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C<º0B :42/41/ » ;/<304:$ c42 :;2<B/6/2 .1/ /.<2 ;/; .5/41<2 A6: B6 /4=T10C<4342 =B62242 =.1s161/42 01s1042$ c4//4 E;/T.34 3<4 » R4:6:3<==0 ¸?µ D¹ :4A.24 2<:B4 λ⊥9=6B=<B 01s10$ x612 =4 =6B=<Bµ /.</ /4:E4 t 42/ 1.:E6B0265B4 2.<2 <14 ^.:E41./;4 t∞
C<0 2º0341/0s4 » 2.1 6:5:4 34 R4:6:3<==0 4/ C<0 A4</ ;z41/<4BB4E41/ ¾/:401s104$ VBB4 ^60/ ;�6B4E41/ 01/4:z410: B6 1./0.1 34 =B6224 342 ;=T61�;2 © 20 A 4/ B2.1/ 34<W =B62242 34 /4:E42µ B6 =B6224 342 ;=T61�;2 2/:0=/2 34 A A6: (B,m)

µ 1./;4
A[B →∞ m]s

µ 42/ Bº4124E5B4 342 /4:E42 34 A 3612 B42C<4B2 1.<2 6z.12 ;=T61�; B422.<29/4:E42 ;B;E41/2 34 B A6: m
$ Q</:4E41/ 30/ A[B →∞ m]s 42/ Bº4124E5B4 342/4:E42 (C[m])∞ .Î C 42/ <1 =.1/4W/4 01s10 /4B C<º0B 4W02/4 a ∈ A 4/ b ∈ B z;:0s61/

a = C[b]
$ 86 E;/T.34 342 =B62242 =.1s161/42 :4z041/ 6B.:2 » E.1/:4: C<4 B6 =BÒ/<:434 (Yt Ω3)
A6: ;=T61�42 01s102 2/:0=/2 A6: m 1º42/ =.EA.2;4 C<4 34 a;:.9/4:E42 0$4$342 /4:E42 C<0 14 2º;=:0z41/ A62 λx.v

$ c4 C<4 1.<2 1./.12 Clm(Yt Ω3) ⊆ Õb $]:Í=4 » =4//4 E;/T.34µ 1.<2 6z.12 E.1/:; C<4 B42 24<B2 /4:E42 m
C<º0B :42/60/» ;/<304: 2º;=:0z41/ 2.<2 B6 ^.:E4 λx.(x b1 b2)

.Î b1
4/ b2

2.1/ 2.0/ 342 a;:.9/4:E42^.:/2 34 34�:; 01s10 2.0/ B6 z6:065B4 x
$ V12<0/4µ 1.<2 6z.12 ;/65B0 3612 B4 =62 .Î m2º;=:0/ λx.(x b x)

µ C<4 20 b 14 2º;=T61�4 A62 41 x
0$4$ x 6∈ {b}[Clm(Yt Ω3) →∞

m]
µ 6B.:2 m A4</ ¾/:4 0341/0s; »

(Yt Ω3)
$ c4 =62 2º6AA6:41/4 » =4B<0 34 ·<A4:A<02C<4 20 b 2º;=T61�4 41 x

µ 6B.:2 m 2º;=T61�4 41 δ3
$ -;61E.012µ B6 =.130/0.1

x 6∈ {b}[Clm(Yt Ω3)→∞ m] 42/ AB<2 20EAB4 » z;:0s4: C<4 =4BB4 34 ·<A4: T ⊢ m = δ3
$84 34:104: :;2<B/6/ =.1=4:14 B4 =62 .Î b 2º;=T61�4 41 x 4/ 3.1= m 2º;=T61�4 41 δ3
$x612 =4 =62µ 2.<2 <14 TÌA./T¶24 Ö2

3º;=T61�4 30:4=/µ 1.<2 E.1/:.12 C<4 © #× m A.292¶34 B<0 E¾E4 <14 =.EA.261/4 6</.920E0B60:4 7× Clsm(Yt Ω3) ⊆ Õb .Î Clsm(Yt Ω3):4A:;241/4 B6 =BÒ/<:4 A6: ;=T61�4 20EAB4 0$4$ =4BB4 .5/41<4 A6: 342 =.1/4W/42 » <124<B /:.<$ 84 34<W0¶E4 A.01/ 14 1.<2 A4:E4/ =4A41361/ A62 34 =.1=B<:4 C<61/ » B6=.1202/61=4 34 Bº;C<6/0.1 (Yt Ω3) = m
$ V1 4Ñ4/µ B6 E;/T.34 342 =B62242 =.1s161/42:;=B6E4 C<4 B4 =BÒ/<:4 01s104 2.0/ =.EA.2;4 34 a;:.9/4:E42$ Õ:µ B6 =BÒ/<:4 20EAB442/ AB<2 A4/0/4$ -;61E.012µ B42 E.Ì412 E02 41 Ø<z:4 A.<: E.1/:4: =4 :;2<B/6/ ^.<:9102241/ <14 342=:0A/0.1 01/;:42261/4 342 ;=T61�42 C<0 A4<z41/ 6z.0: B04< 3612 =4 =62

?



A6:/0=<B04:$c4//4 /T¶24 24 3;=.<A4 41 34<W A6:/042$ 86 A:4E0¶:4 42/ =.126=:;4 » B6 1./0.13º013;s10$ -.<2 Ì 3;=:0:.12 41 3;/60B B42 1.1 :;2.B<5B42µ B42 a;:.9/4:E42 ^.:/2 4/ B42/4:E42 E<4/2$ -.<2 z4::.12 A.<:C<.0 /.<2 2.1/ =613036/2 A.<: B6 1./0.1 3º013;s10$842 34:104:2µ B42 /4:E42 E<4/2µ A4:E4//:.1/ 3º01/:.3<0:4 B4 λ9=6B=<B 01s10$ c4 24:6Bº.5È4/ 3< =T6A0/:4 34<W$ 84 34:104: =T6A0/:4 24 =.1=41/:4:6 2<: B6 1./0.1 34 ^6=09B0/;$ -.<2 Ì A:;241/4:.12 B6 /4=T10C<4 342 =B62242 =.1s161/42 C<0 24:6 0BB<2/:;4 341.E5:4<W 4W4EAB42$86 24=.134 A6:/04 42/ =.126=:;4 » B6 ^6=0B0/; 34 (Yt Ω3)
$ QA:¶2 6z.0: :6AA4B; B42:;2<B/6/2 =.11<2 » =4 È.<:µ 1.<2 A:;241/4:.12 B6 A:4<z4 34 1.2 1.<z46<W :;2<B/6/2$

D
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¬­®¯°±²³®´°­
842 1.1 :;2.B<5B42 2.1/ 342 /4:E42 2612 ^.:E4 1.:E6B4 34 /¾/4$ yB2 A.22¶341/ =4//4A:.A:0;/; :4E6:C<65B4 © 20 1.<2 6È.</.12 6< λ9=6B=<B B42 ;C<6/0.12 C<0 B42 0341/0s41/» B6 =.12/61/4 ⊥µ 6B.:2 B6 1.<z4BB4 /T;.:04 .5/41<4 :42/4 =.1202/61/4$ c4//4 /T;.:0442/ 6AA4B;4 B6 /T;.:04 34 RSTE 4/ 26 =.1202/61=4 24:/ 34 ^.134E41/ » B6 =.12/:<=/0.1342 6:5:42 34 RSTE$ yB 4W02/4 3º6</:42 /4:E42 C<0 A.22¶341/ =4//4 E¾E4 A:.A:0;/;$x612 =4//4 A6:/04µ 1.<2 ;z.C<4:.12 B42 a;:.9/4:E42 ^.:/2 4/ B42 /4:E42 E<4/2$ 842a;:.9/4:E42 ^.:/2 2.1/ 342 1.1 :;2.B<5B42 C<0 14 24 :;3<0241/ A62 » <14 652/:6=/0.1$842 E<4/2 2.1/ 342 a;:.9/4:E42 ^.:/2 C<0 14 24 :;3<0241/ A62 » <14 6AAB0=6/0.1 (u v).Î u 42/ <1 a;:.9/4:E4$ b.<2 34<W A4:E4//41/ 34 =.12/:<0:4 342 6:5:42 » B6 E610¶:434 RSTE$ Q<W A:4E04:2 =.::42A.1341/ B42 6:5:42 34 8;zÌ98.1�. 4/ 6<W 24=.132µ=4<W 34 R4:6:3<==0$ 842 01=B<20.12 41/:4 =42 /:.02 =B62242 34 /4:E42 24 :;A4:=</41/A6: 342 6:5:42 6<W 342=:0A/0.12 AB<2 .< E.012 s142$ É /0/:4 3º4W4EAB4µ B4 /4:E4
λx.Ω (x x) .Î Ω = (λx.x x) (λx.x x) 24 z.0/ 622.=04: B42 /:.02 6:5:42 2<0z61/2 ©RSTE 8;zÌ98.1�. R4:6:3<==0ëìë íÆîìÄïðÄñî òÆíì Åñíóñî ÀìíÅî óïñÅî

⊥
λx

⊥

λx

⊥ x x86 A:4<z4 34 B6 =.1202/61=4 34 B6 :4B6/0.1 →m
C<0 622.=04 ⊥ » /.</ /4:E4 E<4/:4A.24 2<: <1 =.12/6/ © B42 /4:E42 E<4/2 2.1/ 342 a;:.9/4:E42 ^.:/2µ 0B2 1º6AA6:602241/3.1= È6E602 =.EE4 B6 A6:/04 λx.a 3º<1 :434W (λx.a b)

$ V1 =.12;C<41=4µ B42 /4:E42E<4/2 14 È.<4:.1/ A62 AB<2 34 :ÒB4 3612 <14 :;3<=/0.1 C<º<14 20EAB4 =.12/61/4$ -.<26AA4BB4:.12 =4//4 A:.A:0;/; Bº016=/0z0/; 342 a;:.9/4:E42 ^.:/2$ VBB4 24:6 » Bº.:0�014 34B6 A:.A.20/0.1 #$>$>F 34 �;1;:0=0/; =.1=4:161/ B42 /4:E42 E<4/2 © ;=T61�4: <1 2.<29/4:E4 E<4/ 3612 <1 /4:E4 E<4/ 14 E.30s4 A62 2.1 =6:6=/¶:4 E<4/$86 A:4<z4 34 B6 =.1202/61=4 2º012A0:4 34 B6 E;/T.34 342 4W/4120.12 =.1ô<41/42$c4//4 /4=T10C<4 =.1202/4 » /:.<z4: <14 :4B6/0.1 =.1ô<41/4 →µ
C<0 ;/413→m

$ @.<:A:.<z4: B6 =.1ô<41=4 34 →µ
µ 1.<2 ;/<304:.12 242 306�:6EE42 =.EE</6/0^2$ @.<:=4B6 1.<2 24:.12 6E41;2 » 4W6E014: =4 C<4 34z041/ B4 :;203< 3º<1 2.<29/4:E4 E<4/6A:¶2→βm9:;3<=/0.1$ 86 A:.A.20/0.1 #$>$>F A4:E4//:6 6B.:2 34 =.1=B<:4$842 34<W A:.A:0;/;2µ =.1202/61=4 4/ �;1;:0=0/; 342 /4:E42 E<4/2 2.1/ 342 62A4=/2^.136E41/6<W C<0 <102241/ B42 30z4:242 1./0.12 3º013;s10$ -.<2 B42 :4/:.<z4:.12;�6B4E41/ A.<: B42 1.1 :;2.B<5B42 4/ B42 a;:.9/4:E42 ^.:/2$ 8º<14 :4A:;241/4 Bº013;s103º<1 A.01/ 34 z<4 3;1./6/0.114Bµ Bº6</:4 3º<1 A.01/ 34 z<4 .A;:6/.0:4$86 =.1202/61=4 34 →m

È<2/0s4:6 A6: B6 2<0/4 B6 =.12/:<=/0.1 342 6:5:42 34 R49:6:3<==0$ c4<W9=0 24:z0:.1/ 34 E.3¶B4 A.<: B4 λ⊥9=6B=<B 01s10$ c4 24:6 Bº.5È4/ 3<34<W0¶E4 =T6A0/:4$ c4 =6B=<B 1.<2 A4:E4//:6 34 E610A<B4: 342 6:5:42 01s102 =.EE434 20EAB42 /4:E42$É A6:/0: 3< λ⊥9=6B=<B 01s10µ 342 4W/4120.12 =.1ô<41/42 4/ 34 Bº016=/0z0/; 342a;:.9/4:E42 ^.:/2 16½/:6 B6 1./0.1 34 =B6224 =.1s161/4 01s104 ¸?µ D¹$ @.22;34: <14=B6224 =.1s161/4 =.12/0/<4:6 <14 =.130/0.1 2<Ó261/4 A.<: .5/410: <14 4W/4120.1=.1ô<41/4$84 =T6A0/:4 /:.02 24:6 =.126=:; » B6 1./0.1 34 ^6=0B0/;µ <14 6</:4 1./0.1 3º013;9s10$ 842 =B62242 =.1s161/42 =.12/0/<4:.1/ 6B.:2 <1 .</0B A<02261/ A.<: 4WT054: 3424W4EAB42 34 /4:E42 ^6=0B42$

U
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λ������� ◮

842 Åñíóñî �ï λ�ÂÁÄÂïÄ 2º.5/041141/ A6: 013<=/0.1 41 </0B0261/ <1 1.E5:4 s10 34^.02 B42 :¶�B42 2<0z61/42 ©� /.</4 z6:065B4 x 42/ <1 /4:E4 3< λ9=6B=<B �� 20 t 4/ u 2.1/ 342 /4:E42 3< λ9=6B=<Bµ 6B.:2 (u v) 42/ <1 /4:E4 3< λ9=6B=<B � v2º6AA4BB4 6B.:2 Bº6:�<E41/ 34 Bº6AAB0=6/0.1 (u v)
$

� 20 x 42/ <14 z6:065B4 4/ t <1 /4:E4 3< λ9=6B=<Bµ 6B.:2 λx.t 42/ <1 /4:E4 3<
λ9=6B=<B$ λx.t 2º6AA4BB4 6B.:2 <14 652/:6=/0.1$86 Âìó�Äñ�ÃÅÆ ��ïë Åñíóñ 42/ B6 E42<:4 3< 1.E5:4 34 :¶�B42 C<º0B 6 ^6BB< 4EAB.Ì4:A.<: B4 =.12/:<0:4$Ç1 /4:E4 A.<::6 ¾/:4 ;=:0/ 2.<2 ^.:E4 3º<1 E./ .< :4A:;241/; 2.<2 <14 ^.:E4;C<0z6B41/4 3º6:5:4 ;/0C<4/;$

��ñó�Äñ �����
84 /4:E4 ;=:0/ ω = λx.(x x) A4</ 6<220 24 :4A:;241/4: A6: Bº6:5:4

x x

λx $

8º4124E5B4 342 λ9/4:E42 s102 60120 =:;; 42/ 1./; Λ
$ Ô6<^ E41/0.1 =.1/:60:4µ 0B2 2.1/3;s102 » α9;C<0z6B41=4 A:¶2$@.<: /.</ /4:E4 t

µ
FV (t) 3;20�14 Bº4124E5B4 342 �ÁíÃÁðÄñî ÄÃðíñî 34 t

$ Ç1 /4:E4 2612z6:065B42 B05:42 42/ 30/ ÂÄìî 4/ Bº4124E5B4 342 /4:E42 =B.2 42/ 1./; Λ0 $
Qs1 3º6BB;�4: B42 ;=:0/<:42µ Bº6AAB0=6/0.1 (· · · (r1 r2) · · · rn) 42/ 65:;�;4 41 (r1 r2 · · · rn)

$
@.<: /.<2 /4:E42 t 4/ u 4/ A.<: /.</4 z6:065B4 x

µ B6 îïðîÅÃÅïÅÃìë u[t/x] 3;20�14 B4/4:E4 u 3612 B4C<4B /.</4 .==<::41=4 B05:4 34 B6 z6:065B4 x 42/ :4EAB6=;4 A6: t 6z4=:41.EE6�4 342 z6:065B42 B0;42 34 u
$

Ô0 B6 îïðîÅÃÅïÅÃìë Á ÄÃñï îÃóïÄÅÁëÆóñëÅ îïí �ÄïîÃñïíî �ÁíÃÁðÄñîµA6: 4W4EAB4 u[a/x, b/y, c/z, · · · ]µ .1 1./4:6 σ
B6 2<52/0/</0.1 342 z6:065B42 x, y, z, · · ·A6: B42 /4:E42 a, b, c, · · · 4/ u(σ) 3;20�14:6 u[a/x, b/y, c/z, · · · ]$

,



#$ %&
λ'()*(+* [MOM ����  ! λ"#$%#&%

��ñó�Äñ ����' Ô0
u = λy.x 4/ t = λx.(x y) 6B.:2 u[t/x] = λz. λx.(x y)

$
()*+,-,.+ �/�/p 0ëñ �íì�íÃÆÅÆ P îïí Äñî Åñíóñî �Áîîñ Áï ÂìëÅñ�Åñ îÃ 1

2 �ìïí ÅìïÅ Åñíóñ
u3 P (u)

ñëÅíÁ4ëñ
P (λx.u)2 �ìïí Åìïî Åñíóñî u

ñÅ
v 3 P (u)

ñÅ
P (v)

ñëÅíÁ4ëñëÅ
P ( (u v) )2 �ìïí Åìïî Åñíóñî u

ñÅ
v 3 P (u)

ñÅ
P (v)

ñëÅíÁ4ëñëÅ
P (u[v/x] )

◭
��� �� {��

◮

84 z4=/4<: ~t 3;20�14 <14 îïÃÅñ �ñ Åñíóñî (t1, · · · , tp) .Î p 42/ <1 41/04: A.20/0^ .<1<B$ 86 Äìë5ïñïí �ñ ÄÁ îïÃÅñ ~t :4A:;241/4 2.1 1.E5:4 3º;B;E41/2$ VBB4 42/ 1./;4 l(~t )
$@6: =.1z41/0.1 B6 2<0/4 42/ z034 20 p 42/ 01^;:04<: 6< A:4E04: 0130=4 34 B6 2<0/4$

84 z4=/4<: ~λ. 3;20�14 <14 2<0/4 34 z6:065B42 E0242 41 652/:6=/0.1 λx1 λx2 · · ·λxn
$

@.<: /.</4 =B6224 34 /4:E42 A
µ ~t ∈ A

0130C<4 C<4 t1 ∈ A, t2 ∈ A, · · · , tn ∈ A .Î n42/ B6 B.1�<4<: 34 B6 2<0/4$
86 =.1=6/;16/0.1 34 34<W 2<0/42 ~s1

4/ ~s2
24 1./4 ~s =< ~s1, ~s2 >

$ 8.:2C<º0B 1ºÌ 6 A623º6E50�<6/;2 4BB4 42/ 20EAB4E41/ 1./;4 ~s1 ~s2
$

◭
��� �����{�����

◮

()*+,-,.+ �/�/}
2 7ìïí ÅìïÅ Åñíóñ

t3 Ä �ñëîñóðÄñ �ñî 2.<29/4:E42 �ñ t
ñîÅ ÂìëîÅíïÃÅ �Áí Ãë�ïÂÅÃìëîïí t

1
2 îÃ t = x ÁÄìíî îìë îñïÄ îìïî�Åñíóñ ñîÅ x

�
2 îÃ t = (u v) ÁÄìíî îñî îìïî�Åñíóñî îìëÅ Âñï� �ñ u

ñÅ
v ÁÃëîÃ 8ïñ

t
ÄïÃ�ó9óñ�

2 îÃ t = λx.u ÁÄìíî îñî îìïî�Åñíóñî îìëÅ Âñï� �ñ u ÁÃëîÃ 8ïñ
t

ÄïÃ�ó9óñ�
2 :Á íñÄÁÅÃìë ;s 42/ <1 2.<29/4:E4 34 t; ñîÅ ëìÅÆ s ≤ t

� �ÄÄñ Ãë�ïÃÅ ïë ìí�íñ�ÁíÅÃñÄ îïí Äñî Åñíóñî�
2 0ë îìïî�Åñíóñ �íì�íñ s �ñ t îñ ëìÅñ s < t

�
2 <ìÃÅ ~t = (t1, · · · , tn)

ïëñ îïÃÅñ �ñ Åñíóñî3 s ≤ ~t îÃ5ëÃ=ñ 8ïñ
s

ñîÅ Äñ îìïî�Åñíóñ
��ïë �ñî ÆÄÆóñëÅî �ñ ÄÁ îïÃÅñ t1, · · · , tn

�
2 :Á A.20/0.1 ��ïë îìïî�Åñíóñ

s �Áëî ïë Åñíóñ
t

ñîÅ �Æ=ëÃñ �Áí Äñ Â>ñóÃë �ÁëîÄ �Áíðíñ �ñ t
8ïÃ íñÄÃñ ÄÁ íÁÂÃëñ �ñ t ? ÂñÄÄñ �ñ s

�
��ñó�Äñ ����@

=T4E01
A.20/0.1

t

s

◭
��� ��!{��{�� �{ ����{ {�{ �!�

◮842 =.1/4W/42 » <1 /:.< A4:E4//41/ 34 A.20/0.114: B42 2.<29/4:E42 » Bº01/;:04<: 3º<16</:4 A=^$ A:.A.20/0.1 #$#$\× 4/ B42 =.1/4W/42 » AB<204<:2 /:.<2 34 A.20/0.114: B422.<29/4:E42 B42 <12 A6: :6AA.:/ 6<W 6</:42 A=^$ :4E6:C<4 #$#$#7×$
()*+,-,.+ �/�/�

\



#$ %&
λ'()*(+* [MOM ����  ! λ"#$%#&%

2 0ë =.1/4W/4 C
ñîÅ ïë Åñíóñ �ï λ�ÂÁÄÂïÄ 8ïÃ �ìîîB�ñ ÄÁ �ÁíÃÁðÄñ [] Âìóóñ

�ÁíÃÁðÄñ ÄÃðíñ ñë �ÄïîÃñïíî ìÂÂïííñëÂñî Æ�ñëÅïñÄÄñóñëÅ� []
ñîÅ Á��ñÄÆ ïë /:.<�ï ÂìëÅñ�Åñ C

� :ñ ÂìëÅñ�Åñ C = []
ñîÅ �ÃÅ /:0z06B�2 0ë =.1/4W/4 20EAB4 ñîÅ ïë ÂìëÅñ�Åñ 8ïÃ ëñ �ìîîB�ñ 8ï �ïë îñïÄ Åíìï []

�
2 7ìïí ÅìïÅ ÂìëÅñ�Åñ C

ñÅ �ìïí ÅìïÅ Åñíóñ
t3 C[t] íñ�íÆîñëÅñ ÄÁ 2<52/0/</0.1 �ñCDECFG �ñî Åíìïî [] �ñ C �Áí Äñ Åñíóñ

t îÁëî íñëìóóÁ5ñ �ñî �ÁíÃÁðÄñî �ñ CëÃ �ñ t
�

2 <Ã C ñîÅ ïë ÂìëÅñ�Åñ îÃó�Äñ3 ÄÁ B.1�<4<: 3< =.1/4W/4 C 3 ëìÅÆñ l(C)3 íñ�íÆîñëÅñÄÁ Äìë5ïñïí �ï Â>ñóÃë 8ïÃ íñÄÃñ ÄÁ íÁÂÃëñ �ñ Ä �Áíðíñ �ñ C ? îìë Åíìï []
� <Ã Cëñ �ìîîB�ñ �Áî �ñ Åíìï3 l(C)

ñîÅ ÂìëîÃ�ÆíÆñ Âìóóñ Ãë=ëÃñ�
��ñó�Äñ ����H#$ Ô0

C = λx.(x [] x) 4/ t = (x λy.y) 6B.:2 C[t] = λx.(x (x λy.y) x)
$7$ Ô0

C = λx.(x [] []) 4/ t = (x λy.y) 6B.:2 C[t] = λx.(x (x λy.y) (x λy.y))
$

()*+,-,.+ �/�/" <ìÃÅ C
ïë ÂìëÅñ�Åñ �ìëÅ Äñî Åíìïî îìëÅ ëïóÆíìÅÆî

[]1, []2, · · · , []n
� 7ìïí ÅìïÅñ îïÃÅñ �ñ Åñíóñî ~u = u1, · · · , un 3 C[~u] íñ�íÆîñëÅñ ÄÁ 2<592/0/</0.1 �ñî Åíìïî []1, []2, · · · , []n �ñ C �Áí Äñî Åñíóñî u1, · · · , un

îÁëî íñëìóóÁ5ñ�ñî �ÁíÃÁðÄñî�
IJ.K.L,-,.+ �/�/~ 7ìïí Åìïî Åñíóñî u

ñÅ
v 3 îÃ u ≤ v 3 ÁÄìíî ÃÄ ñ�ÃîÅñ ïë ÂìëÅñ�Åñ

C
ÅñÄ 8ïñ

v = C[u]
�

MNOPQO RSh TUVgliTfU ngh mS VWXUTiTfU Vj v � ⊓⊔

()*+,-,.+ �/�/�� Yñï� îìïî�Åñíóñî u
ñÅ

v ��ïë Åñíóñ
t îìëÅ 302È.01/2 î �ÃÄ ñ�ÃîÅñïë ÂìëÅñ�Åñ C

ÅñÄ 8ïñ
t = C[u, v]

�
IJ.K.L,-,.+ �/�/�� <Ã u

ñÅ
v îìëÅ �ñî îìïî�Åñíóñî �ñ t3 ÁÄìíî ÅíìÃî ÂÁî �ñï�ñëÅîñ �íÆîñëÅñí 1

��
u

ñÅ
v îìëÅ �ÃîZìÃëÅî�

'�
u

ñÅ
v íñ�íÆîñëÅñëÅ Äñ ó9óñ îìïî�Åñíóñ�

[�
u

ñîÅ ïë îìïî�Åñíóñ îÅíÃÂÅ �ñ v \ìï Ãë�ñíîñóñëÅ]�
^ñóÁí8ïñ �����' ]:6AT0C<4E41/ B42 /:.02 =62 342 34<W 2.<29/4:E42µ u 4/ v

µ 34 t 24:4A:;241/41/ 60120 ©
A#× A7× A>×

u v

t

u = v

t

u

t

v

V1 /4:E4 34 =.1/4W/42µ 0B2 2º4WA:0E41/ 60120 ©#$ 0B 4W02/4 <1 =.1/4W/4 C
» 34<W /:.<2 /4B C<4 t = C[u, v]

$7$ 0B 4W02/4 <1 =.1/4W/4 C
/4B C<4 t = C[u]>$ 0B 4W02/4 34<W =.1/4W/42 20EAB42 C 4/ D 6= []

/4B2 C<4 t = C[u] 4/ u = D[v] A.<01z4:24E41/ t = C[v] 4/ v = D[u]
×$

^ñóÁí8ïñ �����[ c42 /:.02 =62 6AA6:6½/:.1/ =T6C<4 ^.02 C<4 1.<2 ;/<304:.12 B6=.1ô<41=4 34 A60:42 =.EE</6/0z42 =.1=4:161/ 34<W 2.<29/4:E42 u 4/ v
$ -.<2 </0B0924:.12 ;�6B4E41/ <14 z6:061/4 C<0 302/01�<4 © A#× u 4/ v 2.1/ 302È.01/2µ A7× u 42/ <12.<29/4:E4 B6:�4 34 v 4/ A>× v 42/ <1 2.<29/4:E4 2/:0=/ 34 u

$
#_
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A#× A7× A>×

u v

t

u

v

t

u

t

v

MNOPQO _S ehjg`j jni TkkWVTSij eSh TUVgliTfU ngh mS lfkemjaTiW Vg ijhkj� ⊓⊔

����b c�
βdef�gh
�	�-.<2 :6AA4B.12 0=0 B6 3;s10/0.1 34 B6 β9:;3<=/0.1 4/ B6 302/01=/0.1 C<0 42/ ^60/4 41/:4:;3<=/0.12 34 /¾/42 4/ 01/4:142$

()*+,-,.+ �/�/�}
2 7ìïí Åìïî Åñíóñî t

ñÅ
u

ñÅ �ìïí ÅìïÅñ �ÁíÃÁðÄñ x3 Äñ Åñíóñ �ñ ÄÁ Àìíóñ
(λx.u v)ñîÅ Á��ñÄÆ :434W ñÅ Äñ Åñíóñ

u[v/x] îìë =.1/:6=/;�2 :Á β �íÆ�ïÂÅÃìë ñîÅ ÄÁ �Äïî �ñÅÃÅñ íñÄÁÅÃìë ðÃëÁÃíñ îïí Λ
8ïÃ �Áîîñ Áï ÂìëÅñ�Åñ3ñÅ 8ïÃ íñÄÃñ ÅìïÅ íñ�ñ� ? îìë ÂìëÅíÁÂÅÆ� iïÅíñóñëÅ �ÃÅ3 �ìïí ÅìïÅ ÂìëÅñ�Åñ C 3

C[(λx.u v)] �ìîîB�ñ C[u[v/x] ]Âìóóñ
β �íÆ�ïÃÅ�2 7ìïí Åìïî Åñíóñî t

ñÅ
t′ 3 ÄÁ jBÂ>ñ t→β t′ \íñî�� t→=

β t′ 3 t→∗
β t′

] Ãë�Ã8ïñ 8ïñ
t′ �ÆíÃ�ñ �ñ t Á�íBî ïëñ ÆÅÁ�ñ �ñ β �íÆ�ïÂÅÃìë \íñî�� Á�íBî Áï �Äïî ïëñ ÆÅÁ�ñ3Á�íBî �ÄïîÃñïíî ÆÅÁ�ñî]�

2 <Ã ÄÁ íÆ�ïÂÅÃìë �ñ t íÆ�ïÃÅ ïë íñ�ñ� r îìïî�Åñíóñ �ñ t3 ìë ÄÁ ëìÅñ→β:r
�

2 :Á β �Æ8ïÃ�ÁÄñëÂñ ñîÅ ÄÁ ÂÄkÅïíñ íÆjñ�Ã�ñ3 îlóÆÅíÃ8ïñ ñÅ ÅíÁëîÃÅÃ�ñ �ñ→β
� �ÄÄññîÅ ëìÅÆñ ≃β2 0ë Åñíóñ

t
ñîÅ �ÃÅ 2.<2 ^.:E4 1.:E6B4 î �ÃÄ ëñ ÂìëÅÃñëÅ �Äïî �ñ íñ�ñ��

()*+,-,.+ �/�/�� <ìÃÅ t
ïë Åñíóñ ñÅ

s
ïë îìïî�Åñíóñ �ñ t

� më �ÃÅ 8ïñ 1
2 s

ñîÅ ïë 2.<29/4:E4 34 /¾/4 �ñ t îÃ t î �ÆÂíÃÅ λx1 · · ·λxp.(s r1 · · · rq)
ìn x1, · · · , xpîìëÅ �ñî �ÁíÃÁðÄñî3 r1, · · · , rq

�ñî Åñíóñî ñÅ
p
ñÅ

q �ñî ñëÅÃñíî �ìîÃÅÃÀî ìï ëïÄî�
2 s

ñîÅ ïë 2.<29/4:E4 01/4:14 �ñ t î �ÃÄ ë�ñîÅ �Áî �ñ Å9Åñ�
IJ.K.L,-,.+ �/�/�� <Ã s

ñîÅ ïë îìïî�Åñíóñ ÃëÅñíëñ �ñ t3 ÁÄìíî
t î �ÆÂíÃÅ λx1 · · ·λxp.(u r1 · · · rq)

ìn s Á��ÁíÁ4Å îìÃÅ Âìóóñ îìïî�Åñíóñ �ñ r1 3 îìÃÅÂìóóñ îìïî�Åñíóñ îÅíÃÂÅ �ñ u
�

MNOPQO ofTi s gU nfgnpijhkj TUijhUj Vj tq UfifUn rgj s jni UWljnnSThjkjUi gU nfgnpijhkjnihTli Vj t� RSh TUVgliTfU ngh t st oT t = x Tm Uuv S eSn Vj nfgnpijhkj TUijhUj�t oT t = λx.t′ q lfkkj gU nfgnpijhkj jU iwij Vj t′ jni SgnnT jU iwij efgh tq Smfhn s jnigU nfgnpijhkj TUijhUj Vj t′ � xU lfUlmgi VfUl eSh TUVgliTfU ngh t′ �t yUXUq nT t = (u r1)q nfTi s jni nfgnpijhkj Vj r1
lj rgT VfUUj mj hWngmiSiq nfTi s jninfgnpijhkj nihTli Vj u� ⊓⊔

IJ.K.L,-,.+ �/�/�� z�{| }ìïÅ Åñíóñ �ï λ�ÂÁÄÂïÄ î �ÆÂíÃÅ �ñ óÁëÃBíñ ïëÃ8ïñ
λx1 · · ·λxp.(r1 · · · rq)

ìn p ≥ 0
ñÅ

q ≥ 1 3 x1, · · · , xp
îìëÅ �ñî �ÁíÃÁðÄñî3 r2, · · · , rqîìëÅ �ñî Åñíóñî ñÅ

r1
ñîÅ îìÃÅ ïëñ �ÁíÃÁðÄñ3 îìÃÅ ïë íñ�ñ��

^ñóÁí8ïñ �����~ Q</:4E41/ 30/µ /.</ /4:E4 2º;=:0/ ~λ.(r ~s)

MNOPQO RSh TUVgliTfU ngh mS lfkemjaTiW Vg ijhkj� ⊓⊔

()*+,-,.+ �/�/�~ : �ÆÂíÃÅïíñ ïëÃ8ïñ t = λx1 · · ·λxp.(r1 · · · rq)
�ñ �����H î �Á��ñÄÄñB6 ^.:E4 34 /¾/4 �ï Åñíóñ

t
� <Ã r1

ñîÅ ïë íñ�ñ�3 ìë �ÃíÁ 8ïñ r1
ñîÅ Äñ :434W 34 /¾/4�ñ t

�
##
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()*+,-,.+ �/�/o�
2 0ëñ β �íÆ�ïÂÅÃìë t →β t′

ñîÅ �ÃÅñ �ñ /¾/4 îÃ Äñ íñ�ñ� ÂìëÅíÁÂÅÆ �Áëî t
ñîÅ ñëÅ9Åñ� �ÄÄñ ñîÅ ëìÅÆñ t→h

β t′
�

2 0ëñ β �íÆ�ïÂÅÃìë t→β t′
8ïÃ ë�ñîÅ �Áî �ñ Å9Åñ îñíÁ �ÃÅñ 01/4:14 ñÅ ñÄÄñ ñîÅ ëìÅÆñ

t→i
β t′

�
()*+,-,.+ �/�/o�

2 0ë Åñíóñ
t
ñîÅ �ÃÅ 2.<2 ^.:E4 1.:E6B4 34 /¾/4 î �ÃÄ ëñ ÂìëÅÃñëÅ �Äïî �ñ íñ�ñ��ñ Å9Åñ�

2 më �ÃÅ 8ïñ t �ìîîB�ñ <14 ^.:E4 1.:E6B4 34 /¾/4 î �ÃÄ îñ íÆ�ïÃÅ ? ïëñ ÀìíóñëìíóÁÄñ �ñ Å9Åñ�
IJ.K.L,-,.+ �/�/oo
�� 0ë Åñíóñ îìïî Àìíóñ ëìíóÁÄñ �ñ Å9Åñ î �ÆÂíÃÅ λx1 · · ·λxp.(x r1 · · · rq)

ìn x
ñîÅïëñ �ÁíÃÁðÄñ�

'� :ñî íÆ�ïÂÅÃìëî ÃëÅñíëñî Âìëîñí�ñëÅ ÄÁ îÅíïÂÅïíñ �ñ ÄÁ Àìíóñ �ñ Å9Åñ \ñë ëìóðíñ�ñ �ÁíÃÁðÄñî óÃîñî ñë ÁðîÅíÁÂÅÃìëî ñÅ ñë ëìóðíñ ��Áí5ïóñëÅî]�
MNOPQO

�� �j mS ehfefnTiTfU ������� ⊓⊔�� oT mS iwij jni gUj `ShTS�mjq lujni lmSTh� oTUfUq mS iwij jni gU hjVjaqkSTn mjn hWVgliTfUnTUijhUjn Uj kfVTXjUi eSn lj hjVja� _j Ufk�hj VuSh�gkjUin hjnij VfUl TVjUiTrgj�
����� c�
 ef
��g
842 íÆîÃ�ïî �ñ îìïî�Åñíóñî z.1/ 1.<2 A4:E4//:4 34 :;A.13:4 » B6 C<42/0.1 2<0z61/4 ©C<4 34z041/ <1 2.<29/4:E4 s 34 t

µ 6A:¶2 <14 :;3<=/0.1 t→∗
β t′ ¼ x02A6:6½/90B .< 5041:;6AA6:6½/90B ¼ V/ 2º0B :;6AA6:6½/µ 41 =.E5041 3º4W4EAB60:42 ¼ 8º;/<34 342 :;203<23º<1 2.<29/4:E4 6< =.<:2 3º<14 β9:;3<=/0.1 :4z041/ » B<0 A.24: <1 E6:C<4<: 3.1/.1 2<0z:6 Bº;z.B</0.1 /.</ 6< B.1� 34 B6 :;3<=/0.1$ ]:Í=4 » Bº616BÌ24 342 :;203<23º<1 2.<29/4:E4µ 1.<2 A.<::.12 3º<14 A6:/ E42<:4: Bº0EA.:/61=4 C<º0B È.<4 3612<14 :;3<=/0.1 4/ 3º6</:4 A6:/ :;.:�61024: =4//4 :;3<=/0.1 3612 Bº.:3:4 C<0 1.<2=.1z0413:6 A=^$ A:.A.20/0.1 #$#$7\×$

()*+,-,.+ �/�/op
7ìïí Æ�ÃÅñí Äñî íñëìóóÁ5ñî3 Äñî �ÁíÃÁðÄñî ÄÃÆñî îìëÅ ÅìïÅñî �ÃîÅÃëÂÅñî�
<ìÃñëÅ s

ïë îìïî�Åñíóñ ñÅ
r = (λx.a b)

ïë íñ�ñ� �ñ t
� �ìëîÃ�Æíìëî ÄÁ β �íÆ�ïÂÅÃìë

t→β:r t′
�842 :;203<2 34 s 3612 t′ Á�íBî ÄÁ β �íÆ�ïÂÅÃìë �ñ r îìëÅ 1

�� <Ã s
ñÅ

r îìëÅ �ÃîZìÃëÅî3 ÁÄìíî ÃÄ ñ�ÃîÅñ ïë ÂìëÅñ�Åñ C
ÅñÄ 8ïñ

t = C[s, r]
ñÅ ÅñÄ8ïñ

t′ = C[s, a[b/x] ]
� :ñ íÆîÃ�ï �ñ s �Áëî t′

ñîÅ ÁÄìíî Äñ îìïî�Åñíóñ
s ? ÄÁ�ìîÃÅÃìë �ìëëÆñ �Áí Äñ ÂìëÅñ�Åñ C

�
'� <Ã r ≤ s3 ÁÄìíî ÃÄ ñ�ÃîÅñ �ñï� ÂìëÅñ�Åñî îÃó�Äñî C

ñÅ
D

ÅñÄî 8ïñ t = C[s]
ñÅ

s = D[r]
� YÁëî Âñ ÂÁî t = C[s] = C[ D[(λx.a b)] ]→β C[ D[a[b/x]] ]

� :ñ íÆîÃ�ï�ñ s �Áëî t′
ñîÅ ÁÄìíî s′ = D[ a[b/x] ] ? ÄÁ �ìîÃÅÃìë �Æ=ëÃñ �Áí Äñ ÂìëÅñ�Åñ C

�
[� <Ã s < r = (λx.a b)3 ìë �ÃîÅÃë5ïñ ñëÂìíñ ÅíìÃî ÂÁî 1

(a) îÃ s = λx.a3 ÁÄìíî s ë�Á �Áî �ñ íÆîÃ�ï �Áëî t′
�

(b) îÃ s ≤ a ÁÄìíî ÃÄ ñ�ÃîÅñ �ñï� ÂìëÅñ�Åñî C
ñÅ

D
ÅñÄî 8ïñ a = D[s]

ñÅ
t =

C[ (λx.a b) ] = C[ (λx.D[s] b) ]
�
t îñ íÆ�ïÃÅ ÁÃëîÃ ñë t′ = C[ D[b/x] [ s[b/x] ] ]

�
:ñ íÆîÃ�ï �ñ s �Áëî t′

ñîÅ ÁÄìíî Äñ Åñíóñ
s[b/x] ? ÄÁ �ìîÃÅÃìë �Æ=ëÃñ �Áí ÄñîÂìëÅñ�Åñî C

ñÅ
D
�

#7
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(c) s ≤ b3 ÁÄìíî ÃÄ ñ�ÃîÅñ �ñî ÂìëÅñ�Åñî C,D
ñÅ ïë ÂìëÅñ�Åñ îÃó�Äñ E

ÅñÄî8ïñ
b = E[s]

ñÅ
t = C[ (λx.D[x, · · · , x] E[s] ) ]

�
t îñ íÆ�ïÃÅ ÁÃëîÃ ñë t′ =

C[D[E[s], · · · , E[s] ] ]
� :ñî íÆîÃ�ïî �ñ s �Áëî t′ îìëÅ ÁÄìíî Äñî îìïî�Åñíóñî sÁï� �ÄÁÂñî �Æ=ëÃñî �Áí Äñî ÂìëÅñ�Åñî C,D

ñÅ
E
�

Yñ ó9óñ3 Äñî :;203<2 3º<1 2.<29/4:E4 6A:¶2 AB<204<:2 :;3<=/0.12 îñ �Æ=ëÃîîñëÅ �ÁíÃë�ïÂÅÃìë îïí ÄÁ Äìë5ïñïí �ñ ÄÁ íÆ�ïÂÅÃìë� :ñî íÆîÃ�ïî �ñ s Á�íBî n íÆ�ïÂÅÃìëî îìëÅÄñî íÆîÃ�ïî �ñî íÆîÃ�ïî s1, s2, · · · , spn−1

�ñ s Á�íBî n− 1 íÆ�ïÂÅÃìëî�
^ñóÁí8ïñ ����'{ 842 =01C =62 34 B6 3;s10/0.1 #$#$7> A4<z41/ 24 :4A:;241/4: 60120 ©

A#× A7×

s a[b/x]

rs

↓
t′

t

r

a[b/x]

s

s′

↓

t

t′

A>$6× A>$5× A>$=×

↓
t′

t

b

a[b/x]

s
= λx.a

λx

t

b

t′

↓

a

s

a[b/x]

s[b/x]

s

b

x

t

x· · ·
↓

λx

a

a

t′

b b

ss

^ñóÁí8ïñ ����'@ 84 :;203< 3º<1 2.<29/4:E4 2º6AA4BB4 ;�6B4E41/ íÆîÃ�ï ÆÅñë�ï ¸D¹$84 :;203< ;/413< 24 302/01�<4 3º<1 :;203< 34 :434W$ V1 4Ñ4/µ 3612 B4 =62 A6:/0=<B04:.Î s 42/ B4 :434W =.1/:6=/;µ 0$4$ s = r = (λx.a b)
µ B4 /4:E4 s′ = a[b/x] 42/ 41=.:4=.1203;:; =.EE4 <1 :;203< 3< 2.<29/4:E4 s

/61302 C<º0B 1º42/ A62 =.1203;:; =.EE4<1 :;203< 3< :434W r
$

��ñó�Äñ ����'� 842 :;203<2 3< 2.<29/4:E4 (λz.z x) 2.1/ E6:C<;2 3º<1 =63:4 1.0:$
λx. (λy.(y y) (λz.z x) x)→β λx. ( (λz.z x) (λz.z x) x)→β λx. ( x (λz.z x) x)

IJ.K.L,-,.+ �/�/o�
�� <Ã t→∗

β t′
ñÅ

s ≤ t3 ÁÄìíî Äñî íÆîÃ�ïî s1, · · · , sn
�ñ s îìëÅ Åìïî �ÃîZìÃëÅî�

#>
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'� <Ã s′
ñîÅ ïë íÆîÃ�ï �ñ s �Áëî ÄÁ íÆ�ïÂÅÃìë t→∗

β t′ 3 ÁÄìíî ÃÄ ñ�ÃîÅñ ïëñ îïðîÅÃÅï�ÅÃìë σ ëñ ÂìëÂñíëÁëÅ �Áî Äñî �ÁíÃÁðÄñî ÄÃðíñî �ñ t
ÅñÄÄñ 8ïñ

s(σ)→∗
β s′

�
MNOPQO

�� �fgn SmmfUn kfUihjh rgj mjn hWnTVgn Vj s nfUi ���� ���� ������ Rfgh ljmSq Ufgn SmmfUnWiS�mTh gU �STi rgT Ufgn ejhkjiihS VuSl�j`jh mS ehjg`j eSh hWlghhjUlj� yU SeemTrgSUimS lfU`jUiTfU Vj �S�hjUVhj�iq Tm Uuv SghS eSn Vj lfU�gnTfUn jUihj mjn VT�WhjUin UfknVjn `ShTS�mjn� �UihfVgTnfUn mS UfiTfU ngT`SUij s �� ���� ��� ���� ����������� u
�� v�� t

���� �TjU VTn�fTUin �� ��S� u ji v nfUi VTn�fTUin��� Rfgh ifgij `ShTS�mj x mT�hj VSUn u
�hjne� v�� oT x jni mTWj VSUn t T�j� ∃ λx.a ≤ tijm rgj u ≤ aq Smfhn v ≤ a

�hjne� u ≤ a� ¡¢£ ¤�
t →β t′

�� �� u
�� v

���� ���� ����������� �TjU VTn�fTUin �� t �¥��� ¥���¦����� �� u
�� v

���� �TjU VTn�fTUin§MNOPQO ofTi r = (λx.a b) mj hjVja lfUihSliW VSUn t →β t′ � �fgn Vj`fUn VTnlgijhngT`SUi mS efnTiTfU Vjn nfgnpijhkjn u ji v eSh hSeefhi Sg hjVja r � ḧSTifUn mj lSn mjemgn lfkemjaj f© u ≤ a ji v ≤ b� ªfkkj u ≤ aq Tm jaTnij gU lfUijaij C ijm rgj a =
C[u]� �j kwkj b = D[v]� ªfkkj u ji v nfUi ���� ���� �����q mS `ShTS�mj x Vj (λx.a b)Uujni UT mT�hj VSUn uq UT VSUn v � «TUnTq (λx. C[u] D[v])→β C[D[v]/x] [u]� _jn hWnTVgnVj u ji v nfUi VfUl VTn�fTUin� ¬WhTXfUn rguTmn nfUi ���� ���� ������ ofTi z gUj `ShTS�mjmT�hj Vj u ji nfTi λz.w′ gU nfgnpijhkj Vj t′ ijm rgj u nfTi nfgnpijhkj Vj w′ � ­fUihfUnrgj v ≤ w′ � ªfkkj u ≤ λz.w′ ji u ≤ C[D[v]/x] [u] Smfhn nfTi C[D[v]/x] [u] ≤ λz.w′nfTi λz.w′ ≤ C[D[v]/x] [u]� �SUn mj ehjkTjh lSnq C[D[v]/x] [u] ≤ λz.w′ � xU jU VWVgTi
D[v] ≤ λz.w′ ji VfUl v ≤ λz.w′ � ªfkkj u ji v nfUi VTn�fTUinq fU S �fhlWkjUi v ≤ w′ ��SUn mj VjgaT®kj lSn λz.w′ ≤ C[D[v]/x] [u]� xU ejgi Smfhn ihfg`jh gU ijhkj w ijmrgj w[D[v]/x] = w′ ji ijm rgj u ≤ w � ªfkkj u ji v nfUi Vjga nfgnpijhkjn �TjUVTn�fTUin Vj tq fU jU VWVgTi v ≤ w � yi egTnrgj x 6∈ v q v ≤ w[D[v]/x] = w′ � _jn SgihjnlSn VuTUlmgnTfU jUihj u, v ji r nfUi nTkTmSThjn�
ojmfU mS VWXUTiTfU �����¯q mjn hWnTVgn VugU njgm nfgnpijhkj Seh®n gUj βphWVgliTfU nfUiVjga ° Vjga ���� ���� ������ ±h²lj Sg �STi ehWlWVjUi ji eSh hWlghhjUlj ngh mj Ufk�hjVj hWVgliTfUn VSUn t →∗

β t′ q mjn hWnTVgn Vj s VSUn t nfUi Vjga ° Vjga ���� ���� �������mn nfUi VfUl VTn�fTUin��� �uSeh®n mS VWXUTiTfU �����¯q mj hWnTVg s′ VugU nfgnpijhkj s Uj ng�Tiq Sg lfghn VugUjhWVgliTfUq rgj Vjn ng�niTigiTfUn Vjn `ShTS�mjn mTWjn VSUn t ji Vjn hWVgliTfUn� ⊓⊔

^ñóÁí8ïñ ����'~ V1 A6:/0=<B04: 20 x 42/ <14 z6:065B4 B05:4 3612 <1 /4:E4 t
µ 6B.:2242 :;203<2 2.1/ x

$
����³ ´e	µe�f
f
 h¶�

�·g�
 �g λdh�¶hg¶-.<2 :6AA4B.12 0=0 /:.02 :;2<B/6/2 =B6220C<42 3< λ9=6B=<B E<10 34 B6 β9:;3<=/0.1$ V1A:4E04: 1.<2 E.1/:.12 B6 =.EE</6/0z0/; 34 B6 :;3<=/0.1 20EAB4µ C<0 2º.5/041/ �:Í=4» Bº;/<34 342 306�:6EE42 =.EE</6/0^2 30/2 ;B;E41/60:42$ -.<2 ;z.C<.12 412<0/4B4 /T;.:¶E4 34 cT<:=T9t.224: C<0 ;/65B0/ B6 =.EE</6/0z0/; 3612 B4 =62 34 :;3<=9/0.12 E<B/0AB42µ A:.A:0;/; ;�6B4E41/ 6AA4B;4 =.1ô<41=4 �B.56B4$ V1s1µ 1.<2 =0/.12B4 /T;.:¶E4 34 2/6136:3026/0.1 C<0 622<:4 C<4 /.</ :;2<B/6/ .5/41< A6: β9:;3<=/0.12A4</ Bº¾/:4 41 2<0z61/ <10C<4E41/ B6 2/:6/;�04 342 :;3<=/0.12 2/6136:3$ c42 /:.02:;2<B/6/2 z0241/ =T6=<1 B4 E¾E4 .5È4=/0^ © =4B<0 34 A.<z.0: E.30s4: Bº.:3:4 3612B4C<4B 2º41=T6½141/ B42 :;3<=/0.12 6< 2401 3º<14 2;C<41=4$
IJ.K.L,-,.+ �/�/o~ z[| <ìÃñëÅ �ñï� íÆ�ïÂÅÃìëî 1 ρ : a →β b

ñÅ
σ : a →β c

� mëÁ��ñÄÄñ B6 A:.È4=/0.1 34 σ 2<: ρ
ÄÁ íÆ�ïÂÅÃìë ìðÅñëïñ ñë íÆ�ïÃîÁëÅ ��Áðìí� Äñ íñ�ñ��ñ ρ �ïÃî ñë íÆ�ïÃîÁëÅ Äñî íÆîÃ�ïî �ï íñ�ñ� �ñ σ

�

#?



#$ %&
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më ìðÅÃñëÅ ÁÃëîÃ ïë 306�:6EE4 ÂìóóïÅÁÅÃÀ �ÃÅ ;B;E41/60:4 1
a →ρ b
↓σ ↓∗σ/ρ

c →∗
ρ/σ d

MNOPQO _S ehjg`j nj �STi jU VTniTU�gSUi mjn ihfTn lSn VuTUlmgnTfUn Vj mS ehfefnTiTfU ������qjUihj mj hjVja Vj ρ ji ljmgT Vj σ � Rfgh gUj ehjg`j VWiSTmmWjq `fTh ¸¯¹� ⊓⊔

º»).J¼½¾ �/�/p� z�{|
:Á β �íÆ�ïÂÅÃìë �ï λ�ÂÁÄÂïÄ ñîÅ ÂìëjïñëÅñ� më �ÃÅ Æ5ÁÄñóñëÅ 8ï �ñÄÄñ ñîÅ Church−

Rosser3 ëìÅÆñ CR
� iïÅíñóñëÅ �ÃÅ3 �ìïí Åìïî Åñíóñî t, t1

ñÅ
t2 3 ÅñÄî 8ïñ t →∗

β t1
ñÅ

t→∗
β t2 3 ÃÄ ñ�ÃîÅñ ïë Åñíóñ

v
ÅñÄ 8ïñ

t1 →∗
β v

ñÅ
t2 →∗

β v
�

MNOPQO ¬fTh ¸�¿¹� ⊓⊔

IJ.K.L,-,.+ �/�/p� :Á Àìíóñ ëìíóÁÄñ �ñ Å9Åñ ñîÅ ïëÃ8ïñ��ë Âñ îñëî 8ïñ îÃ t ≃β λx1 · · ·λxp.(x r1 · · · rq) ≃β λy1 · · ·λym.(y s1 · · · sn)3 ÁÄìíî
p = m3 q = n3 ri ≃β si

ñÅ Áï íñëìóóÁ5ñ �íBî �ñî �ÁíÃÁðÄñî ÄÃÆñî3 ìë Á xi = yi
ñÅ

x = y
�

MNOPQO ªujni gUj lfUnWrgjUlj Vg i�Wfh®kj Vj ª�ghl�pÀfnnjh ����¯Á� ⊓⊔

()*+,-,.+ �/�/po 0ëñ îïÃÅñ �ñ íÆ�ïÂÅÃìëî t →∗
β t′

ñîÅ �ÃÅñ 2/6136:33 ëìÅÆñ
t→st,∗

β t′ 3 îÃ 1
⊲ t = λx.a3 t′ = λx.a′ ñÅ

a→st,∗
β a′

⊲ t = (x c1 · · · cn)3 t′ = (x c′1 · · · c′n)
ñÅ

ci →st,∗
β c′i

�ìïí ÅìïÅ i

⊲ t = (λx.a b ~c)3 t1 = (a[b/x] ~c)
ñÅ

t1 →st,∗
β t′

�
⊲ t = (λx.a b ~c)3 t1 = (λx.a1 b1 ~c1)

ñÅ
a→st,∗

β a1 3 b→st,∗
β b1

ñÅ
c→st,∗

β c1
�

Â¾½½¾ �/�/pp :Á íÆ�ïÂÅÃìë îÅÁë�Áí� �Áîîñ Áï ÂìëÅñ�Åñ�
MNOPQO _j lSn UfU ihT`TSm jni ljmgT f© u→st,∗

β u′ q a→st,∗
β a′ q ji rguTm nuS�Ti Vj kfUihjh

u[a/x] →st,∗
β u′[a′/x]� xU mj �STi eSh TUVgliTfU lfU�fTUij ngh mS mfU�gjgh Vj mS hWVgliTfU

u →st,∗
β u′ ji ngh mS lfkemjaTiW Vj u� ḧSTifUn mj lSn f© u = (λy. b c ~d)� oT mj hjVja

(λy. b c) Uujni eSn hWVgTiq Smfhn fU lfUnihgTi lmSThjkjUi mS niSUVShVTnWj jU hWVgTnSUiq �fgi° �fgiq mj ijhkj b egTn c ji ~d� ouTm jni hWVgTiq Smfhn u →β (b[c/y] ~d)� «TUnTq u[a/x] →β

(b[c/y][a/x] ~d[a/x])� xU lfUnihgTi mS hWVgliTfU niSUVShVTnWj jU lfkkjUÃSUi eSh hWVgThjmj hjVja Vj iwij (λy. b c) [a/x]q egTn fU lfUiTUgj eSh TUVgliTfU ngh mS niSUVShVTnWj Vj
(b[c/y][a/x] ~d[a/x])→∗

β u′[a′/x]q rgT jni emgn lfghij� ⊓⊔

Â¾½½¾ �/�/p} <Ã t→st,∗
β t1 →β:r t2

ÁÄìíî t→st,∗
β t2

�
MNOPQO RSh TUVgliTfU ngh mS mfU�gjgh Vj mS hWVgliTfU ji ngh mS lfkemjaTiW Vj t� ±h²ljSg mjkkj Vj eSnnS�j Sg lfUijaij ����¯¯q mj lSn UfU ihT`TSm jni ljmgT f© t efnn®Vj gU hjVjaVj iwij� ofTi t = (λx.a b ~c)� RfnfUn s = (λx.a b)�t oT s Uujni eSn hWVgTi VSUn t →st,∗

β t1 q Smfhn t1 = (λx.a1 b1 ~c1)
S`jl a →st,∗

β a1 q
b→st,∗

β b1
ji ~c→st,∗

β ~c1 �
⊲ nT r jni mj hWnTVg Vj s Smfhn mS hWVgliTfU t →h

β (a[b/x] ~c) →st,∗
β (a1[b1/x] ~c1) = t2jni niSUVShV� _S VjgaT®kj ngTij Vj hWVgliTfUn WiSUi f�ijUg �h²lj Sg mjkkj ����¯¯�

⊲ nTUfU r jni gU hjVja Vj a1 q b1 fg c1 � ḧSTifUn r ≤ a1 � �SUn lj lSnq a→st,∗
β a1 →β:r

a2
ji t2 = (λx.a2 b1 ~c1)� �uSeh®n mu�vefi�®nj VuTUVgliTfUq fU ejgi niSUVShVTnjh

a→st,∗
β a2

ji fU lfUlmgi Smfhn �h²lj Sg mjkkj ����¯¯�t yUXUq nT s jni hWVgTi VSUn t →st,∗
β t1 q Smfhn Tm S WiW hWVgTi jU ehjkTjhq VfUl t →β

(a[b/x] ~c) →st,∗
β t1 � xU f�iTjUi VfUl mS niSUVShVTnWj jU hWVgTnSUi lj hjVja Vj iwijngT`Tj Vj mS niSUVShVTnWj Vj mS hWVgliTfU emgn lfghijq (a[b/x] ~c)→st,∗

β t1 →β:r t2 � ⊓⊔
#D
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Î.J.ÏÏÐ,J¾ �/�/p� Ñº»).J¼½¾ Ò¾ L-Ð+ÒÐJÒ,LÐ-,.+Ó <Ã t→∗
β t′ ÁÄìíî t→st,∗

β t′
�

MNOPQO _S ehjg`j nj �STi eSh TUVgliTfU ngh mS mfU�gjgh Vj mS hWVgliTfU t →∗
β t′ ji jUSeemTrgSUi mj mjkkj ����¯¿� ⊓⊔

Î.J.ÏÏÐ,J¾ �/�/p� <Ã t→∗
β t′ ÁÄìíî ÃÄ ñ�ÃîÅñ u

ÅñÄ 8ïñ
t→h,∗

β u→i,∗
β t′

�
MNOPQO �WhT`j Vj mS VWXUTiTfU VugUj hWVgliTfU niSUVShV�
^ñóÁí8ïñ ����[H c4 =.:.BB60:4 1º42/ A62 3;E.1/:65B4 30:4=/4E41/$ c4A41361/ =º42/B6 ^.:E4 2.<2 B6C<4BB4 1.<2 </0B024:.12 B6 2/6136:3026/0.1 41 A4:E6141=4$
����Ô c�
 
�eÕ�
 �	� ef
	¶g�¶�
()*+,-,.+ �/�/p" 0ë Åñíóñ

t �ï λ�ÂÁÄÂïÄ ñîÅ �ÃÅ :;2.B<5B4 îÃ ÄÁ íÆ�ïÂÅÃìë �ñ Å9Åñ�ï Åñíóñ îñ ÅñíóÃëñ \ñÅ Âñ3 îïí ïë Àìíóñ ëìíóÁÄñ �ñ Å9Åñ]� YÁëî Äñ ÂÁî ÂìëÅíÁÃíñ3ÃÄ ñîÅ �ÃÅ 1.1 :;2.B<5B4�
��ñó�Äñ ����[Ö

� Ω = (ω ω) .Î ω = λx.(x x) 42/ 1.1 :;2.B<5B4$ Ô42 :;3<=/0.12 2.1/ ©
Ω→β Ω→β Ω→β · · ·� Ω3 = (δ3 δ3)

.Î δ3 = λx.(x x x) 42/ 1.1 :;2.B<5B4$ Ô42 :;3<=/0.12 2.1/ ©
Ω3 →β (Ω3 δ3)→β (Ω3 δ3 δ3)→β · · ·� λx.Ω 42/ ;�6B4E41/ 1.1 :;2.B<5B4$

IJ.K.L,-,.+ �/�/}� z�{| :ñî ëìë íÆîìÄïðÄñî îìëÅ îÅÁðÄñî 1
�� �Áí β �Æ8ïÃ�ÁÄñëÂñ�'� �Áí îïðîÅÃÅïÅÃìë Ã�ñ� îÃ σ

ñîÅ ïëñ îïðîÅÃÅïÅÃìë ñÅ îÃ t
ñîÅ ëìë íÆîìÄïðÄñ3 ÁÄìíî

t(σ)
ñîÅ Æ5ÁÄñóñëÅ ëìë íÆîìÄïðÄñ�

[� �Áí Á��ÄÃÂÁÅÃìë ? ïë Áí5ïóñëÅ�
{� �Áí óÃîñ ñë ÁðîÅíÁÂÅÃìë3 Ã�ñ� îÃ u

ñîÅ ëìë íÆîìÄïðÄñ3 ÁÄìíî λx.u
Ä �ñîÅ ÁïîîÃ�

MNOPQO ¬fTh ¸�¿¹� ⊓⊔

IJ.K.L,-,.+ �/�/}� }ìïÅ íÆîÃ�ï ��ïë Åñíóñ ëìë íÆîìÄïðÄñ ñîÅ ëìë íÆîìÄïðÄñ�
MNOPQO ªfUnWrgjUlj Vjn ehfefnTiTfUn ������ ji ����¿Á� ⊓⊔

Â¾½½¾ �/�/}o ÑÒ¾ ×)+)J,Ø,-)Ó z[| <ìÃñëÅ t3 u
ñÅ

f �ñî Åñíóñî ÅñÄî 8ïñ t îìÃÅëìíóÁÄ ñÅ u ëìë íÆîìÄïðÄñ� <Ã (f u) ≃β t ÁÄìíî �ìïí ÅìïÅñ �ÁíÃÁðÄñ ëñï�ñ x3 (f x) ≃β

t
�
MNOPQO ¬fTh ¸��¹� ⊓⊔

^ñóÁí8ïñ ����{[ c4 B4EE4 34z041/ ^6<W 20 t 1º42/ A62 1.:E6B$ yB 2<Ó/ 34 A:413:4
f = λx.x

Bº0341/0/; µ
u <1 1.1 :;2.B<5B4 4/ t = u′ <1 34 242 :;3<0/2$

ÿ�Ù ��Ú ®ÛÜ°¯´�Ú ÜÝ²�®´°­­����Ú ±²
λ�³��³²�

86 /T;.:04 3< λ9=6B=<B 6 ;/; =:;;4 A6: QB.1a. cT<:=T 6s1 34 ^.:E6B024: B6 1./0.134 =6B=<B650B0/; 41 E6/T;E6/0C<42$ x612 =4BB49=0µ <1 =6B=<B 24 /:63<0/ A6: <14 β9:;3<=/0.1 4/ Bº022<4 3º<1 =6B=<B =.::42A.13 » <1 /4:E4 2.<2 ^.:E4 1.:E6B4$ b.</42B42 ^.1=/0.12 A:0E0/0z42 :;=<:20z42 34 Bº6:0/TE;/0C<4 /:.<z41/ 60120 <14 :4A:;241/69/0.1$ 86 C<42/0.1 34 B6 :;=0A:.C<4 24 A.24 6B.:2 © A.<z.1291.<2 622.=04: <1 =.1/41<
#F



#$ %&
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.A;:6/.0:4 » /.</4 :;3<=/0.1 3< λ9=6B=<B ¼ @.<: :;A.13:4 » =4//4 C<42/0.1 1.<2 A:;9241/.12 3612 =4//4 24=/0.1 3º6</:42 /T;.:042 C<0 3;:0z41/ 3< λ9=6B=<B$ V1 A:4E04:µ1.<2 3;=:0z.12 Bº4W4EAB4 34 B6 /T;.:04 34 RSTE$ c4BB49=0 4WAB.0/4 B6 �;1;:0=0/; 342/4:E42 1.1 :;2.B<5B4 6s1 34 =.12/:<0:4 342 6:5:42 34 342=:0A/0.1$ c42 34:104:2 2º.59/041141/ 41 :4EAB6¿61/ B42 2.<29/4:E42 1.1 :;2.B<5B42 A6: <14 =.12/61/4 ⊥$ @<021.<2 �;1;:6B02.12 6<W 4W/4120.12 3< λ9=6B=<B$ c4BB429=0 2º.5/041141/ 41 6È.</61/ <14124E5B4 3º;C<6/0.12 6< λ9=6B=<B$ QA:¶2 6z.0: A.2; B42 1./6/0.12µ 1.<2 2.<B¶z4:.12B4 A:.5B¶E4 34 B4<: =.1202/61=4$ c4 34:104: A:.5B¶E4 42/ :;=<::41/ /.</ 6< B.1�34 =4//4 /T¶24$ V1 �<024 34 :;A.124µ 1.<2 =0/4:.12 342 =.130/0.12 2<Ó261/42 A.<::413:4 =.1202/61/42 342 4W/4120.12 3< λ9=6B=<B$ 842 34<W .</0B2 » 302A.20/0.1 24:.1/B6 =.1ô<41=4µ 6z4= B4 B4EE4 #$7$#7µ 4/ Bº01=B<20.1 6z4= B4 B4EE4 #$7$#F$ 84 =.:.BB60:4#$7$7# ^.<:10:6 B<0µ <1 6:�<E41/ 34 =.1/:630=/0.1$
��b�� Þe�e�
 �� ßàáÕ()*+,-,.+ �/o/� : �Áíðíñ �ñ âã>ó ��ïë Åñíóñ

t3 ëìÅÆñBT (t)3 ñîÅ ïë Áíðíñ=ëÃÅÁÃíñÆÅÃ8ïñÅÆ3 ÂìëîÅíïÃÅ Âìóóñ îïÃÅ 1
2 îÃ t Á ïëñ Àìíóñ ëìíóÁÄñ �ñ Å9Åñ~λ.(y r1 · · · rn)3 ÁÄìíî BT (t) �ìîîB�ñ ïëñ íÁÂÃëñÆÅÃ8ïñÅÆñ ~λ.y îïÃ�Ã �ñî îìïî�Áíðíñî BT (r1), · · · , BT (rn)

�
2 îÃëìë t

ñîÅ ëìë íÆîìÄïðÄñ ñÅ
BT (t) = ⊥ �

^ñóÁí8ïñ ��'�'#$ 842 6:5:42 34 RSTE A4<z41/ ¾/:4 01s102$ @6: 4W4EAB4µ B4 =.E5016/4<: 34A.01/ sW4 34 b<:01� Yt = (Q Q) .Î Q = λxf. (f (x x f)) 24 :;3<0/ 41
Yt →β λy.(y (Yt y)) →β · · · →β λy.(y (y · · · ))$ Q0120µ E¾E4 :4A:;241/; » B6^6¿.1 342 6:5:42 34 /4:E42µ B42 6:5:42 34 RSTE 2.:/41/ 34 B6 3;s10/0.1 34 Λ

$É B6 E610¶:4 342 6:5:42 34 λ9/4:E42µ Bº6:5:4 34 RSTE 3ºYt
24 3422014 60120 ©

y
y

y

λy

7$ b.<2 B42 6:5:42 14 2.1/ A62 342 6:5:42 34 RSTE$ V1 4Ñ4/µ Bº6:5:4
x⊥
µ C<0A.<::60/ 2º6AA6:41/4: » =4B<0 3º<1 /4:E4 1.1 :;2.B<5B4µ 14 A4</ A62 ¾/:4 .5/41<=6: 0B 14 A.22¶34 A62 34 /¾/4$

()*+,-,.+ �/o/p <ìÃñëÅ �ñï� Åñíóñî u
ñÅ

v 3 ìë ÆÂíÃíÁ BT (u) ⊆ BT (v) î �ÃÄ ñ�ÃîÅñïë ÅíìÃîÃBóñ Áíðíñ Âìóóïë ìðÅñëï ? �ÁíÅÃí �ñ ÂñÄïÃ �ñ u
ñÅ ? �ÁíÅÃí �ñ ÂñÄïÃ �ñ vñë ÆÂ>Áë5ñÁëÅ ÂñíÅÁÃëî ⊥ �Áí ��ÁïÅíñî Áíðíñî �ñ âã>ó�më �ÃÅ ÁÄìíî 8ïñ Ä �Áíðíñ �ñ âã>ó �ñ u

ñîÅ =.EA6/05B4 Á�ñÂ ÂñÄïÃ �ñ v
�

��ñó�Äñ ��'�{
� Ô4B.1 =4/ .:3:4µ B4 AB<2 A4/0/ 6:5:4 41 C<61/0/; 3º01^.:E6/0.12 42/ 3.1= ⊥ C<024 :4/:.<z4 =.EA6/05B4 6z4= /.</ B42 6</:42 6:5:42$� @.<: /.</ /4:E4 t

µ
BT (Ω) = ⊥ ⊆ BT (t)

$
� BT (λx. (x Ω)) = λx. (x ⊥) ⊆ BT (λx. (x x))

IJ.K.L,-,.+ �/o/� zH| <ìÃñëÅ C
ïë ÂìëÅñ�Åñ� 7ìïí Åìïî Åñíóñî u

ñÅ
v 3 îÃ BT (u) ⊆

BT (v)3 ÁÄìíî BT (C[u]) ⊆ BT (C[v])
�

^ñóÁí8ïñ ��'�� Q</:4E41/ 30/µ B6 =.EA6/050B0/; 41/:4 6:5:42 34 RSTE A6224 6<=.1/4W/4$
MNOPQO ¬fTh ¸�¹ lfhfmmSThj �¿�¯��Á �TTT�� ⊓⊔

#U
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��b�b äå
��
�	�
 �g λdh�¶hg¶æ.-Ð-,.+ �/o/� @.<: /.</4 :¶�B4 34 :;;=:0/<:4 →γ
µ .1 1./4:6 ©

→=
γ

B6 =BÒ/<:4 :;ô4W0z4 34 →γ
µ 0$4$ <14 .< 6<=<14 :;;=:0/<:4

→∗
γ

B6 =BÒ/<:4 /:6120/0z4 4/ :;ô4W0z4 34 →γ
µ 0$4$ AB<204<:2 :;;=:0/<:42

→γ:u
B6 :¶�B4 34 :;;=:0/<:4 6AAB0C<;4 A:;=02;E41/ 6< /4:E4 u

≃γ
B6 =BÒ/<:4 /:6120/0z4µ 2ÌE;/:0C<4 4/ :;ô4W0z4 34 →γ

→h
γ

B6 :¶�B4 34 :;;=:0/<:4 6AAB0C<;4 A:;=02;E41/ » <1 2.<29/4:E4 34 /¾/4
→i

γ

B6 :¶�B4 34 :;;=:0/<:4 6AAB0C<;4 A:;=02;E41/ » <1 2.<29/4:E4 01/4:14
l(→∗

γ), l(≃γ)
B4 1.E5:4 34 :;;=:0/<:42

()*+,-,.+ �/o/" 0ëñ /T;.:04 T 3< λ9=6B=<B ñîÅ ïë ñëîñóðÄñ ��Æ8ïÁÅÃìëî ñëÅíñÅñíóñî �ï λ�ÂÁÄÂïÄ�
()*+,-,.+ �/o/~ :Á λβ9/T;.:04 ñîÅ ÄÁ Å>ÆìíÃñ T

ÅñÄ 8ïñ
u = v ∈ T îîÃ u ≃β v

�
æ.-Ð-,.+ �/o/�� Ô.0/ T <14 /T;.:04µ u = v ∈ T 24:6 ;�6B4E41/ 1./; T ⊢ u = v .<
u =T v

$
()*+,-,.+ �/o/�� <ìÃÅ T

ïëñ Å>ÆìíÃñ �ï λ�ÂÁÄÂïÄ�2 më �ÃÅ 8ïñ T
ñîÅ =.1/:630=/.0:4 îÃ �ìïí Åìïî Åñíóñî u

ñÅ
v 3 T ⊢ u = v

�
2 <Ãëìë3 T

ñîÅ �ÃÅñ =.1202/61/4 Âñ 8ï �ìë ëìÅñ Cons(T )
�

Â¾½½¾ �/o/�o <ìÃÅ→γ
ïëñ íB5Äñ �ñ íÆÆÂíÃÅïíñ� <Ã→∗

γ

ñîÅ ÂìëjïñëÅñ ñÅ î �ÃÄ ñ�ÃîÅñ�ñï� Åñíóñî ëìíóÁï� �ÃîÅÃëÂÅî �ìïí→γ
ÁÄìíî ≃γ

ñîÅ ÂìëîÃîÅÁëÅñ�
^ñóÁí8ïñ ��'��[ Q</:4E41/ 30/µ A.<: A:.<z4: B6 =.1202/61=4 34 B6 =BÒ/<:4 2ÌE;9/:0C<4µ 0B 2<Ó/ 3º4WT054: B6 =.1ô<41=4 34 B6 =BÒ/<:4 /:6120/0z4 60120 C<4 34<W /4:E421.:E6<W 302/01=/2$
MNOPQO ªfkkj →∗

γ
jni lfUçgjUijq fU kfUihj eSh TUVgliTfU ngh mj Ufk�hj Vj h®�mjngiTmTnWjn rgj efgh ifgn ijhkjn s ji tq nT s ≃γ t Smfhn Tm jaTnij gU ihfTnT®kj ijhkj u Sgrgjm

s→∗
γ u ji t→∗

γ u�ofTjUi a ji b Vjga ijhkjn UfhkSga efgh →γ q kfUihfUn rgj a 6≃γ b� RSh muS�nghVjqnT a ≃γ bq eSh mj �STi ehWlWVjUi Tm jaTnij u ijm rgj a →∗
γ u ji b →∗

γ u� xh a ji b nfUiUfhkSgaq lj rgT jUihSèUj a = u = bq lfUihSVTliTfU� ≃γ
UuTVjUiTXj VfUl eSn a ° bq jmmj jnilfUnTniSUij� ⊓⊔

Î.J.ÏÏÐ,J¾ �/o/�} :Á λβ �Å>ÆìíÃñ ñîÅ ÂìëîÃîÅÁëÅñ�
MNOPQO _jn ijhkjn 0 = λxy.y ji 1 = λxy.x nfUi UfhkSga ji VTniTUlin� �uSeh®n mji�Wfh®kj Vj ª�ghl�pÀfnnjh ����¯Áq →∗

β
jni lfUçgjUij� xU lfUlmgi VfUl �h²lj Sg mjkkj������� ⊓⊔

()*+,-,.+ �/o/�� 7ìïí ÅìïÅ ñëîñóðÄñ
E ��Æ8ïÁÅÃìëî ñëÅíñ Åñíóñî3 ìë ëìÅñ λβ+EÄÁ Å>ÆìíÃñ �ï λ�ÂÁÄÂïÄ óïëÃ �ñ ÄÁ β �íÆ�ïÂÅÃìë ? ÄÁ8ïñÄÄñ îìëÅ ÁZìïÅÆñî Äñî Æ8ïÁÅÃìëî�ñ E

� 0ëñ ÅñÄÄñ Å>ÆìíÃñ λβ + E
ñîÅ Á��ñÄÆñ 4W/4120.1 �ï λ�ÂÁÄÂïÄ�

Â¾½½¾ �/o/�� <ìÃñëÅE1
ñÅ

E2
�ñï� ñëîñóðÄñî ��Æ8ïÁÅÃìëî3 ñÅ îìÃñëÅ T1 = λβ+E1ñÅ

T2 = λβ + E2
Äñî �ñï� Å>ÆìíÃñî Ãîîïñî �ñ E1

ñÅ
E2

� <Ã T1 ⊢ E2 3 ÁÄìíî T2 ⊆ T1
�

^ñóÁí8ïñ ��'��H Q</:4E41/ 30/µ A.<: A:.<z4: C<º<14 4W/4120.1 42/ =.1202/61/4µ 0B2<Ó/ 34 /:.<z4: <14 6</:4 /T;.:04 =.1202/61/4 C<0 B6 =.1/04114$
MNOPQO Rfgh ifgn ijhkjn u ji v q nT T2 ⊢ u = v q Smfhn Tm jaTnij gUj ngTij Vj ijhkjn
u1, u2, · · · , un

ji ijmn rgj T2 ⊢ u = u1 = · · · = un = v q ji ijmn rgj ui+1
nuf�iTjUUj ° eShiThVj ui q nfTi eSh βpWrgT`SmjUlj �≃β

�q nfTi eSh mugiTmTnSiTfU nTkemj VugUj WrgSiTfU Vj E2
nghgU nfgnpijhkj Vj ui

�
=E2

� � xhq eSh VWXUTiTfUq ≃β⊆ T1
ji eSh �vefi�®njq =E2

⊆ T1 � «TUnT
T1 ⊢ ui = ui+1

ji VfUl T1 ⊢ u = v � ⊓⊔

#,
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()*+,-,.+ �/o/�" z�{| më ëìÅñ BT = λβ + {u = v|BT (u) = BT (v)} ÄÁ Å>ÆìíÃñÂìëîÅíïÃÅñ ? �ÁíÅÃí �ñî Áíðíñî �ñ âã>ó�
º»).J¼½¾ �/o/�~ zH|

�� }ìïÅñ ñ�ÅñëîÃìë �ï λ�ÂÁÄÂïÄ 8ïÃ Ã�ñëÅÃ=ñ �ñï� Åñíóñî Áï� Áíðíñî �ñ âã>óÃëÂìó�ÁÅÃðÄñî ñîÅ ÂìëÅíÁ�ÃÂÅìÃíñ�
'�

BT
ñîÅ ïëñ ñ�ÅñëîÃìë ÂìëîÃîÅÁëÅñ �ï λ�ÂÁÄÂïÄ�

^ñóÁí8ïñ ��'�'í -.1 24<B4E41/ BT 42/ =.1202/61/4 E602 4BB4 42/ 6<220 E6W0E6B4$V1 4Ñ4/µ /.</4 ;C<6/0.1 2<AAB;E41/60:4 6È.</;4 » BT A:.3<0:60/ <14 =.1/:630=/0.1$
MNOPQO ¬fTh ¸�¹� ⊓⊔

