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Propos liminaires

L es travaux présentés dans ce mémoire ont tous été effectués au sein du Laboratoire des Signaux

et Systemes (L2S) — aujourd’hui Unité Mixte du CNRS, de Supélec et de I’Université Paris-Sud
— et plus particuliérement au sein de son Département de Recherche en Electromagnétisme (DRE)
qui regroupe la Division Ondes du L2S et le Service Electromagnétisme de Supélec.

Ce manuscrit est divisé en trois parties :

— La premiére décrit de maniére succincte mon parcours dans la recherche en présentant un bref
CV, les encadrements de théses, de stages de DEA, les enseignements et les collaborations aux-
quelles je participe ou ai participé ainsi que les participations a I’organisation de manifestations
scientifiques.

— La deuxieme présente les travaux effectués au L2S depuis mon entrée au CNRS; les fils di-
recteurs du manuscrit sont la résolution du probléme inverse de diffraction des ondes et du
probléme direct qui lui est associé. Cette partie est divisée en deux chapitres traitant respective-
ment du probléme bidimensionnel et du probleme tridimensionnel. Dans chacun des chapitres
plusieurs méthodes de résolution du probléme direct et du probléme inverse sont présentées,
chacune décrite par un texte rappelant le contexte de la recherche et ses grandes lignes et cha-
cune illustrée par un résultat extrait d’un article publié ou soumis.

— Latroisieme partie présente une sélection d’articles (publiés ou soumis) illustrant dans le détail
ces méthodes, ces articles étant, comme de nécessaire, introduits dans la deuxieme partie.






Premiere partie

Dossier Individuel
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1.1 Curriculum vitae

Marc LAMBERT

Courriel : marc. | anbert @ ss. supel ec. fr

Né le 16 octobre 1966
Nationalité francaise

FORMATION UNIVERSITAIRE

1991/1993

1990

1989

DOCTORAT EN SCIENCES, Université Paris-Sud (Orsay)
Spécialité : Optique et Photonique

D.E.A. D’OPTIQUE ET PHOTONIQUE, Université Paris-Sud (Or-
say), Mention Bien

MATTRISE DE PHYSIQUE FONDAMENTALE, Université Paris-Sud
(Orsay), Mention Assez Bien

EXPERIENCES PROFESSIONNELLES

Octobre 1995-

CHARGE DE RECHERCHE CNRS, Département de Recherche en
Electromagnétisme, Laboratoire des Signaux et Systémes (CNRS-
Supélec-UPS)

Problemes d’interaction ondes/structures et ondes/matériaux



1. CURRICULUM VITAE DETAILLE

1995 (9 mois)

1993/1994

1990/1993

1993 (3 mois)

1991/1993

ENSEIGNEMENT

INGENIEUR DE RECHERCHE, Post-Doctorant, Bureau de Recherche
Géologique et Miniere (BRGM), Direction de la Recherche (Départe-
ment Géophysique et Imagerie Géologique), Orléans

Modélisation numérique de problémes électromagnétiques 3-D. Appli-
cation a la géophysique de prospection.

ATTACHE TEMPORAIRE D’ENSEIGNEMENT ET DE RECHERCHE,
ATER, Université Paris-Sud (Orsay, Département de Physique)
Enseignements de physique générale en DEUG. Recherche effectuée
au Laboratoire des Signaux et Systémes (CNRS-Supélec-UPS). Pour-
suite de la recherche effectuée lors de la thése

ALLOCATAIRE DE RECHERCHE, Doctorant, Laboratoire des Si-
gnaux et Systemes (CNRS-Supélec-UPS)

These sous la direction de D. Lesselier (Directeur de Recherche
CNRS). Développement d’algorithmes de résolution des problémes di-
rect et inverse de diffraction des ondes. Application & la caractérisa-
tion acoustique de fonds marins.

“SUMMER RESEARCH ASSISTANT”, SACLANT Undersea Re-
search Centre, Laboratoire de I’OTAN (ltalie)

Travaux sous la direction de P. Gerstoft (Senior Scientist). Séjour ef-
fectué dans le cadre de la thése. Mise au point et validation d’un algo-
rithme génétique d’inversion développé a SACLANT a partir de don-
nées synthétiques et expérimentales.

MONITEUR DE L’ENSEIGNEMENT SUPERIEUR, IUT Paris-Sud
(Département de Mesures Physiques)

Enseignements de Physique. Service d’enseignement effectué en paral-
Iele avec la thése.

depuis 2001

depuis 1997
depuis 1996

1993/1994

1991/1993

— 3 heures annuelles de cours en formation continue a Supélec : « Mé-
thodes modernes de I’électromagnétisme » sur le probléme inverse

— 50 h de TD de physique générale en premiére année de DUT a I’'lUT
de Ville-d’Avray (Université Paris X (Nanterre))

3 heures annuelles de cours en formation continue a Supélec : « Mé-
thodes modernes de I’électromagnétisme » sur le probléme direct

10 heures annuelles de cours au DEA Méthodes Physiques en Télédé-
tection (Université Denis Diderot et al) : « Obstacles et cibles »

ATTACHE TEMPORAIRE D’ENSEIGNEMENT ET DE RECHERCHE,
ATER, Université Paris-Sud (Orsay, Département de Physique)
192 h d’enseignements de physique générale en 1ére année de DEUG.

MONITEUR DE L’ENSEIGNEMENT SUPERIEUR, IUT Paris-Sud
(Département de Mesures Physiques)

96 h annuelles d’enseignements de Physique (optique) en 1ére et 2éme
année de DUT.



1.1. Curriculum vitae

DOMAINES DE COMPETENCE

ONDES ELECTROMAGNETIQUES OU ACOUSTIQUES

Interaction ondes/structures et ondes/matériaux, diffraction des
ondes par des configurations complexes 3-D

Propagation des ondes dans des milieux complexes

Problémes directs et inverses de diffraction des ondes, méthodes in-
tégrales

Caractérisation électromagnétique ou acoustique de matériaux
Contréle non-destructif

Imagerie électromagnétique ou ultrasonore

MODELISATION ET SIMULATION NUMERIQUES
ANALYSE NUMERIQUE

INFORMATIQUE

Algorithmes d’optimisation locaux/globaux/stochastiques
Méthodes de Moments
Méthodes asymptotique et modale

Langages de programmation : Fortran 77 et 90, C
Systemes d’exploitation : Unix, Macintosh

PUBLICATIONS (au 01/10/2001)

DIVERS

1 chapitre de livre

6 articles dans des actes de congrés édités (dont 1 soumis)

14 articles dans des revues avec comités de lecture (dont 2 a paraitre
et 1 soumis)

29 communications avec actes et comités de lecture

12 communications sans actes

1 rapport SACLANT (OTAN), 1 rapport de contrat (3 ans) DRET-
DGA et 1 rapport de contrat (3 ans) CNRS-Supélec-BRGM

Encadrement de stages de DEA (4)

Participation a I’encadrement de theses (deux en cours et une sou-
tenue en 1999) et co-encadrement d’une thése (soutenance le 6 dé-
cembre 2001)



1. CURRICULUM VITAE DETAILLE

— Participation a un contrat de collaboration de recherche CNRS-
BRGM (1996/1999), une Action Intégrée Franco-Hellénique PLA-
TON (L2S-ICEHT/FORTH (1997/1998)) et une Action Intégrée
Franco-Néerlandaise VAN GOGH (L2S-TUE/TTE (2001/..))

— Rapporteur de 8 articles pour I’Institute of Physics Publishing (Jour-
nal of Physics D : Applied Physics, Inverse Problems), I’American
Geophysical Union (Radio Science), I’Acoustical Society of Ame-
rica (Journal of the Acoustical Society of America (JASA)) et I’Ins-
titute of Electrical and Electronics Engineers (IEEE Transactions on
Antennas and Propagation)

depuis novembre Membre suppléant de la Commission de Spécialistes 61/63éme section
2001 de I’Université Pierre et Marie Curie

1998/2001 Membre titulaire de la Commission de Spécialistes 61/63éme section
de I’'Université Pierre et Marie Curie

1998/2001 Membre suppléant de la Commission de Spécialistes 61/63éme section
de I’'Université Versailles Saint-Quentin-en-Yvelines.

1.2 Encadrements

These

— G. Perrusson (octobre 1996 - octobre 1999), these effectuée au L2S, participation a I’encadre-
ment avec D. Lesselier et B. Duchéne, « Caractérisation électromagnétique d’objets conduc-
teurs enfouis. Application a la prospection géophysique. »

— D. Martinez, these effectuée a ’ONERA, participation a I’encadrement avec D. Lesselier pour
le L2S et M. Lemistre pour I’ONERA, caractérisation de milieux anisotropes.

— D. Dos Reis (soutenance 6 décembre 2001), these effectuée au L2S, co-encadrement avec
D. Lesselier, « Evaluation électromagnétique en régime diffusif de défauts et objets 3D en-
fouis : du modeéle d’interaction a I’inversion de données ».

— C. Ramananjaona (octobre 1999 - octobre 2002), thése effectuée au L2S, co-encadrement avec
D. Lesselier (L2S) et la participation de J.-P. Zolésio, applications des ensembles de niveaux au
contréle non destructif.

Stage de DEA

— G. Perrusson (1996), DEA Méthodes Physiques en Télédétection, Université Denis Diderot (Pa-
ris V1), avec D. Lesselier et B. Duchéne, « Détection par induction électromagnétique d’objets
conducteurs enfouis. Application & la prospection géophysique. »

— E. Bocly (1996), DEA Acoustique Physique, Université Denis Diderot (Paris V1), avec D. Les-
selier, « Caractérisation d’objets cylindriques placés dans un guide d’ondes acoustique modéli-
sant une situation de petits fonds marins. »

— D. Dos Reis (1998), DEA Méthodes Physiques en Télédétection, Université Denis Diderot
(Paris V1), « Reconstruction en polarisation H d’objets enfouis. Application de I’approximation
de Born. »
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1.3. Enseignement

— C. Ramananjaona (1999), DEA Mathématiques de la Modélisation, Simulation et Application
de la Physique, Université Versailles-Saint-Quentin-en-Yvelines, avec D. Lesselier, « Evalua-
tion non destructive d’anomalies par méthode d’évolution controlée. »

Practical Training Agreement

— F. Muller (1998), Universitat Gesamthochschule Kassel, avec D. Lesselier, « Vergleich ver-
schiedener Approximationen des Reflexionsfaktors an einer inhomogenen Schicht. »

1.3 Enseignement
Moniteur de I’Enseignement Supérieur (1991-1993)

J’ai effectué en tant que moniteur et pendant deux années un service de 96 heures annuelles de
Travaux Pratiques d’Optique au Département de Mesures Physiques (Institut Universitaire de Tech-
nologie de Paris-Sud) sous la direction de L. Leger (1ere année) et M. Gadenne (2éme année). Ces
TP étaient divisés en une partie « rappels de cours » d’un quart d’heure a une demi-heure suivie de
la partie « pratique » et ont porté, dans un premier temps, sur I’Optique Géométrique (relation de
Snell-Descartes, le prisme, la lunette de Galilée et le microscope,...), puis, dans un deuxieme temps
sur I’Optique Ondulatoire (la diffraction de Fraunhoffer, le filtrage cohérent,...). J'ai eu, par ailleurs,
la charge de la rédaction et de la correction des examens de TP.

J’ai également suivi pendant ces deux ans les stages de formation a I’Enseignement Supérieur
dispensés par le Centre d’Initiation a I’Enseignement Supérieur sous la direction de B. Gatty et G.
Torchet. En deuxiéme année et sur la demande de B. Gatty, j’ai participé a la formation des moniteurs
de premiere année en tant qu’animateur-participant a une réunion de témoignages sur le monitorat.

Attaché Temporaire d’Enseignement et de Recherche (1993-94)

Nommé Attaché Temporaire d’Enseignement et de Recherche (A.T.E.R.) au Département de Phy-

sigue (Université de Paris-Sud), mon enseignement s’est divisé en deux services paralléles :

— sous la direction de G. Rouanette, un enseignement de physique de 1ére année de DEUG B. J'ai
encadré 2 groupes de Travaux Dirigés (42 h) et 3 groupes de TP (27 h). Le programme porte
sur les Ondes (ondes propagatives et stationnaires, interférence, diffraction et effet Doppler), la
Mécanique Quantique (atome de Bohr, dualité onde-corpuscule, ...) et la Physique Statistique
(libre parcours moyen, ...). J’ai eu la charge de la rédaction d’un TD, de la rédaction et de la
correction de deux interrogations comptant pour 50% de la note finale et de la correction du
partiel final.

— sous la direction de J.-P. Chevillard, un encadrement en 1ére année de DEUG A. Il s’est agit
d’encadrer les étudiants de I’option Mécanique et Programmation (durée 15 semaines a raison
de 4 h/semaine par groupe de 15 étudiants). Dans cette option les étudiants ont réalisé deux
expériences de mouvement dans un champ de force centrale sur table soufflante, la premiére
a I’aide d’un ressort de longueur a vide presque nulle et la deuxiéme a I’aide d’un ressort de
longueur a vide non nulle. Les points des trajectoires sont agrandis puis mesurés. La partie
programmation sert a développer un programme en Pascal qui, a I’aide des mesures, permet la
vérification des lois de la mécanique dans un champ de force centrale et, lorsque c’est possible,
la détermination du coefficient de frottement a I’aide d’une théorie simplifiée.
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1. CURRICULUM VITAE DETAILLE

Vacations (depuis 1996)

Je poursuis ma participation a I’enseignement sous forme de vacations.

En DEA (Université Denis Diderot et al.)

J’assure, depuis octobre 1996, une charge de cours dans le tronc commun du DEA de Méthodes
Physiques en Télédétection (Université Denis Diderot et al.) qui dépend de I’Ecole Doctorale
des Sciences de I’Environnement de I’lle de France. Ce module intitulé « Obstacles et cibles
», d’une durée de 10 heures, a pour but de donner aux étudiants les bases nécessaires a la
formulation et la résolution des problémes de diffraction des ondes électromagnétiques. Ce
cours a nécessité la rédaction d’un polycopié de plus de 60 pages et la rédaction et la correction
chaque année d’un examen.

Formation continue (Supélec)

J’assure également, sur le méme sujet et depuis 1997, 3 heures de cours dans une session de
formation continue de Supélec intitulée « Les méthodes modernes de I’électromagnétisme et
leurs applications » qui a nécessité la rédaction de prés de 80 transparents, auxquels s’ajoute
depuis 2001 3 heures de cours sur les problémes inverses.

En DUT (Université de Nanterre)

J’assure depuis septembre 2001 une charge d’enseignement de 50 h de travaux dirigés de phy-
sigue générale en premiére année de DUT a I’lUT Ville-d’Avray (qui dépend de I’Université
de Nanterre (Paris X)). J’encadre un groupe de 25 étudiants. Le programme porte sur I’électro-
statique, la magnétostatique et la mécanique dont il s’agit de présenter le cadre théorique et les
équations s’y rattachant puis de les illustrer par des exemples.

1.4 Collaborations

12

Une partie significative de mes travaux s’est déroulée dans le cadre de contrats industriels et des
actions intégrées qui ont permis des échanges fructueux avec des chercheurs francais et étrangers,
échanges qui se poursuivent a I’heure actuelle.

Contrat de collaboration de recherche CNRS-BRGM (1996-1999) : ce contrat passé entre le
BRGM et le CNRS a été établi aprés mon passage au BRGM en tant que post-doctorant en 1995.
Son but était la poursuite des recherches déja entamées sur I’inversion d’objets tridimensionnels
en basse fréquence pour des applications de géophysique de prospection, recherche notamment
approfondie lors de la thése de G. Perrusson.

Action Intégrée Franco-Hellénique (PLATON) L2S-ICEHT-FORTH (1997-1999) : cette
collaboration entre le Laboratoire des Signaux et Systémes et le Département de Mathéma-
tiques Appliquées de I’lCEHT-FORTH Patras a permis d’élaborer de nouvelles méthodes semi-
analytiques de calcul du champ diffracté par un ellipsoide enfoui dans un espace conducteur
avec, ici encore, des applications de géophysique de prospection.

Contrat de collaboration de recherche CNRS-ONERA (Déc. 1997 - Déc 2000) : cette colla-
boration porte sur la caractérisation de milieux stratifiés anisotropes, travail effectué notamment
par D. Martinez lors de sa these a I’ONERA, thése a I’encadrement de laquelle j’ai participé.
Programme de Recherche en Commun CNRS-NSF (1998-2000) (LMA-L2S-CMW) : cette
collaboration entre le Laboratoire de Mécanique et d’Acoustique de Marseille (en particulier
les équipes Propagation et Imagerie (PI) et Acoustique Sous-Marine et Modélisation (ASM2)),
le L2S et le Center of the Mathematics of Waves de I’Université du Delaware avait pour but
I’identification par ondes acoustiques diffractées d’un objet dans une mer peu profonde.



1.5. Participation a I’organisation de congrés scientifiques

— Action Intégrée Franco-Néerlandaise (VAN GOGH) L2S-TUE-TTE (2001- ) : cette col-
laboration, qui a débuté en janvier 2001, avec I’Université d’Eindhoven porte sur I’évaluation
non-destructive d’objets complexes enfouis dans des milieux complexes tant du point de vue
modélisation, avec le développement de codes numériques, que du point de vue technique, avec
le développement de prototypes expérimentaux de systemes complexes d’imagerie.

— VERDICT (Virtual Evaluation and Robust Detection for englne Component non destruc-
tive Testing) : Supélec (par I’intermédiaire du LGEP et du L2S) est part d’un projet RTD de
I’Union Europénne, projet déposé en mars 2001 et retenu sur la liste complémentaire (décision
de financement en attente). Ce projet regroupe 13 partenaires industriels (Snecma, Rolls-Royce,
Turboméca, ...) et académiques (Université de Liege, City University, Supélec, ...). L’accent
est mis sur les améliorations a apporter a I’évaluation non destructive de défauts dans des struc-
tures complexes (notamment les moteurs d’avions) et ce afin d’assurer une meilleure sécurité a
moindre co(t. Les quatre techniques majeures sont concernées (rayons X, Ultrasons, courants
de Foucault et thermographie infrarouge). Pour sa part Supélec n’est impliqué que dans la partie
concernant les courants de Foucault.

1.5 Participation a I’organisation de congres scientifiques

Participation a I’organisation du congrés ISEM 2003 (International Symposium on Applied Elec-
tromagnetics and Mechanics) qui se tiendra a Versailles en mai 2003, congrés organisé sous la prési-
dence de D. Lesselier (L2S) et A. Razek (LGEP). J’ai été choisi pour étre I’un des deux secrétaires
scientifiques de cette organisation, le second étant L. Pichon du LGEP ; environ 250 personnes sont
attendues.

1.6 Divers

— Commission de Spécialistes : membre titulaire (1998-2001) puis suppléant (depuis novembre
2001) de la commission de spécialistes (61/63éme section) de I’université Pierre et Marie Cu-
rie et membre suppléant de la commission de spécialistes (61/63éme section) de I’université
Versailles Saint-Quentin-en-Yvelines de 1998 a 2001.

— Rapporteur de 8 articles pour I’Institute of Physics Publishing (Journal of Physics D : Applied
Physics, Inverse Problems), I’American Geophysical Union (Radio Science), I’ Acoustical So-
ciety of America (Journal of the Acoustical Society of America (JASA)) et I’Institute of Elec-
trical and Electronics Engineers (IEEE Transactions on Antennas and Propagation).
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Liste de publications

Sont référencées ici les publications dont je suis auteur ou co-auteur avec le classement privilégié
par le CNRS, T pour les théses, L4 pour les chapitres de livre, L5 pour les articles dans des actes de
congres édités, A pour les articles dans des revues internationales avec comité de lecture, C pour les
communications dans des congres internationaux avec actes, CS pour les communications dans des
congrés sans actes et RC pour les rapports de contrat. A cette dénomination se rajoute un numéro
correspondant au numéro d’apparition dans cette liste de la publication (e.g., A.7 signifiant le 7éme
article publié dans une revue internationale avec comité de lecture).

These

[T.1] Marc Lambert, Caractérisation de milieux plans stratifiés par sources localisées. Application au
diagnostic acoustique du fond sous-marin, These de Doctorat, Université Paris-Sud (Orsay), 21
janvier 1994, Jury : G. Quentin, Professeur, Université Denis Diderot (président) ; M. Bruneau,
Professeur, Université du Maine et P. Gerstoft, Senior Scientist, Saclant Centre (rapporteurs) ;
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Introduction

L e but de cette introduction est de replacer dans leur contexte les travaux développés depuis mon

entrée au CNRS en 1995 sur les problemes direct et inverse de diffraction des ondes en électroma-
gnétisme et acoustique mais en aucun cas d’effectuer une présentation exhaustive de leurs difficultés
théoriques et numériques et de leurs mises en ceuvre. Si le lecteur souhaite approfondir ses connais-
sances sur I’inversion au sens large il pourra se référer, par exemple, a [Sabatier, 1987; Bertero et Pike,
1991; Bonnet, 1999; Sabatier, 2000] et aux centaines de références qui y sont faites.

Le cadre de mes travaux

Le probléme peut étre posé de la fagon suivante : soit un ensemble de paramétres P (densité,
masse, vitesse, permittivité, ...) lié & un ensemble d’observables O (vitesse, pression, champ élec-
trigue ou magnétique, ...) par I’intermédiaire de « lois de la nature » £ et soit un modéle mathéma-
tique M plus ou moins sophistiqué permettant de décrire au mieux ces « lois de la nature » a I’aide
d’équations mathématiques ; la résolution du « probléme direct » consiste a calculer O a partir de M
et P connus alors que le « probléme inverse » consiste & remonter aux paramétres P a partir de la
connaissance de mesures O et des lois M.

Les champs d’application sont nombreux et variés comme le soulignent les contributions éclec-
tiques présentées dans [Sabatier, 1987; Bertero et Pike, 1991; Bonnet, 1999; Sabatier, 2000] dont j’ai
extrait certains exemples :

— Géophysique : identification de structures profondes a partir de mesures (sismiques ou électro-
magnétiques) obtenues en surface ou dans un nombre réduit de puits de forage.

— Controle non destructif : identification et caractérisation de défauts (fissure, délaminage, bri-
lure, ...) affectant une piéce, un ouvrage, une structure et pouvant en modifier le comportement
attendu.

— Imagerie ou reconstruction : caractérisation d’un ensemble de matériaux a partir de la réponse
gu’ils donnent a une sollicitation connue.

— Traitement d’images ou de signaux : amélioration d’une image ou d’un signal distordu(e) a
cause de bruit (ex : déconvolution, turbulence atmosphérique, ...)

— Conception de systémes de mesures, de capteurs : amélioration des capteurs et des configura-
tions pour permettre une amélioration du signal mesure.
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INTRODUCTION

Probléme inverse

Parmi I’ensemble de ces applications je me suis concentré, ces derniéres années, sur I’étude de la
diffraction inverse des ondes et plus particulierement sur le contréle non-destructif et la caractérisation
de structures et de matériaux a I’aide de sources électromagnétiques. Ce travail vise au développement
et au test par modélisation et simulations humériques de méthodes de caractérisation non destructive
d’objets complexes insérés dans un milieu hote particulier. Ces objets sont vus par les perturbations
gu’ils créent lorsque I’on éclaire leur hote a I’aide de sources données. Ainsi les informations concer-
nant les propriétés de ces objets (emplacements, tailles, formes, paramétres des matériaux constitutifs,
etc.) sont présentes sous forme codée dans le signal mesuré par les récepteurs. Le « décodage » de ce
signal, également appelé résolution du probléme inverse, permet d’extraire de ce signal les paramétres
d’intérét de I’objet.

Ces problémes de diffraction inverse sont en toute hypothése non linéaires — les paramétres des
objets ne dépendent pas linéairement des champs observés —, et mal posés — existence, unicité et
continuité de la solution ne peuvent étre assurées simultanément — ce qui d’un point de vue pra-
tique fait entre autre que des petites perturbations des données peuvent conduire a de larges variations
des paramétres reconstruits. A ces obstacles théoriques s’ajoutent ceux, plus classiques, liés aux im-
perfections des données (erreurs aléatoires ou systématiques) et des modéles (nous approximons une
situation réelle, et I’inversion elle-méme peut par exemple se faire en négligeant une partie des phé-
nomenes de diffraction survenant entre I’hote et les objets, telles des diffractions multiples).

Prenant en compte ce qui précéde, mon but est donc de contribuer a la construction et a la mise en
ceuvre de méthodes de résolution de ces problémes inverses des ondes qui conduisent a des solutions
— qui soient suffisamment précises pour étre utiles et stables vis-a-vis des erreurs de modele et
de données, ce qui se fait grace a des régularisations (typiquement opérant sur la norme des
solutions, de leurs dérivées ou de fonctions résultant de I’application d’opérateurs particuliers
sur ces solutions), et I’incorporation au départ de et/ou au cours de I’inversion d’informations a
priori sur les objets (compacité, non-négativité, connexité, amplitudes bornées, etc.) ;
— qui puissent étre obtenues assez rapidement, notamment dans le cas de structures complexes ou
de tailles importantes, ce qui dépend bien slr des ordinateurs utilisés et des méthodes numé-
riques choisies.

Deux domaines ont été privilégiés :

— le domaine des basses fréquences dans lequel la longueur d’onde (ou, cas échéant, I’épaisseur
de peau) dans le milieu hote est grande devant la taille caractéristique de I’obstacle.

— le domaine de résonance dans lequel la longueur d’onde (ou, cas échéant, I’épaisseur de peau)
dans le milieu hote et la taille caractéristique de I’obstacle sont du méme ordre de grandeur.

Probleme direct

La résolution des problémes directs de diffraction correspondants est une premiére étape néces-
saire a tout probléme inverse. Elle permet une validation de la formulation des champs électroma-
gnétiques ou acoustiques choisie — par comparaison avec des résultats synthétiques obtenus dans la
littérature par exemple ou expérimentaux obtenus soit au laboratoire soit chez nos partenaires —, I’ac-
quisition de données synthétiques, une meilleure compréhension des phénomenes d’interaction mis
en jeu et la possibilité de mettre en évidence les parametres clés des objets et de leurs hotes. En sus,
ce travail conduit notamment a I’obtention de modules de calcul rapides utilisables au cours des in-
versions, un goulet d’étranglement dans les problemes inverses des ondes résidant fréeqguemment dans
I’obligation de calculs répétitifs — souvent coliteux — des champs pour des environnements donnés.
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Configurations génériques

Deux configurations génériques ont été plus particulierement étudiées :

— le milieu hote est supposé homogéne par morceaux, milieu que représente bien un empilement
de strates homogenes d’interfaces paralléles planes. Les sources créent I’éclairement (nous
sommes dans une situation active). Elles peuvent étre planes générées a I’infini ou localisées
— lignes et points sources, dipbles, boucles, ou dispositifs rayonnants plus élaborés — placées
soit a la surface, a distance finie de la premiére interface (avec la possibilité qu’elles soient di-
rectement en contact avec elle), soit dans le milieu hote, & I’intérieur d’une strate par exemple.
Les récepteurs, en nombre limité, nous donnent acces au champ diffracté (ou d’anomalie) lié
aux objets, et sont également placés soit a la surface soit dans le milieu hote. Les données
ainsi obtenues sont dites « d’aspect limité » puisqu’il n’est pas possible de tourner tout autour
de I’hdte. Pour compenser partiellement cette perte d’information ces mesures sont effectuées,
dans la mesure du possible, a plusieurs fréquences en régime harmonique et pour plusieurs géo-
métries de sources et de récepteurs. Ainsi les résultats d’existence et d’unicité des inversions
ne sont, & ma connaissance, connus que dans la configuration non restreinte du diffracteur en
espace homogeéne et les difficultés sont pour nous aggravées par le fait que I’hdte n’est pas
nécessairement un demi-espace homogene mais peut étre stratifié.

— le milieu hote est supposé homogene, situations d’espace libre, sources et récepteurs pouvant
étre soit répartis tout autour de I’obstacle — I’obstacle est alors « vu » de tous c6tés — soit de
part et d’autre — situation « d’aspect limité ».

Si ces configurations peuvent paraitre simples par comparaison a la réalité, elles n’en demeurent
pas moins riches de difficultés théoriques et numériques conduisant & des problémes difficiles a ré-
soudre. Elles sont également une premiére étape indispensable avant tout complexification du pro-
bléme.

Formulations et méthodes

Les travaux présentés ici se situent, pour I’essentiel, dans I’optique d’une résolution de ces pro-
blémes directs et inverses a partir de formulations intégrales de domaine ou de frontieére des champs,
ce qui met en évidence I’importance de I’écriture et du calcul des fonctions ou tenseurs de Green re-
présentatifs des champs créés par des sources scalaires ou vectorielles élémentaires qui permettent de
les formuler. L’utilisation maximale de transformées rapides de Fourier est une nécessité rendue pos-
sible par la structure de convolution (au moins partielle) de la plupart des formulations choisies. Ces
formulations ont I’avantage de prendre en compte I’ensemble des phénomeénes électromagnétiques ou
acoustiques existant entre I’obstacle et le milieu environnant et de s’écrire sous une forme compacte
mais elles cachent certaines difficultés théoriques et numériques. Cependant, I’étude d’approxima-
tions permettant soit d’accélérer les calculs numériques (Born, Born étendu, ...), soit de poursuivre
plus loin les calculs analytiques (développement basse fréquence lorsque la longueur d’onde est beau-
coup plus grande que les dimensions caractéristiques de I’obstacle par exemple), ne sera pas pour
autant négligée.

La caractérisation de tels objets diffractants au sein de milieux hoétes donnés (qui sont connus
exactement ou le plus souvent avec une certaine imprécision) se fait par approximations dans des
cas limites (fréquences assez basses et défauts de petites dimensions, interactions multiples réduites,
surfaces parfaitement réfléchissantes) et de maniére compléte en régle générale. Parmi I’ensemble
des méthodes d’inversion existantes les approches itératives déterministes ont été privilégiées : les
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paramétres caractéristiques de ces objets sont alors déterminés par une succession de « petits dépla-
cements » dans un espace de paramétres, de fagon & minimiser une fonction codt représentative de
I’écart entre données et champs associables a une configuration itérée a laquelle se rajoute, le cas
échéant, des régularisations judicieusement choisies.

Le choix des paramétres a chercher est une des difficultés majeures de la résolution des pro-
blémes inverses. Il repose sur un équilibre entre la rapidité attendue et/ou espérée des algorithmes, la
complexité du modéle utilisé et la précision sur la solution souhaitée. Si une grande partie du travail
effectué ici concerne la caractérisation compléte (peu ou pas d’approximations), plusieurs approches
conduisant & des solutions approchées ont cependant été envisagées :

— la recherche d’un obstacle équivalent : I’obstacle recherché est remplacé par un obstacle ca-
nonique équivalent (sphere, ellipsoide, ...) dont la position, les parameétres électromagnétiques
(conductivité, permittivité) et le volume sont alors a déterminer.

— la recherche de sources équivalentes : I’obstacle recherché est remplacé par une ou plusieurs
sources équivalentes dont la ou les positions et la ou les amplitudes contiennent, sous des formes
plus ou moins simples, des informations sur le volume, les paramétres électromagnétiques ou
acoustiques, et la position de I’obstacle a reconstruire.

Plan de la seconde partie du manuscrit

Dans cette seconde partie est introduit I’ensemble des travaux auxquels je me suis intéressé. Dans
la mesure du possible chaque section débute par un « état des lieux » au moment ou le probléme
a été abordé et, lorsque nécessaire, les collaborations sont rappelées. Puis elle se poursuit par une
présentation des solutions, innovations et/ou extensions qui ont été apportées. Elle se termine par une
ou plusieurs références correspondant a une sélection d’articles publiés ou soumis (pour les travaux
les plus récents) illustrant la méthode, sélection présentée dans la troisieme partie. Dans cette seconde
partie j’ai choisi de ne mettre aucune équation, espérant ainsi permettre a un lecteur moins averti de
comprendre les méthodes sans étre obligé d’aborder les formulations mathématiques. Tout lecteur
souhaitant approfondir telle ou telle méthode peut cependant se référer aux articles de la troisiéme
partie qui présentent, dans le détail, équations et résultats numériques correspondants.

Dans le premier chapitre de cette seconde partie (§ 3), le cas d’un objet dont une des dimensions
est beaucoup plus grande que les autres a été privilégié — nous nous situons alors dans le cas bi-
dimensionnel pour lequel, en électromagnétisme, les polarisations sont découplées (les polarisations
fondamentales TE et TM étant alors a considérer). Des applications en électromagnétisme et en acous-
tique ont été visées, toutes dans le domaine de résonance (taille de I’objet de I’ordre de grandeur de
la longueur d’onde). La résolution des problémes direct et inverse est principalement basée sur une
formulation intégrale de domaine de la solution de I’équation de propagation scalaire faisant interve-
nir la fonction de Green de I’espace stratifié. L’accent a été mis sur le cas plus compliqué et moins
étudié de la polarisation TE (la seule composante non nulle du champ magnétique H étant orientée
suivant la dimension la plus grande de I’obstacle). Un code de résolution du probléme direct (§ 3.2)
a été développé. Puis plusieurs algorithmes d’inversion basés sur des technigques variées ont été mis
au point : le gradient modifié et ses variantes (§ 3.3), les sources distribuées (8 3.4) et I’évolution
d’ensembles de niveaux (8 3.5).

Dans le second chapitre (8§ 4), le probleme des obstacles tridimensionnels de volume quelconque
a été abordé (il faut alors tenir compte de la dépolarisation et du couplage TE-TM). Ce travail est
également basé sur une expression intégrale de domaine de la solution de I’équation de propagation
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vectorielle faisant intervenir les dyades de Green électrique-électrique et électrique-magnétique de
I’espace stratifié. La résolution du probléme direct est effectuée par deux approches complémentaires :

— Une solution dite « exacte » (§ 4.2) faisant appel a une méthode de moments a été développée,
plusieurs approximations de type Born ont été expérimentées et les résultats obtenus comparés
avec la solution exacte.

— une solution semi-analytique approchée (§ 4.3) du probléme direct pour un ellipsoide de faible
ou moyen contraste par rapport a son environnement est obtenue grace a I’utilisation couplée
d’une approximation de type Born et un développement basse fréquence (Rayleigh) en faisant
notamment appel a la théorie des harmoniques ellipsoidales.

De la méme fagon deux approches différentes du probléme inverse correspondant a deux applica-

tions distinctes ont été développées :

— « probléme inverse de diffraction » (8§ 4.4) : une cartographie d’une zone dans laquelle est
supposée se trouver un défaut est effectuée a I’aide d’une méthode de type gradient modifié
avec pour but I’application au contrdle non destructif par courants de Foucault, domaine de
recherche abordé de longue date au L2S concernant la détection de fissures ou inclusions dans
des plaques ou tubes métalliques.

— « probléme inverse source » (8§ 4.5) : des sources équivalentes a I’obstacle sont recherchées,
leurs localisations et leurs amplitudes permettant, dans une certaine mesure, de remonter aux
parameétres caractéristiques (taille, conductivité) de I’obstacle. Cette technique a été appliquée
dans un probléme de caractérisation a basse fréquence d’un sous-sol profond, probléme abordé
lors d’un séjour post-doctoral au BRGM (Bureau de Recherche Géologique et Miniére) en
1995. Le but est de positionner et d’identifier un gisement minier potentiel enfoui dans le sous-
sol lointain (quelques centaines de métres) a partir de la mesure, dans un ou plusieurs puits de
forage, des trois composantes du champ magnétique.

Un tel travail n’aurait pu étre mené a bien sans de nombreuses collaborations au sein méme du
laboratoire ou dans des laboratoires extérieurs avec des stagiaires, doctorants ou chercheurs confirmés
francais ou étrangers comme en témoigne le fait que la plupart des publications sont co-signées. En
tout premier lieu D. Lesselier qui, aprés avoir été mon directeur de thése de 1990 a 1994, est devenu
mon directeur de recherche lors de mes dix-huit mois de fonctionnaire stagiaire d’octobre 1995 a mai
1997 et avec qui je continue de travailler étroitement depuis. Je ne saurai oublier les stagiaires de
DEA devenus, pour la plupart, doctorants au L2S et, pour la plus ancienne, Maitre de Conférences
a I’Université de Paris-Sud, avec par ordre chronologique G. Perrusson, E. Bocly, D. Dos Reis, D.
Martinez et C. Ramananjaona. Je ne pourrai oublier les collaborations nombreuses avec des chercheurs
frangais — B. Bourgeois du BRGM et M. Lemistre de I’ONERA — et étrangers — R. E. Kleinman de
I’Université du Delaware, B. J. Kooij de I’Université de Delft, A. Charalambopoulos de I’Université
de Salonique, G. Dassios et G. Kamvyssas de I’Université de Patras — au travers de collaborations
variées (8§ 1.4).
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Evaluation non destructive d’objets axisymétriques
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3.1 Introduction

La localisation et I’identification de défauts axisymétriques pénétrables ou impénétrables enfouis
sont toujours d’une grande actualité dans la communauté scientifique internationale comme le montre
I’importance de la littérature sur le sujet et sont d’application par exemple dans le cas ou une des
dimensions de I’objet est beaucoup plus grande que les autres (barre d’acier, tuyau, ...). Cette res-
triction au cas bidimensionnel a I’avantage, en électromagnétisme, de conduire & un découplage des
polarisations Transverse Electrique (TE ou H) et Transverse Magnétique (TM ou E) et donc & une
simplification des équations a résoudre. Je me suis plus particulierement intéressé au cas, plus com-
pliqué et plus rarement étudié, de la polarisation TE pour laquelle la seule composante non nulle du
champ magnétique H est paralléle a I’axe du cylindre, le cas de la polarisation TM pour laquelle la
seule composante non nulle du champ électrique E est paralléle a I’axe du cylindre n’étant pas négligé
pour autant.

Deux configurations ont été étudiées (FiG. 3.1) :
— I’objet est enfoui dans un demi-espace stratifié, les sources et récepteurs étant situés au-dessus
de I’interface séparant le milieu contenant I’objet de celui les contenant.
— I’objet, les sources et les récepteurs sont placés au sein d’une stratification plane jouant le role
d’un guide d’ondes, les interfaces pouvant étre parfaitement réfléchissantes ou non.
Nous nous situons donc dans le cas de données « d’aspect limité »

Plusieurs objectifs sont intéressants : cartographie des paramétres électromagnétiques dans le cas
d’objets homogenes ou hétérogenes, reconstruction de forme dans le cas d’objets homogénes.
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3. EVALUATION NON DESTRUCTIVE D’OBJETS AXISYMETRIQUES

- o o o o o SoOUrCes
Milieule o o o o Récepteurs

Milieu 1
Milieu 2 Milieu 2 .
- Soource - « Recepteurs
Milieu 3

F1G. 3.1 — Schéma des deux configurations d’intérét : a gauche la configuration stratifiée, a droite le
guide d’ondes.

Formulations intégrales

Les travaux effectués ici font appel a des formulations intégrales de frontiére ou de domaine. Elles
sont obtenues par application du théoréme de Green aux équations gouvernant la propagation des
champs et leur choix dépend du probleme a résoudre.

Intégrales de frontiére

Cette formulation ne s’applique qu’aux cas d’obstacles homogénes ou homogénes par morceaux
pénétrables ou non. Le champ dans tout I’espace ne s’exprime qu’a partir du champ et/ou de sa dérivée
sur la frontiére du ou des obstacles et de la fonction de Green du milieu hote et/ou de sa dérivée
normale a la frontiere (principe de Huygens) par I’intermédiaire d’une intégrale de frontiere. Il existe
un grand nombre de formulations différentes [Kong, 1986] exprimant le champ électromagnétique,
par exemple a partir des composantes tangentielles du champ E ou du champ H uniguement, ou
d’un mélange des deux, ou encore d’un mélange de composantes tangentielles et normales ; certaines
sont cependant a utiliser avec précaution car pouvant mener a des résultats erronés (apparition de
fréquences de résonnance [Harrington, 1989]), les mémes remarques étant valables en acoustique.

Du point de vue numérique, cette formulation ne nécessite que la discrétisation des frontiéres
des obstacles et le calcul des champs sur cette frontiere uniquement, d’ou un nombre d’inconnues
relativement faible.

Intégrales de domaine

Cette formulation est la plus générale, s’appliquant a la fois a des obstacles homogénes et inho-
mogenes pénétrables. Le champ dans tout I’espace est obtenu a partir du champ et/ou de sa dérivée
dans le ou les obstacles, de la fonction de Green du milieu hote et/ou de sa dérivée et d’une fonction
contraste mesurant I’écart entre les parameétres électromagnétiques du milieu hote et de I’obstacle par
I’intermédiaire d’une intégrale de domaine. Il existe également différentes formulations, scalaires ou
vectorielles®, pour résoudre les problémes rencontrés et notamment, dans le cas de la polarisation TE,
deux formulations des champs sont possibles :

YCeci dépend du choix de I’équation de propagation a résoudre. Des précisions sont apportées plus loin.
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— une formulation en champ E conduisant a résoudre un probléme vectoriel dont les inconnues
sont alors les deux composantes transverses non-nulles du champ E. Elle a I’avantage de ne
faire intervenir que les composantes de E et la fonction de Green ou ses gradients mais nécessite
de travailler avec une équation intégrale vectorielle.

— une formulation en champ H conduisant a résoudre un probléme scalaire dont I’inconnue est
alors I’unique composante longitudinale non-nulle du champ H. Elle a I’avantage de ne faire
intervenir qu’une équation intégrale scalaire mais I’inconvénient de dépendre non seulement
des gradients de la fonction de Green mais également du gradient de H.

L’utilisation de formulations intégrales conduit a résoudre successivement deux équations inté-

grales :

— I’équation de couplage (ou d’état) qui lie le champ total (£ ou H) dans I’obstacle au champ
incident présent dans le milieu en I’absence d’obstacle et a lui-méme ou a son gradient par I’in-
termédiaire de la fonction contraste mesurant I’écart entre les paramétres électromagnétiques
du milieu héte et de I’obstacle et de la fonction de Green de ce milieu hote ou de son gradient.

— I’équation d’observation (ou de données) qui lie le champ mesuré sur les récepteurs au champ
total dans I’obstacle ou a son gradient par I’intermédiaire de la fonction contraste et d’une autre
fonction de Green ou de son gradient.

D’un point de vue numérique, cette formulation nécessite la discrétisation du domaine des obs-
tacles et le calcul des champs dans ce domaine, d’ot un nombre d’inconnues plus important que pour
une formulation d’intégrale de frontiére.

Fonction de Green

Le préalable est I’établissement d’une expression de la fonction de Green. Celle-ci n’est autre que
la solution élémentaire de I’équation de propagation du champ pour une source élémentaire modélisée
par une ligne source électrique ou magnétique. Dans le cas d’un milieu homogeéne la fonction de Green
s’exprime uniquement par un terme dit singulier modélisant le rayonnement d’une ligne source dans
un espace homogeéne et dont la formulation est connue analytiquement dans le domaine des fréquences
spatiales et le domaine spatial. Pour celle de I’espace stratifié, a ce terme singulier s’ajoute un terme
régulier prenant en compte les réflexions sur et les transmissions a travers les interfaces et dont la
formulation analytique n’est connue que dans le domaine des fréquences spatiales. Ce dernier terme
est obtenu en décrivant la propagation bien connue des ondes planes de polarisations TE ou TM le
long de I’axe perpendiculaire aux stratifications et en prenant en compte les continuités des champs
aux interfaces [Chew, 1995]. Une transformation de Fourier appropriée suivant la variable latérale
permet un retour au domaine spatial.

Plan du chapitre

La section (§ 3.2) traite en détail de la résolution du probléme direct pour deux formulations (en
champ H et en champ E) par une méthode des moments. La section (8 3.3) présente une famille
d’algorithmes d’inversion basés sur des techniques de gradient modifié dans le cas d’un obstacle
enfoui dans un demi-espace en polarisation TE. La section (8§ 3.4) s’intéresse a la reconstruction
d’un obstacle impénétrable placé dans un guide d’ondes par une méthode de sources distribuées en
acoustique sous-marine puis étendue au cas électromagnétique. Et enfin, la section (8§ 3.5) traite de la
résolution du probléme inverse par une technique d’ensemble de niveaux appliquée a la fois en milieu
stratifié et en espace libre en polarisation TM et TE.
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3.2 Probléme direct : la polarisation Transverse Electrique (TE)

Dans ce chapitre, nous nous intéressons a la modélisation de I’interaction électromagnétique entre
un obstacle bidimensionnel enfoui dans le demi-espace inférieur et une source harmonique incidente
de polarisation TE placée dans le demi-espace supérieur. Le but est d’obtenir des méthodes rapides
et précises de calcul du champ diffracté par I’utilisation d’un schéma de discrétisation adéquate des
équations intégrales et par I’utilisation intensive de transformées de Fourier rapide (TFR).

Ce travail a été conduit en collaboration avec B. J. Kooij, Assistant Professor au Centre for Tech-
nical Geoscience (CTG) du Laboratory of Electromagnetic Research de I’Université Technologique
de I'université de Delft. Il a débuté lors de son séjour sabbatique de mai a juillet 1996 au L2S. Cette
collaboration a permis, par la vérification et la validation a chaque étape des équations mises en jeux
et de leurs traitements numériques, le développement en paralléle, de deux algorithmes de résolution
du probléme direct.

Sa résolution est une premiére étape nécessaire avant d’aborder le développement de méthodes
de résolution du probléme inverse de diffraction des ondes en polarisation TE dans le domaine mi-
croonde. Elle permet non seulement un calcul rapide de données synthétiques a un colt numérique
faible mais également, par une étude paramétrique, d’extraire les paramétres prépondérants du pro-
bléme de diffraction. De plus, les codes développés peuvent étre utilisés comme partie intégrante d’un
algorithme d’inversion.

Rappelons que les algorithmes présentés ici sont basés sur une formulation intégrale des champs et
appartiennent donc a la classe bien connue des formulations intégrales de domaine ou de frontiére des
champs. Si le cas de I’espace libre — sources, récepteurs et obstacles sont dans un espace homogene
d’extension infini — a largement été étudié [Peterson, 1988; Borup et al., 1987; Joachimowicz et
Pichot, 1990; Zwamborn et van den Berg, 1991], le cas stratifié a fait I’objet d’un moins grand nombre
de publications significatives [Xu et Yan, 1993a; Xu et Yan, 1993b; Ellis et Peden, 1995].

Ainsi que précisé précédemment, la résolution du probléme de diffraction en polarisation TE peut
se faire a partir du champ électrique (formulation vectorielle en champ E, orienté parallélement a
la section droite de I’obstacle) ou du champ magnétique (formulation scalaire en champ H, orienté
parallélement a I’axe de I’obstacle), les deux approches ayant avantages et inconvénients.

3.2.1 Formulation en champ H

L’unique composante non-nulle du champ magnétique H s’exprime sous la forme d’une équation
intégrale de domaine scalaire I’impliquant ainsi que ses dérivées spatiales et que les dérivées spatiales
de la fonction de Green. La difficulté d’une telle approche vient justement de la présence de ces
dérivées dans la formulation et plusieurs solutions ont été développées pour la traiter. En particulier les
travaux de Xu et Yan [Xu et Yan, 1993a; Xu et Yan, 1993b] introduisent une formulation dite Volume-
Surface Integral Equation pour laquelle des intégrales a la fois de domaine sur la section droite de
I’obstacle et de frontiére sur son périmetre sont nécessaires. Cette formulation a I’avantage d’éliminer
toute contribution des dérivées de H mais au prix d’une augmentation du nombre des inconnues due
a la présence du terme intégral supplémentaire. En effet il est alors nécessaire de discrétiser a la fois
la surface (a I’aide d’éléments triangulaires) et le contour (a I’aide de segments) de I’obstacle.

A la différence des investigations de Xu et Yan, la formulation en champ H développée au DRE
traite directement les gradients spatiaux de H et de la fonction de Green du milieu stratifié. C’est
une généralisation au cas stratifié de la méthode brievement décrite dans [Lixin et al., 1995]. Cette
méthode a I’avantage de ne nécessiter que la discrétisation de la section droite de I’obstacle.
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La résolution numérique du probléme n’est possible qu’a I’aide d’une discrétisation des équations
intégrales. Elle est basée sur une méthode de moments dans laquelle la section droite de I’obstacle est
divisée en pixels rectangulaires dans lesquels les parameétres électromagnétiques (permittivité, conduc-
tivité et perméabilité) sont supposés constants, chaque pixel étant lui-méme divisé en deux triangles
sur chacun duquel la variation du champ H est supposée linéaire. Cette méthode nécessite également
I’intégration du gradient de la fonction de Green sur chaque pixel triangulaire. Le terme singulier, dont
I’expression analytique est connue dans le domaine spatial, est intégré numériguement par un schéma
de Gauss-Legendre, la singularité ayant été extraite au préalable et intégrée analytiquement. Le terme
régulier est intégré analytiquement dans le domaine des fréquences spatiales puis calculé dans le do-
maine spatial par TFR mono-dimensionnelle. Le systeme linéaire ainsi obtenu est résolu a I’aide d’un
gradient conjugué basé sur une large utilisation de TFR permis par la structure de convolution (selon
la variable latérale) et de corrélation (selon la variable de profondeur) de la solution intégrale.

L’algorithme a été validé par comparaison des résultats avec ceux fournis par d’autres méthodes.

— Une méthode d’intégrale de contour [Saillard et Toso, 1997] a été considérée dans la configu-
ration suivante : un objet est enfoui dans un demi-espace inférieur, cet objet est éclairé par une
source ponctuelle a 300 MHz placée dans le demi-espace supérieur, et le champ H est mesuré
sur une ligne horizontale placée également dans le demi-espace supérieur.

— Une méthode d’intégrale de domaine [Pincemin et al., 1994] basée sur une formulation en
champ E, a été considérée dans une configuration identique a la précédente a I’exception d’un
champ incident en onde plane et de données formées des deux composantes du champ E.

