♣♦rt ❞❡ ❙tr❡❤❧ ❝♦✉rt❡
♣♦s❡ ❛✉ ❝♦✉rs ❞❡s ❜♦✉❝❧❡s ❞✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ s✉❝❝❡ss✐✈❡s✱ ❛✈❡❝ ✉♥ ♥♦♠❜r❡ r❡str❡✐♥t
❞✬✐tér❛t✐♦♥s ❛✉t♦r✐sé❡s ♣♦✉r ❧❡ r❡❝♦♥str✉❝t❡✉r ❋r■▼ ▼❆P ♣❛r ❜♦✉❝❧❡✳ ❚r❛✐t ♣❧❡✐♥ ✿ ✸
✐tér❛t✐♦♥s✳ ❚r❛✐t t✐r❡té ✿ ✷ ✐tér❛t✐♦♥s✳ ❚r❛✐t ♣♦✐♥t✐❧❧é✲t✐r❡té ✿ ✶ ✐tér❛t✐♦♥✳

✶✷✳✶ ▲❛ ❝♦♥✈❡r❣❡♥❝❡ ❡t ♥♦♠❜r❡ ❞✬✐tér❛t✐♦♥s

▲❡ ♣r❡♠✐❡r rés✉❧t❛t r❡♠❛rq✉❛❜❧❡ ❝♦♥❝❡r♥❡ ❧❛ ❢❡r♠❡t✉r❡ ❞❡ ❧❛ ❜♦✉❝❧❡ ❛✈❡❝ ❋r■▼ ❈▼■✳
❊❧❧❡ ❡st ✐❧❧✉stré❡ ♣❛r ❧❛ ✜❣✉r❡ ✶✷✳✶✳ ▲❡ r❛♣♣♦rt ❞❡ ❙tr❡❤❧ ❝♦✉rt❡ ♣♦s❡✱ à 2.2µm✱ ❡st é✈❛❧✉é
à ❝❤❛q✉❡ ❜♦✉❝❧❡ ❞✉ s②stè♠❡✳ ❙♦♥ é✈♦❧✉t✐♦♥ ❛✉ ❝♦✉rs ❞❡s ❜♦✉❝❧❡s✱ ❝✬❡st✲à✲❞✐r❡ ❛✉ ❝♦✉rs
❞✉ t❡♠♣s✱ ❡st ♣rés❡♥té❡ ♣♦✉r ❞✐✛ér❡♥ts ♥♦♠❜r❡s ❞✬✐tér❛t✐♦♥s ❛✉t♦r✐sé❡s ♣♦✉r ❧❛ r❡❝♦♥s✲
tr✉❝t✐♦♥ ❋r■▼ ▼❆P✳ ▲✬❛❧❣♦r✐t❤♠❡ ✐tér❛t✐❢ ❞❡ r❡❝♦♥str✉❝t✐♦♥ ❝♦♥✈❡r❣❡ ❞✬❛✉t❛♥t ♠♦✐♥s
✈✐t❡ q✉❡ ❧❡ r❛♣♣♦rt s✐❣♥❛❧✲à✲❜r✉✐t ❛✉❣♠❡♥t❡ ✭❝❢✳ s❡❝t✐♦♥ ✼✳✸✳✶✮✳ ➚ ♣❛rt✐r ❞❡ s✐♠✉❧❛t✐♦♥s
❞❡ ❜♦✉❝❧❡ ❞✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ s✐♠♣❧✐✜é❡s✱ ❧❡ ❝❤❛♣✐tr❡ ✶✵ ♠❡t ❡♥ é✈✐❞❡♥❝❡ ❧❡ ❜❡s♦✐♥ ❞❡ ✸
✐tér❛t✐♦♥s ♣♦✉r ♦❜t❡♥✐r ✉♥ s②stè♠❡ ❜♦✉❝❧é ❛✈❡❝ ✉♥ ❜✉❞❣❡t ❞✬❡rr❡✉rs éq✉✐❧✐❜ré✳ ■❝✐✱ ❞❛♥s
✉♥ ❝❛s ❞❡ ❢♦rt r❛♣♣♦rt s✐❣♥❛❧✲à✲❜r✉✐t✱ ❧❛ ♠ét❤♦❞❡ ❢♦✉r♥✐t ✉♥❡ ♣❡r❢♦r♠❛♥❝❡ s❛t✐s❢❛✐s❛♥t❡
❛✈❡❝ s❡✉❧❡♠❡♥t ✷ ✐tér❛t✐♦♥s✳ ❖♥ r❡♠❛rq✉❡ q✉✬✉♥❡ s❡✉❧❡ ✐tér❛t✐♦♥ ❛✉t♦r✐sé❡ ❡♥tr❛î♥❡ ✉♥❡
ré♣♦♥s❡ ♦s❝✐❧❧❛♥t❡✳

❈❡s ❞❡✉① ✐tér❛t✐♦♥s s✐❣♥✐✜❡♥t ✶✳✽ ▼é❣❛ ♦♣ér❛t✐♦♥s ❡♥ ✢♦tt❛♥ts ♣❛r ❜♦✉❝❧❡✳ P♦✉r ❧❡
s②stè♠❡ ❊✲❊▲❚2 s✐♠✉❧é✱ ❝♦♠♣r❡♥❛♥t ✶✵✵✽✵ ♠❡s✉r❡s ❡t ✺✹✵✷ ❛❝t✐♦♥♥❡✉rs✱ ❝❡❧❛ r❡♣rés❡♥t❡
✼✵ ❢♦✐s ♠♦✐♥s ❞✬♦♣ér❛t✐♦♥s q✉❡ ❧✬❛♣♣❧✐❝❛t✐♦♥ ❞✬✉♥❡ ♠❛tr✐❝❡ ❞❡ ❝♦♠♠❛♥❞❡ à ✉♥ ✈❡❝t❡✉r
❞❡ ♠❡s✉r❡s✳

✶✷✳✷ ▲❡s ❝♦♥❞✐t✐♦♥s ❞❡ t✉r❜✉❧❡♥❝❡ ✈❛r✐❛❜❧❡s

▲❛ ✜❣✉r❡ ✶✷✳✷ ♣rés❡♥t❡ ❧❛ ❝♦♠♣❛r❛✐s♦♥ ❞❡s ❛❧❣♦r✐t❤♠❡s ❧♦rsq✉❡ ❧❡s ❝♦♥❞✐t✐♦♥s ❞❡ t✉r✲
❜✉❧❡♥❝❡ ❛t♠♦s♣❤ér✐q✉❡ é✈♦❧✉❡♥t✳ ▲❛ ❝♦✉r❜❡ ❡♥ ♣♦✐♥t✐❧❧és ♠❛tér✐❛❧✐s❡ ❧✬❡rr❡✉r t❤é♦r✐q✉❡
❛ss♦❝✐é❡ ❛✉ r❡t❛r❞ ❞❡ ❧❛ ❝♦rr❡❝t✐♦♥ ❡t ❛✉ s♦✉s✲❞✐♠❡♥s✐♦♥♥❡♠❡♥t ❞✉ s②stè♠❡✳ ▲✬é❝❛rt
❡♥tr❡ ❝❡tt❡ ❝♦✉r❜❡ ❡st ❧❡ r❛♣♣♦rt ❞❡ ❙tr❡❤❧ ❡♥❣❡♥❞ré ♣❛r ❝❤❛❝✉♥❡ ❞❡s ♠ét❤♦❞❡s ❝♦r✲
r❡s♣♦♥❞ à ❧✬❡rr❡✉r ❞✬❡st✐♠❛t✐♦♥ ❞❡ ❧❛ ❝♦rr❡❝t✐♦♥ 〈ǫ2〉M✳ P♦✉r ❧❡ ❣r❛♣❤✐q✉❡ ❞❡ ❣❛✉❝❤❡✱
❧♦rsq✉❡ ❧❡ ♣❛r❛♠ètr❡ ❞❡ ❋r✐❡❞ ❞❡ ❧❛ t✉r❜✉❧❡♥❝❡ r0 ✈❛r✐❡ ❧✬é❝❛rt à ❧❛ ❧✐♠✐t❡ t❤é♦r✐q✉❡
❡st ré❣✉❧✐❡r ♣♦✉r t♦✉t❡s ❧❡s ♠ét❤♦❞❡s✳ ➚ ❞r♦✐t❡✱ ❧♦rsq✉❡ ❧❡ t❡♠♣s ❞❡ ❝♦❤ér❡♥❝❡ ❞❡ ❧❛
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❋✐❣✳ ✶✷✳✷ ✕ ❘❛♣♣♦rt ❞❡ ❙tr❡❤❧ ❧♦♥❣✉❡ ♣♦s❡ ✭à 2.2µ♠✮ ❛♣rès ✺✵ ❜♦✉❝❧❡s ❡♥ ❢♦♥❝t✐♦♥
❞❡s ❝♦♥❞✐t✐♦♥s ❞❡ t✉r❜✉❧❡♥❝❡ ✿ r0/dl à ✺✵✵♥♠ ✭à ❣❛✉❝❤❡✮ ❡t τ/τ0 à ✺✵✵♥♠ ✭à ❞r♦✐t❡✮✳
❚r❛✐t ♣♦✐♥t✐❧❧é ✿ P❡r❢♦r♠❛♥❝❡ t❤é♦r✐q✉❡ ❞é❞✉✐t❡ ❞❡ ❧✬❡rr❡✉r ❞❡ s♦✉s✲❞✐♠❡♥s✐♦♥♥❡♠❡♥t ❡t
❞❡ ❧✬❡rr❡✉r ❞✉❡ ❛✉ r❡t❛r❞✳ ❈❡r❝❧❡s ❡t tr❛✐t ♣❧❡✐♥ ✿ ❋r■▼ ❈▼■✳ ❚r✐❛♥❣❧❡s ❡t tr❛✐ts t✐r❡tés ✿
▼▼❱ ❛✈❡❝ ✐♥té❣r❛t❡✉r✳ ➱t♦✐❧❡s ❛✈❡❝ tr❛✐t ♣♦✐♥t✐❧❧é✲t✐r❡té ✿ ❋❚❘ ❛✈❡❝ ✐♥té❣r❛t❡✉r✳

t✉r❜✉❧❡♥❝❡ ❞❡✈✐❡♥t très ❢❛✐❜❧❡✱ ❧❡s ♠ét❤♦❞❡s ❋r■▼ ❈▼■ ❡t ▼▼❱✲■ ♣r♦❞✉✐s❡♥t ✉♥ ❙tr❡❤❧
❧♦♥❣✉❡ ♣♦s❡ s✉♣ér✐❡✉r à ❧❛ ✈❛❧❡✉r t❤é♦r✐q✉❡✳ ▲❛ ❝♦✉r❜❡ t❤é♦r✐q✉❡ s✉♣♣♦s❡ ✉♥❡ ❞é❝♦rré✲
❧❛t✐♦♥ t♦t❛❧❡ ❞❡s ❡rr❡✉rs ❞✉❡s ❛✉ r❡t❛r❞ ❡t ❛✉ s♦✉s✲❞✐♠❡♥s✐♦♥♥❡♠❡♥t✳ ▲❡ ❢❛✐t q✉❡ ❝❡tt❡
❧✐♠✐t❡ s♦✐t ❞é♣❛ssé❡ ♠♦♥tr❡ s✐♠♣❧❡♠❡♥t q✉❡ ❝❡s ❞❡✉① ❡rr❡✉rs s♦♥t ❝♦rré❧é❡s✳

▲♦rsq✉❡ r0 ♦✉ τ0 ❝❤❛♥❣❡✱ ❋r■▼ ❈▼■ ✭❝❡r❝❧❡s ❡t tr❛✐t ♣❧❡✐♥✮ ♣r♦❞✉✐t t♦✉❥♦✉rs ❧❡
♠❡✐❧❧❡✉r r❛♣♣♦rt ❞❡ ❙tr❡❤❧✳ ▲❛ ♠ét❤♦❞❡ ▼▼❱✲■ ❛ ✉♥❡ ♣❡r❢♦r♠❛♥❝❡ ❝♦♠♣❛r❛❜❧❡✳ ◆é❛♥✲
♠♦✐♥s✱ ♦♥ ♣❡✉t ♣ré❝✐s❡r q✉❡✱ ♣♦✉r ♦❜t❡♥✐r ❝❡tt❡ ♣❡r❢♦r♠❛♥❝❡✱ ❧❛ ♠ét❤♦❞❡ ▼▼❱✲■ ❞♦✐t
r❡str❡✐♥❞r❡ ❧❡s ♠❡s✉r❡s ♣r✐s❡s ❡♥ ❝♦♠♣t❡ à ❝❡❧❧❡s ✐ss✉❡s ❞❡s s♦✉s✲♣✉♣✐❧❧❡s ✐❧❧✉♠✐♥é❡s s✉r
✾✵✪ ❞❡ ❧❡✉r s✉r❢❛❝❡✳ ▲❛ ♠ét❤♦❞❡ ❋r■▼ ❈▼■ ❣❛r❞❡ t♦✉t❡s ❧❡s ♠❡s✉r❡s ❢♦✉r♥✐❡s ♣❛r ❖❝t♦✲
♣✉s ✭✐✳❡✳ t❛✉① ❞✬✐❧❧✉♠✐♥❛t✐♦♥ ❞❡ ✼✺✪ ♠✐♥✐♠✉♠✮ ❡t ❛♣♣❧✐q✉❡ ✉♥❡ ✐♥❝❡rt✐t✉❞❡ ❞❡ ♠❡s✉r❡
✉♥✐❢♦r♠❡ s✉r t♦✉t❡ ❧❛ ♣✉♣✐❧❧❡ ✭❝❢✳ r❡♠❛rq✉❡ à ❧❛ ✜♥ ❞❡ ❧❛ s❡❝t✐♦♥ ✶✶✳✷✳✷✮✳

▲❛ ♠ét❤♦❞❡ ❋❚❘✲■ ❝♦♥❞✉✐t ❣é♥ér❛❧❡♠❡♥t à ✉♥ r❛♣♣♦rt ❞❡ ❙tr❡❤❧ ❧é❣èr❡♠❡♥t ✐♥❢ér✐❡✉r
❛✉① ❞❡✉① ❛✉tr❡s ♠ét❤♦❞❡s✳

✶✷✳✸ ▲❛ st❛❜✐❧✐té ✈✐s✲à✲✈✐s ❞❡s ❡rr❡✉rs ❞✬❛❧✐❣♥❡♠❡♥ts ❞✉ s②s✲

tè♠❡

▲❡s ❞é❢❛✉ts ❞✬❛❧✐❣♥❡♠❡♥ts ❞✉ s②stè♠❡ ❞✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ✐♥tr♦❞✉✐s❡♥t ❞❡s ❡rr❡✉rs
❞❡ ♠♦❞é❧✐s❛t✐♦♥✳ ▲❛ r♦❜✉st❡ss❡ ✈✐s✲à✲✈✐s ❞❡ ❝❡s ❡rr❡✉rs ❛ été ét✉❞✐é❡ ❡♥ ❞é❝❛❧❛♥t ❧❛
❣r✐❧❧❡ ❞❡ ♣♦s✐t✐♦♥ ❞❡s ❛❝t✐♦♥♥❡✉rs ♣❛r r❛♣♣♦rt à ❝❡❧❧❡ ❞❡s ❝♦✐♥s ❞❡s s♦✉s✲♣✉♣✐❧❧❡s ❞❡
❧✬❛♥❛❧②s❡✉r✳ ▲❡ ❞é♣❧❛❝❡♠❡♥t ❡st ❢❛✐t ❞❛♥s ✉♥❡ s❡✉❧❡ ❞✐r❡❝t✐♦♥✱ x✱ ❝♦❧✐♥é❛✐r❡ à ✉♥ ❞❡s ❛①❡s
❞✬é❝❤❛♥t✐❧❧♦♥♥❛❣❡✳ P❧✉s✐❡✉rs ❞é❝❛❧❛❣❡s ♦♥t été s✐♠✉❧és✱ ✐❞❡♥t✐✜és ♣❛r ❧❡ r❛♣♣♦rt ❞❡ ❧❛
tr❛♥s❧❛t✐♦♥ à ❧❛ t❛✐❧❧❡ ❞✬✉♥❡ s♦✉s✲♣✉♣✐❧❧❡ dl✳ ▲✬é✈♦❧✉t✐♦♥ ❞✉ r❛♣♣♦rt ❞❡ ❙tr❡❤❧ ❝♦✉rt❡ ♣♦s❡
♣♦✉r ❧❡s tr♦✐s ♠ét❤♦❞❡s ❧♦rs ❞❡s ✺✵ ♣r❡♠✐èr❡s ✐tér❛t✐♦♥s ❡st ✐❧❧✉stré s✉r ❧❛ ✜❣✉r❡ ✶✷✳✸✳
▲❡s ♠ét❤♦❞❡s ▼▼❱✲■ ❡t ❋❚❘✲■ ♠♦♥tr❡♥t ❞❡s ♣❡rt❡s ❞❡ ♣❡r❢♦r♠❛♥❝❡ s✐❣♥✐✜❝❛t✐✈❡s à
♣❛rt✐r ❞✬✉♥ ❞é❢❛✉t ❞✬❛❧✐❣♥❡♠❡♥t ❞❡ 3 dl/8✳ ■❧ ❢❛✉❞r❛✐t ♣♦✉rs✉✐✈r❡ ❧❡ ♥♦♠❜r❡ ❞❡ ❜♦✉❝❧❡s
s✐♠✉❧é❡s ♣♦✉r ♦❜s❡r✈❡r s✐ ❧❡ s②stè♠❡ ❡st ✐♥st❛❜❧❡✳
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❋✐❣✳ ✶✷✳✸ ✕ ➱✈♦❧✉t✐♦♥ ❞✉ r❛♣♣♦rt ❞❡ ❙tr❡❤❧ ❝♦✉rt❡ ♣♦s❡ ❛✉ ❝♦✉rs ❞❡ ✺✵ ♣r❡♠✐èr❡s ❜♦✉❝❧❡s
❞✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ❡♥ ❢♦♥❝t✐♦♥ ❞✉ ❞é❢❛✉t ❞✬❛❧✐❣♥❡♠❡♥t ❞✉ ♠✐r♦✐r ✿ ❛✉❝✉♥ ✭tr❛✐t ♣❧❡✐♥✮✱
dl/8 ✭tr❛✐t t✐r❡té✮✱ dl/4 ✭tr❛✐t ♣♦✐♥t✐❧❧é t✐r❡té✮✱ 3dl/8 ✭tr❛✐t ♣♦✐♥t✐❧❧é✲♣♦✐♥t✐❧❧é✲t✐r❡té✮ ❡t
dl/2✭tr❛✐t ♣♦✐♥t✐❧❧é✮✳ ➚ ❣❛✉❝❤❡ ✿ ❋r■▼ ❈▼■✳ ❆✉ ❝❡♥tr❡ ✿ ▼▼❱✲■✳ ➚ ❞r♦✐t❡ ✿ ❋❚❘✲■✳

❙✉r ❧❡s ✺✵ ♣r❡♠✐èr❡s ❜♦✉❝❧❡s✱ ❋❘■▼ ❈▼■ ♠♦♥tr❡ ✉♥ ❝♦♠♣♦rt❡♠❡♥t st❛❜❧❡ ♠ê♠❡
♣♦✉r ✉♥ ❞é❢❛✉t ❞✬❛❧✐❣♥❡♠❡♥t ❞❡ 3dl/8✳ ❊♥ r❡✈❛♥❝❤❡✱ ❧❛ ❝❤✉t❡ ❞✉ r❛♣♣♦rt ❞❡ ❙tr❡❤❧ ♣♦✉r
✉♥ ❞é❝❛❧❛❣❡ ❞❡ dl/2 s❡♠❜❧❡ ❛♥♥♦♥❝❡r ✉♥❡ ✐♥st❛❜✐❧✐té✳

❈❡s ♣r❡♠✐èr❡s ét✉❞❡s ♦♥t été ❛♣♣r♦❢♦♥❞✐❡s ❡♥ ♣♦✉rs✉✐✈❛♥t ❧❛ s✐♠✉❧❛t✐♦♥ s✉r ✶✵✵✵
❜♦✉❝❧❡s✳ ❊❧❧❡s s♦♥t ✐❧❧✉stré❡s ♣❛r ❧❡s ❣r❛♣❤✐q✉❡s ❞❡ ❧❛ ✜❣✉r❡ ✶✷✳✹✳ ➚ ❣❛✉❝❤❡✱ ❧❡ ❞é❢❛✉t
❞✬❛❧✐❣♥❡♠❡♥t ❡st ❞❡ 3dl/8✱ ❡t ❛✈❡❝ ✺ ✐tér❛t✐♦♥s ♣❛r ❜♦✉❝❧❡ ♣♦✉r ❧❡ r❡❝♦♥str✉❝t❡✉r ❋r■▼
▼❆P✱ ❧❡ r❛♣♣♦rt ❞❡ ❙tr❡❤❧ ❡st st❛❜❧❡✳ ❏❡ ♥✬❛✐ ♣❛s ❡✛❡❝t✉é ❝❡tt❡ s✐♠✉❧❛t✐♦♥ ❛✈❡❝ ✉♥
♥♦♠❜r❡ ♣❧✉s ❢❛✐❜❧❡ ❞✬✐tér❛t✐♦♥s✳ ❉❡ s✉r❝r♦ît✱ ✐❧ ❝♦♥s❡r✈❡ ✉♥ ♥✐✈❡❛✉ s✉♣ér✐❡✉r à ✼✵✪✱
t❛♥❞✐s q✉❡ ❧❡s ❛✉tr❡s ♠ét❤♦❞❡s r❡♣rés❡♥té❡s s✉r ❧❛ ✜❣✉r❡ ✶✷✳✸ ♥✬❛tt❡✐❣♥❡♥t ❝❡ ♥✐✈❡❛✉
❞❡ ♣❡r❢♦r♠❛♥❝❡ à ❛✉❝✉♥ ♠♦♠❡♥t ❛✉ ❝♦✉rs ❞❡s ✺✵ ♣r❡♠✐èr❡s ❜♦✉❝❧❡s ♣♦✉r ✉♥ t❡❧ ❞é❢❛✉t
❞✬❛❧✐❣♥❡♠❡♥t✳

➚ ❞r♦✐t❡✱ ♣♦✉r ✉♥ ❞é❢❛✉t ❞✬❛❧✐❣♥❡♠❡♥t ❞✬✉♥❡ ❞❡♠✐✲s♦✉s✲♣✉♣✐❧❧❡✱ ❋r■▼ ❈▼■ ♥❡ ♣❡r♠❡t
♣❧✉s ❞❡ ❝♦rr✐❣❡r ❝♦rr❡❝t❡♠❡♥t ❧❡ s②stè♠❡✱ ♠ê♠❡ ♣♦✉r ✉♥❡ r❡❝♦♥st✉❝t✐♦♥ ❛✈❡❝ ✉♥ ❣r❛♥❞
♥♦♠❜r❡ ❞✬✐tér❛t✐♦♥s ✭✷✵✮✳ ▲❡ ❝♦♠♣♦rt❡♠❡♥t ❡st ✐♥st❛❜❧❡✳