Î.J.ÏÏÐ,J¾ �/o/o� z�{| <ìÃÅ E
ïë ñëîñóðÄñ ��Æ8ïÁÅÃìëî� : �ñ�ÅñëîÃìë λβ + E

ñîÅÂìëÅíÁ�ÃÂÅìÃíñ îîÃ ÃÄ ñ�ÃîÅñ �ñï� Åñíóñî u
ñÅ

v Áï� Áíðíñî �ñ âã>ó ÃëÂìó�ÁÅÃðÄñî ÅñÄî8ïñ
λβ + E ⊢ u = v

�
MNOPQO ¬fTh ¸�¿¹� ⊓⊔

^ñóÁí8ïñ ��'�''#$ 84 /T;.:¶E4 #$7$#\ 622<:4 C<4 B6 /T;.:04 0341/0s61/ 20E<B/61;E41/ =T6C<4/4:E4 1.1 :;2.B<5B4 » <14 E¾E4 =.12/61/4 ⊥ 42/ =.1202/61/4$7$ 84 =.:.BB60:4 #$7$7# 42/ <1 =:0/¶:4 /:¶2 A:6/0C<4 A.<: E.1/:4: B6 =.1/:630=9/0.1 3º<14 /T;.:04$ ];1;:6B4E41/ 1.<2 Bº</0B024:.12 6z4= u 4/ v 34<W /4:E421.:E6<W 30Ñ;:41/2$ x612 =4 =62µ B42 6:5:42 34 RSTE 2.1/ =B60:4E41/ 01=.E9A6/05B42 =6: E6W0E6<W 6< 2412 34 B6 =.EA6/050B0/;$
��ñó�Äñ ��'�'[ Ô.041/ δ3 = λx.(x x x)

µ
Ω3 = (δ3 δ3)

4/ I = λx.x
$ 86 /T;.:04 T =

λβ + {Ω3 = I} 42/ 01=.1202/61/4$ V1 4Ñ4/µ T ⊢ I = Ω3 →β (Ω3 δ3) = (I δ3)→β δ3
µ=.1/:630=/0.1 î

ÿ�ï ð´ñ�¯Ú�Ú ­°®´°­Ú ± ò́ ­±Üó´­´
Q< =.<:2 342 24=/0.12 A:;=;341/42µ 1.<2 6z.12 3;=.<z4:/2 34<W A:.A:0;/;2 422419/04BB42 342 /4:E42 1.1 :;2.B<5B42$ 86 A:4E0¶:4 =.1=4:14 B6 �;1;:0=0/; 342 /4:E421.1 :;2.B<5B42$ c4//4 34:10¶:4 42/ 34 /ÌA4 .A;:6/.0:4 A=^$ B4EE4 #$#$?7×$ 86 249=.134µ B6 =.1202/61=4 34 B6 /T;.:04 BT .Î /.</ 1.1 :;2.B<5B4 42/ 0341/0s; » ⊥µ 42/34 /ÌA4 3;1./6/0.114BB4 A=^$ /T;.:¶E4 #$7$#\×$ V1 =.12;C<41=4 B42 /4:E42 1.1 :;92.B<5B42 A4<z41/ ¾/:4 ;B0E01;2 3< λ9=6B=<B 2612 A.<: 6</61/ B4 :413:4 /:0z06B$ c4234<W A:.A:0;/;2 =6:6=/;:0241/ B6 ëìÅÃìë ��Ãë�Æ=ëÃ 41 λ9=6B=<B$ b.</4^.02µ =.EE4 B42<��¶:4 Bº62A4=/ E6W0E6B 3< /T;.:¶E4 #$7$#\µ 546<=.<A 34 /4:E42 24 :4/:.<z41/0341/0s;2 3612 B6 /T;.:04 BT

$ V1 A6:/0=<B04:µ /.<2 B42 /4:E42 3.1/ B6 :;3<=/0.1 34/¾/4 14 /4:E014 A62 2.1/ =.1^.13<2$ x612 =4//4 /T;.:04µ B4 /4:E4 Ω 3.1/ B6 :;3<=/0.15.<=B4 3;242A;:;E41/ 2<: B<09E¾E4 42/ E02 » ;�6B0/; 6z4= <1 /4:E4 C<0µ A6: 4W4EAB4µ;�:¶14:60/ 2<==4220z4E41/ /.</42 B42 3;=0E6B42 34 √2
$ yB 42/ 3.1= B;�0/0E4 34 24 349E6134: 20 B42 6:5:42 34 RSTE 14 E62C<41/ A62 3612 B4<: 342=:0A/0.1 20EAB0s;4342 01^.:E6/0.12 A4:/0141/42 ¼ @.<: :;A.13:4 » =4//4 C<42/0.1µ 1.<2 6BB.12 4WAB.:4:/:.02 6</:42 2.:/42 34 /4:E42 2<2=4A/05B42 3º¾/:4 =613036/ » B6 1./0.1 3º013;s10 ©B42 a;:.9/4:E42µ B42 a;:.9/4:E42 ^.:/2 4/ B42 /4:E42 E<4/2$ c42 /:.02 =B62242 01=B<2422/:0=/4E41/ B42 <142 A6: :6AA.:/ 6<W 6</:42 2<��¶:41/ C<º0B 4W02/4 <14 T0;:6:=T0441/:4 B42 30z4:242 ^.:E42 3º013;s10$ d6B�:; B4<:2 30Ñ;:41=42µ B42 =B62242 342 a;:.9/4:E42 ^.:/2µ 342 /4:E42 E<4/2 4/ 342 /4:E42 1.1 :;2.B<5B42µ 26/02^.1/ /.</42 /:.02B42 E¾E42 A:.A:0;/;2 34 2/650B0/; A6: β9;C<0z6B41=4 4/ A6: 2<52/0/</0.1$ c42 34<W34:10¶:42 =6:6=/;:02/0C<42 =.12/0/<4 B4 =Ø<: E¾E4 34 B6 β9:;3<=/0.1$ b.</4 =B6224

#\
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C<0 z;:0s4 342 /4BB42 =.130/0.12 ^.:E4:6 <1 =613036/ A:0z0B;�0; » B6 1./0.1 3º013;s10$c4//4 24=/0.1 E.1/:4:6 41 A:4E04: B6 �;1;:0=0/; 342 2.<29/4:E42 016=/0^2$ @<02 4BB44WAB.0/4:6 =4 :;2<B/6/ A.<: ;/65B0: 30z4:2 :;2<B/6/2 =.1=4:161/ B42 a;:.9/4:E42µ B42a;:.9/4:E42 ^.:/2 4/ B42 /4:E42 E<4/2$
����� ôf�fe�h�
f ��
 
	g
d
�eÕ�
 ���h
�õ

86 �;1;:0=0/; 3º<1 2.<29/4:E4 B.:2 3º<14 :;3<=/0.1 42/ 26 =6A6=0/; » A.<z.0: ¾/:4;=T61�; 2612 A4:/<:54: B4 :;2<B/6/$ -.<2 6z.12 3;È» z< » /:6z4:2 B4 B4EE4 #$#$?7C<4 /.</ /4:E4 :;2.B<5B4 42/ �;1;:0C<4 B.:2C<4 B6 :;3<=/0.1 24 /4:E014 2<: <14 ^.:E41.:E6B4$ x612 =4//4 24=/0.1 1.<2 z4::.12 C<4 Bº016=/0z0/; 42/ <14 =.130/0.1 2<Ó261/4A.<: �6:61/0: B6 �;1;:0=0/; 3º<1 2.<29/4:E4 41 <1 2412 AB<2 ^605B4$
()*+,-,.+ �/p/� z@|

2 0ëñ íÆ�ïÂÅÃìë a→=
β b

ñîÅ �ÃÅñ 20E0B60:4 ? s→β t îÃ a→=
β b

ñîÅ �Ã�ñ Ã�ñ
a = bìï ðÃñë îÃ Äñ íñ�ñ� ÂìëÅíÁÂÅÆ �Áëî a →β b

ñîÅ ? ÄÁ ó9óñ �ìîÃÅÃìë 8ïñ ÂñÄïÃíÆ�ïÃÅ �Áëî s→β t
�

2 :Á ëìÅÃìë î �ÆÅñë� ? �ÄïîÃñïíî íÆ�ïÂÅÃìëî ñëÅíñ a
ñÅ

b
�

^ñóÁí8ïñ ��[�' V1 A6:/0=<B04:µ /.</4 :;3<=/0.1 20E0B60:4 » <14 :;3<=/0.1 34 /¾/442/ 34 /¾/4$ x4 E¾E4 A.<: B42 :;3<=/0.12 01/4:142$
()*+,-,.+ �/p/p z@| 0ë îìïî�Åñíóñ

s
ñîÅ 016=/0^ �Áëî ïëñ íÆ�ïÂÅÃìë îÃ ÁïÂïë �ñîñî íÆîÃ�ïî ë�ñîÅ Æ5ÁÄ ? λx.a ìn (λx.a b)

ñîÅ ïë �ñî íñ�ñ� ÂìëÅíÁÂÅÆî Äìíî �ñ ÄÁíÆ�ïÂÅÃìë�
��ñó�Äñ ��[�{ 84 2.<29/4:E4 (λz.z x) 42/ ÃëÁÂÅÃÀ 3612 B6 :;3<=/0.1 2<0z61/4 ©
λx. (λy.(y y) (λz.z x) x)→β λx. ( (λz.z x) (λz.z x) x)→β λx. ( x (λz.z x) x)QA:¶2 ;=T61�4 A6: B6 z6:065B4 ν

µ B6 :;3<=/0.1 :42/4 îÃóÃÄÁÃíñ ©
λx. (λy.(y y) ν x)→β λx. ( ν ν x)→=

β λx. ( ν ν x)

ν A4</ 34 1.<z46< ¾/:4 2<52/0/<;4 A6: (x x)
µ 4/ B6 :;3<=/0.1 :42/4 îÃóÃÄÁÃíñ ©

λx. (λy.(y y) (x x) x)→β λx. ( (x x) (x x) x)→=
β λx. ( (x x) (x x) x)

Â¾½½¾ �/p/� z@| <ìÃñëÅ T
ïë ÂìëÅñ�Åñ3 C

ïë ÂìëÅñ�Åñ îÃó�Äñ ñÅ
s
ïë Åñíóñ�

⊲ <ÃC →∗
β T ÁÄìíî C[s]→∗

β T [s1, · · · , sn] ìn si = s(σi)
ñÅ

σi
ñîÅ ïëñ îïðîÅÃÅïÅÃìë�ìíÅÁëÅ ïëÃ8ïñóñëÅ îïí �ñî �ÁíÃÁðÄñî ÄÃÆñî �Áëî C

�Yñ �Äïî ÄÁ �ñï�ÃBóñ íÆ�ïÂÅÃìë ñîÅ îÃóÃÄÁÃíñ ? ÄÁ �íñóÃBíñ�
⊲ öë�ñíîñóñëÅ3 îÃ s

ñîÅ ÃëÁÂÅÃÀ �Áëî ÄÁ íÆ�ïÂÅÃìë C[s] →∗
β T [s1, · · · , sn] ìn

s1, · · · , sn
îìëÅ Äñî íÆîÃ�ïî �ñ s ÁÄìíî C →∗

β T
�Yñ �Äïî ÄÁ �ñï�ÃBóñ íÆ�ïÂÅÃìë ñîÅ îÃóÃÄÁÃíñ ? ÄÁ �íñóÃBíñ kÅÆñ �ñî íÆ�ïÂÅÃìëîÃëÅñíëñî Áï� íÆîÃ�ïî �ñ s

�
MNOPQO RSh TUVgliTfU ngh mS mfU�gjgh Vjn hWVgliTfUn ji Vjn ijhkjn� ⊓⊔

()*+,-,.+ �/p/� <ìÃñëÅ s1, · · · , sn
ñÅ

s �ñî îìïî�Åñíóñ �ñ t
� më �ÃíÁ 8ïñ

s
ñîÅE6W0E6B îÃ s ≤ si

ñëÅíÁ4ëñ si = s
�

Â¾½½¾ �/p/� z@| <ìÃñëÅ C
ñÅ

T �ñî ÂìëÅñ�Åñî ñÅ
s1, · · · , sn

�ñî Åñíóñî�
⊲ <Ã C[[]1, []2, · · · , []n] →∗

β T [[]1, · · · , []1, []2, · · · , []2, · · · , []n, · · · , []n] ÁÄìíî
C[s1, · · · , sn] →∗

β T [s1
1, · · · , sp1

1 , s1
2, · · · , sp2

2 , · · · , s1
n, · · · , spn

n ] ìn sj
i = si(σ

i
j)ñÅ

σj
i

ñîÅ ïëñ îïðîÅÃÅïÅÃìë �ìíÅÁëÅ îïí �ñî �ÁíÃÁðÄñî ÄÃÆñî �Áëî C
�Yñ �Äïî ÄÁ �ñï�ÃBóñ íÆ�ïÂÅÃìë ñîÅ îÃóÃÄÁÃíñ ? ÄÁ �íñóÃBíñ�

7_
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⊲ öë�ñíîñóñëÅ3 îÃ s1, · · · , sn
îìëÅ ÃëÁÂÅÃÀî �Áëî ÄÁ íÆ�ïÂÅÃìë

C[s1, · · · , sn] →∗
β T [s′1, · · · , s′p] ìn s′1, · · · , s′p îìëÅ Äñî íÆîÃ�ïî E6W0E6<W �ñ

s1, · · · , sn
ÁÄìíî C →∗

β T
�Yñ �Äïî ÄÁ �ñï�ÃBóñ íÆ�ïÂÅÃìë ñîÅ îÃóÃÄÁÃíñ ? ÄÁ �íñóÃBíñ kÅÆñ �ñî íÆ�ïÂÅÃìëîÃëÅñíëñî Áï� íÆîÃ�ïî �ñ s1, · · · , sn

�
MNOPQO «USmf�gj ° ��¯�÷ ⊓⊔

��ñó�Äñ ��[�~ Ô.041/ s1 = (y λz.z) 4/ s2 = x 34<W 2.<29/4:E42 34 λx. (λy.s1 s2)
$x612 B6 :;3<=/0.1 2<0z61/4µ s1

4/ s2
2.1/ ÃëÁÂÅÃÀî ©

λx. (λy. s1 s2 )→β λx. ( s2 λz.z)

x42 34<W :;203<2 (s2 λz.z) 4/ s2
µ 24<B (s2 λz.z) 42/ E6W0E6B$ 8º;=T61�4 34 s1

4/ s2A6: <14 z6:065B4 14<z4 ν 65.</0/ 3.1= » <14 :;3<=/0.1 20E0B60:4 2<0z61/4 ©
λx. (λy. ν ν )→β λx. ν

()*+,-,.+ �/p/~ z@| <ìÃÅ s ≤ t
� më �ÃÅ 8ïñ

s A6224 41 /¾/4 �Áëî ÄÁ íÆ�ïÂÅÃìë
t→∗

β t′ îÃ ïë �ñî íÆîÃ�ïî �ñ s îñ íñÅíìï�ñ ñë Å9Åñ Áï Âìïíî �ñ ÄÁ íÆ�ïÂÅÃìë� iïÅíñóñëÅ
�ÃÅ3 î �ÃÄ ñ�ÃîÅñ ïë íÆîÃ�ï s′ �ñ s

ÅñÄ 8ïñ
t→∗

β
~λ. (s′ ~r)

�
Â¾½½¾ �/p/�� z@| <ìÃÅ s ≤ t

� <Ã s ëñ �Áîîñ �Áî ñë Å9Åñ �Áëî ÄÁ íÆ�ïÂÅÃìë �ñ Å9Åñ�ñ t3 ÁÄìíî s
ñîÅ ÃëÁÂÅÃÀ �

MNOPQO _S hWVgliTfU WiSUi Vj iwijq efgh rgugU hWnTVg nfTi SliT� Tm �SgVhSTi rguTm nfTi mSeShiTj λx.a Vg hjVja Vj iwij� xh VSUn lj lSnq lj hWnTVg nj hjihfg`jhSTi W�SmjkjUi jU iwij�ªfUihSVTliTfU� ⊓⊔

Î.J.ÏÏÐ,J¾ �/p/�� z@| <ìÃÅ C
ïë ÂìëÅñ�Åñ ñÅ

~u
ïëñ îïÃÅñ �ñ Åñíóñî ÅñÄî 8ïñ

C[~u]→h,∗
β t

�
�� <Ã ïë Åñíóñ �ñ ~u �Áîîñ ñë Å9Åñ �Áëî ÄÁ íÆ�ïÂÅÃìë3 ÁÄìíî C →h,∗

β
~λ. ([] ~s)

�
'� <Ã ÁïÂïë Åñíóñ �ñ ~u ëñ �Áîîñ �Áî ñë Å9Åñ3 ÁÄìíî ~u

ñîÅ ÃëÁÂÅÃÀ �Áëî ÄÁ íÆ�ïÂÅÃìë
C[~u] →h,∗

β t
� öÄ ñ�ÃîÅñ ÁÄìíî ïë ÂìëÅñ�Åñ D �ìëÅ Â>Á8ïñ Åíìï ñîÅ ÃëÅñíëñ3 ÅñÄ

8ïñ
C →h,∗

β D
ñÅ ÅñÄ 8ï �ÃÄ ñ�ÃîÅñ ïëñ îïÃÅñ �ñ Åñíóñî vk = uik

(σk) ÁîîïíÁëÅ
D[~v] = t

�
MNOPQO

�� ªfUnTVWhfUn mS ehjkT®hj �fTn f© u eSnnj jU iwij VSUn C[~u]→h,∗
β t� �m jaTnij Smfhn gUhWnTVg u′ Vj uq Vjn ijhkjn ~s ji gUj hWVgliTfU C[~u]→h,∗

β
~λ. (u′ ~s ) VSUn mSrgjmmj u UjeSnnj eSn jU iwij� xU lfUlmgi Smfhn eSh mjn mjkkjn ��¯��Á ji ��¯�÷��� �WhT`j Vjn mjkkjn ��¯��Á ji ��¯�÷� ⊓⊔

����b øfe	 
�eÕ�
 �
 ùfe	 
�eÕ�
 õ	e

84 B4EE4 #$>$D 6Ó:E4 C<4 B42 2.<29/4:E42 016=/0^2 6< =.<:2 3º<14 :;3<=/0.1 2.1/�;1;:0C<42$ Õ:µ ¾/:4 016=/0^ 6< 2412 34 #$>$> =º42/ A:;=02;E41/ 14 A62 6z.0: 34 :;203<234 B6 ^.:E4 (λx.a)
C<613 B4 :434W (λx.a b) 24 /:.<z4 =.1/:6=/;$ @4</9.1 41 3;3<0:43¶2 B.:2 C<4 /.</ /4:E4 C<0 14 24 :;3<0/ È6E602 » (λx.a) 42/ 016=/0^ ¼ x4 /4B2 /4:E426AA4B;2 òÆíì Åñíóñî ^.1/ Bº.5È4/ 34 =4//4 24=/0.1$

()*+,-,.+ �/p/�o 0ë Åñíóñ
u
ñîÅ ïë a;:.9/4:E4 AÕb× îîÃ ÃÄ ë�ñ�ÃîÅñ �Áî �ñ Åñíóñ

v
ÅñÄ 8ïñ

u îñ íÆ�ïÃîñ ? λx.v
�

��ñó�Äñ ��[��[
7#
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� Ω 4/ Ω3
2.1/ 342 Õb 1.1 :;2.B<5B42$� λx.Ω 1º42/ A62 <1 Õb$

� (x ~t) 42/ <1 Õb$
Â¾½½¾ �/p/�} z@|

��
u

ñîÅ ïë m} îîÃ 6 ∃v|u→h,∗
β λx.v

�
'� <ìÃÅ u

ïë m} ñÅ
v
ïë Åñíóñ� <Ã (u v)→∗

β b3 ÁÄìíî b î �ÆÂíÃÅ (u′ v′) ìn u→∗
β u′ñÅ

v →∗
β v′ �

MNOPQO
�� ÀWngmij Vg lfhfmmSThj Vj niSUVShVTnSiTfU ����¯ú ji Vg �STi rgj mjn hWVgliTfUn TUijhUjnehWnjh`jUi mS �fhkj Vj iwij� oT gUj S�nihSliTfU SeeShSèi mfhn VugUj hWVgliTfUq mShWVgliTfU Vj iwij mS �jhS SeeShSèihj W�SmjkjUi��� _j ijhkj (u v) UuSghS �SkSTn Vj hjVja ° nS hSlTUj lSh ehWlTnWkjUi u jni gU x¨� _jnhWVgliTfUn nj �fUi VfUl ° muTUiWhTjgh Vj u fg Vj v � ⊓⊔

IJ.K.L,-,.+ �/p/�� z@|
�� :ñî m} îìëÅ îÅÁðÄñî �Áí β �Æ8ïÃ�ÁÄñëÂñ�'� :ñî m} îìëÅ îÅÁðÄñî �Áí Á��ÄÃÂÁÅÃìë ? ïë Åñíóñ�
[� 7ìïí ÅìïÅ ÂìëÅñ�Åñ C

ñÅ ÅìïÅ Åñíóñ
u3 îÃ C[u]

ñîÅ ïë m} ÁÄìíî C
ñîÅ ïë m}�

MNOPQO
�� oT u Uujni eSn gU x¨q Smfhn u ≃β λx.a� oT u ≃β v Smfhn v ≃β λx.a� ±h²lj Sg i�Wfh®kjVj lfUçgjUlj �mf�Smj �i�Wfh®kj ����¯Á�q v ji λx.a fUi gU hWVgTi lfkkjUi λx.a′ � vjni VfUl W�SmjkjUi gU x¨��� ofTi u gU x¨� ­fUihfUn TUVgliTfU ngh mS mfU�gjgh Vj mS hWVgliTfU rgj nT (u v)→∗

β tSmfhn t jni gUj SeemTlSiTfU� oT (u v)→β tq lfkkj u jni gU x¨q Smfhn mj hjVja Vj (u v)Uujni eSn ° mS hSlTUj Vg ijhkj� «TUnT (u v)→β (u′ v′) f© u→=
β u′ ji v →=

β v′ � �uSeh®nmj efTUi ���q u′ jni gU x¨ ijm rgj (u′ v′)→∗
β t� xU lfUlmgi Smfhn eSh TUVgliTfU�¯� RSh muS�nghVjq nT C Uujni eSn gU x¨q Smfhn Tm jaTnij gU lfUijaij D ijm rgj

C →∗
β λy.D � �uSeh®n mj mjkkj ��¯�÷q C[u]→∗

β λy.D[u1, · · · , un]� ªfUihSVTliTfU� ⊓⊔
^ñóÁí8ïñ ��[���#$ 842 /4:E42 C<0 A.22¶341/ <14 ^.:E4 1.:E6B4 34 /¾/4 2612 652/:6=/0.1µ =.EE4

(x ~t)
µ 2.1/ 342 Õb$ d602 0B2 14 2.1/ A62 2/65B42 A6: 2<52/0/</0.1$ V1 4Ñ4/µ

(x ~t)[~λ.I/x]→∗
β I

C<0 1º42/ AB<2 <1 Õb$7$ 842 Õb 14 =.12/0/<41/ A62 34 5.12 =613036/2 A.<: Bº013;s10$ V1 4Ñ4/µ 0341/0s4:20E<B/61;E41/ /.<2 B42 Õb =.13<0:60/ » 0341/0s4: B42 34<W z6:065B42 x 4/ y
µ =4C<0 42/ =.1/:630=/.0:4 3º6A:¶2 B4 =.:.BB60:4 #$7$7#$

86 A.22050B0/; A.<: <1 a;:.9/4:E4 3º6z.0: <14 ^.:E4 1.:E6B4 34 /¾/4 B<0 4EA¾=T43.1= 34 A.<z.0: ¾/:4 ;�6B; » <1 6</:4 a;:.9/4:E4 6:50/:60:4$ 842 a;:.9/4:E42 ^.:/2z041141/ =.E5B4: =4//4 ^605B4224$
()*+,-,.+ �/p/�� 0ë Åñíóñ

u
ñîÅ ïë a;:.9/4:E4 ^.:/ AÕb�× îîÃ u

ñîÅ ïë òÆíì�Åñíóñ ñÅ î �ÃÄ ë�ñ�ÃîÅñ �Áî �ñ �ÁíÃÁðÄñ x ëÃ �ñ Åñíóñî ~t
ÅñÄî 8ïñ

u→∗
β (x ~t)

�
��ñó�Äñ ��[��~

Ω 4/ Ω3
2.1/ 342 Õb�$

Â¾½½¾ �/p/�~ z@| :ñî m}û îìëÅ Äñî m} ëìë íÆîìÄïðÄñî�
MNOPQO _jn x¨ü nfUi mjn x¨ nSUn �fhkj UfhkSmj Vj iwijq Tm nfUi VfUl UfU hWnfmg�mjn� ⊓⊔
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Â¾½½¾ �/p/o�
u

ñîÅ ïë \m}û] îîÃ 6 ∃v|u →h,∗
β λx.v

ñÅ 6 ∃~v|u →h,∗
β (x ~v) ìn x

ñîÅïëñ �ÁíÃÁðÄñ�
MNOPQO Rhjg`j nTkTmSThj ° ��¯��¿� ⊓⊔IJ.K.L,-,.+ �/p/o� z@|

�� :ñî m}û îìëÅ îÅÁðÄñî �Áí β �Æ8ïÃ�ÁÄñëÂñ�'� :ñî m}û îìëÅ îÅÁðÄñî �Áí Á��ÄÃÂÁÅÃìë ? ïë Åñíóñ�
[� :ñî m}û îìëÅ îÅÁðÄñî �Áí îïðîÅÃÅïÅÃìëî Ã�ñ� îÃ u

ñîÅ ïë m}û3 �ìïí ÅìïÅ Åñíóñ
v
ñÅ ÅìïÅñ �ÁíÃÁðÄñ x3 u[v/x]

ñîÅ ïë m}û�
MNOPQO _jn efTUin ��� ji ��� nj kfUihjUi lfkkj efgh mS ehfefnTiTfU ��¯��÷� Rhfg`fUn mjefTUi �¯��ofTjUi u gU x¨üq v gU ijhkj ji x gUj `ShTS�mj� ­fUihfUn rgj u[v/x] jni gU x¨ü� ÀWWlhTp`fUn mS ng�niTigiTfU Vj ijhkjn u[v/x] nfgn mS �fhkj Vj ng�niTigiTfU Vj lfUijaij� �m jaTnijgU lfUijaij C nSUn `ShTS�mj mT�hj x ijm rgj C[x] nfTi αpWrgT`SmjUi ° u ji ijm rgj C[v] nfTi
αpWrgT`SmjUi ° u[v/x]� ­fUihfUn kSTUijUSUi rgj C[v] jni gU x¨ü�
C[v] jni jUlfhj UfU hWnfmg�mj eSh niS�TmTiW Vjn UfU hWnfmg�mjn Seh®n ng�niTigiTfU�

⊲ ­fUihfUn VuS�fhV rgj C[v] jni gU x¨� RSh muS�nghVjq nT C[v]→h,∗
β λy.s q fU VTniTU�gjSmfhn Vjga lSn st oT v eSnnj jU iwijq fU S C[v] →∗

β
~λ.(v′ ~t) f© v′ gU hWnTVg Vj v � «mfhnq njmfU mjlfhfmmSThj ��¯���q C[x] →∗

β
~λ.(x ~t′) lj rgT lfUihjVTi C[x] jni gU x¨üq rgjmn rgjnfTjUi ~λ. ji ~t�t oTUfU v Uj eSnnj eSn jU iwij ji C[v]→∗

β λy.s� �SUn lj lSnq mjn hWnTVgn v1, · · · , vnVj v Uj nfUi eSn jU iwijq ji jU eShiTlgmTjhq Tm Uj ejg`jUi eSn ifgl�jh mS hSlTUj
λy � �m jaTnij VfUl gU lfUijaij D ijm rgj s = D[v1, · · · , vn] ji ijm rgj C[v] →∗

β

λy.D[v1, · · · , vn]� ojmfU mj lfhfmmSThj ��¯���q fU f�iTjUi Smfhn
C[x]→∗

β λy.D[x, · · · , x]q lfUihSVTliTfU�
⊲ ­fUihfUn kSTUijUSUi rgj C[v] jni gU x¨ü� ªfkkj C[x] jni gU x¨üq Tm jni UfUhWnfmg�mjq VuSeh®n mj mjkkj ��¯��ý� �m jU jni VfUl Vj kwkj efgh C[v] rgT jni gUng�niTigW Vj UfU hWnfmg�mj� C[v] jni VfUl gU x¨ UfU hWnfmg�mjq lujni gU x¨ü� ⊓⊔Î.J.ÏÏÐ,J¾ �/p/oo z@|

u
ñîÅ ïë m}û îîÃ ÅìïÅñ îïðîÅÃÅïÅÃìë �ñ u

ñîÅ ïë m}�
MNOPQO _S ehfefnTiTfU ��¯��� efTUi �¯�kfUihj mj njUn VThjli� ÀWlTehfrgjkjUiq nT u jni gU
x¨ niS�mj eSh ng�niTigiTfUqkfUihfUn rgj lujni gU x¨ü� RSh muS�nghVjq nT u→∗

β (x ~t)q Smfhn
u[~λ.λy.y/x]→∗

β (x ~t)[~λ.λy.y/x]→∗
β λy.y � ªfUihjVTi u[~λ.λy.y/x] gU x¨� ⊓⊔Î.J.ÏÏÐ,J¾ �/p/op z@|

�� :ñî íÆîÃ�ïî �ñ m}û îìëÅ �ñî m}û�
'� :ñî m}û îìëÅ ÃëÁÂÅÃÀî Äìíî �ñî β �íÆ�ïÂÅÃìëî[� <ìÃñëÅ u

ïë m}û ñÅ
C

ïë ÂìëÅñ�Åñ îÃó�Äñ3 îÃ C[u] →∗
β v ÁÄìíî ÃÄ ñ�ÃîÅñ ïëÂìëÅñ�Åñ D

ñÅ �ñî íÆîÃ�ïî u1, · · · , un
�ñ u

ÅñÄî 8ïñ
D[u1, · · · , un] = v

ñÅ ÅñÄî8ïñ
C →∗

β D
�

MNOPQO�� �uSeh®n mS ehfefnTiTfU ������ ���q mjn hWnTVgn nfUi Vjn ng�niTigiTfUn ji Vjn hWVgTin Vgnfgnpijhkj TUTiTSm� _S ehfefnTiTfU ��¯��� ejhkji VfUl Vj lfUlmghj��� _jn hWnTVgn Vj x¨ü nfUi Vjn x¨ü ji VfUl Vjn x¨� �mn Uj ejg`jUi VfUl eSn wihj mSehjkT®hj eShiTj λx.a VugU hjVja�¯� �WhT`j Vg mjkkj ��¯�� ⊓⊔^ñóÁí8ïñ ��[�'{#$ 86 �;1;:0=0/; 342 /4:E42 1.1 :;2.B<5B42 6z60/ ;/; .5/41<4 3612 B4 =62 :42/:401/342 :;3<=/0.12 24 /4:E0161/ 2<: 342 ^.:E42 1.:E6B42$ c.1=4:161/ B42 a;:.9/4:E42 ^.:/2µ =4 =.:.BB60:4 E.1/:4 C<4 B6 �;1;:0=0/; 2º;/413 » /.<2 B42 /ÌA42 34:;3<=/0.12$7$ V1 0341/0s61/ /.<2 B42 Õb� » ⊥µ .1 .5/041/ B6 /T;.:04 34 8;zÌ98.1�. 562;42<: B42 6:5:42 34 8;zÌ98.1�.$
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����� þ�eÕ�
 Õg�


842 /4:E42 E<4/2 ¸?µ D¹ 2.1/ 342 a;:. /4:E42 ^.:/2 A6:/0=<B04:2$ É Bº012/6: 342 1.1:;2.B<5B42 C<0 2.1/ 3;A.<:z<2 34 ^.:E4 1.:E6B4 34 /¾/4µ B42 /4:E42 E<4/2 2.1/ A:0z;234 }ì� ÿìíóÁÄ ûìíó$ V1 =.12;C<41=4µ B4<:2 :;3<=/0.12 34 /¾/4 E.30s41/ 41 A4:E69141=4 B6 :6=014 34 B4<: 6:5:4 A=^$ A:.A.20/0.1 #$>$>_×$ VBB42 1º41�413:41/ 3.1= È6E602B6 E.013:4 2/:<=/<:4 2/65B4 3612 B4<: 6:5:4$ y1z4:24E41/µ =4BB42 34 Ω3

µ C<0 1º42/A62 E<4/µ 4EA0B41/ 41 A4:E6141=4 342 /4:E42 δ3
41 A.20/0.1 3º6:�<E41/$ c.EE434<W0¶E4 =.12;C<41=4µ Bº65241=4 34 }ì� ÿìíóÁÄ ûìíó :413 B42 /4:E42 E<4/2 03419/0s65B42 34 E610¶:4 =.1202/61/4 » 1º0EA.:/4 C<4B 6</:4 /4:E4$ Q</:4E41/ 30/µ 0B226/02^.1/ Cons(λβ + {d<4/ = t}) A.<: /.</ /4:E4 t 6:50/:60:4$ 842 /4:E42 E<4/224E5B41/ 3.1= 6//4013:4 B6 1./0.1 3º013;s10 B6 AB<2 ^.:/4 C<0 2.0/ © ¾/:4 ;=T61�465B4» /.</ E.E41/ 3612 <1 =6B=<B A6: 1º0EA.:/4 C<4B /4:E4 2612 41 E.30s4: 10 B4 =.<:210 B4 :;2<B/6/$ Q</61/ 30:4 C<4 B42 /4:E42 E<4/2 2.1/ /./6B4E41/ 3;1<;2 34 2412.A;:6/.0:4µ 3º.Î B4<: 6AA4BB6/0.1$

()*+,-,.+ �/p/o� z@|
2 0ë Åñíóñ ñîÅ ñë b.A -.:E6B �.:E Ab-�× î �ÃÄ ñîÅ �Áëî Ä �ïëñ �ñî ÅíìÃî ÀìíóñîîïÃ�ÁëÅñî 1

�� ïëñ �ÁíÃÁðÄñ x
�

'� ïëñ ÁðîÅíÁÂÅÃìë λx.v
�

[� ïëñ Á��ÄÃÂÁÅÃìë (v t) ìn v
ïë òÆíì�Åñíóñ�

2 0ë Åñíóñ
u �ìîîB�ñ ïëñ }ÿû î �ÃÄ îñ íÆ�ïÃÅ ? ïëñ }ÿû�

2 Yñï� Åñíóñî u
ñÅ

v �ìîîB�ñëÅ �ñî }ÿû 20E0B60:42 î �ÃÄî îñ íÆ�ïÃîñëÅ ? �ñî }ÿû�ñ ó9óñ Àìíóñ�
86 /4:E01.B.�04 34 }ì� ÿìíóÁÄ ûìíó 6 ;/; =T.0204 3< ^60/ C<º4BB4 14 ^60/ 01/4:z410:C<4 B6 :6=014 3< /4:E4$ cº42/ ;�6B4E41/ <14 ^.:E4 1.:E6B4 6< 2412 .Î 26 ^.:E4
� <14 z6:065B4µ <14 652/:6=/0.1 .< <14 6AAB0=6/0.1 � 14 z6:04 A62 » Bº022<4 3º<14:;3<=/0.1$ 842 ^.:E42 1.:E6B42 34 /¾/4 2.1/ 342 =62 A6:/0=<B04:2 34 b.A -.:E6B�.:E$ VBB42 .1/ 41 =.EE<1 3º60BB4<:2 3º¾/:4 =6:6=/;:0265B42 <10C<4E41/ �:Í=4 6<W:;3<=/0.12 34 /¾/4 4/ 3º¾/:4 2/65B42 A6: β9;C<0z6B41=4$
IJ.K.L,-,.+ �/p/o� z@|

�� <Ã u Á ïëñ }ÿû3 ÁÄìíî Äñî íÆ�ïÂÅÃìëî �ñ Å9Åñ �ñ u ÁðìïÅÃîîñëÅ ? ïëñ }ÿûîÃóÃÄÁÃíñ�
'� <Ã u

ñîÅ ïëñ }ÿû ñÅ
u →∗

β v 3 ÁÄìíî v
ñîÅ ïëñ }ÿû îÃóÃÄÁÃíñ� iïÅíñóñëÅ �ÃÅ3Äñî }ÿû îìëÅ îÅÁðÄñî �Áí β �íÆ�ïÂÅÃìë�[� 7ìïí ÅìïÅ ÂìëÅñ�Åñ C

ñÅ �ìïí ÅìïÅñ îïÃÅñ �ñ Åñíóñî ~u3 îÃ C[~u]
ñîÅ ïëñ }ÿûÁÄìíî C

ñîÅ ïëñ }ÿû�
MNOPQO

�� yaSkTUfUn mj lSn f© u efnn®Vj gUj ¨�ü Vj mS �fhkj (v t) f© v jni gU x¨�oT u →∗
β (v s)q Smfhn eSh niSUVShVTnSiTfUq Tm jaTnij Vjn ijhkjn v′ ji s′ ijmn rgj

u→h,∗
β (v′ s′)→i,∗

β (v s) f© v′ →∗
β v ji s′ →∗

β s� xhq v′ ≃β v jUihSèUj v′ x¨� (v′ s′)jni VfUl �TjU gUj ¨�ü Vj ivej SeemTlSiT`j�_jn Vjga Sgihjn �fhkjn nj kfUihjUi Vj kSUT®hj SUSmf�gj��� _jn Vjga ehjkT®hjn �fhkjn nfUi lmSThjn� Rfgh mS �fhkj SeemTlSiT`jq nT (v s) →∗
β bqVuSeh®n ª�ghl�pÀfnnjhq (v s) ji b nj hWVgTnjUi Smfhn ° gU kwkj ihfTnT®kj ijhkj� _SlfUlmgnTfU VWhT`j Smfhn Vg mjkkj ��¯��¿ efTUi ��� ji Vj mS ehfefnTiTfU ��¯��÷ efTUi��� �
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¯� ­fUihfUn VSUn mj lSn VugU lfUijaij nTkemj� ofTi C gU lfUijaij nTkemj ji u gU ijhkjijmn rgjC[u] nfTi gUj ¨�ü�­fUihfUn rgj C jni gUj ¨�ü��SUn mj lSn f© C[u] = (v t)S`jl v gU x¨q nT C = []q Smfhn C jni �TjU gUj ¨�ü� oTUfU C Uujni eSn ihT`TSm ji TmjaTnij Vjga lfUijaijn D ji E ijmn rgj D[u] = v ji E[u] = t ji ijmn rgj C = (D E)�xhq njmfU mS ehfefnTiTfU ��¯��÷q D jni gU x¨� C jni VfUl gUj ¨�ü SeemTlSiT`j� _jnVjga Sgihj �fhkjn Vj ¨�ü nj ehfg`jUi Vj kSUT®hj SUSmf�gj�_j lSn VugU lfUijaij ° emgnTjghn ihfgn jni nTkTmSThj� ⊓⊔

()*+,-,.+ �/p/o� z@| 0ë Åñíóñ ñîÅ E<4/ î �ÃÄ ë�Á �Áî �ñ }ÿû�
��ñó�Äñ ��[�'~

� Ω 42/ E<4/ =6: Ω→∗
β Ω = (λx.(x x) ω) .Î λx.(x x) 1º42/ A62 <1 Õb$

� (Ω I) 1º42/ A62 E<4/$ cº42/ <14 b-� 6AAB0=6/0z4$
� Ω3

1º42/ A62 E<4/$ V1 4Ñ4/µ Ω3
42/ <1 Õb 4/ Ω3 →β (Ω3 δ3)

C<0 42/ <14 b-�6AAB0=6/0z4$
IJ.K.L,-,.+ �/p/o~ :ñî Åñíóñî óïñÅî îìëÅ �ñî m}û�
MNOPQO RSh VWXUTiTfUq nT gU ijhkj Uujni eSn gU x¨ü Smfhn Tm nj hWVgTi nfTi ° (x ~v) rgTjni gUj ¨�üq nfTi ° λx.v rgT jni W�SmjkjUi gUj ¨�ü� ⊓⊔

IJ.K.L,-,.+ �/p/p� z{|
u
ñîÅ óïñÅ îîÃ ÄÁ íÆ�ïÂÅÃìë �ñ Å9Åñ �ñ u �Áîîñ Ãë�Æ=ëÃóñëÅ

? ÄÁ íÁÂÃëñ�
MNOPQO ­fUihfUn mS lfUihSefnWj s nT u S gUj ¨�üq Smfhn mS hWVgliTfU Vj iwij Uj eSnnjemgn ° mS hSlTUj Seh®n gUj ljhiSTU Ufk�hj VuWiSejn� yU j�jiq nT u S gUj ¨�üq njmfU mSehfefnTiTfU ��¯��úq u nj hWVgTi Vj iwij jU gUj ¨�ü t� yaSkTUfUn t st nT t jni gUj `ShTS�mjq Tm Uuv S emgn Vj hWVgliTfUn efnnT�mjn VfUl mj hWngmiSi jni `hST�t nT t jni gUj S�nihSliTfUq mS hSlTUj jni Smfhn gU λ rgT jni niS�mj eSh βphWVgliTfUn� _jhjVja Vj iwij jni Smfhn nfgn lj λ ji Tm Uujni VfUl emgn ° mS hSlTUj�t nT t jni gUj SeemTlSiTfU (u v) f© u jni gU x¨q Smfhn mjn hWVgliTfUn Vj u Uj �jhfUi eSnSeeShSèihj Vj λ� «TUnT mS hWVgliTfU Vj iwij S mTjg ° muTUiWhTjgh Vg ijhkj u fg v ji UfU° mS hSlTUj�­fUihfUn mj njUn VThjli� oT u jni kgjiq Smfhn u jni gU x¨ü� �m nuWlhTi VfUl Vj mS �fhkj
(a b)� ÀSTnfUUfUn eSh muS�nghVj� yU nSgiSUi mjn ehjkT®hjn WiSejnq fU ejgi ngeefnjh rgj mShWVgliTfU Vj iwij Uj eSnnj �SkSTn ° mS hSlTUj� �SUn lj lSnq mS hWVgliTfU Vj iwij Vj u

�rgT jniljmmj Vj a� Uj �STi �SkSTn SeeShSèihj Vj λ� _j ijhkj a jni VfUl gU x¨� ªfUihSVTliTfU� ⊓⊔
^ñóÁí8ïñ ��[�[� 86 :;3<=/0.1 34 /¾/4 3º<1 /4:E4 E<4/ ^60/ :4E.1/4: 41 A4:E69141=4 B4 :434W 34 /¾/4 » B6 :6=014$ 86 :6=014 34 Bº6:5:4 42/ 3.1= =.12/6EE41/ E.30s;4A6: =42 :;3<=/0.12 C<º.1 C<6B0s4 34 }ì� íñ�ïÂÅÃìë$
��ñó�Äñ ��[�[' @.<: Ω

µ .1 A.<::60/ 30:4 C<4 B6 :;3<=/0.1 14 E.30s4 A62 B6 :6=0143< /4:E4 A<02C<4 /.</ :;3<0/ 34 Ω 42/ Ω
B<09E¾E4$ V1 ^60/µ C<61/ Ω →β (ω ω)

B4A:4E04: ω 1º42/ C<º<14 =.A04 4/ 14 =.::42A.13 A62 6< ω
010/06B$ 84 /4:E4 42/ 3.1=5041 41 A4:A;/<4B :41.<z4BB4E41/$

IJ.K.L,-,.+ �/p/pp z@|
�� :ñî óïñÅî îìëÅ îÅÁðÄñî �Áí β �Æ8ïÃ�ÁÄñëÂñ�'� \Á] :ñî óïñÅî îìëÅ îÅÁðÄñî �Áí îïðîÅÃÅïÅÃìë�

\ð] <Ã C
ñîÅ ïë ÂìëÅñ�Åñ óïñÅ3 �ìïí ÅìïÅñ îïÃÅñ ~u3 C[~u]

ñîÅ óïñÅ�
MNOPQO _j ehjkTjh efTUi VWlfgmj VThjlijkjUi Vj mS ehfefnTiTfU ��¯��ú efTUi ���� Rfghmj njlfUV efTUiq lfkkj VSUn mS ehjg`j Vj mS ehfefnTiTfU ��¯��÷q kfUihfUn rgj efgh ifgilfUijaij nTkemj C ji efgh ifgi ijhkj uq nT C[u] S gUj ¨�üq Smfhn C jU S gUj SgnnT� _jnefTUin �S� ji ��� njhfUi STUnT VWkfUihWn� yaSkTUfUn mS hWVgliTfU Vj iwij Vj C[u] rgT njijhkTUj ngh gUj ¨�ü� ojmfU mj lfhfmmSThj ��¯���q fU VTniTU�gj Vjga lSn s
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t nT u eSnnj jU iwijq Smfhn C nj hWVgTi Vj iwij ° gUj ¨�ü�t nT u Uj eSnnj eSn jU iwijq Smfhn Tm jaTnij gU lfUijaij D ijm rgj C →∗
β D ji C[u]→∗

β

D[u1, · · · , un] f© D[u1, · · · , un] jni gUj ¨�ü� �uSeh®n mS ehfefnTiTfU ��¯��ú efTUi�¯�q D jni SgnnT gUj ¨�ü� C S VfUl �TjU gUj ¨�ü�842 34<W B4EE42 2<0z61/ :;2<E41/ B4 =.EA.:/4E41/ .A;:6/.0:4 342 2.<29/4:E42E<4/2 3612 342 :;3<=/0.12 /4:E0161/ z4:2 342 b.A -.:E6B �.:E$
Â¾½½¾ �/p/p} z@| <ìÃñëÅ ïë ÂìëÅñ�Åñ C

ÅñÄ 8ïñ
C 6→∗

β []
ñÅ

u
ïë Åñíóñ óïñÅ� mëÁ Ä �Æ8ïÃ�ÁÄñëÂñ îïÃ�ÁëÅñ 1

��
C Á ïëñ }ÿû

'�
C[u] Á ïëñ }ÿû

MNOPQO �fgn Vj`fUn VTniTU�gjh ihfTn lSn ngT`SUi mj ivej Vj ¨�ü��� Rfgh mj lSn Vjn `ShTS�mjn lujni TkkWVTSi��� ­fUihfUn rgj C S gUj ¨�ü S�nihSliTfU nnT C[u] S gUj ¨�ü S�nihSliTfU�oT C →∗
β λy.v Smfhn C[u] →∗

β λy.v′ � Rfgh mS hWlTehfrgjq nT C[u] →∗
β λy.v VuSeh®n mSehfefnTiTfU ��¯��¯ �¯�q Tm jaTnij gU lfUijaij D ji Vjn hWnTVgn u1 q...qun

Vj u ijmn rgj
D[u1, · · · , un] = λy.v ji ijmn rgj C →∗

β D � ªfkkj u1 q...qun
nfUi Vjn hWnTVgn VugUx¨ü uq Smfhn Tmn nfUi W�SmjkjUi Vjn x¨ü� «TUnTq D Uj ejgi wihj ihT`TSm nT �TjU rgj

D = λy.E ji C →∗
β λy.E �¯� ­fUihfUn rgj C S gUj ¨�ü SeemTlSiT`j nnT C[u] S gUj ¨�ü SeemTlSiT`j�_uTkemTlSiTfU jni TkkWVTSij� ­fUihfUn mS hWlTehfrgjq nT C[u]→∗

β (a b) Smfhn Tm jaTnijgU lfUijaij D ji Vjn hWnTVgn Vj u ijmn rgj D[u1, · · · , un] = (a b) ji C →∗
β D � RSh�vefi�®njq D jni UfU ihT`TSm Vuf© D = (E F )� «TUnT E[~u] = a gU x¨q VuSeh®n mjefTUi �q E jni gU x¨� C nj hWVgTi VfUl ° gU ¨�ü SeemTlSiT`j� ⊓⊔

Â¾½½¾ �/p/p� z@| <ìÃñëÅ C
ïë ÂìëÅñ�Åñ îÃó�Äñ ñÅ

u
ïë Åñíóñ óïñÅ� <Ã C[u]

ñîÅóïñÅ ÁÄìíî 1
2 îìÃÅ C →∗

β []
�

2 îìÃÅ C[v]
ñîÅ óïñÅ �ìïí ÅìïÅ Åñíóñ

v
�

MNOPQO oT C 6→∗
β []q VuSeh®n mj mjkkj ��¯�¯¿q lfkkj u ji C[u] nfUi kgjinq Smfhn C jniW�SmjkjUi kgji� xU lfUlmgi Smfhn �h²lj ° mS ehfefnTiTfU ��¯�¯¯ efTUi ���� ⊓⊔

IJ.K.L,-,.+ �/p/p� z@| <ìÃÅ C
ïë ÂìëÅñ�Åñ îÃó�Äñ ñÅ

m1 3 m2
�ñï� Åñíóñî óïñÅî�

��
C[m1]

ñîÅ óïñÅ îîÃ C[m2]
�

'�
C[m1]

Á ïëñ }ÿû îîÃ C[m2]
Á ïëñ }ÿû ñÅ Äñî �ñï� Àìíóñî îìëÅ îÃóÃÄÁÃíñî�

MNOPQO Rfgh mj ehjkTjh efTUi s VuSeh®n mj mjkkj ��¯�¯÷q nfTi C[m1]
jni kgji nfTi C →∗

β []��SUn ifgn mjn lSn C[m2]
jni kgji� Rfgh mj njlfUV efTUiq muSh�gkjUi jni SUSmf�gj� ⊓⊔

����³ �	�
�

��h� ��
λβ+{�g�
 = m} ��PN £�P£ £ON�O ���� m86 A:4<z4 =.EAB¶/4 34 B6 =.1202/61=4 42/ A:;241/4 3612 ¸D¹$ y=0 1.<2 1º41 ^.<:10:.12C<º<14 ;56<=T4 6s1 3º4WT054: B42 /4=T10C<42 4EAB.Ì;42$ 86 A:4<z4 42/ 562;4 2<:Bº;/<34 34 B6 →∗

βm :;3<=/0.1 C<0 42/ B6 :;<10.1 34 B6 β9:;3<=/0.1 4/ 34 B6 :4B6/0.1
→m

C<0 622.=04 m
» /.</ /4:E4 E<4/$ V1 z4:/< 3< B4EE4 #$7$#7µ B6 =.1202/61=424:6 ;/65B04 20 1.<2 A6:z41.12 » E.1/:4: B6 =.1ô<41=4 34 B6 :4B6/0.1→∗

βm
4/ 20 1.<2/:.<z.12 34<W ^.:E42 1.:E6B42 A.<:→∗

βm

$ @.<: =4B6µ 3º6A:¶2 B4 B4EE4 34 Ö013B4Ì9t.241µ 0B 2<Ó:60/ 34 A:.<z4: B6 =.1ô<41=4 34 →m
4/ 3º;/65B0: B6 =.EE</6/0z0/; 34

→∗
β
4/→∗

m

$ Õ:µ B6 :4B6/0.1→m
1º42/ A62 B.=6B4E41/ =.1ô<41/4µ =^$ B4EE4 #$>$?U$ 862.B</0.1 =.1202/4 6B.:2 » 01/:.3<0:4 <14 /:.020¶E4 :4B6/0.1µ B6 íÆ�ïÂÅÃìë Æ�ÁëìïÃîîÁëÅñC<0 :;/65B0/ B6 =.1ô<41=4 B.=6B4 /.</ 41 =.EE</61/ A6:^60/4E41/ 6z4= B6 β9:;3<=/0.14/ B6 m9:;3<=/0.1$
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()*+,-,.+ �/p/p� z@|
2 7ìïí ÅìïÅ Åñíóñ

m3 ÄÁ m9:;3<=/0.1 ñîÅ ÄÁ íñÄÁÅÃìë 8ïÃ �ìïí ÅìïÅ ÂìëÅñ�Åñ îÃó�Äñ
C

ñÅ �ìïí ÅìïÅ Åñíóñ óïñÅ
u3 íÆ�ïÃÅ C[u]

ñë C[m]
�

2 më ëìÅñ C[u]→m C[m] ÂñÅÅñ íÆ�ïÂÅÃìë �Áëî ÄÁ8ïñÄÄñ u
ñîÅ Á��ñÄÆ Äñ

m9:434W �yB 2º6�0/ 3.1= 34 A:.<z4: B6 =.1202/61=4 34 B6 :;<10.1 342 :4B6/0.12→β
4/→m

$ @.<:=4B6 1.<2 </0B02.12 B4 B4EE4 34 Ö013B4Ì9t.241$
Â¾½½¾ �/p/p" Ò¾ �,+ÒÏ¾	
�.L¾+ <ìÃñëÅ �ñï� íñÄÁÅÃìëî→γ1

ñÅ→γ2

ÂìëjïñëÅñî�
<Ã→∗

γ1

ÂìóóïÅñ Á�ñÂ→∗
γ2
3 ÁÄìíî (→γ1∪γ2

)∗
ñîÅ ÂìëjïñëÅñ�

MNOPQO RSh TUVgliTfU ngh mS mfU�gjgh Vjn ngTijn Vj hjmSiTfUn� ⊓⊔

^ñóÁí8ïñ ��[�[Ö x4<W :4B6/0.12 →γ1

4/ →γ2

=.EE</41/ 20 /.<2 B42 306�:6EE42
a →γ1

b
↓γ2

c

A4<z41/ ¾/:4 =.EAB;/;2 41 a →γ1
b

↓γ1
↓γ2

c →γ1
d

$
Q0120µ A.<: E.1/:4: B6 =.1ô<41=4 34→β ∪ →m

µ 0B 2<Ó/ 34 E.1/:4: B6 =.1ô<41=4 34
→β

4/ 34→m
4/ B6 =.EE</6/0z0/; 41/:4→∗

β
4/→∗

m

$ 86 β9:;3<=/0.1 ;/61/ =.1ô<41/4µ0B 14 :42/4 C<4 34<W A.01/2 » z;:0s4:$ 84 34:104: :;2<B/4 3< ^60/ C<4 →β
4/ →m=.EE</41/ 34 E610¶:4 =.1/:ÒB;4µ 0$4$ 41 1º6<�E41/61/ A62 B4 1.E5:4 34 :;3<=/0.122<: Bº<1 342 6W42 3< 306�:6EE4 =.EE</6/0^ $

Â¾½½¾ �/p/}� z@| }ìïÅ �ÃÁ5íÁóóñ
c←m a→β b �ñïÅ 9Åíñ Âìó�ÄÆÅÆ ñë a →β b

↓m ↓∗m
c →=

β d

MNOPQO xU WigVTj mjn VT�WhjUijn TUlmgnTfUn efnnT�mjn jUihj mj mphjVja u ji mj βphjVja
r = (λx.S[x, · · · , x] t)� xU VTniTU�gj ihfTn lSn s

�� u ji r nfUi VTn�fTUin ji Smfhn a →β:r b
↓m:u ↓m:u

c →β:r d

jU hWVgTnSUi mjn hWnTVgn TUiSlin�
�� r ≤ u ji Smfhn A[u] →β:r A[u′]

↓m:u ↓m:u′

A[m] ≡ A[m]�
u′ WiSUi jUlfhj gU kgji eSh niS�TmTiW Vjn kgjin Seh®n βphWVgliTfUn�¯� nT u < r fU S Vjga lSn s
�S� r = (λx.S[u, ~x ] t ) →β:r S[ u[t/x],~t ]

↓m:u ↓m:u[t/x]

(λx.S[m,~x ] t ) →β:r S[ m[t/x],~t ] = S[m,~t ]�
u[t/x]

WiSUi jUlfhj kgji lfkkj ng�niTigW VugU kgji�
��� r = (λx.S[x, · · · , x] T [u]) →β:r S[ T [u], · · · , T [u] ]

↓m:u ↓∗m:u

�ifgijn mjn lfeTjn Vj u�
(λx.S[x, · · · , x] T [m] ) →β:r S[ T [m], · · · , T [m] ]

⊓⊔

Â¾½½¾ �/p/}� z@| →∗
β

ñÅ→∗
m

ÂìóóïÅñëÅ3 Ã�ñ îÃ c←∗
m a→∗

β b3 ÁÄìíî ìë Á 1
�� a →∗

β b

↓∗m ↓∗m
c →∗

β d'� ñÅ �ñ �Äïî l(c→∗
β d) ≤ l(a→∗

β b)
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MNOPQO� eShiTh Vg mjkkj ��¯�¿Áq fU kfUihj eSh TUVgliTfU ngh l(a →∗
m c) mj VTS�hSkkj

ngT`SUi s a →β a1

↓∗m ↓∗m
c →=

β c1

� xU lfUlmgi Smfhn eSh TUVgliTfU ngh l(a→∗
β b)� ⊓⊔

Î.J.ÏÏÐ,J¾ �/p/}o z@| →∗
β

ñÅ→∗
βm

ÂìóóïÅñëÅ�
MNOPQO �WhT`j Vg i�Wfh®kj Vj ª�ghl�pÀfnnjh ji Vg mjkkj ��¯�¿�� ⊓⊔É A6:/0: 34 =4 :;2<B/6/µ B4 B4EE4 34 Ö013B4Ì9t.241 1º42/ A62 6AAB0=65B4 /.</ 20E9AB4E41/ A6:=4 C<4 →m

1º42/ A62 =.1ô<41/4$ 842 306�:6EE42 =.EE</6/0^2 ^.1/ 6A9A6:6½/:4 342 β9:;3<=/0.12 =.EE4 B4 E.1/:4 Bº4W4EAB4 2<0z61/$
��ñó�Äñ ��[�{[ @:41.12 <1 =.1/4W/4 20EAB4 C

/4B C<4 C →∗
β [] 4/ <1 /4:E4 E<4/

u
$ c.EE4 C[u] ≃β u

µ 6B.:2 C[u] 42/ E<4/$ u 4/ C[u]
^.:E41/ 3.1= 34<W m9:434W01=B<2 Bº<1 3612 Bº6</:4$ -.<2 6z.12 3.1= B4 306�:6EE4 2<0z61/ ©

C[u] →m:u C[m]
↓m:C[u] ↓m:?

m →m:? ?@.<: =.EAB;/4: =4 306�:6EE4 0B ^6<3:60/ C<4 C[m] 2.0/ E<4/$ @6: 616B.�04 6z4= B42:;203<2 34 β9:;3<=/0.12µ C[m] 42/ B4 :;203< 3< m9:434W C[u]
$ Õ:µ =.EE4 m 42/ =B.2µ

C[m] 42/ β9;C<0z6B41/ » m
$ x.1=µ 34E6134: » C[m] 3º¾/:4 E<4/ :4z041/ » 34E6134:»

m 3º¾/:4 E<4/$ c4 C<0 1º6 6<=<14 :602.1 3º¾/:4$
Â¾½½¾ �/p/}} z@| }ìïÅ �ÃÁ5íÁóóñ

c ←m a →m b �ñïÅ 9Åíñ ÆÅñë�ï ñë ïë �ñîÅíìÃî îÂ>ÆóÁî îïÃ�ÁëÅî 1
(1)

a →m b

↓m ↓h,∗
β

c = d

(2)

a →m b
↓m =

c →h,∗
β d

(3)
a →m b
↓m ↓=m
c →=

m d

MNOPQO _S ehjg`j nj �STi eSh SUSmvnj Vjn lSn VuTUlmgnTfUn jUihj mjn Vjga mphjVja� _j lSn�¯� lfhhjnefUV ° Vjn mphjVja VTn�fTUin fg lfU�fUVgnq iSUVTn rgj ��� ji ��� lfhhjnefUVjUi
Sg lSn VuTUlmgnTfU �jajkemj ��¯�¿¯� rgT nj lfkem®ij jU C[u] →m:u C[m]

↓m:C[u] ↓∗β:h

m ≡ m
fg jU

C[u] →m:u C[m]
↓m:C[u] ↓m:C[m]

m ≡ m

ngT`SUi mjn lSn Vg mjkkj ��¯�¯÷� ⊓⊔

^ñóÁí8ïñ ��[�{@ Ô612 B6 =.1ô<41=4 34 →m
µ B6 =.EE</6/0z0/; 41/:4 →∗

m
4/ →∗

βm1º42/ A62 �6:61/04µ E¾E4 20 →∗
β

4/ →∗
βm

=.EE</41/$ 84 306�:6EE4 2<0z61/ 42/<1 4W4EAB4 A.2205B4 34 =.EE</6/0.1 41/:4 C<6/:4 m9:;3<=/0.12$ 86 =.EAB4W0/; 143;=:.½/ A62 ^.:=;E41/ 3612 B4 34:104: =6::; 41 :602.1 3< 1.E5:4 1.1 =.1/:ÒB; 342
m9:;3<=/0.12$ 8º013<=/0.1 1º42/ A62 A.2205B4$

a →m b →m c
↓m ↓= ↓=
d →∗

β e →m f

↓m ↓∗m ↓?
g →∗

β h →? ic.EE4 B4 E.1/:4 B4 B4EE4 #$>$??µ =62 A#× 4/ A7×µ Bº65241=4 34 =.EE</6/0z0/; 342 m9:;3<=/0.12 2<:z041/ <10C<4E41/ B.:2C<º<1 m9:434W 24 /:.<z4 01=B<2 3612 <1 =.1/4W/4/4B C<4 C →∗
β []

$ V1 3;=B6:61/ Æ�ÁëìïÃîîÁëÅñî 34 /4BB42 :;3<=/0.12µ =4//4 30Ó=<B/;z6 302A6:6½/:4 �:Í=4 » B6 =.EE</6/0z0/; A6:^60/4 342 :;3<=/0.12 ;z61.<02261/42 6z4=B6 βm9:;3<=/0.1$
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()*+,-,.+ �/p/}� z@| <ìÃÅ σ : a→∗
β b

ïëñ íÆ�ïÂÅÃìë� më �ÃÅ 8ïñ σ
ñîÅ ïëñ :;3<=9/0.1 ;z61.<02261/4 î �ÃÄ ñ�ÃîÅñ 1

2 ïë ÂìëÅñ�Åñ îÃó�Äñ C2 ïë ÂìëÅñ�Åñ îÃó�Äñ H
ÅñÄ 8ïñ

H →∗
β []2 v

ïë Åñíóñ ÂÄìîÅñÄî 8ïñ
a = C[H[v]]

ñÅ
b = C[v]

�
më �ÃÅ ÁÄìíî 8ïñ

σ : a→c b
ñîÅ ÄÁ c9:;3<=/0.1 �ï c9:434W (H, v)

�
\:ñ 


c � �ÃñëÅ �ñ Ä �Áë5ÄÁÃî =.BB6A201�]
Â¾½½¾ �/p/}� z@| }ìïÅ �ÃÁ5íÁóóñ

c ←m a →m b �ñïÅ 9Åíñ ÆÅñë�ï ñë ïë �ñîÅíìÃî îÂ>ÆóÁî îïÃ�ÁëÅî 1
(1)

a →m b
↓m ↓c
c ≡ d

(2)
a →m b
↓m ≡
c →c d

(3)
a →m b
↓m ↓=m
c →=

m d

MNOPQO �WhT`j Vg mjkkj ��¯�¿¿ ji Vj mS VWXUTiTfU Vjn hWVgliTfUn W`SUfgTnnSUijn� ⊓⊔

Â¾½½¾ �/p/}" z@| }ìïÅ �ÃÁ5íÁóóñ
c←c a→β b îñ Âìó�ÄBÅñ ñë 1

a →β b
↓c ↓∗c
c →=

β d

MNOPQO RSh SUSmvnj Vjn lSn VuTUlmgnTfUn� ¬fTh ¸÷¹ ⊓⊔

Â¾½½¾ �/p/}~ z@| }ìïÅ �ÃÁ5íÁóóñ
c←c a→m b îñ Âìó�ÄBÅñ ñë 1

a →m b
↓c ↓=c
c →=

m d

MNOPQO RSh SUSmvnj Vjn lSn VuTUlmgnTfUn� ¬fTh ¸÷¹ ⊓⊔

Â¾½½¾ �/p/�� }ìïÅ �ÃÁ5íÁóóñ
c←c a→c b îñ Âìó�ÄBÅñ ñë 1
a →c b
↓c ↓=c
c →=

c d

MNOPQO RSh SUSmvnj Vjn lSn VuTUlmgnTfUn� ⊓⊔

Â¾½½¾ �/p/�� z@| }ìïÅ �ÃÁ5íÁóóñ
c←∗

c a→∗
βmc b îñ Âìó�ÄBÅñ ñë 1

a →∗
βmc b

↓∗c ↓∗c
c →∗

βmc d

ñÅ �ñ �Äïî l(c→∗
βmc d) ≤ l(a→∗

βmc b)

MNOPQO RSh TUVgliTfU ngh mj Ufk�hj Vj βmcphWVgliTfUn ji jU nj njh`SUi Vjn mjkkjn��¯�¿�q ��¯�¿ý ji ��¯�÷Á rgT UuSg�kjUijUi eSn mj Ufk�hj Vj βmcphWVgliTfUn� ⊓⊔

Â¾½½¾ �/p/�o z@| →∗
mc

ñÅ→∗
βmc

ÂìóóïÅñëÅ�
MNOPQO �SUn gU ehjkTjh ijkenq fU kfUihj eSh TUVgliTfU ngh l(a→∗

mc c) mj VTS�hSkkj
ngT`SUi s a →βmc b

↓∗mc ↓∗mc

c →=
βmc d

� ªj hWngmiSi VWlfgmj Vg mjkkj 1.3.51 efgh mjn cphWVgliTfUn
ji Vjn mjkkjn ��¯�¿�q ��¯�¿� ji ��¯�¿ý efgh mjn mphWVgliTfUn� ⊓⊔

Î.J.ÏÏÐ,J¾ �/p/�p z@| →∗
βm

ñîÅ ÂìëjïñëÅñ�
7\
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MNOPQO ªfkkj →c
jni TUlmgnj VSUn →β q mjn Vjga hWVgliTfUn →∗

βm
ji →∗

βmc
nfUi TVjUpiTrgjn� �uSeh®n mj lfhfmmSThj ��¯�¿�q→∗

β
lfkkgij S`jl→∗

βm �→∗
β
lfkkgij VfUl SgnnT S`jl

→∗
βmc � �j emgnq �h²lj Sg mjkkj ��¯�÷� →∗

mc
lfkkgij S`jl →∗

βmc � xU jU VWVgTi VfUl
→∗

βmc
lfkkgij S`jl jmmjpkwkj� �uf© →∗

βm
lfkkgij� ⊓⊔

^ñóÁí8ïñ ��[�@{ ]:Í=4 6<W c9:;3<=/0.12µ B4 306�:6EE4 34 B6 :4E6:C<4 #$>$?D 24=.EAB¶/4 A6: 4W4EAB4 41 ©
a →m b →m c
↓m ↓= ↓=
d →c e →m f
↓m ↓∗m ↓mc

g →c h →=
m icT6C<4 =.B.114 A4</ ¾/:4 =.EAB;/;4 » Bº6034 342 c9:;3<=/0.12$

>_
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84 λ�ÂÁÄÂïÄ Ãë=ëÃ ;/413 B4 λ9=6B=<B .:30160:4 6<W /4:E42 01s102$ 842 /4:E42 /4B2 C<4
(x x · · · ) .< (· · ·x x) Ì 2.1/ 6</.:02;2$ 8.01 34 z.<B.0: =.EAB0C<4: B4 λ9=6B=<Bµ =4//44W/4120.1 z024 » B4 20EAB0s4:$ V1 4Ñ4/µ ÄÁ β �íÆ�ïÂÅÃìë Ãë=ëÃñ 3;s104 =.EE4 <14 B09E0/4 34 :;3<=/0.12 s1042 A4:E4//:6 3º;=:0:4 C<4 B42 34<W =.E5016/4<:2 34 A.01/2 sW42
(Yt Ω) = (λxf.(f (x x f)) (λxf.(f (x x f)) ) Ω) 4/ FΩ = (λx.(Ω (x x)) λx.(Ω (x x)) )24 :;3<0241/ » <1 E¾E4 /:.020¶E4 /4:E4 (Ω Ω · · · )$ c4//4 AB<2 �:6134 =6A6=0/; 341.:E6B026/0.1 42/ 4WAB.0/;4 A.<: =:;4: B4 óì�BÄñ �ñ âñíÁí�ïÂÂÃ$ x612 =4 E.3¶B4µ=T6C<4 /4:E4 24 z.0/ 6//:05<4: <14 ^.:E4 1.:E6B4 01s104 <10C<4 6AA4B;4 Ä �Áíðíñ�ñ âñíÁí�ïÂÂÃ$ c42 ^.:E42 1.:E6B42 2.1/ .5/41<42 41 4WAB.0/61/ B6 =.1202/61=4 342/T;.:042 λβ+{d<4/2 = m}$ VBB42 2.1/ =.12/:<0/42 » B6 E610¶:4 342 6:5:42 34 RSTEµ» B6 30Ñ;:41=4 A:¶2 C<4 B42 /4:E42 E<4/2 È.<41/ B4 :ÒB4 342 1.1 :;2.B<5B42 4/ B42 b.A-.:E6B �.:E =4B<0 342 ^.:E42 1.:E6B42 34 /¾/4$ x612 =4 E.3¶B4µ /.<2 B42 /4:E426<W ^.:E42 1.:E6B42 01s1042 24 /:.<z41/ =.1^.13<2µ 20 5041 C<4 B42 34<W 4W4EAB42
(Yt Ω) 4/ FΩ

=0/;2 AB<2 T6</ :4A:;241/4:.1/ B4 E¾E4 ;B;E41/$ c.EE4 B42 E<4/2 2.1/AB<2 :42/:401/2 C<4 B42 1.1 :;2.B<5B42µ B42 6:5:42 34 R4:6:3<==0 �6�14:.1/ 3.1= 41A:;=020.1 2<: =4<W 34 RSTE$@.<: A6:z410: » =4 E.3¶B4µ B42 /4:E42 01s102 2.1/ 3;s102 =.EE4 342 B0E0/42 34/4:E42 s102 6< 2412 34 B6 /.A.B.�04 <2<4BB4$ cº42/ 3º60BB4<:2 B4 2412 C<4 A:41141/ B42A.01/2 34 2<2A4120.12 (· · · ) 3612 B4 /4:E4 (x x · · · )$ Q<W /4:E42 01s102µ 1.<2 622.9=0.12 B6 β9:;3<=/0.1 20EAB4$ c4BB49=0 3;:0z4 16/<:4BB4E41/ 3< =62 s10$ c4A41361/µB42 :;3<=/0.12 20EAB42 41 1.E5:4 s10 14 A6:z041141/ A62 » ;/65B0: B6 =.1ô<41=4 3<=6B=<B 01s10$ @6: 4W4EAB4µ 20 r 24 :;3<0/ » r′
µ 6B.:2 (λx.(· · ·x x) r) →h

β (· · · r r) 4/
(λx.(· · ·x x) r) →β:r (λx.(· · ·x x) r′) 2612 C<4 (· · · r r) 14 A<0224 24 :;3<0:4 E¾E441 AB<204<:2 ;/6A42 » (· · · r′ r′)

$ 86 =.1ô<41=4 42/ <14 A:.A:0;/; 01302A41265B4 C<0�6:61/0/ B6 =.1202/61=4 3< =6B=<B$ @.<: B6 :;/65B0:µ B6 2.B</0.1 =.1202/4 » 6</.:024: B42íÆ�ïÂÅÃìëî Ãë=ëÃñî$ c4BB429=0 2.1/ 3;s104 =.EE4 B6 <14 B0E0/4 3º<14 2<0/4 01s104 34:;3<=/0.12 20EAB42 3.1/ B42 �íìÀìë�ñïíî 342 :434W /41341/ z4:2 Bº01s10 3612 Bº6:5:434 /4:E4$ c4//4 =.1/:601/4 342 :;3<=/0.12 01s1042 2º6AA4BB4 B6 Âìë�ñí5ñëÂñ ÀìíÅñ$ VBB4B4<:2 �6:61/0/ 34 5041 =.1z4:�4: z4:2 <1 /4:E4 B0E0/4$ -;61E.012µ B6 =.1ô<41=4 ^60//.<È.<:2 3;^6</ =.EE4 B4 E.1/:4 Bº4W4EAB4 7$#$>\$ x612 =4/ 4W4EAB4µ Bº0EA.22050B0/;34 È.013:4 B42 34<W 4W/:;E0/;2 3< 306�:6EE4 =.EE</6/0^ 42/ A:.z.C<;4 A6: B4 A:;9241=4 3< /4:E4 Ω
µ C<0 42/ E<4/$ x612 B4 λ⊥9=6B=<B 01s10µ B42 /4:E42 E<4/2µ 3.1/ B63;s10/0.1 42/ B6 E¾E4 C<º41 s10µ 2.1/ 0341/0s;2 » B6 =.12/61/4 ⊥$ 84 =6B=<B 34z041/6B.:2 =.1ô<41/ 4/ 0B 24:z0:6 34 5624 A.<: =.12/:<0:4 B42 6:5:42 34 R4:6:3<==0$ Q0120Bº6:5:4 34 R4:6:3<==0 34 (Yt Ω) 24:6 (⊥ ⊥ · · · )$842 6:5:42 34 R4:6:3<==0 1.<2 01/;:4224:.1/ A.<: /:.02 :602.12$ c.EE4 B42 6:5:4234 RSTEµ =4 2.1/ 342 ^.:E42 1.:E6B42$ -.<2 1º6<:.12 3.1= AB<2 » 1.<2 A:;.==<A4:342 :434W$ x4 AB<2µ 0B2 14 =.1/041141/ C<º<14 01^.:E6/0.1 A6:/04BB4 3< /4:E4 010/06B ©/.<2 B42 2.<29/4:E42 E<4/2 .1/ 302A6:<$ c4//4 A:.A:0;/; =.13<0/ B42 013;s102µ z<2 6<

>#
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=T6A0/:4 A:;=;341/µ » A.22;34: 342 6:5:42 /:¶2 =6:6=/;:02/0C<42$ V1s1µ » Bº.AA.2; 3426:5:42 34 RSTEµ =4<W 34 R4:6:3<==0 2.1/ 41 =.::42A.1361=4 30:4=/4 6z4= B42 /4:E423< =6B=<B 01s10$ -.<2 6<:.12 3.1= B6 A.22050B0/; 34 ^60:4 342 =6B=<B2 6z4= B42 6:5:4234 R4:6:3<==0$É Bº.:0�014µ 3612 Bº6:/0=B4 ¸D¹µ =4:/6012 :;2<B/6/2 14 2º6AAB0C<6041/ C<º» 342 /4:E4201s102 022<2 3º<14 :;3<=/0.1 A6:/61/ 3º<1 /4:E4 s10$ 842 A:4<z42 A:;241/42 0=0 �;1;9:6B0241/ /.<2 B42 :;2<B/6/2 6<W /4:E42 01s102 C<4B=.1C<42$
Ù�ÿ ��®�­Ú´°­ ±²

λ�³��³²� �² ³��³²� ´­ó´­´
b���� þ�eÕ�
 �
 h	�
�å
�
 �����

842 /4:E42 01s102 1º.1/ AB<2 34 3;s10/0.12 013<=/0z42 =.EE4 A.<: B4 =62 s10$ y=01.<2 B42 A:;241/4:.12 2.<2 B6 ^.:E4 3º6:5:4 01s102 ;/0C<4/;2$ 86 =.::42A.1361=441/:4 6:5:4 34 /4:E42 4/ /4:E4 24 ^4:6 2<0z61/ B42 E¾E42 A:01=0A42 C<4 3612 B4 =62s10$ Ô4<B4 30Ñ;:41=4µ 342 A.01/2 34 2<2A4120.12 (· · · ) 6AA6:6½/:.1/ 6<W 1Ø<32 .ÎBº6:5:4 24:6 01s10E41/ A:.^.13$
()*+,-,.+ o/�/� :ñî Áíðíñî �ñî λ9/4:E42 01s102 îìëÅ �ñî Áíðíñî ÆÅÃ8ïñÅÆî =ëÃî ìïÃë=ëÃî� :ñïíî ÀñïÃÄÄñî îìëÅ ÆÅÃ8ïñÅÆñî �Áí �ñî �ÁíÃÁðÄñî� :ñî ë�ï�î ÃëÅñíëñî �ñï�ñëÅ9Åíñ îìÃñëÅ 1

2 ðÃëÁÃíñî ñÅ îÁëî ÆÅÃ8ïñÅÅñ� �ñ îìëÅ ÁÄìíî �ñî ë�ï�î ��Á��ÄÃÂÁÅÃìë�
2 ïëÁÃíñî ñÅ ÆÅÃ8ïñÅÆî �Áí ïë λx3 ìn x

ñîÅ ïëñ �ÁíÃÁðÄñ� �ñ îìëÅ ÁÄìíî �ñî ë�ï�î��ÁðîÅíÁÂÅÃìë�
: �ñëîñóðÄñ �ñî �ÁíÃÁðÄñî ñîÅ ÂìëîÃ�ÆíÆ Ãë=ëÃ ñÅ �ÆëìóðíÁðÄñ�
:ñî Åñíóñî îìëÅ �Æ=ëÃî ? α�Æ8ïÃ�ÁÄñëÂñ �íBî�
��ñó�Äñ '���'

� (x x · · · ) 6 A.<: 6:5:4
xx

x

� (· · · x x) 6 A.<: 6:5:4 xxx
$ yB 42/ 2612 /¾/4$

� 8º6:5:4 4Ñ4<0BB; 42/ <1 /4:E4 01s10$ yB 24:60/ B6 ^.:E4 1.:E6B4 01s104
3< /4:E4 u = (v v) .Î v = λx.(x x) (x x)

$
� 86 ^.:E4 1.:E6B4 01s104 ∆

µ 3;s104 A6:∆ = (· · · δ3 δ3)
.Î δ3 = λx.(x x x)

µ A.292¶34 =.EE4 6:5:4 δ3

δ3 $ c4 /4:E4 z;:0s4 Bº;�6B0/; 2Ì1/6W0C<4
∆ = (∆ δ3)

=4 C<0 42/ 0EA.2205B4 41 s10$
� 86 ^.:E4 1.:E6B4 01s104 ∆∞

3;s104 A6: ∆∞ = (∆ ∆ · · · ) 6 A.<: 6:5:4
∆

∆
$ y=0µ .1 z;:0s4 C<4 ∆∞ = (∆ ∆∞)

$
^ñóÁí8ïñ'���[ Ô0 B4 1.E5:4 34 1Ø<32 3º<1 6:5:4 01s10 42/ 3;1.E5:65B4µ 2.11.E5:4 34 5:61=T42 14 Bº42/ A62 1;=42260:4E41/$ cº42/ B4 =62 34 Bº6:5:4 4Ñ4<0BB;3.1/ B4 1.E5:4 34 5:61=T42 1º42/ AB<2 3;1.E5:65B4$ @.<: 2º41 =.1z601=:4µ 0B 2<Ó/34 :4E6:C<4: C<º<14 5:61=T4 42/ 3;s104 A6: <14 2<0/4 34 50^<:=6/0.12µ » �6<=T4.< » 3:.0/4$ Õ1 =.EA/4 3.1= 6</61/ 34 5:61=T42 C<4 3º;B;E41/2 34 {g, d}N $ 842:;=<::41=42 2<: B42 5:61=T42 342 6:5:42 01s102 2.1/ 3.1= 1;=42260:4E41/ /:612s1042$
^ñóÁí8ïñ'���{ Ô6<^ E41/0.1 =.1/:60:4µ 3;2.:E602 Äñî Åñíóñî îñíìëÅ Åìïî ÂìëîÃ�ÆíÆîÂìóóñ �ìÅñëÅÃñÄÄñóñëÅ Ãë=ëÃî$
()*+,-,.+ o/�/�

>7
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2 0ë =.1/4W/4 ñîÅ ïë Åñíóñ Æ�ñëÅïñÄÄñóñëÅ Ãë=ëÃ 8ïÃ �ìîîB�ñ ÄÁ �ÁíÃÁðÄñ []Âìóóñ �ÁíÃÁðÄñ ÄÃðíñ ñë 8ïÁëÅÃÅÆ Æ�ñëÅïñÄÄñóñëÅ Ãë=ëÃñ�
2 0ë =.1/4W/4 20EAB4 ñîÅ ïë ÂìëÅñ�Åñ 8ïÃ ëñ �ìîîB�ñ 8ï �ïë îñïÄ Åíìï []

�
2 7ìïí ÅìïÅ ÂìëÅñ�Åñ C

ñÅ �ìïí ÅìïÅ Åñíóñ
t3 C[t] íñ�íÆîñëÅñ ÄÁ 2<52/0/</0.1 �ñÂ>ÁÂïë �ñî Åíìïî �ñ C \ñë 8ïÁëÅÃÅÆ Æ�ñëÅïñÄÄñóñëÅ Ãë=ëÃî] �Áí Äñ Åñíóñ

t îÁëîíñëìóóÁ5ñ �ñî �ÁíÃÁðÄñî �ñ C 3 ëÃ �ñ t
�

2 <Ã
C

ñîÅ ïë ÂìëÅñ�Åñ îÃó�Äñ3 ÄÁ B.1�<4<: 3< =.1/4W/4 C 3 ëìÅÆñ l(C)3 íñ�íÆîñëÅñÄÁ Äìë5ïñïí �ï Â>ñóÃë 8ïÃ íñÄÃñ ÄÁ íÁÂÃëñ �ñ Ä �Áíðíñ �ñ C ? îìë Åíìï []
� <Ã Cëñ �ìîîB�ñ �Áî �ñ Åíìï3 l(C)

ñîÅ ÂìëîÃ�ÆíÆñ Âìóóñ Ãë=ëÃñ�
��ñó�Äñ '����#$

(· · · x x []) 42/ <1 =.1/4W/4 20EAB4 A4/ 01s10×$7$ Ô.0/ C = (· · · [] [])
$
C 42/ <1 =.1/4W/4 A01s10× C<0 A.22¶34 <1 1.E5:4 01s10 34/:.<2$ C[x] = (· · · x x)

$
^ñóÁí8ïñ'���H Ç14 2<0/4 ~s 34 /4:E42 01s102 A.<::6 ;z41/<4BB4E41/ ¾/:4 34 B.19�<4<: 01s104 © ~s = s1, s2, · · ·

b���b �f�gh
�	�
 ������

◭

�|���{ �!� � ! �� ��� {�����  !� ! �
◮

()*+,-,.+ o/�/" <ìÃñëÅ
a

ñÅ
b �ñï� Åñíóñî Ãë=ëÃî� :Á β9:;3<=/0.1 20EAB4 3ëìÅÆñ

→β 3 �ï íñ�ñ� (λx.a b) î �ÆÅñë� Áï� Åñíóñî Ãë=ëÃî ñë ÄÁ íñÄÁÅÃìë (λx.a b)→β a[b/x]3�Áëî ÄÁ8ïñÄÄñ
a[b/x]

ñîÅ ïë Áíðíñ ìðÅñëï �Áí îïðîÅÃÅïÅÃìë �ñ ÅìïÅñî Äñî �ÁíÃÁðÄñî ÄÃðíñî
x �Áëî Ä �Áíðíñ a �Áí Ä �Áíðíñ b

�
��ñó�Äñ '���Ö (λx.(· · ·x x) a) →β (· · · a a)

$ 84 1.E5:4 342 2<52/0/</0.12 3612 B4/4:E4 (· · ·x x) 42/ 0=0 01s10$
^ñóÁí8ïñ'����í c.EE4 B4 E.1/:4 Bº4W4EAB4 A:;=;341/µ B4 /4:E4 a A.22¶34 » Bº022<434 B6 :;3<=/0.1 (λx.(· · ·x x) a) →β (· · · a a) <14 01s10/; 34 :;203<2$ Ô0

a 24 :;3<0/41 a′ µ A.<: ^4:E4: B4 306�:6EE4 =.EE</6/0^ =093422.<2 0B ^6<3:60/ A:.=;34: » <1401s10/; 34 :;3<=/0.12 3< /ÌA4 a→β a′ $
(λx.(· · ·x x) a) →β (λx.(· · ·x x) a′)

↓hβ ↓hβ
(· · · a a) →β (· · · a a′)→β · · · →β (· · · a′ a′)

◭
¡������ �

◮

()*+,-,.+ o/�/�� <ìÃñëÅ �ñï� Åñíóñî a
ñÅ

b
�

2 :Á A:.^.134<: 3º<1 2.<29/4:E4 b 34 a
ñîÅ ÄÁ Äìë5ïñïí �ï Â>ñóÃë 8ïÃ íñÄÃñ ÄÁíÁÂÃëñ �ñ Ä �Áíðíñ �ñ a ? ÂñÄÄñ �ñ îìë îìïî�Åñíóñ

b
�

2 7ìïí ÅìïÅ ñëÅÃñí n3 ìë ÆÂíÃÅ a ≡n b îîÃ Äñî Áíðíñî �ñ a
ñÅ �ñ b Âì�ëÂÃ�ñëÅ3 ñëÅl�ñ �ñ ë�ï�î ñÅ ñë ÆÅÃ8ïñÅÅñî Zïî8ï �? ïëñ �íìÀìë�ñïí Áï óìÃëî n

�më �ÃíÁ Æ5ÁÄñóñëÅ 8ïñ
b 42/ <14 6AA:.W0E6/0.1 34 a ? �íìÀìë�ñïí n

�
7Äïî �íÆÂÃîÆóñëÅ 1
2 a ≡0 b îîÃ a

ñÅ
b ìëÅ ïëñ íÁÂÃëñ Âìóóïëñ�

2 a ≡n+1 b îîÃ a
ñÅ

b ìëÅ ó9óñ íÁÂÃëñ3 ñÅ ÅìïÅ îìïî�Åñíóñ ÃóóÆ�ÃÁÅ �ñ a
ñîÅñë íñÄÁÅÃìë ≡n

Á�ñÂ îìë Âìííñî�ìë�ÁëÅ �Áëî Ä �Áíðíñ �ñ b
�

>>
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^ñóÁí8ïñ'����'
=T4E01

A.20/0.1
t

s

A:.^.134<:

��ñó�Äñ '����[
(a b) 6≡0 λxy.(u v) ≡2 λxy.c 6≡2 λx.(s t)

()*+,-,.+ o/�/�} <ìÃñëÅ
(an)n≥0

ïëñ îïÃÅñ �ñ Åñíóñî3 ìë ÆÂíÃíÁ lim
n→+∞

an = a îîÃÃÄ ñ�ÃîÅñ ïë Åñíóñ
a

ÅñÄ 8ïñ ∀N ≥ 03 ∃n ≥ 0
ÅñÄ 8ïñ ∀p ≥ n3 ap ≡N a

�
^ñóÁí8ïñ'����@ cº42/ B6 /.A.B.�04 <2<4BB4 2<: B42 6:5:42 s10/60:42 01s102$
Â¾½½¾ o/�/�� <Ã

(ai)i≥0
ñîÅ ïëñ îïÃÅñ �ñ Åñíóñî ÅñÄÄñ 8ïñ

ai ≡i ai+1 3 ÁÄìíî ÃÄñ�ÃîÅñ ïë Åñíóñ
b

ÅñÄ 8ïñ
lim

i→+∞
ai = b

�
MNOPQO Rfgh ifgi j > pq ap ≡p aj � xU lfUnihgTi Smfhn mj ijhkj b eSh TUVgliTfU ngh mSehf�fUVjgh p Vj njn nfkkjin Vj nfhij rgj b ≡p ap �

0

1

N − 1

N

aNa1a0 b

=

= =

=
=

6=

6=

xU `WhTXj �TjU rgj efgh ifgi pq ap ≡p b� _S ngTij (ai)i≥0
ijUV VfUl `jhn b� ⊓⊔

◭
�|���{ �!�  !� ! �� ��!�����!{��

◮

()*+,-,.+ o/�/�� <ìÃÅ σ : a →β a1 →β · · · →β an →β b
ïëñ îÆ8ïñëÂñ =ëÃñ �ñ

β �íÆ�ïÂÅÃìëî îÃó�Äñî� :Á A:.^.134<: 34 B6 :;3<=/0.13 ëìÅÆñ prof(a→∗
β b) �ÆîÃ5ëñ ÄñóÃëÃóïó �ñ ÄÁ �íìÀìë�ñïí �ñî íñ�ñ� ÂìëÅíÁÂÅÆî �Áëî ÂñÅÅñ îÆ8ïñëÂñ�

7Áí Âìë�ñëÅÃìë3 ÄÁ �íìÀìë�ñïí ��ïëñ íÆ�ïÂÅÃìë �Ã�ñ ñîÅ Ãë=ëÃñ�
Â¾½½¾ o/�/�" <Ã

prof(a→∗
β b) > n ÁÄìíî a ≡n b

�
MNOPQO xU ehfl®Vj eSh hWlghhjUlj ngh mS mfU�gjgh Vj mS hWVgliTfU a→∗

β b�Rfgh gUj njgmj hWVgliTfU ijmmj rgj prof(a →β:r b) = nq njgm mj hjVja lfUihSliW r °mS ehf�fUVjgh n jni kfVTXWq mj hjnij rgT nj nTigj ° ehf�fUVjgh TU�WhTjghj fg W�Smj ° n jniTUl�SU�W�
n− 1

→β
n

r

ba

r′

⊓⊔

()*+,-,.+ o/�/�~ <ìÃÅ σ : a →β a1 →β · · · →β an · · ·
ïëñ îÆ8ïñëÂñ Ãë=ëÃñ �ñíÆ�ïÂÅÃìëî�

<Ã ÄÁ îïÃÅñ (prof(ai →β ai+1))i≥0
Åñë� �ñíî Ä �Ãë=ëÃ Á�ñÂ i3 ÁÄìíî ìë �ÃíÁ 8ïñ ÄÁîÆ8ïñëÂñ Ãë=ëÃñ �ñ íÆ�ïÂÅÃìëî =.1z4:�4 ^.:/4E41/$

>?
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æ.-Ð-,.+ o/�/o� É A6:/ B6 =.1z4:�41=4 ^.:/4µ 6<=<14 6</:4 ^.:E4 34 =.1z4:�41=414 24:6 =.1203;:;4 0=0 © B.:2C<4 1.<2 A6:B4:.12 34 =.1z4:�41=4 34 2;C<41=42 34 :;93<=/0.12 0B ^6<3:6 3.1= B0:4 =.1z4:�41=4 ^.:/4$
Â¾½½¾ o/�/o� <Ã σ : a →β a1 →β · · · →β an →β · · ·

ñîÅ ïëñ îÆ8ïñëÂñ Ãë=ëÃñ�ñ íÆ�ïÂÅÃìëî ÀìíÅñóñëÅ Âìë�ñí5ñëÅñ3 ÁÄìíî ÃÄ ñ�ÃîÅñ ïë Åñíóñ
b
ÅñÄ 8ïñ ÄÁ îïÃÅñ �ñÅñíóñî (ai)i≥0

Âìë�ñí5ñ �ñíî b
�

MNOPQO _S ngTij Vjn hWVgliTfUn lfU`jh�jSUi �fhijkjUiq efgh gUj ehf�fUVjgh N
XaWjTm jaTnij gUj WiSej iN

° eShiTh Vj mSrgjmmj ifgijn mjn hWVgliTfUn nfUi emgn ehf�fUVjn rgj
N � «TUnTq VuSeh®n mj mjkkj ������q ∀i > iN q ai ≡N aiN

� �WXUTnnfUn mS ngTij Vj ijhkjn
(bN = aiN

)N≥0 � �uSeh®n mj mjkkj �����ú Tm jaTnij gUj mTkTij b ° mS ngTij (bN )N≥0 � xU`WhTXj jUngTij �SlTmjkjUi rgj (ai)i≥0
ijUV �TjU `jhn b� ⊓⊔

()*+,-,.+ o/�/oo z@| <ìÃÅ σ : a→β a1 →β · · · →β an →β · · ·
ïëñ îÆ8ïñëÂñ Ãë=ëÃñ�ñ íÆ�ïÂÅÃìëî ÀìíÅñóñëÅ Âìë�ñí5ñëÅñ ñÅ îìÃÅ b îÁ ÄÃóÃÅñ�më �ÃíÁ 8ïñ

σ =.1z4:�4 z4:2 b
ñÅ ìë Äñ ëìÅñíÁ a→∞β b

�
^ñóÁí8ïñ'���'[ 842 :;3<=/0.12 s1042 2.1/ 342 =62 A6:/0=<B04:2 34 :;3<=/0.12 01s91042$ V1 4Ñ4/ =.EE4 B6 :;3<=/0.1 z034 42/ 34 A:.^.134<: 01s104µ B6 A:.^.134<: 34
a→∗

β b
/413 5041 z4:2 Bº01s10$

^ñóÁí8ïñ'���'{#$ 842 /4:E42 3º<14 2;C<41=4 34 :;3<=/0.12 A4<z41/ =.1z4:�4: 2612 C<4 B6 2;9C<41=4 =.1z4:�4 ^.:/4E41/$ @:41.12 ω = λx.(x x) 4/ =.1203;:.12 B6 2;C<41=4
σ : (ω ω) →β (ω ω) →β · · ·

$ 842 /4:E42 34 σ =.1z4:�41/ 5041 z4:2 (ω ω)E602 σ 14 =.1z4:�4 A62 z4:2 b =6: B42 A:.^.134<:2 34 242 :;3<=/0.12 :42/41/=.12/6EE41/ » #$7$ -;61E.012µ .1 A4</ ;=:0:4 (ω ω)→∞β (ω ω) 41 14 =.1203;:61/ AB<2 B6 :;3<=9/0.1 A:;=;341/4 E602 B6 :;3<=/0.1 z034$
��ñó�Äñ '���'@#$ Ô.041/ δ3 = λx.(x x x) 4/ Ω3 = (δ3 δ3)

µ C<0 24 :;3<0/ 41 Ω3 →β (Ω3 δ3)
$-./.12 Ωn

3 = (Ω3 δ3 · · · δ3)
B4 /4:E4 =.EA.:/61/ n

^.02 δ3
$86 2;C<41=4 σ : Ω3 →β Ω1

3 →β · · · →β Ωn
3 →β · · · 42/ =.1z4:�41/4 4/ 26 B0E0/442/ Ω∞

3 = (· · · δ3 δ3)
$
Ω∞

3
42/ 6<220 1./; ∆

$
Ô.<2 ^.:E4 3º6:5:4µ ∆ 2º;=:0/ © δ3

δ3
δ3

$
7$ Ô.0/ Yt

B4 =.E5016/4<: 34 A.01/ sW4 34 b<:01�$ 842 :;3<=/0.12 34 (Yt Ω3)=.13<0241/ 6< /4:E4 (Ω3 Ω3 · · · ) C<0 24 :;3<0/ 41 (Ω∞
3 Ω∞

3 · · · )
$ c4//4 :;3<=9/0.1 (Yt Ω3) →∞β (Ω3 Ω3 · · · ) →∞β (Ω∞

3 Ω∞
3 · · · ) 1º42/ =4A41361/ A62 <142;C<41=4$ Ç14 2.B</0.1 =.1202/4 » .A;:4: 3612 Bº.:3:4 2<0z61/ ©

σ : (Yt Ω3) →∗
β (Ω3(Yt Ω3) )→∗

β (Ω1
3(Yt Ω1

3) )

→∗
β (Ω1

3(Ω
1
3(Yt Ω1

3)) )→∗
β (Ω2

3(Ω
2
3(Yt Ω2

3)) )

→∗
β · · ·

σ 42/ 6B.:2 5041 <14 2;C<41=4 =.1z4:�41/4 3.1/ B6 B0E0/4 42/ (Ω∞
3 Ω∞

3 · · · )
$

c4//4 B0E0/4 42/ 1./;4 ∆∞
4/ 2º;=:0/ 2.<2 ^.:E4 3º6:5:4 ©

δ3

δ3

δ3

δ3
δ3

δ3

$

>D
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b���� ´e	µe�f
f
 �� ¶� ef�gh
�	� ������
c4//4 24=/0.1 A:.È4//4 6< =6B=<B 01s10 342 :;2<B/6/2 =B6220C<42 3< λ9=6B=<B s10$ Q01201.<2 z4::.12 C<4 B6 β9:;3<=/0.1 01s104 42/ /:6120/0z4$ Ï<º4BB4 24 2/6136:3024 4/ C<4B42 /4:E42 01s102 A.22¶34 6< AB<2 <14 ^.:E4 1.:E6B4$ V1 AB<2 342 A:.A:0;/;2 =B62920C<42µ 1.<2 =0/4:.12 342 /T;.:¶E42 3º6AA:.W0E6/0.1$ c4<W9=0 A4:E4//41/ 34 A6224:3< =6B=<B 01s10 6< =6B=<B s10$ @6: 4W4EAB4µ A.<: <14 A:.^.134<: p 3.11;4µ » A6:/0:3º<14 :;3<=/0.1 a →∞β b .1 A4</ 4WT054: 342 /4:E42 s102 a1

4/ b1
3.1/ B42 6:5:42=.61=0341/ :42A4=/0z4E41/ 6z4= =4<W 34 a 4/ b

» A:.^.134<: p
µ 4/ /4B2 C<4 a1 →∗

β b141 <14 :;3<=/0.1 s104 A=^$ B4EE4 7$#$7,×$
◭ ������ ��{ �!�

◮8º.:0�014 34 =42 34<W B4EE42 3º6AA:.W0E6/0.1 :;2034 3612 B4 ^60/ C<º<14 β9:;3<=/0.1^60/ :4E.1/4: B6 A:.^.134<: 3º<1 2.<29/4:E4 3º6< AB<2 34<W A.20/0.12$
Â¾½½¾ o/�/o� <Ã a →∞β b3 ÁÄìíî �ìïí ÅìïÅñ �íìÀìë�ñïí p

ÃÄ ñ�ÃîÅñ ïë Åñíóñ
b′ÅñÄ 8ïñ

a→∗
β b′

ñÅ
b Âì�ëÂÃ�ñ Á�ñÂ b′ ? �íìÀìë�ñïí p

�
MNOPQO ofTi σ : a →β a1 →β · · · →β ak →β · · ·

mS nWrgjUlj Vjn hWVgliTfUn Vj a `jhn b�ªfkkj mS nWrgjUlj lfU`jh�jq fU ihfg`j gUj WiSej ip
° eShiTh Vj mSrgjmmj mjn ehf�fUVjghnVjn hWVgliTfUn hjnijUi ngeWhTjghjn ° p + 1� xU S Smfhn a →∗

β aip

ji aip ≡p b
�l�� mjkkj�������� ⊓⊔

^ñóÁí8ïñ'���'H]:Í=4 » =4 :;2<B/6/ 34 1.E5:4<242 3;s10/0.12 2.1/ ;C<0z6B41/42 41/:4 B4 =62s10 4/ 01s10$ V1 A6:/0=<B04: /.</42 =4BB42 14 ^60261/ 01/4:z410: C<º<14 A6:/04s10 342 /4:E42$@6: 4W4EAB4µ B6 A:.A.20/0.1 a ë�ñîÅ �Áî ïë òÆíì�Åñíóñ 2º4WA:0E4 34 B6 E¾E4^6¿.1 41 s10 4/ 41 01s10$ V1 4Ñ4/ 3612 B4 =62 s10µ 4BB4 2º;=:0/ a →∗
β λx.v

$ V101s10µ 4BB4 34z041/ a →∞β λx.v
$ Õ: A6: 6AA:.W0E6/0.1µ 20 a →∞β λx.v 6B.:20B 4W02/4 v′ /4B C<4 a→∗

β λx.v′
$
a 24 :;3<0/ 3.1= 5041 » <14 652/:6=/0.1 41 <11.E5:4 s10 34 :;3<=/0.12$

Â¾½½¾ o/�/o" <ìÃñëÅ
s

ñÅ
t �ñï� Åñíóñî ÅñÄî 8ïñ

s →∗
β t

� 7ìïí ÅìïÅ ñëÅÃñí NÃÄ ñ�ÃîÅñ ïë ñëÅÃñí n
ÅñÄ 8ïñ ÅìïÅ Åñíóñ

u �ÆíÃ=ÁëÅ
u ≡n s �ïÃîîñ îñ íÆ�ïÃíñ ñë ïëëìóðíñ =ëÃ ��ÆÅÁ�ñî �ñíî ïë Åñíóñ

v �ÆíÃ=ÁëÅ
v ≡N t

�
^ñóÁí8ïñ'���'Ö Q</:4E41/ 30/µ 24<B4 <14 A:.^.134<: s104 3º<1 /4:E4 2<Ó/ » ^60:46AA6:6½/:4 <14 A6:/04 s104 3< :;2<B/6/ 3º<14 :;3<=/0.1$
MNOPQO _j hWngmiSi nuf�iTjUi eSh TUVgliTfU ngh mj Ufk�hj Vj hWVgliTfUn Vj s→∗

β t� RfghgUj njgmj hWVgliTfUq Tm jaTnij gU lfUijaij C ji gU hjVja (λx.a b) ijmn rgj s = C[(λx.a b)]ji ijmn rgj t = C[a[b/x]]� RfnfUn n = prof(s→β t) + N + 2 ji ehjUfUn gU ijhkj u ijm rgj
u ≡n s� ªfkkj n > prof(s →β t) Smfhn mj hjVja (λx.a b) SeeShSèi VSUn u� �m jaTnij VfUlgU lfUijaij C′ ji Vjga ijhkjn a′ ji b′ ijmn rgj u = C′[(λx.a′ b′)] ji ijmn rgj C′ ≡n C q
a′ ≡n−prof(s→βt)−2 a ji b′ ≡n−prof(s→βt)−1 b� «TUnT a′ ≡N a ji b′ ≡N+1 b� ªfkkj n > NfU lfUlmgi u →β C′[a′[b′/x]]� yU efnSUi v = C′[a′[b′/x]] fU f�iTjUi �TjU u →β v ji
v ≡N C[a[b/x]] = t�

>F
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= n

λx

N

N

vu

prof(s→β t)

prof(s→β t) + 2

prof(s→β t) + 2 + N

b′

a′[b′/x]
a′

⊓⊔

^ñóÁí8ïñ'���[í c4 :;2<B/6/ 2º6AAB0C<4 41 A6:/0=<B04: 20 s →∗
β t = (λx.v)

$ Ô4<B4<14 A6:/04 s104 34 s 2<Ó/ A.<: ^60:4 6AA6:6½/:4 B4 λx
» B6 :6=014 34 t

$
()*+,-,.+ o/�/p� më �ÃíÁ 8ï �ïë Åñíóñ Ãë=ëÃ ñîÅ ïë òÆíì Åñíóñ î �ÃÄ ëñ îñ íÆ�ïÃÅ�Áî ? ïëñ ÁðîÅíÁÂÅÃìë ñë ïë ëìóðíñ =ëÃ ��ÆÅÁ�ñî�
^ñóÁí8ïñ'���[' 86 3;s10/0.1 342 Õb 2º;=:0/ 3.1= 34 B6 E¾E4 E610¶:4 41 s10 4/41 01s10$

◭
�|� ���

◮842 :;203<2 34 2.<29/4:E42 2.1/ 3;s102 A.<: B42 íÆ�ïÂÅÃìëî îÃó�Äñî =.EE4 3612B4 =62 s10 A=^$ 3;s10/0.1 #$#$7>×$ 842 A:.È4=/0.12 A=^$ B4EE4 #$#$7\× 2.1/ 3;s1042 34B6 E¾E4 E610¶:4$ Q< 306�:6EE4 =.EE</6/0^ ;B;E41/60:4 .1 2<52/0/<4 26 z4:20.101s104$
IJ.K.L,-,.+ o/�/pp z@| <ìÃñëÅ �ñï� íÆ�ïÂÅÃìëî 20EAB42 ρ : a →β b

ñÅ
σ : a →β cñÅ îìÃñëÅ

σ/ρ
B6 A:.È4=/0.1 34 σ 2<: ρ

�
�� më Á ÁÄìíî Äñ 306�:6EE4 ÂìóóïÅÁÅÃÀ ;B;E41/60:4 1

a →ρ
β b

↓σβ ↓σ/ρ
∞β

c →ρ/σ
∞β d

'� Yñ �Äïî Äñî �íìÀìë�ñïíî �ñî �íìZñÂÅÃìëî îìëÅ ÂìëÅíkÄÆñî �ñ îìíÅñ 8ïñ 1
2 prof(ρ/σ) ≥ prof(ρ)− 22 <Ã

prof(ρ) ≥ n
ñÅ

prof(σ) ≥ n ÁÄìíî prof(ρ/σ) ≥ n
ñÅ

prof(σ/ρ) ≥ n2 <Ã
prof(ρ) ≥ prof(σ) ÁÄìíî ρ

ñÅ
ρ/σ îìëÅ îÃóÃÄÁÃíñî

MNOPQO �VjUiTrgj Sg lSn XUT Vg mjkkj �����ý� ⊓⊔

^ñóÁí8ïñ'���[{ @.<: 0BB<2/:4: =4 306�:6EE4µ 3.11.12 <1 4W4EAB4$ Ô.0/ S <1=.1/4W/4$ Ô.0/ ρ
B6 :;3<=/0.1 3< :434W p = (λx.S[x, · · · ] q ) 4/ σ =4BB4 3< 2.<29/4:E4

q 41 q′
$c.EE4 S 42/ <1 =.1/4W/4 01s10µ

S[x, · · · ] A4</ =.1/410: <14 01s10/; 34 ^.02 B6 z69:065B4 x
$ c.EE4 Bº6:5:4 3º<1 /4:E4 42/ s10/60:4µ B42 .==<::41=42 34 x 6AA6:602241/^.:=;E41/ » 342 A:.^.134<:2 34 AB<2 41 AB<2 �:6134$Õ1 =.12/:<0/ 6B.:2 B4 306�:6EE4 2<0z61/ ©

p = (λx.S[x, · · · ] q ) →ρ S[ q, · · · ]
↓σ ↓σ/ρ

β∞

(λx.S[x, · · · ] q′ ) →ρ/σ
β S[ q′, · · · ]

>U
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86 :;3<=/0.1 S[ q, · · · ]→∞β S[ q′, · · · ] 42/ 5041 =.1z4:�41/4 3< E.E41/ C<º.1 =T.020/34 :;3<0:4 B42 :;203<2 34 q 3612 Bº.:3:4 342 A:.^.134<:2 =:.02261/42$-./.12 C<º<14 :;3<=/0.1 A4</ ^60:4 �342=413:4� <1 2.<29/4:E4 6</61/ C<4 A.29205B4 3612 <1 6:5:4µ 6B.:2 C<º4BB4 14 A4</ B4 ^60:4 �E.1/4:� C<º6< AB<2 34 34<WA.20/0.12$

◭
¡��!� { � {| �{ � � {�� �� �|���{ �!�

◮

º»).J¼½¾ o/�/p� z@| <ìÃñëÅ
s3 t

ñÅ
u �ñî Åñíóñî� <Ã

s →∞β t →∞β u3 ÁÄìíî
s→∞β u

�
MNOPQO _S ehjg`j nj �STi jU ihfTn WiSejn�

⊳ �£¡�O � ⊲

oT s0 →∞β s ji t0 →∞β tq Smfhn s0[t0/x]→∞β s[t/x]�
MNOPQO �m `S nuS�Th Vufh�SUTnjh mjn hWVgliTfUn Vjn hWnTVgn Vj t0

ji s0
VSUn mufhVhj Vjnehf�fUVjghn lhfTnnSUijn� ofTi t0 →β t1 →β · · · →∞β t mS nWrgjUlj Vj t0 →∞β t�ofTjUi S gU lfUijaij ijm rgj s = S[x, · · · ]� �TniTU�gfUn l�Srgj fllghhjUlj Vj x VSUn sji UfifUn mjn x1, x2, · · ·

VSUn mufhVhj Vjn ehf�fUVjghn lhfTnnSUijn� �fifUn s̃ = S[x1, x2, · · · ]qfU S �TjU s̃[t/x1, t/x2, · · · ] = s[t/x]� �fifUn n1, n2, · · ·
mjn ehf�fUVjghn Vjn fllghhjUljn Vj

x1, x2, · · ·
VSUn s̃� ªfkkj mS hWVgliTfU s0 →∞β s lfU`jh�jq fU ejgi mS VWlfkefnjh ngT`SUimjn ehf�fUVjghn n1, n2, · · ·

Vj nfhij ° �SThj SeeShSèihj ehf�hjnnT`jkjUi mjn fllghhjUljn Vj xVSUn mjn ijhkjn si
Sga efnTiTfUn Vjn `ShTS�mjn x1, x2, · · ·

VSUn s̃� ofTjUi s1, s2, · · ·
Vjn ijhkjnjaihSTin Vj mS nWrgjUlj s0 →∞β s ijmn rgj si ≡ni s ji ijmn rgj s0 →

∗
β s1 →

∗
β · · · →∞β

s� Rfgh ifgi i Tm jaTnij gU lfUijaij Si
ijm rgj si = Si[x, · · · ] ji ijm rgj Si[x, · · · ] ≡ni

S[x, · · · ]� �fifUn s̃i = Si[x1, x2, · · · ] f© mjn `ShTS�mjn x1, x2, · · ·
SeeShSTnnjUi VSUn mufhVhjVjn ehf�fUVjghn lhfTnnSUijn� ªfkkj mjn xi

nfUi ° Vjn ehf�fUVjghn lhfTnnSUijnq fU S s̃ =
S[x1, x2, · · · ] ≡ni Si[x1, x2, · · · ] = s̃i � � eShiTh Vj mS hWVgliTfU si →

∗
β si+1 fU iThj VfUlgUj hWVgliTfU nTkTmSThj Si →

∗
β Si+1 efgh �fhkjh STUnT gUj nWrgjUlj S0 →

∗
β S1 →

∗
β · · ·lfU`jh�jUij��fgn efg`fUn kSTUijUSUi lfUnihgThj Ufihj hWVgliTfU s0[t0/x]→∞β s[t/x] S`jl Vjn ehfp�fUVjghn ijUVSUi `jhn muTUXUT� _S hWVgliTfU nTkemj eSnnSUi ihT`TSmjkjUi SglfUijaijq fU S s0[t0/x] →∗

β s1[t0/x]� ªj rgT nuWlhTi W�SmjkjUi
S0[t0, t0, · · · ] →

∗
β S1[t0, t0, · · · ]� xU lfUiTUgj Smfhn mS hWVgliTfU eSh ljmmj Vg ehjkTjh t0 s

S1[t0, t0, · · · ] →β S1[t1, t0, · · · ]� RgTn fU hWVgTi S1 →
∗
β S2

lj rgT VfUUj S1[t1, t0, · · · ] →β

S2[ti1 , ti2 , · · · ] f© ti1 ejgi wihj nfTi t0 q nfTi t1 egTnrgj mjn hWnTVgn Vj t1 ejg`jUi nj hjihfg`jh° mS emSlj Vj UuTkefhij rgjmmj `ShTS�mj xi � xU efghngTi Smfhn mS hWVgliTfU Vjn Vjga ehjkTjhnhWnTVgn ti1
ji ti1

Vj t s S2[ti1 , ti2 , · · · ]→∗
β S2[t2, t2, · · · ]� yi STUnT Vj ngTij jU SmijhUSUi jUihjhWVgliTfUn Vj s ji Vj t� ⊓⊔

⊳ �£¡�O � ⊲

oT s0 →∞β s→β tq Smfhnq jU efnSUi n = prof(s→β t)q fU S mj VTS�hSkkj lfkkgiSiT�ngT`SUi VSUn mjrgjm mjn jaefnSUin ngh mjn ç®l�jn TUVTrgjUi mjn ehf�fUVjghn Vjn hWVgliTfUn s
s0 →

∗
β d0 →prof>n

∞β s

↓prof=n
β ↓prof=n

β

e0 →prof≥n
∞β t

ji Vj emgn e0 ≡n−1 t�
MNOPQO ofTi r = (λx.u v) mj hjVja lfUihSliW VSUn s→β t� ofTi C mj lfUijaij Vj ehf�fUVjghSg emgn n ji b1, · · · , bp

Vjn nfgnpijhkjn Vj s ijmn rgj C[r, b1, · · · , bp] = s� xU S VfUl
t = C[u[v/x], b1, · · · , bp]� ªfkkj s0 →∞β sq eSh SeehfaTkSiTfUq Tm jaTnij gU ijhkj d0jaihSTi Vj mS nWrgjUlj ijm rgj s0 →

∗
β d0 →∞β s ji ijm rgj prof(d0 →∞β s) > n � �mjaTnij VfUl Vjn nfgnpijhkjn r1 = (λx.u1 v1) q a1, · · · , ap

Vj d0
ijmn rgj C[r1, a1, · · · , ap] =

d0
ji ijmn rgj u1 →∞β uq v1 →∞β v ji ai →∞β bi efgh ifgi 1 ≤ i ≤ p� �uSeh®nmuWiSej �qC[u1[v1/x], a1, · · · , ap]→∞β C[u[v/x], b1, · · · , bp] = t� �m ng i Smfhn Vj lfUnTVWhjh

>,
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mS hWVgliTfU s →∗
β d0 →β e0 = C[u1[v1/x], a1, · · · , ap] →∞β C[u[v/x], b1, · · · , bp] = t� _Sehf�fUVjgh Vj e0 →∞β t `TjUi Vg �STi rgj mjn hWVgliTfUn fUi mTjg VSUn mjn ihfgn Vg lfUijaij

C � ⊓⊔

⊳ �£¡�O ! ⊲

RfnfUn t = t0 →β t1 →β t2 →β · · · →∞β u ji ni = prof(ti →β ti+1)� _S ngTij (ni)i≥0ijUV VfUl `jhn muTUXUT� «eemTrgfUn muWiSej � ° s →∞β t0 →β t1 q fU f�iTjUi mj VTS�hSkkjngT`SUi s
s0 →

∗
β d0 →prof>n0

∞β t0
↓prof=n0

β ↓prof=n0

β

e0 →prof≥n0

∞β t1

xU lfUiTUgj Smfhn S`jl e0 →∞β t1 →β t2
ji STUnT Vj ngTij s

s →∗
β d0 """"" """" """"" " →prof>n0

∞β t0
↓prof=n0

β ↓prof=n0

β

e0 →prof≥n0,∗
β d1 """"" " →prof>n1

∞β t1
↓prof=n1

β ↓prof=n1

β

e1 →prof≥n1,∗
β d2 →prof>n2

∞β t2��� ���
_S hWVgliTfU jU VTS�fUSmj lfU`TjUi VfUl s s →∗

β d0 →β e0 →
∗
β d1 →β e1 · · · →∞β uS`jl prof(di →β ei) = ni q prof(ei →

∗
β di+1) ≥ ni

ji S`jl ei ≡ni−1 ti � ⊓⊔

º»).J¼½¾ o/�/p� <ìÃÅ ÄÁ îÆ8ïñëÂñ �ñ íÆ�ïÂÅÃìëî t0 →∞β t1 →∞β t2 →∞β · · ·
�

<Ã lim
i→+∞

prof(ti →∞β ti+1) = ∞3 ÁÄìíî ÄÁ îïÃÅñ �ñ Åñíóñî (ti)i≥0
Âìë�ñí5ñ �ñíî ïëÅñíóñ

u
ÅñÄ 8ïñ

t0 →∞β u
� më �ÃÅ ÁÄìíî 8ïñ ÄÁ îÆ8ïñëÂñ �ñ íÆ�ïÂÅÃìëî ñîÅ =.1z4:9�41/4�

MNOPQO xU hjkShrgj rgj mj i�Wfh®kj ����¯÷ lfUnjh`j mjn WiSejn Vj mS ehjkT®hj hWVgliTfUiSUi rgj njn ehf�fUVjghn nfUi TU�WhTjghjn ° ljmmj Vj mS njlfUVj� yU SeemTrgSUi mj i�Wfh®kj����¯÷ emgnTjghn �fTnq fU f�iTjUi VfUl gUj ngTij Vj hWVgliTfUn σi : t0 →∞β ti
ijmmjn rgj mjUfk�hj VuWiSejn njk�mS�mjn jU VW�gi Vj nWrgjUlj jUihj σi

ji σi+1
ijUV `jhn muTUXUT lfkkj

prof(ti →∞β ti+1)� yU Uj lfUnjh`SUi rgj mjn WiSejn njk�mS�mjn ° σi
ji σi+1 q fU f�iTjUiVfUl mS hWVgliTfU t0 →∞β u� ⊓⊔

^ñóÁí8ïñ'���[H c4 /T;.:¶E4 =.12/0/<4 <1 :;2<B/6/ 34 B0E0/4 34 :;3<=/0.12$ ·41916#6Ì A:.A.24 3612 2.1 6:/0=B4 ¸#D¹ <14 1./0.1 20E0B60:4 6AA4B;4 Âìó�íñîîÃìë$

◭ ����!�� �� �� ��!����!�� �������
◮Ô0 B6 :;3<=/0.1 01s104 =.EE</4 6z4= B6 :;3<=/0.1 34 /¾/4 A=^$ B4EE4 7$#$>,×µ =4:;2<B/6/ 34z041/ ^6<W B.:2C<º0B 2º6�0/ 3º<14 :;3<=/0.1 C<4B=.1C<4 A=^$ 4W4EAB4 7$#$>\×$

IJ.K.L,-,.+ o/�/p" <ìÃñëÅ u, v
ñÅ

t
ÅíìÃî Åñíóñî� <Ã v ←h

β u→∞β t3 ÁÄìíî ÃÄ ñ�ÃîÅñ
ïë Åñíóñ

w
ÅñÄ 8ïñ u →∞β t

↓hβ ↓h,=
β

v →∞β w

MNOPQO �fifUn u = t0 →β t1 →β · · · →∞β t mjn ijhkjn Vj mS nWrgjUlj u →∞ t� �fgnVTniTU�gfUn Vjga lSn s

>\
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t nT ljiij nWrgjUlj efnn®Vj gUj hWVgliTfU Vj iwijq eSh jajkemj tn →
h
β tn+1

Smfhnq�h²lj Sga ehf�jliTfUn �ehfefnTiTfU ����¯¯� fU lfUnihgTi mjn VTS�hSkkjn lfkkgiSiT�nngT`SUin s
u = t0 →i

β t1 · · · →i
β tn →h

β tn+1 →∞β t

↓hβ ↓hβ ↓hβ
v ≡ v0 →∞β v1 · · · →∞β vn+1 = tn+1 "" "" →∞β t

RSh ihSUnTiT`TiW Vj →∞β fU lfUlmgi s v →∞β t�t nTUfU mS nWrgjUlj jni eghjkjUi TUijhUj s u→i
∞β t� �SUn lj lSnq fU hSTnfUUj S`jl mjhjVja Vj iwij Vj u = (λx.a b1 b2 · · · bn) lfkkj ° muWiSej � Vg i�Wfh®kj ����¯÷ ji fUf�iTjUi mj VTS�hSkkj hjl�jhl�W� ⊓⊔

��ñó�Äñ '���[Ö Ô.041/ I = λx.x
µ
ω = λx.(x x) 4/ Q = λx. (I (x x))

$
(Q Q) →β (I (Q Q) ) →β · · · →∞β (I (I · · · ))
↓∗β ↓∗β

(ω ω) →β (ω ω) →β · · ·

Õ: (ω ω) 4/ (I (I · · · )) 14 24 :;3<0241/ C<º» 4<W9E¾E42$ yB 1ºÌ 6 3.1= A62=.1ô<41=4$
x612 =4/ 4W4EAB4µ .1 .524:z4 C<4 B4 2.<29/4:E4 (Q Q) A:;241/ » =T6C<4 ;/6A4 34B6 A:4E0¶:4 B0�14 34 :;3<=/0.1 302A6:6½/ » B6 B0E0/4$ cº42/ B<0 C<0 :413 0EA.2205B4 B6=.1ô<41=4$ Õ:µ .1 :4E6:C<4 41 3;:.<B61/ 26 :;3<=/0.1 34 /¾/4 C<4 B4 /4:E4 (Q Q)42/ E<4/$ V1 B42 0341/0s61/ /.<2 » B6 =.12/61/4 ⊥ B6 =.1ô<41=4 z6 ¾/:4 :;/65B04$
◭ �{�!���� ��{ �!

◮86 2/6136:3026/0.1 6< 2412 3< =6B=<B s10 14 2º;/413 A62 30:4=/4E41/ =.EE4 B4 E.1/:4Bº4W4EAB4 2<0z61/$
��ñó�Äñ '���{í Ô.041/ Q = λx. (x x (I I) ) 4/ F = (Q Q)

$ c.1203;:.12 B6 :;3<=9/0.1 ©
F →h

β (F (I I) )→i
β (F I)→h

β (F (I I) I)→h
β · · · →h

∞β (· · · (I I) (I I) I)@.<: B6 2/6136:3024: 1.<2 14 A.<::0.12 ^60:4 E04<W C<º<14 A:4E0¶:4 2;C<41=434 :;3<=/0.12 34 /¾/42 F →h
∞β F1 = (· · · (I I) (I I) (I I)) 2<0z04 3º<14 :;3<=/0.101/4:14 F1 →i

β (· · · (I I) (I I) I)
$ Ç14 24<B4 2;C<41=4 01s104 14 A4:E4//:60/ ^60:4A:;=;34: B42 :;3<=/0.12 34 /¾/4 6<W :;3<=/0.12 01/4:142$

º»).J¼½¾ o/�/}� <ìÃñëÅ
s

ñÅ
t �ñï� Åñíóñî�

2 <Ã
s→∗

β t ÁÄìíî ÃÄ ñ�ÃîÅñ s0
ÅñÄ 8ïñ

s→h,∗
β s0 →i

∞β t
�

2 <Ã
s→∞β t ÁÄìíî ÃÄ ñ�ÃîÅñ s0

ÅñÄ 8ïñ
s→h

∞β s0 →i
∞β t

�
MNOPQO Rfgh gUj ehjg`j VWiSTmmWjq fU efghhS lfUngmijh muShiTlmj ¸�÷¹� ⊓⊔

^ñóÁí8ïñ'���{' 84 :;2<B/6/ 34 =4 /T;.:¶E4 1º42/ C<4 A6:/04B © 0B 1º0130C<4 :041 2<:B42 :;3<=/0.12 01/4:142 C<0 2<0z41/$ @.<: B4 3;E.1/:4:µ 0B 42/ 1;=42260:4 34 3.114:<14 3;s10/0.1 =.EAB¶/4 3º<14 :;3<=/0.1 2/6136:3$ y1/<0/0z4E41/µ <14 /4BB4 :;3<=/0.124 3;=.EA.24 T;:;30/60:4E41/ 41 342 :;3<=/0.12 34 /¾/4 2<0z042 3º01/4:142$ Õ:µ B6=.EAB4W0/; 3º<14 /4BB4 :;3<=/0.1µ C<0 2º6AA6:41/4 6B.:2 » <1 6:5:4µ 2.:/ 3< =63:4 3;91.E5:65B4 A=^$ :4E6:C<4 7$#$>×$ 86 3;E.12/:6/0.1 24 ^60/ 3.1= 34 E610¶:4 616B.�<46< =62 s10 A/T;.:¶E4 #$#$>D×µ E602 6< /:6z4:2 3º<14 013<=/0.1 /:612s104$

?_
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◭ $���� !������� �! � {|
◮842 ^.:E42 1.:E6B42 01s1042 2.1/ 3;s1042 =.EE4 A.<: B4 =62 s10$ V1 λ9=6B=<B .:309160:4µ B4<: <10=0/; 24 3;3<0260/ �:Í=4 » B6 =.1ô<41=4$ 8º65241=4 34 =.1ô<41=4 3612B4 =62 01s10µ 1.<2 .5B0�4 » A:.=;34: A6: 6AA:.W0E6/0.12$ 8º6:�<E41/ A:01=0A6B 34 B6A:4<z4 :4A.24 2<: B4 ^60/ C<4 B42 :;3<=/0.12 6< z.02016�4 342 ^.:E42 1.:E6B42 2.1/1;=42260:4E41/ A:.^.1342 A§/6A4 # 3< /T;.:¶E4 7$#$?D×$

Â¾½½¾ o/�/}p <ìÃñëÅ
C

ñÅ
D �ñî ÂìëÅñ�Åñî =ëÃî ñÅ

~s
ïëñ îïÃÅñ �ñ Åñíóñî� <Ã

C →∗
β D3 ÁÄìíî ÃÄ ñ�ÃîÅñ ïëñ îïÃÅñ �ñ Åñíóñî~t

ÅñÄÄñ 8ïñ
C[~s]→∗

β D[~t]
ñë ïëñ íÆ�ïÂÅÃìëîÃóÃÄÁÃíñ ? ÄÁ �íñóÃBíñ� �ë �ÁíÅÃÂïÄÃñí3 prof(C →∗

β D) = prof(C[~s]→∗
β D[~t])

�
MNOPQO _S ehjg`j jni SUSmf�gj Sg lSn XUT� ¬fTh mj mjkkj ��¯�÷�
Â¾½½¾ o/�/}} <Ã

a→∞β b3 ÁÄìíî a
ñîÅ ïë òÆíì Åñíóñ îîÃ b

ñîÅ ïë òÆíì�Åñíóñ�
MNOPQO oT a Uujni eSn gU %Whf ijhkjq Smfhn a→∗

β λx.d � �uSeh®n mj mjkkj �����úq fU ejgijaihSThj gU lfUijaij XUT C ji gUj ngTij ~σ ijmn rgj C[~σ] = aq ji ijmn rgj C →∗
β λx.D1 � yU`jhig Vg mjkkj ��¯��¿ Vg λplSmlgm XUTq C →h,∗

β λx.D′ � �uSeh®n mj mjkkj ����¿¯q Tm jaTnijgUj ngTij ~ρ ijmmj rgj C[~σ] →h,∗
β λx.D′[~ρ]� «TUnT a →h,∗

β λx.d′ � xU lfUlmgi Smfhn �h²lj ° mSlfkkgiSiT`TiW Vjn hWVgliTfUn Vj iwijq ehfefnTiTfU ����¯��_S hWlTehfrgj nuf�iTjUi �h²lj ° mS ihSUnTiT`TiW� ⊓⊔

º»).J¼½¾ o/�/}� <ìÃñëÅ
u

ïë Åñíóñ ñÅ
s, t �ñî Àìíóñî ëìíóÁÄñî� <Ã

s ←∞β

u→∞β t ÁÄìíî s = t
�

MNOPQO
⊳ �£¡�O � ⊲

ofTjUi t gUj �fhkj UfhkSmj ji (ti)i≥0
gUj ngTij Vj ijhkjn ijmmj rgj ti →∞β t efgh ifgi

i� oT mS ehf�fUVjgh Vjn hWVgliTfUn TUXUTjn prof(ti →∞β t) ijUV `jhn muTUXUT rgSUV i→ +∞qSmfhn efgh ifgij ngTij Vj ijhkjn (ri)i≥0
ijmmj rgj ti →∞β ri q fU S

lim
i→+∞

prof(ti →∞β ri) = +∞�
±hSe�TrgjkjUi s

t t · · ·
↑∞β ↑∞β prof → +∞
t0 t1 · · ·
↓∞β ↓∞β prof → +∞
r0 r1 · · ·

MNOPQO ­fUihfUn rgj efgh ifgn jUiTjhn N ji pq nT ∀i > N prof(ti →∞β t) > pq Smfhnefgh ifgi ijhkj r q ji efgh ifgi i > N q nT ti →∞β r Smfhn prof(ti →∞β r) > p� xU kfUihjmj hWngmiSi efgh p = 1q mjn Sgihjn `Smjghn nj VWVgTnjUi eSh TUVgliTfU ngh mjn nfgnpijhkjn Vj
t� üTafUn i > N � ªfkkj p = 1q Tm ng i Vj kfUihjh rgj ti

Uj �STi eSn SeeShSèihj Vj hjVja° nS hSlTUj mfhn Vjn βphWVgliTfUn� RSh SeehfaTkSiTfUq lfkkj prof(ti →∞β t) > pq fU S
ti ≡1 t� ogT`SUi mS �fhkj Vj mS hSlTUj Vj tq fU VTniTU�gj st nT t = x fg t = λx.uq Smfhn ti = x fg ti = λx.ui � �SUn mjn Vjga lSnq ti

Uj �jhS �SkSTnSeeShSèihj Vj hjVja ° nS hSlTUj�t nT t = (u v)� «mfhn u jni gU x¨ UfhkSm� ªfkkj ti ≡1 t Smfhn t = (ui vi)
ji ui →∞β u��uSeh®n mj mjkkj ����¿¿q ui

jni gU x¨ VfUl bi
Uj �jhS eSn SeeShSèihj Vj hjVja ° nShSlTUj� ⊓⊔

⊳ �£¡�O � ⊲

oT s←∞β u→∞β t f© s ji t nfUi Vjga �fhkjn UfhkSmjnq Smfhn kfUihfUn rgj s = t�

?#
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�fifUn u = t0 →β t1 →β t2 →∞β t ji u = s0 →β s1 →β s2 →∞β sq mjn Vjga nWrgjUljnVj hWVgliTfUn�RSh muS�nghVjq nT s 6= tq Smfhn Tm jaTnij gU jUiTjh N ijm rgj s 6≡N t� Rfgh ifgij ehf�fUVjgh
p > N q fU ejgi VfUl l�fTnTh gU jUiTjh iq ijm rgj si ≡p s ji ti ≡p t ji ijm rgj ifgij hWVgliTfUTnngj Vj si

ji ti
nfTi emgn ehf�fUVj rgj p� yU `jhig Vg mjkkj �����úq fU ejgi jaihSThj VjnlfUijaijn XUTn U q S ji T STUnT rgj Vjn ngTijn ~σ ji ~τ ijmn rgj S ≡p s ji T ≡p tq ijmn rgj

S ←∗
β U →∗

β T ji ijmn rgj si = S[~σ] ji ti = T [~τ ]�yU eShiTlgmTjhq fU S S 6≡p T q egTnrgj S ≡p si ≡p sq T ≡p ti ≡p t ji rgj s 6≡N t�ªfkkj U q S ji T nfUi XUTnq VuSeh®n mj i�Wfh®kj Vj ª�ghl�pÀfnnjhq Tm jaTnij gU hWVgTilfkkgU W ijm rgj S →∗
β W ←∗

β T � xhq lfkkj S[~σ] = si
ji rgj ifgij hWVgliTfU Tnngj Vj

si
jni emgn ehf�fUVj rgj pq fU jU VWVgTi prof(S →∗

β W ) > pq lj rgT jUihSèUj S ≡p W � �jkwkj T ≡p W q lj rgT VfUUj S ≡p T q lfUihSVTliTfU� ⊓⊔

Ù�Ù ��
λ⊥�³��³²� ´­ó´­´) �¯*¯�Ú ±� +�¯�¯±²³³´

c.EE4 B4 2<��¶:4 Bº4W4EAB4 7$#$>\µ B6 =.1ô<41=4 �B.56B4 1º42/ AB<2 z;:0s;4 41 λ9=6B=<B 01s10$ x612 =4/ 4W4EAB4µ B4 :42A.1265B4 34 Bº65241=4 34 =.1ô<41=4 24E5B4 ¾/:4B4 /4:E4 (Q Q)
$ Õ: (Q Q) 42/ <1 /4:E4 E<4/$ x612 B4 λ⊥�ÂÁÄÂïÄ Ãë=ëÃµ /.<2 B42 E<4/224:.1/ 0341/0s;2 » ⊥$ V1 =.12;C<41=4µ =4 =6B=<B :;=<A¶:4 B6 =.1ô<41=4 4/ 34z041/E¾E4 1.:E6B0261/$ É A6:/0: 3< λ⊥9=6B=<B .1 =.12/:<0/ B42 Áíðíñî �ñ âñíÁí�ïÂÂÃ © =42.1/ 342 z4:20.12 41:0=T042 342 6:5:42 34 RSTE 3612 B42C<4B2 B42 ^.:E42 1.:E6B42 34/¾/4 2.1/ :4EAB6=;42 A6: B42 b.A -.:E6B �.:E$c4//4 24=/0.1 =.EE41=4:6 A6: 01/:.3<0:4 B42 1./0.12 34 5624 3< λ⊥9=6B=<B$ V192<0/4µ 1.<2 A:;241/4:.12 B42 B4EE42 C<0 A4:E4//41/ 34 ^60:4 B4 B041 6z4= B4 λ9=6B=<B01s10µ 1./6EE41/ =4B<0 34 ^6=/.:026/0.1 7$7$\$ ]:Í=4 » =42 B4EE42µ B6 /:6120/0z0/; 4/Bº<10=0/; 342 ^.:E42 1.:E6B42 24:.1/ ;/413<42 6< λ⊥9=6B=<B$ @<02µ 1.<2 A:.<z4:.12B6 1.:E6B026/0.1 4/ B6 =.1ô<41=4$ c42 34:10¶:42 A4:E4//:.1/ 3º01/:.3<0:4 B42 6:5:4234 R4:6:3<==0$ V1s1µ 1.<2 A:;241/4:.12 B42 ^.:E42 ⊥91.:E6B42 01s1042 5041 =6:6=9/;:02/0C<42 342 013;s102 /4B2 B42 1.1 :;2.B<5B42µ B42 a;:.9/4:E42µ B42 a;:.9/4:E42 ^.:/24/ B42 /4:E42 E<4/2$

b�b�� ,f���
�	�
 �
 �µµe	å�Õ�
�	�
 �g λ⊥dh�¶hg¶ �����()*+,-,.+ o/o/�
2 :ñî Åñíóñî �ï λ⊥�ÂÁÄÂïÄ îìëÅ �ñî Åñíóñî Ãë=ëÃî ÂìëîÅíïÃÅî ñë ïÅÃÄÃîÁëÅ ÄÁÂìëîÅÁëÅñ ⊥ �2 :Á ⊥9:;3<=/0.1 ñîÅ ÄÁ íñÄÁÅÃìë 8ïÃ �ìïí ÅìïÅ ÂìëÅñ�Åñ îÃó�Äñ C

ñÅ �ìïí ÅìïÅÅñíóñ óïñÅ
u íÆ�ïÃÅ C[u]

ñë C[⊥]
�

2 më ëìÅñíÁ C[u]→⊥ C[⊥] ÂñÅÅñ íÆ�ïÂÅÃìë ñÅ
u îñíÁ Á��ñÄÆ Äñ ⊥9:434W �2 :Á β⊥9:;3<=/0.1 ñîÅ ëìÅÆñ→β⊥

�
2 :Á β⊥9:;3<=/0.1 01s104 =.1z4:�41/4 ñîÅ ëìÅÆñ→∞β⊥

�
2 Λ∞ íñ�íÆîñëÅñ Ä �ñëîñóðÄñ �ñî λ�Åñíóñî Ãë=ëÃî îìïî Àìíóñ

β⊥�ëìíóÁÄñ�
^ñóÁí8ïñ'�'�' c.EE4 ⊥ 42/ <14 =.12/61/4 4/ 1.1 <14 z6:065B4µ⊥ 42/ ;�6B4E41/<1 /4:E4 E<4/$
��ñó�Äñ '�'�[

� Ω→⊥ ⊥ C<0 42/ <14 ^.:E4 1.:E6B4$
� (Ω Ω)→⊥ (⊥ Ω)→⊥ (⊥ ⊥)� V1 :4A:4161/ Bº4W4EAB4 7$#$>\µ

(Q Q)→⊥ ⊥
Â¾½½¾ o/o/}
�� }ìïÅñ ⊥�íÆ�ïÂÅÃìë Ãë=ëÃñ ñîÅ Âìë�ñí5ñëÅñ�
'� :ñî ⊥�íÆ�ïÂÅÃìëî Ãë=ëÃñî îìëÅ ÅíÁëîÃÅÃ�ñî�

?7



7$ %&
λ'()*(+* MO[MOM ����  ! λ⊥"#$%#&% ÊÌìÊÌÊ& $É'É!Ä Í! (!É$ÉÍ&##Ê

MNOPQO ªjn Vjga efTUin ehf`TjUUjUi Vg �STi rgugUj ⊥phWVgliTfU hjkemSlj gUTrgjkjUigU U-gV Vj muSh�hj eSh gU ⊥� _jn ⊥phWVgliTfUn ejg`jUi VfUl wihj j�jligWjn VSUn gU fhVhjrgjmlfUrgj� ªfkkj muSh�hj VugU ijhkj jni XUTiSThjq mjn hWVgliTfUn ejg`jUi wihj fhVfUUWjnngT`SUi mjn ehf�fUVjghn lhfTnnSUijn� ⊓⊔

Â¾½½¾ o/o/� :Á β⊥�íÆ�ïÂÅÃìë ñîÅ ÄìÂÁÄñóñëÅ ÂìëjïñëÅñ� :ñ �ÃÁ5íÁóóñ Âìóóï�ÅÁÅÃÀ ÂÃ��ñîîìïî ñîÅ �ÁÄÃ�ñ� Yñ �Äïî3 ÄÁ �íìZñÂÅÃìë �ñ ÄÁ β �íÆ�ïÂÅÃìë Âìëîñí�ñ ÄÁ �íì�Àìë�ñïí�
u →⊥ v

↓prof=n
β ↓=, prof=n

β

s →∞⊥ tMNOPQO ymmj nj �STi eSh jaSkjU Vjn lSn VuTUlmgnTfU jUihj gU ⊥phjVja .q T�j� jUihj gUijhkj kgjiq ji gU hjVja (λx.a b)� xU giTmTnj rgSihj �STin s �¬fTh mS njliTfU ��¯�¯ ngh mjnijhkjn kgjin��� mjn kgjin nfUi Vjn x¨q STUnT w 6= λx.a�� mjn kgjin nfUi niS�mjn eSh βphWVgliTfUn¯� mjn kgjin nfUi niS�mjn eSh ng�niTigiTfU VugUj `ShTS�mj eSh gU ijhkj¿� mjn kgjin nfUi niS�mjn eSh Wl�SU�j VugU nfgnpijhkj kgji eSh ⊥� ⊓⊔

Â¾½½¾ o/o/� }ìïÅñ íÆ�ïÂÅÃìë u→∗
⊥ v →β t �ñïÅ 9Åíñ ÆÂ>Áë5Æñ ñë u→β s→∞⊥ t

��Å �ñ �Äïî3 prof(u→β s) = prof(v →β t)
�

MNOPQO RSh TUVgliTfU ngh l(→∗
⊥) ° eShiTh Vg mjkkj ����÷� ⊓⊔

IJ.K.L,-,.+ o/o/�
�� <ìÃñëÅ u

ñÅ
v �ñï� Åñíóñî ÅñÄî 8ïñ u→∞β v 3 ÁÄìíî 12 u

ñîÅ ïë m} îîÃ v
Ä �ñîÅ

2 u
ñîÅ ïë m}û îîÃ v

Ä �ñîÅ
2 u

ñîÅ óïñÅ îîÃ v
Ä �ñîÅ

'� <ìÃñëÅ a
ïë Åñíóñ ñÅ

t
ïëñ /.A 1.:E6B ^.:E� <Ã a →∞β t ÁÄìíî ÃÄ ñ�ÃîÅñ ïëñ/.A 1.:E6B ^.:E îÃóÃÄÁÃíñ t′

ÅñÄÄñ 8ïñ
a→h,∗

β t′
�

^ñóÁí8ïñ'�'�~ 842 β9:;3<=/0.12 01s1042 1º.1/ 3.1= A62 3º01ô<41=4 10 2<: B6 b.A-.:E6B �.:E 10 2<: B4 =6:6=/¶:4 Õb� .< B4 =6:6=/¶:4 E<4/ 3º<1 /4:E4$
MNOPQO _jn ehjg`jn nfUi ifgijn SUSmf�gjn Sg mjkkj ����¿¿� ⊓⊔842 A:4<z42 3< β⊥9=6B=<B 01s10 2.1/ 24E5B65B42 » =4BB4 3< β9=6B=<B 01s10 3¶2 B.:2C<4 B4 B4EE4 3º6AA:.W0E6/0.1 7$7$\ 2<0z61/ 42/ A:.<z;$ c4 B4EE4 �6:61/0/ C<º<1 ⊥9:434Wµ 0$4 <1 /4:E4 E<4/µ C<0 6AA6:6½/ » Bº022<4 3º<14 β⊥9:;3<=/0.1 01s104 6AA6:6½/;�6B4E41/ » A6:/0: 3º<14 β⊥9:;3<=/0.1 s104$ c4 B4EE4 2º.5/4160/ 30:4=/4E41/ A.<:B4 β9=6B=<B 01s10 �:Í=4 6< B4EE4 3º6AA:.W0E6/0.1 7$#$7F 4/ 3< ^60/ C<º<1 :434W 24:4A¶:4 �:Í=4 » 26 2/:<=/<:4 s104 (λx.[] [] )

$
Â¾½½¾ o/o/~ <ìÃñëÅ C

ïë ÂìëÅñ�Åñ îÃó�Äñ3 v
ïë Åñíóñ óïñÅ� <Ã u →∞β⊥ C[v]ÁÄìíî ÃÄ ñ�ÃîÅñ ïë ÂìëÅñ�Åñ îÃó�Äñ C ′ ñÅ ïë óïñÅ
v′ ÅñÄî 8ïñ u →∗

β C ′[v′]
ñÅ ÅñÄî 8ïñ

C ′ →∞β⊥ C
�

MNOPQO ªjiij ehjg`j jaemfTij mjn mjkkjn �����Á ji ������ rgT njhfUi VWkfUihWn TkkWVTSpijkjUi Seh®n� yU `jhig Vg mjkkj �����Áq mj hWVgliTfU u →∞β⊥ C[v] ejgi nj �SlifhTnjh jU
u→∞β u1 →∞⊥ C[v]� ªfkkj u1 →∞⊥ C[v] ji lfkkj mS ⊥phWVgliTfU Uj �STi rguWl�SU�jhVjn nfgnpijhkjn jU ⊥q fU `WhTXj STnWkjUi rguTm jaTnij gU lfUijaij C1

ji gU ijhkj v1
ijmn rgj

C1 →∞⊥ C q v1 →∞⊥ v ji ijmn rgj u1 = C1[v1]� yU Seehfl�SUi mS hWVgliTfU u→∞β C1[v1]° gUj ehf�fUVjgh ngeWhTjghj ° ljmmj Vg nfgnpijhkj v1 q fU ja�T�j gU lfUijaij C′ ji gU ijhkj
v′ ijmn rgj u →∗

β C′[v′] ji ijm rgj C′ →∞β C1
ji v′ →∞β v1 � ±h²lj ° mS hWlTehfrgj Vgmjkkj �����Áq fU f�iTjUi C′ →∞β⊥ C ji v′ →∞β⊥ v � _j ijhkj v′ WiSUi Smfhn kgji njmfUmj mjkkj ������� ⊓⊔

?>
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Â¾½½¾ o/o/�� <ìÃñëÅ u
ñÅ

v �ñï� Åñíóñî� <Ã u→∞β⊥ v ÁÄìíî ÃÄ ñ�ÃîÅñ u′ ÅñÄ 8ïñ
u→∞β u′ →∞⊥ v

� ^ÆÂÃ�íì8ïñóñëÅ3 îÃ u→∞β u′ →∞⊥ v 3 ÁÄìíî u→∞β⊥ v

MNOPQO
�SUn gU ehjkTjh ijkenq XafUn gUj ehf�fUVjgh p� � eShiTh Vj mS hWVgliTfU lfU`jh�jUij

u →∞β⊥ v q fU ejgi jaihSThj gUj nWrgjUlj XUTj u →∗
β⊥ up

ijmmj rgj up ≡p v ji ijmmj rgj
up →∞β⊥ v � yU SeemTrgSUi emgnTjghn �fTn mj mjkkj ����ú ° u →∗

β⊥ up q fU lfUnihgTi gUjhWVgliTfU u →∗
β u′

p →∞⊥ up →∞β⊥ v q VSUn mSrgjmmj u →∗
β u′

p
jni nTkTmSThj ° u →∗

β⊥ up �ojmfU mS VWXUTiTfU Vj mS ⊥phWVgliTfUq muSh�hj Vj up
nj VWVgTi Vj u′

p
jU Wl�SU�jSUi ljhiSTUnVj njn nfgnpSh�hjn eSh mS lfUniSUij ⊥� �j emgnq lfkkj up

ji v lf/UlTVjUi ° ehf�fUVjgh
pq mS eShiTj ngeWhTjghj Vj muSh�hj Vj v nj VWVgTi W�SmjkjUi Vj ljmmj Vj u′

p
jU Wl�SU�jSUiljhiSTUn Vj njn nfgnpSh�hjn eSh mS lfUniSUij ⊥� «gihjkjUi VTiq Tm jaTnij gUj ⊥phWVgliTfUrgT �STi lf/UlTVjh u′

p
ji v ° ehf�fUVjgh p�

u v

⊥ ⊥ prof = p→∞⊥ →∞β⊥→∗
β

u′
p up

yU �STnSUi `ShTjh pq fU jaihSTi gUj hWVgliTfU u→∞β u′ Vj mS hWVgliTfU u→∞β⊥ v ijmmj rgj
v nj VWVgTnj jUiT®hjkjUi Vj u′ eSh ⊥phWVgliTfUn� �uf© mj hWngmiSi s u→∞β u′ →∞β⊥ v � ⊓⊔_S hWlTehfrgj nuf�iTjUi jU TUijhlSmSUi mjn ⊥phWVgliTfUn Vj ehf�fUVjgh p VSUn mS βphWVgliTfU TkkWVTSijkjUi Seh®n mjn WiSejn f© mS ehf�fUVjgh hjnij lfUniSkkjUi ngeWhTjghj° p� �lT mS ehfefnTiTfU ����� �ShSUiTi muSeeShTiTfU Vjn ⊥phjVja S`SUi mS XU Vj mS βphWVgliTfUTUXUTj� ⊓⊔É A6:/0: 3< B4EE4 34 ^6=/.:026/0.1 7$7$#_µ B6 A:.A.20/0.1 7$7$U 2º;/413 6<W β⊥9:;3<=/0.12$
Â¾½½¾ o/o/��
�� <ìÃñëÅ u

ñÅ
v �ñï� Åñíóñî ÅñÄî 8ïñ u→∞⊥ v

1
2 u

ñîÅ ïë m} îîÃ v
Ä �ñîÅ

2 u
ñîÅ ïë m}û îîÃ v

Ä �ñîÅ
2 u

ñîÅ óïñÅ îîÃ v
Ä �ñîÅ

'� <ìÃñëÅ a
ïë Åñíóñ ñÅ

t
ïëñ /.A 1.:E6B ^.:E� <Ã a→∞⊥ t ÁÄìíî a

ñîÅ ïëñ /.A1.:E6B ^.:E ? t
�

MNOPQO ⊥ jni gU ijhkj kgji� _jn ⊥phWVgliTfUn Wl�SU�jUi VfUl Vjn ijhkjn kgjin jUVjn ijhkjn kgjin� ªjn ihfTn hWngmiSin nfUi VfUl TkkWVTSin jU WigVTSUi mjn efnTiTfUn VjnWl�SU�jn Vjn ⊥phWVgliTfUnq ji jU nj njh`SUi Vg mjkkj ��¯�¯ú� ⊓⊔

Â¾½½¾ o/o/�o
�� <ìÃñëÅ u

ñÅ
v �ñï� Åñíóñî ÅñÄî 8ïñ u→∞β⊥ v

1
2 u

ñîÅ ïë m} îîÃ v
Ä �ñîÅ

2 u
ñîÅ ïë m}û îîÃ v

Ä �ñîÅ
2 u

ñîÅ óïñÅ îîÃ v
Ä �ñîÅ

'� <ìÃñëÅ a
ïë Åñíóñ ñÅ

t
ïëñ /.A 1.:E6B ^.:E� <Ã a→∞β⊥ t ÁÄìíî ÃÄ ñ�ÃîÅñ ïëñ/.A 1.:E6B ^.:E îÃóÃÄÁÃíñ t′

ÅñÄÄñ 8ïñ
a→h,∗

β t′
�

MNOPQO yU `jhig Vjn mjkkjn �����Á ji ������� ⊓⊔

??
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b�b�b ´e	µe�f
f
 �g λ⊥dh�¶hg¶ �
 �e�e�
 �� ß�e�e�ghh�º»).J¼½¾ o/o/�p z@| :Á íÆ�ïÂÅÃìë→∞β⊥
ñîÅ ÅíÁëîÃÅÃ�ñ�

MNOPQO _S ehjg`j jni njk�mS�mj ° ljmmj Vg i�Wfh®kj ����¯÷� ªjmmjplT lfUnTniSTiq jU eShiSUiVg nl�WkS u →∞β s →β tq ° �SThj SeeShSèihj mjn Vjga ehjkTjhn U-gVn (λx.[] []) Vg hjVjaVj s→β t �h²lj ° gUj hWVgliTfU XUTj Tnngj Vj u� ªujni mj kwkj ehTUlTej efgh→∞β⊥ qkSTnefgh �SThj SeeShSèihj mj ⊥phjVja fU giTmTnj mj mjkkj ����ý� ⊓⊔

º»).J¼½¾ o/o/�} z@| <Ã ïë Åñíóñ �ï λ⊥�ÂÁÄÂïÄ Ãë=ëÃ �ìîîB�ñ ïëñ Àìíóñ ëìíóÁÄñ3ÁÄìíî ñÄÄñ ñîÅ ïëÃ8ïñ�
MNOPQO _S ehjg`j nuSeeShjUij ° ljmmj Vg i�Wfh®kj ����¿÷� ⊓⊔

()*+,-,.+ o/o/�� z@| 7ìïí ÅìïÅ Åñíóñ
a
�

⊲ :ñ Åñíóñ
a∞ ñîÅ ÂìëîÅíïÃÅ �Áí Ãë�ïÂÅÃìë îïí ÄÁ �íìÀìë�ñïí �ñ îñî îìïî�Åñíóñî�ñ ÄÁ ÀÁ0ìë îïÃ�ÁëÅñ 1

2 <Ã a→∗
β x3 ÁÄìíî a∞ = x2 <Ã a→∗
β λx.b3 ÁÄìíî a∞ = λx.b∞2 <Ã a→∗
β (u v) ìn u

ñîÅ ïë m}3 ÁÄìíî a∞ = (u∞ v∞)2 <Ãëìë a
ñîÅ óïñÅ ñÅ ÁÄìíî a∞ = ⊥

⊲ :ñ Åñíóñ
a∞ ñîÅ ïëÃ8ïñ� öÄ ñîÅ îìïî Àìíóñ

β⊥�ëìíóÁÄñ ñÅ
a→∞β⊥ a∞ �

⊲ a∞ ñîÅ Á��ñÄÆ Bº6:5:4 34 R4:6:3<==0 �ï Åñíóñ
a
�

MNOPQO _jn WiSejn Vj muTUVgliTfU VWXUTnnjUi �TjU gUj nWrgjUlj lfU`jh�jUij Vj hWVgliTfUn�xU f�iTjUi VfUl a →∞β⊥ a∞ � _jn β⊥phWVgliTfUn lfUnjh`SUi mjn x¨q mjn SeemTlSiTfUn Vjnnfgnpijhkjn Vj a∞ nfUi lfkefnWjn Vj x¨ ° �Sgl�j� a∞ Uj efnn®Vj VfUl eSn Vj hjVja� ⊓⊔
Î.J.ÏÏÐ,J¾ o/o/�� }ìïÅ Åñíóñ �ï λ⊥�ÂÁÄÂïÄ Ãë=ëÃ �ìîîB�ñ Áï óìÃëî ïëñ ÀìíóñëìíóÁÄñ�
MNOPQO Rfgh ifgi ijhkj aq a∞ jni gUj �fhkj UfhkSmj� ⊓⊔

^ñóÁí8ïñ'�'��H @.<: /.</ /4:E4 t
µ 0B 4W02/4 <14 2;C<41=4 34 :;3<=/0.12 t→∞β⊥ t∞C<0 42/ 013<0/4 A6: B6 3;s10/0.1 34 t∞

$
º»).J¼½¾ o/o/�" z@| :ñ λ⊥�ÂÁÄÂïÄ Ãë=ëÃ ñîÅ ÂìëjïñëÅ�
MNOPQO ªujni gUj lfUnWrgjUlj Vj mS ihSUnTiT`TiW �����¯q Vj mugUTlTiW Vjn �fhkjn UfhkSmjn�����¿ ji Vj mS UfhkSmTnSiTfU �����÷� ªjiij VjhUT®hj WiSUi neWlTXrgj ° →∞β⊥ � ⊓⊔

��ñó�Äñ '�'��Ö
#$

Ω∞
3 = δ3

δ3

7$
Yt = (Q Q) .Î Q = λxf. (f (x x f))

� Y ∞
t =

y
y

y

λy

� (Yt Ω)∞ = ⊥
⊥
⊥

� (Yt Ω3)
∞ =

δ3

δ3

δ3

δ3
δ3

δ3

?D
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>$ Õ1 =.12/6/4 C<4 B6 342=:0A/0.1 342 6:5:42 34 R4:6:3<==0 42/ AB<2 A:;=024 C<4=4BB4 342 6:5:42 34 RSTE$
º»).J¼½¾ o/o/o� z@| :ñ λ⊥�ÂÁÄÂïÄ Ãë=ëÃ ñîÅ ÂìëîÃîÅÁëÅ�
MNOPQO ªfkkj 0 ji 1 nfUi Vjga �fhkjn UfhkSmjn VTniTUlijn ji lfkkj mj lSmlgm jnilfUçgjUiq mS lfUnTniSUlj VWhT`j VfUl Vg mjkkj ������� ⊓⊔

IJ.K.L,-,.+ o/o/o� 7ìïí Åìïî Åñíóñî a
ñÅ

b3 a[b/x]∞ = (a∞[b∞/x])∞
�

^ñóÁí8ïñ'�'�'' Q</:4E41/ 30/µ B6 ^.:E4 1.:E6B4 01s104 A6224 6< =.1/4W/4$
MNOPQO _S β⊥phWVgliTfU nTkemj eSnnj Sg lfUijaijq Tm jU jni VfUl Vj kwkj efgh mS `jhnTfUTUXUTj� ªfkkj a→∞β⊥ a∞ ji b→∞β⊥ b∞ q Tm `TjUi a[b/x]→∞β⊥ a∞[b∞/x]� xU lfUlmgiSmfhn �h²lj ° mS lfUçgjUlj� ⊓⊔

^ñóÁí8ïñ'�'�'[#$ Ô4B.1 B6 A:.A.20/0.1 7$7$7#µ A.<: <14 2<0/4 34 /4:E42 (a1, · · · , an)
B6 ^.:E41.:E6B4 01s104 (a1 a2 · · · an)∞ 42/ ;�6B4 »

(a∞
1 a∞

2 · · · a∞
n )∞

$7$ V1 A:6/0C<4µ A.<: ;/<304: B6 ^.:E4 1.:E6B4 01s104 3º<1 /4:E4µ 0B A4</ ¾/:4AB<2 20EAB4 34 1.:E6B024: 6< A:;6B65B4 242 2.<29/4:E42$
Î.J.ÏÏÐ,J¾ o/o/o} :ñ ÅíÃ�ÄñÅ (X, ·, [[·]]) �Æ=ëÃ Âìóóñ îïÃÅ3 ñîÅ ïë óì�BÄñ �ï λ�ÂÁÄÂïÄ 8ïÃ ë�Ã�ñëÅÃ=ñ �Áî Åìïî Äñî Åñíóñî ëìë íÆîìÄïðÄñî�

2 X
ñîÅ Ä �ñëîñóðÄñ �ñî Àìíóñî ëìíóÁÄñî Ãë=ëÃñî�

2 �ìïí Åìïî Åñíóñî a
ñÅ

b3 · �ÆíÃ=ñ a · b = (a b)∞
�

2 �ìïí ÅìïÅ Åñíóñ
a3 [[a]] = a∞ �

b�b�� Þe�e�
 �� ß�e�e�ghh� ��
 ���f���
c4//4 24=/0.1 3;=:0/ B6 ^.:E4 1.:E6B4 01s104 342 30Ñ;:41/42 ^.:E42 3º013;s10 C<0 .1/;/; 01/:.3<0/42 » B6 24=/0.1 #$> $
()*+,-,.+ o/o/o� 0ë Åñíóñ

t �ìîîB�ñ ïëñ 5:61=T4 01s104 �6<=T4 î �ÃÄ î �ÆÂíÃÅ
t = (· · · vn · · · v2 v1)

�ìïí ÂñíÅÁÃëî Åñíóñî (vi)i≥1
�

��ñó�Äñ '�'�'�
(· · ·x x) A.22¶34 <14 5:61=T4 01s104 » �6<=T4$ yB 6 A.<: 6:5:4 xxx842 5:61=T42 01s1042 » �6<=T4 1º.1/ A62 34 /¾/4$

◭
¡����� ���{�

◮Ô0
m 42/ E<4/µ 6B.:2 m∞ = ⊥$

◭ 1|�� {����� ���{�
◮Ç1 a;:. /4:E4 ^.:/ 42/ <1 a;:. /4:E4 1.1 :;2.B<5B4$ Õ1 :6AA4BB4 C<4 B6 =.12/61/4

⊥ 1º42/ A62 =.1203;:;4 =.EE4 <14 z6:065B4$
IJ.K.L,-,.+ o/o/o� <Ã u

ñîÅ ïë m}û3 îÁ Àìíóñ ëìíóÁÄñ Ãë=ëÃñ u∞ �ñïÅ íñ�9ÅÃí�ñï� Áî�ñÂÅî 1
2 <ìÃÅ ÃÄ ñ�ÃîÅñ ïë ñëÅÃñí n

ñÅ �ñî Åñíóñî v1, v2, · · · , vn
ÅñÄî 8ïñ

?F
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u∞ = (⊥ vn · · · v1) = v2

v1

vn⊥më �ÃíÁ ÁÄìíî 8ïñ u
ñîÅ ïë a;:.9/4:E4 ^.:/ 34 34�:; s10 n

� z@|
2 <ìÃÅ ÃÄ ñ�ÃîÅñ ïëñ Ãë=ëÃÅÆ �ñ Åñíóñî v1, v2, · · · , vn, · · · ÅñÄî 8ïñ

u∞ = (· · · vn · · · v1) =

vn

v2

v1

më �ÃíÁ ÁÄìíî 8ïñ u
ñîÅ ïë a;:.9/4:E4 ^.:/ 34 34�:; 01s10�z@|

MNOPQO oT u jni gU x¨üq Smfhnq VuSeh®n mj mjkkj ������q Tm jU jni Vj kwkj efgh u∞ � oShSlTUj jni VfUl gUj SeemTlSiTfU� oT u∞ efnn®Vj gUj iwijq jmmj Uj ejgi wihj rgj⊥q gUj `ShTS�mj
x jni lfUihSVTlifThj ji gUj S�nihSliTfU λx TUVgThSTi gU hjVja� �uf© u∞ = (⊥ vn · · · v1)� oT
u∞ UuS eSn Vj iwij Tm nuWlhTi Smfhn u∞ = (· · · vn · · · v1)� ⊓⊔

◭ 1|�� {�����
◮

IJ.K.L,-,.+ o/o/o" <Ã u
ñîÅ ïë m}3 îÁ Àìíóñ ëìíóÁÄñ Ãë=ëÃñ u∞ �ñïÅ íñ�9ÅÃí�ÄïîÃñïíî Áî�ñÂÅî 1