Equations et détails de I’algorithme sont décrits dans [A.3] proposé en annexe (§ A).

3.2.2 Formulation en champ £

Les deux composantes non nulles du champ électrique E peuvent s’exprimer a I’aide d’une équa-
tion intégrale de domaine vectorielle, impliquant le champ E et les dérivées spatiales de la fonction de
Green. Dans les faits deux équations intégrales de domaine scalaires sont a résoudre simultanément.
Ellis et Peden [Ellis et Peden, 1995] ont utilisé une telle approche pour modéliser la réponse d’un
tunnel enfoui dans un demi-espace dans une configuration dite puits-a-puits (sources et récepteurs
sont enfouis dans le demi-espace contenant le tunnel). L’obstacle et les équations intégrales corres-
pondantes sont simplement discrétisés a I’aide de cellules rectangulaires dans lesquelles le champ
électrique et les paramétres électromagnétiques sont pris constants. Il est & noter que dans [Joachi-
mowicz et Pichot, 1990] une telle approche appliquée en espace libre a donné des champs diffractés
erronés mais, qu’a ma connaissance, une telle étude n’a jamais été menée dans le cas stratifié.

A la différence des travaux de Ellis et Peden, la formulation choisie au CTG ne fait intervenir dans
les équations intégrales que la fonction de Green (et non plus ses dérivées) et le champ vectoriel E,
les opérateurs différentiels étant alors appliqués a I’extérieur de I’équation intégrale vectorielle. Ceci
a I’avantage de ne pas augmenter artificiellement le degré de la singularité de la fonction de Green
mais se paye par un calcule numérique des dérivées spatiales.

La discrétisation des équations intégrales est effectuée par une méthode de moments dans laquelle
le domaine est discrétisé en pixels rectangulaires ol le contraste est pris constant. Le champ F est, lui,
discrétisé a I’aide de fonctions continues de type « rooftop ». La singularité de la fonction de Green
est traitée a partir d’une formulation faible de I’équation intégrale.

Equations et détails de I’algorithme sont décrits dans [A.5].
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3.2.3 lllustration de la méthode

L’algorithme développé au laboratoire a été validé en comparant ses résultats avec ceux fournis
par un algorithme basé sur une formulation intégrale de surface [Saillard et Toso, 1997]. Pour illus-
trer cette section deux comparaisons (extraites de [A.3]) sont proposées (FI1G. 3.2). La configuration
stratifiée (F1G. 3.1) est la suivante : un espace est séparé en un demi-espace supérieur de paramétres
électromagnétiques (,1 = 1,01 = 0 S/m) a I’intérieur duquel la longueur d’onde est X\, et
un demi-espace inférieur de paramétres électromagnétiques (e,» = 4, oo = 10~* S/m) a I’intérieur
duquel la longueur d’onde est définie par Ao = A\g/,/€2. Dans le demi-espace inférieur est placé un
obstacle axisymétrique de section carrée centré en (0, —\2), de coté d = Ao et de permittivité relative
erq et de conductivité 0. Deux cas ont été étudiés : (a) (e, = 1, oo = 0 S/m) et (b) (e, = 16,
oq = 0.01 S/m). L’ensemble est illuminé par une ligne source de fréquence 300 MHz, de polarisa-
tion TE et d’amplitude unité placée dans le demi-espace supérieur en (0, A2) et le champ diffracté est
collecté sur 37 récepteurs placés dans le demi-espace supérieur & une hauteur y = Ao /4, chaque A\, /6
entre x = —3Xg et x = 3.
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0.085

Modulus
Modulus

0.073

0.062

1 1
-15 -1.0 -0.5 0.0 05 10 15 -15 -1.0 -0.5 0.0 05 10 15
Position (m) Position (m)

@) (b)

FiG. 3.2 — Module du champ magnétique total H en fonction de la position des récepteurs. Com-
paraison entre le résultat fourni dans [Saillard et Toso, 1997] (ligne continue) et celui fourni par
I’algorithme développé au DRE (croix). En (a) le cas A et en (b) le cas B.

3.3 Probleme inverse : gradient modifié et variantes

Dans ce chapitre est abordé la résolution de problémes inverses a I’aide d’une méthode dite de
« gradient modifié » et ses variantes. Ce travail a également bénéficié de la collaboration de B. J.
Kooij.

Ainsi gu’illustré dans [Lesselier et Duchéne, 1996], la reconstruction d’un obstacle a partir de
I’inversion du champ électromagnétique ou acoustique résultant de I’interaction d’une onde avec un
milieu possiblement stratifié contenant un ou plusieurs obstacles est d’un intérét pratique certain dans
de nombreux domaines d’application : évaluation non destructive de tubes, plaques ou autres compo-
sants d’équipement industriel, caractérisation de structures géophysiques dans la terre, identification
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de mines sur terre ou en mer, mais également de tout autre objet artificiel au sein de milieux naturels,
imagerie d’anomalies dans des tissus vivants, etc.

Parmi I’ensemble des méthodes d’inversion existantes, les méthodes appartenant a la famille des
méthodes itératives ont été privilégiées et en particulier celles dites « méthodes de gradient » dont les
plus couramment utilisées sont décrites dans [van den Berg et Kleinman, 1997a]. Notre choix s’est
porté sur des méthodes appartenant a la classe récemment développée des méthodes de « gradient
modifié » [Kleinman et van den Berg, 1992a; Kleinman et van den Berg, 1992b]. A la différence
des autres méthodes itératives (Newton, Newton-Kantorovich, ...) la résolution par une méthode de
gradient modifié se fait sans linéarisation successive des équations et évite la résolution du probléeme
direct a chaque itération.

Dans le cadre de ces travaux, plusieurs extensions de la méthode du gradient modifié ont été
développées permettant, avec différentes contraintes sur les solutions, de résoudre un grand nombre
de problémes liés a la reconstruction d’obstacles enfouis en polarisation TE.

3.3.1 Gradient modifié standard

Les premiers travaux ont conduit au développement d’un algorithme de gradient modifié « stan-
dard » qui était une extension au cas stratifié des travaux initiaux effectués en espace libre par R.
Kleinman et P. van den Berg [Kleinman et van den Berg, 1992b; Kleinman et van den Berg, 1992a].
Le processus est basé sur la recherche de plusieurs? fonctions complexes inconnues (décrivant les
paramétres physiques et le champ total a I’intérieur d’une zone prédéfinie) par minimisation itérative
de deux fonctionnelles colts mesurant I’écart entre les champs connus (incident et diffracté) et les
champs obtenus a partir des parameétres des objets reconstruits. La réécriture de chaque fonction com-
plexe inconnue sous la forme d’une suite de fonctions complexes dont I’élément a I’itération n s’écrit
en fonction de I’élément a I’itération n — 1, d’une direction de projection modifiée a chaque itération
et d’une constante complexe permet de transformer le probléme de minimisation de fonctionnelles
codts en un probléme plus simple de minimisation de fonctions codts dans lequel les inconnues ne
sont plus des fonctions mais des constantes complexes. Deux des clés de ce type d’algorithme sont
(i) le choix de la solution initiale & I’itération 0, (ii) le choix des directions de projection a chaque
itération (les plus classiques sont une direction du type gradient de la fonction codt ou une direction
de type Polak-Ribiére).

A la différence de ceux obtenus en espace libre, les résultats des reconstructions se sont montrés
décevants, notamment en conduisant a des solutions non-physiques (permittivité inférieure a I’unité,
conductivité négative). Ceci nous a conduit a proposer et mettre en ceuvre des méthodes de gradients
modifiés incorporant de I’information a priori sur les solutions recherchées.

3.3.2 Gradient modifié contraint

L’incorporation d’information a priori sur les solutions recherchées est I’objet de nombreuses in-
vestigations , e.g. utilisation de la binarité du contraste pour la reconstruction d’objets homogenes
[Souriau et al., 1996; Monebhurrun et al., 1998], contrainte de positivité sur les parties réelles et ima-
ginaires des contrastes reconstruits [Belkebir et Tijhuis, 1996], addition d’un terme de pénalisation dit
« de variation totale » dans la fonctionnelle @ minimiser [van den Berg et Kleinman, 1995], ou encore
utilisation d’une technique de préservation des angles permettant la reconstruction d’obstacles avec

2|_eur nombre dépend de I’information a priori que I’on souhaite incorporer dans le processus.
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des discontinuités fortes de contraste [Lobel et al., 1997]. L’un des problémes majeurs lors de I’ad-
dition a la fonctionnelle d’un terme de pénalisation est d’évaluer le poids a donner a cette contrainte.
Ce poids, mesuré par un « hyper-paramétre » multiplicatif de la fonctionnelle pénalisatrice, doit étre
judicieusement choisi : trop grand, la pénalisation domine et le processus n’évolue pas, trop petit, la
solution finale n’est pas assez contrainte. Plusieurs méthodes (validation croisée généralisée [Golub
etal., 1979], courbe en L [Hansen, 1992; Hansen et O’Leary, 1993]) ont été développées pour trouver
une valeur optimale de ce paramétre au prix de calculs numériques parfois coliteux. Récemment une
nouvelle technique permettant d’introduire les contraintes par la multiplication de la fonctionnelle
colt par un terme de régularisation [Abubakar et van den Berg, 2001] a montré une nouvelle voie
intéressante permettant de s’abstraire du probléme d’évaluation de cet « hyper-paramétre ».

Contrainte de positivité

Dans un premier temps nous nous sommes intéressés au cas de la reconstruction d’un obstacle
inhomogeéne. Deux algorithmes ont été développés simultanément I’'un au CTG, I’autre au DRE. L’un
et I’autre utilisent les contraintes de positivité sur la partie réelle et imaginaire des contrastes recons-
truits. L’idée est de remplacer les inconnues (permittivité et conductivité) par des variables auxiliaires
élevées au carré.

— La méthode développée au CTG fait appel a la formulation vectorielle en champ E précé-
demment introduite (8§ 3.2) pour exprimer les équations intégrales de domaine nécessaires au
processus.

— Celle développée au DRE est basée sur une formulation scalaire en champ H des équations
intégrales de domaine utilisées introduite dans la section § 3.2. De mars a juillet 1998, D. Dos
Reis, stagiaire du DEA Méthodes Physiques en Télédétection dont j’assurais I’encadrement, a
simplifié la formulation générale du gradient modifié en introduisant I’approximation de Born
dans les équations intégrales entrainant ainsi une accélération notable des calculs dans le cas de
la reconstruction d’obstacles faiblement diffringents.

Les résultats obtenus par ces deux méthodes ont montré la pertinence d’une telle approche pour
la reconstruction d’objets purement diélectriques (seule la permittivité est recherchée, la conductivité
étant supposée connue et nulle) ou purement conducteurs (seule la conductivité est recherchée, la
permittivité étant supposée connue et égale a celle de I’air) mais également ses limites dans la recons-
truction simultanée de la permittivité et de la conductivité (cf Fi1G. 3.3(b)). Ce phénoméne, lié non
seulement au caractére mal-posé du probleme inverse mais également a I’aspect limité des données,
montre que, dans le cas d’un obstacle enfoui, les contraintes de positivité ne sont pas nécessairement
suffisantes. Ceci nous a conduit a développer une version dite « binaire » du gradient modifié.

Les détails des méthodes ainsi que des résultats numérigues ont fait 1’objet de plusieurs publica-
tions communes [A.4; A.5]. Une copie de [A.4] se trouve en annexe (8 B).

Contrainte de binarité

Ces travaux, extensions de ceux effectués au DRE dans le cas de la polarisation TM [Souriau
et al., 1996], n’ont été développés que dans le cas d’une formulation en champ H. lls ont montré
gue I’incorporation de la binarité dans le processus permettait une amélioration des reconstructions
(F1G. 3.3(c)) en particulier dans les cas ou I’information de positivité n’était pas suffisante et ou la
reconstruction échouait.
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Ce gradient modifié dit « binaire » ne s’applique qu’a des objets homogénes et a pour but d’obtenir
la localisation et la forme de I’objet. 1l nécessite une connaissance a priori des parametres électroma-
gnétiques de I’objet (permittivité et conductivité) ou au moins une estimation haute de ces paramétres
— I’erreur introduite sur les paramétres, si elle n’est pas trop importante, permettra une bonne re-
construction de I’objet. En pratique, dans une zone de recherche, des pixels noirs (pixel appartenant
a I’objet) et des pixels blancs (milieu environnant) sont reconstruits. L’idée est de remplacer la fonc-
tion contraste par le produit d’un contraste constant connu et d’une fonction dépendant d’une variable
auxiliaire et variant continiment de 0 a 1, fonction dont la pente est gouvernée par un paramétre
auxiliaire dont I’évolution au cours du processus permet de faire tendre les pixels plutot vers le blanc
ou plutdt vers le noir. L’introduction d’une telle fonction permet de conserver la différentiabilité des
équations intégrales vis-a-vis du contraste tout en permettant la reconstruction d’obstacles binaires.

La théorie ainsi que des résultats numériques ont fait I’objet d’un article [A.8] dont une copie est
proposée en annexe (8 C).

3.3.3 Données incomplétes

Jusqu’a présent, I’ensemble des travaux présentés sur le gradient modifié, que ce soit en espace
libre ou en milieu stratifié, en polarisation TM ou TE, I’avait été dans le cas de données dite « com-
plétes » pour lesquels le module et la phase du champ diffracté sont mesurés. Or une mesure précise
de la phase peut étre un challenge difficile ; c’est pourquoi il est utile de s’intéresser a la résolution du
probléme inverse a partir de données incomplétes (dont seul le module® est mesuré). Pour résoudre un
tel probléme deux chemins sont possibles :

1. le développement d’un algorithme spécifique capable de traiter directement ces données incom-
plétes [Maleki et al., 1992; Takenata et al., 1997],

2. la résolution de deux problemes inverses successifs, le premier permettant de reconstruire la
phase du champ a partir de la connaissance du module, puis la résolution classique du probleme
inverse a partir de données complétes [Maleki et Devaney, 1993].

Une comparaison des méthodes dans le cas de la tomographie de diffraction dans le domaine op-
tique a été effectuée [Maleki et Devaney, 1993] et a montré de meilleurs résultats dans le cas de la
résolution successive de deux problémes inverses. Cependant dans [Takenata et al., 1997] un algo-
rithme spécifique appliqué a la reconstruction d’un obstacle cylindrique en espace libre traitant direc-
tement les données incompletes est présenté et les résultats obtenus sont satisfaisants dans nombre
de configurations différentes. Aussi, pour notre part, nous avons choisi un chemin identique a celui
de [Takenata et al., 1997] permettant de conserver la méme structure algorithmique et ne nécessitant
que la réécriture d’une partie de la fonctionnelle colt et des gradients correspondants. Un résultat
typique est présenté FiG. 3.3(d)

Les équations relatives au gradient modifié binaire a partir de données complétes et incomplétes
ainsi que des résultats numériques dans un certain nombre de configurations ont fait I’objet d’un
article [A.8] dont une copie est incluse en annexe (8§ C).

3.3.4 Illlustration des méthodes

Pour illustrer ces différentes méthodes de gradients modifiés une comparaison des résultats four-
nis par chacune a été extraite de [A.8]. La description de la configuration est la suivante : un espace est

3Situation qui limite encore plus les informations contenues dans les mesures.
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séparé en un demi-espace supérieur de paramétres électromagnétiques (e,; = 1,01 = 0 S/m)al’in-
térieur duquel la longueur d’onde est \g et un demi-espace inférieur de parametres électromagnétiques
(€r2 = 2, 09 = 0 S/m) a ’intérieur duquel la longueur d’onde est definie par Ay = A\g/,/€,2. Dans le
demi-espace inférieur est placé un obstacle axisymétrique de section carrée centré en (0, —0.50 m),
de coté d = 0.52 m et de permittivité relative e, = 3 et de conductivité cq = 1072 S/m. L’ensemble
est illuminé par 15 lignes sources de fréquences 100, 200, 300 et 400 MHz, chacune de polarisa-
tion TE et d’amplitude unité, placées dans le demi-espace supérieur a une hauteur ys = 0.5 m et
équi-réparties horizontalement entre —5 m et +5 m. Le champ diffracté est, quant a lui, collecté, pour
chaque fréquence par 47 récepteurs placés dans le demi-espace supérieur a une hauteur y g = 0.125 m
et équi-répartis horizontalement entre —10 m et +10 m. Le domaine de recherche est un carré centré
en (0, —0.50 m) et de 1 m de coté.

Les résultats obtenus & 400 MHz en utilisant le frequency hopping® sont présentés FiG. 3.3.

(@)

Exact

(b)
Contrainte de positivité
(données complétes)

b

(©
Contrainte de binarité
(données complétes)

(d)
Contrainte de binarité
(données incomplétes)

| |
:

F1G. 3.3 — Comparaison de reconstructions obtenues par les différents gradients modifiés contraints
développés au DRE. A droite, la carte de permittivité, et & gauche, la carte de conductivité.

4En frequency hopping les quatre fréquences ne sont pas utilisées simultanément mais I’une aprés I’autre de la plus
basse a la plus haute. A chaque fréquence le processus est initialisé avec la solution obtenue a la fréquence immédiatement
inférieure.
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3.4 Probleme inverse : les sources distribuées

Dans cette section nous nous intéressons a un probléme inverse de diffraction des ondes acous-
tiques avec pour but la reconstruction de la forme d’un obstacle impénétrable immergé dans un chenal
sous-marin. Ce travail, initié par C. Rozier [Rozier et al., 1997] lors de sa thése au L2S, s’est pour-
suivi notamment dans le cadre d’un Programme de Recherche en Commun CNRS-NSF qui a lié le
Center of the Mathematics of Waves de I’Université du Delaware, le Laboratoire de Mécanique et
d’Acoustique de Marseille et le L2S de 1998 a 2000.

La caractérisation, au sein d’un environnement marin de faible profondeur, d’un obstacle totale-
ment ou partiellement enfoui dans I’eau ou dans le fond a partir de la mesure du champ de pression
résultant de son interaction avec le champ émis par une ou plusieurs sources est un sujet d’intérét
croissant en acoustique sous-marine comme le prouve [Gilbert et al., 1998] et les références qui s’y
trouvent. Résoudre un probléme inverse de ce type nécessite une bonne connaissance des paramétres
non seulement de I’environnement (ceux de la colonne d’eau et du fond marin), ce qui est un pro-
bléme inverse® par lui-méme [Collins et Kuperman, 1994], mais également des sources et récepteurs,
paramétres auxquels peuvent se rajouter des informations a priori sur les objets recherchés.

Le probléme inverse de reconstruction de forme dans un environnement confiné tel qu’étudié ici
différe nettement de celui de I’obstacle en espace libre ; probleme largement étudié dans la littérature
comme le montre [Wirgin et Scotti, 1998] et les références qui y sont incluses ainsi que [Rozier et al.,
1997]. Ainsi I’expertise importante acquise dans le cas de I’espace libre n’est que partiellement uti-
lisable dans le cas d’un milieu semi-confiné. La différence de comportement est due a la géométrie
et aux particularités physiques qui conduisent non seulement a un probléme inverse mal-posé ainsi
gue déja précisé mais également a des questions théoriques toujours d’actualité sur la diffraction dans
un guide d’onde [Angell et al., 1996; Angell et Kleinman, 1997]. Questions concernant notamment
I’unicité du probléme aux conditions aux limites sous-jacent (en particulier I’existence de modes pro-
pagatifs) ; I’'unicité de la solution du probléme direct & partir de formulations intégrales spécifiques ; et
la « complétude » de la représentation des champs. Bien que nécessitant clairement des investigations
plus importantes, ces problemes théoriques compliqués sortent du cadre des travaux décrits ici.

A ma connaissance, la reconstruction d’un obstacle impénétrable immergé dans un chenal marin
de faible profondeur n’a été étudiée que dans dans le cadre d’approximations sur la propagation et la
diffraction des ondes, par exemple, (i) la rétropropagation conduisant a la reconstruction de sources
équivalentes dont on espére qu’elles se concentreront sur le domaine de I’obstacle [Carrion et Boehm,
19947 ; (ii) la suppression des phénomenes de résonance multiples pour extraire la fonction de dif-
fraction décrivant le comportement de ce méme obstacle en espace libre [Yang et Yates, 1994] ; (iii)
I’utilisation de techniques de classification a partir de la détection des résonances du diffracteur [Gui-
cking et al., 1998]. A ces travaux s’ajoutent ceux, récents, sur I’lCDA (Intersecting Canonical Domain
approximation) [Gilbert et al., 1998; Buchanan et al., 2000] sur la reconstruction d’un obstacle 3D
« mou » a symétrie de révolution suivant la verticale immergé dans un chenal sous-marin. Sans entrer
dans les détails, I’'ICDA nécessite une solution canonique du probléme direct, solution qui existe en
3D mais n’existe pas, a ma connaissance, dans le cas 2D étudié ici.

La configuration a laquelle nous nous intéressons peut étre décrite de la fagon suivante :

(i) L’environnement est modélisé par un guide d’onde plan qui consiste en une couche d’eau de
hauteur H dont la densité et la célérité des ondes de compression sont constants. L’interface
supérieure (air/eau) vérifie une condition de Dirichlet alors que I’interface inférieure (air/socle)

SProbléme auquel je me suis intéressé lors de ma thése et de mon séjour & Saclant Centre.
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(i)
(iii)

(iv)

vérifie soit une condition de Neumann (fond dur) soit une condition de transmission (milieu
fluide).

Une source est modélisée par une ligne source idéale. Elle est positionnée a une distance et une
profondeur connue dans le guide d’onde et émet a une ou plusieurs fréquences.

L’obstacle est un obstacle cylindrique impénétrable unique dont le contour a une forme « en
étoile » par rapport a un point d’origine et vérifie une condition de Dirichlet (obstacle « mou »,
pression totale nulle sur le contour) ou de Neumann (obstacle « dur », dérivée normale de la
pression totale nulle sur le contour).

A une fréquence donnée le champ de pression complexe résultant est mesuré sur une ou deux
séries de récepteurs verticaux positionnés a une distance connue et couvrant tout ou partie de
la hauteur d’eau. Le cas d’un ou plusieurs réseaux placés horizontalement peut également étre
considére.

Ce probléme peut étre vu comme une simplification excessive de la réalité ; il en contient cepen-
dant bon nombre d’ingrédients :

(i)

(i)

(iii)

Les interactions multiples entre I’obstacle et le guide d’onde ne peuvent étre négligées notam-
ment par le fait que nous travaillons dans le domaine de résonance dans lequel la taille de
I’obstacle est de I’ordre de grandeur de la longueur d’onde de I’onde incidente se propageant
dans I’eau.

L’aspect limité des données di au fait que I’obstacle n’est pas vu de tous les cotés est essentiel,
méme si I’utilisation de plusieurs fréquences permet de combler en partie seulement ce manque
d’information. De plus dans le cas d’un fond pénétrable (condition de transmission) une par-
tie de I’énergie est absorbée et n’atteint pas les récepteurs, limitant encore la couverture des
données.

Le probléeme inverse est résolu de fagon exacte (aucune simplification telle que I’approxima-
tion de Born ou de I’acoustique physique ou toute autre approximation négligeant en partie ou
totalement le couplage entre I’obstacle et les interfaces) et non-linaire (minimisation d’une
fonctionnelle colt mettant en jeu I’équation d’état et I’équation d’observation).

Pour résoudre ce probléme notre choix s’est porté sur la méthode des sources distribuées notam-
ment parce qu’elle avait déja été appliquée avec succeés par C. Rozier durant sa thése dans le cas d’un
objet dit « mou » (condition de Dirichlet sur son contour) immergé dans un guide d’ondes dont les pa-
rois sont impénétrables (condition limite de Dirichlet a la surface et de Neumann sur le fond) [Rozier

et al.,

1.
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1997]. Plusieurs objectifs ont été poursuivis :

la généralisation du travail de C. Rozier au cas d’un objet « dur » (condition de Neumann sur
le contour) dans un guide d’onde impénétrable : ce travail a été effectué en 1996 par E. Bocly
lors de son stage de DEA. Ces travaux ont fait I’objet d’un article dans des actes de congrés
édités [L5.3].

une généralisation des travaux précédents au cas d’un objet impénétrable « mou » ou « dur »
placé dans un guide d’ondes a parois pénétrables : ce travail a non seulement nécessité une
réécriture totale des algorithmes mais également la mise au point d’algorithmes d’accélération
des calculs rendue nécessaire par la complexification des formulations. Ces travaux ont fait
I’objet de plusieurs communications, d’une partie d’un article dans des actes de congres édités
[L5.4] et d’un article [A.6].

une extension de la méthode aux ondes électromagnétiques pour la reconstruction d’un obstacle
parfaitement conducteur a partir d’un champ électromagnétique en polarisation TM ou TE.
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Ces travaux sont illustrés par I’article [A.6] joint en annexe (§ D), article analysant le cas acous-
tique.

La méthode des sources distribuées et ses applications

La méthode des « sources distribuées » est basée sur I’hypothése que les fonctions de Green du
guide d’ondes forment une famille compléte linéairement indépendante de solutions de I’équation de
Helmbholtz du guide d’ondes. Tout champ dans le guide peut alors s’écrire sous la forme d’une somme
infinie de fonctions de Green du chenal pondérées par des coefficients constants et tout objet présent
dans le guide d’ondes peut étre remplacé par un ensemble infini dénombrable de sources intérieures
ponctuelles dont les positions et les amplitudes complexes sont choisies de telle fagon que le champ
créé par ces sources vérifie la condition de passage — connue a priori (Dirichlet ou Neumann) —
sur le contour de I’objet et donnent un champ identique au champ diffracté sur les récepteurs. La
démonstration de la complétude des fonctions de Green n’a été effectuée [Angell et al., 1996] que
dans le cas d’un objet « mou » de contour « doux », objet placé dans un guide d’ondes vérifiant la
condition de Dirichlet a la surface et la condition de Neumann sur le fond. L’extension de la méthode
au cas d’un objet « dur » dans un guide a parois impénétrables et d’un objet impénétrable quelconque
dans un guide ouvert n’est validée que par expérimentation numérique.

L’idée est la suivante : un obstacle initial (de contour circulaire par exemple) est remplacé par un
ensemble fini de sources intérieures d’amplitude complexe dont les positions sont équi-réparties sur
un contour intérieur homothétique a la frontiére de I’obstacle. L’évolution de la position des sources
intérieures et de leurs amplitudes (et par la méme la modification de la frontiére de I’obstacle) se
fait par minimisation de deux fonctionnelles codts, I’'une mesurant I’écart entre le champ créé par
ces sources sur les récepteurs et le champ diffracté par I’objet inconnu, I’autre imposant la condition
aux limites sur la frontiére. Afin de réduire le nombre d’inconnues du probléme et de contraindre la
frontiére de I’obstacle reconstruit a &tre réguliére, il a été choisi de décrire cette frontiére sous la forme
d’un polyndme trigonométrique a coefficients réels (contour dit en « étoile »), la position équi-répartie
des sources intérieures s’en déduisant par un coefficient homothétique. Les inconnues du probléme
sont alors les coefficients réels décrivant le contour et les amplitudes complexes des sources.

Un algorithme d’inversion permettant la reconstruction de contour d’un objet impénétrable —
utilisable tant en acoustique (objet « dur » ou « mou ») qu’en électromagnétisme (objet parfaitement
conducteur en polarisation TE ou TM) — faisant appel aux familles complétes a été développé dans
le cas d’un guide d’ondes a parois pénétrables. Un résultat typique de reconstruction dans le cas
acoustique est présenté FiG. 3.4. Une grande partie des difficultés rencontrées lors du développement
numérique s’est concentrée sur le calcul des fonctions de Green. En effet, dans le cas de d’un guide
a parois impénétrables les fonctions de Green peuvent se calculer trés rapidement — par exemple
par une approche rayons/modes [Rozier et al., 1997] — alors que dans le cas d’un guide d’ondes a
parois pénétrables leurs calculs nécessitent I’utilisation d’une méthode spectrale beaucoup plus lente ;
I’accélération des calculs est alors un point capital. La méthode choisie est basée sur un pré-calcul
des fonctions de Green dans une zone pré-définie sur une grille tres fine (A/20, ou A est la longueur
d’onde dans le guide d’ondes), ce qui permet, par interpolation bilinéaire, d’en déduire la valeur en
tout point de la zone. Une telle technique a permis de réduire les temps de calcul pour une itération
de plusieurs heures a quelques minutes. Le code ainsi développé permet, par ailleurs, de retrouver les
résultats obtenus précédemment dans le cas du guide d’ondes impénétrable.

Cet algorithme d’inversion a été confronté a plusieurs types de données :
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1. Données synthétiques en acoustique avec des objets impénétrables « mou » ou « dur » (F1G. 3.4).
La configuration est la suivante : un objet est plongé dans un guide d’ondes rempli d’eau (modé-
lisant un chenal sous-marin de faible profondeur (= 100 m), cet objet est éclairé par une source
ponctuelle (fréquences de 30 Hz & 100 Hz), et le champ de pression est mesuré sur une ou deux
lignes verticales couvrant tout le chenal.

2. Données réelles obtenues en électromagnétisme basse fréquence par J. M. Geffrin dans le cadre
d’un contrat Gesma-DGA/CNRS. La configuration est la suivante : un objet métallique est
plongé dans une cuve remplie d’eau (salée ou non), cet objet est illuminé par une source bi-
conique (fréquences de 230 MHz & 810 MHz), et le champ électrique (polarisation TM) est
recueilli sur un récepteur biconique se déplagant horizontalement.

3. Données réelles obtenues en électromagnétisme a I’Institut Fresnel de Marseille (UMR 6133).
Dans ce cas I’algorithme a été simplifié pour traiter la reconstruction d’objets en espace libre.
La configuration est la suivante : un objet métallique placé en espace libre est illuminé par une
antenne cornet (fréquences de 1 GHz a 16 GHz) et le champ électromagnétique (polarisation
TM) est mesuré sur un arc de cercle autour de I’objet.

Illustration de la méthode

Pour illustrer cette méthode, des résultats extraits de [A.6] ont été choisis (F1G. 3.4). Nous nous
situons dans un cas d’acoustique sous-marine dans une configuration de type guide d’onde (FIG. 3.1).
La configuration est la suivante : un espace est divisé en un demi-espace supérieur de parametres
acoustiques (p = 1 kg/m?, ¢ = 330 m/s) et un demi-espace inférieur modélisant un socle de granit de
parameétres acoustiques (pp = 2200 kg/m?, ¢, = 4000 m/s, ap = 0.01 dB/m/kHz). Entre les deux
une lame d’eau de hauteur H = 100 m et de paramétres acoustiques constants (po = 1030 kg/m?,
co = 1500 m/s) (I’atténuation étant négligé aux féquences qui nous intéressent). Dans cette lame
d’eau est placé un objet « mou » ou « dur » elliptique (de petit axe 7.5 m et de grand axe 15 m) ou en
forme de tréfle (d’équation 10 — 3sin (36)). L’ensemble est illuminé par une source de fréquence 30
Hz placée a une profondeur de z; = 55 m et a une distance de x;, = —100 m & droite de I’obstacle
et le champ diffracté est recueilli sur deux réseaux de 41 récepteurs couvrant toute la hauteur d’eau et
placés a une distance de 40 m de part et d’autre de I’obstacle.

3.5 Probleme inverse : les ensembles de niveaux

Dans ce chapitre nous nous intéressons a la reconstruction d’objets homogenes enfouis dans un
demi-espace de paramétres électromagnétiques connus, sources et récepteurs étant positionnés de
I’autre c6té du demi-plan séparant les deux demi-espaces. Ces travaux sont développés dans le cadre
de la thése de C. Ramananjaona. lls prolongent et étendent — aux cas des objets enfouis en polari-
sation TM et TE — les travaux effectués, en polarisation TM, au laboratoire par A. Litman [Litman
et al., 1998] sur la reconstruction d’obstacles placés en espace libre a I’aide d’ensemble de niveaux.
Ces travaux se font en collaboration avec J.-P. Zolésio de Sophia-Antipolis.

Ainsi qu’indiqué précédemment (8 3.3) il existe bon nombre de méthodes pour résoudre un tel
probléme. A la différence du gradient modifié binaire (§ 3.3.2) ol le but est la reconstruction d’un
domaine a partir de pixels blancs ou noirs [Souriau et al., 1996; A.8], nous nous intéressons ici a la
reconstruction de la frontiére d’un ou plusieurs obstacles a partir de la mesure du champ diffracté.

Plusieurs méthodes ont été proposées pour résoudre un tel probléme que ce soit en espace libre
ou en stratifié. Dans la majorité des cas elles sont basées sur I’évolution du contour inconnu ou des
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Fi1G. 3.4 — Acoustique : reconstruction d’obstacles (ellipse ou tréfle) « dur » ou « mou » a I’aide d’une
méthode de sources distribuées : solution exacte (trait épais), initialisation (trait fin), reconstruction
pour un objet « mou » (disque noir) et pour un objet « dur » (croix). (a) Ellipse (b) Trefle

coefficients le décrivant par une succession de petites perturbations. Pour mémoire je rappellerai les
travaux effectués en électromagnétisme et en acoustique au laboratoire et présentés dans ce manuscrit
(8 3.4) dans le cas d’un obstacle dans un guide d’onde, travaux qui peuvent s’étendre sans difficulté
au cas considéré ici. Notons également les travaux effectués par [Bonnard et al., 1998] qui concernent
la reconstruction d’un obstacle parfaitement conducteur au sein d’un milieu homogene a partir d’une
formulation intégrale de contour. L’ obstacle est décrit par un nombre fini de segments dont les centres
sont les inconnues, et le probleme inverse est résolu par une méthode de gradient conjugué régularisée.
Une extension de la méthode au cas d’un obstacle diélectrique a été proposée [Bonnard et al., 1999].
Cette méthode a I’avantage de ne pas utiliser de représentation polaire du contour permettant ainsi
la reconstruction d’obstacles complexes mais nécessite une régularisation de ce contour pour éviter
I’obtention de frontiéres trop chahutées.

Dans [Gosh Roy et al., 1997] les auteurs s’intéressent, en acoustique, a la reconstruction d’un
obstacle « dur » placé dans un espace fluide homogéne infini. Le probléme est résolu en faisant I’hy-
pothese que la frontiére de I’obstacle n’est autre qu’une superposition de petites déformations d’un
contour de géométrie simple. En s’appuyant sur une hypothese de Rayleigh le champ diffracté par
I’obstacle est écrit sous la forme d’une série de Taylor fonction d’un réel proportionnel a la déforma-
tion du contour (déformation décrite en coordonnées polaires), le rayon de convergence de la série
étant étendu par I'utilisation de I’approximation de Padé. L’inversion est menée par une méthode de
Gauss-Newton. Le cas de la reconstruction d’un cylindre parfaitement conducteur [Chiu et Kiang,
1991] ou de conductivité finie [Chiu et Kiang, 1992] enfoui dans un demi-espace a également été
abordé. Le contour de I’obstacle est décrit en coordonnées polaires sous la forme d’une série de co-
sinus et sinus dont les coefficients sont les inconnues. L’équation intégrale de contour est discrétisée
par une méthode de moments et I’inversion est basée sur une méthode de Newton-Kantorovitch.

Bien que ces méthodes soient efficaces, elles nécessitent la connaissance a priori du nombre
d’obstacles a reconstruire pour initialiser correctement le processus. Dans [Bonnard et al., 1999]
I’opérateur de renversement temporel est utilisé pour estimer, dans la mesure du possible, le nombre de
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diffracteurs présents avant d’appliquer I’algorithme d’inversion. Au laboratoire notre choix s’est porté
sur une méthode d’ensemble de niveaux qui, bien que dédiée a la reconstruction de la frontiere d’un ou
plusieurs obstacles, ne nécessite aucune information sur leur nombre. En effet, les changements éven-
tuels de topologie (apparition ou disparition d’un obstacle) sont naturellement pris en compte dans le
processus. Bien que ces travaux se poursuivent (la soutenance de these de C. Ramananjaona n’aura
lieu qu’a I’'automne 2002), les avancées par rapport aux travaux d’A. Litman sont déja nombreuses :

1. Un travail théorique conduisant a une réécriture compléte des équations dans le cadre de la
théorie du « Min-Max » a été nécessaire pour étendre au cas stratifié et a la polarisation TE les
travaux précédents (tout en retrouvant ceux de I’espace libre et de la polarisation TM).

2. Un travail numérique conduisant aux développements de code permettant de résoudre le pro-
bleme inverse en espace libre ou stratifié, en polarisation TE ou TM.

3. Une validation des algorithmes développés par confrontation avec des données synthétiques et
expérimentales.

La théorie et les équations en polarisation TE et TM dans le cas d’objets enfouis ont été présentées
dans un article [A.10] inclus en annexe (§ E). Les résultats obtenus par la méthode lorsqu’elle a été
confrontée a des données réelles pour la reconstruction d’obstacles en espace libre ont également fait
I’objet d’un article [A.11] également inclus en annexe (§ F).

La méthode des « ensembles de niveaux » et ses applications

La méthode des « ensembles de niveaux » développée ici est en fait une combinaison de deux
méthodes. La premiére méthode est basée sur les travaux de J. Sethian [Sethian, 1999] pour la re-
présentation de la forme d’un objet par un ensemble de niveaux — la frontiére de I’objet est donnée
par le niveau zéro de I’ensemble de niveaux, les valeurs négatives correspondant a des points inté-
rieurs de I’obstacle — et de F. Santosa [Santosa, 1996] pour leurs utilisations dans la résolution de
problemes inverses de diffraction. L’idée est de faire évoluer cet ensemble de niveaux en espace et
en temps fictif a Iintérieur d’un domaine fixé a priori afin de minimiser une certaine fonctionnelle
colt judicieusement choisie. On montre que I’évolution de ces fonctions niveaux est régie par une
équation de mouvement de type Hamilton-Jacobi qui prend en compte naturellement les changements
éventuels de topologie. Elle lie, par I’intermédiaire d’une vitesse de déformation, la dérivée partielle
de I’ensemble de niveaux par rapport au temps fictif a la norme du gradient spatial de cet ensemble de
niveaux. Le choix de cette vitesse de déformation est capital car c’est elle qui contrdle I’évolution des
ensembles de niveaux et, par |a méme, la convergence du processus d’optimisation.

La deuxieme méthode est basée sur des travaux sur les « méthodes de vitesse » largement utilisées
dans la conception optimale de formes [Sokolowski et Zolésio, 1992]. Elle permet de choisir cette
vitesse de telle sorte qu’a chaque instant fictif la décroissance de la fonctionnelle codt soit assurée.
Pour ce faire il suffit de calculer la dérivée de cette fonctionnelle par rapport au temps fictif et de
choisir la vitesse de telle fagon que cette dérivée soit toujours négative.

Pour adapter un tel processus aux problémes inverses de diffraction des ondes qui nous intéressent
ici, il est nécessaire de choisir une fonctionnelle colt adaptée. Son expression est classiquement don-
née par la norme au carré de I’écart entre le champ diffracté par I’objet inconnu® et le champ calculé
par le modele a un certain temps fictif. Un des points clés du processus est de trouver une expression
de la dérivée de la fonctionnelle colt. Dans les travaux initiaux en espace libre, son expression a été
établie dans le cadre non nécessairement simple de la théorie variationnelle [Litman et al., 1998].

811 est entendu par « objet inconnu » un ou plusieurs obstacles présents dans le domaine de recherche.
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L’extension des démonstrations pour le cas de I’objet enfoui en TE et en TM s’est avérée compliquée
et une reformulation du probléme dans le cadre de la théorie du « Min-Max » [Cuer et Zolésio, 1988]
— dans laquelle il est montré que cette dérivée est égale a I’expression, au point selle, de la dérivée
partielle par rapport au temps fictif d’une fonctionnelle judicieusement choisie — a permis non seule-
ment de retrouver I’expression établie dans le cas de I’espace libre mais également d’établir, de fagon
rigoureuse, les expressions en milieux stratifiés. On montre alors que la vitesse de déformation, qui
se déduit de la dérivée de la fonction codit, s’écrit en fonction des solutions du probléme direct et de
son probléme adjoint en polarisation TM et en fonction du gradient de ces solutions en polarisation
TE. Son calcul ne nécessite que la résolution de deux problémes directs, le probléme adjoint n’étant,
classiquement, qu’un probléme direct pour lequel les sources sont positionnées en lieu et place des
récepteurs et sont d’amplitudes proportionnelles a I’écart entre le champ diffracté et le champ calculé
par le modéle a ces emplacements.

Du point de vue pratique, une formulation par intégrale de domaine de la solution de I’équation
de Helmholtz scalaire en TE et TM a été choisie. Sa résolution se fait a I’aide d’une méthode de
moments pour laquelle le domaine D supposé contenir I’objet a reconstruire est discrétisé en pixels
rectangulaires dans le cas TM et triangulaires dans le cas TE (8§ 3.2). Ce travail a nécessité le dévelop-
pement d’un code de résolution du probléme direct pour la polarisation TM et I’incorporation de celui
déja développé pour la polarisation TE (8§ 3.2). Une des équations clé du processus est I’équation de
Hamilton-Jacobi ; sa version discrétisée nécessite I’introduction dans le processus d’un pas de temps
discrétisé dont I’importance est cruciale dans la convergence du processus et dont le choix, pour le
moment heuristique, est un probléme : trop grand, le processus diverge, trop petit, la convergence
est lente. Un travail est actuellement mené pour trouver un critére de choix optimal de pas de temps
et un schéma de son évolution au cours du processus. En paralléle, des travaux sur I’ajout, dans la
fonctionnelle co(t, de contraintes de périmétre et de volume se poursuivent et leurs influences sur les
reconstructions et sur la convergence du processus sont a I’étude.

Cet algorithme d’inversion a été confronté a plusieurs types de données :

1. Données synthétiques en électromagnétisme (polarisation TM et TE) avec des objets diélec-
triques. La configuration est la suivante : un objet est plongé un demi-espace, cet objet est
éclairé par plusieurs sources ponctuelles (fréquences de 100 MHz a 400 MHz) placées dans
I’autre demi-espace et le champ électromagnétique (E ou H) est mesuré sur une ligne horizon-
tale placée également dans cet autre demi-espace.

2. Données réelles obtenues en électromagnétisme a I’Institut Fresnel de Marseille (UMR 6133).
Dans ce cas I’algorithme a été simplifié pour traiter la reconstruction d’objets en espace libre.
La configuration est la suivante : un ou plusieurs objets diélectriques ou métalliques placés en
espace libre sont illuminés par une antenne cornet (fréquences de 1 GHz a 16 GHz) et le champ
électromagnétique est mesuré sur un arc de cercle autour de I’objet.

Illustration de la méthode

Ce résultat (FiG. 3.5) est extrait de [A.10] et concerne la reconstruction d’un objet enfoui dans
un demi-espace (F1G. 3.1). La configuration est la suivante : un espace est séparé en un demi-espace
supérieur de parametres électromagnétiques (e,1 = 1,01 = 0 S/m) a I’intérieur duquel la longueur
d’onde est )\ et un demi-espace inférieur de parametres électromagnétiques (e,o = 2, oo = 0 S/m) a
I"intérieur duquel la longueur d’onde est définie par Ao = Ao/, /€2. Dans le demi-espace infeérieur sont
placés deux obstacles axisymétriques de permittivité relative e, = 3 et de conductivité o = 0 S/m,
I’un de section carrée de coté 0.29 m centré en (0.28 m, —0.25 m), I’autre de section rectangulaire de
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F1G. 3.5 — Evolution du domaine €2, level set ¢ et de la vitesse V' (respectivement a gauche, au centre
et a droite). En haut I’initialisation du processus par un disque centré de rayon 0.15 m; au centre : la
5iéme itération ; en bas : le meilleur résultat (obtenu a la 421iéme itération). Le pas de temps utilisé
est At =31073,

o~

==

coté 0.18 m selon les = et 0.29 m selon les y centré en (—0.18 m, —0.68 m). L’ensemble est illuminé
par 15 lignes sources de fréquence 200 MHz, de polarisation TE et d’amplitude unité placées dans le
demi-espace supérieur & une hauteur ys = 0.5 m équi-réparties horizontalement entre —5 m et +5 m.
Le champ diffracté est collecté par 47 récepteurs placés dans le demi-espace supérieur a une hauteur

r = 0.125 m équi-réparties horizontalement entre —10 m et +10 m. Le domaine de recherche est
un carré centré en (0, —0.50 m) et de 1 m de cOté.
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4.1 Introduction

Dans ce chapitre nous nous intéressons aux phénomenes électromagnétiques relatifs a des objets
tridimensionnels placés dans un environnement complexe avec des préoccupations de détection et de
caractérisation de structures dans des milieux naturels (le sous-sol proche ou lointain) ou artificiels
(plague métallique, composite, ...). Les méthodes de détection de ces structures varient selon les
applications :

— le sondage d’un sous-sol profond (quelques centaines de metres) pour la détection de grandes
structures (amas minéral de plusieurs dizaines de métres de longueur caractéristique) nécessite
I’utilisation de signaux basse-fréquence (de la dizaine de Hz a quelques kHz).

— le sondage d’un sous-sol proche (quelques métres a quelques dizaines de metres) pour la détec-
tion de cavités, mines, piéces métalliques ou zones de pollution, requiert des fréquences plus
élevées (de I’ordre du MHz) pour une profondeur plus faible.

— la détection de fissures, inclusions dans des plaques métalliques (de conductivité de quelques
MS/m) nécessite des fréquences assez basses (quelques centaines de kHz) pour une profondeur
de pénétration de quelques millimétres.

Dans la plupart de ces applications les milieux sont conducteurs, nous conduisant a travailler en
régime diffusif (les champs électromagnétiques sont atténués), la taille des structures étant soit de
I’ordre de grandeur de I’épaisseur de peau caractéristique de I’encaissant (domaine de résonance) soit
inférieure (domaine basse-fréquence). Le but de ce travail est le développement de techniques d’in-
version adaptées aux applications visées. Il nécessite clairement la modélisation de la réponse d’une
structure enfouie dans un milieu complexe soumis a une excitation électromagnétique. L’accent a été
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mis sur le cas d’un ou plusieurs obstacles tridimensionnels enfouis dans un milieu stratifié modélisant
soit un demi-espace soit une lame d’épaisseur finie, I’ensemble étant illuminé par une ou plusieurs
sources généralement placées a la surface et le champ vectoriel diffracté mesuré soit dans I’encaissant
(application de géophysique principalement) soit a la surface (application de controle non destructif).

Deux applications (F1G. 4.1) ont été privilégiées :

— Le contrdle non destructif par courants de Foucault (F1G. 4.1(a)) dont le but est la détection de
défauts (fissures, inclusions, vide, ...) dans des plagues métalliques conductrices. Application
pour laquelle la taille caractéristique des défauts est de I’ordre de grandeur de I’épaisseur de
peaul. Nous sommes dans le domaine de résonance conduisant & utiliser une formulation dite
« exacte ».

— La prospection géophysique (FiG. 4.1(b)) dont le but est la détection d’amas minéraux enfouis
dans le sous-sol profond. Application pour laquelle la taille caractéristique des amas est trés in-
férieure a I’épaisseur de peau. Nous sommes alors dans le domaine basse-fréquence permettant
I’utilisation de développements de type Rayleigh.

(a) (b)

FiG. 4.1 — Configurations d’intérét : le contrle non destructif par courants de Foucault (a) et la
détection d’amas minéraux en géophysique de prospection (b).

L ensemble des travaux présentés dans ce chapitre est basé sur une formulation intégrale de do-
maine dont les grandes lignes sont rappelées ci-aprés.

Formulation intégrale

La prise en compte des acquis du laboratoire a tout naturellement conduit a choisir une formula-
tion intégrale de domaine vectorielle —obtenue par application du théoreme de Green aux équations
gouvernant la propagation des champs— pour résoudre un tel probléme. Cette formulation conduit
a résoudre deux équations intégrales dans lesquelles interviennent les dyades de Green du milieu
stratifié :

— I’équation de couplage relie le champ total dans I’obstacle au champ incident (émis par la source
placée dans I’air ou dans le sol) présent dans le milieu en I’absence d’obstacle et a lui-méme
par I’intermédiaire de la dyade de Green du milieu stratifié et d’une fonction contraste mesurant
I’écart entre les parametres électromagnétiques du milieu stratifié et de I’obstacle.

" épaisseur de peau (définie pour une onde plane) donne une information sur I’atténuation des champs et donc sur la
profondeur de pénétration de I’onde.
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— I’équation d’observation relie le champ mesuré sur les récepteurs (placés dans I’air ou dans le
sol) au champ total dans I’obstacle par I’intermédiaire d’une autre dyade de Green du milieu
stratifié et de la fonction contraste.

Au préalable, il s’agit de trouver une expression des dyades de Green; celles-ci ne sont autres
que les solutions élémentaires des équations de propagation des champs pour une source élémentaire
modélisée par un petit élément de courant. Chaque dyade se divise en deux termes : un terme singulier
modélisant le rayonnement d’un élément de courant électrique ou magnétique dans un espace homo-
géne et dont la formulation est connue analytiquement dans le domaine des fréquences spatiales et le
domaine spatial ; un terme régulier prenant en compte les réflexions sur et les transmissions a travers
les interfaces et dont la formulation analytique n’est connue que dans le domaine spectral. Ce dernier
terme est obtenu par décomposition sur une base de fonctions propres décrivant la propagation bien
connue des ondes planes de polarisations TE et TM le long de I’axe perpendiculaire aux stratifications
et prenant en compte les continuités des champs aux interfaces [Chew, 1995]. Une transformation de
Fourier bidimensionnelle suivant les deux variables latérales permet un retour au domaine spatial.