✶✷✳✹ ▲❛ ♣❡r❢♦r♠❛♥❝❡ à ❢❛✐❜❧❡ ✢✉①

▲❡s ❛❧❣♦r✐t❤♠❡s s♦♥t ❝♦♠♣❛rés ♣♦✉r ❞✐✛ér❡♥ts ♥♦♠❜r❡ ♠♦②❡♥s ❞❡ ♣❤♦t♦♥s N♣❤ ✐♥✲
❝✐❞❡♥ts ♣❛r s♦✉s✲♣✉♣✐❧❧❡ ✿ ✶✵✵✵✱ ✶✵✵✱ ✶✵ ❡t ✶ ♣❤♦t♦♥s✳ ▲❡ r❛♣♣♦rt ❞❡ ❙tr❡❤❧ ❧♦♥❣✉❡ ♣♦s❡
❛♣rès ❝✐♥q✉❛♥t❡ ❜♦✉❝❧❡s ♣♦✉r ❝❤❛q✉❡ ♠ét❤♦❞❡ ✭✶✵✵ ❜♦✉❝❧❡s ♣♦✉r N♣❤ = 1 ♣❤♦t♦♥✮ ❡st
tr❛❝é à ❣❛✉❝❤❡ ❞❡ ❧❛ ✜❣✉r❡ ✶✷✳✺✳ ❖♥ r❡♠❛rq✉❡ q✉❡ ❧✬❛✈❛♥t❛❣❡ ❞❡ ❧✬❛❧❣♦r✐t❤♠❡ ❋r■▼
❈▼■ ❞✐s♣❛r❛ît ♣♦✉r ✶ ♣❤♦t♦♥ ♠♦②❡♥ r❡ç✉ ♣❛r s♦✉s✲♣✉♣✐❧❧❡✳ ▲✬é✈♦❧✉t✐♦♥ ❞✉ r❛♣♣♦rt ❞❡
❙tr❡❤❧ ❝♦✉rt❡ ♣♦s❡ ❡st r❡♣rés❡♥té s✉r ❧❡ ❣r❛♣❤✐q✉❡ ❞❡ ❞r♦✐t❡ ❞❡ ❧❛ ✜❣✉r❡ ✶✷✳✺✳ ❈❡ ❝❛s ❞❡
✜❣✉r❡✱ N♣❤ = 1 ♣❤♦t♦♥✱ ❝♦rr❡s♣♦♥❞ à ✉♥❡ s✐t✉❛t✐♦♥ ❞❛♥s ❧❛q✉❡❧❧❡ ✉♥ ❣r❛♥❞ ♥♦♠❜r❡ ❞❡
s♦✉s✲♣✉♣✐❧❧❡ ♥❡ r❡ç♦✐✈❡♥t ♣❛s ❞❡ ♣❤♦t♦♥s✱ ❛✉tr❡♠❡♥t ❞✐t ❡❧❧❡s s♦♥t ét❡✐♥t❡s✳ ❙✬✐❧ ♥✬② ❛
♣❛s ❞❡ ✢✉① ❡♥tr❛♥t ❞❛♥s ✉♥❡ s♦✉s✲♣✉♣✐❧❧❡✱ ✐❧ ♥✬② ❛ ♣❛s ❞❡ t❛❝❤❡ ✐♠❛❣❡ s✉r ❧❡ ❞ét❡❝t❡✉r ❡t
❞♦♥❝ ♣❛s ❞❡ ♠❡s✉r❡ ❞❡ ♣❡♥t❡ ❛ss♦❝✐é❡ à ❝❡tt❡ s♦✉s✲♣✉♣✐❧❧❡✳ ❖❝t♦♣✉s ❞é❧✐✈r❡ ❞❡s ✈❛❧❡✉rs
❞❡ ♣❡♥t❡s ♥✉❧❧❡s ❧à ♦ù ✐❧ ♥✬② ❛ ♣❛s ❡✉ ❞❡ ♠❡s✉r❡ ❡✛❡❝t✐✈❡✳ ▼❛✐s ❖❝t♦♣✉s ♣❡✉t é❣❛❧❡♠❡♥t
♣ré❝✐s❡r à ❝❤❛q✉❡ ❜♦✉❝❧❡ q✉❡❧❧❡ s♦✉s✲♣✉♣✐❧❧❡ ♥✬❛ ♣❛s r❡ç✉ ❞❡ ✢✉①✳

❉❛♥s ❧❡s s✐♠✉❧❛t✐♦♥s ♣rés❡♥té❡s s✉r ❧❡ ❣r❛♣❤✐q✉❡ ❞❡ ❣❛✉❝❤❡ ❞❡ ❧❛ ✜❣✉r❡ ✶✷✳✺✱ ❛✉❝✉♥
❞❡s ❛❧❣♦r✐t❤♠❡s ♥✬❡st ❝♦♥s❝✐❡♥t ❞❡ ❧✬❡①t✐♥❝t✐♦♥ ❞❡ ❝❡rt❛✐♥❡s s♦✉s✲♣✉♣✐❧❧❡s✳ ■❧s tr❛✐t❡♥t
t♦✉s tr♦✐s ❞❡s ❥❡✉① ❞❡ ♠❡s✉r❡s d r❡♠♣❧✐s ♠❛❥♦r✐t❛✐r❡♠❡♥t ❞✬é❧é♠❡♥ts ♥✉❧s✳ ❈❡tt❡ ❢❛✲
ç♦♥ ❞❡ ❢❛✐r❡ ❝♦rr❡s♣♦♥❞ à ✐♥✈❡♥t❡r ❞❡s ❞♦♥♥é❡s✱ ❝❡ q✉✐ ❞✬✉♥ ♣♦✐♥t ❞❡ ✈✉❡ ❞❡ ❧❛ ❝♦♠✲



✶✷✳✹✳ ▲❆ P❊❘❋❖❘▼❆◆❈❊ ➚ ❋❆■❇▲❊ ❋▲❯❳ ✷✹✼

 200  400  600  800  1000
0.0

0.2

0.4

0.6

0.8

 200  400  600  800  1000
0.0

0.2

0.4

0.6

0.8

❋✐❣✳ ✶✷✳✹ ✕ ➱✈♦❧✉t✐♦♥ ❞✉ r❛♣♣♦rt ❞❡ ❙tr❡❤❧ ❧♦♥❣✉❡ ♣♦s❡ ✭à 2.2µ♠✮ ❛✉ ❝♦✉rs ❞❡s ✶✵✵✵
♣r❡♠✐èr❡s ❜♦✉❝❧❡s✳ ➚ ❣❛✉❝❤❡ ✿ ▲❡ ❞é❢❛✉t ❞✬❛❧✐❣♥❡♠❡♥t ❞✉ ♠✐r♦✐r ❡st ❞❡ 3dl/8 ❡t ❧❡
♥♦♠❜r❡ ❞✬✐tér❛t✐♦♥s ❛✉t♦r✐sé❡s ♣♦✉r ❋r■▼ ▼❆P ❡st ✺✳ ➚ ❞r♦✐t❡ ✿ ▲❡ ❞é❢❛✉t ❞✬❛❧✐❣♥❡♠❡♥t
❞✉ ♠✐r♦✐r ❡st ❞✬✉♥❡ ❞❡♠✐✲s♦✉s✲♣✉♣✐❧❧❡ ✭dl/2✮ ❡t ❧❡ ♥♦♠❜r❡ ❞✬✐tér❛t✐♦♥s ❛✉t♦r✐sé❡s ♣♦✉r ❧❡
r❡❝♦♥str✉❝t❡✉r ❋r■▼ ▼❆P ❡st ❛❧t❡r♥❛t✐✈❡♠❡♥t ✷✭tr❛✐t ♣♦✐♥t✐❧❧é t✐r❡té✮✱ ✺ ✭tr❛✐t t✐r❡té✮✱
✷✵ ✭tr❛✐t ♣❧❡✐♥✮✳

♠❛♥❞❡ ♣❡✉t s✬❛✈ér❡r ♣r♦❜❧é♠❛t✐q✉❡✳ ❚♦✉t❡❢♦✐s✱ ❧❡s ❝♦✉r❜❡s ♠♦♥tr❡♥t q✉❡ ❧❡s ♠ét❤♦❞❡s
❞❡ r❡❝♦♥str✉❝t✐♦♥ ❛✈❡❝ ❧✬✐♥té❣r❛t❡✉r s❝❛❧❛✐r❡✱ ❋❚❘✲■ ❡t ▼▼❱✲■✱ s♦♥t ♣❛rt✐❝✉❧✐èr❡♠❡♥t
♣❡r❢♦r♠❛♥t❡s ❞❛♥s ❝❡ ❝❛s✳

❈❡ ♥✬❡st ♣❛s ❧❡ ❝❛s ❞❡ ❋r■▼ ❈▼■✳ ▲❛ ♣❡rt❡ ❞✬✐♥❢♦r♠❛t✐♦♥ ♣r♦✈♦q✉é❡ ♣❛r ❝❡tt❡ ❛❜s❡♥❝❡
❞❡ ✢✉① ❞é❣r❛❞❡ ❢♦rt❡♠❡♥t ❧❡s ♣❡r❢♦r♠❛♥❝❡s ❞❡ ❧❛ ❝♦♠♠❛♥❞❡✳

P❛r ❛✐❧❧❡✉rs✱ ❧✬❛❧❣♦r✐t❤♠❡ ❋r■▼ ❈▼■ ❛ ❧✬❛✈❛♥t❛❣❡ ❞❡ ♣♦✉✈♦✐r t❡♥✐r ❝♦♠♣t❡ ❞❡ ❝❡s
❛❜s❡♥❝❡s ❞❡ ♠❡s✉r❡s ❞❛♥s s♦♥ ❡st✐♠❛t✐♦♥✳ ❊♥ ❡✛❡t✱ à ❧❛ s❡❝t✐♦♥ ✻✱ ❥✬❛✐ ❡①♣❧✐q✉é q✉❡
❧✬❛❣♦r✐t❤♠❡ ❋r■▼ ▼❆P ✉t✐❧✐s❡ ❧❡s ❣r❛❞✐❡♥ts ❝♦♥❥✉❣✉és s❛♥s ♣ré❝❛❧❝✉❧❡r ❧❛ ♠❛tr✐❝❡ A❢r❛❝

❞✉ s②stè♠❡ à rés♦✉❞r❡ ✭❝❢✳ éq✉❛t✐♦♥ ✭✻✳✷✶✮✮ ✳ ❈❤❛❝✉♥ ❞❡s é❧é♠❡♥ts ❞❡ ❝❡tt❡ ♠❛tr✐❝❡
❡st ❛♣♣❧✐q✉é à ✉♥ ✈❡❝t❡✉r ♣❛r ✉♥ ❛❧❣♦r✐t❤♠❡ q✉✐ ❧✉✐ ❡st ♣r♦♣r❡✳ ■❧ ❡st ❛✐♥s✐ ❢❛❝✐❧❡ ❞❡
♠♦❞✐✜❡r ❧❛ ♠❛tr✐❝❡ ❞✐❛❣♦♥❛❧❡ C−1

e ♣♦✉r t❡♥✐r ❝♦♠♣t❡ à ❝❤❛q✉❡ ❜♦✉❝❧❡ ❞❡ ❧✬❡①t✐♥❝t✐♦♥ ❞❡
❝❡rt❛✐♥❡s s♦✉s✲♣✉♣✐❧❧❡s✳ ❈❡❝✐ ✐♠♣❧✐q✉❡ s✐♠♣❧❡♠❡♥t ❞❡ r❡♠♣❧❛❝❡r ❧❡s é❧é♠❡♥ts ❞✐❛❣♦♥❛✉①
❝♦rr❡s♣♦♥❞❛♥ts ♣❛r ❞❡s ③ér♦s✳ ❯♥❡ t❡❧❧❡ str❛té❣✐❡ ❡st ♣❧✉s ❤♦♥♥êt❡ ❞❛♥s ❧❡ s❡♥s ♦✉ ✐❧
♥✬② ❛ ♣❛s ❞✬✐♥✈❡♥t✐♦♥ ❞❡ ❞♦♥♥é❡s✳ ❈❡♣❡♥❞❛♥t✱ ❡♥ ♣r❛t✐q✉❡✱ ❧♦rsq✉❡ ❋r■▼ ❈▼■ t✐❡♥t
❝♦♠♣t❡ ❞❡ ❝❡s s♦✉s✲♣✉♣✐❧❧❡s ét❡✐♥t❡s✱ s❡s ♣❡r❢♦r♠❛♥❝❡s ♥❡ s✬❛♠é❧✐♦r❡♥t ♣❛s✳ ❊❧❧❡s s♦♥t
♣❧✉s ♦✉ ♠♦✐♥s ✐❞❡♥t✐q✉❡s✳ ❈❡❝✐ s✬❡①♣❧✐q✉❡ ♥♦t❛♠♠❡♥t ♣❛r ❧❡ ❢❛✐t q✉❡ ❞❡ ❧✬✐♥❢♦r♠❛t✐♦♥
❛ été r❡t✐ré❡✳ ❈❡rt❡s✱ ❝❡tt❡ ✐♥❢♦r♠❛t✐♦♥✱ ❧❡s ♣❡♥t❡s ♥✉❧❧❡s ❞❡s s♦✉s✲♣✉♣✐❧❧❡s ét❡✐♥t❡s✱ ❡st
✐♥✈❡♥té❡ ♠❛✐s ❡❧❧❡ ❥♦✉❡ ❧❡ rô❧❡ ❞✬❛ ♣r✐♦r✐ ♣♦✉r ré❣✉❧❛r✐s❡r ❧❛ ❞②♥❛♠✐q✉❡ ❞❡ ❧❛ ❝♦♠♠❛♥❞❡✳

❉✬❛♣rès ❧❡s ❝❛r❛❝tér✐st✐q✉❡s ❞✉ s②stè♠❡ ❞✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ❞é❝r✐t❡s ❞❛♥s ❧❛ t❛❜❧❡ ✶✶✳✶✱
❡♥ s✉♣♣♦s❛♥t ✉♥❡ ❜❛♥❞❡ s♣❡❝tr❛❧❡ ❞❡ ✶✵✵♥♠ ♣♦✉r ❧❡ ❞ét❡❝t❡✉r ❞❡ ❧✬❛♥❛❧②s❡✉r ❡t ✉♥ t❛✉①
❞❡ tr❛♥s♠✐ss✐♦♥ ❣❧♦❜❛❧ ❞✉ s②stè♠❡ ♦♣t✐q✉❡ ❞❡ ✵✳✺✱ ❛❧♦rs ✉♥ ❝❛s N♣❤ = 10 ♣❤♦t♦♥s ❝♦r✲
r❡s♣♦♥❞ à ✉♥❡ ét♦✐❧❡ ❞❡ ré❢ér❡♥❝❡ ❞❡ ♠❛❣♥✐t✉❞❡ mv = 12.7 ❡t ✉♥ ❝❛s N♣❤ = 1 ♣❤♦t♦♥
❝♦rr❡s♣♦♥❞ à ✉♥❡ ét♦✐❧❡ ❞❡ ré❢ér❡♥❝❡ ❞❡ ♠❛❣♥✐t✉❞❡ mv = 15.2✳ ■❧ ❡st ✐♠♣♦rt❛♥t q✉❡ ❧✬❛❧✲
❣♦r✐t❤♠❡ ❞❡ ❝♦♠♠❛♥❞❡ ❞❡ ❧✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ s♦✐t ❡♥❝♦r❡ ♣❡r❢♦r♠❛♥t s✉r ✉♥❡ ét♦✐❧❡
❞❡ ré❢ér❡♥❝❡ ❞❡ ♠❛❣♥✐t✉❞❡ ❞❡ ✶✶ ❛✉ ♠♦✐♥s✳ ❈✬❡st ♣♦✉rq✉♦✐ ❧❡ ♣r♦❜❧è♠❡ s♣é❝✐✜q✉❡ à ❧❛
❝♦rr❡❝t✐♦♥ à ❢❛✐❜❧❡ ✢✉① ❛ été ét✉❞✐é ❞❡ ❢❛ç♦♥ ♣❧✉s ❛♣♣r♦❢♦♥❞✐❡✳ ▲❛ ❞❡r♥✐èr❡ ♣❛rt✐❡ ❞❡
❝❡tt❡ s❡❝t✐♦♥ ❡st ❝♦♥s❛❝ré❡ à ❝❡tt❡ ét✉❞❡✳
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❋✐❣✳ ✶✷✳✺ ✕ ➚ ❣❛✉❝❤❡ ✿ ❘❛♣♣♦rt ❞❡ ❙tr❡❤❧ ❧♦♥❣✉❡ ♣♦s❡ ✭à 2.2µ♠✮ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ N♣❤✳
➱✈❛❧✉❛t✐♦♥ ❛✉ ❜♦✉t ❞❡ ✺✵ ❜♦✉❝❧❡s ♣♦✉r N♣❤ = 1000✱ ✶✵✵ ❡t ✶✵ ♣❤♦t♦♥s ❡t ❛✉ ❜♦✉t ❞❡
✶✵✵ ♣♦✉r N♣❤ = 1 ♣❤♦t♦♥✳ ▼ê♠❡ ❧é❣❡♥❞❡ q✉❡ ♣♦✉r ❧❛ ✜❣✉r❡ ✶✷✳✷✳ ➚ ❞r♦✐t❡ ✿ ➱✈♦❧✉t✐♦♥
❞✉ r❛♣♣♦rt ❞❡ ❙tr❡❤❧ ❝♦✉rt❡ ♣♦s❡ ❛✉ ❝♦✉rs ❞❡s ❜♦✉❝❧❡s ♣♦✉r N♣❤ = 1 ♣❤♦t♦♥✳

P♦✉r ❝❡❧❛✱ ❥❡ r❡♣r❡♥❞s ❧✬❛♥❛❧②s❡ ❞✉ ❝♦rr❡❝t❡✉r ❢❛✐t❡ ❞❛♥s ❧❛ s❡❝t✐♦♥ ✾✳✻✳ ▲❛ ♠é✲
t❤♦❞❡ ❋r■▼ ❈▼■ ❡st ❝❛r❛❝tér✐sé❡ ♣❛r ❧❡ ❞✐❛❣r❛♠♠❡ s✐t✉é ❡♥ ❤❛✉t ❞❡ ❧❛ ✜❣✉r❡ ✾✳✸✱ ❛✈❡❝
Q▼■(z) = 1✳ ❊♥ t❤é♦r✐❡✱ ❝❡ ❞✐❛❣r❛♠♠❡ ❡st éq✉✐✈❛❧❡♥t à ❝❡❧✉✐ s✐t✉é ❡♥ ❜❛s ❞❡ ❧❛ ✜❣✉r❡ ✾✳✸✱
❛✈❡❝

Q(z) = Q▼■(z)
(
I−E ·Gz−2Q▼■(z)

)−1
. ✭✶✷✳✶✮

▲❡s ❞❡✉① ♠ét❤♦❞❡s ❋❚❘✲■ ❡t ▼▼❱✲■ ♣❡✉✈❡♥t é❣❛❧❡♠❡♥t êtr❡ r❡♣rés❡♥té❡s ♣❛r ❧❡ ❞✐❛✲
❣r❛♠♠❡ ❞✉ ❜❛s ❞❡ ❧❛ ✜❣✉r❡ ✾✳✸✱ ♠❛✐s ❛✈❡❝ ✉♥ ❝♦rr❡❝t❡✉r Q s❝❛❧❛✐r❡✱ ❞❡ t②♣❡ ✐♥té❣r❛t❡✉r✱
✐✳❡✳

Q(z) =
Ki

1− z−1
I . ✭✶✷✳✷✮

P✉✐sq✉❡ ❧❡s ♠ét❤♦❞❡s ❋❚❘✲■ ❡t ▼▼❱✲■ t✐r❡♥t ♣r♦✜t ❞❡ ❧✬✐♥té❣r❛t✐♦♥ à ❢❛✐❜❧❡ ✢✉①✱ ❥✬✐♥✲
✈❡st✐❣✉❡ ❧❛ ♣♦ss✐❜✐❧✐té ❞✬❛♣♣r♦①✐♠❡r ❧❛ ♠❛tr✐❝❡ Q(z) ❞❡ ❧✬éq✉❛t✐♦♥ ✭✶✷✳✶✮ ♣❛r ✉♥ ✐♥té✲
❣r❛t❡✉r s❝❛❧❛✐r❡ ❝♦♠♠❡ ❞é❝r✐t ♣❛r ❧✬❡①♣r❡ss✐♦♥ ✭✶✷✳✷✮✳ ▲✬❛♣♣r♦①✐♠❛t✐♦♥ ❧❛ ♣❧✉s é✈✐❞❡♥t❡
à ❢❛✐r❡ ❝♦♥s✐st❡ à é❝r✐r❡ q✉❡ E ·G = I✱ ❞❛♥s ❧✬éq✉❛t✐♦♥ ✭✶✷✳✶✮✳ ❖♥ ♦❜t✐❡♥t ❛❧♦rs ❧❛ ❝♦♠✲
♠❛♥❞❡ P❖▲❈ ♣r♦♣♦sé❡ ♣❛r ●✐❧❧❡s ✭✷✵✵✺✮✱ ❡t s❝❤é♠❛t✐sé❡ ♣❛r ❧❡ ❞✐❛❣r❛♠♠❡ ❞✉ ❜❛s ❞❡
❧❛ ✜❣✉r❡ ✾✳✺✳

❈✬❡st ❝❡ ❝❤♦✐① ❞✬✉♥ ❝♦rr❡❝t❡✉r Q(z) ✐♥té❣r❛t❡✉r s❝❛❧❛✐r❡ q✉✐ ❡st ❢❛✐t ✐❝✐ ♣♦✉r ♠♦❞✐✜❡r
❧✬❛❧❣♦r✐t❤♠❡ ❋r■▼ ❈▼■ ❡t ❧❡ ❝♦♠♣❛r❡r ❛✉① ❞❡✉① ❛✉tr❡s ♠ét❤♦❞❡s ❋❚❘✲■ ❡t ▼▼❱✲
■ à ❢❛✐❜❧❡ ✢✉①✳ ❏❡ ♥♦♠♠❡ ❝❡ ♥♦✉✈❡❛✉ ❝♦rr❡❝t❡✉r ❋r■▼ ❈▼■✲■✳ ❊♥ r❡♠♣❧❛ç❛♥t ❞❛♥s
❧✬éq✉❛t✐♦♥ ✭✶✷✳✶✮✱ E ·G ♣❛r ❧✬✐❞❡♥t✐té ❡t Q(z) ♣❛r ❧✬❡①♣r❡ss✐♦♥ ✭✶✷✳✷✮✱ ♦♥ ♦❜t✐❡♥t

Q▼■(z) =
Ki

1 +Kiz−2 − z−1
. ✭✶✷✳✸✮

▲✬❛❧❣♦r✐t❤♠❡ ❋r■▼ ❈▼■✲■ r❡♣♦s❡ ❛❧♦rs s✉r ❧✬❛r❝❤✐t❡❝t✉r❡ ♣rés❡♥té❡ ❡♥ ❤❛✉t ❞❡ ❧❛
✜❣✉r❡ ✾✳✸✱ ❛✈❡❝ Q▼■(z) ❞♦♥♥é ♣❛r ❧❛ ❢♦r♠✉❧❡ ✭✶✷✳✸✮✳ P❛r ❛✐❧❧❡✉rs✱ ❧❡ r❡❝♦♥tr✉❝t❡✉r ❋r■▼
▼❆P ✉t✐❧✐sé ❞❛♥s ❧❛ ♠ét❤♦❞❡ ❋r■▼ ❈▼■✲■ ♣r❡♥❞ ❡♥ ❝♦♠♣t❡ ❧✬❡①t✐♥❝t✐♦♥ ❞❡s s♦✉s✲♣✉♣✐❧❧❡s
❡♥ ♠♦❞✐✜❛♥t ❧❛ ♠❛tr✐❝❡ C−1

e à ❝❤❛q✉❡ ❜♦✉❝❧❡✳
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❋✐❣✳ ✶✷✳✻ ✕ ➱✈♦❧✉t✐♦♥ ❞✉ r❛♣♣♦rt ❞❡ ❙tr❡❤❧ ❝♦✉rt❡ ♣♦s❡ ✭à 2.2µ♠✮ ❛✉ ❝♦✉rs ❞❡s ✺✵
♣r❡♠✐èr❡s ❜♦✉❝❧❡s✱ ♣♦✉r ❞✐✛ér❡♥t❡s ✈❛❧❡✉rs ❞❡ ❣❛✐♥ ❞❡ ❧✬✐♥té❣r❛t❡✉r Ki = 0.5 ✭tr❛✐t
♣♦✐♥t✐❧❧é✲t✐r❡té✮✱ ✵✳✹ ✭tr❛✐t ♣♦✐♥t✐❧❧é✮✱ ✵✳✸ ✭tr❛✐t t✐r❡té✮ ❡t ✵✳✷ ✭tr❛✐t ♣❧❡✐♥✮✳ ➚ ❣❛✉❝❤❡ ✿
❋r■▼ ❈▼■✲■✳ ➚ ❞r♦✐t❡ ✿ ▼▼❱✲■✳
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❋✐❣✳ ✶✷✳✼ ✕ ▼ê♠❡ ❧é❣❡♥❞❡ q✉❡ ❧❛ ✜❣✉r❡ ✶✷✳✻ ♠❛✐s ♣♦✉r N♣❤ = 10 ♣❤♦t♦♥s✳
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❋✐❣✳ ✶✷✳✽ ✕ ▼ê♠❡ ❧é❣❡♥❞❡ q✉❡ ❧❛ ✜❣✉r❡ ✶✷✳✻ ♠❛✐s ♣♦✉r N♣❤ = 1 ♣❤♦t♦♥✳