2 <Ã u
ñîÅ ïë m}û3 ÁÄìíî ñÄÄñ íñ�9Å ïëñ �ñî Àìíóñî �ñ ÄÁ �íì�ìîÃÅÃìë '�'�'H

2 <Ãëìë u
ñîÅ íÆîìÄïðÄñ 2 ÃÄ ñ�ÃîÅñ ÁÄìíî ïëñ �ÁíÃÁðÄñ x ÁÃëîÃ 8ïñ �ñî Åñíóñî

v1, v2, · · · , vn
ÅñÄî 8ïñ

u∞ = (x vn · · · v1) = v2

v1

x vn

MNOPQO RSh VWXUTiTfU Vjn %Whf ijhkjn s lj nfUi Vjn %Whf ijhkjn �fhin W`jUigjmmjkjUihWnfmg�mjn� ⊓⊔

◭
��! �|��������

◮

IJ.K.L,-,.+ o/o/o~ <ìÃÅ u
ïë Åñíóñ ëìë íÆîìÄïðÄñ�

2 <Ã u
ñîÅ ïë m}û3 ÁÄìíî ÃÄ íñ�9Å Ä �ïëñ �ñî Àìíóñî �ñ '�'�'H

2 <Ãëìë u îñ íÆ�ïÃÅ ? ïë Åñíóñ Âìóóñë0ÁëÅ �Áí ïëñ ÁðîÅíÁÂÅÃìë ñÅ �Áëî Âñ ÂÁî 1
2 îìÃÅ ÃÄ ñ�ÃîÅñ ïë ëìóðíñ =ëÃ �ñ �ÁíÃÁðÄñî x1, x2, · · · , xn

ÅñÄÄñî 8ïñ
u∞ = (λx1x2 · · ·xn.v) ìn v

ñîÅ ÄÁ Àìíóñ ëìíóÁÄñ Ãë=ëÃñ ��ïë m}û�
2 îìÃÅ u∞ = λx1x2 · · ·xn · · ·

ïëñ Ãë=ëÃÅÆ �ñ ÀìÃî�
MNOPQO RSh VWXUTiTfU� ⊓⊔

��ñó�Äñ '�'�[í
#$ Ô.0/ t = λxy.(x x) 6B.:2 (t t)∞ = λx1x2 · · ·xn · · · = λx2

λx1

7$ Ô.0/ t = λx.(x x) (x x) 6B.:2 (t t)∞ = ((t t)∞ (t t)∞) = ((· · · )(· · · ))$Ô.1 6:5:4 42/ $ yB 42/ 6</.920E0B60:4 =6: (t t)∞ = ((t t)∞ (t t)∞) 4/ 0B
2º;=:0/ 2612 B6 E.013:4 z6:065B4 10 652/:6=/0.1$

?U



7$ %&
λ'()*(+* MO[MOM ����  ! λ⊥"#$%#&% ÊÌìÊÌÊ& $É'É!Ä Í! (!É$ÉÍ&##Ê

b�b�³ ���h
�3�
f �� �����
c4//4 24=/0.1 3.114 342 =.130/0.12 2<Ó261/42 A.<: C<º<1 2.<29/4:E4 2.0/ 016=/0^ 4101s10$ 84 A:4E04: =.1=4:14 B42 a;:. /4:E42 ^.:/2$ 84 24=.13 =.1=4:14 B42 a;:. /4:E42:;2.B<5B42$ c42 :;2<B/6/2 24:.1/ 4WAB.0/;2 3612 B6 34<W0¶E4 A6:/04$
IJ.K.L,-,.+ o/o/p� <ìÃÅ C

ïë ÂìëÅñ�Åñ îÃó�Äñ ñÅ
a

ïë m}û� <Ã (C[a])∞
ñîÅ =ëÃñÅ îÁëî ⊥3 ÁÄìíî C∞ = (C[a])∞

�
MNOPQO �fifUn t = (C[a])∞ � t jni VfUl XUT��uSeh®n mj mjkkj �����Áq lfkkj t jni nSUn ⊥q C[a] nj hWVgTi VThjlijkjUi `jhn t ° muSTVjVj βphWVgliTfUn� «gihjkjUi VTiq C[a]→∞β t�Rfgh ifgi jUiTjh nq fU ejgi l�fTnTh gU lfUijaij C′ Seehfl�SUi C

�gnrgu° ehf�fUVjgh
nq T�j� C′ ≡n C q Vj nfhij rguTm jaTnij gUj ngTij ~u ijmmj rgj C′[ [], ~u] = C �

u1

C ′

n
4 5 4 5 C

up

ªfkkj C′ ≡n C q Smfhn C′[a] ≡n C[a]�ªfkkj t jni XUTq Ufgn efg`fUn l�fTnTh n ng nSkkjUi �hSUV Vj nfhij rgj mj mjkkj������ nfTi SeemTlS�mj ° t jUiT®hjkjUi� �fgn f�ijUfUn VfUl C′[a]→∗
β t�ªfkkj a jni gU x¨üq njn hWnTVgn mj nfUi SgnnT� ojmfU mS ehfefnTiTfU ������q lfkkj tjni XUT ji nSUn ⊥q Smfhn t Uj efnn®Vj eSn Vj hWnTVg Vj a� yU `jhig Vg lfhfmmSThj ��¯��¯q fUjU VWVgTi VfUl C′ →∗

β t��uSgihj eShi lfkkj t jni nSUn ihfg []q VuSeh®n mj mjkkj ��¯��q fU f�iTjUi XUSmjkjUi
C′[ [], ~u] →∗

β t ji VfUl C →∗
β t = (C[a])∞ � xU lfUlmgi Smfhn �h²lj ° mugUTlTiW Vjn �fhkjnUfhkSmjn TUXUTjn� ⊓⊔

IJ.K.L,-,.+ o/o/po <ìÃÅ z
ïëñ �ÁíÃÁðÄñ ÄÃðíñ ��ïë Åñíóñ

t
ñÅ

C
ïë ÂìëÅñ�Åñ îÃó�ÄñÅñÄ 8ïñ

t = C[z]
� 7ìïí ÅìïÅñ îïÃÅñ �ñ Åñíóñî ~v 3 îÃ (C[(z ~v )])∞

ñîÅ =ëÃ ñÅ ëñ ÂìëÅÃñëÅ
�Áî �ñ îìïî�Åñíóñî �ñ ÄÁ Àìíóñ

(z ~v′ ) ìn ~v′ Á ÄÁ ó9óñ Äìë5ïñïí 8ïñ
~v 3 ÁÄìíî

C∞ = (C[(z ~v )])∞
�

MNOPQO ªfkkj mS `ShTS�mj z Vj C[z] jni mT�hjq jmmj nj lfkefhij lfkkj gUj lfUniSUij�_j nfgnpijhkj (z ~v ) nj lfkefhij VfUl lfkkj gU x¨ü s njn hWnTVgn nfUi ifgn Vj mS �fhkj
(z ~v′ )q rgT nfUi Vjn x¨ ji VfUl TUSliT�n VSUn ifgij hWVgliTfU� xU lfUlmgi Smfhn lfkkjefgh mS ehjg`j Vj mS ehfefnTiTfU ����¯�� ⊓⊔

?,
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øü êüûåýåäé

ï�ÿ ¬­®¯°±²³®´°­
Qz61/ 34 3.114: 342 4W4EAB42 34 /4:E42 ^6=0B42µ 1.<2 A.2.12 B42 3;s10/0.12 4/ 1./69/0.12$ @<02µ 1.<2 A:;=024:.12 B42 =T.0W C<4 1.<2 6z.12 ^60/ 41 E6/0¶:4 34 /4=T10C<4234 A:4<z42$
æ.-Ð-,.+ p/�/� @.<: /.<2 /4:E42 f 4/ m

µ
Cons{f = m} 3;20�14 C<4 B6 /T;.:04

λβ + {f = m} 42/ =.1202/61/4$
()*+,-,.+ p/�/o z�'| 0ë Åñíóñ f

ñîÅ ^6=0B4 îÃ �ìïí ÅìïÅ Åñíóñ ÂÄìî m3ìë Á Cons{f = m} �
^ñóÁí8ïñ [���[ Õ1 A6:B4 ;�6B4E41/ 34 η9^6=0B0/; B.:2C<4 B6 /T;.:04 Cons{f = m}42/ =.1202/61/4 A.<: /.</ /4:E4 =B.2 m

$ 86 η9^6=0B0/; 41/:6½14 B6 ^6=0B0/;$
æ.-Ð-,.+ p/�/} x612 B6 2<0/4µm 2ÌE5.B024:6 B4 /4:E4 6:50/:60:4 6<C<4B 24:6 03419/0s; B4 /4:E4 =613036/ » B6 ^6=0B0/;$
��ñó�Äñ [���@

� @.<: 3.114: <1 4W4EAB4 34 /4:E4 ^6=0B4 0B ^6<3:60/ E.1/:4: B6 =.1202/61=43º<14 /T;.:04$ Õ:µ B6 A:4<z4 34 =4//4 34:10¶:4 1º42/ �;1;:6B4E41/ A62 602;4$c4 24:6 Bº.5È4/ 342 =T6A0/:42 2<0z61/2$ 842 =.1/:494W4EAB42 2.1/ AB<2 =.<:61/2$84 1.1 :;2.B<5B4 Ωn = (δn δn) .Î δn = λx.(x x · · ·x︸ ︷︷ ︸
n

) 1º42/ A62 ^6=0B4 B.:2C<4
n ≥ 3

$ Õ1 :4E6:C<4:6 C<4 Ω2 = Ω
$ @.<: n ≥ 3

µ B6 /T;.:04 T = λβ + {Ωn =
λx1 · · ·xn−2.x1} 1º42/ A62 =.1202/61/4$ V1 4Ñ4/ ©
λx1 · · ·xn−2.x1 =T Ωn →β (Ωn δn · · · δn) =T (λx1 · · ·xn−2.x1 δn · · · δn)→β δnQ0120µ T ⊢ λx1 · · ·xn−2.x1 = δn

C<0 2.1/ 34<W ^.:E42 1.:E6B42 30Ñ;:41/42$ V1z4:/< 3< =.:.BB60:4 #$7$7#µ T 42/ 01=.1202/61/4$
� @.<: n = 3

µ B6 :;3<=/0.1 Ω3 →β (Ω3 δ3)
µ C<0 ^60/ 24<B4E41/ 6AA6:6½/:4 <1

δ3
41 6:�<E41/µ 2<Ó/ A.<: 302/01�<4: Ω3

34 2.1 24E5B65B4 Ω
$ Q< 2412 34 B6^6=0B0/;µ ^60:4 6AA6:6½/:4 <1 6:�<E41/ δ3

42/ 3.1= 3;È» =.1203;:; =.EE4 <1=.1/41< 6B�.:0/TE0C<4$@.<: A:.<z4: C<º<1 /4:E4 42/ ^6=0B4 0B ^6</ 3.1= ;/65B0: B6 =.1202/61=4 3º<14 /T;.:04$@.<: =4B6µ 0B 4W02/4 C<6/:4 z.042 30Ñ;:41/42 ©

 ÂÐ ½)-».Ò¾ L	+-Ð7,89¾/ x;z4B.AA;4 A6: Ê6=.A010 ¸##¹µ 4BB4 =.1202/4 » .524:9z4: <14 A:4<z4 3º<14 =.1/:630=/0.1µ /ÌA0C<4E41/ 0 = 1

µ 3612 B6 /T;.:04 ;C<6/0.114BB4
?\



>$ %) [)(M*MHJ ¯��� :ÇÄ&%Å$ÅÄ ÍÊÉ!#ÅÄ
λβ + {f = m} 6s1 3º41 =.12/:<0:4 <14 6</:4 AB<2 =.<:/4$ 84 :6==.<:=0224E41/ 34 B6A:4<z4 42/ 41 �;1;:6B 3Ð » <1 B4EE4 34 �;1;:0=0/; /4B2 =4<W =0/;2 3612 B6 A:4E0¶:4A6:/04$ x4 A:.=T4 41 A:.=T4 .1 .5/041/ 6B.:2 0 = 1 41 <14 24<B4 ;/6A4µ =4 C<0 42/0EA.2205B4$
 ;7-¾+L,.+ Î»9JØ»
�.LL¾J/ c4//4 /4=T10C<4 6 ;/; 0E6�01;4 A6: R4:6:3<==04/ y1/:0�0B6 ¸?µ Dµ #_¹$ VBB4 =.1202/4 » 01=B<:4 B6 /T;.:04 C<0 0341/0s4 1.2 /4:E42 3612<14 6</:4 AB<2 B6:�4 4/ 022<4 3º<14 4W/4120.1 =.1ô<41/4 34 B6 β9:;3<=/0.1$ ]:Í=4 »B6 =.1ô<41=4µ A.<: A:.<z4: B6 =.1202/61=4 24<B4 Bº4W02/41=4 34 34<W /4:E42 1.:E6<W302/01=/2 2<Ó/ » �6:61/0: B6 =.1202/61=4$
 ÂÐ -»).J,¾ Ò¾L ½.Ò¼Ï¾L/ 86 A:4E0¶:4 A:4<z4 34 ^6=0B0/; 2;E61/0C<4 42/ 3<4 »R64/41 4/ R.4:5..E ¸7¹$ VBB4 =.1=4:160/ B4 /4:E4 Ω = (ω ω)

$ x612 =4 /4:E4µ ω 42/ »B6 ^.02 B6 ^.1=/0.1 4/ Bº6:�<E41/$ c4//4 A:.A:0;/; 24 /:63<0/ A6: <14 ;C<6/0.1 2<: B42;B;E41/2 34 Bº01/4:A:;/6/0.1 34 Ω 3612 /.</ E.3¶B4 3ºV1�4B4:$ @6: ÀìíÂÃë5µ 34 A:.=T441 A:.=T4µ .1 :;<220/ » ;/413:4 B4 E.3¶B4 34 2.:/4 » ^60:4 =.61=034: Bº01/4:A:;/6/0.134 /.</ /4:E4 m 6z4= =4BB4 34 Ω
$
 ÂÐ -»).J,¾L Ò¾L -	K¾L/x612 B4 2Ì2/¶E4 34 c<::ÌµΩ 1º42/ A62 /ÌA65B4 3< ^60/C<4 δ 42/ » B6 ^.02 B6 ^.1=/0.1 4/ Bº6:�<E41/$ `ÌB54:6=T ¸7#¹ 6 E.1/:; C<º41 :6È.</61/<1 /ÌA4 :;=<:20^ X 3;s10 A6: Bº;C<6/0.1 X = X → A

µ 0B 34z041/ 6B.:2 /ÌA65B4$ x612=4 2Ì2/¶E4µ /.<2 B42 /4:E42 3º<1 =4:/601 /ÌA4 A4<z41/ ¾/:4 0341/0s;2 20E<B/61;E41/» 1º0EA.:/4 C<4B 6</:4$ Q0120µ =42 A:4<z42 A6: B6 /T;.:04 342 /ÌA42 =6:6=/;:0241/ 1.124<B4E41/ 342 /4:E42 E602 6<220 342 ñëîñóðÄñî ÀÁÂÃÄñî 34 /4:E42$@6:E0 4BB42µ 24<B4 B6 E;/T.34 342 4W/4120.12 cT<:=T9t.224: 24:6 6AA:.^.1304 0=0$ VBB41.<2 A6:6½/ B6 AB<2 6AA:.A:0;4 A.<: Bº;/<34 34 =62 A6:/0=<B04:2 3º;�6B0/; 41/:4 /4:E42=.EE4 1.<2 6BB.12 B4 ^60:4$ ]:Í=4 » 4BB4µ 1.<2 ;/65B0:.12 B6 A:4<z4 ^.136E41/6B434 B6 ^6=0B0/; 3< /4:E4 Ω
$ -.<2 Bº4WAB.0/4:.12 ;�6B4E41/ A.<: 4WT054: /.</ <14=B6224 34 /4:E42 ^6=0B42 © =4BB4 342 a;:. /4:E42 ^.:/2 34 34�:; s10$ V1s1µ 4BB4 1.<224:z0:6 34 2.=B4 A.<: 01/:.3<0:4 B6 E;/T.34 342 =B62242 =.1s161/42$ c4//4 34:10¶:4E;/T.34 24:6 :0=T4 41 6AAB0=6/0.12$ -.<2 =.EE41=4:.12 A6: B6 3;=:0:4 3612 B4 =62s10 A<02 1.<2 ^.:E<B4:.12 26 z4:20.1 01s104$ VBB4 24:6 ;�6B4E41/ </0B02;4 3612 B6A6:/04 2<0z61/4$

ï�Ù <ÜÚ²�®�®Ú ±´¯�³®Ú
æ.-Ð-,.+ p/o/� Õ1 :6AA4BB4 B6 3;s10/0.1 342 /4:E42 2<0z61/2 ©

� I = λx.x� 1 = λxy.x� 0 = λxy.y

IJ.K.L,-,.+ p/o/o :ñî Åñíóñî ÀÁÂÃÄñî îìëÅ 1
�� ëìë íÆîìÄïðÄñî
'� îÅÁðÄñî �Áí β �Æ8ïÃ�ÁÄñëÂñ Ã�ñ� îÃ f

ñîÅ ÀÁÂÃÄñ ñÅ îÃ f ′ ≃β f ÁÄìíî f ′ ñîÅ ÀÁÂÃÄñ
[� îÅÁðÄñî �Áí îïðîÅÃÅïÅÃìë Ã�ñ� �ìïí ÅìïÅ Åñíóñ

u3 îÃ f
ñîÅ ÀÁÂÃÄñ ÁÄìíî f [u/x]

ñîÅÀÁÂÃÄñ
{� îÅÁðÄñî �Áí Á��ÄÃÂÁÅÃìë ? ïë ÁïÅíñ Åñíóñ Ã�ñ� îÃ f

ñîÅ ÀÁÂÃÄñ3 (f u)
ñîÅ ÀÁÂÃÄñ8ïñÄ 8ïñ îìÃÅ u@� ëìë îÅÁðÄñî �Áí ÁðîÅíÁÂÅÃìë Ã�ñ� îÃ f ñîÅ ÀÁÂÃÄñ3 λx.f ë�ñîÅ �Áî ÀÁÂÃÄñ ñë 5ÆëÆíÁÄ�

MNOPQO
�� oT f jni hWnfmg�mjq Smfhn nfU Sh�hj Vj �=�k Uujni eSn ihT`TSm� ojmfU mj lfhfmmSThj ������qTm ng i Vj ehjUVhj efgh m gUj �fhkj UfhkSmj VfUi muSh�hj jni TUlfkeSiT�mj S`jl

BT (f)q ji fU f�iTjUVhS gUj lfUihSVTliTfU�
D_



>$ %) [)(M*MHJ ¯�¯� >É!&ê!Ä ?$É !�Å!ÌÄÊÈÌ @Æ&É#Æ":ÈÄÄ!É
�� ªfkkj m jni lmfn Smfhn m[u/x] = m� RSh VWXUTiTfUq mS i�WfhTj T = λβ + {f = m}jni lfUnTniSUij� xhq (λx.f u) ≃β f [u/x] ji (λx.m u) ≃β m[u/x] = m� ªfkkj

T ⊢ (λx.f u) = (λx.m u) fU jU VWVgTi T ⊢ f [u/x] = m� _S i�WfhTj T = λβ +
{f [u/x] = m} jni VfUl lfUnTniSUij lSh TUlmgnj VSUn T rgT jni jmmjpkwkj lfUnTniSUij��l�� mjkkj �����ú�¯� ofTi f ′ gU ijhkj ijm rgj f ′ ≃β f ji nfTi m gU ijhkj� ªfUnTVWhfUn mjn i�WfhTjn
T ′ = λβ + {f ′ = m} ji T = λβ + {f = m}� RSh �vefi�®nj T jni lfUnTniSUij ji
T ⊢ f = f ′ = m� yU `jhig Vg mjkkj �����úq T ′ ⊆ T Vuf© T ′ jni lfUnTniSUij ji f ′ jni�SlTmj�¿� ofTi m gU ijhkj ji m1 = λx.m� RSh VWXUTiTfUq T = λβ + {f = m1}

jni lfUnTniSUij��j emgn T ⊢ (f u) = (m1 u) = m� _S i�WfhTj T ′ = λβ + {(f u) = m} jni TUlmgnjVSUn T q jmmj jni VfUl lfUnTniSUij�÷� ¬fTh jajkemjn ¯���¿�
^ñóÁí8ïñ [�'�[ 84 A.01/ A?× A4:E4/ 34 =.12/:<0:4 34 1.E5:4<W /4:E42 ^6=0B42 »A6:/0: 3º<1 24<B$ yB 2<Ó/ 41 4Ñ4/ 34 B<0 6AAB0C<4: <1 6</:4 /4:E4 C<4B=.1C<4$
��ñó�Äñ [�'�{

� 84 /4:E4 λx.u 1º42/ A62 ^6=0B4 20 u 14 A.22¶34 A62 B6 z6:065B4 B05:4 x
$V1 4Ñ4/µ =.1203;:.12 T = λβ + {λx.u = 1}$ Õ1 6 (λx.u 0) ≃β u ≃β (λx.u 1)

$
Õ:µ T ⊢ (λx.u 0) = (1 0) = 0 4/ T ⊢ (λx.u 1) = (1 1) = 1 3º.Î T ⊢ 1 = 0

µ=.1/:630=/0.1$y1/<0/0z4E41/µ B6 1.1 ^6=0B0/; 34 λx.u z041/ 3< ^60/ C<º0B ^60/ 302A6:6½/:4 /.<2B42 6:�<E41/2 6<C<4B 0B 42/ 6AAB0C<;$� 84 /4:E4 t = λx.(Ω (x x) ) 1º42/ A62 ^6=0B4µ E602 6AAB0C<; » <1 6</:4µ 0B B434z041/$V1 4Ñ4/µ (t 0) ≃β (t I)
µ 3º.Î T = λβ + {t = I} ⊢ (I 0) = (I I) 4/ 3.1=

T ⊢ 0 = I
µ =.1/:630=/0.1$c4A41361/µ A.<: /.</ /4:E4 u

µ
(t u) 42/ β9;C<0z6B41/ »

(Ω u)
C<0 42/ ^6=0B43º6A:¶2 A6: B4 A.01/ A?× 34 B6 A:.A.20/0.1 >$7$7$

� c4 34:104: =.1/:494W4EAB4 :;^</4 <14 ;z41/<4BB4 :;=0A:.C<4 6< A.01/ A?×$ yB42/ ^6<W 34 =:.0:4 C<º<1 /4:E4 42/ ^6=0B4 20 B4 34z041/ 6A:¶2 6z.0: ;/; 6AAB0C<;» <1 6</:4 /4:E4$ x612 ¸#_¹µ 0B 42/ E.1/:; C<º<1 /4:E4 P 42/ ^6=0B4 B.:2C<º0B42/ 6AAB0C<; »
(Ω Ω)

/61302 C<º0B 14 Bº42/ AB<2 6AAB0C<; »
Ω
$ A=^$ A:.A.20/0.12>$?$>D 4/ >$?$>F×

ï�ï A¯�²ñ�Ú B�¯ ��®�­Ú´°­ CÛ²¯³Û�<°ÚÚ�¯
§/<304: B42 /4:E42 ^6=0B42µ =º42/ /41/4: 34 =6:6=/;:024: B4<: ^.:E4$ x612 =4/ 42A:0/µB42 4W4EAB42 C<0 2<0z41/ /41/4:.1/ 34 B4<: 3.114: <1 z026�4 ¸?µ Dµ F¹$ -./.12 C<º»A6:/ C<4BC<42 =62 /:0z06<Wµ B6 ^6=0B0/; 24:6 =61/.11;4 6<W a;:.9/4:E42$
����� D�h�¶�
f �� Ωº»).J¼½¾ p/p/� z�'3 '3 @| Ω

ñîÅ ÀÁÂÃÄñ�
MNOPQO ofTi m gU ijhkj lmfn� �UihfVgTnfUn mS hjmSiTfU→m

rgT efgh ifgi lfUijaij nTkemj
C SnnflTj C[Ω] →m C[m] � ofTi →βm

mS hWgUTfU Vjn Vjga hjmSiTfUn� �uSeh®n mj mjkkj������q efgh WiS�mTh mS �SlTmTiWq Tm ng i Vj kfUihjh rgj→βm
jni lfUçgjUij ji rgujmmj efnn®VjVjga ijhkjn UfhkSga� f̈gi ijhkj βpUfhkSm WiSUi →βm
UfhkSmq `WhTXfUn rgj →βm

jnilfUçgjUij� Rfgh ljmSq VuSeh®n mj mjkkj Vj ETUVmjvpÀfnjU ��¯�¯� Tm ng i Vj kfUihjh rgj
→β

jni lfUçgjUij �lj rgT jni SlrgTn�q rgj→m
jni lfUçgjUij ji rgj→∗

β
ji→∗

m
lfkkgijUi�
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⊲ →m

jni lfUçgjUij lSh Vjga mphjVjaq rgT nfUi Vjga nfgnpijhkjn Ωq nfUi UWljnnSThjpkjUi VTn�fTUin� xU S VfUl mj VTS�hSkkj ngT`SUi s
C[Ω, Ω] →m C[m, Ω]
↓m ↓m
C[Ω, m] →m C[m, m]

⊲ Rfgh mS lfkkgiSiT`TiW Vj→∗
β
ji →∗

m q Tm ng i Vj kfUihjh rgj mjn hWVgliTfUn nTkemjn
→β

ji →m
lfkkgijUi ngT`SUi gU VTS�hSkkj a →β b

↓m ↓∗m
c →=

β d

Uj �STnSUi eSn Sg�p
kjUijh mj Ufk�hj Vj βphWVgliTfUn� xU lfUlmghS Smfhn eSh TUVgliTfU ngh mj Ufk�hjVj βphWVgliTfUn�ofTi t gU ijhkj efnnWVSUi gU hjVja r = (λx.a b) ji Ω lfkkj nfgnpijhkj� xUVTniTU�gj ¯ lSn VuTUlmgnTfUn jUihj r ji Ω��� oT r ji Ω nfUi VTn�fTUinq Tm jaTnij gU lfUijaij C ijm rgj t = C[r, Ω] ji mjVTS�hSkkj jni mj ngT`SUi s

C[(λx.a b), Ω] →β C[a[b/x], Ω]
↓m ↓m
C[(λx.a b), m] →β C[a[b/x], m]

�� oT r jni TUlmgn VSUn Ωq Smfhn r = Ω lSh Ω UuS rgugU hjVja� �uf© mj VTS�hSkkj s
C[r = Ω] →β C[Ω]
↓m ↓m
C[m] = C[m]

¯� oT Ω jni TUlmgn nihTlijkjUi VSUn r = (λx.a b)q Smfhn lfkkj Ω jni gU %Whfpijhkj
Ω 6= λx.a ji VfUl Ω ≤ a fg Ω ≤ b� ḧSTifUn Ω ≤ b� �SUn lj lSnq Tm jaTnij VjgalfUijaijn C ji D ijmn rgj b = D[Ω] ji t = C[r] = C[(λx.a D[Ω])]� ªfkkj ifginj eSnnj VSUn r q mj lfUijaij C UuTUijh`TjUi eSn� �uf© mj VTS�hSkkj s

(λx.a D[Ω]) →β a[D[Ω]/x]
↓m ↓∗m
(λx.a D[m]) →β a[D[m]/x]

^ñóÁí8ïñ [�[�' 86 �;1;:6B026/0.1 34 =4//4 A:4<z4 34 =.1202/61=4 562;4 2<: Bº;/<343º<14 4W/4120.1 =.1ô<41/4→βm
34 B6 β9:;3<=/0.1 65.</0:6 » B6 E;/T.34 342 ÂÄÁîîñîÂìë=ëÁëÅñî$

����b D�h�¶�
f ��
 ùfe	d
�eÕ�
 �� ��Fef ���IJ.K.L,-,.+ p/p/p z@| :ñî Åñíóñî óïñÅî \�ÆÀ � ��[�'@] îìëÅ îÃóïÄÅÁëÆóñëÅ ÀÁÂÃÄñÃ�ñ� ÃÄî �ñï�ñëÅ Åìïî 9Åíñ Ã�ñëÅÃ=Æî ñë ó9óñ Åñó�î ? ïë ÁïÅíñ Åñíóñ îÁëî îìïÄñ�ñí�ñ ÂìëÅíÁ�ÃÂÅÃìë�
MNOPQO ¬fTh mS njliTfU ��¯�¿ Vg l�SeTihj ��
^ñóÁí8ïñ [�[�{ c4//4 A:4<z4 AB<2 =.EAB4W4 2<0/ s16B4E41/ B4 E¾E4 A:01=0A4 3º4W9/4120.1 cT<:=T9t.224: C<4 =4BB4 </0B02;4 A.<: B6 ^6=0B0/; 34 Ω

$ -./.12 C<º¾/:4 209E<B/61;E41/ ^6=0B42 42/ <14 A:.A:0;/; z:60E41/ AB<2 ^.:/4 =.EE4 B4 E.1/:41/ B424W4EAB42 2<0z61/ ©
� Ω 42/ ^6=0B4$
� (Ω I) 42/ ^6=0B4 A<02C<4 Ω 42/ ^6=0B4$
� d602 =42 34<W /4:E42 14 2.1/ A62 20E<B/61;E41/ 0341/0s65B42$ Ô.0/ T = λβ +
{Ω = (Ω I) = 0}$ Õ1 6 T ⊢ (Ω I) = (0 I) 4/ T ⊢ (Ω I) = 0

$ Õ:µ (0 I) ≃β I3º.Î T ⊢ 0 = I
µ =.1/:630=/0.1$
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()*+,-,.+ p/p/� <ñÄìë Äñî �íì�ìîÃÅÃìëî '�'�'H ñÅ '�'�'~ Äñî òÆíì�Åñíóñî îñ �Ã�ÃîñëÅñë ÅíìÃî ÂÁÅÆ5ìíÃñî îïÃ�ÁëÅ Äñïí Àìíóñ ëìíóÁÄñ Ãë=ëÃñ 1

2 Äñî a;:.9/4:E42 :;2.B<5B42 �ñ Àìíóñ ëìíóÁÄñ
v2

v1

x vn

2 Äñî a;:.9/4:E42 ^.:/2 34 34�:; s10 �ñ Àìíóñ ëìíóÁÄñ v2

v1

vn⊥

2 Äñî a;:.9/4:E42 ^.:/2 34 34�:; 01s10 �ñ Àìíóñ ëìíóÁÄñ
vn

v2

v1

�Áëî ÄÁ8ïñÄÄñ Åìïî Äñî Åñíóñî (· · · vn · · · v2)3 (· · · vn · · · v3), · · · îìëÅ �ñî m}û�
IJ.K.L,-,.+ p/p/� z@| :ñî òÆíì�Åñíóñî ÀìíÅî �ñ �ñ5íÆ =ëÃ îìëÅ ÀÁÂÃÄñî�
MNOPQO ofTi f gU %Whf ijhkj �fhi Vj Vj�hW XUT� f∞ = (⊥ vn · · · v1)� �uSeh®n mS hjkShrgj������q f →∞β⊥ (⊥ vn · · · v1)� yU `jhig Vg mjkkj ����ýq f nj hWVgTi VfUl ° gU ijhkj VjmS �fhkj (u vn · · · v1) f© u jni gU ijhkj kgji� ojmfU mjn ehfefnTiTfUn ¯�¯�¯ ji ¯����q efTUi��� ji �¿�q ifgn ljn ijhkjn nfUi �SlTmjn� ⊓⊔

^ñóÁí8ïñ [�[�H 842 a;:.9/4:E42 :;2.B<5B42 14 2.1/ A62 ^6=0B42 A<02C<4 B42 ^6=0B422.1/ 1.1 :;2.B<5B42$ 8º;/<34 34 B6 ^6=0B0/; 342 a;:.9/4:E42 24 z.0/ 3.1= B0E0/;4 6<Wa;:.9/4:E42 ^.:/2 34 34�:; 01s10$
()*+,-,.+ p/p/" z�'| 0ë Åñíóñ

u
ñîÅ �ÃÅ :;=<::41/ îÃ �ìïí ÅìïÅñ íÆ�ïÂÅÃìë u→∗

β vÃÄ ñë ñ�ÃîÅñ ïëñ ÁïÅíñ ÅñÄÄñ 8ïñ
v →∗

β u
�

IJ.K.L,-,.+ p/p/~ z�'3 @| :ñî òÆíì Åñíóñî ÂÄìî ñÅ íÆÂïííñëÅî îìëÅ ÀÁÂÃÄñî�
MNOPQO ofTi u gU %Whf ijhkj lmfn ji hWlghhjUiq kfUihfUn rguTm jni gU %Whf ijhkj �fhi VjVj�hW XUT� u jni gU %Whf ijhkj �fhi lSh Tm jni lmfn� RSh muS�nghVjq kfUihfUn rguTm Uj ejgiwihj Vj Vj�hW TUXUT� ªfkkj u Uujni eSn hWnfmg�mjq nS iwij jni VfUl gU hjVja ji Tm nuWlhTi
u = (λx.a b vn · · · v1)� u Uj efnn®Vj VfUl rgj n Sh�gkjUin� xhq nT u jni gU %Whf ijhkj�fhi Vj Vj�hW TUXUTq nS �fhkj UfhkSmj TUXUTj ejgi nuWlhThj u∞ = (d rn+1 · · · r1) f© d jni gU
x¨ü� yU `jhig Vg mjkkj ������q u nj hWVgTi VfUl ° gU ijhkj v = (c wn+1 · · ·w1) f© c jnigU x¨ü� ªfkkj c jni gU x¨üq mjn njgmn hWVgTin Vj v nfUi Vj mS �fhkj v′ = (c′ w′

n+1 · · ·w
′
1)rgT efnn®Vj n + 1 Sh�gkjUin� ªfUihjVTi v →∗

β u� ⊓⊔

^ñóÁí8ïñ [�[��í c4//4 A:.A.20/0.1 :;z¶B4 <14 =6:6=/;:02/0C<4 42241/04BB4 342 /4:E42^6=0B42 © =4BB4 34 A.<z.0: 6AA6:6½/:4 =.EE4 2.<29/4:E4 A:.A:4 » Bº<1 34 242 :;3<0/2$c4 :;2<B/6/ ^Ð/ E.1/:; A.<: B6 A:4E0¶:4 ^.02 A6: Ë41/<:010 4/ Ê6=.A010 ¸#7¹$ 86A:4<z4 :4A.260/ 6B.:2 2<: B6 E;/T.34 2Ì1/6W0C<4 34 Ê6=.A010 3612 B6 λβη9/T;.:04$c4//4 A:4<z4 :;=41/4 42/ 3<4 » R4:6:3<==0 ¸D¹$
����� D�h�¶�
f ��
 
�eÕ�
 �3�h ��

e�h
�	�86 ^6=0B0/; 342 /4:E42 6z4= 652/:6=/0.1 42/ 41z026�465B4$ 86 βη9^6=0B0/; 34 Ω

^Ð/
E.1/:;4 3612 ¸#¹µ ¸#7¹ 4/ ¸7#¹$ Q0120µ B4 /4:E4 λx.(Ω x)

C<0 42/ η9;C<0z6B41/ » Ω 42/
βη9^6=0B4 4/ 6 ^.:/0.:0 ^6=0B4$ d6BT4<:4<24E41/µ » A6:/ 342 η94WA6120.12 34 /4:E42^6=0B42µ È4 14 =.11602 A62 3º6</:42 4W4EAB42 34 /4:E42 ^6=0B42 6z4= 652/:6=/0.1$ x4AB<2 B42 E;/T.342 A:;241/;42 0=0 24:.1/ /.</42 014Ó=6=42 A.<: /:60/4: 34 /4B2 /4:E42$c4//4 C<42/0.1 A.2;4 3612 ¸D¹ :42/4 3.1= .<z4:/4 4/ 14 24:6 A62 /:60/;4 0=0$

D>



>$ %) [)(M*MHJ ¯�¿� @%$ÄÄ!Ä @ÈÌìÊÌ$ÌÅ!Ä
ï�G C��ÚÚ�Ú C°­ó´­�­®�Ú
8º03;4 342 ÂÄÁîîñî Âìë=ëÁëÅñ2 3;:0z4 34 B6 A:4<z4 34 B6 ^6=0B0/; 3< /4:E4 Ω A=^$/T;.:¶E4 >$>$#×$ c4//4 A:4<z4µ C<0 ;/65B0/ B6 =.EE</6/0z0/; 41/:4 B42 :4B6/0.12→∗

Ω=m4/ →∗
β

µ </0B024 34<W A:.A:0;/;2 =.1=4:161/ B4 /4:E4 Ω ©#$ B42 β9:;3<0/2 34 Ω ;/61/ Ω
B<09E¾E4µ 0B2 24 :;3<0241/ 41=.:4 z06→Ω=m

»
m7$ B42 β9:;3<0/2 34 Ω ;/61/ Ω

B<09E¾E4µ C<0 42/ <1 a;:.9/4:E4µ 0B2 14 ^.:E4:.1/È6E602 B6 A6:/04 λx.a 3º<1 :434WÉ A6:/0: 34 =42 34<W A:.A:0;/;2µ .1 41 3;3<0/ <14 =.130/0.1 2<Ó261/4 34 =.1202/61=4 ©20 B6 =BÒ/<:4 3º<1 /4:E4 f A6:→β∪f=m9:;3<=/0.12 42/ =.EA.2;4 34 a;:.9/4:E42µ 6B.:2B6 /T;.:04 λβ + {f = m} 42/ =.1202/61/4$ c4//4 =.130/0.1 24:z0:6 34 ^.134E41/ 6<W=B62242 =.1s161/42 s1042 4/ 01s1042$c4//4 24=/0.1 3;5</4:6 A6: B6 A:;241/6/0.1 342 =B62242 =.1s161/42 41 =.1s�<9:6/0.1 s104$ 842 /4:E42 4/ B42 :;3<=/0.12 ^4:.1/ 6B.:2 A6:/02 3< λ9=6B=<B .:30160:4$8.:2C<4 1.<2 3;=:0:.12 B42 =B62242 =.1s161/42 01s1042µ B42 /4:E42 24:.1/ 6B.:2 /.<2=.1203;:;2 =.EE4 A./41/04BB4E41/ 01s102$
��³�� �¶�

�
 �
 fhá��F�
 ���
()*+,-,.+ p/}/� <ìÃñëÅ A,B ⊆ Λ3 ìë �Æ=ëÃÅ Äñî ÂÄÁîîñî �ñ λ�Åñíóñî 1

2 (A B) = {(a b) ìn a ∈ A
ñÅ

b ∈ B} �2 λx.A = {λx.a ìn a ∈ A} �2 <ìÃÅ C
ïë ÂìëÅñ�Åñ3 C[A] = {C[a] ìn a ∈ A}

()*+,-,.+ p/}/o <ìÃñëÅ m
ïë Åñíóñ ñÅ

A
ïëñ ÂÄÁîîñ �ñ Åñíóñî�

2 më �ÃÅ 8ï �ïë Åñíóñ
u 2º;=T61�4 20EAB4E41/ 41 v A34 A A6: m

× î �ÃÄ ñ�ÃîÅñ
a ∈ A

ñÅ ïë ÂìëÅñ�Åñ îÃó�Äñ C
ÅñÄî 8ïñ

u = C[a]
ñÅ

v = C[m]
�më �ÃîÅÃë5ïñ 1

2 ;=T61�4 34 /¾/4 1 îÃ Äñ Åíìï �ï ÂìëÅñ�Åñ C
ñîÅ ñë Å9Åñ3 Ã�ñ� C = ([] ~t ) ìn ~t

ñîÅïëñ îïÃÅñ �ñ Åñíóñî�
2 ;=T61�4 01/4:14 1 îÃ Äñ Åíìï �ï ÂìëÅñ�Åñ C ë�ñîÅ �Áî ñë Å9Åñ3 Ã�ñ� C = (h D ~t )ìn h

ñîÅ ïë Åñíóñ3 ~t ïëñ îïÃÅñ �ñ Åñíóñî ñÅ
D

ïë ÂìëÅñ�Åñ�
()*+,-,.+ p/}/p <ìÃñëÅ A

ñÅ
B �ñï� ÂÄÁîîñî �ñ Åñíóñî ñÅ m

ïë Åñíóñ� më �Æ=ëÃÅÄñî ÂÄÁîîñî îïÃ�ÁëÅñî 1
2 A[B → m]1 = {C[m] ìn C

ñîÅ ïë ÂìëÅñ�Åñ îÃó�Äñ ÅñÄ 8ï �ÃÄ ñ�ÃîÅñ b ∈ B
ÅñÄ8ïñ

C[b] ∈ A} � më Ä �Á��ñÄÄñ ÄÁ =B6224 342 ;=T61�42 �ñ B �Áí m �Áëî A
�

2 A[B → m]s1 = {C[m] ìn C
ñîÅ ïë ÂìëÅñ�Åñ îÃó�Äñ ëìë ÅíÃ�ÃÁÄ ÅñÄ 8ï �ÃÄ ñ�ÃîÅñ

b ∈ B
ÅñÄ 8ïñ

C[b] ∈ A} � më Ä �Á��ñÄÄñ ÄÁ =B6224 342 ;=T61�42 2/:0=/2 �ñ B �Áí
m �Áëî A

�
^ñóÁí8ïñ [�{�{ 842 ;=T61�42 24 ^.1/ 2612 :41.EE6�4 342 z6:065B42 B0;42$ yB Ì 63.1= <1 :02C<4 34 =6A/<:4 34 z6:065B42$ @6: 4W4EAB4µ (λx.b c) [b → x] = (λx.x c)

$c4 :02C<4 302A6:6½/ 20 B4 /4:E4 34 Bº;=T61�4 42/ =B.2$
()*+,-,.+ p/}/� z�| <ìÃÅ m

ïë Åñíóñ ñÅ
A

ïë ÂÄÁîîñ �ñ Åñíóñî� :Á ÂÄkÅïíñCl1m(A)ñîÅ ÄÁ �Äïî �ñÅÃÅñ ÂÄÁîîñ �ñ Åñíóñî =ëÃî ÂìëÅñëÁëÅ A3 îÅÁðÄñ �Áí β �íÆ�ïÂÅÃìëî ñÅ ÂÄìîñ�Áí ÆÂ>Áë5ñî îÃó�Äñî îÅíÃÂÅî �ñ îñî Åñíóñî �Áí m
�iïÅíñóñëÅ �ÃÅ3 îÃ B = Cl1m(A)3 ÁÄìíî B

ñîÅ ÄÁ �Äïî �ñÅÃÅñ ÂÄÁîîñ 8ïÃ ÂìëÅÃñëÅ AñÅ 8ïÃ �ÆíÃ=ñ 1
2 �ìïí ÅìïÅ Åñíóñ

b ∈ B 3 îÃ b→∗
β b′ ÁÄìíî b′ ∈ B2 B[B → m]s1 ⊆ B

D?
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^ñóÁí8ïñ [�{�� Ç1 E.Ì41 3º.5/410: B6 =BÒ/<:4 Cl1m(A) =.1202/4 » A6:/0: 34 B6 =B6224
A A.<: Ì 6È.</4: /.<2 B42 β9:;3<0/2 34 A 4/ /.<2 B42 ;=T61�42 20EAB42 342 /4:E42 34
A A6: m

$ Õ1 .5/041/ 6B.:2 <14 =B6224 A1
$ Õ1 :;A¶/4 412<0/4 B4 A:.=;3; 2<: A1

µ =4C<0 3.114 <14 =B6224 A2
µ
...

86 =B6224 A∞ =
⋃

i≥1

Ai
42/ 6B.:2 B6 =BÒ/<:4 Cl1m(A)

$
��³�b �¶�

�
 h	�����
�
 ����

842 ÂÄÁîîñî Âìë=ëÁëÅñî z.1/ /:612^.:E4: B6 :;2.B</0.1 3< A:.5B¶E4 34 B6 =.1202/61=434 Bº;C<6/0.1 {f = m}$ 86 2.B</0.1 z6 =.1202/4: 3¶2 B.:2 » /:.<z4: 342 =B62242
C =.EA.2;42 34 a;:.9/4:E42µ 2/65B42 A6: β9:;3<=/0.12 4/ A6: ;=T61�42 20EAB42 342/4:E42 34 C A6: m

$ 86 =.130/0.1 34 2/650B0/; 2.<B¶z4 34<W /ÌA42 34 30Ó=<B/;2 2<0z61/B6 =.EA.20/0.1 342 =B62242$ Ô0 Bº;=T61�4 42/ 01/4:14 A=^$ 3;^$ >$?$7× 0$4$ 34 B6 ^.:E4
(h · · · [] · · · )µ 4/ 20 h 42/ <1 a;:.9/4:E4 6B.:2 Bº;=T61�; (h · · ·m · · · ) 24:6 =B60:4E41/<1 a;:.9/4:E4$ V1 :4z61=T4µ 20 B4 =.1/4W/4 42/ 41 /¾/4µ 0$4$ ([] a · · · )µ 0B ^6<3:6 41 AB<2z;:0s4: C<4 Bº;=T61�4 (m a · · · ) :42/4 5041 <1 a;:.9/4:E4$ @6:E0 /.</42 B42 =B62242C<4 1.<2 4W6E014:.12 3612 =4//4 A6:/04µ 24<B42 =4BB42 342 /T;.:¶E42 >$?$#? 4/ ?$7$D2.1/ 3< 24=.13 /ÌA4$ c42 A:4<z42 ^.1/ A6:/0 342 AB<2 30Ó=0B42 » ;/65B0: 41 E6/0¶:434 =B62242 =.1s161/42$
()*+,-,.+ p/}/� z{3 �| <ìÃÅ m

ïë Åñíóñ ÂÄìî =ëÃ� 0ëñ ÂÄÁîîñ C �ñ Åñíóñî ÂÄìî ñÅ=ëÃî ñîÅ �ÃÅñ =.1s161/4 s104 �ìïí m îÃ 1
2 Äñî ÆÄÆóñëÅî �ñ C îìëÅ �ñî òÆíì�Åñíóñî
2 C ñîÅ ÂÄìîñ �Áí β �íÆ�ïÂÅÃìëî2 C ñîÅ ÂÄìîñ �Áí ÆÂ>Áë5ñ îÃó�Äñ �ñ C �Áí m

Ã�ñ� C[C → m]s1 ⊆ C
º»).J¼½¾ p/}/" z{3 �| <ìÃÅ m

ïë Åñíóñ ÂÄìî =ëÃ ñÅ C ïëñ ÂÄÁîîñ Âìë=ëÁëÅñ =ëÃñ�ìïí m
� <Ã t ∈ C ÁÄìíî ÄÁ Å>ÆìíÃñ λβ + {t = m} ñîÅ ÂìëîÃîÅÁëÅñ�

MNOPQO �UihfVgTnfUn mS hjmSiTfU rgT SnnflTj m ° ifgi ijhkj b
WmWkjUi Vj C � ymmj njhSUfiWj b →m m� yU eShiTlgmTjhq t →m m� � muTUniSh Vj mS ehjg`j Vj mS �SlTmTiW Vj Ω

�l��i�� ¯�¯���q kfUihfUn rgj mS hjmSiTfU →∗
βm

hWgUTfU Vj →∗
β
ji →∗

m
jni lfUçgjUij� ±h²lj Sgmjkkj Vj ETUVmjvpÀfnjUq Tm ng i VuWiS�mTh rgj →m

jni lfUçgjUij ji rgj →∗
m

lfkkgijS`jl →∗
β �

⊲ ofTi u gU ijhkj ji b1 q b2
Vjga WmWkjUin Vj C ijmn rgj v ←m:b2 u →m:b1 w � Rfgh�jhkjh mj VTS�hSkkjq Tm �Sgi WigVTjh mS efnTiTfU hjmSiT`j Vjn Vjga nfgnpijhkjn b1

ji
b2 � _j njgm lSn UfU ihT`TSm jni ljmgT f© b2 < b1 � �m jaTnij Smfhn gU lfUijaij nTkemjUfU ihT`TSm C ijm rgj b1 = C[b2]� «TUnTq lfkkj C jni gUj lmSnnj lfUXUSUij efgh mq
C[m] ∈ C[C → m]s1 ⊆ C � �uf© mj VTS�hSkkj s

b1 = C[b2] →m:b1 m
↓m:b2 ||
C[m] →m:C[m] m

⊲ ­fUihfUn kSTUijUSUi rgj →∗
m

ji →∗
β
lfkkgijUi� Rfgh ljmSq fU kfUihj rgj mS

βphWVgliTfU lfkkgij S`jl mSmphWVgliTfU nSUn Sg�kjUijh mj Ufk�hj Vj βphWVgliTfUn�ofTi u gU ijhkjq r = (λx.e f) gU hjVja ji b gU WmWkjUi Vj C ijmn rgj
v ←β:r u →m:b w � Rfgh �jhkjh mj VTS�hSkkjq Tm �Sgi WigVTjh mS efnTiTfU hjmSiT`jVjn Vjga nfgnpijhkjn r ji b� EfhkTn mj lSn Vjn nfgnpijhkjn VTn�fTUin rgT jni ihT`TSmqfU VTniTU�gj ¿ lSn st b = r � �SUn lj lSnq r ∈ C q ji VfUl nT r →β r′ Smfhn r′ ∈ C jU `jhig Vj mS lmHighjVjn lmSnnjn lfUXUSUijn eSh βphWVgliTfUn� �uf© mj VTS�hSkkj s

r →m:b m
↓β:r ||
r′ →∗

m:r′ m

DD
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t b ≤ f � �SUn lj lSnq f = C[b]q ji fU S mj VTS�hSkkj s

(λx.e C[b]) →m:b (λx.e C[m])
↓β:r ↓β:r′

e[C[b]/x] →∗
m:b e[C[m]/x]

t b ≤ λx.e� ªfkkj b jni gU %Whfpijhkjq b ≤ e ji VfUl e = C[b]� ªfkkj m ji b nfUilmfnq fU S mj VTS�hSkkj ngT`SUi s
(λx.C[b] f) →m:b (λx.C[m] f)
↓β:r ↓β:r′

C[f/x][b] →m:b C[f/x][m]

t r < b� �SUn lj b→β:r b′ ji b′ ∈ C � xU lfUlmgi lfkkj efgh b = r � ⊓⊔

^ñóÁí8ïñ [�{�Ö 86 A:4<z4 E.1/:4 41 ^60/ <1 :;2<B/6/ AB<2 ^.:/ C<4 Bº;1.1=; 3</T;.:¶E4$ V1 4Ñ4/µ .1 .5/041/ B6 =.1202/61=4 34 λβ + {C = m} .Î B6 =B6224 C 42/20E<B/61;E41/ 0341/0s; »
m
$

Î.J.ÏÏÐ,J¾ p/}/�� 7ìïí ÅìïÅñ ÂÄÁîîñ �ñ Åñíóñî ÂÄìî =ëÃî A
ñÅ �ìïí ÅìïÅ Åñíóñ ÂÄìî=ëÃ m3 îÃ Cl1m(A)

ñîÅ Âìó�ìîÆñ �ñ òÆíì�Åñíóñî3 ÁÄìíî �ìïí ÅìïÅ Åñíóñ
a ∈ A3 ÄÁÅ>ÆìíÃñ λβ + {a = m} ñîÅ ÂìëîÃîÅÁëÅñ�

MNOPQO Cl1m(A) jni lmSThjkjUi gUj lmSnnj lfUXUSUij efgh m� xU lfUlmgi Smfhn �h²lj Sgi�Wfh®kj ¯�¿��� ⊓⊔

^ñóÁí8ïñ [�{��� Ô0 C 42/ <14 =B6224 =.1s161/4 A.<: m
C<0 =.1/041/ t

µ 6B.:2
Cl1m({t}) ⊆ C $ @.<: E.1/:4: B6 =.1202/61=4 34 λβ + {t = m}µ 0B ^6</ 3.1= =T4:=T4:<14 =B6224 34 /4:E42 =.EA:024 41/:4 Cl1m({t}) 4/ B6 =B6224 342 a;:.9/4:E42$ c4//4=B6224 34z:6 ¾/:4 2<Ó26EE41/ �:6134 A.<: ¾/:4 =B60:4E41/ =B.24 A6: ;=T61�42 4/A6: β9:;3<=/0.12µ 2612 /.</4^.02 4W6�;:4: 6< :02C<4 34 B6 z.0: 2.:/0: 3< =63:4 342a;:.9/4:E42$
^ñóÁí8ïñ [�{��'86 E;/T.34 342 =B62242 =.1s161/42 6 242 B0E0/42$

� 86 =.130/0.1 C<0 0EA.24 6<W =B62242 =.1s161/42 34 1º¾/:4 =.EA.2;42 C<4 34a;:.9/4:E42 24:/ <10C<4E41/ » 20EAB0s4: B6 A:4<z4$ VBB4 1º42/ A62 1;=42260:4$V1 =.12;C<41=4µ B42 =B62242 =.1s161/42 14 A4:E4//41/ A62 34 E.1/:4: B6 ^6=0B0/;342 1.1 a;:.9/4:E42 6B.:2 C<º0B2 4W02/41/ =.EE4 41 /;E.0�14 B6 24=/0.1 >$>$>$
� 842 =B62242 =.1s161/42 14 /:60/41/ A62 3< =62 34 B6 η9^6=0B0/; C<0 6 ;/; A:.<z;4A6: 60BB4<:2 A.<: B42 /4:E42 :;=<::41/2 3612 ¸#7¹ 4/ A.<: B42 /4:E42 1.1 AB0;2A<14 z6:061/4 342 :;=<::41/2× 3612 ¸#>µ 7#¹$

��ñó�Äñ [�{��[@.<: /.</ /4:E4 =B.2 m
µ C = {Ω} 42/ <14 =B6224 =.1s161/4 A.<: m

$ V1 4Ñ4/µ B42/:.02 A.01/2 2<0z61/2 2.1/ z;:0s;2$� C 42/ =B60:4E41/ =.EA.2;4 34 a;:.9/4:E42 =B.2
� C 42/ =B.24 A6: β9:;3<=/0.12 z< C<4 Ω 14 24 :;3<0/ C<º» B<0 E¾E4
� C 42/ ;�6B4E41/ =B.24 A6: ;=T61�42 20EAB42 z< C<4 Ω 1º42/ A62 <1 2.<29/4:E4A:.A:4 » B<09E¾E4$xº.Î B6 =.1202/61=4 34 λβ + {Ω = m} A.<: /.</ /4:E4 m

$ Q0120µ Ω 42/ ^6=0B4$
º»).J¼½¾ p/}/�} z�|

2 <ìÃÅ Q Ä �ñëîñóðÄñ �ñî Åñíóñî 1
�� î �ÆÂíÃ�ÁëÅ Á�ñÂ ÄÁ îñïÄñ �ÁíÃÁðÄñ ÄÃÆñ ñÅ ÄÃðíñ y'� ëñ �ìîîÆ�ÁëÅ �Áî λy.y Âìóóñ îìïî�Åñíóñ
[� îÁëî ÁðîÅíÁÂÅÃìë ëñ ÄÃÁëÅ ÁïÂïëñ �ÁíÃÁðÄñ

DF
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2 <ìÃÅ C Ä �ñëîñóðÄñ �ñî òÆíì�Åñíóñî �ñ Q2 <ìÃÅM Ä �ñëîñóðÄñ �ñî Åñíóñî �ñ Q Âìóóñë0ÁëÅ �Áî ïëñ ÁðîÅíÁÂÅÃìë
C ñîÅ ïëñ ÂÄÁîîñ Âìë=ëÁëÅñ �ìïí ÅìïÅ Åñíóñ �ñM �

MNOPQO ¬fTlT gU nl�WkS Vj mS ehjg`j ehWnjUiWj jU VWiSTmn VSUn ¸ú¹�
⊳ �£¡�O � ⊲

Q jni lmfnj eSh βphWVgliTfUn� �j kwkj efgh C �
MNOPQO �WhT`j Vj mS VWXUTiTfU Vj Q rgT nuSeeShjUij ° ljmmj Vg λIplSmlgm� C jni lfkefnWjVj %Whfpijhkjn� ªfkkj mjn %Whfpijhkjn nfUi niS�mjn eSh βphWVgliTfUnq fU f�iTjUi mj hWngmiSi�

⊳ �£¡�O � ⊲

C = (Q Q) jiM = Q− C

MNOPQO _jn ijhkjn Vj C nfUi Vjn SeemTlSiTfUnq fU jU VWVgTi muTUlmgnTfU C ⊆ (Q Q)� RfghmS hWlTehfrgjq S`jl muSTVj Vj muWiSej �q fU `WhTXj rgj (Q Q) jni niS�mj eSh βphWVgliTfUnq ljrgT mgT �ShSUiTi Vuwihj lfkefnWj Vj %Whfpijhkjn� _j VjgaT®kj efTUi nj VWVgTi Vg lfUniSirgugU ijhkj Vj C jni nfTi gUj SeemTlSiTfU nfTi gUj S�nihSliTfU�
⊳ �£¡�O ! ⊲

M[C →M]1 ⊆M
ji C[C →M]s1 ⊆ CMNOPQO _jn Vjga efTUin nfUi kfUihWn nTkgmiSUWkjUi eSh TUVgliTfU ngh mS mfU�gjgh Vjnijhkjn� ojmfU muWiSej �q C ji M �fhkjUi gUj eShiTiTfU Vj Q� «TUnT

C = (MM) ∪ (M C) ∪ (C M) ∪ (C C)� xU lfUlmgi Smfhn eSh SUSmvnj Vjn lSn�
⊓⊔

^ñóÁí8ïñ [�{��@ c.1=4:161/ B42 =B62242 =.1s161/42µ =4//4 A:4<z4 42/ =B6220C<4$ -.9/6EE41/ Bº;/6A4 A>× C<0 E.1/:4 B6 =BÒ/<:4 34 C A6: ;=T61�4 » Bº6034 3º<14 013<=/0.12<: B6 /60BB4 342 /4:E42$ yB 42/ 6B.:2 1;=42260:4 3º;=:0:4 B6 =B6224 C 41 ^.1=/0.1 3º4BB49E¾E4 4/ 3º6</:42 =B62242 C<0 2.1/ =B60:4E41/ =B.242 A6: ;=T61�42$
Î.J.ÏÏÐ,J¾ p/}/�� öÄ ñîÅ ÂìëîÃîÅÁëÅ ��Æ5ÁÄñí ÅìïÅ òÆíì�Åñíóñ ÂÄìî ÆÂíÃÅ Á�ñÂ ïëñîñïÄñ �ÁíÃÁðÄñ ñÅ ëñ ÂìëÅñëÁëÅ �Áî λx.x Âìóóñ îìïî�Åñíóñ ? ÅìïÅ Åñíóñ ÆÂíÃÅ Á�ñÂïëñ îñïÄñ �ÁíÃÁðÄñ ñÅ Âìóóñë0ÁëÅ �Áí ïëñ ÁðîÅíÁÂÅÃìë�
MNOPQO �kkWVTSi ° eShiTh Vjn i�Wfh®kjn ¯�¿�� ji ¯�¿��¿� ⊓⊔

Î.J.ÏÏÐ,J¾ p/}/�� z�| <ìÃÅ Ω3 = (δ3 δ3)
ìn δ3 = λx.(x x x)

ñÅ îìÃÅ
Yc = (λy.(Ω3 (y y)) (λy.(Ω3 (y y))) )

Äñ ÂìóðÃëÁÅñïí �ñ �ïííl �ñ Ω3
� :Á Å>Æì�íÃñ λβ + {Yc = δ3}

ñîÅ ÂìëîÃîÅÁëÅñ�
MNOPQO Yc ∈ C

ji δ3 ∈M� _j hWngmiSi VWlfgmj Vg i�Wfh®kj ¯�¿��¿� ⊓⊔

^ñóÁí8ïñ [�{��~ c4 :;2<B/6/ 34 =.1202/61=4 14 2º;/413 A.<:/61/ A62 6< =.E5016/4<:34 A.01/ sW4 34 b<:01� C<0 2º;=:0/ B<0 6z4= 34<W z6:065B42 ©
Yt = (λxf.(f (x x) f) (λxf.(f (x x) f)) )

$

DU
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��³�� ôe�ÕÕ��e�
 �� h¶�

�

842 �:6EE60:42 A4:E4//41/ 34 =.12/:<0:4 342 =B62242 C<0 24:z0:.1/ 34 =613036/426<W =B62242 =.1s161/42$ 842 A:.A:0;/;2 34 2/650B0/; A.<::.1/ 6B.:2 ¾/:4 3;E.1/:;42A6: 013<=/0.1 2<: B42 :¶�B42 34 B6 �:6EE60:4$
()*+,-,.+ p/}/�~ <ìÃÅ ~C

ïëñ îïÃÅñ =ëÃñ �ñ ÂìëÅñ�Åñî =ëÃî ñÅ A ïëñ ÂÄÁîîñ �ñÅñíóñî Ãë=ëÃî� më Á��ñÄÄñ =BÒ/<:4 34 A A6: ~C
ÄÁ ÂÄÁîîñM =

⋃

i≥0

Mi
ìn (Mi)i≥0

ñîÅ
ÄÁ îïÃÅñ �ñ ÂÄÁîîñî �Æ=ëÃñ �Áí M0 = A ñÅ

Mi+1 = Mi ∪ C1[Mi] ∪ · · · ∪ Cn[Mi]
�ìïíÅìïÅ i ≥ 0

�
IJ.K.L,-,.+ p/}/o� <ìÃÅ ~C

ïëñ îïÃÅñ =ëÃñ �ñ ÂìëÅñ�Åñî =ëÃî ñÅ A ïëñ ÂÄÁîîñ �ñÅñíóñî Ãë=ëÃî� <ÃM ñîÅ ÄÁ ÂÄkÅïíñ �ñA �Áí ~C ÁÄìíîM = A∪C1[M]∪· · ·∪Cn[M]
�iÃëîÃ3M ñîÅ ÄÁ �Äïî �ñÅÃÅñ ÂÄÁîîñ �ñ Åñíóñî Ãë=ëÃî �ÆíÃ=ÁëÅA ⊆M ñÅ

Ck[M] ⊆M�ìïí ÅìïÅ 1 ≤ k ≤ n
�

MNOPQO RSh TUVgliTfU ngh mS VWXUTiTfU VjM�
()*+,-,.+ p/}/o� <ìÃÅ ~C

ïëñ îïÃÅñ =ëÃñ �ñ ÂìëÅñ�Åñî =ëÃî ñÅ A ïëñ ÂÄÁîîñ �ñÅñíóñî Ãë=ëÃî� IÂíÃíñM = A | C1[M] | · · · | Cn[M] îÃ5ëÃ=ñíÁ 8ïñM ñîÅ ÄÁ ÂÄkÅïíñ
�ñ A �Áí ~C

�
��³�³ �¶�

�
 h	�����
�
 ������

842 ÂÄÁîîñî Âìë=ëÁëÅñî Ãë=ëÃñî .1/ Bº6z61/6�4 2<: B42 s1042 34 14 =.1/410: C<4 342^.:E42 1.:E6B42 01s1042$ V1 =.12;C<41=4µ B6 =.130/0.1 34 2/650B0/; A6: β9:;3<=/0.12302A6:6½/$ x4 AB<2µ B6 =B6224 42/ AB<2 :42/:401/4 3< ^60/ C<º4BB4 14 A.22¶34 AB<2 /.<2B42 :;3<0/2 01/4:E;3060:42 41/:4 B4 /4:E4 4/ 26 ^.:E4 1.:E6B4$ 8º;/<34 342 ;=T61�422º41 /:.<z4 60120 20EAB0s;4 E¾E4 2612 =.1/:4A6:/04µ B42 =.1/4W/4 A4<z41/ 3;2.:E602¾/:4 C<4B=.1C<4$ c4 A.01/ ^.:/ 42/ /.</4^.02 =.EA412; A6: Bº6AA6:0/0.1 34 /4:E422<AAB;E41/60:42 C<0 2.1/ A:.A:42 6< λ⊥9=6B=<B 01s10$ -./6EE41/ 342 /4:E42 ÁïÅì�îÃóÃÄÁÃíñî C<0 6AA6:602241/ =.EE4 342 2.<29/4:E42 A:.A:42 » 4<W9E¾E42$ c4//420/<6/0.1 1º4W02/60/ A62 3612 B4 =62 s10$ x4:104: 6/.</µ 41 01s10 B42 a;:.9/4:E42 2.1/A6:^60/4E41/ =6:6=/;:02;2 =.EE4 B4 E.1/:4 B6 A:.A.20/0.1 >$>$D$ 86 =.1/:601/4 342a;:.9/4:E42 42/ 3.1= 4BB4 6<220 20EAB0s;4$
æ.-Ð-,.+ p/}/oo x;2.:E602 1.<2 1.<2 AB6¿.12 3612 B4 =63:4 3< λ⊥9=6B=<B 01s10$842 /4:E42 24:.1/ 3.1= A./41/04BB4E41/ 01s102$

� @.<: /.</ /4:E4 u
µ
u∞ 3;20�14 26 ^.:E4 1.:E6B4 01s104$

� @.<: /.</ =.1/4W/4 C A;z41/<4BB4E41/ 01s10 6z4= <14 01s10/; 34 /:.<2× 4/ A.<:/.</ /4:E4 m
µ
C[m]∞ 3;20�14 B6 ^.:E4 1.:E6B4 01s104 34 C[m]

$
()*+,-,.+ p/}/op <ìÃñëÅ m

ïë Åñíóñ ñÅ
A

ïëñ ÂÄÁîîñ �ñ Åñíóñî� më �ÃÅ 8ï �ïëÅñíóñ
u 2º;=T61�4 41 v A34 A A6: m

× î �ÃÄ ñ�ÃîÅñ a ∈ A
ñÅ

C
ïë ÂìëÅñ�Åñ \Æ�ñëÅïñÄ�ÄñóñëÅ Á�ñÂ ïëñ Ãë=ëÃÅÆ �ñ Åíìïî] ÅñÄ 8ïñ

u = C[a]
ñÅ

v = C[m]∞
�

()*+,-,.+ p/}/o} <ìÃñëÅ A
ñÅ

B �ñï� ÂÄÁîîñî �ñ Åñíóñî ñÅ
m

ïë Åñíóñ� më�Æ=ëÃÅ Äñî ÂÄÁîîñî îïÃ�ÁëÅñî 1
�� 2 A[B → m] = {C[m]∞ ìn C

ñîÅ ïë ÂìëÅñ�Åñ îÃó�Äñ ÅñÄ 8ï �ÃÄ ñ�ÃîÅñ b ∈ B
ÅñÄ8ïñ

C[b] ∈ A} � më Ä �Á��ñÄÄñ ÄÁ =B6224 342 ;=T61�42 20EAB42 01s102 �ñ B �Áí
m �Áëî A

�
2 A[B → m]s = {C[m]∞ ìn C

ñîÅ ïë ÂìëÅñ�Åñ îÃó�Äñ ÅñÄ 8ïñ
C∞ 6= []

ñÅ ÅñÄ8ï �ÃÄ ñ�ÃîÅñ b ∈ B
ÅñÄ 8ïñ

C[b] ∈ A} � më Ä �Á��ñÄÄñ ÄÁ =B6224 342 ;=T61�4220EAB42 2/:0=/2 4/ 01s102 �ñ B �Áí m �Áëî A
�

D,
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'� 2 A[B →∞ m] = {C[m]∞ ìn C

ñîÅ ïë ÂìëÅñ�Åñ Æ�ñëÅïñÄÄñóñëÅ Á�ñÂ ïëñÃë=ëÃÅÆ �ñ Åíìïî ÅñÄ 8ï �ÃÄ ñ�ÃîÅñ b ∈ B
ÅñÄ 8ïñ

C[b] ∈ A} � më Ä �Á��ñÄÄñ ÄÁ=B6224 342 ;=T61�42 01s102 �ñ B �Áí m �Áëî A
�

2 A[B →∞ m]s = {C[m]∞ ìn C
ñîÅ ïë ÂìëÅñ�Åñ Æ�ñëÅïñÄÄñóñëÅ Á�ñÂ ïëñÃë=ëÃÅÆ �ñ Åíìïî ÅñÄ 8ïñ

C∞ 6= []
ñÅ ÅñÄ 8ï �ÃÄ ñ�ÃîÅñ b ∈ B

ÅñÄ 8ïñ
C[b] ∈ A}�më Ä �Á��ñÄÄñ ÄÁ =B6224 342 ;=T61�42 2/:0=/2 01s102 �ñ B �Áí m �Áëî A

�
^ñóÁí8ïñ [�{�'@ 86 =.130/0.1 34 =.1/4W/4 1.1 /:0z06B 342 =B62242 =.1s161/42 s104234z041/ 0=0 C∞ 6= []

$ V1 z4:/< 342 B4EE42 7$#$7, 4/ 7$7$\µ =4//4 =.130/0.1 2º;=:0/;�6B4E41/ C 6→∗
β [] .< 41=.:4 C 1º42/ A62 ;z61.<02261/ A=^$ 3;s10/0.1 #$>$?F×$

()*+,-,.+ p/}/o� z�| <ìÃÅ m
ïë Åñíóñ ÂÄìî ñÅ

A
ïë ÂÄÁîîñ �ñ Åñíóñî ÂÄìî�

2 :Á ÂÄkÅïíñ îÃó�Äñ Clsm(A)
ñîÅ ÄÁ �Äïî �ñÅÃÅñ ÂÄÁîîñ �ñ Åñíóñî îìïî Àìíóñ ëìí�óÁÄñ Ãë=ëÃñ ÂìëÅñëÁëÅ A

ñÅ ÂÄìîñ �Áí ÆÂ>Áë5ñî 20EAB42 îÅíÃÂÅî �ñ îñî Åñíóñî�Áí m Â �ñîÅ�?��Ãíñ Clsm(A) [Clsm(A)→ m]s ⊆ Clsm(A)
�

2 :Á ÂÄkÅïíñ Clm(A)
ñîÅ ÄÁ �Äïî �ñÅÃÅñ ÂÄÁîîñ �ñ Åñíóñî îìïî Àìíóñ ëìíóÁÄñ Ãë=�ëÃñ ÂìëÅñëÁëÅ A

ñÅ ÂÄìîñ �Áí ÆÂ>Áë5ñî îÅíÃÂÅî �ñ îñî Åñíóñî �Áí m Â �ñîÅ�?��Ãíñ
Clm(A) [Clm(A)→∞ m]s ⊆ Clm(A)

�
()*+,-,.+ p/}/o� z{| <ìÃÅ m

ïë Åñíóñ ÂÄìî� 0ëñ ÂÄÁîîñ C �ñ Åñíóñî ÂÄìî îìïîÀìíóñ ëìíóÁÄñ Ãë=ëÃñ ñîÅ �ÃÅñ =.1s161/4 01s104 �ìïí m îÃ 1
2 Äñî ÆÄÆóñëÅî �ñ C îìëÅ �ñî òÆíì�Åñíóñî
2 C ñîÅ ÂÄìîñ �Áí ÆÂ>Áë5ñî îÅíÃÂÅî �ñ C �Áí m3 Ã�ñ� C[C →∞ m]s ⊆ C:Á �ñï�ÃBóñ �íì�íÃÆÅÆ îñíÁ Á��ñÄÆñ ÄÁ =.130/0.1 34 2/650B0/; ��ïëñ ÂÄÁîîñ Âìë=ëÁëÅñÃë=ëÃñ�

º»).J¼½¾ p/}/o" z{| <ìÃñëÅ m
ñÅ

t �ñï� Åñíóñî =ëÃî ñÅ C ïëñ ÂÄÁîîñ Âìë=ëÁëÅñÃë=ëÃñ �ìïí m∞ � <Ã t∞ ∈ C ÁÄìíî ÄÁ Å>ÆìíÃñ λβ + {t = m} ñîÅ ÂìëîÃîÅÁëÅñ�
MNOPQO ¬fTlT gU nl�WkS Vj mS ehjg`j ehWnjUiWj jU VWiSTm VSUn ¸ú¹� _uTVWj lfUnTnij ° hSpkjUjh mj ehf�m®kj TUXUT ° ljmgT VugUj lmSnnj lfUXUSUij XUTj VugU ivej mW�®hjkjUi VT�WhjUiVj ljmgT VWXUT jU ¯�¿���

⊳ �£¡�O � ⊲

ofTi D gUj lmSnnj Vj ijhkjn lmfn XUTn rgT `WhTXj st mjn WmWkjUin Vj D nfUi Vjn %Whfpijhkjn
t D jni lmfnj eSh βphWVgliTfUnt efgh ifgi lfUijaij nTkemj C ijm rgj C 6→∗

β []q nT C[b] ∈ D ji b ∈ D Smfhn C[m] ∈ D ��«gihjkjUi VTiq D jni lmfnj eSh Wl�SU�j Vj D eSh m ngT`SUi Vjn lfUijaijn C UfU W`SpUfgTnnSUin��«mfhn mS i�WfhTj λβ + {t = m} jni lfUnTniSUij�
MNOPQO ªfkkj efgh mS ehjg`j Vg i�Wfh®kj ¯�¿��q Tm nuS�Ti Vj kfUihjh mS lfUçgjUlj VjmS →βm

hWVgliTfU� ªjiij �fTn →m
Uj lfkkgij emgn S`jl jmmjpkwkj� yU j�jiq nT C jni gUlfUijaij ijm rgj C →∗

β []q mj VTS�hSkkj ngT`SUi Uujni emgn efnnT�mj lSh hTjU Uj �ShSUiTimuSeeShijUSUlj Vj C[m] ° D s
b1 = C[b2] →m:b1 m
↓m:b2 ||
C[m] →m:?? m

ªjejUVSUiq Ufgn S`fUn mj VTS�hSkkj ngT`SUi s
b1 = C[b2] →m:b1 m
↓m:b2 ||
C[m] →∗

β m

xU hWlge®hj VfUl mS lfUçgjUljq lfkkj ° mS njliTfU ��¯�¿q jU TUihfVgTnSUi mS hWVgliTfUW`SUfgTnnSUij →c
rgT lfkkgij eSh�STijkjUi S`jl →β

ji →m �
D\
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_S lmSnnj E q VWXUTj lfkkj mujUnjk�mj Vjn ijhkjn v ijmn rgj v∞ SeeShiTjUUj ° C q jnilfUXUSUij Sg njUn Vj muWiSej ��
MNOPQO E jni niS�mj eSh βphWVgliTfUn� �uSeh®n mj mjkkj ������q jmmj jni lfkefnWj Vj%Whfpijhkjn lmfn lfkkj C � ­fUihfUn rgj E jni niS�mj eSh Wl�SU�jn� ofTjUi v, w ∈ E ji
C gU lfUijaij nTkemj ji XUT ijm rgj C 6→∗

β []� ­fUihfUn rgj C[m] ∈ E � ªfkkj v jni gU%Whfpijhkj lmfnq lujni SgnnT gU x¨ü� �uSeh®n mj lfhfmmSThj ��¯��¯q C[v]∞ = C∞[v∞]� �uSgihjeShiq lfkkj m jni lmfn C[m]∞ = C∞[m∞]� ªfkkj C∞ Uujni eSn ihT`TSmq rgj v∞ ∈ Cji rgj C jni gUj lmSnnj lfUXUSUij TUXUTj efgh m∞ q fU jU VWVgTi rgj C∞[m∞] ∈ C � RShVWXUTiTfUq fU f�iTjUi VfUl C[m] ∈ E �
⊓⊔

Î.J.ÏÏÐ,J¾ p/}/o~ 7ìïí ÅìïÅñ ÂÄÁîîñ �ñ Åñíóñî ÂÄìî A
ñÅ �ìïí ÅìïÅ Åñíóñ ÂÄìî =ëÃ

m3 îÃ Clm(A)
ñîÅ Âìó�ìîÆñ �ñ òÆíì�Åñíóñî3 ÁÄìíî �ìïí ÅìïÅ Åñíóñ =ëÃ a ∈ A3 ÄÁÅ>ÆìíÃñ λβ + {a = m} ñîÅ ÂìëîÃîÅÁëÅñ�

MNOPQO Clm(A) jni lmSThjkjUi gUj lmSnnj lfUXUSUij TUXUTj efgh m� xU lfUlmgi Smfhn�h²lj Sg i�Wfh®kj ¯�¿���� ⊓⊔

^ñóÁí8ïñ [�{�[í 86 =BÒ/<:4 Clsm(A) 42/ 01=B<24 3612 Clm(A)
$ É A:0.:0 =4/ 019=B<20.1 42/ 2/:0=/4$ V1 4Ñ4/µ ¾/:4 =B.2 A6: ;=T61�42 20EAB42 41/:6½14 B6 =BÒ/<:4 A6:;=T61�42 24B.1 342 =.1/4W/42 C<0 A.22¶341/ <1 1.E5:4 s10 34 /:.<2$ c4 C<0 34z041/^6<W A.<: <1 1.E5:4 01s10 34 /:.<2$ V1 A6:/0=<B04: 20 1.<2 =.1203;:.12 B4 /4:E4

t = ( · · · I I I)
µ 6B.:2 ( · · · 0 0 0) 6AA6:6½/ 3612 B6 =B6224 t[I →∞ 0]

/61302 C<º0B 42/65241/ 34 t[I → 0]
$ É =4 È.<:µ 0B 1º4W02/4 A62 34 :;2<B/6/ 34 =.1202/61=4 =.1=4:161/B42 =BÒ/<:42 20EAB42 01s102 Clsm(A)

$
��³�Ô Þg
	d
�Õ�¶�e�
fc4//4 24=/0.1 3;z4B.AA4 Bº01/<0/0.1 24B.1 B6C<4BB4 B42 /4:E42 ^6=0B42 24:6041/ A;:0.930C<42$ c4//4 03;4 ;/60/ 3;È» 2<��;:;4 A6: B6 3;s10/0.1 342 /4:E42 :;=<::41/2 01/:.93<0/4 3612 ¸#7¹$
()*+,-,.+ p/}/p� z{| 0ë Åñíóñ ñîÅ �ÃÅ 6</.920E0B60:4 îÃ îìë Áíðíñ �ñ âñíÁí�ïÂÂÃÁ��ÁíÁ4Å Âìóóñ ïë îìïî�Áíðíñ �íì�íñ �ñ ÄïÃ�ó9óñ�
��ñó�Äñ [�{�['

a∞ =

a∞

C

IJ.K.L,-,.+ p/}/pp z{| :ñî òÆíì�Åñíóñî ëìë ÁïÅì�îÃóÃÄÁÃíñî îìëÅ ÀÁÂÃÄñî�
MNOPQO oT f jni gU x¨ UfU SgifpnTkTmSThjq Smfhn mS lmSnnj C = {f∞} jni lfUXUSUij TUXUTjefgh ifgi ijhkj m� ⊓⊔

��ñó�Äñ [�{�[{ Ω 4/ (Ω3 I) 2.1/ 1.1 6</.920E0B60:42 4/ 3.1= ^6=0B42$É 1./4: C<4 Bº6:�<E41/ I
C<0 42/ 6AAB0C<; »