Une fois connue I’expression des dyades de Green le probléme direct est résolu en deux étapes :

1. le calcul du champ total dans I’obstacle a partir de I’équation de couplage : cette étape est la plus
coditeuse en temps de calcul méme si la structure de convolution suivant les variables latérales
des équations intégrales permet I’utilisation de méthodes de type gradient conjugué par TFR.
Différentes méthodes ont été proposées pour éviter de la résoudre et permettre d’en obtenir une
solution approchée. Ainsi, ont été privilégiées des approximations basées sur I’observation que
la dyade de Green, dans I’équation de couplage, présente des pics importants et une décrois-
sance forte (liée a I’atténuation présente dans les matériaux) impliquant que seul le domaine
proche d’un point contribue au champ rayonné en ce point. Cette hypothése, dite de type Born
étendu, introduite dans [Habashy et al., 1993] pour un cas de géophysique et étendue dans [Zh-
danov et Fang, 1996; Zhdanov et Hursan, 2000], toujours en géophysique, permet d’écrire une
relation linéarisée entre le champ total dans I’obstacle et le champ incident par I’intermédiaire
d’une dyade? dont la formulation, plus ou moins simple suivant les approximations choisies,
fait notamment intervenir le produit de la dyade de Green et de la fonction contraste, le tout
intégré sur le volume de I’obstacle.

2. le calcul du champ diffracté sur les récepteurs a partir de I’égquation d’observation, qui ne pose
pas de probléme particulier.

Plan du chapitre

Les deux premiéres sections traitent de la résolution du probléme direct par deux approches com-
plémentaires : une (8§ 4.2) basée sur I’utilisation d’une méthode de moments est une méthode numé-
rique permettant I’obtention de résultats dits « exacts », car provenant d’une résolution « exacte » des
équations impliquées au prix de temps de calcul important ou de résultats approchés impliquant des
approximations de type Born et pour un co(t numérique réduit ; I’autre (§ 4.3) correspondant a des ap-
proches semi-analytiques des équations intégrales dans le cas des basses fréquences (développement
de type Rayleigh) pour un objet canonique (ellipsoide).

Les deux sections suivantes présentent la résolution du probléme inverse par deux approches dif-
férentes : la premiére (8 4.4), appliquée au contrdle non destructif par courants de Foucault, conduit a
la reconstruction de cartes de conductivité dans une zone prescrite a I’aide d’une méthode d’inversion

2Dans le cas de I’approximation de Born cette dyade n’est autre que la dyade unité
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dite « de contraste de source »; la seconde (§ 4.5), appliquée en basse fréquence, consiste a recher-
cher des sources équivalentes (ici des dip6les) a la structure diffractante, sources dont la position et les
amplitudes donnent des informations sur la position de cette structure, son volume et sa conductivité.

4.2 Probléeme direct : une méthode de moments

Ces travaux sont développés dans le cadre de la thése de D. Dos Reis débutée en 1998 et dont la
soutenance aura lieu en novembre 2001. IIs prolongent ceux effectués par V. Monebhurrun lors d’un
séjour postdoctoral au DRE en 1997 [Ruosi et al., 2000].

Nous nous intéressons ici a la modélisation de I’interaction d’une onde électromagnétique émise
par une source placée au dessus d’une interface avec un obstacle tridimensionnel enfoui au sein d’un
demi-espace ou d’une lame conductrice, champ diffracté ou impédance étant mesuré a la surface. La
modélisation choisie permet de traiter a la fois des configurations de type contréle non destructif par
courants de Foucault et de type géophysique de prospection. Cette étude a été conduite pour permettre
une bonne compréhension de I’interaction entre I’obstacle et la source, la diversité des géométries et
propriétés électriques, la stratification du milieu environnant, les sources de courants localisées et le
champ proche devant étre pris en compte. Elle permet également de déduire I’influence des différents
paramétres géomeétriques et électromagnétiques sur le champ diffracté afin d’extraire les parameétres
prépondérants en vue d’inversions futures. Ont été mis au point des codes généraux de méthodes de
moments développés a partir de formulations intégrales vectorielles de volume du champ électroma-
gnétique (en geophysique de prospection [Newman et Hohmann, 1988; Wannamaker et al., 1984;
Xiong et Tripp, 1995; Xiong et Tripp, 1997]), en optique [Kottmann et Martin, 2000], en contrdle non
destructif par courant de Foucault [Ruosi et al., 2000], en microondes [Gan et Chew, 1995; Zwam-
born et van den Berg, 1992]) ou de formulations intégrales vectorielles de surface (en géophysique
de prospection [Liu et Lamontagne, 1998; Liu et Lamontagne, 1999], en contrdle non destructif par
courants de Foucault, dans le cas particulier de fissures [Bowler, 1994; Yoshida et Bowler, 2000]).

Pour notre part une formulation intégrale de volume vectorielle a été choisie et les équations dis-
crétisées par une méthode de moments. Deux voies de résolution du systéme linéaire ont été suivies.
La premiére conduit a une résolution exacte des équations intégrales par une méthode de gradient
conjugué combinée a des TFR pour bénéficier au mieux de la structure de convolution des équations.
Cependant cette résolution exacte du probléme direct peut se révéler extrémement codteuse en temps
CPU notamment en raison de la complexité des interactions mises en jeu et de la taille des problémes
a résoudre. La seconde propose plusieurs types de solutions approchées a un colt numérique moindre.
Ces méthodes ont été récemment introduites en géophysique pour obtenir une solution approchée du
probléme direct lorsque le diffracteur est enfoui au sein d’un milieu atténuant [Habashy et al., 1993;
Zhdanov et Fang, 1996; Zhdanov et Hursan, 2000]. Ces approximations, dites de « Born étendu »,
sont basées sur I’observation que la dyade de Green, solution élémentaire de I’éguation de propaga-
tion, présente des pics importants et une décroissance forte. Cette observation permet de simplifier la
résolution du probléme direct en évitant la résolution exacte de I’équation de couplage et en la rem-
plagant par une relation linéarisée entre le champ incident et le champ total par I’intermédiaire d’une
dyade de dépolarisation dont I’expression dépend de I’approximation choisie.

Lors de ce travail un algorithme de résolution du probléme direct a été développé et validé par
comparaison avec des données synthétiques en géophysique et expérimentales en contrle non des-
tructif. Les différentes approximations introduites en géophysique ont été utilisées en CND et les
résultats validés par comparaison avec une résolution exacte.
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Les détails sur la formulation des équations intégrales et des approximations de type Born étendu
sont présentés dans un article [A.12] soumis pour publication dans I’International Journal of Applied
Electromagnetics and Mechanics, publication reproduite en annexe (8§ H).

Méthode de moments

La résolution numérique du probléme n’est possible qu’a I’aide d’une version discréte de ces équa-
tions intégrales. Elle est obtenue par I’utilisation d’une méthode de moments dans laquelle I’obstacle
est discrétisé en voxels de forme parallélépipédique rectangle et nécessite I’intégration de la dyade
de Green sur chacun de ces voxels. Le terme singulier de la dyade de Green est exprimé analytique-
ment dans le domaine spatial et intégré numériquement par un schéma de type Gauss-Legendre alors
que le terme régulier est intégré analytiqguement dans le domaine des fréquences spatiales puis son
expression dans le domaine spatial est obtenue par transformée de Fourier bidimensionnelle selon les
variables latérales. La solution du systéme linéaire résultant est obtenue soit de fagon exacte (gradient
conjugué par TFR) soit de fagon approchée.

L algorithme ainsi développé s’est révélé satisfaisant mais trés sensible a la discrétisation et a la

forme des voxels utilisés rendant son usage délicat. Sa validation s’est faite par comparaison avec :

— des données synthétiques en géophysique de prospection fournies par M. S. Zhdanov de I’Uni-
versité de I’Utah. La configuration est la suivante : un obstacle conducteur est enfoui dans un
demi-espace faiblement conducteur (quelques mS/m), I’ensemble est illuminé par une source
rectangulaire placée a la surface et le champ diffracté est également recueilli a la surface. Les
fréquences de travail s’étendent de 10 Hz a 1000 Hz.

— des données réelles en contréle non destructif par courants de Foucault obtenues soit dans la
littérature [Takagi et al., 1995a; Takagi et al., 1995b] soit aupres du Center for Nondestructive
Evaluation de I’Université de I’lowa3. La configuration est la suivante : une fissure plane de
largeur tres inférieure a I’épaisseur de peau affecte une lame trés conductrice (quelques MS/m),
I’ensemble étant illuminé par une bobine placée a la surface et les récepteurs, mesurant soit une
impédance soit un champ magnétique, étant également positionnés en surface. Les fréquences
de travail vont de 150 kHz & 300 kHz.

Illustration de la méthode

Pour illustrer ce travail une figure (F1G. 4.2) a été extraite de [A.12]. Elle montre une comparaison
entre des mesures obtenues auprés du Center for Nondestructive Evaluation de I’Université de I’ lowa
et les modéles développés au DRE. La configuration est la suivante : une fissure plane de longueur
5.435 mm selon x de largeur 0.269 mm selon y et de profondeur 0.46 mm selon z affecte une lame
d’Inconel de conductivité oo = 0.8 MS/m et d’épaisseur 1.265 mm. L’ impédance d’une sonde de type
boucle circulaire épaisse se déplacant, selon x, a une hauteur de 0.458 mm au dessus de la fissure est
mesurée et comparée aux impédances calculées, de fagon exacte ou approchée, par le modele.

4.3 Probleme direct : développement basse fréquence

Cette section présente une analyse basse fréquence de la diffraction électromagnétique par un
obstacle conducteur quelconque enfoui dans un sol également conducteur pour des applications de
type géophysique de prospection. Ces travaux ont été développés par G. Perrusson pendant sa thése

3Consultable & I’adresse suivante http ://www.cnde.iastate.edu/ec/Projects/Projects.html
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F1G. 4.2 - 150 kHz, partie réelle (a) et imaginaire (b) de la variation d’impédance de la sonde AZ (£2)
selon I’axe & (mm) ; mesure (trait continu), solution exacte (croix), LN (cercle), QLS (triangle), QA
(carré)

(soutenue en octobre 1999 et a I’encadrement de laquelle j’ai participé) dans un cadre coopératif
comprenant la Division de Mathématiques Appliquées de I’Université de Patras (dans le cadre d’une
Action Intégrée franco-grecque PLATON) et le BRGM (dans le cadre d’un contrat de collaboration).

L’introduction de systémes de mesure des trois composantes de champ dans I’exploration élec-
tromagnétique du sous-sol a permis, ces dernieres années, d’importants progrés. De tels systemes
permettent d’obtenir les trois composantes complexes du champ magnétique dues a une source de
courant opérant a plusieurs fréquences, de quelques dizaines de Hz a plusieurs kHz. La source peut
étre une boucle de courant a la surface (configuration surface-a-puits), un dipdle magnétique prés d’un
puits de forage (configuration de tomographie ou puits-a-puits), ou un dip6le magnétique se déplagant
a une distance fixée d’un récepteur dans le méme puits (configuration en auto-puits). Le systeme Slim-
Boris [Bourgeois et Alayrac, 1999] et le prototype de sonde tri-axial [L4.1] sont représentatifs de tels
instruments.

La mesure des composantes du champ magnétique requiert un traitement approprié ou « réduc-
tion » car il contient a la fois le champ primaire (dd a I’interaction de la source avec I’environnement
géologique) et le champ secondaire® (dii & I’obstacle inconnu ou partiellement connu). C’est ce champ
secondaire qui contient les informations sur les paramétres électriques et géométriques de I’obstacle.
Suivant la couverture des données, la connaissance géologique, les algorithmes d’inversion et les
désirs de I’utilisateur, le but final est la localisation, I’estimation de la taille, I’orientation, la recons-
truction de la forme et/ou une évaluation moyenne ou locale des paramétres électriques de I’obstacle.
Ainsi que souvent indiqué, toutes nécessitent, dans un premier temps, une bonne compréhension de
I’interaction entre I’obstacle et I’environnement (structure du milieu, paramétres électromagnétiques,
position des sources et des récepteurs, ...). Pour ce faire, ainsi que résumé dans la section précédente
(8 4.2), de nombreux codes généraux ont été développés ; ils peuvent cependant étre coliteux du point
de vue numérique et leur utilisation loin d’étre simple. C’est pourquoi le développement de codes

4Egalement appelé champ incident
SEgalement appelé champ diffracté
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rapides, certes moins généraux et précis, mais basés sur une compréhension fine du comportement
des champs électromagnétiques reste nécessaire.

La combinaison de la traditionnelle et rigoureuse théorie de la diffraction basse fréquence [Klein-
man et Senior, 1987; Dassios et Kleinman, 2000] et de I’approximation non-linéaire (souvent appelée
« approximation de Born étendue » introduite dans [Habashy et al., 1993] et récemment étendue
a I’évaluation non destructive par courants de Foucault) permet d’atteindre ce but. Ces travaux ont
permis de développer plusieurs approximations basse-fréquence conduisant a la mise au point d’al-
gorithmes de calcul rapide du champ magnétique diffracté par un ellipsoide placé au sein d’un milieu
conducteur.

Ces travaux ont fait I’objet de deux articles [A.7; A.9] dont I’un [A.9] est reproduit en annexe
(8 G).

Approximation localisée non-linéaire hybride

Dans ce type d’application la fréquence du signal incident est basse (quelque centaines de Hz) afin
de compenser I’atténuation due a la conductivité du milieu environnant et permettre une profondeur
d’exploration suffisante. La taille caractéristique de I’obstacle est donc trés inférieure a I’épaisseur
de peau dans I’encaissant et le champ diffracté n’est alors sensible qu’au volume de cet obstacle et
a sa conductivité moyenne, conduisant ainsi a assimiler cet obstacle tridimensionnel a un ellipsoide
homogéne, forme canonique la plus générale pour décrire un objet 3D et permettant I’utilisation du
systeme de coordonnées ellipsoidales pour les calculs analytiques.

La configuration d’intérét est la suivante (F1G. 4.3) :
un ellipsoide conducteur (= 102 S/m) enfoui au
sein d’un demi-espace stratifi¢ homogéne conducteur = interface-air/sol
(= 10~ S/m) est éclairé par une source électroma-
gnétique localisée, plus ou moins complexe (un di- l
pole magnétique par exemple), placée soit a la sur- )
face soit dans un puits de forage, le champ diffracté
résultant étant recueilli sur une série de récepteurs
placés en puits de forage.

dipole
magnétique
¥

Les distances objet/source et objet/récepteurs étant
petites devant I’épaisseur de peau, nous sommes alors
en situation de champ proche pour laquelle I’interac-
tion entre I’obstacle et I’interface peut étre négligée, :
la configuration se simplifiant alors au cas d’un el- :“A T
lipsoide enfoui au sein d’un espace homogeéne éclairé j récepteurs ' *
par une source électromagnétique localisée. Les équa-
tions intégrales ne font intervenir que la dyade de FiG. 4.3 — Configuration type
Green d’un milieu homogeéne® dont I’expression analytique simple est connue dans le domaine spatial.

De la méme fagon que précédemment, il s’agit de résoudre I’équation de couplage afin d’en dé-
duire le champ total partout dans I’ellipsoide puis I’équation d’observation pour obtenir le champ
diffracté sur les récepteurs. La méthode dite « hybride » développée ici permet de simplifier la résolu-
tion de I’équation de couplage. Elle combine I’approximation localisée non-linéaire’ [Habashy et al.,

8Cette dyade d’un milieu homogéne correspond a la partie singuliére de la dyade d’un milieu stratifié.
"Egalement appelé « Born étendu ».
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1993] — qui permet d’approximer le champ total dans I’objet par la projection du champ incident sur
un tenseur de « dépolarisation » qui fait intervenir I’intégrale de la dyade de Green sur le volume de
I’ellipsoide — et un développement basse-fréquence de type Rayleigh — qui consiste a développer les
grandeurs d’intérét (champ, dyade de Green, contraste, ...) du probléme en puissances entieres de j k
a coefficients réels ou k est le nombre d’onde dans le milieu encaissant. La combinaison de ces deux
approches et I’utilisation des coordonnées ellipsoidales a permis d’obtenir une expression analytique
des trois premiers termes du développement en puissance de (j k) du tenseur de « dépolarisation ».

L’ approximation du champ diffracté est obtenue par remplacement a I’intérieur de I’équation in-
tégrale d’observation du champ total par le résultat de la projection du champ incident sur le dévelop-
pement basse-fréquence de la dyade de « dépolarisation ». Deux chemins s’offrent pour une poursuite
des approximations :

— I’équation intégrale d’observation est calculée numériquement, c’est I’« approximation par-
tielle du champ diffracté ».

— un développement basse-fréquence du champ diffracté est effectué, c’est I’« approximation to-
tale du champ diffracté ». Elle est obtenue grace au développement basse-fréquence des termes
présents dans I’équation intégrale d’observation (dyade de Green, fonction contraste, dyade de
« dépolarisation » et champ incident).

Jusqu’a présent source et ellipsoide sont supposés étre enfouis au sein d’un espace homogene ;
cependant la prise en compte partielle de I’interface peut étre faite en remplagant le champ incident
rayonné en espace libre par celui rayonné dans un demi-espace. Ceci revient a négliger I’influence
de I’interface sur I’expression de la dyade de « dépolarisation » — ce qui peut se justifier par le fait
que la profondeur de I’ellipsoide est beaucoup plus grande que sa dimension la plus grande — et les
interactions multiples entre I’ellipsoide et la surface —ce qui peut se justifier par le fait que la distance
objet/récepteurs est trés inférieure a la distance ellipsoide/interface. Les deux approximations partielle
et totale sont également applicables.

La validation des approximations a été faite par comparaison avec des codes « exacts » :

— un code par série de Mie (fourni par T. Habashy, Schlumberger-Doll Research) pour le cas d’une
sphere pénétrable éclairée par un dipble magnétique dans un milieu homogene, étant entendu
gue la sphére n’est autre qu’un ellipsoide dégénéré.

— Le code EM3D (mis a disposition par B. Bourgeois du BRGM) réalisé a I’université de I’Utah.
Ce code, basé sur une méthode de moments, fournit le champ diffracté par un parallélépipede
rectangle. Pour effectuer les comparaisons, les objets ont été pris de méme volume et de méme
rapport d’élongation.

Illustration de la méthode

Pour illustrer la méthode (FiG. 4.4) j’ai choisi une comparaison (extraite de [A.9]) entre les
champs diffractés calculés par une méthode de moments (EM3D) et par I’approximation partielle
avec I’expression exacte du champ incident en espace libre ou en milieu stratifié permettant ainsi de
faire apparaitre I’influence de I’interface. La configuration est la suivante : un ellipsoide de dimension
62 m selon I’axe z, 31 m selon I’axe y, 15.5 m selon I’axe z, centré en (0 m,0 m, 75 m) et de conduc-
tivité o, = 2 x 102 S/m est enfoui dans une terre de conductivité o = 2 x 10~3 S/m. L’ensemble est
illuminé par un dipdle magnétique vertical placé en (100 m,0 m, 75 m) émettant & 500 Hz, le champ
secondaire est calculé sur une ligne verticale placée en (z = —50 m,y = 90 m).
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4.4 Probleme inverse : une méthode de contraste de source

Ce travail est effectué dans le cadre de la thése de D. Dos Reis (thése dont j’assure le co-encadrement
avec D. Lesselier). Il fait suite aux travaux préliminaires effectués par V. Monebhurrun lors de son
post-doctorat au L2S en 1997. Le but est la reconstruction d’un ou plusieurs obstacles tridimension-
nels enfouis dans un milieu stratifié a partir de mesures effectuées au dessus du milieu stratifié. C’est
une extension au cas tridimensionnel des travaux présentés au chapitre précédent § 3.

L’augmentation importante des ressources informatiques ces derniéres années a rendu possible
le développement d’algorithmes de résolution des problemes inverses tridimensionnels. Ainsi une
section spéciale [Inverse Problems, 16, octobre 2000] dédiée a I’imagerie et a I’inversion électroma-
gnétique du sous-sol terrestre permet de se faire une bonne idée des avancées dans le domaine de la
géophysique de prospection. Un des problémes majeurs rencontrés dans la résolution du probléme
inverse est lié a la nécessité, dans la plupart des algorithmes (Newton, Newton-Kantorovitch, gradient
conjugué, . ..), de résoudre le probléeme direct a chaque itération. Des méthodes ont été proposées pour
utiliser une solution approchée [Zhdanov et Hursan, 2000] ou éviter sa résolution [Kleinman et van
den Berg, 1992a; van den Berg et Kleinman, 1997a]. Ainsi dans [Zhdanov et Hursan, 2000] les auteurs
utilisent une solution approchée de type Born étendu (cf § 4.2) et une méthode de gradient conjugué
pondéré pour la reconstruction d’une anomalie de conductivité enfouie au sein d’un espace homogéne
conducteur pour une application géophysique. En paralléle, une version vectorielle du gradient modi-
fié standard (présentée § 3.3) a été introduite [L5.2] et une version combinant la fois une contrainte
de binarité (telle qu’introduite § 3.3) et une approximation de type Born étendu a été implémenté au
laboratoire par V. Monebhurrun avec pour application la reconstruction de défauts dans des plaques
conductrices en contrdle non-destructif [Ruosi et al., 2000].

Pour notre part il a été décidé d’utiliser une méthode dite de contraste de source récemment in-
troduite [van den Berg et Kleinman, 1997a] ou plus exactement sa version étendue [van den Berg
et al., 1999] combinée a la contrainte de binarité introduite au laboratoire dans le cas bidimensionnel.
La méthode de contraste de source et sa version étendue, comme le gradient modifié, permettent de
résoudre le probléme inverse non linéaire sans résolution du probléme direct, mais avec une vitesse
de convergence du processus beaucoup plus rapide. Elles ont été appliquées dans le cas de la recons-
truction d’une anomalie de conductivité en géophysique [Abubakar et van den Berg, 2000] en les
combinant avec des contraintes de type variation totale sur la solution.

Bien que préliminaires les résultats obtenus dans la reconstruction d’un ou plusieurs défauts af-
fectant soit une lame conductrice soit un demi-espace conducteur sont encourageants. Ils font I’objet
d’une soumission a publication dans des actes de congrés édités d’une version étendue [L5.5] repro-
duite en annexe (8 I) d’une présentation ( [C.26]) faite dans un congres.

Méthode de contraste de source

La configuration est celle décrite (F1G. 4.1(a)) : un champ magnétique — créé par une source
(ici une bobine) placée a la surface d’un demi-espace conducteur ou d’une lame conductrice — est
perturbé par un ou plusieurs défauts affectant ce demi-espace ou cette lame et est recueilli également
a la surface. L’objectif est de développer un algorithme permettant de localiser et de caractériser ce ou
ces défauts a partir de la mesure du champ diffracté (ou d’une variation d’impédance) sur une surface
au dessus de la lame.

La méthode utilisée est une méthode de gradient modifié a contraste de source. Les détails sur la
théorie du gradient modifié ont été rappelés (8 3.3) et seules les différences sont présentées dans la
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suite.

La différence principale vient d’une modification du choix de ces fonctions inconnues ; ce ne sont
plus le champ total dans le domaine et la fonction contraste qui sont recherchés simultanément mais
la fonction contraste et des courants équivalents résultant du produit de cette fonction contraste et du
champ total qui sont recherchés alternativement. Les deux étapes de la résolution sont les suivantes :

1. Utilisant le contraste obtenu a I’itération n — 1, les courants équivalents a I’itération n sont
obtenus par minimisation d’une fonctionnelle mesurant I’écart entre des grandeurs connues
(champ diffracté sur les récepteurs et les courants incidents équivalent résultant du produit de
la fonction contraste et du champ incident) et les grandeurs équivalentes obtenues a partir des
parametres reconstruits.

2. Utilisant les courants équivalents a I’itération », une nouvelle fonction contraste est obtenue par
minimisation d’une fonctionnelle mesurant I’écart entre les courants équivalents et le produit
de la fonction contraste et du champ total calculé également a I’itération n.

Cette résolution successive a I’avantage de n’avoir, dans chaque minimisation, qu’une seule inconnue
(soit les courants équivalents, soit la fonction contraste) permettant ainsi de calculer analytiqguement
les solutions minimales des fonctionnelles.

La méthode développée ici combine le gradient modifié a contraste de source appliqué au cas
d’obstacles tridimensionnels enfouis et les contraintes de binarité (§ 3.3) introduites au laboratoire.
Des résultats préliminaires ont été obtenus a partir de données synthétiques acquises a I’aide du code
de résolution du probléeme direct considéré précédemment (8§ 4.2).

4.4.1 lllustration de la méthode

Pour illustrer la méthode, des résultats extraits de [L5.5] ont été choisis. Ces résultats concernent
la reconstruction de deux inclusions débouchantes de profondeur différente dans une lame de métal
a partir de la mesure soit des trois composantes du champ magnétique soit de sa seule composante
H_, sur une surface. La configuration est la suivante : une lame de métal de conductivité o = 1 MS/m
et d’une épaisseur de 2 mm est affectée de deux inclusions de section carrée (de c6té 1.1 mm), la
premieére, centrée en (x = 1.1 mm, y = 1.1 mm) est de profondeur 0.5 mm, la seconde, centrée en

(r = —1.1mm, y = —1.1 mm) est de profondeur 1 mm. L’ensemble est soumis au rayonnement
d’une boucle de courant épaisse (rayon intérieur 0.6 mm, rayon extérieur 1.6 mm et épaisseur 0.8
mm) centrée en (x = —0.75 mm, y = 0 mm) a une hauteur de 0.9 mm de la surface du métal. Le

champ mesuré correspond a une ou plusieurs composantes du champ diffracté sur une surface centrée
de 10 mm? située & une hauteur de 1.55 mm au dessus de I’interface.

4.5 Probléeme inverse : dip6les équivalents

Cette section traite de la localisation et de la caractérisation d’obstacles tridimensionnels enfouis
en régime d’induction avec pour application la géophysique de prospection. Ce travail, commencé
lors de mon séjour post-doctoral au BRGM de janvier a octobre 1995, a été poursuivi par G. Perrus-
son pendant son stage de DEA (mai-juin 1996) et sa these (octobre 1996 - octobre 1999). L’approche
qui a été suivie ici est trés pragmatique, elle fait appel a des hypothéses extrémement simplificatrices
conduisant a un code d’inversion rapide, donc utilisable sur le terrain, mais limité dans les informa-
tions qu’il procure. 1l est en effet possible de montrer que, en basse fréquence, I’expression analytique
du champ diffracté par des objets de forme simple est équivalente a celle de dipdles magnétique et/ou
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électrique ; les moments de ces dipdles, également appelés dipdles équivalents, dépendent a la fois des
propriétés physiques de I’obstacle et de son environnement et du champ incident.

En régime harmonique, les développements basse-fréquences permettent de remonter aux expres-
sions de ces dipbles équivalents. Ainsi, dans [Kleinman et Senior, 1987], les auteurs obtiennent des
expressions du champ diffracté statique faisant apparaitre les moments de dipbles équivalents dans le
cas d’un objet ellipsoidal éclairé par une onde plane ou un point source. Dans [Kaufman et Keller,
1985] les auteurs s’intéressent a I’expression du champ diffracté par une sphére conductrice illumi-
née par une onde plane ou un dipdle magnétique ; I’expression analytique des dip6les équivalents est
obtenue a partir du développement basse fréquence de la série de Mie du champ diffracté.

L utilisation, en basse fréquence, de dipdles équivalents pour remonter a des informations sur le
diffracteur permet de traiter un certain nombre d’obstacles différents. Ainsi dans [Das et al., 1990] le
cas d’un obstacle sphérique métallique est traité, puis dans [Das et Mc Fee, 1991] le cas de I’ellipsoide
de révolution parfaitement conducteur et perméable et ce pour étudier I’influence de la profondeur, de
I’orientation et du rapport des propriétés électriques et magnétiques de I’obstacle et de I’environne-
ment. Dans [Angell et Kleinman, 1987] les auteurs s’intéressent au cas d’un ellipsoide éclairé par une
onde plane et cherchent a remonter a ses dimensions et son orientation.

Methode des dipdles équivalents

L’idée est de remplacer la recherche d’un obstacle volumique, recherche colteuse du point de vue
numérique, par la recherche de sources équivalentes par minimisation d’une fonction co(t mesurant
I’écart entre le champ diffracté mesuré et le champ rayonné par ces sources. Les inconnues sont
alors leurs positions et leurs amplitudes, avec I’espoir que ces données permettent de remonter a des
informations sur I’obstacle.

De la méme fagon que dans la section (8 4.3) nous nous placons dans une hypothése de basse
fréquence et I’interaction entre I’obstacle et la surface est négligée, assimilant ainsi le milieu encais-
sant a un espace homogeéne de conductivité constante. La configuration est la suivante : un obstacle
tridimensionnel de faible contraste par rapport a I’encaissant est enfoui dans un milieu homogéne et
est éclairé par un dipble magnétique. Le champ secondaire est recueilli sur une ou plusieurs lignes de
récepteurs modélisant des mesures effectuées en puits de forage.

Dans les premiers travaux effectués au BRGM lors de mon postdoctorat la source équivalente
choisie était une boucle de courant rectangulaire dont la position, I’élongation et I’orientation étaient
choisies par ajustement manuel. Des résultats encourageants [L4.1] obtenus sur des données réelles
acquises en Espagne par le BRGM nous ont convaincus de poursuivre dans cette voie. Par la suite,
la recherche de plusieurs dipdles équivalents dont les inconnues sont leurs directions, leur position
commune et leurs amplitudes a été privilégiée. Un des avantages est que, dans un certain nombre de
cas, ces dipdles équivalents permettent de remonter a des formes volumiques équivalentes et ainsi
d’obtenir des informations supplémentaires telles que le volume, la conductivité moyenne et parfois
I’orientation principale. Deux voies ont été explorées :

— une sphere équivalente : les expressions analytiques de trois dipdles (deux magnétiques et un
électrique) équivalents a une sphére peuvent étre établies [Kaufman et Keller, 1985], leurs am-
plitudes étant fonction du rayon de la sphére et de la fonction contraste mesurant I’écart entre
la conductivité de la sphére et celle de I’encaissant.

— un ellipsoide équivalent : dans sa thése, G. Perrusson a montré que, a partir du développe-
ment basse fréquence partiel qu’elle a introduit (8 4.3), il est possible d’assimiler, en premiére
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approximation, la diffraction d’un ellipsoide au rayonnement de trois dipdles électriques per-
pendiculaires dont les directions coincident avec celles des demi-axes et dont les amplitudes
contiennent des informations sur les proportions des ces demi-axes.

Ces travaux ont fait I’objet d’un chapitre de livre [L4.1] et de plusieurs communications dont
une [C.20] a été reproduite ci-apres.

Illustration de la méthode

Pour illustrer ce chapitre j’ai choisi de présenter des résultats obtenus lors de mon séjour post-
doctoral au BRGM. Ces résultats, extrait de [L4.1], concernent la localisation d’un amas conducteur
dans un site minier test du BRGM en Espagne (Herrerias). Le but était de chercher une boucle de
courant (position et intensité) créant un champ secondaire identique a celui mesuré dans le puits de
forage H12. L ajustement, bien que manuel, des paramétres permet de localiser cette boucle de courant
dans I’'amas (F1G. 4.6(a)) dont les contours sont estimés grace a la connaissance fine de la géologie
de la région. La comparaison entre le champ simulé dd & la boucle de courant et les champs réduits
mesurés dans le puits de forage (FiG. 4.6(b)) montre un bon accord.
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F1G. 4.4 — Champ magétique secondaire diffracté par un ellipsoide vertical placé dans un demi-espace
conducteur illuminé par un dipéle magnétique vertical. Colonne de gauche, partie réelle et colonne de
droite, partie imaginaire des 3 composantes. Cas de I’espace infini (croix), cas du demi-espace (tiret)
et résultat de la méthode des moments (trait continu).
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FiG. 4.5 — Reconstruction de deux inclusions d’air de différentes profondeurs dans une lame métal-
lique. (a) reconstruction a partir des trois composantes du champ magnétique, (b) solution exacte et
(c) reconstruction a partir de la seule composante H, du champ magnétique.
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FIG. 4.6 — Site test du BRGM a Herrerias. (a) configuration de mesure et projection sur la surface de
la position de la boucle de courant et du contour estimé de I’amas minéral. (b) comparaison entre les

champs simulés et ceux mesurés dans le puits H12.

63



4. EVALUATION NON DESTRUCTIVE D’OBJETS TRIDIMENSIONNELS

64



5

Conclusion et perspectives

L es travaux que j’ai effectués ces derniéres années ont été consacrés a la résolution de problémes

inverses de diffraction des ondes et du probléme direct qui lui est associé, avec pour application
visée la reconstruction d’obstacles enfouis au sein d’un milieu stratifié. lls ont été marqués majori-
tairement par le désir de proposer, développer, d’adapter et/ou de combiner diverses approches pour
parvenir a des méthodes d’inversion efficaces, bien établies du point de vue théorique et validées du
point de vue numérique. Les applications industrielles n’ont, pour autant, pas été négligées, notam-
ment par la prise en compte, lorsque c’était possible, des contraintes ou limitations techniques qu’elles
imposent sans toutefois s’y limiter.

Les configurations d’étude choisies (milieu stratifié plan, strates homogénes ou milieux homo-
génes) peuvent sembler d’une simplicité excessive par rapport a la réalité. Elle sont pourtant riches de
difficultés théoriques (unicité des solutions du probléme direct et du probléme inverse, aspect limité
des données, incorporation d’informations a priori) et numériques (stabilité des solutions, conver-
gence des algorithmes) conduisant a résoudre des problémes non nécessairement simples et sont une
premiere étape indispensable avant de prendre en compte une réalité plus complexe.

La majorité des solutions proposées ici est basée sur une formulation intégrale scalaire ou vecto-
rielle de domaine ou de frontiere des champs électromagnétiques ou acoustiques. Ce choix, principa-
lement di a une prise en compte globale des interactions onde/structure (que ce soit en champ proche
ou en champ lointain) et a la possibilité de développer des codes numériques rapides, permet une
compacité certaine de la formulation — qui cache cependant des difficultés théoriques et numériques
— mais n’est pas limitatif. En effet les méthodes d’inversion présentées dans ce manuscrit peuvent
aisément étre adaptées a d’autres types de formulations des champs, les éléments finis par exemple,
ou étendues au domaine temporel.

Plusieurs objectifs ont été poursuivis, et tout d’abord le développement d’algorithmes de résolu-
tion du probleme direct dans le cas bidimensionnel et tridimensionnel qui permettent (i) de valider
les choix de formulations des champs par comparaison avec d’autres algorithmes, (ii) de proposer des
approximations accélérant sa résolution, (iii) de mener une étude paramétrique de I’influence des gran-
deurs physiques et (iv) de développer et valider des modules algorithmiques directement utilisables
dans les codes d’inversion. Puis des méthodes d’inversions ont été proposées. Ont été considérées soit
des approches pragmatiques dans lesquelles les hypothéses simplificatrices conduisent a des infor-
mations rapides mais limitées sur les obstacles, soit des approches plus sophistiquées dans lesquelles
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I’ensemble des interactions est pris en compte et qui conduisent a des reconstructions plus ou moins fi-
déles des obstacles suivant la quantité d’information contenue dans le signal au prix d’une complexité
théorique et algorithmique plus importante et a un codit numérique plus grand.

Ces travaux ont également montré I’importance de I’information a priori a introduire dans les
inversions notamment dans le cas d’obstacles enfouis pour lesquels les données sont limitées par
les configurations (pas de possibilité de « voir » I’objet sous tous les angles, perte d’information
lorsque I’objet est dans un guide d’onde, .. .) et la diversité fréquentielle pas nécessairement suffisante
pour combler ce manque. Ceci nous a conduit & spécialiser la plupart des méthodes présentées a la
reconstruction d’objets homogénes sans pour autant nous y restreindre.

Les équations relatives a la résolution du probleme direct ont été traitées de deux manieres diffé-
rentes.
— Dans le domaine de résonance une résolution exacte est obtenue par discrétisation des équations
a I’aide une méthode de moments dans laquelle I’obstacle diffractant est divisé en domaines —
rectangulaires en 2D ou parallélépipédiques en 3D. Le systéme linéaire résultant est résolu soit
de facon exacte (méthodes de type Gauss ou gradient conjugué) soit approchée (approximation
de type « Born étendue »).
— Dans le domaine des basses fréquences un développement de type Rayleigh appliqué au champ
diffracté par un ellipsoide a été propose.
Plusieurs algorithmes, basés sur différentes formulations des champs ont été développés et leurs ré-
sultats comparés a ceux de la littérature ou a des données expérimentales directement obtenues au
laboratoire ou fournies par des laboratoires extérieurs.

Les méthodes d’inversion choisies font partie de la famille des méthodes itératives déterministes
non-linéaires. Plusieurs méthodes ont été développées et, lorsque c’était possible, comparées entre
elles.

— Le gradient modifié contraint : plusieurs versions du gradient modifié ont été présentées. La
premiére incorpore des contraintes de positivité sur les solutions afin d’éviter I’obtention de
solutions non physiques ; elle a été testée sur des données synthétiques et a montré son effi-
cacité sur des obstacles ou I’un des deux paramétres (permittivité ou conductivité) est connu.
La seconde, une version binaire, s’intéresse a la reconstruction d’un obstacle dont une borne
supérieure des parametres est prescrite par I’utilisateur et dont seul le domaine est recherché.
Cette méthode a montré une amélioration des résultats dans les configurations ou les contraintes
de positivité n’étaient pas suffisantes ; une version permettant une inversion a partir de données
incomplétes (la phase du champ diffracté n’est pas connue) a été proposée.

— Les sources distribuées : cette méthode, s’appliquant a la fois en acoustique et en électroma-
gnétisme, s’intéresse a la reconstruction de la frontiére d’un obstacle impénétrable enfoui au
sein d’un guide d’onde a parois pénétrables, une version simplifiée étant, quand a elle, dédiée a
la reconstruction d’un obstacle en milieu homogéne. Les algorithmes développés ont été testés
non seulement a I’aide de données synthétiques (en acoustique sous-marine) mais également
de données expérimentales obtenues au laboratoire (électromagnétisme basse-fréquence) ou a
I’extérieur (électromagnétisme microonde)

— Les ensembles de niveaux : cette méthode traite la reconstruction d’obstacles homogénes en-
fouis au sein d’un milieu homogene ou stratifié, en polarisation TE ou TM. Le but est la re-
construction du contour d’un ou plusieurs obstacles de parametres électromagnétiques connus.
La méthode a été confrontée, dans plusieurs configurations et dans les deux polarisations, a des
données synthétiques et expérimentales. Les résultats obtenus se sont montrés tres intéressants,
gue ce soit en espace libre ou en espace stratifié.
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— La méthode du contraste de source : cette méthode, qui fait partie de la famille des gradients
modifiés, a été combinée avec une contrainte de binarité dans le but de reconstruire des dé-
fauts tridimensionnels affectant une plague ou un demi-plan conducteur pour des applications
de contrdle non-destructif. Les résultats obtenus, bien que préliminaires, illustrent les possibi-
lités de la méthode pour des problémes d’inversion d’obstacles tridimensionnels au sein d’un
environnement stratifié encore rarement étudiés dans la littérature.

— Les sources équivalentes : I’obstacle inconnu est remplacé par un ensemble de sources rayon-
nantes (dans notre cas des combinaisons de dipbles électriques et/ou magnétiques) dont les
positions et les amplitudes permettent de remonter a des informations sur cet objet. La méthode
a également été confrontée a des données synthétiques et expérimentales.

Perspectives

La synthése des travaux présentée ici permet, je crois, de mettre en évidence certaines directions de
recherche a approfondir sur le théme des problémes inverses en diffraction des ondes. Je commencerai
par présenter les perspectives a court et moyen terme car s’appuyant sur des travaux déja initiés et que
les résultats, prometteurs, encouragent a poursuivre. Puis seront abordées les perspectives a plus long
terme sur des sujets peu ou pas abordés au laboratoire et dont les intéréts théoriques et pratiques sont
importants.

En premier lieu, les travaux sur le cas bidimensionnel seront poursuivis. Bien que trés simpliste par
rapport a la réalité cette configuration a I’avantage de permettre des études théoriques plus simples
par la forme des équations mises en jeu et des calculs numériques plus rapides conduisant a des
études paramétriques plus faciles a mettre en ceuvre. De plus la capacité de ce modele 2D a rendre
compte correctement des champs électromagnétiques dans le cas d’obstacles dont une des dimensions
est beaucoup plus grande que les autres — comme I’illustrent les résultats obtenus, en espace libre,
sur les données expérimentales fournies par I’Institut Fresnel a Marseille — montre tout son intérét.
L’une des premiéres étapes concerne la méthode des ensembles de niveaux et son extension & la
reconstruction d’obstacles homogénes dont les parameétres électromagnétiques sont a déterminer, puis
a la reconstruction d’obstacles inhomogeénes.

En paralléle, les travaux sur le cas tridimensionnel seront également poursuivis. Une des priorités
sera le développement d’un algorithme de résolution du probleme direct plus stable que celui déja
développé au laboratoire, notamment dans le cas de la modélisation de fissure. La poursuite des tra-
vaux sur I’inversion par une méthode de contraste de source binaire et I’extension de la méthode des
ensembles de niveaux au cas tridimensionnel, dans une configuration d’espace libre ou stratifié, font
également partie des priorités. Le développement basse-fréquence des champs, avec pour application
la géophysique de prospection, ne sera pas pour autant abandonné et ce grace au recrutement de G.
Perrusson en tant que Maitre de conférence a I’Université Paris Sud en octobre 2001.

En second lieu une nouvelle voie de recherche sur la reconstruction de fissures dans des matériaux
est actuellement a I’étude. Ce probléme, important dans I’industrie pour la détection d’amorces de
rupture, ne peut pas étre traité de fagon simple par les méthodes développées au laboratoire en raison
de I’extréme finesse des obstacles, finesse mal prise en compte par les intégrales de domaine utilisées
jusqu’a present. Une des difficultés provient de la forme de ces fissures qui peuvent se propager en se
divisant sous forme de rameau ; la méthode de reconstruction doit donc étre a méme de faire apparaitre
ou disparaitre ces fissures pendant le processus itératif. Ce probléme est encore peu abordé dans la
littérature.
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Bien gu’a plus long terme, le probléme concernant les milieux anisotropes reste une suite logique
aux travaux effectués sur les milieux isotropes au laboratoire. Les objectifs sont le développement
de modeles d’interaction d’une onde électromagnétique avec des matériaux composites complexes
(quelques kHz a quelques MHz) permettant une prédiction de leurs comportements et une meilleure
compréhension des résultats obtenus par caractérisation expérimentale et de techniques de contrdle et
d’évaluation de ces structures et ce afin de caractériser tout défaut pouvant en affecter le comportement
mécanique. En effet, les matériaux composites sont de plus en plus utilisés par I’industrie tant pour
leurs propriétés électromagnétiques que mécaniques, et rares sont encore les modéles d’interaction
permettant de prédire leur réponse a une onde électromagnétique incidente.
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lution method

Marc Lambert
J. Electromagn. Waves Applic. 12 1217-1239 1998

71



A. DIFFRACTION PAR UN OBSTACLE BIDIMENSIONNEL : METHODE DE MOMENTS

72



Journal of Electromagnetic Waves and Applications, Vol. 12, 1217-1239,
1998

TE SCATTERING BY A CYLINDRICAL DIELECTRIC
OBSTACLE BURIED IN A HALF-SPACE:
A H-FIELD-BASED SOLUTION METHOD

M. Lambert

Laboratoire des Signaux et Systémes (LSS)
CNRS/SUPELEC

Plateau de Moulon

F-91192 Gif-sur-Yvette Cedex

France

Abstract-Scattering of a transverse electric (TE) wavefield by an inhomo-
geneous lossy dielectric cylindrical obstacle embedded in a lossy dielectric
half-space is investigated. The cylinder is of arbitrary cross-section, and its
axis lies parallel to the interface. The formulation involves a domain integral
equation of the field obtained by applying the Green’s theorem to the ap-
propriate Helmholtz wave equations. The convolution-correlation structure
of the formulation is such that the discretized counterpart of the integral
equation (provided by the application of a Method of Moments where the
obstacle is divided into triangular patches and where the contrast and the
H-field are expanded using two different basis functions) can be efficiently
handled using a FFT-based conjugate gradient solver. The validity of the
approach is illustrated by comparison with results found in the literature.

1. INTRODUCTION

A modeling method of the electromagnetic interaction between a 2-D lin-
ear non-magnetic obstacle embedded in a (lower) half-space and a time-
harmonic H-polarized (TE) incident wave generated above in the upper
half-space is proposed herein. The aim is to obtain an accurate and fast
method as allowed by clever discretization schemes of the wave equation
and the intensive use of Fast Fourier Transforms (FFT).

This may be viewed as a first and necessary step toward the inversion of
H-polarized wavefields in the microwave domain due to a buried cylindrical
structure. Such a direct algorithm indeed enables us to calculate sound
synthetic data at a low computational cost, and to illustrate the influence
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of such or such parameter of the scattering problem at hand. Furthermore
it could be used as a building block of an inversion algorithm applied to
TE-field data.

Let us emphasize that this algorithm is based on an integral formulation
of the wavefield and then belongs to the well-known class of boundary and
domain integral formulations, which we will henceforth focus on, leaving
aside FD-TD and like techniques. The free-space case — sources, receivers
and scatterers are in a homogeneous infinite space — has been extensively
studied, e.g., [1-4]. The stratified case as the one considered herein has also
seen a number of significant contributions [5-7] but at a much lesser extent.

To solve the TE-case it appears that one can start either from the electric
field, whose direction is parallel with the cross-section (z,y) of the obstacle,
or from the magnetic field, which is oriented parallel to the axis (z) of the
obstacle. Both approaches have their pros and cons, as one can summarize
below:

1. The H-field formulation: the single non-zero component of the magnetic
field (H) is expressed by means of a Scalar Domain Integral Equation
(SDIE) derived from the application of the Green’s theorem to the
Helmholtz wave equations and which involves this component and its
derivatives versus (z,y) (in addition with the Green’s function and/or
its space derivatives). In so doing the main difficulty comes from the
presence of the derivatives of the H-field in the SDIE. Several solu-
tions can be developed so as to overcome this difficulty. Particularly
interesting appears to be Xu and Yan’s contribution [5, 6] where the
SDIE has been rewritten as a so-called Volume-Surface Integral Equa-
tion (see p. 576 in [8]), integrals both along the contour of the obstacle
cross-section and upon the cross-section itself being required. This has
the advantage of cancelling out the contribution of any derivative of H.
However the resulting integral equation suffers from an increase in the
number of unknowns due to the contour integral term. Indeed one has
to discretize both the cross-section (using triangular patches) and the
contour (using line segments). Notice that this approach is valid for a
permeable obstacle, as well as for a non-magnetic one.

2. The FE-field formulation: the two non-zero components of the electric
field (E) can be expressed by means of a Vector Domain Integral Equa-
tion (VDIE) again derived from the application of the Green’s theorem
and which now only involves the field E itself and the derivatives ver-
sus (z,y) of the Green’s function. In effect one has to solve a couple
of two simple scalar domain integral equations (SDIE). Ellis and Peden
[7] have used such an approach in order to model the response of a tun-
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nel embedded in a semi-infinite earth in a borehole-to-borehole probing
configuration. Here the VDIE is simply discretized from a description
of the obstacle cross-section as a distribution of square patches. Notice
that in free-space, it has been shown [3] that this technique may pro-
vide us with an inaccurate scattered field, but a similar analysis has
not been carried out onto the stratified case.

In contrast with Xu and Yan’s investigation, the H-field formulation de-
veloped in the following does only involve the gradient of H versus (z,y)
and the one of the Green’s function. It is a generalization to the stratified
case of the method briefly described by Lixin et al. in [9]. The obstacle
cross-section is again divided into triangular patches (which are organized
differently from those of Xu and Yan) while the field gradient in the integral
equation is handled by using a set of linear basis functions.

The paper develops as follows. In section 2 the integral formulation is
established and its peculiar convolution-correlation structure is pointed out.
Then, in section 3, its discretized counterpart is considered, and a FFT-
based conjugate-gradient solver adapted to this structure is developed in
section 4. In section 5 typical synthetic results are shown and compared
with those obtained with other existing techniques. Further work is sketched
in the Conclusion (section 6). Appendices A and B provide some technical
details of the derivation of the integral formulation and of its numerical
treatment.

2. FIELD FORMULATION

As said above we are interested in the time-harmonic scattering of a cylin-
drical obstacle (with axis parallel to z) buried in the lower homogeneous
half-space of a two half-space medium — numbered 1 and 2 — (see Fig. 1),
the horizontal planar interface being the z-z plane. The time convention
e 9wt — w=2nf where f is the frequency — is omitted from now on.

The obstacle cross-section €2 is of the dimension of the wavelength in the
lower half-space, or somewhat larger (resonance domain). Its relative per-
mittivity and its conductivity may vary arbitrarily with position (z,y). All
materials are assumed to be linear, isotropic and non-magnetic dielectrics
that are fully characterized by their relative permittivity e,, and conduc-
tivity (in S/m) opm, m = 1,2,Q. The complex permittivity is defined as
Em = €0€rm + jom/w and the corresponding complex wave number k,, is
such that k2, = w?uoem, S (km) > 0 where €9 and po are the vacuum
permittivity and permeability, respectively.

A finite number of line sources which radiate a H,-polarized magnetic
field are placed on a horizontal line above the interface at some height yg
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Figure 1. Configuration of study.

and one looks at the scattered field observed along an other horizontal (prob-
ing) line £ also placed above the interface at arbitrary height yg. Notice
that the approach is not restricted to a line source illumination and could
be easily extended to other H-polarized sources (planar, distributed, etc.).

For simplicity the single z-component of the magnetic field H, in half-
space m (m =1,2) will be denoted below as Hp, .