▲❡s rés✉❧t❛ts ♦❜t❡♥✉s ♣❛r ❝❡tt❡ ♥♦✉✈❡❧❧❡ ♠ét❤♦❞❡ s♦♥t ♣rés❡♥tés s✉r ❧❡s ✜❣✉r❡s ✶✷✳✻✱
✶✷✳✼ ❡t ✶✷✳✽✱ ♣♦✉r N♣❤ = 100✱ ✶✵ ❡t ✶ ♣❤♦t♦♥ r❡s♣❡❝t✐✈❡♠❡♥t✳ ❈❡s rés✉❧t❛ts ❞❡ s✐♠✉❧❛✲
t✐♦♥s ❛♣♣❡❧❧❡♥t ♣❧✉s✐❡✉rs r❡♠❛rq✉❡s ✿

✕ ▲❡s ♠❡✐❧❧❡✉rs ❙tr❡❤❧ ❢♦✉r♥✐s ♣❛r ❧❡s ❞❡✉① ♠ét❤♦❞❡s s♦♥t ❝♦♠♣❛r❛❜❧❡s✱ s✐ ♦♥ ♥❡
t✐❡♥t ♣❛s ❝♦♠♣t❡ ❞❡ ❧❛ ❝♦✉r❜❡ ❞❡ ❣❛✐♥ ✵✳✷ ♣♦✉r ❧✬❛❧❣♦r✐t❤♠❡ ▼▼❱✲■ à N♣❤ = 1
♣❤♦t♦♥✱ ❞♦♥t ❧✬❛❧❧✉r❡ très ❛❣✐té❡ ❡st ♣❡✉ s❛t✐s❢❛✐s❛♥t❡✳

✕ ▲❡s ♠❡✐❧❧❡✉rs r❛♣♣♦rt ❞❡ ❙tr❡❤❧ ❡t ❧❛ ♣❧✉s ❣r❛♥❞❡ ✈✐t❡ss❡ ❞❡ ❝♦♥✈❡r❣❡♥❝❡ s♦♥t
♦❜t❡♥✉s ❛✈❡❝ ✉♥ ❣❛✐♥Ki = 0.5 ♣♦✉r ❋r■▼ ❈▼■✲■✱ ✐♥❞é♣❡♥❞❛♠♠❡♥t ❞✉ ✢✉① ♠♦②❡♥✳

✕ P♦✉r ▼▼❱✲■✱ ❧❡ ♠❡✐❧❧❡✉r r❛♣♣♦rt ❞❡ ❙tr❡❤❧ ❝♦ï♥❝✐❞❡ ❛✈❡❝ ❧❡ ❣❛✐♥ ❧❡ ♣❧✉s ❢❛✐❜❧❡ ❡t
❧❛ ✈✐t❡ss❡ ❞❡ ❝♦♥✈❡r❣❡♥❝❡ ❧❛ ♣❧✉s ❧❡♥t❡✳

✕ ▲♦rsq✉❡ ❧❡ ❣❛✐♥ ❞é❝r♦ît✱ ❧❛ ✈✐t❡ss❡ ❞❡ ❝♦♥✈❡r❣❡♥❝❡ ❞❡ ❋r■▼ ❈▼■✲■ ❡st ♣❧✉s ❛✛❡❝té❡
q✉❡ ❝❡❧❧❡ ❞❡ ▼▼❱✲■✳

▲❡s ♣❡r❢♦r♠❛♥❝❡s ❞❡ ❝❡ ♥♦✉✈❡❧ ❛❧❣♦r✐t❤♠❡ ❞❡ ❝♦♠♠❛♥❞❡ s♦♥t ❞♦♥❝ très ✐♥tér❡ss❛♥t❡s✳
P❛r ❛✐❧❧❡✉rs✱ ❧❛ ❝♦rr❡❝t✐♦♥ ❞❡ ❋r■▼ ❈▼■✲■ ♣♦✉r N♣❤ = 10 ❡t ✶✵✵ ♣❤♦t♦♥s ❡st éq✉✐✈❛❧❡♥t❡
à ❝❡❧❧❡ ❢♦✉r♥✐❡ ♣❛r ❋r■▼ ❈▼■ ❀ ❞❡ ❧✬♦r❞r❡ ❞❡ ✼✵✪ ❡t ✽✵✪ r❡s♣❡❝t✐✈❡♠❡♥t ♣♦✉r ❝❡s
❞❡✉① ✢✉①✳ P✉✐sq✉✬✐❧ s✬❛❣✐t ❞✬❛❥♦✉t❡r ✉♥ ❝♦rr❡❝t❡✉r s❝❛❧❛✐r❡ à ❧❛ ♣r♦❝é❞✉r❡ ❞❡ ❝❛❧❝✉❧
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ABSTRACT

Adaptive Optics systems under study for the Extremely Large Telescopes gave rise to a new generation of algorithms for
both wavefront reconstruction and the control law. In the first place, the large number of controlled actuators impose the
use of computationally efficient methods. Secondly, the performance criterion is no longer solely based on nulling residual
measurements. Priors on turbulence must be inserted. In order to satisfy these two requirements, we suggested to associate
the Fractal Iterative Method for the estimation step with an Internal Model Control.1

This combination has now been tested on an end-to-end adaptive optics numerical simulator at ESO, named Octopus.
Results are presented here and performance of our method is compared to the classical Matrix-Vector Multiplication com-
bined with a pure integrator. In the light of a theoretical analysis of our control algorithm, we investigate the influence
of several errors contributions on our simulations. The reconstruction error varies with the signal-to-noise ratio but is
limited by the use of priors. The ratio between the system loop delay and the wavefront coherence time also impacts on
the reachable Strehl ratio. Whereas no instabilities are observed, correction quality is obviously affected at low flux, when
subapertures extinctions are frequent. Last but not least, the simulations have demonstrated the robustness of the method
with respect to sensor modeling errors and actuators misalignments.

Keywords: closed-loop control, algorithm, simulations, iterative method, Extremely Large Telescopes, adaptive optics

1. INTRODUCTION

This paper presents the procedure, analysis and first conclusions of our simulations of FrIM closed-loop algorithm on
Octopus, the ESO adaptive optics (AO) simulator. FrIM names, all along this paper, not only the maximum a posteriori

(MAP) reconstructor suggested by Thiébaut & Tallon,2 but also the closed-loop internal model control (IMC) presented
earlier by Béchet et al.3 The first aim of this performance test is to analyze FrIM behavior when embedded in an end-to-end
Monte Carlo AO simulator. Up to now, the same algorithm was used for both the simulation of the turbulence when testing
FrIM, and the statistical model of the regularization. In other words, the priors were perfect. The WFS was also perfectly
modeled.

FrIM performance study on Octopus is done in comparison with another method implemented on the same single-
conjugate AO (SCAO) simulator as a reference, a classical Matrix-Vector Multiply (MVM) associated to a scalar pure
integrator. We note this method MVM-I in the remainder of this paper.

The large variety of configurations and simulated conditions have provided a characterization of FrIM performance on
Octopus. The main results are presented hereafter, for a particular SCAO configuration of interest.

The remainder of this paper is outlined as follows. Section 2 describes the simulations conditions. The parameters
of the considered standard SCAO system are detailed and the interface between Octopus and the two control methods is
explained. From the choice of the simulation parameters, Sect. 3 provides a qualitative analysis of modeling discrepancies
concerning the turbulence and the wavefront sensing process, between Octopus and FrIM approaches. Then, in Sect. 4, the
simulations results are displayed and interpreted.

Further author information: (Send correspondence to Clémentine Béchet)
Clémentine Béchet: E-mail: Bechet@obs.univ-lyon1.fr, Telephone: (+33) 4 78 86 83 78
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Figure 1. Simulations architecture, for comparisons between FrIM and MVM-I. At the center: Octopus is the AO simulator, with Mo

its DM model, So its WFS model, w the turbulent perturbation and e the photon noise. Inputs for Octopus are the commands a, and
outputs are the WFS data d. On the left: FrIM with its IMC. E is the FrIM MAP reconstructor, M+ is the pseudo-inverse of FrIM DM
model, and S ·M is FrIM model of the interaction matrix of the system. On the right: MVM-I control. G+o represents the command
matrix calibrated on Octopus, I symbolizes the integrator control.

2. SIMULATED CONDITIONS: DESCRIPTION AND AIMS

2.1 Characteristic Parameters of the AO System

The tested configuration is inspired from the first light AO system description for the E-ELT.4 Thus, the simulated system
is a SCAO, on an Extremely Large Telescope (ELT) of diameter D = 42m, with a central obstruction of 0.28D. The single
wavefront sensor (WFS) is a Shack-Hartmann with 84 subapertures across the diameter, so that the subaperture side is
d = 50cm long. The deformable mirror (DM) has bilinear influence functions, in Fried’s geometry with respect to the
WFS lenslet array. Only the subapertures for which more than 75% of the area remain inside the aperture are considered
as providing useful measurements. Every AO loop produces 10080 outputs (wavefront slopes) and 5402 inputs (actuators
commands). Such a large AO system is assumed to have a two-frame delay τ = 2ms, accounting for the exposure time of
the WFS, the read time of the detector and the computation time for the reconstruction and control.

The sensing process is assumed in the visible, more precisely at λAO = 700nm, while the correction quality is assessed
assuming observation in K-band at λI = 2.2µm. Each subaperture has a field of view (FoV) of 2.4′′, covered by 6× 6 CCD
pixels. No read-out noise is considered for the detector. Another simulated parameter is kept fixed all along the study: the
outer scale of the spatial coherence of the phase L0 = 25m for von Kármán model of the turbulence. The value has been
chosen close to the median value at Paranal.5

Performance of FrIM is investigated here with respect to fluctuations of a few characteristic parameters for the system:
value of the computational power available, values of Fried’s parameter r0 and coherence time τ0, DM misalignments
and guide star magnitude. The default values considered for the simulations are r0 = 13cm at 0.5µm, τ0 = 3ms, 1000
photons/subaperture/frame on average. A deviation from these values will be mentioned further when it occurs.

One must also notice that when FrIM is compared to MVM-I, the same seed is used in the simulation, leading to exactly
the same realization of the random perturbations. The displayed results here come from a single closed-loop run for each
simulation condition.

2.2 FrIM Implementation in OCTOPUS

FrIM particular architecture had to be linked with Octopus code. The left part of Fig. 1 illustrates the communication
between the AO simulator and the control algorithm. The MVM-I control has been also tested on the same configurations
with Octopus, and is sketched on the right part of Fig. 1. In both cases, the interface with the simulator consists of 2
vectors. Outputs of Octopus are the WFS data d at the bottom of Fig. 1, and inputs to be sent to Octopus are the commands
a, on the top of Fig. 1.



The control analysis of a system always starts with a modeling of the process. In the case of AO systems, this means to
model a DM, a WFS and possibly the perturbations statistics. Some approaches only require to model the global process,
i.e. the combination of the DM and the WFS, thanks to an interaction matrix (IM) which can be calibrated observing a
source without turbulence.6 By the way, the MVM-I calibrates the IM Go on Octopus and applies a regularized inversion
to compute a command matrix G+o . Other approaches exist, based on a formal model of the DM and of the WFS. The IM
can either be a full new model or just the combination of these two elementary models. FrIM relies on two linear sparse
models, M for the DM and S for the WFS. The IM for FrIM is simply considered to be G = S ·M. Furthermore, according
to Béchet et al.,3 FrIM MAP reconstructor can be written as

E = K ·
(
KT ·ST ·S ·K + µ0I

)−1 ·KT ·ST (1)

where K is FrIM fractal operator and µ0 = σ
2
e (r0/D)5/3, with σ2

e the variance of the errors on measurement model. K is a
sparse algorithm depending only on D/L0 and on the dimension of the sampled wavefront to estimate. µ0 corresponds to
the square of the inverse of the signal-to-noise ratio (SNR). Next, the fitting step of FrIM in Fig. 1 consists in applying M†,
the pseudo-inverse of the DM.

From Eq. (1), FrIM only requires a priori estimation of D/L0 and µ0. The simulations here are made assuming that the
outer scale of the phase perturbations L0 is well-known. For a rough estimation of µ0, errors on measurement model are
qualitatively assessed in the next section. As a consequence, both algorithms MVM-I and FrIM have a hyperparameter to
be tuned to optimize the performance. While the MVM requires to adjust the integrator gain, µ0 needs to be optimized for
FrIM. At the moment, no automatic tuning was implemented for these hyperparameters. When unspecified, the integrator
gain for the MVM-I method equals 0.45.

3. MODELS DISCREPANCIES AND ERRORS

The first interest in validating FrIM algorithm on an external AO simulator is to check for robustness of our previous
studies1–3 with respect to model discrepancies. This section enhances the distinct modeling approaches.

3.1 Models of the Turbulence in the Atmosphere

Dealing with simulations for AO on ELTs, von Kármán’s model of the turbulence in the atmosphere is used to take
into account saturation of the structure function of the phase pertubations at large scale.5, 7 From this theoretical model,
Octopus simulates turbulence thanks to an approximation of the spectral density of the phase perturbations in discrete
layers distributed in altitude. The use of Fourier Transform (FT) leads to random turbulent wavefronts.8 The simulated
turbulence is characterized by 10 layers distributed from 0 to 18.5Km, with ∼ 65% of the turbulence strength concentrated
up to 1.2Km of altitude above the telescope aperture.

The Fractal Iterative Method (FrIM) relies on a Bayesian approach assuming that the statistics of the turbulent pertur-
bations can be approximated by a fractal description of the spatial covariance matrix of the phase.2 Consistency of our
priors with the signal is an interesting issue for not being a regularization methods based on Fourier space description of
the turbulence (approximation with a Block Circulant matrix with Circulant Blocks).9

As far as we only test single-conjugate AO (SCAO), the system just sees the resulting optical path differences in the
aperture plane δ(x, y), in radians.

3.2 Models of the Shack-Hartmann WFS

Octopus simulates the sensing process according to wave propagation and diffraction theory, thus forming spots on the
detector of each subaperture. Then, a center of gravity algorithm, without thresholding, is used to compute the displacement
of the centroids of the spots.10 The data d coming from Octopus finally scale as optical path differences, in meters, between
the two sides of each subaperture.

On the opposite, FrIM only relies on geometrical optics principle to describe the WFS. The theoretical angles of arrival,
along x and y axis respectively, of the centroid obtained in a subaperture centered at coordinate (xi, y j) are

αx(i, j) =
1
d2

∫ d/2

−d/2
[δ(xi + d/2, y j + y) − δ(xi − d/2, y j + y)]dy (2)

αy(i, j) =
1
d2

∫ d/2

−d/2
[δ(xi + x, y j + d/2) − δ(xi + x, y j − d/2)]dx (3)



Figure 2. Comparison between Octopus noisy outputs and the ones of Border model. Slopes units are radians per subaperture. Solid
line is plotted as a reference, for equal data. On the left: observing one turbulent wavefront, in open-loop. On the right: observing
residuals, in closed-loop.

These angles of arrival can be converted into path differences between the two sides of a subaperture, d α in meters.

The discrepancy between such geometrical approach and Octopus outputs is investigated thanks to 2 numerical models.
Assuming that Octopus simulated phase screens are sampled in the pupil plane at the spatial frequency of N pix/d, then the
integral inside Eqs. (2) and (3) can be approximated by Riemann integration rule. We call this model Border, and it can be
described as a sparse linear operator. Data in every subaperture result from the application of the sparse operation

αx
b(i, j) =

1
(Npix − 1) d

i=Npix∑

i=1

δ̂(i,Npix) − δ̂(i, 1) (4)

α
y

b
(i, j) =

1
(Npix − 1) d

i=Npix∑

i=1

δ̂(Npix, i) − δ̂(1, i) (5)

where δ̂ represents the small pattern of Npix ×Npix phase screens samples over the subaperture, extracted from Octopus full
phase screens.

Figure 2 displays the discrepancies between Octopus data and Border model. On the left part, a turbulent wavefront
is observed, providing the comparison of open-loop slopes. One should first notice the slight non linearities due to the
large range of slopes values, and a non optimized pixel sampling on the CCD.10 Photon noise is present in Octopus data,
corresponding to an average flux of 1000 photons/subaperture/frame. The global error of Border model with respect to
Octopus data, including model and measurement noise, appears approximately Gaussian, with zero-mean and an estimated
variance of 0.18 rad2/subaperture. On the right part of Fig. 2, closed-loop residual perturbations are observed. The non
linearities disappear, since slopes values are small. The global noise associated to Border model in this configuration is
slightly reduced, to an estimated variance of 0.14 rad2/ subaperture.

Unfortunately, Border model is both computationally too expensive and too accurate, to be involved in a wavefront
reconstruction on extremely large telescopes. FrIM is a fast method, partly for using an approximate model of Border,
an even sparser description usually called Fried’s model. In Fried’s approximation of the Shack-Hartmann device, the
integral in Eqs. (2) and (3) is approximated by trapezoid numerical integration with just two values, at the corners. Then,
the approximate angles of arrival can be written as

αx
f (i, j) =

1
2d

[δ(xi + d/2, y j − d/2) + δ(xi + d/2, y j + d/2) − δ(xi − d/2, y j − d/2) − δ(xi − d/2, y j + d/2)] (6)

α
y

f
(i, j) =

1
2d

[δ(xi − d/2, y j + d/2) + δ(xi + d/2, y j + d/2) − δ(xi − d/2, y j − d/2) − δ(xid/2, y j − d/2)] (7)



Figure 3. Same as Fig. 2 but comparing Octopus noisy data to Fried model.

This leads to the so-called Fried model S, which is used by FrIM algorithm. The discrepancy between Octopus data and
Fried model is illustrated by Fig. 3. As for Border model in Fig. 2, the left part corresponds to turbulent wavefront (open-
loop) and the right one is obtained observing a residual phase screen. In both cases, the global error of the model can be
described by a zero-mean Gaussian statistics. While in open-loop the global error variance reaches 9.4 rad2/subaperture,
the closed-loop configuration drops down the error variance to 3.2 rad2/subaperture. The comparison of the right parts of
Fig. 2 and 3 demonstrates the high aliasing contribution to the measurement error induced by Fried’s approximation for
such a sampling d/r0.

From Eq. (1), FrIM application can benefit from an estimation of the noise variance σ2
e of the measurement model.

There exists theoretical analysis of the error produced by aliasing11 and of the photon noise contribution to the centroid
uncertainties.10 From such studies, one can try to find an analytical expression for the noise variance estimate. However, it
was not the scope of the study to fully modelize what Octopus simulates, and on the contrary, one takes advantage here of
the fact that FrIM only requires to adjust a global ratio µ0 between data and priors weights.

3.3 Model of the Deformable Mirror

The simulated DM has analytical bilinear influence functions. Octopus and FrIM actually have exactly the same DM
model, represented by the matrix M or Mo.

4. SIMULATIONS RESULTS

4.1 Convergence of FrIM

FrIM is an iterative method with fast convergence. It has been demonstrated that for signal-to-noise ratio and coherence
time of the wavefront such that the reconstruction and the delay errors approximately equal, only one or two iterations are
required to reach convergence.3 The standard simulations conditions for FrIM on Octopus may slightly differ from this
trade-off, this is why the first test consists in checking the convergence speed of the correction. For this, Fig. 4 illustrates
the convergence curves of FrIM on Octopus, for several number of iterations allowed in the iterative method. If 1 iteration
seems to provide a significant loss in performance, 2 iterations appears to be sufficient to reach convergence.

From computation considerations on FrIM method developed by Béchet et al.,1 2 iterations of FrIM on this system in
closed-loop implies ∼ 1.58 106 floating points operations. Compared to MVM-I, FrIM requires 70 times less computations.



1.0 10.0 100.0

0.2

0.4

0.6

0.8

AO loop number

K
−

B
an

d 
S

ho
rt

−
E

xp
os

ur
e 

S
tr

eh
l

Figure 4. Short-Exposure Strehl ratio with FrIM correction in K-Band at 2.2µm. Authorized number of iterations in the Fractal Iterative
Method : 3 (solid), 2 (dash) and 1 (dot-dash).
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Figure 5. Long-Exposure Strehl ratio in K-band at 2.2µm, depending on r0 value at 500nm (on the left) and on τ0 value (on the right).
A reference theoretical curve is plotted (dotted-dashed line with crosses) corresponding to the Strehl ratio assuming fitting and delay
errors only. Solid line with circles: FrIM, with the Internal Model Control. Dashed line with triangles: MVM-I.

4.2 Varying Seeing Conditions

FrIM performance is investigated now with respect to seeing conditions, i.e. r0 and τ0 values. Figure 5 displays the long-
exposure Strehl ratio evolution comparing FrIM and MVM-I controls. For both studies, FrIM and MVM-I demonstrate
similar performance. On both sides of the figure, a reference curve is plotted in dotted-dashed line, which correspond to a
theoretical estimate of the Strehl ratio assuming fitting and delay errors only.

According to Hudgin’s study,12 the variance of the error due to fitting of the bilinear DM on the turbulent wavefront
can be written

σ2
fitting = 0.287(d/r0)5/3

An experimental coefficient of 0.26 has been computed from the SCAO configuration simulated here, applying the pro-
jection of Octopus turbulent phase screens on the DM actuators space. Our coefficient is slightly lower than Hudgin’s
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Figure 6. Short-exposure Strehl ratio in K-band at 2.2µm along AO loopsfor several misalignments of the DM. On the left : FrIM
with the IMC. On the right : MVM-I. For both methods, the simulated misalignments correspond to 0% (solid), 12.5% (dashed), 25%
(dotted-dashed), 37.5% (dotted-dotted-dashed), 50% (dotted) of the subaperture size along one x-axis.

estimate. The discrepancy can be due to the use of von Kármán’s model for the turbulence here, instead of Kolmogorov’s
one.

The delay error fluctuates with the characteristic wind speed of turbulence V , computed from a weighted integral of the
layers wind speeds. For each simulated condition, the delay error can be estimated by

σ2
delay = 6.88(Vτ/r0)

where τ = 2ms is the AO system delay and r0 here is Fried’s parameter at 2.2µm.

FrIM as well as MVM-I performance with respect to r0 values are consistent with the reference curve (dotted-dashed
line) accounting for delay and fitting errors. The reconstruction error produces the remaining discrepancy. When modifying
the wind speeds of the turbulent layers, on the right part of Fig. 5, FrIM and MVM-I once again have similar behavior.
However, for the largest delay errors, the reference curve is more pessimistic than the undergone simulation.

The conclusion of these tests is that even if FrIM only relies on an approximate model of the system, it is as efficient as
a classical MVM-I method with its painfull calibration of the IM on an ELT.

4.3 DM Misalignments

The impact of a particular model error is investigated now, which are the misalignments between DM actuators and the
Shack-Hartmann lenslet grid. The error is generated translating the whole actuators grid of a certain percentage of the
subaperture dimension, along x-direction. It is assumed that neither FrIM nor the calibrated IM have detected this model
error.

Figure 6 presents the Strehl ratio convergence curves along the AO loops, depending on such DM misalignments. First,
on the left part of Fig. 6, one can notice that FrIM shows an unstable behavior for a misalignment of 50% of a subaperture.
On the opposite side of the figure, MVM-I is already unstable for 37.5% of a subaperture. So, FrIM is more stable with
respect to DM misalignments than MVM-I method. Secondly, one can notice that the Strehl ratio with FrIM is less affected
by the DM misalignments than in the case of MVM-I control. This greater robustness is consistent with the larger stability
range observed previously.