Ω3 :.EA/ 26 2ÌE;/:04µ B4 ^60261/ 60120A6224: 34 1.1 ^6=0B4 » ^6=0B4$
Ω∞

3 =
δ3

δ3

I
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Ô0 B42 a;:.9/4:E42 1.1 6</.920E0B60:42 2.1/ ^6=0B42µ =4<W 6</.920E0B60:42 2.1/ C<61/» 4<W 3;A.<:z<2 34 �;1;:6B0/;2$ @.<: 2º41 =.1z601=:4µ ;/<30.12 B42 34<W AB<2 20EAB42^6¿.12 3º¾/:4 6</.920E0B60:4 A.<: <1 a;:.9/4:E4$ É 26z.0: ©#$

a∞ = (a∞ v)7$
a∞ = (v a∞)@.<: B4 A:4E04: A.01/µ A.2.12 V = λxy.(x x Ω (x x y)) 4/ P = (V V ) .Î

Ω = (λx.(x x)) (λx.(x x))
$ Qz4= =42 1./6/0.12 1.<2 3;3<02.12 ©

(P Ω) ≃β (P Ω)(P Ω) 4/ (P (Ω Ω)) ≃β (P Ω)(P (Ω Ω))
$ @.<: 2º41 =.1z601=:4µ 0B2<Ó/ 34 :4E6:C<4: C<4 A.<: /.</4 z6:065B4 14<z4 z

µ
(P z) →∗

β (P Ω)(P z)
$ c4234<W /4:E42 (P Ω) 4/ (P (Ω Ω)) 2.1/ 3.1= 6</.920E0B60:42 3< A:4E04: /ÌA4$ 84234<W A:.A.20/0.12 2<0z61/42 2.1/ 3<42 » y1/:0�0B6µ 3612 2.1 6:/0=B4 ¸#_¹$

IJ.K.L,-,.+ p/}/p� z�í|
(P Ω) ë�ñîÅ �Áî ÀÁÂÃÄñ�

MNOPQO ofTi 0 = λxy.y � �SUn mS i�WfhTj T = λβ + {(P Ω) = 0}q lfkkj (P Ω) ≃β

(P Ω)(P Ω)q Ufgn f�ijUfUn (0 0) = 0q ji Seh®n βphWVgliTfU λx.x = λxy.y � �uSeh®n mjlfhfmmSThj ������q T jni lfUihSVTlifThj� ⊓⊔

IJ.K.L,-,.+ p/}/p� z�í|
(P (Ω Ω))

ñîÅ ÀÁÂÃÄñ�
MNOPQO _S ehjg`j nj �STi eSh jaijUnTfU ª�ghl�pÀfnnjh� ¬fTh ¸�Á¹� xU ihfg`j W�SmjkjUigUj ehjg`j giTmTnSUi mS ijl�UTrgj Vj JSlfeTUT ¸��¹� ⊓⊔x4 =42 34<W 4W4EAB42 1.<2 /0:.12 34<W =.1=B<20.12$ @:4E0¶:4E41/µ 0B 1º4W02/4 A6234 �;1;:6B0/;2 =.1=4:161/ B6 ^6=0B0/; 342 /4:E42 6</.920E0B60:42 34 /ÌA4 #$ V12<0/4µ1.<2 3;=.<z:.12 3º6</:42 B0E0/42 6<W =B62242 =.1s161/42 01s1042$ V1 4Ñ4/µ B42 /4:E42
(P Ω) 4/ (P (Ω Ω)) .1/ /.<2 Bº6:5:4 50160:4 01s10 =.EE4 6:5:4 34 R4:6:3<==0$

(P Ω)∞ = = (P (Ω Ω))∞

86 /4=T10C<4 342 =B62242 =.1s161/42 01s1042 14 ^60/ 3.1= A62 B6 30Ñ;:41=4 41/:4 =42/4:E42 3.1/ Bº<1 42/ ^6=0B4 4/ Bº6</:4 1.1$ 842 =B62242 =.1s161/42 s1042 A4:E4//41/=4A41361/ 34 /:60/4: =4 =62$ V1 4Ñ4/µ P (Ω Ω) 42/ 1.1 :;2.B<5B4$ Ô4B.1 B4 /T;.:¶E4#$7$#\µ 20 m 42/ 1.1 :;2.B<5B4 6B.:2 .1 6 Cons{P (Ω Ω) = m}$ Ô0 m 42/ <14 ^.:E41.:E6B4 34 /¾/4µ .1 01/:.3<0/ B42 =B62242 2<0z61/42 ©
� N = { /4:E42 2.<2 ^.:E4 1.:E6B4 34 /¾/4 } ∪ (P (Ω Ω) )� P = {(P Ω)} | (P P)� C = (P N ) | (P C)86 =B6224 C 24:/ 34 5624 » B6 A:4<z4 ;=:0/4 41 3;/60B2 3612 ¸?¹$ Õ1 z;:0s4 6B.:2 C<4 C42/ 2/65B4 A6: ;=T61�42 A6: m 4/ C<º4BB4 =.1/041/ P (Ω Ω)

$ c4A41361/µ C 1º42/ A62=.1s161/4 A<02C<º4BB4 1º42/ A62 =B.24 A6: β9:;3<=/0.12$ V1 4Ñ4/µ (P Ω) 14 24 :;3<0/A62 30:4=/4E41/ »
(P Ω) (P Ω) © (P Ω) →h

β (λy.(P Ω) (P y)) Ω →h
β (P Ω) (P Ω)

$cº42/ A.<:C<.0 B6 A:4<z4 34 ¸?¹ 42/ =.EAB;/;4 A6: 342 302=<220.12 2<AAB;E41/60:42$Õ1 1./4:6 ;�6B4E41/ C<4 B6 /4=T10C<4 342 =B62242 =.1s161/42 01s1042 ;=T.<4 41�;1;:6B A.<: B42 /4:E42 6</.920E0B60:42 34 /ÌA4 #$ 86 :602.1 42/ B6 E¾E4 C<4 =4BB44WAB.0/;4 3612 B6 A:4<z4 34 B6 A:.A.20/0.1 >$?$>D$@.<: B4 34<W0¶E4 /ÌA4 3º6</.920E0B6:0/;µ 0B 1ºÌ 6 A62 34 �;1;:6B0/;$ 842 34<WA:.A.20/0.12 2<0z61/42 4WT0541/ 342 4W4EAB42 6<W =.1=B<20.12 .AA.2;42$
IJ.K.L,-,.+ p/}/p� 7ìïí ÅìïÅ Åñíóñ ÀÁÂÃÄñ f

ñÅ �ìïí ÅìïÅ ÂìóðÃëÁÅñïí �ñ �ìÃëÅ=�ñ Y 3 (Y f)
ñîÅ ÀÁÂÃÄñ� <Ã �ñ �Äïî f

ñîÅ ïë òÆíì�Åñíóñ3 ÁÄìíî Ä �Áíðíñ �ñ âñíÁí�ïÂÂÃ�ñ (Y f) îñ íñ�íÆîñëÅñíÁ ÁÃëîÃ 1

F#
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f
f

f

(Y f)∞ =

MNOPQO (Y f)→∗
β (f (Y f)) rgT jni �SlTmj njmfU mS ehfefnTiTfU ¯���� efTUi ��� ji �¿�� ⊓⊔

IJ.K.L,-,.+ p/}/p" z{| <ìÃñëÅ K1 = λxyz.(x z)3 H = λx.(x x K1)
ñÅ

ΩK1
=

(H H)
ñÅ

Y
ïë ÂìóðÃëÁÅñïí �ñ �ìÃëÅ =�ñ3 ÁÄìíî Äñ Åñíóñ

(Y ΩK1
) ë�ñîÅ �Áî ÀÁÂÃÄñ�

MNOPQO RfnfUn m = K1
ji `WhTXfUn rgj mS i�WfhTj T = λβ + {(Y ΩK1

) = m} Uujni eSnlfUnTniSUij� _S ehjg`j nj �STi jU Vjga WiSejn� ­fUihfUn rgj m = ΩK1
efgh jU VWVgThj

(K1 K1) =T K1
lj rgT lfUniTigj gUj lfUihSVTliTfU egTnrgj ljn Vjga ijhkjn UufUi eSn mSkwkj �fhkj UfhkSmj�

m = ΩK1
(K1 K1) = K1

ΩK1
(Y ΩK1

) ←β (Y ΩK1
)→(Y ΩK1

)=m m

↓(Y ΩK1
)=m

ΩK1
m

↓m=K1

ΩK1
K1 ←∗

β ΩK1

K1 →K1=m ΩK1

↓∗β
ΩK1

K1

↓ΩK1
=m

(K1 K1) →K1=m m K1

⊓⊔

^ñóÁí8ïñ [�{�[Ö#$ y1/<0/0z4E41/µ B6 30Ñ;:41=4 41/:4 (Y ΩK1
) 4/ P (Ω Ω) A:.z041/ 342 2.<29/4:E42

K1
4/ δ

$
K1

A.22¶34 <14 ^.:E4 1.:E6B4 34 /¾/4 » 34<W z6:065B42 (x z)
/61302C<4 δ 6 34<W z6:065B42 0341/0C<42 (x x)

$ c4//4 30Ñ;:41=4 =.1^¶:4 »
K1

AB<234 =.1/41< .A;:6/.0:4 C<4 B42 2.<29/4:E42 34 P (Ω Ω)
C<0 2º;=:0z41/ 4<W 34 B6^.:E4 (x x)

$7$ x612 Bº4W4EAB4 (Y ΩK1
) = m .Î m = λxyz.(x ((Y ΩK1

) 0 0 0 z) )
µ 1.<2A.<z.12 6AA:;=04: /.</4 B6 =.EAB4W0/; 342 =B62242 3º;=T61�42 B.:2C<4 B4 /4:E4» ;/<304: 6AA6:6½/ =.EE4 <1 2.<29/4:E4 34 A:.A:4 34 m

$

F7
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¬­®¯°±²³®´°­
84 306�:6EE4 2<0z61/ :;2<E4 B42 =B62242 34 /4:E42 4WAB.:;42 È<2C<º0=0 ©

¬ ÀÁÂÃÄñ:;2.B<5B4

¬ ÀÁÂÃÄñ

Λ

¬ :;2.B<5B4

¬ ÀÁÂÃÄñ
(P (ΩΩ))

ÀÁÂÃÄñ

ÀÁÂÃÄñ

d◦
s10 λx.Ω

Õb� ¬ Õb�

6</.920E0B60:4

λx.(Ω x)

ÀÁÂÃÄñ
d◦

01s10

Ω3

ÀÁÂÃÄñ¬ 6</.920E0B60:4

Ï<4B2 /4:E42 :42/490B » 4W6E014: ¼ Ô0 .1 B60224 34 =Ò/; B42 1.1 a;:.9/4:E42µ 24<B2B42 a;:.9/4:E42 ^.:/2 34 34�:; 01s102 4/ 6</.920E0B60:42 34E4<:41/ 013;/4:E01;2$ Õ:µ3º6A:¶2 B6 A:.A.20/0.1 >$>$D A.01/ A>×µ B42 Õb� 34 34�:; 01s10 2.1/ β9;C<0z6B41/2 »<1 /4:E4 34 B6 ^.:E4 (u v) .Î u 42/ 6<220 <1 Õb� 34 34�:; 01s10$ Ô0 u 42/ ^6=0B4µ24B.1 B6 A:.A.20/0.1 >$7$7 A.01/ A?×µ (u v) 42/ ;�6B4E41/ ^6=0B4$ Ô0 u 1º42/ A62 ^6=0B4µ6B.:2 =º42/ <1 Õb� 34 34�:; 01s10$ Q0120µ 0B 14 :42/4 » /:60/4: C<4 B42 /4:E42 6</.920E0B60:42 C<0 2º;=:0z41/ (u v) .Î u 42/ <1 Õb� 34 34�:; 01s10 6</.920E0B60:4 4/ 1.1^6=0B4$Õ:µ Bº4W4EAB4 B4 AB<2 20EAB4 34 Õb� 34 34�:; 01s10 6</.920E0B60:4 4/ 1.1 ^6=0B442/ Ω3
4/ B6 ^6¿.1 B6 AB<2 20EAB4 34 =:;4: <1 /4:E4 6</.920E0B60:4 =.1202/4 » </0B024:<1 =.E5016/4<: 34 A.01/ sW4$ @6:/61/ 34 =42 34<W =.12/6/2 B6 C<42/0.1 34 B6 ^6=0B0/;3< /4:E4 (Yt Ω3)

.Î Yt
42/ B4 =.E5016/4<: 34 b<:01� 24E5B4 <1 A6226�4 .5B0�;$c4 A:.5B¶E4 ^Ð/ A.2; A6: Ê6=.A010 4/ Ë41/<:0109`0BB0 ¸#>¹ 0B Ì 6 7_ 612$ x4A<02 341.E5:4<W :;2<B/6/2 A6:/04B2 .1/ ;/; .5/41<2 1./6EE41/ �:Í=4 » R4:6:3<==0 ¸?µ Dµ F¹$d602 B6 C<42/0.1 34 26 ^6=0B0/; :42/4 /.<È.<:2 .<z4:/4$
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c4 =T6A0/:4 42/ =.126=:; 6<W :;2<B/6/2 A6:/04B2 3;È» =.11<2 =.1=4:161/ B6 ^6=0B0/; 34
(Y Ω3)

$ yB ^.<:10/ <1 4124E5B4 34 =62 A.<: B42C<4B2 (Y Ω3)
A4</ 4Ñ4=/0z4E41/ ¾/:40341/0s; » m 34 E610¶:4 =.1202/61/4$ 84 A:4E04: /T;.:¶E4 ;/65B0:6 B6 =.1202/61=434 λβ + {(Y Ω3) = m} A.<: /.<2 B42 /4:E42 m 2.<2 ^.:E42 1.:E6B42$ 86 A:4<z4 34=4 :;2<B/6/ 24 ^4:6 41 34<W ;/6A42$ xº65.:3µ 1.<2 E.1/:4:.12 Cons{(Y Ω3) = m}A.<: /.</4 ^.:E4 1.:E6B4 30Ñ;:41/4 34 δ3

$ @<02µ 1.<2 :;2.<3:.12 B4 =62 .Î m = δ3
$V1s1µ 1.<2 =.1=B<:.12 A6: <1 /T;.:¶E4 34 ·<A4: C<0 :;3<0/ Bº;/<34 34 B6 ^6=0B0/;34 (Y Ω3)

6<W /4:E42 m z;:0s61/ λβ + {(Ω3 m = m)} 6⊢ m = δ3
$

æ.-Ð-,.+ }/�/�
� x;2.:E602 Y 3;20�14 <1 =.E5016/4<: 34 A.01/ sW4$
� ∆ =

δ3
δ3

δ3

42/ B6 ^.:E4 1.:E6B4 01s104 34 Ω3
$

� ∆∞ =
∆

∆
42/ B6 ^.:E4 1.:E6B4 01s104 34 (Y Ω3)

$
G�ÿ

Cons{(Y Ω3) = m} Ú´
m

�Ú® ²­� ó°¯Q� ­°¯Q���
ó´­´� �²®¯� Ý²�

δ3

æ.-Ð-,.+ }/�/� V1 </0B0261/ B42 1./6/0.12 34 B6 24=/0.1 #$7$# 34 B6 A:4E0¶:4 A6:/04µ.1 01/:.3<0/ B42 =B62242 2<0z61/42 ©� N 42/ B6 =B6224 342 /4:E42 1.1 :;2.B<5B42� M 42/ B6 =B6224 342 /4:E42 =B.2 t 2.<2 ^.:E4 1.:E6B4 01s104 C<0 2º;=:0z41/ 2.0/ ©#$ ~λ.(x ~v) .Î l(~λ.) ≥ 27$
λx.(x ~v) .Î l(~v) ≥ 2>$
λx.(x v w) .Î v (.< 5041 w

× 42/ <14 ^.:E4 1.:E6B4 34 /¾/4 6</:4 C<4 x

� C1 = (∆M) | (∆ C1)
$

� C = C1 ∪ {∆∞}
^ñóÁí8ïñ{���' M :4A:;241/4 B6 =B6224 342 /4:E42 01=.EA6/05B42 6< 2412 34 RSTE6z4= δ3

$
RÐ,- }/�/p

��
δ3 6∈ M'�
∆ 6∈ C[� N ∩M = ∅
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?$ �JG+*H)HG (KOO+G¿��� Cons{(Y Ω3) = m} ÄÊ m !ÄÅ &Ì! ìÈÉS! ÌÈÉS$%! ìÊÌÊ! $&ÅÉ! Ë&! δ3

{� C1 ñÅ C îìëÅ Âìó�ìîÆñî �ñ m}û îìïî Àìíóñ ëìíóÁÄñ� �ë �ÁíÅÃÂïÄÃñí3 C1 ⊆ NMNOPQO�� �kkWVTSi��� oTUfUq lfkkj ∆ = (∆ δ3)q fU SghSTi δ3
jni gU WmWkjUi VjM fg C1 �¯� _jn ijhkjn VjM nfUi ifgn hWnfmg�mjn¿� RSh TUVgliTfU ngh mS �hSkkSThjq C1 ji C nfUi lfkefnWjn Vj %Whfpijhkjn �fhin nfgn�fhkj UfhkSmj egTnrgj mjghn WmWkjUin nfUi �fhkWn Vj %Whfpijhkjn �fhin nfgn �fhkjUfhkSmj SeemTrgWn ° Vjn �fhkjn UfhkSmjn�IJ.K.L,-,.+}/�/} z{| C ñîÅ ïëñ ÂÄÁîîñ Âìë=ëÁëÅñ �ìïí ÅìïÅ Åñíóñ =ëÃ ñÅ ÂÄìî m�ìëÅ Ä �Áíðíñ �ñ âã>ó ñîÅ ÃëÂìó�ÁÅÃðÄñ Á�ñÂ δ3
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MNOPQO _S ehjg`j nj �STi jU rgSihj WiSejn�
⊳ �£¡�O � ⊲

m∞ ∈MMNOPQO oT m jni TUlfkeSiT�mj S`jl δ3
Smfhn m jni hWnfmg�mj �l�� VW�� ����¯�� �m efnn®VjVfUl gUj �fhkj UfhkSmj Vj iwij� _jn ihfTn lSn VjM nfUi mjn ihfTn �SÃfUn efnnT�mjn Vj hjUVhjTUlfkeSiT�mjn Vjga ijhkjn jUihj jga s�� S`fTh Vjn �fhkjn UfhkSmjn Vj iwij VTniTUlijn �lSn ��� efgh mj Ufk�hj VuS�nihSliTfUnqlSn ��� efgh mj Ufk�hj VuSh�gkjUin���� S`fTh Vjn �fhkjn UfhkSmjn Vj iwij TVjUiTrgjn kSTn Vjn Sh�gkjUin TUlfkeSiT�mjn�

⊳ �£¡�O � ⊲

M[N →∞ m] ⊆MMNOPQO ofTi t gU ijhkj Vj Mq C gU lfUijaij TUXUT ji u gU WmWkjUi Vj N ijmn rgj
t = C[u]� ­fUihfUn rgj C[m]∞ ∈M� RSh VWXUTiTfUq fU VTniTU�gj ihfTn lSn efgh t s�� nT t = ~λ.(x ~v) f© l(~λ.) ≥ 2q Smfhn lfkkj u jni UfU hWnfmg�mjq Tm Uj ejgi wihj rgugUnfgnpijhkj Vj ~v � yU lfUnWrgjUljq C[m]∞ nuWlhTi ~λ.(x ~v′) rgT SeeShiTjUi °M��� nT t = λx.(x ~v) f© l(~v) ≥ 2q Smfhn u jni gU nfgnpijhkj Vj ~v � yU lfUnWrgjUljq C[m]∞nuWlhTi λx.(x ~v′) rgT SeeShiTjUi °M�¯� nT t = λx.(x v w) f© v (fg �TjU w� jni gUj �fhkj UfhkSmj Vj iwij Sgihj rgj xq mSlfUlmgnTfU jni TVjUiTrgj�

⊳ �£¡�O ! ⊲

C1[C1 →∞ m]s ⊆ C1MNOPQO ofTjUi t ji u Vjn WmWkjUin Vj C1 ijmn rgj u nfTi gU nfgnpijhkj Vj t�t oT t ∈ (∆ M) Smfhn Tm jaTnij b ∈ M ijm rgj t = (∆ b)� ªfkkj u ∈ C1 q Smfhn u jnigU x¨ü VT�WhjUi Vj ∆� �m Uujni VfUl eSn gU nfgnpijhkj Vj ∆ egTnrgj njn njgmn nfgnpijhkjn nfUi ∆ mgTpkwkj ji Vjn �fhkjn UfhkSmjn XUTjn� «TUnTq u jni gU nfgnpijhkj Vj
b� �m jaTnij VfUl gU lfUijaij C ijm rgj b = C[u]� �uSeh®n muWiSej �q lfkkj u ∈ N q
C[m]∞ ∈M ji VfUl (∆ C[m]∞) ∈ C1 �t oT t ∈ (∆ C1)

Smfhn Tm jaTnij b ∈ C1
ijm rgj t = (∆ b)� oT u = bq Smfhn C[m]∞ = (∆ m∞)rgT SeeShiTjUi �TjU ° C1 egTnrgj m∞ ∈M� oTUfUq u < b ji fU lfUlmgi eSh TUVgliTfUngh mS �hSkkSThj Vj C1 �

⊳ �£¡�O T ⊲

C[C →∞ m]s ⊆ CMNOPQO C VT�®hj Vj C1 gUTrgjkjUi eShlj rgujmmj efnn®Vj muWmWkjUi ∆∞ � xhq ∆∞ =
(∆ ∆∞)q fU lfUlmgi Smfhn eSh mj kwkj Sh�gkjUi rgu° muWiSej ¯�
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m ÂÄìî ñÅ =ëÃ ÁlÁëÅ ïë Áíðíñ �ñ âã>ó ÃëÂìó�Á�ÅÃðÄñ Á�ñÂ δ3 3 �ÆíÃ=ñ Cons{(Y Ω3) = m} �MNOPQO (Y Ω3)

∞ ∈ C rgT jni gUj lmSnnj lfUXUSUij efgh m njmfU mS ehfefnTiTfU ¿���¿� ⊓⊔
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/4:E42
� D∞ 42/ B6 =B6224 342 ^.:E42 1.:E6B42 01s1042 34 D

IJ.K.L,-,.+}/o/� z{| D∞ ñîÅ ïëñ ÂÄÁîîñ Âìë=ëÁëÅñ Ãë=ëÃñ �ìïí δ3
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MNOPQO _S ehjg`j nj �STi jU lTUr WiSejn� �uS�fhVq Ufgn Vj`fUn WiS�mTh Vjn hWngmiSinlfUljhUSUi D �
⊳ �£¡�O � ⊲_jn hjVja Vjn WmWkjUin Vj D nfUi Vj mS �fhkj r = (δ3 b) S`jl b ∈ D ∪ {δ3}� yU eShiTlgmTjh

r SeeShiTjUi ° D
MNOPQO ofTi u gU WmWkjUi Vj D ji r gU hjVja Vj u� ­fUihfUn VuS�fhV rgj r jni lmfn�RSh muS�nghVjq nfTi w mj emgn ehf�fUV nfgnpijhkj lmfn Vj u rgT lfUiTjUUj r � ªfkkj w jnimj emgn ehf�fUV Smfhn nS hSlTUj jni gUj S�nihSliTfU� ªfkkj w jni lmfnq eSh VWXUTiTfU Vjn
δ3
pijhkjnq w = δ3 q lfUihjVTi r ≤ w �

r jni VfUl lmfn ji Tm nuWlhTi (λx.a b)� RSh VWXUTiTfU Vjn δ3
pijhkjnq λx.a = δ3

ji
b ∈ D ∪ {δ3}�

⊳ �£¡�O � ⊲oT u jni gU δ3
pijhkj SeemTlSiT� ji u→β u′ Smfhn u′ jni gU δ3

pijhkj SeemTlSiT��
MNOPQO ofTi r gU hjVja Vj u� �m jaTnij VfUl gU lfUijaij C ijm rgj u = C[r]� ojmfUmuWiSej �q r = (δ3 b) S`jl b ∈ D ∪ {δ3}� �uf©q r →β (b b b) S`jl (b b b) ∈ D � «TUnTq
u′ = C[(b b b)] rgT jni �TjU gU WmWkjUi Vj D �

⊳ �£¡�O ! ⊲_jn nfgnpijhkjn SeemTlSiT�n Vjn WmWkjUin Vj D nfUi Vjn x¨ü Vj Vj�hW TUXUT� yU eShiTlgmTjh
D jni lfkefnWj Vj x¨�
MNOPQO

­fUihfUn rgj ifgi ijhkj Vj D nj hWVgTi ° gU ijhkj (a b) VSUn mjrgjm a ∈ D ji b jnigU δ3
pijhkj� xU jU VWVgThS Smfhn mj hWngmiSi eSh TUVgliTfU ngh a�
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oT u ∈ D Smfhn u = (a b) S`jl a ji b Vjn δ3
pijhkjn� a ejgi VfUl wihj s nfTi WmWkjUi Vj

D ji VSUn lj lSn mj hWngmiSi jni kfUihWq nfTi mj ijhkj δ3 � oT a = δ3
Smfhn u→β (b b b)S`jl b gU δ3

pijhkj ji (b b) ∈ D q ji fU f�iTjUi �TjU mj hWngmiSi�
⊳ �£¡�O T ⊲oT u ∈ D Smfhn u∞ ∈ D �MNOPQO
­fUihfUn VuS�fhV rgj u∞ jni nSUn ⊥ T�j� rgj u Uj lfUiTjUi eSn Vj nfgnpijhkj kgji�yU j�jiq gU nfgnpijhkj Vj u jni nfTi gU nfgnpijhkj Vj δ3

rgT jni UfhkSmq nfTi gUnfgnpijhkj SeemTlSiT�� ouTm jni SeemTlSiT�q njmfU muWiSej ¯q lujni gU x¨ü Vj Vj�hW TUXUT��uSeh®n muWiSej �q mjn hWVgTin Vj D nfUi jUlfhj Vjn WmWkjUin Vj D � «glgU nfgnpijhkjVj u Uujni VfUl kgjiq fU jU VWVgTi rgj u∞ jni nSUn ⊥�ojmfU muWiSej �q lfkkj ifgi hWVgTi Vjn ijhkjn Vj D jni gU WmWkjUi Vj D q ji lfkkj
u Uj lfUiTjUi eSn Vj nfgnpijhkjn kgjinq u∞ jni gU WmWkjUi Vj D �

⊳ �£¡�O U ⊲

D∞[D∞ →∞ δ3]
s ⊆ D∞

MNOPQO δ3
jni gU δ3

pijhkjq mjn Wl�SU�jn VSUn D∞ Vj D∞ eSh δ3
nfUi VfUl jUlfhj Vjn

δ3
pijhkjn� _jn Wl�SU�jn nfUi nihTlinq mjn ijhkjn hjnijUi VfUl Vjn SeemTlSiTfUn� xU lfUlmgiSmfhn �h²lj ° muWiSej ¿ s mjn δ3

pijhkjn SeemTlSiT�n nfUi niS�mjn eSh eSnnS�j ° mS �fhkj UfhkSmjTUXUTj� ⊓⊔

Î.J.ÏÏÐ,J¾ }/o/� z{| :Á Å>ÆìíÃñ λβ + {(Y Ω3) = δ3}
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MNOPQO (Y Ω3)
∞ jni WmWkjUi Vj mS lmSnnj lfUXUSUij D∞ � ⊓⊔
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a} 42/ =.1/:630=/.0:4$ V1 4Ñ4/µ X →∗
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Cons{(Y Ω3) = m} �
MNOPQO _S ehjg`j hjefnj ngh mS ijl�UTrgj Vj JSlfeTUT� Rfgh mS ehjg`j lfkem®ij `fTh¸��¹� ⊓⊔

F,



?$ �JG+*H)HG (KOO+G ¿�¯� Cons{(Y Ω3) = m} ÄÊ λβ + {(Ω3 m) = m} 6⊢ m = δ3

xº6A:¶2 B4 /T;.:¶E4 A:;=;341/µ A.<: =.1/:430:4 B6 ^6=0B0/; 34 (Y Ω3)
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yB 42/ 6B.:2 16/<:4B 3º;/<304: B6 ^6¿.1 3.1/ b A4</ 2º;=T61�4: 41 x
$ É A:0.:0µ =4B6A4</ 24 ^60:4 41 AB<204<:2 ;/6A42$ x612 <1 A:4E04: /4EA2µ 1.<2 6z.12 z.<B< 1.<2B0E0/4: » <1 24<B ;=T61�4 3612 Bº42A.0: 34 A.<:2<0z:4 6< =62 �;1;:6B A=^$ TÌA.9/T¶24 7×$ Õ:µ =4 =62 2º42/ :;z;B; ¾/:4 :0=T4$ -.<2 6z.12 3.1= 3;=03; 34 =6:6=/;:0924: /.<2 B42 /4:E42 C<0 26/02^.1/ =4//4 A:.A:0;/;µ 6AA4B;2 B42 /4:E42 ~t93;s102265B42A3;s10/0.1 \$#$#7 4/ /T;.:¶E4 \$#$#D×$ d6BT4<:4<24E41/µ 20 B4 =62 nx
01s10 6 B<0 ;/;/:60/; 6z4= B6 5.114 3;s10/0.1 342 ;=T61�42 01s102 [A→∞ m]

µ 2<0/4 » <14 4::4<: B4=62 nx
s10 6 ;/; /:60/; 6z4= B6 3;s10/0.1 342 ;=T61�42 îÃó�Äñî [A→ m] A=^$ 3;s10/0.1>$?$7F×$ Õ:µ B42 ;=T61�42 îÃó�Äñî 01s102 2.1/ AB<2 ^605B42 C<4 B42 ;=T61�42 01s102 A=^$:4E6:C<4 >$?$>_×$ V1 =.12;C<41=4µ B42 34<W :;2<B/6/2 42241/04B2 34 =4//4 /T¶24 2º4W9A:0E41/ 60120 © 2.<2 B42 TÌA./T¶242 Ö1

4/ Ö
2
µ C<0 013<0241/ m ⊢ δ3

µ B4 /4:E4 m 42/B<09E¾E4 6</.920E0B60:4 4/ B6 =BÒ/<:4 Clsm(Y Ω3)
1º42/ =.EA.2;4 C<4 34 a;:.9/4:E42$Ô0 B42 ;=T61�42 01s102 6z6041/ ;/; </0B02;2µ 1.<2 6<:0.12 .5/41<2 C<4 Clm(Y Ω3)

1º42/=.EA.2;4 C<4 34 a;:.9/4:E42 =4 C<0 6<:60/ 41/:6½1; Cons{(Y Ω3) = m}$Qs1 3º0BB<2/:4: B4 2=T;E6 34 B6 A:4<z4µ E610A<B.12 <1 4W4EAB4$ -./.12 =µ
B6:4B6/0.1 3º;=T61�4 ∆∞ = m

$ Qz61/ /.</µ 20 b 2º;=T61�4 41 x 41 <14 ;/6A4µ =4/;=T61�4 3.0/ 1;=42260:4E41/ 24 20/<4: 41 /¾/4 A<02C<4 B4 :;2<B/6/ x 1º6 A62 34 /¾/4AA:.A.20/0.1 \$#$#×$ 84 /4:E4 b 2º;=:0/ 3.1= (u ~t )
µ 6z4= u 26 /¾/4 4/

~t 242 6:�<E41/2$ @:41.12 A6: 4W4EAB4 b = (∆∞ (λwyz.x) ∆∞)
$ QB.:2

b =µ (m (λwyz.x) ∆∞) →∗
β x

$ Q0120µ x 6AA6:6½/ 3612 B2
4/ ∆ 3612 A2

$ V1^60/µ 20 Bº.1 z4</ 3;=:0:4 B2
6z4= AB<2 34 A:;=020.12µ B4 E04<W 42/ 34 :4E6:C<4: C<4

∆∞

µ C<0 42/ ;B;E41/ 34 A0
µ 6AA6:6½/ AB<204<:2 ^.02 3612 b

µ =4 C<0 =.12/0/<4 6</61/3º;=T61�42 A.2205B42$ Q0120µ <14 2.B</0.1 =.1202/4 » 4WA:0E4: B2
41 ^.1=/0.1 34 A2

µ=4 C<0 3.114 0=0 © B2 ⊆ {x} ∪ (A2 (λwyz.x) A2)
$ Ô0 1.<2 A.<z0.12 412<0/4 �6:61/0:C<4 B42 =B62242 Bi

�6:34:.1/ 5041 =42 ^.:E42µ 4/ 20 1.<2 A.<z0.12 4WA:0E4: Ai
»Bº6034 34 =.1/4W/42 34 a;:.9/4:E42 3612 B42C<4B2 24:6041/ 2<52/0/<;2 342 ;B;E41/2 34

Bi
µ 3< �41:4 Ai ⊆ G[Bi]

µ 1.<2 A.<::0.12 6B.:2 01=B<:4 B6 =B6224 Ai
3612 <14 =B622434 a;:.9/4:E42 3;s104 » Bº6034 3º<1 A.01/ sW4$842 =B62242 Bi

�6:34:.1/ 5041 =4//4 ^.:E4$ cº42/ <14 =.12;C<41=4 342 B4EE42 341.19=6A/<:4 AU$D$F 4/ \$7$7F× 4/ 34 Bº</0B026/0.1 342 �ÁíÅÃñî ïÅÃÄñîµ z6:061/42 342 6:5:4234 RSTEµ 022<42 3< λ�ÂÁÄÂïÄ �ÃíÃ5Æ 34 x6z03 4/ -.<: ¸,µ \¹
AA:.A.20/0.1 \$#$F× 6AAB0C<;42 » B6 :;3<=/0.1 (m ~t ) →∗

β x
$ 86 1.19=6A/<:4 1.<2622<:4:6 C<4 B42 ;=T61�42 3612 B2

24 ^4:.1/ 2.0/ 3612 B6 /¾/4 A2
µ 2.0/ 3612 B42 6:�<9E41/2 (λwyz.x) 4/ ∆∞

$ VBB4 A4:E4//:6 60120 34 2;A6:4: Bº;/<34 342 ;=T61�42 41/:4=4<W 34 B6 /¾/4 u 4/ =4<W 342 6:�<E41/2 ~t
$842 A6:/042 </0B42 A4:E4//:.1/ C<61/ » 4BB42 34 /:60/4: B6 =B6224 342 6:�<E41/2$ x42/4:E42 010/06<W 14 24:.1/ =.124:z;2 C<º<1 2C<4B4//4 �01/.<=T65B4� A6: B42 ;=T61�4234 a;:.29/4:E42 /4B2 =4<W =.1/41<2 3612 A2

$ 842 /:.<2 3< 2C<4B4//4 24:.1/ 6B.:2=.E5B;2 A6: Bº4124E5B4 342 /.<2 B42 /4:E42 Λ∞ 6s1 34 =.12/0/<4: <14 =B6224
T
$Q0120µ B2

24 :4/:.<z4:6 01=B<24 3612 B6 =B6224 (A2 (λwyz.x) Λ∞)
µ A<02C<4 3612B6 :;3<=/0.1 (m (λwyz.x) r) →β x

µ Bº6:�<E41/ r 14 îñíÅ ? íÃñë$ 86 =B6224 Λ∞A.22;361/ Bº6z61/6�4 3º¾/:4 =B60:4E41/ 2/65B4 A6: /.</ ;=T61�4$@.<: 4WA:0E4: A 41 ^.1=/0.1 34 B
µ :4�6:3.12 Bº4Ñ4/ C<4 A:.3<0/ <1 ;=T61�4A6: m 3< 2.<29/4:E4 ∆ 41 /¾/4 342 /4:E42 34 A2

$ @6: 4W4EAB4µ
(∆∞ δ[b]) =µ (m δ[b]) →∗

β

(
b
[
δ[b]

]
b
[
b[ δ[b] ]

]
b
[
δ[b]

]
δ[b]

)$ 842 /4:E42 34
A 24E5B41/ 6B.:2 24 =.12/:<0:4 » Bº6034 34 =B62242 34 =.1/4W/42 ZD A.<: B42 6:9�<E41/2µ E 4/ F A.<: B6 /¾/4Z C<0 2.1/ 4BB429E¾E42 3;s1042 A6: <1 A.01/ sW4A3;s10/0.1 \$7$\× 4/ 6<WC<4BB42 2.1/ 2<52/0/<;2 342 ;B;E41/2 34 B

$
F ;/61/ 6B.:2=B60:4E41/ =.EA.2;4 34 a;:.9/4:E42µ .1 41 3;3<0:6 C<4 A

Bº42/ 6<220$8º4W4EAB4 m = δ[b]
C<0 z041/ 3º¾/:4 /:60/; 2º;=T61�4 3¶2 B6 34<W0¶E4 ;/6A4 4/41 <14 24<B4 ^.02 41 δ3
$ Ô0 1.<2 4W6E01.12 /.<2 B42 /4:E42 b

C<0 A4<z41/ 3.114:
x 41 <1 24<B ;=T61�4µ 6B.:2 1.<2 :4E6:C<.12 C<º0B ^6</ A6:^.02 6//413:4 <14 ;/6A42<A;:04<:4 » B6 34<W0¶E4 A.<: C<º0B 24 A:.3<024$ cº42/ B4 =62 A6: 4W4EAB4 A.<: B4

U#
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/4:E4 m = δ
[
(u (λwyz.x) ∆∞)

] .Î u =
(
∆ δ

[
(u (λwyz.x) m)

])$ Q</:4E41/
30/µ u =

(
∆ δ

[ (
u (λwyz.x) δ

[
(u (λwyz.x) ∆∞)

] ) ] )$ -.<2 :4E6:C<.12 6B.:2 C<4
A1 = {∆∞}∪∆+[m] 4/ C<4 u 6∈ ∆+[m] = ∆+

[
δ
[
(u (λwyz.x) ∆∞)

] ]$ V1 4Ñ4/µ Bº<1A.22¶34 m =.EE4 34:104: 6:�<E41/ 3612 2.1 =.1/4W/4 δ
µ Bº6</:4 ∆∞

$ c4A41361/µ 6<5.</ 3< 34<W0¶E4 ;=T61�4µ m = δ
[
(u (λwyz.x) ∆∞)

]
=µ δ

[
(u (λwyz.x) m)

]
= u

$xº.Î u ∈ A2
4/ x ∈ B3

$ V1s1µ :4E6:C<.12 C<4 =4/ 4W4EAB4 34 /4:E4 m
µ 3612 B4C<4B

b 2º;=T61�4 41 x 6< 5.</ 34 AB<204<:2 ;/6A42 » A:0.:0 �63E0102/:6/0z42�µ 42/ 3;s10 »Bº6034 3º<1 A.01/ sW4$ 84 /T;.:¶E4 \$#$#D 1.<2 E.1/:4:6 C<4 34 /4B2 /4:E42 2º;=:0z41//.<2 34 =4//4 ^6¿.1$ V1=.:4 <14 ^.02µ 1.<2 z;:0s.12 C<4 B4 =6:6=/¶:4 6</.920E0B60:43612 Bº;/<34 342 /4:E42 ^6=0B42 42/ 42241/04B$842 =T6A0/:42 2<0z61/2 2.1/ =.126=:;2 » B6 A:4<z4 34 =42 :;2<B/6/2$

U7
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m

ûã\]üäå^ýùP üWùû δ3

Ô4B.1 B6 A:.A.20/0.1 ?$#$?µ B42 24<B2 /4:E42 m 3.1/ B6 =.1202/61=4 34
λβ+{ (Y Ω3) = m} 1º60/ A62 41=.:4 ;/; A:.<z;4 .1/ B4<: 6:5:4 34 RSTE =.EA6/05B46z4= δ3

$ c.EE4 /.<2 B42 1.1 :;2.B<5B42 A4<z41/ ¾/:4 0341/0s;2 2612 =.1/:630=/0.1 A=^$/T;.:¶E4 #$7$#\×µ m 42/ :;2.B<5B4 4/ 0B 2º;=:0/ 3.1= 2.<2 B6 ^.:E4 m = λx.(x b1 b2).Î (bi)i=1,2
A4<z41/ ¾/:4 1.1 :;2.B<5B42 .< ;�6<W » B6 z6:065B4 x

$ x4 AB<2µ B4 =.:.B9B60:4 ?$7$Fµ 622<:4 B6 =.1202/61=4 34 λβ + {(Y Ω3) = δ3}
$ 84 =62 m = δ3

42/ 3.1=4W=B<$ @6:E0 B42 1.1 :;2.B<5B42µ 1.<2 A.<z.12 ^60:4 B6 302/01=/0.1 41/:4 =4<W 6z4=652/:6=/0.12 4/ B42 a;:.9/4:E42 ^.:/2$ V/ A6:E0 B42 a;:.9/4:E42 ^.:/2µ 1.<2 A.<z.1241=.:4 2;A6:4: =4<W 34 34�:; s10 342 6</:42$ Q< /./6B 1.<2 6z.12 /:.02 =62 ©#$
bi
1º42/ A62 <1 a;:.9/4:E4 4/ b∞i =

v

λy

7$
bi
42/ <1 a;:. /4:E4 ^.:/ 34 34�:; s10 4/ b∞i = v2

v1

vn⊥

>$
bi
42/ <1 a;:. /4:E4 ^.:/ 34 34�:; 01s10 4/ b∞i =

vn

v2

v1

-.<2 6BB.12 E.1/:4: B6 =.1202/61=4 A.<: B42 =62 A#× 4/ A7×$ @.<: =4B6µ 3612 B4234<W =62 1.<2 =.12/:<0:.12 342 =B62242 =.1s161/42 3.1/ B42 ;=T61�42 14 A.<::.1/¾/:4 4Ñ4=/<;2 C<º» 3:.0/4 34 Bº6AAB0=6/0.1 20/<;4 » B6 :6=014 34 =42 a;:.9/4:E42$ x61234 /4BB42 =B62242µ B42 =.130/0.12 A.<: ¾/:4 =.1s161/42 2.1/ :6A0342 » E.1/:4:$
æ.-Ð-,.+ �/�/�Â¾L -¾J½¾LyB2 24:.1/ =.1203;:;2 =.EE4 A./41/04BB4E41/ 01s102 4/ Λ 3;20�14:6 Bº4124E5B4 342/4:E42 01s102$

� ∆ = (· · · δ3 δ3) = δ3

δ3

� ∆∞ = (∆ (∆ · · · ) ) =
∆

∆

º»).J¼½¾ �/�/o <ìÃñëÅ b1
ñÅ

b2
�ñï� Åñíóñî =ëÃî ñÅ (b∞i )i=1,2

Äñïí Àìíóñ ëìíóÁÄñÃë=ëÃñ� <ìÃÅ m = λx.(x b1 b2)
ïë Åñíóñ ÂÄìî� <Ã Ä �ïë �ñî �ñï� (b∞i )i=1,2

ë�ñîÅ ëÃ xëÃ ïë m}û �ñ �ñ5íÆ Ãë=ëÃ3 ÁÄìíî ìë Á Cons{(Y Ω3) = m} �

U>



F$ �JP+(HMKO P&G H&L�&G
m (K��)HMv*&G )Y&( δ3

MNOPQO �fgn SmmfUn ngeefnjh rgj b1
jni VT�WhjUi Vj x ji Uujni eSn gU %Whf ijhkj �fhi VjVj�hW TUXUT��fifUn γ mj lfUijaij λx.(x [] [])��UihfVgTnfUn mjn lmSnnjn st B jni mujUnjk�mj Vjn �fhkjn UfhkSmjn TUXUTjn Uj efnnWVSUi rgj x lfkkj `ShTS�mjmT�hj ji lfkkjUÃSUi nfTi eSh gUj S�nihSliTfU λy.w q nfTi eSh gUj `ShTS�mj (x ~w)�t D jni mujUnjk�mj Vjn x¨ü Vj Vj�hW XUT nfgn �fhkj UfhkSmj TUXUTj Uj efnnWVSUi rgj

x lfkkj `ShTS�mj mT�hj�t C1 = (∆ γ[B, Λ∞]) | (∆ γ[D, Λ∞]) | (∆ C1)t C = C1 ∪ {∆∞}­fUihfUn rgj C jni gUj lmSnnj lfUXUSUij efgh m� Rfgh ljmSq Ufgn SmmfUn WiS�mTh rgj
C[C → m]s ⊆ C jU � WiSejn� «g ehWSmS�mjq hjkShrgfUn rgj mjn ijhkjn Vj C nuWlhT`jUi ifgnnfgn mS �fhkj (∆ v) rgT nfUi Vjn x¨�

⊳ �£¡�O � ⊲

B[C →∞ m] ⊆ BMNOPQO _jn ijhkjn Vj B nuWlhT`jUi nfTi λy.w nfTi (x ~w)q Smfhn rgj ljga Vj C nuWlhT`jUi
(∆ v)� _jn njgmn nfgn ijhkjn Vj λy.w rgT SeeShiTjUUjUi ° C nfUi VfUl VSUn w � «eh®nWl�SU�jq λy.w nuWlhTi VfUl λy.w′ rgT jni jUlfhj gU WmWkjUi Vj B � �j kwkj efgh (x ~w)�

⊳ �£¡�O � ⊲

D[C →∞ m] ⊆ DMNOPQO _S ehjg`j jni TVjUiTrgj ° muWiSej � jU hjkShrgSUi rgj mjn ijhkjn Vj D nuWlhT`jUiifgn nfgn mS �fhkj (⊥ ~v)
�l�� ehfefnTiTfU ¯�¯�÷��

⊳ �£¡�O ! ⊲Rfgh ifgijn lmSnnjn U ji V q γ[U ,V] [C →∞ m] ⊆ γ[ U [C →∞ m] , V[C →∞ m] ]MNOPQO _jn ijhkjn Vj C nfUi ifgn UfU hWnfmg�mjn� _jn njgmn nfgnpijhkjn UfU hWnfmg�mjnVj γ[U ,V] nj nTigjUi VSUn U fg VSUn V � �uf© mj hWngmiSi�
⊳ �£¡�O T ⊲Rfgh ifgij lmSnnj U q (∆ U ) [C →∞ m]s ⊆ (∆ U [C →∞ m]s)

MNOPQO _uWl�SU�j WiSUi nihTliq Tm S nfTi mTjg VSUn ∆ nfTi VSUn U � xhq Tm Uj ejgi S`fTh mTjgVSUn ∆� yU j�jiq mjn ijhkjn Vj C nfUi Vj Vjga nfhijn st nfTi ∆∞
rgT efnn®Vj gUj �hSUl�j TUXUT ° VhfTij Smfhn rgj mjn nfgnpijhkjn Vj ∆ UujUefnn®VjUi eSn�t nfTi Tmn efnn®VjUi gU nfgnpijhkj Vj mS �fhkj γ[u, v] S`jl u 6= xq Smfhn rgj mj njgmnfgnpijhkj Vj ∆ jni δ3

rgT nuWlhTi γ[x, x]�
⊳ �£¡�O U ⊲

(∆ γ[B, Λ∞]) [C →∞ m]s ⊆ C1
ji (∆ γ[D, Λ∞]) [C →∞ m]s ⊆ C1MNOPQO �WhT`j Vjn ¿ WiSejn ehWlWVjUijn�

⊳ �£¡�O _ ⊲

(∆ C1) [C →∞ m]s ⊆ (∆ C1[C →∞ m]s) ∪ C1 �MNOPQO �uSeh®n muWiSej ¿q (∆ C1) [C →∞ m]s ⊆ (∆ C1[C →∞ m] )� yU VTniTU�gSUiWl�SU�jn nihTlin ji ihT`TSgaq Tm `TjUi (∆ C1 [C →∞ m] ) ⊆ (∆ C1 [C →∞ m]s ) ∪ (∆ m∞)�xhq m∞ = γ[b∞1 , b∞2 ] ji γ[b∞1 , b∞2 ] SeeShiTjUi ° γ[B, Λ∞] fg ° γ[D, Λ∞]� xU jU VWVgTi VfUl
(∆ m∞) ∈ C1 �

⊳ �£¡�O ` ⊲

C1 [C → m]s ⊆ C1 �
U?



F$ �JP+(HMKO P&G H&L�&G
m (K��)HMv*&G )Y&( δ3

MNOPQO RSh TUVgliTfU ngh mS �hSkkSThj Vj C1 � _jn lSn SifkTrgjn nj VWVgTnjUi Vj muWiSej÷� _j lSn VuTUVgliTfU nj VWVgTi Vj muWiSej ú�
⊳ �£¡�O a ⊲

C [C → m]s ⊆ C �
MNOPQO �uSeh®n muWiSej �q Tm Ufgn hjnij ° WiS�mTh rgj {∆∞} [C → m]s ⊆ C � ªfkkj
∆∞ = (∆ ∆∞)q VuSeh®n muWiSej ¿q mjn Wl�SU�jn fUi mTjg VSUn mj nfgnpijhkj ∆∞ � oT ljiWl�SU�j jni ihT`TSmq mj hWngmiSi jni C[m]∞ = (∆ m∞) rgT SeeShiTjUi ° C � oTUfUq fU lfUlmgieSh TUVgliTfU ngh mS ehf�fUVjgh Vg ehjkTjh muWl�SU�j�
C �fhkj VfUl gUj lmSnnj lfUXUSUij efgh m rgT lfUiTjUi ∆∞ = (Y Ω3)

∞ ji rgT jni lfkefnWjVj %Whfpijhkjn� �fgn f�ijUfUn VfUl Cons{(Y Ω3) = m} �h²lj Sg i�Wfh®kj ¯�¿���� ⊓⊔Ê<2C<º» A:;241/µ B42 =B62242 =.1s161/42 C<4 1.<2 6z.12 4WT05;42 ;/6041/ /.</42^.:E;42 34 /4:E42 2º;=:0z61/ (∆ v)
$ b4:E01.12 =4//4 A6:/04 41 20�16B61/ B42 B0E0/4234 =4//4 /4=T10C<4$RÐ,- �/�/p <ìÃÅ C ÄÁ ÂÄÁîîñ �ñî Åñíóñî î �ÆÂíÃ�ÁëÅ (∆ v)

� iÄìíî C ë�ñîÅ �Áî Âìë=ëÁëÅñ�
MNOPQO �fU njgmjkjUi mS lmSnnj Uujni eSn lfUXUSUij kSTn jU emgn Ufgn efg`fUn kfUihjhrgj Vjn ijhkjn S`jl S�nihSliTfU SeeShSTnnjUi VSUn C[C → m]s �yU j�jiq ehjUfUn m = δ3

ji UfifUn 0 = λxy.y � ªfkkj ∆ = (∆ δ3)
Smfhn ∆ SeeShiTjUi °

C � _jn Wl�SU�jn VSUn C ejg`jUi VfUl nj �SThj jU iwij� «TUnTq
(∆ 0)→∆=m (δ3 0) ≃β (0 0 0)→∗

β 0� xhq 0 Uujni eSn gU WmWkjUi Vj C � ⊓⊔

UD
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c4 =T6A0/:4 » A.<: 5</ 34 ^.<:10: B42 .</0B2 1;=42260:42 » B6 342=:0A/0.1 342 =B622423º;=T61�;2$ V1 A:4E04:µ 1.<2 4W6E014:.12 =.EE41/ <1 =.1/4W/4 A4</ sB/:4: B42/4:E42 ∆ 4/ δ[b]
C<0 =.EA.241/ B42 /4:E42 (Y Ω3)

∞ 4/ m
$ @<02µ 1.<2 ;/<304:.1241 3;/60B2 B42 :;3<=/0.12 (c ~s) →∞β⊥ x

C<0 24 /4:E0141/ z4:2 B6 z6:065B4 x
$ c42:;3<=/0.12 6AA6:6½/:.1/ B.:2C<4 m

µ C<0 2º;=:0/ δ[b]
µ 2º;=T61�4:6 41 δ3

$ x612 =4=62µ 0B 6AA6:6½/:6 <14 :;3<=/0.1 b →(Y Ω3)=m x
C<0 ^4:6 01/4:z410: <14 :;3<=/0.1

(c ~s)→∞β⊥ x
$ É A:.A.2 34 =42 :;3<=/0.12µ 1.<2 ;/65B0:.12 34<W :;2<B/6/2 C<4 1.<26AAB0C<4:.12 » b ©� Äñ Äñóóñ �ñ ëìë�ÂÁ�Åïíñ © 20 b 2º;=:0/ (u ~t ) 6B.:2 B42 ;=T61�42 34 (Y Ω3)

A6:
m 2º4Ñ4=/<41/ 2.0/ » Bº01/;:04<: 34 u

µ 2.0/ 3612 ~t
$

� ÄÁ �ÁíÅÃñ ïÅÃÄñ �ñ~t © 20 b→(Y Ω3)=m (m ~t )→∞β⊥ x 6B.:2 1.<2 A.<z.12 4W/:60:434 ~t <1 2C<4B4//4 01z6:061/ A6: ;=T61�42 34 (Y Ω3)
A6: m

$
d�ÿ <�BB�� ±�Ú ­°®�®´°­Ú
æ.-Ð-,.+ �/�/�Â¾L ØÏÐLL¾L

� VBB42 24:.1/ :4A:;241/;42 A6: 342 B4//:42 =6A0/6B42 A,B, · · ·
� ∆1 = (∆ []) =

[ ]

δ3

δ3
=

[ ]∆

� @.<: /.</ n ≥ 1
µ
∆n = ∆1[∆n−1]

4/ ∆0 = []
$

@6: 4W4EAB4 © ∆2 = [ ]
δ3

δ3
δ3

δ3
=

[ ]∆
∆

� ∆+
3;20�14 B6 =B6224 34 =.1/4W/42 ⋃

n≥1

∆n
$ Q0120µ u ∈ ∆+[v] 20�10s4 C<º0B 4W02/4

<1 41/04: n ≥ 1
/4B C<4 u = ∆n[v]

$ Q</:4E41/ 30/µ∆+ = {(∆ [] ), (∆ (∆ []) ), · · · }$
]:6AT0C<4E41/ ©

[ ]∆ [ ]∆
∆ · · ·

[ ]∆

∆
∆

� ∆∗
3;20�14 B6 =B6224 342 =.1/4W/42 {[]} ∪∆+

$
� ∆̂+ :4A:;241/4 B6 =B6224 342 /4:E42 ∆+[δ3]

$

UF



U$ �KH)HMKOGu PJ[MOMHMKOG &H LJG+*H)HG *M�MO)ML&G ����  !Ä ìÊ%ÅÉ$e!Ä
]:6AT0C<4E41/ © ∆

∆ ∆
· · · ∆

∆

∆ ∆

^ñóÁí8ïñ H���'
� ∆ = ∆1[δ3]

$
� ∆n[t] 42/ 1.19:;2.B<5B4 A.<: /.</ /4:E4 t 4/ A.<: /.</ 41/04: n ≥ 1

$
d�Ù ��Ú ó´�®¯�f�Ú
842 B4EE42 2<0z61/ 3;=:0z41/ =.EE41/ B42 /4:E42 A:;241/;2 » B6 24=/0.1 A:;=;341/4A4<z41/ 2º01=B<:4 B42 <12 3612 B42 6</:42$
Â¾½½¾ �/o/� <ìÃñëÅ w

ïë Åñíóñ ñÅ
a
ïë m}û�

�� <Ã a ≤ (∆ w)3 ÁÄìíî îìÃÅ a = (∆ w)3 îìÃÅ a = ∆3 îìÃÅ a ≤ w
�

'� <Ã a ≤ δ[w]3 ÁÄìíî a ≤ w
�

MNOPQO
�� _j lSn ihT`TSm jni a = (∆ w)� oT a < (∆ w)q mjn nfgnpijhkjn TkkWVTSin Vj (∆ w)WiSUi ∆ ji w q Smfhn a ≤ ∆ fg a ≤ w � oT a ≤ ∆q Smfhn a = ∆ rgT jni mj njgm nfgnpijhkjUfUphWnfmg�mj Vj ∆��� _j hWngmiSi VWlfgmj Vg �STi rgj mj njgm nfgnpijhkj W`jUigjmmjkjUi UfUphWnfmg�mj Vj

δ[w] jni w � ⊓⊔

Â¾½½¾ �/o/o
�� <ìÃÅ t

ïë Åñíóñ 8ïÃ î �ÆÂíÃÅ t = (u(u · · · (u v) · · · )) Á�ñÂ n ÀìÃî u
ñÅ

w
ïë ÅñíóñÅñÄ 8ïñ

w 6≤ u
� <Ã w ≤ t3 ÁÄìíî 12 îìÃÅ t = (u · · · (u w) · · · ) Á�ñÂ p ≤ n ÀìÃî u2 îìÃÅ ÃÄ ñ�ÃîÅñ ïë ÂìëÅñ�Åñ ëìë ÅíÃ�ÃÁÄ C

ÅñÄ 8ïñ
t = (u · · ·u C[w])'� më Á Äñ íÆîïÄÅÁÅ îlóÆÅíÃ8ïñ îÃ t = (v u · · ·u)

^ñóÁí8ïñ H�'�[ ]:6AT0C<4E41/µ =4 B4EE4 24 :4A:;241/4 60120 ©
A#× A7×

w

w 6≤ u

u

u

w

w 6≤ u

u

u

MNOPQO ḧSTifUn mj ehjkTjh efTUi� _S ehjg`j nj �STi eSh TUVgliTfU ngh mS ehf�fUVjgh Vgnfgnpijhkj w Vj t� oT w = tq lujni mj ehjkTjh lSn� oT n = 0q lujni mj VjgaT®kj lSn� oTUfU
n ≥ 1 ji w < t = (u (u · · · (ug hi j

n−1

w) · · · ) )� ªfkkj w 6≤ uq Smfhn w ≤ (u · · · (ug hi j
n−1

w) · · · ) ji fU
lfUlmgi eSh TUVgliTfU� ⊓⊔

Â¾½½¾ �/o/} <ìÃñëÅ u
ñÅ

w �ñî Åñíóñî ñÅ
p

ïë ñëÅÃñí îÅíÃÂÅñóñëÅ �ìîÃÅÃÀ � <Ã
u = ∆p◦δ[w]

ñÅ
u 6= ∆ ìï u = ∆∞ 3 ÁÄìíî 1��

u 6≤ ∆
�

'� <Ã u ≤ δ[v]3 ÁÄìíî u ≤ v
�

[� <Ã t = ∆q◦δ[v]
ñÅ îÃ u ≤ t3 ÁÄìíî 1

\Á] îìÃÅ u ≤ v

UU



U$ �KH)HMKOGu PJ[MOMHMKOG &H LJG+*H)HG *M�MO)ML&G ��¯�  !Ä #ÈÌÅ!�Å!Ä
\ð] îìÃÅ ÃÄ ñ�ÃîÅñ r > 0

ÅñÄ 8ïñ
q = p + r

ñÅ ÅñÄ 8ïñ
∆q◦δ[v] = ∆r[u]

� YÁëî ÂñÂÁî v = w
�

\Â] îìÃÅ u = t
�

^ñóÁí8ïñ H�'�@ ]:6AT0C<4E41/µ =4 B4EE4 2º4WA:0E4 60120$Ô0
u 42/ 34 Bº<14 34 =42 34<W ^.:E42 ©

∆
∆

∆
∆

∆ δ[w]

6= ∆ = δ3

δ3

QB.:2 ©
A#× A7× A>×

u δ3
δ3 x w

x

λx

u

klm
knmkom

∆
∆

∆ δ[v]

u

^ñóÁí8ïñ H�'��
� 86 =.130/0.1 u 6= ∆

01/4:30/ » u 3º¾/:4 <1 2.<29/4:E4 34 /¾/4$� 842 =62 A5× 4/ A=× A.<::6041/ 24 :;2<E4: 41 <1 24<B$ d602 3612 B42 A:4<z421.<2 24:.12 2.<z41/ 6E41;2 » B42 302/01�<4:$ cº42/ A.<:C<.0 0B2 2.1/ /:60/;22;A6:;E41/ 3612 =4 B4EE4$
MNOPQO ÀjkShrgfUn rgj u jni gU x¨ü VSUn mjn Vjga lSn��� RSh VWXUTiTfUq ∆ = (∆ δ3)� �uSeh®n mj mjkkj ����� efTUi ���q nT u ≤ (∆ δ3)

Smfhn
u = ∆q lj rgT lfUihjVTi mjn �vefi�®njnq fg �TjU u ≤ δ3

rgT lfUniTigj SgnnT gUjlfUihSVTliTfU egTnrgj u jni UfUphWnfmg�mj��� δ[v] = λx.(x v x)� �uSeh®n mj mjkkj ����� efTUi ���q fU S UWljnnSThjkjUi u ≤ v �¯� ­fUihfUn mj hWngmiSi eSh hWlghhjUlj ngh q s
⊲ oT q = 1q Smfhn u ≤ (∆ δ[v])� �uSeh®n mj mjkkj ����� efTUi ���q Ufgn Vj`fUn ihSTijhihfTn lSn�t ofTi u = (∆ δ[v]) ji lujni mj lSn �¯��l�t ofTi u ≤ ∆ lj rgT jni TkefnnT�mj eSh ���t ofTi u ≤ δ[v] ji VSUn lj VjhUTjh lSnq mj efTUi ��� jUihSèUj u ≤ v ji lujni mj lSn�¯��S�
⊲ oT q ≥ 2q Smfhn u ≤ (∆ ∆q−1◦δ[v])� �j kwkjq mj njgm lSn UfUpihT`TSm lfhhjnefUV °ljmgT f© u ≤ ∆q−1[δ[v]]� RSh �vefi�®nj Vj hWlghhjUlj st nT u ≤ v q Smfhn lujni mj lSn �¯��S�t nT u = ∆q−1[δ[v]] VSUn lj lSn ∆q−1◦δ[v] = (∆ u) = ∆1[u] ji lujni mj lSn ���t jUXUq nT ∆q−1◦δ[v] = ∆q−1−p[u] f© v = w ji p < q−1q Smfhn ∆q◦δ[v] = ∆q−p[u]f© p < q − 1 < q � ⊓⊔

d�ï ��Ú ³°­®��®�Ú
c4//4 24=/0.1 42/ =.126=:;4 6<W =.1/4W/42 ëìíóÁï� ? �íìÃÅñ$ x4 /4B2 =.1/4W/42 A.292¶341/ B6 A:.A:0;/; 2<0z61/4 © C[t]∞ = C[t∞] A.<: /.</ /4:E4 t

$ yB2 2.1/ 3.1=03;6<W A.<: 24:z0: 34 =.12/:<=/4<:2 6<W =B62242 34 /4:E42 1.:E6<W /4BB42 B42 =B62242=.1s161/42$
()*+,-,.+ �/p/�
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U$ �KH)HMKOGu PJ[MOMHMKOG &H LJG+*H)HG *M�MO)ML&G ��¯�  !Ä #ÈÌÅ!�Å!Ä
�� 0ë =.1/4W/4 C

sB/:4 <1 /4:E4 v î �ÃÄ ñ�ÃîÅñ ïëñ îïÃÅñ �ñ Åñíóñî ~w
ÅñÄÄñ 8ïñ

C[~w ] = v
� më Äñ ëìÅñíÁ C � v

�
'� 2 0ë Åíìï [] ��ïë ÂìëÅñ�ÅñC

ñîÅ » 3:.0/4 î �ÃÄ ñ�ÃîÅñ ïë ÂìëÅñ�ÅñD
ñÅ ïë Åñíóñ

v
ÅñÄ 8ïñ

C = D[ (v []) ]
�

2 0ë ÂìëÅñ�Åñ ñîÅ ? �íìÃÅñ îÃ ÅìïÅñî Äñî ìÂÂïííñëÂñî �ñî Åíìïî îìëÅ ? �íìÃÅñî�
^ñóÁí8ïñ H�[�'

� 842 =.1/4W/42 » 3:.0/4 2.1/ 34 B6 ^.:E4 ©

[ ]

[ ]
[ ]

C

� Ç1 =.1/4W/4 C
C<0 1º42/ A62 » 3:.0/4 A.22¶34 <1 /:.< C<0 42/µ 2.0/ » �6<=T43º<14 6AAB0=6/0.1 2.0/ 2.<2 <14 652/:6=/0.1$ x612 B42 34<W =62µ 0B 4W02/4 <1=.1/4W/4 D

µ 342 2<0/42 ;z41/<4BB4E41/ z0342 3º652/:6=/0.12 ~λ. 4/ 34 /4:E42 ~v/4B2 C<4 C = D[~λ.([] ~v) ]
$

IJ.K.L,-,.+ �/p/p <ìÃñëÅ C
ïë ÂìëÅñ�Åñ ëìíóÁÄ ? �íìÃÅñ ñÅ ~t ïëñ îïÃÅñ �ñ Åñíóñî�iÄìíî C[~t ]∞ = C[

−→
t∞ ]

�
MNOPQO _S ehjg`j jni �STij efgh gU njgm ihfg� RSh VWXUTiTfU Vjn lfUijaijn ° VhfTijqTm jaTnij gU lfUijaij D ji gU ijhkj v ijmn rgj C = D[ (v []) ] � ªfkkj C jni UfhpkSmq Tm jU jni Vj kwkj efgh v ji D � �j emgn v jni gU %Whfpijhkj nTUfU C efnnWVjhSTigU hjVja� «TUnTq C[t]∞ = D[ (v t) ]∞ = D[ (v t)∞ ] ji (v t)∞ = (v t∞)� üTUSmjkjUiq
C[t]∞ = D[ (v t∞) ] = C[t∞]� ⊓⊔

Â¾½½¾ �/p/} <ìÃñëÅ u
ïë Åñíóñ îìïî Àìíóñ ëìíóÁÄñ Ãë=ëÃñ3 v

ïë m}û ñÅ
C

ïëÂìëÅñ�Åñ ëìíóÁÄ3 ? �íìÃÅñ3 =ëÃ ñÅ îÁëî ⊥ � <Ã v ≤ C[u]3 ÁÄìíî v ≤ u
�

MNOPQO u ji v nfUi Vjga nfgnpijhkjn Vg kwkj ijhkj t = C[u]� pigVTfUn mS efnTiTfUhjmSiT`j Vj u ji v VSUn lj ihfTnT®kj ijhkj t� ojmfU mS ehfefnTiTfU ������q fU VTniTU�gj ihfTnlSn s
⊲ nT v ≤ u fU S mj hWngmiSi�
⊲ nT u ji v nfUi VTn�fTUinq Smfhn Tm jaTnij gU lfUijaij D ijm rgj D[u, v] = C[u]� «TUnTq

C = D[ [], v]� C lfUiTjUi VfUl mj ijhkj v rgT jni gU x¨ü� �uSeh®n mS VWXUTiTfU ¯�¯�÷q
C Uujni VfUl eSn UfhkSmq XUT ji nSUn ⊥q lfUihSVTliTfU�

⊲ nT u < v q Smfhn Tm jaTnij gU lfUijaij D UfU ihT`TSm ijm rgj v = D[u]� RSh �vefi�®njq
v ≤ C[u]q Tm jaTnij VfUl gU lfUijaij E ijm rgj C[u] = E[v]� «TUnTq C = E◦D � xhq vjni gU x¨ü UfU UWljnnSThjkjUi nfgn �fhkj UfhkSmjq nS �fhkj Vj iwij jni VfUl nfTigU hjVjaq nfTi (⊥ ~w)q nfTi gUj �hSUl�j TUXUTj �Sgl�j�t oT v jni gU hjVjaq Tm jaTnij Vjn ijhkjn aq b ji ~c ijmn rgj v = (λx.a b ~c )� ªfkkj

C jni gU lfUijaij ° VhfTijq u jni ° VhfTij VSUn C[u]q ji lfkkj C = E◦D q u jniW�SmjkjUi ° VhfTij VSUn D[u]� ªfkkj D[u] = v q Tm jU hWngmij VfUl rgj u jni gUnfgnpijhkj ° VhfTij Vj v = (λx.a b ~c ) � ªfkkj D jni UfU ihT`TSmq u nj ihfg`j nfTiVSUn aq nfTi VSUn bq nfTi VSUn ~c� �SUn mjn ihfTn lSn D lfUiTjUi mj hjVja Vj iwij Vj
v � �j kwkj efgh C = E◦D q lj rgT lfUihjVTi C jni nfgn �fhkj UfhkSmj�t oT v = (⊥ wn · · ·w1)� ªfkkj C jni ° VhfTijq Vj kwkj rgj efgh mj lSn ehWlWVjUiq
u jni nfgnpijhkj Vj mugU Vjn wi � �m jU hWngmij rgj ⊥ SeeShSèi VSUn D ji VfUlW�SmjkjUi VSUn C q lfUihSVTliTfU�t Rfgh mS �hSUl�j TUXUTj gU hSTnfUUjkjUi SUSmf�gj ejhkji Vj lfUlmghjq nSl�SUirguTm UujaTnij eSn Vj �hSUl�jn TUXUTjn VSUn C � ⊓⊔
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U$ �KH)HMKOGu PJ[MOMHMKOG &H LJG+*H)HG *M�MO)ML&G ��¿� q#Æ$Ìe!Ä Í! #%$ÄÄ!Ä

x4<W 2.<29/4:E42 » Bº01/;:04<: 3º<1 6</:4 .1/ /:.02 A.20/0.12 :4B6/0z42 A.2205B42 AA:.9A.20/0.1 #$#$##× © 0B2 A4<z41/ ¾/:4 302È.01/2µ .< 01=B<2 Bº<1 3612 Bº6</:4$ 86 A:.A.20/0.12<0z61/4 4WA:0E4 B4 E¾E4 :;2<B/6/ E602 A.<: 342 =.1/4W/42 » /:.<2 E<B/0AB42$
IJ.K.L,-,.+ �/p/� <ìÃñëÅ C

ñÅ
D �ñï� ÂìëÅñ�Åñî3 v

ïë Åñíóñ ñÅ
~w

ïëñ îïÃÅñ �ñÅñíóñî� <Ã C[v] = D[~w ]3 ÁÄìíî ìë Á Ä �ïë �ñî ÅíìÃî ÂÁî îïÃ�ÁëÅî 1
�� ÃÄ ñ�ÃîÅñ ïë ñëÅÃñí i

ñÅ ïë ÂìëÅñ�Åñ F � wi
ÅñÄî 8ïñ

wi = F [v]
ñÅ ÅñÄ 8ïñ

C = D[w1, · · · , wi−1, F, wi+1, · · · , wq]
�

'� ÃÄ ñ�ÃîÅñ ïë ÂìëÅñ�ÅñG
ÅñÄ 8ïñ

v = G[~w ]
ñÅ ïë ÂìëÅñ�ÅñE

ÅñÄî 8ïñC = E[~w, [] ]ñÅ
D = E[~[], G ]

�
[� ÃÄ ñ�ÃîÅñ ïë ÂìëÅñ�Åñ E

ÅñÄî 8ïñ
C = E[~w, [] ]

ñÅ
D = E[~[], v ]

�
MNOPQO _j nfgnpijhkj v Vj D[~w ] ejgi nj efnTiTfUUjh Vj ihfTn kSUT®hjn VT�WhjUijn� ofTi
v jni gU nfgnpijhkj Vj mugU Vjn wi

ji lujni mj lSn ���� ofTi Tm jni VTn�fTUi Vj ifgn mjn wi q lujnimj lSn �¯�� ofTi jUXU lj nfUi Vjn ijhkjn wi
rgT nfUi nfgnpijhkjn Vj v ji lujni mj lSn ���� ⊓⊔

^ñóÁí8ïñ H�[�� ]:6AT0C<4E41/µ =42 /:.02 =62 24 :4A:;241/41/ 60120 .Î t = C[v] =
D[~w] ©

A#× A7× A>×
t

w1 · · ·wi · · ·wq

F v

G

E

w1 · · ·wi · · ·wq

v

t

w1 · · ·wi · · ·wq

v

E

t

d�G r³Û�­f�Ú ±� ³��ÚÚ�Ú
x612 =4//4 24=/0.1µ 1.<2 z4::.12 B6 1./0.1 ��ÆÂ>Áë5ñî ��ïëñ ÂÄÁîîñ (E) 2<0z61/ <142<0/4 =:.02261/4 34 =B62242 (Ai)i≥0

A=^$ 3;s10/0.1 U$?$7×$ c4//4 3;s10/0.1 :4È.01/ =4BB434 B6 =BÒ/<:4 Cl(E)sAi

A=^$ 3;s10/0.1 >$?$7F× /.</ 41 0EA.261/ <1 .:3:4µ =4B<0 013<0/A6: A0, A1, · · · 3612 B6 ^6¿.1 3.1/ 4BB4 24:6 =.12/:<0/4 © Cl(E)sAi
= E0 ∪E1 ∪ · · ·

$c4//4 .:3:4 A4:E4//:6 3º;/65B0: 342 :;2<B/6/2 �:Í=4 » <14 013<=/0.1 2<: B42 =B62242
E0, E1, · · ·
()*+,-,.+ �/}/� <ìÃÅ A

ïëñ ÂÄÁîîñ �ñ Åñíóñî�
2 më �ÃÅ 8ï �ïë Åñíóñ

u 2º;=T61�4 41 v A34 A A6: m
× î �ÃÄ ñ�ÃîÅñ a ∈ A

ñÅ
C

ïëÂìëÅñ�Åñ ÅñÄ 8ïñ
u = C[a]

ñÅ
v = C[m]∞

�më �ÃîÅÃë5ïñ �ñï� îìíÅñî ��ÆÂ>Áë5ñî 1
2 Ä �;=T61�4 34 /¾/4 1 îÃ Äñ Åíìï �ï ÂìëÅñ�Åñ C

ñîÅ ñë Å9Åñ3 Ã�ñ� C = ([] ~t ) ìn ~tñîÅ ïëñ îïÃÅñ �ñ Åñíóñî�
2 Ä �;=T61�4 01/4:14 1 îÃ Äñ Åíìï �ï ÂìëÅñ�Åñ C ë�ñîÅ �Áî ñë Å9Åñ3 Ã�ñ� C = (h D ~t )ìn h

ñîÅ ïë Åñíóñ3 ~t ïëñ îïÃÅñ �ñ Åñíóñî ñÅ
D

ïë ÂìëÅñ�Åñ�
()*+,-,.+ �/}/o <ìÃÅ (Ai)i≥0

ïëñ îïÃÅñ ÂíìÃîîÁëÅñ �ñ ÂÄÁîîñî �ñ Åñíóñî3 E
ïëñÂÄÁîîñ �ñ Åñíóñî îìïî Àìíóñ ëìíóÁÄñ3 p

ïë ñëÅÃñí �ìîÃÅÃÀ ñÅ
m

ïë ëìë òÆíì�Åñíóñ�
�� :Á 2<0/4 342 ;=T61�;2 A:42A$ ;=T61�;2 2/:0=/2× �ñ E �Áí ( (Ai)i≥0 , m) ��Ãë�ÃÂñ

p
ñîÅ ïëñ îïÃÅñ (Ei)i≥0

�ñ ÂÄÁîîñî ÅñÄÄñ 8ïñ 1
2 Ep = E2 ∀i ≥ p 3 Ei+1 = Ei ∪ Ei[Ai →∞ m] \íñî�� Ei ∪ Ei[Ai →∞ m]s

]
2 ∀i < p 3 Ei = ∅

,_



U$ �KH)HMKOGu PJ[MOMHMKOG &H LJG+*H)HG *M�MO)ML&G ��¿� q#Æ$Ìe!Ä Í! #%$ÄÄ!Ä

'� <Ã ÄÁ ÂÄÁîîñ E
ñîÅ íÆ�ïÃÅñ ? ïë îñïÄ Åñíóñ

ǫ3 ìë �ÁíÄñíÁ �ÃíñÂÅñóñëÅ �ñ ÄÁ îïÃÅñ�ñî ÆÂ>Áë5Æî �ñ ǫ �ÄïÅkÅ 8ïñ �ñ ÄÁ îïÃÅñ �ñî ÆÂ>Áë5Æî �Áëî E = {ǫ} �
^ñóÁí8ïñ H�{�[ @6: 3;s10/0.1 342 ;=T61�42µ B42 /4:E42 342 =B62242 (Ei)i≥0

2.1/ /.<22.<2 ^.:E4 1.:E6B4$ 8.:2 3º;=T61�42 2/:0=/2µ B42 =B62242 24 /:.<z41/ .==<A;42 34 B6^6¿.1 2<0z61/4 ©
E0 E1 · · · Ep Ep+1 · · ·
∅ ∅ · · · E Ep+1 = Ep ∪ Ep[Ap → m]s · · ·

Â¾½½¾ �/}/} <ìÃÅ B
ïëñ ÂÄÁîîñ �ñ Åñíóñî�

�� �ìïí ÅìïÅñ �ÁíÃÁðÄñ z 3 {z} [B →∞ m]s = z
� iïÅíñóñëÅ �ÃÅ Äñî �ÁíÃÁðÄñî îìëÅÂìëîñí�Æñî �Áí ÆÂ>Áë5ñî îÅíÃÂÅî�

'� �ìïí ÅìïÅ Åñíóñ
(λx.a)3 {(λx.a)} [B →∞ m]s = λx.(a [B →∞ m])

� iïÅíñóñëÅ�ÃÅ Äñî ÁðîÅíÁÂÅÃìëî îìëÅ Âìëîñí�Æñî �Áí ÆÂ>Áë5ñî îÅíÃÂÅî�
[� <Ã B

ñîÅ Âìó�ìîÆñ �ñ òÆíì�Åñíóñî3 ÁÄìíî �ìïí ÅìïÅ Åñíóñ
(u v)3

{(u v) [B →∞ m]s = (u [B →∞ m] v [B →∞ m])
� iïÅíñóñëÅ �ÃÅ Äñî Á���ÄÃÂÁÅÃìëî îìëÅ Âìëîñí�Æñî �Áí ÆÂ>Áë5ñî îÅíÃÂÅî îñÄìë �ñî ÂÄÁîîñî �ñ m}�

MNOPQO �kkWVTSij� _j VjhUTjh jni �Sga nT B Uujni eSn lfkefnWj Vj x¨� RSh jajkemjq
{(u x)[u→∞ I]} lfUiTjUi mj ijhkj x rgT Uujni eSn gUj SeemTlSiTfU� ⊓⊔

æ.-Ð-,.+ �/}/� c.EE4 B42 A:4E0¶:42 =B62242 34 B6 2<0/4 (Ei)i≥p
2.1/ z0342µ .1 1.9/4:6 ;�6B4E41/ (Ei)i≥p

µ B6 2<0/4 342 =B62242 41 =.EE41¿61/ 30:4=/4E41/ » Bº0130=4 p
$

IJ.K.L,-,.+ �/}/� :ñî îïÃÅñî �ñî ÆÂ>Áë5Æî îìëÅ ÂíìÃîîÁëÅñî �Áí ÃëÂÄïîÃìë�
MNOPQO RSh VWXUTiTfU Vjn ngTijn Vjn Wl�SU�Wn� ⊓⊔