The domain integral equation satisfied by the magnetic field H,, fol-
lows from the application of the Green’s theorem to the partial differential
wave equations that are valid in the several materials, with accounting for
appropriate boundary conditions (see Appendix A). It reads:

Hm(x7 y) = H:n(:l,',y) + / dx'dy/X (xlv y,) [V,GmQ(x7y7$,’ yl) ' V,H2($I’ y,)]
Q
(1)

where the two-component V' operator is taken with respect to the primed
variables, where H} (z,y) is the incident field in the half-space m, and
where x (z,y) is the complex contrast function given by:

EQ(-’L', y)

The Green’s function Gy (z,y,2',y’) of the two half-space configuration
is solution of:

X(may) =1 (2)

AGmn (.’1:, Y, :BI, yl) + k?nGmn (xa Y, ml,y,) =4 (m - :II/, Y- yl) dmn (3)

(z,y) € Dy, and (2',y') € Dy, withm=1,2, n=1,2
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where Gy (z,y,2',y’) is the field at the observation point (z,y) (in the
half-space numbered m) due to a line source at (z’,3’) (in the half-space
numbered n).

As is well-known [10, 11] the exact expression of Gy, (z,y,2',y’) is given
in the o spatial-frequency domain (o associated to z) by the following
expression:

1 +00 .
Gmn (7,9,7,y) = 5 / dagmn (@, y,2',y') €7 (4)
-0

The spectral component gmn (a@,y,z’,y’) is written in closed-form using
two terms, a singular one (with superscript s) and a non-singular one (with
superscript ns), as :

9mn (aa Y, x,7 y,) = g’i’zm (a) Y, x,9 y,) 6mn + g;lrfn (a7 Y, 37,, y/) (5)

Equation (5) shows that the singular part of the Green’s function is to be
accounted for only when the source point (z,y) and the observation point
(z',y') are considered in the same half-space, and it corresponds to the
direct trajectory of the wave between these two points. The non-singular
part takes into account either the reflection on, or the transmission through,
the interface depending upon the respective location of the source point and
of the observation point. Introducing the propagation factor 3 given by

Bm = Vk2, — a? with S (8p) > 0,m = 1,2, one gets

9o (29,7, y) = %ezﬂmly—y'l —daa’ )
m

g (09,2,) = %Fej(ﬁf"'m*‘ﬁniy’l)e—jax’ -
n

where I' is a spectral-domain H-field reflection or transmission coefficient
such that

_ k2B2—k2B, . _ _
T—m, 1fm—2,n-2

_ 2k2[3 . _ _
t= —Q_Z_Q_klﬁ2+k12ﬁl, ifm=2n=1

= 8)

The singular part of the Green’s function in the spatial domain is known in
closed-form:

+ .
Gmn (-’B,yym”yl) = -21_/ oodaLejﬂmly—yﬂe—ja(x’——x)
T o 2m ©)

= 31 (ar), 1= /(@— o)+ -y’
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Let us point out the resulting convolution-correlation structure in terms of
the lateral variable z and the depth y of the integral equation (1). Indeed
the gradient of G (z,y,2',y’) at (z/,y') is given by:

VG (2,9, 2 ,Y) = VG (2.9, 2, ) 6mn + VG, (z,9,2',y')  (10)

with . .
r—
VGiun (2,3,2/) = 2HO (o) (577 (1)
and with

4 —sgn(y’)
(12)
For m = n = 2 the right-hand side of equation (11) depend on z—z' and on
y—1v', which enables us to write V'G5, (z,y,2',y') as VG (z—2',y—-v');
while in (12) it depends both on z — 2’ and on y + ', which is such that
V'G3S (z,y,2',y') reads V'G35 (z — 2,y + ¢') . Thus equation (1) becomes

1 +00 . , o, o
VG (,9,2,y) = = / da Dl Prnlvl+hnlve=jal='~2) [ Bn )
—00

H (z,y) = Hy (z,y) + / dz'dy'x («',y') {[V'Giz (z-2\y—y)
Q

(13)
+ VI gg (.’E - ZII,, () + yl) ]'V,HZ (xlv yl) }, ("Ea y) €N

The above equation is the so-called coupling or state equation satisfied by
the magnetic field.

For m = 2,n = 1 the interface breaks the correlation structure along
the y-direction but preserves the convolution along the z-direction. The
scattered field H{ follows as

Hf(z,y) = /ﬂ dz'dy'x (z',y') [V'GY (z - 2',y,y') - V'Hy (2/,9')]
(z,y) € L

(14)

which is the so-called observation or data equation.

3. DISCRETISATION

In order to solve the direct problem a method of moments is used [12, 13].
The obstacle cross-section is divided into square pixels of side A in which
the contrast x is taken to be constant; each pixel is divided again into two
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Figure 2. The discretisation of the cross-section of the obstacle is performed
in two steps: (1) division into square pixels of constant electromagnetic
parameters. (2) division of each such pixel into two rectangular triangles
in which the magnetic field is assumed to vary linearly. Then, the field is
determined at each node of the mesh referred as (iz,iy). The basis function
used to described the magnetic field is made of six triangular basis functions
of triangle supports — having a common vertex with the node (iz,iy) and
numbered 1-6 — e.g., the support of the triangular basis numbered 5 is
displayed in dark grey.

rectangular triangles in which the magnetic field is assumed to vary linearly
[14], while the testing functions are simply chosen as Dirac J-functions.
The field is thus determined at each node of the mesh referred as (iz,1iy),
Nz x Ny such nodes being accounted for (see Fig. 2). One has

Nz Ny
Hy(z,y)= > Y Hy(iz x A,iy x A) Bigy (z,9), (z,9)€Q  (15)
iz=11iy=1
Ntiz.iy
Biriy (,9) = D ti(2,9), ti(2,y) = (aie + buz + ciey) Lit (,9)
it=1
1if (z,y) € Q¢ ="
Lo (5,7) = { (z,y) € O , Q2= Y q (16)
0 elsewhere it=1

where Nt; i, is the number of triangles which have a vertex in common with
the node (iz,4y), and where Biz i, (z,y) is the basis function associated to
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the same node. The basis function Biy iy (,y) of support Q2 iy (depicted
with pale and dark grey in Fig. 2) is the sum of, at most, six triangular basis
functions tit (z,y) with a triangular support Qf, (one of them, it = 5, is
shown in dark grey).

In so doing the total magnetic field in the obstacle is given by:

Nz Ny Ntiz,iy
Hy(z,y) = > Hy(izxAiyxA) Y ti(z,y) (17)
iz=11y=1 it=1
and its gradient by:
Nz Ny Ntia:,iu b
VHy () =Y. Y Hy(izx B,iyx 8) 3 <cft) Li(z,y)  (18)
ix=11iy=1 it=1 u
letting
(z,y) = Zthlzt (z,9) (19)
it=1

where Nt is the total number of triangles used to describe the obstacle.
Enforcing (18) and (19) in (13) yields the discretized state equation:

) Nz Ny Ntia:,iy
Ha (j2,59) = H G2, 0) + 30 3 { Halioyiv) Y [xe i)
iz=11iy=1 it=1
5 (Jz — iz, jy — iy) + i (jz — iz, Jy+zy)]} (20)

jx=1,..,Nz;jy=1,...,Ny

where we have implied the A factor in the space coordinates. Similarly,
enforcing (18) and (19) in (14) yields the discretized observation equation:

Nz Ny Ntiz,iy
H (kz,ym) = 3 Z{Hg (ovin) 3 i) (ko = iz, ) ]}
iz=11iy=1 it=1

(21)
where the scattered field is calculated along the line at a step A. In the
two equations above, one has introduced the integrated Green’s elements

0
Ry (z— 2,y — o —bn/ dm’dya, 2 (z—2y—7)
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101 9 s ’ !
+ Cit - dxdy-a?ng(m—x,y—y) (22)
0
we—y+y) =bie /ﬂt da'dy' -G53 (z -2,y +9)
it
0
+ Cit / dm’dy’w »E-y+y) ()
QL

the corresponding f3°(z — z/,y,¥/) being obtained by replacing
G3(z —2',y +y') with G13(z —2',y,9) in (23).

4. FFT-BASED SOLUTION OF THE DISCRETIZED
EQUATIONS

4.1 State Equation

When solving for (20) two techniques are available. One may use brute
force and in effect sum over all the discrete indices; or one may resort to Fast
Fourier Transforms so as to deal suitably with the convolution-correlation
structure of the equation [15, 16], as we do now. Different steps are to be
considered:

1. Mz x My elements hj, and A}’ should be calculated, with Mz > 2Nz
and My > 2Ny to avoid overlapping. Usually Mz or My is equated
to the closest integer of power 2 greater than 2Nz or 2Ny for taking
advantage of the most efficient FFT algorithms. A, is calculated nu-
merically using a Gauss-Legendre scheme except at the singular point
— (z,y) = (2',9') . The self-term must be treated differently to take
into account the singularity; in (9) it is obtained from a small argument
expansion of the Green’s function, the resulting integration being made
analytically. Here the singularity is extracted and is, after tedious cal-
culations, analytically integrated over the full triangle; the remaining
part is numerically calculated (Appendix B). hj}® is calculated using a
FFT for nonequispaced data [17].

2. xit is extended from Nr x Ny to Mz x My by zero-padding, with
keeping the same Nz x Ny central points.

3. Hy is then made of Mz x My elements where the only ones which will
be kept at the end of the calculation are the Nz x Ny central ones.

Let us define Nty.,, the maximum number of triangles which have a com-

mon vertex with a given node — in our discretisation procedure Nt,,.» = 6.
Any node located inside the obstacle cross-section belongs to Ntp,, trian-
gles except those on the border. So what we do here is to add an appropriate
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number of triangles with zero contrast to get also Nt,,,, triangles associ-
ated to the border nodes. This allows us to write the FFT-based version of
the state equation:

Ntm.a.z
Hy = Hi+ > {FFTy} [FFTxy (Haxit) x FFTxy (hi)
it=1 (24)

FFTx (FFTy (H2Xit)) x FFTxy (hft)] }

with introducing the appropriate field, contrast and integrated Green’s ele-
ment matrices, and where overbar means complex conjugate. In the above
the FFT are enforced on the matrices in between parentheses, the X and/or
Y subscripts indicating the directions along which the FFT is carried out.

Now, solving the direct problem is to find Hj satisfying the equation
AH, = H where A is a direct operator defined by :

Ntma,z
AHy=Hy— Y {FFT;& [FFT xy (Haxi) X FFTxy (hS,)

it=1

(25)

FFTx (F FTy (H2Xit)> x FFTxy (hft)]}

A standard conjugate-gradient algorithm which minimizes the solution error
has been used to solve this equation. A good review of the applications of
this technique in electromagnetics and in acoustics can be found in [18],
whereas various algorithms are presented in [19)].

4.2 Observation Equation

The computation of the scattered field H{ at the receiver points on the
line £ is performed in two steps: (i) the scattered field is computed every
A, (ii) a linear interpolation is done to get the field at the chosen lateral
locations. The FFT-formulation of the scattered field is simply:

Nt'ma:l: Ny
Hi= 3 Y, {FFT,;1 [FFTx (Haliyxitlsy) X FFTx (f:my)]} (26)

it=1 iy=1

In the above the FFT are enforced only on each line, denoted as -|;y , of the
matrices in between parentheses due to the non-correlation structure of (21)
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along y, and the discrete summation is then performed over each such line
to obtain the scattered field on the probing line.

5. NUMERICAL RESULTS

The first step of our validation was to verify the reciprocity theorem and
the convergence of the scheme when increasing the number of discretisation
elements. Then, three procedures have been attempted to validate from the
literature the numerical results provided by the scheme presented in this
paper: comparing with total H-fields inside the obstacle, comparing with
scattered or total H-fields on the probing line, and comparing with scat-
tered E-fields on the probing line. However we did not find any numerical
results concerning the total H-field in an obstacle embedded in a half-space,
and this part of the validation has been in effect made for an obstacle in
free-space, where an exact calculation of the H-field can be carried out (nu-
merical results are compared with those of [14]). For the total H-field on
the receivers, numerical results are directly comparable with those of [20],
while some work has to be done before comparing our results with the scat-
tered E-field on the probing line provided to us by A. Sentenac with using
the technique described in [21].

5.1 Total H-Field in the Obstacle

In [14] the integral equation is based on (A.6) and it involves H(z,y) and
J(z,y) where J(z,y) = (1 —eo/e(z,y)) V' H,(z,y). The object is divided
in triangular patches, in which the permittivity is taken to be constant and
the magnetic field is varied linearly. Numerical results on homogeneous
or layered circular cylinders are provided and compared with eigenfunction
results. Among these results two sets have been chosen to validate the
method presented in this paper.

1. The frequency of the incident wave is f = 100 MHz, the cylinder’s
circumference is A9 where )\g is the wavelength in air, its relative
permittivity e.q = 2.56 and its conductivity oqg = 0S/m. The Nz x
Ny discretization is of 21 x 21 points. The results are presented in
Fig. 3.

2. The frequency of the incident wave is f = 3 GHz, the cylinder cir-
cumference is 7, its relative permittivity e€,.q = 4 and its conductivity
oq = 16.69S/m. The Nz x Ny discretisation is of 25 x 25 points.
The results are presented in Fig. 4.

These two comparisons show a fair agreement between the exact solutions
and those provided by our scheme.
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Figure 3. Field scattered by a circular cylinder of circumference \g —- the
wavelength in air — of relative permittivity e,q = 2.56 and of conductivity
oq = 0S/m placed in the air and illuminated by an incident plane wave of
frequency f = 100 MHz. Here is represented the ratio of the total field to the
incident field |H|/|H?| versus the normalized distance along the diameter of
the cylinder: solid line the exact solution, with crosses the solution obtained
by the scheme herein (with a 21 x 21 discretisation).

5.2 Total H-Field on the Receiver Line

In [20] the direct scattering problem of a homogeneous buried obstacle
with a rough half-space interface is studied. The problem is solved us-
ing a single boundary integral equation discretized using a boundary finite-
element method. Among the numerical results presented in this paper, two
simulations are of interest to validate our code:

1. Frequency: f = 300 MHz (wavelength in air A9 = 1 m)

2. Half-space 1: €1 = 1, o1 = 0S/m, half-space 2: €9 = 4, 02 =

1074S/m, wavelength Ay = \o/ Ver2

3. Cylindrical object of square section centered at (0, —\z), of side d =

A2 and of relative permittivity €,q and conductivity oq. Two cases
have been studied: case A ( e,q = 1,00 = 0 S/m ); and case B
(erq = 16,00 = 0.01 S/m).

4. A line source of unit amplitude at (0, Ag).

5. A line of 37 receivers placed at y = Ay/4, every A\y/6 between z =

—3Xg and z = 3),.
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Figure 4. Field scattered by a circular cylinder of circumference # — the
wavelength in air — of relative permittivity e.q = 4 and of conductivity
oq = 16.69 S/m placed in the air and illuminated by a incident plane wave of
frequency f = 3 GHz. Here is represented the ratio of the total field to the
incident field |H|/|H?| versus the normalized distance along the diameter of
the cylinder: solid line the exact solution, with crosses the solution obtained
by the scheme herein (with a 25 x 25 discretisation).

The results are presented in Fig. 5 and in Fig. 6. An excellent agreement
is observed between both sets of results. Notice that the obstacle has been
discretized differently in case A — (15 x 15) — and in case B — (21 x 21)
— due to the fact that the permittivity in case B is much higher than in
case A and convergence is observed to require a much finer mesh.

5.3 Scattered E-Field on the Receiver Line

In [21] the direct scattering problem of an inhomogeneous buried obstacle
with a flat half-space interface is studied. The problem is solved using a E -
field formulation and the linear system of equations is obtained by applying a
standard Method of Moments — the obstacle is a distribution of rectangular
cells in which the electric field and the complex permittivity are assumed
to be constant. The system is solved by using standard routines of matrix
inversion.

This technique has been applied to the obstacles A and B presented in 5. 2.
except that the incident field is now a plane wave perpendicularly impinging
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Figure 5. Case A: The configuration is introduced §5.2. The total magnetic
field |H| versus the receiver position is shown here (in solid line the field as
found in [20], with crosses the solution obtained by the scheme herein).
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Figure 6. Case B: The configuration is introduced §5.2. The total magnetic
field |H| versus the receiver position is shown here (in solid line the field as
found in [20], with crosses the solution obtained by the scheme herein).
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Figure 7. Case A: The configuration is presented §5.3. except that the
incident field is now a plane wave impinging perpendicularly to the inter-
face. The scattered electric |E,;| — in arbitrary unit — versus the receiver
position is shown here (in solid line the field as found in [21], with crosses
the solution obtained by the scheme herein).

on the interface. Fig. 7 shows the comparison between the E, components
of the electric field in case A and Fig. 8 shows the comparison between
the Ey; components — in our case the electric field is calculated from the
magnetic field by centred finite-difference from the magnetic field values just
above and just below the assumed probing line. A good agreement can be
observed between the two sets of data. It has to be noted that, with cells
of size Ao/40, the E-field code has not yet completely converged to the
stable solution but a higher discretisation has not been possible due to the
limitation of the computer memory. The latter comment may explain the
discrepancy between both curves in Fig. 8.

5.4 Scattered field H-Field on the Receiver Line

The case of multiple obstacles can also be treated the same way. The
configuration is the following:

1. Frequency: f = 300MHz ( wavelength in air A9 = 1m)

2. Half-space 1: €1 = 1, o1 = 0S/m, half-space 2: €92 = 4, 09 =
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Figure 8. Case B: The configuration is presented §5.3. except that the
incident field is now a plane wave impinging perpendicularly to the inter-
face. The scattered electric |Ey| — in arbitrary unit — versus the receiver
position is shown here (in solid line the field as found in [21], with crosses
the solution obtained by the scheme herein).

10~ S/m, wavelength A2 = \o/+/€r2
3. Two cylindrical objects of square section respectively centered at
(—=5X2/4, —3X2/2) and at (—5X2/4, —3X2/4), of side d = Ay and
of relative permittivity e, = 8 and conductivity ¢ = 0S/m.
4. A line source of unit amplitude at (0, A2).
5. A line of 50 receivers equally spaced between (—3M2,A2/2) and
(3X2, A2/2)
In contrast with the case of one obstacle, we need to discretize the cross-
section of the smaller rectangular zone including the two obstacles and not
only their cross-sections. In our case this zone is of size (5A2/2 x 2A2)
centered at (0, —5A2/4) and discretized with 51 x 41 points. Fig. 9 shows
the scattered H-field H? measured on the probing line.

6. CONCLUSION

An algorithm to calculate the magnetic field observed in the TE polarisation
case has been developed for a buried cylindrical obstacle. The formulation is
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Figure 9. The configuration is presented §5.4. The scattered magnetic field
|H?| versus the receiver position in the case of two obstacles is shown here.

based on a scalar domain integral formulation of the magnetic field which is
discretized using a Method of Moments. The convolution-correlation struc-
ture of the resulting integral equations has been emphasized and a appro-
priate FFT-based solver developed and validated with results available in
the literature.

This method can directly be applied to the calculation of the field scat-
tered by several disjoint obstacles embedded in a half-space.Also it can easily
be extended to provide the scattered field for :

1. more complicated sources than the line source or plane wave source,

such as extended sources;

2. different configurations, such as the so-called borehole-to-borehole con-
figurations, and surface-to-borehole configurations; an obstacle above
the interface; a stratified half-space if the obstacle is entirely contained
in a given layer.

Present works are now devoted to the reconstruction of a similarly buried
obstacle from a limited observation of the scattered field. The method pre-
sented here provides synthetic data as input data for the inversion, and is
a building part of the inversion itself (first results have been presented in

[22)).
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APPENDIX A.

For the sake of simplicity the demonstration is in free-space. One starts
from the Maxwell’s equations outside the sources:

V x H(r) + jweE(r) = 0, with & = {zgrz)t I}fe‘;jlsz (A1)
V x E(r) — jwpoH(r) =0 (A.2)

where r is only dependent on z and y, where €9 and po are respectively
the permittivity and permeability of the vacuum, where e(r) is the complex
permittivity of the obstacle of bounded cross-section €2, where H(r) is the
magnetic field (A/m) and where E(r) is the electric field (V/m).

Dividing both sides of (A.1) by &(r), taking the curl of this new equation,
using (A.2) to eliminate E(r), taking in account that VV - H(r) = 0 and
that V x H(r) = VH,(r) x e, because of the assumed TE polarization
(H(r) = H,(r)e,) and re-arranging the different terms, gives the scalar
Helmholtz wave equation:

ML)+ ool 0) =V x (25 1) VLD x e (43)

g(r)
Let us introduce the free-space Green’s function G(r,r’) such that:
AG(r,r') + K2G(r,¥') = =6(r — 1), k% =w?eouo (A.4)
with the 2-D Sommerfeld radiation condition:
) OG(r,r’ .
tin 7|20 G| =0, r=llm=12 (A9

Using the Green’s theorem yields the domain integral equation satisfied
by H,(r):

H,(r) = Hi(r) + /Q V' x [(1 - %) V'H,(r') x ez] G(r,r)dr' (A.6)
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where H(r) is the incident field and V' acts on the primed variable.
This equation can be rewritten. Since V X (¢A) = ¢VA — A X V¢ one
has :

/Q V' x [x()V'H, (') x e] G(r,')dr’
_ /Q V' x [x(t)V'H, () x e,G(r, )] dr’ (A7)
+ /Q () [V'H, (') x e, x V/G(r,r')] dr’
where x(r) =1 —¢eo/e(r). Let us write that
/S V' x [x(t)V'Hy(t') x e,G(r,r')] dr’
- fc () [V Ho(r') x €,] G(r, r')dr’

where S is a 2-D bounded domain and C' its contour. S can be chosen
including €2 such that the integral over C is null —since x(r) is of bounded
support. So:

/Q V' x [x(r)V'H,(r') x e,G(r,x')] dr’ =0
which allows us to simplify (A.7)
/Q V' x [\(t)VHa(t) x e,] G(r,)dr’
= /Q x(r') [V H;(r') x e, x V'G(r,r')] dr’ (A.8)
H,(r) = Hi(r) + /Q x(r') [V'H,(r') x e, x V'G(r,r")] dr’

In fine, knowing that

VH,(r) X e, x VG(r,r') = [VG(r,r') - VH,(1')] e,

A.
- [VG(r,r') - €] VH, (') = [VG(r,1') - VH,(r')] e, (A.9)

because the z-component of VG(r,r') is null, the H-field integral equation
is obtained:

H,y(r) = Hi(r) + /Q X(E)V'Ce,)  VH,()dr'  (A.10)
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APPENDIX B. SINGULARITY INTEGRATION

Numerical integration of

// VHP (kr)dd'dy, r=@-o)7P+y-y)?  (B)
Qt
where QF is the surface of a triangle and V' Hgl)(kr) is given by

. o
V'HY (kr) = i—fH(ll)(kr) ( z _ ;, ) (B.2)

fails when X — X' where X = (z,y) and X' = (2/,3’) due to the logarith-

mic singularity of V’ Hgl)(kr) at r = 0. To solve this numerical problem
the extraction of the singularity is to be performed. For brevity only the
x -component of V' H(()l)(kr) will be studied.

Taking into account that Hgl)(kr) = Ji(kr) + Y1 (kr),

x—

- lel(kr) (B.3)

o=y, o
A, ——H; (kr) = lim j
where Yi(kr) is singular at X =X'.

A second-order expansion of Y;(kr) versus kr and a first-order one of
J1(kr) is needed,

2 2 kr
Yi(kr) x ———+—=In (—) Ji(kr)
wkr w 2 &Yy (kr) ~ — 2 +ﬁln(ﬂ)
kr wkr w 2
(B.4)

In so doing we obtain:

. Jk(xz—2") ) _ope [zt Kz —=2) ckr
Jim g k) = i [ = n(3)] ®)

A higher-order expansion of Yi(kr) and of Ji(kr) will provide terms in
r™,n > 1, which are not singular.

Now that the singularity has been determined, the integral can be divided
in two terms:
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. o

l// qul)(kr)dx'dy’=// h(z,2,y,y)dz'dy
4 Ot T Ot

+ / /9 (@ ay,y)da'dy

poon_x—a  K(z—a) ckr
h@,a',y,y') = 55 — ———In(5) (B.6)
! no_ jk(z —2) ) _ z—a _ kz(x—a:') ﬁ
@2 y,y) = 4r Hy (kr) 2mkr? 4 ln( 2 )

e The first part takes into account the singularity and it can be, after tedious
developments, analytically determined.
e The second part is now regular and it can be numerically calculated using

a

Gauss-Legendre scheme.
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Abstract. The retrieval of an unknown, possibly inhomogeneous penetrablecylindrical
obstacle buried entirely in a known homogeneoushalf-space—theconstitutive material
parameterf the obstacleand of its embeddingobey a Maxwell model—is consideredrom
single-or multiple-frequencyaspect-limiteddatacollectedby ideal sensordocatedin air above
the embeddinghalf-space,when a small number of time-harmonictransverseelectric (TE)-
polarizedline sources—themagneticfield H is directedalongthe axis of the cylinder—isalso
placedin air. The wavefieldis modelledfrom a rigorous H-field domainintegral-diferential
formulation which involves the dot product of the gradientsof the single componentof H
and of the Greenfunction of the stratified environmenttimes a scalar-valuedcontrastfunction
which containsthe obstacleparametergthe frequency-independenposition-dependentlative
permittivity and conductivity). A modified gradientmethodis developedn orderto reconstruct
the mapsof suchparametersvithin a prescribedsearchdomainfrom the iterative minimization
of a cost functional which incorporatesboth the error in reproducingthe data and the error
on the field built inside this domain. Non-physical values are excluded and convegence
reachedby incorporatingin the solution algorithm, from a proper choice of unknowns,the
condition that the relative permittivity be larger than or equalto 1, and the conductivity be
non-negative.The efficiency of the constrainednethodis illustratedfrom noiselessand noisy
syntheticdataacquiredindependently The importanceof the choiceof theinitial valuesof the
soughtquantities,the needfor a periodic refreshmentf the constitutiveparametergo avoid
the algorithm providing inconsistentesults,andthe interestof a frequency-hoppingtrategyto
obtainfiner andfiner featuresof the obstaclewhen the frequencyis raised,are underlined. It
is also shownthat thougheither the permittivity map or the conductivity map can be obtained
for afair variety of casesyetrievingboth of themmay be difficult unlessfurther informationis
madeavailable.

1. Intr oduction

As is illustratedin Lesselierand Duchene (1996), the retrieval of a buried obstaclefrom
the inversion of the electromagnetiqor acoustic)wavefield, which is resulting outside
its (possibly stratified) embeddingfrom the illumination by a known probing signal also
generatedoutsidethe embedding,is of practical interestin various applicationdomains:

& E-mail address:marc.lambert@Iss.supelec.fr

|| E-mail addressiesselier@supelec.fr
€ E-mail addressb.j.kooij@et.tudelft.nl

0266-5611/98/051265+$39.50 (© 1998I0P PublishingLtd 1265
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non-destructive evaluation of tubes, plates and other components of industrial equipment
and airplanes, mapping of geophysical structures in the earth, identificationof land and
sea mines or other artificial objects in natural media, characterization of civil engineering
constructions, imaging of anomalies in living tissues, etc.

However, this retrieval often remains quite challenging in theoretical, computational,
and/or experimental terms. This paper intends to contribute to the ongoing investigation
of such wavefieldinversion problems, with a clear emphasis on agorithmic issues, and it
tackles the rather rarely studied nonlinearized electromagnetic mapping of a buried, possibly
inhomogeneous, penetrable obstacle in the transverse electric (TE) or H-polarization case—
the magnetic fieldis assumed to be paralel to the axis of the cylinder—whethe obstacle
and its embedding both obey a Maxwell material model.

The solution method of choice belongs to the class of the recently developed modified
gradient methods (Kleinman and van den Berg 1992a, b). It is developed from a rigorous
wavefielddomain integral formulation deduced from the Green theorem, and it is such
that the incorporation of proper constraints within the iterative scheme ensures that the
retrieval of non-physical electrical parameters is prohibited. A suitable initial choice of the
sought quantities, their periodic refreshment in order both not to get stuck too early within
a plateau of the minimized cost functional and to avoid the retrieval of an inconsistent
couple of solutions (fields,material parameters), and the use of a marching-on-in-frequency
procedure when frequency-diverse data are available, also contribute to improve—oere
prerequisites to—theonvergence of the iterates towards stable and satisfactory values.

Once reminded of the well known nonlinearity and ill-posedness of the retrieval of a
buried obstacle from inversion of a wavefield, this ill-posedness being clearly worsened
with respect to free-space configurationsby the limited aspect of the data (one obviously
cannot illuminate the obstacle from all around), one should observe the following.

(i) It has been evidenced that the modelling of the electromagnetic interaction of the
probing wave with a penetrable obstacle in the H-polarization case is much more prone to
inaccuracy, and computationally demanding, than in the corresponding E-polarization case
(see as an early example Zwamborn and van den Berg (1991)). This may forbid, or greatly
complicate, the solution of the corresponding inversion problem athough E-polarization and
H -polarization fielddata should be of equal concern if one wishesto further the devel opment
of, say, ground probing electromagnetic systems. Here one starts from an H-fieldintegral
formulation (the operator is, in effect, of integral-differential type (Kleinman and van den
Berg 1997)) and one takes inspiration from the corresponding mathematical and numerical
analysis of the direct scattering problem (Lambert 1998).

(ii) In close relation with observation (i), it is still far from clear nowadays whether the
nonlinearized inversion methods, such as the modifiedgradient ones that are demonstrated
to be rather effective for the retrieval of buried penetrable obstacles in the E-polarization
case (Kleinman et al 1997a), will perform as well in the H-polarization case for the same
configurations;in particular there is an evident lack of results to go back to—Lixiet al
(19954, b) consider a free-space embedding only and we do not know of results concerning
the buried case.

(i) It is of practical interest to consider embedding and obstacle materials which are
both obeying a Maxwell model. Indeed, in many materials—asoon as the frequency is
large enough—polarizatiomnd conduction phenomena occur with like importance. Here
they are modelled in a firststep from the permittivity and conductivity which are taken
as frequency-independent parameters—thiss still idealized particularly for some natural
media whose dispersion law is often complicated, for example a compound Debye medium,
even though the range of frequencies is strongly band-limited.
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(iv) It is usefulto seehow the ability of aninversionmethodto retrievethe permittivity
map and/orthe conductivity map of suchan obstaclethenrelieson a priori information,
and to show under which conditions effectivenessmay be reached: size and electrical
parametersf the obstaclesourcesandsensordocation,discretizatiorof the searchrdomain,
initialization of the algorithm,useof frequency-diversityfor exampleby frequency-hopping
(ChewandLin 1995,BelkebirandTijhuis 1996,Litman etal 1998). Noticethatoneshould
also appraisethe consequencesf the fact that the obstaclemay now be either a weaker
or a strongerelectromagnetiscatteremwith respectto its embeddingwhich is in obvious
contrastwith free-spaceconfigurations.

(v) In closerelationwith observatior(iv), properlyincorporatinghea priori information
is a matterof currentinvestigation for exampleSouriauetal (1996)andMonebhurruretal
(1998) makeuseof the binarity of a contrastfunction, Belkebir and Tijhuis (1996) enforce
the positivity of its realandimaginaryparts,van denBerg andKleinman(1995)regularize
the inversionby meansof a total variation term addedto the costfunctional, Lobel et al
(1997) usean edge-preservingechniqueto retrievelarge plateauxwith sharpedges.Here
the choice of non-negativereal-valuedunknowns,excluding obvious non-physicalcases
(the permittivity is greaterthanor equalto 1, and the conductivity is non-negative)|eads
to an inversionstrategywhich is performingfairly well, althoughthe complicationof the
solutionmethodis considerablyincreased.

The paperis organizedasfollows. In section2 the H-fieldformulationis introduced
andthe modifiedgradientsolutionschemes developedwith particularattentiondevotedto
the introductionof constraintson the constitutivematerial parametersand to the resulting
changesof the schemewith respectto the usualones. In section3 resultsof inversion
led from single-frequencyr multiple-frequencymultiple-sourcesyntheticdataacquiredin
typical configurations—ageheratedvith meshesappropriatelyfinerthan thoseusedin
theinversionso asnot to suffer from the inversecrime—argisplayed.Emphasids on the
choiceof theinitial valuesof the unknownswithin the testdomainandthe necessityof their
periodic refreshmentwhile the interestof the frequency-hoppingechniqueis confirmed.
It is also shownthat the retrieval of either a permittivity map or a conductivity map is
possiblefor a fair variety of casesbut retrieving both of themtogetheris difficultunless
complementana priori informationis madeavailable. A short conclusionfollows which
outlinesfurther work, suchasimposingthe binarity of the contrastfunction asan alternate
regularizationtechnique.

2. The theoretical machinery

2.1. Thefield formulation

The geometryandthe electricalconfiguratiorare as follows (seefigurel).

A small number,N;, of time-harmonicH -polarizedline sourcess locatedat the same
given height y, abovethe planarinterfacex— betweena homogeneousipper air half-
space—numbefedaralhomogeneoumwer half-space—numbePedwheegpossibly
inhomogeneouspenetrablecylindrical obstacleof z-axis is entirely embeddedand whose
crosssectionis assumedo lie within a prescribecsearchdomainD (asa matterof fact this
hypothesisis the main topologicalinformation introducedon the obstacle). The resulting
single H, componentof the scatteredmagneticfieldis collectedalong a probing line £
also placedat fixedheight y, aboveand closeto the interfaceby a numberN, of (equally
distributed)ideal receivers.For simplicity, the z-componenbf the total magneticfieldH,
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Figure 1. The geometrical and electrical configurationof study.

will be denoted from now on as H and its scattered part as H¥2. The data fieldwill be
denoted as ¢.

The circular frequency, w = 2 f where f is the frequency (the time dependence e ¢
is omitted from now on) may take several values in a given band so as to partialy offset
the consequences of the limited aspect of the data, but the characteristic dimensions of the
obstacle cross section always remain of the order of the mean wavelength of the probing
wave in the embedding—wéocus onto the resonance domain, and numerical applications
will be carried out at a few hundred MHz frequencies for a sand-like embedding.

All materials are assumed to be linear, isotropic and non-magnetic, and to obey a
Maxwell model. Thus they are fully specifiedby their frequency-independent relative
permittivity &,,, and conductivity (in S m™) o,,, m = 1,2, D. &, and op are alowed
to vary with position » = (x, y) within D. The complex permittivity of each medium is
definedas ¢,, = eo&,m + jon /o, the corresponding complex wavenumbers k,, with non-
negative imaginary parts being such that k2 = w?j0¢,,, Where go and g are the vacuum
permittivity and permeability, respectively. In the numerical applications we limit ourselves
to an air upper half-space, i.e. ¢,1 = 1, 01 = 0, and k; = k.

The wavefield modelling is based on a rigorous scaar H-field domain integra
formulation which is deduced by application of the Green theorem to the Helmholtz wave
equations satisfiedby the electromagnetic fieldin either medium and with using the proper
transmission and radiation conditions. This formulation yields the single component H
of the magnetic fieldat the location » = (x, y) anywhere in space from the integration
of the dot product of the transverse gradients of the Green function of the two-half-space
environment and of the H-fieldcomponent, times a complex-valued contrast function M
which is representative of the space variations of the obstacle parameters and per extension
of those of the search domain D.

For a given obstacle, and a given source numbered as j, j = 1,..., Ny, which is
operating at a fixed frequency « (implied), the total magnetic field H; in D and the
scattered magnetic field 1'11;‘0BI along £ satisfy the state (coupling) eguation (2) and the
data (observation) equation (3). Letting the incident fieldin the half-space 2 be H}”c(fr) and
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the contrastfunction be

M) =1— 22 )
ep(r)
thesetwo equationsread
Hr) = #70) + [ &' MO Gorr) VE @] reD @)
’ D
and
H>*¥(r) = / dr' M@)[V'Ge(r,7) - V' Hi(r")] rel. (3)
’ D

Thetwo-componen¥’ operatoris takenwith respecto the primedvariables.Gp(r, ')
is the Greenfunction of the stratifiecenvironmentwhen (in the absenceof the obstacle)
anideal line sourceorientedalong z is setat point » andthe resultingfieldis observedat
the location 7/, both sourceand observationpoints beingin the half-space2. G, (r, ') is
the correspondingGreenfunction when the sourcepoint = is in the half-space2 and the
observatiorpoint ' is in the half-spacel.

The formulation, its discretecounterpartand the numericaltestingthereofis detailed
in Lambert (1998)—wemphasizethat one may use a vector integral formulation of the
two-componenttransverseelectric fieldinsteadof this scalarformulation of the axially
orientedmagneticfield,at the price of the manipulationof a higher-dimensiorunknown
manifold andwith the benefibf dealingwith a purelyintegraloperatorinsteadof the above
integral-diferential one (the inversioncastin this frameworkis briefly analysedin Kooij
and Lambert(1997)).

2.2. The constrained nonlinearized inversion scheme

As alreadyindicated,the inversionmethoddevelopecherebelongsto the now well known
classof modifiedgradientiterative solution methods(one may refer to Kleinman andvan
derBerg (1997),Kleinmanet al (1997a),aswell asto a recentoverviewof Kleinmanet al
(1997b)wherea numberof specializedpapersare referencedand three-dimensiona{3D)
inversioncasesare alsointroduced).

Suchmethodanakegooduseof thebilinearaspecbf the scatteringoroblemwith respect
to the wavefielcandto the contrastfunction, andin practicethey operateby minimizing a
costfunctional(joint criterion in aBayesiarframework,seee.g.CarfantarandMohammed-
Djafari (1997))which is madeof the least-squar@ormsof two residuals:

(i) theresidualof the stateequationmeasuresiow well a fielditerate,for a giveniterate
of the contrastfunction, satisfieshe correctwavefieldcequationsand boundaryconditions
inside D;

(ii) the residualof the data equationweighs the discrepancyat the sensorlocations
betweenthe dataand the predictedfieldvalueswhich are associatedo given iteratesof
both fieldand contrastfunctions.

For simplicity, equationg2) and (3) arewritten in operatorform

Hi(r) = H"(r) + GpMH;(r)  T€D @)
H**r) =G MH;(r)  rel. (5)

We do not intend hereto dwell on the mathematicalpropertiesof the above integral-
differentialoperatorgp andG., andof thoseof the fieldand materialparameterénvolved
(onemay consult,e.g.Kleinmanet al (1997a)).Let usonly keepin mind thatthe fieldand
the dataare at leastsquareintegrableover D and/or £, and usually much smoother,and
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that the contrastfunction is of boundedsupportincluded within D and smoothenough
(at least continuously differentiable with respectto x and y), and emphasizethat in

practice we only tackle a finite numberof bounded,real- and/or complex-valuedfields

and material parametersvithin a discretecounterparfobtainedvia a methodof moments)
of the formulationdevelopedn this section.

Thenthe modifiedgradientmethodusually involves the constructionof two complex-
valued, position-dependensequence®f iteratesH;,, and M, which are suchthat they
shouldreduceat every stepa positivereal-valuedcostfunctionalas mentionedbefore. The
dataand stateresidualsread

rin() = H"(r) = H;y(r) + GoMH; (1)  T€D (6)
Pjn(r) =¢i(r) — G MH; , (1) rel (7)
whendatag; arecollectedon £. The costfunctionalis
Ny s
Fy(Hy, My) = 0p Y _ [Irinll5 + or Y llpjallz ®)
j=1 j=1
whereonedenotesH,, = (Hiy,, Hz,, ..., Hy, »), the normalizationconstantsop and w,

being suchthat

-1

Ny ) -1 Ny
wp = (Z ||H;”°||%) W = (Z ||;j||%) )
j=1 j=1

with | - || 4 asthe norm associatedo the inner product(-, -) 4 in L?(A), A = D, L. (Notice
thatthe abovenormalizationin effect givesthe sameweightto the error on the fieldin the
searchdomainandto the error on the datain the measuremerdomain;whetheror not this
choiceis the most pertinentremainsan openquestion.)

At stepn > 1, the iteratesH; , and M, are updatedfrom thoseat n — 1 along well
chosendirections. In a free-spaceH -polarizationcase(Lixin et al 1995a)) proceedas
follows:

Mn = Mnfl + /Sndn (10)
Hi,n = I—Ij,nfl + Ay Vjn (11)

wherethetwo complex-valuedonstantg, andw, areline minimizersof thecostfunctional
alongthe position-dependenkolak—Ribére conjugate-gradierdirectionsd, andv; .

However, preliminary numerical experimentationshowed us that the above scheme
appliedto the buried configuratiordid not convege in many casesand was plaguedby
non-physicalsolutions(notably, but not only, a negativeconductivity arising after a few
iterations)whereassincethe real andimaginary partsof the contrastfunction M,, are not
necessarilynon-negativeone cannotextendto the H casethe previousanalysisof Belkebir
and Tijhuis (1996). (Other choices,suchasimposingthe binarity of the contrastfunction
(Souriauet al 1996, Monebhurrunet al 1998), deservenvestigation.)

So one resortsto two new real-valuedunknownsé and n chosensuch that they
incorporatethe minimal thoughmostobviousamountof a priori information,i.e. the fact
thate,p > 1, op > 0, by letting ,p = 1+ £2 andop/ (wep) = n°. The complex-valued
sequencg M, } is now replacedby two real-valuedsequence$s,} and{n,} suchthat

&2

./\/ln =1- - ———
go(14 &2 +jn?)

(12)
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while the updatingstrategyfrom n = 1 becomes

Sn = sn—l + ﬁndn (13)
M = NMn—1+ YnWn (14)
Hj,n = jn-1 + oy Ujn (15)

for a propersetof initial guesseso, 1o, and H; o.

In the aboveexpressionshe real-valuedconstantss, andy,, andthe complex-valued
constanty,, arecalculatedby minimizing F via a Fletcher—Reevegersionof the conjugate
gradientmethod, the position-dependendirectionsd,, w,, andv;, being of the Polak—
Ribiere conjugate-gradientype and defineds

_d <gfql’ gl"ll _gg—1>
=8+ —
<gnfl’ gnfl>
" (801> 8n 1)
Ny
o 2oie1(8 e 8 — 8 ut)

Vi =g, + Va1 (18)
- Z;v;1<g;n—l’ gjv,n—l>

with restrictionof the directionsto thoseof the gradientsg?, g” andg;, whenn = 1. Such
gradientsarethoseof F evaluatedat the (n — 1)th stepandthey aretakenwith respecto &,

n, and H;, respectively the other variablesbeing kept constantduring the evaluation(see
the appendix).

dy_1 (16)

Wy_1 (17)

W, = §

2.3. Some key ingredients: initialization, refreshment, and frequency-hopping

To our knowledgeno proof of uniqguenes®f the solution of the inversionproblemin the
buried configuratiomt handexists,andin practicewe shall copewith a limited humberof
sourcesandsensorsa band-limitedfrequencycoveragejnaccuratedata,and usea peculiar
discretizationwhosemesheshouldbe neithertoo large sincethe reproductiorof the obsta-
cle andthe accuracyof the wavefieldvould be poor, neithertoo smallfor fearof calculation
errorsand prohibitive CPU times), which would reducethe interestof a proofif any.

More interestingmaybeis the fact that, althoughthe sequenceof iteratesaboveis to
decreaséhe costfunctional,one cannotexpectin computationatermsto reachsomething
betterthana plateau(a local minimum, associatedo stableiterates)of this functionalwith a
moreor lesshigh magnitudglcommensuratwith the noiselevel whennoisy dataareinput).
So one usually concludesthat the lower the plateauthe closerthe solution to the sought
obstaclewith no certaintythat a lower plateaucannotbe reachedfrom anotherchoice of
initial values,or by a cleverercalculationof the iterates.

In section3 onewill illustrate from a numberof numericalexamplesthree somewhat
ad hoc proceduregintroducedlater) which contributeto fair performance®f the inversion
scheme.

First, the setof initial values &, no, and H; o, hasto be choserproperly. However,one
cannotdirectly applythe back-propagatiotechniquewnhich hasbeensuccessfullyemployed
for modifiedgradientmethods for exampleKleinmanet al (1997a),andwhoseintentis to
takeusfrom the measuremerdomain£ ontothe searchdomainD via the dataequation(5)
andto provideuswith aninitial wavefieldanda contrasfunctionvia the stateequation(4)).
Indeed back-propagatioshouldproducenot only valuesof H within D but alsoconsistent
valuesof V H, andwe observedrom preliminary numericalexperimentatiorthat deducing
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from back-propagated H fieldsuseful values of the needed gradient did not work. Also
from equations (23) and (24), it is not possible to start with the easiest guess available, i.e.
& = 0 and ng = 0 (in effect from the corresponding contrast function My).

So at the present time the initial material parameters & and ng are rather arbitrarily
set such that the relative permittivity and/or conductivity vary smoothly over D (henceforth
assumed to be rectangular for simplicity) and peak at its centre. Letting ¢ be either arelative
permittivity ,p or a conductivity op, one thus assumes

wn-afolz (-5l (-] o

where L, and L, are the x and y side lengths of D, and where the value of g; is chosen
to be close to the corresponding one in the embedding—althouglone may fear that the
mapping of an obstacle when located at the centre of the test domain will be favoured, this
was not confirmedby numerical results for, say, off-centre obstacles. As for the initia field
Hj o, it is taken as the fieldcalculated inside D when it is characterized by the just chosen
& and/or 7.

Second, once initialized as above, the sequence of iterates £, and n,, and the sequence of
iterates H; ,, follow after the calculations described in the above. However, although the cost
functional F decreases gradually, which means that one may expect that the 2 x N; norms
of the state and data residuas r;,, and p;, decrease together (nothing in the theoretical
machinery of modifiedgradient methods so far provides for the fact that the increase of
severa residuals might not compensate for a time the decrease of severa others), the values
of the fielditerate H;, may dtill differ to a rather large extent from those of the field
obtained within D by solving the associated direct problem for given material parameters
&, and n, due to the ill-posedness of the inversion.

In effect, this is remedied as follows. At one (or more) given step(s) m, which can be
decided upon in an adaptive fashion from, say, some plateauing of the cost functional F, or
which can be chosen in advance with a fixedperiodicity, one derives from the parameters
&y and n,, the exact solution of the state equation (4), and one tekes as a new H, ,, this
solution; the cost functional—whiclmay increase on the spot—andll other quantities of
interest are calculated accordingly thereupon, and the procedure is started again.

This periodic refreshment procedure in some respect is paralel with the refreshment
procedure enforced in the binary-specialized modifiedgradient versions (Souriau et al 1996,
Monebhurrun et al 1998) (the contrast function is updated via a nonlinear transformation
at a number of steps), and obviously both enable us to escape from certain local minima.
However, in the binary case the main goal isto get a sharper map of the search domain, and
the consistency of the set of iterates (the fieldin the obstacle and the obstacle parameters)
is more of a by-product.

Third, so far we have considered that the N; sources are operating at a single, fixed
frequency. However, frequency-diverse data do compensate for the lack of viewing of the
obstacle. Then, two paths may be followed once it is assumed that M frequencies in a
given band are input for each of the N; sources.

Thefirstoneisto aggregate al datatogether (the j index now runsfrom 1 to Ny x M) and
in short to simultaneously calculate M times more fields—ard times more material |osses
(if one keeps the frequency inside the loss parameter as in op/(weg))—theliscretization
strategy being adapted to the highest frequency for keeping the accuracy.

The second one, whose benefitis already illustrated in Chew and Lin (1995), Belkebir
and Tijhuis (1996) and Litman et al (1998), isto march on in frequency (frequency-hopping),
from the lowest frequency—oneimply aims at a gross reproduction of the obstacle—up
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to the highest frequency—onés keen to map finedetails—whil@ising each previously
retrieved solution as the firstguess of the new search, and with the immediate advantage
that each problem is attacked with a commensurate discretization strategy. True, solving
M smaller-sized independent problems instead of one large one may not be faster when
measured in pure CPU time, but this is not our major concern at this stage of the study.

3. Some illustrative numerical results

3.1. The discrete formulation

The corresponding direct scattering problem can be solved by means of an iterative algorithm
which takes careful account of the convolution and correlation structure of the fiel dequations
and then makes intensive use of fast Fourier transforms in order to maintain the accuracy
while avoiding prohibitive computation times (Lambert 1998).

Here it is only worthwhile mentioning that this solver is based on a method of moments
with triangular basis functions—thdomain D is divided into square pixels of side A where
the contrast M is taken to be constant, and each pixel is again divided into two rectangular
triangles where the magnetic fieldis assumed to vary linearly—angvith point-matching—
the testing functions are Dirac é-functions set at every centre of the square pixel—and
that the same line of reasoning directly yields the discrete counterpart of each functional
equation introduced in the above (e.g. the adjoint operators are equivalent to conjugate
transpose matrices).

As for the data of the inversion problem they are computed by solving the associated
direct problem by using an appropriately finermesh, the nodes of which are never placed at
the same location as those used in the inversion. So inverse crime is avoided. Consequently
one cannot retrieve a perfect copy of the obstacle—whicthas a price, i.e. the global
minimum of the cost functional is unknown, and it may be far from zero.

In terms of the numerical burden, if one assumesthat D is made of n, x n,, square pixels,
which corresponds to (n, + 1) x (n, 4 1) nodes, the number of unknown fieldand material
real-valued samplesisa x (n, xn,)+2x[(ny+1) x (n,+1)] x No—where = 1 if either ¢,p
or op is unknown, and a = 2 if both are unknown—whiléhe number of known samples,
which consist of the scattered fielddata collected by the sensors and of the incident fieldsat
the nodes of D, is2x[(n,+1) x (n,+1)] x Ny+2x N, x N, since there are N, sources and N,
receivers. This usually leads to a ratio (number of unknowns)/(number of data) close to 1.

3.2. The key parameters of the simulations

The numerical study assumes a1l m sided square test domain D centred at a 0.5 m depth, and
a homogeneous 0.52 m sided square obstacle. The measurement configurationcomprises
N, = 15 line sources regularly spaced between —5 m and +5 m at height yg = 0.5 m, and
radiating at most at four frequencies 100, 200, 300, and 400 MHz, and N, = 47 receivers
regularly spaced between —10 m and +10 m at height y, = 0.125 m.