4.4 Varying Guide Star Magnitude

Figure 7 illustrates the study of FrIM performance with guide star magnitude variations, and the comparison is made again
with MVM-I control. On the right part of Fig. 7, the long-exposure Strehl ratio in K-band demonstrates that the two
methods lead to similar performance, as far as subaperture extinctions are not dominant.
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Figure 7. Long-Exposure Strehl ratio in K-band at 2.2µm, de-
pending on the guide star magnitude. Abscissae scales as the
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Figure 8. Evolution of the Strehl ratio in K-band at 2.2µm along
AO loops, for an average of 1 photon per subaperture per frame.
Short-exposure Strehl is displayed during 100 loops. Solid line

: FrIM, with the IMC. Dotted-dashed line : MVM-I. Long-
exposure Strehl is displayed only after 30 loops. Dashed line :

FrIM, with the IMC. Dotted line : MVM-I.

In the case of an average of 1 photon per subaperture per frame, on the right side of Fig. 7, FrIM does not even reach
30% of long-exposure Strehl after 100 AO loops, while the MVM-I already provides ∼ 50%. For the two methods, no
flux information is provided to the algorithms and a null measurement is used where no photon is received. However, in
case flux information is available, FrIM could take into account the non uniformity of the measurement errors adapted to
every new data set, thanks to the number of photons received in each subaperture. Although not plotted here, no significant
improvement of performance has been obtained with such a strategy. The low Strehl of FrIM for so few photons simply
enhances the lack of a model for the temporal evolution of the turbulence in the current implementation of FrIM control.
Strategies to include priors on turbulence temporal evolution inside FrIM control are currently under study.

5. CONCLUSION

FrIM algorithm in closed-loop has been successfully validated on Octopus, ESO end-to-end simulator. The tests demon-
strated very good performance even with an approximate theoretical model for the sensing process, instead of calibrating
a full interaction matrix. Furthermore, FrIM method requires 70 times less computations per loop than the MVM-I control
for the seimulated 84×84 geometry of the SCAO system. FrIM is also more robustness with respect to DM misalignments
than the MVM-I control, providing good correction until a shift of more than 35% of a subaperture is encountered.

Last, FrIM provides good correction when the guide star flux gets lower, until large subaperture extinctions occur.
This is consistent with there is currently no particular strategy inside FrIM algorithm to take into account temporal prior
knowledge on turbulence. As a consequence, each loop correction is based on very few relevant data. This temporal aspect
of the control algorithm is the object of further tests to be done with FrIM on Octopus.
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France; Centre de Recherche Astrophysique de Lyon, Observatoire de Lyon,
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We present a new algorithm, F (for FRactal Iterative Method), aiming at the recon-
struction of the optical wavefront from measurements provided by a wavefront sensor.
As our objective is adaptive optics on extremely large telescopes, our algorithm was
designed with speed and best quality in mind. The latter being achieved thanks to
regularization that enforces prior statistics. To solve the regularized problem, we use
the conjugate gradient method which let us benefit from the sparsity of the wavefront
sensor model matrix and avoids the storage and inversion of a huge matrix. The prior
covariance matrix is however non-sparse and we derive a fractal approximation of
the Karhunen-Loève basis thanks to which the regularization by Kolmogorov statis-
tics can be computed in O(N) operations, N being the number of phase samples to
estimate. Finally we propose an effective preconditioning which also scales as O(N)
and yields the solution in 5–10 conjugate gradient iterations for any N. The resulting
algorithm being therefore O(N). As an example, for a 128 × 128 Shack-Hartmann
wavefront sensor, F appears to be more than 100 times faster than classical vector-
matrix multiplication method.
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1. Introduction

The standard and most used method for adaptive optics (AO)
control is based on a vector-matrix multiply (VMM) of the
vector of wavefront sensor measurements by the so-called
control matrix [1]. This operation gives an update of the com-
mands to be sent to the deformable mirrors to adjust the cor-
rection of the corrugated incoming wavefronts. The control
matrix is precomputed, generally using modal control opti-
mization [2]. The complexity of computing the control matrix
by using standard methods scales as O(N3), where N is the
number of unknowns (phase samples or actuator commands),
and applying real time VMM scales as O(N2). This compu-
tational burden can be reasonably handled on current AO sys-
tems where N . 103.

For future Extremely Large Telescopes (ELT’s), the consid-
ered numbers of actuators will be in the range 104 − 105. This
huge increase is the result of both the larger diameter of the
ELT’s [3] and the emergence of new architectures for the AO
systems, either using a greater density of actuators (Extreme
AO) or combining several deformable mirrors and wavefront
sensors (multi-conjugate AO, multi-objects AO) [4]. The nec-
essary computational power for real time control on such sys-
tems is currently unattainable when using standard methods.

More efficient algorithms are thus required and have been
worked out in the recent years. Poyneer et al. [5] have de-
rived an accurate Fourier transform wavefront reconstructor

∗Corresponding author: thiebaut@obs.univ-lyon1.fr

by solving the boundary problem in circular apertures. This
reconstructor scales asO(N log N) and is shown to be effective
for Extreme AO [6]. MacMartin [7] studied several approxi-
mated approaches like a multiple-layers hierarchic reconstruc-
tion scaling as O(N).

Although least-square algorithms give suitable results for
Single Star AO systems (classical AO or Extreme AO), min-
imum variance reconstruction is required to minimize the ef-
fects of the missing data or unseen modes in the other AO
schemes [8]. In the context of minimum variance for multi-
conjugate AO, Ellerbroek [9] could apply sparse matrix tech-
niques (Cholesky factorization) by using a sparse approxima-
tion of the turbulence statistics, and by introducing as low-
rank adjustments, the nonsparse matrix terms arising from the
global tip/tilt measurement errors associated with laser guide
stars. But the interactions of the layers in their tomographic
modeling make the sparse direct decomposition methods not
so efficient [10].

Iterative methods are also extensively studied in this con-
text. Their main asset is to compute iteratively the unknowns
from the measurements by using direct sparse matrices, so the
storage of a precomputed inverse full matrix is no more neces-
sary. One major problem with iterative methods is the increase
of the number of iterations with the number of unknowns to
estimate [11–13]. As an example, Wild et al. [14] have pro-
posed to use the closed-loop AO system itself as an iterative
processor, but the performance of the least squares reconstruc-
tion depends on the loop frequency of the AO system, which
should be higher than usual.

The most successful iterative methods in AO are now based
on preconditioned conjugate gradient (PCG) [15], where some
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of the approximated previous reconstruction methods are em-
bedded as preconditioners to achieve a small number of itera-
tions (see section 4). Gilles et al. [16] have described a multi-
grid PCG algorithm, mainly aimed at Extreme AO and scaling
as O(N log N). The multigrid preconditioner is somehow re-
lated to the multiple-layers hierarchic reconstruction [7]. This
wavefront reconstruction method has been improved with a
faster approximation of the turbulence statistics, scaling as
O(N) [17]. The multigrid PCG algorithm has also been de-
veloped for multi-conjugate AO [18]. In this case, the struc-
ture of the matrix is more complex and brings some limita-
tions. More recently, a Fourier domain preconditioner was in-
troduced [19, 20] in the context of multi-conjugate AO, with
a faster reconstruction than multigrid PCG. In this case, the
preconditioner is related to the Fourier transform wavefront
reconstructor [5]. Both multigrid and Fourier domain precon-
ditioners are examined for the Thirty Meter Telescope project
[21].

In this work, we propose novel methods to address the two
critical points previously seen in iterative methods for wave-
front reconstruction: estimation of the atmospheric phase co-
variance matrix and preconditioning.

We need a sparse representation of the inverse of the atmo-
spheric phase covariance matrix to efficiently introduce pri-
ors in the minimum variance estimator. Currently, we have
the choice between a good representation in the Fourier do-
main with a O(N log N) complexity [16, 20] and a widely
used sparse biharmonic approximation introduced by Eller-
broek [9], less accurate [20], but scaling as O(N). With F,
we introduce a so-called “fractal operator” as a multiscale al-
gorithm with O(N) complexity. This operator, both accurate
and very fast, was inspired by the mid-point method of Lane
et al. [22] to generate a Kolmogorov phase screen. It can be
used for any wavefront structure function. It allows us to ap-
ply very efficiently the phase covariance matrix to any vector.

We show that this fractal operator is also very efficient when
used as a preconditioner. It allows the wavefront reconstruc-
tion to be iteratively computed in the Karhunen-Loève space.
We additionally use a classical Jacobi preconditioner, or a new
“optimal diagonal preconditioner” to further improve the con-
vergence: the number of iterations is finally . 10 whatever the
size of the system, with a number of floating point operations
∼ 34 × N per iteration. So the method is globally O(N).

In the following, we first derive the analytical expression of
the minimum variance restored wavefront and the equations to
be solved. We then introduce the fractal operator allowing fast
computation of the regularization term in an iterative method
such as the conjugate gradients. We then propose two cheap
preconditioners to yet speed up the iterative algorithm. Re-
sults are finally given through various numerical simulations.

2. Minimum variance solution

A. Model of data

We assume that the wavefront sensor provides measurements
of phase spatial derivatives (slopes or curvatures) linearly re-

lated to the wavefront seen by the sensor:

d = S · w + n (1)

where d ∈ RM is the data vector provided by the sensor, w ∈
R

N is the vector of sampled wavefront values, S ∈ RM×N is the
sensor response matrix and n ∈ RM accounts for the noise and
model errors. This equation is general as long as the wavefront
sensor is linear. As a typical case, we will however consider a
Shack-Hartmann wavefront sensor with Fried’s geometry [23]
in our simulations and for the evaluation of the efficiency of
the algorithm.

B. Optimal wavefront reconstructor

The estimation of the wavefront w given the data d is an in-
verse problem which must be solved by using proper regular-
ization in order to improve the quality of the solution whereas
avoiding noise amplification or ambiguities due to missing
data [24]. In order to keep the problem as simple as possi-
ble, we first introduce the requirement that the solution be a
linear function of the data, in other words, the restored wave-
front writes:

w̃
def
= R · d (2)

where R is the restoration matrix and d the wavefront sensor
measurements. Some quality criterion is needed to derive the
expression of the restoration matrix R. For instance, we can
require that, on average, the difference between the restored
wavefront w̃ and the true wavefront w be as small as possible
by minimizing 〈‖w̃−w‖2〉where 〈·〉 denotes the expected value
of its argument. Interestingly, minimizing (on average) the
variance of the residual wavefront yields the optimal Strehl
ratio [25] since:

SR ≃ exp

(
− 1
A

∫

pupil
[w̃ (r) − w (r)]2 dr

)
(3)

where r is the position in the pupil, A is the area of the pupil
and w (r) is the wavefront phase in radian units. The best re-
construction matrix according to our criterion then writes:

R† = arg min
R
〈‖R · d − w‖2〉 . (4)

Accounting for the facts that the wavefront w and the errors
n are uncorrelated and have zero means, i.e. 〈n〉 = 0 and
〈w〉 = 0, the minimum variance reconstructor expands as [26]:

R† = Cw · ST ·
(
S · Cw · ST + Cn

)−1
, (5)

where Cn
def
= 〈n · nT〉 is the covariance matrix of the er-

rors and Cw
def
= 〈w · wT〉 is the a priori covariance matrix

of the wavefront. Applying this reconstructor to the data d

requires to solve a linear problem with as many equations as
there are measurements. Generally, wavefront sensors pro-
vide more measurements than wavefront samples (about twice
as many for a Shack-Hartmann or a curvature sensor). Fortu-
nately, making use of Sherman-Morrison-Woodbury formula
[27], the expression in Eq. (5) can be rewritten as:

R† =
(
ST · C−1

n · S + C−1
w

)−1 · ST · C−1
n (6)
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which involves solving just as many linear equations as there
are wavefront samples. The linear reconstructor defined in
Eq. (6) is the expression to be preferred in our case.

C. Links with other approaches

Using expression in Eq. (6) for the reconstructor, the mini-
mum variance restored wavefront writes:

w†
def
= R† · d
=

(
ST · C−1

n · S + C−1
w

)−1 · ST · C−1
n · d

which is also the solution of the quadratic problem:

w† = arg min
w

{
(S · w − d)T · C−1

n · (S · w − d) + wT · C−1
w · w

}

where (S · w − d)T ·C−1
n · (S · w − d) is the so-called χ2 which

measures the discrepancy between the data and their model
and wT · C−1

w · w is a Tikhonov regularization term which en-
forces a priori covariance of the unknowns. Thus Eq. (6) is
also the result of the maximum a posteriori (MAP) problem.
The usual hyper-parameter is here hidden in Cw which is pro-
portional to (D/r0)5/3, where r0 is the so-called Fried’s pa-
rameter [28]. As already noticed by other authors (see e.g.

Rousset [29]), minimum variance estimator is directly related
to Wiener optimal filtering.

Actual adaptive optics systems make use of some expan-
sion of the wavefront on a basis of modes, regularization be-
ing achieved by setting to zero the ill-conditioned modes. This
technique is similar to truncated singular value decomposition
(TSVD) [29]. Since truncature results in aliasing, we expect
that the MAP solution be a better approximation of the wave-
front. A somewhat smoother effect than crude mode trunca-
ture could be obtained by solving:

wµ = arg min
w

{
(S · w − d)T · C−1

n · (S · w − d) + µ ‖w‖2
}

where hyper-parameter µ allows to tune the regularization
level required to avoid noise amplification [24].

D. Iterative Method

Computing the optimal wavefront can be done in different
ways. For instance, the matrix R can be computed once, ac-
cording to Eq. (5) or Eq. (6), and then applied to every data set
d. Since it requires the numerical inversion of a N ×N matrix,
the direct computation of R scales as O(N3) operations [12].
The reconstructor R is a N×M matrix and is not sparse in prac-
tice. Hence, the storage of R requires M N ≈ 2 N2 floating
point numbers and computing R · d requires ≈ 2 M N ≈ 4 N2

floating point operations. For large numbers of degrees of
freedom N ∝ (D/r0)2, the computer time spend by the matrix-
vector multiplication can be too long for real time applica-
tions. Moreover the memory requirement (e.g. for N ≃ 104,
1.5 Gb of memory are needed to store R) may be such that
memory page faults dominate the computation time of matrix-
vector multiplication.

To avoid the direct matrix inversion and the plain matrix-
vector product required by the explicit computation of R, we

initialisation:
compute r0 = b − A · x0 for some initial guess x0

let k = 0
until convergence do

solve M · zk = rk for zk (apply preconditioner)
ρk = rT

k
· zk

if k = 0, then
pk = zk

else
pk = zk + (ρk/ρk−1) pk−1

endif
qk = A · pk

αk = ρk/(pT
k
·qk) (optimal step size)

xk+1 = xk + αk pk

rk+1 = rk − αk qk

k ← k + 1
done

Fig. 1. Preconditioned conjugate gradient algorithm for solv-
ing A·x = b where A is a symmetric positive definite ma-
trix and M is a preconditioner. The unpreconditioned version
of the algorithm is simply obtained by taking M = I, hence
zk = rk.

use an iterative method to solve the linear system
(
ST · C−1

n · S + C−1
w

)
· w = ST · C−1

n · d (7)

which leads to the optimal wavefront w for every data set d.
For the purpose of the discussion, Eq. (7) can be put in the
more generic form:

A · x = b (8)

where, in the case of Eq. (7), x = w and:

A = ST · C−1
n · S + C−1

w (9)

is the so-called left hand side matrix, whereas

b = ST · C−1
n · d (10)

is the so-called left hand side vector.
Barrett et al. [15] have reviewed a number of iterative al-

gorithms for solving a linear system like (8). An advantage of
these methods is that they do not explicitly require the matrix
A: it is sufficient to be able to compute the product of matrix
A (or its transpose) with any given vector. The iterative algo-
rithm therefore fully benefits from the possibility to compute
the matrix-vector products in much less thanO(N2) operations
when A is sparse or has some special structure. This is spe-
cially relevant in our case since applying A can be achieved by
very cheap matrix-vector products as shown in Sect. 2 E and
Sect. 2 F. The drawback of iterative methods is that the com-
putational burden scales as the number of iterations required
to approximate the solution with a sufficient precision. In the
worst cases, the number of iterations can theoretically be as
high as the number of unknown N [12, 13]. In practice and
because of numerical rounding errors, ill-conditioning of the
system in Eq. (7) can result in a much higher number of iter-
ations, even on small systems. This problem can however be
greatly reduced by means of a good preconditioner [13, 15].
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Fig. 2. Wavefront sensor with Fried’s geometry as used for
our simulations. The black circles stand for phase samples
w(x, y), at the corners of the square subapertures of size a.
This model is exact if we assume that the wavefront at any
point in the pupil is obtained from a bilinear interpolation of
phase samples at the corner of the subapertures.

By construction, A given by Eq. (9) is a symmetric posi-
tive definite matrix and the conjugate gradient (CG) [15] is
the iterative method of choice to solve the system in Eq. (8).
Figure 1 shows the steps of the CG algorithm to solve the sys-
tem A · x = b. This method is known to have a quadratic
convergence rate, and can be accelerated by using a proper
preconditioner M ≈ A for which solving M · z = r for z is
much cheaper than solving Eq. (8) for x. The preconditioner
can also be directly specified by its inverse Q =M−1 such that
Q ≈ A−1 and then z = Q · r in the CG algorithm. Without a
preconditioner, taking M = Q = I, where I is the identity ma-
trix, yields the unpreconditioned version of the CG algorithm.
In Sect. 4 we investigate various means to obtain an effective
preconditioner for the wavefront reconstruction problem.

In the remaining of this section, we derive means to quickly
compute the dot product with the matrix A in Eq. (9). To that
end, we consider separately the Hessian matrix ST ·C−1

n · S of
the likelihood term and that of the regularization term C−1

w .

E. Computation of the likelihood term

Most adaptive optics systems use either a Shack-Hartmann
sensor which provides measurements of the local gradient of
the wavefront or a curvature sensor which measures the local
curvature of the wavefront [1]. Since such sensors probe lo-
cal spatial derivatives of the wavefront, their response can be
approximated by local finite differences which yields a very
sparse linear operator S. Though some non-sparse matrix
terms can appear due to tilt indetermination with laser guide
stars or to accounting of natural guide star tip/tilt sensors. Ow-
ing to the low rank of these modes, sparse matrix models can
still be applied [9]. Thus, denoting Ndif the number of wave-
front samples required to compute the local finite differences,
only ≈ M × Ndif out of M × N coefficients of S are non-zero.
For instance, Fig. 2 shows the Fried’s geometry of the Shack-
Hartmann sensor model [23] which we used in our numerical
simulations. The error free slopes are related to the wavefront

by:

dx(x, y) = 1
2

[
w(x + a, y + a) + w(x + a, y)

− w(x, y + a) − w(x, y)
]

(11)

dy(x, y) = 1
2

[
w(x + a, y + a) − w(x + a, y)

+ w(x, y + a) − w(x, y)
]

where (x, y) are the pupil coordinates, dx and dy are the slopes
along the x and y directions and a is the sampling step. Hence
Ndif = 4, in our case, whatever the number of degree of free-
doms is. Besides, to a good approximation, wavefront sensors
provide uncorrelated measurements [1], hence the covariance
matrix Cn of the errors can be taken as a diagonal matrix:

Cn ≈ diag
(
Var(n)

)
(12)

where Var(n) is the vector of noise and error variances. Since
Cn is diagonal, its inverse C−1

n is diagonal and trivial to com-
pute. Finally, the matrices S and C−1

n are sparse and such that
the dot product by ST ·C−1

n · S can be computed in O(N) oper-
ations.

F. Fast estimation of the regularization term

Unlike Cn and C−1
n , neither Cw nor C−1

w are sparse. In spite of
this, we introduce here a way to derive an approximation for
C−1

w so that it can be applied to a vector with a small number
of operations.

By spectral factorization of Cw which is a real symmetric
matrix, the covariance of the wavefront can be written:

Cw = Z · Λ · ZT

where Z is an orthogonal matrix, i.e. Z · ZT = ZT · Z = I, of
which the columns form an orthonormal basis of eigenvectors
of Cw and Λ = diag(λ1, . . . , λN) is a diagonal matrix of which
the diagonal entries are the eigenvalues of Cw. Being a covari-
ance matrix, Cw is positive definite and all its eigenvalues are
strictly positive. Hence:

C−1
w = Z · Λ−1 · ZT ,

where Λ−1 = diag (1/λ1, . . . , 1/λN). Then the regularization
term writes:

wT · C−1
w · w = wT · Z · Λ−1 · ZT · w

= ‖Λ−1/2 · ZT · w‖22 ,

where Λ−1/2 = diag
(
λ
−1/2
1 , . . . , λ

−1/2
N

)
. Introducing the new

variables:

u
def
= K−1 · w with K−1 = Λ−

1
2 · ZT , (13)

the regularization term simply writes:

wT · C−1
w · w = ‖u‖22 . (14)

Reciprocally, given the variables u, the wavefront is obtained
by:

w = K · u with K
def
= Z · Λ 1

2 . (15)
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With this definition of K, the covariance of the wavefront
writes:

Cw = K ·KT . (16)

The expected value of u is 〈u〉 = K−1 · 〈w〉 = 0 and the covari-
ance of u is the identity matrix:

Cu = 〈u · uT〉 = K−T · 〈w · wT〉 ·K−1

= K−T ·KT ·K ·K−1 = I .

This gives rise to a method for generating a wavefront since it
is sufficient to generate a set u of N independent random val-
ues following a normal law, u ∼ N (0, I), and to take w = K ·u
to obtain a random wavefront with the proper covariance. In
other words, the columns of K form a Karhunen-Loève basis
of the random values w. This method for generating a turbu-
lent wavefront has been introduced by Roddier [30] for the
Zernike polynomials expansion of the wavefront. The draw-
back of using the Karhunen-Loève basis, is that it requires to
inverse a potentially huge N×N matrix Cw. For the purpose of
simulating turbulent wavefronts and observing that they have
a fractal structure, Lane et al. [22] have shown that K can be
approximated in O(N) operations by a mid-point algorithm.
By using a similar algorithm the regularization term can be
computed in only O(N) operations as shown in the following.

3. Fractal operators

A. Principle and structure function

The mid-point algorithm [22] starts at the largest scales of
the wavefront and step-by-step builds smaller scales by in-
terpolating the wavefront values at the previous scale and by
adding a random value with a standard deviation computed
so that the new wavefront values and their neighbors have the
proper structure function. Using K j to denote the linear op-
erator which generates the wavefront values at j-th scale, the
linear operator K can be factorized as:

K = K1 ·K2 · . . . ·Kp (17)

where p is the number of scales, Kp generates the 4 outermost
wavefront values and K1 generates the wavefront values at
the finest scale. The original mid-point algorithm cannot be
used directly for our needs because it is not invertible. In this
section, we reconsider the mid-point algorithm to derive new
expressions of the K j’s such that they are sparse, invertible
and such that their inverses are also sparse.

The structure function of the wavefront is the expected
value of the quadratic difference between two phases of a tur-
bulent wavefront:

〈[
w(ri) − w(r j)

]2〉
= f

(|ri − r j|
)

(18)

It is stationary (shift-invariant) and isotropic since it only de-
pends on the distance |ri−r j| between the considered positions
ri and r j in the wavefront. For a turbulent wavefront obeying
Kolmogorov’s law:

f (r) = 6.88 × (
r/r0

)5/3 (19)

Fig. 3. The four initial values for wavefront generation, at the
corners of the support.

From the structure function, we can deduce the covariance of
the wavefront between two positions in the pupil:

Ci, j = 〈wi w j〉 = 1
2

(
σ2

i + σ
2
j − fi, j

)

where wi = w(ri) is the wavefront phase at position ri with
variance σ2

i
= Var(wi) and where fi, j = f (|ri − r j|) is the value

of the structure function for a distance |ri − r j|. The wavefront
variances (thus the covariance) are not defined for pure Kol-
mogorov statistics but could be defined by other models of the
turbulence such as the von Kármán model. Nevertheless, any
structure function f can be used by our algorithm: in case the
variance is undefined, we will show that the σ2

i
’s appear as

free parameters and that choosing suitable variance values is
not a problem.