Â¾½½¾ �/}/�
<ìÃÅ η

ñÅ
ǫ �ñï� Åñíóñî ÅñÄî 8ïñ

η = D[ǫ] ìn D
ñîÅ ïë ÂìëÅñ�Åñ ëìíóÁÄ�

<ìÃÅ m
ïë ëìë òÆíì�Åñíóñ ñÅ

(Ai)i≥0
ïëñ îïÃÅñ ÂíìÃîîÁëÅñ �ñ ÂÄÁîîñî �ñ Åñíóñî�

<ìÃñëÅ �ñï� ñëÅÃñíî pη
ñÅ

pǫ
ÅñÄî 8ïñ

pη ≥ pǫ
�

<ìÃÅ (Ei)i≥pǫ

ÄÁ îïÃÅñ �ñî ÆÂ>Áë5Æî �ñ ǫ �Áí ( (Ai)i≥0 , m)
ñÅ îìÃÅ (Fi)i≥pη

ÂñÄÄñ �ñîÆÂ>Áë5Æî �ñ η �Áí ( (Ai)i≥0 , m)
�iÄìíî3 �ìïí ÅìïÅ ñëÅÃñí i
ñÅ �ìïí ÅìïÅ òÆíì�Åñíóñ

e Á��ÁíÅñëÁëÅ ? Ei 3ìë Á D[e] ∈ Fi+pη−pǫ

�
^ñóÁí8ïñ H�{�~

� 842 34<W =B62242 (Ei)i≥pǫ

4/ (Fi)i≥pη
;z.B<41/ 60120 ©

ǫ ∈ Epǫ
−→ e ∈ Ei

ց ց
η = D[ǫ] ∈ Fpη

−→ D[e] ∈ Fi+pη−pǫ

� Ô.<2 =.130/0.12µ =4 B4EE4 E.1/:4 C<4 B42 ;=T61�42 A62241/ 6< =.1/4W/4$
� 842 0130=42 .1/ A.<: 5</ 34 3;s10: <1 .:3:4 3612 B4C<4B 2.1/ 4Ñ4=/<;2 B42;=T61�42$ c4//4 .:3:4 24 :;z;B4:6 </0B4 B.:2C<4 1.<2 6AAB0C<4:.12 =42 ;=T61�42;/6A4 A6: ;/6A4$

MNOPQO oT i < pǫ q Smfhn Ei
jni `TVj ji mj hWngmiSi jni ihT`TSm�Rfgh i ≥ pǫ q fU ehfl®Vj eSh hWlghhjUlj ngh i�

⊲ Rfgh i = pǫ � oT e SeeShiTjUi ° Epǫ q Smfhn e = ǫ� xhq eSh �vefi�®njq η = D[ǫ] rgT SeeShiTjUi° Fpη = Fpǫ+pη−pǫ

Vuf© mj hWngmiSi�
⊲ Rfgh i > pǫ � oT e ∈ Ei q Smfhn e ∈ Ei−1 ∪Ei−1[Ai−1 →∞ m]� xU VTniTU�gj VfUl Vjga lSn�t oT e ∈ Ei−1 q fU lfUlmgi eSh hWlghhjUlj�

,#



U$ �KH)HMKOGu PJ[MOMHMKOG &H LJG+*H)HG *M�MO)ML&G��÷� tÈÌ #$?Å&É! !Å ?$ÉÅÊ! &ÅÊ%! Í! ~s ÄÊ (c~s)∞ =x

t oT e ∈ Ei−1[Ai−1 →∞ m] Tm jaTnij Smfhn Vjn ijhkjn a ∈ Ai−1
ji e1 ∈ Ei−1

STUnTrgugU lfUijaij C ijmn rgj e1 = C[a] ji ijmn rgj e = C[m]∞ � C Uujni eSn ihT`TSm nTUfU
e = m∞ rgT Uujni eSn gU x¨�­fUihfUn rgj e1

jni gU x¨� oTUfUq lfkkj e1
jni UfhkSmq e1 efnnWVjhSTi gUj S�npihSliTfU ° nS hSlTUj� �uSeh®n mS hjkShrgj ��¿�¿q ji lfkkj C Uujni eSn ihT`TSmq Tm jUnjhSTi Vj kwkj efgh eq lfUihSVTliTfU�RSh �vefi�®nj Vj hWlghhjUlj SeemTrgWj ° e1 q D[e1] ∈ Fi−1+pη−pǫ

� ªfkkj mjn lmSnnjn
(Aj)j≥0

nfUi lhfTnnSUijnq Ai−1 ⊆ Ai−1+pη−pǫ

ji VfUl a ∈ Ai−1+pη−pǫ
� «TUnTq lfkkj

D[e1] = D[C[a]]q eSh VWXUTiTfU Vjn lmSnnjn VuWl�SU�jnq D[C[m]]∞ SeeShiTjUi °
Fi−1+pη−pǫ [Ai−1+pη−pǫ →∞ m]s mgTpkwkj TUlmgn VSUn Fi+pη−pǫ

� xhq D ji e nfUiUfhkSga ji e jni gU x¨q D[e] jni VfUl W�SmjkjUi nfgn �fhkj UfhkSmj� «TUnTq
D[e] = D[e]∞ = (D[C[m]∞])∞ = (D[C[m]])∞ � xU f�iTjUi VfUl �TjU D[e] ∈
Fi−1+pη−pǫ [Ai−1+pη−pǫ →∞ m]s ⊆ Fi+pη−pǫ ⊓⊔

d�u v°­ ³�B®²¯� �® B� ®̄´� ²®´�� ±�
~s

Ú´
(c~s)∞=x8º;/<34 342 :;3<=/0.12 (c~s) →∞β⊥ x 2º6AA6:41/4 » =4B<0 342 :;3<=/0.12 ;z61.<029261/42 3612 B42C<4B2 342 =.1/4W/42 C 24 :;3<026041/ » <14 z6:065B4 [] A=^$ 3;s10/0.1#$>$?F×$ c4//4 ;/<34 24:6 6AA:.^.1304 /61/ 3º<1 A.01/ 34 z<4 .A;:6/.0:4µ 6z4= Bº4W9/:6=/0.1 34 B6 �ÁíÅÃñ ïÅÃÄñ óÃëÃóÁÄñ 6<W 6:�<E41/2 ~s A3;s10/0.1 U$D$##×µ C<4 3<A.01/ 342 sB/:6�42 6z4= B4 Äñóóñ �ñ ëìë ÂÁ�Åïíñ U$D$F$ 86 1.19=6A/<:4 24 3;3<0:634 B6 A:.A.20/0.1 U$D$D$ c4BB49=0 ;1<E¶:4 B42 30Ñ;:41/42 ^6¿.12 34 :;3<0:4 B42 /4:E42

(δ[u] δ[v])
$ 86 A6:/04 </0B4 34 (c ~s )→∞β⊥ x

µ 24:6 <14 /:612A.20/0.1 6< =6B=<B 01s1034 =4BB4 4WA.2;4 3612 B4 B6E5369=6B=<B 30:0�;4 ¸\¹$ c4//4 /:612A.20/0.1 ;/61/ A.2205B4�:Í=4 6<W B4EE42 3º6AA:.W0E6/0.1 34 B6 24=/0.1 7$#$> 4/ 3< B4EE4 7$7$\$
()*+,-,.+ �/�/� <ìÃñëÅ v, w,~s �ñî Åñíóñî ÅñÄî 8ïñ

v ≤ (w ~s )
�më �ÃÅ 8ïñ v =6A/<:4 ~s î �ÃÄ ñ�ÃîÅñ �ñï� îïÃÅñî �ñ Åñíóñî ~s1 6= ∅

ñÅ
~s2

ÅñÄÄñî 8ïñ
v = (w ~s1)

ñÅ ÅñÄÄñî 8ïñ
~s =< ~s1, ~s2 >

�
^ñóÁí8ïñ H�@�' Ô0

v =6A/<:4 (w ~s ) 6B.:2 (w s1 · · · si︸ ︷︷ ︸
v

si+1 · · · sn)
$

Â¾½½¾ �/�/p <ìÃñëÅ v, w,~s �ñî Åñíóñî ÅñÄî 8ïñ
v ≤ (w ~s )3 ÁÄìíî 1

2 îìÃÅ v ≤ w2 îìÃÅ v ≤ ~s
Ã�ñ� ÃÄ ñ�ÃîÅñ si ∈ ~s

ÅñÄ 8ïñ
v ≤ si2 îìÃÅ v ÂÁ�Åïíñ ~s

MNOPQO �kkWVTSij eSh hWlghhjUlj ngh l(~s ) mj Ufk�hj VuWmWkjUin Vj mS ngTij� ⊓⊔

()*+,-,.+ �/�/} 0ë Õb�W ñîÅ ïë Åñíóñ 8ïÃ ñîÅ îìÃÅ ÄÁ �ÁíÃÁðÄñ x îìÃÅ ïë m}û�
IJ.K.L,-,.+ �/�/� <Ã a, b ∈ δ[OTFx] ∪OTF 3 ÁÄìíî (a b)∞

ñîÅ ïë m}û�
MNOPQO a ejgi hj`wiTh ihfTn �fhkjn s δ3 q δ[u] f© u gU jni x¨ü fg �TjU nTkemjkjUi u gU
x¨ü� �j kwkj efgh b rgT ejgi wihj δ3 q δ[o] fg oq o WiSUi gU x¨ü� �m v S VfUl jU ifgi ýlSn�xU hSeejmmj VuS�fhV rgj nT o jni gU x¨üq efgh ifgn ijhkjn w ji ~sq o[w/x] ji (o ~s )hjnijUi Vjn x¨ü�

⊲ oT a jni gU x¨üq mj hWngmiSi jni `hST� xU WmTkTUj ¯ lSn�
⊲ oT a = δ[u] f© u jni gU x¨ü st oT b = o gU x¨ü� «TUnTq (δ[u] o)→β (o u[o/x] o) rgT jni gU x¨ü�t oT b = δ[o] f© o jni gU x¨üa Smfhn

(δ[u] δ[o]) →β (δ[o] u[δ[o]/x] δ[o]) →β (u[δ[o]/x] o[u[o/x]/x] u[o/x] δ[o]) rgTjni �TjU gU x¨ü eSh niS�TmTiW Vjn x¨ü `Tnp°p`Tn Vjn ng�niTigiTfUn
⊲ oT a = δ3 st oT b = o gU x¨üq Smfhn (δ3 o)→β (o o o) rgT jni gU x¨ü�

,7



U$ �KH)HMKOGu PJ[MOMHMKOG &H LJG+*H)HG *M�MO)ML&G��÷� tÈÌ #$?Å&É! !Å ?$ÉÅÊ! &ÅÊ%! Í! ~s ÄÊ (c~s)∞ =x

t oT b = δ[o] f© o jni gU x¨ü Smfhn (δ3 δ[o])→β (δ[o] δ[o] δ[o]) rgT jni �TjU gU x¨üegTnrgj o jni gU x¨üq `fTh lSn a = δ[u]t oT b = δ3 q (δ3 δ3)→∞β⊥ ∆ gU x¨ü� ⊓⊔

Â¾½½¾ �/�/�
<ìÃñëÅ c ∈ δ[OTFx]

ñÅ
~s
ïëñ îïÃÅñ �ñ Åñíóñî ÅñÄÄñî 8ïñ

(c ~s )∞ = x
�

<Ã a1 ∈ ∆∗◦δ[OTFx] ∪∆+[OTF ]3 ñÅ îÃ a1 ≤ (a2 ~s)3 ÁÄìíî a1
ëñ ÂÁ�Åïíñ �Áî ~s

�
MNOPQO RSh muS�nghVjq nT a1

lSeighj ~sq Smfhn Tm jaTnij Vjga ngTijn Vj ijhkjnq ~s1
ji ~s2 q ijmmjnrgj a1 = (a2 ~s1)

ji ijmmjn rgj ~s =< ~s1, ~s2 >� Rfgh ifgij ngTij ~s1 = s1,1 · · · s1,n
ji efgh ifgnijhkjn a1, a2

`WhTXSUi mjn lfUVTiTfUn Vj muWUfUlWq kfUihfUn eSh hWlghhjUlj ngh n mj Ufk�hjVj ijhkjn Vj ~s1 q rgj nT a1 = (a2 ~s1)
Smfhn (c s1,1)

jni gU x¨ü� �m jU hWngmij gUj lfUihSVTliTfUegTnrgj VSUn lj lSn (c ~s )∞ = (c s1,1 · · · s1,n)∞ = (c s1,1)
∞s∞1,2 · · · s

∞
1,n ~s2

∞ 6= x egTnrgj
(c s1,1)

∞ jni gU x¨ü�RSh �vefi�®nj Vj muWUfUlWq mj ijhkj a1 ejgi hj`wiTh ihfTn �fhkjn s nfTi δ[w] f© w jni gU
x¨üaq nfTi (∆ (∆∗◦δ[w])) f© w gU x¨üaq nfTi (∆ u) f© u jni gU x¨ü�

⊲ oT n = 1q Smfhn a1 = (a2 s1,1)� yaSkTUfUn mjn ihfTn lSn efnnT�mjn Vj a1 st a1 = δ[w] jni WlShiW egTnrguSmfhn a1
Uj ejgi wihj muSeemTlSiTfU (a2 s1,1)�t oT a1 ∈ (∆ (∆∗ ◦ δ[w]))q Smfhn s1,1 ∈ ∆∗ ◦ δ[w]� ojmfU mS ehfefnTiTfU ��÷�÷q

(c s1,1)
∞ jni gU x¨üq Tm jni VfUl VT�WhjUi Vj x�t oT a1 ∈ (∆ u) f© u jni gU x¨üq Smfhn s1,1 = u jni W�SmjkjUi gU x¨ü� ojmfU mSehfefnTiTfU ��÷�÷q (c s1,1)

∞ jni gU x¨ü�
⊲ oT n > 1q Smfhn a1 = (a2 s1,1 · · · s1,n)��j kwkjq fU jalmgi a1 = δ[w]q Tm hjnij VfUl a1 ∈ ∆ (∆∗◦δ[w]) fg a1 ∈ (∆ u)� �SUnmjn Vjga lSn fU S ∆ = (a2 s1,1 · · · s1,n−1)� xhq ∆ = (∆ δ3) ∈ ∆∗ ◦δ[OTFx]q eShhWlghhjUlj ngh n SeemTrgWj ° a′

1 = ∆q a′
2 = a2

ji ~s′1 = s1,1 · · · s1,n−1 q fU f�iTjUi VfUl
(c s1,1)

∞ jni gU x¨ü� ⊓⊔

^ñóÁí8ïñ H�@�H c4 B4EE4 34 1.1 =6A/<:4 A4:E4/ 3º6Ó:E4: C<4 B42 ;=T61�42 3612
(c ~s ) 24 ^.1/ .< 5041 3612 c

µ .< 5041 3612 ~s
$ 8º;/<34 342 ;=T61�42 A4</ 3.1= 242;A6:4: 41 34<W © =4BB4 34 c 3º<14 A6:/µ 4/ =4BB4 34 ~s 3º6</:4 A6:/$

Â¾½½¾ �/�/" <ìÃÅ r
ïë Åñíóñ 8ïÃ î �ÆÂíÃÅ îìÃÅ (∆ ~u )3 îìÃÅ δ[e]

�
<Ã C

= ÄÅíñ r3 Ã�ñ�
r ∈ C[Λ]3 ÁÄìíî �ìïí ÅìïÅñ îïÃÅñ �ñ Åñíóñî ~v

ñÅ �ìïí ÅìïÅñ�ÁíÃÁðÄñ ëñï�ñ z 3 (δ C[z] ~v ) 6→∞β⊥ z
�

^ñóÁí8ïñ H�@�Ö Q</:4E41/ 30/µ 20 (c ~s )∞ = x
µ 6B.:2 s1

14 A4</ ¾/:4 24<B �:42A.19265B4� 34 B6 :;3<=/0.1 z4:2 x 34 (c ~s ) 20µ 6A:¶2 2<52/0/</0.1µ 0B A4</ 2º;=:0:4 2.<2 B6^.:E4 (∆ ~u ) .< 5041 δ[e]
$

MNOPQO wU ehjkTjh lSmlgm VfUUj s (δ C[z] ~v ) →β (C[z] [] C[z] ~v ) � �fifUn d =
(C[z] [] C[z] ~v ) �yaSkTUfUn mjn VT�WhjUijn �fhkjn UfhkSmjn Vj iwij efnnT�mjn efgh C[z] s nSUnq S`jl gUjfg S`jl Vjga S�nihSliTfUn�t oT C[z] jni UfUphWnfmg�mjq Smfhn d jni SgnnT UfUphWnfmg�mj ji VfUl d∞ 6= z �t oT C[z]→∗

β (y ~w ) f© ~w jni gUj ngTij Vj ijhkjn ji y gUj `ShTS�mjq Smfhn
d→∗

β (y ~w [] C[z] ~v ) 6= z �t oT C[z]→∗
β λy.(z ~w )q Smfhn efgh gUj ljhiSTUj ng�niTigiTfU σ q

d→∗
β (z ~w(σ) [] C[z] ~v ) 6= z �t oT C[z]→∗

β λy.(y ~w )q Smfhn efgh gUj ljhiSTUj ng�niTigiTfU σ q
d→∗

β ([] ~w(σ) C[z] ~v ) 6= z �t oTUfU C[z] →∗
β λxy.w � �SUn lj lSn C →∗

β λxy.D f© D jni gU lfUijaij� ªfkkj CXmihj r q mS �fhkj UfhkSmj Vj iwij Vj r efnn®Vj SgnnT Vjga S�nihSliTfUn� ªj rgT jniTUlfkeSiT�mj S`jl mu�vefi�®nj r nuWlhTi (∆ ~u ) fg δ[e]� ªfUihSVTliTfU� ⊓⊔

Â¾½½¾ �/�/�� <ìÃÅ x
ïëñ �ÁíÃÁðÄñ3 r

ïë Åñíóñ ÂÄìî ñÅ
(s1, · · · , sn) �ñî ÅñíóñîëìíóÁï�� <Ã (r s1 · · · sn)→∞ x3 ÁÄìíî ÃÄ ñ�ÃîÅñ ïëñ îïÃÅñ (C1, · · · , Cn) �ñ ÂìëÅñ�Åñî

? �íìÃÅñ3 =ëÃî3 ëìíóÁï� ñÅ îÁëî ⊥ ÁÃëîÃ 8ï �ïëñ îïÃÅñ �ñ îïðîÅÃÅïÅÃìëî (σi)1≤i≤n 3ÅñÄî 8ïñ 1
,>



U$ �KH)HMKOGu PJ[MOMHMKOG &H LJG+*H)HG *M�MO)ML&G��÷� tÈÌ #$?Å&É! !Å ?$ÉÅÊ! &ÅÊ%! Í! ~s ÄÊ (c~s)∞ =x

�� ∀1 ≤ i ≤ n, si = Ci[σi]
�

'�
(r C1 · · ·Cn)∞ = x

�
[� 7ìïí ÅìïÅñ �ÁíÃÁðÄñ ëñï�ñ z 3 �ìïí ÅìïÅ i ≤ n

ñÅ �ìïí ÅìïÅ ÂìëÅñ�Åñ D 3 î �ÃÄñ�ÃîÅñ ïë ÂìëÅñ�Åñ ëìë�ÅíÃ�ÃÁÄ E
ÅñÄ 8ïñ

D◦E = Ci 3 ÁÄìíî ÃÄ ñ�ÃîÅñ ïëñ îïÃÅñ�ñ Åñíóñî ~w
ÅñÄÄñ 8ïñ

(r C1 · · ·D[z] · · ·Cn)∞ = (z ~w )
�

{� öÄ ñ�ÃîÅñ ïë ïëÃ8ïñ Ãë�ÃÂñ i0 ≤ n
ñÅ ïë ÂìëÅñ�Åñ ëìíóÁÄ ñÅ ÂÄìî D

ÅñÄ 8ïñ 1
2 �ìïí ÅìïÅ i 6= i0 3 Ci

ñîÅ ÂÄìî
2 FV (Ci0) = {x} ñÅ

Ci0 = D[x]2 �ìïí ÅìïÅñ �ÁíÃÁðÄñ ëñï�ñ z 3 (r C1 · · ·D[z] · · ·Cn)∞ = z2 �ìïí ÅìïÅ Åñíóñ
w3 D[w]∞ = D[w∞]

�
()*+,-,.+ �/�/�� �ë �íñëÁëÅ Äñî ëìÅÁÅÃìëî �ï Äñóóñ H�@��í3 ÄÁ îïÃÅñ �ñ ÂìëÅñ�Åñî
(C1 · · ·Cn)

ñîÅ Á��ñÄÆñ ÄÁ A6:/04 </0B4 �ñ ~s �Áëî ÄÁ íÆ�ïÂÅÃìë (r ~s )∞ = x
�

MNOPQO oT (r s1 · · · sn) →∞β⊥ xq VuSeh®n mj mjkkj �����Áq Tm jaTnij gU ijhkj u′ ijm rgj
(r s1 · · · sn) →∞β u′ →∞⊥ x� ªfkkj x jni nSUn ⊥q Smfhn (r s1 · · · sn) →∞β x� ªfkkj xjni XUTq VuSeh®n mj mjkkj �����úq (r s1 · · · sn)→∗

β x��uSeh®n mj mjkkj ������q Tm jaTnij gU jUiTjh p ijm rgj ifgi ijhkj (r′ s′1 · · · s
′
n) rgTnSiTn�STi (r′ s′1 · · · s

′
n) ≡p (r s1 · · · sn) `WhTXj (r′ s′1 · · · s

′
n) →∗

β xq ji eSh niSUVShVTnSiTfUq
(r′ s′1 · · · s

′
n)→h,∗

β x� yU eShiTlgmTjhq ifgi lfUijaij F ′ = (R′ C′
1 · · ·C

′
n) rgT Xmihj (r s1 · · · sn)ji VfUi mjn ihfgn nfUi ° Vjn ehf�fUVjghn ngeWhTjghjn ° p `WhTXjUi F ′ →h,∗

β x�üTafUn F = (R C1 · · ·Cn) mj emgn ejiTi Vj ijmn lfUijaijn F ′ njmfU mufhVhj � jUihjlfUijaijn� ­fUihfUn rgj (C1, · · · , Cn) nSiTn�STi mjn lfUVTiTfUn Vj muWUfUlW�RSh nvkWihTj Vjn hHmjnq mjn ehjg`jn Uj nfUi �STijn rgj efgh C1 �ÀjkShrgfUn VuS�fhV rgj ifgi nfgnpijhkj Vj C1 eSnnj jU iwij �l�� VWXUTiTfU ��¯�ý� VSUnmS hWVgliTfU F →h,∗
β x� oTUfUq nT G jni gU nfgnpijhkj Vj C1 q Smfhn Tm jaTnij gU lfUijaij

D ijm rgj C1 = D◦G� �uSeh®n mj mjkkj ��¯���q lfkkj x UuS eSn Vj nfgnpijhkj TUijhUjq
(R D · · ·Cn)→h,∗

β x lj rgT lfUihjVTi mS kTUTkSmTiW Vj F �t C1
jni UfhkSm lSh Tm Xmihj s1

gU ijhkj UfhkSm�t C1
jni nSUn ⊥ lSh ⊥ Uj ejgi eSnnjh jU iwij VSUn gUj hWVgliTfU rgT nj ijhkTUj ngh x�t oT C1 efnn®Vj gU ihfg rgT Uujni eSn ° VhfTijq njmfU mS hjkShrgj ��¯��q Tm jaTnij gUlfUijaij D ijm rgj C1 = D[~λ.[] ~v ]� ªfkkj mj nfgnpijhkj ~λ.([] ~v) eSnnj jU iwij VSUn mShWVgliTfU F →h,∗

β xq Smfhn Tm jaTnij gUj ngTij Vj ijhkjn ~w ijmmj rgj F →h,∗
β (~λ. [] ~w)qlfUihSVTliTfU rgjmmjn rgj nfTjUi mjn ngTijn ~λ. ji ~w �¬WhTXfUn mjn ¿ efTUin s�� jni `hST lSh C1

Xmihj s1�� eSh VWXUTiTfU Vj (C1 · · · Cn)¯� nT C1 = D[E] Smfhn E eSnnj jU iwij� «TUnTq (R D[z] C2 · · ·Cn)→h,∗
β

~λ.(z ~w)� ªfkkj
(R D[E] C2 · · ·Cn) →h,∗

β x rgT jni nSUn S�nihSliTfUq XUSmjkjUi
(R D[z] C2 · · ·Cn)→h,∗

β (z ~w)�¿� RSh VWXUTiTfU Vjn lfUijaijn (Ci)1≤i≤n q Tm jaTnij gU ijhkj XUT r′ ijm rgj
(r′ C1 · · ·Cn)→h,∗

β x� x jni VfUl mT�hj VSUn Sg kfTUn gU Vj ljn ijhkjn�
r′
WiSUi lmfnq x nj nTigj UWljnnSThjkjUi VSUn mjn lfUijaijn (C1, · · · , Cn)� oT mS `ShTS�mj

x SeeShSèi VSUn mj lfUijaij C1 q Smfhn lj Uj ejgi wihj rgujU gU jajkemSThj� yU j�jiqnuTm jaTnij gU lfUijaij D ijm rgj C1 = D[x, x]q jU TnfmSUi mS ehjkT®hj Vjn VjgafllghhjUljn rgT eSnnj jU iwij VSUn mS hWVgliTfU (r′ C1 · · ·Cn) →h,∗
β xq fU lfUniSijrgj mS njlfUVj jni TUSliT`j� ymmj ejgi VfUl wihj hjkemSlWj eSh mS `ShTS�mj []q nSUnejhigh�jh mS hWVgliTfU (r C1 · · ·Cn)→h,∗

β x� ªj rgT lfUihjVTi mS kTUTkSmTiW Vj C1 �� muSTVj VugU hSTnfUUjkjUi nTkTmSThjq fU lfUlmgi rgj mS `ShTS�mj x Uujni ehWnjUij rgjVSUn gU Vjn lfUijaijn (C1, · · · , Cn
��

xU jU VWVgTi VfUl rgj D jaTnijq rguTm jni lmfn ji rgj efgh ifgij `ShTS�mj Ujg`j z q
(r C1 · · ·D[z] · · ·Cn)∞ = z�m jni W�SmjkjUi UfhkSm lfkkj nfgn ijhkj VugU Vjn lfUijaijn UfhkSga (C1, · · · , Cn)�

,?
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­fUihfUn mj VjhUTjh efTUi� ofTi z gUj `ShTS�mj Ujg`j ji nfTjUi ~λ. ji ~eq mjn emgnmfU�gjn ngTijn VuS�nihSliTfUn ji Vj ijhkjn ijmmjn rgj D[z] nuWlhT`j G[~λ.(z ~e)]� «TUnT
D[w] = G[~λ.(w ~e)]� ªfkkj mjn ijhkjn Vj ~e nfUi Vjn nfgnpijhkjn Vj D q Tmn nfUiUfhkSga�
�uSeh®n mS hjkShrgj ��¯��q ji eSh kSaTkSmTiW Vj ~λ. ji ~eq G jni gU lfUijaij °VhfTij� �j emgn Tm jni UfhkSm lfkkj D � �uSeh®n mS ehfefnTiTfU ��¯�¯q fU S VfUl
G[~λ.(w ~e)]∞ = G[~λ.(w ~e)∞]�t oT ~e jni `TVj Ufgn f�ijUfUn muW�SmTiW D[w]∞ = G[~λ.w]∞ = G[~λ.w∞] = D[w∞]�t ­fUihfUn rgj ~e Uj ejgi wihj rgj `TVj� RfnfUn a = ~λ1.(z ~e) f© ~λ1

jni gUj ngTij VuS�npihSliTfUn Vj kwkj mfU�gjgh rgj ~e� «TUnTq (a ~e)∞ = (z ~e)� ªfkkj (r C1 · · ·Cn)∞ = xqSmfhn (r[a/x] C1[a/x] · · ·Ci0 [a/x] · · ·Cn[a/x])∞ = a� RgTnrgj ljn ijhkjn nfUi lmfnq
r[a/x] = r q C1[a/x] = C1, · · · , Cn[a/x] = Cn

ji Ci0 [a/x] = D[a]� �uf© mS hWVgliTfU
(r C1 · · ·D[a] · · ·Cn)∞ = a�xhq Ufgn `jUfUn Vj kfUihjh rgj efgh ifgij `ShTS�mj Ujg`j z q
(r C1 · · ·D[z] · · ·Cn)∞ = z � �uSgihj eShiq lfkkj G jni UfhkSm ji ° VhfTijq
D[a]∞ = G[~λ.(a ~e) ]∞ = G[~λ.(a ~e)∞ ] = G[~λ.(z ~e) ]� «TUnTq D[a]∞ = D[z]� �m `TjUiVfUlq eSh eSnnS�j Sg lfUijaij Vj mS �fhkj UfhkSmj TUXUTjq
(r C1 · · ·D[a] · · ·Cn)∞ = (r C1 · · ·D[a]∞ · · ·Cn)∞ rgT jni W�Smj °
(r C1 · · ·D[z] · · ·Cn)∞ mgTpkwkj W�Smj ° z � xU f�iTjUi VfUl muW�SmTiW a = z lj rgTjUihSèUj ~e = ∅�Rfgh gUj VWXUTiTfU emgn VWiSTmmWj Vj mS UfiTfU Vj eShiTj giTmj `fTh ¸�¹� ⊓⊔

^ñóÁí8ïñ H�@��'
⊲

842 =.1/4W/42 (C1, · · · , Cn) 14 �6:341/ 342 6:5:42 342 /4:E42 s1 · · · sn
C<4 B42/:0=/ E010E<E 6s1 34 �6:61/0: B6 :;3<=/0.1 (r C1 · · ·Cn)→∞β⊥ x AA.01/ 7×$b.<2 B42 1Ø<32 34 Bº6:5:4 342 =.1/4W/42 (C1, · · · , Cn) 2.1/ </0B42 3612 =4 =6B=<Bµ6< 2412 .Î 0B2 2.1/ A622;2 41 /¾/4µ =4 C<4 30/ B4 A.01/ A>×$ yB2 ^.:E41/ 3.1= <1�2C<4B4//4� 03;6B A.<: 616BÌ24: B4 =.EA.:/4E41/ 342 6:�<E41/2 (s1, · · · , sn)AA.01/ #×$

⊲
842 A6:/042 </0B42 (C1, · · · , Cn) 2.1/ AB<2 2;B4=/0z42 C<4 B42 6:5:42 34 RSTE$@6: 4W4EAB4µ A.<: r = λxy.x

µ
s1 = λx.x 4/ s2 = x

µ 3612 B6 :;3<=/0.1
(r s1 s2)→∗

β x
µ B6 A6:/04 </0B4 34 ©

� r 42/ r
µ

� s1
42/ z034 0$4$ C1 = []

µ
� s2

42/ s2
0$4$ C2 = x

$86 A6:/04 </0B4 34 s1
42/ z034 3612 (r s1 s2)→∗

β x
/61302 C<4 Bº6:5:4 34 RSTE34 s1

42/ s1
B<09E¾E4$ c4/ 4W4EAB4 E.1/:4 5041 B4 =6:6=/¶:4 AB<2 2;B4=/0^ 34B6 A6:/04 </0B4 2<: Bº6:5:4 34 RSTE$

()*+,-,.+ �/�/�p <ìÃÅ x
ïëñ �ÁíÃÁðÄñ ñÅ

r
ïë Åñíóñ ÂÄìî3 ìë ëìÅñ T r

x

Ä �ñëîñóðÄñ
�ñî îïÃÅñî �ñ Åñíóñî ëìíóÁï� ~s

ÅñÄÄñî 8ïñ
(r ~s )∞ = x

�
()*+,-,.+ �/�/�} <ìÃÅ x

ïëñ �ÁíÃÁðÄñ ñÅ
r
ïë Åñíóñ ÂÄìî� 7ìïí ÅìïÅñ îïÃÅñ ~s �ñ

T r
x

1
2 ìë ëìÅñ (C~s

1 , · · · , C~s
n)

ÄÁ �ÁíÅÃñ ïÅÃÄñ �ñ ÄÁ îïÃÅñ �ñ Åñíóñî ~s �Áëî ÄÁ íÆ�ïÂÅÃìë
(r ~s )→∞β⊥ x

�
2 �ìïí ÅìïÅ ñëÅÃñí 1 ≤ k ≤ n ìë �ìîñ T~s

i = C~s
i [
−→
Λ∞]

�
2 ìë ëìÅñ

T
~s Ä �ñëîñóðÄñ �ñî îïÃÅñî T~s

1 × T~s
2 × · · · × T~s

n

æ.-Ð-,.+ �/�/�� x612 B6 2<0/4µ ~v ∈ T
~s 20�10s4 C<4 ~v = (v1, · · · , vn) 4/ C<4 vi ∈ T~s

iA.<: /.</ 1 ≤ i ≤ n
$

IJ.K.L,-,.+ �/�/�� <ìÃÅ x
ïëñ �ÁíÃÁðÄñ ñÅ

r
ïë Åñíóñ ÂÄìî� }ìïÅñ îïÃÅñ ~s ∈ T r

x�ÆíÃ=ñ 1
�� �ìïí ÅìïÅ 1 ≤ i ≤ n 3 T~s

i ∈ Λ∞ �

,D
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'� �ìïí ÅìïÅñ îïÃÅñ �ñ Åñíóñî ~v �ñ
T

~s 3 (r ~v )∞ = x
�

[� îìÃÅ a
ïë m}û3 v ïë Åñíóñ ñÅ

D
ïë ÂìëÅñ�Åñ� <Ã D[a] ∈ T~s

i 3 ÁÄìíî D[v]∞ ∈ T~s
i

�iïÅíñóñëÅ �ÃÅ3 T
~s[OTF →∞ v] ⊆ T

~s �ìïí ÅìïÅ Åñíóñ
v
�

{� 7ìïí ÅìïÅ Åñíóñ
w

1
⊲ îÃ i 6= i0 3 ÁÄìíî (T~s

i [w/x])∞ ⊆ T~s
i

⊲ îÃ i = i0 3 ÁÄìíî ÃÄ ñ�ÃîÅñ ïë ÂìëÅñ�Åñ ÂÄìî ñÅ ëìíóÁÄ C̃~s
i0

ÅñÄ 8ïñ 1
\Á] C̃~s

i0
[x,~[] ] = C~s

i0
3

\ð] �ìïí Åìïî Åñíóñî a
ñÅ ~b3 (C̃~s

i0
[a,~b])∞ = C̃~s

i0
[a∞,~b∞]

�
\Â] îÃ x 6∈ FV (w)3 ÁÄìíî (T~s

i0
[w/x])∞ ⊆ T~s

i0
[w∞/x] ⊆ C̃~s

i0
[w∞,

−→
Λ∞ ]3@� �ìïí ÅìïÅ Åñíóñ

w
ñÅ �ìïí ÅìïÅñ �ÁíÃÁðÄñ z

1
⊲ îÃ z 6= x3 ÁÄìíî (T~s [w/z])∞ ⊆ T

~s

⊲ îÃ z = x
ñÅ îÃ x 6∈ FV (w)3 ÁÄìíî (T~s [w/x])∞ ⊆ T

~s [w∞/x]ìn (T~s [w/x])∞ �ÆëìÅñ ( (T~s
1 [w/x])∞, · · · , (T~s

n[w/x])∞ )
�

^ñóÁí8ïñ H�@��H 842 =.1/4W/42 (C~s
1 , · · · , C~s

i0
, · · · , C~s

n) A4<z41/ 24 :4A:;241/4: 60120 ©

¸ ¹ ¸ ¹¸ ¹ ¸ ¹¸ ¹ ¸ ¹

C~s
1 C~s

n

x

~λ.

C~s
i0

86 A:.A:0;/; A?×A5× 0EA.24 »
x 3º¾/:4 2.0/ » 3:.0/4 2.0/ 2.<2 342 ~λ. 3612 C~s

i0

$
MNOPQO

�� �uSeh®n mj mjkkj ��÷��Áq mjn lfUijaijn (C~s
i )1≤i≤n

nfUi UfhkSga ji ° VhfTij� xUlfUlmgi VfUl �h²lj Sg mjkkj ��¯�¯��� ofTi (v1, · · · , vn) ∈ x~s � RSh VWXUTiTfU Vj x~s q Tm jaTnij gUj ngTij Vj ng�niTigiTfUn
(σi)1≤i≤n

ijmmjn rgj efgh ifgi 1 ≤ i ≤ n q C~s
i [σi] = vi � xhq VuSeh®n mj mjkkj ��÷��Á��� q (r C~s

1 · · ·C
~s
n)∞ = x � x Uj lfUijUSUi eSn mS `ShTS�mj []q eSh mj mjkkj ��¯�÷ fUjU VWVgTi (r C~s

1 [σ1] · · ·C
~s
n[σn])∞ = x�¯� ojmfU mS VWXUTiTfU Vj T~s

i q D[a] = C~s
i [~ui ] f© ~ui ∈

−→
Λ∞ � yaSkTUfUn VuS�fhV mj lSn f©

D jni nTkemj� �uSeh®n mS ehfefnTiTfU ��¯�÷q fU VfTi ihSTijh ihfTn lSn efgh D s�S� D = C~s
i [u1

i , · · · , u
j−1
i , F, uj+1

i , · · · , uq
i ]

S`jl F [a] = uj � �SUn lj lSnq lfkkj C~s
ijni gU lfUijaij ° VhfTijq �h²lj Sg mjkkj ��¯�¯q

D[v]∞ = C~s
i [u1

i , · · · , u
j−1
i , F [v]∞, uj+1

i , · · · , uq]
rgT SeeShiTjUi �TjU °

C~s
i [
−→
Λ∞] = T~s

i ���� a = G[~ui]q D = E[~ui, [] ] ji C~s
i = E[~[], G ]� �uSeh®n mj mjkkj ��÷��Á ���q

(r C~s
1 · · ·C

~s
i · · ·C

~s
n)∞ = x� ªfkkj [] UuSeeShSèi eSn VSUn xq jU `jhig Vg mjkkj��¯�÷ fU S (r C~s

1 · · ·E[~[], G[~ui ] ], · · ·C~s
n)∞ = x� ªfkkj G[~ui ] = aq fU S VfUl

(r C~s
1 · · ·E[~[], a ], · · ·C~s

n)∞ = x� RgTnq njmfU mS ehfefnTiTfU ����¯�q lfkkj a jnigU x¨üq (r C~s
1 · · ·E[~[], [] ], · · ·C~s

n)∞ = x� xhqE[~[], [] ]
Xmihj C~s

i q lj rgT lfUihjVTimS kTUTkSmTiW Vj C~s
i q mjkkj ��÷��Á �¯���l� D = E[ ~u, [] ] ji C~s
i = E[~[], a ]� RSh SUSmf�Tj S`jl mj lSn ehWlWVjUiq njmfU mSehfefnTiTfU ����¯�q (r C~s

1 · · ·E[~[], [] ], · · ·C~s
n)∞ = xq lfUihSVTliTfU�oT D lfUiTjUi emgnTjghn ihfgnq mjn efnTiTfUn ��� ji �l� efgh mjn nfgnpijhkjn a hjnijUiifg�fghn jalmgjn� ªjn nfgnpijhkjn nj nTigjUi VfUl gUTrgjkjUi ° muTUiWhTjgh Vjn ui �xU lfUlmgi Smfhn lfkkj Sg lSn �S��

,F
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¿� ⊲ Rfgh i 6= i0 �oT v ∈ T~s
i [w/x]q Smfhn Tm jaTnij gU ijhkj v′ ∈ T~s

i
ijm rgj v = v′[w/x]� RSh VWXUTiTfUVj T~s

i q Tm jaTnij gUj ng�niTigiTfU σ ijmmj rgj v′ = C~s
i [σ]� xhq VuSeh®n mj efTUi �¿�Vg mjkkj ��÷��Áq C~s

i
jni lmfnq Ufgn VWVgTnfUn VfUl v′[w/x] = C~s

i [σ[w/x] ]��uSeh®n mj mjkkj ��÷��Áq C~s
i
jni UfhkSm ji ° VhfTijq jU `jhig Vg mjkkj ��¯�¯q Ufgnf�ijUfUn (C~s

i [σ[w/x]])∞ = C~s
i [(σ[w/x])∞]�üTUSmjkjUiq Ufgn S�fgiTnnfUn ° muW�SmTiW v∞ = C~s

i [(σ[w/x])∞] rgT SeeShiTjUi �TjU° T~s
i �

⊲ Rfgh i = i0 � v = v′[w/x] f© v ∈ T~s
i0�S� �uSeh®n mj mjkkj ��÷��Á efTUi �¿�q Tm jaTnij gU lfUijaij D lmfn ijm rgj

D[x] = C~s
i0
� RhjUfUn yC~s

i0 = D � xU S �TjU yC~s
i0 [x,~[] ] = C~s

i0
���� �uSeh®n mj efTUi �¿� Vg mjkkj ��÷��Áq

( yC~s
i0 [a,~[] ])∞ = D[a]∞ = D[a∞] = yC~s

i0 [a
∞, ~[] ]�

xhq yC~s
i0 [x,~[] ] jni W�Sm ° C~s

i0
rgT jni ° VhfTij� �m jU jni VfUl Vj kwkj VjyC~s

i0 [a
∞, ~[] ] rgT jni gUj nTkemj ng�niTigiTfU� �j emgn yC~s

i0 [a
∞, ~[] ] jni UfhkSm lShW�Sm ° D[a]∞ � yU `jhig Vg mjkkj ��¯�¯q Ufgn f�ijUfUn VfUl

( yC~s
i0 [a

∞,~b])∞ = yC~s
i0 [a

∞,~b∞]�yUXUq lfkkj mS �fhkj UfhkSmj TUXUTj eSnnj Sg lfUijaijq Ufgn jU VWVgTnfUnmj hWngmiSi s ( yC~s
i0 [a,~b])∞ = yC~s

i0 [a
∞,~b∞]��l� ofTi v′ ∈ T~s

i0
ji nfTi v = v′[w/x]� RSh VWXUTiTfU Vj yC~s

i0 q Tm jaTnij gUj ng�niTigpiTfU σ ijmmj rgj v′ = yC~s
i0 [x, σ]q ji VfUl ijmmj rgj v∞ = yC~s

i0 [w
∞, (σ[w/x])∞]�ªfkkj x 6∈ FV (w)q Smfhn x 6∈ FV (σ[w/x]∞)� «TUnTq v∞ ejgi nuWlhThjyC~s

i0 [x, σ[w/x]∞] [w∞/x] rgT jni W�Sm ° C~s
i0 [σ[w/x]∞] [w∞/x] mgT kwkj WmWpkjUi Vj T~s

i0 [w
∞/x]�÷� Rfgh z 6= x lujni TkkWVTSi egTnrgj z Uujni eSn mT�hj VSUn mjn lfUijaijn (C~s

i )1≤i≤n �Rfgh z = xq mj efTUi �¿� Vj lj mjkkj Ufgn VfUUj mj hWngmiSi
(T~s

i0 [w/x])∞ ⊆ T~s
i0 [w

∞/x]� Rfgh i 6= i0 q VuSeh®n mj efTUi �¿�q (T~s
i [w/x])∞ ⊂ T~s

i �xhq lfkkj x Uujni eSn mT�hj VSUn w q Tm Uujni eSn mT�hj W�SmjkjUi VSUn mjn ijhkjn Vj
(T~s

i [w/x])∞ q ji VfUl (T~s
i [w/x])∞ [w∞/x] = (T~s

i [w/x])∞ �«TUnT (T~s
i [w/x])∞ = (T~s

i [w/x])∞ [w∞/x] ⊆ T~s
i [w∞/x]� ⊓⊔

^ñóÁí8ïñ H�@��~ @.<:C<.0 B42 A.01/2 A?× 4/ AD× 34 B6 A:.A.20/0.1 U$D$#F 0EA.241/90B2 »
w 34 14 A62 =.1/410: B6 z6:065B4 B05:4 x ¼ @:41.12 <1 =.1/4W/4 C~s

1 = [] 4/
v = (x I)

$ Õ1 6 3.1= C~s
1 [v] ∈ T~s

1

$ Ô.0/ w = λy.(y (x x))
$ y=0µ w∞ = w

$ QB.:2µ
v[w/x]∞ = (λy.(y (x x)) I)∞ = (x x)

$ Õ:µ 6<=<14 2<52/0/</0.1 σ 14 A4</ 26/02^60:4Bº;�6B0/; C~s
1 [σ] [w∞/x] = (x x)

$ xº.Î v[w/x]∞ 6∈ T~s
1 [w∞/x]

$

,U
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x612 =4 =T6A0/:4µ 1.<2 E.1/:4:.12 B6 =.1202/61=4 34 B6 /T;.:04 λβ+{(Y Ω3) = m}3612 B4 =62 .Îm ëñ î �ÆÂ>Áë5ñ �Áî ñë δ3
A=^$ =.:.BB60:4 ,$_$#>×$ c4 :;2<B/6/ 24:6 .5/41<2.<2 BºTÌA./T¶24 Ö1

3;=:0/4 AB<2 562$ V1 s1 34 =T6A0/:4µ 1.<2 z4::.12 41 C<.0 =4:;2<B/6/ :4È.01/ B4 /T;.:¶E4 34 ·<A4: ¸#U¹$Qs1 3º6BB;�4: B42 1./6/0.12µ B4 /4:E4 s10 m 24:6 1./; m1
µ 4/ 26 ^.:E4 1.:E6B401s104 m

$ -.<2 6z.12 3.1= m∞
1 = m

$�.:E<B.12 B6 A:4E0¶:4 TÌA./T¶24$�	K.-»¼L¾ � m = δ[b] ìn b
ñîÅ ïë òÆíì�Åñíóñ ÀìíÅ �ñ �ñ5íÆ Ãë=ëÃ îìïî ÀìíóñëìíóÁÄñ�

^ñóÁí8ïñ ~�í�� V1 A6:/0=<B04: b 6= x
$

æ.-Ð-,.+ "/�/o �0W.12 B42 /4:E42 m 4/ b 34 BºTÌA./T¶24 Ö1
A.<: B4 :42/4 3< =T69A0/:4 ,$-.<2 6BB.12 </0B024: B6 E;/T.34 342 =B62242 =.1s161/42 01s1042 34 R4:6:3<==0 A=^$3;s10/0.1 >$?$7U×$ yB z6 3.1= 2º6�0: 34 /:.<z4: <14 /4BB4 =B6224 =.1s161/4 ◦

A A.<:
m

C<0 =.1/041/ ∆∞

$ c.EE4 =613036/µ .1 A.<::60/ A:413:4 B6 AB<2 A4/0/4 =B6224
◦

A =.1/4161/ ∆∞
4/ =B.24 A6: ;=T61�42 2/:0=/2µ 1./;4 Clm({∆∞})

$ x612 =4 =62µ 0B14 :42/4:60/ 6B.:2 AB<2 » E.1/:4: C<4 A 1º42/ =.EA.2;4 C<4 34 a;:.9/4:E42$ yB ^6</:4E6:C<4: C<4 20 ◦

A =.1/041/ <1 1.1 a;:.9/4:E4µ .1 14 A4</ A62 =.1=B<:4 A.<: 6</61/C<4 {∆∞ = m} 42/ =.1/:630=/.0:4$ Ô4<B4E41/ B6 E;/T.34 34z0413:60/ =63<C<4$-.<2 6BB.12 A:;241/4: <1 =613036/ =61.10C<4 A.<: B6 =B6224 ◦

A
$

()*+,-,.+ "/�/p
2 <ìÃÅ (

◦

Ai)i≥0
ÄÁ îïÃÅñ �ñ ÂÄÁîîñî �Æ=ëÃñ �Áí 1

◦

A0 = {∆∞}
ñÅ ◦

Ai+1 =
◦

Ai ∪
◦

Ai[
◦

Ai →∞ m]s �ìïí ÅìïÅ ñëÅÃñí i ≥ 0
�

2 ÿìÅìëî (
◦

Bi)i≥1
ÄÁ ÂÄÁîîñ �ñî ÆÂ>Áë5Æî �ñ b �Áí ( (

◦

Ai)i≥0 , m) ��Ãë�ÃÂñ 1
�

iïÅíñóñëÅ �ÃÅ 1 ◦

B0=∅3 ◦

B1 ={b} ñÅ �ìïí ÅìïÅ i ≥ 1 3 ◦

Bi+1 =
◦

Bi∪
◦

Bi[
◦

Ai →∞ m]më �ìîñ 1
2 ◦

A =
⋃

i≥0

◦

Ai
ñÅ ◦

B =
⋃

i≥1

◦

Bi

86 =B6224 A z;:0s4 B6 =.130/0.1 34 2/650B0/; A6: ;=T61�42 s102$ d.1/:.12 C<º4BB41º42/ =.EA.2;4 C<4 34 a;:.9/4:E42$ @B<2 20EAB4E41/µ 0B 2<Ó/ 34 E.1/:4: C<4 B42=B62242 (
◦

Ai)i≥0
14 =.1/041141/ =T6=<14 C<4 342 a;:.9/4:E42$ @.<: =4B6µ 0B ^6</ 3;=:0:4B6 ^.:E4 34 242 ;B;E41/2$

,,
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IJ.K.L,-,.+ "/�/} :ñî ÂÄÁîîñî (

◦

Ai)i≥0
ñÅ

(
◦

Bi)i≥1
îìëÅ ÂíìÃîîÁëÅñî�

MNOPQO �j mS ehfefnTiTfU ��¿�ú� ⊓⊔

Õ1 z6 302/01�<4: 34<W ;/6A42 3612 B6 342=:0A/0.1 342 =B62242 (
◦

Ai)i≥0
$ 86 A:4E0¶:442/ 20EAB4 » 3;=:0:4 A=^$ A:.A.20/0.1 ,$_$,× � 4BB4 A4:E4/ 34 A.24: 342 ;C<6/0.12 2<: B4/4:E4 m 4/ A6: B6 E¾E4µ 34 3;/60BB4: 26 2Ì1/6W4 A=^$ 24=/0.1 \$#$7×$ x612 B6 34<W0¶E4µ.1 A:;=024 B6 �:6EE60:4 342 =B62242 ◦

Ai
�:Í=4 » B6 =.11602261=4 34 B6 2Ì1/6W4 34 mA=^$ 24=/0.1 \$7×$ 86 /:6120/0.1 41/:4 B42 34<W ;/6A42 24 ^60/ » Bº0130=4 nx

C<4 1.<23;s1022.12 E601/4161/$
()*+,-,.+ "/�/� <Ã �ìïí ÅìïÅ i ≥ 0, x 6∈

◦

Bi 3 ìë �ìîñíÁ nx =∞3 îÃëìë ìë ëìÅñíÁ
nx

Äñ �íñóÃñí Ãë�ÃÂñ n ≥ 0 �ìïí Äñ8ïñÄ
x ∈

◦

Bn
�

Â¾½½¾ "/�/� nx ≥ 2
�

MNOPQO yU j�jiq nT nx = 1q Smfhn x ∈
◦

B1 = {b}� xU f�iTjUi VfUl b = x rgT jni lfUihSThj° E
1 � ⊓⊔RÐ,- "/�/�

∆+[m] = ∆+◦δ[b] ⊆
◦

A1

MNOPQO Rfgh ifgi jUiTjh nq ∆∞ = (∆ · · · (∆ ∆∞) · · · ) = ∆n[∆∞] ∈
◦

A0 = {∆∞}� «TUnTqefgh ifgi nq ∆n[m] ∈
◦

A0[
◦

A0 →∞ m]s ⊆
◦

A1 � xU jU VWVgTi VfUl ∆+[m] ⊆
◦

A1 � ⊓⊔

IJ.K.L,-,.+ "/�/"
�� 7ìïí ÅìïÅ 0 ≤ i < nx

◦

Ai[
◦

Ai →∞ m]s = ∆+◦δ[
◦

Bi[
◦

Ai →∞ m] ] ∪∆+◦δ[
◦

B1]'� 7ìïí ÅìïÅ 0 ≤ i ≤ nx,
◦

Ai = {∆∞} ∪∆+◦δ[
◦

Bi]

^ñóÁí8ïñ ~�í�Ö
� y1/<0/0z4E41/ B42 ;=T61�42 C<0 A:;=¶341/ Bº;/6A4 nx

.1/ B04< 3612 B6 =B6224 ◦

Bi34 b
$ 86 =B6224 34 /4:E42 ◦

Ai
A4</ 3.1= ¾/:4 ;=:0/4 » A6:/0: 34 =4BB4 34 ◦

Bi
$

� ]:6AT0C<4E41/µ B42 =B62242 ◦

Ai
4/ ◦

Bi
24 A:;241/41/ 60120 ©

0 ≤ i < nx nx

∆

∆

∆

∆

⋃
=

◦

Ai

δ[
◦

Bi] ∆

=

∆

∆ ∆
⋃

◦

Ai

δ[
◦

Bi]

MNOPQO ­fUihfUn mjn Vjga efTUin nTkgmiSUWkjUi eSh hWlghhjUlj ngh i� yU �STi Ufgn Vj`fUnVWlSmjh mjn efTUin ��� ji ��� sRfgh ifgi 0 ≤ i < nx s�� ◦

Ai[
◦

Ai →∞ m]s = ∆+◦δ[
◦

Bi[
◦

Ai →∞ m] ] ∪∆+◦δ[
◦

B1]�� ◦

Ai+1 = {∆∞} ∪∆+◦δ[
◦

Bi+1]«g ehWSmS�mjq fU `WhTXj �TjU rgj efgh i = 0 mj efTUi ��� Vj muWUfUlW jni `hST Vg �STi rgj
◦

A0 = {∆∞}
ji ◦

B0 = ∅�
⊲ Rfgh i = 0� ḧSTifUn nWeShWkjUi l�SlgU Vjn Vjga efTUin s

,\
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�� ◦

A0 = {∆∞}� Rfgh ifgi n ≥ 1q ∆∞ = (∆ · · · (∆ ∆∞) · · · ) = ∆n[∆∞]�xhq ∆∞ 6≤ ∆q jU `jhig Vg mjkkj ����� fU S VfUl s
{∆∞}[{∆∞} →∞ m]s = }

n≥1

∆n[m] = ∆+[m]� ªfkkj m = δ[b] ji ◦

B1 = {b}

fU jU VWVgTi ∆+[m] = ∆+◦δ[
◦

B1]� «TUnTq ◦

A0[
◦

A0 →∞ m]s = ∆+◦δ[
◦

B1]� ªfkkj
◦

B0 = ∅q fU jU VWVgTi Smfhn mj hWngmiSi ◦

A0[
◦

A0 →∞ m]s = ∆+ ◦δ[
◦

B0[
◦

A0 →∞

m] ] ∪∆+◦δ[
◦

B1]��� RSh VWXUTiTfUq ◦

A1 =
◦

A0 ∪
◦

A0[
◦

A0 →∞ m]s � �uSeh®n mj efTUi ���q
◦

A0[
◦

A0 →∞ m]s = ∆+ ◦ δ[
◦

B1]
ji lfkkj ◦

A0 = {∆∞}q fU jU VWVgTi
◦

A1 = {∆∞} ∪∆+◦δ[
◦

B1]

⊲ Rfgh 1 ≤ i < nx � RSh �vefi�®nj Vj hWlghhjUljq fU S ◦

Ai = {∆∞}∪∆+◦δ[
◦

Bi]� ḧSTifUnnWeShWkjUi l�SlgU Vjn Vjga efTUin s�� ­fUihfUn muTUlmgnTfU ∆+◦δ[
◦

Bi[
◦

Ai →∞ m] ] ∪∆+◦δ[
◦

B1] ⊆
◦

Ai[
◦

Ai →∞ m]s �
ªfkkj ◦

A0 = {∆∞} ⊆
◦

Ai
Smfhn ◦

A0[
◦

A0 →∞ m]s ⊆
◦

Ai[
◦

Ai →∞ m]s � �uSeh®nmj efTUi ��� lSn i = 0q fU f�iTjUi VfUl∆+◦δ[
◦

B1] ⊆
◦

Ai[
◦

Ai →∞ m]s � �uSgihj eShiqmu�vefi�®nj Vj hWlghhjUlj efTUi ��� Ufgn VfUUj ∆+ ◦ δ[
◦

Bi] ⊆
◦

Ai �RSh VWXUTiTfU Vjn Wl�SU�jn Vj lmSnnjnq fU f�iTjUi STUnT
∆+◦δ[

◦

Bi[
◦

Ai →∞ m] ] ⊆ (∆+◦δ[
◦

Bi])[
◦

Ai →∞ m]s ⊂
◦

Ai[
◦

Ai →∞ m]s � üTUSmjkjUiqfU S�fgiTi ° muTUlmgnTfU ∆+◦δ[
◦

Bi[
◦

Ai →∞ m] ] ∪∆+◦δ[
◦

B1] ⊆
◦

Ai[
◦

Ai →∞ m]s �
ÀWlTehfrgjkjUiq nfTi d ∈

◦

Ai[
◦

Ai →∞ m]s � RSh VWXUTiTfU Vjn lmSnnjn VuWl�SU�jnqTm jaTnij gU lfUijaij UfU ihT`TSm C ji gU ijhkj a ∈
◦

Ai
ijm rgj C[a] ∈

◦

Ai
ji ijm

rgj d = C[m]∞ � ªfkkj ◦

Ai = {∆∞} ∪∆+◦δ[
◦

Bi]q fU VTniTU�gj Vjga lSn efgh
C[a] s
t oT C[a] = ∆∞ q lfkkj x 6∈

◦

Bi q Smfhn ∆ 6∈
◦

Ai = {∆∞} ∪ ∆+ ◦ δ[
◦

Bi]
jiVfUl a Uujni eSn gU nfgnpijhkj Vj ∆ rgT nfUi nfTi Vjn nfgnpijhkj Vj δ3nfTi ∆ mgTpkwkj� xU lfUlmgi Smfhnq lfkkj Sg lSn i = 0 efTUi ���q rgj

C[m]∞ ∈ ∆+◦δ[
◦

B1]�t oTUfUq C[a] ∈ ∆+◦δ[
◦

Bi]� �m jaTnij VfUl gU jUiTjh n ji gU ijhkj b1 ∈
◦

Bi
ijmn

rgj C[a] = ∆n◦δ[b1]� ªfkkj a ∈
◦

Ai = {∆∞}∪∆+◦δ[
◦

Bi] fU ejgi SeemTrgjhmj mjkkj Vj XmihS�j ����¿ efTUi �¯� ° a ≤ C[a] = ∆n ◦δ[b1]� C
WiSUi UfUihT`TSmq Tm Uj hjnij rgj Vjga lSn s�S� nT a ≤ b1 q Smfhn muWl�SU�j S mTjg VSUn b1
ji VfUl

C[m]∞ ∈ ∆+◦δ[
◦

Bi[
◦

Ai →∞ m] ]��� VSUn lj lSn Tm jaTnij gU jUiTjh p ijm rgj C[a] = ∆p[a] ji VfUl
C[m]∞ = ∆p[m]� xhq m = δ[b]q fU jU VWVgTi VfUl
C[m]∞ = ∆p◦δ[b] ∈ ∆+◦δ[

◦

B1]�� RSh VWXUTiTfUq ◦

Ai+1 =
◦

Ai ∪
◦

Ai[
◦

Ai →∞ m]s q njmfU mu�vefi�®nj Vj hWlghhjUlj
◦

Ai = {∆∞} ∪ ∆+ ◦ δ[
◦

Bi]
ji VuSeh®n mj efTUi ��� Vj lj mjkkjq

◦

Ai[
◦

Ai →∞ m]s = ∆+ ◦ δ[
◦

Bi[
◦

Ai →∞ m] ] ∪ ∆+ ◦ δ[
◦

B1]� xU jU VWVgTi VfUl
◦

Ai+1 = {∆∞}∪∆+◦δ[
◦

Bi]∪∆+◦δ[
◦

Bi[
◦

Ai →∞ m] ]∪∆+◦δ[
◦

B1]� RSh lhfTnnSUlj VjnlmSnnjnq ◦

B1 ⊆
◦

Bi q fU f�iTjUi VfUl
◦

Ai+1 = {∆∞}∪∆+◦δ[
◦

Bi]∪∆+◦δ[
◦

Bi[
◦

Ai →∞ m] ]� xU lfUlmgi Smfhn eSh mS VWXUTpiTfU Vj ◦

Bi+1
rgT jni W�Smj ° ◦

Bi∪
◦

Bi[
◦

Ai →∞ m]q Vuf© ◦

Ai+1 = {∆∞}∪∆+◦δ[
◦

Bi+1]
⊓⊔

Î.J.ÏÏÐ,J¾ "/�/�� 7ìïí ÅìïÅ 0 ≤ i ≤ nx, ∆ 6∈
◦

Ai
�

MNOPQO oTUfUq lfkkj ∆ ∈ ∆+◦δ[x]q VuSeh®n muW�SmTiW Vj mS ehfefnTiTfU ��Á�� efTUi ���qfU SghSTi x ∈
◦

Bi � ªfUihjVTi mS VWXUTiTfU Vj nx � ⊓⊔

\_



,$ |O ()G GM��*&
IJ.K.L,-,.+ "/�/�� <ìÃÅ E

ïëñ ÂÄÁîîñ�
<ìÃñëÅ (Ei)i≥1

ÄÁ îïÃÅñ �ñî ÆÂ>Áë5Æî �Áëî E �ñ (
◦

Ai)i≥0
�Áí m

ñÅ
(Fi)i≥1

ÄÁ îïÃÅñ
�ñî ÆÂ>Áë5Æî îÅíÃÂÅî �Áëî ∆+◦δ[E] �ñ (

◦

Ai)i≥0
�Áí m

�
iÄìíî �ìïí ÅìïÅ 0 ≤ i ≤ nx 3 Fi ⊆ ∆+◦δ[Ei] ∪

◦

Ai
�

MNOPQO _j hWngmiSi nj kfUihj eSh hWlghhjUlj ngh i�
⊲ �m jni `hST efgh i = 0 ji i = 1 `g rgj E0 = F0 = ∅ ji rgj E1 = E ji F1 = ∆+◦δ[E]�
⊲ Rfgh 2 ≤ i < nx � RSh �vefi�®nj Vj hWlghhjUlj Fi ⊆ ∆+◦δ[Ei] ∪

◦

Ai q kfUihfUn rgj
Fi+1 ⊂ ∆+◦δ[Ei+1] ∪

◦

Ai+1 �RSh VWXUTiTfUq Fi+1 = Fi ∪ Fi[
◦

Ai →∞ m]s qTm �Sgi VfUl kfUihjh rgj Fi ∪ Fi[
◦

Ai →∞ m]s ⊂ ∆+◦δ[Ei+1] ∪
◦

Ai+1 �xU S VW�° Fi ⊆ ∆+ ◦ δ[Ei] ∪
◦

Ai q lj rgT VfUUj eSh lhfTnnSUljq ehfefnTiTfU ��¿�úq
Fi ⊆ ∆+◦δ[Ei+1] ∪

◦

Ai+1 ��m Ufgn hjnij VfUl ° kfUihjh rgj Fi[
◦

Ai →∞ m]s ⊂ ∆+◦δ[Ei+1] ∪
◦

Ai+1 � RSh hWlghphjUljq Fi ⊂ ∆+◦δ[Ei] ∪
◦

Ai q Fi[
◦

Ai →∞ m]s nj VT`Tnj VfUl jU Vjga nfgnpjUnjk�mjn
∆+◦δ[Ei] [

◦

Ai →∞ m]s ji ◦

Ai [
◦

Ai →∞ m]s �t Rhfg`fUn VuS�fhV rgj ∆+◦δ[Ei] [
◦

Ai →∞ m]s ⊆ ∆+◦δ[Ei[
◦

Ai →∞ m] ] ∪
◦

Ai �ojmfU mS ehfefnTiTfU ��Á�� efTUi ���q efgh ifgi i ≤ nx q ◦

Ai = {∆∞} ∪∆+◦δ[
◦

Bi]�ªfkkj x 6∈
◦

Bi q ∆ 6∈
◦

Ai q fU ejgi VfUl SeemTrgjh mj mjkkj Vj XmihS�j efTUi �¯��_uWl�SU�j WiSUi nihTliq njgm mjn lSn �S� ji ��� SeeShSTnnjUi lj rgT VfUUj
∆+◦δ[Ei] [

◦

Ai →∞ m]s ⊆ ∆+◦δ[Ei[
◦

Ai →∞ m] ] ∪ (∆+ [m])�yi lfkkj m = δ[b]q (∆+ [m]) ⊆ ∆+◦δ[
◦

B1]q Tm jU hWngmij
∆+◦δ[Ei] [

◦

Ai →∞ m]s ⊆ ∆+◦δ[Ei[
◦

Ai →∞ m] ] ∪∆+◦δ[
◦

B1]��uSeh®n mS ehfefnTiTfU ��Á�� efTUi ���q ∆+ ◦ δ[
◦

B1] ⊆
◦

A1 ⊂
◦

Ai � üTUSmjkjUi
∆+◦δ[Ei] [

◦

Ai →∞ m]s ⊆ ∆+◦δ[Ei[
◦

Ai →∞ m] ] ∪
◦

Ai �t eSh VWXUTiTfU Vj mS ngTij (
◦

Ai)i≥0 q ◦

Ai[
◦

Ai →∞ m]s ⊆
◦

Ai+1 �xU S�fgiTi VfUl ° Fi[
◦

Ai →∞ m]s ⊆ ∆+ ◦ δ[Ei[
◦

Ai →∞ m] ] ∪
◦

Ai+1 � yUXUq eShVWXUTiTfU Vj mS ngTij (Ei)i≥0 Ei[
◦

Ai →∞ m] ⊆ Ei+1 q lj rgT jUihSèUj s
Fi[

◦

Ai →∞ m]s ⊆ ∆+◦δ[Ei+1] ∪
◦

Ai+1 � �uf© mj hWngmiSi� ⊓⊔

IJ.K.L,-,.+ "/�/�o <Ã nx =∞3 ÁÄìíî ◦

A
ñîÅ ïëñ ÂÄÁîîñ Âìë=ëÁëÅñ Ãë=ëÃñ �ìïí m8ïÃ ÂìëÅÃñëÅ (Y Ω3)

∞ �
MNOPQO yU j�jiq VSUn lj lSn efgh ifgi i > 0, x 6∈

◦

Bi � �uSeh®n mS ehfefnTiTfU ��Á��efTUi ���q ◦

A = {∆∞} ∪ ∆+◦δ[
◦

B] jni gUTrgjkjUi lfkefnWj Vj %Whfpijhkjn� «TUnTq ◦

A jnigUj lmSnnj lfUXUSUij TUXUTj efgh m rgT lfUiTjUi ∆∞ q mS �fhkj UfhkSmj TUXUTj Vj (Y Ω3)�
⊓⊔

Î.J.ÏÏÐ,J¾ "/�/�p <Ã nx =∞3 ÁÄìíî ìë Á Cons{Y Ω3 = m1} ìn m1
ñîÅ ïë Åñíóñ=ëÃ ÅñÄ 8ïñ m∞

1 = δ[b]
�

MNOPQO yU `jhig Vj mS ehfefnTiTfU ��Á���q ◦

A jni gUj lmSnnj lfUXUSUij TUXUTj efgh m =
m∞

1
ji rgT lfUiTjUi (Y Ω3)

∞ � xU lfUlmgi Smfhn �h²lj Sg i�Wfh®kj ¯�¿���� ⊓⊔b4:E01.12 41 ^60261/ B4 B041 6z4= B4 /T;.:¶E4 34 ·<A4: ¸#U¹$ Ô.<2 :;24:z4 34BºTÌA./T¶24 Ö
1
C<0 0EA.24 »

m∞
1

34 2º;=:0:4 λx.(x b x) 6< B04< 34 λx.(x b b′)
µ

E.1/:.12 C<4 nx =∞ 41/:6½14 BºTÌA./T¶24 34 ·<A4: λβ+(Ω3 m1) = m1 ⊢ m1 = δ3

IJ.K.L,-,.+ "/�/�} <Ã m1 →∗
β λx.(x b1 x) ÁÄìíî x ∈

⋃

i≥1

◦

Bi
Æ8ïÃ�ÁïÅ ?

λβ + (Y Ω3) = m1 ⊢ m1 = δ3

\#
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MNOPQO ªfkkj m1 →

∗
β λx.(x b1 x)q Smfhn m∞

1 = λx.(x b∞1 x)� E1
jni VfUl `WhTXWj� �fpifUn b = b∞1

ji m = m∞
1 � «g ehWSmS�mjq TUihfVgTnfUn mjn lmSnnjn VuWl�SU�jn ~��� ngT`SUijn st ofTi (A1

i )i≥0
mS ngTij Vj lmSnnjn VWXUTj eSh s

A1
0 = {Y Ω3}

ji A1
i+1 = A1

i ∪A1
i [A

1
i → m1]

s
1 efgh ifgi jUiTjh i ≥ 0�t �fifUn (B1

i )i≥1
mS ngTij Vj lmSnnjn VWXUTj eSh s

B1
0=∅q B1

1 ={b} ji efgh ifgi i ≥ 1 q B1
i+1 = B1

i ∪B1
i [Ai → m1]1

 ¡¢£ a����U ���� ���� ����� ~�� t
��§ t ∈ �

i≥1

B1
i
nnT t∞ ∈ �

i≥1

◦

Bi�§ ¤�
t ∈ �

i≥1

B1
i
�¥��� λβ + (Y Ω3) = m1 ⊢ b1 = t

MNOPQO _jn Vjga ehjg`jn nfUi TkkWVTSijn eSh TUVgliTfU ngh i� ⊓⊔

­fUihfUn rgj x ∈ }
i≥1

◦

Bi
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i≥1

◦

Bi q Smfhn x ∈ �
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B1
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λβ + (Y Ω3) = m1 ⊢ m1 = δ3 �
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C[m1]� �UihfVgTnfUnmS hWVgliTfU →µ=→β ∪ →m1
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 ¡¢£ a����_ ���� ���� ������ ~��� u

�� v
��§ b1 →

∗
µ u

�������� u ∈ �
i≥1

B1
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jni gUj �fhkj UfhkSmjq fU jU VWVgTi VfUl δ[b1]→

∗
µ δ3 � yUXUqlfkkj δ jni gU lfUijaij UfhkSmq fU jU VWVgTi b1 →

∗
µ x� �uf© x ∈ �

i≥1

B1
i
jU `jhig Vg �STi��Á��ú ���� ªj rgT jUihSèUj x ∈ �

i≥1

◦

Bi

��STi ��Á��÷ ��� �� ªfUihSVTliTfU� ⊓⊔

Î.J.ÏÏÐ,J¾ "/�/�� <ìïî �
1 3 nx =∞ ñëÅíÁ4ëñ Ä �>l�ìÅ>Bîñ �ñ�ï�ñí 1

λβ + (Ω3 m1) = m1 6⊢ m1 = δ3

MNOPQO RSh VWXUTiTfU ��Á�÷q nT nx = ∞ Smfhn x ∈ }
i≥1

◦

Bi � �uSeh®n mS ehfefnTiTfU ��Á��¿q
lujni WrgT`SmjUi ° λβ + (Y Ω3) = m1 6⊢ m1 = δ3 � ªj rgT jUihSèUj λβ + (Ω3 m1) = m1 6⊢
m1 = δ3 � ⊓⊔
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[ ]
t1

tn
∆

δ
¸ ¹

∆ ∆

δ
¸ ¹

∆

δ∆

∆

~t

t1
tn

δ
B04 x 3612 t1 · · · tn

H0 H1

∆

δ∆

[ ]

t1
tn

∆

∆ δ

[ ]

δ∆

∆

t1
tn

~t

H0

^ñóÁí8ïñ Ö���Ö
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#$ 842 =.1/4W/42 34 G 4/ H 14 =.1/041141/ C<º<1 24<B /:.< []
$ @.<: G

µ 26<^ G0
µ=4 /:.< 6AA6:6½/ 3612 <1 =.1/4W/4 δ = λx.(x [] x)

$ @.<: H
µ 0B 6AA6:6½/ 3612<1 =.1/4W/4 ∆+◦δ[([] T)]

$ x612 B6 2<0/4 B42 :41.EE6�42 34 B6 z6:065B4 x 3612B42 =.1/4W/42 δ 4/ ∆+◦δ[([] T)] 24:.1/ 01/4:30/2$ Ô0 5041 C<4 B6 2<52/0/</0.1 δ[x]24:6 ;�6B4 »
λx.(x x x) 4/ 1.1 λy.(y x y)

$ A=^$ 4W4EAB4 #$#$U×7$ c.EE4 B4 E.1/:4 B4 �:6AT4 34 G2
3612 B6 :4E6:C<4 \$#$,µ AB<204<:2 =.1/4W/42

δ A4<z41/ 2º4E5.½/4:$ c.EE4 A.<: <1 =.1/4W/4 D = (λx λx []) A.<: C<0 D[x]42/ α9;C<0z6B41/ »
(λy λx x)

µ B6 z6:065B4 x 34 Gn[x] 42/ B0;4 A6: B4 λx
C<0 B4A:;=¶34 0EE;306/4E41/ 3612 Bº6:5:4 3< =.1/4W/4$

^ñóÁí8ïñ Ö����í#$ b.</ =.1/4W/4 34 H[Λ] 4/ G[Λ] 42/ <1 Õb� 34 34�:; 01s10$7$ 842 =.1/4W/42 34 G 2.1/ 1.:E6<W 4/ » 3:.0/4$ V1 z4:/< 3< B4EE4 U$>$>µ A.<:/.</ =.1/4W/4 g 34 G 4/ /.</ /4:E4 v
µ
g[v]∞ = g[v∞]

$>$ Ô0
v 42/ <1 Õbµ A.<: /.</ =.1/4W/4 h 34 H 4/ /.</ /4:E4 v

µ
h[v]∞ = h[v∞]

$
æ.-Ð-,.+ ~/�/�� 8.:2C<4 B6 =B6224 X 42/ :42/:401/4 » <1 24<B /4:E4 X = {s}µ B6=B6224 H[{s}] 24:6 20EAB4E41/ 1./;4 H[s]

$
()*+,-,.+ ~/�/�o 0ë Åñíóñ

w
ñîÅ �ÃÅ ~t93;s102265B43 îÃ

w ∈ {∆∞} ∪ ∆̂+ ∪H[∆̂+] ∪ {H[v]
ÅñÄ 8ïñ

v ∈ H[v] } �
()*+,-,.+ ~/�/�p <ìÃÅ w

ïë Åñíóñ�
�� :ñ 8ïÁ�íï�ÄñÅ (~a, ~D,~g, k) Àìíóñ ïë 2Ì2/¶E4 A.<: w îÃ ~a

ñîÅ ïëñ îïÃÅñ �ñ kÅñíóñî �ñ Anx−2 3 ~D
ïëñ îïÃÅñ �ñ k ÂìëÅñ�Åñî ñÅ

~g
ïëñ îïÃÅñ �ñ k ÂìëÅñ�Åñî�ñ G ëìë Åìïî ÅíÃ�ÃÁï� ÅñÄÄñî 8ïñ 1

2 D1[a1] = g1[Dk[m]∞]
ñÅ �ìïí ÅìïÅ 2 ≤ i ≤ k 3 Di[ai] = gi[Di−1[m]∞]2 w ∈ ∆+◦δ[G[Dk[m]∞] ]'� më Á��ñÄÄñíÁ ÅÁÃÄÄñ �ï îlîÅBóñ Äñ Âìï�Äñ (k,

∑

1≤i≤k

l(Di))
�

öÄ îñíÁ ìí�ìëëÆ Äñ�ÃÂì5íÁ�>Ã8ïñóñëÅ�
^ñóÁí8ïñ Ö����{

� @.<: k = 3 =4 2Ì2/¶E4 2º;=:0:60/ ©

D2[a2] = g2[D1[m]∞]
D1[a1] = g1[D3[m]∞]

D3[a3] = g3[D2[m]∞]

� 86 A:4E0¶:4 ;C<6/0.1 3< 2Ì2/¶E4 D1[a1] = g1[D3[m]∞] =.12/0/<4 <14 5.<=B4C<0 A4:E4//:6 34 B4 :;2.<3:4$
º»).J¼½¾ ~/�/�� <ìïî �

2 3 Äñî Åñíóñî u
ñÅ ~t �ñ ÄÁ �íì�ìîÃÅÃìë Ö���� îìëÅ ÅñÄî 8ïñ

u îìÃÅ ~t��Æ=ëÃîîÁðÄñ�
^ñóÁí8ïñ Ö����� 842 /4:E42 u 4/ ~t

C<0 .1/ ;/; sW;2 3º6A:¶2 B6 A:.A.20/0.1 \$#$# 143;A41341/ C<4 34 m
$ 84 /T;.:¶E4 A:;=;341/ A4</ 3.1= ¾/:4 4WA:0E; AB<2 �;1;:6B49E41/ 34 B6 ^6¿.1 2<0z61/4 ©

º»).J¼½¾ ~/�/�� <Ã m �ÆíÃ=ñ Äñî >l�ìÅ>Bîñî �
1
ñÅ �

2 3 ÁÄìíî ÃÄ ñ�ÃîÅñ ïëñ îïÃÅñ�ñ Åñíóñî ~t �ñ T m
x

ñÅ ïë Åñíóñ
u
8ïÃ ñîÅ ~t��Æ=ëÃîîÁðÄñ ÅñÄî 8ïñ

m = δ[ (u ~t ) ]
�

\U
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IJ¾9�¾ Ò9 -»).J¼½¾86 A:4<z4 24 ^60/ 41 D ;/6A42$�-ÐK¾ �më �ÃîÅÃë5ïñ �ñï� ÂÁî �ìïí u
1

2 îìÃÅ u = ∆∞

ñÅ ÁÄìíî nx = 22 îÃëìë u 6= ∆∞

ñÅ ÁÄìíî u ∈ Anx−1 −Anx−2

MNOPQO RSh mS ehfefnTiTfU ý���� u ∈ Anx−1 �t oT u = ∆∞
kfUihfUn rgj nx = 2� RSh mj mjkkj ��Á�úq nx ≥ 2� ªfkkj b = (u ~t )qSmfhn b = (∆∞ ~t )� �uSgihj eShi lfkkj A0 = {∆∞}q Smfhn ∆∞

SeeShiTjUi W�SmjkjUi° A1
rgT lfUiTjUi A0 � «TUnTq (m ~t )∞ ∈ {b}[A1 → m]� xhq (m ~t )∞ = xq lfkkj

B1 = {b}q fU jU VWVgTi x ∈ B1[A1 → m] ⊆ B2
ji VfUl nx = 2�t oTUfUq u 6= ∆∞ � ­fUihfUn rgj u 6∈ Anx−2 � oT nx = 2q Smfhn Anx−2 = A0 = {∆∞}qVuf© u 6∈ Anx−2 � oT nx ≥ 3� RSh muS�nghVjq nT u ∈ Anx−2 q Smfhnq lfkkj b = (u ~t )q

(m ~t )∞ ∈ {b}[Anx−2 → m]� xhq nx−2 ≥ 1q Vuf© B1 ⊆ Bnx−2
ji lfkkj b ∈ B1 qfU S

b ∈ Bnx−2 � üTUSmjkjUiq lfkkj (m ~t )∞ = xq fU f�iTjUi x ∈ Bnx−2[Anx−2 → m] ⊆
Bnx−1 q lj rgT lfUihjVTi mS kTUTkSmTiW Vj nx � ⊓⊔

◮
c.EE4 ∆∞

42/ =B60:4E41/ ~t93;s102265B4µ 3;2.:E602 .1 2<AA.24:6 C<4 u 6= ∆∞

$
�-ÐK¾ � � 89¾Ï89¾L Ï¾½½¾L 9-,Ï¾L L9J G ¾- H

/
IJ.K.L,-,.+ ~/�/�"

��
G[G] = G'�
H[H] ⊆ H[� ∀X ⊆ Λ, ∆+◦δ[G[ (X T) ] ] = H[X]{� ∀X ⊆ Λ, (H[ ∆+◦δ[X] ] T) ⊆ G[X]@�
∆+◦δ[G[x] ] ⊆ {∆̂+} ∪H[∆̂+]