We emphasize that the chosen length of the probing line is such that most of the
scattered signal is collected for almost all assumed source locations (see figures10 and 13),
the sampling rate being of the order of half awavelength in air at the highest frequency, and
that these locations are such that the view angle of the obstacle is as large as feasible; the
number of sources itself is not a determining factor—1Sources appeared to us as a good
compromise, using more of them was costlier without real gain in terms of the accuracy of
the reproduction of the obstacle, and using less of them reduced this accuracy too much.
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In all exampleghe embeddings losslessandis characterizedby a relative permittivity
&, = 2 and conductivityo,» = 0 S m~1, andthe obstaclethen only differs by its relative
permittivity (¢,p = 1, 3 or 4) and/orits conductivity (setto 1072 S m1).

Accuratedatas aregeneratedvith a44x44-pixeldiscretizatiorof D, which corresponds
with a sampling step always less than about /23 where A = 0.53 m is the smallest
wavelengthof the probing signal to be propagatedn the embedding. The modelling is
illustratedin figure2 which showsa 3D piecewiserepresentatiof the obstacle(hereit is
purely dielectric with a relative permittivity equalto 3). As for D, when carryingout the
inversionalgorithm, it is saveexceptiondefinedy 20 x 20 pixels. Correspondinghyat a
given frequencythe numberof unknownsis 13630 if onelooks for eitherthe permittivity
mapor the conductivitymap,and14030if onelooks for both, whereaghe numberof data
is 14640. Notice thatin every situationthe numberof iterationsperformedis 100 andthe
mapsdisplayedare thosefound at this number.

3.17

2.86
2.5%

2.22

Figure 2. The squareobstaclein the searchdomainmodelledwith a 44 x 44-pixel mesh.

3.3. Theretrieval of the permittivity mapor of the conductivitymap

3.3.1. Influenceof the discretization. The influenceof the discretizationon the resultsof
the inversion (one looks for the permittivity map only) is exemplifiedn figure3. The
sourcesareat the 200 MHz frequencyandthe searchdomainis describedoy either20 x 20
or 30 x 30 pixels. Theinitialization is the simpleone (referto (19)) where&y is suchasthe
peakvalue,the assumedirtual permittivity is ¢; = 2.2, andno refreshmenis made.One
observesio improvementwith the finerdiscretizatiormeshand,therefore the 20 x 20-pixel
meshis usedfrom now on.

3.3.2.Influenceof theperiodicrefreshment. As emphasizedhe solutionalgorithmis based
on the evolution of sequencedd; ,, and &, and/orn,. To assurethat the total field 4; ,,
correspondgo the obstaclerepresentedby, say, ,, H;, is regularly refreshedby solving
the stateequationeverymth step.

Figure 4 showsthat the periodic refreshmenfprocedureyields a much better map of
therelative permittivity of the obstacle(comparewith figure3). As for the costfunctional,
althoughit sharplyraisesafter eachrefreshmentthe lowestvaluesthat are obtainedat the
term of eachperiod decreasemonotonicallyand the plateauthey finallytend to reachis



The retrieval of a buried cylindrical obstacle 1275

3.17 317
2.8 6 2.8 6 o\
A AN

.54 /l";/'///"‘\\ 2.54 eI

AN T
N\ N i

ornliy g I,

BRI NG N
1.5% "‘ff““\!\,\!;'ll”i}, ' 1.5% ","“‘3“ ’».l!,’,»”"" ~

Figure 3. Reconstruction of the sguare obstacle displayed in figure2 when the search domain
is made of 20 x 20 pixels (left) and a 30 x 30 pixels (right). No refreshment is made.
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Figure 4. Reconstruction of the square obstacle displayed in figure2 with a 20 x 20-pixel mesh
and refreshment each 10 iterations. The retrieved obstacle with refreshment (compared with
figure3) and the evolution of the log of the cost functional F,, against the iteration number
(with (+) and without (——) refreshment) are shown.

about 10 times lower than without refreshment. Less tight refreshment schedules have also
been tried out, but if the overall data fit,as then manifested by the cost functional, remains
of the same order, the reproduction of the obstacle itself gets poorer, which confirmsthat
the main interest of the refreshment procedure is to favour the most consistent solutions.

3.3.3. Influenceof the initialization. The choice of the firstelement & of the sequence
appears to be very important. In figure5 one compares the results obtained at a 300 MHz
frequency with the simple initialization (see (19)) where & issuch as¢; = 2.2, and using as
firstguess the solution obtained by the inversion of the same obstacle at 200 MHz (figured).

It is obvious that the closer to the exact obstacle isthe initial map the closer the solution,
and in effect even a dight amount of frequency-diversity (the data are taken at two rather
close frequencies) in afrequency-hopping strategy (the lowest frequency is used first,and so
on) may considerably improve the reconstruction of the obstacle. (With periodic refreshment
the results with the simple initial guess will be somewhat better.)
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3.3.4. Influenceof noise. In this section the synthetic data are corrupted with an additive
noise. It is generated by adding to each data point a random complex number T whose
real and imaginary part are uniformly drawn between prescribed limits. The chosen signal-
to-noise ratio SNR = 20log(|I¢|I/lIz]l) is 10 dB. The reconstruction is obtained with both
refreshment (every 15 iterations) and frequency-hopping (two frequencies are available, 200
and 300 MHZ). The results are displayed in figure6. One observes a good reconstruction
which is globally similar to that observed without noise (compare with figure5). Note that
the refreshment procedure does not imply large increases of the cost functional as was the

case before.
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Figure 5. Reconstruction of the square obstacle displayed in figure2 with a 20 x 20-pixel mesh.
The inversion is started either from a simple smoothly varying guess of the relative permittivity
and goes on without refreshment (left) or from the map obtained by a previous inversion led at
200 MHz (the one in figure4) with refreshment each 15 iterations (right).
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Figure 6. Reconstruction at 300 MHz of the square obstacle displayed in figure2 with a
20 x 20-pixel mesh and refreshment each 15 iterations (left) and evolution of the log of the
cost functional F, against the iteration number (right). The inversion is started from the map
obtained by a previous inversion led at 200 MHz. The data are corrupted with a 10 dB noise.

110



The retrieval of a buried cylindrical obstacle 1277
3.3.5. Influenceof the contrast. The obstacle now has a relative permittivity of 4 and the
inversion is performed as indicated before (20x 20 pixels, refreshment each 15 iterations, and
frequency-hopping). The results obtained at 400 MHz (figure7) show a good localization of
the obstacle but only afair reconstruction of the overall shape with the presence of spurious
features.

2:99 2:99 4//' " \

Figure 7. Reconstruction at 400 MHz and by frequency-hopping (four frequencies are used:
100, 200, 300, 400 MHz) of the higher-contrast square obstacle (relative permittivity equa to
4) with a 20 x 20-pixel mesh and refreshment each 15 iterations.

3.3.6. Retrieving an air void. The obstacle now has a relative permittivity of 1 (thisis an
air void) and the inversion is performed as indicated before (20 x 20 pixels, refreshment
each 15 iterations, and frequency-hopping). The results obtained at 400 MHz (figure8)
show a good localization of the obstacle and a good reconstruction of the shape, although
again erroneous features show up near the boundary of the obstacle.
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Figure 8. Reconstruction at 400 MHz and by frequency-hopping (four frequencies are used:
100, 200, 300, 400 MHz) of the lower-contrast square obstacle (relative permittivity equal to 1)
with a 20 x 20-pixel mesh and refreshment each 15 iterations.
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3.3.7. Retrieving the conductivity. The conductivity of the obstacle (102 S m~1) now
differs from that (0 S m~1) of its embedding, the relative permittivity being kept the same
(equal to 2). The initial guess is made according to (19) where »; is such that the pesk
value of the assumed initial conductivity is o; = 10~* (figure9).

The obstacle is correctly localized, athough the conductivity map differsto alarge extent
and obviously lacks the expected smoothness. However, as is illustrated in figurelO, the
corresponding scattered fielditerates (the G, M H; 100(r) that are produced by the inversion
algorithm, not those which could be derived from the retrieved conductivity map by solving
the direct problem independently) are amost indistinguishable from the data ¢, which
confirmsthe strong ill-posedness of the inversion.
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Figure 9. Reconstruction at 400 MHz and by frequency-hopping (four frequencies are used:
100, 200, 300, 400 MHz) of a conductive square obstacle (conductivity equal to 1072 S m™1)
with a 20 x 20-pixel mesh and refreshment each 15 iterations. The inversion is started from a
simple smoothly varying guess of the conductivity, letting o; = 1074 Sm~1.
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Figure 10. The 400 MHz scattered field(in dB) yielded by the inversion after 100 iterations
and corresponding to the retrieved obstacle displayed in figure9 (crosses) is compared with the
data field¢ (full curve) for the firstand most eccentric line source (left) and the eighth and
central line source (right).
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3.4. The simultaneous retrieval of the permittivity and conductivity maps

The obstacle is now of relative permittivity 3 and of conductivity 1072 S m in the
go = 2 and o, = 0 S m™! embedding. Both permittivity and conductivity maps are
sought. To achieve this goal one uses the full frequency-hopping scheme from 100 MHz to
400 MHz, using each time the usual 15-iteration periodic refreshment. Results are displayed
in figurell (the permittivity map), figurel2 (the conductivity map), and figurel3 (the
scattered field). One observes that the permittivity map is retrieved fairly well while the
conductivity map is poorer, which is in accord with what has been observed previoudly.
Also the fieldsprovided by the agorithm are very close to the exact one which confirms
the ill-posedness of the inversion.

Figure 11. Reconstruction at 400 MHz and by frequency-hopping (four frequencies are used:
100, 200, 300, 400 MHz) of the relative permittivity map of a square obstacle (relative
permittivity, 3; conductivity, 1072 S m~1) with a 20 x 20-pixel mesh and refreshment each

15 iterations.
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Figure 12. Same as in figurell with the conductivity map.
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Figure 13. The 400 MHz scattered field(in dB) yielded by the inversion after 100 iterations
and corresponding to the retrieved obstacle displayed in figuresll and 12 (crosses) is compared
with the exact one (full curve) for the firstand most eccentric line source (left) and the eighth
and centra line source (right).

4. Conclusion

The reconstruction of a buried penetrable obstacle in the H-polarization case has been
investigated herein by means of a constrained modified gradient method and has been
shown to succeed to afair extent even when both the permittivity map and the conductivity
maps of the search domain are unknown.

The computational intricacy remains quite high although computation times do not really
matter at the present stage of the analysis, and the ill-posedness of the wavefieldinversion
problem at hand is strong as manifested by the excellent agreement between scattered field
data and fieldsprovided by the solution algorithm, athough the corresponding maps may
be affected by peaks or other spurious features.

This ill-posedness can only be obviated by further information on the obstacle, such
as it being homogeneous. With that assumption, work is presently in progress on a binary
version of the method which will parallel what has been already demonstrated to be of
interest in the E-case (Souriau et al 1996) and even applied to full 3D cases (Monebhurrun
et al 1998).

As for the computational burden, results recently obtained by a contrast-source version
of the modifiedgradient method in the E-case for a free-space configuration(van den Berg
and Kleinman 1997) show that looking for electric Huygens sources instead of electric
fieldsoutperforms the usua version in terms of complexity while maintaining the same
versatility and robustness. This substitution can readily be made with the vector electric
fieldformulation aready considered (Kooij and Lambert 1997), but the scalar magnetic
fieldformulation itself is not directly amenable to a similar treatment due to the different
operator involved. (Along the same line of thought, the two-step approach promoted in
Caorsi and Gragnani (1998) may be of interest.)

Clearly, aternative solution methods also exist whose extension to the configuration
dealt with herein deserves further investigation, again in the hypothesis of a buried obstacle
of known materia properties.
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If the obstacle is penetrable, i.e. if transmission conditions apply, the aliance (Litman
et al 1998) of the level-set representation—taolescribe the obstacle cross section—andf
the speed method—tevolve the level set—ikighly effective in the E-polarization case
in the free-space configurationand has the key advantage of allowing merging or splitting
of the retrieved structure during its evolution; it is to face a critical test in the much more
demanding H -polarization case in the buried configuration. Notice that the main theoretical
complexity should lie in the calculation of the shape gradient of the cost functional within
the appropriate variational formulation of the problem. Notice also that no topological
information, other than the fact the obstacle is contained in a given search domain, is
effectively required with this controlled evolution of a level-set, this is aso the case with
the binary-specialized modifiedgradient method.

If the obstacle is impenetrable, and in electromagnetics we should usually deal
with a perfectly conducting structure the electric fieldboundary condition being of the
Dirichlet or Neumann type depending upon the polarization (E or H), the complete
family approach is an obvious candidate and work is presently in progress on it;
with reference to the retrieval of an obstacle in a shallow water waveguide developed
in Rozier et al (1997), using it mainly requires us to change the Green function
representation and replace acoustic quantities by electromagnetic ones.  However,
this approach may only be applied when the number of digoint parts that may
characterize the sought obstacle is prescribed beforehand, and an interior point for
each part given. (Its extension to a penetrable obstacle will require us to handle
both interior and exterior sets of equivalent sources which will not be an easy
task.)

To conclude, we acknowledge that we have not gone into a detailed analysis of the
behaviour of the integral-differential operator faced with, and in effect we have mostly
relied upon numerical experimentation to devise the best solution strategy. Nevertheless,
it would be interesting to see whether the highly nonlinear problem considered here is
amenable to a quadratic approximation like that developed in Pierri and Tamburrino (1997)
and to the subsequent analysis of pertinent geometrical properties—althoughhe E-field
vector formulation may present less of a challenge in the firststage since the operator at
hand is much simpler.
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Appendix. Expression of the gradients g, g%, and 95 n
They read
; d
8 = TI_IjF(H’ £, n)|Hj.n—lvén—ls77n—l
= - wD[rj,n—l - mn—lggrj,n—l] - wﬁﬂn—lgzpj,n—l (20)
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d d
8 = %F(H’ £, n)lH/Jlflﬂi:nfl’r]n—l
Ns s — Ns e —
=2wp Y N[M, 1HjnaGhrjn-1] + 20 Y R[M, 1H;,1Gipjn-1] (21)
j=1 j=1
w 0
8y = %F(H’ §, n)|H/',n—1sSn—1»nn—1

Ns Ns
=2wp Y W[M, 1 H;u 1Ghrin-a] + 20 Y KM, Hju 1Gipjn-a]  (22)
j=1 j=1
where overbarmeanscomplex conjugate, Gy, and G;. are the adjoint operatorsof G, and
Gc, respectivelyand M;,_, and M _, aredefinedy

9 282‘51—1
My = 5o M = : 23
" aé En—1,Mn-1 [(1 + E112—1) +Jn5—1]2 ( )
9 2j82nn—1
M =M - ' . (24)
' n En—1,7n—1 [(1+ 5;1271) + Jn,f,l]z
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Abstract. The investigation herein is two-fold: specialization to a homogeneous obstacle of
recent work (Lambert M et al 1998 Inverse Problems 14 1265-83) carried on the retrieval of
an inhomogeneous cylindrical obstacle buried in a half-space in the transverse electric (or H)
polarization case; extension from the usual case of complete wavefield data (known amplitude and
phase) to the more severe case of amplitude-only data (absent phase). The developed inversion
method belongs to the class of modified gradient methods. The field distribution (here, the magnetic
field) and the distribution of the obstacle parameters (here, the permittivity and conductivity)
are simultaneously sought in a search domain D. This is done by minimizing a two-component
objective function, one of which is characterizing the satisfaction of the wave equations within
D, the other the data fit. But now the electrical parameters of the sought obstacle are prescribed
beforehand; this allows one to equate an appropriate complex-valued contrast function either to 0
(outside the obstacle) or to a known constant Mp (inside). Two variants of a binary-constrained
modified gradient algorithm are developed accordingly, tailored to either complete or phaseless data.
Numerical experimentation illustrates how they behave in a variety of obstacle configurations, for
both exact and erroneous prescribed contrasts.

1. Introduction

In this paper, we consider the retrieval of the unknown geometry of a homogeneous, possibly
multi-connected cross-section of a penetrable cylindrical obstacle which is entirely buried in a
known homogeneous half-space and which is illuminated and viewed from sources and sensors
placed in the other, homogeneous, half-space. The chosen polarization is transverse electric
(TE), i.e., the magnetic field is orientated parallel to the cylinder axis, and the electric field is
correspondingly contained within the cross-section. All materials are Maxwellian, i.e., they
are characterized by their frequency-independent permittivity and static conductivity (a more
complicated but known frequency dependence could be accounted for) and assumed linear,
isotropic and non-magnetic. Data consistin a finite number of samples of the scattered magnetic
(near-)fields collected along a line of sensors in the exterior half-space. These fields result
from interrogation of the obstacle by a finite number of time-harmonic line sources orientated
parallel to its axis and placed along a line parallel to and near the sensor line, this operation
being carried out at one or at best at a few discrete frequencies of operation. One hypothesizes
that the sensors enable us either to collect, as is usually considered, both the amplitude and
phase of the field (the data are said to be complete), or to collect only its amplitude (the data
are said to be phaseless).

0266-5611/00/030563+14$30.00 © 2000 IOP Publishing Ltd 563
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It is well known that the probed obstacle features are included in a coded manner within
the measured wavefields, and that the goal of the inversion is to extract from the latter pertinent
information on the former, with the least of prior information and the most faithfulness.
The subject of the inversion of an object buried in a layered environment (here, reduced
for simplicity to the two half-spaces) is of increasing importance in many applications while
being rather challenging in particular due to the severe ill-posedness which is caused by the
availability of aspect-limited data only (the obstacle is not viewed from all around); one
may refer to a recent survey by Lesselier and Duchéne (1996). There correspondingly exist
many solution methods, increasingly nonlinearized ones, and the particular family of such
methods which we are concerned herein with is the one of modified gradient methods (MGM);
one may refer to their in-depth discussion and comparative analysis in van den Berg and
Kleinman (1997).

In a recent investigation (Lambert et al 1998), the reconstruction of the permittivity and
conductivity maps of an inhomogeneous buried obstacle has been attempted from an exact
scalar Green representation of the single component of the magnetic field, by means of a
so-called constrained MGM, which is such that realizability constraints are enforced (non-
negative conductivity, relative permittivity no less than 1). If the retrieval of either map has
then been proved feasible in many cases of interest, their simultaneous retrieval mainly failed,
as further confirmation via numerical experimentation (in the absence of theoretical proofs) of
the ill-posedness.

The assumption of a homogeneous obstacle whose—then uniform—material parameters
may be prescribed beforehand by the user at least to a certain degree of accuracy but whose
geometry (the distribution of this material in a certain search domain assumed to contain the
obstacle) is unknown, has led us to the development of a binary-constrained MGM. In that effort
we have been inspired by earlier works (Souriau et al 1996) which were carried out in the dual
but simpler transverse magnetic (TM) polarization case (the electric field is orientated along
the cylinder axis). The prior knowledge of the obstacle means that any interior (resp., exterior)
point should have an electrical contrast valued at 1 (resp., to 0), after suitable normalization.
The resulting iterative algorithm is thus built in order to yield a distribution of contrasts that
get closer and closer to either 1 or O while ensuring that an appropriate cost functional—which
measures both the data fit on the sensors and the satisfaction of the wave equations inside the
search domain—is suitably decreased.

In that frame, complete data can be dealt with in a rather classical manner, and in effect
the solution algorithm is the direct counterpart of the solution algorithm developed in the
TM case, the main difficulty now coming from the peculiarities of the domain integral—
differential wavefield formulation dealt with (in contrast with the more standard and purely
integral formulation of the TM case).

However, the phaseless, incomplete data problem is a challenge per se. Two paths appear
to be followed in the literature: (i) an amplitude-only reconstruction algorithm is directly
applied onto the data without any preprocessing (Maleki er al 1992, Takenata et al 1997).
(i) Two nonlinear ill-posed inverse problems are solved in succession, the phase retrieval
problem which gets us the phase of the amplitude-only data, and the classical reconstruction
from the now complete data (calculated from the measured amplitude and the just retrieved
phase) (Maleki and Devaney 1993).

A comparison in the context of optical diffraction tomography is found in Maleki and
Devaney (1993); better results are shown for the second two-step approach. However, the
discussion of respective pros and cons is still open in our opinion; indeed, Takenata et al
(1997) describe an amplitude-only solution algorithm in the case of a cylindrical obstacle in
free space which yields rather good results for a number of different configurations. So, we
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choose to follow the same path, which has the clear advantage of enabling us to keep the
same algorithmic structure: in practice the only change is within the cost functional, and the
corresponding, somewhat more complicated but still manageable, calculation of its gradient.

This paper is organized as follows. The theoretical analysis of the field formulation and of
the nonlinearized binary inversion is sketched in section 2 (which is completed in the appendix
where the calculation of the gradients is outlined). In section 3 numerical inversion results
are presented, for both exact and erroneous prescribed contrasts, and complete data as well as
amplitude-only data. A short conclusion follows.

Let us emphasize that some complementary material is found in previous publications—
the discrete counterpart of the formulation and the numerical validation of the direct problem
solution are detailed in Lambert (1998), the realizability-constrained MGM is discussed at
length in Lambert et al (1998) wherein a large amount of references is also introduced—but
this paper may still be read independently from them.

Let us also note that the formulation employed, as stated in the above, describes the
behaviour of the scalar magnetic field, but a two-component vector electric field formulation
could likewise be started from Kooij et al (1998); both formulations are equivalent in the sense
that they rigorously describe the same electromagnetic wavefield due to a penetrable obstacle
buried in the half-space, but their numerical implementation differs to a large extent. However,
no attempts are made here to carry out a comparative study of both approaches though well
deserved it may be. Finally, we take for granted that the direct scattering problem is well-
posed whichever be the employed formulation; our confidence in this aspect comes from several
noteworthy theoretical investigations of the buried obstacle case (Petry 1995, Kleinman and
Angell 1996, Liukkonen 1999) though we recognize that none of them specifically considers
the peculiar TE configuration in either magnetic or electric forms.

2. The theoretical analysis

2.1. The field formulation

Let us refer to figure 1. We consider two homogeneous half-spaces (an upper one and a
lower one, respectively numbered 1 and 2) separated by a planar interface x—z. A possibly
inhomogeneous, penetrable cylindrical z-axis obstacle is fully embedded in the lower half-
space, and contained inside a prescribed domain D.

All materials are linear, isotropic and non-magnetic, and obey a Maxwell model: their
complex permittivity reads €, = €o&rm + jou/w, m = 1,2, D, where ¢,,, is the frequency-
independent relative permittivity and o, the conductivity in S m~!, omitting from now the
time-dependence e 1, at circular frequency w. The corresponding complex wavenumbers
k,, with non-negative imaginary parts are such that ki = w?uoem, where g and 1 are the
vacuum permittivity and permeability, respectively. In the numerical applications we limit
ourselves to an air upper half-space, i.e., ¢,y = 1,01 = 0, and k; = k.

N H-polarized line sources S; (j = 1, ..., N,) are placed in half-space 1 at height y,
and the resulting single component, H:, of the scattered magnetic field is collected by N,
(equally distributed) ideal receivers along a probing line £ also placed in that half-space at
height y,. For simplicity the single z-component of the total magnetic field H, is henceforth
denoted as H, and its scattered part as H**'. The data field is denoted as ¢.

For a given obstacle and a given source §; radiating at w, the total magnetic field H; in
D and the scattered magnetic field H;C'd‘ along L satisfy the state (coupling) equation (2) and
the data (observation) equation (3)—which are deduced by application of the Green theorem
to the Helmholtz wave equation satisfied by the electromagnetic field and by accounting for
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Figure 1. The geometrical and electrical configuration of the study (same figure as figure 1 in
Lambert et al (1998)).

the appropriate transmission and radiation conditions. (As already stated in the introduction,
an integral representation of the electric field could be set forth as an alternative, from which a
vector state equation yielding the electric field in D and a scalar observation equation yielding
the magnetic field along £ would emerge.)

Letting the incident field in the half-space 2 be H}“C(r) and the contrast function be

&

M(r)y=1- , 6]
ep(r)
these two equations read
Hi(r) = H}"C(r) +/ dr' M @) [V'Gp(r,r") - V'H; ()], reD, (2)
D
and
H;““(r) = / dr’ M()[V'G(r,r") - V'H; ()], reLl. 3)
D

The two-component V' operator is taken with respect to the primed variables. Gp(r, r’) is the
Green function of the two half-space environment when (in the absence of obstacle) an ideal
line source orientated along z is set at point 7" and the resulting field is observed at location r,
both source and observation points being in the half-space 2. G-(r, r’) is the corresponding
Green function when the source point 7’ is in the half-space 2 and the observation point 7 in
the half-space 1.

2.2. Binary-constrained inversion

As already mentioned, the (binary) specialization of the MGM to the retrieval of a buried
homogeneous obstacle was originally introduced in Souriau et al (1996), TM polarization
cases in electromagnetics and corresponding cases in acoustics being investigated therein.
Here we generalize the approach to TE-polarized wavefields for both complete and amplitude-
only (phaseless) frequency-diverse magnetic field data.
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In a binary-constrained inversion, it is known that the obstacle is homogeneous; thus, it is
characterized by a fixed electrical contrast taken with respect to the embedding, but the map
of the obstacle (the contrast distribution as a function of space in the search domain) remains
unknown. So, M(r) is written as

M(r) = MpW,(z(r)) with Mp=1— 88—2 )
D

where Wy (t(7)) : R — [0, 1], is areal-valued, strictly monotonous function smoothly varying
from O to 1. Henceforth, it is given by

Wy (z(r)) = [1+exp(—7(r)/0)] " (&)

where the real and strictly positive parameter 6 is a tuning parameter which is controlling the
slope of Wy between 0 and 1; 8 plays the role of a regularization parameter that can be evolved
whenever necessary.

In practice, at a given point r, decreasing 6 moves the corresponding contrast value M(r)
to a higher value if Wy (7 (r)) was larger than 0.5 and to a lesser value if not. The problem
is to choose an evolution law which avoids being stuck too early at a local minimum of the
objective function, and which ends up with clearly visible zones of contrast values as close
to 0 or as close to Myp as possible (in view of the necessary discretization those bounds are
never reached, t being always finite valued); then, the exterior and the interior of the singly or
multiply connected obstacle would be reproduced while ensuring us a good data fit (through
a low magnitude of the objective function). Let us emphasize two points:

e The prescribed value of the contrast may not be the exact one; if it should be no smaller
than the exact contrast value Mp since convergence to this exact value could never be
expected otherwise, it may be larger, the obstacle interior then being associated with values
of T somewhat smaller than with the exact prescription.

e The functional derivatives with respect to the contrast that are needed in the inversion exist
because of the derivability of Wy.

The major steps of the method are as follows. For notational simplicity, and with the benefit
of being in close accord with the discrete representation (Lambert 1998) for the gradients of
the field at any sampling node of D show up in this representation as linear combinations of
the field at this node and at the neighbouring nodes, (2) and (3) are written in operator form:

H;(r) = H(r) + Gp[Mp W, (v) H;1(r), reD, (6)

H;* (r) = Ge[MpWy () H;1(r), reL. N

The MGM involves the construction of two position-dependent sequences of iterates, a
complex-valued one {H; ,} and a real-valued one {z,}. This is intended to reduce the cost or

objective functional, which involves a data residual and a state residual at each source position.
The state residual reads

rin(r) = H (1) — Hj,(r) + Gp[Mp Wy (z,) H; 1(r), reD. ®)

The data residual (respectively for complete data and for amplitude-only data, the same notation
being kept for simplicity though physical dimensions are not the same) reads

£ (1) = GeMpWe(T) Hj 1), }
’ recl, 9
16, = 1Ge LMW (t,) H  (r) 2, ®
when data ¢; are collected on £. Other expressions for the phaseless data residual might be

proposed as well—notably one could use a difference of amplitudes instead of this difference
of squared amplitudes—and different normalizations (see below) employed accordingly.

/Oj,n('r) = {
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However, the choice made here has the advantage to allow quite simple—both formal
and numerical—calculations of the gradient (e.g., the difference of amplitudes would need
somewhat tedious calculations and also lead to computationally more demanding expressions)
while being easily interpreted in terms of scattered power fits.

The cost functional is made of the two residuals after proper normalization. It reads

N N,
Fy(Hp, My) = 0p Y _[Irjullh + o Y lpjall (10)
=1 =
where one denotes H,, = (H,,, Hz,, ..., Hn, »), the weights wp and w, being such that
N ) -1
wp = (Z llH}“CH%) , (an
j=1
N, —1
< Z 1151 |%> , for complete data,
wp = f;f » (12)
< Z 111 ILZ) , for amplitude-only data,
j=1
with || - ||4 as the norm associated with the inner product (-, -) 4 in L?(A), A = D, L.

Let us assume that the scheme is initialized (see the next section) by a set of fields and
contrasts indexed by n = 0. At step n > 1, the iterates H; , and 1, are updated from those at
iteration n — 1 according to

Tn = Tp—1 t+ ﬂndna (13)
Hj,,, = Hj,nfl + ;. (14)

The position-dependent, real-valued weight g, and complex-valued one ¢, are line minimizers
of the cost functional varied along the Polak—Ribieére conjugate-gradient directions d, and
vj,. The gradients gf and g7 | are those of F calculated at the (n — 1)th step with respect
to T (assuming fixed fields H;,l =1, ..., Ny) and to each of the H; (assuming fixed contrast
variable 7, and fixed fields H;,! # j,l = 1,..., Ny). Atn = 1 initial update directions are
simply reduced to gradients gf and g7 ;. All such quantities are given in the appendix in a
highly concatenated fashion; less formal derivations may be given, notably from the Fréchet
directional derivative point-of-view, but the material relative to like calculations of gradients
and descent directions in gradient methods is ample, and in one way or another most references
given in this paper consider them in this fashion.

3. Numerical results

3.1. Some key ingredients of the inversion

Detailed coverage of the numerical discretization of the integral equations is found in Lambert
(1998) and Lambert ef al (1998); this will not be repeated here. Three key ingredients of the
inversion: initialization, refreshment and frequency hopping, will also not be dwelled upon
unnecessarily. A few elements should however be emphasized:

e The initial guess of the obstacle electrical parameters is such that

2
p(x, y) = pi {sin [Ll (x - %)] sin [Li <y + %)“ (15)
X y
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where L, and L, are the x and y side lengths of (henceforth rectangular) D, and where
pi is either the relative permittivity or the conductivity. The initial distribution of 7y(x, y)
follows from (5) and the one of the contrast Mg (x, y) follows from (4), the initial field
distribution H, o for each source j = 1, ..., Ny, then being taken as the solution of the
corresponding state equation (2). (Note that the box D is in practice divided into pixels,
and the contrast of the most exterior pixels is slightly larger than 0, and associated to a
very low value of ty.)

o The refreshment ensures that the total field H; , effectively corresponds to the obstacle as
is represented by M,,; this is enforced by solving the state equation for this contrast every
mth step, and using the field solution as the new starting value of the scheme.

e The law governing the 6 parameter (the so-called cooling scheme) has to be determined
from numerical experimentation; setting Opeyy = 0.8 X 6qq if the cost function does not
decrease by more than 1% during ten iterations leads to a good compromise between speed
of convergence and computational burden.

e Frequency-diverse data partially alleviate the availability of aspect-limited data only.
A frequency-hopping scheme is then operated upon: assume one is working with P
frequencies (from the lowest one to the highest one), the inversion is performed with
frequency 1; then with frequency 2, the just retrieved contrast solution being chosen as
the initial guess; and so on, until the Pth frequency.

In effect, the numerical simulations have shown that good results require combining the
above frequency-hopping, periodic refreshment and cooling scheme procedures: for the P — 1
first frequencies, the inversion is performed with refreshment each 15 iterations then, for the
Pth frequency, cooling is a substitute to refreshment.

An additional constraint is added to the binary MGM. A filter is enforced onto the contrast
update direction d,, in order that d, = 0 on the boundary of D, i.e., the parameters that are
characteristic of the pixels located along the boundary remain those of the embedding at each
iteration, and they are allowed to vary more and more freely when the pixels move farther and
farther away. So one multiplies d, by

q(x,y) = {sin I x—& sin r y+& m. (16)
L, 2 L, 2

3.2. The parameters of the simulations

The numerical experimentation assumes a 1 m sided square test domain D centred at a 0.5 m
depth. The measurement configuration comprises Ny, = 15 line sources regularly spaced
between —5 and +5 m at height yg¢ = 0.5 m, and radiating at most at four frequencies, 100,
200, 300 and 400 MHz; and N, = 47 receivers regularly spaced between —10 and +10 m at
height y, = 0.125 m.

Note that the inversion of phaseless data is performed with the same number of sources and
receivers as the one of complete data, which leads to a much lesser coverage. Data are always
acquired independently from the solution of the direct scattering problem using a significantly
higher number of pixels in order to describe the search domain D and to avoid committing
the inverse crime to a fair extent (more comments on this aspect are found in Lambert er al
(1998)).

The results displayed are grey-level maps of the distribution in space of a pertinent
characteristic parameter of the probed configuration, the blackest tone being usually associated
with the highest retrieved value of this parameter for each separated figure, unless mentioned
otherwise. Such maps are those found at the end of the iterative reconstruction procedure,
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Figure 2. Permittivity maps corresponding to the case of a square obstacle centred in the (44 x 44)-
pixel search domain D: the exact map (top left) and those retrieved by the constrained MGM from
complete data (top right) and by the binary MGM from either complete data (bottom left) or
amplitude-only data (bottom right) are displayed.

this being manifested by the reaching of a stable plateau of the cost functional (and stable
distributions of the unknown(s)), from which neither refreshment nor cooling enable us to
leave, the four frequencies having been accounted for. Note also that, unless mentioned
otherwise, the update directions have been filtered as seen previously.

3.3. A single, centred square obstacle

In this section, the obstacle is a centred, 0.52 m sided square obstacle. The embedding
(respectively the obstacle) is of relative permittivity &, = 2 (¢p = 3) and of conductivity
o, =0Sm ! (6p = 1072 Sm™"). The initialization is carried out accordingly with (15),
letting p; equal to 2.2 for the relative permittivity and 10~* for the conductivity, respectively.

The results provided by the binary-constrained modified gradient method are displayed in
figure 2 (maps of the relative permittivity) and in figure 3 (maps of the conductivity) for both
complete and amplitude-only data; and they are compared (for complete data only) with those
provided by the modified gradient method investigated in Lambert ef al (1998).

The latter, as already stated, is constrained by realizability conditions, and is set to simul-
taneously construct one complex-valued sequence of magnetic fields and two independent,



Binary-constrained inversion of a buried cylindrical obstacle 571

Figure 3. Same as in figure 2: the conductivity maps are now shown.

real-valued sequences of electrical parameters where permittivity and conductivity are mixed
in, and are extracted upon completion. That is, both permittivity and conductivity maps con-
tain specific, complementary, information on the obstacle. This is in contrast with the binary
MGM which constructs one complex-valued sequence of fields and one real-valued sequence
of the contrast variable 7, from which permittivity and conductivity directly proceed in a one-
to-one correspondence, since their prescribed bounds have been input into Mp. That is, the
conductivity map is no more informative than the permittivity map and vice versa.

The obstacle appears fairly well retrieved by the binary MGM, be this reconstruction led
with or without the phase information. As for the constrained MGM (input by complete data
only), it succeeds to a good extent with the reconstruction of the permittivity map but it yields
a high-pass filtered and blurred version of the conductivity map.

3.4. A two-component, non-symmetric obstacle

In this section, the obstacle is made of two identical rectangular components, which are
36.25 x 18.75 cm? sized and are buried at different depths and lateral ranges, their centres
being (x, y) = (—29.5 cm, —70.5 cm) and (24.5 cm, —37.5 cm). The embedding parameters
are €5, = 2.55 and 0, = 4 x 1073 S m~! and those of the obstacle are ¢p = 3.5 and
op = 1072 S m~!. The initialization is made accordingly with (15), letting p; equal 3 for the
relative permittivity and 5 x 1073 for the conductivity, respectively.
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Figure 4. Permittivity maps corresponding to the case of two off-axis rectangular obstacles (a
shallow one and a deep one) in the (44 x 44)-pixel search domain D: the exact map (top left) and
those retrieved by the binary MGM either from complete data (top right) or from amplitude-only
data, without filtering (bottom left) or with filtering (bottom right), are displayed.

Retrieved permittivity maps are shown in figure 4, the inversion being carried out
using the exact value of Mp; and in figure 5, the inversion being carried out using either
an underestimated value of Mp (correspondingly, of the permittivity and conductivity)
or an overestimated value. In practice, instead of the exact values of ep = 3.5 and
op = 1 x 1072 Sm~! the inversion is performed with 10% underestimated parameters—
ep = 3.15and op = 9 x 103 S m~'—and with 20% overestimated parameters—ep = 4.2
and op = 1.2 x 1072 S m~'. Notice that the reference maximum permittivity is the same for
both figures (so black pixels show up only in figure 5 and the exact obstacle looks grey-like in
figure 4) and is equated to the overestimated value of 4.2.

The above figures illustrate that the binary MGM with phase information (complete
data) enables both a good location and shape retrieval of the two components of the
sought obstacle (refer to figure 4, top right) whereas the binary MGM without this phase
information tends to provide black (obstacle) pixels that lie outside the search domain if one
does not properly filter the contrast update directions (refer to figure 4, bottom left). As
hoped for, filtering these update directions significantly improves the grouping and location
of the obstacle components (refer to figure 4, bottom right), which also exemplifies that
phaseless but frequency-diverse data, properly processed, may ensure suitable depth (and
range) discrimination.
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Figure 5. Same as in figure 5: the permittivity maps retrieved from complete data (top) and
amplitude-only data (bottom) by assuming either overestimated (left) electrical parameters ep and
op or underestimated (right) ones, are now displayed.

These figures also illustrate that an incorrect contrast choice may still be bearable. That
is, maps retrieved with an overestimated contrast (refer to figure 5, left) are fairly good with
complete data as well as with amplitude-only data; the only inaccuracy comes from the fact
that the contrast converges toward a higher value (close to the one prescribed) than the exact
one, while—as if the algorithm was to keep the scattering strength of the obstacle of the same
magnitude—the size of each component is slightly reduced. In contrast, underestimating this
contrast results in a number of spurious peaks in the search domain while also degrading the
shape of the deepest obstacle component particularly when the phase information is absent
(compare figure 4, bottom right, to figure 5, bottom).

3.5. A deeply buried, off-centre rectangular obstacle
In this section the obstacle is the deepest component of the two-component obstacle dealt with
in section 3.4. Retrieved permittivity maps are shown in figure 6, the inversion being carried
out using the exact value of Mp. The binary MGM with complete data yields fairly good
results, as is expected from the previous results. However, using phaseless data now leads to
a rather poor map, in contradistinction with what was exhibited in figure 4 (left).

However, neither increasing the number of receivers along the probing line, nor adding an
second line of receivers at a different height, nor starting from a higher frequency, nor using
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Figure 6. Permittivity maps corresponding to the case of an off-axis rectangular obstacle (the
deeper of the two considered in figures 4 and 5): the exact map (top) and those retrieved by the
binary MGM from complete data (bottom left) and from amplitude-only data (bottom right) are
displayed.

the four frequencies simultaneously instead of one by one, improved the reconstruction. The
reason is not obvious so far, but it seems to be linked with the choice of the initial guess; this
comment is substantiated by our observation that a much better initial guess of the inversion—
here, using for the sake of the experimentation the contrast map retrieved at 100 MHz by the
binary MGM when it is input by complete data—does greatly improve the reconstruction of
this deep obstacle from the phaseless data.

4. Conclusion

The research described herein intends to contribute to the demonstration that modified gradient
methods are versatile tools of rigorous nonlinearized inversion, and that they may be tailored to
rather severe data configurations—this being paid for by further complexity in the theoretical
and numerical machinery.

The proposed binary-constrained modified gradient method aims to the retrieval of a buried
obstacle of known electrical contrast with its half-space embedding and of unknown topology.
This is performed in the TE polarization case—for which far less work has been done (again,
we refer the reader to the discussion in van den Berg and Kleinman (1997)) save, e.g., the
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recent parallel investigations of Kooij and van den Berg (1998) and Kooij et al (1998)—within
the framework of a rigorous formulation of the scalar magnetic field involving a integral—
differential operator on the search domain, which is in some contrast with the use of the vector
electric field formulation in the last two references. The investigation takes its inspiration from
previous research (Lambert er al 1998) which has shown that a modified gradient method,
obeying realizability constraints, succeeds in reconstructing either the permittivity map or
the conductivity map of the buried obstacle from magnetic field data but usually fails to get
accurate maps of both of them in a simultaneous fashion.

Here, one addresses this ill-posedness problem by assuming that the obstacle is constituted
by an uniform material which is characterized by a constant complex-valued contrast,
prescribed to a certain accuracy; and one goes one step further in the analysis since it is
shown that both complete and amplitude-only H-field data are amenable to processing by the
resulting binary-constrained method.

Overall numerical results appear fairly good, and in practice are much better than those
obtained by the previously derived algorithm, on condition that the numerical tuning of the
chosen method is careful. This observation is true for complete data, but remains also as such
with phaseless data at least in some challenging cases, e.g., a two-component obstacle, where
both components are well discriminated from one another and accurately shaped.

In other cases, the amplitude-only variant of the algorithm may not succeed as well.
Evidently, much less information on the obstacle is contained in the phaseless data (how much
is a question which deserves further investigation) but the limited numerical experimentation
conducted here shows that this lack of information does not hinder the reconstruction to too
high a degree; this is exemplified a contrario by the fact that probing the field with two lines
of receivers, one above and at some distance from the other, did not improve the results at all
if those were not already satisfactory with one line.

The strong influence of initialization in these cases is also a reminder that backpropagation
of complete data is a well-understood tool for the derivation of a first contrast guess, but that
to do the same with phaseless data is yet to be proved successful (preliminary results—not
considered herein—show that this appears to be restricted to the case of an obstacle small with
respect to the probing wavelength).

Finally, it remains to be studied in more detail whether our choice of the H-field
formulation is equivalent to the one of the E-field formulation, or if one may be preferable
to the other. The only results available appear to be those of Kooij and van den Berg (1998)
which show that in free space the E-field formulation may perform better in some cases—in the
absence of results on the respective behaviour of the operator equations, this may simply arise
from the numerical implementations. However, nothing of that kind has been documented yet
in the more demanding buried obstacle configuration and a fortiori with amplitude-only data.

Appendix. Expression of the gradients g? and gjnt
The gradient with respect to the field reads

d
gi,=—F(H,1) . 17)
" 8Hj Hy—1,Tu-1
For either complete data or amplitude-only data, one has
wﬁﬂnflgzpj,nfl

AA * scal 18
2wLMn—lgg[H},nt_1,0j,n—l] (1%

8jn=—0plrjn1 — Mu1Gprjn-1]— {

1 Unfortunately the +w, in equations (21) and (22) in Lambert ef al (1998) should read —w.
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with M, = MpWy(7,—1) and H;f:;t_] = gEMnlej,nfl'
The gradient with respect to the contrast reads

3
gy = —F(H, 1) (19)
dT H,_1,Tp1
N . .
N 20, Z Re[M,_H;,—1G:pjn-1]
e . —
gl =2wp Y Re[M, H,n 1Ghrjn1]— . (20)
j=1 4wp Y Re[M, H,u 1GelHS pjn1]]
=1

where Re stands for real part and the overbar stands for complex conjugation, where G7, and
G}, are the adjoint operators of Gp and G, respectively, and where M _, is defined by

0

M;—I = E

M
= =7 exD(— Tt /)W (1), 1)

Tn—1

The descent directions are correspondingly chosen as
. (gd gl —g? )
nt d d
<gn—1 ’ gn—l>
N
Zl:l <glL:n’ glv,n - glv,n71>
N
Do <glv,n—l’ gzlfn—1>

dl =8 dn—l 5 (22)

vj,,, = g;,n + vj,,,_l. (23)
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Summary

The nonlinear retrieval of the cross-sectional contour of a sound-soft or sound-hard, closed cylindrical obstacle which
is fully immersed in the water column of a shallow water waveguide is investigated. Time-harmonic pressure field data
are acquired on two nearby vertical arrays when the obstacle is illuminated by a line source operated at one or at best
two discrete frequencies. These data are inverted by a distributed source method. This involves the minimization of a
two-term cost functional which is characteristic of the fit between data and wavefield associated to a test obstacle, and
of the satisfaction of the boundary condition on the contour of this test obstacle. The method relies on the modeling
of the acoustic wavefields as a superposition of elementary waves (the Green’s functions of the waveguide) and uses
the smoothness of the sought contour as a main constraint. Numerical experimentation shows that it yields good shape
reconstructions for soft, and at a lesser extent hard, obstacles above a sedimentary fluid-like sea bottom of low as well as
of high contrast using a fairly limited dataset (with some substantial improvement using the two frequencies), whereas
it has the potential for generalization to elastic bottom layers as well as to obstacles fully buried in the bottom.

PACS no. 43.30.Pc, 43.30.Xm

1. Introduction

In a shallow sea water environment, the characterization
of a passive obstacle which may be fully immersed in the
water column, or fully buried in the bottom, or even par-
tially emerging in water or in air, from an observation of
the acoustic pressure field which results from its interac-
tion with a given source or set of sources located in water,
is a topic of increasing concern in underwater acoustics,
e.g., [1] and references therein.

Solving this inverse scattering problem requires a pre-
cise knowledge of the environmental parameters (those of
the water column and of the bottom), which is an inverse
problem per se [2], and of the illuminating source and re-
ceiving sensor parameters, plus a number of a priori as-
sumptions on the sought obstacle itself.

Here we shall assume the following “prototype” prob-
lem (refer to Figure 1 for a sketch of the configuration
under investigation):

(i) The environment is modeled as a range-independent,
planar-layered waveguide which is consisting of an iso-
velocity, iso-density water column (wavenumber kj at cir-
cular frequency w) of known height H comprised between
a pressure-release air/water flat interface (the (z,y) plane
in a Cartesian coordinate setting) and a homogeneous lin-
ear isotropic half-space with flat interface (the sea floor) at
z=H.

(ii) The source is modeled as an ideal time-harmonic line
source which is orientated parallel to the y axis. Itis placed
at given range and depth in the water column, and it is op-
erated at one discrete frequency, or, at best, at two succes-
sive discrete frequencies.

Received 26 July 1999,
accepted 18 October 1999.

(iii) The obstacle is an infinitely long, singly-connected
cylindrical obstacle whose axis is also parallel to the y axis
and whose smooth cross-sectional contour, star-shaped
with respect to a prescribed interior point, is satisfying ei-
ther a Dirichlet boundary condition (sound-soft: the total
pressure field should be zero on the contour) or a Neu-
mann boundary condition (sound-hard: the normal deriva-
tive of this pressure field should be zero on the contour).
(iv) At a given frequency, the resulting complex-valued
pressure field is collected by two vertical arrays of sen-
sors; they are placed at given range on either side of the
obstacle and span with a fixed sampling step the full water
column —Ilong enough horizontal arrays or other sensor
arrangements could be considered likewise.

This problem can be seen as somewhat simple with re-
spect to those commonly encountered in a real sea envi-
ronment, but it has already many of their ingredients:

(i) Multiple interaction occurs between the obstacle and
the waveguide walls (and waveguiding within the envi-
ronment itself), and this phenomenon cannot easily be left
aside, notably but not only due to the fact that we focus
onto the so-called resonance domain, where key dimen-
sions of the obstacle are of the same order or somewhat
larger as a typical wavelength of the probing wave.

(ii) Aspect-limited data are the only ones available since
source and sensors illuminate and/or see only a limited
part of the obstacle, while the source itself is kept at fixed
location and is not moved within the water column. The
resulting lack of information is only partially alleviated for
when frequency-diverse data are processed. In addition,
part of the acoustic signal goes away into the sea bottom
and it cannot be accessed to by the sensor arrays, which
further limits the data coverage.

(iii) Exact inversion with respect to the unknown (the con-
tour of the obstacle) is targeted, implying that no approxi-
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Figure 1. The geometrical configuration.

mation of the wavefield is used, like the Born or Physical
Acoustics approximations, or other approximations such
as neglecting part of or all coupling of the obstacle to the
two interfaces.

(iv) The full non-linear problem is dealt with, in the sense
that not only the pressure field samples associated to a
test obstacle must be “fitted” to the data collected by the
sensors —which is understood in practice as “the mean
square norm of their discrepancy should be minimized”—
but that the field equations must be simultaneously satis-
fied —which is now understood as the mean square norm
of samples of the pressure field or of its normal deriva-
tive computed along the retrieved contour should be mini-
mized”. (Let us however notice that the phase of the signal
on the receivers is assumed to be available and accurate,
which is a frequent but not necessarily minor assumption,
e.g., [3] where both complete and phaseless data are han-
dled.)

Furthermore, the shape inversion problem in semi-
confined environments (this is the case here) is markedly
different from the one extensively considered for obsta-
cles in free-space in the literature, e.g., [4] and references
therein, as is already underlined by [S]. So the consider-
able expertise acquired in free space is only partially rele-
vant in the semi-confined case.

This difference of behavior is due to the above geomet-
rical and physical peculiarities, which, as such, are already
leading to a severely ill-posed inverse problem, but also
to a number of still pending theoretical questions on the
general question of scattering in waveguides [6, 7]. Those
include the uniqueness of the underlying boundary value
problems (notably the existence of trapped modes); the in-
troduction of a global radiation condition as a substitute to
the traditional imposition of separate conditions on each
propagated mode; the unique solvability of the direct scat-
tering problem using specific integral formulations; and
the completeness of wavefield representations.