B. Generation of outermost values

The first point to address is the initialization of the mid-point
recursion, that is the generation of the four outermost corner
values. Lane et al. [22] used 6 random values to generate the 4
initial corners. It is however required to use exactly the same
number of random values u as there are wavefront samples
in w otherwise the corresponding linear operator K cannot be
invertible. This is possible by slightly modifying their original
algorithm.

The four initial wavefront values (Fig. 3) have the following
covariance matrix:

Cout =



c0 c1 c2 c1

c1 c0 c1 c2

c2 c1 c0 c1

c1 c2 c1 c0


with



c0 = σ
2

c1 = σ
2 − f (D)/2

c2 = σ
2 − f (

√
2 D)/2

where σ2 is the variance (assumed to be the same) of the four
initial phases and where D is the distance between points 1
and 2 (see Fig. 3). Having the same variances σ2 for the four
outermost wavefront phase seems natural since none of these
points play a particular role. For the four outer wavefront sam-
ples, the matrix of eigenvectors is:

Zout =



1/2 −1/2 0 1/
√

2

1/2 1/2 −1/
√

2 0

1/2 −1/2 0 −1/
√

2

1/2 1/2 1/
√

2 0



Note that the eigenvectors (columns) defined on these four
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samples are (in order) piston, waffle [7], tip and tilt. The eigen-
values are:

λout =



c0 + 2 c1 + c2

c0 − 2 c1 + c2

c0 − c2

c0 − c2


=



4σ2 − f (D) − f (
√

2 D)/2
f (D) − f (

√
2 D)/2

f (
√

2 D)/2
f (
√

2 D)/2


.

In case of pure Kolmogorov statistics, σ2 must be chosen
so that K is invertible. This is achieved if the eigenvalue of
the piston-like mode is strictly positive, hence:

σ2 > f (D)/4 + f (
√

2 D)/8 .

We have chosen σ2 so that the smallest covariance, which is
c(
√

2 D) between the most remote points, is exactly zero:

σ2 = 1
2 f (

√
2 D) . (20)

Of course, when a von Kármán model of turbulence is chosen,
both σ2 and f are fixed by the model; Eq. (20) is to be used
only for Kolmogorov case.

The operators Kout and K−1
out write:

Kout =
1
2



a −b −c 0
a b 0 −c

a −b c 0
a b 0 c


, (21)

K−1
out =

1
2



1/a 1/a 1/a 1/a
−1/b 1/b −1/b 1/b
−2/c 0 2/c 0

0 −2/c 0 2/c


, (22)

with: a =

√
4σ2 − f (D) − f (

√
2 D)/2 ,

b =
√

f (D) − f (
√

2 D)/2 ,

c =
√

f (
√

2 D) .

The operator Kout is a compact version of Kp in Eq. (17):
Kp = PT ·Kout · P where P is the 4 × N linear operator which
selects the values in u (or w) corresponding to the outermost
corners. Obviously Kp is a sparse operator (only 12 non-zero
coefficients out of N × N). The inverse of Kp is K−1

p = PT ·
K−1

out · P which has the same sparsity.

C. Generation of wavefront samples at smaller scales

Given the wavefront with a sampling step r, the mid-point
algorithm generates a refined wavefront with a sampling of
r/2 by a perturbed interpolation:

w0 = α0 u0 +

Nint∑

j=1

α j w j (23)

where w0 is the wavefront value at the mid-point position,
u0 ∼ N (0, 1) is a normally distributed random value and
Nint is the number of wavefront samples from the previous
scale which are used to generate the new sample (see Fig. 4).
Equation (23) comes from a generalization of the principle of
the original mid-point algorithm. Since we proceed from the

Fig. 4. Wavefront refinement. To generate a grid with cell size
r/2, new values (in gray) are generated from wavefront values
(in white) of a grid with cell size equal to r. Top left: new
value from 4 values r/

√
2 apart. Top right: new edge value

from 3 values r/2 apart. Bottom: new value from 4 values r/2
apart.

largest scale to smaller ones, all the operations can be done
in-place: the value of w0 computed according to Eq. (23)
replacing that of u0. It is then immediately apparent that
a random wavefront computed by this algorithm scales as
O(Nint × N) = O(N) since the number of neighbors Nint ∼ 4
does not depend on the number of wavefront samples N.

The Nint + 1 scalars α j have to be adjusted so that the struc-
ture function between w0 and any of the wi=1,...,Nint matches the
chosen one:

fi,0
def
= 〈(w0 − wi)

2〉

= α2
0 +

Nint∑

j=1

α j fi, j −
∑

1≤ j<k≤Nint

α j αk f j,k

+

1 −
Nint∑

k=1

αk



σ
2
i −

Nint∑

j=1

α j σ
2
j

 (24)

where fi, j = f (|ri − r j|) and Ci, j = 〈wi w j〉 are the structure
function and covariance between wavefront samples i and j,
and where σ2

i
= Ci,i is the variance of sample i. Note that

to obtain Eq. (24) we have accounted for the fact that u0 ∼
N (0, 1) and hence 〈u2

0〉 = 1 and, since u0 and w j=1,...,Nint are
uncorrelated, 〈u0 w j=1,...,Nint〉 = 0. This makes Nint equations,
whereas there are Nint + 1 unknown parameters {α0, . . . , αNint }:
an additional constraint is needed.

In original mid-point algorithm, Lane et al. [22] choose to
normalize the sum of the interpolation coefficients and use the
constraint that

∑Nint

j=1 α j = 1. In that case, Eq. (24) simplifies
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and the coefficients are obtained by solving:

fi,0 = α
2
0 +

Nint∑

j=1

α j fi, j −
∑

1≤ j<k≤Nint

α j αk f j,k

s.t.
Nint∑

j=1

α j = 1 .

(25)

Note that all the variances σ2
j

are implicit with these con-
straints.

We consider here another constraint which is to have the
same variance, says σ2, for all the wavefront samples. In
other words, we consider wavefront with stationary (shift-
invariant) statistical properties. This is justified by the objec-
tive to reconstruct phase corrugations in several layers for at-
mospheric tomography. With this choice, the additional equa-
tion is provided by 〈w2

0〉 = σ2 and the interpolation coef-
ficients {α0, . . . , αNint } are obtained by solving the system of
Nint + 1 equations:

fi,0 = α
2
0 +

Nint∑

j=1

α j fi, j −
∑

1≤ j<k≤Nint

α j αk f j,k

+ σ2

1 −
Nint∑

j=1

α j



2

for i = 1, . . . ,Nint

σ2 = α2
0 + σ

2


Nint∑

j=1

α j



2

−
∑

1≤ j<k≤Nint

α j αk f j,k .

The system can be further simplified to:

Nint∑

j=1

(
2σ2 − fi, j

)
α j = 2σ2 − fi,0 for i = 1, . . . ,Nint

α2
0 =

1 −


Nint∑

j=1

α j



2 σ
2 +

∑

1≤ j<k≤Nint

α j αk f j,k ,

(26)

where the first Nint equations form a linear system which must
be solved to obtain the α j=1,...,Nint and where substituting these
values in the last equation yields the value of α0. It is worth
noting that by using the covariances instead of the structure
function, the system in Eq. (26) is equivalent to:

Nint∑

j=1

Ci, j α j = C0,i for i = 1, . . . ,Nint

α2
0 = σ

2 −
Nint∑

j=1

C0, j α j .

(27)

The expressions of the interpolations coefficients for the
different cases illustrated by Fig. 4 are derived in Appendix A.
To assess the accuracy of the statistics approximated by the
fractal operator, we have computed the structure function of
phase screens w computed by our implementation of the mid-
point algorithm, i.e. as w = K · u with u ∼ N(0, I). Figure 5
shows that the 2D structure function is almost isotropic and
demonstrates the good agreement of our approximation with
the theoretical law.
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Fig. 5. Structure function. Left: 2D isocontours; right:

1D profile computed by radial averaging. Solid lines: Kol-
mogorov law 6.88 × (r/r0)5/3; dotted lines: average of 1000
structure functions generated with the mid-point method.

D. The inverse operator

According to the factorization in Eq. (17), the inverse of K is:

K−1 = K−1
p · . . . ·K−1

2 ·K−1
1 . (28)

In section 3 B, the inverse of the outermost operator Kp has
been derived and shown to be sparse — see Eq. (22). To com-
pute the K−1

j
’s for the inner scales ( j < p), it is sufficient to

solve Eq. (23) for u0, which trivially yields:

u0 =
1
α0

w0 −
Nint∑

j=1

α j w j

 , (29)

where {w1, . . . ,wNint } are the neighbors of w0 (Fig. 4). Since
in Eq. (29), the u j’s only depends on the w j’s, the K−1

j
’s can

be applied in any order. However, by proceeding from the
smallest scales toward the largest ones as in Eq. (28), the op-
erator K−1 can be performed in-place. This property may be
important to avoid memory page faults and to speed-up the
computation. Finally, from Eq. (21) and Eq. (29), it is clear
that applying the K−1

j
’s require exactly as many operations as

for the K j’s and that computing K−1 · u requires O(N) opera-
tions.

E. The transpose operator

Iterating from the smallest scale to the largest one, it is easy
to derive an algorithm to apply the transpose operator KT =

KT
p · . . . · KT

2 · KT
1 to a given vector. The following algorithm

computes z = KT · v for any input vector v:

copy input vector: z← v

from the smallest scale to the largest scale, do
for j = 1, . . . ,Nint do

z j ← z j + α j z0

done
z0 ← α0 z0

done
apply KT

out at the largest scale of z

return z
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It is important to note that the loop must be performed in-

place for the algorithm to work. From the structure of this
algorithm, it is clear that the multiplication of a vector by the
transpose operator is performed in O(N) operations.

F. The inverse transpose operator

The operator KT = K−T
1 ·K−T

2 · . . . ·K−T
p works from the largest

scale to the smallest one. The following algorithm computes
z = K−T · v for any input vector v:

copy input vector: z← v

apply K−T
out at the largest scale of z

from the largest scale to the smallest scale, do
z0 ← z0/α0

for j = 1, . . . ,Nint do
z j ← z j − α j z0

done
done
return z

Again, the operation can be done in-place (the copy of the in-
put vector v is only required to preserve its contents if needed),
and the number of operations is O(N).

4. Preconditioning

Preconditioning is a general mean to speed up the convergence
of iterative optimization methods [15] such as the PCG algo-
rithm described in Fig. 1. Preconditioning is generally intro-
duced as finding an invertible matrix M such that the spectral
properties of M−1 · A are more favorable than that of A (i.e.

lower condition number and/or more clustered eigenvalues),
then the transformed system

M−1 · A · x =M−1 · b (30)

which has the same solution as the original system A · x = b

can be solved in much fewer iterations. In this section,
we consider different means for preconditioning the phase
restoration problem: explicit change of variables and diago-
nal preconditioners.

A. Fractal operator as a preconditioner

Preconditioning is also equivalent to an implicit linear change
of variables [13]: using the preconditioner M = CT · C in
the algorithm of Fig. 1 is the same as using the (unprecondi-
tioned) conjugate gradient algorithm to solve the optimization
problem with respect to x̂ = C · x. Following this we have
considered using the Karhunen-Loève basis to solve the prob-
lem with respect to the variables u = K−1 ·w. In this case, it is
however advantageous in terms of number of floating points
operations to use an explicit change of variables and to directly
solve the problem for u rather than for w with a preconditioner
M = K−T ·K−1. Introducing this change of variable in Eq. (7)
and using Eq. (16), the system to solve becomes:

(
KT · ST · C−1

n · S ·K + I
)
· u =

(
KT · ST · C−1

n · d
)
. (31)

After u is found by the iterative algorithm, the restored wave-
front is given w = K · u. We expect improvements in the

convergence of the iterative method by using u instead of w

because this yields an a priori covariance matrix equals to the
identity matrix [31]. Improved speedup may be still possible
by using a preconditioner on u as we discuss in the following.

B. Diagonal preconditioners

Diagonal preconditioners may not be the most efficient ones
but are very cheap to use [15] and are thus considered here.
When the variable x in Eq. (8) follows a known statistics, an
optimal preconditioner M can be computed so that M−1 ·A is,
on average, as close as possible to the identity matrix. This
closeness can be measured in two different spaces: in the data
space or in the parameter space.

In the data space, this criterion writes:

M = arg min
M
〈‖A · x −M · x‖2〉

⇐⇒ 0 =
∂〈‖(A −M) · x‖2〉

∂M
= 2 (M − A) · 〈x · xT〉

⇐⇒ M · Cx = A · Cx , (32)

where Cx
def
= 〈x · xT〉 is the covariance matrix of x. Of course,

if M is allowed to be any matrix and since Cx has full rank, the
solution to Eq. (32) is M = A. However, for a diagonal pre-
conditioner, M = diag(m), only the diagonal terms of Eq. (32)
have to be considered; this yields:

M = diag(m) = diag(A · Cx) · diag(Cx)−1 . (33)

For x = u ∼ N(0, I) then Cx = I and Eq. (32) simplifies to:

M = diag(A) , (34)

which is the well known Jacobi preconditioner [15].

Taking Q
def
= M−1 and minimizing the statistical distance in

the parameter space yields:

Q = arg min
Q
〈‖Q · A · x − x‖2〉

⇐⇒ 0 =
∂〈‖Q · A · x − x‖2〉

∂Q
= 2 (Q · A − I) · Cx · AT

⇐⇒ Q · A · Cx · AT = Cx · AT . (35)

For a diagonal preconditioner, Q = diag(q), only the diagonal
terms of Eq. (35) have to be considered; hence:

Q = diag(q) = diag(Cx · AT) · diag(A · Cx · AT)−1 . (36)

Finally, when x = u ∼ N(0, I):

Qi,i =
Ai,i∑
j A2

i, j

, and Qi, j,i = 0. (37)

In contrast to Jacobi preconditioner, this optimal precondi-
tioner is expensive to compute since every element of matrix
A must be evaluated to compute the denominator. This how-
ever have to be done only once for all for a given left-hand
side matrix A. The improvements given by the diagonal pre-
conditioners in Eq. (34) and Eq. (37) are compared in the next
section.
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5. Simulations and Results

A. Summary of the various possibilities

Our previous study gives rise to 6 different possibilities to
solve Eq. (8). By using Eq. (16), we can first iteratively solve
for w:

(
ST · C−1

n · S +K−T ·K−1
)
· w = ST · C−1

n · d , (38)

using the sparse model matrix S and the fractal operators K−1

and K−T introduced in Sect. 2 E and Sect. 3 to quickly apply
the left-hand side matrix. Although the a priori covariance
matrix of w is not the identity, we have checked the speedup
brought by the diagonal preconditioners defined in Eq. (34)
and Eq. (37) with A = ST · C−1

n · S +K−T ·K−1.
Solving the problem in the Karhunen-Loève basis, requires

to iteratively solve:
(
KT · ST · C−1

n · S ·K + I
)
· u = KT · ST · C−1

n · d (39)

for u and then do w = K · u. In this case, Cu = I so
we expect somewhat faster convergence by using one of the
preconditioners defined in Eq. (34) and Eq. (37) with A =

KT · ST · C−1
n · S ·K + I.

B. Comparison of the rates of convergence

When comparing the efficiency of the six different possibili-
ties, we need to take into account that the number of floating
point operations may be different for each of them. The aim is
not to derive an accurate number of operations which would
depend on the specific implementation of the algorithms, but
rather to get a general estimate. For instance, the K’s depen-
dence on r0 can be factorized out and included in operator
Cn with no extra computational cost. This kind of optimiza-
tion was not considered here. As detailed in Appendix B, the
number of operations is marginally increased by the precon-
ditioning and does not depend on which variables (w or u) are
used when starting from an arbitrary initial vector. A small
difference only appears when starting the algorithms with an
initial zero vector, as summarized in Table 1.

For wavefront reconstruction, when comparing the total
number of operations, Nops, for a given number of (P)CG iter-
ations, Niter, such that Niter ≥ 1, we will use these equations:

N
ops
CG ∼ (Noverhead + 33 N iter

CG) N ,

N
ops
PCG ∼ (Noverhead + 34 N iter

PCG) N ,
(40)

where Noverhead = 4 when working with variable w, and
Noverhead = 10 when explicitly working with variable u.

In order to assess the speed of the reconstruction, we have
tested the different wavefront reconstruction algorithms on
a number of different conditions. For every simulation, the
wavefront sensor sampling is such that the size of the Shack-
Hartmann subaperture is equal to Fried’s parameter r0. A
wavefront is first generated, the measurements are estimated
using the current wavefront sensor model, S, and a stationary
uncorrelated random noise n is added to the simulated slopes
in accordance with Eq. (1). Noise level is given by its standard

Fig. 6. Phase error as a function of the number of opera-
tions. Curves are the median value of 100 simulations with
D/r0 = 65, σnoise = 1 rad/subaperture and r0 has the same size
as one subaperture. Solid curves are for CG, dashed curves
are for PGC with Jacobi preconditioner, dotted curves are for
PGC with optimal diagonal preconditioner. Thin curves are
for (P)GC onto the wavefront samples w, whereas thick curves
are for (P)GC onto the wavefront generator u.

deviation σnoise in radians per subaperture, where the radians
here correspond to phase differences between the edges of the
subapertures. At each iteration of the algorithm, the residual
wavefront is computed as the difference between the current
solution and the initial wavefront. The root mean squared er-
ror of the residual wavefront is computed over the pupil, pis-
ton removed. Piston mode is the only removed mode. A cen-
tral obscuration is always introduced, with a diameter 1/3 the
diameter of the pupil.

The presented graphs sample two AO system 65 × 65
and 257 × 257 in size, and several levels of noise from
1 rad/subaperture down to 0.05 rad/subaperture are examined.
On each curve, the 6 algorithms are compared. All the curves
plot the median value obtained for 100 simulations under the
same conditions. The different algorithms were applied to the
same simulated wavefronts and sensor data.

The graphs have been plotted assuming a number of float-
ing point operations given by Eq. (40), where here the number
of unknowns is N = 4225 and N = 66049 for AO systems
65 × 65 and 257 × 257 respectively.

Various observations can be drawn from these curves.

• Solving by using w as unknowns is much slower than
with u, by more than one order of magnitude for a
65×65 system, and 2 orders of magnitude for 257×257.
This demonstrates the effect of using the fractal opera-
tor as a preconditioner.

• With w, the algorithm does not show any improvement
of the residual error for a long time before to find its
way through the solution. In contrast, the very first
steps with u already show a tremendous reduction of
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Fig. 7. Same as Fig. 6 but for σnoise = 0.5 rad/subaperture.

Fig. 8. Same as Fig. 6 but for σnoise = 0.1 rad/subaperture.

Fig. 9. Same as Fig. 6 but for σnoise = 0.05 rad/subaperture.

Fig. 10. Same as Fig. 6 but for D/r0 = 257 and σnoise = 1
rad/subaperture.

Fig. 11. Same as Fig. 6 but for D/r0 = 257 and σnoise = 0.5
rad/subaperture.

the residual error.

• When solving for w, diagonal preconditioners are only
useful at the very end of the convergence, mainly in case
of high signal-to-noise ratio. In contrast, the effect of
the diagonal preconditioners is very effective from the
beginning when working with u.

• When working with u, the difference between the two
diagonal preconditioners is significant but not criti-
cal. The optimal diagonal preconditioner yields slightly
faster convergence.

• When σnoise decreases, the convergence of the two
fastest methods takes longer to reach a lower residual
errors, as expected, but the rate of convergence keeps
steady.
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Fig. 12. Decrease of the residual phase variance as a func-
tion of the number of iterations when using u as unknowns
and optimal diagonal preconditioner. Each curve is the me-
dian value of 100 reconstructions. Three sets of curves are
plotted for different values of σ2

noise: 1 (solid), 0.09 (dashed),
and 0.01 rd2/r0 (dotted). In each set of curves, the size of the
system increases from bottom to top: 32, 64, 128 and 256
subapertures along the diameter of the pupil. Levels of Strehl
ratios are indicated. The curves show that 5 to 10 iterations
are enough in most cases for a full reconstruction.

C. Number of iterations

From the previous section, we now consider only the fastest
method, using both u as unknowns and the optimal diagonal
preconditioner. The aim here is to assess the number of it-
erations needed to restore the wavefront. As in the previous
section, we consider one subaperture per r0, so the variance of
the incoming wavefronts increases with the size of the system.
Figure 12 shows how the residual phase variance decreases at
each iteration for various configurations of the system, in size
(33 × 33, 65 × 65, 129 × 129, 257 × 257), and in noise level
(σ2

noise = 1, 0.09 and 0.01 rd2/r0). In the first iterations, we
can see that the behavior of the algorithm does not depend
on the signal to noise ratio. Further, the final value obtained
does not depend on the size of the system. Strehl levels cor-
responding to the residual phase variance are indicated. The
curves show that 5 to 10 iterations only are enough in most
cases for a full reconstruction.

In order to remove the effect of starting from different initial
phase variances, the curves have been plotted on Fig. 13, nor-
malized by the initial variance. The curves show that the be-
havior of the algorithm is the same in any situation, the curves
being only separated by the different values of the final vari-
ance, which depends on the noise level. They also show that
the variance is already reduced by a factor ∼ 1/40 at the first
iteration only, ∼ 1/100 at the second iteration and ∼ 10−4 after
6 iterations. This steep descent will be an asset in closed-loop.
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Fig. 13. The same curves as those in Fig. 12 are plotted here,
normalized by the initial variance of the phase. This shows a
high relative attenuation (∼ 1/40) after the first iteration, in
any configuration. In each set of curves: σ2

noise = 1 (solid),
0.09 (dashed), and 0.01 rd2/r0 (dotted); the size of the system
increases from top to bottom: 32, 64, 128, and 256 subaper-
tures along the diameter of the pupil.

6. Conclusion

We have introduced F, a new minimum variance iterative
algorithm for fast wavefront reconstruction and fast control of
an adaptive optics system. Combining fast regularization and
efficient preconditioning, regularized wavefront reconstruc-
tion by F is an O(N) process, where N is the number of
wavefront samples.

F takes advantage of the sparsity of the model matrix S

of wavefront sensors (or interaction matrices) and makes use
of a ”fractal operator” K for fast computation of the priors.
Based on a generalization of the mid-point algorithm [22],
K is not sparse but is implemented so that it requires only
O(N) ≃ 6 N operations. Our modifications with respect to the
original algorithm allow the operator to be invertible and the
generated wavefront to be stationary. We have derived algo-
rithms for computing K−1, KT and K−T in the same number
of floating point operations. In our simulations, we consider
a modified Kolmogorov law but any stationary structure func-
tion or covariance can be implemented in our approach. The
property of stationarity is expected to be helpful for turbulence
tomography.

Another breakthrough comes from the efficiency of the
fractal operator when used as a preconditioner. Combining
a fractal change of variables and an optimal diagonal precon-
ditioner, we were able to reduce the number of iterations in
the range of 5 – 10 whatever is the size of the AO system.
The exact number of iterations mainly depends on the signal
to noise ratio of the measurements.

It is beyond this work to compare with all the other meth-
ods currently studied in response to the huge increasing of the
number of degrees of freedom for the AO system on ELTs.
Nevertheless, we can easily compare to standard vector ma-
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trix multiplication (VMM). Assuming uncorrelated noise, the
simulations show that the number of operations with F is
Nops ∼ (23 + 34 Niter) N, where the number of PCG iterations
is Niter . 10 for any number of degrees of freedom N. For
up to N = 1.3 × 104 degrees of freedom (i.e. D/r0 ≤ 128),
one wavefront estimation (from scratch) involves . 6 × 106

operations, that is a bandwidth of ∼ 500 Hz for a machine
capable of 3 Gflops which is typical of current workstations.
Conversely, conventional (non-sparse) matrix multiplication
would require ∼ 4 N2 ∼ 7 × 108 operations to compute the
wavefront: our method is more than 100 times faster. Fur-
thermore, since the operations can be done in-place, it is ex-
pected that the computation with F could all be done in
cache memory.