MNOPQO
�� ªfkkj [] ∈ Gq Smfhn G ⊆ G[G]� Rfgh mS hWlTehfrgjq G = }

n≥0

Gn � G1[G] = (∆+ ◦

δ[G] x ) = (∆+ ◦δ[}
i≥0

Gi] x ) = }
i≥0

(∆+ ◦δ[Gi] x ) = }
i≥0

Gi+1 ⊂ G� RgTnq eShhWlghhjUlj ngh nq Gn+1[G] = (∆+ ◦δ[Gn] x) [G] = (∆+ ◦δ[Gn[G] ] x ) ⊆ (∆+ ◦
δ[G] x ) = G1[G] ⊆ G��� xU lfUlmgi lfkkj efgh G� xU S eSn H ⊆ H[H] lSh [] 6∈ H �¯� �SUn gU ehjkTjh ijkenq kfUihfUn eSh TUVgliTfU ngh n rgj ∆+ ◦δ[Gn[(X x)] ] =
Hn[X]�Rfgh n = 0q ∆+ ◦ δ[G0[(X x)] ] = ∆+ ◦ δ[(X x)] = H0[X]� Rfgh n > 0q ∆+ ◦
δ[Gn+1[(X x)] ] = ∆+ ◦ δ[ (∆+ ◦ δ[Gn[(X x)] ] x)] = ∆+ ◦ δ[(Hn[X] x)] =
∆+◦δ[(Hn x)] [X] = Hn+1[X]�
xU lfUlmgi jUngTij eSh mS VWXUTiTfU Vj G ji H s G = }

n≥0

Gn
ji H = }

n≥0

Hn �
¿� Rhjg`j eSh TUVgliTfU nTkTmSThj Sg efTUi ehWlWVjUi�÷� ªfkkj ehWlWVjkkjUiq fU `S kfUihjh mj hWngmiSi efgh ifgi Gn

Vj G� Rfgh n = 0q
∆+◦δ[G0[x] ] = ∆+◦δ[x] = ∆+ [δ3] = �∆+ � Rfgh n > 1q gUj TUVgliTfU ngh n kfUihjrgj Gn[x] = Gn−1[(�∆+ x)� �uSeh®n mj efTUi �¯� Vj mS ehfefnTiTfU ý�����q fU jU VWVgTiVfUl Gn[x] ⊆ H[�∆+]� ⊓⊔

IJ.K.L,-,.+ ~/�/�~ <Ã w 6= ∆∞

ñÅ
w

ñîÅ ~t��Æ=ëÃîîÁðÄñ3 ÁÄìíî H[w]
Ä �ñîÅ ÁïîîÃ�

MNOPQO xU VTniTU�gj ¯ lSn st nT w ∈�∆+ q Smfhn H[w] ⊂ H[�∆+] rgT nfUi �TjU ~tpVWXUTnnS�mjn�t nT w ∈ H[�∆+]q fU lfUlmgi �h²lj Sg efTUi ��� Vj mS ehfefnTiTfU ý�����
\,
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t nT w = H[v] efgh v ∈ H[v]q Smfhn H[w] ⊆ H[H[v]] eSh mj efTUi ��� Vj mS ehfefnTiTfUý����� fU S H[H[v]] ⊆ H[v] Vuf© H[w] ∈ {H[v] ijm rgj v ∈ H[v]}� w jni VfUl �TjU
~tpVWXUTnnS�mj� ⊓⊔

Â¾½½¾ ~/�/o� <ìÃÅ w
ïë Åñíóñ 8ïÃ î �ÆÂíÃÅ w = ∆∞

ìï w ∈ ∆+◦δ[c] �ìïí c
ïëm}û� <ìÃñëÅ v

ïë Åñíóñ3 g ∈ G
ñÅ

C �ñî ÂìëÅñ�Åñî ÅñÄî 8ïñ
C[w] = g[v]

� iÄìíî
C[m]∞ �ñïÅ î �ÆÂíÃíñ �ñ Ä �ïëñ �ñî 8ïÁÅíñ óÁëÃBíñî îïÃ�ÁëÅñî 1

��
g′[x] Á�ñÂ g′ ∈ G

ñÅ3 îÃ g 6= []3 l(g′) < l(g)'�
g′[v] Á�ñÂ g′ ∈ G

ñÅ
l(g′) = l(g)[�

g[E[m]∞] �ìïí E
ïë ÂìëÅñ�Åñ ÅñÄ 8ïñ

E[w] = v
ñÅ ÅñÄ 8ïñ

C = g◦E �
{�

g′[(u ~t )] Á�ñÂ g′ ∈ G
ñÅ3 îÃ g 6= []3 l(g′) < l(g)

MNOPQO ªfkkj C[w] = g[v]q Smfhn w jni gU nfgnpijhkj Vj g[v]� �j emgn lfkkj g ∈ Gji G = }
n≥0

Gn q Tm jaTnij n ≥ 0 ijm rgj g ∈ Gn � _j hWngmiSi nj kfUihj eSh TUVgliTfU ngh n�
oT g = []q fU f�iTjUi lmSThjkjUi mj lSn �¯� jU ehjUSUi E = C � xU ngeefnjhS VfUl g 6= []��SUn mj lSn f© w ∈ ∆+◦δ[c]q fU ehjUVhS w = ∆p◦δ[c]� Àj�ShVfUn mjn efnTiTfUn efnnT�mjnVj w VSUn g[v] s�� Rfgh n = 0q g jni ihT`TSm� ªujni VfUl mj lSn �¯���� Rfgh n = 1q nfTi g = ((∆q◦δ[] ) ~s ) S`jl ~s ∈ x� ªfkkj w = ∆p◦δ[c] fg w = ∆∞ ⊆

(∆+∆∞) ji rgj w ≤ g[v] = (∆q◦δ[v] ~s)q eSh mj mjkkj ��÷�ú Vj UfUplSeighj fU S st nfTi w ≤ ~s� �SUn lj lSn Tm jaTnij gU lfUijaij D ijm rgj ~s = (s1, · · · , D[w], · · · , sn)�ªfkkj w jni gU x¨üq eSh mS ehfefnTiTfU ý���ú efTUi �¯�q mS ngTij
~s′ = (s1, · · · , D[m]∞, · · · , sn) SeeShiTjUi ° x� «TUnTq jU efnSUi g′ = (∆q ◦δ[] ~s′)qfU S C[m]∞ = g′[v] S`jl l(g′) = l(g) ji g′ ∈ G� ªujni mj lSn ����t nfTi w ≤ ∆q◦δ[v]� �SUn lj lSnq lfkkj c jni gU x¨üq Smfhn c 6= x� yU eShiTlgmTjh
w 6= ∆� RSh mj mjkkj Vj XmihS�j ����¿q SeemTrgW ° w ≤ ∆q◦δ[v] s�S� VSUn mj lSn f© w ≤ v q Tm jaTnij gU lfUijaij E ijm rgj E[w] = v ji ijm rgj

C = g◦E � «TUnT ∆q◦δ[v] = ∆q◦δ[E[w] ] ji lfkkj∆q◦δ[]
jni gU lfUijaij UfhkSm° VhfTijq eSh mj mjkkj ��¯�¯q C[m]∞ = ((∆q ◦δ[E[m]∞ ]) ~s ) = g[E[m]∞]�ªujni mj lSn �¯����� VSUn mj lSn f© ∆r[w] = ∆q ◦δ[v] S`jl r < q q Smfhn C[m]∞ = (∆r[m] ~s )∞ �ªfkkj ∆r

jni gU lfUijaij UfhkSm ° VhfTijq eSh mj mjkkj ��¯�¯q ∆r[m]∞ =
∆r[m

∞] = ∆r[m] lSh m jni UfhkSm� ªfkkj m = δ[(u ~t )]q Smfhn C[m]∞ =
(∆r◦δ[(u ~t )] ~s)� yU efnSUi g′ = ((∆r◦δ[]) ~s) fU f�iTjUi C[m]∞ = g′[(u ~t )]S`jl l(g′) < l(g)� ªujni mj lSn �¿���l� VSUn mj lSn f© w = ∆q◦δ[v]q Smfhn C[m]∞ = (m ~s )∞ = x� ªujni lSn ��� efgh
g′ = [] ∈ G0 � l(g′) < l(g) lSh fU S ngeefnW g 6= []�¯� Rfgh n ≥ 2� ofTi g = (∆q◦δ[g

′] ~s) S`jl ~s ∈ x ji g′ ∈ Gn−1 � �uSeh®n mj mjkkj ��÷�úVj UfUplSeighjq w jni nfTi nfgnpijhkj VugU Vjn WmWkjUin Vj mS ngTij ~s nfTi nfgnpijhkjVj mS iwij ∆q◦δ[g
′]� ªj rgT nuWlhTi s

t nfTi g[v] = (∆q ◦δ[g
′[v] ] s1 · · ·E[w] · · · sn ) ji Smfhn C[m]∞ = (∆q ◦δ[g

′[v] ]
−→
s′ )S`jl ~s′ ∈ x� ªujni mj lSn ����t nfTi g[v] = (F [w] ~s ) S`jl F [w] = ∆q ◦δ[g

′[v] ]� RSh mj mjkkj ����¿ Vj XmihS�j fUVTniTU�gj s�S� VSUn mj lSn f© w ≤ g′[v] Tm jaTnij gU lfUijaij D ijm rgj D[w] = g′[v]� RSh�vefi�®nj Vj hWlghhjUlj SeemTrgWj ° w q g′ ∈ Gn−1
ji D q lfkkj D[w] = g′[v]qfU jU VWVgTi D[m]∞ = g′′[r] S`jl g′′ ji r lfhhjnefUVSUi ° gU Vjn ¿ lSn VjmuWUfUlW�xhq g[v] = (∆q◦δ[g

′[v] ] ~s ) = (∆q◦δ[D[w] ] ~s )� yU efnSUi g1 = (∆q◦δ[] ~s ) ∈
G1 q muW�SmTiW C[w] = g[v] nuWlhTi VfUl C[w] = g1[ D[w] ]�xU f�iTjUi STUnT C[m]∞ = (g1[ D[m] ])∞ � ªfkkj g1

jni gU lfUijaij UfhkSm° VhfTijq eSh mj mjkkj ��¯�¯q C[m]∞ = g1[ (D[m])∞ ] = (g1◦g
′′)[r]�RSh mS ehfefnTiTfU ý����� efTUi ���q g1 ◦ g

′′ ∈ G� xU f�iTjUi VfUl �TjU mjhWngmiSiq mj lSn nfmgiTfU WiSUi ljmgT lfhhjnefUVSUi ° g′′ ji r �
\\
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��� ji �l� VSUn mjn lSn f© F [w] = ∆r[w] fg F [w] = w q mjn ehjg`jn nj �fUi lfkkj efgh
n = 1� ⊓⊔�-ÐK¾ o � KJ)Ø,L,.+ L9J ÏÐ ØÏÐLL¾ Ò¾ ub:.<z.12 <1 2Ì2/¶E4 3º;C<6/0.12 26/02^60/42 A6: u

$
()*+,-,.+ ~/�/o� ÿìÅìëî (Ui)i≥1

ÄÁ ÂÄÁîîñ �ñî ÆÂ>Áë5Æî �ñ u �Áí ( (Ai)i≥0 , m)
�

Â¾½½¾ ~/�/oo 7ìïí ÅìïÅ 0 ≤ i ≤ nx − 2, Ui ∩Ai = ∅ �
MNOPQO ªfkkj mS lmSnnj Vjn Wl�SU�Wn (Ui)i≥1

lfkkjUlj ° muTUVTlj �q eSh mS VWXUTiTfU��¿��q U0 = ∅� oT nx = 2q lfkkj U0 = ∅q mj hWngmiSi jni TkkWVTSi� oTUfUq nx ≥ 3� ofTi
1 ≤ i ≤ nx − 2 � RSh muS�nghVjq ehjUfUn u′ VSUn Ui ∩ Ai � �fifUn rgj u jni gU x¨ lShmj ijhkj b = (u ~t ) jni gUj �fhkj UfhkSmj� ªfkkj (Bi)i≥1

jni mS ngTij Vjn Wl�SU�Wn Vj
b = (u ~t ) eSh ( (Ai)i≥0 , m) lfkkj u jni gU x¨ ji lfkkj mjn ngTijn (Ui)i≥1

ji (Bi)i≥1fUi kwkj TUVTljq eSh mj mjkkj ��¿�� fU jU VWVgTi (u′ ~t ) SeeShiTjUi ° Bi � xhq u′ ∈ Ai q Tm`TjUi VfUl (m ~t )∞ ∈ {(u′ ~t )}[Ai → m]� ªfkkj (m ~t )∞ = x ji lfkkj (u′ ~t ) ∈ Bi fUf�iTjUi VfUl x ∈ Bi[Ai → m] ⊆ Bi+1 � xhq i + 1 < nx
lj rgT lfUihjVTi mS kTUTkSmTiW Vj

nx � ⊓⊔

Â¾½½¾ ~/�/op 7ìïí ÅìïÅ 0 ≤ i ≤ nx − 1 3 Ui
ñîÅ Âìó�ìîÆñ �ñ òÆíì�Åñíóñî îìïîÀìíóñ ëìíóÁÄñ�

MNOPQO RSh VWXUTiTfU ��¿�� Vjn lmSnnjn VuWl�SU�Wjnq (Ui)i≥1
jni �TjU lfkefnWj Vj ijhkjnnfgn �fhkj UfhkSmj�xU S ngeefnW u 6= ∆∞ � RSh mS ehfefnTiTfU ý����q u ∈ Anx−1
ji eSh mS ehfefnTiTfU ��Á��efTUi ���q Anx−1 = {∆∞} ∪ ∆+◦δ[Bnx−1]� �m jaTnij VfUl gU ijhkj c ∈ Bnx−1

ijm rgj uSeeShiTjUUj ° ∆+◦δ[c]�ofTjUi (Ci)i≥1
mS ngTij Vjn lmSnnjn Vjn Wl�SU�Wn Vj c eSh ( (Ai)i≥0 , m)� �fifUn (�Ui)i≥0mS lmSnnj Vjn Wl�SU�jn ������� Vj u VuTUVTlj � Vj (Ai)i≥0 eSh m� RgTnrgj efgh ifgi 0 ≤ i ≤

nx − 2q Ui ∩ Ai = ∅
�mjkkj ý������q mjn Wl�SU�jn nihTlin ji mSh�jn nfUi TVjUiTrgjn ji mjnlmSnnjn (Ui)i≥0

ji (�Ui)i≥0
lf/UlTVjUi VfUl �gnrguSg hSU� nx − 1� RSh mS ehfefnTiTfU ��Á���SeemTrgWj ° C = {c} ji D = {u} ⊆ ∆+◦δ[c]q efgh ifgi 0 ≤ i ≤ nx − 1 q mS lmSnnj �Ui

jniTUlmgnj VSUn ∆+◦δ[Ci] ∪ Ai
rgT jni gUj hWgUTfU Vj Vjga Vjn lmSnnjn Vj %Whfpijhkjn� �m jUjni VfUl Vj kwkj efgh Ui efgh ifgi 0 ≤ i ≤ nx − 1� ⊓⊔

Â¾½½¾ ~/�/o} 7ìïí ÅìïÅ 0 ≤ i ≤ nx−1 3 (Ui T)
ñîÅ ïëñ ÂÄÁîîñ �ñ Åñíóñî ëìíóÁï�ñÅ

Bi ⊆ (Ui T)
�

MNOPQO RSh mj mjkkj ý����¯q efgh 0 ≤ i ≤ nx − 1 q Ui
jni lfkefnWj Vj x¨ nfgn �fhkjUfhkSmj� _jn ijhkjn Vj (Ui x) Uj efnn®VjUi VfUl eSn Vj hjVjaq Tmn nfUi �TjU nfgn �fhkjUfhkSmj lfkkj Ui

ji x mj nfUi�­fUihfUn mj hWngmiSi eSh hWlghhjUlj ngh i�t efgh i = 0� B0
ji U0

nfUi `TVjn ji mj hWngmiSi jni TkkWVTSi�t efgh i = 1� B1 = {u ~t} ji U1 = {u}� ªmSThjkjUiq B1 ⊆ (U1 x)�t efgh 2 ≤ i ≤ nx − 1� �fgn SmmfUn kfUihjh rgj mjn Wl�SU�jn Vj Bi
Vj Ai eSh m nj�fUi nfTi VSUn Ui

nfTi VSUn x� ªujni gUj lfUnWrgjUlj Vj mS UfUplSeighj��uSeh®n mS VWXUTiTfU ý�Á��q Bi = Bi−1 ∪ Bi−1[Ai−1 → m] ji eSh �vefi�®nj VjhWlghhjUljq Bi−1 ⊆ (Ui−1 x)� «TUnTq Bi ⊆ (Ui−1 x)∪ (Ui−1 x)[Ai−1 → m]��uSgihj eShiq lfkkj i ≤ nx − 1q mj efTUi ��� Vj mS ehfefnTiTfU ��Á�� Snnghj rgj
Ai−1 = {∆∞} ∪∆+◦δ[Bi−1]

ji VfUl Ai−1 ⊆ {∆∞} ∪∆+◦δ[ (Ui−1 x) ]� _S lmSnnj
Ai−1

`WhTXj VfUl muTUlmgnTfU s Ai−1 ⊂ ∆+[OTF ] ∪ ∆+◦δ[OTFx]��uSeh®n mj mjkkj ��÷�ú Vj UfUplSeighjq mjn Wl�SU�jn Vj Ai eSh m VSUn (Ui x) nj �fUinfTi VSUn Ui
nfTi VSUn xq lj rgT nuWlhTi s

(Ui−1 x) [Aj−1 → m] = ( Ui−1 [Ai−1 → m] x [Ai−1 → m] )� xhq eSh VWXUTiTfUVj Ui q Ui−1 [Ai−1 → m] ⊆ Ui
ji njmfU mS ehfefnTiTfU ý���ú efTUi �¯�q lfkkj

Ai−1 ⊆ OTF q x[Ai−1 → m] ⊆ x�üTUSmjkjUiq fU f�iTjUi muTUlmgnTfU Bi ⊆ (Ui−1 x) ∪ (Ui x) ji eSh mj mjkkj ��¿�úqlfkkj Ui−1 ⊆ Ui q Bi ⊆ (Ui x)� ⊓⊔

#__
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Î.J.ÏÏÐ,J¾ ~/�/o� 7ìïí ÅìïÅ 0 ≤ i ≤ nx − 1, Ai ⊆ {∆∞} ∪∆+◦δ[ (Ui T) ]
�

MNOPQO oj VWVgTi Vj mS ehfefnTiTfU ��Á�� efTUi ��� ji Vg mjkkj ý����¿� ⊓⊔�-ÐK¾ p � ½,L¾ ¾+ )89Ð-,.+L Ò¾ uÂ¾½½¾ ~/�/o� öÄ ñ�ÃîÅñ ïë îlîÅBóñ �ìïí u Áï îñëî �ñ ÄÁ �Æ=ëÃÅÃìë Ö����[�
^ñóÁí8ïñ Ö���'H t;2<E.12 3º65.:3 B4 2=T;E6 34 B6 A:4<z4 34 =4//4 ;/6A4$ @6: B6A:.A.20/0.1 \$#$# 4/ B4 =.:.BB60:4 \$#$7Dµ

u ∈ Anx−1 ⊆ ∆+◦δ[ (Unx−1 T) ]
$ yB 4W02/43.1= 41 A6:/0=<B04: <1 ;B;E41/ w ∈ Unx−1

/4B C<4 u = ∆p◦δ[ (w ~s) ]
$ xº6A:¶2 B4^60/ \$#$7,µ =.EE4 w ∈ Unx−1

µ .1 A4</ =.12/:<0:4 <14 =T6½14 3º;=T61�42 A6:/61/34 u 4/ 24 /4:E0161/ 2<: w
$ c4//4 =T6½14 01/:.3<0/ 342 =.1/4W/42 (C1, · · · , Ck)

C<4B4 ^60/ \$#$>_ /:612^.:E4 41 (D1, · · · , Dk) 6s1 34 2<AA:0E4: 342 ∆+◦δ 01</0B42$ 86A:4E0¶:4 ;C<6/0.1 3< 2Ì2/¶E4µ C<0 =.12/0/<4 B6 5.<=B4µ 2º.5/041/ 6B.:2 3< ^60/ C<4 u2º;=:0z4 34 34<W E610¶:42 u = C1[a1]
4/ u = ∆p◦δ[ (w ~s) ] 4/ 3< ^60/ C<4 w 42/ 41s1 34 =T6½14 0$4$ w = Ck[m]∞

$ 86 5.<=B4 3< 2Ì2/¶E4 z041/ 3.1= 3< ^60/ C<4 w 24/:.<z4 » B6 ^.02 6< 3;5</ 4/ » B6 s1 34 B6 =T6½14$ 842 6</:42 ;C<6/0.12 3< 2Ì2/¶E44/ Bº6AA6:/4161=4 3;:0z41/ 6B.:2 16/<:4BB4E41/$@:.A.20/0.1 \$#$# ⊕ c.:.BB60:4 \$#$7D
⇓

u = ∆p◦δ[ (w ~s) ]⊕

u 2º;=T61�4 41 w0$4$ u = C1[a1]
4/ w = Ck[m]∞

⇓
C1[a1] = ∆p◦δ[ (Ck[m]∞ ~s) ]

MNOPQO
�fgn SmmfUn WlhThj Vjga nvni®kjnq �STi ý����� ji �STi ý���¯Áq VfUi l�SlgU VWhT`j mugU VjmuSgihj efgh XUSmjkjUi f�ijUTh mj hWngmiSi hjl�jhl�W�

 ¡¢£ �����a ¤��� 1 ≤ j ≤ nx − 1 § ���� ���� �����
w ∈ Uj

�¥ ������ k ≤ j
��������� ����������� C1, · · · , Ck

�� ��� ������
a1, · · · , ak ∈ Aj−1

��¥� ��� �
u = C1[a1]   w = Ck[m]∞

�� ¡��� ���� 2 ≤ i ≤ k, Ci[ai] ∈ Uj−1
�� Ci[ai] = Ci−1[m]∞¢������� £§�§�£ xU �fhkj STUnT gUj l�SèUj VuWl�SU�jn s

u = C1[a1] C1[m]∞ = C2[a2] C2[m]∞ = C3[a3] · · · Ck[m]∞ = w

∈ U1 ∈ Uj−1 ∈ Uj−1 · · · ∈ Uj

MNOPQO RSh hWlghhjUlj ngh j st Rfgh j = 1q w ∈ U1 = {u} ji VfUl w = u� xU f�iTjUi Smfhn mj hWngmiSi efgh k = 1 ji
C1 = Ck = u gU lfUijaij nSUn ihfg�t ofTi 2 ≤ j ≤ nx−1 ji nfTi w ∈ Uj � RSh VWXUTiTfU Vj Uj q Uj = Uj−1∪Uj−1[Aj−1 → m]ji eSh mj mjkkj ý����� lfkkj j − 1 ≤ nx − 2q Smfhn Uj−1 ∩ Aj−1 = ∅q fU S VfUl
Uj = Uj−1 ∪ Uj−1[Aj−1 → m]s � xU VTniTU�gj Vjga lSn ngT`SUi mjn kjk�hjn VjmugUTfU�oT w ∈ Uj−1 q Smfhn fU lfUlmgi eSh hWlghhjUlj�oTUfUq w ∈ Uj−1[Aj−1 → m]s � RSh VWXUTiTfU Vj Uj−1[Aj−1 → m]s q Tm jaTnij w′VSUn Uj−1 q a′ VSUn Aj−1

ji gU lfUijaij UfU ihT`TSm C′ `WhTXSUi w′ = C′[a′] ji ijmnrgj w = C′[m]∞ � RSh mu�vefi�®nj Vj hWlghhjUlj ngh w′ ∈ Uj−1 q Tm jaTnij k ≤ j − 1lfUijaijn UfU ihT`TSga C1, · · · , Ck
ji Vjn ijhkjn a1, · · · , ak ∈ Aj−2

`WhTXSUi mjnlfUVTiTfUn Vj muWUfUlW ji ijmn rgj w′ = Ck[m]∞ � xU f�iTjUi VfUl mj hWngmiSi jUehjUSUi Ck+1 = C′ q ak+1 = a′ ∈ Aj−1 q k + 1 ≤ j ji jU S�fgiSUi muWrgSiTfU
w = Ck+1[m]∞ � ⊓⊔
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 ¡¢£ ����!� ¤����� �� ������ k ≤ nx − 1   ��� ������
a1, · · · , ak ∈ Anx−2   ��� �����

~s ∈ x  �� �����
w

�� ��� ��������� C1, · · · , Ck
§¤� � ¡��� ���� 1 ≤ i ≤ k, Ci[ai] ∈ Unx−2

C1[a1] ∈ ∆+◦δ[ (w ~s ) ]
�� ¡��� ���� 2 ≤ i ≤ k, Ci[ai] = Ci−1[m]∞,¤¥��� �¥ ������ ��� ��������� D1, · · · , Dk

��¥� ���¡��� ���� 1 ≤ i ≤ k, Ci ∈ ∆+◦δ[Di]

D1[a1] = (w ~s )
�� ¡��� ���� 2 ≤ i ≤ k, Di[ai] = Di−1[m]∞¢������� £§�§¥� ªj �STi ejhkji mS ihSUn�fhkSiTfU Vjn Ci

jU Di
jU ngeehTkSUi mj lfUijaij

∆+◦δ[]
jU iwij Vjn Ci

rgT UuTUijh`TjUi eSn VSUn mS l�SèUj VuWl�SU�jn s
C1[a1] ∈ ∆+◦δ[ (w ~s ) ] C1[m]∞ = C2[a2] · · · Ck−1[m]∞ = Ck[ak]

D1[a1] = (w ~s ) D1[m]∞ = D2[a2] · · · Dk−1[m]∞ = Dk[ak]

C1 ∈ ∆+◦δ[D1] C2 ∈ ∆+◦δ[D2] · · · Ck−1 ∈ ∆+◦δ[Dk−1]
ji Ck ∈ ∆+◦δ[Dk]

MNOPQO RSh hWlghhjUlj ngh k �t Rfgh k = 1q C1[a1] ∈ ∆+ ◦ δ[ (w ~s ) ]� RhjUfUn C1[a1] = ∆q ◦ δ[(w ~s ) ]� «TUnTq
a1 ≤ ∆q◦δ[ (w ~s ) ]� RSh mS ehfefnTiTfU ��Á�� efTUi���q lfkkj a1 ∈ Anx−2 q a1 = ∆∞fg a1 ∈ ∆+◦δ[Λ] ji eSh mj lfhfmmSThj ��Á��Á a1 6= ∆q fU ejgi VfUl SeemTrgjh mj mjkkj����¿ Vj XmihS�j ° a1 ≤ ∆q◦δ[ (w ~s ) ]� �m `TjUi VfUl mjn lSn ngT`SUin s�S� a1 ≤ (w ~s )� �m jaTnij Smfhn gU lfUijaij D1

ijm rgj D1[a1] = (w ~s )� �SUn lj lSnq
C1 = ∆q◦δ[D1]

ji fU `WhTXj �TjU rgj C1 ∈ ∆+◦δ[D1]���� ji�l� C1[a1] = a1 fg C1[a1] = ∆r[a1]� ªj lSn jni jalmg nTUfU C1[a1]
SeeShiTjUpVhSTi ° ∆+[Anx−2]

rgT lf/UlTVj S`jl Anx−2 eSh mj ehfefnTiTfU ��Á�� efTUi ���� xUSghSTi VfUl C1[a1] ∈ Anx−2 ∩ Unx−2
lj rgT lfUihjVThSTi mj mjkkj ý������t Rfgh k > 1� RSh �vefi�®nj VuTUVgliTfU SeemTrgWj Sg k − 1 ehjkTjh lfUijaijnq fUihfg`j Vjn lfUijaijn D1, · · · , Dk−1

rgT `WhTXjUi mjn lfUVTiTfUn Vj muWUfUlW ji jUeShiTlgmTjh Ck−1 ∈ ∆+◦δ[Dk−1]� «TUnTq lfkkj ∆+◦δ[]
nfUi Vjn lfUijaij UfhkSga °VhfTijq eSh mj mjkkj ��¯�¯q Ck−1[m]∞ ∈ ∆+◦δ[Dk−1[m]∞]� �fifUn w′

k = Dk−1[m]∞ �xU f�iTjUi Ck[ak] ∈ ∆+ ◦δ[w
′
k]� RSh gU hSTnfUUjkjUi Vj XmihS�j SUSmf�gj Sg lSn

k = 1 SeemTrgW ° ak ≤ Ck[ak] ∈ ∆+◦δ[w
′
k]q ak

jni UWljnnSThjkjUi nfgnpijhkj Vj w′
k �xU ihfg`j VfUl gU lfUijaij Dk

ijm rgj Dk[ak] = w′
k � Dk

`WhTXj STUnT Ck ∈ ∆+◦δ[Dk]ji Dk[ak] = w′
k = Dk−1[m]∞ � ⊓⊔¦�� �� ¥� ¡����� �� ¥���� £§�§�§§RSh mS ehfefnTiTfU ý���� u ∈ Anx−1 � ªfkkj fU S ngeefnW u 6= ∆∞ q njmfU mj lfhfmmSThjý����÷ Tm jaTnij gU ijhkj w ∈ Unx−1

ji gUj ngTij ~s ∈ x ijmn rgj u ∈ ∆+◦δ[ (w ~s ) ] ��uSeh®n mj �STi ý����� SeemTrgW ° w q Tm jaTnij k ≤ nx − 1 lfUijaijn UfUpihT`TSga
C1, · · · , Ck

ji Vjn ijhkjn a1, · · · , ak ∈ Anx−2
ijmn rgj u = C1[a1] q w = Ck[m]∞ q efgh ifgi

2 ≤ i ≤ k, Ci[ai] = Ci−1[m]∞ ji Ci[ai] ∈ Unx−2 � yU eShiTlgmTjhq lfkkj u ∈ ∆+◦δ[ (w ~s ) ]q
u ∈ ∆+◦δ[ (Ck[m]∞ ~s ) ]�RSh mj �STi ý���¯Áq fU ihfg`j Vjn lfUijaijn D1, · · · , Dk

ijmn rgj D1[a1] = (w ~s ) ji ijmnrgj efgh ifgi 2 ≤ i ≤ k, Di[ai] = Di−1[m]∞ ji Ci ∈ ∆+◦δ[Di] � ­fUihfUn rgu° eShiTh Vj
~a = (a1, · · · , ak) ji ~D = (D1, · · · , Dk) fU ejgi lfUnihgThj gU nvni®kj efgh u� Rfgh ljmSqlfUnihgTnfUn gUj ngTij Vj lfUijaij ~g UfU ifgn ihT`TSga�yU j�jiq lfkkj w = Ck[m]∞ q Smfhn D1[a1] = (Ck[m]∞ ~s )� �j emgn Ck ∈ ∆+◦δ[Dk]Tm `TjUi VfUl D1[a1] ∈ (∆+◦δ[Dk[m]∞] ~s )� RSh VWXUTiTfU Vj G1 q fU ejgi VfUl ihfg`jhgU lfUijaij g1 ∈ G1

UfU ihT`TSm ijm rgj D1[a1] = g1[Dk[m]∞]� RgTnq jU efnSUi g2 = g3 =
· · · = gk = []q fU f�iTjUi efgh ifgi 2 ≤ i ≤ k, Di[ai] = gi[Di−1[m]∞]�yUXUq u ∈ ∆+◦δ[ (w ~s ) ]� ªfkkj w = Ck[m]∞ q Smfhn u ∈ ∆+◦δ[ (Ck[m]∞ ~s ) ]� �jemgn Ck ∈ ∆+◦δ[Dk]q Tm `TjUi VfUl u ∈ ∆+◦δ[ ( ∆+◦δ[Dk[m]∞] ~s ) ] rgT ejgi W�SmjkjUinuWlhThj u ∈ ∆+◦δ[G[Dk[m]∞] ]�_j rgSVhgemji (~a, ~D,~g, k) �fhkj VfUl gU nvni®kj efgh u� ⊓⊔�-ÐK¾ } � �)L.Ï9-,.+ Ò9 L	L-¼½¾

#_7



\$ �IJKL��&G &GG&OHM&*G GK+G P&+r I��KHI�G&G �
1
&H �

2ý��� �&ÅÈ"ÄÊSÊ%$ÉÊÅÇ Í! m

Â¾½½¾ ~/�/po <ìÃÅ (~a, ~D,~g, k)
ïë îlîÅBóñ �ìïí u3 óÃëÃóÁÄ Áï îñëî �ñ Ä �ìí�íñÄñ�ÃÂì5íÁ�>Ã8ïñ îïí îÁ ÅÁÃÄÄñ (k,

∑

i

l(Di))
� }ìïÅ Åñíóñ �ñ ∆+◦δ◦G[ Dk[m]∞ ]

ñîÅ
ÁÄìíî îìÃÅ ~t��Æ=ëÃîîÁðÄñ îìÃÅ ÃÄ Á��ÁíÅÃñëÅ ? H[u]

�
MNOPQOofTi w ∈ ∆+◦δ◦G[Dk[m]∞]q kfUihfUn rguTm jni ~tpVWXUTnnS�mj�

⊲ Rfgh k = 1q fU S gUj njgmj WrgSiTfU s D1[a1] = g[D1[m]∞] S`jl g ∈ G gU lfUijaijUfU ihT`TSm�t oT D1
jni ihT`TSmq lfkkj k = 1q w ∈ ∆+◦δ◦G[Dk[m]∞] nuWlhTi w ∈ ∆+◦δ◦G[m∞]�xhq m∞ = m = (u ~t ) Vuf© w ∈ ∆+◦δ◦G[ (u ~t ) ]� �uSeh®n mS ehfefnTiTfU ý����� efTUi�¯�q lfkkj ~t ∈ xq fU jU VWVgTi w ∈ H[u]�t ḧSTifUn mj lSn f© D1

jni UfUpihT`TSm� ojmfU mj lfhfmmSThj ý����÷q a1 ∈ {∆∞} ∪∆+◦
δ[ (Unx−2 x) ] � xU ejgi VfUl SeemTrgjh mj mjkkj ý����Á ngh mjn Wl�SU�jn VSUn G °muW�SmTiW D1[a1] = g[D1[m]∞] � �m `TjUi Smfhn rgSihj lSn s�� nT D1[m]∞ = g′[x] S`jl l(g′) < l(g)� «mfhn ∆+◦δ◦G[ D1[m]∞ ] ∈ ∆+◦δ◦G◦g

′[x]�RSh mS ehfefnTiTfU ý����� efTUi ���q G◦g′ ⊆ Gq Vuf© w ∈ ∆+◦δ◦G[x]�
«TUnTq eSh mS ehfefnTiTfU ý����� efTUi �÷�q Tm `TjUi w ∈�∆+ ∪H[�∆+]� w jni VfUl�TjU ~tpVWXUTnnS�mj��� nT D1[m]∞ = g′[D1[m]∞] S`jl l(g′) = l(g)� g′ hjnij VfUl UfUpihT`TSm ifgi lfkkj
g � RSh lfUnihgliTfU Vj Gq Tm jaTnij g′′ ∈ Gq gUj ngTij ~s ∈ x ji gU jUiTjh p ijmnrgj g′ = g′′[ ( (∆p◦δ) ~s) ] �«TUnTq D1[m]∞ = g′′[ (∆p◦δ[D1[m]∞ ] ~s ) ]� yU efnSUi v = ∆p◦δ◦D1[m]∞ljiij WrgSiTfU Vj`TjUi s
v = ∆p◦δ◦g

′′[ (∆p◦δ◦D1[m]∞ ~s ) ] = ∆p◦δ◦g
′′[ (v ~s) ] rgT SeeShiTjUi ° H[v]eSh mS ehfefnTiTfU ý����� efTUi �¯��

üTUSmjkjUi lfkkj D1[m]∞ = g′′[ (v ~s ) ] ji lfkkj w ∈ ∆+◦δ◦G[D1[m]∞]qfU jU VWVgTi w ∈ ∆+◦δ◦G◦g
′′[ (v ~s ) ]� RSh mS ehfefnTiTfU ý����� efTUi ���q fUf�iTjUi w ∈ ∆+◦δ◦G[ (v ~s ) ] ji eSh mj efTUi �¯� fU lfUlmgi jUXU w ∈ H[v] rgTjni �TjU ~tpVWXUTnnS�mj�¯� nT D1[m]∞ = g[E1[m]∞] S`jl E1[a1] = D1[m]∞ ji l(E1) < l(D1)q Smfhn fUS muWrgSiTfU E1[a1] = g[E1[m]∞]� �j emgn u ∈ ∆+ ◦ δ ◦G[D1[m]∞] ⊆ ∆+ ◦

δ◦G◦g[E1[m]∞] lj rgTq eSh mS ehfefnTiTfU ý����� efTUi ���q nuWlhTi W�SmjkjUi
u ∈⊆ ∆+◦δ◦G[E1[m]∞]�
(~a, ~E,~g, 1) �fhkj VfUl gU nvni®kj efgh u emgn ejiTi rgj (~a, ~D,~g, 1)� ªj rgTlfUihjVTi mS kTUTkSmTiW Vj (~a, ~D,~g, 1)�¿� nT D1[m]∞ = g′[ (u ~t ) ]q Smfhn ∆+◦δ◦G[D1[m]∞] ⊆ ∆+◦δ◦G◦g

′[ (u ~t ) ]� yUSeemTrgSUi mj efTUi ��� Vj mS ehfefnTiTfU ý�����q Tm `TjUi ∆+◦δ◦G◦g
′[ (u ~t ) ] ⊆

∆+◦δ◦G[ (u ~t ) ]q ji eSh mj efTUi �¯� ∆+◦δ◦G[ (u ~t ) ] ⊆ H[u]� f̈gi ijhkj wWmWkjUi Vj ∆+◦δ◦G[Dk[m]∞] jni VfUl WmWkjUi Vj H[u]�
⊲ Rfgh k > 1��SUn mS ngTijq nT i = 1q i− 1 VWnT�UjhS k ji UfU %Whf�ofTi 1 ≤ i ≤ k gU TUVTlj ijm rgj gi

nfTi UfU ihT`TSm� ªfUnTVWhfUn muWrgSiTfU Di[ai] =
gi[Di−1[m]∞]� �uSeh®n mjkkj ý����Áq fU S rgSihj lSn efnnT�mjn efgh mS `Smjgh Vj
Di[m]∞ � ªfkkjUÃfUn eSh mj VjhUTjh lSn�¿� Di[m]∞ = g′[(u ~t )]�ªfkkj u ∈ ∆+◦δ◦G[Dk[m]∞]q Smfhn Di[m]∞ ∈ g′[ (∆+◦δ◦G[Dk[m]∞] ~t ) ]�xhq eSh VWXUTiTfU Vj Gq (∆+ ◦δ ◦G[Dk[m]∞] ~t ) ⊆ G1 ◦G[ Dk[m]∞ ]� RShmS ehfefnTiTfU ý����� efTUi ���q Tm jaTnij VfUl gU lfUijaij g1 q UfU ihT`TSm lSh

G1◦G 6= {[]}q ijm rgj Di[m]∞ = g′◦g1[Dk[m]∞]� RSh mj efTUi ��� Vj ý����� fUejgi VfUl ihfg`jh gU lfUijaij g′′ 6= [] ijm g′′ = g′ ◦g1
ji ijm rgj Di[m]∞ =

g′′[Dk[m]∞]�t oT i = k q muWrgSiTfU Vj`TjUi Dk[m]∞ = g′′[Dk[m]∞]� xU lfUlmgi Smfhn lfkkjefgh mj lSn VugUj njgmj WrgSiTfU (k = 1) efTUi ����
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t oTUfU i < k � _uWrgSiTfU Di+1[ai+1] = gi+1[Di[m]∞] ejgi Smfhn nuWlhThj
Di+1[ai+1] = gi+1 ◦ g′′[Dk[m]∞]� RSh mj efTUi ��� Vj ý�����q Tm jaTnij gUlfUijaij g′

i+1
WmWkjUi Vj G ijm rgj g′

i+1 = gi+1 ◦g
′′ � g′

i+1
jni Vj emgn UfUihT`TSm�ªfUnTVWhfUn mj nvni®kj ngT`SUi s

Di+1[ai+1] = g′
i+1[Dk[m]∞]���

Dk[ak] = gk[Dk−1[m]∞]

ofTjUi ~α = (ai+1, · · · , ak) q ~E = (Di+1, · · · , Dk) ji ~g′ = (g′
i+1, gi+2, · · · , gk)�_j rgSVhgemji (~α, ~E, ~g′, k − i) �fhkj Smfhn gU nvni®kj efgh u emgn ejiTi rgj

(~a, ~D,~g, k) lj rgT lfUihjVTi mS kTUTkSmTiW Vj (~a, ~D,~g, k)��� Di[m]∞ = g′[x]�t oT i = k q lfkkj w ∈ ∆+◦δ◦G[Dk[m]∞]q Smfhn w ∈ ∆+◦δ◦G◦g
′[x]� RSh ý�����efTUi ��� ji �¯�q fU jU VWVgTi w ∈�∆+ ∪H[�∆+] rgT jni �TjU ~tpVWXUTnnS�mj�t oT i < k q Di+1[ai+1] = gi+1[Di[m]∞ ] = gi+1◦g

′[x]� RfnfUn g′
i+1 = gi+1◦g

′ �RSh ý����� efTUi ���q g′
i+1 ∈ G� «eemTrgfUn mj mjkkj ý����Á ° muWrgSiTfU

Di+1[ai+1] = g′
i+1[x]� _j lSn �¯� jni jalmg lSh ai+1 6≤ xq Tm hjnij ihfTn lSn rgTejg`jUi nj hWngkjh STUnT s efgh ��� ji ��� Di+1[m]∞ = g′′[x] fg efgh �¿�

Di+1[m]∞ = g3[(u ~t )] S`jl g′′, g3 ∈ G ji l(g′′), l(g3) ≤ l(g′
i+1)�oT Di+1[m]∞ = g′′[x]q lj kwkj hSTnfUUjkjUi ejgi wihj efghngT`T Sga WrgSpiTfUn ngT`SUijn� «TUnTq st nfTi Tm jni efghngT`T �gnrguSg �fgi� �SUn lj lSn efgh ifgi jUiTjh i < j ≤ k q

Dj [m]∞ = g′
j [x]q ji Smfhn Dk[m]∞ = g′

k[x] rgT `TjUi Vuwihj ihSTiW efgh i = kt nfTi Tm jaTnij gU jUiTjh j > i ijm rgj Dj [m]∞ = g′[ (u ~t )] ji fU jni SmfhnhSkjUW Sg lSn �¿�� ihSTiW Sg eShS�hSe�j ehWlWVjUi��� Di[m]∞ = g′[Di−1[m]∞] S`jl l(g′) = l(gi)� g′ jni VfUl UfU ihT`TSm�t oT i = k q Smfhn Dk[m]∞ = g′[Dk−1[m]∞]� «TUnT mS ehjkT®hj WrgSiTfU D1[a1] =
g1[Dk[m]∞] Vg nvni®kj efgh u Vj`TjUi D1[a1] = g1◦g

′[Dk−1[m]∞]��j emgn u jni �TjU WmWkjUi Vj ∆+ ◦δ ◦G[Dk−1[m]∞] egTnrgj u ∈ ∆+ ◦δ ◦
G[Dk[m]∞] ji rgj ∆+◦δ◦G[Dk[m]∞] ⊆ ∆+◦δ◦G◦g

′[Dk−1[m]∞] mgTpkwkjTUlmgn VSUn ∆+◦δ◦G[Dk−1[m]∞] jU `jhig Vj ý����� efTUi ����yU efnSUi ~α = (a1, · · · , ak−1)q ~E = (D1, · · · , Dk−1)
ji ~g′ = (g1◦g

′, · · · , gk−1)mj rgSVhgemji (~α, ~E, ~g′, k − 1)� �fhkj gU nvni®kj efgh u emgn ejiTi rgj
(~a, ~D,~g, k)� ªfUihSVTliTfU�t oT i < k q mS (i+1)e WrgSiTfUDi+1[ai+1] = gi+1[Di[m]∞ ] Vj`TjUi Di+1[ai+1] =
gi+1◦g

′[Di−1[m]∞ ]� yU `jhig Vj ý����� efTUi ���q mj lfUijaij g′
i+1 = gi+1◦g

′jni gU WmWkjUi UfUpihT`TSm Vj G�ofTjUi ~α = (a1, · · · , ai−1, ai+1, · · · , ak) q ~E = (D1, · · · , Di−1, Di+1, · · · , Dk)ji ~g′ = (g1, · · · , gi−1, g
′
i+1, · · · , gk)q Smfhn (~α, ~E, ~g′, k − 1) �fhkj gU nvni®kjefgh u emgn ejiTi rgj (~a, ~D,~g, k)� ªfUihSVTliTfU�¯� Di[m]∞ = gi[Ei[m]∞] S`jl Ei[ai] = Di−1[m]∞ ji Di = gi◦Ei � yU eShiTlgmTjhq

l(Ei) < l(Di) egTnrgj gi 6= []�yU efnSUi g′
i+1 = gi+1◦gi q rgT jni gU WmWkjUi UfUpihT`TSm Vj G jU `jhig Vj ý�����qmuWrgSiTfU Di+1[ai+1] = gi+1[Di[m]∞] Vj`TjUi Di+1[ai+1] = g′

i+1[Ei[m]∞]��SUn mj nvni®kjq fU hjkemSlj Smfhn mS ie
WrgSiTfU eSh Ei[ai] = Di−1[m]∞ ji mS

(i + 1)e eSh Di+1[ai] = g′
i+1[Ei[m]∞]�t oT i = k q lfkkj Dk = gk◦Ek q ji lfkkj u ∈ ∆+◦δ◦G[Dk[m]∞]q eSh ý�����efTUi ���q u ∈ ∆+◦δ◦G[Ek[m]∞]�yU efnSUi ~E = (D1, · · · , Dk−1, Ek)q mj rgSVhgemji (~a, ~E,~g, k) �fhkj VfUl gUnvni®kj efgh u emgn ejiTi rgj (~a, ~D,~g, k)�t oT i < k q efgh ~E = (D1, · · · , Di−1, Ei, Di+1, · · · , Dk) mj rgSVhgemji (~a, ~E,~g, k)W�SmjkjUi gU nvni®kj efgh u emgn ejiTi rgj (~a, ~D,~g, k)��SUn mjn Vjga lSn fU f�iTjUi gUj lfUihSVTliTfU eSh kTUTkSmTiW Vj (~a, ~D,~g, k)�

⊓⊔
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�-ÐK¾ � � R,+ Ò¾ ÏÐ KJ¾9�¾ Ò9 -»).J¼½¾ ~/�/��V1 z4:/< 3< B4EE4 \$#$7Fµ 0B 4W02/4 (~a, ~D,~g, k) <1 2Ì2/¶E4 A.<: u
$ @:41.12 B4E010E6B$xº6A:¶2 B6 3;s10/0.1 \$#$#>µ

u 42/ <1 ;B;E41/ 34 ∆+ ◦ δ[G[Dk[m]∞] ]
$ @6: B4B4EE4 \$#$>7

u 42/ 3.1= 2.0/ ~t93;s102265B4µ 2.0/ 0B 6AA6:/041/ » H[u] =4 C<0 B4 :413;�6B4E41/ ~t93;s102265B4$ ⊓⊔

��Ù
Clsm(Y Ω3)

�Ú® ³°QB°ÚÜ� ±� ©Ü¯°�®�¯Q�Ú
@:41.12 <1 /4:E4 s10 3.1/ B6 ^.:E4 1.:E6B4 01s104 m z;:0s4 B42 TÌA./T¶242 Ö14/ Ö
2
$ Ô.<2 =42 =.130/0.12µ 41 z4:/< 3< /T;.:¶E4 \$#$#U 0B 4W02/4 <14 2<0/4 34 /4:E42

~t 34 T m
x

4/ <1 /4:E4 ~t93;s102265B4 u
/4B2 C<4 m = δ[ (u ~t ) ]

$-.<2 6BB.12 6B.:2 E.1/:4: C<4 A = Clsm(Y Ω3)
1º42/ =.EA.2;4 C<4 34 a;:.9/4:E42$ V1 z4:/< 34 B6 3;s10/0.1 \$#$#7µ 1.<2 6z.12 /:.02 20/<6/0.12 » /:60/4: ©

u = ∆∞

µ
u ∈ ∆̂+ ∪H[∆̂+] 4/ u ∈ {H[v]

/4B C<4 v ∈ H[v]}$c.EE41¿.12 A6: B4 34:104: 4/ B4 AB<2 01/;:42261/ 342 =62$��b�� ��
 ª
u ∈ {H[v]


�¶ ·g�
v ∈ H[v]}º»).J¼½¾ ~/o/� <ìÃÅ m = δ[ (u ~t ) ]

ïëñ Àìíóñ ëìíóÁÄñ Ãë=ëÃñ ìn ~t
ñîÅ ïëñ îïÃÅñ�ñ T m

x

� <ìÃÅ H
ÄÁ ÂÄÁîîñ �ñ ÂìëÅñ�Åñî �Æ=ëÃñ ? �ÁíÅÃí �ñ ~t Áï îñëî �ñ Ö���H� < �ÃÄñ�ÃîÅñ ïë Åñíóñ
v
ÅñÄ 8ïñ

u ∈ H[v]
ñÅ

v ∈ H[v] 3 ÁÄìíî Clsm(Y Ω3)
ë�ñîÅ Âìó�ìîÆñ8ïñ �ñ òÆíì�Åñíóñî�

MNOPQO _S ehjg`j lfUnTnij ° TUlmghj efgh ifgi i ≥ 0 mS lmSnnj Ai
Vjn Wl�SU�Wn Vj ∆∞eSh ( Ai , m) VSUn gUj lmSnnj A∗

i

�ehfefnTiTfU ý������ ªjiij lmSnnj A∗
i
WiSUi �²iTj ° eShiThVugU nrgjmjiij H ji Vj mS lmSnnj Ai

rgT lfhhjnefUV ° nS eShiTj giTmj mfhn Vjn Wl�SU�jn Vj
Ai eSh m�_S ehjkT®hj VT lgmiW lfUnTnij ° l�fTnTh gU �fU lSUVTVSi efgh mS lmSnnj A∗

1 � ªj lSUVTVSiVfTi `WhTXjh mj mjkkj ý���÷q mS ehfefnTiTfU ý���� ji mj mjkkj ý������RgTnq fU kfUihj rgj A∗
i
jni lfUijUgj VSUn gUj lmSnnj F̂i

�ehfefnTiTfU ý���¯�� lfUnihgTijngh mS �Snj VugUj �hSkkSThj ji VfUi mjn ijhkjn nfUi lmSThjkjUi Vjn %Whfpijhkjn �lfhfmmSThjý����÷� lSh Tmn nfUi Vj mS �fhkj (∆ ~v)�xU UfijhS VSUn ljiij ehjg`jq rgj njgmn mjn mjkkjn ý���¯ q ý���÷q ý����� ji mS ehfefnTiTfUý���� nj hW�®hjUi ° mu�vefi�®nj Vj muWUfUlWq njmfU mSrgjmmj u ∈ H[v] ji v ∈ H[v]� ⊓⊔c.EE4 u 6AA6:/041/ » H[v] 6B.:2 u 42/ <1 Õb� 34 34�:; 01s10 41 z4:/< 34 B6:4E6:C<4 \$#$#_$ 84 /4:E4 m = δ[ (u ~t ) ] 26/02^60/ 3.1= BºTÌA./T¶24 Ö
1
$ x4 AB<2µ v42/ 2.<2 ^.:E4 1.:E6B4 A<02C<4 u ∈ H[v]

µ 4/ C<4 u 42/ 2.<2 ^.:E4 1.:E6B4 41 /61/C<4 2.<29/4:E4 34 m
$

◮
-./.12

T
B6 A6:/04 </0B4 34 ~t 6< 2412 34 U$D$#?$

()*+,-,.+ ~/o/o <ìÃÅ (A∗
n)n≥0

ÄÁ îïÃÅñ �ñ ÂÄÁîîñî �Æ=ëÃñ �Áí A∗
0 = {∆∞} 3 A∗

1 =
{∆∞} ∪H[v]

ñÅ �ìïí ÅìïÅ n ≥ 1, A∗
n+1 = A∗

n ∪A∗
n[A∗

n → m]s
�

Â¾½½¾ ~/o/p :ñî ÂÄÁîîñî (A∗
n)n≥0

îìëÅ Âìó�ìîÆñî �ñ Åñíóñî îìïî Àìíóñ ëìíóÁÄñ8ïÃ ëñ �ìîîB�ñëÅ �Áî x Âìóóñ �ÁíÃÁðÄñ ÄÃðíñ�
MNOPQO RSh TUVgliTfU ngh n�t A0

jni lfkefnWj Vj ∆∞
rgT jni lmfn ji UfhkSm�t Rfgh A1 q VuSeh®n mS hjkShrgj ý����Áq mjn WmWkjUin Vj H[v] nfUi Vj mS �fhkj ∆+◦δ[w]qrgT jni gU x¨ü� ªfkkj mj ijhkj ∆ ji lmfn ji rgj mj lfUijaij δ mTj mS `ShTS�mj xq xUujni eSn mT�hj VSUn mjn ijhkjn Vj H[v]��j emgn lfkkj v jni gU x¨üq Smfhn H[v] Uj efnn®Vj eSn Vj hjVja �l�� hjkShrgjý����Á��
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t oT mjn ijhkjn Vj A∗
n
nfUi ehT`Wn Vj mS `ShTS�mj mT�hj xq Smfhn Tm jU jni Vj kwkj efgh

A∗
n ∪A∗

n[A∗
n → m]s egTnrgj m jni lmfn��j emgnq VuSeh®n mS VWXUTiTfU Vjn Wl�SU�jn ¯�¿��¿q A∗

n[A∗
n → m]s jni lfkefnWj Vjijhkjn UfhkSga� oT A∗

n
jni lfkefnWj Vj ijhkjn UfhkSgaq Smfhn mS lmSnnj A∗

n+1 =
A∗

n ∪A∗
n[A∗

n → m]s mujni SgnnT� ⊓⊔

^ñóÁí8ïñ Ö�'�{ @.<: <1 6</:4 =613036/ 34 A∗
1

µ =4 B4EE4 :42/4 z:60 20 A∗
1
42/ =.E9A.2;4 34 /4:E4 1.:E6<W 4/ 20 x 1º42/ A62 B05:4 3612 B42 ;B;E41/2 34 A∗

1

$
Â¾½½¾ ~/o/� A∗

1 ⊆ (∆ δ[(A∗
1 T)] ) ∪ (∆ A∗

1)
�

^ñóÁí8ïñ Ö�'�� 842 /4:E42 34 A∗
1
2.1/ 3.1= 34 B6 ^.:E4 (∆ v)

$
MNOPQO ofTi a1 ∈ A∗

1 s�� nT a1 = ∆∞ q Smfhn a1 = (∆ a1) ∈ (∆ A∗
1)��� nTUfUq a1 ∈ H[v]� RSh VWXUTiTfU Vj H q jU VTniTU�gSUi H0

Vjn Sgihjn lmSnnjnq H[v] =
∆+◦δ[ (v x) ] ∪ ∆+◦δ[ (H[v] x) ]� xhq eSh �vefi�®njq v ∈ H[v] Vuf© ∆+◦δ[(v x)] ⊆
∆+◦δ[ (H[v] x) ]�xU nj hSk®Uj VfUl ° a1 ∈ ∆+◦δ[ (H[v] x) ]xhq eSh VWXUTiTfU ∆+◦δ = (∆ δ) ∪ (∆ (∆+◦δ ))�«TUnTq a1 ∈ (∆ δ[(H[v] x)] ) ∪ (∆ (∆+◦δ[(H[v] x)]) )�ªfkkj H[v] ⊆ A∗

1 q fU S (∆ δ[(H[v] x)] ) ⊆ (∆ δ[(A∗
1 x)] )� yi VuSeh®n mS VWXUTiTfUý���� Vj H q ∆+◦δ[(H[v] x)] ⊆ H[v]� xU jU VWVgTi VfUl (∆ (∆+◦δ[(H[v] x)] ) ) ⊆

(∆ H[v]) ⊆ (∆ A∗
1)�ªj rgT jUihSèUj XUSmjkjUi a1 ∈ (∆ δ[(A∗

1 x)] ) ∪ (∆ A∗
1) ⊓⊔

IJ.K.L,-,.+ ~/o/� ∀n ≥ 0, An ⊆ A∗
nMNOPQO RSh TUVgliTfU ngh n�

⊲ Rfgh n = 0q A0 = A∗
0 �

⊲ Rfgh n = 1q lfkkj m `WhTXj E
1 q eSh mS ehfefnTiTfU ��Á��q A1 = {∆∞} ∪∆+◦δ[B1]�ªfkkj B1 = { (u ~t ) }q fU S A1 = {∆∞} ∪∆+◦δ[ (u ~t ) ]�RSh VWXUTiTfU Vj H q ∆+◦δ[(u ~t )] ⊆ H[u]� «TUnT A1 ⊆ {∆∞} ∪H[u] �xhq eSh �vefi�®nj Vg i�Wfh®kj ý����q u ∈ H[v]q lj rgT jUihSèUj A1 ⊆ {∆∞} ∪

H[H[v] ]�üTUSmjkjUiq eSh mS ehfefnTiTfU ý����� efTUi ���q H[H] ⊆ H q lj rgT VfUUj A1 ⊆
{∆∞} ∪H[v] rgT jni W�Smj ° A∗

1 eSh VWXUTiTfU�
⊲ Rfgh n > 1q muTUVgliTfU ngh n jni TkkWVTSij Vg �STi rgjq efgh ifgijn lmSnnjn A ji B q

A ⊆ B jUihSèUj A[A→ m]s ⊆ B[B → m]s q rgj An+1 = An ∪An[An → m]s ji rgj
A∗

n+1 = A∗
n ∪A∗

n[A∗
n → m]s eSh VWXUTiTfU� ⊓⊔

^ñóÁí8ïñ Ö�'�~ @.<: m = δ[ (u ~t) ]
$ Ô0

A0 ⊆ A∗
0

µ 20 ∆∞ ∈ A∗
1
4/ 20 ∆+◦δ[ (u ~t ) ] ⊆

A∗
1

µ 6B.:2 =4//4 A:.A.20/0.1 \$7$U :42/4 z:604$
()*+,-,.+ ~/o/~ më ëìÅñ 1

2 D =
⋃

k≥0

Dk
ìnD0 = {[], δ3}∪δ[([] T)]

ñÅ �ìïí ÅìïÅ k ≥ 13Dk+1 = ([] T[Dk/x])

2 E =
⋃

k≥0

Ek ìn E0 = {∆} ñÅ �ìïí ÅìïÅ k ≥ 13 Ek+1 = (Ek D)

2 F =
⋃

k≥0

Fk
ìn F0 = E

ñÅ �ìïí ÅìïÅ k ≥ 03 Fk+1 = (Fk D)∪ (Fk T[D/x] D)

^ñóÁí8ïñ Ö�'��í 86 =B6224 34 =.1/4W/42µF µ A4:E4/ 34 3;=:0:4 B6 ^.:E4 342 ;=T61�;234 B6 =B6224 Ai
A6: (Ai , m) 3612 B4 =62 A6:/0=<B04: .Î ∆ 6AA6:/041/ » Ai

$ Ô.<2 =42=.130/0.12µ =.EE4 B42 /4:E42 34 Ai
2º;=:0z41/ (∆ v)

µ B42 ;=T61�42 A4<z41/ 6z.0: B04<41 /¾/4$ x612 =4//4 342=:0A/0.1µ B42 =.1/4W/42 34 D 41/:41/ 41 A.20/0.1 3º6:�<E41/3612 B6 =.12/:<=/0.1 34 =4<W 342 =B62242 E 4/ F
� =42 34:104:2 =.EE41¿61/ /.<È.<:2A6: <1 ∆

$ ]:6AT0C<4E41/ ©
#_F
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D E F

� [ ]

� δ3

� δ[ ([ ] T) ]

� ([ ] T[D/x])

D

D∆

.< −→
D∆

∆

−−−−→
T[D/x]

−−−−→
T[D/x]

−→
D

−→
D

−→
D

æ.-Ð-,.+ ~/o/��
� T[D/x] 42/ Bº4124E5B4 342 2<0/42 34 /4:E42 ~s ∈ T

6<WC<4B2 <1 ;B;E41/ 34 D
»

;/; 2<52/0/<; » B6 AB6=4 34 B6 z6:065B4 B05:4 x
$

� D
µ
E 4/ F =.1/041141/ 342 =.1/4W/42 A6z4= AB<204<:2 /:.<2× 4/ 342 /4:E42$

� Ï<613 B42 /4:E42 34 B6 2<52/0/</0.1 6AA6:/041141/ /.<2 » B6 E¾E4 =B6224µ=.EE4 Λ .< A∗
n

µ .1 1./4:6 20EAB4E41/ D[Λ] .< D[A∗
n] 6< B04< 34 D[Λ, · · · ,Λ].< D[A∗

n, · · · , A∗
n]
$

Â¾½½¾ ~/o/�o
�� 7ìïí ÅìïÅ e ∈ E 3 ÃÄ ñ�ÃîÅñ ïëñ îïÃÅñ �ñ ÂìëÅñ�Åñî ~d Âìó�ìîÆñ ��ÆÄÆóñëÅî �ñ ÄÁÂÄÁîîñ D

ÅñÄÄñ 8ïñ
e = (∆ ~d )

�
'� 7ìïí ÅìïÅ f ∈ F 3 ÃÄ ñ�ÃîÅñ �ñî îïÃÅñî ëìë �Ã�ñî �ñ ÂìëÅñ�Åñî ( ~d0, ~d1, · · · , ~dk)

ñÅ
(~c1, · · · , ~ck) Âìó�ìîÆñî ��ÆÄÆóñëÅî �ñ ÄÁ ÂÄÁîîñD ÁÃëîÃ 8ïñ �ñî îïÃÅñî ëìë �Ã�ñî�ñ Åñíóñî (~t1, · · · , ~tk)

ÅìïÅñî ÆÄÆóñëÅî �ñ
T

ÅñÄÄñî 8ïñ
f = (∆ ~d0 ~t1[~c1/x] · · · ~tk[~ck/x] ~dk)

�
iïÅíñóñëÅ �ÃÅ3 Äñî ÂìëÅñ�Åñî �ñ F ÂìóóñëÂñëÅ �Áí ∆

ñÅ îìëÅ îïÃ�Ãî ��Áí5ï�óñëÅî 8ïÃ ÁÄÅñíëñëÅ ñëÅíñ D
ñÅ

T[D/x]
�

MNOPQO _jn Vjga efTUin nj VWVgTnjUi eSh gUj TUVgliTfU TkkWVTSij ngh muTUVTlj k VjnlmSnnjn Ek
ji Fk

rgT lfkefnjUi E ji F � ⊓⊔

Â¾½½¾ ~/o/�p :Á �ÁíÃÁðÄñ x ë�ñîÅ �Áî ÄÃðíñ �Áëî Äñî ÆÄÆóñëÅî �ñî ÂÄÁîîñî D3 E
ñÅ

F
�

MNOPQO
t Rfgh D q mS ehjg`j nj �STi eSh TUVgliTfU ngh k � Rfgh D0 s [] ji δ3

nfUi lmfn « x Uujni eSnmT�hj VSUn δ[([] x)] egTnrgj δ mTj mS `ShTS�mj x� Rfgh Dk+1 q lfkkj mjn ijhkjn Vj DknfUi ehT`Wn Vj mS `ShTS�mj xq Smfhn Tm jU jni Vj kwkj efgh ljga Vjn ngTijn Vj x[Dk/x]�_jn WmWkjUin Vj Dk+1 = ([] x[Dk/x]) nfUi VfUl ehT`Wn Vj mS `ShTS�mj mT�hj x�t Rfgh E q lujni TkkWVTSi egTnrgj ∆ jni lmfn ji rgj D jni ehT`W Vj mS `ShTS�mj mT�hj x�t Rfgh F q lfkkj mjn ijhkjn Vj D nfUi ehT`W Vj mS `ShTS�mj mT�hj xq Tm jU jni Vj kwkjefgh ljga Vjn ngTijn Vj x[D/x]� xU lfUlmgi Smfhn �h²lj Sg mjkkj ý����� efTUi �¯��
⊓⊔

Â¾½½¾ ~/o/�}
�� 7ìïí ÅìïÅ d ∈ D

ñÅ �ìïí ÅìïÅñ îïÃÅñ �ñ òÆíì�Åñíóñî ~v ëñ �ìîîÆ�ÁëÅ �Áî xÂìóóñ �ÁíÃÁðÄñ ÄÃðíñ3 d[~v ]∞ ∈ D[ ~v ∞ ]
�

'� 7ìïí ÅìïÅ e ∈ E
ñÅ �ìïí ÅìïÅñ îïÃÅñ �ñ Åñíóñî ~v 3 ÃÄ ñ�ÃîÅñ ïëñ îïÃÅñ �ñ ÅñíóñîëìíóÁï� ~s

ÅñÄÄñ 8ïñ
e[~v ]∞ = (∆ ~s )

�
Yñ �Äïî îÃ ~v

ñîÅ Âìó�ìîÆñ �ñ òÆíì�Åñíóñî 8ïÃ ëñ �ìîîB�ñëÅ �Áî x Âìóóñ �Á�íÃÁðÄñ ÄÃðíñ3 ÁÄìíî e[~v ]∞ ∈ E[ ~v ∞ ]
�

[� 7ìïí ÅìïÅ f ∈ F
ñÅ ÅìïÅñ îïÃÅñ �ñ Åñíóñî ~v 3 ÃÄ ñ�ÃîÅñ ïëñ îïÃÅñ �ñ ÅñíóñîëìíóÁï� ~s

ÅñÄÄñ 8ïñ
f [~v ]∞ = (∆ ~s )

�
Yñ �Äïî îÃ ~v

ñîÅ Âìó�ìîÆñ �ñ òÆíì�Åñíóñî 8ïÃ ëñ �ìîîB�ñëÅ �Áî x Âìóóñ �Á�íÃÁðÄñ ÄÃðíñ3 ÁÄìíî f [~v ]∞ ∈ F [ ~v ∞ ]
�

#_U
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MNOPQO Rfgh l�Srgj lSnq fU ehfl®Vj eSh hWlghhjUlj ngh muTUVTlj k Vjn lmSnnjn Dk q Ek
ji

Fk
rgT lfkefnjUi mjn lmSnnjn D q E ji F ��� t ofTi d ∈ D0 = {[], δ3} ∪ δ[([] x)]�oT d = δ3 fg d = []q lujni TkkWVTSi�

oT d = δ[ ([] ~s ) ] efgh ~s ∈ xq Smfhn d[v] ∈ δ[(v x)]�ªfkkj v jni gU x¨q Smfhn (v ~s )∞ = (v∞ ~s )� «TUnT d[v]∞ = δ[(v∞ ~s )] = d[v∞] ∈
D[v∞]�t ofTi d ∈ Dk+1 = ([] x[Dk/x])�xU ejgi VfUl jaihSThj dk ∈ Dk

ji ~s ∈ x ijmn rgj d = ([] ~s [dk/x])q ji gU ijhkj viVj mS ngTij ~v ijm rgj d[~v ] = (vi ~s [dk[~v]/x])�ªfkkj x Uujni mT�hjq UT VSUn ~v q UT VSUn dk
VuSeh®n mj mjkkj ý����¯q njmfU mSehfefnTiTfU ý���ú efTUi �÷�q Tm jaTnij ~s1 ∈ x ijm rgj ~s [dk[~v ]/x]∞ = ~s1[dk[~v ]∞/x]��j emgnq eSh �vefi�®nj Vj hWlghhjUljq dk[~v ]∞ ∈ D[~v ∞]� �m jaTnij VfUl gU jUiTjh

k1 ≥ 0 ji gU lfUijaij dk1
∈ Dk1

ijmn rgj dk[~v ]∞ = dk1
[~v ∞]�üTUSmjkjUiq lfkkj ~v jni lfkefnWj Vj %Whfpijhkjnqd[~v ]∞ = (v∞

i ~s1[dk1
[~v ∞]/x]) ∈

Dk1
[~v ∞] ⊆ D[~v ∞]��� �kkWVTSi ° eShiTh Vg mjkkj ý����� efTUi ��� ji Vg efTUi ��� Vj lj mjkkj�¯� _j ehjkTjh efTUi jni TkkWVTSi ° eShiTh Vg mjkkj ý����� efTUi ���� Rfgh mj njlfUVqVuSeh®n mj mjkkj ý����� efTUi ���q Tm ng i Vj kfUihjh rgj (D[~v])∞ ⊆ D[~v∞]q lj rgTjni VW�° �STiq ji rgj (x[D/x] [~v])∞ ⊆ x[D/x] [~v∞ ]�xhq lfkkj x Uujni mT�hjq UT VSUn ~v q UT VSUn D q Smfhn jmmj Uujni eSn mT�hj VSUn D[~v]��SUn gU ehjkTjh ijkenq hjkShrgfUn rgj x[D/x] [~v] = x[D[~v]/x]� RgTnq VuSeh®n mjefTUi �÷� Vj mS ehfefnTiTfU ý���úq fU f�iTjUi (x[D[~v]/x])∞ ⊂ x[D[~v]∞/x] rgT jniTUlmgnjq VuSeh®n mj efTUi ���q VSUn x[D[~v∞ ]/x] jmmjpkwkj W�Smj ° x[D/x] [~v∞ ]� ⊓⊔

Î.J.ÏÏÐ,J¾ ~/o/�� E[Λ]
ñÅ

F [Λ] îìëÅ Âìó�ìîÆñî �ñOTF �ñ �ñ5íÆ Ãë=ëÃ 8ïÃ î �ÆÂíÃ�ñëÅîìïî ÄÁ Àìíóñ
(∆ ~v)

�
MNOPQO yU `jhig Vg mjkkj ý����¿ efTUi ��� ji �¯�q mjn �fhkjn UfhkSmjn TUXUTjn Vjn ijhkjnVj E[Λ] ji Vj F [Λ] nuWlhT`jUi nfgn mS �fhkj (∆ ~v) rgT nfUi Vjn x¨ü Vj Vj�hW TUXUT Vg �STirgj ∆ jU jni gU� _jn ijhkjn Vj E[Λ] ji Vj F [Λ] nfUi VfUl Vjn x¨ü jU `jhig Vg mjkkj������� ⊓⊔

æ.-Ð-,.+ ~/o/�� -./.12 ©Dn =
⋃

k≥0

Dk[A∗
n]

µ
En =

⋃

k≥0

Ek[A∗
n] 4/ Fn =

⋃

k≥0

Fk[A∗
n]
$

^ñóÁí8ïñ Ö�'��H Q</:4E41/ 30/ © Dn = D[A∗
n]

µ
En = E[A∗

n] 4/ Fn = F [A∗
n]
$]:6AT0C<4E41/ ©

Dn En Fn

� δ3

� A∗
n

� δ[ (A∗
n T) ]

� (A∗
n T[Dn/x])

.< −→
DnDn

Dn

∆ ∆

∆

−→
Dn

−→
Dn

−−−−−→
T[Dn/x]

−→
Dn

−−−−−→
T[Dn/x]

()*+,-,.+ ~/o/�" 7ìïí ÅìïÅñ ÂÄÁîîñ �ñ Åñíóñ
A3 Â �ÆëìÅñ ÄÁ íñîÅíÃÂÅÃìë �ñ AÁï� Åñíóñî ëìíóÁï� �ñ A

� iïÅíñóñëÅ �ÃÅ3 Â = A ∩ Λ∞ �
^ñóÁí8ïñ Ö�'��Ö 842 2.<29/4:E42 34 ^.:E42 1.:E6B42 ;/61/ 4<W E¾E42 342 ^.:E421.:E6B42µ 1.<2 41 3;3<02.12 B4 /65B46< 34 =.12/:<=/0.1 342 =B62242 D̂n

µ
Ên

4/ F̂n
©

#_,
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D̂n Ên F̂n

� δ3

� A∗
n

� δ[ (A∗
n T) ]

� (A∗
n

ˆ
T[Dn/x])

.< −→̂
Dn∆ D̂n

D̂n
∆

−→
D̂n

−−−−−→
ˆx[Dn/x]

∆
−→
D̂n

−→
D̂n

−−−−−→
ˆx[Dn/x]

^ñóÁí8ïñ Ö�'�'í -.<2 A.<z.12 3;È» :4A:;241/4: B42 30Ñ;:41/42 01=B<20.12 41/:4 B42=B62242 Dn
µ
En

4/ Fn
µ 3612 B4 =62 .Î A∗

n ⊆ F̂n
©

A∗
n

F̂n

En

Fn

Dn

Õb�

D̂n

Ên

Â¾½½¾ ~/o/o� m ∈ D̂1
�

MNOPQO m jni nfgn �fhkj UfhkSmjq Tm ng i VfUl Vj kfUihjh rguTm SeeShiTjUi ° D1 �RSh �vefi�®nj Vg i�Wfh®kj ý����q u SeeShiTjUi ° H[v]� �uSeh®n mS VWXUTiTfU Vj A∗
1 q mjijhkj u SeeShiTjUi VfUl ° A∗

1 � RgTnrgj m = δ[ (u ~t ) ] ji rgj δ[ ([] ~t ) ] jni gU WmWkjUi Vj
D q fU jU lfUlmgi rgj m SeeShiTjUi ° D[A∗

1]
rgT jni W�Smj ° D1 � ⊓⊔

^ñóÁí8ïñ Ö�'�'' Ô0
m = δ[ (u ~t) ] 4/ 20 u ∈ A∗

1

µ 6B.:2 =4 B4EE4 \$7$7# :42/4 z:60$
Î.J.ÏÏÐ,J¾ ~/o/op En

ñÅ
Fn

îìëÅ Âìó�ìîÆñî �ñ OTF �ñ �ñ5íÆ Ãë=ëÃ 8ïÃ î �ÆÂíÃ�ñëÅîìïî ÄÁ Àìíóñ
(∆ ~v)

� Yñ ó9óñ �ìïí Ên
ñÅ

F̂n
�

MNOPQO �j mS hjkShrgj ý����� ji Vg lfhfmmSThj ý����÷� ⊓⊔

Â¾½½¾ ~/o/o} <ìÃÅ n
ïë ñëÅÃñí ÅñÄ 8ïñ

A∗
n ⊂ F̂n

� iÄìíî D∞
n ⊆ D̂n 3 E∞

n ⊆ Ên
ñÅ

F∞
n ⊆ F̂n

ñÅ Äñïíî ÆÄÆóñëÅî ëñ �ìîîB�ñëÅ �Áî x Âìóóñ �ÁíÃÁðÄñ ÄÃðíñ�

#_\
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MNOPQO _jn ijhkjn Vj D∞
n , E∞

n
ji F∞

n
WiSUi lmSThjkjUi nfgn �fhkj UfhkSmjq Tm ng i VfUlVj kfUihjh mjn TUlmgnTfUn D∞

n ⊆ Dn q E∞
n ⊆ En

ji F∞
n ⊆ Fn ��uSeh®n mj mjkkj ý���¯q x Uujni eSn mT�hj VSUn mjn ijhkjn Vj A∗

n � �uSeh®n mj mjkkjý����¯q x Uujni eSn mT�hj VSUn D, E ji F q Tm jU jni Vj kwkj efgh Dn, En
ji Fn ��uSeh®n mj lfhfmmSThj ý����¯q nT A∗

n ⊆ F̂n q Smfhn njn WmWkjUin nfUi Vjn %Whfpijhkjn� xUlfUlmgi Smfhn �h²lj ° mS hjkShrgj ý����� ji Sg mjkkj ý����¿ rgT Ufgn Snnghj D[A∗
n]∞ ⊆ Dn q

E[A∗
n]∞ ⊆ En

ji F [A∗
n]∞ ⊆ Fn � ⊓⊔

Â¾½½¾ ~/o/o� <ìÃÅ n
ïë ñëÅÃñí ÅñÄ 8ïñ

A∗
n ⊆ F̂n 3 f1

ñÅ
f2

�ñî Åñíóñî �ñ ÄÁ ÂÄÁîîñ
Fn 3 ~r 6= ∅ ñÅ

~v �ñî îïÃÅñî �ñ Åñíóñî ñÅ
w

ïë Åñíóñ ÅñÄ 8ïñ
x 6∈ FV (w)

�
<Ã ÄÁ îïÃÅñ < ~r,~v > Á��ÁíÅÃñëÅ ? T[w/x] ìï ? T3 ÁÄìíî (f1 ~r ) 6= f2

�
MNOPQO �fgn SmmfUn hSTnfUUjh eSh muS�nghVj� ªfkkjUÃfUn eSh VWlhThj f1

ji f2 �
f1 ∈ Fn = F [A∗

n]� �m jaTnij VfUl gU lfUijaij f̃1
Vj F ji Vjn ijhkjn ~a1

Vj A∗
n
ijmn rgj

f1 = f̃1[~a1]��uSeh®n mj mjkkj ý����� SeemTrgW ° f̃1 q Tm jaTnij Vjn ngTijn UfU `TVjn Vj lfUijaijn ( ~d1
i )0≤i≤kji (~c1

i )1≤i≤k
lfkefnWjn VuWmWkjUin Vj mS lmSnnj D STUnT rgj Vjn ngTijn UfU `TVjn Vj ijhkjn