All such theoretical issues are rather difficult and they
clearly deserve more investigation. However, they will be
for the most part left aside in this paper. That is, from
the aforementioned theoretical material, we infer —and
henceforth keep in mind-— that certain restrictions on the
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obstacle contour are/should be needed, such as a convex
or at best a mildly concave contour as is already shown
in the Dirichlet case. And we definitely focus onto more
pragmatic questions like the trade-off between complex-
ity and reliability of the inversion method, the amount of
needed assumptions, the actual computational burden, and
potential generalizations.

Let us emphasize that, to the best of our knowledge,
the “full-fledged” retrieval of an impenetrable obstacle
immersed in shallow water is not attacked so far with-
out resorting to some approximation of the propagation
and scattering phenomena: backpropagation so as to build
equivalent sources hoped to concentrate upon the obstacle
domain [8]; suppression of multiple scattering so as to ex-
tract the scattering function which describes the behavior
of the same scatterer in free space [9]; or via involved clas-
sification techniques that are implemented from the reso-
nance scattering technique [10].

This is also the case to some extent with the pioneering
investigations of the so-called Intersecting Canonical Do-
main Approximation or ICDA, e.g. [1] (rigid bottom), [11]
(fluid-like sediment layer above a rigid bottom), though
the direct scattering problem therein is modeled from a
known canonical solution. A 3-D soft obstacle is retrieved
by assuming that the field measured at a given point is the
same as the one which would be due to a vertically ori-
entated, truncated cylinder (the same boundary condition
holding) whose radius is determined accordingly.

Let us notice that in contrast to these rotationally sym-
metric 3-D configurations, no canonical solution for an ex-
tended obstacle seems available for the cylindrically sym-
metric, 2-D configuration which is treated here.

The paper is organized as follows. In section 2 the dis-
tributed source inversion method is described and some
necessary material (the Green’s function) provided. In sec-
tion 3 the numerical experimentation is discussed with
empbhasis on the geometrical and acoustical parameters of
the tested configurations; on the calculation of proper in-
put data acquired independently by solving the direct scat-
tering problem; on the key parameters of the inversion it-
self; and on the corresponding numerical results and their
dependence upon the obstacle and environment properties.
In section 4, lessons directly drawn from the investigation
are outlined; then, it is briefly discussed, in a more sub-
jective fashion, whether the distributed source approach
is promising for tackling more complex obstacles within
more complex environments.

2. The distributed source inversion method

The distributed source inversion method considered herein
owes its origin to the so-called complete family approach
which has been investigated earlier in great detail [5]
for the reconstruction of soft (Dirichlet) obstacles placed
in a homogeneous waveguide with perfectly reflecting
walls (pressure-release sea surface, rigid bottom) from
monochromatic data. Preliminary results for a hard obsta-
cle with the same perfect reflection and data monochro-
maticity assumptions are found in [12].
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Here, for both the soft obstacle and the hard obstacle,
we extend the investigation to the case of a homogeneous
fluid bottom half-space, which intends to model a thick
enough sediment layer, and to multiple frequency data
(some results have already been discussed in [13]).

Let us emphasize that a more complicated solid elas-
tic layering may be considered in the same terms: only
its plane wave reflection coefficient as a function of the
horizontal wavenumber k, (the Fourier counterpart of the
range z), e.g., [ 14], plays a role as it will be reminded later
on.

So let us assume that in a given sea configuration (re-
fer again to Figure 1) there exists a time-harmonic line
source S which is radiating at a circular frequency w —
the exp (—jwt) dependence is henceforth implied— and
which is set at given range =g and depth zg in the water
column. And let us take for granted that Lr equidistant
samples, p&°*(Ig), lr = 1,-- -, LR, of the scattered pres-
sure resulting from the interaction of the probing source
with the probed obstacle have been acquired along a cer-
tain set of sensor arrays in water —one on each side of the
obstacle— globally denoted as R.

From past investigation in the case of a perfect waveg-
uide (soft air/water interface and hard sea floor) when a
soft obstacle is embedded in between [6], the resulting
waveguide Green'’s functions whose source points are lo-
cated on a closed curve placed within the cross-section
of the obstacle, constitute a so-called Dirichlet complete
family.

In practice it means that the scattered pressure field
can be represented as the sum of an infinite series made
of Green’s functions with position-independent weighting
coefficients. Which leads to assume that a finite number
of them is sufficient to get a good estimate of the pressure
field, this assumption having been validated from compre-
hensive numerical experimentation in [5].

No similar body of knowledge, however, exists for
a penetrable bottom and/or a hard obstacle so far.
Nonetheless, the simplest choice —which we recognize as
heuristic— is to assume that a finite subset of the waveg-
uide Green’s functions enables us to approximate the pres-
sure field in a well-behaved and accurate fashion, leav-
ing open the question whether other representations might
be more appropriate. (Refer also to the discussion of a
free space scattering case in [4] and to several references
quoted therein.)

Assuming a test obstacle with a certain contour T',
its scattered pressure field is henceforth equated to a
weighted sum of M exact Green’s functions of the waveg-
uide G(r,rL)); their source locations rf,,m = 1,---, M,
are located on a closed curve I which is kept inside the do-
main encircled by I' and homothetic with it, via the impo-
sition of | L, (8) |= av(6), « constant real multiplicative
factor less than 1. One has

M
ps(T,r) = Y emG(r,h,). )

m=1

The Green’s function G represents the wavefield at point
r = (z,z) which would be due to a Dirac line source
located at r' = (z', 2'). It is a sum of two terms,
G = Gp + Gyr. The first term, Gp, of singular be-
havior, is associated to the direct wave radiated by the line
source (this is a first-kind, zero-order Hankel function).
The second term, Gz, of regular behavior, is only known
in closed form in the k, spectral domain and it accounts
for the presence of multiple reflection of the wavefield
between the waveguide walls. In the spectral domain its
Fourier transform is

_exp (B2 — 2|)

[20) (k.’m 2, :L"! Zl) = 2Jﬁ exp (szwl) ) )

9Mm (kl) Z7zlv ZI) =
j |Rs+ Rpexp [2i8(H — z — 2")]
203 1 - RsRpexp(2j8H)
2RsRp cos (8|2 — 2'|)
1 - RsRpexp (2)/3H)

exp [jB(z + 2')]

exp (jkzz'). (3)

In the above 8 = ks> — ko> with positive or null imag-
inary part. Rp is the reflection coefficient of the sea bot-
tom when it is illuminated by a plane wave propagated
in a water half-space, and is its appropriate extension into
the evanescent spectrum when k, > ko. Similar analysis
yields the Rg reflection coefficient of the air half-space
whenever illuminated from water. Rg = 1 for a hard bot-
tom, whereas it can be derived for a general (solid elas-
tic) layered bottom via, e.g., a chain matrix technique.
Rgs = —1 for a pressure-release sea surface, and in that
case a term radiated by the image of the line source may
be exhibited in the space domain [15]. However, for more
generality, the numerical code which has been developed
is valid for any fluid upper half-space, which is including
air, and R is thus equated to its exact value.

Notice that formulations of the Green’s function are
available for a point-source in a general multi-layered sea
channel as it was investigated in [16] and the formulation
herein can be seen as a specialization.

What we need now is the definition of a proper cost
functional which reflects both the fit between data and
wavefield associated to the test obstacle and the satisfac-
tion of the field equations, and which also integrates in
some sense the user’s priors.

In practice one always works within an appropriate
discrete setting in Ly. So we iteratively solves a penal-
ized, discrete optimization problem whose cost functional,
henceforth denoted as F' = f; 40 f2, o being a penalty pa-
rameter, is the weighted sum of two appropriate residuals
fi and f5 (they are defined below) at the chosen operation
frequency. If L frequencies were to be available, results of
the problem at the lowest frequency ! = 1 would be used
to initialize the problem at the next frequency [ = 2, and
so forth, by frequency-hopping.
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The simplest definition of the so-called observation
cost, or residual fi, is the discrete mean square norm of the
discrepancy between the collected data pZ**(Ir) and the
pressure ps(I', lr) at same point [ which would be due
to the test obstacle, appropriately normalized with respect
to the discrete mean square norm of the data. It reads:

Lo Ps(o ) — P ()"
e [PE* (R)I”

fi= (C))

Correspondingly, the boundary cost, or residual fo, simply
is the normalized discrete mean square norm of the error
along I in canceling out either the total pressure (Dirich-
let) or its normal derivative (Neumann); the normalization
is now effected with respect to the norm of the incident
pressure pg existing in the unperturbed waveguide at same
location, or of its normal derivative, accordingly.

Let us introduce for simplicity a set of polar coordinates
r = (r,0), letting 7 = y(6) be the radial coordinate char-
acteristic of I'. If we assume that the boundary condition
is enforced at @ discrete nodes chosen at regularly spaced
polar angles 6,, the Dirichlet hypothesis leads to

S, Ip(T,6,) I (6,)
5)
f2= % [po(T, 0,)P T (6,)

In the above, p(I',8,) (respectively, po(T, ;) is the to-
tal (respectively, incident) pressure field at point (74, 6,),
rq = (64), and J(6,) is the corresponding discrete value

of the Jacobian Jr(f) = /72 + (%)2. This Jacobian

transformation enables us to calculate the boundary cost
on the fixed unit circle and not on the evolved contour [17].
As for the Neumann hypothesis, it is readily dealt with by
replacing p by 9,p in the above Dirichlet-type equation.

No specific assumption on the obstacle contour has yet
been introduced, at least explicitly. As in previous stud-
ies, I' is easily described by means of a 2N sine-cosine
expansion of y(6):

N-1
v(8) = ao + Z an, cos(nf) + Z an4nsin(nf), (6)
n=1 n=1

that is, the contour is assumed to be smooth and star-
shaped with respect to the origin of coordinates (this is
the prescribed interior point mentioned earlier).

The unknowns are the 2N real coefficients a,, (describ-
ing the contour I') and the M complex coefficients ¢,
(amplitudes of the interior sources) whereas the data are
the pressure fields on the Lg receivers, the boundary con-
dition being enforced at the ) nodes on I".

3. Numerical experimentation

3.1. Geometry and acoustics

A H = 100 m deep acoustic channel is considered. Wa-
ter density po and velocity of sound in water ¢y are 1030
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kg/m® and 1500 m/s, respectively; losses in water are ne-
glected. The sea bottom is considered as a fluid-like sed-
iment with density pp, sound velocity cp, and attenua-
tion a g proportional to the frequency corresponding to the
wavenumber kg = w /cg + jas.

Two cases are investigated in the following: a slow,
clay-like bottom, pp = 1800 kg/m?, cg = 1650 m/s,
ap = 0.3 dB/m/kHz; a fast, granit-like bottom, pgp =
2200 kg/m?, cg = 4000 m/s, ap = 0.01 dB/m/kHz. The
first type of bottom will be said to correspond with a low-
contrast environment, the second one with a high-contrast
environment.

Probing frequencies are 30 Hz (the wavelength in water
is 50 m, 4 modes are propagated if the attenuation is ne-
glected in the bottom), and 100 Hz (wavelength in water
15 m, 13 such propagated modes).

The source is placed at depth zg = 55 m and range
|zs| = 100 m on the right of the obstacle (the incident
field is but the Green’s function G (z, 2z, 5, zs)). The two
sensor arrays (41 samples each 2.5 m) are placed at range
|zr| = 40 m on either side of the obstacle.

Contour reconstructions of a sound-soft and of a sound-
hard elliptic obstacle with respective vertical and horizon-
tal semi-axes 15 m and 7.5 m, and of a three-leaf clover
~(8) = 10 — 3sin (36) m are carried out from the result-
ing two sets of data using either the single low frequency,
30 Hz, or the 30 Hz and 100 Hz frequencies in succession
within the frequency-hopping scheme. (Using more fre-
quencies was observed not to yield significantly improved
results.)

3.2. Inputdata

In the absence yet of satisfactory experimental data, and in
order to test the method, appropriate sets of synthetic data
have to be generated. This has to be made independently
from the solution algorithms used in the inversion to avoid
at best the “inverse crime”.

A computer code implementing the discrete counterpart
(derived by means of the Nystrém method) of a system of
exact contour integral equations is used. One should refer
to [5] for the derivation of the integral formulation, once
noticed that in this reference one considers a rigid bottom
and the corresponding hybrid ray-mode estimate of the
Green’s function. The complementary material needed for
the calculation of the Green’s function in the presence of a
semi-infinite fluid bottom using fast Fourier transforms for
nonequispaced data [ 18], as well as the intricate analytical
calculations of the Green’s terms which are required by
the Nystrom method, is discussed in [15].

As for the regular parts G ps of the Green’s functions or
their normal derivatives (produced from the partial deriva-
tives with respect to depth and to range) which are used
to expand the pressure field or its normal derivative during
the course of the inversion (see (1)), they are estimated
differently, as follows.

For simplicity, let us denote as X such a function. A
regular space mesh covering the rectangular water column
from the source to the sensors is defined, at the nodes U,
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of which all further calculation is restricted, values at in-
termediate locations being linearly interpolated from the
nodal values X (Up,).

To calculate these nodal values X (U,), Dutt’s and
Rokhlin’s fast Fourier transforms are applied to discrete
values of the known, closed-form &, spectrum of X . How-
ever, this spectrum peaks on the real spectral axis, near the
propagation constants of the waveguide modes in the spec-
tral complex plane; in short, direct calculation may not be
reliable.

So, we follow the analysis developed earlier by [19] (it
was in an other context, the calculation of radar cross-
sections): we do it by complexification.

First, three fictitious wavenumbers in water kg;,¢ =
1,---,3, are chosen. Each has the same real part (the
one of the real water wavenumber k) and a smaller and
smaller imaginary part. Second, the corresponding ficti-
tious nodal values X (Up;),i = 1,---,3, associated to
the ko;, are calculated. Third, parabolic extrapolation onto
the real axis —to get X (U,,) associated to ko— is per-
formed from the quadratic Lagrange interpolation poly-
nomial which is easily determined from these three nodal
values.

The procedure is in practice of similar accuracy and of
much lesser computational cost than the alternate means
of using high-precision integration routines in order to cal-
culate the nodal values X (U,,) from their spectral values
at ko.

As for carrying out the calculation of the Green’s func-
tions and/or their normal derivatives only at the space
points in the water column needed at a given iteration,
it was seen as considerably costlier than this two-step
interpolation-complexification procedure, and of no better
accuracy —in average at least— provided that the sam-
pling step in the water column is small enough (a step size
of Ao /33 was observed to be necessary).

3.3. Parameters of the inversion

The initial contour is either a circle of radius ag = 9 m
or the contour which has been derived from the data at
the lower frequency (when the two frequencies are used).
The homothetic contour where the equivalent sources will
be distributed is such that & = 0.75 (which choice was
shown in [5] by numerical experimentation to lead to good
results) and the penalty parameters such that 0 = 1. As
for the retrieved contour itself, it is described by 2N = 8
polynomial coefficients.

The initial sources are either "off” (¢,,, = 0 for all m) or
”on”. The first choice (extinguished sources) is the easiest
one, the initial guess for the total field simply being the
incident field. The other involves already some prelimi-
nary calculation: the contour is set to a fixed value, i.e., the
above circle or the retrieved contour from the study carried
out at the immediatly lower frequency, and the distribution
of sources which induces a zero field (Dirichlet) or a zero
field derivative (Neumann) at the sampling points along
the contour is the first guess.

The chosen sets of unknown contour and source co-
efficients, {a,} and {c,}, are calculated by an itera-

tive non-linear minimization routine applied to the two-
term cost functional F', and which employs a Levenberg-
Marquardt algorithm (DNLS1 from the package SLATEC
freely available from http://www.netlib.org). The whole
procedure is repeated twice when the two frequencies are
used.

Both sets of coefficients are sought simultaneously.
Variants, where at each iteration, one seeks the contour
coefficients by using the previously estimated source co-
efficients as fixed inputs, and then one seeks the source
ones by using the newly found contour ones as fixed in-
puts, might be considered [17].

The inversion itself assumes M = (@ = 18 Green’s
functions in the Dirichlet case and M = @Q = 64 in
the Neumann case. These —rather different— numbers of
sources have been chosen from careful numerical experi-
mentation with the solution of the direct scattering prob-
lem as follows. For a known contour satisfying a Dirichlet
condition, a distribution of the complex amplitudes of M
interior sources such that the pressure on the contour is
zero at M = (Q observation points is solution of a square
linear system of () equations which results from equating
at these points the scattered pressure field as developed in
the right-hand side of equation (1) to minus the incident
pressure field —we may or may not multiply the coeffi-
cients of the system by the Jacobian values but this does
not matter in that case. And we do the same in the Neu-
mann case by simply operating upon the normal derivative
instead.

But any such calculated distribution is valid, i.e., is a
suitable solution of the Boundary Value Problem (BVP)
which one is faced with, only if the exterior field is numer-
ically accurate, since, in particular, we know (Dirichlet) or
expect (Neumann) that an infinitely denumberable set of
sources should theoretically be needed.

Comparison of the pressure field on the sensor arrays
calculated by summing up the contributions of the just
retrieved source distribution with the pressure field cal-
culated independently from the previously analyzed exact
integral formulation has been led. In a variety of represen-
tative cases excellent agreement is reached (refer to Fig-
ure 2 and to Figure 3 for an illustration in the high-contrast
environment) somewhat below, at, and beyond values of
M = @ = 18 (Dirichlet) and 64 (Neumann). And the re-
sults remain good fairly below this bound in the Dirichlet
case, which is not true with the Neumann case where the
agreement quickly worsens at lesser values.

Furthermore, the boundary condition should also be sat-
isfied in between the samples, and a good test is at the Q
mid-points, the polar angles of which are the arithmetic
means of the angles of the samples used to calculate the
above source distribution.

In the same representative cases (again refer to the re-
sults displayed in Figures 2-3) the pressure field or its nor-
mal derivative on the contour is effectively 0 somewhat
below, at, and beyond values of M = Q = 64 (Dirichlet)
and 128 (Neumann); nonetheless, fair results are already
observed at about M = @ = 18 (Dirichlet) and 64 (Neu-

141



D. SOURCES DISTRIBUEES

ACUSTICA - acta acustica

20 Lambert, Lesselier: Shape retrieval of an impenetrable obstacle Vol. 86 (2000)
0.08 T T T 03 y . .
025k i E
0.06 ]
02+ 4
) .
2 3r
0.04 015 J
0.1k 4
0.02 :
: 005F & 1 b
0 0
0 0 /2 2
T in radians
0.08 0.1 T T T T T T T T T
0.08
< 0.06
5 < \
2 3
3 g 006+ 117
§ 004H B i Al
= 8
3 g 0.04F e
w
0.02 [ AW
0.02 \f EV 4
0 P S T S S S T TR 0 P S T "
0 10 20 30 40 S0 60 70 80 90 100 0 10 20 30 40 50 60 70 80 90 100
Depth z in meters Depth z in meters

Figure 2. Sound-soft three-leaf clover obstacle in the high-contrast
environment at 100 Hz: (top) satisfaction of the boundary condition
(the value of the total pressure on the contour I') at Q = 2M nodes
from M interior sources; (bottom) comparison of the exact scat-
tered mesure (bold plain line) along the £g = 40 m receiver array
with the one calculated by solving the BVP with M interior sources;
M = 18 (dotted line), M = 36 (plain line) and M = 64 (cross
symbol). Notice that the boundary condition is perfectly fulfilled in
the M = 64 case (the crosses are on the horizontal axis).

mann) —going to lower values in the Neumann case leads
to unacceptable differences.

In short the choice of M = @ = 18 Green’s functions
in the Dirichlet case is quite effective. As for the choice of
M = @ = 64 in the Neumann case, it is the result of a
compromise between the stringent conditions that would
enable us to closely satisfy the boundary condition on the
entire contour, and the more relaxed conditions that al-
ready enable us to reach a good data fit at some distance
of the obstacle. Let us emphasize that too high a number
of unknown source coefficients would also lead to a very
slow evolution of the Levenberg-Marquardt solution.

3.4. A few examples

In accord with the previous elements a number of exam-
ples are displayed in Figures 4-9. Notice that the retrieved
contours, in order to emphasize the impact of the numer-
ical implementation, are displayed via M = @ markers
at the same angles as the equivalent source or the obser-
vation point locations used to retrieve them, even though
these contours could be represented by continuous lines
(since we know their polynomial representation).

In Figures 4-5 the soft Dirichlet case is considered for
both the ellipse and the clover inside the low-contrast en-
vironment. Figure 4 exemplifies the weak influence of the
choice of the initial guess of the sources (“on” or "off”)
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Figure 3. Same as Figure 2 for the sound-hard three-leaf clover ob-
stacle with now M = 32 (dotted line), M = 64 (plain line) and
M = 128 (cross symbol) whereas the boundary condition concerns
the normal derivative of the total pressure.
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Figure 4. Sound-soft obstacle in the low-contrast environment: com-
parison of the exact contour (plain line) with the reconstructed ones
obtained at 30 Hz from the initial circular contour (dotted line) with
”off” (black dot) and on” (white dot) initial interior sources.

at the 30 Hz frequency, though a slightly better contour
reconstruction is reached with the extinguished ones. Fig-
ure 5 indicates how from the 30 Hz result one derives from
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Figure 5. Sound-soft obstacle in the low-contrast environment: com-
parison of the exact contour (plain line) with the reconstructed ones
obtained at 100 Hz with ”off”” (black dot) and "on” (white dot) initial
interior sources, the initial circular contour (dotted line) being ob-
tained by solving the inverse problem at 30 Hz initialized by "off”
interior sources.

the 100 Hz dataset a somewhat better reconstruction of the
clover —this is manifested by the evolution of the geome-
try of the two shadowed concave parts— but one benefits
only from a slight improvement of the contour of the el-
lipse; notice also that the influence of the sources’ first
guess is quite minor, as was to be hoped from the rather
good initial contour (the 30 Hz solution) input into the al-
gorithm.

The Dirichlet case had been studied at length for a hard
bottom and it is not too surprising that the results remain
fair with a penetrable bottom. The Neumann case is more
challenging as is expected from the fact that one already
needs about four times more equivalent sources to suitably
solve the BVP than in the Dirichlet case, and gets at that
price no better and even worst results.

This observation is confirmed by the results displayed
in Figure 6 for the same two-frequency case as in Figure 5
with the Neumann condition. They show that inversion of
the single 30 Hz dataset leads to a poor reconstruction of
the concave part of the clover in deep shadow (the one
on its right side, the source being on the left side), which
improves though still lacks good quality when the 100 Hz
dataset is input.

The same is true but to a much lesser extent with the
ellipse. For the extinguished sources the mapping of the
lower part (the one near the bottom) and the tail part (with
respect to the source) of the obstacle improves when using
the two frequencies, but the results still differ somewhat
from the exact solution. For the non-extinguished ones re-
sults appear worst.

Figure 6. Sound-hard obstacle in the low-contrast environment:
comparison of the exact contour (plain line) with the reconstructed
ones obtained at 100 Hz with "off” (cross) and “on” (white square)
initial interior sources, the initial contour (dotted line) being ob-
tained by solving the inverse problem at 30 Hz initialized by “off”
interior sources.

In short, the frequency-hopping scheme is needed while
the use of extinguished sources is the most appropriate.
Nonetheless, a concave part in the deep shadow with re-
spect to the source should not be expected to be well re-
trieved.

The environment is of obvious consequence on the in-
version. This is confirmed by the results presented in Fig-
ures 7-9. The high-contrast environment is now assumed,
since a number of numerical experiments has revealed this
environment to be more critical a benchmark environment
than the low-contrast one for both Dirichlet and Neumann
cases.

In Figure 7 the displayed contours are derived from the
30 Hz dataset and in Figure 8 they are derived from the
30 Hz and 100 Hz datasets —always from extinguished
sources as the first guess. In Figure 9 the scattered pres-
sure field at 100 Hz associated to the retrieved contour of
the ellipse obstacle is compared to the input data along
the receiver array on the same size of the source, and the
variations of the global cost function, F', are displayed.

Such results confirm that, overall, the Dirichlet case is
less difficult to tackle than the Neumann case, the retrieved
contour being significantly better and the final value of the
cost functional significantly lower (correspondingly the
data fit is improved) though this functional is plateauing
rather quickly in terms of the number of iterations in both
cases.

But there may be exceptions; this occurs when using the
30 Hz dataset for the ellipse, the contour of the hard ellipse
and the one of the soft ellipse being not very accurately
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Figure 7. Sound-hard and sound-soft obstacles in the high-contrast
environment: comparison of the exact contour (plain line) with the
reconstructed ones obtained at 30 Hz from the initial circular con-
tour (dotted line) for a sound-hard obstacle (cross) and a sound-soft
one (black dot). Initial interior sources are always “off”.

reproduced; and when using the 30 and 100 Hz datasets
for the clover, the contour of the clover remaining much
the same (and excellent) in both hard and soft cases.

Also as a general observation, the reconstructions im-
prove when the two frequencies are used in succession,
though this is certainly truer with the clover than with the
ellipse. In effect, the shadowed concave parts of the clover
are indeed strongly improved in the Neumann case (the
ones in the Dirichlet case are already quite close to the
exact contours), but the retrieval of the ellipse —fairly im-
proved in the Dirichlet case for which the 30 Hz recon-
struction was poor— still shows some errors, notably re-
garding the lower and tail parts of the hard ellipse.

Finally, let us indicate that the inversions take what can
be seen as a large amount of computation time, particu-
larly in the Neumann case. For example, considering that
all nodal values of the Green’s functions and their normal
derivatives are available beforehand, the retrievals of the
sound-soft ellipse and of the sound-hard ellipse from 100
Hz datasets, the results of which are displayed in Figures
7 and 8, has taken 1.5 mn and 17 mn per 10 iterations,
respectively, on a 168 MHz Sun Ultra II equipped with
Solaris 2.5.1 and Sun f90.

4. Conclusion

4.1. Present-day results

Involved theoretical questions remain, as mentioned in the
Introduction, but the efficacy of the method as is exem-
plified from a number of numerical results, appears fairly
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Figure 8. Sound-hard and sound-soft obstacles in the high-contrast
environment: comparison of the exact contour (plain line) with the
reconstructed ones obtained at 100 Hz from the contour calculated
at 30 Hz (cf. Figure 7) for a sound-hard obstacle (cross) and sound-
soft one (black dot). Initial interior sources are always ~off”.

good in most cases of interest. The method is also some-
what more effective for a sound-soft obstacle than for
a sound-hard one, which is numerically much more in-
volved, whereas noticeable improvement generally comes
from successively using two input frequencies.

As is already known, the obvious limitation of the
method is that the contour must be star-like with respect
to an inner point acquired (or prescribed) beforehand, but
this knowledge is a prior for most techniques based on
the search of a contour and not of a distribution of pixels,
even in free space —[20] is, in electromagnetics, one of
the noteworthy exceptions.

In practice, the most feared bottleneck was the calcula-
tion tool of the Green’s functions and/or of their normal
derivatives, since it requires the handling of source points
(on the homothetic contour I') and/or observation points
(on the contour I itself) which are moved at each iteration
in a priori arbitrary fashion.

The hybrid ray-mode technique is very fast but ap-
plicable as such only to a rigid bottom. For a penetra-
ble bottom as considered here, complexity is notably in-
creased; a two-step procedure (calculation of nodal values
from an array of spectral expansions at several fictitious
water wavenumbers with smaller and smaller imaginary
parts, and extrapolation to accommodate the zero imagi-
nary part, interpolation to intermediate locations from the
nodal values) has been developed, and its success demon-
strated for a fluid bottom even for multiply-peaked spectra.

As for the Levenberg-Marquardt solution method, its
efficacy will be improved if the derivatives of the cost
function with respect to the contour and source coeffi-
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Figure 9. Same configuration as Figure 8 but for the elliptic ob-
stacle only: (i) decrease of the cost function F' versus the iteration
number for a sound-hard (cross) and a sound-soft (black dot) obsta-
cle (top); (ii) comparison of the exact scattered pressure (plain line)
along the zg = —40 m receiver array with those obtained after
convergence of the inversion procedure for a sound-hard (middle)
and for a sound-soft (bottom) obstacle.

cients were calculated. As of today the analytical calcu-
lation has been completed but no numerical implementa-
tion has been attempted yet, in particular due to the fact
that the second-order derivatives of the Green’s function
are needed in the Neumann case.

4.2. Perspectives

Difficult problems still need to be addressed. They re-
sult either from a more precise modeling of the unper-
turbed shallow water channel (keeping the hypothesis of
range-independent environments), or from a higher mate-
rial and geometrical complexity of the perturbing obstacle
(assumed to be located in full within the water column),
or from both.

For example, if the modeling of the sea bottom should
not be the present-day main challenge —a layered solid
(visco-)elastic bottom will be accommodated via its pla-
nar reflection coefficient—, a depth-varying water column
would greatly complicate the calculation of the Green’s
function and its derivatives.

As for the retrieval of the contour of a penetrable fluid-
like obstacle in water, we believe it is feasible: it would
mean finding out sets of equivalent line sources both in-
side the obstacle domain (to model the outer wavefield)
and outside it (to model the inner wavefield), the continu-
ity of the pressure being the enforced boundary condition.

One should refer to [21] for a direct modeling of a sim-
pler electromagnetic case. But we do not know of further
example of inversion along this line of thought, e.g., [22]
only addresses the retrieval of impenetrable cylinders in
free space. But generalization to a solid elastic shell is ex-
pected to face both strong theoretical challenges (such as
which equivalent sources do we use?) and heavy compu-
tational burden.

Other situations are further challenging: Partial burial
in a sedimentary layer is a source of evident theoretical
difficulties that are linked to the wavefield representation,
but the case of an obstacle completely buried in a known
superficial layer of the sea bottom should be doable. As
for three-dimensional bodies in the water waveguide or
in the bottom, the first case to study would be a body of
revolution with axis perpendicular to the waveguide walls;
one would directly extend in that matter successful free
space investigations [17], the cleverest probably being a
two-pronged attack, the distributed source method being
started from an approximated shape retrieved by the ICDA
method [11].

In short, we believe this distributed source approach
is promising (provided that a great amount of computer
power is available). It has the key advantage to be in-
dependent of the wavefield formulation in contrast with
many approaches which require explicit boundary integral
or domain integral operators to describe the wavefield. It
needs, however, a pertinent choice of equivalent sources,
which choice can only be partially inferred from theoreti-
cal examination in the absence of the proper mathematical
machinery in the waveguides; and de facto the more com-
plicated the tested configuration, the more this choice is to
rely on numerical experimentation and ground truth.
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Abstract

The nonlinearized reconstruction of the cross-sectional contour of a
homogeneous, possibly multiply connected obstacle buried in a half-space from
time-harmonic wave field data collected above this half-space in both transverse
magnetic (TM) and transverse electric (TE) polarization cases is investigated.
The reconstruction is performed via controlled evolution of a level set that
was pioneered by Litman ef al (Litman A, Lesselier D and Santosa F 1998
Inverse Problems 14 685-706) but at this time restricted to free space for
TM data collected all around the sought obstacle. The main novelty of the
investigation lies in the following points: from the rigorous contrast-source
domain integral formulation (TM) and integral-differential formulation (TE)
of the direct scattering problems in the buried obstacle configuration, and from
appropriately cast adjoint scattering problems, we demonstrate, by processing
min—-max formulations of an objective functional J made of the data error to be
minimized, that its derivatives with respect to the evolution time ¢ are given in
closed form. They are contour integrals involving the normal component of the
velocity field of evolution times the product of direct and adjoint fields (TM),
or of the scalar product of gradients of such fields (TE) at . This approach
only calls for the analysis of the well posed direct and adjoint scattering
problems formulated from the TM and TE Green systems of the unperturbed
layered environment and, unusually, it avoids the differentiation of state fields.
Other contributions of the paper come from exhibiting and analysing via
comprehensive numerical experimentation how and under which conditions
evolutions of level sets involving velocities opposite to shape gradients perform
in demanding configurations including two disjoint obstacles, constitutive
materials strongly less or more refractive than the embedding material, aspect-
limited and noisy monochromatic data, in the severe TE case as well as in
the more menial TM case. A comparison with a binary-specialized modified-
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gradient solution method is also led for several, more and more lossy embedding
half-spaces. Rules of thumb for effectiveness of the inversions and pending
theoretical and computational questions are outlined in conclusion.

(Some figures in this article are in colour only in the electronic version; see www.iop.org)

1. Introduction

Our general problem is the nonlinearized reconstruction of the two-dimensional cross-sectional
shape of a cylindrical obstacle, denoted as €2, buried in a given (lower) half-space, using a
finite number of monochromatic electric or magnetic current line sources (they radiate known
primary wave fields with transverse electric (TE) or transverse magnetic (TM) polarization)
and a finite number of sensors (they collect discrete values of the scattered field resulting from
the interaction of the perturbed environment with the primary signals: for example, along a
certain probing line), all sources and sensors being placed in the other (upper) half-space.

Further simplification comes from the assumption that this obstacle is homogeneous (a so-
called binary obstacle) and is made of a known material: this enables us to prescribe its electric
contrast with respect to the host half-space beforehand (all materials being assumed to be of
linear, isotropic and non-magnetic behaviour for simplification). However, the cross section
Q is arbitrary save some smoothness of its contour I" to be hypothesized in order to carry out
some formal calculations, and, more importantly, might be singly connected as well as multiply
connected. That is, one single isolated obstacle as well as several isolated ones (possibly
hollow) might be buried in the half-space, whilst no interior point is prescribed beforehand (to
construct, for example, star-shaped contours). Therefore, most of the topological information
available in the shape reconstruction is reduced to that 2 be located inside some known box
D which itself is fully included in the lower half-space, and is from now on taken as a fixed
search domain.

Stated as such, the scenario remains somewhat ideal with respect to real-world situations
of which it only intends to be a preliminary model, those including Earth subsurface imaging,
radar ground probing, non-destructive and evaluation of man-made structures, and underwater
acoustics also by paralleling electromagnetic and acoustic investigations (although our scenario
is canonical enough not to be too dependent on particular geometries and material parameters).

However, finding a proper solution, even without any linearization of forward and inverse
scattering problems, as done here—which is in itself challenging due to the severe ill posedness
resulting from the availability of only aspect-limited data and lack of crucial topological
information—is believed to be worthwhile to the theoretician and the practitioner alike, while
the challenges to be overcome are illustrative of those to be faced at any application stage. More
on the topic of reconstruction of buried obstacles is available in recent research contributions
by the authors and colleagues: see, for example, (Souriau et al 1996, Lambert et al 1998,
Lambert and Lesselier 2000a) and references therein.

The above three papers are focused on modified-gradient solution methods and binary-
constrained versions, which all belong to the replete family of gradient methods (see the
thoughtful analysis in van den Berg and Kleinman (1997)) and are intended to build up maps
of the distribution of constitutive parameters (permittivity and/or conductivity, or speed of
sound, in practice) throughout the search domain D without explicit design of the contour of
the obstacles’ cross sections.

Here, we take a different point of view and focus on the so-called controlled evolution
of level sets that was proposed in Litman et al (1998) in order to solve an inverse scattering
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problem posed in free space and in the TM polarization case only. This method is a combination
of two methods: (i) a level set representation of shapes (for a general overview of powerful
level set representations and their ever-growing range of applications, see Sethian (1999))
inside an inversion algorithm as was pioneered in Santosa (1996), which is to be evolved in
pseudo-time ¢ at a certain velocity according to a Hamilton—Jacobi-type equation; (ii) the speed
or velocity method for shape optimal design and control (for a comprehensive investigation see
Sokotowski and Zolésio (1992)) that aims at a monotonic decrease of an objective functional
J in time ¢ from the flow of a certain velocity of deformation of the shape contour (which for
us will be the level set 0). The purpose of our investigation is then twofold.

Firstly, we demonstrate that mathematically sound processing of a min—max formulation
of an objective functional J made of the data error to be minimized directly yields closed form
expressions of its derivatives with respect to the evolution time ¢. These derivatives are given
as contour integrals whose integrands involve the normal component of the velocity field times
the normal component of a ‘shape gradient” which is equal to the product of direct and adjoint
fields (TM), or to the scalar product of their gradients (TE) at this 7.

The analysis—which calls for involved theoretical material concerning min—max
differentiability described, for example, in Cuer and Zolésio (1988)—makes good use of
the fact that well posed direct and adjoint scattering problems can be cast from the TM and
TE Green systems of the unperturbed layered environment using rigorous integral (TM) or
integral—differential (TE) formulations; and, unusually, it avoids differentiation of the state
fields—and as was done inside a rather cumbersome variational framework in Litman et al
(1998).

As such, the analysis holds true in the buried configuration (and evidently in free space) and
for both TM and TE polarization cases. It naturally retrieves the earlier TM free-space results
while providing wholly new results in the TE case. And it is believed to be of good novelty
in applications to scattering—in addition to having much potential for generalization to three-
dimensional configurations (Monebhurrun et al 1999), since those enjoy exact Green-based
(dyadic) formulations that can be treated similarly through a min—max.

Secondly, we show and analyse via comprehensive numerical experimentation how and
under which conditions evolutions of level sets involving velocities that are simply opposite
to the shape gradients perform in the complicated TE case as well as in the more menial
TM case—without a specific regularization apparatus, in contrast to Dorn et al (2000)—and
in rather demanding configurations. The latter include two disjoint obstacles, constitutive
materials strongly less (voids) or more refractive (up to relative permittivities of 8, this value
not being an upper bound) than the host material, aspect-limited and noisy monochromatic
data, the influence of frequency hopping (i.e. the successive use of data at several frequencies)
being considered in addition. A comparison with the binary-specialized modified-gradient
method developed earlier (Lambert and Lesselier 2000a) is also carried out for several, more
and more embedding half-spaces in the TE case; this highlights the ability of the approach to
retrieve inclusions in conductive media where the field decays with depth, and illustrates the
effectiveness of two methods that both use, though in their distinctive ways, the binary aspect
of the sought obstacles.

The paper is organized as follows. The theoretical analysis is focused upon in section 2,
most of the work being on the proper introduction and subsequent manipulation of the min—
max formulation. In section 3 the discrete implementation of the method (in particular, caring
for the peculiarities of the TE case) and the illustrative numerical results are discussed in
some detail. Rules of thumb for effectiveness of the inversions and pending theoretical and
computational questions are outlined in section 4.

Complementary material is found in Ramananjaona et al (2000), where it is illustrated
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how laboratory-controlled experimental data in the microwave regime are inverted by the level
set method and provide the shape of dielectric and conductive objects placed in an anechoic
chamber and illuminated and seen by linearly polarized horn antennas in the far field (in
particular, this shows that non-ideal sources and sensors and far fields can easily be dealt with);
more on that demanding issue (Ramananjaona et al 2001a) will appear in a forthcoming special
section on real data of Inverse Problems devoted to an international confrontation of inversion
methods. The short contribution of Zolésio et al (1998) points out how merging and splitting
during the evolution, which naturally occurs in the discrete setting as is exhibited here in a
novel situation, requires generalization of the usual flow mapping theory. As for the necessary
issue of regularization of the level set evolution from prior information, this is dealt with in
Ramananjaona et al (2001b). In addition, one should certainly consider the considerable work
recently reported by Dorn et al (2000) from a similar starting point (level set representation of
shapes and optimal deformation of them) on cross-borehole 2D electromagnetic tomography
(in a TM case only); the retrieval of perfectly conducting targets (in a free-space TM case only)
proposed by Ferrayé et al (2000) is also a valuable contribution.

Finally, let us note that no attempt has been made herein to cover the several solution
methods that amount to finding the contour of a generally singly connected and star-shaped
obstacle with known acoustic or electromagnetic boundary condition by a proper optimization
within some prescribed class of admissible contours. Numerical experimentation to highlight
the advantages and disadvantages of such methods with respect to those of the topology-free
method of retrieval proposed here has not been attempted either as it is similarly felt to be
beyond the scope of our paper—but the aforementioned special section should provide the
wave field inversion community with a rare opportunity to compare methods on common
data sets. Nevertheless, such a contour identification method, involving a complete family
representation of the field, is detailed in Lambert and Lesselier (2000b) for an impenetrable
obstacle immersed in a semi-confined embedding space (a shallow-water waveguide with
penetrable bottom), and appropriate references can be found therein—the method has not
yet been extended to a penetrable obstacle. Also, the insightful coverage of direct and inverse
scattering by obstacles made by Kress (2001) provides much needed theoretical material whilst
pointing to many other references on inversion (mostly in that framework).

2. The theoretical analysis

2.1. TM and TE formulations of the direct wave field

The geometrical and electric configuration of interest is illustrated in figure 1. A homogeneous
dielectric cylindrical obstacle of axis parallel to the z axis, having possibly multiply connected
cross-sectional shape €2, and whose any constitutive parts should be of smooth enough contour
and remain strictly contained within the prescribed box D, is fully buried in a homogeneous
dielectric lower half-space (numbered 2). The latter is separated by a planar interface x—z
from the upper half-space (numbered 1).

All constitutive materials are assumed linear, isotropic and non-magnetic (permeabil-
ity up). Their known permittivities read as &, = &p&m, m = 1,2, Q, at implied circu-
lar frequency w—omitting the time dependence exp (—jwt)—where & is the permittivity of
the upper half-space assumed to be air (i.e. &, = 1), and where both ¢,, and ¢, might
take frequency-dependent, complex values with positive or null imaginary parts (for exam-
ple, via a conductivity contribution). Corresponding propagation constants k,, are such that
k2 = w?* o &, with positive or null imaginary parts. The electrical contrast function x (r) de-
fined in D and whose value depends upon the polarization of the wave field is also introduced.
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Figure 1. Geometrical and electrical configuration under study. All the following figures display
the results within the search domain D only, the global orientation—interface at the top—being
retained.

For any r in €2, x (r) is constant-valued and is set equal to n = i—“ — 1 in the TM case, and to
n=1- j—; in the TE case; in the exterior domain the contrast function is simply reduced to 0
in both cases.

Ideal time-harmonic electric current line sources S; (j = 1,..., N;) set parallel to the
z axis (TM polarization case) or their magnetic counterparts (TE polarization case) are placed
strictly above the interface x—z. Similarly ideal sensors are also placed above the interface and
they collect the single z component of the scattered electric field E5* or magnetic field H5
at N, locations. For simplicity—this does not restrict the scope of the forthcoming theoretical
analysis—we henceforth assume the existence of a certain probing line M at constant height y,
along which the sensors are equally distributed, while the sources are also taken to be equally
distributed at constant height y;.

For notational simplicity we denote as u, '™ and 1 the single z components of the total,
incident and scattered field, be they of electric nature (TM case) or of magnetic nature (TE
case); recall that the incident field is due to the chosen source radiating at w in the unperturbed
environment—no obstacle within the lower half-space—and accounts for the layering. The
data field collected in the measurement domain M will be denoted as ¢. Subscript j will
emphasize, if necessary, that the corresponding source is S;.

By application of the Green theorem to the Helmholtz wave equations that are satisfied by
the field u and by accounting for the appropriate TM and TE transmission conditions at the flat
interface and at the contour(s) of the obstacle, and Sommerfeld radiation conditions at infinity
in both half-spaces, rigorous state equations (1) and (3), and their companion data equations,
(2) and (4), are obtained. They read in the TM case as

u(r) =um™ (r)+f dr' x (v') Goo (v, 7")u (r'), reD, (1)
D
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and
uscat (,,,,) — / d,’,/ X ('I"/) G12 (r’ 1‘,) u (’]"/) s re M. (2)
D

In the TE case (see, for example, Lambert et al (1998)) they retain a somewhat more
complicated form:

u(r) = uine (r) +/ ar’ x (7"/) [V,Gzz (1", 7") Vu (T’)] , reD, Q)
D
and
pseat (r) = / dr’ X (’I‘/) [V/Gn (’I‘, ,,,/) V'u (r/)] , reM 4)
D

where the two-component V' operator is taken with respect to the primed variables.

The domain integral formulation (TM case) and the domain integral-differential
formulation (TE case) both correspond to well posed direct scattering problems whose fields
are in H'(D) due to assumptions of finite energy. Concerning wellposedness, see Colton and
Kress (1983) in free space or Petry (1995) in a planar-layered host medium, the demonstration
in the TE case, using the particular scalar field formulation used here, not being developed
as such in the literature, as noted earlier (Lambert and Lesselier 2000a). Let us mention that
proofs appear to require that the contour of the obstacle (as has already been said, there may be
several parts) satisfies a Lyapunov condition, which is in practice far from restrictive, whilst
(see Petry (1995)) the assumption of a scatterer embedded fully inside one single layer (here,
this is the lower half-space) is standard simplification.

A key but canonical step of the proofs is the definition of well behaved systems of
Green functions G of the plane-layered environment. These systems, which are polarization
dependent, take different values as a function of the respective locations of source point
and observation points in either half-space: in effect four Green functions G,,,(r, r") are
of interest for each polarization case, which model the radiation of a source at ' in the
half-space n and the observation of the field at r in the half-space m, where m = 1,2,
n = 1,2. Among other properties they satisfy reciprocity (Tai 1993), of which much
use will be made in the forthcoming theoretical analysis: G, (r, r’) = Gum (r/, 7") and
éGmn (r.7') = gi”Gnm (7', ) in the TM and TE cases, respectively. (The above involves
that (1) and (3) have unique solutions « in H'!(D); this will be used below.)

2.2. Controlled evolution and min—max formulation: preliminary elements

As already mentioned, the level set representation (Sethian 1999) puts emphasis on the
evolution as a function of a (pseudo-)time ¢ of a level set function ¢. The latter is valued
everywhere in time ¢ > 0 and space  within D (taking a user’s prescribed value ¢y atz = 0).
Its zero level at time ¢ is but the contour of the homogeneous (multiply connected) obstacle
retrieved at this ¢, negative values of the level set function then corresponding to interior points
of the obstacle. To evolve the level set, a certain velocity field V' is defined throughout D, the
evolution then proceeding from the satisfaction of a Hamilton—Jacobi-type equation

%¢(r,r)+V(t,r) n|Ve(t,r)| =0, reD, 5)

which readily follows from differentiating the equation of the level contour ¢ = cte using
the relationships %r = V(t,r) and n = V¢/|V¢|, where n is the unit normal to the said
contour.



Buried obstacle inversion by level set evolution 1093

Any such evolution, to be effective in terms of the solution of the inverse scattering
problem at hand, should ensure the decrease at increasing time, by making a suitable choice
of the velocity field V/, of a certain objective functional J (¢), the latter being characteristic
in some sense of the discrepancy of the true obstacle with the one retrieved at time ¢ (Santosa
1996).

On the other hand, the speed or velocity method (Sokotowski and Zolésio 1992) states
that a domain €2 can be optimized under some mild conditions from an initial domain €2 if
one is able to build up a transformation 7; from ¢t = 0 to oo, which is one-to-one mapping D
onto D—Ileaving the boundary of D unchanged—such that 2, = T;(£2), and ensuring that ‘:l—{
is negative or null. This transformation of domains 7;, which can be seen also as yielding the
characteristic function yx, (valued to n inside and 0 outside) of €2;, is equivalently defined from
the flow of a velocity field of deformation V (¢, ), » € D. Its choice relies on the calculation
of the derivative with respect to the parameter ¢ of the objective functional J, or equivalently
on the calculation of a shape gradient G at 2,. (In effect, only normal components V =V -n
and g = G - n valued on I'; (I'; = 9€2;) will matter.)

Combining both methods, as proposed by Litman ez al (1998), boils down to enforcing a
velocity field orthogonal to the level contours of ¢ in the evolution equation (5) that ensures a
decrease of J, which velocity field the above speed method yields along the boundary of €,
i.e. along the zero level set. It suffices to heuristically extend this velocity field throughout
D to be able to evolve the whole level set (accordingly to (5)) and get (in principle) a fitter
obstacle contour on which to apply the speed method again, and so on until some criterion is
met (for example, small or plateauing J).

How to perform the evolution in the numerical practice on a fixed space grid at successive
discrete time steps is considered in the next section somewhat briefly, since most of that analysis
parallels the one carried out in Litman et al (1998) once the peculiarities of the geometry (buried
obstacle) and polarization state (notably the involved TE case) are accounted for.

The focus below is mostly on the calculation of the time derivative, %, of the objective
function via a min—max formulation. The crucial point here is that the latter allows us to avoid
having to differentiate the state field, and to introduce material derivatives and the like, as
is usually done in design problems and as was done within a rather cumbersome variational
analysis in Litman et al (1998) in the simpler TM free-space situation. There are two main
steps:

(i) We cast the objective functional J as a min—max functional £ parametrized by ¢t whose
saddle points will be shown to consist of the unique pair of solutions of the state problem
and its corresponding adjoint problem.

(i) We make good use of rich differentiability analysis (Cuer and Zolésio 1988) which, in
particular, states that %—f under mild conditions is simply equal to the partial time derivative
% of the min—max functional at the saddle point, so as to arrive at a closed-form expression
of i—{—that reduces in the TM free-space situation to the one given earlier (Litman ez al
1998)—and provide the shape gradients, as is necessary.

The starting point is the objective functional J. The simplest choice (constraints in terms
of shape or of field variations might be added to it) is to consider the discrepancy between
the collected data ¢ and the field u that would be scattered by the evolved obstacle: one
uses the square norm of the residual of the data equation—for one implied source S; of given
polarization—the discrete value of which will be made of the corresponding field discrepancies
at the N, sensors. (When the whole set of N; sources is employed the objective function
becomes the sum of N; individual objective functionals.) J reads as

T = 51w () = £ () 1200 - ©
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Casting that functional J as the min—max of a Lagrangian functional £, one has

J = min min max max L, @)
w,eH (D) w;eH! (D) g, cH' (D) p;cH' (D)
where w, + jw; is the complex-valued state field and ¢ = ¢, + jg; is the complex-valued
adjoint field, the functional being convex with respect to w and concave with respect to ¢.
It remains to construct the saddle points of L, i.e. the set of real-valued functions of space
(wy, wi, @r, ¢;) € (H'(D))* such that
aL aL oL oL
— =0 0 =

0. ®)

dw, dw; ’ Ao, - o

However, any complex field, say, z = z, +jz;, is written versus z and its conjugate z as

well (Brandwood 1983). So, letting the complex partial derivative of a real-valued functional
(L) with respect to the complex-valued variable (z) be

oL 1 /0L oL
= __Z —i—, 9
0z 2<8zr JBZi) 2
the following equivalences hold true:
oL
=0
oL dw, ’
Py 0 — Y, (10)
awi
oL
=0
L g,
% =0 <= Y (11)
— =0.
d¢;

This enables us to study the variations of £ as a function of the variations of the pair of
complex-valued fields w and ¢ only, since it would easily be proven that working with the pair
of conjugates w and p—assumed to be independent from the original pair—yields the same
results as the ones obtained below.