The next step of this work is to extend the theory to closed-
loop and to assess the performances and the properties of the
algorithm in this regime. Since the wavefront is not allowed
to change a lot from one step of the AO loop to the other, the
algorithm will always starts close to the solution: the number
of iterations is expected to be yet lower. This study is not yet
completed but preliminary results have proved the efficiency
of F in the case of closed loop adaptive optics [32, 33].
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Appendix A: Derivation of the interpolation coefficients

In this appendix, we detail the computation of the interpola-
tion coefficients involved in the different configurations shown
by Fig. 4. Denoting r the step size in the grid before the re-
finement, the distances between the points considered in this
refinement step are:

√
2 r, r, r/

√
2, or r/2 (Fig. 4). Hence the

only covariances required in our computations are:

c0 = c(0) = σ2

c1 = c(r/2) = σ2 − f (r/2)/2
c2 = c(r/

√
2) = σ2 − f (r/

√
2)/2

c3 = c(r) = σ2 − f (r)/2
c4 = c(

√
2 r) = σ2 − f (

√
2 r)/2

(A1)

where c(r) and f (r) are respectively the covariance and the
structure function for a separation r.

1. Square configuration

For the interpolation stage illustrated by the top-left part of
Fig. 4 and according to Eq. (27), the interpolation coefficients

{α1, α2, α3, α4} are obtained by solving:



c0 c3 c4 c3

c3 c0 c3 c4

c4 c3 c0 c3

c3 c4 c3 c0


·



α1

α2

α3

α4


=



c2

c2

c2

c2


.

Solving this linear system and plugging the solution into
Eq. (27) leads to:

α1 = α2 = α3 = α4 =
c2

c0 + 2 c3 + c4
,

α0 = ±

√

c0 −
4 c2

2

c0 + 2 c3 + c4
.

(A2)

Note that the sign of α0 is irrelevant.

2. Triangle configuration

In original mid-point algorithm [22], the values at the edges
of the support (top-right part of Fig. 4) were generated from
only the two neighbors on the edge, ignoring the third in-
terior neighbor (denoted w3 in the figure). Here, according
to Eq. (27), the interpolation coefficients {α1, α2, α3} for this
stage are obtained by solving:


c0 c3 c2

c3 c0 c2

c2 c2 c0

 ·

α1

α2

α3

 =


c1

c1

c1

 .

Solving this linear system and plugging the solution into
Eq. (27) leads to:

α1 = α2 =
c1 (c0 − c2)

c0 (c0 + c3) − 2 c2
2

α3 =
c1 (c0 − 2 c2 + c3)

c0 (c0 + c3) − 2 c2
2

α0 = ±

√
c0 −

c2
1 (3 c0 − 4 c2 + c3)

c0 (c0 + c3) − 2 c2
2

(A3)

3. Diamond configuration

The interpolation coefficients for the stage in the bottom part
of Fig. 4 can be deduced from Eq. (A2) by replacing r by r/

√
2,

then:

α1 = α2 = α3 = α4 =
c1

c0 + 2 c2 + c3
,

α0 = ±

√

c0 −
4 c2

1

c0 + 2 c2 + c3
.

(A4)

Appendix B: Computational Burden

In order to estimate the number of floating point operations,
we need to carefully detail the steps of the CG method and
count the number of operations involved in the multiplication
by the different linear operators S, K, etc. Figure 1 summa-
rizes the steps of the (PCG) algorithm [15] to solve Eq. (8).
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algorithm step floating point operations

initialization: general case ∼ 25 N

zero initial vector in u space ∼ 12 N

zero initial vector in w space ∼ 6 N

1st CG iteration ∼ 31 N

any subsequent CG iteration ∼ 33 N

total after Niter ≥ 1 iterations ∼ (23 + 33 Niter) N

1st PCG iteration ∼ 32 N

any subsequent PCG iteration ∼ 34 N

total after Niter ≥ 1 iterations ∼ (23 + 34 Niter) N

Table 1. Number of operations involved in conjugate gradi-
ents (CG) and preconditioned conjugate gradients (PCG) ap-
plied to the wavefront restoration problem solved by our algo-
rithm. The integers N and Niter are respectively the number of
unknowns and number of iterations. For a reconstruction, we
assume an initial null guess in the initialization step: in this
case the number of operations at this step is reduced down to
∼ 6 N or ∼ 12 N when respectively w or u are used as un-
knowns.

If the unknowns are the wavefront samples, then x = w and:

A = ST · C−1
n · S +K−T ·K−1 ,

b = ST · C−1
n · d .

Starting the algorithm with w0, the initial residuals write:

r0 = b − A · w0

= ST · C−1
n · (d − S · w0) −K−T ·K−1 · w0 . (B1)

If the unknowns are the wavefront generators, then x = u

and:

A = KT · ST · C−1
n · S ·K + I ,

b = KT · ST · C−1
n · d ,

where I is the identity matrix. Starting the algorithm with u0,
the initial residuals are:

r0 = b − A · u0

= KT · ST · C−1
n · (d − S ·K · u0) − u0 . (B2)

Making use of possible factorizations (some of the αi’s have
the same values), applying any one of the operators K, KT,
K−1, or K−T involves the same number of floating point oper-
ations:

Nops(K) = Nops(K
T) = Nops(K

−1) = Nops(K
−T)

= 6 Nu − 14

∼ 6 N ,

where N is the number of degrees of freedom of the system,
Nu ∼ N is the number of elements in vector u and, in our
notation, Nops(L) is the number of floating point operations
required to apply a linear operator L to a vector.

Since we consider uncorrelated data noise, C−1
n is diagonal

and:

Nops

(
C−1

n

)
= M ∼ 2 N ;

however note that these ∼ 2 N floating point operations per
iteration can be saved for stationary noise (i.e. C−1

n ∝ I).
For Fried’s model of wavefront sensor and after proper fac-

torization:

Nops(S) = Nops(S
T) ∼ 4 N .

This assumes, in particular, that the data were pre-multiplied
by 2 (see section [see Eq. (11)].

Finally, whatever the unknown are (w or u), the total num-
ber of floating point operations required to apply the left hand
side matrix A to a given vector is:

Nops(A) ∼ 2 Nops(K) + 2 Nops(S) + Nops(C
−1
n ) + N

∼ 23 N .

The last N comes from the addition of likelihood and regular-
ization terms.

From equations (B1) and (B2), using either w or u as the
unknowns, initialization of the CG, i.e. computation of the
initial residuals r0, involves

Nops(r0) ∼ 2 Nops(K) + 2 Nops(S) + Nops(C
−1
n ) + M + N

∼ 25 N

operations. Note that, if the algorithm is initialized with
x0 = 0 (a vector of zeroes), this number of operations is signif-
icantly reduced down to ∼ 6 N and ∼ 12 N when respectively
w and u are used as unknowns. Also note that there may be
additional ∼ 6 N operations to compute w from u when nec-
essary.

Whatever are the considered variables, the number of un-
knowns is ∼ N, hence any dot product in the CG algorithm
involves 2 N − 1 ∼ 2 N floating point operations. The first
CG iteration (Fig. 1) requires two dot products (2 N − 1 ∼ 2 N

floating point operations each) to compute ρk and αk, apply-
ing A once and two vector updates (involving ∼ 2 N opera-
tions each); hence a total of ∼ 31 N operations. Any subse-
quent iteration requires an additional vector update to com-
pute the conjugate gradient direction; hence ∼ 33 N opera-
tions. Finally, preconditioning by a diagonal preconditioner
simply adds ∼ N operations per iteration.

The number of floating operations required by the different
versions of the reconstruction algorithm are summarized in
table 1 and by Eq. (40). Note that in the general case, the
number of operations does not depend on which variables w

or u are used. There is a difference of ∼ 6 N operations in
the initialization step only when the algorithm is started with
a zero initial vector (see table 1).
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❉✳ ❇♦♥❛❝❝✐♥✐ ❈❛❧✐❛✱ é❞✐t❡✉rs✱ ❆❞✈❛♥❝❡s ✐♥ ❆❞❛♣t✐✈❡ ❖♣t✐❝s ■■✱ ✈♦❧✉♠❡ ✻✷✼✷ ❞❡ Pr♦❝✳
❙P■❊✱ ✷✵✵✻❝✳

❉✳❚✳ ●❛✈❡❧✳ ❚❡❝❤♥♦❧♦❣② ❝❤❛❧❧❡♥❣❡s t♦ ❛❞❛♣t✐✈❡ ♦♣t✐❝s ♦♥ ❡①tr❡♠❡❧② ❧❛r❣❡ t❡❧❡s❝♦♣❡s✳
❉❛♥s ❘✳ ❘❛❣❛③③♦♥✐✱ ◆✳ ❍✉❜✐♥✱ ❡t ❙✳ ❊s♣♦s✐t♦✱ é❞✐t❡✉rs✱ ❇❡②♦♥❞ ❈♦♥✈❡♥t✐♦♥❛❧ ❆❞❛♣t✐✈❡
❖♣t✐❝s✱ ❈♦♥❢❡r❡♥❝❡✳ ❊❙❖✱ ●❛r❝❤✐♥❣✱ ●❡r♠❛♥②✱ ✷✵✵✶✳

❉✳❚✳ ●❛✈❡❧ ❡t ❉✳ ❲✐❜❡r❣✳ ❚♦✇❛r❞ ❙tr❡❤❧✲❖♣t✐♠✐③✐♥❣ ❆❞❛♣t✐✈❡ ❖♣t✐❝s ❈♦♥tr♦❧❧❡rs✳
❉❛♥s P✳▲✳ ❲✐③✐♥♦✈✐❝❤ ❡t ❉✳ ❇♦♥❛❝❝✐♥✐✱ é❞✐t❡✉rs✱ ❆❞❛♣t✐✈❡ ❖♣t✐❝❛❧ ❙②st❡♠ t❡❝❤♥♦❧♦✲
❣✐❡s ■■✱ ✈♦❧✉♠❡ ✹✽✸✾ ❞❡ ❙P■❊ ❈♦♥❢❡r❡♥❝❡✱ ♣❛❣❡s ✽✾✵✕✾✵✶✳ ❙♦❝✐❡t② ♦❢ P❤♦t♦✲❖♣t✐❝❛❧
■♥str✉♠❡♥t❛t✐♦♥ ❊♥❣✐♥❡❡rs✱ ❇❡❧❧✐♥❣❤❛♠✱ ❲❆✱ ✷✵✵✸✳

❊✳ ●❡♥❞r♦♥ ❡t P✳ ▲❡♥❛✳ ❆str♦♥♦♠✐❝❛❧ ❛❞❛♣t✐✈❡ ♦♣t✐❝s✳ ✶ ✿ ▼♦❞❛❧ ❝♦♥tr♦❧ ♦♣t✐♠✐③❛t✐♦♥✳
❆str♦♥✳ ✫ ❆str♦♣❤✳✱ ✷✾✶ ✿✸✸✼✕✸✹✼✱ ◆♦✈❡♠❜r❡ ✶✾✾✹✳
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❊✳ ●❡♥❞r♦♥ ❡t P✳ ▲❡♥❛✳ ❆str♦♥♦♠✐❝❛❧ ❛❞❛♣t✐✈❡ ♦♣t✐❝s✳ ■■✳ ❊①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ♦❢ ❛♥
♦♣t✐♠✐③❡❞ ♠♦❞❛❧ ❝♦♥tr♦❧✳ ❆str♦♥✳ ❆str♦♣❤②s✳✱ ✶✶✶ ✿✶✺✸✕✰✱ ▼❛✐ ✶✾✾✺✳

▲✳ ●✐❧❧❡s✳ ❈❧♦s❡❞✲❧♦♦♣ st❛❜✐❧✐t② ❛♥❞ ♣❡r❢♦r♠❛♥❝❡ ❛♥❛❧②s✐s ♦❢ ❧❡❛st✲sq✉❛r❡s ❛♥❞ ♠✐♥✐♠✉♠✲
✈❛r✐❛♥❝❡ ❝♦♥tr♦❧ ❛❧❣♦r✐t❤♠s ❢♦r ♠✉❧t✐❝♦♥❥✉❣❛t❡ ❛❞❛♣t✐✈❡ ♦♣t✐❝s✳ ❆♣♣❧✐❡❞ ❖♣t✐❝s✱ ✹✹
✭✻✮ ✿✾✾✸✕✶✵✵✷✱ ✷✵✵✺✳

▲✳ ●✐❧❧❡s ❡t ❇✳▲✳ ❊❧❧❡r❜r♦❡❦✳ ❙❤❛❝❦✲❤❛rt♠❛♥♥ ✇❛✈❡❢r♦♥t s❡♥s✐♥❣ ✇✐t❤ ❡❧♦♥❣❛t❡❞ s♦❞✐✉♠
❧❛s❡r ❜❡❛❝♦♥s ✿❝❡♥tr♦✐❞✐♥❣ ✈❡rs✉s ♠❛t❝❤❡❞ ✜❧t❡r✐♥❣✳ ❆♣♣❧✐❡❞ ❖♣t✐❝s✱ ✹✺✭✷✺✮ ✿✻✺✻✽✕
✻✺✼✻✱ ❙❡♣t❡♠❜❡r ✷✵✵✻✳

▲✳ ●✐❧❧❡s✱ ❇✳▲✳ ❊❧❧❡r❜r♦❡❦✱ ❡t ❈✳❘✳ ❱♦❣❡❧✳ ▲❛②❡r✲♦r✐❡♥t❡❞ ♠✉❧t✐❣r✐❞ ✇❛✈❡❢r♦♥t r❡❝♦♥str✉❝✲
t✐♦♥ ❛❧❣♦r✐t❤♠s ❢♦r ♠✉❧t✐✲❝♦♥❥✉❣❛t❡ ❛❞❛♣t✐✈❡ ♦♣t✐❝s✳ ❉❛♥s ❆❞❛♣t✐✈❡ ❖♣t✐❝s ❙②st❡♠
❚❡❝❤♥♦❧♦❣✐❡s ■■✱ ✈♦❧✉♠❡ ✹✽✸✾✕✶✶✽ ❞❡ Pr♦❝✳ ❙P■❊✱ ✷✵✵✷❛✳

▲✳ ●✐❧❧❡s✱ ❇✳▲✳ ❊❧❧❡r❜r♦❡❦✱ ❡t ❈✳❘✳ ❱♦❣❡❧✳ Pr❡❝♦♥❞✐t✐♦♥❡❞ ❝♦♥❥✉❣❛t❡ ❣r❛❞✐❡♥t ✇❛✈❡✲❢r♦♥t
r❡❝♦♥str✉❝t♦rs ❢♦r ♠✉❧t✐❝♦♥❥✉❣❛t❡ ❛❞❛♣t✐✈❡ ♦♣t✐❝s✳ ❆♣♣❧✐❡❞ ❖♣t✐❝s✱ ✹✷✭✷✻✮ ✿✺✷✸✸✕✺✷✺✵✱
❙❡♣t✳ ✷✵✵✸✳

▲✳ ●✐❧❧❡s✱ ❈✳❘✳ ❱♦❣❡❧✱ ❡t ❇✳▲✳ ❊❧❧❡r❜r♦❡❦✳ ▼✉❧t✐❣r✐❞ ♣r❡❝♦♥❞✐t✐♦♥❡❞ ❝♦♥❥✉❣❛t❡✲❣r❛❞✐❡♥t
♠❡t❤♦❞ ❢♦r ❧❛r❣❡✲s❝❛❧❡ ✇❛✈❡✲❢r♦♥t r❡❝♦♥str✉❝t✐♦♥✳ ❏✳ ❖♣t✳ ❙♦❝✳ ❆♠✳ ❆✱ ✶✾✭✾✮ ✿✶✽✶✼✕
✶✽✷✷✱ ✷✵✵✷❜✳

❆✳ ●❧✐♥❞❡♠❛♥♥✱ ❘✳●✳ ▲❛♥❡✱ ❡t ❏✳❈✳ ❉❛✐♥t②✳ ❙✐♠✉❧❛t✐♦♥ ♦❢ ❚✐♠❡✲❡✈♦❧✈✐♥❣ ❙♣❡❝❦❧❡ P❛t✲
t❡r♥s ✉s✐♥❣ ❑♦❧♠♦❣♦r♦✈ ❙t❛t✐st✐❝s✳ ❏♦✉r♥❛❧ ♦❢ ▼♦❞❡r♥ ❖♣t✐❝s✱ ✹✵✭✶✷✮ ✿✷✸✽✶✕✷✸✽✽✱
✶✾✾✸✳

❏✳❲✳ ●♦♦❞♠❛♥✳ ❘♦❜❡rts ❛♥❞ ❈♦♠♣❛♥② P✉❜❧✐s❤❡rs✱ ❊♥❣❧❡✇♦♦❞✱ ❈❖✱ ✸r❞ é❞✐t✐♦♥✱ ✷✵✵✺✳

●✳❈✳ ●♦♦❞✇✐♥ ❡t ❑✳❙✳ ❙✐♥✳ ❆❞❛♣t✐✈❡ ✜❧t❡r✐♥❣ ♣r❡❞✐❝t✐♦♥ ❛♥❞ ❝♦♥tr♦❧✳ ✶✾✽✹✳

❉✳P✳ ●r❡❡♥✇♦♦❞✳ ▼✉t✉❛❧ ❝♦❤❡r❡♥❝❡ ❢✉♥❝t✐♦♥ ♦❢ ❛ ✇❛✈❡ ❢r♦♥t ❝♦rr❡❝t❡❞ ❜② ③♦♥❛❧ ❛❞❛♣t✐✈❡
♦♣t✐❝s✳ ❏✳ ❖♣t✳ ❙♦❝✳ ❆♠✳✱ ✻✾ ✿✺✹✾✕✺✺✹✱ ✶✾✼✾✳

❏✳ ❍❡rr♠❛♥♥✳ ▲❡❛st✲sq✉❛r❡s ✇❛✈❡ ❢r♦♥t ❡rr♦rs ♦❢ ♠✐♥✐♠✉♠ ♥♦r♠✳ ❏✳ ❖♣t✳ ❙♦❝✳ ❆♠✳✱ ✼✵
✭✶✮ ✿✷✽✕✸✺✱ ❏❛♥✉❛r② ✶✾✽✵✳

❑✳ ❍✐♥♥❡♥✱ ▼✳ ❱❡r❤❛❡❣❡♥✱ ❡t ◆✳ ❉♦❡❧♠❛♥✳ ❊①♣❧♦✐t✐♥❣ t❤❡ s♣❛t✐♦✲t❡♠♣♦r❛❧ ❝♦rr❡❧❛t✐♦♥
✐♥ ❛❞❛♣t✐✈❡ ♦♣t✐❝s ✉s✐♥❣ ❞❛t❛✲❞r✐✈❡♥ H2✲♦♣t✐♠❛❧ ❝♦♥tr♦❧✳ ❏✳ ❖♣t✳ ❙♦❝✳ ❆♠✳ ❆✱ ✷✹✭✻✮ ✿
✶✼✶✹✕✶✼✷✺✱ ✷✵✵✼✳

❘✳❍✳ ❍✉❞❣✐♥✳ ❲❛✈❡✲❢r♦♥t ❝♦♠♣❡♥s❛t✐♦♥ ❡rr♦r ❞✉❡ t♦ ✜♥✐t❡ ❝♦rr❡❝t♦r✲❡❧❡♠❡♥t s✐③❡✳ ❏✳
❖♣t✳ ❙♦❝✳ ❆♠✳✱ ✻✼✭✸✮ ✿✸✾✸✕✸✾✺✱ ✶✾✼✼✳

❘✳❊✳ ❍✉❢♥❛❣❡❧ ❡t ◆✳❘✳ ❙t❛♥❧❡②✳ ▼♦❞✉❧❛t✐♦♥ tr❛♥s❢❡r ❢✉♥❝t✐♦♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ✐♠❛❣❡
tr❛♥s♠✐ss✐♦♥ t❤r♦✉❣❤ t✉r❜✉❧❡♥t ♠❡❞✐❛✳ ❏✳ ❖♣t✳ ❙♦❝✳ ❆♠✳✱ ✺✹✭✶✮ ✿✺✷✱ ✶✾✻✹✳

▲✳ ❏♦❧✐ss❛✐♥t✳ ❖♣t✐❝❛❧ t✉r❜✉❧❡♥❝❡ ❣❡♥❡r❛t♦rs ❢♦r t❡st✐♥❣ ❛str♦♥♦♠✐❝❛❧ ❛❞❛♣t✐✈❡ ♦♣t✐❝s
s②st❡♠s ✿ ❛ r❡✈✐❡✇ ❛♥❞ ❞❡s✐❣♥❡r ❣✉✐❞❡✳ P✉❜❧✐❝❛t✐♦♥s ♦❢ t❤❡ ❆str♦♥♦♠✐❝❛❧ ❙♦❝✐❡t② ♦❢
t❤❡ P❛❝✐✜❝✱ ✶✶✽ ✿✶✷✵✺✕✶✷✷✹✱ ❙❡♣t❡♠❜❡r ✷✵✵✻✳

❈✳ ❑✉❧❝s❛r✱ ❍✳✲❋✳ ❘❛②♥❛✉❞✱ ❈✳ P❡t✐t✱ ❏✲▼✳ ❈♦♥❛♥✱ ❡t P✳ ❱✐❛r✐s ❞❡ ▲❡s❡❣♥♦✳ ❖♣t✐♠❛❧
❝♦♥tr♦❧✱ ♦❜s❡r✈❡rs ❛♥❞ ✐♥t❡❣r❛t♦rs ✐♥ ❛❞❛♣t✐✈❡ ♦♣t✐❝s✳ ❖♣t✐❝s ❊①♣r❡ss✱ ✶✹✭✶✼✮✱ ❆✉❣✉st
✷✵✵✻✳
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❘✳ ●✳ ▲❛♥❡✱ ❆✳ ●❧✐♥❞❡♠❛♥♥✱ ❡t ❏✳ ❈✳ ❉❛✐♥t②✳ ❙✐♠✉❧❛t✐♦♥ ♦❢ ❛ ❑♦❧♠♦❣♦r♦✈ ♣❤❛s❡ s❝r❡❡♥✳
❲❛✈❡s ✐♥ ❘❛♥❞♦♠ ▼❡❞✐❛✱ ✷✭✸✮ ✿✷✵✾✕✷✷✹✱ ✶✾✾✷✳

❘✳●✳ ▲❛♥❡ ❡t ▼✳ ❚❛❧❧♦♥✳ ❲❛✈❡❢r♦♥t r❡❝♦♥str✉❝t✐♦♥ ✉s✐♥❣ ❛ s❤❛❝❦✲❤❛rt♠❛♥♥ s❡♥s♦r✳
❆♣♣❧✳ ❖♣t✳✱ ✸✶✭✸✷✮ ✿✻✾✵✷✱ ✶✾✾✷✳

▼✳ ▲❡ ▲♦✉❛r♥ ❡t ▼✳ ❚❛❧❧♦♥✳ ❆♥❛❧②s✐s ♦❢ ♠♦❞❡s ❛♥❞ ❜❡❤❛✈✐♦r ♦❢ ❛ ♠✉❧t✐❝♦♥❥✉❣❛t❡
❛❞❛♣t✐✈❡ ♦♣t✐❝s s②st❡♠✳ ❏✳ ❖♣t✳ ❙♦❝✳ ❆♠✳ ❆✱ ✶✾✭✺✮✱ ✷✵✵✷✳

▼✳ ▲❡ ▲♦✉❛r♥✱ ❈✳ ❱ér✐♥❛✉❞✱ ❡t ❱✳ ❑♦r❦✐❛❦♦s❦✐✳ ❙✐♠✉❧❛t✐♦♥ ♦❢ ▼❈❆❖ ♦♥ ✭❡①tr❡♠❡❧②✮
❧❛r❣❡ t❡❧❡s❝♦♣❡s✳ ❈♦♠♣t❡s ❘❡♥❞✉s P❤②s✐q✉❡✱ ✻ ✿✶✵✼✵✕✶✵✽✵✱ ❉é❝❡♠❜r❡ ✷✵✵✺✳