(~t1i )1≤i≤k
lfkefnWjn VuWmWkjUin Vj x ijmmjn rgj f̃1 = (∆ ~d1

0
~t11[

~c1
1/x] · · · ~t1k[~c1

k/x] ~d1
k ) �ojmfU mj lfhfmmSThj ý����÷q F̂n

jni lfkefnWj Vj x¨ü rgT nfUi nfgn �fhkj UfhkSmj� ªfkkj
A∗

n ⊆ F̂n q Tm jU jni VfUl Vj kwkj efgh mjn ijhkjn Vj mS ngTij ~a1 � yUXUq jU `jhig Vg mjkkjý����¿ efTUi ���q efgh ifgi 0 ≤ i ≤ k q d1
i [ ~a1 ] ∈ D[A∗

n] ⊆ Dn �Rfgh Uj eSn nghl�Sh�jh mjn UfiSiTfUnq fU lfU�fUV d1
i [ ~a1 ] ji d1

i q STUnT rgj c1
i [ ~a1 ] ji c1

i � d1
iji c1

i
nfUi VfUl Vjn WmWkjUin Vj Dn �yU hWngkWq Tm jaTnij gUj ngTij ~a1 ∈ A∗

n
ji gU jUiTjh k ijmn rgj

f1 = (∆ ~d1
0

~t11[
~c1
1/x] · · · ~t1k[~c1

k/x] ~d1
k ) ��j kwkjq Tm jaTnij gUj ngTij ~a2 ∈ A∗

n
ji gU jUiTjh j ijmn rgj

f2 = (∆ ~d2
0

~t21[
~c2
1/x] · · · ~t2k[~c2

j/x] ~d2
j ) �

_uW�SmTiW (f1 ~r ) = f2
jUihSèUj VfUl ¬­®­̄ ∆ ~d1

0
~t11[

~c1
1/x] · · · ~t1k[~c1

k/x] ~d1
k ~r°

∆ ~d2
0

~t21[
~c2
1/x] · · · ~t2k[~c2

j/x] ~d2
j

±­²­³ �
�fgn hWlgeWhfUn STUnT Vjn W�SmTiWnq ijhkj ° ijhkjq jUihj mjn ngTijn

< ~d1
0 , ~t11[

~c1
1/x] , · · · , ~t1k[~c1

k/x] ~d1
k , ~r > ji < ~d2

0 , ~t21[
~c2
1/x] , · · · , ~t2k[~c2

j/x] , ~d2
j >

ªfkkj ∆ = (∆ δ3 · · · δ3)q fU ejgi lfkemWijh mS emgn lfghij Vjn Vjga ngTijnq jU nfU VWp�giq eSh Vjn ijhkjn δ3 q WmWkjUin Vj Dn q SXU rgujmmjn STjUi ifgijn Vjga mj kwkj Ufk�hjVuWmWkjUin��fifUn l lj Ufk�hj VuSh�gkjUin� RgTnrgj ~r jni UfU `TVjq l jni ngeWhTjgh ° 1� �fgn SmmfUnkfUihjh mS lfUihSVTliTfU VugU ijm nvni®kj VuW�SmTiWn eSh hWlghhjUlj ngh l� �_j ehTUlTej lfUnTnij ° hjkShrgjh rgj mjn Sh�gkjUin Vj ivej ´dµ Uj ejg`jUi nuW�Smjh ° ljgaVj ivej ´tµ� �mn nj hjihfg`jUi VfUl ifgn jU `Tnp°p`Tn jUihj mS ngTij ��� ji mS ���� yU eShiSUiVg VW�gi Vj mS ngTijq fU ejgi hjkfUijh mjn W�SmTiWn efgh S�fgiTh XUSmjkjUi ° gUj W�SmTiWVg ivej r = dq lj rgT jni lfUihSVTlifThj egTnrgj r jni Vj ivej t�
⊲ oT l = 1�xU S gUj njgmj WrgSiTfU r = d2 S`jl d2 ∈ Dn � «TUnTq r ∈ Dn � RSh �vefi�®nj VjmuWUfUlWq A∗

n ⊆ F̂n q VuSeh®n mj mjkkj ý����¿q r∞ SeeShiTjUi VfUl ° Dn ��uSeh®n mS hjkShrgj ý�����q r∞ ejgi VfUl nuWlhThj Vj rgSihj �SÃfUn sA∗
n, δ3, δ[(A

∗
n x)]ji (A∗

n x[Dn]/x])� �SUn ifgi mjn lSn r∞ nuWlhTi nfTi (∆ ~v)q nfTi δ[e]�xhq eSh �vefi�®njq nT r ∈ T1[w/x]q jU giTmTnSUi mjn UfiSiTfUn Vj mS ehfefnTiTfU ý���úq
r∞ ∈ (T1[w/x])∞ � yU SeemTrgSUi mj efTUi �¿� Vj ý���úq fU VTniTU�gj Vjga lSn st nT i0 > 1q Smfhn r∞ ∈ T1

ji VfUlq VuSeh®n mj efTUi ��� Vj ý���úq efgh ifgij ngTij ~s Vj
(T2, · · · , Tn)q (δ r∞ ~s)∞ = x� ªj rgT lfUihjVTi mj mjkkj ��÷�� jU ehjUSUi C = r∞ji z = x�t nT i0 = 1q Tm jaTnij gUj ngTij ~u ijmmj rgj r∞ = yCi0 [w

∞, ~u ] ji ijmmj rgj Ci0 [x, ~u ] ∈ T1 �xU f�iTjUi Smfhn mS kwkj lfUihSVTliTfU rgj efgh i0 = 1 jU ehjUSUi C = Ci0 [ [], ~u]ji z = x�

##_
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oT r ∈ T1 q VuSeh®n mj efTUi ��� Vj ý���úq r∞ = r � xU lfUlmgi Smfhn Vj mS kwkj �SÃfUrgj efgh i0 > 1�
⊲ oT l > 1�­fUihfUn rgj ~d1

0
ji ~d2

0 fUi kwkj Ufk�hj VuWmWkjUin�RSh muS�nghVjq nT eSh jajkemjq ~d2
0
S`STi emgn VuSh�gkjUin rgj ~d1

0 q mjn ehjkT®hj W�SmTiWjUihj mjn ijhkjn Vjn Vjga ngTijn nj ehWnjUijhSTjUi STUnT s
d1
0,1 d1

0,2 d1
0,p t11,1[c

1
1/x]° ° · · · ° °

d2
0,1 d2

0,2 d2
0,p d2

0,p+1� eShiTh Vjn W�SmTiWn jUihj ijhkjn Vjn ngTijn < ~d1
0 , ~t11[

~c1
1/x] , · · · , ~t1k[~c1

k/x] ~d1
k , ~r >ji < ~d2

0 , ~t21[
~c2
1/x] , · · · , ~t2k[~c2

j/x] , ~d2
j > q fU f�iTjUVhSTi VfUl gUj W�SmTiW t11,1[c

1
1/x] =

d2
0,p+1 q f© t11,1[c

1
1/x] hjehWnjUij mj ehjkTjh ijhkj Vj mS ngTij ~t11[

~c1
1/x]�«gihjkjUi VTiq fU jU VWVgThSTi rgj t11,1[c

1
1/x] ∈ Dn �xhq VuSeh®n mj mjkkj ý����¿q c1

1 q rgT SeeShiTjUi °Dn q Uj efnn®Vj eSn x lfkkj `ShTS�mjmT�hj� � eShiTh Vj t11,1[c
1
1/x] ∈ Dn fU iThjhSTi VfUl mS kwkj lfUihSVTliTfU rgj efgh

l = 1�yU lfUnWrgjUljq mjn ngTijn ~d1
0
ji ~d2

0 fUi kwkj Ufk�hj VuWmWkjUin� _jn ngTijnq ~t11[
~c1
1/x]ji ~t21[

~c2
1/x] fUi jmmjn SgnnT mj kwkj Ufk�hj VuWmWkjUin lSh jmmjn nfUi ifgn Vjga WmWpkjUin Vj x[Λ/x]�� eShiTh Vjn W�SmTiWn jUihj ijhkjn Vjn ngTijn < ~d1

0 , ~t11[
~c1
1/x] , · · · , ~t1k[~c1

k/x] , ~d1
k , ~r >ji < ~d2

0 , ~t21[
~c2
1/x] , · · · , ~t2k[~c2

j/x] , ~d2
j > q jU ngeehTkSUi hjnejliT`jkjUi mjnngTijn < ~d1

0,
~t11[c

1
1/x] > ji < ~d2

0,
~t21[c

2
1/x] > rgT fUi kwkj mfU�gjghq fU hWlge®hj gUnvni®kj emgn ejiTi VuW�SmTiWn jUihj < ~d1

1 , ~t12[
~c1
2/x] , · · · , ~t1k[~c1

k/x] , ~d1
k , ~r > ji <

~d2
1 , ~t22[

~c2
1/x] , · · · , ~t2k[~c2

j/x] , ~d2
j >� xU lfUlmgi XUSmjkjUi eSh hWlghhjUlj� ⊓⊔

Î.J.ÏÏÐ,J¾ ~/o/o� <ìÃÅ w
ïë Åñíóñ ÅñÄ 8ïñ

x 6∈ FV (w)3 îìÃÅ f1, f ∈ Fn
ñÅ

~s ∈ Tìï ~s ∈ T[w/x]
� <Ã A∗

n ⊆ F̂n 3 ñÅ îÃ f ≤ (f1 ~s) ÁÄìíî f ≤ f1
ìï ðÃñë f ≤ ~s

�
MNOPQO ªujni gUj lfUnWrgjUlj Vg mjkkj ý����÷ ji Vg mjkkj Vj lSeighj ��÷�¯� ⊓⊔

Â¾½½¾ ~/o/o� <Ã A∗
n ⊆ F̂n 3 ÁÄìíî3 �ìïí ÅìïÅñ ÂÄÁîîñ A

ÃëÂÄïîñ �Áëî F̂n
1

��
(A T) [A∗

n → m] ⊆ (A[A∗
n → m] T)∞ ∪ (A T)'�

(A
ˆ

T[Dn/x]) [A∗
n → m] ⊆

((A[A∗
n → m])

ˆ
T[Dn/x])∞ ∪ (A

ˆ
T[Dn[A∗

n → m]/x]) ∪ (A
ˆ

T[Dn/x])[� 7ìïí ÅìïÅñ ÂÄÁîîñ �ñ Åñíóñî U 3 (δ[U ]) [A∗
n → m] ⊆ δ[U [A∗

n → m] ]

^ñóÁí8ïñ Ö�'�'~ c4 B4EE4 1.<2 A4:E4//:6 34 A.20/0.114: B42 ;=T61�42 C<0 2.1/A4:E02 3612 B42 =B62242Dn, En
4/ Fn

$ @6: 4W4EAB4µ B4 A.01/ A7× A4</ 24 B0:4 60120 © 2.<2:;24:z4 C<º.1 60/ 3;È» E.1/:; A∗
n ⊆ F̂n

µ /.<2 B42 ;=T61�42 34 A∗
n
3612 (A∗

n
ˆ

T[Dn/x] ).1/ B04< 2.0/ 3612 A∗
n

2.0/ 3612 Dn
$ Õ1 :4E6:C<4:6 C<4 B42 =B62242 » 3:.0/4 34Bº01=B<20.1 14 2.1/ A62 2.<2 ^.:E4 1.:E6B4µ =º42/ A.<:C<.0 0B :42/4 Bº.A;:6/4<: ∞ $]:6AT0C<4E41/ ©

δ[U ](An T[Dn/x] )

A∗
n

(A∗
n T )

MNOPQO�� ofTjUi (a1 ~s ) ∈ (A x) f© a1 ∈ A ji ~s ∈ x� ofTi a ∈ A∗
n
ijm rgj a ≤ (a1 ~s)� �m jaTnijVfUl gU lfUijaij C ijm rgj C[a] = (a1 ~s)� ªfkkj A∗

n ⊆ F̂n q jU `jhig Vg lfhfmmSThjý����úq fU VTniTU�gj Vjga lSn s
###
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t nfTi a ≤ a1 q ji VSUn lj lSn Tm jaTnij gU lfUijaij E ijm rgj E[a] = a1 � RSh VWXUTiTfUVjn Wl�SU�jnq E[m]∞ SeeShiTjUi ° A[A∗
n → m]� «TUnTq C[m]∞ = (E[m]∞ ~s)∞ rgTSeeShiTjUi ° (A[A∗

n → m] x)∞ �t nfTi a ≤ ~sq ji VSUn lj lSn Tm jaTnij gU jUiTjh 1 ≤ i ≤ n ji gU lfUijaij D ijm
rgj ~s = (s1, · · · , E[a], · · · , sn)� ªfkkj A∗

n ⊆ F̂n q VuSeh®n mj lfhfmmSThj ý����¯q ajni gU x¨ü� ojmfU mS ehfefnTiTfU ý���úq efTUi �¯�q E[m]∞ ∈ Ti � �uf© C[m]∞ =
(a s1 · · ·E[m]∞ · · · sn)∞ �xhq VuSeh®n mj efTUi ��� Vj ý���úq ~s jni lfkefnWj Vj ijhkjn UfhkSga� �j emgn ajni gU x¨üq rgT jni nfgn �fhkj UfhkSm VuSeh®n mj mjkkj ý���¯� �fgn lfUlmgfUnVfUl C[m]∞ = (a s1 · · ·E[m]∞ · · · sn) rgT SeeShiTjUi ° (A x)��� ofTi (a1 ~s [d/x]) ∈ (A

ˆx[Dn/x]) f© a1 ∈ Aq ~s ∈ x ji d ∈ Dn �ofTi a ∈ A∗
n
ijm rgj a ≤ (a1 ~s [d/x])� �m jaTnij VfUl gU lfUijaij C ijm rgj C[a] =

(a1 ~s [d/x])� ªfkkj A∗
n ⊆ F̂n q �h²lj Sg mjkkj ý����¿q d Uj efnn®Vj eSn x lfkkj`ShTS�mj mT�hj� yU `jhig Vg lfhfmmSThj ý����úq fU VTniTU�gj Vjga lSn s

⊲ nfTi a ≤ a1
ji VSUn lj lSnq lfkkj ehWlWVjkkjUiq fU f�iTjUi

C[m]∞ = (E[m]∞ ~s [d/x])∞ rgT SeeShiTjUi ° ((A[A∗
n → m])

ˆx[Dn/x] )∞ �
⊲ nfTi a ≤ ~s [d/x] ji VSUn lj lSn Tm jaTnij gU jUiTjh 1 ≤ i ≤ n ji gU lfUijaij D ijmrgj ~s [d/x] = (s1[d/x], · · · , E[a], · · · , sn[d/x]) ji ijm rgj si[d/x] = E[a]�

ªfkkj ~s [d/x] ∈
ˆx[Dn/x]q Smfhn njn ijhkjn nfUi nfgn �fhkj UfhkSmj� �j emgn

a1 ∈ A ⊆ F̂n q VuSeh®n mj lfhfmmSThj ý����¯q a1
jni gU x¨ü nfgn �fhkj UfhkSmj�«TUnTq (a1 ~s [d/x]) jni W�SmjkjUi nfgn �fhkj UfhkSmj� �fgn jU VWVgTnfUn VfUl

C[m]∞ = (a1 s1[d/x] · · ·E[m]∞ · · · sn[d/x])�yU giTmTnSUi mjn UfiSiTfUn Vj mS ehfefnTiTfU ý���úq VTniTU�gfUn mjn `Smjghn Vj i s¶ nT i 6= i0 q VuSeh®n mS ehfefnTiTfU ý���ú efTUi �¿�q (si[d/x])∞ ∈ Ti � xhq si[d/x] jninfgn �fhkj UfhkSmjq fU jU VWVgTi VfUl si[d/x] ∈ Ti �ªfkkj A∗
n ∈ F̂n q VuSeh®n mj lfhfmmSThj ý����¯q a jni gU x¨ü� �uSeh®n mj efTUi �¯�Vj ý���úq fU jU VWVgTi E[m]∞ ∈ Ti ��uSgihj eShiq VuSeh®n mj mjkkj ý����¿q x 6∈ FV (d)q x Uujni VfUl eSn mT�hj VSUn

si[d/x] rgT jni W�Sm ° E[a]� �j emgn m jni lmfnq Vuf© x 6∈ FV (E[m]∞)� «TUnTq
E[m]∞ [Dn/x] = E[m]∞ � ªfkkj E[m]∞ SeeShiTjUi ° Ti q fU jU VWVgTi VfUl
E[m]∞ ∈

ˆ
Ti[Dn/x]�

üTUSmjkjUiq Tm `TjUiC[m]∞ = (a1 s1[d/x] · · ·E[m]∞ · · · sn[d/x]) ∈ (A
ˆx[Dn/x])�¶ nT i = i0 q VuSeh®n mj efTUi �¿� Vj ý���úq x ∈ FV (si0)� ªfkkj si0 [d/x] jni nfgn�fhkj UfhkSmjq Tm jU jni Vj kwkj efgh d� ojmfU mj efTUi �¿� Vj ý���úq Tm jaTnij gUjng�niTigiTfU σ Vj ijhkjn UfhkSga ijmmj rgj (si[d/x])∞ = yCi0 [d

∞, σ]� ªfkkj
si[d/x] ji d nfUi UfhkSgaq fU f�iTjUi si[d/x] = yCi0 [d, σ]��TniTU�gfUn mjn ihfTn efnTiTfUn hjmSiT`jn efnnT�mjn jUihj mjn nfgnpijhkjn a ji d VjyCi0 [d, σ]

�l�� ehfefnTiTfU ������� s
⋄ nT a ≤ d�«mfhn Tm jaTnij gU lfUijaij F ijm rgj F [a] = d ji ijm rgj

C[m]∞ = (a s1 · · ·
yCi0 [F [m], σ]∞ · · · sn)��uSgihj eShi F [m]∞ ∈ Dn[A∗

n → m]� �uSeh®n mj efTUi �¿� Vj ý���úq ( yCi0 [F [m], σ])∞ =yCi0 [F [m]∞, σ] rgT SeeShiTjUi ° ˆ
Ti0 [Dn[A∗

n → m]/x]�yUXUq lfkkj Tm S WiW ehfg`W VSUn mj lSn i 6= i0 q fU kfUihj rgj si ∈
ˆ

Ti[Dn[A∗
n → m]/x] efgh ifgi i 6= i0 �xU jU VWVgTi VfUl C[m]∞ ∈ (A

ˆx[Dn[A∗
n → m]/x]) �

⋄ nT a ji d nfUi VTn�fTUin�«mfhn Tm jaTnij gU lfUijaij F ijm rgj F [d, a] = si[d/x] = yCi0 [d, σ] ji ijm rgj
C[m]∞ = (a s1 · · ·F [d, m]∞ · · · sn)�«TUnTq F [x, a] = yCi0 [x, σ] rgT SeeShiTjUiq VuSeh®n mj efTUi �¿� Vj ý���úq ° Ti0

�ªfkkj a jni gU x¨üq VuSeh®n mj efTUi �¯� Vj ý���úq F [x, m]∞ jni gU WmWkjUiVj Ti0
� �m jaTnij VfUl gU ijhkj w ∈ Ti0

ijm rgj F [x, m]∞ = w�j emgn lfkkj x 6∈ FV (si[d/x])q Smfhn x 6∈ FV (F )� m WiSUi lmfn ji x UuWiSUieSn mT�hj VSUn F q fU ejgi WlhThj F [x, m] [d/x] = F [d, m]� �fgn f�ijUfUn VfUl
##7
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F [d, m]∞ = (F [x, m]∞ [d/x])∞ = w[d/x]∞ rgTq VuSeh®n mj efTUi �¿� Vj ý���úqSeeShiTjUi ° Ti0 [d∞/x]üTUSmjkjUiq lfkkj d jni UfhkSmq Ufgn f�ijUfUn F [d, m]∞ ∈ Ti0 [d/x] ji eShmS kwkjq C[m]∞ ∈ (A
ˆx[Dn/x])�

⋄ nT d < a Smfhn Tm jaTnij gU lfUijaij F ijm rgj F [a] = d ji ijm rgj yCi0 [d, σ] =

E◦F [d]� ªfkkj yCi0 [d, σ] SeeShiTjUi ° ˆ
Ti0 [Dn/x]q ji Tm jni nfgn �fhkj UfhkSmjqTm jU jni VfUl Vj kwkj efgh F � yaSkTUfUn mjn VT�WhjUijn �fhkjn UfhkSmjnVj iwij efnnT�mj efgh F � ªfkkj F

Xmihj a gU x¨üq Smfhn F Uj efnn®Vj eSnVuS�nihSliTfU ° nS hSlTUj� xU VTniTU�gj VfUl Vjga lSiW�fhTjn s nfTi [] jni jUiwij Vj F q ji VSUn lj lSn F = ( [] ~v)q nfTi [] jni TUijhUj ° F ji VSUn lj lSn TmjaTnij gU lfUijaij G ijm rgj F = (u G ~v)� ­fUihfUn rguSglgU Vj ljn VjgalSn Uujni efnnT�mj st nT F = ( [] ~v) Smfhn yCi0 [x, σ] = E◦F [x] = E[(x ~v)]� xhq VuSeh®n mj efTUi �¿�Vj ý���úq yCi0 [x, σ] ∈ Ti0
Vuf© E[(x ~v)] ∈ Ti0

� �uSgihj eShi Ufgn S`fUnkfUihW rgj si
SeeShiTjUi ° Ti efgh ifgi i 6= i0 ��fifUn ~s′ = (s1, · · · , E[(x ~v)], · · · , sn)� �fgn S`fUn ~s′ ∈ x ji VfUl VuSeh®nmj efTUi ��� Vj ý���úq (δ ~s′)∞ = x�xhq njmfU mj mjkkj ��÷��Á ji mS ehfefnTiTfU ý���ú efTUi �¯�q mjn lfUijaijn

C1, · · · ,
yCi0 , · · · , Cn

`WhTXjUi (δ C1 · · ·
yCi0 [x,~[]] · · ·Cn) →∗

β x� ªfkkj δjni lmfn fU jU VWVgTi VfUl rgj x jni mT�hj VSUn yCi0 [x,~[]]q STUnT rgj VSUn
E[(x ~v)]��uSeh®n mS ehfefnTiTfU ����¯�q SeemTrgWj Sg nfgnpijhkj (x ~v)VSUn mj lfUijaij E Vj (δ s1 · · ·E[(x ~v)] · · · sn)q fU S
(δ s1 · · ·E · · · sn)∞ = (δ s1 · · ·E[(x ~v)] · · · sn)∞ rgT jni W�Smj ° x�RhjUfUn z gUj `ShTS�mj Ujg`j VT�WhjUij Vj x� ªfkkj xjni nSUn ihfgq ° eShiTh Vj (δ s1 · · ·E · · · sn)∞ = xq Ufgn efg`fUn WlhThj
(δ s1 · · ·E[(z ~v)] · · · sn)∞ = x� xhq E[(z ~v)] = yCi0 [z, σ]q �h²lj ° mS VWXUTpiTfU Vj yCi0 q mjkkj ��÷��Á ji ehfefnTiTfU ý���úq Tm jni �SlTmj Vj `WhTXjh rgj
(δ s1 · · ·

yCi0 [z, σ] · · · sn)∞ = z � ªfUihSVTliTfU�t nT F = (u G ~v)� ªfkkj F [d] = a ji rgj a jni gU x¨ü nfgn �fhkj UfhkSmjq�h²lj ° mS ehfefnTiTfU ������q fU jU VWVgTi rgj u jni gU x¨ü ji rgj Fmujni SgnnT� xU lfUlmgi Smfhn lfkkj ehWlWVjkkjUi �h²lj ° mS ehfefnTiTfU����¯��¯� oT A∗
n ⊆ F̂n

Smfhn mjn WmWkjUin Vj A∗
n
nfUi Vjn x¨ü� _j hWngmiSi jni Smfhn TkkWVTSijU lfUniSiSUi rgj mjn njgmn nfgnpijhkjn x¨ü Vj δ[u] Uj ejg`jUi wihj rgj VSUn u� ⊓⊔

Â¾½½¾ ~/o/o~ <Ã A∗
n ⊆ F̂n 3 ÁÄìíî (Dn

−→
Dn)∞ ⊆ F̂n

MNOPQO ­fUihfUn VuS�fhV rgj (Dn Dn)∞ ⊆ F̂n �oT A∗
n ⊆ F̂n q VuSeh®n mS hjkShrgj ý�����q mjn ijhkjn Vj Dn ejg`jUi nuWlhThj Vj rgSihj�SÃfUn s

δ3, δ[(A
∗
n x)],A∗

n
ji (A∗

n x[Dn/x])
⊲ ªfkkjUÃfUn eSh A∗

n �ªfkkj A∗
n ⊆ F̂n q Smfhn (A∗

n Dn) ⊆ (F̂n Dn) rgTq eSh lfUnihgliTfU Vj F q jni TUlmgnjVSUn Fn � ±h²lj Sg mjkkj ý����¿q F∞
n ⊆ F̂n q fU lfUlmgi Smfhn rgj (A∗

n Dn)∞ ⊆ F̂n �
⊲ �j kwkj ((A∗

n x[Dn/x]) Dn) ⊆ ((F̂n x[Dn/x]) Dn) rgTq eSh lfUnihgliTfU Vj F jniTUlmgnj VSUn Fn � xU lfUlmgi Smfhn lfkkj ehWlWVjkkjUi�
⊲ Rfgh δ[(A∗

n x)]q Ufgn S`fUn rgSihj lSn ° WigVTjh ngT`SUi muWmWkjUi Vj Dn
Sgrgjm Tmjni SeemTrgW st ( δ[(A∗

n x)] A∗
n)∞ ⊆ (A∗

n (A∗
n x[A∗

n/x]) A∗
n)∞ �

ªfkkj A∗
n ⊆ D̂n

�l�� hjkShrgj ý����Á� ji (A∗
n x[A∗

n/x]) ⊆ Dn qSmfhn (A∗
n (A∗

n x[A∗
n/x]) A∗

n) ⊆ (A∗
n Dn Dn) rgTq eSh lfUnihgliTfU Vj F jniTUlmgnj VSUn Fn � xU lfUlmgi Smfhn lfkkj ehWlWVjkkjUi�t Rfgh ( δ[(A∗

n x)] (A∗
n x[Dn/x]) )∞ q mjn lSmlgmn nfUi njk�mS�mjn�t Rfgh ( δ[(A∗

n x)] δ[(A∗
n x)] )∞ q efgh ifgi ijhkj d Vj Dn s

( δ[(A∗
n x)] d)∞ ⊆ ( d (A∗

n x[Dn/x]) Dn)∞ �
##>
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«eemTrgW ° δ[(A∗
n x)]q Ufgn hWlgeWhfUn s

( δ[(A∗
n x)] δ[(A∗

n x)] )∞ ⊆ ( δ[(A∗
n x)] (A∗

n x[Dn/x]) Dn)∞ � xU lfUlmgi Smfhn�h²lj Sg efTUi ehWlWVjUi�t Rfgh (δ[(A∗
n x)] δ3)

∞ q mjn lSmlgmn nfUi njk�mS�mjn Sga ehWlWVjUin�
⊲ Rfgh δ3 q mjn lSmlgmn nfUi njk�mS�mjn ° δ[(A∗

n x)]� � Ufijh rgj (δ3 δ3)
∞ = ∆ ∈ Ên

rgTjni TUlmgnj VSUn F̂n �Rfgh lfUlmghjq lfkkj (Dn Dn · · ·Dn)∞ ⊆ ((Dn Dn)∞ · · ·Dn)∞ q nT (Dn Dn)∞ ⊆ F̂n q Smfhn
((Dn Dn)∞ · · ·Dn)∞ jni TUlmgnj VSUn (F̂n Dn · · ·Dn)∞ � xU lfUlmgi Smfhn eSh lfUnihgliTfUVj F ji �h²lj Sg mjkkj ý����¿� ⊓⊔

()*+,-,.+ ~/o/p� <ìÃñëÅ A
ñÅ

B �ñï� ÂÄÁîîñî �ñ Åñíóñî ñÅ
l
ïë ñëÅÃñí �ìîÃÅÃÀ � :Á=B6224 342 ;=T61�42 » A:.^.134<: B0E0/;4 3612 A 34 B A6: m3 ëìÅÆñ A[B → m]l 3 ñîÅÄ �ñëîñóðÄñ 1

A[B → m]l = {C[m]∞|ÃÄ ñ�ÃîÅñ b ∈ B
ñÅ

C
ïë ÂìëÅñ�Åñ ÅñÄ 8ïñ l(C) ≤ l

ñÅ
C[b] ∈ A}�

IJ.K.L,-,.+ ~/o/p� ∀n ≥ 0, A∗
n ⊆ F̂nMNOPQO xU ehfl®Vj eSh TUVgliTfU ngh n�¶ Rfgh n = 0�

A∗
0 = {∆∞}� RSh lfUnihgliTfUq A∗

0 ⊆ D̂0
ji ∆ ∈ Ê0 � ªfkkj ∆∞

nuWlhTi (∆ ∆∞)qfU jU VWVgTi ∆∞ ∈ (Ê0 D̂0)
rgT jni TUlmgnj VSUn F̂0 �¶ Rfgh n = 1�ofTi a1 ∈ A∗

1 � �uSeh®n mj mjkkj ý���÷q A∗
1 ⊆ (∆ δ[A∗

1 x] ) ∪ (∆ A∗
1)�oT a1 ∈ (∆ δ[A∗

1 x] )q lfkkj ∆ ∈ Ê1
ji δ[A∗

1 x] ∈ D̂1 q Smfhn a1 ∈ (Ê1 D̂1)
rgT jni

TUlmgnj VSUn F̂1 �oTUfU a1 ∈ (∆ A∗
1)

rgT jni TUlmgnj VSUn (Ê1 D̂1)
rgT jni TUlmgnj VSUn F̂1 q jmmj kwkj

TUlmgnj VSUn F̂n �¶ Rfgh n > 1�ogeefnfUn rgj A∗
n ⊆ F̂n

ji kfUihfUn rgj A∗
n+1 ⊆

ˆFn+1 �RSh VWXUTiTfUq A∗
n+1 = A∗

n ∪ A∗
n[A∗

n → m]s � ªfkkj mjn lmSnnjn (A∗
n)n≥0

nfUi lhfTnpnSUijnq Tm Ufgn ng hS VuWiS�mTh A∗
n[A∗

n → m]s ⊆ ˆFn+1 � Rfgh ljmSq Ufgn SmmfUn ehflWVjheSh hWlghhjUlj ngh mS ehf�fUVjgh Vjn Wl�SU�jn rgT nfUi j�jligWn VSUn A∗
n �yU j�jiq lfkkj A∗

n[A∗
n → m]s = }

l≥0

A∗
n[A∗

n → m]sl q Tm ng i Vj kfUihjh rgj efgh
ifgi jUiTjh l ≥ 0 q A∗

n[A∗
n → m]sl ⊆

ˆFn+1 �
yU �STi Ufgn SmmfUn kfUihjhq nTkgmiSUWkjUiq ji eSh hWlghhjUlj ngh lq rgj nT A∗

n ⊆ F̂N qSmfhn D̂n[A∗
n → m]l ⊆

ˆDn+1 q rgj Ên[A∗
n → m]sl ⊆

ˆEn+1∪F̂n
ji rgj F̂n[A∗

n → m]sl ⊆
ˆFn+1 �

�g VjhUTjh hWngmiSiq lfkkj A∗
n ⊆ F̂n q fU VWVgThS A∗

n[A∗
n → m]sl ⊆

ˆFn+1 �ÀSeejmfUn rgj mjn lmSnnjn VuWl�SU�jnq ° ehf�fUVjgh mTkTiWj fg UfUq nfUi lfkefnWjngUTrgjkjUi Vj ijhkjn nfgn �fhkjn UfhkSmjn �l�� VWXUTiTfU ¯�¿��¯ ji ý���¯Á��
⊲ Rfgh l = 0�_jn Wl�SU�jn ° ehf�fUVjgh Á nj �fUi gUTrgjkjUi ngT`SUi mj njgm lfUijaij Vj mfUp�gjgh Á rgT jni ihT`TSm []� «TUnTq efgh ifgij lmSnnj A ji B qA[B → m]0 = {m}� Rfghmjn Wl�SU�jn nihTlinq mj lfUijaij ihT`TSm WiSUi ehfnlhTiq Ufgn S`fUn A[B → m]s0 = ∅yU lfUnWrgjUlj st D̂n[A∗

n → m]0 = {m} rgTq VuSeh®n mj mjkkj ý�����q SeeShiTjUi ° D̂1 � _jn ngTijn
(Dn)n≥0

WiSUi lhfTnnSUijnq ifgi lfkkj (A∗
n)i≥0 q Ufgn f�ijUfUn VfUl mj hWngmiSi�t Ên[A∗

n → m]s0 = ∅q F̂n[A∗
n → m]0 = ∅ ji A∗

n[A∗
n → m]s0 = ∅q lj rgT jUihSèUjlmSThjkjUi mj hWngmiSi�

⊲ Rfgh l ≥ 1�_u�vefi�®nj Vj hWlghhjUlj nj �fhkgmj STUnT s
##?
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t A∗
n ⊆ F̂n

t ∀p < l

¬­­­­®­­­­̄
Dn[A∗

n → m]p ⊆
ˆDn+1

En[A∗
n → m]sp ⊆

ˆEn+1 ∪ F̂n

Fn[A∗
n → m]sp ⊆

ˆFn+1

A∗
n[A∗

n → m]sp ⊆
ˆFn+1�fgn SmmfUn kfUihjh jU rgSihj WiSejn ljn hWngmiSin efgh mS ehf�fUVjgh l� «gehWSmS�mjq hSeejmfUn rgjmrgjn hWngmiSin ngh mjn lmSnnjn VuWl�SU�jn s ¡¢£ ����!�· ���� ����� �¥���� A

�� B   A[B → m]p = A[B → m]sp ∪ {m}· A∗
n[A∗

n → m] = A∗
n+1 ∪ {m}MNOPQO RSh VWXUTiTfU Vjn lmSnnjn VuWl�SU�jn ji Vj mS lmSnnj A∗

n+1 � ⊓⊔

⊳ �£¡�O � ⊲

D̂n[A∗
n → m]l ⊆

ˆDn+1MNOPQORSh �vefi�®njq A∗
n ⊆ F̂n q VuSeh®n mS hjkShrgj ý����ýq mjn ijhkjn Vj A∗

n
nfUiVfUl Vjn x¨ü UfhkSga Vj mS �fhkj (∆ ~v )�ofTi d ∈ D̂n ��uSeh®n mS hjkShrgj ý����ýq fU VTniTU�gj ¿ lSn st nfTi d = δ3 � �m Uuv S Smfhn eSn Vj ng�niTigiTfUn efnnT�mjnq lSh SglgU Vjn nfgnpijhkjn Vj δ3

Uujni gU x¨ü�t nfTi d ∈ A∗
n �«mfhn {d}[A∗

n → m] ⊆ A∗
n[A∗

n → m] rgTq VuSeh®n mj �STi ý���¯� jni TUlmgnj
VSUn A∗

n+1 ∪{m}� RSh VWXUTiTfU Vj Dn+1 q A∗
n+1 ⊂

ˆDn+1
ji VuSeh®n mj mjkkjý�����q m ∈ D̂1 q rgT jni TUlmgnj VSUn ˆDn+1 � �uf© mj hWngmiSi�t nfTi d ∈ δ[ (A∗

n x) ]�ojmfU mS ehfefnTiTfU ý����� efTUin �¯�q mjn Wl�SU�jn Vj A∗
n
VSUn δ[ (A∗

n x) ] nj�fUi VSUn mjn ijhkjn Vj (A∗
n x) ° gUj ehf�fUVjgh kfTUVhj� «TUnTq s

δ[ (A∗
n x) ] [A∗

n → m]l ⊆ δ[ (A∗
n x) [A∗

n → m]l−1]�yU SeemTrgSUi Vj Ufg`jSg mS ehfefnTiTfU ý����� efTUi ���q Tm `TjUi s
δ[ (A∗

n x) ] [A∗
n → m]l ⊆ δ[ (A∗

n[A∗
n → m]l−2 x)∞] ��uSeh®n mj �STi ý���¯�q

(A∗
n[A∗

n → m]l−2 x)∞ ⊆ (A∗
n[A∗

n → m]sl−2 x)∞ ∪ (m x)∞ �xhq VuSeh®nq eSh VWXUTiTfU Vj xq Ufgn S`fUn (m x)∞ = {x}��uSgihj eShiq VuSeh®n mu�vefi�®nj Vj hWlghhjUljq ji eSh VWXUTiTfU Vj A∗
n q

A∗
n[A∗

n → m]sl−2 ⊆ A∗
n+1 ∩

ˆFn+1 �_S lmSnnj ˆFn+1
WiSUi lfkefnWj Vj x¨ü nfgn �fhkj UfhkSmj �l�� lfhfmmSThjý����¯�q Ufgn jU VWVgTnfUn s

(A∗
n[A∗

n → m]l−2 x)∞ ⊆ (A∗
n+1 x)∪ {x}�

üTUSmjkjUiq {d}[A∗
n → m]l ⊆ δ[ (A∗

n+1 x)∪ {x}] rgT jni TUlmgnj VSUn ˆDn+1 �t nfTi d ∈ ( A∗
n

ˆx[Dn/x] )��uSeh®n mS ehfefnTiTfU ý����� efTUi ��� s
(A∗

n
ˆx[Dn/x] ) [A∗

n → m]l ⊆

((A∗
n[A∗

n → m])l−1
ˆx[Dn/x] )∞∪(A∗

n
ˆx[Dn[A∗

n → m]l−1/x] )∪(A∗
n

ˆx[Dn/x] )�uSeh®n mS hjkShrgj ý����ýq mj VjhUTjh kjk�hj Vj mS hWgUTfU jni lmSThjkjUi
VSUn D̂n � Rfgh mj VjgaT®kjq eSh �vefi�®nj Vj hWlghhjUljq D̂n[A∗

n → m]l−1 ⊆
ˆDn+1 q lj rgT jUihSèUj s

(A∗
n

ˆx[Dn[A∗
n → m]l′/x]) ⊂ (A∗

n
ˆx[Dn+1/x] ) jmmj kwkj TUlmgnj VSUn ˆDn+1 �

yUXUq efgh mj ehjkTjh kjk�hjq (A∗
n[A∗

n → m]l−1
ˆx[Dn/x] )∞ q lfkkj ehWplWVjkkjUiq jU VTniTU�gSUi Wl�SU�jn nihTlin ji mSh�jnq Ufgn f�ijUfUn s

(A∗
n[A∗

n → m]l−1
ˆx[Dn/x] )∞ ⊂ (A∗

n+1∩
ˆFn+1

ˆx[Dn/x] )∞∪(m
ˆx[Dn/x] )∞ ⊆

(A∗
n+1

ˆx[Dn/x] ) ∪D∞
n

rgT nfUi ifgijn Vjga TUlmgnjn VSUn ˆDn+1 �
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⊳ �£¡�O � ⊲

Ên[A∗
n → m]sl ⊂

ˆEn+1 ∪ F̂nMNOPQOofTi e ∈ Ên �RSh lfUnihgliTfU Vj E q fU VTniTU�gj Vjga lSn �l�� hjkShrgj ý����Á ji ý����ý� st nfTi e = ∆�
A∗

n
jni TUlmgnj VSUn F̂n q jmmj jni VfUl lfkefnWj Vj x¨ü� ªfkkj ∆ =

(∆ δ3)
ji lfkkj δ3 = δ[x]q Smfhnq jU `jhig Vg mjkkj ����� efTUin ���ji ���q {∆} [A∗

n → m]s ⊆ (m ~δ3 )∞ � xhq VuSeh®n mj mjkkj ý�����q m ∈ D̂1Vuf©q (m ~δ3 )∞ SeeShiTjUi ° (Dn
−→
Dn)∞ rgT VuSeh®n mj mjkkj ý����ý jni TUlmgnjVSUn F̂n �t nfTi e ∈ (Ên D̂n)�_jn nfgnpijhkjn nihTlin Vj e SeeShiTjUUjUiq nfTi ° Ên q nfTi ° D̂n � «TUnTq s

{e}[A∗
n → m]sl ⊆ (Ên[A∗

n → m]l−1 D̂n)∞ ∪ (Ên D̂n[A∗
n → m]l−1 ) �Rfgh mj ehjkTjh kjk�hjq VuSeh®n mu�vefi�®nj VuTUVgliTfUq D̂n[A∗

n → m]l−1 ⊂
ˆDn+1 q lj rgT jUihSèUj s

(Ên D̂n[A∗
n → m]l−1) ⊆ (Ên

ˆDn+1)
rgT jni TUlmgnj VSUn ˆEn+1 �Rfgh muSgihj kjk�hjq jU VTniTU�gSUi Wl�SU�jn nihTlin ji ihT`TSga s

(Ên[A∗
n → m]l−1 D̂n) ⊆ (Ên[A∗

n → m]sl−1 D̂n)∞ ∪ {(m D̂n)∞}�
xhq Ufgn S`fUn VW�° `g rgj (m Dn)∞ SeeShiTjUi ° F̂n ��uSgihj eShiq mu�vefi�®nj VuTUVgliTfU jUihSèUj s
(Ên[A∗

n → m]sl−1 D̂n)∞ ⊆ ( ( ˆEn+1 ∪ F̂n) D̂n)∞ rgT jni W�Smj °
( ( ˆEn+1 ∪ F̂n) D̂n) egTnrgj ˆEn+1

ji F̂n
nfUi lfkefnWjn Vj x¨ü VuSeh®n mjmjkkj ý����¿�üTUSmjkjUiq eSh lfUnihgliTfU Vj E q Ufgn S`fUn ( ˆEn+1 D̂n ) ⊆ ˆEn+1

ji eShlfUnihgliTfU Vj F q (F̂n D̂n) ⊆ F̂n �
�uf© mj hWngmiSi hjl�jhl�W s {e}[A∗

n → m]sl ⊆
ˆEn+1 ∪ F̂n �

⊳ �£¡�O ! ⊲

F̂n[A∗
n → m]sl ⊆

ˆFn+1MNOPQOofTi f ∈ F̂n �RSh lfUnihgliTfU Vj mS lmSnnj F q fU VTniTU�gj ihfTn lSn efgh f st nfTi f ∈ Ên �«mfhn {f}[A∗
n → m]sl ⊆ Ên[A∗

n → m]sl
rgTq jU `jhig Vj muWiSej ¯q jni TUlmgnjVSUn ˆEn+1 ∪ F̂n

jmmjpkwkj TUlmgnj VSUn ˆFn+1 q eSh lfUnihgliTfU Vj F �t nfTi f ∈ (F̂n D̂n)�_j hWngmiSi VWlfgmj Smfhn lfkkj efgh (Ên D̂n)q jU �STnSUi �fgjh muTUVgliTfUji mj mjkkj ý����ý�t nfTi f ∈ ( (F̂n
ˆx[Dn/x] ) D̂n )��SUn lj lSnq mjn nfgnpijhkjn nihTlin Vj f nj nTigjUiq nfTi VSUn mS eShiTj �Sgl�jVj muSeemTlSiTfUq S`jl (F̂n

ˆx[Dn/x] )q nfTi VSUn mS eShiTj VhfTijq S`jl D̂n � ªjrgT nuWlhTi s {f}[A∗
n → m]sl ⊆

( (F̂n
ˆx[Dn/x] ) [A∗

n → m]l−1 D̂n )∞ ∪ (F̂n
ˆx[Dn/x]

ˆ
Dn[A∗

n → m]l−1 ) �Rfgh mj njlfUV kjk�hj Vj mS hWgUTfUq muTUlmgnTfU VSUn ˆFn+1
VWhT`j Vj mu�vpefi�®nj Vj hWlghhjUljq D̂n[A∗

n → m]l−1 ⊆
ˆDn+1

ji Vj mS VWXUTiTfU Vj ˆFn+1 �Rfgh mj kjk�hj Vj �Sgl�jq egTnrgj F̂n ⊆ F̂n q njmfU mj mjkkj ý����� efTUi ���q
( F̂n

ˆx[Dn/x] ) [A∗
n → m]l−1 ⊆

( F̂n[A∗
n → m]l−1

ˆx[Dn/x] )∞ ∪ (F̂n
ˆx[Dn[A∗

n → m]l−1/x] )∪ (F̂n
ˆx[Dn/x] )�xhq VuSeh®n mu�vefi�®nj Vj hWlghhjUljq VugUj eShi s
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( F̂n
ˆx[Dn[A∗

n → m]l−1/x] ) ⊆ ( F̂n
ˆx[Dn+1/x] )�uSgihj eShiq jU VTniTU�gSUi mjn Wl�SU�jn nihTlin Vjn ihT`TSga s

F̂n[A∗
n → m]l−1 ⊆ F̂n[A∗

n → m]sl−1 ∪ {m}
rgT jni TUlmgnj VSUn ˆFn+1 ∪ {m}�üTUSmjkjUiq

{f}[A∗
n → m]sl

⊆ (F̂n
ˆx[Dn/x] ˆDn+1) ∪ (F̂n

ˆx[Dn+1/x] D̂n ) ∪ (F̂n
ˆx[Dn/x] D̂n ) ∪

( ˆFn+1
ˆx[Dn/x] D̂n ) ∪ (m

ˆx[Dn/x] D̂n )∞RSh lfUnihgliTfU Vj F q mjn rgSihj ehjkT®hjn lmSnnjn nfUi VSUn ˆFn+1 � Rfgh
(m

ˆx[Dn/x] D̂n)∞ q lfkkj jmmj jni TUlmgnj VSUn (Dn Dn Dn)∞ q VuSeh®n mjmjkkj ý����ýq jmmj jni TUlmgnj VSUn F̂n � xU lfUlmgi {f}[A∗
n → m]sl ⊆

ˆFn+1 �
⊳ �£¡�O T ⊲

Â∗
n[A∗

n → m]l ⊆
ˆFn+1

MNOPQO �kkWVTSi �h²lj ° muWiSej ¯ ji Vg �STi rgj A∗
n ⊆ F̂n �

⊓⊔��b�b ��
 ª
u = ∆∞º»).J¼½¾ ~/o/pp <ìÃÅ m = δ[ (∆∞

~t ) ]
ïëñ Àìíóñ ëìíóÁÄñ Ãë=ëÃñ ìn ~t

ñîÅ ïëñîïÃÅñ �ñ T m
x

� iÄìíî Clsm(Y Ω3)
ë�ñîÅ Âìó�ìîÆñ 8ïñ �ñ òÆíì�Åñíóñî�

MNOPQO �SUn mS ehjg`j ehWlWVjUijq njgmn mjn mjkkjn ý���¯q ý���÷q ý���� ji mS ehfefnTpiTfU ý����� giTmTnjUi mu�vefi�®nj u ∈ H[v] ji v ∈ H[v]q mjn Sgihjn hWngmiSin Vj mS ehjg`jlfUnjh`jUi mjgh `SmTVTiW Vg kfkjUi rgj ljn ihfTn m° nfUi `WhTXWn�mS `SmTVTiW Vjn mjkkjn ý���¯q ý���÷q ý����� ji Vj mS ehfefnTiTfU ý���� hjefnj jnnjUpiTjmmjkjUi ngh mj �fU l�fTa Vj A∗
1 � Rfgh m = δ[ (∆∞ ~t ) ]q efnfUn s A∗

0 = {∆∞} q
A∗

1 = {∆∞} ∪H[∆∞] ji efgh ifgi n ≥ 1, A∗
n+1 = A∗

n ∪A∗
n[A∗

n → m]s �¬WhTXfUn mjn rgSihj efTUin s
⊲ ¸O��O ¹£§�§¥º »�� �¥����� (A∗

n)n≥0
���� ���¡��¦�� �� ������ ���� ¼���� �����¥���� �� ¡���½���� ¡�� x

����� ������¥� ¥����§MNOPQO ªj hWngmiSi VWlfgmj Vj mS hjkShrgj ý���¿ ji Vg �STi rgj mjn ijhkjn Vj A∗
nnfUi UfhkSga ji ehT`Wn Vj mS `ShTS�mj mT�hj x� ⊓⊔

⊲ ¸O��O ¹£§�§¾º A∗
1 ⊆ (∆ δ[(A∗

1 x)] ) ∪ (∆ A∗
1)MNOPQO _S ehjg`j jni mS kwkj� �fgn efg`fUn VThj Vjn ijhkjn Vj A∗

1 st rguTmn lfkkjUljUi nfTi eSh Vjga ∆q T�j� Tmn nuWlhT`jUi Vj mS �fhkj (∆ ∆ ~v) ji VSUnlj lSn Ufgn `WhTXfUn rguTmn SeeShiTjUUjUi ° (∆ A∗
1)�t nfTi rguTmn nuWlhT`jUi (∆ δ[ ( H[∆∞] x) ] ) ji VSUn lj lSn Tmn SeeShiTjUUjUi °

(∆ δ[ ( A∗
1 x) ] ) egTnrgj eSh VWXUTiTfUq H[∆∞] ⊆ A∗

1 � ⊓⊔
⊲

MN����¢£¢�¿ ¹£§�§Àº ∀n ≥ 0, An ⊆ A∗
nMNOPQO � eShiTh Vj mS hjkShrgj ý�����q mj hWngmiSi VWlfgmj Vg �STi rgj m =

δ[ (∆∞ ~t) ]q rgj A0 ⊆ A∗
0 q rgj ∆∞ ∈ A∗

1
ji rgj ∆+ ◦δ[ (∆∞ ~t ) ] ⊆ H[∆∞] rgTjni TUlmgnj VSUn A∗

1 � ⊓⊔

⊲ ¸O��O ¹£§�§��º m ∈ D̂1
§MNOPQO �uSeh®n mS hjkShrgj ý����� ji Vg �STi rgj ∆∞ ∈ A∗

1 � ⊓⊔
⊓⊔��b�� ��
 ª

u ∈ ∆̂+ ∪H[∆̂+]c4//4 20/<6/0.1 42/ <1 =62 A6/T.B.�0C<4$ VBB4 14 =.::42A.13 A62 » <14 2.B</0.13< 2Ì2/¶E4 3º;C<6/0.1 A.<: u A3;s10/0.1 \$#$#>×$ VBB4 6AA6:6½/ <10C<4E41/ A6:=4C<4 Bº616BÌ24 2Ì1/6W0C<4 1º6 A62 ;/; A.<22;4 È<2C<º6< 5.</ B.:2 34 B6 :;2.B</0.13< 2Ì2/¶E4 A.<: u
$ x612 =4//4 20/<6/0.1µ 20 1.<2 3;/60BB.12 B42 =B62242 (Ai)i≥0

4/
(Bi)i≥0

µ 1.<2 1.<2 :413.12 =.EA/4 C<4 x 1º6AA6:6½/ È6E602 3612 B42 =B62242 (Bi)i≥0
$cº42/ 3.1= <1 =62 .Î nx =∞$
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x
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MNOPQO �fgn SmmfUn kfUihjh eSh muS�nghVj rgj nx =∞��fifUn x mS eShiTj giTmj Vj ~t Sg njUn Vj ý���¿�ªfkkj B1 = {(u ~t)} ji u ∈�∆+ ∪H[�∆+]q Smfhn st nfTi u ∈�∆+
ji B1 ⊆ (�∆+ x)�t nfTi u ∈ H[�∆+] ji Tm jaTnij gU jUiTjh r ≥ 0 ijm rgj B1 ⊆ (Hr[�∆+] x)�yU UfiSUi H−1
mj lfUijaij ihT`TSmq Ufgn jU VWVgTnfUn rgj VSUn ifgn mjn lSnq Tm jaTnijgU jUiTjh r ≥ 0 ijm rgj B1 ⊆ (Hr−1[�∆+] x)��uSeh®n mS ehfefnTiTfU ��Á�� ji lfkkj nx ≥ 2

�l�� mjkkj ��Á�ú�qA1 = {∆∞}∪∆+◦δ[B1]�ªj rgT jUihSèUjq VuSeh®n mS VWXUTiTfU ý���� Vj H q A1 ⊆ {∆∞} ∪Hr[�∆+]�ofTi p ≥ 1 mj emgn ejiTi jUiTjh ijm rgj st Ap
Uujni eSn TUlmgnj VSUn {∆∞} ∪Hr[�∆+]

�� Bp
Uujni eSn TUlmgnj VSUn Hr−1[�∆+]oT p > nx q Smfhn Bnx

jni TUlmgnj VSUn (Hr−1[�∆+] x) rgT Uj lfUiTjUi eSn xq lfUihSVTlpiTfU�oT p ≤ nx q Smfhn Ap−1 ⊆ {∆∞} ∪Hr[�∆+] ji Bp ⊆ (Hr−1[�∆+] x)��uSeh®n mS ehfefnTiTfU ��Á��q Ap−1[Ap−1 → m]s = ∆+◦δ[Bp−1[Ap−1 → m] ]∪∆+◦δ[B1]�xhq eSh lhfTnnSUlj Vjn Wl�SU�jnq Bp−1[Ap−1 → m] ⊆ (Hr−1[�∆+] x) [Ap−1 → m]� �uSeh®nmj mjkkj Vj UfU lSeighj ��÷�úq mjn Wl�SU�jn nj nlTUVjUi jU Vjga s
(Hr−1[�∆+] x) [Ap−1 → m] ⊆ (Hr−1[�∆+] [Ap−1 → m] x[Ap−1 → m] )�ªfkkj Ap−1

jni TUlmgnj VSUn {∆∞} ∪ Hr[�∆+] rgT jni lfkefnWj Vj x¨üq VuSeh®nmS ehfefnTiTfU ý���ú efTUi ���q x[Ap−1 → m] ⊆ x� yi VuSeh®n mj �STi ý���¯÷ lTpSeh®nq
Hr−1[�∆+] [Ap−1 → m] = ∅��uf© Ap−1[Ap−1 → m]s = ∆+◦δ[(Hr−1[�∆+] x) ]∪∆+◦δ[B1]

VfUi l�Srgj kjk�hj Vj mShWgUTfU jni TUlmgnj VSUn {∆∞}∪Hr[�∆+]� üTUSmjkjUiq lfkkj Ap = Ap∪Ap−1[Ap−1 → m]sji Bp = Bp ∪Bp−1[Bp−1 → m]q Ufgn f�ijUfUn st Ap
jni TUlmgnj VSUn {∆∞} ∪Hr[�∆+]

�� Bp
jni TUlmgnj VSUn Hr−1[�∆+]�ªj rgT lfUihjVTi mS kTUTkSmTiW Vj p� ⊓⊔

 ¡¢£ ����!U ���� ���� n ≥ 0
�� ¡��� ���� −1 ≤ j < n  ����� ����� �� {∆∞} ∪Hn[�∆+]�Á��� ���������� ���∆+

�� �� Hj [�∆+] §
MNOPQO RSh hWlghhjUlj ngh mj lfgemj (n, j)q fhVfUUW mjaTlf�hSe�TrgjkjUi�

⊲ Rfgh (n,−1)� H−1[�∆+] VWUfij {∆+}�_j hWngmiSi VWlfgmj Smfhn Vj Vjga lfUniSin st �ugUj eShiq ∆∞ efnn®Vj gUj �hSUl�j TUXUTj ° VhfTijq lj rgT Uujni eSn mj lSn efghmjn nfgnpijhkjn Vj ∆+ �t �uSgihj eShiq mjn ijhkjn Vj Hn[�∆+] nuWlhT`jUi ∆+◦δ[w] f© w jni gU x¨ü� xhq mjnnjgmn nfgn ijhkjn Vj �∆+
rgj Xmihj mj lfUijaij δ nfUi δ3 �

⊲ Rfgh (n, j) f© n ≥ 1 ji 0 ≤ j < n�ofTi u ∈ {∆∞} ∪ Hn[�∆+]� �uSeh®n mS VWXUTiTfU Vj H q u nuWlhTi nfTi u = ∆∞ q nfTi
u = ∆+◦δ[w] f© w ∈ Hn−1[�∆+]� ofTi t ∈ Hj [�∆+]q Vj kwkj Tm nuWlhTi t = ∆+◦δ[v]f© v ∈ Hj−1[�∆+]� oT u ≤ tq VuSeh®n mj mjkkj Vj XmihS�j ����¿q Ufgn VTniTU�gfUn ihfTnlSn s�S� u ≤ v q lj rgT jni TkefnnT�mj VuSeh®n mu�vefi�®nj Vj hWlghhjUlj jU (n, j − 1)��� ji �l� w ≤ v

W�SmjkjUi TkefnnT�mj eSh �vefi�®nj Vj hWlghhjUlj jU (n−1, j−1)�
⊓⊔

��ï C°­³�²Ú´°­
-.<2 z41.12 3.1= 34 3;E.1/:4: B4 :;2<B/6/ 2<0z61/ ©

º»).J¼½¾ ~/p/� 7ìïí ÅìïÅ Åñíóñ
m3 =ëÃ ñÅ ÂÄìî3 �ìëÅ ÄÁ Àìíóñ ëìíóÁÄñ Ãë=ëÃñ

m∞ îÁÅÃîÀÁÃÅ �
1
ñÅ �

2
ÄÁ ÂÄÁîîñ Clsm(Y Ω3)

ë�ñîÅ Âìó�ìîÆñ 8ïñ �ñ òÆíì�Åñíóñî�
##,
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x612 Y Ω3
Ãî ÁÄóìîÅ ñÁîlµ ·<A4: A:.A.24 34<W 4W4EAB42 A.<: B4 /4:E4 m

$ 84A:4E04: =.::42A.13 6< =62 λβ + (Ω3 m) = m 6⊢ m = δ3
Bº6</:4 1.1$ t4A:41.12 =424W4EAB42 A.<: z.0: =4 C<º41 30241/ 1.2 :;2<B/6/2$

ÿÄ�ÿ
m = λx.x Ω Ωy=0µ =.EE4 Ω 42/ E<4/µ =º42/ <1 Õb� 34 34�:; s10$ 84 /T;.:¶E4 F$_$7 A4:E4/34 =.1=B<:4$

ÿÄ�Ù
m1 = Y (λv λx.(x (Ω3 v λyz.x) x))V1 A:4E04: :4E6:C<.12 C<4 m1 →∗

β λx.(x ( (Ω3 m1) λyz.x) x)
$ x612 B6 /T;.:04

λβ + (Ω3 m1) = m1
µ 1.<2 A.<z.12 3.1= E.1/:4: C<4 m1 = δ3

A<02C<4
(m1 λyz.x)→∗

β x
$ c4 =62 ;=T6AA4 3.1= 6< /T;.:¶E4 34 ·<A4:$

Qz4= B42 1./6/0.12 34 B6 A:.A.20/0.1 \$#$#µ A.2.12 t = λyz.x
$ 84 /4:E4 t z;:0s45041 (δ t)→β x

$@.2.12 u1 = (Ω3 m1)
µ
u = u∞

1
4/ m = m∞

1

$ yB z041/ 6B.:2 m = δ[u t] 4/ u = ∆ m
$

Q0120µ u = ∆◦δ[u t] 4/ 3.1= u ∈ H0[u]
$ Õ1 z;:0s4 3.1= C<4 u 42/ t93;s102265B4A3;^$ \$#$#7×$ V1 z4:/< 3< /T;.:¶E4 \$>$#µ 1.<2 6z.12 3.1= Clsm(Y Ω3) ⊆ Õb$Ë;:0s.12 È<2/4 C<º0B 4W02/4 342 /4:E42 34 Clm(Y Ω3)

C<0 1º6AA6:602241/ A62 3612
Clsm(Y Ω3)

$ xº6A:¶2 B6 A:.A.20/0.1 \$7$>#µ 41 :4EAB6¿61/ A∗ A6: Clsm(Y Ω3)
µ .16 Clsm(Y Ω3) ⊆ F [Clsm(Y Ω3) ]

$c.EE41¿.12 A6: 3;=:0:4 F
$ @.<: <1 /4:E4 =.EE4 m1

µ
T = {t} A<02C<4 t 42/3;È» E010E6B$ xº6A:¶2 B6 3;s10/0.1 \$7$\µ

F 2º;=:0/ ©� D =
⋃

k≥0

Dk
.Î D0 = {[], δ3}∪δ[([] t)] 4/ A.<: /.</ k ≥ 1

µDk+1 = ([] λyz.Dk])

� E =
⋃

k≥0

Ek .Î E0 = {∆} 4/ A.<: /.</ k ≥ 1
µ Ek+1 = (Ek D)

� F =
⋃

k≥0

Fk
.Î F0 = E 4/ A.<: /.</ k ≥ 0

µ Fk+1 = (Fk D) ∪ (Fk λyz.D D)Q</:4E41/ 30/µ 20 f ∈ F
µ 6B.:2 f = ∆ d1 · · ·

$
Õ:µ =.EE4 λβ + (Ω3 m1) = m1 ⊢ m1 = δ3

µ 6B.:2 (Y Ω3) =Y Ω3=m1
(Y m1)

$ V14Ñ4/µ (Y Ω3) = m1 (1)
$ @<02µ (Y Ω3) =β Ω3 (Y Ω3) = Ω3 m1 = Ω3 δ3 =β Ω3 (2)

$xº.Î (1) + (2)
µ
Ω3 = m1 (3)

$ V/ 60120µ (Y Ω3) = (Y m1)
$

##\



#_$ qr&��*&G �Á�¯� m = λx.x (Ω3 x) x

c.EE4 (Y Ω3) =Y Ω3=m1
(Y m1)

µ 6B.:2 (Y m)∞ ∈ Clm(Y Ω3)
$ Õ:µ C<4 z6</

(Y m)∞ ¼@.<: B4 =6B=<B4:µ 0B 2<Ó/ 34 z.0: =4 C<4 3.114 26 :;3<=/0.1 34 /¾/4 01s104$ Ô.0/
V = (Y m)∞

$ @6: <10=0/; 34 B6 ^.:E4 1.:E6B4µ V = (m V )∞
$ Õ:µ

(m V )∞ = (V (u t[V/x]) V )∞
$ V1 :;A;/61/ B4 :;3<=/0.1 34 /¾/4µ .1 :;6B024 3.1=C<4 V 42/ <1 Õb�$ Ô6 ^.:E4 1.:E6B4 01s104 z;:0s4 3.1= V = (V (u λyz.V ) V )

$ Ç1/4B /4:E4 1º42/ 3.1= A62 A:;241/ 3612 Clsm(Y Ω3)
$

Cons{Y Ω3 = m1} :42/4 3.1= /.<È.<:2 .<z4:/4$
ÿÄ�ï

m = λx.x (Ω3 x) xb4:E01.12 A6: <1 4W4EAB4 A.<: B4C<4B 0B 1º42/ A62 ;z0341/ C<4
λβ + (Ω3 m) = m 6⊢ m = δ3

$x612 =4 =62µ 6z4= B42 1./6/0.12 34 B6 3;s10/0.1 ,$_$>µ B6 =B6224 ◦

A = ∆+ ◦δ[
◦

B].Î ◦

B = {∆ x} 42/ =B60:4E41/ <14 =B6224 =.1s161/4 A.<: m
$ V1 4Ñ4/µ B42 24<B22.<29/4:E42 Õb� 34 ◦

B 2.1/ ∆ 4/ ∆ 1º6AA6:6½/ A62 3612 ◦

A
$ -.<2 6z.12 3.1=

◦

B[
◦

A→∞ m] =
◦

B
$ 86 A:.A.20/0.1 ,$_$, A4:E4/ 6B.:2 34 =.1=B<:4$

#7_
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86 A:4<z4 3< /T;.:¶E4 \$>$# ^.<:10/ <14 342=:0A/0.1 3;/60BB;4 342 /4:E42 C<0A4<z41/ ¾/:4 .5/41<2 A6: ;=T61�42 34 (Y Ω3)
A6: m

$ b.</4^.02µ 0B 14 A4:E4/ A62 34=.1=B<:4 C<61/ » B6 =.1202/61=4 34 λβ + {(Y Ω3) = m}$ @.<: =4B6µ 0B 6<:60/ ^6BB<A:.<z4: Clm(Y Ω3) ⊆ Õb 6< B04< 34 Clsm(Y Ω3) ⊆ Õb$ Qz4= Clm(Y Ω3) ⊆ Õb1.<2 6<:0.12 A< 65.</0: 6< :;2<B/6/ :4=T4:=T; �:Í=4 6< =.:.BB60:4 >$?$7\$@.<: A6:z410: » <14 A:4<z4 =.EAB¶/4 34 B6 =.1202/61=4µ B6 A:4E0¶:4 2.B</0.1=.1202/4 » =.::0�4: B6 3;s10/0.1 342 =B62242 (Ai)i≥0
4/ (Bi)i≥0

$ Q< B04< 34 A:413:4342 ;=T61�42 20EAB42µ 0B ^6<3:60/ A:413:4 342 ;=T61�42 01s102$ c4 C<0 :4z041/ »</0B024: B42 =B62242 (
◦

Ai)i≥0
4/ (

◦

Bi)i ≥ 0 34 B6 3;s10/0.1 ,$_$>$ c4//4 E.30s=6/0.1A:.3<0:60/ 34 1.E5:4<W 5.<B4z4:24E41/2 3612 B42 A:4<z42$ -;61E.012 B42 =.::4=9/0.12 14 24:6041/ A62 012<:E.1/65B42$ Ç14 24=.134 2.B</0.1 =.1202/4 » E.1/:4: C<4
Clsm(Y Ω3) ⊆ Õb 41/:6½14 Clm(Y Ω3) ⊆ Õb$ -.<2 26z.12 C<4 Clsm(Y Ω3)

42/01=B<4 2/:0=/4E41/ 3612 Clm(Y Ω3)
$ V1 4Ñ4/µ B4 /4:E4 (m m · · · )∞ 6AA6:/041/ »

Clm(Y Ω3)
/61302 C<º0B 42/ 65241/ 34 Clsm(Y Ω3)

$ d602 1.<2 1º6z.12 A62 3º4W4EAB434 =B62242 A.<: B42C<4BB42 Clm(Y Ω3)
2.0/ =.EA.2;4 34 Õb 4/ A62 Clm(Y Ω3)

$ c4/;1.1=; :42/4 3.1= » Bº;/6/ 34 =.1È4=/<:4$86 �;1;:6B026/0.1 3< /T;.:¶E4 \$>$# 1;=4220/4:60/ C<61/ » 4BB4 34 A:.^.1342 E.930s=6/0.12$ 86 A:4<z4 34 =4 /T;.:¶E4 :4A.24 41 �:6134 A6:/04 2<: B4 ^60/ C<4 mA.22¶34 <14 =.EA.261/4 b 6</.920E0B60:4$ Ô0 b 42/ 6</.920E0B60:4 6B.:2 B6 =B6224 A342 ;=T61�;2 34 (Y Ω3)
A6: m 2º;=:0/ » Bº6034 3º<1 A.01/ sW4$ V/ 1.<2 z;:0s.12 6B.:2C<4 A 1º42/ =.EA.2;4 C<4 34 a;:.9/4:E42$ Ô0 b 42/ 6</.920E0B60:4µ =º42/ �:Í=4 6<WTÌA./T¶242 Ö1

4/ Ö
2
©Ö

1
© m = δ[b] ìn b

ñîÅ ïë òÆíì�Åñíóñ ÀìíÅ �ñ �ñ5íÆ Ãë=ëÃ îìïî Àìíóñ ëìíóÁÄñÖ
2
© i�ñÂ Äñî ëìÅÁÅÃìëî �ñî �Æ=ëÃÅÃìëî Ö�í�� ñÅ ~�í�@ 1

x ∈ {b}[Anx−1 → m]V1 /.</4 �;1;:6B0/;µ 4BB42 34z:6041/ 2º;=:0:4 ©Ö′
1
© m = λx.(x b1 b2)

ìn b1,2
îìëÅ �ñî m}û �ñ �ñ5íÆ Ãë=ëÃ îìïî Àìíóñ ëìíóÁÄñÖ′

2
© i�ñÂ Äñî ëìÅÁÅÃìëî �ñî �Æ=ëÃÅÃìëî Ö�í�� ñÅ ~�í�@ 1

x ∈ B84 A6226�4 34 Ö
1
» Ö′

1
14 A.24:6 A62 34 A:.5B¶E42 2;:04<W © B42 34<W z6:065B42 x 416:�<E41/ 34 δ3 = λx.(x x x) È.<61/ 342 :ÒB42 2ÌE;/:0C<42$ 86 E.30s=6/0.1 34 Ö

242/ 4BB4 AB<2 A:.5B;E6/0C<4$ V1 4Ñ4/µ 2.<2 Ö
2
µ
b 2º;=T61�460/ 41 <14 24<B4 ;/6A4 41

x
$ 8º6</.920E0B6:0/; 34 b 24 3;3<0260/ 6B.:2 34 34<W :;2<B/6/2 ©
� Äñ Äñóóñ �ñ ëìë�ÂÁ�Åïíñ © b 2º;=:0/ (u ~t ) 4/ B42 ;=T61�42 34 A A6:m 2º4Ñ4=/<41/2.0/ 3612 u

µ 2.0/ 3612 ~t
$

� ÄÁ �ÁíÅÃñ ïÅÃÄñ �ñ ~t © » A6:/0: 34 B6 :;3<=/0.1 (m ~t ) →∞β⊥ x 1.<2 A.<z0.124W/:60:4 34 ~t <1 2C<4B4//4 01z6:061/ A6: B42 ;=T61�42 34 A A6: m
$Ô.<2 Ö′

2

µ
b 2º;=T61�4:6 6B.:2 41 x 41 AB<204<:2 ;/6A42$ c4 C<º.1 ;=:0:6

#7#



##$ �&LG�&(HMY&G

b →A→m b1 →A→m b2 →A→m · · · →A→m bn →A→m x
$ c.EE4 3612 B4 =62 » <14;/6A4 1.<2 A.<::.12 /.<È.<:2 ;/65B0: C<4 bn

2º;=T61�4 34 /¾/4 41 x
0$4$ bn = (u

−→
t ) .Î

u 42/ <1 ;B;E41/ 34 A
$ c4A41361/µ A.<: b

µ
b1
µ
...

µ
bn−1

0B 1ºÌ 6<:6 AB<2 34 :602.12 A.<:C<4 Bº;=T61�4 24 ^6224 41 /¾/4 © b = C0[a0]→A→m C0[m]∞ = b1 = C1[a1] · · ·
$ x4<WC<42/0.12 24 A.24:.1/ 6B.:2 © =.EE41/ 2º4WA:0E4 B6 1.19=6A/<:4 2<: <1 =.1/4W/4 C ¼c.EE41/ 3;s10: <14 A6:/04 </0B4 01/.<=T65B4 A6: ;=T61�42 » A6:/0: 3º<14 :;3<=/0.1

C0[a0]→A→m C0[m]∞ = C1[a1]
¼Ô01.1µ 013;A4136EE41/ 342 TÌA./T¶242 Ö′

1
4/ Ö′

2

µ Bº03;4 C<0 6 E41; /.</ E42 /:69z6<W ;/60/ B6 2<0z61/4 © A.<: C<4 m :4134 B6 =.1202/61=4 34 B6 /T;.:04
λβ + {(Y Ω3) = m} 30Ó=0B4 » A:.<z4:µ 0B 3.0/ 1;=42260:4E41/ 6z.0: <14 ^.:E4 =.E9AB0C<;4$ 86 =.EAB4W0/; 34 26 ^.:E4 24 /:63<0/ A6: Bº6AA6:0/0.1 34 =.EA.261/42 6</.920E0B60:42$ Ç14 ;/6A4 01/4:E;3060:4 6z61/ 34 A:.<z4: B6 ^6=0B0/; 34 (Y Ω3)

=.12029/4:60/ 3.1= » E.1/4: C<4 20 λβ + {(Ω3 m) = m} ⊢ m = δ3
6B.:2 B42 2.<29/4:E421.19:;2.B<5B42 34 m 2.1/ 6</.920E0B60:42$V1s1µ /.<2 B42 :;2<B/6/2 34 =4//4 /T¶24 .1/ ;/; .5/41<2 3612 B4 =63:4 3< λ9=6B=<B01s10$ yB 1º42/ A.<:/61/ A62 4W=B< C<4 B6 ^6=0B0/; 34 (Y Ω3)

14 2.0/ A62 3;E.1/:65B43612 <1 /4B =6B=<B 4/ C<º0B ^60BB4 60120 :4z410: » B6 z4:20.1 s10$ V1 4Ñ4/µ 1.<2 Bº6z.123;È» 20�16B;µ 0B 4W02/4 34<W /4:E42 (P (ΩΩ)) 4/ (P Ω)
C<0 .1/ E¾E4 6:5:4 34 R4:6:93<==0$ @.<:/61/ B4 A:4E04: 42/ ^6=0B4 /61302 C<4 Bº6</:4 14 Bº42/ A62 A=^$ A:.A.20/0.12>$?$>D 4/ >$?$>F×$ yB 4W02/4 3.1= 342 /4:E42 ^6=0B42 C<0 ;=T6AA41/ 6< λ9=6B=<B 01s10$
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¸#¹ �$ QB4220µ d$ x4a6109c061=6�B010µ �$ Ö.124BB$ �0B/4: d.34B2 613 V62Ì b4:E2$
ö�}�< A#U9>Uµ 7__#¸7¹ R64/41 613 R.4:5..E$

Ω =61 54 61Ì/T01� 0/ 2T.<B3 1./ 54$ @:.=$ ·.101ËB0ÈË4-434:B61324 QË634E04 z61Ì4/412=T6AA41µ Ô4:04 Qµ öë�Á5�ÍÁÅ>ñóÁÅÃÂÁñµ Ë.B$?#µ AA$ ###9#7_$¸>¹ Ö$@$ R6T:413:4�/µ bT4 86E536 c6B=<B<2µ Ô/<3042 01 8.�0=µ -.:/T Ö.BB613µQE2/4:36E #\,?$¸?¹ Q$ R4:6:3<==0µ R$ y1/:0�0B6$ cT<:=T9t.224: λ9/T4.:042µ 01s10/4 λ9/4:E2 613=.1202/41=Ì A:.5B4E2$ y1Ì$Ö.3�42 613 d$ÖÌB613 4/ 6B$µ 430/.:2µ :ì5ÃÂ 1 ûíìóûìïë�ÁÅÃìëî Åì i��ÄÃÂÁÅÃìëîµ A6�42 >>9D,$ ÕW^.:3 Ô=0$ @<5B$µ -4# Î.:Ëµ #\\F$¸D¹ Q$ R4:6:3<==0$ y1s10/4 λ9c6B=<B<2 613 1.19241205B4 E.34B2$ y1 :ì5ÃÂ Áë� ÁÄ5ñ�ðíÁµ A6�42 >>_9>UU$ x4ËË4:µ -4# Î.:Ëµ #\\F$¸F¹ Q$ R4:6:3<==0µ R$ y1/:0�0B6µ 2.E4 14# :42<B/ .1 462Ì B6E5369/4:E2µ }>ñìíÃÅÃÂÁÄ�ìó�ïÅñí <ÂÃñëÂñµ #7# A6�42 U#9,,µ #\\>$¸U¹ c$RSTEµ QB=<14 A:.A:04/» 34BB4 ^.:E4 βη91.:E6B0 14B λK9=6B=.B.µ @<55B0=69a0.10 34BBºy2/0/</. A4: B4 QAAB0=6a0.10 34B c6B=.B.µ 1$ F\Fµ t.E6µ #\F,µ A#\ A$×$¸,¹ t$ x6z03µ c.EA</01� #0/T RSTE /:44$ ûïë�ÁóñëÅÁ öëÀìíóÁÅÃÂÁñµ ?D A#µ7× A D>9UUµ 7__#¸\¹ t$ x6z03µ ·$ -.<:$ Ô/.:6�4 .A4:6/.:2 613 30:4=/43 B6E5369=6B=<B<2$}>ñ Ïìïí�ëÁÄ ìÀ <lóðìÄÃÂ :ì5ÃÂµ A6�42 #_D?9#_,Fµ Ë.B<E4 F_µ -$?µ #\\D¸#_¹ R$ y1/:0�0B6µ 6 A:.5B4E .1 462Ì /4:E2 01 λ9=6B=<B<2µ ûïë�ÁóñëÅÁ ÃëÀìíóÁÅÃÂÁñ3�ìÄ� ÐÑ ��µ #\\#$¸##¹ ]$ Ê6=.A010$ Q =.130/0.1 ^.: 0341/0^Ì01� /#. 4B4E41/2 .^ #T6/4z4: E.34B .^c.E5016/.:Ì 8.�0=$ λ9c6B=<B<2 613 c.EA</4: Ô=041=4 bT4.:Ìµ 43$ c$RSTEµ84=/<:4 -./42 01 �ìó�ïÅñí <ÂÃñëÂñµ >Uµ #\UD$¸#7¹ ]$ Ê6=.A010µ d$ Ë41/<:010 `0BB0µ VC<6/01� ^.: :4=<::41/ /4:E2 .^ λ9=6B=<B<2 613c.E5016/.:Ì 8.�0=$ y2/0/</. A4: B4 6AAB0=6a0.10 34B c6B=.B.$ ÒïÁ�ñíëÃ îñíÃñ öööµ-$,Dµ t.E6µ #\U,$¸#>¹ ]$ Ê6=.A010µ d$ Ë41/<:010 `0BB0µ V62Ì /4:E2 01 /T4 λ9=6B=<B<2µ Q116B42 Ô.=04/6/02d6/T4E6/0=64 @.B.164$ Ô4:04 yË © ûïë�ÁóñëÅÁ öëÀìíóÁÅÃÂÁñ Ñööö� 'µ #\,D$¸#?¹ Ê46198.<02 ·:0z014µ 86E5369=6B=<Bµ /ÌA42 4/ E.3¶B42µ ÍÁîîìëµ #\\_$¸#D¹ t$ ·4116#6Ìµ Ê$Ì$ ·B.Aµ d$t$ ÔB44Aµ 613 �$Ê$ 34 Ë:042µ y1s10/6:Ì B6E536=6B=<B<2$ }>ñìíÃÅÃÂÁÄ �ìó�ïÅñí <ÂÃñëÂñµ #UDA#× ©\>9#7Dµ #\\U$¸#F¹ t$ ·4116#6Ìµ Ë$ z61 Õ.2/:.Eµ 613 �$Ê$ 34 Ë:042µ d46101�B422 b4:E2 01 t49#:0/01�µ bT4 Ê.<:16B .^ �<1=/0.16B 613 8.C�0= @:.�:6EE01�µ }>ñ Íö} 7íñîîµË.B<E4 #\\\µ Q:/0=B4 #µ #\\\$¸#U¹ Ê$·<A4:µ Y Ω3
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Résumé

La facilité compte parmi les notions les plus �nes de l'indé�ni en λ-calcul. Un terme est
dit facile s'il peut être identi�é à tout autre terme clos arbitraire sans soulever de contra-
diction. Introduite en 1975 par Jacopini, elle fait depuis l'objet de recherches qui visent à
caractériser la forme des termes faciles. Aujourd'hui, de tous les travaux entrepris il se dé-
gage qu'un tel terme doit posséder une périodicité. Être périodique, c'est être β-équivalent
à un sous-terme propre de l'un de ses réduits. Ici, la périodicité apparaîtra sous les traits
de l'auto-similarité. Sont auto-similaires les termes dont l'arbre de Berarducci réapparaît
comme sous-arbre propre à lui-même. La facilité de tels termes demeure un mystère. À
ce jour, nous n'en connaissons que peu d'exemples. Le terme Yt Ω3 constitue un exemple
typique dont la question de la facilité reste ouverte. Dans cette thèse, nous étendrons la
connaissance de l'ensemble des termes m identi�ables à Yt Ω3. Nous montrerons que dans
un cas critique où λβ +{Yt Ω3 = m} ⊢ m = δ3, sous certaines hypothèses, m est lui-même
auto-similaire. Ils s'en suit une description possible de toutes les équations dérivées de
{Yt Ω3 = m} sous la forme de classes con�nantes.

Mots-clé : facilité, indé�ni, consistance, λ-calcul in�ni, arbres de Berarducci, classes
con�nantes

Abstract

Easiness is among the �nest notions of the concept of unde�nability in the �eld of the λ-
calculus. A term is said to be easy if it can be identi�ed to any other arbitrary closed term
without raising a contradiction. Since its introduction by Jacopini in 1975 this subject
was the attention of a large research activity centered on the characterization of the
structure of such easy terms. It comes out from this work that an easy term should have a
periodicity i.e. should be β-convertible to one of its proper sub-terms. In the following the
periodicity behavior will appear throughout the self-similarity property. Terms are said to
be self-similar when their Berarducci tree reappears as a proper sub-tree of itself. Easiness
of such terms is still a mystery and yet we only know few examples of those terms. The
Yt Ω3 term is a typical term for which the easiness property is still an open question. In
this thesis we will add new insights to the knowledge of m-terms that can be identi�ed
to Yt Ω3. We will show that in the critical case where λβ + {Yt Ω3 = m} ⊢ m = δ3 and
under some particular hypothesis, m is itself self-similar. In that case we show that it is
possible to express all the equations derived from {Yt Ω3 = m} by using con�ning classes.

Keywords : easiness, unde�nability, consistency, in�nite λ-calculus, Berarducci tree,
con�ning class