2.3. Calculation of the derivative of the objective function in the TM case

Let us now investigate the TM case more closely. The chosen Lagrangian £ in (7) which one
is associating to the objective functional (6) in the TM polarization reads as

2
dr

LGt w, B, 9. §) = & /M / ()G, Tyw(r) dr — ¢ (r)
D

+Re / (w('r) —u™(r) — / X (NG (r, rHw(r’) dr’)go(r) dr. (12)
D D
The following proposition holds.
Proposition. The Lagrangian L given by (12) has a unique saddle point (t, u, i, , ).

Indeed, the saddle point is characterized by an optimality condition that holds with respect
to the four variables w, w, ¢, ¢. It is unique if and only if the equations derived from the
optimality condition have unique solutions.
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Let us consider first the solution of the equation relevant to w. Making use of the
aforementioned reciprocity relationships, one easily arrives at

oL

<—,v>=0<:> 1/ v(r)[x;(r)f O )Gy (r, vy dr’
Jw 2 Jp M

+o(r) — Xt(T)/ Gy (r, o) d'r’:|dr =0, Vv e H (D), (13)
D

where one has denoted the conjugated difference between the scattered field and the data,
s (r) — ¢(r), as O(r) for brevity. Thus, Vr € D, the saddle point should be such that

() f O )Gar (o ') dr’ 4 (1) — x,(r) f Gonlr, #)y () d' = 0. (14)
M D

From the binary definition of x; this equation involves ¥ = 0, Vr € D\ ,. Proceeding with
the change of variable ¥ = —x; p in (14) yields, Vr € €,

/ O) G (r, 1) dr’ — p(r) + / Gonlr, ) () p(ydr’ =0, (15)
M D

The domain integral equation (15) satisfied by p would actually be the same as the state
equation (1) satisfied by the field u, if the impinging wave was generated by a Dirac distribution
of sources, ®4,,. The underlying adjoint scattering problem is, therefore, similarly well posed
and the adjoint field p € H'(D) is unique—it is as usual generated by a (electrical density
of) source confined to the probing line and its amplitude © is the conjugate of the discrepancy
between the scattered field, #*°*, and the field effectively collected, ¢.

(Writing down the Helmholtz wave equations satisfied by p, using the necessary
transmission and radiation conditions, and applying the Green theorem, would demonstrate
that p indeed satisfies this domain integral equation but there seems no need to do so in view
of the existing material.)

As for ¢, one has

<ac > 1 f ( e
—, ) =0« = [ v(r){wl)—u"(r)
8(,0 2 D
—/ X: ()G (r, v )w(r') d?“’>dr =0, Vve H (D). (16)
D
Thus, Vr € D,
u(r) — u™(r) —/ Xt ()G (r, P Hu(r’)dr’ =0, 17
D

which is the state equation satisfied by the field (1), of known unique solution u € H'(D).

Similar results are obtained with the conjugated pair of state and adjoint fields. So the
equations that describe the optimality condition of the Lagrangian have unique solutions and
the saddle point is unique. Now it remains to validate the following proposition.

Proposition. The derivative of the objective functional in the TM polarization case is

dJ

— =Re / nu(s)p(s)V(s) - nds. (18)
dr I,

V is, as usual, the velocity of deformation. Dependence upon ¢ of the considered field
quantities is made implicit for notational simplicity (the relationship holds at any #). Indeed,
the results shown in Cuer and Zolésio (1988) lead us to

dJj 8£(t _ 7 (19)
E—E ,M,M,l//,l//.
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As the characteristic function y; is the only quantity to be differentiated with respect to ¢ in
the following formulae, and again making use of reciprocity, this successively yields (with

O = uset —7)

d
d_J —Re |:/ (/ X (P)G2(r, PHu(r’)dr’ — §(r))
t M\ JD

x3< / )G, (e’ dr’ — ;(r))}dr
D

at
—Re / 9 < / X ()G (r, T u(r') dT’) ¥ (r)dr (20)
p 0t \UJp
d—l =Re / @(r)f nGa(r, Hu(s)V(s) - ndsdr
dr M T,
_Re / (/ NG (r, Hu(s)V(s) - nds> Y (r)dr 2D
D \JT,
4 _ Re / nu(s)[ / O(r)Ga (s, r) dr — / G5, 1Y (r) dr}vm -nds. (22)
dt r, M D
However, since Vrr € D, ¥ = —x;p,
4 Re f nu(s)[ f O(r)Gai (s, r) dr + / Gls, M) (T)p(r) dr}vm ‘nds,  (23)
dt r, M D

and one arrives at the sought relationship.
Let us emphasize that other Lagrangian functionals lead to the same conclusion. Indeed,
one can write them (including the one used so far) in a general form as
2
dr

Lt w, w,¢,¢)=%/
M

/ X ()Gra(r, PHw(r')dr' — ¢(r)

D

+aRe f (w(r)—uinc(r)— / x,(r’)Gzz(r,T’)w(r’)dr/>fp(r)dr
D D

+ BIm / <w(1°) —ul"(r) — / % (PG (r, rHw(r) d'ﬂ)go(r) dr, (24)
D D

letting o and S be arbitrary constants in R. Since

az, + Bz = slaz+2) —jfz — D] = 3l(@ =Bz + (@ +jA)Z], (25)
letting y := « +jB yields az, + fz; = %(fz + y7) = Re (yz). Consequently, it now suffices
to perform the change of variable 1 = —% p for the saddle point in order to obtain the same

expression for the derivative of the cost functional J.

2.4. Calculation of the derivative of the objective function in the TE case

In the TE case, the analysis follows lines which look like those followed in the TM case,

but peculiarities and further complexities notably emerge from the occurrence of gradient

operators, which requires specific care. Firstly, one introduces the appropriate Lagrangian £

associated to the objective functional (6) in the TE polarization as

2

L(t, w, W, ¢, §) = %/ dr
M

/ YV Gra(r, ) - Viw(r') dr’ — £(r)
D

+Re / (w(r) —u™(r) — / X (Y Gon(r, v - Vw() d'r')gp(r) dr.
D D
(26)
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Again, other variants of the Lagrangian functional would lead, as in the TM case, to similar
results. Next, we establish the following proposition.

Proposition. The Lagrangian L given by (12) has a unique saddle point (t, u, it, ¥, V).

Indeed, the optimality condition in terms of w yields, Vv € H' (D),

<8£ > 1 < / ’ ’ / / /
—,v =—/ /Xt(T)VGlz(T,T‘)'VU(T)dr>
ow 2 Jm \Jp

x(/ x:(rYV'Gpa(r, ) - Vw(')dr — g‘(r))dr
D

+5 /D <v(7°) - fpxt(r’W’Gzz(r, ) - Vo) dT,)“” ar

1 < , NN 3G 12
= _f —/ A'G(r, rv() dr +/ (r,s)v(s)ds>®(r)dr
2 M Q I, 8”

+lf <u(r)+f A/ng(r,r/)v(r’)dr/—/ anz(r, s)v(s)ds)go(r)dr
2 D X T, on

=0. (27)
At the saddle point (¢, u, u, ¥, yﬁ), application of the Fubini theorem and proper account of
TE reciprocity provides, Yv € H!(D),

/ v(r)|: — S—IAGzl (r,r)O @) dr + / AGy(r, Py (r) dr’:| dr + / v(r)Y(r)dr
Q M D D

&2

+/ v(s)|: 196 o) dr’—/ W(T’)@(s,r/)dr']ds —0.
I, on D on

M €2
(28)
Subsequently, Yv € H!(D),

/ v(r)A|: — / 8—1G21 (r,r)O @) dr + [ Gy(r, Py (r) dr’:|d7° + / v(r)Y(r)dr
Q M €2 D D

+/ v(s)i[/ ﬂ@(r’)czl(s,r’)dr’—/ w(r’)Gzz(s,r’)dr’:|ds —0.
T, Bn M &2 D

(29)
Upon integration by parts and appropriate simplification, one arrives at, Vv € H'(D),
/ Vou(r) - V|:/ i@(r/)Gz](r, r)dr — / Gu(r, Ty () dr/] dr
Q M €2 D
+/ v(r)Y(r)dr =0. (30)
D
Then, the following change of variables is made: Yv € H (D),
/ Y(r)v(r)dr = —f X:(r)Vp(r) - Vou(r)dr, (€20
D D
being required that v = 0,Vr € 4D. Consequently, the observation that
Jp G, P (r)dr = — [, x;(r)VGayu(r,r') - Vp(r)dr enables us to rewrite (30) as,
Yv e H\(D),
f Vo(r) - v[/ L O Gay (r, ') dr
: M €2
+/ x(PIVGu(r,r) - Vp@r')dr — p(r)]dr =0. (32)
D
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Equation (32) is but the weak formulation of the adjoint scattering problem
p(r) = / Do) G (r, 1) dr' + / Xi(r)VGu(r, ) - Vp@')dr', (33)
M €2 D

which has a unique solution p € H'!(D), it being noticed that the impinging wave is generated
by a Dirac distribution of sources, i—; ®4y, slightly more complicated than in the TM case since
it now involves the ratio between permittivities of the two half-spaces.

As for the derivative of the Lagrangian with respect to ¢, one has, Vv € H (D),

<%, v> =0 / v(r) (w(r) —u™(r) — / X PV Gy(r,r) - Vw() dr')dr =0.
8¢ D D

(34)
Therefore, Vr € D,

u(r) — u™(r) — / X (YW Grn(r,r) - Vu@)dr' =0, (35)
D

which is the state equation to be satisfied by the field u of equation (3) and which has a unique
solution in H' (D).

So, after using the like results obtained with the conjugated pair, the Lagrangian functional
is concluded to have a unique saddle point. It then remains to establish the following
proposition.

Proposition. The derivative of the objective functional in the TE polarization case is

%:Re/ nVu(s) - Vp(s)V(s) - nds. (36)

t

Indeed, from relationship (19), one deduces by proceeding as in the TM case in order to
handle y; as a function of ¢, and applying reciprocity as needed, that

d—j =Re / @('r)/ nVGpa(r,s) - Vu(s)V(s)-ndsdr
dr M T,

—Re / / nVGu(r,s) - Vu(s)V(s) - ndsy(r)dr

pJr,
=Re f nVu(s) - V|:/ i@(r)GZI(s,r) dr —f Gau(s, )Y (r) dr]
r; M &2 D

XV(S) -nds. (37)

Since [, Gu(r, PP (r)dr = — [ x,(1)VGxu(r,r") - Vp(r)dr, the sought result

immediately follows:

dJ €1
= =Re/ aVu(s) - V| | L2O@)Gy (s, r)dr
dr T, M €2

+/ Xt (P)VGxn(s,r) - Vp(r) dr]V(s) -nds
D

=Re f nVu(s) - Vp(s)V(s) - nds. (38)
Iy
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2.5. Complementary remarks

At this stage of the investigation, it is seen that one easily gets a negative %—{ at time ¢
and, correspondingly, a monotonically decreasing J if one chooses a normal velocity field
of deformation V equal to —Re (g) on the contour where the normal shape gradient of the
domain, g, of known value at that time 7, is calculated as g = nup in the TM case and as
g = nVu-Vpinthe TE case. Therefore, holding true arelationship of the form V. = —Re (g)
for any positive or null ¢ throughout D, which is feasible since both u and p are suitably defined
everywhere within it once a contour is known, provides a velocity that is fully appropriate to
evolving the entire level set ¢ from an initially prescribed level setatt = 0.

Let us remark that the shape gradient cancels out in the TM case when p is identically null,
i.e. when the scattered field 1 is identical with the data field ¢. This means that the inverse
problem at hand is solved exactly and that the obstacle retrieved from the level set function at
this ¢ is satisfactory (noting that this might not be the unique obstacle that scatters ¢). In the
TE case cancellation of V p has same consequence, and the same cause since it results from
an exact fit of the data set, again no uniqueness being claimed.

Let us also remark that there is some slight abuse here in equating normal components of
the velocity V' and shape gradient G found in the integrand of the contour integrals since they
do not actually enjoy the same functional space, as is well known. But in numerical practice
both V and g take their values in R2, which obviates the problem.

Let us finally remark that, so far, we have said little about the smoothness of the contour
I", of the possibly multiply connected domain €2, sought and built with ¢, except that it had to
be smooth enough. A sufficient condition to carry out the min—max differentiability analyses
above is that the said contours are C'—in effect, that the contours of each constitutive part
of Q, are C'. Less restrictive assumptions like piecewise C! are certainly open to further
investigation; this should be in tune with the observation that both direct and adjoint scattering
problems are well posed under minor geometric conditions, while in numerical practice,
domains simply become distributions of square pixels, boundaries being closed chains of
straight segments along x and y, and velocities being calculated at every node of the grid.

3. The numerical experimentation

In this section key ingredients of the numerical implementation are presented and illustrative
shape reconstructions of buried obstacles from both TE and TM synthetically generated data
fields are displayed and discussed.

3.1. The discrete formulation

3.1.1. The field calculations. The discretization of the wave field formulations introduced
previously is simply based on a method of moments (MoM) with pulse basis and point
matching; see, for example, Ellis and Peden (1995) for the TM case, and Lambert ez al (1998)
and references therein for the TE case. As usual, it requires the computation of two Green
matrices, one corresponding to the interaction between a point on the probing line M and a
point in the test domain D (terms G, or G,;), and the other corresponding to the interaction
between two points of D (terms G) These two matrices only need to be computed once in the
fixed grid spanning D. The latter is made of rectangular pixels of size Ax x Ay, the electrical
contrast x being assumed to be constant in any given pixel. In the TM case the (electric) field
u is calculated at the centres of these pixels, it being assumed to be constant in a given pixel;
in the TE case, each pixel is further divided into two triangles in which the (magnetic) field
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u is assumed to vary linearly, the field itself being evaluated at every node of the grid. The
calculation of the adjoint fields p is carried out accordingly in both TM and TE cases.

The same MoM is used to compute the input data ¢ of the inversion problems and to solve
both direct and adjoint problems at each chosen time ¢, i.e. at each iteration of the inversion
algorithm; however, inverse crime is (mostly) avoided by using different grids. It has been
checked by independent means that { is computed quite accurately if one uses a grid fine
enough (as we do here), whereas one uses a somewhat coarse but still suitable grid within the
inversion; this saves computational time and has the side benefit of introducing some model
errors which the inversion algorithm is usefully confronted with also.

In terms of computational burden, let us note that if one assumes that D is a distribution
of ny x ny pixels, this corresponds to n, x n, values of the contrast, and to n, x n, values of
the electric field and (n, + 1) x (n, + 1) values of the magnetic field (and their adjoints). We
denote as (x;, y;) the coordinates of the centre of the pixel numbered (i, j) and (xi,%, yj,%),
(1, yje1)s (gt yypn) and (e, y; 1) its four vertex coordinates.

As for the objective function J at given frequency, its discrete normalized version reads
as

i 2
IO 0 [t () — ¢ (ra) |

J=FSZ

=D S IR e

where r, denotes the location of the nth sensor on M.

(39)

3.1.2. Initialization of the inversion. The first step of the inversion is the choice of an initial
shape of the sought obstacle. This can be done either by selecting the domain €2 and deducing
the level set ¢ (0, r) from it, or vice versa. The €y must comprise at least one pixel but,
otherwise, its choice is arbitrary. It could be the user’s best guess, or it can be deduced from a
previous processing of the data, for example by a back-propagation scheme (van den Berg and
Kleinman 1997)—which however does not work in the TE case within the integral—differential
framework chosen here (Lambert e al 1998)—or by the level set algorithm applied to data at
another frequency (typically within a frequency-hopping scheme). Thus, one equates ¢ (0, )
for simplicity to the signed distance

—di Q if Q
60.7) = dist (r, 0829) if reQ (40)

+dist (r, 020) elsewhere.

3.1.3. Thevelocity calculation. The velocity controls the evolution of the level set through (5)
and an appropriate choice is essential. In practice, it is to be calculated at every centre of the

pixels that cover D. Inthe TM case it follows directly from the formal equality V = —Re (nup)
that the velocity at the centre of the pixel (i, j) at time ¢ is given by
Viy = —Re(nui; pi;). 41

where fl’ ; denotes the value taken by the function f (¢, r) at the point » = (x;, y;) at time
t, with u (¢, r) being the (electric) field at the centre of the pixel and p (¢, r) its adjoint field
at the same location. In the TE case the velocity V = —Re (nVu - V p) involves the scalar
product between the gradient of the (magnetic) field # and the gradient of its adjoint p at the
pixel centres. Since the solution algorithm of the direct problem and of the adjoint problem in
the TE case provides u and p only at the vertices of the pixels, the following numerical scheme
yields an evaluation of the sought gradients:

(Vu)i, = <(M§+1/2A,j+l/2 u§—1/2,j+1/2 + u§+1/2,j—1/2 ui—l/lj—l/z)/z x) 42)
=
Wis1 o1 — Wistyzjmr2 ¥ Uisiajatye = Wiciyaj—1/2) /2Dy
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t t t t
whe‘re ui+l/2,j+1(2’ Uiy ja1)25 ”{+1/2,j—1/2_ al.ld ”i—l/g,j—l/; are.the values of u at the fqur
vertices of the pixel (i, j) and at time ¢, a similar relationship being used for p. The velocity
readily follows as

Vi = —Re (1 (Vi - (T, ). “

3.1.4. The numerical Hamiltonian. The evolution of the level set ¢ (¢, r) is governed by (5),
whose numerical counterpart reads as

t+At t
¢ij - ¢ij
At

using notations similar to those above, Af being a time step. The numerical Hamiltonian H is
an approximation of |V¢ (¢, )|, and is constructed, in particular, so that the motion of a level
set contour is outward (resp., inward) when the velocity is positive (resp., negative) (Litman
et al 1998). The choice of the time step At is actually key to the convergence of the algorithm,
as will be illustrated next, it being emphasized that no formal relationship of that time step to
steps Ax and Ay of the space grid has been proven.

—ViH(g}) =0 @)

3.2. Illustrative results

3.2.1. Model parameters. Theupper half-space is air and the lower half-space (the embedding
medium of the buried obstacle) is of relative permittivity €,, = 2, and it is of null conductivity
07, save for the calculations of figure 8 for which a lossy material is considered whose higher
and higher conductivity is 0o = 1 x 1073, 1 x 1072 and 5 x 1072 Sm~!. Two different
obstacles are investigated:

e One is made of two isolated parts with the same relative permittivity €, = 3; one part (on
the left with respect to the positively orientated y axis) is squared with side 0.29 m and is
centred at (x = —0.18 m, y = —0.68 m); the other part (on the right) is rectangular with
sides 0.18 m (along x) and 0.29 m (along y) and is centred at (x = 0.28 m, y = —0.25 m).

e The other is singly connected; its relative permittivity is either less than the one of the
embedding half-space (one assumes an air void: €, = 1) or much larger (¢, = 8) and
it is squared with side 0.29 m and centred at (x = —0.18 m, y = —0.68 m).

The search domain D, within which these obstacles stay, is a 1 m sided square centred
at 0.5 m depth. The measurement apparatus comprises N; = 15 probing sources regularly
spaced between —5 m and +5 m at height y;, = 0.5 m and possibly radiating at four frequencies
100, 200, 300 and 400 MHz (only one at a time is considered), and N, = 47 sensors regularly
spaced between —10 m and 10 m at height y, = 0.125 m. The corresponding input data ¢ have
been obtained by solving the direct problems with a 44 x 44 pixel grid whereas the inversions
have been carried out with a 30 x 30 pixel grid.

The results displayed include black-and-white maps of electrical contrasts where black
pixels correspond to the interior of the obstacle and white ones to the exterior; maps of level
contours (taken of integer magnitudes for convenience) that have been designed from the
discrete values of the level set function; three-dimensional representations of the velocity, all
those being reached at a certain iteration, say, n, or equivalently at a certain time nA¢; and
variations of the objective function with respectton. (Recall that the (n + 1)thiteration involves
the calculation of one direct field distribution and the one of one adjoint field distribution for
the obstacle contour I',, that has been retrieved at time nAt, and the evolution of the level set
"2 by one time step to ¢®+VA from which a new contour I, is inferred as the level set
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0.) In addition (see figure 8 again), grey-level maps of electrical contrasts obtained by the
binary-specialized modified method are displayed for comparison.

The level set solution procedure itself, unless otherwise indicated, is started from a disc
with radius 0.15 m and centred at (x = O m, y = —0.5 m) and from the corresponding signed
distance function. It is stopped either when the objective function J becomes less than a given
small value or when the number of iterations has reached a given number (here, 500), the
‘final’ inversion results being always those associated to the least value of J collected in the
course of the procedure.

In most examples only monochromatic data are assumed, the main operation frequency
being 200 MHz, most of the inversions also being performed in the TE polarization case. At
this 200 MHz frequency, the wavelength A, in the lossless burial half-space is about 1.06 m,
which means that the obstacles always remain in the near field of the sources and that only
near scattered fields are collected, typical dimensions of the obstacle cross sections being less
than A, /2 within a search domain of side of about X,, while a resolution of the order of one
pixel side, A, /30, is aimed at. In the lossy cases the wave field is evidently attenuated within
the probed half-space, as shown by complex wavenumbers (at 200 MHz) k, ~ 5.93 +j0.13,
6.07 +j1.30, and 7.80 + j5.06 m~!, and so-called planar skin depths of about 7.51, 0.77 and
0.20 m, which are associated to conductivities 0, of 1 x 1073, 1 x 1072 and 5 x 1072 S m~!,
respectively.

Let us emphasize that the value of the cost functional J that would be associated to the
discrepancy between the input data ¢ calculated with the 44 x 44 pixel grid for a given obstacle
and the scattered field calculated for the same obstacle but with the 30 x 30 pixel grid is never
zero. Forinstance J & 1072 for the two-part obstacle observed at 200 MHz in the lossless case.
This model error, implicit in the problem as posed here, indicates that objective functionals
plateauing near this level or slightly above or below should be expected, exact reproduction of
the obstacles being unlikely.

3.2.2. A typical evolution in the TE case. Typical evolutions of the different functions €2, ¢
and V during the iterative procedure are sketched in figure 2. The time step is At = 3 x 1073,
The upper level of the figure corresponds to the initialization stage (iteration number 0) where
a single centred obstacle €2 is introduced and the corresponding level set taken as the signed
distance function (V is not available at this stage). At the median level of the figure a snapshot
of the results of the evolution after five iterations is displayed: €2¢ has already been split into
two smaller domains which are growing in size and moving away from one another, and the
velocity remains rather strong in accord with these rapid changes of shapes and locations. At
the bottom level of the figure, final results are displayed: the two parts of the buried obstacle are
fairly well reconstructed, minor defects showing up here and there, since the boundary is not
very smooth (as emphasized by the map of level contours), and correspondingly some pixels
near the contours take the wrong shade. The velocity field V is roughly O throughout D and is
of considerably smaller magnitude than at the beginning of the inversion, which confirms that
a good local minimum has been reached (a null velocity field does not permit further evolution
of the level set).

3.2.3. Influence of the time step At. The influence of the time step Ar—Xkept the same all
along the iterations, no adaptive scheme having yet been developed—is very important. As
a matter of fact Az is confirmed to be one of the key parameters which govern the evolution
of the level set through the numerical Hamiltonian (44). A comparison of the evolution of
the objective function for three widely different Az is found in figure 3. A proper choice of
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Figure 2. The two-part obstacle: TE case and monochromatic data (200 MHz). Evolution of
domain €2, level set ¢ and velocity V (left, central and right columns, respectively). Upper level:
initialization stage (by a disc of 0.15 m radius and a signed distance function); median level: fifth
iteration; lower level: best results (421th iteration). Pale grey shows the level set ¢ (¢, r) = 0 from
which the contour is calculated. Time step A7 = 3 x 1073,

At = 3 x 1073—the associated maps are in figure 2—induces a good convergence of the
procedure, the objective function (lower curve) oscillating around a plateau of low magnitude
of about 3 x 10~ that is reached beyond about 300 iterations; such oscillations only correspond
to small inward or outward motions of the contours, and correspondingly to few pixels near
the contour that are alternately changing shade, this phenomenon occuring without affecting
any of the main features of the retrieved domains.

Too small a time step (At = 3 x 10~*, median curve) leads to a much slower, though
steady, decrease of the objective functional and a significant growth of the number of iterations
needed to reach an acceptable solution. For example, after 500 iterations the magnitude of the
objective function as is plotted here is 10 times higher than the previous one, and at this stage
the obstacle reconstruction is still poor. It has been observed that about 3000 iterations (the
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Figure 3. The two-part obstacle: TE case and monochromatic data (200 MHz). Variations of the
objective function as a function of the number of iterations for three time steps. Solid curve (lower
curve): At = 3 x 1073 (corresponding to the results shown in figure 2); dotted curve (median
curve): Ar =3 x 10™*; dashed curve (upper curve): Ar = 3 x 10~ (stopped at the 50th iteration
because of divergence). The inset describes the first iterations.

results are not shown for brevity) are necessary to reduce this magnitude to the same level as
with the reference time step of 3 x 1073 (again small oscillations occurring around a plateau),
the retrieved obstacle map being almost identical to the one observed with the previous time
step.

A large time step (At = 2 x 1072, upper curve) simply fails us, as is manifested by a brutal
growth of the objective function (and a level set function that accordingly jumps to very high
values) after the few first iterations, up to some plateau of large value (here, near 8) around
which the function oscillates (the procedure here is stopped after 50 iterations).

3.2.4. Influence of data noise. The stability of the inversion with respect to errors affecting
the data is rather strong, as is illustrated by variations of J in figure 4. Here the synthetic data
have been perturbed by additive white Gaussian noises having different signal-to-noise ratios.
Two different signal-to-noise ratios—10 dB (dotted curve) and 5 dB (dashed curve)—and
noiseless data (solid curve) are considered. The higher the ratio the higher the minimum of J
as is expected, but the results in terms of obstacle domain, level set, and velocity are similar to
those obtained from noiseless data (presented in figure 2) with a few pixels near the contour
being misplaced at worst.

3.2.5. Comparison with the TM case. So far only results relevant to the TE polarization case
have been shown. The performance of the solution procedure in the simpler TM polarization
case is illustrated by figure 5. The two-part obstacle configuration is the same as the one
studied in the TE case except that the time step At is taken as equal to 5 x 10™*. The procedure
converges quite nicely, as was in some sense already true in the TE case (see figure 2).
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Figure 4. The two-part obstacle: TE case and monochromatic data (200 MHz) as in figure 2.
Variations of the objective function as a function of the number of iterations for three different
noise levels. Solid curve: noiseless case (the results are shown in figure 2); dotted curve: 10 dB
signal-to-noise ratio; dashed curve: 5 dB signal-to-noise ratio. The results (€2, ¢, V) are similar
in the three cases.

3.2.6. Less and more refractive obstacles. The reconstruction of an air void, associated
to a negative contrast, here such as y = —1, has been carried out for illustration in the
isolated obstacle configuration and TE case by means of a frequency-hopping scheme: all
four frequencies indicated before are used successively, from the low one (100 MHz) to the
high one (400 MHz), the inversion at the second frequency being initialized from the domain
retrieved from the data at the first frequency, and so on (at 100 MHz the initial domain is a
centred disc with 0.25 m radius). Retrievals at each frequency are presented in figure 6. A
rather faithful reproduction of the obstacle is already achieved at the lower frequency, and the
introduction of the next frequencies enables us to achieve more and more accurate results.
However, the improvement from the two highest frequencies is minor, whereas they require
smaller time steps to ensure convergence.

Similarly, a strongly refractive obstacle, associated to a contrast close to its upper bound
of 1, here such as x = 0.75, is successfully retrieved with the frequency-hopping scheme, as is
seen from figure 7. Again, time steps have to be adjusted, it being emphazised that the retrieval
of the obstacle contour is merely confirmed by frequency hopping since the result at 200 MHz
is already excellent. Note that a reconstruction of such a highly refractive obstacle has been
experienced as being out of reach with the constrained modified-gradient method developed in
Lambert et al (1998), while a more refractive obstacle might be retrieved if one pays enough
in terms of computational price by using a finer grid.

3.2.7. Conductive embedding: comparisonwith another method. ~'When the two-part obstacle
is buried in a lossy half-space as studied in figure 8 the level set solution method still behaves
quite nicely, though in accord with the fact that losses may have a stringent effect on the fields.
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Figure 5. The two-part obstacle: TM case and monochromatic data (200 MHz). Display as in
figure 2. Time step At = 5 x 1074,

That is, small losses associated to oo = 1 x 10~ * S m~!, and correspondingly to a skin depth
several times larger than the depths of burial, do not affect the retrieval at all. Higher losses
associated to conductivity 05 = 1 x 1072 Sm™!, and correspondingly to a skin depth of
0.77 m, do not change the retrieval of the shallower part of the obstacle, but the deeper part
(buried about one skin depth away from the surface) is rather blurred, though still accurately
located. Very large losses (0, = 5 x 1072 S m~!) associated to a skin depth of 0.20 m render
the deeper part (buried several skin depths away from the surface) invisible and adversely affect
the shallower part: only the upper section comprised between about half a skin depth and a
skin depth and half is indeed accurately retrieved; the remaining section is missing and is in
effect replaced by some irregularly shaped artefact emerging on its side at roughly the same
depth.

The same kind of numerical experimentations considered so far could be equivalently
carried out by the binary-specialized modified-gradient method detailed in Lambert and
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Figure 6. The isolated air void: TE case and frequency hopping from 100 to 400 MHz. Retrievals
achieved at 100 MHz (upper left), 200 MHz (upper right), 300 MHz (bottom left) and 400 MHz
(bottom right) are displayed. Time steps At = 3 x 1073,3 x 1073, 1.5 x 1073 and 3 x 1074,
respectively.

Lesselier (2000a). Lack of space precludes us from giving a comprehensive comparison. But
the case considered in this section is especially interesting due to two challenging peculiarities:
two-part obstacle and increasing losses of the embedding medium. In figure 8 the contrast
maps retrieved from the same sets of data by this gradient-type method are displayed. Note
that the maps are now the ones of a contrast that is comprised between 0 and 1 in every pixel,
though being mostly close to O—white pixels—or mostly close to 1—black pixels. Also, to
keep computations manageable the sampling is now rather coarse (a 21 x 21 pixel grid is
used). However, the final results are comparable with those obtained with the level set method
(once one has accommodated for the grey-level representation, and the correspondingly fuzzier
contour of the retrieved obstacle) for the low- and median-loss cases (absence of losses leads to
the same results as with low losses); they differ greatly in the high-loss case (since the retrieved
contrast tends not to be close enough to 1), but the overall location is still fair and emergence
of an artefact is confirmed.
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Figure 7. The highly refractive isolated obstacle: TE case and frequency hopping from 100 to
400 MHz. Time steps At = 3 x 1073,1.5 x 1073,7.5 x 107% and 7.5 x 1075, respectively.
(Display as in figure 6.)

4. Conclusion

The controlled evolution of level sets that combines level set representation of shapes and
speed method in the field of contour identification of scattering obstacles from time-harmonic
data has many advantages, as is evident from the investigation carried out here and previous
works:

e It does not to require any linearization, be it at the level of formulating the wave field (via
an exact Green formulation) or when looking for the unknown obstacles themselves (via
optimal shape deformations), in contrast, for example, to distorted Born methods and like
approaches.

e It is free from most usual topological constraints. Scattering domains merge and split
and holes appear or disappear, without knowledge of interior points beforehand; all such
properties differ strikingly from those of most shape reconstruction methods which impose
a number of restrictive hypotheses: for example, one or a known number of obstacles,
singly connected cross sections, star-shaped contours, small deformations.

e Its main requisite is the calculation of proper shape gradients. Those are now derived
in closed form from an elegant min—max formulation of the objective function and
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Figure 8. The two-part obstacle in an increasingly lossy half-space (o7 = 1 x 1073, 1 x 1072
and 5 x 1072 S m~! from left to right) retrieved by the level set method (upper level, time steps
At =3x1073,3x 1073 and 5 x 1074, respectively) and the binary-specialized modified gradient
method (bottom level, using a grey-level scale of the magnitude of the contrast): TE case and
monochromatic data (200 MHz).

differentiability analysis (conducted under mild conditions) that (in particular) does not
require any differentiation of the state fields, as often practised. Furthermore, one
remains within wave field formulations deduced from well behaved Green systems of
the unperturbed environment, in which most of the complexity of this environment is
embodied once and for all.

e It readily works in numerical practice in a fixed grid using precalculated samples of the
Green systems, both direct and adjoint problems being tackled in practice by means of the
same solution algorithm (once different source fields have been taken account of), and if
the grid allows a correct representation of the boundaries, it applies even though those are
not smooth.

e Two-dimensional configurations that involve purely scalar wave fields and require
moderate computation have been the only ones attacked by us, or by others to the best of
our knowledge. Going to three dimensions, and involving vector wave fields, is within
reach since level sets, velocity fields and shape gradients can be found by like techniques
once dyadic Green systems are set forth, it being noted that accurate numerical solvers
of the direct problems are needed (only bulky obstacles are presently studied but a whole
field of investigation also opens out on the retrieval of thin cracks in material structures).
Let us also emphasize that obstacles hidden in lossy environments can be efficaciously
dealt with, the impact of losses being mostly felt on the depth of investigation (roughly less
than two skin depths), the solution method actually operating as well as without losses.
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However, the great versatility and fair robustness of the method as is emphasized here

does not mean that further theoretical and computational developments are not necessary. One
should tend to (at least) most of the following and often difficult issues:

e Which functional setting the velocity field enjoys, how that setting relates to the one of

the shape gradients, how their discrete versions violate some requirements of the formal
calculations though yielding good results, and how brutal topological events (splitting and
merging of domains, and emergence of domains where they were none) might be enabled
within a certain functional setting are questions whose precise answers would lead to
sounder theoretical mechanisms.

The solution method leaves considerable liberty both in terms of the choice of initial
domains—in the absence of any other pertinent information—and in terms of initial level
sets, the latter being easily made of signed distance functions. Numerical experimentation
in both TM and TE cases has not so far shown that different obstacles with low and
roughly equal objective functions can be constructed with different initial domains (here
we have displayed the results observed with small discs, bigger discs leading us to close
reconstructions). However, this possibility should still not be considered lightly, once it is
noticed that uniqueness and even stability in the harsh conditions of inversion prevailing
here seem, theoretically speaking, difficult to prove. That a binary-specialized modified-
gradient method whose logic is sharply different yields closely similar, even identical,
shapes as demonstrated in figure 8 is rather comforting in that respect.

Whichever the electrical and geometric configurations considered, efficacy means proper
choice of the time step Az, the rule of thumb being that it be neither too small to avoid
lengthy computations nor too large to avoid too brutal shape deformations and probable
divergence. However, its relationship to the space step(s) remains to be studied beyond
pure numerical experimentation once it is pointed out that the velocity is ‘unpredictable’
throughout the search domain from one time step to the next (it comes from extension of a
shape gradient independently estimated) which greatly complicates the matter with respect
to standard material on the motion of boundaries that leads to CFL stability conditions.
Rather fuzzy priors like ‘the contours should be smooth enough’ might possibly be handled
by maintaining the level sets as distance functions, which involves a modification of (5),
following that in Gomes and Faugeras (1999) (numerical results, not given here, indicate
that in the TE case, if the velocity field is inaccurately computed, the retrieved domains get
rather jagged, this phenomenon being alleviated by using the distance function associated
to these domains as a new level set and restarting the inversion procedure). More ad
hoc techniques like shortening an oscillating contour via some evolution superimposed at
each iteration step might be preferred (Dorn et al 2000), as well as, for example, the direct
introduction of constraints linked to least curvature in the evolution equation itself (Ferrayé
et al 2000). However, simply adding to the objective functional two penalty terms (one
of least area and the other of least perimeter) and rigorously deriving the resulting shape
gradients within the min—max framework of the objective functional is a good alternative
(Ramananjaona et al 2001b) (an advection term and a curvature term follow when one
does so, as those which were proposed by Santosa (1996)).
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Abstract

The retrieval of the cross-sectional contour of a homogeneous, multiply
connected cylindrical obstacle located in free space is performed via controlled
evolution of a level set from experimental data in either the transverse
magnetic (TM) or transverse electric (TE) polarization case as is described
in the introductory paper of the special section. Theoretical and algorithmic
details on the solution method are found in Ramananjaona et al (2001 Inverse
Problems 17 1087-111) for the buried object configuration—the free-space
configuration is a straightforward simplification—and only key elements are
recalled here. Focus is on the display and discussion of shape identification
results for the two dielectric circular cylinders (TM data), the rectangularly
shaped metal cylinder (TM and TE data), and the U-shaped metal cylinder
(TM data). In addition to the fact that TE data are often seen as more of a
challenge that TM data, those cases appear to be the most demanding ones in
the microwave data base in terms of geometry (the U-shaped one) or in view
of the inversion algorithm itself (developed for penetrable objects, the metal
case is in principle off limits) whilst the two cylinders illustrate how multiply
connected, dielectric objects are retrieved.

1. Introduction

1.1. An overview of the solution method

A significant body of work now exists on controlled evolutions of level sets developed in
order to solve in a nonlinearized fashion time-harmonic inverse scattering problems—to our
knowledge, only for objects elongated enough in one direction with respect to the probing
radiation wavelength to be considered as infinite cylinders. In addition to that conducted since

0266-5611/01/061585+11$30.00 © 2001 IOP Publishing Ltd  Printed in the UK 1585
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the mid-1990s by the authors and colleagues, we mention the considerable work of Dorn et al
(2000) on cross-borehole electromagnetic tomography in Earth’s subsurface exploration and
the investigation summarized in Ferrayé et al (2000) for the imaging of perfectly conducting
targets in the microwave regime.

The solution method used here has been introduced by, and is thoroughly described in,
Litman et al (1998), the inverse scattering problem therein being posed in free space and in
the TM polarization case only (the electric field is orientated along the cylinder axis). The
method has been extended since then by Ramananjaona et al (2001a) to the more involved
configurational case of the object which is fully buried in a half-space and illuminated and seen
from the other half-space only, this case being dealt with in both TM and TE (the magnetic
field is orientated along the cylinder axis) polarization cases.

So, the approach as of now combines

e alevel-set representation of shapes (see Sethian (1999)) inside an inversion algorithm (as
pioneered in Santosa (1996)) evolved in both space r and non-negative pseudo-time ¢ in
some prescribed closed box D according to a Hamilton—Jacobi-type equation of motion
at a certain velocity V also varied in space and time;

o the application of the speed or velocity method for shape-optimal design and control (see
Sokotowski and Zolésio (1992)) that aims at yielding a decrease of an objective functional
J in time ¢ from the flow of a certain velocity of deformation of the shape contour, which
provides a proper and determinant choice of V.

For us, this shape contour, I';, is the level O of the level-set function ¢ (¢, r) that is calculated at
time ¢, and J () simply weights in the agreement between the effectively collected field data ¢
and those that would be due in the same conditions to a hypothetical obstacle €2, of contour I';,
the interior (resp. exterior) of the obstacle being associated to negative (resp. positive) values
of ¢.

In summary, the approach

e has been developed from exact contrast-source domain integral formulation (TM) and
integral-differential formulation (TE) of the direct scattering problems written from the
TM and TE Green systems of the unperturbed environment;

e involves the corresponding integral and integral-differential formulations of their error-
driven adjoint scattering problems;

e uses a Min—-Max casting of an objective functional J made of the data error to be
minimized, and novel differentiability analyses thereof (Cuer and Zolésio 1988), to yield
the derivatives of J with respect to the evolution time ¢ in closed form (as integrals along
the contour of the obstacle);

e yields a well-defined shape gradient G involving suitable products of the direct and adjoint
fields (TM case) or of their gradients (TE case);

e enforces as velocity field V' of the entire level-set ¢ a quantity opposite to the shape
gradient G once the latter has been heuristically extended throughout D from its value on
the obstacle contour.

In fine, what matters is our ability to calculate the direct field and its adjoint field (or their
gradients) for a certain scattering obstacle (the one retrieved at 7), not the means to numerically
carry out that double calculation (for example, we are not forced to use a computational code
also based on a Green formulation), the evolution of the level set only requiring these fields to
be made available each time a new contour has been reached.
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1.2. Application to the present data

The algorithm is described at length in Litman et al (1998) and Ramananjaona et al (2001a),
and we do not return to it here. Only some items of particular interest are considered below.

The analysis so far is valid for a homogeneous penetrable obstacle made of a known linear,
isotropic and non-magnetic material whose electric contrast n with respect to its embedding
medium is prescribed at the operating (circular) frequency w; n = E—Q — 1 in the TM case, and
n=1-— 8—" in the TE case where permittivity &y is that of free space and eq = gp&,rq 1S that
of the obstacle &rq 18 real- or complex-valued, i.e. accounts for lossless and lossy materials
as well. We have ¢,q real-valued and equal to 3 in the dielectric cases studied later on.

Impenetrable obstacles (such as a metal obstacle in the microwave regime) remain a main
hurdle. To proceed in practice, one has to introduce a fictitious conductive material whose
large but finite conductivity o corresponds to €, approximately equal to jo/weg, and allows
for some field penetration in the metal. The latter is measured to a good extent by the well
known planar skin depth 8 = +/2/c g (1, vacuum permeability), which is therefore taken
of the order of the pixel sizes used at the discretization stage. This maintains a good accuracy
in the numerical field calculations (almost as if the obstacle is full metal and currents flow only
superficially) and still enables the obstacle contour to move inwards as well as outwards within
the chosen framework of level-set evolution. o is valued to 3.1 S m~! in the examples here.

The sought obstacle cross-section €2 itself can be singly or multiply connected, and is
possibly hollow as well. No such topological information is necessary to proceed with the
solution algorithm. The main topological constraint is that €2 lies inside a user-prescribed
search domain D where the €2, are also being built. This is not worrisome since the search
domain can be easily appraised beforehand: for example, via data back-propagation.

As for the obstacle contour I', the Min—Max analysis mentioned above requires it to
be smooth: a sufficient condition is that contours of each constitutive part should be C 1
though this point is open to investigation. Indeed both direct and adjoint problems are well-
posed under much more minor geometrical conditions, whilst, in numerical practice, a domain
simply becomes a finite distribution of pixels and a level contour a closed chain of straight
segments, obstacles with corners being easily tackled in that discrete version.

Sensors have been located, in the investigations which we have led so far, in the near field
of the sought obstacle, i.e. the Green functions involved in the calculation of the scattered
field (within the so-called data or observation equation) are always calculated from their full-
wave representation (using a Fourier expansion in the two half-space case). However, placing
such sensors in the far field simply means that some asymptotic representations of such Green
functions might be useful—though we have for simplicity kept the full ones whatever the
range considered here—without changing the general framework. (We leave aside the difficult
question of how the ill-posedness of the retrieval of a target of known material but unknown
map is affected by the corresponding lack of evanescent fields.)

Similarly, the sources have been modelled as monochromatic, ideal electric or magnetic
current line sources that radiate known incident wavefields with respective TM and TE
polarizations, pure plane waves being assumed also. But using effective sources like the
horn antennae of the actual experiments leads us to what is actually a 2.5D scattering problem
(it seems safe to assume that the cylinders under test are long enough to induce negligible
end effects). No attempt is made here to tackle this demanding problem, the incident field
throughout D being still assumed to be of the Hankel type as with line sources. Moreover, the
fact that the provided scattered data have been somehow (see below) normalized with respect
to the provided incident field data and used as such in the minimized cost functional appears
to reduce the effects of field depolarization to a good extent.
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The data are normalized as follows. Antennae S; (j = 1, ..., N;) are set at given range
from reference point O and de facto surround D. For a given antenna j, N, incident and total,
electric or magnetic, fields are collected at given range (close to the previous one) covering
an angle of 240° overall. N, samples of the scattered field follow by difference, each being
multiplied thereafter by a fixed complex-valued factor. The latter is the ratio between two
incident fields: the one due to a line source placed at the location of the emitting antenna S
and calculated at the location of the receiving antenna S; when this one is placed exactly on
the other side of the obstacle in the forward direction, and the one effectively collected by the
receiving antenna S; in that specific situation.

The goal of the inversion is to construct an obstacle which scatters a field u** close to ¢,
¢ being the set of Ny x N; properly normalized data samples available at a given frequency.
At time 7, when one has constructed the obstacle domain €2;, the fit is simply appraised via the
value of the cost functional

N s
1 &3 |u;~w(7“jn, 1) —¢i(ri))?

J(t):iz

s =1 S 1g )

where 7, denotes the location of the nth receiving antenna which collects the field scattered
by €2, when it is illuminated by the jth emitting antenna. One chooses an initial shape €2
within D at will and the corresponding initial level set is taken as a signed distance.

2. The experimentation

In this section illustrative shape reconstructions are displayed and discussed for three different
obstacles: the two dielectric circular cylinders (TM data), the rectangularly shaped metal
cylinder (TM and TE data), and the U-shaped metal cylinder (TM data), respectively associated
to files denoted as twodiel TM_4f.exp, rect TM_cent.exp, rect TE_8f.exp, and uTM_shaped.exp.

All results have been obtained with Ny x N; data samples where Ny = 36 and N, = 49.
They consist as usual of black-and-white maps of electrical contrasts 1 (black pixels correspond
to the interior of the obstacle, white ones to the exterior), maps of level contours designed from
the discrete values of the level-set function ¢, and 3D representations of the amplitude V of
the component normal to the level contours of the velocity field V/, all those quantities being
reached at a certain iteration, say, n, or equivalently at a certain time nAt, and variations of
the objective functional J with respect to n, the final results being those associated to the least
value of J observed in the course of the procedure.

2.1. The two dielectric cylinders (TM data)

In this example, we have only applied the algorithm to monochromatic datasets, at 6 and at
8 GHz, results of the same overall quality but at the much lower 1 GHz being available in
Ramananjaona et al (2000). The search domain D in both cases is a 7.5 cm x 15 cm O-centred
rectangle discretized into 16 x 31 cellsat6 GHzand into 21 x 41 cells at § GHz. Corresponding
cell sides are about 0.48 and 0.36 cm, respectively, to be compared with wavelengths of 5 and
3.75 cmin air and of about 2.9 and 2.2 cm in the dielectric material at the same two frequencies.
The initial obstacle €2 is circular with radius 2 cm and O-centred. Results are computed with
time step At = 1072 at 6 GHz and At =2 x 1072 at 8 GHz.

Figure 1 shows a typical evolution of the different functions involved (obstacle domain
Q, level-set ¢, velocity V), and figure 2 shows the corresponding evolution of J as a function
of the number of iterations.
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Figure 1. The two dielectric cylinders (TM data, twodiel TM_4f.exp): monochromatic data (at
6 GHz). Evolution of the domain €2, level set ¢ and velocity V (first, second and third columns,
respectively). Upper level: initialization stage (by a disc of 2 cm radius and a signed distance
function), median level: 35th iteration, and lower level: best results (54th iteration). In red the
level-set ¢ (¢, 7) = 0 from which the obstacle contour is deduced. The time step is At = 1072

(This figure is in colour only in the electronic version)
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Figure 2. The two dielectric cylinders (TM data, twodielTM_4f.exp): monochromatic data (at
6 GHz). Variations of the objective function as a function of the number of iterations (see figure 1).

The upper level of figure 1 shows these quantities at the initialization stage of the inversion
(V is not available at this stage). The median level shows the quantities as they are found near
the splitting time, i.e. when the obstacle domain 2 starts to be divided into smaller domains,
some of which will disappear later on whereas others will enlarge and in practice move towards
the right solution. The velocity is still rather strong at this stage and is jagged as well, in accord
with the speedy modification of the obstacle shape. The lower level shows the best results
(associated to the lowest value of J). The two cylinders appear fairly well retrieved. The
velocity is not of very small magnitude yet (as would be observed with nearly exact synthetic
data (Ramananjaona et al 2001a)), though it varies much more smoothly than before in most
parts of D.

Correspondingly, the cost functional J decreases quickly at the early stage of the procedure
(notably near the splitting time), before it starts to oscillate around a plateau. The level contour
zero remains almost fixed at this stage—other level contours further away can still evolve to
a good extent. In short, with the exception of a few pixels near its outer contour, the obstacle
domain 2 remains almost the same from one iteration to the next. This is true even though the
plateau value is only about 10 times smaller than the one associated with the initial guess and
even though the corresponding velocity is not that small.

Figure 3 shows the best shape result (at the 227th iteration) and the variation of the objective
functional J obtained with the 8 GHz dataset. Note that J now oscillates significantly during
most of the search; this corresponds to a large variation of the retrieved domain €2 from one
iteration to the next around the correct solution, a phenomenon at least partly associated with
having prescribed a large value of Ar (ideally, At should be somehow decreased when J is
decreasing, which is presently an option under study).

2.2. The rectangularly shaped metal cylinder (TM and TE data)

The inversion is first performed with the 8 GHz monochromatic TE dataset. The search
domain D is a 3 cm sided square slightly shifted from the reference point O, and centred at
(0 cm, —0.75 cm); it is discretized into 30 x 30 pixels. The supposedly known conductivity
of the obstacle is taken as 3.1 S m~!, the corresponding skin depth being § ~ 3.19 mm at
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Figure 3. The two dielectric cylinders (TM data, twodielTM_4f.exp): monochromatic data (at
8 GHz). Left: best result (227th iteration); right: variations of the objective function as a function
of the number of iterations. The time step is A7 = 2 x 1072,
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Figure 4. Rectangularly shaped metal cylinder (TE data, rectTE_8f.exp): monochromatic data (at
8 GHz). Left: initialization stage (by a disc of 0.5 cm radius); right: best results (81st iteration).