▼✳ ▲❡ ▲♦✉❛r♥✱ ❈✳ ❱ér✐♥❛✉❞✱ ❱✳ ❑♦r❦✐❛❦♦s❦✐✱ ❡t ❊✳ ❋❡❞r✐❣♦✳ P❛r❛❧❧❡❧ s✐♠✉❧❛t✐♦♥ t♦♦❧s ❢♦r
❆❖ ♦♥ ❊▲❚s✳ ❉❛♥s ❉✳ ❇♦♥❛❝❝✐♥✐ ❈❛❧✐❛✱ ❇✳ ▲✳ ❊❧❧❡r❜r♦❡❦✱ ❡t ❘✳ ❘❛❣❛③③♦♥✐✱ é❞✐t❡✉rs✱
❆❞✈❛♥❝❡♠❡♥ts ✐♥ ❆❞❛♣t✐✈❡ ❖♣t✐❝s✱ ✈♦❧✉♠❡ ✺✹✾✵ ❞❡ ❙P■❊ ❈♦♥❢❡r❡♥❝❡✱ ♣❛❣❡s ✼✵✺✕✼✶✷✱
❖❝t♦❜r❡ ✷✵✵✹✳

▼✳ ▲❡ ▲♦✉❛r♥✱ ❈❤✳ ❱ér✐♥❛✉❞✱ ◆✳ ❨❛✐ts❦♦✈❛✱ ❱✳ ❑♦r❦✐❛❦♦s❦✐✱ ❊✳ ❋❡❞r✐❣♦✱ ❡t ◆✳ ❍✉❜✐♥✳
❙✐♠✉❧❛t✐♦♥s ♦❢ ✭♠❝✮❛♦ ❢♦r ❛ ✶✵✵♠ t❡❧❡s❝♦♣❡✳ ✷✵✵✹✳

❇✳ ▲❡ ❘♦✉①✳ ❈♦♠♠❛♥❞❡ ❖♣t✐♠❛❧❡ ❡♥ ❖♣t✐q✉❡ ❆❞❛♣t❛t✐✈❡ ❝❧❛ss✐q✉❡ ❡t ♠✉❧t✐❝♦♥❥✉❣✉é❡✳
P❤❉ t❤❡s✐s✱ ❯♥✐✈❡rs✐té ❞❡ ◆✐❝❡ ❙♦♣❤✐❛✲❆♥t✐♣♦❧✐s✱ ✷✵✵✸✳

❇✳ ▲❡ ❘♦✉①✱ ❏✳✲▼✳ ❈♦♥❛♥✱ ❈✳ ❑✉❧❝s❛r✱ ❍✳✲❋✳ ❘❛②♥❛✉❞✱ ▲✳ ▼✉❣♥✐❡r✱ ❡t ❚✳ ❋✉s❝♦✳ ❖♣t✐♠❛❧
❝♦♥tr♦❧ ❧❛✇ ❢♦r ❝❧❛ss✐❝❛❧ ❛♥❞ ♠✉❧t✐❝♦♥❥✉❣❛t❡ ❛❞❛♣t✐✈❡ ♦♣t✐❝s✳ ❏✳ ❖♣t✳ ❙♦❝✳ ❆♠✳ ❆✱ ✷✶
✭✼✮ ✿✶✷✻✶✕✶✷✼✻✱ ✷✵✵✹✳

▲✳ ▲❡ss❛r❞✱ ▼✳ ❲❡st✱ ❉✳ ▼❛❝▼②♥♦✇s❦✐✱ ❡t ❙✳ ▲❛❧❧✳ ❲❛r♠✲st❛rt❡❞ ✇❛✈❡❢r♦♥t r❡❝♦♥str✉❝✲
t✐♦♥ ❢♦r ❛❞❛♣t✐✈❡ ♦♣t✐❝s✳ ❏✳ ❖♣t✳ ❙♦❝✳ ❆♠✳ ❆✱ ✷✺✭✺✮ ✿✶✶✹✼✕✶✶✺✺✱ ✷✵✵✽✳

❉✳P✳ ▲♦♦③❡✱ ▼✳ ❑❛s♣❡r✱ ❙✳ ❍✐♣♣❧❡r✱ ❖✳ ❇❡❦❡r✱ ❡t ❘✳ ❲❡✐ss✳ ❖♣t✐♠❛❧ ❝♦♠♣❡♥s❛t✐♦♥ ❛♥❞
✐♠♣❧❡♠❡♥t❛t✐♦♥ ❢♦r ❛❞❛♣t✐✈❡ ♦♣t✐❝s s②st❡♠s✳ ❊①♣❡r✳ ❆str♦♥✳✱ ✶✺✭✷✮ ✿✻✼✕✽✽✱ ✷✵✵✸✳

P✳✲❨✳ ▼❛❞❡❝✳ ❆❞❛♣t✐✈❡ ♦♣t✐❝s ✐♥ ❛str♦♥♦♠②✳ ❈❤❛♣✐tr❡ ❈♦♥tr♦❧ t❡❝❤♥✐q✉❡s✱ ♣❛❣❡s ✶✸✶✕
✶✺✹✳ ❈❛♠❜r✐❞❣❡ ❯♥✐✈❡rs✐t② Pr❡ss✱ ✶✾✾✾✳

❊✳ ▼❛r❝❤❡tt✐✱ ❘✳ ❇r❛st✱ ❇✳ ❉❡❧❛❜r❡✱ ❘✳ ❉♦♥❛❧❞s♦♥✱ ❊✳ ❋❡❞r✐❣♦✱ ❈✳ ❋r❛♥❦✱ ◆✳ ❍✉❜✐♥✱
❏✳ ❑♦❧❜✱ ❏✳✲▲✳ ▲✐③♦♥✱ ▼✳ ▼❛r❝❤❡s✐✱ ❙✳ ❖❜❡rt✐✱ ❘✳ ❘❡✐ss✱ ❏✳ ❙❛♥t♦s✱ ❈✳ ❙♦❡♥❦❡✱ ❙✳ ❚♦r❞♦✱
❆✳ ❇❛r✉✛♦❧♦✱ P✳ ❇❛❣♥❛r❛✱ ❡t ❚❤❡ ❈❆▼❈❆❖ ❈♦♥s♦rt✐✉♠✳ ❖♥✲s❦② ❚❡st✐♥❣ ♦❢ t❤❡
▼✉❧t✐✲❈♦♥❥✉❣❛t❡ ❆❞❛♣t✐✈❡ ❖♣t✐❝s ❉❡♠♦♥str❛t♦r✳ ❚❤❡ ▼❡ss❡♥❣❡r✱ ✶✷✾ ✿✽✕✶✸✱ ❙❡♣✲
t❡♠❜r❡ ✷✵✵✼✳

❋✳ ▼❛rt✐♥✱ ❘✳ ❈♦♥❛♥✱ ❆✳ ❚♦❦♦✈✐♥✐♥✱ ❆✳ ❩✐❛❞✱ ❍✳ ❚r✐♥q✉❡t✱ ❏✳ ❇♦r❣♥✐♥♦✱ ❆✳ ❆❣❛❜✐✱ ❡t
▼✳ ❙❛r❛③✐♥✳ ❖♣t✐❝❛❧ ♣❛r❛♠❡t❡rs r❡❧❡✈❛♥t ❢♦r ❤✐❣❤ ❛♥❣✉❧❛r r❡s♦❧✉t✐♦♥ ❛t ♣❛r❛♥❛❧ ❢r♦♠
❣s♠ ✐♥str✉♠❡♥t ❛♥❞ s✉r❢❛❝❡ ❧❛②❡r ❝♦♥tr✐❜✉t✐♦♥✳ ❆str♦♥✳ ❆str♦♣❤②s✳ ❙✉♣♣❧✳ ❙❡r✳✱ ✶✹✹ ✿
✸✾✕✹✹✱ ✷✵✵✵✳

❇✳▲✳ ▼❝●❧❛♠❡r②✳ ❈♦♠♣✉t❡r s✐♠✉❧❛t✐♦♥ st✉❞✐❡s ♦❢ ❝♦♠♣❡♥s❛t✐♦♥ ♦❢ t✉r❜✉❧❡♥❝❡ ❞❡❣r❛❞❡❞
✐♠❛❣❡s✳ ❉❛♥s ❏✳ ❈✳ ❯r❜❛❝❤✱ é❞✐t❡✉r✱ Pr♦❝✳ ■♥t✳ ❙♦❝✳ ❖♣t✳ ❊♥❣✳✱ ✈♦❧✉♠❡ ✼✹ ❞❡ ❙P■❊
❈♦♥❢❡r❡♥❝❡✱ ♣❛❣❡s ✷✷✺✕✷✸✸✱ ✶✾✼✻✳

▼✳ ▼♦r❛r✐ ❡t ❊✳ ❩❛✜r✐♦✉✳ ❘♦❜✉st Pr♦❝❡ss ❈♦♥tr♦❧✳ Pr❡♥t✐❝❡ ❍❛❧❧✱ ✶✾✽✾✳



❇■❇▲■❖●❘❆P❍■❊ ✷✽✼

❚✳❏✳ ▼♦rr✐s✱ ❘✳❲✳ ❲✐❧s♦♥✱ ❘✳▼✳ ▼②❡rs✱ ❚✳ ❇✉tt❡r❧❡②✱ ❘✳●✳▼✳ ❘✉tt❡♥✱ ❡t ●✳ ❚❛❧❜♦t✳
P❡r❢♦r♠❛♥❝❡ ♣r❡❞✐❝t✐♦♥s ♦❢ t❤❡ ●▲❆❙ ❘❛②❧❡✐❣❤ ❧❛s❡r ❣✉✐❞❡ st❛r ❛❞❛♣t✐✈❡ ♦♣t✐❝s s②s✲
t❡♠ ❢♦r t❤❡ ✹✳✷✲♠ ❲✐❧❧✐❛♠ ❍❡rs❝❤❡❧ ❚❡❧❡s❝♦♣❡✳ ❉❛♥s ❆❞✈❛♥❝❡s ✐♥ ❆❞❛♣t✐✈❡ ❖♣t✐❝s
■■✱ ✈♦❧✉♠❡ ✻✷✼✷ ❞❡ ❙P■❊ ❈♦♥❢❡r❡♥❝❡✱ ❏✉✐❧❧❡t ✷✵✵✻✳

▲✳ ▼✉❣♥✐❡r✱ ❆✳ ❇❧❛♥❝✱ ❡t ❏✳ ■❞✐❡r✳ ❆❞✈❛♥❝❡s ✐♥ ✐♠❛❣✐♥❣ ❛♥❞ ❡❧❡❝tr♦♥ ♣❤②s✐❝s✳ ✈♦❧✉♠❡
✶✹✶✱ ❈❤❛♣✐tr❡ P❤❛s❡ ❞✐✈❡rs✐t② ✿ ❛ t❡❝❤♥✐q✉❡ ❢♦r ✇❛✈❡❢r♦♥t s❡♥s✐♥❣ ❛♥❞ ❢♦r ❞✐✛r❛❝t✐♦♥✲
❧✐♠✐t❡❞ ✐♠❛❣✐♥❣✱ ♣❛❣❡s ✶✕✼✻✳ ❊❧s❡✈✐❡r✱ ✷✵✵✻✳

❘✳▼✳ ▼②❡rs✱ ❆✳❏✳ ▲♦♥❣♠♦r❡✱ ❈✳ ❘✳ ❇❡♥♥✱ ❉✳❋✳ ❇✉s❝❤❡r✱ P✳ ❈❧❛r❦✱ ◆✳ ❆✳ ❉✐♣♣❡r✱
◆✳ ❉♦❜❧❡✱ ❆✳ P✳ ❉♦❡❧✱ ❈✳ ◆✳ ❉✉♥❧♦♣✱ ❳✳ ●❛♦✱ ❚✳ ●r❡❣♦r②✱ ❘✳ ❆✳ ❍✉♠♣❤r❡②s✱ ❉✳❏✳
■✈❡s✱ ❖❡st❡♥s❡♥ ❘✳✱ P✳ ❚✳ P❡❛❝♦❝❦❡✱ ❘✳ ●✳ ❘✉tt❡♥✱ ❈✳ ❏✳ ❚✐❡r♥❡②✱ ❆✳ ❏✳ ❆✳ ❱✐❝❦✱ ▼✳ ❘✳
❲❡❧❧s✱ ❘✳ ❲✳ ❲✐❧s♦♥✱ ❙✳ P✳ ❲♦rs✇✐❝❦✱ ❡t ❆✳ ❩❛❞r♦③♥②✳ ◆❛♦♠✐ ❛❞❛♣t✐✈❡ ♦♣t✐❝s s②s✲
t❡♠ ❢♦r t❤❡ ✹✳✷✲♠ ✇✐❧❧✐❛♠ ❤❡rs❝❤❡❧ t❡❧❡s❝♦♣❡✳ ❉❛♥s P❡t❡r ▲✳ ❲✐③✐♥♦✇✐❝❤ ❀ ❉♦♠❡♥✐❝♦
❇♦♥❛❝❝✐♥✐✱ é❞✐t❡✉r✱ ❆❞❛♣t✐✈❡ ❖♣t✐❝❛❧ ❙②st❡♠ ❚❡❝❤♥♦❧♦❣✐❡s ■■✱ ♣❛❣❡s ✻✹✼✕✻✺✽✱ ✷✵✵✸✳

▼✳ ◆✐❝♦❧❧❡✳ ❆♥❛❧②s❡ ❞❡ ❢r♦♥t ❞✬♦♥❞❡ ♣♦✉r ❧❡s ♦♣t✐q✉❡s ❛❞❛♣t❛t✐✈❡s ❞❡ ♥♦✉✈❡❧❧❡ ❣é♥ér❛✲
t✐♦♥ ✿ ♦♣t✐q✉❡s ❛❞❛♣t❛t✐✈❡s à ❧❛r❣❡ ❝❤❛♠♣ ❡t ♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ❡①trê♠❡✳ P❤❉ t❤❡s✐s✱
❋❛❝✉❧té ❞❡s s❝✐❡♥❝❡s ❞✬❖rs❛②✱ ✷✵✵✻✳

▼✳ ◆✐❝♦❧❧❡✱ ❚✳ ❋✉s❝♦✱ ●✳ ❘♦✉ss❡t✱ ❡t ❱✳ ▼✐❝❤❛✉✳ ■♠♣r♦✈❡♠❡♥t ♦❢ s❤❛❝❦✲❤❛rt♠❛♥♥ ✇❛✈❡✲
❢r♦♥ts❡♥s♦r ♠❡❛s✉r❡♠❡♥t ❢♦r ❡①tr❡♠❡ ❛❞❛♣t✐✈❡ ♦♣t✐❝s✳ ❖♣t✳ ▲❡tt✳✱ ✷✾✭✷✸✮ ✿✷✼✹✸✕✷✼✹✺✱
✷✵✵✹✳

❘✳❏✳ ◆♦❧❧✳ ❩❡r♥✐❦❡ ♣♦❧②♥♦♠✐❛❧s ❛♥❞ ❛t♠♦s♣❤❡r✐❝ t✉r❜✉❧❡♥❝❡✳ ❏♦✉r♥❛❧ ♦❢ t❤❡ ❖♣t✐❝❛❧
❙♦❝✐❡t② ♦❢ ❆♠❡r✐❝❛ ✭✶✾✶✼✲✶✾✽✸✮✱ ✻✻ ✿✷✵✼✕✷✶✶✱ ▼❛rs ✶✾✼✻✳

❘✳❏✳ ◆♦❧❧✳ P❤❛s❡ ❡st✐♠❛t❡s ❢r♦♠ s❧♦♣❡✲t②♣❡ ✇❛✈❡✲❢r♦♥t s❡♥s♦rs ✭❚✮✳ ❏♦✉r♥❛❧ ♦❢ t❤❡
❖♣t✐❝❛❧ ❙♦❝✐❡t② ♦❢ ❆♠❡r✐❝❛ ✭✶✾✶✼✲✶✾✽✸✮✱ ✻✽ ✿✶✸✾✕✰✱ ✶✾✼✽✳

❘✳❘✳ P❛r❡♥t✐ ❡t ❘✳❏✳ ❙❛s✐❡❧❛✳ ▲❛s❡r✲❣✉✐❞❡✲st❛r s②st❡♠s ❢♦r ❛str♦♥♦♠✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s✳ ❏✳
❖♣t✳ ❙♦❝✳ ❆♠✳ ❆✱ ✶✶✭✶✮ ✿✷✽✽✕✸✵✾✱ ❏❛♥✉❛r② ✶✾✾✹✳

❘✳◆✳ P❛s❝❤❛❧❧ ❡t ❉✳❏✳ ❆♥❞❡rs♦♥✳ ▲✐♥❡❛r q✉❛❞r❛t✐❝ ●❛✉ss✐❛♥ ❝♦♥tr♦❧ ♦❢ ❛ ❞❡❢♦r♠❛❜❧❡
♠✐rr♦r ❛❞❛♣t✐✈❡ ♦♣t✐❝s s②st❡♠ ✇✐t❤ t✐♠❡✲❞❡❧❛②❡❞ ♠❡❛s✉r❡♠❡♥ts✳ ❆♣♣❧✳ ❖♣t✳✱ ✸✷✭✸✶✮ ✿
✻✸✹✼✕✻✸✺✽✱ ✶✾✾✸✳

❑✳❇✳ P❡t❡rs❡♥ ❡t ▼✳❙✳ P❡❞❡rs❡♥✳ ❚❤❡ ♠❛tr✐① ❝♦♦❦❜♦♦❦✱ ❋é✈r✐❡r ✷✵✵✼✳ ❱❡rs✐♦♥ ❋❡❜r✉❛r②
✶✵✱ ✷✵✵✼✳

❈✳ P❡t✐t✳ ❊t✉❞❡ ❞❡ ❧❛ ❝♦♠♠❛♥❞❡ ♦♣t✐♠❛❧❡ ❡♥ ❖❆ ❡t ❖❆▼❈✱ ✈❛❧✐❞❛t✐♦♥ ♥✉♠ér✐q✉❡ ❡t
❡①♣ér✐♠❡♥t❛❧❡✳ P❤❉ t❤❡s✐s✱ ❯♥✐✈❡rs✐té P❛r✐s ❳■■■✱ ❉é❝❡♠❜r❡ ✷✵✵✻✳

▲✳❆✳ P♦②♥❡❡r✳ ❆❞✈❛♥❝❡❞ t❡❝❤♥✐q✉❡s ❢♦r ❋♦✉r✐❡r tr❛♥s❢♦r♠ ✇❛✈❡❢r♦♥t r❡❝♦♥str✉❝t✐♦♥✳
❉❛♥s P❡t❡r ▲✳ ❲✐③✐♥♦✇✐❝❤ ❡t ❉♦♠❡♥✐❝♦ ❇♦♥❛❝❝✐♥✐✱ é❞✐t❡✉rs✱ ❆❞❛♣t✐✈❡ ❖♣t✐❝❛❧ ❙②st❡♠
❚❡❝❤♥♦❧♦❣✐❡s ■■✱ ✈♦❧✉♠❡ ✹✽✸✾✱ ♣❛❣❡s ✶✵✷✸✕✶✵✸✹✳ ❙P■❊✱ ✷✵✵✸✳

▲✳❆✳ P♦②♥❡❡r✱ ❉✳ ❉✐❧❧♦♥✱ ❙✳ ❚❤♦♠❛s✱ ❡t ❇✳❆✳ ▼❛❝✐♥t♦s❤✳ ▲❛❜♦r❛t♦r② ❞❡♠♦♥str❛t✐♦♥ ♦❢
❛❝❝✉r❛t❡ ❛♥❞ ❡✣❝✐❡♥t ♥❛♥♦♠❡t❡r✲❧❡✈❡❧ ✇❛✈❡❢r♦♥t ❝♦♥tr♦❧ ❢♦r ❡①tr❡♠❡ ❛❞❛♣t✐✈❡ ♦♣t✐❝s✳
❆♣♣❧✳ ❖♣t✳✱ ✹✼✭✾✮ ✿✶✸✶✼✕✶✸✷✻✱ ✷✵✵✽✳

▲✳❆✳ P♦②♥❡❡r✱ ❉✳❚✳ ●❛✈❡❧✱ ❡t ❏✳▼✳ ❇r❛s❡✳ ❋❛st ✇❛✈❡✲❢r♦♥t r❡❝♦♥str✉❝t✐♦♥ ✐♥ ❧❛r❣❡ ❛❞❛♣✲
t✐✈❡ ♦♣t✐❝s s②st❡♠s ✇✐t❤ ✉s❡ ♦❢ t❤❡ ❢♦✉r✐❡r tr❛♥s❢♦r♠✳ ❏✳ ❖♣t✳ ❙♦❝✳ ❆♠✳ ❆✱ ✶✾✭✶✵✮ ✿
✷✶✵✵✕✷✶✶✶✱ ❖❝t✳ ✷✵✵✷✳



✷✽✽ ❇■❇▲■❖●❘❆P❍■❊

▲✳❆✳ P♦②♥❡❡r✱ ❇✳❆✳ ▼❛❝✐♥t♦s❤✱ ❡t ❏✳✲P✳ ❱ér❛♥✳ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ✇❛✈❡❢r♦♥t ❝♦♥tr♦❧ ✇✐t❤
❛❞❛♣t✐✈❡ ♣r❡❞✐❝t✐♦♥ ♦❢ t❤❡ ❛t♠♦s♣❤❡r❡✳ ❏✳ ❖♣t✳ ❙♦❝✳ ❆♠✳ ❆✱ ✷✹✭✾✮ ✿✷✻✹✺✱ s❡♣t❡♠❜❡r
✷✵✵✼✳

▲✳❆✳ P♦②♥❡❡r✱ ▼✳ ❚r♦②✱ ❇✳ ▼❛❝✐♥t♦s❤✱ ❡t ❉✳❚✳ ●❛✈❡❧✳ ❊①♣❡r✐♠❡♥t❛❧ ✈❛❧✐❞❛t✐♦♥ ♦❢ ❢♦✉r✐❡r✲
tr❛♥s❢♦r♠ ✇❛✈❡✲❢r♦♥t r❡❝♦♥str✉❝t✐♦♥ ❛t t❤❡ ♣❛❧♦♠❛r ♦❜s❡r✈❛t♦r②✳ ❖♣t✳ ▲❡tt✳✱ ✷✽✭✶✵✮ ✿
✼✾✽✕✽✵✵✱ ✷✵✵✸✳

▲✳❆✳ P♦②♥❡❡r ❡t ❏✳✲P✳ ❱ér❛♥✳ ❖♣t✐♠❛❧ ♠♦❞❛❧ ❋♦✉r✐❡r✲tr❛♥s❢♦r♠ ✇❛✈❡❢r♦♥t ❝♦♥tr♦❧✳ ❏✳
❖♣t✳ ❙♦❝✳ ❆♠✳ ❆✱ ✷✷✭✽✮ ✿✶✺✶✺✕✶✺✷✻✱ ✷✵✵✺✳

❘✳ ❘❛❣❛③③♦♥✐✳ P✉♣✐❧ ♣❧❛♥❡ ✇❛✈❡❢r♦♥t s❡♥s✐♥❣ ✇✐t❤ ❛♥ ♦s❝✐❧❧❛t✐♥❣ ♣r✐s♠✳ ❏♦✉r♥❛❧ ♦❢
▼♦❞❡r♥ ❖♣t✐❝s✱ ✹✸ ✿✷✽✾✕✷✾✸✱ ✶✾✾✻✳

❘✳ ❘❛❣❛③③♦♥✐ ❡t ❏✳ ❋❛r✐♥❛t♦✳ ❙❡♥s✐t✐✈✐t② ♦❢ ❛ ♣②r❛♠✐❞✐❝ ✇❛✈❡ ❢r♦♥t s❡♥s♦r ✐♥ ❝❧♦s❡❞ ❧♦♦♣
❛❞❛♣t✐✈❡ ♦♣t✐❝s✳ ❆str♦♥✳ ❆str♦♣❤②s✳✱ ✸✺✵✱ ✶✾✾✾✳

❘✳ ❘❛❣❛③③♦♥✐✱ ❏✳ ❋❛r✐♥❛t♦✱ ❡t ❊✳ ▼❛r❝❤❡tt✐✳ ❆❞❛♣t✐✈❡ ♦♣t✐❝s ❢♦r ✶✵✵✲♠✲❝❧❛ss t❡❧❡s❝♦♣❡s ✿
♥❡✇ ❝❤❛❧❧❡♥❣❡s r❡q✉✐r❡ ♥❡✇ s♦❧✉t✐♦♥s✳ ❉❛♥s P✳ ▲✳ ❲✐③✐♥♦✇✐❝❤✱ é❞✐t❡✉r✱ ❆❞❛♣t✐✈❡
❖♣t✐❝❛❧ ❙②st❡♠s ❚❡❝❤♥♦❧♦❣②✱ ✈♦❧✉♠❡ ✹✵✵✼ ❞❡ ❙P■❊ ❈♦♥❢❡r❡♥❝❡ ❙❡r✐❡s✱ ♣❛❣❡s ✶✵✼✻✕
✶✵✽✼✱ ❥✉❧ ✷✵✵✵✳

❋✳ ❘✐❣❛✉t✱ ●✳ ❘♦✉ss❡t✱ P✳ ❑❡r♥✱ ❏✳ ❈✳ ❋♦♥t❛♥❡❧❧❛✱ ❏✳ P✳ ●❛✛❛r❞✱ ❋✳ ▼❡r❦❧❡✱ ❡t P✳ ▲é♥❛✳
❆❞❛♣t✐✈❡ ♦♣t✐❝s ♦♥ ❛ ✸✳✻✲♠ t❡❧❡s❝♦♣❡ ✲ ❘❡s✉❧ts ❛♥❞ ♣❡r❢♦r♠❛♥❝❡✳ ❆str♦♥✳ ❆str♦♣❤②s✳✱
✷✺✵ ✿✷✽✵✕✷✾✵✱ ❖❝t♦❜r❡ ✶✾✾✶✳

❋✳ ❘✐❣❛✉t✱ ❉✳ ❙❛❧♠♦♥✱ ❘✳ ❆rs❡♥❛✉❧t✱ ❏✳ ❚❤♦♠❛s✱ ❖✳ ▲❛✐✱ ❉✳ ❘♦✉❛♥✱ ❏✳ P✳ ❱ér❛♥✱ P✳ ●✐✲
❣❛♥✱ ❉✳ ❈r❛♠♣t♦♥✱ ❏✳ ▼✳ ❋❧❡t❝❤❡r✱ ❏✳ ❙t✐❧❜✉r♥✱ ❈✳ ❇♦②❡r✱ ❡t P✳ ❏❛❣♦✉r❡❧✳ P❡r❢♦r♠❛♥❝❡
♦❢ t❤❡ ❈❛♥❛❞❛✲❋r❛♥❝❡✲❍❛✇❛✐✐ ❚❡❧❡s❝♦♣❡ ❆❞❛♣t✐✈❡ ❖♣t✐❝s ❇♦♥♥❡tt❡✳ P✉❜❧✳ ❆str♦♥✳
❙♦❝✳ P❛❝✐✜❝✱ ✶✶✵ ✿✶✺✷✕✶✻✹✱ ❋é✈r✐❡r ✶✾✾✽✳

❋✳ ❘✐❣❛✉t✱ ❏✳✲P✳ ❱ér❛♥✱ ❡t ❖✳ ▲❛✐✳ ❆♥ ❛♥❛❧②t✐❝❛❧ ♠♦❞❡❧ ❢♦r s❤❛❝❦✲❤❛rt♠❛♥♥✲❜❛s❡❞
❛❞❛♣t✐✈❡ ♦♣t✐❝s s②st❡♠s✳ ❉❛♥s ❉✳ ❇♦♥❛❝❝✐♥✐ ❡t ❘✳❑✳ ❚②s♦♥✱ é❞✐t❡✉rs✱ ❆❞❛♣t✐✈❡ ❖♣t✐✲
❝❛❧ ❙②st❡♠ ❚❡❝❤♥♦❧♦❣✐❡s✱ ✈♦❧✉♠❡ ✸✸✺✸ ❞❡ ❙P■❊ ❈♦♥❢❡r❡♥❝❡✱ ♣❛❣❡s ✶✵✸✽✕✶✵✹✽✱ ❑♦♥❛✱
❍❛✇❛✐✐✱ ▼❛r❝❤ ✶✾✾✽✳

❋✳ ❘♦❞❞✐❡r✳ ❚❤❡ ❡✛❡❝ts ♦❢ ❛t♠♦s♣❤❡r✐❝ t✉r❜✉❧❡♥❝❡ ✐♥ ♦♣t✐❝❛❧ ❛str♦♥♦♠②✳ Pr♦❣r❡ss ✐♥
❖♣t✐❝s✱ ❈❤❛♣✐tr❡ ❱✳ ◆♦rt❤✲❍♦❧❧❛♥❞ P✉❜❧✐s❤✐♥❣ ❈♦♠♣❛♥②✱ ✶✾✽✶✳

❋✳ ❘♦❞❞✐❡r✳ ❈✉r✈❛t✉r❡ s❡♥s✐♥❣ ❛♥❞ ❝♦♠♣❡♥s❛t✐♦♥ ✿ ❛ ♥❡✇ ❝♦♥❝❡♣t ✐♥ ❛❞❛♣t✐✈❡ ♦♣t✐❝s✳
❆♣♣❧✐❡❞ ❖♣t✐❝s✱ ✷✼ ✿✶✷✷✸✕✶✷✷✺✱ ✶✾✽✽✳

◆✳ ❘♦❞❞✐❡r✳ ❆t♠♦s♣❤❡r✐❝ ✇❛✈❡❢r♦♥t s✐♠✉❧❛t✐♦♥ ✉s✐♥❣ ③❡r♥✐❦❡ ♣♦❧②♥♦♠✐❛❧s✳ ❖♣t✳ ❊♥❣✳✱
✷✾ ✿✶✶✼✹✕✶✶✽✵✱ ✶✾✾✵✳

❳✳ ❘♦♥❞❡❛✉✱ ❊✳ ❚❤✐é❜❛✉t✱ ▼✳ ❚❛❧❧♦♥✱ ❡t ❘✳ ❋♦②✳ P❤❛s❡ r❡tr✐❡✈❛❧ ❢r♦♠ s♣❡❝❦❧❡ ✐♠❛❣❡s✳
❏♦✉r♥✳ ❖♣t✳ ❙♦❝✳ ❆♠✳ ❆✱ ✐♥ ♣r❡ss✱ ✷✵✵✽✳

●✳ ❘♦✉ss❡t✳ ❆❞❛♣t✐✈❡ ♦♣t✐❝s ✐♥ ❛str♦♥♦♠②✳ ❈❤❛♣✐tr❡ ✺✱ ♣❛❣❡s ✾✶✕✶✸✵✳ ❘♦❞❞✐❡r✱ ❋✳✱ ✶✾✾✾✳

●✳ ❘♦✉ss❡t✱ ❏✳▲✳ ❇❡✉③✐t✱ ◆✳ ❍✉❜✐♥✱ ❊✳ ●❡♥❞r♦♥✱ ❈✳ ❇♦②❡r✱ P✳❨✳ ▼❛❞❡❝✱ P✳ ●✐❣❛♥✱ ❏✳❈✳
❘✐❝❤❛r❞✱ ▼✳ ❱✐tt♦t✱ ❏✳P✳ ●❛✛❛r❞✱ ❋✳ ❘✐❣❛✉t✱ ❡t P✳ ▲é♥❛✳ ❚❤❡ ❈♦♠❡✲❖♥✲P❧✉s ❆❞❛♣✲
t✐✈❡ ❖♣t✐❝s ❙②st❡♠ ✿ ❘❡s✉❧ts ❛♥❞ P❡r❢♦r♠❛♥❝❡✳ ❉❛♥s ❋✳ ▼❡r❦❧❡✱ é❞✐t❡✉r✱ ❊✉r♦♣❡❛♥
❙♦✉t❤❡r♥ ❖❜s❡r✈❛t♦r② ❆str♦♣❤②s✐❝s ❙②♠♣♦s✐❛✱ ✈♦❧✉♠❡ ✹✽✱ ♣❛❣❡s ✻✺✕✰✱ ❏❛♥✈✐❡r ✶✾✾✹✳
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▼✳ ❙❝❤ö❝❦✱ ❘✳ ❋♦②✱ ▼✳ ❚❛❧❧♦♥✱ ▲✳ ◆♦❡t❤❡✱ ❡t ❏✳✲P✳ P✐q✉❡✳ P❡r❢♦r♠❛♥❝❡ ❛♥❛❧②s✐s ♦❢
♣♦❧②❝❤r♦♠❛t✐❝ ❧❛s❡r ❣✉✐❞❡ st❛r❞s ✉s❡❞ ❢♦r ✇❛✈❡❢r♦♥t t✐❧t s❡♥s✐♥❣✳ ▼◆❘❆❙✱ ✸✸✼ ✿
✾✶✵✕✾✷✵✱ ✷✵✵✷✳

❏✳❘✳ ❙❤❡✇❝❤✉❝❦✳ ❆♥ ✐♥tr♦❞✉❝t✐♦♥ t♦ ❝♦♥❥✉❣❛t❡ ❣r❛❞✐❡♥t ♠❡t❤♦❞ ✇✐t❤♦✉t t❤❡ ❛❣♦♥✐③✐♥❣
♣❛✐♥✳ ✶✾✾✹✳

❍✳❲✳ ❙♦r❡♥s♦♥✳ ▲❡❛st✲❙q✉❛r❡ ❊st✐♠❛t✐♦♥ ✿ ❋r♦♠ ●❛✉ss t♦ ❑❛❧♠❛♥✳ ❉❛♥s ■❊❊❊ ❙♣❡❝✲
tr✉♠✱ ✈♦❧✉♠❡ ✼✱ ♣❛❣❡s ✻✸✕✻✽✱ ✶✾✼✵✳

▼✳ ❙é❝❤❛✉❞✳ ❆❞❛♣t✐✈❡ ♦♣t✐❝s ✐♥ ❛str♦♥♦♠②✳ ❈❤❛♣✐tr❡ ✹✱ ♣❛❣❡s ✺✼✕✽✽✳ ❘♦❞❞✐❡r✱ ❋✳✱ ✶✾✾✾✳

▼✳ ❚❛❧❧♦♥ ❡t ❘✳ ❋♦②✳ ❆❞❛♣t✐✈❡ t❡❧❡s❝♦♣❡ ✇✐t❤ ❧❛s❡r ♣r♦❜❡ ✲ ■s♦♣❧❛♥❛t✐s♠ ❛♥❞ ❝♦♥❡ ❡✛❡❝t✳
❆str♦♥✳ ✫ ❆str♦♣❤✳✱ ✷✸✺ ✿✺✹✾✕✺✺✼✱ ❆♦ût ✶✾✾✵✳

❆✳ ❚❛r❛♥t♦❧❛✳ ■♥✈❡rs❡ Pr♦❜❧❡♠ ❚❤❡♦r② ❛♥❞ ▼❡t❤♦❞s ❢♦r ▼♦❞❡❧ P❛r❛♠❡t❡r ❊st✐♠❛t✐♦♥✳
❙■❆▼✱ ✷✵✵✺✳

❆✳ ❚❛r❛♥t♦❧❛ ❡t ❇✳ ❱❛❧❡tt❡✳ ■♥✈❡rs❡ Pr♦❜❧❡♠s ✿ ◗✉❡st ❢♦r ■♥❢♦r♠❛t✐♦♥✳ ❏♦✉r♥❛❧ ♦❢
●❡♦♣❤②s✐❝s✱ ✺✵ ✿✶✺✾✕✶✼✵✱ ✶✾✽✷✳

❱✳■✳ ❚❛t❛rs❦✐✳ ❲❛✈❡ ♣r♦♣❛❣❛t✐♦♥ ✐♥ ❛ t✉r❜✉❧❡♥t ♠❡❞✐✉♠✳ ❉♦✈❡r P✉❜❧✐❝❛t✐♦♥s✱ ■♥❝✳ ◆❡✇
❨♦r❦✱ ✶✾✻✶✳

❊✳ ❚❤✐é❜❛✉t ❡t ▼✳ ❚❛❧❧♦♥✳ ❋❛st ♠✐♥✐♠✉♠ ✈❛r✐❛♥❝❡ ✇❛✈❡❢r♦♥t r❡❝♦♥str✉❝t✐♦♥ ❢♦r ❡①tr❡✲
♠❡❧② ❧❛r❣❡ t❡❧❡s❝♦♣❡s✳ s✉❜♠✐tt❡❞ t♦ ❏✳ ❖♣t✳ ❙♦❝✳ ❆♠✳ ❆✱ ✷✵✵✽✳

❙✳ ❚❤♦♠❛s✳ ➱t✉❞❡ ❞✬✉♥❡ ♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ♣♦✉r ❧✬❛str♦♥♦♠✐❡ ❞❛♥s ❧❡ ✈✐s✐❜❧❡✳ P❤❉
t❤❡s✐s✱ ❙❝✐❡♥❝❡s ❢♦♥❞❛♠❡♥t❛❧❡s ❡t ❆♣♣❧✐q✉é❡s✱ ✷✵✵✺✳

❙✳ ❚❤♦♠❛s✱ ❚✳ ❋✉s❝♦✱ ❆✳ ❚♦❦♦✈✐♥✐♥✱ ▼✳ ◆✐❝♦❧❧❡✱ ❱✳ ▼✐❝❤❛✉✱ ❡t ●✳ ❘♦✉ss❡t✳ ❈♦♠♣❛r✐s♦♥
♦❢ ❝❡♥tr♦✐❞ ❝♦♠♣✉t❛t✐♦♥ ❛❧❣♦r✐t❤♠s ✐♥ ❛ ❙❤❛❝❦✲❍❛rt♠❛♥♥ s❡♥s♦r✳ ▼♦♥✳ ◆♦t✳ ❘♦②❛❧
❆str♦♥✳ ❙♦❝✳✱ ✸✼✶ ✿✸✷✸✕✸✸✻✱ ❙❡♣t❡♠❜r❡ ✷✵✵✻✳

❍✳ ❚r✐♥q✉❡t ❡t ❏✳ ❱❡r♥✐♥✳ ❆ st❛t✐st✐❝❛❧ ♠♦❞❡❧ t♦ ❢♦r❡❝❛st t❤❡ ♣r♦✜❧❡ ♦❢ t❤❡ ✐♥❞❡① str✉❝t✉r❡
❝♦♥st❛♥t ❈❴◆✂✷✳ ❊♥✈✐r♦♥♠❡♥t❛❧ ❋❧✉✐❞ ▼❡❝❤❛♥✐❝s✱ ✼ ✿✸✾✼✕✰✱ ✷✵✵✼✳

▼✳❆✳ ✈❛♥ ❉❛♠✱ ❉✳ ▲❡ ▼✐❣♥❛♥t✱ ❡t ❇✳❆✳ ▼❛❝✐♥t♦s❤✳ P❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ❦❡❝❦ ♦❜s❡r✈❛t♦r②
❛❞❛♣t✐✈❡✲♦♣t✐❝s s②st❡♠✳ ❆♣♣❧✳ ❖♣t✳✱ ✹✸✭✷✾✮ ✿✺✹✺✽✕✺✹✻✼✱ ✷✵✵✹✳

❏✳✲P✳ ❱ér❛♥✳ ❊st✐♠❛t✐♦♥ ❞❡ ❧❛ ré♣♦♥s❡ ✐♠♣✉❧s✐♦♥♥❡❧❧❡ ❡t r❡st❛✉r❛t✐♦♥ ❞✬✐♠❛❣❡ ❡♥ ♦♣✲
t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ✿ ❆♣♣❧✐❝❛t✐♦♥ ❛✉ s②stè♠❡ ❞✬♦♣t✐q✉❡ ❛❞❛♣t❛t✐✈❡ ❞✉ ❚é❧❡s❝♦♣❡ ❈❛♥❛❞❛✲
❋r❛♥❝❡✲❍❛✇❛✐✐✳ P❤❉ t❤❡s✐s✱ ➱❝♦❧❡ ◆❛t✐♦♥❛❧❡ ❙✉♣ér✐❡✉r❡ ❞❡s ❚é❧é❝♦♠♠✉♥✐❝❛t✐♦♥s✱
✶✾✾✼✳

❈✳ ❱ér✐♥❛✉❞✳ ❖♥ t❤❡ ♥❛t✉r❡ ♦❢ t❤❡ ♠❡❛s✉r❡♠❡♥ts ♣r♦✈✐❞❡❞ ❜② ❛ ♣②r❛♠✐❞ ✇❛✈❡✲❢r♦♥t
s❡♥s♦r✳ ❖♣t✐❝s ❈♦♠♠✉♥✐❝❛t✐♦♥s✱ ✷✸✸ ✿✷✼✕✸✽✱ ✷✵✵✹✳

❈✳ ❱ér✐♥❛✉❞✱ ◆✳ ❍✉❜✐♥✱ ▼✳ ❑❛s♣❡r✱ ❏✳ ❆♥t✐❝❤✐✱ P✳ ❇❛✉❞♦③✱ ❏✳✲▲✳ ❇❡✉③✐t✱ ❆✳ ❇♦❝❝❛❧❡tt✐✱
❆✳ ❈❤❛❧❛❜❛❡✈✱ ❑✳ ❉♦❤❧❡♥✱ ❊✳ ❋❡❞r✐❣♦✱ ❈✳ ❈♦rr❡✐❛ ❉❛ ❙✐❧✈❛✱ ▼✳ ❋❡❧❞t✱ ❚✳ ❋✉s❝♦✱ ❆✳ ●❛♥✲
❞♦r❢❡r✱ ❘✳ ●r❛tt♦♥✱ ❍✳ ❑✉♥ts❝❤♥❡r✱ ❋✳ ❑❡r❜❡r✱ ❘✳ ▲❡♥③❡♥✱ P✳ ▼❛rt✐♥❡③✱ ❊✳ ▲❡ ❈♦❛r❡r✱
❆✳ ▲♦♥❣♠♦r❡✱ ❉✳ ▼♦✉✐❧❧❡t✱ ❘✳ ◆❛✈❛rr♦✱ ❏✳ P❛✐❧❧❡t✱ P✳ ❘❛❜♦✉✱ ❋✳ ❘❛❤♦✉✐✱ ❋✳ ❙❡❧s✐s✱
❍✳ ▼✳ ❙❝❤♠✐❞✱ ❘✳ ❙♦✉♠♠❡r✱ ❉✳ ❙t❛♠✱ ❈✳ ❚❤❛❧♠❛♥♥✱ ❏✳ ❚✐♥❜❡r❣❡♥✱ ▼✳ ❚✉r❛tt♦✱ ✱ ❡t
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◆✳ ❨❛✐ts❦♦✈❛✳ ❚❤❡ ❡♣✐❝s ♣r♦❥❡❝t ❢♦r t❤❡ ❡✉r♦♣❡❛♥ ❡①tr❡♠❡❧② ❧❛r❣❡ t❡❧❡s❝♦♣❡ ✿ ♦✉t❝♦♠❡
♦❢ t❤❡ ♣❧❛♥❡t ✜♥❞❡r ❝♦♥❝❡♣t st✉❞② ❢♦r ♦✇❧✳ ❉❛♥s ❇✳ ▲✳ ❊❧❧❡r❜r♦❡❦ ❡t ❉✳ ❇♦♥❛❝❝✐♥✐
❈❛❧✐❛✱ é❞✐t❡✉rs✱ ❆❞✈❛♥❝❡s ✐♥ ❆❞❛♣t✐✈❡ ❖♣t✐❝s ■■✱ ✈♦❧✉♠❡ ✻✷✼✷ ❞❡ Pr♦❝✳ ❙P■❊✱ ✷✵✵✻✳

❈✳ ❱ér✐♥❛✉❞✱ ▼✳ ▲❡ ▲♦✉❛r♥✱ ❱✳ ❑♦r❦✐❛❦♦s❦✐✱ ❡t ▼✳ ❈❛r❜✐❧❧❡t✳ ❆❞❛♣t✐✈❡ ♦♣t✐❝s ❢♦r ❤✐❣❤✲
❝♦♥tr❛st ✐♠❛❣✐♥❣ ✿ ♣②r❛♠✐❞ s❡♥s♦r ✈❡rs✉s s♣❛t✐❛❧❧② ✜❧t❡r❡❞ s❤❛❝❦✲❤❛rt♠❛♥♥ s❡♥s♦r✳
▼♦♥✳ ◆♦t✳ ❘✳ ❆str♦♥✳ ❙♦❝✳✱ ✸✺✼ ✿✷✻✕✸✵✱ ✷✵✵✺✳

❊✳P✳ ❲❛❧❧♥❡r✳ ❖♣t✐♠❛❧ ✇❛✈❡✲❢r♦♥t ❝♦rr❡❝t✐♦♥ ✉s✐♥❣ s❧♦♣❡ ♠❡❛s✉r❡♠❡♥ts✳ ❏✳ ❖♣t✳ ❙♦❝✳
❆♠✳✱ ✼✸✭✶✷✮ ✿✶✼✼✶✕✶✼✼✻✱ ✶✾✽✸✳

❏✳❨✳ ❲❛♥❣✳ ❖♣t✐❝❛❧ r❡s♦❧✉t✐♦♥ t❤r♦✉❣❤ ❛ t✉r❜✉❧❡♥t ♠❡❞✐✉♠ ✇✐t❤ ❛❞❛♣t✐✈❡ ♣❤❛s❡ ❝♦♠✲
♣❡♥s❛t✐♦♥s✳ ❏✳ ❖♣t✳ ❙♦❝✳ ❆♠✳✱ ✻✼✭✸✮ ✿✸✽✸✱ ✶✾✼✼✳

❏✳❨✳ ❲❛♥❣ ❡t ❏✳❑✳ ▼❛r❦❡②✳ ▼♦❞❛❧ ❝♦♠♣❡♥s❛t✐♦♥ ♦❢ ❛t♠♦s♣❤❡r✐❝ t✉r❜✉❧❡♥❝❡ ♣❤❛s❡
❞✐st♦rt✐♦♥✳ ❏✳ ❖♣t✳ ❙♦❝✳ ❆♠✳✱ ✻✽✭✶✮ ✿✼✽✱ ✶✾✼✽✳

❉✳▼✳ ❲✐❜❡r❣✱ ❈✳❊✳ ▼❛①✱ ❡t ❉✳❚✳ ●❛✈❡❧✳ ❆ s♣❛t✐❛❧ ♥♦♥✲❞②♥❛♠✐❝ ▲◗● ❝♦♥tr♦❧❧❡r ✿ ♣❛rt ■✱
❛♣♣❧✐❝❛t✐♦♥ t♦ ❛❞❛♣t✐✈❡ ♦♣t✐❝s✳ ❉❛♥s ✹✸r❞ ■❊❊❊ ❈♦♥❢❡r❡♥❝❡ ♦♥ ❉❡❝✐s✐♦♥ ❛♥❞ ❈♦♥tr♦❧✱
✈♦❧✉♠❡ ✸✱ ♣❛❣❡s ✸✸✷✻✕✸✸✸✷✳ ■❊❊❊✱ P✐s❝❛t❛✇❛②✱ ◆❏✱ ❯❙❆ ❀ ❯❙❆✱ ✷✵✵✹❛✳

❉✳▼✳ ❲✐❜❡r❣✱ ❈✳❊✳ ▼❛①✱ ❡t ❉✳❚✳ ●❛✈❡❧✳ ❆ s♣❛t✐❛❧ ♥♦♥✲❞②♥❛♠✐❝ ▲◗● ❝♦♥tr♦❧❧❡r ✿ P❛rt
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