The time step is Ar = 1077,

that frequency. The initial obstacle €2y is circular (0.5 cm radius) and centred onto O. The
best result (again, we mean the cross-sectional shape associated with the least value of J, not
the one closest to the true one) is displayed in figure 4. Reconstruction is at best average,
as is exemplified by the open cavity inside the obstacle; had it been closed, this would be a
much better result, since the cavity would then be almost invisible due to reflection off the
surrounding metal wall. The low decrease of the objective functional J (figure 6) confirms the

challenge faced in the inversion.

Let us emphasize here that none of the inversions attempted from experimental data in
this configuration (various frequencies, various initial shapes, various o) have been more
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Figure 5. Rectangularly shaped metal cylinder (TM data, rectTM_8f.exp): monochromatic data
(at 8 GHz). Left: initialization stage (by a disc of 0.5 cm radius); right: best results (81st iteration).
The time step is Ar = 5 x 1072,
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Figure 6. Rectangularly shaped metal cylinder (TM and TE data, rectTM_cent.exp, rectTE_8f.exp):
monochromatic data (at 8 GHz). Variations of the objective function as a function of the number
of iterations (see figures 4 and 5). Solid curve: TM case, dashed curve: TE case.

successful than this one. However, using synthetic data did not yield much better results in
the TE case with an impenetrable obstacle—far fewer problems being encountered with a
penetrable obstacle, as exemplified in Ramananjaona et a/ (2001a) in the more demanding
case of burials in a half-space. By contrast, the inversion from TM data works well for both
penetrable and impenetrable obstacles: this is illustrated in figures 5 and 6 by the retrieval of
the rectangularly shaped metal cylinder from the 8 GHz TM dataset. The search domain D is
of the same size as previously, but now centred at (—0.5 cm, —0.75 cm); it is discretized into
31 x 31 pixels. The initial obstacle €2 is circular (0.5 cm radius) and centred at (—0.5 cm,
—0.5 cm). The time step At is taken equal to Az = 5 x 1072,
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Figure 7. U-shaped metal cylinder (TM data, uTM_shaped.exp): monochromatic data (at 6, 8 and
10 GHz). Initialization by a square of 0.6 cm side (top left); best results at 6 GHz (top right), 8 GHz
(bottom left) and 10 GHz (bottom right). The time step is At = 1072,

1 E
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0'01 1 1 1 1 1
0 50 100 150 200 250 300

Figure 8. The U-shaped metal cylinder (TM data, uTM_shaped.exp): monochromatic data (at 6, 8
and 10 GHz). Variations of the objective function as a function of the number of iterations. Dashed
curve: 6 GHz, solid curve: 8 GHz, dotted curve: 10 GHz.

2.3. The U-shaped metal cylinder (TM data)

The inversion is performed independently with the 6, 8 and 10 GHz monochromatic datasets—
hopping from one dataset to the next did not improve the results. The search domain is a
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9 cm x 6 cm centred rectangle discretized into 61 x 38 pixels. Conductivity o = 3.1 Sm™'is
kept constant for all three frequencies, the procedure being always started from a small square
of 0.6 cm side placed in the left-hand lower corner of the search domain. All results are also
computed with fixed time step Az = 1072,

In terms of shape retrieval, in comparison to the true shape, rather good results are obtained
for every frequency (figure 7), this being associated with a significant decrease of J (figure 8).
Even in the absence of knowledge of the true shape, this is a quality check since the data fit is
fair for the three operating frequencies whilst the shape itself is rather insensitive to variations
of electrical size—the skin depth § decreases from 3.69 mm at 6 GHz to 2.85 mm at 10 GHz.

However, this means that a true U-shape and a rather broken cross-sectional shape provide
us with quite similar results in terms of scattering off the probing wave. Let us emphasize
that we have attempted to penalize the shape retrieval in order to get a more regular shape
(see Ramananjaona et al (2001b) for the corresponding theory and numerics) but the induced
variations have been very small. Itis necessary to suitably choose the initial shape for retrieving
the said U. The initial obstacle here does not cover any metal parts of the U and also it is not
located in between its branches. Otherwise, results would be poorer. That is, in this demanding
configuration, the location of the initial obstacle has an evident impact on the whole level-set
evolution.

One might also profit from the ability of the method to zoom in onto the sought obstacle.
In Ramananjaona et al (2000) it has been shown that starting from a 10 cm x 10 cm square
search domain D made of 47 x 47 cells provides a fair description of the U-shaped obstacle
that can thus be taken as initial guess within the downsized (9 cm x 6 cm) and finer (61 x 38
cells) domain considered here.

3. Concluding remarks

The above results from laboratory-controlled experimental data indicate that the controlled
evolution of a level set is a versatile and robust method, if good care is taken of several issues.

e One can treat penetrable and impenetrable objects, provided that the grid step is a fraction
of the wavelength in the first case and of the skin depth in the second case. Shapes may
be convoluted (the U-shape is typical), again if the grid allows a correct representation of
the boundary, and even though this boundary has sharp corners.

e One can handle measurement errors provided that the data coverage (notably, enough
directions of illuminations) is sufficiently broad, even at a single frequency. No
regularization technique as proposed in Ramananjaona et al (2001b) has yet been proven
effective with these experimental data.

e One can start from arbitrary initial cross-sectional shapes; for metal parts, it is better they
not be included within the initial cross section once it is noted that in this case—for TM
data only however—a rather simple back-propagation technique provides excellent first
choices for single metal objects viewed from all around.

e One needs to choose an appropriate time step. The rule of thumb so far is that it should
be neither too small to avoid lengthy computations nor too large to avoid brutal shape
deformations, since divergence occurs beyond a certain threshold. However, the value of
this threshold is mostly appraised from numerical experience.

e One should stop the calculation whenever the cost functional stabilizes at a low enough
value (in the user’s opinion) and the obstacle shape correspondingly freezes—even
though the plateau may show successive growths and reductions and few pixels may
correspondingly move inwards or outwards—since the resolution of the contour which
one can achieve will not be finer than the space step.
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Conductive Masses in a Half-Space Earth in the
Diffusive Regime: Fast Hybrid Modeling of a
Low-Contrast Ellipsoid

Gaéle Perrusson, Dominique Lesselier, Senior Member, |EEE, Marc Lambert, Bernard Bourgeois,
Antonios Charalambopoulos, and George Dassios

Abstract—Electromagnetic three-component magnetic probes
at diffusion frequencies are now available for use in slim min-
eral-exploration boreholes. When a sourceis operated at or below
the surface of the Earth in the vicinity of a conductive orebody,
these probes provide, after appropriate processing, the secondary
vector magnetic field attributed to this body. Proper inversion of
theresulting datasetsrequiresasafirst step a clear under standing
of the electromagnetic interaction of model signals with model
bodies. In this paper, the response of a conductive ellipsoid buried
at shallow depth in a half-space Earth isinvestigate by a novel hy-
brid approach combining the localized nonlinear approximation
and the low frequency scattering theory. The elipsoidal shapein-
deed fitsalarge class of scatterersand yet isamenableto analytical
calculationsin the intricate world of ellipsoidal harmonics, while
the localized nonlinear approximation is known to provide fairly
accurate results at least for low contrasts of conductivity between
a scattering body and its host medium. In addition, weak coupling
of thebody to theinterfaceisassumed. The primary field accounts
for the presence of the interface, but multiple reflection of the
secondary field on this interface is neglected. After analyzing
the theoretical bases of the approach, numerical simulations in
several geometrical and electrical configurations illustrate how
estimator s of the secondary magnetic field along a near by borehole
behave with respect to a general-purpose M ethod-of-Moments
(MoM) code. Perspectives of the investigation and extensions, in
particular, to two-body systems, strong coupling to the interface,
and high contrast cases, are discussed.

Index Terms—Approximation methods, conducting bodies, €l-
lipsoids, geophysical inver se problems, geophysical measurements,
Green function, integral equations, scattering, spheroids.

I. INTRODUCTION

IGNIFICANT progress in downhole electromagnetic ex-
loration has resulted from the introduction of three-com-
ponent measurement systems for use in slim mineral exploration
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boreholes.t Such systems provide the three complex compo-
nents of the magnetic field due to a time harmonic source oper-
ated at a number of frequencies from a few tens of Hz to sev-
eral kHz. The source is a surface loop of electrical current (sur-
face-to-hole configuration), a magnetic dipole in a nearby bore-
hole (cross-hole or tomographic configuration), or a magnetic
dipole moved at a fixed, selectable distance from the sensor in
the same borehole (single-hole configuration). The SlimBoris
system [7] and the Arlett 3-component prototype probe [8] are
representative of recent slimhole instruments.

The measured magnetic field components require appropriate
processing or reduction since they contain the primary field (due
to the source in a given geological background) as well as the
secondary field (due to the unknown or partially unknown un-
derground body). This secondary field contains, in an encoded
fashion, information on the electric and geometric features of
this body that can be retrieved by proper inversion (decoding).
Location, sizing, orientation, shape reconstruction, and/or eval-
uation of average or local electric parameters may be targeted,
depending upon data coverage, prior geological knowledge, in-
version algorithms, and user’s requirements.

Any satisfactory inversion relies in the first step on a sound
understanding of the interaction between the probed body and
the probing source. Three-dimensional (3-D) bodies of various
geometries and electric properties, layered conductive environ-
ments, localized current sources, and vector near fields must be
tackled. General-purpose Method-of-Moments (MoM) codes
developed from vector volume integral formulations of the
electromagnetic field, (e.g., EM3D and others [45], [32], [46],
[47]), as well as from surface integral formulations [24], [25]
are available. However, these codes may be computationally
costly, whereas their internal functioning may not be obvious.
Dedicated and computationally fast modeling tools bringing
more insight to the behavior of the electromagnetic field thus
remain worthwhile even at the price of less generality and less
accuracy.

Combining the traditional and rigorous low frequency scat-
tering theory [22], [14] and the localized nonlinear approxima-
tion (often termed the “extended Born approximation,” and pi-
oneered in a geophysical setting by [17] and recently extended
to eddy current nondestructive evaluation [27]) may enable us
to achieve this goal [35].

1Slim: most such boreholes are drilled with a 46 mm diameter, which is in
contrast to the larger boreholes of oil field investigation.

0196-2892/00$10.00 © 2000 IEEE
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Letting & be the complex wavenumber of the host medium at
the operation frequency, this hybrid modeling provides the low
frequency (Rayleigh) dyadic series expansion in positive inte-
gral powers of (jk) of the depolarization dyad, which is char-
acteristic of the body within the localized nonlinear approxima-
tion framework. This dyad acts upon the primary electric field
at a given interior point and yields the total electric field at the
same location. A wealth of analytical calculations [11] based
on the theory of the ellipsoidal harmonics [18] leads to explicit
forms of the real-valued dyadic coefficients of this expansion
up to power (k) for a homogeneous general triaxial ellipsoid
located in a homogeneous space, the materials of the ellipsoid,
and the host medium being ideal lossy dielectrics. Spheroidal
and spherical specializations are drawn up by exact asymptotic
procedures. The expansion of the spherical depolarization dyad,
already known up to (jk)? [17] and long-known static results
[40] are retrieved as byproducts.

The low frequency expansion of the secondary magnetic field
at any point exterior to the body immediately follows from the
one of the primary electric field. The nth coefficient of this sec-
ondary field expansion may be interpreted as the field radiated
by the nth coefficient of the expansion of volumetric electric
sources. This coefficient combines those of the expansions of
the depolarization dyad and of the primary electric field at the
same order n and/or a lesser order. Alternatively, or in the ab-
sence of known expansion of the primary field, we may (or
must) resort to numerical integration of the fictitious (Huygens)
electric sources within the body calculated from the discrete
values of a properly truncated expansion of the depolarization
dyad times those of the exact primary electric field.

So far, this hybrid modeling has been applied to an infinite host
space. Here, focus is on a more realistic half-space model of the
Earth. Thescopeislargerbuttheoreticalandnumerical complexity
increases markedly. The ellipsoidal body is buried at somewhat
shallow depth and is arbitrarily orientated with respect to the flat
Earth’s surface (air is above). The electromagnetic source is lo-
cated just beneath the surface or somewhat deeper so as to fit in
both surface-to-hole and hole-to-hole configurations. WWeak cou-
pling of the body to the interface is assumed and often justified by
experimental practice. Theprimaryfieldaccountsforthepresence
of the interface (new low frequency expansions of this field are es-
tablished), but multiple scattering between this interface and the
body is neglected (the depolarization dyad is the one of the body
immersed in an infinite space which has the same electrical char-
acteristics as the half space.

The paper is organized as follows. The main theoretical re-
sults already given in the case of a whole-space Earth [35] are
discussed in Section I, with no attempt being made to cover the
considerable analytical calculations detailed in [11]. The results
are completed by a novel expansion of the primary field in a half
space evaluated by following the analysis of [42]. Comparisons
are shown in Section 11l between results calculated with the
EM3D MoM code (available at BRGM [8]) and low frequency
estimators of primary and secondary fields in a half-space and
whole-space Earth for several electrical and geometric config-
urations. In Section IV, conclusive remarks are followed by a
brief discussion of perspectives. Many complementary results
are found in [33].
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Il. THEORETICAL RESULTS

A. Geometry, Electrical Parameters, and Main Modeling
Assumptions

Let us refer to Fig. 1, in which a fixed Cartesian coordinate
system with unit vectors (z, y, z) and coordinates (z, ¥, z) is
introduced. The host medium consists of a homogeneous linear
isotropic and nonmagnetic half space extending from the z =0
interface plane to z = +oo. A homogeneous linear isotropic and
nonmagnetic ellipsoidal body of semi-axes a;, a1 > a2 > a3
and of volume V' = 4ma;azas/3 is fully contained in this half
space, its center being located on the z axis at depth p. The el-
lipsoidal coordinate system (p, 1, »—) as a reminder [29] co-
ordinate surfaces are ellipsoids (p = const.) and hyperboloids
(. =const., » =const—) and a second Cartesian coordinate
system that coincides with the principal axes of the ellipsoidal
body (unit vector z; and coordinate z;) are defined. Note that
the ellipsoid easily fits a large class of isolated scatterers while
benefiting from a separable surface “(...) for which solutions
of the boundary value problem may be found using separation
of variables” [21]. An ideal time harmonic source (a horizontal
thin-wire loop of current or a vertical magnetic dipole) is placed
below the half-space interface at rs(zs, ys, zs). Known pri-
mary electric and magnetic fields £, and H, are generated at
location r(x, y, z), and we are interested in calculating the sec-
ondary magnetic field H, along a nonintersecting borehole R,
which will be chosen as vertical in the numerical examples.

The static conductivity and permittivity of the half space and
of the body are o and ¢, and ¢, and o, respectively, and are as-
sumed to be independent of angular frequency w. Permeability
. = po. The upper half space is air with constants ¢, and
0. Using the dependence exp(—jwt), the complex wavenum-
bers of the host and body materials % and k. satisfy k? =
Jwopg — (jw)2epo and k2 = jwopo — (jw)?eq o, the wave
numbers being taken with a positive imaginary part.

The above model is somewhat simple with respect to the
full complexity of the Earth. One should refer to [43] for
background reading and comments on the inaccuracy of the
frequency-independent model in actual geological media. As
for the consequences of an anisotropic host medium containing
the conductive body, one should refer to [15] for the DC case
(this corresponds to the zeroth-order term of the low frequency
expansions). In practice, the exact parameters of the Earth are
unknown or inaccurately known, and the primary field itself
is unknown or inaccurately known. Reduction of the total
magnetic field data is required to remove the primary field
and retrieve the secondary field. Details of methods routinely
employed at BRGM (e.g., reduction by the calculated free
space primary field and reduction by the field measured at
the lowest frequency), are found in [8]. More sophisticated
reduction methods are currently appraised in the case of a
significantly conductive layered Earth.

No assumptions are, in principle, made on the value of the
body conductivity o. with respect to the one of the host medium
o. In the context of mineral exploration, ratio o, /o is usually
larger than 1. Moderately conductive bodies (c. = 2x10~% and
2 x 10~* S/m) in a moderately resistive Earth (¢ = 2 x 1073
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Fig. 1. Ellipsoidal body in a half-space Earth. One displays the particular configuration of a vertically-orientated general triaxial ellipsoid of elongated shape (its
semi-axes are in the ratio a»/a; = az/as = 1/2; see Figs. 4, 7, and 8), which is illuminated by a vertically-orientated magnetic dipole M in the (z, z) vertical
plane and observed from a vertical borehole nearby. Only the absolute reference frame (z, y, z) is shown. The ellipsoidal and Cartesian reference frames (p, u, v)
and (z1, z2, 3) attached to the ellipsoidal body are not represented for simplicity.

S/m) are chosen in the numerical examples. The body permit-
tivity €. is not necessarily equal to the one e of the host medium
[35]. In the frequency range considered in mineral exploration,
however, the polarization currents are negligible with respect
to those of conduction. Here, the low frequency formulation
will be specialized to the quasistatic case k? = jwopug and
k2 = jwo.po. The complete formulation including permittivity
and conductivity contrasts and conduction and polarization cur-
rents is in [35].

B. Low Frequency Expansions Using the Localized Nonlinear
Approximation

One starts from the assumption that a body of conductivity
o., specialized to an ellipsoidal body at some later point, is im-
mersed in an infinite space having the same conductivity o as the
half space and is illuminated by primary fields E} and H,. Com-
bining the localized nonlinear approximation and the theory of
low frequency scattering enables us to describe the wave field.

The localized nonlinear approximation [17], [41], [38], [48]
is applied to the rigorous contrast-source vector domain integral
formulation, which is satisfied by the total electric field E ex-
isting at any #* inside the body volume V. This body may not
be of ellipsoidal shape (i.e., the formulation holds for any 3-D
body with sufficiently smooth boundary). After some calcula-
tions that are detailed in the above references, this application
yields the linear relationship E(r') = T'(+')Ey(+'), where the
dyad T is termed as the depolarization dyad of the body. The
secondary magnetic field H,(r) induced at any r exterior to the
body volume by the fictitious Huygens sources then reads

H,(r)
1
Jwito

(k:f - k2) [ Vy(r, ') x E(T’)E],(T’)] dr’
D

where g(r, #') = e/XIm="'l /4x|» — /| is the scalar free space
Green’s function. The depolarization dyad is derived by dyadic
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operations that are effected onto the integral of g over volume
V. Letting I be the identity dyad, they amount to

k2 — k2 -t

T = [T+ 55T

i) = - [/&1+vv]/

v

(22)

g(r’, r)dr. (2b)

The above set of formulas can be directly tackled by dis-
cretization techniques such as the MoM [48], whereas the sphere
case is amenable to a direct method [17] involving closed-form
integration of the Green’s function from its spherical wave func-
tion series, application of the needed differential operators onto
the resulting series, and asymptotic expansion of the first terms
in powers of the wave number up to (k). But the classical
theory of low frequency scattering tells us that all electromag-
netic quantities (primary and secondary wave fields, Green’s
functions) in three dimensions enjoy expansions in positive in-
tegral powers of (jk) of the form ¢ = > 4,,(;jk)™, which con-
verge for & small enough. The real-valued nth term ,,, which
can be scalar, vector, or dyadic and is independent of %, is found
for every n by satisfying the wavefield integral equations and
the constitutive relationships after expanding them in (jk) and
collecting the terms of equal powers (jk)™.

Well-known tutorials are those of [21] and [22], a comprehen-
sive analysis of the state-of-the-art and much new material now
being found in [14]. The necessary reading list on low frequency
scattering by ellipsoids includes [39], [40], where the first three
terms of the power series of the electromagnetic field due to the
ellipsoid and its degenerate cases for a variety of boundary con-
ditions are calculated [2]—[4], where the complete expansion of
the field due to acoustically hard and acoustically soft spheroids
illuminated by a plane pressure wave is constructed, [12] where
the interaction of a plane elastic wave with a rigid ellipsoid is
treated, and [9] where an acoustically soft ellipsoid is investi-
gated under point source excitation. In these two papers, key
material on ellipsoidal harmonics and related topics in the ellip-
soidal geometry is given. Polarizability dyads, yielding the first
terms of the expansions of scattering amplitudes, are considered
in [20], [1], whereas the hollow ellipsoid is treated in [26].

Thus, the method of attack is to rigorously solve the in-
tegro-differential equations (1) and (2) within the low frequency
realm. From the assumption that L(r") = 3, L,(r")(jk)",
the expansion of the Green’s function and its gradient in
power series of (jk) in (2b), the interchange in summation and
integration and the subsequent identification of like powers of
(jk) lead to

drLy= - V'V / —dr
Ll — 1
— 1 - s
dnly = ——=1 | R"“dr
(n=2)1" Jy

— —‘v v’/ R Vdr,n>2 (3)
T, Vv

for any 7 in V, letting R = |’ — 7|. Using (3), the inverse
dyad T () = X, T (r')(jk)" is easily calculated from

194

IEEE TRANSACTIONS ON GEOSCIENCE AND REMOTE SENSING, VOL. 38, NO. 4, JULY 2000

(2a), since the multiplicative factor of the I dyad is the fre-
quency-independent contrast Ao /o, where Ao = 0. — 0. The
dyadic coefficients T, are determined in closed form at #* (im-
plied), and the first four coefficients are

AN — = Ac—
To=I+ —0L07 T, =0, To=—"L,
a
AU—
Ts = —L3 4
SinceT 'T=TIT ' =1, equating to 1 or canceling out the

coefficients of like powers of (jk) in this equality leads to the
expansion I'(r') = > I',(r")(jk)". The dyadic coefficients
T, follow. At +/ (implied), the first four coefficients are

To=To ", Ti=0 To=-Ty  'ToTo*
Ty= Ty 'T5Ty (5)

when the first four coefficients T',, are known. Using the above
results, the expansion H,(r) = >, H,,(r)(jk)" of the sec-
ondary magnetic field at exterior point = can be constructed
from the one of the primary electric fields. Since the expan-
sion of the electric field can be demonstrated to begin at least
at order 2 in a conductive medium, it is written as Ey(r') =
Jwpo Y, Bygz) (™) (7k)™ atinterior point +*, where the term
jwpo(= —(jk)? /o) has been factored out for the convenience
of the calculation. Interchanging in summation and integration,
reordering the products of series and collecting the coefficients
of equal powers of (jk) in (1) provide the vector coefficients

51*0

= f 7 e

letting R=7r—7'and R =
four P,, coefficients are

50*

AnH s, (7 (@, r)ydr', n>2 (6)

|R|. At/ and r (implied), the first

Ao —
Py = —ToE (72)
Ps—0 (7b)
o= — R?
Py=— |I2Ep+To |Epy — ?Ebz (7c)
P; = = (FSEbZ + Iy |:Eb:> - ?Eb2:|> . (7d)

Note that the contribution of polarization currents to the low
frequency expansions of the wave field requires us to expand
jw in power series of (jk)? using the equality k* = jwpuo —
(jw)2epo inorder to correctly calculate the multiplicative factor
in (2a), (k2 — k?)/k>. Additive terms consequently appear in
the expressions of T'» and P, (they simplify somewhat if e =
€. = £p) once jw is expanded up to the fourth order as jw =
—(1/opo)(k)* + (e/o*pd)(jk)*.

The secondary magnetic field in (6) appears to arise from vol-
umetric electric current-like sources P,,. Their unit Am™—2 de-
pends on order n. The nth such source involves the action of
the Ith coefficient of the depolarization dyad expansion onto the
mth coefficient of the expansion of the primary electric field,
where [ +m < n, m > 2. Note that the first nontrivial coeffi-
cient of the secondary magnetic field expansion is of order n =
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2, even though the primary magnetic field expansion may begin
at order m = 0 (power (jk)°), as is the case (see Section 11-C)
of the current loop and the magnetic dipole. For a perfectly con-
ducting body the first nontrivial secondary term would be of the
same power (;k)°. The nth source is varying with position r/
throughout the body volume but at and beyond order 4, it also
varies with the distance R between this source point 7’ and the
observation point . When the body is small enough, however,
the scattering phenomenon can be simplified by using constant
integrands valued at the body center to bypass the volume in-
tegrations. H > becomes a purely dipolar field radiated by the
electric source P, = (Ac/o)TEs at the body center. The
higher-order coefficients Hs4 and H; still retain a more com-
plicated geometrical behavior because of the distance factors R*
[in (7c)] or R2 [in (7d)].

So far, we have not had recourse to the ellipsoidal shape hy-
pothesis. The first three nontrivial dyadic coefficients of the
expansion of Z(+’) and higher orders, whether wished for or
not, must be calculated by carrying out repeatedly (for each
7' of interest) a 3-D numerical integration of various singular
integrands that have to account for the V'V’ differentiations.
One may question the purpose of the analysis if a numerical
solver can be directly applied to (1) and (2) instead. However,
for a general triaxial ellipsoid, elegant and both numerically
stable and computationally effective expressions of these three
dyadic coefficients are rigorously reached. This involves cum-
bersome calculations based on the ellipsoidal harmonic theory
[18]. In particular, appropriate Green's theorems are employed
to transform most volume integrals into surface integrals, for
which one can fully exploit the orthogonality of ellipsoidal har-
monics, which yield much simpler forms of the coefficients in-
volving well tabulated elliptic integrals. Some one-dimensional
(1-D) integrals with respect to the p coordinate that have no ex-
pression in terms of special functions still emerge, but they are
easily amenable to standard integration techniques. Note that
all dyadic coefficients are reduced to purely analytical forms
for the prolate spheroid (a1 > a2 = as), the oblate spheroid
(a1 = a2 > a3), and the sphere (a; = a2 = ag).

We will not repeat the above derivation. Some results are ap-
pended to [35], while the calculations are detailed by [11]. What
is the most important to the argument of the paper is that the de-
polarization dyad T is immediately followed by standard matrix
analysis when the nontrivial coefficients of the expansion of L
up to order 3 are exhibited, which is the case in the general el-
lipsoidal coordinate system and in its degenerate forms. At any
point 7 = 3", x;x; within volume V| the zeroth-, second-and
third-order dyads are shown to be

_ Ao 1t
I'yg= 1 —a I 7 8a
0 Ei:|:+o_(11(l2(l3z:| ZiT (8a)
_ Ao 172
'y = —ajaza: 14+ —aiaqasl;
2 a1a2a3 ; { + p 10203 1}
Ao
=" L. Tsxs
~ Z i T (8b)
J
— 2 Ao Ao i -2
I's = —§a1a2a37 Z |:1 + 7@@2&31,} Z;T; (8C)

i
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where I7, i = 1, ... 3 is the well known elliptic integral
Il =Ii(ay) = %/ [(t+a?)R(E)] " dt,
0
8 1/2
Rty =] [t+43]""- @
j=1

The zeroth-order dyad and the third-order dyad are simple
(they are constant diagonal). The static-like coefficients of T
are those [40] has established with the assumption of incident
plane waves, far scattered fields, and lossless embedding. In
the spherical geometry, the known result T = 3¢/(20 + 0.)T
[17] is retrieved. Note that when the ellipsoid is small enough,
the purely dipolar secondary field H,, may be equated to the
field radiated by three mutually orthogonal electric dipoles
(one along each semi-axis) whose amplitudes are proportional
to Eys.x;. The magnitiude of the coefficients of proportionality
(from T'y) and the lengths of the semi-axes vary alike for
positive Ao (a “conductive” anomaly), and the converse is true
for negative Ao (a “resistive” anomaly).

The second-order dyad T, is more complicated, though it is
symmetric and still becomes purely diagonal at the center of the
ellipsoid. The six independent coefficients Z;; given in [35] are
convoluted but numerically stable combinations of closed-form
analytical expressions given in terms of well-known elliptic in-
tegrals and of expressions requiring 1-D integration of elliptic
functions with respect to p. With reference to the formulas in
(3), the first expressions result from the V'V’ operation on the
volume integral of R, whereas the second ones result from the
volume integral of 1/R that enjoys a closed-form analytical ex-
pression for the oblate and prolate spheroids [11] and for the
sphere [17] but not for the general triaxial ellipsoid.

Note finally that L and thus T, which also involves an ex-
pansion of (jw) up to (jik)® when the quasi-static assumption
is not made may be found after cumbersome calculations cur-
rently in progress. A main problem to be met is that these calcu-
lations call for ellipsoidal harmonics of the fourth order, which
result from the volume integral of R in (3), and the coefficients
of the polynomial expressions of such harmonics in Cartesian
coordinates are not known in analytical closed form, in contrast
to what is happening with the lower order harmonics that have
been employed to calculate the T dyads of the third and lesser
orders.

C. Low Frequency Expansion of the Primary Field in a Half
Space

Let us consider a thin-wire circular loop of radius with a uni-
form current I (in A), located in a horizontal plane parallel to the
flat Earth interface and buried at (in practice, very small) depth
zs = h in the modeling half space of wave number £. Alterna-
tively, we may consider a vertical magnetic dipole with ampli-
tude M (in Am?) at depth ~ > 0 (in practice, the dipolar source
is located in the same borehole as the sensor or in a nearby bore-
hole). Both sources radiate horizontally polarized (transverse
electric with respect to the = axis) wave fields. This is true for the
loop only if I is uniform, which is a realistic assumption at low
frequency, referring to [44] for a general description of the TE
and TM waves existing in a horizontally-layered Earth due to
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nonuniform I. Such wave fields can, in principle, be expanded
in integral powers of (jk). In principle, since an exact deriva-
tion of the low frequency expansion of the wave field in the half
space does not seem to exist, and the one we sketch below is
based on an approximation.

Inacylindrical coordinate system (coordinates (r, ¢, z), unit
Vectors (u,., u,, %)) With origin at the center of the loop or at
the dipole location, the decomposition of the fields in terms of
Hankel transforms to take advantage of the circular symmetry
and the application of the boundary and radiation conditions
yield the unique (azimuthal) component £, of theelectricfield
E,

Evolr, 2)
e stn)
= jw A N~
Jwho Jo E—
| vE=E-n Y k? — k% — JE VIR (= h)
Vk? — K2+ jrk
~Ji(kr)di (20)

where J; is the Bessel function of the first kind and of zero
order, and the source amplitude s(x) is equal to (M /4r)x for
the magnetic dipole and to (Ia/2).J1(ra) for the circular loop.
The field is the sum of a direct contribution (the first term of
the integrand) and a reflected contribution (the second term).
The vertical and radial components of the magnetic field have
similar expressions.

The approach employed in deriving the low frequency expan-
sion of the electric field follows the one of [42]. Using k% =
jwopg and assuming that |k /x| is small with respect to 1, the
square roots within the integrand in the right-hand side of (10)
are expanded up to power 2, the spectral integration being kept
from 0 to +o00. Upon reordering terms, we arrive at an expan-
sion of the electric field up to order 4

Ey.(r, z)
) oo ,—r|z—h| had
=GR [ ) e o+ (0 [ ()
Jo o 0
1 |z — Al —k|z—h 1 —r(z+h)
{(20%2 + 20 K2 ) ¢ dor2®
- Ji(kr)dk. (1)

In the dipolar case, the spectral integrations involved in the
two coefficients of expansion (11) can be worked out, and
closed-form expressions are obtained in terms of Gauss's
hypergeometric functions [16], F(1/2, 1; 2, z)

Ey (r=Rsinf, z=h+R cosb)

M sin@ M
(a2 FEAY Tl
==k dro R? + (k) dro

1— 6))cotanf tané (1
%F‘Z F(5, 12 fwﬂz)

sin @ F 1 1. 2. sin #?
8(|cosb|+2h/R)" \2" 777 (|cosf|+2h/R)?
(12
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When the same dipole is radiating in an infinite space with the
same wave number &, one calcul ates

Ey(r =Rsinf, z=h+ R cosf)
M siné M siné
= —(jk)?— jk)t— .
U e 2 TR 30

The expansion (13) is exact and can be continued to infinity.
Note that the fourth-order coefficients in the expansions
(11)—(13) include supplementary terms when expanding up to
the fourth order the term jwpo in factor of the integral in (10).

General expansion (11) and specialization (12) only comprise
even powers of (jk) since the sguare roots in the integrand in-
volve power (k/r)?. The first nontrivial term of either expan-
sionis of power (jk)2. It isthe same asthe first nontrivial term
of the low frequency expansion of the electric field due to the
same loop source or to the same dipole source in the infinite
space [see (13)]. The next nontrivial term is of power (jk)*. It
accounts for the presence of the interface. Correspondingly, the
magnetic field components can be expanded into even powers
of (jk), theleading terms now being of power 0O (static-like) and
equal to the leading terms in the infinite space, the influence of
the interface being manifested only from power (jk)2.

Note again that the expansion technique employed hereis not
traditional compared to the usual low frequency analysis. Other
expansions might have been cal culated by other means, and (11)
and (12) are approximated. This is manifested in particular by
the absence of the odd powers from (k) for the electric field
and (k) for the magnetic field, though these terms exist in the
exact infinite-space field expansions and should exist in those
in the half space. Furthermore, thereis no need to continue (11)
and (12) to power (;ik)®, since the imaginary contribution of
the sixth-order term should be much smaller than the missing
imaginary contribution of the unknown fifth-order term.

(13)

I11. NUMERICAL SIMULATIONS
A. Comparison Tools and Parameters of the Smulations

Numerical examples are presented for the magnetic dipole
only. More results are available in [33], in particular for a cur-
rent loop. In Figs. 2 and 3, primary electric fields calculated
with and without accounting for the interface are compared, as
well as exact forms and low frequency expansions. In Figs. 4-8,
low frequency results are compared with results from the EM3D
code. For application of this code, the ellipsoid is modeled as a
parallelepiped of same volume, the sides of which are of the
same ratios as those of the semi-axes and are parallel to or per-
pendicular withtheinterface. This parallelepipedisthen divided
into smaller ones according to the same rules.

The bodies under investigation are ageneral triaxial ellipsoid
and an oblate spheroid. The ellipsoid is quite elongated since
its semi-axes are in the ratio az/a; = as/ax = 1/2, letting
a; = 62 m, the major axis being vertical (along the » axis) or
horizontal (along the x axis). The oblate spheroid looks like a
vertical circular plate, since the major semi-axes lie in the ver-
tical (y, z) plane and are four times (a; = a2 = 62 m) larger
than the minor semi-axis (a3 = 15.5 m).

Conductivity contrasts o, /o between the body and the back-
ground medium are 10:1 or 100:1 (¢, = 2 x 102 SYmor
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Fig. 2. Primary electric field due to a 500 Hz, 1 Am? vertically-orientated
magnetic dipole (along z) in an infinite or half space (¢ = 2 x 10—3 S/m).
Real and imaginary parts of the exact values of the y-component along the =z
axis are compared for a shallower source (zs = 25 m) and a deeper (zs =
75 m) source at fixed range (zs = 100 m, ys = 0) with those observed within
an infinite Earth. zy = 25 m, half space (—), infinitespace (+ + +),zs =
75 m, half space (- - -), infinite space (x x x).
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Fig. 3. Primary electric field due to a 500 Hz, 1 Am? verticaly-oriented
magnetic dipole (along z) in the half-space Earth (¢ = 2 x 10~* S/m). Same
as in Fig. 2, but the exact y-component values are now compared to those
of its expansions up to powers (jk)? and (jk)*. zs = 25 m, exact (—),
(GR)*(+ + +) and (jR)*(x X x);zs = 75m, exact (- - ), (k) (0
00), and (jk)*(ODODO).

2 x 1071 S/m, o = 2 x 10~3 S/m). Frequency is 500 Hz or
1000 Hz. Corresponding planar skin depthsinthe 2 x 102 S/m
ellipsoid material, and the 2 x 10~ S/m host material at 500 Hz
areé. ~ 159 m, and 6 ~ 503 m, respectively. They decrease to
6. =36 mand § ~ 356 m, respectively, inthe2 x 10~ Smd-
lipsoid material and the 2 x 10~ S/m host material at 1000 Hz.

The magnetic dipole with amplitude 1 Am? is orientated ver-
tically downward and lies in the (z, 2) vertical planeat z5 =
100 m and zs smaller than or equal to the depth p of the body
center. The calculated values are the real and imaginary parts
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of the components of the secondary magnetic field along a ver-
tical line passing near the ellipsoidal body. Note that wearein a
transmission modesincetheborehole R isinthe(z < 0, ¥ > 0)
quadrant, and the source is in the (z > 0, z < p) domain,
and that the body in this configuration is a priori providing a
predominantly galvanic response to which it is known that the
localized nonlinear approximation is well suited. These values
are calculated by the aforementioned EM3D MoM code and by
low frequency expansions, an exact expansion (denoted as EE),
afull expansion (FE) and a short expansion (SE).

For EE, the depolarization dyad is caculated from its
closed-form expansion up to (jk)2. The primary electric field
is calculated from its exact integral form (10) in the half space,
while in the case of the infinite space, the well-known dipolar
field formula is used. The secondary magnetic field results
from (1), the integration over volume V being performed
numerically.

For FE, the depolarization dyad is calculated from its expan-
sion up to (jk)2. Correspondingly, the primary electric field in
the half spaceis calculated from its expansion up to (jik)*. The
secondary magnetic field resultsfrom its expansion up to (jk)*,
the needed integration over volume V' being performed numer-
icaly.

For SE, the depolarization dyad is equated to its static-like
term. Correspondingly, the primary electric field is equated to
the term of power (jk)?2, the same asin aninfinite space, and is
valued at the ellipsoid center. The secondary magnetic field re-
sultsfrom the (k)2 termin (6) and (7a), the volumeintegration
in (6) being reduced to amultiplication by V.

B. Main Comments

In Fig. 2, it is observed that the interface does not influence
the preponderant imaginary part of the primary electric field
even within afew meters of the interface and for the shallower
25-m-deep dipole (zs & §/20). Only the much smaller real part
is affected, the difference being stronger in the neighborhood of
the source and quite visible only down to depths ~ 6/3. Results
not shown here also indicate that for a150-m-deep dipole (25 =
6/3), theinfluence of the interface is negligible.

The agreement between the low frequency expansions and
the exact values that are displayed in Fig. 3 is excellent for the
imaginary part, and this is true both in the half space and in the
infinite space since the term of power (;k)? isthe samein both
cases. Thereal part provided by the expansion to power (jk)* is
varying with depth as the exact real part does, a small discrep-
ancy, which is about constant to large depths for a given source
location and of similar magnitude for the shallower source and
for the deeper source being observed in the half-space case. This
discrepancy may be attributed at least partially to the absence
of terms of power (jk)® in the primary electric field expansion,
which has no consequence on the large imaginary parts arising
from power (;k)? but may be significant for the small real parts
arising from power (jk)*.

When the elongated ellipsoid of contrast 10: 1 is considered
at 500 Hz (Figs. 4 and 5), the vertical component of the sec-
ondary magnetic field calculated by the EE approach isin good
agreement with the one calculated by the MoM code for both
real and imaginary parts. This agreement is somewhat better
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Fig. 4. Verticaly-oriented elongated triaxial ellipsoid (a; = 62m, z1//z,a> = 31 m, z>//y, a; = 155m, z3//z) of conductivity o, = 2 x 1072 S/mis
buried at p = 75 min aless conductive Earth (o = 2 x 10~* S/m) and isilluminated by 2500 Hz, 1 Am? vertically-orientated magnetic dipole at (zs = 100 m,
ys =0, zg = 75m). () Real parts and (b) imaginary parts of the components of the secondary magnetic field are calculated dlong a(zx = — 50 m, yx = 90
m) vertical line: exact expansion (EE) results in the case of the half space (- - -) and for an infinite space (+ + +), MoM results (4.

with the vertical orientation of the ellipsoid than with the hor-
izontal orientation. As for the influence of the interface, it is
weak (absent on the imaginary part, as expected from the pri-
mary field behavior) even if the dipole source is 75-m-deep
(zs = 6/7) and thetip of the vertically-orientated ellipsoid is at
only 38 m (= ¢/14) below the interface.

The horizontal components calcul ated by the MoM code and
the exact expansion (EE) approach differ more from one an-
other than the vertical parts do. The weak and fast-decaying
y-component yielded by the MoM code (with no guarantee of
accuracy) is not duplicated, the secondary magnetic field pro-
vided by the EE approach being much closer to 0 (it would be
zero for symmetry with the SE approach). Therea parts of the
z-component are similar to one another, the vertical ellipsoid
again yielding somewhat closer results than the horizontal one.
Themuch stronger imaginary partsvary likewise, the agreement
being better than for the real parts, in particular since the dis-
crepancy between the MoM and EE imaginary parts vanishes
below ~ 24/3 while the MoM and EE real parts still differ by
asmall and constant additive term below = 4. Again the influ-
ence of theinterface is very weak (none on the imaginary part,
very small on the real part).

When the response of the vertical plate-like spheroid with
the same 10: 1 contrast is considered at the same 500 Hz fre-
quency (Fig. 6), the match of the vertical components appears
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quite good again. However, the interface has more influence on
thereal part than previously. Thisis expected since the spheroid
istwice bigger than the ellipsoid and since, in view of its shape
and orientation, the integration domain near the interface be-
comes much larger. The z-component is fairly reproduced but
the y-component is not.

Increasing conductivity contrast (by a factor of 10) and op-
eration frequency (by afactor of 2) should reduce the accuracy
of the EE approach. Nevertheless, as shown in Fig. 7, theimag-
inary parts of the field, which are much stronger than with the
lower contrast and frequency, remain fairly reproduced. Here
the source is at zs =~ 0.46, and the interface has a small role.
Other results (not shown) indicate that the EE approach is more
accurate for a vertical orientation of the ellipsoid than for other
orientations for the type of illumination considered so far.

The EE approach is more time consuming than the FE and
SE approaches since it does not use the low frequency expan-
sions of the primary field, and they use them. Results of the
three approaches are compared in Fig. 8 for the 10: 1 vertical
ellipsoid at 500 Hz with reference to the MoM results. The SE
approach, extremely fast since no integration is carried out,
yields null real partssinceit is confined to the zero-order static
term of the secondary magnetic field, and due to symmetry, it
ensuresanull -component in our configuration. Theimaginary
parts of the z-and x-components are very close to the MoM
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Fig. 5. Horizontally-oriented elongated triaxial elipsoid (a; = 62m, z1//z, a; =31 m, z2//y, az = 15.5m, x5/ /z) of conductivity . = 2 x 10 2 S/m
(see Fig. 4) isburied at p = 75 min aless conductive Earth (6 = 2 x 10~* S/m) and isilluminated by a500 Hz, 1 Am? vertically-orientated magnetic dipole at
(xs =100m, ys =0, zs = 75m). (a) Real partsand (b) imaginary parts of the components of the secondary magnetic field are calculated dlong a (x x = —100
m, yx = 80 m) vertical line: EE in the case of the half space (- - -) and for an infinite space (+ + +), MoM results ().

results below =100 m (=~ 6/5), the vertical component being
reproduced well at shallower depths except near the source
depth. The FE approach yields the same imaginary parts as the
EE approach, which well reproduces the imaginary parts of the
z-component and, to a lesser extent, of the z-component. The
real parts the FE approach provides are fairly good for both
components. For reasons not known to us, the z-component
agrees better with the MoM results than the one calculated by
the EE approach even though the plateau observed at large
depth (e.g., beyond about 250 m (=~ 6/2) is erroneous. This is
not the case with the z-component for which the EE approach
works successfully from very shalow depths, whereas some
discrepancies are observed with the FE approach.

As noted earlier, expanding the primary field to (jk)* yields
imaginary parts indistinguishable from the exact ones, but real
parts that differ somewhat even at large depths. Since the sec-
ondary field results from depolarization dyad estimators acting
on primary field estimators and involves integration over the
whole dllipsoidal volume, small errors on the real parts of the
components of the primary field may have adverse effects on
thered parts of the components of the secondary field. Note that
real parts of the magnetic fields are at least one order of magni-
tude smaller than imaginary parts. A strong discrepancy with a
real part does not mean astrong discrepancy with the magnitude
of the field component. The same phenomenon is observed with
the sphere from the results of [17].

IV. CONCLUSION AND PERSPECTIVES

Formulating the heuristic localized nonlinear approximation
within the low frequency scattering theory yields a hybrid mod-
eling of the electromagnetic behavior of a conductive general
ellipsoidal body buried in a conductive half space when amag-
netic dipole source or a current loop is on or below the inter-
face. The analytical calculationsto determinethe low frequency
expansion of the depolarization dyad of the ellipsoid are cum-
bersome. To a much lesser degree, thisis aso the case for the
primary field in the half space. But the estimators of the exterior
magnetic field are computationally smple and remain stablein
the case of degeneracy to spheroidal and spherical bodies, and
they are reasonably accurate for moderate but still realistic con-
ductivity contrasts and commensurate exploration frequencies.
Though limited to alow frequency range, further use of the re-
sults can be found in checking numerical solvers designed for
genera shapes. Last but not least, the intricate 3-D inversion
of electromagnetic geophysical data can sometimes be viewed
as the simpler search of an “equivalent” body with few geo-
metric and constitutive parameters. An ellipsoidal body gives
much geometric freedom in the search, whilethe hybrid electro-
magnetic modeling brings good insight into the diffusive wave
field scattering involved and may enable us to associate indi-
vidual terms in the low frequency expansions with particular
properties of the body. All of this might be good justification
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Fig. 6. Plate-like, vertically-oriented oblate spheroid (a; =62 m, z1//z, a- = 62m, z>//y, as = 15.5m, x5/ /z) of conductivity . = 2 x 102 S/mis
buried at p = 75 min a less conductive Earth (¢ = 2 x 10—2 S/m) and is illuminated by a 500 Hz, 1 Am? vertically-orientated magnetic dipole at (zs = 100 m,
ys = 0, zs = 25 m). (a) Real parts and (b) imaginary parts of the components of the secondary magnetic field are calculated along a (zr = — 50 m, yz = 80
m) vertical line: EE in the case of the half space (- - -) and for an infinite space (+ + +), MoM results (-).

for presenting the results, but several issues thought to restrict
the scope of the modeling still deserve the following comments.

A. Specialization to an Ellipsoidal Shape

The ellipsoid is a highly versatile single body. Its surface
of the second degree easily matches many bodies of smooth
boundary with no imposed symmetries and proportions through
free choice of the three semi-axes. Furthermore, it enjoys the
advantages of the most general form of separable coordinate
systems: the ellipsoidal one. Most other separable systems [29]
are so peculiar that they have no use in the geophysical mining
context, and the simpler spheroidal and spherical cases directly
proceed from the general case by asymptotic arguments. Also,
we still know very little about ellipsoidal or Lamé wave func-
tions, as was underlined almost 50 years ago in [6]. But the
low frequency method of attack obviates the need to expand
the Green’s function in terms of these functions and enables us
to benefit from the accessible theory of ellipsoidal harmonics
without recourse to general numerical solvers.

As for parallelepipeds, lack of separability in the Cartesian
coordinate system evidently forbids us to proceed likewise.
Nevertheless, their low frequency behavior [22] is close to the
one of the corresponding ellipsoids except for extreme values
of material, source, and sensor parameters. This observation in
effect underpins the comparison with the results provided by
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the EM3D code, though one should keep in mind that accuracy
of this code requires a careful parametrization and may still
not be assured, especially in the absence of many comparison
results.?

B. Use of a Canonical Source Only

The source is specialized in the simulations to the ideal mag-
netic dipole, which is a safe assumption for sources commonly
used in boreholes. Current sources placed on the Earth’s surface
(surface-to-hole configuration), especially if they are modeled
as a circular loop of the same area as the approximately square
loop of common use, are considered likewise. Indeed, both situ-
ations enable explicit low frequency expansions of the primary
electric fields, at least up to power (jk)*. The wave field due to
an electric dipole could be worked out similarly. Complicated
sources may require us to stop the analytical work at the depo-
larization tensor expansion and estimate its action on the pri-
mary electric field by numerical integration in the absence of
low frequency expansions of this field.

2Results are available for the penetrable sphere in a conductive infinite space
illuminated by a magnetic dipole [17] via exact Mie series expansions. Sphe-
roidal wave function expansions for spheroidal bodies in a vacuum illuminated
by a plane wave exist for a perfectly conducting spheroid [37] or a dielectric
one, but a corresponding solution for a dipole is not known by us. Such expan-
sions do not exist for the general ellipsoid. T-matrix approaches pioneered by
[5] and exemplified by [36] may be used.
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Fig. 7. Vertically-oriented elongated triaxial ellipsoid (a; = 62m, z1//z, az = 31 m, z2//y, as = 155 m, zs//z) of conductivity c. = 2 x 10~* Sm
(see Fig. 4) isburied at p = 150 m in amuch less conductive Earth (¢ = 2 x 10~% S/m) and isilluminated by a 1000 Hz, 1 Am? vertically-orientated magnetic
dipoleat (xs =100 m, ys = 0, zs = 150 m). (8) Real parts and (b) imaginary parts of the components of the secondary magnetic field are calculated along a
(zr = =50 m, yr = 90 m) vertical line: EE in the case of the half space (- - -) and for an infinite space (+ + +), MoM results (.

C. Depolarization Dyad in an Infinite Space

Here the ellipsoid is assumed to be weakly coupled to the
medium interface with only the primary field accounting for it.
Thisiis, in particular, compatible with somewhat deep metallic
ores since the secondary field is afew orders of magnitude less
than the primary field in the borehole and multiplereflectionson
theinterfaceareinvisible. However, thisassumption may fail for
shallower objects (e.g., in the 50 m range) at higher frequencies
(e.g., inthe 100 kHz range), and a fortiori in ground penetrating
radar (GPR) applications [47].

A remedy might be a (possibly repeated) three-step proce-
dure. Calculate the secondary electric and magnetic fields at the
interface from the action of the depolarization dyad of the body
in infinite space onto the primary field (which includes the in-
terface effects)